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Limites d’échelle de marches branchantes critiques à valeurs dans des
arbres, et du nombre de Horton-Strahler d’arbres de Galton-Watson

Résumé

Dans cette thèse, on étudie des phénomènes discrets de branchement aléatoire et on cherche à les
mettre en relation avec des structures métriques fractales continues. Les arbres de Galton-Watson,
qui décrivent l’histoire généalogique d’une population asexuée dont les individus se reproduisent
sous la même loi et indépendamment les uns des autres, constituent notre modèle principal.

Dans un premier temps, on se consacre à l’étude d’une marche aléatoire (dite biaisée critique)
sur un arbre infini (appelé l’environnement) et indexée par un arbre de Galton-Watson critique
conditionné à être grand (appelé la généalogie). On suppose que la loi de reproduction de la
généalogie est dans le domaine d’attraction d’une loi stable d’indice α ∈ (1, 2]. On traite d’une
part du cas où l’environnement est un arbre régulier enraciné, et d’autre part du cas où il s’agit
d’un arbre de Galton-Watson sur-critique modifié de façon à être de profondeur infinie. Sous une
certaine hypothèse de moments pour l’environnement, on montre que le nombre de points visités
par la marche croît linéairement, et à vitesse déterministe, en fonction de la taille de la généalogie
lorsque cette dernière tend vers l’infini. En outre, on prouve que le sous-arbre des points visités
par la marche branchante admet une limite d’échelle. Auparavant introduit dans le contexte de
l’étude des cartes planaires aléatoire, cet espace métrique limite est le cactus brownien (réfléchi)
avec mécanisme de branchement α-stable. La comparaison de cette étude nouvelle avec les travaux
antérieurs sur les marches aléatoires indexées par le temps ou à valeurs dans un réseau euclidien
illustre l’influence des branchements de la généalogie et de l’environnement.

Dans un second temps, on s’intéresse à la complexité de branchement des arbres de Galton-
Watson en étudiant leurs nombres de Horton-Strahler. Cet outil combinatoire, aussi appelé fonction
de registre, a été originellement introduit en hydrogéologie mais a été redécouvert et appliqué par
de nombreuses autres disciplines scientifiques par la suite. Ici, on donne un équivalent asymptotique
déterministe du nombre de Horton-Strahler d’un arbre de Galton-Watson critique conditionné par
la taille et dont la loi de reproduction est dans le domaine d’attraction d’une loi stable d’indice
α ∈ [1, 2]. Cette estimation ne dépend que de α lorsque α ̸= 1, mais les cas α = 1 sont modèle-
dépendants et sujets à des comportements plus complexes. On examine ensuite les fluctuations
du nombre de Horton-Strahler chez la famille spécifique des arbres de Galton-Watson stables, qui
contient l’arbre de Galton-Watson critique binaire. On est alors amené à introduire une variante
continue du nombre de Horton-Strahler, et on montre que celle-ci converge après recentrage vers
une caractéristique métrique de la limite d’échelle des arbres. On étudie les propriétés de cette
quantité nouvelle qui joue le rôle d’un analogue du nombre de Horton-Strahler pour les arbres
continus.

Mots-clés : arbres de Galton-Watson ; limite d’échelle ; marche branchante ; marche aléatoire sur
un arbre ; trace d’une marche aléatoire ; nombre de Horton-Strahler ; fonction de registre ; serpent
brownien ; cactus brownien ; arbres stables ; arbres réels aléatoires.



Scaling limits of tree-valued critical branching random walks, and of
the Horton-Strahler number of Galton-Watson trees

Abstract

In this thesis, we study discrete random branching phenomena and seek to relate them to
continuum fractal metric structures. Galton-Watson trees, which describe the genealogical history
of an asexual population whose individuals reproduce under the same law and independently of
each other, are our main model.

In the first part, we focus on the study of a random walk (said critical biased) on an infinite
tree (called the environment) and indexed by a critical Galton-Watson tree conditioned to be large
(called the genealogy). The offspring distribution of the genealogy is assumed to be in the domain
of attraction of a stable law of index α ∈ (1, 2]. We both consider the case where the environment is
a regular rooted tree and the case where it is a supercritical Galton-Watson tree modified to have an
infinite depth. Under some hypothesis of moments for the environment, we show that the number
of points visited by the random walk grows linearly, and at a deterministic speed, with respect to
the size of the genealogy when the latter tends to infinity. Furthermore, we prove that the subtree
of points visited by the branching random walk admits a scaling limit. Previously introduced in
the context of the study of random planar maps, this limit metric space is the (reflected) Brownian
cactus with α-stable branching mechanism. Comparison of this new study with earlier work about
random walks indexed by a linear time or taking values in a Euclidean lattice illustrates the influence
of the branching nature of the genealogy and the environment.

In the second part, we study the branching complexity of Galton-Watson trees by considering
their Horton-Strahler numbers. This combinatorial tool, also known as the register function, was
originally introduced in hydrogeology but was subsequently rediscovered and applied by many
other scientific disciplines. Here, we give a deterministic asymptotic equivalent of the Horton-
Strahler number of a size-conditioned critical Galton-Watson tree whose offspring distribution is
in the domain of attraction of a stable law of index α ∈ [1, 2]. This estimate depends only on α
when α ̸= 1, but the α = 1 cases are model-dependent and subject to more complex behaviors.
We then examine the fluctuations of the Horton-Strahler number for the specific family of stable
Galton-Watson trees, which contains the binary critical Galton-Watson tree. To do so, we introduce
a continuous variant of the Horton-Strahler number that converges after recentering towards a
metric characteristic of the scaling limit of the trees. We study the properties of this new quantity,
which acts as a continuum analog of the Horton-Strahler number.

Keywords: Galton-Watson trees; scaling limit; branching random walk; random walk on a tree;
range of a random walk; Horton-Strahler number; register function; Brownian snake; Brownian
cactus; stable trees; random real trees.
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Chapter 1

Introduction

Dans cette introduction, on présente d’abord les objets mathématiques rencontrés au cours de
cette thèse. On motive historiquement leurs définitions tout en donnant quelques exemples de
travaux où ils apparaissent. De plus, on expose les techniques classiques et les résultats connus les
concernant que nous sont utiles par la suite. La section 1.1 présente les arbres de Galton-Watson. La
section 1.2 concerne les marches branchantes indéxées par des arbres de Galton-Watson critiques.
La section 1.3 traite des marches aléatoires biaisées sur des arbres. La section 1.4 porte sur le
nombre de Horton-Strahler. Ces sections ne contiennent pas de nouveaux résultats.

Les contributions de ce travail de thèse sont énoncées et commentées dans la section 1.5. Cette
dernière est divisée en quatre sous-sections qui présentent respectivement les résultats démontrés
dans les chapitres 2, 3, 4, et 5, eux-mêmes basés sur les quatre articles suivants.

• [60] : SCALING LIMITS OF TREE-VALUED BRANCHING RANDOM WALKS, écrit en collabo-
ration avec Thomas Duquesne, Shen Lin & Niccolò Torri. Publié dans Electronic Journal of
Probability.

• [59] : SCALING LIMITS OF THE RANGE OF TREE-VALUED BRANCHING RANDOM WALKS

IN RANDOM ENVIRONMENT, écrit en collaboration avec Thomas Duquesne. Travail en
préparation.

• [103] : THE HORTON-STRAHLER NUMBER OF GALTON-WATSON TREES WITH POSSIBLY

INFINITE VARIANCE. Soumis à publication.

• [102] : FLUCTUATIONS OF THE HORTON-STRAHLER NUMBER OF STABLE GALTON-
WATSON TREES. Soumis à publication.

Sauf mention explicite du contraire, toutes les variables aléatoires considérées sont définies sur un
même espace de probabilité (Ω,F ,P). On note E l’espérance associée à la probabilité P. Toujours
sauf mention explicite du contraire, tous les espaces topologiques rencontrés sont munis de leur
tribu borélienne. Tout au long de ce manuscrit, on utilise les notations suivantes

R+ = [0,∞), N = {0, 1, 2, 3, . . .}, et N∗ = {1, 2, 3, . . .}.
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1.1 Arbres de Galton-Watson

1.1.1 Mots et arbres

Dans cette section, on introduit le formalisme d’Ulam qui fournit un cadre pratique pour définir
les arbres de Galton-Watson, que l’on voit comme des arbres aléatoires enracinés et ordonnés.
En général, un arbre (discret) est un graphe connexe et acyclique. Cependant, dans ce manuscrit,
on considère exclusivement des arbres planaires (i.e. enracinés et ordonnés), qui peuvent se voir
intuitivement comme des arbres généalogiques. On adopte le formalisme d’Ulam comme présenté
par Neveu [133]. Soit N∗ = {1, 2, 3, . . .} l’ensemble des entiers strictement positifs et soit U
l’ensemble des mots écrits avec l’alphabet N∗ :

U =
⋃
n∈N

(N∗)n, avec la convention (N∗)0 = {∅}. (1.1.1)

L’ensemble U est dénombrable et muni de la topologie discrète. Soit u = (u1, . . . , un) ∈ (N∗)n ⊂
U, on pose |u| = n la hauteur (aussi appelée la génération) de u. Le mot vide ∅ est le seul élément
de U de hauteur nulle. On note ≤ l’ordre lexicographique, qui est un ordre total sur U. Par exemple,
∅ < (1) < (1, 1) < (1, 2) < (2). Pour v = (v1, . . . , vm) ∈ U, la notation u ∗ v désigne la
concaténation (u1, . . . , un, v1, . . . , vm) ∈ U de u et v. En particulier, on écrit u ∗∅ = ∅ ∗ u = u.
Si |u| = n ≥ 1 alors on note ←−u = (u1, . . . , un−1) le parent de u. On dit également que u est
un enfant de v lorsque ←−u = v. L’ordre généalogique ⪯ est un ordre partiel sur U défini par
u ⪯ v ⇐⇒ ∃w ∈ U, v = u ∗ w. Dans ce cas, on dit que u est un ancêtre de v. On appelle le plus
récent ancêtre commun de u et v leur ancêtre commun de hauteur maximale noté u ∧ v ∈ U. On
peut munir U d’une structure de graphe dont les arêtes sont les paires {←−u , u} où u ∈ U\{∅}. Sa
distance de graphe s’exprime alors comme suit :

∀u, v ∈ U, dgr(u, v) = |u|+ |v| − 2|u ∧ v|. (1.1.2)

Définition 1.1.1 Un arbre est un sous-ensemble t de U qui satisfait les conditions suivantes :

(a) ∅ ∈ t, qui joue le rôle de la racine de t,

(b) pour tout u ∈ t, si u ̸= ∅ alors←−u ∈ t,
(c) pour tout u ∈ t, il existe un entier ku(t) ∈ N tel que u ∗ (i) ∈ t⇐⇒ 1 ≤ i ≤ ku(t), que l’on

appelle le nombre d’enfants de u dans t.

On dote l’espace T de tous les arbres de la topologie de la convergence locale, engendrée par les
ensembles {t ∈ T : A ⊂ t} où A varie parmi les parties finies de U. L’espace T est polonais. □

Soit t un arbre. Son nombre de sommets (ou cardinal) est aussi appelé sa taille et est noté #t. On
autorise #t à être infini. On dit que u ∈ t est une feuille de t lorsque ku(t) = 0. Pour tout u ∈ t,
on définit le sous-arbre de t issu de u en posant

θut = {v ∈ U : u ∗ v ∈ t},

ce qui donne bien un arbre au sens de la définition 1.1.1.

Ce formalisme permet de donner la définition récursive suivante des arbres de Galton-Watson.

Définition 1.1.2 Soit µ = (µ(k))k∈N une mesure de probabilité sur N. Un arbre de Galton-Watson
de loi de reproduction µ est un arbre aléatoire τ dont la loi est l’unique mesure de probabilité sur T
qui satisfait les propriétés suivantes.

(a) La loi de k∅(τ) est µ.
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(b) Pour tout k ∈ N∗ tel que µ(k) > 0, sous la probabilité conditionnelle P( · | k∅(τ) = k), les
arbres aléatoires θ(1)τ, . . . , θ(k)τ sont indépendants et ont la même loi que τ sous P.

□

Intuitivement, un arbre de Galton-Watson décrit la généalogie d’une population dont les individus
se reproduisent indépendamment les uns des autres et selon une distribution commune. Dans la
suite, on suppose toujours que µ est non-triviale, ce qui signifie que

µ(0) + µ(1) < 1.

Dans les cas où µ(0) +µ(1) = 1, l’arbre de Galton-Watson est dépourvu de branchement : il forme
une ligne de longueur géométrique si µ(1) < 1 ou infinie si µ(1) = 1. On rappelle de plus que

P(#τ =∞) > 0 si et seulement si m :=
∑
k∈N

kµ(k) > 1.

On dit que la loi de reproduction µ est sur-critique lorsque m > 1, qu’elle est sous-critique lorsque
m < 1, et qu’elle est critique lorsque m = 1. L’existence et l’unicité de la loi d’un arbre de
Galton-Watson ont été prouvées par Neveu [133]. De plus, Otter [135] a explicité que si τ est un
arbre de Galton-Watson, alors pour tout arbre fini t,

P(τ = t) =
∏
u∈t

µ
(
ku(t)

)
. (1.1.3)

Néanmoins, cette formule ne décrit complètement la loi de τ que si µ est critique ou sous-critique.
Les arbres de Galton-Watson interviennent de trois manières distinctes dans ce travail :
− en tant qu’indexation de marches branchantes,
− en tant qu’environnement sur lequel celles-ci évoluent,
− en tant qu’objet principal d’intérêt au regard de leur nombre de Horton-Strahler (qui quantifie

leur complexité de branchement).
Avant de présenter ces sujets, on rappelle les méthodes et les objets classiques intervenant dans
l’étude des arbres de Galton-Watson.

1.1.2 Arbres de Galton-Watson conditionnés par la taille

Soit µ une mesure de probabilité sur N telle que µ(1) < 1 et µ(0) > 0, et soit τ un arbre de
Galton-Watson de loi de reproduction µ. La formule (1.1.3) justifie qu’il existe une infinité d’entiers
n ∈ N tels que P(#τ = n) > 0. Pour chacun de ces entiers, on se donne un arbre aléatoire τn dont
la loi sous P est celle de τ sous P( · |#τ = n) :

τn
d= τ sous P( · |#τ = n). (1.1.4)

Pour plusieurs classes combinatoires d’arbres à n sommets, la loi uniforme peut être réalisée en tant
que celle de τn en choisissant une loi de reproduction particulière. Donnons quelques exemples.

• Si µ est géométrique de paramètre 1/2, c’est-à-dire µ(k) = 2−1−k pour tout k ∈ N, la loi de
τn est uniforme sur l’ensemble des arbres (planaires) de taille n.

• Si µ est binaire et critique, c’est-à-dire µ(0) = µ(2) = 1/2, la loi de τn est uniforme sur
l’ensemble des arbres binaires de taille n, parfois appelés arbres de Catalan.

• Si µ est la loi Poisson de paramètre 1, c’est-à-dire µ(k) = e−1/k! pour tout k ∈ N, la loi de
τn est uniforme sur l’ensemble des arbres de Cayley (i.e. étiquetés non-ordonnés) de taille n.
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On réfère à Le Gall [78, Section 1.5] pour plus de précisions. Dans cette thèse, les résultats
impliquant les arbres de Galton-Watson conditionnés par leur taille supposent presque toujours les
conditions suivantes sur la loi de reproduction, conditions qui assurent d’une régularité asymptotique
de ces arbres conditionnés.

(a) µ est critique et non-triviale, ce qui veut dire µ(1) < 1 et
∑
k∈N kµ(k) = 1.

(b) µ est apériodique, autrement dit le sous-groupe additif engendré par le support de µ est Z.
(c) µ est dans le domaine d’attraction d’une loi stable d’indice α ∈ [1, 2].

Comme déjà énoncé, (a) implique qu’un arbre de Galton-Watson τ de loi de reproduction
µ est fini presque sûrement. De plus, on peut démontrer que P(#τ = n) décroît de manière
polynomiale lorsque µ est critique, alors que cette probabilité décroît à vitesse exponentielle quand
µ est sous-critique. Comme défendu par Aldous [8], le cas critique paraît donc plus naturel pour
étudier τn.

Bien que rarement nécessaire, l’hypothèse (b) évite des complications techniques car elle
implique que P(#τ = n) > 0 à partir d’un certain rang.

On peut traduire l’hypothèse (c) comme suit. Soit (Xn)n∈N une marche aléatoire sur Z, de
valeur initiale X0 = 0 et dont la loi de sauts est donnée par P(X1 = k) = µ(k+ 1) pour tout entier
k ≥ −1. L’hypothèse (c) est satisfaite si et seulement si il existe deux suites déterministes (an) et
(bn) de nombres réels avec 0 < an →∞ telles que

Xn + bn
an

d−→ X1, où E
[
exp(−λX1)

]
=
{

exp(λα) si α ∈ (1, 2],
exp(λ lnλ) si α = 1,

(1.1.5)

pour tout nombre réel λ > 0. En particulier, si la variance σ2 de µ est finie alors (c) est vérifiée
avec α = 2, bn = 0, et an = σ

√
n/2 pour tout n ∈ N∗. D’après [23, Theorem 8.3.1], la condition

(c) est satisfaite si et seulement si il existe une fonction à variations lentes L telle que

µ([n,∞)) ∼ n−αL(n) si α ∈ [1, 2), et − 1 +
n∑
k=0

k2µ(k) ∼ 2L(n) si α = 2. (1.1.6)

Rappelons qu’une fonction mesurable et localement bornée L : (0,∞) −→ (0,∞) est dite à
variations lentes lorsque pour tout λ > 0, L(λx) ∼ L(x) quand x→∞.

Cas où α ∈ (1, 2]. Si (1.1.5) a lieu alors des résultats standards garantissent que l’on peut choisir
bn = 0 et que n−1/αan coïncide avec une fonction à variations lentes. Voir, par exemple, [74,
Chapter XVII.5]. Comme rappelé dans la section suivante, sous les hypothèses (a), (b), et (c) avec
α ∈ (1, 2], les arbres τn admettent une limite d’échelle en loi.

Cas où α = 1. Si (1.1.5) a lieu alors on peut choisir bn = nE[X11{X1>an}] et nan varie
lentement. On renvoie à [74, Chapter IX.8, Equation (8.15)] par exemple. Les cas 1-stables, moins
réguliers, ont été étudiés par Kortchemski & Richier [108] qui ont montré qu’il est possible de
donner un sens à une limite d’échelle pour les τn en utilisant des arbres à boucles. Les arbres
à boucles ne seront pas abordés dans cette thèse, mais on réfère à Curien & Kortchemski [42],
Marzouk [131], Blanc-Renaudie [24], et à [101] pour plus d’informations à leur sujet et une étude
de leurs convergences.

On renvoie à Bingham, Goldies & Teugels [23] et Feller [74] pour plus de détails sur les
domaines d’attraction de lois stables.

1.1.3 Limites d’échelles par contour d’arbres de Galton-Watson critiques

Afin d’étudier le comportement asymptotique d’arbres aléatoires, il est souvent commode de
les coder par des fonctions à valeurs réelles et de tirer partie des nombreux résultats d’analyse
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stochastique et des théorèmes limites des processus réels. Dans ce qui suit, on rappelle la définition
d’une de ces fonctions codantes et on présente les processus qui apparaissent en tant que ses limites
d’échelle.

Codage d’un arbre discret par sa fonction de contour. Soit t un arbre fini. En tant qu’arbre
planaire, on peut le plonger dans le demi-plan supérieur de façon à ce que la racine se trouve sur la
frontière. On imagine alors une particule qui explore l’arbre en partant de la racine, dans le sens
des aiguilles d’une montre, et en revenant sur ses pas le moins possible. Elle traverse chaque arête
exactement deux fois (une première fois en s’éloignant de la racine, une deuxième fois en s’en
rapprochant), si bien qu’il lui faut 2(#t− 1) étapes pour revenir à la racine après avoir terminé son
exploration. On appelle exploration par contour de t, notée c(t) = (ci(t) ; 0 ≤ i ≤ 2(#t− 1)), la
suite des positions de la particule sur l’arbre. Plus formellement, on peut décrire c(t) récursivement
de la façon suivante : c0(t) = ∅, c1(t) = (1) si #t ≥ 2, et pour tout 1 ≤ i ≤ 2(#t− 1)− 1, on a

(i) si ci−1(t) =
←−−
ci(t) et kci(t)(t) = 0 alors ci+1(t) =

←−−
ci(t),

(ii) si ci−1(t) =
←−−
ci(t) et kci(t)(t) ≥ 1 alors ci+1(t) = ci(t) ∗ (1),

(iii) si ci−1(t) = ci(t) ∗ (j) avec j < kci(t)(t) alors ci+1(t) = ci(t) ∗ (j + 1),

(iv) si ci−1(t) = ci(t) ∗ (j) avec j = kci(t)(t) alors ci+1(t) =
←−−
ci(t).

On associe à l’arbre t un processus à valeurs réelles en considérant les hauteurs successives
prises par l’exploration par contour. En d’autres termes, on pose Ci(t) = |ci(t)| pour tout entier
0 ≤ i ≤ 2(#t − 1), puis on étend C(t) en une fonction (Cs(t))s≥0 sur R+ par interpolation
linéaire sur [0, 2(#t − 1)] et en posant Cs(t) = 0 pour s > 2(#t − 1). La fonction continue
C(t) = (Cs(t))s≥0 est appelée la fonction de contour de t. Elle caractérise entièrement l’arbre t,
voir Le Gall [78, Section 2], et permet de retrouver aisément sa distance de graphe (1.1.2) :

∀0 ≤ i ≤ j ≤ 2(#t− 1), dgr(ci(t), cj(t)) = Ci(t) + Cj(t)− 2 inf
[i,j]

C(t). (1.1.7)

Limite d’échelle des fonctions de contour d’arbres de Galton-Watson conditionnés.

Cas où µ est à variance finie. Aldous [9] montre que la limite d’échelle des fonctions de
contour d’arbres de Galton-Watson conditionnés à être grands et dont la loi de reproduction a une
variance finie est l’excursion brownienne standard e = (es)s∈[0,1], dont une définition possible est

∀s ∈ [0, 1], es = (D− G)−1/2 |BG+s(D−G)|, (1.1.8)

où (Bs)s≥0 est un mouvement brownien réel standard issu de 0, et où G = sup{s < 1 : Bs = 0} et
D = inf{s > 1 : Bs = 0}. Plus précisément, on a l’énoncé suivant.

Théorème 1.1.3 (Aldous [9]) Soit µ une mesure de probabilité sur N de variance σ2, et soit τ un
arbre de Galton-Watson de loi de reproduction µ. On suppose que µ est critique et apériodique, et
que σ2 ∈ (0,∞). Alors, la convergence en loi suivante( σ

2
√
n
C2ns(τ)

)
s∈[0,1]

sous P( · |#τ = n) d−→ e

a lieu sur l’espace C([0, 1],R) des fonctions continues muni de la topologie de la convergence
uniforme.
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Cas où µ est dans le domaine d’attraction d’une loi stable. Duquesne [50] a généralisé le
théorème 1.1.3 sous l’hypothèse que µ est dans le domaine d’attraction d’une loi stable d’indice
α ∈ (1, 2]. Le processus limite est alors l’excursion normalisée du processus de hauteur α-stable
que l’on présente ci-après.

Soit X = (Xs)s≥0 le processus canonique sur l’espace D(R+,R) des fonctions càdlàg muni
de la topologie de Skorokhod usuelle. On suppose que sous P, X est un processus de Lévy stable
spectralement positif d’indice α ∈ (1, 2], et normalisé de sorte que

∀λ, s ≥ 0, E[ exp(−λXs) ] = exp(sλα).

Lorsque α = 2, le processus 1√
2X est un mouvement brownien standard. Si α ∈ (1, 2), alors X n’a

pas de composante brownienne et est caractérisé par sa mesure de Lévy :

Π(dr) = α(α− 1)
Γ(2− α)r

−1−α1(0,∞)(r) dr,

où Γ est la fonction gamma usuelle. De plus, X jouit d’une propriété de mise à l’échelle : pour
tout λ > 0, le processus (λ−1/αXλs ; s ≥ 0) a la même loi que X. Plus d’informations sur
les processus de Lévy stables sont présentées par Bertoin [19, Chapter VIII]. Pour tout s ≥ 0,
on pose Is = inf [0,s] X pour définir le processus infimum de X. L’absence de sauts négatifs
de X implique la continuité de I. Par des arguments standards de théorie des fluctuations (voir
Bertoin [19, Chapter VI]), X− I est un processus de Markov fort pour lequel le point 0 est régulier
et instantané. D’après [19, Theorem VII.1], on peut et on va choisir −I en tant que temps local
de X − I en 0. On note (gj , dj), j ∈ J, les intervalles d’excursions de X − I au dessus 0, et on
pose ωjs = Xmin(gj+s,dj) −Xgj pour tous j ∈ J et s ≥ 0. Comme inf X = −∞ presque sûrement
d’après [19, Chapter VIII], la mesure ponctuelle aléatoire

N =
∑
j∈J

δ(−Igj ,ω
j)

est une mesure de Poisson sur R+ × D(R+,R) d’intensité dsNα(dω), où Nα est une mesure
sigma-finie sur D(R+,R) appelée la mesure d’excursion.

Le Gall & Le Jan [81] (voir aussi Duquesne & Le Gall [61]) ont construit un processus continu
et positif H = (Hs)s≥0 tel que pour tout s ∈ R+, la convergence suivante a lieu en P-probabilité et
en Nα-mesure :

Hs = lim
ε→0+

1
ε

∫ s

0
1{Xr<Ir

s+ε} dr, où Irs = inf
[r,s]

X pour tout r ∈ [0, s]. (1.1.9)

Le processus H est appelé le processus de hauteur stable d’indice α. La valeur Hs est une
fonctionnelle mesurable de X apparentée au temps local au temps s au supremum du processus
dual (Xs − Xs−r)r∈[0,s]. Lorsque α = 2, on a de manière explicite H = X− I sous P, et H = X
sous N2. Cependant, X et H sont distincts quand α ∈ (1, 2), le premier étant un processus à sauts
alors que le deuxième est continu. De plus, comme cas particulier de Duquesne & Le Gall [61,
Theorem 1.4.4], on a le résultat de régularité suivant.

Proposition 1.1.4 Pour tout γ ∈ (0, 1− 1/α), H est localement γ-hölderien P-presque sûrement.
Pour tout γ ∈ (0, 1− 1/α), H est γ-hölderien Nα-presque partout.

Il est possible de prouver à partir de (1.1.9), voir Duquesne & Le Gall [61, Chapter 1], que sous
P, les ensembles des zéros de X − I et de H sont égaux presque sûrement. Sous Nα, on définit
alors la durée de vie commune de X et de H comme

ζ = sup{s ∈ R+ : Xs > 0} = sup{s ∈ R+ : Hs > 0}.
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Un argument élémentaire de la théorie des fluctuations, voir par exemple [19, Chapter VIII.4],
permet d’obtenir que Nα(ζ=0) = 0 et que

∀ℓ > 0, Nα(ζ > ℓ) = 1
Γ(1− 1/α) ℓ

−1/α. (1.1.10)

On observe grâce à (1.1.9) et à la propriété de mise à l’échelle de X que pour tout λ > 0, les
processus (λ1/α−1Hλs ; s ≥ 0) et H ont la même loi sous P. Il s’ensuit que la loi du processus
(ζ1/α−1Hζs ; s ≥ 0) sous la mesure de probabilité Nα( · | ζ > ℓ) ne dépend pas de ℓ > 0. Celle-ci
est appelée la loi de l’excursion normalisée du processus de hauteur α-stable et on la note par
Nα(dH | ζ = 1) ici. Dans le cas α = 2, N2(dH | ζ = 1) est la loi de

√
2e, où e désigne l’excursion

brownienne standard. Enfin, (1.1.10) permet de prouver que pour toute fonction mesurable et
positive F : C(R+,R)→ R+, on a la formule de désintégration

Nα
[
F (H)

]
= 1
αΓ(1− 1/α)

∫
R+

Nα

[
F
(
ℓ1−1/αHs/ℓ ; s ≥ 0

) ∣∣∣ ζ = 1
] dℓ
ℓ1+1/α . (1.1.11)

On peut finalement énoncer le théorème de Duquesne [50] mentionné plus haut.

Théorème 1.1.5 (Duquesne [50]) Soit µ une mesure de probabilité sur N, et soit τ un arbre de
Galton-Watson de loi de reproduction µ. On suppose que µ est critique et non-triviale, apériodique,
et dans le domaine d’attraction d’une loi stable d’indice α ∈ (1, 2]. Alors, il existe une suite
déterministe de réels strictement positifs an →∞, donnée par (1.1.5), telle que la convergence en
loi suivante (an

n
C2ns(τ)

)
s∈[0,1]

sous P( · |#τ = n) d−→ H sous Nα(dH | ζ = 1)

a lieu sur l’espace C([0, 1],R) des fonctions continues muni de la topologie de la convergence
uniforme.

Mentionnons que le théorème 1.1.5 reste valide sans l’hypothèse d’apériodicité si on restreint la
convergence à la suite des entiers n tels que P(#τ = n) > 0.

1.1.4 Arbres réels compacts enracinés mesurés

On peut exprimer les théorèmes limites sur les fonctions de contour énoncés ci-dessus de manière
intrinsèque en termes de convergences d’espaces métriques compacts.

Distance de Gromov-Hausdorff-Prokhorov. On dit que (E, d, a, µ) est un espace métrique
compact enraciné mesuré lorsque (E, d) est un espace métrique compact, muni d’un point distingué
a ∈ E que l’on nomme sa racine, et d’une mesure borélienne finie µ sur E. De même, on dit que
(E, d, a) est un espace métrique compact enraciné. Deux espaces métriques compacts enracinés
mesurés (E1, d1, a1, µ1) et (E2, d2, a2, µ2) sont équivalents lorsque il existe une isométrie bijective
ϕ de E1 vers E2 telle que ϕ(a1) = a2 et telle que la mesure image de µ1 par ϕ est égale à µ2. On
note K l’ensemble des classes d’équivalence d’espaces métriques compacts enracinés mesurés.
Tant que cela reste clair selon le contexte, on désignera indifféremment un espace métrique compact
enraciné mesuré (E, d, a, µ) et sa classe d’équivalence dans K par son ensemble sous-jacent E.

Soit (E1, d1, a1, µ1) et (E2, d2, a2, µ2) deux espaces métriques compacts enracinés mesurés,
la distance de Gromov-Hausdorff-Prokhorov entre eux deux est

dGHP(E1, E2) = inf
ϕ1,ϕ2

max
(
d(ϕ1(a1), ϕ2(a2)), dEHaus(ϕ1(E1), ϕ2(E2)), dEProk(µ1◦ϕ−1

1 , µ2◦ϕ−1
2 )
)
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où l’infimum est pris sur tous les plongements isométriques ϕ1 : E1 → E et ϕ2 : E2 → E dans un
même espace métrique polonais (E, d), où dEHaus est la distance de Hausdorff sur les sous-ensembles
compacts de E, et où dEProk est la distance de Prokhorov sur les mesures boréliennes finies de
E. Il est clair que dGHP(E1, E2) ne dépend que des classes d’équivalences de E1 et E2 dans K.
Abraham, Delmas & Hoscheit [4, Theorem 2.5] ont démontré que dGHP induit une distance sur K
que l’on note de la même façon et que l’espace métrique (K, dGHP) est séparable et complet.

Il peut être commode d’utiliser une autre expression de la distance de Gromov-Hausdorff-
Prokhorov ne faisant pas appel à de tierces espaces métriques. Une correspondance entre E1 et E2
est un sous-ensembleR de E1 × E2 tel que (a1, a2) ∈ R et qui vérifie que pour tous x1 ∈ E1 et
y2 ∈ E2, il existe x2 ∈ E2 et y1 ∈ E1 tels que (x1, x2) et (y1, y2) sont dansR. La distorsion de la
correspondanceR est définie par

dis(R) = sup
{
|d1(x1, y1)− d2(x2, y2)| : (x1, x2) ∈ R et (y1, y2) ∈ R

}
.

Soit ν une mesure borélienne finie sur E1 ×E2, la divergence (ou discrepancy en anglais) de ν par
rapport à µ1 et µ2 est

Dsp(ν ; µ1, µ2) = sup
B1⊂E1
borélien

|ν(B1 × E2)− µ1(B1)|+ sup
B2⊂E2
borélien

|ν(E1 ×B2)− µ2(B2)|.

Khezeli [105, Theorem 3.5] montre qu’on peut exprimer dGHP comme suit :

dGHP(E1, E2) = inf
R,ν

max
(

1
2 dis(R) , Dsp(ν ; µ1, µ2) + ν

(
(E1 × E2)\R

))
, (1.1.12)

où l’infimum est pris sur toutes les correspondances compactes R entre E1 et E2, et toutes les
mesures boréliennes finies ν sur E1 × E2.

Codages d’arbres réels par des excursions. Les espaces métriques apparaissant en tant que
limites d’échelle d’arbres (discrets) sont également acycliques et connexes, c’est-à-dire sont des
arbres réels, définis comme suit.

Définition 1.1.6 Un espace métrique (T, d) est un arbre réel lorsque pour tous x, y ∈ T :

(a) il existe une unique isométrie gx,y : [0, d(x, y)]→ T telle que gx,y(0) = x et gx,y(d(x, y)) =
y, que l’on appelle la géodésique de x à y,

(b) toutes les fonctions continues injectives ϕ : [0, 1] −→ T avec ϕ(0) = x et ϕ(1) = y
partagent la même image que l’on note Jx, yK = ϕ([0, 1]) = gx,y([0, d(x, y)]).

□

Alternativement, un espace métrique connexe (T, d) est un arbre réel si et seulement si

d(x1, x2) + d(x3, x4) ≤ max
(
d(x1, x3) + d(x2, x4) , d(x1, x4) + d(x2, x3)

)
(1.1.13)

pour tous x1, x2, x3, x4 ∈ T . L’inégalité (1.1.13) est appelée l’inégalité des quatre points. Voir
Buneman [30], et on renvoie à Evans [70] pour de plus amples informations. Un espace métrique
compact enraciné mesuré (T, d, ρ, µ) est un arbre réel compact enraciné mesuré lorsque (T, d) est
un arbre réel. On note TR le sous-espace de K formé des classes d’équivalence des arbres réels
compacts enracinés mesurés. L’inégalité (1.1.13) permet de montrer que TR est un sous-espace
fermé de (K, dGHP), donc (TR, dGHP) est aussi séparable et complet. Voir Evans, Pitman &
Winter [71, Theorem 1].
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De la même manière que la fonction de contour caractérise un arbre (discret), une fonction
continue code naturellement un arbre réel. Soit ℓ ∈ R+ et soit f : R+ −→ R une fonction continue.
Pour tous s2 ≥ s1 ≥ 0, on pose par analogie avec (1.1.7)

df (s1, s2) = df (s2, s1) = f(s1) + f(s2)− 2 inf
[s1,s2]

f. (1.1.14)

Duquesne & Le Gall [57, Theorem 2.1] montrent que df induit un arbre réel. Plus précisément,
Evans & Winter [72, Lemma 3.1] prouvent que df est une pseudo-distance continue sur R+ qui
satisfait l’inégalité des quatre points (1.1.13). Ainsi, écrire s1 ∼f s2 lorsque df (s1, s2) = 0 définit
une relation d’équivalence ∼f sur R+. Sur l’espace quotient T ℓf = [0, ℓ]/ ∼f , df induit une vraie
distance que l’on note dℓf . Alors, (T ℓf , dℓf ) est un arbre réel compact. On note pℓf la projection
canonique de [0, ℓ] sur T ℓf , puis on pose ρℓf = pℓf (0), et on définit µℓf comme la mesure image par
pℓf de la mesure de Lebesgue sur [0, ℓ]. On appelle

(
T ℓf , dℓf , ρℓf , µℓf

)
(1.1.15)

l’arbre réel (compact enraciné mesuré) codé par (f, ℓ). L’application (f, ℓ) 7−→ T ℓf ∈ TR est
continue pour la topologie de la convergence uniforme sur les compacts d’une part, et pour la
distance de Gromov-Hausdorff-Prokhorov d’autre part, car (1.1.12) permet de vérifier que

dGHP
(
T ℓ1f1

, T ℓ2f2

)
≤ |ℓ1 − ℓ2|+ 2 sup

0≤s≤ℓ1∨ℓ2
|f1(s)− f2(s)|. (1.1.16)

1.1.5 Arbres stables continus, et arbres de Galton-Watson stables

Tout arbre fini t muni de la distance de graphe dgr donnée par (1.1.2), de sa racine ∅, et de sa
mesure de comptage

∑
u∈t δu devient un espace métrique compact enraciné mesuré, mais qui n’est

pas un arbre réel. En effet, un tel espace ne peut être connexe que s’il est réduit à un unique point.
Néanmoins, remplacer chaque arête de t par un segment réel de longueur λ > 0 définit un vrai
arbre réel compact. D’après (1.1.7) et (1.1.14), celui-ci est exactement l’arbre réel codé par une
version mise à l’échelle (en temps et en espace) de la fonction de contour C(t). Par continuité de
l’application de codage d’un arbre réel par une fonction continue, on obtient que sous les hypothèses
du théorème 1.1.5 de Duquesne [50], si τ est un arbre de Galton-Watson de loi de reproduction µ
alors la convergence en loi(

τ,
an
n

dgr,∅,
1
n

∑
u∈τ

δu
)

sous P( · |#τ = n) d−→ T 1
H sous Nα(dH | ζ = 1) (1.1.17)

a lieu sur l’espace K muni de la distance de Gromov-Hausdorff-Prokhorov, où α ∈ (1, 2] et
où Nα(dH | ζ = 1) est la loi de l’excursion normalisée du processus de hauteur α-stable. La
convergence (1.1.17) reste valide pour la sous-suite des entiers tels que P(#τ = n) > 0, même
quand µ n’est pas apériodique.

Arbres stables. L’espace aléatoire limite dans (1.1.17) est appelé l’arbre α-stable : autrement dit,
un arbre α-stable est une variable aléatoire sur TR qui a la même loi que T 1

H sous Nα(dH | ζ = 1).
À un facteur 1√

2 sur les distances près, l’arbre 2-stable est l’arbre réel T 1
2e codé par le double de

l’excursion brownienne standard e, qui est l’arbre brownien introduit par Aldous [7, 8, 9] sous le
nom de Continuum Random Tree (voir aussi Le Gall [80]).

Les arbres stables entretiennent des liens étroits avec les processus de coalescence et de
fragmentation (voir Bertoin [20] pour une introduction générale). En effet, les arbres stables sont
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des membres de la classe des arbres de fragmentation : des arbres réels aléatoires qui décrivent la
généalogie sous-jacente d’un processus de fragmentation autosimilaire (voir Haas & Miermont [89])
et qui apparaissent notamment en tant que limites d’échelle des arbres de Markov (voir Haas &
Miermont [90]). Plus précisément, Haas, Pitman & Winkel [150] montrent que les arbres stables
sont exactement les arbres de fragmentation invariants par réenracinement uniforme. On renvoie à
Goldschmidt & Haas [84] pour une étude fine des processus de fragmentation stables s’appuyant
sur les arbres stables. On mentionne également les liens des arbres stables avec les graphes stables
inhomogènes, mis en évidence par Conchon-Kerjan & Goldschmidt [37] et Goldschmidt, Haas &
Sénizergues [85] par exemple.

Si σ est un point d’un arbre α-stable Tnr, alors le nombre de composantes connexes de Tnr\{σ}
appartient à {1, 2, 3} si α = 2, ou à {1, 2,∞} si α ∈ (1, 2) (voir Duquesne & Le Gall [57, Theorem
4.6]). Enfin, les arbres stables présentent des propriétés fractales : leur dimension de Hausdorff
est égale à α

α−1 par exemple, comme prouvé indépendamment par Duquesne & Le Gall [57] et par
Haas & Miermont [88]. De plus, un arbre stable est un arbre continuum au sens de Aldous [9] car
sa mesure, dite de masse, est diffuse et supportée par l’ensemble de ses feuilles (i.e. les points dont
le retrait ne déconnecte pas l’arbre). Duquesne & Le Gall [57, Section 4] justifient que la mesure de
masse ne dépend que de la métrique. Elle peut même être décrite géométriquement, soit en tant que
mesure de Hausdorff dans le cas α = 2, soit en tant que mesure de packing dans les cas α ∈ (1, 2).
Voir respectivement Duquesne & Le Gall [58] et Duquesne [54]. Enfin, les lois de la hauteur et du
diamètre d’un arbre stable sont calculées par Duquesne & Minmin [62].

Arbres de Galton-Watson stables. Soit (Tnr, dnr, ρnr, µnr) un arbre α-stable, on tire de façon
indépendante et selon la mesure de probabilité µnr une suite de points (σj)j≥1 de Tnr. Pour tout
n ∈ N∗, l’arbre réel compact

⋃
1≤j≤nJρnr, σjK a un nombre fini de feuilles. En se concentrant sur

sa forme combinatoire et en oubliant les longueurs de ses branches, on peut donc le voir comme
un arbre planaire tn au sens de la définition 1.1.1. Alors, tn est distribué comme un arbre de
Galton-Watson conditionné à avoir n feuilles et dont la loi de reproduction µα est caractérisée par
la fonction génératrice

∀s ∈ [0, 1], φα(s) :=
∑
k∈N

skµα(k) = s+ 1
α(1− s)α. (1.1.18)

On renvoie à Duquesne & Le Gall [61, Theorem 3.3.3] pour une preuve de cet énoncé et une
construction précise de tn. En outre, la suite (tn)n≥1 admet une description combinatoire directe
sans passer par l’arbre α-stable. C’est une chaîne de Markov sur l’espace des arbres discrets dont
les probabilités de transitions sont données par l’algorithme de Rémy [139] dans le cas α = 2
ou de Marchal [128] dans les cas α ∈ (1, 2). Sans rentrer dans les détails, on obtient tn+1 en
attachant une nouvelle arête soit au milieu d’une arête de tn soit directement sur un sommet de tn,
le choix se faisant selon des poids qui ne dépendent que de α et des degrés des sommets de tn. Ces
algorithmes sont un outil efficace dans l’étude des arbres stables car Curien & Haas [41] prouvent
que, après renormalisation, (tn)n≥1 converge presque sûrement vers Tnr pour la distance de
Gromov-Hausdorff-Prokhorov. Par exemple, Curien & Haas [41] montrent que si 1 < α1 ≤ α2 ≤ 2
alors un multiple d’un arbre α2-stable se plonge isométriquement dans un arbre α1-stable.

Définition 1.1.7 Soit α ∈ (1, 2], un arbre de Galton-Watson α-stable est un arbre de Galton-
Watson de loi de reproduction µα donnée par (1.1.18). En particulier, si α = 2 alors µ2 est la loi de
reproduction binaire critique, c’est-à-dire µ2(0) = µ2(2) = 1

2 . □

On observe µα(1) = 0 et que µα est critique, c’est-à-dire
∑
k∈N kµα(k) = 1. L’arbre de

Galton-Watson α-stable joue le rôle d’objet de référence parmi tous les arbres de Galton-Watson
critiques dont la loi de reproduction est dans le domaine d’attraction d’une loi α-stable, en tant que
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marginales fini-dimensionnelles de leur limite d’échelle universelle. Les arbres de Galton-Watson
stables héritent ainsi de plusieurs propriétés de stabilité ou d’invariance, mentionnons par exemple
les travaux de Duquesne & Winkel [63] et de Kovchegov, Xu & Zaliapin [109]. On peut en outre
citer de nombreuses autres apparitions de ces arbres : Zolotarev [152], Neveu [134], Le Jan [120],
ou Abraham & Delmas [1]. On se restreint nous-même au cas des arbres de Galton-Watson stables
pour étudier les fluctuations du nombre de Horton-Strahler dans le chapitre 5 de cette thèse.

1.2 Marches branchantes critiques

1.2.1 Modèle et motivations

Une marche branchante est un modèle simple d’une population qui explore un environnement tout
en se reproduisant. Soit un arbre t vu comme l’arbre généalogique d’une population dont l’ancêtre
est représenté par la racine ∅, et dont chaque individu u ∈ t choisit sa position Yu dans un espace
polonais E uniquement à partir de celle de son parent←−u . Plus précisément, la loi de la marche
branchante (Yu)u∈t de position initiale z ∈ E et de noyau de transition p(x,dy) est donnée par

E
[
F (Yu ; u ∈ t)

]
=
∫
Et
F (yu ; u ∈ t) δz(dy∅)

∏
v∈t\{∅}

p(y←−v ,dyv) (1.2.1)

pour toute fonction F : Et → R mesurable et bornée.

Depuis les années 1970, les marches branchantes ont fait l’objet de nombreux travaux, en lien
notamment avec les superprocessus, les solutions d’ondes progressives pour des équations semi-
linéaires aux dérivées partielles (FKPP), et divers modèles de mécanique statistique (champ libre
Gaussien, cascades de Mandelbrot, processus de contact, modèle du votant...). Sans pouvoir donner
une liste exhaustive de ces liens, on renvoie au livre de Shi [140] pour une vue d’ensemble. Pour
citer toutefois quelques travaux où la généalogie est infinie, on mentionne l’étude des particules
extrêmes de marches branchantes à valeurs réelles de Biggins [21] et Bramson [27, 26], mais
également les résultats de Gouëzel, Hueter, Lalley, Sellke [86, 94, 114, 115] sur les marches
branchantes à valeurs dans des espaces hyperboliques, ainsi que de Benjamini & Müller [16] et de
Liggett [122] pour une étude des marches branchantes sur des arbres.

Ici, on étudie des marches branchantes dans un régime critique où l’arbre indexant la marche
(Yu)u∈τn est un arbre de Galton-Watson critique conditionné à avoir n sommets, avec n grand.
Notre objet d’intérêt principal est l’ensembleRn = {Yu : u ∈ τn} des sites visités, aussi appelé
la trace (ou range en anglais) de la marche branchante. Plus précisément, on cherche à répondre
aux questions suivantes.

(A) Combien de sites différents la marche branchante visite-elle ? Autrement dit, #Rn converge-
t-il vers une limite non-triviale après mise à l’échelle ?

(B) À quoi ressemble la trace en tant qu’espace métrique compact ? Admet-elle une limite
d’échelle non dégénérée ?

Dans cette thèse, on se concentre sur l’étude nouvelle d’une marche branchante critique sur un
arbre sur-critique infini. En revanche, dans le cas où l’espace est Zk et les transitions sont celles
de la marche simple aux plus proches voisins, la question (A) a été traitée par Le Gall & Lin [83,
82]. Dans ce même cadre, une réponse à la question (B) en termes de fonctions de contour est
apportée par Janson & Marckert [97] et par Marzouk [130]. Les objets limites apparaissant dans
leurs travaux interviennent également dans nos résultats : on les présente dans la section suivante.

Cependant, on peut dès déjà donner les réponses aux questions (A) et (B) posées pour la marche
aléatoire (Xn)n∈N (non-branchante) simple aux plus proches voisins sur Zk. D’après le théorème
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de Donsker, la limite d’échelle de sa trace {Xj : 0 ≤ j ≤ n} jusqu’au temps n est l’image
d’un mouvement brownien k-dimensionnel jusqu’au temps 1. En dimension k = 1, le nombre
de points de la trace correspond au diamètre de celle-ci, ce qui permet directement de répondre à
la question (A). De plus, le cas des dimensions k ≥ 2 est traité par Dvoretzky & Erdös [65]. On
résume les réponses apportées à la question (A) dans le théorème ci-dessous.

Théorème 1.2.1 (Dvoretzky & Erdös [65]) Soit (Xn)n∈N une marche aléatoire (non-branchante)
simple aux plus proches voisins sur Zk. On pose Rn = #{Xj : 0 ≤ j ≤ n} pour tout n ∈ N. On
a les convergences suivantes.

(i) Si k ≥ 3, alors on a 1
nRn −→ ck presque sûrement, où ck ∈ (0, 1) est la probabilité que la

marche aléatoire (Xn) ne revienne jamais à son point de départ.

(ii) Si k = 2, alors on a lnn
n Rn −→ π presque sûrement.

(iii) Si k = 1, alors la convergence 1√
n

Rn
d−→ sup[0,1] B− inf [0,1] B a lieu en loi, où B est un

mouvement brownien réel standard.

La méthode de Dvoretzky & Erdös [65] pour prouver (i) et (ii) s’appuie sur des estimées de
moments d’ordre 1 et 2 et se généralise à des marches aléatoires dont les lois de saut sont centrées et
de variance finie. Le point (i) du théorème peut aussi être obtenu comme conséquence du théorème
ergodique sous-additif (voir par exemple Spitzer [144]). Cette approche permet en fait de montrer
que pour tout k ∈ N∗ et toute marche aléatoire (Xn)n∈N sur Zk, on a que 1

n#{Xj : 0 ≤ j ≤ n}
converge presque sûrement vers la probabilité de non-retour de la marche à l’origine, cette dernière
étant nulle si et seulement si la marche est récurrente.

1.2.2 Le serpent brownien et la Integrated Super-Brownian Excursion

Le théorème de Donsker et le théorème 1.1.5 de Duquesne donnent l’intuition que la limite d’échelle
d’une marche branchante critique simple sur Zk devrait être un mouvement brownien indexé par un
arbre stable. Cette intuition, bien que correcte, requiert une construction formelle.

On note Ck
0 l’espace des fonctions continues de R+ vers Rk, muni de la distance suivante

∀f, g ∈ Ck
0, dloc

∞ (f, g) =
∑
n∈N∗

2−n min
(
1 , sup

r∈[0,n]
||f(r)− g(r)||

)
, (1.2.2)

où || · || désigne la norme euclidienne sur Rk, qui induit la topologie de la convergence uniforme
sur les compacts. L’espace métrique (Ck

0, d
loc
∞ ) est séparable et complet. De plus, on désigne par

C([0, 1],R) l’espace des fonctions h = (hs)s∈[0,1] continues à valeurs dans R, et par C([0, 1],Ck
0)

l’espace des fonctions w = (ws)s∈[0,1] continues à valeurs dans Ck
0 . On dote alors l’espace produit

C([0, 1],R)×C([0, 1],Ck
0) d’une structure d’espace métrique séparable et complet en le munissant

de la distance suivante : pour tous (h,w), (h′, w′) ∈ C([0, 1],R)× C([0, 1],Ck
0), on pose

dΣ
(
(h,w), (h′, w′)

)
= sup

s∈[0,1]
|hs − h′s| + sup

s∈[0,1]
dloc
∞ (ws, w′s). (1.2.3)

Introduits par Le Gall [77], les serpents sont des processus à valeurs dans l’ensemble des trajectoires
continues arrêtées qui offrent une paramétrisation commode de processus indexés par un arbre réel.

Définition 1.2.2 Un serpent à valeurs dans Rk est un élément (h,w) de C([0, 1],R)×C([0, 1],Ck
0)

qui satisfait les conditions suivantes.
(a) Pour tout s ∈ [0, 1], on a hs ≥ 0 et h0 = 0.
(b) Pour tout s ∈ [0, 1] et tout r ∈ [hs,∞), on a ws(r) = ws(hs) =: ŵs.



1.2. Marches branchantes critiques 25

(c) Pour tous 0 ≤ s1 ≤ s2 ≤ 1 et tout 0 ≤ r ≤ inf [s1,s2] h, on a ws1(r) = ws2(r).

Le couple de fonctions (h, ŵ) est appelée l’extrémité du serpent (h,w). L’ensemble Σk des serpents
à valeurs dans Rk est un sous-espace fermé de C([0, 1],R)× C([0, 1],Ck

0) pour la distance dΣ. □

Par un léger abus de langage, la fonction w à valeurs dans Ck
0 est elle aussi parfois appelée un

serpent. Prenons quelques instants pour expliciter pourquoi un serpent est une paramétrisation d’une
fonction continue définie sur un arbre réel. Soit (h,w) un serpent à valeurs dans Rk. On rappelle
que dh est la pseudo-distance sur [0, 1] codée par h comme dans (1.1.14) et que (T 1

h , d
1
h, ρ

1
h, µ

1
h)

est l’arbre réel compact enraciné mesuré codé par (h, 1) comme défini par (1.1.15). La propriété
(c) implique que

∀s1, s2 ∈ [0, 1], si dh(s1, s2) = 0 alors ŵs1 = ŵs2 . (1.2.4)

Par continuité de la projection canonique p1
h : [0, 1]→ T 1

h , ŵ induit alors une fonction w̃ continue
sur T 1

h en posant w̃(p1
h(s)) = ŵs pour tout s ∈ [0, 1]. Réciproquement, si h : [0, 1] −→ R est une

fonction continue qui vérifie la condition (a), alors toute fonction continue w̃ : T 1
h −→ Rk induit

un serpent (h,w) en posant

∀s ∈ [0, 1], ∀r ∈ R+, ws(r) = w̃
(
gρ1

h
,p1

h
(s)(r ∧ hs)

)
,

où gx,y : [0, d1
h(x, y)]→ T 1

h désigne la géodésique de x à y sur T 1
h (voir la définition 1.1.6).

Après ces considérations déterministes, on présente les serpents browniens introduits par Le
Gall [77] (voir aussi Le Gall [79] et Duquesne & Le Gall [61]), qui paramétrisent des processus
analogues au mouvement brownien mais indexés par des arbres réels. Ces objets sont des processus
de Markov inhomogènes sur l’espace Ck

0 dont on construit les noyaux de transition ci-après. Pour
tout f ∈ Ck

0 et tous 0 ≤ a ≤ b, on note Ra,b(f, df ′) la loi sur Ck
0 du processus F (·) caractérisé par

• F (r) = f(r) pour tout r ∈ [0, a],
• le processus (F (a+r))r≥0 a la même loi que (f(a)+Br∧(b−a))r≥0, où B est un mouvement

brownien k-dimensionnel standard.

On fixe une fonction h : [0, 1] −→ R+ continue avec h(0) = 0. Pour tous 0 ≤ s1 ≤ s2 ≤ 1, on
écrit mh(s1, s2) = inf [s1,s2] h pour alléger les notations. On dit qu’un processus (W h

s )s∈[0,1] à
valeurs dans Ck

0 est un serpent brownien k-dimensionnel dirigé par h lorsque W h
0 (r) = 0 pour

tout r ∈ R+ et lorsque pour tous 0≤s1≤ . . .≤sp≤1, la loi de (W h
sk

)1≤k≤p est

Rmh(0,s1),h(s1)(W0, dw1)Rmh(s1,s2),h(s2)(w1,dw2) . . . Rmh(sp−1,sp),h(sp)(wp−1,dwp). (1.2.5)

D’après Duquesne & Le Gall [61, Proposition 4.4.1] (voir aussi Duquesne & Le Gall [57] pour une
autre approche), si h est höldérienne alors il existe un serpent brownien k-dimensionnel dirigé par
h qui est presque sûrement continu par rapport à la distance dloc

∞ donnée par (1.2.2). Autrement dit,
il existe alors une variable aléatoire (h,W h) sur l’espace Σk des serpents à valeurs dans Rk telle
que W h

0 (r) = 0 pour tout r ∈ R+ et dont les marginales de dimensions finies sont caractérisées
par (1.2.5). Avec les notations de la définition 1.2.2, on constate que (Ŵ h

s )s∈[0,1] est un processus
continu gaussien centré à valeurs dans Rk tel que Ŵ h

0 = 0 et dont les covariances sont données

∀s1, s2 ∈ [0, 1], E
[(
Ŵ h
s1 − Ŵ

h
s2

)(
Ŵ h
s1 − Ŵ

h
s2

)T] = dh(s1, s2) · Idk,

où Idk est la matrice identité de taille k. Cette régularité permet de considérer des serpents
browniens dirigés par des fonctions aléatoires. De la section 1.1.3, on rappelle que Nα(dH | ζ = 1)
est la loi de l’excursion normalisée du processus de hauteur α-stable.
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Définition 1.2.3 Soit α ∈ (1, 2]. Un serpent brownien k-dimensionnel avec mécanisme de branche-
ment α-stable est une variable aléatoire (H,W ) sur l’espace des serpents à valeurs dans Rk telle
que la loi de H est Nα(dH | ζ = 1) et telle que conditionnellement à H , W est un serpent brownien
k-dimensionnel dirigé par H . En reprenant les mêmes notations que dans la définition 1.2.2, on
appelle le processus (H, Ŵ ) l’extrémité du serpent brownien k-dimensionnel avec mécanisme de
branchement α-stable. □

Par le résultat de Duquesne & Le Gall [61, Proposition 4.4.1] présenté plus haut, la proposition 1.1.4
entraîne l’existence d’un tel objet. On renvoie à la section 2.4.5 du chapitre 2 pour plus de détails.

Soit (H,W ) serpent brownien k-dimensionnel avec mécanisme de branchement α-stable avec
α = 2. La mesure d’occupation de (Ŵs)s∈[0,1] est notée I : c’est une mesure aléatoire telle que
pour toute fonction mesurable et bornée g : Rk → R, on a∫

Rk
g(x) I(dx) =

∫
[0,1]

g(Ŵs) ds.

Il s’agit d’une mesure presque sûrement diffuse dont le support topologique est la trace du serpent
supp I = {Ŵs : s ∈ [0, 1]}. De plus, supp I est un compact de Rk dont la dimension de
Hausdorff est min(k, 4) d’après Dawson & Hochberg [43], ce qui indique le caractère critique de la
dimension 4. La mesure aléatoire I est la Integrated Super-Brownian Excursion (abrégé en ISE) qui
a été très étudiée depuis Aldous [10]. En tant qu’exemple de référence parmi les super-processus de
Dawson-Watanabe, elle apparaît comme limites de systèmes de particules en interaction et d’objets
en mécanique statistique comme le processus de contact, le modèle du votant, les lattice trees, ou
les agrégats de percolation. Mentionnons par exemple les travaux de Cox, Durrett & Perkins [38],
Derbez & Slade [46], Hara & Slade [92], Slade [143], Ben Arous, Cabezas & Fribergh [15], et
Cabezas, Fribergh, Holmes & Perkins [33]. La mesure aléatoire ISE I, de même que la mesure
d’occupation totale du super-mouvement brownien, admet plusieurs descriptions géométriques à
partir de son support, selon la dimension k et le paramètre de stabilité α. Dans le cas brownien
α = 2, Dawson, Iscoe & Perkins [44] montrent que la mesure de Lebesgue sur Rk de supp I est
nulle si et seulement si k ≥ 4, puis que I correspond à une mesure de Hausdorff explicite de supp I
en dimension sur-critique k ≥ 5. Le Gall [119] donne un résultat analogue pour la dimension
critique k = 4 (toujours avec α = 2). Duquesne [55] prouve que si α = 2 et k ≥ 5 alors I coïncide
aussi avec une mesure de packing exacte de son support. Bien qu’il n’y ait probablement pas de
mesure de Hausdorff exacte dans les cas α ∈ (1, 2), Duquesne & Duhalde [56] montrent que I est
une mesure de packing explicite de supp I quand k > 2α/(α− 1). Enfin, Croydon [39] prouve
que le serpent brownien avec mécanisme de branchement 2-stable est injectif en tant que fonction
définie sur l’arbre brownien dès que k ≥ 8.

On est maintenant prêt à énoncer les résultats de Janson & Marckert, Marzouk, et Le Gall
& Lin mentionnés plus haut. Soit µ une mesure de probabilité sur N de variance σ2 ∈ (0,∞],
et soit τ un arbre de Galton-Watson de loi de reproduction µ. Conditionnellement à τ , soit
Y = (Yu)u∈τ une marche branchante simple aux plus proches voisins sur Zk, indexée par τ , et
de position initiale Y∅ = (0, . . . , 0). On note R = {Yu : u ∈ τ} la trace de τ . On rappelle que
c(τ) = (ci(τ) ; 0 ≤ i ≤ 2(#τ − 1)) désigne l’exploration par contour de τ , comme définie en
section 1.1.3. On pose Ŵi(Y ) = Yci(τ) pour tout entier 0 ≤ i ≤ 2(#τ − 1), et on étend Ŵ (Y )
en une fonction (Ŵs(Y ))s≥0 sur R+ par interpolation linéaire sur [0, 2(#τ − 1)] et en posant
Ŵs(Y ) = (0, . . . , 0) pour tout s > 2(#τ − 1). On appelle Ŵ (Y ) la fonction de contour spatial de
la marche branchante Y . Les travaux de Janson & Marckert [97] et de Marzouk [130] impliquent le
résultat suivant.
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Théorème 1.2.4 (Janson & Marckert [97], Marzouk [130]) On suppose que µ est critique et
non-triviale, apériodique, et dans le domaine d’attraction d’une loi stable d’indice α ∈ (1, 2].
Alors il existe une suite déterministe de réels strictement positifs an →∞, donnée par (1.1.5), telle
que la convergence en loi suivante

(an
n
C2ns(τ),

√
an
n
Ŵ2ns(Y )

)
s∈[0,1]

sous P( · |#τ = n) d−→ (Hs, Ŵs)s∈[0,1] (1.2.6)

a lieu sur l’espace C([0, 1],R×Rk) des fonctions continues muni de la topologie de la convergence
uniforme, où (H, Ŵ ) est l’extrémité d’un serpent brownien k-dimensionnel avec mécanisme de
branchement α-stable

Janson & Marckert [97] ont d’abord traité le cas α = 2 sous des hypothèses de moments
exponentiels pour la loi de reproduction µ, puis Marzouk [130] a prouvé le cas général α ∈ (1, 2]
sans autre hypothèse supplémentaire. Par souci de simplicité, on a ici restreint l’énoncé du
théorème 1.2.4 au cas particulier de la marche branchante simple aux plus proches voisins, mais les
théorèmes de Janson & Marckert [97] et de Marzouk [130] incluent des marches branchantes dont
les déplacement spatiaux sont plus généraux. Plus précisément, la convergence (1.2.6) reste valide
si la loi de saut est centrée, de variance égale à 1, et satisfait une certaine hypothèse de moment
(voir Marzouk [130] pour un commentaire sur l’optimalité de ces hypothèses).

Le théorème 1.1.5 de Duquesne donne exactement la convergence de la première marginale dans
(1.2.6). De plus, la convergence des lois fini-dimensionnelles pour la seconde marginale s’obtient
sans réel problème en appliquant le théorème de Donsker conditionnellement à la généalogie τ .
Ainsi, la difficulté technique principale de la preuve est de vérifier la tension pour la fonction de
contour spatial. La méthode utilisée est de contrôler des moments de Ŵ (Y ) conditionnellement à
τ , puis d’obtenir ou d’utiliser des moments pour la fonction de contour de τ via une estimée de
Gittenberger pour Janson & Marckert [97] et une estimée de type Hölder pour Marzouk [130]. Le
théorème 1.2.4 permet de justifier que la limite d’échelle de la trace de la marche branchante est
la trace {Ŵs : s ∈ [0, 1]} du serpent brownien, ce qui répond à la question (B) posée dans la
section 1.2.1. La réponse à la question (A) est donnée par le résultat suivant de Le Gall & Lin [83,
82].

Théorème 1.2.5 (Le Gall & Lin [83, 82]) On garde les notations précédentes et on rappelle que
R = {Yu : u ∈ τ} est la trace de la marche branchante Y . On suppose que µ est la loi géométrique
de paramètre 1/2, de sorte que µ(j) = 2−1−j pour tout j ∈ N. On a les convergences suivantes.

(i) Si k ≥ 5, alors on a P(| 1n#R− ck| > ε | #τ = n) −→ 0 pour tout ε > 0, où ck ∈ (0, 1)
est une constante déterministe ne dépendant que de la dimension k.

(ii) Si k = 4, alors on a P(| lnnn #R− 8π2| > ε |#τ = n) −→ 0 pour tout ε > 0.

(iii) Si k ≤ 3, alors la loi de n−k/4#R sous P( · |#τ = n) converge faiblement vers la loi de
2k/4 Lebk(supp I), où Lebk(supp I) > 0 est la mesure de Lebesgue sur Rk du support de
la mesure aléatoire ISE sur Rk.

Ce résultat est à comparer avec le théorème 1.2.1 : la dimension critique pour le comportement
de la trace est maintenant k = 4 au lieu de k = 2 comme pour la marche aléatoire non-branchante.
Cela peut s’expliquer assez facilement de manière heuristique. Pour tout k ∈ N∗, le théorème
central limite montre que la marche aléatoire simple sur Zk atteint typiquement des sommets jusqu’à
distance

√
n de l’origine en moins de n pas. Ainsi, la marche peut raisonnablement atteindre nk/2

sommets distincts en n pas, et si k > 2 alors il y a assez de sommets disponibles pour que la taille
de la trace ne soit limitée que par n. Dans le cas de la marche branchante, le même argument tient
en remplaçant le nombre de pas par la hauteur maximale de l’indexation, qui est ici de l’ordre
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√
n d’après le théorème 1.1.3 d’Aldous. Pour savoir si le nombre de sommets disponibles est un

facteur limitant, il suffit de comparer nk/4 et n, et on retrouve alors la dimension critique k = 4.
Le Gall & Lin [83, 82] ont généralisé les différentes convergences du théorème 1.2.5 pour des lois
de reproduction et de saut plus générales, sous certaines hypothèses de moments et de symétrie.
En particulier, ils prouvent le résultat suivant grâce à une application non-triviale du théorème
ergodique sous-additif.

Théorème 1.2.6 (Le Gall & Lin [83]) On garde les notations précédentes et on rappelle que
R = {Yu : u ∈ τ} est la trace de la marche branchante Y . On suppose que µ est critique et
non-triviale, apériodique, et dans le domaine d’attraction d’une loi stable d’indice α ∈ (1, 2].
Alors, il existe une constante déterministe cµ,k ∈ [0, 1) qui ne dépend que de µ et k telle que la
convergence suivante

1
n

#R sous P( · |#τ = n) −→ cµ,k

a lieu en probabilité. En outre, si k > 2α
α−1 alors cµ,k > 0.

De manière similaire au théorème 1.2.1 (i) de Dvoretzky & Erdös [65], la constante cµ,k peut
s’interpréter comme la probabilité de non-retour à l’origine d’une marche branchante modifiée
de manière à être invariante pour une certaine transformation. L’argument heuristique précédent
permet de retrouver la condition suffisante k > 2α/(α − 1). D’après le théorème 1.1.5 de
Duquesne, la hauteur maximale de l’indexation est d’ordre n/an ≃ n1−1/α sous les hypothèses
du théorème 1.2.6. On est donc amener à comparer nk/2−k/2α et n pour savoir si le nombre de
sommets disponibles est un facteur limitant. Le comportement du nombre de sites distincts visités
par une marche branchante sur un arbre sur-critique, comme étudiée dans cette thèse, est analogue
au régime sur-critique sur Zk. En effet, le nombre de sommets dans la boule de rayon n centrée en
la racine d’un arbre sur-critique croît géométriquement en n et domine donc toute puissance de n.

1.3 Marche aléatoire biaisée sur un arbre

1.3.1 Modèle, motivations, et quelques résultats connus

Soit un arbre t (au sens de la définition 1.1.1) non réduit à sa racine et soit λ > 0. La marche
aléatoire λ-biaisée sur t est la chaîne de Markov (Xn)n∈N sur t dont les probabilités de transitions
sont données par

pλt (x,←−x ) = λ

λ+ kx(t) et pλt (←−x , x) = 1{←−x ̸=∅}
1

λ+ k←−x (t) + 1{←−x=∅}
1

k∅(t) (1.3.1)

pour tout x ∈ t\{∅}. Par défaut, la position initiale de la marche est la racine de l’arbre, c’est-à-dire
X0 = ∅.

Ce modèle a été introduit formellement par Lyons [123], mais était déjà apparu de manière
indépendante dans l’étude d’agrégations aléatoires (Krug [113]) et au sein de simulations à la
Monte-Carlo de marches auto-évitantes (Berretti & Sokal [18]). Expliquons brièvement pourquoi
ces probabilités de transitions sont particulièrement intéressantes à considérer pour une marche
aléatoire sur un arbre. Tout d’abord, la marche aléatoire λ-biaisée est réversible, donc on peut la
décrire par analogie avec un réseau électrique (voir Lyons & Peres [127]). On vérifie alors que les
conductances des arêtes prennent l’expression agréable et naturelle c(←−x , x) = λ1−|x| pour tout
x ∈ t\{∅}. Néanmoins, deux autres modèles pourraient sembler plus naturels a priori :
• la marche aléatoire simple sur l’arbre vu comme graphe, dont les transitions sont données par
p(x,←−x ) = 1/(kx(t) + 1) et p(←−x , x) = 1/(k←−x (t) + 1),
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• la marche aléatoire simple du point de vue des hauteurs et indifférente aux branches, dont les
transitions sont données par p(x,←−x ) = 1/2 et p(←−x , x) = 1/2k←−x (t).

La première marche aléatoire sera transiente sur des arbres où un sommet “moyen” a strictement
plus d’un enfant, comme les arbres de Galton-Watson sur-critiques, ce qui empêche l’émergence
d’un régime “critique” où la marche serait nullement récurrente. De plus, elle ne tient pas compte de
la structure hiérarchique de l’arbre. A contrario, la deuxième marche aléatoire ne tient pas compte
de la structure de ramification de l’arbre, ce qui se traduit par une dépendance de la conductance
d’une arête donnée aux degrés de sommets lointains. La marche aléatoire λ-biaisée semble fournir
un bon compromis entre ces deux modèles, et il se trouve que son comportement apporte des
informations non-triviales sur l’arbre.

En effet, Lyons [123] montre qu’il existe une quantité br(t) ∈ [0,∞] appelée le nombre de
branchement telle que la marche aléatoire λ-biaisée est récurrente si λ > br(t) et est transiente si
λ < br(t). Cette propriété caractérise br(t), mais ce dernier s’exprime également comme

br(t) = sup
{
λ ∈ R+ : inf

Π

∑
x∈Π

λ−|x| > 0
}

avec la convention sup ∅ = 0, où l’infimum est pris sur tous les sous-ensembles Π de t\{∅} tels
que la composante connexe de la racine ∅ dans t\Π (en tant que graphe) est finie. De plus, le
nombre de branchement admet aussi la définition métrique suivante. On appelle l’ensemble

Bd(t) =
{
(xn)n∈N ∈ tN : x0 = ∅, xn =←−−xn+1

}
le bord à l’infini de l’arbre t et on le munit d’une distance ultramétrique en posant dBd

(
(xn), (yn)

)
=

limn→∞ e
−|xn∧yn| pour tous (xn), (yn) ∈ Bd(t). Alors, ln br(t) est égal à la dimension de

Hausdorff de (Bd(t), dBd). Voir Lyons [123] et Lyons & Peres [127, Chapter 1] pour plus de
détails.

Le nombre de branchement peut être interprété comme le nombre moyen d’enfants d’un sommet.
Cette intuition est renforcée par Lyons [123, Proposition 6.4] qui affirme que si T est un arbre de
Galton-Watson sur-critique de loi de reproduction ν de moyenne m :=

∑
k∈N kν(k) ∈ (1,∞), alors

br(T) = m presque sûrement sur l’évènement {#T = ∞} de non-extinction. De plus, toujours
sur l’évènement de non-extinction, si λ > m alors la marche est récurrente positive, et si λ = m
alors la marche est récurrente nulle. Enfin, on sait d’après Lyons, Pemantle & Peres [126, 124]
que si λ < m alors la marche s’échappe à vitesse positive, c’est-à-dire qu’il existe une constante
déterministe v(λ) > 0 telle que si #T =∞ alors |Xn|/n −→ v(λ) presque sûrement.

Dans cette thèse, on se concentre sur la marche branchante biaisée critique sur un arbre de
Galton-Watson sur-critique. Cette étude nouvelle fait écho à plusieurs travaux antérieurs sur la
marche aléatoire (non-branchante). Duquesne [52] commence par décrire la limite d’échelle de la
trace de marches légèrement sur-critiques sur un arbre régulier déterministe : c’est un arbre réel
codé par un couple de mouvements browniens avec drift, qui se trouvent chacun être la limite du
processus des hauteurs prises par la marche. Par ailleurs, Duquesne [52] énonce aussi une loi des
grands nombres pour le nombre de sites visités par ces marches. Sur un arbre de Galton-Watson
aléatoire et sous une hypothèse de moments exponentiels, Peres & Zeitouni [137] prouvent un
théorème central limite pour le processus des hauteurs prises par la marche biaisée critique. Celui-ci
est généralisé par Dembo & Sun [45] lorsque l’environnement est un arbre de Galton-Watson
multi-type et sous une hypothèse de moments plus faible. Enfin, Aïdékon & de Raphélis [6]
étendent le résultat de Peres & Zeitouni sous une simple hypothèse de moment d’ordre 2. De
plus, ils montrent que la limite d’échelle de la trace de la marche est alors l’arbre réel codé par
le processus limite, ce qui rappelle le résultat de Duquesne [52] mentionné plus haut. Énonçons
précisément le théorème de Aïdékon & de Raphélis [6].
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Soit ν une mesure de probabilité sur N sur-critique et de variance finie, on pose

m =
∑
k∈N

kν(k) ∈ (1,∞) et η2 = m(m− 1)∑
k∈N k(k − 1)ν(k) ∈ (0,∞).

Pour tout arbre t, on définit Pt comme la loi de la marche aléatoire m-biaisée sur t, notée (Xn)n∈N
de manière canonique. De plus, on étend la suite (|Xn|)n∈N des hauteurs prises par la marche en
une fonction continue (|Xs|)s≥0 sur R+ par interpolation linéaire. On noteRn = {Xk : k ≤ n}
l’ensemble des sommets de t visités par la marche jusqu’au temps n. C’est un sous-arbre de t,
enraciné en ∅, et muni de la distance de graphe dgr définie par (1.1.2).

Théorème 1.3.1 (Aïdékon & de Raphélis [6]) Soit T un arbre de Galton-Watson de loi de re-
production ν. Presque sûrement sur l’évènement {#T = ∞}, la convergence suivante sous
PT ( 1√

η2n
|Xns|

)
s∈[0,1]

d−→ (|Bs|)s∈[0,1], (1.3.2)

a lieu en loi sur l’espace C([0, 1],R) des fonctions continues muni de la topologie de la convergence
uniforme, où B est un mouvement brownien standard. Dans ce même cas, conjointement avec
(1.3.2), la convergence (

Rn,
1√
η2n

dgr,∅, 0
)

d−→
(
T 1
|B|, d

1
|B|, ρ

1
|B|, 0

)
(1.3.3)

a lieu en loi sur K muni de la distance de Gromov-Hausdorff-Prokhorov, où T 1
|B| est défini par

(1.1.15).

Dans cette thèse, on obtient un résultat similaire pour la marche branchante biaisée critique.
Pour prouver le théorème 1.3.1, Aïdekon & de Raphélis [6] montrent que la collection des temps
locaux d’une excursion de la marche (au dessus de la racine) forme un arbre de Galton-Watson
multi-type. Cette propriété repose sur le fait que pour tout sommet x ̸= ∅ de l’arbre, les excursions
au dessus de x sont linéairement ordonnées et indépendantes, et ne contiennent pas de temps
d’atteinte de la racine. Cela n’est plus vrai pour une marche branchante, en particulier car une
excursion peut s’achever par extinction de la généalogie, sans jamais revenir à son point de départ.
L’approche sur laquelle on s’appuie dans ce travail ressemble plutôt à celle suivie par Peres &
Zeitouni [137] et Dembo & Sun [45], qui utilise une mesure invariante sur un espace d’arbres de
profondeur infinie. Ces outils, que l’on présente ci-après, nous permettent également d’obtenir une
loi des grands nombres pour la taille de la trace, à la fois similaire au théorème 1.2.6 de Le Gall &
Lin [83] et au résultat de Duquesne [52] mentionné plus haut.

1.3.2 Arbres de Galton-Watson de profondeur infinie

Soit T un arbre de Galton-Watson de loi de reproduction ν sur-critique et telle que m ∈ (1,∞),
où m =

∑
k∈N kν(k). De manière informelle, si (Xn)n∈N est une marche aléatoire m-biaisée sur

T, alors l’arbre obtenu en recentrant T sur Xn sous P( · |#T = ∞) converge localement en loi
vers un arbre ayant une lignée ancestrale infinie et invariant pour la marche (en un sens que nous
précisons à la fin de cette section). Afin de tirer partie de cette idée, on présente la notion d’arbres
de profondeur infinie via le formalisme des mots bilatéraux.

Un mot bilatéral est une suite d’entiers strictement positifs, indexée par les entiers relatifs plus
petits qu’un certain n ∈ Z. Ainsi, l’ensemble U des mots bilatéraux est défini par

U = {(ui)i≤n : n ∈ Z, uk ∈ N∗ pour tout k ∈ Z avec k ≤ n}.
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On note que ∅ /∈ U. Pour travailler sur U, on adopte une terminologie et des notations similaires à
celles utilisées sur l’ensemble U des mots finis, défini par (1.1.1), et sur l’ensemble T des arbres.
Soit u = (ui)i≤n ∈ U, on dit que |u| = n ∈ Z est la hauteur relative de u. On insiste sur le
fait que |u| peut prendre des valeurs négatives. On note←−u = (ui)i≤n−1 le parent de u, de sorte
que |←−u | = |u| − 1. On peut définir la concaténation du mot bilatéral u ∈ U avec un mot fini
u′ = (u′1, . . . , u′m) ∈ U comme suit :

u ∗ u′ = (ai)i≤n+m ∈ U, où ai =
{
ui si i ≤ n,
u′i−n si n+ 1 ≤ i ≤ n+m.

Ainsi, |u ∗ u′| = |u| + |u′| et u ∗ ∅ = u. Soit v ∈ U. Un mot bilatéral w ∈ U est un ancêtre
commun à u et v lorsque l’on peut trouver u′, v′ ∈ U tels que u = w ∗ u′ et v = w ∗ v′. On observe
que deux mots bilatéraux u et v n’ont pas toujours d’ancêtres communs mais lorsque c’est le cas,
on note u ∧ v leur plus récent ancêtre commun qui est leur ancêtre commun de hauteur relative
maximale. On note que pour tous w ∈ U et u′, v′ ∈ U, on a (w ∗ u′) ∧ (w ∗ v′) = w ∗ (u′ ∧ v′).
Enfin, on étend l’ordre lexicographique aux paires de mots bilatéraux admettant un ancêtre commun
en posant w ∗ u′ ≤ w ∗ v′ ⇐⇒ u′ ≤ v′, pour tous w ∈ U et u′, v′ ∈ U.

Définition 1.3.2 Un arbre de profondeur infinie est un sous-ensemble T de U qui satisfait les
conditions suivantes :

(a) pour tout u ∈ T , on a←−u ∈ U,
(b) pour tous u, v ∈ T , il existe un ancêtre commun à u et v (et donc u ∧ v ∈ T ),
(c) pour tout u ∈ T , il existe un entier ku(T ) ∈ N tel que u ∗ (i) ∈ T ⇐⇒ 1 ≤ i ≤ ku(T ).

Un arbre pointé de profondeur infinie (T, r) est un arbre de profondeur infinie T muni d’un sommet
r ∈ T . On note T• l’ensemble des arbres pointés de profondeur infinie. □

Par exemple, si t ∈ T est un arbre et si ϖ = (1)i≤0 désigne le mot bilatéral uniquement écrit
avec des 1 et de hauteur relative nulle, alors ϖ ∗ t = {ϖ ∗ v : v ∈ t} est un arbre de profondeur
infinie. Un arbre de profondeur infinie T admet une structure naturelle de graphe où les arêtes sont
les {←−u , u} pour u ∈ T , et dont la distance de graphe prend la même expression que (1.1.2) :

∀u, v ∈ T, dgr(u, v) = |u|+ |v| − 2|u ∧ v|. (1.3.4)

Pour tout u ∈ T , l’ensemble θuT = {v ∈ U : u ∗ v ∈ T} est un arbre au sens de la définition 1.1.1
que l’on appelle le sous-arbre de T issu de u. Soit (T, r) un arbre pointé de profondeur infinie, on
définit sa p-troncature en posant

[T, r]p =
(
θrpT, r

′
p

)
,

où rp ∈ T et r′p ∈ U sont caractérisés par r = rp ∗ r′p et |rp| = |r| − p. Par définition, r′p ∈ θrpT et
[T, r]p est un élément de T× U. On munit T• de la topologie de la convergence locale en écrivant
(Tn, rn) −→ (T, r) sur T• lorsque |rn| = |r| à partir d’un certain rang et [Tn, rn]p −→ [T, r]p
sur T × U pour tout p ∈ N. On vérifie alors facilement que T• est un espace polonais (voir la
section 2.2 dans le chapitre 2).

On se donne maintenant quelques opérations afin de manipuler les arbres pointés de profondeur
infinie. Pour tout l ∈ Z, on définit le l-décalage d’un mot bilatéral u = (ui)i≤n et d’un arbre de
profondeur infinie T en posant

φl(u) = (ui+l)i≤n−l et φl(T ) = {φl(v) : v ∈ T}.

Notons que |φl(u)| = |u| − l. On recentre un arbre pointé de profondeur infinie (T, r) par

cent(T, r) =
(
φ|r|(T ), φ|r|(r)

)
,
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de façon à ce que son point distingué devienne de hauteur relative nulle. Enfin, on remarque que
l’ordre lexicographique est un ordre total sur T , et que si {u ∈ T : r < u} est non vide alors il
admet un élément minimal pour ≤. On désigne alors cet élément minimal par succT (r) dans ce
cas, et on pose succT (r) = r sinon. On définit l’application successeur par

succ(T, r) = cent
(
T, succT (r)

)
.

On présente maintenant les arbres de Galton-Watson de profondeur infinie, dont la loi est
motivée par le principe de Many-to-One formulé à la proposition 1.3.4.

Définition 1.3.3 (Arbre de Galton-Watson infini) Soit µ une mesure de probabilité sur N telle
que µ(0) + µ(1) < 1 et d’espérance mµ =

∑
k∈N kµ(k) finie. Soit T = (T, o) une variable

aléatoire sur T• telle que |o| = 0 presque sûrement. En notant o = (J−i)i≤0, on utilise les notations
o(n) = (J−i)i≤−n pour tout n ∈ N, de sorte que o(0) = o et o(n + 1) est le parent de o(n). On
pose également

Sp = {o(n) : n ∈ N∗} et ∂Sp = {u ∈ T\Sp : ←−u ∈ Sp}.

Alors, T est un arbre pointé de Galton-Watson infini de loi de reproduction µ lorsque les conditions
suivantes sont satisfaites.

(a) Les variables aléatoires (J−n, ko(n+1)(T)) pour n ∈ N sont indépendantes et de même loi,
donnée par P(J−n = j ; ko(n+1)(T) = k) = 1{1≤j≤k}µ(k)/mµ pour tous j, k ∈ N∗.

(b) Conditionnellement à (J−n, ko(n+1)(T))n∈N, les arbres (θuT ; u ∈ ∂Sp) sont des arbres de
Galton-Watson indépendants de loi de reproduction µ.

□

Là où on peut voir un arbre de Galton-Watson comme la généalogie issue d’un individu, un
arbre pointé de Galton-Watson infini représente l’arbre généalogique passé et futur d’un individu
présent : tous les membres de sa famille se reproduisent de manière indépendante, ses ancêtres
selon la loi de reproduction biaisée par la taille µ̄(k) = kµ(k)/mµ, ses descendants (y compris
lui-même) et ses cousins selon µ. Les arbres pointés de Galton-Watson infinis sont liés aux arbres
de Galton-Watson via la proposition suivante.

Proposition 1.3.4 Soit µ une mesure de probabilité sur N d’espérance mµ =
∑
k∈N kµ(k) finie et

telle que µ(0) + µ(1) < 1. Soit τ un arbre de Galton-Watson et soit T = (T, o) un arbre pointé
de Galton-Watson infini, tous deux de loi de reproduction µ. Alors les assertions suivantes sont
vérifiées.

(i) Pour toute fonction mesurable et positive F : N× T× U→ R+, on a

E
[∑
u∈τ

F (|u|, τ, u)
]

=
∑
n∈N

mnµ E
[
F (n, [T, o]n)

]
.

(ii) On suppose mµ = 1 et que µ est apériodique. On note ϖ = (1)i≤0 ∈ U. Si u est uniforme
sur les sommets de τ , alors en loi pour la convergence locale sur T•, on a

cent(ϖ ∗ τ,ϖ ∗ u) sous P( · |#τ = n) d−→ T.

(iii) Si mµ = 1 alors la loi de T est invariante par l’opération succ.
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Le point (i) est appelé le principe de Many-To-One, ou encore la décomposition spinale en un
point. C’est une identité classique et souvent utile pour étudier les arbres de Galton-Watson (voir
Duquesne [51] par exemple). Le point (ii) est une conséquence de (i) (voir la proposition 2.2.9 du
chapitre 2). Il semble être bien connu. En effet, les arbres pointés de Galton-Watson infinis sont
une variante des arbres de Galton-Watson biaisés par la taille introduits par Kesten [100] et qui
apparaissent en tant que limites locales (vues de la racine) d’arbres de Galton-Watson critiques
conditionnés à être grands. Pour des résultats précis dans cette veine, on renvoie à Lyons, Pemantle
& Peres [125], Aldous & Pitman [11], Duquesne [51], et Abraham & Delmas [2]. On prouve le
point (iii) en tant que proposition 2.2.10 dans le chapitre 2 à partir du point (ii), mais on peut
trouver dans Le Gall & Lin [82, Proposition 2] une autre preuve de cette invariance.

Remarquons que l’on a choisi que le point distingué o d’un arbre pointé de Galton-Watson
infini se reproduit selon µ alors que son parent se reproduit selon la loi de reproduction biaisée
par la taille µ̄ = kµ(k)/mµ. Il ne s’agit que d’une question de convention, et il aurait été tout à
fait raisonnable que o se reproduise selon µ̄ alors que ses enfants se reproduisent selon µ. Afin
d’effacer l’importance de ce choix, il est naturel de définir un arbre pointé de profondeur infinie
aléatoire dont le point distingué se reproduit selon la moyenne de µ et µ̄.

Définition 1.3.5 (Arbre de Galton-Watson invariant) Soit ν une mesure de probabilité sur N
telle que m =

∑
k∈N kν(k) ∈ (1,∞). Une variable aléatoire T = (T, o) sur T• est un arbre pointé

de Galton-Watson invariant de loi de reproduction ν lorsque pour toute fonction mesurable bornée
F : T• → R,

E
[
F (T)

]
= E

[m + ko′(T′)
2m

F (T′)
]
,

où T′ = (T′, o′) un arbre pointé de Galton-Watson infini de loi de reproduction ν comme à la
définition 1.3.3. □

L’adjectif "invariant" se justifie par le fait suivant. Par analogie avec (1.3.1), on appelle marche
aléatoire λ-biaisée sur un arbre pointé de profondeur infinie (T, r) la chaine de Markov (Xn)n∈N
sur T , de position initiale X0 = r, et dont les probabilités de transitions sont données par

∀x ∈ T, pλT (x,←−x ) = λ

λ+ kx(T ) et pλT (←−x , x) = 1
λ+ k←−x (T ) . (1.3.5)

Soit T = (T, o) un arbre pointé de Galton-Watson invariant de loi de reproduction ν et
conditionnellement à T, soit (Xn)n∈N une marche aléatoire m-biaisée sur T (comme définie
ci-dessus avec λ = m). Alors, la loi de T est réversible au sens où on a l’égalité en loi

(T, X0, X1) d=
(
φ|X1|(T), φ|X1|(X1), φ|X1|(X0)

)
. (1.3.6)

En particulier, la loi de cent(T, Xn) ne dépend pas de n. Cette invariance est un ingrédient
important des preuves de Peres & Zeitouni [137] et de Aïdékon & de Raphélis [6], et est utilisée de
manière cruciale dans cette thèse au chapitre 3.

1.4 Nombre de Horton-Strahler

1.4.1 Quelques définitions équivalentes

Le nombre de Horton-Strahler d’un arbre (planaire) fini est un entier positif qui quantifie sa
complexité de branchement. On en donne une première définition formelle ci-après.

Définition 1.4.1 Soit un arbre fini t au sens de la définition 1.1.1. Son nombre de Horton-Strahler
S(t) ∈ N est défini comme suit.
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(a) Si t est réduit à sa racine, alors S(t) = 0.

(b) Si la racine de t a k = k∅(t) ≥ 1 enfants, alors S(t) est le maximum des nombres de
Horton-Strahler des sous-arbres θ(1)t, . . . , θ(k)t issus de ces enfants, plus 1 si ce maximum
n’est pas atteint de manière unique. Autrement dit, on a la relation de récurrence

S(t) = max
1≤i≤k∅(t)

S(θ(i)t) + 1{
2≤# argmax1≤i≤k∅(t) S(θ(i)t)

}. (1.4.1)

□

Définition par la hauteur maximale d’un arbre binaire parfait plongé. On peut également
définir le nombre de Horton-Strahler en termes de plongement d’arbres binaires parfaits de la
manière suivante. Soient deux arbres finis t, t′, on dit que une application injective ϕ : t→ t′ est un
plongement lorsque ϕ(u ∧ v) = ϕ(u) ∧ ϕ(v) pour tous u, v ∈ t. Pour tout n ∈ N, on note

W2,n =
⋃

0≤k≤n
{1, 2}k, où {1, 2}0 = {∅},

l’arbre binaire parfait de hauteur n, défini comme l’ensemble des mots de longueur au plus n écrits
avec l’alphabet {1, 2}. Alors, pour tout arbre fini t, on a

S(t) = max
{
n ∈ N : ∃ϕ : W2,n → t plongement

}
. (1.4.2)

Cette identité semble être bien connue mais on en donne une courte preuve dans la section 4.3.1 du
chapitre 4. En substance, on peut trouver ce plongement optimal en suivant les branches de l’arbre
sur lesquelles le nombre de Horton-Strahler diminue au plus d’une unité à chaque arête traversée.

Définition par le nombre minimal de registres pour évaluation. En informatique théorique,
Ershov [68] a observé que le nombre de registres nécessaires à l’évaluation d’une expression
arithmétique est égal à 1 plus le nombre de Horton-Strahler de son arbre syntaxique. Ainsi, 1 + S
est souvent appelé la fonction de registre dans ce domaine. Donnons quelques précisions.

Une expression arithmétique est soit de la forme d’une variable xi avec i ∈ N, soit de la forme
op1≤j≤k ej où k ∈ N∗ et op ∈ {Σ,Π}, et où les ej sont des expressions arithmétiques sur des
ensembles de variables disjoints. On peut alors représenter une telle expression par un arbre, dit
syntaxique, dont chaque sommet avec k ≥ 1 enfants correspond à une somme ou un produit, et
dont chaque feuille (i.e. sommet sans enfant) correspond à une variable xi. Voir la figure 1.1 pour
un exemple concret.

Pour évaluer une expression arithmétique de la forme xi, il suffit de stocker la valeur de xi dans
un unique registre avant de la renvoyer. Voici la stratégie la plus économe en mémoire pour évaluer
e1 op e2 : on commence par évaluer l’expression demandant le plus grand nombre de registres,
disons N(e1) registres pour e1, de conserver le résultat dans un registre maintenant libre, d’utiliser
N(e2) autres registres pour calculer e2, et d’effectuer l’opération e1 op e2 pour finir. Le nombre
de registres utilisés est alors max(N(e1), 1 + N(e2)) et on retrouve la formule (1.4.1). Le cas
op1≤j≤k ej avec k ≥ 3 se traite de la même manière. On renvoie à la figure 1.1 pour un exemple.

Définition par l’élagage de Horton. Une autre définition alternative fait appel aux opérations
de réduction des lignes, notée Prun0, et de l’élagage de Horton, notée Prun, dit Horton pruning
en anglais. Soit t un arbre fini, on construit l’arbre Prun0(t) en enlevant les sommets u ∈ t tels
que ku(t) = 1, puis en fusionnant les arêtes adjacentes en une seule, et en effaçant l’unique arête
issue de la racine si elle existe. Dit de manière informelle, l’arbre Prun0(t) garde la même forme
que t mais n’a pas de sommets ayant un seul enfant. Si Prun0(t) n’est pas réduit à sa racine, on
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r1 ← x2 r3 ← x6

r2 ← x3 r2 ← r2 × r3

r1 ← r1 + r2 r1 ← r1 + r2

r2 ← x1 r2 ← x4

r1 ← r2 × r1 r1 ← r1 + r2

r2 ← x5 return r1∑
∏x4∏

x5 x6x1 ∑
x2 x3

Figure 1.1: A gauche : l’arbre syntaxique, de nombre de Horton-Strahler égal à 2, représentant
l’expression arithmétique x1 · (x2 + x3) + x4 + x5 · x6. A droite : un protocole d’évaluation de
cette expression utilisant 3 registres r1, r2, r3.

obtient l’arbre Prun(t) en appliquant la réduction des lignes Prun0 sur t, puis en effaçant toutes les
feuilles (et leurs arêtes parentales) de Prun0(t), puis en appliquant Prun0 une nouvelle fois. Voir la
figure 1.2 pour un exemple. Alors, le nombre de Horton-Strahler est le nombre minimal d’élagages
de Horton requis pour transformer t en l’arbre {∅} réduit à sa racine :

S(t) = min
{
n ∈ N : Prunn(t) = {∅}

}
, (1.4.3)

où Prunn désigne la n-ième itération de Prun pour tout n ∈ N∗. On renvoie à Kovchegov &
Zaliapin [111, Section 2.3] pour une preuve et plus de détails.

Prun0

Effacement des feuilles

Prun0

Figure 1.2: Exemple d’un élagage de Horton. Avant chaque étape, les éléments à effacer ou à
enlever sont indiqués en rouge.

1.4.2 Un bref historique général

Le nombre de Horton-Strahler a été introduit en hydrogéologie, d’abord par Horton [93] en 1945
sous une forme légèrement différente et ensuite par Strahler [146] en 1952 avec la définition 1.4.1.
Leur motivation était de formuler des lois quantitatives empiriques pour des réseaux de cours d’eau
en fonction de leur structure de branchement. En effet, on peut modéliser un réseau fluvial par
un arbre dont la racine correspond à l’embouchure et dont les feuilles représentent les sources.
Depuis ces travaux fondateurs, de nombreuses caractéristiques physiques des cours d’eau ont pu
être décrites à l’aide du nombre de Horton-Strahler : voir Peckham [136], Fac-Beneda [73], Chavan
& Srinivas [34], et Bamufleh et al. [14] entre autres. Aujourd’hui, il est encore fréquemment utilisé
en hydrogéologie pour classifier les fleuves (Moussa & Bocquillon [132]), ou estimer le risque de
crues soudaines (Bamufleh et al. [14]).
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De par son caractère simple et naturel, le nombre de Horton-Strahler apparaît indépendamment
(parfois sous d’autres noms) dans des disciplines scientifiques variées souhaitant décrire des
structures ramifiées. En anatomie, on le retrouve dans l’étude des systèmes vasculaire et respiratoire.
La biologie l’applique aux arbres (les organismes végétaux, ici). On croise le nombre de Horton-
Strahler en physique pour comprendre l’émergence de motifs arborescents fractals, comme avec
les phénomènes de digitation visqueuse ou de claquage électrique. Quelques travaux de chimie
moléculaire l’appliquent pour prédire le repliement d’une protéine à partir de son code ADN.
C’est aussi un outil intéressant pour l’analyse des réseaux sociaux. Enfin, l’informatique théorique
fait grand usage du nombre de Horton-Strahler vu comme fonction de registre pour optimiser
la manipulation de certaines structures de données. On renvoie à Viennot [148] pour une vue
d’ensemble de ces diverses applications, ainsi que pour un algorithme de synthèse d’images
d’arbres basé sur le nombre de Horton-Strahler.

Le nombre de Horton-Strahler montre un large éventail d’occurences en mathématiques. Sans
être exhaustif, on peut le croiser en logique mathématique, en théorie du langage formel, en algèbre,
en combinatoire, en topologie, ou en théorie de l’approximation. Le lecteur pourra trouver une
liste plus complète de ces applications dans l’article de Esparza, Luttenberger & Schlund [69].
La plupart des travaux probabilistes impliquant le nombre de Horton-Strahler se concentre sur sa
distribution pour des classes d’arbres aléatoires, ou sur des propriétés d’invariance et d’attraction
par rapport à l’élagage de Horton (on présente quelques-uns de ces résultats ci-dessous). Enfin,
l’étude de ce nombre dans cette thèse a été originellement motivée par son rôle en tant que coût
d’adaptation d’estimées pour des marches aléatoires (classiques) à des marches branchantes.

1.4.3 Quelques résultats probabilistes sur le nombre de Horton-Strahler

Pour tout n ∈ N∗, soit Tn un arbre planaire binaire (aussi appelé un arbre de Catalan) de taille
2n−1 de loi uniforme. On a vu en section 1.1.2 que Tn a la même loi qu’un arbre de Galton-Watson
conditionné à avoir 2n− 1 sommets et dont la loi de reproduction est donnée par µ2(0) = µ2(2) =
1/2. De manière indépendante, Flajolet, Raoult & Vuillemin [75] et Kemp [98] ont étudié la loi du
nombre de Horton-Strahler S(Tn) de Tn et ont établi le développement asymptotique suivant :

E[S(Tn)] = log4 n+D(log4 n) + o(1), (1.4.4)

où logb x = ln x/ ln b désigne le logarithme de x en base b, et où D est une fonction 1-périodique
continue dont la décomposition en série de Fourier est explicite. Devroye & Kruszewski [47] ont
complété ce résultat en montrant que S(Tn) est concentré autour de sa valeur moyenne :

∀m ≥ 0, sup
n≥0

P
(∣∣S(Tn)− E[S(Tn)]

∣∣ ≥ m) ≤ 41−m. (1.4.5)

En particulier, on obtient directement que 1
log4 n

S(Tn) converge en probabilité vers 1. Drmota &
Prodinger [49] ont étendu (1.4.4) et (1.4.5) aux arbres planaires k-aires uniformes pour k ≥ 3.
Beaucoup plus récemment, Brandenberger, Devroye & Reddad [28] ont généralisé toutes les
convergences de premier ordre précédemment obtenues au cadre des arbres de Galton-Watson
comme suit.

Théorème 1.4.2 (Brandenberger, Devroye & Reddad [28]) Soit µ une mesure de probabilité sur
N et soit τ un arbre de Galton-Watson de loi de reproduction µ. Si µ est critique et non-triviale,
apériodique, et de variance finie, alors la convergence suivante a lieu en probabilité :

1
log4 n

S(τ) sous P( · |#τ = n) −→ 1.



1.4. Nombre de Horton-Strahler 37

A notre connaissance, aucun résultat de convergence au second ordre pour le nombre de Horton-
Strahler n’est connu. On en discute la difficulté dans la section suivante.

Dans une direction parallèle, Burd, Waymire & Winn [31] se sont intéressés aux propriétés
d’invariance et d’attraction des arbres de Galton-Watson critiques sous l’action de l’élagage de
Horton, noté Prun et défini en section 1.4.1. Ils montrent notamment que si τ2 est un arbre de
Galton-Watson de loi de reproduction µ2 (voir la définition 1.1.7), alors l’arbre Prun(τ2) sous
P( · | τ2 ̸= {∅}) est encore un arbre de Galton-Watson de loi de reproduction µ2 (binaire planaire).
Ils déduisent alors que la loi de S(τ2) est géométrique de paramètre 1/2. Enfin, Burd, Waymire
& Winn [31] prouvent que si τ est un arbre de Galton-Watson dont la loi de reproduction µ est
supposée critique, non-triviale, et à support borné, alors pour tout arbre t, on a

P
(
Prunn(τ) = t

∣∣ S(τ) ≥ n
)
−→ P(τ2 = t),

où on rappelle que l’on note Prunn la n-ième itération de Prun pour tout n ∈ N∗.
Kovchegov & Zaliapin [111, 110] ont élargi leur étude à des lois de reproduction de variance

potentiellement infinie. Ils montrent que si la loi de reproduction d’un arbre de Galton-Watson τ est
critique et dans le domaine d’attraction d’une loi stable d’indice α ∈ (1, 2], alors τ est invariant par
élagage de Horton si et seulement si sa loi de reproduction est µα comme dans la définition 1.1.7.
En outre, si τα est un arbre de Galton-Watson α-stable alors la loi de S(τα) est géométrique de
paramètre 1/α :

∀n ∈ N, P(S(τα) ≥ n) = (1− 1
α)n. (1.4.6)

Soit µ une mesure de probabilité sur N et soit τ un arbre de Galton-Watson de loi de reproduction
µ. Kovchegov & Zaliapin [111, 110] prouvent que si µ est critique, non-triviale, et dans le domaine
d’attraction d’une loi α-stable, alors pour tout arbre t,

P
(
Prunn(τ) = t

∣∣ S(τ) ≥ n
)
−→ P(τα = t).

On présente un dernier résultat qui semble encore mal compris. Par calculs de fonctions
génératrices, Flajolet, Raoult & Vuillemin [75] et Kemp [98] ont indépendamment révélé un lien
entre le nombre de Horton-Strahler des arbres planaires binaires et le log2 de la hauteur des arbres
planaires généraux. Leurs énoncés respectifs ne coïncident pas à cause d’une légère erreur de
calcul, mais Françon [76] retrouve le résultat correct ci-dessous grâce a une méthode purement
combinatoire.

Pour tous n, p ∈ N, il y a autant d’arbres t de taille n tels que ⌊log2(1 + |u|)⌋ ≤ p
pour tout u ∈ t, que d’arbres binaires t2 de taille 2n− 1 tels que S(t2) ≤ p.

Grâce aux observations de la section 1.1.2 et à la formule (1.1.3), on peut reformuler ce résultat en
une égalité en loi comme suit.

Si τ est un arbre de Galton-Watson de loi de reproduction géométrique de paramètre
1/2, et si τ2 est un arbre de Galton-Watson de loi de reproduction µ2, alors on a(

2#τ − 1 ,
⌊

log2
(
1 + max

u∈τ
|u|
)⌋) d=

(
#τ2 , S(τ2)

)
. (1.4.7)

1.4.4 Irrégularité des fluctuations du nombre de Horton-Strahler

Comme dans la section précédente, on note Tn un arbre de Catalan de taille 2n− 1 de loi uniforme.
L’estimée (1.4.5) permet de voir que la suite des variables aléatoires S(Tn)− E[S(Tn)] est tendue.
Néanmoins, le développement asymptotique (1.4.4) indique que la loi de S(Tn) est soumise à des
oscillations déterministes. Pire, ces variations semblent impacter négativement les applications du
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nombre de Horton-Strahler dans le monde réel. En hydrogéologie par exemple, l’extraction d’un
réseau fluvial en un arbre combinatoire nécessite de choisir un seuil à partir duquel on accepte
de considérer un cours d’eau, et il y a été observé plusieurs fois qu’une différence légère sur ce
choix peut engendrer des écarts importants sur le nombre de Horton-Strahler résultant. On renvoie
entre autres à Moussa & Bocquillon [132] ou à Chavan & Srinivas [34]. Comme l’avertit Bamufleh
et al. [14], ces écarts peuvent avoir des conséquences sur les mesures hydrologiques concrètes
proposées aux décideurs politiques.

Ces observations tendent à suggérer l’inexistence d’une limite d’échelle pour le nombre de
Horton-Strahler S(Tn) des arbres de Catalan. Donnons en outre un argument mathématique
heuristique allant dans ce sens à l’aide d’un modèle plus simple mais apparenté. On rappelle la
définition 1.1.7 de l’arbre de Galton-Watson 2-stable τ2 et que, comme vu à la section 1.1.2, Tn est
distribué comme τ2 sous P( · |#τ2 = 2n− 1). On construit ensuite un arbre aléatoire T ′n en collant
n+ 1 arbres de Galton-Watson 2-stables indépendants le long d’une ligne de longueur n, comme
illustré par la figure 1.3. En adoptant la terminologie de la section 1.3.2, T ′n est la n-troncature
d’un arbre pointé de Galton-Watson infini de loi de reproduction µ2. Soit (Gi)i∈N une suite de
variables aléatoires indépendantes et géométriques de paramètre 1/2. Grâce à la définition 1.4.1
et à la formule (1.4.6), on observe que S(T ′n) a la même loi que Sn, où la suite (Si) est définie
récursivement par

S0 = G0 et Si+1 = max(Gi+1, Si) + 1{Gi+1=Si} pour tout i ∈ N.

On peut aisément se convaincre qu’il existe un évènement An dépendant des (Gi)i∈N tel que

Sn = Mn + 1An , où Mn = max
0≤i≤n

Gi.

un

un−1

u2

u1

GW2
GW2

GW2

GW2

GW2

Figure 1.3: L’arbre binaire aléatoire T ′n.

Il est assez difficile de décrire l’évènement An de manière exacte : par exemple, il est réalisé
lorsque (Gi)0≤i≤n=(1, 1, 2, 3, . . . , n) mais pas quand (Gi)0≤i≤n=(1, 2, 1, 3, . . . , n). Toutefois,
se concentrer sur le terme Mn suffit déjà à révéler un comportement irrégulier. En effet, on sait
qu’il n’existe pas de suites déterministes (an) et (bn) telles que (Mn − bn)/an converge en loi
vers une limite non-dégénérée. C’est une application classique du théorème des valeurs extrêmes
qui est couramment utilisé en statistiques, voir Arnold, Balakrishnan & Nagaraja [12, page 217]
par exemple. On renvoie aussi à Eisenberg [67] pour plus d’informations sur la loi de Mn. Les
statistiques d’ordres de variables géométriques indépendantes font apparaître d’autres curiosités qui
tendent à complexifier le comportement de Sn. Par exemple, Bruss & O’Cinneide [29] montrent
que la probabilité que le maximum des (Gi)0≤i≤n soit atteint au moins deux fois (auquel cas
l’évènement An est clairement réalisé) ne converge pas.

Ces phénomènes semblent provenir de la nature discrète du modèle. En effet, si on considère
plutôt une suite (Ei)i∈N de variables aléatoires indépendantes et exponentielles de moyenne
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(ln 2)−1, de sorte que la partie entière de Ei a la même loi que Gi, alors on calcule aisément
que

∀x ∈ R, P
(

max
0≤i≤n

Ei − log2 n ≤ x
)
−→ exp(−2−x),

et on reconnaît que la limite est la fonction de répartition de la loi de Gumbel de position 0 et
d’échelle (ln 2)−1. Cette observation suggère de modifier la définition du nombre de Horton-Strahler
pour obtenir une quantité continue dont la loi serait exponentielle pour un arbre de Galton-Watson
2-stable.

1.5 Contributions de cette thèse

1.5.1 Marches branchantes critiques et récurrentes nulles sur un arbre régulier

Cette section présente les résultats de l’article [60], écrit en collaboration avec Thomas
Duquesne, Shen Lin & Niccolò Torri, correspondant au chapitre 2 de ce manuscrit.

Rappelons la loi générale (1.2.1) d’une marche branchante. Soit b ∈ N avec b ≥ 2. On étudie
ici une marche branchante sur l’arbre b-régulier infini

Wb =
⋃
n∈N
{1, . . . , b}n, où {1, . . . , b}0 = {∅}.

On considère une marche branchante (Yu)u∈τ à valeurs dans Wb dont la loi est décrite comme
suit : l’arbre τ indexant la marche branchante est un arbre de Galton-Watson de loi de reproduction
µ non-triviale et critique, c’est-à-dire que µ(1) ̸= 1 et

∑
k∈N kµ(k) = 1; conditionnellement à la

généalogie τ , (Yu)u∈τ est une marche branchante dont les déplacements spatiaux sont ceux de la
marche b-biaisée sur Wb, c’est-à-dire que pour toute fonction mesurable F : Wτ

b → R+, on a

E
[
F (Yu ; u ∈ τ)

∣∣ τ] =
∫
Wτ

b

F (yu ; u ∈ τ) δ∅(dy∅)
∏

v∈τ\{∅}
p(y←−v , dyv),

où les quantités p(x, y) désignent les probabilités de transition de la marche b-biaisée sur Wb
données par (1.3.1) et qui s’expriment ici par

p(x,←−x ) = 1
2 et p(←−x , x) = 1{←−x ̸=∅}

1
2b

+ 1{←−x=∅}
1
b

pour tout x ∈Wb\{∅}. On observe en particulier que Y∅ = ∅ et que le processus (|Yu|)u∈τ des
hauteurs prises par (Yu)u∈τ est une marche branchante simple sur N (réfléchie en 0).

L’indexation de notre marche branchante est un arbre de Galton-Watson critique conditionné à
être grand. Plus précisément, on rappelle (1.1.5) et les hypothèses présentées en section 1.1.2, et on
considère une mesure de probabilité µ sur N comme suit.

Hypothèse 1.5.1 La mesure de probabilité µ est critique et non-triviale, apériodique et dans le
domaine d’attraction d’une loi stable d’indice α ∈ (1, 2]. Il existe alors une suite (an)n∈N de
réels strictement positifs telle que n−1/αan coïncide avec une fonction à variations lentes, et
telle que si (Ln)n∈N est une marche aléatoire sur Z partant de L0 = 0 et de sauts donnés par
P(L1 = k) = µ(k + 1) pour tout entier k ≥ −1 alors on a la convergence en loi suivante :

1
an
Ln

d−→ X1, où E
[
exp(−λX1)

]
= exp(λα) pour tout λ > 0. (1.5.1)

Notre premier résultat est une loi des grands nombres sur le nombre de points visités par la
marche branchante, ce qui fait écho au théorème 1.2.6 de Le Gall & Lin.
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Théorème 1.5.1 Soit τ un arbre de Galton-Watson de loi de reproduction µ dont on suppose
qu’elle satisfait l’hypothèse 1.5.1. On liste les sommets de τ dans l’ordre lexicographique sous la
forme ∅ = u0 < u1 < . . . < u#τ−1. Conditionnellement à τ , soit (Yu)u∈τ une marche branchante
de position initiale ∅ ∈Wb et dont les transitions sont celles de la marche aléatoire b-biaisée sur
Wb. Alors, il existe une constante déterministe cµ,b ∈ (0, 1) qui ne dépend que de µ et de b telle
que

∀ε > 0, lim
n→∞

P
(

1
n max

1≤k≤n

∣∣#{Yuj : 0 ≤ j < k} − cµ,bk
∣∣ > ε

∣∣∣ #τ = n
)

= 0.

En particulier, limn→∞ P(| 1n#R − cµ,b| > ε | #τ = n) = 0 pour tout ε > 0, où R désigne la
trace {Yu : u ∈ τ} de la marche branchante.

La preuve suit dans les grandes lignes la méthode utilisée par Le Gall & Lin [83]. On se
ramène d’abord par un couplage spécifique à l’étude de la marche branchante sur l’arbre pointé de
Galton-Watson invariant de loi de reproduction δb et indexée par l’arbre pointé de Galton-Watson
infini de loi de reproduction µ, voir les définitions 1.3.3 et 1.3.5. Ce modèle est invariant par les
opérations simultanées de successeur sur l’indexation et de recentrage en la position de la marche
sur l’environnement. Puis, la loi des grands nombres pour la taille de la trace s’obtient par une
application du théorème ergodique sous-additif, et la constante cµ,b s’interprète alors comme une
probabilité de non-retour à l’origine pour le modèle invariant. Enfin, la convergence uniforme suit
grâce à des arguments de type Dini.

Notre second résultat est une limite d’échelle pour la trace de la marche branchante. Com-
mençons par construire l’objet limite. Soit (h,w) un serpent à valeurs dans R au sens de la
définition 1.2.2 dont l’extrémité est notée (h, ŵ) pour rappel. Pour tous 0 ≤ s1 ≤ s2 ≤ 1, on pose
mh(s1, s2) = inf [s1,s2] h et

Mh,w(s1, s2) = Mh,w(s2, s1) = min
(

inf
mh(s1,s2)≤r

ws1(r) , inf
mh(s1,s2)≤r

ws2(r)
)

pour alléger les notations. On définit alors

∀s1, s2 ∈ [0, 1], dh,w(s1, s2) = ŵs1 + ŵs2 − 2Mh,w(s1, s2), (1.5.2)

et on prouve que dh,w satisfait les propriétés suivantes (voir le lemme 2.4.22 du chapitre 2).

Proposition 1.5.2 L’application dh,w : [0, 1]2 −→ R est une pseudo-distance continue qui satisfait
l’inégalité (1.1.13) dite des quatre points.

Par conséquent, l’application dh,w induit une vraie distance (toujours notée dh,w) sur l’espace
quotient Th,w := [0, 1]/{dh,w = 0}. De plus, l’espace métrique (Th,w, dh,w) est un arbre réel
compact. En notant la projection canonique ph,w : [0, 1] → Th,w, on pose ρh,w = ph,w(0) et on
désigne par µh,w la mesure image par ph,w de la mesure de Lebesgue sur [0, 1]. Autrement dit, on
pose pour toute fonction mesurable et bornée g : Th,w → R,∫

Th,w

g dµh,w =
∫

[0,1]
g ◦ ph,w(s) ds.

On appelle arbre-serpent codé par (h,w) l’arbre réel compact enraciné mesuré comme suit :(
Th,w , dh,w , ρh,w , µh,w

)
. (1.5.3)

La pseudo-distance dh,w et l’arbre-serpent Th,w admettent une description similaire à celle de
l’arbre réel codé par une fonction continue sur un segment. Pour alléger les notations, on note
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(Th, dh, ρh, µh) l’arbre réel compact enraciné mesuré codé par (h, 1) comme défini par (1.1.15), et
ph : [0, 1]→ Th la projection canonique. Comme expliqué au cours de la section 1.2.2, grâce à la
propriété (1.2.4), le serpent (h,w) induit une fonction w̃ continue sur Th en posant w̃(ph(s)) = ŵs
pour tout s∈ [0, 1]. Soit s1, s2 ∈ [0, 1], on pose σ1 = ph(s1) et σ2 = ph(s2), et on a alors l’identité

dh,w(s1, s2) = w̃(σ1) + w̃(σ2)− 2 inf
σ∈Jσ1,σ2K

w̃(σ), (1.5.4)

où Jσ1, σ2K est l’image de la géodésique de σ1 à σ2 sur Th (voir la définition 1.1.6). On renvoie
à la remarque 2.4.21 du chapitre 3 pour plus de détails. Ainsi, on peut voir dh,w comme une
pseudo-distance continue sur Th, et Th,w comme un espace métrique quotient de Th. Dans le
cas particulier où l’arbre réel Th est simplement un segment métrique, la formule (1.5.4) devient
l’expression classique (1.1.14).

On prouve dans la section 2.4.3 du chapitre 2 que le codage (1.5.2) d’arbres-serpent bénéficie
d’une propriété de continuité. Plus précisément, si une suite de serpents réels (hn, wn) converge
vers (h,w) par rapport à la distance dΣ donnée par (1.2.3), alors dhn,wn converge vers dh,w
uniformément sur [0, 1]2. Cela implique alors que Thn,wn converge vers Th,w pour la distance
dGHP de Gromov-Hausdorff-Prokhorov donnée par (1.1.12). En d’autres termes, l’application
(h,w) ∈ Σ1 7−→ Th,w ∈ K est continue, où Σ1 désigne l’espace des serpents réels muni de dΣ et K
désigne l’espace des classes d’équivalence d’espaces métriques compacts enracinés mesurés muni
de dGHP.

Soit α ∈ (1, 2] et soit (H,W ) un serpent brownien unidimensionnel avec mécanisme de
branchement α-stable comme dans la définition 1.2.3. On rappelle que l’arbre réel TH codé par
H est un arbre α-stable, et que (H,W ) est une variable aléatoire sur Σ1. D’après l’argument
précédent, les arbres-serpent TH,W et TH,|W | définis par (1.5.3) sont des variables aléatoires sur
K. Il se trouve que ce genre d’objets a déjà été construit par Curien, Le Gall & Miermont [40]
(voir aussi Le Gall [116]) dans le cadre de l’étude de cartes planaires aléatoires. Ils l’ont baptisé
"Brownian cactus", un terme que l’on reprend ici.

Définition 1.5.3 On appelle TH,W le cactus brownien normalisé avec mécanisme de branchement
α-stable, et TH,|W | le cactus brownien réfléchi normalisé avec mécanisme de branchement α-stable.

On mentionne maintenant quelques propriétés géométriques de ces objets et on renvoie à
la section 2.4.6 du chapitre 2 pour plus de détails. La mesure µH,W (resp. µH,|W |) de TH,W
(resp. TH,|W |) est diffuse et supportée par l’ensemble de ses feuilles (i.e. les points dont le retrait ne
déconnecte pas le cactus). Contrairement aux arbres stables d’indice α ∈ (1, 2), les branchements
des cactus browniens sont essentiellement binaires quelque soit la valeur de α : si σ est un
point de TH,W (resp. TH,|W |) distinct de la racine, alors le nombre de composantes connexes
de TH,W \{σ} (resp. TH,|W |\{σ}) appartient à {1, 2, 3}. On sait aussi que TH,W \{ρH,W } est
connexe, alors que TH,|W |\{ρH,|W |} a une infinité de composantes connexes. Enfin, Curien, Le
Gall & Miermont [40, Corollary 5.3] calculent que la dimension de Hausdorff du cactus brownien
normalisé avec mécanisme de branchement 2-stable est égale à 4. On peut finalement énoncer notre
résultat.

Théorème 1.5.4 Soit τ un arbre de Galton-Watson de loi de reproduction µ dont on suppose
qu’elle satisfait l’hypothèse 1.5.1, et soit (an) comme dans (1.5.1). On note m =

∑
u∈τ δu la

mesure de comptage sur τ . Conditionnellement à τ , soit (Yu)u∈τ une marche branchante de
position initiale ∅ ∈Wb et dont les transitions sont celles de la marche aléatoire b-biaisée sur Wb.
On note R = {Yu : u ∈ τ} la trace de la marche branchante, et mocc =

∑
u∈τ δYu sa mesure

d’occupation. Les ensembles τ etR sont tous deux munis de la distance de graphe dgr donnée par
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(1.1.2), et du point distingué ∅. Comme ci-dessus, on désigne par (TH ; TH,|W |) la paire formée de
l’arbre α-stable et du cactus brownien réfléchi normalisé avec mécanisme de branchement α-stable.
Alors, la convergence jointe suivante

((
τ, an

n dgr,∅, 1
nm

)
;
(
R,
√

an
n dgr,∅, 1

nmocc
))

sous P( · |#τ = n)

d−→
((
TH , dH , ρH , µH

)
;
(
TH,|W |, dH,|W |, ρH,|W |, µH,|W |

))
(1.5.5)

a lieu en loi sur l’espace produit K2, où K est muni de la distance de Gromov-Hausdorff-Prokhorov
donnée par (1.1.12). De plus, si on note mcount =

∑
x∈R δx la mesure de comptage surR, alors

∀ε > 0, lim
n→∞

P
(
d(n)

Prok
( cµ,b
n mocc,

1
nmcount

)
> ε

∣∣∣ #τ = n
)

= 0,

où cµ,b est comme dans le théorème 1.5.1 et où d(n)
Prok désigne la distance de Prokhorov sur les

mesures boréliennes finies de (R,
√
an/ndgr). Cela implique que la convergence en loi suivante a

lieu sur K conjointement avec (1.5.5) :(
R,
√

an
n dgr,∅, 1

nmcount
)

sous P( · |#τ = n) d−→
(
TH,|W |, dH,|W |, ρH,|W |, cµ,b · µH,|W |

)
.

Remarquons que la convergence de la première marginale énoncée par le théorème est exacte-
ment la convergence (1.1.17) déduite du théorème 1.1.5 de Duquesne. La première étape de la
preuve de (1.5.5) est une analyse discrète de la structure de la trace dans le cas où b vaut l’infini.
Dans ce cas, la marche ne traverse jamais deux fois la même arête dans le même sens, et on montre
alors que la trace R est un arbre-serpent discret codé par un serpent

(
h(Y ), w(Y )

)
résultant du

processus (|Yu|)u∈τ des hauteurs prises par Y . De manière un peu plus explicite, on a

hi/N (Y ) = |ci(τ)|, ŵi/N (Y ) = |Yci(τ)|, et dgr
(
Yci(τ), Ycj(τ)

)
= dh(Y ),w(Y )

(
i
N ,

j
N

)
pour tous entiers 0 ≤ i, j ≤ N , où N = 2(#τ − 1), où dh(Y ),w(Y ) est définie par (1.5.2), et où on
rappelle de la section 1.1.3 que (ci(τ) ; 0 ≤ i ≤ 2(#τ − 1)) désigne l’exploration par contour de
τ . Comme (|Yu|)u∈τ a la même loi que la valeur absolue d’une marche branchante simple sur Z, le
théorème 1.2.4 de Marzouk et la propriété de continuité du codage d’arbres-serpent permettent de
prouver qu’après renormalisation, dh(Y ),w(Y ) converge en loi (pour la topologie de la convergence
uniforme sur [0, 1]2) vers la pseudo-distance dH,|W | codée par le serpent brownien réfléchi.

La seconde étape de la preuve consiste à justifier que même lorsque b est fini, la trace de la
marche branchante est très proche de l’arbre-serpent discret rencontré précédemment. En effet, la
contraction envoyant l’arbre régulier “libre” sur l’arbre b-aire préserve les hauteurs et n’influence
que localement la géométrie de la trace. Plus précisément, la différence des distances avant et après
contraction est presque une loi géométrique de paramètre 1/b. Grâce à cette idée de couplage, on
prouve qu’avec probabilité tendant vers 1 sous P( · |#τ = n) quand n→∞, on a

sup
u,v∈τ

∣∣∣|Yu|+ |Yv| − 2 min
u′∈Ju,vKτ

|Yu′ | − dgr(Yu, Yv)
∣∣∣ ≤ n2b−(lnn)2

,

où Ju, vKτ désigne le plus court chemin de u à v sur l’arbre τ vu comme un graphe. À quelques
détails près, cela conclut la preuve de (1.5.5). Pour finir, les derniers points du théorème 1.5.4
sont des conséquences du théorème 1.5.1. Il est intéressant d’observer que contrairement au
théorème 1.5.1, la convergence en loi (1.5.5) du théorème 1.5.4 ne fait pas intervenir le paramètre
de régularité b de l’environnement.



1.5. Contributions de cette thèse 43

L’argument de contraction de la seconde étape de la preuve ne repose pas vraiment sur la
régularité de l’environnement, car on peut prouver que pour toute marche aléatoire λ-biaisée
(Xi)i∈N sur un arbre t infini (de transitions données par (1.3.1)), si X est récurrente et si λ > 1
alors on a

∀i, ℓ ∈ N, P
( ∣∣∣|X0|+ |Xi| − 2 min

0≤j≤i
|Xj | − dgr(X0, Xi)

∣∣∣ ≥ 2ℓ
)
≤ j

λ− 1
λℓ − 1 . (1.5.6)

De ce fait, on peut raisonnablement assimiler la marche non-branchante (Xi)i≤n à l’exploration
par contour de sa trace {Xj : j ≤ n} afin de récupérer la métrique de la trace à partir des hauteurs
prises par la marche via la formule (1.1.7). Cette approximation nous permet de retrouver la limite
d’échelle de la trace de la marche aléatoire (non-branchante) présentée par le théorème 1.3.1 de
Aïdékon & de Raphélis à partir du théorème central limite pour le processus des hauteurs de la
marche, qui avait déjà été obtenu par Peres & Zeitouni [137] sous une hypothèse de moments
exponentiels. De même, on déduit d’un résultat de Dembo & Sun [45] que la limite d’échelle de la
trace de la marche aléatoire biaisée récurrente nulle sur un arbre de Galton-Watson multi-type est
l’arbre réel codé par le mouvement brownien réfléchi sur [0, 1]. On renvoie à la section 2.4.2 du
chapitre 2 pour un énoncé précis.

1.5.2 Marches branchantes biaisées critiques sur un arbre de Galton-Watson invari-
ant

Cette section présente les résultats de l’article [59], écrit en collaboration avec Thomas
Duquesne, correspondant au chapitre 3 de ce manuscrit.

Ici, on expose une généralisation des théorèmes 1.5.1 et 1.5.4 de la section 1.5.1 en environ-
nement aléatoire, lorsque le déplacement spatial de la marche branchante est celui d’une marche
aléatoire biaisée critique sur un arbre de Galton-Watson T de loi de reproduction sur-critique ν
qui est invariant (voir la définition 1.3.5). On commence par donner une loi des grands nombres
pour l’image de la marche branchante, ce résultat ayant lieu en moyennant sur l’environnement
(annealed). Puis, on énonce un théorème limite pour l’image de la marche branchante (vue comme
un arbre aléatoire), ce résultat ayant lieu conditionnellement à l’environnement T (quenched).
L’espace métrique limite est alors un cactus brownien normalisé avec mécanisme de branchement
stable (voir la définition 1.5.3) qui est indépendant de T.

L’environnement de la marche aléatoire branchante que l’on considère est, comme déjà men-
tioné, un arbre pointé de Galton-Watson invariant T = (T, o) de loi de reproduction ν comme à la
définition 1.3.5. On fait les hypothèses suivantes sur ν.

m :=
∑
k∈N

kν(k) ∈ (1,∞) et η2 := m(m− 1)∑
k∈N k(k − 1)ν(k) ∈ (0,∞), (1.5.7)

ce qui implique en particulier que ν admet un moment d’ordre 2 et que T n’a pas de feuilles.
On rappelle la définition générale (1.2.1) de la loi d’une marche branchante. On considère une

marche branchante (Yu)u∈τ à valeurs dans T dont la loi est décrite comme suit : l’arbre τ indexant
la marche branchante est un arbre de Galton-Watson de loi de reproduction µ non-triviale et critique,
c’est-à-dire que µ(1) ̸= 1 et

∑
k∈N kµ(k) = 1, et indépendant de T = (T, o); conditionnellement à

l’environnement T et à la généalogie τ , (Yu)u∈τ est une marche branchante dont les déplacements
spatiaux sont ceux de la marche aléatoire m-biaisée sur T, c’est-à-dire que pour toute fonction
mesurable F : Tτ → R+, on a

E
[
F (Yu ; u ∈ τ)

∣∣ T, τ
]

=
∫

Tτ
F (yu ; u ∈ τ) δo(dy∅)

∏
v∈τ\{∅}

pT(y←−v , dyv) (1.5.8)
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où, conditionnellement à T, les quantités pT(x, y) désignent les probabilités de transition de la
marche m-biaisée sur T données par (1.3.5) et qui s’expriment ici par

∀x, y ∈ T, pT(x, y) = 1{←−x=y}
m

m + kx(T) + 1{←−y =x}
1

m + kx(T) . (1.5.9)

On observe en particulier que Y∅ = o.
Plus précisément, la généalogie de la marche branchante est un arbre de Galton-Watson de loi

de reproduction vérifiant l’hypothèse 1.5.1, indépendant de T, et conditionné à être grand. Sous ces
conditions, on a un résultat analogue au théorème 1.5.1.

Théorème 1.5.5 Soit T = (T, o) un arbre pointé de Galton-Watson invariant de loi de reproduc-
tion ν. Indépendamment de T, soit τ un arbre de Galton-Watson de loi de reproduction µ. Soit
(Yu)u∈τ la marche branchante à valeurs dans T définie par (1.5.8). On suppose que µ satisfait
l’hypothèse 1.5.1. On suppose également que ν satisfait (1.5.7) et qu’elle possède un moment fini
d’ordre a > 1. La suite ∅ = u0 < u1 < . . . < u#τ−1 désigne les sommets de τ listés dans l’ordre
lexicographique. Alors, il existe une constante déterministe cµ,ν ∈ (0, 1) qui ne dépend que de µ et
de ν telle que

∀ε > 0, lim
n→∞

P
(

1
n max

1≤k≤n

∣∣#{Yuj : 0 ≤ j < k} − cµ,νk
∣∣ > ε

∣∣∣ #τ = n
)

= 0.

En particulier, limn→∞ P(| 1n#R − cµ,ν | > ε | #τ = n) = 0 pour tout ε > 0, où R désigne la
trace {Yu : u ∈ τ} de la marche branchante.

La preuve repose essentiellement sur les mêmes arguments que celle du théorème 1.5.1. L’idée
est d’introduire une marche branchante (Y ∗u )u∈τ∗ sur le même arbre T et avec les mêmes probabil-
ités de transitions (1.5.9) que (Yu)u∈τ , mais indexée cette fois par un arbre pointé de Galton-Watson
infini τ ∗ = (τ∗, ρ) de loi de reproduction µ, comme à la définition 1.3.3. Le point-clef est que
la loi de cette marche branchante est invariante et ergodique par la transformation qui consiste à
recentrer τ∗ en l’individu ρ+ := succ(τ∗, ρ) venant juste après ρ dans l’ordre lexicographique sur
τ∗ et à recentrer les positions spatiales Y ∗u en φ|Y ∗

ρ+ |(Yu). On renvoie à la section 1.3.2 pour les
définitions de ces transformations et à la proposition 3.2.32 du chapitre 3 pour un énoncé précis de
cette invariance. La suite de la démonstration se résume en une application du théorème ergodique
sous-additif globalement inspirée de la preuve du théorème 1.2.6 de Le Gall & Lin [83].

Comme notre preuve repose sur la propriété d’invariance (1.3.6) de l’environnement, elle
ne permet pas d’obtenir directement un résultat vrai conditionnellement à T. Les arguments de
couplage qui seraient nécessaires pour obtenir un tel résultat quenched sont rendus difficiles par
l’absence d’homogénéité due à la dépendance des trajectoires en l’environnement. De même, le cas
d’un environnement avec racine pose des problèmes de couplage qui sont discutés en fin de section.

On continue à désigner par T = (T, o) un arbre pointé de Galton-Watson invariant de loi de
reproduction ν. On rappelle que pour tout x ∈ T, la hauteur relative de x est notée |x| ∈ Z, de sorte
que |←−x | = |x|−1 et |o| = 0. Pour alléger l’écriture (puisque l’on énonce un résultat de convergence
en loi conditionnelle), on utilise la notation τn introduite avec (1.1.4) : l’arbre aléatoire τn sous P a
la même loi que l’arbre de Galton-Watson τ de loi de reproduction µ sous P( · |#τ = n). De plus,
on suppose que T et τn sont indépendants. On rappelle également de la section 1.1.3 que l’on note
(cj(τn) ; 0 ≤ j ≤ 2(n − 1)) l’exploration par contour de τn. Pour tout entier 0 ≤ j ≤ 2(n − 1),
on pose C(n)

j = |cj(τn)| et Ŵ (n)
j = |Ycj(τn)|, où (Yu)u∈τn est la marche branchante à valeurs dans

T définie comme précédemment par (1.5.8). Pour tout j ≥ 2(n− 1), on pose C(n)
j = Ŵ

(n)
j = 0
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et on étend C(n) et Ŵ (n) en des fonctions continues sur R+ par interpolation linéaire entre les
temps entiers. On montre tout d’abord le théorème limite suivant, qui a lieu conditionnellement à
l’environnement (quenched).

Théorème 1.5.6 On garde les notations ci-dessus et on se place sous les mêmes hypothèses que
dans le théorème 1.5.5. Soient α ∈ (1, 2] et (an) comme dans (1.5.1), et soit η2 comme dans (1.5.7).
On suppose de plus que ν admet un moment fini d’ordre a > 1 + 4α

α−1 . Soit (H,W ) le serpent
brownien unidimensionnel avec mécanisme de branchement α-stable, dont l’extrémité est notée
(H, Ŵ ), comme à la définition 1.2.3. Alors conditionnellement à l’environnement T = (T, o), on a
presque sûrement la convergence en loi suivante(an

n
C

(n)
2ns ,

√
an
η2n

Ŵ
(n)
2ns

)
s∈[0,1]

sous P( · |T) d−→ (H, Ŵ ) (1.5.10)

sur l’espace C([0, 1],R2) des fonctions continues muni de la topologie de la convergence uniforme.

Ce résultat fait à la fois écho au théorème 1.2.4 de Marzouk et au théorème 1.3.1 de Aïdékon &
de Raphélis. Dans le cas d’un environnement régulier où ν = δb avec un entier b ≥ 2, le processus
(|Yu|)u∈τ des hauteurs relatives prises par la marche est une marche branchante simple aux plus
proches voisins sur Z. Cependant, en environnement aléatoire, (|Yu|)u∈τ n’est plus une marche
branchante car les transitions depuis une position x dépendent du nombre d’enfants de x sur l’arbre.

Pour montrer (1.5.10), on adapte l’approche de Peres & Zeitouni [137] consistant à utiliser les
coordonnées harmoniques. Plus précisément, on peut construire une famille de variables aléatoires
(Sx)x∈T telle que si (Xn)n∈N est une marche aléatoire m-biaisée sur T alors (SXn)n∈N est une mar-
tingale conditionnellement à T = (T, o). En utilisant l’inégalité de Rosenthal pour les martingales
comme dans Marzouk [130] et un théorème central limite conditionnel, on obtient la convergence
conditionnellement à T de la marche branchante en coordonnées harmoniques (SYu)u∈τn (par-
courue selon l’exploration par contour de τn et correctement renormalisée). Enfin, un argument
spécifique basé sur l’invariance de T montre que (SYu)u∈τn et (|Yu|)u∈τn sont asymptotiquement
proches à une constante déterministe multiplicative près.

On reprend les notations précédentes et on note Rn = {Yu : u ∈ τn} la trace de la marche
branchante indexée par l’arbre conditionné τn. Les ensembles τn etRn sont munis des distances
de graphe dgr respectivement données par (1.1.2) et (1.3.4). On introduit également la mesure de
comptage sur τn et la mesure d’occupation induite surRn :

mn =
∑
u∈τn

δu et m(n)
occ =

∑
u∈τn

δYu .

On obtient alors le théorème limite métrique suivant, qui complète le théorème 1.5.6.

Théorème 1.5.7 On se place sous les hypothèses du théorème 1.5.6 et on garde les notations
précédentes. On désigne par (TH ; TH,W ) la paire formée de l’arbre α-stable et du cactus brownien
normalisé avec mécanisme de branchement α-stable, respectivement définis par (1.1.15) et (1.5.3)
à partir de (H,W ). Alors conditionnellement à l’environnement T = (T, o), la convergence en loi
jointe suivante((

τn,
an
n dgr,∅, 1

nmn

)
;
(
Rn,

√
an
η2n dgr, o,

1
nm(n)

occ

))
sous P( · |T)

d−→
((
TH , dH , ρH , µH

)
;
(
TH,W , dH,W , ρH,W , µH,W

))
a lieu sur l’espace produit K2, où K est muni de la distance de Gromov-Hausdorff-Prokhorov
(1.1.12), et conjointement avec (1.5.10).
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Ce résultat en environnement aléatoire est analogue au théorème 1.5.4. Néanmoins, ici, le
cactus brownien n’est pas réfléchi. Cette différence est due à l’absence de réflexions lorsque la
marche branchante se déplace sur un arbre de profondeur infinie, et non pas sur un arbre enraciné.
Il est intéressant de souligner que les objets limites des théorèmes 1.5.6 et 1.5.7 ne dépendent
pas de l’aléa contenu dans l’environnement T = (T, o). Pour prouver le théorème 1.5.7, on
utilise l’estimée (1.5.6) afin de montrer que la traceRn est très proche de l’arbre-serpent discret
induit par (C(n), Ŵ (n)). Puis, le théorème 1.5.6 et la propriété générale de continuité du codage
d’arbres-serpent présentée au cours de la section 1.5.1 permettent de conclure.

Les théorèmes de cette section concernent la marche branchante sur un arbre pointé de Galton-
Watson invariant. Par absolue continuité, ils restent valides si l’environnement est remplacé par un
arbre pointé de Galton-Watson infini de loi de reproduction ν (voir la définition 1.3.3). Néanmoins,
l’obtention de résultats analogues pour la marche branchante sur un arbre de Galton-Watson (avec
racine) fait l’objet d’un travail encore en cours car elle est bien plus délicate. Tout d’abord,
la réflexion de la marche à la racine brise la propriété de martingale associée aux coordonnées
harmoniques, ce qui empêche de simplement adapter la preuve du théorème 1.5.6. On perd aussi
l’invariance utilisée pour montrer le théorème 1.5.5.

Pour le travail en environnement régulier, on parvient à éviter ces difficultés en couplant les
marches sur l’arbre avec racine et sur l’arbre de profondeur infinie, de façon à ce que leurs déplace-
ments coïncident en dehors des réflexions à la racine. Cet argument s’appuie sur l’homogénéité
des transitions, qui est perdue dans le cas non-régulier. Pour étudier la marche aléatoire (non-
branchante) sur un arbre, Peres & Zeitouni [137] développent un autre couplage qui identifie
les excursions au dessus des sommets visités pour la première fois. Il paraît ardu d’adapter leur
méthode à la marche branchante car la structure des excursions y est plus complexe. En effet,
alors que les excursions d’une marche aléatoire sont ordonnées linéairement, celles d’une marche
branchante s’agencent de manière arborescente. En particulier, le nombre d’excursions au sortir
d’une précédente est aléatoire et dépend fortement de l’environnement déjà exploré, ce qui va à
l’encontre de l’objectif du couplage.

1.5.3 Nombre de Horton-Strahler des arbres de Galton-Watson critiques : estimées

Cette section présente les résultats de l’article [103], correspondant au chapitre 4 de
ce manuscrit.

Rappelons la définition 1.4.1 du nombre de Horton-Strahler noté S, ainsi que les hypothèses
présentées en section 1.1.2 avec notamment (1.1.5) et (1.1.6). On considère ici un arbre de Galton-
Watson dont la loi de reproduction µ est supposé critique et non-triviale, c’est-à-dire

µ(1) < 1 et
∑
k∈N

kµ(k) = 1,

et on cherche à décrire le comportement asymptotique de son nombre de Horton-Strahler de diverses
manières. Les fonctions suivantes jouent un rôle privilégié dans cette analyse :

∀s ∈ [0, 1], φ(s) =
∑
k∈N

skµ(k) et ψ(s) = φ(1− s)− (1− s). (1.5.11)

On commence à relier le nombre de Horton-Strahler à d’autres quantités simples de l’arbre
grâce à plusieurs inégalités, regroupées dans la proposition ci-dessous. Ces estimées (excepté le
point (iv)) sont valables sous la seule hypothèse que µ est critique et non-triviale.

Proposition 1.5.8 Soit τ un arbre de Galton-Watson dont la loi de reproduction µ est critique et
non-triviale. Pour tout n ≥ −1, on pose P(S(τ)>n) = qn. On rappelle l’expression (1.5.11) de ψ.
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(i) On rappelle que la taille #τ de τ est son nombre de sommets. Alors, on a

∀n ∈ N, ψ′(qn−1)E
[
#τ1{S(τ)≤n}

]
≤ 2.

(ii) On note |τ | = maxu∈τ |u| la hauteur de τ . Alors, on a

∀λ > 0, lim sup
n→∞

P
(
ψ′(qn−1)|τ | ≤ λ

∣∣ S(τ) = n) ≤ 1− e−λ.

(iii) On note encore |τ | la hauteur de τ . Pour tous n,m ∈ N, si 2ψ′(P(|τ | ≥ n/2−1)) ≤ ψ′(qm)
alors on a

P
(
S(τ) ≤ m

∣∣ |τ | ≥ n) ≤ exp
(
− 1

8nψ
′(qm)

)
.

(iv) On note encore |τ | la hauteur de τ . Si µ est dans le domaine d’attraction d’une loi stable
d’indice α ∈ (1, 2], alors il existe une constante Cµ ∈ (0,∞) qui ne dépend que de µ telle
que

∀n,m ∈ N, P
(
S(τ) ≤ m

∣∣ |τ | ≥ n) ≤ Cµ exp
(
− 1

8nψ
′(qm)

)
.

(v) On note ∆(τ) = maxu∈τ ku(τ) le degré sortant maximal de τ . Pour tout n ∈ N∗, si
P(∆(τ) ≥ n) > 0 alors on a

∀m ∈ N∗, P
(
S(τ) ≤ m

∣∣ ∆(τ) ≥ n
)
≤ exp(−nqm).

La preuve de cette proposition repose sur les propriétés de convexité de φ et ψ d’une part, et
sur le principe de Many-To-One (énoncé plus haut comme point (i) de la proposition 1.3.4) d’autre
part. On applique la proposition 1.5.8 plusieurs fois par la suite, ainsi que dans le papier [102] et le
chapitre 5 présentés dans la section suivante.

Notre seconde contribution consiste à étendre le théorème 1.4.2 de Brandenberger, Devroye &
Reddad en déterminant l’ordre de grandeur du nombre de Horton-Strahler d’un arbre de Galton-
Watson critique conditionné à être grand pour des lois de reproduction avec une variance infinie.
On en profite aussi pour estimer les queues de distribution du nombre de Horton-Strahler qui
apparaissent dans les bornes données par la proposition 1.5.8. Pour ce faire, on travaille sous
l’hypothèse que la loi de reproduction est dans le domaine d’attraction d’une loi stable d’indice
α ∈ [1, 2]. On expose d’abord nos résultats dans les cas α ∈ (1, 2], puis on discute des cas α = 1
qui présentent des phénomènes plus complexes.

Les cas α-stables avec α ∈ (1, 2]. Ici, nos résultats ne font intervenir que l’indice de stabilité
α ∈ (1, 2]. Tout d’abord, la proposition suivante montre que les queues de distributions suivent une
décroissance exponentielle.

Proposition 1.5.9 Soit τ un arbre de Galton-Watson de loi de reproduction µ. Si µ est critique,
non-triviale, et dans le domaine d’attraction d’une loi stable d’indice α ∈ (1, 2], alors on a

− log α
α−1

P(S(τ) ≥ n) ∼ n,

où logb x = ln x/ ln b désigne le logarithme de x en base b.

Cette proposition étend le travail de Brandenberger, Devroye & Reddad [28] qui traite du
cas α = 2 sous l’hypothèse plus forte que la variance de µ est finie. La preuve consiste en une
analyse élémentaire d’une relation de récurrence. Ensuite, on rappelle que si µ est apériodique alors
P(#τ = n) > 0 pour tout n assez grand.
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Théorème 1.5.10 Soit τ un arbre de Galton-Watson de loi de reproduction µ. On suppose que µ
est critique, non-triviale, et apériodique. Si µ est dans le domaine d’attraction d’une loi stable
d’indice α ∈ (1, 2], alors la convergence suivante a lieu en probabilité :

αS(τ)
log α

α−1
n

sous P( · |#τ = n) −→ 1. (1.5.12)

C’est une généralisation directe du théorème 1.4.2 de Brandenberger, Devroye & Reddad [28]. Pour
prouver ce résultat, on s’appuie sur le théorème 1.1.5 de Duquesne pour contrôler la hauteur de
τ , puis sur la proposition 1.5.8 pour en déduire une estimation de S(τ) sous P( · |#τ ≥ n). On
complète la preuve grâce à une relation d’absolue continuité donnée par Kortchemski [106] entre
P( · |#τ ≥ n) et P( · |#τ = n). Mentionnons que la convergence (1.5.12) reste valide quand µ
n’est pas apériodique quitte à se restreindre aux entiers n tels que P(#τ = n) > 0.

Les cas 1-stables. Ces cas plus complexes sont modèle-dépendants au sens où ils font intervenir
le comportement asymptotique de la loi de reproduction µ de manière précise. Les fonctions
suivantes, exprimées à partir de la fonction ψ définie par (1.5.11), joue un rôle important :

∀s ∈ (0, 1), Υ(s) =
∫ 1

s

dr
r ln Λ(r) , où Λ(s) = sψ′(s)

sψ′(s)− ψ(s) . (1.5.13)

Avant d’énoncer nos résultats, prenons quelques instants pour rappeler des formulations équivalentes
de l’hypothèse que µ est dans le domaine d’attraction d’une loi stable d’indice 1 : d’après (1.1.6), il
existe une fonction à variations lentes L telle que

∫∞
1 y−1L(y) dy <∞ et

µ
(
[n,∞)

)
∼ L(n)

n
. (1.5.14)

Des arguments standards (voir [23, Theorem 8.1.6] par exemple) impliquent alors que

ψ(s) ∼0+ sℓ(1/s), où ℓ(x) =
∫ ∞
x

L(y)
y

dy pour tout x > 0. (1.5.15)

De plus, ℓ est une fonction à variations lentes.
Soit (Xn)n∈N une marche aléatoire sur Z de valeur initiale X0 = 0 et dont la loi des sauts est

donnée par P(X1 = k) = µ(k + 1) pour tout entier k ≥ −1. D’après [74, Chapter IX.8], il existe
une suite (an) de nombres réels strictement positifs tendant vers l’infini telle qu’on a la convergence
en loi

Xn + bn
an

d−→ X1, où bn = nE[X11{|X1|>an}] et E[e−λX1 ] = eλ lnλ, (1.5.16)

pour tous n ∈ N et λ > 0. La distribution de X1 est une loi de Cauchy (aussi dite 1-stable)
spectralement positive. L’expression de sa transformée de Fourier est donnée pour tout u ∈ R par
E[exp(iuX1)] = exp(−π

2 |u| − iu ln |u|). On mentionne que l’on a nécessairement

an ∼ nL(an) et bn ∼ nℓ(an),

où L est donnée par (1.5.14) et ℓ par (1.5.15). On renvoie à la proposition 4.2.12 du chapitre 4 pour
plus de détails.

Proposition 1.5.11 Soit µ une mesure de probabilité sur N. On suppose que µ est critique et est
dans le domaine d’attraction d’une loi stable d’indice 1. On a alors

Λ(s) ∼0+
ℓ(1/s)
L(1/s) ,
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où Λ, L, et ℓ sont respectivement données par (1.5.13), (1.5.14), et (1.5.15). De plus, si τ est un
arbre de Galton-Watson de loi de reproduction µ, alors on a

Υ
(
P(S(τ) ≥ n)

)
∼ n,

où Υ est donnée par (1.5.13).

Ainsi, contrairement aux cas où α ∈ (1, 2] pour lesquels on prouve Υ(s) ∼0+ log α
α−1

1/s, le
comportement asymptotique de Υ dépend de L quand α=1. Donnons quelques exemples concrets.

(a) Si L(n)∼(lnn)−1−κ avec κ∈(0,∞), alors Υ(s) ∼0+
ln 1/s

ln ln 1/s et−lnP(S(τ)≥n) ∼ n lnn.

(b) Si L(n) ∼ exp(−(lnn)κ) avec κ∈ (0, 1), alors on a Υ(s) ∼0+
1

1−κ
ln 1/s

ln ln 1/s , et donc on a
−lnP(S(τ)≥n) ∼ (1−κ)n lnn.

(c) Si L(n) ∼ exp(− lnn/ ln lnn), alors Υ(s) ∼0+
ln 1/s

ln ln ln 1/s et − lnP(S(τ)≥n) ∼ n ln lnn.

Théorème 1.5.12 Soit τ un arbre de Galton-Watson de loi de reproduction µ. On suppose que
µ est critique et dans le domaine d’attraction d’une loi stable d’indice 1. Alors, la convergence
suivante

S(τ)
Υ( 1

bn
)

sous P( · |#τ ≥ n) −→ 1,

a lieu en probabilité, où Υ est donnée par (1.5.13) et (bn)n∈N par (1.5.16).

Comme souligné par Kortchemski & Richier [108] et Berger [17], il est déraisonnable d’espérer
pouvoir contrôler τ sous P( · |#τ = n) avec la seule hypothèse que nµ

(
[n,∞)

)
∼ L(n) avec une

fonction à variations lentes L, comme dans (1.5.14). À la place, on travaille sous l’hypothèse plus
forte que n2µ(n) ∼ L(n), qui implique la précédente et que µ est apériodique.

Théorème 1.5.13 Soit τ un arbre de Galton-Watson de loi de reproduction µ. On suppose que µ
est critique et qu’il existe une fonction à variations lentes L telle que n2µ(n) ∼ L(n). Alors, la
convergence suivante

S(τ)
Υ( 1

bn
)

sous P( · |#τ = n) −→ 1,

a lieu en probabilité, où Υ est donnée par (1.5.13) et (bn)n∈N par (1.5.16).

Nos preuves des théorèmes 1.5.12 et 1.5.13 reposent sur plusieurs résultats de Kortchemski
& Richier [108] et de Berger [17] qui décrivent le comportement asymptotique d’une excursion
positive de la marche aléatoire (Xn). La proposition 1.5.8 joue également un rôle. Afin de fixer les
idées, on explicite l’équivalent asymptotique Υ( 1

bn
) pour les trois exemples concrets précédents.

(a) Si L(n) ∼ (lnn)−1−κ avec κ ∈ (0,∞), alors Υ( 1
bn

) ∼ lnn
ln lnn .

(b) Si L(n) ∼ exp(−(lnn)κ) avec κ∈(0, 1), alors Υ( 1
bn

) ∼ 1
1−κ

lnn
ln lnn .

(c) Si L(n) ∼ exp(− lnn/ ln lnn), alors Υ( 1
bn

) ∼ lnn
ln ln lnn .

1.5.4 Nombre de Horton-Strahler des arbres de Galton-Watson stables : fluctuations

Cette section présente les résultats de l’article [102], correspondant au chapitre 5 de
ce manuscrit.
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On rappelle la définition 1.4.1 du nombre de Horton-Strahler S . Pour tout x ∈ R+, on note ⌊x⌋
la partie entière de x, avec ⌊2.9⌋ = ⌊2.1⌋ = ⌊2⌋ = 2 par exemple. On fixe les notations

α ∈ (1, 2], β = 1
α−1 , γ = ln α

α−1 et δ =
(

α
α−1

)α−1 = eγ(α−1) ∈ (1, 2]. (1.5.17)

Ici, on étudie les fluctuations du nombre de Horton-Strahler d’un arbre de Galton-Watson α-
stable, de définition 1.1.7, conditionné à être grand. On rappelle que sa loi de reproduction µα est
caractérisée par l’expression (1.1.18) de sa fonction génératrice :

∀s ∈ [0, 1], φα(s) :=
∑
k∈N

skµα(k) = s+ 1
α(1− s)α. (1.1.18)

On sait que µα est critique avec µα(1) = 0 et que µα est dans le domaine d’attraction d’une loi
α-stable. Plus précisément, si (Xn)n∈N est une marche aléatoire sur Z de position initiale X0 = 0
et dont les sauts sont tels que P(X1 = k) = µα(k + 1) pour tout entier k ≥ −1, alors on a

1
an
Xn

d−→ X1, où an = α−1/αn1/α et E
[
exp(−λX1)

]
= exp(λα) (1.5.18)

pour tous n ∈ N∗ et λ ∈ (0,∞). On peut le vérifier grâce à (1.1.18) et au théorème de continuité
de la transformée de Laplace bilatère (voir [151, Appendix A] par exemple). On sait que si α = 2
alors µ2(0) = µ2(2) = 1/2, et dériver (1.1.18) donne que si α ∈ (1, 2) alors

µα(0) = 1
α , µα(1) = 0, µα(2) = α−1

2 , et µα(k) = 1
k!

k−1∏
i=1
|α− i| = (α−1)Γ(k−α)

Γ(2−α)k! (1.5.19)

pour tout entier k ≥ 3, où Γ est la fonction Gamma usuelle. En particulier, µα est apériodique si et
seulement si α ∈ (1, 2). Ainsi, la convergence (1.1.17) déduite du théorème 1.1.5 de Duquesne a
lieu tant que n− 1 ∈ ⌊α⌋N.

Nombre de Horton-Strahler pondéré. Motivé par les observations et arguments de la sec-
tion 1.4.4, on introduit une version continue du nombre de Horton-Strahler pour les arbres dont les
feuilles sont dotées de poids à valeurs dans [0, 1). Soit t un arbre fini au sens de la définition 1.1.1.
On note ∂t = {u ∈ t : ku(t) = 0} l’ensemble des feuilles de t.

Définition 1.5.14 On dit que t = (t, (wv)v∈∂t) est un arbre pondéré lorsque t est un arbre fini et
que wv ∈ [0, 1) pour tout v ∈ ∂t. On dote l’espace Tw de tous les arbres pondérés de la topologie
produit : autrement dit, (tn, (wnv )v∈∂tn) −→ t sur Tw si et seulement si tn = t à partir d’un certain
rang et wnv −→ wv pour tout v ∈ ∂t. L’espace Tw est polonais. □

Si t = (t, (wv)v∈∂t) est un arbre pondéré, alors pour tout u ∈ t, on pose

θut = (θut, (wu∗v)v∈∂θut)

qui est un arbre pondéré bien défini car ∂θut = {v ∈ θut : u ∗ v ∈ ∂t}.

Définition 1.5.15 (Nombre de Horton-Strahler pondéré) Soit t un arbre pondéré. Son nombre
de Horton-Strahler pondéré S(t) ∈ [0,∞) est défini comme suit.

(a) Si t = ({∅}, w∅) est réduit à sa racine avec poids w∅, alors S(t) = w∅.
(b) On note k = k∅(t) le nombre d’enfants de la racine de t. Si k = 1, alors S(t) = S(θ(1)t).

Si k ≥ 2, on note S(θ(i1)t) ≥ S(θ(i2)t) ≥ . . . ≥ S(θ(ik)t) les nombres de Horton-Strahler
pondérés des sous-arbres issus de ces enfants listés dans l’ordre décroissant et on a alors
S(t) = max

(
S(θ(i1)t), 1 + S(θ(i2)t)

)
. Ces conditions sont résumées dans l’équation

S(t) = max
1≤i,j≤k∅(τ)

max
(
S(θ(i)t),S(θ(j)t),1{i ̸=j} + min(S(θ(i)t),S(θ(j)t))

)
. (1.5.20)
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□

On renvoie à la figure 1.4 pour un exemple d’arbre pondéré et du calcul de son nombre de
Horton-Strahler pondéré. Le nombre de Horton-Strahler pondéré est lié au nombre de Horton-
Strahler classique par la relation

∀t ∈ Tw, ⌊S(t)⌋ = S(t) où t = (t, (wv)v∈∂t),

qui est une conséquence de l’exigence que les poids soient à valeurs dans [0, 1) (voir la proposi-
tion 5.4.3 dans le chapitre 5). Ainsi, se contenter d’étudier le nombre de Horton-Strahler pondéré
n’entraîne aucune perte d’information sur le nombre de Horton-Strahler habituel.

3.2

0.4 1.3

1.2 0.10.3

3.2

2.2
2.3

2.2

1.21.5

1.3 1.40.7

1.4 0.3

0.2 0.60.3

0.3 0.9

0.8 0.5 0 0.2 0.20.41

0.50.1 0

Figure 1.4: Un arbre pondéré t tel que S(t) = 3.2. Les feuilles et leurs poids sont en vert. A côté
de chaque sommet est indiqué le nombre de Horton-Strahler pondéré du sous-arbre qui en est issu.

Arbres pondérés de Galton-Watson stables. Afin de tirer parti du nombre de Horton-Strahler
pondéré, on spécifie les poids que l’on met sur les feuilles d’un arbre de Galton-Watson α-stable.

Définition 1.5.16 Soit W une variable aléatoire sur [0, 1) dont la loi est caractérisée par

∀r ∈ [0, 1], P(W ≤ r) = 1− e−γr

1− e−γ . (1.5.21)

Un arbre pondéré de Galton-Watson α-stable est un arbre pondéré aléatoire τ = (τ, (Wv)v∈∂τ ) tel
que τ est un arbre de Galton-Watson α-stable et conditionnellement à τ , les poids (Wv)v∈∂τ sont
indépendants et de même loi que W . □

On souligne que si E est une variable aléatoire exponentielle de moyenne 1/γ alors sa partie entière
⌊E⌋ et sa partie fractionnaire E − ⌊E⌋ sont indépendantes, ⌊E⌋ est géométrique de paramètre 1/α,
et la loi de E − ⌊E⌋ est donnée par (1.5.21). Le choix des poids proposé par la définition 1.5.16 se
justifie par les résultats suivants.

Proposition 1.5.17 Soit τ = (τ, (Wv)v∈∂τ ) un arbre pondéré de Galton-Watson α-stable.

(i) La loi de S(τ ) est exponentielle de moyenne 1/γ, c’est-à-dire P(S(τ )≥x) = e−γx pour
tout x ∈ R+.

(ii) Pour tout x ∈ R+\N, la loi de τ sous P
(
·
∣∣ |S(τ )− x| < ε

)
converge faiblement vers une

mesure de probabilité sur l’espace des arbres finis quand ε→ 0+. On note cette dernière
P(dτ | S(τ ) = x).
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(iii) La fonction x ∈ R+\N 7−→ P(dτ |S(τ ) = x) est continue pour la topologie de la conver-
gence faible des mesures de probabilité sur l’espace des arbres finis.

On observe que le point (i) de la proposition 1.5.17 permet de retrouver la loi du nombre de
Horton-Strahler d’un arbre de Galton-Watson stable, telle qu’exprimée par (1.4.6). Par le théorème
de densité de Lebesgue, les autres points impliquent que x ∈ R+\N 7−→ P(dτ |S(τ ) = x) est une
version de la loi conditionnelle de τ sachant S(τ ), c’est-à-dire que pour tout arbre fini t et toute
fonction g : R+ → R mesurable bornée, on a

E
[
1{τ=t}g(S(τ ))

]
=
∫
R+

P(τ = t | S(τ ) = x)g(x)γe−γx dx.

De plus, on prouve que ces lois admettent une limite d’échelle lorsque x → ∞. Comme
vu en section 1.1.4, on rappelle que l’espace K des classes d’équivalence d’espaces métriques
compacts enracinés mesurés est muni de la distance de Gromov-Hausdorff-Prokhorov dGHP, et
que TR désigne son sous-espace formé des arbres réels compacts enracinés mesurés (voir la
définition 1.1.6).

Théorème 1.5.18 Soit τ un arbre pondéré de Galton-Watson α-stable. L’arbre sous-jacent τ
est muni de la distance de graphe dgr donnée par (1.1.2), de sa racine notée ∅, et de sa mesure
de comptage

∑
u∈τ δu. Il existe une variable aléatoire (Ths, dhs, ρhs, µhs) sur TR telle que la

convergence(
τ, e−γ(α−1)xdgr,∅, e−γαx

∑
u∈τ

δu
)

sous P(dτ |S(τ ) = x) d−−−−−−→
x→∞,x/∈N

(Ths, dhs, ρhs, µhs)

a lieu en loi sur l’espace K muni de la distance de Gromov-Hausdorff-Prokhorov.

On décrit la loi de l’arbre réel limite plus loin, mais ce théorème est avant tout un résultat
d’existence. Pour le prouver, on introduit une variante pondéré de l’élagage de Horton présenté
en section 1.4.1 : au lieu d’effacer toutes les feuilles, on n’efface que celles dont le poids est
strictement inférieur à un seuil prédéterminé r ∈ [0, 1]. Cette opération soustrait exactement r au
nombre de Horton-Strahler pondéré, et elle laisse invariante (en un certain sens) la loi d’un arbre
pondéré de Galton-Watson stable. Voir le théorème 5.5.4 du chapitre 5 pour un résultat précis.
On complète alors la preuve du théorème en vérifiant la réalisation d’un critère de Cauchy, ce qui
explique pourquoi la loi limite reste encore implicite à ce stade.

Dilatation de Strahler. On reprend les notations de la section 1.1.3 : Nα(dH) est la mesure
d’excursion (au dessus de 0) du processus de hauteur α-stable H, ζ est la durée de vie de H, et
Nα(dH | ζ = 1) est la loi de l’excursion normalisée du processus de hauteur α-stable. Jusqu’à
la fin de cette section, on allège les notations en écrivant (TH, dH, ρH, µH) = T ζH sous Nα, où on
rappelle de (1.1.15) que T ζH est l’arbre réel codé par (H, ζ). Au regard du théorème 1.5.18 et de
la convergence (1.1.17), on peut raisonnablement s’attendre à ce qu’il existe une fonctionnelle
s : TR −→ [0,∞], jouant le rôle d’un analogue métrique du nombre de Horton-Strahler (pondéré),
telle que la loi de Ths puisse s’interpréter comme celle de TH sous Nα conditionnellement à ce que
s(TH) soit fixé. On construit ci-après une telle application.

Soit (T, d, ρ, µ) ∈ TR un arbre réel compact enraciné mesuré. Par analogie avec le formalisme
des arbres (discrets), on voit T comme un arbre généalogique dont l’ancêtre commun est ρ. Avec
les notations de la définition 1.1.6, pour tous σ1, σ2 ∈ T , on rappelle que Jσ1, σ2K désigne l’image
de l’unique géodésique de σ1 à σ2 sur T . Par la définition 1.1.6 (b), on vérifie facilement que
Jρ, σ1K, Jρ, σ2K, et Jσ1, σ2K ont exactement un point en commun que l’on note

{σ1 ∧ σ2} = Jρ, σ1K ∩ Jρ, σ2K ∩ Jσ1, σ2K. (1.5.22)
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Notons que la notation ∧ dépend de (T, d, ρ), et en particulier du choix de la racine ρ. Soit

W2 =
⋃
n∈N
{1, 2}n, où {1, 2}0 = {∅},

l’arbre binaire régulier infini. Toujours par analogie avec le formalisme discret, et plus particulière-
ment avec (1.4.2), on dit qu’une application injective φ : W2 −→ T est un plongement lorsque
φ(u) ∧ φ(v) = φ(u ∧ v) pour tous u, v ∈W2, la notation ∧ ayant un sens différent mais analogue
à gauche et à droite de l’égalité. Si φ : W2 −→ T est un plongement, alors on pose φ(←−∅) = ρ par
convention. On rappelle de (1.5.17) que δ = ( α

α−1)α−1. Finalement, on définit

sδ(T, d, ρ, µ) = sup
φ:W2−→T
plongement

lim inf
n→∞

1
n+ 1 inf

u∈W2
|u|=n

∑
v⪯u

δ1+|v|d
(
φ(←−v ), φ(v)

)
, (1.5.23)

et on nomme sδ(T, d, ρ, µ) la dilatation de Strahler en base δ de (T, d, ρ, µ). On souligne la
similarité entre (1.5.23) et l’expression (1.4.2) du nombre de Horton-Strahler en termes de supremum
sur l’ensemble des plongements partant d’arbres binaires parfaits. De plus, on observe que pour
tout λ ∈ (0,∞) et pour tout (T, d, ρ, µ) ∈ TR, on a sδ(T, λ d, ρ, µ) = λsδ(T, d, ρ, 0). Ainsi,
la dilatation de Strahler est une caractéristique métrique non-triviale des arbres réels compacts
enracinés.

Théorème 1.5.19 L’application sδ : TR −→ [0,∞] est mesurable et si Ths est l’espace limite du
théorème 1.5.18, alors sδ(Ths) = 1 presque sûrement.

La preuve de l’égalité sδ(Ths) = 1 s’appuie sur une décomposition auto-similaire de Ths
qui fait apparaître explicitement le plongement optimal pour (1.5.23). Voir le théorème 5.7.3 du
chapitre 5 pour une formulation exacte de ce résultat technique. On énonce maintenant les liens
attendus entre Ths et TH sous Nα.

Théorème 1.5.20 Soit (Ths, dhs, ρhs, µhs) l’espace limite du théorème 1.5.18. On note encore sδ
la dilatation de Strahler en base δ comme définie par (1.5.23). Pour toutes fonctions F : TR → R+
et g : [0,∞]→ R+ mesurables et positives, on a l’identité suivante

Nα
[
F (TH)g(sδ(TH))

]
= βα−β

∫
R+

E
[
F
(
Ths, x dhs, ρhs, α

βxαβµhs
)]
g(x) dx

x1+β ,

où on rappelle que β(α− 1) = 1 d’après (1.5.17). En particulier, on a Nα
(
sδ(TH) = 0

)
= 0 et

Nα
(
sδ(TH) > x

)
= (αx)−β pour tout x > 0.

D’après ce résultat, la dilatation de Strahler en base δ de TH est strictement positive et finie. On
peut prouver (voir la proposition 5.8.8 dans le chapitre 5) que le paramètre δ est le seul à vérifier
cette propriété et joue donc le rôle d’une base critique. En plus de donner la loi de sδ(TH) sous la
mesure sigma-finie Nα(dH), le théorème 1.5.20 fournit une version régulière (continue) de la loi
conditionnelle de TH sachant sδ(TH) en termes de redimensionnement de l’arbre réel aléatoire Ths.
Réciproquement, on peut retrouver la loi de Ths en divisant les distances sur TH par sδ(TH) : pour
tout y ∈ (0,∞) et pour toute fonction F : TR → R continue et bornée, on a

E
[
F (Ths)

]
= Nα

[
F
(
TH,sδ(TH)−1dH, ρH, α

−βsδ(TH)−αβµH
) ∣∣∣ sδ(TH) > y

]
.

En outre, l’intuition initiale sur la loi de Ths est justifiée par l’identité suivante :

E
[
F (Ths)

]
= lim

ε→0+
Nα

[
F
(
TH, α

1/αdH, ρH, µH
) ∣∣∣ ∣∣sδ(TH)− α−1/α∣∣ < ε

]
.
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La preuve du théorème 1.5.20 est basée sur une comparaison bayésienne de la convergence (1.1.17)
avec le théorème 1.5.18, qui est rendue possible grâce à l’homogénéité de sδ et au théorème 1.5.19.

La même méthode permet de montrer que si τ est un arbre pondéré de Galton-Watson α-stable,
alors la limite d’échelle de δS(τ ) sous P( · |#τ ≥ n) est égale à la dilatation de Strahler en base
δ de la limite d’échelle de l’arbre τ . Néanmoins, cet argument n’est pas suffisant pour étudier le
comportement asymptotique sous le conditionnement local P( · |#τ = n) car Nα(ζ = 1) = 0.
Pour éviter ce problème, on utilise un algorithme dû à Marchal [128] qui génère une suite imbriquée
d’arbres de Galton-Watson α-stables conditionnés à avoir n feuilles, ce qui permet de profiter d’une
propriété de monotonie du nombre de Horton-Strahler. En outre, on se sert d’un théorème de Curien
& Haas [41] qui affirme que cette suite converge presque sûrement vers un arbre α-stable après
renormalisation, ainsi que de résultats de Kortchemski [107] reliant les conditionnements par le
nombre de feuilles et par la taille. On prouve finalement le théorème ci-dessous, et on atteint donc
notre but initial.

Théorème 1.5.21 Soit τ un arbre pondéré de Galton-Watson α-stable, on reprend les notations du
théorème 1.5.18. On note encore sδ la dilatation de Strahler en base δ = ( α

α−1)α−1 comme donnée
par (1.5.23). Comme dans (1.5.18), on pose an = α−1/αn1/α pour tout n ∈ N. On rappelle que si
α ∈ (1, 2) alors ⌊α⌋ = 1, et si α = 2 alors ⌊α⌋ = 2. Alors, la convergence jointe suivante

((
τ,
an
n

dgr,∅,
1
n

∑
u∈τ

δu
)

; an
n
δS(τ )

)
sous P( · |#τ = n+ 1)

d−−−−−−−−−→
n→∞,n∈⌊α⌋N

(
(TH, dH, ρH, µH) ; sδ(TH)

)
sous Nα(dH | ζ = 1)

a lieu en loi sur l’espace K×(0,∞), où K est muni de la distance de Gromov-Hausdorff-Prokhorov.

Le théorème 1.5.20 et la formule (1.1.11) de désintégration impliquent que sδ(TH) est aussi
à valeurs dans (0,∞) sous Nα(dH | ζ = 1). En appliquant logδ(·) = ln(·)/ ln(δ) sur la seconde
marginale dans le théorème 1.5.21, on obtient la convergence en loi

S(τ )− α−1
α logδ n− 1

α logδ α sous P( · |#τ = n+ 1)
d−−−−−−−−−→

n→∞,n∈⌊α⌋N
logδ sδ(TH) sous Nα(dH | ζ = 1) (1.5.24)

sur R. Puisque S(τ) = ⌊S(τ )⌋, cela permet d’une part de retrouver la "loi des grands nombres"
donnée par le théorème 1.5.10 dans le cas spécifique où µ = µα. D’autre part, l’évolution de
la partie fractionnaire de α−1

α logδ n fait apparaître le même phénomène périodique que dans
l’estimation asymptotique (1.4.4) prouvée par Flajolet, Raoult & Vuillemin [75] et Kemp [98].

Le théorème 1.5.21 indique qu’il est possible de retrouver avec une précision arbitraire asymp-
totiquement le nombre de Horton-Strahler pondéré d’un grand arbre pondéré de Galton-Watson
stable à partir de la seule structure métrique de la limite d’échelle. Cela est remarquable pour
deux raisons. D’une part, les nombres de Horton-Strahler classiques et pondérés sont des quantités
combinatoires plutôt que métriques. Par exemple, greffer un arbre binaire parfait de hauteur (lnn)2

sur une feuille d’un arbre de Galton-Watson stable à n sommets augmente considérablement le
nombre de Horton-Strahler, d’après (1.4.2), mais ne modifie pas la limite d’échelle. On rappelle de
la section 1.1.5 que Duquesne & Le Gall [57, Section 4] montrent un phénomène similaire pour la
masse totale.

D’autre part, le nombre de Horton-Strahler pondéré dépend des poids aux feuilles, et donc d’un
aléa indépendant de l’arbre. Bien que l’influence de ceux-ci se résume à la partie fractionnaire, cette
contribution d’ordre constant est non-négligeable au sein de la convergence (1.5.24). La disparition
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de cette dépendance à la limite s’explique par le choix spécifique de la loi des poids, introduits
pour enlever les phénomènes arithmétiques parasites du nombre de Horton-Strahler entier, qui est
donc un aspect intrinsèque de l’arbre de Galton-Watson stable. De même, l’indice sδ(TH) est une
nouvelle caractéristique métrique de l’arbre stable dont les propriétés pourraient renseigner sur sa
géométrie.

Notre dernier résultat porte spécifiquement sur le cas α = 2, où 1√
2H sous Nα(dH | ζ = 1) a la

même loi que l’excursion brownienne standard donnée par (1.1.8).

Théorème 1.5.22 Ici α = 2. Alors sous N2(dH | ζ = 1), il y a égalité en loi entre les deux
variables aléatoires suivantes :

2s2(TH) d= sup
s∈[0,1]

Hs = sup
σ∈TH

dH(ρH, σ).

Ce résultat fait écho à l’identité en loi (1.4.7) car l’arbre brownien est à la fois la limite d’échelle
des arbres uniformes à n sommets et des arbres binaires uniformes à n feuilles. Notre preuve,
purement calculatoire, adapte la méthode de Flajolet, Raoult & Vuillemin [75] et de Kemp [98].
Ces calculs exacts ne peuvent être étendus aux cas α ∈ (1, 2). Il serait souhaitable de trouver une
preuve plus directe du théorème 1.5.22 afin de comprendre en profondeur cette identité en loi et de
savoir si elle reste valide pour les autres arbres stables.
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Chapter 2

Scaling limits of tree-valued branching random walks

This chapter is adapted from the paper [60], written in collaboration with Thomas Duquesne, Shen
Lin & Niccolò Torri, which is published in Electronic Journal of Probability.

Abstract

We consider a branching random walk (BRW) taking its values in the b-ary rooted tree Wb
(i.e. the set of finite words written in the alphabet {1, . . . , b}, with b≥2). The BRW is indexed
by a critical Galton–Watson tree conditioned to have n vertices; its offspring distribution is
aperiodic and is in the domain of attraction of a γ-stable law, γ∈(1, 2]. The jumps of the BRW
are those of a nearest-neighbour null-recurrent random walk on Wb (reflection at the root of
Wb and otherwise: probability 1/2 to move closer to the root of Wb and probability 1/(2b) to
move away from it to one of the b sites above). We denote byRb(n) the range of the BRW in
Wb which is the set of all sites in Wb visited by the BRW. We first prove a law of large numbers
for #Rb(n) and we also prove that if we equip Rb(n) (which is a random subtree of Wb)
with its graph-distance dgr, then there exists a scaling sequence (an)n∈N satisfying an→∞
such that the metric space (Rb(n), a−1

n dgr), equipped with its normalized empirical measure,
converges to the reflected Brownian cactus with γ-stable branching mechanism: namely, a
random compact real tree that is a variant of the Brownian cactus introduced by Curien, Le
Gall & Miermont in [40].
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2.1 Introduction

Since the seventies, branching random walk (BRW) is an area of research that is intensively studied
and is linked to traveling wave solutions of semi-linear partial differential equations (FKPP) or
various models of statistical mechanics (Generalized random energy model, Mandelbrot’s cascades,
Gaussian free field): we refer to the book of Shi [140] for an overview of this topic; we also refer
to the works of Gouëzel, Huerter, Lalley and Sellke [115, 94, 114, 86] for the study of BRW in
hyperbolic spaces and to Liggett [122] and to Benjamini & Müller [16] for branching random walks
on trees. In most of the previous works, BRWs are indexed by an infinite supercritical Galton–
Watson tree (GW-trees) and questions focus on various survival events or extremal behaviours of
BRWs.

In this chapter, we consider instead a BRW that takes its values in the b-ary tree Wb and that is
indexed by a critical Galton–Watson tree conditioned to have n vertices. The jumps of the BRW are
those of a nearest-neighbour null-recurrent RW on Wb. Namely, at the root of Wb (that is denoted
by ∅), it is reflected and elsewhere, with probability 1/2, it jumps to the neighbour closer to the root
of Wb and with probability 1/(2b), it moves further from the root of Wb and it jumps to one of the
b sites above. We study the rangeRb(n) of this BRW when n→∞. More precisely, we first show
that 1

n #Rb(n) converges in probability to a constant; this law of large numbers is the analogue of
the results due to Le Gall & Lin [83, 82] who treat the cases of Zd-valued BRWs that are indexed
by critical GW-trees conditioned to have n vertices. We then prove thatRb(n), seen as a subtree
of the b-ary tree, converges, when it is suitably rescaled, to a continuum random tree called the
reflected Brownian cactus with γ-stable branching mechanism: namely, a random compact real tree
that is a variant of the Brownian cactus introduced by Curien, Le Gall & Miermont in [40].

This limit theorem forRb(n) is related to earlier works on scaling limits of the range of tree-
valued critical or near-critical biased random walks (RWs): in particular we refer to Duquesne [52]
who deals with near-critical biased RWs on b-ary trees, to Peres & Zeitouni [137] who show that
the distance to the root of a critical biased RW in a Galton–Watson environment is diffusive, to
Dembo & Sun [45] who study the cases of critical biased RWs on N -type GW-trees, to Aïdékon &
de Raphélis [6] who improve Peres & Zeitouni’s result and who show that the range of the same RW
converges when suitably rescaled, to a variant of the Brownian CRT, and to Chen & Miermont [35]
who show that rescaled Brownian bridges and loops in hyperbolic spaces converge to the Brownian
CRT. Their work is based on a previous results due to Bougerol & Jeulin [25]. Independently,
Stewart shows in his PhD Thesis [145] that the rescaled simple RW bridges on a d-regular tree
(d ≥ 3) converge to the Brownian CRT.

Let us describe more precisely the results that we obtain. We consider a (rooted and ordered)
Galton–Watson tree τ with offspring distribution µ that satisfies the following: we fix γ∈(1, 2] and
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we assume

(H)


(H1) : µ(0) > 0 and

∑
k∈N kµ(k) = 1,

(H2) : µ is aperiodic (namely, µ is not supported by a proper subgroup of Z),
(H3) : µ is in the domain of attraction of a γ-stable law.

(2.1.1)
Note that (H1) implies that a.s. the total number of vertices #τ is finite; (H2) implies that for
all large enough integers n, P(#τ =n)> 0. We translate (H3) into the following assertion: let
(Ln)n∈N be an i.i.d. sequence of N-valued random variables such that P(Ln = k) =µ(k), k∈N
and let X be a real random variable whose law is spectrally positive γ-stable; it is characterised
by its Laplace exponent: log E[exp(−λX)] = λγ , λ ∈ [0,∞). Then under (H3), there exists a
nondecreasing γ−1

γ -regularly varying sequence (an)n∈N such that

an
n

(
L1 + . . .+ Ln − n

) (law)
−−−−→
n→∞

X . (2.1.2)

In particular, if the variance σ2 of µ is finite then (H3) is verified with γ = 2, and (2.1.2) holds with
an =

√
2n/σ2. As we see below, under (H), τ behaves regularly when it is conditioned to be large:

namely, we see that suitably rescaled versions of τ under P( · |#τ =n) converge in distribution
when n→∞.

Conveniently, we view τ as a family tree whose ancestor is the root and where siblings are
ordered by birth-rank. The depth-first exploration of τ is the sequence of vertices (uk)0≤k<#τ
that is defined recursively as follows: u0 is the root and for all k∈{0, . . . ,#τ−2}, let v be the
most recent ancestor of uk having at least one unexplored child (note that possibly v=uk); then
uk+1 is the unexplored child of v with least birth-rank. Our first result is the following law of large
numbers for the size of the range of the Wb-valued τ -indexed critical branching random walk (see
Sections 2.2 and 2.3 for more precise definitions).

Theorem 2.1.1 Let τ be a Galton–Watson tree with offspring distribution µ that satisfies (H).
Recall that (uk)0≤k<#τ stands for the depth-first exploration of τ . Conditionally given τ , let
(Yv)v∈τ be a Wb-valued τ -indexed critical branching random walk starting at Yroot =∅. Then,
there exists a constant cµ,b∈(0,∞) that only depends on µ and b such that

∀ε∈(0,∞), lim
n→∞

P
(

1
n max

1≤k≤n

∣∣#{Yul
; 0≤ l<k

}
− cµ,b k

∣∣ > ε
∣∣∣#τ=n

)
= 0 , (2.1.3)

In particular, for all ε∈ (0,∞), we get limn→∞P
( ∣∣ 1
n#Rb − cµ,b

∣∣>ε ∣∣#τ =n
)

= 0, where Rb
stands for the range {Yv; v∈τ} of the branching random walk.

Let τ , (Yv)v∈τ and Rb ={Yv; v∈τ} be as in Theorem 2.1.1. Observe that Rb is a subtree of
Wb. Our second main result is a limit theorem for rescaled versions of the metric spaces (Rb, dgr)
where dgr stands for the graph-distance. To state it, let us first recall a limit theorem for (τ, dgr).
Set Hk(τ) =dgr(root, uk) for all k∈{0, . . . ,#τ−1}, that is the height process of τ . Note that
H(τ)=

(
Hk(τ)

)
k∈{0,...,#τ−1} entirely codes τ . Then, Theorem 3.1 in Duquesne [50] asserts the

following: assume (H) as in (2.1.1) and let (an) be as in (2.1.2); then there is a nonnegative
continuous process H = (Hs)s∈[0,1] such that( 1

an
H⌊ns⌋(τ)

)
s∈[0,1] under P

(
·
∣∣#τ=n

)
−−−−→
n→∞

H, (2.1.4)

weakly on C([0, 1],R). When γ=2, H is the normalized Brownian excursion. When the variance
of µ is finite, this result is due to Aldous (see Theorem 23 in Aldous [9]). When γ∈ (1, 2), H is
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the normalized excursion of the γ-stable height process that is a local-time function of a γ-stable
spectrally positive Lévy process.

The metric space that is the limit of (τ, 1
an
dgr) as n→∞ is derived from the normalized

excursion of the γ-stable height process H as follows: for all s1, s2∈ [0, 1], we set

dH(s1, s2)=Hs1 +Hs2 − 2 min
s1∧s2≤s≤s1∨s2

Hs.

We easily check that a.s. dH is a pseudo-metric on [0, 1]. We introduce the relation ∼H on [0, 1]
by setting s1 ∼H s2 if and only if dH(s1, s2)=0; clearly, ∼H is an equivalence relation and the
normalized γ-stable Lévy tree is taken as the quotient space TH =[0, 1]/∼H , equipped with the
distance induced by dH that we keep denoting dH . We denote by pH : [0, 1]→ TH the canonical
projection. Note that pH is continuous; therefore TH is compact and connected. Moreover, TH is
a real tree, namely, a metric space such that all pairs of points are joined by a unique simple arc
that turns out to be a geodesic (see Definition 2.4.6 for more details). We set rH :=pH(0) that is
viewed as the root of TH and we equip TH with the measure µH that is the image of the Lebesgue
measure on [0, 1] via pH , namely,

∫
TH
f dµH =

∫ 1
0 f(pH(s)) ds, for all continuous f :TH→R. The

convergence (2.1.4) then implies the following one.(
τ, 1

an
dgr, root, 1

nm
)

under P
(
·
∣∣#τ=n

)
−−−−→
n→∞

(TH , dH , rH , µH) (2.1.5)

where m=
∑
v∈τ δv stands for the counting measure on τ . Here the convergence holds weakly on

the space M of isometry classes of pointed measured compact metric spaces equipped with the
Gromov–Hausdorff–Prokhorov distance δGHP that makes it a Polish space, as proved in Abraham,
Delmas & Hoscheit [4, Theorem 2.5]. (See (2.4.10) for a precise definition of δGHP and see (2.4.11)
for more details.) For more details on Lévy trees see Le Gall & Le Jan [81] and Duquesne & Le
Gall [61, 57] (see also Section 2.4.4).

The limit of rescaled versions of the metric spaces (Rb, dgr) is constructed as follows: as proved
in Duquesne & Le Gall [57] (Lemma 6.4 p. 600, that is recalled in Lemma 2.4.32), conditionally
given H , there exists a Hölder-continuous centered Gaussian process σ∈TH 7−→Wσ∈R whose
covariance is characterised by E

[∣∣Wσ1−Wσ2

∣∣2∣∣H]=dH(σ1, σ2), for all σ1, σ2∈TH . Then, we
set

∀σ1, σ2∈TH , dH,W (σ1, σ2) = |Wσ1 |+ |Wσ2 | − 2 min
σ∈Jσ1,σ2K

|Wσ|,

where Jσ1, σ2K is the unique geodesic that joins σ1 to σ2 in TH . In Lemma 2.4.22, we prove that
dH,W is a pseudo-metric on TH ; we then define the equivalence relation ∼H,W on TH by setting
σ1 ∼H,W σ2 if and only if dH,W (σ1, σ2) = 0 and we denote by TH,W =TH/∼H,W the quotient
metric space and we keep denoting by dH,W the resulting metric; we denote by πH,W : TH →
TH,W the canonical projection that is continuous. Thus TH,W is compact and connected, and
(TH,W , dH,W ) is a real tree (see Section 2.4.6, especially Proposition 2.4.34, for more properties of
TH,W ). It turns out that this kind of spaces has been introduced in Curien, Le Gall & Miermont [40]
(see also Le Gall [116] for a different purpose); they coined the name Brownian cactus, so we call
(TH,W , dH,W ) the normalized reflected Brownian cactus with γ-stable branching mechanism. We
next set rH,W =πH,W (rH) that is viewed as the root of TH,W and we equip TH,W with the measure
µH,W that is the image of µH via πH,W : namely,

∫
TH,W

f dµH,W =
∫
TH
f(πH,W (σ))µH(dσ), for

all continuous f :TH,W→R. Our second result is the following limit theorem.

Theorem 2.1.2 Let τ be a Galton–Watson tree with offspring distribution µ that satisfies (H)
as in (2.1.1). We denote by m =

∑
v∈τ δv the counting measure on τ and we denote by dgr

the graph distance on τ . Conditionally given τ , let (Yv)v∈τ be a Wb-valued τ -indexed critical
branching random walk starting at Yroot = ∅. We denote by Rb = {Yv; v ∈ τ} the range of Y ,
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by mb
occ =

∑
v∈τ δYv the occupation measure of Y and by dgr the graph distance on Rb. We

denote by (TH , dH , rh, µH) the normalized γ-stable Lévy tree and by (TH,W , dH,W , rH,W , µH,W )
the normalized reflected Brownian cactus with γ-stable branching mechanism as defined above.
Let (an)n∈N be as in (2.1.2). Then, the following limit holds weakly on (M, δGHP)2((

τ, 1
an
dgr, root, 1

nm
)
,
(
Rb,

1√
an
dgr,∅, 1

nmb
occ
))

under P
(
·
∣∣#τ=n

)
(law)

−−−−−−→
n→∞

((
TH , dH , rH , µH

)
,
(
TH,W , dH,W , rH,W , µH,W

))
. (2.1.6)

Moreover, denote by mb
count =

∑
x∈Rb

δx the counting measure onRb; then, for all ε∈(0,∞),

lim
n→∞

P
(
d (n)

Prok
( cµ,b
n mb

occ,
1
nmb

count
)
>ε

∣∣∣#τ=n
)

=0 ,

where cµ,b is as in Theorem 2.1.1 and where d (n)
Prok stands for the Prokhorov distance on the space of

finite measures on (Rb,
1√
an
dgr). It implies that the following limit holds jointly with (2.1.6):

(
Rb,

1√
an
dgr,∅, 1

nmb
count

)
under P

(
·
∣∣#τ=n

) (law)
−−−−−−→

n→∞

(
TH,W , dH,W , rH,W , cµ,b.µH,W

)
.

Theorem 2.1.1 is the analogue of Proposition 5 and Theorem 7 in Le Gall & Lin [82] established
for Zd-valued BRWs. Let us mention that our strategy of proof is similar: we define a specific
invariant shift for infinite tree-valued BRWs and we use the subadditive ergodic theorem; the
constant cµ,b is interpreted as the probability that the invariant BRW visits its starting point only
once.

The proof of Theorem 2.1.2 is distinct from that of Theorem 2.1.1. On one hand, it relies on
general arguments on weak limits of random metrics (see Proposition 2.4.4). As an application
of these results, we prove that the range of critical biased RWs on N -type supercritical GW-trees
converges to the tree coded by a reflected Brownian motion (see Corollary 2.4.16). This result is
derived from a much more difficult result due to Dembo & Sun [45] that asserts that the distance
from the root of the RW converges, when suitably rescaled, to a reflected Brownian motion. The
same idea allows to recover previous scaling limits for the range of RWs on supercritical GW-trees
such as in Duquesne [52] (critical biased RWs on b-ary trees) or in Aïdékon & de Raphélis [6]
(biased RWs and RWs in random environment on single-type GW-trees). We refer to the end of
Section 2.4.2 for more details. On the other hand, the proof of Theorem 2.1.2 uses limit theorems
for discrete snakes that have been obtained by Janson & Marckert in [97] in the Brownian case and
by Marzouk [130] in the stable cases.

Organization of the chapter

The chapter is organised as follows. In Section 2.2, we introduce notations on trees with an
infinite line of ancestors that constitute a natural state-space for invariant tree-valued BRWs. In
Section 2.3.1, we define the kinds of BRWs that we study; Section 2.3.2 is devoted to metric
properties of the range of the so-called free BRWs. In Section 2.3.3, we state a coupling for BRWs
that is a key argument in the proof of Theorem 2.1.1. In Section 2.3.4, we prove estimates that
are used mostly to prove that cµ,b > 0. Theorem 2.1.1 is proved in Sections 2.3.5 and 2.3.6. In
Section 2.4.1, we prove general convergence results for random metrics. In Section 2.4.2 we apply
these results to get scaling limits for the range of RWs on N -type GW-trees (see Corollary 2.4.16).
In Section 2.4.3 we introduce snake metrics and we prove specific results. In Sections 2.4.4 and
2.4.5, we recall definitions and properties on stable Lévy trees and Lévy snakes. Section 2.4.6 is
devoted to basic properties of reflected Brownian cactuses. Theorem 2.1.2 is proved in Section 2.5.
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2.2 Tree with a possibly infinite line of ancestors.

Words. Recall that N stands for the set of nonnegative integers {0, 1, 2, . . .} and that N∗=N\{0}.
Let A be a set with more than two elements that is viewed as an alphabet. We denote by WA the
finite words written with alphabet A: namely,

WA=
⋃
n∈N

An . (2.2.1)

Here, A0 is taken as {∅}, ∅ being the empty word. Let u = (a1, . . . , an) ∈ WA be distinct
from ∅. We set |u| = n that is the height of u, with the convention that |∅| = 0. We next
set ←−u = (a1, . . . , an−1) that is interpreted as the parent of u (if n = 1, then ←−u = ∅). More
generally for all p∈{1, . . . , n}, we set u|p = (a1, . . . , ap), with the convention: u|0 =∅. For all
v=(b1, . . . , bm)∈WA, we set u ∗ v=(a1, . . . , an, b1, . . . , bm) that is the concatenation of u with
v, with the convention that ∅∗u=u∗∅=u. We shall also define the most recent common ancestor
of u and v in WA as u ∧ v=u|p=v|p where p=max{k∈N : u|k=v|k}. We shall consider three
cases:
• A = N∗; in that case we use the notation U :=WN∗ , the letter U being for Ulam.
• A = {1, . . . , b}, b being an integer≥ 2; we use the notation Wb :=W{1,...,b}; Wb is the b-ary

tree.
• A = [0, 1]; we call W[0,1] the free tree.

Definition 2.2.1 Rooted ordered trees can be viewed as subsets t⊂U that satisfy the following.
(a) ∅∈ t.
(b) If u∈ t\{∅}, then←−u ∈ t.
(c) For all u∈ t, there exists ku(t)∈N such that u∗(i)∈ t if and only if 1≤ i≤ku(t).

We denote by T the set of rooted ordered trees. □

The quantity ku(t) is interpreted as the number of children of u and u∗(i) is the i-th child of u,
1≤ i≤ku(t). If ku(t)=0, then there is no child stemming from u and assertion (c) is empty. We
next set the shift of t at u by θut={v∈U : u∗v∈ t} that is also a rooted ordered tree: it is viewed
as the subtree of the descendants stemming from u. Unless otherwise specified, all the random
variables that are mentioned in this chapter are defined on the same probability space (Ω,F ,P).

Definition 2.2.2 We equip T with the sigma-field F (T) generated by the sets {t∈T :u∈ t}, u∈U.
A Galton–Watson tree with offspring distribution µ (a GW(µ)-tree, for short) is a (F ,F (T))-
measurable r.v. τ :Ω→T that satisfies the following.
• k∅(τ) has law µ.
• For all k ≥ 1 such that µ(k)> 0, the subtrees θ(1)τ, . . . , θ(k)τ under P( · |k∅(τ) = k) are

independent with the same law as τ under P. □

Recall that τ is a.s. finite if and only if µ is critical or subcritical:
∑
k≥1 kµ(k)≤1.

Bilateral words. We shall consider branching random walks seen from the spatial and genealogi-
cal position of a tagged individual. To that end, it is convenient to introduce ordered trees that are
rooted possibly at a negative generation and we also introduce their local limits that may have an
infinite line of ancestors. It is therefore convenient to introduce words indexed by possibly negative
numbers.

To simplify, we set Z− = Z\N∗ and
←−
Z = Z ∪ {−∞}. An A-bilateral word is a (possibly

infinite) sequence u= (ak)k1<k≤k2 where k1 ∈
←−
Z and k2 ∈ Z are such that k2 ≥ k1 and where
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ak∈A for all k1<k≤k2. We denote by WA the set of bilateral words, including the empty word
denoted by ∅ (if k1≥k2, then we agree on u=∅). If u ̸= ∅, we introduce the following notation.

|u|−=k1, be the depth of u,

|u|=k2, be the relative height of u (note that it may take negative values),
←−u =(ak)k1<k≤k2−1 be the parent of u,

u|(l1,l2] =(ak)k1∨l1<k≤k2∧l2 ,

end(u) = ak2 ,

(2.2.2)

for all l1∈
←−
Z , l2∈Z such that l1 ≤ l2. To simplify, we also set

∀l∈Z, u|l = u|(−∞,l]. (2.2.3)

Let us stress that a bilateral word has at most a finite number of letters ak indexed by positive
indices, k∈N∗, while it can have infinitely many letters indexed by negative indices, k∈

←−
Z ∩ Z−.

Note that ∅ has neither relative height nor depth. Note that if l1≤k1 and k2 ≤ l2, then u|(l1,l2] =u.

• Shift. For all l ∈ Z, we denote the l-shift operator φl :WA→WA by:

φl(u) = (ak+l)k1−l<k≤k2−l,

Note that |φl(u)|−= |u|−− l, that |φl(u)|= |u| − l and that φl(∅)=∅. Clearly, φl ◦ φl′=φl+l′ ,
φl is bijective and φl ◦ φ−l is the identity map.

• Concatenation. For all u=(ak)k1<k≤k2 ∈WA and all v=(bk)1≤k≤k3 ∈WA, we define

u∗v=(cl)k1<k≤k2+k3 where ck =
{
ak If k1<k≤k2,
bk−k2 If k2<k≤k2 + k3.

(2.2.4)

The bilateral word u∗v is the concatenation of a bilateral word u on the left with a null depth word
v on the right. Note that |u ∗ v|−= |u|−, that |u ∗ v|= |u|+ |v| and that u ∗∅=u.

• Convergence in WA. Assume that (A, dA) is a Polish space. We equip WA with the following
local convergence.

Let u(p)∈WA, p∈N; the sequence of words u(p) converges to u if |u(p) |−→|u|− in
←−
Z and if

for all l∈N and for all ε∈ (0, 1), there exists pl,ε∈N such that for all p≥pl,ε, |u(p)|= |u|,
(−l)∨|u(p)|−=(−l)∨|u|− and max(−l)∨|u|−≤k≤|u| dA

(
u(p)

k , uk

)
< ε.

It is easy to see that this convergence corresponds to a Polish metric and we equip WA with the
corresponding Borel sigma-field. Note that the shifts operators φl are homeomorphisms with
respect to local convergence. If A=N∗, we shall use the notation U :=WN∗ . If A={1, . . . , b}, we
shall use the notation Wb :=W{1,...,b}. Note that in these cases, N∗ and {1, . . . , b} are equipped
with the discrete topology.

Trees with infinite line of ancestors.

Definition 2.2.3 A non-empty subset R⊂WA is a subtree of WA if it satisfies the following.

(a) There exists |R|−∈
←−
Z such that |v|−= |R|− for all v∈R\{∅}.

(b) For all v∈R\{∅} such that |v|> |R|−,←−v ∈R.

(c) For all u and v in R, there exists l∈Z such that u|l=v|l (see (2.2.3)). □
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We call |R|− the depth of the subtree R. If |R|−>−∞, then (b) implies that the empty word ∅ is
an element of R and |R|− + 1=minv∈R\{∅} |v|, (c) is always fulfilled since for all l≤|R|− and
all v ∈ R, we get v|l=∅. If |R|−=−∞, then ∅ /∈R.

• Common ancestor. Recall from (2.2.3) the notation u|l. Let R⊂WA be a subtree as in Defini-
tion 2.2.3. We define the common ancestor of u, v∈R by

u ∧ v =u|b(u,v)= v|b(u,v) where b(u, v) :=max{l∈Z : u|l=v|l}, (2.2.5)

that is well-defined thanks to Definition 2.2.3 (c).

• Graph distance on subtrees of WA. A subtree R⊂WA as in Definition 2.2.3 corresponds to the
following graph-tree: its set of vertices is R and its set of edges is {{v,←−v }; v∈R : |v|> |R|−}.
We easily observe that the graph distance dgr on R is given by

∀x, y∈R, dgr(x, y) = |x|+ |y| − 2|x ∧ y| . (2.2.6)

• Ordered trees with a possibly infinite line of ancestors. We next extend Definition 2.2.1 to ordered
trees with a possibly infinite line of ancestors as follows.

Definition 2.2.4 Recall the notation U :=WN∗. A subset t⊂U is an ordered tree (with a possibly
infinite line of ancestors) if it is a subtree of U as in Definition 2.2.3 satisfying (a), (b) and (c) with
A=N∗ and if it furthermore satisfies the condition that any word has a finite number of children,
that is,

(d) ∀u∈ t, ku(t):=#{v∈ t :←−v =u}<∞ and {1, . . . , ku(t)}={end(v); v∈ t:←−v =u} if ku(t)≥1.

We shall consider that the singleton {∅} is the only tree with one point. We denote by T the set of
ordered trees. □

For all k ∈
←−
Z , we set Tk = {{∅}} ∪ {t ∈ T : |t|− = k}. Note that T0 = T, where T is as in

Definition 2.2.1 and observe that φ−k(T)=Tk when k > −∞.

• Lexicographical order and successor of a vertex. Let t∈T. By Definition 2.2.3 (c), the vertices
of t are totally ordered by the lexicographical order ≤t that is formally defined as follows. Let
u, v∈ t\{∅}; recall from (2.2.5) the definition of b(u, v) and from (2.2.2) the definition of end(·);
then,

u ≤t v if and only if end(u|b(u,v)+1) ≤ end(v|b(u,v)+1) . (2.2.7)

Note that ≤t actually depends on t: it is not defined on the whole set of bilateral words U but
only on t (indeed, to define ≤t, branching points have to be well-defined, which requires possibly
infinite words to share a prefix). If ∅∈ t, then ∅ is the ≤t-least element of t. We denote by <t the
strict order associated with ≤t. We also introduce the following related notation: for all u∈ t, the
successor scc(u) of u is defined as the ≤t-least element of {v∈ t :u<t v} if this set is not empty,
otherwise we simply take scc(u)=u.

• Subtree. Let t∈T and u ∈ t. The subtree θut stemming from u is defined as follows.

θut={v∈U : u ∗ v∈ t}, (2.2.8)

where we recall from (2.2.4) the definition of the concatenation ∗ of a bilateral word on the left
with a null-depth word on the right. Note that |θut|− = 0, namely: θut ∈ T, where T is as in
Definition 2.2.1.
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Pointed labelled trees. To deal with branching random walks, we introduce labelled trees where
the label of a vertex is viewed as its position in space. More precisely, let (E, dE) be a Polish
metric space. We define the space of pointed E-labelled trees as follows. For all k∈

←−
Z , we set:

T•k(E)={∂}∪
{
t=

(
t, o ; x=(xv)v∈t

)
: t∈Tk, o∈ t, xv∈E, v∈ t

}
and T•(E)=

⋃
k∈
←−
Z

T•k(E),

where ∂ stands for a cemetery point. Here, the label of v∈ t is xv∈E that is viewed as the spatial
position of v. If there is no label, we simply write T•k and T•.
• Shift operator on labelled trees. Shift operators act naturally on the space of pointed E-labelled
trees as follows: let l∈Z; we set φl(∂)=∂ and for all t=(t, o; x)∈ T•(E)\{∂}, we set

φl(t)=(φl(t), φl(o); x◦φ−l), where x◦φ−l=(xφ−l(w))w∈φl(t).

• Truncation. We next define a natural truncation procedure for pointed labelled trees along the line
of ancestors of the distinguished point.

Definition 2.2.5 Let t=
(
t, o ; x=(xv)v∈t

)
∈T•(E). Let p∈

←−
Z and q∈Z∪{∞} be such that p<q.

We define the following.

− If (p, q] ∩
(
|o|− , |o|

]
=∅, then we set [t]qp=∂. We also set [∂]qp=∂.

− If (p, q] ∩
(
|o|− , |o|

]
̸=∅, then we set [t]qp=(t′, o′; x′) where

o′=o|(p,q], t′=
{
v|(p,q]; v∈ t : v|p=o|p

}
and x′v′=xv,

where v∈ t is such that v′=v|(p,q] and v|p=o|p (recall notation v|p from (2.2.3)).

We simply set [t]p instead of [t]∞p . If t∈T•k(E), then note that [t]qp∈T•k∨p(E). We use a similar
notation for pointed trees without label. □

• Local convergence on T•(E). For all t=(t, o; x), t′=(t′, o′; x′) in T•(E), we first set

∆(t, t′)=1{(t,o)̸=(t′,o′)} + 1{(t,o)=(t′,o′)}max
v∈t

(
1∧dE(xv, x′v)

)
with ∆(t, ∂)=1 and ∆(∂, ∂)=0. We easily check that ∆ is a metric on T•(E). Then, we define
the local convergence as follows.

Let tn= (t(n), o(n); x(n))∈T•(E), n∈N; the sequence (tn)n≥0 is said to converge locally
to t = (t, o; x)∈T•(E) if for all ε∈ (0, 1) and all q∈N, there exists nq,ε∈N such that for
all integers n≥ nq,ε, ∆

(
[t(n)]q−q, [t]q−q

)
< ε (when there is no label, it simply means that

[t(n)]q−q=[t]q−q ).

Local convergence corresponds for instance to the following metric:

∀t, t′∈T•(E), δloc
(
t, t′

)
=
∑
q∈N

2−q−1∆
(
[t]q−q, [t′]

q
−q
)
,

with δloc(t, ∂)=1 and δloc(∂, ∂)=0. We easily check that (T•(E), δloc) is Polish and we note
that shift operators are isometries.

Definition 2.2.6 Let (t, o)∈T• be distinct from ∂.

(a) We set cent(t, o) = φ|o|(t, o) that is the centering map: it shifts trees so that their distin-
guished point is at relative height 0.
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(b) We next set scc(t, o)=cent(t, scc(o)) where we recall that scc(o) stands for the vertex of
t coming next in the lexicographical order as defined by (2.2.7). We call scc(·) the successor
map.

(c) Observe that there is a unique pointed tree (t′, o′) ∈ T• and a unique one-to-one map
ψ : t′→{o|p; p≤ |o|} ∪ {v ∈ t : o<t v} such that ψ(ϱ′) = ϱ, that is increasing with respect
to the lexicographical order and that preserves the relative height; we set [(t, o)]+ =(t′, o′)
that is called the right-part of (t, o). Intuitively, the only difference between (t′, ρ′) and
{o|p; p≤|o|} ∪ {v∈ t :o<t v} is that (t′, ρ′) respects the convention (c) in Definition 2.2.1
we have imposed on rooted ordered trees. We also set

scc+(t, o)=[scc(t, o)]+ .

The map scc+(·) is called the right-successor.

By convenience, we set cent(∂)=scc(∂)=scc+(∂)=∂. □

Note that

[cent(t, o)]+ =cent
(
[(t, o)]+

)
and scc+(t, o)=scc+([(t, o)]+

)
. (2.2.9)

Let us state a technical result about the continuity of the maps cent, [·]+, scc and scc+.

Lemma 2.2.7 The maps cent(·) and [ · ]+ are locally continuous and the maps scc(·) and scc+(·)
are locally continuous at the pointed trees (t, o) such that scc(o) ̸=o.

Proof. Since shift-operators are δloc-isometries, the continuity of cent follows from the continuity
of (t, o)→|o| that is a direct consequence of the definition of local convergence; [ · ]+ is locally
continuous because [[t]q−q]+=[[t]+]q−q and to complete the proof, it is then sufficient to prove that
(t, o) 7→(t, scc(o)) is locally continuous at trees such that scc(ϱ) ̸=ϱ.

To that end, let (tn, on)→ (t, o) locally in T•. Set p0 = |scc(o)| and suppose that o ̸=scc(o),
which implies |o∧scc(o)|=p0−1. Let p∈N be such that −p<p0−1< |o|+ 1<p; there is np∈N
such that for all n≥np, (t′n, o′n) :=[(tn, on)]p

−p is equal to (t′, o′) :=[(t, o)]p
−p ; thus, the successor

of o′n in t′n is equal to the successor of o′ in t′. Consequently, [(tn, scc(on))]p
−p =(t′n, scc(o′n))=

(t′, scc(o′))=[(t, scc(o))]p
−p , which entails the desired result. ■

Infinite pointed Galton–Watson trees. For all t∈T and for all u∈ t, recall from (2.2.8) the
definition of the subtree θut∈T.

Definition 2.2.8 Let (r(j, k))k≥j≥1 be a probability measure on the octant {(j, k)∈(N∗)2 :j≤k}.
Let µ be a probability measure on N. Let τ ∗ = (τ∗, ϱ) : Ω→ T• be a Borel-measurable random
pointed tree such that a.s. |ϱ|=0 and |τ∗|−=−∞. We introduce the following notation.

∀p∈N, ϱ(p) = ϱ| ]−∞,−p], Sp={ϱ(p) ; p∈N} and ∂Sp=
{
u∈τ∗\Sp :←−u ∈Sp

}
.

Then, τ ∗ is an infinite pointed Galton–Watson tree with offspring distribution µ and dispatching
measure r if the r.v. S :=

(
end(ϱ(p)), kϱ(p+1)(τ∗)

)
p∈N are i.i.d. with law r and if conditionally

given S, the subtrees (θuτ ; u∈∂Sp) are independent GW(µ)-trees.
We shall deal with the following special cases that are well-defined if mµ :=

∑
k∈N kµ(k) is a

finite quantity.
(i) If r(j, k)=µ(k)/mµ, for all k≥j≥1, then we say that τ ∗ is an infinite pointed GW(µ)-tree

(an IPGW(µ)-tree for short).
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(ii) If r(j, k)=1{j=1}µ(k), for all k≥j≥1, where µ(k)=m−1
µ

∑
l≥k µ(l) for all k≥1, then we

say that τ ∗ is the right part of an infinite pointed GW(µ)-tree (an IPGW+(µ)-tree for short).
Note that if τ ∗ is an IPGW(µ)-tree, then [τ ∗]+ is an IPGW+(µ)-tree. □

IPGW-trees are related to GW-trees via the many-to-one principle (or the one-point decomposition
of GW-trees) that asserts the following: let µ be a probability distribution on N such that mµ :=∑
k∈N kµ(k)<∞. Let τ be a GW(µ)-tree and let τ ∗ be an IPGW(µ)-tree as in Definition 2.2.8.

Then for all Borel-measurable functions F :N× T•→ [0,∞),

E
[∑
v∈τ

F
(
|v|;φ|v|(τ, v)

)]
=
∑
p≥0

mp
µ E
[
F (p ; [τ ∗]−p)

]
, (2.2.10)

where we recall from Definition 2.2.5 the notation [τ ∗]−p for the pointed tree τ ∗ truncated above
the ancestor of ϱ at generation −p. Based on this identity, the following proposition shows that
IPGW trees are local limits of critical GW-trees conditioned to be large and seen from a uniformly
chosen vertex. This result is part of the folklore; its proof derives from (2.2.10) and it is left to the
reader.

Proposition 2.2.9 Let µ be a probability distribution on N such that
∑
k∈N kµ(k)=1. We assume

that µ is aperiodic. Let τ be a GW(µ)-tree; let u be uniformly distributed on the set of vertices of τ .
Let τ ∗ be an IPGW(µ)-tree as in Definition 2.2.8. Then

cent(τ,u) under P( · |#τ=n) −−−→
n→∞

τ ∗

weakly on T• with respect to local convergence.

We use the previous proposition to prove the following one.

Proposition 2.2.10 Let µ be a probability measure on N such that
∑
k∈N kµ(k)=1. Recall scc(·)

and scc+(·) from Definition 2.2.6. Then, the law of IPGW(µ)-trees (resp. IPGW+(µ)-trees) is
preserved by scc(·) (resp. by scc+(·)).

Proof. Let us first mention that a different proof of the result for scc+(·) is given in Le Gall
& Lin [82, Proposition 2]. Then, note that the result for scc+(·) is implied by the result for
scc(·) by (2.2.9) and since the right-part of a IPGW(µ)-tree is an IPGW+(µ)-tree. Let us prove
the result for scc(·). Let τ ∗ = (τ∗, ϱ) be an IPGW(µ)-tree and let τ be a GW(µ)-tree; let u be
uniformly distributed on the set of vertices of τ ; denote by v∗ the last vertex of τ with respect to
the lexicographical order. Set u′=scc(u) if u ̸=v∗ and u′=∅ if u=v∗: clearly, u′ is uniformly
distributed on τ and P(scc(u) ̸= u′|#τ =n) = 1/n. Let F :T•→ [0,∞) be locally continuous
and bounded. By Definition 2.2.6 (b), scc(τ,u)=cent(τ, scc(u)). Thus,∣∣E[F (scc(τ,u))|#τ=n

]
−E

[
F (cent(τ,u′))|#τ=n

] ∣∣≤2∥F∥∞/n.

First suppose that µ is aperiodic. Then the previous inequality and Proposition 2.2.9 imply that

lim
n→∞

E
[
F (scc(τ,u))|#τ=n

]
= lim
n→∞

E
[
F (cent(τ,u′))|#τ=n

]
=E[F (τ ∗)].

Moreover, since it is clear that a.s. scc(ϱ) ̸=ϱ, Lemma 2.2.7 and Proposition 2.2.9 entail

lim
n→∞

E
[
F (scc(τ,u))|#τ=n

]
=E[F (scc(τ ∗))],

which completes the proof when µ is aperiodic.
Let us consider a general µ. For all ε∈ (0, 1), we set µε := εδ1 + (1−ε)µ. Namely, µε is a

critical aperiodic offspring distribution. Let τ ∗ε be an infinite GW(µε)-tree. We easily check that
τ ∗ε→τ ∗ locally as ε→0. Then the local continuity of scc(·) (see Lemma 2.2.7) entails the desired
result. ■
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2.3 Tree-valued branching random walks.

2.3.1 Definitions.

Let E be a (Polish) space of labels. Let (q(y, dy′))y∈E be a transition kernel and let ϖ be a Borel
probability measure on E. For all pointed tree t = (t, u)∈T•, we define the law Qϖ,t on T•(E)
of the q-branching random walk with genealogical tree t and such that ϖ is the law of the spatial
position of the distinguished individual u.

To that end, we first assume that t is finite and we introduce the following notation: for any
v, w∈ t, we denote by Jv, wK the set of vertices on the shortest path joining v to w in the tree t. If
w ̸=v, then we denote by←−w v the unique v′∈Jv, wK that is at graph-distance 1 from w; we call←−w v

the v-parent of w.
Then, the r.v. Θ=(t, u; (Yv)v∈τ ) : Ω→T•(E) has law Qϖ,t if

the joint law of (Yv)v∈t is ϖ(dyu)
∏

v∈t\{u}
q(y←−v u , dyv), (2.3.1)

The definition (2.3.1) can be extended to the case in which t is infinite. For such purpose it is
enough to note that [Θ]qp has law Qϖ,[(t,ϱ)]qp (see Definition 2.2.5 for the truncation [·]qp).

Let us note that

tn −−−→
n→∞

t locally in T• =⇒ Qϖ,tn −−−→
n→∞

Qϖ,t weakly on T•(E).

When ϖ= δy for some y ∈E, we simply write Qy,t instead of Qδy ,t. Since y 7→ q(y,A) is
Borel-measurable for all Borel subsets A of E, it is easy to check that y 7→ Qy,t is also Borel
measurable and that Qϖ,t =

∫
Eϖ(dy)Qy,t.

As an immediate consequence of the definition, we also get the following: fix l∈Z and set
(t′, u′)=(φl(t), φl(u)).

If Θ = (t, u; (Yv)v∈t) has law Qϖ,(t,u), then
(
t′, u′; (Yφ−l(w))w∈t′

)
has law Qϖ,(t′,u′). (2.3.2)

Definition 2.3.1 We fix t=(t, u)∈T•. We shall consider mostly the four following cases.

(i) E=Wb, the b-ary tree equipped with the local convergence;ϖ=δ∅ and q(x, dy)=p+
b (x, dy)

where for all measurable f : Wb→ [0,∞),

∫
Wb

p+
b (x, dy) f(y) =

{1
2f(←−x ) + 1

2b
∑

1≤i≤b f
(
x∗(i)

)
if x ̸=∅

1
b
∑

1≤i≤b f((i)) if x=∅.

We denote by Q+b
t the law of the Wb-valued branching random walk with transition kernel

p+
b and with "initial" position ∅ in Wb.

(ii) E = W[0,1], the free tree equipped with the local convergence; ϖ = δ∅ and q(x, dy) =
p+(x, dy) where for all measurable f : W[0,1]→ [0,∞),

∫
W[0,1]

p+(x, dy) f(y) =
{1

2f(←−x ) + 1
2
∫ 1

0 ds f
(
x∗(s)

)
if x ̸=∅∫ 1

0 ds f
(
(s)
)

if x=∅.

We denote by Q+
t the law of the W[0,1]-valued branching random walk with transition kernel

p+ and with "initial" position ∅ in W[0,1].
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(iii) E =W∗b := {x∈Wb : |x|− =−∞}, equipped with the local convergence; we fix o∈W∗b
and we take ϖ = δo and q(x, dy)=pb(x, dy) where for all x∈W∗b and for all measurable
f : W∗b→ [0,∞), ∫

W∗b
pb(x, dy) f(y) = 1

2f(←−x ) + 1
2b

∑
1≤i≤b

f
(
x∗(i)

)
. (2.3.3)

We denote by Qb
o,t the law of the W∗b -valued branching random walk with transition kernel

pb and with "initial" position o in W∗b .
(iv) E = W∗[0,1] := {x ∈W[0,1] : |x|− = −∞}, equipped with the local convergence; we fix

o ∈W∗[0,1]; we take ϖ = δo and q(x, dy) = p(x, dy), where for all x ∈W[0,1] and for all
measurable f : W∗[0,1]→ [0,∞),∫

W∗[0,1]

p(x, dy) f(y) = 1
2f(←−x ) + 1

2

∫ 1

0
ds f

(
x∗(s)

)
.

We denote by Qo,t the law of the W∗[0,1]-valued branching random walk with transition kernel
p and with "initial" position o in W∗[0,1]: we shall refer to this branching random walk as the
free branching random walk. □

Remark 2.3.2 Note that if Θ=(t, u; (Xv)v∈t) has law Qb
o,t (or Qo,t) then |Θ| :=(t, u; (|Xv|)v∈t)

is a Z-valued branching random walk whose spatial motion is that of the simple symmetric random
walk. Similarly, if Θ has law Q+b

t (or Q+
t ), then |Θ| is an N-valued branching random walk whose

spatial motion is that of the simple symmetric random walk reflected at 0. □

Definition 2.3.3 We define the b-contraction map Φb : W[0,1] → Wb as follows. For every
r ∈ (0,∞), we set ⌈r⌉= min{k ∈Z : r≤ k} and by convenience we take ⌈0⌉= 1. Then, for all
x=(ak)|x|−<k≤|x|∈W[0,1], we define

Φb(x) =
(
⌈bak⌉)

)
|x|−<k≤|x| ∈ Wb .

The b-contraction map is measurable and preserves the depth and the relative height of words. □

Remark 2.3.4 Note that Φb transforms respectively the kernel p(x, dy) into pb(x, dy) and the
kernel p+(x, dy) into p+

b (x, dy). It naturally extends to W[0,1]-labelled pointed trees as follows:
if Θ = (t, ϱ; (xv)v∈t) ∈ T•(W[0,1]), we set Φb(Θ) = (t, ϱ; (Φb(xv))v∈t). It is clear that Φb(Θ)
is a Wb-labelled pointed tree and we easily check that the map is measurable. Moreover, if
Θ=(t, ϱ; (Xv)v∈t) has law Q+

t (resp. Qo,t) then Φb(Θ) has law Q+b
t (resp. Qb

Φb(o),t). □

2.3.2 Metric properties of the range of free branching random walks.

We gather basic facts about the range of a free branching random walk in terms of the heights of
the spatial positions in W∗[0,1]. Let t = (t, u)∈T• such that |t|−=−∞. For all w ∈ t, we recall
that Jv, wK is the shortest path (with respect to the graph-distance) that joins vertex v to vertex w.
Moreover, we set Jv, wJ = Jv, wK\{w}, Kv, wK = Jv, wK\{v} and Kv, wJ= Jv, vK\{v, w}; we also
denote by K−∞, vK the lineage of v: namely, K−∞, vK={v|l ; l≤|v|}.

We next decompose a free branching random walk by first describing the heights of the vertices
as a Z-valued branching random walk (hv)v∈t and then explaining how to embed (hv)v∈t randomly
in W∗[0,1]. More specifically, for all v∈ t, let hv∈Z be such that

∀v∈ t, |hv−h←−v | = 1 and inf
w∈Jv,uK

hw −−−−−→
|v|→−∞

−∞. (2.3.4)
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Let (Uv)v∈t be a family of independent r.v. that are uniformly distributed on [0, 1]. With v ∈ t,
we associate a spatial position in W∗[0,1] as follows. Since h takes arbitrary negative values on the
lineage of v, for all integers k≤hv,

there is a unique v(k)∈ K−∞, vK such that hv(k) = min
w∈Jv(k),vK

hw = k > h←−−
v(k) . (2.3.5)

Namely, {
←−−
v(k); k≤hv} is the set of vertices in the lineage of v where h reaches a new infimum. In

particular, note that v=v(hv). Then, we set

∀v∈ t, Xv = (Uv(k))k≤hv . (2.3.6)

By construction |Xv|=hv, v∈ t. Then, (t, u; (Xv)v∈t) is a W∗[0,1]-valued branching random walk
satisfying

Xv =
{
X←−v ∗ (Uv) if |Xv|−|X←−v |=1,
←−−
X←−v if |Xv|−|X←−v |=−1.

We view (Xv)v∈t as a version of free branching random walk conditionally given the relative
heights (hv)v∈t of the spatial positions. The following proposition is a key point to analyse the
metric of the range of free branching random walks.

Proposition 2.3.5 Let t=(t, u)∈T•, (hv, Uv, Xv)v∈t be as above. Then, {Xv; v∈ t} is a subtree
of W∗[0,1] as in Definition 2.2.3 and if we denote by dgr it graph-distance, we get

P-a.s. for all v, w∈ t, dgr(Xv, Xw) = |Xv|+ |Xw| − 2 min
v′∈Jv,wK

|Xv′ | . (2.3.7)

Proof. We fix v, w∈ t. By (2.2.6) we known that dgr(Xv, Xw)= |Xv|+ |Xw|−2|Xv ∧Xw|. Since
t is countable, to prove (2.3.7) it is enough to show that a.s. |Xv ∧Xw|= minv′∈Jv,wK |hv′ |. We
prove it in two steps.

Step 1. Recall from (2.3.5) the definition of the v(k), k≤hv and define similarly the w(k),
k≤hw. We then set

k = max
{
ℓ≤hv : v(ℓ)∈ K−∞, v∧wK

}
and m = max

{
ℓ≤hw : w(ℓ)∈ K−∞, v∧wK

}
.

Let us prove that k=minJv,v∧wK h. If k<hv, then v(k+1)∈ Kv∧w, vK and←−v (k+1)∈Jv∧w, vK;
then h←−v (k+1) = hv(k+1)− 1 = k = minJv,v∧wK h. If k = hv, then, by (2.3.5), it holds that
hv=hv(k) =minJv,v(k)K h and since v(k)∈K−∞, v ∧wK, we also get k=minJv,v∧wK h. Similarly,
we get m=minJw,v∧wK h. By definition (2.3.6),

Xv = Xv(k) ∗
(
Uv(k+1), . . . , Uv(hv)

)
and Xw = Xw(m) ∗

(
Uw(m+1), . . . , Uw(hw)

)
(2.3.8)

with the observation that Xv=Xv(k) (resp. Xw=Xw(m)) if k=hv (resp. if m=hw). Without loss
of generality, we can assume that k≤m. Then, v(k−i)=w(k−i), for all i∈N and

Xw(m) = Xv(k) ∗
(
Uw(k+1), . . . , Uw(m)

)
. (2.3.9)

Step 2. We conclude the proof by proving that

Xv ∧Xw=Xv(k) . (2.3.10)

Suppose first that k<m and that k<hv. Then w(k+ 1)∈ K−∞, v ∧wK but v(k+ 1)∈ Kv ∧w, vK.
Thus, w(k+1) ̸=v(k+1) and since the (Uv′)v′∈t are independent with a diffuse law, a.s. Uw(k+1) ̸=
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Uv(k+1). By (2.3.8) and (2.3.9), we get (2.3.10). If k <m and k= hv, then Xv =Xv(k) and we
immediately get (2.3.10) by (2.3.8) and (2.3.9).

Next, suppose that k = m. Thus Xw(m) = Xv(k) by (2.3.9); if k = m < hv ∧ hw, then
v(k+1)∈ Kv∧w, vJ and w(k+1)=w(m+1)∈ Kv∧w,wK; therefore w(k+1) ̸=v(k+1), which
implies that a.s. Uw(k+1) ̸=Uv(k+1) and (2.3.10) consequently. If k=m and k=hv (resp. m=hw),
then Xv=Xv(k) =Xw(m) (resp. Xw=Xw(m) =Xv(k)) and (2.3.8) and (2.3.9) also entail (2.3.10).
This completes the proof of (2.3.10). ■

We shall use Proposition 2.3.5 under the following form.

Corollary 2.3.6 Let t′∈T be a finite rooted ordered tree. Let (t′,∅; (Yv)v∈t′) be a W[0,1]-valued
branching random walk with law Q+

t′ as in Definition 2.3.1 (ii). Then, a.s. for all v, w∈ t′, we get
dgr(Yv, Yw)= |Yv|+ |Yw|−2 min v′∈Jv,wK |Yv′ |.

Proof. For all k ∈ Z− we set ϱk = (an)n≤k, where an = 1 for all n ∈ Z−, and we also define
t = {ϱ0 ∗u ; u ∈ t′} ∪ {ϱk; k ∈ Z−}. Then, t ∈ T•, |t|− = −∞ and t′ = θϱ0t. Let (h′v)v∈t′
be distributed as an N-valued branching random walk whose initial position h′∅ is 0 and whose
transition kernel q(y, dy′) is that of the simple symmetric random walk on N reflected at 0: namely,
q(0, dy′) = δ1 and q(y, dy′) = 1

2 (δy−1(dy′) + δy+1(dy′)), for all integers y′≥ 1 (see (2.3.1)). We
next set hϱ0∗v = h′v, for all v ∈ t′ and hϱk

= k, for all k ∈ Z−. Clearly h satisfies (2.3.4). We
assume that (Uv)v∈t is independent from (hv)v∈t and we define (Xv)v∈t as in (2.3.6). For all
v ∈ t′, we finally set Yv = θXϱ0

Xϱ0∗v. Then, it is easy to see that (t′,∅, (Yv)v∈t′) has law Q+
t′ .

Since hϱ0∗v≥0, for all v∈ t′, we get dgr(Xϱ0∗v, Xϱ0∗w)=dgr(Yv, Yw) and |Xϱ0∗v|= |Yv|, for all
v, w∈ t′, which implies the desired result by (2.3.7). ■

We next consider subranges of free branching random walks. More precisely, let t=(t, u)∈T•

be such that |t|−=−∞; for all v∈ t, let hv∈Z satisfy (2.3.4); let (Uv)v∈t be a family of independent
r.v. that are uniformly distributed on [0, 1] and let (Xv)v∈t be derived from (Uv)v∈t as specified in
(2.3.5) and (2.3.6). Let a ⊂ t and v0∈a be such that

∀v∈a\{v0}, ←−v ∈a, v is a descendent of v0 (namely v=v0∗(θv0v)) and hv≥hv0 . (2.3.11)

Observe that for all v∈a, Xv0 is a prefix of Xv and it makes sense to define “the subrange”:

R(a) =
{
θXv0

Xv ; v∈a
}

that is a subtree of W∗[0,1] whose elements have a null depth. We define the following.

∀v, w∈ t, d(v, w)=hv + hw−2 min
Jv,wK

h . (2.3.12)

Note that Jv, wK⊂a; thus, the pseudo-metric d on a×a only depends on a and on (hv−hv0)v∈a.
We define the relation ∼ on a by setting v ∼ w if and only if d(v, w)=0 and we introduce

T (a) = a /∼, proj :a→ T (a), the canonical projection, r = proj(v0) (2.3.13)

and we keep denoting d the (genuine) metric induced by d on T (a). If t = (t, ϱ) ∈ T• and
(hv, Uv, Xv)v∈t are as in Proposition 2.3.5, then (2.3.7) implies that (T (a), d) is a graph-tree
that is isometric to the subtree R(a). More precisely, let x ∈ T (a) and let v, w ∈ a such that
proj(v)=proj(w)=x; by (2.3.7), we get a.s. Xv=Xw and it makes sense to set Zx=θXv0

Xv.
Then (2.3.7) asserts that Z : T (a)→ R(a) is an isometry:

∀x, y∈T (a), d(x, y) = |Zx|+ |Zy|−2|Zx∧Zy| = dgr(Zx, Zy) . (2.3.14)
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Thus, the graph-metric of the subtree R(a) only depends on a and on (hv−hv0)v∈a. Next, the
conditional law of R(a) given T (a) is characterized as follows. For all x∈T (a)\{r}, let Vx be
the unique real number of [0, 1] such that

Zx=←−Z x∗(Vx) . (2.3.15)

We easily check the following.

Conditionally given T (a), the Vx are i.i.d. [0, 1]-uniform r.v. (2.3.16)

Recall from Definition 2.3.3 the b-contraction map Φb : W[0,1] → Wb. Then, first note that
|Zx ∧ Zy|≤|Φb(Zx) ∧ Φb(Zy)|, where common ancestors are taken respectively in W[0,1] and in
Wb. Moreover, (2.3.16) implies that P(|Φb(Zx)∧Φb(Zy)|−|Zx∧Zy| ≥ k)≤ b−k, for all k ∈N.
This inequality combined with the argument of the proof of Corollary 2.3.6 implies the following
lemma that will be used in Theorem 2.1.2.

Lemma 2.3.7 Let t ∈ T be a finite rooted ordered tree. Let (t,∅; (Yv)v∈t) be a W[0,1]-valued
branching random walk with law Q+

t as in Definition 2.3.1 (ii). Recall the b-contraction map
Φb : W[0,1] →Wd from Definition 2.3.3 and recall that (t,∅, (Φb(Yv))v∈t) has law Q+b

t as in
Definition 2.3.1 (i). We denote the graph distance on W[0,1] and Wb in the same way by dgr. Then,
for all v, w∈ t, there exists an N-valued r.v. Gv,w such that

2Gv,w=dgr(Xv, Xw)−dgr(Φb(Xv),Φb(Xw)) and P
(
Gv,w ≥ k

)
≤ b−k, k∈N. (2.3.17)

2.3.3 A coupling between Wb- and W∗b -valued branching random walks.

This section is devoted to the proof of the following proposition.

Proposition 2.3.8 Let t∈T be a finite rooted ordered tree as in Definition 2.2.1 (namely, |t|−=0).
We set t = (t,∅). For all n∈{0, . . . ,#t−1}, we set tn={v∈ t : v ≤t vn} where vn is the n-th
smallest vertex of t with respect to the lexicographical order ≤t. Then, there exists two branching
random walks Θb =(t,∅; (Yv)v∈t) and Θ+

b =(t,∅; (Y +
v )v∈t) that satisfy the following.

(a) Θ+
b is a Wb-valued branching random walk with law Q+b

t as in Definition 2.3.1 (i).

(b) ob := Y∅ is a Z−-indexed sequence of independent r.v. that are uniformly distributed on
{1, . . . , b} and conditionally given ob, Θb is a Wb-valued branching random walk with law
Qb

ob,t as in Definition 2.3.1 (iii).

(c) For all c∈N∗, there exists an event Bc such that P(Bc)≤2b−c(#t)3 and such that on Ω\Bc,

∀n∈{0, . . . ,#t−1},
∣∣#{Yv ; v∈ tn}−#{Y +

v ; v∈ tn}
∣∣ ≤ #{v∈ t : |Y +

v |≤c+ 1} .
(2.3.18)

Overlap of independent trees. We first prove a result concerning the overlap of independent
trees that are randomly embedded in the b-ary tree Wb. More precisely, let (Tu, r(u)), u∈S be
a finite family of rooted graph-trees (not necessarily ordered) equipped with their graph-distance
dgr. To simplify notation, we set |x|=dgr (r(u), x), for all x∈Tu. Let x, y∈Tu; recall that Jx, yK
stands for the shortest path joining x to y and that x ∧ y is the most recent common ancestor of x
and y in Tu rooted at r(u). Namely, Jr(u), xK ∩ Jr(u), yK=Jr(u), x ∧ yK. Let x∈Tu\{r(u)}; for
all i∈{1, . . . , |x|} we denote by xi the unique ancestor of x at height i. Let V u

x , x∈Tu, u∈S be
independent uniform r.v. on {1, . . . , b}. Then, we define the random word:

Zux =
(
V u
x1 , V

u
x2 , . . . , V

u
x|x|−1

, V u
x

)
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We also set Zur(u) =∅ and we introduce the following random subsets of the b-ary tree Wb:

∀u∈S, Ru :=
{
Zux ; x∈Tu

}
.

For all c∈N∗, we also set Mc=
∑
u∈S #{x∈Tu : |x|≤c}.

Lemma 2.3.9 We keep the notation from above. Let c∈N∗. Let wu∈Wb, u∈S. Then, there exists
an event Ac of probability P(Ac) ≤ b−cM2

c such that on Ω\Ac,

0 ≤
∑
u∈S

#Ru −#
( ⋃
u∈S

wu∗(Ru)
)
≤Mc . (2.3.19)

Proof. Let u and u′ be distinct elements of S; let x∈Tu and y∈Tu′ be such that |x|= |y|=c. We
introduce the event A(x, y)=

{
(wu∗Zux )∧(wu′∗Zu

′
y )∈{wu∗Zux , wu′∗Zu

′
y }
}

. Note that on A(x, y),
wu∧wu′ ∈{wu, wu′}; so without loss of generality, we can suppose that |wu|≤|wu′ | and we easily
check that P(A(x, y)|Zu′y )=b−c and thus P(A(x, y))=b−c. We then set for all u∈S,

Tu(c) = {x∈Tu : |x|=c} and Ac =
⋃{

A(x, y) ; x∈Tu(c), y∈Tu′(c), u, u′∈S, distinct
}
.

Thus, P(Ac) ≤ b−c
∑
u,u′∈S,u̸=u′ #Tu(c)#Tu′(c) ≤ 1

2 b−c(
∑
u∈S #Tu(c))2 ≤ b−cM2

c .
The first inequality in (2.3.19) is true everywhere on Ω. For the second inequality in (2.3.19),

we argue deterministically on Ω\Ac. Let u ∈ S. We first set Ru(c) = {wu ∗ Zux ;x ∈ Tu(c)}.
Let u′ ∈ S be distinct from u; suppose that W ∈ Ru(c) and that W ′ ∈ Ru′(c); by definition
of Ac, we have W ∧ W ′ /∈ {W,W ′} and θW (wu ∗ Ru) ∩ θW ′(wu′ ∗ Ru′) = ∅. Moreover, if
W,W ′∈Ru(c) are distinct, since |W |= |W ′|=c+ |wu|, we also get W ∧W ′ /∈{W,W ′} and thus
θW (wu ∗ Ru) ∩ θW ′(wu ∗ Ru)=∅. Consequently, on Ω\Ac, the subsets θW (wu ∗ Ru), W ∈Ru(c),
u∈S, are pairwise disjoint.

Now observe that (wu ∗ Ru)\(
⋃
W∈Ru(c) θW (wu ∗ Ru)) = {wu ∗Zux ; |x| < c} and note that

#
(
{wu∗Zux ; |x|<c}

)
≤#

(
{x∈Tu : |x|<c}

)
. Thus, on Ω\Ac, we get(∑

u∈S
#Ru

)
−Mc =

∑
u∈S

(
#Ru −#{x∈Tu : |x|<c}

)
≤

∑
u∈S

(
#(wu ∗ Ru)−#

(
{wu∗Zux ; |x|<c}

))
≤

∑
u∈S

#
( ⋃
W∈Ru(c)

θW (wu∗Ru)
)

= #
( ⋃
u∈S

⋃
W∈Ru(c)

θW (wu∗(Ru))
)
≤ #

( ⋃
u∈S

wu∗(Ru)
)
,

that implies the desired result. ■

Path coupling. We first state the following elementary coupling.

Lemma 2.3.10 Let K :N→N be such that K(0)=0 and K(2p + 1)=K(2p + 2)=2p + 2, for
all p∈N. Let (hn)n∈N be a Z-valued simple symmetric random walk such that a.s. h0 = 0. For
all n ∈ N, we set In = inf0≤k≤n hk and h+

n = hn + K(−In). Then, h+ is an N-valued simple
symmetric random walk reflected at 0.

Proof. For all n≥1, set ξn=hn−hn−1; the r.v. are i.i.d. and uniform on {1,−1}. Observe that
h+
n = hn−In + 1{In odd}. It is easy to check that h+

n+1−h+
n = ξn+11{h+

n≥1} + 1{h+
n =0}, which

implies the desired result. ■

The next lemma state the branching random walk version of this coupling.



74 Chapter 2. Scaling limits of tree-valued BRW

Lemma 2.3.11 Let t∈T be a rooted ordered tree as in Definition 2.2.1 (namely, |t|−= 0). Let
(t,∅; (hu)u∈t) be a Z-valued branching random walk whose spatial motion is that of a simple
symmetric random walk on Z and whose initial position is h∅ = 0. Recall the function K from
Lemma 2.3.10 and set

∀u ∈ t, Iu = min
u′∈J∅,uK

hu′ and h+
u = hu +K(−Iu) . (2.3.20)

Then, (t,∅; (h+
u )u∈t) is a branching random walk whose spatial motion is that of an N-valued

simple symmetric random walk reflected at 0 and whose initial position is h+
∅ =0.

Proof. We denote by q+(x, dy) the transition kernel of the N-valued simple symmetric random
walk reflected at 0: namely, q+(0, dy)=δ1(dy) and q+(x, dy)= 1

2 (δx−1(dy) + δx+1(dy)), if x≥1.
For all n∈N, we set t|n={u∈ t : |u|≤n} and we assume the following property
(Pn) : the spatial motion of the branching random walk Θn = (t|n,∅; (h+

u )u∈t|n) is that of a
N-valued simple symmetric random walk reflected at 0 with initial position h+

∅ =0.
We next set S = {u ∈ t : |u|= n + 1} and ξu = hu−h←−u for all u ∈ S; the r.v. (ξu)u∈S are

independent from Θn and they are also i.i.d. and uniform on {1,−1}; by definition of h+, we
also get h+

u = h+
←−u + ξu1{h+

←−u
≥1} + 1{h+

←−u
=0} . This entails that the r.v. h+

u , u∈S are conditionally

independent given Θn and that the conditional law of h+
u is q+(h+←−u , dy). This shows that (Pn)

implies (Pn+1), which recursively proves the lemma since (P0) holds true trivially. ■

The coupling of Θb and Θ+
b . Let t ∈ T be a finite rooted ordered tree as in Definition 2.2.1

(namely, |t|− = 0). We shall use the notation t = (t,∅) for the pointed tree. We denote by
ϱ = (. . . , 1, . . . , 1) the infinite sequence of 1 indexed by Z−. For all l ∈ Z−, ϱ|l is the infinite
sequence of 1 indexed by the integers≤ l. We then set

t∗=
{
ϱ|l ; l∈Z−

}
∪
{
ϱ∗u ; u∈ t

}
.

Then we define t∗ :=(t∗, ϱ)∈T• and we observe that |t∗|−=−∞.
Let (t∗, ϱ ; (h∗v)v∈t∗) be a Z-valued branching random walk whose transition kernel is that of

a simple symmetric random walk on Z and whose “initial” position is h∗ϱ = 0. Let (U∗v )v∈t∗ be
independent r.v. that are uniformly distributed on [0, 1] and that are independent from (h∗v)v∈t∗ .
We define (X∗v )v∈t∗ as in (2.3.5) and (2.3.6): namely, X∗v =(U∗v(k))k≤h∗v , where v(k)∈ K−∞, vK,
h∗v(k) = k and where {←−v (k); k≤h∗v} is the set of vertices of K−∞, vK where h∗ reaches a new
strict infimum. We set o=X∗ϱ that is a Z−-indexed sequence of mutually independent r.v. that are
uniformly distributed on [0, 1]. We easily see that conditionally given o, Θ∗=(t∗, ϱ ; (X∗v )v∈t∗) has
law Qo,t∗ as in Definition 2.3.1 (iv). Then we set the following

∀u∈ t, Uu=U∗ϱ∗u, Xu=X∗ϱ∗u, hu=h∗ϱ∗u, Yu=Φb(Xu),

and we also set Θ = (t,∅; (Xu)u∈t) and Θb = (t,∅; (Yu)u∈t), where we recall the definition of
the b-contraction map Φb from Remark 2.3.3. Clearly, conditionally given o, Θ has law Qo,t as in
Definition 2.3.1 (iv) and by Remark 2.3.3, the conditional law of Θb isQb

Φb(o),t as in Definition 2.3.1
(iii). Namely, Θb is distributed as in Proposition 2.3.8 (b).

Let (U ′u)u∈t be i.i.d. r.v. that are uniformly distributed on [0, 1]. We suppose that (U ′u)u∈t
is independent from (U∗v )v∈t∗ (and thus from (Uu)u∈t) and from (h∗v)v∈t∗ . We next construct
Θ+

b thanks to (U ′u, Uu,hu)u∈t as follows: For all u ∈ t, we define Iu and h+
u by (2.3.20) in

Lemma 2.3.11 and we introduce the following notation.

∀p∈N, Sp=
{
u∈ t : −p=Iu<I←−u

}
, S=

⋃
p∈N

Sp, U
+
u =

{
U ′u if u∈

⋃
p∈N S2p+1,

Uu otherwise.
(2.3.21)
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The (disjoint) union S is clearly a finite set, since t is a finite tree. Then, (U+
u )u∈t are i.i.d. [0, 1]-

uniform r.v. that are independent from (h+
u )u∈t. Recall from Lemma 2.3.11 that (t,∅; (h+

u )u∈t) is
a branching random walk whose spatial motion is that of an N-valued simple symmetric random
walk reflected at 0 and whose initial position is h+

∅ =0. In particular, h+
u ≥0 for all u∈ t. We then

define (X+
u )u∈t and (Y +

u )u∈t as follows.

• If h+
u =0, then we set X+

u =Y +
u =∅.

• If h+
u ≥1, then for all i∈{1, . . . ,h+

u }, we denote by u(i) is the unique v∈J∅, uK such that
h+←−v <i=h+

v =minJv,uK h+ and we set

X+
u =(U+

u(1), . . . , U
+
u(h+

u )) and Y +
u = Φb(X+

u ) . (2.3.22)

We set Θ+ =(t,∅; (X+
u )u∈t) and Θ+

b =(t,∅; (Y +
u )u∈t). Then, observe that h+

u = |X+
u | and that

X+
u =X+←−u ∗(U

+
u ) if h+

u =h+←−u + 1 and note that X+
u is the parent of X+

←−u if h+
u =h+

←−u −1. Thus, it
proves that Θ+ as law Q+

t as in Definition 2.3.1 (ii) and by Remark 2.3.3, Θ+
b is distributed as in

Proposition 2.3.8 (a) (namely its law is Q+b
t as in Definition 2.3.1 (i)).

Proof of Proposition 2.3.8. We keep the previous notations. We fix n∈{0, . . . ,#t−1}. Recall
that tn={v∈ t : v ≤t vn} where vn is the n-th smallest vertex of t in the lexicographical order ≤t
on t. Note that tn∈T, namely it is a rooted ordered tree with null depth. Recall from (2.3.21) the
definition of S. For all u∈S, we set

au =
{
v∈ tn : v :=u ∗ θuv and min

w∈Ju,vK
hw=hu

}
⊆ t and R(au)=

{
θXuXv; v∈au

}
⊆W[0,1] .

Note that au depends on n and that if u /∈ tn, then au and R(au) are empty. If u∈ tn, then the
previous definitions make sense because au satisfies (2.3.11) (with u = v0) and Xu is necessarily a
prefix of Xv since v is a descendent of u and Iv=Iu. Observe thatR(au) is a subtree of W[0,1] as
in Definition 2.2.3.

Recall from (2.3.12) the notation d(v, w) = hv + hw−2 minJv,wK h, for all v, w∈ t, that is a
pseudo-metric on t. We denote by v∼w the equivalence relation relation d(v, w) = 0 and as in
(2.3.13), we set for all u∈S,

T (au) = au/∼, proj :au → T (au), the canonical projection, r(u) = proj(u) .

Note that T (au) only depends on (hv−Iu)v∈au and thatR(au) only depends on (hv−Iu;Uv)v∈au .
Let x∈T (au); by (2.3.7) in Lemma 2.3.5, for all v, w∈au such that proj(v)=proj(w)=x, we
get Xv =Xw and it makes sense to set Zux = θXuXv; then, Zu : T (au)→R(au) is an isometry
given in (2.3.14). As in (2.3.15), for all x∈T (au)\{r(u)} we denote by V u

x the unique real number
of [0, 1] such that Zux =←−Z u

x ∗ (V u
x ).

Then by (2.3.16), for all u ∈ S, conditionally given h, the V u
x , x ∈ T (au) are i.i.d. [0, 1]-

uniform r.v. Since the subsets (au)u∈S are pairwise disjoint and since R(au) only depends on
(hv − Iu;Uv)v∈au , the (R(au))u∈S are conditionally independent given h. Thus, conditionally
given h, the V u

x , x∈T (au)\{r(u)}, u∈S, are i.i.d. [0, 1]-uniform r.v.
Next observe that

{Xv; v∈ tn} =
⋃
u∈S

Xu∗(R(au)) (2.3.23)

Therefore, using (2.3.21) and noting that (Xu)u∈S only depends on h and on (U∗ϱ|l)l∈Z− that
is independent from (Uu)u∈t, we conclude that, conditionally given h and (Xu)u∈S , the V u

x ,
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x∈T (au)\{r(u)}, u∈S, are i.i.d. [0, 1]-uniform r.v. From the coupling defined in (2.3.21) and
(2.3.22) we also derive easily the following.

{X+
v ; v∈ tn}=

⋃
u∈S

X ′u∗(R(au)), where for all u in S, X ′u :=
{
U ′u if u∈

⋃
p∈N S2p+1,

∅ otherwise.
(2.3.24)

Since the (U ′u)u∈t are independent from h and from (Uu)u∈t, conditionally given h and (U ′u)u∈S ,
the r.v. V u

x , x ∈ T (au)\{r(u)}, u ∈ S, are i.i.d. [0, 1]-uniform. Denote by G the sigma-field
generated by h and by (Xu, U

′
u)u∈S . Therefore, we have proved the following.

Conditionally given G , the V u
x , x∈T (au)\{r(u)}, u∈S, are i.i.d. [0, 1]-uniform r.v. (2.3.25)

Then we set

∀u∈S, Ru=Φb(R(au)) and ∀c∈N, Mc(n) =
∑
u∈S

#{x∈T (au) : d(r(u), x)≤c} .

Note that Mc(n)≤#tn≤#t. By (2.3.25), conditionally given G we can apply Lemma 2.3.9 to
Tu :=T (au) and wu :=Φb(Xu), u∈S, to get an event Ac(n) such that P(Ac(n)) ≤ b−c(#t)2 and
such that on Ω\Ac(n),

0 ≤
∑
u∈S

#Ru −#
{
Yv; v∈ tn

} by (2.3.23)=
∑
u∈S

#Ru −#
( ⋃
u∈S

Φb(Xu)∗(Ru)
)
≤Mc(n) .

Similarly, conditionally given G , we apply Lemma 2.3.9 to Tu := T (au) and to wu := Φb(X ′u),
u∈S, to get an event A′c(n) such that P(A′c(n)) ≤ b−c(#t)2 and such that on Ω\A′c(n),

0 ≤
∑
u∈S

#Ru −#
{
Y +
v ; v∈ tn

} by (2.3.24)=
∑
u∈S

#Ru −#
( ⋃
u∈S

Φb(X ′u)∗(Ru)
)
≤Mc(n) .

Then, we set Bc(n) = Ac(n) ∪ A′c(n); thus, P(Bc(n)) ≤ 2b−c(#t)2 and on Ω\Bc(n), we get
|#{Yv; v ∈ tn} − #{Y +

v ; v ∈ tn}| ≤Mc(n). Now observe that if x∈ T (au), then h+
x = |X+

x |=
|X ′u|+ |Zux |≤1 + d(r(u), x). This implies Mc(n)≤#{v∈ t; |Y +

v |≤c+ 1}. Thus, on Ω\Bc(n),
we get ∣∣#{Yv ; v∈ tn} −#{Y +

v ; v∈ tn}
∣∣ ≤ #{v∈ t; |Y +

v |≤c+ 1} .

We completes the proof of Proposition 2.3.8 by taking Bc=
⋃

0≤n<#tBc(n). ■

2.3.4 Estimates.

The goal of this section is to establish Proposition 2.3.16 below. To that end, we first state
preliminary estimates. Recall that W∗b = {x ∈Wb : |x|− = −∞}. We denote by (Yn)n∈N the
canonical process on the space (W∗b )N equipped with product topology (that is Polish) and with the
corresponding Borel sigma-field. In this section, let us denote by Po (instead of Qb

o,N) the law of a
Markov chain on W∗b with transition kernel pb as defined in (2.3.3) and whose initial position is o.
The following result only contains some standard estimates.

Lemma 2.3.12 Let o∈W∗b be such that |o|=0. For all k, p∈N, we set

o(p)=o|]−∞,−p], Sp={o(p); p∈N}, r0 =0 and rk+1 =inf{n>rk : Yn∈Sp}. (2.3.26)

The following holds true.
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(i) Po-almost surely for all k∈N, rk<∞ and there exists Zk∈N such that o(Zk)=Yrk
. More-

over, (Zk)k∈N is an N-valued birth-and-death Markov chain whose transition probabilities
(ρ(p, q))p,q∈N are given as follows: for all p ∈ N∗,

ρ(p, p+ 1)= 1
2 , ρ(p, p−1)= 1

2b , ρ(p, p)= b−1
2b , (2.3.27)

and ρ(0, 0)=ρ(0, 1)=1/2. Then, Z is transient which implies that |o∧Yn|→−∞ almost
surely and that (Yn)n∈N is transient under Po.

(ii) For all x, y∈W∗b , we set Gb(x, y)=
∑
n∈N Px

(
Yn=y

)
. Then, for all p∈N,

Gb(x, y) = 2b
b−1b|x∧y|−|y| . (2.3.28)

(iii) For all y∈W∗b , we set Hy=inf{n∈N :Yn=y}, with the convention that inf ∅=∞. For all
s∈ [0,∞), we set g(s) =−log

(
1−
√

1−e−2s). Then Ex[e−s(1+H←−x )] = exp(−g(s)) for all
x∈W∗b . Moreover, there exists a constant C∈(1,∞) such that

Po-a.s. for all k∈N and for all s∈ [0, 1], Eo
[
e−s(rk+1−rk)∣∣Z] ≥ e−C√s . (2.3.29)

Proof. Since under Po, (|Yn|)n∈N is distributed as a simple symmetric random walk on Z, we easily
see that Po-a.s. for all k∈N, rk<∞. The strong Markov property at the stopping times rk implies
that (Zk)k∈N is an N-valued birth-and-death Markov chain whose transition probabilities ρ(p, q)
are given by (2.3.27) which easily implies that Zk →∞ which entails (i).

Let us prove (ii). For all x∈W∗b , we introduce the stopping times Hx=inf{n∈N :Yn=x} and
H◦x= inf{n∈N∗ :Yn=x}. First observe that for all x, y∈W∗b , Px(Hy<∞) =Px∧y(Hy<∞). By
adapting the argument of (i), the height of the process Y restricted to K−∞, yK is a birth-and-death
process with transition ρ(·, ·) and the Gambler’s ruin estimate implies Px∧y(Hy<∞)=b|x∧y|−|y|.
Similarly, we get Py(H◦y =∞) = (b−1)/2b. The Markov property at resp. Hy and H◦y implies
resp. that Gb(x, y) =Px(Hy <∞)Gb(y, y) and that Gb(y, y) = 1 + Py(H◦y <∞)Gb(y, y), which
entails (2.3.28).

Let us prove (iii). Note that under Px, (|Yn|)n∈N is distributed as a simple symmetric random
walk on Z with initial position |x|. Then H←−x is the first time (|Yn|)n∈N reaches |x|−1; therefore, the
law of H←−x does not depend on x and we get Ex[exp(−s(H←−x + 1))]=exp(−g(s)) by well-known
arguments. Next, let us work conditionally given Z; we set x=Yrk+1; on the event {Zk=Zk+1},←−x =o(Zk) and rk+1−rk−1 is the time at which the shifted random walk (Yrk+1+n)n∈N returns
for the first time to←−x ; thus, by Markov at rk and by the previous argument, Po-a.s. on the event
{Zk = Zk+1}, Eo[exp(−s(rk+1− rk))|Z] = exp(−g(s)). If Zk ̸= Zk+1, then rk+1− rk = 1.
Consequently, Eo[exp(−s(rk+1−rk))|Z]=exp(−g(s)1{Zk=Zk+1}−s1{Zk ̸=Zk+1}), which implies
(2.3.29) because there exists C ∈ (1,∞) such that g(s)≤ C

√
s for all s∈ [0, 1] and since s≤

√
s

for all s∈ [0, 1]. ■

Proposition 2.3.13 Let o∈W∗b such that |o|= 0. Recall that Po stands for the canonical law of
W∗b -valued Markov chains with transition kernel pb defined by (2.3.3) and with initial position o.
Let f : [0,∞)→ [0, 1] be such that

∑
p∈N

√
f(p)<∞.

Po-a.s.
∑
n∈N

f
(
−|o∧Yn|

)
<∞ .

Proof. Recall from (2.3.26) in Lemma 2.3.12 notations o(p), Sp and rk and recall from Lemma
2.3.12 (i) the definition of the N-valued birth-and-death process (Zk)k∈N. Let ℓ∈N∗. First observe
that

Wℓ :=
∑

0≤n<rℓ

f
(
−|o ∧ Yn|

)
=

∑
0≤k<ℓ

∑
rk≤n<rk+1

f(Zk) =
∑

0≤k<ℓ
(rk+1−rk)f(Zk).
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By the Markov property, the sequence of random times rk+1−rk are conditionally independent
given Z. Thus by (2.3.29) in Lemma 2.3.12 (iii), there is C∈(1,∞) such that for all s∈ [0, 1],

Eo
[
e−sWℓ

∣∣Z] =
∏

0≤k<ℓ
E
[
e−s(rk+1−rk)f(Zk)∣∣Z] ≥ exp

(
−C

∑
0≤k<ℓ

√
sf(Zk)

)
≥ exp

(
−C
√
s
∑
p∈N

Np

√
f(p)

)
, where Np=#

{
k∈N :Zk=p

}
. (2.3.30)

Next observe that Eo[Np] = Gb(o, o(p)) = 2b/(b−1) by (2.3.28) in Lemma 2.3.12 (ii). Set
W =

∑
n∈N f

(
−|o∧Yn|

)
; by letting ℓ→∞ in (2.3.30) and by Jensen’s inequality, we get

Eo
[
e−sW

]
≥exp

(
−C
√
s
∑
p∈N

E[Np]
√
f(p)

)
= exp

(
−C ′
√
s
∑
p∈N

√
f(p)

)
,

where C ′= 2bC/(b−1). Since
∑
p∈N

√
f(p)<∞, we get lims→0+ E

[
e−sW

]
= 1 which entails

that Po-a.s. W<∞. This completes the proof of the proposition. ■

Lemma 2.3.14 Let µ be a probability measure on N such that
∑
k∈N kµ(k)=1. Let τ =(τ,∅) be

a random pointed tree such that a.s. |τ |−=0, k∅(τ)=1 and such that θ(1)τ is a GW(µ)-tree. Let
x∈W∗b and let Θ=(τ,∅ ; (Xv)v∈τ ) be a random W∗b -valued branching random walk that has law
Qb

x,τ conditionally given τ , as defined in Definition 2.3.1 (iii). For all y∈W∗b we set

ξ(x, y) = P
(
y /∈

{
Xv ; v∈τ\{∅}

})
, (2.3.31)

which turns out to be strictly positive. Then, we get 1−ξ(x, y)≤Gb(x, y)= 2b
b−1b |x∧y|−|y|.

Proof. By a simple union bound we first get the following.

P
(
y∈
{
Xv ; v∈τ\{∅}

} ∣∣ τ ) ≤ E
[ ∑
v∈τ\{∅}

1{Xv=y}

∣∣∣ τ ] ≤ ∑
v∈τ\{∅}

Qb
x,τ

(
Xv = y

)
.

By definition of branching random walks, Qb
x,τ (Xv = y) =Px(Y|v|= y), where Px stands for the

canonical law of the random walk that starts at x in W∗b and whose transition kernel is pb as defined
in (2.3.3) in Definition 2.3.1 (iii). Thus, P

(
y ∈

{
Xv ; v ∈ τ\{∅}

})
≤
∑
n≥1 E[Nn]Px(Yn = y),

where Nn=#{v∈τ : |v|=n}. Since the offspring distribution µ is critical, E[Nn]=1. Therefore,
recalling Lemma (2.3.12) (ii), we have that the right member is smaller or equal to Gb(x, y), which
concludes the proof. ■

Lemma 2.3.15 Let µ be a probability measure on N such that
∑
k∈N kµ(k) = 1. Let us suppose

that there exists β ∈ (0,∞) such that
∑
k∈N∗ µ(k) k(log k)1+β <∞. For all r ∈ [0, 1], we set

ψ(r)=
∑
k∈N r

kµ(k+1), where we recall that for all k∈N\{0}, µ(k) stands for
∑
ℓ≥k µ(ℓ). Then,

there exists Cβ,µ∈(0,∞) such that

∀r∈(0, 1/2), 0 ≤ 1− ψ(1− r) ≤ Cβ,µ
(log 1/r)1+β . (2.3.32)

Proof. Let Z be an N\{0}-valued random variable distributed according to µ. Observe that
C := E[(logZ)1+β] =

∑
l≥k≥1 µ(l)(log k)1+β ≤

∑
k≥1 µ(k)k(log k)1+β <∞. Then, for all t> 0

and for all r∈(0, 1/2), we get

1−ψ(1−r) = E
[(

1−(1−r)Z−1)1{Z≤t+1}
]

+ E
[(

1−(1−r)Z−1)1{Z>t+1}
]

≤ 1−(1−r)t + P(Z>t+ 1)

≤ 2rt+ E[(logZ)1+β]
(log(1 + t))1+β = 2rt+ C(log(1 + t))−1−β.
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We choose 1 + t=r−1(log 1/r)−1−β and we easily get (2.3.32). ■

Proposition 2.3.16 Let µ be a probability measure on N such that∑
k∈N

kµ(k) = 1 and ∃β∈(1,∞) such that
∑
k∈N

k(log k)1+βµ(k) <∞. (2.3.33)

Let o∈W∗b be such that |o|=0 and let Θ:=(τ∗, ϱ ; (Xv)v∈τ∗) be a Wb-valued branching random
walk whose distribution is the following: τ ∗=(τ∗, o) is an IPGW+(µ)-tree as in Definition 2.2.8
(ii) and conditionally given τ ∗, Θ has law Qb

o,τ∗ as in Definition 2.3.1 (iii). Then, with positive
probability (Xv)v∈τ visits its initial position only once. Namely,

κµ,b := P
(
o /∈
{
Xv ; v∈τ∗\{ϱ}

} )
> 0 . (2.3.34)

Proof. Let us recall the following notation

∀p∈N, ϱ(p) = ϱ| ]−∞,−p], Yp=Xϱ(p), Sp={ϱ(p) ; p∈N} and ∂Sp=
{
u∈τ∗\Sp :←−u ∈Sp

}
.

By Definition 2.2.8 (ii) of the right part of an infinite pointed GW(µ)-tree, the subtrees (θuτ∗)u∈∂Sp
are i.i.d. GW(µ)-trees and the r.v. (kϱ(p)(τ∗))p∈N are independent, ko(τ∗) has law µ and for all
p ≥ 1, ko(p)(τ∗) has law µ that is defined by µ(k) =

∑
l≥k µ(l), k ∈ N∗ and µ(0) = 0. For all

u∈∂Sp, we define Θu :=(τu;∅; (Xu
v )v∈τu) as follows:

− τu is the unique tree such that k∅(τu) = 1 and θ(1)τu = θuτ
∗ (see (2.2.8) for the definition of

θuτ
∗).

− Since←−u ∈Sp, there exists p∈N such that←−u =ϱ(p) and we set Xu
∅ =Yp.

− For all v∈θuτ , Xu
(1)∗v=Xu∗v (recall from (2.2.4) the definition of the concatenation u ∗ v).

Namely, Θu is the restriction of the branching walk Θ to the subtree stemming from u, including
the spatial position of←−u . Conditionally given Y = (Yp)p∈N and (kϱ(p)(τ∗))p∈N. the branching
random walks Θu, u∈∂Sp, are independent; moreover, conditionally given (Yp, τu), Θu has law
Qd

Yp,τu ; here τu stands for (τu,∅) and p is such that←−u =ϱ(p). Then, for all q∈N∗, we set

Aq=
{
o /∈
{
Xv ; v∈τ∗\{ϱ} : |v∧ϱ|≥−q

}}
and H◦o =inf{p≥1:Yp=o}.

The event Aq decreases as q→∞ to the event that the branching walk (Xv)v∈τ∗ only visits o once.
The previous independence properties then imply the following.

P(Aq |Y, τ∗) = 1{H◦o>q}
∏

u∈∂Sp:|u|>−q
Qb
Y|←−u |,τ u

(
o /∈ {Xu

v ; v∈τu\{∅}}
)

and thus P(Aq |Y, Sp ∪ ∂Sp) = 1{H◦o>q}
∏

u∈∂Sp:|u|>−q
ξ(Y|←−u |, o),

where we recall the notation ξ(x, y) from (2.3.31) in Lemma 2.3.14. Since Y and the r.v. ko(p)(τ∗)
are independent, we get

P(Aq |Y ) = 1{H◦o>q}E
[
ξ(o, o)ko(τ∗)] ∏

1≤p≤q
E
[
ξ(Yp, o)kϱ(p)(τ∗)−1∣∣Y ]

= 1{H◦o>q}ϕ
(
ξ(o, o)

) ∏
1≤p≤q

ψ
(
ξ(Yp, o)

)
,

where we have set

∀r∈ [0, 1], ϕ(r) =
∑
k∈N

rkµ(k) and ψ(r)=
∑
k∈N

rkµ(k + 1) = 1−ϕ(r)
1− r .
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Notice that as q→∞, the event {Hoo > q} decreases to the event {Hoo = ∞}, which has strictly
positive probability by Lemma 2.3.12 (i). Then, we easily see that (2.3.34) holds true if∑

p∈N

(
1−ψ

(
ξ(Yp, o)

))
<∞. (2.3.35)

But by Lemma 2.3.14, 1−ξ(Yp, o)≤ 2b
b−1b |Yp∧o| since |o|=0. By (2.3.32) in Lemma 2.3.15, there

are two constants C,C ′∈(0,∞) such that if −|Yp ∧ o|≥C, we get

1−ψ
(
ξ(Yp, o)

)
≤ Cβ,µ(

log
(b−1

2b b−|Yp∧o|))1+β ≤
C ′(

1−|Yp ∧ o|
)1+β

By Proposition 2.3.13 with f(x)=(1 + x)−1−β , if β>1, then a.s.
∑
p≥0(1−|Yp ∧ o|)−1−β<∞,

which implies (2.3.35) since |Yp ∧ o| → −∞, as p→∞ as stated in Lemma 2.3.12 (i). This
completes the proof of the proposition. ■

We conclude this section with a general estimate for recurrent biased random walks on a
(deterministic) rooted ordered tree T that is infinite. More precisely, we fix λ ∈ (1,∞) and we
denote by (Yn)n∈N the λ-biased RW whose transition probabilities are given for all x, y∈T by

P(Yn+1 =y |Yn=x) =


λ

λ+kx(T ) if y=←−x and x ̸=∅,
1

λ+kx(T ) if x=←−y and x ̸=∅,
1

k∅(T ) if x=←−y =∅
(2.3.36)

and P(Yn+1 =y |Yn=x)=0 otherwise. Here, recall that kx(T ) is the number of children of x in
T . We also recall that |x| is the height of x in T , that x∧y is the most recent common ancestor of x
and y and that dgr stands for the graph-distance on T : dgr(x, y)= |x|+ |y|−2|x ∧ y|.

Lemma 2.3.17 We keep the above notations. We assume that Y is recurrent. Then, for all
ℓ, n1, n2∈N such that n1<n2, we get

P
(
|Yn1 |+ |Yn2 |−2 min

n1≤n≤n2
|Yn| ≥ 2ℓ+ dgr(Yn1 , Yn2)

)
≤ (n2−n1) λ−1

λℓ−1 . (2.3.37)

Proof. For all x ∈ T , we set H◦x = inf{n ∈N∗ : Yn = x} and π(x) = (λ + kx(T ))λ−|x| if x ̸= ∅
and π(∅) = k∅(T ). Note that π is an invariant measure and standard arguments on electrical
networks and random walks on graphs imply that for all distinct x, y∈T , π(x)P(H◦x<H◦y |Y0 =y)
is the effective conductance between x and y (see Lyons & Peres [127] p. 25). If y ∈ K∅, xK,
then it easily implies P(H◦x < H◦←−y |Y0 = y) = (λ−1)/(λ|x|−|y|+1−1). Similarly, we prove that
P(H◦x<H◦∅ |Y0 =∅)=k∅(T )−1(λ−1)/(λ|x|−1). Thus, for all distinct x, y∈T such that y∈J∅, xK,

P(H◦x<H◦←−y |Y0 =y) ≤ (λ−1)/(λ|x|−|y|−1).

We next define the following sequence of stopping times (σk)k∈N by setting σ0 = 0 and σk+1 =
inf{n>σk : |Yn|≤ (|Y0|−k−1)+} that are a.s. finite since Y is recurrent. We then consider the
(possibly empty) eventAk=

{
∃n∈{σk, . . . , σk+1−1} : Yn∈J∅, Y0K and |Yn|≥ℓ+(|Y0|−k−1)+

}
.

We fix z∈T such that |z|≥ℓ+(|z|−k−1)+, and let x, y∈J∅, zK be such that |x|=ℓ+(|z|−k−1)+
and |y|=(|z|−k−1)+. By the strong Markov property at time σk and by the previous inequality
for hitting times we get P

(
Ak ∩ {Y0 = z}

)
≤ (λ−1)/(λℓ−1)P(Y0 = z). Since on Ak, we have

|Y0|≥ℓ+ (|Y0|−k−1)+, the previous inequality implies P(Ak)≤(λ−1)/(λℓ−1).
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Next observe that |Y0|+ |Yn|−2 min0≤m≤n |Ym|−dgr(Y0, Yn)=2(|Y0∧Yn|−min0≤m≤n|Ym|)
and that {

|Y0∧Yn|− min
0≤m≤n

|Ym| ≥ ℓ
}
⊂ A0 ∪A1 ∪ . . . ∪An−1 .

Thus, P(|Y0|+ |Yn|−2 min0≤m≤n |Ym|≥2ℓ+dgr(Y0, Yn)) ≤ n(λ−1)/(λℓ−1) and we get (2.3.37)
by the Markov property at time n1. ■

2.3.5 Law invariance.

In this section, we first define a successor map for W[0,1]-labelled trees that centers the spatial
positions and the genealogical tree at the individual coming next in the lexicographical order,
generalizing Definition 2.2.6 for the pointed W[0,1]-labelled trees. We then show that free branching
random walks are invariant in law under this successor map.

Definition 2.3.18 Let Θ=(t, ϱ ; x=(xv)v∈t) be a labelled tree in T•(W[0,1]) or in T•(Wb).

(a) We set cent(Θ)=(φ|ϱ|(t), φ|ϱ|(ϱ); (φ|xϱ|(xφ−|ϱ|(v)))v∈φ|ϱ|(t)). We keep calling cent(·) the
centering map. As already mentioned, the spatial marks are also shifted.

(b) We next set scc(Θ)=cent(t, scc(ϱ); x) where we recall that scc(ϱ) stands for the vertex
of t coming next in the lexicographical order as defined by (2.2.7). We keep calling scc(·)
the successor map.

(c) Recall from Definition 2.2.6 (c) the right-part [(t, o)]+ of (t, o). To simplify the notation,
we set (t′, ϱ′)=[(t, ϱ)]+ and we recall from Definition 2.3.18 (c) that there exists a unique
one-to-one map ψ : t′→{ϱ|p ; p≤|ϱ|} ∪ {v∈ t :ϱ<t v} such that ψ(ϱ′) =ϱ that preserves
the relative height and that is increasing with respect to the lexicographical order; then, we
set [Θ]+ = (t′, ϱ′,x′= (x′v)v∈t′) where x′v =xψ(v), for all v∈ t′. We keep calling [Θ]+ the
right-part of Θ.

(d) We set scc+(Θ)=[scc(Θ)]+; we keep calling scc+(·) the right-successor map. □

We next explain a way to generate a free branching random walk from an i.i.d. field that is
suited to the successor map. To that end we fix t = (t, u)∈T• such that |t|−=−∞. Let o be a
Z−-indexed sequence of mutually independent uniform r.v. on [0, 1]. Let Θ be a W[0,1]-valued
branching random walk that has conditional law Qo,t given o as in Definition 2.3.1 (iv). To
simplify we denote by Qt the (unconditional) law of Θ. Let εv, Uv, v∈ t be independent r.v. such
that Uv is uniformly distributed on [0, 1] and P(εv = 1) = P(εv =−1) = 1/2. From the field of
i.i.d. r.v. Θ0 :=(t, u; (εv, Uv)v∈t), we now explain how to construct a branching random walk that
has law Qt.

Recall that Jv, wK stands for the shortest path (with respect to the graph-distance) that joins v
andw in t (along with the previous notation Jv, wJ, Kv, wK and Kv, wJ, introduced at the beginning of
Section 2.3.2). Recall also that K−∞, vK stands for the lineage of v: namely, K−∞, vK={v|l ; l≤|v|}.
Recall from (2.2.5) the definition of the most recent common ancestor v ∧ w in t. We first set

∀v ∈ t, Hv =
∑

w∈Ju,u∧vJ
(−εw) +

∑
w∈Ju∧v,vJ

εw ,

with the convention that Hu=0. Note that H takes arbitrary negative values on the lineage of v.
Namely H satisfies (2.3.4). It is easy to see that (t, u; (Hv)v∈t) is a Z-valued branching random
walk whose spatial motion is that of a simple symmetric random walk on Z and whose initial
position is a.s. Hu = 0. Recall from (2.3.5) the notation v(k) for all integers k ≤Hv: namely,
v(k)∈ K−∞, vK is such that Hv(k) =minw∈Jv(k),vKHw=k>H←−−

v(k).
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As in (2.3.6), for all v∈ t we set Xv =(Uv(k))k≤Hv . We denote Xu by o. It shows that there
exists a deterministic map F such that

F (Θ0) :=
(
t, u; (Xv)v∈t

)
, which has law Qt. (2.3.38)

Let u′ ∈ t and set F
(
t, u′; (εv, Uv)t∈t

)
=: (t, u′, (X ′v)v∈t). Then, set H ′v = |X ′v|, v ∈ t. We

deterministically check that

∀v∈ t, H ′v −Hv = −Hu′ and X ′v = φ|Xu′ |(Xv) . (2.3.39)

We next define [Θ0]+ as in Definition 2.3.18 (c): to simplify notation, we set (t′, u′)=[(t, u)]+
and we recall from Definition 2.2.6 (c) that there exists a unique one-to-one map ψ from t′

to the set {u|p ; p ≤ |u|} ∪ {v ∈ t : u <t v} such that ψ(u′) = u that preserves the relative
height and that is increasing with respect to the lexicographical order. Then, we simply define
[Θ0]+=

(
t′, u′, (ε′v, U ′v)v∈t′

)
where (ε′v, U ′v)=(εψ(v), Uψ(v)) for all v∈ t′ and also set

s̃cc+(Θ0) =
[
scc(t, u); (εv, Uv)v∈t

]+
. (2.3.40)

By (2.3.39) and since Xv is a deterministic function of ((εw, Uw), w∈K−∞, uK∪ K−∞, vK), it is
easy to check deterministically

F
(
s̃cc+(Θ0)

)
= scc+(F (Θ0)) . (2.3.41)

Then, (2.3.2), (2.3.38), (2.3.39) and (2.3.41) immediately entail the following lemma.

Lemma 2.3.19 Let t = (t, u)∈T•. We assume that |t|−=−∞. Let Θ=(t, u; (Xv)v∈t) have law
Qt. Then scc(Θ) has law Qscc(t) and scc+(Θ) has law Qscc+(t).

The next result is the key point in the proofs of the various laws of large numbers for the range of
branching random walks that we prove in the next section.

Theorem 2.3.20 Let µ be a probability measure on N such that
∑
k∈N kµ(k) = 1. Let o :=

(Uk)k∈Z− be a sequence of independent uniform r.v. on {1, . . . , b}. Let Θ = (τ∗, ϱ ; (Xv)v∈τ∗)
be a Wb-valued branching random walk whose distribution is the following: τ ∗ = (τ∗, o) is an
IPGW+(µ)-tree as in Definition 2.2.8 (ii) and conditionally given τ ∗and o, Θ has law Qb

o,τ∗ as in
Definition 2.3.1 (iii). Then

scc+(Θ) (law)= Θ , (2.3.42)

where we recall that scc+ stands for the right-successor map as in Definition 2.3.18 (d).
Next, denote by (vn)n∈N the sequence of the vertices that are not direct ancestors of o listed in

the lexicographical order. Namely, v0 =o, vn<τ∗ vn+1 and {vn;n∈N}={v∈τ :ϱ≤τ∗ v}. Then,

P-a.s. 1
n

#
{
Xvk

; 1≤k≤ n
}
−−−−→
n→∞

cµ,b := P
(
o /∈{Xvn ;n≥1}

)
. (2.3.43)

Furthermore, if µ satisfies (2.3.33), then cµ,b>0.

Proof. Let Θ0 :=(τ∗, o; (εv, Uv)v∈τ∗) be distributed as follows: conditionally given τ ∗, εv, Uv, v∈ t
are independent r.v. such that Uv is uniformly distributed on [0, 1] and εv is uniformly distributed on
{−1, 1}. Then, we set F (Θ0)=Θ′=(τ∗, o; (X ′v)v∈τ∗) as in (2.3.38). Conditionally given τ ∗, Θ′
has law Qτ∗ and Remarks 2.3.3 allows to take Θ=Φb(Θ′) that has the desired law. Lemma 2.3.19
combined with proposition 2.2.10 imply that scc+(Θ′) has the same law as Θ′ and since obviously
Φb(scc+(Θ′))=scc+(Θ), we get (2.3.42).
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For all n ≥ m ≥ 0, we set Rm,n(Θ) = #
{
Xvk

;m < k ≤ n
}

and we denote by scc+
ℓ the

ℓ-th iterate of scc+. Observe that Rm,n(scc+
ℓ (Θ)) =Rm+ℓ,n+ℓ(Θ), with an obvious notation.

Then, the r.v. (Rm,n(Θ+)m≥n≥1) satisfy Assumptions (1.7), (1.8) and (1.9) of Liggett’s version of
Kingman’s subadditive ergodic theorem (see Theorem 1.10 in [121] p. 1280) that asserts that there
exists a [0, 1]-valued r.v. R such that R0,n(Θ)/n→R almost surely (and in L1).

We next prove that R is a.s. constant. Recall from (2.3.40) the definition of s̃cc+(Θ0) and we
denote by s̃cc+

ℓ the ℓ-th iterate of s̃cc+: namely, s̃cc+
ℓ (Θ0)= [(τ∗, vℓ); (εv, Uv)v∈τ∗ ]+. Denote

by Gℓ the sigma-field generated by s̃cc+
ℓ (Θ0). By (2.3.41), scc+

ℓ (Θ)=Φd(F (s̃cc+
ℓ (Θ0)), so the

r.v. (Rℓ,ℓ+n(Θ))n∈N are Gℓ-measurable. Note that the sigma-fields Gℓ decrease in ℓ. Next, we set
G =

⋂
ℓ∈N Gℓ that can be viewed as the tail sigma-field of the subtrees grafted on the infinite line of

ancestors; since additional marks (εv, Uv) are i.i.d., Kolmogorov’s zero-one law applies and G is
P-trivial. Furthermore, the subadditivity for the Rm,n entail that a.s. R=limn→∞ n

−1Rℓ,ℓ+n(Θ),
for all ℓ. Thus, R is G -measurable which implies that it is a.s. constant.

Consequently, R=limn→∞E[R0,n(Θ)]/n. By an elementary argument,

E[R0,n(Θ)]=
∑

1≤k≤n
P
(
Xvk

/∈{Xvk+1 , . . . , Xvn}
)
.

Since the law of Θ is preserved by the map scc+(·), we get P
(
Xvk

/∈ {Xvk+1 , . . . , Xvn}
)

=
P
(
Xϱ /∈{Xv1 , . . . , Xvn−k

}
)

and thus

1
n

E[R0,n(Θ)]= 1
n

∑
0≤k≤n−1

P
(
Xϱ /∈{Xv1 , . . . , Xvk

}
)
−−−−→
n→∞

cµ,b

by Cesàro. Finally, observe that cµ,b≥κµ,b, where κµ,b is defined in (2.3.34) in Proposition 2.3.16
that completes the proof of the theorem. ■

2.3.6 Proof of Theorem 2.1.1.

We fix γ ∈ (1, 2]. Let τ be a GW(µ)-tree whose offspring distribution µ satisfies (H) in (2.1.1).
We set τ = (τ,∅). Let o := (Uk)k∈Z− be a sequence of independent uniform r.v. on {1, . . . , b}.
Let the Wb-valued branching random walk Θd=(τ, ∅ ; (Yv)v∈τ ) have conditional law Qb

o,τ given
τ and o as in Definition 2.3.1 (iii). We also introduce the Wb-valued branching random walk
Θ+

b = (τ, ∅ ; (Y +
v )v∈τ ) that has conditional law Q+b

τ given τ as in Definition 2.3.1 (i). For all
integers 0≤k<#τ , we denote

Rk(Θb)=#{Yv ; v∈τ : v≤τ vk} and Rk(Θ+
b )=#{Y +

v ; v∈τ : v≤τ vk}, (2.3.44)

where vk stands for the k-th smallest vertex of τ with respect to the lexicographical order ≤τ .
Arguing as in Le Gall & Lin [82], we derive the following result from Theorem 2.3.20.

Proposition 2.3.21 (adapted from Theorem 7 [82]) Let γ ∈ (1, 2] and let µ satisfy (H) as in
(2.1.1). We keep the above notation and we recall from (2.3.43) the definition of cµ,b and from
(2.3.44) the definition of Rn(Θb). Then,

∀ε∈(0,∞), P
(

sup
t∈[0,1]

1
n

∣∣R⌊nt⌋(Θb)− cµ,b nt
∣∣ > ε

∣∣∣#τ=n
)
−−−−→
n→∞

0 . (2.3.45)

Proof. The proof can be adapted verbatim from the way Proposition 6 and Theorem 7 pp. 284-289 in
[82] are deduced from Proposition 3 and Theorem 4 pp. 280-284 in [82]. Here our Theorem 2.3.20
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plays the role of Proposition 3 and Theorem 4 in [82] and we only give a brief sketch of the proof.
Following the same arguments as in Proposition 6 in [82], we first prove that for any fixed s∈ [0, 1],

∀ε∈(0,∞), P
(

1
n

∣∣R⌊ns⌋(Θb)− cµ,b ns
∣∣ > ε

∣∣∣#τ >n) −−−−→
n→∞

0 .

From this limit and the same absolute continuity argument as in the proof of Theorem 7 of [82], we
get for any fixed s∈ [0, 1],

∀ε∈(0,∞), P
(

1
n

∣∣R⌊ns⌋(Θb)− cµ,b ns
∣∣ > ε

∣∣∣#τ=n
)
−−−−→
n→∞

0 .

We then get (2.3.45) thanks to the following variant of the second Dini’s theorem. Let us mention
that in [82], the case γ = 2 is treated under the stronger assumption that the variance of µ is finite.
Nonetheless, this is not needed in these proofs since the only ingredients that are invoked, namely
the local limit theorem and the invariance principles for the height process of a forest of GW-trees
and of a size-conditioned GW-tree, still hold under the sole assumption that µ is in the domain of
attraction of a 2-stable law. ■

Lemma 2.3.22 For all n∈N, let (Ωn,Fn,Pn) be a probability space on which a nondecreasing
right-continuous process (X(n)

t )t∈[0,∞) is defined. Let (x(t))t∈[0,∞) be a (deterministic) continuous
function. Suppose that for all t∈ [0,∞), the real valued r.v. X(n)

t under Pn tends to x(t) in law.

Then limn→∞Pn
(

supt∈[0,p] |X
(n)
t −x(t)|>ε

)
=0 for all ε∈(0,∞) and all p∈N.

Proof of Lemma 2.3.22. We fix p∈N. Set wn,q=max0≤k≤p2q |X(n)
k2−q−x(k2−q)| for all n, q∈N.

Since the convergence in law to a constant implies the convergence in probability, we easily get for
all q that limn→∞Pn(wn,q>ε) = 0. Next set vq = max{|x(t)−x(s)|; s, t∈ [0, p] : |s−t| ≤ 2−q}
that tends to 0 as q →∞ since x is continuous. By monotonicity of X(n)

t , it is then easy to see that
for all t∈ [0, p], that |X(n)

t −x(t)|≤2vq + 3wn,q, which easily implies the desired result. ■

End of the proof of Theorem 2.1.1. We keep the notation from above and recall from (2.3.43) the
definition of cµ,b and from (2.3.44) the definition of Rn(Θ+

b ). We now derive Theorem 2.1.1 from
(2.3.45) and Proposition 2.3.8 that allows to change the state space from Wb to Wb.

For all positive integers n, we set cn= 4 logb n and Ln= #{v∈ τ : |Y +
v |≤ cn}. We also set

Nn = #{v ∈ τ : |v|= n} and Cn =N0 + N1 + . . . + Nn. Let (Sn)n∈N be a simple symmetric
random walk on Z with initial position S0 = 0. By definition of Θ+

b , for all v ∈ τ , we get
E[f(|Y +

v |) | τ ]=E[f(|S|v||) | τ ]. Then, for all bn∈N∗ we get

E
[
Ln
∣∣ τ] =

∑
k∈N

NkP
(
|Sk|≤cn

)
≤ Cbn + σ(bn, cn√

bn
)#τ , (2.3.46)

where we have set σ(p, s)=supk≥p P
(
|Sk|k−

1
2≤s

)
for all p∈N∗ and all s∈(0,∞). Observe that

any fixed p, lims→0+ σ(p, s)=0. We now take bn=c4
n.

We next claim that for all η∈(0,∞),

lim
n→∞

P
(

1
nCbn≥η

∣∣#τ=n
)

= 0 . (2.3.47)

Proof of (2.3.47). For all ε ∈ (0,∞) and all y ∈ R, we set fε(y) = (1−ε−1(|y|−ε)+)+ that is
continuous and such that 1[−ε,ε]≤ fε≤1[−2ε,2ε]. Recall from the introduction that (Hk)0≤k<#τ
stands for the height process of the tree τ and recall the convergence (2.1.4). Then note that

1
nCanε ≤ Qnε :=

∫ 1

0
fε
(

1
anH⌊ns⌋

)
ds .
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By (2.1.4), Qnε under P( · |#τ=n) tends in law to Qε :=
∫ 1

0 fε(Hs) ds. We recall here that a.s. for
all s ∈ (0, 1), Hs>0 (see Duquesne [50] or Section 2.4.4). Thus limε→0+Qε=0 and we get for
all η∈(0,∞)

lim sup
ε→0+

lim sup
n→∞

P
(

1
nCanε≥η

∣∣#τ=n
)
≤ lim sup

ε→0+
lim sup
n→∞

P
(
Qnε ≥η

∣∣#τ=n
)

≤ lim sup
ε→0+

P
(
Qnε ≥η

)
= 0. (2.3.48)

Since (an)n∈N is a γ−1
γ -regularly varying sequence, bn/an→0 and (2.3.48) entails (2.3.47). □

Since 1
nCbn ∈ (0, 1], it also implies that E[ 1

nCbn |#τ = n]→ 0 as n→∞. By (2.3.46) we
get limn→∞E[ 1

nLn|#τ =n]=0. We next apply Proposition 2.3.8 to c= ⌊4 logb n⌋+1: (2.3.18)
implies the following.

P
(

sup
s∈[0,1]

1
n

∣∣R⌊ns⌋(Θ+
b )− cµ,b ns

∣∣ > 2ε
∣∣∣#τ=n

)
≤ 2bn−1 + P

( 1
nLn>ε

∣∣#τ=n) + P
(

sup
s∈[0,1]

1
n

∣∣R⌊ns⌋(Θb)− cµ,b ns
∣∣ > ε

∣∣∣#τ=n
)
,

which implies (2.1.3) in Theorem 2.1.1 by (2.3.45) since E[ 1
nLn|#τ=n]→0 as n→∞. ■

2.4 Snake metrics and the Brownian cactus.

2.4.1 Pseudo-metrics on a closed interval.

Definition 2.4.1 Let ζ∈(0,∞). We introduce the following spaces.

(a) We denote by C([0, ζ]2,R) the space of continuous functions from [0, ζ]2 to R that is a
Banach space when equipped with uniform norm ∥·∥.

(b) We denote by M([0, ζ]) the set of continuous pseudo-metrics on [0, ζ]. Namely, it is the set
of d∈C([0, ζ]2,R) such that for all s1, s2, s3∈ [0, ζ],

d(s1, s2)≥0, d(s1, s1)=0, d(s1, s2)=d(s2, s1) and d(s1, s3)≤d(s1, s2) + d(s2, s3).

(c) We denote by MT([0, ζ]) the space of continuous pseudo-metrics d∈M([0, ζ]) such that
for all s1, s2, s3, s4∈ [0, ζ],
d(s1, s2) + d(s3, s4) ≤ max

(
d(s1, s3) + d(s2, s4) ; d(s1, s4) + d(s2, s3)

)
. (2.4.1)

We call the latter inequality the four points inequality. □

We easily check that MT([0, ζ]) and M([0, ζ]) are closed subsets of (C([0, ζ]2,R), ∥·∥). We shall
need the following compactness criterion in M([0, ζ]).

Lemma 2.4.2 For all η∈(0,∞) and all d∈M([0, ζ]), we set

qη(d) = max
{
d(s, s′) ; s, s′∈ [0, ζ] : |s−s′| ≤ η

}
.

LetD be a subset of M([0, ζ]). Then, the closure ofD is compact if and only if supd∈D qη(d) −→ 0
as η→ 0+.

Proof. For all f ∈C([0, ζ]2,R) and all η∈(0,∞), set

ωη(f)=max
{
|f(s1, s

′
1)−f(s2, s

′
2)| ; s1, s2, s

′
1, s
′
2∈ [0, ζ] : |s1−s2|∨|s′1−s′2| ≤ η

}
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that is the η-modulus of uniform continuity of f . The Arzelà-Ascoli Theorem asserts that the
closure of A ⊂ C([0, ζ]2,R) is ∥·∥-compact if and only if supf∈A ωη(f)→ 0 as η → 0+ and
supf∈A |f(0, 0)|<∞. The desired result follows from the easy remark that qη(d)≤ωη(d)≤2qη(d)
(here, the second inequality is a consequence of the triangle inequality) and from the obvious fact
that d(0, 0)=0 for any d∈D. ■

This lemma immediately implies the following tightness criterion.

Proposition 2.4.3 Let (dn)n∈N be a sequence of M([0, ζ])-valued random variables. The sequence
of their laws is tight on

(
C([0, ζ]2,R), ∥·∥

)
if and only if limη→0+ supn∈N P

(
qη(dn)>ε

)
=0 for

all ε∈(0,∞).

We now prove the following specific proposition that is used later in the proof of Theorem 2.1.2.

Proposition 2.4.4 Let dn,d∗n, n∈N, be M([0, ζ])-valued r.v. such that

(i) dn−→d weakly on
(
C([0, ζ]2,R), ∥·∥

)
;

(ii) For all n∈N and for all s, s′∈ [0, ζ], a.s. d∗n(s, s′)≤dn(s, s′);

(iii) For all s, s′∈ [0, ζ], |d∗n(s, s′)−dn(s, s′)|−→0 in probability.

Then, (d∗n,dn)−→(d,d) weakly on
(
C([0, ζ]2,R), ∥·∥

)2.

Proof. By (i) and Proposition 2.4.3, for all ε∈ (0,∞), limη→0 supn∈N P(qη(dn)>ε)=0. Since
dn and d∗n are continuous, (ii) actually implies that a.s. for all n ∈ N and for all s, s′ ∈ [0, ζ],
d∗n(s, s′)≤dn(s, s′), which immediately entails qη(d∗n)≤qη(dn). Thus, for all ε∈(0,∞), it holds
that limη→0 supn∈N P(qη(d∗n)> ε) = 0. By Proposition 2.4.3, the laws of the r.v. (d∗n,dn) are
tight in C([0, ζ]2,R)2 and we get the desired result because (i) and (iii) easily entail the weak
convergence of the finite dimensional marginals of (d∗n,dn) to those of (d,d). ■

Induced metric spaces. Let d∈M([0, ζ]). We define the relation ∼d on [0, ζ] as follows: for all
s1, s2∈ [0, ζ], s1 ∼d s2 if and only if d(s1, s2)=0. Clearly ∼d is an equivalence relation and we
define the quotient space:

Ed = [0, ζ]/∼d, projd : [0, ζ]→Ed, the canonical projection, rd = projd(0). (2.4.2)

We keep denoting d the metric induced by d on Ed. Since d is continuous on [0, ζ]2, projd is
continuous and (Ed, d, rd) is a pointed compact and connected metric space. We also equip Ed
with the pushforward measure µd of the Lebesgue measure on [0, ζ] via the canonical projection:
namely, for all nonnegative measurable functions f on Ed,∫

Ed

f(x)µd(dx)=
∫ ζ

0
f(projd(s)) ds . (2.4.3)

Note that µd is a finite measure with total mass ζ.

Remark 2.4.5 Let (Ed, d, rd, µd) be the compact metric space corresponding to the pseudo-metric
d∈M([0, ζ]). Let a, b∈ (0,∞). Set d′(s1, s2) =ad(s1/b, s2/b), s1, s2∈ [0, bζ]. Then, we easily
check that d′∈M([0, bζ]) and (Ed′ , d′, rd′ , µd′) is isometric to (Ed, ad, rd, bµd). □

Real trees. When d∈MT([0, ζ]), the resulting space Ed is a real tree. More precisely, real trees
are metric spaces that extend the definition of graph-trees; they are defined as follows.

Definition 2.4.6 let (T, d) be a metric space; it is a real tree if and only if the following holds true.
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(a) For any σ1, σ2∈T , there is a unique isometry f : [0, d(σ1, σ2)]→T such that f(0)=σ1 and
f(d(σ1, σ2))=σ2. Then, we set Jσ1, σ2K :=f([0, d(σ1, σ2)]).

(b) For any continuous injective function g : [0, 1]→ T , such that g(0) = σ1 and g(1) = σ2,
g([0, 1])=Jσ1, σ2K. □

It turns out that the four points inequality is a metric characterisation of real trees. More precisely, if
(T, d) is a connected metric space, then (T, d) is a real tree if and only if for any σ1, σ2, σ3, σ4 ∈ T ,

d(σ1, σ2) + d(σ3, σ4) ≤
(
d(σ1, σ3) + d(σ2, σ4)

)
∨
(
d(σ1, σ4) + d(σ2, σ3)

)
.

We refer to Evans [70] or to Dress, Moulton & Terhalle [48] for a detailed account on this property.
Let us introduce some notation about real trees. Let (T, d) be a compact pointed real tree. We

distinguish a point r∈T that is viewed as a root. We then define the length measure Length(·) on
T as the one-dimensional Hausdorff measure: namely, it is the unique Borel measure such that
Length(Jσ, σ′K)=d(σ, σ′), for all σ, σ′∈T . Let us next introduce branch points: let σ1, σ2, σ3∈T ;
then the geodesic paths Jσ1, σ2K, Jσ1, σ3K and Jσ2, σ3K have exactly one point in common that is
called the branch point of σ1, σ2, σ3 and that is denoted by br(σ1, σ2, σ3); namely

{br(σ1, σ2, σ3)} = Jσ1, σ2K ∩ Jσ1, σ3K ∩ Jσ2, σ3K. (2.4.4)

If we view T as a family tree whose ancestor is r, then br(σ1, σ2, r) is the most recent common
ancestor of σ1 and σ2 and we use the following notation

σ1 ∧ σ2 = br(σ1, σ2, r).

We next introduce the (extended) degree of any point σ∈T as follows.

deg(σ) is the (possibly infinite) number of connected components of the open set T\{σ}.
(2.4.5)

We say that σ is a branch point if deg(σ)≥3; we say that σ is a leaf if deg(σ)=1 and we say that
σ is simple if deg(σ)=2. We shall use the following notation for the set of leaves of T

Lf(T ) :=
{
σ∈T\{r} : deg(σ)=1

}
.

Definition 2.4.7 Let µ be a finite Borel measure on T ; then (T, d, r, µ) is a continuum real tree in
the sense of Aldous [9] if T is compact and if

µ is diffuse, the topological support of µ is T and µ
(
T\Lf(T )

)
=0 . (2.4.6)

Lemma 2.4.8 Let ζ∈(0,∞) and d∈MT([0, ζ]). To simplify we denote by (T, d, r, µ) the pointed
and measured compact real tree induced by the pseudo-metric d and we denote by p : [0, ζ]→ T
the canonical projection. We set

U=
{
s∈(0, ζ) : ∀s′∈ [0, ζ]\{s}, d(0, s) + d(s, s′)>d(0, s′)

}
. (2.4.7)

We assume that [0, ζ]\U is Lebesgue-negligible. Then, T is a continuum real tree as defined in
(2.4.6).

Proof. By construction and since p is continuous, the topological support of µ is T . We next
show that p(U) ⊂ Lf(T ). Let s ∈ (0, ζ) be such that p(s) ̸= r and such that deg(p(s)) ≥ 2.
Let s′ be such that p(s′) belongs to a connected component of T\{p(s)} that does not contain
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r. Then, p(s) ∈ Kr, p(s′)J , which implies that d(p(s′), r) = d(r, p(s)) + d(p(s), p(s′)), namely,
d(0, s′) = d(0, s) + d(s, s′). Thus, s /∈ U . This proves that p(U) ⊂ Lf(T ). Since [0, ζ]\U is
Lebesgue negligible, T\Lf(T ) is µ-negligible.

It remains to prove that µ is diffuse. Let s∈ [0, ζ]. If s /∈U , then p(s)∈ T\Lf(T ) that is µ-
negligible; thus µ({p(s)})=0. Assume now that s∈U and suppose that s′ is such that d(s, s′)=0.
The triangle inequality for d implies that d(0, s) = d(0, s′). Since s ∈ U , we get s = s′. Thus
p−1({p(s)})={s} and µ({p(s)})=0, which completes the proof of the lemma. ■

Example 2.4.9 (Real trees spanned by graph-trees) Let T be a discrete graph-tree with a special
vertex ρ viewed as a root. We denote by dgr the graph-distance on T. The real tree spanned by T is
obtained by joining neighbouring vertices of T by a unit-length segment of the real line with its
own metric. Formally, we can take T̃ ={(ρ, 1)} ∪

⋃
v∈T\{ρ}{v}×(0, 1] and for all σ=(v, s) and

σ′=(v′, s′) in T̃, we set:

d̃ T
gr(σ, σ′) =


dgr(v, v′) + s+ s′ − 2 if v∧v′ /∈{v, v′},
dgr(v, v′) + s− s′ if v′=v∧v′ and v ̸=v′,
|s− s′| if v=v′,

where v∧v′ is the most recent common ancestor of v and v′ when we view T as a family tree whose
ancestor is ρ. Clearly, (T̃, d̃ T

gr) is a real tree and if we identify T with T×{1}⊂ T̃, we easily check
that d̃ T

gr extends dgr. Note that (T̃, d̃ T
gr) is compact if and only if T is finite. □

Example 2.4.10 (Real trees coded by continuous functions) Let ζ∈(0,∞) and let h : [0, ζ]→R be
continuous. For all s1, s2∈ [0, ζ], we set

mh(s1, s2) = inf
s∈[s1∧s2,s1∨s2]

h(s) and dh(s1, s2) = h(s1) + h(s2)− 2mh(s1, s2) . (2.4.8)

We easily check that dh∈MT([0, ζ]) and to simplify we denote by (Th, dh, rh, µh) the induced
metric space (Edh

, dh, rdh
, µdh

) as defined in (2.4.2) and (2.4.3); we also denote by ph : [0, ζ]→Th
the canonical projection (instead of projdh

); (Th, dh, rh, µh) is a pointed measured compact real
tree that is the tree coded by the function h.

Let h′ : [0, ζ]→R be continuous. Then observe that

∀s1, s2,∈ [0, ζ],
∣∣dh(s1, s2)−dh′(s1, s2)

∣∣ ≤ 4 sup
s∈[0,ζ]

|h(s)−h′(s)| , (2.4.9)

which shows the continuity in MT([0, ζ]) of the application h 7→ dh. □

Remark 2.4.11 Let (Th, dh, rh) be the real tree coded by the continuous function h : [0, ζ]→R
and the canonical projection ph as explained above. Suppose that h is nonnegative and that h(0)=0.
Then dh(0, s)=h(s) and for all s1, s2∈ [0, ζ], we easily get mh(s1, s2)=dh

(
rh, ph(s1)∧ph(s2)

)
.

However, let d∈MT([0, ζ]) and set h(s)=d(0, s), s∈ [0, ζ] that is a continuous function. The
real tree T =[0, ζ]/∼d is in general different from the the real tree Th coded by h: namely d ̸=dh.
But let us mention that all compact real trees can be coded by (many) continuous functions (see
Duquesne [53] for more details on the coding of real trees). □

Gromov-Hausdorff-Prokhorov metric. Let (E1, d1, r1, µ1) and (E2, d2, r2, µ2) be two pointed
measured compact metric spaces: here µ1 and µ2 are finite measures on the respective Borel
sigma-fields of E1 and E2, and r1 ∈ E1 and r2 ∈ E2 are distinguished points. The pointed
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Gromov-Hausdorff-Prokhorov distance (the GHP-distance for short) between E1 and E2 is defined
by

δGHP(E1, E2)=inf
{
dHaus
E

(
ϕ1(E1), ϕ2(E2)

)
+ dE(ϕ1(r1), ϕ2(r2)) + dProk

E

(
µ1◦ϕ−1

1 , µ2◦ϕ−1
2
)}
. (2.4.10)

Here, the infimum is taken over all Polish spaces (E, dE) and all couples of isometric embeddings
ϕi : Ei ↪→ E, i ∈ {1, 2}; dHaus

E stands for the Hausdorff distance on the space of compact
subsets of E (namely, dHaus

E (K1,K2) = inf{ε ∈ (0,∞) : K1 ⊂ K(ε)
2 and K2 ⊂ K(ε)

1 }, where
A(ε) ={y∈E : dE(y,A)≤ε} for all non-empty A⊂E); for all i∈{1, 2}, µi◦ϕ−1

i stands for the
pushforward measure of µi via ϕi; dProk

E stands for the Prokhorov distance on the space of finite
Borel measures on E, namely

dProk
E (µ, ν)=inf{ε∈(0,∞) :µ(K)≤ν(K(ε)) + ε and ν(K)≤µ(K(ε)) + ε, ∀K⊂E compact}.

Remark 2.4.12 Let (E, d) be a Polish space and let a, b, c ∈ (0,∞). We denote by dProk
(resp. daProk) the Prokhorov distance on the space of finite Borel measures on (E, d) (resp. (E, ad))
and we denote by dHaus (resp. daHaus) the Hausdorff distance on the space of the compact subsets of
(E, d) (resp. (E, ad)). First note that daHaus =adHaus. Then, observe that dProk(bµ, cµ)= |b−c|µ(E)
and that (a ∧ b)dProk(µ, ν)≤daProk(bµ, bν)≤(a ∨ b)dProk(µ, ν).

Let (E1, d1, r1, µ1) and (E2, d2, r2, µ2) be two pointed measured compact metric spaces. We
set (E′i, d′i, r′i, µ′i)=(Ei, adi, ri, bµi), i∈{1, 2}. Then, it is easy to check that (a∧b)δGHP(E1, E2)≤
δGHP(E′1, E′2)≤(a ∨ b)δGHP(E1, E2). □

Example 2.4.13 Let T be a finite graph-tree that is equipped with its graph distance and with
its counting measure: m =

∑
v∈T δv. Let (T̃, d̃ T

gr) be the compact real tree spanned by T (see
Example 2.4.9). We equip T̃ with its length measure Length. Up to obvious identifications, we
can assume that T ⊂ T̃. Then, we easily get dHaus(T, T̃) ≤ 1, dProk(m, Length) ≤ 2 and thus,
δGHP(T, T̃)≤3. □

We next recall from Theorem 2.5 in Abraham, Delmas & Hoscheit [4] the following asser-
tions: δGHP is a pseudo-metric (i.e. it is symmetric and it satisfies the triangle inequality) and
δGHP(E1, E2) = 0 if and only if E1 and E2 are isometric, namely if and only if there exists a
bijective isometry ϕ :E1→E2 such that ϕ(r1) = r2 and such that µ2 =µ1 ◦ ϕ−1. Denote by M
the isometry classes of pointed measured compact metric spaces. Then, Theorem 2.5 in Abraham,
Delmas & Hoscheit [4] asserts that

(M, δGHP) is a complete and separable metric space. (2.4.11)

Proposition 2.4.14 Let d, d′ ∈M([0, ζ]) and let Ed and Ed′ be the induced pointed measured
compact metric spaces as defined by (2.4.2) and (2.4.3). Then

δGHP(Ed, Ed′) ≤ 3
2∥d−d

′∥ . (2.4.12)

Proof. We use the notation from (2.4.2) and we setR={(projd(s), projd′(s)); s∈ [0, ζ]} that is
a relation on Ed×Ed′ since for all x∈Ed and all x′∈Ed′ ,R∩ ({x} ×Ed′) andR∩ (Ed × {x′})
are not empty. By the triangle inequality for pseudo-metrics, we get

dis(R) := sup
{∣∣d(x, y)−d′(x′, y′)

∣∣ ; (x, x′), (y, y′)∈R
}
≤ ∥d−d′∥ . (2.4.13)
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We next set G=Ed ⊔ Ed′ that is a disjoint union, and we define a metric δ on G as follows: δ
coincides with d on Ed×Ed and with d′ on Ed′×Ed′ and for all x∈Ed and all x′∈Ed′ , we set

δ(x, x′) = inf
{
d(x, y) + 1

2dis(R) + d′(y′, x′) ; (y, y′)∈R
}
.

We easily check that δ is a separable compact metric on G. Thus, (G, δ) is Polish. The inclusions
Ed ↪→ G and Ed′ ↪→ G are isometries and since (rd, rd′)=(projd(0), projd′(0))∈R, we get

δHaus(Ed, Ed′) ∨ δ(rd, rd′) ≤ 1
2dis(R) , (2.4.14)

where δHaus stands for the Hausdorff distance of the space of compacts subsets of G.
Let K be a closed (and thus compact) subset of G. We set Q=Ed ∩K and Q′ =Ed′ ∩K

that are also compact subsets of G. Note that µd(K) = µd(Q) and µd′(K) = µd′(Q′). We set
C=proj−1

d (Q), Q′0 =projd′(C) and C ′=proj−1
d′ (Q′0). Since projd and projd′ are continuous,

C and C ′ are compact subsets of [0, ζ] andQ′0 is a compact subset ofEd′ . Denote by ℓ the Lebesgue
measure on [0,∞). Observe that C ⊂C ′, which implies that µd(K) =µd(Q) = ℓ(C)≤ ℓ(C ′) =
µd′(Q′0). Let x′∈Q′0. There exists s∈C such that projd′(s)=x′. But note that x :=projd(s)∈Q
and thus (x, x′) ∈ R. Set η := 1

2 dis(R); then we have proved that µd(K) ≤ µd′(Kη) where
Kη = {z ∈ G : δ(z,K) ≤ η}. Similarly, we prove that µd′(K) ≤ µd(Kη) which implies that
δProk(µd, µd′) ≤ η, where δProk stands for the Prohorov distance on the space of finite Borel
measures on G. This inequality combined with (2.4.14) implies that δGHP(Ed, Ed′)≤ 3

2 dis(R),
which entails (2.4.12) by (2.4.13). ■

2.4.2 Scaling limit of the range of biased RWs on trees.

Let T be an infinite rooted ordered tree. We fix λ∈(1,∞) and we denote by (Yn)n∈N the λ-biased
RW on T whose transition probabilities are given by (2.3.36). We make T a real tree by joining
neighbouring vertices by a line isometric to [0, 1] as explained in Example 2.4.9 and we keep
denoting by (T, dgr,∅) the resulting rooted real tree. We also denote simply by (Ys)s∈[0,∞) the
continuous interpolation of Y : namely, for all n∈N and all s∈ [n, n+ 1], Ys is the unique point of
the line JYn, Yn+1K in the (spanned) real tree T such that dgr(Yn, Ys)=s−n.

Let ζ∈(0,∞). For all n∈N, we then set

Rn={Ys ; s∈ [0, ζn]}

that is a random compact real tree. We equipRn with the occupation measure m(n)
occ induced by the

RW, namely
∫
Rn
f(σ)m(n)

occ(dσ)=
∫ ζ

0 f(Ysn) ds.

Proposition 2.4.15 We keep the above notation. Let (an)n∈N be a sequence of positive real
numbers. We assume that (Yn)n∈N is recurrent, that limn→∞ a

−1
n logn=0 and that there exists a

continuous random process (Hs)s∈[0,ζ] such that

(
1
an
dgr(∅, Yns)

)
s∈[0,ζ]

(law)
−−−−−−→

n→∞
(Hs)s∈[0,ζ] (2.4.15)

weakly on C([0, ζ],R). Then, jointly with (2.4.15), the following convergence(
Rn , 1

an
dgr , ∅ , m(n)

occ

) (law)
−−−−−−→

n→∞

(
TH , dH , rH , µH

)
holds weakly on the space of rooted measured compact metric spaces M equipped with the Gromov-
Hausdorff-Prokhorov distance. Here,

(
TH , dH , rH , µH

)
stands for the real tree coded by H as in

Example 2.4.10.
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Proof. For all s ∈ [0, ζ], we set H (n)
s = 1

an
dgr(∅, Yns). For all s, s′ ∈ [0, ζ], we also set

dn(s, s′) =H (n)
s + H (n)

s′ −2 minr∈[s∧s′,s∨s′]H
(n)
r , that is the tree pseudo-distance coded by H (n)

as in Example 2.4.10. Clearly, by (2.4.9), (2.4.15) implies that dn→dH weakly on C([0, ζ]2,R).
Then we set d∗n(s, s′) = a−1

n dgr(Yns, Yns′). Thus d∗n(s, s′)≤ dn(s, s′) and by (2.3.37) in Lemma
2.3.17, we get for all ε>0 that

P
(
dn(s, s′)−d∗n(s, s′)>ε

)
≤ P

(
|Y⌊ns⌋|+ |Y⌊ns′⌋|−2 min

⌊ns⌋≤k≤⌊ns′⌋
|Yk| ≥ εan−2 + dgr

(
Y⌊ns⌋, Y⌊ns′⌋

))
≤ (⌊ns′⌋−⌊ns⌋) λ−1

λ
1
2 εan−1−1

−−−−−→
n→∞

0.

By Proposition 2.4.4, (d∗n, dn)→(dH , dH) weakly on C([0, ζ]2,R)2. This implies the desired result
by Proposition 2.4.14 and because the compact measured rooted tree induced by the pseudo-metric
d∗n is isometric to (Rn, 1

an dgr,∅,m(n)
occ). ■

We then derive from the previous proposition (the easy part) and from a result due to Dembo &
Sun [45] (the difficult part) that the scaling limit of the range of critical biased RWs on a supercritical
multi-type GW-tree is the Brownian tree. More precisely, we consider a N -type GW-tree; for all
k∈{1, . . . , N} we denote by µ(k, ·) a probability measure on WN =

⋃
n∈N{1, . . . , N}n, the set

of finite words written in the alphabet {1, . . . , N}. For all p ∈ (0,∞), the p-th moment matrix
Mp=(mp(k, ℓ))1≤k,ℓ≤N is given by

mp(k, ℓ) =
∑
n∈N

∑
1≤w1,...,wn≤N

µ
(
k, (w1, . . . , wn)

)(
#
{
j∈{1, . . . , n} : wj =ℓ

})p
.

We assume the following.
(a) There exists p∈(4,∞) such that for all k, ℓ∈{1, . . . , N}, mp(k, ℓ)<∞.
(b) There exists an integer n0≥1, such that Mn0

1 has only strictly positive entries.
(c) Let λ be the Perron-Frobenius eigenvalue of M1. We assume that λ>1.

Let T = (T,∅, (ax)x∈T ) be a N -type GW(µ)-tree. Namely, T is a random rooted ordered tree,
ax∈{1, . . . , N} is the type of vertex x∈T and T satisfies the following property: recall that k∅(T )
is the number of children of the root and recall that for all j∈{1, . . . , k∅(T )}, θ(j)T stands for the
tree stemming form the j-th child of ∅ (equipped with the types of corresponding vertices). Then,
conditionally given a∅, the types

(
a(1), . . . , a(k∅(T ))

)
of the children of the root have conditional

law µ(a∅, ·) and conditionally given
(
a(1), . . . , a(k∅(T ))

)
, the subtrees θ(1)T, . . . , θ(k∅(T ))T are

independent GW(µ)-trees.
Then, conditionally given T , let (Yn)n∈N be the λ-biased RW on T started at ∅ and denote by

(Ys)s∈[0,∞) its continuous interpolation as explained above. Under Assumptions (a), (b) and (c)
on µ, Theorem 1.1 in Dembo & Sun [45] p. 3 asserts that there exists σ∈(0,∞), a constant that
depends only on µ, such that a.s. on the non-extinction event {|T |=∞},(

1
σ
√
n
dgr(∅, Yns)

)
s∈[0,∞)

(law)
−−−−−−→

n→∞

(
|Bs|

)
s∈[0,∞) (2.4.16)

where (Bs)s∈[0,∞) is a standard linear Brownian motion such thatB0 =0 a.s. By Proposition 2.4.15,
we immediately get the following new result.

Corollary 2.4.16 We keep the notation as above. Let ζ∈(0,∞). LetRn={Ys; s∈ [0, nζ]} be the
range of Y up to time nζ and let m(n)

occ be the occupation measure of Y onRn as introduced before.
Under Assumptions (a), (b) and (c) on µ, a.s. on the event {|T |=∞}, we get(

Rn , 1
σ
√
n
dgr , ∅ , m(n)

occ

) (law)
−−−−−−→

n→∞

(
T|B|, d|B|, r|B|, µ|B|

)
(2.4.17)
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weakly on the space of rooted measured compact metric spaces M equipped with the Gromov-
Hausdorff-Prokhorov distance. Here,

(
T|B|, d|B|, r|B|, µ|B|

)
stands for the real tree coded by the

reflected Brownian motion (|Bs|)s∈[0,ζ].

In literature, the first scaling limit for the range of tree-valued RWs appears in Duquesne [52]:
in this paper the tree is b-ary and the RW is slightly super-critical (see Theorem 2.1 [52] p. 2224;
Lemma 3.7 [52] p. 2241 also contains a local law of large numbers for the range). When T is
a supercritical single-type GW-tree, Peres & Zeitouni [137] have first proved (2.4.16) when the
offspring distribution has exponential moments (see Theorem 1 [137], p. 596). Then, Aïdékon & de
Raphélis in [6] have proved (2.4.16) for supercritical single-type GW-tree under a second moment
assumption and they also proved (2.4.17) in these cases (Theorem 1.1 [6], p. 645). In the same
article, they extend (2.4.16) and (2.4.17) to RWs in random environment on GW-trees (see Theorem
6.1 [6], p. 660).

2.4.3 Snake metrics.

Snakes are path-valued processes that provide a nice parametrization of the spatial positions of a
population whose genealogy is a continuum tree and that are scaling limits of branching random
walks. Snake processes, and in particular the Brownian snake, has been introduced by Le Gall
in [77] to study fine properties of super-Brownian motion. In this section, we first recall basic
definitions on snakes, in a deterministic setting and in dimension 1. Then, we introduce a pseudo-
metric derived from a snake, we study its continuity properties and we show that snake metrics
actually yield real-trees. Finally, we prove elementary geometric properties of such real trees that
are deterministic version of the cactus introduced by Curien, Le Gall & Miermont in [40].

Definition 2.4.17 We fix ζ ∈ (0,∞) and we denote by C([0, ζ],R) the space of the continuous
functions from [0, ζ] to R; it is a Banach space when equipped with the uniform norm ∥·∥∞. We
also denote by C0 the space of continuous functions from [0,∞) to R that is a Polish space when
equipped with the following metric:

∀w,w′∈C0, δu(w,w′) =
∑
n∈N

2−n−1 min
(
1 , sup

r∈[0,n]
|w(r)−w′(r)|

)
. (2.4.18)

(a) We denote by C([0, ζ],C0) the space of the δu-continuous functions from [0, ζ] to C0
equipped with the distance ∆∗ given by ∆∗(w,w′) = sups∈[0,ζ] δu(ws(·), w′s(·)), for all
w,w′∈C([0, ζ],C0). We next equip the product space C([0, ζ],R)×C([0, ζ],C0) with the
following distance: for all (h,w), (h′, w′)∈C([0, ζ],R)×C([0, ζ],C0),

∆
(
(h,w), (h′, w′)

)
= ∥h−h′∥∞ + ∆∗(w,w′) .

(b) We denote by Σ([0, ζ]) the space of the R-valued snakes; namely, the elements (h,w) of
C([0, ζ],R)×C([0, ζ],C0) that satisfy h≥0, h(0)=h(ζ)=0 and the following.

(b1) For all s∈ [0, ζ] and for all r∈ [h(s),∞), ws(r)=ws(h(s))=: ŵs.
(b2) For all s1, s2∈ [0, ζ] and for all r∈ [0,mh(s1, s2)], ws1(r)=ws2(r), where we recall

from (2.4.8) the definition of mh(s1, s2).
We refer to (b2) as to the snake property. The function h is called the lifetime process and
the function (ŵs)s∈[0,ζ] is called the endpoint process of the snake. □

We easily check that
(
C([0, ζ],C0),∆∗

)
and

(
C([0, ζ],R)×C([0, ζ],C0),∆

)
are Polish spaces

and that Σ([0, ζ]) is a ∆-closed subset.
The following lemma is used in the proof of Theorem 2.1.2.
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Lemma 2.4.18 Let (h,w)∈Σ([0, ζ]). For all η∈(0,∞), we have ωη(w)≤2ωη(ŵ), where

ωη(w) = sup
{
δu(ws, ws′) ; s, s′∈ [0, ζ] : |s−s′|≤η

}
,

ωη(ŵ) = sup{|ŵs−ŵs′ | ; s, s′∈ [0, ζ] : |s−s′|≤η}.

Proof. For all s ∈ [0, ζ] and for all r ∈ [0, h(s)] set αs,r = sup{s′ ∈ [0, s] : h(s′) ≤ r} and
βs,r = inf{s′∈ [s, ζ] :h(s′)≤ r}. Then, Definition 2.4.17 (b2) implies that ws(r) =ws′(r) for all
s′∈ [αs,r, βs,r] and in particular, ŵαs,r = ŵβs,r =ws(r) since r=h(αs,r)=h(βs,r).

Next, fix s, s′ ∈ [0, ζ] such that |s−s′| ≤ η. To simplify we set m = mh(s, s′). Let r∗ ∈
[m,h(s)] be such that |ws(r∗)−ws(m)| = maxr∈[m,h(s)] |ws(r)−ws(m)|. Suppose that s ≤ s′
(resp. that s′ ≤ s), then it holds that βs,r∗ , βs,m ∈ [s, s′] (resp. αs,r∗ , αs,m ∈ [s′, s]) and we get
that |ws(r∗)−ws(m)| = |ŵβs,r∗ − ŵβs,m | (resp.= |ŵαs,r∗ − ŵαs,m |). As a consequence, we
have maxr∈[m,h(s)] |ws(r) − ws(m)| ≤ ωη(ŵ). Similarly, maxr∈[m,h(s′)] |ws′(r)−ws′(m)| ≤
ωη(ŵ). By Definition 2.4.17 (b2), we get ws(m) = ws′(m) and supr∈[0,∞) |ws(r)−ws′(r)| ≤
maxr∈[m,h(s)] |ws(r)−ws(m)|+maxr∈[m,h(s′)] |ws′(r)−ws′(m)|, which easily implies the desired
result. ■

Definition 2.4.19 Let ζ ∈ (0,∞) and let (h,w)∈Σ([0, ζ]). Recall from (2.4.8) the definition of
mh(·, ·) and recall from Definition 2.4.17 (b1) the definition of ŵ. For all s1, s2∈ [0, ζ], we set

Mh,w(s1, s2)=min
(
min

{
ws1(r); r∈ [mh(s1, s2), h(s1)]

}
,min

{
ws2(r); r∈ [mh(s1, s2), h(s2)]

})
and dh,w(s1, s2)= ŵs1 + ŵs2 − 2Mh,w(s1, s2) . (2.4.19)

We call dh,w the snake metric associated with (h,w) (see Lemma 2.4.22 below). □

Lemma 2.4.20 Let ζ∈ [0,∞) and for all n∈N, let (hn, w(n))∈Σ([0, ζ]) that converges to (h,w)
in C([0, ζ],R)×C([0, ζ],C0) equipped with ∆ as in Definition 2.4.17 (a). Recall that ∥·∥ stands
for the uniform norm on C([0, ζ]2,R). Then, limn→∞∥dhn−dh∥=limn→∞∥dhn,w(n)−dh,w∥ = 0
(see (2.4.8) and (2.4.19)).

Proof. The first limit follows from (2.4.9). To prove the second one, we fix ε∈ (0, 1) and we set
a= 1 + supn∈N maxs∈[0,ζ] |hn(s)|. Let n1 ∈N such that ∆((hn, w(n)), (h,w))≤ 2−a−2ε, for all
n≥n1. Thus, for all n≥n1 and for all s∈ [0, ζ],

∥w(n)
s −ws∥∞ := sup

r∈[0,∞)
|w(n)
s (r)−ws(r)|= sup

r∈[0,a]
|w(n)
s (r)−ws(r)| ≤ ε. (2.4.20)

Fix s1, s2∈ [0, ζ] and set mn=mhn(s1, s2) and m=mh(s1, s2). By (2.4.20), we get

∀n≥n1,∀j∈{1, 2},
∣∣∣ min
r∈[mn,hn(sj)]

w(n)
sj (r) − min

r∈[mn,hn(sj)]
wsj (r)

∣∣∣ ≤ ∥w(n)
sj
−wsj∥∞ ≤ ε. (2.4.21)

Next, for all uniformly continuous g : [0,∞)→R, and for all η∈ (0,∞), we use the notation
ω(g, η)=sup{|g(s)−g(s′)|; s, s′∈ [0,∞) : |s−s′|≤η} for the η-uniform modulus of continuity of
g. We recall that ∥h−hn∥∞≤∆((hn, w(n)), (h,w)). Observe that for all j∈{1, 2} and all n∈N,∣∣∣ min

r∈[mn,hn(sj)]
wsj (r)− min

r∈[m,h(sj)]
wsj (r)

∣∣∣ ≤ ω(wsj , ∥h−hn∥∞
)
. (2.4.22)

By the definition (2.4.19) of dhn,w(n) , by (2.4.20), (2.4.21) and (2.4.22), for all n≥n1, we get the
following:∣∣ dhn,w(n)(s1, s2)−dh,w(s1, s2)

∣∣ ≤ 4ε+ 3ω
(
ws1 , ∥h−hn∥∞

)
+ 3ω

(
ws2 , ∥h−hn∥∞

)
. (2.4.23)
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Since w is uniformly δu-continuous on [0, ζ], there exist σ1, . . . , σp ∈ [0, ζ] such that for all
s ∈ [0, ζ], there exists k ∈ {1, . . . , p}, such that ∥ws−wσk

∥∞ ≤ ε, which implies the inequality
|ω
(
ws, η

)
−ω

(
wσk

, η
)
|≤2ε, for all η∈(0,∞). By (2.4.23), it implies that

∥dhn,w(n)−dh,w∥ ≤ 16ε+ 6 max
1≤k≤p

ω
(
wσk

, ∥h−hn∥∞
)
,

which implies lim supn→∞∥dhn,w(n)−dh,w∥ ≤16ε, for all ε∈ (0,∞). It completes the proof of
the lemma. ■

Remark 2.4.21 Let (h,w)∈Σ([0, ζ]). Definition 2.4.17 (b) means that w is actually defined on
the real tree (Th, dh, rh, µh) coded by h (as defined in Remark 2.4.10). Indeed, let s1, s2∈ [0, ζ]
be such that dh(s1, s2)=0; then h(s1)=h(s2)=mh(s1, s2) and Definition 2.4.17 (b) implies that
ws1 =ws2 . Up to a slight abuse of notation, it therefore makes sense to define w on Th as follows:
for all σ∈Th and for all s∈ [0, ζ] such that σ=ph(s), then

wσ(·) := ws(·) and ŵσ := ŵs , (2.4.24)

where we recall that ph : [0, ζ]→ Th stands for the canonical projection. It is easy to check that
w :Th →C0 is continuous. Moreover, Definition 2.4.17 (b) combined with the argument of the
proof of Lemma 2.4.18 entails the following.

∀σ∈Th, ∀γ∈Jrh, σK, wσ
(
dh(rh, γ)

)
= ŵγ .

We also get the following: let σ1, σ2∈Th and s1, s2∈ [0, ζ] such that ph(si)=σi, i∈{1, 2}; then

Mh,w(s1, s2) = min
γ∈Jσ1,σ2K̂

wγ and thus dh,w(s1, s2) = ŵσ1 + ŵσ2 − 2 min
γ∈Jσ1,σ2K̂

wγ . (2.4.25)

Up to a slight abuse of notation, it makes sense to view Mh,w and dh,w as continuous functions
from Th×Th to R. □

Lemma 2.4.22 Let ζ∈(0,∞) and let (h,w)∈Σ([0, ζ]). Let dh,w be the associated snake metric
as in Definition 2.4.19. Then, dh,w∈MT([0, ζ]). Namely, it is a continuous pseudo-metric on [0, ζ]
that satisfies the four points inequality (2.4.1).

Proof. We first prove the continuity of dh,w. To that end, for all a, b∈ [0,∞) and all s∈ [0, ζ] we set
ϕa,b(s)=min{ws(r) ; r∈ [a∧b, a∨b]}. Note that |ϕa,b(s)−ϕa,b(s′)|≤supr∈[0,a∨b] |ws(r)−ws′(r)|.
Then, observe that for a fixed s, (a, b) 7→ ϕa,b(s) is continuous. This easily implies that (a, b, s) 7→
ϕa,b(s) is continuous. Therefore, dh,w is continuous on [0, ζ]2.

Let s1, s2, s3, s4 ∈ [0, ζ]. We set X1 = Mh,w(s1, s2) + Mh,w(s3, s4), X2 = Mh,w(s1, s3) +
Mh,w(s2, s4) andX3 =Mh,w(s1, s4)+Mh,w(s2, s3), so that dh,w satisfies the four points inequality
(2.4.1) if X1 ≥ min

{
X2, X3

}
, which is a consequence of

#
{
i∈{1, 2, 3} : Xi=min(X1, X2, X3)

}
≥ 2 . (2.4.26)

To prove (2.4.26) it is convenient to work on (Th, dh, rh) that is the pointed compact real tree coded
by h as explained in Example 2.4.10: recall that ph : [0,∞]→Th stands for the canonical projection
and recall from (2.4.24) the definition of wσ and ŵσ for all σ ∈ Th. For all i ∈ {1, . . . , 4}, we
set σi=ph(si) and we recall from (2.4.25) that Mh,w(σi, σj)=Mh,w(si, sj). Recall from (2.4.4)
the definition of branch points in Th. Since (2.4.26) does not depend on a specific indexation of
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the si, without loss of generality we can assume that γ := br(σ1, σ2, σ3) = br(σ1, σ2, σ4), that
γ′=br(σ3, σ4, σ1)=br(σ3, σ4, σ2) and that

a := min
σ∈Jγ, σ1K̂

wσ ≤ b := min
σ∈Jγ, σ2K̂

wσ , d := min
σ∈Jγ′, σ3K̂

wσ ≤ e := min
σ∈Jγ′, σ4K̂

wσ and a ≤ d.

We also set c := minσ∈Jγ,γ′K ŵσ. Then, X1 = a + d, X2 = (a ∧ c) + (b ∧ c ∧ e) and X3 =
(a∧ c) + (b∧ c∧ d). We have four cases to consider; (i): if c≤a, then X1 =a+ d≥X2 =X3 =2c;
(ii): if a ≤ c ≤ d, then X1 = a + d ≥ X2 = X3 = a + (b ∧ c); (iii): if d ≤ c and b ≤ d, then
X1 =a+d≥X2 =X3 =a+ b; (iv): if d≤c and d≤b, then X1 =X3 =a+d≤X2 =a+(b∧c∧e).
This proves (2.4.26) and it completes the proof of the lemma. ■

Definition 2.4.23 Let ζ ∈ (0,∞) and let (h,w) ∈ Σ([0, ζ]). Let dh,w be the associated snake
metric (as in Definition 2.4.19). Since dh,w ∈ MT([0, ζ]) by Lemma 2.4.22, we denote by
Th,w=[0, ζ]/∼dh,w

the corresponding real tree and to simplify we denote by ph,w : [0, ζ]→Th,w
the canonical projection, by rh,w = ph,w(0) the root of Th,w, and by µh,w the measure on Th,w
induced by the Lebesgue measure on [0, ζ] via ph,w: namely,∫

Th,w

f(x)µh,w(dx)=
∫ ζ

0
f(ph,w(s)) ds ,

for all continuous f :Th,w→R. Since the pseudo-metric dh,w : [0, ζ]2→ [0,∞) is continuous, so is
ph,w and (Th,w, dh,w, rh,w, µh,w) is a pointed measured compact real tree that we call the snake tree
associated with (h,w). By Lemma 2.4.20 and Proposition 2.4.14, (h,w)∈Σ([0, ζ]) 7→Th,w∈M is
(∆, δGHP)-continuous. □

Remark 2.4.24 Let (h,w) ∈ Σ([0, ζ]) and α, a, b ∈ (0,∞). For all s ∈ [0, bζ], we set h′(s) =
αh(s/b) andw′s(r)=aws/b(r/α). Then (h′, w′)∈Σ([0, bζ]) and thanks to Remark 2.4.5, we easily
check that (Th′ , dh′ , rh′ , µh′) is isometric to (Th, αdh, rh, bµh), and (Th′,w′ , dh′,w′ , rh′,w′ , µh′,w′)
is isometric to (Th,w, adh,w, rh,w, bµh,w). □

Remark 2.4.25 Let (h,w) ∈ Σ([0, ζ]); let (Th, dh, rh, µh) and (Th,w, dh,w, rh,w, µh,w) be the
compact real trees coded by resp. h and (h,w) and recall that ph and ph,w stand for the canonical
projections from [0, ζ] to resp. Th and Th,w. Observe that it actually makes sense to define a function
y : Th→Th,w by setting

∀s∈ [0, ζ], y(ph(s)) = ph,w(s) . (2.4.27)

It is easy to deduce from (2.4.25) that

dh,w
(
y(σ), y(σ′)

)
= ŵσ + ŵσ′−2 min

γ∈Jσ,σ′K
ŵγ , (2.4.28)

It implies that y is continuous and surjective. Note that µh,w is the image of µh via y. □

We next prove two results that deal with basic geometric properties of snake trees. The first one
provides conditions for a snake tree to be a continuum real tree.

Lemma 2.4.26 Let (h,w)∈Σ([0, ζ]). We set

Uh,w=
{
s∈ [0, ζ] : h(s)>0 and ∀ε∈(0, h(s)), inf

r∈[h(s)−ε,h(s)]
ws(r) <ŵs

}
(2.4.29)

and we assume that [0, ζ]\Uh,w is Lebesgue-negligible. We also assume that the tree (Th, dh, rh, µh)
coded by h is a continuum real tree as defined in (2.4.6). Then, the snake tree (Th,w, dh,w, rh,w, µh,w)
is also a continuum real tree.
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Proof. We set V =Uh,w ∩ p−1
h (Lf(Th)). Since [0, ζ]\Uh,w is Lebesgue-negligible and since Th

is a continuum real tree, [0, ζ]\V is Lebesgue-negligible. To conclude the proof we are going to
show that V ⊂ U , where U is defined in (2.4.7) with d replaced by dh,w, so that Lemma 2.4.8
implies the desired result. To that end, we fix s∈ V and s′ ∈ [0, ζ] be distinct from s. Suppose
that h(s) = mh(s, s′); if there is s′′ ∈ (s ∧ s′, s ∨ s′) such that h(s′′) > mh(s, s′), then we
have ph(s) ∈ Jr, ph(s′′)J which is impossible since ph(s) has to be a leaf of Th. Therefore, if
h(s)=mh(s, s′), then h(s′′)=mh(s, s′) for all s′′∈ [s∧s′, s∨s′]; thus [s∧s′, s∨s′]⊂p−1

h ({ph(s)})
and µh would have an atom at ph(s), which is impossible since Th is a continuum real tree.
Thus, we have proved that h(s) > mh(s, s′). Therefore minr∈[mh(s,s′),h(s)]ws(r) < ŵs since
s ∈ Uh,w. Next, we set b = min{ws(r) ; r ∈ [0,mh(s, s′)]}; by Definition 2.4.17 (b), b is also
equal to min{ws′(r) ; r∈ [0,mh(s, s′)]}. We also set a= min{ws(r) ; r∈ [mh(s, s′), h(s)]} and
a′=min{ws′(r) ; r∈ [mh(s, s′), h(s′)]}. Then,

dh,w(0, s) + dh,w(s, s′)−dh,w(0, s′) = 2ŵs + 2Mh,w(0, s′)− 2Mh,w(0, s)− 2Mh,w(s, s′)
= 2ŵs − 2a+ 2

(
a+ (b∧a′)−(b∧a)−(a∧a′)

)
.

We next check that q :=a+ (b∧a′)−(b∧a)−(a∧a′)≥0. Indeed, if a≤a′, q=(b∧a′)−(b∧a)≥0;
if b≤a′≤a, q=a−a′≥0; if a′≤b≤a, q=a−b≥0; if a′≤a≤b, q=0. Since we have proved that
a< ŵs, we get dh,w(0, s) + dh,w(s, s′)>dh,w(0, s′). This implies that V ⊂U , which completes
the proof. ■

Recall from (2.4.5) the definition of the degree of a point in a real tree and recall that a point is
a branch point if its degree is ≥3. The following lemma provides conditions ensuring that snake
trees have only binary branch points.

Lemma 2.4.27 Let (h,w)∈Σ([0, ζ]). Let Th and Th,w be the compact real trees coded by resp. h
and (h,w). Recall from Remark 2.4.21 that w can actually be defined on Th. Let D be a countable
dense set of points of Th. We consider two cases. In the first case, we assume the following.

(a) ŵ0 =0 and ŵs∈ [0,∞) for all s∈ [0, ζ].
(b) For all distinct σ, σ′∈D such that minγ∈Jσ,σ′K ŵγ>0, there is at most one σ0∈ Kσ, σ′J such

that ŵσ0 =minγ∈Jσ,σ′K ŵγ and when there is one, it is never a branch point of Th.

Then, for all x∈Th,w\{rh,w}, deg(x)∈{1, 2, 3}. In the second case, we assume the following

(a′) ŵ0 =0.

(b′) For all distinct σ, σ′ ∈D, there is at most one σ0 ∈ Kσ, σ′J such that ŵσ0 = minγ∈Jσ,σ′K ŵγ
and when there is one, it is never a branch point of Th.

Then, for all x∈Th,w, deg(x)∈{1, 2, 3}.

Proof. Let us consider the first case. We assume (a) and (b). We shall argue by contradiction.
To that end, suppose that x0 ∈ Th,w\{rh,w} is such that deg(x0) ≥ 4. Recall from (2.4.27) in
Remark 2.4.25 the definition of the continuous surjective function y : Th→ Th,w. Then, choose
x1, x2, x3 ∈ y(D) such that rh,w, x1, x2, x3 are in distinct connected components of Th,w\{x0}.
Let σ0∈Th and σ1, σ2, σ3∈D be such that y(σi) =xi, i∈{0, 1, 2, 3}. We first claim that for all
i, j∈{1, 2, 3} distinct,

0 < dh,w(rh,w, x0) = ŵσ0 = min
γ∈Jσ0,σiK

ŵγ ≤ inf
γ∈Jσi,σjK

ŵγ . (2.4.30)

Proof of (2.4.30). Note that y(rh) = rh,w. Since x0 ̸= rh,w, by (a) and (2.4.28), we get 0 <
dh,w(x0, rh,w) = ŵσ0 + ŵrh

−2 minJrh,σ0K ŵ = ŵσ0 . Fix i ∈ {1, 2, 3}. Since x0 ∈ Krh,w, xiJ,
the identity (2.4.28) implies that ŵσi = dh,w(rh,w, xi) = dh,w(rh,w, x0) + dh,w(x0, xi) and thus
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ŵσi = 2ŵσ0 +ŵσi−2 minγ∈Jσ0,σiK ŵγ , which implies the second equality in (2.4.30). We complete
the proof of (2.4.30) by noting that Jσi, σjK⊂Jσ0, σiK ∪ Jσ0, σjK. □

For all i ∈ {1, 2, 3}, let Ci be the connected component of Th,w\{x0} that contains xi. By
connectivity, there are γ1, γ2 ∈ Jσ1, σ2K such that y(γ1) = y(γ2) = x0 and Jσi, γiJ⊂ y−1(Ci),
i∈{1, 2}. Since y(γi) =x0, ŵσ0 + ŵγi − 2 minγ∈Jσ0,γiK ŵγ = 0, which implies that ŵγi = ŵσ0 .
By (2.4.30), we get ŵγ1 = ŵγ2 = minγ∈Jσ1,σ2K ŵγ . Then Assumption (b) implies that γ1 =γ2.

We next introduce β = br(σ1, σ2, σ3), the branch point of σ1, σ2, σ3 as defined in (2.4.4).
Without loss of generality we can assume that γ1∈Jσ1, βK and thus γ1∈Jσ1, σ3K. By connectivity,
there is γ3 ∈ Jσ1, σ3K such that y(γ3) = x0 and Jσ3, γ3J⊂ y−1(C3). It implies that ŵγ1 = ŵγ3 =
ŵσ0 =minγ∈Jσ1,σ3K ŵγ . Then Assumption (b) implies that γ3 =γ1 =γ2. By definition, the subsets
Jσi, γiJ , i∈{1, 2, 3} are pairwise disjoints and therefore γ3 is a branch point of Th (it is actually
br(σ1, σ2, σ3)) such that ŵγ3 = minJσ1,σ3K ŵγ which is not possible by Assumption (b). This
proves the first point of the lemma by contradiction. The exact same arguments can be used to
prove the second case of the lemma. ■

2.4.4 Stable Lévy trees.

In this section that contains no new result, we briefly recall basic definitions and properties on stable
Lévy trees. Lévy trees are a class of random compact metric spaces that have been introduced
by Le Gall & Le Jan in [81] (and further studied in Le Gall & Duquesne [61]) as the genealogy
of continuous state branching processes. Among stable trees, Aldous’ continuum random tree
corresponds to the Brownian case (see Aldous [9] and here below). Stable trees (and more generally
Lévy trees) are the scaling limit of Galton–Watson trees as recalled in Introduction (see also below).

More precisely, let γ ∈ (1, 2] be the index of a spectrally positive stable Lévy process X =
(Xs)s∈[0,∞): namely, the law of X is characterised by its Laplace exponent that is given by

∀s, λ∈ [0,∞), E[exp(−λXs)] = exp(sλγ) .

Note that X is a Brownian motion when γ = 2 and we shall refer to this case as the Brownian
case. As shown in [81] (see also [61], Chapter 1), there exists a continuous process H(X) =
(Hs(X))s∈[0,∞) such that for any s ∈ [0,∞),

Hs(X) = lim
ε→0

1
ε

∫ t

0
1{Ir

s<Xr<Ir
s +ε} dr, (2.4.31)

where Irs stands for infr≤u≤sXu and the convergence in (2.4.31) holds in probability. The process
H(X) is the γ-stable height process. Note that in the Brownian case, H(X) is simply the reflected
Brownian motion s 7→2(Xs−I0

s ). From the scaling property of X and from (2.4.31), we see that
for any r∈(0,∞), (r(γ−1)/γHt/r(X))t∈[0,∞) has the same distribution as H(X).

As in the discrete setting, the process H(X) encodes a family of continuum real trees: each
excursion of H(X) above 0 corresponds to an excursion of X above its infimum (it is obvious in
the Brownian case) and each excursion of H(X) above 0 corresponds to a single continuum real
tree of the family. The scaling property of H(X) yields the following definition for the normalized
excursion of H(X) that is provided in Duquesne [50] (see p.1005).

Set ℓ1 =max{s∈ [0, 1] :Xs=Is}, r1 =min{s∈ [1,∞) :Xs=Is} and ζ1 =r1−ℓ1. Then, we set:

∀s∈ [0, 1], Hs := ζ
−(1− 1

γ )
1 Hℓ1+sζ1(X) .

The process H is taken as the definition of the normalized excursion of the γ-stable height process.
As shown in Theorem 1.4.4 in Le Gall & Duquesne [61], for all α∈(0, 1− 1

γ ), P-a.s. H(X) is
α-locally Hölder-continuous. Thus, the same holds true for H: namely,

for all α∈(0, 1− 1
γ ), a.s. H is α-Hölder continuous. (2.4.32)
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Normalized stable Lévy trees. We call normalized γ-stable Lévy tree the real tree

(TH , dH , rH , µH)

coded by the function H , as defined in (2.4.8). Recall from (2.4.9) that h 7→ dh is a 4-Lipschitz
function from C([0, 1],R) to C([0, 1]2,R), both equipped with uniform norms. Thus, dH is a
measurable random element of MT([0, 1]) and by Proposition 2.4.14, TH is a measurable random
element of the Polish space (M, δGHP) as mentioned in (2.4.11).

Let us briefly recall some geometric properties of TH . One can prove that a.s. TH is a continuum
real tree (as defined in (2.4.6)) and that the set of its branch points is a countable dense set; moreover
we recall from Theorem 4.6 in Le Gall & Duquesne [57] (p. 583) the following result.

A.s. for all σ∈TH , deg(σ)∈Aγ , where Aγ =
{
{1, 2,∞} if γ∈(1, 2),
{1, 2, 3} if γ=2.

(2.4.33)

The contour of a discrete trees. We briefly recall how to code discrete trees by various functions.
Let t∈T be a finite (rooted ordered) tree as in Definition 2.2.1. To simplify, we set #t=n; since t
is finite, we can list the vertices of t in the lexicographical order: u0 =∅<tu1<t . . .<t un−1; for
all j∈{0, . . . , n−1}, we set Hj(t)= |uj | that is the height of the j-th vertex of t. By convenience
we also set Hn(t)=0. The function (Hk(t))0≤k≤n is the discrete height function of t. Note that
H(t) entirely encodes t.

We also introduce another coding function known as the contour (or the depth-first exploration)
function of t. Informally, we embed t into the clockwise oriented half plane so that order on siblings
corresponds to orientation; we think of a particle that visits the tree at unit speed, that starts at
the root and that goes from the left to right, backtracking as less as possible; we denote by v(k)
the vertex visited at time k during this depth-first exploration. The particle crosses exactly twice
each edge of t: once upwards and once downwards; so, the total time needed to go back to the
root is 2n−2, that is twice the number of edges. Namely, {(v(k), v(k + 1)); 0≤ k≤ 2n−2}=
{(u,←−u ), (←−u , u);u∈ t\{∅}}. Then, for all k∈{0, . . . , 2n−2}, we set Ck(t)= |v(k)| and we also
set C2n−1(t)=C2n(t)=0. We call contour function of t the linear interpolation of the Ck(t) that
we still denote by (Cs(t))s∈[0,2n].

The discrete height function and the contour function of t are related as follows. For all
0≤j≤n, we set bj =2j−Hj(t); we easily check that (bj) is an increasing sequence from 0 to 2n.
Moreover, for all j<n−1, observe that for all s∈ [bj , bj+1],

Cs(t) =
{
Hj(t)−(s−bj) If s∈ [bj , bj+1−1],
s−bj+1+Hj+1(t) If s∈ [bj+1−1, bj+1]

(2.4.34)

and that Cs(t)=Hn−1(t)− (s−bn−1) if s∈ [bn−1, bn].
The pointed measured compact real tree coded by the contour function of t is described as

follows: to simplify notation, we set Cs=C2s(t), s∈ [0, n] and we recall from Example 2.4.9 the
definition of (t̃, d̃ tgr), the compact real tree spanned by the graph-tree t. It is easy to check that
the pointed compact measured real tree (TC , dC , rC , µC) coded by C is isometric to (t̃, d̃ tgr,∅, m̃)
where m̃=δ∅ + Length, where δ∅ stands for the Dirac mass at the root ∅.

We next recall the following limit theorem from Duquesne [50] (Theorem 3.1, p. 1006).

Theorem 2.4.28 (Theorem 3.1 [50]) We fix γ ∈ (1, 2]. Let τ be a Galton–Watson tree whose
offspring distribution satisfies (H) as in (2.1.1). Then, there exists a nondecreasing sequence of
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positive real numbers (an)n∈N that tends to∞ such that(
1
an
H⌊ns⌋(τ) ; 1

an
C2ns(τ)

)
s∈[0,1]

under P
(
·
∣∣#τ=n

)
(law)

−−−−−−→
n→∞

(Hs, Hs)s∈[0,1]

where H is the normalized excursion of the γ-stable height process.

2.4.5 One-dimensional reflected Brownian snakes.

In this section we briefly introduce normalized one-dimensional (reflected) Brownian snake with
γ-stable branching mechanism (i.e. whose lifetime process is a γ-stable height process). For more
details we refer to the monograph of Le Gall & Duquesne [61] (Chapter 4, pp. 107-149).

Let I be an interval of R whose interior is not empty. Let (Zxr )r∈[0,∞) be an I-valued continuous
Markov process starting at Zx0 =x∈I . We shall restrict to the two following cases:

• either I is R and Zx is a Brownian motion,

• or I=[0,∞) and Zx is a Brownian motion that is reflected at 0.

Recall from Definition 2.4.17 that C0 stands for the space of continuous functions from [0,∞) to
R equipped with (Polish) topology of uniform convergence on all compact subsets. We let w∈C0
be I-valued and we fix two nonnegative real numbers b≥a. We then denote by Ra,b(w, dw′) the
law on C0 of the process W (·) that is defined as follows:

• for all r∈ [0, a], W (r)=w(r);

• the process (W (a+ r))r∈[0,∞) has the same law as (Zw(a)
r∧(b−a))r∈[0,∞).

It is clear that (a, b, w) 7−→Ra,b(w, dw′) is weakly continuous on C0.
We next fix ζ∈(0,∞) and h∈C([0, ζ], [0,∞)) such that h(0)=h(ζ)=0. Recall from (2.4.8)

the definition of mh(·, ·). It is easy to check that one defines a C0-valued process (Ws(·))s∈[0,ζ] by
specifying its finite dimensional marginals as follows:

• W0(r)=0, r∈ [0,∞).

• For all 0≤s1≤ . . .≤sp≤ζ, (Wsk
)1≤k≤p has law

Rmh(0,s1),h(s1)(W0, dw1)Rmh(s1,s2),h(s2)(w1, dw2) . . . Rmh(sp−1,sp),h(sp)(wp−1, dwp) .
(2.4.35)

When the Zx are Brownian motions, the resulting collection of C0-valued r.v. (Ws)s∈[0,ζ] is a
Brownian snake with lifetime process h and initial position 0. When the Zx are reflected Brownian
motions, W is a reflected Brownian snake with lifetime process h and initial position 0. The
following R-valued process

∀s∈ [0, ζ], Ŵs = Ws(h(s)),

is the endpoint process of the snake W .

Remark 2.4.29 If (Ws)s∈[0,ζ] is a Brownian snake with lifetime process h and initial position 0,
then clearly (|Ws|)s∈[0,ζ] is a reflected Brownian snake with lifetime process h and initial position
0. □

Let us discuss the regularity of Brownian snakes. First, denote by Mh
s1,...,sp the law on Cp

0
defined by (2.4.35). It is easy to check that (s1, . . . , sp;h) ∈ [0, ζ]p×C([0, ζ],R) 7−→Mh

s1,...,sp

is weakly continuous on Cp
0. Although h is continuous, the process W may not be continu-

ous in general. However, the arguments used in the proof of Proposition 4.4.1 in Le Gall &
Duquesne [61] (Chapter 4 p. 127) show that if h is Hölder, then W has a continuous modification.
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More precisely, for all ζ, c∈(0,∞) and all α∈(0, 1], denote by Hölc,α([0, ζ]) the set of functions
h∈C([0, ζ], [0,∞)) such that h(0) =h(ζ) = 0 and |h(s)−h(s′)|≤ c|s−s′|α, for all s, s′ ∈ [0, ζ].
From the proof of Proposition 4.4.1 in Le Gall & Duquesne [61], we easily get the following lemma.

Lemma 2.4.30 Let ζ∈(0,∞) and let h∈Ho
..
lc,α([0, ζ]). Let (Ws)s∈[0,ζ] be a Brownian snake (or

a reflected Brownian snake) with lifetime process h and initial position 0. Then, for all p∈(1,∞),

∀s, s′∈ [0, ζ], E
[

sup
r∈[0,∞)

∣∣Ws(r)−Ws′(r)
∣∣p ] ≤ cp|s−s′|αp/2 ,

where cp=(2p
√
c/(p−1))pE[|Z0

1 |p]. By Kolmogorov’s criterion, W admits a modification that is
α/2-Hölder with respect to the distance δu on C0 (see (2.4.18) for the definition of δu).

We now assume that h is Hölder; we keep denoting W the continuous version of the (possibly
reflected) Brownian snake with lifetime process h and we briefly discuss properties of W for later
use.

First observe that a.s. (h,W ) is a snake as in Definition 2.4.17 (b). Then, note that for all
s∈ [0, ζ], (Ws(r))r∈[0,∞) has the same distribution as (Z0

r∧h(s))r∈[0,∞), which easily implies the
following: for all bounded and measurable F :C0→R,

E
[ ∫ ζ

0
F
(
Ws(·)

)
ds
]

=
∫ ζ

0
E
[
F
((
Z0
r∧h(s)

)
r∈[0,∞)

)]
dr . (2.4.36)

To define the normalized (reflected) Brownian snake with γ-stable branching mechanism, we
need to shows that the law of a (reflected) Brownian snake is a Borel-measurable function of
its lifetime process. More precisely, since Hölc,α([0, ζ]) is a compact subset of C([0, ζ], [0,∞))
equipped with uniform convergence and since Hölc,α([0, ζ])⊂Hölζα−α′c′,α′([0, ζ]) for all 0<α′≤
α and all c′≥ c> 0, the set of Hölder lifetime-functions Höl :=

⋃
c∈(0,∞)

⋃
α∈(0,1] Hölc,α([0, ζ])

is a countable union of compact subsets and therefore a Borel subset of C([0, ζ], [0,∞)). For all
h∈Höl, denote by Ph(dW ) (resp. P+

h (dW )) the law on C([0,∞),C0) of the Brownian snake
(resp. of the reflected Brownian snake) W with lifetime-function h and initial position 0 and extend
h 7→Ph (resp. h 7→P+

h ) to C([0, ζ], [0,∞)) trivially by taking Ph (resp. P+
h ) equal to the Dirac mass

at the null function if h is not a Hölder lifetime-function. Now recall that for all integers p≥1 and
for all bounded continuous F :Cp

0→R, the map (s1, . . . , sp;h) 7→
∫
F (Ws1 , . . . ,Wsp)Ph(dW ) is

continuous; the same holds with P+
h . Since the Borel sigma field of C([0, ζ],C0) equipped with ∆∗

(as in Definition 2.4.17 (a)) is generated by the finite dimensional marginals, a standard monotone
class argument implies that for all Borel subsets B of the Polish space (C([0, ζ],C0),∆∗), the map
h∈C([0, ζ], [0,∞)) 7−→Ph(B)∈ [0,∞) is Borel-measurable. Namely:

Ph(dW ) is a Borel regular kernel from C([0, ζ], [0,∞)) equipped with the uniform norm to
the Polish space (C([0, ζ],C0),∆∗). The same holds with P+

h .

Definition 2.4.31 Let γ∈(1, 2]. Let H be the normalized excursion of the γ-stable height process.
Recall from (2.4.32) that H is a.s. Hölder-continuous. Thus, it makes sense to define the Brownian
snake (resp. reflected Brownian snake) with γ-stable branching mechanism as the r.v. (H,W ) with
values in C([0, ζ],R)×C([0, ζ],C0) whose regular conditional distribution given H is PH(dW )
(resp. P+

H (dW )), as defined previously. □

Let (H,W ) be a normalized Brownian snake with γ-stable branching mechanism. Recall that
the real tree (TH , dH , rh, µH) coded by H is the γ-stable Lévy tree. Since a.s. (H,W )∈Σ([0, 1]),
(2.4.24) in Remark 2.4.21 applies to (H,W ) and it makes sense (up to a slight abuse of notation) to
define W and Ŵ on TH . To prove geometric properties of the γ-stable (reflected) Brownian cactus,
we shall need the following result that is recalled from Lemma 6.4 in Le Gall & Duquesne [57]
(p. 600).
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Lemma 2.4.32 (Lemma 6.4 [57]) Let (H,W ) be a normalized Brownian snake with γ-stable
branching mechanism. Then, conditionally given H , (Ŵσ)σ∈TH

is a centered Gaussian process
whose covariance is characterised by the following:

∀σ, σ′∈TH ,
∫
PH(dW )

∣∣Ŵσ′− Ŵσ

∣∣2 = dH(σ, σ′) . (2.4.37)

Moreover, for all ε∈(0, 1/2), conditionally given H , σ∈TH 7−→Ŵσ is
(1

2−ε
)
-Hölder-continuous.

2.4.6 Reflected Brownian cactus with stable branching mechanism.

Definition 2.4.33 Let γ∈(1, 2] and let (H,W ) be a normalized Brownian (resp. reflected Brow-
nian) snake with γ-stable branching mechanism as in Definition 2.4.31. Recall the notation
Σ([0, 1]) from Definition 2.4.17 (b) and recall that (H,W )∈Σ([0, 1]). The Brownian (resp. re-
flected Brownian) cactus with γ-stable mechanism is the pointed measured compact real tree
(TH,W , dH,W , rH,W , µH,W ) as specified in Definitions 2.4.19 and 2.4.23. □

Recall from (2.4.6) the definition of continuum real trees. Recall from (2.4.5) the definition of the
degree of a point in a real tree.

Proposition 2.4.34 Let γ ∈ (1, 2]. Let (H,W ) be a normalized Brownian (resp. reflected Brow-
nian) snake with γ-stable branching mechanism and let TH,W the corresponding cactus as in
Definition 2.4.33. Then, the following holds true.

(i) (TH,W , dH,W , rH,W , µH,W ) is a.s. a continuum real tree.

(ii) A.s. for all x∈TH,W \{rH,W }, deg(x)∈{1, 2, 3}. Moreover, if TH,W is a reflected Brownian
cactus, then deg(rH,W )=∞ and if TH,W is a Brownian cactus, then deg(rH,W )=1.

Remark 2.4.35 As recalled in (2.4.33), when γ ∈ (1, 2), the γ-stable Lévy tree TH has infinite
branch points: namely, there is a countable dense set of points σ ∈ TH such that deg(σ) =∞.
However, note that the corresponding Brownian cactus TH,W has only binary branch points (except
possibly at the root in the reflected case). □

Remark 2.4.36 As already mentioned, the Brownian Cactus has been introduced by Curien, Le
Gall & Miermont in [40] to study planar maps: roughly speaking the Brownian cactus corresponds
to the case of a quadratic branching mechanism γ = 2 and the spatial motion of the snake is a
(unreflected) linear Brownian motion. In this case they proved much finer geometrical results:
a.s. the upper-local density for typical points is 4 (Proposition 5.1 [40] p. 364) and the Hausdorff
dimension is 4 (Corollary 5.3 [40] p. 365). See also the article by Le Gall [116] where the level sets
of the Brownian cactus are studied to derive results on the Brownian maps. □

Proof of Proposition 2.4.34. To prove (i), we use Lemma 2.4.26. Recall that (TH , dH , rH , µH) is
indeed a.s. a continuum real tree and recall from (2.4.29) the definition of the subset UH,W ⊂ [0, 1].
Recall that (Z0

r )r∈[0,∞) stands for a one-dimensional Brownian motion (resp. reflected Brownian
motion) starting at 0 that is independent from H . We denote by ℓ the Lebesgue measure on [0, 1].
Then, by (2.4.36), conditionally given H , we get a.s.∫

PH(dW )ℓ(UH,W ) =
∫ 1

0
1{Hs>0} PH

(
∀ε∈(0, Hs) : inf

r∈[Hs−ε,Hs]
Ws(r)< Ŵs

)
ds

=
∫ 1

0
1{Hs>0}P

(
∀ε∈(0, Hs) : inf

r∈[Hs−ε,Hs]
Z0
r < Z0

Hs

∣∣∣H) ds = 1.

Thus, a.s. ℓ([0, 1]\UH,W )=0 and Lemma 2.4.26 implies (i).
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We next use Lemma 2.4.27 to prove (ii). Recall that (up to a slight abuse of notation) W can
be defined on TH . We first consider the unreflected Brownian case and recall from Lemma 2.4.32
that conditionally given H , (Ŵσ)σ∈TH

is a centered Hölder-continuous Gaussian process whose
covariance is characterised by (2.4.37). According to Remark 2.4.29, |Ŵ | is the endpoint process
of the γ-stable reflected Brownian snake. We now work conditionally given H .

LetD be a countable dense subset of TH . Let σ, σ′∈D be distinct; denote by ϕ : [0, dH(σ, σ′)]→
Jσ, σ′KTH

the isometry such that ϕ(0)=σ and ϕ(dH(σ, σ′))=σ′. The covariance of Ŵ combined
with the fact that Brownian motion is reversible entails that the process Zr := Ŵϕ(r)−Ŵσ, for
r ∈ [0, dH(σ, σ′)], has the same law conditionally given H as a Brownian motion starting at
0: it therefore a.s. reaches its infimum at a unique time r0 ∈]0, dH(σ, σ′)[ and the law of r0
conditionally given H is diffuse, which entails that a.s. ϕ(r0) cannot be a branch point of TH
since the set of branch points of TH are countable. The same holds true for |Ŵ | on Jσ, σ′KTH

if
infγ∈Jσ,σ′KTH

|Ŵγ |> 0. Since D is countable, it implies that conditionally given H , Ŵ satisfies

Assumptions (a′) and (b′) in Lemma 2.4.27 and that |Ŵ | satisfies Assumptions (a) and (b) in
Lemma 2.4.27. This lemma then implies the first assertion of (ii).

Let us complete the proof of (ii). Recall from Remarks 2.4.25 that it is makes sense to
define y+ : TH → TH,|W | by setting y+(pH(s)) = pH,|W |(s), s∈ [0, 1]. Let σ ∈ TH be such that
y+(σ) ̸= rH,|W |. Then, observe that {γ ∈ JrH , σKTH

: |Ŵγ |> 0} has infinitely many connected
components: let γ and γ′ be in two distinct such connected components: by (2.4.28) we get
dH,|W |(y+(γ), y+(γ′)) = Ŵγ + Ŵγ′ = dH,|W |(rH,W , y+(γ′)) + dH,|W |(rH,W , y+(γ)), which
easily implies that y+(γ) and y+(γ′) belong to distinct connected components of TH,|W |\{rH,|W |}.
It implies that a.s. deg(rH,|W |)=∞.

We define similarly y : TH→ TH,W by setting y(pH(s)) = pH,W (s), s∈ [0, 1]. Let x, x′ and
rH,W be distinct points of TH,W and denote by z their branching point; let σ and σ′∈TH be such
that y(σ)=x and y(σ′)=x′ and recall that y(rH)=rH,W . Then

2dH,W (rH,W , z) = dH,W (rH,W , x) + dH,W (rH,W , x′)− dH,W (x, x′)
by (2.4.28)= 2 min

γ∈Jσ,σ′KTĤ

Wγ − 2 min
γ∈JrH ,σKTĤ

Wγ − 2 min
γ∈JrH ,σ′KTĤ

Wγ .

Now observe that a.s. minγ∈JrH ,σKTH
Ŵγ and minγ∈JrH ,σ′KTH

Ŵγ are strictly negative quantities and

that the least of the two has to be smaller than minγ∈Jσ,σ′KTH
Ŵγ . This prove that dH,W (rH,W , z)>0

and that x and x′ are in the same connected component of TH,W \{rH,W }. Thus, deg(rH,W )=1,
which completes the proof of (ii). ■

2.5 Scaling limit of the range of the BRW.

2.5.1 Continuous interpolation of discrete snakes.

We briefly devise here a natural way to embed a tree-valued branching walk into a continuous
branching motion, which takes its values in the real tree spanned by a discrete space-tree and is
indexed by the real tree spanned by a genealogical tree.

To that end, let us consider a (possibly infinite) graph tree T equipped with its graph-distance
dT

gr . T will be the space tree. We distinguish a special vertex o∈T that plays the role of a root.
Here, T can be a rooted ordered tree as in Definition 2.2.1 or the b-ary tree Wb or the free tree
W[0,1] as introduced in (2.2.1). Recall from Example 2.4.9 the definition of (T̃ , d̃T

gr ) of the real tree
spanned by T. We make the necessary identifications to assume that T ⊂ T̃.

We first explain how to obtain a continuous interpolation of a path v(k)∈T , k∈{0, . . . , n} (by
a path, we mean a sequence of adjacent vertices). It is easy to check that there exists a continuous



2.5. Scaling limit of the range of the BRW. 103

map ṽ : [0, n]→ T̃ such that ṽ(k)=v(k) and for all 0≤k<n,

∀s∈ [k, k + 1], ṽ(s)∈Jv(k), v(k+1)K is such that d̃ Tgr(v(k), ṽ(s))=s−k.

The continuous path (ṽ(s))s∈[0,n] is the continuous interpolation of the path (v(k))k∈{0,...,n}.
We next extend this interpolation to T -valued branching walks. Let t∈T be a finite (rooted

ordered) tree as in Definition 2.2.1. t will be the genealogical tree. We denote by (t̃, d̃ tgr) the
compact real tree spanned by t and we assume that t⊂ t̃. Let (Yv)v∈t be a T -valued branching
walk indexed by t. Namely, for all v ∈ t, Yv ∈ T and it satisfies the two following conditions:
(a) Y∅ :=o ; (b) if v, v′∈ t are neighbours, so are Yv and Yv′ in T . We easily check that there exists
a continuous map Ỹ : t̃ 7→ T̃ such that Ỹv=Yv, v∈ t, by specifying the following: for all σ∈ t̃ there
exist two neighbouring vertices v, v′∈ t such that σ∈Jv, v′K

t̃
and

Ỹσ is the only point of JYv, Yv′KT̃ such that d̃Tgr(Yv, Ỹσ)= d̃ tgr(v, σ). (2.5.1)

We next introduce the spatial contour associated with (Yv)v∈t. To that end, denote by v(k)∈ t,
0≤ k≤ 2#t, the sequence of vertices of t visited by the contour (or the depth-first) exploration
of t as recalled in (2.4.34) and note that they form a path in t. We denote by ṽ : [0, 2#t]→ t̃ its
continuous interpolation. Observe that Cs(t)= d̃ tgr(∅, ṽ(s)), for all s∈ [0, 2#t], where C(t) stands
for the contour function of t. Then, for all s∈ [0, 2#t], we define a continuous map Vs : [0,∞)→ T̃
as follows:{

for all r∈ [0, Cs(t)], Vs(r)= Ỹσ where σ∈J∅, ṽ(s)K
t̃

is such that r= d̃ tgr(∅, σ);
for all r∈ [Cs(t),∞), Vs(r)= Ỹṽ(s).

(2.5.2)

We call (Vs(·))s∈[0,2#t] the spatial contour associated with the branching walk (Yv)v∈t. It is
easy to check here that s 7→ Vs is continuous from [0, 2#t] to the space of T̃ -valued continuous
functions equipped with the uniform distance. We also define its endpoint process as follows:

∀s∈ [0, 2#t], V̂s = Vs(Cs(t)) . (2.5.3)

We then define the continuous interpolation of the discrete snake associated with (Yv)v∈t and
its endpoint process by

∀s∈ [0, 2#t], Ws(r) = d̃Tgr(o, Vs(r)), r∈ [0,∞) and Ŵs= d̃Tgr(o, V̂s). (2.5.4)

By Remark 2.5.1 below, (Ws(·))s∈[0,2#t] is the continuous interpolation of the N-valued branching
walk (dTgr(o, Yv))v∈t. Moreover, observe thatW is a snake whose lifetime function is the contour
C(t) of t as in Definition 2.4.17: namely, (Cs(t),Ws)s∈[0,2#t]∈Σ([0, 2#t]).

Remark 2.5.1 Let T ′ be another graph-tree and let ϕ :T →T ′ be an adjacency-preserving map
so that the image by ϕ of a path in T is a path in T ′ (for instance, T = W[0,1], T ′ = Wb and
ϕ= Φb, the b-contraction as in Definition 2.3.3; or T ′=N and ϕ(v) = dgr(o, v)) Consequently,
(Y ′v)v∈t := (ϕ(Yv))v∈t is a T ′-valued branching walk indexed by t. Then, ϕ clearly extends to a
continuous map from T̃→ T̃ ′ by requiring that d̃T

′
gr (ϕ(σ), ϕ(u))= d̃Tgr(σ, u) for all σ∈Ju, vK

T̃
with

u and v adjacent in T . Then, observe that the continuous interpolation of Y ′ is the image by ϕ of
the continuous interpolation of Y : namely, Ỹ ′=ϕ(Ỹ ). □

We next provide basic properties related to counting and occupation measures on the range of
Y and its interpolation Ỹ . We first set

R=
{
Yv; v∈ t

}
and R̃=

{
V̂s; s∈ [0, 2#t]

}
=
{
Ỹσ;σ∈ t̃

}
. (2.5.5)
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Observe that R (resp. R̃) is a subtree of T (resp. T̃ ) and note that R̃ is the real tree spanned by
R. We equipR and R̃ with the respective occupation measures mcont and m̃cont of the endpoint
process of the spatial contour V̂ (here, the subscript cont is for contour). Namely, for all bounded
measurable f :R̃→R,∫

R
f dmcont =

∑
0≤k<2#t

f
(
V̂k
)

and
∫
R̃
f dm̃cont =

∫ 2#t

0
f
(
V̂s
)
ds. (2.5.6)

We next introduce the spatial contour pseudo-distance dcont associated with Y :

∀s, s′∈ [0, 2#t], dcont(s, s′) = d̃Tgr(V̂s, V̂s′) . (2.5.7)

Then, we easily check that dcont∈MT([0, 2#t]) and that

the corresponding pointed measured compact real tree is isometric to
(
R̃, d̃Tgr, o, m̃cont

)
.

(2.5.8)

Lemma 2.5.2 We keep the above notation. We denote by d̃Haus the Hausdorff distance on the
compact subsets of (T̃ , d̃T

gr ) and we denote by d̃Prok the Prokhorov distance on the finite Borel
measures on (T̃ , d̃T

gr ). Then, d̃Haus(R, R̃) ≤ 1, d̃Prok(m̃cont,mcont) ≤ 1. Moreover, let us set
mocc =

∑
v∈t δYv , that is the occupation measure of Y . Then, we also get d̃Prok(mcont, 2mocc)≤1

and thus,
d̃Prok(m̃cont, 2mocc)≤2 . (2.5.9)

Proof. Clearly, d̃Haus(R, R̃)≤1. Next denote by π the image of the Lebesgue measure on [0, 2#t]
on T̃×T̃ via the map s 7→(V̂⌊s⌋, V̂s). By the definition (2.5.6), the first marginal of π is mcont and
the second one is m̃cont. Moreover by definition of the interpolation and of the spatial contour
d̃T

gr (V̂⌊s⌋, V̂s)≤1. This easily implies that d̃Prok(m̃cont,mcont)≤1.
To prove (2.5.9), we use the following coupling: recall that (v(k))0≤k≤2#t stands for the

contour (or depth-first) exploration of t (and recall the convention v(2#t−1)=v(2#t)=∅). For
all k ∈ {0, . . . , 2#t−3}, we set ρ(k) = v(k) if |v(k)|= 1 + |v(k + 1)| and ρ(k) = v(k + 1) if
|v(k+1)|=1+ |v(k)| and we also set ρ(2#t−2)=ρ(2#t−1)=∅. Note that the image measure of
the counting measure on {0, . . . , 2#t− 1} via ρ is 2

∑
u∈t δu, namely twice the counting measure

on t and thus, the image measure of the counting measure on {0, . . . , 2#t−1} via Yρ(·) is 2mocc.
Then, denote by ϖ the image measure on T × T of the counting measure on {0, . . . , 2#t−1} via
the map k 7→ (Yρ(k), V̂k). We just have proved that the first marginal of ϖ is 2mocc; the second
marginal of ϖ is by definition mcont. Since Yρ(k) is either V̂k or V̂k+1, we get dT

gr(Yρ(k), V̂k)≤1.
This easily implies that d̃Prok(mcont, 2mocc)≤1 and (2.5.9) follows immediately from the previous
bound. ■

In the following lemma we provide bounds to compare the occupation measure induced by the
spatial contour and the counting measure onR.

Lemma 2.5.3 We keep the above notation. To simplify, we set n=#t and n′=#R. We denote by
u0, u1, . . . , un−1 the sequence of the vertices of t listed in the lexicographical order. Let c∈(0,∞).
We set α= max1≤i≤n |#{Yuj ; 0≤ j < i}−2ci| and β = maxs∈(0,2n] |#{V̂l ; 0≤ l <⌈s⌉}−cs|.
Then,

β ≤ α+ 3c+ c max
s∈[0,2n]

Cs(t) . (2.5.10)
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We next denote by mcount =
∑
x∈R δx, the counting measure on R and for all η ∈ (0,∞), we

set q(dcont, η)=max
{
dcont(s, s′); s, s′∈ [0, 2n] : |s−s′|≤η

}
, where dcont is defined by (2.5.7).

Then,
d̃Prok

(
mocc,

n
n′mcount

)
≤ 1 + 2q

(
dcont,

4β+1
c

)
. (2.5.11)

Proof. By convenience we set un =∅. Let i∈{0, . . . , n−1}. Recall from the definition of the
contour function of t in (2.4.34) that bi :=2i− |ui|=inf{k∈{0, . . . , 2n} : v(k)=ui}. Therefore,
for all k∈{bi + 1, . . . , bi+1}, {v(l); 0≤ l<k}={uj ; 0≤j<i+ 1} and we get

#
{
V̂l; 0≤ l<k

}
=#

{
Yuj ; 0≤j<i+1

}
=#

{
Yuj ; 0≤j<i+1

}
−2c(i+1)+c(2(i+1)−k)+ck .

Note that bi<k≤bi+1 implies that |2(i+ 1)− k|≤2 + max0≤j≤n |uj |== 2 + maxs∈[0,2n]Cs(t).
Thus, we get

max
1≤k≤2n

∣∣∣#{V̂l ; 0≤ l<k
}
− ck

∣∣∣ ≤ α+ 2c+ c max
s∈[0,2n]

Cs(t) ,

which immediately implies (2.5.10).
We next prove (2.5.11). To simplify set J(k) = #

{
V̂l ; 0≤ l <k

}
for all k∈{1, . . . , 2n}, so

β=maxs∈(0,2n] |J(⌈s⌉)−cs|. For all i′∈{1, . . . , n′}, set k(i′)=inf{k∈{1, . . . , 2n} : J(k)= i′}
and Zi′ = V̂k(i′)−1. Note that the Zi′ are distinct and that R = {Zi′ ; 1 ≤ i′ ≤ n′}. For all
i′, j′∈{1, . . . , n′}, |k(i′)−k(j′)|≤c−1(2β + |i′−j′|) since J(k(i′))= i′ and J(k(j′))=j′ and by
definition of β. Then we get the following.

dTgr
(
Zi′ , Zj′

)
=dcont

(
k(i′)−1, k(j′)−1

)
≤q
(
dcont, |k(j′)−k(i′)|

)
≤q
(
dcont,

2β+|i′−j′|
c

)
. (2.5.12)

Next observe that for all k(i′)≤k<k(i′ + 1), we get J(k)= i′ and

dTgr
(
V̂k−1, ZJ(k)

)
= dcont(k−1, k(i′)−1) ≤ q

(
dcont, k(i′+ 1)−k(i′)

)by (2.5.12)
≤ q

(
dcont,

2β+1
c

)
Thus, we have proved that

max
s∈(0,2n]

dTgr
(
V̂⌊s⌋, ZJ(⌈s⌉)

)
≤q
(
dcont,

2β+1
c

)
. (2.5.13)

Next observe that |n′−2cn|≤β and that

J⌈s⌉ − ⌈
n′

2n s⌉ = J⌈s⌉ − cs−
s

2n (n′−2cn) + n′

2n s− ⌈
n′

2n s⌉.

Thus, maxs∈(0,2n] |J(⌈s⌉) − ⌈n′s/2n⌉| ≤ 1 + 2β and by (2.5.12), we obtain the inequality
dT

gr
(
ZJ(⌈s⌉), Z⌈n′s/2n⌉

)
≤q
(
dcont,

4β+1
c

)
. This inequality combined with (2.5.13) implies that

max
s∈(0,2n]

dTgr
(
V̂⌊s⌋, Z⌈n′s/2n⌉

)
≤ 2q

(
dcont,

4β+1
c

)
. (2.5.14)

We then denote by π the image on T ×T of the Lebesgue measure on [0, 2n] via the map s 7→(
V̂⌊s⌋, Z⌈n′s/2n⌉

)
. The first marginal of π is by definition mcont and we easily see that the second

marginal of π is 2n
n′mcount. By (2.5.14), it implies that d̃Prok

(
mcont,

2n
n′mcount

)
≤2q

(
dcont,

4β+1
c

)
.

Recall from Lemma 2.5.2 that d̃Prok(mcont, 2mocc)≤1. Thus, we get d̃Prok
(
2mocc,

2n
n′mcount

)
≤

1 + 2q
(
dcont,

4β+1
c

)
, which implies (2.5.11) by Remark 2.4.12. ■

The range of the branching random walk. We next discuss the connection between the graph-
metric of the range of branching random walks and the associated snake metric. More precisely,
let t∈T be a finite (rooted ordered) tree as in Definition 2.2.1 and let (Yv)v∈t be a W[0,1]-valued
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branching random walk with law Q+
t as in Definition 2.3.1 (ii). Recall from (2.5.5) that R=

{Yv; v∈ t} that is a subtree of W[0,1] as in Definition 2.2.3. We denote by dgr the graph distance
in W[0,1] and we recall from Corollary 2.3.6 the fundamental property that makes the range R
tractable:

P-a.s. for all u, v∈ t, dgr(Yu, Yv)= |Yu|+ |Yv|−2 min
w∈Ju,vK

|Yw| . (2.5.15)

Next, let (t̃, d̃ tgr) and (W̃[0,1], d̃) be the real trees spanned by respectively t and W[0,1]; with a
slight abuse of notation, we suppose that t⊂ t̃ and that W[0,1]⊂ W̃[0,1]. Let Ỹ be the continuous
interpolation of Y in W̃[0,1] as defined by (2.5.1) (with (T, o)=(W[0,1],∅)) and recall from (2.5.5)
that R̃={Ỹσ;σ∈ t̃} is the tree spanned byR. We easily check that (2.5.15) extends to R̃. Namely,

P-a.s. for all σ, σ′∈ t̃, d̃(Ỹσ, Ỹσ′) = |Ỹσ|+ |Ỹσ′ | − 2 min
ς∈Jσ,σ′K

|Ỹς | . (2.5.16)

Let us rewrite this formula in terms of the contour function C(t) of t, the spatial contour V ,
its endpoint process V̂ as defined in (2.5.3), and its corresponding snakeW as defined in (2.5.4).
To that end, first recall from (2.5.7) the definition of the spatial contour pseudo-distance dcont and
recall from (2.4.19) the notation MC(t),W(·, ·) and the definition of the snake distance dC(t),W
associated with the snake (C(t),W). Then, (2.5.16) translates into the following: P-a.s. for all
s1, s2∈ [0, 2#t],

dcont(s1, s2) = d̃(V̂s1 , V̂s2) = Ŵs1 + Ŵs2 − 2MC(t),W(s1, s2) = dC(t),W(s1, s2) . (2.5.17)

Recall from (2.5.6) the definition of the occupation measure m̃cont induced by the spatial contour.
Thus, (2.5.8) and (2.5.17) imply that

P-a.s.
(
R̃, d̃,∅, m̃cont

)
and

(
TC(t),W , dC(t),W , rC(t),W , µC(t),W

)
are isometric. (2.5.18)

where we recall from (2.4.23) that (TC(t),W , dC(t),W , rC(t),W , µC(t),W) stands for the pointed
measured compact real tree coded by the pseudo-metric dC(t),W .

We next couple the free branching random walk (Yv)t∈t with the Wb-valued one via the
b-contraction application Φb as in Definition 2.3.3: namely we set

∀v ∈ t, Y b
v =Φb(Yv), and Rb =

{
Y b
v ; v∈ t

}
.

By Remark 2.3.4, Y b has law Q+b
t as defined in Definition 2.3.1 (i). Observe thatRb is a subtree

of Wb as in Definition 2.2.3. We next denote by db the graph distance in Wb and we denote by
(W̃b, d̃ b) the real tree spanned by Wb; with a slight abuse of notation, we suppose that Wb⊂W̃b.
We extend Φb as a map from W̃[0,1] to W̃b explained in Remark 2.5.1 and we set

∀s∈ [0, 2#t], ∀r∈ [0, Cs(t)], V b
s (r) = Φb(Vs(r)) and V̂ b

s = V b
s (Cs(t)) ,

where we recall that (Vs(·))s∈[0,2#t] stands for the spatial contour of Y as defined in (2.5.2). Note
that V̂ b

s =Φb(V̂s). By Remark 2.5.1, it turns out that V b is the spatial contour associated with Y b.
Then, denote by R̃b the compact real tree spanned byRb in W̃b. Namely,

R̃b ={V̂ b
s ; s∈ [0, 2#t]}=Φb(R̃) .

We next extend Lemma 2.3.7 as follows: since (V̂ b
s )s∈[0,2#t] is the continuous interpolation of the

path (Y b
v(k))0≤k≤2#t inRb, we easily derive the following from (2.3.17).

For all s1, s2∈ [0, 2#t], there exists a nonnegative r.v. Gs1,s2 such that
2Gs1,s2 = d̃

(
V̂s1 , V̂s2

)
− d̃ b

(
V̂ b
s1 , V̂

b
s2

)
and P

(
Gs1,s2≥ x

)
≤ b2−x, x∈ [0,∞) (2.5.19)

This combined with (2.5.18) shows that TC(t),W andRb are close in a rough sense. It turns out that
it is sufficient for the proof of Theorem 2.1.2.
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2.5.2 Invariance principle for discrete snakes.

In this section we recall one important result due to Marzouk (Theorem 1 [130]) that is an invariance
principle for real valued endpoint processes of discrete snakes. Here we concentrate on the one-
dimensional case but we shall need actually a slightly stronger version that holds for path-valued
snakes and not only for endpoint processes.

More precisely, let us fix γ∈ (1, 2] and let τ be a Galton–Watson tree (as in Definition 2.2.2)
whose offspring distribution µ satisfies (H) as in (2.1.1). Conditionally given τ , let (Yv)v∈τ be a
Z-valued branching random walk whose transition kernel q(y, dy′) is that of the simple symmetric
random walk on Z. Then recall from (2.5.4) the definition of (Ws(·))s∈[0,2#τ ], the continuous
interpolation of the discrete snake (here the tree T is Z). Then,

∀k∈{0, . . . , 2#t}, Ŵk = Yv(k) , (2.5.20)

where v(k)∈τ , 0≤k≤2#τ , stands for the sequence of vertices of τ visited by the contour (or the
depth-first exploration) of τ . Then, the following result is a special case of Marzouk [130, Theorem
1].

Theorem 2.5.4 (Theorem 1 [130]) Let γ, µ, τ and (an)n∈N be as in Theorem 2.4.28. Condition-
ally given τ , let (Yv)v∈τ be defined as above and let (Ŵk)0≤k≤2#τ be the endpoint process of the
snake associated with (Yv)v∈τ as in (2.5.20). Then

(
1
an
C2ns(τ), 1√

an
Ŵ⌊2ns⌋

)
s∈[0,1]

under P
(
·
∣∣#τ=n

) (law)
−−−−−−→

n→∞
(Hs, Ŵs)s∈[0,1]

where (H,W ) is the normalized one dimensional Brownian snake with γ-stable branching mecha-
nism and where Ŵs=Ws(Hs), s∈ [0, 1], stands for its endpoint process.

As already mentioned this result actually holds for fairly more general spatial motions in Rd. It
extends earlier results by Janson & Marckert [97] who considered snakes whose genealogical tree
are in the domain of attraction of the Brownian tree. We refer to Marzouk [130] for more details. We
next derive from Theorem 2.5.4 the following proposition that holds for the path-valued continuous
interpolation of the discrete snake (Ws(·))s∈[0,2#τ ].

Proposition 2.5.5 We keep the same notation and the same assumption as in Theorem 2.5.4. Recall
from Definition 2.4.17 (a) the metric ∆ that makes the space C([0, 1],R)×C([0, 1],C0) Polish.
Then, weakly on that space, the following convergence holds.

(( 1
an
C2ns(τ))s∈[0,1] ,

( 1√
an
W2ns( ·an

)
)
s∈[0,1]

)
under P

(
·
∣∣#τ=n

) (law)
−−−−−−→

n→∞

(
H,W

)
.

(2.5.21)
By taking the absolute value, this results holds true for the snake reflected at 0.

Proof. Let k0 = 0 ≤ k1 ≤ . . . ≤ kp ≤ 2#τ be integers. Then for all j ∈ {0, . . . , p−1}, set
bj =minkj≤ℓ≤kj+1 Cℓ(τ) and b′j =Ckj+1(τ)−bj . By definition of the branching random walk and
its associated snakes, the following holds true conditionally given τ (or C(τ)).

(i) The paths S(j) :=(Wkj+1

(
(bj + ℓ)∧Ckj+1(τ)

)
−Wkj+1(bj)

)
ℓ∈N are (conditionally) indepen-

dent.

(ii) The conditional law of S(j) is that of a Z-valued symmetric random walk, starting at 0 and
stopped at time b′j+1.
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Next observe that (b, b′, w, w′) ∈ [0,∞)2×C2
0 7→ (w(r ∧ b) + w′((r−b)+∧b′)−w′(0))r∈[0,∞)

is continuous (recall from Definition 2.4.17 that C0 is equipped with the Polish topology of the
convergence on all compact subsets of times, which corresponds for instance to the metric δu given
in (2.4.18)). This combined with (i), (ii) and easy arguments on linear interpolation imply that
for all real numbers 0≤ s1≤ . . .≤ sp≤ 1, (w(n)

sj )1≤j≤p under P(·|#τ =n) converges weakly to
(Wsj )1≤j≤p on Cp

0, where we have set w(n)
s (·)=a−1/2

n W2ns(·/an), for all s∈ [0, 1].
We next prove the tightness of the rescaled snakes. A standard argument on linear interpolation

shows that Theorem 2.5.4 implies that the continuous endpoint processes ŵ(n) under P(· |#τ=n)
converge weakly to the endpoint process Ŵ . This implies that

∀ε∈(0,∞), lim
η→+

sup
n≥0

P(ωη(ŵ(n))≥ε |#τ=n)=0,

where ωη(ŵ(n)) stands for the η-uniform modulus of continuity of ŵ(n) over [0, 1]. We next denote
by ωη(w(n)) the η-uniform modulus of continuity of w(n) with respect to the metric δu on C0 as
introduced in Lemma 2.4.18; this lemma asserts that ωη(w(n))≤2ωη(ŵ(n)). This, combined with
the weak convergence of the finite dimensional marginals of w(n) , entails that the laws of w(n) are
tight on C([0, 1],C0) and we easily get (2.5.21). ■

2.5.3 Proof of Theorem 2.1.2.

Let us fix γ ∈ (1, 2] and let τ be a Galton–Watson tree (as in Definition 2.2.2) whose offspring
distribution µ satisfies (H) as in (2.1.1). Then recall from (2.4.34) the definition of the contour
process (Cs(τ))s∈[0,2#τ ] of τ . Conditionally given τ , let (Yv)v∈τ be a W[0,1]-valued branching
random walk with law Q+

τ as in Definition 2.3.1 (ii). Recall from (2.5.2) the spatial contour
(Vs(·))s∈[0,2#τ ] associated with Y , and recall from (2.5.4) the definition of (Ws(·))s∈[0,2#τ ], the
continuous interpolation of the discrete snake. We denote by (τ̃ , d̃ τgr), (W̃[0,1], d̃) and (W̃b, d̃

b) be
the real trees spanned by respectively τ , W[0,1] and Wb we assume that τ ⊂ τ̃ , that W[0,1]⊂W̃[0,1]
and that Wb⊂W̃b. We next couple the free branching random walk (Yv)t∈t with the Wb-valued one
via the b-contraction application Φb as in Definition 2.3.3: namely we set Y b

v =Φb(Yv) for all v∈τ .
By Remark 2.3.4, Y b has law Q+b

t as in Definition 2.3.1 (i). We also set V b =Φb(V ) that is the
spatial contour of Y b, according to Remark 2.5.1. We recall the following notationR=

{
Yv; v∈τ

}
,

Rb =
{
Y b
v ; v∈τ

}
=Φd(R), R̃=

{
V̂s; s∈ [0, 2#τ ]

}
and R̃b =

{
V̂ b
s ; s∈ [0, 2#τ ]

}
=Φb(R̃).

We trivially extend C(τ) andW on [0,∞) by taking Cs(τ) equal to 0 and by takingWs equal
to the null function for all s∈ [2#τ,∞). Let (an)n∈N be as in Theorem 2.4.28. To simplify notation
we set for all s∈ [0, 1],

hn(s)= 1
an
C2ns(τ), w(n)

s (r) = 1√
an
W2ns

(
r
an

)
, r∈ [0,∞) and ŵ(n)

s = 1√
an
Ŵ2ns.

Observe that P( · |#τ =n)-a.s. (hn,w(n))∈Σ([0, 1]) as in Definition 2.4.17 and we denote by
dhn and dhn,w(n) the corresponding tree and snake pseudo-distances as defined in resp. (2.4.8) and
(2.4.19). In particular, observe that

P-a.s. for all s1, s2∈ [0,∞), 1√
an
d̃
(
V̂2ns1 , V̂2ns2

)
= dhn,w(n)(s1, s2)

Proposition 2.5.5 combined with Lemma 2.4.20 implies that weakly on (C([0, 1]2,R), ∥·∥)2

(dhn , dhn,w(n)) under P
(
·
∣∣#τ=n

)
−−−−−→
n→∞

(
dH , dH,W

)
,

where (H,W ) is the normalized one dimensional reflected Brownian snake with γ-stable branching
mechanism as in Definition 2.4.31 and where dH and dH,W are the corresponding tree and snake
pseudo-distances.



2.5. Scaling limit of the range of the BRW. 109

We next set
∀s1, s2∈ [0,∞), d∗n(s1, s2) = 1√

an
d̃b(V̂ b

2ns1 , V̂
b

2ns2

)
.

By (2.5.19), conditionally given τ , d∗n(s1, s2)≤dhn,w(n)(s1, s2) and for all ε∈(0, 1), a.s.

P
(
dhn,w(n)(s1, s2)−d∗n(s1, s2)>2ε

∣∣ τ) ≤ b3−ε√an ,

which implies that limn→∞P
(
dhn,w(n)(s1, s2)−d∗n(s1, s2)>2ε

∣∣#τ=n
)
=0. Therefore, Proposi-

tion 2.4.4 applies (with dn=dhn,w(n)) to show that (d∗n, dhn,w(n)) under P( · |#τ=n) converge to
(dH,W , dH,W ), weakly on (C([0, 1]2,R), ∥·∥)2. Actually it is easy to see that (dhn ,d∗n, dhn,w(n))
under P( · |#τ=n) converges to (dH , dH,W , dH,W ), weakly on (C([0, 1]2,R), ∥·∥)3.

We next recall that P( · |#τ=n)-a.s. the real tree coded by dhn is isometric to (τ̃ , 1
an d̃

τ
gr ,∅, 1

n m̃)
where m̃=δ∅ + Length. Also recall from (2.5.8) that P( · |#τ=n)-a.s. the real tree coded by d∗n
is isometric to (R̃b, 1√

an
d̃ b ,∅, 1

2n m̃b
cont), where m̃b

cont is the occupation measure of (V̂ b
s )s∈[0,2n],

as defined in general in (2.5.6). Since (dhn ,d∗n) under P( · |#τ = n) converges to (dH , dH,W ),
weakly on (C([0, 1]2,R), ∥·∥)2, Proposition 2.4.14 implies that the pointed measured compact
spaces

(
τ̃ , 1

an
d̃ τ

gr ,∅, 1
n m̃
)

and
(
R̃b,

1√
an
d̃ b,∅, 1

2nm̃b
cont

)
under P( · |#τ =n) jointly converge to

resp. (TH , dH , rH , µH) and (TH,W , dH,W , rH,W , µH,W ) weakly on (M, δGHP)2, where TH and
TH,W here stand for the real trees coded by resp. H and (H,W ).

We next recall the following notation.

m=
∑
v∈τ

δv, mb
occ =

∑
v∈τ

δY b
v
, mb

occ = 1
nmb

occ, mb
count=

∑
x∈Rb

δx and mb
count=

1
#Rb

mb
count.

By the inequalities specified in Example 2.4.13, we get dHaus(τ, τ̃) ≤ 1 and dProk(m̃, m) ≤ 3.
Similarly, by Lemma 2.5.2 we get dHaus(Rb, R̃b)≤1 and dProk(2mb

occ, m̃b
cont)≤2. Thus,((

τ, 1
an
dgr,∅, 1

nm
)
,
(
Rb,

1√
an
dgr,∅, 1

nmb
occ
))

under P
(
·
∣∣#τ=n

)
−−−−→
n→∞

(
(TH , dH , rH , µH) , (TH,W , dH,W , rH,W , µH,W )

)
,

where dgr stands for both graph-tree distances in τ and Wb to simplify notation.
We next control mb

count in terms of mb
occ thanks to Theorem 2.1.1 and Lemma 2.5.3. To that end,

we set c=cµ,b/2 where cµ,b is as in Theorem 2.1.1; we denote by u0, u1, . . . , u#τ−1 the vertices
of τ listed in the lexicographical order and we also set α=max1≤i≤#τ |#{Y b

uj
; 0≤ j <i}−2ci|

and β = maxs∈(0,2#τ ] |#{V̂ b
l ; 0≤ l <⌈s⌉}−cs|. Theorem 2.1.1 asserts that for all ε ∈ (0,∞),

P(α/n>ε |#τ=n) tends to 0 as n→∞. By (2.5.10), P( · |#τ=n)-a.s.

β

n
≤ 1
n

(α+ 3c) + can
n

max
s∈[0,1]

hn(s) .

Since (an) is γ−1
γ -regularly varying, limn→∞ an/n=0, which implies that P(β/n>ε |#τ =n)

tends to 0 as n→∞.
Next, we denote by dProk the Prokhorov distance on the space of finite measures on (Rb, dgr)

and we denote by d(n)
Prok the Prokhorov distance on the space of (Rb, 1√

an
dgr). Since n−1≤a−1/2

n

for all sufficiently large n, Remark 2.4.12 combined with (2.5.11) implies that P( · |#τ=n)-a.s.

d
(n)
Prok

(
mb

occ,mb
count,

)Remark 2.4.12
≤ 1√

an
dProk

(
mb

occ,
n

#Rb
mb

count
)by (2.5.11)
≤ 1√

an
+ 2q(d∗n,

4β+1
2nc ),

where q(d∗n, η) = max{d∗n(s, s′); s, s′ ∈ [0, 1] : |s− s′| ≤ η}. Since d∗n → dH,W weakly on
(C([0, 1]2,R), ∥·∥) and since for all ε ∈ (0,∞), limn→∞P(β/n > ε |#τ = n) = 0, Proposi-
tion 2.4.3 implies that limn→∞P(q(d∗n,

4β+1
2nc )>ε |#τ=n)=0 and thus

∀ε∈(0, 1), lim
n→∞

P
(
d

(n)
Prok

(
mb

occ,mb
count

)
>ε

∣∣#τ=n
)
=0 .
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Then, observe that #Rb≤n and that #Rb
n mb

count = 1
nmb

count. By Remark 2.4.12, we get

d
(n)
Prok

(
cµ,bmb

occ,
1
nmb

count
)
≤ d

(n)
Prok

(
cµ,bmb

occ,
#Rb
n mb

occ
)

+ d
(n)
Prok

(#Rb
n mb

occ,
#Rb
n mb

count
)

≤
∣∣∣#Rb
n −cµ,b

∣∣∣+ d
(n)
Prok

(
mb

occ,mb
count

)
.

Now, recall that cµ,b =2c and that |#Rb
n −cµ,b| ≤ α/n. It finally implies that

∀ε∈(0, 1), lim
n→∞

P
(
d

(n)
Prok

(
cµ,bmb

occ,
1
nmb

count
)
>ε

∣∣#τ=n
)
=0 ,

which completes the proof of Theorem 2.1.2. ■
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Chapter 3

Scaling limit of the range of tree-valued branching random walks in
random environment

This chapter is adapted from the paper [59], written in collaboration with Thomas Duquesne, which
is in preparation.

Abstract

We study a branching random walk (BRW) taking its values in a random tree T (seen as a
family tree) with an infinite line of ancestors that is a variant of a supercritical Galton–Watson
tree with offspring distribution ν. The transition probabilities of the BRW are those of a critical
biased random walk on T: namely, the probability to move from x to one of its kx children is
1/(mν + kx) and the probability to move from x to the direct parent of x is mν/(mν + kx). Here
mν stands for the mean of ν. The BRW is indexed by a critical Galton–Watson tree conditioned
to have n vertices and whose offspring distribution is in the domain of attraction of an α-stable
law with α ∈ (1, 2]. We denote by Rn the range of the BRW, i.e. the set of all sites in T
visited by the BRW. Under a moment assumption for ν, we obtain a law of large numbers for
the size of Rn. Moreover, we prove that if we view Rn as a random subtree of T equipped
with its graph-distance dgr and with its occupation measure m(n)

occ then there exists a scaling
sequence sn→∞ such that conditionally given the environment T, the measured metric space
(Rn, s

−1
n dgr, 1

n m(n)
occ) weakly converges in the Gromov-Hausdorff-Prokhorov sense to a random

measured compact real tree introduced by Le Gall & Miermont in [40] called the Brownian
cactus with α-stable branching mechanism. This work extends in random environment the
results from Chapter 2 (adapted from D., K., Lin & Torri [60]) which deals with the case where
T is a regular tree.
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3.1 Introduction

Branching random walks (BRW) represent a simple model to study a branching behavior coupled
with some spatial displacements. As such, they drew a lot of interest and are naturally linked
with various areas of research. Let us mention at least superprocesses, traveling wave solutions of
semi-linear partial differential equations (FKPP), and some statistical mechanics models such as
Mandelbrot cascades, the contact process, the Gaussian free field, or the voter model. We refer
to Shi [140] for an overview of this topic and its connections. We also cite the study of extreme
particles of real-valued branching random walks by Biggins [21] and Bramson [27, 26], the works
of Gouëzel, Hueter, Lalley, Sellke [86, 94, 114, 115] about branching random walks with values in
hyperbolic spaces, and the study of branching random walks on trees of Benjamini & Müller [16]
and Liggett [122].

In contrast to those works where the indexing tree is infinite, D., K., Lin & Torri [60] consider a
BRW that is indexed by a critical Galton–Watson tree conditioned to have n vertices. In [60], the
BRW moves like a nearest-neighbor null-recurrent random walk on a deterministic rooted regular
tree: it jumps to the parent of the current position with probability 1/2, or it chooses uniformly one
of the sites above otherwise. With this setting, D., K., Lin & Torri [60] describe the asymptotic
behavior of the range of the BRW (i.e. the set of all visited sites) as n → ∞ by showing that its
number of points is equivalent to n times a positive constant and that its scaling limit is a variant of
the Brownian cactus introduced by Curien, Le Gall & Miermont [40]. Here, we aim to obtain a
similar result as in [60] when the environment is instead a random tree with infinite depth.

We now give an informal description of the environment and the transitions of the BRW we
consider in this chapter. We fix a probability distribution ν = (ν(k))k∈N on N that we assume to be
supercritical with a finite moment of order 2:

mν :=
∑
k∈N

kν(k) ∈ (1,∞) and σ2
ν := 1

mν(mν − 1)
∑
k∈N

k(k − 1)ν(k) ∈ (0,∞). (3.1.1)
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We denote by T the environment and by o ∈ T the starting point of the BRW. One can understand
(T, o) as a Galton–Watson tree with offspring distribution ν that is modified so that the distinguished
point o has an infinite line of ancestors: informally, the numbers of children kx(T) of the vertices
x ∈ T are independent, outside of the ancestral line of o, their common law is ν, on the ancestral
line of o, their law is the biased probability distribution (kν(k)/mν)k∈N. We say that (T, o) is an
infinite Galton–Watson tree with offspring distribution ν and we refer to Definition 3.2.18 for a more
precise construction. For all x ∈ T, let←−x stand for the parent of x (which is always well-defined
since T has an infinite line of ancestors).

The BRW on (T, o) we are interested in shares its spatial displacements with the so-called
critical biased random walk (RW). For all λ ∈ [0,∞) and conditionally given (T, o), the λ-biased
random walk on (T, o) is the Markov chain whose transition probabilities are expressed by

pT,λ(x, y) = 1{←−y =x}
1

λ+ kx(T) + 1{←−x=y}
λ

λ+ kx(T) (3.1.2)

for all x, y ∈ T. This model has been introduced by Lyons [123] who also showed that the behavior
of the biased random walk is subject to a phase transition concerning the parameter λ: we refer
to Section 3.2.3 for a more detailed account. We shall only consider the case λ = mν which is
critical in the sense that a mν-biased RW on an ordinary GW-trees with offspring distribution ν is
null-recurrent.

The present chapter is related to earlier works about scaling limits for the range of tree-valued
critical or near-critical biased RW. First, D. [52] studies near-critical biased RWs on regular trees
and show that the rescaled range of the RW converges to a CRT coded by Brownian motions with
drift, along with a law of large numbers for the range. Then, Peres & Zeitouni [137] prove that
the process of the distances to the root of a critical biased RW in a supercritical Galton–Watson
tree without leaves is diffusive. Similarly, Dembo & Sun [45] treat the cases of critical biased RW
on multi-type GW-trees. Furthermore, Aïdékon & de Raphélis [6] strengthen Peres & Zeitouni’s
result and show that the rescaled range of the same RW converges to a variant of the Brownian
CRT. We also mention Chen & Miermont [35] who show, using previous results due to Bougerol
& Jeulin [25], that the scaling limits of Brownian bridges and loops in hyperbolic spaces are the
Brownian CRT. Independently, Stewart proves in his Ph.D. thesis [145] that the rescaled simple RW
bridges on a b-regular tree (with b ≥ 3) converge to the Brownian CRT.

Now, let us discuss the assumptions we make on the genealogy of the branching random walk,
that we always suppose to be independent of the environment (T, o). We fix another probability
measure µ = (µ(k))k∈N on N. We denote by τ a (rooted and ordered) Galton–Watson tree with
offspring distribution µ that satisfies the following with α∈(1, 2]:

(H1) : µ(0) + µ(1) < 1 and
∑
k∈N kµ(k) = 1,

(H2) : µ is aperiodic, (namely, µ is not supported by a proper subgroup of Z),
(H3) : µ is in the domain of attraction of an α-stable law.

(3.1.3)

The assumption (H1) ensures that the number of vertices #τ of τ is almost surely finite. The
assumption (H2) is convenient to work with because it implies that P(#τ = n) > 0 for all integers
n sufficiently large. We recall that (H3) translates into the following assertion: if (Vn)n∈N is a
random walk on Z starting at V0 = 0 and whose jump law is given by P(V1 = k) = µ(k + 1) for
all k∈{−1}∪N, then there exists a α−1

α -regularly varying sequence (an)n∈N such that

an
n Vn

(law)−−−→
n→∞

X1 , where log E[exp(−λX1)] = λα for all λ∈ [0,∞) . (3.1.4)

We refer to Section 3.2.5 for more details on these assumptions.
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We next define the BRW we consider as follows. For all sufficiently large n, we denote by τn a
tree with the same law as a GW-tree τ with offspring distribution µ under P(·

∣∣#τ=n). We denote

by ∅ the root of τn and to each vertex u ∈ τn, we associate a spatial position Y (n)
u ∈T whose

conditional joint law given (T, o) and τn is defined by

P
(
∀u ∈ τn, Y (n)

u =xu
∣∣ (T, o), τn

)
= 1{Y (n)

∅ =o}

∏
u∈τn\{∅}

pT,mν (x←−u , xu) (3.1.5)

for all xu∈T and u∈τn (here←−u stands for the direct parent of u in τn).
It is convenient to see τn as a family tree whose ancestor corresponds to the root ∅ and where

siblings are ordered by birth-rank. The depth-first exploration of τn is the sequence of vertices
(uj)0≤j<#τ that is defined recursively as follows: u0 is the root ∅ and for all j∈{0, . . . ,#τ−2}, if
v is the most recent ancestor of uj having at least one unexplored child then uj+1 is the unexplored
child of v with least birth-rank (see Section 3.2.1 for a more precise construction). Our first result
is a law of large numbers for the size of the range of the branching random walk. This result is
annealed: this is a convergence in probability while averaging over the environment (T, o). We
refer to Section 3.2 for the precise definitions of the objects involved in the following Theorem.

Theorem 3.1.1 Let (T, o) be an infinite Galton–Watson tree whose offspring distribution ν is
supercritical. For all sufficiently large n, we denote by τn a Galton–Watson tree with offspring
distribution µ conditioned to have n vertices. We assume that (T, o) and τn are independent. Let
(Y (n)
u )u∈τn be the BRW whose conditional law given (T, o) and τn is defined by (3.1.5). We assume

that µ satisfies (3.2.60) and we assume that there exists b∈ (1,∞) such that
∑
k∈N k

bν(k)<∞.
Recall that (uj)0≤j<#τ stands for the depth-first exploration of τn. Then, there exists a deterministic
constant cµ,ν ∈ (0, 1) that only depends on µ and ν such that

∀ε∈(0, 1), lim
n→∞

P
(

max
1≤k≤n

1
n

∣∣#{Y (n)
uj

; 0≤j<k} − cµ,νk
∣∣ > ε

)
= 0.

In particular, 1
n#Rn → cµ,ν in probability, where Rn stands for the range {Y (n)

u ;u∈ τ} of the
branching random walk.

Our next result concerns a quenched limit of the following rescaled random pointed measured
metric spaces

τn :=
(
τn,

1
an
dgr,∅, 1

nmn
)

and Rn :=
(
Rn, σν√

an
dgr, o, 1

nm(n)
occ
)

(3.1.6)

where dgr stands for the graph-distance in τn and in T, where we recall from (3.1.1) the definition
of σν and where we have set:

Rn =
{
Yv ; v∈τn

}
, mn=

∑
v∈τn

δv, and m(n)
occ =

∑
v∈τn

δ
Y

(n)
v
.

Let us first recall the limit of τn which is encoded by by its height process (H(n)
s )s∈[0,n] which is

the continuous interpolation of the discrete-time process H(n)
j = dgr(∅, uj) which is the height

in τn of the j-th vertex of τn in the depth-first exploration. Then, Theorem 3.1 in D. [50] asserts
the following: assume that (3.1.5) holds and let (an) be as in (3.1.4); then there is a nonnegative
continuous process H = (Hs)s∈[0,1] that only depends on α such that the convergence

( 1
an
H(n)
ns

)
s∈[0,1] −−−→n→∞

H (3.1.7)
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holds weakly for the topology of uniform convergence. Under the stronger assumption that the
variance of µ is finite, this result is due to Aldous [9, Theorem 23]). The processH is the normalized
excursion of the α-stable height process, which is a local-time function of an α-stable spectrally
positive Lévy process. In the case α=2, H is more precisely the normalized Brownian excursion.
We refer to Section 3.2.5 for precise definitions.

As in the discrete setting, H actually encodes a random pointed measured metric space that is
defined as follows: we easily check that one defines a pseudometric dH on [0, 1] from H by setting

∀0 ≤ s1 ≤ s2 ≤ 1, dH(s1, s2)=dH(s2, s1)=Hs1 +Hs2 − 2 min
s∈[s1,s2]

Hs. (3.1.8)

We introduce the relation ∼H on [0, 1] by setting s1 ∼H s2 if and only if dH(s1, s2)=0; clearly,
∼H is an equivalence relation and the normalized α-stable Lévy tree is taken as the quotient space
TH =[0, 1]/∼H , equipped with the distance induced by dH that we keep denoting dH . We denote
by pH : [0, 1]→ TH the canonical projection. Note that pH is continuous; therefore TH is compact
and connected. Moreover, TH is a real tree, namely, a metric space such that all pairs of points are
joined by a unique simple arc that turns out to be a geodesic (see Section 3.2.6 for more details).
We set rH :=pH(0) that is viewed as the root of TH and we equip TH with the measure mH that is
the image of the Lebesgue measure on [0, 1] via pH , namely,

∫
TH
f dmH =

∫ 1
0 f(pH(s)) ds, for all

continuous f :TH→R. The convergence (3.1.7) then implies the following one.

τn =
(
τn,

1
an
dgr,∅, 1

nmn
)
−−−−→
n→∞

(TH , dH , rH , mH) (3.1.9)

Here the convergence holds weakly on the space M of isometry classes of pointed measured
compact metric spaces equipped with the Gromov-Hausdorff-Prokhorov distance δGHP that makes
it a Polish space, as proved in R. Abraham, J-F. Delmas & P. Hoscheit in [4], Theorem 2.5 (see
Section 3.2.6 for precise definitions).

Then the limit of Rn is constructed as follows: as proved in D. & J-F. Le Gall [57] (Lemma
6.4 p. 600) conditionally given H , there exists a Hölder-continuous centered Gaussian process
σ∈TH 7−→Wσ∈R whose covariance is characterized by E

[∣∣Wσ1−Wσ2

∣∣2∣∣H]=dH(σ1, σ2), for
all σ1, σ2∈TH . Then, we set

∀σ1, σ2∈TH , dH,W (σ1, σ2) = Wσ1 +Wσ2 − 2 min
σ∈Jσ1,σ2K

Wσ,

where Jσ1, σ2K is the unique geodesic that joins σ1 to σ2 in TH . As proved in D., K., Lin &
Torri [60], dH,W is a pseudometric on TH ; we then define the equivalence relation ∼H,W on TH
by setting σ1 ∼H,W σ2 if and only if dH,W (σ1, σ2) = 0 and we denote by TH,W = TH/∼H,W
the quotient metric space and we keep denoting by dH,W the resulting metric; we denote by
πH,W : TH → TH,W the canonical projection that is continuous. Thus TH,W is compact and
connected and (TH,W , dH,W ) is a real tree (see Section 3.2.8 for more more details). It turns out
that this kind of spaces has been introduced in N. Curien, J.-F. Le Gall & G. Miermont [40] (see
also J.-F. Le Gall [116] for a different purpose); they coined the name Brownian cactus, so we
call (TH,W , dH,W ) the normalized Brownian cactus with α-stable branching mechanism. We next
set rH,W =πH,W (rH) that is viewed as the root of TH,W and we equip TH,W with the measure
mH,W that is the image of mH via πH,W : namely,

∫
TH,W

f dmH,W =
∫
TH
f(πH,W (σ)) mH(dσ), for

all continuous f :TH,W→R. Our second main result is the following limit theorem.

Theorem 3.1.2 We keep the above notations: recall that (T, o) is an infinite Galton–Watson tree
whose offspring distribution ν is supercritical, that we denote by τn is a Galton–Watson tree
with offspring distribution µ conditioned to have n vertices for all sufficiently large n, and that
(T, o) and τn are independent. We assume that µ satisfies (3.1.3) and that ν satisfies (3.1.1). We
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furthermore assume that there exists b∈
( 2α
α−1 ,∞

)
such that

∑
k∈N k

1+2bν(k)<∞. Recall from
(3.1.6) the definition of the spaces τn and Rn. We denote by (TH , dH , rh, mH) the normalized α-
stable Lévy tree and by (TH,W , dH,W , rH,W , mH,W ) the normalized Brownian cactus with α-stable
branching mechanism as defined above. Recall that M is the space of isometry classes of pointed
measured compact metric spaces equipped with the Gromov–Hausdorff–Prokhorov distance. Then,
conditionally given the environment (T, o), the following joint convergence(

τn,Rn
)
−−−−→
n→∞

((
TH , dH , rH , mH

)
;
(
TH,W , dH,W , rH,W , mH,W

))
(3.1.10)

holds weaky on M2 equipped with the product topology.

Theorem 3.1.1 corresponds to Theorem 2.1.1 in Chapter 2 about critical BRW on regular infinite
trees, and its proof is based on the same ideas. We roughly follow the strategy used by Le Gall &
Lin [83] to study Zd-valued BRW. Namely, we construct a specific transformation that leaves a
BRW indexed by an infinite tree invariant, and we then apply the subadditive ergodic theorem (see
in particular Proposition 3.2.32). This invariant model in fact evolves on a slight modification of
the environment, whose law has been proved by Peres & Zeitouni [137] to be reversible from the
point of view of a critical biased random walk. Then the deterministic constant cµ,ν turns out to be
the probability that the invariant BRW never returns to its starting position.

The proof of Theorem 3.1.2 is done by proving an analog of (3.1.7) for the branching ran-
dom walk. Namely, we introduce the discrete snake associated with the branching random walk
(Y (n)
u )u∈τn : namely this process (Ŵ (n)

s )s∈[0,n] a continuous interpolation of the discrete-time
process

Ŵ
(n)
j = generation in T of Y (n)

uj

where (uj)0≤j<n is the depth-first exploration of τn. Here, by convention, the generation of o is
taken equal to 0, so the generation of x in T is a possibly negative integer. Then the following is
proved in Theorem 3.5.1: conditionally given (T, o) the following convergence( 1

an
H(n)
ns ,

σν√
an
Ŵ (n)
ns

)
s∈[0,1] −−−−→n→∞

(H, Ŵ ) (3.1.11)

holds weakly on the space C([0, 1],R2) of continuous functions equipped with the topology of
uniform convergence. Here H is the α-stable height process as introduced above and Ŵ is the
(endpoint process of) the one-dimensional Brownian snake whose lifetime process is H: namely, it
is continuous centered real Gaussian process (Ŵs)s∈[0,1] whose covariances are characterized by

E
[∣∣Ŵs1− Ŵs2

∣∣2∣∣H]=dH(s1, s2) for all s1, s2∈ [0, 1] (see D. & Le Gall [57, Lemma 6.4 p. 600]).
We refer to Section 3.2.7 for a precise definition.

To prove (3.1.11) and more generally Theorem 3.5.1, we rely on the so-called harmonic
coordinates used by Peres & Zeitouni [137]. These are a family (Sx)x∈T of real random variables
depending on the environment (T, o) which approximates the relative generation of x∈T on the
one hand, and on the other hand such that (SXn)n∈N is a martingale when (Xn) is a mν-biased
RW on T. This tool allows us to adapt the method of Janson & Marckert [97] and Marzouk [130]:
we obtain the tightness thanks to a maximal inequality for martingales, together with a control
of the variations of the height process of the genealogy, and we check the convergence of the
finite-dimensional marginals via a conditional central limit theorem.

Theorem 3.1.2 echoes Theorem 2.1.2 of Chapter 2. As in that chapter, our general idea consists
in deriving the metric convergence in Theorem 3.1.2 from the snake convergence (3.1.11) (more
precisely from Theorem 3.5.1) thanks to general arguments that are in part discussed in Chapter 2.
Namely, we show that Rn is close in some sense to the discrete snake-tree coded by Ŵ (n): see
Section 3.2.8 and in particular Lemma 3.2.55 for precise statements.
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Organization of the chapter

In Section 3.2, we present the main objects and tools we need in this chapter. Among others, this
includes the formalism of trees with an infinite line of ancestors, some properties about biased
random walks on trees, and definitions and limit theorems for snakes and the real trees they code.
Section 3.3 is devoted to the proof of Theorem 3.1.1. In Section 3.4, we show a convergence
analogous to (3.1.11) for a branching random walk indexed by a forest of unconditioned Galton–
Watson trees. Finally, Section 3.5 completes the demonstrations of Theorems 3.5.1 and 3.1.2.

3.2 Tree-valued branching RWs and snakes: definitions, previous
results

In this section, we present the main objects and tools we need in this chapter. Among others, this
includes the formalism of trees with an infinite line of ancestors, some properties about biased
random walks on trees, and definitions and limit theorems for snakes and the real trees they code.

3.2.1 Rooted ordered trees and forests, coding functions, discrete snakes.

In this section, we recall the definition of three processes used to encode finite trees (rooted ordered
trees within Ulam’s formalism) or sequences of finite trees (forests), namely the Lukasiewicz path,
the height process (as well as a specific linear interpolation of it) and the contour process. We then
briefly recall the definition of Galton-Watson trees and forest within this framework and finally
we recall the definition of discrete snakes which are used to to encode the positions of real-valued
branching walks.

First, let us briefly recall Ulam’s formalism on rooted ordered trees. We first introduce the set
of finite words written with positive integers:

U=
⋃
n∈N

(N∗)n .

Here, N={0, 1, 2, . . .}, N∗=N\{0} and (N∗)0 stands for {∅}. The set U is totally ordered by the
lexicographical order ≤lex (the strict order is denoted by <lex). It is convenient to think of U as a
family tree whose ∅ is the ancestor.

Let u = (j1, . . . , jn) ∈ U\{∅}. We use the notation |u| = n for the height of u (with the
convention |∅| = 0) and we set ←−u = (j1, . . . , jn−1) that is interpreted as the (direct) parent of
u. More generally, for all p ∈ N∗, we set u|p = (j1, . . . , jn∧p) and u|0 = ∅. Namely, u|p is the
ancestor of u at the generation p and observe that u|p=u if p≥|u| and that u|p=←−u if p= |u|−1.
Let v=(k1, . . . , km), we denote by u ∗ v the concatenated word (j1, . . . , jn, k1, . . . , km). For all
u, v∈U, we then denote by u ∧ v the most recent common ancestor of u and v, which is defined by
u ∧ v=u|p=v|p where p=max{q∈N : u|p=v|p}.

We can think of U as a graph whose (undirected) edges are {u,←−u }, u∈U\{∅}. Then, for all
u, v∈U, we denote by Ju, vK⊂U the shortest path in the graph U joining u to v. We also use the
following notations Ku, vK=Ju, vK\{u}, Ju, vJ =Ju, vK\{v} and Ku, vJ =Ju, vK\{u, v}. Note that
for integers p≤q, we also use the notation Jp, qK to denote the set of integers [p, q] ∩ Z (along with
the other obvious notations Jp, qJ , Kp, qK, and Kp, qJ ). We do not think there is any conflict in the
notations here, as the context always removes any ambiguity.

Definition 3.2.1 (Rooted ordered trees, subtrees, forests)
(a) A rooted ordered tree is a subset t⊂U satisfying the following conditions:
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(1): ∅∈ t. (2): If u∈ t\{∅} then←−u ∈ t. (3): For all u∈ t, there exists ku(t)∈N ∪{∞} such
that: u∗(j)∈ t if and only if 1≤j≤ku(t).

Here, ku(t) is interpreted as the number of children of u and if 1≤j≤ku(t), then u ∗ (j) is the j-th
child of u. We denote by T the set of rooted ordered trees.
(b) Let t∈T and u∈ t. Then θut={v∈U : u ∗ v∈ t} is the subtree of t stemming from u. Note
that θut∈T.
(c) A forest is a sequence of trees (t(k))k∈N∗ . It is sometimes convenient to view it as a single tree
t∈T with k∅(t)=∞ such that t(k) is the subtree stemming from the k-th child of t: t(k) =θ(k)t. □

Definition 3.2.2 (Lukasiewicz path, height process)
(a) Let t∈T be finite and let (ul)0≤l<#t be the vertices of t listed in increasing lexicographical order.
By convenience we set u#t=∅ and we define V (t)=(Vl(t))0≤l≤#t and H(t)=(Hl(t))0≤l≤#t by
setting V0(t)=0, H#t(t)=0 and for all 0≤ l<#t,

Vl+1(t)=Vl(t) + kul
(t)−1 and Hl(t)= |ul|. (3.2.1)

V (t) is the Lukasiewicz path of t and H(t) is the height process of t. We extend H(t) continuously
on [0,#t] as follows: for all integer 0≤ l<#t and all s∈ [0, 1], we set

Hl+s(t) =
{
Hl(t)−

(
Hl(t)−|ul∧ul+1|

)
(2s∧1) + (2s−1)+ if |ul+1|≤|ul|

Hl(t) + s if |ul+1|> |ul|.
(3.2.2)

(see Remark 3.2.3 (c) for a motivation).
(b) Let (t(k))k∈N∗ be a forest of finite trees and t∈T its associated tree as in Definition 3.2.1 (c).
The Lukasiewicz path and the height process of the forest are denoted resp. by V (t) and H(t) and
they are obtained by concatenating the V (t(k)) and H(t(k)) in the following way. We set σ0 = 0
and for all k∈N∗, we set σk = #t(1) + . . . + #t(k) . Moreover, for all l∈ Jσk−1, σkJ and for all
s∈ [σk−1, σk], we set

Vl(t)=Vl−σk−1(t(k))−(k−1) and Hs(t)=Hs−σk−1(t(k)). (3.2.3)

□

Remark 3.2.3 (a) Let t be the tree associated with the forest of finite trees (t(k))k∈N∗ as in
Definition 3.2.1 (c). Let (ul)l∈N∪{−1} be the sequence of vertices of t in increasing lexicographical
order: u−1 = ∅ <lex u0 <lex . . . <lex ul <lex ul+1 <lex . . .. Let V (t) and H(t) be as in
Definition 3.2.2 (b). Then Vl+1(t)−Vl(t) = kul

(t)−1 and Hl(t) = |ul|−1 for all l ∈ N. Then
observe that s∈ [σk, σk+1) if and only if infJ0,⌊s⌋K V (t)=−k.
(b) Observe that if t is a finite tree or the tree associated to a forest of finite trees, then we can
recover t from H(t) or from V (t). Moreover, H(t) is an adapted functional of V (t), as shown by
the following equation that holds for finite trees of forest of finite trees.

∀l∈N∗, Hl(t) = #
{
m∈{0, . . . , l−1} : Vm(t)= inf

m≤j≤l
Vj(t)

}
. (3.2.4)

See Le Gall & Le Jan [81] for more details.
(c) Let t∈T be a finite tree and let (ul)0≤l<#t be the vertices of t listed in increasing lexicographical
order. Let l, l′ be integers such that 0≤ l≤ l′<#t. Then the height of the most recent common
ancestor of ul and ul′ may differ from infj∈Jl,l′KHj(t) by 1. The specific continuous extension of
H(t) implies however that |ul ∧ ul′

∣∣=mins∈[l,l′]Hs(t).
Similarly, if t is the tree corresponding to a forest of finite trees and if (ul)l∈N∪{−1} are its

sequence of vertices listed in lexicographical order, then we also check that |ul ∧ ul′ |− 1 =
mins∈[l,l′]Hs(t), for all integers l′≥ l ≥ 0. □
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Definition 3.2.4 (Contour process)
(a) Let t ∈ T, possibly infinite. We denote by (vk)0≤k≤2(#t−1) (with an obvious convention if
#t=∞) the sequence of vertices of t that is defined recursively as follows.

We set v0 = ∅ and Rk = {w ∈ t\{v0, . . . , vk} : ←−w = vk}; if Rk is empty, then we set
vk+1 =←−vk; otherwise we take vk+1 as the <lex-least vertex of Rk.

We call (vk) the exploration of t in the contour order.
(b) Let t ∈ T be finite. For all k ∈ J0, 2(#t−1)K we set Ck(t) = |vk| and we conveniently
set C2#t−1(t) = C2#t(t) = 0. We next extends C(t) continuously on [0, 2#t] by setting for all
k∈J0, 2#t−1K and all s∈ [0, 1]: Ck+s(t)=Ck(t) + s(Ck+1(t)−Ck(t)). The resulting continuous
function s∈ [0, 2#t] 7→Cs(t) is called the contour process of t.
(c) Let t∈T be the tree associated with the forest of finite trees (t(k))k∈N∗ (Definition 3.2.1 (c)).
The contour process of the forest is denoted C(t) and it is obtained by concatenating the C(t(k))
in the following way. Recall notation σk from Definition 3.2.2 (b). Then for all k ∈ N∗, all
s∈ [2σk−1, 2σk], we set Cs(t)=Cs−2σk−1(t(k)). □

Remark 3.2.5 Let t be the tree associated with the forest of finite trees (t(k))k∈N∗ as in Defini-
tion 3.2.1 (c). Observe that the exploration of t in the contour order visits all the vertices of t. In
what follows we denote by (vk)l∈N∪{−1} the sequence of vertices of t in the contour order starting
at v−1 =∅ (then v0 =(1), etc).

(a) We first note that Ck(t)=(|vk|−1)+ for all k∈N.
(b) As already mentioned, t={vk; k∈N ∪ {−1}}. More precisely, during the exploration of t in
the contour order, each edge is crossed exactly twice (upwards first and then downwards). Namely,
for all u∈ t\{∅}, there is a unique pair of integers k, k′ such that k<k′ and (←−u , u)=(vk, vk+1)=
(vk′+1, vk′). It is also easy to check recursively for all k∈N that {vj ;−1≤j≤k} ∩ {vj ; j≥k}=
J∅, vkK.
(c) The contour process C(t) completely encodes t and it is closely related to the height pro-
cess H(t). Indeed, let (ul)l∈N∪{−1} stands for the sequence of vertices of t listed in increasing
lexicographical order as in Remark 3.2.3. Then, we observe that

∀l∈N, Kl := 2l−Hl(t)=inf{k∈N : vk=ul} (3.2.5)

which necessarily increases with l. Thus for all l ∈N, CKl
(t) =Hl(t) and furthermore, for all

s∈ [Kl,Kl+1], we get

Cs(t) =
{

(Hl(t)−s+Kl)+ if s∈ [Kl,Kl+1−1)
(Hl+1(t)−Kl+1 + s)+ if s∈ [Kl+1−1,Kl+1].

(3.2.6)

( See D. & Le Gall [61, Section 2.4] for more details).
(d) We can derive H(t) from C(t) by the time-change ϕt : [0,∞)→ [0,∞) that is defined as
follows: we set ϕt(0)=0 and for all l∈N and all s∈ [0, 1],

ϕt(l + s)=Kl + (Kl+1−1−Kl)(2s∧1) + (2s−1)+. (3.2.7)

Then, ϕt is an increasing bijection from [0,∞) onto itself and for all s∈ [0,∞)

Hs(t) = Cϕt(s)(t) . (3.2.8)

We easily check that for all l∈N∗,

max
s∈[0,l]

∣∣1
2ϕt(s)−s

∣∣ ≤ 1 + 2 sup
s∈[0,l]

Hs(t) . (3.2.9)
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When t∈T is finite, then H(t) is also obtained from C(t) by a continuous increasing time-
change ϕt from [0,#t] onto [0, 2#t] by (3.2.7): then (3.2.8) holds true for all s∈ [0,#t] and (3.2.9)
holds true for all integers l≤#t.
(e) As in Remark 3.2.3 (c), we observe that (|vk ∧ vk′ |−1)+ = mins∈[k,k′]Cs(t) for all integers
k′≥ k. If t is a finite tree, then |vk ∧ vk′ |= mins∈[k,k′]Cs(t) is obtained instead, for all integers
0≤k≤k′≤2(#t−1). □

Galton-Watson trees and forests. We next recall below a convenient recursive definition of
Galton-Watson trees and forests (GW-trees and GW-forests, for short). To that end, we equip T with
the sigma-field F (T) generated by the sets {t∈T :u∈ t}, u∈U. Unless otherwise specified, all
the random variables that are mentioned in this chapter are defined on the same probability space
(Ω,F ,P).

Definition 3.2.6 (GW-trees and forests) Let µ=(µ(k))k∈N be a probability measure on N.
(a) A Galton–Watson tree with offspring distribution µ (a GW(µ)-tree, for short) is a random tree τ
that satisfies the following.

(1): k∅(τ) has law µ. (2): For all k∈N∗ such that µ(k)> 0, the subtrees θ(1)τ, . . . , θ(k)τ
under P( · |k∅(τ)=k) are independent with the same law as τ under P.

(b) Let (τ (k))k∈N∗ be i.i.d. GW(µ)-trees. We generically denote by τ∞ the tree associated with the
forest (τ (k))k∈N∗ . We call τ∞ a GW(µ)-forest.
(c) We say that τ is a grafted GW(µ)-tree if k∅(τ)=1 and if θ(1)τ is a GW(µ)-tree. □

Remark 3.2.7 (a) We shall always consider GW(µ)-trees with a non-trivial offspring distribution.
Namely, µ(0)+µ(1)<1. Let us recall that a GW(µ)-tree is a.s. finite if and only if µ is critical or
subcritical, namely if and only if

∑
k≥1 kµ(k)≤1.

(b) Let us suppose that µ is non-trivial and let τ∞ be a GW(µ)-forest. Then its Lukasiewicz path
(Vl(τ∞))l∈N is a random walk (RW for short) starting at 0 whose jump law is µ̃(k) :=µ(k + 1),
k∈N ∪ {−1} (according to Spitzer’s terminology, it is a left-continuous RW). See Le Gall & Le
Jan [81] for more details. □

R-valued branching walks and discrete snakes. Here we consider a population represented by
a rooted ordered tree that moves in R (a R-valued branching walk): each individual has a spatial
position. We discuss two ways to encode the spatial positions of the individuals of the population:
namely, via the contour-snake and via the height-snake that are related to the exploration of the
family tree respectively in contour order and in lexicographical order. Here, C0([0,∞),R) stands
for the space of the continuous functions from [0,∞) to R equipped with the topology of the
uniform convergence on every compact interval.

Definition 3.2.8 (Discrete snakes)
(a) Let t∈T be finite. Let (vk)0≤k≤2(#t−1) be the vertices of t in contour order. It is convenient
to set v2#t−1 = v2#t = ∅. Let M : u ∈ t 7→ Mu ∈ R be a t-indexed and R-valued walk. For all
k∈J0, 2#tK and all p∈N, we set

Wk(t; p)=M(vk)|p ,

where we recall that (vk)|p is the ancestor of vk at generation p (and that (vk)|p = vk if p≥|vk|).
We next set

∀r∈ [0,∞), Wk(t; r) = Wk(t; ⌊r⌋) + (r−⌊r⌋)
(
Wk(t; ⌊r⌋+1)−Wk(t; ⌊r⌋)

)
.

Note that Wk(t; · )∈C0([0,∞),R) for all k∈J0, 2#tK. Recall that (Cs(t))s∈[0,2#t] is the contour
process as in Definition 3.2.4. We then define the contour snake associated with the R-valued
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branching walk (Mu)u∈t as the C0([0,∞),R)-valued continuous process (Ws(t, ·))s∈[0,2#t] given
by

∀s∈ [0, 2#t), Ws(t ; ·) =
{
W⌊s⌋+1

(
t ; · ∧ Cs(t)

)
if |v⌊s⌋+1|=1 + |v⌊s⌋|,

W⌊s⌋
(
t ; · ∧ Cs(t)

)
if |v⌊s⌋|=1 + |v⌊s⌋+1|.

We also set Ŵs(t)=Ws(t;Cs(t)), s∈ [0, 2#t], which is the endpoint process of the contour-snake.

(b) Let ϕt : [0,#t]→ [0, 2#t] be the continuous increasing time-change such that Hs(t)=Cϕt(s)(t)
as in Remark 3.2.5 (d). Then we define the height-snake as the C0([0,∞),R)-valued continuous
process (W ∗s (t, ·))s∈[0,#t] given by

∀s∈ [0 ,#t], W ∗s (t ; ·) = Wϕt(s)(t ; ·) .

If (ul)0≤l<#t stands for the vertices of t listed in lexicographical order, then W ∗l (t; p)=M(ul)|p , for
all l∈J0,#t−1K and all p∈N.

We also set Ŵ ∗s (t) =W ∗s (t;Hs(t)) = Ŵϕt(s)(t), s∈ [0,#t], which is the endpoint process of
the height-snake.

(c) Let (t(k))k∈N∗ be a forest of finite trees and let t∈T be its associated tree as in Definition 3.2.1
(c). For all k ∈ N∗, let R(k) = (M (k)

u )u∈t(k) be a R-valued t(k)-indexed branching walk. The
contour-snake of the branching walks (M (k))k∈N∗ is denoted (Ws(t; ·))s∈[0,∞) and is obtained
by concatenating and interpolating the W·(t(k) ; ·) in the following way. Recall notation σk from
Definition 3.2.2 (b). Then for all r, s∈ [0,∞)

Ws(t; r) =

Ws−2σk−1(t(k) ; r) if s∈ [2σk−1, 2(σk−1)] ,
M (k)

∅ + 1
2 (s+ 2−2σk)

(
M (k+1)

∅ −M (k)
∅
)

if s∈ [2(σk−1), 2σk].
(3.2.10)

Namely, if s ∈ [2(σk−1), 2σk], then Ws(t; ·) is a constant function and its value is the affine
interpolation between M (k)

∅ and M (k+1)
∅ .

We also set Ŵs(t)=Ws(t;Cs(t)), s∈ [0,∞), which is the endpoint process of the contour-snake.

(d) We keep the notation of (c) and for all s∈ [0,∞), we set W ∗s (t ; ·) =Wϕt(s)(t ; ·), where ϕt
is the continuous increasing bijection from [0,∞) onto itself such that Hs(t) = Cϕt(s)(t) as in
Remark 3.2.5 (d). The resulting C0([0,∞),R)-valued continuous process (W ∗s (t ; ·))s∈[0,∞) is the
height-snake associated with the branching walks (M (k))k∈N∗ .

We also set Ŵ ∗s (t)=W ∗s (t;Hs(t))=Ŵϕt(s)(t), s∈ [0,∞), which is the endpoint process of the
height-snake. □

3.2.2 Trees with an infinite line of ancestors.

We extend Ulam’s formalism to define ordered trees that may have an infinite line of ancestors. To
that end, it is convenient to introduce bilateral words as follows.

Definition 3.2.9 (bilateral words, relative height, shifts)

(a) A bilateral word is a sequence u= (ak)k1<k≤k2 where k1 ∈Z∪{−∞}, k2 ∈Z and ak ∈N∗,
k1<k≤k2. If k1≥k2, then u=∅. We denote by U the set of bilateral words.

(b) Let u=(ak)k1<k≤k2 ∈U, as above. Then

||u||−=k1, and ||u||=k2. (3.2.11)

Here ||u|| is called the relative height of u and ||u||− its depth.
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(c) Let u=(ak)k1<k≤k2 ∈U as above. Let l∈Z. We denote by φl(u) the l-shifted word u. Namely,

φl(u) = (ak+l)k1−l<k≤k2−l, (3.2.12)

Therefore, ||φl(u)||−= ||u||−−l, ||φl(u)||= ||u||−l. We adopt the convention φl(∅)=∅. Observe that
the φl :U→U are bijections such that φl◦φl′=φl+l′ , l, l′∈Z. For all k∈Z, we then set

Uk = φ−k(U) .

Note that Uk\{∅} is the set of bilateral words u such that ||u||−=k. We shall also denote by U−∞
the set of bilateral words with an infinite depth. □

Note that U⊂U and if u∈U, then ||u||= |u| (the relative height in this case is the height of the
word) and ||u||−=0. Note for all k∈Z that Uk is countable. However U−∞ is not countable.

Let u=(ak)k1<k≤k2 ∈U be distinct from ∅. We introduce the following notations.

end(u) = ak2 ,
←−u =(ak)k1<k≤k2−1 u||(l1,l2] =(ak)k1∨l1<k≤k2∧l2 , (3.2.13)

for all l1∈Z∪{−∞}, l2∈Z such that l1≤ l2. We still call←−u the (direct) parent of u. Note that
if ||u||− + 1= ||u||, then←−u =∅. Here, we insist on the following convention: viewed as a bilateral
word, ∅ has neither a relative height nor a depth. However, we set ∅||(l1,l2] = ∅ by convention.

For all u∈U, we next denote by Lu the ancestral line of u and by ⪯ the genealogical order,
which is a partial order on U. Namely

Lu =
{
u||(−∞,p] ; p∈Z

}
and ∀u, v∈U,

(
u ⪯ v

)
⇐⇒

(
u∈Lv

)
. (3.2.14)

Definition 3.2.10 (bilateral trees)

(a) A non-empty subset T ⊂U is a bilateral tree if it satisfies the following conditions.

(a1) There is k∈Z∪{−∞} such that T\{∅}⊂Uk.

(a2) For all u∈T\{∅},←−u ∈ t.
(a3) For all u∈T , ku(T ):=#{v∈T :←−v =u}<∞ and {1, . . . , ku(T )}={end(v) ; v∈T :←−v =

u} if ku(T )≥1.

(a4) For all u, v∈T , there is l∈Z such that u||(−∞,l]
=v||(−∞,l]

.

(b) We denote by T the set of all bilateral trees. For all T ∈T distinct from {∅}, we define the
depth ||T ||− of T as the unique k∈Z∪{−∞} such that T\{∅}⊂Uk.

(c) A pointed bilateral tree is a bilateral tree T ∈ T and a distinguished vertex o ∈ T that is
interpreted as an origin when T is viewed as a space (or a distinguished individual when T is
viewed as a family tree: in this case it is rather denoted by ϱ). Recall from (3.2.14) the notation Lo
for the ancestral line of o. For all integers p∈Z, we shall use the following notations.

o(p) = o||(−∞,−p] , and ∂Lo=
{
u∈T\Lo :←−u ∈Lo

}
. (3.2.15)

Here ∂Lo is called the spine of (T, o). We denote by T• the set of pointed bilateral trees. □

Remarks 3.2.11 (a) We view T ∈T as a graph: its set of vertices is T and its edges (simple and
non oriented) are the unordered pair {v,←−v }, v∈T\{∅}.
(b) Let T ∈ T be distinct from {∅}. If ||T ||− ̸= −∞, then 1 + ||T ||− = minu∈T\{∅} ||u|| and
Definition 3.2.10 (b) implies that ∅∈T that is viewed as the root (or the ancestor) of T . However,
if ||T ||−=−∞, then ∅ /∈T and T has no proper ancestor but an infinite line of ancestors. □
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As for rooted ordered trees, we introduce a formal definition of subtree, most recent common
ancestor and lexicographical order as follows.

• Subtrees. Let us first specify what we mean by concatenation in the context of bilateral words.
For all u=(ak)k1<k≤k2 ∈U and all v=(bk)1≤k≤k3 ∈U.

u ∗ v=(cl)k1<k≤k2+k3 where ck =
{
ak If k1<k≤k2,
bk−k2 If k2<k≤k2 + k3.

(3.2.16)

The bilateral word u ∗ v is the concatenation of a bilateral word on the left with a null depth word v
on the right. Note that ||u ∗ v||−= ||u||−, that ||u ∗ v||= ||u||+ ||v|| and that u ∗∅=u. Then for all T ∈T
such that u ∈ T , the subtree θuT stemming from u is defined by

θuT ={v∈U : u ∗ v∈T}, (3.2.17)

Note that either θuT ={∅} or ||θuT ||−=0, namely: θuT ∈T.

• Most recent common ancestor. Let T ∈T. We define the most recent common ancestor (or more
simply the common ancestor) of u, v∈T by

u ∧ v :=u||(−∞,b(u,v)]= v||(−∞,b(u,v)] where b(u, v) :=max{l ≤ ||u||, ||v|| : u||(−∞,l]=v||(−∞,l]},
(3.2.18)

which is well-defined thanks to Definition 3.2.10 (a4).

• Lexicographical order. Let T ∈T. The vertices of T are totally ordered by the lexicographical
order ≤T that is formally defined as follows: if ∅∈T , then ∅ is the ≤T -least element of T and for
all u, v∈T\{∅},

u ≤T v iff 1{b(u,v)<||u||}end(u|]−∞,b(u,v)+1]) ≤ 1{b(u,v)<||v||}end(v|]−∞,b(u,v)+1]) . (3.2.19)

Note that there are u′, v′ ∈U such that u= (u ∧ v) ∗ u′ and v= (u ∧ v) ∗ v′. Then, it holds that
u ≤T v if and only if u′ ≤lex v

′. We denote by <T the strict order associated with ≤T .

Pointed labelled trees. We view branching random walks and more generally branching Markov
chains as labelled pointed bilateral trees. Let (E, dE) be a Polish metric space that is the space of
labels, i.e. the state space where Markovian spatial motion takes place. A E-labelled tree is given
by a pointed tree (T, o)∈T• and labels zv∈E, v∈T that are interpreted as follows: T is a family
tree of a population (that possibly goes back to an infinite line of ancestors) and zv∈E is the spatial
position of individual v.

We introduce the following notations for the space of pointed E-labelled trees.

T•(E)={∂}∪
{

Θ=
(
T, o ; z=(zv)v∈T

)
; (T, o)∈T•, zv∈E, v∈T

}
.

Here ∂ stands for a cemetery point.

Truncation and local convergence. We shall consider, the ergodicity of certain transformations
on T• and T•(E) on the one hand, and T•(E)-valued random variables and various statements
involving their conditional laws on the other hand. For this reason, we equip T•(E) with the Polish
topology inherited from E and from the local convergence on T•. More precisely, we introduce the
following truncation procedure.

Definition 3.2.12 Let Θ =
(
T, o ; z = (zv)v∈T

)
∈ T•(E) and let p∈Z and q∈Z ∪ {∞} such that

p<q. If T ={∅} then we set [Θ]qp=Θ. When T is distinct from {∅}, we use the convention that
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if o=∅ then ||o||= ||T ||−. Then, if q≤ ||T ||− or if p> ||o||, then we adopt the convention that [Θ]qp=∂.
Otherwise, we define [Θ]qp as the E-labelled tree

(
T ′, o′; z′=(z′v′)v′∈T ′

)
given by

o′=o||(p,q] , T ′=
{
v||(p,q] ; v∈T : v||(−∞,p] =o||(−∞,p]

}
and z′v′=zv,

where v is the vertex of T such that ||v|| ≤ q, v′ = v||(p,q] and v||(−∞,p] = o||(−∞,p] . We adopt the
convention that [∂]qp=∂ and we call [Θ]qp the (p, q)-truncation of Θ.

If there is no label, we use the same notation [(T, o)]qp for the (p, q)-truncation of the pointed
tree (T, o)∈T•. □

Let us define local convergence on T• and T•(E). To that end, we first introduce for all
Θ=(T, o; z), Θ′=(T ′, o′; z′) in T•(E),

∆E(Θ,Θ′)=1{(T,o)̸=(T ′,o′)} + 1{(T,o)=(T ′,o′)}max
v∈T

(
1∧dE(zv, z′v)

)
with the conventions ∆E(Θ, ∂)=1 and ∆E(∂, ∂)=0. We easily check that ∆E is a (non-separable)
metric on T•(E). Then, local convergence on T•(E) is defined as follows.

Definition 3.2.13 For all n∈N, let Θn=(T (n), o(n); z(n))∈T•(E).
(a) (Θn)n∈N locally converges to Θ=(T, o; z)∈T•(E) if for all ε∈(0, 1) and for all q∈N, there is
nq,ε∈N such that for all integers n≥nq,ε, ∆E

(
[Θ(n)]q−q, [Θ]q−q

)
<ε.

(b) The T•-valued sequence
(
(T (n), o(n))

)
n∈N locally converges to (T, o) if for all ε∈(0, 1) and for

all q∈N, there is nq,ε∈N such that for all integers n≥nq,ε, [(T (n), o(n))]q−q=[(T, o)]q−q. □

Remark 3.2.14 Local convergence corresponds for instance to the following metric.

∀Θ,Θ′∈T•(E), δEloc
(
Θ,Θ′

)
=
∑
q∈N

2−q−1∆E

(
[Θ]q−q, [Θ′]

q
−q
)
, (3.2.20)

with δEloc(Θ, ∂) = 1 and δEloc(∂, ∂) = 0. We easily check that the topology of (T•(E), δEloc) is
Polish. Note that Θ 7→ [Θ]qp is (by definition) continuous and that limp,q→∞ δEloc(Θ, [Θ]q−p)=0.

Similarly, local convergence on T•corresponds to a Polish topology. generated by the distance
δloc

(
(T, o), (T ′, o′)

)
=
∑
q∈N 2−q−11{[(T,o)]q−q ̸=[(T ′,o′)]q−q}, for all (T, o), (T ′, o′) ∈ T•, with the

same conventions δloc((T, o), ∂)=1 and δloc(∂, ∂)=0. Let us mention that in most parts of the
chapter, the space E of the labels is the space of pointed bilateral trees T• itself. □

Centering and successors functions, infinite Galton-Watson trees. We next introduce two
fundamental functions on T• that allow us to define dynamics: the centering function and the
successor function. We right after introduce infinite Galton-Watson trees that are invariant under
such transforms and whose law has nice related ergodic properties.

Definition 3.2.15 Let (T, o)∈T•. When ∅∈T but T ̸={∅}, we use the convention ||∅||= ||T ||−.
(a) If T ={∅} then we set cent(T, o)=(T, o), and otherwise, we set

cent(T, o)=
(
φ||o||(T ), φ||o||(o)

)
(3.2.21)

The function cent :T•→T• is called the centering function.
(b) For all u∈T , the successor scc(u) of u is defined as the ≤T -least element of {v∈T :u<T v}
if this set is not empty, otherwise we simply set scc(u)=u.
(c) We then set

succ(T, o)=cent
(
T, scc(o)

)
(3.2.22)
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The function succ :T•→T• is called the successor function.

(d) The right-part of (T, o) is an element of T• that corresponds to the ancestral line of o and the
vertices comming next in lexicographical order. Namely, there is unique pointed tree (T ′, o′)∈T•

and a unique one-to-one function ψ :T ′→{o||(−∞,p] ; p≤ ||o||} ∪ {v∈T :o<T v} that is increasing
with respect to lexicographical orders and such that ||ψ(v)||= ||v||. Then we set

[(T, o)]+ =(T ′, o′) (3.2.23)

Namely, [(T, o)]+∈T• is called the right-part of (T, o). We also introduce the following.

succ+(T, o) = [succ(T, o)]+ (3.2.24)

The function succ+ : T• → T• is called the right-successor function. □

Remarks 3.2.16 (a) Note that succ(u) of course depends on the tree to which u belongs, although
it does not appear in the notation.

(b) Note that cent([ · ]+)=[cent( · )]+ and that succ+ =succ+([ · ]+), on T•. □

We recall from Chapter 2 the following.

Lemma 3.2.17 The centering application cent(·) and the right-part application [ · ]+ are locally
continuous on T•. Successor map and right-successor maps scc(·) and scc+(·) are locally
continuous on T•at pointed trees (T, o) such that succ(o) ̸=o.

Proof. See Lemma 2.2.7 in Chapter 2 for the result on T•. ■

Definition 3.2.18 (Infinite Galton-Watson trees) Let r=(r(j, k))k≥j≥1 be a probability measure
on {(j, k)∈(N∗)2 :j≤k}. Let µ be a probability measure on N whose mean mµ :=

∑
k∈N kµ(k) is

finite and positive. Let (T, o) :Ω→T•be a Borel-measurable random pointed tree such that

P-a.s. ||o||=0 and ||T||−=−∞ .

Recall from (3.2.14) that the notation Lo ={o(p); p∈N} for the the ancestral line of o and recall
from (3.2.15) the definition of the spine ∂Lo of (T, o). Recall from (3.2.13) the notation end(·).

(a) We say that (T, o) is an infinite Galton-Watson tree with offspring distribution µ and dispatching
measure r if:

− the r.v. S :=
(
end(o(p)), ko(p+1)(T)

)
p∈N are i.i.d. with law r,

− conditionally given S, the subtrees (θuT ; u ∈ ∂Lo) are independent GW(µ)-trees (as in
Definition 3.2.6 (a))

More specifically:

(b) (T, o) is an infinite Galton-Watson tree with offspring distribution µ if r(j, k)=µ(k)/mµ, for
all k≥j≥1.

(c) (T, o) is a right-infinite Galton-Watson tree with offspring distribution µ if r(j, k)=1{j=1}µ(k),
for all k≥j≥1, where µ(k)=m−1

µ

∑
l≥k µ(l) for all k≥1. □

Remark 3.2.19 When (T, o) is an infinite GW(µ)-tree, then we see that [(T, o)]+ is a right-infinite
GW(µ)-tree. □
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Many-to-one. Infinite (pointed) GW-trees are related to GW-trees via the many-to-one principle
that asserts the following. Let T′ be a GW(µ)-tree and let (T, o) be an infinite GW(µ)-tree. Then
for all Borel-measurable functions F :N× T•→ [0,∞),

E
[ ∑
v∈T′

F
(
|v|; cent(T′, v)

)]
=
∑
p≥0

mpµ E
[
F (p ; [(T, o)]∞−p)

]
, (3.2.25)

where mµ=
∑
k∈N kµ(k)<∞ and where we recall from Definition 3.2.12 that [(T, o)]∞−p is the tree

(T, o) truncated above o(p), a vertex which is situated at relative height −p.
We next recall the following result that shows that infinite (pointed) GW-trees are local limits

of GW-trees conditioned to be large and that they are therefore invariant under the successor map
as introduced in Definition 3.2.15.

Proposition 3.2.20 Let µ be an offspring distribution on N such that µ(0) + µ(1) < 1 and∑
k∈N kµ(k)=1. Then, the following holds true.

(i) We suppose that µ is aperiodic. Let T′ be a GW(µ)-tree and let u be uniformly distributed on
the set of vertices of T′. Let (T, o) be an infinite GW(µ)-tree as in Definition 3.2.18. Then

cent(T′,u) under P( · |#T′=n) −−−→
n→∞

(T, o)

weakly in T• with respect to local convergence.

(ii) The law of an infinite GW(µ)-tree (resp. of a right-infinite GW(µ)-tree) is preserved by scc(·)
(resp. by scc+(·)).

Proof. (i) is derived from the many-to-one formula (3.2.25) and it seems to be part of the ‘folklore’:
the idea goes back to Kesten [100]. Then (ii) is derived from (i): Le Gall & Lin [82, Proposition
2] or Proposition 2.2.10 in Chapter 2. ■

3.2.3 Biased random walks on trees

In this section, we recall the definition of biased random walks on trees as introduced by Lyons [123].
They model-depend on one parameter λ ranging in (0,∞) and we focus on the critical parameter
when the environment is a Galton-Watson tree T. Instead of viewing the RW as successive positions
Xn in T, n ∈ N, we view it as the T•-valued sequence Xn=(T, Xn). We then recall the definition
of the law of an invariant GW-tree, that is a law on T• invariant (up to centering) for the biased RW
(Xn)n∈N. We next recall ergodic properties of biased RW on GW-trees which have been originally
investigated in Zeitouni & Peres [137].

λ-biased random walks on trees. Fix λ∈(0,∞) and T ∈T, a bilateral tree not reduced to {∅}.
The transition probabilities of a λ-biased RW on T are defined as follows: pT,λ(x, y)=0 if x and y
are not adjacent and otherwise for all x∈T\{∅},

pT,λ(←−x , x) = 1{←−x ̸=∅}
1

λ+ k←−x (T ) + 1{←−x=∅}
1

k∅(T ) and pT,λ(x,←−x ) = λ

λ+ kx(T ) .
(3.2.26)

If ||T ||−=−∞, then recall that ∅ /∈T .
A λ-RW on T is the RW associated with the conductances C{x,←−x } = λ−||x||. As proved in

R. Lyons [123] when T ∈T, there is a quantity br(T )∈ [0,∞] called the branching number such
that the λ-biased RW is recurrent if λ > br(T ), and transient if λ < br(T ) (see also Lyons &
Peres [127, Theorem 3.5] for more details).
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In this chapter, we want to view λ-biased RW on a tree T ∈ T as a T•-valued sequences of
r.v. Xn=(T,Xn), n∈N. The only reason why we adopt this point of view is technical: we want to
apply ergodic theory, to work with regular versions of conditional laws of the random walk when
(T, o) is random, etc. The transition kernels of the Markov chain (Xn)n∈N have to be modified
accordingly as explained in the following definition. To fit in our framework of labelled bilateral
trees, we generically denote elements of T•by x=(T, x), x′=(T ′, x′), etc and T•-valued sequences
by xn=(Tn, xn), n∈N.

Definition 3.2.21 Let (T, o)∈T•. Let λ∈(0,∞) and let pT,λ(·, ·) be the transition probabilities of
λ-RWs on T as defined in (3.2.26). The transition kernel on T•of the λ-biased RW is then defined
for all x :=(T, x)∈T•by

pλ(x, dx′) =
∑
y∈T

pT,λ(x, y)δ(T,y)(dx′) . (3.2.27)

We then denote by PT,o the law of the λ-biased RW on (T•)N (that is the space of the T•-valued
sequences equipped with the product topology, which makes it Polish) starting at (T, o). Note that
PT,o depends on λ although it does not appear in the notation. □

Remark 3.2.22 It is easy to check that

(T, o)∈T• 7−→ PT,o is continuous (3.2.28)

with respect to local convergence on T•and to the weak convergence on the space of probability
measures on (T•)N. If (T, o) is a T•-valued r.v., then PT,o stands for the (regular version of the)
conditional law conditionally given (T, o) of the λ-biased RW on (T, o) denoted byXn=(T, Xn),
n∈N, starting at X0 =(T, o). These technical points being cleared, when such a formal point of
view is not essential to our arguments, we rather speak of (Xn)n∈N as to the λ-biased RW on T
starting at o. □

Let Xn=(T,Xn), n∈N, be a λ-biased random walk whose initial value is X0 =(T, x). We
use the following notations for the hitting times of X:

∀y ∈ T, Hy=inf{n∈N : Xn=y} and H+
y =inf{n∈N∗ : Xn=y}, (3.2.29)

with the convention that inf ∅=∞. The next lemma recalls the basic results that we need on hitting
times and the Green function of λ-biased random walks.

Lemma 3.2.23 Let λ∈ (1,∞) and let x= (T, x)∈T•, whose depth ||T ||− is possibly infinite. Let
Xn=(T,Xn), n∈N, be a λ-biased RW with initial state (T, x). We assume that

∀x∈T\{∅}, P(T,x)
(
H←−x <∞

)
=1 . (3.2.30)

Let o∈T\{∅}. Recall from (3.2.14) that Lo stands for the ancestral line of o and let us denote
by o(p) the vertex of Lo at distance p from o, which makes sense if and only if 0 ≤ p≤ ||o|| − ||T ||−.
Namely

o(p)=o||(−∞ , ||o||−p] , 0≤p≤ ||o||−||T ||− (3.2.31)

We also introduce the successive times of visit of X in Lo that are recursively defined for all k∈N
by ro

k = inf
{
n> ro

k−1 : Xn ∈Lo
}

, with the convention that ro
−1 =−1 and inf ∅=∞. Then, the

following holds true.
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(i) For all x∈T , P(T,x)-a.s. for all k∈N, ro
k<∞ and there exists a birth-and-death Markov

chain (Zk)k∈N that takes its values in N ∩ [0, ||o||−||T ||−] and such that o(Zk)=Xrk
, k∈N.

If T has a finite depth, then it is reflected at ||o||−||T ||−; otherwise, its transition probabilities
are given for all 1≤p< ||o||−||T ||− by

ρp,p+1 = λ

λ+ ko(p)(T ) , ρp,p−1 = 1
λ+ ko(p)(T ) , ρp,p=

ko(p)(T )−1
λ+ ko(p)(T ) , (3.2.32)

and ρ0,0 =1−ρ0,1 = ko(T )
λ+ko(T ) . Moreover, if T has an infinite depth, then Z is transient which

implies that ||o ∧Xn||→−∞ and that (Xn)n∈N is transient.

(ii) Let x, y, z∈T such that z ⪯ y. Then

P(T, x)
(
Hy<Hz

)
= (λ||x∧y||−λ||z||)+

λ||y||−λ||z|| . (3.2.33)

(iii) We assume now that T has an infinite depth. For all x, y∈T , we first get
P(T, x)

(
Hy<∞

)
=λ−(||y||−||x∧y||) and P(T, x)

(
H+
x <∞

)
= 1+kx(T )
λ+kx(T ) . (3.2.34)

We denote the Green function by GT (x, y)=E(T,x)
[∑

n∈N 1{Xn=y}
]
. Then

GT (x, y) = GT (x ∧ y, y) = λ+ky(T )
λ−1 λ−(||y||−||x∧y||). (3.2.35)

If x ⪯ y, we also get E(T,x)
[∑

0≤n<H←−x 1{Xn=y}
]
=(λ+ky(T ))λ−(||y||−||x||+1).

Proof. We easily see that Assumption (3.2.30) implies that ro
k <∞ a.s. for all k ∈N. Markov

property at ro
k implies that (Zk)k∈N is a N-valued birth-and-death Markov chain with transition

probabilities as in (3.2.32). Gambler’s ruin for birth and death chains (see e.g. Durrett [64,
Theorem. 6.4.6 p. 249]) implies the first equality in (3.2.33). When T has an infinite depth,
it also implies that ||o ∧Xn||→−∞ (the RW is transient) and (3.2.34).

We now compute the Green function when T has an infinite depth: clearly GT (x, y) =
GT (x ∧ y, y), and we only need to consider the cases where x⪯y. By the Markov property, we
observe that GT (x, y)=PT,x(Hy<∞)GT (y, y) and that ET,y[

∑
n∈N 1{Xn=y}|(X0, . . . , XH←−y )]=

1 + Z +GT (←−y , y) where PT,y(Z=j)=p(1−p)j , j∈N, with p=pT,λ(y,←−y ). Thus, GT (x, y)=
PT,x(Hy<∞)

(
p−1 + GT (←−y , y)). We find the value of GT (←−y , y) by taking x=←−y and (3.2.35)

follows.
We then prove the last point of (iii) by counting how many times the RW visits y before and

after H←−x to get GT (x, y)−GT (←−x , y) =E(T,x)
[∑

0≤n<H←−x 1{Xn=y}
]
, by Markov, which implies

the desired result. ■

Critical biased RW on GW-trees. In this chapter, we restrict our attention to critical biased random
walks on supercritical Galton-Watson trees and variants of such trees. More precisely, let T′ be
GW(ν)-tree whose offspring distribution ν is supercritical: namely mν :=

∑
k∈N kν(k) ∈ (1,∞).

In R. Lyons [123, Proposition 6.4]), the following is proved: P( · |#T′=∞)-a.s. br(T′)=mν and
furthermore mν- biased RWs on T′ are null-recurrent. We shall refer to this case as to the critical
case. This lemma shows in particular that the estimates of Lemma 3.2.23 apply to critical biased
RW on GW trees.

Lemma 3.2.24 Let ν be a supercritical offspring distribution whose mean is denoted by mν . Let
(T, o) be a GW(ν)-tree (Definition 3.2.6) or an infinite GW(ν)-tree (Definition 3.2.18). Let Xn=
(T, Xn) be a mν-biased RW on T. Then, P-a.s. for all x∈T\{∅}, P(T,x)

(
H←−x <∞

)
=1.

Proof. By e.g. Lyons & Peres [127, Theorem. 3.5]), as already mentioned if T is a GW(ν)-tree,
then the mν-biased RW is recurrent which implies the lemma in this case.



3.2. Tree-valued branching RWs and snakes: definitions, previous results 129

Suppose that (T, o) is an infinite GW(ν)-tree: conditionally given ∂Lo, the subtrees θyT,
y ∈ ∂Lo, are i.i.d. GW(ν)-trees and P-a.s. for all x /∈ Lo, PT,x(H←−x <∞) = 1 by the previous
case. If x ∈ Lo and H←−x =∞, then the previous cases imply that the mν-biased RW has to visit
infinitely many often each vertex of the subtree above x because it is the union of a finite number of
GW(ν)-trees and of a finite line. However, each time the RW returns to x, it has an independent
possibility to jump to←−x with probability pT,mν (x,←−x ). Thus P-a.s. PT,x(H←−x =∞) = 0, which
completes the proof of the lemma. ■

Let (Xn)n∈N be a mν-biased RW on a GW(ν)-tree T′. Then the centered trees cent(T′, Xn)
weakly locally converge in T• to a law which is recalled in the following definition, and which is in
some sense invariant and reversible for mν-RWs as explained right after.

Definition 3.2.25 Let ν be a supercritical offspring distribution whose mean is denoted by mν .
Let (T, o) be T•-valued r.v. It is distributed as an invariant GW(ν)-tree if for all bounded Borel
measurable function F on T•,

E
[
F
(
T, o

)]
= E

[
mν+ko′ (T′)

2mν
F
(
T′, o′

)]
, (3.2.36)

where (T′, o′) is distributed as an infinite GW(ν)-tree as in Definition 3.2.18. □

Let (T, o) be an invariant GW(ν)-tree and let Xn = (T, Xn), n∈N, be a mν-biased RW on
T starting at X0 = (T, o). As proved in Zeitouni & Peres [137, Lem. 2], the law of invariant
GW(ν)-trees is invariant and reversible in the following sense:

(X0, X1) (law)=
(
cent(X1), φ||X1||(X0)

)
(3.2.37)

where we recall cent(·) :T•→ T• from Definition 3.2.15. This allows us to extend this Markov
chain into a stationnary process (Xn)n∈Z such that for all n0∈Z:

(
φ||Xn0 ||(Xn0+n)

)
n∈Z

(law)=
(
φ||Xn0 ||(Xn0−n)

)
n∈Z

(law)= (Xn)n∈Z. (3.2.38)

Moreover, this process is ergodic as stated in the following proposition.

Proposition 3.2.26 Let ν be a supercritical offspring distribution whose mean is denoted by mν and
let pmν

be as in Definition 3.2.21. Let (T, o) be an invariant GW(ν)-tree as in Definition 3.2.25. Let
Xn=(T, Xn), n∈N, be a mν-biased RW on (T, o) starting at X0 =(T, o). Denote by Πν the law
of (Xn)n∈N on (T•)N. Then, ϑ : (xn)n∈N 7→(φ||x1||(xn+1))n∈N is Πν-ergodic, where xn=(Tn, xn),
n∈N, stands for the canonical sequence on (T•)N.

Proof. See Dembo & Sun [45, Theorem 1.4 and Section 2.1]. In their notations, here, A is the
single-entry matrix mν , which is of course irreductible, and ρ = mν . We also provide an alternative
proof in Section 3.3.3. ■

We shall apply Proposition 3.2.26 in the following specific way.

Corollary 3.2.27 We keep the assumptions and the notations of Proposition 3.2.26. Let F :T•→ R
be a measurable function such that E[|F (T, o)|]<∞ and such that F (T, o)=F (cent(T, o)) for
all (T, o)∈T•. Then

P-a.s. lim
n→∞

1
n

∑
0≤k<n

F
(
T, Xk

)
= E

[
F (T, o)

]
. (3.2.39)
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Moreover, if F is nonnegative and if there is b∈(1,∞) such that E[F (T, o)b]<∞, then

P-a.s. sup
n∈N∗

1
n

∑
0≤k<n

ET,o
[
F
(
T, Xk

)]
<∞ . (3.2.40)

Proof. Denote by x·=(xn)n∈N the canonical T•-sequence. We denote by G(x·)=F (cent(x0)).
Observe that F

(
T, Xk

)
=(G ◦ ϑ◦k)((Xn)n∈N). It first implies that (F

(
T, Xk

)
)k∈N under P has

the same law as (G ◦ ϑ◦k)k∈N under Πν . By Birkhoff ergodic theorem (see e.g. Krengel [112,
Theorem 2.3 p. 9]) Πν-a.s. limn→∞

1
n

∑
0≤k<nG ◦ ϑ◦k=

∫
GdΠν =E

[
F (T, o)

]
, hence (3.2.39).

We next suppose F (and thus G) nonnegative and such that E[F (T, o)b]=
∫
GbdΠν<∞, and

we proceed to the proof of (3.2.40). To that end, we use Wiener Lb-bound for the maximal function
S∗:=supn∈N∗ 1

n

∑
0≤k<nG ◦ ϑ◦k: this theorem asserts that

∫
(S∗)bdΠν ≤

( b
b−1

)b ∫
GbdΠν (see

Krengel [112, Theorem 6.3 p. 52]). Thus, E[S∗(X ·)b] <∞, which implies in particular that
S∗(X ·) is P-integrable. Then, for any σ-field G⊂F , we P-a.s. get E

[
S∗(X ·)|G]<∞ since S∗ is

nonnegative. Next, observe that for all n∈N∗, P-a.s. 1
n

∑
0≤k<n F (T, Xk)≤S∗(X ·), Therefore,

we P-a.s. get supn∈N∗ 1
n

∑
0≤k<n E[F (T, Xk)|G] ≤ E

[
S∗(X ·)|G] <∞, which entails (3.2.40)

when G is the σ-field generated by (T, o) since, in this case, E[F (T, Xk)|G]=ET,o
[
F
(
T, Xk

)]
by definition of PT,o as explained in Remark 3.2.22. ■

3.2.4 Tree-valued branching RWs

In this section, we introduce branching RWs with values in trees and more specifically RWs that
are indexed by Galton-Watson trees whose offspring distribution is critical (or a variant of such
trees) and that take their values in an invariant Galton-Watson tree whose offspring distribution
is supercritical. Formally, these branching RWs are viewed as trees that are labeled by pointed
trees, i.e. T•(T•)-valued r.v. After some background on such branching Markov chains, we extend
the centering and the successor functions to T•(T•) and we show that branching RWs indexed by
and taking their values in Galton-Watson trees and whose spatial displacements are critical biased
RWs are invariant under the successor function and enjoy an ergodic property (Proposition 3.2.32),
which is the key point in the proof of Theorem 3.1.1.

Branching Markov chains. We first set some notations for branching Markov chains indexed
by bilateral trees and that take their values in a complete and separable metric space (E, dE).
We denote by (q(y, dy′))y∈E a Borel measurable transition kernel on E: for all y∈E, q(y, dy′)
is a Borel probability measure on E and for all Borel sets B, the function y ∈E 7→ q(y,B) is
measurable. We equip T•(E) with the Polish topology of local convergence and the associated
Borel σ-field. For all pointed tree (t, u)∈T•, we briefly recall the definition of the law Qy

q,(t,u) on
T•(E) of the t-indexed q-branching Markov chain such that the spatial position of u is y.

To that end, we introduce the following notations. We equip t with its graph-distance dgr; for
all v, w∈ t, we denote by Jv, wK the geodesic path joining v to w; if w ̸=v, then we denote by←−w v

the unique v′∈Jv, wK such that dgr(v′, w)=1. Namely

Jv, wK=
{
v′∈ t : dgr(v, v′)+dgr(v′, w)=dgr(v, w)

}
, ←−w v∈Jv, wK and dgr

(
w,←−w v)=1.

(3.2.41)
We easily see that Qy

q,(t,u) is characterized by the following properties.

(i) Recall that ∂ is a cemetery point in T•. We first agree on the convention Qy
q,∂ =δ∂ .

(ii) If (t, u) ∈ T• is finite, then Qy
q,(t,u) is the law of the T•(E)-valued r.v. Θ :=

(
t, u; (Yv)v∈t

)
,

where the joint law of the Yv, v∈ t, on Et is

δy(dyu)
∏

v∈t\{u}
q(y←−v u , dyv). (3.2.42)
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(iii) Let (t, u)∈T• be finite. If Θ has law Qy
q,(t,u) , then for all p, q∈Z such that p≤ q, [Θ]qp has

law Qyq,[(t,u)]qp
.

Indeed, when (t, u)∈T• is infinite, Qy
q,(t,u) is defined thanks to (iii) and to a simple projective

argument. Moreover, in general for all p, q∈Z, such that p<q,(
Θ (law)= Qy

q,(t,u)

)
=⇒

(
[Θ]qp

(law)= Qyq,[(t,u)]qp

)
. (3.2.43)

It is easy to check for all Borel subsets A of T•(E) that(
y, (t, u)

)
∈E×T• 7−→ Qy

q,(t,u)(A) is Borel measurable. (3.2.44)

Moreover, let us equip the space of Borel probability measures on E and T•(E) with the (Polish)
topology of weak convergence. If we assume that y∈E 7→ q(y, ·) is weakly continuous, then it is
also easy to check that(

y, (t, u)
)
∈ E × T• 7−→ Qy

q,(t,u) is weakly continuous. (3.2.45)

In (3.2.44) and (3.2.45), E×T• is equipped with the product topology.

Tree-valued branching walks. Here we fix a genealogical tree (t, ϱ) ∈ T• and a pointed tree
(T, o)∈T• that is viewed as an environment where each individual v∈ t has a position yv∈T . To fit
into our framework of labelled pointed trees, we view the t-indexed and T -valued branching walk
as the T•-labelled pointed tree

Θ=
(
(t, ϱ) ; yv :=(T, yv), v∈ t

)
∈ T•(T•).

Note that Θ is not a generic element of T•(T•) because all the yv have the same base-tree T . We
extend the definition (3.2.21) of the centering of pointed trees to T•(T•) by setting

cent(Θ)=
(
φ||ϱ||(t), φ||ϱ||(ϱ);φ||yϱ||(yφ−||ϱ||(v)), v∈φ||ϱ||(t)

)
, (3.2.46)

using the same conventions. Observe here that spatial marks (that are pointed trees) are shifted. We
also extend the successor function to T•(T•) by setting

scc(Θ)=cent
(
t, scc(ϱ); (yv)v∈t

)
. (3.2.47)

We then extend the right-part function as follows: recall from Definition 3.2.15 (c) that there
is a unique pointed tree (t′, ϱ′) ∈ T• and a unique one-to-one function ψ : t′ → {ϱ||(−∞,p] ; p ≤
||ϱ||}∪{v∈ t :ϱ<t v} that is increasing with respect to lexicographical order on t′ and t and such
that ||ψ(v)||= ||v||. Then we set

[Θ]+ :=
(
t′, ϱ′ ;

(
yψ(v′)

)
v′∈t′

)
(3.2.48)

Finally, we introduce
succ+(Θ) = [succ(Θ)]+ (3.2.49)

that define the right-successor function on T•(T•). By convention we set cent(∂) = scc(∂) =
[∂]+ =scc+(∂)=∂.

Remark 3.2.28 As for pointed trees, note that succ+(Θ)=succ+([Θ]+) for all Θ∈T•(T•). □
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Lemma 3.2.29 The functions cent(·) and [ · ]+ are locally continuous on T•(T•). The functions
scc(·) and scc+(·) are locally continuous on T•(T•) at points Θ = (t, ϱ; (yv)v∈t)) such that
succ(ϱ) ̸=ϱ.

Proof. This is easily derived from Lemma 3.2.17: we leave the details to the reader. ■

Definition 3.2.30 (Biased branching RWs) We next fix λ∈ (0,∞), and (t, ϱ), (T, o)∈T•. We
recall from (3.2.26) the definition of the transition probabilities pT,λ(·, ·) of the λ-biased RW on T
and we recall from (3.2.27) in Definition 3.2.21 the related transition kernel pλ(y, dy′) on T•. A
t-indexed, T -valued λ-biased branching random walk with initial position o is a T•(T•)-valued
random variable Θ=

(
t, ϱ;Y v=(T, Yv), v∈ t

)
whose law is Q(T,o)

pλ,(t,ϱ) , which implies that Yϱ=o.

•When t is finite and ϱ=∅ then for all yv∈T , v∈ t,

P
(
∀v∈ t, Yv = yv

)
=1{yϱ=o}

∏
v∈t\{∅}

pT,λ(y←−v , yv) . (3.2.50)

•When there is no ambiguity on the parameter λ, we simply write QT,o
t,ϱ instead of Q(T,o)

pλ,(t,ϱ) . □

Remarks 3.2.31 (a) If Θ has law Q(T,o)
pλ,(t,ϱ) as above, then [Θ]+ has law Q(T,o)

pλ,[(t,ϱ)]+ .

(b) We easily check that y∈T• 7→ pλ(y, dy′) is weakly continuous. Thus by (3.2.45),(
(t, ϱ), (T, o)

)
∈T•×T• 7−→ Q(T,o)

pλ,(t,ϱ)

is also weakly continuous on the space of Borel probability measures on T•(T•). □

We now state the main ergodic property of critical biased RWs indexed by critical GW-trees
and taking their values in supercritical GW-trees. It is a key argument to prove the law of large
numbers in Theorem 3.1.1.

Proposition 3.2.32 Let µ and ν be two offspring distributions. We assume that µ is non-trivial
and critical and that ν is supercritical. We denote by mν the mean of ν. Let (τ, ϱ) be an infinite
GW(µ)-tree (Definition 3.2.18) and let (T, o) be an invariant GW(ν)-tree (Definition 3.2.25) that
is independent from (τ, ϱ). Let Θ =

(
(τ, ϱ);Y v = (T, Yv), v ∈ τ

)
be a mν-biased branching RW,

whose conditional law given (τ, ϱ) and (T, o) is QT,o
τ,ϱ as in Definition 3.2.30 (with λ=mν). Then

under P,
succ

(
Θ
) (law)= Θ and succ+([Θ]+

) (law)= [Θ]+. (3.2.51)

Suppose moreover that there is β∈(0,∞) such that
∑
k∈N k(log k)2(1+2β)µ(k)<∞ and such that∑

k∈N k
1+ 1

β ν(k)<∞. Denote by Π+
µ,ν the law of [Θ]+ under P. Then succ+ is Π+

µ,ν-ergodic.

Proof. See Section 3.3.3. ■

3.2.5 Stable continuous height processes.

In this section, we recall (mostly from [61] and [81]) various results concerning stable height
processes and stable spectrally positive Lévy processes that are used throughout the chapter.

α-stable spectrally positive Lévy processes, related height processes. We fix α ∈ (1, 2]. We
denote byX=(Xs)s∈[0,∞) an α-stable and spectrally positive Lévy process. Its law is characterized
by its Laplace exponent

∀s, λ∈ [0,∞), E
[
e−λXs

]
= esλ

α
. (3.2.52)
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Note that Xs is integrable and that E[Xs]=0, which easily implies that X oscillates when s→∞.
Moreover, P-a.s. the path X has infinite variation sample paths (for more details, see Bertoin [19]
Chapters VII and VIII).

In the more general context of spectrally positive Lévy processes, it has been proved in Le
Gall & Le Jan [81] and in D. & Le Gall [61, Chapter 1] that there exists a continuous process
H=(Hs)s∈[0,∞) such that for any s∈ [0,∞), the following limit holds in P-probability:

Hs := lim
ε→0

1
ε

∫ s

0
1{Xr<ε+inf [r,s] X} dr . (3.2.53)

The process H=(Hs)s∈[0,∞) is called the α-stable height process. It is an adapted functional of X
and we shall sometimes use the notation Hs=Hs(X) to indicate that. The α-stable height process
provides a way to explore the genealogy of an α-stable CSBP. We refer to Le Gall & Le Jan [81]
for a careful explanation of (3.2.53) in the discrete setting. Compare with (3.2.4) in Remark 3.2.3
in the discrete setting.

In Section 3.4.4, to prove the quenched convergence of the finite-dimensional marginals of
snakes processes coding the range of branching RWs, we shall need the following lemma. Its proof,
which is technical, is postponed in Appendix.

Lemma 3.2.33 Let α∈(1, 2] and letH be the height process associated with the α-stable spectrally
positive Lévy process X as above. Let s1, s2 be two real numbers such that 0< s1 < s2. Then
P-almost surely, it holds that Hs1 ∧Hs2 >min[s1,s2]H .

Proof. See Section 3.A. ■

Excursions of the α-stable height process. For all s ∈ [0,∞), we set Is = infr∈[0,s]Xr, the
infimum process of X , which has continuous sample paths since X is spectrally positive. Recall
that X has infinite variation sample paths. Basic results on fluctuation theory (see e.g. Bertoin [19]
Chapter VI.1 and VII.1) entail that X−I is a strong Markov process in [0,∞) and that 0 is regular
for (0,∞) and recurrent with respect to this Markov process. Moreover, −I is a local time at 0 for
X−I (see Theorem VII.1 [19]). Denote by N the corresponding excursion measure ofX−I above 0
and denote by (lj , rj), j∈I , the excursion intervals of X−I above 0 and by Xj = X(lj+·)∧rj

− Ilj ,
j∈I, the corresponding excursions. Then, the point measure

∑
j∈I δ(−Ilj

,Xj) is a Poisson point
measure on [0,∞)×D([0,∞),R) with intensity dx⊗N. Here D([0,∞),R) stands for the space
of cadlag functions from [0,∞) to R equipped with Skorokhod’s topology. Now, observe that
(3.2.53) implies that the value of Hs only depends on the excursion of X−I straddling s and that{

s∈ [0,∞) : Xs>Is
}

=
⋃
j∈I

(lj , rj) =
{
s∈ [0,∞) : Hs>0

}
. (3.2.54)

This allows defining H under N as H(X) when X is under the excursion measure N. More
precisely the processes Hj :=H(lj+·)∧rj

=H(Xj), j∈I, are the excursions of H above 0, and the
point measure ∑

j∈I
δ(−Ilj

,Hj) (3.2.55)

is distributed under P as a Poisson point measure on [0,∞) × C0([0,∞),R) with intensity
dx⊗N(dH), (with a slight abuse of notation for using N(dH) as the ‘distribution’ of H(X) under
the excursion measure N(dX) ). Recall here C0([0,∞),R) is the space of continuous functions
from [0,∞) to R equipped with the topology of uniform convergence on every compact interval.
We refer to the comments in D. & Le Gall [61, Section 3.2 ] for more details.
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Under N, X and H have the same lifetime ζ: namely, we have N-a.e. ζ <∞, Xs =X0 =
H0 =Hs = 0 for all s∈ [ζ,∞) and Hs and Xs> 0 for all s∈ (0, ζ). Basic results of fluctuation
theory (see Bertoin [19], Chapter VII) also entail that N

[
1−e−λζ

]
=λ1/α, λ∈ [0,∞). Therefore

N(ζ >r)=cαr
− 1

α where cα = 1/Γe
(

α−1
α

)
and where Γe stands for Euler’s Gamma function.

Remark 3.2.34 Denote by (g1,d1) the first excursion interval of H (or X−I) above 0 that is
longer than 1. Namely, for all s ∈ (0,∞), introduce r(s) = inf{r ∈ (s,∞) : Hr = 0}. Then
g1 = inf{s ∈ [0,∞) : r(s)−s > 1} and d1 = r(g1). Then, standard results on Poisson point
processes imply that

(
X(g1+·)∧d1 , H(g1+·)∧d1

)
under P (law)= (X,H) under N( · | ζ >1). (3.2.56)

□

Let us next define the law of the normalized α-stable height process N( · | ζ=1). To that end,
recall that the α-stable spectrally positive Lévy processX enjoys the following scaling property: for
all r∈(0,∞), under P the rescaled process (r−1/αXrs)s∈[0,∞) has the same law as X . We easily
derive from (3.2.53) thatH also enjoys a scaling property: namely, under P, (r−(α−1)/αHrs

)
s∈[0,∞)

and H have the same law. Therefore,(
r−

1
αXrs, r

−α−1
α Hrs

)
s∈[0,∞) under r

1
α N (law)= (X,H) under N . (3.2.57)

(with a slight abuse of the word ‘law’).
This scaling property allows us to define a regular version of the excursion conditioned to last r.

Namely, there exists a family of laws on D([0,∞),R) denoted by N( · | ζ= r), r∈ (0,∞), such
that r 7→ N( · | ζ=r) is weakly continuous on D([0,∞),R), such that N( · | ζ=r)-a.s. ζ=r and
such that N=

∫∞
0 N( · | ζ=r) N(ζ∈dr). We call N( · | ζ=1) the normalized law of the α-stable

spectrally positive Lévy process above its infimum (or of the α-stable height process). By (3.2.57),
we see that

N
[
F (X,H)

]
= α−1cα

∫ ∞
0
dr r−1− 1

α N
[
F
((
r

1
αXs/r, r

α−1
α Hs/r

)
s∈[0,∞)

)∣∣ζ=1
]
. (3.2.58)

Remark 3.2.35 Let us fix s ∈ (0, 1). Then the laws of (H·∧s, X·∧s) under N( · |ζ > 1) and
N( · |ζ=1) are absolutely continuous. More precisely, there exists a continuous function (s, x)∈
(0, 1)× [0,∞) 7→ Dr(x) such that for all measurable nonnegative functions F ,

N
[
F
(
H·∧s, X·∧s

)∣∣ζ=1
]

= N
[
F
(
H·∧s, X·∧s

)
Ds(Xr)

∣∣ζ >1
]
. (3.2.59)

See Kortchemski [106] for more details. A discrete version of this identity plays an important role
in the proof of our limit theorem. □

Limit theorems. We next recall mostly from D. & Le Gall [61, Chapter 2], D. [50] and Kortchem-
ski [106] the convergence of the rescaled contour and height processes of Galton-Watson forests
whose offspring distribution belongs to the domain of attraction of an α-stable law. More precisely,
we fix α∈(1, 2]. Then, all the genealogical trees that we consider are (variants of) GW-trees whose
offspring distribution µ is fixed and satisfies the following assumptions.

(H1) : µ(0) + µ(1)<1 and
∑
k∈N kµ(k) = 1,

(H2) : µ is aperiodic, (namely, µ is not supported by a proper subgroup of Z),
(H3) : µ is in the domain of attraction of an α-stable law.

(3.2.60)
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We denote by (Vn)n∈N a random walk whose jump law is µ̃(k) = µ(k + 1), k ∈ {−1}∪N. By
definition, Assumption (H3) in (3.2.60) implies that there exists a (0,∞)-valued sequence (bn)n∈N
tending to∞ such that

1
bn
Vn

(law)
−−−→
n→∞

X1 . (3.2.61)

where (Xs)s∈[0,∞) stands for the α-stable spectrally positive Lévy process whose Laplace exponent
is λα. Here, the sequence (bn)n∈N is 1

α -regularly varying, i.e. there is a slowly varying function
L : (0,∞)→(0,∞) at∞ such that

bn = n1/αL(n) . (3.2.62)

By e.g. [23, Theorem 8.3.1], Assumption (H3) in (3.2.60) implies that there exists a slowly varying
function L∗ : (0,∞)→(0,∞) at∞ such that

µ([n,∞))∼n−αL∗(n) if α∈(1, 2) and
∑

0≤k≤n
k2µ(k)−1 ∼ 2L∗(n) if α=2. (3.2.63)

(note that
∑

0≤k≤n k
2µ(k)−1 is ultimately positive by (H1) in (3.2.60)). Then by e.g. [23, Theorem

8.1.6], we get that if c′α=(α−1)/Γe(2−α) when α<2 or c′α=1 when α=2, then

ψµ(s)∼0+ c′αs
αL∗(1/s) where ψµ(s)=gµ(1−s)−(1−s) and gµ(s)=

∑
k∈N

skµ(k), s∈ [0, 1].

(3.2.64)
The slowly varying functions L and L∗ are related as follows.

nL(n)α ∼ bαn ∼ nL∗(bn) ∼ nL∗
(
n1/αL(n)

)
. (3.2.65)

Theorem 3.2.36 below gathers several limiting results for GW-trees and their coding processes
that are used in our proofs. To that end, let us first introduce the following notations. Let τ∞ be a
GW(µ)-forest as in Definition 3.2.6 (b) which is associated with the sequence of i.i.d. GW(µ)-trees
(τ (k))k∈N∗ as in Definition 3.2.1 (c). Recall that V (τ∞), H(τ∞) and C(τ∞) stands for resp. its
Lukasiewicz path, its height process and its contour process. For all integers n, we then set

κn = inf{k∈N∗ : #τ (k)≥n
}
, gn=

∑
1≤k<κn

#τ (k) and dn=gn + #τ (κn) (3.2.66)

with the convention that gn = 0 if κn = 1. Namely, gn is the time when H(τ∞) begins its first
excursion above 0 lasting at least n units of time. Note that τ (κn) has the same law as a single
GW(µ)-tree τ under P( · |#τ≥n).

Theorem 3.2.36 Let α∈ (1, 2] and let µ satisfy (3.2.60). Let τ∞ be a GW(µ)-forest and let τ be
a GW(µ)-tree (Definition 3.2.6). Then for all (sufficiently large) n∈N∗, we denote by τ≥n a tree
distributed as τ under P( · |#τ≥n) and by τn a tree distributed as τ under P( · |#τ=n). Recall
gn and dn from (3.2.66) and recall g1 and d1 from Remark 3.2.34. Let (bn)n∈N∗ be as in (3.2.61).
For all n∈N∗, we set

an = n/bn, n∈N∗ . (3.2.67)

Then, the following holds true.

(i) The joint convergence
Qn =

(( 1
bn
V⌊n·⌋(τ∞), 1

an
Hn·(τ∞), 1

an
C2n·(τ∞), 1

ngn,
1
ndn

)
−−−→
n→∞

(
X,H,H,g1,d1

)
(3.2.68)

holds weakly on D([0,∞),R)×C0([0,∞),R)2×(0,∞)2 equipped with the product topology.

(ii) For all integers n≥k ≥ 0, there exists a function D(n)
k :{−1}∪N→ [0,∞) such that for all

measurable nonnegative function F
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E
[
F (V·∧ k(τn))

]
= E

[
F (V·∧ k(τ≥n))D(n)

k

(
Vk(τ≥n)

)]
. (3.2.69)

(iii) Recall from Remark 3.2.35 the definition of the continuous function (s, x)∈(0, 1)× [0,∞) 7→
Ds(x) and fix (s, x, y)∈(0, 1)× (0,∞)2 with x≤y. Let sn∈N∗, n∈N, such that sn/n→s.
Then

lim
n→∞

max
p∈J⌊bnx⌋,⌊bny⌋K

∣∣D(n)
sn (p)−Ds(p/bn)

∣∣=0 . (3.2.70)

Moreover, the r.v.
(
D(n)

sn (Vsn(τ≥n))
)
n∈N∗ are uniformly integrable:

lim
c→∞

sup
n∈N∗

E
[
D(n)

sn (Vsn(τ≥n))1{
D

(n)
sn (Vsn (τ≥n))≥c

}] = 0 . (3.2.71)

(iv) The joint convergence
Q′n =

(( 1
bn
V⌊n·⌋(τn), 1

an
Hn·(τn), 1

an
C2n·(τn)

)
−−−→
n→∞

(
X ′, H ′, H ′

)
(3.2.72)

holds weakly on D([0, 1],R)×C([0, 1],R)2 equipped with the product topology. Here
(X ′, H ′) has the same law as (X,H(X)) under N(dX |ζ=1).

Proof. In (i), for a proof of the joint convergence of the Lukasiewicz path, the height process and
the contour process: see D. & Le Gall [61, Thm 2.3.2 and Corollary 2.5.1]. The joint convergence
with (gn/n, dn/n) follows from arguments in Le Gall [118, Thm 5.1]. For (ii) see Le Gall &
Miermont [117, Lemma 10] or Kortchemski [106, Lemma 2]. For (iii), we refer to the arguments
in Kortchemski [106, Section 3.2]. For (iv): see D. [50]. ■

We shall use the previous Theorem to derive limits of coding processes of τn from limits of
coding processes of τ≥n. More precisely, we shall use the following lemma, whose proof is given
in Appendix.

Lemma 3.2.37 We keep the assumptions and notations of Theorem 3.2.36. Let G ⊂F be σ-field.
Let E and E′ be Polish spaces equipped with their respective Borel σ-field. The product spaces
below are equipped with product topology. For all n∈N∗, let rn∈N, let Un be a E-valued r.v. and
let Zn : D([0,∞),R)×E→ E′ be a measurable function. We assume for all n∈N∗ that τ≥n and
τn are independent from (G , Un), that rn/n→r∈(0, 1) and that conditionally given G , the joint
convergence

M≥n :=
(( 1

bn
V(ns)∧rn

(τ≥n)
)
s∈[0,∞) , Zn

(
V·∧rn(τ≥n), Un

))
−−−→
n→∞

(
X(r) , Z

)
(3.2.73)

holds weakly on D([0,∞),R)×E′. Here we furthermore assume that X(r) has the same law as
X·∧r under N( ·

∣∣ ζ >1) and that (X(r) , Z) is independent from G . Then, conditionally given G ,
the joint convergence

Mn :=
(( 1

bn
V(ns)∧rn

(τn)
)
s∈[0,∞) , Zn

(
V·∧rn(τn), Un

))
−−−→
n→∞

(
Y (r) , Z ′) (3.2.74)

holds weakly on D([0,∞),R)×E′ where the random variable (Y (r), Z ′) is independent from G
and such that E[F (Y (r), Z ′)]=E[F (X(r), Z)Dr(X(r)

r )] for all bounded and measurable functions
F on D([0,∞),R)×E′.

Proof. See Section 3.B. ■

We complete this section by recalling several standard estimates on the distribution of #τ when
τ is a GW(µ)-tree. Let (Vn)n∈N be the random walk as in (3.2.61). By standard results on GW-trees
and RWs,

#τ (law)= T−1 where T−p :=inf
{
n∈N : Vn=−p

}
, p∈N. (3.2.75)

Note that T−p is a.s. finite by (H1). By the strong Markov property, (T−p)p∈N is a random walk.
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Lemma 3.2.38 We assume that µ satisfies (3.2.60). Recall from (3.2.62) the definition of the slowly
varying function L : (0,∞)→ (0,∞). For all s∈ [0, 1], we set φµ(s) = E[s#τ ]. Then, there is a
constant cα∈(0,∞) that only depends on α, such that

n
1
αL(n)P

(
#τ≥n

)
→ cα and 1−φµ(e−λ) ∼0+ cαΓe

(
1− 1

α

)
λ

1
αL
( 1
λ

)−1 (3.2.76)

(here Γe is Euler’s gamma function). Furthermore, n1+ 1
αL(n)P

(
#τ=n

)
→ α−1cα.

Proof. The first limit in (3.2.76) implies the second one by Karamata’s Abelian Theorem for Laplace
transforms see e.g. [23, Thm. 1.7.6]. By Kemperman’s identity (see e.g. [23, Thm. 8.9.15]), we first
get P(T−1 =n)= 1

nP(Vn=−1). By Gnedenko’s local limit theorem (see e.g. [23, Thm. 8.4.1]),
we next get P(Vn=−1) ∼ Cst/bn. Thus P(#τ =n) ∼ Cst/(nbn). By Karamata’s Theorem for
tails (see e.g. [23, Prop. 1.5.10]), we get P(#τ≥n) ∼ αCst/bn, which entails the lemma. ■

3.2.6 Real trees, convergences of metric spaces and pseudometrics.

In this section, we first recall the definition of a specific class of metrics spaces called real trees.
They appear as limits of rescaled discrete trees. Here the limit holds in the sense of Gromov-
Hausdorff-Prokhorov (GHP for short). GHP-convergence actually concerns isometry classes of
pointed measured compact metric spaces and, although it provides a neat and intrinsic framework
for formulating convergences of renormalized random graphs, it is more convenient to proceed with
a certain type of encoding of these spaces which provides pseudometrics viewed as [0,∞)2-indexed
processes. We briefly recall from Chapter 2 the results on the space of pseudometrics that are used
in our proofs.

Real trees. Let us first recall the definition of real trees, which are metric spaces that extend
the definition of graph-trees. Informally they are obtained by glueing compact intervals without
creating cycles. More precisely, they are defined as follows.

Definition 3.2.39 (Real trees) Let (T, d) be a metric space; it is a real tree if and only if the
following holds true.

(a) For any σ1, σ2∈T , there is a unique isometry f : [0, d(σ1, σ2)]→T such that f(0)=σ1 and
f(d(σ1, σ2))=σ2. Then, we set Jσ1, σ2K :=f([0, d(σ1, σ2)]).

(b) For any continuous injective function g : [0, 1]→ T , such that g(0) = σ1 and g(1) = σ2,
g([0, 1])=Jσ1, σ2K. □

Among connected metric spaces, real trees are characterized by the so-called four points inequality.
Namely, if (T, d) is a connected metric space, then (T, d) is a real tree if and only if for any
σ1, σ2, σ3, σ4 ∈ T ,

d(σ1, σ2) + d(σ3, σ4) ≤
(
d(σ1, σ3) + d(σ2, σ4)

)
∨
(
d(σ1, σ4) + d(σ2, σ3)

)
. (3.2.77)

We refer to Evans [70] or to Dress, Moulton & Terhalle [48] for a detailed account on this property.
In this chapter, we shall only consider compact pointed measured real trees: namely, compact real
trees (T, d) equipped with a distinguished point r∈T that is viewed as a root, and with a finite
measure µ defined on the Borel σ-field of T .

Gromov-Hausdorff-Prokhorov metric. In this chapter, we prove that rescaled specific random
graph-trees equipped with a root and (variants of) the counting measure converge to random
compact pointed measured real trees. The convergence of these metric spaces holds weakly in the
Gromov-Hausdorff-Prokhorov sense as recalled here.
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Let (E1, d1, r1, µ1) and (E2, d2, r2, µ2) be two pointed measured compact metric spaces: here
µ1 and µ2 are finite measures on the respective Borel sigma-fields of E1 and E2, and r1 ∈ E1
and r2 ∈ E2 are distinguished points. The pointed Gromov-Hausdorff-Prokhorov distance (the
GHP-distance for short) between E1 and E2 is defined by

δGHP(E1, E2)=inf
{
dHaus
E

(
ϕ1(E1), ϕ2(E2)

)
+ dE(ϕ1(r1), ϕ2(r2)) + dProk

E

(
µ1◦ϕ−1

1 , µ2◦ϕ−1
2
)}
. (3.2.78)

Here, the infimum is taken over all Polish spaces (E, dE) and all isometric embeddings ϕi : Ei ↪→
E, i ∈ {1, 2}; dHaus

E stands for the Hausdorff distance on the space of compact subsets of E
(namely, dHaus

E (K1,K2) = inf{ε ∈ (0,∞) : K1 ⊂K(ε)
2 and K2 ⊂K(ε)

1 }, where A(ε) = {y ∈E :
dE(y,A)≤ε} for all non-empty A⊂E); dProk

E stands for the Prokhorov distance on the space of
finite Borel measures onE (namely, dProk

E (µ, ν)=inf{ε∈(0,∞) :µ(K)≤ν(K(ε))+ε and ν(K)≤
µ(K(ε)) + ε, ∀K⊂E compact}); for all i∈{1, 2}, µi◦ϕ−1

i stands for the pushforward measure of
µi via ϕi.

We next recall from Theorem 2.5 in Abraham, Delmas & Hoscheit [4] the following assertions:
δGHP is a pseudometric (i.e. it is symmetric and it satisfies the triangle inequality) and δGHP(E1, E2)=
0 if and only if E1 and E2 are isometric, namely if and only if there exists a bijective isometry
ϕ :E1→E2 such that ϕ(r1) = r2 and such that µ2 = µ1 ◦ ϕ−1. Then denote by M the space of
isometry classes of pointed measured compact metric spaces. Theorem 2.5 in Abraham, Delmas &
Hoscheit [4] asserts that

(M, δGHP) is a complete and separable metric space. (3.2.79)

It is easy to prove that the four points inequality (3.2.77) is preserved under GHP-convergence.
Therefore, the measure preserving pointed isometry classes of compact real trees form a δGHP-closed
subspace of M.

Limits of continuous pseudometrics. We introduce here the space of pseudometrics as continuous
functions on real intervals, which is an alternative point of view to the intrinsic approach of GHP
convergence of metric spaces: this allows a more concrete manipulation of metric spaces that takes
advantage of the technical tools of weak convergence of processes.

Definition 3.2.40 Let ζ ∈ (0,∞). We denote by C([0, ζ]2,R) the space of continuous functions
from [0, ζ]2 to R that is a Banach space when equipped with uniform norm ∥·∥.

(a) We denote by M([0, ζ]) the subspace of C([0, ζ]2,R) of continuous pseudometrics on [0, ζ].
Namely, the functions d(·, ·)∈C([0, ζ]2,R) such that for all s1, s2, s3∈ [0, ζ],

d(s1, s2)≥0, d(s1, s1)=0, d(s1, s2)=d(s2, s1) and d(s1, s3)≤d(s1, s2) + d(s2, s3).

(b) We also denote by MT([0, ζ]) the space of continuous real tree pseudometrics. Namely, the
functions d(·, ·)∈M([0, ζ]) such that for all s1, s2, s3, s4∈ [0, ζ],
d(s1, s2) + d(s3, s4) ≤ max

(
d(s1, s3) + d(s2, s4) ; d(s1, s4) + d(s2, s3)

)
. (3.2.80)

We easily check that MT([0, ζ]) and M([0, ζ]) are closed subsets of (C([0, ζ]2,R), ∥·∥). □

Let d∈M([0, ζ]). It induces a connected compact pointed measured metric space as follows:
for all s1, s2∈ [0, ζ], set s1 ∼d s2 if and only if d(s1, s2)=0. Clearly, ∼d is an equivalence relation.
We then define the quotient space:

Ed = [0, ζ]/∼d, projd : [0, ζ]→Ed, the canonical projection, rd = projd(0). (3.2.81)
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We keep denoting d the metric induced by d on Ed. Since d is continuous on [0, ζ]2, projd is
continuous and (Ed, d, rd) is a pointed compact and connected metric space. We also equip Ed
with the pushforward measure µd of the Lebesgue measure on [0, ζ] via the canonical projection:
namely, for all nonnegative measurable functions f on Ed,∫

Ed

f(x)µd(dx)=
∫ ζ

0
f(projd(s)) ds . (3.2.82)

Note that µd is a finite measure with total mass ζ . We next recall the following result from Chapter 2.

Proposition 3.2.41 Let d, d′ ∈M([0, ζ]) and let Ed and Ed′ be the related pointed measured
compact metric spaces as defined by (3.2.81) and (3.2.82). Then

δGHP(Ed, Ed′) ≤ 3
2∥d−d

′∥ . (3.2.83)

Proof. See Proposition 2.4.14 in Chapter 2. ■

Example 3.2.42 (Real trees coded by continuous functions) Let ζ∈(0,∞) and let h : [0, ζ]→R be
continuous. For all s1, s2∈ [0, ζ], we set

mh(s1, s2) = inf
s∈[s1∧s2,s1∨s2]

h(s) and dh(s1, s2) = h(s1) + h(s2)− 2mh(s1, s2) . (3.2.84)

We easily check that dh∈MT([0, ζ]) and to simplify we denote by (Th, dh, rh, µh) the induced
metric space (Edh

, dh, rdh
, µdh

) as defined in (3.2.81) and (3.2.82); we also denote by ph : [0, ζ]→
Th the canonical projection (instead of projdh

); (Th, dh, rh, µh) is a pointed measured compact
real tree that is the tree coded by the function h. Let h′ : [0, ζ]→R be continuous. Then observe that

∀s1, s2,∈ [0, ζ],
∣∣dh(s1, s2)−dh′(s1, s2)

∣∣ ≤ 4 sup
s∈[0,ζ]

|h(s)−h′(s)| , (3.2.85)

which shows the continuity in MT([0, ζ]) of the application h 7→ dh and thereore the continuity of
h 7→ Th with respect to GHP-convergence by Proposition 3.2.41. □

3.2.7 Continuous snakes and related metrics.

Here we recall the definition of Brownian snakes that have been introduced by J-F. Le Gall in [77].
They are continuous analogs of discrete snakes introduced in Definition 3.2.8. One-dimensional
Brownian snakes play a key role in our result: they encode a random metric space called the
Brownian cactus (see Curien, Le Gall & Miermont [40]) which is the limit of the rescaled range
of the tree-valued branching random walks studied in this chapter. In this section, we recall
the definition of the Brownian cactus with α-stable branching mechanism, along with technical
results on limits of snake-pseudometrics, some come from Chapter 2 (adapted from D., K., Lin &
Torri [60]), others are new.

General definition of snakes. Let us first introduce a few notations and conventions on spaces of
continuous functions. If (E, dE) is a complete and separable metric space (a Polish space), then
C0([0,∞), E) stands for the space of continuous functions from [0,∞) to E that is also Polish
when equipped with the topology of uniform convergence on every compact interval that is metrized
e.g. by the distance defined for all f, g∈C0([0,∞), E) by δ(f, g)=

∑
N∈N 2−N min(1, sups∈[0,N ]

dE(f(s), g(s))).
The Euclidian space Rq, q∈N∗ is equipped with its canonical basis denoted by (e1, . . . , eq),

and with its canonical scalar product denoted by ⟨·, ·⟩ and with its associated Euclidian norm
denoted by | · |. When it is convenient, we shorten the C0([0,∞),Rq) notation to C0

q and to
simplify notations, we set C0

+ =C0([0,∞), [0,∞)).
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Definition 3.2.43 (Continuous snakes) Let (E, δ) be a Polish metric space. We equip the
space C0

+×C0([0,∞),C0
q ) with the product topology, which is Polish too. A pair of functions

(h(s), ws(·))s∈[0,∞)∈C0
+×C0([0,∞),C0

q ) is a snake if the following conditions are satisfied.
(a) For all s∈ [0,∞) and for all r∈ [h(s),∞), ws(r)=ws(h(s))=: ŵs.
(b) For all s1, s2 ∈ [0,∞), ws1(r) = ws2(r) for all r ∈ [0,mh(s1, s2)] where we have set

mh(s1, s2)=infs∈[s1∧s2,s1∨s2] h(s).
•We refer to (b) as to the snake property. The function h is called the lifetime process of the snake
and the function (ŵs)s∈[0,∞) the endpoint process of the snake.
•We denote by Σq([0,∞)) the space of snakes of C0

+×C0([0,∞),C0
q ). For all ζ ∈ (0,∞), we

denote by Σq([0, ζ]) the snake with duration ζ: namely snakes (h,w) ∈ Σq([0,∞)) such that
h(s)=0 for all s∈ [ζ,∞).
• To simplify notations, we also set Σ1([0,∞))=Σ([0,∞)) and Σ1([0, ζ])=Σ([0, ζ]). □

Remark 3.2.44 (a) We easily check that Σq([0,∞)) is a closed subset of C0
+×C0([0,∞),C0

q ) .
(b) If (h,w)∈Σq([0,∞)), then note that ŵ∈C0

q and observe that (h,w) 7→ ŵ is continuous from
the Polish spaces Σq([0,∞)) to C0

q .
(c) Let (h,w)∈Σq([0,∞)) and let s, r∈ [0,∞). If r≤mh(0, s), the snake property implies that
ws(r)=w0(r) and if r≥mh(0, s), ws(r)= ŵαr,s where αr,s=sup{s′∈ [0, s] : h(s′)≤r ∧ h(s)}
by the snake property again. Thus, there is a function G from C0

+×(C0
q )2 to Σq([0,∞)) such

that G(h,w0, ŵ) = (h,w) for all (h,w)∈Σq([0,∞)). Note that actually G can be chosen to be
Borel-measurable (this fact is not needed in what follows).
(d) Let (Mu)u∈t a R-valued branching walk and let W stands for its associated discrete contour-
snake as in Definition 3.2.8. Then observe that (C(t),W·(t; ·))∈Σ([0,∞)). Therefore, the contour
process C(t) of t is the lifetime process of W·(t; ·).
(e) Let (h,w)∈Σq([0,∞)) and letN ∈N∗. We defineRN (h,w)=(h′, w′) as follows: h′(s)=h(s)
and w′s=ws for all s∈ [0, N ], h′(s)=h(2N−s) and w′s=w2N−s for all s∈ [N, 2N ], and h′(s)=
(2N+1−s)+h(0) and w′s=w0(·∧h′(s)) for all s∈ [2N,∞). Note thatRN (h,w)∈Σq([0, 2N+1])
and that ŵ′s = ŵs if s ∈ [0, N ], ŵ′s = ŵ2N−s if s ∈ [N, 2N ], and ŵ′s =w0((2N+1−s)+ h(0)) if
s∈ [2N,∞).
(f) Let (h,w) ∈ Σq([0,∞)). For all s, r ∈ [0,∞), we set h(s) = h(s)−mh(0, s) and ws(r) =
ws(r+mh(0, s))−w0(mh(0, s)). Observe that (h,w)∈Σq([0,∞)) and that ŵs= ŵs−w0(mh(0, s))
for all s∈ [0,∞). □

Finite-dimensional marginals of random snakes. We now consider random snakes and more
specifically Brownian snakes. To define their finite-dimensional marginals, it is convenient to
introduce the following. For all w0, w1∈C0

q and all m∈ [0,∞), we define w2 =w0⊕mw1∈C0
q

by setting w2(s)=w0(s) if s∈ [0,m] and w2(s)=w0(m) + w1(s−m)−w1(0) if s∈ [m,∞). We
easily check that

(w0, w1,m, r)∈(C0
q )2×[0,∞)2 7−→ (w0⊕mw1)(· ∧ r)∈C0

q is continuous. (3.2.86)

Let h∈C0
+ , p∈N∗. Let s0 = 0≤ s1<. . .<sp be real numbers and let w0, . . . , wp∈C0

q . We
define Fp(h; (wj)0≤j≤p ; (sj)1≤j≤p)=(w′j)0≤j≤p∈(C0

q )p+1 by setting

w′0 =w0(· ∧ h(0)) and w′j+1 =
(
w′j ⊕mh(sj ,sj+1) wj+1

)
(· ∧ h(sj+1)), 0 ≤ j<p , (3.2.87)

where we recall that mh(sj , sj+1) = infs∈[sj ,sj+1] h(s). By (3.2.86) and the continuity of the
function (h, (sj)0≤j≤p) 7→(h(0), (h(sj+1),mh(sj , sj+1))0≤j<p), we see that

Fp : C0
+×(C0

q )p+1×[0,∞)p 7−→ (C0
q )p+1 is continuous. (3.2.88)
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The functions (Fp)p∈N∗ provide a convenient way of expressing the finite-dimensional marginal
laws of Brownian snakes. Recall that unless otherwise specified, all the r.v. which are considered in
this chapter are defined on the same probability space (Ω,F ,P).

Definition 3.2.45 (Brownian snakes) A q-dimensional Brownian snake is a random variable
(H,W ) : Ω → Σq([0,∞)) that is measurable with respect to F and to the Borel σ-field of
Σq([0,∞)), such that for all p∈N∗, and all real numbers 0≤s1<. . .<sp,

(
W0,Ws1 , . . . ,Wsp

) (law)= Fp
(
H; (B(j))0≤j≤p; (sj)1≤j≤p

)
, (3.2.89)

where B(0) =W0, where (B(j))1≤j≤p are independent standard q-dimensional Brownian motions
that are moreover independent from W0 and H . □

Remark 3.2.46 (a) First, it is easy to check that the laws provided by the left member in (3.2.89)
actually form a consistent family of finite-dimensional laws (so that the previous definition makes
sense). Next, since C0([0,∞),C0

q ) is Polish, standard results ensure the existence of a regular
version of the conditional law of W given (W0, H), i.e. a measurable transition kernel Pw0,h(dW )
from C0

q×C0
+ to C0([0,∞),C0

q ) such that E[G(W0, H)1{W∈A}] = E[G(W0, H)PW0,H(A)] for
all Borel subsets A of C0([0,∞),C0

q ) and all nonnegative measurable functions G.
More precisely, the continuity (3.2.88) of Fp entails the following. Denote by Πw0,h

s1,...,sp
the law

of Fp(h; (B(j))0≤j≤p; (sj)1≤j≤p) where B(0) =w0 and the (B(j))1≤j≤p are independent standard
q-dimensional Brownian motions. Then, there exists a Borel subset B of C0

q ×C0
+ such that

P((W0, H)∈B)=1 and such that for all (w0, h)∈B, for all p∈N∗ and for all real numbers 0≤s1
<. . .<sp,

Πw0,h
s1,...,sp

is the law of (W0,Ws1 , . . . ,Wsp) under Pw0,h(dW ). (3.2.90)

(b) The recursive construction (3.2.87) entails that conditionally given (W0, H), W is a (time
inhomogeneous) Markov process. More precisely, keeping notations from (a), for all (w0, h)∈B
we check that W under Pw0,h is an inhomogeneous Markov process with transition probabilities
Pw0,h(ws′ ∈dw′ |ws=w) :=Πw,h(·+s)

s′−s (dw′). □

Given a continuous lifetime process H and an initial path W0, there is not always a continuous
snake (H,W ). However, when H stands for the α-stable height process, there is a continuous
version of the Brownian snake as shown in the following proposition, which is a direct consequence
of a result in D. & Le Gall [61].

Proposition 3.2.47 Let α∈ (1, 2]. Let (Hs)s∈[0,∞) be the α-stable height process as defined by
(3.2.53) (resp. under the normalized excursion law N( · | ζ >1) or N( · | ζ=1)). Then there exists
a continuous one-dimensional Brownian snake W whose lifetime process is H which is called the
one-dimensional Brownian snake with α-stable branching mechanism.

Proof. See [61, Prop. 4.4.1] when H is under P. Standard arguments entail the result for H under
N( · | ζ >1), then we use (3.2.59) to derive it under N( · | ζ=1). Otherwise, see Lemma 2.4.30 in
Chapter 2 (and a more explicit discussion of the same ideas). ■

Snake-pseudometrics and snake-trees. Snakes play a key-role in our chapter because they encode
the metric of the limiting trees of the rescaled range of the branching random walks that we consider
here.
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Definition 3.2.48 (Snake-pseudometrics) Let ζ∈(0,∞) and let (h,w)∈Σ([0, ζ]). Recall from
(3.2.84) the definition of mh(·, ·) and recall that ŵs=ws(h(s)), s∈ [0,∞). For all s1, s2∈ [0, ζ],
we set

Mh,w(s1, s2)=min
(
min

{
ws1(r); r≥mh(s1, s2)

}
,min

{
ws2(r); r≥mh(s1, s2)

})
and dh,w(s1, s2)= ŵs1 + ŵs2 − 2Mh,w(s1, s2) . (3.2.91)

We call dh,w the snake-pseudometric associated with (h,w) (see Lemma 3.2.49 below). □

Lemma 3.2.49 Let ζ∈(0,∞), let (h,w)∈Σ([0, ζ]) and let dh,w be as in Definition 3.2.48. Then,
dh,w is a continuous pseudometric on [0, ζ] satisfying (3.2.80): namely dh,w∈MT([0, ζ]).

Proof. See Lemma 2.4.22 in Chapter 2. ■

Definition 3.2.50 (Snake-trees, α-stable Brownian cactus) Let ζ∈(0,∞), let (h,w)∈Σ([0, ζ])
and dh,w∈MT([0, ζ]) be as in Definition 3.2.48.
(a) We denote by (Th,w, dh,w, rh,w, µh,w) the pointed measured compact metric space induced by
the pseudometric dh,w as defined in (3.2.81). We call it the snake-tree associated with (h,w). To
simplify, we denote by ph,w : [0, ζ]→Th,w the canonical projection.

(b) Let α∈(1, 2] and let (H,W ) be a one-dimensional Brownian snake with α-stable branching
mechanism as defined in Proposition 3.2.47. Then the random real tree (TH,W , dH,W , rH,W , µH,W )
is called a Brownian cactus with α-stable branching mechanism. □

As already mentioned, the Brownian Cactus has been introduced in Curien, Le Gall & Mier-
mont [40] to study planar maps: roughly speaking the Brownian cactus corresponds to the case of a
quadratic branching mechanism α=2. In this case, they prove that a.s. its upper-local density for
typical points is 4 (Proposition 5.1 [40] p. 364) and that its Hausdorff dimension is 4 (Corollary
5.3 [40] p. 365). See also Le Gall [116] where the level sets of the Brownian cactus are studied
to derive results on the Brownian maps. In D., K., Lin & Torri [60, Prop. 4.34], it is proved that
the Brownian cactus with α-stable mechanism is a.s. a continuum real tree (i.e. µH,W is diffuse
and supported by the set of leaves of TH,W ) and that it is a binary real tree with a (necessarily
countable) dense set of branch points: namely, a.s. for all x∈TH,W , TH,W \{x} has one, two, or
three connected components and the set of the x where TH,W \{x} has three connected components
is dense in TH,W .

Limits of snakes and snake-pseudometrics. We first present a general result showing that
convergence of snakes boils down to the convergence of the corresponding endpoint processes. This
is a slight extension of the homeomorphism theorem of Marckert & Mokkadem [129, Theorem 2.1].
Then we recall from Chapter 2 (adapted from D., K., Lin & Torri [60]) a result showing that the
convergence of snakes implies the convergence of snake-pseudometrics, which leads to a pratical
criterion to prove weak convergence of random snake-trees.

Recall that C0([0,∞), E) stands for the space of the continuous functions from [0,∞) to
the Polish space (E, dE). Also recall that C0

q (resp. C0
+) stands for C0([0,∞),Rq) (respectively

C0([0,∞), [0,∞))), which is Polish when equipped with the following metric δ(f, g)=
∑
N∈N∗

2−N min(1, sups∈[0,N ] |f(s)−g(s)|), f, g ∈ C0
q (resp. f, g ∈ C0

+). Next recall that Σq([0,∞))
stands for the space of snakes, as in Definition 3.2.43.

If (h(n), w(n))∈Σq([0,∞)), n∈N, is such that (h(n), ŵ(n))→ (h, f) in C0
+×C0

q , then f is not
necessarily the endpoint process of a continuous snake and the w(n) do not necessarily converge in
the space C0([0,∞),C0

q ). In this direction, we however prove the following result.
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Proposition 3.2.51 Let (h(n), w(n))n∈N be a sequence of q-dimensional continuous snakes. We
assume that there exists a q-dimensional continuous snake (h,w) such that limn→∞ h(n)=h in C0

+ ,
such that limn→∞w

(n)
0 =w0 and such that limn→∞ ŵ(n) = ŵ in C0

q . Then limn→∞w(n) =w in
C0([0,∞),C0

q ).

Proof. When h(n)(0)=0 and (h(n), w(n))∈Σq([0, 1]) for all n∈N, the result follows from a direct
application of Marckert & Mokkadem [129, Theorem 2.1]. By time-scaling, this still holds when
there is some N ∈N such that h(n)(0)=0 and (h(n), w(n))∈Σq([0, 2N+1]) for all n∈N. Now, we
claim that the desired result holds when h(n)(0) = 0 for all n∈N. Indeed, using Remark 3.2.44
(e), the previous particular case implies that limn→∞RN (h(n), w(n))=RN (h,w) in Σq([0, 2N+1])
for any N ∈N, so w(n)→w uniformly on [0, N ]. Now, we prove the desired result without any
additional assumptions thanks to Remark 3.2.44 (f). We easily see that limn→∞ h(n) =h in C0

+ and
limn→∞ ŵ(n) = ŵ in C0

q , so limn→∞w(n) =w in C0([0,∞),C0
q ). Then, we observe that

∀s, r ∈ [0,∞), ws(r) = w0
(
r ∧mh(0, s)

)
+ ws

(
(r −mh(0, s))+

)
,

which concludes the proof. ■

The following lemma recalled from Chapter 2 shows that the convergence of one-dimensional
snakes implies the convergence of the associated pseudometrics. Recall that Σ([0, ζ]) stands for the
set of one-dimensional snakes. For all (h,w)∈Σ([0, ζ]), recall from Example 3.2.42 the definition
of the real-tree pseudometric dh and recall from Definition 3.2.48 the snake-pseudometric dh,w.
Recall that ∥·∥ stands for the uniform norm on C([0, ζ]2,R).

Lemma 3.2.52 Let ζ ∈ [0,∞). For all n ∈ N, let (h(n), w(n)) ∈ Σ([0, ζ]). We suppose that
(h(n), w(n))→ (h,w) in C0

+×C([0, ζ],C0
1). Then, limn→∞∥dh(n)−dh∥ = limn→∞∥dh(n),w(n)−

dh,w∥ = 0.

Proof. See Lemma 2.4.20 in Chapter 2. ■

3.2.8 Tree-valued branching walks and snake-pseudometrics

We fix an environment (T, o) ∈ T•. We then fix a finite tree t ∈ T and a branching walk Θ :=
(t,∅;Y u = (T, Yu), u∈ t) such that: (a) Y∅ = o; (b) if v, v′ ∈ t are neighbors, so are Yv and Yv′
in T . In this section, we consider the range R= {Yu;u∈ t} that is a graph-subtree of T and we
explain that R is close in some sense to the snake-tree associated with the contour-snake of the
relative heights of the branching walk, i.e. the contour-snake associated with the R-branching walk
(||Yu||)u∈t.

To that end, we denote by (t̃, d
t̃
) the real tree obtained by joining adjacent vertices of t by a

segment isometric to [0, 1]. We assume that t⊂ t̃. Thus dgr(u, v)=d
t̃
(u, v) for all u, v∈ t, where

dgr stands for the graph-distance in t. For all σ, σ′ ∈ t̃, we denote by Jσ, σ′K
t̃

the geodesic path
joining σ and σ′ in t̃.

We then introduce the contour-exploration of t̃ as follows. We denote by (vk)0≤k≤2(#t−1) the
vertices of t listed in the contour order. We easily check that there exists a continuous function
ṽ : [0, 2(#t−1)]→ t̃ such that for all 0≤k<2(#t−1) anf for all s∈ [0, 1],

ṽ(k + s)∈Jvk, vk+1Kt̃ is such that d
t̃
(vk, ṽ(k + s))=s. (3.2.92)

It is convenient to set ṽ(s)=∅ for all s∈ [2(#t−1), 2#t]. The continuous path (ṽ(s))s∈[0,2#t] is
the contour exploration of t̃. Namely for all s, s′∈ [0, 2#t],

d
t̃

(
(ṽ(s), (ṽ(s′)

)
= dC(t)(s, s′)
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where dC(t) is the real tree distance associated with the contour function (Cs(t))s∈[0,2#t] as intro-
duced in Example 3.2.42.

Remark 3.2.53 It is easy to see that the tree (TC(t), dC(t), rC(t), mC(t)) coded by C·(t) as intro-
duced in Example 3.2.42 is isometric to (t̃, d

t̃
,∅, m̃) where m̃ is the occupation measure of the

exploration process ṽ. As a consequence of Lemma 2.5.2 of Chapter 2„ we get that dt̃Prok
(
m, 1

2 m̃
)
≤2

where m=
∑
v∈t δv, which implies that δGHP

(
(t, dgr,∅, m), (t̃, d

t̃
,∅, 1

2 m̃
))
≤3. □

Next, we denote similarly by (T̃ , d
T̃

) the real tree obtained by joining adjacent vertices of T by
a segment isometric to [0, 1] and we extend relative heights on T̃ by setting

∀x∈T, ∀γ ∈ J←−x , xK
T̃
, ||γ||= ||←−x ||+ d

T̃
(←−x , γ) .

For all γ, γ′ ∈ T̃ , we also denote by γ ∧ γ′ the most recent common ancestor of γ and γ′ that is
defined as the unique point of Jγ, γ′K

T̃
with minimal relative height. We finally define a continuous

function Ỹ : t̃→ T̃ that extends Y as follows: for all σ ∈ t̃ there exist two neighboring vertices
v, v′∈ t such that σ∈Jv, v′K

t̃
and we define

Ỹσ as the only point of JYv, Yv′KT̃ such that d
T̃

(Yv, Ỹσ)=d
t̃
(v, σ). (3.2.93)

We denote by R̃ the range of Ỹ and we denote by m̃occ the occupation measure on R̃ yielded by the
contour exploration of t̃. Namely,

R̃=
{
Ỹσ ; σ∈ t̃

}
and

∫
R̃
f(γ) m̃occ(dγ) =

∫ 2#t

0
f
(
Ỹṽ(s)

)
ds. (3.2.94)

We also denote by mocc the occuptation measure of Y on R={Yu ; u∈ t}:

mocc =
∑
u∈t

δYu .

Note that dT̃Haus
(
R̃, R

)
≤1. Then we recall from Lemma 2.5.2 in Chapter 2 that

dT̃Prok
(
mocc, 1

2 m̃occ
)
≤2 and thus δGHP

(
(R, dgr, o, mocc), (R̃, d

T̃
, o, 1

2 m̃occ)
)
≤3. (3.2.95)

We remind that dT̃Haus and dT̃Prok stand respectively for the Hausdorff distance on compact subsets of
T̃ and for the Prokhorov distance on the space of finite Borel measures on of T̃ .

We next introduce the range pseudometric d
R̃

(·, ·) ∈M([0, 2#t]) by setting for all s, s′ ∈
[0, 2#t]

d
R̃

(s, s′) = d
T̃

(
Ỹṽ(s), Ỹṽ(s′)

)
= ||Ỹṽ(s)||+ ||Ỹṽ(s′)|| − 2||Ỹṽ(s) ∧ Ỹṽ(s′)||. (3.2.96)

We observe that d
R̃

is a real tree pseudometric and that(
R̃, d

T̃
, o, m̃occ

)
is isometric to

(
Ed

R̃
, d
R̃
, rd

R̃
, md

R̃

)
(3.2.97)

where the space Ed
R̃

is the pointed measured compact real tree yielded by d
R̃

as explained in
(3.2.81) and (3.2.82).

Remark 3.2.54 Observe that the previous constructions on the real trees T̃ and t̃ only depend on
the branching walk Θ=(t,∅;Y u=(T, Yu), u∈ t) locally in a continuous way and we easily check
that Θ∈T•(T•) 7→d

R̃
(·, ·)∈M([0, 2#t]) is continuous. □
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We now compare d
R̃

with the snake-pseudometric associated with the relative heights of
the branching walk. We next denote by (Ws(t; ·))s∈[0,2#t] the contour-snake associated with
the R-valued branching walk (||Yu||)u∈t (see Definition 3.2.8). We denote by (Ŵs(t))s∈[0,2#t] its
associated endpoint process and we recall that the corresponding lifetime process is the contour
process (Cs(t))s∈[0,2#]. We then easily check for all s∈ [0, 2#t] and r∈ [0, Cs(t)] that

Ws(t; r) = ||Ỹσ|| where σ∈J∅, ṽ(s)K
t̃

is such that d
t̃
(∅, σ)=r. (3.2.98)

In particular, note that Ŵs(t) = ||Ỹṽ(s)||. We next recall from (3.2.91) in Definition 3.2.48 that
dC(t),W (t;·) stands for the snake-pseudometric associated with (C(t),W (t; ·)). As a consequence
of (3.2.98), we see for all s, s′∈ [0, 2#t] that

dC(t),W (t;·)(s, s′) = ||Ỹṽ(s)||+ ||Ỹṽ(s′)|| − 2 min
{

||Ỹσ|| ;σ∈Jṽ(s), ṽ(s′)K
t̃

}
. (3.2.99)

We then observe that

0 ≤ 1
2
(
dC(t),W (t;·)(s, s′)−dR̃(s, s′)

)
= ||Ỹṽ(s)∧Ỹṽ(s′)||−min

{
||Ỹσ|| ;σ∈Jṽ(s), ṽ(s′)K

t̃

}
. (3.2.100)

When Y is a branching random walk whose spatial motion is a biased RW, (3.2.100) implies that
dC(t),W (t;·) and d

R̃
are close because for the difference in (3.2.100) to be large, two independent

and large parts of the branching RW have to coincide. More precisely, we conclude this section
by proving the following lemma that shows (for fixed times) that the difference in (3.2.100) is
exponentially small when Y is a (sub)critical biased branching RW.

Lemma 3.2.55 Let λ∈ (1,∞) and let (T, o)∈T• be such that T ̸= {∅}. Let t∈T be finite. Let
Θ=(t,∅;Yu=(T, Yu), u∈ t) be a t-indexed T -valued λ-biased branching RW whose law is QT,ot,∅
(Definition 3.2.30). If Assumption (3.2.30) in Lemma 3.2.23 is verified, then for all ξ∈(1,∞),

P
(

max
s,s′∈[0,2#t]

∣∣dC(t),W (t ; ·)(s, s′)−dR̃(s, s′)
∣∣ > 2ξ

)
≤ λ2(#t)3 λ−ξ. (3.2.101)

Proof. By (3.2.100) and the definition on T̃ of relative heights and of most recent common ancestors,
we see that if there are s1, s2∈ [0, 2#t] such that dC(t),W (t;·)(s1, s2)−d

R̃
(s1, s2)>2ξ, then there

are u′, v′∈ t such that ||Yu′ ∧ Yv′||−minw∈Ju′,v′K ||Yw||>ξ−1>0. Then, let us choose w′∈ Ju′, v′K
such that ||Yw′||=minw∈Ju′,v′K ||Yw|| and with the greatest height possible. Without loss of generality,
we can assume that w′∈Ju′ ∧ v′, u′J so we have w ∈Ku′ ∧ v′, u′K such that←−w =w′. By definition
of w′ and w, we observe that

←−
Yw = Yw′ , that Yu′ ∧ Yv′ ∈JYw′ , Yv′K, and that Yu′ ∧ Yv′ ∈JYw, Yu′K.

Thus, there are u, v∈ t with v ∧ w ̸=w⪯u such that Yu=Yv=Yu′ ∧ Yv′ . Therefore, (3.2.101) is a
straightforward consequence of the following bound that holds for all u, v, w∈ twith v∧w ̸=w ⪯ u,
and all p∈N∗,

P
(
Yu = Yv , ||Yv|| − ||Yw|| ≥ p , ←−Yw /∈ {Ya : a∈Jw, uK}

)
≤ λ−p. (3.2.102)

It remains to prove (3.2.102). To that end, recall from Definition 3.2.21 that PT, x stands for the
law of the λ-biased RW Xn=(T,Xn), n∈N on T such that X0 = x. By reasoning conditionally
given (Yw, Yv), the very definition of branching RWs implies that

P
(
Yu = Yv , ||Yv|| − ||Yw|| ≥ p , ←−Yw /∈ {Ya : a∈Jw, uK}

)
= E

[
1{||Yv||−||Yw||≥p}PT,Yw

(
X|u|−|w| = Yv ,

←−
Yw /∈ {Xj : j ≤ |u| − |w|}

∣∣Yw, Yv)].
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For all x, y∈T\{∅}, we set f(x, y)=PT, x
(
Hy<H←−x

)
, where Hy is the hitting time as in (3.2.29).

Then the previous identity yields that

P
(
Yu = Yv , ||Yv|| − ||Yw|| ≥ p , ←−Yw /∈ {Ya : a∈Jw, uK}

)
≤ E

[
1{||Yv||−||Yw||≥p}f(Yw, Yv)

]
(3.2.103)

Thanks to Assumption (3.2.30), we can use (3.2.33) to get f(x, y) ≤ λ||x||−||y|| for all x, y∈T\{∅}.
Together with (3.2.103), this immediately entails (3.2.102), which completes the proof. ■

3.3 Proof of Theorem 3.1.1

3.3.1 Preliminary results on critical biased RWs on GW-trees

In this section, we state several estimates on critical biased RWs on GW-trees. More precisely, here
ν stands for a supercritical offspring distribution whose mean is denoted by mν , the environment
is denoted by (T, o) that is a GW(ν)-tree or a variant of such trees (a grafted or an infinite or
an invariant GW(ν)-tree) and the RW is denoted by Xn = (T, Xn), n ∈ N: it is viewed as a
T•-valued Markov chain whose transition kernel pmν

is that of a mν-biased RW as in (3.2.27) in
Definition 3.2.21 with λ=mν .

Lemma 3.3.1 Let ν be a supercritical offspring distribution whose mean is denoted by mν . Let
(T, o) be an invariant GW(ν)-tree as in Definition 3.2.25. Let Xn=(T, Xn), n∈N be a mν-biased
RW such that X0 =o. For all y∈T, we set

ζy=sup{n∈N : Xn=y}, (3.3.1)

with the convention that sup ∅=−∞. Recall from (3.2.15) that Lo is the ancestral line of o and
that for all p∈N, o(p) stands the ancestor of o at distance p from it. Then, for all p0, p1, p∈N such
that p>2p0+p1 and for all n∈N, the two truncated T•-valued processes ([Xm∧p0 ]p0

−p0)m∈N and
(
[
φ||Xζo(p)+1+n||(Xζo(p)+1+n+m)

]p1
−p1

)m∈N∗ are independent under P.

Proof. To simplify the notations, we set X(p)
n = Xζo(p)+1+n for all n ∈ N. Let F and G be

nonnegative measurable functions on (T•)N. First observe the following.

E(T,o)
[
F (X ·∧ζo(p))G(X(p))

]
=
∑
k∈N

E(T,o)
[
F (X ·∧k)1{Xk=o(p);Xk+1=o(p+1)}G(Xk+1+·)1{Ho(p)(Xk+1+·)=∞}

]
= E(T,o)

[
F (X ·∧ζo(p))

]
E(T,o(p+1))

[
G(X ·)

∣∣ Ho(p) =∞
]
. (3.3.2)

Namely, conditionally given (T, o), X ·∧ζo(p) is independent fromX
(p) that is furthermore a Markov

chain. More precisely, set Tp={o(p)} ∪ {x∈T: ||o∧x||<−p} and X ′n=(Tp, Xζo(p)+1+n
), n∈N.

Then, (3.3.2) and (3.2.34) easily imply that conditionally given (T, o), (X ′n)n∈N is a Markov chain
whose transition kernel is given for all x∈Tp\{o(p)} by

q((Tp, x), (Tp, y)) := pmν
((Tp, x),(Tp, y))1−mp+||o(p)∧y||

ν

1−mp+||o(p)∧x||
ν

,

q((Tp, o(p)), (Tp, y)) = 1{y=o(p+1)},

where pmν
is as in (3.2.27). Therefore, the law of (X ′n)n∈N conditionally given (T, o) only depends

on (Tp, o(p)) that is independent from [(T, o)]∞−p, which easily entails the desired result. ■

The following lemma provides an estimate of the hitting time of critical biased RW.
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Lemma 3.3.2 Let ν be a supercritical offspring distribution whose mean is denoted by mν . Let T
be a grafted GW(ν)-tree as in Definition 3.2.6 (c). Let Xn=(T, Xn), n∈N, be a mν-biased RW
such that X0 =(1) (which is the unique child of ∅ by definition of grafted GW-trees). Recall from
(3.2.29) the definition H∅. For all s∈(0,∞), we set fν(s)=E

[
exp

(
−s(H∅−1)

)]
. Then,

∀s∈(0,∞), 1− fν(s) ≤
√

2s . (3.3.3)

Proof. Recall that PT,(1) stands for the conditional law of (Xn)n∈N given T. For all y∈T\{∅}
and all r∈ [0, 1], we set

α(r, y) :=E(T,y)
[
rH←−y

]
and β(r) := 1

mν

∑
z∈T:←−z =(1)

(
1−rα(r, z)

)
.

To simplify, we also set α
(
r, (1)

)
=α(r). First note that conditionally given k(1)(T), the r.v. 1−

rα(r, z), z∈T such that←−z =(1), are independent with the same law as 1−rα(r). Thus,

E
[
β(r)

]
= 1

mν
E
[
k(1)(T)

]
E
[
1−rα(r)

]
= E

[
1−rα(r)

]
. (3.3.4)

Then, by Markov at time 1,

α(r, y) = mνr
mν + ky(T ) +

∑
z∈T:←−z =y

rα(r, z)α(r, y)
mν + ky(T ) .

An elementary computation implies that (1+β(r))rα(r)=r2. By Cauchy-Schwarz’s inequality
and (3.3.4), we get

r2 = E
[√

1+β(r)
√
rα(r)

]2 ≤ E
[
1+β(r)

]
E
[
1−β(r)

]
= 1−E

[
β(r)

]2
.

Recall that fν(s) = esE[α(e−s)]. Then, we have proved 1−e−2sfν(s) = E[β(e−s)]≤
√

1−e−2s,
which entails (3.3.3) in Lemma 3.3.2. ■

The following proposition provides an estimate of the speed at which the critical biased RW on
an invariant GW-tree escapes to −∞. It is a generalization of Proposition 2.3.13 of Chapter 2.

Proposition 3.3.3 Let ν be a supercritical offspring distribution whose mean is denoted by mν . Let
(T, o) be an invariant GW(ν)-tree as in Definition 3.2.25. Let Xn=(T, Xn), n∈N, be a mν-biased
RW such that X0 =o. Recall from (3.2.15) that Lo is the ancestral line of o and that for all p∈N,
o(p) stands the ancestor of o at distance p from it. Let f : [0,∞)→(0,∞) be a continuous function
decreasing to 0. Then, the following holds true(

P-a.s.
∑
p≥1

ko(p)(T)f(p)
1
2 <∞

)
===⇒

(
P-a.s.

∑
n∈N

f
(
−|o∧Xn|

)
<∞

)
. (3.3.5)

Proof. Recall from Lemma 3.2.23 that ro
k stands for the k-th time of return to Lo. Namely, ro

k=
inf
{
n>ro

k−1 : Xn∈Lo
}

, with the convention that ro
−1 =−1. By Lemma 3.2.24, Lemma 3.2.23

applies to the T-valued RW X and we P-a.s. get ro
k <∞. Also recall from Lemma 3.2.23 that

the N-valued process (Zk)k∈N such that o(Zk) =Xro
k
, is distributed as a birth-and-death chain

conditionally given T, whose transition probabilities are given by (3.2.32) with λ= mν . For all
ℓ∈N∗, we set I(ℓ)={k∈{0, . . . , ℓ−1} :Zk=Zk+1} and we check that

Wℓ=
∑

0≤n<ro
ℓ

f
(
−|o∧Xn|

)
= W ′ℓ +

∑
k∈I(ℓ)

(ro
k+1−ro

k−1)f(Zk) where W ′ℓ =
∑

0≤k<ℓ
f(Zk).
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Next we recall from (3.2.15) that ∂Lo ={x∈T\Lo :←−x ∈Lo} and we recall from (3.2.29) the
notation Hx, x∈T. Observe for all p∈N and for all k∈{0, . . . , ℓ−1} such that Zk =Zk+1 = p,
that ro

k+1−ro
k≥2. Namely, at time ro

k, the biased RW X starts an excursion from o(p) outside Lo
(which implies ko(p)(T)≥ 2 when p ≥ 1). The duration ro

k+1−ro
k of this excursion is the time

needed to return to o(p) starting from a uniformly chosen vertex x ∈ ∂Lo such that ←−x = o(p).
Namely, for all s∈ [0,∞) we get

E
[
1{Zk=Zk+1=p}e

−s(ro
k+1−ro

k−1)∣∣((T, o), (Zl)l∈N
)]

= 1
ko(p)(T)−1{p≥1}

∑
x∈∂Lo:←−x=o(p)

E(T, x)
[
e−s(Ho(p)−1)].

To simplify the notation, let us set S =
(
o, (ko(p)(T))p∈N

)
. Let x ∈ ∂Lo such that ←−x = o(p).

Observe that the r.v. E(T, x) [exp(−s(Ho(p)−1)]] only depends actually on θxT, which is a GW(ν)-
tree that is independent from S and (Zl)l∈N. Also note that E[E(T, x)[exp(−s(Ho(p)−1)]]=fν(s),
where fν is as in Lemma 3.3.2. Therefore, for all s∈ [0, 1], we get

E
[
e−sWℓ

∣∣(S, (Zl)l∈N)] = e−sW
′
ℓ

∏
k∈I(ℓ)

fν
(
sf(Zk)

)
≥ exp

(
−
∑

0≤k≤ℓ

(
sf(Zk)−log fν

(
sf(Zk)

)))
≥ exp

(
−
∑
p∈N

Np
(
sf(p)−log fν

(
sf(p)

)))
where Np=#

{
k∈N :Zk=p

}
.

Since f(p)↓0 as p→∞, there is C1∈(0,∞) such that log fν(sf(p))≥−C1(1−fν(sf(p)), for all
p∈N and all s∈ [0, 1]. Therefore, by (3.3.3), there is C∈(0,∞) such that log fν(sf(p))−sf(p)≥
−C

√
sf(p), for all p∈N and all s∈ [0, 1]. Thus

E
[
e−sWℓ

∣∣(S, (Zl)l∈N)] ≥ exp
(
−C s

1
2
∑
p∈N

Npf(p)
1
2
)
. (3.3.6)

Then, setW =
∑
n∈N f

(
|o∧Xn|

)
. By letting ℓ→∞ in (3.3.6) and by conditional Jensen’s inequality,

we get

E
[
e−sW

∣∣S]≥exp
(
−Cs

1
2
∑
p∈N

E[Np|S]f(p)
1
2
)
, (3.3.7)

We know from (3.2.35) in Lemma 3.2.23 that E[Np|S] = mν+ ko(p)(T)
mν−1 . Consequently, if the first

condition of (3.3.5) is satisfied, then P-a.s. lims→0+ E
[
e−sW

∣∣S]=1, which entails that a.s.W<∞.
It completes the proof of the proposition. ■

3.3.2 Estimates on critical biased branching RWs.

In this section, we state several estimates on critical biased branching RWs that take their values
in supercritical GW-trees and that are indexed by critical GW-trees. More precisely, we fix the
following.

− The measure µ stands for a non-trivial critical offspring distribution: namely, µ(0) + µ(1)<1
and

∑
k∈N kµ(k)=1.

− The genealogical tree (τ, ϱ) is either a GW(µ)-tree or a variant of such trees: namely, a grafted
or a right-infinite GW(µ)-tree.

− The measure ν stands for a supercritical offspring distribution whose mean is denoted by mν .

− The environment (T, o) is an invariant GW(ν)-tree that is independent from (τ, ϱ).
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We then consider a branching random walk Θ=(τ, ϱ ; Yu=(T, Yu), u∈τ) that is a T•(T•)-valued
r.v. whose conditional law given (τ, ϱ) and (T, o) is Q(To)

(τ,ϱ) as in Definition 3.2.30 (recall here that
the underlying spatial motion is that of a mν-biased RW on T).

We first recall from Chapter 2 the following simple estimate.

Lemma 3.3.4 Let µ be a non-trivial critical offspring distribution. Let β ∈ (0,∞) be such that∑
k∈N k(log k)1+βµ(k)<∞. Recall that µ(k)=

∑
l≥k µ(l), k∈N and set

∀r∈ [0, 1], gµ(r) =
∑
k∈N

rkµ(k) and gµ(r)=
∑
k∈N

rkµ(k + 1) = 1−gµ(r)
1− r . (3.3.8)

Then, there exists a constant c∈(0,∞) that only depends on µ and β such that

∀r∈(0, 1/2), 0 ≤ 1−gµ(1−r) ≤ c

(log 1/r)1+β (3.3.9)

Proof. See Lemma 2.3.15 in Chapter 2. ■

Lemma 3.3.5 Let µ be a non-trivial critical offspring distribution and let τ be a grafted GW(µ)-
tree (Definition 3.2.6 (c)). Let ν be a supercritical offspring distribution whose mean is denoted
by mν and let (T, o) be an invariant GW(ν)-tree that is independent from τ . Let x ∈T and let
Θ=(τ,∅ ; Yu=(T, Yu), u∈τ) be a mν-biased branching RW whose conditional law given τ and
(T, o) is Q(T,x)

(τ,∅) as in Definition 3.2.30 with λ=mν . In particular, Y∅=x. Recall from (3.2.15) that
Lo is the ancestral line of o and that for all p∈N, o(p) stands for the ancestor of o at distance p
from it. For all p∈N, we set

ξp(T, x)=P
(
o(p) /∈

{
Yv ; v∈τ\{∅}

} ∣∣T). (3.3.10)

Then, P-a.s.

1− ξp
(
T, x

)
≤

mν+ko(p)(T)
mν−1 m−(−||o∧x||−p)+

ν . (3.3.11)

Proof. Recall that PT,y stands for the law of a mν-biased random walk Xn=(T, Xn), n ∈ N, on T
starting at X0 =y. By the very definition of branching RWs, for all v∈ τ , P(Yv =y|τ, (T, o))=
PT,x(X|v|=y) since Y∅=x. Therefore, we get

P
(
o(p)∈

{
Yv ; v∈τ\{∅}

} ∣∣ (T, o)
)
≤E

[ ∑
v∈τ\{∅}

1{Yv=o(p)}
∣∣(T, o)

]
= E

[ ∑
v∈τ\{∅}

PT,x(X|v|=o(p))
∣∣(T, o)

]
=

∑
n∈N∗

PT,x(Xn=o(p)), (3.3.12)

by the many-to-one formula (3.2.25). This implies the desired result by the explicit computation
(3.2.35) of the Green function of mν-biased RWs. ■

In the following lemma we show that the right-part of an invariant critical biased branching RW
has a positive probability of never returning to its starting point.

Proposition 3.3.6 Let µ be a non-trivial critical offspring distribution. Suppose that there is
β∈(0,∞) such that

∑
k∈N k(log k)2(1+2β)µ(k)<∞. Let (τ, ϱ) be right-infinite GW(µ)-tree as in

Definition 3.2.18 (c). Let ν be a supercritical offspring distribution whose mean is denoted by mν
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and such that
∑
k∈N k

1+ 1
β ν(k)<∞. Let (T, o) be an invariant GW(ν)-tree that is independent

from (τ, ϱ). Let Θ=(τ, ϱ ; Yu=(T, Yu), u∈τ) be a mν-biased branching RW whose conditional
law given (τ, ϱ) and (T, o) is Q(T,o)

(τ,ϱ) as in Definition 3.2.30 with λ=mν . Recall from (3.2.15) that
Lo is the ancestral line of o and that for all p∈N, o(p) stands the ancestor of o at distance p from
it.

Then, with positive probability (Yv)v∈τ only visits o=Yϱ once:

κµ,ν := P
(
Yϱ /∈

{
Yv ; v∈τ\{ϱ}

} )
> 0 . (3.3.13)

Moreover,

∀p∈N, P-a.s. ∃ q(p)∈N such that o(p) /∈
{
Yv ; v∈τ : ||ϱ∧v|| ≤ −q(p)

}
. (3.3.14)

Proof. We denote by Lϱ the ancestral line of ϱ and for all p ∈N, we set ϱ(p) = ϱ||(−∞,−p] as in
(3.2.15). We also recall the notation ∂Lϱ={v∈τ\Lϱ :←−v ∈Lϱ} for the spine of τ . It is convenient
to set Xp := Yϱ(p) for all p∈N. Note that (T, Xp)p∈N is a mν-biased RW which is independent
from (τ, ϱ). By Definition 3.2.18 (c) of a right-infinite GW(µ)-tree, the bilateral word ϱ(p) is a
sequence of 1 indexed by the integers of Z∩ (−∞,−p], the r.v. (kϱ(p)(τ))p∈N∗ are independent and
distributed according to µ which given by µ(k)=

∑
l≥k µ(l) for all k∈N∗ and µ(0)=0. Moreover,

recall that conditionally given ∂Lϱ, the subtrees θuτ , u∈∂Lϱ, are independent GW(µ)-trees as in
Definition 3.2.6 (a).

Let u∈∂Lϱ. We denote by τu the T-valued random tree such that k∅(τu)=1 and θ(1)τu=θuτ .
We then define Θu = (τu,∅; (Y u

v )v∈τu) by setting Y u
∅ = (T, Xp) where p is such that←−u = ϱ(p)

and by setting Y u
(1)∗v = Yu∗v for all v ∈ θuτ . Namely Θu is the restriction of Θ to the subtree

stemming from u and (which also records the spatial position of←−u ). Conditionally given (T, o)
and (τ, ϱ), the branching random walks Θu, u∈∂Lϱ, are independent with respective conditional
laws Q(T,Xp)

(τu,∅) . Then, for all q∈N∗, we set

Aq=
{
Yϱ /∈

{
Yv ; v∈τ\{ϱ} : ||v∧ϱ||≥−q

}}
and Ro(X)=inf{p≥1:Xp=o}.

By Lemma 3.2.24 and Lemma 3.2.23 (i), (Xp)p∈N is transient because it is a mν-biased RW. Thus,
Ro =∞ with positive probability. The event Aq decreases as q→∞ to the event that the branching
walk (Yv)v∈τ only visits Yϱ once. Since conditionally given ∂Lϱ, the (τu)u∈∂Lϱ are i.i.d. grafted
GW(µ)-trees, we get

P
(
Aq
∣∣ (T, o)

)
= E

[
1{Ro(X)>q}ξ0(T, o)kϱ(τ) ∏

1≤p≤q
ξ0(T, Xp)kϱ(p)(τ)−1

∣∣∣ (T, o)
]
.

Here, ξ0(T, x) is as in (3.3.10). By definition, the r.v. (kϱ(p)(τ))p∈N are independent and inde-
pendent of (T, o ; (Xp)p∈N), kϱ(τ) is distributed according to µ and the r.v. kϱ(p)(τ), p∈N∗ are
distributed according to µ. Recall from (3.3.4) the definition of the generating functions gµ and gµ.
Thus, we get

P
(
Aq
∣∣ (T, o)

)
= E

[
1{Ro(X)>q}gµ

(
ξ0(T, o)

) ∏
1≤p≤q

gµ
(
ξ0(T, Xp)

) ∣∣∣ (T, o)
]
.

Then we easily see that (3.3.13) holds true if

P-a.s.
∑
p≥1

(
1− gµ

(
ξ0(T, Xp)

))
<∞. (3.3.15)

Then observe that (3.3.9) and (3.3.11) imply

1− gµ
(
ξ0(T, Xp)

)
≤ f∗

(
Z0,−||Xp ∧ o||

)
, (3.3.16)
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where Z0 =log mν+ko(T)
mν−1 , where f∗(z,m)=c1

(
max

(
1, (c2m−z)

))−2(1+2β) for all z∈ [0,∞) and
all m∈N, and where c1, c2∈(0,∞) are constants that only depend on µ, ν and β.

We next apply (3.3.5) in Proposition 3.3.3. To that end, observe that there exists a constant
c3∈(0,∞) that only depends on β and ν such that∑

p≥1
P
(

ko(p)(T)
(1+p)1+2β ≥ 1

(1+p)1+β

)
=
∑
p≥1

P
(
(ko(1)(T))

1
β ≥1 + p

)
≤ c3

∑
k∈N∗

ν(k) k1+ 1
β <∞.

By Borel-Cantelli, a.s.
∑
p≥1 ko(p)(T)(1+p)−(1+2β)<∞ and thus

∑
p≥1(1−||o∧Xp||)−2(1+2β)<∞

by (3.3.5) applied to f(x)=(1 + x)−2(1+2β), x∈ [0,∞). It then implies (3.3.15) thanks to (3.3.16)
and it proves (3.3.13).

We next prove (3.3.14) in a similar way. We set ζo(q) = sup{n ∈ N : Xn = o(q)} that
is a.s. finite since (Xn)n∈N is transient. Let q ≥ p ≥ 1. We introduce the following event
Bp(q)=

{
o(p) /∈{Yv ; v∈τ : ||v∧ϱ||<−ζo(q)}

}
. Then we set Zp=log mν+ko(p)(T)

mν−1 and arguing as
previously, we get for all q∈N∗

P(Bp(q)) = E
[ ∏
l>ζo(q)

gµ
(
ξp(T, Xl)

)]
≥ E

[
exp

(
− c4

∑
n>ζo(q)

f∗
(
Zp,−||Xn ∧ o||

))]
−−−→
q→∞

1,

by the previous argument, where c4∈(0,∞) is some constant that only depends on µ, ν, β and p. It
implies (3.3.14), which completes the proof of the proposition. ■

3.3.3 Proof of Propositions 3.2.26 and 3.2.32.

Our proof of the ergodic property of critical biased RWs and branching RWs in Propositions 3.2.26
and 3.2.32 relies on the following ad hoc lemma.

Lemma 3.3.7 Let E be a Polish space. Let π be a Borel probability measure on E that is preserved
by a Borel measurable function ϕ :E→E: namely π=π ◦ ϕ−1. Assume for all p∈N that there are
Borel-measurable functions ⟨ · ⟩p :E→E such that

∀x∈E, ∀p, q∈N, ⟨⟨x⟩p⟩q=⟨x⟩p∧q and ⟨x⟩p −−−−→
p→∞

x . (3.3.17)

Let Zn : Ω→E, n∈N, be r.v. such that Z0 has law π and Zn+1 =ϕ(Zn), n∈N. We assume that
for all p0, p1∈N∗, there exists a r.v. S(p0, p1) :Ω→N such that for all n∈N, the two r.v. ⟨Z0⟩p0

and ⟨ZS(p0,p1)+n⟩p1 are independent. Then, ϕ is π-ergodic.

Proof. Let us denote by Hp the space of all bounded Borel-measurable functions F :E→R such
that F (x)=F (⟨x⟩p), x∈E. Note that Hp⊂Hq for all q≥p by (3.3.17). We set H =

⋃
p∈N Hp.

Note that H is a real vector space and (3.3.17) implies that the σ-field generated on E by H
is the Borel σ-field (indeed, since E is separable, its Borel σ-field is generated by the space of
bounded continuous functions and each bounded continuous function F on E is the pointwise limit
as p→∞ of the functions F ◦ ⟨ · ⟩p that belong to H ).

Let r ∈ (0, 1) and let gr : Ω→N be independent from Z0 (and thus from (Zn)n∈N) with the
geometric distribution P(gr=n)=rn(1−r), n∈N. Let F,G∈H . According to our assumptions
there exists a r.v. S :Ω→N, such that for all n∈N, F (Z0) and G(ZS+n) are independent. Then,
elementary properties of geometric r.v. imply the following

αF,G(r) :=E
[
F (Z0)G(Zgr )

]
= E

[
F (Z0)G(Zgr )1{gr<S}

]
+ E

[
rSF (Z0)G(Zgr+S)

]
= a+ E

[
F (Z0)G(Zgr+S)

]
−E

[
(1−rS)F (Z0)G(Zgr+S)

]
= a+ E

[
F (Z0)

]
E[G(Zgr+S)

]
− b
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where a= E
[
F (Z0)G(Zgr )1{gr<S}

]
and b= E

[
(1−rS)F (Z0)G(Zgr+S)

]
. Both |a| and |b| are

≤ ∥F∥∞∥G∥∞P(gr <S). In particular
∣∣E[G(Zgr )

]
−E

[
G(ZS+gr )

]∣∣≤ 2∥G∥∞P(gr <S) and
thus

∣∣αF,G(r)−E
[
F (Z0)

]
E
[
G(Zgr )

]∣∣≤ 4∥F∥∞∥G∥∞P(gr <S). Since (Zn)n∈N is stationary,
E
[
G(Zgr )

]
=E

[
G(Z0)

]
. Thus, we have proved that for all F,G ∈H ,∣∣E[F (Z0)G(Zgr )

]
−E

[
F (Z0)

]
E
[
G(Z0)

]∣∣ ≤ 4∥F∥∞∥G∥∞P(gr<S) −−−→
r→1−

0. (3.3.18)

Next, we fix F ∈H and we denote by H ′ the set of bounded measurable G :E→R such
that limr→1−E

[
F (Z0)G

(
Zgr )

]
= E

[
F (Z0)

]
E
[
G(Z0)

]
. Clearly, H ′ is a real vector space and

(3.3.18) implies that H ⊂H ′. Therefore, the σ-field on E generated by H ′ is the Borel σ-field.
We next prove that H ′ is stable under increasing bounded limits: indeed, let c∈ (0,∞) and let
Gn ∈H ′, n∈N, be such that 0≤Gn≤Gn+1≤ c. Set G= supn∈NGn that is the (nonnegative
measurable bounded) limit of the Gn. We easily see that:∣∣E[F (Z0)G(Zgr )

]
−E

[
F (Z0)

]
E
[
G(Z0)

]∣∣ ≤ ∣∣E[F (Z0)Gn(Zgr )
]
−E

[
F (Z0)

]
E
[
Gn(Z0)

]∣∣
+∥F∥∞E

[
(G−Gn)

(
Zgr

)]
+ ∥F∥∞E

[
(G−Gn)(Z0)

]
;

Since Zgr has the same law as Z0, we get

lim sup
r→1−

∣∣E[F (Z0)G(Zgr )
]
−E

[
F (Z0)

]
E
[
G(Z0)

]∣∣ ≤ 2∥F∥∞E
[
(G−Gn)(Z0)

]
and the right member goes to 0 by dominated convergence. This proves that G∈H ′. A monotone
class argument implies that H ′ is exactly the set of all bounded real-valued Borel measurable
functions on E which proves that for all F ∈ H and for all bounded measurable functions
G :E→R,

lim
r→1−

E
[
F (Z0)G(Zgr )

]
=E[F (Z0)]E[G(Z0)]. (3.3.19)

Denote by B(E) the Borel σ-field on E and denote by I =
{
A ∈B(E) : ϕ−1(A) =A

}
that is

the σ-field of the ϕ-invariant measurable subsets. Let G :E→R be bounded and I-measurable:
namely, G ◦ ϕ=G and in particular a.s. G(Zgr )=G(Z0). Thus, by (3.3.19), E[F (Z0)G(Z0)]=
E[F (Z0)]E[G(Z0)] for all F ∈H . By a monotone class argument, this holds for all bounded
measurable F and taking F = G shows that the variance of G(Z0) is null: namely, G is π-
a.s. constant, which implies that ϕ is π-ergodic. ■

Proof of Proposition 3.2.26. We equip E=(T•)N with the product topology, which makes it a Pol-
ish space. Let x· = (xn=(Tn, xn))n∈N∈E. For all p∈N, we set ⟨x·⟩p=

(
[(Tn∧p, xn∧p)]p−p)n∈N,

where we recall from Definition 3.2.12 the truncation [ · ]p−p. By the definition of the topology
of local convergence which equips T• and by definition of the product topology which equips E,
⟨x·⟩p→x· in E and the continuous functions ⟨ · ⟩p, p∈N, satisfy (3.3.17) in Lemma 3.3.7.

We next recall that ϑ :E→ E is defined by ϑ(x·) = (φ||x1||(xn+1))n∈N, where the φl are the
shifts. LetX ·=(Xn=(T, Xn))n∈N be a mν-biased RW on the invariant GW(ν)-tree (T, o) starting
at X0 =(T, o). For all n∈N we set Zn=ϑ◦n(X ·)=(φ||Xn||(Xm+n))m∈N and recall that we denote
by Πν the law of X · on E. Then (3.2.38) implies that Πν is preserved by ϑ. Let p0, p1 ∈ N∗.
We choose an integer p> 2p0 + p1 and we recall the notation ζo(p) = max{n∈N : Xn = o(p)}.
Then Lemma 3.3.1 asserts that for all n∈N, ⟨Z0⟩p0 and ⟨Zζo(p)+1+n⟩p1 are independent. Then
Lemma 3.3.7 applies and it entails that ϑ is Πν-ergodic. ■

Recall from (3.2.47) and (3.2.49) (see also (3.2.22) and (3.2.24)) the definitions of succ and
succ+ as functions from T•(T•) to itself. We denote by Πµ,ν the Borel probability measure on
T•(T•) that is the law of the branching random walk

Θ=
(
τ, ϱ ; Yu=(T, Yu), u∈τ

)
, (3.3.20)
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where (τ, ϱ) is an infinite GW(µ)-tree independent from the invariant GW(ν)-tree (T, o) (here,
recall that µ is non-trivial and critical and ν is supercritical and its mean is denoted by mν) and
where conditionally given (τ, ϱ) and (T, o), Θ has law Q(T,o)

(τ,ϱ) as in Definition 3.2.30 (recall here
that the underlying spatial motion is that of a mν-biased RW on T). We then denote by Π+

µ,ν the law
of the right part [Θ]+ as in (3.2.48) (see also (3.2.23)).

We first prove that Πµ,ν is preserved by succ and that Π+
µ,ν is preserved by succ+. To that end,

we first need to prove the following lemma.

Lemma 3.3.8 Let µ, ν and (T, o) be as above. Let (t, u) ∈ T• and let u′ ∈ t. Let (t, u; (Yv =
(T, Yv))v∈t) and (t, u′; (Y ′v=(T, Y ′v))v∈t) be branching RWs whose respective laws conditionally
given (T, o) are Q(T,o)

(t,u) and Q(T,o)
(t,u′) . Then,

E
[
F
(
t, u′;

(
φ||Yu′ ||(Yv)

)
v∈t
)]

= E
[
F
(
t, u′;

(
Y
′
v

)
v∈t
)]

(3.3.21)

for all measurable bounded F on T•(T•).

Proof. Clearly, it is sufficient to prove (3.3.21) for t finite and F of the form F (t, u; (yv)v∈t) =
G(yv; v∈ t\Ju, u′K)H(yv; v∈Ju, u′K). First note that

P-a.s. E
[
G
((
Yv
)
v∈t\Ju,u′K

)∣∣(Yv)v∈Ju,u′K
]
=g
(
(Yv)v∈Ju,u′K

)
,

where g(yv; v∈ Ju, u′K)=
∫ ∏

v∈t\Ju,u′K pmν
(y←−v u , dyv) G(yv; v∈ t\Ju, u′K). Here we recall from

(3.2.27) the definition of the transition kernel pmν
, which entails for all l∈Z that

E
[
G
((
φl(Yv)

)
v∈t\Ju,u′K

)∣∣(Yv)v∈Ju,u′K
]
=g
(
(φl(Yv))v∈Ju,u′K

)
and thus E[F (t, u′; (φ||Yu′ ||(Yv))v∈t)] = E[(H.g)(φ||Yu′ ||(Yv))v∈Ju,u′K)], where H.g stands for the
product of the two functions. By the stationarity (3.2.38) of mν-biased RWs on (T, o), we easily get

E
[
(H.g)

(
(φ||Yu′ ||(Yv))v∈Ju,u′K

)]
= E

[
(H.g)

(
(Y ′v)v∈Ju,u′K

)]
.

Next observe that if v∈ t\Ju, u′K, then←−v u=←−v u′ and thus we also get

E
[
G
((
Y
′
v

)
v∈t\Ju,u′K

)∣∣(Y ′v)v∈Ju,u′K
]
=g
(
(Y ′v)v∈Ju,u′K

)
,

which easily entails (3.3.21). ■

Thanks to Lemma 3.3.8, we next prove the following proposition.

Lemma 3.3.9 We keep the above notations and assumptions. Then Πµ,ν is preserved by succ and
Π+
µ,ν is preserved by succ+.

Proof. Let Θ be as in (3.3.20). We denote by ϱ′= scc(ϱ), the successor of ϱ in τ . By (3.3.21)
in Lemma 3.3.8, we first get E

[
F (τ, ϱ′)G

(
(φ||Yϱ′ ||(Yv))v∈τ

)]
=E

[
F (τ, ϱ′)Q(T,o)

(τ,ϱ′) [G ]
]
. Then, note

for all pointed trees (t, u) and for all l ∈ Z, that Q(T,o)
(t,u)

[
G
(
(Yφ−l(v))v∈φl(t)

)]
= Q(T,o)

(φl(t),φl(u)) [G].
Thus,

E
[
F (φ||ϱ′||(τ), φ||ϱ′||(ϱ′))G

(
(φ||Yϱ′ ||(Yφ−||ϱ′||(v)))v∈φ||ϱ′||(τ)

)]
= E

[
F (φ|ϱ′|(τ), φ||ϱ′||(ϱ′))Q

(T,o)
(φ||ϱ′||(τ),φ||ϱ′||(ϱ′))

[G]
]

= E
[
F (τ, ϱ)Q(T,o)

(τ,ϱ) [G]
]

(3.3.22)

since (φ||ϱ′||(τ), φ||ϱ′||(ϱ′))=succ(τ, ϱ) has the same law as (τ, ϱ) by Proposition 3.2.20 (ii). Thus
(3.3.22) implies that

(
φ||ϱ′||(τ), φ||ϱ′||(ϱ′)); (φ||Yϱ′ ||(Yφ−||ϱ′||(v)))v∈φ||ϱ′||(τ)

)
= succ(Θ) has the same
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law as Θ, which implies that Πµ,ν is preserved by succ. From Remark 3.2.28, [succ(Θ)]+ =
succ+([Θ]+) shows that Π+

µ,ν is preserved by succ+. ■

Proof of Proposition 3.2.32. To simplify notation, for all n∈N∗, we denote by succ+
n the n-th

iteration of succ+: namely

succ+
1 =succ+ and succ+

n+1 = succ+◦ succ+
n , n∈N∗ .

To prove that succ+ is Π+
µ,ν-ergodic, we use Lemma 3.3.7 and we first need to define appropriate

functions ⟨ · ⟩p on T•(T•). More precisely, let Θ = (t, ϱ ; xv = (Tv, xv), v ∈ t) be an element of
T•(T•). Let p∈N∗. Recall [Θ]p−p from Definition 3.2.12 and recall that the marks of [Θ]p−p (here
in T•) are not truncated, which is not convenient for our purpose. That is why we introduce

[[Θ]]p−p =
(
t′, ϱ′; ([x′v]

p
−p)v∈t′

)
where

(
t′, ϱ′; (x′v)v∈t′

)
= [Θ]p−p . (3.3.23)

Clearly [[([[Θ]]p−p)]]
q
−q=[[Θ]]p∧q−p∧q and [[Θ]]p−p→Θ locally. This combined with Lemma 3.3.9 and

the following Lemma 3.3.10 (whose proof is given below) allows us to apply Lemma 3.3.7 to Π+
µ,ν

and succ+, which entails Proposition 3.2.32. ■

Lemma 3.3.10 Let µ, ν and (T, o) be as in Proposition 3.2.32. Let (τ, ϱ) be a right-infinite
GW(µ)-tree that is independent from (T, o) and let Θ:=(τ, ϱ ; Yv=(T, Yv), v∈τ) be a branching
RW whose law conditionally given (T, o) and (τ, ϱ) is Q(T,o)

(τ,ϱ) as in Definition 3.2.30 (recall here
that the underlying spatial motion is that of a mν-biased RW on T). Then, for all integers p0, p1≥1,
there is a r.v. S(p0, p1) :Ω→N such that[[

Θ
]]p0
−p0

is independent from
([[

scc+
S(p0,p1)+n(Θ)

]]p1
−p1

)
n≥1 . (3.3.24)

Proof. Recall from (3.2.15), the notation Lϱ = {ϱ(k); k ∈ N} and Lo = {o(p); p ∈ N} for the
ancestral lines of resp. ϱ in τ and o in T. For all k∈N∗ and x∈T, we introduce

τ(k)={ϱ(k)}∪
{
v∈τ : ||ϱ∧v||<−k

}
and T(x)={y∈T :←−y =x}∪

{
y∈T : ||x∧←−y ||< ||x||

}
. (3.3.25)

Then (τ(k), ϱ(k)), [(τ, ϱ)]∞−k, (T(o(p)), o(p)) and [(T, o)]∞−p+1 are independent for all k, p∈N∗.
Moreover, we observe that the (τ ♯(k), ϱ♯(k)), k∈N∗ share the same law, where we have set

(τ ♯(k), ϱ♯(k)) = cent(τ(k), ϱ(k)).

We then set Xk=Yϱ(k) for all k∈N. Conditionally given (T, o), X is therefore a mν-biased random
walk in T starting at o, which is furthermore independent of (τ, ϱ). We also introduce the following
branching RWs

Θ∗(k)=
(
[(τ, ϱ)]∞−k;

(
Yϱ(k)∗v

)
v∈[τ ]∞−k

)
and Θ♯(k)=

(
τ ♯(k), ϱ♯(k);

(
Yφk(v)(k)

)
v∈τ ♯(k)

)
where, for all u∈τ(k), Yu(k)=

{
(T(Xk), Xk) if ∃w∈ Kϱ(k), uK : Xk ∧ Yw=Xk,

(T(Xk), Yu) otherwise.
. (3.3.26)

Here, Kϱ(k), uK stands for the shortest path in the tree τ(k) between ϱ(k) and u, ϱ(k) being
excluded. Note that Θ♯(k) is actually constituted of the spatial positions that are absorbed in Xk or
above. More precisely, conditionally given (τ, ϱ; T, o;Xk), the law of Θ♯(k) is QXk;(T(Xk),Xk)

(τ ♯(k),ϱ♯(k)) ,

which stands for the law of the T(Xk)-valued and τ ♯(k)-indexed branching RW whose spatial
motion is a mν-biased RW on T(Xk) absorbed in Xk or above.
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In fact, we will be mostly interested in Θ∗(k) and Θ♯(k) for a specific random k. Namely, we
fix p∈N∗ and we set ζo(p) = sup{k ∈N : Xk∧o(p) = o(p)} that is a.s. finite by Lemma 3.2.23
(which applies here by Lemma 3.2.24). Note that Xζo(p) =o(p). To lighten the notations, we then
set

(τ ′, ϱ′)=(τ ♯(ζo(p)), ϱ♯(ζo(p))), Tp=T(o(p)), Y p
v =Yφζo(p)(v)(ζo(p)) and Θp=Θ♯(ζo(p)).

Denote by A the subset of branching walks (t, r; (yv)v∈t)∈T
•(T•) such that yr /∈

{
yv ∧ yr; v∈

Lr\{r}
}

: namely, A is the set of branching walks such that the ancestors of the distinguished
individual never visit its spatial position or above. For all measurable bounded F,G on T•(T•),

a := E
[
F
(
Θ∗(ζo(p))

)
G
(
Θp
)∣∣(T, o)

]
= E

[ ∑
n∈N

F
(
Θ∗(n)

)
1{Xn=o(p)}G

(
Θ♯(n)

)
1{Θ♯(n)∈A}

∣∣∣(T, o)
]

=
∑
n∈N

E
[
F
(
Θ∗(n)

)
1{Xn=o(p)}Q

o(p);(Tp,o(p))
(τ ♯(n),ϱ♯(n))

[
G1A

]∣∣∣(T, o)
]
.

Note that Qo(p);(Tp,o(p))
(τ ♯(n),ϱ♯(n)) (A) is simply the probability that a mν-biased RW starting from o(p) never

returns to o(p). By (3.2.34) in Lemma 3.2.23, this probability is positive and we easily get

a =
∑
n∈N

E
[
F
(
Θ∗(n)

)
1{ζo(p)=n}Q

o(p);(Tp,o(p))
(τ ♯(n),ϱ♯(n))

[
G
∣∣A] ∣∣∣ (T, o)

]

thanks to the Markov property ofX at time n. Observe and recall that (τ ♯(n), ϱ♯(n)) is independent
of (T, o;X; Θ∗(n)) and has the same law as (τ ♯(1), ϱ♯(1)). Thus, we get

E
[
F
(
Θ∗(ζo(p))

)
G
(
Θp
)∣∣ (T, o)

]
= E

[
F
(
Θ∗(ζo(p))

)∣∣ (T, o)
]
E
[
Qo(p);(Tp,o(p))

(τ ♯(1),ϱ♯(1))
[
G
∣∣A] ∣∣∣ (T, o)

]
. (3.3.27)

Suppose now that p > 4p0. Since Yϱ=o, if v∈τ is such that ||v ∧ ϱ||≥−p0 and ||v|| ≤ p0, then
||Yv∧o||≥−3p0>1−p. We thus observe that the conditional law of

(
[τ, ϱ]p0

−p0 ,
(
[Yϱ(p0)∗v]∞−p+1

)
v∈[τ ]p0

−p0

given (τ, ϱ) and (T, o) is Q
[(T,o)]∞−p+1
[(τ,ϱ)]p0

−p0
as in Definition 3.2.30. Since [ · ]p0

−p0 = [ [ · ]∞−p+1]p0
−p0 , it fol-

lows that there is a measurable function F1 such that E
[
F ([[Θ]]p0

−p0)
∣∣(T, o)

]
= F1([(T, o)]∞−p+1).

Then note that ζo(p)≥p>4p0, which also implies that [[Θ∗(ζo(p))]]
p0
−p0 = [[Θ]]p0

−p0 .
Now recall that (Tp, o(p)) and [(T, o)]∞−p+1 are independent. Therefore (3.3.27) implies that

E
[
F
(
[[Θ]]p0

−p0

)
G
(
Θp
)]

=E
[
F
(
[[Θ]]p0

−p0

)]
E
[
G
(
Θp
)]
. (3.3.28)

We next set q = inf
{
q∈N : o(p+3p1), o(p) /∈{Yv ; v∈ τ : ||v ∧ ϱ||≤−ζo(p) − q}

}
which is

P-a.s. finite by (3.3.14) in Proposition 3.3.6. We first observe that q is a measurable function of
Θp=(τ ′, ϱ′; (Tp, Y

p
v )v∈τ ′): namely,

q=q
(
Θp
)

:= inf
{
q∈N : o(p+3p1), o(p) /∈{Y p

v ; v∈τ ′ : ||v∧ϱ′||≤−q}
}
.

We then define the sequence vn ∈ τ , n ∈ N, by setting v0 = ϱ and vn+1 = succ(vn). Note
that {vn;n ∈ N∗}= τ\Lϱ and observe that succ+

n (Θ) = [cent(τ, vn; (Yv)v∈τ )]+. We then set
S(p0, p1)=inf{n∈N : ||vn∧ϱ||<−ζo(p) − q}. We also introduce the sequence v′n∈τ ′, n∈N, by
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setting v′0 =ϱ′ and v′n+1 =succ(v′n) and we define the time S′=inf{n∈N : ||v′n∧ϱ||<−q}, which
is a measurable function of Θp. Then observe that for all n∈N∗

succ+
S(p0,p1)+n(τ, ϱ) = succ+

S′+n
(
τ ′, ϱ′

)
. (3.3.29)

Let x∈Tp, remark that if −||x ∧ o(p)||>p + 3p1 then [(Tp, x)]h+p1
h−p1 = [(T, x)]h+p1

h−p1 for all h∈Z.
Now, let k ∈N. To simplify, set v = vS(p0,p1)+k and v′ = v′S′+k. Then ||v∧ϱ||<−ζo(p) − q. If
w∈ Kϱ(ζo(p)), v∧ϱK, Yw has to be equal to Xq with q > ζo(p), which implies that Yw ̸= o(p). If
w∈Jv∧ϱ, vK, then Yw ̸=o(p) by definition of q. It shows that Y p

v′=(Tp, Yv), as in (3.3.26). Again
by definition of q, we similarly get that −||Yv ∧ o(p)|| > p+3p1, which allows us to apply the
previous observation. This combined with (3.3.29) implies for all n∈N∗ that

[[succ+
S(p0,p1)+n(Θ)]]p1

−p1 = [[succ+
S′+n(Θp)]]p1

−p1 , (3.3.30)

which is a measurable function of Θp. Thus, by (3.3.28) and (3.3.30), we get

E
[
F
(
[[Θ]]p0

−p0

)
G
((

[[succ+
S(p0,p1)+n(Θ)]]p1

−p1

)
n∈N

)]
= E

[
F
(
[[Θ]]p0

−p0

)
G
((

[[succ+
S′+n(Θp)]]p1

−p1

)
n∈N

)]
= E

[
F
(
[[Θ]]p0

−p0

)]
E
[
G
((

[[succ+
S′+n(Θp)]]p1

−p1

)
n∈N

)]
which implies the desired result. ■

3.3.4 Proof of Theorem 3.1.1

Recall that µ and ν are offspring distributions such that µ is non-trivial and critical and ν is
supercritical. Recall that we denote the mean of ν by mν . Let (τ, ϱ) be a right-infinite GW(µ)-
tree that is independent from (T, o), which is an invariant GW(ν)-tree. Let Θ := (τ, ϱ ; Yv =
(T, Yv), v ∈ τ) be a branching RW whose conditional law given (T, o) and (τ, ϱ) is Q(T,o)

(τ,ϱ) as in
Definition 3.2.30 (recall here that the underlying spatial motion is that of a mν-biased RW on T).
We first prove the following proposition.

Proposition 3.3.11 We keep the same assumptions and the same notations as in Proposition 3.3.6.
Let (vn)n∈N be an indexation of {v∈τ :ϱ≤τ v} in lexicographical order. Then,

cµ,ν :=P
(
Yϱ /∈{Yvn ;n∈N∗}

)
> 0 and P-a.s. 1

n
#
{
Yvk

; 0≤k<n
}
−−−−→
n→∞

cµ,ν . (3.3.31)

Moreover, for all m,n∈N, we set Rm,n(Θ)=#
{
Yvk

;m ∧ n≤k<m ∨ n
}

. Then for all ε∈(0, 1)
and all s0∈(0,∞),

p(n, ε, s0) := P
(

max
s,s′∈[0,s0]

∣∣ 1
nR⌊ns⌋,⌊ns′⌋(Θ)− cµ,ν |s′−s|

∣∣ > ε
)
−−−−→
n→∞

0 . (3.3.32)

Proof. Recall that succ+
ℓ stands for the ℓ-th iterate of succ+. If n≥m, then we observe that

Rm,n(succ+
ℓ (Θ))=Rm+ℓ,n+ℓ(Θ). Then, the r.v. Rm,n(Θ) satisfy Assumptions (1.7), (1.8) and

(1.9) of Liggett’s version of Kingman’s subadditive ergodic Theorem 1.10 [121] p. 1280 that asserts
that there exists a constant c∈ [0,∞) such that n−1R0,n(Θ)→c almost surely and in L1 and that
c=limn→∞E[R0,n(Θ)]/n. Then, observe that

E[R0,n(Θ)]=
∑

0≤k<n
P
(
Yvk

/∈{Yvk+1 , . . . , Yvn−1}
)
.
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Since the law of Θ is preserved by the function succ+, we get P
(
Yvk

/∈ {Yvk+1 , . . . , Yvn−1}
)

=
P
(
Yϱ /∈{Yv1 , . . . , Yvn−k−1}

)
and thus

1
n

E[R0,n(Θ)]= 1
n

∑
0≤k≤n−1

P
(
Yϱ /∈{Yv1 , . . . , Yvk

}
)
−−−−→
n→∞

cµ,ν ,

by Cesàro. Then observe that cµ,ν ≥κµ,ν , where κµ,ν is defined in (3.3.13) in Proposition 3.3.6.
This proposition asserts that κµ,ν>0, which completes the proof of (3.3.31).

We next prove (3.3.32). To simplify the notation, we set Xn
s,s′ = 1

nR⌊ns⌋,⌊ns′⌋(Θ), for all
s, s′∈ [0,∞) and all n∈N∗. We first suppose that s′>s. Since the law of Θ is preserved by succ+

and since Xn
s,s′=

1
nR0,⌊ns′⌋−⌊ns⌋(succ+

⌊ns⌋(Θ)), Xn
s,s′ has the same law as 1

nR0,⌊ns′⌋−⌊ns⌋(Θ) and
(3.3.31) implies that Xn

s,s′→cµ,ν(s′−s) in P-probability.
We set p = ⌈s0⌉ and we also introduce wn,q = max0≤k≤l≤p2q |Xn

k2−q, l2−q−cµ,ν(l−k)2−q|,
for all q, n∈N∗. The previous result implies that for all q ∈N∗, wn,q→ 0 in P-probability. We
next fix s, s′ ∈ [0, p] such that s′ ≥ s. We set sq = ⌊2qs⌋2−q and s′q = ⌈2qs⌉2−q. Observe that
0 ≤ Xn

sq ,s′q
−Xn

s,s′ ≤ 2.2−q + 2
n , since Rm,m′(Θ)≤|m′−m|, by an obvious counting argument.

This easily implies

max
s,s′∈[0,p]

∣∣Xn
s,s′ − cµ,ν |s′−s|

∣∣ ≤ 2(1+cµ,ν)2−q + 2
n + wn,q,

which readily implies (3.3.32). This completes the proof of the proposition. ■

Proof of Theorem 3.1.1. Let us prove first that the assumptions of Theorem 3.1.1 imply the
assumptions of Proposition 3.3.11. Namely, recall that in Theorem 3.1.1, we suppose that there
exists b∈(1,∞) such that

∑
k∈N k

bν(k)<∞. As µ is in the domain of attraction of an α-stable law,
it admits finite of moments of all orders a∈ [1, α) (see e.g. Feller [74, Lemma in Chapter XVII.5, pp.
578]). Therefore, under the assumption of Theorem 3.1.1, we have

∑
k∈N∗ µ(k)k(log k)2(1+2β)<

∞, where β = 1/(b−1), and so Proposition 3.3.11 applies. Then we keep the notation Θ =
(τ, ϱ ; Yv = (T, Yv), v∈ τ) as above. We denote by (vn)n∈N an indexation of {v∈ τ : ϱ≤τ v} in
lexicographical order and we also introduce (wk)k∈N∗ that are the vertices of the spine ∂Lϱ listed
in lexicographical order (recall that ∂Lϱ={v∈τ\Lϱ :←−v ∈Lϱ}). We then set

τ (k) =θwk
τ, Y k

v = Ywk∗v, v∈τ (k) and Θk
∞=

(
τ (k),∅;Y k

v =(T, Y k
v ), v∈τ (k)

)
.

We next introduce the following notation for any deterministic T -valued and t-indexed branching
walk Θ=(t, u ; yv=(T, yv), v∈ t): we assume that t is finite and for all 0 ≤ m<#t, we set

Rm(Θ)=#{yvl
; 0≤ l<m},

where (vm)0≤m<#t stands for the vertices of t listed in lexicographical order. Note that Rm(Θ)=
Rm(cent(Θ)). Then observe that for all k∈N∗ and all 0≤m<#τ (k) ,

Rm(cent(Θk
∞)) = Rm(Θk

∞) = Rσk−1 , σk−1+m(Θ) , (3.3.33)

where the Rm′,n′(Θ) are as in Proposition 3.3.11 and where we have set σk=
∑

1≤l≤k #τ (k) for
all k∈N∗, with the convention σ0 =0.

We then introduce κn = inf{k∈N∗ : #τ (k)≥n} and gn =σκn−1 as in (3.2.66). To simplify
we set τ≥n := τ (κn) and Θ′≥n := Θκn

∞ . First observe that τ≥n has the same law as a GW(µ)-tree
τ ′ under P( · |#τ ′ ≥ n). Next note that the conditional law of Θ′≥n given (T, o) and (τ, ϱ) is
Q

(T,Ywκn
)

(τ≥n,∅) . Since (T, Ywκn
) has the same law as a mν-biased RW on T starting at o taken at time

−||wκn||+ 2. By the invariance (3.2.38), it implies that

conditionally given (τ, ϱ) Θ≥n := cent(Θ′≥n) (law)= Q
(T,o)
(τ≥n,∅) .
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By (3.3.33), we then get for all 0 ≤ m ≤ n,

Rm(Θ≥n) = Rgn,gn+m(Θ).

We now recall from Theorem 3.2.36 (i) that 1
ngn→ g1 in law where g1 ∈ (0,∞) almost surely.

Therefore, for all ε∈(0, 1) and all s0∈(1,∞), we get

p′(n, ε) := P
(

max
s∈[0,1]

∣∣ 1
nR⌊ns⌋(Θ≥n)− cµ,νs

∣∣ > ε
)
≤ p(n, ε, s0) + P

( 1
ngn > s0−1

)
where p(n, ε, s0) is as in (3.3.32), which implies that lim supn→∞ p′(n, ε) ≤ P(g1≥s0−1)→0
as s0→∞. Namely, limn→∞maxs∈[0,1]

∣∣ 1
nR⌊ns⌋(Θ≥n)− cµ,νs

∣∣=0 in P-probability.
We next want to use Lemma 3.2.37 to complete the proof of Theorem 3.1.1. To that end we

denote by V·(τ≥n) the Lukasiewicz path of τ≥n and by (vk)0≤k<#τ≥n
the vertices of τ≥n listed

in lexicographical order. We also fix r ∈ (0, 1) and we set rn = ⌊nr⌋. Then observe that the
subtree {vk; 0 ≤ k ≤ rn} is measurable with respect to V·∧rn(τ≥n) and that (Rk(Θ≥n))0≤k≤rn

is a measurable function of V·∧rn(τ≥n) and of an independent r.v. Un. Moreover, as an easy
consequence of Theorem 3.2.36 (i) and Remark 3.2.34, 1

bn
V⌊n·⌋∧rn

(τ≥n) converges in law in
D([0,∞),R) to X·∧r under N(dX| ζ > 1). By Slutsky’s Theorem, we therefore get the joint
convergence

( 1
bn
V⌊n·⌋∧rn

(τ≥n) ,
( 1
nR⌊ns⌋(Θ≥n)

)
s∈[0,r]

)
−−−−→
n→∞

(
X·∧r , cµ,νId[0,r](·)

)
weakly on D([0,∞),R)×C([0, r],R). Then Lemma 3.2.37 applies and we get

P
(

max
s∈[0,r]

∣∣ 1
nR⌊ns⌋(Θn)− cµ,νs

∣∣ > ε
)
−−−−→
n→∞

0 (3.3.34)

where Θn :=
(
τn,∅;Y v = (T, Yv), v ∈ τn

)
is a branching RW whose law is characterized as

follows: τn has the same law as a GW(µ)-tree τ ′ under P( · |#τ ′=n) and the conditional law of
Θn given τn and (T, o) is Q(T,o)

(τn,∅) . Since r can be chosen arbitrarily closed to 1 in (3.3.34), an
elementary continuity argument finally entails (3.3.34) when r=1 which is precisely the statement
of Theorem 3.1.1. ■

3.4 Limit of the τ∞-indexed branching RW and its snakes

3.4.1 Harmonic coordinates and related estimates.

One key-ingredient of the proof in Peres & Zeitouni [137] of the quenched CLT for a critical biased
RW (Xn)n∈N in an invariant GW-tree is the harmonic coordinates, which are R-valued measurable
functions (Sx)x∈T of the environment T such that on one hand (SXn)n∈N is a martingale to which
conditional CLT applies, and on the other hand such that SXn ∼ Cst||Xn||. This idea is actually
adapted to branching RWs to prove the main result of the chapter. In this section, we recall from
Peres & Zeitouni [137] the construction of the harmonic coordinates of (variants of) the invariant
GW(ν)-tree T (within our framework of ordered trees) and we prove several estimates that are used
in our proofs.

The following lemma summarizes definitions, notations, and the main properties of harmonic
coordinates. The proof given below does not contain any new argument: it is recalled from Peres &
Zeitouni [137] and Dembo & Sun [45].
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Lemma 3.4.1 Let ν be a supercritical offspring distribution whose mean is denoted by mν . We
assume that there exists b′∈(1,∞) such that mν(b′) :=

∑
k∈N k

b′ν(k)<∞. For all rooted ordered
tree t∈T as in Definition 3.2.1, we next set

U(t) = lim inf
n→∞

m−nν #
{
u∈ t : |u|=n

}
∈ [0,∞] . (3.4.1)

Here, (T, o) is either a GW(ν)-tree as in Definition 3.2.6 (a) (in this case: o=∅), or an infinite
GW(ν)-tree as in Definition 3.2.18 (b), or an invariant GW(ν)-tree as in Definition 3.2.25. For
all x∈T, we recall from (3.2.17) that the subtree θxT stemming from x belongs to T and we set
Ux = U(θxT). Then the following holds true.

(i) P-a.s. for all x∈T,

Ux= lim
n→∞

m−nν #
{
y∈T : x ⪯ y, ||y||= ||x||+n

}
∈(0,∞) and Ux = 1

mν

∑
y∈T:←−y =x

Uy. (3.4.2)

(ii) Suppose that b ∈ (1,∞) is such that
∑
k∈N k

bν(k) < ∞. Then, E[Ub
o ] < ∞ if T is a

GW(ν)-tree or an infinite GW(ν)-tree. If T is an invariant GW(ν)-tree, then E[Ub−1
o ]<∞ if

b∈(2,∞).
(iii) The harmonic coordinates are the R-valued r.v. (Sx)x∈T defined by the following

So =0 and ∀x∈T\{∅}, Sx−S←−x =Ux, (3.4.3)

on the event where (3.4.2) holds true and by Sx=0, x∈T, on the P-negligible complemen-
tary event. Let Xn=(T, Xn), n∈N, be a mν-biased RW such that X0 =o. We denote by Fn

the σ-field generated by (Xk)0≤k≤n. Then (SXn)n∈N is a (Fn)n∈N-martingale:
P-a.s. for all n ∈ N∗, E

[
SXn+1

∣∣Fn
]

= SXn (3.4.4)

(iv) We keep the previous notations and for all n∈N, we set ∆n =SXn+1−SXn and Φb(Xn) =
E
[
|∆n|b

∣∣Fn
]
. Then,

Φb(Xn) ≤ mb
ν + mν

mν+kXn(T)U
b
Xn

and Φb(Xn)=Φb
(
cent(Xn)

)
. (3.4.5)

If b∈(1,∞) is such that
∑
k∈N k

bν(k)<∞ and if T is an invariant GW(ν)-tree, then E[Φb(Xn)]=
E[Φb(X0)]<∞. In the specific case where b=2, then

E
[
Φ2(Xn)

]
= mν(2)−mν

m2
ν−mν

=: σ2
ν . (3.4.6)

Proof. We prove (i). To that end, let us first consider the case where T is GW(ν)-tree as in
Definition 3.2.6 (a). By standard arguments about martingales, a b′-moments for ν with b′∈(1,∞)
implies that P-a.s. U(T) = limn→∞ m−nν #{x∈T : |x|= n} ∈ (0,∞). Next observe that for all
x∈U such that P(x∈T)>0, the subtree θxT under P( · |x∈T) has the same law as T. Since U
is countable, P-a.s. (3.4.2) holds true for all x∈T.

Suppose next that (T, o) is an infinite GW(ν)-tree or an invariant GW(ν)-tree. In these cases,
conditionally given ∂Lo, the subtrees θyT, y ∈T\Lo, are independent GW(ν)-trees. Therefore
P-a.s. (3.4.2) holds true for all x∈T\Lo. Now note that (3.4.2) provides a unambiguous definition
of the weight Ux for x∈Lo, which completes the proof of (i).

Let us prove (ii). We first suppose that T is a GW(ν)-tree or an infinite GW(ν)-tree: in both
cases θoT is GW(ν)-tree and as proved in Dembo & Sun [45, Lemma 6.2], E[Ub

o ]<∞, which
implies the first part of (ii).

We next assume that T is an invariant GW(ν)-tree and that b∈(2,∞). By convexity of x 7→
xb−1 and the second equality in (3.4.2), Ub−1

o ≤m−(b−1)
ν ko(T)b−2∑

x∈T:←−x=o U
b−1
x . By (3.2.36) in

the definition of invariant GW(ν)-trees, we get E[Ub−1
o |ko(T)]≤m−(b−1)

ν E
[
U(T0)b−1] ko(T)b−1,
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where T0 is a GW(ν)-tree. Thus E[Ub−1
o ] ≤ 1

2m−b
ν E[U(T0)b−1]

∑
k∈N(mν + k)kb−1ν(k) <∞,

which completes the proof of (ii).
To prove (iii), observe that

E
[
SXn+1−SXn

∣∣Fn
]

= (S←−
Xn
−SXn)E

[
1{Xn+1=←−Xn}

∣∣Fn
]

+
∑
y∈T:←−y =Xn

(Sy−SXn)E
[
1{Xn+1=y}

∣∣Fn
]

= − mνUXn

mν + kXn(T) +
∑
y∈T:←−y =Xn

Uy
mν + kXn(T) = 0

by the second equality in (3.4.2). This completes the proof of (iii).
Let us prove (iv). We first observe that

Φb(Xn) = 1
mν+kXn(T)

(
mνUb

Xn
+
∑
y∈T

Ub
y1{←−y =Xn}

)
≤ 1

mν+kXn(T)
(
mνUb

Xn
+
( ∑
y∈T

Uy1{←−y =Xn}

)b)
= mb

ν + mν
mν+kXn(T)U

b
Xn

since sb + rb ≤ (s + r)b for all s, r∈ [0,∞) and by the second equality in (3.4.2). This proves
the inequality in (3.4.5). Then, recall from (3.2.12) the definition of the shifts φl, l ∈ Z, and
cent(·) from Definition 3.2.15 and observe that for all x∈T, U(θxT)=U(θφl(x)φl(T)) and that
kx(T)=kφl(x)(φl(T)), which easily implies the equality in (3.4.5).

Next we suppose that T is invariant. By Proposition 3.2.26, the law of Xn is then invariant and
E[Φb(Xn)]=E[Φb(X0)]. By (3.4.5), we then get

E
[
Φb(X0)

]
≤ 1

2(mb−1
ν + 1)E

[
U(T0)b] <∞

where T0 a GW(ν)-tree, by (3.2.36) in the definition of invariant GW(ν)-trees. In the special case
b=2, we then get

E
[
Φ2(T, ϱ)

]
= 1

2mν
E
[
mνU(T0)2 +

∑
u∈T0

U(θuT0)21{←−u=∅}

]
= E

[
U(T0)2] = mν(2)−mν

m2
ν−mν

,

the last equality being a consequence of the explicit computation of the variance of Galton-Watson
processes: see e.g. Athreya & Ney [13, Chapter I, (2) p. 4]. ■

The following lemma provides an initial comparison of harmonic coordinates with the relative
height of vertices.

Lemma 3.4.2 Let ν be a supercritical offspring distribution whose mean is denoted by mν . We
assume that mν(2) =

∑
k∈N k

2ν(k)<∞. Let (T, o) be an infinite tree GW(ν)-tree as in Defini-
tion 3.2.18 or an invariant GW(ν)-tree as in Definition 3.2.25. Let the r.v. Ux, Sx, x∈T, be as in
(3.4.2) and (3.4.3). Recall from (3.2.15) the notation ∂Lo and o(p), p∈N. Then the following holds
true.

(i) For all p∈N∗ we set βp=m−1
ν

∑
x∈∂Lo:←−x=o(p) Ux. Then βp=Uo(p)−m−1

ν Uo(p−1). Moreover,
the r.v. (βp)p∈N∗ are i.i.d. such that E[β1] = m−2

ν (mν(2)−mν). If b ∈ (1,∞) is such that
mν(b + 1):=

∑
k∈N k

b+1ν(k)<∞, then E[βb
1]<∞.
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(ii) Recall σν from (3.4.6) and assume that there exists b∈(1,∞) such that mν(2b + 1)=
∑
k∈N

k2b+1ν(k)<∞. Then, there is a constant c∈(0,∞) that only depends on ν and b such that
for all p∈N, E

[∣∣ 1
σ2

ν
So(p)−||o(p)||

∣∣2b]≤c pb. Moreover, for all β∈(1
2 + 1

2b , 1), we set

Rβ = sup
p∈N

∣∣ 1
σ2

ν
So(p)−||o(p)||

∣∣
1 + pβ

. (3.4.7)

Then, there exists a constant c′ ∈ (0,∞) that only depends on ν, b and β such that for all
λ∈(0,∞), we get P

(
Rβ ≥ λ

)
≤c′λ−2b.

Proof. The first point of (i) is a direct consequence of the definition of invariant GW-trees and
of (3.4.2). Then, observe that E[β1|ko(1)(T)] = m−1

ν E[U(T′)](ko(1)(T)−1) = m−1
ν (ko(1)(T)−1),

where T′ stands for a GW(ν)-tree. Thus, E[β1] = m−2
ν

∑
k∈N k(k−1)ν(k) = m−2

ν (mν(2)−mν).
More generally, note that βb

1≤m−b
ν (ko(1)(T)−1)b−1∑

x∈∂Lo:←−x=o(1) U
b
x since z 7→ zb is convex.

Then recall from Lemma 3.4.1 (ii) that E[Ub(T′)]<∞ if mν(b)<∞. Thus E[βb
1|ko(1)(T)]≤

m−b
ν E[Ub(T′)](ko(1)(T)−1)b, which implies that E[βb

1]≤m−b−1
ν E[Ub(T′)]mν(b + 1)<∞.

Let us prove (ii). As an immediate consequence of (i), for all p∈N∗ we get

Uo(p) = m−pν Uo +
∑

1≤k≤p
m−(p−k)
ν βk = m−pν Uo + (1−m−1

ν )−1E
[
βp−G1{0≤G<p}

∣∣(T, o)
]

(3.4.8)

where G stands for a r.v. that is independent from (T, o) and such that P(G =k) = (1−m−1
ν )m−kν ,

k∈N. Since So(p−1)−So(p) =Uo(p−1) (as a consequence of (3.4.3)), we get by (3.4.8)

−So(p) = Uo +
∑

1≤q<p
Uo(q) = 1−m−pν

1−m−1
ν
Uo +

∑
1≤k<p

βk
∑

k≤q<p
m−(q−k)
ν

= 1−m−pν
1−m−1

ν
Uo +

∑
1≤k<p

βk
1−m−(p−k)

ν

1−m−1
ν

= 1−m−pν
1−m−1

ν
Uo +

∑
1≤k<p

βk
1−m−1

ν
−
∑

1≤k<p

m−(p−k)
ν βk
1−m−1

ν
.

To simplify notation, we set a=E[β1] and βk=βk − a, that is a centered r.v. and we get

−(1−m−1
ν )So(p) − ap = Σp−1 +Rp(1)−Rp(2) where

Σp−1 =
∑

1≤k≤p−1
βk , Rp(1) = (1−m−pν )Uo−a and

Rp(2) =
∑

1≤k<p
m−(p−k)
ν βk = (1−m−1

ν )−1E
[
βp−G1{0<G<p}

∣∣(T, o)
]
.

Note from (i) and (3.4.6) that a−1(1−m−1
ν )=σ−2

ν . Since z 7→ z2b is convex, we get

a2bE
[∣∣ 1
σ2

ν
So(p)+p

∣∣2b
]
≤ 32b−1(E[|Rp(1)|2b]+ E

[
|Rp(2)|2b]+ E

[
|Σp−1|2b]) .

First observe that E[|Rp(1)|2b] ≤ 22b−1(E[U2b
o ] + a2b), which finite by Lemma 3.4.1 (ii).

To bound E
[
|Rp(2)|2b], we use conditional Jensen inequality to get

|Rp(2)|2b≤(1−m−1
ν )−2bE

[
β2b
p−G1{0<G<p}

∣∣(T, o)
]
,

which entails E
[
|Rp(2)|2b]≤(1−m−1

ν )−2bE
[
β2b

1
]
, which is finite by (i).
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Let us bound E
[
|Σp−1|2b]. Since the βk are i.i.d. centered and such that E

[
|βk|2b]<∞ by

(i), we can apply Burkholder-Davis-Gundy inequality (see see e.g. Burkholder [32, Theorem 9
p. 1502]) to get a constant c0∈(0,∞) that only depends on b such that

E
[
|Σp−1|2b] ≤ c0 E

[(∑
1≤k<p

β
2
k

)b]
.

Since z 7→ zb is convex,

E
[(∑

1≤k<p
β

2
k

)b]
≤ (p−1)b−1 ∑

1≤k<p
E
[
|βk|2b] = (p−1)bpE

[
|β1|2b],

which proves the first inequality in (iii).
To complete the proof of (iii) we simply observe that

P
(
Rβ ≥ λ

)
≤
∑
p∈N∗

P
(∣∣ 1
σ2

ν
So(p)−||o(p)||

∣∣≥λ(1 + pβ)
)
≤
∑
p∈N∗

cpb

λ2b(1 + pβ)2b < c′λ−2b,

by a Markov inequality and since (2β −1)b>1. ■

The following lemma shows that branching RWs do not visit ‘bad’ vertices, namely vertices x
such that σ−2

ν × (the harmonic coordinate at x) is large compared to the relative height of x.

Lemma 3.4.3 Let τ be a GW(µ)-tree, where µ is a non-trivial critical offspring distribution. Let
ν be a supercritical offspring distribution whose mean is denoted by mν . Let b ∈ (1,∞). We
assume that

∑
k∈N k

2b+1ν(k)<∞. Let (T, o) be an invariant GW(ν)-tree. Let (Y ′u)u∈τ be a τ -
indexed, T-valued mν-biased branching RW whose conditional law given (T, o) and τ is Q(T,o)

(τ,∅) as
in Definition 3.2.30. Recall from (3.2.15) the notations o(p) and Lo. Let (Sx)x∈T be the harmonic
coordinates as in (3.4.3) and recall from (3.4.6) the notation σν . For all q∈N, all λ∈(0,∞) and
all β∈(1

2 + 1
2b , 1), we define the following subset of T

Bq,λ,β =
{
x∈T\Lo : ||o∧x||≥−q and

∣∣ 1
σ2

ν
(Sx−So∧x)−

(
||x||−||o∧x||

)∣∣≥λ(1+
(
||x||−||o∧x||

)β)}
.

Then, there exists c∈ (0,∞), which only depends on ν, b, β, such that P
(
∃u∈τ : Y ′u∈Bq,λ,β)≤

cqλ−2b.

Proof. Let (T0,∅) be a GW(ν)-tree (Definition 3.2.6 (a)). Denote by (S0
x)x∈T0 its harmonic

coordinates. We first bound the expectation of

Z(T0) =
∑
x∈T0

mν+kx(T0)
mν−1 m−|x|ν 1{∣∣σ−2

ν S0
x−|x|

∣∣≥λ(1+|x|β)
}.

Let (T′, o′) be an infinite GW(ν)-tree (Definition 3.2.18) whose harmonic coordinates are denoted
by (S′x)x∈T′ . We recall that S0

∅ = 0 and that for all x∈T0, S0
x =

∑
y∈ K∅,xK U(θyT0). Then, the

many-to-one formula (3.2.25) implies

E
[
Z(T0)

]
=

∑
p∈N∗

E
[

mν+ko(T′)
mν−1 1{∣∣σ−2

ν S′
o′(p)−||o′(p)||

∣∣≥λ(1+|p|β)
}]

= 2mν
mν−1

∑
p∈N∗

P
(∣∣σ−2

ν So(p) − ||o(p)||
∣∣ ≥ λ(1 + |p|β)

)
≤
∑
p∈N∗

cpb

λ2b(1 + pβ)2b < c′λ−2b,(3.4.9)
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by the absolute continuity relation (3.2.36) between the laws of T and T′, by Lemma 3.4.2 (ii) and
since 2β(b−1)>1.

We now complete the proof of the lemma. To that end, we denote by Xn=(T, Xn), n∈N, a
mν-biased RW on T starting at X0 =o. By definition of branching RW, we first get

P
(
∃u∈τ : Y ′u∈Bq,λ,β

∣∣ (T, o), τ
)
≤
∑
u∈τ

E
[
1{Y ′u∈Bq,λ,β}

∣∣ (T, o), τ
]

=
∑
u∈τ

PT,o(X|u|∈Bq,λ,β
)
.

Then, the many-to-one formula (3.2.25) implies

E
[∑
u∈τ

PT,o(X|u|∈Bq,λ,β
)∣∣(T, o)

]
=

∑
n∈N

PT,o(Xn∈Bq,λ,β
)

=
∑

x∈Bq,λ,β

G(o, x)

= 1
mν

∑
y∈∂Lo

1{||o∧y||≥−q}Z(θyT).

Here, we used the fact that the Green function G(o, x) is equal to mν+kx(T)
mν−1 m−(||x||−||o∧x||)

ν by (3.2.35).
Recall from the definition of invariant and infinite GW-trees that conditionally on ∂Lo, the trees
(θyT)y∈∂Lo are i.i.d. GW(ν)-trees. Therefore,

P
(
∃u∈τ : Y ′u∈Bq,λ,β

∣∣ ∂Lo
)
≤ 1

mν

∑
y∈∂Lo

1{−||o∧y||≤q}E[Z(T0)] ≤ 1
mν

E[Z(T0)]
∑

0≤j≤q
ko(j)(T)

which implies the desired result by (3.4.9) and since E[ko(j)(T)]=m−1
ν

∑
k∈N k

2ν(k)<∞ if j≥1
and E[ko(T)]=(2mν)−1∑

k∈N k(k + mν)ν(k)<∞. ■

We next get upper bound of the (quenched moments of the) increments of the martingale
(SXn)n∈N.

Lemma 3.4.4 Let ν be a supercritical offspring distribution whose mean is denoted by mν . Let
b0∈(1,∞). We assume that

∑
k∈N k

2b0+1ν(k)<∞. Let (T, o) be an invariant GW(ν)-tree as in
Definition 3.2.25. Let the r.v. Ux, x∈T, be as in (3.4.2). Let Xn=(T, Xn), n∈N, be a mν-biased
RW on T such that X0 = o, and recall that P(T,o) stands for the conditional law of (Xn)n∈N
given (T, o). Then, for all b∈(1, b0), there exists a P-a.s. finite random variable Kb(T) that is a
measurable function of T and b such that for all m∈N and all n∈N∗,

P-a.s. ET,o
[
|SXm+n−SXm |2b] ≤ Kb(T)nb−1(m+ n). (3.4.10)

Proof. Recall the notation ∆k=SXk+1−SXk
from Lemma 3.4.1 (iv). Since the ∆k are increments

of martingales, the Burkholder-Davis-Gundy inequality (see e.g. Burkholder [32, Theorem 9
p. 1502]) implies that there is a constant c(b)∈(0,∞) that only depends on b such that

ET,o
[

max
1≤k≤n

∣∣SXm+k
−SXm

∣∣2b
]
≤ c(b)ET,o

[( ∑
0≤k<n

∆2
m+k

)b]
.

Since b∈ (1,∞), z 7→ zb is convex and ( 1
n

∑
0≤k<n ∆2

m+k)b ≤ 1
n

∑
0≤k<n |∆m+k|2b. Then by

(3.4.5) in Lemma 3.4.1, we get

ET,o
[

max
1≤k≤n

∣∣SXm+k
−SXm

∣∣2b
]
≤ c(b)nb−1 ∑

0≤k<n
ET,o

[
|∆m+k|2b

]
≤ c(b)nb−1 ∑

0≤k<n
ET,o

[
m2b

ν +mν

mν+kXm+k
(T)U

2b
Xk+m

]
≤ c(b)(m2b

ν +mν)nb−1(m+ n)
(

1
m+n

∑
0≤k<m+n

ET,o
[
F (T, Xk)

])
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where we have set F (T, x)=U(θxT )2b/(mν + kx(T )), for all (T, x)∈T•and where we recall the
notation U(·) from (3.4.1). Observe that F (T, x)=F (cent(T, x)). Then, set b1 =b0/b∈ (1,∞)
and observe that E[F (T, o)b1 ] ≤ E[U2b0

o ]<∞ since
∑
k∈N k

2b0+1ν(k)<∞ by Lemma 3.4.1 (ii).
Therefore Corollary 3.2.27 applies and asserts that

P-a.s. Kb(T) := c(b) (m2b
ν +mν) sup

n∈N∗

1
n

∑
0≤k<n

ET,o
[
F (T, Xk)

]
<∞,

which entails the desired result. ■

We next use a specific form of a conditional Central Limit Theorem for martingales that is used
to prove the finite-dimensional convergence of the harmonic coordinates of the branching random
walk in Section 3.4.4.

Proposition 3.4.5 For all n∈N, let (Fn,k)k∈N be a filtration on (Ω,F ) and let (Dn,k)k∈N∗ be a
sequence of real valued r.v. Let (sn)n∈N be a sequence of integers and let s ∈ [0,∞). We make the
following assumptions.

(a) For all n, k, Dn,k is Fn,k-measurable, E[D2
n,k]<∞ and P-a.s. E[Dn,k|Fn,k−1]=0.

(b) There exists a filtration (Gj)j∈N on (Ω,F ) and a sequence of integers (rn)n∈N such that
Fn,0 =Grn , n∈N.

(c) For all ε∈(0, 1), P-a.s. limn→∞
∑

1≤k≤sn
E[D2

n,k1{|Dn,k|>ε}|Fn,k−1] = 0.
(d) P-a.s. limn→∞

∑
1≤k≤sn

E[D2
n,k|Fn,k−1]=s.

Then, we set Mn=
∑

1≤k≤sn
Dn,k and for all λ∈R,

P-a.s. lim
n→∞

E
[
eiλMn

∣∣Fn,0] = e−
1
2 sλ

2
. (3.4.11)

Proof. See Appendix 3.C. ■

Remark 3.4.6 In Assumption (b), σ-fields are only partially nested (i.e. Fn,k is not necessarily
included in Fn+1,k for all k). However, as mentioned in the remarks following Hall & Heyde [91,
Corollary 3.1 pp. 58-59], since the limit in Assumption (d) is deterministic, the conclusion of [91,
Corollary 3.1 pp. 58-59] applies and Mn converge in law to a centered Gaussian r.v. with variance
s. However, this sole convergence does not imply (3.4.11). A related type of result can be found
in Eagleson [66, Corollary 2 p. 560], which entails that P-a.s. limn→∞E

[
eiλMn

∣∣G]= e−
1
2 sλ

2

where G==
⋂
n∈NFn,0. However, it does not imply (3.4.11) and the methods used in [66] seem

difficult to adapt in order to obtain (3.4.11). Since we have not found an accurate reference for
Proposition 3.4.5, we provide in Appendix 3.C a proof which is a (relatively straightforward)
adaptation of proof of the standard Lindeberg CLT for martingales. □

Proposition 3.4.7 Let ν be a supercritical offspring distribution whose mean is denoted by mν .
Let b∈ (2,∞). We assume that

∑
k∈N k

bν(k)<∞. Let (T, o) be an invariant GW(ν)-tree as in
Definition 3.2.25. Let the r.v. Ux, Sx, x∈T, be as in (3.4.2) and (3.4.3). Let Xn=(T, Xn), n∈N,
be a mν-biased RW on T such that X0 =o. We denote by Fn the σ-field generated by (Xk)0≤k≤n.
Let rn, sn∈N, n∈N be such that 1

nrn→r∈ [0,∞) and 1
nsn→s∈ [0,∞). Recall from (3.4.6) the

definition of σν . Then for all λ∈R,

P-a.s. lim
n→∞

E
[

exp
(
i λ√

n

(
SXrn+sn

−SXrn

))∣∣∣Frn

]
=e−

1
2 sσ

2
νλ

2
. (3.4.12)

Proof. We want to apply Proposition 3.4.5 with Fn,k = Frn+k and Dn,k = n−1/2∆rn+k−1,
where as in Lemma 3.4.1 (iv), we have set ∆m = SXm+1−SXm . Since ν is square integrable,
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(3.4.6) in Lemma 3.4.1 (iv) implies that E[D2
n,k]= 1

nσ
2
ν<∞ and Lemma 3.4.1 (iii) implies that

Assumption (a) of Proposition 3.4.5 is satisfied. Next observe that Fn,0 =Frn : Assumption (b) of
Proposition 3.4.5 is satisfied.

We next prove that Assumption (d) in Proposition 3.4.5 is satisfied. Recall notation Φb(Xn)
from Lemma 3.4.1 (iv) and to simplify notation, we set Cb,k =

∑
0≤l<k Φb(X l). First observe

that 1
nΦ2(Xrn+k−1) == E[D2

n,k|Fn,k−1]. Since Φ2(Xk) = Φ2(cent(Xk)) by (3.4.5) and thanks
to Corollary 3.2.27, we get P-a.s. limk→∞

1
kC2,k = σ2

ν . Recall that 1
nrn → r ∈ [0,∞). If

r∈ (0,∞), then 1
nC2,rn = rn

n
1
rn
C2,rn → rσ2

ν a.s. If r= 0, since Φ2 ≥ 0, we get for all η∈ (0, 1),
1
nC2,rn ≤

rn+ηn
n

1
rn+ηnC2,rn+ηn → ησ2

ν a.s. and thus 1
nC2,rn → 0 a.s. since η can be arbitrarily

small. Similarly, a.s. 1
nC2,rn+sn → (r+s)σ2

ν , which then implies that
∑

1≤k≤sn
E[D2

n,k|Fn,k−1]=
1
n(C2,rn+sn−C2,rn)→ sσ2

ν and Assumption (d) in Proposition 3.4.5 is satisfied.
It remains to prove that Assumption (c) in Proposition 3.4.5 is satisfied. We fix ε∈(0, 1) and

we first observe that∑
1≤k≤sn

E[D2
n,k1{|Dn,k|>ε}|Fn,k−1] ≤ 1

εb−2

∑
1≤k≤sn

E[Db
n,k|Fn,k−1] ≤ 1

(ε
√
n)b−2

1
n
Cb,rn+sn

which a.s. tends to 0 since 1
nCb,rn+sn → (r + s)E[Φb(X0)] a.s. by the ergodic theorem (which

applies as Corollary 3.2.27 since E[Φb(X0)] < ∞ by Lemma 3.4.1 (iv)). This proves that
Assumption (c) in Proposition 3.4.5 is satisfied and (3.4.12) follows from (3.4.11). ■

To conclude this section, let us recall from Peres & Zeitouni [137] annealed uniform bounds
for the (relative) height of mν-biased RW on GW-trees which is used later in the proof of Proposi-
tion 3.4.14 in Section 3.4.5.

Lemma 3.4.8 Let ν be a supercritical offspring distribution whose mean is denoted by mν . We
assume that

∑
k∈N k

2ν(k)<∞. Let (T, o) be either a GW(ν)-tree as in Definition 3.2.6 (a) (in
this case: o=∅) or an infinite GW(ν)-tree as in Definition 3.2.18 or an invariant GW(ν)-tree as in
Definition 3.2.25. Let Xn=(T, Xn), n∈N, be a mν-biased RW on T such that X0 =o. Then, for
all n, p∈N∗, the following holds true.

(i) If T is a GW(ν)-tree, P
(

max1≤k≤n |Xk| ≥ p
)
≤ 4ne−p2/2n.

(ii) If T is an invariant GW(ν)-tree, P
(

max1≤k≤n
∣∣||Xk||

∣∣ ≥ p) ≤ 8n3e−(p−1)2/2n.

(iii) If T is an infinite GW(ν)-tree, P
(

max1≤k≤n
∣∣||Xk||

∣∣ ≥ p) ≤ 16n3e−(p−1)2/2n.

Proof. For (i), see Peres & Zeitouni [137, Lemma 5 p. 608]. For (ii) and (iii), see [137, Corollary
2 p. 608]. ■

3.4.2 Statements of the result, overview of its proof

Before stating the main results of the section, let us fix some notations and let us specify our
assumptions.

We fix α∈(1, 2] and we fix an offspring distribution µ that satisfies (3.2.60). We denote by τ∞
a GW(µ)-forest corresponding to a sequence (τ (k))k∈N∗ of i.i.d. GW(µ)-trees (Definition 3.2.6 (b)).
We denote by Vl(τ∞) its Lukasiewicz path, by (Hs(τ∞))s∈[0,∞) its height process (Definition 3.2.2)
and by (Cs(τ∞))s∈[0,∞) its contour process (Definition 3.2.4). We next recall from (3.2.66) the
definition of gn and dn (roughly speaking (gn, dn) is the first excursion interval of H(τ∞) above 0
longer than n). Then we also recall from Theorem 3.2.36 that (an)n∈N∗ and (bn)n∈N∗ are scaling
sequences such that an=n/bn and such that the following limit

Qn :=
( 1
ngn,

1
ndn,

1
bn
V⌊n·⌋(τ∞), 1

an
Hn·(τ∞), 1

an
C2n·(τ∞)

)
−−−→
n→∞

(
g1,d1, X,H,H

)
(3.4.13)



166 Chapter 3. Scaling limit of tree-valued BRW in random environment

holds weakly on R2×D([0,∞),R)×C0([0,∞),R)2 . Here, X is an α-stable spectrally positive
Lévy process characterized by (3.2.52), H is its associated height process as defined in (3.2.53) and
(g1,d1) is the first excursion interval of H longer than 1 as defined in Remark 3.2.34.

We next state a limit theorem for snakes associated with τ∞-indexed branching RWs that
take their values in an invariant GW(ν)-tree (Definition 3.2.25 ). Here ν is a fixed supercritical
offspring distribution whose mean is denoted by mν and which shall be subject to various moment
assumptions.

Our main objects of interest in this section are branching RWs in invariant environment. More
precisely, we denote by (T, o) an invariant GW(ν)-tree as in Definition 3.2.25. We assume
that (T, o) is independent from τ∞ and we introduce the sequence of T-valued branching RWs
Θk=

(
τ (k), ∅;Y (k)

u =(T, Y (k)
u ), u∈τ (k)

)
, k∈N∗ such that

conditionally on (T, o) and τ∞, the (Θk)k∈N∗ are independent and Θk
(law)= Q

(T,o)
(τ (k),∅). (3.4.14)

Here Q(T,o)
(τ(k),∅)

is as in Definition 3.2.30 with λ = mν . We recall from (3.4.3) the definition of
the harmonic coordinates (Sx)x∈T. Then, for all k ∈ N∗, we associate with Θk two R-valued
τ (k)-indexed branching RWs:

Mk :=
(
||Y (k)
u ||

)
u∈τ (k) and Mk :=

(
S
Y

(k)
u

)
u∈τ (k) ,

and according to Definition 3.2.8, we introduce the following four C0([0,∞),R)-valued continuous
processes:
−
(
Ws(τ∞; ·)

)
s∈[0,∞) is the contour-snake of the branching random walks (M (k))k∈N∗ ;

−
(
W ∗s (τ∞; ·)

)
s∈[0,∞) is the height-snake of the branching random walks (M (k))k∈N∗ ;

−
(
Ws(τ∞; ·)

)
s∈[0,∞) is the contour-snake of the branching random walks (M(k))k∈N∗ ;

−
(
W∗s (τ∞; ·)

)
s∈[0,∞) is the height-snake of the branching random walks (M(k))k∈N∗ .

We also recall from Definition 3.2.8 the notations Ŵs(τ∞), Ŵ ∗s (τ∞), Ŵs(τ∞) and Ŵ∗s (τ∞),
s∈ [0,∞), for the corresponding endpoint-processes.

Finally, we denote by (Ŵs)s∈[0,∞) the endpoint process of the one-dimensional Brownian
snake whose lifetime-process is the α-stable height process (Hs)s∈[0,∞) as introduced in Proposi-
tion 3.2.47.

The goal of this section is to prove the following theorem that shows that the contour- and
heigh-snakes in harmonic coordinates and in relative heights jointly converge to W when suitably
rescaled. To simplify the proof we first admit several intermediate results, which are stated below
and proved in Sections 3.4.3, 3.4.4 and 3.4.5, before proceeding to the proof of Theorem 3.4.9 at
the end of the present section.

Theorem 3.4.9 We fix α∈(1, 2]. Let µ satisfy (3.2.60). Let τ∞ be a GW(µ)-forest (Definition 3.2.6
(b)). Let ν be a supercritical offspring distribution whose mean is denoted by mν . We assume that
there is b ∈ ( 2α

α−1 ,∞) such that
∑
k∈N k

1+2bν(k)<∞. Let (T, o) be an invariant GW(ν)-tree
(Definition 3.2.25) that is independent from τ∞. We recall the definition of Qn from the convergence
(3.4.13). We recall from (3.4.6) the definition of σν . Otherwise, we keep the previous notations.
Then, conditionally given (T, o), the following joint convergence(

Qn,
1

σν
√
an
Ŵ2n·(τ∞), 1

σν
√
an
Ŵ∗n·(τ∞), σν√

an
Ŵ2n·(τ∞), σν√

an
Ŵ ∗n·(τ∞)

)
−−−−→
n→∞

(
g1,d1, X,H,H, Ŵ , Ŵ , Ŵ , Ŵ

)
(3.4.15)

a.s. holds weakly on R2×D([0,∞),R)×C0([0,∞),R)6 equipped with the product topology.
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Proof. See the end of the section. ■

Overview of the proof of Theorem 3.4.9. To prove Theorem 3.4.9, we first prove the follow-
ing proposition in Section 3.4.4, which shows that the contour- and heigh-snakes in harmonic
coordinates converge to W when suitably rescaled.

Proposition 3.4.10 We fix α ∈ (1, 2]. Let µ satisfy (3.2.60). Let τ∞ be a GW(µ)-forest (Defini-
tion 3.2.6 (b)). Let ν be a supercritical offspring distribution whose mean is denoted by mν . We
assume that there is b0∈(1+ α

α−1 ,∞) such that
∑
k∈N k

1+2b0ν(k)<∞. Let (T, o) be an invariant
GW(ν)-tree (Definition 3.2.25) that is independent from τ∞. We recall the definition of Qn from the
convergence (3.4.13). We recall from (3.4.6) the definition of σν . Otherwise, we keep the previous
notations. Then, conditionally given (T, o), the following convergence(

Qn,
1

σν
√
an
Ŵ2n·(τ∞), 1

σν
√
an
Ŵ∗n·(τ∞)

)
−−−−→
n→∞

(
g1,d1, X,H,H, Ŵ , Ŵ

)
(3.4.16)

a.s. holds weakly on R2×D([0,∞),R)×C0([0,∞),R)4 equipped with the product topology.

Proof. See Section 3.4.4. ■

To prove Proposition 3.4.10, we first rely on the following lemma, which is a conditional version
of Kolmogorov continuity theorem and whose proof is a straightforward adaptation of the standard
version of the theorem. To state it let us introduce the following notation for the γ-Hölder factor
(here γ∈(0, 1]) of a function x(·)∈C0([0,∞),R) on the interval [0, s0] (here s0∈(0,∞)):

Holγ,s0(x) = sup
{ |x(s)−x(s′)|
|s−s′|γ

; s, s′∈ [0, s0], s ̸=s′
}

(3.4.17)

which may be infinite.

Lemma 3.4.11 Let G ⊂F be a σ-field and let (Zs)s∈[0,∞) be a R-valued continuous process. Let
s0, b∈(1,∞) and c∈(0,∞). We assume that there is a G -measurable and a.s. finite r.v. C such
that for all s, s′∈ [0, s0],

P-a.s. E
[∣∣Zs−Zs′∣∣b∣∣∣G ] ≤ C|s−s′|1+c. (3.4.18)

Then, for all γ∈(0, c
b), we get

P-a.s. E
[(

Holγ,s0(Z)
)b∣∣G ] ≤ cb,c,γ,s0C, (3.4.19)

where cb,c,γ,s0 =22b(2s0)1+c−γb(1−2−( c
b )+γ)−b.

Proof: This is easily adapted from e.g. Revuz & Yor [138, Theorem 2.1 p.26]. ■

More precisely, in Proposition 3.4.17 in Section 3.4.3, we first show that the rescaled height
process a−1

n Hn·(τ∞) satisfies an (unconditioned) assumption of type (3.4.18). Then in Proposi-
tion 3.4.18 in Section 3.4.3, we prove that it entails that a−1/2

n Ŵ∗n·(τ∞) also satisfies an assumption
of type (3.4.18). This implies that conditionally given (T, o), a−1/2

n Ŵ∗n·(τ∞) is tight, thanks to the
following general result (the proof given below makes precise what we mean here by conditional
tightness).
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Lemma 3.4.12 Let G ⊂F be a σ-field and let (Z(n)
s )s∈[0,∞), n∈N∗, be a sequence of R-valued

continuous processes such that Z(n)
0 =0. Let b∈ (1,∞) and γ∈ (0, 1]. Let us assume that for all

p∈N∗, there exists a G -measurable r.v. Cp such that for all n∈N∗,

P-a.s. E
[(

Holγ, p(Z(n))
)b∣∣G ] ≤ Cp <∞ . (3.4.20)

Then conditionally given G , the laws of the processes (Z(n))n∈N∗ are a.s. tight on C0([0,∞),R).

Proof. We denote byM1(C0
1) the space of Borel probability measures on C0

1 := C0([0,∞),R)
equipped with the Polish topology of weak convergence. Denote by ω∈Ω 7→Qn(ω, ·) a regular
version of the conditional law of Z(n) given G (which exists since C0

1 is Polish). Namely,
− Qn is aM1(C0

1)-valued r.v., measurable with respect to G and the Borel σ-field ofM1(C0
1).

− For all Borel subsets B of C0
1 we P-a.s. have Qn(·, B)=E[1{Z(n)∈B}|G ].

Our assumptions imply that there exists Ω0∈G such that P(Ω0)=1 and such that for all ω∈Ω0
and for all n, p∈N∗,

E
[(

Holγ, p(Z(n))
)b∣∣G ](ω) =

∫
C0

1

(
Holγ, p(x)

)b
Qn(ω, dx)≤Cp(ω) <∞ .

For all x(·)∈C0
1 and δ∈(0,∞), we set wδ(x, p)=max

{
|x(s)−x(s′)| ; s, s′∈ [0, p] : |s−s′|≤δ

}
,

which is the δ-modulus of continuity of x on [0, p]. Then, we get for all ω∈Ω0, all p, n∈N∗ and all
δ, η∈(0,∞),

Qn
(
ω ,
{
x∈C0

1 : wδ(x, p)>η
})
≤ δγb

ηb

∫
C0

1

(
Holγ, p(x)

)b
Qn(ω, dx)≤Cp(ω)δ

γb

ηb ,

which implies limδ→0+ lim supn→∞Qn
(
ω,
{
x ∈ C0

1 : wδ(x, p) > η
})

= 0. Since Z(n)
0 = 0, a

standard result (see e.g. Billingsley [22, Theorem 7.3 p. 82]) entails that for all ω∈Ω0, the laws
(Qn(ω, ·))n∈N∗ are tight. ■

In Section 3.4.4, we prove that a−1
n Hn·(τ∞) and σ−1

ν a
−1/2
n Ŵ∗n·(τ∞) jointly converge in law

conditionally given (T, o) to (H, Ŵ ). To do so, we compute the conditional Fourier transforms
of finite-dimensional marginals of the height-snake in harmonic coordinates and we use Proposi-
tion 3.4.7.

We next derive the convergence (3.4.16) using the fact that C(τ∞) and Ŵ(τ∞) are derived from
H(τ∞) and Ŵ∗(τ∞) by a time-change. More precisely, recall from Remark 3.2.5 (d) the definition
of the increasing continuous bijection ϕτ∞ : [0,∞)→ [0,∞) such that Hs(τ∞) =Cϕτ∞ (s)(τ∞),
s∈ [0,∞). For all s0∈(0,∞), (3.2.9) implies that maxs∈[0,s0] | 1

2nϕτ∞(ns)−s| → 0 in probability
because (3.4.13) implies that 1

n maxs∈[0,s0]Hns(τ∞) → 0 in P-probability since an/n → 0.
Therefore, if for all s ∈ [0,∞) we set φn(s) = 1

nϕ
−1
τ∞(2ns) (here, ϕ−1

τ∞ stands for the inverse of
ϕτ∞), then we have proved

∀s0∈(0,∞), lim
n→∞

max
s∈(0,s0]

∣∣φn(s)−s
∣∣ = 0 in P-probability. (3.4.21)

We derive the conditional joint convergence (3.4.16)

− from the conditional joint convergence of a−1
n Hn·(τ∞) and σ−1

ν a
−1/2
n Ŵ∗n·(τ∞),

− from the following equalities that holds for all s∈ [0,∞)
1
an
C2ns(τ∞)= 1

an
Hnφn(s)(τ∞) and 1√

an
Ŵ2ns(τ∞) = 1√

an
Ŵ∗nφn(s)(τ∞) , (3.4.22)

− from the following deterministic lemma.
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Lemma 3.4.13 Suppose that xn→ x in C0([0,∞),Rq) and that φn→φ in C0([0,∞), [0,∞)).
Assume that φn(0)=0 and that φn is nondecreasing. Then, xn ◦ φn→x ◦ φ in C0([0,∞),Rq).

Proof. See Whitt [149, Theorem 3.1, p. 75]. ■

In Section 3.4.5, we next prove the following proposition.

Proposition 3.4.14 We fix α ∈ (1, 2]. Let µ satisfy (3.2.60). Let τ∞ be a GW(µ)-forest (Defini-
tion 3.2.6 (b)). Let ν be a supercritical offspring distribution whose mean is denoted by mν . We
assume that there is b ∈ ( 2α

α−1 ,∞) such that
∑
k∈N k

1+2bν(k) <∞. We keep the notations of
Proposition 3.4.10. Let s0 ∈ (0,∞). Then there are two constants c, ε1 ∈ (0,∞), which only
depend on µ, ν, b and s0, such that

P-a.s. lim
n→∞

P
(

max
s∈[0,s0]

∣∣ 1
σ2

ν
Ŵ∗ns(τ∞)−Ŵ ∗ns(τ∞)

∣∣ > cn−ε1
√
an
∣∣∣ (T, o)

)
= 0 . (3.4.23)

Proof. See Section 3.4.5. ■

Proof of Theorem 3.4.9. We admit Propositions 3.4.10 and 3.4.14 and we prove Theorem 3.4.9.
First note that the moment assumption on ν is stronger in Proposition 3.4.14 (and Theorem 3.4.9)
than in Proposition 3.4.10 since 2α

α−1 >1+ α
α−1 . Thus under the assumptions of Theorem 3.4.9, both

propositions apply and they easily entail that conditionally given (T, o), the following convergence(
Qn,

1
an
Hn·(τ∞), 1

σν
√
an
Ŵ∗n·(τ∞), σν√

an
Ŵ ∗n·(τ∞)

)
−−−−→
n→∞

(
g1,d1, X,H,H,H, Ŵ , Ŵ

)
(3.4.24)

holds weakly on R2×D([0,∞),R)×C0([0,∞),R)5 equipped with the product topology. Then
recall (3.4.21), (3.4.22) and recall (by definition of height-snake) that for all s∈ [0,∞),

1
an
C2ns(τ∞) = 1

an
Hnφn(s)(τ∞) and σν√

an
Ŵ2ns(τ∞) = σν√

an
Ŵ ∗nφn(s)(τ∞) .

This entails (3.4.15) by (3.4.24) and Lemma 3.4.13, which ends the proof of Theorem 3.4.9. ■

3.4.3 Quenched tightness of the height-snake of the τ∞-indexed branching RWs

We keep the notations and the general assumptions of the previous section. We first prove Hölder
estimates for H(τ∞) by adapting to the discrete setting the proof of D. & Le Gall [61, Lemma
1.4.6] which provides a similar result for the continuous height process.

To that end, we use the fact that the Lukasiewicz path V (τ∞) of τ∞ is a RW whose jump
law is µ̃(k) =µ(k + 1), k∈N ∪ {−1} (Remark 3.2.7 (b)) and we use (3.2.4) which shows that
Hn(τ∞) counts the number of times the time-reversed RW (Vn(τ∞)−Vn−k(τ∞))0≤k≤n reaches its
supremum. Namely, the height process is related to the so-called weak ascending ladder variables
of V (τ∞) whose definition and basic properties are recalled from Spitzer [144] below.

Let (Vn)n∈N be a random walk whose jump law is µ̃(k)=µ(k + 1), k∈N ∪ {−1} (with µ as
above). For all n∈N, we set

Vn= max
0≤k≤n

Vk and Ln=#{k∈{1, . . . , n} : Vk=Vk} , (3.4.25)

with the convention that L0 =0. The weak ascending ladder variables are then given by

Ln = inf{k∈N : Lk = n} and Vn = VLn = VLn . (3.4.26)
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We also recall from (3.2.75) that T−n=inf{k∈N : Vk=−n}. We recall from (3.2.64) that gµ is
the generating function of µ and we recall from Lemma 3.2.38 that φµ is the generating function of
T−1. Then (Ln,Vn)n∈N is a N2-valued random walk whose jump law is characterized by

∀r, s∈ [0, 1], 1−E
[
rL1sV1

]
= s− rgµ(s)

s− φµ(r) . (3.4.27)

For a proof we refer to Spitzer [144], Chapter IV, P5 (b) p. 181 and more precisely to (3) p. 187 in
the specific case of left-continuous random walks (with Spitzer’s notations, P = gµ and r=φµ).
We next provide estimates on the Laplace exponents of L1, V1 and T−1.

Lemma 3.4.15 We keep the above notations. We fix α ∈ (1, 2] and we assume that µ satisfies
(3.2.60). For all λ∈ [0,∞), we set Λ0(λ)=− log E[e−λL1 ], Λ1(λ)=− logφµ(e−λ) and Λ2(λ)=
− log E[e−λV1 ]. Then there are cµ, c′µ∈(0,∞) such that

Λ0(λ) ∼0+ cµ λ
α−1

α L
( 1
λ

)
and Λ2(Λ1(λ)) ∼0+ c′µ λ

α−1
α L

( 1
λ

)
(3.4.28)

where L is the slowly varying function appearing in (3.2.62).

Proof. By (3.4.27), 1−E[e−λL1 ]=(1−e−λ)/(1−φµ(e−λ)). Then the first equivalence in (3.4.28)
follows from (3.2.76) in Lemma 3.2.38. Next, we deduce from (3.4.27) that 1−E[e−λV1 ] =
ψµ(sλ)/sλ. where we recall ψµ from (3.2.64) and where we have set sλ = 1− e−λ. Then,
Λ2(λ) ∼0+ c′αλ

α−1L∗(1/λ) where L∗ is the slowly varying function in (3.2.63). Then (3.2.76) in
Lemma 3.2.38 entails that

Λ2(Λ1(λ)) ∼0+ c1λ
α−1

α L
( 1
λ

)−(α−1)
L∗
(
c2λ
− 1

αL
( 1
λ

))
,

where c1, c2∈(0,∞) are two constants which only depend on α. This implies the second equivalent
in (3.4.28) by (3.2.65), which relates L and L∗. ■

Proposition 3.4.16 We keep the above notations. We assume that µ is non-trivial and critical. Let
b ∈ (1,∞). Then for all m∈N and n∈N∗,

E
[∣∣Hm+n(τ∞)− inf

Jm,m+nK
H(τ∞)

∣∣b] ≤ ebΓe(b)
(
Λ0
( 1
n

))−b and

E
[∣∣Hm(τ∞)− inf

Jm,m+nK
H(τ∞)

∣∣b] ≤ ebΓe(b)
(
Λ2
(
Λ1
( 1
n

)))−b
. (3.4.29)

Proof. We prove the first inequality in (3.4.29). Without loss of generality, we assume that V is a
RW whose jump law is µ̃ such that Vk=Vm+n(τ∞)−Vm+n−k(τ∞), 0≤k≤m+ n. Recall from
(3.4.25) the notation L. We easily deduce from (3.2.4) that Ln=Hm+n(τ∞)−infJm,m+nKH(τ∞).
Thus,

E
[∣∣Hm+n(τ∞)− inf

Jm,m+nK
H(τ∞)

∣∣b] =
∫ ∞

0
bsb−1P

(
Ln>s

)
ds ≤

∫ ∞
0

bsb−1P
(
L⌈s⌉≤n

)
ds

≤
∫ ∞

0
bsb−1e ·E

[
exp

(
− 1
nL⌈s⌉

)]
ds

≤
∫ ∞

0
bsb−1e · e−sΛ0( 1

n
)ds,

which implies the desired result. Here, we use Markov inequality at the second line and the fact
that L is a nonnegative RW whose Laplace exponent is Λ0.
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The proof of the second upper bound in (3.4.29) is slightly more involved. To simplify notation
we set Ik,l = minJk,lK V (τ∞), for all integers l ≥ k ≥ 0. Denote by m′ the smallest integer
k∈Jm,m+ nK such that Vk(τ∞)=Im,m+n. We deduce from (3.2.4) that

inf
Jm,m+nK

H(τ∞)=Hm′(τ∞)=#
{
l∈J0,m− 1K : Vl(τ∞)=Il,m and Il,m≤Im,m+n}.

We now assume that V is such that Vk = Vm(τ∞)−Vm−k(τ∞), 0 ≤ k ≤ m and we set V ′ =
(Vm+k(τ∞)−Vm(τ∞))k∈N that is an independent copy of V . We set I ′n=minJ0,nK V

′. Then, (3.2.4)
implies that

Hm(τ∞)− inf
Jm,m+nK

H(τ∞) = #
{
k∈J1,mK : Vk=Vk<−I ′n} = Lm∧(V −1

−I′n
−1) ,

where we have set V −1
k = inf{l∈N : V l≥ k}. We then set T ′−k = inf{l∈N : V ′l =−k} and we

deduce from the previous inequality that for all integer k∈N∗,

P
(
Hm(τ∞)− inf

Jm,m+nK
H(τ∞)≥k

)
≤ P

(
LV −1
−I′n
−1≥k

)
=P

(
−I ′n>Vk

)
≤P

(
T ′−Vk

≤n
)

≤ e ·E
[
exp

(
− 1
nT
′
−Vk

)]
= e · exp

(
−kΛ2

(
Λ1
( 1
n

)))
,

by the Markov inequality. It entails the following,

E
[∣∣Hm(τ∞)− inf

Jm,m+nK
H(τ∞)

∣∣b] ≤ e ∫ ∞
0

bsb−1e−⌈s⌉Λ2(Λ1( 1
n

)) ds,

which easily implies the second upper bound in (3.4.29). ■

Proposition 3.4.17 We fix α∈(1, 2] and we assume that µ satisfies (3.2.60). Recall from (3.2.67)
the definition of (an)n∈N∗ . Let b∈

(
1,∞

)
and s0∈(1,∞) and let ε∈

(
0, 1− 1

α

)
. Then there exists

c∈(1,∞) that only depends on µ, b, s0 and ε such that

∀n∈N∗,∀s, s′∈ [0, s0], E
[∣∣ 1
an
Hns′(τ∞)− 1

an
Hns(τ∞)

∣∣b] ≤ c ∣∣s′−s∣∣b(1− 1
α
−ε)

. (3.4.30)

Moreover, for all γ∈
(
0, 1− 1

α

)
, there exists c′∈ (1,∞) that only depends on µ, b, s0 and γ such

that
sup
n∈N∗

E
[(

Holγ,s0

( 1
an
Hn·(τ∞)

))b]
≤ c′, (3.4.31)

where we recall from (3.4.17) the definition of Holγ,s0(x(·)), for all x∈C0([0,∞),R). In particular
it implies that

sup
n∈N∗

E
[(

max
s∈[0,s0]

1
an
Hns(τ∞)

)b]
≤ c′sγ0 . (3.4.32)

Proof. We set a(x) = x1− 1
α /L(x) where L is as in (3.2.62). By convenience, we set a(0) = 0.

Thus a(n)=an by (3.2.67). To simplify notation, we setHs=Hs(τ∞), s∈ [0,∞). By (3.4.29) and
Lemma 3.4.15, there exists a constant c1(µ, b)∈(1,∞) (that only depends on µ and b) such that
for all integers m∈N and n∈N∗,

E
[∣∣Hm+n − inf

k∈Jm,m+nK
Hk

∣∣b] ∨E
[∣∣Hm − inf

k∈Jm,m+nK
Hk

∣∣b] ≤ c1(µ, b)a(n)b . (3.4.33)

We first prove an upper bound for |Hs′−Hs| that is a simple consequence of the specific
interpolation explained by (3.2.2) in Definition 3.2.2 (a) and that is used when |s − s′| is small:
there exists c2(µ, b)∈(1,∞) (that only depends on µ and b) such that for all s, s′∈ [0,∞),

E
[∣∣Hs′−Hs∣∣b] ≤ c2(µ, b) |s′−s|b . (3.4.34)



172 Chapter 3. Scaling limit of tree-valued BRW in random environment

Proof. Let us suppose first that there is m∈N such that 1
2m≤s≤s′ ≤ 1

2 (m+ 1), and set n=⌊ 1
2m⌋.

Then, (3.2.2) implies that |Hs′−Hs|=2(s′−s)|Hm
2
−Hm+1

2
|≤2(s′−s)(1+Hn−infk∈Jn,n+1KHk).

By (3.4.33), we get ∥Hs′−Hs∥b ≤ c(s′−s) where c :=2 + 2c1(µ, b)1/ba(1). If ⌊2s⌋<⌊2s′⌋, then
we get

∥Hs′−Hs∥b ≤ ∥Hs−H 1
2 ⌈2s⌉
∥b + ∥Hs′−H 1

2 ⌊2s′⌋
∥b +

∑
⌈2s⌉≤k<⌊2s′⌋

∥H 1
2 (k+1)−H 1

2k
∥b

≤ c
(1

2⌈2s⌉−s+ s′− 1
2⌊2s

′⌋+ 1
2⌊2s

′⌋− 1
2⌈2s⌉

)
= c(s′−s),

which entails (3.4.34). □

Recall the convention a(0) = 0. We next prove the following bound: there exists c3(µ, b)∈
(1,∞) (that only depends on µ and b) such that for all real numbers s′≥s ≥ 0,

E
[∣∣Hs′−Hs∣∣b] ≤ c3(µ, b)

(
1 + a(⌊s′⌋−⌊s⌋)

)b
. (3.4.35)

Proof. By (3.4.33) and (3.4.34), we get

∥Hs′−Hs∥b ≤
∣∣∣∣Hs−H⌊s⌋∣∣∣∣b +

∣∣∣∣Hs′−H⌊s′⌋∣∣∣∣b +
∣∣∣∣H⌊s⌋ − inf

k∈J⌊s⌋,⌊s′⌋K
Hk

∣∣∣∣
b +

∣∣∣∣H⌊s′⌋ − inf
k∈J⌊s⌋,⌊s′⌋K

Hk
∣∣∣∣

b

≤ 2c2(µ, b)1/b + 2c1(µ, b)1/ba(⌊s′⌋−⌊s⌋),

which easily implies (3.4.35). □

We next compare a(·) to power functions thanks to Potter’s bounds. Let s0 and ε as in the
statement of the proposition. There exist n0∈N∗ and c4∈(1,∞) that only depend on µ, ε and s0
such that for all integer n ≥ n0 and all real number s∈ [n0

n , s0],

1
c4
sε ≤ L(n)

L(ns) ≤ c4 s
−ε and thus

a(ns)
a(n) ≤ c4 s

1− 1
α
−ε . (3.4.36)

Proof. By Potter’s bounds (see e.g. Bingham, Goldies & Teugel [23, Theorem 1.5.6]), there exists
n0 ∈ N∗ that depend on L, ε and s0 such that for all real numbers y ≥ x≥ n0, L(x)/L(y) and
L(y)/L(x) belong to [ 1

2 (y/x)−ε, 2(y/x)ε]. We fix n ≥ n0. If s ∈ [n0
n , 1], then L(n)/L(ns) ∈

[ 1
2 s
ε, 2s−ε]. If s∈ [1, s0], then L(n)/L(ns)∈ [ 1

2 s
−ε, 2sε] and we observe that 2sε ≤ 2s2ε

0 s
−ε. This

implies (3.4.36) by taking c4 =2s2ε
0 . □

We now complete the proof of (3.4.30): we fix s, s′∈ [0, s0] such that s′≥s and we suppose
that n ≥ n0 without loss of generality. We first assume that s′−s≤ n0

n . In this case we use (3.4.34)
to get ∥ 1

an
Hns′− 1

an
Hns∥b ≤ c2(µ,b)1/bn(s′−s)/an. Now observe that

n
an
|s′−s|≤n

1
αL(n)

(n0
n

) 1
α

+ε|s′−s|1−
1
α
−ε≤n

1
α c4L(n0)

(n0
n

)−ε(n0
n

) 1
α

+ε|s′−s|1−
1
α
−ε

=c4L(n0)n
1
α
0 |s
′−s|1−

1
α
−ε,

which implies (3.4.30) with c=c2(µ, b)(c4L(n0)n1/α
0 )b.

We next assume that s′−s≥ n0
n . It easily implies that ⌊ns′⌋−⌊ns⌋≥n0. Since limn→∞ a(n)=

∞, supn≥n0 a(n)−1 =:c5<∞. Thus by (3.4.36), it is easy to check the following.

1 + a(⌊ns′⌋−⌊ns⌋)
a(n) ≤ (1 + c5)a(⌊ns′⌋−⌊ns⌋)

a(n) ≤ (1 + c5)c4
(
s′−s+ 1

n

)1− 1
α
−ε

≤ 21− 1
α
−ε(1 + c5)c4(s′−s)1− 1

α
−ε.
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Thanks to (3.4.35), we get (3.4.30) with c= c3(µ, b)
(
21− 1

α
−ε(1+c5)c4

)b. This easily completes
the proof of (3.4.30) by taking c equal to the largest of the two constants. Then (3.4.31) is a direct
consequence of Lemma 3.4.11 when γ < 1− 1

α−
1
b . When γ ∈ [1− 1

α−
1
b , 1−

1
α), we use the

elementary inequality xb≤1+x2/(1− 1
α
−γ), x ≥ 0, to get (3.4.31) anyway. Then, (3.4.32) is an easy

consequence from (3.4.31). ■

Proposition 3.4.18 We fix α∈(1, 2] and we assume that µ satisfies (3.2.60). Let ν be a supercritical
offspring distribution whose mean is denoted by mν . Let b0 ∈

(
1+ α

α−1 ,∞). We assume that∑
k∈N k

1+2b0ν(k)<∞. Let b∈
(
1+ α

α−1 , b0). Recall from (3.2.67) the definition of (an)n∈N∗ . Let
s0∈(1,∞) and let γ be a positive real number such that γ< 1

2
(
1− 1

α)
(
1− 1

b)− 1
2b (there are such

ones since b>1+ α
α−1 ). Then there exists c∈ (1,∞) that only depends on µ, ν, b, s0 and γ such

that for all n∈N∗ and for s, s′∈ [0, s0],

P-a.s. E
[∣∣ 1√

an
Ŵ∗ns′(τ∞)− 1√

an
Ŵ∗ns(τ∞)

∣∣2b∣∣(T, o)
]
≤ cKb(T)

∣∣s′−s∣∣1+2bγ
. (3.4.37)

where Kb(T) is the P-a.s. finite and (T, o)-measurable r.v. defined in Proposition 3.4.4. Moreover,
conditionally given (T, o), the laws of the processes ( 1√

an
Ŵ∗ns(τ∞))s∈[0,∞), n∈N, are tight on

C0([0,∞),R).

Proof. To simplify the notations, we denote by G the σ-field generated by (T, o), and by G′ the
σ-field generated by ((T, o), τ∞). We denote by C the contour process C(τ∞) and byH the height
process H(τ∞) and we also drop τ∞ in the contour-snakeW and the height-snakeW∗. Although
the proposition concerns the height-snake, it is easier to consider first the endpoint process of
contour-snake Ŵ conditionally given G′.

Let us fix integers 0 ≤ k ≤ l ≤ n0. We denote by j the smallest integer of Jk, lK such that
Cj =infs∈[k,l]Cs. By definition of branching RWs and by definition of the endpoint process of the
contour-snake Ŵ , conditionally given G′, Ŵk −Ŵj (resp. Ŵl−Ŵj) is distributed as SXCk

−SXCj

(resp. SXCl
−SXCj

) where Xn = (T, Xn), n ∈ N, stands for a mν-biased RW on T starting at
X0 =o. Lemma 3.4.4 applies and we P-a.s. get

E
[
|Ŵl−Ŵk|2b∣∣G′] ≤ 22b−1(E[|Ŵk − Ŵj |2b∣∣G′]+ E

[
|Ŵl − Ŵj |2b∣∣G′])

≤ 22b−1Kb(T)
(
Ck
∣∣Ck−Cj∣∣b−1+ Cl

∣∣Cl−Cj∣∣b−1)
≤ 22bKb(T)

(
max
r∈[0,n0]

Cr
)

max
r,r′∈[k,l]

|Cr−Cr′ |b−1.

Let s, s′ ∈ [0, n0] be such that s′ ≥ s. Suppose first that s, s′ ∈ [k, k + 1]. The specific
interpolation of the contour-snake implies that |Ŵs′−Ŵs|= |s′−s| |Ŵk−Ŵk+1|. Thus, E

[
|Ŵs−

Ŵs′ |2b∣∣G′] ≤ 22bKb(T) (maxr∈[0,n0]Cr) |s′− s|b−1, since max r,r′∈[k,k+1] |Cr−Cr′ | = 1 and
2b≥b−1. Now suppose that s, s′∈ [0, n0] are such that ⌈s⌉≤⌊s′⌋. Thus,

E
[
|Ŵs−Ŵs′ |2b

∣∣∣G′]
≤ 32b−122bKb(T)

(
max
r∈[0,n0]

Cr
)(
|⌈s⌉−s|b−1+ |s′−⌊s′⌋|b−1+ max

r,r′∈[⌈s⌉,⌊s′⌋]
|Cr−Cr′ |b−1)

≤ 62bKb(T)
(

max
r∈[0,n0]

Cr
)

max
r,r′∈[s,s′]

|Cr−Cr′ |b−1. (3.4.38)

This inequality easily extends to all s, s′∈ [0, n0] such that s≤s′.
Recall that H and Ŵ∗ are derived from C and Ŵ by the time-change ϕτ∞ : [0,∞)→ [0,∞)

that is the increasing continuous bijection defined in Remark 3.2.5 (d). Namely, Hs =Cϕτ∞ (s)
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and Ŵ∗s = Ŵϕτ∞ (s), s∈ [0,∞). Then for all s1, s
′, s∈ [0,∞) such that s1≥ s′≥ s, by choosing

n0 =ϕτ∞(⌈s1⌉) in (3.4.38), we P-a.s. get

E
[
|Ŵ∗s−Ŵ∗s′ |2b

∣∣∣G′] ≤ 62bKb(T) max
r∈[0,⌈s1⌉]

Hr max
r,r′∈[s,s′]

|Hr−Hr′ |b−1. (3.4.39)

We next fix s0∈ (0,∞) and 0<γ< 1
2
(
1− 1

α)
(
1− 1

b)− 1
2b . Note that γ0 := 1+2bγ

b−1 <1− 1
α . We set

Zn=Holγ0,s0( 1
an
Hn ·) and Γn=maxr∈[0,⌈s0⌉]

1
an
Hnr. Then (3.4.39) entails

E
[
| 1√

an
Ŵ∗ns− 1√

an
Ŵ∗ns′ |2b

∣∣∣G′] ≤ 62bKb(T) ΓnZb−1
n |s−s′|1+2bγ .

Since γ0 < 1− 1
α , Proposition 3.4.17 applies: there is c1 ∈ (0,∞), which only depends on b, µ,

s0 and γ0 such that supn∈N∗(E[Γb
n ] + E[Zb

n]) ≤ c1, which implies supn∈N∗ E[ΓnZb−1
n ]≤ c1 by

Hölder inequality. So we obtain

E
[
| 1√

an
Ŵ∗ns− 1√

an
Ŵ∗ns′ |2b

∣∣∣G] ≤ 62bKb(T) E
[
ΓnZb−1

n

]
|s−s′|1+2bγ ≤ 62bc1Kb(T) |s−s′|1+2bγ ,

since τ∞ is independent of (T, o). This proves (3.4.37). Conditional tightness is a consequence of
Lemmas 3.4.11 and 3.4.12. ■

3.4.4 Proof of Proposition 3.4.10

We keep the notations and the general assumptions discussed in Section 3.4.2. In particular, we
recall (3.4.13): Qn → (g1,d1, X,H,H) weakly on R2×D([0,∞),R)×C0([0,∞),R)2. By
Skorokhod representation theorem, there are processes Q′n with the same law as Qn that converge
almost surely to (g′1,d′1, X ′, H ′, H ′), which has the same law as (g1,d1, X,H,H). Without loss
of generality, we can assume that (Ω,F ,P) is large enough to allow the almost sure convergence
to take place. Then observe that (g′1,d′1) is necessarily the first excursion interval of H ′ longer than
1, and g′1 and d′1 are thus derived from H ′ as in Remark 3.2.34. Since the Lukasiewicz path (or the
height process) of a forest completely encodes it, there actually exists a sequence of GW(µ)-forests
τn,∞, n∈N∗, independent from the environment (T, o) and such that

Q′n =
( 1
ng
′
n,

1
nd
′
n,

1
bn
V⌊n·⌋(τn,∞), 1

an
Hn·(τn,∞), 1

an
C2n·(τn,∞)

)
(3.4.40)

where g′n and d′n are derived from τn,∞ as gn and dn are from τ∞ in (3.2.66) (roughly speaking g′n
and d′n are the endpoints of the first excursion of Hn·(τn,∞) longer than n). Namely we assume that

P-a.s. Q′n −−−→
n→∞

(g′1,d′1, X ′, H ′, H ′) (3.4.41)

in R2×D([0,∞),R)×C0([0,∞),R)2.
Then, for all n∈N∗, we introduce the process (Ŵ∗s (τn,∞))s∈[0,∞) as a R-valued process such

that (
τn,∞,

(
Ŵ∗s (τn,∞)

)
s∈[0,∞)

) (law)=
(
τ∞,

(
Ŵ∗s (τ∞)

)
s∈[0,∞)

)
, (3.4.42)

where Ŵ∗(τ∞) is defined as previously. This section is mainly devoted to the proof of Proposi-
tion 3.4.19 below. Before proving it, we first show that it actually implies Proposition 3.4.10.

Proposition 3.4.19 We fix α ∈ (1, 2]. Let µ satisfy (3.2.60). Let ν be a supercritical offspring
distribution whose mean is denoted by mν . We assume that there exists b ∈ (2,∞) such that∑
k∈N k

bν(k)<∞. Let (T, o) be an invariant GW(ν)-tree. Let τn,∞, n∈N, be GW(µ)-forests that
are independent from (T, o) and such that (3.4.41) holds true. Let (Ŵ∗s (τn,∞))s∈[0,∞) be as in
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(3.4.42). We denote by (W ′s)s∈[0,∞) a one-dimensional Brownian snake starting at 0 and whose
lifetime process is H ′. We recall from (3.4.6) the definition of σν . Then for all p∈N∗ and for all
real numbers 0≤s1<. . .<sp and λ1, . . . , λp, P-almost surely

lim
n→∞

E
[ ∏

1≤j≤p
exp

(
i 1
σν
√
an
λjŴ∗⌊nsj⌋(τn,∞)

) ∣∣∣ (T, o), τn,∞
]

= E
[ ∏

1≤j≤p
e
iλjŴ

′
sj

∣∣∣H ′]. (3.4.43)

Proof. The proof of Proposition 3.4.19 starts below, after the proof of Proposition 3.4.10. ■

Proof of Proposition 3.4.10. As already explained, the time-change (3.4.21) and (3.4.22) combined
with Lemma 3.4.13 implies that it sufficient to prove conditionally given (T, o) that the following
convergence(

1
ngn,

1
ndn,

1
bn
V⌊n·⌋(τ∞), 1

an
Hn·(τ∞), 1

σν
√
an
Ŵ∗n·(τ∞)

)
−−−−→
n→∞

(
g1,d1, X,H, Ŵ

)
(3.4.44)

holds weakly on R2×D([0,∞),R)×C0([0,∞),R)2 equipped with the product topology.
We recall (3.4.41) and we now prove that Proposition 3.4.19 implies Proposition 3.4.10. First

recall for all s > 0 that P-a.s. X ′s− = X ′s. By standard results on Skorokhod topology (see
Lemma 3.4.20 (ii) below), it P-a.s. implies that limn→∞

1
bn
V⌊ns⌋(τn,∞) = X ′s. By Proposi-

tion 3.4.19 and dominated convergence, we then get for all real numbers 0≤ s1 < . . . < sp and
ξ, ξ′, λ1, λ

′
1, λ
′′
1, . . . , λp, λ

′
p, λ
′′
p ,

P-a.s. lim
n→∞

E
[
ei

1
nξgn+i 1

nξ
′dn

∏
1≤j≤p

e
i

1
bn
λ′′j V⌊nsj⌋(τ∞)+i 1

an
λ′jHnsj (τ∞)+i 1

σν
√
an
λjŴ∗nsj

(τ∞) ∣∣∣ (T, o)
]

= E
[
eiξg1+iξ′d1

∏
1≤j≤p

eiλ
′′
j Xsj +iλ′jHsj +iλjŴsj

]
. (3.4.45)

To simplify notations, we denote by G the σ-field generated by (T, o). We also denote by Dq

the space D([0,∞),Rq) of cadlag functions equipped with the Skorokhod topology, and we also
recall the shorthand notation C0

1 for C0([0,∞),R) which is equipped with the topology of uniform
convergence on every compact interval. Below, product spaces are equipped with product topology
and if E is a Polish space, we denote by M1(E) the space of its Borel probability measures
equipped with the weak convergence. The following elementary lemma sets the notations and the
basic results we need.

Lemma 3.4.20 The following properties hold true.
(i) The function ȷ : (u, x, h, w)∈R2×D1×(C0

1)2 7→
(
u, (x(s), h(s), w(s))s∈[0,∞)

)
∈R2×D3 is

continuous.
(ii) Let s1, . . . , sp ∈ [0,∞). The function ϕs1,...,sp : z ∈D3 7→ (z(s1), . . . , z(sp)) ∈ (R3)p is

continuous at z∈D3 such that z(sj−)=z(sj), 1≤j≤p.
(iii) Let k∈{1, 2, 3}. The function πk :

(
u, (z1(s), z2(s), z3(s))s∈[0,∞)

)
∈R2×D3 7→ zk(·)∈D1

is continuous.
(iv) Let k∈{1, 2, 3}. For all Q∈M1(R2×D3), we set Qk=Q ◦ π−1

k ∈M1(D1). Then Q 7→ Qk is
continuous.

Proof. For (i), see e.g. Jacod & Shiryaev [95, Chapter VI, Proposition 2.2 (b) p. 338]. For (ii), see
e.g. [95, Chapter VI, Proposition 2.1 (b5), p. 337]. The last two points are immediate. ■

By (3.4.13), by the independence of τ∞ from (T, o) and by Proposition 3.4.18, we see that con-
ditionally given G the laws of the processes

( 1
ngn,

1
ndn,

1
bn
V⌊n·⌋(τ∞), 1

an
Hn·(τ∞), 1

σν
√
an
Ŵ∗n·(τ∞))
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are tight on R2×D1×(C0
1)2. By Lemma 3.4.20 (i), it implies that conditionally given G the laws

of the processes Z(n) :=
( 1
ngn,

1
ndn,

( 1
bn
V⌊ns⌋(τ∞), 1

an
Hns(τ∞), 1

σν
√
an
Ŵ∗ns(τ∞))s∈[0,∞)

)
are tight

on R2×D3.
We next denote by ω ∈Ω 7→ Qn(ω, ·) ∈M1(R2×D3) a regular version of the law of Z(n)

conditionally given G. We denote by Pn the law of 1
bn
V⌊n·⌋(τ∞) under P, we denote by P the law

X under P and we denote by Q∞ the law of
(
g1,d1, (Xs, Hs, Ŵs)s∈[0,∞)

)
under P. We observe

that for P-almost all ω, Q1
n(ω, ·) =Pn(·). This, combined with (3.4.45), entails that there exists

Ω0∈G such that P(Ω0)=1, such that for all ω∈Ω0, it holds that the (Qn(ω, ·))n∈N are tight on
R2×D3, that Q1

n(ω, ·)=Pn(·), and that

lim
n→∞

∫
R2×D3
ei⟨ξ,u⟩+i⟨λ1,z(s1)⟩+...+i⟨λp,z(sp)⟩Qn(ω, dudz)=

∫
R2×D3
ei⟨ξ,u⟩+i⟨λ1,z(s1)⟩+...+i⟨λp,z(sp)⟩Q∞(dudz)

(3.4.46)
for all p∈N∗, all ξ∈Q2, all s1, . . . , sp∈Q ∩ [0,∞) and all λ1, . . . , λp∈Q3.

We then fix ω∈Ω0 and we denote by Q(ω, ·)∈M1(R2×D3) a weak limit-point of the Qn(ω, ·)
(there is such one since the Qn(ω, ·) are tight on R2×D3). Namely, there exists an increasing
sequence of integers (nk(ω))k∈N such that limk→∞Qnk(ω)(ω, ·)=Q(ω, ·). By Lemma 3.4.20 (iv),
Q1
nk(ω)(ω, ·)=Pnk(ω) → Q1(ω, ·)=P . Since X has no fixed time discontinuity, it implies for all

s1, . . . , sp∈ [0,∞) that Q(ω, dudz)-a.s. z(sj−)=z(sj), 1≤j≤p. Then by Lemma 3.4.20 (ii), by
weak-continuity of the Fourier transform of probability measures and by (3.4.46), we get∫

R2×D3
ei⟨ξ,u⟩+i⟨λ1,z(s1)⟩+...+i⟨λp,z(sp)⟩Q(ω, dudz) =

∫
R2×D3
ei⟨ξ,u⟩+i⟨λ1,z(s1)⟩+...+i⟨λp,z(sp)⟩Q∞(dudz)

for all p ∈ N∗, all ξ ∈ Q2, all s1, . . . , sp ∈ Q ∩ [0,∞) and all λ1, . . . , λp ∈ Q3. Thus, it also
holds for all ξ∈R2, all s1, . . . , sp∈ [0,∞) and all λ1, . . . , λp∈R3, by the continuity of the paths
and dominated convergence. Injectivity of the Fourier transform of probability measures then
entails that Q(ω, ·) and Q∞(·) have the same finite-dimensional marginals, which implies that
Q(ω, ·) =Q∞(·). This proves that for all ω ∈Ω0, Q∞(·) is the only limit point of the Qn(ω, ·):
namely, Qn(ω, ·)→Q∞(·), which easily entails (3.4.44) by Lemma 3.4.20 (iii) and the fact that
the topology induced by Skorokhod topology on the set C0

1 is that of uniform convergence on every
compact interval. This completes the proof of Proposition 3.4.10. ■

Before proceeding to the proof of Proposition 3.4.19, we need to introduce some notations and
to prove auxiliary results on finite-dimensional marginals of height processes and height-snakes.

Contour processes of real trees with a finite number of leaves. Let us first recall from Exam-
ple 3.2.42 the definition of the real tree (Th, dh, rh) coded by a continuous function h : [0, ζ]→R
and recall that ph : [0, ζ]→Th stands for the canonical projection. We discuss here how to encode
the subtree T ′ :=

⋃
1≤j≤pJrh, ph(sj)K that is spanned by the points corresponding to the times

0≤ s1<. . .<sp<ζ (here, recall from Definition 3.2.39 that for all σ, σ′∈Th, Jσ, σ′K stands for
the geodesic path joining σ to σ′). The real tree T ′ can be viewed as a discrete rooted ordered
tree (its skeleton) equipped with ‘heights’ and if h(sj) ∧ h(sj+1)>min[si,sj+1] h, T ′ has exactly
p leaves (i.e. points σ∈T ′\{rh} such that T ′\{σ} is connected). To encode T ′, we introduce its
contour function which represents the distance from the root of a particle visiting T ′ at unit speed
and respecting the contour order of its skeleton. The contour function of T ′ belongs to the set Cp of
functions C∈C0([0,∞), [0,∞)) such that

(a) C0 =0 and ζC=sup{s∈ [0,∞) : Cs>0}<∞,

(b) C is a broken line whose slopes are either equal to 1 or equal to −1, that has p local maxima.



3.4. Limit of the τ∞-indexed branching RW and its snakes 177

Namely, there are r0 = ρ0 = 0< r1 < ρ1 < . . . < rp−1 < ρp−1 < rp < ρp = ζC such that for all
s∈ [0,∞),

Cs =
∫ s

0
1J+(r) dr −

∫ s

0
1J−(r) dr where J+ =

⋃
1≤j≤p

[ρj−1, rj ] and J−=[0, ζC ]\J+. (3.4.47)

For all j ∈ J1, pK, note that rj (resp. ρj−1) is the time when the function C reaches its j-th local
maximum (resp. its j-th local minimum). Then, observe that Cρj−1 = min[rj−1,rj ] C. It shall be
convenient to define C0 as the set reducing to the null function.

Let p ∈ N∗. Note that there is a one-to-one correspondence Fp between the open subset
Dp=

{
(xj)1≤j≤2p−1∈ [0,∞)2p−1 : x2j−1∧ x2j+1>x2j , 1≤j≤p−1

}
of [0,∞)2p−1 and Cp, that

is defined as follows: C=Fp((xj)1≤j≤2p−1) if

∀j∈J1, pK, x2j−1 = Crj and x2j = min
[rj ,rj+1]

C=Cρj when j < p. (3.4.48)

We easily check that Fp and its inverse F−1
p are continuous when Cp is equipped with the topology

of the uniform convergence on every compact interval.

Decompositions at the first branching time. Let C∈Cp with p≥2. Let ζC , the rj and the ρj be as
in (3.4.47). We set

m(C)= min
[r1,rp]

C and q(C)=−2 + #{s∈ [0, ζC ] : Cs = m(C)}, (3.4.49)

and we list the elements of {s∈ [0, ζC ] : Cs = m(C)} in increasing order as γ0<γ1<. . .<γq(C)+1.
Note that γ0<r1<γ1≤γq(C)<rp<γq(C)+1, and that the intervals (γk−1, γk), 1≤k≤q(C)+1, are
the connected components of {s∈ [0,∞) : Cs>m(C)}. Since p≥2, it holds that q(C) ≥ 1. Then,
for all k∈J1, q(C)K and all s∈ [0,∞), we also set

Cs[k]−=C(γ0+s)∧γk
−m(C) and Cs[k]+=C(γk+s)∧γq(C)+1−m(C). (3.4.50)

Now, recall Fp from (3.4.48). If we write (xj)1≤j<2p :=F−1
p (C), then we observe that

C[k]−=Fpk(C)
(
(xj−m(C))1≤j<2pk(C)

)
and C[k]+=Fp−pk(C)

(
(x2pk(C)+j−m(C))1≤j<2p−2pk(C)

)
,

(3.4.51)
where pk(C) = #{j∈J1, pK : rj≤γk}. Here, note that 1≤pk(C)<p and ρpk(C) =γk.

In the special case where p=1, we set m(C)=Cr1 =max C, q(C)=1 and C[1]−=C[1]+ is the null
function. For any k∈J1, q(C)K, we call the pair of functions (C[k]−, C[k]+) the k-th decomposition
of C at the first branching point.

Lemma 3.4.21 Let p∈N∗, and let C, C(n) ∈Cp, n∈N, be such that C(n)→C uniformly on every
compact interval. Then, m(C(n))→m(C), and there exists a sequence of integers kn ∈ J1, q(C)K,
n∈N, such that:

(a) C[kn]−, C(n) [1]−∈Cpkn (C) and C[kn]+
, C(n) [1]+∈Cp−pkn (C) when n is large enough,

(b) C(n)[1]−− C[kn]−→0 and C(n)[1]+− C[kn]+→0 uniformly on every compact interval.

Proof. Note that F−1
p (C(n)) =: (x(n)

j )1≤j≤2p−1 → (xj)1≤j≤2p−1 := F−1
p (C). Thus, m(C(n)) =

min1≤j≤2p−1 x
(n)
j → min1≤j≤2p−1 xj =m(C). Let us set p(n) = p1(C(n)) to lighten the notation.

We construct the sequence (kn)n∈N as follows: if x2p(n) ̸=m(C), then we set kn = 1; if x2p(n) =
m(C) then there is k∈J1, q(C)K such that p(n) =pk(C), and we set kn = k. By definition, we have
|x(n)

2p(n)−m(C(n))|=0, so it follows that |x2p(n)−m(C)| converges to 0. But since the latter sequence
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can only take on a finite number of values, it is eventually stationary at 0. When n is large enough,
it thus holds p1(C(n))=pkn(C). We complete the proof by (3.4.51) and by continuity of Fpk(C). ■

Finite-dimensional marginals of height-snakes. We next use the decompositions at the first
branching point to compute the finite-dimensional marginals of Brownian snakes and branching
RWs. More precisely, we fix p ∈ N∗ and C ∈ Cp, and we denote by (Ws(C))s∈[0,∞) the one-
dimensional Brownian snake starting at 0 whose lifetime process is C (see Definition 3.2.45). Then
we introduce the following notation for all λ1, . . . , λp∈R:

L (C ; λ1, . . . , λp) = E
[ ∏

1≤j≤p
eiλj Ŵrj (C)

]
(3.4.52)

where rj stands for the time when C reaches its j-th local maximum. As an easy consequence of
the snake property, for all k∈J1, q(C)K with q(C) as in (3.4.49), we get

L (C ; λ1, . . . , λp) = e−
1
2m(C)λ2

L
(
C[k]− ; (λj)1≤j≤pk(C)

)
L
(
C[k]+ ; (λj)pk(C)+1≤j≤p

)
.

(3.4.53)
where (C[k]−, C[k]+) is the k-th decomposition of C at its first branching time as in (3.4.50) and
(3.4.51), where m(C)=min[r1,rp] C, and where λ=λ1 + . . .+ λp.

Let us introduce similar notations for T-valued branching RWs, where (T, o) stands here for
an invariant GW-tree whose offspring distribution ν is supercritical. We denote by mν its mean and
we assume that there is b∈(2,∞) such that

∑
k∈N k

bν(k)<∞. To that end, we suppose that there
exists a∈(0,∞) and a discrete tree t∈T such that

Cs(t)=a Cs/a, s∈ [0,∞) (3.4.54)

where C·(t) stands for the contour function of the rooted ordered tree t as in Definition 3.2.4 (b).
We then fix x∈T and we denote by (Yu)u∈t a t-indexed and T-valued mν-biased branching

RW starting at Y∅. Namely, conditionally given (T, x), we P-a.s. get P
(
∀u∈ t, Yu=yu|(T, o)

)
=

1{y∅=x}
∏
u∈t\{∅} pT,mν (y←−u , yu) for all yu ∈T, u ∈ t (recall from (3.2.26) the definition of the

transition probabilities pT,mν (·, ·) of the mν-biased RW on T). Here we recall from (3.4.3) that
(Sx)x∈T stand for the harmonic coordinates of (T, o). Then, we introduce the following notation
for all λ1, . . . , λp∈R:

L̃T,x(a C ·
a

; λ1, . . . , λp) = E
[ ∏

1≤j≤p
e
iλj

(
SYv(j)−SY∅

)∣∣∣(T, x)
]

(3.4.55)

where the vertex v(j)∈ t is the j-th leaf of t in increasing contour order. As a consequence of the
definition of branching RWs, for all k∈J1, q(C)K with q(C) as in (3.4.49), we P-a.s. get

L̃T,x(a C ·
a

; λ1, . . . , λp) = ET,x
[
e
iλ
(
SXam(C)−SX0

)
× L̃T,Xam(C)

(
a C ·

a
[k]− ; (λj)1≤j≤pk(C)

)
L̃T,Xam(C)

(
a C ·

a
[k]+ ; (λj)pk(C)+1≤j≤p

) ]
, (3.4.56)

where Xn=(T, Xn), n∈N, stands for a mν-biased RW starting at X0 =x (and recall that PT,x is
the conditional law of (Xn)n∈N given (T, x)). Here we have set λ=λ1 + . . .+ λp and we recall
that (C[k]−, C[k]+) is the k-th decomposition of C at its first branching time: m(C)=min[r1,rp] C.
Note that am(C) is the height of the ≤lex-smallest vertex u∈ t such that ku(t) ̸=1 (which is also
the first time that this vertex is visited in increasing contour order).

One of the main steps of the proof of Proposition 3.4.19 is the following lemma, which relies
on decompositions at the first branching point and on the specific CLT in Proposition 3.4.7.
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Lemma 3.4.22 We keep the above assumptions and notations. We fix p∈N∗. Let C, C(n) ∈Cp and
rn ∈N, n∈N. Here, Xn = (T, Xn), n∈N, stands for a mν-biased RW starting at X0 = o. We
assume the following.

(a) C(n)→ C uniformly on every compact interval.

(b) For all n∈N, there exist an∈(0,∞) and tn∈T such that Cs(tn)=an C(n)
s/an

, s∈ [0,∞).

(c) There exists r∈ [0,∞) such that rn/an→r.

Then for all λ1, . . . , λp∈R, it holds P-a.s. that

L̃T,Xrn
(an C(n)

·
an

; 1
σν
√
an
λ1, . . . ,

1
σν
√
an
λp)−−−−−→

n→∞
L (C ; λ1, . . . , λp), (3.4.57)

where we recall from (3.4.6) the definition of σν .

Proof. We argue recursively on p. If p = 1, then the trees tn are lines and (3.4.57) is a direct
consequence of Proposition 3.4.7. We then assume that p≥2 and that the lemma holds true for all
p′<p. Lemma 3.4.21 yields that m(C(n))→m(C) and gives a specific sequence kn∈J1, q(C)K, n∈
N. We fix k∈J1, q(C)K which is a subsequential limit of (kn), and denote by (C(n)[1]−, C(n)[1]+) and
(C[k]−, C[k]+) resp. the first and the k-th decomposition at the first branching point of resp. C(n), C.

Observe that (rn + anm(C(n)))/an→r+m(C). Also recall from Lemma 3.4.21 that along the
subsequence of integers n such that kn = k, C(n)[1]±→C[k]± uniformly on every compact interval.
For all such n large enough, the common number of local maxima of C(n)[1]± and C[k]± is smaller
than p, so our recurrence assumption applies and we P-a.s. get

L̃T,X
rn+anm(C(n))

(
an C(n)

·
an

[1]− ;
(

λj

σν
√
an

)
1≤j≤p1(C(n))

)
−−−→
n→∞
kn=k

L
(
C[k]− ; (λj)1≤j≤pk(C)

)
,

L̃T,X
rn+anm(C(n))

(
an C(n)

·
an

[1]+ ;
(

λj

σν
√
an

)
p1(C(n))+1≤j≤p

)
−−−→
n→∞
kn=k

L
(
C[k]+ ; (λj)pk(C)+1≤j≤p

)
.

To lighten the notations, we denote by Ln (resp. L[k]) the product of the left-hand (resp. right-
hand) sides of the two previous convergences. Let us also denote by Fn the σ-field generated
by (Xm)0≤m≤n. Then, we P-a.s. get limn→∞,kn=k E

[
|L[k]−Ln|

∣∣Frn

]
= 0 by the technical

Lemma 3.C.1 in Appendix.
Note that L[k] is a constant. Then, combining the decomposition (3.4.56) with the Markov

property for X at time rn implies P-a.s. that∣∣∣L̃T,Xrn
(an C(n)

·
an

; 1
σν
√
an
λ1, . . . ,

1
σν
√
an
λp)− L[k]ET,Xrn

[
exp

(
i λ
σν
√
an

(
SX′

anm(C(n))
−SX′0

))]∣∣∣
is smaller or equal to E

[
|Ln−L|

∣∣Frn

]
, where X ′n=(T, X ′n), n∈N, stands here for an auxiliary

mν-biased RW. We then apply Proposition 3.4.7 to get P-a.s.

ET,Xrn

[
exp

(
i λ
σν
√
an

(
SX′

anm(C(n))
−SX′0

))]
= E

[
exp

(
i λ
σν
√
an

(
SX

rn+anm(C(n))
−SXrn

)∣∣∣Frn

]
−−−→
n→∞

exp
(
− 1

2m(C)λ2)
.

Therefore, we get that P-a.s.

L̃T,Xrn
(an C(n)

·
an

; 1
σν
√
an
λ1, . . . ,

1
σν
√
an
λp) −−−−−−−→

n→∞,kn=k
e−

1
2m(C)λ2

L[k] = L (C ; λ1, . . . , λp)

thanks to the decomposition (3.4.53). Since {n∈N : kn = k}, 1≤k≤q(C), is a finite partition of
N, this completes the proof of (3.4.57), and thus of the lemma. ■
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Proof of Proposition 3.4.19. To that end, we need to relate the previous results to the finite-
dimensional marginals of the endpoint process of the height-snake in harmonic coordinates and to
the finite-dimensional marginals of the endpoint process of one-dimensional Brownian snake Ŵ ′

whose lifetime process is H ′ as in (3.4.41).
Recall from (3.4.48) the definition of Fp for all p∈N∗. For all h∈C0([0,∞), [0,∞)) and for

all s1 > 0 such that h(s1)> 0, we set C(h, s1) =F1(h(s1)). More generally, for all p∈N∗ with
p≥2 and for all real numbers 0=s0<s1<. . .<sp such that the following condition

∀j∈J1, p−1K, h(sj) ∧ h(sj+1)> min
[sj ,sj+1]

h (3.4.58)

is satisfied, we set

Fp
(
h(s1),min

[s1,s2]
h, h(s2), . . . , h(sp−1), min

[sp−1,sp]
h , h(sp)

)
=: C(h; s1, . . . , sp) ∈ Cp. (3.4.59)

As explained at the beginning of the section, C(h; s1, . . . , sp) is the contour process of the subtree⋃
1≤j≤pJrh, ph(sj)K in (Th, dh, rh).

We know from Lemma 3.2.33 that (H ′; s1, . . . , sp) P-a.s. satisfies (3.4.58). As an easy conse-
quence of Definition 3.2.45 of finite-dimensional marginals of Brownian snakes, we see that for all
λ1, . . . , λp∈R, P-a.s.

E
[ ∏

0≤j≤p
e
iλjŴ

′
sj

∣∣∣(H ′s)s∈[0,∞)
]

= L
(
C(H ′; s1, . . . , sp) ; λ1, . . . , λp) (3.4.60)

where recall from (3.4.52) the definition of the right member.
Similarly, in the discrete setting: recall that the GW(µ)-forests trees τn,∞, n∈N∗, are such that

the almost sure limit (3.4.41) holds true and recall from (3.4.42) the definition of the joint law of
(τn,∞, Ŵ∗(τn,∞)). The almost sure convergence (3.4.41) P-a.s. implies that

lim
n→∞

1
an
H⌊nsj⌋(τn,∞)=H ′sj

and lim
n→∞

1
an

min
[⌊nsj⌋,⌊nsj+1⌋]

H(τn,∞) = min
[sj ,sj+1]

H ′. (3.4.61)

Combined with Lemma 3.2.33, this P-a.s. entails for all sufficiently large n, that (3.4.58) is satisfied
by (a−1

n H(τn,∞); ⌊ns1⌋, . . . , ⌊nsp⌋). This allows us to define

C(n) = C
( 1

an
H(τn,∞); ⌊ns1⌋, . . . , ⌊nsp⌋

)
. (3.4.62)

As a consequence of the definition of the height-snake Ŵ∗(τn,∞), we see that

E
[ ∏

0≤j≤p
exp

(
i 1
σν
√
an
λjŴ∗⌊nsj⌋(τn,∞)

) ∣∣∣ (T, o), τn,∞
]

= L̃T,o
(
anC(n)

·
an

; 1
σν
√
an
λ1, . . . ,

1
σν
√
an
λp
)
. (3.4.63)

Moreover, since the function Fp is continuous, we get from (3.4.61) that C(n)→C(H ′; s1, . . . , sp)
uniformly on every compact interval. Then Proposition 3.4.19 follows by applying Lemma 3.4.22
to (3.4.60) and (3.4.63). ■

3.4.5 Proof of Proposition 3.4.14

We keep the notations and the general assumptions discussed in Section 3.4.2. In particular, we
recall that τ∞ is a GW(µ)-forest corresponding to the sequence (τ (k))k∈N∗ of i.i.d. GW(µ)-trees
(Definition 3.2.6 (b)): namely θ(k)τ∞=τ (k) , for all k∈N∗. Also recall that conditionally given the
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environment (T, o) and the genealogy τ∞, for all k∈N∗, Θk=
(
τ (k), ∅;Y (k)

u =(T, Y (k)
u ), u∈τ (k)

)
are independent T-valued mν-biased branching RW such that Y (k)

∅ =o. It is convenient to define a
single τ∞-indexed branching RW (Yu)u∈τ∞ by setting Y∅=o and

∀k∈N∗, ∀u∈τ (k), Y(k)∗u := Y (k)
u . (3.4.64)

Recall that we denote by (un)n∈N∪{−1} the vertices of τ∞ in lexicographical order: namely,
u−1 =∅, u0 = (1), etc. Most of the part of this section is devoted to the proof of the following
result that implies Proposition 3.4.14. Before proving Proposition 3.4.23, we show that it implies
Proposition 3.4.14.

Proposition 3.4.23 We keep the assumptions and the notations of Proposition 3.4.14. Then, there
are constants c0, c

′
0, ε0, ε1∈(0,∞) which only depend on µ, ν and b, such that for all n∈N∗,

P
(

max
m∈J0,nK

∣∣ 1
σ2

ν
SYum

−||Yum||
∣∣ > c′0n

−ε1
√
an
)
≤ c0n

−ε0 . (3.4.65)

Proof. The proof of Proposition 3.4.23 is given below, right after the proof of Proposition 3.4.23. ■

Proof of Proposition 3.4.14. We admit Proposition 3.4.23 and we prove that it implies Proposi-
tion 3.4.14. We first see that

E
[∑
j∈N

P
(

max
m∈J0,2jK

∣∣ 1
σ2

ν
SYum

−||Yum||
∣∣ > c′02−ε1j√a2j

∣∣ (T, o)
) ]

<∞

which entails P-a.s. that limj→∞P
(

maxm∈J0,2jK
∣∣ 1
σ2

ν
SYum

−||Yum||
∣∣> c′02−ε1j√a2j

∣∣(T, o)
)

= 0.
We next fix s0∈(1,∞). Since n−ε1

√
an is a regularly varying sequence, there is c∈(0,∞) (which

only depends on µ, ν and s0) such that cn−ε1
√
an ≥ c′02−ε1j√a2j for all integers n such that

2j−1≤⌈ns0⌉ ≤ 2j . Since

P
(

max
m∈J0,⌈ns0⌉K

∣∣ 1
σ2

ν
SYum

−||Yum||
∣∣>cn−ε1

√
an
∣∣ (T, o)

)
≤ P

(
max
m∈J0,2jK

∣∣ 1
σ2

ν
SYum

−||Yum||
∣∣ > c′02−ε1j√a2j

∣∣ (T, o)
)
,

we P-a.s. get limn→∞P
(

maxm∈J0,⌈ns0⌉K
∣∣ 1
σ2

ν
SYum

−||Yum||
∣∣>cn−ε1

√
an
∣∣(T, o)

)
= 0. Thanks to

the specific interpolation defining the contour- and height-snakes, we next get

max
s∈[0,s0]

∣∣ 1
σ2

ν
Ŵ∗ns(τ∞)−Ŵ ∗ns(τ∞)

∣∣ ≤ max
m∈J0,⌈ns0⌉K

∣∣ 1
σ2

ν
SYum

−||Yum||
∣∣

which completes the proof of Proposition 3.4.14. ■

Proof of Proposition 3.4.23. To simplify notations, we set

Γn= max
s∈[0,n]

Hs(τ∞)= max
m∈J0,nK

(|um|−1) and Γ̃n = max
m∈J0,nK

∣∣||Yum||
∣∣ .

We first prove for all p, q∈N∗ that

P
(
Γ̃n ≥ q

)
≤ P

(
Γn ≥ p

)
+ 8np3 exp

(
− (q−1)2

2p

)
. (3.4.66)

Proof. Let Xn = (T, Xn), n ∈ N, be a mν-biased RW on T such that X0 = o. By definition of
branching RWs, we get

P
(
Γ̃n ≥ q

∣∣(T, o), τ∞
)
≤

∑
1≤m≤n

PT,o
(∣∣||X|um|−1||

∣∣≥q) ≤ ∑
1≤m≤n

PT,o
(

max
0≤k≤Γn

∣∣||Xk||
∣∣≥q ∣∣Γn).
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By Lemma 3.4.8, we get

1{Γn≤p}P
(
Γ̃n ≥ q

∣∣τ∞) ≤ ∑
1≤m≤n

P
(

max
0≤k≤p

∣∣||Xk||
∣∣≥q) ≤ 8np3 exp

(
− (q−1)2

2p

)
,

which easily entails (3.4.66). □

As in Lemma 3.4.2 (ii), we next fix β∈(1
2 + 1

2b , 1), which is specified later and we defined the
r.v. Rβ as in (3.4.7). We then have

∀p∈N,
∣∣ 1
σ2

ν
So(p)−||o(p)||

∣∣ ≤ Rβ(1 + pβ) and P(Rβ≥λ) ≤ c1λ
−2b, λ∈(0,∞) (3.4.67)

where c1∈(0,∞) is a constant that only depends on ν, b and β. We then prove that if 2Γ̃n ≤ q and
if Rβ≤λ, then(

max
m∈J0,nK

∣∣ 1
σ2

ν
SYum

−||Yum||
∣∣ > 2λ(1 + qβ)

)
=⇒

(
∃m∈J0, nK : um∈Bq,λ,β

)
(3.4.68)

where Bq,λ,β is the set of vertices of T\Lo defined in Lemma 3.4.3.

Proof. Suppose that m∈J0, nK is such that αn :=
∣∣ 1
σ2

ν
SYum

−||Yum||
∣∣>2λ(1 + qβ). Since Rβ≤λ,

we get αn≥λ(1 + qβ) +Rβ(1 + qβ) and thus∣∣ 1
σ2

ν
(SYum

−So∧Yum

)
−
(
||Yum||−||o∧Yum||

)∣∣+ ∣∣ 1
σ2

ν
So∧Yum

−||o∧Yum||
∣∣≥αn>λ(1+qβ)+Rβ(1+qβ).

Note that there exists ul∈J0, nK such that o ∧ Yum =Yul
. Since Γ̃n≤q/2≤q, there exists j∈J0, qK

such that o ∧ Yum =o(j) and by definition of Rβ , we get∣∣ 1
σ2

ν
So∧Yum

−||o ∧ Yum||
∣∣ ≤ Rβ(1 + jβ) ≤ Rβ(1 + qβ)

and thus ∣∣ 1
σ2

ν
(SYum

−So∧Yum

)
−
(
||Yum||−||o ∧ Yum||

)∣∣>λ(1 + qβ) . (3.4.69)

Now observe that ||Yum||− ||o ∧ Yum|| = ||Yum||− ||Yul
|| ≤ 2Γ̃n ≤ q. Thus (3.4.69) implies that

um∈Bq,λ,β , which completes the proof of (3.4.68). □

We next set Vm=Vm(τ∞) and Im=minl∈J0,mK Vl, where V (τ∞) is the Lukasiewicz path of
τ∞. As an easy consequence of the concatenation (3.2.3) in Definition 3.2.2, the vertex un ‘belongs’
to τ (k) where k=−In + 1 (here we mean that un=(k) ∗ v for some v∈τ (k)). We next prove that
there is a constant c2∈(0,∞), which only depends on ν, b and β such that for all p, q, r∈N∗ and
all λ∈(0,∞),

P
(

max
m∈J0,nK

∣∣ 1
σ2

ν
SYum
−||Yum||

∣∣>2λ(1 + qβ)
)

≤ P
(
Γn ≥ p

)
+ 8np3e

− (q−1)2

8p + P(−In≥r) + c2qrλ
−2b. (3.4.70)

Proof. Observe that

P
(
∃m∈J0, nK : um∈Bq,λ,β

)
≤ P

(
∃k≤−In+1, ∃u∈τ (k) : Yu∈Bq,λ,β

)
≤ P(−In ≥ r) +

∑
1≤k≤r

P
(
∃u∈τ (k) :Yu∈Bq,λ,β

)
≤ P(−In ≥ r) + c2qrλ

−2b.
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by Lemma 3.4.3. Then we get (3.4.70) thanks to (3.4.66), (3.4.67), and (3.4.68). □

We recall from (3.2.62) the definition of the slowly varying function L such that bn=n1/αL(n)
and we also recall that an=n/bn=n1− 1

α /L(n). Recall from (3.4.32) in Proposition 3.4.17 that
for all b1>1, there exists c3∈(0,∞) that only depends on µ and b1 such that E

[
Γb1
n ] ≤ c3(an)b1 .

Therefore,
∀n, p∈N∗, P

(
Γn ≥ p

)
≤ c3(an/p)b1 . (3.4.71)

We next prove that there exists c4∈(0,∞) that only depends on µ such that

∀n, r∈N∗, P
(
− In ≥ r

)
≤ 3e−c4ran/n. (3.4.72)

Proof. Recall the notation T−r=inf{m∈N : Vm=−r}. Observe that P(−In ≥ r)=P(T−r≤n).
By Markov inequality, P(T−r≤n)≤eE[exp(− 1

nT−r)]. We next use the fact that T−r is a sum of
r i.i.d. random variables distributed as T−1. Then, E[exp(− 1

nT−r)]=φµ(e−1/n)r, where we recall
from Lemma 3.2.38 that φµ stands for the generating function of T−1. By (3.2.76) in the same
lemma, there is c4 such that c4(n1/αL(n))−1≤− logφµ(e−1/n), which entails (3.4.72). □

Since we assume that b > 2α
α−1 , then

(1
2 + 1

2b
)

+ 1
2b
α+1
α−1 <1. Thus we can find β∈

(1
2 + 1

2b , 1
)

and ε∈(0,∞) such that
β + 1

2b
α+1
α−1(1 + ε) + ε+ 3ε

1+2ε<1. (3.4.73)

Then by Potter’s bounds (see e.g. Bingham, Goldies & Teugel [23, Theorem 1.5.6]), there exists
c5∈(1,∞) that only depends on µ and ε such that

∀n∈N∗, c−1
5 n(1− 1

α
)(1−ε) ≤ an= 1

L(n)n
1− 1

α ≤ c5n
(1− 1

α
)(1+ε). (3.4.74)

We then set

q = n
1
2 (1− 1

α
)(1+2ε), p = q2·

1+ 3
2 ε

1+2ε , r = q
2

α−1 and λ = q
1
2b

α+1
α−1 (1+ε) .

Then we check that 1
pan≤c5n

− 1
2 (1− 1

α
)ε and that 1

nran≥
1
c5
n

1
2 ε. We fix b1>1, and we check that

there are positive constants c6, . . . , c11 that only depend on µ, ν, b, β, b1 and ε such that

RHS(3.4.70) ≤ c6n
− 1

2 (1− 1
α

)b1ε + c7n
c8 exp(−c9n

1
2 ε(1−

1
α )) + 3exp(−c10n

1
2 ε) + c11q

−α+1
α−1 ε.

Here we used (3.4.71) and (3.4.72). Thus there are c0∈(0,∞) and ε0∈(0, 1), which only depend
on µ, ν, b, β, b1 and ε, such that RHS(3.4.70)≤c0n

−ε0 .
Next, by (3.4.73) and (3.4.74), there are positive constants c12, c13, which only depend on µ, ν,

b, β, b1 and ε, such that

2λ(1+qβ)≤c12q
β+ 1

2b
α+1
α−1 (1+ε)≤c12q

1−ε− 3ε
1+2ε≤c12q

−εq
1−ε
1+2ε=c12q

−εn
1
2 (1− 1

α
)(1−ε)≤c13q

−εa
1
2
n.

This proves that 2λ(1 + qβ)≤c′0n−ε1
√
an where we have set ε1 = 1

2(1− 1
α)(1 + 2ε)ε and c′0 =c13.

This implies that LHS(3.4.65)≤LHS(3.4.70)≤RHS(3.4.70)≤c0n
−ε0 , which completes the proof

of (3.4.65). ■

3.5 Proof of Theorem 3.1.2

3.5.1 Limit of the τn-indexed RW and its snakes.

Before stating the main result of the section, let us introduce some notations. We fix α∈ (1, 2]
and we fix an offspring distribution µ that satisfies (3.2.60). Here ν is a supercritical offspring
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distribution whose mean is denoted by mν . We assume that there is b ∈ ( 2α
α−1 ,∞) such that∑

k∈N k
1+2bν(k)<∞. Let (T, o) be an invariant GW(ν)-tree as in Definition 3.2.25.

Let τ ′ : Ω→ T be an (auxiliary) a.s. finite random ordered rooted tree. Recall that V (τ ′) is its
Lukasiewicz path, that H(τ ′) is its height process (Definition 3.2.2) and that C(τ ′) is its contour
process (Definition 3.2.4). We then denote by Θ(τ ′) =

(
τ ′,∅;Yu(τ ′) = (T, Yu(τ ′)), u ∈ τ ′

)
a

τ ′-indexed and T-valued mν-biased branching RW such that conditionally given (T, o) and τ ′,
Θ(τ ′) has the law Q

(T,o)
(τ ′,∅) as in Definition 3.2.30 with λ = mν . We associate with Θ(τ ′) two

R-valued and τ ′-indexed branching RWs

M(τ ′) :=
(
||Yu(τ ′)||

)
u∈τ ′ and M(τ ′) :=

(
SYu(τ ′)

)
u∈τ ′ ,

where we recall from (3.4.3) the definition of the harmonic coordinates (Sx)x∈T. According to
Definition 3.2.8, we introduce the following four C0([0,∞),R)-valued continuous processes:
−
(
Ws(τ ′; ·)

)
s∈[0,∞) is the contour-snake of the branching random walk M(τ ′);

−
(
W ∗s (τ ′; ·)

)
s∈[0,∞) is the height-snake of the branching random walk M(τ ′);

−
(
Ws(τ ′; ·)

)
s∈[0,∞) is the contour-snake of the branching random walkM(τ ′);

−
(
W∗s (τ ′; ·)

)
s∈[0,∞) is the height-snake of the branching random walkM(τ ′).

In this section, the auxiliary tree τ ′ shall be distributed as the following trees. Let τ be an auxiliary
GW(µ)-tree (Definition 3.2.6 (a)). Then for all n∈N∗, we denote by τn and τ≥n random trees such
that

τ≥n
(law)= τ under P( · |#τ≥n) and τn

(law)= τ under P( · |#τ = n), (3.5.1)

the definition of τn only making sense when P(#τ=n)>0, which is the case for all sufficiently
large n since µ is assumed to be aperiodic.

We finally introduce the processes (X ′′, H ′′,W ′′) and (X ′, H ′,W ′) defined on (Ω,F ,P)
whose laws are described as follows.

− The process (X ′′, H ′′) is distributed as (X,H(X)) under N(dX | ζ > 1) and condition-
ally given H ′′, W ′′ is the one-dimensional Brownian snake with lifetime process H ′′ (see
Proposition 3.2.47).

− The process (X ′, H ′) is distributed as (X,H(X)) under N(dX | ζ = 1) and conditionally
given H ′, W ′ is the one-dimensional Brownian snake with lifetime process H ′ (see Proposi-
tion 3.2.47).

The goal of this section is to derive from Theorem 3.4.9 the following result that is the main
argument of the proof of Theorem 3.1.2.

Theorem 3.5.1 We fix α ∈ (1, 2]. Let µ satisfy (3.2.60). Let τn be as in (3.5.1) (i.e. namely, a
GW(µ)-tree conditioned to have n vertices). Let ν be a supercritical offspring distribution whose
mean is denoted by mν . We assume that there is b∈( 2α

α−1 ,∞) such that
∑
k∈N k

1+2bν(k)<∞. Let
(T, o) be an invariant GW(ν)-tree that is independent from τn. We recall the an and bn from (3.4.13)
and we recall from (3.4.6) the definition of σν . We also recall the notation Q′n from (3.2.72) in
Theorem 3.2.36 (iv). We keep the above notations. Then, conditionally given (T, o), the following
convergence(

Q′n,
1

σν
√
an
Ŵ2n·(τn), 1

σν
√
an
Ŵ∗n·(τn) , σν√

an
Ŵ2n·(τn), σν√

an
Ŵ ∗n·(τn)

)
−−−−→
n→∞

(
X ′, H ′, H ′, Ŵ ′, Ŵ ′, Ŵ ′, Ŵ ′

)
(3.5.2)

a.s. holds weakly on D([0, 1],R)×C([0, 1],R)6 equipped with the product topology.
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Proof. We set Z ′′n=
( 1
bn
V⌊n·⌋(τ≥n), 1

an
Hn·(τ≥n), 1

σν
√
an
Ŵ∗n·(τ≥n), σν√

an
Ŵ ∗n·(τ≥n)

)
for all n∈N∗

and we also set Z ′′ = (X ′′, H ′′, Ŵ ′′, Ŵ ′′). We first prove that conditionally given (T, o), the
following convergence

Z ′′n −−−−→
n→∞

Z ′′ (3.5.3)

holds weakly on D([0,∞),R)×C0([0,∞),R)3. Indeed, by easy arguments, Theorem 3.4.9 entails
that conditionally on (T, o), the following convergence(

1
bn
V⌊(gn+n·)∧dn⌋(τ∞), 1

an
H(gn+n·)∧dn

(τ∞), 1
σν
√
an
Ŵ∗(gn+n·)∧dn

(τ∞), σν√
an
Ŵ ∗(gn+n·)∧dn

(τ∞)
)

−−−−→
n→∞

(
X(g1+·)∧d1 , H(g1+·)∧d1 , Ŵ(g1+·)∧d1 , Ŵ(g1+·)∧d1

)
(3.5.4)

holds weakly on D([0,∞),R)×C0([0,∞),R)3. Then, as a consequence of the definition of gn
and dn, the left member of (3.5.4) has the same joint law with (T, o) as (Z ′′n, (T, o)). Similarly,
the definition of g1 and d1 implies that the right member of (3.5.4) is distributed as Z ′′ (see
Remark 3.2.34). Thus, (3.5.4) is equivalent to (3.5.3). □

To complete the proof of the theorem, we next want to use Lemma 3.2.37. To that end, we fix
s∈(0, 1) and we set sn=⌊ns⌋. We also set
− Z ′′n(s)=

( 1
bn
V⌊n·⌋∧sn

(τ≥n), 1
an
H(n·)∧sn

(τ≥n), 1
σν
√
an
Ŵ∗(n·)∧sn

(τ≥n), σν√
an
Ŵ ∗(n·)∧sn

(τ≥n)
)
,

− Z ′n(s)=
( 1
bn
V⌊n·⌋∧sn

(τn), 1
an
H(n·)∧sn

(τn), 1
σν
√
an
Ŵ∗(n·)∧sn

(τn), σν√
an
Ŵ ∗(n·)∧sn

(τn)
)
,

− Z ′′(s)=(X ′′·∧s, H ′′·∧s, Ŵ ′′·∧s, Ŵ ′′·∧s) and Z ′(s)=(X ′·∧s, H ′·∧s, Ŵ ′·∧s, Ŵ ′·∧s).
We easily deduce from (3.2.59) that E[F (Z ′′(s))Ds(X ′′s )] = E[F (Z ′(s))] for all measurable
nonnegative function F . We next deduce from (3.5.3) that conditionally given (T, o), Z ′′n(s)→
Z ′′(s) weakly on the appropriate spaces. Next denote by (uk)0≤l<#τ≥n

the vertices of τ≥n listed
in lexicographical order. Observe that the subtree {ul; 0 ≤ l ≤ sn} is measurable with respect to
V·∧sn(τ≥n). Thus, Z ′′n(s) is a measurable function of V·∧sn(τ≥n) and of an independent r.v. Un.
Consequently Lemma 3.2.37 applies and conditionally given (T, o) the joint convergence

Z ′n(s) −−−−→
n→∞

Z ′(s) (3.5.5)

holds weakly on D([0,∞),R)×C0([0,∞),R)3.
We next derive the joint convergence of the related contour process and contour-snakes via the

time-change discussed in Remark 3.2.5 (d). Namely, there is an increasing continuous bijection
ϕτn : [0, n]→ [0, 2n] such that Hr(τn)=Cϕτn (r)(τn), r∈ [0, n]. Moreover, deduce from (3.2.9) that
maxr∈[0,1] | 1

2nϕτn(nr)−r|≤3an
n maxs∈[0,1]

1
an
Hnr(τn), which tends to 0 in P-probability since

an/n→ 0. Therefore, if for all s ∈ [0, 1] we set φn(s) = 1
nϕ
−1
τn

(2ns) (here, ϕ−1
τn

stands for the
inverse of ϕτn), then we get
(i) limn→∞maxs∈[0,1]

∣∣φn(s)−s
∣∣ = 0 in P-probability,

(ii) C2ns(τn)=Hnφn(s)(τn), Ŵ2ns(τn)=Ŵ∗nφn(s)(τn), Ŵ2ns(τn)=Ŵ ∗nφn(s)(τn) for all s∈ [0, 1].
This combined with Lemma 3.4.13 shows that (3.5.5) implies for all s∈ (0, 1) that conditionally
given (T, o) the joint convergence(
Z ′n(s), 1

an
C2n(·∧s)(τn), 1

σν
√
an
Ŵ2n(·∧s)(τn), σν√

an
Ŵ2n(·∧s)(τn)

)
−−−→
n→∞

(Z ′(s), H ′·∧s, Ŵ ′·∧s, Ŵ ′·∧s)
(3.5.6)

holds weakly on D([0,∞),R)×C0([0,∞),R)6.
To complete the proof of the theorem, we next use a symmetry property of contour processes

and contour-snakes. More precisely, denote by τ̃n the mirror image of τn. Namely there exists



186 Chapter 3. Scaling limit of tree-valued BRW in random environment

a height-preserving and ≤lex-increasing bijection u∈ τn 7→ ũ∈ τ̃n such that (̃vk) = ṽ2(n−1)−k,
where (vk)0≤k≤2(n−1) and (ṽk)0≤k≤2(n−1) stand for the vertices of resp. τn and τ̃n in increasing
contour order. Then, for all s∈ [0, n], we get

C2(n−s)(τn)=C2(s−1)+(τ̃n), Ŵ2(n−s)(τn)=Ŵ2(s−1)+(τ̃n) and Ŵ2(n−s)(τn)=Ŵ2(s−1)+(τ̃n).

Since τ̃n and τn have the same law, (3.5.6) then implies for all s∈ (0, 1) that conditionally given
(T, o), the joint convergence(

1
σν
√
an
Ŵ2n((1−·)∧s)(τn), σν√

an
Ŵ2n((1−·)∧s)(τn)

)
−−−→
n→∞

(Ŵ ′·∧s, Ŵ ′·∧s) .

holds weakly on C0([0,∞),R)2. If s∈( 1
2 , 1), the previous limit combined with (3.5.6) imply that

conditionally given (T, o) the laws of the processes 1
σν
√
an
Ŵ2n·(τn) and σν√

an
Ŵ2n·(τn) are tight

on C([0, 1],R). Then recall from Theorem 3.2.36 (iv) that the laws of the processes 1
bn
V⌊n·⌋(τn),

1
an
Hn·(τn) and 1

an
C2n·(τn) are tight on resp. D([0, 1],R) and C([0, 1],R). Since s can be chosen

arbitrarily close to 1 in (3.5.6), the processes that are weak limits of the previous ones have
necessarily the same finite-dimensional marginals as (X ′, H ′, H ′, Ŵ ′, Ŵ ′). It therefore shows that
conditionally given (T, o) the following convergence(

Q′n,
1

σν
√
an
Ŵ2n·(τn), 1

σν
√
an
Ŵ2n·(τn)

)
−−−−→
n→∞

(
X ′, H ′, H ′, Ŵ ′, Ŵ ′

)
(3.5.7)

holds weakly on D([0, 1],R)×C([0, 1],R)4. Now observe that for all s∈ [0, 1],

Ŵ∗ns(τn)=Ŵ2nφ−1
n (s)(τn) and Ŵ ∗ns(τn)=Ŵ2nφ−1

n (s)(τn) .

where φ−1
n : [0, 1] → [0, 1] stands for the inverse of φn. From the above-mentioned uniform

convergence of the φn, we easily prove that limn→∞ maxs∈[0,1]
∣∣φ−1
n (s)−s

∣∣=0 in P-probability
and we finally derive the convergence (3.5.2) from (3.5.7) and Lemma 3.4.13. This completes the
proof of the theorem. ■

3.5.2 Proof of Theorem 3.1.2

We keep the notations and the assumptions of Theorem 3.5.1. In particular τn has the same law
as a GW(µ)-tree τ under P( · |#τ=n) and Θ(τn)=

(
τn,∅;Yu=(T, Yu), u∈τn

)
is a τn-indexed

and T-valued mν-biased branching RW such that conditionally given (T, o) and τn, Θ(τn) has the
law Q

(T,o)
(τn,∅) in Definition 3.2.30 with λ=mν . Recall that τn is independent of (T, o), which is an

invariant GW(ν)-tree. We set

mn=
∑
v∈τn

δv, Rn =
{
Yv ; v∈τn

}
and m(n)

occ =
∑
v∈τn

δYv .

We want to prove conditionally given (T, o) a joint convergence of the following rescaled pointed
measured metric spaces equipped with their graph-distances dgr:

τn :=
(
τn,

1
an
dgr,∅, 1

nmn
)

and Rn :=
(
Rn, σν√

an
dgr, o, 1

nm(n)
occ
)

weakly with respect to the Gromov-Hausdorff-Prokhorov convergence.
To that end, we first prove a convergence of the snake-trees associated with the contour-snake of

the relative heights of Θ(τn). Namely, recall that W (τn; ·) stands for the contour-snake associated
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with the R-branching random walk
(
||Yv(τn)||

)
v∈τn

as in Definition 3.2.8. To simplify notation, we
set for all s∈ [0, 1] and r∈ [0,∞),

C(n)
s = 1

an
C2ns(τn), W (n)

s (r) = σν√
an
W2ns(τn; anr).

Then (W (n)
s (·))s∈[0,1] is a snake with lifetime process (C(n)

s )s∈[0,1] (as in Definition 3.2.43). We
recall the notation dC(n),W (n) for the snake-pseudometric associated with (C(n),W (n)) (Defini-
tion 3.2.48). We also recall from (3.2.84) that dC(n) stands for the tree-pseudometric associated with
C(n). By combining Theorem 3.5.1, Proposition 3.2.51 and Lemma 3.2.52, we get conditionally
given (T, o) the following joint convergence(

dC(n) , dC(n),W (n)) −−−−→
n→∞

(dH , dH,W ) (3.5.8)

weakly on C([0, 1]2,R)2. Here H is the α-stable height process under N( · | ζ = 1) and W is
a one-dimensional Brownian snake with lifetime process H as in Proposition 3.2.47. Then to
simplify, we denote by τ̃n=(TC(n) , dC(n) , rC(n) , mC(n)) the real tree coded by the function C(n) as
in Example 3.2.42. By Remark 3.2.53, we get that

δGHP
(
τn, τ̃n

)
−−−−→
n→∞

0 . (3.5.9)

To simplify, also denote the snake-tree coded by the snake-pseudometric dC(n),W (n) by

T (n)
sna =

(
T (n)

sna , d
(n)
sna, r

(n)
sna, m

(n)
sna
)
.

(See Definition 3.2.50). By Proposition 3.2.41, the limits (3.5.8) and (3.5.9) imply that conditionally
given (T, o) the joint convergence(

τn , T (n)
sna
)
−−−−→
n→∞

(
(TH , dH , rH , mH), (TH,W , dH,W , rH,W , mH,W )

)
(3.5.10)

holds weakly with respect to Gromov-Hausdorff-Prokhorov convergence. Here (TH , dH , rH , mH)
is the real tree coded by H which is the α-stable tree and (TH,W , dH,W , rH,W , mH,W ) is the snake-
tree coded by the snake-pseudometric dH,W (Definition 3.2.50) which is the α-stable Brownian
cactus.

We next prove that Rn is close to T (n)
sna thanks to the results discussed in Section 3.2.8. To that

end, we introduce the following.

−We denote by (τ̃n, dτ̃n
) the real tree obtained by joining adjacent vertices in τn by a unit length

segment (recall that we suppose here that τn⊂ τ̃n so that dτ̃n
extend the graph-distance).

− Recall from (3.2.92) that ṽ : [0, 2n]→ τ̃n stands for the contour exploration of τ̃n (namely
(ṽ(k))0≤k≤2(n−1) are the vertices of τn in contour order and ṽ is a ‘linear’ extension of it).

−We denote by (T̃, dT̃) the real tree obtained by joining adjacent vertices in T by a unit length
segment. We also assume that T⊂T̃ so that dT̃ extends the graph distance.

− Recall from (3.2.93) that Ỹ : τ̃n→ T̃ is the ‘linear’ extension of the branching random walk
(Yv)v∈τn .

We set R̃n = (R̃n, σν√
an
dT̃, o,

1
2n m̃occ) where R̃n = {Ỹσ ; σ ∈ τ̃n}= {Ỹṽ(s) ; s ∈ [0, 2n]} and

m̃occ is the occupation measure of s 7→ Ỹṽ(s) as defined by (3.2.94). We then set for all s, s′∈ [0, 1]:

dn(s, s′)= σν√
an
dT̃
(
Ỹṽ(2ns), Ỹṽ(2ns′)

)
,
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which is a tree-pseudometric. Recall from (3.2.97) that R̃n is isometric to the pointed measured
compact real tree yielded by the pseudometric dn. Then (3.2.95) implies that conditionally given
(T, o), we have the weak convergence

δGHP
(
Rn, R̃n

)
−−−−→
n→∞

0 . (3.5.11)

We next prove that dn and the snake-pseudometric dC(n),W (n) are close thanks to Lemma 3.2.55,
which applies here thanks to Lemma 3.2.24. We thus get the following bound:

P
(

max
s,s′∈[0,1]

∣∣dn(s, s′)−dC(n),W (n)(s, s′)
∣∣ > 2σνa

− 1
4

n

∣∣∣ (T, o)
)
≤ m2

νn
3 exp

(
− (an)

1
4 log mν

)
.

Since an is regularly varying with a positive exponent, this thus entails that conditionally given
(T, o) the following joint convergence(

dC(n) , dC(n),W (n) , dn) −−−−→
n→∞

(dH , dH,W , dH,W ) (3.5.12)

holds weakly on C([0, 1]2,R)3. By Proposition 3.2.41, it entails that conditionally given (T, o) the
following joint convergence(

τn , R̃n
)
−−−−→
n→∞

(
(TH , dH , rH , mH), (TH,W , dH,W , rH,W , mH,W )

)
(3.5.13)

holds weakly with respect to Gromov-Hausdorff-Prokhorov convergence. By (3.5.11), we thus
have proved that conditionally given (T, o), the following joint convergence(

τn ,Rn
)
−−−−→
n→∞

(
(TH , dH , rH , mH), (TH,W , dH,W , rH,W , mH,W )

)
(3.5.14)

holds weakly with respect to Gromov-Hausdorff-Prokhorov convergence, which is the desired
result. ■



Appendices to Chapter 3

3.A Proof of Lemma 3.2.33

We fix α∈(1, 2] and we recall that X is an α-stable spectrally positive Lévy process whose law is
characterized by (3.2.52). Recall that H is the corresponding height process as defined in (3.2.53).
We also recall the notation Is = infr∈[0,s]Xr, s ∈ [0,∞), for the infimum process of X . In the
Brownian case α = 2, H is a reflected Brownian motion and Lemma 3.2.33 is a standard property.
The case α ̸= 2 represents the technical part of the proof. It uses the exploration process whose
definition is briefly recalled below from D. & Le Gall [61, Chapter 1]. To that end, we need to
introduce the following notations.

Denote byMf ([0,∞)) the set of finite Borel measures on [0,∞). For all µ ∈Mf ([0,∞))
we set ⟨µ⟩= µ([0,∞)) and for all bounded measurable f on [0,∞) we set ⟨µ, f⟩=

∫
[0,∞) f dµ.

We then denote by H(µ) = sup supp(µ) where supp(µ) stands for the topological support of
µ (note that H(µ) may be infinite). We set H(µ) = 0 if µ is the null measure. If H(µ) <∞
and if ν ∈Mf ([0,∞)), then we denote by [µ, ν] the measure π ∈Mf ([0,∞)) characterized by
⟨π, f⟩= ⟨µ, f⟩ +

∫
[0,∞) f(H(µ) + x) ν(dx), for all bounded measurable f on [0,∞). Note that

H([µ, ν])=H(µ) +H(ν). Finally, for all a∈ [0,∞), we denote by kaµ the measure characterized
by kaµ([0, x])=µ([0, x]) ∧ (⟨µ⟩−a)+, for all x∈ [0,∞). Note that H(kaµ)<∞ if a>0. Below,
we shall use the following elementary observation: for all a∈(0,∞), it holds that

H(kaµ)=H(µ) =⇒ µ({H(µ)}) > 0. (3.A.1)

We now introduce the exploration process (ρs)s∈[0,∞) associated with the Lévy process X that
is theMf ([0,∞))-valued process defined for all s∈(0,∞) by

ρs(dx) =
∑

r∈(0,s]
Xr−<Ir,s

(
Ir,s−Xr−

)
δHr (dx) (3.A.2)

where we have set Ir,s = inf [r,s]X for all real numbers r and s such hat r≤ s. This process has
been introduced in Le Gall & Le Jan [81] and studied further in D. & Le Gall [61]. In the regular
version introduced above we P-a.s. get for all s∈ [0,∞) that Hs=H(ρs). It is then easy to derive
from (3.A.2) P-a.s. for all s∈ [0,∞) that ⟨ρs⟩=Xs−Is and more generally for all r∈(0, s] such
that Xr−<Ir,s that

ρs([Hr, Hs])=Xs −Xr− . (3.A.3)

The exploration process is cadlag and shares withX the same times of discontinuity. More precisely,
P-a.s. for all s∈ [0,∞), ρs=ρs− + ∆XsδHs , where we have set ∆Xs :=Xs−Xs−.
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It moreover satisfies the following Markov property: fix s1∈(0,∞) and setX(s1)
s =Xs1+s−Xs1

and I(s1)
s = infr∈[0,s]X

(s1)
r for all s∈ [0,∞). Note that X(s1) has the same law as X and that it

is independent from (Xs)s∈[0,s1]. We denote by (ρ(s1)
s )s∈[0,∞) the exploration process associated

with X(s1). Then P-a.s. for all s∈ [0,∞), we get

ρs1+s =
[
k−I(s1)

s
ρs1 , ρ

(s1)
s

]
. (3.A.4)

It thus implies for all s∈ [0,∞) that

Hs1+s=H(k−I(s1)
s

ρs1) +H(ρ(s1)
s ) (3.A.5)

and since s 7→H(k−I(s1)
s

ρs1) is nonincreasing, we get P-a.s. for all s∈ [0,∞),

min
r∈[s1,s1+s]

Hr = H(k−I(s1)
s

ρs1) = H
s1+g(s1)

s
(3.A.6)

where we have set g(s1)
s =sup{r∈ [0, s] : X(s1)

r =I
(s1)
r }. We are now ready to prove the lemma.

Proof of Lemma 3.2.33. Let s2>s1>0. By (3.A.5) and (3.A.6), we exactly need to show that P-
a.s.H(ρs1)>H(k−I(s1)

s2−s1
ρs1) andH(ρ(s1)

s2−s1)>0. We P-a.s. get from (3.A.3) that ρs1({Hs1}) = 0.

Thus (3.A.1) implies that we only have to prove that P-a.s. −I(s1)
s2−s1 >0 and H(ρ(s1)

s2−s1)>0.
We recall that −I is a local time of the Markov process X − I at 0 which is a regular and

instantaneous point. Let us set Z :={s∈ [0,∞) : Xs=Is}. Standard results on local times imply
that for all positive number s>0, P(s /∈Z,−Is>0)=1. The equality Z={s∈ [0,∞) : Hs=0}
and the identity in law between X(s1) and X then complete the proof. ■

3.B Proof of Lemma 3.2.37

We keep the notations and the assumptions of Theorem 3.2.36 and of Lemma 3.2.37. To simplify
notations, denote by D1 the space D([0,∞),R). Product spaces are equipped with product topology
and if E′′ is a Polish space, we denote byM1(E′′) the space of its Borel probability measures
equipped with the topology of weak convergence.

We denote by qn(·, du) : Ω→M1(E) a regular version of the conditional law of Un given G ,
We also denote by Q≥n(dv) and Qn(dv) the laws of resp. 1

bn
V⌊n·⌋∧rn

(τ≥n) and 1
bn
V⌊n·⌋∧rn

(τn). Note
that Qn(dv)=D(n)

rn (bnv(r′n)) Q≥n(dv) by Theorem 3.2.36 (ii), where we have set here r′n=rn/n.
For all ω∈Ω, we next denote by Q≥n(ω, dvdz) and Qn(ω, dvdz) the law of (v, Zn(v, u)) under
resp. Q≥n(dv)⊗ qn(ω, du) and Qn(dv)⊗ qn(ω, du). Since Un and G are independent from τ≥n and
τn, we easily check that Q≥n(·, dvdz) : Ω→M1(D1×E′) and Qn(·, dvdz) : Ω→M1(D1×E′)
are regular versions of the conditional law of resp. M≥n in (3.2.73) and Mn in (3.2.74) given G . We
also denote by Q(dvdz) the law of (X(r) , Z) and Assumption (3.2.73) means that there is Ω0∈G
such that P(Ω0)=1 and such that for all ω∈Ω0, Q≥n(ω, dvdz)→Q(dvdz) inM1(D1×E′). Let
F be a real-valued continuous function on D1×E′ that is bounded by ∥F∥∞. We fix ω∈Ω0. By
the construction above, we first get

un :=
∫

D1×E′
Qn(ω, dvdz)F (v, z)=

∫
D1×E′
Q≥n(ω, dvdz)F (v, z)D(n)

rn

(
bnv(r′n)

)
.

Then for all c∈(0,∞),∣∣∣un − ∫
D1×E′
Q≥n(ω, dvdz)F (v, z)

(
c∧D(n)

rn

(
bnv(r′n)

))∣∣∣ (3.B.1)

≤ ∥F∥∞E
[
D(n)
rn (Vrn(τ≥n)) 1{D(n)

rn (Vrn (τ≥n))≥c}

]
=: ηn(c) .
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We next fix x, y∈(0,∞) with x≤y and we set εn(x, y) :=maxp∈J⌊bnx⌋,⌊bny⌋K
∣∣D(n)

rn (p)−Dr(p/bn)
∣∣.

We recall from (3.2.70) in Theorem 3.2.36 (iii) that εn(x, y)→ 0 as n→∞. Then we get∣∣∣ ∫
D1×E′
Q≥n(ω, dvdz)F (v, z)

(
c∧D(n)

rn

(
bnv(r′n)

))
−
∫

D1×E′
Q≥n(ω, dvdz)F (v, z)

(
c∧Dr

(
v(r′n)

))∣∣∣
≤ ∥F∥∞εn(x, y) + 2c∥F∥∞P

( 1
bn
Vrn(τ≥n) /∈(x, y)

)
. (3.B.2)

Since c ∧Dr(·) is bounded and since X(r) is almost surely continuous at r, we get

lim
n→∞

∫
D1×E′
Q≥n(ω, dvdz)F (v, z)

(
c∧Dr

(
v(r′n)

))
=
∫

D1×E′
Q(dvdz)F (v, z)

(
c∧Dr

(
v(r)

))
.

If we set u∞=
∫

D1×E′ Q(dvdz)F (v, z)Dr(v(r)), then we have proved for all c, x, y∈(0,∞) that

lim sup
n→∞

|un−u∞| ≤ sup
n∈N∗

ηn(c) + 2c∥F∥∞ lim sup
n→∞

P
( 1
bn
Vrn(τ≥n) /∈(x, y)

)
+ ∥F∥∞E

[
Dr
(
X(r)

r

)
1{

Dr

(
X

(r)
r

)
≥c
}].

Note that lim supn→∞P
( 1
bn
Vrn(τ≥n) /∈ (x, y)

)
→ 0 as x→ 0 and y→∞ since 1

bn
Vrn(τ≥n)→

X(r)
r ∈ (0,∞) by (3.2.73) and an elementary argument. It then implies that un→ u∞ because

that limc→∞ supn∈N∗ ηn(c)=0 by (3.2.71) Theorem 3.2.36 (iii). This completes the proof of the
lemma. ■

3.C Proof of Proposition 3.4.5

We first prove the following lemma that is used in the proof of Proposition 3.4.5 and also in
Section 3.4.4 in the proof of Proposition 3.4.10.

Lemma 3.C.1 Let (Gn)n∈N be a filtration on (Ω,F ). Let c∈(0,∞) be a constant and let (Rn)n∈N
be a sequence of nonnegative r.v. such that for all n∈N, P-a.s. Rn ≤ c and P-a.s. Rn→0. Let
(rn)n∈N be any sequence of integers. Then P-a.s. E[Rn|Grn ]→0.

Proof. For all p ∈ N, we set Rp = supn≥pRn. We observe that lim supn→∞E[Rn|Grn ] ≤
supk∈N E[Rp|Gk] a.s. for all p∈N. So we only need to prove that a.s. limp→∞ supk∈N E[Rp|Gk]=
0. To that end denote by G∞ the σ-field generated by

⋃
k∈N Gk and observe, by Doob’s L1-

martingale convergence, that a.s. limk→∞E[Rp|Gk] = E[Rp|G∞]. Moreover by conditional
dominated convergence we also get a.s. limp→∞E[Rp|Gk] = 0 for all k ∈ N ∪ {∞}. Then
there exists Ω0 ∈ F such that P(Ω0) = 1 and such that for all integers p′ ≥ p and k ∈
N ∪ {∞} and all ω ∈Ω0, E[Rp′ |Gk](ω)≤E[Rp|Gk](ω), limk→∞E[Rp|Gk](ω) = E[Rp|G∞](ω)
and limp→∞E[Rp|Gk](ω)=0. We fix ω∈Ω0, p∈N and ε∈ (0, 1). There exists kp,ε(ω)∈N such
that supk≥kp,ε(ω) E[Rp|Gk](ω)≤ ε + E[Rp|G∞](ω). Thus for all p′≥p, supk∈N E[Rp′ |Gk](ω) ≤
maxk≤kp,ε(ω) E[Rp′ |Gk](ω)+ε+E[Rp|G∞](ω). Therefore, lim supp′→∞ supk∈N E[Rp′ |Gk](ω) ≤
ε + E[Rp|G∞](ω) → ε as p → ∞. Since ε can be chosen arbitrarily small, this shows that
limp′→∞ supk∈N E[Rp′ |Gk](ω)=0 for all ω∈Ω0, which entails the desired result. ■

We now prove Proposition 3.4.5. To that end, we recall the following: for all n∈N, (Fn,k)k∈N
is a filtration on (Ω,F ); (Dn,k)k∈N∗ is a sequence of real valued r.v. ; (sn)n∈N is a sequence of
integers and s ∈ [0,∞). We introduce the following notations

Mn,k=Dn,1 + . . .+Dn,k, Qn,k=E[D2
n,k|Fn,k−1], Vn,k=Qn,1 + . . .+Qn,k,

with Mn,0 =Vn,0 =0, and we make the following assumptions.
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(a) For all n, k, Dn,k is Fn,k-measurable, E[D2
n,k]<∞ and P-a.s. E[Dn,k|Fn,k−1]=0.

(b) There exist a filtration (Gj)j∈N on (Ω,F ) and a sequence of integers (rn)n∈N such that
Fn,0 =Grn , n∈N.

(c) For all ε∈(0, 1), P-a.s. limn→∞
∑

1≤k≤sn
E[D2

n,k1{|Dn,k|>ε}|Fn,k−1] = 0.

(d′) For all ε∈(0, 1), P-a.s. limn→∞E
[
1{|Vn,sn−s|>ε}

∣∣Fn,0]=0.

Remark 3.C.2 First observe that Assumptions (a-d) in Proposition 3.4.5 imply (d′). Indeed,
Assumption (d) in Proposition 3.4.5 implies for all ε∈(0, 1) that P-a.s. Rn :=1{|Vn,sn−s|>ε} → 0
and Assumption (b) allows us to apply Lemma 3.C.1, which entails (d′). □

So we prove Proposition 3.4.5 if we prove the following.

Proposition 3.C.3 We keep the previous notations and we assume (a-c) and (d′). Then for all
λ∈R, P-almost surely, limn→∞E[exp(iλMn,sn)|Fn,0]=exp(− 1

2 sλ
2).

Proof. We first prove the proposition under the additional assumption that there exists c∈(0,∞)
such that P(Vn,sn ≤ c) = 1. We rely on the following standard inequalities that hold for all
a, b∈ [0,∞), all x∈R and all z∈C:

sup
y∈[−a,a]

|eby−1|≤eba−1,
∣∣eix−1−ix+1

2 x
2|≤|x2|∧( 1

6 |x|3), |ez−1−z|≤ 1
2 |z|2e(Re(z))+ . (3.C.1)

We first observe that αn=E[eiλMn,sn |Fn,0]−e−
1
2 sλ

2
=βn + γn where

βn=E
[
eiλMn,sn

(
1−e

1
2 λ

2(Vn,sn−s))∣∣Fn,0] and γn=E
[
e−

1
2 sλ

2(
eiλMn,sn + 1

2 λ
2Vn,sn−1

)∣∣Fn,0].
We fix ε ∈ (0, 1) such that 1

3 |λ|ε < 1 and we bound βn and γn. Since Vn,sn is bounded by the
constant c, the first inequality in (3.C.1) implies

|βn| ≤ e
1
2 λ

2ε−1 +
(
1 + e

1
2 λ

2(c+s))E[1{|Vn,sn−s|>ε}
∣∣Fn,0] . (3.C.2)

Thus, by (d′), for all ε∈(0, 1) we a.s. get lim supn→∞ |βn|≤e
1
2 λ

2ε−1 and thus a.s. βn→0.
We next observe that

e
1
2 λ

2sγn =
∑

1≤k≤sn

E
[
eiλMn,k−1+ 1

2 λ
2Vn,kE

[
eiλDn,k−e−

1
2 λ

2Qn,k
∣∣Fn,k−1

]∣∣∣Fn,0]
=

∑
1≤k≤sn

E
[
eiλMn,k−1+ 1

2 λ
2Vn,k

(
δ(1)
n,k + δ(2)

n,k

)∣∣Fn,0] where

δ(1)
n,k = E

[
eiλDn,k−1− iλDn,k + 1

2λ
2D2

n,k

∣∣Fn,k−1
]

and δ(2)
n,k=1− 1

2λ
2Qn,k − e−

1
2 λ

2Qn,k ,

since λMn,k−1 + 1
2λ

2Vn,k is Fn,k−1-measurable, since a.s. E[Dn,k

∣∣Fn,k−1]=0 and by definition
of Qn,k. We first bound δ(1)

n,k by use of the second inequality in (3.C.1). To that end we set
Z=λ2D2

n,k(1∧ 1
6 |λDn,k|). Since 1

3 |λ|ε<1, we observe that Z≤λ2D2
n,k1{|Dn,k|>ε}+ 1

6 |λ|3εD2
n,k.

Therefore |δ(1)
n,k|≤λ2E

[
D2
n,k1{|Dn,k|>ε}

∣∣Fn,k−1
]

+ 1
6 |λ|3εQn,k. By the third inequality in (3.C.1),

we get |δ(2)
n,k| ≤ 1

8λ
4Q2

n,k. Then observe that Qn,k ≤ ε2 + E
[
D2
n,k1{|Dn,k|>ε}

∣∣Fn,k−1
]
. Thus

|δ(2)
n,k|≤ 1

8λ
4Qn,kε

2 + 1
8λ

4cE
[
D2
n,k1{|Dn,k|>ε}

∣∣Fn,k−1
]
, since Qn,k≤Vn,sn≤c. Thus,

e−
1
2 λ

2ce
1
2 λ

2s|γn| ≤
∑

1≤k≤sn

E
[
e

1
2 λ

2(Vn,k−c)(|δ(1)
n,k|+ |δ

(2)
n,k|
)∣∣∣Fn,0]

≤ 1
24 |λ|

3ε
(
4 + 3|λ|ε

)
E[Vn,sn |Fn,0] + 1

8λ
2(8 + cλ2)E[Ln,sn(ε)|Fn,0] (3.C.3)
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where we set Ln,k(ε)=
∑

1≤j≤k E[D2
n,j1{|Dn,j |>ε}|Fn,k−1]. Arguing as in Remark 3.C.2, Assump-

tions (b) and (c) allow us to apply Lemma 3.C.1, which entails that limn→∞E[Ln,sn(ε)|Fn,0]=0.
Moreover, since Vn,sn≤c, for all ε∈(0, 1) we a.s. get lim supn→∞ |γn| ≤ 1

24ce
− 1

2 λ
2(s−c)|λ|3

(
4 +

3|λ|ε
)
ε and thus a.s. γn→0. We have proved that a.s. limn→∞E[eiλMn,sn |Fn,0]=e−

1
2 λ

2s under
the assumption that P(Vn,sn≤c)=1 for all n ∈ N.

Let us remove this assumption. We fix c∈(1+s,∞) and we set D̃n,k=Dn,k1{Vn,k≤c}, M̃n,k=∑
1≤j≤k D̃n,j , Ṽn,k=

∑
1≤j≤k E[D̃2

n,j |Fn,j−1], L̃n,k(ε)=
∑

1≤j≤k E[D̃2
n,j1{|D̃n,j |>ε}

|Fn,k−1] and

Tn=max{k∈ J0, snK : Vn,k≤c}. We easily check that the D̃n,k satisfy (a) since Vn,k is Fn,k−1-
measurable. Then, observe that Ṽn,k = Vn,k∧Tn (which implies P

(
Ṽn,sn ≤ c

)
= 1) and that

L̃n,k(ε)=Ln,k∧Tn(ε). Therefore the D̃n,k satisfy (c) because L̃n,sn(ε)≤Ln,sn(ε)→0 a.s. Next,
note that for all ε∈(0, 1), a.s.

E
[
1{|Ṽn,sn−s|>ε}

|Fn,0
]
≤ E

[
1{Tn<sn}|Fn,0

]
+ E

[
1{|Vn,sn−s|>ε}|Fn,0

]
≤ 2E

[
1{|Vn,sn−s|>ε}|Fn,0

]
since Tn<sn implies that Vn,sn >c>s+ 1. This proves that the D̃n,k satisfy (d′) and thus we get

a.s. limn→∞E[eiλM̃n,sn |Fn,0]=e−
1
2 λ

2s, by the previous arguments. But observe that∣∣∣E[eiλM̃n,sn
∣∣Fn,0]−E

[
eiλMn,sn

∣∣Fn,0]∣∣∣ ≤ E
[∣∣eiλM̃n,sn−eiλMn,sn

∣∣1{Tn<sn}

∣∣∣Fn,0]
≤ 2E

[
1{|Vn,sn−s|>ε}|Fn,0

]
−−−→
n→∞

0

P-a.s. which implies the desired result. ■
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Chapter 4

The Horton-Strahler number of Galton-Watson trees with possibly
infinite variance

This chapter is adapted from the paper [103], which is submitted for publication.

Abstract

The Horton-Strahler number, also known as the register function, provides a tool for
quantifying the branching complexity of a rooted tree. We consider the Horton-Strahler number
of critical Galton-Watson trees conditioned to have size n and whose offspring distribution
is in the domain of attraction of an α-stable law with α∈ [1, 2]. We give tail estimates and
when α ̸=1, we prove that it grows as 1

α logα/(α−1) n in probability. This extends the result in
Brandenberger, Devroye & Reddad [28] dealing with the finite variance case for which α=2.
We also characterize the cases where α= 1, namely the spectrally positive Cauchy regime,
which exhibits more complex behaviors.
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4.1 Introduction

The Horton-Strahler number of a finite rooted tree is an integer that quantifies its branching
complexity. One possible formal definition is given recursively as follows.

Definition 4.1.1 Let t be a finite rooted tree. Its Horton-Strahler number S(t) is defined as follows.

(a) If t reduces to a single node, then S(t) = 0.

(b) Otherwise, S(t) is the maximum of the Horton-Strahler numbers of the subtrees t1, ..., tk
that are attached to the root, plus one if that maximum is not uniquely achieved. Namely,

S(t) = max
1≤i≤k

S(ti) + 1{
# argmax1≤i≤k S(ti)≥2

}.
□

Alternatively, S(t) is also the height of the largest perfect binary tree that can be embedded into t
(see Section 4.3.1 for more details). In this chapter, we provide estimates on the Horton-Strahler
number of critical Galton-Watson trees conditioned to be large. Before discussing our results
precisely, let us provide a brief history with general references on related topics.

Background. The Horton-Strahler number was introduced independently by the two hydrogeolo-
gists Horton [93] and Strahler [146] to obtain quantitative empirical laws about river systems, that
are represented by trees whose leaves are springs and whose root corresponds to the outlet of the
basin. Many key physical characteristics of stream networks have been since modeled with the help
of this number: see e.g. Peckham [136], Fac-Beneda [73], Chavan & Srinivas [34] and Bamufleh
et al. [14]. The Horton-Strahler number appears independently in other scientific fields (anatomy,
botany, molecular biology, physics, social network analysis, etc). In computer science, it is used
to optimize the amount of memory or time needed to manipulate data structures. It is sometimes
called the register function in this context because the minimum number of registers needed to
evaluate an arithmetic expression A is equal to the Horton-Strahler number of the syntax tree of A.
We refer to Viennot [148] for a survey on those various applications.

The Horton-Strahler number is encountered in many areas of mathematics: see for instance
Esparza, Luttenberger & Schlund [69] for connections with mathematical logic, formal language
theory, algebra, combinatorics, topology, approximation theory, and more. In the probability area,
let us mention Kovchegov & Zaliapin [111], which considers the Horton-Strahler number through
the prism of pruning operations on trees. Here, we rather focus on probabilistic works that discuss
the Horton-Strahler number of uniform samples of standard families of combinatorial trees. Flajolet,
Raoult & Vuillemin [75] and Kemp [98] consider the Horton-Strahler number of a uniform random
ordered rooted binary tree Tn with n leaves (a uniform n-Catalan tree) and they prove that

E[S(Tn)] = log4 n+D(log4 n) + o(1)

as n → ∞, where logb x = ln x/ ln b stands for the logarithm of x to the base b, and D is a
1-periodic continuous function. Here, all the random variables that we consider are defined on
the same probability space (Ω,F ,P) whose expectation is denoted by E. In particular, S(Tn) is
subject to deterministic oscillations. Moreover, Devroye & Kruszewski [47] proved that S(Tn) is
highly concentrated around its expected value via exponential tail estimates. These results were
extended to k-ary trees by Drmota & Prodinger [49].

More recently, Brandenberger, Devroye & Reddad [28] showed that the Horton-Strahler number
of a critical Galton-Watson tree with finite variance offspring distribution conditioned to have
n vertices always grows as log4 n in probability, which extends all the results that have been
previously obtained on first-order behavior. In Chapter 5, adapter from [102], we go further and we
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study, among other things, the fluctuations and deterministic oscillations of the Horton-Strahler
number of large Catalan trees.

Framework and main results. Let us give a precise overview of the present chapter which provides
tail estimates and characterizes the first-order behavior of the Horton-Strahler number of critical
Galton-Watson trees conditioned to have size n and whose offspring distribution is in the domain
of attraction of an α-stable law with α ∈ [1, 2]. This framework extends the finite variance case,
where α = 2, and it includes the so-called spectrally positive Cauchy (or 1-stable) laws. To that
end, let us introduce our basic notations and assumptions.

Throughout this work, µ = (µ(k))k∈N stands for a probability measure on the set N of
nonnegative integers. We shall always assume µ to be non-trivial and critical, namely

µ(0) > 0 and
∑
k∈N

kµ(k) = 1. (4.1.1)

We view it as the critical offspring distribution of a (rooted and ordered) Galton-Watson tree denoted
by τ , which is then almost surely finite. See Section 4.2.1 for a formal definition. Several results
are expressed in terms of the following functions

∀s ∈ [0, 1], φ(s) =
∑
k∈N

skµ(k) and ψ(s) = φ(1− s)− (1− s), (4.1.2)

that are strictly convex thanks to (4.1.1).

Our first contribution consists in four propositions that connect S(τ) to other simple char-
acteristics of τ and that hold under the sole assumption that µ is non-trivial and critical. More
precisely,
− Proposition 4.3.5 provides an upper bound for the size #τ of τ when S(τ) is small,
− Proposition 4.3.6 provides a lower bound for the height |τ | of τ when S(τ) is large,
− Proposition 4.3.7 provides a lower bound for S(τ) when the height |τ | of τ is large ,
− Proposition 4.3.9 provides a lower bound for S(τ) when the maximal out-degree of τ is

large.
We will use these propositions to derive the order of magnitude of S(τ) under P( · |#τ = n).
These estimates are fairly general and they are sufficiently accurate to be interesting in their own
right.

Our second goal is to estimate the tail of the Horton-Strahler number of Galton-Watson trees
whose offspring distribution has possibly infinite variance. We work under the assumption that

µ belongs to the domain of attraction of a stable law. (4.1.3)

We denote the scaling index of (the type of) the limiting law by α: since µ has a finite mean, we
get α ∈ [1, 2] and since µ is supported on [0,∞), we only deal with spectrally positive stable laws:
namely, their skewness parameter β is equal to 1 and the support of their Lévy measure is included
in (0,∞). By standard results, see e.g. [23, Theorem 8.3.1], Assumption (4.1.3) is equivalent to the
existence of a function L : [0,∞) 7→ (0,∞) that is slowly varying and such that

µ ([n,∞)) ∼ n−αL(n) if α ∈ [1, 2) and
n∑
k=0

k2µ(k)− 1 ∼ 2L(n) if α = 2. (4.1.4)

Note that
∑n
k=0 k

2µ(k)− 1 is nondecreasing and ultimately positive since µ satisfies (4.1.1) (we
refer to Proposition 4.2.9 for more details). We first discuss our results in the cases where α ∈ (1, 2],
and then we consider the cases where α = 1 that feature more complicated behaviors.
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The cases where α ∈ (1, 2]. In these cases, our results are simply expressed in terms of the index
α only. First of all, we prove in Proposition 4.3.12 that if µ is in the domain of attraction of an
α-stable law with α ∈ (1, 2], then the tail of S(τ) follows the universal exponential decay

− log α
α−1

P(S(τ) ≥ n) ∼ n,

where logb x = ln x/ ln b stands for the logarithm of x to the base base b. This extends the work of
Brandenberger, Devroye & Reddad [28] who proved the α = 2 case under the assumption that µ
has a finite variance.

We next discuss the behaviour of S(τ) under P( · |#τ = n) and to that end, we assume that

µ is aperiodic (4.1.5)

(namely that µ is not supported by a proper additive subgroup of Z) because this implies that
P(#τ = n) > 0 for all n that are large enough. Then, we prove the following.

Theorem 4.1.2 Assume that µ is critical and aperiodic and that it belongs to the domain of
attraction of a stable law of index α ∈ (1, 2]. Then, the following convergence holds in probability.

αS(τ)
log α

α−1
n

under P( · |#τ = n) −→ 1. (4.1.6)

This extends the work of Brandenberger, Devroye & Reddad [28] who proved the α = 2 case under
the assumption that µ has a finite variance.

Our proof of Theorem 4.1.2 relies on results in Duquesne [50] on the height of α-stable trees
and in Kortchemski [106] on the asymptotic behavior of the positive excursion of the random
walk (Wn)n∈N. These results are recalled precisely in Section 4.2.2, Proposition 4.2.11. Let us
mention that (4.1.6) holds true when µ is not aperiodic by restricting to the integers such that
P(#τ = n) > 0.

The 1-stable cases. In these more complex cases, we need to specify a converging sequence of
rescaled centered sums of µ-distributed independent random variables. More precisely, we denote
by (Wn)n∈N a (left-continuous) random walk starting at W0 = 0, whose jump law is given by

P(W1 = k) = µ(k + 1), k ∈ {−1} ∪ N. (4.1.7)

Note that E[W1] = 0. Then µ belongs to the domain of attraction of a 1-stable law if and only if
there exists a (0,∞)-valued sequence (an)n∈N tending to∞ such that

Wn + bn
an

(law)−−−→
n→∞

X, where bn=nE[W11{|W1|>an}] and E[e−λX ]=eλ lnλ (4.1.8)

for all n ∈ N and λ ∈ (0,∞). Let us mention here that an ∼ nL(an) and that bn/an → ∞,
necessarily. The law of X is a spectrally positive Cauchy (or 1-stable) law. Its Fourier transform
is given by E[exp(iuX)] = exp(−π

2 |u| − iu ln |u|), u ∈ R. We refer to Proposition 4.2.12 for
details.

The asymptotic behavior of S(τ) in the 1-stable case is expressed in terms of the sequence
(bn)n∈N and the following function Υ that is derived from ψ in (4.1.2) as follows.

∀s ∈ (0, 1), Υ(s) =
∫ 1

s

dr
r ln Λ(r) , where Λ(s) = sψ′(s)

sψ′(s)− ψ(s) . (4.1.9)
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We refer to Section 4.3.3 for more details on the definition of Υ. Proposition 4.3.12 asserts that if µ
is in the domain of attraction of a 1-stable law, then the tail of S(τ) satisfies

Υ
(
P (S(τ) ≥ n)

)
∼ n. (4.1.10)

In contrast to the cases where α ∈ (1, 2] for which we can show that Υ(s) ∼0+ log α
α−1

1/s, the
asymptotic behavior of Υ when α = 1 depends on the slowly varying function L appearing in
(4.1.4): see Proposition 4.3.11 for a precise statement. As discussed in Examples 4.3.13, the
following holds.

(a) If L(n)∼(lnn)−1−κ with κ∈(0,∞), then Υ(s)∼0+
ln 1/s

ln ln 1/s and −lnP(S(τ)≥n)∼n lnn.

(b) If L(n) ∼ exp(−(lnn)κ) with κ ∈ (0, 1), then we have Υ(s) ∼0+
1

1−κ
ln 1/s

ln ln 1/s and it thus
holds that −lnP(S(τ)≥n)∼(1−κ)n lnn.

(c) If L(n)∼exp(− lnn/ ln lnn) then Υ(s)∼0+
ln 1/s

ln ln ln 1/s and − lnP(S(τ)≥n)∼n ln lnn.

When the Galton-Watson tree τ is conditioned to be large, the size of its Horton-Strahler
number is of order Υ( 1

bn
) as proved by the following theorem that first handles the case where τ is

conditioned to have at least n vertices.

Theorem 4.1.3 Assume that µ is critical and that it belongs to the domain of attraction of a 1-stable
law. Then, the following convergence holds in probability.

S(τ)
Υ( 1

bn
)

under P( · |#τ ≥ n) −→ 1, (4.1.11)

where Υ is given by (4.1.9) and (bn)n∈N by (4.1.8).

Our proof of Theorem 4.1.3 and of Theorem 4.1.4 below, rely on several results of Kortchemski
& Richier [108] and of Berger [17] that specify the asymptotic behavior of positive excursion
of the random walk (Wn)n∈N. They are recalled precisely in Section 4.2.2, Lemma 4.2.13 and
Propositions 4.2.15 and 4.2.16.

As discussed by Kortchemski & Richier [108] and Berger [17], it is not clear how one could
control τ under P( · |#τ = n) by assuming only that µ ([n,∞)) ∼ L(n)/n as in (4.1.4). Here, we
work under the stronger assumption that µ(n) ∼ L(n)/n2, which implies the previous one and also
implies that µ is aperiodic.

Theorem 4.1.4 Assume that µ is critical and that there is a slowly varying function L such that

µ(n) ∼ L(n)
n2 . (4.1.12)

Then, the following convergence holds in probability.

S(τ)
Υ( 1

bn
)

under P( · |#τ = n) −→ 1, (4.1.13)

where Υ is given by (4.1.9) and (bn)n∈N by (4.1.8).

As already mentioned, when α = 1, the rescaling sequence Υ( 1
bn

) depends on the slowly varying
function L appearing in (4.1.4): as discussed in Examples 4.4.2, the following holds true.

(a) If L(n)∼(lnn)−1−κ with κ∈(0,∞), then Υ( 1
bn

)∼ lnn
ln lnn .

(b) If L(n)∼exp(−(lnn)κ) with κ∈(0, 1), then Υ( 1
bn

)∼ 1
1−κ

lnn
ln lnn .

(c) If L(n) ∼ exp(− lnn/ ln lnn), then Υ( 1
bn

)∼ lnn
ln ln lnn .
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Organisation of the chapter. In Section 4.2, we properly set our framework and we recall
from previous works the tools that we use later on: Section 4.2.1 is devoted to Galton-Watson
trees and Section 4.2.2 to known limit theorems for random walks and Galton-Watson trees. In
Section 4.3, we study the distribution of the Horton-Strahler number of Galton-Watson trees. In
Section 4.3.1, we first establish new technical results on Horton-Strahler numbers (especially in
Lemmas 4.3.1 and 4.3.2). Section 4.3.2 focuses on proving Propositions 4.3.5, 4.3.6, 4.3.7, and 4.3.9
that link the Horton-Strahler number to size, height, and maximal out-degree of Galton-Watson trees.
Section 4.3.3 is devoted to the tail asymptotics of Galton-Watson trees whose offspring distribution
belongs to the domain of attraction of a stable law: in particular, we prove Proposition 4.3.12, that is
one of the main results of the chapter and we discuss Examples 4.3.13 (a), (b), and (c). Section 4.4
is devoted to the proof of Theorems 4.1.2, 4.1.3 and 4.1.4 and we discuss Examples 4.4.2 (a), (b),
and (c), at the end of Section 4.4.3.

4.2 Framework and tools

In this section, we recall a set of well-known results that are used in the rest of the chapter and in
the proofs of Theorems 4.1.2, 4.1.3 and 4.1.4. With the exception of Lemma 4.2.13, this section
contains no new result.

4.2.1 Galton-Watson trees

Rooted ordered trees. We recall Ulam’s formalism on rooted ordered trees. Let N∗ = {1, 2, 3, ...}
be the set of positive integers and let U be the following set of finite words

U =
⋃
n∈N

(N∗)n

with the convention (N∗)0 = {∅}. The set of words U is totally ordered by the lexicographic
order denoted by ≤. Let u = (u1, ..., un) ∈ U and v = (v1, ..., vm) ∈ U, we write u ∗ v =
(u1, ..., un, v1, ..., vm) ∈ U for the concatenation of u and v. We denote by |u| = n the height
of u, and if n ≥ 1 then we denote by ←−u = (u1, ..., un−1) the parent of u. We also say that
u is a child of v when ←−u = v. The genealogical order ⪯ is a partial order on U defined by
u ⪯ v ⇐⇒ ∃u′ ∈ U, v = u ∗ u′. When u ⪯ v, we will say that u is an ancestor of v. When u ⪯ v
but u ̸= v, we write u ≺ v. Finally, we write u ∧ v ∈ U for the most recent common ancestor of u
and v, that is their common ancestor with maximal height.

Definition 4.2.1 We say that a subset t of U is a tree when the following is satisfied:
(a) ∅ ∈ t,
(b) for all u ∈ t, if u ̸= ∅ then←−u ∈ t,
(c) For all u ∈ t, there exists an integer ku(t) ∈ N such that u∗(i)∈ t⇐⇒ 1≤ i≤ku(t).

We denote by T the space of all trees. □

Let t ∈ T. The size of t is simply the (possibly infinite) number #t of its vertices and we say that
t is finite if #t < ∞. As a graph, the edges of t are given by the unordered pairs {u,←−u } for all
u ∈ t\{∅}. Therefore the degree of u ∈ t is ku(t) + 1 if u ̸= ∅ and k∅(t) otherwise. Namely,
ku(t) is the out-degree of u (alternatively, if one views t as a family tree whose ancestor is ∅, then
ku(t) stands for the number of children of u). We use the following notations for the height of t
and its maximal out-degree.

|t| = max
u∈t
|u| and ∆(t) = max

u∈t
ku(t). (4.2.1)
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We also denote the subtree stemming from u ∈ t and the tree pruned at u respectively by

θut = {v ∈ U : u ∗ v ∈ t} and Cutu t = t\{v ∈ t : u ≺ v} (4.2.2)

Observe that θut and Cutu t both belong to T.

Galton-Watson trees and the Many-To-One Principle. Let us equip the set of trees T with the
sigma-field F (T) generated by the sets {t ∈ T : u ∈ t}, where u ranges in U. Formally, a random
tree is a function τ : Ω→ T that is (F ,F (T))-measurable.

Definition 4.2.2 Let µ = (µ(k))k∈N be a probability measure on N. A Galton-Watson tree with
offspring distribution µ (a GW(µ)-tree, for short) is a random tree τ that satisfies the following.

(a) k∅(τ) has law µ.

(b) For all k∈N∗ such that µ(k)>0, the subtrees θ(1)τ, . . . , θ(k)τ under P( · | k∅(τ) = k) are
independent with the same law as τ under P. □

It is well-known that a GW(µ)-tree τ is almost surely finite if and only if its offspring distribution
is subcritical or critical and non-trivial, namely if (4.1.1) holds, and in that case for all finite tree
t ∈ T,

P(τ = t) =
∏
u∈t

µ
(
ku(t)

)
. (4.2.3)

As observed by Kesten [100], a critical GW(µ)-tree conditioned to be large locally converges in
law to a tree τ∞ with a single infinite line of descent and whose law can be informally described as
follows: all individuals of τ∞ reproduce independently, the individuals of the infinite line of descent
reproduce according to the µ-size-biased distribution (kµ(k))k∈N whereas the others reproduce
according to µ. More precisely, we introduce the following.

Definition 4.2.3 Let µ be a non-trivial critical offspring distribution. A size-biased GW(µ)-tree is
a random tree τ∞ that satisfies the following.

(a) For all n ∈ N, there is a unique u ∈ τ∞ such that |u| = n and #(θuτ∞) =∞. We denote
this vertex by Un. Note that U0 = ∅ and that

←−
Un+1 = Un. Hence, there exists a N∗-valued

sequence of random variables (Jn)n∈N∗ such that Un is the word (J1, . . . , Jn) for all n ∈ N∗.
(b) The random variables (kUn(τ∞), Jn+1), for n∈N, are independent and distributed as follows:

∀j, k ∈ N∗, P(Jn+1 = j ; kUn(τ∞) = k) = 1{j≤k}µ(k). (4.2.4)

(c) Conditionally given (kUn(τ∞), Jn+1)n∈N, the finite subtrees stemming from the infinite
line of descent, which are the θUn∗(j)τ∞ for j ∈{1, . . . , kUn(τ∞)}\{Jn+1} and n∈N, are
independent GW(µ)-trees. □

Remark 4.2.4 Note that the individual Un+1 on the infinite line of descent has Jn+1 − 1 siblings
strictly on the left hand side and kUn(τ∞) − Jn+1 siblings strictly on the right hand side. Their
joint law is given by the following bivariate generating function:

∀s, r ∈ [0, 1], E
[
rJn+1−1skUn (τ∞)−Jn+1

]
= φ(r)− φ(s)

r − s
, (4.2.5)

where φ is given by (4.1.2) and where the quotient is equal to φ′(r) when r = s. □
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As mentioned above, size-biased trees are the local limits of critical Galton-Watson trees conditioned
to be large and therefore appear in many results concerning the asymptotic behavior of branching
processes: we refer to Lyons, Pemantle & Peres [125], Aldous & Pitman [11] and Abraham &
Delmas [2] for general results in this vein. One key tool involving size-biased GW(µ)-trees is the
so-called Many-To-One Principle, which is part of folklore (see e.g. Duquesne [51, Equation (24)]
for a proof) and which we use here in the following form.

Proposition 4.2.5 (Many-To-One Principle) Let τ be a GW(µ)-tree and let τ∞ be a size-biased
GW(µ)-tree. We keep the notations of Definition 4.2.3. Then, for all n ∈ N and for all bounded
functions G1 : T× U −→ R and G2 : T −→ R, it holds that

E
[∑
u∈τ

1{|u|=n}G1(Cutu τ, u) G2(θuτ)
]

= E
[
G1(CutUn τ∞, Un)

]
E
[
G2(τ)

]
.

Lukasiewicz path associated with a tree. We recall here a key combinatorial tool to study
Galton-Watson trees via random walks.

Definition 4.2.6 Let t ∈ T be finite and u(t) = (uj(t))0≤j<#t be the sequence of its vertices listed
in increasing lexicographic order: u0(t) = ∅ < u1(t) < . . . < uj(t) < uj+1(t) < . . . < u#t−1(t).
The sequence u(t) is often called the depth-first exploration of t. We then define a Z-valued path
W (t) = (Wj(t))0≤j≤#t by setting W0(t) = 0 and

Wj+1(t) = Wj(t) + kuj(t)(t)− 1 (4.2.6)

for all 0 ≤ j < #t, that is the Lukasiewicz path of t. □

In probability, Lukasiewicz paths originate from queuing systems theory to study the waiting line
of a single server subject to the Last-In-First-Out policy and they have been used by Le Gall &
Le Jan [81] to define Lévy trees. In the following lemma, we recall that Lukasiewicz paths are
adapted processes that completely encode finite trees and that are particularly well-suited to study
Galton-Watson trees (see e.g. Le Gall [78, Proposition 1.1] and [78, Corollary 1.6] for more details).

Proposition 4.2.7 Let t ∈ T be finite. Let τ be a GW(µ)-tree where µ is non-trivial and critical.
Then the following holds true.

(i) Lukasiewicz paths provide a one-to-one correspondence between the set of finite trees and
the set of finite nonnegative excursions of left-continuous walks, which is defined by⋃
n∈N∗

{
(wj)0≤j≤n ∈ Zn : w0 =0, wn=−1, wj ≥ 0 andwj+1−wj≥−1 for all 0≤j<n

}
.

(ii) For all m ∈ N, we denote by Rmt the tree t restricted to its m+ 1 first vertices (with respect
to the lexicographic order). Namely,

Rmt = {uj(t) : 0 ≤ j ≤ min(m,#t− 1)} (4.2.7)

where (uj(t)) stands for the vertices of t listed in lexicographic order. Then, Rmt is a
measurable function of

(
Wj(t) ; 0 ≤ j ≤ min(m,#t)

)
.

(iii) Let (Wn)n≥0 be a Z-valued random walk whose jump distribution is given by (4.1.7). We set
H1 = inf{j ∈ N : Wj = −1}, which is an a.s. finite stopping time since E[W1] = 0. Then,(

Wj(τ)
)

0≤j≤#τ
(law)=

(
Wj
)

0≤j≤H1
.

In particular, #τ and H1 have the same law.
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(iv) More generally, for all p ∈ N, we set

H0 = 0 and Hp = inf{j ∈ N : Wj = −p} . (4.2.8)

Then there is an i.i.d. sequence (τp)p∈N of GW(µ)-trees such that

∀p ∈ N,
(
p+WHp+j

)
0≤j≤Hp+1−Hp

=
(
Wj(τp)

)
0≤j≤#τp

. (4.2.9)

4.2.2 Limit theorems.

In this section we recall − mostly from Bingham, Goldies & Teugels [23] and Feller [74] − limit
theorems for sums of i.i.d. random variables belonging to the domain of attraction of stable laws.
We also recall useful limit theorems for Galton-Watson trees and random walks from Berger [17],
Duquesne [50], Kortchemski [106], and Kortchemski & Richier [108].

Regularly and slowly varying functions. Recall that a measurable and locally bounded function
l : (0,∞)→ (0,∞) is slowly varying at infinity (resp. at 0+) if l(cx) ∼ l(x) as x→∞ (resp. as
x → 0+) for all c ∈ (0,∞). Also recall that f : (0,∞) → (0,∞) is regularly varying of index
α ∈ R at∞ (resp. at 0+) if there exists a slowly varying function l at∞ (resp. at 0+) such that
f(x) = xαl(x). Below we gather in a single proposition several well-known results on slowly and
regularly varying functions that are used in this chapter.

Proposition 4.2.8 Let l be a slowly varying function at∞. Then the following holds true.

(i) (Potter’s bound) For all ε ∈ (0,∞) and all c ∈ (1,∞), there exists x0 ∈ (0,∞) such that
for all x ∈ [x0,∞) and all λ ∈ [1,∞), it holds

1
c
λ−ε ≤ l(xλ)

l(x) ≤ cλ
ε.

Therefore, ln l(x) = o(ln x) and if f is regularly varying with index ρ ∈ R\{0}, then
ln f(x) ∼ ρ ln x. Moreover, if xn ∼ yn →∞ then l(xn) ∼ l(yn) and f(xn) ∼ f(yn).

(ii) (Karamata’s Abelian Theorem for Tails) Let ρ∈(0,∞). Then
∫∞ y−1−ρl(y) dy<∞ and, as

x→∞, ∫ ∞
x
y−1−ρl(y) dy ∼ 1

ρx
−ρl(x) and

∫ x

1
yρ−1l(y) dy ∼ 1

ρx
ρl(x).

(iii) Suppose that
∫∞y−1l(y) dy<∞ and set l(x)=

∫∞
x y−1l(y) dy. Then l is slowly varying at

∞ and limx→∞ l(x)/l(x)=∞.

(iv) (Monotone Density Theorem) Let u : [0,∞)→ R be a locally Lebesgue integrable function
and set U(x) =

∫ x
0 u(y) dy for all x ∈ R. Assume that there are c, ρ ∈ (0,∞) such that

U(x) ∼ cxρl(x) as x → ∞ and furthermore assume that u is ultimately monotone. Then
u(x) ∼ cρxρ−1l(x) as x→∞.

(v) (Karamata’s Abelian Theorem for Laplace Transform) Let U : [0,∞) → [0,∞) be a
measurable function such that Û(λ) := λ

∫∞
0 e−λxU(x) dx<∞ for all λ ∈ (0,∞). Assume

that there are c ∈ (0,∞) and ρ ∈ (−1,∞) such that U(x) ∼ c
Γ(1+ρ)x

ρl(x) as x→∞, then

Û(λ) ∼ cλ−ρ l(1/λ) as λ→ 0+.

Proof. For (i), see e.g. [23, Theorem 1.5.6]. For (ii), see e.g. [23, Theorem 1.5.8 and Proposition
1.5.10]. For (iii), see e.g. [23, Theorem 1.5.9b]. For (iv), see e.g. [23, Theorem 1.7.2]. For (v),
see e.g. [23, Theorem 1.7.6]. ■
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Limit theorems: the cases where α ∈ (1, 2]. We next recall equivalent formulations of the
property for a probability measure µ on N to belong to the domain of attraction of a stable law of
index α ∈ (1, 2] (we handle 1-stable laws separately).

Proposition 4.2.9 Let µ be a probability measure on N that satisfies (4.1.1). Recall from (4.1.2)
the definition of ψ. Let (Wn)n∈N be a random walk whose jumps distribution is specified in (4.1.7).
Let α ∈ (1, 2]. Then, the following assertions are equivalent.

(a) µ belongs to the domain of attraction of an α-stable law.

(b) There exists L : (0,∞) → (0,∞) that varies slowly at ∞ such that if α ∈ (1, 2) then
µ([n,∞))∼n−αL(n), and if α= 2 then

∑
0≤k≤n k

2µ(k) − 1∼2L(n) which is ultimately
positive by (4.1.1).

(c) If α∈(1, 2) then ψ(s) ∼0+
α−1

Γ(2−α)s
αL(1/s), and if α=2 then ψ(s) ∼0+ s2L(1/s).

(d) There exists a (0,∞)-valued sequence (an)n∈N tending to∞ such that 1
an
Wn converges in

law to the spectrally positive α-stable random variable Xα whose Laplace exponent is given
for all λ ∈ [0,∞) by lnE[exp(−λXα)]= α−1

Γ(2−α)λ
α if α∈(1, 2) and by λ2 if α=2.

Moreover, if one of the four equivalent assumptions from above holds true, then aαn ∼ nL(an) and
an ∼ n1/αL∗(n) where the function L∗ : x∈ (0,∞) 7→ x−1/α inf{y ∈ (0,∞) : yα/L(y)>x} is
slowly varying at∞.

Proof. For (a)⇔ (b), see e.g. [23, Theorem 8.3.1]. The equivalence (a)⇔ (d) follows from the
definition of the domain of attraction of a stable law: the limiting law is necessarily spectrally
positive since µ is supported by N and among the spectrally positive α-stable types, it is always
possible to choose a centered one as α ∈ (1, 2] (see e.g [23, Section 8.3] and [74, Chapter XVII.5]).

For (b)⇔ (c) see e.g. [23, Theorem 8.1.6]. More precisely, recall from (4.1.2) the definitions
of φ and ψ. Then, for all λ∈(0,∞), set

f1(λ) := φ(e−λ)− 1 + λ = ψ(1− e−λ) + 1
2λ

2 + O(λ3). (4.2.10)

If α∈ (1, 2) then [23, Theorem 8.1.6] asserts that (b) is equivalent to the asymptotic equivalent
f1(λ) ∼0+

α−1
Γ(2−α)λ

αL(1/λ), which implies that (b)⇔ (c) in these cases (with Proposition 4.2.8
(i)). If α=2 then [23, Theorem 8.1.6] asserts that (b) is equivalent to f1(λ) ∼0+ λ2(1

2 + L(1/λ))
and (4.2.10) implies that (b)⇔ (c).

Let us prove the last point of the proposition. We assume that (a-d) hold true. By Grim-
vall [87, Theorem 2.1], limn→∞ E[exp(− λ

an
Wn)] = E[e−λXα ] for all λ∈ (0,∞). Observe that

E[exp(−λWn)] = (eλ(f1(λ) + 1−λ))n. If α ∈ (1, 2), we easily get nf1(λ/an) ∼ α−1
Γ(2−α)λ

α as
n→∞ for all λ∈(0,∞) and thus aαn ∼ nL(an). If α = 2, we get

nλ
an

+ n ln
[
1− λ

an

(
1− λ

an

(1
2 +L(an)

)
(1 + o(1))

)]
∼ nL(an)

a2
n

λ2,

which implies that a2
n ∼ nL(an). In both cases, we observe that aαn/L(an) ∼ n and we use [23,

Theorem 1.5.12] to complete the proof of the proposition. ■

We next recall standard results on the size of Galton-Watson trees, which are expressed in terms
of random walks thanks to Proposition 4.2.7.

Proposition 4.2.10 Let µ be a probability measure on N that satisfies (4.1.1). Let (Wn)n∈N be a
random walk whose jumps distribution is specified by (4.1.7). Recall from (4.2.8) the definition of
the stopping times (Hp)p∈N. Let τ be a GW(µ)-tree. Then the following holds true.
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(i) (Hp)p∈N is a random walk with positive jumps.
(ii) (Kemperman) P(Hp = n) = p

nP(Wn=−p) for all n, p ∈ N∗.
(iii) Suppose that µ satisfies Proposition 4.2.9 (a-d) and is aperiodic. Then, P(#τ =n)∼ cα

nan

and P(#τ≥n)∼ αcα
an

where cα is the value at 0 of the (continuous version) of the density of
Xα, and where (an) and Xα are as in Proposition 4.2.9 (d).

(iv) Suppose that µ satisfies Proposition 4.2.9 (a-d). Recall that |τ | stands for the height of τ .
Then,

P(|τ | ≥ n)
ψ (P(|τ | ≥ n)) ∼ (α− 1)n.

Proof. Note that (i) is an immediate consequence of the Markov property and the left-continuity of
W . For (ii), see e.g. [23, Theorem 8.9.15]. Let us prove (iii). By (ii) and by Proposition 4.2.7
(iii), we see that P(#τ = n) = 1

nP(Wn=−1). We next use Gnedenko’s local limit Theorem (see
e.g. [23, Theorem 8.4.1]) to get limn→∞ |anP(Wn =−1) −cα|= 0 and thus P(#τ = n)∼ cα

nan
.

Since (an) varies regularly with index 1/α by Proposition 4.2.9, we get P(#τ ≥ n) ∼ αcα
an

by
Karamata’s Abelian Theorem for Tails (see Proposition 4.2.8 (ii)). For (iv), see Slack [142, Lemma
2]. ■

We next recall two limit theorems that are used to prove Theorem 4.1.2. One follows from the
convergence of rescaled GW(µ)-trees to stable trees due to Duquesne [50]. The other is the uniform
integrability of the density of the law of (roughly speaking) the Lukasiewicz path of a GW(µ)-tree
τ under P( · |#τ=n) with respect to P( · |#τ≥n) that has been proved in Kortchemski [106].

Proposition 4.2.11 Assume that µ satisfies (4.1.1), that it is aperiodic, and that it belongs to
the domain of attraction of a stable law of index α ∈ (1, 2]. More precisely, we assume that
Proposition 4.2.9 (d) holds true. Let τ be a GW(µ)-tree. Recall from (4.2.1) that |τ | stands for the
maximal height of τ , and that W (τ) stands for its Lukasiewicz path as in Definition 4.2.6. Then,
the following holds true.

(i) There exists a random variable M ∈ (0,∞) such that an
n |τ | under P( · |#τ = n) converges

in law to M as n→∞.
(ii) Let r∈(0, 1). Then for all large enough n∈N, there is a function D(r)

n :N→ [0,∞) such that

E
[
f
(
Wmin(⌊nr⌋,·)(τ)

) ∣∣#τ = n
]
=E

[
f
(
Wmin(⌊nr⌋,·)(τ)

)
D(r)
n

(
W⌊rn⌋(τ)

) ∣∣#τ ≥ n ]
(4.2.11)

for all bounded function f :NN → [0,∞). Moreover, these functions satisfy

lim
c→∞

lim sup
n→∞

E
[
1{D(r)

n (W⌊rn⌋(τ))≥c}D
(r)
n

(
W⌊rn⌋(τ)

) ∣∣#τ ≥ n ] = 0. (4.2.12)

Proof. The point (i) is a consequence of the convergence of rescaled Galton Watson trees to the
α-stable tree: see Duquesne [50, Theorem 3.1]. Here, M is the height of the normalized α-stable
tree that is a (0,∞)-valued random variable. See Kortchemski [106, Equation (1) and Lemma 2]
for (4.2.11). For (4.2.12), [106, Equation (12)] shows that D(r)

n (an · ) uniformly converges on all
compact intervals of (0,∞) towards a continous function. Moreover, the laws of a−1

n W⌊rn⌋(τ)
under P( · |#τ = n) are tight in (0,∞) (see [106, Equation (17)]), which completes the proof of
(4.2.12) by (4.2.11). Let us mention that in [106], the hypothesis that µ has infinite variance and is in
the domain of attraction of a 2-stable law is incorrectly rephrased into the stronger assumption that
µ([n,∞)) ∼ L(n)/n2 with some slowly varying function L. This does not affect the validity of the
results of [106] because that assumption is only invoked for applying statements that remain true
under the general hypothesis: namely, the local limit theorem [106, Theorem 1] and the invariance
theorem for the tail conditioning [106, Theorem 2]. ■
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Limit theorems: the 1-stable case. We now consider the spectrally positive 1-stable law, which
features more complicated behaviors.

Proposition 4.2.12 Let µ be a probability measure on N that satisfies (4.1.1). Recall from (4.1.2)
the definition of ψ. Let (Wn)n∈N be a random walk whose jumps distribution is given by (4.1.7).

(i) The following assertions are equivalent.

(a) µ belongs to the domain of attraction of a 1-stable law.

(b) There exists L : (0,∞)→(0,∞) that varies slowly at∞ such that
∫∞y−1L(y) dy<∞

and such that µ([n,∞)) ∼ n−1L(n).

(c) There exists a (0,∞)-valued sequence (an)n∈N tending to∞ such that 1
an

(Wn + bn)
converges in law to X , where bn=nE[W11{|W1|>an}] and where X is the spectrally
positive 1-stable random variable whose Laplace exponent is given for all λ ∈ (0,∞)
by lnE[exp(−λX)]=λ lnλ.

(ii) Assume that (a-c) hold true. Then,
∑
k≥n kµ(k) ∼ ℓ(n) where ℓ is the slowly varying

function defined by

∀x ∈ (0,∞), ℓ(x) =
∫ ∞
x

L(y)
y

dy. (4.2.13)

This implies that ψ(s) ∼0+ sℓ(1/s). Moreover, L(x)=o(ℓ(x)) as x→∞.

(iii) Assume that (a-c) hold true. Then, an ∼ nL(an) and an ∼ nL∗(n) where the function
L∗ : x ∈ (0,∞) 7→ x−1 inf{y ∈ (0,∞) : y/L(y) > x} varies slowly at ∞. Moreover,
bn ∼ nℓ(an) where ℓ is given by (4.2.13) and therefore an = o(bn).

Proof. The equivalences (a) ⇔ (b) and (a) ⇔ (c) are proved as in Proposition 4.2.9 (for the
form of bn, see e.g. [74, Chapter IX.8, Equation (8.15)]). To prove (ii), we first observe the
equalities

∑
k≥n kµ(k)=

∑
j≥1 µ([max(n, j),∞)) = nµ([n,∞)) +

∑
j>n µ([j,∞)). Then note

that nµ([n,∞)) ∼ L(n) and that
∑
j>n µ([j,∞)) ∼ ℓ(n) where ℓ is defined by (4.2.13). By

Proposition 4.2.8 (iii), L(n) = o(ℓ(n)) and we get
∑
k≥n kµ(k) ∼ ℓ(n). By [23, Theorem 8.1.6],

this is equivalent to f1(λ) ∼0+ λℓ(1/λ) where f1 is as in (4.2.10). This implies ψ(s) ∼0+ sℓ(1/s)
by Proposition 4.2.8 (i), which completes the proof of (ii). Then, we prove an ∼ nL(an) and
an ∼ nL∗(n) as in Proposition 4.2.9. Next observe that bn=n

∑
k>an

kµ(k + 1)∼ nℓ(an). Thus
an/bn ∼ L(an)/ℓ(an)→ 0 by (ii). This completes the proof of (iii). ■

Suppose that Proposition 4.2.12 (c) holds true. Since an = o(bn), it holds b−1
n W⌊ns⌋ → −s in

law, and thus in probability, for all s ∈ [0,∞). Standard arguments (or a stronger result such as
Skorokhod [141, Theorem 2.7]) entail the following convergence

( 1
bn
W⌊ns⌋ ; s ∈ [0,∞)

)
−→

(
−s ; s ∈ [0,∞)

)
(4.2.14)

in probability for the topology of uniform convergence on all compact intervals. Recall from (4.2.8)
the definition of the stopping times (Hp)p∈N. Then, (4.2.14) implies for all x ∈ [0,∞) that

1
nH⌊bnx⌋ −→ x (4.2.15)

in probability. Namely the law of H1 is relatively stable (see e.g. [23, Section 8.8 § 1]). Since the
total size of a GW(µ)-tree τ has the same distribution as H1 (by Proposition 4.2.7 (iii)), the law of
#τ is thus relatively stable. By use of Berger [17, Theorem 2.4 and Lemma 4.3] and Kortchemski
& Richier [108, Proposition 12], we get the following.
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Lemma 4.2.13 Let µ be a probability measure on N that satisfies (4.1.1) and that belongs to the
domain of attraction of a 1-stable law. Let τ be a GW(µ)-tree. Then,

P(#τ ≥ n) ∼ L(bn)
bnℓ(bn) , (4.2.16)

where (bn), L and ℓ are as in Proposition 4.2.12. If the more restrictive assumption (4.1.12) holds,
then

P(#τ = n) ∼ 1
n
P(#τ ≥ n) ∼ L(bn)

b2
n

. (4.2.17)

Proof. Since bn/n ∼ ℓ(an)→ 0 as n→∞, (4.2.15) implies that there is a sequence (cn) tending to
∞ such that 1

cn
Hn → 1 in probability: namely, the law of H1 is relatively stable. Then, [23, Theorem

8.8.1] asserts the existence of a function l that slowly varies at∞ such that
∑

0≤k≤nP(H1≥k)∼ l(n)
and 1− E[e−λH1 ] ∼0+ λ l(1/λ). Thus, (4.2.15) easily entails that ℓ(an)l(n)→ 1. By Berger [17,
Lemma 4.3], we get ℓ(an) ∼ ℓ(bn) and thus,

∑
0≤k≤n P(#τ≥k)=

∑
0≤k≤n P(H1≥k)∼1/ℓ(bn).

By Kortchemski & Richier [108, Proposition 12], we get (4.2.16) because within the notations
of [108], we necessarily get Λ(n)∼1/ℓ(bn). Moreover, Berger [17, Theorem 2.4] asserts that if
(4.1.12) holds then P(Wn =−1)∼ nL(bn)/b2

n, so (4.2.17) follows from Kemperman’s identity
(Proposition 4.2.10 (ii)). ■

Remark 4.2.14 Although the difficult part of (4.2.16) is the very content of Kortchemski &
Richier [108, Proposition 12], the relatively explicit form of the right member of (4.2.16) seems
novel under the sole assumption that µ belongs to the domain of attraction of a 1-stable law. □

We next recall two limit theorems on the maximal out-degree of a GW(µ)-tree when µ belongs to
the domain of attraction of a 1-stable law. They are part of more general results due to Kortchemski
& Richier [108].

Proposition 4.2.15 Let τ be a GW(µ)-tree with offspring distribution µ that satisfies (4.1.1) and
that belongs to the domain of attraction of a 1-stable law. Recall from (4.2.1) that the notation
∆(τ) stands for the maximal out-degree of τ . Then, the following holds true.

(i) The following convergence holds in distribution on [0,∞):

1
bn

∆(τ) under P( · |#τ ≥ n) −→ J, (4.2.18)

where the law of J is given by P(J ≥ x) = 1/x for all x ∈ [1,∞).

(ii) Under the more restrictive assumption (4.1.12), the following convergence holds in probabil-
ity:

1
bn

∆(τ) under P( · |#τ = n) −→ 1. (4.2.19)

Proof. For (i), see [108, Theorem 6]. For (ii), see [108, Theorem 1]. ■

Recall that W (τ) stands for the Lukasiewicz path of τ , as in Definition 4.2.6. We conclude this
section by recalling a result from Kortchemski & Richier [108] that shows that the law of W (τ)
under P( · |#τ=n) is closed in variation distance to the law of the Vervaat transform of the path
(W0,W1, . . . ,Wn−1,−1) under P. More precisely, let (Wn)n∈N be as in Proposition 4.2.12. For
all n ∈ N∗, we introduce the following notations.

In = − min
0≤j≤n−1

Wj and σn = inf{0 ≤ k ≤ n− 1 : Wk = −In} (4.2.20)
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and

Z
(n)
j =

{
Wσn+j + In if 0 ≤ j < n− σn,
In − 1 +Wj−(n−σn) if n ≥ j ≥ n− σn.

(4.2.21)

Namely, Z(n) is constructed by reading the increments of (W0,W1, ...,Wn−1,−1) from left to right
in cyclic order by starting at time σn: this is a kind of Vervaat transform of (W0,W1, ...,Wn−1,−1)
(see Vervaat [147] for more details). We shall use Kortchemski & Richier [108, Theorem 21], which
we re-state by convenience into the following proposition.

Proposition 4.2.16 Assume that µ satisfies (4.1.1) and (4.1.12). We keep the above notation. Then,

sup
A∈B(Rn+1)

∣∣∣P(W (τ) ∈ A
∣∣#τ = n

)
− P

(
Z(n) ∈ A

) ∣∣∣ −→ 0,

where B(Rn+1) stands for the Borel sigma-field of Rn+1.

Proof. See Kortchemski & Richier [108, Theorem 21] and note P(In > 1)→ 1 by e.g. (4.2.14). ■

4.3 Distribution of the Horton-Strahler number of Galton-Watson
trees

4.3.1 Alternative definitions of the Horton-Strahler number and basic results

In this section, we prove basic results on the Horton-Strahler number: firstly, we provide alter-
native definitions, secondly we state a key upper bound in Lemma 4.3.1, and finally we prove in
Lemma 4.3.2 a recursive equation satisfied by the tail of the Horton-Strahler of GW(µ)-trees that is
the starting point of the analysis of their asymptotic behavior.

Let us first recall alternative definitions of the Horton-Strahler number. The first one uses
Horton pruning of a finite tree t ∈ T that is defined as follows: remove the leaves of t and merge
each line into one edge (a line in t is a maximal sequence of vertices v0, . . . , vn ∈ t such that
kv1(t) = . . . = kvn−1(t) = 1 and vj =←−vj+1 for all 0 ≤ j < n). The resulting tree is called the
Horton-pruned tree, which we denote here by Prun(t). Then, S(t) is the minimal number of Horton
prunings that are necessary to obtain {∅} from t. Namely,

S(t) = min
{
n ∈ N : Prunn(t) = {∅}

}
, (4.3.1)

where Prunn stands for the n-th iteration of Prun for all n ∈ N∗ and where Prun0 stands for the
operation that merges each line into one edge. We refer to Kovchegov & Zaliapin [111, Section
2.3] for a proof and more details.

Another useful definition uses embeddings of perfect binary trees. More precisely, let t, t′ ∈ T
be finite. Then, ϕ : t → t′ is an embedding if it is injective and if ϕ(u ∧ v) =ϕ(u)∧ϕ(v) for all
u, v ∈ t. For all n ∈ N, we denote by T2,n =

⋃
0≤k≤n{1, 2}k the n-perfect binary tree, with the

convention that {1, 2}0 ={∅}. Then, for all finite tree t ∈ T,

S(t) = max
{
n ∈ N : ∃ϕ : T2,n → t embedding

}
. (4.3.2)

This result seems to be ‘part of the folklore’. Let us however provide a short proof.

Proof of (4.3.2). We reason by induction on the height of t. Note that (4.3.2) obviously holds true
if |t| = 0. Now assume k := k∅(t)≥1 and let ϕ : T2,n+1 → t be an embedding, we separate the
cases according to the positions of ϕ(∅), ϕ(1), ϕ(2).
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If (i) ⪯ ϕ(∅) with 1≤ i≤ k, then we have (i) ⪯ ϕ(u) for all u ∈ T2,n+1 by definition, and we
check that setting ϕ(u) = (i) ∗ ϕi(u) defines an embedding ϕi : T2,n+1 → θ(i)t. Conversely, an
embedding ϕi : T2,n+1 → θ(i)t induces an embedding ϕ : T2,n+1 → t such that (i) ⪯ ϕ(∅). Thus,

max
{
n ∈ N : ∃ϕ : T2,n → t embedding, (i) ⪯ ϕ(∅)

}
= S(θ(i)t).

Otherwise, ∅ = ϕ(∅) = ϕ(1) ∧ ϕ(2) so we have distinct 1 ≤ i, j ≤ k such that (i) ⪯ ϕ(1) and
(j) ⪯ ϕ(2). Similarly as before, we see that setting ϕ((1)∗u)=(i)∗ϕi(u) and ϕ((2)∗u)=(j)∗ϕj(u)
respectively defines two embeddings ϕi : T2,n → θ(i)t and ϕj : T2,n → θ(j)t. Conversely, two
embeddings ϕi : T2,n → θ(i)t and ϕj : T2,n → θ(j)t induces an embedding ϕ : T2,n+1 → t such
that ϕ(∅) = ∅, (i) ⪯ ϕ(1), and (j) ⪯ ϕ(2). Thus,

max
{
n ∈ N : ∃ϕ :T2,n → t embedding, (i) ⪯ ϕ(1), (j) ⪯ ϕ(2)

}
= 1+min

(
S(θ(i)t),S(θ(j)t)

)
.

Taking the maximum over ϕ(∅), ϕ(1), ϕ(2) and recalling Definition 4.1.1 concludes the proof. ■

The definition (4.3.2) immediately implies the following. Let t, t′ ∈ T be finite.

If there is an embedding ϕ : t→ t′, then S(t) ≤ S(t′). (4.3.3)

We next use (4.3.2) and (4.3.3) to get an upper bound of S(t) in terms of S(Rmt), where Rmt
is defined in (4.2.7) (recall that it is the tree consisting in the firstm+1 vertices of t in lexicographic
order) and of Rmt⋆, where t⋆ is the mirror image of t that is formally defined as follows.

Let t ∈ T and u ∈ t\{∅} be the word (j1, . . . , jn). We set u|0 =∅ and u|p=(j1, . . . , jp) for
all 1≤p≤n. Then, the mirror image of u is the word u⋆=(j⋆1 , . . . , j⋆n) where

j⋆p := ku|p−1(t)− jp + 1, 1 ≤ p ≤ n.

We also set ∅⋆=∅. Then t⋆={u⋆ : u∈ t} and it is easy to show that t⋆ ∈ T. Observe that u 7→ u⋆

is a bijective embedding so S(t⋆) = S(t) by (4.3.3). We stress that the word u⋆ depends on the tree
t on which u is observed. Nevertheless, this notation should not lead to confusion here because the
underlying tree will always be clear according to context. Since ku⋆(t⋆) = ku(t), (4.2.3) implies
that if τ is a GW(µ)-tree whose offspring distribution µ satisfies (4.1.1), then so is τ⋆. Furthermore,
since #τ⋆ = #τ , if n ∈ N∗ is such that P(#τ=n)>0, then we easily check that

under P( · |#τ = n), τ⋆
(law)= τ. (4.3.4)

The following lemma plays a key role in the proofs of Theorems 4.1.2 and 4.1.4.

Lemma 4.3.1 Let t ∈ T be finite. Then the following holds true.

(i) For all u ∈ t, we set t≤u = {v∈ t : v≤u}. Then,

S(t) ≤ 1 + max
(
S(t≤u) , max{S(θvt) : v∈ t,←−v ⪯u and v>u}

)
. (4.3.5)

(ii) Let m ∈ N be such that 2m ≥ #t+ |t|. Then,

S(t) ≤ 1 + max
(
S(Rmt),S(Rmt⋆)

)
. (4.3.6)

(iii) If τ is a random finite tree such that τ⋆ has the same law as τ , then for all n,m ∈ N∗, we get

P(S(τ) ≥ n) ≤ 2P
(
S(Rmτ) ≥ n− 1

)
+ P(#τ + |τ | > 2m). (4.3.7)
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Proof. We first prove (i). If S(t) = 0, then (4.3.5) is obviously true. We next suppose that
S(t)=n≥1, and to simplify notation, we set

J∅, uK = {v ∈ t : v⪯u} and B = {v ∈ t : ←−v ⪯ u and v > u}.

By (4.3.2), there is an embedding ϕ :T2,n→ t. Observe that ϕ(1) and ϕ(2) cannot both belong to
J∅, uK, otherwise it would imply ϕ(1)∧ ϕ(2)=ϕ(∅) ∈ {ϕ(1), ϕ(2)} (by definition of embeddings
since ∅=(1)∧ (2)), which contradicts the injectivity of ϕ. Thus, there is j∈{1, 2} such that either
ϕ(j) ∈ t≤u\J∅, uK or ϕ(j) ∈ t\t≥u. In the first case, by definition of embeddings, ϕ(j) ⪯ ϕ((j)∗v)
for all v ∈ T2,n−1 and so ϕ((j) ∗ T2,n−1)⊂ t≤u. Then, (4.3.2) entails n−1≤S(t≤u). Suppose next
that ϕ(j) ∈ t\t≥u. Since t\t≥u is the disjoint union of the v ∗ (θvt) for v∈B, there exists v∈B
such that ϕ((j) ∗T2,n−1)⊂ϕ(j) ∗ (θϕ(j)t)⊂v ∗ (θvt). Then, (4.3.2) entails n−1≤maxv∈B S(θvt),
which completes the proof of (4.3.5).

Let us now prove (ii). To that end, we denote by u the ≤-minimal leaf of θut. We also set
t≥u={v∈ t : v≥u}∪ J∅, uK. By definition, t= t≤u ∪ t≥u and J∅, uK= t≤u ∩ t≥u. Then, note that
for all v∈B, v ∗ (θvt) ⊂ t≥u. Moreover, note that (t≥u)⋆= t⋆≤u⋆ . Therefore, (4.3.3) and (i) imply

S(t) ≤ 1 + max
(
S(t≤u),S(t≥u)

)
= 1 + max

(
S(t≤u),S(t⋆≤u⋆)

)
. (4.3.8)

Next set m+1 = #t≤u = #{v ∈ t : v≤ u} and m′+1 = #t≥u = #{v ∈ t⋆ : v≤ u⋆}. Observe
that Rmt= t≤u and Rm′t⋆= t⋆≤u⋆ . Moreover, #t=#t≤u + #t≥u−#J∅, uK=m+m′ + 1− |u|.
Thus, m + m′<#t + |t|. If 2m ≥ #t + |t|, then m′< 1

2(#t + |t|)≤m and Rm′t⋆⊂Rmt⋆. By
(4.3.3), we get S(Rm′t⋆)≤S(Rmt⋆) and we obtain (4.3.6) by (4.3.8).

Inequality (4.3.7) is an easy consequence of (4.3.6): we leave the details to the reader. ■

We next prove the main equation that is satisfied by the tail distribution of the Horton-Strahler
number of a Galton-Watson tree.

Lemma 4.3.2 Let τ be a GW(µ)-tree whose offspring distribution µ satisfies (4.1.1). Recall φ and
ψ from (4.1.2). For all n ∈ N, we set qn = P(S(τ) > n). Then,

1− q0 = µ(0)
1− µ(1) and 1− qn+1 = φ(1− qn) + (qn − qn+1)φ′(1− qn), n ∈ N. (4.3.9)

This equation can be rewritten in terms of ψ as qn − qn+1 = ψ(qn)/ψ′(qn).

Proof. By Definition 4.1.1, S(τ)=0 if and only if k∅(τ)=0 or (k∅(τ)=1;S(θ(1)τ)=0). Thus,
by Definition 4.2.2, we get P(S(τ)=0)=µ(0) + µ(1)P(S(τ)=0), which gives the first equality
in (4.3.9).

Let us prove the recursive relation in (4.3.9). Let n ∈ N. By Definition 4.1.1, S(τ)≤n+ 1 if
and only if S(θuτ)≤n for all children u of ∅ in τ (if any) with the possible exception of one child
v, which may satisfy S(θvτ) = n+ 1. More precisely,

1{S(τ)≤n+1} =
∏

1≤j≤k∅(τ)
1{S(θ(j)τ)≤n} +

∑
1≤j≤k∅(τ)

1{S(θ(j)τ)=n+1}
∏

1≤i≤k∅(τ)
j ̸=i

1{S(θ(i)τ)≤n}.

(4.3.10)
Taking the expectation yields (4.3.9) by Definition 4.2.2, as φ is the generating function of µ. ■

Remark 4.3.3 Although it seems difficult to solve (4.3.9) explicitly in general, it can be done
actually for the so-called α-stable offspring distribution µα, α∈(1, 2], whose generating function is

∀s ∈ [0, 1], φα(s) = s+ 1
α(1− s)α.
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Namely, if τα is a GW(µα)-tree then S(τα) is a geometric random variable with parameter 1
α , i.e.

P(S(τα) = n) = 1
α

(
1− 1

α

)n
, n ∈ N.

This is explicitly proved in Kovchegov & Zaliapin [110, Lemma 10] and earlier for the α=2 case,
see Burd, Waymire & Winn [31, Proposition 2.5]. See also Duquesne & Winkel [63] who show that
α-stable offspring distributions are the only laws that are invariant under any hereditary pruning. □

We end this section with a lemma that lists basic properties of ψ, that are useful to analyse
(4.3.9).

Lemma 4.3.4 Let µ be a probability on N that satisfies (4.1.1). Recall from (4.1.2) the definition
of ψ. Then, the following holds true.

(i) ψ is nonnegative, increasing, strictly convex, and analytic on (0, 1]. Moreover, ψ′ is increas-
ing, concave, and ψ(0) = ψ′(0) = 0.

(ii) For all s ∈ (0, 1], 1
2ψ
′(s) ≤ ψ(s)

s ≤ ψ
′(s).

Proof. The point (i) is elementary. The upper bound in (ii) is a consequence of the convexity of
ψ and to obtain the lower bound we apply Hermite-Hadamard inequality that asserts that for all
convex functions f : [a, b]→ R, it holds

f
(1

2(a+ b)
)
≤ 1
b− a

∫ b

a
f(t) dt ≤ 1

2
(
f(a) + f(b)

)
. (4.3.11)

We apply (4.3.11) to ψ′ after observing 1
sψ(s) = 1

s

∫ s
0 ψ
′(s)ds. ■

4.3.2 Tail estimates of joint laws

In this section, we provide four estimates of the tail of the joint distribution of the Horton-Strahler
number of a Galton-Watson tree with either its size, its height, or its maximal out-degree. We fix an
offspring distribution µ that satisfies (4.1.1) and τ stands for a GW(µ)-tree. Recall from (4.1.2) the
definition of φ and ψ. Observe that ψ′(1)=1−φ′(0)=1−µ(1)>0 by (4.1.1). It is convenient to
write

qn = P(S(τ) > n), n ∈ {−1} ∪ N, (4.3.12)

where q−1 = 1 obviously.

Proposition 4.3.5 Let τ be a GW(µ)-tree where µ satisfies (4.1.1). Then, for all n ∈ N,

E
[
#τ1{S(τ)=0}

]
= µ(0)

(1− µ(1))2 and ψ′(qn−1)E
[
#τ1{S(τ)≤n}

]
≤ 2. (4.3.13)

Proof. Although E[#τ ]=∞, let us first prove that en :=E[#τ1{S(τ)≤n}]<∞. By Definition 4.1.1,
if S(τ) ≤ n then S(θuτ) ≤ n for all children u of ∅ in τ (if any) and S(θuτ) = n for at most one
child. This implies that for all m,n ∈ N,

min(m,#τ)1{S(τ)≤n} ≤ 1 +
k∅(τ)∑
i=1

min
(
m,#θ(i)τ

)
1{S(θ(i)τ)≤n−1}

+
k∅(τ)∑
i=1

min
(
m,#θ(i)τ

)
1{S(θ(i)τ)≤n}

∏
1≤j≤k∅(τ)

j ̸=i

1{S(θ(j)τ)≤n−1} (4.3.14)
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which makes sense even when n=0: the first sum in the right-hand side of (4.3.14) being null. To
simplify notations, we set en(m) =E[min(m,#τ)1{S(τ)≤n}] for all integers m≥ 0 and n≥−1
(with e−1(m)=0). We obtain en(m)≤1+en−1(m)+en(m)φ′(1−qn−1) by taking the expectation
in (4.3.14). It easily implies that en≤(1 + en−1)/(1−φ′(1−qn−1)) because limm→∞ en(m)=en.
This recursively entails en <∞ for all integer n ≥ −1.

To simplify notations, we set k∅ =k∅(τ), τj = θ(j)τ and Sj =S(θ(j)τ) for all 1≤ j≤k∅(τ).
We first explicitly compute e0 by observing that #τ1{S(τ)=0}=1{k∅=0}+1{k∅=1}(1+τ1)1{S1=0}.
Taking the expectation entails e0 =µ(0) + µ(1)(1−q0 + e0). By (4.3.9), this becomes

e0 = E[#τ1{S(τ)=0}] = 1− q0
1− µ(1) = µ(0)

(1− µ(1))2 . (4.3.15)

Next, by using the fact that #τ=1 +
∑

1≤j≤k∅ #τj and by the decomposition (4.3.10), we get

#τ 1{S(τ)≤n+1} = 1{S(τ)≤n+1} +
k∅∑
j=1

#τj 1{Sj≤n}
∏

1≤i≤k∅
j ̸=i

1{Si≤n}

+
k∅∑
j=1

#τj1{Sj=n+1}
∏

1≤i≤k∅
j ̸=i

1{Si≤n} +
∑

1≤i,j≤k∅
j ̸=i

#τj1{Sj≤n}1{Si=n+1}
∏

1≤l≤k∅
l ̸=i,j

1{Sl≤n}.

Taking the expectation term-by-term, we get

en+1 = 1− qn+1 + enφ
′(1− qn) + (en+1 − en)φ′(1− qn) + en(qn − qn+1)φ′′(1− qn)

for all n ∈ N. Recall from (4.1.2) that ψ(s)=φ(1−s)−1 + s. By Lemma 4.3.2, we find

en+1ψ
′(qn) = 1− qn+1 + en(qn − qn+1)ψ′′(qn) = 1− qn+1 + en

ψ′′(qn)
ψ′(qn)

∫ qn

0
ψ′(s) ds (4.3.16)

since ψ(0) = 0 by Lemma 4.3.4 (i). Still from Lemma 4.3.4, we know that ψ′ is concave, so we
get ψ′(s) ≤ ψ′(qn)− (qn − s)ψ′′(qn). Thus,

ψ′′(qn)
ψ′(qn)

∫ qn

0
ψ′(s) ds ≤ qnψ′′(qn)− (qnψ′′(qn))2

2ψ′(qn) = 1
2ψ
′(qn)

(
1− (1−x)2),

where x = ψ′′(qn)/(ψ′(qn)/qn) belongs to [0, 1] since ψ′ is concave. Thus, we get

xn+1 := en+1ψ
′(qn) ≤ 1 + 1

2enψ
′(qn) ≤ 1 + 1

2enψ
′(qn−1) = 1 + 1

2xn

since (qn) is decreasing and ψ′ is increasing. This entails xn ≤ 2− 2−n(1− x0), which leads to
(4.3.13) because x0 =ψ′(1)e0 =(1−µ(1))e0 = 1− q0 <1 by (4.3.15). ■

For all t ∈ T, we set

Z(t) = max{|u| : u ∈ t such that S(θut) = S(t)}.

Note that Z(t) ≤ |t| where recall from (4.2.1) that |t| stands for the height of t.

Proposition 4.3.6 Let τ be a GW(µ)-tree where µ satisfies (4.1.1). Recall ψ from (4.1.2) and qn
from (4.3.12). Recall from (4.2.1) that |τ | stands for the height of τ . Then for all m,n ∈ N, it holds
that P(Z(τ)≥m

∣∣S(τ)=n)=(1− ψ′(qn−1))m. This implies that for all λ ∈ (0,∞),

lim sup
n→∞

P
(
ψ′(qn−1)|τ | ≤ λ

∣∣S(τ) = n
)
≤ 1− e−λ. (4.3.17)
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Proof. By Definition 4.1.1, for all integers n≥0 and m≥1, it holds

1{Z(τ)≥m ;S(τ)=n} =
k∅(τ)∑
i=1

1{Z(θ(i)τ)≥m−1 ;S(θ(i)τ)=n}
∏

1≤j≤k∅(τ)
j ̸=i

1{S(θ(j)τ)≤n−1}

By taking the expectation, we get

P
(
Z(τ) ≥ m ; S(τ) = n

)
= P

(
Z(τ) ≥ m−1 ; S(τ) = n

)
φ′(1− qn−1),

which implies the first desired equality as φ′(1− qn−1) = 1− ψ′(qn−1). Note that ψ′(qn−1)→
ψ′(0) = 0. Thus, limn→∞ P(Z(τ)≥λ/ψ′(qn−1) | S(τ) =n) = e−λ which implies (4.3.17) since
Z(τ)≤|τ |. ■

In [28], Brandenberger, Devroye & Reddad study the Horton-Strahler number of a Galton-
Watson tree conditioned to have exactly n vertices under the assumption that the variance of the
offspring distribution is finite. To that end, they use a (little more than) local convergence of the
conditioned Galton-Watson tree towards the corresponding size-biased tree. We adapt and extend
this idea in a more general context using only the Many-To-One Principle to get the following.

Proposition 4.3.7 Let τ be a GW(µ)-tree where µ satisfies (4.1.1). Recall ψ from (4.1.2) and qn
from (4.3.12). For all integers n,m∈N such that 2ψ′(P(|τ | ≥ ⌊n/2⌋))≤ψ′(qm), the following
inequality holds:

P
(
S(τ) ≤ m

∣∣ |τ | ≥ n) ≤ exp
(
− 1

8 nψ
′(qm)

)
. (4.3.18)

Proof. For all n∈N, we denote by φn the n-iterate of φ with the convention φ0 =Id. It is classical
that P(|τ |<n)=φn(0). Then, observe the following: the ≤-smallest vertex of τ at height n is the
only vertex u ∈ τ such that |u| = n and such that for all v∈ τ with v <u and←−v ≺ u, we have
|θvτ |+ |v| < n. Moreover for all p∈N, (4.3.3) implies that if S(τ) ≤ m then S(θvτ) ≤ m for all
v ∈ τ . Therefore,

1{|τ |≥n ;S(τ)≤m} ≤
∑
u∈τ

1{|u|=n}
∏

w∈τ,i≥1
w∗(i)⪯u

( i−1∏
j=1

1{|θw∗(j)τ |+|w∗(j)|<n}
)( kw(τ)∏

j=i+1
1{S(θw∗(j)τ)≤m}

)
.

(4.3.19)
Here we adopt the following convention: a product over an empty set of indices is taken equal to 1.
Recall Definition 4.2.3 of the size-biased GW(µ)-tree τ∞ and recall from (4.2.5) in Remark 4.2.4
the joint law of the number of left/right siblings of individuals on the infinite line of descent. We
now use the Many-To-One Principle (Proposition 4.2.5) after taking the expectation in (4.3.19) to
get

P
(
|τ | ≥ n ; S(τ) ≤ m

)
≤

n−1∏
p=0

φ(1−qm)− φ(φp(0))
1−qm − φp(0) . (4.3.20)

We now use convexity properties of φ and ψ given in Lemma 4.3.4 to get an upper bound of the
right-hand side of (4.3.20). First observe that the convexity of φ implies that for all real numbers
s, r∈ [0, 1] such that s≤r, we have (φ(r)−φ(s))/(r−s) ≤ (1−φ(s))/(1−s). Therefore,

⌊n/2⌋−1∏
p=0

φ(1−qm)− φ(φp(0))
1−qm − φp(0) ≤

⌊n/2⌋−1∏
p=0

1− φ(φp(0))
1− φp(0) = 1− φ⌊n/2⌋(0) . (4.3.21)
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To get an upper bound of (φ(1−qm)− φ(φp(0)))/(1−qm − φp(0)) when p≥⌊n/2⌋, we use the
following: let s, r ∈ [0, 1] and suppose that 2ψ′(s)≤ψ′(r), then

φ(1−r)− φ(1−s)
s− r

= 1− φ(1−s)
s

+ φ(1−s)− 1
s

+ φ(1−r)− φ(1−s)
s− r

= 1− φ(1−s)
s

+ ψ(s)
s
− ψ(r)− ψ(s)

r − s

= 1− φ(1−s)
s

+ ψ(s)
s
− 1
r − s

∫ r

s
ψ′(x) dx

≤ 1− φ(1−s)
s

+ ψ′(s)− 1
2
(
ψ′(r) + ψ′(s)

)
≤ 1− φ(1− s)

s
− 1

4ψ
′(r) ≤ 1− φ(1− s)

s

(
1− 1

4ψ
′(r)

)
.(4.3.22)

Here, we have used Hermite-Hadamard inequality (4.3.11) for concave functions, and the two
convexity inequalities 1

sψ(s) ≤ ψ′(s) and 1
s (1−φ(1−s)) ≤ φ′(1) = 1.

Assume that m,n∈N satisfy 2ψ′(1−φ⌊n/2⌋(0))≤ψ′(qm). Then, for all p≥⌊n/2⌋, we have
2ψ′(1−φp(0))≤ψ′(qm). Applying (4.3.22) successively with s=1−φp(0) and r=qm gets us

P(|τ | ≥ n ; S(τ) ≤ m) ≤
(
1− φ⌊n/2⌋(0)

)(
1− 1

4ψ
′(qm)

)n/2
n−1∏

p=⌊n/2⌋

1− φp+1(0)
1− φp(0)

≤
(
1− 1

4ψ
′(qm)

)n/2P(|τ | ≥ n),

by (4.3.20) and (4.3.21). This easily entails (4.3.18) since ln(1−x) ≤ −x for all x ∈ [0, 1). ■

Although Proposition 4.3.7 holds under the sole assumption that µ satisfies (4.1.1), its application
requires knowing the behavior of the tail of the height |τ | of the GW(µ)-tree τ . When µ belongs to
the domain of attraction of a stable law of index α ∈ (1, 2], Proposition 4.2.10 (iv) provides such
information, and then Proposition 4.3.7 entails the following more convenient result.

Corollary 4.3.8 Let τ be a GW(µ)-tree where µ satisfies (4.1.1) and belongs to the domain of
attraction of a stable law of index α ∈ (1, 2]. Recall ψ from (4.1.2) and qn from (4.3.12). There
exists a constant Cµ ∈ (0,∞) that only depends on µ such that for all integers n,m ∈ N, it holds

P
(
S(τ) ≤ m

∣∣ |τ | ≥ n) ≤ Cµ exp
(
− 1

8 nψ
′(qm)

)
. (4.3.23)

Proof. To simplify the notations, we set sn = P(|τ | ≥ ⌊n/2⌋) for all n ∈ N. By Proposition 4.2.10
(iv), the constant 2cµ := supn∈N(n+1)ψ(sn)

sn
is finite and positive. Then, we get from Lemma 4.3.4

(ii) that 2ψ′(sn) ≤ 8cµ/(n+ 1) for all n ∈ N, by definition of cµ. Let us set Cµ = ecµ ∈ (0,∞)
and let n,m ∈ N. If ψ′(qm) ≥ 8cµ/(n + 1), then 2ψ′(sn) ≤ ψ′(qm) so Proposition 4.3.7 yields
(4.3.23) because 1 ≤ Cµ. Otherwise, ψ′(qm) < 8cµ/(n + 1) and Cµ exp(−1

8nψ
′(qm)) ≥ 1 by

choice of Cµ. Thus, (4.3.23) clearly holds in that case, which completes the proof. ■

Our last estimate relies on the same idea as Proposition 4.3.7: if the maximal out-degree of a
Galton-Watson tree is large, then the tree contains several independent disjoint copies of itself.

Proposition 4.3.9 Let τ be a GW(µ)-tree where µ satisfies (4.1.1). Recall ψ from (4.1.2) and qn
from (4.3.12). Recall from (4.2.1) that ∆(τ) stands for the maximal out-degree of τ . Then, for all
integers n,m ≥ 1 such that P(∆(τ) ≥ n) > 0, the following inequality holds true:

P
(
S(τ) ≤ m

∣∣∆(τ) ≥ n
)
≤ e−nqm . (4.3.24)

Moreover, for all λ ∈ (0,∞), we also have

E
[
e−λ#τ ∣∣∆(τ) ≥ n

]
≤ E

[
e−λ#τ ]n. (4.3.25)
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Proof. On the event {S(τ) ≤ m ; ∆(τ) ≥ n}, we decompose τ along the ancestral line of the
≤-first vertex u such that ku(τ)≥n and, by (4.3.3), we see S(θu∗(j)τ)≤m for all 1≤j≤n. Hence,

1{S(τ)≤m ; ∆(τ)≥n} ≤
∑
u∈τ

1{ku(τ)≥n}
( ∏
v∈τ :v<u

1{kv(τ)<n}
)( n∏

j=1
1{S(θu∗(j)τ)≤m}

)
.

We take the expectation and apply the Many-To-One Principle (Proposition 4.2.5) ‘forwards and
backwards’ to get

P (S(τ) ≤ m ; ∆(τ) ≥ n) ≤ E
[∑
u∈τ

1{ku(τ)≥n}
∏
v∈τ :v<u

1{kv(τ)<n}
]
P
(
S(τ) ≤ m

)n
= P

(
∆(τ) ≥ n

)(
1− qm

)n
,

which entails (4.3.24) since ln(1−x) ≤ −x for all x ∈ [0, 1). To prove (4.3.25), we observe that

e−λ#τ1{∆(τ)≥n} ≤
∑
u∈τ

1{ku(τ)≥n}
( ∏
v∈τ :v<u

1{kv(τ)<n}
)( n∏

j=1
e−λ#θu∗(j)τ

)
.

Then, as in the previous argument, we take the expectation and apply the Many-To-One Principle
(Proposition 4.2.5) ‘forwards and backwards’ to get the desired result. ■

4.3.3 Tail estimates.

In this section, we prove results on the tail of the Horton-Strahler number of a GW(µ)-tree. These
results are expressed in terms of the functions Λ and Υ that are given by

∀s ∈ (0, 1), Υ(s) =
∫ 1

s

dr
r ln Λ(r) , where Λ(s) = sψ′(s)

sψ′(s)− ψ(s) , (4.1.9)

and where ψ is defined in (4.1.2). Their basic properties are listed in the following lemma.

Lemma 4.3.10 Let µ be a probability on N that satisfies (4.1.1). Then, the functions Λ and Υ in
(4.1.9) are well-defined, Λ ≥ 2, and Υ is continuous, positive, and decreasing on (0, 1).

Proof. The inequality 1
sψ(s) ≥ 1

2ψ
′(s) from Lemma 4.3.4 (ii) entails that Λ(s) ≥ 2 for all

s ∈ (0, 1), and (iii) follows immediately. ■

Under the additional assumption that µ belongs to the domain of attraction of a stable law, the
following lemma shows that Λ varies slowly at 0+.

Proposition 4.3.11 Let us assume that µ satisfies (4.1.1) and that it belongs to the domain of
attraction of a stable law of index α ∈ [1, 2].

(i) If α ∈ (1, 2], then lims→0+ Λ(s) = α
α−1 and Υ(s) ∼0+ log α

α−1
1/s.

(ii) Suppose that α = 1. Let L be such that µ([n,∞)) ∼ n−1L(n) and ℓ be the slowly varying
function given by ℓ(x)=

∫∞
x y−1L(y) dy for all x∈(0,∞) (see Proposition 4.2.12). Then,

Λ(s) ∼0+
ℓ(1/s)
L(1/s) and lim

s→0+
Λ(s) =∞.
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Proof. Let us prove (i) first. By Proposition 4.2.9, ψ is regularly varying of index α at 0+. Then,
recall that ψ′ is increasing, and since ψ(s)=

∫ s
0ψ
′(x) dx, the Monotone Density Theorem (recalled

in Proposition 4.2.8 (iv)) implies that sψ′(s) ∼0+ αψ(s). This entails lims→0+ Λ(s) = α
α−1 and

thus Υ(s) ∼0+ log α
α−1

1/s. This completes the proof of (i).

Let us assume that α=1 to prove (ii). We denote by ξ a random variable whose distribution
is µ. Thus, xP(ξ > x) ∼∞ L(x). Proposition 4.2.12 (ii) asserts that E[ξ1{ξ>x}] ∼∞ ℓ(x) and
ψ(s) ∼0+ sℓ(1/s). The Monotone Density Theorem again asserts that sψ′(s) ∼0+ sℓ(1/s). We
next consider sψ′(s)−ψ(s), s∈ (0, 1) being fixed. To simplify notations, we set λ=− ln(1−s)
and we first observe that

sψ′(s)− ψ(s) = E
[
1− e−λξ − sξ

1−se
−λξ

]
= E

[∫ ξ

0

(
λe−λx − s

1−se
−λx + sxλ

1−se
−λx) dx

]
,

(by Fubini) = sλ
1−s

∫ ∞
0

P(ξ > x)xe−λx dx −
(

s
1−s − λ

)∫ ∞
0

P(ξ > x)e−λx dx.

We estimate the second term of the right-hand side by writing

(
s

1−s + ln(1− s)
)∫ ∞

0
P(ξ > x)e−λx dx ∼0+

1
2s

2E[ξ] = 1
2s

2. (4.3.26)

Next, Karamata’s Abelian Theorem for Laplace transform (as recalled in Proposition 4.2.8 (v))
asserts

λ

∫ ∞
0
xP(ξ > x) e−λx dx ∼0+ L(1/λ). (4.3.27)

Since λ=−ln(1−s), (4.3.26) and (4.3.27) entail that sψ′(s)−ψ(s) ∼0+ sL(1/s) thanks to Potter’s
bound (see Proposition 4.2.8 (i)), which implies the desired estimate for Λ as sψ′(s) ∼0+ sℓ(1/s).
Finally, lims→∞ Λ(s) =∞ comes from an application of Proposition 4.2.8 (iii). ■

Proposition 4.3.12 Let us assume that µ satisfies (4.1.1) and that it belongs to the domain of
attraction of a stable law of index α ∈ [1, 2]. Recall the definition of Υ from (4.1.9). Then,

Υ
(
P(S(τ) > n)

)
∼ n. (4.3.28)

In particular, if α ∈ (1, 2], we get − lnP(S(τ) > n) ∼ n ln α
α−1 .

Proof. Recall from (4.3.12) that qn=P(S(τ)>n) and note that qn → 0. Lemma 4.3.2 asserts that
qn−qn+1 =ψ(qn)/ψ′(qn), namely q−1

n+1 =q−1
n Λ(qn). To simplify, we set Qn=− ln qn. Therefore,

Qn+1 = Qn + ln Λ(e−Qn), n ∈ N. (4.3.29)

By Proposition 4.3.11, Λ varies slowly at 0+. Thus, Potter’s bound (recalled in Proposition 4.2.8
(i)) applies to l(y) = Λ(1/y): for any ε∈ (0, 1

10), there is nε∈N such that for all n ≥ nε and for
all x ∈ [Qn, Qn+1],

∣∣ ln Λ(e−x)− ln Λ(e−Qn)
∣∣ =

∣∣∣ ln (Λ(e−(x−Qn)e−Qn)
Λ(e−Qn)

)∣∣∣ ≤ ε+ ε(x−Qn)

≤ ε+ ε ln Λ(e−Qn).
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by (4.3.29) (we apply Proposition 4.2.8 (i) with l(y) = Λ(1/y), c = eε and λ= ex−Qn). This
implies

∣∣∣ 1
ln Λ(e−x) −

1
ln Λ(e−Qn)

∣∣∣ ≤ ε

ln Λ(e−Qn) ·
1 + ln Λ(e−Qn)

ln Λ(e−x)

≤ ε

ln Λ(e−Qn) ·
1 + ln Λ(e−Qn)

(1− ε) ln Λ(e−Qn)− ε

≤ ε

ln Λ(e−Qn) ·
(ln 2)−1 + 1

1− ε− ε(ln 2)−1 ≤
100ε

ln Λ(e−Qn)

because Λ ≥ 2, by Lemma 4.3.10, and since ε∈(0, 1
10). Therefore, by (4.3.29), we get

∫ Qn+1

Qn

∣∣∣ 1
ln Λ(e−x) −

1
ln Λ(e−Qn)

∣∣∣dx ≤ 100ε · Qn+1 −Qn
ln Λ(e−Qn) = 100ε.

This implies that for all ε∈(0, 1
10) and for all n≥nε,

∣∣∣ ∑
nε≤k<n

Qk+1 −Qk
ln Λ(e−Qk) −

∫ Qn

Qnε

dx
ln Λ(e−x)

∣∣∣ =
∣∣∣n− nε − ∫ Qn

Qnε

dx
ln Λ(e−x)

∣∣∣ ≤ 100ε(n− nε).

Hence, limn→∞
1
n

∫Qn

Q0
dx

ln Λ(e−x) =1, which proves (4.3.28) by the change of variable r=e−x. ■

In the 1-stable cases, we provide below three examples of slowly varying functions L that may
govern the tail of µ via the estimate nµ([n,∞)) ∼ L(n). We use the notations of Proposition 4.3.11.

Example 4.3.13 (a) Let κ ∈ (0,∞). We consider the case where L(x) = (ln x)−1−κ for all
x∈(0,∞). Indeed, this function varies slowly at∞ and is such that

∫∞ y−1L(y) dy <∞. Clearly,
we have ℓ(x) = 1

κ(ln x)−κ = 1
κL(x) ln x. Therefore, Proposition 4.3.11 (ii) yields that

Λ(s) ∼0+
1
κ ln 1/s and Υ(s) ∼0+

ln 1/s
ln ln 1/s.

If one sets xn=− lnP(S(τ) > n), Proposition 4.3.12 asserts that xn/ ln xn ∼ n, which implies
that

− lnP(S(τ) > n) ∼ n lnn.

(b) Let κ ∈ (0, 1). We next consider the case where L(x) = exp(−(ln x)κ) for x ∈ (0,∞). Again,
this function varies slowly at∞ and verifies

∫∞ y−1L(y) dy<∞. An integration by parts gives

ℓ(x) = 1
κ(ln x)1−κL(x) + 1−κ

κ

∫ ∞
x

L(y)
y(ln y)κ dy ∼∞ 1

κ(ln x)1−κL(x),

and Proposition 4.3.11 (ii) thus implies that

Λ(s) ∼0+
1
κ(ln 1/s)1−κ and Υ(s) ∼0+

1
1−κ ·

ln 1/s
ln ln 1/s.

If one sets xn =− lnP(S(τ)>n), Proposition 4.3.12 asserts that xn/ ln xn ∼ (1−κ)n, which
yields that

− lnP(S(τ) > n) ∼ (1−κ)n lnn.
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(c) We finally consider the case where L(x) = exp(− ln x/ ln ln x) for all x ∈ (ee,∞). This
function still slowly varies and verifies

∫∞ y−1L(y) dy <∞. We make the change of variable
z = ln y/ ln ln y and then an integration by parts to compute

ℓ(x) ∼∞
∫ ∞

ln x
ln ln x

e−z ln(z) dz ∼∞
[
− e−z ln z

]∞
ln x

ln ln x

∼∞ L(x) ln ln x.

Therefore, Proposition 4.3.11 (ii) implies that

Λ(s) ∼0+ ln ln 1/s and Υ(s) ∼0+
ln 1/s

ln ln ln 1/s.

If one sets xn=− lnP(S(τ)>n), Proposition 4.3.12 asserts that xn/ ln ln xn ∼ n, which entails

− lnP(S(τ) > n) ∼ n ln lnn.

□

We use further the following estimates.

Proposition 4.3.14 Let us assume that µ satisfies (4.1.1) and that it belongs to the domain of
attraction of a stable law of index α ∈ [1, 2]. Then, for all λ ∈ (0,∞) and all κ ∈ R, the following
holds true:

ln ln 1/s =
s→0+

o (Υ(s)) , Υ(λs lnκ 1/s) ∼0+ Υ(s), and Υ (sΛ(s)κ) ∼0+ Υ(s).

In particular, Υ is slowly varying at 0+.

Proof. Recall that Λ is slowly varying at 0+ from Proposition 4.3.11 so ln Λ(s) = o(ln 1/s) by
Proposition 4.2.8 (i). This allows us to write

ln ln 1/s ∼0+

∫ 1/2

s

dr
r ln 1/r =

s→0+
o
(
Υ(s)

)
.

Next, without loss of generality, we may assume that λ∈ [1,∞), so that 1 ≤ λ ln|κ| 1/s when s is
small enough. Recall from Lemma 4.3.10 that Λ ≥ 2. Thus,

∣∣Υ(λs lnκ 1/s)−Υ(s)
∣∣ ≤ ∫ λs ln|κ| 1/s

s
λ

ln−|κ| 1/s

dr
r ln Λ(r) ≤

1
ln 2 ln

(
λ2 ln2|κ| 1/s

)
=

s→0+
o
(
Υ(s)

)
,

which is the second estimate. Then, observe that lims→0+ sΛ(s)|κ| = 0 because Λ slowly varies at
0+. Another application of Proposition 4.2.8 (i), together with Λ ≥ 2, entails ln Λ(r) ≥ 1

2 ln Λ(s)
for all small enough s and for all r ∈ (0, 1) such that sΛ(s)−|κ| ≤ r ≤ sΛ(s)|κ|. Therefore,

∣∣Υ(sΛ(s)κ)−Υ(s)
∣∣ ≤ ∫ sΛ(s)|κ|

sΛ(s)−|κ|

dr
r ln Λ(r) ≤

2
ln Λ(s) ln

(
Λ(s)2|κ|) = 4|κ| =

s→0+
o
(
Υ(s)

)
.

which completes the proof. ■
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4.4 Proofs of Theorems 4.1.2, 4.1.3 and 4.1.4

4.4.1 Proof of Theorem 4.1.2

In all this section, we assume that the critical offspring distribution µ belongs to the domain of
attraction of an α-stable law with α ∈ (1, 2], and more precisely, we assume that Proposition 4.2.9
(a-d) hold. Let us set γ = ln α

α−1 . Recall from Propositions 4.3.11 (i) and 4.3.12 that

γΥ(s) ∼0+ ln 1/s and − lnP(S(τ) > n) ∼ γn. (4.4.1)

The proof of Theorem 4.1.2 is separated into two parts: a lower bound and an upper bound.

Lower bound. We first prove for all ε ∈ (0, 1) that

P
(
αγS(τ) ≤ (1− ε) lnn

∣∣ #τ = n
)
−−−−→
n→∞

0. (4.4.2)

The idea is to apply Proposition 4.3.7, or rather Corollary 4.3.8, and to switch the conditioning on
the size of τ with the conditioning on the height of τ . To that end, we use Proposition 4.2.11 (i) to
find

lim sup
η→0

lim sup
n→∞

P
(
|τ | ≤ η n

an

∣∣ #τ = n
)

= 0.

Therefore, to prove (4.4.2), we only need to prove for all η ∈ (0, 1) that

lim sup
n→∞

P
(
|τ | > η n

an
; αγS(τ) ≤ (1−ε) lnn

∣∣ #τ = n
)

= 0.

We roughly bound the conditional probability by the ratio of the probabilities as follows.

P
(
|τ |>η n

an
; αγS(τ) ≤ (1−ε) lnn

∣∣ #τ=n
)
≤

P
(
αγS(τ) ≤ (1−ε) lnn

∣∣ |τ |>η n
an

)
P(#τ=n) .

(4.4.3)
Since an ∼ n

1
α

+o(1) by Proposition 4.2.9 and Potter’s bound (see Proposition 4.2.8 (i)), Propo-
sition 4.2.10 (iii) entails the following estimate for the denominator of the right-hand side of
(4.4.3):

P(#τ = n) ∼ cα
nan

∼ n−1− 1
α

+o(1). (4.4.4)

To bound the right-hand side of (4.4.3), we want to apply Corollary 4.3.8 and to that end, we first
control ψ′

(
P
(
S(τ)> 1−ε

αγ lnn
))

. By Potter’s bound and Proposition 4.2.9 (c), we get the estimate
lnψ(s) ∼0+ α ln s. Lemma 4.3.4 (ii) then yields lnψ′(s) ∼0+ (α− 1) ln s. Together with (4.4.1),
this implies that

ψ′
(
P
(
S(τ) > 1−ε

αγ lnn
))
∼ n−(1−ε) α−1

α
+o(1). (4.4.5)

We eventually apply Corollary 4.3.8, and then (4.4.4) and (4.4.5), to get that

P
(
S(τ) ≤ 1−ε

αγ lnn
∣∣ |τ |> ηn

an

)
≤ Cµ exp

(
− ηn

8an
ψ′
(
P
(
S(τ)> 1−ε

αγ lnn
)))
≤ exp

(
− nε

α−1
2α
)

for all sufficiently large n. The previous upper bound combined with (4.4.3) and (4.4.4) implies
(4.4.2).
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Upper bound. We want to prove for all ε ∈ (0, 1) that

P
(
αγS(τ) ≥ (1 + 2ε) lnn

∣∣ #τ = n
)
−−−−→
n→∞

0. (4.4.6)

To that end, we first show

P
(
αγS(τ) ≥ (1 + ε) lnn

∣∣ #τ ≥ n
)
−−−−→
n→∞

0. (4.4.7)

Indeed, we use the following rough bound

P
(
αγS(τ) ≥ (1 + ε) lnn

∣∣ #τ ≥ n
)
≤

P
(
αγS(τ) ≥ (1 + ε) lnn

)
P(#τ ≥ n) .

Then, by Propositions 4.2.10 (iii) and 4.2.9 on the one hand, and by (4.4.1) on the other hand, we
observe

P(#τ ≥ n) ∼ cα
an
∼ n−

1
α

+o(1) and P
(
αγS(τ) ≥ (1+ε) lnn

)
∼ n−(1+ε) 1

α
+o(1),

which implies (4.4.7). □

We then recall from (4.3.4) that under P( · |#τ=n), τ and its mirror image have the same law.
Therefore, (4.3.7) in Lemma 4.3.1 applies with m=⌊ 7

8n⌋ and one gets, for all sufficiently large n,

P
(
S(τ) ≥ 1+2ε

αγ lnn
∣∣#τ = n

)
≤ 2P

(
S(R⌊ 7

8 n⌋τ) ≥ 1+ε
αγ lnn

∣∣#τ = n
)

+P
(
|τ | > n

2
∣∣#τ = n

)
.

By Proposition 4.2.11 (i), P
(
|τ |> 1

2n
∣∣#τ = n

)
→ 0 when n → ∞. To control the first term

of the right-hand side of the previous inequality, we use Proposition 4.2.11 (ii): to that end,
recall from Proposition 4.2.7 (ii) that R⌊ 7

8 n⌋τ is a measurable function of the Lukasiewicz path
(Wk(τ))0≤k≤⌊ 7

8 n⌋. Therefore, for all n ∈ N and c ∈ (0,∞),

xn := P
(
S(R⌊ 7

8 n⌋τ) ≥ 1+ε
αγ lnn

∣∣ #τ = n
)

= E
[
1{
S(R⌊ 7

8 n⌋τ)≥1+ε
αγ lnn

}D(7/8)
n

(
W⌊ 7

8 n⌋(τ)
) ∣∣ #τ ≥ n

]
≤ E

[
1
{S(τ)≥1+ε

αγ lnn}
D(7/8)
n

(
W⌊ 7

8 n⌋(τ)
) ∣∣ #τ ≥ n

]
≤ cP

(
S(τ)≥ 1+ε

αγ lnn
∣∣#τ≥n)+ E

[
1{

D
(7/8)
n (W⌊ 7

8 n⌋(τ))≥c
}D(7/8)

n
(
W⌊ 7

8 n⌋(τ)
) ∣∣#τ≥n]

by (4.3.3). We make n→∞ then c→∞, and thus, by (4.4.7) and (4.2.12) in Proposition 4.2.11,
we get lim supn→∞ xn = 0. This implies (4.4.6) and completes the proof of Theorem 4.1.2. ■

4.4.2 Proof of Theorem 4.1.3

In all this section, we assume that the critical offspring distribution µ belongs to the domain of
attraction of a 1-stable law, and more precisely, we assume that Proposition 4.2.12 (a-c) hold. It is
convenient to set

∀x ∈ [0,∞), qx = P
(
S(τ) ≥ x

)
.

Recall from (4.2.1) that ∆(τ) stands for the maximal out-degree of τ , which is the relevant quantity
to consider in the 1-stable cases. Note that P(∆(τ)≥n) ≥ µ([n,∞)) > 0 for all n ∈ N. We first
prove the following estimates.



4.4. Proofs of Theorems 4.1.2, 4.1.3 and 4.1.4 221

Lemma 4.4.1 Under the same assumption and notations as in Theorem 4.1.3, the following holds
true for all ε ∈ (0, 1) and all κ ∈ (0,∞).

(i) There is n0 ∈ N that depends on ε and κ such that for all integers n ≥ n0,

bnq(1+ε)Υ( 1
bn

) ≤ (lnn)−κ and bnq(1−ε)Υ( 1
bn

) ≥ (lnn)κ.

(ii) Recall from (4.1.9) the definition of Λ. Then, limn→∞ bnΛ( 1
bn

)q(1+ε)Υ( 1
bn

) = 0.

(iii) It holds limn→∞ nκ P
(
S(τ) ≤ (1−ε)Υ

( 1
bn

) ∣∣∆(τ) > 1
2bn
)

= 0.

Proof. Let us prove (i). By Proposition 4.3.12 then Proposition 4.3.14, we have

Υ
(
q(1±ε)Υ( 1

bn
)
)
∼ (1± ε)Υ

( 1
bn

) ∼ (1± ε)Υ
( (ln bn)∓κ

bn

)
.

Then, for all sufficiently large n, Υ
(
q(1+ε)Υ( 1

bn
)
)
>Υ

( (ln bn)−κ

bn

)
and Υ

(
q(1−ε)Υ( 1

bn
)
)
<Υ

( (ln bn)κ

bn

)
,

which implies that

bnq(1+ε)Υ( 1
bn

) ≤ (ln bn)−κ and bnq(1−ε)Υ( 1
bn

) ≥ (ln bn)κ

because Υ decreases (see Lemma 4.3.10). By Proposition 4.2.12 (iii), bn varies regularly with
index 1 and by Proposition 4.2.8 (i), ln bn ∼ lnn, which implies the desired result.

We use similar arguments to prove (ii): by Proposition 4.3.12 then Proposition 4.3.14, we get

Υ
(
q(1+ε)Υ( 1

bn
)
)
∼ (1 + ε)Υ

( 1
bn

) ∼ (1 + ε)Υ
( 1
bn

Λ
( 1
bn

)−1−κ)
,

so Υ
(
q(1+ε)Υ( 1

bn
)
)
>Υ

( 1
bn

Λ
( 1
bn

)−1−κ) for all sufficiently large n, which implies that

bnΛ
( 1
bn

)
q(1+ε)Υ( 1

bn
)≤Λ

( 1
bn

)−κ
.

This implies (ii) since limx→∞ Λ(1/x)=∞ by Proposition 4.3.11 (ii).
To prove (iii), we first use (i) with e.g. κ=2. Then, Proposition 4.3.9 implies that

nκP
(
S(τ) ≤ (1−ε)Υ

( 1
bn

) ∣∣∆(τ) > 1
2bn
)
≤ nκ exp

(
− 1

2bnq(1−ε)Υ( 1
bn

)
)
≤ nκ exp

(
− 1

2(lnn)2)
for all sufficiently large n, which entails the desired result. ■

The proof of Theorem 4.1.3 is cut into two parts: firstly an upper bound and secondly a lower
bound.

Upper bound. We first prove for all ε ∈ (0, 1) that

P
(
S(τ) ≥ (1 + ε)Υ

( 1
bn

) ∣∣ #τ ≥ n
)
−−−−→
n→∞

0. (4.4.8)

To that end, we use a direct upper bound, then we combine Lemma 4.2.13 with Proposition 4.3.11
(ii):

P
(
S(τ) ≥ (1+ε)Υ

( 1
bn

) ∣∣ #τ ≥ n
)
≤
q(1+ε)Υ( 1

bn
)

P(#τ ≥ n) ∼ Λ
( 1
bn

)
bn q(1+ε)Υ( 1

bn
).

Next, we use Lemma 4.4.1 (ii) to conclude. ■
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Lower bound. We next prove for all ε ∈ (0, 1) that

P
(
S(τ) ≤ (1− ε)Υ

( 1
bn

) ∣∣ #τ ≥ n
)
−−−−→
n→∞

0. (4.4.9)

To that end, we first prove that

lim
n→∞

P
(
#τ < n

∣∣ ∆(τ) ≥ 2bn
)
−−−−→
n→∞

0. (4.4.10)

Indeed, by (4.3.25) in Proposition 4.3.9 combined with Markov inequality, for all λ ∈ (0,∞), it
holds

P
(
#τ < n

∣∣∆(τ) ≥ 2bn
)
≤ eλE

[
e−

λ
n

#τ ]⌊2bn⌋.

Recall from Proposition 4.2.7 (iv) that E
[
exp

(
− λ
n#τ

)]⌊2bn⌋=E
[
exp

(
− λ
nH⌊2bn⌋

)]
. The conver-

gence (4.2.15) with x=2 then implies that limn→∞ E
[
e−

λ
n

#τ ]⌊2bn⌋=e−2λ. Thus,

lim sup
n→∞

P
(
#τ < n

∣∣∆(τ) ≥ 2bn
)
≤ e−λ −−−−→

λ→∞
0

which entails (4.4.10). □

We next prove that for all c ∈ (0,∞),

lim sup
n→∞

P
(
∆(τ) ≥ cbn

)
P(#τ ≥ n) ≤ 4

c
. (4.4.11)

Indeed, we first prove the case where c = 2. Observe that

u(n) :=
P
(
∆(τ) ≥ 2bn

)
P(#τ ≥ n) = P

(
∆(τ) ≥ 2bn

∣∣#τ ≥ n)+ u(n)P
(
#τ < n

∣∣∆(τ) ≥ 2bn
)
.

By (4.4.10), for all sufficiently large n, we get P
(
#τ <n

∣∣∆(τ)≥2bn
)
≤ 1

2 . It therefore implies
u(n)≤2P

(
∆(τ)≥2bn

∣∣#τ ≥n)→2P(J≥2)=1 by (4.2.18) in Proposition 4.2.15. This proves
(4.4.11) when c= 2. Then, recall from Proposition 4.2.12 (iii) that (bn) is 1-regularly varying.
Then for all sufficiently large n, we get cbn ≥ 2b⌊ 1

4 cn⌋ and thus

P
(
∆(τ) ≥ cbn

)
P(#τ ≥ n) ≤

P
(
∆(τ) ≥ 2b⌊ 1

4 cn⌋

)
P(#τ ≥ n) = u(⌊1

4 cn⌋)
P(#τ ≥ ⌊ 1

4 cn⌋)
P(#τ ≥ n) .

This implies the desired result since we know from Lemma 4.2.13 that the sequence n 7→P(#τ≥n)
varies regularly with exponent −1, and since lim supn→∞ u(⌊ 1

4 cn⌋) ≤ 1 as proved above. □

We complete the proof of (4.4.9) as follows.

vn := P
(
S(τ) ≤ (1−ε)Υ

( 1
bn

) ∣∣ #τ ≥ n
)

≤
P
(
S(τ) ≤ (1−ε)Υ

( 1
bn

)
; ∆(τ) > 1

2bn
)

P(#τ ≥ n) + P
(
∆(τ) ≤ 1

2bn
∣∣ #τ ≥ n

)
≤

P
(
∆(τ) > 1

2bn
)

P(#τ ≥ n) P
(
S(τ) ≤ (1−ε)Υ

( 1
bn

) ∣∣ ∆(τ) > 1
2bn
)

+ P
(
∆(τ)≤ 1

2bn
∣∣ #τ ≥ n

)
.

This first term of the above right-hand side converges to 0 by (4.4.11) with c = 1/2 and by
Lemma 4.4.1 (iii). Moreover, (4.2.18) in Proposition 4.2.15 asserts that P

(
∆(τ) ≤ 1

2bn
∣∣#τ ≥ n)

goes to 0 as n→∞. This completes the proof of (4.4.9), and of Theorem 4.1.3. ■
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4.4.3 Proof of Theorem 4.1.4

Throughout this section, we assume there exists a function L that varies slowly at∞ such that
µ(n) ∼ n−2L(n). This implies that µ([n,∞)) ∼ n−1L(n) so, by Proposition 4.2.12, µ belongs to
the domain of attraction of a 1-stable law. The proof of Theorem 4.1.4 is separated into two parts:
firstly a lower bound and secondly an upper bound.

Lower bound. We prove for all ε ∈ (0, 1) that

P
(
S(τ) ≤ (1−ε)Υ

( 1
bn

) ∣∣ #τ = n
)
−−−−→
n→∞

0. (4.4.12)

Indeed, observe that

vn := P
(
S(τ) ≤ (1−ε)Υ

( 1
bn

) ∣∣ #τ = n
)

≤
P
(
S(τ) ≤ (1−ε)Υ

( 1
bn

)
; ∆(τ) > 1

2bn
)

P(#τ = n) + P
(
∆(τ) ≤ 1

2bn
∣∣ #τ = n

)
≤

P
(
∆(τ)> 1

2bn
)

nP(#τ = n) nP
(
S(τ) ≤ (1−ε)Υ

( 1
bn

) ∣∣∆(τ) > 1
2bn
)

+ P
(
∆(τ) ≤ 1

2bn
∣∣#τ = n

)
.

Then recall from (4.2.17) in Lemma 4.2.13 that nP(#τ = n) ∼ P(#τ ≥ n). Thus, by (4.4.11),
we get

lim sup
n→∞

P
(
∆(τ) > 1

2bn
)

nP(#τ = n) ≤ 8.

By Lemma 4.4.1 (iii), limn→∞ nP
(
S(τ)≤ (1− ε)Υ

( 1
bn

) ∣∣∆(τ)> 1
2bn
)

= 0. Then, (4.2.19) in
Proposition 4.2.15 applies and asserts that limn→∞ P

(
∆(τ)≤ 1

2bn
∣∣#τ = n

)
= 0, which finally

implies (4.4.12). ■

Upper bound. We finally show for all ε ∈ (0, 1) that

P
(
S(τ) ≥ (1+ε)Υ

( 1
bn

) ∣∣ #τ = n
)
−−−−→
n→∞

0. (4.4.13)

To prove (4.4.13), we use the result of Kortchemski & Richier [108, Theorem 21] that is recalled in
Proposition 4.2.16 and that shows that the law of the Lukasiewicz path (Wj(τ))0≤j≤n of τ under
P( · |#τ = n) is close in total variation distance to the law of (Z(n)

j )0≤j≤n as defined in (4.2.21).
First, let us briefly recall the definition of Z(n): let (Wn)n∈N be a left-continuous random walk

starting at 0 and whose jump distribution is given by (4.1.7). We recall from (4.2.20) the two
notations In = −min0≤j≤n−1Wj and σn = inf{0≤k≤n−1 : Wk=−In}. Then,

Z
(n)
j = Wσn+j + In if 0≤j<n−σn and Z

(n)
j = In−1 +Wj−(n−σn) if n≥j≥n−σn.

Next, we interpret Proposition 4.2.16 in terms of trees, i.e. we view Z(n) as the Lukasiewicz path
of a random tree τ (n). Namely, observe that Z(n)

0 =0, Z(n)
n =−1, and the other values of Z(n) are

nonnegative. Plus, maybe except at the cutting time n−σn−1 when Z(n)
n−σn
−Z(n)

n−σn−1 =−1−Wn−1,
the jumps of Z(n) are larger or equal to −1. Consequently, if Wn−1≤0 then Proposition 4.2.7 (i)
applies and Z(n) is the Lukasiewicz path associated with a tree τ (n). If Wn−1>0 then we take τ (n)

equal to the star-tree with n−1 leaves, which we denote by ⋆n (or any tree with n vertices).

If Wn−1≤0 then (Wj(τ (n)))0≤j≤n=(Z(n)
j )0≤j≤n and if Wn−1>0 then τ (n) =⋆n.

(4.4.14)



224 Chapter 4. Horton-Strahler number of GW trees with infinite variance

Moreover, observe that Proposition 4.2.12 (c) easily implies that P
(
τ (n)=⋆n

)
=P(Wn−1>0)→ 0.

Thus, thanks to Proposition 4.2.16, in order to prove (4.4.13), we only need to show

P
(
τ (n) ̸= ⋆n ; S(τ (n)) ≥ (1+ε)Υ

( 1
bn

))
−−−−→
n→∞

0. (4.4.15)

To that end, we discuss a decomposition of τ (n) at the ‘cutting time’ n−σn−1 and we recall
from (4.2.9) in Proposition 4.2.7 the existence of an i.d.d. sequence (τp)p∈N of GW(µ)-trees given
by

∀p ∈ N, (p+WHp+j)0≤j≤Hp+1−Hp =
(
Wj(τp)

)
0≤j≤#τp

,

where Hp = inf{j∈N : Wj =−p}. Let us denote by u(n)
0 =∅<u(n)

1 <. . .<u
(n)
n−1 the vertices of

τ (n) listed in lexicogaphic order. From the definition of Z(n) and thanks to Proposition 4.2.7 (ii),
we first derive that if Wn−1≤0 then

Rn−σn−1
(
τ (n)) = Rn−σn−1

(
τIn

)
and k

u
(n)
n−σn−1

(τ (n)) = −Wn−1, (4.4.16)

where we recall from (4.2.7) in Proposition 4.2.7 that Rm(t) = Rmt stands for the tree consisting
of the first m+ 1 vertices of t taken in lexicographic order. We now look at the subtrees that are
grafted either at u(n)

n−σn−1 or to the right of its ancestral line: namely, the subtrees that are grafted at
the following set of vertices

B =
{
v ∈ τ (n) : ←−v ⪯ u(n)

n−σn−1 and v > u
(n)
n−σn−1

}
.

If we denote by v(0)<v(1)<. . .<v(#B − 1) the vertices of B listed in lexicographic order, then
by definition of Z(n) and by definition of the trees τp as recalled above, we get that if Wn−1≤0
then

θv(p)τ
(n) = τp, 0 ≤ p ≤ In − 1 = #B − 1. (4.4.17)

To prove (4.4.15), we then use (4.3.5) in Lemma 4.3.1 (i) that asserts on the event {Wn−1≤0} that

S
(
τ (n)) ≤ 1 + max

(
S
(
Rn−σn−1

(
τ (n))),max

v∈B
S
(
θvτ

(n))).
Then, the identities (4.4.16) and (4.4.17), together with the monotony property (4.3.3) of S, yield
that

S
(
τ (n)) ≤ 1 + max

0≤p≤In

S
(
τp
)
.

Therefore, we obtain the following:

xn := P
(
τ (n) ̸= ⋆n ; S(τ (n)) ≥ (1+ε)Υ

( 1
bn

))
≤ P

(
max

0≤p≤⌊2bn⌋
S
(
τp
)
≥ (1+ε)Υ

( 1
bn

)
− 1

)
+ P

(
In > 2bn

)
≤ (2bn + 1)P

(
S(τ) ≥ (1+ε)Υ

( 1
bn

)
− 1

)
+ P

( 1
nH⌊2bn⌋ ≤ 1

)
,

since the τp are GW(µ)-trees. Then, recall from (4.2.15) that 1
nH⌊2bn⌋ → 2 in probability, which

implies that P
( 1
nH⌊2bn⌋≤1

)
→ 0. Lemma 4.4.1 (i) asserts that bnP

(
S(τ)≥(1+ε)Υ

( 1
bn

)
−1
)
→ 0,

which finally implies (4.4.15) and which completes the proof of Theorem 4.1.4. ■

We conclude this chapter by providing an asymptotic equivalent of the rescaling sequence
Υ
( 1
bn

)
, that gives the order of S(τ) under P( · |#τ = n), in the three cases considered in Exam-

ple 4.3.13.
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Example 4.4.2 We recall from Proposition 4.2.12 (iii) that bn varies regularly with index 1, which
implies ln bn ∼ lnn by Proposition 4.2.8 (i).

(a) Let κ ∈ (0,∞). We consider the case where L(x) = (ln x)−1−κ for all x ∈ (0,∞). Recall
from Example 4.3.13 that Υ(s) ∼0+ (ln 1

s )/(ln ln 1
s ). Therefore, we easily get

Υ
( 1
bn

)
∼ lnn

ln lnn.

(b) Let κ ∈ (0, 1). We next consider the case where L(x) = exp(−(ln x)κ) for all x ∈ (0,∞).
Recall from Example 4.3.13 that Υ(s) ∼0+

1
1−κ(ln 1

s )/(ln ln 1
s ). Therefore, we easily get

Υ
( 1
bn

)
∼ 1

1−κ ·
lnn

ln lnn.

(c) Let us finally consider the case where L(x) = exp(− ln x/ ln ln x) for all x ∈ (ee,∞). Recall
from Example 4.3.13 that Υ(s) ∼0+ (ln 1

s )/(ln ln ln 1
s ). Therefore, we easily get

Υ
( 1
bn

)
∼ lnn

ln ln lnn.

□
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Chapter 5

Fluctuations of the Horton-Strahler number of stable Galton-Watson
trees

This chapter is adapted from the paper [102], which is submitted for publication.

Abstract

The Horton-Strahler number – also called the register function – is a combinatorial tool that
quantifies the branching complexity of a rooted tree. We study the law of the Horton-Strahler
number of stable Galton-Watson trees conditioned to have size n, including the Catalan trees.
While these random variables are known to grow as a multiple of lnn in probability, their
fluctuations are not well understood because they are coupled with deterministic oscillations. To
rule out the latter, we introduce a real-valued variant of the Horton-Strahler number. We show
that a rescaled exponential of this quantity jointly converges in distribution to a measurable
function of the scaling limit of the trees, i.e. the stable Lévy tree. We call this limit the Strahler
dilation and we discuss its similarities with the Horton-Strahler number.
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5.1 Introduction

The Horton–Strahler number of a finite rooted tree t is a nonnegative integer S(t) ∈ N that measures
its branching complexity. One of its possible formal constructions is the recursive definition below.

Definition 5.1.1 Let t be a finite rooted tree. Its Horton–Strahler number S(t) is defined as follows.

(a) If t reduces to a single node, then S(t) = 0.
(b) Otherwise, S(t) is the maximum of the Horton–Strahler numbers of the subtrees t1, . . . , tk

that are attached to the root, plus one if that maximum is not uniquely achieved. Namely,

S(t) = max
1≤i≤k

S(ti) + 1{
# argmax1≤i≤k S(ti)≥2

}. (5.1.1)

□

Alternatively, S(t) + 1 is the number of successive pruning operations (cutting all leaves then
merging each line into one edge) necessary to completely erase t, and S(t) is also the height of
the largest perfect binary tree embedded into t (see Section 5.4.1 for details). In this article, we
study the fluctuations of the Horton–Strahler number of the so-called α-stable Galton–Watson trees
(or GWα-trees for short), with α∈ (1, 2], conditioned to be large. For all α∈ (1, 2], the offspring
distribution µα = (µα(k))k∈N of a GWα-tree is critical and is characterized by its generating
function:

∀s ∈ [0, 1], φα(s) :=
∑
k∈N

skµα(k) = s+ 1
α(1− s)α. (5.1.2)

See Section 5.2.2 for a formal definition. We highlight that when α = 2, a GW2-tree is just a
critical binary Galton–Watson tree, namely µ2(0) = µ2(2) = 1

2 . Before discussing our results, let
us present a brief history of the Horton–Strahler number and explain why it is relevant to focus on
that specific family of critical Galton–Watson trees. Here, all the random variables that we consider
are defined on the same probability space (Ω,F ,P) whose expectation is denoted by E, and all
topological spaces are endowed with their Borel sigma field. For all x ∈ [0,∞), we denote by
⌊x⌋ ∈ N the integer part of x.
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Background. The Horton–Strahler number was introduced in the field of hydrogeology, first by
Horton [93] in 1945 and exactly as Definition 5.1.1 by Strahler [146] in 1952, to seek quantitative
empirical laws about stream systems. Such a system can be seen as a tree whose root corresponds
to the basin outlet and whose leaves represent the springs. Many important characteristics of river
networks have been linked to the Horton–Strahler number: see Peckham [136], Fac-Beneda [73],
Chavan & Srinivas [34], and Bamufleh et al. [14] among others. This number appears independently
in other scientific disciplines such as anatomy, botany, molecular biology, physics, social network
analysis, etc. In computer science, it is sometimes called the register function because the minimum
number of registers needed to evaluate an expression tree is equal to its Horton–Strahler number.
We refer to Viennot [148] for an overview of those various applications.

The Horton–Strahler number also shows a wide range of occurrences in mathematics. It can
be encountered in mathematical logic, formal language theory, algebra, combinatorics, topology,
approximation theory, and more. See Esparza, Luttenberger & Schlund [69] for an overview of
those connections. In the probability area, Flajolet, Raoult & Vuillemin [75] and Kemp [98] study
the Horton–Strahler number of a uniform rooted ordered binary tree Tn with n leaves (a uniform
n-Catalan tree, which is also a GW2-tree conditioned to have n leaves) and they prove that

E[S(Tn)] = log4 n+D(log4 n) + o(1) (5.1.3)

as n → ∞, where logb x = ln x/ ln b stands for the logarithm of x to the base b, and D is a
1-periodic continuous function. Moreover, Devroye & Kruszewski [47] showed that S(Tn) is
uniformly concentrated around its expected value because

∀m ≥ 0, sup
n≥0

P
(
|S(Tn)− E[S(Tn)]| ≥ m

)
≤ 41−m. (5.1.4)

Drmota & Prodinger [49] extended (5.1.3) and (5.1.4) to k-ary trees. More recently, Brandenberger,
Devroye & Reddad [28] proved that the Horton–Strahler number of a critical Galton–Watson tree
with finite variance offspring distribution conditioned to have n vertices always grows as log4 n
in probability, thus generalizing all previously obtained results on first-behavior. In a companion
paper [103], we further treat the cases where the offspring distribution belongs to the domain of
attraction of a stable law (and thus may have infinite variance).

In a parallel direction, Burd, Waymire & Winn [31] analyze the invariance and attraction
properties of critical Galton–Watson trees with finite variance offspring distribution under the
Horton pruning operation – erasing leaves and their parental edges, then removing vertices with
a single child – which exactly decrements the Horton–Strahler number. They notably prove that
GW2-trees are invariant under Horton pruning and that the law of their Horton–Strahler number is
geometric with parameter 1

2 . Kovchegov & Zaliapin [111, 110] broadened this study to the infinite
variance case: they proved that a critical Galton–Watson tree whose offspring distribution µ is in
the domain of attraction of an α-stable law is invariant by Horton pruning if and only if µ = µα as
given by (5.1.2), as well as the following (see [110, Lemma 10]).

If τ is a GWα-tree with α ∈ (1, 2], then for all n ∈ N, P(S(τ) ≥ n) = (1− 1
α)n. (5.1.5)

Moreover, GWα-trees are invariant attractors for a large class of other tree reductions: see Duquesne
& Winkel [63] and Kovchegov, Xu & Zaliapin [109]. The stable Galton–Watson trees had already
appeared in numerous works such as Zolotarev [152], Neveu [134], Le Jan [120], or Abraham &
Delmas [1]. Indeed, they play the role of reference objects among all critical Galton–Watson trees
because they are the finite-dimensional marginals of their universal scaling limits, as known as the
stable Lévy trees. We refer to Duquesne & Le Gall [61] and to Marchal [128] for more details.
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Let us come back to Catalan trees Tn. The estimate (5.1.4) ensures that a natural centering
suffices to gain tightness on their Horton–Strahler numbers. However, the asymptotic development
(5.1.3) shows that S(Tn) is subject to deterministic oscillations. Worse, these variations inconve-
nience real-world applications, where characteristics derived from the Horton–Strahler number
show great discrepancies due to the threshold selected for the extraction of stream networks: see
e.g. Moussa & Bocquillon [132] or Chavan & Srinivas [34]. This could then impact the chosen
hydrologic response, as discussed by Bamufleh et al. [14]. We further argue that one cannot hope to
find a nondegenerate scaling limit for S(Tn). We heuristically discuss why on a simpler but related
model.

Heuristic discussion. We construct a random binary tree T ′n by grafting n + 1 independent
GW2-trees on the same spine of length n as illustrated by Figure 5.1. In other words, T ′0 is a
GW2-tree, and T ′n+1 is composed of T ′n and an independent GW2-tree attached to the root. The
tree T ′n is a truncated version of Kesten’s limit tree [100] that may be informally seen as a critical
binary Galton–Watson tree conditioned to survive: see Lyons, Pemantle & Peres [125], Aldous
& Pitman [11], and Duquesne [51] for more information. The trees T ′n and Kesten’s limit tree
naturally appear during the study of local convergences of GW2-trees conditioned to be large, such
as Catalan trees. We refer to Abraham & Delmas [2] for several results of this type. We give
ourselves a sequence (Gi)i≥0 of independent geometric random variables with parameter 1

2 . From
(5.1.5), we observe that S(T ′n) has the same law as Sn, where the sequence (Si) is defined by

S0 = G0 and Si+1 = max(Gi+1, Si) + 1{Gi+1=Si}

for all i ≥ 0. It is then easy to convince oneself that there is an event An such that

Sn = Mn + 1An where Mn = max
0≤i≤n

Gi.

un

un−1

u2

u1

GW2
GW2

GW2

GW2

GW2

Figure 5.1: The random binary tree T ′n.

Let us set aside the event An for now because it is quite difficult to precisely describe: for exam-
ple, it is realized when (Gi)0≤i≤n=(1, 1, 2, 3, . . . , n) but not when (Gi)0≤i≤n=(1, 2, 1, 3, . . . , n).
Nonetheless, the sole observation of Mn already unveils an issue. Indeed, there are no sequences
(an) and (bn) such that (Mn−bn)/an converges in distribution to a nondegenerate random variable.
In statistics, this is a classic application of the extreme value theorem, see e.g. Arnold, Balakrishnan
& Nagaraja [12, page 217]. We also refer to Eisenberg [67] for a detailed study of the distribution
of Mn. It is important to note that this situation is due to the discrete setting. Indeed, if (Ei)i≥0 is a
sequence of independent exponential random variables with mean (ln 2)−1, so that the integer part
⌊Ei⌋ of Ei has the same distribution as Gi, then an elementary calculation shows that

∀x ∈ R, P
(

max
0≤i≤n

Ei − log2 n ≤ x
)
−→ exp(−2−x),
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where the limit is the cumulative distribution function of the Gumbel law with location 0 and with
scale (ln 2)−1. Other curiosities happen for geometric order statistics which further complexify
the behavior of Sn. For example, Bruss & O’Cinneide [29] proved that the probability that the
maximum of (Gi)0≤i≤n is uniquely achieved does not converge.

Strategy and main results. Those observations suggest to slightly modify the Horton–Strahler
number into a continuous quantity, more likely to behave regularly. Since one cannot expect
two real numbers to be exactly equal, the recursive formula (5.1.1) is not suitable in this regard.
Nevertheless, we see, keeping the notations of Definition 5.1.1, that

S(t) = max
1≤i,j≤k

max
(
S(ti),S(tj),1{i ̸=j} + min(S(ti),S(tj))

)
, (5.1.6)

by considering the two maximal values among S(t1), . . . ,S(tk). The formula (5.1.6) stays workable
when the S(ti) are real numbers, so it only remains to redefine the Horton–Strahler number of a
tree reduced to a single node. We do so by endowing the leaves with [0, 1)-valued weights.

Definition 5.1.2 (Weighted Horton–Strahler number) A weighted tree t is a finite rooted tree
whose each leaf v is equipped with a weight wv ∈ [0, 1). Its weighted Horton–Strahler number is a
nonnegative real number S(t) ∈ [0,∞) defined recursively as follows.

(a) If t consists of a single node with weight wroot, then S(t) = wroot.
(b) Otherwise, S(t) is derived from the weighted Horton–Strahler numbers of the weighted

subtrees t1, . . . , tk that are attached to the root according to the expression (5.1.6). Namely,

S(t) = max
1≤i,j≤k

max
(
S(ti),S(tj),1{i ̸=j} + min(S(ti),S(tj))

)
.

□

See Figure 5.2 for an example and Section 5.2.2 for a more precise definition of weighted trees.
The requirement for the weights to be in [0, 1) entails the following relation between the classic
and the weighted Horton–Strahler numbers (see Proposition 5.4.3 for details):

for all weighted tree t, ⌊S(t)⌋ = S(t), where t is the underlying tree of t. (5.1.7)

Therefore, one does not lose any information about S(t) by working solely with the weighted
Horton–Strahler number. However, we now need to specify the weights that we put on the leaves of
stable Galton–Watson trees.

In all this article, to lighten the notations, we fix and denote

α ∈ (1, 2], β = 1
α−1 , γ = ln α

α−1 and δ =
(

α
α−1

)α−1 = eγ(α−1) ∈ (1, 2]. (5.1.8)

For all a > 0, we say a random variable W ∈ [0, 1) has distribution FExp(a) when

∀r ∈ [0, 1], P(W ≤ r) = 1− e−ar

1− e−a . (5.1.9)

We point out that if E is an exponential random variable with mean 1
a then the fractional part

E − ⌊E⌋ of E has law FExp(a). We say a random weighted tree τ is an α-stable Galton–Watson
weighted tree (or a GWα-weighted for short) when it is a GWα-tree τ whose leaves are endowed
with independent weights with law FExp(γ) (more formally, see Definition 5.2.15). This choice of
weights is justified by the following assertion that we prove in Proposition 5.4.6.

If τ is a GWα-weighted tree, then for all x ∈ [0,∞), P(S(τ ) ≥ x) = e−γx. (5.1.10)
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3.2
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0.8 0.5 0 0.2 0.20.41

0.50.1 0

Figure 5.2: A weighted tree t such that S(t) = 3.2. The leaves and their weights are in green.
Next to each node is written the weighted Horton–Strahler number of the subtree stemming from it.

Note that (5.1.10) readily implies (5.1.5). The law of S(τ ) is absolutely continuous but, for all
non-integer x ≥ 0, we can define the law of τ under P(dτ |S(τ ) = x) by setting

P(τ = t | S(τ ) = x) = lim
ε→0+

P
(
τ = t

∣∣ |S(τ )− x| < ε
)

for all tree t (see Definition 5.4.8 and Proposition 5.4.7 for details and a proof).

Instead of studying the weighted Horton–Strahler number of GWα-trees conditioned to have a
large number of vertices, we begin by looking for a scaling limit for τ under P(dτ |S(τ ) = x) as
x tends to∞. Indeed, this problem is easier to tackle thanks to the so-called r-weighted Horton
pruning operation that we introduce in Section 5.5: erasing the parental edges of leaves with weights
smaller than some threshold r ∈ [0, 1], then removing vertices with a single child. When r= 1,
we retrieve the Horton pruning mentioned above. This operation subtracts r from the weighted
Horton–Strahler number, and GWα-weighted trees are almost invariant under weighted Horton
pruning (see Theorem 5.5.4 for a precise statement). We then deduce that x 7→ P(dτ |S(τ ) = x)
is Cauchy, which yields our first main result. The rooted Gromov–Hausdorff–Prokhorov distance,
which will be recalled in Section 5.2.1, gives a sense to convergences of rooted measured compact
metric spaces.

Theorem 5.1.3 Let τ be a GWα-weighted tree. The tree τ is endowed with its graph distance
denoted by dgr, its root denoted by ∅, and its counting measure

∑
u∈τ δu. There exists a nondegen-

erate random compact metric space (T , d) endowed with a distinguished point ρ and a finite Borel
measure µ such that the convergence in distribution(

τ, e−γ(α−1)xdgr,∅, e−γαx
∑
u∈τ

δu
)

under P(dτ |S(τ ) = x) d−−−−−−→
x→∞,x/∈N

(T , d, ρ, µ)

holds for the rooted Gromov–Hausdorff–Prokhorov distance.

Before describing the law of this limit space or discussing the fluctuations of the weighted
Horton–Strahler numbers of GWα-trees conditioned on having total progeny n, we need to recall
their own scaling limit. Let (Xn)n∈N be a (left-continuous) random walk started at X0 = 0 and
with jump law given by P(X1 = k) = µα(k + 1) for all integers k ≥ −1. Using (5.1.2) and the
continuity theorem for (bilateral) Laplace transform (see e.g. [151, Appendix A]), one can check
that

1
an
Xn

d−→ X1, where an = α−1/αn1/α and E [exp (−λX1)] = exp(λα) (5.1.11)
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for all n ∈ N and λ ∈ (0,∞). Hence, µα belongs to the domain of attraction of a stable law of
index α. Note that if α ∈ (1, 2) then ⌊α⌋ = 1, and if α = 2 then ⌊α⌋ = 2. Then, keeping the
same notations as in Theorem 5.1.3, a theorem of Duquesne [50] yields that the convergence in
distribution(

τ,
an
n

dgr,∅,
1
n

∑
u∈τ

δu
)

under P( · |#τ = n+ 1) d−−−−−−−−−→
n→∞,n∈⌊α⌋N

(Tnr, dnr, ρnr, µnr) (5.1.12)

holds for the rooted Gromov–Hausdorff–Prokhorov distance. Here, (Tnr, dnr, ρnr, µnr) stands
for the α-stable tree describing the genealogical structure of continuous state-branching process
with branching mechanism λ 7→ λα, following the convention of Duquesne & Le Gall [61] (see
Section 5.2.5 for a precise definition). When α = 2, Tnr corresponds to the celebrated Brownian
tree of Aldous [7, 9]. A little more precisely, if (Te, de, ρe, µe) stands for the real tree coded by the
standard Brownian excursion e in the sense of Le Gall [78, Definition 2.2] (see also Section 5.2.3),
then (Te,

√
2 de, ρe, µe) is a 2-stable tree.

The two limit spaces T and Tnr in Theorem 5.1.3 and (5.1.12) are real trees, namely all pairs
of their points are joined by a unique arc that turns out to be a geodesic (see Definition 5.2.17 for
details). We denote by Tm

R the space of (equivalence classes of) rooted (finitely) measured compact
real trees, endowed with the rooted Gromov–Hausdorff–Prokhorov distance (see Sections 5.2.1
and 5.2.3 for more precision). In light of Theorem 5.1.3 and of the convergence (5.1.12), it seems
reasonable to expect that some functional s plays the role of a continuum analog of the weighted
Horton–Strahler number, so that s(T ) is constant. We indeed explicitly introduce such an object
in Definition 5.8.3, that we denote by sδ : Tm

R −→ [0,∞] and that we call the Strahler dilation
with base δ.

Theorem 5.1.4 The Strahler dilation sδ, as in Definition 5.8.3, is measurable and satisfies:

(i) sδ(T, λ d, ρ, µ) = λsδ(T, d, ρ, 0) for all λ ∈ (0,∞) and all (T, d, ρ, µ) ∈ Tm
R ,

(ii) sδ(T ) = 1 almost surely, where T is the limit tree in Theorem 5.1.3.

We cannot suitably adapt the discrete Definition 5.1.2 or the combinatorial approach by Horton
pruning to the continuum setting, but Definition 5.8.3 is inspired by the definition of the Horton–
Strahler number as the maximal height of an embedded perfect binary tree. The proof of (ii) relies
on a self-similar decomposition of T that highlights this perfect binary tree. We formulate it later
as Theorem 5.7.3. Thanks to the Strahler dilation, we can describe the law of T in terms of the
α-stable tree Tnr by the following result.

Theorem 5.1.5 Let T be the limit tree in Theorem 5.1.3, and let (Tnr, dnr, ρnr, µnr) be the α-
stable tree as in (5.1.12). Let sδ be the Strahler dilation with base δ as in Theorem 5.1.4. Then for
all bounded and measurable function F : Tm

R −→ R, it holds that

E
[
F (T )

]
= αβ

Γ(1− 1
α)

E
[
F
(
Tnr , sδ(Tnr)−1dnr , ρnr , α

−βsδ(Tnr)−αβµnr
)
sδ(Tnr)β

]
.

(5.1.13)

Informally, the Strahler dilation is to T what the total mass is to Tnr. We precise this relation and
we give other formulations of (5.1.13) later in Theorem 5.9.1. Using Theorem 5.1.4, the relation
(5.1.13) follows from a Bayesian argument linking (5.1.12) and Theorem 5.1.3.

Moreover, the same method yields that if τ is a GWα-weighted tree, then the scaling limit
of δS(τ ) under P( · |#τ ≥ n) is equal to the Strahler dilation with base δ of the scaling limit of
the tree τ . The same proof does not hold to study the local conditioning {#τ = n} that becomes
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degenerate at the limit. To avoid this issue, we take advantage of a monotony property of the
Horton–Strahler number by coupling a GWα-weighted tree conditioned to have exactly n leaves
and a GWα-weighted tree conditioned to have at least n/2 leaves, such that one is always embedded
into the other. This coupling relies on Marchal’s algorithm [128] which yields a sequence of nested
GWα-trees. We then reach our goal.

Theorem 5.1.6 We keep the notations of Theorem 5.1.3. Let (an) be as in (5.1.11) and let Tnr be
the α-stable tree as in (5.1.12). Let sδ be the Strahler dilation with base δ as in Theorem 5.1.4.
Jointly with (5.1.12), the following convergence holds in distribution on (0,∞):

an
n
δS(τ ) under P( · |#τ = n+ 1) d−−−−−−−−−→

n→∞,n∈⌊α⌋N
sδ(Tnr).

We can reformulate this result by stating that the following convergence in distribution

S(τ )− α−1
α logδ n− 1

α logδ α under P( · |#τ = n+ 1) d−−−−−−−−−→
n→∞,n∈⌊α⌋N

logδ sδ(Tnr) (5.1.14)

holds on R. Thanks to (5.1.7), this yields the following convergence in probability

αS(τ)
log α

α−1
n

under P( · |#τ = n+ 1) P−−−−−−−−−→
n→∞,n∈⌊α⌋N

1,

which is [103, Theorem 1.2] in the specific case where µ = µα. Furthermore, the variations of
the fractional part of α−1

α logδ n induce the same periodic phenomenon observed in the asymptotic
estimate (5.1.3) proved by Flajolet, Raoult & Vuillemin [75] and Kemp [98].

Theorem 5.1.6 shows that it is possible to asymptotically recover the weighted Horton–Strahler
number from the sole limit metric structure. This is noteworthy because the former depends on
the weights of the leaves, which are independent of the tree. While their contribution is limited to
the fractional part, this part is of constant-order and is thus non-negligible within the convergence
(5.1.14). The disappearance of this dependence at the limit is explained by the specific choice
of the law of weights, introduced to remove the arithmetic interference in the analysis of the
classic Horton–Strahler number, which is thus an intrinsic aspect of the stable Galton–Watson tree.
Similarly, the index sδ(Tnr) is a new metric characteristic of the stable tree, whose properties could
provide information about its geometry.

Our last contribution specifically focuses on α = 2, namely the binary case. In this setting,
Flajolet, Raoult & Vuillemin [75] and Kemp [98] have explicitly derived the law of the Horton–
Strahler number of Catalan trees. We adapt their computations to determine the law of the Strahler
dilation of the Brownian tree. Our calculation then unveils an unexpected identity.

Theorem 5.1.7 If (Te, de, ρe, µe) is the Brownian tree, then its double Strahler dilation 2s2(Te)
with base 2 has the same law as its height h(Te) = supσ∈Te de(ρe, σ).

Organisation of paper. In Section 5.2, we precisely set our framework and formally define our
objects of interest. In Section 5.3, we adapt already known results to our setting and we derive
classic estimates. We define the weighted Horton–Strahler number and we study its law for stable
Galton–Watson weighted trees in Section 5.4. Section 5.5 is devoted to the study of weighted
Horton pruning. In Section 5.6, we prove Theorem 5.1.3. A first description of the limit tree in
Theorem 5.1.3 is given by Section 5.7. In Section 5.8, we construct the Strahler dilation to show
Theorem 5.1.4. We prove Theorems 5.1.5 and 5.1.6 in Section 5.9. Finally, Section 5.10 consists
of the proof of Theorem 5.1.7. Throughout all this work, we will write the set of nonnegative real
numbers, the set of nonnegative integers, and the set of positive integers respectively as

R+ = [0,∞), N = {0, 1, 2, 3, . . .}, and N∗ = {1, 2, 3, . . .}.



5.2. Framework, notations, and definitions 235

5.2 Framework, notations, and definitions

In this section, which contains no new results, we set the notations and present the basic objects we
will encounter and use throughout the paper.

5.2.1 Topological framework

Throughout this work, we study convergences so let us first present the topologies that we use.

Càdlàg functions with compact support. We write R+ = [0,∞) and we denote by D(R+,R)
the space of all right-continuous with left limits (càdlàg for short) functions from R+ to R. The
space D(R+,R) is equipped with the Skorokhod (J1) topology which makes it Polish, namely sepa-
rable and completely metrizable. We refer to Billingsley [22, Chapter 3] and Jacod & Shiryanev [95,
Chapter VI] for background. Let f ∈ D(R+,R), we define its lifetime ζ(f) and its η-modulus of
continuity ωη(f) as

ζ(f) = sup {0} ∪ {s ≥ 0 : f(s) ̸= 0} and ωη(f) = sup
s1,s2≥0
|s1−s2|≤η

|f(s1)− f(s2)| (5.2.1)

for all η > 0. We say that f has compact support when ζ(f) <∞. Since we are also interested in
the convergences of lifetimes of càdlàg functions with compact support, it will be useful to work on
the following subspaces of the product space D(R+,R)× R+:

DK = {(f, ℓ) : ℓ ∈ R+ and f : R+ −→ R càdlàg such that ζ(f) ≤ ℓ} ,
CK = {(f, ℓ) : ℓ ∈ R+ and f : R+ −→ R continuous such that ζ(f) ≤ ℓ} .

Next, we define the uniform distance d∞ and the Skorokhod distance dS on DK by setting

d∞
(
(f1, ℓ1), (f2, ℓ2)

)
= |ℓ1 − ℓ2|+ sup

s≥0
|f1(s)− f2(s)|, (5.2.2)

dS
(
(f1, ℓ1), (f2, ℓ2)

)
= |ℓ1 − ℓ2|+ inf

ψ
sup
s≥0

(
|ψ(s)− s|+ |f1(ψ(s))− f2(s)|

)
(5.2.3)

where the infimum is taken over all increasing and bijective functions ψ : R+ −→ R+, for all
(f1, ℓ1), (f2, ℓ2) ∈ DK. The proposition below gathers useful properties of CK and DK.

Proposition 5.2.1 The following holds true.

(i) DK is a closed subset of D(R+,R)× R+, and CK is a closed subset of DK.

(ii) The spaces CK and DK are Polish.

(iii) The topology of DK is induced by the distance dS.

(iv) The distances d∞ and dS are topologically equivalent on CK.

Proof. Let (fn, ℓ) ∈ DK such that fn −→ f for the Skorokhod topology and ℓn −→ ℓ. If ℓ < s
then fn(s) = fn(s−) = 0 for all n large enough, so f(s) = 0 by [95, Proposition 2.1, Chapter
VI]. Thus, ζ(f) ≤ ℓ < ∞. This same proposition entails that if the fn are continuous then
f(s) = f(s−) for all s ∈ R+. This proves (i). Finite products and closed subsets of Polish spaces
are Polish so (ii) follows from (i). The point (iii) is a consequence of [95, Theorem 1.14, Chapter
VI]. Then, (iv) follows from [95, Proposition 1.17, Chapter VI]. ■
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Notation 5.2.2 We identify any càdlàg function with compact support f with (f, ζ(f)) ∈ DK.
Hence, a sequence (fn) of càdlàg functions with compact support converges to (f, ℓ) on DK if and
only if fn −→ f for the Skorokhod topology and ζ(fn) −→ ℓ. We point out that ℓ and ζ(f) do not
need to be equal a priori. However, we will say that (fn) converges to f on DK when fn −→ f for
the Skorokhod topology and ζ(fn) −→ ζ(f). □

We now provide a straightforward adaptation of the classic criterion of tightness for random
continuous functions, see [22, Theorem 7.3].

Proposition 5.2.3 A sequence (νn) of distributions on CK is tight if and only if it satisfies

0 = lim
m→∞

lim sup
n→∞

νn ({(f, ℓ) ∈ CK : |f(0)| ≥ m}) , (a)

0 = lim
m→∞

lim sup
n→∞

νn ({(f, ℓ) ∈ CK : ℓ ≥ m}) , (b)

0 = lim
η→0+

lim sup
n→∞

νn ({(f, ℓ) ∈ CK : ωη(f) ≥ ε}) for all ε > 0. (c)

Proof. Let L ∈ R+, let CL be the space of continuous functions from [0, L] to R endowed with the
uniform topology, and let A be a compact subset of CL. The points (i) and (iv) of Proposition 5.2.1
yield that AL = {(f, ℓ) : ℓ ≤ L, f ∈ A} is a compact subset of CK. Conversely, we see that any
compact subset of CK is contained in some AL. We end the proof with [22, Theorem 7.3]. ■

Furthermore, we denote by ρS the Prokhorov metric associated with dS on the space P(DK) of all
Borel probability measures on DK. Namely, for all ν1, ν2 ∈ P(DK), we define

ρS(ν1, ν2) = inf{ε > 0 : ∀A ⊂ DK Borel subset, ν1(A) ≤ ν2(Aε) + ε} (5.2.4)

where Aε = {x ∈ DK : ∃a ∈ A, dS(x, a) < ε}. The space DK is Polish so [22, Theorem 6.8]
gives us the following result.

Proposition 5.2.4 The space P(DK) equipped with the topology of weak convergence is Polish.
This topology is induced ρS, which is indeed a distance on P(DK).

Remark 5.2.5 While DK is Polish, we stress that dS is not complete. See [22, Example 12.2]. In
particular, ρS is not complete either (consider e.g. a sequence of Dirac probability measures). □

Rooted Gromov–Hausdorff–Prokhorov distance. We define almost the same distances and we
follow the same presentation as in [5, Section 2.1]. Let n ∈ N with n ≥ 1. We say that (E, d,a) is
a n-pointed compact metric space when (E, d) is a compact metric space endowed with a sequence
of n distinguished points a = (a1, . . . , an) of E. A n-pointed measured compact metric space
(E, d,a, µ) is a n-pointed compact metric space (E, d,a) equipped with a finite Borel measure µ on
E. We say two n-pointed compact metric spaces (E, d,a) and (E′, d′,a′) are n-pointed-isometric
when there exists a bijective isometry ϕ from E to E′ such that ϕ(ai) = a′i for all 1 ≤ i ≤ n.
Moreover, two n-pointed measured compact metric spaces (E, d,a, µ) and (E′, d′,a′, µ′) are said
to be n-GHP-isometric when there exists a bijective isometry ϕ from E to E′ such that ϕ(ai) = a′i
for all 1 ≤ i ≤ n and such that the image measure of µ by ϕ is equal to µ′. We denote by Kn the
space of n-pointed-isometry classes of n-pointed compact metric spaces, and by Km

n the space of
n-GHP-isometry classes of n-pointed measured compact metric spaces.

Notation 5.2.6 When no confusion is possible, we will simply denote such a n-pointed (measured)
compact metric space (E, d,a, µ), as well as its class in Kn or Km

n , by its underlying space E. □
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A n-pointed correspondence between E and E′ is a subsetR of E × E′ with (ai, a′i) ∈ R for all
1 ≤ i ≤ n and such that for all x ∈ E and y′ ∈ E′, there are x′ ∈ E′ and y ∈ E such that (x, x′)
and (y, y′) are inR. The distortion of a n-pointed correspondenceR is defined by

dis(R) = sup
{∣∣d(x, y)− d′(x′, y′)

∣∣ : (x, x′) ∈ R and (y, y′) ∈ R
}
. (5.2.5)

The n-pointed Gromov–Hausdorff distance between E and E′ is then expressed by the formula

dn−GH(E,E′) = 1
2 inf
R

dis(R), (5.2.6)

where the infimum is taken over all n-pointed correspondencesR between E and E′. We may also
restrict the infimum to compact n-pointed correspondences without modifying the value. Indeed,
the closure of a n-pointed correspondence is a compact n-pointed correspondence that has the same
distortion because E × E′ is compact. For any finite Borel measure ν on E × E′, the discrepancy
of ν with respect to µ and µ′ is defined by

Dsp(ν ; µ, µ′) = sup
B⊂E

Borel subset

∣∣ν(B × E′)− µ(B)
∣∣+ sup

B′⊂E′
Borel subset

∣∣ν(E ×B′)− µ′(B′)
∣∣ .

The n-pointed Gromov–Hausdorff–Prokhorov distance between E and E′ is then expressed as

dn−GHP(E,E′) = inf
R,ν

max
(

1
2dis(R) , Dsp(ν ; µ, µ′) + ν

(
(E × E′)\R

))
, (5.2.7)

where the infimum is taken over all finite Borel measures ν on E ×E′ and all compact n-pointed
correspondencesR between E and E′. The objects dn−GH and dn−GHP are only pseudo-distances
but dn−GH(E,E′) = 0 if and only if E and E′ are n-pointed-isometric, and dn−GHP(E,E′) = 0
if and only if E and E′ are n-GHP-isometric. Hence, they respectively define genuine distances
on Kn and Km

n . Furthermore, the metric spaces (Kn, dn−GH) and (Km
n , dn−GHP) are separable

and complete. We refer to Abraham, Delmas & Hoscheit [4, Theorem 2.5] for proof. While they
define the distances in terms of isometric embeddings, the expressions (5.2.6) and (5.2.7) in terms
of correspondences give the same objects. See e.g. Khezeli [105, Theorem 3.5].

Notation 5.2.7 When n = 1, we shall omit it in the notations and replace the adjective pointed by
rooted. The unique distinguished point shall be called the root of the space. □

A rooted measured compact metric space is also a rooted compact metric space by forgetting its
measure. This is formalized by the continuous surjection (E, d, ρ, µ) ∈ Km 7−→ (E, d, ρ) ∈ K.
Moreover, endowing a rooted compact metric space with its null measure describes an isometric
embedding of K into Km. Let (E, d, ρ, µ) be a rooted measured compact metric space and let
λ ≥ 0. We will rescale rooted measured compact metric spaces in various ways by setting

λ · (E, d, ρ, µ) = (E, λd, ρ, µ) and λ⊙α (E, d, ρ, µ) = (E, λd, ρ, λα/(α−1)µ) (5.2.8)

for all α ∈ (1, 2]. These operations are continuous from Km to itself and they coincide into one
continuous map from K to itself. Furthermore, we define the height h(E) and the mass m(E) of a
rooted (measured) compact metric space respectively as

h(E, d, ρ) = sup
x∈E

d(ρ, x) and m(E, d, ρ, µ) = µ(E). (5.2.9)

The functions h : K −→ [0,∞) and m : Km −→ [0,∞) are Lipschitz and thus continuous.
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5.2.2 Discrete trees as sets of words

Words and trees. We recall Ulam’s formalism of trees. Let N∗ = {1, 2, 3, . . .} be the set of
positive integers and let U be the set of finite words

U =
⋃
n∈N

(N∗)n with the convention (N∗)0 = {∅}. (5.2.10)

The lexicographic order, denoted by ≤, is a total order on U. For u = (u1, . . . , un) ∈ U
and v = (v1, . . . , vm) ∈ U, the notation u ∗ v = (u1, . . . , un, v1, . . . , vm) ∈ U stands for the
concatenation of u and v. We denote by |u| = n the height of u, and if n ≥ 1 then we denote
by←−u = (u1, . . . , un−1) the parent of u. We then say that u is a child of v when←−u = v. The
genealogical order ⪯ is a partial order on U defined by u ⪯ v ⇐⇒ ∃u′ ∈ U, v = u ∗ u′. We say
that u is an ancestor of v when u ⪯ v. When u ⪯ v but u ̸= v, we may write u ≺ v. Observe that
for all u ∈ U, the set {v ∈ U : v ⪯ u} of ancestors of u is totally ordered by ⪯. Eventually, we
denote by u ∧ v ∈ U the most recent common ancestor of u and v, that is their common ancestor
with maximal height.

Notation 5.2.8 Although←−∅ is not defined, we write that←−∅<u and←−∅≺u for all u∈U. □

Definition 5.2.9 A subset t of U is a tree when the following is verified:

(a) t is finite and ∅ ∈ t,
(b) for all u ∈ t, if u ̸= ∅ then←−u ∈ t,
(c) for all u ∈ t, there exists an integer ku(t) ∈ N such that u ∗ (i) ∈ t⇐⇒ 1 ≤ i ≤ ku(t).

We denote by T the (countable) space of all trees, endowed with the discrete topology. □

Several times in this work, we will need to embed trees into others, in the following sense.

Definition 5.2.10 Let t be a tree and let A ⊂ U. Let ψ : t −→ A be an injective map.

(i) We say that ψ is an embedding when ψ(u ∧ v) = ψ(u) ∧ ψ(v) for all u, v ∈ t.
(ii) We say that ψ is increasing when u < v =⇒ ψ(u) < ψ(v) for all u, v ∈ t.

If ψ is an embedding, then we set ψ(←−∅) =←−∅ in accordance with Notation 5.2.8. □

Remark 5.2.11 Let A ⊂ U. If A satisfies (a) and (b) in Definition 5.2.9, then there exist a unique
tree t and a unique increasing embedding ψ : t −→ A such that ψ(t) = A. □

Let t be a tree. The number #t of its vertices is also called the size of t. We use the following
notations for the height of t and its set of leaves:

|t| = max
u∈t
|u| and ∂t = {u ∈ t : ku(t) = 0}, (5.2.11)

and #∂t stands for the number of leaves of t. For all v∈ t, we define the subtree of t stemming
from v as

θvt = {u ∈ U : v ∗ u ∈ t}.

Observe that θvt is also a tree. We list all the elements of t in the lexicographic order as

∅ = u0(t) < . . . < u#t−1(t), (5.2.12)
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and we call the finite sequence of words u(t) = (ui(t) ; 0 ≤ i ≤ #t− 1) the depth-first exploration
of t. We denote by H(t) : s ∈ [0,∞) 7−→ Hs(t) and we call the height function of t the affine-by-
parts and continuous function defined by

Hs(t) = Hi(t)+(s−i)(Hi+1(t)−Hi(t)) and Hi(t) =
{
|ui(t)| if 0≤ i≤#t− 1,
0 if i≥#t,

(5.2.13)

for all integers i ∈ N and for all real numbers s ∈ [i, i + 1]. It is folklore, and easy to see, that
the height function fully characterizes the corresponding tree. The function H(t) is nonnegative
and has compact support. In accordance with Notation 5.2.2, we shall identify it with the element(
H(t), ζ(H(t))

)
of CK. Let us also observe that

H0(t) = 0, supH(t) = |t|, and ζ(H(t)) = 1{#t≥2}#t. (5.2.14)

Stable Galton–Watson trees. Recall that µα = (µα(k))k∈N is the probability measure on N
characterized by the expression (5.1.2) of its generating function φα. We easily compute from
(5.1.2) that

φ′α(s) = 1− (1− s)α−1 and φ(m)
α (s) = µα(m) ·m!(1− s)α−m, (5.2.15)

for all s ∈ [0, 1) and m ≥ 2. By induction, the identities (5.1.2) and (5.2.15) yield the expressions

µα(0) = 1
α , µα(1) = 0, µα(2) = α−1

2 , and µα(k) = 1
k!

k−1∏
i=1
|α− i| = 1{α<2}

(α−1)Γ(k−α)
Γ(2−α)k!

(5.2.16)
for all k ≥ 3, where Γ stands for the usual Gamma function. In particular, we recover that µ2 is the
critical binary offspring distribution. Let µ = (µ(k))k∈N be another probability measure on N. We
say that µ is critical and non-trivial when

µ(0) > 0 and
∑
k∈N

kµ(k) = 1. (5.2.17)

We readily observe from (5.2.15) and (5.2.16) that µα is critical and non-trivial.

Definition 5.2.12 Let µ be a probability measure on N which verifies (5.2.17). A Galton–Watson
tree with offspring law µ (or GW(µ)-tree for short) is a random (finite) tree τ that satisfies the
following.

(a) The law of k∅(τ) is µ.

(b) For all k ∈ N∗ such that µ(k) > 0, the random trees θ(1)τ, . . . , θ(k)τ under P( · | k∅(τ) = k)
are independent with the same law as τ under P.

When µ = µα as in (5.1.2), we call τ an α-stable Galton–Watson tree (or a GWα-tree for short).□

It is well-known that the assumption (5.2.17) ensures that a random (finite) tree described by
Definition 5.2.12 indeed exists. Moreover, see e.g Le Gall [78, Propositions 1.4, 1.5], if τ is a
GW(µ)-tree then

∀t ∈ T, P(τ = t) =
∏
u∈t

µ
(
ku(t)

)
, (5.2.18)

and there exists a sequence (ξi)i∈N of independent random variables distributed as k∅(τ) such that(
kui(τ)(τ) ; 0 ≤ i ≤ #τ − 1

)
=
(
ξi ; 0 ≤ i ≤ #τ − 1

)
almost surely. (5.2.19)
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Trees with edge lengths. We say that T = (t, (lu)u∈t) is a tree with edge lengths when t is a tree,
as in Definition 5.2.9, and lu ∈ (0,∞) for all u ∈ t. We denote by T the space of all trees with edge
lengths and we endow it with the product topology, meaning that (tn, (lnu)u∈tn) −→ (t, (lu)u∈t) if
and only if there is n0 ≥ 0 such that tn = t for all n ≥ n0 and lnu −→ lu for all u ∈ t. This makes
T a Polish space. Recall from (5.2.11) that |t| stands for the height of t. We denote

Sha(T ) = t, #T = #t, |T | = |t|, K(T ) = k∅(t), L(T ) = l∅, and S(T ) = S(t), (5.2.20)

where S is the Horton–Strahler number as in Definition 5.1.1. Then, for all v ∈ t and λ > 0, we set

θvT = (θvt, (lv∗u)u∈θvt) and λ · T = (t, (λlu)u∈t). (5.2.21)

Remark that θvT and λ · T are also trees with edge lengths. Recall from (5.2.12) that u(t) is the
depth-first exploration of t. The tree with edge lengths T is described by a nonnegative càdlàg
function with compact support H̄(T ) = (H̄s(T ))s≥0, called its height function and defined by

H̄s(T ) =
{∑

v≺ui(t) lv + s−
∑i−1
j=0 luj(t) if

∑i−1
j=0 luj(t) ≤ s <

∑i
j=0 luj(t), i≤#t− 1

0 if
∑#t−1
j=0 luj(t) ≤ s

(5.2.22)
for all s ≥ 0. We stress that H̄(T ) is not continuous so H̄(T ) should not be confused with H(t).
Written with Notation 5.2.2, the map T ∈ T 7−→ H̄(T ) ∈ DK is continuous. Observe from (5.2.1),
(5.2.21), and (5.2.22) that it holds

ζ(H̄(T )) =
∑
u∈t

lu and H̄s(λ · T ) = λH̄s/λ(T ). (5.2.23)

One can interpret the height function as follows. Let us draw T into the upper half-plane with its
correct edge lengths and let us picture a particle that, starting at←−∅ , explores T at unit speed, from
left to right, without hitting two times the same point, and backtracking only after reaching a leaf.
Then, H̄s(T ) is equal to the distance of the particle from←−∅ at time s. From the point of view of
the particle, a single edge or a chain of several edges put back to back with the same total length is
the same, which translates into the following result.

Proposition 5.2.13 For any tree with edge lengths T = (t, (lu)u∈t), there exist a unique tree t′

and a unique increasing embedding ψ : t′ −→ t such that ψ(t′) = {u ∈ t : ku(t) ̸= 1}. Moreover,
if T ′ is the tree with edge lengths defined below, then it holds that H̄(T ′) = H̄(T ):

T ′ = (t′, (l′u)u∈t′) where l′u =
∑

ψ(←−u )≺v⪯ψ(u)
lv.

Proof. It is straightforward to do the proof by induction, by considering, for example, the≤-minimal
vertex v ∈ t such that kv(t) ̸= 1. We leave it as an exercise for the reader. ■

Definition 5.2.14 Let µ be a probability measure on N which verifies (5.2.17). A GW(µ)-tree
with edge lengths is random tree with edge lengths T = (τ, (Lu)u∈τ ) such that τ is a GW(µ)-tree
and conditionally given τ , the (Lu)u∈τ are independent with exponential distribution with mean 1.
When µ = µα as given by (5.1.2), we call T a GWα-tree with edge lengths. □
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Figure 5.3: A weighted tree with edge lengths T such that Sha(T) is the same as in Figure 5.2.
The leaves and their weights are green, the other vertices are blue. The edge lengths are given
vertically.

Weighted trees. We say that t = (t, (wv)v∈∂t) is a weighted tree when t is a tree and wv ∈ [0, 1)
for all v ∈ ∂t, where ∂t stands for the set of leaves of t as in (5.2.11). We denote by Tw the space of
all weighted trees and we endow it the product topology, meaning that tn = (tn, (wnv )v∈∂tn) −→ t
if and only if there is n0 ≥ 0 such that tn = t for all n ≥ n0 and wnv −→ wv for all v ∈ ∂t. This
makes Tw a Polish space. Recall from Definition 5.1.2 that S stands for the weighted Horton–
Strahler number, and observe that the function S : Tw −→ R+ is continuous. For all u ∈ t, we
set

θut = (θut, (wu∗v)v∈∂θut),

which is a well-defined weighted tree because ∂θut = {v ∈ θut : u ∗ v ∈ ∂t}. Recall the
distribution FExp(a) from (5.1.9), and the notation γ = ln α

α−1 from (5.1.8).

Definition 5.2.15 An α-stable Galton–Watson weighted tree (or a GWα-weighted tree for short)
is a random weighted tree τ =

(
τ, (Wv)v∈∂τ

)
such that τ is a GWα-tree and conditionally given τ ,

the (Wv)v∈∂τ are independent of distribution FExp(γ). Thus, the law of τ satisfies the following.

(a) The law of k∅(τ) is µα, as characterized by (5.1.2).

(b) Under P( · | k∅(τ) = 0), the law of W∅ is FExp(γ).

(c) For all k ∈ N∗ such that µα(k) > 0, the random weighted trees θ(1)τ , . . . , θ(k)τ under
P( · | k∅(τ) = k) are independent with the same law as τ under P.

□
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Weighted trees with edge lengths. We say that T = (t, (lu)u∈t, (wv)v∈∂t) is a weighted tree with
edge lengths when T = (t, (lu)u∈t) is a tree with edge lengths and wv ∈ [0, 1) for all v ∈ ∂t. We
denote by Tw the space of all weighted trees with edge lengths, and we endow it with the product
topology, meaning that Tn = (tn, (lnu)u∈tn , (wnv )v∈∂tn) −→ T if and only if there is n0 ≥ 0 such
that tn = t for all n ≥ n0, lnu −→ lu for all u ∈ t, and wnv −→ wv for all v ∈ ∂t. In other words,
Tn −→ T on Tw if and only if Tn −→ Tn on T and (tn, (wnv )v∈∂tn) −→ (t, (wv)v∈∂t) on Tw.
This makes Tw a Polish space. To lighten the notations, we write

Sha(T) = (t, (wv)v∈∂t) and S(T) = S(Sha(T)). (5.2.24)

Moreover, for all u′ ∈ t and λ > 0, we set

θu′T =
(
θu′t, (lu′∗u)u∈θu′ t, (wu′∗v)v∈∂θu′ t

)
and λ ·T = (t, (λlu)u∈t, (wv)v∈∂t). (5.2.25)

Remark that Sha(T) is a weighted tree, and that θu′T and λ · T are weighted trees with edge
lengths.

Definition 5.2.16 A GWα-weighted tree with edge lengths is a random weighted tree with edge
lengths T =

(
τ, (Lu)u∈τ , (Wv)v∈∂τ

)
such that T = (τ, (Lu)u∈τ ) is a GWα-tree with edge lengths

and conditionally given T , the (Wv)v∈∂τ are independent of distribution FExp(γ). Thus, the law
of T satisfies the following.

(a) K(T ) and L(T ) are independent, of respective laws µα and exponential with mean 1.

(b) Under P( · |K(T ) = 0), W∅ is independent from L(T ) and has law FExp(γ).

(c) For all k ∈ N∗ with µα(k) > 0, under P( · |K(T ) = k), the random weighted trees with
edge lengths θ(1)T , . . . , θ(k)T are independent, jointly independent from L(T ), and have
the same law as T under P.

□

5.2.3 Real trees

In this work, we are mostly interested in the following type of tree-like metric spaces.

Definition 5.2.17 A metric space (T, d) is a real tree when for all x, y ∈ T :

(a) there exists a unique isometry gx,y : [0, d(x, y)] −→ T with gx,y(0) = x and gx,y(d(x, y)) =
y, which is called the geodesic from x to y,

(b) all injective continuous functions h : [0, 1] −→ T with h(0) = x and h(1) = y (that we call
arcs from x to y) share the same image, denoted by Jx, yK = h([0, 1]) = gx,y([0, d(x, y)]).

We say a rooted (measured) compact metric space (T, d, ρ, µ) is a rooted (measured) compact
real tree when (T, d) is a real tree. We denote by TR (resp. by Tm

R ) the space of isometry classes
of rooted (measured) compact real trees equipped with dGH as in (5.2.6) (resp. with dGHP as in
(5.2.7)). □

The spaces TR and Tm
R are respectively closed subsets of K and Km, see e.g. Evans [70, Lemma

4.22], so they are separable and complete metric spaces.

Real trees coded by continuous excursions. We define the set of continuous excursions as

EK = {(f, ℓ) ∈ CK : ∀s ≥ 0, f(s) ≥ 0 = f(0)}. (5.2.26)
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Endowed with the distance d∞ defined by (5.2.2), it is a closed subspace of CK and so a Polish
space thanks to Proposition 5.2.1. Let (f, ℓ) ∈ EK, we set

df (s1, s2) = df (s2, s1) = f(s1) + f(s2)− 2 inf
[s1,s2]

f

for all s2 ≥ s1 ≥ 0. The function df is a continuous pseudo-distance on R+. Writing s1 ∼f s2
when df (s1, s2) = 0 defines an equivalence relation on R+. It induces the quotient space

Tf,ℓ = [0, ℓ]/ ∼f

on which df induces a genuine distance that we denote by df,ℓ. By continuity of df on [0, ℓ]2, the
canonical projection pf,ℓ : [0, ℓ] −→ Tf,ℓ is continuous and the metric space (Tf,ℓ, df,ℓ) is compact.
Moreover, one can check that Tf,ℓ is a real tree, see e.g. Le Gall [78, Theorem 2.2]. We extend pf,ℓ
to R+ by setting pf,ℓ(s) = pf,ℓ(ℓ) when s ≥ ℓ. Finally, we write ρf,ℓ = pf,ℓ(0) and we denote by
µf,ℓ the image measure by pf,ℓ of the Lebesgue measure on [0, ℓ]. We call(

Tf,ℓ , df,ℓ , ρf,ℓ , µf,ℓ
)

(5.2.27)

the (rooted measured compact) real tree coded by (f, ℓ). Still in accordance with Notation 5.2.2,
if ℓ = ζ(f) then we shall simply write (Tf , df , ρf , µf ) = (Tf,ζ(f), df,ζ(f), ρf,ζ(f), µf,ζ(f)). Recall
the operations defined by (5.2.8) and (5.2.9). We point out that if g(s) = λ1−1/αf(s/λ) for all
s ≥ 0 with some λ > 0, then Tg = λ1−1/α ⊙α Tf . Observe that h(Tf,ℓ) = sup f and m(Tf,ℓ) = ℓ.
The map (f, ℓ) ∈ EK 7−→ Tf,ℓ ∈ Tm

R is continuous because it holds

dGHP(Tf1,ℓ1 , Tf2,ℓ2) ≤ |ℓ1 − ℓ2|+ 2 sup
s≥0
|f1(s)− f2(s)| ≤ 2d∞

(
(f1, ℓ1), (f2, ℓ2)

)
. (5.2.28)

Indeed, we consider the compact rooted correspondenceR = {(pf1,ℓ1(s), pf2,ℓ2(s)) : s ≥ 0} and
the image measure by (pf1,ℓ1 , pf2,ℓ2) of the Lebesgue measure on the segment [0,min(ℓ1, ℓ2)].

Scaling limits of discrete trees. Any tree t (as in Definition 5.2.9) may be rooted at ∅, equipped
with its counting measure

∑
u∈t δu, and endowed with the graph distance on U,

∀u, v ∈ U, dgr(u, v) = |u|+ |v| − 2|u ∧ v|, (5.2.29)

to obtain a rooted measured compact metric space. This describes a continuous injection from the
discrete space of trees T into Km: we thus see T as a closed subset of Km with a slight abuse of
notation. We stress that (discrete) trees are not real trees because they are not connected. However,
linking each vertex of t to its parent by a metric segment of unit length yields a genuine real tree.
Moreover, the latter is classically encoded by the so-called contour function of t. We informally
present this function just below and we refer to Duquesne [50] for a rigorous definition.

Let us picture a particle that, starting at the root, continuously walks through the tree so that it
retraces its steps as little as possible and respects the lexicographic order of the vertices. The particle
crosses each edge twice, once upward and once downward, so it takes 2(#t− 1) steps to return
to the root after having explored the whole tree. We say that the particle follows the exploration
by contour of the tree t and we denote by c(t) = (ci(t) ; 0 ≤ i ≤ 2(#t− 1)) the sequence of its
positions on t. Then, the contour function of t is the function C(t) : s ∈ R+ 7−→ Cs(t) defined by

Cs(t) = Ci(t) + (s− i)(Ci+1(t)− Ci(t)) and Ci(t) =
{
|ci(t)| if 0 ≤ i ≤ 2(#t− 1)
0 if i ≥ 2#t− 1

for all integers i ∈ N and s ∈ [i, i+1]. The slopes of this piecewise affine function are in {1,−1, 0}.
Moreover, it is an element of EK such that supC(t) = |t| and ζ(C(t)) = 2#t− 2.
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Proposition 5.2.18 Let (h, ℓ)∈CK. Let tn be a tree and let λn, bn> 0 for all n∈N. We assume
λn→ 0 and λn/bn→∞. Recall from (5.2.13) that H(tn) is the height function of tn. The two
convergences(

λnHs/bn
(tn)

)
s≥0
−→ (h, ℓ) and

(
λnC2s/bn

(tn)
)
s≥0
−→ (h, ℓ)

are equivalent on CK. If they hold, then (h, ℓ) ∈ EK and (t, λndgr,∅, bn
∑
u∈t δu) −→ Th,ℓ for the

rooted Gromov–Hausdorff–Prokhorov distance.

Proof. The equivalence of the convergences follows from (5.2.14), Proposition 5.2.1 (iv), and
general deterministic arguments of Duquesne & Le Gall [61, Section 2.5] that show the height and
the contour functions are similar once rescaled. The metric of a tree t can be recovered from C(t)
via

dC(t)(i, j) = Ci(t) + Cj(t)− 2 inf
[i,j]

C(t) = dgr (ci(t), cj(t)) (5.2.30)

for all integers 0 ≤ i ≤ j ≤ 2(#t − 1), see e.g. Le Gall [78, Section 2]. Let λ, b > 0, we
define a continuous excursion f ∈ EK and a rooted measured compact metric space T ∈ Km

by setting f : s ∈ R+ 7−→ λC2s/b(t) and T = (t, λdgr,∅, b
∑
u∈t δu). Thanks to (5.2.30), it is

straightforward to check that dGH(Tf , T ) ≤ λ and dGHP(Tf , T ) ≤ λ+ b. Then, (5.2.28) completes
the proof. ■

Genealogical order on a rooted compact real tree. Let (T, d, ρ) be a rooted compact real tree
and let σ1, σ2 ∈ T . From Definition 5.2.17, recall that gσ1,σ2 : [0, d(σ1, σ2)] −→ T is the geodesic
between σ1 and σ2 and Jσ1, σ2K = gσ1,σ2([0, d(σ1, σ2)] is the unique path between σ1 and σ2. The
equality d(σ1, σ2) = d(σ1, σ) + d(σ, σ2) thus holds for all σ ∈ Jσ1, σ2K. The genealogical order
⪯ on (T, d, ρ) is the partial order defined by

σ1 ⪯ σ2 if and only if σ1 ∈ Jρ, σ2K. (5.2.31)

We then say that σ1 is an ancestor of σ2. We may also write σ1 ≺ σ2 when σ1 ⪯ σ2 and σ1 ̸= σ2.
It is immediate that ρ ⪯ σ for all σ ∈ T . While ⪯ is only a partial order, it induces a total order on
the ancestral lineages, namely the Jρ, σK for all σ ∈ T . Indeed, if σ1, σ2 are ancestors of σ then
σi = gρ,σ (d(ρ, σi)) for both i ∈ {1, 2}. By the uniqueness of geodesics, it follows that

if σ1, σ2 ⪯ σ then σ1 ⪯ σ2 ⇐⇒ d(ρ, σ1) ≤ d(ρ, σ2)⇐⇒ d(σ2, σ) ≤ d(σ1, σ).
(5.2.32)

The geodesics are embeddings of real segments into T so the ancestral lineages are closed in T .
Hence, the subset Jρ, σ1K ∩ Jρ, σ2K admits a unique ⪯-maximal element. We call it the most recent
common ancestor of σ1 and σ2 and we denote it by σ1 ∧ σ2. It is characterized by the assertion

∀σ ∈ T , σ ⪯ σ1 ∧ σ2 if and only if (σ ⪯ σ1 and σ ⪯ σ2). (5.2.33)

In particular, σ1 ⪯ σ2 if and only if σ1 ∧ σ2 = σ1. By (5.2.33), we check that ∧ is associative,
namely σ1 ∧ (σ2 ∧ σ3) = (σ1 ∧ σ2) ∧ σ3 for all σ3 ∈ T . Plus, Definition 5.2.17 (b) yields that

{σ1 ∧ σ2} = Jρ, σ1K ∩ Jρ, σ2K ∩ Jσ1, σ2K. (5.2.34)

By definition of real trees, they are locally pathwise connected and it follows that if σ1∧σ2 ̸= σ1, σ2
then σ1 and σ2 are in different connected components of T\{σ1 ∧ σ2}.

Definition 5.2.19 A rooted compact real tree (T, d, ρ) is said to be planted when T\{ρ} is con-
nected. This is equivalent to saying that for all σ1, σ2 ∈ T , ρ = σ1 ∧ σ2 =⇒ ρ ∈ {σ1, σ2}. □
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Next, we show that the operation ∧ : T 2 −→ T enjoys a fairly strong continuity property.

Lemma 5.2.20 Let (T, d, ρ) be a rooted compact real tree and let σ1, σ2, σ
′
1, σ
′
2 be four points of

T . If d(σ′1, σ1) < d(σ1 ∧ σ2, σ1) and d(σ′2, σ2) < d(σ1 ∧ σ2, σ2), then σ′1 ∧ σ′2 = σ1 ∧ σ2.

Proof. We first assume σ2 = σ′2. We have d(σ1 ∧ σ′1, σ1) ≤ d(σ′1, σ1) because σ1 ∧ σ′1 ∈ Jσ1, σ
′
1K.

Plus, σ1 ∧ σ′1 and σ1 ∧ σ2 are both ancestors of σ1, so σ1 ∧ σ2 ≺ σ1 ∧ σ′1 ⪯ σ′1 by (5.2.32). We
compute

(σ′1 ∧ σ1) ∧ (σ′1 ∧ σ2) = (σ1 ∧ σ2) ∧ (σ′1 ∧ σ′1) = σ1 ∧ σ2 ̸= σ′1 ∧ σ1. (5.2.35)

The points σ′1 ∧ σ1 and σ′1 ∧ σ2 are both ancestors of σ′1, so (5.2.32) and (5.2.35) imply that
σ1 ∧ σ2 = σ′1 ∧ σ2. The general result follows after a double application of the case σ2 = σ′2. ■

We stress that the order ⪯ and the operation ∧ depend on (T, d, ρ), and especially on the root ρ, but
we shall omit this dependence when no confusion is possible according to context. We end this
section with the notion of subtrees of a rooted compact real tree.

Definition 5.2.21 Let (T1, d1, ρ1) and (T2, d2, ρ2) be two rooted compact real trees. We say that T1
is a subtree of T2 when there is an isometry ϕ : T1 → T2 such that ϕ(ρ1) ⪯ ϕ(σ) for all σ ∈ T1.□

With the setting of Definition 5.2.21, we observe gϕ(σ),ϕ(σ′) = ϕ ◦ gσ,σ′ for all σ, σ′ ∈ T1, by
uniqueness of geodesics. The fact that ϕ(ρ1) is a ⪯-minimum of the image of ϕ then implies that
ϕ(σ ∧ σ′) = ϕ(σ) ∧ ϕ(σ′) for all σ, σ′ ∈ T1.

5.2.4 Grafting rooted compact metric spaces

Here, we borrow a grafting procedure from Abraham, Delmas & Hoscheit [3] in order to later
describe the limit real tree in Theorem 5.1.3. Informally, it consists in gluing the roots of some
rooted (measured) compact metric spaces Ei onto respective points ai of the same space Eo.

Definition 5.2.22 (Grafting procedure) Let (Eo, do, ρo, µo) be a rooted measured compact metric
space and let (Ei, di, ρi, µi)i∈I be a countable family of rooted measured compact metric spaces.
Let (ai)i∈I be a family of points of Eo also indexed by I . We denote by E the disjoint union
Eo ⊔

⊔
i∈I Ei\{ρi} and we endow it with a distance d defined as follows:

(a) if x, y ∈ Eo then d(x, y) = do(x, y),

(b) if x, y ∈ Ei\{ρi} with some i ∈ I then d(x, y) = di(x, y),

(c) if x ∈ Eo and y ∈ Ei\{ρi} with some i ∈ I then d(x, y) = do(x, ai) + di(ρi, y),

(d) if x ∈ Ei\{ρi} and y ∈ Ej\{ρj} with some distinct i, j ∈ I , then we set d(x, y) =
di(x, ρi) + do(ai, aj) + dj(ρj , y).

With a slight abuse of notations, we may and will see Eo and the Ei as closed subsets of E by using
the identifications ai = ρi for all i ∈ I . In accordance with Notation 5.2.6, we denote the rooted
metric space (E, d, ρo) by Eo ⊛i∈I (ai, Ei). Note that Eo ⊛i∈I (ai, Ei) may not be compact.

If the spaces Eo and Ei for all i ∈ I are respectively endowed with finite Borel measures µo

and µi for all i ∈ I , then we also equip E with a (potentially infinite) Borel measure µ by setting

µ(B) = µo(B ∩ Eo) +
∑
i∈I

µi(B ∩ Ei)

for any Borel subset B of E. We still denote (E, d, ρo, µ) by Eo ⊛i∈I (ai, Ei). □
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To write a finite number of successive graftings onto the same space, we will also use the notation

Eo ⊛i∈I (ai, Ei) ⊛j∈J (aj , Ej) :=
(
Eo ⊛i∈I (ai, Ei)

)
⊛j∈J (aj , Ej) = Eo ⊛i∈I⊔J (ai, Ei).

Proposition 5.2.23 We keep the notations of Definition 5.2.22. Recall h and m from (5.2.9). If it
holds

∀ε > 0, {i ∈ I : h(Yi) ≥ ε} is finite, (5.2.36)

then Eo ⊛i∈I (ai, Ei) is a rooted compact metric space. If in addition to (5.2.36) it holds∑
i∈I

m(Ei) <∞, (5.2.37)

then Eo ⊛i∈I (ai, Ei) is a rooted measured compact metric space (namely its measure is finite).

Proof. Let (xj) be a sequence of points of E = Eo⊛i∈I (ai, Ei), let us show it admits a convergent
subsequence. Since Eo and the Ei are compact, we can assume that xj ∈ Eij for all j ≥ 0, where
(ij) is an injective sequence of elements of I . Then, it holds that h(Eij ) tends to 0 so we have
d(xj , aij ) −→ 0. The sequence (aij ) stays inside the compact Eo so it admits a subsequential limit,
and so does (xj). The second statement of the proposition follows from the fact that µo is a finite
measure and from the identity µ(E) = µo(Eo) +

∑
i∈I m(Ei). ■

Proposition 5.2.24 Recall from (5.2.7) that Km
n is endowed with the n-pointed Gromov–Hausdorff–

Prokhorov distance. For all n ≥ 1, the following map from Km
n+1 × (Km)n to Km is continuous:

(Eo, do, (ρo, a1, . . . , an), µo) , (E1, d1, ρ1, µ1) , . . . , (En, dn, ρn, µn) 7−→ Eo ⊛n
i=1 (ai, Ei).

Proof. We give ourselves a compact (n+ 1)-pointed correspondenceRo between Eo and Eo′, and
compact rooted correspondences Ri respectively between Ei and E′i. We also take finite Borel
measures νo and νi respectively on Eo × Eo′ and Ei × E′i. Then, we construct a compact rooted
correspondence between Eo ⊛n

i=1 (ai, Ei) and Eo′ ⊛n
i=1 (a′i, E′i), and a finite Borel measure on the

product space (Eo ⊛n
i=1 (ai, Ei))× (Eo′ ⊛n

i=1 (a′i, E′i)) by setting

R = Ro ⊔
n⊔
i=1
Ri\{(ρi, ρ′i)} and ν(·) = νo(· ∩ Eo × Eo′) +

n∑
i=1

νi(· ∩ Ei × E′i).

Taking the infimum over (Ro,Ri, νo, νi) yields the result since we can check that the distortion of
R (resp. discrepancy of ν) is bounded by the sum of the other distortions (resp. discrepancies). ■

We end this section by describing what happens when the grafting procedure only involves real
trees.

Proposition 5.2.25 Let (T o, do, ρo) be a rooted compact real tree and let (ai)i∈I be a countable
family of points of T o. Let (Ti, di, ρi)i∈I be a countable family of rooted compact real trees such
that (5.2.36) holds. Then, T = T o ⊛i∈I (ai, Ti) is a rooted compact real tree. We precise if the
notations of Definition 5.2.17 and (5.2.33) stand for the objects on T , T o, or Ti for some i ∈ I
by respectively writing J·, ·K and ∧, J·, ·Ko and ∧o, or J·, ·Ki and ∧i. Then, for all σ1, σ2 ∈ T and
distinct i, j ∈ I:

(i) if σ1, σ2 ∈ T o, then Jσ1, σ2K = Jσ1, σ2Ko and σ1 ∧ σ2 = σ1 ∧o σ2,

(ii) if σ1, σ2 ∈ Ti with some i ∈ I , then Jσ1, σ2K = Jσ1, σ2Ki and σ1 ∧ σ2 = σ1 ∧i σ2,

(iii) if σ1 ∈ T o and σ2 ∈ Ti, then Jσ1, σ2K = Jσ1, aiKo ∪ Jρi, σ2Ki and σ1 ∧ σ2 = σ1 ∧o ai,
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(iv) if σ1 ∈ Ti and σ2 ∈ Tj , then Jσ1, σ2K = Jσ1, ρiKi ∪ Jai, ajKo ∪ Jρj , σ2Kj and σ1 ∧ σ2 =
ai ∧o aj .

Proof. The proof is straightforward so we only give a sketch here, leaving the details to the reader.
From Definition 5.2.22, we first check that concatenating the geodesics on T o, Ti, Tj as instructed
by the desired proposition indeed yields a geodesic from σ1 to σ2 on T . Next, we observe that Tj
and Tj\{aj} are respectively closed and open in T , so any path starting outside and ending inside
Tj has to hit aj . By injectivity, an arc from σ1 to σ2 on T is thus the concatenation of at most three
arcs (respectively on T o, Ti, Tj) as indicated by the statement, which determines its image. ■

5.2.5 Stable Lévy processes

We now present the continuous setting involved in the asymptotics of large stable Galton–Watson
trees. We denote by X the canonical process on the space D(R+,R) of càdlàg functions endowed
with the Skorokhod topology, already introduced in Section 5.2.1. Under the underlying probability
measure P, we assume that X = (Xs)s≥0 is a spectrally positive stable Lévy process with index
α ∈ (1, 2] that is normalized such that

∀λ, s ∈ R+, E[ exp(−λXs) ] = exp(sλα).

If α = 2 then 1√
2X is a standard Brownian motion under P. If α∈(1, 2), the Lévy measure of X is

Π(dr) = α(α− 1)
Γ(2− α)r

−1−α1(0,∞)(r) dr,

where Γ is the usual Gamma function. Moreover, the process X enjoys the following scaling
property: for all λ > 0, the laws of (λ−1/αXλs ; s ≥ 0) and X under P are the same. We write

Is = inf
[0,s]

X and Irs = inf
[r,s]

X

for all 0 ≤ r ≤ s. Observe that the process I = (Is)s≥0 is continuous since X has no negative
jumps. We refer to Bertoin [19, Chapter VIII] for background and details.

The process X− I is strong Markov and the point 0 is regular for itself with respect to X− I
(see [19, Chapter VI.1]). Moreover, we may and will choose −I as the local time of X− I at level 0
by [19, Theorem VII.1]. Let (gj , dj), j ∈ J be the excursions intervals of X − I above 0 and let
us set ωjs = Xmin(gj+s,dj) − Xgj for all j ∈ J and s ≥ 0. Since inf X = −∞ (see [19, Chapter
VIII]), the ωj are càdlàg functions with compact support which start at 0 and stay nonnegative. In
accordance with Notation 5.2.2, we see them as elements of DK. Then, the random point measure

N =
∑
j∈J

δ(−Igj ,ω
j)

is a Poisson measure on R+ × DK with intensity measure dtNα(dω), where Nα is a sigma-
finite measure on DK called the excursion measure. We refer to [19, Chapter IV] for details and
background. Under Nα, we simply denote by ζ = ζ(X) the lifetime (5.2.1) of X.

Le Gall & Le Jan [81] (see also Duquesne & Le Gall [61, Chapter 1]) constructed a continuous
process H = (Hs)s≥0 which is measurable with respect to X and such that for all s ∈ R+, the limit

Hs = lim
ε→0+

1
ε

∫ s

0
1{Xr<Ir

s+ε} dr (5.2.38)
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holds in P-probability and in Nα-measure. When α = 2, we know explicitly that H is equal to
X − I under P and to X under N2. The process H is called the height process associated with
X (and also the α-stable height process here) because it is the continuous analog of the height
function (5.2.13) of discrete Galton–Watson trees. Observe that (5.2.38) and the scaling property of
X imply that for all λ > 0, the laws of (λ1/α−1Hλs ; s ≥ 0) and H under P are the same. Indeed,
the former is the height process associated with (λ−1/αXλs ; s ≥ 0). Moreover, (5.2.38) entails
that Nα-almost everywhere, it holds ζ(H) = ζ and H ∈ EK, where the space EK ⊂ CK is defined
by (5.2.26). See [61, Chapter 1] for a precise proof.

A classic result of fluctuation theory (see e.g. [19, Chapter VIII.4]) asserts Nα(ζ=0) = 0 and

∀ℓ > 0, Nα(ζ > ℓ) = 1
Γ(1− 1/α) ℓ

−1/α. (5.2.39)

The scaling property of H yields that the law of the process with unit lifetime (ζ1/α−1Hζs ; s ≥ 0)
under the probability measure Nα( · | ζ > ℓ) does not depend on ℓ > 0. It is called the law of the
normalized excursion of the α-stable height process, and we denote it by Nα(dH | ζ = 1) here.
Informally, it can be understood as the law of an excursion of H conditioned to have unit lifetime.
In particular, if α = 2 then N2(dH | ζ = 1) is the law of

√
2e, where e stands for the standard

Brownian excursion. Moreover, (5.2.39) entails that for all nonnegative and measurable function
F : CK −→ R+, it holds that

Nα
[
F (H)

]
= 1
αΓ(1− 1/α)

∫
R+

Nα

[
F
(
ℓ1−1/αHs/ℓ ; s ≥ 0

) ∣∣∣ ζ = 1
] dℓ
ℓ1+1/α . (5.2.40)

Finally, a random rooted (measured) compact real tree Tnr is called an α-stable tree when it is
distributed as TH under Nα(dH | ζ = 1), as defined by (5.2.27). Up to the multiplicative constant√

2, the 2-stable tree is the Brownian tree introduced by Aldous [7, 9], which is the rooted compact
real tree coded by the standard Brownian excursion.

Next, recall β = 1
α−1 from (5.1.8) and observe Nα(sup H = 0) = Nα(ζ = 0) = 0. A

consequence of a Ray-Knight theorem, see Duquesne & Le Gall [61, Corollary 1.4.2], further
asserts that

∀x > 0, Nα(sup H > x) = 1
(α− 1)β x

−β. (5.2.41)

Let us write M = sup H to lighten the notations. Just as before, the scaling property ensures that
the law of

(
M−1HsMαβ ; s ≥ 0

)
under the probability measure Nα( · | sup H > x) is the same

for all x > 0: we denote it by Nα(dH | sup H = 1). Moreover, that independence and the identity
(5.2.41) yield that for all nonnegative and measurable function F : CK −→ R+, it holds that

Nα
[
F (H)

]
= 1

(α− 1)αβ
∫
R+

Nα

[
F
(
xHsx−αβ ; s ≥ 0

) ∣∣∣ sup H = 1
] dx
x1+β . (5.2.42)

If α = 2 then N2(dH | sup H = 1) is equal to the law of (e∗2s)s≥0, where e∗ is the Brownian
excursion conditioned to have its maximum equal to 1. A Brownian excursion with a fixed
maximum, such as e∗, can be described by William’s path decomposition at the maximum, see
e.g. Revuz & Yor [138, Chapter XII]. This then yields a simple expression for the Laplace transform
of its lifetime:

∀λ > 0, E
[
exp(−λζ(e∗))

]
= N2

[
exp(−2λζ)

∣∣ sup H = 1
]

=
( √

2λ
sinh
√

2λ

)2
. (5.2.43)

See [104] for a review of other formulas resulting from this method.
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5.3 Preliminary tools

This section focuses on gathering already-known results, and on proving technical estimates via
classic methods. Although not genuinely new nor directly related to the Horton–Strahler number,
these tools will be useful throughout this paper.

5.3.1 Marchal’s algorithm

Our proof of Theorem 5.1.6 is based on the recursive algorithm proposed by Marchal [128] to
build a sequence of nested GWα-trees conditioned on their number of leaves that converges, after
scaling, towards the α-stable tree. This sequence is a Markov chain on the space of labeled but
unrooted trees: namely connected and acyclic graphs equipped with an exhaustive enumeration
of their vertices of degree 1. Here, we present a slight variation of this construction to produce a
sequence (ti)i≥1 of random weighted trees in the sense of the present paper (see Section 5.2.2). See
Figure 5.4 for a better understanding of the recursive construction. Recall the law FExp(γ) from
(5.1.8) and (5.1.9).

Algorithm 5.3.1 Let (Wi)i≥1 be a sequence of independent random variables with common law
FExp(γ). We start by setting t1 = ({∅},W1). To construct ti+1 from ti, we randomly choose either
a vertex u ∈ ti or an edge {←−u , u} of ti – including the conventional edge {←−∅ ,∅} – respectively
with propability proportional to pu = 1{ku(ti)≥2}(ku(ti)− α) or to p{←−u ,u} = α− 1.

(i) If we drew an edge {←−u , u} then we split it into two edges with a middle vertex, on which we
connect a new leaf endowed with the weight Wi+1. The position of the new leaf compared to
its sibling is chosen uniformly. Written with the words formalism, we take a uniform random
variable J ∈ {1, 2} and ti+1 is defined as the unique weighted tree such that:

(a) for all v ∈ U such that u ∧ v /∈ {u, v}, v ∈ ti+1 if and only if v ∈ ti, in which case it
holds θvti+1 = θvti,

(b) it holds u ∈ ti+1 and ku(ti+1) = 2,

(c) it holds θu∗(J)ti+1 = ({∅},Wi+1) and θu∗(3−J)ti+1 = θuti.

(ii) If we drew a vertex u then we connect a new leaf on it that we endow with the weight Wi+1.
The position of the new leaf among its siblings is chosen uniformly. Written with the words
formalism, we take a uniform random variable J ∈ {1, . . . , ku(ti) + 1} and ti+1 is defined
as the unique weighted tree such that:

(a) for all v ∈ U such that u ∧ v /∈ {u, v}, v ∈ ti+1 if and only if v ∈ ti, in which case it
holds θvti+1 = θvti,

(b) it holds u ∈ ti+1 and ku(ti+1) = ku(ti) + 1,

(c) it holds θu∗(J)ti+1 = ({∅},Wi+1), and θu∗(j)ti+1 = θu∗(j)ti for all 1 ≤ j ≤ J − 1,
and θu∗(j)ti+1 = θu∗(j−1)ti for all J + 1 ≤ j ≤ ku(ti+1).

Throughout this algorithm, all the choices are made independently from the rest. □

Proposition 5.3.2 Let τ be a GWα-weighted tree as in Definition 5.2.15. Let (ti)i≥1 be the
sequence of random weighted trees constructed by Algorithm 5.3.1. For all i ≥ 1, the following
holds.

(i) #∂ti = i and #ti + 1 ≤ #ti+1.

(ii) S(ti) ≤ S(ti+1).
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∅ ∅

Wi+1
←−u

u
←−u

u

Wi+1

u u

Wi+1

Figure 5.4: Illustration of the recursive construction of ti+1 from ti. Left : The case where the
conventional parental edge of the root was chosen. Middle : The case where a genuine edge was
chosen. Right : The case where a vertex was chosen.

(iii) The law of ti under P is the same as the law of τ under P( · |#∂τ = i).

Proof. The point (i) is clear. In both cases (i) and (ii) of Algorithm 5.3.1, we have S(θuti) ≤
S(θuti+1) by Definition 5.1.2. It is then easy to obtain (ii) by a backward induction on the height
of the ancestors of u. For all 1 ≤ j ≤ i, let us denote by Vj the unique leaf of ti of weight Wj . We
observe that all the orders of siblings are equiprobable conditionally given the graph structure of
ti (which is the same as the labeled but unrooted trees of Marchal [128]). Therefore, we get from
Marchal [128, Section 2.3] and (5.2.16) that if t is a tree with i leaves enumerated in some order
as v1, . . . , vi, then P(ti = t;V1 = v1; . . . ;Vi = vi) is proportional to

∏
u∈t µα(ku(t)). By (5.2.18)

and because there are always i! possible enumerations of the leaves of t, the law of ti under P is
the law of τ under P( · |#∂τ = i). The (Wi)i≥1 are i.i.d and independent from (ti)i≥1, so (iii)
follows. ■

Finally, recall from Section 5.2.5 that an α-stable tree is a random rooted compact real tree
distributed as TH, as in (5.2.27), under Nα(dH | ζ = 1). Recall from (5.2.29) the graph distance
dgr on trees.

Theorem 5.3.3 Let (ti)i≥1 be the sequence of random weighted trees built by Algorithm 5.3.1.
Then, there exists an α-stable tree (Tnr, dnr, ρnr) such that the convergence

(ti, i−1+1/αdgr,∅) −→ (Tnr, α dnr, ρnr)

holds almost surely for the rooted Gromov–Hausdorff distance as in (5.2.6).

Proof. See Curien & Haas [41, Theorem 5]. Indeed, the graph metric structure of ti does not depend
on the chosen orders of siblings or the weights. ■

5.3.2 Limit theorems for stable Galton–Watson trees

In this section, we gather and apply already known estimates and limit theorems about the asymptotic
behavior of GW(µ)-trees (see Definition 5.2.12) to the case of stable Galton–Watson trees. Most of
these results are stated under the following assumptions on the offspring distribution µ.

(a) µ is critical and non-trivial, meaning that (5.2.17) holds.
(b) µ is in the domain of attraction of a stable law with index θ ∈ (1, 2].
(c) µ is aperiodic, meaning that µ is not supported by a proper additive subgroup of Z.

We saw from (5.1.2) that the stable offspring distribution µα satisfies (5.2.17). Moreover, it verifies
(b) with θ = α by (5.1.11). This can also be proved directly from (5.1.2) or (5.2.16), see Bingham,
Goldies & Teugels [23, Chapter 8.3] for details. By (5.2.16), µα satisfies (c) if and only if α ∈ (1, 2).
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Nonetheless, condition (c) is only required to avoid technical complications, as it conveniently
ensures that P(#τ = n) > 0 when n is large enough for a GW(µ)-tree τ , but most results we
consider here can be extended to the periodic case. Anyway, µ2 is explicitly the critical binary law
and can be studied with simpler arguments.

Motivated by Marchal’s algorithm (Section 5.3.1), we first gather some results due to Kortchem-
ski [107] that express the likeness between conditioning a GWα-tree by its size or by its number of
leaves.

Proposition 5.3.4 Let τ be a GWα-tree. Recall from (5.2.11) that #∂τ is its number of leaves.

(i) If α = 2, then #τ = 2#∂τ − 1 almost surely.

(ii) If α ∈ (1, 2), then the two following convergences hold in probability:

#τ
n

under P( · |#∂τ = n) −→ α, (5.3.1)

#∂τ
n

under P( · |#τ = n) −→ 1
α
. (5.3.2)

Proof. If α=2, ku(τ)=2 for all u∈τ\∂τ by (5.2.16) and (5.2.18). Since each vertex of τ\{∅}
has a single parent, we get #τ −1=

∑
u∈τ\∂τ ku(τ)= 2#τ −2#∂τ , which proves (i). For (5.3.1),

see Kortchemski [107, Corollary 3.3] and recall µα(0) = 1
α from (5.2.16). For (5.3.2), see [107,

Lemma 2.5]. ■

Lemma 5.3.5 We assume that α ∈ (1, 2). Let τ be a GWα-tree. Let (Un)n≥1 be a sequence of
nonnegative and uniformly bounded functions on the space T of trees. If E[Un(τ) | #τ ≥ n]
converges as n tends to∞, then E[Un(τ) |#∂τ ≥ n/α− n3/4] converges to the same limit.

Proof. See Kortchemski [107, Proposition 4.4] and recall µα(0) = 1
α from (5.2.16). ■

Then, we recall tail estimates on the height, the size, and the number of leaves of a GWα-tree.

Proposition 5.3.6 Let τ be a GWα-tree. Recall from (5.1.8) that β = 1
α−1 and γ = ln α

α−1 .

(i) Recall from (5.2.11) that |τ | is the height of τ , and #∂τ for its number of leaves. It holds that

nβP(|τ | ≥ n) −→ e−γβ, (5.3.3)

n1/αP(#τ ≥ n) −→ α1/α

Γ(1− 1/α) , (5.3.4)

n1/αP(#∂τ ≥ n) −→ 1
Γ(1− 1/α) . (5.3.5)

(ii) If α = 2 then it holds that

n1+1/αP(#τ = 2n− 1) = n1+1/αP(#∂τ = n) −→ 1
αΓ(1− 1/α) . (5.3.6)

(iii) If α ∈ (1, 2) then it holds that

n1+1/αP(#τ=n)−→ α1/α

αΓ(1− 1/α) , and n1+1/αP(#∂τ=n)−→ 1
αΓ(1− 1/α) .

(5.3.7)
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Proof. For (5.3.3), recall (5.1.2) and see Slack [142, Lemma 2]. For (5.3.4), we follow the proof of
Kovchegov, Xu & Zaliapin [109, Proposition 3]. For all λ > 0, we set f(λ) = E[exp(−λ#τ)] and
we get from (5.1.2) and Definition 5.2.12 that eλf(λ) = f(λ) + 1

α

(
1− f(λ)

)α. Since τ is finite,
f(0+) = 1 and

λ−1/α(1− f(λ)) −−−−→
λ→0+

α1/α. (5.3.8)

Moreover, Fubini’s theorem allows us to write

1− f(λ) = E[1− exp(−λ#τ)] = E
[
λ

∫ #τ

0
e−λx dx

]
= λ

∫ ∞
0

e−λxP(#τ ≥ x) dx.

Since x 7→ P(#τ ≥ x) is monotone and nonnegative, Karamata’s Tauberian theorem for Laplace
transforms (see Feller [74, Chapter XII.5, Theorem 4]) and the convergence (5.3.8) yield (5.3.4).
The last convergence (5.3.5) of (i) will directly follow from (ii) and (iii).

Let us prove (ii). We say that a tree t is binary when ku(t) ∈ {0, 2} for all u ∈ t. A famous
combinatorial result (that can be easily proved via generating functions) asserts that there are exactly
Cn−1 = 1

n

(2n−2
n−1

)
binary trees with n leaves. By (5.2.16), (5.2.18), and Proposition 5.3.4 (i), we

then have P(#τ=2n− 1) = P(#∂τ=n) = 21−2nCn−1. Stirling’s formula yields (5.3.6) because
Γ(1

2) =
√
π.

Let us prove (iii). Recall from (5.2.16) that µα(0) = 1
α and µα(k) > 0 for all k ≥ 2. By

(5.1.11), Kortchemski [107, Lemma 1.11 and Theorem 3.1] thus assert that there is a constant
cα ∈ (0,∞) that only depends on α such that n1+1/αP(#τ = n) −→ cα and n1+1/αP(#∂τ =
n)−→cαα

−1/α. Finally, comparing this with (5.3.4) entails cαΓ(1− 1
α) = α1/α−1, and so (5.3.7)

follows. ■

Finally, we give ourselves limit theorems about the height function H(τ), see (5.2.13), of a
GWα-tree τ conditioned to be large. Recall from Section 5.2.1 the space CK of continuous functions
with compact support and endowed with lifetimes. From Section 5.2.5, recall the excursion measure
Nα, the α-stable height process H, its lifetime ζ, and the law Nα(dH | ζ = 1) of the normalized
excursion of H. An application of the work of Duquesne & Le Gall [61] entails the following result.

Theorem 5.3.7 Recall β = 1
α−1 from (5.1.8). Let τ be a GWα-tree and let (an) be as in (5.1.11).

For all ℓ ∈ (0,∞), the two following convergences hold in distribution on CK:( 1
n
Hnαβs(τ)

)
s≥0

under P
(
·
∣∣ |τ | ≥ ℓn) d−→ α1/αH under Nα( · | sup H > ℓ), (5.3.9)(an

n
Hns(τ)

)
s≥0

under P( · |#τ ≥ ℓn) d−→ H under Nα( · | ζ > ℓ). (5.3.10)

Proof. By (5.1.11), Duquesne & Le Gall [61, Theorem 2.3.2 and Proposition 2.5.2] assert that the
convergence (5.3.9) holds for the Skorokhod topology on D(R+,R). In fact, their proof of [61,
Proposition 2.5.2] also contains the joint convergence of the lifetimes (see the last paragraph, page
66), so (5.3.9) also holds on CK. The same methodology yields (5.3.10): see the concluding remark
of Duquesne & Le Gall [61, Section 2.6]. ■

As explained by Duquesne & Le Gall [61], their method cannot be directly applied to find scaling
limits of Galton–Watson trees under degenerate conditionings such as {#τ = n}. Nevertheless,
Duquesne [50] answered this problem with another method. Then, Kortchemski [106] proved
Duquesne’s theorem via an absolute continuity relation between P( · |#τ = n) and P( · |#τ ≥ n).

Theorem 5.3.8 Let τ be a GWα-tree and let (an) be as in (5.1.11). The following convergence
holds in distribution on CK:(an

n
Hns(τ)

)
s≥0

under P( · |#τ = n+ 1) d−−−−−−−−−→
n→∞,n∈⌊α⌋N

H under Nα(dH | ζ = 1).
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Proof. Recall (5.1.11) and see Duquesne [50, Theorem 3.1]. This theorem is stated under the
assumption that the offspring distribution is aperiodic, but as argued by Kortchemski [106], it can
be easily extended to the periodic case α = 2 as above. ■

We stress that Proposition 5.2.18 then entails the convergence (5.1.12) presented in the introduction.

5.3.3 An estimate for the height function of a Galton–Watson tree with edge lengths

Recall respectively from (5.2.13) and (5.2.22) the height function H(t) of a tree t and the height
function H̄(T ) of a tree with edge lengths T . The goal of this section is to compare them in the
case of a GW(µ)-tree with edge lengths (see Definition 5.2.14) by proving the following result.

Proposition 5.3.9 Recall dS from (5.2.3). Let µ be a critical and non-trivial probability measure
on N, namely satisfying (5.2.17), and let T = (τ, (Lu)u∈τ ) be a GW(µ)-tree with edge lengths. Let
λ > 0, we define two random càdlàg functions with compact support X and Y by setting for all
s ∈ R+,

Xs = λ1−1/αH̄s/λ(T ) and Ys = λ1−1/αHs/λ(τ).

Then, there are two constants C, c ∈ (0,∞) that only depend on µ such that for all n ≥ 1,

P
(
#τ ≤ n ; |τ | ≤ n1−1/α ; dS(X,Y ) ≥ C(λ

√
n)1−1/α lnn+ Cλ

√
n lnn

)
≤ Cne−c(lnn)2

.

Before proving Proposition 5.3.9, we give ourselves two standard lemmas.

Lemma 5.3.10 (Chernoff bound) Let (Li)i≥0 be a sequence of independent exponential random
variables with mean 1. Then, it holds

∀λ > −1, E[e−λL0 ] = 1
1+λ , (5.3.11)

and there is an universal constant cuni ∈ (0,∞) such that for all n ∈ N∗ and x ≥ 0, it holds

P
(∣∣∣n− n−1∑

i=0
Li
∣∣∣ ≥ x) ≤ 2 exp

(
− cuni xmin

(
1, xn

))
.

Proof. The identity (5.3.11) is classic. An elementary inequality asserts there is η ∈ (0, 1) such that
ln(1 + x) ≥ x− 3x2/4 for all x ∈ [−η, η]. The desired result follows from the Chernoff bound
P(|Z| ≥ x) ≤ e−λxE[eλZ + e−λZ ] with λ = ηmin(1, xn). ■

Lemma 5.3.11 Let µ be a probability measure on N which satisfies (5.2.17), and let τ be a GW(µ)-
tree. Let (K,J) be a random variable on N2 such that P(K=k ; J = j) = 1{1≤j≤k}µ(k) for all
k, j∈N.

(i) For all n ∈ N and for all bounded functions g0, . . . , gn−1 : N2 −→ R, it holds

E
[∑
u∈τ

1{|u|=n}
∏

v∈τ, j≥1
v∗(j)⪯u

g|v|
(
kv(τ), j

)]
=

n−1∏
i=0

E
[
gi(K,J)

]
.

(ii) For all n,m ≥ 2, it holds P
(
#τ ≤ n ; supi≥0 |Hi(τ)−Hi+1(τ)| ≥ m

)
≤ n(1− µ(0))m.
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Proof. The point (i) is a simplified version of the so-called Many-To-One Principle, which is part
of folklore (see e.g. Duquesne [51, Equation (24)] for the general statement and a proof).

To prove (ii), let us first consider two vertices u1 < u2 of τ that are consecutive in lexicographic
order on τ . Since←−u2 < u2, we have←−u2 ≤ u1 < u2 and so←−u2 ⪯ u1. Thus, it holds |u1|−|u2| ≥ −1.
Moreover, for all v ∈ τ and j ∈ N∗ such that←−u2 ≺ v and v ∗ (j) ⪯ u1, we observe j = kv(τ)
because u1 < v ∗ (j + 1) < u2. As m ≥ 2, we eventually obtain

P
(
#τ ≤ n ; sup

i≥0
|Hi(τ)−Hi+1(τ)| ≥ m

)
≤ E

[∑
u∈τ

1{m≤|u|<n}
∏

v∗(j)⪯u
|v|≥|u|−m

1{kv(τ)=j}

]
.

We easily compute P(K = J) =
∑
k≥1 µ(k) = 1− µ(0), then we apply (i) to get

P
(
#τ ≤ n ; sup

i≥0
|Hi(τ)−Hi+1(τ)| ≥ m

)
≤

n−1∑
h=m

h−1∏
i=h−m

P(K = J) = (n−m)(1− µ(0))m.

■

Proof of Proposition 5.3.9. Recall from (5.2.12) the notation u(τ). We can choose an increasing
and bijective function ψ : R+ −→ R+ such that ψ(0) = 0, ψ(λi+ λ) = ψ(λi) + λLui(τ) for all
0 ≤ i ≤ #τ − 1, and ψ(λ#τ + s) = ψ(λ#τ) + s for all s ≥ 0. For λi ≤ s < λ(i+ 1), we write

|Xψ(s) − Ys| ≤ |Yλi − Yλ(i+1)|+ |Yλi −Xψ(λi)|+ |Xψ(λi) −Xψ(λi+λ)|,
|ψ(s)− s| ≤ 2λ+ 2|λi− ψ(λi)|+ |λi+ λ− ψ(λi+ λ)|.

Together with (5.2.14) and (5.2.23), it is then not hard to check that

dS(X,Y ) ≤ 3λ+ 4λ max
1≤i≤#τ

∣∣∣i− i−1∑
j=0

Luj(τ)

∣∣∣+ λ1−1/α max
u∈τ

∣∣∣|u| −∑
v≺u

Lv
∣∣∣

+ λ1−1/α max
u∈τ

Lu + λ1−1/α sup
i≥0
|Hi(τ)−Hi+1(τ)|. (5.3.12)

We want to bound in probability each one of the terms of the right-hand side under the realization
of the event {#τ ≤ n ; |τ | ≤ n1−1/α}. Let (Li)i≥0 be a sequence of independent exponential
random variables with mean 1. We begin with the simple union bound

P
(
#τ ≤ n ; λ1−1/α max

u∈τ
Lu ≥ λ1−1/α(lnn)2) ≤ nP

(
L0 ≥ (lnn)2) = ne−(lnn)2

. (5.3.13)

Moreover, we use another union bound and Lemma 5.3.10 to find

P
(
#τ ≤ n ; |τ | ≤ n1−1/α ; λ1−1/α max

u∈τ

∣∣∣|u| −∑
v≺u

Lv
∣∣∣ ≥ (λ

√
n)1−1/α lnn

)

≤ n max
0≤h≤n1−1/α

P
(∣∣∣h− h−1∑

j=0
Lj
∣∣∣ ≥ (

√
n)1−1/α lnn

)
≤ 2ne−cuni(lnn)2

(5.3.14)

for n large enough. The exact same method entails

P
(

#τ ≤ n ; λ max
1≤i≤#τ

∣∣∣i− i−1∑
j=0

Luj(τ)

∣∣∣ ≥ λ√n lnn
)
≤ 2ne−cuni(lnn)2

. (5.3.15)

By (5.3.12), (5.3.13), (5.3.14), and (5.3.15), an application of Lemma 5.3.11 (ii) completes the
proof. ■
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5.4 The weighted Horton–Strahler number

5.4.1 The classic Horton–Strahler number

In this section, we recall two alternative definitions of the (classic) Horton–Strahler number S , and
we apply some general estimates of the companion paper [103] to the case of stable Galton–Watson
trees. But first, let us spell a simple observation out. By Definition 5.1.1, for any tree t, it holds that

if k∅(t) ̸= 1, then S(t) = 0⇔ t = {∅}. (5.4.1)

Indeed, if k∅(t) ≥ 2 then S(t) ≥ 1 because the Horton–Strahler numbers are nonnegative.
For all n ∈ N, we denote by Wn =

⋃n
k=0{1, 2}k the n-perfect binary tree, with the convention

that {1, 2}0 = {∅}. Recall Definition 5.2.10. The Horton–Strahler number of a tree t is given by

S(t) = max
{
n ∈ N : ∃ψ : Wn −→ t embedding

}
. (5.4.2)

This result seems to be ‘part of the folklore’, but see [103, Equation (36)] for a brief proof.
Our second alternative definition of S involves the action of removing the subtrees with null

Horton–Strahler number of a tree t. After such reduction, we might obtain some chains of edges
put back to back without any branching. We wish to see such a chain as a single longer edge. Thus,
we rather work with trees with edge lengths as defined in Section 5.2.2. The next definition is just a
formal rephrasing within our framework of the Horton pruning studied by Kovchegov & Zaliapin,
see [111, Definition 3 and Figure 7].

Definition 5.4.1 (Horton pruning) Let T = (t, (lu)u∈t) be a tree with edge lengths with S(t) ≥ 1.
Remark 5.2.11 ensures that there are a unique tree t′′ and a unique increasing embeddingψ′′ : t′′ → t
such that ψ′′(t′′) = {u ∈ t : S(θuT ) ≥ 1}. Proposition 5.2.13 then states that there are a unique
tree t′ and a unique increasing embedding ψ′ : t′ → t′′ such that ψ(t′) = {u ∈ t′′ : ku(t′′) ̸= 1}.
We denote by ψ the embedding ψ′′ ◦ ψ′ : t′ → t and for all u ∈ t′, we set

l′u =
∑

ψ(←−u )≺u′⪯ψ(u)
lu′ , where ψ(←−∅) =←−∅ in accordance with Notation 5.2.8.

Eventually, we define the Horton-pruned tree with edge lengths as R(T ) = (t′, (l′u)u∈t′). □

The number of Horton pruning operations needed to entirely erase T is equal to S(T ) + 1, namely

if S(T ) ≥ 1 then S(R(T )) = S(T )− 1. (5.4.3)

Now, we gather from the companion paper [103] several tail estimates for the joint law of the
Horton–Strahler number S(τ) of a GWα-tree τ with either its size #τ or height |τ |. Recall that the
offspring distribution of GWα-trees satisfies (5.2.17) and (5.1.11).

Proposition 5.4.2 Let τ be a GWα-tree. Recall that γ = ln α
α−1 and δ = eγ(α−1) from (5.1.8).

Then,

P (S(τ) ≥ n) = e−γn, (5.4.4)

E
[
1{S(τ)≤n}#τ

]
≤ 2eγ(α−1)n, (5.4.5)

E
[
#τ | S(τ) = n

]
≤ 2αeγαn, (5.4.6)

for all n ∈ N. Moreover, for all λ ∈ (0,∞), it holds

lim sup
n→∞

P
(
|τ | ≤ λeγ(α−1)n ∣∣ S(τ) = n

)
≤ 1− e−λ. (5.4.7)
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Furthermore, there exists a constant λ0 ∈ (0,∞) that only depends on α such that for all λ > λ0,

lim sup
n→∞

P
(
S(τ) ≤ logδ(n/λ)

∣∣ |τ | ≥ n) ≤ e−λ/20, (5.4.8)

lim sup
n→∞

P
(
|τ | ≥ λeγ(α−1)n ∣∣ S(τ) = n

)
≤ e−λ/20. (5.4.9)

Proof. Kovchegov & Zaliapin [110, Lemma 10] yields (5.4.4) (see also [103, Remark 3.3]). We
independently retrieve (5.4.4) in the present paper via Proposition 5.4.6. Together with (5.1.2) and
(5.4.4), [103, Proposition 3.5] entails (5.4.5). Then, (5.4.6) follows from (5.4.4) and (5.4.5). For
(5.4.7), see [103, Proposition 3.6]. By [103, Corollary 3.8] and (5.1.11), the left-hand side of (5.4.8)
is bounded by Ce−λ/8δ for all λ > 0, where C ∈ (0,∞) is a constant that only depends on α.
Using Bayes’s theorem with (5.3.3) and (5.4.4), we then get that the left-hand side of (5.4.9) is
bounded by αe−γβCλ−βe−λ/8δ for all λ ∈ (0,∞). Since 8δ < 20, we readily obtain (5.4.8) and
(5.4.9). ■

5.4.2 First properties of the weighted Horton–Strahler number

Here, we provide basic properties of the weighted Horton–Strahler number S (recall Defini-
tion 5.1.2), that show that it is a good approximation of the (classic) Horton–Strahler number S
while being a continuous quantity. For all x ∈ R+, we denote by ⌊x⌋ ∈ N the integer part of x and
by frac(x) = x− ⌊x⌋ ∈ [0, 1) the fractional part of x.

Proposition 5.4.3 For any weighted tree t = (t, (wv)v∈∂t), it holds that S(t) = ⌊S(t)⌋. Moreover,
there exists a leaf v ∈ ∂t of the tree t such that frac(S(t)) = wv.

Proof. We argue by induction on |t|. If |t| = 0 then t = ∂t = {∅}, so that S(t) = 0 and
⌊S(t)⌋ = ⌊w∅⌋ = 0 because w∅ ∈ [0, 1). Moreover, frac(S(t)) = S(t) = w∅. If k∅(t) ≥ 1
then there is 1 ≤ i ≤ k∅(t) such that either S(t) = S(θ(i)t) or S(t) = 1 + S(θ(i)t) by
Definition 5.1.2. Either way, it holds frac(S(t)) = frac(S(θ(i)t)), so there is v ∈ ∂t such that
frac(S(t)) = wv by induction hypothesis. The induction hypothesis also entails that

⌊S(t)⌋ = max
1≤i,j≤k∅(t)

max
(
S(θ(i)t),S(θ(j)t),1{i ̸=j} + min

(
S(θ(i)t),S(θ(j)t)

))
because the integer part function is non-decreasing. The formula (5.1.6) completes the proof. ■

For any weighted tree t = (t, (wv)v∈∂t) and x ∈ [0, 1), we see from Proposition 5.4.3 and (5.4.1)
that

if k∅(t) ̸= 1, then S(t) ≤ x⇐⇒ t = ({∅}, w∅) with w∅ ≤ x. (5.4.10)

Lemma 5.4.4 Let t be a tree and let (Wv)v∈∂t be independent random variables on [0, 1). We
set t = (t, (Wv)v∈∂t). If the law of Wv admits a continuous and positive density on (0, 1) for all
v ∈ ∂t, then the law of S(t) admits a continuous and positive density on

(
S(t),S(t) + 1

)
.

Proof. We prove the lemma by induction on |t|. If |t| = 0 then t = ∂t = {∅}, S(t) = 0, and
S(t) = W∅ has a continuous and positive density on (0, 1) by assumption. Now, we assume
k∅(t) ≥ 1 and we write J = {1 ≤ j ≤ k∅(t) : S(θ(j)t) = S(t)− 1}. We set

F (x) = P (S(t) ≤ S(t) + x) and Fi(x) = P
(
S(θ(i)t) ≤ S(θ(i)t) + x

)
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for all x ∈ [0, 1] and 1 ≤ i ≤ k∅(t). We point out that the θ(i)t, for 1 ≤ i ≤ k∅(τ), are independent.
We exactly need to show that F is C1 with positive derivative on (0, 1). By induction hypothesis,
the Fi are C1 with positive derivative on (0, 1). There are two cases.
• If there exists 1 ≤ i ≤ k∅(t) such that S(θ(i)t) = S(t) then it is unique by Definition 5.1.1.

Since ⌊S(t)⌋ = S(t), we deduce that S(t) = max
(
S(θ(i)t), 1 + maxj∈J S(θ(j)t)

)
by Defini-

tion 5.1.2. It follows that F (x) = Fi(x)
∏
j∈J Fj(x) for all x ∈ [0, 1], which yields the result.

• Otherwise, there are at least two elements in J by Definition 5.1.2. Therefore, we get the
identity

S(t) = 1 + max
i,j∈J
i ̸=j

min
(
S(θ(i)t),S(θ(j)t)

)
,

which translates into F (x) =
∏
j∈J Fj(x) +

∑
i∈J (1− Fi(x))

∏
j∈J\{i} Fj(x) for all x ∈ [0, 1].

Thus, F is C1 on (0, 1). To obtain the positivity of the derivative, we simply compute that

∀x ∈ (0, 1), F ′(x) =
∑
i,j∈J
i ̸=j

F ′i (x)(1− Fj(x))
∏
k∈J
k ̸=i,j

Fk(x) > 0.

■

Remark 5.4.5 Other properties of the distribution of S(t) are inherited from those of the (Wv)v∈∂t.
We mention for example the absolute continuity with respect to some measure, the topological
support, or some additional regularity of the density. □

5.4.3 The weighted Horton–Strahler number of stable Galton–Watson weighted
trees

Recall the law FExp(γ) from (5.1.9) and γ = ln α
α−1 from (5.1.8). We still write frac(x) = x−⌊x⌋

for all x ∈ R+. The next result justifies the choice of weights in Definition 5.2.15 for GWα-
weighted trees.

Proposition 5.4.6 Let W be a random variable on [0, 1). Let τ = (τ, (Wv)v∈∂τ ) be a random
weighted tree such that τ is GWα-tree and conditionally given τ , the (Wv)v∈∂τ are independent
and distributed as W . Then, the following holds.

(i) The law of ⌊S(τ )⌋ = S(τ) is geometric with parameter 1
α .

(ii) The law of frac(S(τ )) is the same as the law of W .

(iii) ⌊S(τ )⌋ = S(τ) and frac(S(τ )) are independent.

In particular, if τ is GWα-weighted tree then the law of S(τ ) is exponential with mean 1
γ .

Proof. From (5.1.2) and (5.2.16), recall the offspring law µα of τ and its generating function φα.
We set f(x) = P(S(τ ) > x) for all x ∈ R+. We only need to show that for all x ∈ R+,

f(x) = e−γ⌊x⌋
(
1− 1

αP(W ≤ x− ⌊x⌋)
)
, (5.4.11)

because the integer and fractional parts are measurable. Note that if the law of W is FExp(γ) then
(5.4.11) becomes f(x) = e−γx. If x ∈ [0, 1) then by (5.4.10), and since µα(1) = 0, we compute
that P(S(τ ) ≤ x) = P(k∅(τ) = 0 ; W∅ ≤ x) = µα(0)P(W ≤ x). This is exactly (5.4.11).

Now, we assume x ≥ 1. By Definition 5.1.2 of the weighted Horton–Strahler number, we
observe that S(τ ) ≤ x if and only if S(θuτ ) ≤ x− 1 for all children u of ∅ in τ (if any) with the
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possible exception of one child v, which may satisfy x − 1 < S(θvτ ) ≤ x. More precisely, we
have

1{S(τ )≤x} =
k∅(τ)∏
j=1

1{S(θ(j)τ )≤x−1}+
k∅(τ)∑
i=1

1{x−1<S(θ(i)τ )≤x}
∏

1≤j≤k∅(τ)
j ̸=i

1{S(θ(j)τ )≤x−1}. (5.4.12)

Taking the expectation leads to f(x) = (1− 1/α)f(x− 1) by Definition 5.2.15 of GWα-weighted
trees. Finally, we get f(x) = e−γ⌊x⌋f(x − ⌊x⌋) for all x ∈ R+ by induction on ⌊x⌋, and so the
identity (5.4.11) follows. ■

Let τ be a GWα-weighted tree. For all n ∈ N, the event {S(τ) = n} has nonzero probability
so the law of τ conditionally given S(τ) = n is straightforwardly defined. Our goal for the rest of
the section is to properly define the law of τ under the degenerate conditioning {S(τ ) = x} in a
sufficiently regular and explicit way to be able to carry out calculations and study convergences.
Pleasantly, the natural idea to define P(dτ |S(τ ) = x) as the limit of the conditional laws of τ
given |S(τ ) − x| < ε when ε tends to 0+ turns out to work just fine. From (5.2.24), recall the
notation S(T) for a weighted tree with edge lengths T.

Proposition 5.4.7 Let T be a GWα-weighted tree with edge lengths as in Definition 5.2.16. For
all x ∈ R+\N, there exists a probability measure Qx on the space T of all trees with edge lengths
such that

Qx[g] = lim
ε→0+

E
[
g(T )

∣∣ |S(T )− x| < ε
]

(5.4.13)

for all bounded measurable function g on T. The function x 7→ Qx[g] is continuous on R+\N, and

E
[
h(S(T ))g(T )

]
= E

[
h(S(T ))QS(T )[g]

]
=
∫
R+
h(x)Qx[g]γe−γx dx (5.4.14)

for all bounded measurable function h on R+. If the law of Tx = (τx, (Lu)u∈τx) is Qx, then
conditionally given τx, the (Lu)u∈τx are independent with exponential distribution with mean 1.

Definition 5.4.8 Let x ∈ R+\N. If T is a GWα-weighted tree with edge lengths, then we denote
by P(dT |S(T ) = x) the law Qx defined in Proposition 5.4.7, and we thus write

P(T ∈ A | S(T ) = x) = Qx(A) and E[g(T ) | S(T ) = x] = Qx[g]

for all measurable subset A ⊂ T and all bounded measurable function g on T. Recall from (5.2.20)
the measurable map Sha : T→ T, where T is the space of all trees. If τ is a GWα-weighted tree,
then we denote by P(dτ |S(τ ) = x) the law of Sha(T ) under P(dT |S(T ) = x). Namely,

P(τ ∈ A | S(τ ) = x) = Qx(Sha−1(A)) and E[g(τ) | S(τ ) = x] = Qx[g ◦ Sha],

for all subset A ⊂ T and all bounded function g on T. □

Before showing Proposition 5.4.7, we give ourselves a uniform domination of the laws of τ
conditionally given |S(τ )− x| < ε via the lemma below. This result is also useful to transpose
estimates about P(dτ | S(τ) = n) into bounds for P(dτ |S(τ ) = x). We endow the countable
space Tbit =

{
(t, (bv)v∈∂t) : t a tree and bv ∈ {0, 1} for all v ∈ ∂t

}
with the discrete topology.

Lemma 5.4.9 Let r ∈ (0, 1), let W have law FExp(γ), and let τ = (τ, (Wv)v∈∂τ ) be a GWα-
weighted tree. We set ξ = 1{W≥r} and ξv = 1{Wv≥r} for all v ∈ ∂τ . Let g : Tbit −→ R+ be a
nonnegative bounded function. For all x, ε > 0 such that ⌊x⌋ < x− ε < x+ ε < ⌊x⌋+ 1, it holds

E
[
g(τ, (ξv)v∈∂τ )

∣∣ |S(τ )− x| < ε
]
≤ cα(r)E

[
g(τ, (ξv)v∈∂τ )#τ

∣∣ S(τ) = ⌊x⌋
]
<∞,
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where cα(r)−1 = min
(
P(W < r),P(W ≥ r)

)
only depends on r and α. Moreover, for all n ∈ N,

E
[
1{#τ≤n}g(τ, (ξv)v∈∂τ )

∣∣ |S(τ )− x| < ε
]
≤ cα(r)αneγxE

[
1{#τ≤n}g(τ, (ξv)v∈∂τ )

]
. (5.4.15)

Proof of Lemma 5.4.9. The given upper bound is finite by (5.4.6). The space Tbit is countable, so
we can assume there is (t0, (b0

v)v∈∂t0) ∈ Tbit such that g(t, (bv)v∈∂t) = 1{t=t0}
∏
v∈∂t0 1{bv=b0

v}.
Thanks to the assumption on x and ε, Proposition 5.4.3 entails that |S(τ )− x| < ε if and only if
S(τ) = ⌊x⌋ and |frac(S(τ ))− frac(x)| < ε. Thus, Proposition 5.4.6 gives

P(|S(τ )− x| < ε) = P(S(τ) = ⌊x⌋)P(|W − frac(x)| < ε). (5.4.16)

Moreover, Proposition 5.4.3 also ensures that

1{|S(τ )−x|<ε}g(τ, (ξv)v∈∂τ ) ≤ 1{S(τ)=⌊x⌋}1{τ=t0}
∑
u∈∂t0

1{|Wu−frac(x)|<ε}
∏

v∈(∂t0)\{u}
1{ξv=b0

v}.

Note that #∂t0 ≤ #t0 and P(ξ = b0
u) ≥ cα(r)−1 for all u ∈ ∂t0. Since the (Wv)v∈∂τ are

independent and distributed as W conditionally given τ , taking the expectation then yields that

E
[
1{|S(τ )−x|<ε}g(τ, (ξv)v∈∂τ )

]
≤ cα(r)P(|W − frac(x)| < ε)E

[
1{S(τ)=⌊x⌋}g(τ, (ξv)v∈∂τ )#τ

]
.

Dividing this inequality by P(|S(τ )− x| < ε) and using (5.4.16) conclude the proof of the first in-
equality. We get (5.4.15) by writing E[1{#τ≤n}g#τ | S(τ) = ⌊x⌋] ≤ nP(S(τ) = ⌊x⌋)−1E[1{#τ≤n}g]
and then recalling (5.4.4). ■

Proof of Proposition 5.4.7. We write τ = Sha(T ) which is a GWα-weighted tree. Let t be a tree
and let (Wv)v∈∂t be independent random variables with law FExp(γ). We set t = (t, (Wv)v∈∂t).
We denote by ft the density of frac(S(t)) and by f the density of frac(S(τ )). They are positive
and continuous on (0, 1) by Lemma 5.4.4 and Proposition 5.4.6. Since x /∈ N, it holds ⌊x⌋ < x− ε
and x+ ε < ⌊x⌋+ 1 for all ε > 0 small enough. If so, we then find

P(|S(τ )− x| < ε) = P(S(τ) = ⌊x⌋)
∫ frac(x)+ε

frac(x)−ε
f(y) dy,

P(τ = t ; |S(τ )− x| < ε) = P(τ = t ; S(τ) = ⌊x⌋)
∫ frac(x)+ε

frac(x)−ε
ft(y) dy.

by respectively applying Proposition 5.4.6 and conditioning on {τ = t}. The existence of the limit

qx(t) := P
(
τ = t

∣∣ S(τ) = ⌊x⌋
)ft(frac(x))
f(frac(x)) = lim

ε→0+
P
(
τ = t

∣∣ |S(τ )− x| < ε
)

(5.4.17)

and the continuity of x 7−→ qx(t) on R+\N follow from the continuity of ft and f on (0, 1). Now,
let us set F (x) = P(τ= t ; S(τ )≤x) for all x ∈ R (note that F (0) = 0). With the same argument
used to get (5.4.17), we show that F is C1 on R+\N with F ′(x) = qx(t)γe−γx. If h : R+ −→ R
is C1 with compact support, then we write h(x) = −

∫∞
x h′(x) dx and we obtain

E
[
h(S(τ ))1{τ=t}

]
=
∫ ∞

0
h(x)qx(t)γe−γx dx. (5.4.18)

after an application of Fubini’s theorem and an integration by parts. The identity (5.4.18) holds in
fact for all bounded and measurable function h by the functional monotone class theorem.

We finally define the measure Qx by setting Qx[g] =
∑
t∈T qx(t)E[g(T ) | τ = t] for all

bounded and measurable function g on T. Making ε → 0+ in the bound given by Lemma 5.4.9
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leads to qx(t) ≤ cα(1/2)E[1{τ=t}#τ | S(τ) = ⌊x⌋] for all tree t and x ∈ R+\N. This domination
ensures that the function x 7−→ Qx[g] is continuous on R+\N. By Definition 5.2.16, we then have

E
[
g(T )

∣∣ |S(τ )− x| < ε
]

=
∑
t∈T

P
(
τ = t

∣∣ |S(τ )− x| < ε
)
E
[
g(T )

∣∣ τ = t
]
.

Thanks to (5.4.17) and Lemma 5.4.9, the dominated convergence theorem yields (5.4.13). In
particular, Qx is indeed a probability measure. Similarly, (5.4.14) is a consequence of Fubini’s
theorem and (5.4.18). ■

5.5 The weighted Horton pruning of trees with edge lengths

5.5.1 Definition and invariance

We remind from (5.1.8) that δ = ( α
α−1)α−1 = eγ(α−1). In this section, we extensively use the

notations from (5.2.20), (5.2.21), (5.2.24), and (5.2.25) to manipulate (weighted) trees with edge
lengths. As discussed in the introduction, Kovchegov & Zaliapin [109, Proposition 4] showed
that stable Galton–Watson trees with edge lengths are invariant by the Horton pruning R (see
Definition 5.4.1). More precisely, if T is a GWα-tree with edge lengths, then the law of R(T ) under
P( · | S(T ) ≥ 1) is the same as the law of δ · T under P. In what follows, we seek to obtain a similar
result for the weighted Horton–Strahler number and GWα-weighted trees with edge lengths.

First, we adapt the Horton pruning of Definition 5.4.1 to the framework of weighted trees with
edge lengths. The r-Horton pruning consists in erasing the subtrees with weighted Horton–Strahler
numbers smaller than a threshold r, and then removing the vertices with only one child left. The
weight of a new leaf is given by the maximal Horton–Strahler number previously achieved on the
new parental edge, minus r. See Figure 5.5 for an example. The formal definition is given below.

Definition 5.5.1 (Weighted Horton pruning) Recall Definition 5.2.10 of embeddings. Let r ∈
R+ and let T = (t, (lu)u∈t, (wv)v∈∂t) be a weighted tree with edge lengths such that S(T) ≥ r.
Remark 5.2.11 ensures that there are a unique tree t′′ and a unique increasing embeddingψ′′ : t′′ → t
such that ψ′′(t′′) = {u ∈ t : S(θuT) ≥ r}. Proposition 5.2.13 then states that there are a unique
tree t′ and a unique increasing embedding ψ′ : t′ → t′′ such that ψ(t′) = {u ∈ t′′ : ku(t′′) ̸= 1}.
We denote by ψ the embedding ψ′′ ◦ ψ′ : t′ → t and for all u ∈ t′ and for all v ∈ ∂t′, we set

l′u =
∑

ψ(←−u )≺u′⪯ψ(u)
lu′ and w′v = max

ψ(←−v )≺v′⪯ψ(v)
S(θv′T)− r.

Eventually, we define the r-Horton-pruned tree with edge lengths as Rr(T) = (t′, (l′u)u∈t′) and
the r-Horton-pruned weighted tree with edge lengths as Rr(T) = (t′, (l′u)u∈t′ , (w′v)v∈∂t′). □

Proposition 5.5.2 Let r ∈ R+ and let T be a weighted tree with edge lengths such that S(T) ≥ r.
We set Kr(T) = #

{
1 ≤ i ≤ K(T ) : S(θ(i)T) ≥ r

}
and we denote by i1 < . . . < iKr(T) all the

integers such that S(θ(i)T) ≥ r. The weighted tree with edge lengths Rr(T) is well-defined and
can be recursively described as follows.

(i) If Kr(T) = 0, then K(Rr(T)) = Kr(T) = 0 and L(Rr(T)) = L(T ).

(ii) IfKr(T) = 1, thenK(Rr(T)) = K(Rr(θ(i1)T)) and L(Rr(T)) = L(T )+L(Rr(θ(i1)T)).
Moreover, if K(Rr(T)) ≥ 2 then θ(j)Rr(T) = θ(j)Rr(θ(i1)T) for all 1 ≤ j ≤ K(Rr(T)).

(iii) If Kr(T) ≥ 2, then K(Rr(T)) = Kr(T) and L(Rr(T)) = L(T ). Moreover, it holds
θ(j)Rr(T) = Rr(θ(ij)T) for all 1 ≤ j ≤ Kr(T).
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Figure 5.5: An example of r-Horton pruning with r = 0.5. Left : The weighted tree with edge
lengths in Figure 5.3 before pruning. Each number indicates the weighted Horton–Strahler number
of the subtree stemming from the respective vertex. The subtrees that will be erased are dashed and
orange. The cross marks represent the vertices that will only have a single child left (and will be
removed). Subtracting r from the numbers in green gives the weights assigned to the new leaves.
Right : The resulting r-pruned weighted tree with edge lengths.

Furthermore, K(Rr(T)) ̸= 1 and S(Rr(T)) = S(T)− r. In particular, if K(Rr(T)) = 0 then
Rr(T) = ({∅}, L(Rr(T)),S(T)− r).

Proof. For all 1 ≤ j ≤ Kr(T), let t′j be the underlying tree of Rr(θ(ij)T) and let ψj : t′j → θ(ij)T
be the associated embedding as in Definition 5.5.1. It is elementary to verify that, depending on the
corresponding case in the desired proposition, the following construction of t′ and ψ is suitable:

(i) t′ = {∅} and ψ(∅) = ∅;

(ii) t′ = t′1 and ψ(u) = (i1) ∗ ψ1(u) for all u ∈ t′;

(iii) k∅(t′)=Kr(T), θ(j)t
′= t′j , ψ(∅)=∅, ψ((j)∗u)=(ij)∗ψj(u) for all u∈ t′j , 1≤j≤Kr(T).

By the uniqueness provided by Remark 5.2.11 and Proposition 5.2.13, the points (i), (ii), and (iii)
readily follow. Thanks to them, a quick induction on the height |t| shows that K(Rr(T)) ̸= 1.

To prove that Rr(T) is a weighted tree with edge lengths, we still have to check that its
weights are all in [0, 1). By induction on |t|, (ii) and (iii) allow us to only consider the case
K(Rr(T)) = 0, where then the unique weight of Rr(T) is w′∅ = S(T)− r ≥ 0 by assumption.
To sum up, it remains to show that if K(Rr(T)) = 0 then S(T) < 1 + r, and if K(Rr(T)) ≥ 2
then S(Rr(T)) = S(T)−r. We do so by induction on |t|. When |t| = 0, we haveK(Rr(T)) = 0
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and S(T) = w∅ < 1 + r. When |t| ≥ 1, we begin by defining, with the convention max ∅ = 0,

x = max
1≤j,j′≤Kr(T)

max
(
S(θ(ij)T),1{j ̸=j′} + min

(
S(θ(ij)T),S(θ(ij′ )T)

))
,

y = max
1≤i,i′≤K(T )
S(θ(i)T)<r

max
(
S(θ(i)T),1{i ̸=i′} + min

(
S(θ(i)T),S(θ(i′)T)

))
.

We see that S(T) = max(x, y) and y < 1 + r. We complete the proof by separating the cases.
• If K(Rr(T)) = Kr(T) = 0: then S(T) = y < 1 + r.
• If K(Rr(T)) = 0 and Kr(T) = 1: then x = S(θ(i1)T) = S(Rr(θ(i1)T)) + r by induction

hypothesis. Thanks to (ii), K(Rr(θ(i1)T)) = 0 so x < 1+ r by (5.4.10), and S(T) < 1+ r.

• If K(Rr(T)) ≥ 2 and Kr(T) = 1: then x = S(Rr(θ(i1)T)) + r again, and (ii) yields x =
S(Rr(T)) + r by Definition 5.1.2. By (5.4.10), x ≥ 1 + r, so S(T) = x = S(Rr(T)) + r.

• If K(Rr(T)) = Kr(T) ≥ 2: then x = S(Rr(T)) + r by (iii), Definition 5.1.2, and
induction hypothesis. As in the previous case, we get x ≥ 1 + r and S(T) = S(Rr(T)) + r.

The fact that K(Rr(T)) ̸= 1 and the points (i), (ii), and (iii) ensure that we treated all cases. ■

Recall that R stands for the (classic) Horton pruning as in Definition 5.4.1. Let r∈R+ and λ>0,
and let T be a weighted tree with edge lengths. By Definitions 5.4.1 and 5.5.1, it is clear that

R(λ · T ) = λ ·R(T ) and Rr(λ ·T) = λ ·Rr(T). (5.5.1)

We also observe that R : {T ∈ T : S(T ) ≥ 1}→ T and Rr : {T ∈ Tw : S(T) ≥ r}→ Tw are
measurable, where T (resp. Tw) is the space of all (resp. weighted) trees with edge lengths. Better
still, one does not need all the information in T to determine a particular component of Rr(T).

Remark 5.5.3 Let T = (t, (lu)u∈t, (wv)v∈∂t) be a weighted tree with edge lengths.
(i) The Horton pruning is a specific case of a weighted Horton pruning as R1(T) = R(T ).

Indeed, for all weighted tree t, S(t) ≥ 1 if and only if S(t) ≥ 1 by Proposition 5.4.3. In
particular, R(T ) is well-defined and Proposition 5.5.2 yields the formula (5.4.3).

(ii) The weighted tree Sha(Rr(T)) can be expressed as a measurable function of Sha(T).
Indeed, the lengths of T are only used to compute the lengths of Rr(T).

(iii) If r ∈ [0, 1], the tree with edge length Rr(T) can be expressed as a measurable function of
(t, (lu)u∈t, (1{wv≥r})v∈∂t). Indeed, we do not need to compute the weights to know Rr(T),
only to observe which vertices u ∈ t are such that S(θuT) ≥ r. Moreover, by (5.4.10), this
information in contained in (t, (lu)u∈t, (1{wv≥r})v∈∂t) since r ≤ 1.

(iv) The weighted tree with edge lengths R1(T) can be expressed as a measurable function of
(t, (lu)u∈t\∂t, (wv)v∈∂t). Indeed, S(θvT) < 1 for all v ∈ ∂t, so the parental edges of leaves
are erased and the lengths lv do not appear in the expression of R1(T).

□

We are now ready to present the invariance of a GWα-weighted tree with edge lengths T (recall
Definition 5.2.16) by weighted Horton pruning. Let us explain why we cannot hope for the law
of Rr(T ) under P( · |S(T ) ≥ r) to be exactly the same as the law of δr · T under P. If a leaf of
Rr(T ) has a long parental edge then there is a higher probability that this edge comes from the
fusion of many edges of T, which means its weight is more likely to be large. Thus, the weight
and the length of the parental edge of such a leaf are not independent. We get around this issue by
erasing the leaves with the map R1 before comparing Rr(T ) and δr · T .
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Theorem 5.5.4 Let T be a GWα-weighted tree with edge lengths and let r ∈ R+.
(i) The law of Rr(T ) under P( · |S(T ) ≥ r) is the same as the law of δr · T under P.

(ii) The law of Sha(Rr(T )) under P( · |S(T ) ≥ r) is the same as the law of Sha(T ) under P.
(iii) The law of R1 ◦Rr(T ) under P( · |S(T ) ≥ r + 1) is the same as the law of δr ·R1(T )

under P( · |S(T ) ≥ 1).

Proof. By Remark 5.5.3 (iv) and Proposition 5.5.2, we only need to show that the law of Fi(Rr(T ))
under P( · |S(T ) ≥ r) is equal to the law of Fi(δr · T ) under P for all i ∈ {1, 2}, where

F1(T) = (t, (lu)u∈t) and F2(T) = (t, (lu)u∈t\∂t, (wv)v∈∂t).

Note that K(T ) ̸= 1 by (5.2.16), and K(Rr(T )) ̸= 1 by Proposition 5.5.2. Let k ∈ N with k ≥ 2,
λ > 0, x ∈ (0, 1), and let g1, . . . , gk : Tw −→ R be bounded measurable functions. Let us set
G(T) = 1{K(T )=k}e

−λL(T )∏k
j=1 gj(θ(j)T) for all T ∈ Tw. Then, by induction on the height, we

only need to check the three following identities:

P(K(T ) = 0 ; S(T ) ≤ x) = P
(
K(Rr(T )) = 0 ; S(Rr(T )) ≤ x

∣∣ S(T ) ≥ r
)
, (5.5.2)

E
[
1{K(T )=0}e

−λδrL(T )] = E
[
1{K(Rr(T ))=0}e

−λL(Rr(T )) ∣∣ S(T ) ≥ r
]
, (5.5.3)

E
[
G(Rr(T ))

∣∣ S(T ) ≥ r
]

= E
[
1{K(T )=k}e

−λδrL(T )] k∏
j=1

E
[
gj(Rr(T ))

∣∣ S(T ) ≥ r
]
. (5.5.4)

Since x < 1, we have P(K(T ) = 0 ; S(T ) ≤ x) = P(S(T ) ≤ x) by (5.4.10). Again by
(5.4.10), and since it holds S(Rr(T )) = S(T )− r when S(T ) ≥ r by Proposition 5.5.2, we find

P(S(T ) ≥ r ; K(Rr(T )) = 0 ; S(Rr(T )) ≤ x) = P(r ≤ S(T ) ≤ x+ r).

The identity (5.5.2) follows because the law of S(T ) is exponential, as stated by Proposition 5.4.6.
We set χ2(T) = 1{S(T)≥r}1{K(Rr(T))=0}e

−λL(Rr(T)) to simplify. Proposition 5.5.2 entails
that

χ2(T ) = e−λL(T )
(K(T )∑

i=1
χ2(θ(i)T )

∏
1≤j≤K(T )

j ̸=i

1{S(θ(j)T )<r}+
K(T )∏
i=1

1{S(θ(i)T )<r}− 1{S(T )<r}

)
.

Recall from (5.1.2) that φα stands for the generating function of the offspring law µα. Thanks to
(5.3.11) and Definition 5.2.16 of GWα-weighted trees with edge lengths, we can compute that

E[χ2(T )] = φα (P(S(T ) < r))− P(S(T ) < r)
1 + λ− φ′α (P(S(T ) < r)) .

The identity (5.5.3) follows from Proposition 5.4.6 and from the expression (5.1.2) of φα.
To lighten notations, we set χ3(T)=1{S(T)≥r}G(Rr(T)) and χ′j(T)=1{S(T)≥r}gj(Rr(T))

for all 1 ≤ j ≤ k. Once again, Proposition 5.5.2 yields that

χ3(T )eλL(T ) =
K(T )∑
i=1

χ3(θ(i)T )
∏

1≤j≤K(T )
j ̸=i

1{S(θ(j)T )<r} +
∑

1≤i1<...
...<ik≤K(T )

( k∏
j=1

χ′j(θ(ij)T )
) ∏
1≤i≤K(T )
i ̸=i1,...,ik

1{S(θ(i)T )<r}.

For all s ∈ [0, 1), we know that φ(k)
α (s)/k! = E

[
1{K(T )≥k}

(K(T )
k

)
sK(T )−k] = µα(k)(1− s)α−k

from (5.2.15). With the same arguments as before, we eventually obtain

E[χ3(T )] = P(S(T ) ≥ r)α

1 + λ− φ′α (P(S(T ) < r))µα(k)
k∏
j=1

E
[
gj(Rr(T ))

∣∣ S(T ) ≥ r
]
,

which implies the identity (5.5.4). ■
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5.5.2 Some applications

Here, we give some useful consequences of Theorem 5.5.4. Recall Definition 5.2.10 of embeddings.

Corollary 5.5.5 Let A : T −→ R have the following monotony property: for all trees t, t′ ∈ T, if
there is an embedding ψ : t′ → t then A(t′) ≤ A(t). Let τ be a GWα-weighted tree. For all a ∈ R
and for all x, y ∈ R+\N such that x ≤ y, it holds that

P
(
A(τ) ≥ a

∣∣ S(τ ) = x
)
≤ P

(
A(τ) ≥ a

∣∣ S(τ ) = y
)
, (5.5.5)

P
(
A(τ) ≥ a

∣∣ S(τ ) = x
)
≤ P

(
A(τ) ≥ a

∣∣ S(τ) = ⌊x⌋+ 1
)
, (5.5.6)

P
(
A(τ) ≥ a

∣∣ S(τ) = ⌊y⌋
)
≤ P

(
A(τ) ≥ a

∣∣ S(τ ) = y + 1
)
. (5.5.7)

In particular, the result applies when A is the size A(t) = #t, and when A is the height A(t) = |t|.

Proof. We can assume that τ = Sha(T ), where T is a GWα-weighted tree with edge lengths. Let
r ∈ [0, 1] and x > 0 be such that x, x+ r /∈ N. By Definition 5.5.1, the property of A yields

P
(
A(Sha(Rr(T ))) ≥ a ; |S(T )− (x+ r)| < ε

)
≤ P

(
A(τ) ≥ a ; |S(T )− (x+ r)| < ε

)
for all ε ∈ (0, x). Since S(Sha(Rr(T ))) = S(T ) − r when S(T ) ≥ r, Theorem 5.5.4 (ii)
entails

P(S(T ) ≥ r)P
(
A(τ) ≥ a ; |S(T )− x| < ε

)
≤ P

(
A(τ) ≥ a ; |S(T )− (x+ r)| < ε

)
.

Moreover, the law of S(T ) is exponential by Proposition 5.4.6 so dividing the above inequality by
P(|S(T )− (x+ ε)| < ε) and making ε→ 0+ gives (5.5.5) with y = x+ r, by Definition 5.4.8.
We generalize that for any x, y by induction on ⌊y−x⌋. Integrating (5.5.5) with respect to y against
the conditional law of S(τ ) given ⌊x⌋+ 1 ≤ S(τ ) < ⌊x⌋+ 2 yields (5.5.6), by Proposition 5.4.7.
We get (5.5.7) similarly by integrating (5.5.5) with respect to x. ■

Like Lemma 5.4.9, but with greater precision, Corollary 5.5.5 allows controlling P(dτ |S(τ ) =
x) with estimates about the nondegenerate conditional law P(dτ | S(τ) = n). Now, recall from
(5.2.22) the height function H̄(T ) of a tree with edge lengths T . The following proposition shows
that the height function of a GWα-weighted tree with edge lengths does not change much after
r-Horton pruning. Indeed, if r ∈ [0, 1] then only some leaves are erased, and in a uniform manner.

Proposition 5.5.6 Recall dS from (5.2.3). Let T = (τ, (Lu)u∈τ , (Wv)v∈∂τ ) be a GWα-weighted
tree with edge lengths, let r ∈ [0, 1], and let λ > 0. We define two random càdlàg functions with
compact support X and Y by setting for all s ∈ R+,

Xs = λ1−1/αH̄s/λ(T ) and Ys = 1{S(T )≥r}λ
1−1/αH̄e−γrs/λ(Rr(T )).

Then, there are two constants C, c ∈ (0,∞) that only depend on α such that for all n ≥ 1,

P
(
#T ≤ n ; |T | ≤ n1−1/α ; dS(X,Y ) ≥ C(λ

√
n)1−1/α lnn+ Cλ

√
n lnn

)
≤ Cne−c(lnn)2

.

Proof. Let (ξi, Li,Wi)i∈N be independent random variables such that for all i ∈ N, ξi has the same
law as k∅(τ)− 1, the law of Li is exponential with mean 1, and the law of Wi is FExp(γ). Recall
from (5.2.12) the depth-first exploration u(τ). By (5.2.19) and Definition 5.2.16, we can assume
that

ξi = kui(τ)(τ)− 1, Li = Lui(τ), and (ξi = −1) =⇒ (Wi = Wui(τ))
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for all 0≤ i ≤#τ−1. We now define a sequence of stopping times (Ji)i∈N and a random integer N
by setting J−1 = −1 and for all i ∈ N,

Ji = inf
{
j > Ji−1 : ξj ̸= −1 or Wj ≥ r

}
and N = inf{j ≥ 0 : Jj ≥ #τ}. (5.5.8)

Since r ≤ 1, we observe by (5.2.16) and (5.4.10) that uJ0(τ), uJ1(τ), . . . , uJN−1(τ) are exactly the
vertices u ∈ τ such that S(θuτ ) ≥ r, listed in lexicographic order. Then, for all j ∈ N, we set

sj(X) = λ

Jj−1∑
ι=0

Lι = λ
j−1∑
i=0

Ji∑
ι=Ji−1+1

Lι and sj(Y ) = λeγr
j−1∑
i=0

LJi .

Note that s0(X) = s0(Y ) = 0. Thanks to Proposition 5.2.13 and (5.2.23), we identify that ζ(Y ) =
sN(Y ), that sN(X) ≤ ζ(X) < sN+1(X), and that if s ∈ [sj(Y ), sj+1(Y )) with 0 ≤ j ≤ N− 1 then

λ1−1/α ∑
v≺uJj (τ)

Lv = Ysj(Y ) ≤ Ys ≤ Ysj+1(Y )− = λ1−1/α ∑
v⪯uJj (τ)

Lv. (5.5.9)

We write ∆(f) = sups≥0 |f(s)− f(s−)| for any càdlàg function f . We claim that

dS(X,Y ) ≤ 6 max
1≤j≤N+1

|sj(X)− sj(Y )|+ 3eγλ max
0≤j≤N

LJj + 2λ1−1/α max
u∈τ

Lu + ∆(Y ). (5.5.10)

Proof of (5.5.10). Let 1 ≤ j ≤ N − 1 and let u ∈ τ such that uJj−1(τ) < u ≤ uJj (τ). By
definition of the lexicographic order, we remark that uJj−1(τ)∧uJj (τ) is an ancestor of uJj−1(τ)∧u.
Moreover, it either holds u = uJj (τ), or S(θuτ ) < r and u is a leaf of τ . The contrapositive of this
argument entails that←−u ≤ uJj−1(τ), and it further follows that←−u = u ∧ uJj−1(τ). In particular,
the parent of uJj (τ) is the most recent common ancestor of uJj−1(τ) and uJj (τ). Hence, we have

proven
←−−−−
uJj (τ) ⪯ ←−u ⪯ uJj−1(τ), and (5.5.9) then yields that

Ysj(Y ) ≤ λ1−1/α∑
v≺u

Lv ≤ Ysj(Y )−. (5.5.11)

Now, we choose an increasing and bijective ψ : R+ −→ R+ such that ψ(sj(Y )) = sj(X) for all
0 ≤ j ≤ N and ψ(sN(Y ) + s) = sN(X) + s for all s ≥ 0. The facts preceding (5.5.9) give that

|ζ(X)− ζ(Y )| ≤ 2|sN(X)− sN(Y )|+ |sN+1(X)− sN+1(Y )|+ λeγrLJN .

Let s ∈ [sj(Y ), sj+1(Y )) with 1 ≤ j < N, we have ψ(s) ∈ [sj(X), sj+1(X)) so

|ψ(s)− s| ≤ 2|sj(X)− sj(Y )|+ |sj+1(X)− sj+1(Y )|+ 2λeγrLJj .

Plus, there is u ∈ τ such that uJj−1(τ)<u≤uJj (τ) and
∑
v≺u Lv ≤ λ1/α−1Xψ(s) <

∑
v⪯u Lv,

by definition (5.2.22) of the height function. The inequalities (5.5.9) and (5.5.11) then entail that

|Xψ(s) − Ys| ≤ λ1−1/αLu + λ1−1/αLuIj (τ) + |Ysj(Y ) − Ysj(Y )−|.

We treat the cases where s ∈ [0, s1(Y )) or s ≥ sN(Y ) similarly. This completes the proof. □

From (5.5.8), we observe that the sequence (Jj)j∈N is independent of (Li)i∈N, which is a
sequence of independent and identically distributed random variables, thus (LJj )j∈N has the same
law as (Lj)j∈N. Moreover, the random variables (Jj−Jj−1−1)j∈N are independent and geometric
with parameter P(ξ0 ̸=−1 or W0 ≥ r) = P(S(T ) ≥ r) = e−γr, and jointly independent from
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(Li)i∈N. A well-known fact then asserts that the random sequence
(
e−γr

∑
Jj−1<ι≤Jj

Lι
)
j∈N has

also the same law as (Lj)j∈N. For all j ∈ N, we thus have

P
(
|sj(X)− sj(Y )| ≥ eγrλ

√
n lnn

)
≤ 2P

(∣∣∣i− j−1∑
i=0

Li
∣∣∣ ≥ √n lnn

)
.

It is clear from (5.5.8) that N ≤ #τ almost surely, so Lemma 5.3.10 entails that

P
(
#τ ≤ n ; max

1≤j≤N+1
|sj(X)− sj(Y )| ≥ eγrλ

√
n lnn

)
≤ 8ne−cuni(lnn)2

(5.5.12)

for all n large enough. Then, a simple union bound together with N ≤ #τ gives us

P
(
#τ ≤ n ; λ max

0≤j≤N
LIj +λ1−1/α max

u∈τ
Lu ≥ λ(lnn)2+λ1−1/α(lnn)2) ≤ 3ne−(lnn)2

. (5.5.13)

By Definition 5.5.1, we observe that if S(T ) ≥ r then #Rr(T ) ≤ #τ and |Rr(T )| ≤ |τ |. Hence,

χ := P
(
#Rr(T ) ≤ n ; |Rr(T )| ≤ n1−1/α ; e−γr∆(Y ) ≥ 2C(λ

√
n)1−1/α lnn+ 2Cλ

√
n lnn

)
≥ P

(
#τ ≤ n ; |τ | ≤ n1−1/α ; e−γr∆(Y ) ≥ 2C(λ

√
n)1−1/α lnn+ 2Cλ

√
n lnn

)
for any C > 0. Plus, if S(T ) < r then ∆(Y ) = 0. Using (5.2.23), Theorem 5.5.4 (i) then yields
that

χ = P(S(T ) ≥ r)P
(
#τ ≤ n ; |τ | ≤ n1−1/α ; ∆(X) ≥ 2C(λ

√
n)1−1/α lnn+ 2Cλ

√
n lnn

)
.

Recalling the expression (5.2.3) of dS, we see that if f and g are respectively càdlàg and continuous
with compact support, then ∆(f) ≤ ∆(g) + 2dS(f, g) = 2dS(f, g). Therefore, according to
Proposition 5.3.9, there are C, c ∈ (0,∞) that only depend on α such that

P
(
#τ ≤ n ; |τ | ≤ n1−1/α ; ∆(Y ) ≥ 2C(λ

√
n)1−1/α lnn+ 2Cλ

√
n lnn

)
≤ Cne−c(lnn)2

because the height function (5.2.13) of a tree (without edge lengths) is continuous. Combining this
last estimate with the inequalities (5.5.10), (5.5.12), and (5.5.13) completes the proof. ■

5.6 Proof of Theorem 5.1.3

In this section, we extensively use the topological tools and the notations presented in Section 5.2.1,
so recall the spaces CK and DK, the Skorokhod distance dS from (5.2.3), the Prokhorov metric ρS
associated with dS from (5.2.4), and Notation 5.2.2. Furthermore, recall the height function H(t)
of a tree t from (5.2.13), and the law of a GWα-tree conditioned on its weighted Horton–Strahler
number from Definition 5.4.8. Our goal here is to prove the following result.

Theorem 5.6.1 Let τ be a GWα-weighted tree. The law of the process
(
e−γ(α−1)xHeγαxs(τ)

)
s≥0

under P(dτ |S(τ ) = x) weakly converges on CK, when x ∈ R+\N tends to∞.

Indeed, Theorem 5.6.1 implies Theorem 5.1.3 by Proposition 5.2.18 and Skorokhod’s representation
theorem. Moreover, the estimates (5.4.7) and (5.4.9), together with Corollary 5.5.5, entail that
the limit law is not degenerate: see Section 5.7 for details. We even give a somewhat speed of
convergence for Theorem 5.6.1 via the following theorem, whose we postpone the proof for later.

Theorem 5.6.2 Let τ be a GWα-weighted tree. For all x ∈ R+\N, we denote by νx the law on CK
of
(
e−γ(α−1)xHeγαxs(τ)

)
s≥0 under P(dτ |S(τ ) = x). Then, there are two constantsC, c ∈ (0,∞)

that only depend on α such that it holds ρS(νx, νy) ≤ Ce−cmin(x,y) for all x, y ∈ R+\N.
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One might be tempted to see Theorem 5.6.1 as a direct consequence of Theorem 5.6.2, arguing
the function x 7−→ νx is Cauchy so it must converge. Unfortunately, we have to remind from
Remark 5.2.5 that ρS is not a complete metric. Nevertheless, it is not a hard challenge to overcome.

Proof of Theorem 5.6.1 from Theorem 5.6.2. We keep the notations of Theorem 5.6.2. We claim
that we only need to show that the family (νx)x∈R+\N is tight on CK. Indeed, there would then exist
an increasing sequence of points xn ∈ R+\N that tends to∞ such that the sequence (νxn) weakly
converges on CK by Prokhorov’s theorem. Together with Proposition 5.2.4, Theorem 5.6.2 would
then yield that the family (νx)x∈R+\N converges with respect to ρS when x tends to∞. Since the
νx are laws on CK, they would also weakly converge on CK by Proposition 5.2.1. □

We thus aim to apply Proposition 5.2.3. Firstly, we readily get Proposition 5.2.3 (a) because it
holds H0(τ) = 0 almost surely. Secondly, we know that ζ(H(τ)) = 1{#τ≥2}#τ from (5.2.14).
Next, we apply Corollary 5.5.5 followed by Markov’s inequality to find that for all m ≥ 1 and
x ∈ R+\N,

νx(ζ ≥ m) ≤ P
(
#τ ≥ eγαxm

∣∣ S(τ) = ⌊x⌋+ 1
)
≤ 1

me
−γαxE

[
#τ

∣∣ S(τ) = ⌊x⌋+ 1
]
.

Therefore, (5.4.6) yields Proposition 5.2.3 (b). It only remains to show that for all ε > 0,

lim
η→0+

lim sup
x→∞,x/∈N

νx(ωη ≥ 2ε) = 0. (5.6.1)

But before, we instead work under the discrete conditioning {S(τ) = n}. For all n ∈ N, we denote
by ν ′n the law on CK of the process

(
e−γ(α−1)nHeγαns(τ)

)
s≥0 under P( · | S(τ) = n). We fix ℓ > 0

for now, we write Nn = eγ(α−1)n, and we note that Nαβ
n = eγαn, where recall from (5.1.8) that

β(α− 1) = 1. Using (5.2.14), we write the rough bound

ν ′n(ωη ≥ ε, sup ≥ ℓ) ≤ P(|τ | ≥ ℓeγ(α−1)n)
P(S(τ) = n) P

(
ωη( 1

Nn
H
Nαβ

n s
(τ) ; s ≥ 0) ≥ ε

∣∣∣ |τ | ≥ ℓNn

)
.

We apply (5.3.9) in Theorem 5.3.7, in conjunction with (5.3.3) and (5.4.4), and we eventually obtain
that

lim
η→0+

lim sup
n→∞

ν ′n(ωη ≥ ε) ≤ lim sup
n→∞

P
(
|τ | ≤ ℓeγ(α−1)n ∣∣ S(τ) = n

)
for all ε, ℓ > 0. By making ℓ tend to 0+, the estimate (5.4.7) entails that for all ε > 0, it holds that

lim
η→0+

lim sup
n→∞

ν ′n(ωη ≥ ε) = 0. (5.6.2)

Let ε, η > 0 and let n ∈ N be large enough so that 2Ce−cn ≤ max(ε, η), where C and c are as
in Theorem 5.6.2. For all x, y ∈ (n, n + 1), we get νx(ωη ≥ 2ε) ≤ νy(ω2η ≥ ε) + Ce−cn by
Theorem 5.6.2. According to Proposition 5.4.7, integrating this inequality with respect to y against
the law of S(τ ) under P( · | S(τ) = n) yields that νx(ωη ≥ 2ε) ≤ ν ′n

(
ω2eγαη ≥ eγ(α−1)ε

)
+Ce−cn.

We point out that we made the factors eγα and eγ(α−1) appear inside the right-hand side to
compensate for the ratio of the scalings H(τ) is subject to, depending on whether it is observed
under νy or ν ′n. Finally, the desired condition (5.6.1) follows from (5.6.2), which concludes the
proof. ■

The rest of the section is devoted to the proof of Theorem 5.6.2. We begin by applying the
invariance by weighted Horton pruning stated in Theorem 5.5.4 (together with Proposition 5.5.6)
to bound the Prokhorov distance between the laws of the rescaled height function (as defined by
(5.2.22)) of a GWα-weighted tree with edge lengths T respectively under P(dT |S(T ) = x) or
under P(dT |S(T ) = x− r).
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Lemma 5.6.3 Let T be a GWα-weighted tree with edge lengths. For all x ∈ R+\N, we denote by
ν̄x the law on DK of the process

(
e−γ(α−1)xH̄eγαxs(T )

)
s≥0 under P(dT |S(T ) = x). Then, there

are two constants C, c ∈ (0,∞) that only depend on α such that ρS(ν̄x, ν̄x−r) ≤ Ce−cx, for all
r ∈ [1/10, 9/10] and all x > r with x, x− r /∈ N.

Proof. The Prokhorov distance between two probability measures is always bounded by 1, so we
can assume x ≥ 2 > r + 1 without loss of generality. We define five random càdlàg functions with
compact support X,Y, Z,X ′, Y ′ by setting for all s ∈ R+,

Xs = e−γ(α−1)xH̄eγαxs(T ),
Ys = 1{S(T )≥r}e

−γ(α−1)xH̄e−γreγαxs(Rr(T )),
Zs = 1{S(T )≥r,S(Rr(T ))≥1}e

−γ(α−1)xH̄e−γ(1+r)eγαxs(R1 ◦Rr(T ))
X ′s = e−γ(α−1)(x−r)H̄eγα(x−r)s(T ),
Y ′s = 1{S(T )≥1}e

−γ(α−1)(x−r)H̄e−γeγα(x−r)s(R1(T )).

The law of X under P(dT |S(T ) = x) is ν̄x, and the law of X ′ under P(dT |S(T ) = x− r) is
ν̄x−r. Informally, the first step of the proof is to show that X and X ′ are respectively close to Z and
Y ′ with high probability by using Proposition 5.5.6. Then, we prove with Theorem 5.5.4 that the
‘conditional law of Z given S(T ) = x’ is the same as the law of Y ′ under P(dT |S(T ) = x− r).
However, Z is not measurable with respect to T , since we need the weights to determine Rr(T ),
so Definition 5.4.8 does not make sense of its law under P(dT |S(T ) = x). We avoid this issue
by instead working conditionally given |S(T )− x| < ε, with a small ε > 0.

Let us set n = e3γαx/2. Applying Proposition 5.5.6 with λ = e−γαx and with λ = e−γα(x−r),
we justify that there exist two constants C0, c0 ∈ (0,∞) only depending on α such that

P
(
#T ≤ n ; |T | ≤ n1−1/α ; dS(X,Y ) ≥ C0xe

−γ(α−1)x/4) ≤ C0e
3γαx/2−c0x2

, (5.6.3)

P
(
#T ≤ n ; |T | ≤ n1−1/α ; dS(X ′, Y ′) ≥ C0xe

−γ(α−1)x/4) ≤ C0e
3γαx/2−c0x2

. (5.6.4)

Then, Remark 5.5.3 (i) ensures that the couple (Y,Z) can be expressed as a measurable function of
Rr(T ) when S(T ) ≥ r. Hence, by (5.2.23) and (5.5.1), Theorem 5.5.4 (i) yields that the law of
(Y,Z) under P( · |S(T ) ≥ r) is the same as the law of (X ′, Y ′) under P. Since it always holds
that #Rr(T ) ≤ #T and |Rr(T )| ≤ |T |, (5.6.4) still holds even if we replace (X ′, Y ′) by (Y, Z).
Combining this new version of (5.6.4) with (5.6.3) entails that

P
(
#T ≤ n ; |T | ≤ n1−1/α ; dS(X,Z) ≥ 2C0xe

−γ(α−1)x/4) ≤ 2C0e
3γαx/2−c0x2

. (5.6.5)

Let us set η = eγ(3α+1)x−c0x2
to lighten the notations. By Remark 5.5.3 (i) and (ii), the only

information about the weights of T we need to determine X ′, Y ′, X, Z is if they are smaller than r
or not. Thus, we can use (5.4.15) in Lemma 5.4.9 to deduce from (5.6.4) and (5.6.5) that there is a
constant C1 ∈ (0,∞), that only depends on α, such that for all ε > 0 small enough (according to x
and r),

P
(
#T ≤ n ; |T | ≤ n1−1/α ; dS(X ′, Y ′) ≥ C1xe

− 1
4γ(α−1)x ∣∣ |S(T )− x+r| < ε

)
≤ C1η,

(5.6.6)

P
(
#T ≤ n ; |T | ≤ n1−1/α ; dS(X,Z) ≥ C1xe

− 1
4γ(α−1)x ∣∣ |S(T )− x| < ε

)
≤ C1η.

(5.6.7)

We stress that C1 does not depend on r because we restrict ourselves to the case r ∈ [1/10, 9/10],
which ensures cα(r) ≤ cα(1/10) with the notations of Lemma 5.4.9. It remains to control the
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conditional probabilities that #T ≥ n or |T | ≥ n. We successively use Corollary 5.5.5 and
(5.4.14), then a rough bound, and finally (5.4.4) with (5.3.4) (resp. with (5.3.3)) to write that for all
small enough ε,

P
(
#T ≥ n

∣∣ |S(T )− x| < ε
)
≤ P(#T ≥ n)

P(S(T ) = ⌊x⌋+ 1) ≤ C2e
−γx/2, (5.6.8)

P
(
|T | ≥ n1−1/α ∣∣ |S(T )− x| < ε

)
≤ P(|T | ≥ n1−1/α)

P(S(T ) = ⌊x⌋+ 1) ≤ C2e
−γx/2, (5.6.9)

where C2 ∈ (0,∞) is a constant that only depends on α. The same bounds hold for the conditional
probabilities given |S(T ) − (x−r)|. Recalling (5.6.6) and (5.6.7), we conclude that there is a
constant C3 ∈ (0,∞) only depending on α such that for all ε > 0 small enough (according to x
and r),

P
(
dS(X ′, Y ′) ≥ C3e

−γ(α−1)x/8 ∣∣ |S(T )− (x−r)| < ε
)
≤ C3e

−γx/2, (5.6.10)

P
(
dS(X,Z) ≥ C3e

−γ(α−1)x/8 ∣∣ |S(T )− x| < ε
)
≤ C3e

−γx/2. (5.6.11)

Let us prove that the conditional law of Y ′ given |S(T ) − (x − r)| < ε is equal to the
conditional law of Z given |S(T ) − x| < ε, for all small enough ε > 0. More precisely, let
ε ∈ (0, x− r − 1) and let A be a measurable subset of DK. By the choice of ε, if |S(T )− x| < ε
then S(T ) ≥ r + 1. Moreover, if S(T ) ≥ r + 1 then we know from Proposition 5.5.2 that
S(R1 ◦Rr(T )) = S(T )− r − 1:

P
(
|S(T )− x| < ε ; Z ∈ A

)
= P

(
S(T ) ≥ r+ 1 ; |S(R1 ◦Rr(T ))− (x−r−1)| < ε ; Z ∈ A

)
.

Then, (5.2.23), (5.5.1), Theorem 5.5.4 (iii), and a similar argument as above yield

P(S(T ) ≥ 1)P
(
|S(T )−x| < ε ; Z ∈ A

)
= P(S(T ) ≥ r+1)P

(
|S(T )−(x−r)| < ε ; Y ′ ∈ A).

Furthermore, we know from Proposition 5.4.6 that the law of S(T ) is exponential, so we get

P
(
Z ∈ A

∣∣ |S(T )− x| < ε
)

= P
(
Y ′ ∈ A

∣∣ |S(T )− (x−r)| < ε
)

(5.6.12)

as desired. Thanks to (5.4.13) and (5.6.12), making ε→0+ inside (5.6.10) and (5.6.11) completes
the proof. ■

Proof of Theorem 5.6.2. We use the notations of Lemma 5.6.3 and of Theorem 5.6.2, and we can
assume τ = Sha(T ) as in (5.2.24). Let x ∈ R+\N, we define two random càdlàg functions with
compact support X,Y by setting for all s ∈ R+,

Xs = e−γ(α−1)xH̄eγαxs(T ) and Ys = e−γ(α−1)xHeγαxs(τ).

The laws of X and Y under P(dT |S(T ) = x) are respectively ν̄x and νx. By Proposition 5.3.9
with n = e3γαx/2 and λ = e−γαx, there are C0, c0 ∈ (0,∞) only depending on α such that

P
(
#τ ≤ n ; |τ | ≤ n1−1/α ; dS(X,Y ) ≥ C0xe

−γ(α−1)x/4) ≤ C0ne
3γαx/2−c0x2

. (5.6.13)

Thanks to (5.4.15) in Lemma 5.4.9, we combine (5.6.13) with (5.6.8) and (5.6.9) to obtain that

P
(
dS(X,Y ) ≥ C3e

−γ(α−1)x/8 ∣∣ S(T ) = x
)
≤ C3e

−γx/2, (5.6.14)

where C3 ∈ (0,∞) only depends on α. Then, Lemma 5.6.3 and (5.6.14) ensure the existence
of two constants C4, c4 ∈ (0,∞) only depending on α such that ρS(νx, ν̄x) ≤ C4e

−c4x and
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ρS(ν̄x, ν̄y) ≤ C4e
−c4 min(x,y) for all x, y ∈ R+\N with 1/10 ≤ |x − y| ≤ 9/10. By triangular

inequality (see Proposition 5.2.4), it follows that ρS(νx, νy) ≤ 3C4e
−c4 min(x,y) for all x, y ∈ R+\N

with 1/10 ≤ |x − y| ≤ 9/10. For all x, y ∈ R+\N, we can find a finite sequence (xi)0≤i≤n of
positive non-integers such that 1/2 ≤ xi − xi−1 ≤ 9/10 for all 1 ≤ i ≤ n, x0 = min(x, y), and
1/10 ≤ xn −max(x, y) ≤ 9/10. We complete the proof with the triangular inequality by writing

ρS(νx, νy) ≤ ρS(νxn , νmax(x,y)) +
n−1∑
i=0

ρS(νxi+1 , νxi) ≤ e−c4 min(x,y) · 6C4
∑
i∈N

e−c4i/2.

■

5.7 A first description of the limit tree in Theorem 5.1.3

In this section, we begin to study the limit objects of Theorems 5.1.3 and 5.6.1. Recall Notation 5.2.6
from Section 5.2.1, and that Km stands for the space of (GHP-isometry classes of) rooted measured
compact metric spaces, endowed with the rooted Gromov–Hausdorff–Prokhorov distance (5.2.7).

Definition 5.7.1 A random variable (H̃, ζ̃) on CK is a HSα-excursion when it has the limit distri-
bution in Theorem 5.6.1. A random rooted measured compact metric space T (in other words, a
random variable on Km) is a HSα-real tree when it has the limit distribution in Theorem 5.1.3. □

By Proposition 5.2.18 and Skorokhod’s representation theorem, if (H̃, ζ̃) is a HSα-excursion, then
it is in EK and the real tree TH̃,ζ̃ it codes, as defined by (5.2.27), is a HSα-real tree. In particular, a
HSα-real tree is almost surely a real tree in the sense of Definition 5.2.17. Now, we give ourselves
some estimates for the mass and height (5.2.9) of a HSα-real tree.

Proposition 5.7.2 Let T be a HSα-real tree. Then, E[m(T )] < ∞ and there exists a constant
y0 ∈ (0,∞) that only depends on α such that for all x ≥ 0 and y ≥ y0, it holds that

P(h(T ) < x) ≤ 1− e−4x and P(h(T ) > y) ≤ e−y/40. (5.7.1)

Proof. For all n∈N, let τn have the same law as τ under P(dτ |S(τ )=xn), where xn = n+ 1
2 and

τ is GWα-weighted tree. We can assume that e−γαxn#τn −→ m(T ) and e−γ(α−1)xn |τn| −→
h(T ) almost surely by continuity of m and h. Fatou’s lemma, Corollary 5.5.5, and (5.4.6) then
imply that E[m(T )] <∞. Similarly, the Portmanteau theorem, Corollary 5.5.5, and the bounds
(5.4.7) and (5.4.9) yield (5.7.1) – because δ

√
δ ≤ 4 and 20

√
δ ≤ 40 since δ ∈ (1, 2]. ■

The two estimates (5.7.1) ensure that the law of h(T ) is nondegenerate, so the same holds
for the law of T . Next, we show how to construct a HSα-real tree by rescaling (recall from
(5.2.8) the notation ⊙α) and grafting (recall from Definition 5.2.22 the notation ⊛) a countable
number of independent HSα-trees. This self-similarity is our main tool to prove Theorem 5.1.4
(ii). Because of the diversity of the random variables involved in the construction, the theorem is
both technical to state and to prove. Nevertheless, it is not surprising nor difficult to understand.
Indeed, it is just based on the idea to focus on the subtrees with large weighted Horton–Strahler
numbers, to apply Definition 5.2.15, and to take the scaling limit. The formal proof, that we
postpone to the end of the section, gives little intuition and may be skipped at first reading. Recall
from (5.1.8) that β = 1

α−1 , γ = ln α
α−1 and δ = eγ(α−1). We work on the product topological

space Ω = R+ × [1,∞)×Km ×
∏
i≥2([0, 1]×Km) and we write each of its element ω ∈ Ω as

ω =
(
ℓ(ω) , ξ(ω) , T1(ω) , (λi(ω), Ti(ω))i≥2

)
.
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Theorem 5.7.3 Let Tg,Td be two HSα-real trees. Let L have exponential law with mean δ−1 and
let U have law 1[1,δ](s)sβ−1ds. Let (Ti)i≥1 be a sequence of independent HSα-real trees. Let
(Λi)i≥2 be a sequence of independent random variables on [0, 1] with laws respectively given by
Λi = 0 almost surely when α = 2, or by

P(Λi ∈ dλi) = 1[0,1](λi)β(i− α)λβ(i−α)−1
i dλi when α ∈ (1, 2).

Let N be a Poisson point process on Ω with intensity measure

δdℓ× 1[1,∞)(ξ)dξ × P(Tg ∈ dT1)×
∏
i≥2

(
P(Λi ∈ dλi)× P(Tg ∈ dTi)

)
.

We assume that L,U,Tg,Td, (Ti)i≥2 , (Λi)i≥2 ,N are jointly independent. We denote by L ∈ Km

the real segment [0, L] rooted at 0 and endowed with the null measure. Then, there exists a HSα-real
tree T ∗ such that it almost surely holds

T ∗ = L ⊛
(
L,

1
U
⊙α Tg

)
⊛
(
L,

1
δ
⊙α Td

)
⊛i≥2

(
L,

1
δ

i∏
j=2

Λj ⊙α Ti

)

⊛
i≥1,ω∈N
ℓ(ω)≤L

(
ℓ(ω), 1

δξ(ω)

i∏
j=2

λj(ω) ⊙α Ti(ω)
)
. (5.7.2)

Remark 5.7.4 If α∈(1, 2), we compute E[Λqi ] = 1− q
q+β(i−α) for all q>0 and i≥2. We thus get

(α = 2 or q > β) =⇒ E
[∑
i≥1

i∏
j=2

Λqj
]

=
∑
i≥1

i∏
j=2

E
[
Λqj
]
<∞, (5.7.3)

after an elementary asymptotic study. This will be useful for proving Theorem 5.7.3 for example. □

In the specific case where α = 2, Theorem 5.7.5 takes the following simpler form.

Corollary 5.7.5 Let Tg,Td be two HS2-real trees. Let L have exponential law with mean 1
2 and

let U have uniform law on [1, 2]. Let N ′ be a Poisson point process on [0,∞)× [1,∞)×Km with
intensity measure 2dℓ× 1[1,∞)(ξ)dξ × P(Tg ∈ dT ). We assume that L,U,Tg,Td,N ′ are jointly
independent. We denote by L ∈ Km the real segment [0, L] rooted at 0 and endowed with the null
measure. Then, there exists a HS2-real tree T ∗ such that it almost surely holds

T ∗ = L ⊛
(
L, 1

U ⊙2 Tg
)
⊛
(
L, 1

2 ⊙2 Td
)

⊛
(ℓ,ξ,T )∈N ′

ℓ≤L

(
ℓ, 1

2ξ ⊙2 T
)
.

The following result gathers some other properties of HSα-excursions. In particular, it allows
saying that H̃ is a HSα-excursion instead of (H̃, ζ̃) in accordance with Notation 5.2.2.

Proposition 5.7.6 Recall from (5.2.1) that if f : R+ → R is a càdlàg function, then ζ(f) stands
for its lifetime. Recall Definition 5.2.19 of a planted rooted compact real tree. The following holds.

(i) If (T , d, ρ, µ) is HSα-real tree, then µ({ρ}) = 0 almost surely.

(ii) If (H̃, ζ̃) is a HSα-excursion, then ζ̃ = ζ(H̃) almost surely.

(iii) If T is HSα-real tree, then T is almost surely planted.
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Proof. We use the notations of Theorem 5.7.3. We begin by observing that almost surely,

L > 0 and N ∩ {ω ∈ Ω : ℓ(ω) = 0} = ∅. (5.7.4)

Thus, the root of T ∗ is almost surely not an atom of the measure of T ∗ by Definition 5.2.22,
which yields (i). Since (H̃, ζ̃) is a random variable on CK, we have ζ(H̃) ≤ ζ̃ and H̃s = 0 for all
s ≥ ζ(H̃). By definition (5.2.27) of TH̃,ζ̃ , it follows that ζ̃ − ζ(H̃) ≤ µH̃,ζ̃({ρH̃,ζ̃}). Then, (i)
implies (ii). Proposition 5.2.25 and (5.7.4) entail that T ∗ is almost surely planted, which gives
(iii). ■

5.7.1 Proof of Theorem 5.7.3

We check that the two series
∑
i≥1

∏i
j=2 Λαβj and

∑
ω∈N

∑
i≥1 1{ℓ(ω)≤L}ξ(ω)−αβ

∏i
j=2 λj(ω)αβ

are integrable by (5.7.3), since the first moment measure of the Poisson Point process is its intensity
measure. For all n ∈ N∗, it follows that there exists a random variable T ∗n on Km such that

T ∗n = L ⊛
(
L,

1
U
⊙α Tg

)
⊛
(
L,

1
δ
⊙α Td

)
⊛
i≥2∏i

j=2 Λj≥1/n

(
L,

1
δ

i∏
j=2

Λj ⊙α Ti

)

⊛
ω∈N ,i≥1

ℓ(ω)≤L ,
∏i

j=2 λj(ω)≥ξ(ω)/n

(
ℓ(ω), 1

δξ(ω)

i∏
j=2

λj(ω)⊙α Ti(ω)
)

almost surely. Indeed, the above grafting procedure involves an almost surely finite number of
random variables on Km, so the measurability comes from Proposition 5.2.24. As α

α−1 = αβ > β,
we similarly check with (5.7.3) and Proposition 5.7.2 that these two series are integrable:

∑
i≥2

m
(
δ−1

i∏
j=2

Λj ⊙α Ti

)
+
∑
ω∈N

∑
i≥1

1{ℓ(ω)≤L}m
(
δ−1ξ(ω)−1

i∏
j=2

λj(ω)⊙α Ti(ω)
)
,

∑
i≥2

h
(
δ−1

i∏
j=2

Λj ⊙α Ti

)αβ
+
∑
ω∈N

∑
i≥1

1{ℓ(ω)≤L}h
(
δ−1ξ(ω)−1

i∏
j=2

λj(ω)⊙α Ti(ω)
)αβ

.

It follows that the conditions (5.2.36) and (5.2.37) are almost surely satisfied, so the right-hand
side of (5.7.2) is almost surely an element of Km by Proposition 5.2.23. Let us denote it by
(T ′, d′, ρ′, µ′). Plus, if (5.2.36) and (5.2.37) are satisfied, then we get supσ′∈T ′,σn∈T ∗n

d′(σ′, σn)→
0 and µ′(T ′\T ∗n )→ 0 thanks to the dominated convergence theorem. Recalling (5.2.7), we thus
obtain that T ∗n −→ T ′ almost surely on Km. For the rest of the proof, we choose a random
variable T ∗ on Km such that

T ∗ = lim
n→∞

T ∗n almost surely. (5.7.5)

This is possible as a limit of measurable functions is measurable. By construction, we know that
T ∗ verifies (5.7.2) almost surely. It only remains to show that T ∗ is a HSα-real tree.

We work with a countable and closed subset of Km defined as follows:

Km
dsc =

{
(E, d, ρ, µ) ∈ Km : E finite such that d(x, y) ∈ N and µ({x}) ∈ N for all x, y ∈ E

}
.

For all n ∈ N∗ and for all weighted tree t, we define an element of Km
dsc by setting

Dn(t) =
{
u ∈ t : S(θut) = S(t) or ∃v ∈ t with v ⪯ u, 0 < S(t)− S(θvt) ≤ 1 + logδ n

}
,
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which we see as a metric subspace of τ , also endowed with the graph distance (5.2.29), rooted at ∅,
and equipped with its counting measure. Let τ be a GWα-weighted tree. Our proof requires us to
show the three following points.

(I) For all n ∈ N∗ and for all x ∈ R+\N with x > 1 + logδ n, there is a random variable Dx
n on

Km
dsc such that Dn(τ ) under P

(
·
∣∣ |S(τ )− x| < ε

)
converges in law to Dx

n under P, on Km,
as ε→ 0+.

(II) For all n ∈ N∗, δ−x ⊙α Dx
n converges in law to T ∗n on Km as x ∈ R+\N tends to∞.

(III) Recall the rooted Gromov–Hausdorff–Prokhorov distance dGHP as in (5.2.7), then for all
η > 0,

0 = lim sup
n→∞

lim sup
x→∞,x/∈N

lim sup
ε→0+

P
(
dGHP(δ−x ⊙α τ, δ−x ⊙α Dn(τ )) ≥ η

∣∣ |S(τ )− x| < ε
)
.

These three assertions and (5.7.5) entail that δ−x ⊙α τ under P(dτ |S(τ ) = x) converges in law
to T ∗ under P. By Definition 5.7.1, Theorem 5.7.3 eventually follows. Before getting down to
the proof of (I), (II), and (III), let us describe the law of Dx

n via the following lemma. Recall from
(5.1.2) that φα stands for the generating function of the offspring distribution of GWα-trees.

Lemma 5.7.7 We fix x ∈ R+\N and n ∈ N∗ such that x > 1 + logδ n. Let Lx be a geometric
random variable with parameter δ1−x and let us denote by Lx ∈ Km

dsc the metric space {0, . . . , Lx}
rooted at 0 and endowed with its counting measure. Let τxg be distributed as τ under P( · |x− 1 <
S(τ ) < x). Let τxd be distributed as τ under P(dτ |S(τ ) = x− 1). Let (T̃ xi )2≤i≤J̃x be a random
finite sequence with random length J̃x − 1 ≥ 0 (that may be 0) such that for all m ≥ 2 and for all
bounded measurable functions f2, . . . , fm : Km

dsc −→ R,

δ1−xeγ(x−1) e−γ

1− e−γE
[
1{J̃x≥m}

m∏
i=2

fi(T̃ xi )
]

=

∫
[0,∞)m−1

1{x−1>y2>...>ym>x−logδ(δn)}φ
(m+1)
α (1−e−γym)

m∏
i=2

E[fi(τ) |S(τ ) = yi]γe−γyi dyi.

Let (Nx
p )p≥0 be a random walk on started atNx

0 = −1 whose jump law is such thatNx
p+1−Nx

p −1
is geometric with parameter δ(n− 1)/(δx− δ) for all p ≥ 0. Let

(
(T xi,p)1≤i≤Jx

p

)
p≥1 be a sequence

of independent random finite sequences with random lengths Jxp ≥ 1 such that for all p,m ≥ 1 and
for all bounded measurable functions f1, . . . , fm : Km

dsc −→ R,

δ(n− 1)δ−xE
[
1{Jx

p≥m}

m∏
i=1

fi(T xi,p)
]

=

∫
[0,∞)m

1{x−1>y1>...>ym>x−logδ(δn)}φ
(m+1)
α (1− e−γym)

m∏
i=1

E[fi(τ) | S(τ ) = yi]γe−γyi dyi.

We assume that all these random variables are independent. For all E ∈ Km
dsc, we denote by ϖ⊛E

the rooted measured compact metric space {0, 1}⊛ (1, E) where {0, 1} ∈ Km
dsc is rooted at 0 and

endowed with the null measure. We define

Dx
n = Lx ⊛ (Lx, ϖ ⊛ τxg ) ⊛ (Lx, ϖ ⊛ τxd ) ⊛2≤i≤J̃x (Lx, ϖ ⊛ T̃ xi ) ⊛

p,i≥1
Nx

p<L
x, i≤Jx

p

(Nx
p , ϖ ⊛ T xi,p).
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Let {o} ∈ Km
dsc stands for the compact metric space reduced to a single point o and equipped with

its Dirac measure. If D is an independent random variable on Km
dsc such that it holds

E
[
F (D)

]
= δ1−xE

[
F ({o}⊛ (o,ϖ ⊛ τxg ) ⊛ (o,ϖ ⊛ τxd ) ⊛2≤i≤J̃x (o,ϖ ⊛ T̃ xi ))

]
+(n−1)δ1−xE

[
F ({o}⊛(o,ϖ⊛D)⊛1≤i≤Jx

1
(o,ϖ⊛T xi,1))

]
+(1−nδ1−x)E

[
F ({o}⊛(o,ϖ⊛D))]

(5.7.6)

for all bounded and measurable F : Km
dsc → R, then D has the same law Dx

n.

Proof of Lemma 5.7.7. It is not difficult to check that an independent copy of Dx
n satisfies

(5.7.6): the three terms of the right-hand side respectively correspond to the events {Lx = 0},
{Nx

1 = 0 < Lx}, and {1 ≤ Nx
1 , L

x}. Using (5.7.6), we can show that P(D = E) = P(Dx
n = E)

for all E ∈ Km
dsc by induction on the number of points of E. This completes the proof since Km

dsc is
countable. ■

Proof of (I). We fix n ∈ N∗ and x ∈ R+\N with x > 1 + logδ n. With the notations of
Lemma 5.7.7, we show that Dn(τ ) under P

(
·
∣∣ |S(τ ) − x| < ε

)
converges in law to Dx

n under
P. By Proposition 5.4.7, the laws of Dn(τ ) under P( ·

∣∣ |S(τ ) − x| < ε) are tight on Km
dsc as

ε → 0+ because Dn(τ ) is a subset of τ ∈ Km
dsc. We can thus assume that (τ,Dn(τ )) under

P
(
·
∣∣ |S(τ ) − x| < ε

)
converges in law to a random variable (t, D) ∈ (Km

dsc)2. Then, we only
need to prove that D satisfies (5.7.6) thanks to Lemma 5.7.7. In this proof, we extensively use the
fact that for all y, z > 0,

E
[ ∑

1≤i,j≤k∅(τ)
i ̸=j

1{|S(θ(i)τ )−y|<ε}1{|S(θ(j)τ )−z|<ε}

∣∣∣∣∣ |S(τ )− x| < ε

]
−→
ε→0+

0. (5.7.7)

Indeed, this expectation is smaller than 4γ2ε2P(|S(τ )− x| < ε)−1φ′′α (P(S(τ ) ≤ x+ 1)) which
goes to 0 when ε→ 0+ by Proposition 5.4.6. □

Let us denote by τ 0, τ 1, . . . , τ k∅(τ)−1 the weighted subtrees of τ stemming from the children
of ∅ listed in the decreasing order of their weighted Horton–Strahler numbers. Namely,

S(τ 0) > . . . > S(τ k∅(τ)−1) and
{
τ i : 0 ≤ i≤ k∅(τ)− 1} = {θ(j)τ : 1 ≤ j ≤ k∅(τ)

}
.

We also define Kn(τ ) as follows:

Kn(τ ) = −1 + #
{
1 ≤ i ≤ k∅(τ) : S(θ(i)τ ) ≥ S(τ )− 1− logδ n

}
.

From Definition 5.1.2, we observe that if k∅(τ) ≥ 1 then Kn(τ ) ≥ 0, and if S(τ 0) < S(τ ) then
Kn(τ ) ≥ 1. In particular, the conditional probability that Kn(τ ) < 0 given |S(τ )− x| < ε goes
to 0 as ε→ 0+, since x > 1. Moreover, we observe that Dn(τ ) can be expressed as follows.

(a) If Kn(τ ) = 0, then Dn(τ ) = {o}⊛ (o,ϖ ⊛Dn(τ 0)).
(b) If S(τ 0) = S(τ ) and Kn(τ ) ≥ 1, then Dn(τ ) = {o} ⊛ (o,ϖ ⊛ Dn(τ 0)) ⊛1≤i≤Kn(τ )

(o,ϖ ⊛ τi).
(c) If S(τ 0) < S(τ ), then Dn(τ ) = {o}⊛ (o,ϖ ⊛ τ0) ⊛1≤i≤Kn(τ ) (o,ϖ ⊛ τi).

We deduce from Definition 5.1.2 and from (5.7.7) (with y = x and z = x− 1− logδ n) that outside
an event of negligible probability compared to P(|S(τ )− x| < ε) as ε→ 0+, it holds that

1{|S(τ )−x|<ε ;Kn(τ )=0} =
k∅(τ)∑
i=1

1{|S(θ(i)τ )−x|<ε}
∏

1≤j≤k∅(τ)
j ̸=i

1{S(θ(j)τ )<x−1−logδ n)}.
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We compute φ′α(P(S(τ ) < x− 1− logδ n) = 1− nδ1−x thanks to (5.2.15) and Proposition 5.4.6.
Let g1, g2 : Km

dsc −→ R be bounded, it follows from Definition 5.2.15 of the law of τ that

E
[
1{Kn(τ )=0}g1(Dn(τ 0))g2(τ0)

∣∣ |S(τ )− x| < ε
]
−→
ε→0+

(1− nδ1−x)E
[
g1(D)g2(t)

]
. (5.7.8)

Let m ∈ N∗. Again with an application of (5.7.7), we find that outside an event of negligible proba-
bility compared to P(|S(τ )− x| < ε) as ε→ 0+, the variable 1{|S(τ )−x|<ε ; S(τ 0)=S(τ ) ;Kn(τ )≥m}
is equal to∑
1≤i0,...,im≤k∅(τ)

distinct

1{|S(θ(i0)τ )−x|<ε}1{x−1>S(θ(i1)τ )>...>S(θ(im)τ )>x−logδ(δn)}
∏

1≤j≤k∅(τ)
j ̸=i0,...,im

1{S(θ(j)τ )<S(θ(im)τ )}.

Let g1, g2, f1, . . . , fm : Km
dsc −→ R be bounded. Thanks to Definition 5.2.15 and the identity

(5.4.14) in Proposition 5.4.7, we recognize that

E
[
1{S(τ 0)=S(τ ) ;Kn(τ )≥m}g1(Dn(τ 0))g2(τ0)

m∏
j=1

fj(τj)
∣∣∣ |S(τ )− x| < ε

]

−→
ε→0+

(n− 1)δ1−xE
[
g1(D)g2(t)

]
E
[
1{Jx

1≥m}

m∏
j=1

fj(T xj,1)
]
. (5.7.9)

Note from Proposition 5.4.6 that P(|S(τ )− x| < ε) = e−γP(|S(τ )− x+ 1| < ε) and also that
P(x− 1 < S(τ ) < x) = e−γ(x−1)(1− e−γ). The same method used to find (5.7.9) yields that

E
[
1{S(τ 0)<S(τ ) ;Kn(τ )≥m}g2(τ0)

m∏
j=1

fj(τj)
∣∣∣ |S(τ )− x| < ε

]

−→
ε→0+

δ1−xE
[
g2(τ)

∣∣ x− 1 < S(τ ) < x
]
E
[
f1(τ)

∣∣ S(τ ) = x− 1
]
E
[
1{J̃x≥m}

m∏
j=2

fj(T̃ xj )
]
.

(5.7.10)

The convergences (5.7.8), (5.7.9), and (5.7.10) together with the observations (a), (b), and (c) entail
that D satisfies (5.7.6), which completes the proof of (I) as announced. ■

Proof of (II). We keep the notations of Lemma 5.7.7. We begin by showing that each component
involved in the construction of Dx

n converges in law after scaling to its continuum counterpart
involved in Theorem 5.7.3. First, it holds δ−x ⊙α τxd

d−→ δ−1 ⊙α Td on Km by Definition 5.7.1.
Next, we have P(x − 1 < S(τ ) < x) = 1

αe
−γ(x−1) by Proposition 5.4.6. Let f0 : Km → R be

continuous and bounded, we apply Proposition 5.4.7 and make y = x− logδ s to get

E
[
f0(δ−x ⊙α τxg )

]
= αeγ(x−1)

∫ x

x−1
E
[
f0(δ−x ⊙α τ

∣∣ S(τ ) = y
]
γe−γy dy

=
∫ δ

1
sβ−1E

[
f0(s−1δ−x+logδ s ⊙α τ)

∣∣ S(τ ) = x− logδ s
]
ds.

Thus, we have δ−x ⊙α τxg
d−→ U−1 ⊙α Tg on Km by dominated convergence. It is clear that

δ−xLx
d−→ L and this yields δ−x ⊙α Lx d−→ L on Km. For all p ≥ 1, (δ−xNx

1 , . . . , δ
−xNx

p )
similarly converges jointly in distribution to the first p points of a Poisson process with intensity
δ(n−1), such as {ℓ(ω) : ω ∈ N , 1 ≤ ξ(ω) ≤ n}. Now, letm ≥ 1 and let f1, . . . , fm : Km −→ R
be continuous and bounded. Recall that φ(m+1)(s) = (1− s)α−m−1(α− 1)

∏m
i=2(i− α) for all
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s ∈ [0, 1) from (5.2.15) and (5.2.16). The change of variables ξ = δx−1−y1 and λi = δyi−yi−1 for
all 2 ≤ i ≤ m reveal after some computations that

E
[
1{Jx

1≥m}

m∏
i=1

fi(δ−x ⊙α T xi,1)
]
−→ 1

n− 1

∫ n

1
E
[
1{∏m

i=2 Λi≥ξ/n}

m∏
i=1

fi
( 1
δξ

i∏
j=2

Λj ⊙α Ti

)]
dξ.

Setting λ2 = δy2−x+1 and λi = δyi−yi−1 for all 3 ≤ i ≤ m similarly leads to

E
[
1{J̃x≥m}

m∏
i=2

fi(δ−x ⊙α T̃ xi )
]
−→ E

[
1{∏m

i=2 Λi≥1/n}

m∏
i=2

fi
(1
δ

i∏
j=2

Λj ⊙α Ti

)]
.

By independence, all those convergences in distribution happen jointly. In particular, the
numbers of components involved in the construction of the Dx

n by grafting are tight as x ∈ R+\N
tends to ∞, because it converges in distribution to the number of components involved in the
construction of T ∗n by grafting. We complete the proof of (II) with Proposition 5.2.24. ■

Proof of (III). Let η > 0, we observe that we only need to show the two following estimates:

0 = lim sup
n→∞

lim sup
x→∞,x/∈N

lim sup
ε→0+

E
[

min
(
e−γαx#(τ\Dn(τ )), 1

) ∣∣∣ |S(τ )− x| < ε
]
, (5.7.11)

0 = lim sup
n→∞

lim sup
x→∞,x/∈N

lim sup
ε→0+

P
(

max
u∈τ,v∈Dn(τ )

dgr(u, v) ≥ ηeγ(α−1)x
∣∣∣ |S(τ )− x| < ε

)
,

(5.7.12)

where we recall from (5.2.29) that dgr is the graph distance on the set U of words. Let x ∈ R+\N
and n ∈ N∗ with x > 1 + logδ n. Let t be a weighted tree. To lighten the notations, we set

Fm
x,n(t) = min

(
e−γαx#(t\Dn(t)), 1

)
and F h

x,n(t) = 1{∃u∈t,v∈Dn(t) : dgr(u,v)≥ηeγ(α−1)x},

fmx (t) = e−γαx#t and fhx(t) = 1{|t|+1≥ηeγ(α−1)x},

where recall from (5.2.11) that |t| stands for the height of t. As in the proof of (I), we denote by τ 0
the weighted subtree of τ stemming from a child of ∅ with maximal weighted Horton–Strahler
number. From the definition of Dn(τ ), we deterministically observe that for both a ∈ {m, h},

F a
x,n(τ ) ≤ 1{S(τ 0)=S(τ )}F

a
x,n(τ 0) +

k∅(τ)∑
i=1

1{S(θ(i)τ )<S(τ )−1−logδ n}f
a
x(θ(i)τ).

Let us also set Ea
x,n = lim supε→0+ E

[
F a
x,n(τ )

∣∣ |S(τ )− x| < ε
]
. We obviously have Ea

x,n ≤ 1.
By tightness, an elementary argument based on the convergences (5.7.8) and (5.7.9) yields that

lim sup
ε→0+

E
[
1{S(τ 0)=S(τ )}F

a
x,n(τ 0)

∣∣ |S(τ )− x| < ε
]
≤ (1− δ1−x)Ea

x,n.

Let ε ∈ (0, 1). If |S(τ ) − x| < ε then there is 1 ≤ j ≤ k∅(τ) such that |S(θ(j)τ ) − x| < ε
or |S(θ(j)τ ) − x + 1| < ε. Moreover, it would also hold that S(θ(i)τ ) ≤ x + 1 for all other
1 ≤ i ≤ k∅(τ). Since S(τ) ≤ S(τ ) and the law of S(τ ) is exponential with mean 1/γ, we get

Ea
x,n ≤ (1− δ1−x)Ea

x,n + (eγ + 1)E
[
1{S(τ)≤x−logδ n}f

a
x(τ)

]
φ′′α(P(S(τ ) ≤ x+ 1)).

We deduce from (5.2.15) that there is a constant c ∈ (0,∞) that only depends on α such that

Ea
x,n ≤ ceγxE

[
1{S(τ)≤x−logδ n}f

a
x(τ)

]
.

With a = m, (5.7.11) follows from (5.4.5). With a = h, the estimates (5.3.3) and (5.4.8) entail
(5.7.12). ■
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5.8 The Strahler dilation of rooted compact real trees

In this section, we prove Theorem 5.1.4. Therefore, we construct and study the Strahler dilation,
which corresponds to the weighted Horton–Strahler number for rooted compact real trees.

5.8.1 Definition and properties of the Strahler dilation

Recall the notations needed to work on the set of words U from Section 5.2.2. Here, we focus on
the subset of U of all the words written in the alphabet {1, 2}. For all n ∈ N, we denote by

W =
⋃
k∈N
{1, 2}k and Wn = {u ∈W : |u| ≤ n}

the perfect binary trees rooted at ∅ respectively of infinite height and of height equal to n. Moreover,
recall from Section 5.2.3 the genealogical order on a rooted compact real tree.

Definition 5.8.1 Let (T, d, ρ) be a rooted compact real tree. An embedding of W (resp. Wn) into
T is an injective map φ from W (resp. Wn) to T such that φ(u∧v) = φ(u)∧φ(v) for all u, v ∈W
(resp. Wn). In that case, we write φ : W ↪→ T (resp. φ : Wn ↪→ T ). □

Notation 5.8.2 If φ is an embedding of W or Wn into a rooted compact real tree (T, d, ρ), then
we set φ(←−∅) = ρ. We stress that we still allow φ(∅) = ρ nonetheless. □

Definition 5.8.3 We set sup ∅ = 0 and inf ∅ =∞. For all d ∈ (1,∞) and all rooted compact real
tree (T, d, ρ), we call the Strahler dilation with base d of T the quantity in [0,∞] defined by

sd(T ) = lim
k→∞

lim
n→∞

sup
φn:Wn↪→T

inf
u∈Wn
k≤|u|

1
|u|+ 1

∑
v⪯u

d|v|+1d
(
φn(←−v ), φn(v)

)
.

Moreover, we define for all k, n ∈ N,

sk,nd (T ) = sup
φn:Wn↪→T

inf
u∈Wn
k≤|u|

1
|u|+ 1

∑
v⪯u

d|v|+1d
(
φn(←−v ), φn(v)

)
.

For all k ∈ N, we also write skd(T ) = limn→∞ sk,nd (T ), so that sd(T ) = limk→∞ skd(T ). □

We fix d > 1 throughout this section. Let us first prove that the Strahler dilation is well-defined.
Let (T, d, ρ) be a rooted compact real tree. As a supremum of infima of nonnegative numbers,
sk,nd (T ) is well-defined in [0,∞]. Moreover, if φn : Wn ↪→ T and v ∈Wn, then φn(←−v ) ⪯ φn(v)
and so d

(
φn(←−v ), φn(v)

)
≤ h(T ), where h is as in (5.2.9). Hence, we have the following inequality.

If k ≤ n then sk,nd (T ) ≤ d
dk+1 − 1

(k + 1)(d− 1)h(T ) <∞. (5.8.1)

Since an embedding of Wn+1 into T induces an embedding of Wn into T by restriction, we observe

∀k, n ∈ N, sk,n+1
d (T ) ≤ sk,nd (T ) and sk,nd (T ) ≤ sk+1,n

d (T ). (5.8.2)

Hence, skd(T ) is well-defined in [0,∞) as the limit of a non-increasing sequence of finite terms.
Making n tend to∞ in (5.8.1) and (5.8.2) yields that

∀k ∈ N, skd(T ) ≤ sk+1
d (T ) and skd(T ) ≤ d

dk+1 − 1
(k + 1)(d− 1)h(T ) <∞. (5.8.3)
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Therefore, sd(T ) is well-defined in [0,∞] as the limit of a non-decreasing sequence.
At the moment, it might be unclear why the Strahler dilation does enjoy the desired properties

in Theorem 5.1.4 or why it is indeed analogous to the Horton–Strahler number. Nevertheless, we
will later give another expression for sd that may be more insightful. The main benefit of that first
definition is that it only involves a countable number of operations. Thus, we will use it to show the
measurability of sd and to upper-bound the Strahler dilation of a random rooted compact real tree.

Proposition 5.8.4 Recall that TR stands for the space of (rooted-isometry classes of) rooted
compact real trees, endowed with the rooted Gromov–Hausdorff distance (5.2.6). For all k, n ∈ N,
the function sk,nd : TR −→ [0,∞] is lower semicontinuous. Thus, sk,nd ,skd ,sd : TR −→ [0,∞]
are measurable.

Proof. We fix k, n ∈ N. Let (T0, d0, ρ0) be a rooted compact real tree and let φ0 be an embedding
of Wn into T0. We set

ε = min
u,v∈Wn
u̸=v

d0
(
φ0(u), φ0(v)

)
> 0.

Let (T, d, ρ) be a rooted compact real tree at rooted Gromov–Hausdorff distance less than ε/10
from T0. There is a rooted correspondence R between T and T0 such that dis(R) < ε/3, as in
(5.2.5). For all u ∈ Wn such that |u| = n, we choose a point of T denoted by φ(u) such that
(φ(u), φ0(u)) ∈ R. We are going to show that φ extends into an embedding from Wn into T . We
begin by proving that the following statement is true.

For all u, v1, v2 ∈Wn\Wn−1, if u∧ v1 ≺ u∧ v2 then φ(u)∧φ(v1) ≺ φ(u)∧φ(v2). (5.8.4)

Indeed, thanks to (5.2.32), we only need to show that d(ρ, φ(u)∧φ(v1)) < d(ρ, φ(u)∧φ(v2))
since φ(u)∧φ(v1) and φ(u)∧φ(v2) are ancestors of φ(u). To do this, we check from (5.2.34) that

2d(ρ, σ1 ∧ σ2) = d(ρ, σ1) + d(ρ, σ2)− d(σ1, σ2)

for all σ1, σ2 ∈ T , and we use the rooted correspondenceR to obtain∣∣d(ρ, φ(u) ∧ φ(vi))− d0(ρ0, φ0(u) ∧ φ0(vi))
∣∣ ≤ 3

2 dis(R) (5.8.5)

for all i ∈ {1, 2}. Moreover, (5.2.32) implies that d0(ρ0, φ0(u)∧φ0(v1)) < d0(ρ0, φ0(u)∧φ0(v2))
because we have φ0(u) ∧ φ0(v1) ≺ φ0(u) ∧ φ0(v2) by Definition 5.8.1 of embeddings. By choice
of ε, we even have d0(ρ0, φ0(u) ∧ φ0(v1)) + ε ≤ d0(ρ0, φ0(u) ∧ φ0(v2)). The statement (5.8.4)
follows from (5.8.5) because 3 dis(R) < ε. □

Then, we complete (5.8.4) with the following implication.

For all u, v1, v2 ∈Wn\Wn−1, if u∧ v1 = u∧ v2 then φ(u)∧φ(v1) = φ(u)∧φ(v2). (5.8.6)

Indeed, this is obvious when u, v1, v2 are not distinct, so we assume they are. As such, we
have u ∧ v1 ∈ Wn−1. In particular, u ∧ v1 = u ∧ v2 has exactly two children in Wn: one is an
ancestor of u, the other is an ancestor of v1 and v2. Therefore, u ∧ v1 = u ∧ v2 ≺ v1 ∧ v2 so
two applications of (5.8.4) entail φ(u) ∧ φ(v1) ⪯ φ(v2) and φ(u) ∧ φ(v2) ⪯ φ(v1). We compute
φ(u) ∧ φ(v1) ∧ φ(v2) with the associative property of ∧ to conclude the proof of (5.8.6). □

Let u1, v1, u2, v2 ∈ Wn\Wn−1 with u1 ∧ v1 = u2 ∧ v2. We may assume u1 ∧ v2 ⪯ u1 ∧ u2
without loss of generality, as the ancestral lineage of u1 is totally ordered by ⪯. This yields that
u1 ∧ v1 = u2 ∧ v2 = u1 ∧ u2 ∧ v2 = u1 ∧ v2. We use (5.8.6) twice to obtain that φ(u1)∧φ(v1) =
φ(u2) ∧ φ(v2). Hence, we have justified that there exists a unique extension φ : Wn −→ T such
that φ(u ∧ v) = φ(u) ∧ φ(v) for all u, v ∈Wn\Wn−1. Now, let u, v ∈Wn be arbitrary and let us
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choose u1, u2, v1, v2 ∈Wn\Wn−1 such that u = u1 ∧ u2 and v = v1 ∧ v2. The set of ancestors of
u1 is totally ordered by⪯ so there is u′ ∈ {u2, v1, v2} such that u1∧u′ ⪯ u1∧u2, u1∧v1, u1∧v2,
and so u1 ∧ u′ = u1 ∧ u2 ∧ v1 ∧ v2 = u ∧ v. It then follows from (5.8.4) and (5.8.6) that

∀u, v ∈Wn, φ(u) ∧ φ(v) = φ(u ∧ v), (5.8.7)

because they are both equal to φ(u1) ∧ φ(u′). Combining (5.8.4) and (5.8.7) shows that if u ≺ v
then φ(u) ̸= φ(v). Finally, if φ(u) = φ(v) then φ(u ∧ v) = φ(u) = φ(v) by (5.8.7) and
u = u ∧ v = v. Hence, φ is indeed an embedding from Wn into T as claimed.

Definition 5.8.1 gives that d(φ(←−v ), φ(v)) = d(ρ, φ(v)) − d(ρ, φ(←−v )) for all v ∈ Wn. This
formula together with the bound (5.8.5) yields that for all v ∈Wn, we have∣∣d(φ(←−v ), φ(v))− d0(φ0(←−v ), φ0(v))

∣∣ ≤ 3 dis(R).

As φ is an embedding from Wn into T , this inequality leads to

inf
u∈Wn
k≤|u|

1
|u|+ 1

∑
v⪯u

d|v|+1d0
(
φ0(←−v ), φ0(v)

)
≤ 3d dn+1 − 1

(k + 1)(d− 1) dis(R) + sk,nd (T ).

We take the infimum over all rooted correspondencesR between T and T0, then we make T tend
towards T0 for the rooted Gromov–Hausdorff distance, and we finish by taking the supremum over
all embeddings φ0 of Wn into T0. We obtain sk,nd (T0) ≤ lim infT→T0 sk,nd (T ), which is the lower
semicontinuity of sk,nd . The measurability of sk,nd ,skd ,sd follows by classic results. ■

Remark 5.8.5 The proof of Proposition 5.8.4 use that we work with embeddings of perfect binary
trees. It would not hold if W was replaced by the k-regular tree

⋃
n∈N{1, 2, . . . , k}n with k ≥ 3.

In fact, the function sk,nd would not be lower semicontinuous under this modification. We leave this
observation as an exercise for the reader. □

Let (T, d, ρ) be a rooted compact real tree. When φ is an embedding of W into T , we define

sd(T, φ) = lim inf
n→∞

1
n+ 1 inf

u∈W
|u|=n

∑
v⪯u

d|v|+1d
(
φ(←−v ), φ(v)

)
.

Then, the Strahler dilation of T can be expressed as follows:

sd(T ) = sup
φ:W↪→T

sd(T, φ). (5.8.8)

The formula (5.8.8) is similar in spirit to the expression (5.4.2) of the Horton–Strahler number.
Indeed, let us explain why we may understand logd sd(T, φ) as a continuum counterpart for the
height of an embedded perfect binary tree. If t is a perfect binary tree, then θ(1)t and θ(2)t are
also perfect binary trees such that |t| = 1 + |θ(1)t| = 1 + |θ(2)t|. For some φ : W ↪→ T , we
set φi(u) = φ((i) ∗ u) for all u ∈ W and i ∈ {1, 2} and we point out that φ1 and φ2 are two
embeddings of W into T such that sd(T, φ) = dmin(sd(T, φ1),sd(T, φ2)). Of course, it is not
reasonable to require that sd(T, φ1) = sd(T, φ2), so that the embedding into the real tree T would
be truly perfect, nevertheless the involved min penalizes unbalanced embeddings of W into T . In
very informal words, the quantity sd(T ) measures the largest scaling we can apply to the dyadic
tree with edge lengths (W, (d−|u|−1)u∈W) to essentially embed it into T without contracting its
distances. Finally, we use limits of means both to only focus on the asymptotic ramifications of the
real tree and to obtain a deterministic result with the HSα-real tree thanks to a law of large numbers.
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Proof of the identity (5.8.8). An embedding φ : W ↪→ T induces embeddings of Wn into T by
restriction, for all n ∈ N. For all k, n ∈ N with k ≤ n, it thus holds that

inf
j≥k

1
j + 1 inf

u∈W
|u|=j

∑
v⪯u

d|v|+1d
(
φ(←−v ), φ(v)

)
≤ sk,nd (T ).

We first let n → ∞ then k → ∞ to find that sd(T, φ) ≤ sd(T ) holds for all embedding φ of
W into T . As a result, we proved sd(T ) ≥ supφ:W↪→T sd(T, φ). Now, we assume sd(T ) > 0,
because the result is obvious otherwise, and we fix k ∈ N such that skd(T ) > 0. The fact (5.8.2)
ensures that for all n ≥ k, we can choose an embedding φkn : Wn ↪→ T such that

inf
u∈Wn
k≤|u|

1
|u|+ 1

∑
v⪯u

d|v|+1d
(
φkn(←−v ), φkn(v)

)
≥
(
1− 1

n+ 2
)
sk,nd (T ) > 0.

Thanks to the compactness of T , we can assume there exist φk(u) ∈ T such that φkn(u) −→ φk(u)
for all u ∈W, by using a diagonal extraction argument. By making n tend to∞, it is then clear that

0 < skd(T ) ≤ 1
|u|+ 1

∑
v⪯u

d|v|+1d
(
φk(←−v ), φk(v)

)
(5.8.9)

for all u ∈ W with |u| ≥ k. That uniform lower bound implies that any vertex u ∈ W has a
descendant u+ = u ∗ (1, . . . , 1) such that φk(←−u+) ̸= φk(u+). Plus, it holds d(φk(←−u ), φk(u+)) ≥
d(φk(←−u+), φk(u+)) > 0 because the φkn are embeddings. Applying this observation to u ∗ (1)
and u ∗ (2) yields the existence of some u1, u2 ∈W with u = u1 ∧ u2 such that φk(u) ̸= φk(ui)
for both i ∈ {1, 2}. It follows that when n is large enough, the point φkn(ui) is closer to φk(ui)
than to φkn(u) = φkn(u1) ∧ φkn(u2) for all i ∈ {1, 2}. Then, Lemma 5.2.20 yields that the
convergent sequence (φkn(u))n≥k is eventually constant equal to φk(u1)∧φk(u2). Hence, we have
φkn(u) = φk(u) as soon as n is large enough, for all u ∈W. It is then straightforward to show the
map φk : u ∈W 7−→ φk(u) ∈ T is an embedding. To conclude the proof, we deduce from (5.8.9)
that

skd(T ) ≤ sup
φ:W↪→T

sd(T, φ)

for all large enough k ∈ N, and we let k tend to∞. ■

Although measurable, the Strahler dilation is not continuous. Nonetheless, it enjoys some other
regularity properties. Recall Definition 5.2.21 of subtrees of a rooted compact real tree (T, d, ρ).
We remind from (5.2.8) that if λ ≥ 0, then λ · T = (T, λd, ρ).

Proposition 5.8.6 The function sd is monotone and homogeneous, which means the following.

(i) If T1 is a subtree of a rooted compact real tree T2, then sd(T1) ≤ sd(T2),

(ii) If T is a rooted compact real tree and if λ ≥ 0, then sd(λ · T ) = λsd(T ).

This proposition is clear, either by Definition 5.8.3 or by using the formula (5.8.8). Monotony
is not surprisingly enjoyed as it is shared with the Horton Strahler number: if ψ : t1 → t2 is an
embedding between two (discrete) trees, then we observe S(t1) ≤ S(t2) by (5.4.2). Homogeneity
was one of the needed properties and is indicative of the metric nature of the Strahler dilation. In
particular, Propositions 5.8.4 and 5.8.6 (ii) entails the point (i) of Theorem 5.1.4 (simply setting
sd(T, d, ρ, µ) = sd(T, d, ρ) for all rooted measured compact real trees). The following proposition
exhibits another similarity between the Strahler dilation and the Horton–Strahler number.
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Proposition 5.8.7 Let ℓ ≥ 0 and let L ∈ TR be the real segment [0, ℓ] rooted at 0. Let (Ti, di, ρi)i∈I
be a countable family of rooted compact real trees such that (5.2.36) holds. Let i0 ∈ I and let
ℓj ∈ [0, ℓ] for all j ∈ I\{i0}=:J . If (T, d, ρ) = L ⊛ (ℓ, Ti0) ⊛j∈J (ℓj , Tj), then for all n ∈ N∗, it
holds that

(n+ 1)sn,nd (T ) ≤ dℓ+ max
(
(n+ 1)sn,nd (Ti0), d sup

j∈J
nsn−1,n−1

d (Tj)
)
, (5.8.10)

sd(T ) ≤ max
(
sd(Ti0), d sup

j∈J
sd(Tj)

)
. (5.8.11)

Furthermore, if Ti is planted for all i ∈ I , as in Definition 5.2.19, then it holds that

sd
(
L ⊛i∈I (ℓ, Ti)

)
= sup

i,j∈I
max

(
sd(Ti),sd(Tj), d1{i ̸=j} min

(
sd(Ti),sd(Tj)

))
. (5.8.12)

Proof. We begin with gathering some useful facts. We use the convention W = W∞ and we write
ℓi0 = ℓ. Let n ∈ N∗∪{∞}, w ∈ Wn, j ∈ I , and let φ : Wn ↪→ T . When φ(w ∗ u) ∈ Tj for all
u ∈Wn−|w|, Proposition 5.2.25 justifies that φwj : u ∈Wn−|w| 7→ φ(w ∗ u) ∈ Tj is an embedding
of Wn−|w| into Tj . We also deduce from Proposition 5.2.25 the following sufficient condition.

If φ(w) ∈ Tj\{ρj}, then φ(w ∗ u) ∈ Tj for all u ∈Wn−|w|. (5.8.13)

When φ(Wn) ⊂ Tj , then φ(u) = φ∅
j (u) for all u ∈ Wn, but we stress that φ(←−∅) = ρ= 0 and

φ∅
j (←−∅) = ρj = ℓj by Notation 5.8.2. Still, if φ(Wn) ⊂ Tj then ℓj ⪯ φ(∅), so we compute that

∀u ∈Wn,
∑
v⪯u

d|v|+1d
(
φ(←−v ), φ(v)

)
= dℓj +

∑
v⪯u

d|v|+1dj
(
φ∅
j (←−v ), φ∅

j (v)
)
. (5.8.14)

Here, we assume that |w| = 1. If φ(w) ∈ Tj\{ρj} and φ(∅) = ℓj , then we readily see that

∀u ∈Wn−1,
∑

v⪯w∗u
d|v|+1d

(
φ(←−v ), φ(v)

)
= dℓj + d

∑
v⪯u

d|v|+1dj
(
φwj (←−v ), φwj (v)

)
. (5.8.15)

We then show that at least one of the following assertions holds true:

(a) there is j ∈ I such that φ(Wn) ⊂ Tj ,
(b) there are j ∈ I\{i0} and w ∈W with |w| = 1 such that φ(w) ∈ Tj\{ρj} and φ(∅) = ℓj .

Indeed, let us assume that (b) does not hold. Since L = Jρ, ℓK is totally ordered by ⪯ and
(φ(1)∧ ℓ)∧ (φ(2)∧ ℓ) = φ(∅)∧ ℓ, we have w ∈W with |w| = 1 such that φ(w)∧ ℓ = φ(∅)∧ ℓ.
In particular, φ(w) /∈ L because it would imply φ(w) ⪯ φ(∅) otherwise. Thus, there is j ∈ I
such that φ(w) ∈ Tj\{ρj}. Then, Proposition 5.2.25 entails that either φ(∅) ∈ Tj\{ρj} or
φ(∅) ⪯ ℓj = φ(w) ∧ ℓ. In the first case, (5.8.13) yields that (a) is satisfied. In the second case, we
get φ(∅) = φ(∅) ∧ ℓ = ℓj . Thus, j = i0, and so φ(∅) = ℓ, because (b) would hold otherwise.
Since ℓ ≺ φ(1), φ(2), we get φ(1), φ(2) /∈ L and φ(1) ∧ ℓ = φ(2) ∧ ℓ = ℓ = φ(∅). Similarly
as before, this implies that φ(1), φ(2) ∈ Ti0\{ρi0}. Finally, (a) is verified with j = i0 thanks to
(5.8.13). □

We are now ready to prove the desired relations. First, recall that d > 1 and ℓj ≤ ℓ for all
j ∈ I . Then, combining the previous alternative with the identities (5.8.14) and (5.8.15) readily
gives (5.8.10). Relying on (5.8.8), the same method with n =∞ yields (5.8.11).

To prove (5.8.12), we focus on the case where n =∞ and ℓj = ℓ for all j ∈ I . When (a) is sat-
isfied, (5.8.14) yields sd(T, φ) = sd(Tj , φ∅

j ). Conversely, if φj is an embedding of W into Tj then
we can also see it as an embedding φ : W ↪→ T such that φ∅

j = φj . When (b) is satisfied, φ(∅) = ℓ,
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so φ(1) ∈ Ti\{ρi} and φ(2) ∈ Tj\{ρj} for some i, j ∈ I . In fact, i ̸= j by Definition 5.2.19
of planted real trees. Then, (5.8.15) entails sd(T, φ) = dmin

(
sd(Ti, φ(1)

i ),sd(Tj , φ(2)
j )
)
. Con-

versely, if φi, φj are two embeddings of W respectively into Ti, Tj , we check with Proposi-
tion 5.2.25 that we can construct φ : W ↪→ T such that φ(∅) = ℓ, φ(1)

i = φi and φ(2)
j = φj . Note

that φ is indeed injective because Ti and Tj are planted. Taking the supremum over all φ completes
the proof. ■

We have constructed a family of functions (sd)d>1 which is parametrized by (1,∞). However,
a rooted compact real tree T admits at most one parameter d > 1 such that its Strahler dilation with
base d is not trivial. We define this critical parameter as its Strahler base:

bases T = inf {d > 1 : sd(T ) =∞}. (5.8.16)

Proposition 5.8.8 Let T be a rooted compact real tree. If d > bases T , then sd(T ) = ∞. If
1 < d < bases T , then sd(T ) = 0. In particular, it holds

bases T = sup {1} ∪ {d > 1 : sd(T ) = 0}.

Proof. Let 1 < d1 < d2 and let m ∈ N. We can write the easy inequality

sk,nd1 (T ) ≤
(d1
d2

)m+1
sk,nd2 (T ) + 1

k + 1

m−1∑
i=0

di+1
1 h(T )

for all k, n ∈ N. In that precise order, we make n, k,m tend to∞. We thus obtain the inequality
sd1(T ) ≤ 1{sd2 (T )=∞}sd2(T ) ≤ sd2(T ), which yields the result. ■

5.8.2 Proof of Theorem 5.1.4 (ii)

Recall δ = eγ(α−1) = ( α
α−1)α−1 and δ ∈ (1, 2] from (5.1.8). Here, our goal is to prove Theo-

rem 5.1.4 (ii), namely that the Strahler dilation with base δ of a HSα-real tree T is almost surely
equal to 1. Recall their Definitions 5.7.1 and 5.8.3. We divide the proof into three steps: showing
sδ(T ) is almost surely constant, showing its mean is not smaller than 1, and showing its mean is
not bigger than 1.

Proposition 5.8.9 Let T be a HSα-real tree. The random variable sδ(T ) is almost surely con-
stant.

Proof. We set F (x) = P(sδ(T ) ≤ x) for all x ∈ R and we set a = sup{x ∈ R : F (x) = 0}. We
have a ≥ 0. If a =∞ then sδ(T ) =∞ almost surely. Thus, we now assume that a <∞ and we
only need to show that F (a) = 1 to conclude that sδ(T ) = a almost surely. In this proof, we use
the notations of Theorem 5.7.3. In that manner, we defineG(x) = P(δ sδ(Tg) ≤ xU) for all x ≥ 0.
We also have G(x) = E[F (xU/δ)] by independence between Tg and U . By Proposition 5.7.6
(iii), we can apply (5.8.12) in Proposition 5.8.7 together with Proposition 5.8.6 to learn that

sδ(T ∗) ≥ max
(

1
Usδ(Tg) , 1

δsδ(Td) , min
(
δ
Usδ(Tg),sδ(Td)

))
almost surely. Since T ∗,Tg,Td are HSα-real trees, this leads to the inequality

F (x) ≤ F (x)G(x) +G(x)
(
F (δx)− F (x)

)
+ F (x)

(
G(δx)−G(x)

)
(5.8.17)
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for all x ≥ 0. As cumulative distribution functions, F and G are nonnegative, bounded by 1, non-
decreasing, and càdlàg. Moreover, we have F (y) = 0 < F (x) when y < a < x by definition of
a. In particular, G(x) = E[1{xU≥δa}F (xU/δ)] which implies G(x) ≤ P(xU ≥ δa)F (x) because
U ≤ δ almost surely. Injecting this inequality into (5.8.17) and dividing by F (x) get us

1 ≤ G(δx) + P (xU ≥ δa) (F (δx)− F (x)) (5.8.18)

for all x > a. If a = 0 then F (δx)− F (x) −→ F (0)− F (0) = 0 as x tends to a+. If a > 0 then
P(xU ≥ δa) −→ P(U ≥ δ) = 0 as x tends to a+. We thus obtain that G(δa) = 1 by making
x→ a+ in (5.8.18), whatever the case. It follows that F (aU) = 1 almost surely because F ≤ 1.
We recall that U admits a positive density on [1, δ] so we get F (a) = F (a+) = 1 as desired. ■

Proposition 5.8.10 Let T be a HSα-real tree. The inequality E[sδ(T )] ≥ 1 holds.

Proof. Let (Lu, Uu)u∈W be a family of independent random variables such that for all u ∈ W,
the law of Lu is exponential with mean δ−1 and the law of Uu is 1[1,δ](s)sβ−1ds. We denote by
un1 , . . . , u

n
2n+1−1 the vertices of Wn in the lexicographic order. We claim that for all n ∈ N, there

is a random 2n+1-pointed compact metric space (Tn, dn, ρn, φn(un1 ), . . . , φn(un2n+1−1)) such that
(a) (Tn, dn, ρn) is a HSα-real tree,
(b) φn : u ∈Wn 7→ φn(u) ∈ Tn is almost surely an embedding,
(c) the family (δ|u|+1dn(φn(←−u ), φn(u)))u∈Wn has the same law as (δLu

∏
v∗(1)⪯u δU

−1
v )u∈Wn .

Indeed, we prove this by induction while using the notations of Theorem 5.7.3. We get the
case n = 0 by endowing T ∗ with φ0(∅) = L. By induction, we can assume that Tg (resp. Td)
is endowed with an almost sure embedding φg (resp. φd) from Wn into Tg (resp. Td) such that
(c) is satisfied. Then, we construct Tn+1 by endowing T ∗ with its points (φn+1(u))u∈Wn+1 , that
are defined by φn+1(∅) = L, φn+1((1) ∗ u) = φg(u) and φn+1((2) ∗ u) = φd(u) for all u ∈Wn.
We easily check the requirements (a-c) thanks to Theorem 5.7.3 and Proposition 5.2.25. □

We find that E[sk,kδ (T )] <∞ by (5.8.1) and (5.7.1). Moreover, our previous claim yields that

E
[
sk,nδ (T )

]
≥ E

[
inf
u∈W

k≤|u|≤n

δ

|u|+ 1
∑
v⪯u

Lv
∏

w∗(1)⪯v

δ

Uw

]

for all n, k ∈ N. On both sides of the equality, we first apply the dominated convergence theorem
as n tends to∞, and then we use the monotone convergence theorem as k tends to∞. We thus get

E
[
sδ(T )

]
≥ E

[
lim inf
n→∞

δ

n+ 1 inf
u∈W
|u|=n

∑
v⪯u

Lv
∏

w∗(1)⪯v

δ

Uw

]
. (5.8.19)

It remains to study the right-hand side of (5.8.19). For all n ∈ N and s ∈ R+, we set

fn(s) = E
[ ∑
u∈W,|u|=n

exp
(
−sδ

∑
v⪯u

Lv
∏

w∗(1)⪯v

δ

Uw

)]
and g(s) = lim sup

n→∞

1
n+ 1 ln fn(s).

The function fn is positive, non-increasing on R+, and bounded by 2n. So, we have g ≤ ln 2. From
now, we write U = U∅ to lighten the notations. The two independent families (L(1)∗u, U(1)∗u)u∈W
and (L(2)∗u, U(2)∗u)u∈W have the same law as (Lu, Uu)u∈W, and they are jointly independent from
(L∅, U). Since L∅ and U are independent and since E[e−sδL∅ ] = 1/(1 + s) by (5.3.11), we
compute

∀n ∈ N, ∀s ∈ R+, fn+1(s) = fn(s) + E[fn(sδ/U)]
1 + s

. (5.8.20)
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Let us fix r ∈ (1, δ). Then, we use the monotony of fn and the almost sure inequality U ≤ δ to find

fn+1(s) ≤ a(s)fn(s) + fn(rs), where a(s) = 1 + P(rU > δ)
1 + s

, (5.8.21)

from the relation (5.8.20). Let b > exp(g(rs)). By definition of g, there exists c ∈ R+ such that
fn(rs) ≤ cbn for all n ∈ N. If A > max(a(s), b), then we can choose some C ∈ (1,∞) such that
Ca(s) + c ≤ CA, and thus (5.8.21) entails by induction that fn(s) ≤ CAn for all n ∈ N. Then,
g(s) ≤ lnA, and taking the infimum over b and A gives that g(s) ≤ max(g(rs), ln a(s)) for all
s ∈ R+. We remark that a(rs) ≤ a(s) because r > 1, so we obtain by induction that

∀m ∈ N, ∀s ∈ R+, g(s) ≤ max
(
g(rms) , ln 1 + P(rU > δ)

1 + s

)
. (5.8.22)

Since U ≤ δ almost surely and fn is non-increasing, (5.8.20) yields that fn+1(s) ≤ 2
1+sfn(s) for

all n ∈ N and s ∈ R+. This implies that g(s) ≤ ln(2)− ln(1 + s), so we have lim∞ g(s) = −∞.
Therefore, making m tend to∞ in (5.8.22) entails that g(s) ≤ ln(1 + P(rU > δ))− ln(1 + s) for
all s > 0 and r ∈ (1, δ). It follows that g(s) ≤ − ln(1 + s) for all s > 0 by making r tend to 1,
because U < δ almost surely. Let ε > 0. Our upper bound for g ensures that there exists s0 > 0
such that g(s0) < −(1− ε)s0. It then holds s0(1− 2ε)(n+ 1) + ln fn(s0) ≤ −s0ε(n+ 1) for all
large enough n, by definition of g. Whenever n is large enough, a Chernoff bound thus entails

P
(

inf
u∈W
|u|=n

δ
∑
v⪯u

Lv
∏

w∗(1)⪯v

δ

Uw
≤ (1− 2ε)(n+ 1)

)
≤ e−s0ε(n+1).

By the Borel-Cantelli lemma and (5.8.19), we get E[sδ(T )] ≥ 1− 2ε for all ε > 0. ■

To show E[sδ(T )] ≤ 1 when T is a HSα-real tree, we need a technical lemma.

Lemma 5.8.11 Let X,Y, Z be three almost surely finite nonnegative random variables. We assume
that X and Y are independent, E[Y ] < 1, and Z is integrable. If there exists a random variable X ′

distributed as X such that X ′ ≤ Y X + Z almost surely, then X is integrable and

E[X] ≤ E[Z]
1− E[Y ] .

Proof. We choose a ∈ (E[Y ], 1) and we give ourselves a sequence (Yn)n∈N∗ of independent
random variables distributed as Y and jointly independent from (X ′, X, Y, Z). The almost sure
inequality X ′ ≤ Y X + Z implies that P(X > x) ≤ P(XYn > ax) + P(Z > (1 − a)x) for all
x > 0 and all n ∈ N∗. By conditioning on (Y1, . . . , Yn−1), we prove by induction that

P(X > x) ≤ P
(
X

n∏
i=1

Yi > anx
)

+
n∑
i=1

P
(
Z
i−1∏
j=1

Yj > (1− a)ai−1x
)

for all x > 0 and n ∈ N. The Yi are independent and E[Yi/a] = E[Y/a] < 1, so the ran-
dom variables

∏n
i=1 Yi/a converge in mean to 0. As X is almost surely finite, it follows that

X
∏n
i=1 Yi/a −→ 0 in probability, which yields

P(X > x) ≤
∑
i≥1

P
(

1
1−aZ

i−1∏
j=1

1
aYj > x

)
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for all x > 0 by making n tend to∞. Now, we integrate over x ∈ (0,∞) to find

E[X] ≤
∑
i≥1

E
[

1
1−aZ

i−1∏
j=1

1
aYj

]
= aE[Z]

(1− a)(a− E[Y ]) <∞.

The upper bound is obtained by rearranging E[X] ≤ E[Y X + Z] = E[Y ]E[X] + E[Z]. ■

Proposition 5.8.12 Let T be a HSα-real tree. The inequality E[sδ(T )] ≤ 1 holds.

Proof. With the notations of Definition 5.8.3, we set Sn(T ) = (n + 1)sn,nδ (T ) for any rooted
compact real tree T and all n ∈ N. Recalling (5.8.2), it is clear that sδ(T ) ≤ lim inf 1

n+1Sn(T ).
Therefore, Fatou’s lemma and Jensen’s inequality entail that

∀a > 0, E[sδ(T )] ≤ lim inf
n→∞

1
a(n+ 1) lnE

[
eaSn(T )]. (5.8.23)

Moreover, the estimate (5.7.1) ensures that E[eaS0(T )] = E[eaδh(T )] < ∞ as soon as a > 0 is
small enough. Let us fix for now a ∈ (0, 1) and n ∈ N such that eaSn(T ) is integrable. In this proof,
we shall use the notations of Theorem 5.7.3. Furthermore, we define the set E as

{
1
δ⊙αTd

}
∪
{

1
δ

i∏
j=2

Λi ⊙αTi : i ≥ 2
}
∪
{

1
δξ(ω)

i∏
j=2

λj(ω)⊙αTi(ω) : i ≥ 1, ω ∈ N , ℓ(ω) ≤ L
}
.

Then, (5.8.10) in Proposition 5.8.7 ensures that the following inequality holds almost surely:

Sn+1(T ∗) ≤ δL+ max
(
Sn+1

(
U−1 ⊙α Tg

)
, sup
T∈E

δSn(T )
)
. (5.8.24)

Before proceeding, let us give ourselves some parameters. We choose ε ∈ (0, 1) such that
2ε < 1− a. We can pick out η ∈ (0, ε

1+ε) such that P((1− η)U ≤ 1) ≤ ε and P(Λ2 ≥ 1− η) ≤ ε
because Λ2 < 1 < U almost surely. Recall from (5.1.8) that β(α−1) = 1. There is c ∈ (ea,∞) that
does not depend on n (but on α, a, ε, η) such that (1+(1+x)xβ+1)ea(1−η)x ≤ εeax+c for all x ≥ 0.
Moreover, for all x ≥ 0 and all λ ∈ [0, 1], we see that eaλx ≤ 1{λ≥1−η}e

ax + 1{λx≥1}e
a(1−η)x + c.

Applying these inequalities to bound each term of the supremum in (5.8.24), we obtain that it holds

eaSn+1(T ∗) ≤
(
1{1≥(1−η)U} + ε

)
eaδL × eaSn+1(Tg) + eaδL

(
2c+ eaSn(Td) +Z+ +Z−

)
(5.8.25)

almost surely, where we have denoted

Z+ =
∑
i≥1

(
1{∏i+1

j=2 Λj≥1−η}e
aSn(Ti+1) +

∑
ω∈N
ℓ(ω)≤L

1{∏i

j=2 λj(ω)≥(1−η)ξ(ω)}e
aSn(Ti(ω))

)
,

Z− =
∑
i≥1

(
1{Sn(Ti+1)

∏i+1
j=2Λj≥1}e

a(1−η)Sn(Ti+1)

+
∑
ω∈N
ℓ(ω)≤L

1{Sn(Ti(ω))
∏i

j=2 λj(ω)≥ξ(ω)}e
a(1−η)Sn(Ti(ω))

)
.

Now, we want to use Lemma 5.8.11 to bound E[eaSn+1(T )] by an affine function of E[eaSn(T )], that
was already assumed to be finite. Indeed, Sn+1(Tg) has the same law as Sn+1(T ∗), is independent
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of (L,U), and is almost surely finite by (5.8.1). Moreover, δL is exponentially distributed with
mean 1 and is independent from U , so (5.3.11) and the choice of ε and η ensure that

E
[(

1{(1−η)U≤1} + ε
)
eaδL

]
≤ 2ε

1−a < 1. (5.8.26)

Since L is also independent of Td, it only remains to control the means of eaδLZ+ and eaδLZ−.
Using the independence, we average first on the Poisson point process N to compute that

E
[
eaδLZ+

]
=
∑
i≥1

E
[
eaSn(Tg)eaδL

(
1{∏i+1

j=2 Λj≥1−η} + δL

∫ 1
1−η

∏i

j=2 Λj

1
dξ
)]
,

E
[
eaδLZ−

]
=
∑
i≥1

E
[
ea(1−η)Sn(Tg)eaδL

(
1{Sn(Tg)

∏i+1
j=2 Λj≥1} + δL

∫ Sn(Tg)
∏i

j=2 Λj

1
dξ
)]
.

The Λj are all smaller than 1 and η≤ ε
1+ε≤1/2, so it holds 1

1−η
∏i
j=2 Λj≤1+ε for all i≥1. Plus,

if
∏i+1
j=2 Λj≥1−η, then Λ2≥ 1−η and

∏i
j=3 Λj≥1/2. Arguments of this type lead to

E
[
eaδLZ+

]
≤
∑
i≥1

E
[(

1{Λ2≥1−η} + ε
)
(1 + δL)eaδLeaSn(Tg)1{∏i

j=3 Λj≥1/2}

]
,

E
[
eaδLZ−

]
≤
∑
i≥1

E
[
(1 + δL)eaδL(1 + Sn(Tg))ea(1−η)Sn(Tg)1{Sn(Tg)

∏i

j=2 Λj≥1}

]
.

Now, we use Markov’s inequality on the
∏i
j=3 Λβ+1

j and we apply the joint independence to get

E
[
eaδLZ+

]
≤
(
P(Λ2 ≥ 1− η) + ε

)
E
[
(1 + δL)eaδL

]
E
[
eaSn(T )]2β+1∑

i≥1

i∏
j=3

E
[
Λβ+1
j

]
,

E
[
eaδLZ−

]
≤ E

[
(1 + δL)eaδL

]
E
[
(1 + Sn(T ))Sn(T )β+1ea(1−η)Sn(T )]∑

i≥1

i∏
j=2

E
[
Λβ+1
j

]
.

We easily compute E[(1 + δL)eaδL] = 2−a
(1−a)2 . Finally, (5.7.3) and the choice of η and c yield that

E
[
eaδLZ+

]
≤ 2β+3

(1− a)2

∑
i≥1

i∏
j=3

E
[
Λβ+1
j

]
× εE

[
eaSn(T )] <∞, (5.8.27)

E
[
eaδLZ−

]
≤ 2

(1− a)2

∑
i≥1

i∏
j=2

E
[
Λβ+1
j

]
×
(
εE
[
eaSn(T )]+ c

)
<∞. (5.8.28)

Recall the inequality (5.8.25). Lemma 5.8.11, (5.8.26), (5.8.27), and (5.8.28) entail that

E
[
eaSn+1(T )] ≤ 1 + C

1−aε

1− a− 2εE
[
eaSn(T )]+ c′ <∞

where C ∈ (0,∞) is a constant only depending on α, and c′ ∈ (0,∞) does not depend on n (but
on α, a, ε, η). An elementary study yields that for all a ∈ (0, 1) small enough and all ε ∈ (0, 1−a

2 ),

lim inf
n→∞

1
a(n+ 1) lnE

[
eaSn(T )] ≤ 1

a
ln
( 1 + C

1−aε

1− a− 2ε

)
.

Thanks to (5.8.23), we conclude the proof by making ε→ 0+ and then a→ 0+ . ■
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5.9 Proofs of Theorems 5.1.5 and 5.1.6

In all this section, let τ stand for a GWα-weighted tree. Recall from (5.2.13) that H(τ) is its height
function. Recall from Section 5.2.1 the space CK of continuous functions with compact support
and endowed with lifetimes, and from (5.2.26) its subspace EK of continuous excursions. We will
follow Notation 5.2.2. As in (5.2.27), we denote by Tf the real tree coded by f ∈ EK. We use the
objects Nα, H, and Nα(dH | ζ = 1) presented in Section 5.2.5. Recall from (5.1.8) and (5.1.11)
the notations

β = 1
α−1 , γ = ln α

α−1 , δ = eγ(α−1), and an = α−1/αn1/α for all n ∈ N.

Of course, it is important to remember Definition 5.8.3 of the Strahler dilation sδ with base δ.

5.9.1 Proof of Theorem 5.1.5

Recall Definition 5.7.1. To show the identity (5.1.13), we describe the law of a HSα-excursion in
terms of the Strahler dilation and Nα. Along the lines of the proof, we obtain a result similar to the
desired Theorem 5.1.6 for the tail conditioning {#τ ≥ n}.

Theorem 5.9.1 Let H̃ be a HSα-excursion. Recall bases from (5.8.16). The following identities
hold.

(i) If F : CK → R+ and g : [0,∞]→ R+ are bounded and nonnegative, then

Nα
[
F (H)g(sδ(TH))

]
= α−β

α− 1

∫
R+

E
[
F
(
xH̃s(αxα)−β ; s ≥ 0

)]
g(x) dx

x1+β , (5.9.1)

E
[
F (H̃)

]
Nα
[
g(sδ(TH))

]
= Nα

[
F
( 1
sδ(TH)Hαβsδ(TH)αβs ; s ≥ 0

)
g(sδ(TH))

]
. (5.9.2)

(ii) It holds Nα(sδ(TH)=0) = Nα(sδ(TH)=∞) = Nα(bases TH ̸=δ) = 0. Furthermore,

∀x > 0, Nα(sδ(TH) > x) = (αx)−β. (5.9.3)

(iii) If F : CK → R is bounded and measurable, then

E
[
F (H̃)

]
= αβ

Γ(1− 1/α)E
[
F
( 1
sδ(TH)Hαβsδ(TH)αβs ; s ≥ 0

)
sδ(TH)β

∣∣∣∣ ζ = 1
]
. (5.9.4)

(iv) If F : CK → R is a bounded and continuous, then

E
[
F (H̃)

]
= lim

ε→0+
Nα

[
F (α1/αH)

∣∣∣ ∣∣sδ(TH)− α−1/α∣∣ < ε
]
. (5.9.5)

Proof. Let ℓ, z > 0 and let F : CK → R+ be nonnegative, bounded, and continuous. For all y > 0
and n ∈ N∗, we set xn(y) = 1

γα ln(ny), fn(y) = 0 when xn(y) ∈ N, and

fn(y) = E
[
1{y#τ≥ℓeγαxn(y)}F

(y1−1/α

α1/α e−γ(α−1)xn(y)Heγαxn(y)s/y(τ) ; s ≥ 0
) ∣∣∣∣S(τ )=xn(y)

]
when xn(y) /∈ N. The functions fn are uniformly bounded, nonnegative, and measurable by
Proposition 5.4.7. We apply the identity (5.4.14) and we make the change of variable γαx = ln(ny)
to get

E
[
1{#τ≥ℓn ; δS(τ)>zn/an}F

(an
n
Hns(τ) ; s ≥ 0

)]
= 1
αn1/α

∫ ∞
(αzα)β

1
y1+1/α fn(y) dy.



288 Chapter 5. Fluctuations of the Horton-Strahler number of stable GW trees

There is at most a countable number of points y > 0 such that P(yζ(H̃) = ℓ) > 0 or such that
xn(y) ∈ N for some n ∈ N∗. For all other y > 0, Theorem 5.6.1 and Proposition 5.7.6 (ii), with
(5.2.14), entail that

fn(y) −→ E
[
1{yζ(H̃)>ℓ}F

(
α−1/αy1−1/αH̃s/y ; s ≥ 0

)]
.

Then, also by (5.2.39) and (5.3.4), the dominated convergence theorem yields that

lim
n→∞

E
[
1{δS(τ)>zn/an}F

(an
n
Hns(τ) ; s ≥ 0

) ∣∣∣ #τ ≥ ℓn
]

= 1
α1+1/αNα(ζ > ℓ)

∫ ∞
(αzα)β

1
y1+1/αE

[
1{yζ(H̃)>ℓ}F

(
α−1/αy1−1/αH̃s/y ; s ≥ 0

)]
dy (5.9.6)

for all z ∈ (0,∞). Let us show that (5.9.6) still holds when z = 0.
Indeed, by the monotone convergence theorem, the limit of the right-hand side of (5.9.6) as

z→0+ keeps the same expression after replacing z with 0. Thus, we only need to check that

lim
z→0+

lim sup
n→∞

P
(
δS(τ ) ≤ z n

an

∣∣ #τ ≥ ℓn
)

= 0. (5.9.7)

To do this, we recall that |τ | = supH(τ) stands for the height of τ from (5.2.11) and (5.2.14), and
that S(τ) ≤ S(τ ) from Proposition 5.4.3. For all η > 0, we then write the rough bound

P
(
δS(τ ) ≤ z n

an
; |τ | ≥ η n

an

∣∣ #τ ≥ ℓn
)
≤ P(|τ | ≥ ηn/an)

P(#τ ≥ ℓn) P
(
S(τ) ≤ logδ(z n

an
)
∣∣ |τ | ≥ η n

an

)
.

By the estimates (5.3.3), (5.3.4), and (5.4.8), it follows that for all η > 0,

lim
z→0+

lim sup
n→∞

P
(
δS(τ ) ≤ z n

an

∣∣ #τ ≥ ℓn
)
≤ lim sup

n→∞
P
(
|τ | < η n

an

∣∣ #τ ≥ ℓn
)
.

The right-hand side is bounded by Nα(sup H < η | ζ > ℓ) by Theorem 5.3.7. By (5.2.1), if ζ > ℓ
then sup H > 0, so making η→0+ gives (5.9.7) and completes the proof of (5.9.6) with z = 0. □

Observe that if z = 0 then the left-hand side of (5.9.6) is also given by Theorem 5.3.7. Hence,

Nα[F (H) | ζ > ℓ] = 1
α1+1/αNα(ζ > ℓ)

∫ ∞
0

1
y1+1/αE

[
1{yζ(H̃)>ℓ}F

(
y1−1/α

α1/α H̃s/y ; s ≥ 0
)]

dy.

We multiply both sides of the previous identity by Nα(ζ > ℓ) and we make ℓ tend to 0+. Recall
from Section 5.2.5 that Nα(ζ=0) = 0. We also have P(ζ(H̃)=0) = P(sup H̃=0) = 0 by (5.7.1).
Thus, the monotone convergence theorem yields that

Nα[F (H)] = 1
α1+1/α

∫
R+

1
y1+1/αE

[
F
(
α−1/αy1−1/αH̃s/y ; s ≥ 0

)]
dy, (5.9.8)

for all nonnegative, bounded, and continuous function F : CK → R+. Therefore, (5.9.8) also holds
for all nonnegative and measurable functions. Theorem 5.1.4 ensure that the measurable function
Υ : ω ∈ CK 7−→ 1{ω∈EK}sδ(Tω) ∈ [0,∞] satisfies that Υ(λH̃s/y ; s ≥ 0) = λ almost surely for
all λ, y > 0. Eventually, applying (5.9.8) with the function F · g ◦ Υ and making the change of
variable x = α−1/αy1−1/α entail (5.9.1).

Using again that Υ(λH̃s/y ; s ≥ 0) = λ, (5.9.2) becomes a consequence of (5.9.1), which
completes the proof of (i). The point (ii) follows from (5.9.1) by taking F = 1, and g =
1{0}∪{∞} or g = 1(x,∞) (also recall Proposition 5.8.8). We get (iii) by applying (5.9.2), then
(5.2.40), then Fubini’s theorem, and (5.9.1). By (5.9.2),

(
sδ(TH)−1Hαβsδ(TH)αβs ; s ≥ 0

)
under
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Nα( ·
∣∣ |sδ(TH) − α−1/α| < ε) is a HSα-excursion for all small ε > 0. Plus, sδ(TH) under

Nα( ·
∣∣ |sδ(TH)− α−1/α| < ε) clearly converges in law to α−1/α as ε→ 0+. Slutsky’s theorem

completes the proof of (iv). ■

The desired identity (5.1.13) readily follows from (5.9.4), which completes the proof of The-
orem 5.1.5. Theorem 5.9.1 (iv) justifies the intuition that a HSα-excursion is (a multiple of) an
excursion of the α-stable height process conditioned on its coded real tree having fixed Strahler
dilation.

Remark 5.9.2 Theorem 5.9.1 (ii) and the identity (5.2.41) entail that there is equality between the
two image measures of Nα by the respective functions sup H = h(TH) and αβ sδ(TH). □

Finally, we recognize thanks to the identity (5.9.1) (or (5.9.8) equivalently) that the right-hand side
of (5.9.6) is equal to Nα[1{sδ(TH)>z}F (H) | ζ > ℓ]. We readily obtain the following result.

Theorem 5.9.3 Let τ be a GWα-weighted tree and let (an) be as in (5.1.11). For all ℓ > 0, the
following joint convergence holds in distribution on CK × R+:((an

n
Hns(τ)

)
s≥0

,
an
n
δS(τ )

)
under P( · |#τ ≥ ℓn) d−→ (H,sδ(TH)) under Nα( · | ζ > ℓ).

5.9.2 Proof of Theorem 5.1.6

Here, our goal is to deduce from Theorem 5.9.3 the following result.

Theorem 5.9.4 Let τ be a GWα-weighted tree and let (an) be as in (5.1.11). The following joint
convergence holds in distribution on CK × R+:

((an
n
Hns(τ)

)
s≥0

,
an
n
δS(τ )

)
under P( · |#τ = n+ 1)

d−−−−−−−−−→
n→∞,n∈⌊α⌋N

(H,sδ(TH)) under Nα(dH | ζ = 1).

Observe that Theorem 5.1.6 would then readily follow, thanks to Proposition 5.2.18. The fact
that Nα(ζ = 1) = 0 prevents us to mimic the proof of Theorem 5.9.3. To avoid this issue, we take
advantage of the monotony of the weighted Horton–Strahler number. Let us give an overview of
our strategy for the case α = 2. It is well-known from Rémy’s algorithm [139] that removing the
parental edge of a random leaf from a uniform n-Catalan tree τn results in a uniform (n−1)-Catalan
tree τn−1. In the same spirit, we can embed a weighted tree τn with the same law as τ under
P( · |#τ = 2n−1) into a weighted tree τ ′n with the same law as τ under P( · |#τ ≥ 2n−1), so
that S(τn) ≤ S(τ ′n). Then, Theorem 5.9.3 yields an asymptotic upper bound for 2S(τ n). However,
this proof might not work without alteration when α ∈ (1, 2). Indeed, Janson [96] exhibited an
example of a critical offspring distribution such that there are no embeddings τn ↪→ τn+1 for some
n ≥ 1.

Nevertheless, as presented in Section 5.3.1, Marchal [128] have constructed a sequence of
nested GWα-trees conditioned on their number of leaves, instead of their number of vertices. In
order to use it, we first transform Theorem 5.9.3 into a result about the tail conditioning on the
number of leaves #∂τ . Recall from Section 5.2.1 that K stands for the space of (rooted-isometry
classes of) rooted compact metric spaces, endowed with the rooted Gromov–Hausdorff distance
(5.2.6). As discussed in Section 5.2.3, we identify the tree τ with the element (τ, dgr,∅) of K,
where dgr is the graph distance given by (5.2.29). As in (5.2.8), we write λ · τ = (τ, λdgr,∅) for
all λ > 0.
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Corollary 5.9.5 Let τ be a GWα-weighted tree and let (an) be as in (5.1.11). For all ℓ ∈ (0, 1],
the following joint convergence holds in distribution on K× R+:(an

n
· τ , an

n
δS(τ )

)
under P( · |#∂τ ≥ ℓn/α) d−→ (TH,sδ(TH)) under Nα( · | ζ > ℓ).

Proof. If α = 2, Proposition 5.3.4 (i) yields that the result directly follows from Theorem 5.9.3
and Proposition 5.2.18. If α ∈ (1, 2), observe that mn = ⌈ℓn/α− (ℓn)3/4⌉ takes all integer values
large enough, because ℓ<α, and that a⌈ℓn/α⌉mn/(⌈ℓn/α⌉amn) −→ 1. Lemma 5.3.5 then entails
the result from Theorem 5.9.3 and Proposition 5.2.18. ■

Proof of Theorem 5.9.4. The convergence in distribution of the first component is already known
from Theorem 5.3.8. Proposition 5.2.18 and a tightness argument ensure that we only need to show

E
[
g
(an
n
· τ
)
h
(an
n
δS(τ )

) ∣∣∣ #τ = n+ 1
]
−−−−−−−−−→
n→∞,n∈⌊α⌋N

Nα
[
g(TH)h(sδ(TH))

∣∣ ζ = 1
]

(5.9.9)

for all bounded and continuous functions g : K→ R and h : R+ → R. To lighten the notations, we
write p(n) = P(#τ = n+ 1) and q(n) = P(#∂τ = n) for all n ∈ N. Let (ti)i≥1 be the sequence
of random weighted trees constructed by Algorithm 5.3.1. For all n ∈ ⌊α⌋N, we define

Jn = inf{i ≥ 1 : #ti ≥ n+ 1}, Tn = tJn , and ξn = 1{#Tn=n+1}.

The random integer Jn is finite and the tree Tn has exactly Jn leaves by Proposition 5.3.2 (i). Let
t be a tree with n+1 vertices, the sequence (#ti)i≥1 is strictly increasing so Tn = t if and only
if t ∈ {ti : i ≥ 1}. However, the trees t and ti have the same number of leaves only when
i = #∂t. Thus, Tn = t if and only if t#∂t = t, in which case Jn = #∂t and Tn = t#∂t. By
Proposition 5.3.2 (iii), we get that for all bounded measurable function f on the space Tw of
weighted trees, it holds

E
[
ξnf(Tn)

]
= E

[
p(n)

q(#∂τ)f(τ )
∣∣∣∣ #τ = n+ 1

]
. (5.9.10)

When α = 2, p(n) = q(#∂τ) under P( · |#τ = n+ 1) by Proposition 5.3.4 (i), so ξn = 1 almost
surely. However, Tn is not a GWα-tree conditioned to have n vertices when α ∈ (1, 2), because it
is biased by its number of leaves. Nonetheless, we show that this bias disappears as n tends to∞:

E
[∣∣∣ p(n)
q(#∂τ) −χ

∣∣∣ ∣∣∣∣#τ = n+ 1
]
−−−−−−−−−→
n→∞,n∈⌊α⌋N

0, where χ =
{
α−1 if α ∈ (1, 2),
1 if α = 2.

(5.9.11)

Indeed, by Proposition 5.3.2 (i), it holds Jn ≤ xn if and only if #t⌊xn⌋ ≥ n+ 1, for all x ≥ 1/n.

Thanks to Proposition 5.3.4, we get that the convergence #ti/i
P−→ α happens in probability, and

this implies that the following convergence also holds in probability:

1
n

Jn
P−−−−−−−−−→

n→∞,n∈⌊α⌋N
α−1. (5.9.12)

Then, the estimate (5.3.7) or (5.3.6) yields that p(n)/q(#Jn) P−→ χ in probability. Next, we use
(5.9.10) and we obtain the following uniform integrability:

E
[
p(n)

q(#∂τ)1{p(n)≥10χ q(#∂τ)}

∣∣∣∣ #τ = n+ 1
]
≤ P

( p(n)
q(Jn) ≥ 10χ

)
−−−−−−−−−→
n→∞,n∈⌊α⌋N

0. (5.9.13)
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Moreover, Proposition 5.3.4, together with (5.3.7) or (5.3.6), yields that the desired convergence in
L1 happens in probability, so (5.9.13) completes the proof of (5.9.11). □

From Theorem 5.3.3, we know that there is an α-stable tree Tnr such that i1/α−1 · ti −→ α ·Tnr
almost surely on K. It follows that J1/α−1

n · Tn −→ α · Tnr almost surely on K. Then, we apply
the convergence in probability (5.9.12) and we write αan/n = (αJn/n)1−1/α × J1/α−1

n to deduce
that the following convergence holds in probability on K:

an
n
· Tn

P−−−−−−−−−→
n→∞,n∈⌊α⌋N

Tnr. (5.9.14)

For all n ∈ ⌊α⌋N, let Λn be a random variable independent of (ti)i≥1 and Tnr, and distributed as
#∂τ under P( · |#∂τ ≥ n/2α). Thanks to (5.3.5) and by Kolmogorov’s representation theorem,
we can then assume that there is a random variable Λ ≥ 0, independent of (ti)i≥1 and Tnr, such
that (

α
nΛn

)1−1/α a.s.−−−−−−−−−→
n→∞,n∈⌊α⌋N

Λ, and P (Λ > λ) = min
(
1, 2−1/αλ−β

)
for all λ > 0.

(5.9.15)
Moreover, using similar arguments as before, the almost sure convergences i1/α−1 · ti −→ α ·Tnr
and (5.9.15) entail that the following convergence also holds almost surely on K:

an
n
· τn

a.s.−−−−−−−−−→
n→∞,n∈⌊α⌋N

Λ ·Tnr, where τn = tΛn for all n ∈ ⌊α⌋N. (5.9.16)

By Proposition 5.3.2 (iii), it is clear that τn is distributed as τ under P( · |#∂τ ≥ n/2α), so we
may and will apply Corollary 5.9.5 with ℓ = 1/2 to it. Now, let us prove that (anδS(Tn)/n)n∈⌊α⌋N
is tight.

Indeed, we begin by using the independence between Tn and Λn to write

P
(
δS(Tn) ≥ x n

an
; 2n > αJn

)
≤ 1

P(αΛn > 2n)P
(
δS(Tn) ≥ x n

an
; Λn > Jn

)
for all x > 0. We remind that Tn = tJn and τn = tΛn , so Proposition 5.3.2 (ii) implies that

P
(
δS(Tn) ≥ x n

an
; 2n > αJn

)
≤ 1

P(αΛn/n > 2)P
(
δS(τ n) ≥ x n

an

)
for all x > 0. While making n→∞, we use the convergence (5.9.12) on the left-hand side, and
we apply Corollary 5.9.5 together with (5.9.15) on the right-hand side. As such, we find that for all
x > 0,

lim sup
n→∞,n∈⌊α⌋N

P
(
δS(Tn) ≥ x n

an

)
≤ 1

P(Λ > 21−1/α)
Nα(sδ

(
TH) ≥ x

∣∣ ζ > 1/2
)
.

By making x→∞, the desired tightness follows from Theorem 5.9.1 (ii). □

Also thanks to (5.9.15), (5.9.14), and Corollary 5.9.5, the family (Θn)n∈⌊α⌋N of the random
variables

Θn =
((

α
nΛn

)1−1/α
, ξn ,

an
n
· Tn ,

an
n
δS(Tn) ,

an
n
· τn ,

an
n
δS(τ n)

)
is therefore tight on the product space R+ × {0, 1} × K × R+ × K × R+. Let us consider a
subsequence (Θnk

), with nk ∈ ⌊α⌋N for all k ∈ N, that converges in distribution. By (5.9.15),
(5.9.14), and (5.9.16), there are some random variables ξ ∈ {0, 1} and U, V ≥ 0 such that it holds

Θnk

d−→ (Λ, ξ,Tnr, U,Λ ·Tnr, V )
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in distribution. Corollary 5.9.5 yields that (Λ · Tnr, V ) has the same law as (TH,sδ(TH)) under
Nα( · | ζ > 1/2). Thus, it holds V = Λsδ(Tnr) almost surely, thanks to Proposition 5.8.6.
Moreover, Λn is independent of Tn for all n ∈ ⌊α⌋N, so Λ is independent of (ξ,Tnr, U). Hence,
we have

P
(
U > (1 + 2ε)sδ(Tnr)

)
≤ 1

P(1 + ε < Λ < 1 + 2ε)P
(
U > Λsδ(Tnr) ; 1 + ε < Λ

)
for all ε > 0. Indeed, recall from (5.9.15) that Λ is absolutely continuous, and that its density is
positive and continuous at λ = 1. The Portmanteau theorem entails that

P
(
U > Λsδ(Tnr) ; 1 + ε < Λ

)
≤ lim sup

k→∞
P
(
S(Tnk

) > S(τnk
) ; (1 + ε)αβnk < αΛnk

)
.

By Proposition 5.3.2 (ii), if S(Tn) > S(τn) and (1 + ε)αβn < αΛn then (1 + ε)αβn < αJn.
Thanks to the convergence in probability (5.9.12), we get that U ≤ (1 + 2ε)sδ(Tnr) almost
surely. We show that U ≥ (1 − 2ε)sδ(Tnr) for all ε > 0 in the same manner. Therefore, we
have U = sδ(Tnr) almost surely. Let us now focus on the conditional law of ξ given Tnr. Let
g : K → R be a bounded and continuous function. We apply Theorem 5.3.8, together with
Proposition 5.2.18, and we use the estimate (5.9.11) on the right-hand side of (5.9.10) to get

E
[
ξg(Tnr)

]
= χNα

[
g(TH)

∣∣ ζ = 1
]

= χE
[
g(Tnr)

]
.

This means that ξ is independent of Tnr, and has Bernoulli law with success probability χ. Hence,
we have proved that (Θn)n∈⌊α⌋N converges to (Λ, ξ,Tnr,sδ(Tnr),Λ · Tnr,Λsδ(Tnr)) in dis-
tribution, where Λ, ξ,Tnr are independent and ξ is a Bernoulli random variable with success
probability χ. In particular, the following convergence holds in distribution on the product space
{0, 1} ×K× R+: (

ξn,
an
n
· Tn,

an
n
δS(Tn)

)
d−−−−−−−−−→

n→∞,n∈⌊α⌋N
(ξ,Tnr,sδ(Tnr))

The desired convergence (5.9.9) then follows from (5.9.10) and (5.9.11). ■

Remark 5.9.6 Recall that tn is distributed as a GWα-weighted tree conditioned to have exactly n
leaves. The scaling limit of the height function of tn was given by Kortchemski [107, Theorem 5.9].
The same proof as before with Tn = tn instead entails the convergence in distribution

((n1/α

αn
Hαns(τ)

)
s≥0

,
n1/α

αn
δS(τ )

)
under P( · |#∂τ = n+ 1)

d−→ (H,sδ(TH)) under Nα(dH | ζ = 1).

We leave the details to the reader. □

5.10 The Strahler dilation of the Brownian tree: proof of Theo-
rem 5.1.7

We restrict ourselves to the case α = 2 in all this section. Then, (5.1.8) and (5.2.16) become

β = 1, γ = ln 2, δ = 2, and µ2 = 1
2δ0 + 1

2δ2.

We denote by τ a GW2-weighted tree. By (5.2.18), τ can be equal to a tree t with positive
probability if and only if t is binary, meaning that all its vertices have either 0 or 2 children. We are
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interested in the joint law of the size #τ and the weighted Horton–Strahler S(τ ) of τ . Flajolet,
Raoult & Vuillemin [75] and Kemp [98] have independently characterized the law of (#τ,S(τ)).
Written with our notations, for all p, n ∈ N and z ≥ 0, the formers have set

Rp,n = #{t binary tree : S(t) = p and #t = 2n+ 1} and Rp(z) =
∑
n≥0

Rp,nz
n.

We stress that if t is a binary tree then µ2(ku(t)) = 1
2 for all u ∈ t, so P(τ = t) = 2−#t.

By Proposition 5.3.4 (i), we hence obtain that E[1{S(τ)=p}s
#τ ] = s

2Rp(s
2/4) for all s ≥ 0.

From Definition 5.1.1 of the Horton–Strahler number, Flajolet, Raoult & Vuillemin [75] found a
recurrence relation on the Rp. Moreover, they solved it exactly thanks to a trigonometric change of
variable:

Rp(z) = sinϕ
sin 2pϕ where cos2 ϕ

2 = 1
4z .

Recalling that the law of S(τ) is known from (5.1.5), it follows that for all p ∈ N and all s ∈ (0, 1),

E
[
s#τ ∣∣ S(τ) = p

]
= 2p+1 sinh(a(s))

sinh(2p+1a(s)) , where cosh a(s) = 1
s
. (5.10.1)

A similar phenomenon happens during the computation of the generating function of #τ under the
law P(dτ |S(τ ) = x) given by Definition 5.4.8.

Proposition 5.10.1 Let τ be a GW2-weighted tree. For all p ∈ N, y ∈ (0, 1), and s ∈ (0, 1), it
holds

E
[
s#τ ∣∣ S(τ ) = p+ y

]
= 4ps

sinh2 (ay(s))
sinh2 (2pay(s)) , where coth ay(s) = 1− s2 + s22−y√

1− s2
.

Proof. We set Fx(s) = E[1{S(τ )≤x}s
#τ ] for all x ∈ R+ and s ∈ (0, 1). Let us fix s ∈ (0, 1) for

now. Using the assertion (5.4.10), Proposition 5.4.6 implies that for all y ∈ [0, 1), it holds

Fy(s) = P(S(τ ) ≤ y)s = (1− 2−y)s. (5.10.2)

We assume x ≥ 1. Recall from (5.1.2) that φ2(r) = r+ 1
2(1− r)2 is the generating function of the

offspring law µ2. By Definition 5.2.15, the decompositions #τ =1 +
∑k∅(τ)
i=1 #θ(i)τ and (5.4.12)

lead to
Fx(s) = sφ2(Fx−1(s)) + s(Fx(s)− Fx−1(s))φ′2(Fx−1(s)).

After some easy manipulations, this identity becomes

Fx(s) = s
2
(
1− Fx−1(s)2)+ sFx(s)Fx−1(s).

Now, the trick is to set Gx = 1√
1−s2 (1− sFx(s)) for all x ∈ R+ and to check that

∀x ≥ 1, Gx =
G2
x−1 + 1
2Gx−1

.

This allows us to recognize the double-angle formula for the hyperbolic cotangent:

∀z ∈ R, coth 2z = coth2 z + 1
2 coth z .
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Furthermore, we can verify via (5.10.2) and an elementary analysis that if y ∈ [0, 1) then Gy > 1
because s > 0. In particular, there exists a unique ay(s) > 0 such that Gy = coth ay(s). We obtain
by induction on the integer part ⌊x⌋ that Gx = coth

(
2⌊x⌋ax−⌊x⌋(s)

)
for all x ∈ R+. Therefore,

sFx(s) = 1−
√

1− s2 coth
(
2⌊x⌋ax−⌊x⌋(s)

)
, where coth ay(s) = 1− s2 + s22−y√

1− s2
,

(5.10.3)
for all s ∈ (0, 1), all x ∈ R+, and all y ∈ [0, 1). For all s ∈ (0, 1), Proposition 5.4.7 entails that
the function x 7−→ Fx(s) is C1 on R+\N, and that (ln 2)2−xE[s#τ | S(τ ) = x] is equal to its
derivative at x ∈ R+\N. Derivating (5.10.3) with respect to x completes the proof. ■

We can recover (5.10.1) from Proposition 5.10.1, or equivalently from (5.10.3). Indeed, the law
of S(τ ) is absolutely continuous, so E[1{S(τ)=p}s

#τ ] = Fp+1(s) − Fp(s) by Proposition 5.4.3.
The hyperbolic identity cosh2 = coth2 /(coth2−1) entails that a0(s) = a(s) and

√
1− s2 =

s sinh a(s). Then, we conclude with the formula coth z − coth 2z = 1/ sinh 2z, which holds for
all z > 0.

Making n → ∞ in Proposition 5.10.1 leads to a description of the law of the mass of the
HS2-real tree, and then of the Strahler dilation of the 2-stable tree. This then gives a proof of
Theorem 5.1.7, which deepens Remark 5.9.2. Recall the notations h and m from (5.2.9). We remind
from (5.2.27) that if f is a continuous excursion then Tf stands for the real tree coded by f , so that
h(Tf ) = sup f and m(Tf ) = ζ(f). Furthermore, recall from Section 5.2.5 that if e is a standard
Brownian excursion then Te, which is a Brownian tree, has the same law as (TH,

1√
2dH, ρH, µH)

under N2(dH | ζ = 1).

Proof of Theorem 5.1.7. Let τ be GW2-weighted tree and let T be a HS2-real tree, as in
Definition 5.7.1. We fix λ > 0, and we set xn = n + 1/2 and sn = e−2λ/4n

for all n ∈ N.
Theorem 5.1.3 yields

E
[
s#τ
n

∣∣ S(τ ) = n+ 1/2
]

= E
[

exp
(
− 4λ#τ

4xn

) ∣∣∣ S(τ ) = xn

]
−→ E

[
e−4λm(T )].

An elementary asymptotic study of the formula given by Proposition 5.10.1 entails that

∀λ > 0, E
[
exp(−λm(T ))

]
=
( √

2λ
sinh
√

2λ

)2
.

Thanks to (5.2.43), we then identify that E
[
exp(−λm(T ))

]
= N2

[
exp(−2λm(TH))

∣∣ sup H =
1
]

for all λ > 0. For all λ > 0 and all measurable and bounded g : [0,∞] → R, we recall
Proposition 5.7.6 (ii) and we apply the identities (5.2.42) and (5.9.1) to check that

N2
[
e−λζg( 2s2(TH) )

]
= N2

[
e−λζg( h(TH) )

]
.

Therefore, the image measures of N2 by (ζ, h(TH)) and by (ζ, 2s2(TH)) are the same. Since
N2(dH | ζ = 1) is the law of (ζ1/α−1Hζs ; s ≥ 0) under the probability measure N2( · | ζ > 1),
the desired result follows by Proposition 5.8.6. ■

The height h(Te) of the Brownian tree Te is equal to the maximum of the Brownian excursion
e. Its cumulative distribution function has been computed by Chung [36] and Kennedy [99]. Also
by computing generating functions, Flajolet, Raoult & Vuillemin [75] and Kemp [98] have already
found a link between the Horton–Strahler number and the log2 of the height for discrete trees. Their
statements do not exactly coincide because of a small miscalculation, but Françon [76] found the
correct result with a purely combinatorial method, which we reformulate as follows.
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For all n, p ∈ N, there are as many binary trees t2 with n leaves such that S(t2) = p,
as there are trees t with n vertices such that ⌊log2(1 + |t|)⌋ = p.

Since uniform trees with n vertices and uniform binary trees with n leaves share the same scaling
limit, namely the Brownian tree, this yields a weak version of Theorem 5.1.7.
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