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Limites d’échelle de marches branchantes critiques a valeurs dans des
arbres, et du nombre de Horton-Strahler d’arbres de Galton-Watson

Résumé

Dans cette these, on étudie des phénomenes discrets de branchement aléatoire et on cherche a les
mettre en relation avec des structures métriques fractales continues. Les arbres de Galton-Watson,
qui décrivent I’histoire généalogique d’une population asexuée dont les individus se reproduisent
sous la méme loi et indépendamment les uns des autres, constituent notre modele principal.

Dans un premier temps, on se consacre a 1’étude d’une marche aléatoire (dite biaisée critique)
sur un arbre infini (appelé I’environnement) et indexée par un arbre de Galton-Watson critique
conditionné a étre grand (appelé la généalogie). On suppose que la loi de reproduction de la
généalogie est dans le domaine d’attraction d’une loi stable d’indice « € (1, 2]. On traite d’une
part du cas ou I’environnement est un arbre régulier enraciné, et d’autre part du cas ou il s’agit
d’un arbre de Galton-Watson sur-critique modifié de facon a étre de profondeur infinie. Sous une
certaine hypothese de moments pour I’environnement, on montre que le nombre de points visités
par la marche croit linéairement, et a vitesse déterministe, en fonction de la taille de la généalogie
lorsque cette derniere tend vers 1’infini. En outre, on prouve que le sous-arbre des points visités
par la marche branchante admet une limite d’échelle. Auparavant introduit dans le contexte de
I’étude des cartes planaires aléatoire, cet espace métrique limite est le cactus brownien (réfléchi)
avec mécanisme de branchement a-stable. La comparaison de cette étude nouvelle avec les travaux
antérieurs sur les marches aléatoires indexées par le temps ou a valeurs dans un réseau euclidien
illustre I’influence des branchements de la généalogie et de 1’environnement.

Dans un second temps, on s’intéresse a la complexité de branchement des arbres de Galton-
Watson en étudiant leurs nombres de Horton-Strahler. Cet outil combinatoire, aussi appelé fonction
de registre, a été originellement introduit en hydrogéologie mais a été redécouvert et appliqué par
de nombreuses autres disciplines scientifiques par la suite. Ici, on donne un équivalent asymptotique
déterministe du nombre de Horton-Strahler d’un arbre de Galton-Watson critique conditionné par
la taille et dont la loi de reproduction est dans le domaine d’attraction d’une loi stable d’indice
a € [1,2]. Cette estimation ne dépend que de « lorsque o # 1, mais les cas & = 1 sont modele-
dépendants et sujets a des comportements plus complexes. On examine ensuite les fluctuations
du nombre de Horton-Strahler chez la famille spécifique des arbres de Galton-Watson stables, qui
contient I’arbre de Galton-Watson critique binaire. On est alors amené a introduire une variante
continue du nombre de Horton-Strahler, et on montre que celle-ci converge apres recentrage vers
une caractéristique métrique de la limite d’échelle des arbres. On étudie les propriétés de cette
quantité nouvelle qui joue le rdle d’un analogue du nombre de Horton-Strahler pour les arbres
continus.

Mots-clés : arbres de Galton-Watson ; limite d’échelle ; marche branchante ; marche aléatoire sur
un arbre ; trace d’une marche aléatoire ; nombre de Horton-Strahler ; fonction de registre ; serpent
brownien ; cactus brownien ; arbres stables ; arbres réels aléatoires.



Scaling limits of tree-valued critical branching random walks, and of
the Horton-Strahler number of Galton-Watson trees

Abstract

In this thesis, we study discrete random branching phenomena and seek to relate them to
continuum fractal metric structures. Galton-Watson trees, which describe the genealogical history
of an asexual population whose individuals reproduce under the same law and independently of
each other, are our main model.

In the first part, we focus on the study of a random walk (said critical biased) on an infinite
tree (called the environment) and indexed by a critical Galton-Watson tree conditioned to be large
(called the genealogy). The offspring distribution of the genealogy is assumed to be in the domain
of attraction of a stable law of index « € (1, 2]. We both consider the case where the environment is
a regular rooted tree and the case where it is a supercritical Galton-Watson tree modified to have an
infinite depth. Under some hypothesis of moments for the environment, we show that the number
of points visited by the random walk grows linearly, and at a deterministic speed, with respect to
the size of the genealogy when the latter tends to infinity. Furthermore, we prove that the subtree
of points visited by the branching random walk admits a scaling limit. Previously introduced in
the context of the study of random planar maps, this limit metric space is the (reflected) Brownian
cactus with a-stable branching mechanism. Comparison of this new study with earlier work about
random walks indexed by a linear time or taking values in a Euclidean lattice illustrates the influence
of the branching nature of the genealogy and the environment.

In the second part, we study the branching complexity of Galton-Watson trees by considering
their Horton-Strahler numbers. This combinatorial tool, also known as the register function, was
originally introduced in hydrogeology but was subsequently rediscovered and applied by many
other scientific disciplines. Here, we give a deterministic asymptotic equivalent of the Horton-
Strahler number of a size-conditioned critical Galton-Watson tree whose offspring distribution is
in the domain of attraction of a stable law of index a € [1,2]. This estimate depends only on «
when « # 1, but the o = 1 cases are model-dependent and subject to more complex behaviors.
We then examine the fluctuations of the Horton-Strahler number for the specific family of stable
Galton-Watson trees, which contains the binary critical Galton-Watson tree. To do so, we introduce
a continuous variant of the Horton-Strahler number that converges after recentering towards a
metric characteristic of the scaling limit of the trees. We study the properties of this new quantity,
which acts as a continuum analog of the Horton-Strahler number.

Keywords: Galton-Watson trees; scaling limit; branching random walk; random walk on a tree;
range of a random walk; Horton-Strahler number; register function; Brownian snake; Brownian
cactus; stable trees; random real trees.
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Chapter 1

Introduction

Dans cette introduction, on présente d’abord les objets mathématiques rencontrés au cours de
cette these. On motive historiquement leurs définitions tout en donnant quelques exemples de
travaux ou ils apparaissent. De plus, on expose les techniques classiques et les résultats connus les
concernant que nous sont utiles par la suite. La section 1.1 présente les arbres de Galton-Watson. La
section 1.2 concerne les marches branchantes indéxées par des arbres de Galton-Watson critiques.
La section 1.3 traite des marches aléatoires biaisées sur des arbres. La section 1.4 porte sur le
nombre de Horton-Strahler. Ces sections ne contiennent pas de nouveaux résultats.

Les contributions de ce travail de these sont énoncées et commentées dans la section 1.5. Cette
derniere est divisée en quatre sous-sections qui présentent respectivement les résultats démontrés
dans les chapitres 2, 3, 4, et 5, eux-mémes basés sur les quatre articles suivants.

e [60]: SCALING LIMITS OF TREE-VALUED BRANCHING RANDOM WALKS, écrit en collabo-
ration avec Thomas Duquesne, Shen Lin & Niccold Torri. Publié dans Electronic Journal of
Probability.

e [59]: SCALING LIMITS OF THE RANGE OF TREE-VALUED BRANCHING RANDOM WALKS
IN RANDOM ENVIRONMENT, écrit en collaboration avec Thomas Duquesne. Travail en
préparation.

e [103] : THE HORTON-STRAHLER NUMBER OF GALTON-WATSON TREES WITH POSSIBLY
INFINITE VARIANCE. Soumis a publication.

e [102] : FLUCTUATIONS OF THE HORTON-STRAHLER NUMBER OF STABLE GALTON-
WATSON TREES. Soumis a publication.

Sauf mention explicite du contraire, toutes les variables aléatoires considérées sont définies sur un
méme espace de probabilité (Q2,.%,P). On note E I’espérance associée a la probabilité P. Toujours
sauf mention explicite du contraire, tous les espaces topologiques rencontrés sont munis de leur
tribu borélienne. Tout au long de ce manuscrit, on utilise les notations suivantes

R, =[0,00), N=1{0,1,2,3,...}, et N*={1,2,3,...}
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1.1 Arbres de Galton-Watson

1.1.1 Mots et arbres

Dans cette section, on introduit le formalisme d’Ulam qui fournit un cadre pratique pour définir
les arbres de Galton-Watson, que I’on voit comme des arbres aléatoires enracinés et ordonnés.
En général, un arbre (discret) est un graphe connexe et acyclique. Cependant, dans ce manuscrit,
on considere exclusivement des arbres planaires (i.e. enracinés et ordonnés), qui peuvent se voir
intuitivement comme des arbres généalogiques. On adopte le formalisme d’Ulam comme présenté
par Neveu [133]. Soit N* = {1,2,3,...} I’ensemble des entiers strictement positifs et soit U
I’ensemble des mots écrits avec 1’alphabet N* :

U= U (N*)" avec la convention (N*)! = {@}. (1.1.1)
neN
L’ensemble U est dénombrable et muni de la topologie discréte. Soit u = (uy,...,u,) € (N*)* C

U, on pose |u| = n la hauteur (aussi appelée la génération) de u. Le mot vide & est le seul élément
de U de hauteur nulle. On note < [’ordre lexicographique, qui est un ordre total sur U. Par exemple,
@< (1) < (1,1) < (1,2) < (2). Pourv = (v1,...,vn) € U, la notation u * v désigne la
concaténation (uq, . ..,Up, V1, ..,Vy) € Udewuetv. En particulier, on écrit u * & = & * u = u.
Si|u| = n > 1alors on note & = (uy, ..., un_1) le parent de u. On dit également que u est
un enfant de v lorsque %W = v. L'ordre généalogique =< est un ordre partiel sur U défini par
u = v <= Jw € U, v = u *w. Dans ce cas, on dit que u est un ancétre de v. On appelle le plus
récent ancétre commun de u et v leur ancétre commun de hauteur maximale noté u A v € U. On
peut munir U d’une structure de graphe dont les arétes sont les paires { %, u} ot u € U\{@}. Sa
distance de graphe s’exprime alors comme suit :

Vu,v € U,  dgr(u,v) = |u| + |v| — 2|u Av]. (1.1.2)

Définition 1.1.1 Un arbre est un sous-ensemble ¢ de U qui satisfait les conditions suivantes :
(a) @ € t, quijoue le role de la racine de ¢,
(b) pour tout u € t, si u # @ alors w € t,

(c) pour tout u € t, il existe un entier ky,(t) € Ntel que u* (i) € t <=1 < i < k,(t), que ’'on
appelle le nombre d’enfants de v dans ¢.

On dote I’espace T de tous les arbres de la topologie de la convergence locale, engendrée par les
ensembles {t € T : A C t} o A varie parmi les parties finies de U. L’espace T est polonais. [

Soit ¢ un arbre. Son nombre de sommets (ou cardinal) est aussi appelé sa taille et est noté #t. On
autorise #t a étre infini. On dit que u € ¢ est une feuille de ¢ lorsque k,(t) = 0. Pour tout u € ¢,
on définit le sous-arbre de t issu de u en posant

Out ={velU : uxv et}

ce qui donne bien un arbre au sens de la définition 1.1.1.

Ce formalisme permet de donner la définition récursive suivante des arbres de Galton-Watson.

Définition 1.1.2 Soit ;1 = ((k))ken une mesure de probabilité sur N. Un arbre de Galton-Watson
de loi de reproduction p est un arbre aléatoire 7 dont la loi est ’'unique mesure de probabilité sur T
qui satisfait les propriétés suivantes.

(a) Laloide kg(7) est p.
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(b) Pour tout k € N* tel que pu(k) > 0, sous la probabilité conditionnelle P( - | kx(7) = k), les
arbres aléatoires 0(1)T, ..., 0,7 sont indépendants et ont la méme loi que 7 sous IP.
O

Intuitivement, un arbre de Galton-Watson décrit la généalogie d’une population dont les individus
se reproduisent indépendamment les uns des autres et selon une distribution commune. Dans la
suite, on suppose toujours que u est non-triviale, ce qui signifie que

u(0) + (1) < 1.

Dans les cas o 14(0) 4+ p(1) = 1, I’arbre de Galton-Watson est dépourvu de branchement : il forme
une ligne de longueur géométrique si (1) < 1 ou infinie si (1) = 1. On rappelle de plus que

P(#1 =00) >0 sietseulementsi m:= Z ku(k) > 1.
keN

On dit que la loi de reproduction p est sur-critique lorsque m > 1, qu’elle est sous-critique lorsque
m < 1, et qu'elle est critique lorsque m = 1. L’existence et 1’unicité de la loi d’un arbre de
Galton-Watson ont été prouvées par Neveu [133]. De plus, Otter [135] a explicité que si 7 est un
arbre de Galton-Watson, alors pour tout arbre fini ¢,

P(r =1t) = [] n(ku(t)). (1.1.3)

uct

Néanmoins, cette formule ne décrit completement la loi de 7 que si p est critique ou sous-critique.
Les arbres de Galton-Watson interviennent de trois manieres distinctes dans ce travail :
— en tant qu’indexation de marches branchantes,
— en tant qu’environnement sur lequel celles-ci évoluent,
— en tant qu’objet principal d’intérét au regard de leur nombre de Horton-Strahler (qui quantifie
leur complexité de branchement).
Avant de présenter ces sujets, on rappelle les méthodes et les objets classiques intervenant dans
I’étude des arbres de Galton-Watson.

1.1.2 Arbres de Galton-Watson conditionnés par la taille

Soit p une mesure de probabilité sur N telle que p(1) < 1 et u(0) > 0, et soit 7 un arbre de
Galton-Watson de loi de reproduction p. La formule (1.1.3) justifie qu’il existe une infinité d’entiers
n € N tels que P(#7 = n) > 0. Pour chacun de ces entiers, on se donne un arbre aléatoire 7,, dont
la loi sous P est celle de 7 sous P(- | #7 =n) :

L sous P(- | #7 =n). (1.1.4)

Pour plusieurs classes combinatoires d’arbres & n sommets, la loi uniforme peut €tre réalisée en tant
que celle de 7, en choisissant une loi de reproduction particuliere. Donnons quelques exemples.
e Si yu est géométrique de parametre 1/2, ¢’est-a-dire u(k) = 271~ pour tout & € N, la loi de
Ty, est uniforme sur I’ensemble des arbres (planaires) de taille n.
e Si 4 est binaire et critique, ¢’est-a-dire 41(0) = p(2) = 1/2, la loi de 7, est uniforme sur
I’ensemble des arbres binaires de taille n, parfois appelés arbres de Catalan.

e Si z1 est la loi Poisson de paramétre 1, ¢’est-a-dire p(k) = e~ /k! pour tout & € N, la loi de
Ty, est uniforme sur I’ensemble des arbres de Cayley (i.e. étiquetés non-ordonnés) de taille n.
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On réfere a Le Gall [78, Section 1.5] pour plus de précisions. Dans cette these, les résultats
impliquant les arbres de Galton-Watson conditionnés par leur taille supposent presque toujours les
conditions suivantes sur la loi de reproduction, conditions qui assurent d’une régularité asymptotique
de ces arbres conditionnés.

(a) pest critique et non-triviale, ce qui veut dire p(1) < let >,y ku(k) = 1.
(b) p est apériodique, autrement dit le sous-groupe additif engendré par le support de p est Z.
(¢) p estdans le domaine d’attraction d’une loi stable d’indice o € [1,2].

Comme déja énoncé, (a) implique qu’un arbre de Galton-Watson 7 de loi de reproduction
p est fini presque sirement. De plus, on peut démontrer que P(#7 = n) décroit de maniere
polynomiale lorsque p est critique, alors que cette probabilité décroit a vitesse exponentielle quand
1 est sous-critique. Comme défendu par Aldous [8], le cas critique parait donc plus naturel pour
étudier 7,,.

Bien que rarement nécessaire, I’hypothese (b) évite des complications techniques car elle
implique que P(#7 = n) > 0 a partir d’un certain rang.

On peut traduire I’hypothése (¢) comme suit. Soit (X,),en une marche aléatoire sur Z, de
valeur initiale Xy = 0 et dont la loi de sauts est donnée par P(X; = k) = p(k + 1) pour tout entier
k > —1. L’hypothése (c) est satisfaite si et seulement si il existe deux suites déterministes (a,,) et
(by,) de nombres réels avec 0 < a,, — oo telles que

exp(A®) sia € (1,2],
exp(Aln) sia=1,

Xn+bn d

Xy, on Elexp(—AX;)] = { (1.1.5)

Gn

pour tout nombre réel A > 0. En particulier, si la variance o de y est finie alors (c) est vérifiée
avec a = 2, b, = 0, et a, = 0/n/2 pour tout n € N*. D’apres [23, Theorem 8.3.1], la condition
(c) est satisfaite si et seulement si il existe une fonction a variations lentes L telle que

u([n,00)) ~n"*L(n) sia € [1,2), e —1+ Z E*p(k) ~ 2L(n) sia =2. (1.1.6)
k=0

Rappelons qu’une fonction mesurable et localement bornée L : (0,00) — (0, 00) est dite a
variations lentes lorsque pour tout A > 0, L(Az) ~ L(x) quand z — oc.

Casou a € (1,2]. Si(1.1.5) alieu alors des résultats standards garantissent que 1’on peut choisir
b, = 0 et que n~1/%q,, coincide avec une fonction 2 variations lentes. Voir, par exemple, [74,
Chapter XVIL.5]. Comme rappelé dans la section suivante, sous les hypothéses (a), (b), et (¢) avec
a € (1,2], les arbres 7,, admettent une limite d’échelle en loi.

Cas ou o = 1. Si (1.1.5) a lieu alors on peut choisir b, = nE[X11;x,5,,}] et na, varie
lentement. On renvoie a [74, Chapter IX.8, Equation (8.15)] par exemple. Les cas 1-stables, moins
réguliers, ont été étudiés par Kortchemski & Richier [108] qui ont montré qu’il est possible de
donner un sens a une limite d’échelle pour les 7,, en utilisant des arbres a boucles. Les arbres
a boucles ne seront pas abordés dans cette thése, mais on réfere a Curien & Kortchemski [42],
Marzouk [131], Blanc-Renaudie [24], et a [101] pour plus d’informations a leur sujet et une étude
de leurs convergences.

On renvoie a Bingham, Goldies & Teugels [23] et Feller [74] pour plus de détails sur les
domaines d’attraction de lois stables.
1.1.3 Limites d’échelles par contour d’arbres de Galton-Watson critiques

Afin d’étudier le comportement asymptotique d’arbres aléatoires, il est souvent commode de
les coder par des fonctions a valeurs réelles et de tirer partie des nombreux résultats d’analyse
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stochastique et des théorémes limites des processus réels. Dans ce qui suit, on rappelle la définition
d’une de ces fonctions codantes et on présente les processus qui apparaissent en tant que ses limites
d’échelle.

Codage d’un arbre discret par sa fonction de contour. Soit ¢ un arbre fini. En tant qu’arbre
planaire, on peut le plonger dans le demi-plan supérieur de fagon a ce que la racine se trouve sur la
frontiere. On imagine alors une particule qui explore I’arbre en partant de la racine, dans le sens
des aiguilles d’une montre, et en revenant sur ses pas le moins possible. Elle traverse chaque aréte
exactement deux fois (une premiére fois en s’éloignant de la racine, une deuxieme fois en s’en
rapprochant), si bien qu’il lui faut 2(#t — 1) étapes pour revenir a la racine aprés avoir terminé son
exploration. On appelle exploration par contour de t, notée c(t) = (c;(t); 0 < i < 2(#t —1)),la
suite des positions de la particule sur I’arbre. Plus formellement, on peut décrire ¢(t) récursivement
de la facon suivante : co(t) = &, c1(t) = (1) si #t > 2, et pour tout 1 <7 <2(#t—1)—1,0ona

(i) si e (t) :cT)etk (0(t) = Oalors ci1(£) = &(2),

)
(ii) sici—1(t) = ()etk (t)()>1alorsci+1() ¢i(t) x (1),
(iii) sici—1(t) = ci(t) * () avec j < ke, () (t) alors ci1(t) = ci(t) * (§ + 1),
) = ) =

(iv) sici—1(t) = ci(t) * (j) avec j = k,(y)(t) alors c;41 (¢ ﬁ
On associe a I’arbre ¢ un processus a valeurs réelles en considérant les hauteurs successives
prises par 1’exploration par contour. En d’autres termes, on pose C;(t) = |¢;(t)| pour tout entier
0 < ¢ < 2(#t — 1), puis on étend C(t) en une fonction (Cs(t))s>0 sur Ry par interpolation
linéaire sur [0, 2(#t — 1)] et en posant Cs(t) = 0 pour s > 2(#t — 1). La fonction continue
C(t) = (Cs(t))s>0 est appelée la fonction de contour de t. Elle caractérise entierement 1’ arbre ¢,
voir Le Gall [78, Section 2], et permet de retrouver aisément sa distance de graphe (1.1.2) :

VO <i<j<2#t—1), dglc(t),c(t)) = Ci(t) + C;(t) — 2inf C(t). (1.1.7)

[4.4]

Limite d’échelle des fonctions de contour d’arbres de Galton-Watson conditionnés.

Cas ou 1 est a variance finie. Aldous [9] montre que la limite d’échelle des fonctions de
contour d’arbres de Galton-Watson conditionnés a étre grands et dont la loi de reproduction a une
variance finie est [’excursion brownienne standard e = (e;)s¢|o,1], dont une définition possible est

Vs€[0,1], es=(D-6)""?Bgrp ol (1.1.8)

ot (B;s)s>0 est un mouvement brownien réel standard issu de 0, et ou G = sup{s < 1 : By = 0} et
D = inf{s > 1: B; = 0}. Plus précisément, on a 1’énoncé suivant.

Théoréme 1.1.3 (Aldous [9]) Soit 11 une mesure de probabilité sur N de variance o2, et soit T un
arbre de Galton-Watson de loi de reproduction p. On suppose que | est critique et apériodique, et
que o2 € (0,00). Alors, la convergence en loi suivante

o -~ d
(mCQns(T))SG[OJ] sousP(-|#17=n) — e

a lieu sur I’espace C([0,1],R) des fonctions continues muni de la topologie de la convergence
uniforme.
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Cas ou p est dans le domaine d’attraction d’une loi stable. Duquesne [50] a généralisé le
théoréeme 1.1.3 sous I’hypothese que w est dans le domaine d’attraction d’une loi stable d’indice
a € (1,2]. Le processus limite est alors I’excursion normalisée du processus de hauteur a-stable
que I’on présente ci-apres.

Soit X = (X;)s>0 le processus canonique sur I’espace D(R, R) des fonctions cadlag muni
de la topologie de Skorokhod usuelle. On suppose que sous [P, X est un processus de Lévy stable
spectralement positif d’indice « € (1, 2], et normalisé de sorte que

VA, s >0, E[exp(—AX;)] = exp(sA?).

1
V2 .
pas de composante brownienne et est caractérisé par sa mesure de Lévy :

Lorsque o = 2, le processus —=X est un mouvement brownien standard. Si o € (1,2), alors X n’a

ala—1)

1 =100

r T g o) (1)

ou I' est la fonction gamma usuelle. De plus, X jouit d’une propriété de mise a I’échelle : pour
tout A > 0, le processus (A\~1/*X,, ; s > 0) a la méme loi que X. Plus d’informations sur
les processus de Lévy stables sont présentées par Bertoin [19, Chapter VIII]. Pour tout s > 0,
on pose I; = inf[g 4 X pour définir le processus infimum de X. L’absence de sauts négatifs
de X implique la continuité de I. Par des arguments standards de théorie des fluctuations (voir
Bertoin [19, Chapter VI]), X — I est un processus de Markov fort pour lequel le point O est régulier
et instantané. D’apres [19, Theorem VII.1], on peut et on va choisir —I en tant que temps local
de X —Ien0. On note (g;,d;),j € J, les intervalles d’excursions de X — I au dessus 0, et on
pose wl = Xmin(g;+s,d;) — Xg; pour tous j € J et s > 0. Comme inf X = —oco presque slrement
d’apres [19, Chapter VIII], la mesure ponctuelle aléatoire

N =2 81, w)
jed
est une mesure de Poisson sur R x D(R,,R) d’intensité ds N, (dw), ou N, est une mesure
sigma-finie sur D(R ¢, R) appelée la mesure d’excursion.

Le Gall & Le Jan [81] (voir aussi Duquesne & Le Gall [61]) ont construit un processus continu
et positif H = (H;)s>0 tel que pour tout s € R, la convergence suivante a lieu en [P-probabilité et
en N, -mesure :

1 S
Hs = lim — | 1ix,<rryepdr, ol If = inf X pour tout r € [0, s]. (1.1.9)
e—=0t € Jo [r,]

Le processus H est appelé le processus de hauteur stable d’indice . La valeur Hg est une
fonctionnelle mesurable de X apparentée au temps local au temps s au supremum du processus
dual (X5 — Xs—r),¢[0,s]- LOrsque o = 2, on a de maniere explicite H = X — I'sous P, et H = X
sous Ng. Cependant, X et H sont distincts quand « € (1, 2), le premier étant un processus a sauts
alors que le deuxieme est continu. De plus, comme cas particulier de Duquesne & Le Gall [61,
Theorem 1.4.4], on a le résultat de régularité suivant.

Proposition 1.1.4 Pour tout v € (0,1 — 1/«), H est localement ~y-holderien P-presque siirement.
Pour tout v € (0,1 — 1/«), H est y-hilderien N -presque partout.

11 est possible de prouver a partir de (1.1.9), voir Duquesne & Le Gall [61, Chapter 1], que sous
P, les ensembles des zéros de X — I et de H sont €gaux presque siirement. Sous N, on définit
alors la durée de vie commune de X et de H comme

(=sup{se Ry : Xy >0} =sup{s € Ry : H; > 0}.
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Un argument élémentaire de la théorie des fluctuations, voir par exemple [19, Chapter VIIL.4],
permet d’obtenir que N, ((=0) = 0 et que

V>0, No((>/0) = m_ll/a)e—l/a. (1.1.10)
On observe grace a (1.1.9) et a la propriété de mise a I’échelle de X que pour tout A > 0, les
processus (Al/a_lHAS ; s > 0) et H ont la méme loi sous P. Il s’ensuit que la loi du processus
¢V~ H¢, ; s > 0) sous la mesure de probabilité N, (-| ¢ > £) ne dépend pas de £ > 0. Celle-ci
est appelée la loi de [’excursion normalisée du processus de hauteur a-stable et on la note par
N, (dH| ¢ = 1) ici. Dans le cas a = 2, No(dH | ¢ = 1) est la loi de v/2e, ol e désigne I’excursion
brownienne standard. Enfin, (1.1.10) permet de prouver que pour toute fonction mesurable et
positive F' : C(R4,R) — R, on a la formule de désintégration

1 d/s

_ 1-1/a . _
Na[F(H)]_ar(l_l/a)/R+Na[F(€ HS/E,SZO)‘C_l}ing/a. (1.1.11)

On peut finalement énoncer le théoréme de Duquesne [50] mentionné plus haut.

Théoreme 1.1.5 (Duquesne [50]) Soit . une mesure de probabilité sur N, et soit T un arbre de
Galton-Watson de loi de reproduction pi. On suppose que [ est critique et non-triviale, apériodique,
et dans le domaine d’attraction d’une loi stable d’indice o € (1,2]. Alors, il existe une suite
déterministe de réels strictement positifs a,, — 0o, donnée par (1.1.5), telle que la convergence en
loi suivante

(a—nC’QnS(T)) oq SO P(-|#7=n) 5 H sous N.(dH|¢=1)
n s R

a lieu sur I’espace C([0,1],R) des fonctions continues muni de la topologie de la convergence
uniforme.

Mentionnons que le théoreme 1.1.5 reste valide sans 1’hypothese d’apériodicité si on restreint la
convergence a la suite des entiers n tels que P(#7 =n) > 0.

1.1.4 Arbres réels compacts enracinés mesurés

On peut exprimer les théoremes limites sur les fonctions de contour énoncés ci-dessus de maniere
intrinséque en termes de convergences d’espaces métriques compacts.

Distance de Gromov-Hausdorff-Prokhorov. On dit que (E,d, a, i) est un espace métrique
compact enraciné mesuré lorsque (E, d) est un espace métrique compact, muni d’un point distingué
a € I/ que I’on nomme sa racine, et d’une mesure borélienne finie x4 sur £. De méme, on dit que
(E,d,a) est un espace métrique compact enraciné. Deux espaces métriques compacts enracinés
mesurés (E1,dy, a1, p1) et (B2, da, as, pa) sont équivalents lorsque il existe une isométrie bijective
¢ de Ey vers Es telle que ¢(a1) = ag et telle que la mesure image de pu1 par ¢ est égale a p9. On
note K I’ensemble des classes d’équivalence d’espaces métriques compacts enracinés mesurés.
Tant que cela reste clair selon le contexte, on désignera indifféremment un espace métrique compact
enraciné mesuré (E, d, a, 1) et sa classe d’équivalence dans K par son ensemble sous-jacent F.

Soit (F1,d1, a1, 1) et (Ea,ds, as, u2) deux espaces métriques compacts enracinés mesurés,
la distance de Gromov-Hausdorff-Prokhorov entre eux deux est

dGHP(El) EQ) = inf maX(d(¢1 (al)’ ¢2(a2))7 dgaus(qbl (El)a ¢2(E2))’ dgrok(ﬂlogz)flv H20¢51))

1,92
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ou I'infimum est pris sur tous les plongements isométriques ¢1 : £y — FE et ¢o : E5 — FE dans un
méme espace métrique polonais (E, d), ou d&, _ estla distance de Hausdorff sur les sous-ensembles
compacts de F, et ol dgrok est la distance de Prokhorov sur les mesures boréliennes finies de
E. 1l est clair que dgpp(E1, E2) ne dépend que des classes d’équivalences de F et E dans K.
Abraham, Delmas & Hoscheit [4, Theorem 2.5] ont démontré que dgpp induit une distance sur K
que I’on note de la méme facon et que 1’espace métrique (K, dgpp) est séparable et complet.

Il peut étre commode d’utiliser une autre expression de la distance de Gromov-Hausdorff-
Prokhorov ne faisant pas appel a de tierces espaces métriques. Une correspondance entre E; et F
est un sous-ensemble R de F; x Ejs tel que (a1, az2) € R et qui vérifie que pour tous z; € E; et
Yo € Eo, il existe o € Ey ety; € Ej tels que (x1,x2) et (y1,y2) sont dans R. La distorsion de la
correspondance R est définie par

dis(R) = sup {|d1(z1,y1) — da(@2,y2)| : (z1,22) € Ret (y1,y2) € R}.

Soit v une mesure borélienne finie sur £; x FEs, la divergence (ou discrepancy en anglais) de v par
rapport a p et g est

Dsp(v; pi1,pi2) = sup |v(Br X Ez) — pi(B1)|+ sup |[v(Eq x Ba) — p2(B2)|.
B1CEq BaCEs
borélien borélien

Khezeli [105, Theorem 3.5] montre qu’on peut exprimer dggp comme suit :

daup(E1, B2) = %ﬁ max (% dis(R), Dsp(v ; p1,p2) + v((Er X Eg)\R)), (1.1.12)

WV

ou I’infimum est pris sur toutes les correspondances compactes R entre F; et Fs, et toutes les
mesures boréliennes finies v sur F/; X FEs.

Codages d’arbres réels par des excursions. Les espaces métriques apparaissant en tant que
limites d’échelle d’arbres (discrets) sont également acycliques et connexes, c’est-a-dire sont des
arbres réels, définis comme suit.

Définition 1.1.6 Un espace métrique (T, d) est un arbre réel lorsque pour tous x,y € T':

(a) il existe une unique isométrie g, ,, : [0, d(x,y)] — T telle que g, ,(0) = x et g, 4(d(z,y)) =
Y, que ’on appelle la géodésique de x a vy,
(b) toutes les fonctions continues injectives ¢ : [0,1] — T avec ¢(0) = x et (1) = y
partagent la méme image que I’on note [z, y] = ¢([0,1]) = g.,,([0, d(z, y)]).
g

Alternativement, un espace métrique connexe (7', d) est un arbre réel si et seulement si
d(z1,x2) + d(xs, x4) < max (d(z1,x3) + d(x2, x4) , d(x1,24) + d(22, 73)) (1.1.13)

pour tous 1,2, x3,x4 € T. L’inégalité (1.1.13) est appelée I’inégalité des quatre points. Voir
Buneman [30], et on renvoie a Evans [70] pour de plus amples informations. Un espace métrique
compact enraciné mesuré (T, d, p, i) est un arbre réel compact enraciné mesuré lorsque (T, d) est
un arbre réel. On note Tg le sous-espace de K formé des classes d’équivalence des arbres réels
compacts enracinés mesurés. L’'inégalité (1.1.13) permet de montrer que T est un sous-espace
fermé de (K, dgpup), donc (Tg,dgup) est aussi séparable et complet. Voir Evans, Pitman &
Winter [71, Theorem 1].
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De la méme maniere que la fonction de contour caractérise un arbre (discret), une fonction
continue code naturellement un arbre réel. Soit / € R et soit f : R, — R une fonction continue.
Pour tous s2 > s1 > 0, on pose par analogie avec (1.1.7)

df(sl, 52) = df(SQ,Sl) = f(sl) + f(SQ) — 2 inf f. (1.1.14)

[51,52]

Duquesne & Le Gall [57, Theorem 2.1] montrent que dy induit un arbre réel. Plus précisément,
Evans & Winter [72, Lemma 3.1] prouvent que d est une pseudo-distance continue sur R qui
satisfait I’inégalit€ des quatre points (1.1.13). Ainsi, €crire s1 ~ s lorsque d f(sl, s9) = 0 définit
une relation d’équivalence ~ sur R.;. Sur ’espace quotient T = [0, ¢]/ ~, d; induit une vraie
distance que 1’on note dfc. Alors, (’7}5, dﬁc) est un arbre réel compact. On note pfc la projection
canonique de [0, ¢] sur 7;5, puis on pose pff = pfe(O), et on définit ,uff comme la mesure image par
p? de la mesure de Lebesgue sur [0, ¢]. On appelle

4
(77, df . pf . 1) (1.1.15)

I"arbre réel (compact enraciné mesuré) codé par (f,¢). Lapplication (f,¢) — sz € Tg est
continue pour la topologie de la convergence uniforme sur les compacts d’une part, et pour la
distance de Gromov-Hausdorff-Prokhorov d’autre part, car (1.1.12) permet de vérifier que

donp (T;L, T2) < | — Lo +2 sup  [fi(s) — fals)]. (1.1.16)

0<s<l1 VLo

1.1.5 Arbres stables continus, et arbres de Galton-Watson stables

Tout arbre fini £ muni de la distance de graphe dg, donnée par (1.1.2), de sa racine &, et de sa
mesure de comptage ), 0, devient un espace métrique compact enraciné mesuré, mais qui n’est
pas un arbre réel. En effet, un tel espace ne peut étre connexe que s’il est réduit a un unique point.
Néanmoins, remplacer chaque aréte de ¢ par un segment réel de longueur A > 0 définit un vrai
arbre réel compact. D’apres (1.1.7) et (1.1.14), celui-ci est exactement I’arbre réel codé par une
version mise a I’échelle (en temps et en espace) de la fonction de contour C(t). Par continuité de
I’application de codage d’un arbre réel par une fonction continue, on obtient que sous les hypotheses
du théoreme 1.1.5 de Duquesne [50], si 7 est un arbre de Galton-Watson de loi de reproduction p
alors la convergence en loi

( T, —dgr, &, 25) sous P(- | #7 =n) i>7}{1 sous N, (dH|(=1) (1.1.17)

uET

a lieu sur ’espace K muni de la distance de Gromov-Hausdorff-Prokhorov, ot o € (1,2] et
ou N, (dH|¢ = 1) est la loi de I’excursion normalisée du processus de hauteur a-stable. La
convergence (1.1.17) reste valide pour la sous-suite des entiers tels que P(#7 = n) > 0, méme
quand p n’est pas apériodique.

Arbres stables. L espace aléatoire limite dans (1.1.17) est appelé [’arbre a-stable : autrement dit,
un arbre a-stable est une variable aléatoire sur Tg qui a la méme loi que T sous N (dH | ¢ = 1).
A un facteur % sur les distances pres, ’arbre 2-stable est 1’arbre réel 7L codé par le double de
I’excursion brownienne standard e, qui est [’arbre brownien introduit par Aldous [7, 8, 9] sous le
nom de Continuum Random Tree (voir aussi Le Gall [80]).

Les arbres stables entretiennent des liens étroits avec les processus de coalescence et de

fragmentation (voir Bertoin [20] pour une introduction générale). En effet, les arbres stables sont
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des membres de la classe des arbres de fragmentation : des arbres réels aléatoires qui décrivent la
généalogie sous-jacente d’un processus de fragmentation autosimilaire (voir Haas & Miermont [89])
et qui apparaissent notamment en tant que limites d’échelle des arbres de Markov (voir Haas &
Miermont [90]). Plus précisément, Haas, Pitman & Winkel [150] montrent que les arbres stables
sont exactement les arbres de fragmentation invariants par réenracinement uniforme. On renvoie a
Goldschmidt & Haas [84] pour une étude fine des processus de fragmentation stables s’appuyant
sur les arbres stables. On mentionne également les liens des arbres stables avec les graphes stables
inhomogenes, mis en évidence par Conchon-Kerjan & Goldschmidt [37] et Goldschmidt, Haas &
Sénizergues [85] par exemple.

Si o est un point d’un arbre a-stable .7;,;, alors le nombre de composantes connexes de 7, \{o}
appartienta {1,2,3} sia = 2,oua {1,2,00} si @ € (1, 2) (voir Duquesne & Le Gall [57, Theorem
4.6]). Enfin, les arbres stables présentent des propriétés fractales : leur dimension de Hausdorff
est €gale a =5 par exemple, comme prouvé indépendamment par Duquesne & Le Gall [57] et par
Haas & Miermont [88]. De plus, un arbre stable est un arbre continuum au sens de Aldous [9] car
sa mesure, dite de masse, est diffuse et supportée par I’ensemble de ses feuilles (i.e. les points dont
le retrait ne déconnecte pas I’arbre). Duquesne & Le Gall [57, Section 4] justifient que la mesure de
masse ne dépend que de la métrique. Elle peut méme &tre décrite géométriquement, soit en tant que
mesure de Hausdorff dans le cas o = 2, soit en tant que mesure de packing dans les cas « € (1, 2).
Voir respectivement Duquesne & Le Gall [58] et Duquesne [54]. Enfin, les lois de la hauteur et du
diametre d’un arbre stable sont calculées par Duquesne & Minmin [62].

Arbres de Galton-Watson stables. Soit (7, dyr, por, finr) Un arbre a-stable, on tire de fagon
indépendante et selon la mesure de probabilité uy,, une suite de points (o'j) j>1 de Z;. Pour tout
n € N*, Iarbre réel compact U, < j<,, [Pnr; 0] @ un nombre fini de feuilles. En se concentrant sur
sa forme combinatoire et en oubliant les longueurs de ses branches, on peut donc le voir comme
un arbre planaire t,, au sens de la définition 1.1.1. Alors, t,, est distribué comme un arbre de
Galton-Watson conditionné a avoir n feuilles et dont la loi de reproduction i, est caractérisée par
la fonction génératrice

Vs €[0,1], @als):= Z P g (k) = s+ L1—s)~ (1.1.18)
keN

On renvoie a Duquesne & Le Gall [61, Theorem 3.3.3] pour une preuve de cet énoncé et une
construction précise de t,,. En outre, la suite (t,),>1 admet une description combinatoire directe
sans passer par I’arbre a-stable. C’est une chaine de Markov sur I’espace des arbres discrets dont
les probabilités de transitions sont données par I’algorithme de Rémy [139] dans le cas o = 2
ou de Marchal [128] dans les cas « € (1,2). Sans rentrer dans les détails, on obtient t,,1 en
attachant une nouvelle aréte soit au milieu d’une aréte de t,, soit directement sur un sommet de t,,,
le choix se faisant selon des poids qui ne dépendent que de o et des degrés des sommets de t,,. Ces
algorithmes sont un outil efficace dans I’étude des arbres stables car Curien & Haas [41] prouvent
que, apres renormalisation, (t,),>1 converge presque sirement vers .7, pour la distance de
Gromov-Hausdorff-Prokhorov. Par exemple, Curien & Haas [41] montrent que si 1 < a1 < aig < 2
alors un multiple d’un arbre a-stable se plonge isométriquement dans un arbre o -stable.

Définition 1.1.7 Soit o € (1,2], un arbre de Galton-Watson a-stable est un arbre de Galton-
Watson de loi de reproduction p,, donnée par (1.1.18). En particulier, si « = 2 alors 3 est la loi de
reproduction binaire critique, ¢’est-a-dire 112(0) = p2(2) = 3. O

On observe (1, (1) = 0 et que p, est critique, c’est-a-dire Y,y kit (k) = 1. L’arbre de
Galton-Watson a-stable joue le réle d’objet de référence parmi tous les arbres de Galton-Watson
critiques dont la loi de reproduction est dans le domaine d’attraction d’une loi a-stable, en tant que
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marginales fini-dimensionnelles de leur limite d’échelle universelle. Les arbres de Galton-Watson
stables héritent ainsi de plusieurs propriétés de stabilité ou d’invariance, mentionnons par exemple
les travaux de Duquesne & Winkel [63] et de Kovchegov, Xu & Zaliapin [109]. On peut en outre
citer de nombreuses autres apparitions de ces arbres : Zolotarev [152], Neveu [134], Le Jan [120],
ou Abraham & Delmas [1]. On se restreint nous-méme au cas des arbres de Galton-Watson stables
pour étudier les fluctuations du nombre de Horton-Strahler dans le chapitre 5 de cette these.

1.2 Marches branchantes critiques

1.2.1 Modéele et motivations

Une marche branchante est un modele simple d’une population qui explore un environnement tout
en se reproduisant. Soit un arbre £ vu comme I’arbre généalogique d’une population dont I’ancétre
est représenté par la racine &, et dont chaque individu » € ¢ choisit sa position Y,, dans un espace
polonais E uniquement a partir de celle de son parent . Plus précisément, la loi de la marche
branchante (Y,,),e; de position initiale z € E et de noyau de transition p(z, dy) est donnée par

E[F(Yu;uet)]:/EtF(yu;ueth(dy@) II »ys dy) (1.2.1)
vet\{@}

pour toute fonction F' : E* — R mesurable et bornée.

Depuis les années 1970, les marches branchantes ont fait I’objet de nombreux travaux, en lien
notamment avec les superprocessus, les solutions d’ondes progressives pour des équations semi-
linéaires aux dérivées partielles (FKPP), et divers modeles de mécanique statistique (champ libre
Gaussien, cascades de Mandelbrot, processus de contact, modele du votant...). Sans pouvoir donner
une liste exhaustive de ces liens, on renvoie au livre de Shi [140] pour une vue d’ensemble. Pour
citer toutefois quelques travaux ol la généalogie est infinie, on mentionne 1’étude des particules
extrémes de marches branchantes a valeurs réelles de Biggins [21] et Bramson [27, 26], mais
également les résultats de Gouézel, Hueter, Lalley, Sellke [86, 94, 114, 115] sur les marches
branchantes a valeurs dans des espaces hyperboliques, ainsi que de Benjamini & Miiller [16] et de
Liggett [122] pour une étude des marches branchantes sur des arbres.

Ici, on étudie des marches branchantes dans un régime critique ou I’arbre indexant la marche
(Y )uer, est un arbre de Galton-Watson critique conditionné a avoir n sommets, avec n grand.
Notre objet d’intérét principal est I’ensemble R,, = {Y,, : u € 7,,} des sites visités, aussi appelé
la trace (ou range en anglais) de la marche branchante. Plus précisément, on cherche a répondre
aux questions suivantes.

(A) Combien de sites différents la marche branchante visite-elle ? Autrement dit, #R,, converge-
t-il vers une limite non-triviale aprés mise a 1’échelle ?

(B) A quoi ressemble la trace en tant qu’espace métrique compact ? Admet-elle une limite
d’échelle non dégénérée ?

Dans cette these, on se concentre sur I’étude nouvelle d’une marche branchante critique sur un
arbre sur-critique infini. En revanche, dans le cas o1 I’espace est ZF et les transitions sont celles
de la marche simple aux plus proches voisins, la question (A) a été traitée par Le Gall & Lin [83,
82]. Dans ce méme cadre, une réponse a la question (B) en termes de fonctions de contour est
apportée par Janson & Marckert [97] et par Marzouk [130]. Les objets limites apparaissant dans
leurs travaux interviennent également dans nos résultats : on les présente dans la section suivante.

Cependant, on peut des déja donner les réponses aux questions (A) et (B) posées pour la marche
aléatoire (X, )nen (non-branchante) simple aux plus proches voisins sur Z*. D’apres le théoréme
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de Donsker, la limite d’échelle de sa trace {X; : 0 < j < n} jusqu’au temps n est ’image
d’un mouvement brownien k-dimensionnel jusqu’au temps 1. En dimension k£ = 1, le nombre
de points de la trace correspond au diametre de celle-ci, ce qui permet directement de répondre a
la question (A). De plus, le cas des dimensions k& > 2 est traité par Dvoretzky & Erdos [65]. On
résume les réponses apportées a la question (A) dans le théoreme ci-dessous.

Théoreme 1.2.1 (Dvoretzky & Erdos [65]) Soit (X,,)nen une marche aléatoire (non-branchante)
simple aux plus proches voisins sur ZF. On pose R,, = #{X; : 0<j < n}pourtoutn € N. On
a les convergences suivantes.
(i) Sik >3, alors ona 1R,, — ¢y, presque siirement, ot ¢, € (0,1) est la probabilité que la
marche aléatoire (X,,) ne revienne jamais a son point de départ.

Inn

(i) Sik =2, alors ona =

R,, — m presque siirement.

R L 1 d . . PN
(#91) Si k =1, alors la convergence %Rn — supjg,y) B — infy 1) B a lieu en loi, ou B est un
mouvement brownien réel standard.

La méthode de Dvoretzky & Erdds [65] pour prouver (i) et (i7) s’appuie sur des estimées de
moments d’ordre 1 et 2 et se généralise a des marches aléatoires dont les lois de saut sont centrées et
de variance finie. Le point () du théoréme peut aussi étre obtenu comme conséquence du théoreme
ergodique sous-additif (voir par exemple Spitzer [144]). Cette approche permet en fait de montrer
que pour tout k € N* et toute marche aléatoire (X,,),en sur Z¥, on a que %#{Xj :0<j<n}
converge presque siirement vers la probabilité de non-retour de la marche a I’ origine, cette derniere
étant nulle si et seulement si la marche est récurrente.

1.2.2 Le serpent brownien et la Integrated Super-Brownian Excursion

Le théoreme de Donsker et le théoréeme 1.1.5 de Duquesne donnent I’intuition que la limite d’échelle
d’une marche branchante critique simple sur Z* devrait étre un mouvement brownien indexé par un
arbre stable. Cette intuition, bien que correcte, requiert une construction formelle.

On note C’g I’espace des fonctions continues de R, vers R*, muni de la distance suivante

Vf,g€C, d(f,g)= > 2 "min (L, sup |[f(r)—g(r)]), (1.2.2)
neEN* re[0,n]
oll || - || désigne la norme euclidienne sur R¥, qui induit la topologie de la convergence uniforme

sur les compacts. L espace métrique (CF, d'9¢) est séparable et complet. De plus, on désigne par
C([0,1],R) I'espace des fonctions i = (hs)e[o,1] continues  valeurs dans R, et par C([0, 1], Cf)
I’espace des fonctions w = (ws)se[o,1) continues a valeurs dans CE. On dote alors I’espace produit
C([0,1],R) x C([0, 1], Ck) d’une structure d’espace métrique séparable et complet en le munissant
de la distance suivante : pour tous (h,w), (h/,w’) € C([0,1],R) x C([0,1], CE), on pose

ds((h, w), (W, w")) = sup |hs —hL| + sup d(wg,wl). (1.2.3)
s€[0,1] s€[0,1]

Introduits par Le Gall [77], les serpents sont des processus a valeurs dans 1’ensemble des trajectoires
continues arrétées qui offrent une paramétrisation commode de processus indexés par un arbre réel.

Définition 1.2.2 Un serpent a valeurs dans R” est un élément (h, w) de C(]0, 1], R) x C([0, 1], CE)
qui satisfait les conditions suivantes.

(a) Pourtouts € [0,1],onahs > 0et hy = 0.
(b) Pour tout s € [0,1] et tout 7 € [hs, 00), on a ws(r) = ws(hs) =: Ws.
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(c) Pourtous 0 < 51 < s < lettout 0 <7 <infly 4,1 h, onaws, (r) = ws,(r).

Le couple de fonctions (h, @) est appelée [’extrémité du serpent (h, w). L’ensemble ©* des serpents
a valeurs dans R” est un sous-espace fermé de C([0, 1],R) x C([0, 1], C§) pour la distance dy. [J

Par un léger abus de langage, la fonction w & valeurs dans C§ est elle aussi parfois appelée un
serpent. Prenons quelques instants pour expliciter pourquoi un serpent est une paramétrisation d’une
fonction continue définie sur un arbre réel. Soit (h, w) un serpent a valeurs dans R*. On rappelle
que dj, est la pseudo-distance sur [0, 1] codée par h comme dans (1.1.14) et que (7,},d}., pi, 117:)
est I’arbre réel compact enraciné mesuré codé par (h, 1) comme défini par (1.1.15). La propriété
(¢) implique que

Vs, s2 € [0,1],  sidp(s1,s2) =0 alors W, = Ws,. (1.2.4)

Par continuité de la projection canonique p,ll :[0,1] — 7;}, w induit alors une fonction w continue
sur 7,1 en posant w(p},(s)) = @ pour tout s € [0, 1]. Réciproquement, si 4 : [0, 1] — R est une
fonction continue qui vérifie la condition (a), alors toute fonction continue @ : 7;} — R* induit
un serpent (h,w) en posant

Vs € [0,1],¥Vr € Ry, wy(r) = @(gp;,p;(@(”\ h5)>,

oll gy : [0,d} (z,y)] — T;! désigne la géodésique de = a y sur 7, (voir la définition 1.1.6).

Apres ces considérations déterministes, on présente les serpents browniens introduits par Le
Gall [77] (voir aussi Le Gall [79] et Duquesne & Le Gall [61]), qui paramétrisent des processus
analogues au mouvement brownien mais indexés par des arbres réels. Ces objets sont des processus
de Markov inhomogenes sur I’espace C§ dont on construit les noyaux de transition ci-aprés. Pour
tout f € C§ettous 0 < a < b, onnote Ry (f,df’) laloi sur C§ du processus F(-) caractérisé par

e F(r)= f(r) pour tout r € [0, al,

e le processus (F'(a+7))r>0 alaméme loi que (f(a) + By (p—a))r>0, 0t B est un mouvement
brownien k-dimensionnel standard.

On fixe une fonction A : [0,1] — R continue avec 2(0) = 0. Pour tous 0 < s; < s9 < 1, on
écrit mp(s1, s2) = inf[,, ,,) h pour alléger les notations. On dit qu’un processus (Wf)se[m] a
valeurs dans C’g est un serpent brownien k-dimensionnel dirigé par h lorsque Wél (r) = 0 pour
tout r € R4 et lorsque pour tous 0 <s; <...<s,<1,laloi de (W;;)lgkgp est

Rmh(0,51),h(sl)(W07 dwl) Rmh(Sl,SQ),h(SQ)(w17 dwz) e Rmh(sp_l,sp),h(sp)(wp—lv dwp). (1.2.5)

D’apres Duquesne & Le Gall [61, Proposition 4.4.1] (voir aussi Duquesne & Le Gall [57] pour une
autre approche), si h est holdérienne alors il existe un serpent brownien k-dimensionnel dirigé par
h qui est presque sfirement continu par rapport 4 la distance d'%° donnée par (1.2.2). Autrement dit,
il existe alors une variable aléatoire (h, W) sur I’espace ¥¥ des serpents a valeurs dans R” telle
que W (r) = 0 pour tout r € R et dont les marginales de dimensions finies sont caractérisées

par (1.2.5). Avec les notations de la définition 1.2.2, on constate que (I//[\/sh) se[0,1] st un processus

continu gaussien centré i valeurs dans RF tel que I//[\/é‘ = 0 et dont les covariances sont données
wh _ Tk (k _ T7h\ T
Vs1,s2 € [07 1]7 E[(W& - ng) (Ws1 - Wsz) } = dh(slv 52) - Idg,
ou Idy est la matrice identité de taille k. Cette régularité permet de considérer des serpents

browniens dirigés par des fonctions aléatoires. De la section 1.1.3, on rappelle que N, (dH |{ = 1)
est la loi de I’excursion normalisée du processus de hauteur a-stable.
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Définition 1.2.3 Soit o € (1, 2]. Un serpent brownien k-dimensionnel avec mécanisme de branche-
ment a-stable est une variable aléatoire (H, W) sur I’espace des serpents a valeurs dans RF telle
que laloi de H est N, (dH | ¢ = 1) et telle que conditionnellement & H, W est un serpent brownien
k-dimensionnel dirigé par H. En reprenant les mé&mes notations que dans la définition 1.2.2, on
appelle le processus (H, I//I\/) Iextrémité du serpent brownien k-dimensionnel avec mécanisme de
branchement a-stable. g

Par le résultat de Duquesne & Le Gall [61, Proposition 4.4.1] présenté plus haut, la proposition 1.1.4
entraine I’existence d’un tel objet. On renvoie a la section 2.4.5 du chapitre 2 pour plus de détails.

Soit (H, W) serpent brownien k-dimensionnel avec mécanisme de branchement a-stable avec

« = 2. La mesure d’occupation de (W) ¢(o,1] est notée Z : c’est une mesure aléatoire telle que
pour toute fonction mesurable et bornée g : R¥ — R, on a

| o@Ta) = [ g(i.)ds.

[0,1]

Il s’agit d’une mesure presque siirement diffuse dont le support topologique est la trace du serpent
suppZ = {Ws : s € [0,1]}. De plus, suppZ est un compact de R* dont la dimension de
Hausdorff est min(k, 4) d’aprés Dawson & Hochberg [43], ce qui indique le caractere critique de la
dimension 4. La mesure aléatoire Z est la Integrated Super-Brownian Excursion (abrégé en ISE) qui
a été tres étudiée depuis Aldous [10]. En tant qu’exemple de référence parmi les super-processus de
Dawson-Watanabe, elle apparait comme limites de systémes de particules en interaction et d’objets
en mécanique statistique comme le processus de contact, le modele du votant, les lattice trees, ou
les agrégats de percolation. Mentionnons par exemple les travaux de Cox, Durrett & Perkins [38],
Derbez & Slade [46], Hara & Slade [92], Slade [143], Ben Arous, Cabezas & Fribergh [15], et
Cabezas, Fribergh, Holmes & Perkins [33]. La mesure aléatoire ISE 7, de méme que la mesure
d’occupation totale du super-mouvement brownien, admet plusieurs descriptions géométriques a
partir de son support, selon la dimension k et le parametre de stabilité «. Dans le cas brownien
a = 2, Dawson, Iscoe & Perkins [44] montrent que la mesure de Lebesgue sur R* de supp Z est
nulle si et seulement si k > 4, puis que Z correspond a une mesure de Hausdorff explicite de supp Z
en dimension sur-critique k > 5. Le Gall [119] donne un résultat analogue pour la dimension
critique k = 4 (toujours avec o = 2). Duquesne [55] prouve que si o = 2 et k > 5 alors Z coincide
aussi avec une mesure de packing exacte de son support. Bien qu’il n’y ait probablement pas de
mesure de Hausdorff exacte dans les cas v € (1, 2), Duquesne & Duhalde [56] montrent que Z est
une mesure de packing explicite de supp Z quand k > 2«a/(« — 1). Enfin, Croydon [39] prouve
que le serpent brownien avec mécanisme de branchement 2-stable est injectif en tant que fonction
définie sur 1’arbre brownien des que k& > 8.

On est maintenant prét a énoncer les résultats de Janson & Marckert, Marzouk, et Le Gall
& Lin mentionnés plus haut. Soit z une mesure de probabilité sur N de variance o € (0, ool
et soit 7 un arbre de Galton-Watson de loi de reproduction p. Conditionnellement a 7, soit
Y = (Y4 )uer une marche branchante simple aux plus proches voisins sur Z¥, indexée par 7, et
de position initiale Y = (0,...,0). Onnote R = {Y,, : u € 7} la trace de 7. On rappelle que
c(1) = (¢i(1); 0 < i < 2(#7 — 1)) désigne ’exploration par contour de 7, comme définie en
section 1.1.3. On pose WZ(Y) = Y,,(r) pour tout entier 0 < i < 2(#7 — 1), et on étend W(Y)
en une fonction (W,(Y)) s>0 sur Ry par interpolation linéaire sur [0, 2(#7 — 1)] et en posant
W, (Y) =(0,...,0) pour tout s > 2(#7 — 1). On appelle W(Y) la fonction de contour spatial de
la marche branchante Y. Les travaux de Janson & Marckert [97] et de Marzouk [130] impliquent le
résultat suivant.
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Théoreme 1.2.4 (Janson & Marckert [97], Marzouk [130]) On suppose que v est critique et
non-triviale, apériodique, et dans le domaine d’attraction d’une loi stable d’indice o € (1,2].
Alors il existe une suite déterministe de réels strictement positifs a, — oo, donnée par (1.1.5), telle
que la convergence en loi suivante

(%02715(7)’ %WQnS(Y)) sous P(- |7 =n) i> (Hs, Ws)se[o,l] (1.2.6)

s€[0,1]

a lieu sur I’espace C(]0, 1], R x RF ) des fonctions continues muni de la topologie de la convergence
uniforme, ou (H, W) est I’extrémité d’un serpent brownien k-dimensionnel avec mécanisme de
branchement a-stable

Janson & Marckert [97] ont d’abord traité le cas o = 2 sous des hypothéses de moments
exponentiels pour la loi de reproduction i, puis Marzouk [130] a prouvé le cas général o € (1, 2]
sans autre hypothese supplémentaire. Par souci de simplicité, on a ici restreint ’énoncé du
théoreme 1.2.4 au cas particulier de la marche branchante simple aux plus proches voisins, mais les
théoremes de Janson & Marckert [97] et de Marzouk [130] incluent des marches branchantes dont
les déplacement spatiaux sont plus généraux. Plus précisément, la convergence (1.2.6) reste valide
si la loi de saut est centrée, de variance égale a 1, et satisfait une certaine hypothése de moment
(voir Marzouk [130] pour un commentaire sur I’optimalité de ces hypotheses).

Le théoreme 1.1.5 de Duquesne donne exactement la convergence de la premiere marginale dans
(1.2.6). De plus, la convergence des lois fini-dimensionnelles pour la seconde marginale s’obtient
sans réel probleme en appliquant le théoreme de Donsker conditionnellement & la généalogie 7.
Ainsi, la difficulté technique principale de la preuve est de vérifier la tension pour la fonction de
contour spatial. La méthode utilisée est de contrdler des moments de I//I\/(Y) conditionnellement a
T, puis d’obtenir ou d’utiliser des moments pour la fonction de contour de 7 via une estimée de
Gittenberger pour Janson & Marckert [97] et une estimée de type Holder pour Marzouk [130]. Le
théoreme 1.2.4 permet de justifier que la limite d’échelle de la trace de la marche branchante est
la trace {Ws : s € [0,1]} du serpent brownien, ce qui répond a la question (B) posée dans la
section 1.2.1. La réponse a la question (A) est donnée par le résultat suivant de Le Gall & Lin [83,
82].

Théoreme 1.2.5 (Le Gall & Lin [83, 82]) On garde les notations précédentes et on rappelle que
R ={Y, : u € 7} est la trace de la marche branchante Y. On suppose que p est la loi géométrique
de parameétre 1/2, de sorte que j1(5) = 2717 pour tout j € N. On a les convergences suivantes.
(i) Sik > 5, alors on a P(|2#R — cx| > e | #7 = n) — 0 pour tout £ > 0, oit ¢, € (0,1)
est une constante déterministe ne dépendant que de la dimension k.

(i1) Sik =4, alors on a P[22 #R — 872 > ¢ | ##7 = n) — 0 pour tout € > 0.

(iii) Si k < 3, alors la loi de n~*/*#R sous P(-|#7 = n) converge faiblement vers la loi de
2k/4 Leby,(supp Z), oit Leby (supp Z) > 0 est la mesure de Lebesgue sur R¥ du support de
la mesure aléatoire ISE sur R,

Ce résultat est a comparer avec le théoreme 1.2.1 : la dimension critique pour le comportement
de la trace est maintenant £ = 4 au lieu de ¥ = 2 comme pour la marche aléatoire non-branchante.
Cela peut s’expliquer assez facilement de mani¢re heuristique. Pour tout £ € N*, le théoréme
central limite montre que la marche aléatoire simple sur Z” atteint typiquement des sommets jusqu’a
distance /n de I’ origine en moins de n pas. Ainsi, la marche peut raisonnablement atteindre n*/?
sommets distincts en n pas, et si k > 2 alors il y a assez de sommets disponibles pour que la taille
de la trace ne soit limitée que par n. Dans le cas de la marche branchante, le méme argument tient
en remplacant le nombre de pas par la hauteur maximale de 1’indexation, qui est ici de 1’ordre
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v/n d’apres le théoreme 1.1.3 d’ Aldous. Pour savoir si le nombre de sommets disponibles est un
facteur limitant, il suffit de comparer n*/4 et n, et on retrouve alors la dimension critique k = 4.
Le Gall & Lin [83, 82] ont généralisé les différentes convergences du théoréme 1.2.5 pour des lois
de reproduction et de saut plus générales, sous certaines hypotheses de moments et de symétrie.
En particulier, ils prouvent le résultat suivant grace a une application non-triviale du théoréme
ergodique sous-additif.

Théoreme 1.2.6 (Le Gall & Lin [83]) On garde les notations précédentes et on rappelle que
R = {Yy : u € 7} est la trace de la marche branchante Y. On suppose que L est critique et
non-triviale, apériodique, et dans le domaine d’attraction d’une loi stable d’indice o € (1,2].
Alors, il existe une constante déterministe c,, 1, € [0, 1) qui ne dépend que de p et k telle que la
convergence suivante

1
E#R sous P(-|#17 =n) — cup
a lieu en probabilité. En outre, si k > % alors ¢, > 0.

De maniére similaire au théoréme 1.2.1 (i) de Dvoretzky & Erdos [65], la constante ¢, ;, peut
s’interpréter comme la probabilité de non-retour a 1’origine d’une marche branchante modifiée
de maniere a étre invariante pour une certaine transformation. L’ argument heuristique précédent
permet de retrouver la condition suffisante £ > 2a/(av — 1). D’apres le théoreme 1.1.5 de
Duquesne, la hauteur maximale de 1’indexation est d’ordre n/a,, ~ n'=1/a sous les hypotheses
du théoréme 1.2.6. On est donc amener & comparer nk/2=k/20 ot pour savoir si le nombre de
sommets disponibles est un facteur limitant. Le comportement du nombre de sites distincts visités
par une marche branchante sur un arbre sur-critique, comme étudiée dans cette theése, est analogue
au régime sur-critique sur Z*. En effet, le nombre de sommets dans la boule de rayon n centrée en
la racine d’un arbre sur-critique croit géométriquement en n et domine donc toute puissance de n.

1.3 Marche aléatoire biaisée sur un arbre

1.3.1 Modéele, motivations, et quelques résultats connus

Soit un arbre ¢ (au sens de la définition 1.1.1) non réduit a sa racine et soit A > 0. La marche

aléatoire \-biaisée sur t est la chaine de Markov (X, ),en sur ¢ dont les probabilités de transitions

sont données par

— A A
J=— et p(a) = 1

1
b wwwn +lgeg s (130

ko (t)

pour tout x € t\{@}. Par défaut, la position initiale de la marche est la racine de I’arbre, ¢’est-a-dire
Xog=0.

A\ 1
pi (z, #0} W

Ce modele a été introduit formellement par Lyons [123], mais était déja apparu de maniere
indépendante dans 1’étude d’agrégations aléatoires (Krug [113]) et au sein de simulations a la
Monte-Carlo de marches auto-évitantes (Berretti & Sokal [18]). Expliquons brievement pourquoi
ces probabilités de transitions sont particulicrement intéressantes a considérer pour une marche
aléatoire sur un arbre. Tout d’abord, la marche aléatoire \-biaisée est réversible, donc on peut la
décrire par analogie avec un réseau électrique (voir Lyons & Peres [127]). On vérifie alors que les
conductances des arétes prennent I’expression agréable et naturelle c(?, x) = A=12l pour tout
z € t\{@}. Néanmoins, deux autres modeles pourraient sembler plus naturels a priori :

e la marche aléatoire simple sur I’arbre vu comme graphe, dont les transitions sont données par
p(w,T) =1/(ke(t) + 1) et p('r, @) = 1/ (ks (t) + 1),
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o la marche aléatoire simple du point de vue des hauteurs et indifférente aux branches, dont les
transitions sont données par p(z, T) = 1/2 et p(*T, z) = 1/2k+ (¢).

La premiere marche aléatoire sera transiente sur des arbres ol un sommet “moyen” a strictement
plus d’un enfant, comme les arbres de Galton-Watson sur-critiques, ce qui empéche I’émergence
d’un régime “critique” ol la marche serait nullement récurrente. De plus, elle ne tient pas compte de
la structure hiérarchique de 1’arbre. A contrario, la deuxieéme marche aléatoire ne tient pas compte
de la structure de ramification de I’arbre, ce qui se traduit par une dépendance de la conductance
d’une aréte donnée aux degrés de sommets lointains. La marche aléatoire A-biaisée semble fournir
un bon compromis entre ces deux modeles, et il se trouve que son comportement apporte des
informations non-triviales sur I’arbre.

En effet, Lyons [123] montre qu’il existe une quantité br(¢) € [0, oo] appelée le nombre de
branchement telle que la marche aléatoire \-biaisée est récurrente si A > br(t) et est transiente si
A < br(t). Cette propriété caractérise br(t¢), mais ce dernier s’exprime également comme

br(t) =sup {A € Ry : inf YAl > 0}
zell

avec la convention sup () = 0, ot I'infimum est pris sur tous les sous-ensembles II de t\{2} tels
que la composante connexe de la racine & dans ¢\II (en tant que graphe) est finie. De plus, le
nombre de branchement admet aussi la définition métrique suivante. On appelle I’ensemble

Bd(t) = {(zn)nen €t ¢ 20 = T, 2 = m}

le bord a Uinfini de I’arbre ¢ et on le munit d’une distance ultramétrique en posant dpq (@), (yn)) =
lim,, 00 €~ 1# | pour tous (), (y,) € Bd(t). Alors, Inbr(t) est égal i la dimension de
Hausdorff de (Bd(t),dpq). Voir Lyons [123] et Lyons & Peres [127, Chapter 1] pour plus de
détails.

Le nombre de branchement peut étre interprété comme le nombre moyen d’enfants d’un sommet.
Cette intuition est renforcée par Lyons [123, Proposition 6.4] qui affirme que si T est un arbre de
Galton-Watson sur-critique de loi de reproduction v de moyenne m := 3, . kv(k) € (1, 00), alors
br(T) = m presque stirement sur I’événement {#7T = oo} de non-extinction. De plus, toujours
sur I’événement de non-extinction, si A > m alors la marche est récurrente positive, et si A = m
alors la marche est récurrente nulle. Enfin, on sait d’apreés Lyons, Pemantle & Peres [126, 124]
que si A < m alors la marche s’échappe a vitesse positive, ¢’est-a-dire qu’il existe une constante
déterministe v(A) > 0O telle que si #T = oo alors | X,,|/n — v(\) presque stirement.

Dans cette these, on se concentre sur la marche branchante biaisée critique sur un arbre de
Galton-Watson sur-critique. Cette étude nouvelle fait écho a plusieurs travaux antérieurs sur la
marche aléatoire (non-branchante). Duquesne [52] commence par décrire la limite d’échelle de la
trace de marches 1égérement sur-critiques sur un arbre régulier déterministe : ¢’est un arbre réel
codé par un couple de mouvements browniens avec drift, qui se trouvent chacun étre la limite du
processus des hauteurs prises par la marche. Par ailleurs, Duquesne [52] énonce aussi une loi des
grands nombres pour le nombre de sites visités par ces marches. Sur un arbre de Galton-Watson
aléatoire et sous une hypothése de moments exponentiels, Peres & Zeitouni [137] prouvent un
théoréme central limite pour le processus des hauteurs prises par la marche biaisée critique. Celui-ci
est généralisé par Dembo & Sun [45] lorsque I’environnement est un arbre de Galton-Watson
multi-type et sous une hypotheése de moments plus faible. Enfin, Aidékon & de Raphélis [6]
étendent le résultat de Peres & Zeitouni sous une simple hypothése de moment d’ordre 2. De
plus, ils montrent que la limite d’échelle de la trace de la marche est alors I’arbre réel codé par
le processus limite, ce qui rappelle le résultat de Duquesne [52] mentionné plus haut. Enongons
précisément le théoreme de Aidékon & de Raphélis [6].
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Soit v une mesure de probabilité sur N sur-critique et de variance finie, on pose

2 m(m — 1)
m %ku(k) €(l,o0) et n S een k(e — o) € (0,00).
Pour tout arbre ¢, on définit P, comme la loi de la marche aléatoire m-biaisée sur ¢, notée (X, )nen
de maniere canonique. De plus, on étend la suite (| X,,|),cn des hauteurs prises par la marche en
une fonction continue (| Xs|)s>0 sur Ry par interpolation linéaire. On note R,, = { X, : k <n}
I’ensemble des sommets de ¢ visités par la marche jusqu’au temps n. C’est un sous-arbre de ¢,
enraciné en &, et muni de la distance de graphe d, définie par (1.1.2).

Théoreme 1.3.1 (Aidékon & de Raphélis [6]) Soit T un arbre de Galton-Watson de loi de re-
production v. Presque siirement sur [’évenement {#T = oo}, la convergence suivante sous
Pr

1 d
— =X ) -4 (B 132
(T Xl oy = (BeDseto (1.32)
a lieu en loi sur I’espace C([0, 1], R) des fonctions continues muni de la topologie de la convergence
uniforme, ou B est un mouvement brownien standard. Dans ce méme cas, conjointement avec
(1.3.2), la convergence

(Rn, dgr,Q,O) L5 (T, iy, Pl 0) (1.3.3)

1
Vnrn
a lieu en loi sur K muni de la distance de Gromov-Hausdorff-Prokhorov, ou 7|']§| est défini par
(1.1.15).

Dans cette thése, on obtient un résultat similaire pour la marche branchante biaisée critique.
Pour prouver le théoreme 1.3.1, Aidekon & de Raphélis [6] montrent que la collection des temps
locaux d’une excursion de la marche (au dessus de la racine) forme un arbre de Galton-Watson
multi-type. Cette propriété repose sur le fait que pour tout sommet  # & de ’arbre, les excursions
au dessus de z sont linéairement ordonnées et indépendantes, et ne contiennent pas de temps
d’atteinte de la racine. Cela n’est plus vrai pour une marche branchante, en particulier car une
excursion peut s’achever par extinction de la généalogie, sans jamais revenir a son point de départ.
L’approche sur laquelle on s’appuie dans ce travail ressemble plutdt a celle suivie par Peres &
Zeitouni [137] et Dembo & Sun [45], qui utilise une mesure invariante sur un espace d’arbres de
profondeur infinie. Ces outils, que I’on présente ci-apres, nous permettent également d’obtenir une
loi des grands nombres pour la taille de la trace, a la fois similaire au théoréme 1.2.6 de Le Gall &
Lin [83] et au résultat de Duquesne [52] mentionné plus haut.

1.3.2 Arbres de Galton-Watson de profondeur infinie

Soit T un arbre de Galton-Watson de loi de reproduction v sur-critique et telle que m € (1, 00),
oum = ),y kv(k). De maniere informelle, si (X,,)ncn est une marche aléatoire m-biaisée sur
T, alors I’arbre obtenu en recentrant T sur X, sous P(- | #T = oo) converge localement en loi
vers un arbre ayant une lignée ancestrale infinie et invariant pour la marche (en un sens que nous
précisons a la fin de cette section). Afin de tirer partie de cette idée, on présente la notion d’arbres
de profondeur infinie via le formalisme des mots bilatéraux.

Un mot bilatéral est une suite d’entiers strictement positifs, indexée par les entiers relatifs plus
petits qu’un certain n € Z. Ainsi, I’ensemble U des mots bilatéraux est défini par

U = {(u)i<n : n €Z, ux, € N* pourtout k € Z avec k < n}.
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On note que & ¢ U. Pour travailler sur U, on adopte une terminologie et des notations similaires a
celles utilisées sur I’ensemble U des mots finis, défini par (1.1.1), et sur ’ensemble T des arbres.
Soit u = (u;);<n € U, on dit que |u| = n € Z est la hauteur relative de u. On insiste sur le
fait que |u| peut prendre des valeurs négatives. On note & = (u;)i<n—1 le parent de u, de sorte

que |%| = |u| — 1. On peut définir la concaténation du mot bilatéral v € U avec un mot fini
uw = (ul,...,ul,) € Ucomme suit :
— R U; sit<n
uxu' = (a;)i<n+m €U, o0 a; = j i T
- U_, sin+1<i<n+m.

Ainsi, |u * u'| = |u| + |[v/| et uw * @ = u. Soit v € U. Un mot bilatéral w € U est un ancétre
commun a u et v lorsque 1’on peut trouver v/, v’ € U tels que u = w * u' et v = w x v'. On observe
que deux mots bilatéraux u et v n’ont pas toujours d’ancétres communs mais lorsque c’est le cas,
on note u A v leur plus récent ancétre commun qui est leur ancétre commun de hauteur relative
maximale. On note que pour tous w € Uetv',v' € U,ona (w*u') A (wxv') = w = (u/ A).
Enfin, on étend I’ordre lexicographique aux paires de mots bilatéraux admettant un ancétre commun
en posant w x ' < w x v’ <= u' </, pourtous w € Uetu',v' € U.

|

Définition 1.3.2 Un arbre de profondeur infinie est un sous-ensemble T de U qui satisfait les
conditions suivantes :

(a) pourtoutu € T,ona w €T,
(b) pour tous u,v € T, il existe un ancétre commun a u et v (et donc u A v € T)),
(¢) pour tout u € T, il existe un entier k,,(7') € Ntel que u * (i) € T <=1 < i < k,(T).

Un arbre pointé de profondeur infinie (T, ) est un arbre de profondeur infinie 7" muni d’un sommet
r e T.Onnote T I’ensemble des arbres pointés de profondeur infinie. O

Par exemple, si ¢ € T est un arbre et si w = (1),<o désigne le mot bilatéral uniquement écrit
avec des 1 et de hauteur relative nulle, alors @« t = {tw * v : v € t} est un arbre de profondeur
infinie. Un arbre de profondeur infinie 7" admet une structure naturelle de graphe ou les arétes sont
les {%, u} pour u € T', et dont la distance de graphe prend la méme expression que (1.1.2) :

Vu,v € T, dgr(u,v) = |u| + |v] — 2|u Avl. (1.3.4)

Pour tout u € T, ’ensemble 6,7 = {v € U : uxv € T} estun arbre au sens de la définition 1.1.1
que I’on appelle le sous-arbre de T issu de u. Soit (T',r) un arbre pointé de profondeur infinie, on
définit sa p-troncature en posant
[T, 7], = (6r, T, r;),

our, € T etr, € U sont caractérisés par r = r, * r, et |rp| = |r| — p. Par définition, r), € 0, T et
[T, 7], est un élément de T x U. On munit T de la ropologie de la convergence locale en écrivant
(Tn,7n) — (T,7) sur T lorsque |r,| = |r| & partir d’un certain rang et [T}, 7], — [T,7],
sur T x U pour tout p € N. On vérifie alors facilement que T est un espace polonais (voir la
section 2.2 dans le chapitre 2).

On se donne maintenant quelques opérations afin de manipuler les arbres pointés de profondeur
infinie. Pour tout [ € Z, on définit le I-décalage d’un mot bilatéral u = (u;)i<y, et d’un arbre de
profondeur infinie 7" en posant

er(u) = (ui)i<n—t et @i(T) ={pi(v) : veT}.
Notons que |¢;(u)| = |u| — I. On recentre un arbre pointé de profondeur infinie (7', r) par

cent(T,7) = () (T), ¢} (7)),
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de fagcon a ce que son point distingué devienne de hauteur relative nulle. Enfin, on remarque que
I’ordre lexicographique est un ordre total sur 7', et que si {u € T' : r < u} est non vide alors il
admet un élément minimal pour <. On désigne alors cet élément minimal par succy(r) dans ce
cas, et on pose succy(r) = r sinon. On définit I’application successeur par

succ(T,r) = cent (T, succy(r)).

On présente maintenant les arbres de Galton-Watson de profondeur infinie, dont la loi est
motivée par le principe de Many-to-One formulé a la proposition 1.3.4.

Définition 1.3.3 (Arbre de Galton-Watson infini) Soit iz une mesure de probabilité sur N telle
que ©(0) + (1) < 1 et d’espérance m, = > .oy Ap(k) finie. Soit T = (T, 0) une variable
aléatoire sur T' telle que |o| = 0 presque stirement. En notant o = (.J_;);<o, on utilise les notations
o(n) = (J_i)i<—n pour tout n € N, de sorte que 0(0) = o et o(n + 1) est le parent de o(n). On
pose également

sp={o(n) : neN*} et 8Sp={uecT\Sp: w €Sp}.

Alors, T est un arbre pointé de Galton-Watson infini de loi de reproduction i lorsque les conditions
suivantes sont satisfaites.

(a) Les variables aléatoires (J_p, ko(n+1)(T)) pour n € N sont indépendantes et de méme loi,
donnée par P(J_, = j; koni1)(T) = k) = 1i1<j<pyp(k)/my, pour tous j, k € N*.
(b) Conditionnellement a (J_y, Ko(n41)(T))nen, les arbres (6, T ; u € OSp) sont des arbres de

Galton-Watson indépendants de loi de reproduction .
g

La ol on peut voir un arbre de Galton-Watson comme la généalogie issue d’un individu, un
arbre pointé de Galton-Watson infini représente 1’arbre généalogique passé et futur d’un individu
présent : tous les membres de sa famille se reproduisent de maniere indépendante, ses ancétres
selon la loi de reproduction biaisée par la taille ji(k) = kpu(k)/m,, ses descendants (y compris
lui-méme) et ses cousins selon u. Les arbres pointés de Galton-Watson infinis sont li€s aux arbres
de Galton-Watson via la proposition suivante.

Proposition 1.3.4 Soit ;1 une mesure de probabilité sur N d’espérance m;, = ;.o ku(k) finie et
telle que 11(0) + (1) < 1. Soit T un arbre de Galton-Watson et soit T = (T, 0) un arbre pointé
de Galton-Watson infini, tous deux de loi de reproduction . Alors les assertions suivantes sont
vérifiées.

(1) Pour toute fonction mesurable et positive F': N x T x U — Ry, ona

E[ > F(jul,mu)| = > miE[F(n, [T, 0],)].

ueT neN

(i) On supposem, = 1 et que  est apériodique. On note w = (1);<o € U. Si u est uniforme
sur les sommets de T, alors en loi pour la convergence locale sur T., ona

cent(w * 7, x u) sous P(-|#17 =n) T,

(¢4i) Sim, = 1 alors la loi de T est invariante par I’opération succ.
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Le point (7) est appelé le principe de Many-To-One, ou encore la décomposition spinale en un
point. C’est une identité classique et souvent utile pour étudier les arbres de Galton-Watson (voir
Duquesne [51] par exemple). Le point (7i) est une conséquence de () (voir la proposition 2.2.9 du
chapitre 2). Il semble étre bien connu. En effet, les arbres pointés de Galton-Watson infinis sont
une variante des arbres de Galton-Watson biaisés par la taille introduits par Kesten [100] et qui
apparaissent en tant que limites locales (vues de la racine) d’arbres de Galton-Watson critiques
conditionnés a €tre grands. Pour des résultats précis dans cette veine, on renvoie a Lyons, Pemantle
& Peres [125], Aldous & Pitman [11], Duquesne [51], et Abraham & Delmas [2]. On prouve le
point (iii) en tant que proposition 2.2.10 dans le chapitre 2 a partir du point (i¢), mais on peut
trouver dans Le Gall & Lin [82, Proposition 2] une autre preuve de cette invariance.

Remarquons que 1’on a choisi que le point distingué o d’un arbre pointé de Galton-Watson
infini se reproduit selon p alors que son parent se reproduit selon la loi de reproduction biaisée
par la taille i = kp(k)/m,. Il ne s’agit que d’une question de convention, et il aurait été tout a
fait raisonnable que o se reproduise selon i alors que ses enfants se reproduisent selon p. Afin
d’effacer I’importance de ce choix, il est naturel de définir un arbre pointé de profondeur infinie
aléatoire dont le point distingué se reproduit selon la moyenne de p et fi.

Définition 1.3.5 (Arbre de Galton-Watson invariant) Soit v une mesure de probabilité sur N
telle que m = " kv(k) € (1,00). Une variable aléatoire T = (T, 0) sur T® est un arbre pointé
de Galton-Watson invariant de loi de reproduction v lorsque pour toute fonction mesurable bornée
F:T — R,

_pmt ke (T) /
E[F(T)] = E[TF(T )},
ot TV = (T,0') un arbre pointé de Galton-Watson infini de loi de reproduction v comme 2 la
définition 1.3.3. [l

L’ adjectif "invariant" se justifie par le fait suivant. Par analogie avec (1.3.1), on appelle marche
aléatoire \-biaisée sur un arbre pointé de profondeur infinie (T, r) la chaine de Markov (X, )nen

sur 7', de position initiale Xy = r, et dont les probabilités de transitions sont données par
A 1
VeeT, ppa,7)=—F— e ppT,2)=———. 1.35

Soit T = (T,0) un arbre pointé de Galton-Watson invariant de loi de reproduction v et
conditionnellement a T, soit (X,,),en une marche aléatoire m-biaisée sur T (comme définie
ci-dessus avec A = m). Alors, la loi de T est réversible au sens ol on a 1’égalité en loi

(T, X0, X1) £ (13,1 (T), 131 (X1): 9011 (X)) (1.3.6)

En particulier, la loi de cent(T, X,,) ne dépend pas de n. Cette invariance est un ingrédient
important des preuves de Peres & Zeitouni [137] et de Aidékon & de Raphélis [6], et est utilisée de
maniere cruciale dans cette theése au chapitre 3.

1.4 Nombre de Horton-Strahler

1.4.1 Quelques définitions équivalentes

Le nombre de Horton-Strahler d’un arbre (planaire) fini est un entier positif qui quantifie sa
complexité de branchement. On en donne une premicre définition formelle ci-apres.

Définition 1.4.1 Soit un arbre fini ¢ au sens de la définition 1.1.1. Son nombre de Horton-Strahler
S(t) € N est défini comme suit.
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(a) Sit estréduit a sa racine, alors S(t) = 0.

(b) Silaracine de t a k = kg(t) > 1 enfants, alors S(¢) est le maximum des nombres de
Horton-Strahler des sous-arbres 61)?, . .., 1)t issus de ces enfants, plus 1 si ce maximum
n’est pas atteint de maniére unique. Autrement dit, on a la relation de récurrence

S(t)= max S(0

At) + 1 . 1.4.1
1<i<ha(t) ) )+ {2<# argmax <<, () SO0 1) } (141

g

Définition par la hauteur maximale d’un arbre binaire parfait plongé. On peut également
définir le nombre de Horton-Strahler en termes de plongement d’arbres binaires parfaits de la
maniére suivante. Soient deux arbres finis ¢, ¢/, on dit que une application injective ¢ : t — t est un
plongement lorsque ¢(u A v) = ¢(u) A ¢(v) pour tous u, v € t. Pour tout n € N, on note

Wan = |J {1,2}*, ou {1,2}°={@},
0<k<n

I’arbre binaire parfait de hauteur n, défini comme I’ensemble des mots de longueur au plus n écrits
avec ’alphabet {1, 2}. Alors, pour tout arbre fini ¢, on a

S(t) =max{n €N : 3¢ : Wy,, — ¢t plongement}. (1.4.2)

Cette identité semble €tre bien connue mais on en donne une courte preuve dans la section 4.3.1 du
chapitre 4. En substance, on peut trouver ce plongement optimal en suivant les branches de I’arbre
sur lesquelles le nombre de Horton-Strahler diminue au plus d’une unité a chaque aréte traversée.

Définition par le nombre minimal de registres pour évaluation. En informatique théorique,
Ershov [68] a observé que le nombre de registres nécessaires a 1’évaluation d’une expression
arithmétique est égal a 1 plus le nombre de Horton-Strahler de son arbre syntaxique. Ainsi, 1 + S
est souvent appelé la fonction de registre dans ce domaine. Donnons quelques précisions.

Une expression arithmétique est soit de la forme d’une variable z; avec i € N, soit de la forme
opi<;<i € Ou k € N* et op € {3, 11}, et ot les e; sont des expressions arithmétiques sur des
ensembles de variables disjoints. On peut alors représenter une telle expression par un arbre, dit
syntaxique, dont chaque sommet avec & > 1 enfants correspond a une somme ou un produit, et
dont chaque feuille (i.e. sommet sans enfant) correspond a une variable x;. Voir la figure 1.1 pour
un exemple concret.

Pour évaluer une expression arithmétique de la forme x;, il suffit de stocker la valeur de x; dans
un unique registre avant de la renvoyer. Voici la stratégie la plus économe en mémoire pour évaluer
e1 op ez : on commence par évaluer I’expression demandant le plus grand nombre de registres,
disons N (eq) registres pour eg, de conserver le résultat dans un registre maintenant libre, d’utiliser
N (ez) autres registres pour calculer eg, et d’effectuer I’opération e; op ez pour finir. Le nombre
de registres utilisés est alors max(N(e1),1 + N(ez)) et on retrouve la formule (1.4.1). Le cas
Opy << € avec k > 3 se traite de la méme maniére. On renvoie a la figure 1.1 pour un exemple.

Définition par I’élagage de Horton. Une autre définition alternative fait appel aux opérations
de réduction des lignes, notée Prung, et de [’élagage de Horton, notée Prun, dit Horton pruning
en anglais. Soit ¢ un arbre fini, on construit 1’arbre Prung(¢) en enlevant les sommets u € ¢ tels
que ky(t) = 1, puis en fusionnant les arétes adjacentes en une seule, et en effacant I’'unique aréte
issue de la racine si elle existe. Dit de maniére informelle, I’arbre Pruny(¢) garde la méme forme
que ¢t mais n’a pas de sommets ayant un seul enfant. Si Prung(¢) n’est pas réduit a sa racine, on
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T < T2
T9 < I3
11+
T9 < I
T < T2 X7y

Ty < I5

T3 < Tg

T2 <— T2 XT3

4T+ 7o

T9 < T4

rL 711+ T2
return

Figure 1.1: A gauche : [’arbre syntaxique, de nombre de Horton-Strahler égal a 2, représentant
I’expression arithmétique x1 - (xo + x3) + x4 + 5 - 6. A droite : un protocole d’évaluation de
cette expression utilisant 3 registres 11,72, 3.

obtient I’arbre Prun(t) en appliquant la réduction des lignes Prun sur ¢, puis en effagant toutes les
feuilles (et leurs arétes parentales) de Prung(t), puis en appliquant Prung une nouvelle fois. Voir la
figure 1.2 pour un exemple. Alors, le nombre de Horton-Strahler est le nombre minimal d’élagages
de Horton requis pour transformer ¢ en I’arbre { @} réduit a sa racine :

S(t) =min {n € N : Prun,(t) = {@}}, (1.4.3)

ou Prun,, désigne la n-iéme itération de Prun pour tout n € N*. On renvoie a Kovchegov &
Zaliapin [111, Section 2.3] pour une preuve et plus de détails.

Effacement des feuilles
Prung Prung

Figure 1.2: Exemple d’un élagage de Horton. Avant chaque étape, les éléments a effacer ou a
enlever sont indiqués en rouge.

1.4.2 Un bref historique général

Le nombre de Horton-Strahler a été introduit en hydrogéologie, d’abord par Horton [93] en 1945
sous une forme légerement différente et ensuite par Strahler [146] en 1952 avec la définition 1.4.1.
Leur motivation était de formuler des lois quantitatives empiriques pour des réseaux de cours d’eau
en fonction de leur structure de branchement. En effet, on peut modéliser un réseau fluvial par
un arbre dont la racine correspond a I’embouchure et dont les feuilles représentent les sources.
Depuis ces travaux fondateurs, de nombreuses caractéristiques physiques des cours d’eau ont pu
étre décrites a I’aide du nombre de Horton-Strahler : voir Peckham [136], Fac-Beneda [73], Chavan
& Srinivas [34], et Bamufleh et al. [14] entre autres. Aujourd’hui, il est encore fréquemment utilisé
en hydrogéologie pour classifier les fleuves (Moussa & Bocquillon [132]), ou estimer le risque de
crues soudaines (Bamufleh et al. [14]).
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De par son caractere simple et naturel, le nombre de Horton-Strahler apparait indépendamment
(parfois sous d’autres noms) dans des disciplines scientifiques variées souhaitant décrire des
structures ramifiées. En anatomie, on le retrouve dans I’étude des systémes vasculaire et respiratoire.
La biologie I’applique aux arbres (les organismes végétaux, ici). On croise le nombre de Horton-
Strahler en physique pour comprendre I’émergence de motifs arborescents fractals, comme avec
les phénomenes de digitation visqueuse ou de claquage électrique. Quelques travaux de chimie
moléculaire 1’appliquent pour prédire le repliement d’une protéine a partir de son code ADN.
C’est aussi un outil intéressant pour 1’analyse des réseaux sociaux. Enfin, I’informatique théorique
fait grand usage du nombre de Horton-Strahler vu comme fonction de registre pour optimiser
la manipulation de certaines structures de données. On renvoie a Viennot [148] pour une vue
d’ensemble de ces diverses applications, ainsi que pour un algorithme de synthése d’images
d’arbres basé sur le nombre de Horton-Strahler.

Le nombre de Horton-Strahler montre un large éventail d’occurences en mathématiques. Sans
étre exhaustif, on peut le croiser en logique mathématique, en théorie du langage formel, en algebre,
en combinatoire, en topologie, ou en théorie de I’approximation. Le lecteur pourra trouver une
liste plus complete de ces applications dans 1’article de Esparza, Luttenberger & Schlund [69].
La plupart des travaux probabilistes impliquant le nombre de Horton-Strahler se concentre sur sa
distribution pour des classes d’arbres aléatoires, ou sur des propriétés d’invariance et d’attraction
par rapport a 1’élagage de Horton (on présente quelques-uns de ces résultats ci-dessous). Enfin,
I’étude de ce nombre dans cette these a été originellement motivée par son rdle en tant que cofit
d’adaptation d’estimées pour des marches aléatoires (classiques) a des marches branchantes.

1.4.3 Quelques résultats probabilistes sur le nombre de Horton-Strahler

Pour tout n € N*, soit 7, un arbre planaire binaire (aussi appelé un arbre de Catalan) de taille
2n —1 de loi uniforme. On a vu en section 1.1.2 que 7;, a la méme loi qu’un arbre de Galton-Watson
conditionné a avoir 2n — 1 sommets et dont la loi de reproduction est donnée par p12(0) = p2(2) =
1/2. De maniére indépendante, Flajolet, Raoult & Vuillemin [75] et Kemp [98] ont étudié la loi du
nombre de Horton-Strahler S(T,,) de T, et ont établi le développement asymptotique suivant :

E[S(T,)] = log,n + D(log,n) + o(1), (1.4.4)

ot logy * = Inz/ In b désigne le logarithme de = en base b, et ot D est une fonction 1-périodique
continue dont la décomposition en série de Fourier est explicite. Devroye & Kruszewski [47] ont
complété ce résultat en montrant que S(7},) est concentré autour de sa valeur moyenne :

Ym >0, sup IP’(|S(Tn) —E[S(T,)]| > m) < 4i-m, (1.4.5)
n>0

En particulier, on obtient directement que ; Og14 ~S(T,) converge en probabilité vers 1. Drmota &

Prodinger [49] ont étendu (1.4.4) et (1.4.5) aux arbres planaires k-aires uniformes pour k > 3.
Beaucoup plus récemment, Brandenberger, Devroye & Reddad [28] ont généralisé toutes les
convergences de premier ordre précédemment obtenues au cadre des arbres de Galton-Watson
comme suit.

Théoreme 1.4.2 (Brandenberger, Devroye & Reddad [28]) Soit 1 une mesure de probabilité sur
N et soit T un arbre de Galton-Watson de loi de reproduction . Si i est critique et non-triviale,
apériodique, et de variance finie, alors la convergence suivante a lieu en probabilité :

1
logsn

S(1) sousP(-|#7=n) — 1.
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A notre connaissance, aucun résultat de convergence au second ordre pour le nombre de Horton-
Strahler n’est connu. On en discute la difficulté dans la section suivante.

Dans une direction parallele, Burd, Waymire & Winn [31] se sont intéressés aux propriétés
d’invariance et d’attraction des arbres de Galton-Watson critiques sous 1’action de 1’élagage de
Horton, noté Prun et défini en section 1.4.1. IIs montrent notamment que si 7o est un arbre de
Galton-Watson de loi de reproduction po (voir la définition 1.1.7), alors 1’arbre Prun(7y) sous
P(- | # {@}) est encore un arbre de Galton-Watson de loi de reproduction yi2 (binaire planaire).
Ils déduisent alors que la loi de S(72) est géométrique de parametre 1/2. Enfin, Burd, Waymire
& Winn [31] prouvent que si 7 est un arbre de Galton-Watson dont la loi de reproduction p est
supposée critique, non-triviale, et a support borné, alors pour tout arbre ¢, on a

P(Prun,(7) =t | S(1) > n) — P(r2 = 1),

ol on rappelle que 1’on note Prun,, la n-iéme itération de Prun pour tout n € N*,

Kovchegov & Zaliapin [111, 110] ont élargi leur étude a des lois de reproduction de variance
potentiellement infinie. Ils montrent que si la loi de reproduction d’un arbre de Galton-Watson 7 est
critique et dans le domaine d’attraction d’une loi stable d’indice « € (1, 2], alors 7 est invariant par
élagage de Horton si et seulement si sa loi de reproduction est i, comme dans la définition 1.1.7.
En outre, si 7, est un arbre de Galton-Watson «-stable alors la loi de S(7,) est géométrique de
paramétre 1/cv :

VneN, P(S(r.)>n)=(1-1Hn (1.4.6)

«

Soit ¢ une mesure de probabilité sur N et soit 7 un arbre de Galton-Watson de loi de reproduction
. Kovchegov & Zaliapin [111, 110] prouvent que si p est critique, non-triviale, et dans le domaine
d’attraction d’une loi -stable, alors pour tout arbre ¢,

P(Prun,(7) =t | S(7) > n) — P(14 = 1).

On présente un dernier résultat qui semble encore mal compris. Par calculs de fonctions
génératrices, Flajolet, Raoult & Vuillemin [75] et Kemp [98] ont indépendamment révélé un lien
entre le nombre de Horton-Strahler des arbres planaires binaires et le log, de la hauteur des arbres
planaires généraux. Leurs énoncés respectifs ne coincident pas a cause d’une légere erreur de
calcul, mais Francon [76] retrouve le résultat correct ci-dessous grice a une méthode purement
combinatoire.

Pour tous n,p € N, il y a autant d’arbres t de taille n tels que |logy(1 + |u])] < p
pour tout u € t, que d’arbres binaires t de taille 2n — 1 tels que S(t2) < p.

Grace aux observations de la section 1.1.2 et a la formule (1.1.3), on peut reformuler ce résultat en
une égalité en loi comme suit.

Si T est un arbre de Galton-Watson de loi de reproduction géométrique de parametre
1/2, et si 15 est un arbre de Galton-Watson de loi de reproduction 9, alors on a

(Z#T -1, |logy (1 + max ]u|)J) 4 (#12, S(12)). (1.4.7)

1.4.4 Irrégularité des fluctuations du nombre de Horton-Strahler

Comme dans la section précédente, on note 7}, un arbre de Catalan de taille 2n — 1 de loi uniforme.
L’estimée (1.4.5) permet de voir que la suite des variables aléatoires S(7,) — E[S(T},)] est tendue.
Néanmoins, le développement asymptotique (1.4.4) indique que la loi de S(77,) est soumise a des
oscillations déterministes. Pire, ces variations semblent impacter négativement les applications du
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nombre de Horton-Strahler dans le monde réel. En hydrogéologie par exemple, I’extraction d’un
réseau fluvial en un arbre combinatoire nécessite de choisir un seuil a partir duquel on accepte
de considérer un cours d’eau, et il y a été observé plusieurs fois qu’une différence légere sur ce
choix peut engendrer des écarts importants sur le nombre de Horton-Strahler résultant. On renvoie
entre autres a Moussa & Bocquillon [132] ou a Chavan & Srinivas [34]. Comme [’avertit Bamufleh
et al. [14], ces écarts peuvent avoir des conséquences sur les mesures hydrologiques concretes
proposées aux décideurs politiques.

Ces observations tendent a suggérer I’inexistence d’une limite d’échelle pour le nombre de
Horton-Strahler S(7;,) des arbres de Catalan. Donnons en outre un argument mathématique
heuristique allant dans ce sens a 1’aide d’un modele plus simple mais apparenté. On rappelle la
définition 1.1.7 de I’arbre de Galton-Watson 2-stable 75 et que, comme vu a la section 1.1.2, T;, est
distribué comme 79 sous IP( - | #72 = 2n — 1). On construit ensuite un arbre aléatoire 7, en collant
n + 1 arbres de Galton-Watson 2-stables indépendants le long d’une ligne de longueur 7, comme
illustré par la figure 1.3. En adoptant la terminologie de la section 1.3.2, T} est la n-troncature
d’un arbre pointé de Galton-Watson infini de loi de reproduction puy. Soit (G;);cn une suite de
variables aléatoires indépendantes et géométriques de parametre 1/2. Grice a la définition 1.4.1
et a la formule (1.4.6), on observe que S(7,) a la méme loi que S, ot la suite (.5;) est définie
récursivement par

So=Go et Siy1 =max(Git1,5:) + 14G,,,=s;} pourtouti € N.
On peut aisément se convaincre qu’il existe un événement A,, dépendant des (G;);cn tel que

Sn=M,+1,4 ou M, = max G;.

n? 0<i<n

Un

Figure 1.3: L’arbre binaire aléatoire T},

11 est assez difficile de décrire I’éveénement A,, de maniére exacte : par exemple, il est réalisé
lorsque (G;)o<i<n=(1,1,2,3,...,n) mais pas quand (G;)o<i<n=(1,2,1,3,...,n). Toutefois,
se concentrer sur le terme M, suffit déja a révéler un comportement irrégulier. En effet, on sait
qu’il n’existe pas de suites déterministes (a,,) et (b,) telles que (M,, — b,)/a, converge en loi
vers une limite non-dégénérée. C’est une application classique du théoréme des valeurs extrémes
qui est couramment utilisé en statistiques, voir Arnold, Balakrishnan & Nagaraja [12, page 217]
par exemple. On renvoie aussi a Eisenberg [67] pour plus d’informations sur la loi de M,,. Les
statistiques d’ordres de variables géométriques indépendantes font apparaitre d’autres curiosités qui
tendent a complexifier le comportement de .S,,. Par exemple, Bruss & O’Cinneide [29] montrent
que la probabilité que le maximum des (G;)o<i<n soit atteint au moins deux fois (auquel cas
I’événement A,, est clairement réalisé) ne converge pas.

Ces phénomenes semblent provenir de la nature discréte du modele. En effet, si on considere
plut6t une suite (E;);en de variables aléatoires indépendantes et exponentielles de moyenne
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(In2)~!, de sorte que la partie entiere de F; a la méme loi que G, alors on calcule aisément
que

Vz € R, P(Orél%xn E; —logyn < :z) — exp(—277),

et on reconnait que la limite est la fonction de répartition de la loi de Gumbel de position 0 et
d’échelle (In 2) 1. Cette observation suggere de modifier la définition du nombre de Horton-Strahler

pour obtenir une quantité continue dont la loi serait exponentielle pour un arbre de Galton-Watson
2-stable.

1.5 Contributions de cette these

1.5.1 Marches branchantes critiques et récurrentes nulles sur un arbre régulier

Cette section présente les résultats de ’article [60], écrit en collaboration avec Thomas
Dugquesne, Shen Lin & Niccolo Torri, correspondant au chapitre 2 de ce manuscrit.

Rappelons la loi générale (1.2.1) d’une marche branchante. Soit b € N avec b > 2. On étudie
ici une marche branchante sur I’arbre b-régulier infini

Wy = [J{L,...,0}", ou {1,...,b}° ={o}.
neN

On considere une marche branchante (Y,,),e- a valeurs dans Wy, dont la loi est décrite comme
suit : ’arbre 7 indexant la marche branchante est un arbre de Galton-Watson de loi de reproduction
v non-triviale et critique, ¢’est-a-dire que p(1) # 1 et Y-, oy ku(k) = 1; conditionnellement a la
généalogie 7, (Y,,)yer est une marche branchante dont les déplacements spatiaux sont ceux de la
marche b-biaisée sur Wy, c’est-a-dire que pour toute fonction mesurable ' : Wi — R, ona

BlF(Yusuer)[r] = | Flyiuer)doldyo) [ plys.dye),
b ver\{o}

ou les quantités p(x,y) désignent les probabilités de transition de la marche b-biaisée sur Wy,
données par (1.3.1) et qui s’expriment ici par

e 1 1 1

<_
plz,7) = 5 et p(z,z)= 1{%;&@}% + 1{?:@}5

pour tout x € Wy \{@}. On observe en particulier que Y = @ et que le processus (|Yy,|)yuer des
hauteurs prises par (Y, )yer est une marche branchante simple sur N (réfléchie en 0).

L’indexation de notre marche branchante est un arbre de Galton-Watson critique conditionné a
étre grand. Plus précisément, on rappelle (1.1.5) et les hypotheses présentées en section 1.1.2, et on
considere une mesure de probabilité p sur N comme suit.

Hypothese 1.5.1 La mesure de probabilité 1 est critique et non-triviale, apériodique et dans le
domaine d’attraction d’une loi stable d’indice o € (1,2]. 1l existe alors une suite (an)nen de
réels strictement positifs telle que n='/®a,, coincide avec une fonction a variations lentes, et
telle que si (Ly)neN est une marche aléatoire sur 7, partant de Ly = 0 et de sauts donnés par
P(Ly = k) = u(k + 1) pour tout entier k > —1 alors on a la convergence en loi suivante :

éLn Xy, o E[exp(—AX1)] = exp(A*) pour tout A > 0. (1.5.1)

Notre premier résultat est une loi des grands nombres sur le nombre de points visités par la
marche branchante, ce qui fait écho au théoreme 1.2.6 de Le Gall & Lin.
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Théoreme 1.5.1 Soit T un arbre de Galton-Watson de loi de reproduction p dont on suppose
qu’elle satisfait ’hypothese 1.5.1. On liste les sommets de T dans [’ordre lexicographique sous la
forme @ = ug < uy < ... < ug,_1. Conditionnellement a T, soit (Y,,)ycr une marche branchante
de position initiale & € Wy, et dont les transitions sont celles de la marche aléatoire b-biaisée sur
Whe. Alors, il existe une constante déterministe c,,p € (0, 1) qui ne dépend que de 1 et de b telle
que
. 1 .
= 0L — = = 0.

Ve > 0, nlbn;o]P’(n élggn ]#{Yu] 0<j<k}—cupk|>e¢ ’ #T n) 0
En particulier, limy, oo P(|1#R — .| > € | #7 = n) = 0 pour tout € > 0, oit R désigne la
trace {Y,, : u € 7} de la marche branchante.

La preuve suit dans les grandes lignes la méthode utilisée par Le Gall & Lin [83]. On se
ramene d’abord par un couplage spécifique a I’étude de la marche branchante sur 1’arbre pointé de
Galton-Watson invariant de loi de reproduction 4, et indexée par 1’arbre pointé de Galton-Watson
infini de loi de reproduction p, voir les définitions 1.3.3 et 1.3.5. Ce modele est invariant par les
opérations simultanées de successeur sur 1’indexation et de recentrage en la position de la marche
sur I’environnement. Puis, la loi des grands nombres pour la taille de la trace s’obtient par une
application du théoreme ergodique sous-additif, et la constante ¢, 3, s’interprete alors comme une
probabilité de non-retour a 1’origine pour le modele invariant. Enfin, la convergence uniforme suit
grace a des arguments de type Dini.

Notre second résultat est une limite d’échelle pour la trace de la marche branchante. Com-
mengons par construire I’objet limite. Soit (h,w) un serpent a valeurs dans R au sens de la
définition 1.2.2 dont I’extrémité est notée (h, w) pour rappel. Pour tous 0 < s; < s9 < 1, on pose
mp(s1,82) = infig, g1 h et

Miu(51,52) = Miso(s2: 1) = i e R L RO )

pour alléger les notations. On définit alors
\V/SlaSQ € [0) 1]5 thw(Sl,SQ) = @51 +ﬁ}52 - 2Mh7w(81,82), (152)
et on prouve que dy, ,, satisfait les propriétés suivantes (voir le lemme 2.4.22 du chapitre 2).

Proposition 1.5.2 L’application dj, ,, : [0, 1}2 — R est une pseudo-distance continue qui satisfait
Uinégalité (1.1.13) dite des quatre points.

Par conséquent, I’application d}, ,, induit une vraie distance (toujours notée dy, ,,) sur I’espace
quotient T, = [0,1]/{dp = 0}. De plus, I’espace métrique (74, dp ) est un arbre réel
compact. En notant la projection canonique py, ,, : [0,1] — Th.w» on pose pp, ., = Ppw(0) et on
désigne par yup, ., la mesure image par py, ., de la mesure de Lebesgue sur [0, 1]. Autrement dit, on
pose pour toute fonction mesurable et bornée g : Ty, ., — R,

J;

On appelle arbre-serpent codé par (h,w) 1’arbre réel compact enraciné mesuré comme suit :

gdpn = / g0 Phw(s)ds.
(0,1]

sWw

(7;1,111 ’ dh,w y Phyaw » ,UJh,w)- (153)

La pseudo-distance d}, ,, et I’arbre-serpent 7y, ,, admettent une description similaire a celle de
I’arbre réel codé par une fonction continue sur un segment. Pour alléger les notations, on note
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(Th, dn, ph, o) I arbre réel compact enraciné mesuré codé par (h, 1) comme défini par (1.1.15), et
pp, : [0, 1] — T, la projection canonique. Comme expliqué au cours de la section 1.2.2, grice a la
propriété (1.2.4), le serpent (h, w) induit une fonction w continue sur 7, en posant w(pp(s)) = Ws
pour tout s € [0, 1]. Soit s1, s2 € [0, 1], on pose o1 = pp(s1) et o2 = pp(s2), et on a alors I’identité

dhw(s1,52) = w(o1) +w(o2) —2 inf w(o), (1.5.4)

o€lo1,02]

ou o1, 03] est I'image de la géodésique de oy a oy sur Ty, (voir la définition 1.1.6). On renvoie
a la remarque 2.4.21 du chapitre 3 pour plus de détails. Ainsi, on peut voir dj, ,, comme une
pseudo-distance continue sur 7y, et 75, comme un espace métrique quotient de 7. Dans le
cas particulier ou I’arbre réel 7j, est simplement un segment métrique, la formule (1.5.4) devient
I’expression classique (1.1.14).

On prouve dans la section 2.4.3 du chapitre 2 que le codage (1.5.2) d’arbres-serpent bénéficie
d’une propriété de continuité. Plus précisément, si une suite de serpents réels (h,,, w,) converge
vers (h,w) par rapport a la distance dy. donnée par (1.2.3), alors dj,, ,,, converge vers dj, ,
uniformément sur [0, 1]2. Cela implique alors que Th,w, converge vers T, , pour la distance
dgyp de Gromov-Hausdorff-Prokhorov donnée par (1.1.12). En d’autres termes, 1’application
(h,w) € B! — Thw € Kest continue, ot ¥ ! désigne I’espace des serpents réels muni de dy; et K
désigne I’espace des classes d’équivalence d’espaces métriques compacts enracinés mesurés muni
de dggp.

Soit € (1,2] et soit (H, W) un serpent brownien unidimensionnel avec mécanisme de
branchement a-stable comme dans la définition 1.2.3. On rappelle que 1’arbre réel Tz codé par
H est un arbre a-stable, et que (H, W) est une variable aléatoire sur X', D’aprés ’argument
précédent, les arbres-serpent Tp w et Ty 1| définis par (1.5.3) sont des variables aléatoires sur
K. 11 se trouve que ce genre d’objets a déja été construit par Curien, Le Gall & Miermont [40]
(voir aussi Le Gall [116]) dans le cadre de 1’étude de cartes planaires aléatoires. Ils I’ont baptisé
"Brownian cactus”, un terme que I’on reprend ici.

Définition 1.5.3 On appelle Tx w le cactus brownien normalisé avec mécanisme de branchement
a-stable, et Ty | le cactus brownien réfléchi normalisé avec mécanisme de branchement a-stable.

On mentionne maintenant quelques propriétés géométriques de ces objets et on renvoie a
la section 2.4.6 du chapitre 2 pour plus de détails. La mesure pgw (resp. pg w)) de Tuw
(resp. Trr,|w|) est diffuse et supportée par Iensemble de ses feuilles (i.e. les points dont le retrait ne
déconnecte pas le cactus). Contrairement aux arbres stables d’indice o € (1, 2), les branchements
des cactus browniens sont essentiellement binaires quelque soit la valeur de « : si o est un
point de T w (resp. Tg w)) distinct de la racine, alors le nombre de composantes connexes
de Tgw\{c} (resp. T w \{o}) appartient a {1,2,3}. On sait aussi que Tg,w\{pmw} est
connexe, alors que THy‘W‘\{p H7|W|} a une infinité de composantes connexes. Enfin, Curien, Le
Gall & Miermont [40, Corollary 5.3] calculent que la dimension de Hausdorff du cactus brownien
normalisé avec mécanisme de branchement 2-stable est égale a 4. On peut finalement énoncer notre
résultat.

Théoreme 1.5.4 Soit T un arbre de Galton-Watson de loi de reproduction | dont on suppose
qu’elle satisfait I’hypothése 1.5.1, et soit (a,) comme dans (1.5.1). On note m = 3, 6, la
mesure de comptage sur T. Conditionnellement a T, soit (Yy)yer une marche branchante de
position initiale & € Wy, et dont les transitions sont celles de la marche aléatoire b-biaisée sur Wy,
On note R = {Y, : w € 7} la trace de la marche branchante, et Mocc = Y, Oy, Sa mesure
d’occupation. Les ensembles T et R sont tous deux munis de la distance de graphe dg, donnée par
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(1.1.2), et du point distingué @. Comme ci-dessus, on désigne par (Ty; Tr,|w) la paire formée de
I’arbre a-stable et du cactus brownien réfléchi normalisé avec mécanisme de branchement o-stable.
Alors, la convergence jointe suivante

<(7‘, gy, 3, %m) : (R, ndy, 9, imocc)> sous P(- | #1 =n)
N ((TH7dH:pHaMH)§ (TH,|W|7dH,|W|7pH,|W|:,UH,\W\)> (1.5.5)

a lieu en loi sur 'espace produit K2, oit K est muni de la distance de Gromov-Hausdorff-Prokhorov
donnée par (1.1.12). De plus, si on note Mcount = Y, 0z la mesure de comptage sur R, alors

Ve > 0, nli_}rgoIP)(dgz)k(C”—*bmocc, %mcoum) >e ‘ #HT = n) =0,

n
oL ¢, 1, est comme dans le théoréeme 1.5.1 et ou de)k désigne la distance de Prokhorov sur les
mesures boréliennes finies de (R, \/ay/ndg;). Cela implique que la convergence en loi suivante a
lieu sur K conjointement avec (1.5.5) :

(R /%G, @, Amcount) sous P(-| #7 = n) 5 (Togjwis digjwis P1wis s - 1 w1

Remarquons que la convergence de la premiere marginale énoncée par le théoreme est exacte-
ment la convergence (1.1.17) déduite du théoréme 1.1.5 de Duquesne. La premiere étape de la
preuve de (1.5.5) est une analyse discréte de la structure de la trace dans le cas ol b vaut I’infini.
Dans ce cas, la marche ne traverse jamais deux fois la méme aréte dans le méme sens, et on montre
alors que la trace R est un arbre-serpent discret codé par un serpent (h(Y), w(Y")) résultant du
processus (|Yy,|)uer des hauteurs prises par Y. De maniére un peu plus explicite, on a

)

pour tous entiers 0 < i, j < N, olt N = 2(#7 — 1), oll dj,(y,u(y) est définie par (1.5.2), et ol on
rappelle de la section 1.1.3 que (¢;(7); 0 <1 < 2(#71 — 1)) désigne ’exploration par contour de
7. Comme (|Yy|)uer ala méme loi que la valeur absolue d’une marche branchante simple sur Z, le
théoréme 1.2.4 de Marzouk et la propriété de continuité du codage d’arbres-serpent permettent de
prouver qu’apres renormalisation, dj(y) .,(y) converge en loi (pour la topologie de la convergence
uniforme sur [0, 1]) vers la pseudo-distance d m,|w)| codée par le serpent brownien réfléchi.

.

hin(Y) = lei(T)|, @yn(Y) = Yeml, et dg(Yer), Yo, i) = dn)w) (3

La seconde étape de la preuve consiste a justifier que méme lorsque b est fini, la trace de la
marche branchante est treés proche de 1’arbre-serpent discret rencontré précédemment. En effet, la
contraction envoyant I’arbre régulier “libre” sur 1’arbre b-aire préserve les hauteurs et n’influence
que localement la géométrie de la trace. Plus précisément, la différence des distances avant et apres
contraction est presque une loi géométrique de parametre 1/b. Gréce a cette idée de couplage, on
prouve qu’avec probabilité tendant vers 1 sous P( - | #7 = n) quand n — oo, on a

sup < n2b—(lnn)2

u,vET

‘Yu| + va’ —2 min ‘Yu’| - dgr(Yua)/v)

)
u' €fu,v]~

ou [Ju, v], désigne le plus court chemin de u a v sur I’arbre 7 vu comme un graphe. A quelques
détails pres, cela conclut la preuve de (1.5.5). Pour finir, les derniers points du théoréeme 1.5.4
sont des conséquences du théoreme 1.5.1. 1l est intéressant d’observer que contrairement au
théoréme 1.5.1, la convergence en loi (1.5.5) du théoréme 1.5.4 ne fait pas intervenir le parametre
de régularité b de I’environnement.
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L’argument de contraction de la seconde étape de la preuve ne repose pas vraiment sur la
régularité de 1’environnement, car on peut prouver que pour toute marche aléatoire \-biaisée
(X;)ien sur un arbre ¢ infini (de transitions données par (1.3.1)), si X est récurrente et si A > 1
alors on a

Vi, L €N, P(||Xo| + |Xi| - 2 min |X;| — dg(Xo, X) (1.5.6)
0<5<s

> 25) <7 N1
De ce fait, on peut raisonnablement assimiler la marche non-branchante (X;);<, a I’exploration
par contour de sa trace {X; : j < n} afin de récupérer la métrique de la trace a partir des hauteurs
prises par la marche via la formule (1.1.7). Cette approximation nous permet de retrouver la limite
d’échelle de la trace de la marche aléatoire (non-branchante) présentée par le théoréeme 1.3.1 de
Aidékon & de Raphélis a partir du théoréme central limite pour le processus des hauteurs de la
marche, qui avait déja été obtenu par Peres & Zeitouni [137] sous une hypothe¢se de moments
exponentiels. De méme, on déduit d’un résultat de Dembo & Sun [45] que la limite d’échelle de la
trace de la marche aléatoire biaisée récurrente nulle sur un arbre de Galton-Watson multi-type est
I’arbre réel codé par le mouvement brownien réfléchi sur [0, 1]. On renvoie a la section 2.4.2 du
chapitre 2 pour un énoncé précis.

1.5.2 Marches branchantes biaisées critiques sur un arbre de Galton-Watson invari-
ant

Cette section présente les résultats de ’article [59], écrit en collaboration avec Thomas
Duquesne, correspondant au chapitre 3 de ce manuscrit.

Ici, on expose une généralisation des théoréemes 1.5.1 et 1.5.4 de la section 1.5.1 en environ-
nement aléatoire, lorsque le déplacement spatial de la marche branchante est celui d’une marche
aléatoire biaisée critique sur un arbre de Galton-Watson T de loi de reproduction sur-critique v
qui est invariant (voir la définition 1.3.5). On commence par donner une loi des grands nombres
pour I'image de la marche branchante, ce résultat ayant lieu en moyennant sur I’environnement
(annealed). Puis, on énonce un théoreme limite pour I’image de la marche branchante (vue comme
un arbre aléatoire), ce résultat ayant lieu conditionnellement a I’environnement T (quenched).
L’espace métrique limite est alors un cactus brownien normalisé avec mécanisme de branchement
stable (voir la définition 1.5.3) qui est indépendant de T'.

L’environnement de la marche aléatoire branchante que I’on considére est, comme déja men-
tioné, un arbre pointé de Galton-Watson invariant T = (T, 0) de loi de reproduction v comme a la
définition 1.3.5. On fait les hypothéses suivantes sur v.

— v o0 € 2= m(m — 1)
m__];\]k; (k) € (1,00) et n~: S ken k(k — Dv(k)

ce qui implique en particulier que v admet un moment d’ordre 2 et que T n’a pas de feuilles.

On rappelle la définition générale (1.2.1) de la loi d’'une marche branchante. On considére une
marche branchante (Y},),e, & valeurs dans T dont la loi est décrite comme suit : I’arbre 7 indexant
la marche branchante est un arbre de Galton-Watson de loi de reproduction p non-triviale et critique,
c’est-a-dire que (1) # let ) .oy ku(k) = 1, etindépendant de T = (T, 0); conditionnellement a
I’environnement T et a la généalogie 7, (Y, )yer est une marche branchante dont les déplacements
spatiaux sont ceux de la marche aléatoire m-biaisée sur T, c’est-a-dire que pour toute fonction
mesurable ' : T7 — Ry, ona

€ (0,00), (1.5.7)

E[F(Y,;uer)|T, 7] = /TT Flyu;ueT)do(dys) [ prlvs.dyw) (1.5.8)
ver\{o}
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ou, conditionnellement a T, les quantités p(z, y) désignent les probabilités de transition de la
marche m-biaisée sur T données par (1.3.5) et qui s’expriment ici par

m 1
Vm,y eT, pT({E,y) = 1{§:y}m + 1{?:x}m (1.5.9)

On observe en particulier que Yz = o.
Plus précisément, la généalogie de la marche branchante est un arbre de Galton-Watson de loi

de reproduction vérifiant I’hypothese 1.5.1, indépendant de 'T', et conditionné & étre grand. Sous ces
conditions, on a un résultat analogue au théoreme 1.5.1.

Théoréme 1.5.5 Soit T = (T, 0) un arbre pointé de Galton-Watson invariant de loi de reproduc-
tion v. Indépendamment de 'T, soit T un arbre de Galton-Watson de loi de reproduction u. Soit
(Yu)uer la marche branchante a valeurs dans T définie par (1.5.8). On suppose que y satisfait
Uhypothese 1.5.1. On suppose également que v satisfait (1.5.7) et qu’elle possede un moment fini
d’ordre a > 1. La suite @ = ug < u1 < ... < Ux,_1 désigne les sommets de T listés dans ’ordre
lexicographique. Alors, il existe une constante déterministe c,,,, € (0, 1) qui ne dépend que de |1 et
de v telle que

Ve > 0, nlggop(% max [#{Ye, 1 0<j <k} —cp k| >e ) 47 = n) —0.

En particulier, lim, oo P(|2#R — c,| > € | #7 = n) = 0 pour tout € > 0, oit R désigne la
trace {Y,, : u € T} de la marche branchante.

La preuve repose essentiellement sur les mémes arguments que celle du théoreme 1.5.1. L’idée
est d’introduire une marche branchante (Y,/), e+ sur le méme arbre T et avec les mémes probabil-
ités de transitions (1.5.9) que (Y2, )yer, mais indexée cette fois par un arbre pointé de Galton-Watson
infini 7* = (7%, p) de loi de reproduction p, comme a la définition 1.3.3. Le point-clef est que
la loi de cette marche branchante est invariante et ergodique par la transformation qui consiste a
recentrer 7* en I'individu p* := succ(7*, p) venant juste aprés p dans 1’ordre lexicographique sur
T* et a recentrer les positions spatiales Y, en Py, | (Y,). On renvoie a la section 1.3.2 pour les

définitions de ces transformations et a la proposition 3.2.32 du chapitre 3 pour un énoncé précis de
cette invariance. La suite de la démonstration se résume en une application du théoreme ergodique
sous-additif globalement inspirée de la preuve du théoreme 1.2.6 de Le Gall & Lin [83].

Comme notre preuve repose sur la propriété d’invariance (1.3.6) de I’environnement, elle
ne permet pas d’obtenir directement un résultat vrai conditionnellement a T. Les arguments de
couplage qui seraient nécessaires pour obtenir un tel résultat quenched sont rendus difficiles par
I’absence d’homogénéité due a la dépendance des trajectoires en I’environnement. De méme, le cas
d’un environnement avec racine pose des problémes de couplage qui sont discutés en fin de section.

On continue a désigner par T = (T, 0) un arbre pointé de Galton-Watson invariant de loi de
reproduction v. On rappelle que pour tout x € T, la hauteur relative de x est notée |x| € Z, de sorte
que |z = |z|—1 et |o| = 0. Pour alléger I’écriture (puisque I’on énonce un résultat de convergence
en loi conditionnelle), on utilise la notation 7,, introduite avec (1.1.4) : I’arbre aléatoire 7, sous IP a
la méme loi que ’arbre de Galton-Watson 7 de loi de reproduction p sous P( - | #7 = n). De plus,
on suppose que T et 7,, sont indépendants. On rappelle également de la section 1.1.3 que I’on note
(¢j(tn); 0 < j < 2(n — 1)) I'exploration par contour de 7,,. Pour tout entier 0 < j < 2(n — 1),

on pose Cj(»n) = |cj(m,)] et f/{\/j{”) = |Y¢, (r)|s O (Yu)uer, estla marche branchante a valeurs dans

T définie comme précédemment par (1.5.8). Pour tout j > 2(n — 1), on pose CJ(-n) = I//I\/j(") =0
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et on étend C(™ et W™ en des fonctions continues sur R par interpolation linéaire entre les
temps entiers. On montre tout d’abord le théoréme limite suivant, qui a lieu conditionnellement a
I’environnement (quenched).

Théoreme 1.5.6 On garde les notations ci-dessus et on se place sous les mémes hypothéses que
dans le théoréme 1.5.5. Soient o € (1,2 et (ay,) comme dans (1.5.1), et soit n* comme dans (1.5.7).
On suppose de plus que v admet un moment fini d’ordre a > 1 + %. Soit (H, W) le serpent
brownien unidimensionnel avec mécanisme de branchement o-stable, dont I’ extrémité est notée
(H, W), comme a la définition 1.2.3. Alors conditionnellement i I’environnement T = (T, 0), on a

presque siirement la convergence en loi suivante

an ~(n) [ Gn 55(n) P(-|T) -4 (H, W 1.5.1
< CQHS?\/T]Z»NWZTLS)SE[O,I] sous ( ’ ) —>( 7W) ( 3. O)

n
sur I'espace C([0, 1], R?) des fonctions continues muni de la topologie de la convergence uniforme.

Ce résultat fait a la fois écho au théoréme 1.2.4 de Marzouk et au théoreme 1.3.1 de Aidékon &
de Raphélis. Dans le cas d’un environnement régulier ol ¥ = J, avec un entier b > 2, le processus
(|Yu|)uer des hauteurs relatives prises par la marche est une marche branchante simple aux plus
proches voisins sur Z. Cependant, en environnement aléatoire, (|Y,|),c- n’est plus une marche
branchante car les transitions depuis une position  dépendent du nombre d’enfants de x sur 1’arbre.

Pour montrer (1.5.10), on adapte 1’approche de Peres & Zeitouni [137] consistant a utiliser les
coordonnées harmoniques. Plus précisément, on peut construire une famille de variables aléatoires
(Sz)ze telle que si (X,,)nen est une marche aléatoire m-biaisée sur T alors (S, )nen est une mar-
tingale conditionnellement a T = (T, 0). En utilisant I'inégalité de Rosenthal pour les martingales
comme dans Marzouk [130] et un théoréme central limite conditionnel, on obtient la convergence
conditionnellement a2 T de la marche branchante en coordonnées harmoniques (Sy, )yer, (par-
courue selon I’exploration par contour de 7, et correctement renormalisée). Enfin, un argument
spécifique basé sur Iinvariance de T montre que (Sy,, )uer, €t (|Yu|)uer, sont asymptotiquement
proches a une constante déterministe multiplicative pres.

On reprend les notations précédentes et on note R,, = {Y,, : u € 7,} la trace de la marche
branchante indexée par I’arbre conditionné 7,,. Les ensembles 7,, et R,, sont munis des distances
de graphe dg, respectivement données par (1.1.2) et (1.3.4). On introduit également la mesure de
comptage sur 7, et la mesure d’occupation induite sur R, :

m,, = Z 5, et m = Z Jdy, -
UETH UETH

On obtient alors le théoréme limite métrique suivant, qui complete le théoréme 1.5.6.

Théoreme 1.5.7 On se place sous les hypotheses du théoréeme 1.5.6 et on garde les notations
précédentes. On désigne par (Tr; T w ) la paire formée de I’arbre a-stable et du cactus brownien
normalisé avec mécanisme de branchement «-stable, respectivement définis par (1.1.15) et (1.5.3)

a partir de (H,W). Alors conditionnellement a I’environnement T = (T, 0), la convergence en loi
jointe suivante

((Tm %dgra 9, %mn) ) (Rna 7;12771” dgr, 0, im((fclz)) sous P(-|T)

< ((TH’dHaPHaMH); (TH,W7dH,W7PH,WaMH,W))

a lieu sur I’espace produit K2, ot K est muni de la distance de Gromov-Hausdorff-Prokhorov
(1.1.12), et conjointement avec (1.5.10).
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Ce résultat en environnement aléatoire est analogue au théoreme 1.5.4. Néanmoins, ici, le
cactus brownien n’est pas réfléchi. Cette différence est due a 1’absence de réflexions lorsque la
marche branchante se déplace sur un arbre de profondeur infinie, et non pas sur un arbre enraciné.
Il est intéressant de souligner que les objets limites des théoréemes 1.5.6 et 1.5.7 ne dépendent
pas de I’aléa contenu dans ’environnement T = (T,0). Pour prouver le théoréme 1.5.7, on
utilise I’estimée (1.5.6) afin de montrer que la trace R,, est treés proche de 1’arbre-serpent discret
induit par (C (n), I//[\/(”)). Puis, le théoreme 1.5.6 et la propriété générale de continuité du codage
d’arbres-serpent présentée au cours de la section 1.5.1 permettent de conclure.

Les théoremes de cette section concernent la marche branchante sur un arbre pointé de Galton-
Watson invariant. Par absolue continuité, ils restent valides si I’environnement est remplacé par un
arbre pointé de Galton-Watson infini de loi de reproduction v (voir la définition 1.3.3). Néanmoins,
I’obtention de résultats analogues pour la marche branchante sur un arbre de Galton-Watson (avec
racine) fait I’objet d’un travail encore en cours car elle est bien plus délicate. Tout d’abord,
la réflexion de la marche a la racine brise la propriété de martingale associée aux coordonnées
harmoniques, ce qui empéche de simplement adapter la preuve du théoreme 1.5.6. On perd aussi
I’invariance utilisée pour montrer le théoreme 1.5.5.

Pour le travail en environnement régulier, on parvient a éviter ces difficultés en couplant les
marches sur I’arbre avec racine et sur I’arbre de profondeur infinie, de facon a ce que leurs déplace-
ments coincident en dehors des réflexions a la racine. Cet argument s’appuie sur I’homogénéité
des transitions, qui est perdue dans le cas non-régulier. Pour étudier la marche aléatoire (non-
branchante) sur un arbre, Peres & Zeitouni [137] développent un autre couplage qui identifie
les excursions au dessus des sommets visités pour la premiere fois. Il parait ardu d’adapter leur
méthode a la marche branchante car la structure des excursions y est plus complexe. En effet,
alors que les excursions d’une marche aléatoire sont ordonnées linéairement, celles d’une marche
branchante s’agencent de manieére arborescente. En particulier, le nombre d’excursions au sortir
d’une précédente est aléatoire et dépend fortement de 1’environnement déja exploré, ce qui va a
I’encontre de I’objectif du couplage.

1.5.3 Nombre de Horton-Strahler des arbres de Galton-Watson critiques : estimées

Cette section présente les résultats de I’article [103], correspondant au chapitre 4 de
ce manuscrit.

Rappelons la définition 1.4.1 du nombre de Horton-Strahler noté S, ainsi que les hypotheses
présentées en section 1.1.2 avec notamment (1.1.5) et (1.1.6). On consideére ici un arbre de Galton-
Watson dont la loi de reproduction p est supposé critique et non-triviale, c’est-a-dire

p(l) <1 et Z ku(k) =1,
keN

et on cherche a décrire le comportement asymptotique de son nombre de Horton-Strahler de diverses
manieres. Les fonctions suivantes jouent un rdle privilégié dans cette analyse :

Vs €10,1], ¢(s) = Z sfu(k) et (s) = p(l—s)—(1—s). (1.5.11)
keN

On commence a relier le nombre de Horton-Strahler a d’autres quantités simples de I’arbre
grace a plusieurs inégalités, regroupées dans la proposition ci-dessous. Ces estimées (excepté le
point (iv)) sont valables sous la seule hypothése que p est critique et non-triviale.

Proposition 1.5.8 Soit 7 un arbre de Galton-Watson dont la loi de reproduction i est critique et
non-triviale. Pour tout n > —1, on pose P(S(7) >n) = q,. On rappelle ’expression (1.5.11) de 1.
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(1) On rappelle que la taille #1 de T est son nombre de sommets. Alors, on a

vneN, ¢ (gn1)E[#Tsr)<n}) < 2.
(1) On note |T| = maxye |u| la hauteur de . Alors, on a

VA >0, lmsupP (¥ (gn-1)|7| <A |S(1)=n) < 1- e .
n—oo

(7ii) On note encore |T| la hauteur de . Pour tous n,m € N, si 2¢/(P(|7| > n/2—1)) < ¢'(gm)
alors on a
P(S(r) <m]||r] >n) <exp(-— %nw'(qm)).

(iv) On note encore |T| la hauteur de 7. Si u est dans le domaine d’attraction d’une loi stable
d’indice o € (1, 2], alors il existe une constante C,, € (0, 00) qui ne dépend que de [ telle
que

Vn,meN, P(S(r) <m||r|>n) < Cuexp (— in(gm)).

(v) On note A(T) = maxyer ky(7) le degré sortant maximal de 7. Pour tout n € N¥, si
P(A(T) > n) > 0alorsona

Vm e N*, P(S(1) <m|A(r) >n) < exp(—ngm).

La preuve de cette proposition repose sur les propriétés de convexité de ¢ et 1) d’une part, et
sur le principe de Many-To-One (énoncé plus haut comme point () de la proposition 1.3.4) d’autre
part. On applique la proposition 1.5.8 plusieurs fois par la suite, ainsi que dans le papier [102] et le
chapitre 5 présentés dans la section suivante.

Notre seconde contribution consiste a étendre le théoreme 1.4.2 de Brandenberger, Devroye &
Reddad en déterminant I’ordre de grandeur du nombre de Horton-Strahler d’un arbre de Galton-
Watson critique conditionné a étre grand pour des lois de reproduction avec une variance infinie.
On en profite aussi pour estimer les queues de distribution du nombre de Horton-Strahler qui
apparaissent dans les bornes données par la proposition 1.5.8. Pour ce faire, on travaille sous
I’hypothese que la loi de reproduction est dans le domaine d’attraction d’une loi stable d’indice

€ [1,2]. On expose d’abord nos résultats dans les cas « € (1, 2], puis on discute des cas o = 1
qui présentent des phénomenes plus complexes.

Les cas a-stables avec o € (1,2]. Ici, nos résultats ne font intervenir que I’indice de stabilité
a € (1,2]. Tout d’abord, la proposition suivante montre que les queues de distributions suivent une
décroissance exponentielle.

Proposition 1.5.9 Soit 7 un arbre de Galton-Watson de loi de reproduction . Si p est critique,
non-triviale, et dans le domaine d’attraction d’une loi stable d’indice o € (1, 2], alors on a

—log_a P(5(r) = n) ~n,

oulogy x = Inx/Inb désigne le logarithme de x en base b.

Cette proposition étend le travail de Brandenberger, Devroye & Reddad [28] qui traite du
cas a = 2 sous I’hypothese plus forte que la variance de p est finie. La preuve consiste en une
analyse élémentaire d’une relation de récurrence. Ensuite, on rappelle que si  est apériodique alors
P(#7 = n) > 0 pour tout n assez grand.
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Théoreme 1.5.10 Soit T un arbre de Galton-Watson de loi de reproduction p. On suppose que [
est critique, non-triviale, et apériodique. Si |1 est dans le domaine d’attraction d’une loi stable
d’indice o« € (1, 2], alors la convergence suivante a lieu en probabilité :

_as(r) sous P(-|#17=n) — 1. (1.5.12)
logﬁ n
C’est une généralisation directe du théoréme 1.4.2 de Brandenberger, Devroye & Reddad [28]. Pour
prouver ce résultat, on s’appuie sur le théoréme 1.1.5 de Duquesne pour contréler la hauteur de
7T, puis sur la proposition 1.5.8 pour en déduire une estimation de S(7) sous P(-|#7 > n). On
complete la preuve grace a une relation d’absolue continuité donnée par Kortchemski [106] entre
P(-|#7 > n) et P(-|#7 = n). Mentionnons que la convergence (1.5.12) reste valide quand p
n’est pas apériodique quitte a se restreindre aux entiers n tels que P(#7 = n) > 0.

Les cas 1-stables. Ces cas plus complexes sont modele-dépendants au sens ol ils font intervenir
le comportement asymptotique de la loi de reproduction y de maniere précise. Les fonctions
suivantes, exprimées a partir de la fonction 1 définie par (1.5.11), joue un rdle important :

! r s (s
vs € (0,1), T(s)z/mjw, ol A@):W(g%_

Avant d’énoncer nos résultats, prenons quelques instants pour rappeler des formulations équivalentes
de I’hypothése que u est dans le domaine d’attraction d’une loi stable d’indice 1 : d’apres (1.1.6), il
existe une fonction a variations lentes L telle que [;° y~'L(y)dy < oo et

L(n)

p([n, 00)) ~ - (1.5.14)

(1.5.13)

Des arguments standards (voir [23, Theorem 8.1.6] par exemple) impliquent alors que

P(s) ~o+ sb(1/s), ou L(x)= /Oo L<yy)dy pour tout z > 0. (1.5.15)

De plus, ¢ est une fonction a variations lentes.

Soit (X, )nen une marche aléatoire sur Z de valeur initiale Xy = 0 et dont la loi des sauts est
donnée par P(X; = k) = p(k + 1) pour tout entier k > —1. D’apres [74, Chapter IX.8], il existe
une suite (a,,) de nombres réels strictement positifs tendant vers I’infini telle qu’on a la convergence
en loi

Xn+0b

AntOn dox o by = nE[X11{x,5a,y) et E[e ] =eMA0 (1.5.16)
Gnp

pour tous n € N et A > (. La distribution de X; est une loi de Cauchy (aussi dite 1-stable)

spectralement positive. L’expression de sa transformée de Fourier est donnée pour tout u € R par

Elexp(iuX1)] = exp(—5|u| — 4w 1n |u|). On mentionne que I’on a nécessairement
an ~nL(a,) et by, ~nlay),

ou L est donnée par (1.5.14) et £ par (1.5.15). On renvoie a la proposition 4.2.12 du chapitre 4 pour
plus de détails.

Proposition 1.5.11 Soit 1 une mesure de probabilité sur N. On suppose que [ est critique et est
dans le domaine d’attraction d’une loi stable d’indice 1. On a alors

0(1/s)
A(s) ~o+ L(1/s)
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o A\, L, et £ sont respectivement données par (1.5.13), (1.5.14), et (1.5.15). De plus, si T est un
arbre de Galton-Watson de loi de reproduction u, alors on a

T(IP’(S(T) > n)) ~n,

oiu Y est donnée par (1.5.13).

Ainsi, contrairement aux cas oll « € (1, 2] pour lesquels on prouve Y(s) ~q+ log%1 1/s,le

comportement asymptotique de Y dépend de L quand «=1. Donnons quelques exemples concrets.

(a) SiL(n)~(Inn)~1=" avec x € (0, 00), alors T(s) ~+ % et —InP(S(7)>n) ~ nlnn.

(b) Si L(n) ~ exp(—(Inn)*) avec x € (0, 1), alors on a Y(s) ~g+ ﬁﬁ, et donc on a
—InP(S(1)>n) ~ (1—k)nlnn.

(c) SiL(n) ~exp(—Inn/Inlnn), alors T(s) ~g+ % et —InP(S(r)>n) ~ninlnn.

Théoreme 1.5.12 Soit T un arbre de Galton-Watson de loi de reproduction p. On suppose que
W est critique et dans le domaine d’attraction d’une loi stable d’indice 1. Alors, la convergence
suivante

sous P(-|#17>n) — 1,

a lieu en probabilité, on Y est donnée par (1.5.13) et (by)nen par (1.5.16).

Comme souligné par Kortchemski & Richier [108] et Berger [17], il est déraisonnable d’espérer
pouvoir contrdler 7 sous P( - | #7 = n) avec la seule hypotheése que nu([n, c0)) ~ L(n) avec une
fonction a variations lentes L, comme dans (1.5.14). A la place, on travaille sous I’hypothése plus
forte que n%u(n) ~ L(n), qui implique la précédente et que 1 est apériodique.

Théoreme 1.5.13 Soit T un arbre de Galton-Watson de loi de reproduction p. On suppose que |
est critique et qu’il existe une fonction & variations lentes L telle que n?u(n) ~ L(n). Alors, la
convergence suivante

S(7)

T(5,)

sous P(-|#17=n) — 1,

a lieu en probabilité, on Y est donnée par (1.5.13) et (by)nen par (1.5.16).

Nos preuves des théoremes 1.5.12 et 1.5.13 reposent sur plusieurs résultats de Kortchemski
& Richier [108] et de Berger [17] qui décrivent le comportement asymptotique d’une excursion
positive de la marche aléatoire (X,,). La proposition 1.5.8 joue également un rdle. Afin de fixer les
idées, on explicite I’équivalent asymptotique T(i) pour les trois exemples concrets précédents.

(a) Si L(n) ~ (Inn)~'=" avec x € (0, 00), alors T(i) ~ nn

Inlnn-*

(b) Si L(n) ~ exp(—(Inn)*) avec r € (0,1), alors T(5-) ~ 12 e

T-xInlnn"*
(¢) SiL(n) ~ exp(—Inn/Inlnn), alors T(i) ~ R

1.5.4 Nombre de Horton-Strahler des arbres de Galton-Watson stables : fluctuations

Cette section présente les résultats de ’article [102], correspondant au chapitre 5 de
ce manuscrit.
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On rappelle la définition 1.4.1 du nombre de Horton-Strahler S. Pour tout = € R, on note |z |
la partie entiere de x, avec [2.9] = |2.1] = |2] = 2 par exemple. On fixe les notations

ae(1,2, B=-t, =l et §=(2%9)""=CDe(1,2. 1517

a—1 a—1
Ici, on étudie les fluctuations du nombre de Horton-Strahler d’un arbre de Galton-Watson «-

stable, de définition 1.1.7, conditionné a étre grand. On rappelle que sa loi de reproduction g, est
caractérisée par 1’expression (1.1.18) de sa fonction génératrice :

Vs €[0,1], wals) =Y s"ua(k) =s+1(1—s)" (1.1.18)
kEN
On sait que p,, est critique avec pq (1) = 0 et que u, est dans le domaine d’attraction d’une loi
a-stable. Plus précisément, si (X, ),cn est une marche aléatoire sur Z de position initiale Xy = 0
et dont les sauts sont tels que (X, = k) = uo(k + 1) pour tout entier £ > —1, alors on a

1
— X, -5 Xy, ot a,=a Vepl/e et E[exp(—AX1)] = exp(A\¥) (1.5.18)
an
pour tous n € N* et A € (0,00). On peut le vérifier grace a (1.1.18) et au théoréme de continuité
de la transformée de Laplace bilatere (voir [151, Appendix A] par exemple). On sait que si o = 2
alors p2(0) = uo(2) = 1/2, et dériver (1.1.18) donne que si « € (1, 2) alors

k—1
1a(0) = 2, p1a(1) =0, pa(2) = 251, et pa(k) = 4 [T la —il = 2% (15.19)
=1

pour tout entier k£ > 3, ou I est la fonction Gamma usuelle. En particulier, p,, est apériodique si et
seulement si a € (1,2). Ainsi, la convergence (1.1.17) déduite du théoreme 1.1.5 de Duquesne a
lieu tantque n — 1 € [a|N.

Nombre de Horton-Strahler pondéré. Motivé par les observations et arguments de la sec-
tion 1.4.4, on introduit une version continue du nombre de Horton-Strahler pour les arbres dont les
feuilles sont dotées de poids a valeurs dans [0, 1). Soit ¢ un arbre fini au sens de la définition 1.1.1.
Onnote 0t = {u €t : ky(t) = 0} I'’ensemble des feuilles de t.

Définition 1.5.14 On dit que t = (¢, (wy)yecot) est un arbre pondéré lorsque t est un arbre fini et
que w, € [0,1) pour tout v € dt. On dote I’espace T, de tous les arbres pondérés de la topologie
produit : autrement dit, (t", (w)})yeaen) — t sur Ty, si et seulement si ¢ = ¢ a partir d’un certain
rang et w,, — w, pour tout v € Jt. L’espace Ty, est polonais. 0

Sit = (¢, (wy)veot) est un arbre pondéré, alors pour tout u € ¢, on pose

gut = (euty (wu*v)veﬁaut)

qui est un arbre pondéré bien défini car 00,t = {v € O,t : uxv € Ot}.

Définition 1.5.15 (Nombre de Horton-Strahler pondéré) Soit t un arbre pondéré. Son nombre
de Horton-Strahler pondéré S(t) € [0, 0o) est défini comme suit.

(a) Sit = ({2}, wgy) est réduit a sa racine avec poids wg, alors S(t) = wg.

(b) Onnote k = ky(t) le nombre d’enfants de la racine de t. Si k = 1, alors S(t) = S(0(1)t).
Si k > 2, onnote S(0(;,)t) > S(0(;,)t) > ... > S(6;,)t) les nombres de Horton-Strahler
pondérés des sous-arbres issus de ces enfants listés dans I’ordre décroissant et on a alors
S(t) = max (S(f(;,yt), 1 + S(f;,)t)). Ces conditions sont résumées dans 1’équation

8<t) = 1<szl’léié(q_) max (S(G(Z)t), 8(9(j)t), 1{2#]} + mln(S(Q(l)t), S(Q(j)t))) . (1520)
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g

On renvoie a la figure 1.4 pour un exemple d’arbre pondéré et du calcul de son nombre de
Horton-Strahler pondéré. Le nombre de Horton-Strahler pondéré est lié au nombre de Horton-
Strahler classique par la relation

YVt €Ty, [St)] =8(t) ot t=(t (wy)vesr),

qui est une conséquence de I’exigence que les poids soient a valeurs dans [0, 1) (voir la proposi-
tion 5.4.3 dans le chapitre 5). Ainsi, se contenter d’étudier le nombre de Horton-Strahler pondéré
n’entraine aucune perte d’information sur le nombre de Horton-Strahler habituel.

Figure 1.4: Un arbre pondéré t tel que S(t) = 3.2. Les feuilles et leurs poids sont en vert. A coté
de chaque sommet est indiqué le nombre de Horton-Strahler pondéré du sous-arbre qui en est issu.

Arbres pondérés de Galton-Watson stables. Afin de tirer parti du nombre de Horton-Strahler
pondéré, on spécifie les poids que I’on met sur les feuilles d’un arbre de Galton-Watson a-stable.

Définition 1.5.16 Soit IV une variable aléatoire sur [0, 1) dont la loi est caractérisée par

1—e "

\V/TE [0,1], P(WST):ﬁ

(1.5.21)
Un arbre pondéré de Galton-Watson a-stable est un arbre pondéré aléatoire 7 = (7, (W, )yesr) tel
que 7 est un arbre de Galton-Watson a-stable et conditionnellement a 7, les poids (W,,),co- sont
indépendants et de méme loi que W' U

On souligne que si £ est une variable aléatoire exponentielle de moyenne 1/ alors sa partie entiere
| E'] et sa partie fractionnaire F/ — | /| sont indépendantes, | F/| est géométrique de parametre 1/«
etlaloide F — | '] est donnée par (1.5.21). Le choix des poids proposé par la définition 1.5.16 se
justifie par les résultats suivants.

Proposition 1.5.17 Soit T = (7, (W,,)yeor) un arbre pondéré de Galton-Watson a-stable.
(1) La loi de S(T) est exponentielle de moyenne 1/~, c’est-a-dire P(S(7) >x) = e 7" pour
tout z € R,.
(i) Pour tout x € R4 \N, la loi de T sous P( - ||S(7) — x| < €) converge faiblement vers une

mesure de probabilité sur I’espace des arbres finis quand € — 0F. On note cette derniére
P(dr | S(T) = ).
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(#i7) La fonction x € Ry \N —— P(d7 | 8(7) = z) est continue pour la topologie de la conver-
gence faible des mesures de probabilité sur ’espace des arbres finis.

On observe que le point (i) de la proposition 1.5.17 permet de retrouver la loi du nombre de
Horton-Strahler d’un arbre de Galton-Watson stable, telle qu’exprimée par (1.4.6). Par le théoreme
de densité de Lebesgue, les autres points impliquent que z € R \N —— P(d7 | S(7) = z) est une
version de la loi conditionnelle de 7 sachant S(7), ¢’est-a-dire que pour tout arbre fini ¢ et toute
fonction g : R4 — R mesurable bornée, on a

ElLy—gg(S(r)] = [ P(r=1]S(r) = a)g(x)yre " da.
+
De plus, on prouve que ces lois admettent une limite d’échelle lorsque * — oo. Comme
vu en section 1.1.4, on rappelle que I’espace K des classes d’équivalence d’espaces métriques
compacts enracinés mesurés est muni de la distance de Gromov-Hausdorff-Prokhorov dgyp, et
que Tr désigne son sous-espace formé des arbres réels compacts enracinés mesurés (voir la
définition 1.1.6).

Théoreme 1.5.18 Soit T un arbre pondéré de Galton-Watson a-stable. L’arbre sous-jacent T
est muni de la distance de graphe dg, donnée par (1.1.2), de sa racine notée &, et de sa mesure
de comptage Y, c, 0y. Il existe une variable aléatoire (s, dns, phs, fins) sur Tr telle que la
convergence

(T, 6_7(0‘_1)xdgr, G, e 70" Z 5u) sous P(d7 | S(T) = z) 4 (s, dhss Phs, Phs)

wer z—00,z¢N

a lieu en loi sur I’espace K muni de la distance de Gromov-Hausdorff-Prokhorov.

On décrit la loi de I’arbre réel limite plus loin, mais ce théoréeme est avant tout un résultat
d’existence. Pour le prouver, on introduit une variante pondéré de 1’élagage de Horton présenté
en section 1.4.1 : au lieu d’effacer toutes les feuilles, on n’efface que celles dont le poids est
strictement inférieur a un seuil prédéterminé r € [0, 1]. Cette opération soustrait exactement 7 au
nombre de Horton-Strahler pondéré, et elle laisse invariante (en un certain sens) la loi d’un arbre
pondéré de Galton-Watson stable. Voir le théoréme 5.5.4 du chapitre 5 pour un résultat précis.
On complete alors la preuve du théoreme en vérifiant la réalisation d’un critere de Cauchy, ce qui
explique pourquoi la loi limite reste encore implicite a ce stade.

Dilatation de Strahler. On reprend les notations de la section 1.1.3 : N, (dH) est la mesure
d’excursion (au dessus de 0) du processus de hauteur a-stable H, ( est la durée de vie de H, et
Nq(dH|¢ = 1) est la loi de I’excursion normalisée du processus de hauteur a-stable. Jusqu’a
la fin de cette section, on allege les notations en écrivant (7y, dy, pi, 1) = THC sous N, ol on
rappelle de (1.1.15) que Té est I’arbre réel codé par (H, (). Au regard du théoréme 1.5.18 et de
la convergence (1.1.17), on peut raisonnablement s’attendre a ce qu’il existe une fonctionnelle
5 : Tg — [0, oo, jouant le role d’un analogue métrique du nombre de Horton-Strahler (pondéré),
telle que la loi de %, puisse s’interpréter comme celle de 75 sous N, conditionnellement a ce que
5(Tu) soit fixé. On construit ci-apreés une telle application.

Soit (T, d, p, 1) € Tr un arbre réel compact enraciné mesuré. Par analogie avec le formalisme
des arbres (discrets), on voit 7' comme un arbre généalogique dont I’ancétre commun est p. Avec
les notations de la définition 1.1.6, pour tous o1, o9 € T', on rappelle que [0, 02] désigne I’'image
de 1"unique géodésique de o1 a o9 sur T. Par la définition 1.1.6 (b), on vérifie facilement que
[p, o1] [p, 2], et Jo1, o2] ont exactement un point en commun que 1’on note

{o1 Noa} = [p,o1] N [p,o2] N [o1,02]. (1.5.22)
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Notons que la notation A dépend de (7', d, p), et en particulier du choix de la racine p. Soit

Wy = [J{1.2}", ou {1,2}°={o},

neN

I’arbre binaire régulier infini. Toujours par analogie avec le formalisme discret, et plus particuliere-
ment avec (1.4.2), on dit qu'une application injective ¢ : Wy — T' est un plongement lorsque
w(u) A p(v) = @(u Av) pour tous u, v € Wy, la notation A ayant un sens différent mais analogue

a gauche et a droite de I’égalité. Si ¢ : Wy — T est un plongement, alors on pose cp(%) = p par

convention. On rappelle de (1.5.17) que § = (%)O‘_l. Finalement, on définit

T,d = lim inf inf Sl (o (o 1.5.23
So(Todpop) = suwp liminf =3 imf > (p(0), p(v), (15.23)
plongement lul=n

v=u

et on nomme $5(7, d, p, 1) la dilatation de Strahler en base § de (T, d, p, ). On souligne la
similarité entre (1.5.23) et I’expression (1.4.2) du nombre de Horton-Strahler en termes de supremum
sur ’ensemble des plongements partant d’arbres binaires parfaits. De plus, on observe que pour
tout A € (0,00) et pour tout (7,d, p, ) € Tr, on a S5(T, \d, p,n) = ASs(T',d, p,0). Ainsi,
la dilatation de Strahler est une caractéristique métrique non-triviale des arbres réels compacts
enracinés.

Théoreme 1.5.19 L’application S5 : Tr — [0, 00| est mesurable et si T est I’espace limite du
théoréme 1.5.18, alors 55(Fhs) = 1 presque siirement.

La preuve de I’égalité S5(.%,s) = 1 s’appuie sur une décomposition auto-similaire de Fq
qui fait apparaitre explicitement le plongement optimal pour (1.5.23). Voir le théoréme 5.7.3 du
chapitre 5 pour une formulation exacte de ce résultat technique. On énonce maintenant les liens
attendus entre s et T sous Ny,.

Théoreme 1.5.20 Soit (Fhs, dns, Phs, fhs) ['espace limite du théoréme 1.5.18. On note encore S5
la dilatation de Strahler en base § comme définie par (1.5.23). Pour toutes fonctions F : Tr — Ry
et g : [0,00] — Ry mesurables et positives, on a l'identité suivante

dx

Nq [F('E{)g(ﬁg(’ﬁ{))] = Ba_ﬁ E[F(%saxdhsaphsaaﬁxaﬁﬂhs)]g(l‘)ma

Ry

ou on rappelle que (o — 1) = 1 d’apres (1.5.17). En particulier, on a N (S5(Ti) = 0) = 0 et
N, (55(Ta) > z) = (az) P pour tout x > 0.

D’apres ce résultat, la dilatation de Strahler en base § de Ty est strictement positive et finie. On
peut prouver (voir la proposition 5.8.8 dans le chapitre 5) que le parametre § est le seul a vérifier
cette propriété et joue donc le role d’une base critique. En plus de donner la loi de §5(7y1) sous la
mesure sigma-finie N, (dH), le théoréme 1.5.20 fournit une version réguliere (continue) de la loi
conditionnelle de gy sachant §5(7y1) en termes de redimensionnement de I’arbre réel aléatoire .
Réciproquement, on peut retrouver la loi de %5 en divisant les distances sur 7y par §5(75) @ pour
tout y € (0, 00) et pour toute fonction F' : Tg — R continue et bornée, on a

E[F(F)] = Na|F(Ti, $5(T) ~"du, put, a~785(Ti) ™ ) | 55(Ti) > ]
En outre, I’intuition initiale sur la loi de .Z4 est justifiée par I’identité suivante :

E[F(Zs)] = lim No (7 (Taa, o2 duy, pu, o) | 185(Ti) = a7/ < e].
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La preuve du théoreme 1.5.20 est basée sur une comparaison bayésienne de la convergence (1.1.17)
avec le théoreme 1.5.18, qui est rendue possible grace a I’homogénéité de S5 et au théoréme 1.5.19.

La méme méthode permet de montrer que si T est un arbre pondéré de Galton-Watson a-stable,
alors la limite d’échelle de §5(7) sous IP( - | #7 > n) est égale a la dilatation de Strahler en base
0 de la limite d’échelle de I’arbre 7. Néanmoins, cet argument n’est pas suffisant pour étudier le
comportement asymptotique sous le conditionnement local P(- | #7 = n) car N, (¢ = 1) = 0.
Pour éviter ce probleme, on utilise un algorithme dii a Marchal [128] qui génére une suite imbriquée
d’arbres de Galton-Watson a-stables conditionnés a avoir n feuilles, ce qui permet de profiter d’une
propriété de monotonie du nombre de Horton-Strahler. En outre, on se sert d’un théoréme de Curien
& Haas [41] qui affirme que cette suite converge presque slirement vers un arbre a-stable apres
renormalisation, ainsi que de résultats de Kortchemski [107] reliant les conditionnements par le
nombre de feuilles et par la taille. On prouve finalement le théoreme ci-dessous, et on atteint donc
notre but initial.

Théoreme 1.5.21 Soit T un arbre pondéré de Galton-Watson a-stable, on reprend les notations du

théoréme 1.5.18. On note encore S5 la dilatation de Strahler en base § = (ﬁ)o‘_l comme donnée

par (1.5.23). Comme dans (1.5.18), on pose a, = o /*nY pour tout n € N. On rappelle que si

a € (1,2) alors |a| =1, et si a = 2 alors | o] = 2. Alors, la convergence jointe suivante

((T,C:dgr, , Z(S) 58(7') sous P(-|#17=n+1)

UGT

R (T, du, pu, 1) 5 S5(Tr)) sous No(dH | ¢ = 1)

n—oo,n€|a|N
a lieu en loi sur ’espace K x (0, 00), oi K est muni de la distance de Gromov-Hausdorff-Prokhorov.

Le théoreme 1.5.20 et la formule (1.1.11) de désintégration impliquent que S5(7yy) est aussi
a valeurs dans (0, 00) sous N, (dH | = 1). En appliquant logs(-) = In(-)/In(¢) sur la seconde
marginale dans le théoréme 1.5.21, on obtient la convergence en loi

S(T) - O‘T_lloggn— élogﬂx SOHSP(-|#T:TL+1)
—— s logs §5(Th) sous Nu(dH|¢ = 1) (15.24)

n—oo,n€|a|N

sur R. Puisque S(7) = |S(7)], cela permet d’une part de retrouver la "loi des grands nombres"
donnée par le théoreme 1.5.10 dans le cas spécifique ot u = . D’autre part, 1I’évolution de
la partie fractionnaire de “771 logs n fait apparaitre le méme phénomene périodique que dans
I’estimation asymptotique (1.4.4) prouvée par Flajolet, Raoult & Vuillemin [75] et Kemp [98].

Le théoreme 1.5.21 indique qu’il est possible de retrouver avec une précision arbitraire asymp-
totiquement le nombre de Horton-Strahler pondéré d’un grand arbre pondéré de Galton-Watson
stable a partir de la seule structure métrique de la limite d’échelle. Cela est remarquable pour
deux raisons. D’une part, les nombres de Horton-Strahler classiques et pondérés sont des quantités
combinatoires plutdt que métriques. Par exemple, greffer un arbre binaire parfait de hauteur (Inn)?
sur une feuille d’un arbre de Galton-Watson stable a n sommets augmente considérablement le
nombre de Horton-Strahler, d’apres (1.4.2), mais ne modifie pas la limite d’échelle. On rappelle de
la section 1.1.5 que Duquesne & Le Gall [57, Section 4] montrent un phénomene similaire pour la
masse totale.

D’autre part, le nombre de Horton-Strahler pondéré dépend des poids aux feuilles, et donc d’un
aléa indépendant de I’arbre. Bien que I'influence de ceux-ci se résume a la partie fractionnaire, cette
contribution d’ordre constant est non-négligeable au sein de la convergence (1.5.24). La disparition
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de cette dépendance a la limite s’explique par le choix spécifique de la loi des poids, introduits
pour enlever les phénomenes arithmétiques parasites du nombre de Horton-Strahler entier, qui est
donc un aspect intrinséque de 1’arbre de Galton-Watson stable. De méme, I’indice $5(711) est une
nouvelle caractéristique métrique de 1’arbre stable dont les propriétés pourraient renseigner sur sa
géométrie.

Notre dernier résultat porte spécifiquement sur le cas o« = 2, ol %H sous Nyo(dH|¢ =1) ala
méme loi que I’excursion brownienne standard donnée par (1.1.8).

Théoreme 1.5.22 Ici o = 2. Alors sous No(dH | = 1), il y a égalité en loi entre les deux
variables aléatoires suivantes :

d
255(7Tqg) =  sup Hs = sup du(pu,o).
86[0,1} o€Th

Ce résultat fait écho a I’identité en loi (1.4.7) car I’arbre brownien est a la fois la limite d’échelle
des arbres uniformes & n sommets et des arbres binaires uniformes a n feuilles. Notre preuve,
purement calculatoire, adapte la méthode de Flajolet, Raoult & Vuillemin [75] et de Kemp [98].
Ces calculs exacts ne peuvent étre étendus aux cas « € (1, 2). Il serait souhaitable de trouver une
preuve plus directe du théoreme 1.5.22 afin de comprendre en profondeur cette identité en loi et de
savoir si elle reste valide pour les autres arbres stables.
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Chapter 2

Scaling limits of tree-valued branching random walks

This chapter is adapted from the paper [60], written in collaboration with Thomas Duquesne, Shen
Lin & Niccolo Torri, which is published in Electronic Journal of Probability.

Abstract

We consider a branching random walk (BRW) taking its values in the b-ary rooted tree W,
(i.e. the set of finite words written in the alphabet {1, ..., b}, with b>2). The BRW is indexed
by a critical Galton—Watson tree conditioned to have n vertices; its offspring distribution is
aperiodic and is in the domain of attraction of a y-stable law, v € (1, 2]. The jumps of the BRW
are those of a nearest-neighbour null-recurrent random walk on W, (reflection at the root of
W, and otherwise: probability 1/2 to move closer to the root of W, and probability 1/(2b) to
move away from it to one of the b sites above). We denote by Ry (n) the range of the BRW in
Wy, which is the set of all sites in W, visited by the BRW. We first prove a law of large numbers
for #Ry(n) and we also prove that if we equip Ry(n) (which is a random subtree of W)
with its graph-distance dg,, then there exists a scaling sequence (ay, )nen satisfying a,, — oo
such that the metric space (Ry(n), a;, 'dgr ), equipped with its normalized empirical measure,
converges to the reflected Brownian cactus with ~-stable branching mechanism: namely, a
random compact real tree that is a variant of the Brownian cactus introduced by Curien, Le
Gall & Miermont in [40].
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2.1 Introduction

Since the seventies, branching random walk (BRW) is an area of research that is intensively studied
and is linked to traveling wave solutions of semi-linear partial differential equations (FKPP) or
various models of statistical mechanics (Generalized random energy model, Mandelbrot’s cascades,
Gaussian free field): we refer to the book of Shi [140] for an overview of this topic; we also refer
to the works of Gouézel, Huerter, Lalley and Sellke [115, 94, 114, 86] for the study of BRW in
hyperbolic spaces and to Liggett [122] and to Benjamini & Miiller [16] for branching random walks
on trees. In most of the previous works, BRWs are indexed by an infinite supercritical Galton—
Watson tree (GW-trees) and questions focus on various survival events or extremal behaviours of
BRWs.

In this chapter, we consider instead a BRW that takes its values in the b-ary tree W, and that is
indexed by a critical Galton—Watson tree conditioned to have n vertices. The jumps of the BRW are
those of a nearest-neighbour null-recurrent RW on W,. Namely, at the root of W, (that is denoted
by @), it is reflected and elsewhere, with probability 1/2, it jumps to the neighbour closer to the root
of W, and with probability 1/(2b), it moves further from the root of W, and it jumps to one of the
b sites above. We study the range Ry, (n) of this BRW when n — 0o. More precisely, we first show
that 1 #Ry(n) converges in probability to a constant; this law of large numbers is the analogue of
the results due to Le Gall & Lin [83, 82] who treat the cases of Z%-valued BRWs that are indexed
by critical GW-trees conditioned to have n vertices. We then prove that Ry,(n), seen as a subtree
of the b-ary tree, converges, when it is suitably rescaled, to a continuum random tree called the
reflected Brownian cactus with «-stable branching mechanism: namely, a random compact real tree
that is a variant of the Brownian cactus introduced by Curien, Le Gall & Miermont in [40].

This limit theorem for Ry (n) is related to earlier works on scaling limits of the range of tree-
valued critical or near-critical biased random walks (RWs): in particular we refer to Duquesne [52]
who deals with near-critical biased RWs on b-ary trees, to Peres & Zeitouni [137] who show that
the distance to the root of a critical biased RW in a Galton—Watson environment is diffusive, to
Dembo & Sun [45] who study the cases of critical biased RWs on INV-type GW-trees, to Aidékon &
de Raphélis [6] who improve Peres & Zeitouni’s result and who show that the range of the same RW
converges when suitably rescaled, to a variant of the Brownian CRT, and to Chen & Miermont [35]
who show that rescaled Brownian bridges and loops in hyperbolic spaces converge to the Brownian
CRT. Their work is based on a previous results due to Bougerol & Jeulin [25]. Independently,
Stewart shows in his PhD Thesis [145] that the rescaled simple RW bridges on a d-regular tree
(d > 3) converge to the Brownian CRT.

Let us describe more precisely the results that we obtain. We consider a (rooted and ordered)
Galton—Watson tree 7 with offspring distribution p that satisfies the following: we fix v € (1, 2] and
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Wwe assume

(Hi): p(0) >0and > oy ku(k) =1,
(H) (Hg) :  pis aperiodic (namely, p is not supported by a proper subgroup of Z),
(Hz) :  pis in the domain of attraction of a ~y-stable law.
(2.1.1)

Note that (H;) implies that a.s. the total number of vertices #7 is finite; (Hs) implies that for
all large enough integers n, P(#7 =n) > 0. We translate (H3) into the following assertion: let
(Ln)nen be an i.i.d. sequence of N-valued random variables such that P(L,, =k) = pu(k), k€N
and let X be a real random variable whose law is spectrally positive v-stable; it is characterised
by its Laplace exponent: log E[exp(—AX)] = A7, A € [0,00). Then under (H3), there exists a
nondecreasing 7T_l-lregulalrly varying sequence (a,)nen such that

an (law)
—(Li+...+L,—n) —— X . (2.1.2)
n n— oo
In particular, if the variance o2 of y is finite then (H3) is verified with v = 2, and (2.1.2) holds with
an = /2n/c?. As we see below, under (H), 7 behaves regularly when it is conditioned to be large:
namely, we see that suitably rescaled versions of 7 under P( - | #7=n) converge in distribution
when n — oo.

Conveniently, we view 7 as a family tree whose ancestor is the root and where siblings are
ordered by birth-rank. The depth-first exploration of 7 is the sequence of vertices (uj)o<k<#r
that is defined recursively as follows: wy is the root and for all k € {0, ..., #7—2}, let v be the
most recent ancestor of u; having at least one unexplored child (note that possibly v =1wuy); then
ug+1 1s the unexplored child of v with least birth-rank. Our first result is the following law of large
numbers for the size of the range of the W;,-valued 7-indexed critical branching random walk (see
Sections 2.2 and 2.3 for more precise definitions).

Theorem 2.1.1 Let 7 be a Galton—Watson tree with offspring distribution u that satisfies (H).
Recall that (uy)o<k<ur Stands for the depth-first exploration of T. Conditionally given T, let
(Yy)ver be a Wy-valued T-indexed critical branching random walk starting at Yyoor = &. Then,
there exists a constant c,,, € (0, 00) that only depends on i and o such that

ve€(0,00), lim P(1 max [#{Yu;0<1<k} — cun >e|#r=n)=0, (@13

In particular, for all ¢ € (0,00), we get limy,_,o P ( |%#Rb — cup| >e| #7=n) =0, where Ry
stands for the range {Y,; v €T} of the branching random walk.

Let 7, (Y )ver and Ry ={Y,;v €7} be as in Theorem 2.1.1. Observe that Ry, is a subtree of
Wp. Our second main result is a limit theorem for rescaled versions of the metric spaces (Ry, dgr)
where dg, stands for the graph-distance. To state it, let us first recall a limit theorem for (7, dgr).
Set Hy,(7) =dgr(root,uy) for all k€ {0,...,#7—1}, that is the height process of 7. Note that
H(t)= (Hk<T))ke{0,...,#’r—1} entirely codes 7. Then, Theorem 3.1 in Duquesne [50] asserts the
following: assume (H) as in (2.1.1) and let (ay,) be as in (2.1.2); then there is a nonnegative
continuous process H = (Hy) selo,1] Such that

(iHl_nSJ (7‘))56[071] under P( - |#7=n) — H, (2.1.4)

weakly on C([0,1],R). When y=2, H is the normalized Brownian excursion. When the variance
of p is finite, this result is due to Aldous (see Theorem 23 in Aldous [9]). When vy € (1,2), H is



60 Chapter 2. Scaling limits of tree-valued BRW

the normalized excursion of the y-stable height process that is a local-time function of a y-stable
spectrally positive Lévy process.

The metric space that is the limit of (7, édgr) as n — oo is derived from the normalized
excursion of the y-stable height process H as follows: for all s1, s2 €10, 1], we set

dp(s1,89)=Hg, + Hs, — 2 31/\822131251\/82 H,.

We easily check that a.s. dy is a pseudo-metric on [0, 1]. We introduce the relation ~f on [0, 1]
by setting s1 ~p so if and only if dg(s1, s2) =0; clearly, ~ is an equivalence relation and the
normalized ~y-stable Lévy tree is taken as the quotient space Ty = [0, 1]/ ~ 5, equipped with the
distance induced by d that we keep denoting dz. We denote by pgr:[0, 1] — T the canonical
projection. Note that pg is continuous; therefore 7 is compact and connected. Moreover, 1T is
a real tree, namely, a metric space such that all pairs of points are joined by a unique simple arc
that turns out to be a geodesic (see Definition 2.4.6 for more details). We set 7 :=pg(0) that is
viewed as the root of Ty and we equip Ty with the measure iy that is the image of the Lebesgue
measure on [0, 1] via pyr, namely, 7 f dupg= folf(pH(s)) ds, for all continuous f: T —R. The
convergence (2.1.4) then implies the following one.

(7, 2dgr,root, tm) under P( - |#7=n) —— (Ty,du,vu, /1) (2.1.5)
n n—oo
wherem=}_, .4, stands for the counting measure on 7. Here the convergence holds weakly on

the space M of isometry classes of pointed measured compact metric spaces equipped with the
Gromov-Hausdorff—-Prokhorov distance d¢ggp that makes it a Polish space, as proved in Abraham,
Delmas & Hoscheit [4, Theorem 2.5]. (See (2.4.10) for a precise definition of dggp and see (2.4.11)
for more details.) For more details on Lévy trees see Le Gall & Le Jan [81] and Duquesne & Le
Gall [61, 57] (see also Section 2.4.4).

The limit of rescaled versions of the metric spaces (R, dgr) is constructed as follows: as proved
in Duquesne & Le Gall [57] (Lemma 6.4 p. 600, that is recalled in Lemma 2.4.32), conditionally
given H, there exists a Holder-continuous centered Gaussian process o € Ty — W, € R whose
covariance is characterised by E[|W,, — W, ]2| H]=dpy(o1,03), for all 01,09 € Ty. Then, we
set

Vo1,02€TH,  duw(o1,02) = [Wo, |+ [Wo,| — 2 min iﬂ/""

where [0, 03] is the unique geodesic that joins o7 to o9 in 7. In Lemma 2.4.22, we prove that
dg,w is a pseudo-metric on Ty ; we then define the equivalence relation ~ g 1y on T’y by setting
o1 ~m,w o2 if and only if dy w (01, 02) =0 and we denote by Ty w =Ty / ~m,w the quotient
metric space and we keep denoting by dp - the resulting metric; we denote by my w : Ty —
T'H,w the canonical projection that is continuous. Thus Ty is compact and connected, and
(Ta,w,dm,w) is a real tree (see Section 2.4.6, especially Proposition 2.4.34, for more properties of
T'r w). It turns out that this kind of spaces has been introduced in Curien, Le Gall & Miermont [40]
(see also Le Gall [116] for a different purpose); they coined the name Brownian cactus, so we call
(Tr,w,dm,w) the normalized reflected Brownian cactus with y-stable branching mechanism. We
next set 7w =7 w(rm) that is viewed as the root of Ty and we equip 17,1 with the measure
pr,w that is the image of py via mg y: namely, fTH,Wf dumw = |1, f(maw (o)) pu(do), for
all continuous f: Ty yw — R. Our second result is the following limit theorem.

Theorem 2.1.2 Let 7 be a Galton—Watson tree with offspring distribution yu that satisfies (H)
as in (2.1.1). We denote by m = ), .0, the counting measure on 7 and we denote by dg.
the graph distance on 1. Conditionally given T, let (Yy)yer be a Wy-valued T-indexed critical
branching random walk starting at Yyoor = . We denote by Ry, = {Y,;v € 7} the range of Y,
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by mb . =3, c, Oy, the occupation measure of Y and by dgy the graph distance on Ry,. We

denote by (T, dp, T, jti) the normalized ~-stable Lévy tree and by (Ta,w, duw, TH,W » [LH,W )
the normalized reflected Brownian cactus with y-stable branching mechanism as defined above.
Let (an)nen be as in (2.1.2). Then, the following limit holds weakly on (M, dgyp)?
((T, a%dgrﬂ root, %m) , (Rp, \/%—ndgr, a, %mgcc)) under P(-|#1=n)
(law)
— ((TH, da,ra, ki) s (Taw, daw,THW, MH,W))- (2.1.6)

n—oo

Moreover, denote by m®, . =>" 2eR, Oz the counting measure on Ry, then, for all ¢ € (0, 00),

lim P(dp(,’rl())k(c“—"’mb Lim® )>E‘#T:n)20,

n-soo n occr pHtcount

where ¢, is as in Theorem 2.1.1 and where d stands for the Prokhorov distance on the space of

finite measures on (Ry, \/%Tndgr)' It implies that the following limit holds jointly with (2.1.6):

(law)

(R, \/%Tndgr,g, %m‘gom) under P (- |#7=n) ﬁ (THW, dEW S THW , Cpb-JLH,W ) -

Theorem 2.1.1 is the analogue of Proposition 5 and Theorem 7 in Le Gall & Lin [82] established
for Z%valued BRWs. Let us mention that our strategy of proof is similar: we define a specific
invariant shift for infinite tree-valued BRWs and we use the subadditive ergodic theorem; the
constant ¢, y, is interpreted as the probability that the invariant BRW visits its starting point only
once.

The proof of Theorem 2.1.2 is distinct from that of Theorem 2.1.1. On one hand, it relies on
general arguments on weak limits of random metrics (see Proposition 2.4.4). As an application
of these results, we prove that the range of critical biased RWs on /NV-type supercritical GW-trees
converges to the tree coded by a reflected Brownian motion (see Corollary 2.4.16). This result is
derived from a much more difficult result due to Dembo & Sun [45] that asserts that the distance
from the root of the RW converges, when suitably rescaled, to a reflected Brownian motion. The
same idea allows to recover previous scaling limits for the range of RWs on supercritical GW-trees
such as in Duquesne [52] (critical biased RWs on b-ary trees) or in Aidékon & de Raphélis [6]
(biased RWs and RWs in random environment on single-type GW-trees). We refer to the end of
Section 2.4.2 for more details. On the other hand, the proof of Theorem 2.1.2 uses limit theorems
for discrete snakes that have been obtained by Janson & Marckert in [97] in the Brownian case and
by Marzouk [130] in the stable cases.

Organization of the chapter

The chapter is organised as follows. In Section 2.2, we introduce notations on trees with an
infinite line of ancestors that constitute a natural state-space for invariant tree-valued BRWs. In
Section 2.3.1, we define the kinds of BRWs that we study; Section 2.3.2 is devoted to metric
properties of the range of the so-called free BRWs. In Section 2.3.3, we state a coupling for BRWs
that is a key argument in the proof of Theorem 2.1.1. In Section 2.3.4, we prove estimates that
are used mostly to prove that ¢, , > 0. Theorem 2.1.1 is proved in Sections 2.3.5 and 2.3.6. In
Section 2.4.1, we prove general convergence results for random metrics. In Section 2.4.2 we apply
these results to get scaling limits for the range of RWs on N-type GW-trees (see Corollary 2.4.16).
In Section 2.4.3 we introduce snake metrics and we prove specific results. In Sections 2.4.4 and
2.4.5, we recall definitions and properties on stable Lévy trees and Lévy snakes. Section 2.4.6 is
devoted to basic properties of reflected Brownian cactuses. Theorem 2.1.2 is proved in Section 2.5.
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2.2 Tree with a possibly infinite line of ancestors.

Words. Recall that N stands for the set of nonnegative integers {0, 1,2, ...} and that N* =N\{0}.
Let A be a set with more than two elements that is viewed as an alphabet. We denote by W4 the
finite words written with alphabet A: namely,

Wy=|J 4" (2.2.1)
neN

Here, A° is taken as {@}, @ being the empty word. Let u = (ay,...,a,) € Wy be distinct
from @. We set |u| = n that is the height of u, with the convention that |&| = 0. We next
set 'w = (ai,...,an—1) that is interpreted as the parent of u (if n = 1, then W = @). More
generally for all p € {1,...,n}, we set uj, = (a1, . .., a,), with the convention: uy = @. For all
v=_(b1,...,bm) EWy, wesetuxv=_(ay,...,an,b1,...,by) that is the concatenation of u with
v, with the convention that & x u =wu * & =wu. We shall also define the most recent common ancestor
of u and v in Wy as u A v=wuy, =v), where p=max{keN : Uk :v|k}. We shall consider three
cases:

e A = N*; in that case we use the notation U:= Wy, the letter U being for Ulam.

e A={1,...,b}, bbeing an integer > 2; we use the notation W, =Wy, pys Wh is the b-ary

tree.
o A=[0,1]; we call W 1 the free tree.

Definition 2.2.1 Rooted ordered trees can be viewed as subsets ¢ C U that satisfy the following.
(a) @et.
(b) Ifuct\{@}, then w et.
(c) For all u €t, there exists k() €N such that ux (i) €t if and only if 1 <i <k,(¢).

We denote by T the set of rooted ordered trees. 0

The quantity k,(t) is interpreted as the number of children of u and ux*(3) is the i-th child of u,
1<i<ky(t). If ky,(t) =0, then there is no child stemming from u and assertion (c) is empty. We
next set the shift of ¢ at u by 6,t={v €U : uxv €t} that is also a rooted ordered tree: it is viewed
as the subtree of the descendants stemming from u. Unless otherwise specified, all the random
variables that are mentioned in this chapter are defined on the same probability space (€2, F, P).

Definition 2.2.2 We equip T with the sigma-field .% (T) generated by the sets {tcT:uct}, ucU.
A Galton—Watson tree with offspring distribution (i (a GW(p)-tree, for short) is a (.F, .7 (T))-
measurable r.v. 7:€) — T that satisfies the following.

o kg (7) has law p.

e For all k > 1 such that u(k) > 0, the subtrees 6(1)7, ..., 07 under P(-|ky(7) = k) are
independent with the same law as 7 under P. g

Recall that 7 is a.s. finite if and only if 1 is critical or subcritical: ;- ku(k) <1.

Bilateral words. We shall consider branching random walks seen from the spatial and genealogi-
cal position of a tagged individual. To that end, it is convenient to introduce ordered trees that are
rooted possibly at a negative generation and we also introduce their local limits that may have an
infinite line of ancestors. It is therefore convenient to introduce words indexed by possibly negative
numbers.

To simplify, we set Z_ = Z\N* and Z—zu {—o0}. An A-bilateral word is a (possibly

infinite) sequence u = (ax)k, <k<k, Where ki € % and ko € Z are such that ks > k1 and where
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ay € A for all k1 < k < k. We denote by Wy the set of bilateral words, including the empty word
denoted by @ (if k1 > ko, then we agree on u= ). If u # &, we introduce the following notation.

|u|— =k1, be the depth of u,

|u| = kq, be the relative height of u (note that it may take negative values),

= (@k) gy <k<ky—1 be the parent of u, (2.2.2)
Uy, 1y = (@) kv <k<kanls »

end(u) = ag, ,
for all I € 7, Iy € Z such that [ < l. To simplify, we also set
VieZ, U|p = U|(—o00,]- (2.2.3)

Let us stress that a bilateral word has at most a finite number of letters a; indexed by positive
indices, k € N*, while it can have infinitely many letters indexed by negative indices, k€ Z N Z_.
Note that & has neither relative height nor depth. Note that if 1 <k; and kg < ls, then u](ll,lz] =u.

e Shift. For all | € Z, we denote the I-shift operator p;: W, — Wy by:

o1(u) = (Aht1) by —1<k<ka—1,

Note that |¢;(u)|— =|u|- — I, that |¢;(u)| = |u| — [ and that ¢; (@) = @. Clearly, ¢; o py =41,
y is bijective and ; o p_; is the identity map.

e Concatenation. For all u= (ay)g, <k<k, € W4 and all v=(bg)1<r<ks € W4, we define

( ) h ag If ki <k<ko, 2.2.4)
U*vV=\(c where cp = L.
Vskskaths " \bkky, I ka <k <ks + ks.

The bilateral word u+wv is the concatenation of a bilateral word u on the left with a null depth word
v on the right. Note that |u % v|_ =|u|_, that |u * v|=|u| 4 |v| and that u * @ =u.

e Convergence in W,. Assume that (A,d ) is a Polish space. We equip W, with the following
local convergence.

Let u» € Wy, peN; the sequence of words u® converges to w if [u®|_ — |u|_ in Z and if
forallleN and for all € € (0, 1), there exists p; . € N such that for all p>p, .,
(=D V]u®| = (=1)V]u|- and maxyyjy|_<k<|u dA (ul?,uy,) < e.

u(p)‘ = |u

>

It is easy to see that this convergence corresponds to a Polish metric and we equip W4 with the
corresponding Borel sigma-field. Note that the shifts operators ¢; are homeomorphisms with
respect to local convergence. If A=N*, we shall use the notation U:=Wy-. If A={1,...,b}, we
shall use the notation W, ::W{Lmyb}. Note that in these cases, N* and {1, ..., b} are equipped
with the discrete topology.

Trees with infinite line of ancestors.

Definition 2.2.3 A non-empty subset R C Wy is a subtree of Wy if it satisfies the following.
(a) There exists |R|_ € 7 such that |v|-=|R|- forallve R\{@}.
(b) For all ve R\{@} such that |v|>|R|_, v €R.
(c) Forall w and v in R, there exists [ € Z such that uj; =v); (see (2.2.3)). d
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We call |R|_ the depth of the subtree R. If |R|_ > —o0, then (b) implies that the empty word & is
an element of R and |R|- + 1=minep\ (o} |v], (¢) is always fulfilled since for all / <|R|_ and
allv € R, we get vy =@. If [R|_ =—o0, then & ¢ R.

e Common ancestor. Recall from (2.2.3) the notation u);. Let R C W, be a subtree as in Defini-
tion 2.2.3. We define the common ancestor of u, v € R by

UNAV = Upp(y,0)= Vip(uw) Where  b(u,v):=max{l€Z : u=uvy}, (2.2.5)

that is well-defined thanks to Definition 2.2.3 (¢).

e Graph distance on subtrees of W4. A subtree R C Wy as in Definition 2.2.3 corresponds to the
following graph-tree: its set of vertices is R and its set of edges is {{v, v };v e R : |v| >|R|_}.
We easily observe that the graph distance dg, on R is given by

Vo, yeR, dg(z,y) =|z|+ |yl -2z Ay . (2.2.6)

o Ordered trees with a possibly infinite line of ancestors. We next extend Definition 2.2.1 to ordered
trees with a possibly infinite line of ancestors as follows.

Definition 2.2.4 Recall the notation U:=Wy- A subset ¢ C U is an ordered tree (with a possibly
infinite line of ancestors) if it is a subtree of U as in Definition 2.2.3 satisfying (a), (b) and (c) with
A=N* and if it furthermore satisfies the condition that any word has a finite number of children,
that is,

(d) Yuet, ky(t):=#{vet: v =ul <ooand {1,..., k,(t)} ={end(v);vet: v =u} if k,(t) >1.

We shall consider that the singleton {&} is the only tree with one point. We denote by T the set of
ordered trees. O

For all k € % we set Ty = {{@}} U {t €T : |t|—- = k}. Note that To =T, where T is as in
Definition 2.2.1 and observe that ¢_j(T) =T} when k > —oc.

e Lexicographical order and successor of a vertex. Let t € T. By Definition 2.2.3 (¢), the vertices
of ¢ are totally ordered by the lexicographical order <; that is formally defined as follows. Let
u,v € t\{@}; recall from (2.2.5) the definition of b(u, v) and from (2.2.2) the definition of end(-);
then,

u <t v ifandonlyif end(ujpyp)+1) < end(vjpu,v)+1) - 2.2.7)

Note that <; actually depends on ¢: it is not defined on the whole set of bilateral words U but
only on ¢ (indeed, to define <;, branching points have to be well-defined, which requires possibly
infinite words to share a prefix). If @ €¢, then & is the <;-least element of t. We denote by <; the
strict order associated with <;. We also introduce the following related notation: for all u €t, the
successor scc(u) of u is defined as the <;-least element of {v €¢:u <;v} if this set is not empty,
otherwise we simply take scc(u)=u.

o Subtree. Let t € T and u € t. The subtree 0,,¢ stemming from u is defined as follows.
Out={velU:uxvet}, (2.2.8)
where we recall from (2.2.4) the definition of the concatenation * of a bilateral word on the left

with a null-depth word on the right. Note that |0,¢|— = 0, namely: 6,¢ € T, where T is as in
Definition 2.2.1.
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Pointed labelled trees. To deal with branching random walks, we introduce labelled trees where
the label of a vertex is viewed as its position in space. More precisely, let (E, dg) be a Polish
metric space. We define the space of pointed E-labelled trees as follows. For all k€ Z, we set:

TH(E)={0}U{t=(t,0;x=(2y)vet): t€Ty, 0€t, z,€ E,v€t} and T(E)= U Ty(E),
ke%

where 0 stands for a cemetery point. Here, the label of v €t is x, € F that is viewed as the spatial
position of v. If there is no label, we simply write T}, and T".

o Shift operator on labelled trees. Shift operators act naturally on the space of pointed E-labelled
trees as follows: let | € Z; we set () =0 and for all t = (¢, 0;x) € T (E)\{0}, we set

@i(t)=(pu(t), pi(0);x0p—), where xop ;= (xgo,l(w))waol(t) .
e Truncation. We next define a natural truncation procedure for pointed labelled trees along the line

of ancestors of the distinguished point.

Definition 2.2.5 Lett=(t,0;x= (1 )yet) €T (E). Let p€ 7 and q € Z\J{oo} be such that p<q.
We define the following.

— If (p,q] N (Jo|_, [o]] =0, then we set [t]]=0. We also set [0]1=0.
— If (p, g N (Jo]_, |o|] #0, then we set [t]2

(t',0';x") where
/ / /
0 =0|(p,q]> t :{U\(p,q}; vVEL: v‘p:o‘p} and Ly =Ty,

where v €t is such that v/ =U|(p,q and v}, =0y, (recall notation vy, from (2.2.3)).

We simply set [t],, instead of [t]°. If t € T} (E), then note that [t]] € T}, (E). We use a similar

notation for pointed trees without label. O

e Local convergence on T'(E). For all t=(t, 0;x), t' = (', o’; x) in T"(E), we first set
AL t) =1 {00700} + L(to)=(100y Max (INdp (@, a))

with A(t,d) =1 and A(9,d) =0. We easily check that A is a metric on T'(E). Then, we define
the local convergence as follows.

Let t,, = (t™), o(’i; x(M) e T(E), n € N; the sequence (t,,)n>0 is said to converge locally
tot=(t,0;x) €T (E) if forall e € (0,1) and all ¢ €N, there exists ng.e € N such that for
all integers n > nge, A([t™)2, [t]7,) < e (when there is no label, it simply means that
[t =[t]Z, ).

Local convergence corresponds for instance to the following metric:

Vt, t/ € T.(E)7 510C (tv t/) - Z 2_q_1A([t]q—q? [tl]gq)?
geN

with d16¢(t,0) =1 and §10c(9, 9) =0. We easily check that (T*(E), d1,c) is Polish and we note
that shift operators are isometries.

Definition 2.2.6 Let (t,0) €T be distinct from 0.

(a) We set cent(t,0) = p|o|(t, 0) that is the centering map: it shifts trees so that their distin-
guished point is at relative height 0.
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(b) We next set scc(t, 0)=cent(t, scc(o)) where we recall that scc(o) stands for the vertex of
t coming next in the lexicographical order as defined by (2.2.7). We call scc(+) the successor
map.

(¢) Observe that there is a unique pointed tree (¢/,0’) € T" and a unique one-to-one map
Y:t' = {op;p<|ol} U{veEt:o<,v} such that ¥(¢') = o, that is increasing with respect
to the lexicographical order and that preserves the relative height; we set [(¢,0)]"=(t', o)
that is called the right-part of (¢,0). Intuitively, the only difference between (t', p’) and
{opsp<lo|} U{vet:o< v} is that (', p') respects the convention (c) in Definition 2.2.1
we have imposed on rooted ordered trees. We also set

sccT(t,0)=[scc(t,0)]" .

The map scc™(+) is called the right-successor.

By convenience, we set cent(9) =scc(d) =scct(d)=0. O
Note that

[cent(t,0)]" =cent([(t,0)]") and scct(¢,0)=scc™([(t,0)]T). (2.2.9)
Let us state a technical result about the continuity of the maps cent, [-]*, scc and scc™.

Lemma 2.2.7 The maps cent(-) and [ -] are locally continuous and the maps scc(-) and scc™ (+)
are locally continuous at the pointed trees (t, o) such that scc(o)#o.

Proof. Since shift-operators are d1,c-isometries, the continuity of cent follows from the continuity
of (t,0) — |o| that is a direct consequence of the definition of local convergence; [-]T is locally
continuous because [[t]2 ]*=[[t]T]?, and to complete the proof, it is then sufficient to prove that
(t,0)— (t,scc(o)) is locally continuous at trees such that scc(p) # o.

To that end, let (¢, 0n) — (¢, 0) locally in T* Set po=|scc(o)| and suppose that o #scc(o),
which implies [oAscc(o)|=po—1. Let p€ N be such that —p <pg—1<|o| + 1 <p; there is n, €N
such that for all n>n,,, (¢,,,0},) :=[(tn, 0n)]", is equal to (¢, o) :=[(¢, 0)]”,,; thus, the successor
of o/, in ¢/, is equal to the successor of o’ in ¢’. Consequently, [(t,, scc(0,))]”, = (t,, scc(o},)) =
(t',scc(0'))=](t,scc(0))]”,, which entails the desired result. |

Infinite pointed Galton—Watson trees. For all ¢ € T and for all u € ¢, recall from (2.2.8) the
definition of the subtree 6,tc T.

Definition 2.2.8 Let (7(j, k))x>;>1 be a probability measure on the octant {(j, k) € (N*)?:5 <k}.
Let 1 be a probability measure on N. Let 7% = (7%, 0) : Q@ — T® be a Borel-measurable random
pointed tree such that a.s. |¢| =0 and |7*|_= —o00. We introduce the following notation.

VpeN, o(p) = 0]j—00,—p» SP=10(p);p€N} and dSp={uer*\Sp: %ESp}.

Then, 7* is an infinite pointed Galton—Watson tree with offspring distribution p and dispatching
measure r if the r.v. S := (end(o(p)), kg(p+1)(T*))p€N are i.i.d. with law 7 and if conditionally
given S, the subtrees (6,7 ; u€ 0Sp) are independent GW (11)-trees.
We shall deal with the following special cases that are well-defined if m,,:=3"; oy kp(k) is a
finite quantity.
(i) I r(j, k)=p(k)/my, for all k> j>1, then we say that 7* is an infinite pointed GW()-tree
(an IPGW (p)-tree for short).
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(id) If r(j, k) =1gj—1yf(k), for all k> j > 1, where fi(k) :mEIZZZk w(l) for all k> 1, then we
say that 7* is the right part of an infinite pointed GW(j1)-tree (an IPGW ™ (u)-tree for short).
Note that if 7* is an IPGW (p)-tree, then [7*] T is an IPGW T (u)-tree. O

IPGW-trees are related to GW-trees via the many-to-one principle (or the one-point decomposition
of GW-trees) that asserts the following: let i be a probability distribution on N such that m,, :=
> ken ku(k) <oo. Let 7 be a GW(u)-tree and let 7* be an IPGW(u)-tree as in Definition 2.2.8.
Then for all Borel-measurable functions F:N x T" — [0, 00),

E[Z F(lv]; p|(, v))} = Z mh, BlF(p; [T7] )] (2.2.10)
vET p=>0
where we recall from Definition 2.2.5 the notation [7*]_,, for the pointed tree 7* truncated above
the ancestor of p at generation —p. Based on this identity, the following proposition shows that
IPGW trees are local limits of critical GW-trees conditioned to be large and seen from a uniformly
chosen vertex. This result is part of the folklore; its proof derives from (2.2.10) and it is left to the
reader.

Proposition 2.2.9 Let 1 be a probability distribution on N such that 3 ;.o kp(k) =1. We assume
that p is aperiodic. Let T be a GW(u)-tree; let u be uniformly distributed on the set of vertices of T.
Let T be an IPGW()-tree as in Definition 2.2.8. Then

cent(r,u) under P(-|#7=n) — 7°

n—oo

weakly on T® with respect to local convergence.

We use the previous proposition to prove the following one.

Proposition 2.2.10 Let i be a probability measure on N such that 3o kp(k) =1. Recall scc(-)
and scc™ (+) from Definition 2.2.6. Then, the law of IPGW(u)-trees (resp. IPGWT ()-trees) is
preserved by scc(+) (resp. by scc™(+)).

Proof. Let us first mention that a different proof of the result for scc™(+) is given in Le Gall
& Lin [82, Proposition 2]. Then, note that the result for scc™(-) is implied by the result for
scc(+) by (2.2.9) and since the right-part of a IPGW(u)-tree is an IPGW ™ (u)-tree. Let us prove
the result for scc(-). Let 7* = (7% ¢) be an IPGW(u)-tree and let 7 be a GW(u)-tree; let u be
uniformly distributed on the set of vertices of 7; denote by v, the last vertex of 7 with respect to
the lexicographical order. Set u’=scc(u) if u#wv, and u' =g if u=w,: clearly, u’ is uniformly
distributed on 7 and P(scc(u) #u'| #7=n)=1/n. Let F: T" — [0, 00) be locally continuous
and bounded. By Definition 2.2.6 (b), scc(7, u) =cent (7, scc(u)). Thus,

| E[F(sce(r,w))|[#7=n] —E[F(cent(r, ) |#7=n] [ < 2| F|loo/n.
First suppose that p is aperiodic. Then the previous inequality and Proposition 2.2.9 imply that
. . o . ! _ o *
Jim E [F(scc(r,u))|#7=n] = lim E [F(cent(r,u'))|#7=n]|=E[F(T7)].
Moreover, since it is clear that a.s. scc(p) # 0, Lemma 2.2.7 and Proposition 2.2.9 entail
T}LI%QE[F(SCC(T, u))|#7=n|=E[F(scc(T"))],

which completes the proof when  is aperiodic.

Let us consider a general p. For all € € (0,1), we set p. :=cd1 + (1—¢)u. Namely, p. is a
critical aperiodic offspring distribution. Let 7} be an infinite GW(y.)-tree. We easily check that

7% — 7" locally as £ — 0. Then the local continuity of scc(-) (see Lemma 2.2.7) entails the desired
result. |
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2.3 Tree-valued branching random walks.

2.3.1 Definitions.

Let E be a (Polish) space of labels. Let (¢(y, dy’))yck be a transition kernel and let w be a Borel
probability measure on E. For all pointed tree t = (t,u) € T, we define the law Q, + on T (E)
of the g-branching random walk with genealogical tree ¢ and such that w is the law of the spatial
position of the distinguished individual w.

To that end, we first assume that ¢ is finite and we introduce the following notation: for any
v, w €t, we denote by [v, w] the set of vertices on the shortest path joining v to w in the tree ¢. If
w # v, then we denote by W the unique v’ € v, w] that is at graph-distance 1 from w; we call W
the v-parent of w.

Then, the r.v. © = (¢, u; (Y3 )ver): @ — T (E) has law Qo ¢ if

the joint law of (Y;)ver is @ (dyu) [] a(yw. dyw), (2.3.1)
vet\{u}

The definition (2.3.1) can be extended to the case in which t is infinite. For such purpose it is
enough to note that [©]7 has law Q; (; o)2 (see Definition 2.2.5 for the truncation [-]7).

Let us note that

t, —— t locallyin T° — Qwt, — Q¢ weakly on T’(E).
n—0o0

n—oo

When @ = §, for some y € E, we simply write ), ¢ instead of Qs, ¢. Since y — q(y, A) is
Borel-measurable for all Borel subsets A of E, it is easy to check that y — @, ¢ is also Borel
measurable and that Q5+ = [ (dy) Q.+

As an immediate consequence of the definition, we also get the following: fix [ € Z and set

(', u") = (u(t), pu(w)-

If @ = (t,u; (Yy)vet) has law Qg (1 ), then (t',4"; (Y, (w))wer) has law Qo ). (2.3.2)

Definition 2.3.1 We fix t=(¢,u)€T". We shall consider mostly the four following cases.

(i) E=Wh, the b-ary tree equipped with the local convergence; @ = d and q(x, dy) =p; (x, dy)
where for all measurable f : W, — [0, 00),

) + 55 Ticico flax(i)) fz#o
+ x,d —J2 2b ESUAS
g 5w {;sz((i)) ita=0.

We denote by Q;° the law of the W, -valued branching random walk with transition kernel
pe and with "initial" position & in W,.

(ii) £ = Wiy, the free tree equipped with the local convergence; @ = dy and q(z,dy) =
pt(x, dy) where for all measurable f : Wig,1)— [0, 00),

| vt dy) fw) =
W

[0,1]

{%f(?) + %foldsf(:z;*(s)) ife#£0
Jids f((s)) ifr=0.

We denote by Q; the law of the Wio,1)-valued branching random walk with transition kernel
p+ and with "initial" position & in Wio,1-
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(iti) E=W :={z €Wy : |x|- = —o00}, equipped with the local convergence; we fix o € Wy
and we take @ = J, and ¢(z, dy) = pv(z, dy) where for all x € Wy and for all measurable
f : W'; - [07 00)7

/Wng(x,dy)f(y) =T+ & D flax(i) . (2.3.3)

b 1<i<b

We denote by ()%, the law of the W;'-valued branching random walk with transition kernel
v and with "initial" position o in W

(v) E = Wi ) == {z € Wy : |z|- = —oo}, equipped with the local convergence; we fix
o€ Wy ,; we take @ = 4, and q(x,dy) = p(z, dy), where for all z € Wy ;) and for all
measurable f : W 1]—>[0, 00),

[ ) 1) = 35C7) + 3 [ ds 1 (s).

(0,1]

We denote by @), . the law of the W[B 1]—Valued branching random walk with transition kernel
p and with "initial" position o in W[B 1]: we shall refer to this branching random walk as the
free branching random walk. U

Remark 2.3.2 Note that if ® = (¢, u; (X, )vet) has law Q5 (or Q, ) then |®|:= (¢, u; (| Xy|)vet)
is a Z-valued branching random walk whose spatial motion is that of the simple symmetric random
walk. Similarly, if ® has law Q;" (or Q{), then |@| is an N-valued branching random walk whose
spatial motion is that of the simple symmetric random walk reflected at 0. l

Definition 2.3.3 We define the b-contraction map Py, : W[O’” — W, as follows. For every
r € (0,00), we set [r] =min{k € Z: 7 <k} and by convenience we take [0] = 1. Then, for all
T = () |z|_ <k<|z| € Wo,1], we define

Py (z) = ([bak| ))|x‘7<k§‘x| €W .
The b-contraction map is measurable and preserves the depth and the relative height of words. [J

Remark 2.3.4 Note that @, transforms respectively the kernel p(z, dy) into py(z, dy) and the
kernel p* (z, dy) into p; (x, dy). It naturally extends to W[O,l]—labelled pointed trees as follows:
if © = (£, 0; (20)vet) € T (W1)), we set &p(0) = (t, 05 (Po(ay))ver). It is clear that O,(O)
is a Wy-labelled pointed tree and we easily check that the map is measurable. Moreover, if
©=(t, 0; (Xy)ver) has law Q; (resp. Q, ) then @, (©) has law Q;™ (resp. Q% (o) ()- O

2.3.2 Metric properties of the range of free branching random walks.

We gather basic facts about the range of a free branching random walk in terms of the heights of
the spatial positions in W ;). Let t = (t,u) € T® such that |t|_ = —oo. For all w € ¢, we recall
that v, w] is the shortest path (with respect to the graph-distance) that joins vertex v to vertex w.
Moreover, we set [, w[ = [v, w]\{w}, v, w] = [v, w]\{v} and Jv, w[= [v, v]\{v, w}; we also
denote by | — o0, v] the lineage of v: namely, [ —oo, v] ={v);; I < |vl}.

We next decompose a free branching random walk by first describing the heights of the vertices
as a Z-valued branching random walk (h,),<; and then explaining how to embed (h,,),c; randomly

in WE‘O 1 More specifically, for all v €1, let h,, € Z be such that

Vvet, |h,—hg|=1 and inf h, — —o0. (2.3.4)

we[v,u] |v]——o0
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Let (U, )yet be a family of independent r.v. that are uniformly distributed on [0, 1]. With v € ¢,
we associate a spatial position in W{S ] as follows. Since h takes arbitrary negative values on the
lineage of v, for all integers k <h,,,

there is a unique v(k) € | —oo, v] such that hy;) = Hﬁh(lk:) h]]w =k > hm . (2.3.5)
we[v(k),v v

<—
Namely, {v(k); k <h,} is the set of vertices in the lineage of v where h reaches a new infimum. In
particular, note that v =v(h,). Then, we set

Yvet, X, = (Uv(k))kghv . (2.3.6)

By construction | X, |=h,,, v€t. Then, (¢,u; (Xy)pet) isa Wi, 1)-valued branching random walk
satisfying
X X« (Uy) if | Xy|—| X4 |=1,
! < if |X,|—|Xe|=—1.

v

We view (X, )yer as a version of free branching random walk conditionally given the relative
heights (h,),c; of the spatial positions. The following proposition is a key point to analyse the
metric of the range of free branching random walks.

Proposition 2.3.5 Let t=(t,u) €T, (hy, Uy, X,)vet be as above. Then, {X,;v €t} is a subtree
of W[*E) 1] a8 in Definition 2.2.3 and if we denote by dg. it graph-distance, we get

P-a.s. for all v,w€t, dgr (X, Xuw) = | Xo| + | Xw| — 2 m[[in |]]XU/| . (2.3.7)
v’ Efv,w

Proof. We fix v, w €t. By (2.2.6) we known that dg (X, X)) = | Xo| + | Xw|—2]| Xy A Xyp|. Since
t is countable, to prove (2.3.7) it is enough to show that a.s. | X, A Xop| = min,sepy o] [her|. We
prove it in two steps.

Step 1. Recall from (2.3.5) the definition of the v(k), k < h, and define similarly the w(k),
k <h,,. We then set

k =max {{<h, : v({)e]—oo,vAw]} and m =max{l{<h, :w(()e]—oo,vAw]}.

Let us prove that k =ming, ,,) h. If £ <h,, then v(k+1) € Jv Aw, v] and U (k+1)evAw,v];
then h4 (1) = hyg1) —1 = k = ming, ya, h. If & = hy, then, by (2.3.5), it holds that
h, =h, ) =ming, ,)) h and since v(k) €] — 0o, v A w], we also get k=minf, , ., h. Similarly,
we get m =ming, ,,] h. By definition (2.3.6),

X,U = Xv(k) * (Uv(k—l—l)v N Uv(h,u)) and Xw = Aw(m) * (Uw(m+1)7 ey Uw(hw)) (238)

with the observation that X, = X, () (resp. Xy = X () if k=Mh, (resp. if m=h,,). Without loss
of generality, we can assume that £ <m. Then, v(k—¢)=w(k—1), for all i € N and

Xw(m) = Xv(k:) * (Uw(k+1)7 ey Uw(m)) . (239)
Step 2. We conclude the proof by proving that
Xo A X=Xy - (2.3.10)

Suppose first that k£ <m and that k <h,. Then w(k + 1) € |—o0,v Aw] but v(k + 1) € Jv A w, v].
Thus, w(k+1) #v(k+1) and since the (U, ), are independent with a diffuse law, a.s. Uy, (4-1) 7
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Up(k+1)- By (2.3.8) and (2.3.9), we get (2.3.10). If k <m and k =h,, then X, = X () and we
immediately get (2.3.10) by (2.3.8) and (2.3.9).

Next, suppose that k = m. Thus X)) = Xy) by (2.3.9); if £ =m < h, A hy, then
v(k+1)evAw,v[and w(k+1)=w(m+1) € Jv Aw, w]; therefore w(k + 1) #v(k+ 1), which
implies that a.s. Uyy(41) 7# Uy(k+1) and (2.3.10) consequently. If k=m and k=h, (resp. m=h,,),
then Xy, = X0, (1) = Xy (m) (resp. Xo =Xy (m) =Xy(x)) and (2.3.8) and (2.3.9) also entail (2.3.10).
This completes the proof of (2.3.10). |

We shall use Proposition 2.3.5 under the following form.

Corollary 2.3.6 Let t' €T be a finite rooted ordered tree. Let (t', &; (Yy)ver ) be a W 1)-valued

branching random walk with law Q,j as in Definition 2.3.1 (ii). Then, a.s. for all v,w €t', we get
dgr(YU7 Yw) = ‘Y;J’ + ’Yw‘ —2min v’ €v,w] ’K)' ‘

Proof. For all k € Z_ we set g, = (ap)n<k, Where a, =1 for all n € Z_, and we also define
t={ooxu;uct'yU{opmk€Z }. Then, t € T, |t|_ = —oo and t = B,,t. Let (h) ey
be distributed as an N-valued branching random walk whose initial position hf, is 0 and whose
transition kernel ¢(y, dy’) is that of the simple symmetric random walk on N reflected at 0: namely,
q(0,dy") =61 and q(y, dy") = % (0y—1(dy’) + 0y+1(dy’)), for all integers ' > 1 (see (2.3.1)). We
next set hy,., = h, for all v € ¢’ and h, =k, for all k € Z_. Clearly h satisfies (2.3.4). We
assume that (U, ),¢; is independent from (hy),c; and we define (X, )¢t as in (2.3.6). For all
v et, we finally set Y, = 0x,, X oo+v- Then, it is easy to see that (t', 2, (Yy)ver ) has law Q,:C.
Since hy,y, >0, for all vet!, we get dgr (X pgsvs Xoorw) =dgr (Yo, Yin) and | X 40| =Y |, for all
v, w €', which implies the desired result by (2.3.7). |

We next consider subranges of free branching random walks. More precisely, let t = (¢, u) eT’
be such that |t|- = —oo; forall v €¢, let h, € Z satisfy (2.3.4); let (U, ),ct be a family of independent
r.v. that are uniformly distributed on [0, 1] and let (X, ),e; be derived from (U, ),e: as specified in
(2.3.5) and (2.3.6). Let a C t and vg € a be such that

Vvea\{vo}, 0 €a, vis a descendent of vy (namely v =vg* (0yov)) and hy, >h,,,.  (2.3.11)
Observe that for all v € a, X, is a prefix of X, and it makes sense to define “the subrange”:
R(a) = {0x,,Xv; vea}
that is a subtree of W[’B’H whose elements have a null depth. We define the following.

Yu,w Et, d(v,w):hv—i—hw—Qﬁnirih. (2.3.12)
v,W
Note that [v, w] C a; thus, the pseudo-metric d on a x a only depends on a and on (h, —hy,)yca-
We define the relation ~ on a by setting v ~ w if and only if d(v, w)=0 and we introduce

T(a) =a/~, proj:a— T(a),the canonical projection, 7 = proj(vg) (2.3.13)

and we keep denoting d the (genuine) metric induced by d on T'(a). If t = (t,0) € T  and
(hy, Uy, Xy)ver are as in Proposition 2.3.5, then (2.3.7) implies that (T'(a),d) is a graph-tree
that is isometric to the subtree R(a). More precisely, let x € T'(a) and let v, w € a such that
proj(v)=proj(w)=wx; by (2.3.7), we get a.s. X, = X, and it makes sense to set Z, =0x, X,.
Then (2.3.7) asserts that Z : T'(a) — R(a) is an isometry:

Vo, yeT(a), d(z,y) = |Z:| + |Zy| =2\ ZuAZy| = dge(Za, Zy) . (2.3.14)
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Thus, the graph-metric of the subtree R (a) only depends on a and on (h, —h,,)yeca. Next, the
conditional law of R(a) given T'(a) is characterized as follows. For all z € T'(a)\{r}, let V. be
the unique real number of [0, 1] such that

e
Zyo=Zox(V) . (2.3.15)
We easily check the following.
Conditionally given T'(a), the V,, are i.i.d. [0, 1]-uniform r.v. (2.3.16)

Recall from Definition 2.3.3 the b-contraction map Py, : W[O,l] — W,. Then, first note that
| Z2 N\ Zy| <|Pu(Zz) A Po(Zy)|, where common ancestors are taken respectively in Wig ;) and in
Wh. Moreover, (2.3.16) implies that P(|®y(Z;) APy (Zy)| — | Zu A Zy| > k) <b~F, for all k€ N.
This inequality combined with the argument of the proof of Corollary 2.3.6 implies the following
lemma that will be used in Theorem 2.1.2.

Lemma 2.3.7 Let t € T be a finite rooted ordered tree. Let (t,; (Yy)vet) be a Wy 1)-valued
branching random walk with law Q:r as in Definition 2.3.1 (ii). Recall the b-contraction map
@y : Wyg,1) — Wy from Definition 2.3.3 and recall that (t, D, (Pv(Yy))vet) has law Q7" as in
Definition 2.3.1 (i). We denote the graph distance on Wio,1] and Wy, in the same way by dgr. Then,
forall v, wet, there exists an N-valued rv. G, such that

2G 10 = dgr (X, Xu) = dge (Po(Xp), Po (X)) and P(Gy. > k) <bF keN. (23.17)

2.3.3 A coupling between W,- and W, -valued branching random walks.

This section is devoted to the proof of the following proposition.

Proposition 2.3.8 Let t €T be a finite rooted ordered tree as in Definition 2.2.1 (namely, |t|- =0).
We set t = (t,@). Forallne{0,...,#t—1}, wesett,={vet : v <; v,} where v, is the n-th
smallest vertex of t with respect to the lexicographical order <;. Then, there exists two branching
random walks @, = (t, T; (Yy )vet) and O = (t, @; (Y, )vet) that satisfy the following.

(a) OF is a Wy-valued branching random walk with law Q{® as in Definition 2.3.1 (i).

(b) op :=Yy is a Z_-indexed sequence of independent r.v. that are uniformly distributed on
{1,...,b} and conditionally given oy, Oy, is a Wy-valued branching random walk with law
Q3, .+ as in Definition 2.3.1 (iit).

(¢) For all c€N*, there exists an event B.. such that P(B.) <2b~¢(#t)? and such that on Q\ B,

Vnef{0,...,#t—1}, |[#{Yo vet,}— #{Y,svet, | < #{vet: |V, |<c+ 1} .
(2.3.18)

Overlap of independent trees. We first prove a result concerning the overlap of independent
trees that are randomly embedded in the b-ary tree W,. More precisely, let (T, 7(u)), u € S be
a finite family of rooted graph-trees (not necessarily ordered) equipped with their graph-distance
dgr. To simplify notation, we set || =dg (r(u), z), for all z € T,,. Let x, y € T,; recall that [z, y]
stands for the shortest path joining x to y and that x A y is the most recent common ancestor of x
and y in T,, rooted at r(u). Namely, [r(u), z] N [r(u), y] =[r(uw),z A y]. Let 2 € T, \{r(u)}; for
allie{l,...,|z|} we denote by x; the unique ancestor of z at height i. Let V., x €T,, u€ S be
independent uniform r.v. on {1, ...,b}. Then, we define the random word:
Zr=(V32, Ve, . ..V Vi)

r1) T x? ? :E‘x|_17 x
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We also set Z}f(u) = and we introduce the following random subsets of the b-ary tree W;:
VueS, Ry:={Zy;z€T,}.
For all ce N*, we also set M. =), cg #{z €Ty : |z|<c}.

Lemma 2.3.9 We keep the notation from above. Let c€ N*, Let w, € Wy, u € S. Then, there exists
an event A, of probability P(A.) < b~¢M?2 such that on Q\ A,

0< Y #hy — #( | wur(Ra)) < M, . (2.3.19)
ues ues
Proof. Let u and v/ be distinct elements of S; let z € T,, and y € T, be such that |z|=|y|=c. We
introduce the event A(z,y) = {(wu*Z}g)/\(wu/*Z;j/) e{wyxZY, wu/*Z;j/}}. Note that on A(z,y),
Wy AWy € {Wy,, Wy }; s0 without loss of generality, we can suppose that |w,, | <|w,/| and we easily
check that P(A(z, y) ]Z;/) =b ¢ and thus P(A(x,y))=b"°. We then set for all u€ S,

Tu(c) = {x €Ty : |x|=c} and A.= U {A(z,y); €Ty(c),yE€Tw(c),u,u’ €S, distinct}.

Thus, P(AC) <b™ ¢ Zu,u’ES,u;ﬁu’ #TU(C)#TU’<C) < %bic(zues #TU(C))Z < biCMcz'

The first inequality in (2.3.19) is true everywhere on €). For the second inequality in (2.3.19),
we argue deterministically on Q\A.. Let u € S. We first set R, (c) = {w, * Z%; x € T,(c)}.
Let ' € S be distinct from u; suppose that W € R, (c) and that W' € R,/ (c); by definition
of A., we have W A W' & {W, W'} and Oy (w, * Ry) N Oy (wy * Ry) = (. Moreover, if
W, W'e R, (c) are distinct, since |W |=|W'|=c + |w,|, we also get W A W' & {W, W'} and thus
Ow (wy * Ry) N Oy (wy, * Ry ) =0. Consequently, on Q\ A, the subsets Oy (w,, * Ry), W € Ry(c),
uw€ S, are pairwise disjoint.

Now observe that (wy * Ru)\(Uwep, () 0w (Wu* Ry)) = {wy* Z3; |z| < c} and note that
#{wuxZ%; x| <c}) <#({z€Ty: [z|<c}). Thus, on Q\ A, we get

(S #R.) ~ M. = S (#R, — #{reT,: o] <c})

ueS ueS

< ) (#(we *Ry) = #({wux 235 |z <c}))

uesS

So#( U owlwarra)

ueS WeRy(c)

= #(U U owlwas®)) < #( U wax(®a)),

u€S WeRy(c) uesS

IN

that implies the desired result. |

Path coupling. We first state the following elementary coupling.

Lemma 2.3.10 Let K :N— N be such that K(0)=0and K(2p + 1)=K(2p + 2)=2p + 2, for
all peN. Let (hy,)nen be a Z-valued simple symmetric random walk such that a.s. hg =0. For
all n €N, we set I, = info<p<p, hy and ht =h,, + K(—1I,). Then, h' is an N-valued simple
symmetric random walk reflected at 0.

Proof. For all n > 1, set £, =h,,—h,,_1; the r.v. are i.i.d. and uniform on {1, —1}. Observe that
bl =h, —1I, + 1(;, oaq}- It is easy to check that h)\ | —h} =&n41lgisqy T Lt gy Which
implies the desired result. -

The next lemma state the branching random walk version of this coupling.
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Lemma 2.3.11 Let t € T be a rooted ordered tree as in Definition 2.2.1 (namely, |t|— =0). Let
(t, 5 (hy)uet) be a Z-valued branching random walk whose spatial motion is that of a simple
symmetric random walk on 7. and whose initial position is hg = 0. Recall the function K from
Lemma 2.3.10 and set

Vuet, I,= min hy and hl =h,+ K(-1,). (2.3.20)
u'el@,u]
Then, (t,2; (W} )uet) is a branching random walk whose spatial motion is that of an N-valued
simple symmetric random walk reflected at 0 and whose initial position is h; =0.

Proof. We denote by ¢, (z,dy) the transition kernel of the N-valued simple symmetric random

walk reflected at 0: namely, ¢ (0, dy) =61 (dy) and ¢4 (z, dy) =% (dz—1(dy) + dzy1(dy)), if x> 1.

For all n €N, we set tj,, ={u €t:|u| <n} and we assume the following property

(Pn) @ the spatial motion of the branching random walk ©,, = (t,, J; (h'—:)uet‘n) is that of a
N-valued simple symmetric random walk reflected at O with initial position hj; =0.

We next set S ={u€t:|ul=n+ 1} and &, = h, —hs for all u € S; the r.v. (&,)ues are
independent from ©,, and they are also i.i.d. and uniform on {1, —1}; by definition of h*, we
also get ht =hi + ful{hgzu + l{hj%:o}' This entails that the r.v. h}, u € S are conditionally

independent given ®,, and that the conditional law of h; is ¢, (hiL,dy). This shows that (P,)
implies (P,41), which recursively proves the lemma since (Fp) holds true trivially. [ |

The coupling of ®, and ©,". Let ¢ < T be a finite rooted ordered tree as in Definition 2.2.1
(namely, [t/ = 0). We shall use the notation t = (¢, @) for the pointed tree. We denote by
0=(...,1,...,1) the infinite sequence of 1 indexed by Z_. For all [ € Z_, g; is the infinite
sequence of 1 indexed by the integers <[. We then set

t*={oy; 1€Z_} U{oru; uct} .

Then we define t*:= (% 9) € T® and we observe that |t*| - =—oo.

Let (t* 0; (h}),e¢+) be a Z-valued branching random walk whose transition kernel is that of
a simple symmetric random walk on Z and whose “initial” position is hy = 0. Let (U}),ec:+ be
independent r.v. that are uniformly distributed on [0, 1] and that are independent from (h}),cs*.
We define (X;)ver- as in (2.3.5) and (2.3.6): namely, X7 = Uy )k<n;» where v(k) € | — o0, v],
h7 ;) =k and where {0 (k); k <h*} is the set of vertices of ]| —oo,v] where h* reaches a new
strict infimum. We set o= X that is a Z_-indexed sequence of mutually independent r.v. that are
uniformly distributed on [0, 1]. We easily see that conditionally given o, @* = (t*, 0; (X¥),eci+) has
law Qo ¢+ as in Definition 2.3.1 (7v). Then we set the following
Xu=X},,, hy=h} ., Y, =P, (X,),

o*xu? o*u)?

Vuet, U,=U,

o*xu)?

and we also set © = (¢, &; (X, )uet) and Op = (¢, F; (Y, )uet), where we recall the definition of
the b-contraction map ®y, from Remark 2.3.3. Clearly, conditionally given o, ® has law (), ¢ as in
Definition 2.3.1 (iv) and by Remark 2.3.3, the conditional law of @y, is Q5 (,, . as in Definition 2.3.1
(7i7). Namely, ®y, is distributed as in Proposition 2.3.8 (b).

Let (U],)uet be i.i.d. r.v. that are uniformly distributed on [0, 1]. We suppose that (U},)yet
is independent from (Uf),c¢+ (and thus from (U, )yue¢) and from (h}),c¢~. We next construct
©; thanks to (U, Uy, hy)ue; as follows: For all u € t, we define I, and hy by (2.3.20) in
Lemma 2.3.11 and we introduce the following notation.

vpeN, S,={uct: —p=I,<Ig}, S=JS,, U=

" (2.3.21)
peN

U, ifucUyen Sopi1,
U, otherwise.
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The (disjoint) union S is clearly a finite set, since ¢ is a finite tree. Then, (U, ),e; are i.i.d. [0, 1]-
uniform r.v. that are independent from (h;}), . Recall from Lemma 2.3.11 that (¢, @; (h),e) is
a branching random walk whose spatial motion is that of an N-valued simple symmetric random
walk reflected at 0 and whose initial position is hj; =0. In particular, h;" >0 for all u € t. We then
define (X, )ues and (Y, )yer as follows.

e Ifhf =0, then we set X;F =Y, F=2.

e Ifh >1,thenforalli€{1,...,hi}, we denote by (i) is the unique v € [, u] such that
h <i=h; =minf, ,; h" and we set

Xj:(U;(l), e %}D) and Y," = &y (X]). (2.3.22)
We set @1 = (t, @; (X )uet) and O = (t, &; (Y5 )uet). Then, observe that hy” = | X;F| and that
XF=XEx(U) if hf =hi + 1 and note that X! is the parent of X if hi =h{ —1. Thus, it
proves that @ as law Q;" as in Definition 2.3.1 (i) and by Remark 2.3.3, © is distributed as in
Proposition 2.3.8 (a) (namely its law is Q;® as in Definition 2.3.1 (7)).

Proof of Proposition 2.3.8. 'We keep the previous notations. We fix n€ {0, ..., #t—1}. Recall
that t, ={v et : v <; v, } where v, is the n-th smallest vertex of ¢ in the lexicographical order <;
on t. Note that ¢, € T, namely it is a rooted ordered tree with null depth. Recall from (2.3.21) the
definition of S. For all u€ .5, we set

a, = {vet, :v:i=ux6,v and min h,=h,} Ct¢ and R(a,)={0x,X,;vea,} C W[OJ} )

we[u,v]

Note that a,, depends on n and that if u ¢ t,,, then a,, and R(a,) are empty. If u € t,,, then the
previous definitions make sense because a,, satisfies (2.3.11) (with u = vg) and X, is necessarily a
prefix of X, since v is a descendent of u and I,, = I,,. Observe that R(a,,) is a subtree of W[o,l} as
in Definition 2.2.3.

Recall from (2.3.12) the notation d(v, w) =h, + hy, —2ming, , h, for all v, w €¢, that is a
pseudo-metric on t. We denote by v ~ w the equivalence relation relation d(v,w) =0 and as in
(2.3.13), we set for all u € S,

T(a,) = ay/~, proj:a, — T(a,),the canonical projection, 7(u) = proj(u) .

Note that 7'(a,,) only depends on (h,—1I},),ca, and that R(a,,) only depends on (hy,—1,,; Uy)vea, -
Let x€T(a,); by (2.3.7) in Lemma 2.3.5, for all v, w € a,, such that proj(v) =proj(w)=z, we
get X, = X, and it makes sense to set Z} = 0x, X,; then, Z":T'(a,) — R(a,) is an isometry
givenin (2.3.14). Asin (2.3.15), for all z € T'(a, ) \{r(u)} we denote by V.** the unique real number
of [0, 1] such that Z% = Z¥ % (V4.

Then by (2.3.16), for all w € S, conditionally given h, the V', = € T'(a,) are i.i.d. [0, 1]-
uniform r.v. Since the subsets (a,),cs are pairwise disjoint and since R(a,,) only depends on
(hy, — I,;; Uy)yea, the (R(ay))ues are conditionally independent given h. Thus, conditionally
given h, the V¥, x €T (a,)\{r(u)}, ue€ S, are i.i.d. [0, 1]-uniform r.v.

Next observe that

{Xpivetn} = | Xux(R(au)) (2.3.23)
ues

Therefore, using (2.3.21) and noting that (X, ),es only depends on h and on (UZ;H)IGZ, that

is independent from (U, ),et, We conclude that, conditionally given h and (X, ),ecs, the V",
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zeT(a,)\{r(u)}, ue s, are ii.d. [0, 1]-uniform r.v. From the coupling defined in (2.3.21) and
(2.3.22) we also derive easily the following.

{(XFivet, )= U X! *(R(ay)), where forall uin S, X, :=

u€esS

UQ/L ifue UpeN 52p+1,
@ otherwise.

(2.3.24)
Since the (U),)ye: are independent from h and from (U, )¢, conditionally given h and (U)),es,
the r.v. V', x € T(a,)\{r(u)}, u € S, are i.i.d. [0, 1]-uniform. Denote by ¢ the sigma-field
generated by h and by (X, U/ ),ecs. Therefore, we have proved the following.

Conditionally given ¢, the V', x € T'(a,)\{r(u)}, u€ S, are i.i.d. [0, 1]-uniform r.v.  (2.3.25)
Then we set

VueS, R,=®,(R(a,)) and VeeN, M. ( Z#{xET ay) s d(r(u),z)<c}.
uesS

Note that M. (n) < #t, < #t. By (2.3.25), conditionally given ¢ we can apply Lemma 2.3.9 to
T, :=T(a,) and wy, :=®,(X,), u€ S, to get an event A.(n) such that P(A.(n)) < b=¢(#t)? and
such that on Q\ A.(n),

0< > #Ry —#{Vosveta} " =Y #Ry — (| @u(Xu)5(Ra)) < Me(n)

u€esS uesS uesS

Similarly, conditionally given ¢, we apply Lemma 2.3.9 to T, := T'(a,) and to w, := P, (X)),
u€ S, to get an event A/ (n) such that P(A%(n)) < b™¢(#t)? and such that on Q\ AL (n),

0< Y #R — #{¥iFveta} T ET Y #R - # (U 26(X0)#(Ra)) < Me(n) -
ues ues ues
Then, we set B.(n) = A.(n) U A’(n); thus, P(B.(n)) < 2b~¢(#t)? and on Q\B.(n), we get
|#{Yy;v ety — #{Y, ;v €ty }| < Mc(n). Now observe that if z € T'(a,), then h}f = | X | =
| X! |+ 124 <1+ d(r(u), ). This implies M.(n) <#{vet;|Y, | <c+ 1}. Thus, on Q\B.(n),
we get
[#{Yysvety} — #{Y, T vet,}]| < #{vet; |V [ <c+ 1}

We completes the proof of Proposition 2.3.8 by taking B. =Uy<,,< 4t Be(n). |

2.3.4 Estimates.

The goal of this section is to establish Proposition 2.3.16 below. To that end, we first state
preliminary estimates. Recall that Wy = {x € Wy, : |z|— = —oo}. We denote by (Y;,)nen the
canonical process on the space (W)Y equipped with product topology (that is Polish) and with the
corresponding Borel sigma-field. In this section, let us denote by B, (instead of ()} ;) the law of a
Markov chain on W, with transition kernel py, as defined in (2.3.3) and whose initial position is o.
The following result only contains some standard estimates.

Lemma 2.3.12 Let o€ Wy be such that |o|=0. For all k,p€N, we set
0(p) =0J|—o0,—p]s SP=10(p);pEN}, r0=0 and rpy;=inf{n>ry:Y,€Sp}.  (2.3.26)

The following holds true.
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(i) R-almost surely for all k €N, rj, < oo and there exists Zj, € N such that o( Zy,) =Yz, . More-
over, (Zy,)ken is an N-valued birth-and-death Markov chain whose transition probabilities
(p(p, q))p,qen are given as follows: for all p € N¥,

pop+1)=3, plp.p—D)=g5, pE.P)="5", (2.3.27)
and p(0,0)=p(0,1)=1/2. Then, Z is transient which implies that |o\Y,,| — —oc almost
surely and that (Yy,)nen is transient under B,

(i) Forall z,y e W, we set Gy(z,y) =, cn Pe(Yn=1y). Then, for all peN,
Gy(z,y) = Zrplervi=lvl (2.3.28)

(13i) For all y e Wy, we set Hy=inf{n € N:Y,, =y}, with the convention that inf () = co. For all
s€[0,00), we set g(s) = —log (1—+1—e=25). Then E [e"*(1F8%)] = exp(—g(s)) for all

x € Wy, Moreover, there exists a constant C € (1, 00) such that
Py-a.s. for all k€N and for all s€[0,1], E,[e™*F+17™)| 7] > ¢=OV5 . (23.29)

Proof. Since under P, (|Y},|)nen is distributed as a simple symmetric random walk on Z, we easily
see that F-a.s. for all k€N, ry < oco. The strong Markov property at the stopping times r, implies
that (Zy )ken is an N-valued birth-and-death Markov chain whose transition probabilities p(p, q)
are given by (2.3.27) which easily implies that Z; — oo which entails (7).

Let us prove (i7). For all z € Wy, we introduce the stopping times H, =inf{n €N:Y,, =z} and
H =inf{n € N*:Y,, =z}. First observe that for all z,y € W', B,(H, < 00) = Bpy(H, < 0). By
adapting the argument of (i), the height of the process Y restricted to | — 0o, y] is a birth-and-death
process with transition p(-, -) and the Gambler’s ruin estimate implies P, (H, < c0) =plzAyl-lyl,
Similarly, we get F;(H, = o0) = (b—1)/2b. The Markov property at resp. H, and H; implies
resp. that Gy (z,y) = F:(Hy < 00)Gy(y,y) and that Gy(y,y) = 1 + F,(H, < 00) Gp(y,y), which
entails (2.3.28).

Let us prove (i7i). Note that under B, (|Y},|)nen is distributed as a simple symmetric random
walk on 7Z with initial position |z|. Then H¢ is the first time (|Y},|)nen reaches |xz|—1; therefore, the
law of H¢; does not depend on = and we get E[exp(—s(Hg + 1))] =exp(—g(s)) by well-known
arguments. Next, let us work conditionally given Z; we set x =Y}, 1 1; on the event {Zk="2Zk+1},
% =0(Z) and ryy | —ri—1 is the time at which the shifted random walk (Vz, 114 )nen returns
for the first time to ‘z; thus, by Markov at r; and by the previous argument, P,-a.s. on the event
{Zk = Ziks1}, Eolexp(=s(ri+1 —ri))|Z] = exp(—g(s)). If Zy # Zj11, then rjppq —1p = 1.
Consequently, E,[exp(—s(rx+1—1k))|Z]=exp(—9(s)1{z,=z,,,} —51{z,#2,,,})> Which implies
(2.3.29) because there exists C' € (1, c0) such that g(s) < C'y/s for all s€ [0, 1] and since s <./s
for all s€ [0, 1]. |

Proposition 2.3.13 Let o € W such that |o| =0. Recall that R, stands for the canonical law of

Wi -valued Markov chains with transition kernel py, defined by ( 2.3.3 ) and with initial position o.
Let f:[0,00) = [0, 1] be such that 3~ e/ f (p) <00

B-a.s. Zf —|oAY,|)
neN

Proof. Recall from (2.3.26) in Lemma 2.3.12 notations o(p), Sp and rj, and recall from Lemma
2.3.12 (i) the definition of the N-valued birth-and-death process (Zx)xen. Let £ € N*. First observe

that
We= Y fl=loAYal)= > > f(Z) = Y (trr—rr)f(Z).

0<n<rp 0<k<l rp<n<riii 0<k<t
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By the Markov property, the sequence of random times rj; —r are conditionally independent
given Z. Thus by (2.3.29) in Lemma 2.3.12 (iii), there is C € (1, 0o) such that for all s € [0, 1],

E)[e—sWZ|Z] _ H E[e—s(l‘k+1_rk)f(zk)|Z} > exp (—CZ \/M)

0<k<t 0<k<t
> exp (—c\/g 3 Np,/f(p)), where N, =#{k€N: Z,=p}. (2.3.30)
peN

Next observe that E,[N,| = Gp(0,0(p)) = 2b/(b—1) by (2.3.28) in Lemma 2.3.12 (i7). Set
W=3,cn f(—]|0AY,]); by letting £— oo in (2.3.30) and by Jensen’s inequality, we get

Eole ] 2 exp (~CV3 Y BINJVI®)) = exp (V3 Y V) |
peEN peEN

where C" = 2bC/(b—1). Since 3 iy /f(p) < 00, we get lim, o4 E[e*"] =1 which entails
that F-a.s. W < oo. This completes the proof of the proposition. |

Lemma 2.3.14 Let 1 be a probability measure on N such that Yo kp(k)=1. Let 7= (1, D) be

a random pointed tree such that a.s. |T|- =0, kg (7)=1 and such that 017 is a GW(j1)-tree. Let

€W and let ©® = (1,9 ; (Xy)ver) be a random W -valued branching random walk that has law
%+ conditionally given T, as defined in Definition 2.3.1 (iii). For all y € W we set

§(z,y) =Py ¢ {Xo; ver\{2}}), (2.3.31)
which turns out to be strictly positive. Then, we get 1—&(z,y) < Gy (z,y) = 2%b lzAyl=yl,

Proof. By a simple union bound we first get the following.

P(yE{XU;UGT\{Q}} |T) < E[ Z 1{Xv:y} ‘T} < Z QZ,T(XU :y)

ver\{a} ver\{a}

By definition of branching random walks, Q% .- (X, =y) = F.(Y},| =y), where F; stands for the
canonical law of the random walk that starts at  in W, and whose transition kernel is py, as defined
in (2.3.3) in Definition 2.3.1 (i74). Thus, P(y € {X,;v e T\{@}}) < 3 ,=1 E[N,] B(Y,, =v),
where N,, =#{v€:|v|=n}. Since the offspring distribution y is critical, E[N,,] = 1. Therefore,
recalling Lemma (2.3.12) (ii), we have that the right member is smaller or equal to Gy,(z, y), which
concludes the proof. |

Lemma 2.3.15 Let 1 be a probability measure on N such that 3 ;.o ku(k) =1. Let us suppose
that there exists 3 € (0,00) such that 3 pcn- (k) k(log k)1HP < co. For all r € [0,1], we set
Y(r) = ken TF(K + 1), where we recall that for all k € N\{0}, 7i(k) stands for 3"~ 11(£). Then,
there exists C ;, € (0, 00) such that -

Cpu )
(log 1/r)+7
Proof. Let Z be an N\{0}-valued random variable distributed according to zi. Observe that

C:=E[(log 2)'*F] = > isk>1 (1) (log k)18 < > k>1 1(k)k(log k)1+# < 0. Then, for all ¢ >0
and for all r € (0,1/2), we get

Vre(0,1/2), 0<1-—(l—1)< (2.3.32)

I—=tp(l—r) = E[(l—(l—r)z_l)l{zgtﬂ}] +E[(1—(1—T)Z_1)1{Z>t+1}}
<1-(1-r)!'+P(Z>t+1)
< ot 4 Bllog )] 2rt + C(log(1 + 1)) 7.

(log(1 + t))1+5
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We choose 1 + t=7r""(log 1/r)~'=# and we easily get (2.3.32). [

Proposition 2.3.16 Let 1 be a probability measure on N such that

Z ku(k) =1 and 3p€(1,00) such that Z k(log k)Y u(k) < oo. (2.3.33)
keN keN

Let o€ W be such that |o| =0 and let ©:= (1%, 0; (Xy)ver~) be a Wy-valued branching random
walk whose distribution is the following: T* = (7% 0) is an IPGW™ (u)-tree as in Definition 2.2.8
(it) and conditionally given T*, © has law Q)% ... as in Definition 2.3.1 (iii). Then, with positive
probability (Xy)yer Visits its initial position only once. Namely,

kup :=Po¢{X,;vem™\{o}})>0. (2.3.34)
Proof. Let us recall the following notation
VPEN, 0(p) = 0j—co—p]s Yo=Xo(p)» Sp=10(p);p€N} and dSp={uer*\Sp: ﬁESp}.

By Definition 2.2.8 (i) of the right part of an infinite pointed GW()-tree, the subtrees (6, 7*)ycasp

are i.i.d. GW(p)-trees and the r.v. (k) (7"))pen are independent, ko (7*) has law p and for all

P> 1, ko(py(7%) has law 7 that is defined by 7i(k) = >°;5 pu(l), k € N* and 7z(0) = 0. For all

u € 0Sp, we define ©,,:= (7; T; (X" )ver, ) as follows:

— 7y is the unique tree such that kg (7,) =1 and 017, = 6,7 (see (2.2.8) for the definition of

0, T").

— Since ‘ € Sp, there exists pe N such that % = p(p) and we set X¥=Y,,.

— For all vef,r, X({)*v = Xuxo (recall from (2.2.4) the definition of the concatenation u * v).

Namely, O,, is the restriction of the branching walk ® to the subtree stemming from wu, including

the spatial position of . Conditionally given Y = (Yp)pen and (K, (7%))pen. the branching

random walks O, u € 0Sp, are independent; moreover, conditionally given (Y},, Tu), Oy has law
¥~ > here 7, stands for (7, @) and p is such that U= o(p). Then, for all g € N*, we set

Ag={o¢{X,;ver™\{o}:|vAo|>—q}} and HJ=inf{p>1:Y,=o0}.

The event A, decreases as ¢ — oo to the event that the branching walk (X, ),e,+ only visits o once.
The previous independence properties then imply the following.

P(A, Y, T") = 1{H3>q} H Q%m,ru(ogé{Xg%UeTU\{@}})
u€DSp:|u|>—q

and thus P(A,|Y,SpU0dSp) = lyesgy H (Y55 0),
u€Sp:|u|>—q

where we recall the notation §(, y) from (2.3.31) in Lemma 2.3.14. Since Y and the r.v. k() (7)
are independent, we get

P(A]Y) = 1ge-gBlE( NI E[€(Yp, 0)Few T y]
1<p<q
= Liug>q0(£(0,0)) [T v (6(¥p.0)),
1<p<q

where we have set

Vrelo, 1], ¢(r):2rk,u,(k) and (r Zruk:—i—l ¢()

keN keN L=
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Notice that as ¢ — oo, the event {HJ > ¢} decreases to the event {H? = oo}, which has strictly
positive probability by Lemma 2.3.12 (). Then, we easily see that (2.3.34) holds true if

> (1=9(£(Yp,0))) <oo. (2.3.35)

peEN

But by Lemma 2.3.14, 1—£(Y}, 0) < 22-b Y7/l since |o| =0. By (2.3.32) in Lemma 2.3.15, there
are two constants C, C’ € (0, 0o) such that if —|Y,, A o| > C, we get

Cs.u c
’ 1 = 1+8
(log (Bt 1¥orel)) 7 = (1 -]y, A o))

1_111(5(1/}?70)) <

By Proposition 2.3.13 with f(z) = (1 + 2)~'7%,if > 1, then a.s. > opso(1=1Yp A o) 1P < o,
which implies (2.3.35) since |Y), A o] = —o0, as p — oo as stated in Lemma 2.3.12 (7). This
completes the proof of the proposition. |

We conclude this section with a general estimate for recurrent biased random walks on a
(deterministic) rooted ordered tree 7' that is infinite. More precisely, we fix A € (1, 00) and we
denote by (Y3, )nen the A\-biased RW whose transition probabilities are given for all z,y € T by

e ify=7 andz#2,
P(Yori=y|Yo=2) = { sy ife=Y andz#2, (2.3.36)

and P (Y, 11 =y |Y,=x)=0 otherwise. Here, recall that k,(7") is the number of children of x in
T. We also recall that |z| is the height of x in T, that Ay is the most recent common ancestor of
and y and that dg stands for the graph-distance on T": dg. (2, y) =|z| + |y| —2|z A y|.

Lemma 2.3.17 We keep the above notations. We assume that Y is recurrent. Then, for all
l,n1,n9 €N such that n1 <ns, we get

ST (2.3.37)

P (1Yo, | + V| =2 min [Va] > 20+ dge (Vs Yio) ) < (ma—m1)
n1<n<ng

Proof. For all z € T, we set H2 =inf{n € N*: Y, =z} and 7(2) = (A + ko (T)A\ 1l if z # &
and 7(&) = ky(T). Note that 7 is an invariant measure and standard arguments on electrical
networks and random walks on graphs imply that for all distinct =,y € T', 7(x)P (H <Hj | Yo=y)
is the effective conductance between x and y (see Lyons & Peres [127] p. 25). If y € |2, z],
then it easily implies P(H2 < HY | Yy =y) = (A—1)/(A*I=¥+1 —1)_ Similarly, we prove that
P(HS <HS | Yo=92)=kg(T)"*(A—1)/(A*I=1). Thus, for all distinct z, y € T such that y € [@, z],

P(H; <H} | Yo=y) < (A-1)/(A"I=W —1).

We next define the following sequence of stopping times (o )ren by setting o9 =0 and o411 =
inf{n>oy : |Y,| <(|Yo| —k—1)+} that are a.s. finite since Y is recurrent. We then consider the
(possibly empty) event Ay, ={In€{oy,..., 06411} : Y, €[2, Y0] and |Y,,| >0+ (|Yo|—k—1)4 }.
We fix z €T such that |2| > £+ (|2|—k—1)4, and let z, y € [@, 2] be such that |x| =+ (|z|—k—1) 4
and |y| = (|z| —k—1)4+. By the strong Markov property at time o, and by the previous inequality
for hitting times we get P (A, N {Yo=2}) < (A\—1)/(\*~1)P(Yy = 2). Since on Ay, we have
|Yo| > £+ (|Yo| —k—1)4, the previous inequality implies P(Ay) <(A—1)/(Af—1).
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Next observe that |Yp| 4 |Y5,| =2 ming<im<n | Ym|—der (Yo, Yn) =2(|YoAY, | —ming<im<n|Yin|)
and that
{|YoAY,|— min |Y,,| > ¢} C AgUAIU...UA,_1.
0<m<n

Thus, P(|Yo| +|Y7|—2 ming<im<n |Yin| > 20+ dgr (Yo, Yn)) < n(A—1)/(X~1) and we get (2.3.37)
by the Markov property at time 7. |

2.3.5 Law invariance.

In this section, we first define a successor map for W[o,l} -labelled trees that centers the spatial
positions and the genealogical tree at the individual coming next in the lexicographical order,
generalizing Definition 2.2.6 for the pointed W[OJ] -labelled trees. We then show that free branching
random walks are invariant in law under this successor map.

Definition 2.3.18 Let © =(t, 0;x=(x,)vet) be a labelled tree in T'(W[O,l]) orin T (Wh).

(a) We set cent(O)=(p,/(t), o (0); (Pla,|(Tp_,, (1)) vep, 1)) We keep calling cent(-) the
centering map. As already mentioned, the spatial marks are also shifted.

(b) We next set scc(©)=cent(t, scc(p); x) where we recall that scc(p) stands for the vertex
of ¢t coming next in the lexicographical order as defined by (2.2.7). We keep calling scc(-)
the successor map.

(¢) Recall from Definition 2.2.6 (c) the right-part [(¢,0)]" of (¢,0). To simplify the notation,
we set (', 0') =|(t, 0)]* and we recall from Definition 2.3.18 (c¢) that there exists a unique
one-to-one map ¢ :t' — {0, ; p<|o|} U {vet:o<;v} such that 1(o) = o that preserves
the relative height and that is increasing with respect to the lexicographical order; then, we
set (O] = (', ¢/, x" = (2, )vey) Where x, = ), for all v € t'. We keep calling [O] " the
right-part of ©.

(d) We set scc™(©)=][scc(O)]"; we keep calling scc™(-) the right-successor map. O

We next explain a way to generate a free branching random walk from an i.i.d. field that is
suited to the successor map. To that end we fix t = (£,u) € T® such that |t|_ = —occ. Let o be a
Z_-indexed sequence of mutually independent uniform r.v. on [0, 1]. Let © be a W{Ovl]—valued
branching random walk that has conditional law @,  given o as in Definition 2.3.1 (iv). To
simplify we denote by Q¢ the (unconditional) law of ®. Let ¢,, U,,, v €t be independent r.v. such
that U, is uniformly distributed on [0, 1] and P(¢, =1) =P(e, = —1) = 1/2. From the field of
i.id. r.v. ©g:=(t,u; (g4, Uy)ver), we now explain how to construct a branching random walk that
has law Q.

Recall that [v, w] stands for the shortest path (with respect to the graph-distance) that joins v
and w in t (along with the previous notation [v, w[, Jv, w] and Jv, w[, introduced at the beginning of
Section 2.3.2). Recall also that [—oo, v] stands for the lineage of v: namely, [—oo, v] = {v|; ;I <|v[}.
Recall from (2.2.5) the definition of the most recent common ancestor v A w in t. We first set

Ywet, Hy=Y (—ew) + D cw,

we [u,unv[ we [uAv,v]

with the convention that H,, =0. Note that H takes arbitrary negative values on the lineage of v.
Namely H satisfies (2.3.4). It is easy to see that (¢, u; (Hy)yet) i a Z-valued branching random
walk whose spatial motion is that of a simple symmetric random walk on Z and whose initial
position is a.s. H, = 0. Recall from (2.3.5) the notation v(k) for all integers k < H,: namely,

U(k‘) S ﬂ — 00, 'Uﬂ is such that Hv(k) :minwe[[v(k),vﬂ H,=k >H1<@
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As in (2.3.6), for all v € t we set X, = (Uy k) )k<H,- We denote X, by o. It shows that there
exists a deterministic map F' such that

F(©g) := (t,u; (Xy)vet) » which has law Q. (2.3.38)

Let v’ € ¢ and set F(t,u'; (ey, Up)ier) =: (6,0, (X])ver). Then, set H, = |X||, v € t. We
deterministically check that

woet, H,—H,=-H, and X, =g, (X,). (2.3.39)

We next define [@¢] ™" as in Definition 2.3.18 (c): to simplify notation, we set (¢, u’) =[(¢, u)]*
and we recall from Definition 2.2.6 (c¢) that there exists a unique one-to-one map 1 from ¢/
to the set {uy,; p < |u|} U{v € t:u <; v} such that ¢)(u’) = u that preserves the relative
height and that is increasing with respect to the lexicographical order. Then, we simply define
[©o] "= (', v, (€, Uy )verr) where (&}, U,)) = (€(v), Up(w) for all v €t and also set

scct(©g) = [sce(t, u); (v, Uy)ver] - (2.3.40)

By (2.3.39) and since X, is a deterministic function of ((g,,, Uy), w €] —o0, u] U] —o0,v]), it is
easy to check deterministically

F(scct (@) = scc(F(Oy)) . (2.3.41)
Then, (2.3.2), (2.3.38), (2.3.39) and (2.3.41) immediately entail the following lemma.

Lemma 2.3.19 Lett = (t,u) €T . We assume that |t|- = —oc. Let © = (t,u; (X, )vet) have law
Qt. Then scc(®) has law Qgce(r) and scc™t (@) has law Qgecr (¢)-

The next result is the key point in the proofs of the various laws of large numbers for the range of
branching random walks that we prove in the next section.

Theorem 2.3.20 Let ;1 be a probability measure on N such that "oy ku(k) = 1. Let o :=
(Uk)kez_ be a sequence of independent uniform r.v. on {1,...,b}. Let ® = (7%, 9; (Xy)ver+)
be a Wy-valued branching random walk whose distribution is the following: T* = (7% 0) is an
IPGW(p)-tree as in Definition 2.2.8 (ii) and conditionally given T*and o, © has law Q% . as in
Definition 2.3.1 (iii). Then

(law)

scct(O) e, (2.3.42)

where we recall that scc™ stands for the right-successor map as in Definition 2.3.18 (d).
Next, denote by (v, )nen the sequence of the vertices that are not direct ancestors of o listed in
the lexicographical order. Namely, vg=o0, vy, <+ Unt1 and {vp;ne€N}={veT:0<, «v}. Then,

Pas. ~#{Xp;1<k<n} — cup = P(og¢ {X,,;n>1}). (2.3.43)
n—oo

Furthermore, if |1 satisfies (2.3.33), then ¢, > 0.

Proof. Let ©( := (77 0; (¢4, Uy ) ver~) be distributed as follows: conditionally given 7% ,, U, v €t
are independent r.v. such that U, is uniformly distributed on [0, 1] and &, is uniformly distributed on
{—1,1}. Then, we set F(©y) =0 = (7% 0; (X])yer+) as in (2.3.38). Conditionally given 7% O’
has law Q.~ and Remarks 2.3.3 allows to take @ = ®,(®’) that has the desired law. Lemma 2.3.19
combined with proposition 2.2.10 imply that scc™ (©’) has the same law as ®’ and since obviously
Dy (scc™(©')) =scc™(O), we get (2.3.42).
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For all n > m > 0, we set Ry, ,(©®) = #{X,,;m < k < n} and we denote by sccg+ the
(-th iterate of scct. Observe that Rmvn(sccj((a)) = Ryten40(©), with an obvious notation.
Then, the r.v. (R (O )m>n>1) satisfy Assumptions (1.7), (1.8) and (1.9) of Liggett’s version of
Kingman’s subadditive ergodic theorem (see Theorem 1.10 in [121] p. 1280) that asserts that there
exists a [0, 1]-valued r.v. R such that Ry ,(®)/n— R almost surely (and in L').

We next prove that R is a.s. constant. Recall from (2.3.40) the definition of §EE+(@0) and we
denote by scc/ the (-th iterate of scc™t: namely, scc; (©¢) =[(7*,v¢); (v, Up)ver+] . Denote
by ¥, the sigma-field generated by scc; (©g). By (2.3.41), scc, (@) =®4(F(scc, (Oy)), so the
L.V. (Ry 40 (©))nen are 4-measurable. Note that the sigma-fields ¢, decrease in . Next, we set
G =Nyen Yo that can be viewed as the tail sigma-field of the subtrees grafted on the infinite line of
ancestors; since additional marks (e,, U,) are i.i.d., Kolmogorov’s zero-one law applies and ¢ is
P-trivial. Furthermore, the subadditivity for the R, ,, entail that a.s. R=1im, 0o n" ' Ry ¢1n(O),
for all £. Thus, R is ¢-measurable which implies that it is a.s. constant.

Consequently, R=lim,,_, E[Rp,(©)]/n. By an elementary argument,

E[RO,H(G))] = Z P(X'Uk ¢ {X'Uk+17 s ’Xvn}) :

1<k<n

Since the law of @ is preserved by the map scc™ (), we get P(Xy, ¢ {Xu,1, oo X, }) =
P(X,¢{Xy,,..., Xy, . }) and thus

1 1
—E[Rpn(©)]== > P(X,¢{Xy,....Xy}) —— Cup
n Mo<k<n—1 e

by Cesaro. Finally, observe that ¢, 1, > K, v, Wwhere &, 1, is defined in (2.3.34) in Proposition 2.3.16
that completes the proof of the theorem. |

2.3.6 Proof of Theorem 2.1.1.

We fix v € (1,2]. Let 7 be a GW(u)-tree whose offspring distribution y satisfies (H) in (2.1.1).
We set 7 = (7,9). Let 0:= (Ug)rez_ be a sequence of independent uniform r.v. on {1,...,b}.
Let the W,-valued branching random walk © 4= (7, @; (Y;)ver) have conditional law Qg . given
7 and o as in Definition 2.3.1 (ii7). We also introduce the W;,-valued branching random walk
©; = (1, @; (Y;")ver) that has conditional law Q}P given 7 as in Definition 2.3.1 (7). For all

integers 0 <k <#7, we denote
Rp(@p)=#{Y,;ver:v<, v} and R (©F)=#{Y, ;ver:v<, v}, (2.3.44)

where vy, stands for the k-th smallest vertex of 7 with respect to the lexicographical order <.
Arguing as in Le Gall & Lin [82], we derive the following result from Theorem 2.3.20.

Proposition 2.3.21 (adapted from Theorem 7 [82]) Let v € (1,2] and let p satisfy (H) as in
(2.1.1). We keep the above notation and we recall from (2.3.43) the definition of c, v and from
(2.3.44) the definition of R,,(®y). Then,

Ve e (07 OO), P( tsu[gl]%|RLntJ (@b) — Cub nt| > e ‘ #T:n) m) 0. (2345)
€10,

Proof. The proof can be adapted verbatim from the way Proposition 6 and Theorem 7 pp. 284-289 in
[82] are deduced from Proposition 3 and Theorem 4 pp. 280-284 in [82]. Here our Theorem 2.3.20
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plays the role of Proposition 3 and Theorem 4 in [82] and we only give a brief sketch of the proof.
Following the same arguments as in Proposition 6 in [82], we first prove that for any fixed s € [0, 1],

Ve € (0, 00), P(%’RLnsJ(@b) —cypns| >e ‘ #T>n) —0.
n—oo
From this limit and the same absolute continuity argument as in the proof of Theorem 7 of [82], we
get for any fixed s €0, 1],

Ve € (0,00), P(%’RLnsJ<®b) —cupns| >e ‘ #T:n) — 0.
We then get (2.3.45) thanks to the following variant of the second Dini’s theorem. Let us mention
that in [82], the case v = 2 is treated under the stronger assumption that the variance of p is finite.
Nonetheless, this is not needed in these proofs since the only ingredients that are invoked, namely
the local limit theorem and the invariance principles for the height process of a forest of GW-trees
and of a size-conditioned GW-tree, still hold under the sole assumption that x is in the domain of
attraction of a 2-stable law. |

Lemma 2.3.22 Forallne€N, let (Qy,, %, P,,) be a probability space on which a nondecreasing
right-continuous process (Xt(n))tE[O,oo) is defined. Let (2(t));c[0,00) be a (deterministic) continuous
function. Suppose that for all t € [0, 00), the real valued rv. X" under P, tends to x(t) in law.
Then limy, o0 Py, (SUDseo ) |Xt(n) —z(t)|>¢e)=0forall € (0,00) and all peN.

Proof of Lemma 2.3.22. We fix peN. Set w;, ; =maxo<j<p2q \X,g)_q —x(k279)| for all n,geN.
Since the convergence in law to a constant implies the convergence in probability, we easily get for
all ¢ that lim,, oo P, (wy, 4 >¢) =0. Next set vy = max{|z(t) —z(s)|;s,t €[0,p]: |s—t| <277}
that tends to 0 as ¢ — oo since x is continuous. By monotonicity of Xt(n), it is then easy to see that

for all ¢ € [0, p], that |Xt(n) —z(t)| <2v4 + 3wy, 4, which easily implies the desired result. [ |

End of the proof of Theorem 2.1.1. We keep the notation from above and recall from (2.3.43) the
definition of ¢, and from (2.3.44) the definition of R, (©;"). We now derive Theorem 2.1.1 from
(2.3.45) and Proposition 2.3.8 that allows to change the state space from W, to W,.

For all positive integers n, we set ¢, =4log, n and L, =#{ve T : |Y,;7|<c,}. We also set
N,=#{ver: |vJ]=n}and C,, = Ny + N1 + ... + N,,. Let (S,)nen be a simple symmetric
random walk on Z with initial position Sy = 0. By definition of @, for all v € 7, we get
E[f(|Y, ) | 7] =E[f(|S)y/]) | 7]. Then, for all b, € N* we get

E[L,|7] =Y NiP(|Sk|<cp) < Ch, + o (bn, S2)#7 (2.3.46)

keN

n
bn

where we have set o(p, s) =supy>, P(\Sk]k_%g s) for all pe N* and all s € (0, 00). Observe that
any fixed p, lim,_ .o, o(p, s)=0. We now take b, =ci.
We next claim that for all n € (0, c0),

nhi& P(LCy, >n|#7=n)=0. (2.3.47)

Proof of (2.3.47). For all € € (0,00) and all y € R, we set f-(y) = (1—e~!(|y| —¢)4 )+ thatis
continuous and such that 1j_. < fe <1[_. 5.). Recall from the introduction that (H},)o<k<#r
stands for the height process of the tree 7 and recall the convergence (2.1.4). Then note that

1
%Cana < Q? ::‘/0 fa(ﬁHLnsj) ds .
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By (2.1.4), Q7 under P( - |#7=mn) tends in law to Q). ::fo1 fe(Hs) ds. We recall here that a.s. for
all s € (0,1), Hs >0 (see Duquesne [50] or Section 2.4.4). Thus lim._,o4+ Q- =0 and we get for
all ne (0, 00)

limsuplimsupP (1 Cy,. >n|#7=n) < limsuplimsup P(QL >n|#7=n)

e—04+ n—oo e—04+ n—o0
< limsupP(Q>n) = 0. (2.3.48)
e—0+

Since (an)nen is a 25+ -regularly varying sequence, by, /a, — 0 and (2.3.48) entails (2.3.47). O

Since +C%,, € (0, 1], it also implies that E[£C}, |#7 =n] — 0 as n — co. By (2.3.46) we
get lim,,_, o E[4 L, |#7=n] =0. We next apply Proposition 2.3.8 to ¢c=|4log, n|+1: (2.3.18)
implies the following.

P( Zl[%)pu %!RLnSJ (©) — Cupns| > 2e ’ #T:n)

< ot 4 P> #r=n) + P sup L{R(©n) — Guons] > | #r=n)
s€[0,1]
which implies (2.1.3) in Theorem 2.1.1 by (2.3.45) since E[L L, |#7=n]—0 as n— oc. [ |

2.4 Snake metrics and the Brownian cactus.

2.4.1 Pseudo-metrics on a closed interval.

Definition 2.4.1 Let ¢ € (0, c0). We introduce the following spaces.

(a) We denote by C([0,¢]?,R) the space of continuous functions from [0, ¢]? to R that is a
Banach space when equipped with uniform norm ||-||.

(b) We denote by M([0, ¢]) the set of continuous pseudo-metrics on [0, ¢]. Namely, it is the set
of d€ C([0, ¢]?,R) such that for all s1, s2, 83 €[0, (],

d(s1,s2)>0, d(s1,s1)=0, d(s1,s2)=d(s2,s1) and d(s1,s3)<d(s1,s2) + d(s2,s3).

(c) We denote by M'T(]0, ¢]) the space of continuous pseudo-metrics d € M([0, ¢]) such that
for all s1, s2, 83,54 €0, ],
d(s1,s2) + d(ss, s4) < max (d(s1,s3) + d(s2,84) ; d(s1,84) + d(s2, s3)) - (24.1)

We call the latter inequality the four points inequality. O

We easily check that M'T([0, ¢]) and M([0, ¢]) are closed subsets of (C([0, ¢]?, R), ||-||). We shall
need the following compactness criterion in M([0, ¢]).

Lemma 2.4.2 For all n€ (0, 00) and all de M(]0, (]), we set
¢y(d) = max {d(s,s'); s, €[0,(] : |s—s'| <n}.

Let D be a subset of ML ([0, (). Then, the closure of D is compact if and only if supgep gy(d) — 0
as n— 0+.

Proof. For all f € C([0,¢]?, R) and all € (0, c0), set

wn(f):maxﬂf(slﬂ8/1)_f(5278/2)’; 517827‘9/175/26[07C] : |81_52‘\/‘8/1_5/2‘ < 77}
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that is the n-modulus of uniform continuity of f. The Arzela-Ascoli Theorem asserts that the
closure of A C C([0,¢]? R) is ||-||-compact if and only if sup ¢ 4 wy(f) — 0 as 7 — 0+ and
supse 4 |f(0,0)| <oo. The desired result follows from the easy remark that gy (d) <w;,(d) <2¢;(d)
(here, the second inequality is a consequence of the triangle inequality) and from the obvious fact
that d(0,0) =0 for any d€D. [ |

This lemma immediately implies the following tightness criterion.

Proposition 2.4.3 Let (d,),cn be a sequence of M (0, (])-valued random variables. The sequence
of their laws is tight on (C([0,¢]%,R), ||||) if and only if lim, o sup,,cy P (q,(dy,) >) =0 for
all e € (0, 00).

We now prove the following specific proposition that is used later in the proof of Theorem 2.1.2.

Proposition 2.4.4 Let d,,,d}, n€N, be M(|0, ¢])-valued r.v. such that
(i) dn,—d weakly on (C([0,¢]%, R), ||-||);
(it) ForallneN and forall s,s' €(0,(], a.s. d}(s,s') <d,(s,s);
(14i) Forall s,s' €10,¢], |df(s,s")—dn(s,s)|—0 in probability.
Then, (d},,d,,) — (d, d) weakly on (C([0,¢]%,R), ||[])*.

Proof. By (i) and Proposition 2.4.3, for all € € (0, 00), lim,,_, sup,,en P (g5 (dy) >€) =0. Since
d,, and d} are continuous, (i7) actually implies that a.s. for all n € N and for all s, s’ € [0, (],
d} (s, s') <dn(s, s’), which immediately entails g, (d};,) <g,(dy). Thus, for all £ € (0, c0), it holds
that lim,, 0 sup,,cy P (g, (d};) > €) = 0. By Proposition 2.4.3, the laws of the r.v. (d};,d,) are
tight in C([0, ¢]?, R)? and we get the desired result because (i) and (iii) easily entail the weak
convergence of the finite dimensional marginals of (d}, d,,) to those of (d,d). [ |

Induced metric spaces. Let d € M([0, ¢]). We define the relation ~; on [0, (] as follows: for all
s1,82€10,(], s1 ~q sz if and only if d(s1, s2) =0. Clearly ~ is an equivalence relation and we
define the quotient space:

E;=10,¢]/~a, projg:[0,(]— Eq, the canonical projection, rq = proj,(0).  (2.4.2)

We keep denoting d the metric induced by d on E,. Since d is continuous on [0, (]?, proj, is
continuous and (Ey, d, 4) is a pointed compact and connected metric space. We also equip Fy
with the pushforward measure y4 of the Lebesgue measure on [0, ¢] via the canonical projection:
namely, for all nonnegative measurable functions f on Fyg,

¢
[ @) alda) = [ f(prosa(s)) ds. (243)
d
Note that 14 is a finite measure with total mass (.
Remark 2.4.5 Let (Ey,d, rq, p1q) be the compact metric space corresponding to the pseudo-metric
deM([0,(]). Leta,be (0,00). Set d'(s1,s2) =ad(s1/b, s2/b), s1,s2 € [0,b¢]. Then, we easily
check that ' € M([0,b¢]) and (Eg, d',rqr, par) is isometric to (Eg, ad, 74, bug). O

Real trees. When d € M'T(|0, ¢]), the resulting space Ej is a real tree. More precisely, real trees
are metric spaces that extend the definition of graph-trees; they are defined as follows.

Definition 2.4.6 let (7', d) be a metric space; it is a real tree if and only if the following holds true.
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(a) For any 0,09 €T, there is a unique isometry f : [0,d(o1, 02)]— T such that f(0)=0; and
f(d(o1,02))=09. Then, we set [o1,02]:= f([0,d(01, 02)]).

(b) For any continuous injective function g : [0, 1] — T, such that g(0) = o1 and g(1) = o9,
g([07 1]):|101702ﬂ' O

It turns out that the four points inequality is a metric characterisation of real trees. More precisely, if
(T, d) is a connected metric space, then (7', d) is a real tree if and only if for any 01, 02, 03,04 € T,

d(o‘l,Uz) + d(0370'4) < (d(Ul,Ug) + d(02,04)) V (d(01,04> + d(UQ,Ug)).

We refer to Evans [70] or to Dress, Moulton & Terhalle [48] for a detailed account on this property.

Let us introduce some notation about real trees. Let (7, d) be a compact pointed real tree. We
distinguish a point 7 € T" that is viewed as a root. We then define the length measure Length(-) on
T as the one-dimensional Hausdorff measure: namely, it is the unique Borel measure such that
Length([o, 0'])=d(c, "), forall o, 0’ € T. Let us next introduce branch points: let o1, 09, 03 €T}
then the geodesic paths [o1, 03], [o1, 03] and [o9, 03] have exactly one point in common that is
called the branch point of o1, 09, 03 and that is denoted by br(o1, 02, 03); namely

{br(o1,09,03)} = [o1,02] N o1, 03] N o2, o3]. (2.4.4)

If we view T as a family tree whose ancestor is r, then br(oq, 02, 7) is the most recent common
ancestor of o1 and o2 and we use the following notation

o1 N\ oy =br(o1,09,T).
We next introduce the (extended) degree of any point o €T as follows.

deg(o) is the (possibly infinite) number of connected components of the open set 7\ {c }.
(2.4.5)
We say that o is a branch point if deg(o) > 3; we say that o is a leaf if deg(c) =1 and we say that
o is simple if deg(o) =2. We shall use the following notation for the set of leaves of 7'

LE(T) := {o€T\{r} : deg(o)=1} .

Definition 2.4.7 Let y be a finite Borel measure on T'; then (7', d, r, 11) is a continuum real tree in
the sense of Aldous [9] if T" is compact and if

w is diffuse, the topological support of  is T and p(T\L£(T')) =0. (2.4.6)

Lemma 2.4.8 Let ( €(0,00) and de MT([0,(]). To simplify we denote by (T, d,r, ) the pointed
and measured compact real tree induced by the pseudo-metric d and we denote by p:[0,(] — T
the canonical projection. We set

U={s€(0,¢): Vs'€[0,(]\{s}, d(0,s)+d(s,s)>d(0,s)} . (2.4.7)

We assume that [0, (|\U is Lebesgue-negligible. Then, T is a continuum real tree as defined in
(2.4.6).

Proof. By construction and since p is continuous, the topological support of p is 1. We next
show that p(U) C Lf(T). Let s € (0,() be such that p(s) # r and such that deg(p(s)) > 2.
Let s’ be such that p(s’) belongs to a connected component of 7\ {p(s)} that does not contain
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r. Then, p(s) €], p(s’)[, which implies that d(p(s'),r) = d(r,p(s)) + d(p(s),p(s’)), namely,
d(0,s") =d(0,s) + d(s,s’). Thus, s ¢ U. This proves that p(U) C L£(T'). Since [0,¢]\U is
Lebesgue negligible, T\Lf (7T') is u-negligible.

It remains to prove that 1 is diffuse. Let s € [0,(]. If s ¢ U, then p(s) € T\L£(T") that is p-
negligible; thus p({p(s)})=0. Assume now that s € U and suppose that s is such that d(s, s') =0.
The triangle inequality for d implies that d(0, s) = d(0, s’). Since s € U, we get s = s’. Thus
pt({p(s)})={s} and u({p(s)}) =0, which completes the proof of the lemma. |

Example 2.4.9 (Real trees spanned by graph-trees) Let T be a discrete graph-tree with a special
vertex p viewed as a root. We denote by dg, the graph-distance on T. The real tree spanned by T is
obtained by joining neighbouring vertices of T by a unit-length segment of the real line with its
own metric. Formally, we can take T={(p, 1)} U Uver\(p3{v} (0, 1] and for all 0 = (v, s) and

o' =(v',s')inT, we set:

dgr(v,0") + s+ =2 ifvAv' ¢ {v,v'},
dgTr(a,J/) = qdgr(v,0) +5— 5 if v’ =vAv and v#£0/,

|s — & ifv=1/,

where vAv' is the most recent common ancestor of v and v’ when we view T as a family tree whose
ancestor is p. Clearly, (T, dgTr) is a real tree and if we identify T with Tx {1} C T, we easily check
that JgTr extends dg,. Note that (T, JgTr) is compact if and only if T is finite. O
Example 2.4.10 (Real trees coded by continuous functions) Let ¢ € (0, 00) and let ~: [0, (] — R be
continuous. For all s, s9 €[0, (], we set

mp(s1,82) = inf h(s) and dp(s1,82) = h(s1) + h(s2) — 2myp(s1,s2) . (2.4.8)

SE[s1A82,51Vs2]

We easily check that d,, € MT([0, ¢]) and to simplify we denote by (T}, dp, rp, 1) the induced
metric space (Ey, , dp, Tq, , itd, ) as defined in (2.4.2) and (2.4.3); we also denote by py, : [0, (] =T},
the canonical projection (instead of proj, ); (Th, dp, 1, 1) is a pointed measured compact real
tree that is the tree coded by the function h.

Let h':[0, ¢] — R be continuous. Then observe that

Vs1,52,€[0,¢),  |dn(s1,s2)—dp(s1,52)] < 4 Sl[lpc] |h(s)—h'(s)], (2.4.9)
s€|o,
which shows the continuity in M'T(]0, ¢]) of the application h +— dj,. O

Remark 2.4.11 Let (7}, dp,, 71,) be the real tree coded by the continuous function i : [0, (] — R
and the canonical projection py, as explained above. Suppose that h is nonnegative and that 4 (0) =0.
Then dj, (0, ) =h(s) and for all s1, s2 € [0, (], we easily get mp,(s1, s2) =dp (rh, pr(s1) Apn(s2)).

However, let d€ M'T([0, ¢]) and set h(s)=d(0, s), s€[0, ] that is a continuous function. The
real tree T'=0, (] / ~g4 is in general different from the the real tree T}, coded by h: namely d # dj,.
But let us mention that all compact real trees can be coded by (many) continuous functions (see
Duquesne [53] for more details on the coding of real trees). ]

Gromov-Hausdorff-Prokhorov metric. Let (F1,dy, 71, 1) and (Esg, da, 72, p2) be two pointed
measured compact metric spaces: here p; and po are finite measures on the respective Borel
sigma-fields of E; and Ey, and 1 € E; and 79 € E» are distinguished points. The pointed
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Gromov-Hausdorff-Prokhorov distance (the GHP-distance for short) between F| and F> is defined
by

Sowe (1, By) =int{ di"(¢1(E1), 62 (B»))

+ dg(p1(r1), da(r2)) + ¥ (u10dyt ooy ?) } (2.4.10)

Here, the infimum is taken over all Polish spaces (F, dg) and all couples of isometric embeddings
¢; « Ei — E, i€ {1,2}; d" stands for the Hausdorff distance on the space of compact
subsets of E (namely, d#" (K1, K») = inf{e € (0,00) : K; C Kés) and Ky C Kfs)}, where
A®)={ycE : dp(y, A) <ec} for all non-empty A C E); for all i € {1,2}, pu;o¢; ' stands for the
pushforward measure of 1; via ¢;; d%°F stands for the Prokhorov distance on the space of finite
Borel measures on F/, namely

A5 (1, v) = inf{e € (0, 00) : p(K) v(K®) + € and v(K) <p(K©) + ¢, YK C E compact}.

Remark 2.4.12 Let (E,d) be a Polish space and let a,b,c € (0,00). We denote by dprox
(resp. dg,.,) the Prokhorov distance on the space of finite Borel measures on (E, d) (resp. (F, ad))
and we denote by dyays (resp. d,,s) the Hausdorff distance on the space of the compact subsets of
(E,d) (resp. (F, ad)). First note that df, . = adgaus. Then, observe that dpyex (bi, cit) = |b—c|pu(E)
and that (a A b)dprox (1, V) < dg o (b, bv) <(a V b)dprox (14, V).

Let (E1,dy, 71, 1) and (Esg, do, 12, p2) be two pointed measured compact metric spaces. We
set (EL, d;, 7}, uh)=(E;, ad;, ri,bu;), i€ {1, 2}. Then, it is easy to check that (aAb)dcup(E1, E2) <

daur (B, E5) <(aV b)dcup(Er, E2). O

Example 2.4.13 Let T be a finite graph-tree that is equipped with its graph distance and with
its counting measure: m = ) 1 0,. Let (T, Jgr) be the compact real tree spanned by T (see
Example 2.4.9). We equip T with its length measure Length. Up to obvious identifications, we
can assume that T C T. Then, we easily get dHaus(T,T) < 1, dprox(m,Length) < 2 and thus,

JGHP(T,T) <3. [l

We next recall from Theorem 2.5 in Abraham, Delmas & Hoscheit [4] the following asser-
tions: dgpp is a pseudo-metric (i.e. it is symmetric and it satisfies the triangle inequality) and
dcup(E1, E2) = 0 if and only if E; and Ey are isometric, namely if and only if there exists a
bijective isometry ¢ : F1 — F5 such that ¢(r1) =2 and such that s = 11 o ¢~ 1. Denote by M
the isometry classes of pointed measured compact metric spaces. Then, Theorem 2.5 in Abraham,
Delmas & Hoscheit [4] asserts that

(M d¢yp) is a complete and separable metric space. (2.4.11)

Proposition 2.4.14 Let d,d' € M([0,(]) and let E; and Ey be the induced pointed measured
compact metric spaces as defined by (2.4.2) and (2.4.3). Then

Scup(Eq, Ea) < 3|d—d|| . (2.4.12)

Proof. We use the notation from (2.4.2) and we set R={(proj (s),projy(s));s€][0,(]} thatis
arelation on Eyx Ey since forall x € Egand all 2’ € Ey, RN ({x} X Eg) and RN (Eg x {2'})
are not empty. By the triangle inequality for pseudo-metrics, we get

dis(R) := sup{‘d(x,y)—d/(x/,y')]; (z,2'), (y,y')ER} < |ld—d'|| . (2.4.13)
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We next set G = F; U Ey that is a disjoint union, and we define a metric § on G as follows: §
coincides with d on E;x E; and with d’ on Ey x Ey and for all z € E; and all 2’ € E;, we set

§(z,2") = inf {d(z,y) + %dis(R) +d(y',2); (y,y)eR} .

We easily check that § is a separable compact metric on G. Thus, (G, 0) is Polish. The inclusions
Ej — G and Egy — G are isometries and since (rq, 74) = (proj,(0), proj,(0)) € R, we get

Staus(Eq, Eg) V 8(rg,rar) < $dis(R) , (2.4.14)

where dgays stands for the Hausdorff distance of the space of compacts subsets of G.

Let K be a closed (and thus compact) subset of G. Weset Q=FE;N K and Q' =Ey N K
that are also compact subsets of G. Note that pg(K) = pq(Q) and pg (K) = pqa (Q'). We set
C=proj; ! (Q), Qy=proj,(C) and C'=proj ' (Q}). Since proj, and proj, are continuous,
C and C" are compact subsets of [0, (] and @, is a compact subset of E. Denote by ¢ the Lebesgue
measure on [0, 00). Observe that C'C C’, which implies that p4(K) = pqg(Q) =£(C) < L(C") =
par (Qp). Let 2’ € Q. There exists s € C' such that proj,(s) =2'. But note that z:=proj,(s) €Q
and thus (x,2’) € R. Set n:= $dis(R); then we have proved that py(K) < pg(K") where
K"={z€ G:4(z,K) <n}. Similarly, we prove that pz(K) < pg(K") which implies that
Oprok (td, tar) < 1, where Oprox stands for the Prohorov distance on the space of finite Borel
measures on G. This inequality combined with (2.4.14) implies that dgup(Eq, Ey) < 3dis(R),
which entails (2.4.12) by (2.4.13). [ |

2.4.2 Scaling limit of the range of biased RWs on trees.

Let T be an infinite rooted ordered tree. We fix A€ (1, 00) and we denote by (Y},)nen the A-biased
RW on T" whose transition probabilities are given by (2.3.36). We make 7" a real tree by joining
neighbouring vertices by a line isometric to [0, 1] as explained in Example 2.4.9 and we keep
denoting by (7, dgr, @) the resulting rooted real tree. We also denote simply by (Ys)se[0,00) the
continuous interpolation of Y': namely, for all n € N and all s € [n,n + 1], Y is the unique point of
the line [Y,, Y}, 41] in the (spanned) real tree 7" such that dg.(Y},, Ys) =s—n.

Let ( € (0, 00). For all n €N, we then set

Rn:{Ys§ SG[O,CTL]}

that is a random compact real tree. We equip R, with the occupation measure mSy. induced by the
RW, namely [, f(o)mSee(do)= f§ f(Yen) ds.

Proposition 2.4.15 We keep the above notation. Let (ay)neN be a sequence of positive real
numbers. We assume that (Yy,)nen is recurrent, that lim,,_, a» ' log n=0 and that there exists a
continuous random process (Hs)qco,¢| such that

(law)

(Lder(2,Yrs)) Hy)sepo) (24.15)

s€[0]  m—oo
weakly on C([0, (], R). Then, jointly with (2.4.15), the following convergence

1 (n) (law)
(Rna ?dgry @’ mOCC) —_— (THadHarHauH)
n n—o00
holds weakly on the space of rooted measured compact metric spaces M equipped with the Gromov-
Hausdorff-Prokhorov distance. Here, (T, dp, v, p) stands for the real tree coded by H as in
Example 2.4.10.
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Proof. For all s € [0,(], we set H{" = idgr(z, Y,s). For all s,s" € [0,(], we also set
dn(s,s')=H™ + H;fl) —2min,e[spy svs/] H{™ | that is the tree pseudo-distance coded by H (™
as in Example 2.4.10. Clearly, by (2.4.9), (2.4.15) implies that d,, — d; weakly on C([0, ¢]?, R).
Then we set d5 (s, s') = a,, 'dgr (Yns, Yo ). Thus (s, s') <dn(s,s’) and by (2.3.37) in Lemma
2.3.17, we get for all € > 0 that

P(dn(sa 5,) d, (5 s )>€)< P(|}/|_nsj| + ‘Y[ns |_2 Hll JYI;J >ean—2+ dgr(Y[nsj,ifl_ns’j))

< (|ns') ~ ns)) = 0.

)\%EG/n—l_l n—o00

By Proposition 2.4.4, (d}, d,,) — (d g, dpr) weakly on C([0, ¢]?,R)2. This implies the desired result
by Proposition 2.4.14 and because the compact measured rooted tree induced by the pseudo-metric
dy is isometric to (R, o dgr, @, moe). |

We then derive from the previous proposition (the easy part) and from a result due to Dembo &
Sun [45] (the difficult part) that the scaling limit of the range of critical biased RWs on a supercritical
multi-type GW-tree is the Brownian tree. More precisely, we consider a N-type GW-tree; for all
ke{l,...,N} we denote by p(k, ) a probability measure on Wy =J,,en{1,..., N}", the set
of finite words written in the alphabet {1,..., N}. For all p € (0, ), the p-th moment matrix
My, = (myp(k,€))1<k,e<n is given by

Z Z w(k wl,...,wn))(#{je{l,...,n}:wjzﬁ})p.

neN 1<ws,.. ,w,L<N

We assume the following.
(a) There exists p& (4, 00) such that for all k, £€{1,..., N}, my,(k, () <oo.
(b) There exists an integer 1o > 1, such that M{* has only strictly positive entries.
(c) Let X be the Perron-Frobenius eigenvalue of M. We assume that A > 1.

Let T=(T, 9, (az)zeT) be a N-type GW (p)-tree. Namely, 7" is a random rooted ordered tree,
az€{1,..., N} isthe type of vertex x € T and T satisfies the following property: recall that kg (7")
is the number of children of the root and recall that for all j€ {1, ..., kz(T)}, 0(;)T stands for the
tree stemming form the j-th child of @ (equipped with the types of corresponding vertices). Then,
conditionally given ag, the types (a(l), ooy Qg (T))) of the children of the root have conditional
law p(ag, -) and conditionally given (a(l), cee a(kg(T))), the subtrees 0()T, ..., 0, (1) T are
independent GW (g )-trees.

Then, conditionally given 7', let (Y},),en be the A-biased RW on T started at @ and denote by
(Ys)se[0,00) its continuous interpolation as explained above. Under Assumptions (a), (b) and (c)
on u, Theorem 1.1 in Dembo & Sun [45] p. 3 asserts that there exists o € (0, 00), a constant that
depends only on g, such that a.s. on the non-extinction event {|7'| =00},

1 (law)
(2mdex(2. Yns))se[opo) ——— (1Bol) o0y (2.4.16)

where (Bs) se[0,00) 18 a standard linear Brownian motion such that By =0 a.s. By Proposition 2.4.15,
we immediately get the following new result.

Corollary 2.4.16 We keep the notation as above. Let € (0,00). Let R, ={Ys; s €[0,n(]} be the
range of Y up to time n and let mSe. be the occupation measure of Y on R, as introduced before.
Under Assumptions (a), (b) and (c) on p, a.s. on the event {|T| =00}, we get

(n) (law)
(R d : mocc) ——— (Tig, diB|7\B)> 1 B)) (2.4.17)

n7U\f gra oo
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weakly on the space of rooted measured compact metric spaces M equipped with the Gromov-
Hausdorff-Prokhorov distance. Here, (T‘ Bl A|B|; T|B|s M| B‘) stands for the real tree coded by the
reflected Brownian motion (| Bs|) se(o,¢]-

In literature, the first scaling limit for the range of tree-valued RWs appears in Duquesne [52]:
in this paper the tree is b-ary and the RW is slightly super-critical (see Theorem 2.1 [52] p. 2224;
Lemma 3.7 [52] p. 2241 also contains a local law of large numbers for the range). When 7' is
a supercritical single-type GW-tree, Peres & Zeitouni [137] have first proved (2.4.16) when the
offspring distribution has exponential moments (see Theorem 1 [137], p. 596). Then, Aidékon & de
Raphélis in [6] have proved (2.4.16) for supercritical single-type GW-tree under a second moment
assumption and they also proved (2.4.17) in these cases (Theorem 1.1 [6], p. 645). In the same
article, they extend (2.4.16) and (2.4.17) to RWs in random environment on GW-trees (see Theorem
6.1 [6], p. 660).

2.4.3 Snake metrics.

Snakes are path-valued processes that provide a nice parametrization of the spatial positions of a
population whose genealogy is a continuum tree and that are scaling limits of branching random
walks. Snake processes, and in particular the Brownian snake, has been introduced by Le Gall
in [77] to study fine properties of super-Brownian motion. In this section, we first recall basic
definitions on snakes, in a deterministic setting and in dimension 1. Then, we introduce a pseudo-
metric derived from a snake, we study its continuity properties and we show that snake metrics
actually yield real-trees. Finally, we prove elementary geometric properties of such real trees that
are deterministic version of the cactus introduced by Curien, Le Gall & Miermont in [40].

Definition 2.4.17 We fix ¢ € (0, 00) and we denote by C(]0, (], R) the space of the continuous
functions from [0, (] to R; it is a Banach space when equipped with the uniform norm ||-|| . We
also denote by C the space of continuous functions from [0, co) to R that is a Polish space when
equipped with the following metric:

Vw,w' € Cy, du(w,w’) = Z 27" min(1, sup |w(r)—w'(r)]) . (2.4.18)
neN rel0,n]

(a) We denote by C(]0,(],Cyp) the space of the d,-continuous functions from [0, (] to Cy
equipped with the distance A* given by A*(w,w') = sup,e(g ¢ du(ws(-), wy(-)), for all
w,w’ € C([0, (], Cp). We next equip the product space C([0, ¢],R) x C([0, (], Cp) with the
following distance: for all (h, w), (h',w") € C([0, ¢],R) x C([0,¢], Co),

A((ha w)a (h/vw,)) = Hh_h/HOO + A*(w’w,) :

(b) We denote by ([0, ¢]) the space of the R-valued snakes; namely, the elements (h,w) of
C([0,¢],R) x C(][0, (], Cp) that satisfy h >0, h(0)=h(¢) =0 and the following.
(b1) For all s€ |0, (] and for all r € [h(s), 00), ws(r) =ws(h(s)) =:ws.
(b2) For all s1, s2 €10, (] and for all r € [0, my,(s1, $2)], ws, (1) =ws, (), where we recall
from (2.4.8) the definition of my(s1, s2).
We refer to (b2) as to the snake property. The function h is called the lifetime process and
the function (s)4c[o,¢] is called the endpoint process of the snake. O

We easily check that (C([0, (], Cp), A*) and (C([0,¢],R) x C([0, (], Cp), A) are Polish spaces
and that 3([0, ¢]) is a A-closed subset.
The following lemma is used in the proof of Theorem 2.1.2.
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Lemma 2.4.18 Let (h,w) € %([0,¢]). For all n€ (0, 00), we have wy(w) < 2wy, (W), where

wy(w) = sup {8y (ws, wy) ;8,8 €[0,(]:[s—5"| <n},

(
wn(0) = sup{|Ds—ty|; 5, 5" €[0,{]:]s—s'| <n}.

Proof. For all s € [0,¢] and for all r € [0, h(s)] set as, = sup{s’ € [0,s] : h(s') < r} and
Bsr=1inf{s' €[s,(]: h(s") <r}. Then, Definition 2.4.17 (b2) implies that w(r) =wy (r) for all
s' € las,r, Bs,r] and in particular, We, , =Wg, , =ws(r) since r=h(ws,) =h(Bs,).

Next, fix s, € [0, (] such that |s—s'| < 7. To simplify we set m = my(s,s’). Let r, €
[m, h(s)] be such that [w;(rs) —ws(m)| = max,cpm, n(s) |ws(r) —ws(m)|. Suppose that s < s’
(resp. that s’ < s), then it holds that ., Bsm € [s, 5] (resp. o, ,asm € [¢,s]) and we get
that |ws(ry) —ws(m)| = |wg, ,, — Wg,,,| (tesp.= |Wq,,, — Wa,,,|). As a consequence, we
have max,¢(m n(s) |Ws(r) — ws(m)| < wy(). Similarly, max,. ¢, n(s)) [ws (1) — wg (M) <
wy(@). By Definition 2.4.17 (b2), we get ws(m) = wy (m) and sup,¢[o o0y |ws (1) —ws (r)| <
MaX, ¢ h(s)] | Ws (1) —Ws(M)] +MaX, gl p(s)] [Ws (1) —ws (M), which easily implies the desired
result. |

Definition 2.4.19 Let ¢ € (0, 00) and let (h, w) € 3(]0, ¢]). Recall from (2.4.8) the definition of
mp, (-, -) and recall from Definition 2.4.17 (b1) the definition of @w. For all s1, s2 € [0, (], we set

Mh,w(sl,sz)zmin(min{wsl(r);re [mp(s1,82), h(s1)]}, min{ws, (r); r € [mp(s1, s2), h(sz)]})
and dhyw(sl, 82):’@31 + @32 — 2Mh,w(517 82) . (2.4.19)

We call dy, ,, the snake metric associated with (h,w) (see Lemma 2.4.22 below). O

Lemma 2.4.20 Let (€0, 00) and for all n €N, let (hy, w™ )€ X([0, (]) that converges to (h,w)
in C(]0,¢],R)xC([0,¢], Co) equipped with A as in Definition 2.4.17 (a). Recall that ||-|| stands
for the uniform norm on C([0, (], R). Then, lim,,_,co||dp, —dp || =limy—o0ldy,, 1y —dnwl|l =0
(see (2.4.8) and (2.4.19)).

Proof. The first limit follows from (2.4.9). To prove the second one, we fix £ € (0, 1) and we set
a=1+ sup,cy maxge( ] |hn(s)]. Let ny €N such that A((hy,, w™), (h,w)) <272, for all
n>ny. Thus, for all n>n; and for all s€ [0, (],

[w{™ —w|loo:= sup |wl™ () —ws(r)|= sup |w™(r)—ws(r)] <e. (2.4.20)

r€l0,00) ® re(0,a]

Fix s1, s2 €[0, (] and set my, =mp,, (s1, s2) and m=mp,(s1, s2). By (2.4.20), we get

min wgl))gr) — min w, S']r) ‘ < ng?)—wstoo <e. (2421

r€[mn,hn(5; rE€[Mn,hn(5;

Vn>ni,Vje{l,2},

Next, for all uniformly continuous g : [0, c0) — R, and for all € (0, c0), we use the notation
w(g,n)=sup{|g(s)—g(s')|; s, €[0,00):|s—s'| <n} for the n-uniform modulus of continuity of
g. We recall that ||h—hy, ||oo < A((hp, w™), (h,w)). Observe that for all j€{1,2} and all n €N,

min ws, (r) — min ws, (r Sw Ws; h_hn co) - (2422)
Te[mnvhn(gjg]) re[m,h(sjj)}( )‘ ( J H H )

By the definition (2.4.19) of dhmw(n), by (2.4.20), (2.4.21) and (2.4.22), for all n>n;, we get the
following:

|, ) (81, 82) =dp (51, 52) | < 4e 4 3w(wsy, [[h—hnlloo) + 3w(wsy, [[h—=hnlloo). (2.4.23)
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Since w is uniformly §,-continuous on [0, ¢], there exist o1,...,0, € [0,(] such that for all
s €[0,¢], there exists k € {1,...,p}, such that |[ws —we, ||cc < €, Which implies the inequality
lw(ws,n) —w(wg,,n)| <2, for all ne€ (0, 00). By (2.4.23), it implies that

I =} < 162 46 max (i [ ),

which implies lim sup,,_,o[|d}, . 1) —dhwll <16¢, for all € € (0, 00). It completes the proof of
the lemma. |

Remark 2.4.21 Let (h,w) € 3([0,(]). Definition 2.4.17 (b) means that w is actually defined on
the real tree (1}, dp, rp, pr) coded by h (as defined in Remark 2.4.10). Indeed, let s, s2 € [0, (]
be such that dp(s1, s2) =0; then h(s1)=h(s2) =mp(s1, s2) and Definition 2.4.17 (b) implies that
Wg, =Ws,. Up to a slight abuse of notation, it therefore makes sense to define w on 7}, as follows:
for all o € T}, and for all s € [0, (] such that o = py(s), then

Wwe(") == ws(-) and @, = W, , (2.4.24)

where we recall that py, : [0, (] — T}, stands for the canonical projection. It is easy to check that
w: Ty, — Cy is continuous. Moreover, Definition 2.4.17 (b) combined with the argument of the
proof of Lemma 2.4.18 entails the following.

VUGTha \V/’)’E [[Tha U]]a We (dh(rhn ’7)) = {IJ’Y .
We also get the following: let o1, 02 € T}, and s1, 52 € [0, (] such that py,(s;) =0y, i € {1, 2}; then

My (81,52) = min @, andthus dp(51,52) = Wo, + We, —2 min w, .  (2.4.25)
’ v€[o1,02] ’ v€[o1,02]

Up to a slight abuse of notation, it makes sense to view M}, ., and dj, , as continuous functions
from T}, x T}, to R. Il

Lemma 2.4.22 Let ( €(0,00) and let (h,w) € 3([0, ¢]). Let dy, ,, be the associated snake metric
as in Definition 2.4.19. Then, dj, ., € MT([0, {]). Namely, it is a continuous pseudo-metric on [0, (]
that satisfies the four points inequality (2.4.1).

Proof. We first prove the continuity of dj, ,,. To that end, for all a, b€ [0, 00) and all s € [0, ] we set
Gap(s)=min{ws(r) ;7€ [anb,aVb]}. Note that g p(5)—ab(s")| <SUD,clo ave) [Ws (1) —ws ()]
Then, observe that for a fixed s, (a,b) — ¢q(s) is continuous. This easily implies that (a, b, s) —
$ap(s) is continuous. Therefore, dj, ,, is continuous on [0, ¢]2.

Let s1, 592,583,584 € [0, C] We set X7 = Mhﬂu(sl, 82) + Mhﬂu(Sg, 84), Xo = Mh,w(sly 83) +
M (52, 54) and X3= M}, (51, 84)+ M}, (52, 53), so that dy, ,, satisfies the four points inequality
(2.4.1)if X; > min { X5, X3}, which is a consequence of

#{i€{1,2,3} : Xi:min(Xl,XQ,Xg)} > 2. (2.4.26)

To prove (2.4.26) it is convenient to work on (7}, dp,, 7p,) that is the pointed compact real tree coded
by h as explained in Example 2.4.10: recall that py, : [0, oo] — T}, stands for the canonical projection
and recall from (2.4.24) the definition of w, and w, for all 0 € Tj,. For all i € {1,...,4}, we
set 0; =pp(s;) and we recall from (2.4.25) that M}, (04, 05) = Mp, (84, ;). Recall from (2.4.4)
the definition of branch points in 7},. Since (2.4.26) does not depend on a specific indexation of
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the s;, without loss of generality we can assume that v := br(oy, 02, 03) = br(oy, 02, 04), that
~ ZbI‘(Jg, o4, 01) ZbI‘(Jg, o4, 02) and that

o€ly, o1] o€y, o2] o€y, 03] o€l 04]

a:=min Wy <b:=min W,, d:=min W, <e:=min W, and a <d.

We also set ¢ := min,c[, | @s. Then, X1 =a +d, Xo=(aANc)+ (bAcAe)and X3 =
(aAc)+ (bAcAd). We have four cases to consider; (7): if c<a, then X1 =a+d> Xo=X3=2c;
(1i): ifa<c<d,then X1 =a+d>Xo=X3=a+ (bAc); (iii): if d <cand b <d, then
Xi=a+d>Xo=X3=a+b; (iv): ifd<cand d<b,then X1 =X3=a+d<Xo=a+ (bAcAe).
This proves (2.4.26) and it completes the proof of the lemma. |

Definition 2.4.23 Let ¢ € (0,00) and let (h,w) € 3([0,¢]). Let dp,,, be the associated snake
metric (as in Definition 2.4.19). Since dp,,, € MT([0,(]) by Lemma 2.4.22, we denote by
Thw=10,¢]/~aq, , the corresponding real tree and to simplify we denote by py, ., : [0, (] = T
the canonical projection, by 7445 = Phw(0) the root of T}, ,,, and by iy, ,, the measure on T}, 4,
induced by the Lebesgue measure on [0, (] via pj, ,,: namely,

¢
| @) ntde) = [ fona() ds
Thw 0
for all continuous f: 7}, ,, — R. Since the pseudo-metric dj, ,, : [0, (]> — [0, 00) is continuous, so is
Phow ad (Th 5 dpy s Thows foh,w) 1S @ pointed measured compact real tree that we call the snake tree
associated with (h, w). By Lemma 2.4.20 and Proposition 2.4.14, (h, w) € 3([0, ¢]) > Th ., € M is
(A, dgup )-continuous. O

Remark 2.4.24 Let (h,w) € 3([0,¢]) and «,a,b € (0,00). For all s € [0,b(], we set h/(s) =
ah(s/b) and wg(r) =aw,,(r/a). Then (b, w') € 3([0, b(]) and thanks to Remark 2.4.5, we easily
check that (Th/, dpsyTh, Mh’) 1s isometric to (Th, adp, T, buh), and (Th/’wl, dh’,w’, Th! w! Mh’,w’)
is isometric to (T}, adhaw, Thw, Ofthw)- O

Remark 2.4.25 Let (h,w) € 3([0,(]); let (Th, dp,7h, i) and (Th . db s Thows fhw) be the
compact real trees coded by resp. h and (h, w) and recall that py, and py, ,, stand for the canonical
projections from [0, (] to resp. 7}, and T}, ,,. Observe that it actually makes sense to define a function
y : Th— T} by setting

Vs€[0,¢],  y(pa(s)) = phw(s) - (2.4.27)
It is easy to deduce from (2.4.25) that
dpw (y(0),y(0")) =Wy + Wy —2 min @, (2.4.28)
v€[o,0']
It implies that y is continuous and surjective. Note that iy, ., is the image of y, via y. U

We next prove two results that deal with basic geometric properties of snake trees. The first one
provides conditions for a snake tree to be a continuum real tree.

Lemma 2.4.26 Let (h,w) € X(][0,(]). We set

Upw={s€[0,(]: h(s)>0 and Ve€(0,h(s)), _inf wy(r) <0, } (2.4.29)
’ relh(s)—e,h(s)]
and we assume that [0, (]\U}, ., is Lebesgue-negligible. We also assume that the tree (T}, dp,, 7, (ip,)
coded by h is a continuum real tree as defined in (2.4.6). Then, the snake tree (T}, vy, dp s Thw, fh,w)
is also a continuum real tree.
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Proof. We set V =Uj, ,, N p;, ' (L£(T})). Since [0, ¢]\Up,. is Lebesgue-negligible and since T},
is a continuum real tree, [0, (]\V is Lebesgue-negligible. To conclude the proof we are going to
show that V' C U, where U is defined in (2.4.7) with d replaced by d, ,,, so that Lemma 2.4.8
implies the desired result. To that end, we fix s € V and s’ € [0, (] be distinct from s. Suppose
that h(s) = my(s,s); if there is 8" € (s A §',s V ') such that h(s”) > my(s,s’), then we
have py(s) € [r, pr(s”)[ which is impossible since pj(s) has to be a leaf of T},. Therefore, if
h(s)=mp(s, '), then h(s")=my(s,s') forall s” € [sAs', sVs']; thus [sAs’, sVs'| Cp; H ({pr(s)})
and pj, would have an atom at pp(s), which is impossible since T}, is a continuum real tree.
Thus, we have proved that h(s) > my(s,s’). Therefore min, ¢y, (s,s,n(s)] Ws(r) < Ws since
s € Upw. Next, we set b = min{wy(r) ;7 € [0, my(s, s’)]}; by Definition 2.4.17 (b), b is also
equal to min{wgy (r);r € [0,mp(s,s")]}. We also set a =min{ws(r);r € [mp(s,s"), h(s)]} and
a' =min{wy (r);r€[mp(s,s’), h(s’)]}. Then,

dpaw(0,8) + dp (s, 8")—dpw(0,8) = 2Ws + 2Mp, 4, (0,5") — 2Mp, 1,(0, 8) — 2M}, (s, 8")
= 2Ws —2a+2(a+ (bAd)—(bAa)—(and))).

We next check that ¢:=a + (bAa’)—(bAa)—(aAa’) >0. Indeed, if a<d’, = (bAd')—(bAa) >0;
ifb<d' <a,q=a—d >0;if a’ <b<a,q=a—b>0;if a’ <a<b, g=0. Since we have proved that
a < Ws, we get dp, (0, 8) + dp (S, s") > dp (0, s"). This implies that V C U, which completes
the proof. |

Recall from (2.4.5) the definition of the degree of a point in a real tree and recall that a point is
a branch point if its degree is > 3. The following lemma provides conditions ensuring that snake
trees have only binary branch points.

Lemma 2.4.27 Let (h,w) € %([0,(]). Let Ty, and T}, o, be the compact real trees coded by resp. h
and (h,w). Recall from Remark 2.4.21 that w can actually be defined on Ty. Let D be a countable
dense set of points of Ty,. We consider two cases. In the first case, we assume the following.

(a) wp=0and ws € [0, 00) for all s€ [0, (].
(b) For all distinct 0, 0’ €D such that min.,c[, 51 W, >0, there is at most one o € Jo, o' [ such
that Wy, =min, [, 51 W~y and when there is one, it is never a branch point of T,
Then, for all x € T}, ,,\{Thw}, deg(x)€{1,2,3}. In the second case, we assume the following
(a’) ’[DO =0.
(V') For all distinct ,0' € D, there is at most one oo € o, 0'[ such that Wy, = min, g, W
and when there is one, it is never a branch point of T},.
Then, for all x €T}, ., deg(x) €{1,2,3}.

Proof. Let us consider the first case. We assume (a) and (b). We shall argue by contradiction.
To that end, suppose that xo € T}, ,\{rn .} is such that deg(zg) > 4. Recall from (2.4.27) in
Remark 2.4.25 the definition of the continuous surjective function y : T}, — T}, ,,. Then, choose
x1,x2,x3 € y(D) such that 7y, ,,, 1, x2, x3 are in distinct connected components of 7}, ,,\{zo}.
Let 09 € Tj, and 01, 02, 03 € D be such that y(o;) =x;, i € {0,1,2,3}. We first claim that for all
i,7€{1,2,3} distinct,

0<dpw(Thw, o) =We, = min _ w, < inf W, . (2.4.30)

7w( ,Ww ) 0 '76[[0'0,0'1'}] Y ’YGIIO'i,O'j]] Y
Proof of (2.4.30). Note that y(rp,) = 7p4,. Since zg # rp4, by (a) and (2.4.28), we get 0 <
dh7w(x0,rh7w) = ’Lﬁgo + T/U\Th — 2min[[7«h7ao]] W = ’lﬁoo. Fix 7 € {1, 2, 3}. Since xo € ]]’I“}hw, .Ti[[,
the identity (2.4.28) implies that Wy, = dp, w (Thw, i) = dhw(Thws o) + dnw(xo, z;) and thus
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Wo, = 2Wg, + W, —2Milyg[o,0;] Wy, Which implies the second equality in (2.4.30). We complete
the proof of (2.4.30) by noting that [o;, 0] C [o0, 03] U [0, 0;]. O

For all i € {1, 2,3}, let C; be the connected component of T}, ,,\{xo} that contains z;. By
connectivity, there are v1,72 € [o1, 02] such that y(v1) = y(v2) = g and [o;, v:[C 7 H(C)),
i €{1,2}. Since y(vi) =70, Wo, + Wy, — 2MiN e[y, 4,] Wy = 0, which implies that W, = We,.
By (2.4.30), we get W, =, = MiN,¢[s,,q,] Wy- Then Assumption (b) implies that v; =2.

We next introduce = br(o1,09,03), the branch point of o1, 09,03 as defined in (2.4.4).
Without loss of generality we can assume that v, € [0y, 5] and thus v, € [0, 03]. By connectivity,
there is 73 € [o1, 03] such that y(y3) = xo and [o3,73][C y 1 (Cs). It implies that @, = @y, =
Wy =Milyg[g, o] Wy- Then Assumption (b) implies that 3 =" ="2. By definition, the subsets
loi, vl - i€{1,2,3} are pairwise disjoints and therefore -3 is a branch point of T}, (it is actually
br(o1,02,03)) such that W, = miny,, 5] @, which is not possible by Assumption (b). This
proves the first point of the lemma by contradiction. The exact same arguments can be used to
prove the second case of the lemma. |

2.4.4 Stable Lévy trees.

In this section that contains no new result, we briefly recall basic definitions and properties on stable
Lévy trees. Lévy trees are a class of random compact metric spaces that have been introduced
by Le Gall & Le Jan in [81] (and further studied in Le Gall & Duquesne [61]) as the genealogy
of continuous state branching processes. Among stable trees, Aldous’ continuum random tree
corresponds to the Brownian case (see Aldous [9] and here below). Stable trees (and more generally
Lévy trees) are the scaling limit of Galton—Watson trees as recalled in Introduction (see also below).
More precisely, let v € (1, 2] be the index of a spectrally positive stable Lévy process X =
(Xs)se[0,00): namely, the law of X is characterised by its Laplace exponent that is given by

Vs, €[0,00), Elexp(—AXs)] = exp(sA7).

Note that X is a Brownian motion when v = 2 and we shall refer to this case as the Brownian
case. As shown in [81] (see also [61], Chapter 1), there exists a continuous process H(X) =
(Hs(X))se[0,00) such that for any s € [0, 00),

1
Hy(X) = lim =

e—0 ¢

t
/0 1{I§<XT<I§+€} dr, (2.4.31)

where I stands for inf, <, <s X,, and the convergence in (2.4.31) holds in probability. The process
H(X) is the y-stable height process. Note that in the Brownian case, H (X)) is simply the reflected
Brownian motion s+ 2(Xs— ). From the scaling property of X and from (2.4.31), we see that
for any r € (0, 00), (r(’y_l)/’yHt/r(X))te[O,oo) has the same distribution as H (X).

As in the discrete setting, the process H (X)) encodes a family of continuum real trees: each
excursion of H(X) above 0 corresponds to an excursion of X above its infimum (it is obvious in
the Brownian case) and each excursion of H (X ') above 0 corresponds to a single continuum real
tree of the family. The scaling property of H(X) yields the following definition for the normalized
excursion of H (X)) that is provided in Duquesne [50] (see p.1005).

Set {1 =max{s€[0,1]: X;=1Is}, r1=min{s€[1,00): X;=1I,} and (; =71 —¥;. Then, we set:

—(1=1
Vse [0, 1], Hs = Cl ( W)Hfri-sﬁ (X) .

The process H is taken as the definition of the normalized excursion of the y-stable height process.
As shown in Theorem 1.4.4 in Le Gall & Duquesne [61], forall « € (0,1— 1), P-a.s. H(X) is
a-locally Holder-continuous. Thus, the same holds true for H: namely,

forall o€ (0,1—1), a.s. H is a-Holder continuous. (2.4.32)
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Normalized stable Lévy trees. We call normalized ~y-stable Lévy tree the real tree

(THadH,rHaluH)

coded by the function H, as defined in (2.4.8). Recall from (2.4.9) that h +— dp, is a 4-Lipschitz
function from C([0,1],R) to C([0, 1]?,R), both equipped with uniform norms. Thus, dy is a
measurable random element of M'T([0, 1]) and by Proposition 2.4.14, T is a measurable random
element of the Polish space (M, d¢gp) as mentioned in (2.4.11).

Let us briefly recall some geometric properties of 1. One can prove that a.s. Ty is a continuum
real tree (as defined in (2.4.6)) and that the set of its branch points is a countable dense set; moreover
we recall from Theorem 4.6 in Le Gall & Duquesne [57] (p. 583) the following result.

{1,2,00} ifye(1,2),

2.4.33
{1,2,3} ify=2. ( )

Ass. forall 0 € Ty, deg(o) € Ay, where A, = {

The contour of a discrete trees. We briefly recall how to code discrete trees by various functions.
Let t € T be a finite (rooted ordered) tree as in Definition 2.2.1. To simplify, we set #t=mn; since ¢
is finite, we can list the vertices of ¢ in the lexicographical order: ug=2 <;u; <¢...<¢ up—_1; for
all j€{0,...,n—1}, we set H;(t)=|u;| that is the height of the j-th vertex of ¢. By convenience
we also set Hy,(t) =0. The function (H(t))o<k<n is the discrete height function of t. Note that
H (t) entirely encodes t.

We also introduce another coding function known as the contour (or the depth-first exploration)
function of ¢. Informally, we embed ¢ into the clockwise oriented half plane so that order on siblings
corresponds to orientation; we think of a particle that visits the tree at unit speed, that starts at
the root and that goes from the left to right, backtracking as less as possible; we denote by v(k)
the vertex visited at time k during this depth-first exploration. The particle crosses exactly twice
each edge of ¢: once upwards and once downwards; so, the total time needed to go back to the
root is 2n— 2, that is twice the number of edges. Namely, {(v(k),v(k + 1));0 <k <2n—2} =
{(u, ), (&, u);uct\{@}}. Then, forall ke {0,...,2n—2}, we set Cj(t)=|v(k)| and we also
set Cap—1(t) =Coy,(t) =0. We call contour function of t the linear interpolation of the C(¢) that
we still denote by (Cs(t)) se[o,2n)-

The discrete height function and the contour function of ¢ are related as follows. For all
0<j<n, wesetbj=2j—H;(t); we easily check that (b;) is an increasing sequence from 0 to 2n.
Moreover, for all j <n—1, observe that for all s € [b;, b;11],

Cs(t) _ {Hj(t)_(s_bj) Ifse[ijbj#l_l}’ (2.4.34)

s=bjr1+Hjp1(t) If s€[bji1—1,bj41]

and that Cs(t)=Hp,—1(t) — (s—bp—1) if s€[bp—1,by].

The pointed measured compact real tree coded by the contour function of ¢ is described as
follows: to simplify notation, we set Cs =C2(t), s € [0, n] and we recall from Example 2.4.9 the
definition of (Z, Jér), the compact real tree spanned by the graph-tree . It is easy to check that
the pointed compact measured real tree (T¢, dc, rc, jic) coded by C is isometric to (Z, dér, o,m)
where m= 4 + Length, where d stands for the Dirac mass at the root &.

We next recall the following limit theorem from Duquesne [50] (Theorem 3.1, p. 1006).

Theorem 2.4.28 (Theorem 3.1 [50]) We fix v € (1,2]. Let 7 be a Galton—Watson tree whose
offspring distribution satisfies (H) as in (2.1.1). Then, there exists a nondecreasing sequence of
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positive real numbers (ay,)neN that tends to oo such that

(iHLnSJ (1); ngns(T))se[O . under P(-|#1=n)

)

(law)
- <H57 HS)SE[O,l]

n—oo

where H is the normalized excursion of the ~y-stable height process.

2.4.5 One-dimensional reflected Brownian snakes.

In this section we briefly introduce normalized one-dimensional (reflected) Brownian snake with
~-stable branching mechanism (i.e. whose lifetime process is a ~y-stable height process). For more
details we refer to the monograph of Le Gall & Duquesne [61] (Chapter 4, pp. 107-149).

Let I be an interval of R whose interior is not empty. Let ( Zf)re[o,oo) be an I-valued continuous
Markov process starting at Z§ =z € I. We shall restrict to the two following cases:

e cither I is R and Z* is a Brownian motion,
e or I =[0,00) and Z7 is a Brownian motion that is reflected at 0.

Recall from Definition 2.4.17 that Cy stands for the space of continuous functions from [0, co0) to
R equipped with (Polish) topology of uniform convergence on all compact subsets. We let w € Cg
be I-valued and we fix two nonnegative real numbers b>a. We then denote by R, ,(w, dw') the
law on Cj of the process W (-) that is defined as follows:

e forall r€10,al, W(r)=w(r);

e the process (W (a + 7)),¢[0,00) has the same law as (Z%&)_a))%[o’oo).

It is clear that (a, b, w) — Rq p(w, dw’) is weakly continuous on Cy.

We next fix ¢ € (0, 00) and h € C(]0, ¢], [0, 00)) such that h(0) =h({) =0. Recall from (2.4.8)
the definition of my, (-, ). It is easy to check that one defines a Co-valued process (Ws(+))se0,¢] by
specifying its finite dimensional marginals as follows:

o Wy(r)=0,7€][0,00).
e Forall 0<s; <...<s,<(, (W, )i<k<p has law

R (0,51),0(s1) (W0, dw1) Ry (s1,50),1(s2) (W15 dw2) - o Ry (5,1 s) 1) (Wp—1, dwp)
(2.4.35)
When the Z* are Brownian motions, the resulting collection of Co-valued r.v. (Ws)cp,¢) is a
Brownian snake with lifetime process h and initial position 0. When the Z% are reflected Brownian
motions, W is a reflected Brownian snake with lifetime process h and initial position 0. The
following R-valued process .
Vse [Ov C]v Ws = Ws(h(S)),

is the endpoint process of the snake W.

Remark 2.4.29 If (Ws),c(o,¢) is a Brownian snake with lifetime process h and initial position 0,
then clearly (|Ws|)sefo,¢ is a reflected Brownian snake with lifetime process h and initial position
0. O

Let us discuss the regularity of Brownian snakes. First, denote by ML ., the law on C}
defined by (2.4.35). It is easy to check that (s1,...,sp;h) €[0,¢]P x C([0,¢],R) — MZ4,. s,
is weakly continuous on C}. Although h is continuous, the process W may not be continu-
ous in general. However, the arguments used in the proof of Proposition 4.4.1 in Le Gall &
Duquesne [61] (Chapter 4 p. 127) show that if & is Holder, then W has a continuous modification.
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More precisely, for all ¢, c€ (0, 00) and all a.€ (0, 1], denote by H51. ([0, ¢]) the set of functions
h e C([0,¢],[0,00)) such that h(0) =h(¢) =0 and |h(s)—h(s")| <c|s—5'|*, for all s,s" €[0,(].
From the proof of Proposition 4.4.1 in Le Gall & Duquesne [61], we easily get the following lemma.

Lemma 2.4.30 Let (€ (0, 00) and let h€Hol, ([0, (]). Let (Ws),c(o,c) be a Brownian snake (or
a reflected Brownian snake) with lifetime process h and initial position 0. Then, for all p€ (1, 00),

Vs, s’ €[0,(], E{ sup |W5(r)—Ws/(r)|p} < cp].s—s’|""’/2 ,
r€[0,00)
where ¢, = (2p\/c/(p—1))PE[| Z}|P]. By Kolmogorov’s criterion, W admits a modification that is
a/2-Hélder with respect to the distance 6, on Cy (see (2.4.18) for the definition of d,).

We now assume that A is Holder; we keep denoting W the continuous version of the (possibly
reflected) Brownian snake with lifetime process h and we briefly discuss properties of W for later
use.

First observe that a.s. (h, W) is a snake as in Definition 2.4.17 (b). Then, note that for all
s€[0,¢], (Ws(r))re[o,00) has the same distribution as (ZS/\h(s))TE[O@O)’ which easily implies the
following: for all bounded and measurable F': Cy — R,

E[/OCF(WS(.))dS] = /OCE[F((ZSML(S))TG[OM))} dr . (2.4.36)

To define the normalized (reflected) Brownian snake with ~y-stable branching mechanism, we
need to shows that the law of a (reflected) Brownian snake is a Borel-measurable function of
its lifetime process. More precisely, since H51. ([0, ]) is a compact subset of C([0, (], [0, 00))
equipped with uniform convergence and since H6 1¢,4([0, ¢]) CHE1 ra-ar v ([0, ¢]) forall 0 < o <
o and all ¢ > ¢> 0, the set of Holder lifetime-functions HS1 := ¢ (9,00) Uae(0,1] BO1ea([0, ¢])
is a countable union of compact subsets and therefore a Borel subset of C([0, (], [0, c0)). For all
h € H51, denote by Py, (dW) (resp. P; (dW)) the law on C([0, 00), Cy) of the Brownian snake
(resp. of the reflected Brownian snake) W with lifetime-function h and initial position 0 and extend
hi— Py, (resp. hi— P;7) to C([0, (], [0, 00)) trivially by taking P, (resp. P;) equal to the Dirac mass
at the null function if / is not a Holder lifetime-function. Now recall that for all integers p>1 and
for all bounded continuous F': C{j— R, the map (s1,...,sp;h) = [ F(W,,..., W, ) Py(dW)is
continuous; the same holds with P,". Since the Borel sigma field of C([0, ¢], Cy) equipped with A*
(as in Definition 2.4.17 (a)) is generated by the finite dimensional marginals, a standard monotone
class argument implies that for all Borel subsets B of the Polish space (C(]0, ¢], Cy), A*), the map
he C([0,¢],[0,00)) — Py(B) €0, c0) is Borel-measurable. Namely:

Py, (dW) is a Borel regular kernel from C(]0, (], [0, 00)) equipped with the uniform norm to
the Polish space (C([0, (], Co), A*). The same holds with P;' .

Definition 2.4.31 Let v € (1,2]. Let H be the normalized excursion of the y-stable height process.
Recall from (2.4.32) that H is a.s. Holder-continuous. Thus, it makes sense to define the Brownian
snake (resp. reflected Brownian snake) with ~-stable branching mechanism as the r.v. (H, W) with
values in C(]0, ¢],R) x C([0, ¢], Cy) whose regular conditional distribution given H is Py (dW)
(resp. P (dW)), as defined previously. O

Let (H, W) be a normalized Brownian snake with ~y-stable branching mechanism. Recall that
the real tree (T, dp, rh, prr) coded by H is the y-stable Lévy tree. Since a.s. (H, W) e 3([0, 1]),
(2.4.24) in Remark 2.4.21 applies to (H, W) and it makes sense (up to a slight abuse of notation) to
define W and W on Ty . To prove geometric properties of the y-stable (reflected) Brownian cactus,
we shall need the following result that is recalled from Lemma 6.4 in Le Gall & Duquesne [57]
(p. 600).
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Lemma 2.4.32 (Lemma 6.4 [57]) Let (H,W) be a normalized Brownian snake with ~y-stable
branching mechanism. Then, conditionally given H, (Wy)qery, is a centered Gaussian process
whose covariance is characterised by the following:

Vo,o' €Ty, /PH(dW) Wy — W, |* = d(o,0") . (2.4.37)
Moreover, for all € € (0,1/2), conditionally given H, 0 € Ty — 171\/0 is (% 75) -Holder-continuous.

2.4.6 Reflected Brownian cactus with stable branching mechanism.

Definition 2.4.33 Let < (1,2] and let (H, W) be a normalized Brownian (resp. reflected Brow-
nian) snake with y-stable branching mechanism as in Definition 2.4.31. Recall the notation
3([0,1]) from Definition 2.4.17 (b) and recall that (H, W) € 3([0, 1]). The Brownian (resp. re-
flected Brownian) cactus with y-stable mechanism is the pointed measured compact real tree
(Taw,du,w,TH,W, lr,w) as specified in Definitions 2.4.19 and 2.4.23. O

Recall from (2.4.6) the definition of continuum real trees. Recall from (2.4.5) the definition of the
degree of a point in a real tree.

Proposition 2.4.34 Let v € (1,2]. Let (H, W) be a normalized Brownian (resp. reflected Brow-
nian) snake with ~y-stable branching mechanism and let T’y w the corresponding cactus as in
Definition 2.4.33. Then, the following holds true.

(t) (Tuw,da,w,TH,W, LH,W ) IS a.s. a continuum real tree.

(1) A.s. forall x € Ty w\{raw}, deg(x)€{1,2,3}. Moreover, if Ty w is a reflected Brownian
cactus, then deg(rm,w) =00 and if Ty w is a Brownian cactus, then deg(rp w)=1.

Remark 2.4.35 As recalled in (2.4.33), when ~ € (1, 2), the y-stable Lévy tree T has infinite
branch points: namely, there is a countable dense set of points o € T such that deg(o) = oc.
However, note that the corresponding Brownian cactus 7'y, has only binary branch points (except
possibly at the root in the reflected case). O

Remark 2.4.36 As already mentioned, the Brownian Cactus has been introduced by Curien, Le
Gall & Miermont in [40] to study planar maps: roughly speaking the Brownian cactus corresponds
to the case of a quadratic branching mechanism « = 2 and the spatial motion of the snake is a
(unreflected) linear Brownian motion. In this case they proved much finer geometrical results:
a.s. the upper-local density for typical points is 4 (Proposition 5.1 [40] p. 364) and the Hausdorff
dimension is 4 (Corollary 5.3 [40] p. 365). See also the article by Le Gall [116] where the level sets
of the Brownian cactus are studied to derive results on the Brownian maps. O

Proof of Proposition 2.4.34. To prove (i), we use Lemma 2.4.26. Recall that (T, dg, 7, pgr) is
indeed a.s. a continuum real tree and recall from (2.4.29) the definition of the subset Up i C [0, 1].
Recall that (ZS)TG[O,OO) stands for a one-dimensional Brownian motion (resp. reflected Brownian
motion) starting at O that is independent from H. We denote by ¢ the Lebesgue measure on [0, 1].
Then, by (2.4.36), conditionally given H, we get a.s.

1 o~
/1{HS>O}PH(V56(O,HS): inf W) < W.) ds
0 s

/PH(dW)E(UH,W) r€[Hs—e,H,

1
_ - 0 0 _
_ /O 111,50 P (Ve € (0, 1,) nt )< 7, |H)ds=1.

Thus, a.s. £([0, 1]\Ug,w)=0 and Lemma 2.4.26 implies (7).
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We next use Lemma 2.4.27 to prove (ii). Recall that (up to a slight abuse of notation) W can
be defined on T. We first consider the unreflected Brownian case and recall from Lemma 2.4.32
that conditionally given H, (WU)UGTH is a centered Holder-continuous Gaussian process whose
covariance is characterised by (2.4.37). According to Remark 2.4.29, |I//[\/| is the endpoint process
of the ~y-stable reflected Brownian snake. We now work conditionally given H.

Let D be a countable dense subset of Ty Let o, o’ € D be distinct; denote by ¢: [0, dg (0, 0”)] —
[0, '] 7, the isometry such that ¢(0) =0 and ¢(dg (o, o)) =0’. The covariance of W combined
with the fact that Brownian motion is reversible entails that the process Z, := W¢>(r) — T//I\/U, for
r € [0,dg(0o,0’)], has the same law conditionally given H as a Brownian motion starting at
0: it therefore a.s. reaches its infimum at a unique time ro €]0,dg (0, 0’)[ and the law of rg
conditionally given H is diffuse, which entails that a.s. ¢(r¢) cannot be a branch point of T
since the set of branch points of T are countable. The same holds true for || on [o, o'] 7, if
infve[[ma’]]TH H//I\/ﬂ > 0. Since D is countable, it implies that conditionally given H, W satisfies
Assumptions (a’) and (b') in Lemma 2.4.27 and that |W| satisfies Assumptions (a) and (b) in
Lemma 2.4.27. This lemma then implies the first assertion of (i7).

Let us complete the proof of (iz). Recall from Remarks 2.4.25 that it is makes sense to
define y* : Ty — Ty | by setting y* (pr(s)) = pm,w|(s), s € [0,1]. Let o € Ty be such that
y* (o) # 7 jw|- Then, observe that { € [rg, o]z, : ’Wv‘ > 0} has infinitely many connected
components: let v and +/ ‘be in two distinct such connected components: by (2.4.28) we get
dH,|W|(Y+(’Y)7Y+(’Y/)) =Wy + Wy = dH,|W|(7”H,WaY+(’Y/)) + dH7\W\(rH,W7y+(7))’ which
easily implies that y* () and y* (7') belong to distinct connected components of Ty \ {77, jw| }-
It implies that a.s. deg(7 7, jyv|) = 00.

We define similarly y: Ty — Ty w by setting y(pr(s)) =pa,w(s), s €[0,1]. Let 2,2’ and
ri,w be distinct points of Ty and denote by z their branching point; let o and o’ € Ty be such
that y(0) = and y(o’) =2’ and recall that y(7¢) =7 w. Then

2dgw(ra,w, 2) = daw (raw,z) +dgw(raw,2') — dgw(z, ")
by (2.4.28 L= L= P
y (2428) 2min W, —2 min W, —2 min W,.
v€lo.o' 1Ty v€lru,olry vE€lru,o'lry

Now observe that a.s. min Wﬁ, and min, ¢, o] THI//I\/7 are strictly negative quantities and

velru,olry,
that the least of the two has to be smaller than min, ¢4 /] THWV. This prove that d w (rg,w, 2) >0
and that  and 2’ are in the same connected component of T v \ {7, }. Thus, deg(rmgw)=1,
which completes the proof of (7). [ |

2.5 Scaling limit of the range of the BRW.

2.5.1 Continuous interpolation of discrete snakes.

We briefly devise here a natural way to embed a tree-valued branching walk into a continuous
branching motion, which takes its values in the real tree spanned by a discrete space-tree and is
indexed by the real tree spanned by a genealogical tree.

To that end, let us consider a (possibly infinite) graph tree T" equipped with its graph-distance
d&. T will be the space tree. We distinguish a special vertex o € T that plays the role of a root.
Here, T' can be a rooted ordered tree as in Definition 2.2.1 or the b-ary tree W, or the free tree
Wio,1) as introduced in (2.2.1). Recall from Example 2.4.9 the definition of (f, Jg"C) of the real tree
spanned by 1. We make the necessary identifications to assume that 7' C T

We first explain how to obtain a continuous interpolation of a path v(k) €T, k€{0,...,n} (by
a path, we mean a sequence of adjacent vertices). It is easy to check that there exists a continuous
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map [0, n] — T such that (k) =v(k) and for all 0 <k <n,
Vselk,k+1], (s)€v(k), v(k+1)] is such that dg-(v(k),v(s)) =s—k.

The continuous path (9(s))se[o,r) is the continuous interpolation of the path (v(k))reqo,....n}-

We next extend this interpolation to 7-valued branching walks. Let t € T be a ﬁmte (rooted
ordered) tree as in Definition 2.2.1. ¢ will be the genealogical tree. We denote by (%, dér) the
compact real tree spanned by ¢ and we assume that ¢ C £. Let (Y3 ),e; be a T-valued branching
walk indexed by t. Namely, for all v € ¢, Y, € T and it satisfies the two following conditions:
(a) Yg:=o0; (b) if v,v' € are neighbours, so are Y, and Y, in T'. We easily check that there exists
a continuous map Y :i—T such that Y, =Y,, vet, by specifying the following: for all o € there

exist two neighbouring vertices v, v’ €t such that o € [v, v']-and
Y, is the only point of [y, Y,/ ] such that dg Yy, Vo) =diy (v, 0). (2.5.1)

We next introduce the spatial contour associated with (Y}),¢;. To that end, denote by v(k) €,
0 < k <24, the sequence of vertices of ¢ visited by the contour (or the depth-first) exploration
of ¢ as recalled in (2.4.34) and note that they form a path in t. We denote by o' [0, 2#t] — # its
continuous interpolation. Observe that C(t) = Jgtr(@ ,0(s)), for all s€ [0, 2#t], where C(t) stands
for the contour function of ¢. Then, for all s € [0, 24], we define a continuous map Vs : [0, 00) — T
as follows:

{for all 7 €[0, Cy(t)]. Vi(r) =Y, where o € [@, B(s)[7is such that r =d{,(@, 0); 252)

for all € [Cs(t), 00), Vs(r)= Y()

We call (V(-))sejo,244¢ the spatial contour associated with the branching walk (Y, )ye;. It is

easy to check here that s — Vj is continuous from [0, 2#t¢] to the space of T-valued continuous
functions equipped with the uniform distance. We also define its endpoint process as follows:

Vse[0,24t], Vi = Vi(Cs(t)) . (2.5.3)

We then define the continuous interpolation of the discrete snake associated with (Y, ),c¢ and
its endpoint process by

Vs€[0,24t], Wi(r) = dL(o,Vi(r)), re[0,00) and Wy=dL (o, V). (2.5.4)

By Remark 2.5.1 below, (Ws(+)) se[o,24¢ is the continuous interpolation of the N-valued branching
walk (dZ,(0,Yy))vet. Moreover, observe that WV is a snake whose lifetime function is the contour
C(t) of t as in Definition 2.4.17: namely, (Cs(t), W) se(0,2444 € ([0, 2t]).

Remark 2.5.1 Let 7" be another graph-tree and let ¢: T'— T” be an adjacency-preserving map
so that the image by ¢ of a path in 7T is a path in 7" (for instance, T' = Wiy, T = "= W, and
¢ = @y, the b-contraction as in Definition 2.3.3; or 7" =N and ¢(v) = dg:(0,v)) Consequently,
(Y2)vet := (#(Yy) )vet is a T'-valued branchmg walk indexed by t. Then, ¢ clearly extends to a
continuous map from 7' — 71" by requiring that d " (p(0), p(u)) = dT r(0,u) for all o € [u, v] 7 with
u and v adjacent in T'. Then, observe that the contlnuous 1nterpolat10n of Y is the image by ¢ of
the continuous interpolation of Y: namely, Y'=¢(Y). O

We next provide basic properties related to counting and occupation measures on the range of
Y and its interpolation Y. We first set

R={Y,;vet} and 7%:{‘75;86[0,2##]} = {f@;aef} : (2.5.5)
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Observe that R (resp. R) is a subtree of T (resp. T) and note that R is the real tree spanned by
R. We equip R and R with the respective occupation measures Meqyt and Meqpt Of the endpoint
process of the spatial contour 1% (here, the subscript cont is for contour). Namely, for all bounded
measurable f: R—R,

2Ht
| fdmes = > f(T) and [ fdfes = [ (Vs @56)

0<k<244t

We next introduce the spatial contour pseudo-distance d;qny associated with Y':
Vs, s’ €[0,241],  deont(s,s') = d 5 (Vi, Vi) . (2.5.7)
Then, we easily check that dcony € MT ([0, 2#t]) and that

the corresponding pointed measured compact real tree is isometric to (T\’,, dgr, 0, Mcont ).
(2.5.8)

Lemma 2.5.2 We keep the above notation. We denote by dHaus the Hausdorff distance on the
compact subsets of (T dgr) and we denote by dprok the Prokhorov distance on the finite Borel
measures on (T dgr) Then, dHaus(R R) <1, dprok(mcont,mcont) < 1. Moreover, let us set
Mocc =) _,c; Oy, that is the occupation measure of Y. Then, we also get Jprok(mcom, 2mec) <1
and thus,

varok(/r‘ﬁconta 2mocc) S 2. (259)

Proof. Clearly, ditans (R, R) <1. Next denote by 7 the image of the Lebesgue measure on [0, 2#]
on T'x T via the map s+ (VLSJ , V. s). By the definition (2.5.6), the first marginal of 7 is m¢ent and
the second one is m¢en. Moreover by definition of the interpolation and of the spatial contour
dZ (VLSJ , YA/S) < 1. This easily implies that Jprok(ﬁcont, Meont) < 1.

To prove (2.5.9), we use the following coupling: recall that (v(k))o<k<24¢ stands for the
contour (or depth-first) exploration of ¢ (and recall the convention v(2#t—1) =v(2#t) = ). For
all k €{0,...,2#t—3}, we set p(k) =v(k) if [v(k)| =1+ |v(k + 1)| and p(k) = v(k + 1) if
lv(k+1)|=14 |v(k)| and we also set p(2#t—2) = p(2#t—1) = &. Note that the image measure of
the counting measure on {0, ..., 2#t — 1} via pis 2}, J,, namely twice the counting measure
on ¢ and thus, the image measure of the counting measure on {0, ..., 2#t—1} via Y,y is 2mgec.
Then, denote by c the image measure on 7' x T of the counting measure on {0, ..., 2#t—1} via
the map k> (Y1), Vk) We just have proved that the first marginal of w is 2my..; the second

marginal of @ is by definition mcont. Since Y, is either Vj, or Vk+1, we get dg: (Y1), Vk) <1.

This easily implies that Jprok(mcont, 2m,..) < 1and (2.5.9) follows immediately from the previous
bound. |

In the following lemma we provide bounds to compare the occupation measure induced by the
spatial contour and the counting measure on R.

Lemma 2.5.3 We keep the above notation. To simplify, we set n=#t and n' =#R. We denote by
UQ, U1, - - - , Up_1 the sequence of the vertices of t listed in the lexicogmphicaAl order. Let c€ (0, 00).
We set oo = maxi<i<p [#{Yu,;;0 < j < i} —2ci| and B = maxe(g2n) [#{Vi; 01 <[s]}—cs].
Then,

B < a+ 3c+ cmax Cs(t) . (2.5.10)
s€[0,2n]



2.5. Scaling limit of the range of the BRW. 105

We next denote by Mcount = YR Oa the counting measure on R and for all 1 € (0, 00), we
set q(deont, ) =max {dcont (5, 5'); s, 8" €[0,2n] : [s—5'| <n}, where deont is defined by (2.5.7).
Then,

dprox (Mocc, BMeount) < 1+ 2q(deont, ) . (2.5.11)

Proof. By convenience we set u, =@. Leti € {0,...,n—1}. Recall from the definition of the
contour function of ¢ in (2.4.34) that b; :=2i — |u;| =inf{k €{0,...,2n} : v(k)=wu;}. Therefore,
forall ke {b; +1,...,bit1}, {v(l);0<I<k}={u;;0<j<i+ 1} and we get

#{V50<I<k)=#{Ya,;; 0<j<i+ 1} =#{V;0<) <i+1}=2¢(i+1)+e(2(i+1)—k) +ck .

Note that b; < k <b;11 implies that |2(i 4 1) — k| <2 + maxo<j<n |uj| == 2 + max,c[g 25, Cs(t).
Thus, we get

Vi 0< —ck| <
1£i§n’#{w’0*l<k} ck’ a+2c+csén[0a§ﬂ0()

which immediately implies (2.5.10).

We next prove (2.5.11). To simplify set J(k) = #{17 ; 0<l<k} forall ke{l,...,2n}, so
B=max,c(o2n) |J([s])—cs|. Forall i €{1,...,n'}, set k(i) =inf{kc{1,...,2n}: J(k) =i}
and Z; = Vk(i’)—l- Note that the Z; are distinct and that R = {Z;;1 < i’ < n'}. For all
il 5 e {1, ... 0’} k(i) — k()| <e (28 + |i' —3'|) since J(k(i')) =4 and J(k(j')) =4 and by
definition of 5. Then we get the following.

AT (Zir, Z0) = deons (K@) =1, k(") ~1) < q(deons, [K(") k(")) < a(doons, 22Ty, (2.5.12)

Next observe that for all k(i) <k <k(i' + 1), we get J(k)=1 and

by (2.5.12) 28+1
d (Vk 17ZJ(]<:)> —dcont(k 1 k( ) )<Q(dcontyk(z+1) k( )) < q<dcont77)

[

Thus, we have proved that

o dg (Vio)s Zo(ran) <aldeons ) (2.5.13)

Next observe that |n’ —2cn| < 3 and that
Jrs) — [;—ns] = Jrg) —cs — %(n’—an) + ;L—ns - [;—ns}

Thus, max,e(g2n) |J([s]) — [1's/2n]| < 1 + 23 and by (2.5.12), we obtain the inequality

48+1

A& (Z5(1s1)> Zinsj2n]) <q(deont, “5+). This inequality combined with (2.5.13) implies that

46+1
sé?(?%(n] dgr (VLSJ ) Z[n 3/271‘\) < 2Q(dconta ) . (2.5.14)
We then denote by 7 the image on 7' x T' of the Lebesgue measure on [0, 2n] via the map s —
(Vis|> Z[ns/2n])- The first marginal of 7 is by definition mcone and we easily see that the second
marginal of 7 is 22 2 Meount. By (2.5.14), it implies that dprox (Mcont, i, mcount) <2¢(dcont, ).

Recall from Lemma 2.5.2 that dpyox (Mcont, 2Mocc) < 1. Thus, we get dprox (2moec, i, Meount ) <
1+ 2¢(dcont, *2*), which implies (2.5.11) by Remark 2.4.12. [ |

The range of the branching random walk. We next discuss the connection between the graph-
metric of the range of branching random walks and the associated snake metric. More precisely,
let t € T be a finite (rooted ordered) tree as in Definition 2.2.1 and let (Y,),¢c: be a W[Ovl]—valued
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branching random walk with law @ as in Definition 2.3.1 (i7). Recall from (2.5.5) that R =
{Y,; v €t} that is a subtree of Wio,1] as in Definition 2.2.3. We denote by dg, the graph distance
in W ;) and we recall from Corollary 2.3.6 the fundamental property that makes the range R
tractable:

P-as. forallu,vet, dg(Yy,Ys)=|Yu| + |Ys|—2 min |Yy,]. (2.5.15)

we [u,v]

Next, let (Z, dér) and (W[OJ},J) be the real trees spanned by rtﬁpectively E and W ;;; with a
slight abuse of notation, we suppose that ¢ C ¢ and that Wiy 1) C Wg 1;. Let Y be the continuous
interpolation of Y in %7\\7[071] as defined by (2.5.1) (with (7', 0) = (Wg 1}, @)) and recall from (2.5.5)
that R = {370; o €t} is the tree spanned by R. We easily check that (2.5.15) extends to R. Namely,

P-as. for all 0,0’ €1, AV, Yy) = [Yo| 4 [Vor| — 2 Iﬁlin }]}Z] . (2.5.16)
s€fo,o’

Let us rewrite this formula in terms of the contour function C(t) of t, the spatial contour V/,
its endpoint process V as defined in (2.5.3), and its corresponding snake }V as defined in (2.5.4).
To that end, first recall from (2.5.7) the definition of the spatial contour pseudo-distance dcont and
recall from (2.4.19) the notation Mc(t)7w(-, +) and the definition of the snake distance d¢ )y
associated with the snake (C(t), W). Then, (2.5.16) translates into the following: P-a.s. for all
s1, 82 € [0, 2#t],

dcont(sla 52) = J(‘Zsp ‘752) = W\Sl + W\SQ - 2MC(t),W(51a 52) = dC(t),W(Sla 82) . (2517)

Recall from (2.5.6) the definition of the occupation measure m.y¢ induced by the spatial contour.
Thus, (2.5.8) and (2.5.17) imply that

P-as. (R,d, @, Meons) and (Tew,ws dow,ws Tewyws Be),w) are isometric.  (2.5.18)

where we recall from (2.4.23) that (T, w, dow),w» "o, ws Be),w) stands for the pointed
measured compact real tree coded by the pseudo-metric dep) -

We next couple the free branching random walk (Y},);c; with the Wy-valued one via the
b-contraction application ®4, as in Definition 2.3.3: namely we set

Yo et, YP=0,(Y,), and Rp={Y>;vet}.

By Remark 2.3.4, Y® has law Q;® as defined in Definition 2.3.1 (7). Observe that Ry, is a subtree
of Wy, as in Definition 2.2.3. We next denote by dP the graph distance in W, and we denote - by
(Wb, db) the real tree spanned by Wy; with a slight abuse of notation, we suppose that W, C W,
We extend @y, as a map from Wig ;j to Wb explained in Remark 2.5.1 and we set

Vse0,24t], Vre[0,Cs(t)], VP(r) = ®p(Vi(r)) and VP =VP(C4(t)),

where we recall that (V(+))se[o,24¢ Stands for the spatial contour of Y as defined in (2.5.2). Note

that VP = <I>b(17s).~By Remark 2.5.1, it turns out that V™ is the spatial contour associated with Y.
Then, denote by Ry the compact real tree spanned by Ry, in Wy,. Namely,

Ro={V>; se[0,2#t]} =Dp(R) .

We next extend Lemma 2.3.7 as follows: since (‘A/Sb)se[o’g#t] is the continuous interpolation of the

path (va( k)>0§k§2#t in Ry, we easily derive the following from (2.3.17).

For all s1, s3 € [0, 2#t], there exists a nonnegative r.v. G, s, such that
2G5, =d(Vey, Viy) —d*(VE,V2) and P (G 5,>2) <b*77, 2€[0,00)  (2.5.19)

817
This combined with (2.5.18) shows that T¢(4) i and Ry are close in a rough sense. It turns out that
it is sufficient for the proof of Theorem 2.1.2.
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2.5.2 Invariance principle for discrete snakes.

In this section we recall one important result due to Marzouk (Theorem 1 [130]) that is an invariance
principle for real valued endpoint processes of discrete snakes. Here we concentrate on the one-
dimensional case but we shall need actually a slightly stronger version that holds for path-valued
snakes and not only for endpoint processes.

More precisely, let us fix v € (1, 2] and let 7 be a Galton—Watson tree (as in Definition 2.2.2)
whose offspring distribution y satisfies (H) as in (2.1.1). Conditionally given 7, let (Y,,),e, be a
Z-valued branching random walk whose transition kernel ¢(y, dy’) is that of the simple symmetric
random walk on Z. Then recall from (2.5.4) the definition of (Ws(+))se[o,24-]» the continuous
interpolation of the discrete snake (here the tree 1" is Z). Then,

Vke{0,.... 24}, Wi =Yy (2.5.20)

where v(k) € T, 0 <k <24, stands for the sequence of vertices of 7 visited by the contour (or the
depth-first exploration) of 7. Then, the following result is a special case of Marzouk [130, Theorem
1].

Theorem 2.5.4 (Theorem 1 [130]) Let~, p, T and (a/n\)nGN be as in Theorem 2.4.28. Condition-
ally given 7, let (Y,)yer be defined as above and let (Wy,)o<k<a4+ be the endpoint process of the
snake associated with (Y,)yer as in (2.5.20). Then

— (law) —~
($C2ns(7—)a \/%W@nsj )86[071] under P(-|#1=n) —Q (Hs, Ws)sepo,1)

where (H, W) is the normalized one dimensional Brownian snake with ~y-stable branching mecha-
nism and where Wy =W, (Hy), s €0, 1], stands for its endpoint process.

As already mentioned this result actually holds for fairly more general spatial motions in R¢. Tt
extends earlier results by Janson & Marckert [97] who considered snakes whose genealogical tree
are in the domain of attraction of the Brownian tree. We refer to Marzouk [130] for more details. We
next derive from Theorem 2.5.4 the following proposition that holds for the path-valued continuous
interpolation of the discrete snake (Ws(+))se[0,24]-

Proposition 2.5.5 We keep the same notation and the same assumption as in Theorem 2.5.4. Recall
from Definition 2.4.17 (a) the metric A that makes the space C([0, 1], R) x C(]0, 1], Cy) Polish.
Then, weakly on that space, the following convergence holds.

(law)
((ZCons(Msco) » (F=Wons () e ) under P(- | #r=n) —— (H,W).

n n—00
(2.5.21)
By taking the absolute value, this results holds true for the snake reflected at 0.

Proof. Let kg =0 < k; < ... <k, < 247 be integers. Then for all j € {0,...,p—1}, set
bj=ming, <<, C(7) and b; = C,.,(7)—b;. By definition of the branching random walk and
its associated snakes, the following holds true conditionally given 7 (or C'(7)).
(Z) The paths S(]) = (ij+1 ((bj + E)/\ij-u (7—)) _ij+1 (bj))
dent.

¢ are (conditionally) indepen-

(7) The conditional law of S(j) is that of a Z-valued symmetric random walk, starting at 0 and
stopped at time b/ ;.
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Next observe that (b, b, w,w’) € [0,00)? x C§ = (w(r A b) + w'((r—b)4 AY) —w'(0)),¢[0,00)
is continuous (recall from Definition 2.4.17 that Cy is equipped with the Polish topology of the
convergence on all compact subsets of times, which corresponds for instance to the metric J, given
in (2.4.18)). This combined with (7), (#¢) and easy arguments on linear interpolation imply that
for all real numbers 0 < s; <...<s, <1, (W{?)1<j<, under P(-|#7=mn) converges weakly to
(Ws,)1<j<p on CJ, where we have set wi () =an""*Wans(-/ayn), for all s€0, 1].

We next prove the tightness of the rescaled snakes. A standard argument on linear interpolation
shows that Theorem 2.5.4 implies that the continuous endpoint processes w(™ under P (- |[#7=n)
converge weakly to the endpoint process . This implies that

Vee (0,00), lim supP(w,(Wm)>e|#17=n)=0,
n—=+n>0
where w,, (W) stands for the n-uniform modulus of continuity of w( over [0, 1]. We next denote
by wy(w) the n-uniform modulus of continuity of w( with respect to the metric , on Cy as
introduced in Lemma 2.4.18; this lemma asserts that w, (w( ) < 2w, (W ). This, combined with

the weak convergence of the finite dimensional marginals of w(»), entails that the laws of w(» are
tight on C([0, 1], Cy) and we easily get (2.5.21). [ |

2.5.3 Proof of Theorem 2.1.2.

Let us fix v € (1, 2] and let 7 be a Galton—Watson tree (as in Definition 2.2.2) whose offspring
distribution p satisfies (H) as in (2.1.1). Then recall from (2.4.34) the definition of the contour
process (Cs(7))se[o,24r) of 7. Conditionally given 7, let (Y;)yer be a W ;j-valued branching
random walk with law Q7 as in Definition 2.3.1 (4i). Recall from (2.5.2) the spatial contour
(Vs(+))sejo,247) associated with Y, and recall from (2.5.4) the definition of (Ws(-))sejo,241, the

continuous interpolation of the discrete snake. We denote by (7, dgt ), (Wpo,1), d) and (W, d®) be
the real trees spanned by respectively 7, Wy 1) and Wy, we assume that 7 C 7, that Wg 1 C W[OJ}
and that W, C Wb. We next couple the free branching random walk (Y, )¢ with the Wy,-valued one
via the b-contraction application ®y, as in Definition 2.3.3: namely we set Y,° = (Y,,) forall ve T,
By Remark 2.3.4, Y? has law Q;® as in Definition 2.3.1 (7). We also set V?=®,(V/) that is the
spatial contour of Y, according to Remark 2.5.1. We recall the following notation R ={Y,;vet},

Ro={YP;0eT}=04(R), R={Vi;s€[0,2#7]} and Rp={V>; s€ [0, 2#7]} =&, (R).

We trivially extend C'(7) and W on [0, 00) by taking C(7) equal to 0 and by taking W, equal
to the null function for all s € [2#7, 00). Let (ay, )nen be as in Theorem 2.4.28. To simplify notation
we set for all s€ [0, 1],

hn(3)2$02n5(7'), Wgn)(r) = \/%*nWZns(é% re [07 OO) and wgn):\/%WQns-

Observe that P( - | #7 =n)-a.s. (h,, w(™) € X([0,1]) as in Definition 2.4.17 and we denote by
dy,, and dhmw(n) the corresponding tree and snake pseudo-distances as defined in resp. (2.4.8) and
(2.4.19). In particular, observe that

P-a.s. for all s1, s2 € [0, 00), \/%76?(‘727151 , 172n32) =dy,, W (51,52)
Proposition 2.5.5 combined with Lemma 2.4.20 implies that weakly on (C([0, 1]2,R), ||-||)?

(dn,,, dy,, wm) under P( - | #7=n) — (du,daw),

where (H, W) is the normalized one dimensional reflected Brownian snake with y-stable branching
mechanism as in Definition 2.4.31 and where dy and dp v are the corresponding tree and snake
pseudo-distances.
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‘We next set
V51732€[0700)7 d:(31732) = \/%7&5<V221517V2};152) :

By (2.5.19), conditionally given 7, dy,(s1, 52) <dj, (51, s2) and foralle € (0,1), a.s
P(dhn,w(”) (Sla 52) _d:;(S:b 82) > 2¢e ‘ 7—) S b3—€\/ﬁ ’

which implies that lim,, o, P (dhn,w<n) (81, s2)—d% (51, s2) >2¢ | #7=n) =0. Therefore, Proposi-
tion 2.4.4 applies (with d;, =d}, | y(n)) to show that (d},, dy, | ) under P(- |#7=n) converge to
(duw,dmw), weakly on (C([0,1]%,R), ||-|)2. Actually it is easy to see that (dy,,, d};, dp,, wm)
under P( - |#7=n) converges to (dy, dyw,dmw), weakly on (C([0, 1]2,R), ||-||)3.

We next recall that P( - |#7 =n)-a.s. the real tree coded by dy, is isometric to (7, A-dg, @, +1)
where m=0dg + Length. Also recall from (2.5.8) that P( - |#7=mn)-a.s. the real tree coded by d;*b
is isometric to (Ry, ﬁd @, #~mb,_. ), where m®,, is the occupation measure of (V2 )se[0,2n]5
as defined in general in (2.5.6). Since (dy,,,d};) under P( - |#7 =n) converges to (du, dm,w),
weakly on (C([ 12, R), [|])?, Proposition 2.4.14 implies that the pointed measured compact
spaces (7, -dg, @, +1) and (R, de , 3-8, ) under P (- |#7 =n) jointly converge to
resp. (TH,dH,rH,uH) and (Tgw,dgw,raw, frw) weakly on (M, derp)?, where Ty and
Ty, w here stand for the real trees coded by resp. H and (H, W).

We next recall the following notation.

_ - 1
m= Z 511? mscc :Z 61’3’7 mgcc = %mgcc? m?ount: Z 550 and m?ount: %mSOunt‘
VET VET TERL
By the inequalities specified in Example 2.4.13, we get dyaus(7,7) < 1 and dpyox(m,m) < 3.
Similarly, by Lemma 2.5.2 we get dyays Ry, Rb) <1 and dpyox(2m2,., m>, ) <2. Thus,

occ?

((7'7 an dgra@ m) (Rb, \/Ldgr,@ mocc)) under P( ‘#T:n)

—— ((Tu,du,ra, pu), (Taw,dagw, THW, LHW))

n—oo

where dg, stands for both graph-tree distances in 7 and W, to simplify notation.

We next control m®, . in terms of m®_ . thanks to Theorem 2.1.1 and Lemma 2.5.3. To that end,
we set c= Cu,b/z where ¢, 1, is as in Theorem 2.1.1; we denote by ug, u1, ..., ux,_1 the vertices
of 7 listed in the lexicographical order and we also set v =maxi<j<#r |#{quj ;0<j<i}—2ci

and 3 = maxge(0,24-] \#{17[1’ ; 0<1<[s]}—cs|. Theorem 2.1.1 asserts that for all € € (0, c0),
P(a/n>e|#7=n) tends to 0 as n— oo. By (2.5.10), P( - | #7=n)-as.

3\@

— 3 “n hn,

< o304 S s )

Since (ay,) is %—regularly varying, lim, o a,/n =0, which implies that P(3/n>¢|#7=n)
tends to 0 as n— oo.

Next, we denote by dprox the Prokhorov distance on the space of finite measures on (R, dgr)

and we denote by d\"”), the Prokhorov distance on the space of (Ry, —=dg;). Since n™! <a,,'"?

for all sufficiently large n, Remark 2.4.12 combined with (2.5.11) implies that P( - | #7=n)-a.s.

Remark 2.4.12 b by (2.5.11) .
occ? #’Rb mcount) S Van + ZQ(

—b —b 1 x 4p+1
Prok( Myees Meounts < \/ﬁdProk d ),

( n’ 2nc
where ¢(d};,n) = max{d}(s,s');s,s’ € [0,1] : |s—s'| <n}. Since d}, — dp,w weakly on
(C([0,1]%,R), ||-||) and since for all & € (0,00), lim, oo P(8/n > ¢|#7 = n) = 0, Proposi-
tion 2.4.3 implies that lim,, . P(q(d¥, 1) > ¢ | #7=n) =0 and thus

n’ 2nc

VEG (07 1)7 hm P<dl(3r)ok (m};cc? mEount) > ‘ #T:n) =0.
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Then, observe that #Ry <n and that #>mb . =1m® .. By Remark 2.4.12, we get
(n) —b 1_5b (n) —b  #Ry=b (n) (#Rp—b #Rp-—b
dProk (c%bmocm ﬁmcount) < dProk (C#,bmoccv n 2 mocc) + dProk( n . Myeer 2 mcount)
R (n) (b =D
< ‘ #n . _Cﬂvb’ + dProk (mocca mcount) .

#Ro
n

Now, recall that ¢, , =2c and that | —cup| < a/n. It finally implies that

Vee(0,1),  lim P (b (cuoMbee, SMioue) >& | #7=1)=0,

which completes the proof of Theorem 2.1.2. |
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Chapter 3

Scaling limit of the range of tree-valued branching random walks in
random environment

This chapter is adapted from the paper [59], written in collaboration with Thomas Duquesne, which
is in preparation.

Abstract

We study a branching random walk (BRW) taking its values in a random tree T (seen as a
family tree) with an infinite line of ancestors that is a variant of a supercritical Galton—Watson
tree with offspring distribution v. The transition probabilities of the BRW are those of a critical
biased random walk on T: namely, the probability to move from x to one of its k, children is
1/(m, + k) and the probability to move from x to the direct parent of x is m, /(m, + k). Here
m,, stands for the mean of v. The BRW is indexed by a critical Galton—Watson tree conditioned
to have n vertices and whose offspring distribution is in the domain of attraction of an a-stable
law with o € (1,2]. We denote by R,, the range of the BRW, i.e. the set of all sites in T
visited by the BRW. Under a moment assumption for v, we obtain a law of large numbers for
the size of R,,. Moreover, we prove that if we view R, as a random subtree of T equipped
with its graph-distance dg, and with its occupation measure mSer then there exists a scaling
sequence s,, — 0o such that conditionally given the environment T, the measured metric space
(R, s, 1dgr, %mé?c) weakly converges in the Gromov-Hausdorff-Prokhorov sense to a random
measured compact real tree introduced by Le Gall & Miermont in [40] called the Brownian
cactus with a-stable branching mechanism. This work extends in random environment the
results from Chapter 2 (adapted from D., K., Lin & Torri [60]) which deals with the case where

T is a regular tree.
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3.1 Introduction

Branching random walks (BRW) represent a simple model to study a branching behavior coupled
with some spatial displacements. As such, they drew a lot of interest and are naturally linked
with various areas of research. Let us mention at least superprocesses, traveling wave solutions of
semi-linear partial differential equations (FKPP), and some statistical mechanics models such as
Mandelbrot cascades, the contact process, the Gaussian free field, or the voter model. We refer
to Shi [140] for an overview of this topic and its connections. We also cite the study of extreme
particles of real-valued branching random walks by Biggins [21] and Bramson [27, 26], the works
of Gouézel, Hueter, Lalley, Sellke [86, 94, 114, 115] about branching random walks with values in
hyperbolic spaces, and the study of branching random walks on trees of Benjamini & Miiller [16]
and Liggett [122].

In contrast to those works where the indexing tree is infinite, D., K., Lin & Torri [60] consider a
BRW that is indexed by a critical Galton—Watson tree conditioned to have n vertices. In [60], the
BRW moves like a nearest-neighbor null-recurrent random walk on a deterministic rooted regular
tree: it jumps to the parent of the current position with probability 1/2, or it chooses uniformly one
of the sites above otherwise. With this setting, D., K., Lin & Torri [60] describe the asymptotic
behavior of the range of the BRW (i.e. the set of all visited sites) as n — oo by showing that its
number of points is equivalent to n times a positive constant and that its scaling limit is a variant of
the Brownian cactus introduced by Curien, Le Gall & Miermont [40]. Here, we aim to obtain a
similar result as in [60] when the environment is instead a random tree with infinite depth.

We now give an informal description of the environment and the transitions of the BRW we
consider in this chapter. We fix a probability distribution v = (v(k))xen on N that we assume to be
supercritical with a finite moment of order 2:

m, = Y ku(k) € (Loo) and o2:= — S k(k— Lu(k) € (0,00).  G.L1)
keN my (my — 1) =
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We denote by T the environment and by o € T the starting point of the BRW. One can understand
(T, o) as a Galton—Watson tree with offspring distribution v that is modified so that the distinguished
point o has an infinite line of ancestors: informally, the numbers of children &, (T) of the vertices
x € T are independent, outside of the ancestral line of o, their common law is v, on the ancestral
line of o, their law is the biased probability distribution (kv(k)/m,)ren. We say that (T, o) is an
infinite Galton—Watson tree with offspring distribution v and we refer to Definition 3.2.18 for a more
precise construction. For all z € T, let % stand for the parent of x (which is always well-defined
since T has an infinite line of ancestors).

The BRW on (T, 0) we are interested in shares its spatial displacements with the so-called
critical biased random walk (RW). For all A € [0, co) and conditionally given (T, o), the A-biased
random walk on (T, o) is the Markov chain whose transition probabilities are expressed by

1 A
pra(z,y) = 1{?=x}m + I{Y:y}m (3.1.2)
for all x,y € T. This model has been introduced by Lyons [123] who also showed that the behavior
of the biased random walk is subject to a phase transition concerning the parameter A: we refer
to Section 3.2.3 for a more detailed account. We shall only consider the case A = m, which is
critical in the sense that a m,-biased RW on an ordinary GW-trees with offspring distribution v is
null-recurrent.

The present chapter is related to earlier works about scaling limits for the range of tree-valued
critical or near-critical biased RW. First, D. [52] studies near-critical biased RWs on regular trees
and show that the rescaled range of the RW converges to a CRT coded by Brownian motions with
drift, along with a law of large numbers for the range. Then, Peres & Zeitouni [137] prove that
the process of the distances to the root of a critical biased RW in a supercritical Galton—Watson
tree without leaves is diffusive. Similarly, Dembo & Sun [45] treat the cases of critical biased RW
on multi-type GW-trees. Furthermore, Aidékon & de Raphélis [6] strengthen Peres & Zeitouni’s
result and show that the rescaled range of the same RW converges to a variant of the Brownian
CRT. We also mention Chen & Miermont [35] who show, using previous results due to Bougerol
& Jeulin [25], that the scaling limits of Brownian bridges and loops in hyperbolic spaces are the
Brownian CRT. Independently, Stewart proves in his Ph.D. thesis [145] that the rescaled simple RW
bridges on a b-regular tree (with b > 3) converge to the Brownian CRT.

Now, let us discuss the assumptions we make on the genealogy of the branching random walk,
that we always suppose to be independent of the environment (T, o). We fix another probability
measure = (u(k))ren on N. We denote by 7 a (rooted and ordered) Galton—Watson tree with
offspring distribution p that satisfies the following with o € (1, 2]:

(Hi) s p(0)+p(1) <1 and  Ypenku(k) =1,
(Hy) :  pis aperiodic, (namely, 4 is not supported by a proper subgroup of Z), (3.1.3)

(H3) :  pis in the domain of attraction of an a-stable law.

The assumption (Hp) ensures that the number of vertices #7 of 7 is almost surely finite. The
assumption (Hz) is convenient to work with because it implies that P(#7 = n) > 0 for all integers
n sufficiently large. We recall that (H3) translates into the following assertion: if (V,),en is a
random walk on Z starting at Vp = 0 and whose jump law is given by P(V; = k) = pu(k + 1) for
all k€ {—1}UN, then there exists a %—regularly varying sequence (ay, )nen such that

oy, 20, X, where log Elexp(—AX1)] = A* for all A€ [0, 00) . (3.1.4)

We refer to Section 3.2.5 for more details on these assumptions.
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We next define the BRW we consider as follows. For all sufficiently large n, we denote by 7, a
tree with the same law as a GW-tree 7 with offspring distribution x under P(- \ #7=mn). We denote

by @ the root of 7, and to each vertex u € 7,,, we associate a spatial position Yu(”) € T whose
conditional joint law given (T, o) and 7, is defined by

P(Vu e, YW =z,|(T,0),m) = L ) 1‘\[{@;;1% (T4, Ty) (3.1.5)

for all z,, € T and u € 7, (here Su stands for the direct parent of w in 7).

It is convenient to see 7, as a family tree whose ancestor corresponds to the root @ and where
siblings are ordered by birth-rank. The depth-first exploration of 7, is the sequence of vertices
(uj)o<j<- thatis defined recursively as follows: ug is the root @ and for all j € {0, ..., #7172}, if
v is the most recent ancestor of u; having at least one unexplored child then w1 is the unexplored
child of v with least birth-rank (see Section 3.2.1 for a more precise construction). Our first result
is a law of large numbers for the size of the range of the branching random walk. This result is
annealed: this is a convergence in probability while averaging over the environment (T, 0). We
refer to Section 3.2 for the precise definitions of the objects involved in the following Theorem.

Theorem 3.1.1 Let (T, o) be an infinite Galton—Watson tree whose offspring distribution v is
supercritical. For all sufficiently large n, we denote by T, a Galton—Watson tree with offspring
distribution p conditioned to have n vertices. We assume that (T, o) and T, are independent. Let
(Yu(n))uern be the BRW whose conditional law given (T, o) and T, is defined by (3.1.5). We assume
that y satisfies (3.2.60) and we assume that there exists b € (1, 00) such that 3", .y kPv (k) < .
Recall that (uj)o< j< Stands for the depth-first exploration of T,. Then, there exists a deterministic
constant c,,,, € (0, 1) that only depends on . and v such that

Vee(0,1), ,}grgoP(gggnH#{Yéf); 0<j<k} = cuk| > &) = 0.

In particular, %#Rn — ¢y, in probability, where R, stands for the range {Yu(n) ;uET}) of the
branching random walk.

Our next result concerns a quenched limit of the following rescaled random pointed measured
metric spaces

Tn = (Tnv idgr, g, %mn) and Ry := (Rn’ \;Tuindgr’ o %mgg)C) (3.1.6)

where dg, stands for the graph-distance in 73, and in T, where we recall from (3.1.1) the definition
of 0, and where we have set:

Ry = {Yv; UETn}a my = Z 0y, and mgz)c = Z 5Y(n)-

VETR VETY

Let us first recall the limit of 7,, which is encoded by by its height process (H. S(n)) se[o,n] Which is

the continuous interpolation of the discrete-time process H j(»n) = dgr (@, u;) which is the height
in 7, of the j-th vertex of 7,, in the depth-first exploration. Then, Theorem 3.1 in D. [50] asserts
the following: assume that (3.1.5) holds and let (ay,) be as in (3.1.4); then there is a nonnegative

continuous process H = (Hy) se[0,1] that only depends on o such that the convergence

(L HM) —— H (3.1.7)

an " "N8 Js€[0,1] n—oo
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holds weakly for the topology of uniform convergence. Under the stronger assumption that the
variance of p is finite, this result is due to Aldous [9, Theorem 23]). The process H is the normalized
excursion of the a--stable height process, which is a local-time function of an a-stable spectrally
positive Lévy process. In the case o =2, H is more precisely the normalized Brownian excursion.
We refer to Section 3.2.5 for precise definitions.

As in the discrete setting, H actually encodes a random pointed measured metric space that is
defined as follows: we easily check that one defines a pseudometric dz; on [0, 1] from H by setting

VOSSl SSQ S 1, dH(Sl,SQ):dH(SQ,Sl):Hsl+H52—2 Er[nin ]HS. (3.1.8)
s€(51,52

We introduce the relation ~ g on [0, 1] by setting s1 ~p so if and only if dz(s1, s2) =0; clearly,
~ is an equivalence relation and the normalized a-stable Lévy tree is taken as the quotient space
T =10,1]/ ~m, equipped with the distance induced by d that we keep denoting dy;. We denote
by pg:[0, 1] — Ty the canonical projection. Note that pyy is continuous; therefore T is compact
and connected. Moreover, T is a real tree, namely, a metric space such that all pairs of points are
joined by a unique simple arc that turns out to be a geodesic (see Section 3.2.6 for more details).
We set r:=pp(0) that is viewed as the root of T and we equip Ty with the measure my that is
the image of the Lebesgue measure on [0, 1] via py, namely, [ fdmy = folf(pH(s)) ds, for all
continuous f: 7T — R. The convergence (3.1.7) then implies the following one.

Tn = (Tn, 2dgr. @, tmy) —— (T, dg,TH,mp) (3.1.9)
n n—o00

Here the convergence holds weakly on the space M of isometry classes of pointed measured
compact metric spaces equipped with the Gromov-Hausdorff-Prokhorov distance d¢gp that makes
it a Polish space, as proved in R. Abraham, J-F. Delmas & P. Hoscheit in [4], Theorem 2.5 (see
Section 3.2.6 for precise definitions).

Then the limit of R, is constructed as follows: as proved in D. & J-F. Le Gall [57] (Lemma
6.4 p. 600) conditionally given H, there exists a Holder-continuous centered Gaussian process
o € Ty — W, €R whose covariance is characterized by E[|W,, — W, \2| H]=dg(01,02), for
all o1, 09 €Ty. Then, we set

VO'1,0'2€TH, dHy[/(O'l,O'Q) :ng +W(72 — 2 min Wg,
c€lo1,02]

where [o1, 03] is the unique geodesic that joins oy to o9 in Ty. As proved in D., K., Lin &
Torri [60], di,w is a pseudometric on T ; we then define the equivalence relation ~ g 117 on Ty
by setting o1 ~pgw o2 if and only if dg w (o1, 02) =0 and we denote by Ty w =TH/ ~uw
the quotient metric space and we keep denoting by dy y the resulting metric; we denote by
muw : Ty — Ty w the canonical projection that is continuous. Thus Ty, is compact and
connected and (T w,dp,w) is a real tree (see Section 3.2.8 for more more details). It turns out
that this kind of spaces has been introduced in N. Curien, J.-F. Le Gall & G. Miermont [40] (see
also J.-F. Le Gall [116] for a different purpose); they coined the name Brownian cactus, so we
call (Tx,w, dm,w) the normalized Brownian cactus with a-stable branching mechanism. We next
set rw =g, (ry) that is viewed as the root of Ty w and we equip Ty w with the measure
m7, that is the image of my via w7 yy: namely, fTH,wf dmp w = fTHf(WHW(J)) my (do), for
all continuous f: Ty w — R. Our second main result is the following limit theorem.

Theorem 3.1.2 We keep the above notations: recall that (T, o) is an infinite Galton—Watson tree
whose offspring distribution v is supercritical, that we denote by 7, is a Galton—Watson tree
with offspring distribution 1 conditioned to have n vertices for all sufficiently large n, and that
(T, o) and T,, are independent. We assume that i satisfies (3.1.3) and that v satisfies (3.1.1). We
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furthermore assume that there exists b € (%, 00) such that Yy k'+20u(k) < co. Recall from
(3.1.6) the definition of the spaces T, and R,.. We denote by (T, dp, r},mp) the normalized o-
stable Lévy tree and by (Trw,dmw,THw,mpw) the normalized Brownian cactus with o-stable
branching mechanism as defined above. Recall that M is the space of isometry classes of pointed
measured compact metric spaces equipped with the Gromov—Hausdorf{f—Prokhorov distance. Then,

conditionally given the environment (T, o), the following joint convergence

(Tr, Rp) —— ((TH7dH,rH7mH); (TH,W,dH,WJH,W,mH,W)) (3.1.10)

n—oo

holds weaky on M? equipped with the product topology.

Theorem 3.1.1 corresponds to Theorem 2.1.1 in Chapter 2 about critical BRW on regular infinite
trees, and its proof is based on the same ideas. We roughly follow the strategy used by Le Gall &
Lin [83] to study Z%valued BRW. Namely, we construct a specific transformation that leaves a
BRW indexed by an infinite tree invariant, and we then apply the subadditive ergodic theorem (see
in particular Proposition 3.2.32). This invariant model in fact evolves on a slight modification of
the environment, whose law has been proved by Peres & Zeitouni [137] to be reversible from the
point of view of a critical biased random walk. Then the deterministic constant c,, ,, turns out to be
the probability that the invariant BRW never returns to its starting position.

The proof of Theorem 3.1.2 is done by proving an analog of (3.1.7) for the branching ran-
dom walk. Namely, we introduce the discrete snake associated with the branching random walk
(Yu(n))uem: namely this process (I//I\/s(n)) sclo,n) @ continuous interpolation of the discrete-time
process

ﬁ\/j(n) = generation in T of Yu(?)

where (u;)o<;<n is the depth-first exploration of 7,,. Here, by convention, the generation of o is
taken equal to 0, so the generation of x in T is a possibly negative integer. Then the following is
proved in Theorem 3.5.1: conditionally given (T, o) the following convergence

1 v T 7

(LHD, jawgp)sem ——— (H.W) (3.1.11)
holds weakly on the space C([0, 1], R?) of continuous functions equipped with the topology of
uniform convergence. Here [ is the a-stable height process as introduced above and W is the
(endpoint process of) the one-dimensional Brownian snake whose lifetime process is /7: namely, it
is continuous centered real Gaussian process (W) c[0,1) Whose covariances are characterized by

E[WI\/S1 — 17[\/52 ]2\ H|=dpy(s1,s2) forall s1, s2€[0,1] (see D. & Le Gall [57, Lemma 6.4 p. 600]).
We refer to Section 3.2.7 for a precise definition.

To prove (3.1.11) and more generally Theorem 3.5.1, we rely on the so-called harmonic
coordinates used by Peres & Zeitouni [137]. These are a family (S, )eT of real random variables
depending on the environment (T, o) which approximates the relative generation of 2 € T on the
one hand, and on the other hand such that (Sx,, )nen is a martingale when (X,,) is a m,-biased
RW on T. This tool allows us to adapt the method of Janson & Marckert [97] and Marzouk [130]:
we obtain the tightness thanks to a maximal inequality for martingales, together with a control
of the variations of the height process of the genealogy, and we check the convergence of the
finite-dimensional marginals via a conditional central limit theorem.

Theorem 3.1.2 echoes Theorem 2.1.2 of Chapter 2. As in that chapter, our general idea consists
in deriving the metric convergence in Theorem 3.1.2 from the snake convergence (3.1.11) (more
precisely from Theorem 3.5.1) thanks to general arguments that are in part discussed in Chapter 2.
Namely, we show that R, is close in some sense to the discrete snake-tree coded by Wm: see
Section 3.2.8 and in particular Lemma 3.2.55 for precise statements.
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Organization of the chapter

In Section 3.2, we present the main objects and tools we need in this chapter. Among others, this
includes the formalism of trees with an infinite line of ancestors, some properties about biased
random walks on trees, and definitions and limit theorems for snakes and the real trees they code.
Section 3.3 is devoted to the proof of Theorem 3.1.1. In Section 3.4, we show a convergence
analogous to (3.1.11) for a branching random walk indexed by a forest of unconditioned Galton—
Watson trees. Finally, Section 3.5 completes the demonstrations of Theorems 3.5.1 and 3.1.2.

3.2 Tree-valued branching RWs and snakes: definitions, previous
results

In this section, we present the main objects and tools we need in this chapter. Among others, this
includes the formalism of trees with an infinite line of ancestors, some properties about biased
random walks on trees, and definitions and limit theorems for snakes and the real trees they code.

3.2.1 Rooted ordered trees and forests, coding functions, discrete snakes.

In this section, we recall the definition of three processes used to encode finite trees (rooted ordered
trees within Ulam’s formalism) or sequences of finite trees (forests), namely the Lukasiewicz path,
the height process (as well as a specific linear interpolation of it) and the contour process. We then
briefly recall the definition of Galton-Watson trees and forest within this framework and finally
we recall the definition of discrete snakes which are used to to encode the positions of real-valued
branching walks.

First, let us briefly recall Ulam’s formalism on rooted ordered trees. We first introduce the set
of finite words written with positive integers:

U=JmN9".

neN

Here, N={0,1,2,...}, N*=N\{0} and (N*)" stands for {@}. The set U is totally ordered by the
lexicographical order <j¢y (the strict order is denoted by <jex). It is convenient to think of U as a
family tree whose & is the ancestor.

Let u = (ji,...,jn) € U\{@}. We use the notation |u| = n for the height of u (with the
convention |&| = 0) and we set = (j1,---,Jn—1) that is interpreted as the (direct) parent of
u. More generally, for all p € N*, we set uj, = (j1, - - -, junp) and ujg = @. Namely, uj, is the
ancestor of u at the generation p and observe that u), =u if p > |u[ and that u, = Wit p= lu|—1.
Let v=(ki,...,ky), we denote by u * v the concatenated word (j1, ..., jn, k1, ..., kn ). For all
u, v € U, we then denote by u A v the most recent common ancestor of u and v, which is defined by
u A\ v =1y, =v), where p=max{g €N : uj, =v),}.

We can think of U as a graph whose (undirected) edges are {u, % }, u € U\{@}. Then, for all
u, v €U, we denote by [u, v] CU the shortest path in the graph U joining u to v. We also use the
following notations Ju, v] = [u, v]\{u}, [u,v][=[u,v]\{v} and Ju,v]=[u,v]\{u,v}. Note that
for integers p < ¢, we also use the notation [p, ¢] to denote the set of integers [p, g] N Z (along with
the other obvious notations [p, ¢[, |p, ¢], and ]p, ¢[ ). We do not think there is any conflict in the
notations here, as the context always removes any ambiguity.

Definition 3.2.1 (Rooted ordered trees, subtrees, forests)

(a) A rooted ordered tree is a subset t C U satisfying the following conditions:
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(1): @et. 2): fuect\{@} then % et. (3): For all uet, there exists k, (t) €N U{oo} such
that: ux(j) €t if and only if 1 <j <k,/(t).
Here, k,(t) is interpreted as the number of children of v and if 1 <j <k, (t), then u * (j) is the j-th
child of u. We denote by T the set of rooted ordered trees.
(b) Lett€ T and u€t. Then O,t ={v €U : ux v €t} is the subtree of t stemming from u. Note
that 0,t€T.
(c) A forestis a sequence of trees (t*)),cn+. It is sometimes convenient to view it as a single tree
t €T with kg (t) = oo such that ¢ is the subtree stemming from the k-th child of ¢: t®) =0;t. [

Definition 3.2.2 (Lukasiewicz path, height process)

(a) Lett €T be finite and let (u;)o<;<+ be the vertices of ¢ listed in increasing lexicographical order.
By convenience we set u4; =@ and we define V' (t) = (Vi (t))o<i<#+ and H(t)=(H;(t))o<i<t by
setting Vj(t) =0, Hy(t) =0 and for all 0 <1 <#t,

Vier () =Vi(t) + ko, () —1 and  Hj(t)=]|u. (3.2.1)

V (t) is the Lukasiewicz path of t and H (t) is the height process of t. We extend H (t) continuously
on [0, #t] as follows: for all integer 0 <! < #t and all s € [0, 1], we set

[ H()~ (Hi() — | A ) (25A1) + (25— 14 if fups| <
l+s(t)_

_ (3.2.2)
Hl(t)+5 if ]ul+1|>\ul|.

(see Remark 3.2.3 (c¢) for a motivation).

(b) Let (t®) )ren+ be a forest of finite trees and ¢ € T its associated tree as in Definition 3.2.1 (c).
The Lukasiewicz path and the height process of the forest are denoted resp. by V'(¢) and H(¢) and
they are obtained by concatenating the V' (¢t*)) and H (¢®)) in the following way. We set o9 =0
and for all k£ € N*, we set o, = #t() + ... + #t® . Moreover, for all [ € [o}_1, 0[] and for all
S€[ok—1,0%], We set

Vi) =Vi_g, ,(t®)—(k—1) and H(t)=H, o, _,(t®). (3.2.3)
0

Remark 3.2.3 (a) Let ¢ be the tree associated with the forest of finite trees (t*))gen+ as in
Definition 3.2.1 (¢). Let (u;);enug—1) be the sequence of vertices of ¢ in increasing lexicographical
order: u_1 = @ <jex U <lex --- <lex Ul <lex Ul+1 <lex --.- Let V(t) and H(t) be as in
Definition 3.2.2 (b). Then Vj41(t) —Vi(t) = ky,(t) —1 and H;(t) = |u;|—1 for all [ € N. Then
observe that s € [0y, o)1) if and only if infpg |7 V (t) = —k.
(b) Observe that if ¢ is a finite tree or the tree associated to a forest of finite trees, then we can
recover ¢ from H (t) or from V (t). Moreover, H (¢) is an adapted functional of V' (¢), as shown by
the following equation that holds for finite trees of forest of finite trees.

VIEN®, Hy(t) = #{me{0,...,1-1} : V()= inf V;(t)}. (3.2.4)

m<j<l
See Le Gall & Le Jan [81] for more details.

(c) Lett €T be afinite tree and let (u;)o<;< 4+ be the vertices of ¢ listed in increasing lexicographical
order. Let [, 1’ be integers such that 0 <[ <[’ < #t. Then the height of the most recent common
ancestor of u; and uy may differ from inf cp; ;) H;(t) by 1. The specific continuous extension of
H (t) implies however that |u; A uy | =mingep ) Hs(t).

Similarly, if ¢ is the tree corresponding to a forest of finite trees and if (u;);eny(—1y are its
sequence of vertices listed in lexicographical order, then we also check that |u; A up|—1 =
mingep ) Hs(t), for all integers I’ >1 > 0. O
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Definition 3.2.4 (Contour process)

(a) Lett €T, possibly infinite. We denote by (vx)o<g<a(#¢—1) (With an obvious convention if
#t=00) the sequence of vertices of ¢ that is defined recursively as follows.
We set vg = & and Ry, = {w € t\{vo,..., v} : W= vg}s if Ry is empty, then we set
Vg1 = Tk; otherwise we take Vi1 as the <jex-least vertex of Ry.
We call (vy) the exploration of ¢ in the contour order.
(b) Let t € T be finite. For all k& € [0,2(#t—1)] we set Cx(t) = |vx| and we conveniently
set Coyy1(t) = Coye(t) = 0. We next extends C(¢) continuously on [0, 2#t] by setting for all
ke[0,2#t—1] and all s€ [0, 1]: Ci45(t) =Cx(t) + s(Cr11(t)—Ck(t)). The resulting continuous
function s € [0, 2#t]— C,(t) is called the contour process of t.
(c) Let t €T be the tree associated with the forest of finite trees (t*))en+ (Definition 3.2.1 (c)).
The contour process of the forest is denoted C'(¢) and it is obtained by concatenating the C'(¢(*))
in the following way. Recall notation oy, from Definition 3.2.2 (b). Then for all £ € N*, all
86[201671,20]{], we set Cs(t):Cs_ngil(t(k)). O

Remark 3.2.5 Let ¢ be the tree associated with the forest of finite trees (¢(*) )ren+ as in Defini-
tion 3.2.1 (c¢). Observe that the exploration of ¢ in the contour order visits all the vertices of ¢. In
what follows we denote by (v);enu {—1) the sequence of vertices of ¢ in the contour order starting
at v_1 = (then vp=(1), etc).

(a) We first note that C,(t) = (|vg|—1)4 for all ke N.

(b) As already mentioned, ¢t ={vg; k€ NU {—1}}. More precisely, during the exploration of ¢ in
the contour order, each edge is crossed exactly twice (upwards first and then downwards). Namely,
for all uet\{@}, there is a unique pair of integers k, k¥’ such that k<%’ and (%, u) = (vg, Vp41) =
(g 41, vk ). It is also easy to check recursively for all k€N that {vj; —1<j<k}N{v;;j>k}=
[[@, ’Uk]].

(c) The contour process C(t) completely encodes t and it is closely related to the height pro-
cess H (t). Indeed, let (u;);enu{—1} stands for the sequence of vertices of ¢ listed in increasing
lexicographical order as in Remark 3.2.3. Then, we observe that

VIEN, K, :=2—H/t)=inf{keN: v,=w} (3.2.5)

which necessarily increases with [. Thus for all [ € N, Ck,(t) = H;(t) and furthermore, for all
s€ Ky, Kj11], we get

(Hl(t)—8+Kl)+ ifSE[Kl,KH_l—l)
(Hip1 () =K1 + s)4 if s€ (K —1, Kyl
(See D. & Le Gall [61, Section 2.4] for more details).

(d) We can derive H (t) from C(t) by the time-change ¢, : [0, 00) — [0, 00) that is defined as
follows: we set ¢:(0) =0 and for all /€ N and all s € [0, 1],

Cs(t) = { (3.2.6)

Gl +8)=K; + (Kj4:1—1—K;)(2sA1) + (2s—1)4. (3.2.7)
Then, ¢, is an increasing bijection from [0, co) onto itself and for all s € [0, 00)
H(t) = Cy,(s)(t) - (3.2.8)
We easily check that for all [ € N*,

max |§é(s)—s| < 1+2 sup Hy(t) . (3.2.9)
s€[0,]] s€[0,1]
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When ¢ € T is finite, then H (¢) is also obtained from C(t) by a continuous increasing time-
change ¢, from [0, #t] onto [0, 2#t] by (3.2.7): then (3.2.8) holds true for all s € [0, #t] and (3.2.9)
holds true for all integers [ < #t.

(e) As in Remark 3.2.3 (c), we observe that (|vy A vpr|—1)4 = mingep, 1) Cs(t) for all integers
k' > k. If ¢ is a finite tree, then |vj, A vi| =mingepy, 1) Cs(t) is obtained instead, for all integers
0<k<k <2(#t—1). O

Galton-Watson trees and forests. We next recall below a convenient recursive definition of
Galton-Watson trees and forests (GW-trees and GW-forests, for short). To that end, we equip T with
the sigma-field .% (T) generated by the sets {t € T:u€t}, u € U. Unless otherwise specified, all
the random variables that are mentioned in this chapter are defined on the same probability space
(Q,7,P).

Definition 3.2.6 (GW-trees and forests) Let ;= (u(k))ren be a probability measure on N.

(a) A Galton—Watson tree with offspring distribution j (a GW(p)-tree, for short) is a random tree 7
that satisfies the following.
(1): ky(7) has law p. (2): For all k € N* such that p(k) >0, the subtrees 0(1)7, ..., 0T
under P( - |kz(7)=k) are independent with the same law as 7 under P.
(b) Let (7 )gen+ be i.i.d. GW(u)-trees. We generically denote by 7., the tree associated with the
forest (7" )gen+. We call 7o a GW(u)-forest.

(c) We say that 7 is a grafted GW(ju)-tree if kg (7) =1 and if 01)7 is a GW(u)-tree. O

Remark 3.2.7 (a) We shall always consider GW(u)-trees with a non-trivial offspring distribution.
Namely, 1¢(0)4p(1) < 1. Let us recall that a GW(p)-tree is a.s. finite if and only if 4 is critical or
subcritical, namely if and only if Y~ ku(k) <1.

(b) Let us suppose that p is non-trivial and let 7o, be a GW(u)-forest. Then its Lukasiewicz path
(Vi(Ts0))ien is a random walk (RW for short) starting at 0 whose jump law is zi(k) := pu(k + 1),
keNU{—1} (according to Spitzer’s terminology, it is a left-continuous RW). See Le Gall & Le
Jan [81] for more details. O

R-valued branching walks and discrete snakes. Here we consider a population represented by
a rooted ordered tree that moves in R (a R-valued branching walk): each individual has a spatial
position. We discuss two ways to encode the spatial positions of the individuals of the population:
namely, via the contour-snake and via the height-snake that are related to the exploration of the
family tree respectively in contour order and in lexicographical order. Here, C°([0, o0), R) stands
for the space of the continuous functions from [0, c0) to R equipped with the topology of the
uniform convergence on every compact interval.

Definition 3.2.8 (Discrete snakes)
(a) Lett €T be finite. Let (vk)o<r<a(#—1) be the vertices of ¢ in contour order. It is convenient
to set voys—1 = Vo = J. LetM:u €t — M, € R be a t-indexed and R-valued walk. For all
k€ [0,2#t] and all pe N, we set

Wi (t; p) :M(vk)“, )
where we recall that (v )|, is the ancestor of vy, at generation p (and that (vg ), = vy, if p > |vg)).
We next set

Vrel0,00), Wi(t;r) = Wilt; [r]) + (r=[r]) (Wi (t; 7] +1) = Wi (t; [7]))-

Note that Wi (t; - ) € C°([0, 00), R) for all k€ [0, 24t]. Recall that (C(t)) (0,244 is the contour
process as in Definition 3.2.4. We then define the contour snake associated with the R-valued
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branching walk (M, ),e; as the C°([0, c0), R)-valued continuous process (Wj(t, ) sej0,244¢) given
by
Wisp+1(t3- AGs(t)) i [opspa| =1+ |vg)ls

Vs € [0, 2448), m(t;-):{ .
Wy (5- A Gs(®) i o[ =1+ o) 4a].

We also set W, () = Wi (t; Cy(t)), s € [0, 24£t], which is the endpoint process of the contour-snake.
(b) Let ¢: [0, #t] — [0, 2#t] be the continuous increasing time-change such that Hy(t) = Cy, (4 ()
as in Remark 3.2.5 (d). Then we define the height-snake as the C°([0, o), R)-valued continuous
process (W (t,-))se[0,4¢ given by

Vse[0,#t], Wi(t;-) =Wy s(t;).

If (u;)o<i<#:t stands for the vertices of ¢ listed in lexicographical order, then W} (; p) =M for
all [ €[0,#t—1] and all pe N.
We also set W' (t) = W' (t; Hs(t)) = We,(s)(t), s € [0, #t], which is the endpoint process of

the height-snake.

ul)lp’

(c) Let (t®))gen+ be a forest of finite trees and let ¢ € T be its associated tree as in Definition 3.2.1
(¢). For all k € N*, let R® = (M"),c,x be a R-valued ¢*)-indexed branching walk. The
contour-snake of the branching walks (M ®))yen+ is denoted (Wi (t;+))se[0,00) and is obtained
by concatenating and interpolating the W.(¢®); -) in the following way. Recall notation oy, from
Definition 3.2.2 (b). Then for all r, s € [0, c0)

(3.2.10)

Ws_ggk_l(t(k);T) if se [QUk_l, Q(Uk—l)] ,
Ws(t;r) = ) | 1 (k+1) (k) :
M5 + % (s +2—204) (M= Mg") ifs€(2(ox—1),20%].

Namely, if s € [2(0f — 1), 20%], then W, (¢; ) is a constant function and its value is the affine
interpolation between M, ,5,’” and M, é’““).

We also set W (t) =W (t; Cy(t)), s € [0, 00), which is the endpoint process of the contour-snake.
(d) We keep the notation of (¢) and for all s € [0, 00), we set W (t;-) =Wy, (5 (t;-), where ¢;
is the continuous increasing bijection from [0, 0o) onto itself such that H(t) = Cy, (4 (t) as in
Remark 3.2.5 (d). The resulting C°([0, 00), R)-valued continuous process (W7 (t;-))se(o,c0) i the
height-snake associated with the branching walks (M *) ).

We also set W, (£) =Wy (t; Hy(t)) = W@(s) (t), s€ 0, 00), which is the endpoint process of the
height-snake. O

3.2.2 Trees with an infinite line of ancestors.

We extend Ulam’s formalism to define ordered trees that may have an infinite line of ancestors. To
that end, it is convenient to introduce bilateral words as follows.

Definition 3.2.9 (bilateral words, relative height, shifts)

(a) A bilateral word is a sequence u = (ax), <k<k, Where k1 € ZU{-oo}, k2 € Z and ay, € N*,
k1 <k <ks. If k1 > ko, then u= 2. We denote by U the set of bilateral words.

(b) Let u= (ax )k, <k<k, € U, as above. Then
|ul-=Fk1, and |u|=ko. (3.2.11)

Here |u| is called the relative height of u and |u|_ its depth.
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(¢) Let u= (ax )k, <k<k, € U as above. Let | € Z. We denote by ;(u) the I-shifted word u. Namely,

o1(u) = (Ap41) ks —1<k<ka—15 (3.2.12)

Therefore, |p;(u)|- = |u|-—L, |¢i(u)|=|u|—I. We adopt the convention ¢;(&)=@. Observe that
the o;: U— U are bijections such that ;00 =y, 1,1’ € Z. For all k € Z, we then set

Ui, = p_1(U) .

Note that Uy \{@} is the set of bilateral words u such that [u|_ = k. We shall also denote by U_,
the set of bilateral words with an infinite depth. U

Note that UC U and if u €U, then |u|= |u| (the relative height in this case is the height of the
word) and |u|— =0. Note fgr all k € Z that Uy, is countable. However U_, is not countable.
Let u=(ax)k, <k<k, € U be distinct from &. We introduce the following notations.

end(u) = ag,, U= (ak)k <h<hy—1 U, 1y = (@) kv <k<kanly (3.2.13)

for all I} € ZU{—0o0}, lo € Z such that [} <ly. We still call S the (direct) parent of u. Note that
if [u|- 4+ 1=|ul, then & = @. Here, we insist on the following convention: viewed as a bilateral
word, & has neither a relative height nor a depth. However, we set & iy = 9 by convention.

For all u € U, we next denote by L,, the ancestral line of u and by < the genealogical order,
which is a partial order on U. Namely

Ly={u__,;pe2} and Vu,vel, (u=v)<+= (uel,). (3.2.14)

Definition 3.2.10 (bilateral trees)
(a) A non-empty subset T'C U is a bilateral tree if it satisfies the following conditions.
(al) There is k € ZU{—oc} such that T\{@} C Uy.
(a2) ForallueT\{@}, u t.
(a3) ForallueT, ky(T):=#{veT:v =u}<ocand {1,...,k,(T)} ={end(v); veT: v =
u}if ky (T) > 1.

(ad) For all u,v €T, there is [ € Z such that U o = Voo

(b) We denote by T the set of all bilateral trees. For all T'€ T distinct from {&}, we define the
depth |T|— of T as the unique k € ZU{—oc} such that T\{@} C Uy.

(€) A pointed bilateral tree is a bilateral tree T' € T and a distinguished vertex o € T that is
interpreted as an origin when 7' is viewed as a space (or a distinguished individual when T is
viewed as a family tree: in this case it is rather denoted by o). Recall from (3.2.14) the notation L,
for the ancestral line of o. For all integers p € Z, we shall use the following notations.

olp)=oy . _,» and 9Lo={ueT\Lo: w €L,}. (3.2.15)
Here 0L, is called the spine of (T, 0). We denote by T*® the set of pointed bilateral trees. O

Remarks 3.2.11 (a) We view T'c T as a graph: its set of vertices is 7" and its edges (simple and
non oriented) are the unordered pair {v, v}, ve T\{@}.

(b) Let T € T be distinct from {@}. If |T'|- # —ooc, then 1 + |T|_- = min,ep f |u| and
Definition 3.2.10 (b) implies that @ € T" that is viewed as the root (or the ancestor) of 7. However,
if |T'|- = —o0, then @ ¢ T and T has no proper ancestor but an infinite line of ancestors. g
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As for rooted ordered trees, we introduce a formal definition of subtree, most recent common
ancestor and lexicographical order as follows.

o Subtrees. Let us first specify what we mean by concatenation in the context of bilateral words.
For all u= (ak)k1<k§k2 €Uandallv= (bk)lgkgkg eU.

ak If ki <k <ky,

(3.2.16)
br—k, Ifko<k<ks+ k3.

U*v= (Cl)k1<k§k2+k3 where Cp = {

The bilateral word u * v is the concatenation of a bilateral word on the left with a null depth word v
on the right. Note that |u * v|_ = |u|_, that |u * v|=|u| + |v| and that u * & =wu. Then for all T €T
such that u € T, the subtree 0,,/T stemming from u is defined by

0, T={veU:uxveT}, (3.2.17)

Note that either 6,7 ={@} or |0, T|— =0, namely: 6, T €T.

e Most recent common ancestor. Let T € T. We define the most recent common ancestor (or more
simply the common ancestor) of v, v €T by

UNV=U = V) bn) where b(u,v):=max{l < |u], |v] : U oot =Yoo IS
(3:3.18)
which is well-defined thanks to Definition 3.2.10 (a4).

e Lexicographical order. Let T € T. The vertices of T are totally ordered by the lexicographical
order < that is formally defined as follows: if @ €T, then & is the <p-least element of 7" and for
all u,veT\{@},

wsr v ) <quly ey 0) S Lpue) <tly @0y 40) - G219)

Note that there are u/,v" € U such that u = (u A v) x v/ and v = (u A v) % v'. Then, it holds that
u <7 v if and only if ' <14 v'. We denote by < the strict order associated with <r.

Pointed labelled trees. We view branching random walks and more generally branching Markov
chains as labelled pointed bilateral trees. Let (E, dg) be a Polish metric space that is the space of
labels, i.e. the state space where Markovian spatial motion takes place. A E-labelled tree is given
by a pointed tree (7', 0) €T" and labels z, € E, ve T that are interpreted as follows: T is a family
tree of a population (that possibly goes back to an infinite line of ancestors) and z,, € F'is the spatial
position of individual v.

We introduce the following notations for the space of pointed E-labelled trees.

T (E) :{8}U{@: (T,0;2=(2)ver) ; (T,0)€T", 2,€E,v GT}.
Here O stands for a cemetery point.

Truncation and local convergence. We shall consider, the ergodicity of certain transformations
on T® and T (E) on the one hand, and T (E)-valued random variables and various statements
involving their conditional laws on the other hand. For this reason, we equip T (E) with the Polish
topology inherited from F and from the local convergence on T®. More precisely, we introduce the
following truncation procedure.

Definition 3.2.12 Let © = (T,0;2=(2,)yer)€ T (E) and let p€ Z and ¢ € Z U {oc} such that
p<q.If T'={@} then we set [O]7=0. When T is distinct from {@}, we use the convention that
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if o= then |o|=|T'|-. Then, if ¢ <|T'| _ orif p>|o|, then we adopt the convention that [O]% = 0.
Otherwise, we define [O]¢ as the E-labelled tree (1", 0'; 2’ = (%)) c77) given by

/I / . . _ ! _
o'=oy, s T —{UH(M] cveT : Voo =0l wo,p]} and 2, =2z,,

(

where v is the vertex of 7' such that [v] < ¢, v' =y g ANV We adopt the
convention that [J]{=0 and we call [©]? the (p, q)-truncation of ©.
If there is no label, we use the same notation [(7', 0)]{ for the (p, ¢)-truncation of the pointed

tree (T,0)€T". O

] = Ol—cop)”

Let us define local convergence on T° and T (E). To that end, we first introduce for all
0=(T,0;2), 0 =(T",0;2) in T'(E),

AE(©,0")=1yro21 o) + 1{(T0)=1".0)} max (INdE(z, 2,))

with the conventions Ag(©,9) =1 and Ag(9, 9) =0. We easily check that A g is a (non-separable)
metric on T (E). Then, local convergence on T"(E) is defined as follows.

Definition 3.2.13 For all neN, let ©,, = (T o) z(M) e TY(E).

(a) (©,)nen locally converges to © = (T, 0;z) € T(E) if for all e € (0, 1) and for all ¢ € N, there is
ng,c €N such that for all integers n>nge, Ag([0™]7 ,[0]7,) <e.

(b) The T*valued sequence (T, 0(™)) o locally converges to (T', 0) if for all £ € (0, 1) and for
all ¢€N, there is n, - € N such that for all integers n.>n,., [(T", 0(”))]q_q =[(T,0))%,. O

Remark 3.2.14 Local convergence corresponds for instance to the following metric.

V0,0 €T(E), 6,.(0,0) =) 279""Ag([0)7,,[017,), (3.2.20)
geN

with 6% _(©,0) =1 and 6% _(9,0) = 0. We easily check that the topology of (T"(E), %) is
Polish. Note that © — [O]Z is (by definition) continuous and that lim, ;oo oL (o, [©]7,)=0.
Similarly, local convergence on T corresponds to a Polish topology. generated by the distance
d10¢((T,0), (T",0) ) = Cgen 279 Lot (002, for all (T,0), (T",0) € T*, with the
same conventions 01¢((7',0),0) =1 and d1,.(9, d) =0. Let us mention that in most parts of the
chapter, the space F of the labels is the space of pointed bilateral trees T* itself. U

Centering and successors functions, infinite Galton-Watson trees. We next introduce two
fundamental functions on T' that allow us to define dynamics: the centering function and the
successor function. We right after introduce infinite Galton-Watson trees that are invariant under
such transforms and whose law has nice related ergodic properties.

Definition 3.2.15 Let (T,0) €T . When @ €T but T'# { &}, we use the convention |&|=|T|_.
(a) If T'={@} then we set cent (T, 0) = (T, 0), and otherwise, we set

cent(T,0)= (80|o|(T)a g0|o|(0)) (3.2.21)

The function cent:T® — T is called the centering function.

(b) For all u €T, the successor scc(u) of u is defined as the <p-least element of {veT : u<pv}
if this set is not empty, otherwise we simply set scc(u) =wu.
(¢) We then set

succ(T, 0) =cent (T, scc(0)) (3.2.22)
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The function succ: T — T is called the successor function.

(d) The right-part of (T, 0) is an element of T" that corresponds to the ancestral line of o and the
vertices comming next in lexicographical order. Namely, there is unique pointed tree (77, 0') € T
and a unique one-to-one function 1 : 7" — {0} (o p] ; P <|o|} U {v €T :0 <7 v} that is increasing
with respect to lexicographical orders and such that |¢)(v)|= [v]. Then we set

(T, o)) =(T",0) (3.2.23)
Namely, [(T',0)]* €T is called the right-part of (T, 0). We also introduce the following.
succ™ (T, 0) = [succ(T,0)]" (3.2.24)

The function succ™ : T° — T is called the right-successor function. Il

Remarks 3.2.16 (a) Note that succ(u) of course depends on the tree to which u belongs, although
it does not appear in the notation.

(b) Note that cent([-]t) =[cent(-)]" and that succt =succ™([-]T),on T". O

We recall from Chapter 2 the following.

Lemma 3.2.17 The centering application cent(-) and the right-part application [ -|" are locally
continuous on T . Successor map and right-successor maps scc(-) and scct(-) are locally
continuous on T' at pointed trees (T, 0) such that succ(o) #o.

Proof. See Lemma 2.2.7 in Chapter 2 for the result on T . |

Definition 3.2.18 (Infinite Galton-Watson trees) Let r = (7(j, k) )1>;>1 be a probability measure
on {(j, k) € (N*)2:j <k}. Let u be a probability measure on N whose mean m, :=3",. o kpu(k) is
finite and positive. Let (T, 0): Q2 — T"be a Borel-measurable random pointed tree such that

P-as. |o|=0 and |T|-=-c0.

Recall from (3.2.14) that the notation L, ={o(p); p€ N} for the the ancestral line of o and recall
from (3.2.15) the definition of the spine 0L, of (T, 0). Recall from (3.2.13) the notation end(-).

(a) We say that (T, o) is an infinite Galton-Watson tree with offspring distribution 1 and dispatching
measure r if:

— ther.v. S:=(end(o(p)), ko(p+1)(T))p€N are i.i.d. with law r,

— conditionally given S, the subtrees (0, T ; u € OL,) are independent GW(p)-trees (as in
Definition 3.2.6 (a))

More specifically:

(b) (T, o) is an infinite Galton-Watson tree with offspring distribution p if v(j, k) = (k) /m,, for
all k>5>1.

(¢) (T, o) is a right-infinite Galton-Watson tree with offspring distribution j1if r(j, k) =1¢,_1y71(k),
for all k> j>1, where fi(k) =m;; ' 37,5 p(l) for all k> 1. O

Remark 3.2.19 When (T, o) is an infinite GW(p)-tree, then we see that [(T, 0)] T is a right-infinite
GW(u)-tree. O
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Many-to-one. Infinite (pointed) GW-trees are related to GW-trees via the many-to-one principle
that asserts the following. Let T/ be a GW(j)-tree and let (T, o) be an infinite GW(p)-tree. Then
for all Borel-measurable functions F:N x T® —[0, 00),

E[ Y F(jo]cent(T',v))| = 3" ul B[F(p;[(T,0)]%,)] , (3.2.25)

veT! p=>0

where m;, = kp(k) < oo and where we recall from Definition 3.2.12 that [('T, 0)]>, is the tree
(T, o) truncated above o(p), a vertex which is situated at relative height —p.

We next recall the following result that shows that infinite (pointed) GW-trees are local limits
of GW-trees conditioned to be large and that they are therefore invariant under the successor map
as introduced in Definition 3.2.15.

Proposition 3.2.20 Ler i be an offspring distribution on N such that u(0) + p(1) < 1 and
> ien kp(k)=1. Then, the following holds true.

(1) We suppose that y is aperiodic. Let T' be a GW()-tree and let u be uniformly distributed on
the set of vertices of T'. Let (T, o) be an infinite GW()-tree as in Definition 3.2.18. Then

cent(T',u) under P(-|#T'=n) —— (T,0)

n—o0

weakly in T" with respect to local convergence.

(13) The law of an infinite GW(p)-tree (resp. of a right-infinite GW(1)-tree) is preserved by scc(-)
(resp. by scc™(+)).

Proof. (7) is derived from the many-to-one formula (3.2.25) and it seems to be part of the ‘folklore’:
the idea goes back to Kesten [100]. Then (i7) is derived from (¢): Le Gall & Lin [82, Proposition
2] or Proposition 2.2.10 in Chapter 2. |

3.2.3 Biased random walks on trees

In this section, we recall the definition of biased random walks on trees as introduced by Lyons [123].
They model-depend on one parameter A ranging in (0, co) and we focus on the critical parameter
when the environment is a Galton-Watson tree T'. Instead of viewing the RW as successive positions
X, in T, n € N, we view it as the T*-valued sequence X, = (T, X ). We then recall the definition
of the law of an invariant GW-tree, that is a law on T" invariant (up to centering) for the biased RW
(X 1)nen. We next recall ergodic properties of biased RW on GW-trees which have been originally
investigated in Zeitouni & Peres [137].

A-biased random walks on trees. Fix A € (0, c0) and T €T, a bilateral tree not reduced to {@}.
The transition probabilities of a A-biased RW on 7" are defined as follows: pr x(x,y)=0if x and y
are not adjacent and otherwise for all x € T\ {2},

1 1 A

= =

PralT @) = Loy y oy T HE=et oy 2 Prale ) = e
(3.2.26)

If |T'|— = —o0, then recall that @ ¢ T'.

A A-RW on T is the RW associated with the conductances C{ g1 =A Iz As proved in
R. Lyons [123] when T" € T, there is a quantity br(7") € [0, oo] called the branching number such
that the A-biased RW is recurrent if A\ > br(T'), and transient if A < br(T") (see also Lyons &
Peres [127, Theorem 3.5] for more details).
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In this chapter, we want to view \-biased RW on a tree T €T as a T®-valued sequences of
rv. X, =(T, X,,), n€N. The only reason why we adopt this point of view is technical: we want to
apply ergodic theory, to work with regular versions of conditional laws of the random walk when
(T, 0) is random, etc. The transition kernels of the Markov chain (X, ),en have to be modified
accordingly as explained in the following definition. To fit in our framework of labelled bilateral
trees, we generically denote elements of T by Z= (T, z), & = (T", 2’), etc and T -valued sequences

by T, = (Tn7 xn), neN.

Definition 3.2.21 Let (7,0)€T". Let A€ (0, 00) and let pr (-, -) be the transition probabilities of
A-RWs on T as defined in (3.2.26). The transition kernel on T® of the \-biased RW is then defined
for all z:= (T, z) €T by

PA(T,dT') = > pral@,y)d(1y) (dT) . (3.2.27)
yeT

We then denote by Py, the law of the A\-biased RW on (T’)N (that is the space of the T -valued
sequences equipped with the product topology, which makes it Polish) starting at (7, 0). Note that
Pr, depends on A although it does not appear in the notation. O

Remark 3.2.22 It is easy to check that
(T,0) €T > Pr, is continuous (3.2.28)

with respect to local convergence on T and to the weak convergence on the space of probability
measures on (T‘)N. If (T,0)isa T°-valued r.v., then Pr, stands for the (regular version of the)
conditional law conditionally given (T, o) of the A-biased RW on (T, o) denoted by X,, = (T, X,,),
n €N, starting at Xo= (T, o). These technical points being cleared, when such a formal point of
view is not essential to our arguments, we rather speak of (X,,),en as to the A-biased RW on T
starting at o. g

Let X,,=(T, X,,), n€N, be a A\-biased random walk whose initial value is Xo= (T, x). We
use the following notations for the hitting times of X:

VyeT, Hy=inf{neN:X,=y} and H=inf{neN*:X,=y}, (3.2.29)

with the convention that inf () = co. The next lemma recalls the basic results that we need on hitting
times and the Green function of \-biased random walks.

Lemma 3.2.23 Let A€ (1,00) and let T= (T, ) € T, whose depth |T|_ is possibly infinite. Let

Xn=(T, X,), n€N, be a \-biased RW with initial state (T, z). We assume that
VeeT\{2}, Prry)(Hg <oco)=1. (3.2.30)

Let 0 € T\{@}. Recall from (3.2.14) that L, stands for the ancestral line of o and let us denote
by o(p) the vertex of L, at distance p from o, which makes sense if and only if 0 < p<|o| — |T'|-.
Namely

o(P) =0 _. p: 0=P<|o|=|T|- (3.2.31)

We also introduce the successive times of visit of X in Lo that are recursively defined for all k € N
byr;=inf{n>r8 | : X,, € Lo}, with the convention that r° ; = —1 and inf ) = cc. Then, the
following holds true.
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(i) Forall x €T, Py g-a.s. for all k €N, r§ < oo and there exists a birth-and-death Markov
chain (Zy,)ken that takes its values in NN [0, |o|—|T'| -] and such that o(Z) = X;,, k€ N.
If T has a finite depth, then it is reflected at |o|—|T'|—-; otherwise, its transition probabilities
are given for all 1 <p < |o|—|T’|- by

A 1 ko(p) (T)—-1

Ppp+tl =<7 o Ppp—1=1 T3 v Pop= N 1 o (3232)
Pt At Eoy(T) 707 At ko) (T)” 7 At kio() (T)

and poo=1—po1= % Moreover, if T has an infinite depth, then Z is transient which

implies that |o A X, |— —o0 and that (Xy,)nen is transient.
(ii) Let x,y,z €T such that z < y. Then

()\Imyl — Al
P (Hy <H) = == (3.2.33)
117) We assume now that T has an infinite depth. For all x,y €T, we first get
(4ii) p y
Pry) (Hy<o0)= A Wl=lzrvl)  gna Pira (Hf <o0)= }\f’zig% . (3.2.34)

We denote the Green function by Gr(x,y) = Epg) [ Ynen 1{x,=y}]- Then
Gr(z,y) = Gr(z Ny,y) = /\J&kiﬂn A~ (wl=lery), (3.2.35)

Ifz 2y, we also get Bra)[ Cocnang Lix,—y] =A+ky(T)A- WD,

Proof. We easily see that Assumption (3.2.30) implies that ry < oo a.s. for all £ € N. Markov
property at r{, implies that (Zj)xen is a N-valued birth-and-death Markov chain with transition
probabilities as in (3.2.32). Gambler’s ruin for birth and death chains (see e.g. Durrett [64,
Theorem. 6.4.6 p. 249]) implies the first equality in (3.2.33). When 7' has an infinite depth,
it also implies that |o A X,,| — —oo (the RW is transient) and (3.2.34).

We now compute the Green function when 7" has an infinite depth: clearly Gp(x,y) =
Gr(z Ay,y), and we only need to consider the cases where x <y. By the Markov property, we
observe that Gr(,y) = Pr(Hy <o0)Gr(y,y) and that E7y[3 ", ey 1ix, =y} [(Xo, . - -, Xne )] =
14 Z + Gr(%,y) where Pr,(Z=3)=p(1—p)’, j€N, with p=pr (v, ). Thus, Gr(z,y) =
Pr(H, <00)(p~" + Gr(%,y)). We find the value of G7 (%, y) by taking 2 =y and (3.2.35)
follows.

We then prove the last point of (ii7) by counting how many times the RW visits y before and
after He- to get Gr(z,y)—Gr(T,y) = Erg | D 0<n<ie 1{x, =y}, by Markov, which implies
the desired result. |

Critical biased RW on GW-trees. In this chapter, we restrict our attention to critical biased random
walks on supercritical Galton-Watson trees and variants of such trees. More precisely, let T be
GW(v)-tree whose offspring distribution v is supercritical: namely m, := Y, oy kv (k) € (1, 00).
In R. Lyons [123, Proposition 6.4]), the following is proved: P( - | #T'=00)-a.s. br(T’) =m, and
furthermore m, - biased RWs on T’ are null-recurrent. We shall refer to this case as to the critical
case. This lemma shows in particular that the estimates of Lemma 3.2.23 apply to critical biased
RW on GW trees.

Lemma 3.2.24 Let v be a supercritical offspring distribution whose mean is denoted by m,,. Let
(T, 0) be a GW(v)-tree (Definition 3.2.6) or an infinite GW(v)-tree (Definition 3.2.18). Let X ;,=
(T, Xy) be am,-biased RW on T. Then, P-a.s. for all x € T\{@}, P 4 (Hg <oo) =1.

Proof. By e.g. Lyons & Peres [127, Theorem. 3.5]), as already mentioned if T is a GW(v)-tree,
then the m,-biased RW is recurrent which implies the lemma in this case.
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Suppose that (T, 0) is an infinite GW(v)-tree: conditionally given JL,, the subtrees 6,T,
y € OL,, are i.i.d. GW(v)-trees and P-a.s. for all z ¢ L,, Py ,(Hs < 0o0) =1 by the previous
case. If x € L, and Hg = oo, then the previous cases imply that the m,-biased RW has to visit
infinitely many often each vertex of the subtree above x because it is the union of a finite number of
GW(v)-trees and of a finite line. However, each time the RW returns to z, it has an independent
possibility to jump to %z with probability prn, (z, ). Thus P-a.s. Py . (He = co) = 0, which
completes the proof of the lemma. |

Let (X;,)nen be am,-biased RW on a GW(v)-tree T’. Then the centered trees cent(T’, X,)
weakly locally converge in T* to a law which is recalled in the following definition, and which is in
some sense invariant and reversible for m,-RWs as explained right after.

Definition 3.2.25 Let v be a supercritical offspring distribution whose mean is denoted by m,.
Let (T, o) be T®-valued r.v. It is distributed as an invariant GW(v)-tree if for all bounded Borel
measurable function F on T,

E[F(T,0)] = B[22 T p(T', o)), (3.2.36)
where (T’, o) is distributed as an infinite GW(v)-tree as in Definition 3.2.18. U

Let (T, o) be an invariant GW(v)-tree and let X,, = (T, X,,), n €N, be a m,-biased RW on
T starting at Xg = (T, 0). As proved in Zeitouni & Peres [137, Lem. 2], the law of invariant
GW (v)-trees is invariant and reversible in the following sense:

(Yo,yl) (la:w) (cent(yl), ngXll(Y())) (3.2.37)

where we recall cent(-): T — T from Definition 3.2.15. This allows us to extend this Markov

chain into a stationnary process (X, )nez such that for all ny € Z:

~ (law) ~ (law) =
(SOIXnOI(Xno—i—n))neZ = (@IXnOI(Xno—n))neZ = (Xn)nez- (3.2.38)

Moreover, this process is ergodic as stated in the following proposition.

Proposition 3.2.26 Let v be a supercritical offspring distribution whose mean is denoted by m,, and
letp,, be as in Definition 3.2.21. Let (T, o) be an invariant GW(v )-tree as in Definition 3.2.25. Let
X, =(T, X,), n€N, be am,-biased RW on (T, o) starting at Xo= (T, o). Denote by I1,, the law
of (X n)nen on (TN, Then, 9: (Zp)nen — (©)21)(Tn+1))nen is I, -ergodic, where Ty, = Ty, 1),
n €N, stands for the canonical sequence on (T’)N.

Proof. See Dembo & Sun [45, Theorem 1.4 and Section 2.1]. In their notations, here, A is the
single-entry matrix m,, which is of course irreductible, and p = m,,. We also provide an alternative
proof in Section 3.3.3. |

We shall apply Proposition 3.2.26 in the following specific way.
Corollary 3.2.27 We keep the assumptions and the notations of Proposition 3.2.26. Let F:T® — R

be a measurable function such that E[|F (T, 0)|] < oo and such that F(T,0)=F(cent(T,0)) for
all (T,0)€T". Then

P-as. lim — Y F(T,X;) =E[F(T,o)]. (3.2.39)
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Moreover, if F is nonnegative and if there is b € (1, 00) such that E[F (T, 0)°] < oo, then

P-as. sup : > Ero|[F(T, X)) < . (3.2.40)

neN* T ooy

Proof. Denote by Z. = (Z,, ) nen the canonical T -sequence. We denote by G(%.) = F/(cent(T)).
Observe that F'(T, X;.) = (G 0 9°*)((X ) nen). It first implies that (F (T, Xx))ken under P has
the same law as (G o 9°F)cn under II,,. By Birkhoff ergodic theorem (see e.g. Krengel [112,
Theorem 2.3 p. 9]) II,-a.s. lim,, o0 % > o<ken GO 9ok =[G dll, =E[F(T,o)], hence (3.2.39).
We next suppose F' (and thus ) nonnegative and such that E[F (T, 0)°| = [ G*dII, < oo, and
we proceed to the proof of (3.2.40). To that end, we use Wiener LP-bound for the maximal function
S*:=SUp,en- = Yo<hen G © ¥°F: this theorem asserts that [(S5*)°dII, < (b%l)b J G®dII, (see
Krengel [112, Theorem 6.3 p. 52]). Thus, E[S*(X.)?] < oo, which implies in particular that
S*(X.) is P-integrable. Then, for any o-field G C.%, we P-a.s. get E[S*(X.)|G] < oo since S* is
nonnegative. Next, observe that for all n € N*, P-a.s. % Y o<ken F(T, X}) <S*(X.), Therefore,
we P-as. get sup,en- = > g<pen BIF(T, X;)|G] < E[S*(X.)|G] < co, which entails (3.2.40)
when G is the o-field generated by (T, o) since, in this case, E[F (T, X})|G] = Et o [F (T, X)]
by definition of Pr , as explained in Remark 3.2.22. |

3.2.4 Tree-valued branching RWs

In this section, we introduce branching RWs with values in trees and more specifically RWs that
are indexed by Galton-Watson trees whose offspring distribution is critical (or a variant of such
trees) and that take their values in an invariant Galton-Watson tree whose offspring distribution
is supercritical. Formally, these branching RWs are viewed as trees that are labeled by pointed
trees, i.e. T (T.)—Valued r.v. After some background on such branching Markov chains, we extend
the centering and the successor functions to T' (T’) and we show that branching RWs indexed by
and taking their values in Galton-Watson trees and whose spatial displacements are critical biased
RWs are invariant under the successor function and enjoy an ergodic property (Proposition 3.2.32),
which is the key point in the proof of Theorem 3.1.1.

Branching Markov chains. We first set some notations for branching Markov chains indexed
by bilateral trees and that take their values in a complete and separable metric space (E,dg).
We denote by (q(y, dy'))ycE a Borel measurable transition kernel on E: for all y € E, q(y, dy’)
is a Borel probability measure on E and for all Borel sets B, the function y € E — q(y, B) is
measurable. We equip T'(E) with the Polish topology of local convergence and the associated
Borel o-field. For all pointed tree (¢, u) € T we briefly recall the definition of the law Q) , ,, on
TY(E) of the t-indexed q-branching Markov chain such that the spatial position of u is y.

To that end, we introduce the following notations. We equip ¢ with its graph-distance dg; for
all v, w €t, we denote by [v, w] the geodesic path joining v to w; if w # v, then we denote by W
the unique v’ € [v, w] such that dgr(v', w) =1. Namely

v, w] ={v'€t : dgr(v,v")+dgr (v, w) =dgr (v, w)}, e [v,w] and dgr(w, ﬁ”) =1.

(3.2.41)
We easily see that Q) , ., is characterized by the following properties.

(7) Recall that 0 is a cemetery point in T*®. We first agree on the convention ()} ;, = dg.
(ii) If (t,u) € T  is finite, then Q: ..y 1s the law of the T*(E)-valued r.v. © := (t,u; (Yy)vet)s
where the joint law of the Y,,, vEt, on Et is

Sy(dya) 1] alyse, dyo)- (3.2.42)
vet\{u}
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(1i1) L;:t (t,u) €T" be finite. If @ has law Q3 (¢.)» then for all p, g € Z such that p <g, [®]] has
law Q)
(

ERICRDIE

Indeed, when (,u) € T" is infinite, QY (1 .y 1s defined thanks to (4ii) and to a simple projective
argument. Moreover, in general for all p, ¢ € Z, such that p < g,

(law) ., (law)
(0" Q1) = (101" QY s) - (3.2.43)
It is easy to check for all Borel subsets A of T'(E) that
(v, (t,u)) EEXT +— QY ,.,(A) is Borel measurable. (3.2.44)

Moreover, let us equip the space of Borel probability measures on E and T'(E) with the (Polish)
topology of weak convergence. If we assume that y € E' +— q(y, ) is weakly continuous, then it is
also easy to check that

(v, (t,u)) € Ex T +— QY,., is weakly continuous. (3.2.45)
In (3.2.44) and (3.2.45), ExT" is equipped with the product topology.

Tree-valued branching walks. Here we fix a genealogical tree (t,0) € T' and a pointed tree
(T,0) €T that is viewed as an environment where each individual v € ¢ has a position y, € T. To fit
into our framework of labelled pointed trees, we view the ¢-indexed and T-valued branching walk
as the T'-labelled pointed tree

O=((t,0); Jp:=(T,yo),vet) € T (T").

Note that © is not a generic element of T"(T" ) because all the 7/, have the same base-tree T". We
extend the definition (3.2.21) of the centering of pointed trees to T® (T') by setting

cent(0) = (91o1(1): P1o1(); Pluel Ty () VELL(D)) (3.2.46)

using the same conventions. Observe here that spatial marks (that are pointed trees) are shifted. We
also extend the successor function to T* (’]F.) by setting

scc(©)=cent(t,scc(o); (Uy)vet)- (3.2.47)

We then extend the right-part function as follows: recall from Definition 3.2.15 (c) that there
is a unique pointed tree (¢, ¢’) € T" and a unique one-to-one function ¢ : ¢’ — {0)(=o0p) 1P <
lo|]}U{vet: o<;v} that is increasing with respect to lexicographical order on ¢’ and ¢ and such
that |¢)(v)|=|v|. Then we set

01 = (.05 Ty wer) (3.2.48)

Finally, we introduce
succt(0) = [succ(0)]" (3.2.49)

that define the right-successor function on T (T" ). By convention we set cent(d) = scc(d) =
[0]T =scc™(9)=20.

Remark 3.2.28 As for pointed trees, note that succ™ (0) =succt([0]1) forall @ T (T"). O
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Lemma 3.2.29 The functions cent(-) and [-]T are locally continuous on T'(T"). The functions
scc(-) and scct(+) are locally continuous on T(T") at points © = (t, 0; (§,)vet)) such that

suce(o) # o

Proof. This is easily derived from Lemma 3.2.17: we leave the details to the reader. ]

Definition 3.2.30 (Biased branching RWs) We next fix A € (0, 00), and (¢, o), (T,0) € T . We
recall from (3.2.26) the definition of the transition probabilities pr 1 (-, -) of the A-biased RW on T’
and we recall from (3.2.27) in Definition 3.2.21 the related transition kernel p, (7, dy ) on T°. A
t-indexed, T'-valued A\-biased branching random walk with mltlal position oisaT" (’]T )-valued
random variable © = (¢, p; Y,=(T,Y,),ve t) whose law is QLY which implies that Y, =o.

e When ¢ is finite and o=@ then for all y, €T, v €t

By (t )’

P(Voet, Yo=u,) =1y, [ pralus.vo) - (3.2.50)
vet\{o}
e When there is no ambiguity on the parameter \, we simply write ); , instead of Qg(i? 0" O

Remarks 3.2.31 (a) If © has law Q( '), as above, then [@] T has law Q")

Bol(t.0)] "

(b) We easily check that 7€ T — B, (7, dy) is weakly continuous. Thus by (3.2.45),

((t,0),(T,0)) €T xT" +— Qg7

is also weakly continuous on the space of Borel probability measures on T® (T'). U

We now state the main ergodic property of critical biased RWs indexed by critical GW-trees
and taking their values in supercritical GW-trees. It is a key argument to prove the law of large
numbers in Theorem 3.1.1.

Proposition 3.2.32 Let i and v be two offspring distributions. We assume that p is non-trivial
and critical and that v is supercritical. We denote by m,, the mean of v. Let (T, 0) be an infinite
GW(u)-tree (Definition 3.2.18) and let (T, o) be an invariant GW(v)-tree (Definition 3.2.25) that
is independent from (7, 0). Let ® = ((1,0);Y, = (T,Y,),v €T) be a m,-biased branching RW,
whose conditional law given (7, 0) and (T, o) is Q7.5 as in Definition 3.2.30 (with A\=m,,). Then
under P,

succ(O©) "' ®  and succ™ ([@]T) (f) e]T. (3.2.51)

Suppose moreover that there is 3 € (0, 00) such that 3.y k(log k)220 (k) < 00 and such that
> keN kHéu(k) <oc. Denote by 1T}, the law of [®]" under P. Then succ™ is IL} -ergodic.

Proof. See Section 3.3.3. [ |

3.2.5 Stable continuous height processes.

In this section, we recall (mostly from [61] and [81]) various results concerning stable height
processes and stable spectrally positive Lévy processes that are used throughout the chapter.

a-stable spectrally positive Lévy processes, related height processes. We fix o € (1,2]. We
denote by X = (X5) e 0,00) a0 av-stable and spectrally positive Lévy process. Its law is characterized
by its Laplace exponent

Vs,A€[0,00), E[e ] =", (3.2.52)
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Note that X is integrable and that E[X ;] =0, which easily implies that X oscillates when s — oc.
Moreover, P-a.s. the path X has infinite variation sample paths (for more details, see Bertoin [19]
Chapters VII and VIII).

In the more general context of spectrally positive Lévy processes, it has been proved in Le
Gall & Le Jan [81] and in D. & Le Gall [61, Chapter 1] that there exists a continuous process
H =(Hs)se[0,00) such that for any s € [0, 00), the following limit holds in P-probability:

H = il_r)% c / L{x, <etinf, ) X} dr . (3.2.53)

The process H = (H. S)SE[0,00) is called the a-stable height process. It is an adapted functional of X
and we shall sometimes use the notation Hy = H,(X) to indicate that. The a-stable height process
provides a way to explore the genealogy of an a-stable CSBP. We refer to Le Gall & Le Jan [81]
for a careful explanation of (3.2.53) in the discrete setting. Compare with (3.2.4) in Remark 3.2.3
in the discrete setting.

In Section 3.4.4, to prove the quenched convergence of the finite-dimensional marginals of
snakes processes coding the range of branching RWs, we shall need the following lemma. Its proof,
which is technical, is postponed in Appendix.

Lemma 3.2.33 Lera€(1,2] and let H be the height process associated with the a-stable spectrally
positive Lévy process X as above. Let sy, s2 be two real numbers such that 0 < s1 < sa. Then
P-almost surely, it holds that Hs, N Hs, >ming, ,,) H.

Proof. See Section 3.A. [ |

Excursions of the a-stable height process. For all s € [0,00), we set [; = inf,¢[g g X, the
infimum process of X, which has continuous sample paths since X is spectrally positive. Recall
that X has infinite variation sample paths. Basic results on fluctuation theory (see e.g. Bertoin [19]
Chapter VI.1 and VIL1) entail that X — I is a strong Markov process in [0, c0) and that 0 is regular
for (0, 00) and recurrent with respect to this Markov process. Moreover, —I is a local time at 0 for
X—I (see Theorem VII.1 [19]). Denote by N the corresponding excursion measure of X—1I above 0
and denote by (Ij,7;), j €Z, the excursion intervals of X —1I above 0 and by X7 = X 4ynr; — 11y
J €Z, the corresponding excursions. Then, the point measure ;.7 6(_ I, X9) is a Poisson point
measure on [0, 00) x D([0, 00), R) with intensity dx ® N. Here D([0, 00), R) stands for the space
of cadlag functions from [0, c0) to R equipped with Skorokhod’s topology. Now, observe that
(3.2.53) implies that the value of H, only depends on the excursion of X — I straddling s and that

{s€0,00) : Xs> I} = J(lj,r;) = {s€[0,00) : Hy>0} . (3.2.54)

JjET

This allows defining H under N as H(X) when X is under the excursion measure N. More
precisely the processes H7 := H, (4 )Ar =H (X7), j €T, are the excursions of H above 0, and the
point measure

25( 11, H9) (3.2.55)
€z

is distributed under P as a Poisson point measure on [0,00) x C°([0,00),R) with intensity
dx @ N(dH), (with a slight abuse of notation for using N(dH) as the ‘distribution’ of H (X ') under
the excursion measure N(dX) ). Recall here C%([0, 00), R) is the space of continuous functions
from [0, 00) to R equipped with the topology of uniform convergence on every compact interval.
We refer to the comments in D. & Le Gall [61, Section 3.2 ] for more details.
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Under N, X and H have the same lifetime (: namely, we have N-a.e. {( < oo, Xg = Xg=
Hy=H,;=0forall s€[(,00) and Hs and X, > 0 for all s € (0, (). Basic results of fluctuation
theory (see Bertoin [19], Chapter VII) also entail that N [1 —e_)‘C] =AVe \e [0, 00). Therefore

N((>r) :carfé where ¢, = 1/T.(%5*) and where I stands for Euler’s Gamma function.

Remark 3.2.34 Denote by (g1,d;) the first excursion interval of H (or X —I) above 0 that is
longer than 1. Namely, for all s € (0, 00), introduce 7(s) = inf{r € (s,00) : H, = 0}. Then
g1 = inf{s € [0,00) : 7(s)—s > 1} and d; = r(g1). Then, standard results on Poisson point
processes imply that

(law)

(X(g1+9nd1> Hgi+)nra,) under P "=" (X, H) under N(-|{>1). (3.2.56)
U

Let us next define the law of the normalized a-stable height process N( - | (=1). To that end,
recall that the a-stable spectrally positive Lévy process X enjoys the following scaling property: for
all 7 € (0, 00), under P the rescaled process (r‘l/aer)se[O’oo) has the same law as X. We easily
derive from (3.2.53) that H also enjoys a scaling property: namely, under P, (T_(a_l)/aHTS)se[o,oo)
and [ have the same law. Therefore,

_1 _a-1 1 1
(r~aX,s,r~ a Hps) under raN 12

s€[0,00) (X, H) under N . (3.2.57)

(with a slight abuse of the word ‘law’).

This scaling property allows us to define a regular version of the excursion conditioned to last r.
Namely, there exists a family of laws on D([0, c0), R) denoted by N(-|{=r), r € (0, 00), such
that » — N( - | {=r) is weakly continuous on D([0, 00), R), such that N(-| {=r)-a.s. (=7 and
such that N= [° N(-|(=r)N(¢edr). We call N( - |{=1) the normalized law of the a-stable
spectrally positive Lévy process above its infimum (or of the a-stable height process). By (3.2.57),
we see that

N[F(X,H)] = a_lca/ drr—l—%N[F((réXS/T,T%HS/T)SG[O oo))|§:1} . (3.2.58)
O b

Remark 3.2.35 Let us fix s € (0,1). Then the laws of (H.rs, X.as) under N(-|¢ > 1) and
N(-|¢=1) are absolutely continuous. More precisely, there exists a continuous function (s, z) €
(0,1)x [0, 00) = D,(z) such that for all measurable nonnegative functions F,

N|F (H pg, X 06) [C=1] = N[F(H ps, X05) Dy (X,)[C > 1]. (3.2.59)

See Kortchemski [106] for more details. A discrete version of this identity plays an important role
in the proof of our limit theorem. O

Limit theorems. We next recall mostly from D. & Le Gall [61, Chapter 2], D. [50] and Kortchem-
ski [106] the convergence of the rescaled contour and height processes of Galton-Watson forests
whose offspring distribution belongs to the domain of attraction of an «-stable law. More precisely,
we fix ac€ (1, 2]. Then, all the genealogical trees that we consider are (variants of) GW-trees whose
offspring distribution y is fixed and satisfies the following assumptions.

(Hi) s p(0)+p(1)<l and  3icenku(k) =1,
(Hz) : pis aperiodic, (namely, 4 is not supported by a proper subgroup of Z), (3.2.60)
(Hs) : p is in the domain of attraction of an a-stable law.
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We denote by (V,)nen a random walk whose jump law is (k) = u(k + 1), k € {—1}UN. By
definition, Assumption (H3) in (3.2.60) implies that there exists a (0, co)-valued sequence (b, )nen

tending to oo such that

(law)
= LV, —— X (3.2.61)

n—oo
where (XS)SE[Dpo) stands for the a-stable spectrally positive Lévy process whose Laplace exponent
is A*. Here, the sequence (b, )pen is é—regularly varying, i.e. there is a slowly varying function
L:(0,00)— (0, 00) at oo such that
by =n“L(n) . (3.2.62)
By e.g. [23, Theorem 8.3.1], Assumption (Hgs) in (3.2.60) implies that there exists a slowly varying
function L*: (0, co) — (0, 00) at co such that

p([n,00))~n~*L*(n) ifa€(1,2) and Y k*u(k)—1 ~ 2L*(n)if a=2.  (3.2.63)
0<k<n

(note that > <1<, k% (k) — 1 is ultimately positive by (Hy) in (3.2.60)). Then by e.g. [23, Theorem
8.1.6], we get that if ¢/, = (a«—1)/T'c(2—«) when a <2 or ¢/, =1 when a =2, then

V() ~o+ chs*L*(1/s) where 9,(s)=g,(1—s)—(1—s) and g,(s Zs p(k), s€l0,1].

keN
(3.2.64)
The slowly varying functions L and L* are related as follows.

nL(n)® ~ b2 ~nL*(by) ~ nL*(nY*L(n)) . (3.2.65)

Theorem 3.2.36 below gathers several limiting results for GW-trees and their coding processes
that are used in our proofs. To that end, let us first introduce the following notations. Let 7, be a
GW (u)-forest as in Definition 3.2.6 (b) which is associated with the sequence of i.i.d. GW(u)-trees
(T )gen+ as in Definition 3.2.1 (¢). Recall that V (7 ), H (7o) and C(7) stands for resp. its
Lukasiewicz path, its height process and its contour process. For all integers n, we then set

b = inf{kEN*: #70) >n}, go= > #7® and ,=g, + #70m) (3.2.66)

1<k<kn

with the convention that g,, = 0 if x,, = 1. Namely, g,, is the time when H (7,) begins its first
excursion above 0 lasting at least n units of time. Note that 7(s») has the same law as a single
GW(u)-tree T under P( - |[#7>n).

Theorem 3.2.36 Let o€ (1,2] and let  satisfy (3.2.60). Let 7o be a GW()-forest and let T be
a GW(p)-tree (Definition 3.2.6). Then for all (sufficiently large) n € N*, we denote by T>,, a tree
distributed as T under P( - | #1 >n) and by 7, a tree distributed as T under P (- | #7=n). Recall
On, and 0y, from (3.2.66) and recall g, and d; from Remark 3.2.34. Let (b, )nen+ be as in (3.2.61).
For all n e N*, we set

an =n/b,, neN*. (3.2.67)

Then, the following holds true.

(1) The joint convergence

Do = (Vi) (Too)s 2 Hyo (7o), 2 Con (700), 280, 500 ) —— (X, H, H,g1,d1)  (3.2.68)

n—oo
holds weakly on D ([0, 00), R)xC°([0, 00), R)?x(0, 00)? equipped with the product topology.

(ii) For all integers n>k > 0, there exists a function DM {—=1}UN— [0, 00) such that for all
measurable nonnegative function F'
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E[F(Vrr(t))] = E[F(Viak(750)) D™ (Vie(75n))]. (3.2.69)

(7it) Recall from Remark 3.2.35 the definition of the continuous function (s, z) € (0,1)x [0, 00)
Dg(z) and fix (s, z,y) € (0,1) x (0,00)? with x <y. Let s, €N*, n€N, such that s,,/n— s.
Then
li DS (p)—Ds(p/bn)| =0 . 3.2.70
Jn | D5,/ (p)—Ds(p/bn)| (3.2.70)
Moreover; the r.v. (D) (Vs (T20)) ) enys

lim sup B[DS (Vs (720))1 (D, (TZ"))Zc}} =0. (3.2.71)

0 peN*

are uniformly integrable:

(iv) The joint convergence

2, = (Vi (), 2 Ho (), 2 Cn (7)) —— (X, H' 1) (3:272)

n—o0

holds weakly on D(]0,1],R) x C([0,1],R)? equipped with the product topology. Here
(X', H') has the same law as (X, H(X)) under N(dX |(=1).

Proof. In (7), for a proof of the joint convergence of the Lukasiewicz path, the height process and
the contour process: see D. & Le Gall [61, Thm 2.3.2 and Corollary 2.5.1]. The joint convergence
with (gp/n,0,/n) follows from arguments in Le Gall [118, Thm 5.1]. For (i7) see Le Gall &
Miermont [117, Lemma 10] or Kortchemski [106, Lemma 2]. For (#i7), we refer to the arguments
in Kortchemski [106, Section 3.2]. For (iv): see D. [50]. [ |

We shall use the previous Theorem to derive limits of coding processes of 7,, from limits of
coding processes of 7>,. More precisely, we shall use the following lemma, whose proof is given
in Appendix.

Lemma 3.2.37 We keep the assumptions and notations of Theorem 3.2.36. Let ¢ C ¥ be o-field.
Let E and E' be Polish spaces equipped with their respective Borel o-field. The product spaces
below are equipped with product topology. For all n € N*, let r, €N, let U,, be a E-valued r.v. and
let Z,,: D([0,0),R) x E— E' be a measurable function. We assume for all n € N* that 7>, and
Ty, are independent from (4, U,,), that r,/n—r € (0, 1) and that conditionally given ¥, the joint
convergence

M = ((EVinnon (on)cpp « Za(Vora (7). Un)) — (X00.2) (3.2.73)

= n—oo

holds weakly on D(]0,00),R) X E'. Here we furthermore assume that X (") has the same law as
X under N(-| ¢ >1) and that (X, Z) is independent from 4. Then, conditionally given ¥,
the joint convergence

Mn = <(é‘/(n8)/\7‘n (Tn))se[Qoo) ) Zn(V/\Tn (Tn)v Un)) 2 (Y(r)?Z,) (3274)

n—o0

holds weakly on D([0, 00), R) x E" where the random variable (Y ) Z') is independent from 4
and such that E[F(Y (") Z\| =E[F (X ) Z)D,(X\")] for all bounded and measurable functions
F onD([0,00),R) x E.

Proof. See Section 3.B. |

We complete this section by recalling several standard estimates on the distribution of #7 when
7 is a GW(u)-tree. Let (V},)nen be the random walk as in (3.2.61). By standard results on GW-trees

and RWs,

#7T  where T_,:=inf{neN:V,=—p}, peN. (3.2.75)

Note that 7", is a.s. finite by (H;). By the strong Markov property, (7,)pen is a random walk.
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Lemma 3.2.38 We assume that i satisfies (3.2.60). Recall from (3.2.62) the definition of the slowly
varying function L: (0,00) — (0, 00). For all s € [0, 1], we set ¢,,(s) =E[s#T]. Then, there is a
constant cq, € (0, 00) that only depends on «, such that

néL(n)P(#TZn) — o and 1—p,(e™) ~r caf‘e(l—é))\éL(%)_l (3.2.76)

(here 1 is Euler’s gamma function). Furthermore, nHé L(n)P(#T:n) — a e,

Proof. The first limit in (3.2.76) implies the second one by Karamata’s Abelian Theorem for Laplace
transforms see e.g. [23, Thm. 1.7.6]. By Kemperman’s identity (see e.g. [23, Thm. 8.9.15]), we first
get P(T_y=n)=1P(V,,=—1). By Gnedenko’s local limit theorem (see e.g. [23, Thm. 8.4.1]),
we next get P(V,,=—1) ~ Cst/b,. Thus P(#7=n) ~ Cst/(nb,). By Karamata’s Theorem for
tails (see e.g. [23, Prop. 1.5.10]), we get P(#71 >n) ~ aCst/b,, which entails the lemma. [ |

3.2.6 Real trees, convergences of metric spaces and pseudometrics.

In this section, we first recall the definition of a specific class of metrics spaces called real trees.
They appear as limits of rescaled discrete trees. Here the limit holds in the sense of Gromov-
Hausdorff-Prokhorov (GHP for short). GHP-convergence actually concerns isometry classes of
pointed measured compact metric spaces and, although it provides a neat and intrinsic framework
for formulating convergences of renormalized random graphs, it is more convenient to proceed with
a certain type of encoding of these spaces which provides pseudometrics viewed as [0, 0o)2-indexed
processes. We briefly recall from Chapter 2 the results on the space of pseudometrics that are used
in our proofs.

Real trees. Let us first recall the definition of real trees, which are metric spaces that extend
the definition of graph-trees. Informally they are obtained by glueing compact intervals without
creating cycles. More precisely, they are defined as follows.

Definition 3.2.39 (Real trees) Let (7', d) be a metric space; it is a real tree if and only if the
following holds true.

(a) Forany o1, 02€T, there is a unique isometry f : [0, d(o1,02)]— T such that f(0) =07 and
f(d(o1,02))=02. Then, we set [o1,02]:= f([0,d(o1, 02)]).

(b) For any continuous injective function g : [0, 1] — T, such that g(0) = o1 and g(1) = o9,
g([07 1]):H01702ﬂ' O

Among connected metric spaces, real trees are characterized by the so-called four points inequality.
Namely, if (T, d) is a connected metric space, then (T, d) is a real tree if and only if for any
01,02,03,04 €T,

d(O'l, 0’2) + d(O’g, 0’4) < (d(al, O'3) + d(02,0'4)) V (d<01,04) -+ d(O'Q, 03)). (3.2.77)

We refer to Evans [70] or to Dress, Moulton & Terhalle [48] for a detailed account on this property.
In this chapter, we shall only consider compact pointed measured real trees: namely, compact real
trees (7, d) equipped with a distinguished point r € T that is viewed as a root, and with a finite
measure /. defined on the Borel o-field of 7.

Gromov-Hausdorff-Prokhorov metric. In this chapter, we prove that rescaled specific random
graph-trees equipped with a root and (variants of) the counting measure converge to random
compact pointed measured real trees. The convergence of these metric spaces holds weakly in the
Gromov-Hausdorff-Prokhorov sense as recalled here.
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Let (Ey,dy, 71, 11) and (Eq, da, 72, ti2) be two pointed measured compact metric spaces: here
w1 and po are finite measures on the respective Borel sigma-fields of F; and F», and r; € E;
and ro € E» are distinguished points. The pointed Gromov-Hausdor{f-Prokhorov distance (the
GHP-distance for short) between E; and Fs is defined by

Saue (B, Ep) =int{df*(01(Er), d2(E2))
+ d(91(r), da(r2)) + A (ogy ooy ')} (3:278)

Here, the infimum is taken over all Polish spaces (E, dg) and all isometric embeddings ¢; : E; <
E, i€ {1,2}; das stands for the Hausdorff distance on the space of compact subsets of E
(namely, ds (K, Ky) = inf{e € (0,00) : K1 C Kée) and Ks C Kfs)}, where A®) = {yc E :
dg(y, A) <&} for all non-empty A C E); d2*°k stands for the Prokhorov distance on the space of
finite Borel measures on E (namely, d%°% (11, v) =inf{e € (0, 00): (K ) <v(K))+¢ and v(K) <
(K + ¢, VK C E compact}); for all i € {1, 2}, Hiop; ! stands for the pushforward measure of
i via ;.

We next recall from Theorem 2.5 in Abraham, Delmas & Hoscheit [4] the following assertions:
dcpp is a pseudometric (i.e. it is symmetric and it satisfies the triangle inequality) and dggp (E1, E2) =
0 if and only if Ey and E» are isometric, namely if and only if there exists a bijective isometry
¢ : By — Ey such that ¢(r1) =73 and such that ps = p11 o ¢~ 1. Then denote by M the space of
isometry classes of pointed measured compact metric spaces. Theorem 2.5 in Abraham, Delmas &
Hoscheit [4] asserts that

(M, d¢yp) is a complete and separable metric space. (3.2.79)

It is easy to prove that the four points inequality (3.2.77) is preserved under GHP-convergence.
Therefore, the measure preserving pointed isometry classes of compact real trees form a dgyp-closed
subspace of M.

Limits of continuous pseudometrics. We introduce here the space of pseudometrics as continuous
functions on real intervals, which is an alternative point of view to the intrinsic approach of GHP
convergence of metric spaces: this allows a more concrete manipulation of metric spaces that takes
advantage of the technical tools of weak convergence of processes.

Definition 3.2.40 Let ¢ € (0, 00). We denote by C([0, ], R) the space of continuous functions
from [0, ¢]? to R that is a Banach space when equipped with uniform norm ||-||.

(a) We denote by M([0, ¢]) the subspace of C([0, (]?,R) of continuous pseudometrics on [0, (].
Namely, the functions d(-, -) € C([0, ¢]?, R) such that for all sy, s9, 53 €0, (],

d(Sl, 82) ZO, d(Sl, 51) :O, d(Sl, 82) :d(SQ7 81) and d(817 83) < d(Sl, 82) + d(SQ, 53).

(b) We also denote by M'T([0, ¢]) the space of continuous real tree pseudometrics. Namely, the
functions d(-, -) € M([0, ¢]) such that for all s1, s2, s3, s4 €10, (],
d(s1, s2) + d(s3, s4) < max (d(s1, s3) + d(s2,54) ; d(s1,54) + d(s2,3)) - (3.2.80)

We easily check that MT([0, ¢]) and M([0, ¢]) are closed subsets of (C([0, (]2, R), ||-||). O

Let de M([0,¢]). It induces a connected compact pointed measured metric space as follows:
for all s1, s9 € [0, (], set s1 ~q s if and only if d(s1, s2) =0. Clearly, ~4 is an equivalence relation.
We then define the quotient space:

E4=10,¢]/~a, proj;:[0,{]— E4, the canonical projection, 4 = proj,(0).  (3.2.81)
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We keep denoting d the metric induced by d on E,. Since d is continuous on [0, (]2, proj, is
continuous and (FEy, d, r4) is a pointed compact and connected metric space. We also equip E,
with the pushforward measure y4 of the Lebesgue measure on [0, ¢] via the canonical projection:
namely, for all nonnegative measurable functions f on Fy,

¢
[ @) nalda) = [ f(pro3us)) ds. (3.2.82)
d
Note that 4 is a finite measure with total mass (. We next recall the following result from Chapter 2.

Proposition 3.2.41 Let d,d’ € M([0,(]) and let E; and Ey be the related pointed measured
compact metric spaces as defined by (3.2.81) and (3.2.82). Then

Seur(Eq, Eqr) < 3||d—d'| . (3.2.83)
Proof. See Proposition 2.4.14 in Chapter 2. |

Example 3.2.42 (Real trees coded by continuous functions) Let € (0, 00) and let h: [0, (] — R be
continuous. For all s, s2 €[0, (], we set

mh(sl, 82) = inf h(S) and dh(Sl, 82) = h(Sl) + h(Sg) — th(sl, 82) . (3.2.84)

sE[s1/As2,51Vs2]

We easily check that dj, € MT([0, ¢]) and to simplify we denote by (T}, dp, rp, 1p,) the induced
metric space (Eq, , dp, 74, , ftd, ) as defined in (3.2.81) and (3.2.82); we also denote by pj, : [0, (] —
T}, the canonical projection (instead of proj dh); (Th,dp,rh, j1p,) is a pointed measured compact
real tree that is the tree coded by the function h. Let h': [0, (] — R be continuous. Then observe that

Vs1,82,€[0,¢],  |dn(s1,82) —dp(s1,52)] <4 Sl[lp] |h(s)—=h'(s)] (3.2.85)
s€[0,¢

which shows the continuity in M'T([0, ¢]) of the application h +— dj, and thereore the continuity of
h — T}, with respect to GHP-convergence by Proposition 3.2.41. O

3.2.7 Continuous snakes and related metrics.

Here we recall the definition of Brownian snakes that have been introduced by J-F. Le Gall in [77].
They are continuous analogs of discrete snakes introduced in Definition 3.2.8. One-dimensional
Brownian snakes play a key role in our result: they encode a random metric space called the
Brownian cactus (see Curien, Le Gall & Miermont [40]) which is the limit of the rescaled range
of the tree-valued branching random walks studied in this chapter. In this section, we recall
the definition of the Brownian cactus with a-stable branching mechanism, along with technical
results on limits of snake-pseudometrics, some come from Chapter 2 (adapted from D., K., Lin &
Torri [60]), others are new.

General definition of snakes. Let us first introduce a few notations and conventions on spaces of
continuous functions. If (E, dg) is a complete and separable metric space (a Polish space), then
C°([0, ), E) stands for the space of continuous functions from [0, 00) to E that is also Polish
when equipped with the topology of uniform convergence on every compact interval that is metrized
e.g. by the distance defined for all f, g€ C°([0,00), E) by (f,9) =3 yen 27 min(1, supse(o v
de(f(s), 9())).

The Euclidian space RY, ¢ € N* is equipped with its canonical basis denoted by (e1, ..., eq),
and with its canonical scalar product denoted by (-,-) and with its associated Euclidian norm
denoted by |-|. When it is convenient, we shorten the C°([0, ), R?) notation to CJ and to
simplify notations, we set C} =C0([0, o), [0, 00)).
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Definition 3.2.43 (Continuous snakes) Let (F,d) be a Polish metric space. We equip the
space C? x C°(]0, 00), C9) with the product topology, which is Polish too. A pair of functions
(h(s),ws(+))sefo,00) € CL X CV([0, 00), CY) is a snake if the following conditions are satisfied.

(a) For all s€ [0, 00) and for all 7 € [h(s), 00), ws(r) =ws(h(s)) =:Ws.

(b) For all s1,s2 € [0,00), ws, (r) = ws,(r) for all € [0, mp(s1,s2)] where we have set

mh(slv 52) :infse[sl/\sg,sl\/sg} ]’L(S)

e We refer to (b) as to the snake property. The function h is called the lifetime process of the snake
and the function (@s)sc[0,) the endpoint process of the snake.
e We denote by X,([0, 00)) the space of snakes of C2 x C°([0, 00), C%). For all ¢ € (0, 00), we
denote by 3,([0, ¢]) the snake with duration (: namely snakes (h,w) € X4([0,00)) such that
h(s)=0 for all s€[(, 00).
e To simplify notations, we also set 3 ([0, 0c0)) =32([0, 00)) and X ([0, ¢]) =X([0, ¢]). O

Remark 3.2.44 (a) We easily check that 3,([0, 00)) is a closed subset of C} x C°([0, 00), C9) .

(b) If (h, w) € 3,(]0, 00)), then note that w € C§ and observe that (h, w) +— @ is continuous from
the Polish spaces X,([0, 00)) to C9.

(c) Let (h, w) € £4([0,00)) and let s, 7 € [0, 00). If r <m},(0, s), the snake property implies that
ws (1) =wo(r) and if r >my (0, s), ws(r) =Wa,, , where a, s =sup{s’ € [0, s] : h(s') <r A h(s)}
by the snake property again. Thus, there is a function G from CJ x (C$)? to 34([0, 0)) such
that G(h, wo, w) = (h, w) for all (h, w) € 3,([0, 00)). Note that actually G can be chosen to be
Borel-measurable (this fact is not needed in what follows).

(d) Let (My)yet a R-valued branching walk and let W stands for its associated discrete contour-
snake as in Definition 3.2.8. Then observe that (C'(t), W.(t; -)) € 3([0, 00)). Therefore, the contour
process C(t) of ¢ is the lifetime process of W.(¢;-).

(e) Let (h, w) € 3,(]0, 00)) and let N € N*. We define Ry (h, w)=(h',w’) as follows: h/(s)=h(s)
and w., = wj for all s€ [0, N], h/(s)=h(2N —s) and w,, =wqn_s for all s€[N,2N], and h/(s) =
(2N+1—s)4+h(0) and w,, =wo(- AR/ (s)) for all s€[2N, 00). Note that Ry (h, w) € X4([0,2N+1])
and that w!, = w; if s € [0, N|, @, = Wan—s if s € [N,2N], and @, = wo((2N +1—13s)4 h(0)) if
S€[2N, 00).

(f) Let (h,w) € 34([0,00)). For all s,r € [0,00), we set h(s) = h(s) —my(0,s) and w,(r) =
ws(r+mp (0, s))—wo(m4y (0, s)). Observe that (h, w) € ¥,([0, 00)) and that @, = wWs—wo(mp (0, s))
for all s€ [0, 00). O

Finite-dimensional marginals of random snakes. We now consider random snakes and more
specifically Brownian snakes. To define their finite-dimensional marginals, it is convenient to
introduce the following. For all wg, w; € C§ and all m € [0, 00), we define we = wo @y, wy € CY
by setting wa(s) =wq(s) if s€[0,m] and wa(s) =wo(m) + wi(s—m)—wi(0) if s€[m, c0). We
easily check that

(wo, wy, m, 7)€ (C)*x[0,00)? — (woPBmwi)(- Ar)€CY is continuous. (3.2.86)

Let he CY, pe N*. Let sp=0<s1 <...<s, be real numbers and let wy, ..., w, € C3. We
define Fy,(h; (wj)o<j<p; (sj)1<i<p) = (w))o<j<p € (C§)PH! by setting

/

wo=wo(- A(0)) and  w iy = (W) By, (s;,,40) Wit1) (- AR(sj1)), 0<j<p, (3.2.87)

where we recall that mp(sj, sj+1) = infyefs; 5;,,) 7(s). By (3.2.86) and the continuity of the
function (h, (sj)o<j<p) = (R(0), (h(sj+1), mn(sj, sj1+1))o<j<p). We see that

E, : C9 x (C9)PT1x [0, 00)P +— (C)PH! s continuous. (3.2.88)
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The functions (F},),en+ provide a convenient way of expressing the finite-dimensional marginal
laws of Brownian snakes. Recall that unless otherwise specified, all the r.v. which are considered in
this chapter are defined on the same probability space (2, %, P).

Definition 3.2.45 (Brownian snakes) A g-dimensional Brownian snake is a random variable
(H,W) : Q — 34([0,00)) that is measurable with respect to .# and to the Borel o-field of
34([0, 00)), such that for all pe N*, and all real numbers 0 <s; <...<s)p,

law ;
(Wo, Way, s Wa,) 2 Fy(H; (BD)o<j<pi (5:h1<j5p) (3.2.89)

where B(®) =W, where (BU));<;<, are independent standard g-dimensional Brownian motions
that are moreover independent from Wy and H. g

Remark 3.2.46 (a) First, it is easy to check that the laws provided by the left member in (3.2.89)
actually form a consistent family of finite-dimensional laws (so that the previous definition makes
sense). Next, since CY([0, 00), C9) is Polish, standard results ensure the existence of a regular
version of the conditional law of W given (Wy, H ), i.e. a measurable transition kernel P,,, ,(dW)
from C§ x C{ to C°([0, 00), C§) such that E[G(Wo, H)1weay) = E[G(Wo, H) Py, 1 (A)] for
all Borel subsets A of C°([0, 00), C9) and all nonnegative measurable functions G.
More precisely, the continuity (3.2.88) of F}, entails the following. Denote by H;"loh

the law
781)
of Fyy(h; (BY)o<j<p; (5;)1<j<p) where B(®) =wyq and the (BY));< <, are independent standard
g-dimensional Brownian motions. Then, there exists a Borel subset B of C§ x C{ such that
P((Wy, H) € B)=1 and such that for all (wg, h) € B, for all p & N* and for all real numbers 0 <s;
<. .<8p,

Hwo,h
$14000y8

, 1s the law of (Wo, Wsy, ..., Wy, ) under Py, n(dW). (3.2.90)

(b) The recursive construction (3.2.87) entails that conditionally given (Wy, H), W is a (time
inhomogeneous) Markov process. More precisely, keeping notations from (a), for all (wg, h) € B
we check that W under F,, , is an inhomogeneous Markov process with transition probabilities

Byon(wy €dw'| wszw):zﬂgf’fg +S)(dw’). O

Given a continuous lifetime process H and an initial path W, there is not always a continuous
snake (H,W). However, when H stands for the a-stable height process, there is a continuous
version of the Brownian snake as shown in the following proposition, which is a direct consequence
of aresult in D. & Le Gall [61].

Proposition 3.2.47 Let o€ (1,2]. Let (H,) se[0,00) be the a-stable height process as defined by
(3.2.53) (resp. under the normalized excursion law N(-|(>1) or N(-|(=1)). Then there exists
a continuous one-dimensional Brownian snake W whose lifetime process is H which is called the
one-dimensional Brownian snake with a-stable branching mechanism.

Proof. See [61, Prop. 4.4.1] when H is under P. Standard arguments entail the result for H under
N(-|¢>1), then we use (3.2.59) to derive it under N( - | (=1). Otherwise, see Lemma 2.4.30 in
Chapter 2 (and a more explicit discussion of the same ideas). |

Snake-pseudometrics and snake-trees. Snakes play a key-role in our chapter because they encode
the metric of the limiting trees of the rescaled range of the branching random walks that we consider
here.
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Definition 3.2.48 (Snake-pseudometrics) Let ¢ € (0, 00) and let (h, w) € 3([0, (]). Recall from
(3.2.84) the definition of my,(-, -) and recall that Ws =ws(h(s)), s € [0, 00). For all s1, s2 € [0, (],
we set

M}, (81, s2) =min (min{ws1 (r);r >mp(s1, s2) b, min{ws, (r); 7 >mp(s1, 32)})

and dh,w(sla 82) =1Ws, + Ws, — 2Mh,w(31a 52) - (3.291)
We call dy, ,, the snake-pseudometric associated with (h,w) (see Lemma 3.2.49 below). [

Lemma 3.2.49 Let ( €(0,00), let (h,w) € X([0,(]) and let dy, ., be as in Definition 3.2.48. Then,
dpw s a continuous pseudometric on [0, (| satisfying (3.2.80): namely dy, ,, € M'T([0, (]).

Proof. See Lemma 2.4.22 in Chapter 2. |

Definition 3.2.50 (Snake-trees, a-stable Brownian cactus) Let ¢ € (0, 00), let (h, w) € (][0, ¢])
and dj, ., e MT([0, ¢]) be as in Definition 3.2.48.

(a) We denote by (T}, v, dhw, Thws [h,w) the pointed measured compact metric space induced by
the pseudometric dj, ,, as defined in (3.2.81). We call it the snake-tree associated with (h, w). To
simplify, we denote by py, , : [0, (] —= T}, ., the canonical projection.

(b) Let € (1, 2] and let (H, W) be a one-dimensional Brownian snake with c-stable branching
mechanism as defined in Proposition 3.2.47. Then the random real tree (T w, dg,w, T"H,W , lLH,W )
is called a Brownian cactus with a-stable branching mechanism. U

As already mentioned, the Brownian Cactus has been introduced in Curien, Le Gall & Mier-
mont [40] to study planar maps: roughly speaking the Brownian cactus corresponds to the case of a
quadratic branching mechanism a=2. In this case, they prove that a.s. its upper-local density for
typical points is 4 (Proposition 5.1 [40] p. 364) and that its Hausdorff dimension is 4 (Corollary
5.3 [40] p. 365). See also Le Gall [116] where the level sets of the Brownian cactus are studied
to derive results on the Brownian maps. In D., K., Lin & Torri [60, Prop. 4.34], it is proved that
the Brownian cactus with a-stable mechanism is a.s. a continuum real tree (i.e. pp,w is diffuse
and supported by the set of leaves of T 1) and that it is a binary real tree with a (necessarily
countable) dense set of branch points: namely, a.s. for all z € Ty v, TH,W\{:U} has one, two, or
three connected components and the set of the & where T 17\ {«} has three connected components
is dense in Ty, .

Limits of snakes and snake-pseudometrics. We first present a general result showing that
convergence of snakes boils down to the convergence of the corresponding endpoint processes. This
is a slight extension of the homeomorphism theorem of Marckert & Mokkadem [129, Theorem 2.1].
Then we recall from Chapter 2 (adapted from D., K., Lin & Torri [60]) a result showing that the
convergence of snakes implies the convergence of snake-pseudometrics, which leads to a pratical
criterion to prove weak convergence of random snake-trees.

Recall that C°([0, 00), E) stands for the space of the continuous functions from [0, 00) to
the Polish space (E, dg). Also recall that C§ (resp. C?) stands for C%([0, 00), RY) (respectively
CO([0, 00), [0, 00))), which is Polish when equipped with the following metric §(f, g) =" yen
2= min(1, supsejo,n] 1f(8) —g(s)]), f,g € Cq (resp. f,g € C?). Next recall that 3,([0, o0))
stands for the space of snakes, as in Definition 3.2.43.

If (A wm ) € 34([0,00)), n €N, is such that (k) @™ ) — (h, f) in C? x CY, then f is not
necessarily the endpoint process of a continuous snake and the w(™ do not necessarily converge in
the space C°([0, 00), C9). In this direction, we however prove the following result.
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Proposition 3.2.51 Ler (A" w™),cn be a sequence of q-dimensional continuous snakes. We
assume that there exists a q-dimensional continuous snake (h,w) such that lim,,_,o, h™=h in CY,
such that lim,,_, oo wi™ = wq and such that lim,,_,o, W™ = @ in C3. Then lim,,_oo W™ = w in

C?([0, 00), CY).

Proof. When i (0) =0 and (h") w ) € 34([0, 1]) for all n €N, the result follows from a direct
application of Marckert & Mokkadem [129, Theorem 2.1]. By time-scaling, this still holds when
there is some /N € N such that A (0) =0 and (h) wm ) € 3,([0,2N +1]) for all n € N. Now, we
claim that the desired result holds when A (0) =0 for all n € N. Indeed, using Remark 3.2.44
(e), the previous particular case implies that lim,, o, Ry (A" w™ ) =Ry (h,w) in 34([0,2N +1])
for any N € N, so w™ — w uniformly on [0, N]. Now, we prove the desired result without any
additional assumptions thanks to Remark 3.2.44 (f). We easily see that lim,,_, A" =h in C? and
lim,, 500 W™ = in CY, s0 lim,, 0o w™ =w in C°([0, 00), CY). Then, we observe that

Vs, r € [07 00)7 wS(T) = w()(T A mh(ov S)) + MS((T - mh(07 5))+)a
which concludes the proof. n

The following lemma recalled from Chapter 2 shows that the convergence of one-dimensional
snakes implies the convergence of the associated pseudometrics. Recall that 3 ([0, ¢]) stands for the
set of one-dimensional snakes. For all (h, w) € 3([0, ¢]), recall from Example 3.2.42 the definition
of the real-tree pseudometric d;, and recall from Definition 3.2.48 the snake-pseudometric d, ;.
Recall that ||-|| stands for the uniform norm on C([0, ¢]?, R).

Lemma 3.2.52 Let ( € [0,00). For all n € N, let (hm)wm) € 3([0,(]). We suppose that
(h(”>7 w<">) — (h,w) in Cﬂ X C([O, C], C(f) Then, hmn—mo”dh(n) —th = limn_)ooHdh(n>7w(n> —
dpwl = 0.

Proof. See Lemma 2.4.20 in Chapter 2. |

3.2.8 Tree-valued branching walks and snake-pseudometrics

We fix an environment (T',0) € T". We then fix a finite tree ¢ € T and a branching walk © :=
(t,2;Y = (T,Y,),u€t) such that: (a) Yy =o; (b) if v,v" €t are neighbors, so are Y, and Y,,
in 7. In this section, we consider the range R = {Y,,; u € t} that is a graph-subtree of 7" and we
explain that R is close in some sense to the snake-tree associated with the contour-snake of the
relative heights of the branching walk, i.e. the contour-snake associated with the R-branching walk

(lYul)uEt-

To that end, we denote by (¢, d) the real tree obtained by joining adjacent vertices of ¢ by a
segment isometric to [0, 1]. We assume that ¢ C £. Thus dg; (u, v) =d{(u, v) for all u, v €¢, where
dg- stands for the graph-distance in ¢. For all 0,0’ € t, we denote by e ]];; the geodesic path
joining o and ¢’ in t.

We then introduce the contour-exploration of t as follows. We denote by (Vk)o<k<2(#t—1) the
vertices of ¢ listed in the contour order. We easily check that there exists a continuous function

:[0,2(#t—1)] — 1 such that for all 0< k < 2(#t—1) anf for all s€ [0, 1],
O(k + s) € [vg, v 1] is such that  d{(vy, 0(k + s)) =s. (3.2.92)

It is convenient to set U(s) =@ for all s € [2(#£t—1), 2#t]. The continuous path (9(s))sc[0,2444 1S
the contour exploration of . Namely for all s, s’ € [0, 2#t],

d(0(s), (0(s)) = do (s, 8')
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where d¢;) is the real tree distance associated with the contour function (Cs(t))se[o,24¢ as intro-
duced in Example 3.2.42.

Remark 3.2.53 It is easy to see that the tree (T (y), do), Tor), mer)) coded by C.(t) as intro-
duced in Example 3.2.42 is isometric to (Z, d, &,m) where m is the occupation measure of the
exploration process v. As a consequence of Lemma 2.5.2 of Chapter 2,, we get that db,.., (m, ¥m) <2

where m=Y", ¢, 8, which implies that dezp ((t, dgr, @, m), (£, d7, @, 1)) < 3. O

Next, we denote similarly by (f , d7~,) the real tree obtained by joining adjacent vertices of 1" by
a segment isometric to [0, 1] and we extend relative heights on T by setting

veeT, Vye[¥,zly NI=IT]+dx(%T,7).

For all v,+' € T, we also denote by v A +' the most recent common ancestor of v and ' that is
defined as the unique point of [,y ]]T with minimal relative height. We finally define a continuous

function Y : £ — T that extends Y as follows: for all & €  there exist two neighboring vertices
v,v' €t such that o € [v, v']-and we define

Y, as the only point of [Y,, Y]~ such that d(Y,, Y, ) =d(v, o). (3.2.93)

We denote by R the range of Y and we denote by m,c. the occupation measure on R yielded by the
contour exploration of £. Namely,

_ ~ 2t
R={Y,;o0€ct} and /ﬁf(’y)riocc(d'y) :/0 f(Yg(s)) ds. (3.2.94)

We also denote by m,.. the occuptation measure of Y on R={Y,,; u€t}:

Moce = Z 5Yu .

u€et

Note that dT

Haus

(R, R) <1. Then we recall from Lemma 2.5.2 in Chapter 2 that

dlj;rok (mocm %ﬁocc) <2 andthus dgup ((R7 dgra 0, mocc) (R, dT’ ) 2 I’ﬁocc)) <3. (3.2.95)

We remind that dgaus and dProk stand respectively for the Hausdorff distance on compact subsets of
T and for the Prokhorov distance on the space of finite Borel measures on of T.

We next introduce the range pseudometric dz(-,-) € M([0, 2#t]) by setting for all s,s" €
[0, 24¢t]

di(s,8") = A (Vi) Viian) = Vil 4 Vel = 20500 A Vi |- (3.2.96)

v

7858

We observe that d; is a real tree pseudometric and that

(R,dT,o Mocc) 1S isometric to (Edg,dﬁ,rdg,mdg) (3.2.97)

where the space Edg is the pointed measured compact real tree yielded by d; as explained in
(3.2.81) and (3.2.82).

Remark 3.2.54 Observe that the previous constructions on the real trees T and t only depend on
the branching walk © = (t, @; Y, = (T, Y,),u€t) locally in a continuous way and we easily check
that € T"(T") — dz (-, ) €M([0, 24#t]) is continuous. O
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We now compare dﬁ with the snake-pseudometric associated with the relative heights of
the branching walk. We next denote by (Wi(t;-))sc[0,24 the contour-snake associated with

o~

the R-valued branching walk (|Y,|)ue: (see Definition 3.2.8). We denote by (Wi (t))sejo 244 its
associated endpoint process and we recall that the corresponding lifetime process is the contour
process (Cs(t))sefo,24]- We then easily check for all s € [0, 2#t] and 7 € [0, Cs(t)] that

Wi(t;r) = |Y,| where o € [@,0(s)]+is such that (@, 0) =r. (3.2.98)

In particular, note that W, (t) = |§7;( 5+ We next recall from (3.2.91) in Definition 3.2.48 that

de ), w ;) stands for the snake-pseudometric associated with (C(t), W (t;-)). As a consequence
of (3.2.98), we see for all s, s’ € [0, 2#t] that

doywie) (5:8") = Vgl + Vi | — 2min { [V | 0 € [5(s), ()] }- (3.2.99)
We then observe that
0 < 3(dowywie) (s:8)—dg(s,8) = [Vy AV |—min {|Yo|; 0 € [3(5), 5(s") ]} (3.2.100)

When Y is a branching random walk whose spatial motion is a biased RW, (3.2.100) implies that
deo),wi(t;.) and dﬁ are close because for the difference in (3.2.100) to be large, two independent
and large parts of the branching RW have to coincide. More precisely, we conclude this section
by proving the following lemma that shows (for fixed times) that the difference in (3.2.100) is
exponentially small when Y is a (sub)critical biased branching RW.

Lemma 3.2.55 Let A€ (1,00) and let (T,0) €T be such that T # {@}. Let t €T be finite. Let
O=(t,2;Y,=(T,Y,),uct) be a t-indexed T-valued \-biased branching RW whose law is Q;":g
(Definition 3.2.30). If Assumption (3.2.30) in Lemma 3.2.23 is verified, then for all £ € (1, 00),

2 3y—
P(S;pea[éiz#t]]dc(t)w(t;,)(s,s')—dﬁ(s,s')| > 26) < N(#t)° A7 (3.2.101)

Proof. By (3.2.100) and the definition on T of relative heights and of most recent common ancestors,
we see that if there are s1, s2 € [0, 2#t] such that de(),wi(t:) (s1,52) —dﬁ(sl, s9) > 2&, then there
are u’,v’ €t such that |Y,s A Y| —min, ey o |Yw|>&—1>0. Then, let us choose w’ € [u’, v']
such that |V, | =min,,e[y ] [Ye| and with the greatest height possible. Without loss of generality,
we can assume that w’ € [u/ A v/, u'[ so we have w €]u’ A v/, u/] such that % =w’. By definition
of w’ and w, we observe that Vw =Yy, that Y,y A Yy €Yy, Y], and that Yy A Yy € [V, Y]
Thus, there are u, v €t with v A w#w =<wu such that Y,, =Y, =Y,s A Y. Therefore, (3.2.101) is a
straightforward consequence of the following bound that holds for all u, v, w €t with vAw#w < u,

and all p e N*,
P(Y. =Y. [Yal - [Vl > p. Voo & (Yo a€fw,ul}) <P (3.2.102)
It remains to prove (3.2.102). To that end, recall from Definition 3.2.21 that Pr, stands for the

law of the \-biased RW X,, = (T, X,,), n€N on T such that Xy = x. By reasoning conditionally
given (Y,,,Y,), the very definition of branching RWs implies that

P(Yy =Y, Vol = [Yal 2 p, Vi ¢ (Yo a€[w,ul})

= E[1{|yv|—|yw|zp}PT,Yw (Xju/—jw| = Yo Vi & {X; 25 < Jul — w]}| YwaYv)}-
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For all z,ye T\{@}, we set f(z,y) = Pr,(H, <H¢ ), where Hy is the hitting time as in (3.2.29).
Then the previous identity yields that

P(Yy =Yy, Vol ~ [Yul > p. Vi ¢ (Y a€[w,ul}) < B[y oo (Ve o)l

(3.2.103)
Thanks to Assumption (3.2.30), we can use (3.2.33) to get f(z,y) < A=W for all z, y e T\ {2}.
Together with (3.2.103), this immediately entails (3.2.102), which completes the proof. |

3.3 Proof of Theorem 3.1.1

3.3.1 Preliminary results on critical biased RWs on GW-trees

In this section, we state several estimates on critical biased RWs on GW-trees. More precisely, here
v stands for a supercritical offspring distribution whose mean is denoted by m,,, the environment
is denoted by (T, o) that is a GW(v)-tree or a variant of such trees (a grafted or an infinite or
an invariant GW(v)-tree) and the RW is denoted by X, = (T, X,), n € N: it is viewed as a
T*-valued Markov chain whose transition kernel Du,, 18 that of a m,-biased RW as in (3.2.27) in
Definition 3.2.21 with A=m,,.

Lemma 3.3.1 Let v be a supercritical offspring distribution whose mean is denoted by m,,. Let
(T, o) be an invariant GW(v)-tree as in Definition 3.2.25. Let X,, = (T, X,,), n €N be a m,-biased
RW such that Xy=o. For all ye€'T, we set

¢, =sup{neN: X, =y}, (3.3.1)

with the convention that sup () = —oo. Recall from (3.2.15) that L, is the ancestral line of o and
that for all pe N, o(p) stands the ancestor of o at distance p from it. Then, for all py, p1,p €N such
that p> 2po+p1 and for all n €N, the two truncated T -valued processes ([ X mnpo ™" %0 JmeN and

([90|X<0<p)+1+n|(Ygo(p)HJrner)]Tm)meN* are independent under P.

Proof. To simplify the notations, we set X[ = X¢_ i14n forall n € N. Let F' and G be
nonnegative measurable functions on (T")N. First observe the following.

Eo)[F(X n¢y,))G X"
=y Ep,o) F(X nk) 1 {x,=0(p):Xp 1 =001 1)} G (Xt 14) Lt ) (Xpy 1) =00}
keN
= E(1,0)[F(X.-7¢, 0 ] E(T 0(p+1)) [ G(X.) [Ho(p) =00]. (3.3.2)

Namely, conditionally given (T, 0), X. Ao(p) is independent from x®) that is furthermore a Markov

chain. More precisely, set T,={o(p)} U {z €T: |[oAz|<—p} and X, =(T,, X¢omirin)s MEN.
Then, (3.3.2) and (3.2.34) easily imply that conditionally given (T, o), (Y;L)NEN is a Markov chain
whose transition kernel is given for all z € T),\{o(p)} by

1 _mzyi+I°(p)AyI

q((Tp’ x)? (Tp’ y)) = pmy((TW .’L‘),(Tp, Z/))W’

q((Tp, o(p)), (Tp, y)) = 1o—opr1))s

where B, is as in (3.2.27). Therefore, the law of (X}, ),en conditionally given (T, o) only depends
on (T, o(p)) that is independent from [(T, 0)]>,, which easily entails the desired result. |

The following lemma provides an estimate of the hitting time of critical biased RW.
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Lemma 3.3.2 Let v be a supercritical offspring distribution whose mean is denoted by m,,. Let T
be a grafted GW(v)-tree as in Definition 3.2.6 (c). Let X, = (T, X,,), n€N, be a m,-biased RW
such that Xo= (1) (which is the unique child of & by definition of grafted GW-trees). Recall from
(3.2.29) the definition Hy. For all s € (0, 00), we set f,(s)=E[exp (—s(Hz—1))]. Then,

Vse(0,00), 1— fi(s)<V2s. (3.3.3)

Proof. Recall that Py, (1) stands for the conditional law of (X, )nen given T. For all y € T\{&}
and all r € [0, 1], we set

a(r,y)::E(T’y)[TH?] and B(r):= L (1—ra(r, 2)).
eT:%=(1)

To simplify, we also set «(r, (1)) = (). First note that conditionally given k¢)(T), the r.v. 1—
ra(r, z), z€ T such that % = (1), are independent with the same law as 1—ra(r). Thus,

E[3(r)] = miE[k;(l)(T)} E[1-ra(r)] = E[1-ra(r)]. (33.4)
Then, by Markov at time 1,

mr 5~ ralnzalny)

m, + k(1) S o+ (1)

Oé(?“, y) =

An elementary computation implies that (1+3(r))ra(r) =r2. By Cauchy-Schwarz’s inequality
and (3.3.4), we get

=E[\/148(r)\/ra(r)]? <E1+8()E[1-8()] =1 - E[8(r)]".

Recall that f,(s) =e*E[a(e*)]. Then, we have proved 1 —e=25f,(s) =E[3(e™*)] < V1—e~25,
which entails (3.3.3) in Lemma 3.3.2. |

The following proposition provides an estimate of the speed at which the critical biased RW on
an invariant GW-tree escapes to —oo. It is a generalization of Proposition 2.3.13 of Chapter 2.

Proposition 3.3.3 Let v be a supercritical offspring distribution whose mean is denoted by m,,. Let
(T, 0) be an invariant GW(v)-tree as in Definition 3.2.25. Let X ,,= (T, X,,), n €N, be a m,-biased
RW such that Xog=o. Recall from (3.2.15) that L, is the ancestral line of o and that for all pe N,
o(p) stands the ancestor of o at distance p from it. Let f [0, 00) — (0, 00) be a continuous function
decreasing to 0. Then, the following holds true

(P-a.s. Zko(p)(T)f(p)% <oo) — (P -a.s. Zf loAX,]) > (3.3.9)

p>1 neN

Proof. Recall from Lemma 3.2.23 that r}, stands for the k-th time of return to L,. Namely, r} =
inf {n >ry_ X, € Lo}, with the convention that r® ; = —1. By Lemma 3.2.24, Lemma 3.2.23
applies to the T-valued RW X and we P-a.s. get r$ < co. Also recall from Lemma 3.2.23 that
the N-valued process (Zj)ken such that o(Zy) = Xyo, is distributed as a birth-and-death chain
conditionally given T, whose transition probabilities are given by (3.2.32) with A =m,. For all
teN* weset [({)={ke{0,...,0—1}:Z, =711} and we check that

=D fEloAXul) =W+ Y (i —tR-1)f(Zk) where Wy= > f(Z).

0<n<r' kel(0) 0<k</t
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Next we recall from (3.2.15) that 0L, ={x € T\ L,: T e L,} and we recall from (3.2.29) the
notation H,, x € T. Observe for all p€ N and for all k€ {0,...,¢—1} such that Z = Zy 11 =p,
that ry 41 —r} > 2. Namely, at time r7, the biased RW X starts an excursion from o(p) outside L,
(which implies ko) (T) > 2 when p > 1). The duration r§, , —r} of this excursion is the time
needed to return to o(p) starting from a uniformly chosen vertex = € dL, such that & = o(p).
Namely, for all s € [0, 00) we get

E[li7 7., e Tk E V(T 0), (Z)ien))]

1 _
— Z E(T ole” 5(Ho(p) 1)].

k?o(p)( )— Lp>1y €D Lo: T =0(p)

To simplify the notation, let us set S = (o, (ko(p)(T))pen). Let @ € OL, such that T = o(p).
Observe that the 1.v. Et,+) [exp(—s(Hy(,) —1)]] only depends actually on 6, T, which is a GW(v)-
tree that is independent from S and (Z;);en. Also note that E[E(, ;) [exp(—s(Hyp) —1)]] = fu(s),
where f, is as in Lemma 3.3.2. Therefore, for all s € [0, 1], we get

Ble""|(S. (Zihew)] = e T] fols/(Z0) = exp (= 30 (s/(Z6)~log fu (s (Z1))))

kel(f) 0<k<t

> exp (—Z Np(sf(p)—logf,,(sf(p)))) where N, =#{keN:Z,=p}.
peN

Since f(p) 0 as p— o0, there is C; € (0, 0o) such that log f,,(sf(p)) >—C1(1—f.(sf(p)), for all
p€eNand all s€ [0, 1]. Therefore, by (3.3.3), there is C € (0, co) such that log f,(sf(p))—sf(p) >
—Cy/sf(p), forall pe N and all s €0, 1]. Thus

Ele —SWZ|( (Z1)ien)] > exp (—C's% Z pr(p)%). (3.3.6)
peN

Then, set W =3, cn f(|oAX,,|). By letting £ — oo in (3.3.6) and by conditional Jensen’s inequality,
we get
E[e_SW}S] > exp (—Cs% ZE[NMS]f(p)%) , (3.3.7)
peEN

We know from (3.2.35) in Lemma 3.2.23 that E[N,|S] = %jﬂ() Consequently, if the first

condition of (3.3.5) is satisfied, then P-a.s. lims_,04 E[e~*"'|S] =1, which entails that a.s. W < c0.
It completes the proof of the proposition. |

3.3.2 Estimates on critical biased branching RWs.

In this section, we state several estimates on critical biased branching RWs that take their values
in supercritical GW-trees and that are indexed by critical GW-trees. More precisely, we fix the
following.

— The measure y stands for a non-trivial critical offspring distribution: namely, 1(0) + p(1) <1
and Yo kp(k)=

— The genealogical tree (7, o) is either a GW(u)-tree or a variant of such trees: namely, a grafted
or a right-infinite GW()-tree.

— The measure v stands for a supercritical offspring distribution whose mean is denoted by m,,.

— The environment (T, o) is an invariant GW(v)-tree that is independent from (7, o).
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We then consider a branching random walk @ = (7, 0; Y, = (T, Y,),ue ) thatisa T (T")-valued

r.v. whose conditional law given (7, ¢) and (T, o) is Q{%) as in Definition 3.2.30 (recall here that

the underlying spatial motion is that of a m,-biased RW on T).
We first recall from Chapter 2 the following simple estimate.

Lemma 3.3.4 Let j1 be a non-trivial critical offspring distribution. Let 3 € (0,00) be such that
S wen k(log k)18 (k) < 0o. Recall that Ti(k) = S>>k (1), k€N and set

Vrel0,1], gu(r) = Z rPu(k) and  gu(r)= Z ik +1) = 1_97”(74) (3.3.8)

keN keN lL—r

Then, there exists a constant ¢ € (0, 00) that only depends on 1 and (3 such that

&
(log 1/r)!+7

Proof. See Lemma 2.3.15 in Chapter 2. |

Vre(0,1/2), 0<1—gg(l—r)< (3.3.9)

Lemma 3.3.5 Let i be a non-trivial critical offspring distribution and let T be a grafted GW(u)-
tree (Definition 3.2.6 (c)). Let v be a supercritical offspring distribution whose mean is denoted
by m,, and let (T, o) be an invariant GW(v)-tree that is independent from 7. Let x € T and let
O=(7,9; Y,=(T,Y,),ucT) be am,-biased branching RW whose conditional law given T and
(T,0) is Qﬁfg; as in Definition 3.2.30 with A\=m,,. In particular, Yz =x. Recall from (3.2.15) that
L, is the ancestral line of o and that for all p€N, o(p) stands for the ancestor of o at distance p
from it. For all peN, we set

& (T, 2)=P(o(p) ¢{Yu;ver\{2}}|T). (3.3.10)

Then, P-a.s.

my—"_ko(p) (T) —(

1—&(T,2) < m;; (Tlorzl=p)+ (3.3.11)

m,—1

Proof. Recall that Py, stands for the law of a m, -biased random walk X, = (T, X,),neN,onT
starting at Xy =y. By the very definition of branching RWs, for all v e 7, P(Y, =y|7, (T, 0)) =
Pr (X}, =y) since Y =x. Therefore, we get

P(o(p) €{Yo;0eT\{2}} [ (T, 0) SE[ - 1{y, =0yl (T, )]

ver\{z}
= E[ 3 Pro(Xjy=o(®)|(T. o)
veT\{o}
= Y Pra(Xa=o(p)), (3.3.12)
neN*

by the many-to-one formula (3.2.25). This implies the desired result by the explicit computation
(3.2.35) of the Green function of m,,-biased RWs. |

In the following lemma we show that the right-part of an invariant critical biased branching RW
has a positive probability of never returning to its starting point.

Proposition 3.3.6 Let i1 be a non-trivial critical offspring distribution. Suppose that there is
B€(0,00) such that ¥ ey k(log k)21 25 (k) < oc. Let (7, 0) be right-infinite GW(u)-tree as in
Definition 3.2.18 (c). Let v be a supercritical offspring distribution whose mean is denoted by m,,
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and such that ¢y k‘H%l/(k‘) < oo. Let (T, 0) be an invariant GW(v)-tree that is independent
from (7, 0). Let ® =(71,0; Y, =(T,Y,),u€ ) be am,-biased branching RW whose conditional
law given (7, 0) and (T, 0) is QEIQ"; as in Definition 3.2.30 with A\=m,,. Recall from (3.2.15) that
L, is the ancestral line of o and that for all p€N, o(p) stands the ancestor of o at distance p from
it.

Then, with positive probability (Y, )yer only visits o=Y, once:

kup =P(Y,¢{Y,;ver\{o}})>0. (3.3.13)
Moreover,
VpeN, P-as. Iq(p)eN such that o(p) ¢ {Y,; ver: |oAv| < —q(p)}. (3.3.14)

Proof. We denote by L, the ancestral line of ¢ and for all p € N, we set o(p) = g (coor_p) S in
(3.2.15). We also recall the notation 0L, ={veT\L, : Ve L,} for the spine of 7. It is convenient
to set X, :=Y),(;,) for all p € N. Note that (T, X),en is a m,-biased RW which is independent
from (7, ¢). By Definition 3.2.18 (c) of a right-infinite GW(u)-tree, the bilateral word o(p) is a
sequence of 1 indexed by the integers of Z N (—o00, —p], the r.v. (k4 () (T))pen+ are independent and
distributed according to @ which given by (k) =>";~. (1) for all k€ N* and z(0) =0. Moreover,
recall that conditionally given 0L, the subtrees 0,7, u € 9L, are independent GW(u)-trees as in
Definition 3.2.6 (a).

Let uw € OL,. We denote by 7,, the T-valued random tree such that kg (7,) =1 and 0(1)Tu=0uT.
We then define O, = (7, ; (Y, Juer,) by setting Y, = (T, X,,) where p is such that & = o(p)
and by setting ?(ul)*v = Yy for all v € 6, 7. Namely O, is the restriction of © to the subtree
stemming from v and (which also records the spatial position of 2). Conditionally given (T, o)
and (7, o), the branching random walks O, u € 0L, are independent with respective conditional

laws Q<T’X’7). Then, for all ¢ € N*, we set

(Tw,9)
Ag={Y,¢{Yy;ver\{o}:lvno|>—q}} and Ro(X)=inf{p>1:X,=0}.

By Lemma 3.2.24 and Lemma 3.2.23 (i), (X,,)pen is transient because it is a m,-biased RW. Thus,
R, = oo with positive probability. The event A, decreases as ¢ — oo to the event that the branching
walk (Y3 )yer only visits Y, once. Since conditionally given 0L, the (7,)ucor, are i.i.d. grafted
GW(u)-trees, we get

P(A,|(T,0)) = E[l{Ro(X)>q}‘£O(T:O)kQ(T) [T (T, X,)kem =1 ‘ (T, 0)]
1<p<q

Here, §(T, ) is as in (3.3.10). By definition, the r.v. (k,(,)(7))pen are independent and inde-
pendent of (T, 0; (Xp)pen), k,o(7) is distributed according to p and the r.v. k() (1), p € N* are
distributed according to 7i. Recall from (3.3.4) the definition of the generating functions g,, and gz.
Thus, we get

P(A4|(T,0)) = E[l{Ro<X>>q}9u(§o(T,°)) T 9r(¢0(T, X)) \ (T,O)]
1<p<q

Then we easily see that (3.3.13) holds true if

P-as. Y (1- gz(4(T, Xp))) <oo. (3.3.15)
p>1

Then observe that (3.3.9) and (3.3.11) imply
1— gu(6(T, X,)) < I (Zo, —|Xp A o)), (3.3.16)
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where Zy=log m"tk (1 ) where f*(z,m)=cq(max (1, (com—=z forall z€ [0, 00) and

all m €N, and where ¢q, c2 € (0, 00) are constants that only depend on p, v and S.
We next apply (3.3.5) in Proposition 3.3.3. To that end, observe that there exists a constant
c3 € (0, 00) that only depends on 3 and v such that

5 P85> ) = Pl (0321 41) < 00 Sl <
p>1 keN~
By Borel-Cantelli, a.s. 3,51 ko(p) (T) (14p) (1729 <oo and thus 3,51 (1o A X, [) ~20+28) <00
by (3.3.5) applied to f(z)=(1 + z)~2(1+28) 2 [0, 00). It then implies (3.3.15) thanks to (3.3.16)
and it proves (3.3.13).
We next prove (3.3.14) in a similar way. We set (,(,y = sup{n € N : X, = o(q)} that
is a.s. finite since (X, )nen is transient. Let ¢ > p > 1. We introduce the following event

)

q)={o(p) ¢ {Yu;veT : [vA0|<—Co(g}}- Then we set Z, =log %@(T) and arguing as
previously, we get for all ¢ € N*
P(By(q) = B[] gr(&(T,X)]
Z>C°(Q)
> —
> [exp( C4Zf —| X0 A o|))} P 1,

n>Co(q)

by the previous argument, where ¢4 € (0, 00) is some constant that only depends on x, v, 3 and p. It
implies (3.3.14), which completes the proof of the proposition. |

3.3.3 Proof of Propositions 3.2.26 and 3.2.32.

Our proof of the ergodic property of critical biased RWs and branching RWs in Propositions 3.2.26
and 3.2.32 relies on the following ad hoc lemma.

Lemma 3.3.7 Let E be a Polish space. Let  be a Borel probability measure on E that is preserved
by a Borel measurable function ¢: E — E: namely 1 =m o ¢~ . Assume for all pEN that there are
Borel-measurable functions (- ),: E— E such that

VeeE, Vp,qeN, ((@)p)g=(x)prq and (x), —— . (3.3.17)

p—00

Let Z,,: Q— E, n€N, be r.v. such that Zy has law 7 and Z,+1 = ¢(Zy,), n € N. We assume that
for all py, p1 € N*, there exists a rv. S(pg, p1) : @ — N such that for all n €N, the two rv. (Zy)p,
and (Zg(py p1)+n)ps are independent. Then, ¢ is m-ergodic.

Proof. Let us denote by .7, the space of all bounded Borel-measurable functions F': ¥ — R such
that F'(z) = F((x)p), v € E. Note that 7, C 7, for all ¢>p by (3.3.17). We set 7 =, en -
Note that 7 is a real vector space and (3.3.17) implies that the o-field generated on E by ¢
is the Borel o-field (indeed, since E is separable, its Borel o-field is generated by the space of
bounded continuous functions and each bounded continuous function £’ on F is the pointwise limit
as p— oo of the functions F' o (- ),, that belong to J7).

Let r € (0,1) and let g, : © — N be independent from Zy (and thus from (Z,),en) with the
geometric distribution P(g, =n)=7r"(1—r), n€N. Let F, G € 7. According to our assumptions
there exists a r.v. S: 2 — N, such that for all n €N, F(Zj) and G(Zg) are independent. Then,
elementary properties of geometric r.v. imply the following

apg(r):=E[F(Z0)G(Zg,)] = E[F(Z0)G(Zg,)1(g,<s}] + E[r°F(Z0)G(Zg,+5)]
= a+E[F(Z)G(Zg,+5)| —E[(1-1°)F(20)G(Zg,+5)]
= a+E[F(Z0)|E[G(Zg,+5)] — b
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where a = E[F(Z0)G(Zg, )1{g,<s}] and b=E[(1—7%)F(Zy)G(Zg,+s)] Both |a| and |b| are
< Pl lGllP(g, < S). In particular [E[G(Z, )] ~E[G(Zs.g,)]| < 2|GllP (g < S) and
thus |apc(r)—E[F(Z0)|E[G(Zg,)]| <4/ F|lsc||GllscP(gr < S). Since (Z,)nen is stationary,
E[G(Zs,)]=E|G(Zy)]. Thus, we have proved that for all F, G € /7,

[E[F(20)G(Zg,)| —E[F(Z0)|E[G(Z0)]| < 4| Flloo|GllocP(gr <§) —= 0. (3.3.18)

Next, we fix F' € 7 and we denote by % the set of bounded measurable G : E — R such
that lim, 1 E[F(Zy)G(Zg,)] =E[F(Z0)|E[G(Z)]. Clearly, #” is a real vector space and
(3.3.18) implies that .7 C #”'. Therefore, the o-field on E generated by 77" is the Borel o-field.
We next prove that 7#” is stable under increasing bounded limits: indeed, let ¢ € (0, 00) and let
Gp e A, neN, be such that 0 < G,, < G41 <c. Set G =sup, cy Gy, that is the (nonnegative
measurable bounded) limit of the G,,. We easily see that:

[B[F(20)G(Zg,)] ~E[F(Z0)|E[G(Z0)]| < [B[F(Z0)Gn(Zg,)] ~E[F(Z0)|E[Gn(Z0)]|
HFlloo B(G—Gn)(Ze, )] + | FllxE[(C—Ga)(Z0)]:

Since Zg, has the same law as Zg, we get

lim sup [B[F(Z0)G(Zg,)] ~BLF(Z0)| BG(Z)]| < 2/1F|<B[(G~Gu) ()]
r—le
and the right member goes to 0 by dominated convergence. This proves that G € .7”. A monotone
class argument implies that 77" is exactly the set of all bounded real-valued Borel measurable
functions on E which proves that for all F' € .7 and for all bounded measurable functions
G:E—R,

lim E[F(Zy)G(Zg,)| =E[F(Zy)|E|G(Zy)]. (3.3.19)

r—1—

Denote by #(E) the Borel o-field on E and denote by Z={A € B(E): ¢ 1(A) = A} that is
the o-field of the ¢-invariant measurable subsets. Let G : E — R be bounded and Z-measurable:
namely, G' o ¢ =G and in particular a.s. G(Zg, ) =G(Zy). Thus, by (3.3.19), E[F(Zy)G(Zy)] =
E[F(Zy)|E[G(Z))] for all F € 7. By a monotone class argument, this holds for all bounded
measurable F' and taking F' = G shows that the variance of G(Zy) is null: namely, G is 7-
a.s. constant, which implies that ¢ is 7w-ergodic. ]

Proof of Proposition 3.2.26. We equip £/ = (T')N with the product topology, which makes it a Pol-
ish space. Let T. = (T, = (T, Tn) )nen € E. Forall peN, we set (T.), = ([(Tnnp, Tnnp)|” ) nens
where we recall from Definition 3.2.12 the truncation H’ip. By the definition of the topology
of local convergence which equips T® and by definition of the product topology which equips F,
(Z.)p — . in E and the continuous functions (- ),, p€N, satisfy (3.3.17) in Lemma 3.3.7.

We next recall that ¥ : E — F is defined by ¥(Z.) = (¢|3,|(Tn+1) )nen, Where the ¢; are the
shifts. Let X. = (X,, = (T, X,,))nen be am,-biased RW on the invariant GW(v)-tree (T, o) starting
at Xo=(T,0). Forall neN we set Z,, =9°"(X.) = (¢|x,,|(Xm-+n))men and recall that we denote
by II, the law of X. on E. Then (3.2.38) implies that II,, is preserved by ). Let pg, p; € N*.
We choose an integer p > 2po + p1 and we recall the notation (,(,) =max{n € N : X;, =o(p)}.
Then Lemma 3.3.1 asserts that for all n €N, (Zo)p, and (Z¢,  +14n)p, are independent. Then
Lemma 3.3.7 applies and it entails that +J is 11, -ergodic. |

Recall from (3.2.47) and (3.2.49) (see also (3.2.22) and (3.2.24)) the definitions of succ and
succ™ as functions from T* (T’) to itself. We denote by II,, , the Borel probability measure on
T°(T") that is the law of the branching random walk

©=(1,0; Yy=(T,Y,),uer), (3.3.20)
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where (7, 0) is an infinite GW(u)-tree independent from the invariant GW(v)-tree (T, o) (here,
recall that g is non-trivial and critical and v is supercritical and its mean is denoted by m, ) and
where conditionally given (7, ) and (T, o), ® has law Q") as in Definition 3.2.30 (recall here

(7,0)

that the underlying spatial motion is that of a m,,-biased RW on T'). We then denote by H:j,l, the law
of the right part [©]T as in (3.2.48) (see also (3.2.23)).

We first prove that 11, ,, is preserved by succ and that H;[,V is preserved by succ™. To that end,
we first need to prove the following lemma.

Lemma 3.3.8 Let ji,v and (T,0) be as above. Let (t,u) € T® and let v’ € t. Let (t,u; (Y, =
(T,Y%))vet) and (t u (Y, = (T Y’))vet) be branching RWs whose respective laws conditionally
given (T, 0) are Q{5 and Q(t - Then,
— —/
E[F(t,u; (o, (Vo)) = E[F(t.us (V)),.)] (33.21)
for all measurable bounded F on T'(T").

Proof. Clearly, it is sufficient to prove (3.3.21) for ¢ finite and F' of the form F'(t,u; (7, )vet) =
G(Yy; vet\[u,v'])H(g,; v € [u,u']). First note that

P-a.S. E [G((?v)'uet\[[u,u’]]) | (?U)ve[[u,u’}]] :g((YU)UEHU,U,H ) ?

where g(7,; v € [u, v']) = [ Tloen uu] P, T, d0y) G(Yy; v €\[u, w']). Here we recall from
(3.2.27) the definition of the transition kernel p, , which entails for all [ € Z that

E [G((Spl (71;))1)6,5\[[%”/]}) ‘ (?’U)Ue[[u,u’]]] :g((@l (? ))ue[[u u’])

and thus E[F(t,u; (¢ ,|(Yo))ver)] = E[(H.9)(¢y,,|(Yo))vefuw])]> Where H.g stands for the
product of the two functions. By the stationarity (3.2.38) of m,-biased RWs on (T, o), we easily get

E[(Hg)((SDW /|( ))UE[[uu’]])] E[(Hg)((Y )ve[[uu’]])}

Next observe that if v € £\ [u, /], then %= %" and thus we also get

<~/

<5/ <~/
E [G ( (Yv) vet\ﬂu,u’]]) | (Yv)ve[[u,u’ﬂ] =g ((Yv)ve[[u,u’]]) s
which easily entails (3.3.21). |

Thanks to Lemma 3.3.8, we next prove the following proposition.

Lemma 3.3.9 We keep the above notations and assumptions. Then 11, ,, is preserved by succ and
IL}, is preserved by succ™.

Proof. Let © be as in (3.3.20). We denote by o' = scc(p), the successor of g in 7. By (3.3.21)
in Lemma 3.3.8, we first get E[F (7, )G((<p|y 1Yo))ver)] =E[F(1,0) Q'™ [G]]. Then, note

(m,0")

for all pointed trees (¢,u) and for all [ € Z, that Q(tTu"f G ((Yw,l(v))vew(t))] = QEZ‘Z’?’;"PZ(“)) [G].
Thus,

E[F(¢101(7), 2101(€) G (v, 1YV _, sy (0)) v ()]
= B[F(p101(7): 9101(NQ(s iy oo |Gl = BIF (1, 0)Q( 3 1G]] (3.3.22)

since (¢1,/|(7), @je)(0')) =succ(7, o) has the same law as (7, 0) by Proposition 3.2.20 (ii). Thus
(3322) 1mphes that (golg/l(T), (plgll(gl)) (gplyll( @ 1ol I( )))U€4p|g’|(7')) = SU.CC(@) has the same
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law as ©, which implies that II,, ,, is preserved by succ. From Remark 3.2.28, [succ(®)]|t =
succ™ ([@]T) shows that IT} , is preserved by succ™. |

Proof of Proposition 3.2.32. To simplify notation, for all n € N*, we denote by succ; the n-th
iteration of succ™: namely

+ +

_ + + - *
succy =succ’ and succ,,; =succ’osucc, , neN".

To prove that succ™ is H:[’l,—ergodic, we use Lemma 3.3.7 and we first need to define appropriate

functions (- ), on T"(T"). More precisely, let © = (¢, 0; T, = (Ty), ), v € t) be an element of
T (T ). Let pe N*. Recall [©]” , from Definition 3.2.12 and recall that the marks of [©]” , (here

in T") are not truncated, which is not convenient for our purpose. That is why we introduce

(O, = (¢, & ([@]2p oer)  where (¢, 0" (T)ver) = [O), - (3323)
Clearly [[([[©]”,)]]%,=[[O]]"}4, and [[©]]” ,— © locally. This combined with Lemma 3.3.9 and
the following Lemma 3.3.10 (whose proof is given below) allows us to apply Lemma 3.3.7 to Hfj’y

and succ™, which entails Proposition 3.2.32. |

Lemma 3.3.10 Let p,v and (T,0) be as in Proposition 3.2.32. Let (1, 0) be a right-infinite
GW(p)-tree that is independent from (T, o) and let ®:= (7’ 0; Y,=(T,Y,),vET) be a branching
RW whose law conditionally given (T, o) and (T, 0) is Q(w) as in Definition 3.2.30 (recall here
that the underlying spatial motion is that of a m,-biased RW on 'T'). Then, for all integers pg, p1 > 1,
there is a rv. S(pg, p1):Q — N such that

[[@]]Iiopo is independent from ([[sccér(poypl)Jrn(G))]]lfpl)nzl ) (3.3.24)
Proof. Recall from (3.2.15), the notation L, = {o(k); k € N} and L, = {o(p);p € N} for the
ancestral lines of resp. ¢ in 7 and o in T. For all k€ N* and z € T, we introduce

T(k)={o(k)}fveT : |ow|<—k} and T(z)={yeT: y =xju{y € T: |aAy | <|z|}. (3.3.25)

(

Then (7(k), o(k)), [(T, 0)]%%, (T(o(p)), o(p)) and [(T, 0)]>,,, are independent for all k, p € N*.
),
)

o
Moreover, we observe that the (78(k), 0% (k)), k € N* share the same law, where we have set

)
(T8(k), & (k)) = cent(r(k), o(k)).

We then set Xy, =Y, for all k€ N. Conditionally given (T, o), X is therefore a m, -biased random
walk in T starting at o, which is furthermore independent of (7, 9). We also introduce the following
branching RWs

O"(k)= ([(1, 0)]%%; (YQ(k)*U)ve[r]iok) and @ﬁ(k) = (Tﬁ(k)v Qﬁ(k)Q (chk(v)(k'))veﬁ(kD

(T(Xk),Xk) ifflweﬂg(k),u]] : Xk/\Yw:Xk, '

3.3.26
(T(Xg),Y,) otherwise. ( )

where, forall ue 7(k), Y,(k)= {

Here, ]Jo(k),u] stands for the shortest path in the tree 7(k) between o(k) and u, o(k) being

excluded. Note that ©* (k) is actually constituted of the spatial positions that are absorbed in X}, or
(Xk), Xk)

k),of(k)) >
which stands for the law of the T(X})-valued and 7(k)-indexed branching RW whose spatial
motion is a m,-biased RW on T'(X}) absorbed in Xy, or above.

above. More precisely, conditionally given (7, o; T, 0; X},), the law of ©F (k) is QX’“
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In fact, we will be mostly interested in ©*(k) and ®F (k) for a specific random k. Namely, we
fix p € N* and we set () =sup{k € N : X;Ao(p)=o(p)} thatis a.s. finite by Lemma 3.2.23
(which applies here by Lemma 3.2.24). Note that X = o(p). To lighten the notations, we then
set

(Tla Q/): (Tﬁ(Co(p))v Qﬂ(Co(p)))a Tp:T(o(p))7 ?fup:?goco(p)(v) (Co(p)) and G)p:@ﬁ(Co(p))

Denote by A the subset of branching walks (¢, r; (7, )vet) €T (T ) such that §, & {7, AG,;vE
L \{r}}: namely, A is the set of branching walks such that the ancestors of the distinguished
individual never visit its spatial position or above. For all measurable bounded F, G on T'(T"),

a = E[F(G*(Co(p)))G(Gp)|(T70)}

- E| ZF(@*m»1{Xn:o<p>}G<®”<n>>1{@%@})<T, )|
neN

Z E|: 1{Xn_o }Q(Tﬁ (nT;ﬁ’E)éz))))) [G].A:I ‘(T, 0):| .

neN

Note that Q (7 (n) gn ( (1;))) ) (A) is simply the probability that a m,-biased RW starting from o(p) never

returns to o(p). By (3.2.34) in Lemma 3.2.23, this probability is positive and we easily get
p) Tp,0(p))
a=Y E[F(O(n)1i,, Qi o [¢14] | (T.0)
neN

thanks to the Markov property of X at time n. Observe and recall that (7%(n), of(n)) is independent
of (T, 0; X; ®*(n)) and has the same law as (7%(1), of(1)). Thus, we get

E[F(e*(Co(p)))G(ep)‘ (T7 0)]

= E[F (07| (T, o) B[Q[E e (G| A] | (T,0)]. (33.27)

Suppose now that p > 4py. Since Y, =o, if v € 7 is such that |v A Ql > —pp and |v| < po, then
[Y,Ao| > —3po > 1—p. We thus observe that the conditional law of ([7, 0]"%,, ([Y p(p)s0] 1 )ue[T]’jo »

given (7, 0) and (T, o) is Q p_O”“ as in Definition 3.2.30. Since [ |79, = [[-]%5,41]%,. it fol-
Po

lows that there is a measurable function F} such that E [F([[@]]’iopo) ] (T,0)] = Fi([(T,0)]>,11)-

Then note that {,,,) > p >4po, which also implies that [[©* (o (,))]1%,, = [[©]]%,-

Now recall that (T, o(p)) and [(T, 0)]>,,, are 1ndependent Therefore (3.3.27) implies that

E[F([[©]", )G (©,)] =E[F([[©]]",,)]E[G(6),)]. (3.3.28)

We next set q = inf {g €N : o(p+3p1),0(p) ¢ {Yu; vET:|v A 0|< (o) — ¢} } Which is
P-as. ﬁnite by (3.3.14) in Proposition 3.3.6. We first observe that q is a measurable function of
©,= (7', &3 (T, Y¥)yerr): namely,

a=q(0,) :=inf {geN: o(p+3p1),0(p) E{YP; ver:JvAd|<—q}} .

We then define the sequence v, € 7, n € N, by setting v9 = ¢ and v,,+; = succ(v,). Note
that {v,;n € N*} = 7\ L, and observe that succ;’ (0) = [cent (7, v,; (Yy)ver)] . We then set
S(po, p1)=inf{n €N : v, Ao| < =) — a}. We also introduce the sequence v, € 7/, n €N, by
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setting v = ¢’ and v}, , ; = succ(v;,) and we define the time S’ =inf{n €N : |v;, Ao| < —q}, which
is a measurable function of ®,,. Then observe that for all n € N*

suchSr(po,pl)Jrn(T, 0) = succgurn (', o). (3.3.29)

Let = € T), remark that if —|z A o(p)| >p + 3p; then [(T), z)]; 2! = [(T, )], ™! for all h € Z.
Now, let k € N. To simplify, set v = vg(y p )41 and v' = v . Then [vAo| < —(o) — a. If
w € Jo(Co(p))s vAQ], Vi has to be equal to X with ¢ > (), which implies that Yy, # o(p). If
w € [vAg,v], then Yy, # o(p) by definition of q. It shows that Y., = (T, Y,), as in (3.3.26). Again
by definition of q, we similarly get that —|Y,, A o(p)| > p+3p1, which allows us to apply the

previous observation. This combined with (3.3.29) implies for all n € N* that

[[succ;f(

pop)en (@, = [[succd, (Op)]17,, (3.3.30)

which is a measurable function of ®,,. Thus, by (3.3.28) and (3.3.30), we get

E[F([[@H[iopo)G(([[Succjs‘_(poypl)_pn(@)“alpl)neN)]
= E[F([[0]%,)G(([[succ,,(©p)]]%),), cn)]
= E[F([0)1%,)] E[G(([[succy 1, (O)1%)) ,en)]

which implies the desired result. |

3.3.4 Proof of Theorem 3.1.1

Recall that ;v and v are offspring distributions such that p is non-trivial and critical and v is
supercritical. Recall that we denote the mean of v by m,.. Let (7, ¢) be a right-infinite GW(p)-
tree that is independent from (T, o), which is an invariant GW(v)-tree. Let @ := (7, 0; Y, =
(T,Y,),v €7) be a branching RW whose conditional law given (T, 0) and (7, o) is QE:’;)) as in

Definition 3.2.30 (recall here that the underlying spatial motion is that of a m,-biased RW on T)).
We first prove the following proposition.

Proposition 3.3.11 We keep the same assumptions and the same notations as in Proposition 3.3.6.
Let (vp,)nen be an indexation of {v € 1:9<;v} in lexicographical order. Then,

Cur=P(Y,¢{Y, ;neN*}) >0 and P-as. %#{Yvk;ogkn}ﬁcw. (3.3.31)

Moreover, for all m,n €N, we set Ry, ,(©)=#{Y,,;m An<k<mVn}. Then forall c€(0,1)
and all sp € (0, 00),

p(n,e,s0) == P<s,s/né6[L(}fso]|%RLmJ’ms/J (©) — cupls' —s|| > 6) — 0. (3.3.32)

Proof. Recall that s,uccéF stands for the ¢-th iterate of succ™t. If n > m, then we observe that
Rmvn(such(G))) =Rym+tn+0(0). Then, the r.v. R, ,,(©) satisfy Assumptions (1.7), (1.8) and
(1.9) of Liggett’s version of Kingman’s subadditive ergodic Theorem 1.10 [121] p. 1280 that asserts
that there exists a constant ¢ € [0, 0o) such that n 1Ry ,,(®) — ¢ almost surely and in L' and that
c=lim,,oc E[Ry,(®)]/n. Then, observe that

E[RU,TL(Q)} = Z P(Yvk Q—f {Y11k+1’ AR Yvn—1}) :

0<k<n
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Since the law of © is preserved by the function succ™, we get P(Y,, ¢ Worirs o Yo,y =
P(YQ ¢ {Yv17 SRR Yvn_k_l}) and thus

SE[R0n(©)]= 1 > PYVo@{Yur Vo)) —— cuw

0<k<n—1 nree

by Cesaro. Then observe that ¢, , > k., where &, ,, is defined in (3.3.13) in Proposition 3.3.6.
This proposition asserts that «,, , >0, which completes the proof of (3.3.31).

We next prove (3.3.32). To simplify the notation, we set ng, = %RLnSMnS/J (®), for all
s,5' €0, 00) and all n.€ N*, We first suppose that s’ > s. Since the law of © is preserved by succ™
and since X, = %RO7LnSIJ_LnSJ (succimJ (©)), X¢ has the same law as %Ro,l_ns’J— Ins) (©) and
(3.3.31) implies that X7, — ¢, ,,(s'—s) in P-probability.

We set p = [sg] and we also introduce Wn,q = MaXo<k<i<p2a | Xpo—q 19— — Cuw(l — k)27,
for all ¢,n € N*. The previous result implies that for all ¢ € N*, w,, ;, — 0 in P-probability. We
next fix s, s" € [0, p] such that 5" > 5. We set 5, = [2%5]277 and s; = [295]279. Observe that
0< X;‘%S{I — Xy <2277+ %, since Ry, 1,y (©) < |m'—m/, by an obvious counting argument.
This easily implies

max | X'y — cuuls’—s|| <2(1+cu.)279 + 2 + w,
s,s'€[0,p] ’

which readily implies (3.3.32). This completes the proof of the proposition. |

Proof of Theorem 3.1.1. Let us prove first that the assumptions of Theorem 3.1.1 imply the
assumptions of Proposition 3.3.11. Namely, recall that in Theorem 3.1.1, we suppose that there
exists b€ (1, 00) such that > oy kPv(k) < oo. As pu is in the domain of attraction of an a-stable law,
it admits finite of moments of all orders a € [1, «) (see e.g. Feller [74, Lemma in Chapter XVILS5, pp.
578]). Therefore, under the assumption of Theorem 3.1.1, we have 3", <+ p1(k)k(log k)2(1+28) <
oo, where = 1/(b—1), and so Proposition 3.3.11 applies. Then we keep the notation @ =
(1, 0; Yy =(T,Y,),v €T) as above. We denote by (vy,)nen an indexation of {ve€1:0<, v} in
lexicographical order and we also introduce (wy)xen- that are the vertices of the spine 0L, listed
in lexicographical order (recall that OL,={vET\L, : 0 € L,}). We then set

—k
T0 =04, 7, YF =Yy 0, v€ET® and OF = (10 2; Y, =(T,YVF),ver®).

We next introduce the following notation for any deterministic 7-valued and ¢-indexed branching
walk O = (t,u; §,=(T,yy),vEL): we assume that ¢ is finite and for all 0 < m < #t, we set

Rm(@):#{yvz ; O§l<m}7

where (v,,)o<m<#+ Stands for the vertices of ¢ listed in lexicographical order. Note that R,,(©)=
R, (cent(0)). Then observe that for all k€ N* and all 0 <m < #7®),

Ry (cent(®%)) = R, (®F ) =Ry, | 0o ,+m(©), (3.3.33)

where the R, ,,/(©) are as in Proposition 3.3.11 and where we have set o, = <;«;, #7® for
all k£ € N*, with the convention o =0. o

We then introduce x, =inf{k € N* : #7®) >n} and g,, = 0, —1 as in (3.2.66). To simplify
we set 7>, := 1) and O~ :=0O%". First observe that T>n, has the same law as a GW(p)-tree
7/ under P(-|#7’ > n). Next note that the conditional law of ©%  given (T,0) and (7, o) is

Y . . . .
len’g? ) Since (T, Yy,, ) has the same law as a m,-biased RW on T starting at o taken at time

—|wg, | + 2. By the invariance (3.2.38), it implies that

conditionally given (7, 0) O3>, := cent(©%,) (law) QE:.;,O)Q) .
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By (3.3.33), we then get forall 0 < m < n,

Rm(Gzn) = Rgn,gn+m(®)-

We now recall from Theorem 3.2.36 (i) that % gn — g1 in law where g; € (0, c0) almost surely.
Therefore, for all € € (0, 1) and all sp € (1, 00), we get

p'(n,e) == P( ren[%)i] |%RLn5j (©>,) — Cu,ys| > 6) < p(n,e,so) + P(%gn > 80—1)

where p(n, €, so) is as in (3.3.32), which implies that lim sup,,_, . p'(n,¢) < P(g1>so—1)—0
as so — 00. Namely, limy, oo maxge(o.1] |2 R ns| (O=n) — 5| =0 in P-probability.

We next want to use Lemma 3.2.37 to complete the proof of Theorem 3.1.1. To that end we
denote by V.(7>,) the Lukasiewicz path of 7,, and by (vj)o<k<#r., the vertices of 7>, listed
in lexicographical order. We also fix 7 € (0,1) and we set 7, = [n7|. Then observe that the
subtree {vy;0 < k < r,} is measurable with respect to V.a,, (7>5,) and that (R (©>r))o<k<r,
is a measurable function of V.., (7>,) and of an independent r.v. U,,. Moreover, as an easy
consequence of Theorem 3.2.36 (i) and Remark 3.2.34, iVLn' |Arn (T>n) converges in law in
D([0,00),R) to X.A, under N(dX|(¢ > 1). By Slutsky’s Theorem, we therefore get the joint
convergence

(iVLn.J/\rn (T>n) s (%RLnSJ (6271))36[0,7"]) e (X'/\Tv C#al’Id[OvT}('))

n—0o0

weakly on D([0, 00),R) x C([0, ], R). Then Lemma 3.2.37 applies and we get

P( max |1R|,(©y) — cpus| >e) — 0 (3.3.34)

sclor] ™ n—00

where ©,, := (Tn, @Y, = (T,Y,),v e Tn) is a branching RW whose law is characterized as
follows: 7, has the same law as a GW(u)-tree 7" under P( - |[#7'=n) and the conditional law of
®,, given 7, and (T, o) is foﬂ",’;). Since r can be chosen arbitrarily closed to 1 in (3.3.34), an
elementary continuity argument finally entails (3.3.34) when r =1 which is precisely the statement

of Theorem 3.1.1. |

3.4 Limit of the 7.-indexed branching RW and its snakes

3.4.1 Harmonic coordinates and related estimates.

One key-ingredient of the proof in Peres & Zeitouni [137] of the quenched CLT for a critical biased
RW (X, )nen in an invariant GW-tree is the harmonic coordinates, which are R-valued measurable
functions (S, )zeT of the environment T such that on one hand (S, )nen is @ martingale to which
conditional CLT applies, and on the other hand such that Sx, ~ Cst|X,,|. This idea is actually
adapted to branching RWs to prove the main result of the chapter. In this section, we recall from
Peres & Zeitouni [137] the construction of the harmonic coordinates of (variants of) the invariant
GW(v)-tree T (within our framework of ordered trees) and we prove several estimates that are used
in our proofs.

The following lemma summarizes definitions, notations, and the main properties of harmonic
coordinates. The proof given below does not contain any new argument: it is recalled from Peres &
Zeitouni [137] and Dembo & Sun [45].
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Lemma 3.4.1 Let v be a supercritical offspring distribution whose mean is denoted by m,,. We
assume that there exists o' € (1,00) such that m, (0'):= Y cn k' v/(k) < co. For all rooted ordered
tree t €T as in Definition 3.2.1, we next set

U(t) = lim inf m, " #{uet: |u|=n} € [0,00] . (3.4.1)

Here, (T, 0) is either a GW(v)-tree as in Definition 3.2.6 (a) (in this case: o= ), or an infinite
GW(v)-tree as in Definition 3.2.18 (b), or an invariant GW(v)-tree as in Definition 3.2.25. For
all x €T, we recall from (3.2.17) that the subtree 0,'T stemming from x belongs to T and we set
U, = U(0,T). Then the following holds true.

(1) P-a.s. forallz€'T,

: —n . B 1
Up= lim m, #{yeT 2 <y, ly|=|z|+n}€(0,00) and U, = o Zr ?Uy' (34.2)
yely =x

(ii) Suppose that b € (1,00) is such that Y ey k°v(k) < oo. Then, E[U?] < oo if T is a
GW(v)-tree or an infinite GW(v)-tree. If T is an invariant GW(v )-tree, then E[U;’*l] <ooif
be (2, 00).
(#i7) The harmonic coordinates are the R-valued r.v. (S;) et defined by the following
So=0 and VxeT\{@}, S,—S¢=U,, (3.4.3)

on the event where (3.4.2) holds true and by S, =0, x € T, on the P-negligible complemen-
tary event. Let X, = (T, X,,), n €N, be am,-biased RW such that X =o. We denote by .7,
the o-field generated by (X i)o<k<n- Then (Sx,, )nen is a (%, )nen-martingale:

P-as. foralln e N,  E[Sx,., | %] = Sx, (3.4.4)

(iv) We keep the previous notations and for all n € N, we set A, = Sx,, ., —Sx, and ®p(X,) =
E[|A,[°|%]. Then,

b
m, +m,

Op(X,) < —2L—7_
o )_my—kkxn(T)

UY, and ®u(X,)=®y(cent(X,)) . (3.4.5)

Ifbe (1, 00) is such that 3 cn kPv (k) < oo and if T is an invariant GW(v)-tree, then E[®y(X )] =
E[®y,(X ()] <. In the specific case where b=2, then

E[0y(X,)] = m”(f)i_m” = o2 (3.4.6)

mZ—m,

Proof. We prove (7). To that end, let us first consider the case where T is GW(v)-tree as in
Definition 3.2.6 (a). By standard arguments about martingales, a b’-moments for v with b’ € (1, 00)
implies that P-a.s. U(T) =lim,,_,com,"#{z € T : |z| =n} € (0,00). Next observe that for all
x €U such that P(z €'T) >0, the subtree 6, T under P( - | z € T) has the same law as T. Since U
is countable, P-a.s. (3.4.2) holds true for all z € T.

Suppose next that (T, o) is an infinite GW(v)-tree or an invariant GW(v)-tree. In these cases,
conditionally given 0L,, the subtrees 6, T, y € T\ L,, are independent GW(v)-trees. Therefore
P-a.s. (3.4.2) holds true for all € T\ L,. Now note that (3.4.2) provides a unambiguous definition
of the weight U,, for x € L,, which completes the proof of (7).

Let us prove (ii). We first suppose that T is a GW(v)-tree or an infinite GW(v)-tree: in both
cases 0, T is GW(v)-tree and as proved in Dembo & Sun [45, Lemma 6.2], E[U?] < co, which
implies the first part of (i7).

We next assume that T is an invariant GW(v)-tree and that b € (2, 00). By convexity of x
2®~! and the second equality in (3.4.2), UP~ <m, ® Vo (T)® 2 3, e 5o UP L. By (3.2.36) in
the definition of invariant GW(v)-trees, we get E[U? ™! ko(T)] <m, * " E[U(T)">~!] ko(T)>~1,
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where T is a GW(v)-tree. Thus E[UP '] < Im PE[U(T0)®> ] Ypen(m, + k)P~ v (k) < oo,
which completes the proof of (iz).
To prove (iii), observe that

E[Sx,. . Sx.|7n] = (S —Sx B[ [Tl + > (Sy=Sx,)B[Lix, . [ 7]
yET? =Xn

m, Ux Uy
— e _|_ Z _— = 0

by the second equality in (3.4.2). This completes the proof of (7i7).
Let us prove (iv). We first observe that

1

o (X,) = ———(m,U® UP1,+_
) = () (= X”erez; )
1 b b _ mE—I—m,, b
m,,—i—kxn(T) (myUXn + (y;rUyl{?ZXn}) ) - mV—Han(T) UXn

since s® 4+ r® < (s + )P for all s, € [0, 00) and by the second equality in (3.4.2). This proves
the inequality in (3.4.5). Then, recall from (3.2.12) the definition of the shifts ¢;, [ € Z, and
cent(-) from Definition 3.2.15 and observe that for all x € T, U(6,T) =U(6,,(,)%:(T)) and that
kz(T)=k,,(z)(1(T)), which easily implies the equality in (3.4.5).

Next we suppose that T is invariant. By Proposition 3.2.26, the law of X, is then invariant and
E[®y(X,)]=E[®,(X0)]. By (3.4.5), we then get

E[®,(X0)] < §(m) '+ 1)E[U(T))°] < o0

where Ty a GW(v)-tree, by (3.2.36) in the definition of invariant GW(v)-trees. In the special case
b=2, we then get

E[D,(T, )] = E[my (To)? + Y U(0,T0)*1 55— @}}
u€To
_ 2 _m,,(2)—m,,
= E[U(To)’] = m,

the last equality being a consequence of the explicit computation of the variance of Galton-Watson
processes: see e.g. Athreya & Ney [13, Chapter I, (2) p. 4]. |

The following lemma provides an initial comparison of harmonic coordinates with the relative
height of vertices.

Lemma 3.4.2 Let v be a supercritical offspring distribution whose mean is denoted by m,,. We
assume that m,(2) = 3.y k*v(k) < co. Let (T, 0) be an infinite tree GW(v)-tree as in Defini-
tion 3.2.18 or an invariant GW(v)-tree as in Definition 3.2.25. Let the rv. U, Sy, © €T, be as in
(3.4.2) and (3.4.3). Recall from (3.2.15) the notation 0L, and o(p), p € N. Then the following holds
true.

(i) Forall peN* we set B,=m, ' 3" cor 4 o(p) Uz- Then B,=Us ) —m,, Uy (p—1)- Moreover,
the r.v. (B,)pen+ are ii.d. such that B[] =m;,?(m,(2) —m,). Ifb e (1,00) is such that
my, (b +1):=>",cn k2T v (k) < oo, then E[BY] < oo



3.4. Limit of the 7o,-indexed branching RW and its snakes 161

(1) Recall o, from (3.4.6) and assume that there exists b € (1,00) such thatm,(2b 4+ 1)=>"; y
E*T1y (k) < 0o. Then, there is a constant c € (0, 00) that only depends on v and b such that

forallpeN, EH So(p)— || ] <cp®. Moreover, for all B € (% + i, 1), we set
|O-71250(p)_|0(p)”
Rz =sup % . (3.4.7)
g peN 14—p6

Then, there exists a constant ¢’ € (0, 00) that only depends on v, b and (3 such that for all
A€ (0,00), we get P(Rg > \) </ A™2P,

Proof. The first point of (7) is a direct consequence of the definition of invariant GW-trees and
of (3.4.2). Then, observe that B[, |ko(1)(T)] =m, 'E[U(T)](ko(1)(T) —1) =m;, *(ko(1)(T) —1),
where T’ stands for a GW(v)-tree. Thus, E[31] =m, 2 > ey k(k—1)v(k) = m;, % (m,(2) —m,).
More generally, note that 8 <m;®(ko(1)(T) = 1)>"" 3 cor, 47 —o(1) Us since z = 2® is convex.
Then recall from Lemma 3.4.1 (ii) that E[U°(T')] < oo if m,(b) < co. Thus E[B} k1) (T)] <
m,, *E[U°(T")](ko(1)(T)—1)°, which implies that E[3}] <m, > 'E[U®(T’)]m, (b + 1) < cc.

Let us prove (7). As an immediate consequence of (), for all p€ N* we get

Ustp) =1, PUs + > m, P HB, = PUy + (1-m, ") E[B, ¢lip<aepy|(T,0)] (3.4.8)
1<k<p

where G stands for a r.v. that is independent from (T, o) and such that P(G=Fk) = (1—m; !)m}*,
k€N. Since S, (p—1) = So(p) = Us(p—1) (as a consequence of (3.4.3)), we get by (3.4.8)

—Somy =Us+ > _ Uy - U+Zﬂkzm;(q4f)

1<q<p My 1<k<p k<g<p

1 m, P (p k) 11— m, P

_pkﬂk
U+Z/Bk 1—m—1 F— U+Z Z -

—m ! 1<k<p v 1<hepl my 1<k<p -+ M

To simplify notation, we set a=E[3,] and B, =8, — a, that is a centered r.v. and we get

—(1—m;1)50(p) —ap=2%,_1+ Ry(1) — Ry(2) where
Yp_1= Z B, R,(1) = (1-m,?)Us—a and

1<k<p—1
RP(Q) - Z m;(p_k)ﬂk = (l_m;l)_lE[ﬁp—G1{0<G<p}‘(Ta 0)]'
1<k<p
Note from (i) and (3.4.6) that a=!(1—m;, ') =0, 2. Since z ++ 2?° is convex, we get

2 _
0B L So+0 ] < 377 (B[ By (1)) + E[|Ry(2)[*] + B[, 1)) -

First observe that E[| R,(1)|?®] < 22~ 1(E[UZ2] 4 a?®), which finite by Lemma 3.4.1 (44).
To bound E[| R,(2)|?"], we use conditional Jensen inequality to get

|Ry(2) |2b <(1 —m;l)_QbE [ﬁ;ticl{0<c<p} ’ (T, 0)] )

which entails E[|R,(2)|?®] < (1—m;1)~2*E[B%®], which is finite by (4).
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Let us bound E[|X,_1|?*]. Since the 3}, are i.i.d. centered and such that E[|3,|**] < oo by
(), we can apply Burkholder-Davis-Gundy inequality (see see e.g. Burkholder [32, Theorem 9
p. 1502]) to get a constant ¢ € (0, co) that only depends on b such that

B([S,1*] < o B[( Y B}) |

1<k<p

Since z — 2P is convex,

B[(X5)] < 0-1"" Y B[B*] = (0 1)*6B[[5, "),

1<k<p 1<k<p

which proves the first inequality in (4i7).
To complete the proof of (iii) we simply observe that

b
B cp /'y —2b
ZEN* peN*
by a Markov inequality and since (23 —1)b> 1. |

The following lemma shows that branching RWs do not visit ‘bad’ vertices, namely vertices x
such that 0,2 x (the harmonic coordinate at z) is large compared to the relative height of .

Lemma 3.4.3 Let 7 be a GW(p)-tree, where i is a non-trivial critical offspring distribution. Let
v be a supercritical offspring distribution whose mean is denoted by m,. Let b € (1,00). We
assume that 3oy k*v(k) < 0o. Let (T,0) be an invariant GW(v)-tree. Let (Y,))yer be a T-
indexed, T-valued m,-biased branching RW whose conditional law given (T, 0) and T is Qg ;; as
in Definition 3.2.30. Recall from (3.2.15) the notations o(p) and L. Let (Sy)zeT be the harmonic
coordinates as in (3.4.3) and recall from (3.4.6) the notation o,,. For all g€N, all A€ (0, 00) and

all B e (% + %, 1), we define the following subset of T

Byxp = {xGT\LO i|loAx|>—q and |$(SI—SO/\I)—(|:U|—|0/\:U|)|2)\(1—|—(|m|—|o/\x|)’8)}.

Then, there exists c € (0, 00), which only depends on v,b, 3, such that P(3ue T : Y, € By 3) <
g\,

Proof. Let (T, @) be a GW(v)-tree (Definition 3.2.6 (a)). Denote by (S%),cr, its harmonic
coordinates. We first bound the expectation of

2(Ty) = Y meoptelfolp iy

= {Jor?s9-lal|2A(+l2i)}

Let (T, o) be an infinite GW(v)-tree (Definition 3.2.18) whose harmonic coordinates are denoted
by (S.)ze1r. We recall that S = 0 and that for all z € Ty, SY =>"ye2,] U(0yTo). Then, the
many-to-one formula (3.2.25) implies

E E my, +ko (T) 1 ., /
4 pg* [ = oy 28!, o (p)|\zx(1+|p\ﬂ)}}
my -2 cp® 5
_m;2/ IZ P( ‘U So(p (p)” > A1+ ’p‘ﬁ)) < Z m < d34%9)

peEN* pEN*
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by the absolute continuity relation (3.2.36) between the laws of T and T, by Lemma 3.4.2 (4i) and
since 20(b—1) > 1.

We now complete the proof of the lemma. To that end, we denote by X,,=(T, X,,), n€N, a
m,-biased RW on T starting at Xy =o0. By definition of branching RW, we first get

P(HUET : YJEBq’)\ﬂ‘ (T,O),T) S ZE[]‘{YJEBq,A,B}’ (T,O),T] = ZPT,o(X\u\qu,)\,ﬁ> .

ueT ueT

Then, the many-to-one formula (3.2.25) implies

E[Y Pro(Xju€Byap)|(T,0)| = 3 Pro(Xu€Byp)= > G(o,a)
UET neN CEGBqM\ﬁ
- i Z Lijongl>—q3 2 (0yT).
y€OL,

Here, we used the fact that the Green function G/(o, z) is equal to wjg) m, (lzl=lonzl) by (3.2.35).
Recall from the definition of invariant and infinite GW-trees that conditionally on JL,, the trees

(0,T)ycor, areii.d. GW(v)-trees. Therefore,

(HUET Y EBq)\5| 6L Z 1{ |o/\y|<q}E[ ( )] < iE[Z(To)] Z ko(j)(T
" yeaL 0<j<q
which implies the desired result by (3.4.9) and since El[kq(;) (T)] =m, ' 3oy k*v(k) <ooif j>1
and E[ko(T)] = (2m,) ™1 ¥ pcny k(K + my)v(k) < oo. |

We next get upper bound of the (quenched moments of the) increments of the martingale

Lemma 3.4.4 Let v be a supercritical offspring distribution whose mean is denoted by m,,. Let
bo € (1, 00). We assume that 3" e k¥ (k) <oc. Let (T, 0) be an invariant GW(v)-tree as in
Definition 3.2.25. Let the rv. Uy, x €T, be as in (3.4.2). Let X, = (T, X,), n€N, be am,-biased
RW on T such that Xo = o, and recall that Py o) stands for the conditional law of (Xp)nen
given (T, 0). Then, for all b€ (1,by), there exists a P-a.s. finite random variable Ky (T) that is a
measurable function of T and b such that for all m € N and all n € N*,

P-a.s. Ero[|Sxmin—Sxm ] < Ko(T)n® H(m +n). (3.4.10)

Proof. Recall the notation A, = Sx, . ,—Sx, from Lemma 3.4.1 (iv). Since the A}, are increments
of martingales, the Burkholder-Davis-Gundy inequality (see e.g. Burkholder [32, Theorem 9
p. 1502]) implies that there is a constant ¢(b) € (0, co) that only depends on b such that

2
ET,o[lgl]?%(n 15X, 10— SXm| } b) Bt [(0§<nAm+k> }
Since b€ (1,00), z — 2% is convex and (L 3" ooy AZ )P < 157 i o [Apik|*®. Then by

(3.4.5) in Lemma 3.4.1, we get

ET’O |: lréll?éxn ’SXm—O—k_SXm |2b] S c(b)nb_l Z ET,O |:|Am+k‘|2b:|

0<k<n

b 1 m;,°+m, 2b
Z ET°{my+kX +k(T)UXk+7n}
0<k<n

< e(®)@P+m,) n*Hm +n) (55 Y Ero[F(T, X))
0<k<m+n
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where we have set F(T, z) =U(0,T)®/(m, + k,(T)), for all (T, z) € T" and where we recall the
notation U(+) from (3.4.1). Observe that F'(T', z) = F(cent (7, x)). Then, set by =by/b € (1, 0)
and observe that E[F (T, 0)"!] < E[U2*] <00 since ey k2P0 v (k) < oo by Lemma 3.4.1 (ii).
Therefore Corollary 3.2.27 applies and asserts that

P-as. Kp(T) := c(b) (m2°+m,) sup ! Y Ero[F(T, X)) < o,

neN* o2y

which entails the desired result. [ |

We next use a specific form of a conditional Central Limit Theorem for martingales that is used
to prove the finite-dimensional convergence of the harmonic coordinates of the branching random
walk in Section 3.4.4.

Proposition 3.4.5 Forall neN, let (F, i)ren be a filtration on (Q, %) and let (D, ;) ken- be a
sequence of real valued r.v. Let (s, )nen be a sequence of integers and let s € [0, 00). We make the
following assumptions.

(a) Foralln,k, Dy, is F, x-measurable, E[D? ] < oo and P-a.s. E[D,, | Fp.r—1]=0.

(b) There exists a filtration (G;)jen on (Q,.F) and a sequence of integers (ry)neN such that

]:np = grn, neN.

(c) Foralle€(0,1), P-a.s. limy 00 31 <p<s,, E[D%,k1{|Dn,k‘>5}|’ank_1] =0.

(d) P-a.s. limp 500 D1 <pes, E[D72L7k|fn,k—1] =s.
Then, we set My =31 <p<s Dn i and for all \€R,

Pas.  lim B[ |F, o] = ¢ (3.4.11)
Proof. See Appendix 3.C. |

Remark 3.4.6 In Assumption (b), o-fields are only partially nested (i.e. F,, ;, is not necessarily
included in F;,4 1 for all k). However, as mentioned in the remarks following Hall & Heyde [91,
Corollary 3.1 pp. 58-59], since the limit in Assumption (d) is deterministic, the conclusion of [91,
Corollary 3.1 pp. 58-59] applies and M, converge in law to a centered Gaussian r.v. with variance
s. However, this sole convergence does not imply (3.4.11). A related type of result can be found
in Eagleson [66, Corollary 2 p. 560], which entails that P-a.s. lim,_,. E[e?*|G] = e~ 25N
where G =, cn Fn,0- However, it does not imply (3.4.11) and the methods used in [66] seem
difficult to adapt in order to obtain (3.4.11). Since we have not found an accurate reference for
Proposition 3.4.5, we provide in Appendix 3.C a proof which is a (relatively straightforward)
adaptation of proof of the standard Lindeberg CLT for martingales. O

Proposition 3.4.7 Let v be a supercritical offspring distribution whose mean is denoted by m,,.
Let b€ (2,00). We assume that y_jcn kPv(k) <oc. Let (T, o) be an invariant GW(v)-tree as in
Definition 3.2.25. Let the rv. Uy, Sy, x €T, be as in (3.4.2) and (3.4.3). Let X, = (T, X,,), neN,
be a m,-biased RW on T such that Xo=o. We denote by F#,, the o-field generated by (Yk)ogkgn-
Let ry,, s, €N, neN be such that %rn —rel0,00) and %sn —s€10,00). Recall from (3.4.6) the
definition of o,,. Then for all \€ R,

. . _1 0.2)\2
P-as. JLIQOE[eXp (’L%(SXTMSn—SXM))‘ﬂ}n} =e 2%, (3.4.12)

Proof. We want to apply Proposition 3.4.5 with F,, = %, 1k and D, = n /2A, 44,
where as in Lemma 3.4.1 (iv), we have set A, = Sx,,,, —SXx,,. Since v is square integrable,
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(3.4.6) in Lemma 3.4.1 (iv) implies that E[D%k] =102 <00 and Lemma 3.4.1 (iii) implies that
Assumption (a) of Proposition 3.4.5 is satisfied. Next observe that F,, o =.%,, : Assumption (b) of
Proposition 3.4.5 is satisfied.

We next prove that Assumption (d) in Proposition 3.4.5 is satisfied. Recall notation ®y,(X ;)
from Lemma 3.4.1 (iv) and to simplify notation, we set Cy, = > g<;<; Po(X;). First observe
that L1 &9(X,, 14-1) = E[D,%7k].7-"n7k_1]. Since ®5(X ;) = Py(cent(X})) by (3.4.5) and thanks
to Corollary 3.2.27, we get P-a.s. limy_. %ngk = 02. Recall that %rn — r € [0,00). If
r€(0,00), then 2Cy,, = %%Cg,rn — ro? as. If r=0, since 3 > 0, we get for all n€ (0, 1),
1o, < WT””M}FW Coyr+nn — Mo2 a.s. and thus %CQM — 0 a.s. since 7 can be arbitrarily

small. Similarly, a.s. 2C5y., 45, — (r+s)oZ, which then implies that > ;< E[Dflk | Frk—1]=

L(Copptsn—C2,) — so2 and Assumption (d) in Proposition 3.4.5 is satisfied.
It remains to prove that Assumption (c¢) in Proposition 3.4.5 is satisfied. We fix e € (0, 1) and
we first observe that

1
> E[D: 1, seplFrp—1] < w2 Y, E[D} 4| Fpa] < WEC‘D,MJrSn

1<k<sp 1<k<sp

which a.s. tends to 0 since 2Cy ., 45, — (7 + s)E[®,(X)] a.s. by the ergodic theorem (which
applies as Corollary 3.2.27 since E[®,(X)] < oo by Lemma 3.4.1 (iv)). This proves that
Assumption (c) in Proposition 3.4.5 is satisfied and (3.4.12) follows from (3.4.11). |

To conclude this section, let us recall from Peres & Zeitouni [137] annealed uniform bounds
for the (relative) height of m,-biased RW on GW-trees which is used later in the proof of Proposi-
tion 3.4.14 in Section 3.4.5.

Lemma 3.4.8 Let v be a supercritical offspring distribution whose mean is denoted by m,,. We
assume that "y k?v(k) < oc. Let (T, o) be either a GW(v)-tree as in Definition 3.2.6 (a) (in
this case: o= Q) or an infinite GW(v)-tree as in Definition 3.2.18 or an invariant GW(v)-tree as in
Definition 3.2.25. Let X,,= (T, X,,), n€N, be am,-biased RW on T such that Xo=o. Then, for
all n, pe N*, the following holds true.

(1) If T is a GW(v)-tree, P(maxi<p<p | Xi| > p) < Ane=P*/2n,
(i) If T is an invariant GW(v)-tree, P(maxy <<y, || Xi|| > p) < 8nde~(P—1)?*/2n,
(iii) If T is an infinite GW(v)-tree, P(max<p<n || Xi|| > p) < 16n3e=(P=1D?/2n,

Proof. For (i), see Peres & Zeitouni [137, Lemma 5 p. 608]. For (iz) and (iii), see [137, Corollary
2 p. 608]. n

3.4.2 Statements of the result, overview of its proof

Before stating the main results of the section, let us fix some notations and let us specify our
assumptions.
We fix a.€ (1, 2] and we fix an offspring distribution p that satisfies (3.2.60). We denote by 7
a GW(u)-forest corresponding to a sequence (7*) )gen+ of i.i.d. GW(u)-trees (Definition 3.2.6 (b)).
We denote by V(7 ) its Lukasiewicz path, by (H (7)) se[0,00) its height process (Definition 3.2.2)
and by (Cs(Too))se[0,00) its contour process (Definition 3.2.4). We next recall from (3.2.66) the
definition of g,, and 0,, (roughly speaking (g, 0,,) is the first excursion interval of H (7,) above 0
longer than n). Then we also recall from Theorem 3.2.36 that (a,,)nen+ and (b, )nen+ are scaling
sequences such that a,, =n/b,, and such that the following limit
a@n = (%gna %ana iVLnJ (Too)a ﬁHn-(Too)a #CQn-(Too» — (gh d17 X7 H7 H) (3-4-13)

n—oo
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holds weakly on R? x D([0, o0), R) x C°([0, 00), R)? . Here, X is an a-stable spectrally positive
Lévy process characterized by (3.2.52), H is its associated height process as defined in (3.2.53) and
(g1,d1) is the first excursion interval of H longer than 1 as defined in Remark 3.2.34.

We next state a limit theorem for snakes associated with 7.,-indexed branching RWs that
take their values in an invariant GW(v)-tree (Definition 3.2.25 ). Here v is a fixed supercritical
offspring distribution whose mean is denoted by m,, and which shall be subject to various moment
assumptions.

Our main objects of interest in this section are branching RWs in invariant environment. More
precisely, we denote by (T, o) an invariant GW(v)-tree as in Definition 3.2.25. We assume
that (T, o) is independent from 7, and we introduce the sequence of T-valued branching RWs
Or= (10 &;YP =(T,Y,"),uer®), k€ N* such that

(law)

conditionally on (T, 0) and 7, the (®y)ren+ are independent and O, = Q (3.4.14)

(k> ,2)

Here Q - (k) is as in Definition 3.2.30 with A =m,. We recall from (3.4.3) the definition of

the harmonlc coordinates (S;)zer. Then, for all k£ € N*, we associate with @, two R-valued
7*) -indexed branching RWs:

My (V) and My o= (Syg0)

UET uer™®

and according to Definition 3.2.8, we introduce the following four C°([0, cc), R)-valued continuous
processes:
— (Ws(Toos - )) 1s the contour-snake of the branching random walks (M *®))cnx;

— (W (Too; )) s€[0,00 1s the height-snake of the branching random walks (M ®) ) gen-;
el

- ( (7—007 )
— Wi (Toos ))S €[0,00) 18 the height-snake of the branching random walks (M®)) pens.

We also recall from Definition 3.2.8 the notations Wy(7oo), Wi (Tao), Wi(7oo) and Wi (7o),
s€0, 00), for the corresponding endpoint-processes.

Finally, we denote by (WS)SE[O,OO) the endpoint process of the one-dimensional Brownian
snake whose lifetime-process is the a-stable height process (Hs) c[0,00) @s introduced in Proposi-
tion 3.2.47.

1s the contour-snake of the branching random walks (M ®) ) cn+;

The goal of this section is to prove the following theorem that shows that the contour- and
heigh-snakes in harmonic coordinates and in relative heights jointly converge to W when suitably
rescaled. To simplify the proof we first admit several intermediate results, which are stated below
and proved in Sections 3.4.3, 3.4.4 and 3.4.5, before proceeding to the proof of Theorem 3.4.9 at
the end of the present section.

Theorem 3.4.9 We fix a € (1,2]. Let u satisfy (3.2.60). Let T be a GW()-forest (Definition 3.2.6
(b)). Let v be a supercritical offspring distribution whose mean is denoted by m,.. We assume that
there is b € (22, 00) such that Y ey k' T2 v(k) < 0o. Let (T, 0) be an invariant GW(v)-tree
(Definition 3.2.25) that is independent from To. We recall the definition of 2,, from the convergence
(3.4.13). We recall from (3.4.6) the definition of o,,. Otherwise, we keep the previous notations.
Then, conditionally given (T, o), the following joint convergence

(‘Qny O'u\/?WQn (7o), JWW* (Too)s \/(;anW2n~(Too)7jTyan;.(7—oo))
——— (g, di, X, H,H,W,W,W,W) (34.15)

n—oo

a.s. holds weakly on R? x D([0,00), R) x C°([0, 00), R)® equipped with the product topology.
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Proof. See the end of the section. [ |

Overview of the proof of Theorem 3.4.9. To prove Theorem 3.4.9, we first prove the follow-
ing proposition in Section 3.4.4, which shows that the contour- and heigh-snakes in harmonic
coordinates converge to W when suitably rescaled.

Proposition 3.4.10 We fix o € (1,2]. Let p satisfy (3.2.60). Let Too be a GW(p)-forest (Defini-
tion 3.2.6 (b)). Let v be a supercritical offspring distribution whose mean is denoted by m,,. We
assume that there is bo € (1+ =%, 00) such that }_jen k' 72201 (k) < oc. Let (T, o) be an invariant
GW(v)-tree (Definition 3.2.25) that is independent from T.. We recall the definition of 2,, from the
convergence (3.4.13). We recall from (3.4.6) the definition of o,,. Otherwise, we keep the previous
notations. Then, conditionally given (T, o), the following convergence

(2ns 52 Wonr (7o), 5z Wi (7)) —— (g1, d0, X, HLH, W, W) (34.16)

a.s. holds weakly on R%? xD([0,00),R) x C°([0, 00), R)* equipped with the product topology.

Proof. See Section 3.4.4. [ |

To prove Proposition 3.4.10, we first rely on the following lemma, which is a conditional version
of Kolmogorov continuity theorem and whose proof is a straightforward adaptation of the standard
version of the theorem. To state it let us introduce the following notation for the -Holder factor
(here v € (0, 1]) of a function x(-) € C%(]0, 00), R) on the interval [0, sq] (here s € (0, 00)):

[x(s) =x(5)]

ls—s'7 ;5,8 €0, 50], 57’55,} (3.4.17)

Holy s, (x) = sup{
which may be infinite.

Lemma 3.4.11 Let 9 C.7 be a o-field and let (Zs) sc[0,00) be a R-valued continuous process. Let
s0,b€ (1,00) and c € (0, 00). We assume that there is a 4-measurable and a.s. finite r.v. C such
that for all s, s’ €0, so),

Pas.  B|Z—Z,|"|9] < Cls—s|"e. (3.4.18)
Then, for all v € (0, ¢ ), we get

P-a.s. E[(Hol, . (Z))"|9] < coicr.soC, (3.4.19)
where Cy ¢ ~,50 = 220(250) 1+ (1 —2_(5)'”) P,
Proof: This is easily adapted from e.g. Revuz & Yor [138, Theorem 2.1 p.26]. |

More precisely, in Proposition 3.4.17 in Section 3.4.3, we first show that the rescaled height
process a,, ' H,,.(T~) satisfies an (unconditioned) assumption of type (3.4.18). Then in Proposi-
tion 3.4.18 in Section 3.4.3, we prove that it entails that a,, Y 2)7\/\,’;,(700) also satisfies an assumption
of type (3.4.18). This implies that conditionally given (T, o), a,, Y 2)7\/\;_(7'00) is tight, thanks to the
following general result (the proof given below makes precise what we mean here by conditional
tightness).



168 Chapter 3. Scaling limit of tree-valued BRW in random environment

Lemma 3.4.12 Let 9 C.F be a o-field and let (Z{" )sel0,00) 7 €N, be a sequence of R-valued

continuous processes such that Z” =0. Let b€ (1, 00) and v € (0, 1]. Let us assume that for all
p €N, there exists a -measurable r.v. Cy, such that for all n € N*,

P-as. E[(Hol, ,(Z™))°|%] <C, < 0. (3.4.20)

Then conditionally given 9, the laws of the processes (Z™),cn+ are a.s. tight on C°([0, 00), R).

Proof. We denote by M (C?) the space of Borel probability measures on C := C°([0, o), R)
equipped with the Polish topology of weak convergence. Denote by w € Q+— Q,,(w, -) a regular
version of the conditional law of Z () given ¢ (which exists since CY is Polish). Namely,
— @ is a M7 (CY?)-valued r.v., measurable with respect to ¢ and the Borel o-field of M1 (C?).
— For all Borel subsets B of C{ we P-a.s. have Q. (-, B) =E[1{ ;) ¢ p|¥].
Our assumptions imply that there exists Qo € ¢ such that P () =1 and such that for all w € Q
and for all n, pe N*,

B(Ho1, ,(20))"#)(w) = [ (oL, ,(x))"Qnle.d) <C,fw) < o0

1
For all x(-) € C and 6 € (0, 00), we set ws(x, p) =max {|x(s) —x(s')|; s, €[0,p] : [s—5'| <4},
which is the 6-modulus of continuity of x on [0, p|. Then, we get for all w € €, all p, n € N* and all
d,m€ (0, 00),

5fyb b 5fyb

Qn(w, {xeCY : ws(x,p)>n}) < Py CO(HOI%I)(X)) Qn(w,dx)gcp(w)w,
1

which implies limg_,o+ lim sup,,_,o Qn(w, {x € CY : ws(x,p) > n}) = 0. Since Z” =0, a
standard result (see e.g. Billingsley [22, Theorem 7.3 p. 82]) entails that for all w € €2, the laws
(Qn(w,*))nen- are tight. [ ]

In Section 3.4.4, we prove that a;, ' H,. (7o) and o} ta, Y 217\/\; (Too) jointly converge in law
conditionally given (T, o) to (H, W). To do so, we compute the conditional Fourier transforms
of finite-dimensional marginals of the height-snake in harmonic coordinates and we use Proposi-
tion 3.4.7.

We next derive the convergence (3.4.16) using the fact that C (s ) and W (7o ) are derived from
H (7s) and W*(74) by a time-change. More precisely, recall from Remark 3.2.5 (d) the definition
of the increasing continuous bijection ¢ : [0, 00) — [0, 00) such that Hy(7o0) = Cy,__ (5)(To0)s
s€[0,00). For all s € (0, 00), (3.2.9) implies that max (g ¢ | 5= ¢r. (ns)—s| — 0 in probability
because (3.4.13) implies that %maxse[oﬁo} Hps(T) — 0 in P-probability since a,/n — 0.
Therefore, if for all s € [0,00) we set ¢, (s) = 241 (2ns) (here, ¢! stands for the inverse of
¢r..), then we have proved
Vsp€e(0,00), lim max [pn(s)—s| =0 in P-probability. (3.4.21)

n—00 s€(0,s0]

We derive the conditional joint convergence (3.4.16)
— from the conditional joint convergence of a1 Hy. (7o) and o7 tan > W (7o),
— from the following equalities that holds for all s € [0, o)

1 o5

L Cons(To0) =2 Hyp () (7o) and }ng(%): - Wro9(T) s (3422)

an

— from the following deterministic lemma.
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Lemma 3.4.13 Suppose that x,, — x in C°([0,00), R%) and that ¢,, — ¢ in C°([0,0), [0, 0)).
Assume that ©,,(0) =0 and that @,, is nondecreasing. Then, x,, o @, —x o p in C°([0, ), RY).

Proof. See Whitt [149, Theorem 3.1, p. 75]. [ |
In Section 3.4.5, we next prove the following proposition.

Proposition 3.4.14 We fix o € (1,2]. Let p satisfy (3.2.60). Let Too be a GW(p)-forest (Defini-
tion 3.2.6 (b)). Let v be a supercritical offspring distribution whose mean is denoted by m,,. We
assume that there is b € (%, 00) such that 3y kP v(k) < co. We keep the notations of
Proposition 3.4.10. Let sy € (0,00). Then there are two constants c,e1 € (0,00), which only

depend on i, v, b and sq, such that

P-as.  lim P( max |0—1217V\;"LS(TOO)—W;'{S(TOO)| > cnfsl\/@’ (T,o)) =0. (3.4.23)

n—oo SE[U,SO] v

Proof. See Section 3.4.5. |

Proof of Theorem 3.4.9. We admit Propositions 3.4.10 and 3.4.14 and we prove Theorem 3.4.9.
First note that the moment assumption on v is stronger in Proposition 3.4.14 (and Theorem 3.4.9)
than in Proposition 3.4.10 since % > 1+ 2. Thus under the assumptions of Theorem 3.4.9, both
propositions apply and they easily entail that conditionally given (T, o), the following convergence

(L o Hi (7o), e Wi (7o), 7 Wik (7)) ——— (g1, o, X, H, H H W, W)
(3.4.24)

holds weakly on R? x D(]0, 00), R) x CY([0, 00), R)® equipped with the product topology. Then
recall (3.4.21), (3.4.22) and recall (by definition of height-snake) that for all s € [0, 00),

L Cons(To0) = L Hpp (5) (7o) and %Wzns(foo) = ;(;TW;%(S)(TOO).

This entails (3.4.15) by (3.4.24) and Lemma 3.4.13, which ends the proof of Theorem 3.4.9. N

3.4.3 Quenched tightness of the height-snake of the 7..-indexed branching RWs

We keep the notations and the general assumptions of the previous section. We first prove Holder
estimates for H (7,) by adapting to the discrete setting the proof of D. & Le Gall [61, Lemma
1.4.6] which provides a similar result for the continuous height process.

To that end, we use the fact that the Lukasiewicz path V(7 ) of 7 is a RW whose jump
law is (k) =p(k + 1), ke NU {—1} (Remark 3.2.7 (b)) and we use (3.2.4) which shows that
H, (T~ ) counts the number of times the time-reversed RW (V}, (7o) — Vi~ (Too) )o<k<n reaches its
supremum. Namely, the height process is related to the so-called weak ascending ladder variables
of V(7o) whose definition and basic properties are recalled from Spitzer [144] below.

Let (V3,)nen be a random walk whose jump law is (k) =p(k + 1), ke NU {—1} (with p as
above). For all n €N, we set

Vo=max V, and L,=#{ke{l,...,n}:Vp,=V,}, (3.4.25)

0<k<n
with the convention that Ly =0. The weak ascending ladder variables are then given by

L,=inf{keN:Ly=n} and ¥ =V, =V, . (3.4.26)
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We also recall from (3.2.75) that T_, =inf{k € N : V}, = —n}. We recall from (3.2.64) that g, is
the generating function of 1 and we recall from Lemma 3.2.38 that ¢, is the generating function of
T_1. Then (L, Y5 )nen is a N 2_valued random walk whose jump law is characterized by

Vr,s€(0,1], 1—E[f1s"] = 57 19u(s) (3.4.27)
s — ou(r)
For a proof we refer to Spitzer [144], Chapter IV, P5 (b) p. 181 and more precisely to (3) p. 187 in
the specific case of left-continuous random walks (with Spitzer’s notations, P =g, and r =¢,,).
We next provide estimates on the Laplace exponents of £1, #; and T__;.

Lemma 3.4.15 We keep the above notations. We fix « € (1,2] and we assume that | satisfies
(3.2.60). For all A\ [0,00), we set Ag(\)=—log E[e *£1], A1 (\)=—log p,(e™) and A2(\) =
—log E[e=*"1]. Then there are c,,, c,, € (0,00) such that

Ao()\) ~ot+ Cu )\O%IL(%) and AQ(Al()\)) ~o+ C; )\O%L(%) (3428)

where L is the slowly varying function appearing in (3.2.62).

Proof. By (3.4.27), 1-E[e **1]=(1—e"*)/(1—¢,(e™)). Then the first equivalence in (3.4.28)
follows from (3.2.76) in Lemma 3.2.38. Next, we deduce from (3.4.27) that 1 — E[e™*"1] =
Yu(sx)/sx. where we recall ¢, from (3.2.64) and where we have set sy = 1 — e~*. Then,
Ao(N) ~gt+ A AYTLL*(1/)) where L* is the slowly varying function in (3.2.63). Then (3.2.76) in
Lemma 3.2.38 entails that

Aa(AL(N) ~or e AT L(H) VLM (A v L(d)

where ¢, ¢z € (0, 00) are two constants which only depend on «. This implies the second equivalent
in (3.4.28) by (3.2.65), which relates L and L*. ]

Proposition 3.4.16 We keep the above notations. We assume that p is non-trivial and critical. Let
b € (1,00). Then for all m €N and n € N*,

E[|Hyyn(roo) = inf H(ro)"| < ebLi(b) (Ag(2))™"  and

[m,m~+n]

E|[Hy (7o) —inf H(roo)|"| < ebl(b) (As(A1(2))) " (3.4.29)

[m,m+n]

Proof. We prove the first inequality in (3.4.29). Without loss of generality, we assume that " is a
RW whose jump law is i such that Vi =V, 10 (7o) = Vintn—k(7oo ), 0 <k <m + n. Recall from
(3.4.25) the notation L. We easily deduce from (3.2.4) that Ly, = Hp1n(Teo) =0 [y gn] H (Too)-
Thus,

E[]Hern(Too)—[[inf H]](Too)|b} :/ bs® 1P (L, >s) ds g/ bs" P (L) <n)ds
m,m+n 0 0

S/ bsbfle-E[exp(—%EM)]ds
0

< 1 Ao (L
§/0 bsP e e MR g5,

which implies the desired result. Here, we use Markov inequality at the second line and the fact
that £ is a nonnegative RW whose Laplace exponent is Ag.
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The proof of the second upper bound in (3.4.29) is slightly more involved. To simplify notation
we set [ = ming, V(7oo), for all integers [ > k > 0. Denote by m’ the smallest integer
k € [m, m + n] such that V(7o) = Iy m+n. We deduce from (3.2.4) that

inf H (7o) =Hp (To0) :#{l el0,m —1] : Vi(7eo) =11, and Iy, < Ly mgn }-
[m,m+n]
We now assume that V' is such that Vi, = V;,,(Too) = Vin—k(7e0)> 0 < k < m and we set V' =
(Vint#(To0)=Vin(Too) Jken that is an independent copy of V. We set I}, =minpg ,; V'. Then, (3.2.4)
implies that
Hp(Too)—inf H(7oo) = #{k€[l,m] : Vi=Vi<—1I)} = Lon@=1-1) >
[m,m~+n] —1,

where we have set V' =inf{leN: V; >k}. We then set 7", =inf{leN : V/=—k} and we
deduce from the previous inequality that for all integer k € N*,

P(Hm(TOO)—[[inf HH(TOO) >k) < P(LV_1 > k)=P(-I,> %) <P(T’y <n)

+

’ n

< e-E[exp (—ET_’%)] =e-exp (—k’A2(A1(%)))7

by the Markov inequality. It entails the following,

B[ Hyn(roo) — inf H(roo)[*] <e / b le[s1A2(A1) g
[m,m+n] 0

which easily implies the second upper bound in (3.4.29). |

Proposition 3.4.17 We fix a € (1, 2] and we assume that y satisfies (3.2.60). Recall from (3.2.67)
the definition of (an)nen+. Let b€ (1,00) and so € (1,00) and let £ € (0,1—1). Then there exists
c€ (1, 00) that only depends on ji,b, sy and € such that
1
V?’LGN*,VS,S/G[(),SO], E“%Hns’(Too)_iHns(Too)’b} < C’s’_s‘b(lfgfs) . (3430)

a

Moreover, for all v € (0,1— é), there exists ¢’ € (1, 00) that only depends on j1,b, sg and ~ such
that

sup E[(Holms()(aian.(Too)))b} <, (3.4.31)

where we recall from (3.4.17) the definition of Hol, s, (x(-)), for all x € C°([0, 00), R). In particular
it implies that

sup B ( max L Hy(r ))b] <ds] (3.4.32)

neN* 5€[0,50] ap Tns\ioo = 0 .
Proof. We set a(z) = 17 @ /L( ) where L is as in (3.2.62). By convenience, we set a(0) = 0.
Thus a(n) =a, by (3.2.67). To simplify notation, we set H; = H;(7oo), S€ [0, 00). By (3.4.29) and
Lemma 3.4.15, there exists a constant ¢1 (4, b) € (1, 00) (that only depends on x and b) such that
for all integers m €N and n € N*,

E[[Himsn — inf He [*| VE[[H — inf Hy '] < ca(u,b)a(n)® (3.4.33)

ke[m,m-+n] ke[m,m+n]

We first prove an upper bound for |Hy — H,| that is a simple consequence of the specific
interpolation explained by (3.2.2) in Definition 3.2.2 (a) and that is used when |s — s'| is small:
there exists ca(p, b) € (1, 00) (that only depends on y and b) such that for all s, s’ € [0, c0),

E|[|Hy—H,[*| < cau,b) s/~ (3.4.34)
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Proof. Let us suppose first that there is m € N such that m <s<s' < $(m+1), and set n=|4m].
Then, (3.2.2) implies that |Hy—H| =2(s'—s)[H=m — HmTH | <2(8"—s) (1 +Hp—inf pen,nt1] He)-

By (3.4.33), we get | Hy — Mo < c(s'—s) where ¢:=2 + 2¢1 (1, b)/Pa(1). If |25] < |25’ ], then
we get

Mo =Hslle < I Hs=Hippgll + 1He =Hippy o+ Do I1H1 g1y~ Hagls
[2s]<k<|2s']

< c(3[2s]—s+ ' —1|28) + (25| —3[2s]) = c(s'—s),
which entails (3.4.34). [l

Recall the convention a(0) = 0. We next prove the following bound: there exists ¢3(u,b) €
(1, 00) (that only depends on y and b) such that for all real numbers s’ >s > 0,

E|[Hy—H|"| < calpb)(1+a(ls']— [5])". (3.4.35)

Proof. By (3.4.33) and (3.4.34), we get

,HS’_HS S HS_,H s + HS/_,H s/ + ,H s| — lan + H s’ — lan

H o< [Hs=Hpal, + | 1l [FH1sy = 3t [y + [Hiwy - dnf #g |,
< 2ep(p,b)° + 201 (1, b) Pa( |5’ ~ ),

which easily implies (3.4.35). U

We next compare a(-) to power functions thanks to Potter’s bounds. Let sp and ¢ as in the
statement of the proposition. There exist ng € N* and ¢4 € (1, 00) that only depend on p, € and s
such that for all integer n > ng and all real number s € [0, s¢],

isﬁj < L(n)

< <eysitaE (3.4.36)
cy L(ns)

<c¢48 ¢ andthus

Proof. By Potter’s bounds (see e.g. Bingham, Goldies & Teugel [23, Theorem 1.5.6]), there exists
no € N* that depend on L, ¢ and s¢ such that for all real numbers y > x > ng, L(z)/L(y) and
L(y)/L(x) belong to [§(y/x)~%,2(y/x)?]. We fix n > ng. If s € [22,1], then L(n)/L(ns) €
[1s°,257¢]. If s€[1, 80], then L(n)/L(ns) €[+s~¢,25°] and we observe that 2s° < 2s%°s~<. This
implies (3.4.36) by taking c4 =2s2°. O

We now complete the proof of (3.4.30): we fix s, s’ € [0, so] such that s’ > s and we suppose
that n > ng without loss of generality. We first assume that s’ — s < % In this case we use (3.4.34)
to get ”i%nsl - ﬁansHb < ¢(p,b)/°n(s' —5) /a,. Now observe that

1 1
2|8 — 5| SnaL(n) (22) 7 s =] T SnveuL(no) (22) 7 () T st e
1
=cyL(no)ng |s’—s|17é*€,
which implies (3.4.30) with c=ca(p, b)(C4L(n0)n(1)/a)b.
We next assume that s — s > =2 It easily implies that [n.s|—[ns| >ng. Since lim, . a(n)=
00, SUP,, >, a(n) "t =:¢5 <oo. Thus by (3.4.36), it is easy to check the following.

a(|ns'| —|ns])
a(n) =

< 217%75(1 + 05)04(8/—8)17é7€.

1-1—¢

L +a(|ns'] —ns]) (1+ 65)64(8/—8 + %) *

a(n)

< (IT+es)
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Thanks to (3.4.35), we get (3.4.30) with c=c3(u, b) (217%75(1%—05)04)}’. This easily completes
the proof of (3.4.30) by taking c equal to the largest of the two constants Then (3.4.31) is a direct
consequence of Lemma 3.4.11 when y <1—=—¢. Wheny € [1—= 1 1= 7) we use the

elementary inequality 2® < 1+z?/ (1-5-7 M,z > 0, to get (3.4.31) anyway. Then, (3.4.32) is an easy
consequence from (3.4.31). |

Proposition 3.4.18 We fix a € (1, 2] and we assume that y satisfies (3.2.60). Let v be a supercritical
offspring distribution whose mean is denoted by m,. Let by € (1+ ~%9,00). We assume that
S ken kK TP0u(k) <oo. Let be (14 2%, bo). Recall from (3.2.67) the definition of (an)nen-. Let
sp€(1,00) and let ’y be a positive real number such that y < 1 5(1— é) (1— l) L o (there are such

b
ones since > 1+ %7 ). Then there exists c € (1,00) that only depends on p, v, b so and vy such
that for all n € N* andfor s,8" €10, so),

P-a.s. Wiy (roo)[PI(T, 0)| < cKo(T) |5/ = 5|7 (3.437)

E {|¢%7W:Ls’(7—00) ~ Jan
where Ky (T) is the P-a.s. finite and (T, o)-measurable r.v. defined in Proposition 3.4.4. Moreover,
conditionally given (T, o), the laws of the processes (\/LW (7o) sef0,00), M EN, are tight on

C°([0, 00), R). b

Proof. To simplify the notations, we denote by G the o-field generated by (T, 0), and by G’ the
o-field generated by ((T, 0), 7o ). We denote by C' the contour process C(7,) and by H the height
process H (T ) and we also drop 7 in the contour-snake WV and the height-snake W*. Although
the proposition concerns the height-snake, it is easier to consider first the endpoint process of
contour-snake W conditionally given G’.

Let us fix integers 0 < k <[ < mng. We denote by j the smallest integer of [k, [] such that
Cj=infse) Cs. By definition of branchlng RWs and by definition of the endpoint process of the
contour-snake W, conditionally given G/, Wj, — W (resp. W, — W ) is distributed as Sx, —S Xe,

(resp. SXcl —Sch) where X,, = (T, X,,), n € N, stands for a m,-biased RW on T starting at
Xp=o0. Lemma 3.4.4 applies and we P-a.s. get

E[[W-Wil*|g] < 27 (B[ W fVAV-IQ"\Q’] +E[W, - W;1*(g'])
2201 | (T) (Cr| = C5° + Gl C— 5 P

22bK T b— 1
b )(%?gng)Tglgfgl]lC —Cy|

<
<

Let s,s € [0,ng] be such that s’ > s. Suppose first that s, s’ € [k, k + 1]. The specific
interpolation of the contour-snake implies that [Wy —W,|=|s' — s| Wi, — W1 Thus, E[WV\S—
Ws’|2b|gl] < 22be(T) (maxre[o,no] Cr) |S/ - Syb_l’ since max rr' €[k, k+1] |Cr - Cr’| =1 and
2b>b—1. Now suppose that s, s’ € [0, ng] are such that [s] <|[s]. Thus,

7|

E[\Ws—my?b

< 3%°7192° i (T ( max C, s|—sPH|s'—[s']|P"+ max Cr—Cyp b1
< b )(TE[MO] )(ITsT=sl |s'—[5"]] M,e”sus,ﬂl ")
< 6Ky (T) ( max C,) max |C’ —Cp Pt (3.4.38)

re[0,no] ~ rr'Els,s’]

This inequality easily extends to all s, s’ € [0, ng| such that s <s'.
Recall that H and W* are derived from C and WV by the time-change ¢ : [0, 00) — [0, 00)
that is the increasing continuous bijection defined in Remark 3.2.5 (d). Namely, Hs=Cy__ ()
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and W¥ = 17\/\¢TOO (s)» 8 €[0,00). Then for all s1,5', s € [0,00) such that s; > s’ > s, by choosing
no=adr.. ([s1]) in (3.4.38), we P-a.s. get

E[|W; - W[

G'| < 6 Ky(T) maxH, max |[H.—Ho[". (3.4.39)
rel0,[s1]]  rr'€ls,s]

We next fix sp € (0,00) and 0 <y < %(1—%)(1—%)—%. Note that v := 131;7 < 1—%. We set

Zn=Hol,, s (3=Hn.) and T, =max,.c(g,s,]] 2= Hnr- Then (3.4.39) entails

* * 2b
Wns - \/T ns’|

E[| A G'] < 6P Ko(T) T, 25 s — 5|27,

Since yp <1— i, Proposition 3.4.17 applies: there is ¢; € (0, 00), which only depends on b, ,
so and g such that sup,,cn+ (E[T?] + E[ZE]) < ¢1, which implies sup,,cy- E[[,Z271] <¢; by
Holder inequality. So we obtain

W:LS W:;s/|2b’g] < 62be(T) E[FnZ,‘;_l] |S_S/|1+2b'y < 62b61Kb(T) ’S—S/|1+2b7,

Bl Wi v

since 7o is independent of (T, o). This proves (3.4.37). Conditional tightness is a consequence of
Lemmas 3.4.11 and 3.4.12. |

3.4.4 Proof of Proposition 3.4.10

We keep the notations and the general assumptions discussed in Section 3.4.2. In particular, we
recall (3.4.13): 2,, — (g1,d1, X, H, H) weakly on R? x D([0, c0), R) x C°([0,00), R)2. By
Skorokhod representation theorem, there are processes 2;, with the same law as 2,, that converge
almost surely to (g}, d}, X', H', H'), which has the same law as (g;,d;, X, H, H). Without loss
of generality, we can assume that (2, .7, P) is large enough to allow the almost sure convergence
to take place. Then observe that (g}, d]) is necessarily the first excursion interval of H’ longer than
1, and g} and d are thus derived from H' as in Remark 3.2.34. Since the Lukasiewicz path (or the
height process) of a forest completely encodes it, there actually exists a sequence of GW (u)-forests
Tn,00» € N*, independent from the environment (T, o) and such that

Q;L = ( gn7 iorw b Vl_n y (Tn oo) iHn (Tn,oo>7 iCQTL'(Tn,OO)> (3.4.40)

where g/, and 9/, are derived from Tn,co @S g and 0y, are from 7, in (3.2.66) (roughly speaking g,
and 0}, are the endpoints of the first excursion of H,,. (Tn,00) longer than n). Namely we assume that

P-as. 2! —— (g),d}, X', H' H") (3.4.41)
n— oo

in R2xD([0,00), R) x C°([0, ), R)?. N
Then, for all n € N*, we introduce the process (W3 (T, c0))se[0,00) @ @ R-valued process such
that

(TTMOO’ (W: (TmOO))Se[o’OO)) () (7'007 (W: (T"O))se[o,oo)>’ (3.4.42)

where W* (Too) is defined as previously. This section is mainly devoted to the proof of Proposi-
tion 3.4.19 below. Before proving it, we first show that it actually implies Proposition 3.4.10.

Proposition 3.4.19 We fix a € (1,2]. Let p satisfy (3.2.60). Let v be a supercritical offspring
distribution whose mean is denoted by m,. We assume that there exists b € (2,00) such that
> ren kPv(k) <oo. Let (T, o) be an invariant GW(v)-tree. Let Ty, o0, n €N, be GW(p)-forests that

are independent from (T, 0) and such that (3.4.41) holds true. Let (W (Tn,00))sef0,00) e as in
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(3.4.42). We denote by (W' )se[0,00) @ one-dimensional Brownian snake starting at 0 and whose
lifetime process is H'. We recall from (3.4.6) the definition of o,,. Then for all p€ N* and for all

real numbers 0<s1<...<spand A1, ..., \,, P-almost surely
) . —~, N, W
nlggj E[ H exp (zﬁAjWLij (Tn’oo)) ’ (T, o), Tn,oo} = E{ H e’ H'} . (3.4.43)
1<j<p 1<j<p
Proof. The proof of Proposition 3.4.19 starts below, after the proof of Proposition 3.4.10. |

Proof of Proposition 3.4.10. As already explained, the time-change (3.4.21) and (3.4.22) combined
with Lemma 3.4.13 implies that it sufficient to prove conditionally given (T, o) that the following
convergence

(L8 20ms 15 Vi) (Too)s e Ho (7o), 5o Wik (7)) —— (g1, du, X H, W) (3444)

holds weakly on R% x D([0, 00), R) x C°([0, 00), R)? equipped with the product topology.

We recall (3.4.41) and we now prove that Proposition 3.4.19 implies Proposition 3.4.10. First
recall for all s > 0 that P-a.s. X! = X!. By standard results on Skorokhod topology (see
Lemma 3.4.20 (i7) below), it P-a.s. implies that lim,_,, iVLmJ (Tn,00) = X.. By Proposi-
tion 3.4.19 and dominated convergence, we then get for all real numbers 0 <51 <...<s, and
EE AN A AL N

D> 'pr po

1y S Sy
P-a.s. lim E|: i ggn+’L £/Un I | elbn ]VLns -] Too)+1an )\anSj(Too)‘i’lo.V /THA]WTLSJ‘(TOC) ‘ (T,O)i|
ﬁ.
e 1<5<p

. . AN/ Y 1 .A
_ E[ezsg1+ze/d1 11 eMszJ-WjHSﬁWWSj}. (3.4.45)
1<j<p

To simplify notations, we denote by G the o-field generated by (T, o). We also denote by D,
the space D([0, 00), RY) of cadlag functions equipped with the Skorokhod topology, and we also
recall the shorthand notation C{ for C%([0, o), R) which is equipped with the topology of uniform
convergence on every compact interval. Below, product spaces are equipped with product topology
and if F is a Polish space, we denote by M (E) the space of its Borel probability measures
equipped with the weak convergence. The following elementary lemma sets the notations and the
basic results we need.

Lemma 3.4.20 The following properties hold true.
(i) The function j : (u,x,h,w) €R?x Dy x (C§)?— (u, (x(s), h(s),u(s))se0,00)) €R? x D3 is
continuous.
(ii) Let s1,...,sp € [0,00). The function ¢, s, : z € D3 (z(s1),...,2(sp)) € (R¥)P is
continuous at z € D3 such that z(sj—)=z(s;), 1 <j<p.
(i1i) Let ke{1,2,3}. The function m, : (u, (z1(s),22(s), 23(5))se[0,00)) ER*XD3 — z4(-) €Dy
is continuous.
(iv) Let k€{1,2,3}. Forall Q€ M;(R?xD3), we set Q* =Q o ;' € My (D1). Then Q — Q¥ is

continuous.

Proof. For (i), see e.g. Jacod & Shiryaev [95, Chapter VI, Proposition 2.2 (b) p. 338]. For (i7), see
e.g. [95, Chapter VI, Proposition 2.1 (b5), p. 337]. The last two points are immediate. |

By (3.4.13), by the independence of 7o from (T, o) and by Proposition 3.4.18, we see that con-
ditionally given G the laws of the processes (L gy, 20y, binVLH-J (Too )y = Hp (Too), — fW* (Too))

7an
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are tight on R% x Dy x (C)2. By Lemma 3.4.20 (i), it implies that conditionally given G the laws
of the processes Z := (+gn, £0n, (5 Vins) (Too) 2= Hns(Too), ﬁWJS(Tw))SE[QO@)) are tight
on R? x Ds.

We next denote by w € Q + Q,(w,-) € M1(R?x Dj3) a regular version of the law of Z(
conditionally given G. We denote by P, the law of évm, |(7o0) under P, we denote by P the law

X under P and we denote by Qo the law of (g1, d, (X, Hs, WS)SE[O,OO)) under P. We observe
that for P-almost all w, Q (w,-) = P,(-). This, combined with (3.4.45), entails that there exists
Qo € G such that P(£g) =1, such that for all w € Q, it holds that the (Q, (w, -))nen are tight on
R? x D3, that Q} (w, -) = P,(-), and that

lim ei(f,UHi(/\l72(51)>+---+i</\p72(8p)>Qn(w7dudz):/ ei(S»UHi(z\l72(51)>+---+i</\p72(8p)>Qoo(dudz)
n—00 JR2,D, R2xDs3
(3.4.46)

for all p€ N*, all £€Q?, all s1,...,5,€QN[0,00) and all Ay, ..., \, €Q3.

We then fix w € Qg and we denote by Q(w, -) € M1 (R?xD3) a weak limit-point of the Q, (w, -)
(there is such one since the @, (w, -) are tight on R? x D3). Namely, there exists an increasing
sequence of integers (n(w))ren such that limy o0 @y, () (W, -) = Q(w, -). By Lemma 3.4.20 (iv),
Q. () (@s ) = Pry) = Q'(w,-)=P. Since X has no fixed time discontinuity, it implies for all
S$1,...,5p€[0,00) that Q(w, dudz)-a.s. z(s;—) =2z(s;), 1 <j <p. Then by Lemma 3.4.20 (i7), by
weak-continuity of the Fourier transform of probability measures and by (3.4.46), we get

/ei(ﬁ,u)—i-i()q,z(sl)>+..‘+i<)\p,z(sp))Q(w7dudz) _ /€i<£,u>+i<k1,z(81)>+~.+i<Ap,z(sp)>Qoo(dudz)
R R

2><D3 2><D3

for all p € N*, all £ € Q% all s1,...,8, € QN [0,00) and all Ay,..., A\, € Q% Thus, it also
holds for all £ €R?, all sy, ..., sp€[0,00) and all Ay, ..., A\, € R3, by the continuity of the paths
and dominated convergence. Injectivity of the Fourier transform of probability measures then
entails that Q(w,-) and Qo (-) have the same finite-dimensional marginals, which implies that
Q(w,-) = Qoo (+). This proves that for all w € Qp, Qoo (+) is the only limit point of the @, (w, -):
namely, @, (w, -) = Qoo (+), which easily entails (3.4.44) by Lemma 3.4.20 (i7i) and the fact that
the topology induced by Skorokhod topology on the set C{ is that of uniform convergence on every
compact interval. This completes the proof of Proposition 3.4.10. |

Before proceeding to the proof of Proposition 3.4.19, we need to introduce some notations and
to prove auxiliary results on finite-dimensional marginals of height processes and height-snakes.

Contour processes of real trees with a finite number of leaves. Let us first recall from Exam-
ple 3.2.42 the definition of the real tree (7}, dp,, rj,) coded by a continuous function h : [0, (] —R
and recall that py, : [0, (] — T}, stands for the canonical projection. We discuss here how to encode
the subtree 7" := U <<, [rn, pn(s;)] that is spanned by the points corresponding to the times
0<s1<...<sp<( (here, recall from Definition 3.2.39 that for all o, 0’ € T}, [0, 0’| stands for
the geodesic path joining o to ¢’). The real tree 7’ can be viewed as a discrete rooted ordered
tree (its skeleton) equipped with ‘heights’ and if h(s;) A h(s;j11) >ming,,, sjp1] o T’ has exactly
p leaves (i.e. points o € T"\{r}, } such that 7"\{c} is connected). To encode 7", we introduce its
contour function which represents the distance from the root of a particle visiting 7" at unit speed
and respecting the contour order of its skeleton. The contour function of 7" belongs to the set %), of
functions C € CY(]0, 00), [0, 00)) such that

(a) Co=0and {¢=sup{s€0,00) : Cs>0} < o0,

(b) C is a broken line whose slopes are either equal to 1 or equal to —1, that has p local maxima.
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Namely, there are 1o = pg =0 <11 < p1 <...<71p_1 < pp—1 <71p < pp = (¢ such that for all
s€0,00),

Cs = /81J+ (r)dr —/Slj_ (r)dr where J4 = U [pj—1,7j] and J_=[0, (c]\J1. (3.4.47)
0 0

1<j<p

For all j € [1, p], note that r; (resp. pj—1) is the time when the function C reaches its j-th local
maximum (resp. its j-th local minimum). Then, observe that C,,_, = ming., ;1 C. It shall be
convenient to define %y as the set reducing to the null function.

Let p € N*. Note that there is a one-to-one correspondence I}, between the open subset
Dp: {(xj)1§j§2p—1 € [0, OO)2p_1 P X2j—1N\ X241 > X245, 1<y Sp—l} of [0, C)O)2p_1 and %p, that
is defined as follows: C = F},((x;)1<j<2p—1) if

Vie[l,p], w2j-1=Cr; and x95= min C=C,, whenj <p. (3.4.48)

[rj:ri+1]

We easily check that F), and its inverse Fp_1 are continuous when €, is equipped with the topology
of the uniform convergence on every compact interval.

Decompositions at the first branching time. Let C € %), with p>2. Let (¢, the r; and the p; be as
in (3.4.47). We set

m(C)=min C and ¢(C)=—-2+ #{s€[0,{c]:Cs =m(C)}, (3.4.49)

[Tlvrp]

and we list the elements of {s€[0, (] : Cs = m(C)} in increasing order as vo <1 <. .. <7Yg(C)+1-
Note that vo <71 <71 <7g(c) <Tp <Vg(c)+1> and that the intervals (yx_1,7%), 1 <k <q(C)+1, are
the connected components of {s € [0, 00) : Cs>m(C)}. Since p>2, it holds that ¢(C) > 1. Then,
forall k€[1,¢(C)] and all s€ [0, 00), we also set

Cslk] =Clygss)ny— m(C) and  Cs[k] =C(y, 4s) m(C). (3.4.50)

Ag(e)+1

Now, recall F}, from (3.4.48). If we write (2;)1<j<2p:= prl(C), then we observe that
Clk]" = Fp, () (2 =m(C))1<j<ap(c)) and Ck] "= F,_p, () (2, ()45 = 1(C))1<j<2p-2p1, ()

(3.4.51)
where pi(C) = #{j €[1,p] : j <7 }. Here, note that 1 <p(C) <p and py, ) =Vk-

In the special case where p=1, we set m(C) =C,, =maxC, ¢(C) =1 and C[1]” =C[1]" is the null

function. For any k € [[1, q(C)], we call the pair of functions (C[k]~,C[k]") the k-th decomposition
of C at the first branching point.

Lemma 3.4.21 Let p e N*, and let C,C(") € 6), n €N, be such that Ct») — C uniformly on every
compact interval. Then, m(C™)— m(C), and there exists a sequence of integers ky, € [1,q(C)],
n €N, such that:

(a) Clkn],C™[1]” €%, (c)and Clk,]",Cm[1] "€ Cp—py, (c) When nis large enough,

(b) C[1]” = C[kn]” — 0 and C[1]* = Clk, )" — 0 uniformly on every compact interval.

Proof. Note that Fp_l(C<">) =: (:U;n))lgjggpfl — (xj)1§j§2p71 = Fp_l(C). Thus, m(C<">) =
mini<j<op—1 x;") — minj<j<op—1 2j =m(C). Let us set p( =p;(C™) to lighten the notation.
We construct the sequence (ky)nen as follows: if 2o,y #m(C), then we set ky, = 15 if z9,(n) =
m(C) then there is k € [1, ¢(C)] such that p(» =p;(C), and we set k,, = k. By definition, we have

]x(z’;)(m —m(C™)[=0, so it follows that |z, —m(C)| converges to 0. But since the latter sequence
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can only take on a finite number of values, it is eventually stationary at 0. When n is large enough,
it thus holds p1 (C™) =py,, (C). We complete the proof by (3.4.51) and by continuity of F, ). B

Finite-dimensional marginals of height-snakes. We next use the decompositions at the first
branching point to compute the finite-dimensional marginals of Brownian snakes and branching
RWs. More precisely, we fix p € N* and C € 4, and we denote by (Ws(C))se[o,00) the one-
dimensional Brownian snake starting at 0 whose lifetime process is C (see Definition 3.2.45). Then

we introduce the following notation for all Aq,..., A\, €R:
LCi M, Ny = E[ I1 eWWC)} (3.4.52)
1<5<p

where r; stands for the time when C reaches its j-th local maximum. As an easy consequence of
the snake property, for all k€ [1, ¢(C)] with ¢(C) as in (3.4.49), we get

~2
L(Ci M, N) = ¢ BN LT () 1epeie) LCIRT 5 (A)peorriicn) -
(3.4.53)
where (C[k],C[k]") is the k-th decomposition of C at its first branching time as in (3.4.50) and
(3.4.51), where m(C) =min,, ,. | C, and where A=X; + ... + A,

Let us introduce similar notations for T-valued branching RWs, where (T, o) stands here for
an invariant GW-tree whose offspring distribution v is supercritical. We denote by m,, its mean and
we assume that there is b€ (2, 00) such that Y,y k°v(k) < co. To that end, we suppose that there
exists a € (0, 00) and a discrete tree t € T such that

Cs(t)=aCy/q, s€[0,00) (3.4.54)

where C.(t) stands for the contour function of the rooted ordered tree ¢ as in Definition 3.2.4 (b).

We then fix 2 € T and we denote by (Y,,),c: a t-indexed and T-valued m, -biased branching
RW starting at Y,;. Namely, conditionally given (T, ), we P-a.s. get P(Vuet, Y, =y,|(T,0)) =
Ly —o} uen (o} PTan, (7, 9u) for all y, € T, u € t (recall from (3.2.26) the definition of the
transition probabilities pr n, (-, -) of the m,-biased RW on T). Here we recall from (3.4.3) that
(Sz)zeT stand for the harmonic coordinates of (T, o). Then, we introduce the following notation
forall A1,..., A, €R:

Lra(aCsi Ay Ap) :E[ 1 (5, ) -5
1<j<p

(T,2)] (3.4.55)

where the vertex v(j) €1 is the j-th leaf of ¢ in increasing contour order. As a consequence of the
definition of branching RWs, for all k€ [1, ¢(C)] with ¢(C) as in (3.4.49), we P-a.s. get

Lra(aC.i My, Ap) = ET,I[BJ(SXW(CFSXO)
- gI‘,Xam(c) (a Ca; [kr ; (Aj)lgjﬁpk(c)) grvXam(C) (CL Ci [k]+ ; ()‘j)Pk(C)—i-lSjSp) } , (3.4.56)

where X ,, = (T, X,,), neN, stands for a m,-biased RW starting at X =z (and recall that Py ,, is
the conditional law of (X ,),en given (T, z)). Here we have set A\=\; + ... + Ap and we recall
that (C[k],C[k]") is the k-th decomposition of C at its first branching time: m/(C) = ming,., ;.1 C.
Note that am/(C) is the height of the <;.y-smallest vertex u € ¢ such that k,(¢) # 1 (which is also
the first time that this vertex is visited in increasing contour order).

One of the main steps of the proof of Proposition 3.4.19 is the following lemma, which relies
on decompositions at the first branching point and on the specific CLT in Proposition 3.4.7.
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Lemma 3.4.22 We keep the above assumptions and notations. We fix pe N*. Let C,C() €6, and
rm €N, neN. Here, X, = (T, X,,), n €N, stands for a m,-biased RW starting at Xy =o. We
assume the following.

(a) C™— C uniformly on every compact interval.
(b) Forall n€N, there exist a,, € (0,00) and t,, €T such that Cs(t,) =a, C") , s€[0, 00).

s/an’
(c) There exists r € [0, 00) such that ry, [ an — .
Then for all Ay, ..., \, €R, it holds P-a.s. that
22 (n) . 1 1 .
$T7Xm (an CW 5 UV\/EAl’ ceey UV\/ﬂAp) oo .,%(C, /\1, ey )\p), (3.4.57)

where we recall from (3.4.6) the definition of o,,.

Proof. We argue recursively on p. If p =1, then the trees ¢,, are lines and (3.4.57) is a direct
consequence of Proposition 3.4.7. We then assume that p > 2 and that the lemma holds true for all
p’ <p. Lemma 3.4.21 yields that m(C™ ) —m(C) and gives a specific sequence k, € [1,¢(C)],n€
N. We fix k € [1, ¢(C)] which is a subsequential limit of (k, ), and denote by (C™[1]~,C™[1]") and
(C[k]~,C[k]") resp. the first and the k-th decomposition at the first branching point of resp. C(), C.

Observe that (7, + a,m(C™))/a, —r +m(C). Also recall from Lemma 3.4.21 that along the
subsequence of integers n such that k,, = k, C[1]* — C[k]" uniformly on every compact interval.
For all such n large enough, the common number of local maxima of C[1]* and C[k]” is smaller
than p, so our recurrence assumption applies and we P-a.s. get

Lt

ORET I Aj . . .
7X'rn+¢lnm(C(n>)<an CW[l] ’ (UV\}@)1§j§p1(C(n))) ﬁ) g(c[k] ’ (Aj)lgjgpk(C))7

n=

(n) [117+. Aj o )
D%T’Xrn+a7zm(c(”))<an Cﬁm ’(quﬂ)pl(c(nnﬂgjgp) ﬁ Z(CIK ()\J)pk(c)‘HSJSp)‘

To lighten the notations, we denote by L,, (resp. L[k]) the product of the left-hand (resp. right-
hand) sides of the two previous convergences. Let us also denote by .%,, the o-field generated
by (Xm)o<ms<n. Then, we P-a.s. get lim,, o 5, =k E[|L[k] — Ly|| %] = 0 by the technical
Lemma 3.C.1 in Appendix.

Note that L[k] is a constant. Then, combining the decomposition (3.4.56) with the Markov
property for X at time 7, implies P-a.s. that

A 1 [P STEV) |

an

is smaller or equal to E[|L, — L| | .%,,], where X/, =(T, X/), neN, stands here for an auxiliary
m,-biased RW. We then apply Proposition 3.4.7 to get P-a.s.

DN _ D
Erx,. { exp (z e (Sx/ —SX(I)))} = E [exp (z e~ (SXTn+anm<c<n)>_SXrn)

an m(C(n) )

T,

_1 32
m exp ( 5m(C)A ).

Therefore, we get that P-a.s.

. —2
ZL1x,,(@nC 5 L, s e EMONLR = 2(Ci AL N

— L\
7 Ovy/an 7 Ovy/an p) n—00,kn=~k

thanks to the decomposition (3.4.53). Since {n€N: k,, = k}, 1 <k <q(C), is a finite partition of
N, this completes the proof of (3.4.57), and thus of the lemma. |
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Proof of Proposition 3.4.19. To that end, we need to relate the previous results to the finite-
dimensional marginals of the endpoint process of the height-snake in harmonic coordinates and to
the finite-dimensional marginals of the endpoint process of one-dimensional Brownian snake w’
whose lifetime process is H' as in (3.4.41).

Recall from (3.4.48) the definition of F}, for all p€ N*. For all h € C°([0, c0), [0, 00)) and for
all s; > 0 such that h(s1) >0, we set C(h, s1) = F1(h(s1)). More generally, for all p € N* with
p =2 and for all real numbers 0=sg <s1 <...<s), such that the following condition

Viel,p—1], h(s;) Ah(sj+1)> min h (3.4.58)

[55,85+1]

is satisfied, we set

F, (h(sl), min h, h(sz2),...,h(sp—1), min h, h(sp)) =:C(h;s1,...,8p) € €.  (3.4.59)

[51752] [sp—lvsp]
As explained at the beginning of the section, C(h; s, ..., sp) is the contour process of the subtree
U1§j§p[[rh7ph(3j)]] in (Th, dp, ).
We know from Lemma 3.2.33 that (H'; s, ..., sp) P-a.s. satisfies (3.4.58). As an easy conse-

quence of Definition 3.2.45 of finite-dimensional marginals of Brownian snakes, we see that for all
M, MpER, P-as.

. ‘A/
E[ H ezAJWSj
0<j<p

(H)sepoo)| = L(CH 51, 55); My Ap) (3.4.60)

where recall from (3.4.52) the definition of the right member.

Similarly, in the discrete setting: recall that the GW(u)-forests trees 7, o, n € N*, are such that
the almost sure limit (3.4.41) holds true and recall from (3.4.42) the definition of the joint law of
(Th,005 W (Tn,00))- The almost sure convergence (3.4.41) P-a.s. implies that

lim --H g | (Tnoo)=H,, and lim X min H(7, ) = min H'. (3.4.61)

a
n—oo =n N=00 T [Ins; ], ns;qq]] [sj:5541]

Combined with Lemma 3.2.33, this P-a.s. entails for all sufficiently large n, that (3.4.58) is satisfied
by (a, H(Th00); [181],- - -, [18p]). This allows us to define

Cm =C(&H(Thoo); [nS1], .-, [1n8p]). (3.4.62)
As a consequence of the definition of the height-snake w* (Th,00), We see that

E[ H exp (iﬁ)‘jﬂ\/ﬁwﬁ (7_7%00)) ’ (T, o), 7—n,oo}

0<j<p

—~ ) 1
= gTVO(aan, Gu\/ﬁ)\l""

1
: mxp) . (3.4.63)
Moreover, since the function F}, is continuous, we get from (3.4.61) that Cm—C(H'; s1,. .., sp)
uniformly on every compact interval. Then Proposition 3.4.19 follows by applying Lemma 3.4.22
to (3.4.60) and (3.4.63). |

3.4.5 Proof of Proposition 3.4.14

We keep the notations and the general assumptions discussed in Section 3.4.2. In particular, we
recall that 7, is a GW(u)-forest corresponding to the sequence (7*) )en+ of i.i.d. GW(u)-trees
(Definition 3.2.6 (b)): namely 670 =7®, for all k€ N*. Also recall that conditionally given the
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environment (T, o) and the genealogy 7o, for all k €N*, @), = (1) &; Y®) = (T, V"), uer®)
are independent T-valued m, -biased branching RW such that Y.}’ =o. It is convenient to define a
single 7-indexed branching RW (Y,,),er., by setting Y=o and

VEEN, YueT®), Y, = Yi" . (3.4.64)

Recall that we denote by (un)nenu{—1) the vertices of 7 in lexicographical order: namely,
u_1 =4, up = (1), etc. Most of the part of this section is devoted to the proof of the following
result that implies Proposition 3.4.14. Before proving Proposition 3.4.23, we show that it implies
Proposition 3.4.14.

Proposition 3.4.23 We keep the assumptions and the notations of Proposition 3.4.14. Then, there
are constants cy, ¢y, €0, €1 € (0, 00) which only depend on p, v and b, such that for all n € N*,

P( max |LSy, [Vl > cn ™ Van ) <™. (3.4.65)

me[0,n]

Proof. The proof of Proposition 3.4.23 is given below, right after the proof of Proposition 3.4.23. l

Proof of Proposition 3.4.14. We admit Proposition 3.4.23 and we prove that it implies Proposi-
tion 3.4.14. We first see that

|: Z P ’VIT,lnEE?[B( 2] OEL Yum = I}/;L'm I
JEN

> )2~ 5”1/0,2]\ To)}<oo

which entails P-a.s. that lim;_,o, P (max,,c[o 2] |é5yu7n =Y || > 27517 /ag; |(T, 0)) = 0.
We next fix so € (1,00). Since n™°',/a,, is a regularly varying sequence, there is c € (0, c0) (which
only depends on pu, v and sp) such that cn™t,/a, > 662*51]'\/@ for all integers n such that
2/-1 < [nsg] < 27. Since

P LSy —|Yu ||>en~ an | (T,
(L max 157, ~Yanl[>en™=v/an | (T, )

< P(max |55y, Yl || > ch27° /ay | (T, 0)),

we P-a.s. get limy o0 P(maX,efo,fnsol] |52 5, — Yam || > cn ™1 \/an| (T, 0)) =0. Thanks to
the specific interpolation defining the contour- and height-snakes, we next get

a LW 1//1\/ < a Y,
Isré[é(so]| ns(TOO) ns 7-00 | mérﬁD}Fnso]ﬂ| Yum I um”

which completes the proof of Proposition 3.4.14. |
Proof of Proposition 3.4.23. To simplify notations, we set

Fnzsren[a)é] HS(TOO):mrg[[g%))’;H(|um|—l) and Fn = mrélﬂ%}%]] HYumH .

We first prove for all p, g € N* that

P (T, > q) <P (T, > p) + Smp’exp (- 1520 (3.4.66)

Proof. Let X,, = (T, Xy), n €N, be am,-biased RW on T such that Xy = o. By definition of
branching RWs, we get

P(fnZQ|(T70)7Tw)S Z PT,0(||X|um|—1||2q)§ Z PT’O(OE}QE?% ||Xk”2q‘rn)

1<m<n 1<m<n
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By Lemma 3.4.8, we get

L, <P 2 ¢frec) < P( max [1X4l[>q) < 8np’ exp (— 152,

which easily entails (3.4.66). U

As in Lemma 3.4.2 (ii), we next fix 8€ (3 + 55, 1), which is specified later and we defined the
r.v. Rg asin (3.4.7). We then have

VpeN, | & Sop—lo)l| < Rs(1+p”) and P(Rz=A) <A™, Ae€(0,00) (34.67)

where ¢ € (0, 00) is a constant that only depends on v, b and /3. We then prove that if of, < q and
if Rg <), then

Lo, _ 8 .
( max (525w, Yo || > 20(1 + ¢ )) — (EImG[[O,n]] .umqu,A,ﬂ) (3.4.68)

where B, ) 3 is the set of vertices of T'\ L, defined in Lemma 3.4.3.

Proof. Suppose that m € [0, n] is such that o, := | 2> 7 Yo~ Yun, || >2X(1 + ¢”). Since Rz <\,
we get o, > A(1 + ¢%) + Rg(1 + ¢°) and thus

|2 (5¥u=SonVi ) = (Y -0 A Y ) |41 55 Sonvi,, —lo A Ya, || 2 >A(1+¢%)+Rg(1+4°).

Note that there exists u; € [0, n] such that o A Y, =Y,,,. Since r,< q/2<q, there exists j € [0, q]
such that o A Y, =o(j) and by definition of Rg, we get

|25 Sorva,, —lo A Vi || < Rs(1+ %) < Rs(1+ %)

and thus

|52 (5%, = SonYa, ) = (IYar | =lo A Vi, D[ > AL+ ¢7) - (3.4.69)
Now observe that [V, |—|o A Yu, | = |[Yu,.|—|Ys,| < 25, < ¢. Thus (3.4.69) implies that
Um € By x g, which completes the proof of (3.4.63). O

We next set V,,, =V, (7o) and I,,, = mine[o ) Vi, where V(7o) is the Lukasiewicz path of
Too- As an easy consequence of the concatenation (3.2.3) in Definition 3.2.2, the vertex u,, ‘belongs’
to 7(®) where k=—1,, + 1 (here we mean that u,, = (k) * v for some v € 7(»). We next prove that
there is a constant ¢y € (0, c0), which only depends on v, b and 3 such that for all p, ¢, » € N* and
all A€ (0, 00),

lg, _ 8
P(,Tg[fé,nﬂ |52 = Y || >2M(1 + ¢ ))

(g—1)?
< P, >p) +8np’e 8 +P(—1,>7)+ caqrA—>*. (3.4.70)

Proof. Observe that

P(Eme[0,n] : um€Byrp) < PEE<-I,+1, Juer® 1 Y, €By i p)

P(-I,>r)+ Z P(Juet® 1Y, € By )
1<k<r

P(—1I, > 1)+ coqrA™.

IN

IN
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by Lemma 3.4.3. Then we get (3.4.70) thanks to (3.4.606), (3.4.67), and (3.4.68). [l

We recall from (3.2.62) the definition of the slowly varying function L such that b,, =n'/ *L(n)
and we also recall that a,, =n /b, = nlfé/L(n). Recall from (3.4.32) in Proposition 3.4.17 that
for all by > 1, there exists c¢3 € (0, o) that only depends on y and by such that E[I'2!] < c3(a, ).
Therefore,

Vn,peN*,  P(T'y, > p) < c3(an/p)> . (3.4.71)

We next prove that there exists ¢4 € (0, 00) that only depends on p such that
Vn,reN*, P(—1I,>r) < 3e caran/n, (3.4.72)

Proof. Recall the notation 7_, =inf{m €N : V,,, = —r}. Observe that P(—1,, > r)=P(T_, <n).
By Markov inequality, P(7_, <n) < eE[exp(—27_,)]. We next use the fact that T, is a sum of
r i.i.d. random variables distributed as 7"_;. Then, E[exp(—17_,)] = @u(eH/™)", where we recall
from Lemma 3.2.38 that ¢, stands for the generating function of 7"_;. By (3.2.76) in the same
lemma, there is ¢, such that ¢4 (n'/*L(n)) ™' < —log ¢, (e~'/™), which entails (3.4.72). O

Since we assume thatb > 22 then (1 + ) + 525 < 1. Thus we can find € (3 + &, 1)
and € € (0, 00) such that

B+ HE 1+ +e+ <L (479

Then by Potter’s bounds (see e.g. Bingham, Goldies & Teugel [23, Theorem 1.5.6]), there exists
¢5 € (1, 00) that only depends on p and € such that

VneN*, cgln(lfi)(lfs) < an:ﬁnlfé < C5n(1*§)(1+5). (3.4.74)
We then set
L(1—1)(142¢) 2.1"'%5 2 Loatl(gye
q:nQ oY € s p:q 1+2f37 fr:qa—l and )\:qua—l .

1 1
Then we check that %an < C5n7§(17i)5 and that %mn > énﬁg. We fix by > 1, and we check that
there are positive constants cg, . . . , ¢11 that only depend on p, v, b, 3, by and € such that

a+1

RHS(3.4.70) < cﬁn_%(l_é)blg + crn®® exp(—CQn%‘E(l_é)) + 3exp(—010n%5) +c11q” @15,

Here we used (3.4.71) and (3.4.72). Thus there are ¢ € (0, 00) and £y € (0, 1), which only depend
on u, v, b, 3, by and €, such that RHS(3.4.70) < con 0.

Next, by (3.4.73) and (3.4.74), there are positive constants cj2, c13, which only depend on p, v,
b, 3, by and ¢, such that

1 o+l 3 l—e 1
OA(1+¢%) <craq? e T+ < 1ot T T TR E < 019q 5 q T F 2 = 019 2R < 5070l

This proves that 2A(1 + ¢”) <cjn~*,/a,, where we have sete1 =3 (1—1)(1 + 2¢)e and ¢/, =c13.
This implies that LHS(3.4.65) <LHS(3.4.70) <RHS(3.4.70) < ¢on~%°, which completes the proof
of (3.4.65). m

3.5 Proof of Theorem 3.1.2

3.5.1 Limit of the 7,,-indexed RW and its snakes.

Before stating the main result of the section, let us introduce some notations. We fix a € (1, 2]
and we fix an offspring distribution p that satisfies (3.2.60). Here v is a supercritical offspring
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distribution whose mean is denoted by m,. We assume that there is b € ( %, 00) such that
S ken kTu(k) < oo. Let (T, o) be an invariant GW(v)-tree as in Definition 3.2.25.

Let 7/ : © — T be an (auxiliary) a.s. finite random ordered rooted tree. Recall that V (7') is its
Lukasiewicz path, that H(7’) is its height process (Definition 3.2.2) and that C'(7') is its contour
process (Definition 3.2.4). We then denote by ©(7') = (7', 2; Yy (7') = (T, Y, (7)), u € 7') a
7’-indexed and T- Valued m, -biased branching RW such that conditionally given (T, o) and 7/,
O(7') has the law Q ,@ as in Definition 3.2.30 with A\ = m,. We associate with ©(7) two
R-valued and 7/ 1ndexed branching RWs

M(7") = (IYu(T)]) e, and - M(7) = (Sy, (7)) yerr »

where we recall from (3.4.3) the definition of the harmonic coordinates (S;)zeT. According to
Definition 3.2.8, we introduce the following four C°([0, 00), R)-valued continuous processes:
— (Ws(7';)), €[0.00) 18 the contour-snake of the branching random walk M ();

W (s
’ )

— (Wx(r; '))56[0700) is the height-snake of the branching random walk M (7');

— (Ws('54)), €[0,00) 18 the contour-snake of the branching random walk M (7');

— (Wi(r';0), €0.00) 15 the height-snake of the branching random walk M (7).

In this section, the auxiliary tree 7’ shall be distributed as the following trees. Let 7 be an auxiliary
GW(u)-tree (Definition 3.2.6 (a)). Then for all n € N*, we denote by 7,, and 7>,, random trees such
that

ron 27 underP(-[#r2n) and 7,27 underP(-|#7r=n). (35D

the definition of 7,, only making sense when P (#7=mn) >0, which is the case for all sufficiently
large n since p is assumed to be aperiodic.

We finally introduce the processes (X", H”, W") and (X', H',W') defined on (2, .#,P)

whose laws are described as follows.

— The process (X", H") is distributed as (X, H(X)) under N(dX |¢ > 1) and condition-
ally given H”, W" is the one-dimensional Brownian snake with lifetime process H” (see
Proposition 3.2.47).

— The process (X', H') is distributed as (X, H(X)) under N(dX |¢ = 1) and conditionally
given H', W' is the one-dimensional Brownian snake with lifetime process H' (see Proposi-
tion 3.2.47).

The goal of this section is to derive from Theorem 3.4.9 the following result that is the main
argument of the proof of Theorem 3.1.2.

Theorem 3.5.1 We fix o € (1,2]. Let p satisfy (3.2.60). Let 1, be as in (3.5.1) (i.e. namely, a
GW(u)-tree conditioned to have n vertices). Let v be a supercritical offspring distribution whose
mean is denoted by m,.. We assume that there is b€ (2%, 00) such that Y "jcy k' v (k) <oco. Let
(T, o) be an invariant GW(v )-tree that is independent from T,,. We recall the a,, and by, from (3.4.13)
and we recall from (3.4.6) the definition of o,,. We also recall the notation 2, from (3.2.72) in
Theorem 3.2.36 (iv). We keep the above notations. Then, conditionally given (T, o), the following
convergence

(25 52 Wan- (1), 525 Wi () + F=Wan (1), Wi (7))
— (X, H,H W W W' W) (352)

n—oo

a.s. holds weakly on D([0, 1], R) x C([0, 1], R)® equipped with the product topology.
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Proof. We set 7/ = (iVLn'J (T>n), éHn.(Tzn) - FW* (T>n), \/571//[\/; (7>n)) for all ne N*

and we also set Z” = (X", H" ,W" ,W"). We first prove that conditionally given (T, o), the
following convergence
i — (3.5.3)

holds weakly on D([0, c0), R) x C°([0, 00), R)3. Indeed, by easy arguments, Theorem 3.4.9 entails
that conditionally on (T, o), the following convergence

—~
*

(bn Vi(gn+n)non ) (Teo) s 5 > ar g, +n)non (Too), oY WW( N )Ad, (7o), \?T%Wfkgﬁn-)mn (TOO))

n—>—oo> (X(g1+~)/\d1 ) H(g1+')/\d17 W(g1+')/\d17 W(g1+')/\d1> (3.5.4)
holds weakly on D([0, c0), R) x C%([0, o), R)3. Then, as a consequence of the definition of g,
and 9,,, the left member of (3.5.4) has the same joint law with (T, 0) as (Z//, (T, 0)). Similarly,
the definition of g and d; implies that the right member of (3.5.4) is distributed as Z” (see
Remark 3.2.34). Thus, (3.5.4) is equivalent to (3.5.3). [l

To complete the proof of the theorem, we next want to use Lemma 3.2.37. To that end, we fix
s€(0,1) and we set s, = [ns|. We also set
= Z3(8)= (5 VinJnsn (720)s - Hinpnsn (Ton)s 5o e Winons, (Ton)s =W v, (Ton))

*

- qum(s) = (éVLnJ/\sn (Tn)a éH(w)/\sn (Tn)7 ﬁw&.)/\sn (Tn)a jTVTLW(n-)/\sn (Tn)>7

- ZH(S) = (X-,;\sv H-/;\s’ I7I\/v-l//\s’ V/[?l//\s) and Z/(S) = (X-//\s’ H-//\sv I//I\/-//\sv W//\s)'
We easily deduce from (3.2.59) that E[F(Z"(s))Ds(X”)] = E[F(Z'(s))] for all measurable
nonnegative function F'. We next deduce from (3.5.3) that conditionally given (T, o), Z/(s) —
Z"(s) weakly on the appropriate spaces. Next denote by (ux)o<i<r., the vertices of 7>, listed
in lexicographical order. Observe that the subtree {u;;0 < I < s,,} is measurable with respect to
Vins, (T>n). Thus, Z/(s) is a measurable function of Vs, (7>,) and of an independent r.v. U,,.
Consequently Lemma 3.2.37 applies and conditionally given (T, o) the joint convergence

Z! (s) —— Z'(s) (3.5.5)
n—oo
holds weakly on D(]0, 00),R) x C°(]0, 00), R)3.

We next derive the joint convergence of the related contour process and contour-snakes via the
time-change discussed in Remark 3.2.5 (d). Namely, there is an increasing continuous bijection
¢r,, 1[0, 1] — [0, 2n] such that H,.(7,) =Cy_ (;1(70), 7 € [0, n]. Moreover, deduce from (3.2.9) that
max,(o,1] |55 $r, () — 7| < 3% max e 1) éHm(Tn), which tends to 0 in P-probability since
an/n — 0. Therefore, if for all s € [0, 1] we set ¢, (s) = 2¢-1(2ns) (here, ¢! stands for the
inverse of ¢, ), then we get

(4) limy, 00 MaX y¢o1] |@n(s) — 5| = 0 in P-probability,
(4i) C2n8(7'n):Hngan( )(T )s WQnS(Tn):W;¢n(S) (Tn), W2n8(7n)

en(s)
This combined with Lemma 3.4.13 shows that (3.5.5) implies for all s€(0,
given (T, o) the joint convergence

)(7a) forall s €0, 1.
1) that conditionally
(Z1/1(5)7 iCZn('/\s) (Tn)a ﬁWZn(-/\s) (TN>7 \(/771/7117[\/v2n('/\s)(7-71))m> (ZI(S)7 H-I/\sa W//\S’ 17[\///\s)

(3.5.6)
holds weakly on D([0, 00), R) x C%(]0, 00), R)S.

To complete the proof of the theorem, we next use a symmetry property of contour processes
and contour-snakes. More precisely, denote by 7,, the mirror image of 7,,. Namely there exists
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a height-preserving and <;ex-increasing bijection u € 7, > @ € 7, such that (vg) = Va(n—1)—»
where (v )o<k<2(n—1) and (Vg )o<r<2(n—1) Stand for the vertices of resp. 7, and 7, in increasing
contour order. Then, for all s€ [0, n], we get

C2(n—s) (Tn)= 02(5—1)+ (Tn), WZ(n—s) (Tn) = W2(s—1)+ (7») and I7[\/2(71—5) (Tn)= I7I\/2(5—1)+ (Tn)-

Since 7,, and 7,, have the same law, (3.5.6) then implies for all s € (0, 1) that conditionally given
(T, o), the joint convergence

(ﬁWQn((p-)As)(Tn)a TEWan((1-ns) (Tn)) — (Wirs Wiis) -

holds weakly on C°([0, 00),R)2. If s € (4, 1), the previous limit combined with 1 (3.5.6) imply that
conditionally given (T, o) the laws of the processes — ngn (1) and \/U”—Wgn (Tn> are tight
on C([0, 1], R). Then recall from Theorem 3.2.36 (iv) that the laws of the processes ;- VUL-J (Tn),
iH"' (7n) and iC’gn. (7) are tight on resp. D([0, 1], R) and C([0, 1], R). Since s can be chosen
arbitrarily close to 1 in (3.5.6), the processes that are weak limits of the previous ones have
necessarily the same finite-dimensional marginals as (X', H', H', W' W'). It therefore shows that
conditionally given (T, o) the following convergence

(2

n’ g,

\/TW2n (Tn) UWWZTL (Tn)) —_— (X,,H/, H/, W/, W’) (3.5.7)

n—oo

holds weakly on D([0, 1],IR) x C([0, 1], R)*. Now observe that for all s € [0, 1],

—~ —~

Wis(Tn) =Wt (o) (Ta) - and Wiy (1) =W, 1 () -

where ¢, : [0,1] — [0, 1] stands for the inverse of ¢,. From the above-mentioned uniform
convergence of the ¢,,, we easily prove that lim,, o maxse(o1] |5, ' (s)—s|=0 in P-probability
and we finally derive the convergence (3.5.2) from (3.5.7) and Lemma 3.4.13. This completes the
proof of the theorem. u

3.5.2 Proof of Theorem 3.1.2

We keep the notations and the assumptions of Theorem 3.5.1. In particular 7,, has the same law
as a GW(p)-tree 7 under P (- | #7=n) and ©(7,,) = (7, F; Yy, = (T, Y,), u € 7,) is a 7,-indexed
and T- Valued m, -biased branching RW such that conditionally given (T, o) and 7,,, ©(7;,) has the
law Q ) in Definition 3.2.30 with A=m,. Recall that 7, is independent of (T, o), which is an
1nvar1ant GW(V) tree. We set

mnzz&,, R, ={Y,;ver,} and mocc—Z(syv

VETH VETH

We want to prove conditionally given (T, o) a joint convergence of the following rescaled pointed
measured metric spaces equipped with their graph-distances dg,:

T = (Tny g dge, @, 3mn)  and - Ry, := (R, Fedgr, 0, im )
weakly with respect to the Gromov-Hausdorff-Prokhorov convergence.
To that end, we first prove a convergence of the snake-trees associated with the contour-snake of
the relative heights of @(7,,). Namely, recall that W (7,; -) stands for the contour-snake associated
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with the R-branching random walk ([Y;(75)|), ., as in Definition 3.2.8. To simplify notation, we
set for all s€ [0, 1] and r €0, 00),

C(n) = éCZns (Tn>7 W(n) (T> =

S

(Tn; anT).

Then (Ws(n)()) se[o,1] is a snake with lifetime process (C’s(n)) se[o,1] (as in Definition 3.2.43). We
recall the notation dc(n>7w(n) for the snake-pseudometric associated with (C’(”), W(”)) (Defini-
tion 3.2.48). We also recall from (3.2.84) that d(») stands for the tree-pseudometric associated with
cm), By combining Theorem 3.5.1, Proposition 3.2.51 and Lemma 3.2.52, we get conditionally
given (T, o) the following joint convergence

(dew s dom wo) —— (du, dgw) (3.5.8)

weakly on C([0, 1]2,R)2. Here H is the a-stable height process under N(-|¢ =1) and W is
a one-dimensional Brownian snake with lifetime process H as in Proposition 3.2.47. Then to
simplify, we denote by 7, = (To(n), d(n), Tox(n) s M(ny ) the real tree coded by the function C (n) a5
in Example 3.2.42. By Remark 3.2.53, we get that

Ocup (T, Tn) ——0. (3.5.9)

To simplify, also denote the snake-tree coded by the snake-pseudometric den) yy(n) by

T — (T4, d) ) ).

sna ’ “'sna’ ~ sna’ sna

(See Definition 3.2.50). By Proposition 3.2.41, the limits (3.5.8) and (3.5.9) imply that conditionally
given (T, o) the joint convergence

(10, TE) — (Tw,du,ra,mp), (Taw,dagw, Taw,ngw)) (3.5.10)

holds weakly with respect to Gromov-Hausdorff-Prokhorov convergence. Here (T, dp, r g, mp)
is the real tree coded by H which is the a-stable tree and (Tx,w, dm,w, rH,w,mH,w ) is the snake-
tree coded by the snake-pseudometric dg y (Definition 3.2.50) which is the a-stable Brownian
cactus.

We next prove that R, is close to 7'5(117;) thanks to the results discussed in Section 3.2.8. To that
end, we introduce the following.

— We denote by (7,,, d= ) the real tree obtained by joining adjacent vertices in 7;, by a unit length
segment (recall that we suppose here that 7,, C 7, so that d extend the graph-distance).

— Recall from (3.2.92) that v : [0,2n] — 7, stands for the contour exploration of 7,, (namely
(v (k:))ogkgg(n,l) are the vertices of 7, in contour order and v is a ‘linear’ extension of it).

— We denote by (’i‘, d,f) the real tree obtained by joining adjacent vertices in T by a unit length
segment. We also assume that T C T so that d extends the graph distance.

— Recall from (3.2.93) that Y: Tn — T is the ‘linear’ extension of the branching random walk
(YU)UETn-
We set R,, = (Rn, \/LdT’ , anocc) where R,, = {YU, OET}= {Yv ()3 S € [0,2n]} and

M, 1S the occupation measure of s — Yv(s) as defined by (3.2.94). We then set for all s, s’ €0, 1]:

dn(s 5/) rdT( v(2ns)” Nv(2ns’)) ’
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which is a tree-pseudometric. Recall from (3.2.97) that ’ﬁn is isometric to the pointed measured
compact real tree yielded by the pseudometric d,,. Then (3.2.95) implies that conditionally given
(T, o), we have the weak convergence

Sewp(Rn, Ry) —— 0. (3.5.11)
n—oo

We next prove that dy, and the snake-pseudometric d(n) yy(n) are close thanks to Lemma 3.2.55,
which applies here thanks to Lemma 3.2.24. We thus get the following bound:

1

P( max__|dn(s,s') —dem) o (s,8)] > 20,a," ) (T, o)) <m?nexp (- (an)% logm, ).
s,8'€]0,1] ’

Since a,, is regularly varying with a positive exponent, this thus entails that conditionally given

(T, o) the following joint convergence

(dc(n),dc’(n)7w(n),dn) m (dm, dm,w, dH,W) (3.5.12)

holds weakly on C([0, 1]2, R)3. By Proposition 3.2.41, it entails that conditionally given (T, o) the
following joint convergence

(Tns Rn) —— (Tw.du,rm.mu), (Taw, dgw, Ta,w, nHw)) (3.5.13)

n—o0

holds weakly with respect to Gromov-Hausdorff-Prokhorov convergence. By (3.5.11), we thus
have proved that conditionally given (T, o), the following joint convergence

(Tr, Rn) — (Ta,du,xa,mp), Taw, da,w, THw ,BH,W)) (3.5.14)

holds weakly with respect to Gromov-Hausdorff-Prokhorov convergence, which is the desired
result. |



Appendices to Chapter 3

3.A Proof of Lemma 3.2.33

We fix a € (1, 2] and we recall that X is an a-stable spectrally positive Lévy process whose law is
characterized by (3.2.52). Recall that H is the corresponding height process as defined in (3.2.53).
We also recall the notation I = inf, ¢ q X;, s € [0, 00), for the infimum process of X. In the
Brownian case a = 2, H is a reflected Brownian motion and Lemma 3.2.33 is a standard property.
The case « # 2 represents the technical part of the proof. It uses the exploration process whose
definition is briefly recalled below from D. & Le Gall [61, Chapter 1]. To that end, we need to
introduce the following notations.

Denote by M ([0, 00)) the set of finite Borel measures on [0, c0). For all ;1€ M£([0, 00))
we set (1) = ([0, 00)) and for all bounded measurable f on [0, 00) we set (u, f) = [ o) f dpt-
We then denote by H (u) = sup supp(u) where supp(u) stands for the topological support of
o (note that H (p) may be infinite). We set H(u) = 0 if  is the null measure. If H(u) < oo
and if v € M ([0, 00)), then we denote by [y, V] the measure m € M £([0, 00)) characterized by
(m, f) =1 ) + Jjo,00) f(H (1) + x) v(dz), for all bounded measurable f on [0, 00). Note that
H([p,v])=H(un) + H(v). Finally, for all a € [0, c0), we denote by k,u the measure characterized
by ko ([0, 2]) =p([0,2]) A ({(u) —a)4, for all x €[0, 00). Note that H (kqp) < oo if a> 0. Below,
we shall use the following elementary observation: for all a € (0, 00), it holds that

Hlka)=H(p) — p({HW)}) > 0. GAD

We now introduce the exploration process (ps) se[0,00) associated with the Lévy process X that
is the M £([0, 00))-valued process defined for all s € (0, 00) by

ps(de) = > (Is—X,_)on, (dz) (3.A.2)
r€(0,s]
Xy <Ips

where we have set I, s = inf|, 4 X for all real numbers r and s such hat r <s. This process has
been introduced in Le Gall & Le Jan [81] and studied further in D. & Le Gall [61]. In the regular
version introduced above we P-a.s. get for all s€ [0, 0o) that H; = H (ps). It is then easy to derive
from (3.A.2) P-a.s. for all s€ [0, co) that (ps) = Xs— I and more generally for all r € (0, s| such

that X, <[, s that
ps([Hy, Hs])=Xs — X, . (3.A3)

The exploration process is cadlag and shares with X the same times of discontinuity. More precisely,
P-as. forall s€[0,00), ps=ps— + AX0p,, where we have set AX:=X,—X,_.
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It moreover satisfies the following Markov property: fix s1 € (0, 00) and set X _x s1+5—X s

and I{™) = inf,¢jo.q X5 for all s € 0,00). Note that X (1) has the same law as X and that it

is independent from (X5),c[0,5,)- We denote by (pgsl))se[o,oo) the exploration process associated

with X (1), Then P-a.s. for all s € [0, 00), we get
psivs = [k_jenps, A°] (3.A4)
It thus implies for all s € [0, co) that
Hyy s =H(k_j0psy) + H(p{™) (3.A.5)

and since s+ H(kLI(snPsJ is nonincreasing, we get P-a.s. for all s € [0, 00),

76[3117%9111-1-8] Hr - H(k_lésl)psl) - HS1+9251) (3A6)
where we have set g§51> =sup{re|o0,s]: (1) _ p(s1) }. We are now ready to prove the lemma.

Proof of Lemma 3.2.33. Let s > s; >0. By (3.A.5) and (3.A.6), we exactly need to show that P-

as. H(ps;)>H(k_ ) ps,)and H(pgzl_)81) > 0. We P-a.s. get from (3.A.3) that ps, ({Hs, }) = 0.
82751
Thus (3.A.1) implies that we only have to prove that P-a.s. —Is(jl_)sl >0 and H(pgf;l_)sl) >0.

We recall that —1I is a local time of the Markov process X — I at 0 which is a regular and
instantaneous point. Let us set Z:={s€ [0, 00) : Xs=I,}. Standard results on local times imply
that for all positive number s >0, P(s¢ Z, —I;>0)=1. The equality Z={s€[0,00) : H;=0}
and the identity in law between X (*1) and X then complete the proof. |

3.B Proof of Lemma 3.2.37

We keep the notations and the assumptions of Theorem 3.2.36 and of Lemma 3.2.37. To simplify
notations, denote by D the space D ([0, 00), R). Product spaces are equipped with product topology
and if E” is a Polish space, we denote by M (E") the space of its Borel probability measures
equipped with the topology of weak convergence.

We denote by ¢, (-, du) : Q@ — M (FE) a regular version of the conditional law of U,, given ¢,
We also denote by Q> (dv) and Q,, (dv) the laws of resp. iVLW |Arn (T>n) and iVLn. Arn (Tn). Note
that Q,, (dv) =D\ (b,v(r],)) Q>n(dv) by Theorem 3.2.36 (ii), where we have set here 7/, =7, /n.
For all w € Q, we next denote by Q> (w, dvdz) and Q,,(w, dvdz) the law of (v, Z,,(v,u)) under
resp. Q>r, (dv) ® gn (w, du) and Q,, (dv) ® gp(w, du). Since U,, and ¢ are independent from 7>, and
Ty, we easily check that Q> (-, dvdz) : Q— M (D x E’) and Q,,(-, dvdz) : Q— M;(D; x E)
are regular versions of the conditional law of resp. M, in (3.2.73) and M,, in (3.2.74) given 4. We
also denote by Q(dvdz) the law of (X, Z) and Assumption (3.2.73) means that there is 2y €Y
such that P(£2y) =1 and such that for all w € Qg, Q> (w, dvdz) — Q(dvdz) in M1 (D1 x E’). Let
F be a real-valued continuous function on Dy x E’ that is bounded by || F'||oc. We fix w € Q. By
the construction above, we first get

Up = | Qn(w,dvdz) F(v,z)= | Q>n(w,dvdz) F(v,z)D,ﬁZ) (b (1)) -
D1 x B’ D1 x B’
Then for all c€ (0, ),

‘un — | Qsn(w,dvdz)F(v,z)(cAD (bnv(r;)))‘ (3.B.1)
D1 x B’

< 1Pl B[DE Vo (o) L0 1, 1 yzey) =5 0l
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We next fix z, y € (0, oo) with x <y and we set £, (x, y) :=maXpe[|p, 2/, |bny]] | DY (p)—Dy-(p/bn)|.
We recall from (3.2.70) in Theorem 3.2.36 (4i7) that £, (x,y) — 0 as n— co. Then we get

’ Q>/n w,dvdz)F (v, z)(c/\Dﬁz) (bpv(ry,))) — Q>n(w dvdz)F (v, z) (C/\DT(V(T;.L)))‘
D xE DixE

< Il cen(@,y) + 26| F| P (5 Vi, (T20) ¢ (2,9)). (.B2)

Since ¢ A D,(+) is bounded and since X (") is almost surely continuous at r, we get

lim | Q>n(w,dvdz)F(v,z)(cAD,(v(r},))) = | Q(dvdz)F(v,z)(cAD,(v(r))).

n—oo D1><E/ D1><E/

If we set uoo = [y, pr Q(dvdz) F(v,z) D, (v(r)), then we have proved for all ¢, z, y € (0, 0o) that

lim sup [t —tioo| < sup ma(e) + 2¢l|F  lim sup P (517, (720) € (@)

+IFILB[D (S, (o))

Note that lim sup,,_, o P(iVM (T>n) ¢ (2,y)) — 0as z— 0 and y — oo since iV}n (T>n) =
X" € (0,00) by (3.2.73) and an elementary argument. It then implies that u,, — u+, because
that lim._, o Sup,,en= 7n(c) =0 by (3.2.71) Theorem 3.2.36 (i73). This completes the proof of the
lemma. |

3.C Proof of Proposition 3.4.5

We first prove the following lemma that is used in the proof of Proposition 3.4.5 and also in
Section 3.4.4 in the proof of Proposition 3.4.10.

Lemma 3.C.1 Let (G)nen be afiltration on (2, F). Let c € (0, 00) be a constant and let (Ry, ) nen
be a sequence of nonnegative r.v. such that for allneN, P-a.s. R, < cand P-a.s. R,, —0. Let
(rn)nen be any sequence of integers. Then P-a.s. E[R,,|G,, ] — 0.

Proof. For all p € N, we set R, = sup,,>, R,. We observe that limsup,,_,. E[R,|G,,] <
supyen E[Ry|Gk] as. for all p€ N. So we only need to prove that a.s. lim,_,oo supgeny E[Rp|Gx] =

0. To that end denote by G the o-field generated by J,cy Gk and observe, by Doob’s L!-
martingale convergence, that a.s. limg_,o E[R,|Gk] = E[Ry|Gx]. Moreover by conditional
dominated convergence we also get a.s. lim,_,o E[R,|G;] = 0 for all k € N U {co}. Then
there exists {2y € % such that P(€) = 1 and such that for all integers p’ > p and k €
N U {oo} and all w € Qo, E[Ry|Gk](w) < E[Rp|Gy](w), limg— o0 B[Ry|Gk)(w) = E[Rp|Goc](w)
and lim,_, E[R,|G](w) =0. We fix we Qy, pe N and e € (0, 1). There exists &, .(w) € N such
that supy> () E[Rp|Gr](w) <& 4+ E[Ry|Goo(w). Thus for all p’ > p, supyen B[Ry |Gi](w) <
maXp<k, . (w) E[R,|Gi](w)+e+E[R,|Gs|(w). Therefore, lim SUD, 00 SUDkeN E[R,|G:](w) <
e + E[R,)|Gx|(w) — € as p — oo. Since € can be chosen arbitrarily small, this shows that
limyy 00 SUPgen B[R,y |Gkl (w) =0 for all w € 2y, which entails the desired result. [

We now prove Proposition 3.4.5. To that end, we recall the following: for all n €N, (F, x)ken
is a filtration on (€2, .#); (D,, 1) ken+ is a sequence of real valued r.v. ; (s )nen is a sequence of
integers and s € [0, co). We introduce the following notations

Mn,k:Dn,l + ...+ Dn,ka Qn,k :E[D?L,k|fn,k—1]a Vn,k :Qn,l +...+ Qn,kzv

with M, o=V, 0=0, and we make the following assumptions.
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(a) Foralln,k, D, is F;, y-measurable, E[Dik] <oo and P-as. E[D,, ;| Fy, —1] =0.
(b) There exist a filtration (G;) ey on (£2,.%) and a sequence of integers (1, ),en such that

fmozgm, neN.
(C) FOI’ all g E (07 1), P—a.S. hmn_>oo ZISkSSn E[Di,kl{‘Dn,k|>€}|fn,k—1:| = O

(d") Foralle€(0,1), P-as. limp, o0 E[1gy,, , s>} Fn0] =0.

Remark 3.C.2 First observe that Assumptions (a-d) in Proposition 3.4.5 imply (d'). Indeed,
Assumption (d) in Proposition 3.4.5 implies for all e € (0, 1) that P-a.s. Ry, :=1qy, , _g5e3 — 0
and Assumption (b) allows us to apply Lemma 3.C.1, which entails (d').

So we prove Proposition 3.4.5 if we prove the following.

Proposition 3.C.3 We keep the previous notations and we assume (a-c) and (d'). Then for all
AER, P-almost surely, limy, o E[exp(iAM,, s, )| Fn.0] =exp(—1sA?).

Proof. We first prove the proposition under the additional assumption that there exists c € (0, 0o)
such that P(V,, 5, < c¢) = 1. We rely on the following standard inequalities that hold for all
a,be(0,00), all z€R and all z€C:

sup |e?—1|<eP—1, |e®—1—iz+iz?|<|2?|AL]z]? eF—1—z| < L|z|2e®e()+ (3.C.1)
p | 2 6 > p)
ye[—a,a]

We first observe that o, = E[eMr.sn | F,, o] e BN Bn + ~n Where
B =B[eMron (12X Voo =) 7 o1 and o, =B[em 3 (A e Voo )| 7, o).

We fix € € (0, 1) such that &|\|e <1 and we bound f3,, and ~,. Since V}, ,, is bounded by the
constant c, the first inequality in (3.C.1) implies

1Bal < eV 14+ (14 P CNE o Faol - (3.C2)

Thus, by (d'), for all e € (0, 1) we a.s. get lim sup,,_, . |Bn| < ¢ _1 and thus a.s. Brn —0.
We next observe that

152 M. 1,2 , _1)2
€2>\ S’Yn = Z E{ew\ kot Vn’kE[eMDn’k_e 2 Qn’k|}—n,k71] ‘}—n,O}
1<k<sp
iIAM, b 1+5X2V, 1
— Z E[e" "k 13 "”‘(57(11,2+5£L%),€)|]:n70} where
1<k<s,

6 = E[¢APnk 1 —iADy o+ $A2D2 | Frpmt] and 62 =1-3A2Qup — e 2¥ Ok,
since AM,, j—1 + %)\ZmG is F, x—1-measurable, since a.s. E[Dn,k|}'n,k_1] =0 and by definition
of Qn . We first bound 67% by use of the second inequality in (3.C.1). To that end we set
Z= )\ZDfl’k(l A&|ADy, i|). Since % |A|e <1, we observe that Z < )\2D317k1{|Dn’k|>8} +3 |)\|3€DZ’,€.
Therefore ](57(;),6\ < )‘2E[D?z,kl{an,kI%}‘fn,k*l] + +|A\|2eQy k- By the third inequality in (3.C.1),
we get \5;22] < %X‘Qfm. Then observe that @, < &% + E[‘D?L,kl{|Dn,k‘>€}|‘Fn7k_1]' Thus
0% SENQnie® + EXCE[D2 1D, 5e} | Frk—1], since Qu i < Vi o, <c. Thus,

BRI ] < 3 B[ (5 4 1674 Fuo)
1<k<sp

< LIAPe(d + 3[Ne)E[Vis, [ Fnol + 2A(8 + eA*)E[Ly s, (€)| Fno] (3.C.3)
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where we set Ly, .(€) =221 <<, E[Dazm,jl{\Dn,jba} | Frk—1]. Arguing as in Remark 3.C.2, Assump-
tions (b) and (c) allow us to apply Lemma 3.C.1, which entails that lim,, o E[L,, 5, (€)|Fpn,0] =0.
Moreover, since V,, 5, <c, forall e € (0, 1) we a.s. get lim sup,, . |n| < ice_%)g(s_c) |2 (4 +

3|\|e)e and thus a.s. 7, — 0. We have proved that a.s. lim,, o, E[e?Mnsn |F, o] = ¢ under
the assumption that P(V,, ;,, <c¢)=1foralln € N.

Let us remove this assumption. We fix c€ (1+ s, 00) and we set l~?n7k =Dn (v, ,<c}» Mmk =
1<k Dngs Vi =1<j<i BID2 j| Fnj-1]: Lng(e) = X 1< j<i E[ﬁ%,jl{‘ﬁn’j|>5} | Frne—1] and
T, =max{ke[0,s,] : V) r <c}. We easily check that the IN)M satisfy (a) since V;, j, is F, p—1-
measurable. Then, observe that Vnk = Vpkar, (Which implies P (Vn sy < c) = 1) and that

En,k(g) =Ly, kaT, (€). Therefore the lNDnJg satisfy (c) because Ly, s, (€) < Ly.s, (€) = 0 a.s. Next,
note that for all e € (0,1), a.s.

E[Li5 . —seylnol S B <oyl Fao] + B[y, ., —si>e1 1 Fno]
< 2E[1yy, ,, —s/>e}|Fno]

since T;, < s,, implies that V;, ;. >c>s + 1. This proves that the ﬁnk satisfy (d’) and thus we get

L~ 152 .
a.s. lim,, oo E[e?Mnsn | Frnol=e 2 ATs by the previous arguments. But observe that

IN

’E [ei)‘ﬂn,sn fn 0] _E [ei)‘Mn,Sn

Facl| < Bjenen

Ful

1{Tn<5n}

A

2E[1qv,, ., —s|>e}[Fn0] ——0

P-a.s. which implies the desired result. |
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Chapter 4

The Horton-Strahler number of Galton-Watson trees with possibly
infinite variance

This chapter is adapted from the paper [103 ], which is submitted for publication.

Abstract

The Horton-Strahler number, also known as the register function, provides a tool for
quantifying the branching complexity of a rooted tree. We consider the Horton-Strahler number
of critical Galton-Watson trees conditioned to have size n and whose offspring distribution
is in the domain of attraction of an a-stable law with « € [1, 2]. We give tail estimates and
when £ 1, we prove that it grows as % log,, /(—1) 1 in probability. This extends the result in
Brandenberger, Devroye & Reddad [28] dealing with the finite variance case for which a=2.
We also characterize the cases where o = 1, namely the spectrally positive Cauchy regime,
which exhibits more complex behaviors.
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4.1 Introduction

The Horton-Strahler number of a finite rooted tree is an integer that quantifies its branching
complexity. One possible formal definition is given recursively as follows.

Definition 4.1.1 Let ¢ be a finite rooted tree. Its Horton-Strahler number S(t) is defined as follows.
(a) If t reduces to a single node, then S(¢) = 0.

(b) Otherwise, S(t) is the maximum of the Horton-Strahler numbers of the subtrees 1, ..., ¢
that are attached to the root, plus one if that maximum is not uniquely achieved. Namely,

S(t) 1%?;28(@) + {#argmax1gigk S(ti)ZQ}

g

Alternatively, S(t) is also the height of the largest perfect binary tree that can be embedded into ¢
(see Section 4.3.1 for more details). In this chapter, we provide estimates on the Horton-Strahler
number of critical Galton-Watson trees conditioned to be large. Before discussing our results
precisely, let us provide a brief history with general references on related topics.

Background. The Horton-Strahler number was introduced independently by the two hydrogeolo-
gists Horton [93] and Strahler [146] to obtain quantitative empirical laws about river systems, that
are represented by trees whose leaves are springs and whose root corresponds to the outlet of the
basin. Many key physical characteristics of stream networks have been since modeled with the help
of this number: see e.g. Peckham [136], Fac-Beneda [73], Chavan & Srinivas [34] and Bamufleh
et al. [14]. The Horton-Strahler number appears independently in other scientific fields (anatomy,
botany, molecular biology, physics, social network analysis, etc). In computer science, it is used
to optimize the amount of memory or time needed to manipulate data structures. It is sometimes
called the register function in this context because the minimum number of registers needed to
evaluate an arithmetic expression A is equal to the Horton-Strahler number of the syntax tree of A.
We refer to Viennot [148] for a survey on those various applications.

The Horton-Strahler number is encountered in many areas of mathematics: see for instance
Esparza, Luttenberger & Schlund [69] for connections with mathematical logic, formal language
theory, algebra, combinatorics, topology, approximation theory, and more. In the probability area,
let us mention Kovchegov & Zaliapin [111], which considers the Horton-Strahler number through
the prism of pruning operations on trees. Here, we rather focus on probabilistic works that discuss
the Horton-Strahler number of uniform samples of standard families of combinatorial trees. Flajolet,
Raoult & Vuillemin [75] and Kemp [98] consider the Horton-Strahler number of a uniform random
ordered rooted binary tree 7;, with n leaves (a uniform n-Catalan tree) and they prove that

E[S(T,)] = logy n + D(log, n) + o(1)

as n — oo, where logy = Inxz/Inb stands for the logarithm of x to the base b, and D is a
1-periodic continuous function. Here, all the random variables that we consider are defined on
the same probability space (€2, .#,P) whose expectation is denoted by E. In particular, S(7T5,) is
subject to deterministic oscillations. Moreover, Devroye & Kruszewski [47] proved that S(7},) is
highly concentrated around its expected value via exponential tail estimates. These results were
extended to k-ary trees by Drmota & Prodinger [49].

More recently, Brandenberger, Devroye & Reddad [28] showed that the Horton-Strahler number
of a critical Galton-Watson tree with finite variance offspring distribution conditioned to have
n vertices always grows as log, n in probability, which extends all the results that have been
previously obtained on first-order behavior. In Chapter 5, adapter from [102], we go further and we
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study, among other things, the fluctuations and deterministic oscillations of the Horton-Strahler
number of large Catalan trees.

Framework and main results. Let us give a precise overview of the present chapter which provides
tail estimates and characterizes the first-order behavior of the Horton-Strahler number of critical
Galton-Watson trees conditioned to have size n and whose offspring distribution is in the domain
of attraction of an a-stable law with v € [1, 2]. This framework extends the finite variance case,
where o = 2, and it includes the so-called spectrally positive Cauchy (or 1-stable) laws. To that
end, let us introduce our basic notations and assumptions.

Throughout this work, 4 = (u(k)),cy Stands for a probability measure on the set N of
nonnegative integers. We shall always assume u to be non-trivial and critical, namely

p(0)>0 and Y ku(k)=1. (4.1.1)
keN

We view it as the critical offspring distribution of a (rooted and ordered) Galton-Watson tree denoted
by 7, which is then almost surely finite. See Section 4.2.1 for a formal definition. Several results
are expressed in terms of the following functions

Vs €[0,1], ¢(s) = s"u(k) and (s) =1l —s)—(1—s), (4.1.2)
keN

that are strictly convex thanks to (4.1.1).

Our first contribution consists in four propositions that connect S(7) to other simple char-
acteristics of 7 and that hold under the sole assumption that y is non-trivial and critical. More
precisely,

— Proposition 4.3.5 provides an upper bound for the size #7 of 7 when S(7) is small,
— Proposition 4.3.6 provides a lower bound for the height |7| of 7 when S(7) is large,
— Proposition 4.3.7 provides a lower bound for S(7) when the height |7| of 7 is large ,

— Proposition 4.3.9 provides a lower bound for S(7) when the maximal out-degree of 7 is
large.
We will use these propositions to derive the order of magnitude of S(7) under P(-|#7 = n).
These estimates are fairly general and they are sufficiently accurate to be interesting in their own
right.
Our second goal is to estimate the tail of the Horton-Strahler number of Galton-Watson trees
whose offspring distribution has possibly infinite variance. We work under the assumption that

W belongs to the domain of attraction of a stable law. (4.1.3)

We denote the scaling index of (the type of) the limiting law by «: since w has a finite mean, we
get a € [1, 2] and since p is supported on [0, o), we only deal with spectrally positive stable laws:
namely, their skewness parameter (3 is equal to 1 and the support of their Lévy measure is included
in (0, 00). By standard results, see e.g. [23, Theorem 8.3.1], Assumption (4.1.3) is equivalent to the
existence of a function L : [0, c0) — (0, 00) that is slowly varying and such that

w([n,00)) ~n"*L(n) ifa € [1,2) and Zn: Eu(k) —1~2L(n) ifa=2. (4.1.4)
k=0

Note that 3"} k2u(k) — 1 is nondecreasing and ultimately positive since p satisfies (4.1.1) (we
refer to Proposition 4.2.9 for more details). We first discuss our results in the cases where v € (1, 2],
and then we consider the cases where o = 1 that feature more complicated behaviors.
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The cases where « € (1, 2]. In these cases, our results are simply expressed in terms of the index
« only. First of all, we prove in Proposition 4.3.12 that if p is in the domain of attraction of an
a-stable law with o € (1, 2], then the tail of S(7) follows the universal exponential decay

where log, © = Inz/ In b stands for the logarithm of x to the base base b. This extends the work of
Brandenberger, Devroye & Reddad [28] who proved the o = 2 case under the assumption that y
has a finite variance.

We next discuss the behaviour of S(7) under P( - | #7 = n) and to that end, we assume that

W is aperiodic (4.1.5)

(namely that p is not supported by a proper additive subgroup of Z) because this implies that
P(#71 = n) > 0 for all n that are large enough. Then, we prove the following.

Theorem 4.1.2 Assume that p is critical and aperiodic and that it belongs to the domain of
attraction of a stable law of index o € (1,2]. Then, the following convergence holds in probability.

_as(r) under P(-|#1=n) — 1. (4.1.6)
log% n
This extends the work of Brandenberger, Devroye & Reddad [28] who proved the @ = 2 case under
the assumption that p has a finite variance.

Our proof of Theorem 4.1.2 relies on results in Duquesne [50] on the height of a-stable trees
and in Kortchemski [106] on the asymptotic behavior of the positive excursion of the random
walk (W,,)nen. These results are recalled precisely in Section 4.2.2, Proposition 4.2.11. Let us

mention that (4.1.6) holds true when p is not aperiodic by restricting to the integers such that
P(#1 =n) > 0.

The 1-stable cases. In these more complex cases, we need to specify a converging sequence of
rescaled centered sums of p-distributed independent random variables. More precisely, we denote
by (W, )nen a (left-continuous) random walk starting at W, = 0, whose jump law is given by

P(Wy =k) = pu(k+1), ke{-1}UN. 4.1.7)

Note that E[I¥;] = 0. Then u belongs to the domain of attraction of a 1-stable law if and only if
there exists a (0, co)-valued sequence (a,)nen tending to oo such that

Wy +by  (aw)

Qan, n—00

X, where b, =nE[W11{y,[sq,) and Ele ] =" (4.1.8)

forallm € Nand A € (0,00). Let us mention here that a,, ~ nL(a,) and that b, /a, — oo,
necessarily. The law of X is a spectrally positive Cauchy (or 1-stable) law. Its Fourier transform
is given by Elexp(iuX)| = exp(—F|u| — iuln |u|), u € R. We refer to Proposition 4.2.12 for
details.

The asymptotic behavior of S(7) in the 1-stable case is expressed in terms of the sequence
(bn)nen and the following function T that is derived from ) in (4.1.2) as follows.

dr sy’ (s) 4.1.9)
) 1.

1
Vs € (()7 1), T(s) :/S m, where A(S) = m
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We refer to Section 4.3.3 for more details on the definition of Y. Proposition 4.3.12 asserts that if
is in the domain of attraction of a 1-stable law, then the tail of S(7) satisfies

T(P(S(r) = n)) ~n. (4.1.10)

In contrast to the cases where o € (1, 2] for which we can show that Y (s) ~q+ log_a_1 /s, the
asymptotic behavior of T when @ = 1 depends on the slowly varying function L appearing in
(4.1.4): see Proposition 4.3.11 for a precise statement. As discussed in Examples 4.3.13, the

following holds.
(a) If L(n) ~(Inn)~t=* with k € (0, 00), then Y (s) ~+ % and —InP(S(7) >n)~nlnn.
(b) If L(n) ~ exp(—(Inn)*) with k € (0, 1), then we have Y (s) ~g+ ﬁlﬁnl{‘;s and it thus
holds that —In P(S(7)>n)~(1—k)nlnn.
(c) If L(n)~exp(—Inn/Inlnn) then T (s)~q+ % and —InP(S(7)>n)~nlnlnn.
When the Galton-Watson tree 7 is conditioned to be large, the size of its Horton-Strahler

number is of order T(i) as proved by the following theorem that first handles the case where 7 is
conditioned to have at least n vertices.

Theorem 4.1.3 Assume that p is critical and that it belongs to the domain of attraction of a 1-stable
law. Then, the following convergence holds in probability.

S(7)

T(5;)

under P(-|#17 >n) — 1, (4.1.11)

where Y is given by (4.1.9) and (by,)nen by (4.1.8).

Our proof of Theorem 4.1.3 and of Theorem 4.1.4 below, rely on several results of Kortchemski
& Richier [108] and of Berger [17] that specify the asymptotic behavior of positive excursion
of the random walk (W),),cn. They are recalled precisely in Section 4.2.2, Lemma 4.2.13 and
Propositions 4.2.15 and 4.2.16.

As discussed by Kortchemski & Richier [108] and Berger [17], it is not clear how one could
control 7 under P( - | #7 = n) by assuming only that x ([n,00)) ~ L(n)/n as in (4.1.4). Here, we
work under the stronger assumption that z(n) ~ L(n)/n?, which implies the previous one and also
implies that p is aperiodic.

Theorem 4.1.4 Assume that i is critical and that there is a slowly varying function L such that

L(n
pu(n) ~ (2) (4.1.12)
n
Then, the following convergence holds in probability.
S
(? under P(- | #1 =n) — 1, 4.1.13)
T(5,.)

where Y is given by (4.1.9) and (by)nen by (4.1.8).

As already mentioned, when o = 1, the rescaling sequence T(é) depends on the slowly varying
function L appearing in (4.1.4): as discussed in Examples 4.4.2, the following holds true.

(a) If L(n)~ (Inn)~'=* with k€ (0, 00), then Y () ~ P

(b) If L(n)~exp(—(Inn)") with k€ (0, 1), then T(i) ~ ﬁlé%’n
(c) If L(n) ~ exp(—Inn/Inlnn), then T(i)w Inn

Inlnlnn-
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Organisation of the chapter. In Section 4.2, we properly set our framework and we recall
from previous works the tools that we use later on: Section 4.2.1 is devoted to Galton-Watson
trees and Section 4.2.2 to known limit theorems for random walks and Galton-Watson trees. In
Section 4.3, we study the distribution of the Horton-Strahler number of Galton-Watson trees. In
Section 4.3.1, we first establish new technical results on Horton-Strahler numbers (especially in
Lemmas 4.3.1 and 4.3.2). Section 4.3.2 focuses on proving Propositions 4.3.5, 4.3.6, 4.3.7, and 4.3.9
that link the Horton-Strahler number to size, height, and maximal out-degree of Galton-Watson trees.
Section 4.3.3 is devoted to the tail asymptotics of Galton-Watson trees whose offspring distribution
belongs to the domain of attraction of a stable law: in particular, we prove Proposition 4.3.12, that is
one of the main results of the chapter and we discuss Examples 4.3.13 (a), (b), and (c). Section 4.4
is devoted to the proof of Theorems 4.1.2, 4.1.3 and 4.1.4 and we discuss Examples 4.4.2 (a), (b),
and (c), at the end of Section 4.4.3.

4.2 Framework and tools

In this section, we recall a set of well-known results that are used in the rest of the chapter and in
the proofs of Theorems 4.1.2, 4.1.3 and 4.1.4. With the exception of Lemma 4.2.13, this section
contains no new result.

4.2.1 Galton-Watson trees

Rooted ordered trees. We recall Ulam’s formalism on rooted ordered trees. Let N* = {1,2,3, ...}
be the set of positive integers and let U be the following set of finite words

U= J o)

neN

with the convention (N*)® = {@}. The set of words U is totally ordered by the lexicographic
order denoted by <. Let u = (u1,...,u,) € Uand v = (vy,...,v,) € U, we write u *x v =
(Uly ooy Up, V1, ..., Upy) € U for the concatenation of uw and v. We denote by |u| = n the height
of u, and if n > 1 then we denote by U = (U1, ..., up—1) the parent of u. We also say that
w is a child of v when & = v. The genealogical order < is a partial order on U defined by
u=v<=Ju €U, v=uxu' Whenu =< v, we will say that u is an ancestor of v. When u < v
but u # v, we write v < v. Finally, we write u A v € U for the most recent common ancestor of u
and v, that is their common ancestor with maximal height.

Definition 4.2.1 We say that a subset ¢ of U is a tree when the following is satisfied:
(a) @ €t,
(b) forallu € t, if u # & then % ¢ t,
(c) Forall u € t, there exists an integer k,(t) € N such that ux (i) €t <= 1<i<k,(t).
We denote by T the space of all trees. 0

Lett € T. The size of ¢ is simply the (possibly infinite) number #t of its vertices and we say that
t is finite if #¢ < co. As a graph, the edges of t are given by the unordered pairs {u, W} for all
u € t\{@}. Therefore the degree of u € t is ky(t) + 1 if u # @ and k() otherwise. Namely,
k. (t) is the out-degree of u (alternatively, if one views t as a family tree whose ancestor is &, then
k. (t) stands for the number of children of u). We use the following notations for the height of t
and its maximal out-degree.

It| = max lu| and A(t) = max ky(t). (4.2.1)
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We also denote the subtree stemming from » € ¢ and the tree pruned at u respectively by
Ot ={velU:uxvet} and Cutyt=t\{vet: u<v} (4.2.2)

Observe that 0, and Cut,, t both belong to T.

Galton-Watson trees and the Many-To-One Principle. Let us equip the set of trees T with the
sigma-field .7 (T) generated by the sets {t € T : u € t}, where u ranges in U. Formally, a random
tree is a function 7 : Q@ — T that is (.%,.% (T))-measurable.

Definition 4.2.2 Let ;1 = (u(k))gen be a probability measure on N. A Galton-Watson tree with
offspring distribution 1 (a GW(p)-tree, for short) is a random tree 7 that satisfies the following.

(a) kg(7) has law p.

(b) For all k€ N* such that p(k) > 0, the subtrees 0(1)7, ..., 07 under P(- | kg (1) = k) are
independent with the same law as 7 under PP. g

It is well-known that a GW (u)-tree 7 is almost surely finite if and only if its offspring distribution
is subcritical or critical and non-trivial, namely if (4.1.1) holds, and in that case for all finite tree
teT,

P(r =t) =[] u(ku(t)). (4.2.3)

uet

As observed by Kesten [100], a critical GW (u)-tree conditioned to be large locally converges in
law to a tree 7, With a single infinite line of descent and whose law can be informally described as
follows: all individuals of 7o, reproduce independently, the individuals of the infinite line of descent
reproduce according to the p-size-biased distribution (k/(k)), .y Whereas the others reproduce
according to . More precisely, we introduce the following.

Definition 4.2.3 Let 1 be a non-trivial critical offspring distribution. A size-biased GW ()-tree is
a random tree 7, that satisfies the following.

(a) Forall n € N, there is a unique u € 7 such that |u| = n and #(6,7-) = co. We denote
this vertex by U,,. Note that Uy = @ and that U,, 11 = U,. Hence, there exists a N*-valued
sequence of random variables (.J,,),en+ such that U, is the word (Jy,. .., J,) forall n € N*.

(b) The random variables (ky, (Too ), Jn+1), for n €N, are independent and distributed as follows:
Vi, k € N*, P(Jn_H =7; kUn (Too) = k) = l{jgk}u(k). 4.2.4)

(c¢) Conditionally given (ky, (Too), Jn+1)nen, the finite subtrees stemming from the infinite
line of descent, which are the 0y, ,(j)Too for j € {1, ..., ky, (7eo) }\{Jn+1} and n €N, are
independent GW (11)-trees. O

Remark 4.2.4 Note that the individual U,,4; on the infinite line of descent has .J,,+; — 1 siblings
strictly on the left hand side and ky, (7o0) — Jp+1 siblings strictly on the right hand side. Their
joint law is given by the following bivariate generating function:

Vs,r €[0,1], E[p/nt1—Lgkvn(roe)=Ini1] = #r) = ols). (4.2.5)
rTr—S

where ¢ is given by (4.1.2) and where the quotient is equal to ¢’(r) when r = s. H
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As mentioned above, size-biased trees are the local limits of critical Galton-Watson trees conditioned
to be large and therefore appear in many results concerning the asymptotic behavior of branching
processes: we refer to Lyons, Pemantle & Peres [125], Aldous & Pitman [11] and Abraham &
Delmas [2] for general results in this vein. One key tool involving size-biased GW (11)-trees is the
so-called Many-To-One Principle, which is part of folklore (see e.g. Duquesne [51, Equation (24)]
for a proof) and which we use here in the following form.

Proposition 4.2.5 (Many-To-One Principle) Let 7 be a GW (u)-tree and let 1o, be a size-biased
GW(u)-tree. We keep the notations of Definition 4.2.3. Then, for all n € N and for all bounded
functions G1 : T x U — Rand Gy : T — R, it holds that

E|[ > 1{u=nG1(Cuty 7, u) G2(u7) | = E[G1(Cuty, Too, Un) | E[Ga(7) ].

ueT

Lukasiewicz path associated with a tree. We recall here a key combinatorial tool to study
Galton-Watson trees via random walks.

Definition 4.2.6 Let ¢ € T be finite and u(t) = (u;(t))o<;<#: be the sequence of its vertices listed
in increasing lexicographic order: ug(t) = @ < ui(t) < ... < u;(t) < ujpi(t) < ... < ug—1(t).
The sequence u(t) is often called the depth-first exploration of t. We then define a Z-valued path
W(t) = (Wj (t))ogjg#t by setting Wo(t) =0 and

Wj+1(t) =W; (t) + kuj(t) (t)—1 (4.2.6)
for all 0 < j < #t, that is the Lukasiewicz path of t. O

In probability, Lukasiewicz paths originate from queuing systems theory to study the waiting line
of a single server subject to the Last-In-First-Out policy and they have been used by Le Gall &
Le Jan [81] to define Lévy trees. In the following lemma, we recall that Lukasiewicz paths are
adapted processes that completely encode finite trees and that are particularly well-suited to study
Galton-Watson trees (see e.g. Le Gall [78, Proposition 1.1] and [78, Corollary 1.6] for more details).

Proposition 4.2.7 Lett € T be finite. Let T be a GW ()-tree where (i is non-trivial and critical.
Then the following holds true.

(1) Lukasiewicz paths provide a one-to-one correspondence between the set of finite trees and
the set of finite nonnegative excursions of left-continuous walks, which is defined by

U {(wj)o<j<n €Z" : wo=0, w,=—1, wj > 0andwjt1—w; >—1 forall 0<j<n}.
neN*

(i) Forall m € N, we denote by Rt the tree t restricted to its m + 1 first vertices (with respect
to the lexicographic order). Namely,

Ryt = {u;(t) : 0<j <min(m,#t—1)} 4.2.7)

where (uj(t)) stands for the vertices of t listed in lexicographic order. Then, Ryt is a
measurable function of (W;(t) ; 0 < j < min(m, #t)).

(7i1) Let (Wy)n>0 be a Z-valued random walk whose jump distribution is given by (4.1.7). We set
Hy = inf{j € N : W; = —1}, which is an a.s. finite stopping time since E[W1] = 0. Then,

(law)
(Wj (T))ogjg#T = (Wj)ogjgﬂl'

In particular, #1 and H; have the same law.
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(iv) More generally, for all p € N, we set
Ho=0 and H,=inf{jeN : W;=—p}. (4.2.8)
Then there is an i.i.d. sequence (7,)pcn of GW(p)-trees such that

Vp € N, (p + WHp+j)0§j§Hp+1*Hp = (Wj(Tp>)0§j§#Tp . 4.2.9)

4.2.2 Limit theorems.

In this section we recall — mostly from Bingham, Goldies & Teugels [23] and Feller [74] — limit
theorems for sums of i.i.d. random variables belonging to the domain of attraction of stable laws.
We also recall useful limit theorems for Galton-Watson trees and random walks from Berger [17],
Duquesne [50], Kortchemski [106], and Kortchemski & Richier [108].

Regularly and slowly varying functions. Recall that a measurable and locally bounded function
1:(0,00) = (0,00) is slowly varying at infinity (resp. at 07) if I(cz) ~ I(x) as z — oo (resp. as
x — 07) forall ¢ € (0,00). Also recall that f : (0,00) — (0, 00) is regularly varying of index
a € R at co (resp. at 0T) if there exists a slowly varying function [ at co (resp. at 0™) such that
f(x) = z%l(x). Below we gather in a single proposition several well-known results on slowly and
regularly varying functions that are used in this chapter.

Proposition 4.2.8 Let [ be a slowly varying function at co. Then the following holds true.

(i) (Potter’s bound) For all € € (0,00) and all ¢ € (1,00), there exists o € (0,00) such that
forall z € [xg,00) and all A € [1,00), it holds

< e)®.

Therefore, Inl(x) = o(Inx) and if f is regularly varying with index p € R\{0}, then
In f(x) ~ plnx. Moreover, if x,, ~ yn, — 00 then l(xy) ~ l(yn) and f(xn) ~ f(yn).

(i) (Karamata’s Abelian Theorem for Tails) Let p € (0, 00). Then [* y~1=°l(y) dy < oo and, as
T — 00,

/ y 1 Pl(y) dy ~ %x_pl(:v) and /ly”_ll(y) dy ~ %x"l(x).

(7i7) Suppose that fooiyfll(y) dy < oo and set [(x) = [y~ (y) dy. Then  is slowly varying at
00 and limy_,o0 I(z) /1(x) = 0.

(t7v) (Monotone Density Theorem) Let u : [0, 00) — R be a locally Lebesgue integrable function
and set U(z) = [ u(y) dy for all x € R. Assume that there are c, p € (0,00) such that
U(x) ~ cxPl(z) as x — oo and furthermore assume that u is ultimately monotone. Then
u(x) ~ cpzP~t(x) as x — oo.

(v) (Karamata’s Abelian Theorem for Laplace Transform) Let U : [0,00) — [0,00) be a
measurable function such that U(X):= X [;°e *U (z) dz < oo for all A € (0, 00). Assume
that there are ¢ € (0,00) and p € (—1,00) such that U(x) ~ =5—aPl(x) as v — oo, then

N T(1+p)
T(\) ~ AP U(1/A) as A — 0%,

Proof. For (i), see e.g. [23, Theorem 1.5.6]. For (i7), see e.g. [23, Theorem 1.5.8 and Proposition
1.5.10]. For (#i1), see e.g. [23, Theorem 1.5.9b]. For (iv), see e.g. [23, Theorem 1.7.2]. For (v),
see e.g. [23, Theorem 1.7.6]. |
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Limit theorems: the cases where o € (1,2]. We next recall equivalent formulations of the
property for a probability measure 1 on N to belong to the domain of attraction of a stable law of
index « € (1,2] (we handle 1-stable laws separately).

Proposition 4.2.9 Let 11 be a probability measure on N that satisfies (4.1.1). Recall from (4.1.2)
the definition of 1. Let (Wp,)nen be a random walk whose jumps distribution is specified in (4.1.7).
Let o € (1,2]. Then, the following assertions are equivalent.

(a) p belongs to the domain of attraction of an «-stable law.

(b) There exists L : (0,00) — (0,00) that varies slowly at oo such that if o € (1,2) then
([n,00)) ~n=*L(n), and if «=2 then Y <<, k*p(k) — 1~ 2L(n) which is ultimately
positive by (4.1.1).

(¢) If a€(1,2) then ¥(s) ~o+ F(0‘27__106)SO‘L(I/S), and if =2 then 1 (s) ~y+ s>L(1/s).

(d) There exists a (0, c0)-valued sequence (a,)nen tending to oo such that iWn converges in
law to the spectrally positive a-stable random variable X, whose Laplace exponent is given
forall \ € [0,00) by InElexp(—AX,)]= %AO‘ ifa€(1,2) and by N if a=2.

Moreover, if one of the four equivalent assumptions from above holds true, then a® ~ nL(ay,) and
an ~ nY*L*(n) where the function L* : x € (0, 00) — x~Y/*inf{y € (0,00) : y*/L(y) >z} is
slowly varying at oo.

Proof. For (a) < (b), see e.g. [23, Theorem 8.3.1]. The equivalence (a) < (d) follows from the
definition of the domain of attraction of a stable law: the limiting law is necessarily spectrally
positive since p is supported by N and among the spectrally positive a-stable types, it is always
possible to choose a centered one as « € (1, 2] (see e.g [23, Section 8.3] and [74, Chapter X VIL.5]).

For (b) < (c) see e.g. [23, Theorem 8.1.6]. More precisely, recall from (4.1.2) the definitions
of ¢ and 1. Then, for all A€ (0, c0), set

A=) =1+ A=9(1—e) + 137+ O(N®). (4.2.10)

If o € (1, 2) then [23, Theorem 8.1.6] asserts that (b) is equivalent to the asymptotic equivalent

(
J1(A) ~o+ %AO‘L(l /), which implies that (b) < (c) in these cases (with Proposition 4.2.8

(i)). If =2 then [23, Theorem 8.1.6] asserts that (b) is equivalent to f1(A) ~g+ A%(3 + L(1/X))
and (4.2.10) implies that (b) < (c).

Let us prove the last point of the proposition. We assume that (a-d) hold true. By Grim-
vall [87, Theorem 2.1], lim,, o Eexp(—2W,,)] = E[e=*¥*] for all A € (0, 00). Observe that

Elexp(—AW,)] = (e*(f1(A) + 1=X2)™. If o € (1,2), we easily get nfi(Aap) ~ F(Oé_fa) A% as
n — oo for all A€ (0, 00) and thus a® ~ nL(ay). If o = 2, we get

L(an
B2 b nn (1= 2 (1=2 (5 L(an)) (1 + 0(1)) )] ~ 25002,
which implies that a2 ~ nL(a,). In both cases, we observe that a%/L(a,,) ~ n and we use [23,
Theorem 1.5.12] to complete the proof of the proposition. |

We next recall standard results on the size of Galton-Watson trees, which are expressed in terms
of random walks thanks to Proposition 4.2.7.

Proposition 4.2.10 Let 11 be a probability measure on N that satisfies (4.1.1). Let (Wy,)nen be a
random walk whose jumps distribution is specified by (4.1.7). Recall from (4.2.8) the definition of
the stopping times (H,)pen. Let T be a GW (p1)-tree. Then the following holds true.
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(i) (Hp)pen is a random walk with positive jumps.
(i1) (Kemperman) P(H, = n) = EP(W, = —p) for all n,p € N*.
(i4i) Suppose that y satisfies Proposition 4.2.9 (a-d) and is aperiodic. Then, P(#1=n)~ ;e

and P(#1>n)~ % where c,, is the value at O of the (continuous version) of the density of
Xo, and where (ay,) and X, are as in Proposition 4.2.9 (d).

(tv) Suppose that p satisfies Proposition 4.2.9 (a-d). Recall that |T| stands for the height of T.
Then,
P(l7] = n)

¢ (B(|7| = n))

~ (a—1)n.

Proof. Note that (¢) is an immediate consequence of the Markov property and the left-continuity of
W. For (it), see e.g. [23, Theorem 8.9.15]. Let us prove (iii). By (i¢) and by Proposition 4.2.7
(iii), we see that P(#7 = n) = 2P(W,,=—1). We next use Gnedenko’s local limit Theorem (see
e.g. [23, Theorem 8.4.1]) to get lim,, oo |a,P(W,, = —1) —c4| =0 and thus P(#7 =n) ~ o
Since (ay) varies regularly with index 1/« by Proposition 4.2.9, we get P(#71 >n) ~ < by
Karamata’s Abelian Theorem for Tails (see Proposition 4.2.8 (i7)). For (iv), see Slack [142, Lemma
2]. |

We next recall two limit theorems that are used to prove Theorem 4.1.2. One follows from the
convergence of rescaled GW (p)-trees to stable trees due to Duquesne [50]. The other is the uniform
integrability of the density of the law of (roughly speaking) the Lukasiewicz path of a GW (u)-tree
7 under P( - | #7=n) with respect to P( - | #7 > n) that has been proved in Kortchemski [106].

Proposition 4.2.11 Assume that p satisfies (4.1.1), that it is aperiodic, and that it belongs to
the domain of attraction of a stable law of index o € (1,2]. More precisely, we assume that
Proposition 4.2.9 (d) holds true. Let T be a GW (p)-tree. Recall from (4.2.1) that |7 | stands for the
maximal height of T, and that W (1) stands for its Lukasiewicz path as in Definition 4.2.6. Then,
the following holds true.
(i) There exists a random variable M € (0, 00) such that “*|7| under P( - | #7 = n) converges
in law to M as n — oo.

(i) Letr€(0,1). Then for all large enough n €N, there is a function D :N— [0, 00) such that

E[f<Wmin(|_m"J7~) (T)) ‘ #7T = TL] :E[f(Wmln(LnrJ,)<T))D7({) (WLrnj (T)) | #T > 77,}

(4.2.11)
for all bounded function f:NN — [0, 00). Moreover, these functions satisfy
im li (r) -
Clggo hTILn_f;ipE[l{Dil’“)(Ww (T))zc}D" (Wipn (7)) | #7>n] = 0. (4.2.12)

Proof. The point (7) is a consequence of the convergence of rescaled Galton Watson trees to the
a-stable tree: see Duquesne [50, Theorem 3.1]. Here, M is the height of the normalized a-stable
tree that is a (0, 0o)-valued random variable. See Kortchemski [106, Equation (1) and Lemma 2]

for (4.2.11). For (4.2.12), [106, Equation (12)] shows that Dg) (ay, - ) uniformly converges on all
compact intervals of (0, cc) towards a continous function. Moreover, the laws of a;, W/, (7)
under P( - | #7 = n) are tight in (0, c0) (see [106, Equation (17)]), which completes the proof of
(4.2.12) by (4.2.11). Let us mention that in [106], the hypothesis that ;4 has infinite variance and is in
the domain of attraction of a 2-stable law is incorrectly rephrased into the stronger assumption that
u([n, 00)) ~ L(n)/n? with some slowly varying function L. This does not affect the validity of the
results of [106] because that assumption is only invoked for applying statements that remain true
under the general hypothesis: namely, the local limit theorem [106, Theorem 1] and the invariance
theorem for the tail conditioning [106, Theorem 2]. |
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Limit theorems: the 1-stable case. We now consider the spectrally positive 1-stable law, which
features more complicated behaviors.

Proposition 4.2.12 Let 11 be a probability measure on N that satisfies (4.1.1). Recall from (4.1.2)
the definition of 1. Let (Wy,)nen be a random walk whose jumps distribution is given by (4.1.7).

(1) The following assertions are equivalent.
(a) p belongs to the domain of attraction of a 1-stable law.

(b) There exists L:(0,00) — (0, 00) that varies slowly at oo such that [*y~*L(y) dy < oo
and such that p([n, 00)) ~ n~1L(n).

(¢) There exists a (0,00)-valued sequence (an)nen tending to oo such that ﬁ(Wn + by)
converges in law to X, where b, =nE[W; 1{\W1|>an}] and where X is the spectrally
positive 1-stable random variable whose Laplace exponent is given for all A € (0, c0)
by nE[exp(—AX)]=Aln A\

(i) Assume that (a-c) hold true. Then, 3~ ku(k) ~ £(n) where { is the slowly varying
function defined by

Vo € (0,00), l(z)= /oo L(yy) dy. (4.2.13)

This implies that 1(s) ~g+ sl(1/s). Moreover, L(x)=0(l(x)) as © — oc.

(7i7) Assume that (a-c) hold true. Then, a, ~ nL(a,) and a, ~ nL*(n) where the function
L*: 2 € (0,00) — a tinf{y € (0,00) : y/L(y) > x} varies slowly at co. Moreover,
by, ~ nl(ay) where { is given by (4.2.13) and therefore a,, = o(by,).

Proof. The equivalences (a) < (b) and (a) < (c) are proved as in Proposition 4.2.9 (for the
form of b, see e.g. [74, Chapter IX.8, Equation (8.15)]). To prove (ii), we first observe the
equalities Y., kja(k) =31 u([max(n, 7),50)) = e[, 50)) + 3o 1([js 5)). Then note
that nj([n,00)) ~ L(n) and that 3°,,, u([j,00)) ~ £(n) where £ is defined by (4.2.13). By
Proposition 4.2.8 (iii), L(n) = o(¢(n)) and we get Y _j.~.,, ku(k) ~ £(n). By [23, Theorem 8.1.6],
this is equivalent to f1(\) ~o+ M(1/\) where fi is as in (4.2.10). This implies 1)(s) ~g+ s£(1/5s)
by Proposition 4.2.8 (i), which completes the proof of (ii). Then, we prove a,, ~ nL(a,) and
an ~ nL*(n) as in Proposition 4.2.9. Next observe that b, =n Y 4~ ku(k + 1)~ nfl(a,). Thus
an /by, ~ L(ay)/t(an) — 0 by (ii). This completes the proof of (ii). |

Suppose that Proposition 4.2.12 (¢) holds true. Since a,, = o(by,), it holds b;; 1W|_ns | — —sin
law, and thus in probability, for all s € [0, 00). Standard arguments (or a stronger result such as
Skorokhod [141, Theorem 2.7]) entail the following convergence

(iWLNSJ ; s€]0,00)) — (—s; s€[0,00)) (4.2.14)

in probability for the topology of uniform convergence on all compact intervals. Recall from (4.2.8)
the definition of the stopping times (H,)yen. Then, (4.2.14) implies for all € [0, o) that

1H, o — 2 (4.2.15)

in probability. Namely the law of H; is relatively stable (see e.g. [23, Section 8.8 § 1]). Since the
total size of a GW/(u)-tree T has the same distribution as H; (by Proposition 4.2.7 (#i7)), the law of
# is thus relatively stable. By use of Berger [17, Theorem 2.4 and Lemma 4.3] and Kortchemski
& Richier [108, Proposition 12], we get the following.
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Lemma 4.2.13 Let y be a probability measure on N that satisfies (4.1.1) and that belongs to the
domain of attraction of a 1-stable law. Let T be a GW (u)-tree. Then,

L(bn)

P(#r 2 n) ~ bl (bn)’

(4.2.16)

where (by,), L and { are as in Proposition 4.2.12. If the more restrictive assumption (4.1.12) holds,
then

L(bn)
b2 -

n

P(#r = n) ~ %P(#T > ) ~ 42.17)

Proof. Since b, /n ~ ¢(a,) — 0asn — oo, (4.2.15) implies that there is a sequence (¢, ) tending to
oo such that iHn — 1 in probability: namely, the law of H; is relatively stable. Then, [23, Theorem
8.8.1] asserts the existence of a function [ that slowly varies at co such that Y o<, P(H; > k) ~I(n)
and 1 — E[e 1] ~g+ AI(1/A). Thus, (4.2.15) easily entails that £(a,,)I(n) — 1. By Berger [17,
Lemma 4.3], we get {(a,,) ~ ¢(by,) and thus, Y gcp<,, P(#T>k)=>g<t<n P(H1 > k) ~1/4(Dy,).
By Kortchemski & Richier [108, Proposition 12], we get (4.2.16) because within the notations
of [108], we necessarily get A(n)~1/4(b,). Moreover, Berger [17, Theorem 2.4] asserts that if
(4.1.12) holds then P(W,, = —1) ~nL(b,)/b2, so (4.2.17) follows from Kemperman’s identity
(Proposition 4.2.10 (ii)). [

Remark 4.2.14 Although the difficult part of (4.2.16) is the very content of Kortchemski &
Richier [108, Proposition 12], the relatively explicit form of the right member of (4.2.16) seems
novel under the sole assumption that p belongs to the domain of attraction of a 1-stable law. [

We next recall two limit theorems on the maximal out-degree of a GW (u)-tree when 4 belongs to
the domain of attraction of a 1-stable law. They are part of more general results due to Kortchemski
& Richier [108].

Proposition 4.2.15 Ler 7 be a GW ()-tree with offspring distribution y that satisfies (4.1.1) and
that belongs to the domain of attraction of a 1-stable law. Recall from (4.2.1) that the notation
A(T) stands for the maximal out-degree of T. Then, the following holds true.

(i) The following convergence holds in distribution on [0, c0):

1
b—A(T) under P(- | #1 >n) — J, (4.2.18)
n
where the law of J is given by P(J > z) = 1/x forall x € [1, c0).
(i) Under the more restrictive assumption (4.1.12), the following convergence holds in probabil-
ity:
1
b—A(T) under P(- | #17 =n) — 1. (4.2.19)

n

Proof. For (i), see [108, Theorem 6]. For (i7), see [108, Theorem 1]. [ |

Recall that W (7) stands for the Lukasiewicz path of 7, as in Definition 4.2.6. We conclude this
section by recalling a result from Kortchemski & Richier [108] that shows that the law of W (1)
under P( - | #7=mn) is closed in variation distance to the law of the Vervaat transform of the path
(Wo, W1, ..., W,_1,—1) under P. More precisely, let (I¥,,),en be as in Proposition 4.2.12. For
all n € N*, we introduce the following notations.

In=— min W; and o,=inf{l0<k<n-1:W,=-I,} (4.2.20)
0<j<n—1
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and

Zm = {Wam + 1 if 0<j<n-—on, 4.2.21)

In—l—i—VVj,(n,Un) if n>j3>n-—o,.

Namely, Z (") is constructed by reading the increments of (Wy, W1y, ..., W,,_1, —1) from left to right
in cyclic order by starting at time o, this is a kind of Vervaat transform of (Wo, Wy, ..., Wy,_1, —1)
(see Vervaat [147] for more details). We shall use Kortchemski & Richier [108, Theorem 21], which
we re-state by convenience into the following proposition.

Proposition 4.2.16 Assume that p satisfies (4.1.1) and (4.1.12). We keep the above notation. Then,

sup
AcB(Rn+1)

P(W(7) € A| #r =n) —P(2 € 4) | —0,

where B(R™" 1) stands for the Borel sigma-field of R™ .

Proof. See Kortchemski & Richier [108, Theorem 21] and note P(I,, > 1) — 1 bye.g. (4.2.14). &

4.3 Distribution of the Horton-Strahler number of Galton-Watson
trees

4.3.1 Alternative definitions of the Horton-Strahler number and basic results

In this section, we prove basic results on the Horton-Strahler number: firstly, we provide alter-
native definitions, secondly we state a key upper bound in Lemma 4.3.1, and finally we prove in
Lemma 4.3.2 a recursive equation satisfied by the tail of the Horton-Strahler of GW (11)-trees that is
the starting point of the analysis of their asymptotic behavior.

Let us first recall alternative definitions of the Horton-Strahler number. The first one uses
Horton pruning of a finite tree ¢t € T that is defined as follows: remove the leaves of t and merge

each line into one edge (a line in t is a maximal sequence of vertices vy, ..., v, € t such that
ko, (t) = ... = ky, ,(t) =1 and v; = Uj1 for all 0 < j < n). The resulting tree is called the

Horton-pruned tree, which we denote here by Prun(t). Then, S(t) is the minimal number of Horton
prunings that are necessary to obtain {@&} from ¢. Namely,

S(t) =min {n € N : Prun,(t) = {@}}, 4.3.1)

where Prun,, stands for the n-th iteration of Prun for all n € N* and where Prung stands for the
operation that merges each line into one edge. We refer to Kovchegov & Zaliapin [111, Section
2.3] for a proof and more details.

Another useful definition uses embeddings of perfect binary trees. More precisely, let ¢, ¢’ € T
be finite. Then, ¢ : ¢ — t’ is an embedding if it is injective and if ¢(u N\ v) = p(u) Ap(v) for all
u,v €t. For all n € N, we denote by T2, = Up<<n{l,2}* the n-perfect binary tree, with the
convention that {1,2}%={@}. Then, for all finite tree ¢ € T,

S(t) =max{n €N : 3¢: T, — t embedding}. (4.3.2)
This result seems to be ‘part of the folklore’. Let us however provide a short proof.

Proof of (4.3.2). We reason by induction on the height of ¢. Note that (4.3.2) obviously holds true
if |t| = 0. Now assume k := kg (t) >1and let ¢ : T5,,+1 — t be an embedding, we separate the
cases according to the positions of ¢(&), p(1), ¢(2).
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If (i) < ¢(@) with 1 <i < k, then we have (i) < ¢(u) for all u € T 41 by definition, and we
check that setting ¢(u) = (i) * ¢;(u) defines an embedding ¢; : T5 ;41 — 0(;)t. Conversely, an
embedding ¢; : T3 511 — 0;)t induces an embedding ¢ : T3 11 — ¢ such that (i) < ¢(2). Thus,

max {n € N : 3¢ : Ty, — t embedding, (i) = ¢(2)} = S(f;).

Otherwise, & = ¢(&) = ¢(1) A ¢(2) so we have distinct 1 < 4, j < k such that (i) < ¢(1) and
(7) = #(2). Similarly as before, we see that setting ¢ ((1)*u) = (7)*¢; (u) and ¢((2)*u) = (j)*¢p;(u)
respectively defines two embeddings ¢; : T, — 0(;)t and ¢; : To, — 0(;)t. Conversely, two
embeddings ¢; : Ty, — G(i)t and ¢; : To , — O(j)t induces an embedding ¢ : 15,1 — t such
that ¢(2) = @, (i) < (1), and (j) < $(2). Thus,

max{n € N : 3¢:Ty,, — t embedding, (i) < ¢(1), (j) = ¢(2)} = 1+min (S(O,t),S(0;)t))-

Taking the maximum over ¢(@), ¢(1), ¢(2) and recalling Definition 4.1.1 concludes the proof. l
The definition (4.3.2) immediately implies the following. Let ¢, ¢ € T be finite.

If there is an embedding ¢ : t — t', then S(t) < S(t). (4.3.3)

We next use (4.3.2) and (4.3.3) to get an upper bound of S(t) in terms of S(R,,,t), where R,,t
is defined in (4.2.7) (recall that it is the tree consisting in the first m + 1 vertices of ¢ in lexicographic
order) and of R,,t*, where t* is the mirror image of t that is formally defined as follows.

Lett € T and u € t\{@} be the word (j1, ..., jn). We set ujg= and uj, = (j1, ..., jp) for
all 1 <p<n. Then, the mirror image of u is the word u* = (57, ..., j) where

Jp = ku, () =jp+1, 1<p<n.

We also set @* =@. Then t* ={u* : uet} and itis easy to show that t* € T. Observe that u — u*
is a bijective embedding so S(t*) = S(t) by (4.3.3). We stress that the word v* depends on the tree
t on which w is observed. Nevertheless, this notation should not lead to confusion here because the
underlying tree will always be clear according to context. Since ky» (t*) = ky(t), (4.2.3) implies
that if 7 is a GW(p)-tree whose offspring distribution p satisfies (4.1.1), then so is 7*. Furthermore,
since #7* = #, if n € N* is such that P(#7=n) >0, then we easily check that

under P(- | #r =n), 2 (4.3.4)
The following lemma plays a key role in the proofs of Theorems 4.1.2 and 4.1.4.

Lemma 4.3.1 Lett € T be finite. Then the following holds true.
(i) Forallu € t, we sett<, = {vet : v<u}. Then,

S(t) <1+ max (S(tgu) , max{S(0,t) : vet,v <uandv >u}) (4.3.5)

(1) Let m € N be such that 2m > #t + |t|. Then,
S(t) <14 max (S(Rmt), S(Rmt")). (4.3.6)
(#i2) If T is a random finite tree such that T* has the same law as T, then for all n,m € N*, we get

P(S(1) > n) <2P(S(R;,7) > n— 1) + P(#7 + |7| > 2m). (4.3.7)
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Proof. We first prove (7). If S(¢) = 0, then (4.3.5) is obviously true. We next suppose that
S(t)=n>1, and to simplify notation, we set

[, u] ={vet:v=<u}l and B={vet: v <uwandv>u}.

By (4.3.2), there is an embedding ¢: 75 , —t. Observe that ¢(1) and ¢(2) cannot both belong to
[2, u], otherwise it would imply ¢(1) A ¢(2) =¢ (D) € {#(1), #(2)} (by definition of embeddings
since @ = (1) A (2)), which contradicts the injectivity of ¢. Thus, there is j € {1, 2} such that either
0(j) € t<u\[F,u] or p(j) € t\t>y. In the first case, by definition of embeddings, ¢(j) = ¢((j)*v)
forall v € T5,,—1 and s0 ¢((j) * To.n—1) Ct<y. Then, (4.3.2) entails n—1 <S(t<,). Suppose next
that ¢(j) € t\t>y. Since t\t>,, is the disjoint union of the v x (0,t) for v € B, there exists v € B
such that ¢((7) * To,n—1) CP(J) * (Op)t) Cv * (Out). Then, (4.3.2) entails n—1 <max,ep S(Out),
which completes the proof of (4.3.5).

Let us now prove (ii). To that end, we denote by u the <-minimal leaf of 0,,t. We also set
t>y={vet:v>u}U[a,u]. By definition, t =t<, Ut>, and [&, u] =t<, Nt>,. Then, note that
forall ve B, v * (0,t) C t>,. Moreover, note that (t>,)* =t%_.. Therefore, (4.3.3) and (i) imply

S(t) <1+ max (S(t<y),S(t>u)) = 14 max (S(t<u), S(t5q+))- (4.3.8)

Next set m+1 = #t<, =#{vet v <u}and m'+1 = #t>, = #{v e t* :v <u*}. Observe
that R,,t =t<, and R,/ t* =t%_.. Moreover, #t=#t<, + #t>y— #[D,u]=m+m' + 1 — |u|.
Thus, m + m/ <#t + [t|. If 2m > #t + |t|, then m/ < $(#t + [t|) <m and R,y t* C Ry t*. By
(4.3.3), we get S(Ryt*) <S(R,,t*) and we obtain (4.3.6) by (4.3.8).

Inequality (4.3.7) is an easy consequence of (4.3.6): we leave the details to the reader. |

We next prove the main equation that is satisfied by the tail distribution of the Horton-Strahler
number of a Galton-Watson tree.

Lemma 4.3.2 Let 7 be a GW(u)-tree whose offspring distribution  satisfies (4.1.1). Recall ¢ and
Y from (4.1.2). Foralln € N, we set g, = P(S(7) > n). Then,

1(0)
1—p(1)

This equation can be rewritten in terms of 1 as qn — qn+1 = V(qn) /' (qn)

1—qo= and 1 —qui1 =01 —qn) + (gn — @n1)@' (1 — qn), n €N. (4.3.9)

Proof. By Definition 4.1.1, S(7) =
by Definition 4.2.2, we get P(S(7)
in (4.3.9).

Let us prove the recursive relation in (4.3.9). Let n € N. By Definition 4.1.1, S(7) <n + 1 if
and only if S(6,,7) <n for all children u of & in 7 (if any) with the possible exception of one child
v, which may satisfy S(6,7) = n + 1. More precisely,

0if and only if kg (7) =0 or (kg (7) =1;S(0(1)7) =0). Thus,
=0)=pu(0) + u(1)P(S(7)=0), which gives the first equality

Ysmeniy = 11 Lsepnem + 22 Lsegm=nin 11 Lsogn<n-
1<j<ke(T) 1<j<ke (1) 1<i<kg (1)
J#
(4.3.10)
Taking the expectation yields (4.3.9) by Definition 4.2.2, as ¢ is the generating function of . W

Remark 4.3.3 Although it seems difficult to solve (4.3.9) explicitly in general, it can be done
actually for the so-called a-stable offspring distribution (1, o € (1, 2], whose generating function is

Vs€[0,1], @als)=s+1(1—s)"
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Namely, if 7, is a GW (44 )-tree then S(75) is a geometric random variable with parameter 2, i.e.
PS(ra)=n)=1(1-2)", neN

This is explicitly proved in Kovchegov & Zaliapin [110, Lemma 10] and earlier for the o=2 case,
see Burd, Waymire & Winn [31, Proposition 2.5]. See also Duquesne & Winkel [63] who show that
a-stable offspring distributions are the only laws that are invariant under any hereditary pruning. [

We end this section with a lemma that lists basic properties of 1, that are useful to analyse
(4.3.9).

Lemma 4.3.4 Let i be a probability on N that satisfies (4.1.1). Recall from (4.1.2) the definition
of Y. Then, the following holds true.

(1) 1 is nonnegative, increasing, strictly convex, and analytic on (0, 1]. Moreover, 1’ is increas-
ing, concave, and 1(0) = ¢'(0) = 0.

(ii) Forall s € (0,1], 3¢/(s) < &) < /().
Proof. The point () is elementary. The upper bound in (i7) is a consequence of the convexity of

1 and to obtain the lower bound we apply Hermite-Hadamard inequality that asserts that for all
convex functions f : [a,b] — R, it holds

1
b—a

We apply (4.3.11) to ' after observing 2¢)(s) = L [ ¢/(s)ds. |

f(3(a+1b) <

/abf(t) dt < L(f(a) + F0)). 43.11)

4.3.2 Tail estimates of joint laws

In this section, we provide four estimates of the tail of the joint distribution of the Horton-Strahler
number of a Galton-Watson tree with either its size, its height, or its maximal out-degree. We fix an
offspring distribution  that satisfies (4.1.1) and 7 stands for a GW (u)-tree. Recall from (4.1.2) the
definition of ¢ and 9. Observe that ¢)'(1)=1—¢'(0)=1—pu(1) >0 by (4.1.1). It is convenient to
write

gn =P(S(7) >n), ne{-1}UN, (4.3.12)

where ¢_; = 1 obviously.
Proposition 4.3.5 Let 7 be a GW (u)-tree where yu satisfies (4.1.1). Then, for alln € N,

1(0)
(1—p(1))?

Proof. Although E[#7]= oo, let us first prove that e, := E[#71(5(r)<pn}] <0o. By Definition 4.1.1,
if S(7) < n then S(6,7) < n for all children v of @ in 7 (if any) and S(6,,7) = n for at most one
child. This implies that for all m,n € N,

E[#Tl{s(r):o}} = and ¢/(Qn—1)E[#7—1{5(7)§n}] S 2. (4.3.13)

ko (T)
min(m, #7)1s(ry<ny < L+ Y min (m, #600:)7) Lis(,)r)<n-1}
=1
ko ()
+ D min (m, #00)7) s n<ny [ Lisegn<e-1y 43.14)
i=1 1<j<ks (1)
i
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which makes sense even when n=0: the first sum in the right-hand side of (4.3.14) being null. To
simplify notations, we set e, (m) = E[min(m, #7)1s(r)<n}] for all integers m >0 and n > —1
(with e_1(m)=0). We obtain e,,(m) <1+e,_1(m)+en(m)¢’(1—gn—1) by taking the expectation
in (4.3.14). It easily implies that e, <(1 4 e,-1)/(1—¢'(1—gn—1)) because lim,, o0 en(m) =e,.
This recursively entails e, < oo for all integer n > —1.

To simplify notations, we set kg = kg (7), 75 = 0(;)7 and S; =S (0(;)7) for all 1 <j <kg (7).
We first explicitly compute eg by observing that #71s(r)—0} = L{ky—0} + Lfky=13 (1+71)1(s,—0}-
Taking the expectation entails eg = (0) + u(1)(1—qo + eg). By (4.3.9), this becomes

1 0
eo = E[#7Lis(r)=0)] = 1= u(g) = —MEL()l))Q' (4.3.15)

Next, by using the fact that #7 =1+ >, < ;<1 #7; and by the decomposition (4.3.10), we get

ko
#7 Us(r)<nt1y = L{s(r)<nt1y + Z#Tj lis,<n} IT 1s.<n
1<i<kgy
J#
ko
+ ) #Tilsmnny I Ysieny + D2 #Tilis;em lisimnrty 1] Lisi<ny-

j=1 1<i<kg 1<i,j<keo 1<i<ko

J#i J#i I#i,5

Taking the expectation term-by-term, we get
en+1 =1 = Gns1 + €@’ (1 = an) + (ens1 — )9’ (1 = an) + enl@n — ns1)¢" (1 — an)

for all n € N. Recall from (4.1.2) that ¢)(s) =¢(1—s)—1 + s. By Lemma 4.3.2, we find

T,Z}”

en—l—lw/(Qn) =1~ gn+1 + en(Qn - QH-&-l)w//(Qn) =1~ gn+1 + en / 1/] d (4 3. 16)

since 1(0) = 0 by Lemma 4.3.4 (). Still from Lemma 4.3.4, we know that )’ is concave, so we
get 9)'(s) < ¢'(gn) — (gn — 5)1"(qn). Thus,

L) [ as < gu) - IR~ 4urg,) 0 - (),

V' (qn) 24/ (qn)
where © = 1" (¢,,) /(¢ (gn)/qn) belongs to [0, 1] since ¢’ is concave. Thus, we get

(@n¥"(m))* _ 4

Tn41 = en—i-lwl(Qn) <1+ %enwl(Qn) <1+ %enw/(Qn—l) =1+ %xn

since (gy,) is decreasing and ¢’ is increasing. This entails x,, < 2 — 27"(1 — zg), which leads to
(4.3.13) because 20 =1 (1)eo = (1— u(1))eo = 1 — go <1 by (4.3.15). n

Forall t € T, we set
Z(t) = max{|u| : u € tsuchthat S(0,¢t) = S(t)}.
Note that Z(t) < |t| where recall from (4.2.1) that |¢| stands for the height of ¢.

Proposition 4.3.6 Let 7 be a GW ()-tree where . satisfies (4.1.1). Recall v from (4.1.2) and qy,
from (4.3.12). Recall from (4.2.1) that |7| stands for the height of T. Then for all m,n € N, it holds
that P(Z(1)>m | S(1)=n)=(1 — ¢/(gn—1))™. This implies that for all \ € (0, c0),

limsup P(¢' (gn—1)|7| < A S(1) =n) <1—e. (4.3.17)
n—oo
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Proof. By Definition 4.1.1, for all integers n >0 and m > 1, it holds

liz(r)>m;8(r)=n} Z L z(00)7)>m—1;8(0(:)7)=n} 11 Lis(oym<n-1}
l<j§k‘g(T)
J#

By taking the expectation, we get
P(Z(r)>m; S(1)=n) =P(Z(1) >m—1;8(7) =n) ¢'(1 — ¢u_1),

which implies the first desired equality as ¢'(1— g,—1) =1— ¢'(¢n—1). Note that ¢’ (g,—1) —
¥/'(0) =0. Thus, lim, 0o P(Z(7) > A9/ (gn_1) | S(7) =n) = e~ which implies (4.3.17) since
Z(T)<|7|. [

In [28], Brandenberger, Devroye & Reddad study the Horton-Strahler number of a Galton-
Watson tree conditioned to have exactly n vertices under the assumption that the variance of the
offspring distribution is finite. To that end, they use a (little more than) local convergence of the
conditioned Galton-Watson tree towards the corresponding size-biased tree. We adapt and extend
this idea in a more general context using only the Many-To-One Principle to get the following.

Proposition 4.3.7 Let 7 be a GW ()-tree where (. satisfies (4.1.1). Recall 1 from (4.1.2) and qy,
from (4.3.12). For all integers n,m € N such that 2¢'(P(|7| > |n/2])) <¢'(gm), the following
inequality holds:

P(S(t) <m||r| > n) < exp (— ¢ (gm)). (4.3.18)

Proof. For all n €N, we denote by ¢,, the n-iterate of ¢ with the convention g =1Id. It is classical
that P(|7| <n) =y (0). Then, observe the following: the <-smallest vertex of 7 at height n is the
only vertex u € 7 such that |u| = n and such that for all v € 7 with v < u and % < u, we have
|0,7| 4+ |v| < n. Moreover for all peN, (4.3.3) implies that if S(7) < m then S(6,7) < m for all
v € 7. Therefore,

1—1 kw(T)
Vironismmy < 20 ui=ny 11 (T ongrittustinent) (T 180u.m<m)-
UET weT,i>1 j=1 j=i+1

wx(i) <
(4.3.19)
Here we adopt the following convention: a product over an empty set of indices is taken equal to 1.
Recall Definition 4.2.3 of the size-biased GW (1)-tree 7o, and recall from (4.2.5) in Remark 4.2.4
the joint law of the number of left/right siblings of individuals on the infinite line of descent. We
now use the Many-To-One Principle (Proposition 4.2.5) after taking the expectation in (4.3.19) to
get

B(1r| > n: S(r) < m) < "1:[1 @(11—qm) — ¢(p(0) 4.320)

po 1mam = ¢p(0)

We now use convexity properties of ¢ and v given in Lemma 4.3.4 to get an upper bound of the
right-hand side of (4.3.20). First observe that the convexity of ¢ implies that for all real numbers
s, €0, 1] such that s <r, we have (¢(r)—¢(s))/(r—s) < (1—¢(s))/(1—s). Therefore,

Wﬁ " p(1—am) = 2(e(0) _ Ln/ﬁ_ll—@(‘%’p(o)) —1

1—gm — ©p(0) B 1 —,(0)

— Pns2)(0) . 4.3.21)
p=0
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To get an upper bound of (p(1—gpm) — ©(¥p(0)))/(1—gm — ©p(0)) when p>|n/2]|, we use the
following: let s,7 € [0, 1] and suppose that 21)(s) <’ (r), then

p-r)—p(-s) _ L-pl=s) ¢(d-s)—1 ol-r)=p(l=s)
_ 1owlms) W) w(r) = o)
_ 1-— ()0(1_8) + ¢(8> _ 1 /rw/(fE) dz
< TS i) - L)+ 4(9)
SRR L PR 4G 30(; —9 (1 - L/ (r).4322)

Here, we have used Hermite-Hadamard inequality (4.3.11) for concave functions, and the two
convexity inequalities 1¢(s) < 1/(s) and 1 (1—p(1—5)) < ¢/(1) = 1.

Assume that m, n € N satisfy 2¢)'(1—¢|;,/2](0)) <¢'(gmn). Then, for all p>[n/2], we have
29" (1—pp(0)) <9¢'(gm). Applying (4.3.22) successively with s=1—¢,(0) and r=g,, gets us

. 1. n/2 o1 <Pp+1(0)
P(r|=n; S(r) <m) < (1= ¢2)(0))(1 = 3¢ (am)) I —%

p=tnjz L~ #0(0)
(1= 50/ (am))"*B(l7] 2 ),
by (4.3.20) and (4.3.21). This easily entails (4.3.18) since In(1—z) < —z forall x € [0, 1). |
Although Proposition 4.3.7 holds under the sole assumption that p satisfies (4.1.1), its application
requires knowing the behavior of the tail of the height |7| of the GW(u)-tree 7. When p belongs to

the domain of attraction of a stable law of index a € (1, 2], Proposition 4.2.10 (7v) provides such
information, and then Proposition 4.3.7 entails the following more convenient result.

IN

Corollary 4.3.8 Let 7 be a GW(p)-tree where p satisfies (4.1.1) and belongs to the domain of
attraction of a stable law of index o € (1,2]. Recall v from (4.1.2) and qy, from (4.3.12). There
exists a constant C,, € (0, 00) that only depends on . such that for all integers n,m € N, it holds

P(S(t) <m||r| = n) < Cuexp (— g (gm)). (4.3.23)
Proof. To simplify the notations, we set s,, = P(|7| > |n/2]) for all n € N. By Proposition 4.2.10
(iv), the constant 2¢,, := sup,,cy(n+1) %") is finite and positive. Then, we get from Lemma 4.3.4

(i7) that 2¢/(sy,) < 8¢,/(n+1) forall n €N, by definition of ¢,,. Let us set C), = e € (0, 00)
and let n,m € N. If ¢/ (¢;,) > 8¢,/(n + 1), then 2¢/(s,,) < ¢'(¢m,) so Proposition 4.3.7 yields
(4.3.23) because 1 < C,,. Otherwise, ¢/(¢m) < 8¢,/(n+ 1) and C,, exp(—3n1 (¢m)) > 1 by
choice of C),. Thus, (4.3.23) clearly holds in that case, which completes the proof. |

Our last estimate relies on the same idea as Proposition 4.3.7: if the maximal out-degree of a

Galton-Watson tree is large, then the tree contains several independent disjoint copies of itself.

Proposition 4.3.9 Let 7 be a GW (p)-tree where u satisfies (4.1.1). Recall v from (4.1.2) and ¢,
from (4.3.12). Recall from (4.2.1) that A(T) stands for the maximal out-degree of T. Then, for all
integers n,m > 1 such that P(A(7) > n) > 0, the following inequality holds true:

P(S(t) <m|A(r) > n) < e "m. (4.3.24)
Moreover, for all A € (0, 00), we also have

E[e 7| A(1) > n] < E[e M7]". (4.3.25)
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Proof. On the event {S(7) < m; A(7) > n}, we decompose 7 along the ancestral line of the
<first vertex u such that &, (7) >n and, by (4.3.3), we see S(Gu*(j)T) <m for all 1 <j<n. Hence,

Userrem:amzn < O Yaamzny (T Twmran) (1] 1s0n.g)m<my )

ueT veT:w<u j=1

We take the expectation and apply the Many-To-One Principle (Proposition 4.2.5) ‘forwards and
backwards’ to get

P(S(r)<m; A() >n) < E[D Lgumzny [ kmen | PSE) <m)"

ueT veTw<u

= P(A(7) 2 n)(1 - qm)",

which entails (4.3.24) since In(1—xz) < —z for all z € [0, 1). To prove (4.3.25), we observe that

¥ Lz < 2 Lz ( IT Limen) (TTe?#0=0).
j=1

ueT veTo<u

Then, as in the previous argument, we take the expectation and apply the Many-To-One Principle
(Proposition 4.2.5) ‘forwards and backwards’ to get the desired result. |

4.3.3 Tail estimates.

In this section, we prove results on the tail of the Horton-Strahler number of a GW (p)-tree. These
results are expressed in terms of the functions A and Y that are given by

Vs € (0,1), T(s)= /81 L where  A(s) = m,

4.1.9
rinA(r)’ (+19)
and where ) is defined in (4.1.2). Their basic properties are listed in the following lemma.

Lemma 4.3.10 Let p be a probability on N that satisfies (4.1.1). Then, the functions A and Y in
(4.1.9) are well-defined, A > 2, and Y is continuous, positive, and decreasing on (0,1).

Proof. The inequality 11(s) > 3v/(s) from Lemma 4.3.4 (ii) entails that A(s) > 2 for all
s € (0,1), and (7i7) follows immediately. |

Under the additional assumption that ;4 belongs to the domain of attraction of a stable law, the
following lemma shows that A varies slowly at 0.

Proposition 4.3.11 Let us assume that p satisfies (4.1.1) and that it belongs to the domain of
attraction of a stable law of index o € [1,2].
(1) If o € (1,2], then lim,_,o+ A(s) = =%~ and Y(s) ~g+ log_o_ 1/s.

a—1
(ii) Suppose that o = 1. Let L be such that p([n, 00)) ~ n~1L(n) and ¢ be the slowly varying
function given by {(z)= [y~ L(y) dy for all z € (0, 0) (see Proposition 4.2.12). Then,

A(s) ~p+ i((ll//i)) and 81_i>r(1)1+ A(s) = 0.
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Proof. Let us prove (i) first. By Proposition 4.2.9, 1) is regularly varying of index « at 0. Then,
recall that ¢ is increasing, and since ¢(s) = [;4'(x) dz, the Monotone Density Theorem (recalled
in Proposition 4.2.8 (iv)) implies that s¢)'(s) ~q+ a)(s). This entails lim,_,o+ A(s) = ;%7 and
thus Y(s) ~p+ log_a_ 1/s. This completes the proof of (7).

Let us assume that « =1 to prove (i7). We denote by £ a random variable whose distribution
is p. Thus, 2P(§ > z) ~oo L(x). Proposition 4.2.12 (i7) asserts that E[§1¢-,1] ~oo £(7) and
1(s) ~o+ s£(1/s). The Monotone Density Theorem again asserts that si)'(s) ~g+ s£(1/s). We
next consider s¢)'(s) —1(s), s € (0, 1) being fixed. To simplify notations, we set A= — In(1—s)
and we first observe that

3
sW/(s)=9(s) = E[l—e - Ko =F V (e — poe™¥ g2 g
o0
(by Fubini) = 35 / P& > z)we M de — (155 - )) / P(¢ > x)e M du.
0
We estimate the second term of the right-hand side by writing
o0
(%= +In(1 - s))/o P(¢ > z)e Mdz ~gr %321}3[5] — %52_ (4.3.26)

Next, Karamata’s Abelian Theorem for Laplace transform (as recalled in Proposition 4.2.8 (v))
asserts

A / 2P(€ > z) e M dx ~gr L(1/N). (4.3.27)
0
Since A=—In(1—s), (4.3.26) and (4.3.27) entail that s¢)'(s)—(s) ~o+ sL(1/s) thanks to Potter’s

bound (see Proposition 4.2.8 (7)), which implies the desired estimate for A as s1)'(s) ~g+ s€(1/s).
Finally, lim,_,~, A(s) = oo comes from an application of Proposition 4.2.8 (i1). [ |

Proposition 4.3.12 Let us assume that | satisfies (4.1.1) and that it belongs to the domain of
attraction of a stable law of index o € [1,2]. Recall the definition of Y from (4.1.9). Then,
Y(P(S(7) > n)) ~ n. (4.3.28)

In particular, if o € (1,2], we get —InP(S(7) > n) ~ nln -%5.

Proof. Recall from (4.3.12) that ¢, =P(S(7) >n) and note that ¢,, — 0. Lemma 4.3.2 asserts that
Gn—qn+1=2(qn) /Y’ (¢n), namely q;il =g, ' A(gn). To simplify, we set Q,, = — In g,,. Therefore,

Qni1=Qn+InA(e @), neN. (4.3.29)

By Proposition 4.3.11, A varies slowly at 0*. Thus, Potter’s bound (recalled in Proposition 4.2.8
() applies to I(y) = A(1/y): for any € € (0, 5), there is n. € N such that for all n > n. and for

all € [Qn, Qn1ls

(A(e(an)eQn)
A(e=@n)
e4elnAle ).

A ~InA(e @) = |In )| <e+e@—-Qu)

IN
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by (4.3.29) (we apply Proposition 4.2.8 (i) with I(y) = A(1/y), ¢ = € and A\ = ¢*~@»). This
implies

‘ B 1 € 1+1n A(e=@n)
InA(e=®) InA(e @) In A(e=@n) InA(e—%)
€ 1+ 1InA(e=9n)
InA(e=@n) (1—e)lnA(e@n)—¢
5 (In2)~1 +1 ~ 100

InA(e=9) 1—c—e(In2)~1 = InA(e—@n)

because A > 2, by Lemma 4.3.10, and since ¢ € (0, 1—10) Therefore, by (4.3.29), we get

Onit 1 1 Qni1 = Qn Qn
— <1 = 100e.
/Qn InA(e=®) InA(e @) dz < 100e - InA(e=Qn) 00
This implies that for all £ € (0, {5) and for all n>n.,
5 Qi1 — Qk_/Q" dz —‘n—n _/Qn dz (n—n)
ne <k<n In A( ) Qn. In A(e—x) € Qn. lnA(e—r) — c)-

Hence, lim,,_,o, + - fQo =1, which proves (4.3.28) by the change of variable r=¢™*. R

lnAe )

In the 1-stable cases, we provide below three examples of slowly varying functions L that may
govern the tail of y via the estimate nju([n, 00)) ~ L(n). We use the notations of Proposition 4.3.11.

Example 4.3.13 (a) Let x € (0,00). We consider the case where L(z) = (Inz)~1~* for all
x € (0, 00). Indeed, this function varies slowly at oo and is such that [*° =1 L(y) dy < co. Clearly,
we have ((z) = 1(Inz) ™ = L L(z) In z. Therefore, Proposition 4.3.11 (i) yields that

Inl/s
1
A(S) ~ot+ In 1/8 and T(S) ~o+ m
If one sets x,, = — In P(S(7) > n), Proposition 4.3.12 asserts that =,/ In x,, ~ n, which implies

that
—InP(S(r) >n) ~nlnn.

(b) Let x € (0, 1). We next consider the case where L(z) = exp(—(Inz)") for z € (0, 00). Again,
this function varies slowly at oo and verifies [*y~'L(y) dy <oc. An integration by parts gives

l(z) = L(Inz)' " L(z) + £ /OO L(y)

Lna)'*L(z
gy 1 e i) LD,

and Proposition 4.3.11 (47) thus implies that

Inl/s

1 1— 1

A(S) ~o+ E(h’l 1/8) k and T(S) ~ot TR nln 1/3

If one sets z,, = — InP(S(7) > n), Proposition 4.3.12 asserts that x,,/ Inz, ~ (1—kx)n, which
yields that

—InP(S(1) >n) ~ (1—k)nlnn.
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(c) We finally consider the case where L(x) = exp(—Inz/Inlnz) for all z € (e, 00). This
function still slowly varies and verifies [* 4y~ !L(y) dy < co. We make the change of variable
z = Iny/Inlny and then an integration by parts to compute

[e.9] [e’s)

l(z) ~oo [ €77 In(2)dz ~oo {—e’zlnz} L. ~oo L(z)InInz.

Inlnz Inlnx

Therefore, Proposition 4.3.11 (77) implies that

Inl/s

As) ~or Inln1/s and  Y(s) ~or oy

If one sets x,, = — InIP(S(7) >n), Proposition 4.3.12 asserts that =,/ In In z,, ~ n, which entails

—InP(S(7) > n) ~ninlnn.

We use further the following estimates.

Proposition 4.3.14 Let us assume that | satisfies (4.1.1) and that it belongs to the domain of
attraction of a stable law of index « € [1,2]. Then, for all A\ € (0,00) and all k € R, the following
holds true:

Inlnl/s = o(Y(s)), YTAsln"1/s) ~p+ Y(s), and T (sA(s)") ~g+ Y(s).
In particular, Y is slowly varying at 0.

Proof. Recall that A is slowly varying at 0" from Proposition 4.3.11 so In A(s) = o(In1/s) by
Proposition 4.2.8 (7). This allows us to write

/2 (r
Inlnl/s ~ —_— = T .
nlnl/s ~os /s rinl/r s—o+ o(Y(s))

Next, without loss of generality, we may assume that A € [1, 00), so that 1 < A Inlsl 1 /s when s is
small enough. Recall from Lemma 4.3.10 that A > 2. Thus,

o1~ 1)< [ L e = ot

;1117'”‘ 1/5 m ~—In2 s—0+

which is the second estimate. Then, observe that lim_,q+ sA(s)'”' = 0 because A slowly varies at

07". Another application of Proposition 4.2.8 (), together with A > 2, entails In A(r) > % In A(s)
for all small enough s and for all r € (0, 1) such that sA(s)~ 1"l < r < sA(s)*l. Therefore,

sA(s)!"! r
IT(sA(s)") — T(s)| < /sA(s)—,q r]ndA(T’) < lni(s) In (A(s)251) = 4| = o(Y(s)).

—0t

which completes the proof. |
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4.4 Proofs of Theorems 4.1.2,4.1.3 and 4.1.4

4.4.1 Proof of Theorem 4.1.2

In all this section, we assume that the critical offspring distribution p belongs to the domain of
attraction of an a-stable law with a € (1, 2], and more precisely, we assume that Proposition 4.2.9
(a-d) hold. Let us set v = In _%5. Recall from Propositions 4.3.11 (i) and 4.3.12 that

YY(s) ~g+ Inl/s and —InP(S(7) > n)~ yn. (4.4.1)

The proof of Theorem 4.1.2 is separated into two parts: a lower bound and an upper bound.

Lower bound. We first prove for all £ € (0, 1) that

P(ayS(r) < (1 —¢e)lnn | #7=n) —— 0. (4.4.2)

n—oo

The idea is to apply Proposition 4.3.7, or rather Corollary 4.3.8, and to switch the conditioning on
the size of 7 with the conditioning on the height of 7. To that end, we use Proposition 4.2.11 (i) to
find

limsuplimsup P(|7| < nlt | #7 =n) =0.
n—0 n—00 n

Therefore, to prove (4.4.2), we only need to prove for all € (0, 1) that

limsup P(|7] > n7t; ayS(r) < (1—¢)lnn | #7=n) = 0.

n—oo
We roughly bound the conditional probability by the ratio of the probabilities as follows.

P(ayS(t) < (1—¢)lnn||r|>n2)

P(I7|>nz 5 arS(r) < (1—e)lnn | #7=n) < P(#r=n) ;

(4.4.3)
Since a,, ~ natod) by Proposition 4.2.9 and Potter’s bound (see Proposition 4.2.8 (i)), Propo-
sition 4.2.10 (7i7) entails the following estimate for the denominator of the right-hand side of
(4.4.3):

P(#71 = n) ~ —2 ~plato), (4.4.4)

To bound the right-hand side of (4.4.3), we want to apply Corollary 4.3.8 and to that end, we first

control ¢/ (P(S(7) > %75 Inn)). By Potter’s bound and Proposition 4.2.9 (c), we get the estimate
In(s) ~p+ alns. Lemma 4.3.4 (ii) then yields In ¢’ (s) ~p+ (a — 1) In s. Together with (4.4.1),

this implies that

o

Y (P(S(r) > =2 Inn)) ~ p~ (1= %5 +oll), (4.4.5)
We eventually apply Corollary 4.3.8, and then (4.4.4) and (4.4.5), to get that

a—1

P(S(1) < L;flnn! I7|>2) < Cpexp (—% ¢/(P(8(7’)>%1n”))) <exp(—n )

for all sufficiently large n. The previous upper bound combined with (4.4.3) and (4.4.4) implies
(4.4.2).
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Upper bound. We want to prove for all € € (0, 1) that

P(ayS(t) > (1+2¢)Inn | #7=n) —— 0. (4.4.6)

n—oo

To that end, we first show

P(ayS(t) > (1+¢e)Inn | #7>n) —— 0. 4.4.7)

n—o0

Indeed, we use the following rough bound

P(ayS(t) > (1 +¢)Inn)
P(# '

Then, by Propositions 4.2.10 (7i7) and 4.2.9 on the one hand, and by (4.4.1) on the other hand, we
observe

P(ayS(t) > (1+e)lnn | #7>n) <

\]
v

n)

P(#71 > n) ~ Co pmate®  and P(ayS(t) > (14+¢)lnn) ~ p(He) g to(l)
Gn
which implies (4.4.7). Il
We then recall from (4.3.4) that under P( - | #7=n), 7 and its mirror image have the same law.
Therefore, (4.3.7) in Lemma 4.3.1 applies with m = | £n] and one gets, for all sufficiently large n,
P(S(r) > 71;:725 Inn|#7=n) <2P(S(R|z,7) > %hln | #7 =n)+P(|7] > % |#7=n).
By Proposition 4.2.11 (i), P(|7| > $n|#7 = n) — 0 when n — co. To control the first term
of the right-hand side of the previous inequality, we use Proposition 4.2.11 (i): to that end,
recall from Proposition 4.2.7 (i) that R| 7,7 is a measurable function of the Lukasiewicz path

(Wk(7))o<k<| zn)- Therefore, forall n € Nand ¢ € (0, o0),

on = P(S(Rgn7) 2 & nn | #7 =n)
— (7/8)
B E[l{S(RN > J“f Inn }D (Wizn (1) (1) | #7 > n}
< E 1{8 Slte n}D7(17/8) (WLan ) ] #T > n}

*Oc’y

< cP(S(r)> 1+51nn|#7>n)+E[1{D(7/8)( D (Wi (7)) | #7271

Wz,,(r) e}
by (4.3.3). We make n — oo then ¢ — o0, and thus, by (4.4.7) and (4.2.12) in Proposition 4.2.11,
we get lim sup,,_, ., £, = 0. This implies (4.4.6) and completes the proof of Theorem 4.1.2. W

4.4.2 Proof of Theorem 4.1.3

In all this section, we assume that the critical offspring distribution p belongs to the domain of
attraction of a 1-stable law, and more precisely, we assume that Proposition 4.2.12 (a-c) hold. It is
convenient to set

Vz € [0,00), ¢»=P(S(r)>x).

Recall from (4.2.1) that A(7) stands for the maximal out-degree of 7, which is the relevant quantity
to consider in the 1-stable cases. Note that P(A(7) >n) > p([n,00)) > 0 for all n € N. We first
prove the following estimates.
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Lemma 4.4.1 Under the same assumption and notations as in Theorem 4.1.3, the following holds
true for all € € (0,1) and all k € (0, 00).

(1) There is ng € N that depends on ¢ and k such that for all integers n > ny,
bnd(ieyr(y < (n)™" and  bagq_opy(r) 2 (Inn)".
(i) Recall from (4.1.9) the definition of A. Then, lim,, bnA(é)q(Ha)T(ﬁ) =0.
(i12) It holds limy, oo n"P(S(7) < (1_5)T(b%) | A(1) > 3b,) = 0.
Proof. Let us prove (7). By Proposition 4.3.12 then Proposition 4.3.14, we have
Y (gaaeyr(n)) ~ (L)Y (5) ~ (14 e) T (H5).

Then, for all sufficiently large n, T(q(lﬂ)T(%)) > T( (In I;;:L)*H) and T(q(l,g)r(%)) _ T(W),

which implies that

an(H_E)T(i) < (ln bn)iﬁ and an(l_E)T(i) > (ln bn),{

because T decreases (see Lemma 4.3.10). By Proposition 4.2.12 (iii), b, varies regularly with
index 1 and by Proposition 4.2.8 (i), In b,, ~ Inn, which implies the desired result.
We use similar arguments to prove (ii): by Proposition 4.3.12 then Proposition 4.3.14, we get

—1-K
TG er(h)) ~ (LHT(E) ~ (L+TGLAG) ),

SO T(q( T )) > T(iA(i) _1_“) for all sufficiently large n, which implies that

1+e
bl (5, )90eyr(i) SAG,)

This implies (i7) since limy_,oo A(1/2) =00 by Proposition 4.3.11 (i7).
To prove (iii), we first use (i) with e.g. k=2. Then, Proposition 4.3.9 implies that

n"P(S(1) < (1—e)Y(35) | A(7) > 5ba) < n"exp (_%bnq(l—e)T(i)) <n"exp (—35(Inn)?)

for all sufficiently large n, which entails the desired result. |

The proof of Theorem 4.1.3 is cut into two parts: firstly an upper bound and secondly a lower
bound.

Upper bound. We first prove for all € € (0, 1) that

P(S(T) > (14€)Y(4-) | #7 > n) —— 0. (4.4.8)

n—oo
To that end, we use a direct upper bound, then we combine Lemma 4.2.13 with Proposition 4.3.11
(13):
U1+e)r ()
P(S(1) = (14+e)Y(5;) | #72n) < m ~ A(5) bn U1te)r ()

Next, we use Lemma 4.4.1 (74) to conclude. [



222 Chapter 4. Horton-Strahler number of GW trees with infinite variance

Lower bound. We next prove for all € € (0, 1) that

P(S(T) < (1 —e)T(45) | #7 > n) —— 0. (4.4.9)

n—0o0

To that end, we first prove that

lim P(#7 <n|A(r) > 2b,) —— 0. (4.4.10)

n—oo

Indeed, by (4.3.25) in Proposition 4.3.9 combined with Markov inequality, for all A € (0, 00), it
holds R
P(#7 < n|A(1) > 2b,) < e E[e™n#7] [26n].

Recall from Proposition 4.2.7 (iv) that E[ exp (—2#7)] [26n]

gence (4.2.15) with x =2 then implies that lim,, .o, E [e_%#ﬂ [25n) _ ¢=2X Thys,

=E[exp (— 2H|g,)]. The conver-

limsup P(#7 < n|A(1) > 2b,) <e™* ——— 0

n—00 A—00

which entails (4.4.10). g

We next prove that for all ¢ € (0, c0),

<

lim sup w “4.4.11)

4

Indeed, we first prove the case where ¢ = 2. Observe that

P(A(T) > 2by,)

P(#T > n) = P(A(T) > 2b, | #7' > n) + U(n)P(#T <n | A(T) > an).

u(n) =

By (4.4.10), for all sufficiently large n, we get P(#7 <n | A(1) >2b,) < 1. It therefore implies
u(n) <2P(A(1) > 2by, | #7>n) —2P(J >2)=1 by (4.2.18) in Proposition 4.2.15. This proves
(4.4.11) when ¢ =2. Then, recall from Proposition 4.2.12 (iii) that (b,,) is 1-regularly varying.
Then for all sufficiently large n, we get cb,, > 2b| 1en) and thus

P(A(r) > chy) _ P(A(T) = 2by3cny) P(#7 > | ten))
P(#r=n) = P(#r=n) P(#r >n)

This implies the desired result since we know from Lemma 4.2.13 that the sequence n+— P(#7>n)
varies regularly with exponent —1, and since limsup,,_, . u(|fcn|) < 1 as proved above. O

= u(|zen))

We complete the proof of (4.4.9) as follows.

T P(S(T)S (i)\#7>n)
. 1
< MM = (#T(i)> ") | B(a(r) < B | #r 2
< PO 2 B p(s(r) < (o)) | Ar) > )+ BAT) o | > )

This first term of the above right-hand side converges to 0 by (4.4.11) with ¢ = 1/2 and by
Lemma 4.4.1 (iii). Moreover, (4.2.18) in Proposition 4.2.15 asserts that P(A(7) < 1b,, | #7 > n)
goes to 0 as n — oo. This completes the proof of (4.4.9), and of Theorem 4.1.3. |
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4.4.3 Proof of Theorem 4.1.4

Throughout this section, we assume there exists a function L that varies slowly at co such that
p(n) ~ n=2L(n). This implies that z1([n, 00)) ~ n~*L(n) so, by Proposition 4.2.12, 11 belongs to
the domain of attraction of a 1-stable law. The proof of Theorem 4.1.4 is separated into two parts:
firstly a lower bound and secondly an upper bound.

Lower bound. We prove for all ¢ € (0, 1) that

P(S(7) < (1—e)Y(3=) | #7 = n) ——0. (4.4.12)
Indeed, observe that
vn = P(S(1) < (1-)T(5;) [ #7 =n)
. PO = (1%?:;(2)7;)&7) > 5bn) +P(A(T) < Lb, | #7 =n)
P(A(7)> 3bn)

1 1
WP =) PP < A=) T(5) | AT) > 3ba) +P(A(T) < b, | #7 = n).
Then recall from (4.2.17) in Lemma 4.2.13 that nP(#7 = n) ~ P(#7 > n). Thus, by (4.4.11),
we get
P(A(T) > 1b,)
li — T 2 <8,
WS BT =) = O
By Lemma 4.4.1 (iii), limy, 0o nP(S(7) < (1— &)Y (5) | A(7) > $bn) = 0. Then, (4.2.19) in
Proposition 4.2.15 applies and asserts that lim,, o P(A(7) < %bn | #7 =n) = 0, which finally
implies (4.4.12). |

Upper bound. We finally show for all £ € (0, 1) that

B(S(r) 2 1+9)T(5) | #7=n) 0. @413

n n—00
To prove (4.4.13), we use the result of Kortchemski & Richier [108, Theorem 21] that is recalled in
Proposition 4.2.16 and that shows that the law of the Lukasiewicz path (W;(7))o<j<n of 7 under

IP(-|#7 = n) is close in total variation distance to the law of (Z](n)>0§j§n as defined in (4.2.21).

First, let us briefly recall the definition of Z(™): let (W},),en be a left-continuous random walk
starting at 0 and whose jump distribution is given by (4.1.7). We recall from (4.2.20) the two
notations /,, = —ming<j<,—1 Wj and 0,, = inf{0<k<n—1: Wj=—1I,}. Then,

2\ = Wy + 1o if 0<j<n—o, and  ZY = Li—14W;_(, ) if n>j>n—0y.
Next, we interpret Proposition 4.2.16 in terms of trees, i.e. we view Z() as the Lukasiewicz path
of a random tree 7(™). Namely, observe that Z(()n) =0, ZT(L") = —1, and the other values of Z (") are
nonnegative. Plus, maybe except at the cutting time n—o,,—1 when foi)gn — ,(:i)an_l =—1-W,_4,
the jumps of Z(™ are larger or equal to —1. Consequently, if T,,_; <0 then Proposition 4.2.7 (7)
applies and Z(") is the Lukasiewicz path associated with a tree 7("). If 1¥,,_; >0 then we take 7(")
equal to the star-tree with n—1 leaves, which we denote by %, (or any tree with n vertices).

If Wn_1§0 then (Wj(T(n)))OSjgn:(Zj(»n))ogjgn and if Wn—l > ( then T(n):*n.
4.4.14)
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Moreover, observe that Proposition 4.2.12 (c) easily implies that P(T("): *,) =P(W,_1>0) — 0.
Thus, thanks to Proposition 4.2.16, in order to prove (4.4.13), we only need to show
P(r™ # sk ; S(r™) > (146)T(2)) —— 0. (4.4.15)
n n—00
To that end, we discuss a decomposition of 7(") at the ‘cutting time’ n—o,, —1 and we recall
from (4.2.9) in Proposition 4.2.7 the existence of an i.d.d. sequence (7, ),en of GW(u)-trees given
by
VpeN, (p+ WHp+j)0§j§Hp+1—Hp = (Wj (Tp»ogjg#—rpv

where H, = inf{j € N : W;=—p}. Let us denote by u[()”):®<ugn) <...<u

7(") listed in lexicogaphic order. From the definition of Z (") and thanks to Proposition 4.2.7 (i7),
we first derive that if WW,,_1 <0 then

(n)

»_1 the vertices of

Ry, 1(7™) =Ry g, 1(,) and & () 1 (™) = —W,,_1, (4.4.16)
where we recall from (4.2.7) in Proposition 4.2.7 that R,,,(t) = R,,t stands for the tree consisting
of the first m + 1 vertices of ¢ taken in lexicographic order. We now look at the subtrees that are
grafted either at ugl_)gn_l or to the right of its ancestral line: namely, the subtrees that are grafted at
the following set of vertices

B={ver™ . % < Uq(ln)anq and v > v

— n—onp—17J"

If we denote by v(0) <v(1) <...<wv(#B — 1) the vertices of B listed in lexicographic order, then
by definition of Z(™ and by definition of the trees 7p as recalled above, we get that if W,,_1 <0
then

™ —r 0<p<I,—1=#B-1. (4.4.17)

To prove (4.4.15), we then use (4.3.5) in Lemma 4.3.1 (4) that asserts on the event {WV,,_; <0} that

S(T(”)) <14 max (S(Rp—c,—1 (T("))), max S(QUT("))).
ve
Then, the identities (4.4.16) and (4.4.17), together with the monotony property (4.3.3) of S, yield
that

(n)
S(r"™) <1 -{-OISI;)E%)}"S(TP).

Therefore, we obtain the following:

tn = B(r % s SEE) 2 (14T (L))

n

< P uE
- (OSPSL%nJ - bn

< (@2 + DP(S(7) > (14T (L) — 1) + P(EH,  <1),

max  S(r) > (1+)T (L) — 1) + B(L, > 2b,)

since the 7, are GW(y1)-trees. Then, recall from (4.2.15) that %HLan | — 2 in probability, which
implies that P(+H, g, | <1) — 0. Lemma 4.4.1 (i) asserts that b,P(S(7) > (14+¢) T (;-) —1) = 0,
which finally implies (4.4.15) and which completes the proof of Theorem 4.1.4. |

We conclude this chapter by providing an asymptotic equivalent of the rescaling sequence
T(i) that gives the order of S(7) under P( - | #7 = n), in the three cases considered in Exam-
ple 4.3.13.
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Example 4.4.2 We recall from Proposition 4.2.12 (7i7) that b, varies regularly with index 1, which
implies In b,, ~ In n by Proposition 4.2.8 (7).

(a) Let k € (0,00). We consider the case where L(z) = (Inx)~'=* for all z € (0, c0). Recall
from Example 4.3.13 that T (s) ~o+ (In1)/(Inln ). Therefore, we easily get

Inn

“Inlnn’

(b) Let k € (0,1). We next consider the case where L(z) = exp(—(Inx)*) for all z € (0, 00).
Recall from Example 4.3.13 that Y (s) ~g+ 1= (In1)/(Inln 1). Therefore, we easily get

1 Inn
T(A) ~ —. .
(bn) 1-x Inlnn

(c) Let us finally consider the case where L(z) = exp(—Inz/Inlnz) for all z € (e, 00). Recall
from Example 4.3.13 that T(s) ~g+ (In1)/(Inlnln 1). Therefore, we easily get

Inn
T(5)

“Innlnn’

0
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Chapter 5

Fluctuations of the Horton-Strahler number of stable Galton-Watson
trees

This chapter is adapted from the paper [102], which is submitted for publication.

Abstract

The Horton-Strahler number — also called the register function — is a combinatorial tool that
quantifies the branching complexity of a rooted tree. We study the law of the Horton-Strahler
number of stable Galton-Watson trees conditioned to have size n, including the Catalan trees.
While these random variables are known to grow as a multiple of Inn in probability, their
fluctuations are not well understood because they are coupled with deterministic oscillations. To
rule out the latter, we introduce a real-valued variant of the Horton-Strahler number. We show
that a rescaled exponential of this quantity jointly converges in distribution to a measurable
function of the scaling limit of the trees, i.e. the stable Lévy tree. We call this limit the Strahler
dilation and we discuss its similarities with the Horton-Strahler number.
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5.1 Introduction

The Horton—Strahler number of a finite rooted tree ¢ is a nonnegative integer S(t) € N that measures
its branching complexity. One of its possible formal constructions is the recursive definition below.

Definition 5.1.1 Let ¢ be a finite rooted tree. Its Horton—Strahler number S(t) is defined as follows.

(a) If t reduces to a single node, then S(¢) = 0.

(b) Otherwise, S(t) is the maximum of the Horton—Strahler numbers of the subtrees ¢, ...,
that are attached to the root, plus one if that maximum is not uniquely achieved. Namely,

S(t) = max S(t;)

1<i<k + 1{#argmaxlgi§k8(ti)22}' (5.1.1)

O

Alternatively, S(t) 4 1 is the number of successive pruning operations (cutting all leaves then
merging each line into one edge) necessary to completely erase ¢, and S(t) is also the height of
the largest perfect binary tree embedded into ¢ (see Section 5.4.1 for details). In this article, we
study the fluctuations of the Horton—Strahler number of the so-called a-stable Galton—Watson trees
(or GW,,-trees for short), with a € (1, 2], conditioned to be large. For all a € (1, 2], the offspring
distribution o = (pa(k))ren of a GW,-tree is critical and is characterized by its generating
function:

Vs €[0,1],  @als) =Y s"ua(k) =s+1(1—s)" (5.12)

keN

See Section 5.2.2 for a formal definition. We highlight that when o« = 2, a GWa-tree is just a
critical binary Galton-Watson tree, namely 112(0) = p2(2) = 5. Before discussing our results, let
us present a brief history of the Horton—Strahler number and explain why it is relevant to focus on
that specific family of critical Galton—Watson trees. Here, all the random variables that we consider
are defined on the same probability space (Q2,.%,P) whose expectation is denoted by [, and all
topological spaces are endowed with their Borel sigma field. For all z € [0, c0), we denote by
|z] € N the integer part of z.
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Background. The Horton—Strahler number was introduced in the field of hydrogeology, first by
Horton [93] in 1945 and exactly as Definition 5.1.1 by Strahler [146] in 1952, to seek quantitative
empirical laws about stream systems. Such a system can be seen as a tree whose root corresponds
to the basin outlet and whose leaves represent the springs. Many important characteristics of river
networks have been linked to the Horton—Strahler number: see Peckham [136], Fac-Beneda [73],
Chavan & Srinivas [34], and Bamufleh et al. [14] among others. This number appears independently
in other scientific disciplines such as anatomy, botany, molecular biology, physics, social network
analysis, etc. In computer science, it is sometimes called the register function because the minimum
number of registers needed to evaluate an expression tree is equal to its Horton—Strahler number.
We refer to Viennot [148] for an overview of those various applications.

The Horton—Strahler number also shows a wide range of occurrences in mathematics. It can
be encountered in mathematical logic, formal language theory, algebra, combinatorics, topology,
approximation theory, and more. See Esparza, Luttenberger & Schlund [69] for an overview of
those connections. In the probability area, Flajolet, Raoult & Vuillemin [75] and Kemp [98] study
the Horton—Strahler number of a uniform rooted ordered binary tree 7}, with n leaves (a uniform
n-Catalan tree, which is also a GWy-tree conditioned to have n leaves) and they prove that

E[S(T},)] = logsn + D(logyn) + o(1) (5.1.3)

as n — oo, where logy z = Inx/Inb stands for the logarithm of x to the base b, and D is a
1-periodic continuous function. Moreover, Devroye & Kruszewski [47] showed that S(7},) is
uniformly concentrated around its expected value because

¥Ym >0, sup P(|S(T,) —E[S(T,)]| > m) < 4™ (5.1.4)
n>0

Drmota & Prodinger [49] extended (5.1.3) and (5.1.4) to k-ary trees. More recently, Brandenberger,
Devroye & Reddad [28] proved that the Horton—Strahler number of a critical Galton—Watson tree
with finite variance offspring distribution conditioned to have n vertices always grows as log, n
in probability, thus generalizing all previously obtained results on first-behavior. In a companion
paper [103], we further treat the cases where the offspring distribution belongs to the domain of
attraction of a stable law (and thus may have infinite variance).

In a parallel direction, Burd, Waymire & Winn [31] analyze the invariance and attraction
properties of critical Galton—Watson trees with finite variance offspring distribution under the
Horton pruning operation — erasing leaves and their parental edges, then removing vertices with
a single child — which exactly decrements the Horton—Strahler number. They notably prove that
GWos-trees are invariant under Horton pruning and that the law of their Horton—Strahler number is
geometric with parameter % Kovchegov & Zaliapin [111, 110] broadened this study to the infinite
variance case: they proved that a critical Galton—Watson tree whose offspring distribution g is in
the domain of attraction of an «-stable law is invariant by Horton pruning if and only if u = i, as
given by (5.1.2), as well as the following (see [110, Lemma 10]).

If 7 is a GWq-tree with o € (1,2), then foralln € N, P(S(t) >n) = (1-1)".  (5.1.5)
Moreover, GW,-trees are invariant attractors for a large class of other tree reductions: see Duquesne
& Winkel [63] and Kovchegov, Xu & Zaliapin [109]. The stable Galton—Watson trees had already
appeared in numerous works such as Zolotarev [152], Neveu [134], Le Jan [120], or Abraham &
Delmas [1]. Indeed, they play the role of reference objects among all critical Galton—Watson trees
because they are the finite-dimensional marginals of their universal scaling limits, as known as the
stable Lévy trees. We refer to Duquesne & Le Gall [61] and to Marchal [128] for more details.
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Let us come back to Catalan trees 7T,,. The estimate (5.1.4) ensures that a natural centering
suffices to gain tightness on their Horton—Strahler numbers. However, the asymptotic development
(5.1.3) shows that S(T3,) is subject to deterministic oscillations. Worse, these variations inconve-
nience real-world applications, where characteristics derived from the Horton—Strahler number
show great discrepancies due to the threshold selected for the extraction of stream networks: see
e.g. Moussa & Bocquillon [132] or Chavan & Srinivas [34]. This could then impact the chosen
hydrologic response, as discussed by Bamufleh et al. [14]. We further argue that one cannot hope to
find a nondegenerate scaling limit for S(7;,). We heuristically discuss why on a simpler but related
model.

Heuristic discussion. We construct a random binary tree 7, by grafting n + 1 independent
GWs-trees on the same spine of length n as illustrated by Figure 5.1. In other words, T is a
GWoa-tree, and T}, | ; is composed of T, and an independent GW,-tree attached to the root. The
tree T}, is a truncated version of Kesten’s limit tree [100] that may be informally seen as a critical
binary Galton—Watson tree conditioned to survive: see Lyons, Pemantle & Peres [125], Aldous
& Pitman [11], and Duquesne [51] for more information. The trees 7}, and Kesten’s limit tree
naturally appear during the study of local convergences of GWa-trees conditioned to be large, such
as Catalan trees. We refer to Abraham & Delmas [2] for several results of this type. We give
ourselves a sequence (G;);>o of independent geometric random variables with parameter % From
(5.1.5), we observe that S(7))) has the same law as S,,, where the sequence (S;) is defined by

So =Gy and Si+l = maX(Gi+17 SZ) + 1{Gi+1:Si}
for all 4 > 0. It is then easy to convince oneself that there is an event A,, such that

Sp =M, +1,4, where M, = Org%)% G;.

Figure 5.1: The random binary tree T},

Let us set aside the event A,, for now because it is quite difficult to precisely describe: for exam-
ple, it is realized when (G;)o<i<n=(1,1,2,3,...,n) but not when (G;)o<i<n=(1,2,1,3,...,n).
Nonetheless, the sole observation of M,, already unveils an issue. Indeed, there are no sequences
(ay) and (by,) such that (M,, — b,,)/a,, converges in distribution to a nondegenerate random variable.
In statistics, this is a classic application of the extreme value theorem, see e.g. Arnold, Balakrishnan
& Nagaraja [12, page 217]. We also refer to Eisenberg [67] for a detailed study of the distribution
of M,,. It is important to note that this situation is due to the discrete setting. Indeed, if (E;);>0 is a
sequence of independent exponential random variables with mean (In 2) !, so that the integer part
| E; | of E; has the same distribution as G;, then an elementary calculation shows that

L _ 99—
Vo € R, P(O%%XnEz loggngx)—>exp( 27%),
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where the limit is the cumulative distribution function of the Gumbel law with location 0 and with
scale (In2)~!. Other curiosities happen for geometric order statistics which further complexify
the behavior of S,,. For example, Bruss & O’Cinneide [29] proved that the probability that the
maximum of (G;)o<i<p is uniquely achieved does not converge.

Strategy and main results. Those observations suggest to slightly modify the Horton—Strahler
number into a continuous quantity, more likely to behave regularly. Since one cannot expect
two real numbers to be exactly equal, the recursive formula (5.1.1) is not suitable in this regard.
Nevertheless, we see, keeping the notations of Definition 5.1.1, that

S(t) = lg}z;pék max (S(t;), S(t;), Lgizjy + min(S(t;), S(¢5))), (5.1.6)
by considering the two maximal values among S(t1), . .., S(tx). The formula (5.1.6) stays workable

when the S(¢;) are real numbers, so it only remains to redefine the Horton—Strahler number of a
tree reduced to a single node. We do so by endowing the leaves with [0, 1)-valued weights.

Definition 5.1.2 (Weighted Horton—Strahler number) A weighted tree t is a finite rooted tree
whose each leaf v is equipped with a weight w,, € [0, 1). Its weighted Horton—Strahler number is a
nonnegative real number S(t) € [0, co) defined recursively as follows.

(a) If t consists of a single node with weight wyoot, then S(t) = wyoot.
(b) Otherwise, S(t) is derived from the weighted Horton—Strahler numbers of the weighted

subtrees t1, . . ., t that are attached to the root according to the expression (5.1.6). Namely,

S(t) = max max (S(ti),S(tj),l{#j} + min(S8(t;), S(t;))).

1<i,j<k
O

See Figure 5.2 for an example and Section 5.2.2 for a more precise definition of weighted trees.
The requirement for the weights to be in [0, 1) entails the following relation between the classic
and the weighted Horton—Strahler numbers (see Proposition 5.4.3 for details):

for all weighted tree t, [S(t)| = S(¢), where t is the underlying tree of t. (5.1.7)

Therefore, one does not lose any information about S(¢) by working solely with the weighted
Horton—Strahler number. However, we now need to specify the weights that we put on the leaves of
stable Galton—Watson trees.

In all this article, to lighten the notations, we fix and denote

ae (1,2, B=-r, ~y=I=2 and 6= (2" =@ Ve@,2. (518

a—1
For all @ > 0, we say a random variable W € [0, 1) has distribution FExp(a) when

1—e™ %
vr € [0,1], ]P’(Wgr):ﬁ. (5.1.9)
We point out that if £ is an exponential random variable with mean é then the fractional part
E — | E| of E has law FExp(a). We say a random weighted tree T is an a-stable Galton—Watson
weighted tree (or a GW ,-weighted for short) when it is a GW,-tree 7 whose leaves are endowed
with independent weights with law FExp(+y) (more formally, see Definition 5.2.15). This choice of
weights is justified by the following assertion that we prove in Proposition 5.4.6.

If T is a GW,-weighted tree, then for all x € [0,00), P(S(7) > z) =e " (5.1.10)
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Figure 5.2: A weighted tree t such that S(t) = 3.2. The leaves and their weights are in green.
Next to each node is written the weighted Horton—Strahler number of the subtree stemming from it.

Note that (5.1.10) readily implies (5.1.5). The law of S(7) is absolutely continuous but, for all
non-integer x > 0, we can define the law of 7 under P(d7 | S(7) = x) by setting

P(r=t|8(r) =) :EIE&IP’(T:H IS(T) —z| <e¢)

for all tree ¢ (see Definition 5.4.8 and Proposition 5.4.7 for details and a proof).

Instead of studying the weighted Horton—Strahler number of GW,,-trees conditioned to have a
large number of vertices, we begin by looking for a scaling limit for 7 under P(d7 | S(7) = x) as
x tends to oo. Indeed, this problem is easier to tackle thanks to the so-called r-weighted Horton
pruning operation that we introduce in Section 5.5: erasing the parental edges of leaves with weights
smaller than some threshold r € [0, 1], then removing vertices with a single child. When r =1,
we retrieve the Horton pruning mentioned above. This operation subtracts r from the weighted
Horton—Strahler number, and GW,-weighted trees are almost invariant under weighted Horton
pruning (see Theorem 5.5.4 for a precise statement). We then deduce that x — P(d7 | S(7) = z)
is Cauchy, which yields our first main result. The rooted Gromov—Hausdorff—Prokhorov distance,
which will be recalled in Section 5.2.1, gives a sense to convergences of rooted measured compact
metric spaces.

Theorem 5.1.3 Let 7 be a GW-weighted tree. The tree T is endowed with its graph distance
denoted by dg,, its root denoted by @, and its counting measure ), . 0. There exists a nondegen-
erate random compact metric space (7 , d) endowed with a distinguished point p and a finite Borel

measure [ such that the convergence in distribution

(7‘, e_V(O‘_l)xdgr, @,e 1" Z 5u) under P(dT | S(7) = x) 4 (T ,d,p, 1)

e z—00,r¢N

holds for the rooted Gromov—-Hausdorff—-Prokhorov distance.

Before describing the law of this limit space or discussing the fluctuations of the weighted
Horton—Strahler numbers of GW,,-trees conditioned on having total progeny n, we need to recall
their own scaling limit. Let (X,,),cn be a (left-continuous) random walk started at Xy = 0 and
with jump law given by P(X; = k) = pq(k + 1) for all integers k& > —1. Using (5.1.2) and the
continuity theorem for (bilateral) Laplace transform (see e.g. [151, Appendix A]), one can check
that

1
— X, % X,, where a,=a Y*%n!/* and E [exp (—=AX1)] = exp(A¥)  (5.1.11)

Gn
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foralln € Nand A\ € (0,00). Hence, po belongs to the domain of attraction of a stable law of
index «. Note that if « € (1,2) then |a] = 1, and if @ = 2 then |«| = 2. Then, keeping the
same notations as in Theorem 5.1.3, a theorem of Duquesne [50] yields that the convergence in
distribution

( 7, —dgr, & 25 ) under P(-|#7 =n+1) S N (Zars Aoy Py finr)  (5.1.12)

n.i= n—oo,n€ |a|N

holds for the rooted Gromov—Hausdorff-Prokhorov distance. Here, (Zy, dnr, Pur, fnr) sStands
for the a-stable tree describing the genealogical structure of continuous state-branching process
with branching mechanism A — \“, following the convention of Duquesne & Le Gall [61] (see
Section 5.2.5 for a precise definition). When o = 2, %, corresponds to the celebrated Brownian
tree of Aldous [7, 9]. A little more precisely, if (e, de, pe, fte) stands for the real tree coded by the
standard Brownian excursion e in the sense of Le Gall [78, Definition 2.2] (see also Section 5.2.3),
then (T, v/2 de, e, fte) is a 2-stable tree.

The two limit spaces .7 and .7, in Theorem 5.1.3 and (5.1.12) are real trees, namely all pairs
of their points are joined by a unique arc that turns out to be a geodesic (see Definition 5.2.17 for
details). We denote by Tp' the space of (equivalence classes of) rooted (finitely) measured compact
real trees, endowed with the rooted Gromov—Hausdorff—Prokhorov distance (see Sections 5.2.1
and 5.2.3 for more precision). In light of Theorem 5.1.3 and of the convergence (5.1.12), it seems
reasonable to expect that some functional § plays the role of a continuum analog of the weighted
Horton—Strahler number, so that §(.77) is constant. We indeed explicitly introduce such an object
in Definition 5.8.3, that we denote by §5 : TR — [0, oo] and that we call the Strahler dilation
with base §.

Theorem 5.1.4 The Strahler dilation S, as in Definition 5.8.3, is measurable and satisfies:
(1) 85(T,Nd, p, ) = AS5(T,d, p,0) forall X € (0,00) and all (T, d, p, 1) € TR,
(13) 55(.7) = 1 almost surely, where .7 is the limit tree in Theorem 5.1.3.

We cannot suitably adapt the discrete Definition 5.1.2 or the combinatorial approach by Horton
pruning to the continuum setting, but Definition 5.8.3 is inspired by the definition of the Horton—
Strahler number as the maximal height of an embedded perfect binary tree. The proof of (i7) relies
on a self-similar decomposition of .7 that highlights this perfect binary tree. We formulate it later
as Theorem 5.7.3. Thanks to the Strahler dilation, we can describe the law of 7 in terms of the
a-stable tree 7, by the following result.

Theorem 5.1.5 Let T be the limit tree in Theorem 5.1.3, and let ( Ty, duy, Pur, finr) be the a-
stable tree as in (5.1.12). Let S5 be the Strahler dilation with base § as in Theorem 5.1.4. Then for
all bounded and measurable function I’ : Ty — R, it holds that

E[F(y)] = ﬁE [F(%r 5 55(%r)_1dnr7 Pnr » O‘_Bﬁé(%r)_aﬁﬂnr)ﬁé(%r)ﬁ] .
(5.1.13)

«

Informally, the Strahler dilation is to .7 what the total mass is to .7;,,. We precise this relation and
we give other formulations of (5.1.13) later in Theorem 5.9.1. Using Theorem 5.1.4, the relation
(5.1.13) follows from a Bayesian argument linking (5.1.12) and Theorem 5.1.3.

Moreover, the same method yields that if 7 is a GW,-weighted tree, then the scaling limit
of 65(7) under P(- | #7 > n) is equal to the Strahler dilation with base & of the scaling limit of
the tree 7. The same proof does not hold to study the local conditioning {#7 = n} that becomes
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degenerate at the limit. To avoid this issue, we take advantage of a monotony property of the
Horton—Strahler number by coupling a GW,-weighted tree conditioned to have exactly n leaves
and a GW,-weighted tree conditioned to have at least n/2 leaves, such that one is always embedded
into the other. This coupling relies on Marchal’s algorithm [128] which yields a sequence of nested
GW,,-trees. We then reach our goal.

Theorem 5.1.6 We keep the notations of Theorem 5.1.3. Let (ay,) be as in (5.1.11) and let Ty, be
the a-stable tree as in (5.1.12). Let S5 be the Strahler dilation with base § as in Theorem 5.1.4.
Jointly with (5.1.12), the following convergence holds in distribution on (0,00):

4 58() under P(-|#17=n+1) — < 55( ).
n n—oo,n€|a|N

We can reformulate this result by stating that the following convergence in distribution

S(t) — “Llogsn — Llogsa under P(-|#7 =n+1) — 4 logs S5(Znr) (5.1.14)

n—oo,n€|a|N
holds on R. Thanks to (5.1.7), this yields the following convergence in probability

_as(r). under P(-|#7 =n+1) — ",

logﬁ n n—oo,n€|a|N
which is [103, Theorem 1.2] in the specific case where u = . Furthermore, the variations of
the fractional part of O‘Tfl logs n induce the same periodic phenomenon observed in the asymptotic
estimate (5.1.3) proved by Flajolet, Raoult & Vuillemin [75] and Kemp [98].

Theorem 5.1.6 shows that it is possible to asymptotically recover the weighted Horton—Strahler
number from the sole limit metric structure. This is noteworthy because the former depends on
the weights of the leaves, which are independent of the tree. While their contribution is limited to
the fractional part, this part is of constant-order and is thus non-negligible within the convergence
(5.1.14). The disappearance of this dependence at the limit is explained by the specific choice
of the law of weights, introduced to remove the arithmetic interference in the analysis of the
classic Horton—Strahler number, which is thus an intrinsic aspect of the stable Galton—Watson tree.
Similarly, the index §5(.7,,) is a new metric characteristic of the stable tree, whose properties could
provide information about its geometry.

Our last contribution specifically focuses on o = 2, namely the binary case. In this setting,
Flajolet, Raoult & Vuillemin [75] and Kemp [98] have explicitly derived the law of the Horton—
Strahler number of Catalan trees. We adapt their computations to determine the law of the Strahler
dilation of the Brownian tree. Our calculation then unveils an unexpected identity.

Theorem 5.1.7 If (Te, de, pe, tte) is the Brownian tree, then its double Strahler dilation 255(Te)
with base 2 has the same law as its height h(Te) = sup e, de(pe, 7).

Organisation of paper. In Section 5.2, we precisely set our framework and formally define our
objects of interest. In Section 5.3, we adapt already known results to our setting and we derive
classic estimates. We define the weighted Horton—Strahler number and we study its law for stable
Galton—Watson weighted trees in Section 5.4. Section 5.5 is devoted to the study of weighted
Horton pruning. In Section 5.6, we prove Theorem 5.1.3. A first description of the limit tree in
Theorem 5.1.3 is given by Section 5.7. In Section 5.8, we construct the Strahler dilation to show
Theorem 5.1.4. We prove Theorems 5.1.5 and 5.1.6 in Section 5.9. Finally, Section 5.10 consists
of the proof of Theorem 5.1.7. Throughout all this work, we will write the set of nonnegative real
numbers, the set of nonnegative integers, and the set of positive integers respectively as

R, =[0,00), N=1{0,1,2,3,...}, and N*={1,2,3,...}.
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5.2 Framework, notations, and definitions

In this section, which contains no new results, we set the notations and present the basic objects we
will encounter and use throughout the paper.

5.2.1 Topological framework

Throughout this work, we study convergences so let us first present the topologies that we use.

Cadlag functions with compact support. We write R, = [0, 00) and we denote by D(R,, R)
the space of all right-continuous with left limits (cadlag for short) functions from R to R. The
space D(R 4, R) is equipped with the Skorokhod (J1) topology which makes it Polish, namely sepa-
rable and completely metrizable. We refer to Billingsley [22, Chapter 3] and Jacod & Shiryanev [95,
Chapter VI] for background. Let f € D(R,R), we define its lifetime ((f) and its n-modulus of
continuity wy(f) as

C(f)=sup{0}U{s>0: f(s) #0} and wy(f)= sup>U |f(s1) — f(s2)| (5.2.1)
\81L822TS77

for all n > 0. We say that f has compact support when ((f) < oo. Since we are also interested in
the convergences of lifetimes of cadlag functions with compact support, it will be useful to work on
the following subspaces of the product space D(R,R) x R

Dk ={(f,f) : £ € Ry and f : Ry — R cadlag such that {(f) < ¢},
Ck ={(f,¢) : £€Ryand f : Ry — R continuous such that {(f) < ¢}.

Next, we define the uniform distance d., and the Skorokhod distance dg on Dk by setting
doo ((f1, 1), (f2,€2)) = |01 — L] + sup |f1(s) — fa(s)], (5.2.2)
s>

ds((f1,41), (f2,€2)) = |61 — Lo| + i{})fssglg (1o(s) = sl + [ f1(¥(s)) = fa(s)]) (5.2.3)

where the infimum is taken over all increasing and bijective functions ¢ : Ry — R, for all
(f1,41), (f2,¢2) € Dk. The proposition below gathers useful properties of Cx and Dk.

Proposition 5.2.1 The following holds true.
(1) Dk is a closed subset of D(R1,R) x Ry, and Cx is a closed subset of Dx.
(73) The spaces Cx and Dk are Polish.
(7i1) The topology of Dx is induced by the distance dg.
)

(iv) The distances d~, and dg are topologically equivalent on Cx.

Proof. Let (f,,¢) € Dk such that f,, — f for the Skorokhod topology and ¢,, — . If { < s
then f,,(s) = fn(s—) = 0 for all n large enough, so f(s) = 0 by [95, Proposition 2.1, Chapter
VI]. Thus, ((f) < ¢ < oo. This same proposition entails that if the f,, are continuous then
f(s) = f(s—) forall s € R. This proves (7). Finite products and closed subsets of Polish spaces
are Polish so (i) follows from (). The point (#i7) is a consequence of [95, Theorem 1.14, Chapter
VI]. Then, (iv) follows from [95, Proposition 1.17, Chapter VIJ. [ |
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Notation 5.2.2 We identify any cadlag function with compact support f with (f,((f)) € Dxk.
Hence, a sequence ( f,) of cadlag functions with compact support converges to ( f, ¢) on Dy if and
only if f,, — f for the Skorokhod topology and {( f,,) — ¢. We point out that £ and {(f) do not
need to be equal a priori. However, we will say that (f,,) converges to f on Dk when f, — f for
the Skorokhod topology and ((f,,) — C(f)- O

We now provide a straightforward adaptation of the classic criterion of tightness for random
continuous functions, see [22, Theorem 7.3].

Proposition 5.2.3 A sequence (vy,) of distributions on Cx is tight if and only if it satisfies

0= Jim_lmsupw, ({(£,0) € Cx ¢ 17(0)] 2 m)). (@
0= lim limsupv, ({(f,¢) €Ck : £>m}), (b)

m—00 n—oo

0= lim limsupv, ({(f,¢) € Ck : wy(f) >¢e}) forall € > 0. (c)

n—0t n—oo

Proof. Let L € R, let C, be the space of continuous functions from [0, L] to R endowed with the
uniform topology, and let A be a compact subset of C,. The points (7) and (iv) of Proposition 5.2.1
yield that Ay, = {(f,¢) : ¢ < L, f € A} is a compact subset of Cx. Conversely, we see that any
compact subset of Ck is contained in some Aj. We end the proof with [22, Theorem 7.3]. |

Furthermore, we denote by ps the Prokhorov metric associated with dg on the space P(Dx) of all
Borel probability measures on Dk. Namely, for all vy, 5 € P(Dxk), we define

ps(v1,v2) = inf{e > 0 : VA C Dk Borel subset, v1(A) < vo(A%) +¢} (5.2.4)

where A° = {z € Dk : Ja € A, dg(z,a) < ¢}. The space Dx is Polish so [22, Theorem 6.8]
gives us the following result.

Proposition 5.2.4 The space P(Dx) equipped with the topology of weak convergence is Polish.
This topology is induced pg, which is indeed a distance on P(Dx).

Remark 5.2.5 While Dx is Polish, we stress that dg is not complete. See [22, Example 12.2]. In
particular, pg is not complete either (consider e.g. a sequence of Dirac probability measures). [

Rooted Gromov-Hausdorff-Prokhorov distance. We define almost the same distances and we
follow the same presentation as in [5, Section 2.1]. Let n € N with n > 1. We say that (£, d, a) is
a n-pointed compact metric space when (E, d) is a compact metric space endowed with a sequence
of n distinguished points a = (a1, ..., a,) of E. A n-pointed measured compact metric space
(E,d,a, ) is a n-pointed compact metric space (F, d, a) equipped with a finite Borel measure  on
E. We say two n-pointed compact metric spaces (F,d,a) and (E’,d’,a’) are n-pointed-isometric
when there exists a bijective isometry ¢ from E to E’ such that ¢(a;) = a} forall 1 < i < n.
Moreover, two n-pointed measured compact metric spaces (F, d, a, u) and (E',d’,a’, ') are said
to be n-GHP-isometric when there exists a bijective isometry ¢ from E to E’ such that ¢(a;) = a}
for all 1 < ¢ < n and such that the image measure of i by ¢ is equal to 1/. We denote by K,, the
space of n-pointed-isometry classes of n-pointed compact metric spaces, and by K} the space of
n-GHP-isometry classes of n-pointed measured compact metric spaces.

Notation 5.2.6 When no confusion is possible, we will simply denote such a n-pointed (measured)
compact metric space (E, d, a, i), as well as its class in K,, or KI, by its underlying space F. [
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A n-pointed correspondence between E and E’ is a subset R of E x E’ with (a;, a}) € R for all
1 <4 < nand such that forall x € F and 3y € F’, there are 2’ € E’ and y € F such that (z, 2/)
and (y,y’) are in R. The distortion of a n-pointed correspondence R is defined by

dis(R) = sup {|d(z,y) — d'(«",y)| : (z,2') € Rand (y,y') € R}. (5.2.5)
The n-pointed Gromov—Hausdor{f distance between E and E’ is then expressed by the formula

dn_cu(E,E') = %i%f dis(R), (5.2.6)

where the infimum is taken over all n-pointed correspondences R between E and E’. We may also
restrict the infimum to compact n-pointed correspondences without modifying the value. Indeed,
the closure of a n-pointed correspondence is a compact n-pointed correspondence that has the same
distortion because F x E’ is compact. For any finite Borel measure v on E x E’, the discrepancy
of v with respect to p and p’ is defined by

Dsp(v; p )= sup [v(Bx E')—p(B)|+ sup |v(ExB')—p(B).
BCE B'CE’
Borel subset Borel subset

The n-pointed Gromov—Hausdorff-Prokhorov distance between E and E’ is then expressed as
d,_cup(E,E') = %110 max (%dis(R) , Dsp(v; p, i) + v((E x E’)\R)), (5.2.7)
N

where the infimum is taken over all finite Borel measures v on F x E’ and all compact n-pointed
correspondences R between F and E’. The objects d,, gy and d,,_gyp are only pseudo-distances
butd,,_cu(E, E’) = 0if and only if F and E’ are n-pointed-isometric, and d,,_gup(F,E’) =0
if and only if E and E’ are n-GHP-isometric. Hence, they respectively define genuine distances
on K,, and K. Furthermore, the metric spaces (K,,,d,_gn) and (K", d,,_qnp) are separable
and complete. We refer to Abraham, Delmas & Hoscheit [4, Theorem 2.5] for proof. While they
define the distances in terms of isometric embeddings, the expressions (5.2.6) and (5.2.7) in terms
of correspondences give the same objects. See e.g. Khezeli [105, Theorem 3.5].

Notation 5.2.7 When n = 1, we shall omit it in the notations and replace the adjective pointed by
rooted. The unique distinguished point shall be called the root of the space. U

A rooted measured compact metric space is also a rooted compact metric space by forgetting its
measure. This is formalized by the continuous surjection (E, d, p, u) € K™ — (E,d, p) € K.
Moreover, endowing a rooted compact metric space with its null measure describes an isometric
embedding of K into K™. Let (E,d, p, 1) be a rooted measured compact metric space and let
A > 0. We will rescale rooted measured compact metric spaces in various ways by setting

A (E,d,p,p) = (E,Md,p,p) and  X@q (E,d,p,p) = (E,Ad, p, X Dp)  (5.2.8)

for all o € (1,2]. These operations are continuous from K™ to itself and they coincide into one
continuous map from K to itself. Furthermore, we define the height h(E) and the mass m(E) of a
rooted (measured) compact metric space respectively as

h(E,d, p) = sup d(p,z) and w(E,d,p,p)= p(E). (5.2.9)
S

The functions h : K — [0, 00) and m : K™ — [0, 00) are Lipschitz and thus continuous.
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5.2.2 Discrete trees as sets of words

Words and trees. We recall Ulam’s formalism of trees. Let N* = {1,2,3,...} be the set of
positive integers and let U be the set of finite words

U= | J(N*)" with the convention (N*)° = {&}. (5.2.10)

neN
The lexicographic order, denoted by <, is a total order on U. For v = (uy,...,u,) € U
and v = (v1,...,vy) € U, the notation u *x v = (uy,...,Un,V1,...,Vy) € U stands for the

concatenation of u and v. We denote by |u| = n the height of u, and if n > 1 then we denote
by % = (u1,...,un_1) the parent of u. We then say that v is a child of v when & = v. The
genealogical order < is a partial order on U defined by v < v <= Ju’ € U, v = u x u’. We say
that u is an ancestor of v when u < v. When u < v but u # v, we may write u < v. Observe that
forall u € U, the set {v € U : v < u} of ancestors of w is totally ordered by <. Eventually, we
denote by u A v € U the most recent common ancestor of v and v, that is their common ancestor
with maximal height.

Notation 5.2.8 Although B is not defined, we write that D <uand B <u forall ueU. O

Definition 5.2.9 A subset ¢t of U is a tree when the following is verified:

(a) tis finite and & € t,

(b) forallu € t,if u # @ then w € t,

(c) forall u € t, there exists an integer k() € Nsuch that u * (i) € t <= 1 <1 < ky(t).
We denote by T the (countable) space of all trees, endowed with the discrete topology. U

Several times in this work, we will need to embed trees into others, in the following sense.
Definition 5.2.10 Let ¢ be a tree and let A C U. Let ¢ : t — A be an injective map.
(1) We say that ¢ is an embedding when 1(u A v) = ¥ (u) A (v) for all u,v € ¢.

(i1) We say that v is increasing when u < v = 1(u) < ¥ (v) for all u,v € t.
If ¢ is an embedding, then we set @ZJ(%) = B in accordance with Notation 5.2.8. g

Remark 5.2.11 Let A C U. If A satisfies (a) and (b) in Definition 5.2.9, then there exist a unique
tree ¢ and a unique increasing embedding v : t — A such that ¢)(t) = A. 0

Let ¢t be a tree. The number #t of its vertices is also called the size of t. We use the following
notations for the height of ¢ and its set of leaves:

It| = max |lul and Ot={uet : k,(t)=0}, (5.2.11)

and #0t stands for the number of leaves of ¢. For all v € t, we define the subtree of ¢ stemming
from v as

Ot ={ueclU : vxuet}

Observe that 6,1 is also a tree. We list all the elements of ¢ in the lexicographic order as

@ =up(t) <...<um1(t), (5.2.12)
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and we call the finite sequence of words u(t) = (u;(t) ; 0 < i < #t — 1) the depth-first exploration
of t. We denote by H (t) : s € [0,00) — H(t) and we call the height function of t the affine-by-
parts and continuous function defined by

lui(t)]  ifO<i<#t—1

o " (5.2.13)
0 if ¢ > #t,

H(t) = Hi(t)+(s—i)(Hit1(t)—Hi(t)) and Hz'(t)Z{

for all integers ¢ € N and for all real numbers s € [i,7 + 1]. It is folklore, and easy to see, that
the height function fully characterizes the corresponding tree. The function H () is nonnegative
and has compact support. In accordance with Notation 5.2.2, we shall identify it with the element
(H(t),C(H(t))) of Ck. Let us also observe that

Ho(t) =0, supH(t) =[t|, and ((H(t)) = 1ipo#t. (5.2.14)

Stable Galton—Watson trees. Recall that 1, = (1o (k))ren is the probability measure on N
characterized by the expression (5.1.2) of its generating function ¢,. We easily compute from
(5.1.2) that

P (s)=1—(1—5)" and @™ (s) = pa(m)-ml(1—s)*™, (5.2.15)

«

forall s € [0,1) and m > 2. By induction, the identities (5.1.2) and (5.2.15) yield the expressions

k—1
Ha(0) = £, 1a(1) = 0, 1a(2) = 234, and pua(k) = [T lov =il = 1pacoy Crptim™
=1

(5.2.16)
for all £ > 3, where I stands for the usual Gamma function. In particular, we recover that uo is the
critical binary offspring distribution. Let u = (u(k))ren be another probability measure on N. We
say that y is critical and non-trivial when

p(0)>0 and Y ku(k)=1. (5.2.17)
keN

We readily observe from (5.2.15) and (5.2.16) that p is critical and non-trivial.

Definition 5.2.12 Let 1 be a probability measure on N which verifies (5.2.17). A Galton—Watson
tree with offspring law p (or GW(pu)-tree for short) is a random (finite) tree 7 that satisfies the
following.
(a) The law of kg (T) is p.
(b) Forall k& € N* such that z4(k) > 0, the random trees (1), ..., Oy 7 under P(- | kg (7) = k)
are independent with the same law as 7 under P.
When i = i, as in (5.1.2), we call 7 an a-stable Galton—Watson tree (or a GW 4 -tree for short).[]

It is well-known that the assumption (5.2.17) ensures that a random (finite) tree described by
Definition 5.2.12 indeed exists. Moreover, see e.g Le Gall [78, Propositions 1.4, 1.5], if T is a
GW/(pu)-tree then

vteT, P(r=t)=]]uku(t)), (5.2.18)

uet

and there exists a sequence (&;);cn of independent random variables distributed as kg (7) such that

(kuy(r)(1); 0 <0 < #7—1) = (&5 0 <4 < #7 — 1) almost surely. (5.2.19)
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Trees with edge lengths. We say that T' = (¢, (L, )yet) is a tree with edge lengths when t is a tree,
as in Definition 5.2.9, and I,, € (0, oo) for all u € ¢. We denote by T the space of all trees with edge
lengths and we endow it with the product topology, meaning that (", (I!)yein) — (¢, (lu)uet) if
and only if there is ng > 0 such that t" = ¢ for all n > ng and I} — [, for all v € ¢. This makes
T a Polish space. Recall from (5.2.11) that |¢| stands for the height of . We denote

Sha(T) =t, #T =+#t, |T|=|t|, K(T)=kg(t), L(T) =1z, and S(T) = S(t), (5.2.20)
where S is the Horton—Strahler number as in Definition 5.1.1. Then, for all v € ¢ and A > 0, we set
0,T = (Out, (lysw)uco,t) and AT = (¢, (Aly)uet)- (5.2.21)

Remark that 0,7 and A - T are also trees with edge lengths. Recall from (5.2.12) that u(t) is the
depth-first exploration of ¢. The tree with edge lengths 7" is described by a nonnegative cadlag
function with compact support H(T) = (Hy(T'))s>0, called its height function and defined by

HL(T) = {zmi(t)zvﬂ Sl if Z;e:i <s<zj olu;(1), 1<#t—1
0 i 270 ) <8

(5.2.22)

for all s > 0. We stress that H(T') is not continuous so H (T') should not be confused with H ().

Written with Notation 5.2.2, the map T' € T +—— H(T') € Dk is continuous. Observe from (5.2.1),

(5.2.21), and (5.2.22) that it holds

H(T))=> 1, and Hy(\-T)=XHy\(T). (5.2.23)

uct

One can interpret the height function as follows. Let us draw 7" into the upper half-plane with its
correct edge lengths and let us picture a particle that, starting at &, explores T" at unit speed, from
left to right, without hitting two times the same point, and backtracking only after reaching a leaf.
Then, H,(T) is equal to the distance of the particle from D at time s. From the point of view of
the particle, a single edge or a chain of several edges put back to back with the same total length is
the same, which translates into the following result.

Proposition 5.2.13 For any tree with edge lengths T = (t, (l)uet), there exist a unique tree t'
and a unique increasing embedding 1 : t' — t such that (t') = {u € t : ky(t) # 1}. Moreover,
if T' is the tree with edge lengths defined below, then it holds that H(T') = H(T):

T = (t',(l)uey) where I,= > L.
$(0) <= (u)

Proof. It is straightforward to do the proof by induction, by considering, for example, the <-minimal
vertex v € ¢ such that k, (t) # 1. We leave it as an exercise for the reader. [ |

Definition 5.2.14 Let u be a probability measure on N which verifies (5.2.17). A GW(u)-tree
with edge lengths is random tree with edge lengths 7 = (7, (L, )uer) such that 7 is a GW(u)-tree
and conditionally given 7, the (L,,)ye, are independent with exponential distribution with mean 1.
When p1 = 1, as given by (5.1.2), we call T a GW-tree with edge lengths. O
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0.3 0.6

Figure 5.3: A weighted tree with edge lengths T such that Sha(T) is the same as in Figure 5.2.
The leaves and their weights are green, the other vertices are blue. The edge lengths are given
vertically.

Weighted trees. We say that t = (¢, (wy)yeat) is @ weighted tree when t is a tree and w,, € [0, 1)
for all v € Ot, where Ot stands for the set of leaves of ¢ as in (5.2.11). We denote by Ty, the space of
all weighted trees and we endow it the product topology, meaning that t” = (", (w!')yeor, ) — t
if and only if there is ng > 0 such that ¢ = ¢ for all n > ng and w;} — w, for all v € Ot. This
makes Ty, a Polish space. Recall from Definition 5.1.2 that S stands for the weighted Horton—
Strahler number, and observe that the function S : Ty, — R is continuous. For all u € ¢, we
set

Out = (Qut, (wu*v)veaeut)v

which is a well-defined weighted tree because 06,t = {v € 0,t : uxv € Ot}. Recall the
distribution FExp(a) from (5.1.9), and the notation v = In %5 from (5.1.8).

Definition 5.2.15 An a-stable Galton—Watson weighted tree (or a GW ,-weighted tree for short)
is a random weighted tree 7 = (7, (W, )yeor) such that 7 is a GW,,-tree and conditionally given 7,
the (W,),co- are independent of distribution FExp(«y). Thus, the law of 7 satisfies the following.

(a) The law of kg(T) is jiq, as characterized by (5.1.2).
(b) Under P(- | kg(7) = 0), the law of Wy is FExp(7).
)

(c) For all k € N* such that i, (k) > 0, the random weighted trees ()T, ..., 07T under
P(-| kz(7) = k) are independent with the same law as 7 under P.
O
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Weighted trees with edge lengths. We say that T = (¢, (ly)uet, (Wy)vear) is @ weighted tree with
edge lengths when T' = (t, (1,,)uet) is a tree with edge lengths and w,, € [0,1) for all v € 9t. We
denote by T\, the space of all weighted trees with edge lengths, and we endow it with the product
topology, meaning that T, = (", (II!)yesn, (W)})yecorm ) — T if and only if there is ng > 0 such
that t" = t for all n > nyg, l]} — [, for all u € t, and w}! — w, for all v € Jt. In other words,
T, — T on Ty, if and only if 7,, — T,, on T and (#", (w?)yeaim) — (L, (wy)vear) on Ty,.
This makes T, a Polish space. To lighten the notations, we write

Sha(T) = (¢, (wy)vest) and S(T)= S(Sha(T)). (5.2.24)
Moreover, for all &' € t and A > 0, we set

0T = (eu/ta (lu’*u)ueﬁu/t, (wu’*v)UEBQu/t) and AT = (¢, (Mu)uet, (Wo)vear). (5.2.25)

Remark that Sha(T) is a weighted tree, and that 6,/ T and \ - T are weighted trees with edge
lengths.

Definition 5.2.16 A GW,,-weighted tree with edge lengths is a random weighted tree with edge
lengths 7 = (7, (Lu)uers (Wy)vear) such that T = (7, (Ly)uer) is a GW,-tree with edge lengths
and conditionally given 7, the (W,,),ca, are independent of distribution FExp(~y). Thus, the law
of T satisfies the following.
(a) K(T) and L(T) are independent, of respective laws yi,, and exponential with mean 1.
(b) Under P(-|K(T)=0), Wy is independent from L(7") and has law FExp(~).
(c) Forall k € N* with pq(k) > 0, under P(-| K(7) = k), the random weighted trees with
edge lengths ()T, ..., 0T are independent, jointly independent from L(7"), and have
the same law as 7 under P.
U

5.2.3 Real trees

In this work, we are mostly interested in the following type of tree-like metric spaces.

Definition 5.2.17 A metric space (7, d) is a real tree when for all z,y € T

(a) there exists a unique isometry g, ,, : [0, d(z,y)] — T with g, ,(0) = z and g, ,(d(x,y)) =
1y, which is called the geodesic from x to v,

(b) all injective continuous functions & : [0, 1] — T" with A(0) = = and h(1) = y (that we call
arcs from x to y) share the same image, denoted by [z, y] = h([0,1]) = g4,,([0, d(z, y)]).

We say a rooted (measured) compact metric space (7', d, p, 1) is a rooted (measured) compact
real tree when (T, d) is a real tree. We denote by TR (resp. by Ty') the space of isometry classes
of rooted (measured) compact real trees equipped with dgy as in (5.2.6) (resp. with dggp as in
(5.2.7)). 0

The spaces Tr and Ty are respectively closed subsets of K and K™, see e.g. Evans [70, Lemma
4.22], so they are separable and complete metric spaces.

Real trees coded by continuous excursions. We define the set of continuous excursions as

Ex={(f,0) €Ck : Vs >0, f(s) > 0= f(O)}. (5.2.26)
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Endowed with the distance d, defined by (5.2.2), it is a closed subspace of Cx and so a Polish
space thanks to Proposition 5.2.1. Let (f, ¢) € &k, we set

df(s1,82) = df(s2,81) = f(s1) + f(s2) — 2[inf}f
51,52
for all s > s1 > 0. The function d; is a continuous pseudo-distance on R ;. Writing 51 ~f s2
when df(s1, s2) = 0 defines an equivalence relation on R,.. It induces the quotient space

Tre=10,£]/ ~y

on which d induces a genuine distance that we denote by d¢. By continuity of d¢ on [0, ()2, the
canonical projection py ¢ : [0,¢] — T, is continuous and the metric space (7, dy ) is compact.
Moreover, one can check that 7}1 is a real tree, see e.g. Le Gall [78, Theorem 2.2]. We extend py ¢
to R by setting ps (s) = py¢(¢) when s > £. Finally, we write py ¢ = py,¢(0) and we denote by
14 #,0 the image measure by py  of the Lebesgue measure on [0, ¢]. We call

(Tres dses pres ire) (5.2.27)

the (rooted measured compact) real tree coded by ( f, £). Still in accordance with Notation 5.2.2,
if £ = ((f) then we shall simply write (T¢, dz, pys, pr) = (Tr.c(p)s Ar.cif) Pc()s Horc(r))- Recall
the operations defined by (5.2.8) and (5.2.9). We point out that if g(s) = A=/ f(s/)) for all
s > 0 with some A > 0, then T, = A ~1/® &, 7. Observe that h(7;,) = sup f and m(77,) = ¢.
The map (f,¢) € Ek — Ty € Ty is continuous because it holds

daup (7,01 Traes) < |01 — £2| + 281;18 |f1(s) = f2(s)| < 2doo((f1,01), (f2,02)). (5.2.28)

Indeed, we consider the compact rooted correspondence R = {(pf, ¢,(5),Pf,,6,(s)) : s > 0} and
the image measure by (py, ¢,, Pf,.¢,) of the Lebesgue measure on the segment [0, min(¢q, £2)].

Scaling limits of discrete trees. Any tree ¢ (as in Definition 5.2.9) may be rooted at &, equipped
with its counting measure ), -, d,,, and endowed with the graph distance on U,

Vu,v € U,  dgr(u,v) = |u| + |v| — 2|u Av], (5.2.29)

to obtain a rooted measured compact metric space. This describes a continuous injection from the
discrete space of trees T into K™: we thus see T as a closed subset of K™ with a slight abuse of
notation. We stress that (discrete) trees are not real trees because they are not connected. However,
linking each vertex of ¢ to its parent by a metric segment of unit length yields a genuine real tree.
Moreover, the latter is classically encoded by the so-called contour function of ¢. We informally
present this function just below and we refer to Duquesne [50] for a rigorous definition.

Let us picture a particle that, starting at the root, continuously walks through the tree so that it
retraces its steps as little as possible and respects the lexicographic order of the vertices. The particle
crosses each edge twice, once upward and once downward, so it takes 2(#t¢ — 1) steps to return
to the root after having explored the whole tree. We say that the particle follows the exploration
by contour of the tree ¢t and we denote by c(t) = (¢;(t) ; 0 < i < 2(#t — 1)) the sequence of its

positions on ¢. Then, the contour function of t is the function C(t) : s € Ry —— Cs(t) defined by
Cult) = Ci(t) + (5 — D)(Conn (1) — Ci(8))  and  Cy(t) = 4 |G IO S i< 20 1)
s =0y S —1 i — Uy 7 =
H 0 ifi> 24t — 1

for all integers ¢ € Nand s € [i, 7+ 1]. The slopes of this piecewise affine function are in {1, —1, 0}.
Moreover, it is an element of £k such that sup C(¢) = |t| and ((C(t)) = 2#t — 2.
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Proposition 5.2.18 Let (h, () € Ck. Let t,, be a tree and let Ay, b, >0 for all n € N. We assume
A — 0 and A\, /b, — oo. Recall from (5.2.13) that H(t,,) is the height function of t,,. The two
convergences

()‘an/bn (tn)>

are equivalent on Cx. If they hold, then (h, () € &k and (t, \ndgr, D, bn >t Ou) — Th ¢ for the
rooted Gromov—Hausdorff-Prokhorov distance.

— (h,0) and ()\nCQS/bn(tn))s>0—>(h,£)

s>

Proof. The equivalence of the convergences follows from (5.2.14), Proposition 5.2.1 (iv), and
general deterministic arguments of Duquesne & Le Gall [61, Section 2.5] that show the height and
the contour functions are similar once rescaled. The metric of a tree ¢ can be recovered from C/(t)
via

oo ) = Calt) + C5(0) = 2inf O(1) = g (ei(t) (1) (5.2.30)

1’7]

for all integers 0 < 7 < j < 2(#t — 1), see e.g. Le Gall [78, Section 2]. Let \,b > 0, we
define a continuous excursion f € £k and a rooted measured compact metric space 7' € K™
by setting f : s € Ry —— ACy(t) and T' = (£, Adgr, @,b3°,¢; 6u). Thanks to (5.2.30), it is
straightforward to check that dgu (77, 7") < Aand dgup (7, T') < A+ b. Then, (5.2.28) completes
the proof. |

Genealogical order on a rooted compact real tree. Let (7', d, p) be a rooted compact real tree
and let 01, 09 € T. From Definition 5.2.17, recall that gy, o, : [0, d(01,02)] — T is the geodesic
between oy and o9 and [o1, 02] = gs, .0, ([0, d(01, 02)] is the unique path between o and 5. The
equality d(o1, 02) = d(01,0) + d(0, 02) thus holds for all o € [o1, 02]. The genealogical order
=<on (T,d, p) is the partial order defined by

o1 <oy ifandonlyif o1 € [p,02]. (5.2.31)

We then say that o is an ancestor of o5. We may also write o1 < 02 when o1 < 09 and 01 # 0.
It is immediate that p < o for all o € T. While < is only a partial order, it induces a total order on
the ancestral lineages, namely the [p, o] for all o € T'. Indeed, if 01, o2 are ancestors of ¢ then
0i = gp,o (d(p,0;)) for both i € {1,2}. By the uniqueness of geodesics, it follows that

if 01,0020 then o1 =09<=d(p,01)<d(p,02) < d(o2,0) <d(01,0).
(5.2.32)
The geodesics are embeddings of real segments into 7" so the ancestral lineages are closed in 7.
Hence, the subset [p, 1] N [p, o2] admits a unique <-maximal element. We call it the most recent
common ancestor of o1 and o2 and we denote it by o1 A 9. It is characterized by the assertion

VoeT, o=<o01Aoy ifandonlyif (0 <o;ando =< o03). (5.2.33)

In particular, 0; < o9 if and only if 01 A 09 = 01. By (5.2.33), we check that A is associative,
namely o1 A (02 A 03) = (01 A 02) A o3 for all o3 € T'. Plus, Definition 5.2.17 (b) yields that

{o1 Aoz} = [p,o1] N [p, 02] N [o1,02]. (5.2.34)

By definition of real trees, they are locally pathwise connected and it follows that if o1 Ao # 01, 09
then o and o9 are in different connected components of 7\{o1 A o2}.

Definition 5.2.19 A rooted compact real tree (T, d, p) is said to be planted when T'\{p} is con-
nected. This is equivalent to saying that for all 01,09 € T, p = 01 A 09 = p € {01, 02}. O
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Next, we show that the operation A : T2 — T enjoys a fairly strong continuity property.

Lemma 5.2.20 Ler (T, d, p) be a rooted compact real tree and let o1, 02, 0, ol be four points of
T. Ifd(o),01) < d(o1 A oa,01) and d(0h,02) < d(o1 A 02,02), then o) N\ 0b = o1 A 09.

Proof. We first assume o2 = 0. We have d(o1 A 01, 01) < d(o},01) because o1 A o) € [o1,01].
Plus, o1 A 0} and o1 A o9 are both ancestors of o1, s0 01 A 02 < 01 A 0] < o] by (5.2.32). We
compute

(o] Aor) A(oy ANaa) = (o1 Aaa) A (o) Aal) = o1 Aoa # o] Aoy. (5.2.35)

The points o} A o1 and o} A o9 are both ancestors of ¢/, so (5.2.32) and (5.2.35) imply that
o1 A oy = o} A oy. The general result follows after a double application of the case oo = 0. B

We stress that the order < and the operation A depend on (7', d, p), and especially on the root p, but
we shall omit this dependence when no confusion is possible according to context. We end this
section with the notion of subtrees of a rooted compact real tree.

Definition 5.2.21 Let (77, d;, p1) and (T3, d2, p2) be two rooted compact real trees. We say that 7
is a subtree of Ty when there is an isometry ¢ : 77 — 15 such that ¢(p1) < ¢(o) forall o € T7.00

With the setting of Definition 5.2.21, we observe gy(),¢(o) = ¢ © go,o for all o, o' € Ty, by
uniqueness of geodesics. The fact that ¢(p1) is a <-minimum of the image of ¢ then implies that
d(o No')=¢(o) ANp(o’) forall 0,0’ € Th.

5.2.4 Grafting rooted compact metric spaces

Here, we borrow a grafting procedure from Abraham, Delmas & Hoscheit [3] in order to later
describe the limit real tree in Theorem 5.1.3. Informally, it consists in gluing the roots of some
rooted (measured) compact metric spaces F; onto respective points a; of the same space E°.

Definition 5.2.22 (Grafting procedure) Let (E°, d°, p°, 1°) be a rooted measured compact metric
space and let (E;, d;, p;, 1ti)icr be a countable family of rooted measured compact metric spaces.
Let (a;);cs be a family of points of E° also indexed by I. We denote by FE the disjoint union
E°U|;er Ei\{pi} and we endow it with a distance d defined as follows:

(a) ifz,y € E°thend(z,y) = d°(x,y),

(b) if x,y € E;\{p;} with some i € I then d(z,y) = d;(x,y),

(c) ifx € E°and y € E;\{p;} with some i € I then d(z,y) = d°(z, a;) + d;(pi, y),

(d) if x € E;\{p;} and y € E;\{p;} with some distinct 7, j € I, then we set d(z,y) =

di(, pi) + d°(ai, a;) + dj(pj, y)-
With a slight abuse of notations, we may and will see £/° and the E; as closed subsets of E' by using
the identifications a; = p; for all ¢ € I. In accordance with Notation 5.2.6, we denote the rooted
metric space (F,d, p°) by E° ®;c1 (a;, E;). Note that E° ®;¢1 (a;, E;) may not be compact.
If the spaces E° and E; for all ¢ € I are respectively endowed with finite Borel measures 4

and p; for all 7 € I, then we also equip £ with a (potentially infinite) Borel measure ;1 by setting

pu(B) = p°(BNE*) + 3 (BN Ey)
i€l

for any Borel subset B of E. We still denote (E, d, p°, p) by E° ®;¢ (ai, E;). O
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To write a finite number of successive graftings onto the same space, we will also use the notation
E° ®ier (i, i) ®jeg (a5, Ej) = (E° ®icr (ai, Ei)) ®jer (a5, Ej) = E° ®icruy (ai, Ei).

Proposition 5.2.23 We keep the notations of Definition 5.2.22. Recall by and wm from (5.2.9). If it
holds

Ve>0, {iel : yYi) > e}isfinite, (5.2.36)
then E° ®;¢c1 (a;, E;) is a rooted compact metric space. If in addition to (5.2.36) it holds
> m(E;) < oo, (5.2.37)
el

then E° ®c1 (a;, F;) is a rooted measured compact metric space (namely its measure is finite).

Proof. Let (x;) be a sequence of points of £ = E° ®;cr (a;, E;), let us show it admits a convergent
subsequence. Since £ and the E; are compact, we can assume that z; € F;; for all j > 0, where
(i;) is an injective sequence of elements of I. Then, it holds that h(E;;) tends to 0 so we have
d(xj,a;;) — 0. The sequence (a;,) stays inside the compact E° so it admits a subsequential limit,
and so does (z;). The second statement of the proposition follows from the fact that ° is a finite
measure and from the identity ;1(E) = p®(E°) + > ;e m(E;). [

Proposition 5.2.24 Recall from (5.2.7) that K" is endowed with the n-pointed Gromov—-Hausdorff—
Prokhorov distance. For all n > 1, the following map from K | x (K™)™ to K™ is continuous:

(an doa (po)al7 ey an)),uo) ) (Ela dlvpla ,U'l) g ey (ETLa dTMpann) — Eo ®;’L:1 (aiv E’L)

Proof. We give ourselves a compact (n + 1)-pointed correspondence R° between E° and E°’, and
compact rooted correspondences R; respectively between E; and E]. We also take finite Borel
measures v° and v; respectively on E° x E° and E; x E!. Then, we construct a compact rooted
correspondence between E° ®”"_, (a;, F;) and E® ®_, (a}, E!), and a finite Borel measure on the
product space (E° &, (a;, E;)) x (E° &, (a}, E!)) by setting
n n
R=R°U| |R\(pi,pi)} and v()=v°(-NE°x E”)+> ui(-N E; x Ej).
i=1 i=1

Taking the infimum over (R°, R;, v°, ;) yields the result since we can check that the distortion of
‘R (resp. discrepancy of v) is bounded by the sum of the other distortions (resp. discrepancies). B

We end this section by describing what happens when the grafting procedure only involves real
trees.

Proposition 5.2.25 Let (T, d°, p°) be a rooted compact real tree and let (a;);c1 be a countable
Sfamily of points of T°. Let (T}, d;, p;)ic1 be a countable family of rooted compact real trees such
that (5.2.36) holds. Then, T = T° ®;cy (a;, T;) is a rooted compact real tree. We precise if the
notations of Definition 5.2.17 and (5.2.33) stand for the objects on T, T, or T; for some © € 1
by respectively writing [-,-] and A, [-,-]° and N°, or [-,-]; and A;. Then, for all 01,09 € T and
distinct1,j € I:
(1) ifo1,09 € T, then [o1,02] = [o1,02]° and o1 N\ 09 = 01 N\° 09,
(ZZ) if 01,09 € T; with some i € I, then [[01,02}] = [[01,02]]1' and o1 N\ 09 = 01 N\; 09,
(ZZZ) ifor € T° and o9 € T;, then [[0’1,0’2]] = [[0’1,(11‘]]0 U [[pi,O'Q]]i and o1 N\ 09 = 01 N\° a;,
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(iv) if o1 € T; and o9 € T}, then [o1,02] = [o1,pili U [ai,a;]° U [pj, 02]j and o1 N og =
a; N° a;.

Proof. The proof is straightforward so we only give a sketch here, leaving the details to the reader.
From Definition 5.2.22, we first check that concatenating the geodesics on 1, T, T} as instructed
by the desired proposition indeed yields a geodesic from o1 to o2 on T'. Next, we observe that T}
and T};\{a;} are respectively closed and open in 7', so any path starting outside and ending inside
T} has to hit a;. By injectivity, an arc from oy to o2 on 1" is thus the concatenation of at most three
arcs (respectively on 7, T;, T;) as indicated by the statement, which determines its image. |

5.2.5 Stable Lévy processes

We now present the continuous setting involved in the asymptotics of large stable Galton—Watson
trees. We denote by X the canonical process on the space D(R;, R) of cadlag functions endowed
with the Skorokhod topology, already introduced in Section 5.2.1. Under the underlying probability
measure P, we assume that X = (X;)s>0 is a spectrally positive stable Lévy process with index
« € (1,2] that is normalized such that

VA, s € Ry, Elexp(—AX;)]| = exp(sA?).
If & = 2 then %X is a standard Brownian motion under IP. If « € (1, 2), the Lévy measure of X is

ala—1)

II(dr) = T2 —a)

P (g 00 (1) dr
where I' is the usual Gamma function. Moreover, the process X enjoys the following scaling
property: for all A > 0, the laws of (A‘l/O‘X,\S ; s > 0) and X under P are the same. We write

* 7 )

I, =infX and Il =infX
[0,5]
for all 0 < r < s. Observe that the process I = (I5)s>0 is continuous since X has no negative
jumps. We refer to Bertoin [19, Chapter VIII] for background and details.

The process X — I is strong Markov and the point 0 is regular for itself with respect to X — I
(see [19, Chapter VI.1]). Moreover, we may and will choose —I as the local time of X — I at level 0
by [19, Theorem VIL.1]. Let (g;,d;),j € J be the excursions intervals of X — I above 0 and let
us set wl = Xmin(g;+s,d;) — Xg; forall j € Jand s > 0. Since inf X = —oo (see [19, Chapter
VIII]), the w’ are cadlag functions with compact support which start at 0 and stay nonnegative. In
accordance with Notation 5.2.2, we see them as elements of Dk. Then, the random point measure

N = Z 6(7193' 7wj)

jedJ

is a Poisson measure on Ry x Dk with intensity measure d¢ N, (dw), where N, is a sigma-
finite measure on Dy called the excursion measure. We refer to [19, Chapter IV] for details and
background. Under N, we simply denote by ( = ((X) the lifetime (5.2.1) of X.

Le Gall & Le Jan [81] (see also Duquesne & Le Gall [61, Chapter 1]) constructed a continuous
process H = (Hj;)s>0 which is measurable with respect to X and such that for all s € R, the limit

1 S
H, = lim - / 1ix, <ip 4oy dr (5.2.38)
; :

e—0t €
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holds in P-probability and in N,-measure. When o = 2, we know explicitly that H is equal to
X — I under P and to X under Ny. The process H is called the height process associated with
X (and also the a-stable height process here) because it is the continuous analog of the height
function (5.2.13) of discrete Galton—Watson trees. Observe that (5.2.38) and the scaling property of
X imply that for all A > 0, the laws of ()\l/a_lH)\s ; s > 0) and H under P are the same. Indeed,
the former is the height process associated with (A\~1/*X,, ; s > 0). Moreover, (5.2.38) entails
that N, -almost everywhere, it holds ((H) = ¢ and H € £k, where the space Ex C Ck is defined
by (5.2.26). See [61, Chapter 1] for a precise proof.

A classic result of fluctuation theory (see e.g. [19, Chapter VIIL.4]) asserts N, (¢ =0) = 0 and

1
V>0, Na((>0) =g ¢~te, (5.2.39)

(1-1/a)

The scaling property of H yields that the law of the process with unit lifetime (¢ 1/ a_lHCS ; §>0)
under the probability measure N, (- | { > ¢) does not depend on ¢ > 0. It is called the law of the
normalized excursion of the a-stable height process, and we denote it by N, (dH | ¢ = 1) here.
Informally, it can be understood as the law of an excursion of H conditioned to have unit lifetime.
In particular, if & = 2 then Ny(dH | = 1) is the law of \/2e, where e stands for the standard
Brownian excursion. Moreover, (5.2.39) entails that for all nonnegative and measurable function
F: Cx — R, it holds that

B 1
Cal(1—1/a)

ds

N [F(H)] /R No[F(('VH,y; 5> 0) [ ¢ =1 e (5240
N

Finally, a random rooted (measured) compact real tree 7, is called an a-stable tree when it is
distributed as 7y under N, (dH | { = 1), as defined by (5.2.27). Up to the multiplicative constant
V/2, the 2-stable tree is the Brownian tree introduced by Aldous [7, 9], which is the rooted compact
real tree coded by the standard Brownian excursion.

Next, recall 3 = —L; from (5.1.8) and observe Ny (supH = 0) = No(¢ =0) = 0. A
consequence of a Ray-Knight theorem, see Duquesne & Le Gall [61, Corollary 1.4.2], further
asserts that

1 -
Vz >0, Ng(supH > )= Rk 8. (5.2.41)
Let us write M = sup H to lighten the notations. Just as before, the scaling property ensures that
the law of (M~ H, /s ; s > 0) under the probability measure N (- | supH > z) is the same
for all z > 0: we denote it by N, (dH | sup H = 1). Moreover, that independence and the identity
(5.2.41) yield that for all nonnegative and measurable function F' : Cxk — R, it holds that

1 dx
N, [F(H)] = T /R No [F(2H y-003 s> 0) | supH = 1] 5 (5.2.42)
+

If « = 2 then Ny(dH | supH = 1) is equal to the law of (e3,)s>0, where e* is the Brownian
excursion conditioned to have its maximum equal to 1. A Brownian excursion with a fixed
maximum, such as e*, can be described by William’s path decomposition at the maximum, see
e.g. Revuz & Yor [138, Chapter XII]. This then yields a simple expression for the Laplace transform
of its lifetime:

V2X

2
_ . 5.2.43
sinh \/ﬁ) ( )

VA >0, E[exp(—A((e*))] = Na[exp(—2X() | supH =1] = (

See [104] for a review of other formulas resulting from this method.
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5.3 Preliminary tools

This section focuses on gathering already-known results, and on proving technical estimates via
classic methods. Although not genuinely new nor directly related to the Horton—Strahler number,
these tools will be useful throughout this paper.

5.3.1 Marchal’s algorithm

Our proof of Theorem 5.1.6 is based on the recursive algorithm proposed by Marchal [128] to
build a sequence of nested GW -trees conditioned on their number of leaves that converges, after
scaling, towards the a-stable tree. This sequence is a Markov chain on the space of labeled but
unrooted trees: namely connected and acyclic graphs equipped with an exhaustive enumeration
of their vertices of degree 1. Here, we present a slight variation of this construction to produce a
sequence (t;);>1 of random weighted trees in the sense of the present paper (see Section 5.2.2). See
Figure 5.4 for a better understanding of the recursive construction. Recall the law FExp(~y) from
(5.1.8) and (5.1.9).

Algorithm 5.3.1 Let (W;);>1 be a sequence of independent random variables with common law
FExp(y). We start by setting t; = ({@}, W1). To construct t;11 from t;, we randomly choose either
a vertex u € t; or an edge {%, u} of t; — including the conventional edge { &, &} — respectively
with propability proportional to p, = 1, (1,)>2) (ku(ti) — ) orto prsg 3 = a— 1.

(i) If we drew an edge {w ,u} then we split it into two edges with a middle vertex, on which we
connect a new leaf endowed with the weight W;1. The position of the new leaf compared to
its sibling is chosen uniformly. Written with the words formalism, we take a uniform random
variable J € {1,2} and t;11 is defined as the unique weighted tree such that:

(a) forallv € Usuchthatu Av ¢ {u,v}, v € tiy1 ifand only if v € 4, in which case it
holds Hvti-i-l = thi,
(b) it holds u € ti 11 and ky(tiy1) = 2,
(C) it holds Hu*(J)ti+1 = ({Q}, vVi—I—l) and Qu*(:g,])fﬂ_l = 0,t.
(ii) If we drew a vertex u then we connect a new leaf on it that we endow with the weight W 1.
The position of the new leaf among its siblings is chosen uniformly. Written with the words

formalism, we take a uniform random variable J € {1, ..., k,(t;) + 1} and ;11 is defined
as the unique weighted tree such that:

(a) forallv € Usuchthatu Av ¢ {u,v}, v € tiy1 ifand only if v € 4, in which case it
holds Hvti-i-l = Gvfi,

(b) it holds v € t;11 and k;u(t/LJrl) = k‘u(tl) + 1,

(C) it holds Gu*(J)Q+1 = ({@}, vVi—I—l)» and eu*(j)tiﬂ = Gu*(j)tifor alll1 <j3<J -1,
and 0., (j tiv1 = Oyu—ytiforall J +1 < j < ky(tip).

Throughout this algorithm, all the choices are made independently from the rest. 0

Proposition 5.3.2 Let 7 be a GW,-weighted tree as in Definition 5.2.15. Let (t;);>1 be the
sequence of random weighted trees constructed by Algorithm 5.3.1. For all © > 1, the following
holds.

(i) #0t =iand #t; + 1 < F#ti4q.
(ii) S(t;) < S(tiy1).
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Figure 5.4: Illustration of the recursive construction of t;11 from t;. Left : The case where the
conventional parental edge of the root was chosen. Middle : The case where a genuine edge was
chosen. Right : The case where a vertex was chosen.

(7i1) The law of t; under P is the same as the law of T under P( - | #01 = i).

Proof. The point (7) is clear. In both cases (i) and (ii) of Algorithm 5.3.1, we have S(0,t;) <
S(0,ti+1) by Definition 5.1.2. It is then easy to obtain (i¢) by a backward induction on the height
of the ancestors of u. For all 1 < 5 < 4, let us denote by V; the unique leaf of t; of weight ;. We
observe that all the orders of siblings are equiprobable conditionally given the graph structure of
t; (which is the same as the labeled but unrooted trees of Marchal [128]). Therefore, we get from
Marchal [128, Section 2.3] and (5.2.16) that if ¢ is a tree with ¢ leaves enumerated in some order
as vy,...,v;, then P(t; = t; Vi = vy;...; Vi = 1) is proportional to [[,,¢; fta(ku(t)). By (5.2.18)
and because there are always 4! possible enumerations of the leaves of ¢, the law of {; under IP is
the law of 7 under P( - | #07 = 4). The (W;);>1 are i.i.d and independent from (t;);>1, so (¢3)
follows. |

Finally, recall from Section 5.2.5 that an «a-stable tree is a random rooted compact real tree
distributed as 7y, as in (5.2.27), under N, (dH | { = 1). Recall from (5.2.29) the graph distance
dgr on trees.

Theorem 5.3.3 Let (t;);>1 be the sequence of random weighted trees built by Algorithm 5.3.1.
Then, there exists an a-stable tree ( Ty, duy, pur) such that the convergence

(tia i_1+1/adgra @) — (<7nra o dyy, pnr)

holds almost surely for the rooted Gromov—-Hausdorf{f distance as in (5.2.06).

Proof. See Curien & Haas [41, Theorem 5]. Indeed, the graph metric structure of t; does not depend
on the chosen orders of siblings or the weights. |

5.3.2 Limit theorems for stable Galton—Watson trees

In this section, we gather and apply already known estimates and limit theorems about the asymptotic
behavior of GW (p)-trees (see Definition 5.2.12) to the case of stable Galton—Watson trees. Most of
these results are stated under the following assumptions on the offspring distribution .

(a) wis critical and non-trivial, meaning that (5.2.17) holds.
(b) p is in the domain of attraction of a stable law with index 6 € (1,2].
(¢) p is aperiodic, meaning that y is not supported by a proper additive subgroup of Z.

We saw from (5.1.2) that the stable offspring distribution 1, satisfies (5.2.17). Moreover, it verifies
(b) with # = v by (5.1.11). This can also be proved directly from (5.1.2) or (5.2.16), see Bingham,
Goldies & Teugels [23, Chapter 8.3] for details. By (5.2.16), u,, satisfies (¢) if and only if & € (1, 2).
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Nonetheless, condition (c) is only required to avoid technical complications, as it conveniently
ensures that P(#7 = n) > 0 when n is large enough for a GW/(u)-tree 7, but most results we
consider here can be extended to the periodic case. Anyway, us is explicitly the critical binary law
and can be studied with simpler arguments.

Motivated by Marchal’s algorithm (Section 5.3.1), we first gather some results due to Kortchem-
ski [107] that express the likeness between conditioning a GW ,-tree by its size or by its number of
leaves.

Proposition 5.3.4 Let 7 be a GW-tree. Recall from (5.2.11) that #0T is its number of leaves.
(1) If o = 2, then #1 = 2#071 — 1 almost surely.
(ii) If o € (1,2), then the two following convergences hold in probability:

% under P(-|#01 =n) — a, (5.3.1)
#OT nder B(- |47 = n) — L. (53.2)
n o

Proof. If «=2, k,(7) =2 for all w € 7\O7 by (5.2.16) and (5.2.18). Since each vertex of 7\{2}
has a single parent, we get #7 —1=3", 1\ g, ku(7) = 247 — 24£07, which proves (i). For (5.3.1),
see Kortchemski [107, Corollary 3.3] and recall j1,,(0) = % from (5.2.16). For (5.3.2), see [107,
Lemma 2.5]. |

Lemma 5.3.5 We assume that o € (1,2). Let T be a GWq-tree. Let (Uy,),>1 be a sequence of
nonnegative and uniformly bounded functions on the space T of trees. If E[U,(7) | #7 > n]
converges as n tends to oo, then B[U, () | #07 > n/a — n/*] converges to the same limit.

Proof. See Kortchemski [107, Proposition 4.4] and recall 1,,(0) = é from (5.2.16). [ |
Then, we recall tail estimates on the height, the size, and the number of leaves of a GW,-tree.
Proposition 5.3.6 Let 7 be a GW,,-tree. Recall from (5.1.8) that f = —— and v = In =%~

1 a
a—1 a—1"

(1) Recall from (5.2.11) that |T| is the height of T, and #0T for its number of leaves. It holds that

nPP(|7| > n) — e 77, (5.3.3)
ap(ir > al/e 534
1
L/ap > - 3.
n (#87_n)—>r<1_1/a) (5.3.5)
(ii) If « = 2 then it holds that
1
I+1/ap — 9 — 1) = ptl/ap — e 3.
n (#r=2n—-1)=n (#0177 =n) — oT( = 1/a) (5.3.6)
(791) If o € (1,2) then it holds that
n'tVOP(#r =n) — L and n'"TYOP(#0r=n)— 1
al(1—-1/a)’ all(1—1/a)’

(5.3.7)
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Proof. For (5.3.3), recall (5.1.2) and see Slack [142, Lemma 2]. For (5.3.4), we follow the proof of
Kovchegov, Xu & Zaliapin [109, Proposition 3]. For all A > 0, we set f(\) = E[exp(—A#7)] and
we get from (5.1.2) and Definition 5.2.12 that e* f(A) = f(A) + 2 (1 — f(\))". Since 7 is finite,
f(0+) =1and

AV = F(N) —— al/e. (5.3.8)

A—01
Moreover, Fubini’s theorem allows us to write

1— f(A) = B[l — exp(—\#7)] = E|) /O#T e dz| = A /Ooo e MP(#r > 1) da.

Since x — P(#7 > x) is monotone and nonnegative, Karamata’s Tauberian theorem for Laplace
transforms (see Feller [74, Chapter XIL.5, Theorem 4]) and the convergence (5.3.8) yield (5.3.4).
The last convergence (5.3.5) of (i) will directly follow from (i7) and (7).

Let us prove (i7). We say that a tree ¢ is binary when k,,(t) € {0, 2} for all u € t. A famous
combinatorial result (that can be easily proved via generating functions) asserts that there are exactly
Chn_1 = %(277__12) binary trees with n leaves. By (5.2.16), (5.2.18), and Proposition 5.3.4 (i), we
then have P(#7=2n — 1) = P(#07=n) = 21 72"C,,_;. Stirling’s formula yields (5.3.6) because
r(}) = vr.

Let us prove (iii). Recall from (5.2.16) that 1o (0) = 1 and pq (k) > 0 for all k > 2. By
(5.1.11), Kortchemski [107, Lemma 1.11 and Theorem 3.1] thus assert that there is a constant
ca € (0,00) that only depends on o such that n' Y/ *P(#7 = n) — ¢, and n'TV/P(#d7 =
n) — cqa Y/, Finally, comparing this with (5.3.4) entails ¢, I'(1 — é) = a1 andso (5.3.7)
follows. |

Finally, we give ourselves limit theorems about the height function H(7), see (5.2.13), of a
GW,-tree T conditioned to be large. Recall from Section 5.2.1 the space Ck of continuous functions
with compact support and endowed with lifetimes. From Section 5.2.5, recall the excursion measure
N, the a-stable height process H, its lifetime ¢, and the law N, (dH | ¢ = 1) of the normalized
excursion of H. An application of the work of Duquesne & Le Gall [61] entails the following result.

Theorem 5.3.7 Recall 3 = ﬁfmm (5.1.8). Let T be a GW y-tree and let (a,,) be as in (5.1.11).
For all ¢ € (0,00), the two following convergences hold in distribution on Cx:

1
(5Hna38(7))5>0 under P( - | || > ¢(n) L5 oYU under Nu(-|supH > ?), (5.3.9)

(%Hns(T)>s>0 under P(-| 47 > n) —% H under No(-|C > 0). (5.3.10)

Proof. By (5.1.11), Duquesne & Le Gall [61, Theorem 2.3.2 and Proposition 2.5.2] assert that the
convergence (5.3.9) holds for the Skorokhod topology on D(R,R). In fact, their proof of [61,
Proposition 2.5.2] also contains the joint convergence of the lifetimes (see the last paragraph, page
66), so (5.3.9) also holds on Ck. The same methodology yields (5.3.10): see the concluding remark
of Duquesne & Le Gall [61, Section 2.6]. [ |

As explained by Duquesne & Le Gall [61], their method cannot be directly applied to find scaling
limits of Galton—Watson trees under degenerate conditionings such as {#7 = n}. Nevertheless,
Duquesne [50] answered this problem with another method. Then, Kortchemski [106] proved
Duquesne’s theorem via an absolute continuity relation between P( - | #7 = n) and P( - | #7 > n).

Theorem 5.3.8 Let 7 be a GW-tree and let (ay,) be as in (5.1.11). The following convergence
holds in distribution on Ck:

Ap, d
—H, der IP( - = 1) ——— s H der No(dH|( = 1).
(n (T))szo under P(-|#7=n+1) e under N, (dH | ¢ )
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Proof. Recall (5.1.11) and see Duquesne [50, Theorem 3.1]. This theorem is stated under the
assumption that the offspring distribution is aperiodic, but as argued by Kortchemski [106], it can
be easily extended to the periodic case o = 2 as above. |

We stress that Proposition 5.2.18 then entails the convergence (5.1.12) presented in the introduction.

5.3.3 An estimate for the height function of a Galton—Watson tree with edge lengths

Recall respectively from (5.2.13) and (5.2.22) the height function H (t) of a tree t and the height
function H(T') of a tree with edge lengths T". The goal of this section is to compare them in the
case of a GW/(u)-tree with edge lengths (see Definition 5.2.14) by proving the following result.

Proposition 5.3.9 Recall dg from (5.2.3). Let i be a critical and non-trivial probability measure
on N, namely satisfying (5.2.17), and let T = (7, (Ly)uer) be a GW (p)-tree with edge lengths. Let
A > 0, we define two random cadlag functions with compact support X and'Y by setting for all
S € R+,

Xo=ANTVeH \(T) and Y, =N"Y*H (7).

Then, there are two constants C, c € (0, 00) that only depend on . such that for all n > 1,
P(#7 <n;|r| < n' =V 4g(X,Y) > C(AWR) Y Inn + CA\y/nlnn) < Cne~cnn)?,
Before proving Proposition 5.3.9, we give ourselves two standard lemmas.

Lemma 5.3.10 (Chernoff bound) Let (L;);>o be a sequence of independent exponential random
variables with mean 1. Then, it holds

VA> -1, Ele M) =, (5.3.11)

and there is an universal constant cyy; € (0, 00) such that for all n € N* and x > 0, it holds

> :E) < 2exp ( — Cyni zmin (1, %))

P('n - ng;L

Proof. The identity (5.3.11) is classic. An elementary inequality asserts there is 7 € (0, 1) such that
In(1 +x) > x — 322 /4 for all z € [—n, n]. The desired result follows from the Chernoff bound
P(|Z| > z) < e ME[e* + e~ 4] with A = nmin(1, £). [ |

Lemma 5.3.11 Let i be a probability measure on N which satisfies (5.2.17), and let T be a GW (1)-
tree. Let (K, J) be a random variable on N? such that P(K =k ;J =j) = 1<j<iyp(k) for all
k,jeN.

(i) Forall n € N and for all bounded functions go, . .., gn_1 : N> — R, it holds

E[Zl{um} 11 g|v|(kU(T)7j)] ZnﬁE[gi(KaJ)]-

ueT verT, j>1 1=0
vx(7)2u

(ii) Forall n,m > 2, it holds P(#T <nssup;sq [ Hi(1) — Hipa(7)] > m) < n(1— pu(0))™.
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Proof. The point (i) is a simplified version of the so-called Many-To-One Principle, which is part
of folklore (see e.g. Duquesne [51, Equation (24)] for the general statement and a proof).

To prove (i), let us first consider two vertices u1 < ug of 7 that are consecutive in lexicographic
order on 7. Since i3 < g, we have 413 < u; < us and so 43 < u;. Thus, it holds lui|—|ug| > —1.
Moreover, for all v € 7 and j € N* such that &i; < v and v * () = uy, we observe j = k(1)
because uy < v * (j + 1) < uz. As m > 2, we eventually obtain

P(#r <nisuplHilr) ~ Hin)| 2 m) SB[ Y Lz 11 Lniomn)
1= UET vk(j)=u
[v]>|ul—m

We easily compute P(K = J) = >4~ pu(k) = 1 — 11(0), then we apply (i) to get

|
—

h—1
B(K = J) = (n — m)(1 - u(0))™.

n

IN

}P’(#T < njsup |Hi(1) — Hiy1(7)] > m)
>0

>
]
3
5
T
3

Proof of Proposition 5.3.9. Recall from (5.2.12) the notation u(7). We can choose an increasing
and bijective function ¢ : Ry — Ry such that 4)(0) = 0, ¥(Xi + A) = ¥(Ai) + ALy, () for all
0<i<#r—1,and Y(\#7T + 5) = P(A#7) + sforall s > 0. For \i < s < (i + 1), we write

[ Xps) = Ysl < Vi = Y| + Y — Xyl + 1 Xpoi) — X s
() — 5| < 2X + 2N — B(A)] + [ + A — (i + N)].

Together with (5.2.14) and (5.2.23), it is then not hard to check that

i—1
=2 Lu
=0

+ )\171/0& mgx Lu + )\171/04 Sup |H’L<T) — H’L-‘rl(T)’ (5312)
UET >0

+ )\l—l/a ng} Mu| - Z Lv

v<u

dg(X,Y) <3A+4X max
1<i<#r

We want to bound in probability each one of the terms of the right-hand side under the realization
of the event {#7 < n; |7| < n'~Y/*}. Let (L;);>0 be a sequence of independent exponential
random variables with mean 1. We begin with the simple union bound

P(#7 < n; A7V max L, > AV (nn)?) < nP(Lo > (Inn)?) = ne ™" (53.13)

Moreover, we use another union bound and Lemma 5.3.10 to find

. 1-1/a. y1-1/a - 1-1/a
IP’(#T <n;|r|<n ;A 111;137}_<“u| Z Ly| > (M\/n) lnn)

v<u

h—1
<n max P(‘h -3 Lj‘ > (y/n)l~/e lnn) < ope—cminn)?® (53 1g)
=0

- Oghgnlfl/a

for n large enough. The exact same method entails
i—1

i= 2 Luy
§=0

By (5.3.12), (5.3.13), (5.3.14), and (5.3.15), an application of Lemma 5.3.11 (i) completes the
proof. |

P(#T <n; A max

1<i<#r

> A\/ﬁlnn> < 2peCunilnn)? (5.3.15)
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5.4 The weighted Horton—Strahler number

5.4.1 The classic Horton-Strahler number

In this section, we recall two alternative definitions of the (classic) Horton—Strahler number S, and
we apply some general estimates of the companion paper [103] to the case of stable Galton—Watson
trees. But first, let us spell a simple observation out. By Definition 5.1.1, for any tree ¢, it holds that

ifko(t) £1, then S(t)=0%4t={o). (5.4.1)

Indeed, if k(t) > 2 then S(¢) > 1 because the Horton—Strahler numbers are nonnegative.
For all n € N, we denote by W,, = [J?_,{1, 2}" the n-perfect binary tree, with the convention
that {1,2}° = {@}. Recall Definition 5.2.10. The Horton-Strahler number of a tree ¢ is given by

S(t) =max{n eN : I : W, — ¢ embedding}. (5.4.2)

This result seems to be ‘part of the folklore’, but see [103, Equation (36)] for a brief proof.

Our second alternative definition of S involves the action of removing the subtrees with null
Horton—Strahler number of a tree ¢. After such reduction, we might obtain some chains of edges
put back to back without any branching. We wish to see such a chain as a single longer edge. Thus,
we rather work with trees with edge lengths as defined in Section 5.2.2. The next definition is just a
formal rephrasing within our framework of the Horton pruning studied by Kovchegov & Zaliapin,
see [111, Definition 3 and Figure 7].

Definition 5.4.1 (Horton pruning) Let T = (¢, (I, )uc:) be a tree with edge lengths with S(¢) > 1.
Remark 5.2.11 ensures that there are a unique tree t” and a unique increasing embedding ¢)” : ¢/ — t
such that " (t") = {u € t : S(0,T) > 1}. Proposition 5.2.13 then states that there are a unique
tree ¢’ and a unique increasing embedding ¢’ : ¢ — t” such that ¢ (t') = {u € t" : k,(t") # 1}.
We denote by 1) the embedding )" o v’ : t' — t and for all u € t/, we set

I = Z ly, where w(%) — © in accordance with Notation 5.2.8.
¥ (W)= 29(w)

Eventually, we define the Horton-pruned tree with edge lengths as R(T) = (', (I!,)uer)- O
The number of Horton pruning operations needed to entirely erase 7" is equal to S(7") + 1, namely
if S(T)>1 then S(R(T))=S8(T)-1. (5.4.3)

Now, we gather from the companion paper [103] several tail estimates for the joint law of the
Horton—Strahler number S(7) of a GW,,-tree 7 with either its size #7 or height |7|. Recall that the
offspring distribution of GW,-trees satisfies (5.2.17) and (5.1.11).

Proposition 5.4.2 Let 7 be a GW,-tree. Recall that v = In %5 and § = e from (5.1.8).
Then,

P(S(r) >n)=¢e ", (5.4.4)
E[1{s(ry<n#7] < 26770, (5.4.5)
E[#7 | S(7) = n] < 2ae7", (5.4.6)
forall n € N. Moreover, for all A € (0, 00), it holds
limsup P(|7| < XX @D | S(1) =n) <1 —e, (5.4.7)

n—oo
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Furthermore, there exists a constant Ay € (0, 00) that only depends on « such that for all X > )\,

limsup P(S(7) < logg(n/A) | 7] > n) < e M%), (5.4.8)
n—oo

limsup P(|7| > Ae? @D | S(7) = n) < e V20 (5.4.9)
n—oo

Proof. Kovchegov & Zaliapin [110, Lemma 10] yields (5.4.4) (see also [103, Remark 3.3]). We
independently retrieve (5.4.4) in the present paper via Proposition 5.4.6. Together with (5.1.2) and
(5.4.4), [103, Proposition 3.5] entails (5.4.5). Then, (5.4.6) follows from (5.4.4) and (5.4.5). For
(5.4.7), see [103, Proposition 3.6]. By [103, Corollary 3.8] and (5.1.11), the left-hand side of (5.4.8)
is bounded by Ce 8 for all A > 0, where C' € (0, 00) is a constant that only depends on .
Using Bayes’s theorem with (5.3.3) and (5.4.4), we then get that the left-hand side of (5.4.9) is
bounded by ce P CA\Pe=2/8 for all X € (0, 00). Since 85 < 20, we readily obtain (5.4.8) and
(5.4.9). |

5.4.2 First properties of the weighted Horton—Strahler number

Here, we provide basic properties of the weighted Horton—Strahler number & (recall Defini-
tion 5.1.2), that show that it is a good approximation of the (classic) Horton—Strahler number &
while being a continuous quantity. For all z € R, we denote by |x] € N the integer part of = and
by frac(z) =  — |z € [0, 1) the fractional part of x.

Proposition 5.4.3 For any weighted tree t = (t, (wy)year), it holds that S(t) = |S(t)|. Moreover,
there exists a leaf v € Ot of the tree t such that frac(S(t)) = w,,.

Proof. We argue by induction on |¢t|. If [¢{{ = O then ¢t = 0t = {@}, so that S(t) = 0 and
|S(t)| = |wgz] = 0 because wy € [0,1). Moreover, frac(S(t)) = S(t) = wg. If kx(t) > 1
then there is 1 < i < kg(t) such that either S(t) = S(0;)t) or S(t) = 1 + S(O(;)t) by
Definition 5.1.2. Either way, it holds frac(S(t)) = frac(S(0(;t)), so there is v € 9t such that
frac(S(t)) = w, by induction hypothesis. The induction hypothesis also entails that

[S(6)) = _max max (S(O1), S(OG)), Liegy + min (S(Oiyt), S(O1)) )

because the integer part function is non-decreasing. The formula (5.1.6) completes the proof. B

For any weighted tree t = (¢, (wy)yecat) and z € [0, 1), we see from Proposition 5.4.3 and (5.4.1)
that
ifka(t) #1, then 8(t) <z<=t= {9}, wy)withwgy < x. (5.4.10)

Lemma 5.4.4 Let t be a tree and let (W,)yco: be independent random variables on [0,1). We
sett = (t,(Wy)vear)- If the law of Wy, admits a continuous and positive density on (0, 1) for all
v € O, then the law of 8(t) admits a continuous and positive density on (S(t),S(t) + 1).

Proof. We prove the lemma by induction on [¢|. If |¢| = O then ¢t = 0t = {@}, S(t) = 0, and
S(t) = Wy has a continuous and positive density on (0, 1) by assumption. Now, we assume
kz(t) > 1 and we write J = {1 < j < kg (t) : S(0()t) = S(t) — 1}. We set

F(z) =P(S(t) <S(t) +2) and F(2) =P (S0ut) < S(Out) +z)
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forallz € [0,1] and 1 <7 < kg (t). We point out that the 6;)t, for 1 <7 < kg (7), are independent.
We exactly need to show that I is C'! with positive derivative on (0, 1). By induction hypothesis,
the F; are C'! with positive derivative on (0, 1). There are two cases.

o If there exists 1 < i < kg(t) such that S(0(;)t) = S(t) then it is unique by Definition 5.1.1.
Since [S(t)] = S(t), we deduce that S(t) = max (S(0(;t), 1 + max;jcs S(f;)t)) by Defini-
tion 5.1.2. It follows that F'(z) = F;(z) [[;c; Fj(w) for all = € [0, 1], which yields the result.

e Otherwise, there are at least two elements in J by Definition 5.1.2. Therefore, we get the
identity

S(t) =1+ max min (S(6;)t), S0y t)),
i#j
which translates into F'(z) = [[;c; Fj(2) + 3 ;cy (1 — Fi(z)) [Tje iy Fj(z) forall z € [0,1].
Thus, F is C' on (0,1). To obtain the positivity of the derivative, we simply compute that

vz € (0,1), Fl'(z)= > F/(z)(1-F;(z)) [[ Filz) >0.
pord g

Remark 5.4.5 Other properties of the distribution of S(t) are inherited from those of the (W}, ),c:-
We mention for example the absolute continuity with respect to some measure, the topological
support, or some additional regularity of the density. O

5.4.3 The weighted Horton—Strahler number of stable Galton—Watson weighted
trees

Recall the law FExp(7) from (5.1.9) and y = In Z%5 from (5.1.8). We still write frac(z) = x — [ z]
for all x € R;. The next result justifies the choice of weights in Definition 5.2.15 for GW,,-
weighted trees.

Proposition 5.4.6 Let W be a random variable on [0,1). Let T = (1, (Wy)veor) be a random
weighted tree such that T is GW,,-tree and conditionally given T, the (W) ,co, are independent
and distributed as W. Then, the following holds.

(i) The law of |S(7)| = S() is geometric with parameter L.
(73) The law of frac(S (1)) is the same as the law of W.
(7i1) |S(7)] = S(7) and frac(S(7)) are independent.

In particular, if T is GW ,-weighted tree then the law of S(T) is exponential with mean %

Proof. From (5.1.2) and (5.2.16), recall the offspring law p,, of 7 and its generating function ¢,,.
We set f(z) = P(S(7) > z) forall z € R;. We only need to show that for all z € R,

fx)=e (1 - 1Pp(W <z~ |2])), (5.4.11)

because the integer and fractional parts are measurable. Note that if the law of W is FExp(+y) then
(5.4.11) becomes f(z) = e 7. If x € [0, 1) then by (5.4.10), and since 1, (1) = 0, we compute
that P(S(1) < x) = P(kg(7) = 0; Wy < ) = o (0)P(W < z). This is exactly (5.4.11).
Now, we assume z > 1. By Definition 5.1.2 of the weighted Horton—Strahler number, we
observe that S(7) < x if and only if S(6,,7) < x — 1 for all children v of & in 7 (if any) with the
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possible exception of one child v, which may satisfy x — 1 < §(6,7) < x. More precisely, we
have

ko (T) ko (1)
Lsme<ey = 1] Ysogm<e-1+ D Ya1<s@on<ey 1] 1s@m<a—1- $412)
j=1 i=1 1<j<kg (1)

JF#i

Taking the expectation leads to f(z) = (1 — 1/a) f(x — 1) by Definition 5.2.15 of GW,,-weighted
trees. Finally, we get f(x) = e "% f(x — |x]) for all z € R by induction on |z, and so the
identity (5.4.11) follows. |

Let 7 be a GW,-weighted tree. For all n € N, the event {S(7) = n} has nonzero probability
so the law of 7 conditionally given S(7) = n is straightforwardly defined. Our goal for the rest of
the section is to properly define the law of 7 under the degenerate conditioning {S(7) = z} ina
sufficiently regular and explicit way to be able to carry out calculations and study convergences.
Pleasantly, the natural idea to define P(d7 | S(7) = z) as the limit of the conditional laws of 7
given |S(7) — x| < € when ¢ tends to 0" turns out to work just fine. From (5.2.24), recall the
notation S(T) for a weighted tree with edge lengths T.

Proposition 5.4.7 Let T be a GW ,-weighted tree with edge lengths as in Definition 5.2.16. For
all z € Ry\N, there exists a probability measure Q.. on the space T of all trees with edge lengths
such that

Qalg] = lim E[g(T) | |S(T) — x| <] (5.4.13)

e—0t
for all bounded measurable function g on T. The function x — Q.[g] is continuous on R \N, and
E[n(S(T))g(T)] = E[M(S(T))Qs(ml9l] = L @) Qalglye " do (5.4.14)
+

for all bounded measurable function h on Ry. If the law of T, = (74, (Lu)uer,) is Q, then
conditionally given T, the (Ly,)yer, are independent with exponential distribution with mean 1.

Definition 5.4.8 Let x € R \N. If 7 is a GW,-weighted tree with edge lengths, then we denote
by P(dT | S(T) = z) the law Q,, defined in Proposition 5.4.7, and we thus write

P(T € A|S(T) =2) = Qz(A) and  E[g(T)[S(T) = 2] = Qulg]

for all measurable subset A C T and all bounded measurable function g on T. Recall from (5.2.20)
the measurable map Sha : T — T, where T is the space of all trees. If T is a GW,,-weighted tree,
then we denote by P(d7 | S(7) = ) the law of Sha(7") under P(d7 | S(T) = z). Namely,

P(r € A| S(1) = 2) = Qu(Sha™'(4)) and E[g(r) | S(7) = 2] = Qx[g o Sha,
for all subset A C T and all bounded function g on T. g

Before showing Proposition 5.4.7, we give ourselves a uniform domination of the laws of 7
conditionally given |S(7) — x| < ¢ via the lemma below. This result is also useful to transpose
estimates about P(d7 | S(7) = n) into bounds for P(d7 |S(7) = x). We endow the countable
space Thir = {(, (by)vear) : tatreeand b, € {0,1} for all v € Ot} with the discrete topology.

Lemma 5.4.9 Let r € (0,1), let W have law FExp(y), and let T = (1, (Wy)veor) be a GW -
weighted tree. We set § = 1y >y and & = 1y, >py forallv € O1. Let g : Toix —> Ry be a
nonnegative bounded function. For all x,e > 0 suchthat |x| < x —e < x+¢ < |z] + 1, it holds

Elg(r, (§o)vear) [ 18(7) — 2] < €] < calr) E[g(7, (§o)veor)#7 | S(7) = [2]] < o0,
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where co(r)~! = min (P(W < r),P(W > r)) only depends on r and «.. Moreover; for all n € N,

E[l{#rgn}9(77 (§v)veor) | |S(7) —z] < 5] < Ca(r)anevxE[l{#rgn}g(Ta (5@)1}687)] . (54.15)

Proof of Lemma 5.4.9. The given upper bound is finite by (5.4.6). The space T}, is countable, so
we can assume there is (tV, (b9),c10) € Tpir such that g(t, (by)vest) = 10y [Toearo Lip, =00}
Thanks to the assumption on x and &, Proposition 5.4.3 entails that |S(7) — | < € if and only if
S(7) = |z| and |frac(S(7)) — frac(z)| < €. Thus, Proposition 5.4.6 gives

P(|S(T) —z| <e) =P(S(r) = [z])P(|]W — frac(x)| < €). (5.4.16)
Moreover, Proposition 5.4.3 also ensures that

L{s(r)—a|<c}9(T, (Co)veor) < Lisr=ia)i ot Y LWaotrac@)<s} 11 L{e,=b0}-
uedto ve(9t9)\{u}

Note that #0t° < #t9 and P(¢ = b0) > co(r)~! for all u € 9t°. Since the (W,),co, are
independent and distributed as W conditionally given 7, taking the expectation then yields that

E[1{5(r)—a|<c}9(T; (§0)vear)] < ca(r)P(IW — frac(z)| < )E[1is(r)=(2)39(T, (§v)vear) #7].

Dividing this inequality by P(|S(7) — z| < ) and using (5.4.16) conclude the proof of the first in-
equality. We get (5.4.15) by writing E[1 <) g#7 | S(7) = [z]] < nP(S(7) = ij)*lE[l{#Tgn}g]
and then recalling (5.4.4). |

Proof of Proposition 5.4.7. We write 7 = Sha(7") which is a GW,,-weighted tree. Let ¢ be a tree
and let (W,,),co¢ be independent random variables with law FExp(y). We set t = (¢, (W,,)year)-
We denote by f; the density of frac(S(t)) and by f the density of frac(S(7)). They are positive
and continuous on (0, 1) by Lemma 5.4.4 and Proposition 5.4.6. Since ¢ N, itholds |z| < x —¢
and x + ¢ < |z] 4 1 for all € > 0 small enough. If so, we then find

frac(z)+e
P(S(r) —al <o) =B(S(r) = o)) [ f(w)dy.

rac(z)—e
frac(z)+e
P(th;\S(T)—x\<€)=P(T=t;S(T)=LJUJ)/ fe(y) dy.

frac(z)—e
by respectively applying Proposition 5.4.6 and conditioning on {7 = ¢}. The existence of the limit

fe(frac(z))
F(frac(z)

and the continuity of x — ¢, (¢) on R \N follow from the continuity of f; and f on (0, 1). Now,
letus set F'(z) = P(t=t; S(7)<z) for all z € R (note that F'(0) = 0). With the same argument
used to get (5.4.17), we show that F'is C!' on R \N with F'(z) = q,(t)ye "*. If h: R, — R
is C! with compact support, then we write h(z) = — [>° h/(z) dz and we obtain

@(t) =P(r=t|8(r) = |z]) = Elir& P(r=t||S(t)—z|<e) (54.17)

EM(S(M)Lirm] = [ hlaasltyre " da. (54.18)

after an application of Fubini’s theorem and an integration by parts. The identity (5.4.18) holds in
fact for all bounded and measurable function h by the functional monotone class theorem.
We finally define the measure @, by setting Qz[g] = Y icr ¢ ()E[g(T) | 7 = ¢] for all

bounded and measurable function g on T. Making € — 07 in the bound given by Lemma 5.4.9
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leads t0 gz (t) < ca(1/2)E[1{—y#7 | S(7) = |z]] for all tree ¢ and z € R \N. This domination
ensures that the function z — Q);[g] is continuous on R \N. By Definition 5.2.16, we then have

Elg(T) | IS(T) —z[ <e] =) P(r=1t]|8(1) —z| <e)E[g(T) | 7 =1].
teT

Thanks to (5.4.17) and Lemma 5.4.9, the dominated convergence theorem yields (5.4.13). In
particular, @), is indeed a probability measure. Similarly, (5.4.14) is a consequence of Fubini’s
theorem and (5.4.18). |

5.5 The weighted Horton pruning of trees with edge lengths

5.5.1 Definition and invariance

We remind from (5.1.8) that 6 = (%)a—1 = ¢7(@=1)_ 1In this section, we extensively use the
notations from (5.2.20), (5.2.21), (5.2.24), and (5.2.25) to manipulate (weighted) trees with edge
lengths. As discussed in the introduction, Kovchegov & Zaliapin [109, Proposition 4] showed
that stable Galton—Watson trees with edge lengths are invariant by the Horton pruning R (see
Definition 5.4.1). More precisely, if T is a GW,,-tree with edge lengths, then the law of R(7) under
P(-]S(T) > 1) is the same as the law of 0 - 7 under P. In what follows, we seek to obtain a similar
result for the weighted Horton—Strahler number and GW,,-weighted trees with edge lengths.
First, we adapt the Horton pruning of Definition 5.4.1 to the framework of weighted trees with
edge lengths. The r-Horton pruning consists in erasing the subtrees with weighted Horton—Strahler
numbers smaller than a threshold r, and then removing the vertices with only one child left. The
weight of a new leaf is given by the maximal Horton—Strahler number previously achieved on the
new parental edge, minus r. See Figure 5.5 for an example. The formal definition is given below.

Definition 5.5.1 (Weighted Horton pruning) Recall Definition 5.2.10 of embeddings. Let r €
Ry and let T = (¢, (ly)uet, (wy)vecat) be a weighted tree with edge lengths such that S(T) > 7.
Remark 5.2.11 ensures that there are a unique tree t” and a unique increasing embedding ¢)” : ¢/ — ¢
such that " (t") = {u € t : 8(6, T) > r}. Proposition 5.2.13 then states that there are a unique
tree ¢’ and a unique increasing embedding ¢/ : ¢’ — t” such that ¢ (¢') = {u € t" : k,(¢") # 1}.
We denote by 1) the embedding 10" o v}’ : ' — t and for all v € ¢’ and for all v € Ot', we set

l; = Z lu/ and w,i) = max S(HU/T) o
() <u <ap(u) ()= <Y (v)

Eventually, we define the r-Horton-pruned tree with edge lengths as R,.(T) = (¢, (I},)uer) and
the r-Horton-pruned weighted tree with edge lengths as R, (T) = (', (I,)uct’, (W) veor )- O

Proposition 5.5.2 Let r € R and let T be a weighted tree with edge lengths such that S(T) > r.
We set K"(T) = #{1 <i < K(T) : 8(6(»hT) > r} and we denote by iy < ... < igr(r) all the
integers such that S(0(;)'T) > r. The weighted tree with edge lengths R..(T) is well-defined and
can be recursively described as follows.

(1) If K"(T) =0, then K(R,(T)) = K"(T) = 0and L(R,(T)) = L(T).

() K)o 0,() = KR O D) nd LR (D) = L) LR 00 T
Moreover, if K(R,(T)) > 2 then 0 3R, (T) = 0 ;R (0 '

(#i7) If K"(T) > 2, then K(R,(T)) = K"(T) and L(R,(T)) = L(T). Moreover, it holds
0)R:(T) = R, (0;)T) forall 1 < j < K"(T).
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0.6 0.8

6 1.2

[ |

Figure 5.5: An example of r-Horton pruning with r = 0.5. Left : The weighted tree with edge
lengths in Figure 5.3 before pruning. Each number indicates the weighted Horton—Strahler number
of the subtree stemming from the respective vertex. The subtrees that will be erased are dashed and
orange. The cross marks represent the vertices that will only have a single child left (and will be
removed). Subtracting r from the numbers in green gives the weights assigned to the new leaves.
Right : The resulting r-pruned weighted tree with edge lengths.

Furthermore, K(R,.(T)) # 1 and S(R,.(T)) = S(T) — r. In particular, if K(R,(T)) = 0 then
R.(T) = ({2}, L(R:(T)),S(T) — ).

Proof. Forall 1 < j < K"(T), let t’ be the underlying tree of R, (6(;)T) and let ¢, : t — 0T
be the associated embedding as in Deﬁmtlon 5.5.1. It is elementary to verify that, dependlng on the
corresponding case in the desired proposition, the following construction of ¢ and 1) is suitable:

(i) ¢ = (o} and () =
(i7) t' =t} and ¥ (u) = (i1) * 1 (u) for all u € t';
(i) ko(#') =K (T), 6yt =t} (&) =2, {(j)+u) = (i) 453 (u) for all ue ), 1 <j < K7 (T).

By the uniqueness provided by Remark 5.2.11 and Proposition 5.2.13, the points (7), (i), and (7i7)
readily follow. Thanks to them, a quick induction on the height |¢| shows that K (R, (T)) # 1.

To prove that R,.(T) is a weighted tree with edge lengths, we still have to check that its
weights are all in [0,1). By induction on |¢|, (i7) and (7i7) allow us to only consider the case
K(R,(T)) = 0, where then the unique weight of R,.(T) is wy, = S(T) — r > 0 by assumption.
To sum up, it remains to show that if K (R,.(T)) = 0then S(T) < 1+ r, and if K(R,(T)) > 2
then S(R,(T)) = S(T) —r. We do so by induction on |t|. When |¢t| = 0, we have K (R,(T)) =0
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and S(T) = wy < 1+ r. When |t| > 1, we begin by defining, with the convention max () = 0,

xr = 1§j;’n§al}{(’“(T) max (S(G(ZJ)T), l{j;,gj/} + min (S(Q(lJ)T), S(Q(IJI)T))),

Y= e, mex (S (0)T), Liziny + min (S0 T), 8(9(1»,)1*))).
S(@(Z)T)<T

We see that S(T') = max(x,y) and y < 1 + r. We complete the proof by separating the cases.
o f K(R,(T))=K"(T)=0:thenS(T) =y <1+7.
o If K(R,(T)) =0and K"(T) = 1: thenz = S(0;,)T) = S(R;(0(;,)T)) +r by induction
hypothesis. Thanks to (ii), K (R, (0(;,yT)) =0soxz < 1+7by (5.4.10),and S(T) < 1 +7.

o If K(R,(T)) >2and K"(T) = 1: then x = S(R;(6(;,)T)) +  again, and (73) yields z =
S(R,(T)) + r by Definition 5.1.2. By (5.4.10),z > 147,50 8(T) = 2z = S(R,(T)) + .

o If K(R,(T)) = K"(T) > 2: then z = S(R,(T)) + r by (iii), Definition 5.1.2, and
induction hypothesis. As in the previous case, we get z > 1+ 7 and S(T) = S(R,.(T)) + .
The fact that K(R,(T)) # 1 and the points (4), (i7), and (i7i) ensure that we treated all cases. W

Recall that R stands for the (classic) Horton pruning as in Definition 5.4.1. Let r€ R and A >0,
and let T be a weighted tree with edge lengths. By Definitions 5.4.1 and 5.5.1, it is clear that

RA-T)=X-R(T) and R.(A-T)=\R,(T). (5.5.1)

We also observe that R: {T €T : S(T) > 1} - Tand R, : {T €Ty, : S(T) > r} - Ty, are
measurable, where T (resp. T,) is the space of all (resp. weighted) trees with edge lengths. Better
still, one does not need all the information in T to determine a particular component of R,.(T).

Remark 5.5.3 Let T = (¢, (lu)uet, (wy)ycot) be a weighted tree with edge lengths.

(¢) The Horton pruning is a specific case of a weighted Horton pruning as R;(T) = R(T).
Indeed, for all weighted tree t, S(t) > 1 if and only if S(¢) > 1 by Proposition 5.4.3. In
particular, R(T") is well-defined and Proposition 5.5.2 yields the formula (5.4.3).

(1) The weighted tree Sha(R,(T)) can be expressed as a measurable function of Sha(T).
Indeed, the lengths of T are only used to compute the lengths of R,.(T).

(7i7) Ifr € [0, 1], the tree with edge length R,.(T') can be expressed as a measurable function of
(t, (lu)uet, (1w, >r} )vear)- Indeed, we do not need to compute the weights to know R,.(T),
only to observe which vertices u € t are such that S(0,, T) > r. Moreover, by (5.4.10), this
information in contained in (¢, (lu )uct, (1{w,>r})veat) since 7 < 1.

(iv) The weighted tree with edge lengths R;(T) can be expressed as a measurable function of
(t, (lu)uen\ts (Wo)veot). Indeed, S(0,T) < 1 forall v € t, so the parental edges of leaves

are erased and the lengths [, do not appear in the expression of R{(T).
O

We are now ready to present the invariance of a GW,-weighted tree with edge lengths 7~ (recall
Definition 5.2.16) by weighted Horton pruning. Let us explain why we cannot hope for the law
of R,.(7T") under P(- | S(T) > r) to be exactly the same as the law of 6" - T under P. If a leaf of
R, (T) has a long parental edge then there is a higher probability that this edge comes from the
fusion of many edges of T, which means its weight is more likely to be large. Thus, the weight
and the length of the parental edge of such a leaf are not independent. We get around this issue by
erasing the leaves with the map R before comparing R,.(77) and 6" - T .
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Theorem 5.5.4 Let T be a GW-weighted tree with edge lengths and let r € R .

(i) The law of R-(T) under P(-|S(T) > r) is the same as the law of 6" - T under P.
(i7) The law of Sha(R,.(T)) under P(-|S(T) > r) is the same as the law of Sha(T ) under P.
(7i1) The law of Ry o R,.(T) under P(-|S(T) > r + 1) is the same as the law of 0" - R1(T)
under P(-|S(T) > 1).

Proof. By Remark 5.5.3 (iv) and Proposition 5.5.2, we only need to show that the law of F;(R..(7T"))
under P(- | S(T) > r) is equal to the law of F;(6" - T) under P for all ¢ € {1, 2}, where

Fi(T) = (t,(lu)uer) and F3(T) = (¢, (lu)uet\ata (wy)veot)-
Note that K (7°) # 1 by (5.2.16), and K (R,(T")) # 1 by Proposition 5.5.2. Let k € N with k > 2,
A> 0,z € (0,1),andlet g1,...,9r : Ty, —> R be bounded measurable functions. Let us set
G(T) = 1{K(T):k}e_)‘L(T) H§:1 gj(0(;T) forall T € Ty. Then, by induction on the height, we
only need to check the three following identities:
P(K(T) =0; 8(T) <) =P(K(R:(T)) =0; S(R(T)) <=

| S(T) > 1), (5.5.2)
MU = B[k, (my=oye M E T | S(T) >

E[l{K(T):O}@’_ 7"} y (553)

k
E[GR(T)) | S(T) =] = E[Lix(r—rye " "D T[] Elg;(R:(T)) | S(T) 2 7]. (5.54)

Since z < 1, we have P(K(7) = 0; S(T) < z) = P(S(T) < z) by (5.4.10). Again by
(5.4.10), and since it holds S(R,.(7")) = S(T) — r when S(T") > r by Proposition 5.5.2, we find

P(S(T)>r; K(R(T))=0; SR(T)) <z)=Pr <S(T)<z+r).
The identity (5.5.2) follows because the law of S(7T") is exponential, as stated by Proposition 5.4.6.

We set x2(T) = 1{S(T)2r}1{K(RT(T)):O}€_>\L(RT(T)) to simplify. Proposition 5.5.2 entails
that
K(T) K(T)
_ AL(T
xa2(T) = e M )( >oxeleT) 11 Ysegmn+ 11 1{8(0<i>’r><r}—1{s<T><r})-
i=1 1<G<K(T) i=1
J#

Recall from (5.1.2) that ¢, stands for the generating function of the offspring law (. Thanks to
(5.3.11) and Definition 5.2.16 of GW -weighted trees with edge lengths, we can compute that
pa (P(S(T) < 1)) —P(S(T) <)

1+ A=, (P(S(T) <)
The identity (5.5.3) follows from Proposition 5.4.6 and from the expression (5.1.2) of ¢,,.

To lighten notations, we set x3(T)=1;5(1)>,)G(R,(T)) and x;(T) =1(5(1)>r19; (R (T))
for all 1 < j < k. Once again, Proposition 5.5.2 yields that

k
xa(T)eM D) = ZX3 ) I 1soyman+ > (10T TT Lsw,m<r-

1<G<K(T) 1<ip<... j=1 1<i<K(T)
J#i <lk<K(T) 1015k

Elx2(T)] =

For all s € [0, 1), we know that goa ( )k =E[1ik )k (Kg))sK(T)_k] = pa(k)(1 — s)*Fk
from (5.2.15). With the same arguments as before, we eventually obtain

o k
BT = 1 o st <yt T BT [ S(T) 2 1],

which implies the identity (5.5.4). |
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5.5.2 Some applications
Here, we give some useful consequences of Theorem 5.5.4. Recall Definition 5.2.10 of embeddings.
Corollary 5.5.5 Let A : T — R have the following monotony property: for all trees t,t' € T, if

there is an embedding 1) : t' — t then A(t') < A(t). Let 7 be a GW ,-weighted tree. For all a € R
and for all x,y € Ry \N such that x < y, it holds that

P(A(T) > a|S(t) =z) <P(A(T) > a| S(T) = y), (5.5.5)
P(A(T) > a|S(1) =2) <P(A(T) > a|S(1) = [z] + 1), (5.5.6)
P(A(t) > a|S(r) = y]) <P(A(r) > a| S(T) =y +1). (5.5.7)

In particular, the result applies when A is the size A(t) = #t, and when A is the height A(t) = |t|.

Proof. We can assume that 7 = Sha(7T"), where T is a GW,-weighted tree with edge lengths. Let
r € [0,1] and x > 0 be such that z, z + r ¢ N. By Definition 5.5.1, the property of A yields

P(A(Sha(R-(T))) > a; |S(T)—(x+7r)| <e) < P(A(T) >a; |S(T)— (z+7r)| <e)

for all € € (0,x). Since S(Sha(R,(7))) = S(T) — r when S(T) > r, Theorem 5.5.4 (ii)
entails
P(S(T) > r)P(A(T) > a; |S(T) —z| <e) < P(A(7) > a; |S(T) — (z+7)| <e).

Moreover, the law of S(T") is exponential by Proposition 5.4.6 so dividing the above inequality by
P(|S(T) — (x + ¢)| < €) and making € — 0% gives (5.5.5) with y = x + r, by Definition 5.4.8.
We generalize that for any x, y by induction on |y — z|. Integrating (5.5.5) with respect to y against
the conditional law of S(7) given |z | + 1 < 8(7) < |x] + 2 yields (5.5.6), by Proposition 5.4.7.
We get (5.5.7) similarly by integrating (5.5.5) with respect to x. ]

Like Lemma 5.4.9, but with greater precision, Corollary 5.5.5 allows controlling P(d7 | S(7) =
x) with estimates about the nondegenerate conditional law P(d7 | S(7) = n). Now, recall from
(5.2.22) the height function H(T') of a tree with edge lengths T". The following proposition shows
that the height function of a GW,-weighted tree with edge lengths does not change much after
r-Horton pruning. Indeed, if € [0, 1] then only some leaves are erased, and in a uniform manner.

Proposition 5.5.6 Recall dg from (5.2.3). Let T = (7, (Ly)uer, (Wy)veor) be a GW-weighted
tree with edge lengths, let v € [0,1], and let A > 0. We define two random cadlag functions with
compact support X and'Y by setting for all s € R,

X = Alfl/aﬁs/)\(T) and Y; = 1{5(7')274})\171/&[?67«”5/)\(RT(T)).
Then, there are two constants C, ¢ € (0,00) that only depend on o such that for all n > 1,

P(#T <n; |T| < n' =V 4g(X,Y) > C(AWR) T Inn + CA/nlnn) < Cne—cnn)?

Proof. Let (&;, L;, W;);cn be independent random variables such that for all i € N, &; has the same
law as kg (7) — 1, the law of L; is exponential with mean 1, and the law of W; is FExp(~y). Recall
from (5.2.12) the depth-first exploration u(7). By (5.2.19) and Definition 5.2.16, we can assume
that

&= kuz(T) (r)—1, Li= Lui('r)a and (§=-1)= (W; = WU7,(T))
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for all 0 <i <#7—1. We now define a sequence of stopping times (J;);cn and a random integer N
by setting J_; = —1 and for all ¢ € N,

=inf{j>J_1:&#—-1orW,;>r} and N=inf{j >0 : J;>#7}. (55.8)

Since 7 < 1, we observe by (5.2.16) and (5.4.10) that u;z,(7), us, (7), ..., uz,_, (7) are exactly the
vertices u € T such that S(6,,7) > r, listed in lexicographic order. Then, for all j € N, we set

j—1
_)\ZL_)\Z Z L, and s;(Y)=Ae""> Ly,.
=0

1=01=J;_1+1

Note that sg(X) = so(Y) = 0. Thanks to Proposition 5.2.13 and (5.2.23), we identify that ((Y') =
sy(Y'), that sy(X) < ¢(X) < sy+1(X), and thatif s € [s;(Y), sj41(Y)) with0 < j < N — 1 then

ALY/ Z L, = YSj(Y) <Y; < szjJrl(Y)* = \te Z L. (5-59)

”U<QLJJ. (’T) ”L)j’lLJj (T)
We write A(f) = sup,>g |f(s) — f(s—)| for any cadlag function f. We claim that

< . _ g Y . 1-1/«
dg(X,Y) < 61SI§121§<+1 |5;(X) —s;(Y)|+ 3e AO%?%(N Ly, +2X max L,+A(Y). (55.10)

Proof of (5.5.10). Let 1 < j < N — 1 and letu € 7 such that uy, ,(7) < u < uy, (7). By
definition of the lexicographic order, we remark that u;, _, (7) Aug, (7) is an ancestor of uj,_, (1) Au.
Moreover, it either holds u = u;,(7), or (6, 7) < r and u is a leaf of 7. The contrapositive of this
argument entails that w<u 3;_1(7), and it further follows that U= uAuy ;_1(7). In particular,
the parent of u3, (7) is the most recent common ancestor of u;,_, (7) and ujy, (7). Hence, we have

NN .
proven uy, (1) = W< ug;_, (), and (5.5.9) then yields that

1-1/a
Yooy SATVEY Ly <Y - (5.5.11)

v<u

Now, we choose an increasing and bijective ¢ : Ry — R such that ¢(s;(Y")) = s;(X) for all
0<j<Nand¥(sy(Y)+s) = sy(X)+ s forall s > 0. The facts preceding (5.5.9) give that

C(X) = COV)) < 2su(X) — su(¥)] + [sns1 (X) = supa (V)] + AT Ly,
Lets € [s;(Y),sj+1(Y)) with 1 < j <N, we have ¢(s) € [s;(X), sj+1(X)) so
(5) — sl < 2085(X) = 5 (V)] + [sj41(X) — 541 (V)] + 227" Ly,.

Plus, there is u € 7 such that uj;_, (1) <u <wj,(7) and 3}, -, Ly < Al/e= "Xy < Xo=u Lo
by definition (5.2.22) of the height function. The inequalities (5.5.9) and (5.5.11) then entail that

1-1/c 1-1/«
| Xy — Yo S ATVOL, +A7Y Lug, () + [Ys;0v) = Yo, 00

We treat the cases where s € [0,51(Y)) or s > sy(Y) similarly. This completes the proof. O

From (5.5.8), we observe that the sequence (J;);en is independent of (L;);cn, wWhich is a
sequence of independent and identically distributed random variables, thus (Lj,);en has the same
law as (L;)jen. Moreover, the random variables (J; — Jj—1 — 1) jen are independent and geometric
with parameter P({p # —1 or Wy >r) = P(S(T) > r) = e~ 7", and jointly independent from
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(L;)ien- A well-known fact then asserts that the random sequence (e‘” > 31<i<3; LL)j N has
also the same law as (L;);en. For all j € N, we thus have

j—1
P(]s;(X) — 5;(Y)] > e A/nlnn) < QIP’(’i -3 L
1=0

Zﬁlnn).

It is clear from (5.5.8) that N < #7 almost surely, so Lemma 5.3.10 entails that

P(#r <n; max |s;(X)—s;(Y)| > e A/nlnn) < 8ne cumillnn)? (5.5.12)
1<j<N+1

for all n large enough. Then, a simple union bound together with N < #7 gives us

P(#7 < n; A max Ly, +A'"/*max L, > Mnn)*+A'"/%(lnn)?) < 3ne~(* (5.5.13)
<7< ucT

By Definition 5.5.1, we observe that if S(77) > r then #R,(T) < #7 and |R,(T)| < |7|. Hence,
X :=P(#R(T) < n; |RAT)| <n' 7V e "A(Y) > 20(A\/n) Y Inn + 20Ay/nInn)
>P(#7 <n;|r| < iV e TTA(Y) > 2C(An) Y Inn 4+ 2CA/nn n)

for any C' > 0. Plus, if S(7T") < r then A(Y') = 0. Using (5.2.23), Theorem 5.5.4 (7) then yields
that

X =P(S(T) > r)P(#r <n; || <!~V AX) > 20(A\n) " Y*Inn + 202y/n1nn).

Recalling the expression (5.2.3) of dg, we see that if f and g are respectively cadlag and continuous
with compact support, then A(f) < A(g) + 2ds(f,g) = 2ds(f,g). Therefore, according to
Proposition 5.3.9, there are C, ¢ € (0, co) that only depend on « such that

P(#7 <n;|r| < nt-te, AY) > 2C()\\/ﬁ)171/°‘ Inn +2CA\y/nlnn) < Cnec(nn)®

because the height function (5.2.13) of a tree (without edge lengths) is continuous. Combining this
last estimate with the inequalities (5.5.10), (5.5.12), and (5.5.13) completes the proof. |

5.6 Proof of Theorem 5.1.3

In this section, we extensively use the topological tools and the notations presented in Section 5.2.1,
so recall the spaces Ck and Dy, the Skorokhod distance dg from (5.2.3), the Prokhorov metric pg
associated with dg from (5.2.4), and Notation 5.2.2. Furthermore, recall the height function H ()
of a tree ¢ from (5.2.13), and the law of a GW,-tree conditioned on its weighted Horton—Strahler
number from Definition 5.4.8. Our goal here is to prove the following result.

Theorem 5.6.1 Let T be a GW ,-weighted tree. The law of the process (e~ V(@)% H yau (7))
under P(d7 | 8(7) = x) weakly converges on Cx, when x € R4 \N tends to cc.

s>0

Indeed, Theorem 5.6.1 implies Theorem 5.1.3 by Proposition 5.2.18 and Skorokhod’s representation
theorem. Moreover, the estimates (5.4.7) and (5.4.9), together with Corollary 5.5.5, entail that
the limit law is not degenerate: see Section 5.7 for details. We even give a somewhat speed of
convergence for Theorem 5.6.1 via the following theorem, whose we postpone the proof for later.

Theorem 5.6.2 Let T be a GW -weighted tree. For all x € R \N, we denote by v, the law on Cxk
of (e7 @~V H raa (7)) ., under P(d7 | S(7) = x). Then, there are two constants C, ¢ € (0,00)

that only depend on o such that it holds ps(vy, vyy) < Ce=cmin(@y) for all x,y € Ry \N.
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One might be tempted to see Theorem 5.6.1 as a direct consequence of Theorem 5.6.2, arguing
the function x — v, is Cauchy so it must converge. Unfortunately, we have to remind from
Remark 5.2.5 that pg is not a complete metric. Nevertheless, it is not a hard challenge to overcome.

Proof of Theorem 5.6.1 from Theorem 5.6.2. We keep the notations of Theorem 5.6.2. We claim
that we only need to show that the family (v ),cr \v is tight on Ck. Indeed, there would then exist
an increasing sequence of points x,, € R, \N that tends to co such that the sequence (v, ) weakly
converges on Ck by Prokhorov’s theorem. Together with Proposition 5.2.4, Theorem 5.6.2 would
then yield that the family (v;),cr L \N converges with respect to ps when z tends to co. Since the
v, are laws on Ck, they would also weakly converge on Ck by Proposition 5.2.1. g

We thus aim to apply Proposition 5.2.3. Firstly, we readily get Proposition 5.2.3 (a) because it
holds Ho(7) = 0 almost surely. Secondly, we know that ((H (7)) = 1{u,;>01#7 from (5.2.14).
Next, we apply Corollary 5.5.5 followed by Markov’s inequality to find that for all m > 1 and
x € R+\N,

vp(¢ = m) SP(#7 > m | S(7) = |z] + 1) < Le " E[#7 | S(1) = |z] +1].
Therefore, (5.4.6) yields Proposition 5.2.3 (b). It only remains to show that for all € > 0,

lim limsup v, (w, > 2¢) = 0. (5.6.1)

n—0+ x—00,2¢N

But before, we instead work under the discrete conditioning {S(7) = n}. For all n € N, we denote
by v/, the law on Ck of the process (e‘V(Q_l)”Hemns(T))po under P(- | S(7) =n). We fix £ > 0

for now, we write N,, = €7@~ and we note that Nf;/j = e7*" where recall from (5.1.8) that
B(a — 1) = 1. Using (5.2.14), we write the rough bound

P(|7| > tert* )

d > >0 <
Vp(wy > e,sup > ) < P(S(r) =)

P(wy( 5 Hyos (7) 3 5> 0) > ¢ ] 7] > ON).

We apply (5.3.9) in Theorem 5.3.7, in conjunction with (5.3.3) and (5.4.4), and we eventually obtain
that
lim limsup v/, (w, > ¢) < limsupP(|7| < £e¥@~ D" | S(7) = n)

n—0+ n—oco n—00

for all £,¢ > 0. By making / tend to 0%, the estimate (5.4.7) entails that for all € > 0, it holds that

lim limsup v, (w, >¢) = 0. (5.6.2)

n—0t n—oo

Lete,n > 0 and let n € N be large enough so that 2Ce™“" < max(e,n), where C and c are as
in Theorem 5.6.2. For all z,y € (n,n + 1), we get v, (w, > 2¢) < vy(way, > €) + Ce™" by
Theorem 5.6.2. According to Proposition 5.4.7, integrating this inequality with respect to y against
the law of S(7) under P( - | S(7) = n) yields that v (w,, > 2¢) < V), (waeray > V@ De)+Ce™m,
We point out that we made the factors ¢?® and e?(®~1) appear inside the right-hand side to
compensate for the ratio of the scalings H(7) is subject to, depending on whether it is observed
under v, or v/,. Finally, the desired condition (5.6.1) follows from (5.6.2), which concludes the
proof. |

The rest of the section is devoted to the proof of Theorem 5.6.2. We begin by applying the
invariance by weighted Horton pruning stated in Theorem 5.5.4 (together with Proposition 5.5.6)
to bound the Prokhorov distance between the laws of the rescaled height function (as defined by
(5.2.22)) of a GW,,-weighted tree with edge lengths T respectively under P(d7 | S(T) = x) or
under P(A7 |S(T) =z —r).
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Lemma 5.6.3 Let T be a GW ,-weighted tree with edge lengths. For all x € R, \N, we denote by
Uy the law on Dy of the process (€=~ Heyar o(T)) ., under P(AT | S(T) = x). Then, there
are two constants C, ¢ € (0,00) that only depend on o such that ps(vy, v5—y) < Ce™, for all
r € [1/10,9/10] and all x > r with z,x —r ¢ N.

Proof. The Prokhorov distance between two probability measures is always bounded by 1, so we
can assume x > 2 > r + 1 without loss of generality. We define five random cadlag functions with
compact support X, Y, Z, X', Y’ by setting for all s € R,

XS == 6_7(04_1):6 7670‘18(7-)7

Y, = 1isirzrye O Hemrgrang(Re(T)),

Zs = Us(rzrs@ )z T o ary (B1 0 Re(T))
X; = e_’Y(O‘_l)(‘z_r)H 'yoz(m—r‘)s(T)7

e

Y = Lsryznye T H o paeon (R1(T)).

The law of X under P(d7 | 8(T) = x) is U, and the law of X" under P(d7 | S(T) =z —r) is
V. Informally, the first step of the proof is to show that X and X’ are respectively close to Z and
Y with high probability by using Proposition 5.5.6. Then, we prove with Theorem 5.5.4 that the
‘conditional law of Z given S(T") = x” is the same as the law of Y/ under P(d7T | S(T) = = —r).
However, Z is not measurable with respect to 7, since we need the weights to determine R, (7),
so Definition 5.4.8 does not make sense of its law under P(d7 | S(7T) = z). We avoid this issue
by instead working conditionally given |S(7T) — z| < ¢, with a small ¢ > 0.

Let us set n = e37%%/2_ Applying Proposition 5.5.6 with A = e~7%* and with A = e~ 7*(@=7),
we justify that there exist two constants Cy, co € (0, 00) only depending on « such that

P(#T <n; |T| < nt=le s 4g(X,Y) > Coze*V(afl)m/‘l) C’oegw“”/Q*COzQ, (5.6.3)
P(#T < n; |T| < n' 7V dg(X',Y') = Coze 107D/ < Cpetron/2=eor® - (56.4)

IN

Then, Remark 5.5.3 (7) ensures that the couple (Y, Z) can be expressed as a measurable function of
R,.(T) when S(T") > r. Hence, by (5.2.23) and (5.5.1), Theorem 5.5.4 (i) yields that the law of
(Y, Z) under P(-| S(T) > r) is the same as the law of (X’,Y”) under IP. Since it always holds
that #R,(T) < #T and |R,.(T)| < |T], (5.6.4) still holds even if we replace (X', Y”") by (Y, Z).
Combining this new version of (5.6.4) with (5.6.3) entails that

P(#T < n; |T| < n' =Y dg(X, Z) > 2Cgze (@ D7/Y) < 90 ed0e/2=0r*  (56.5)

Let us set p = ¢?BatDz—coz” (6 Jighten the notations. By Remark 5.5.3 (i) and (i), the only
information about the weights of 7~ we need to determine X', Y/, X, Z is if they are smaller than r
or not. Thus, we can use (5.4.15) in Lemma 5.4.9 to deduce from (5.6.4) and (5.6.5) that there is a
constant C € (0, c0), that only depends on «, such that for all € > 0 small enough (according to x
and r),

PHT < n3|T| < n' ™% dg(X',Y") > Crae™ 1O | |S(T) — a+r| <€) < Cuy,
(5.6.6)

P(#T < n;|T] < n'~ Y dg(X, Z) > Crae 1D | |§(T) — 2| < &) < Cin.
(5.6.7)

We stress that C; does not depend on r because we restrict ourselves to the case r € [1/10,9/10],
which ensures ¢, (1) < ¢,(1/10) with the notations of Lemma 5.4.9. It remains to control the
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conditional probabilities that #7 > n or |7| > n. We successively use Corollary 5.5.5 and
(5.4.14), then a rough bound, and finally (5.4.4) with (5.3.4) (resp. with (5.3.3)) to write that for all
small enough ¢,

]P)(#Tzn) —yxz/2
P#T >n||S(T)—z|<e) < BET) = 2] 4 1) < Coe™1/2, (5.6.8)

P(IT| > n' /)

—yxz/2
PS(T) = 2] + 1) < Coe™ 12 (5.6.9)

P(IT] = n' V[ |S(T) — 2| <¢) <

where Co € (0, 00) is a constant that only depends on «. The same bounds hold for the conditional
probabilities given |S(7T) — (z—r)|. Recalling (5.6.6) and (5.6.7), we conclude that there is a
constant C'3 € (0, 00) only depending on « such that for all £ > 0 small enough (according to
and r),

P(ds(X',Y") > C3e @ V28| |S(T) — (z—7)| < &) < Cze /2, (5.6.10)
P(ds(X, Z) > Cze 7 @7V2/8 | |S(T) — 2 < &) < Cze™ /2, (5.6.11)

A

Let us prove that the conditional law of Y’ given |S(7) — (x — r)| < € is equal to the
conditional law of Z given |S(7T) — z| < ¢, for all small enough ¢ > 0. More precisely, let
e € (0,2 —r — 1) and let A be a measurable subset of Dk. By the choice of ¢, if |[S(T) — z| < e
then S(7°) > r + 1. Moreover, if S(7) > r + 1 then we know from Proposition 5.5.2 that
SRioR(T))=8(T)—r—1

P(|S(T)—z|<e; Z€ A)=P(S(T)>r+1; |SR1oR(T)) — (z—r—1)| <e; Z € A).
Then, (5.2.23), (5.5.1), Theorem 5.5.4 (iii), and a similar argument as above yield
P(S(T)>DP(|S(T)—x|<e; Z€ A) =P(S(T) >r+1)P(|S(T)—(z—r)| <e; Y' € A).
Furthermore, we know from Proposition 5.4.6 that the law of S(‘7") is exponential, so we get
P(ZeA||S(T)—z|<e) =PY' € A||S(T) — (z—r)| <e) (5.6.12)

as desired. Thanks to (5.4.13) and (5.6.12), making € — 07 inside (5.6.10) and (5.6.11) completes
the proof. |

Proof of Theorem 5.6.2. We use the notations of Lemma 5.6.3 and of Theorem 5.6.2, and we can
assume 7 = Sha(7") as in (5.2.24). Let € R \N, we define two random cadlag functions with
compact support X, Y by setting for all s € R,

Xs = e_v(a_l)xgew’“’S(T) and Yy = 6_7(04_1)90 e"/cws(T).

The laws of X and Y under P(d7 |S(7T) = x) are respectively v, and v,. By Proposition 5.3.9
with n = e379%/2 and A = e~7°%_ there are Cy, ¢y € (0, 00) only depending on « such that

P(#7 < n; 7] <n'7Y%; dg(X,Y) > Coze (@ H2/1) < Cone®1oe/2—cor® (56 13)
Thanks to (5.4.15) in Lemma 5.4.9, we combine (5.6.13) with (5.6.8) and (5.6.9) to obtain that
P(ds(X,Y) > Cae @ D2/8 | §(T) = ) < Cze™ /2, (5.6.14)

where C3 € (0, 00) only depends on «. Then, Lemma 5.6.3 and (5.6.14) ensure the existence
of two constants Cy,cy € (0,00) only depending on « such that ps(vy, ;) < Cge” " and



270 Chapter 5. Fluctuations of the Horton-Strahler number of stable GW trees

ps (Vg 7y) < Cpe™™n@Y) for all 2,y € Ry \N with 1/10 < |z — y| < 9/10. By triangular
inequality (see Proposition 5.2.4), it follows that pg (v, vy) < 3Cse™ min(z.y) for all z;, y € R4\N
with 1/10 < |z — y| < 9/10. For all z,y € Ry\N, we can find a finite sequence (x;)o<i<n Of
positive non-integers such that 1/2 < z; — x;_1 < 9/10 forall 1 < ¢ < n, zy = min(z,y), and
1/10 <z, — max(z,y) < 9/10. We complete the proof with the triangular inequality by writing

n—1
ps (Ve Vy) < ps(Vans Vmax(ayy)) + Z pS(Vay i1 Vay) < €74 min(z.y) . 6, Zefcu/g
=0 €N

5.7 A first description of the limit tree in Theorem 5.1.3

In this section, we begin to study the limit objects of Theorems 5.1.3 and 5.6.1. Recall Notation 5.2.6
from Section 5.2.1, and that K™ stands for the space of (GHP-isometry classes of) rooted measured
compact metric spaces, endowed with the rooted Gromov—Hausdorff—Prokhorov distance (5.2.7).

Definition 5.7.1 A random variable (H, () on Ck is a HS,-excursion when it has the limit distri-
bution in Theorem 5.6.1. A random rooted measured compact metric space .7 (in other words, a
random variable on K™) is a HS,-real tree when it has the limit distribution in Theorem 5.1.3. [J

By Proposition 5.2.18 and Skorokhod’s representation theorem, if (ﬁ ¢ ) is a HS,-excursion, then
it is in &k and the real tree TH, ¢ it codes, as defined by (5.2.27), is a HS,-real tree. In particular, a
HS,-real tree is almost surely a real tree in the sense of Definition 5.2.17. Now, we give ourselves
some estimates for the mass and height (5.2.9) of a HS,,-real tree.

Proposition 5.7.2 Let 7 be a HS-real tree. Then, E[m(.7)] < oo and there exists a constant
Yo € (0, 00) that only depends on a such that for all x > 0 and y > yo, it holds that

Ph(T)<z)<1l—e* and POH(T)>y) <e ¥/ (5.7.1)

Proof. For all n €N, let 7,, have the same law as 7 under P(d7 | S(7) =zy,), where z,, = n+ & and
T is GW,-weighted tree. We can assume that =747, — m(.7) and e~ V(@ Don |7 | —
h(.7) almost surely by continuity of m and §. Fatou’s lemma, Corollary 5.5.5, and (5.4.6) then
imply that E{m(.7")] < co. Similarly, the Portmanteau theorem, Corollary 5.5.5, and the bounds
(5.4.7) and (5.4.9) yield (5.7.1) — because §v/6 < 4 and 20+/6 < 40 since § € (1,2]. |

The two estimates (5.7.1) ensure that the law of h(.7') is nondegenerate, so the same holds
for the law of .7. Next, we show how to construct a HS,-real tree by rescaling (recall from
(5.2.8) the notation ) and grafting (recall from Definition 5.2.22 the notation ®) a countable
number of independent HS,-trees. This self-similarity is our main tool to prove Theorem 5.1.4
(7). Because of the diversity of the random variables involved in the construction, the theorem is
both technical to state and to prove. Nevertheless, it is not surprising nor difficult to understand.
Indeed, it is just based on the idea to focus on the subtrees with large weighted Horton—Strahler
numbers, to apply Definition 5.2.15, and to take the scaling limit. The formal proof, that we
postpone to the end of the section, gives little intuition and may be skipped at first reading. Recall
from (5.1.8) that 5 = ﬁ, v=In_% and § = e7(@=1) We work on the product topological
space 2 = Ry x [1,00) x K™ x [];55([0, 1] x K™) and we write each of its element w € 2 as
w=(£w), €w), Ti(w), Ni(w), Thw))iz2).
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Theorem 5.7.3 Let J;, T4 be two HS-real trees. Let L have exponential law with mean § 1 and
let U have law 1[1’5](3)55*1&9. Let (7;);, be a sequence of independent HS-real trees. Let
(As)i>2 be a sequence of independent random variables on |0, 1] with laws respectively given by
A; = 0 almost surely when o = 2, or by

P(A; € dA) = 11 (A)B( — )X/ AN, whena € (1,2).
Let N be a Poisson point process on Q) with intensity measure

8l X 1y o) (§)dE x P(Fy € dT1) x [ (P(A; € dNi) x P(F, € dTy)).
1>2

We assume that L,U, Ty, Ta, (Ti) ;>0 (Ni)i>o , N\ are jointly independent. We denote by L. € K™
the real segment [0, L] rooted at 0 and endowed with the null measure. Then, there exists a HS,-real
tree 7 such that it almost surely holds

. 1 1 1
T —L®(L,E®a %)@(L;SQQ %) @izQ <L75j:2A] Oa <%>
1 7
® (E(w), L 0w o n(@). (5.7.2)
i>1,weN 6¢(w) j=2
L(w)<L

Remark 5.7.4 If a €(1,2), we compute E[A] =1 — for all ¢> 0 and 7 > 2. We thus get

q
q+6(i—a)

(=2 or q>ﬁ):>E[ZﬁA?]:ZﬁE[Ag] < 00, (5.7.3)

i>1j=2 i>1j=2
after an elementary asymptotic study. This will be useful for proving Theorem 5.7.3 for example. [

In the specific case where o = 2, Theorem 5.7.5 takes the following simpler form.

Corollary 5.7.5 Let J;, T4 be two HSg-real trees. Let L have exponential law with mean % and
let U have uniform law on [1,2]. Let N” be a Poisson point process on [0, 00) x [1,00) x K™ with
intensity measure 240 x 11 ooy (§)d€ x P(F, € dT'). We assume that L, U, Ty, T4, N" are jointly
independent. We denote by L € K™ the real segment [0, L] rooted at 0 and endowed with the null
measure. Then, there exists a HSqo-real tree T such that it almost surely holds

T =L@ (L, t 02 %) ® (L, 50 Ta) & (f,§®2T)-
(0.8, T)eN"
<L

The following result gathers some other properties of HS,-excursions. In particular, it allows
saying that H is a HS,-excursion instead of (H ¢ ) in accordance with Notation 5.2.2.

Proposition 5.7.6 Recall from (5.2.1) that if f : Ry — R is a cadlag function, then ((f) stands
for its lifetime. Recall Definition 5.2.19 of a planted rooted compact real tree. The following holds.

(1) If (F,d,p, ) is HSy-real tree, then pu({p}) = 0 almost surely.
(i) If (H,) is a HSq-excursion, then { = ¢(H) almost surely.
(7i1) If T is HSy-real tree, then T is almost surely planted.



272 Chapter 5. Fluctuations of the Horton-Strahler number of stable GW trees

Proof. We use the notations of Theorem 5.7.3. We begin by observing that almost surely,
L>0 and NN{we: Lw)=0}=0. (5.7.4)

Thus, the root of .7* is almost surely not an atom of the measure of .7* by Definition 5.2.22,
which yields (7). Since (H, ¢) is a random variable on Ck, we have ¢(H) < ¢ and H, = 0 for all
s > ((H). By definition (5.2.27) of Tjz ¢ it follows that ¢~ ¢(H) < g c({pg e})- Then, (i)
implies (7). Proposition 5.2.25 and (5.7.4) entail that .7* is almost surely planted, which gives
(vi1). [ |

5.7.1 Proof of Theorem 5.7.3

We check that the two series >~ Hé‘:g A?’B and -, cn D>t l{g(w)SL}f(w)_o‘B Hé‘:z Aj(w)™8
are integrable by (5.7.3), since the first moment measure of the Poisson Point process is its intensity
measure. For all n € N*, it follows that there exists a random variable .7, on K™ such that

. 1 1 14
zi=te(Lpea)e(lsoas) @ <L,5j132Aj@az)
H;=2A121/n

(), s [T a Tite)
Ew) 1

weN i>1
UW)SL, [Ty A (@)2E(w)/n

almost surely. Indeed, the above grafting procedure involves an almost surely finite number of
random variables on K™, so the measurability comes from Proposition 5.2.24. As —%5 = a8 > f3,
we similarly check with (5.7.3) and Proposition 5.7.2 that these two series are integrable:

Zm(5_1 IT4 @ 2) + > > 1{e(w)gL}m(5_1§(W)_1 I12(w) @a Ti(W))a
=2

i>2 =2 weN i>1
7 ap i af
Zf)(5_1 1147 @a 2) + Y 1{e(w)gL}b(5_1§(W)_1 I (W) ©a Ti(w)) :
i>2 j=2 weN i>1 j=2

It follows that the conditions (5.2.36) and (5.2.37) are almost surely satisfied, so the right-hand
side of (5.7.2) is almost surely an element of K™ by Proposition 5.2.23. Let us denote it by
(77,d, p', ). Plus, if (5.2.36) and (5.2.37) are satisfied, then we get sup,/c 7+ 5 c 7 d'(0”, 00) —
0 and ¢/ (7'\Z¥) — 0 thanks to the dominated convergence theorem. Recalling (5.2.7), we thus
obtain that 7 — 7’ almost surely on K™. For the rest of the proof, we choose a random
variable .7* on K™ such that

T* = lim " almost surely. (5.7.5)
n—oo

This is possible as a limit of measurable functions is measurable. By construction, we know that
T * verifies (5.7.2) almost surely. It only remains to show that .7 * is a HS,-real tree.

We work with a countable and closed subset of K™ defined as follows:
Ge = {(E,d, p,pn) € K™ : F finite such that d(x,y) € Nand u({z}) € Nforall z,y € E}.
For all n € N* and for all weighted tree t, we define an element of K. by setting

Dy(t)={uet : SO,t)=8(t)orIvetwithv < u,0<S8(t)—Sl,t) <1+logsn},
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which we see as a metric subspace of 7, also endowed with the graph distance (5.2.29), rooted at &,
and equipped with its counting measure. Let 7 be a GW,,-weighted tree. Our proof requires us to
show the three following points.

(I) For all n € N* and for all z € Ry \N with x > 1 + logs n, there is a random variable D7 on
KX such that Dy, (7) under P( - | |S(7) — z| < €) converges in law to D}, under P, on K™,
ase — 0.

(I) Foralln € N*, §~* ®, DE converges in law to .7, on K™ as x € R4 \N tends to co.

(IIT) Recall the rooted Gromov—Hausdorff—Prokhorov distance dgyp as in (5.2.7), then for all
n >0,

0 = limsup limsup limsupP(daup (6" @0 7,0 % @a Dp(T)) > 1| |S(T) — 2| < ).

n—0 r—00,x¢N -0t

These three assertions and (5.7.5) entail that 6~ ®,, 7 under P(d7 | S(7) = x) converges in law
to 7 * under P. By Definition 5.7.1, Theorem 5.7.3 eventually follows. Before getting down to
the proof of (I), (II), and (II), let us describe the law of DY via the following lemma. Recall from
(5.1.2) that ¢, stands for the generating function of the offspring distribution of GW,-trees.

Lemma 5.7.7 We fix © € Ri\N and n € N* such that © > 1+ logs n. Let L* be a geometric
random variable with parameter 6*~% and let us denote by L* € K3 _ the metric space {0, ..., L*}
rooted at O and endowed with its counting measure. Let T3 be distributed as T under P(- |z — 1 <
S(7) < z). Let 7% be distributed as T under P(d7 | S(7) = x — 1). Let (T¥) o, j. be a random
finite sequence with random length J* — 1 > 0 (that may be 0) such that for all m > 2 and for all
bounded measurable functions fo, ..., fm : Ki, — R,

e 7 n

1) B[t sy TLACE] =

m

‘/[0 ym-1 1{x71>y2>...>ym>x710g5(5n)}(pg¢m+l)(1_67’yym) H E[fZ(T) ’ S(T) = yih/ei’yyi dyz
,00)M i=2
Let (N))p>0 be a random walk on started at N = —1 whose jump law is such that N,y — Ny —1
is geometric with parameter §(n — 1) /(6% — ) for all p > 0. Let ((Z}fp)lgigjg)px be a sequence
of independent random finite sequences with random lengths J,; > 1 such that for all p,m > 1 and
for all bounded measurable functions f1,..., fm : K§i. — R,
m
5(n =)0 B[ szzmy [ £(T7)] =
i=1
m
/[0 ) 1{m—1>y1>...>ym>m—10g6(§n)}@&m+l)(1 - e_yym) H E[fl(T) ’ S(T) = yi],ye—%/i dyz
100)"™ i=1
We assume that all these random variables are independent. For all E € Kg, , we denote by w ® E/

the rooted measured compact metric space {0, 1} ® (1, E') where {0,1} € K., is rooted at 0 and
endowed with the null measure. We define

be:Lx®(L“”,w@Tgx)®(Lx,w®T§)®2§i§jz (L, w®TF) @21 (Ny,w®T;,).
72_
No L i< s
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Let {o} € KJ.. stands for the compact metric space reduced to a single point o and equipped with
its Dirac measure. If D is an independent random variable on K3, . such that it holds

E[F(D)] =" "E[F({o} ® (0, ®78) ® (0, ® 7J) ®y; ju (0, ® T}"))]

+(n—1)61‘$]E [F({O}@(O, W®D)®1Sigjf (0, m® Zl))] —l—(l—n(sl_x)E[F({O}@(O, w®D))]
(5.7.6)

for all bounded and measurable I' : K3, — R, then D has the same law Dy,

Proof of Lemma 5.7.7. It is not difficult to check that an independent copy of D satisfies
(5.7.6): the three terms of the right-hand side respectively correspond to the events {L* = 0},
{N{ =0 < L*},and {1 < N¥, L*}. Using (5.7.6), we can show that P(D = E) = P(D} = E)
for all £ € K{, by induction on the number of points of £. This completes the proof since Kg.,. is
countable. |

Proof of (I). We fix n € N* and x € R;\N with x > 1 + logsn. With the notations of
Lemma 5.7.7, we show that D, (7) under P( - | |S(7) — z| < ¢) converges in law to D¥ under
P. By Proposition 5.4.7, the laws of D,,(7) under P(-||S(7) — x| < ¢) are tight on K1  as
e — 01 because D,,(7) is a subset of 7 € KJ... We can thus assume that (7, D,,(7)) under
P(- ||S(T) — x| < €) converges in law to a random variable (t, D) € (K1..)%. Then, we only
need to prove that D satisfies (5.7.6) thanks to Lemma 5.7.7. In this proof, we extensively use the
fact that for all y, z > 0,

|IS(T) —z| <e| — 0. (5.7.7)

e—0t

El Y 1gs@um-vl<e) L(s6,,m)—2<e)
1<i,j <k ()

i#]
Indeed, this expectation is smaller than 492e%P(|S(7) — x| < ¢) "¢/ (P(S(7) < x + 1)) which
goes to 0 when ¢ — 0" by Proposition 5.4.6. O
Let us denote by 70, 71, . . ., Th,(r)—1 the weighted subtrees of 7 stemming from the children

of @ listed in the decreasing order of their weighted Horton—Strahler numbers. Namely,
S(t0) > ... > S(Tpy(r)-1) and {ri 1 0<i<kg(r)—1} = T 1<5 < ka(T)}.
We also define K,,(7) as follows:

K, (1) =-1+#{1 <i<kg(r) : S(0u)T) > S(7) — 1 — log nj.

From Definition 5.1.2, we observe that if kz(7) > 1 then K, (7) > 0, and if S(7¢) < S(7) then
K, (7) > 1. In particular, the conditional probability that K,,(7) < 0 given |S(7) — x| < € goes
to 0 as e — 0%, since z > 1. Moreover, we observe that D,,(7) can be expressed as follows.

(a) If K, (7) =0, then D, (1) = {0} ® (0,0 ® Dy, (70)).

(b) If S(10) = S(7) and K, (T) > 1, then Dy (1) = {0} ® (0, ® Dpn(T0)) ®1<i<k, ()

(0, ® ;).

(c) f S(70) < S(7), then Dy, (1) = {0} ® (0, ® T0) ®1<i<k,(r) (0,0 ® T).
We deduce from Definition 5.1.2 and from (5.7.7) (with y = x and 2 = x — 1 — logs n) that outside
an event of negligible probability compared to P(|S(7) — z| < €) as e — 0T, it holds that

ko (T)
L{is(r)—al<e: Kn(m)=0) = D L(s@ur)-al<e) 11 L(sS(0ym) <e—1-logsm)}-
=1

1<j<kg(T)
JF#i
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We compute ¢, (P(S(T) < x — 1 —logsn) = 1 — né'~* thanks to (5.2.15) and Proposition 5.4.6.
Let g1, g2 : Kg;. — R be bounded, it follows from Definition 5.2.15 of the law of 7 that
E[1(x,(r)=0191(Dn(70))g2(m0) | IS(T) — 2 <] — (1 —nd'"*)E[g1(D)g2(t)]. (5.7.8)

e—0t

Let m € N*. Again with an application of (5.7.7), we find that outside an event of negligible proba-
bility compared to P(|S(7) — x| < &) as e — 07, the variable 1{|s(r)_z|<c;S(ro)=S(r) ; Kn(r)>m}
is equal to

> L1809y 1) ~2l<e} L{a—158(0,)7)>...>8 (6(;,,,) ) >x—log; ()} 11 Lis(6.;)7)<8 0™}
1<i0,..,im <k (T) 1<j<ko ()
distinct JF104eeesbm

Let g1, 92, f1,---, fm : K, — R be bounded. Thanks to Definition 5.2.15 and the identity
(5.4.14) in Proposition 5.4.7, we recognize that

E|1(s(ro)=5(r) : Kn(r)>m} 91 (Dn(T0)) g2(70 H (73) | 18(7) — o] <]

e—0t

s (= DI B (D)) Ly [] HTH)]. 6579
j=1

Note from Proposition 5.4.6 that P(|S(7) — z| < ) = e "P(|S(7) —  + 1| < ¢) and also that
Pz —1 < 8S(1) < x) = e 7@=1(1 — ¢=7). The same method used to find (5.7.9) yields that

E[1((ro)<5(r) s Kn(r)zm) 92 TOﬁ (75) \\5 ) — x| <el

e—0t

—, 6" E[ga(r) |2 — 1 < S(7) < 2JE[fi(7) | S(r) = 2 = UE[1 sy [T £(T7)]-
=2
(5.7.10)

The convergences (5.7.8), (5.7.9), and (5.7.10) together with the observations (a), (b), and (c) entail
that D satisfies (5.7.6), which completes the proof of (I) as announced. |

Proof of (II). We keep the notations of Lemma 5.7.7. We begin by showing that each component
involved in the construction of DY converges in law after scaling to its continuum counterpart

involved in Theorem 5.7.3. First, it holds 6 =% ©q 77 4, 51 ®a Zg on K™ by Definition 5.7.1.
Next, we have P(x — 1 < S(7) < z) = ée*’V(’“"*l) by Proposition 5.4.6. Let fp : K™ — R be
continuous and bounded, we apply Proposition 5.4.7 and make y = = — logs s to get

E[fo(6~ ¥ Oa Ty )] = e’ 1)/ 007" Oa 1| 8(T) =ylye W dy

= / sPTIE[fo(s 16785 @, 1) | S(T) = 2 — logg s]ds.
1

Thus, we have ™% ©q 74 Ny ®a g on K™ by dominated convergence. It is clear that

57eL% -5 I and this yields 07% ©q L* %, Lon K™, Forallp > 1, (67*N{,...,67*Ny)
similarly converges jointly in distribution to the first p points of a Poisson process with intensity
d(n—1),suchas {f(w) : we N,1 <&(w) <n}.Now,letm > landlet fi,..., fr, : K* — R
be continuous and bounded. Recall that o+ (s) = (1 — 5)*" H(a — 1) [["y (i — a) for all
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s € [0,1) from (5.2.15) and (5.2.16). The change of variables £ = §*~1~%1 and \; = 0¥ ~¥i-1 for
all 2 < ¢ < m reveal after some computations that

E[I{me}ﬁlfi(éx Oa 19,31)} — nl/” { a1, A>g/n}1—[fz(55 HA o z)]

Setting Ay = o2+ and \; = §¥i V-1 forall 3 < i < m similarly leads to

m . . m 1 7
E[17e5m) H2fi(5 OaT7)| — E[l{H?‘Q Ai21/n) Hin(a ,HQAJ' Ba 9)]
1= 1= J]=

By independence, all those convergences in distribution happen jointly. In particular, the
numbers of components involved in the construction of the D7 by grafting are tight as x € R, \N
tends to oo, because it converges in distribution to the number of components involved in the
construction of .7* by grafting. We complete the proof of (II) with Proposition 5.2.24. |

Proof of (IIT). Letn > 0, we observe that we only need to show the two following estimates:

0 = limsup limsup lim bupE{mln (e #(T\Dp (T ’ |S(T) —z| < 5}, (5.7.11)

n—00 zr—oo,z¢N =01

S(r) —a] <¢),

0 = limsup limsup lim supIP’( max  dg(u,v) > 7767(“_1)95
n—00 g—co,x¢N e—0+ WET,WEDy (T)

(5.7.12)

where we recall from (5.2.29) that d, is the graph distance on the set U of words. Let z € R4 \N
and n € N* with z > 1 + logs n. Let t be a weighted tree. To lighten the notations, we set

F::??n(t) = min (ef'yax#(t\Dn“))? 1) and Fg?,n(t) = 1{3u6t,U€Dn(t):dgr(u,U)Zne’V(O‘_l)x}7
R = e and D) = L,

where recall from (5.2.11) that |¢| stands for the height of ¢. As in the proof of (I), we denote by ¢
the weighted subtree of 7 stemming from a child of @ with maximal weighted Horton—Strahler
number. From the definition of D,,(7), we deterministically observe that for both a € {m, b},

kg(T)
Fa‘cl,n(T) < 1{5(7'0):8(7')}F;,n(7-0) + Z 1{8(9(2‘>T)<8(T)—1—10g5 n}fg(e(l)’]—)
i=1
Let us also set S, = limsup,_,o, E[F¢,(7)[[|S(7) — x| < €]. We obviously have Ef , < 1

By tightness, an elementary argument based on the convergences (5.7.8) and (5.7.9) yields that

lim sup E[1ys(ro)=s(r)1 Frn(T0) | [S(T) — 2] <] < (1 - 61_5‘)E§7n.

e—0t

Lete € (0,1). If [S(T) — x| < ¢ then there is 1 < j < kg (7) such that [S(0;)T) — 2] < ¢
or |§(0(;yT) — = + 1| < . Moreover, it would also hold that S(¢(;T) < x + 1 for all other
1 < i < kg(r). Since S(7) < §(7) and the law of S(7) is exponential with mean 1/, we get

Eaccl,n < (1 - 6171)E;,n + (67 + 1)E[1{S(T)§xflog5 n}f:g(T)} QOZ(P(S(T) <z+ 1))
We deduce from (5.2.15) that there is a constant ¢ € (0, co) that only depends on « such that
By, < e E[1{s(r)<o—logs n} f2(T)]-

With a = m, (5.7.11) follows from (5.4.5). With a = b, the estimates (5.3.3) and (5.4.8) entail
(5.7.12). |
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5.8 The Strahler dilation of rooted compact real trees

In this section, we prove Theorem 5.1.4. Therefore, we construct and study the Strahler dilation,
which corresponds to the weighted Horton—Strahler number for rooted compact real trees.

5.8.1 Definition and properties of the Strahler dilation

Recall the notations needed to work on the set of words U from Section 5.2.2. Here, we focus on
the subset of U of all the words written in the alphabet {1, 2}. For all n € N, we denote by

W:U{l,Q}k and W, ={ueW : |ul <n}
keN

the perfect binary trees rooted at & respectively of infinite height and of height equal to n. Moreover,
recall from Section 5.2.3 the genealogical order on a rooted compact real tree.

Definition 5.8.1 Let (7, d, p) be a rooted compact real tree. An embedding of W (resp. W,,) into
T is an injective map ¢ from W (resp. W,,) to 7" such that o(uAv) = p(u) Ap(v) forall u,v € W
(resp. W,,). In that case, we write ¢ : W — T (resp. p : W,, — T"). 0

Notation 38.2 If  is an embedding of W or W, into a rooted compact real tree (T, d, p), then
we set () = p. We stress that we still allow ¢ (&) = p nonetheless. O

Definition 5.8.3 We set sup () = 0 and inf () = co. For all 9 € (1, c0) and all rooted compact real
tree (7', d, p), we call the Strahler dilation with base d of T' the quantity in [0, co] defined by

ZDM—HCZ (Pn( )s on(v ))

v=U

$,(T li li f
7B B S o, T A
u

Moreover, we define for all k,n € N,

> 0 d(pn(0), n(v)).

v=u

STy = sup inf
? ( ) Pn: Wy —T 'L;CGW” |U‘ + ]'

For all k € N, we also write §¥(T') = lim,, 00 55" (T), s0 that §5(T) = limj_,o0 §5(T). O

We fix 0 > 1 throughout this section. Let us first prove that the Strahler dilation is well-defined.
Let (T,d, p) be a rooted compact real tree. As a supremum of infima of nonnegative numbers,
Ek’n( T) is well-defined in [0, co]. Moreover, if @, : W,, < T and v € W,,, then ¢,,(0) < ¢, (v)
and 50 d(0n (), pn(v)) < B(T), where b is as in (5.2.9). Hence, we have the following inequality.

ak—l—l —1

k:n

Since an embedding of W, ; into 7" induces an embedding of W,, into 7" by restriction, we observe
Vk,neN, S"TYT)<s¥™(T) and SY™(T) < sETLM(T). (5.8.2)

Hence, §%(T') is well-defined in [0, oc) as the limit of a non-increasing sequence of finite terms.
Making n tend to oo in (5.8.1) and (5.8.2) yields that

k1
VkeN, SET)<SMUT) and SH(T) < D(kj_l)(a_ll)h(T)<oo. (5.8.3)
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Therefore, §,(7") is well-defined in [0, co] as the limit of a non-decreasing sequence.

At the moment, it might be unclear why the Strahler dilation does enjoy the desired properties
in Theorem 5.1.4 or why it is indeed analogous to the Horton—Strahler number. Nevertheless, we
will later give another expression for §; that may be more insightful. The main benefit of that first
definition is that it only involves a countable number of operations. Thus, we will use it to show the
measurability of §, and to upper-bound the Strahler dilation of a random rooted compact real tree.

Proposition 5.8.4 Recall that Ty stands for the space of (rooted-isometry classes of) rooted
compact real trees, endowed with the rooted Gromov—Hausdorff distance (5.2.6). For all k,n € N,
the function 55’"” : Tr — [0, 00| is lower semicontinuous. Thus, 5';’”,5’;,53 : T — [0, 0]
are measurable.

Proof. We fix k,n € N. Let (Tp, dy, po) be a rooted compact real tree and let g be an embedding
of W,, into Ty. We set
= min d .
€= min o(o(u),po(v)) >0
uFv

Let (7', d, p) be a rooted compact real tree at rooted Gromov—Hausdorff distance less than /10
from Tj. There is a rooted correspondence R between 1" and T such that dis(R) < ¢/3, as in
(5.2.5). For all u € W,, such that |u| = n, we choose a point of 7" denoted by ¢(u) such that
(p(u), po(u)) € R. We are going to show that ¢ extends into an embedding from W,, into 7". We
begin by proving that the following statement is true.

For all u,vi,va € W,\W,,_1, if uAvi <uAve then p(u)Ap(v1) < p(u) Ap(v). (5.8.4)

Indeed, thanks to (5.2.32), we only need to show that d(p, p(u) A ¢(v1)) < d(p, e(u) A p(v2))
since p(u) A p(v1) and p(u) A p(ve) are ancestors of ¢ (u). To do this, we check from (5.2.34) that

2d(p, 01 N o2) = d(p,01) + d(p,02) — d(01,02)

for all 01,09 € T, and we use the rooted correspondence R to obtain

|d(p, o(u) A p(vi)) — do(po, eo(u) A po(vi))] < 3 dis(R) (5.8.5)

foralli € {1,2}. Moreover, (5.2.32) implies that do(po, wo(u) Apo(v1)) < do(po, go(u) Apo(v2))
because we have pg(u) A wo(v1) < @o(u) A po(v2) by Definition 5.8.1 of embeddings. By choice
of g, we even have do(po, go(u) A @o(v1)) + e < do(po, vo(u) A wo(v2)). The statement (5.8.4)
follows from (5.8.5) because 3 dis(R) < «. O

Then, we complete (5.8.4) with the following implication.
For all u,vi,va € W,\W,,_1, if uAvi =uAva then p(u)Ap(v1) = p(u) A p(v). (5.8.6)

Indeed, this is obvious when u, vy, v2 are not distinct, so we assume they are. As such, we
have u A v1 € W,,_1. In particular, u A v1 = u A v has exactly two children in W,,: one is an
ancestor of u, the other is an ancestor of vy and vo. Therefore, u A v1 = u A vy < v1 A V2 SO
two applications of (5.8.4) entail p(u) A ¢(v1) =< @(v2) and p(u) A p(v2) < ¢(v1). We compute
w(u) A p(v1) A p(v2) with the associative property of A to conclude the proof of (5.8.6). O

Let up, vy, ug,v2 € W, \W,,_1 with u; A v; = ug A vo. We may assume uj A vy < uj A ug
without loss of generality, as the ancestral lineage of u; is totally ordered by <. This yields that
up Avp = ug Avg = up Aug Ave = ug Ave. We use (5.8.6) twice to obtain that p(u1) A p(v1) =
©(u2) A p(v2). Hence, we have justified that there exists a unique extension ¢ : W, — T such
that o(u A v) = @(u) A (v) forall u,v € W,\W,,_;. Now, let u, v € W, be arbitrary and let us



5.8. The Strahler dilation of rooted compact real trees 279

choose w1, ug, v1,ve € W, \W,,_; such that u = uj A ug and v = v; A vo. The set of ancestors of
uy is totally ordered by < so there is u’ € {ug, vy, va} such that uy A v’ < uqg Aug, us Avy, ug Ave,
and so u1 A u' = uy A ug A vy Avy = u Aw. It then follows from (5.8.4) and (5.8.6) that

Vu,v € Wy, o(u) A p(v) = o(u Av), (5.8.7)

because they are both equal to ¢(u1) A ¢(u’). Combining (5.8.4) and (5.8.7) shows that if u < v
then ¢(u) # ¢(v). Finally, if ¢(u) = ¢(v) then p(u A v) = p(u) = ¢(v) by (5.8.7) and
u = u A v = v. Hence, ¢ is indeed an embedding from W, into 7" as claimed.

Definition 5.8.1 gives that d(o(%0 ), p(v)) = d(p, ©(v)) — d(p, () for all v € W,,. This
formula together with the bound (5.8.5) yields that for all v € W,,, we have

|d(p(0), (v)) = do(o(V), o(v))| < 3dis(R).

As ¢ is an embedding from W,, into 7', this inequality leads to

1 Dn+1—1
- ol +1,4 o <2 T g k(.
BB, a1 22 ool () < B0y O+ 5D

We take the infimum over all rooted correspondences R between 1" and Tj, then we make 7" tend
towards 7y for the rooted Gromov—Hausdorff distance, and we finish by taking the supremum over
all embeddings ¢ of W,, into T. We obtain 5’; ™(Ty) < liminfrp, 51; "™(T'), which is the lower
semicontinuity of 51; . The measurability of 5’; " §% G, follows by classic results. n

Remark 5.8.5 The proof of Proposition 5.8.4 use that we work with embeddings of perfect binary
trees. It would not hold if W was replaced by the k-regular tree |J,cn{1,2,...,k}" with & > 3.

In fact, the function § ’g "™ would not be lower semicontinuous under this modification. We leave this
observation as an exercise for the reader. O

Let (7', d, p) be a rooted compact real tree. When ¢ is an embedding of W into 7', we define

1
timi : olH+1 (5
$o(T, ) = liminf —— 1}%1_& U;LD d(p(0), p(v)).

Then, the Strahler dilation of 7" can be expressed as follows:

5:(T) = sup S,(T,¢). (5.8.8)
©:W—T

The formula (5.8.8) is similar in spirit to the expression (5.4.2) of the Horton—Strahler number.
Indeed, let us explain why we may understand log, S5(7’, ) as a continuum counterpart for the
height of an embedded perfect binary tree. If ¢ is a perfect binary tree, then 01)t and 0y)t are
also perfect binary trees such that [t| = 1 + |0(;)t| = 1 + |0(9)t|. For some ¢ : W — T, we
set p;(u) = p((i) xu) for all u € W and i € {1,2} and we point out that ¢ and ¢, are two
embeddings of W into 7" such that S5, (7", ) = 0 min(S, (7', ¥1),5:(T, p2)). Of course, it is not
reasonable to require that S, (7', 1) = 55(T, p2), so that the embedding into the real tree 7" would
be truly perfect, nevertheless the involved min penalizes unbalanced embeddings of W into 7'. In
very informal words, the quantity $,(7") measures the largest scaling we can apply to the dyadic
tree with edge lengths (W, (0~ /“=1), cy) to essentially embed it into 7" without contracting its
distances. Finally, we use limits of means both to only focus on the asymptotic ramifications of the
real tree and to obtain a deterministic result with the HS,,-real tree thanks to a law of large numbers.
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Proof of the identity (5.8.8). An embedding ¢ : W — T induces embeddings of W,, into 1" by
restriction, for all n € N. For all £,n € N with & < n, it thus holds that

hogy i Cinf 3T oMA(o(7), 0 (v) < 857(T).

|ul=j v=u

We first let n — oo then k& — oo to find that §,(7, ¢) < §5(7") holds for all embedding ¢ of

W into 7. As a result, we proved §5(7") > sup,.we,7So(T’, ). Now, we assume $5(T") > 0,

because the result is obvious otherwise, and we fix k& € N such that §%(T) > 0. The fact (5.8.2)
ensures that for all n > k, we can choose an embedding <p’fL : W,, = T such that

)s5"(T) > 0.

f [o]+1 ¢ k(ST K > (1—
B 2 () ) 2 (1= o

k<|u| vSu

Thanks to the compactness of T, we can assume there exist ¥ (u) € T such that ©F (u) — ©*(u)
for all u € W, by using a diagonal extraction argument. By making n tend to oo, it is then clear that

1
0 < §3(T) < T Yol (R (1), 0" (v)) (5.8.9)
v=Uu

for all u € W with |u| > k. That uniform lower bound implies that any vertex © € W has a
descendant uy = u * (1,...,1) such that ©*(§5) # ©*(ug). Plus, it holds d(¢* (%), ©*(ug)) >
d(F (), ¥ (uy)) > 0 because the ¢F are embeddings. Applying this observation to u * (1)
and u * (2) yields the existence of some 1, us € W with u = u1 A ug such that o* (u) # ¢ (u;)
for both i € {1,2}. It follows that when n is large enough, the point ¢ (u;) is closer to ©* (u;)
than to % (u) = ¢k (u1) A F(ug) for all i € {1,2}. Then, Lemma 5.2.20 yields that the
convergent sequence (¥ (u)),>}, is eventually constant equal to ¥ (u1) A ¢ (ug). Hence, we have
©F (u) = ¥ (u) as soon as n is large enough, for all u € W. It is then straightforward to show the
map ©F : u € W +—— ¥ (u) € T is an embedding. To conclude the proof, we deduce from (5.8.9)
that

SE(T) < sup 5o(T, )
e:We—T

for all large enough k£ € N, and we let k tend to co. |

Although measurable, the Strahler dilation is not continuous. Nonetheless, it enjoys some other
regularity properties. Recall Definition 5.2.21 of subtrees of a rooted compact real tree (7, d, p).
We remind from (5.2.8) thatif A > 0, then A\ - T = (T, \d, p).

Proposition 5.8.6 The function Sy is monotone and homogeneous, which means the following.
(¢) If Ty is a subtree of a rooted compact real tree Ty, then 55(T1) < S5(13),
(13) If T is a rooted compact real tree and if X > 0, then Sy(\ - T') = A\Sy(T).

This proposition is clear, either by Definition 5.8.3 or by using the formula (5.8.8). Monotony
is not surprisingly enjoyed as it is shared with the Horton Strahler number: if ¢/ : {1 — {2 is an
embedding between two (discrete) trees, then we observe S(¢1) < S(t2) by (5.4.2). Homogeneity
was one of the needed properties and is indicative of the metric nature of the Strahler dilation. In
particular, Propositions 5.8.4 and 5.8.6 (i7) entails the point (7) of Theorem 5.1.4 (simply setting
5o(T,d, p, ) = So(T,d, p) for all rooted measured compact real trees). The following proposition
exhibits another similarity between the Strahler dilation and the Horton—Strahler number.
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Proposition 5.8.7 Let ¢ > 0 and let L. € Ty be the real segment [0, £] rooted at 0. Let (T;, d;, p;)icr
be a countable family of rooted compact real trees such that (5.2.36) holds. Let iy € I and let
l; €00, forall j € I\{ig}=:J. If (T,d,p) =L ® (¢, T3,) ®jecg ({;,T}), then for all n € N*, it
holds that

(n+1)§3"(T) < of + max ((n +1)65" (T3, ), 0 sup nﬁgfl’nfl(Tj)), (5.8.10)
Jj€J
5,(T) < max (50(7}0), 0 supﬁa(Tj)). (5.8.11)
Jj€J

Furthermore, if T} is planted for all i € I, as in Definition 5.2.19, then it holds that

55(L ®ier (¢,T;)) = sup max (50(7}),53(7}), oli#t min (53(ﬂ),53(7}))). (5.8.12)
i,j€l

Proof. We begin with gathering some useful facts. We use the convention W = W, and we write
liy = L. Letn € N*U{oo}, w € W, j € I, and let p : W,, — T'. When p(w * u) € T} for all
u € W,,_|,|, Proposition 5.2.25 justifies that ¢} : u € W,,_ ;| = @(w * u) € T} is an embedding
of W, into T;. We also deduce from Proposition 5.2.25 the following sufficient condition.

If  o(w) € Ti\{p;}, then p(wx*u)eT; foralluec W, . (5.8.13)
When ¢(W,,) C Tj, then p(u) = cp?(u) for all u € W, but we stress that go(%) =p=0and
go]@(%) = p; = {; by Notation 5.8.2. Still, if po(W,,) C T} then ¢; =< (D), so we compute that

Vu e W, 3o (o(), 0(v) =06 + 3 0 d; (07 (), 07 (v)). (5.8.14)

v=u v=Uu

Here, we assume that |w| = 1. If p(w) € T;\{p;} and (&) = {;, then we readily see that

VueWoor, Y PFa(o(),0(v) =06+ D 0l (0¥ (), 0¥ (v). (5.8.15)

v=wWku v=u

We then show that at least one of the following assertions holds true:

(a) thereis j € I such that p(W,,) C Tj,

(b) there are j € I\{ip} and w € W with |w| = 1 such that p(w) € T;\{p;} and p() = ¢;.

Indeed, let us assume that (b) does not hold. Since L = [p, /] is totally ordered by < and

(L) A A (p(2) ANl) = (@) AL, we have w € W with |w| = 1 such that p(w) AL = p(2) A L.
In particular, ¢(w) ¢ L because it would imply p(w) =< (&) otherwise. Thus, there is j € T
such that o(w) € T;\{p;}. Then, Proposition 5.2.25 entails that either p(&) € T;\{p;} or
©(@) 2 4; = p(w) A L. In the first case, (5.8.13) yields that (a) is satisfied. In the second case, we
get p(D) = p(D) Al = {;. Thus, j = g, and so (&) = ¢, because (b) would hold otherwise.
Since ¢ < ¢(1),p(2), we get (1), p(2) ¢ Land p(1) Al = o(2) ANl = ¢ = (). Similarly
as before, this implies that ¢ (1), ¢(2) € T;,\{pi, } Finally, (a) is verified with j = i( thanks to
(5.8.13). 0

We are now ready to prove the desired relations. First, recall that 0 > 1 and ¢; < ¢ for all
j € 1. Then, combining the previous alternative with the identities (5.8.14) and (5.8.15) readily
gives (5.8.10). Relying on (5.8.8), the same method with n = oo yields (5.8.11).

To prove (5.8.12), we focus on the case where n = oo and ¢; = ¢ for all j € I. When (a) is sat-
isfied, (5.8.14) yields $5(T', ») = 5o (7}, @?). Conversely, if ¢; is an embedding of W into T’ then
we can also see it as an embedding ¢ : W < 7" such that gp? = ;. When (b) is satisfied, p(2) = ¢,
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so (1) € T;\{pi} and ©(2) € T;\{p;} for some i,j € I. In fact, i # j by Definition 5.2.19

of planted real trees. Then, (5.8.15) entails 5, (T, ¢) = 0 min (S5(7; u%( ), 5 ( ],gog ))) Con-
versely, if ¢;, ¢, are two embeddings of W respectively into 13,7}, we check with Proposi-

tion 5.2.25 that we can construct ¢ : W < T such that ¢(&) = ¢, <pl(- ) = = p; and 4,0( ) = ;. Note

that ¢ is indeed injective because T; and T are planted. Taking the supremum over all (p completes
the proof. |

We have constructed a family of functions (§;)y>1 which is parametrized by (1, co). However,
a rooted compact real tree 7" admits at most one parameter 0 > 1 such that its Strahler dilation with
base 0 is not trivial. We define this critical parameter as its Strahler base:

baseg T =inf {0 > 1 : §55(T) = o0}. (5.8.16)

Proposition 5.8.8 Ler T' be a rooted compact real tree. If 0 > baseg T, then S5y(T) = oo. If
1 < 0 < baseg T, then §,(T) = 0. In particular, it holds

baseg T'=sup {1} U{0 > 1 : §5,(T) = 0}.

Proof. Let 1 < 9; < 02 and let m € N. We can write the easy inequality

n b 7
s, (T)g(i) sk k+1za+lb T)

for all k,n € N. In that precise order, we make n, k, m tend to co. We thus obtain the inequality
50, (1) < 1s,,(1)=00} 50 (T') < 8o, (T'), which yields the result. ]

5.8.2 Proof of Theorem 5.1.4 (i)

Recall § = (@1 = (:%7)* 1 and 6 € (1,2] from (5.1.8). Here, our goal is to prove Theo-
rem 5.1.4 (i7), namely that the Strahler dilation with base ¢ of a HS,-real tree .7 is almost surely
equal to 1. Recall their Definitions 5.7.1 and 5.8.3. We divide the proof into three steps: showing
55(.7) is almost surely constant, showing its mean is not smaller than 1, and showing its mean is

not bigger than 1.

Proposition 5.8.9 Let .7 be a HS,-real tree. The random variable $5(.7) is almost surely con-
stant.

Proof. We set F'(x) =P(S5(7) < z)forallz € Rand weseta = sup{x € R : F(z) =0}. We
have a > 0. If a = oo then §5(.7) = oo almost surely. Thus, we now assume that a < oo and we
only need to show that F'(a) = 1 to conclude that §5(.7°) = a almost surely. In this proof, we use
the notations of Theorem 5.7.3. In that manner, we define G(x) = P(0 55(.7;) < «U) forall z > 0.
We also have G(z) = E[F(2U/d)] by independence between .7, and U. By Proposition 5.7.6
(4i7), we can apply (5.8.12) in Proposition 5.8.7 together with Proposition 5.8.6 to learn that

55(7%) = max (£65(7,), 165(Ta) , min (£85(%,). 55(70)) )
almost surely. Since 7%, 7, J4 are HS,-real trees, this leads to the inequality

F(z) < F(z)G(z) + G(z)(F(dz) — F(z)) + F(z)(G(6z) — G(z)) (5.8.17)
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for all z > 0. As cumulative distribution functions, F' and GG are nonnegative, bounded by 1, non-
decreasing, and cadlag. Moreover, we have F'(y) = 0 < F(z) when y < a < x by definition of
a. In particular, G(x) = E[1{,7>64} F'(2U/d)] which implies G(x) < P(zU > éa)F'(x) because
U < ¢ almost surely. Injecting this inequality into (5.8.17) and dividing by F'(z) get us

1 <G(9z) +P(zU > da) (F(éx) — F(x)) (5.8.18)

forall z > a. If a = 0 then F'(dz) — F(x) — F(0) — F(0) = 0 as x tends to a+. If a > 0 then
P(zU > da) — P(U > 6) = 0 as z tends to a*. We thus obtain that G(da) = 1 by making
xr — a™ in (5.8.18), whatever the case. It follows that F'(aU) = 1 almost surely because F < 1.
We recall that U admits a positive density on [1, ] so we get F'(a) = F(a+) = 1 as desired. W

Proposition 5.8.10 Let .7 be a HS,-real tree. The inequality E[S5(.7)] > 1 holds.

Proof. Let (L., U, )ucw be a family of independent random variables such that for all u € W,
the law of L, is exponential with mean §~! and the law of U, is 1114 (s)s”~1ds. We denote by

Uy, ..., Uynia_ the vertices of W, in the lexicographic order. We claim that for all n € N, there
is a random 2" -pointed compact metric space (Z,, dn, pn, ©n(ul), . .., Pn (U1 ,)) such that

(a) (T, dn, pn) is a HS,-real tree,
(b) ¢on:u €W, — py(u) € Z, is almost surely an embedding,
(¢) the family (6"“+1d,, (0, (), pn(u)))uew, has the same law as (8L, ox(1)<u 0Uy uew,, -
Indeed, we prove this by induction while using the notations of Theorem 5.7.3. We get the
case n = 0 by endowing .7* with (@) = L. By induction, we can assume that .7, (resp. 73)
is endowed with an almost sure embedding ¢, (resp. ¢q) from W, into .7, (resp. Z3) such that
(c) is satisfied. Then, we construct .7, ;1 by endowing .7 * with its points (@, 1(u))uew,,_, that
are defined by ¢,41(9) = L, @n41((1) xu) = pg(u) and pp41((2) ¥ u) = @q(u) for all u € W,
We easily check the requirements (a-c) thanks to Theorem 5.7.3 and Proposition 5.2.25. U

We find that E[§ lg’k(ﬂ )] < oo by (5.8.1) and (5.7.1). Moreover, our previous claim yields that

kn . ) )
E[S;"(7)] 2B| nf oeg XL JI
k<|u|<n v=u wx(l)=v ¥

for all n, k € N. On both sides of the equality, we first apply the dominated convergence theorem
as n tends to oo, and then we use the monotone convergence theorem as k tends to co. We thus get

E[$s5(7)] > E

NP )
liminf ——— inf Ly ] U]. (5.8.19)

luj=n v3u  wx(l)=v w

It remains to study the right-hand side of (5.8.19). For alln € Nand s € R, we set

fn(s)—E[ Z exp(—s&ZLv H ;)] and ¢g(s) = limsup n—li—llnfn(s)'

u€W,Jul=n v=u wx(l)=w Y nee

The function f,, is positive, non-increasing on R, and bounded by 2™. So, we have g < In 2. From
now, we write U = Uy to lighten the notations. The two independent families (L (1> U 1)su)uew
and (L (2)su> U2)su)Juew have the same law as (Ly;, Uy )uew, and they are jointly independent from
(Lg,U). Since Ly and U are independent and since E[e™*%%¢] = 1/(1 + s) by (5.3.11), we
compute

() + ELfa(s8/0)]

VneN, Vs Ry, fari(s) = T+ s

(5.8.20)
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Let us fix 7 € (1, ). Then, we use the monotony of f,, and the almost sure inequality U < § to find

1+ P(rU > 0)

fnr1(s) < als)fuls) + fu(rs), where af(s) T+s

, (5.8.21)
from the relation (5.8.20). Let b > exp(g(rs)). By definition of g, there exists ¢ € R such that
fn(rs) < cb™ foralln € N. If A > max(a(s),b), then we can choose some C' € (1, c0) such that
Ca(s) + ¢ < CA, and thus (5.8.21) entails by induction that f,(s) < C' A" for all n € N. Then,
g(s) < lIn A, and taking the infimum over b and A gives that g(s) < max(g(rs),lna(s)) for all
s € R4. We remark that a(rs) < a(s) because r > 1, so we obtain by induction that

M ) (5.8.22)

VmeN, Vs e Ry, g(s) < max (g(r s), In T+s

Since U < § almost surely and f;, is non-increasing, (5.8.20) yields that f,,11(s) < %8 fn(s) for
alln € Nand s € Ry. This implies that g(s) < In(2) — In(1 + s), so we have lim, g(s) = —oc.
Therefore, making m tend to oo in (5.8.22) entails that g(s) < In(1 +P(rU > ¢)) — In(1 + s) for
all s > 0and r € (1,9). It follows that g(s) < —In(1 + s) for all s > 0 by making r tend to 1,
because U < § almost surely. Let £ > 0. Our upper bound for g ensures that there exists sg > 0
such that g(sp) < —(1 — €)sp. It then holds so(1 — 2¢)(n + 1) + In f,(s0) < —spe(n + 1) for all
large enough n, by definition of g. Whenever n is large enough, a Chernoff bound thus entails

0
Pl i _— _ —soe(n—l-l)‘
(ngfv 6ZLU H w§(1 26)(n+1)>§e
lul=n V3U wx(1)=v
By the Borel-Cantelli lemma and (5.8.19), we get E[§5(.7)] > 1 — 2¢ forall e > 0. [ |

To show E[S5(.7)] < 1 when .7 is a HS,-real tree, we need a technical lemma.

Lemma 5.8.11 Let X, Y, Z be three almost surely finite nonnegative random variables. We assume
that X andY are independent, E[Y]| < 1, and Z is integrable. If there exists a random variable X'
distributed as X such that X' <Y X + Z almost surely, then X is integrable and

Proof. We choose a € (E[Y],1) and we give ourselves a sequence (Y;,),en+ of independent
random variables distributed as Y and jointly independent from (X', X, Y, Z). The almost sure
inequality X’ < Y X + Z implies that P(X > z) < P(XY, > az) + P(Z > (1 — a)z) for all
x > 0 and all n € N*. By conditioning on (Y7, ...,Y},,_1), we prove by induction that

n n i—1
P(X >2) <P(X [V >a"2) + Y P(Z[[V; > (1 - a)a''z)
i=1 i=1 j=1

for all z > 0 and n € N. The Y; are independent and E[Y;/a] = E[Y/a] < 1, so the ran-
dom variables [];; Y;/a converge in mean to 0. As X is almost surely finite, it follows that
X [T, Yi/a — 0 in probability, which yields

i—1
P(X >2) <3S P(LLZ [ Ly > x)
i>1 j=1
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for all z > 0 by making n tend to co. Now, we integrate over = € (0, 00) to find

— aE[Z]
X< e[z Il <o
i>1 [ j=1 } (1 —a)(a —E[Y])
The upper bound is obtained by rearranging E[X] < E[Y X + Z] = E[Y]|E[X] + E[Z]. |

Proposition 5.8.12 Ler .7 be a HS-real tree. The inequality E[S5(.7 )] < 1 holds.

Proof. With the notations of Definition 5.8.3, we set S,(T) = (n + 1)§5"(T) for any rooted
compact real tree 7" and all n € N. Recalling (5.8.2), it is clear that §5(7") < liminf %HSn(T).
Therefore, Fatou’s lemma and Jensen’s inequality entail that

Va >0, E[$;(7)] <liminf

n—oo a(n+1)

InE [e*(7)]. (5.8.23)

Moreover, the estimate (5.7.1) ensures that E[e?%(7)] = E[¢*D(7)] < oo as soon as a > 0 is
small enough. Let us fix for now a € (0, 1) and n € N such that e*5n(7) is integrable. In this proof,
we shall use the notations of Theorem 5.7.3. Furthermore, we define the set £ as

{}0agabu{} HA 0ai i 2 2}U{ s H (@) @aTi(w) 1 i > 1,w €N, f(w) < L}.
j=2 j=2

Then, (5.8.10) in Proposition 5.8.7 ensures that the following inequality holds almost surely:

Sni1(T7*) < L +max (Sp1 (U™ ©a Z) sup 35,(T)). (5.8.24)
€

Before proceeding, let us give ourselves some parameters. We choose ¢ € (0, 1) such that
2e < 1 — a. We can pick outn) € (0, 1%5) suchthat P((1 —n)U < 1) <eandP(Ay >1—-1n) <e
because Ag < 1 < U almost surely. Recall from (5.1.8) that 5(a—1) = 1. There is ¢ € (e, co) that
does not depend on 7 (but on cv, a, &, 77) such that (14 (142 )z+1)ed1=M% < e 4 ¢ forall z > 0.
Moreover, for all z > 0 and all A € [0, 1], we see that e** < Losi—ge® + 1{>\x21}e“(1_”)z +ec.
Applying these inequalities to bound each term of the supremum in (5.8.24), we obtain that it holds

e (7)< (Lsoguy +6)e®F x et (%e) 4 ea0l (90 4 e05n(T0) 4 7, 4 7 ) (5.8.25)

almost surely, where we have denoted

_ ) aSn(Tit1) . aSn (T (w))
Z+—Z(1{H?+;Ajzl—n}e D LT ez 0omeen® ):

i>1 J= weN
L(w)<L
_ _ a(1-0)Sn(Tit1)
Z-= ;( {Su(Z) [ 5021° -

A1) (Ty(w))
+ wez L su @) [T, @) z€@)© )
()<L

Now, we want to use Lemma 5.8.11 to bound E[e**+1(7)] by an affine function of E[¢»(7)], that
was already assumed to be finite. Indeed, S,,1(.7;) has the same law as S,,1(.7*), is independent
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of (L,U), and is almost surely finite by (5.8.1). Moreover, JL is exponentially distributed with
mean 1 and is independent from U, so (5.3.11) and the choice of € and 7 ensure that

E[(L{a_nu<1y +€)e™"] < £ < 1. (5.8.26)

Since L is also independent of .7, it only remains to control the means of e®**Z, and ™' Z_.
Using the independence, we average first on the Poisson point process N to compute that

1— H] A;
E[e“‘SLZ ZE|: aSn(Tg) a5L( {H1+1A >1-n} +(SL/ ! ’ dg)]

i>1

Sn(Tg) Hl'f Aj
a5L a(1-mn)Sn( 7) adL i =
Z] ZE{ ’ (1{Sn<%) A * 5L/1 df)}

i>1

The A; are all smaller than 1 and 1 < <:=< 1/2,s0it holds = 3’:2 Aj<1+¢foralli>1. Plus,
if H;EQ Aj>1—n,then Ao > 1—1n and H]:3 Aj>1/2. Arguments of this type lead to

i>1 )

E[e®lZz ] < ZE{(l +6L)e®L (1 4 S, (F))er M5 (%) q
i>1

{Sn(Z) [Ty As>1} |

Now, we use Markov’s inequality on the H;-:g, Af *1 and we apply the joint independence to get

E[e"Z1] < (P(A2 21— n) +€)E[(1 +5L)e |E[e* (72741 37 H E[A]T],

i>1j=3
E[e®lZ_] <E[(1+ L) |E[(1 + Sp(7))Sn(T) Fleel=mSn(T)] § H E[AT).
i>1 5=2
We easily compute E[(1 + 6L)e™] = (12 LR Finally, (5.7.3) and the choice of 7 and ¢ yield that
adL 2643 g+1; aSn(7)
Ele*'Z,] < — > H E[A]T] x eE[e ] < o0, (5.8.27)
(1 ) i>1j5=3
E[e*lZ_] a—ar 3 H E[ATT] x (eE[e®(D] + ¢) < oc. (5.8.28)

i>1j=2

Recall the inequality (5.8.25). Lemma 5.8.11, (5.8.26), (5.8.27), and (5.8.28) entail that

C
E[ea8n+l(9)] < 1+ 1=¢

aSn()
_l—a—25E[ |+ <o

where C' € (0, 00) is a constant only depending on «, and ¢’ € (0, c0) does not depend on n (but
on «, a, £,7). An elementary study yields that for all « € (0, 1) small enough and all € € (0, 15—“),

1 1 1+ &e
liminf —— lnE[eaS"(y)] <Zln (1a>
nroo a(n+1) a 1—a—2¢

Thanks to (5.8.23), we conclude the proof by making € — 0" and then a — 0T . |
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5.9 Proofs of Theorems 5.1.5 and 5.1.6

In all this section, let 7 stand for a GW,,-weighted tree. Recall from (5.2.13) that H(7) is its height
function. Recall from Section 5.2.1 the space Ck of continuous functions with compact support
and endowed with lifetimes, and from (5.2.26) its subspace £k of continuous excursions. We will
follow Notation 5.2.2. As in (5.2.27), we denote by 7T the real tree coded by f € £x. We use the
objects N, H, and N, (dH | ¢ = 1) presented in Section 5.2.5. Recall from (5.1.8) and (5.1.11)
the notations

8= ﬁ, y=Ihz %, 0= @D and a, = a~Yepl/e foralln € N.

Of course, it is important to remember Definition 5.8.3 of the Strahler dilation 55 with base 9.

5.9.1 Proof of Theorem 5.1.5

Recall Definition 5.7.1. To show the identity (5.1.13), we describe the law of a HS,-excursion in
terms of the Strahler dilation and N,. Along the lines of the proof, we obtain a result similar to the
desired Theorem 5.1.6 for the tail conditioning {#7 > n}.

Theorem 5.9.1 Let H be a HSn-excursion. Recall baseg from (5.8.16). The following identities
hold.

(1) If F : Ck — R4 and g : [0, 00] — R4 are bounded and nonnegative, then

a P ~ x
No[F(H)g($5(Tu))] = a1, E[F(xHS(W)_ﬁ s> 0)}g(x)gj—+ﬁ, (5.9.1)
E[F(H)]Na[g(S5(Ti))] = Na {F<56(1,TH)HQ,855(7’H)aBS; 5> o)g(sé(m))]. (5.9.2)

(73) It holds N (55(Tia) =0) = No(55(Ti) =00) = Ny(baseg Ty #0) = 0. Furthermore,
Ve >0, Nu($5(Ta) > ) = (az)". (5.9.3)
(#91) If F : Ck — R is bounded and measurable, then

af 1

E[F(H)] = ra- 1/(1)E[F(55(7ﬁ

Hoos, (70003 9 2 0)55(7}{)5 ' ¢ = 1]. (5.9.4)
(iv) If F : Ck — Ris a bounded and continuous, then

E[F(H)] = lim No[F(a!/"H) | |85(Ta) - a~/*| <¢]. (5.9.5)

e—0t

Proof. Let ¢, z > 0 and let ' : Cx — R be nonnegative, bounded, and continuous. For all y > 0
and n € N*, we set z,(y) = 7% In(ny), fn(y) = 0 when z,,(y) € N, and

1-1/c
faly) = E[l{y#TZfe’Yawn(y)}F(yal/ae’Y(a1)xn(y)He'Ya$n(y)s/y(T) ;52 0) ’S(T)—xn(y)]

when z,(y) ¢ N. The functions f, are uniformly bounded, nonnegative, and measurable by
Proposition 5.4.7. We apply the identity (5.4.14) and we make the change of variable yax = In(ny)
to get

an 1 ° 1
E|:1{#T24n;65(")>zn/an}F(an5<T); s 2 O):| - anl/o /(aza)ﬁ an(y) dy.
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There is at most a countable number of points y > 0 such that P(y((H) = £) > 0 or such that
zn(y) € N for some n € N*. For all other y > 0, Theorem 5.6.1 and Proposition 5.7.6 (i7), with
(5.2.14), entail that

fn(y) — E[1{yC(H)>£}F(Qﬁl/aylfl/affs/y 5> O)] .

Then, also by (5.2.39) and (5.3.4), the dominated convergence theorem yields that

lim IE{1{55(T)>Zn/an}F<%Hns(T) PS> O) ‘ #1 > En]

n—oo

1 o 1 —1 1-1 ] .
T Al aNL(C > 0) /(azays ylfl/aE[l{yc(H»e}F (a7 /oyt oy 52 0) | dy - (5.9.6)

for all z € (0, 00). Let us show that (5.9.6) still holds when z = 0.
Indeed, by the monotone convergence theorem, the limit of the right-hand side of (5.9.6) as
2z— 0" keeps the same expression after replacing z with 0. Thus, we only need to check that

lim lim sup IP’((SS(T) <zt | #7 > (n) = 0. (5.9.7)

2—0t n—oo

To do this, we recall that |7| = sup H (7) stands for the height of 7 from (5.2.11) and (5.2.14), and
that S(7) < 8(7) from Proposition 5.4.3. For all > 0, we then write the rough bound

(I7] = nn/an)

T n n IED n n
P35 <2 |r| > | #r > fn) < P(#r > (n) P(S(1) <logs(z3-) | IT] > ng-).

By the estimates (5.3.3), (5.3.4), and (5.4.8), it follows that for all > 0,

lim limsupIP’(és(T) <z | #7 > In) <limsupP(|7| < 2 | #7 > In).
z—=0t n—oo an n—00 an

The right-hand side is bounded by N (sup H < 7| > ¢) by Theorem 5.3.7. By (5.2.1),if { > ¢
then sup H > 0, so making n— 0" gives (5.9.7) and completes the proof of (5.9.6) with z = 0. [
Observe that if z = 0 then the left-hand side of (5.9.6) is also given by Theorem 5.3.7. Hence,

1 o0 1 1-1/a ~
_ N y .
NQ[F(H> ’ ¢> e] - a1+1/aNa(C N 6) /0 y1+1/aE|:1{yC(H)>Z}F( allo Hs/y7 52> 0):| dy.
We multiply both sides of the previous identity by N, (¢ > ) and we make/ tend to 0T. Recall
from Section 5.2.5 that N, ((=0) = 0. We also have P({(H)=0) = P(sup H=0) = 0 by (5.7.1).
Thus, the monotone convergence theorem yields that

1 1 ~
No[F(H)] = 777 /]R o E[Flam oy "V 5 s > 0)] dy, (5.9.8)
for all nonnegative, bounded, and continuous function F' : Cx — R.. Therefore, (5.9.8) also holds
for all nonnegative and measurable functions. Theorem 5.1.4 ensure that the measurable function
T :w € Ck — Lyyeg195(7w) € [0, 00] satisfies that T()\ﬁs/y; s > 0) = X almost surely for
all A,y > 0. Eventually, applying (5.9.8) with the function F' - g o T and making the change of
variable z = a‘l/o‘yl_l/o‘ entail (5.9.1).

Using again that T()J;Ts/y; s > 0) = A, (5.9.2) becomes a consequence of (5.9.1), which
completes the proof of (i). The point (i7) follows from (5.9.1) by taking ' = 1, and g =
1i0}uf{oo} OF ¢ = 1(4 ) (also recall Proposition 5.8.8). We get (7i1) by applying (5.9.2), then
(5.2.40), then Fubini’s theorem, and (5.9.1). By (5.9.2), (ﬁg(ﬁ)_lHaggé(TH)ags ;8> 0) under
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No(-|155(Ta) — o=/ < €) is a HS,-excursion for all small ¢ > 0. Plus, §5(75) under
No(-]185(T) — a~ Y| < ) clearly converges in law to a~!/® as e — 0F. Slutsky’s theorem
completes the proof of (iv). [

The desired identity (5.1.13) readily follows from (5.9.4), which completes the proof of The-
orem 5.1.5. Theorem 5.9.1 (4v) justifies the intuition that a HS,-excursion is (a multiple of) an
excursion of the a-stable height process conditioned on its coded real tree having fixed Strahler
dilation.

Remark 5.9.2 Theorem 5.9.1 (i7) and the identity (5.2.41) entail that there is equality between the
two image measures of N, by the respective functions sup H = h(7y) and o5 §5(Tx). O

Finally, we recognize thanks to the identity (5.9.1) (or (5.9.8) equivalently) that the right-hand side
of (5.9.6) is equal to No[1yg,(75)>-1 F'(H) | ¢ > {]. We readily obtain the following result.

Theorem 5.9.3 Let T be a GW -weighted tree and let (ay,) be as in (5.1.11). For all ¢ > 0, the
following joint convergence holds in distribution on Cx x R

((@Hns(f)) @55“)) under P(-|#7 > n) % (L, §5(Th)) under No(-| ¢ > 0).

n >0 N

5.9.2 Proof of Theorem 5.1.6

Here, our goal is to deduce from Theorem 5.9.3 the following result.

Theorem 5.9.4 Let 7 be a GW y-weighted tree and let (ay,) be as in (5.1.11). The following joint
convergence holds in distribution on Cx x R:

((%Hns(r))szo : %55“)) under P(- |47 =n+1)
— 4 (H,85(Th)) under No(dH | = 1).

n—oo,n€|a|N

Observe that Theorem 5.1.6 would then readily follow, thanks to Proposition 5.2.18. The fact
that N, (¢ = 1) = 0 prevents us to mimic the proof of Theorem 5.9.3. To avoid this issue, we take
advantage of the monotony of the weighted Horton—Strahler number. Let us give an overview of
our strategy for the case o = 2. It is well-known from Rémy’s algorithm [139] that removing the
parental edge of a random leaf from a uniform n-Catalan tree 7, results in a uniform (n—1)-Catalan
tree 7,—1. In the same spirit, we can embed a weighted tree 7,, with the same law as 7 under
P(-|#7 = 2n—1) into a weighted tree 7/, with the same law as 7 under P(- | #7 > 2n—1), so
that S(7,,) < S(77,). Then, Theorem 5.9.3 yields an asymptotic upper bound for 25(7»). However,
this proof might not work without alteration when « € (1,2). Indeed, Janson [96] exhibited an
example of a critical offspring distribution such that there are no embeddings 7,, — 7,41 for some
n > 1.

Nevertheless, as presented in Section 5.3.1, Marchal [128] have constructed a sequence of
nested GW,-trees conditioned on their number of leaves, instead of their number of vertices. In
order to use it, we first transform Theorem 5.9.3 into a result about the tail conditioning on the
number of leaves #07. Recall from Section 5.2.1 that K stands for the space of (rooted-isometry
classes of) rooted compact metric spaces, endowed with the rooted Gromov—Hausdorff distance
(5.2.6). As discussed in Section 5.2.3, we identify the tree 7 with the element (7, dg,, @) of K,
where dg, is the graph distance given by (5.2.29). As in (5.2.8), we write A - 7 = (7, Adgy, @) for
all A > 0.
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Corollary 5.9.5 Let T be a GW,,-weighted tree and let (ay,) be as in (5.1.11). For all £ € (0, 1],
the following joint convergence holds in distribution on K x R,.:

(% T %5S(T)> under P(-|#01 > In/a) LN (T, S5(Tr)) under No(-|¢ > 0).

Proof. If & = 2, Proposition 5.3.4 (i) yields that the result directly follows from Theorem 5.9.3
and Proposition 5.2.18. If a € (1,2), observe that m,, = [¢n/a — (fn)3/4] takes all integer values
large enough, because £ <, and that afsy, o1/ ([€n/a]am, ) — 1. Lemma 5.3.5 then entails
the result from Theorem 5.9.3 and Proposition 5.2.18. |

Proof of Theorem 5.9.4. The convergence in distribution of the first component is already known
from Theorem 5.3.8. Proposition 5.2.18 and a tightness argument ensure that we only need to show

In n s8(7) — —

E[Q( n T)h( n o ) ‘ #T=n+ 1} m N, [Q(E)h@é(ﬁl)) ’ (= 1} (5.9.9)
for all bounded and continuous functions g : K — R and & : R, — R. To lighten the notations, we
write p(n) = P(#7 =n+ 1) and g(n) = P(#07 = n) for all n € N. Let (t;);>1 be the sequence
of random weighted trees constructed by Algorithm 5.3.1. For all n € |a|N, we define

Jp=inf{i>1: #t, >n+1}, T,=t;, and ¢, = Leur,—nt1)-

The random integer J,, is finite and the tree 7T}, has exactly J,, leaves by Proposition 5.3.2 (). Let
t be a tree with n+1 vertices, the sequence (#t;);>1 is strictly increasing so 7, = ¢ if and only
ift € {t;, : i > 1}. However, the trees ¢ and t; have the same number of leaves only when
i = #0t. Thus, T,, = t if and only if tys, = ¢, in which case J,, = #0t and T, = tup;. By
Proposition 5.3.2 (#ii), we get that for all bounded measurable function f on the space T, of
weighted trees, it holds

E[& f(Th)] = E{q(]:;gl)f(f) ‘ #r=n+ 1]. (5.9.10)

When o = 2, p(n) = q(#07) under P( - | #7 = n + 1) by Proposition 5.3.4 (i), so &, = 1 almost
surely. However, T, is not a GW,,-tree conditioned to have n vertices when o € (1, 2), because it
is biased by its number of leaves. Nonetheless, we show that this bias disappears as n tends to oo:

a™l ifae(1,2),
1 ifa=2.

IEU p(n) (5.9.11)

a(#0) X ’ #T:”“} ————— 0, where y = {

n—oo,n€|a|N
Indeed, by Proposition 5.3.2 (i), it holds J,, < xn if and only if #t|pn) 2 n+ 1, forallz > 1/n.

Thanks to Proposition 5.3.4, we get that the convergence #t; /i o happens in probability, and
this implies that the following convergence also holds in probability:

1 P _
—Jn a L.
n n—oo,n€|a)N

(5.9.12)
Then, the estimate (5.3.7) or (5.3.6) yields that p(n)/q(#Jy) RN X in probability. Next, we use
(5.9.10) and we obtain the following uniform integrability:

p(n)
q(#07)

p(n)
1 H#Tr=n+1| <P >1 — 0. 9.1
{p(n)>10x q(#087)} ‘ T=nN } > <Q(Jn) Z 0X> oomealN 0. (5.9.13)
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Moreover, Proposition 5.3.4, together with (5.3.7) or (5.3.6), yields that the desired convergence in
L' happens in probability, so (5.9.13) completes the proof of (5.9.11). O

From Theorem 5.3.3, we know that there is an a-stable tree .7, such that jl/a—1. i, — o Ty
almost surely on K. It follows that J}/ ol T, — a -, almost surely on K. Then, we apply

the convergence in probability (5.9.12) and we write aa,, /n = (aJ,/n)'~1/* x 3/°7 o deduce
that the following convergence holds in probability on K:
Qn P
=T — s T (5.9.14)
n n—oo,n€|a|N

For all n € [«]N, let A, be a random variable independent of (¢;);>1 and .7,,, and distributed as
#O07 under P( - | #07 > n/2a). Thanks to (5.3.5) and by Kolmogorov’s representation theorem,
we can then assume that there is a random variable A > 0, independent of (t;);>; and .7, such
that

(2A,) 'Y oA and P(A> ) =min (1,27Y°A77) forall A> 0.
n—oo,ne|a
(5.9.15)

Moreover, using similar arguments as before, the almost sure convergences jl/a=1. t, — - Ty
and (5.9.15) entail that the following convergence also holds almost surely on K:

Iy —  y A Z, where T,=t, forall n¢€ |alN. (5.9.16)
n n—oo,n€|a|N

By Proposition 5.3.2 (#i7), it is clear that 7, is distributed as 7 under P(- | #97 > n/2«), so we
may and will apply Corollary 5.9.5 with £ = 1/2 to it. Now, let us prove that (a,,65(T")/ M) nela|N
is tight.

Indeed, we begin by using the independence between T, and A,, to write

1

P(65(Tn) > g . 2 )< —
( = Tan n>an)_IP’(O¢An>2n)

P(65(Tm) > 205 0, > )

for all x > 0. We remind that T,, = t;,, and 7,, = t,,,, so Proposition 5.3.2 (i7) implies that

1
P(3S(Tn) > gz 9 Ip) € = P35 > g
( 2 wg, 3> adn) S g Sy PO 2 g
for all z > 0. While making n — oo, we use the convergence (5.9.12) on the left-hand side, and
we apply Corollary 5.9.5 together with (5.9.15) on the right-hand side. As such, we find that for all
x>0,

1
lim sup P((SS(T") > x%) <

DA < 9l-1/a) Ve > 1/2).
n—00,n€|a)N = P(A > 21-1/a) (85(Ta) > x| ¢ >1/2)

By making x — oo, the desired tightness follows from Theorem 5.9.1 (i7). U

Also thanks to (5.9.15), (5.9.14), and Corollary 5.9.5, the family (0, ),¢|q|n Of the random
variables

On = ((28:) 7", g, 2Ty, S5ST) Sy SgS(m)

is therefore tight on the product space R} x {0,1} x K x Ry x K x R;. Let us consider a
subsequence (0, ), with n; € |«|N for all k£ € N, that converges in distribution. By (5.9.15),
(5.9.14), and (5.9.16), there are some random variables £ € {0, 1} and U, V' > 0 such that it holds

G)nk i> (A7€7 %r) U7A : %h V)
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in distribution. Corollary 5.9.5 yields that (A - 7, V') has the same law as (7w, §5(75)) under
Nu(-]¢ > 1/2). Thus, it holds V' = AS5(.%,,) almost surely, thanks to Proposition 5.8.6.
Moreover, A, is independent of T, for all n € |«]N, so A is independent of (£, 7., U). Hence,
we have

1
Pl+e<A<1+42)

P(U > (14 2¢)85(F)) < P(U > ASs(T); 1+ < A)
for all ¢ > 0. Indeed, recall from (5.9.15) that A is absolutely continuous, and that its density is
positive and continuous at A = 1. The Portmanteau theorem entails that

P(U > ASs(The); 1+e < A) < liinsupIP)(S(Tnk) > 8(Tn,); (1+6)ng < ahy,).
—00
By Proposition 5.3.2 (i), if S(T,) > S(7,) and (1 + £)*n < aA,, then (1 + £)*n < ad,.
Thanks to the convergence in probability (5.9.12), we get that U < (1 + 2¢)55(Z,r) almost
surely. We show that U > (1 — 2¢)S55(.%,) for all € > 0 in the same manner. Therefore, we
have U = §;5(.7,,) almost surely. Let us now focus on the conditional law of £ given 7. Let
g : K — R be a bounded and continuous function. We apply Theorem 5.3.8, together with
Proposition 5.2.18, and we use the estimate (5.9.11) on the right-hand side of (5.9.10) to get

E[¢9(Zr)] = xNalg(Th) | ¢ = 1] = xE[g(Zr)].

This means that £ is independent of .7, and has Bernoulli law with success probability x. Hence,
we have proved that (0y,),¢|o | converges to (A, &, T, 95(Tnr), A - Tir, ASs(Fr)) in dis-
tribution, where A, &, 7, are independent and ¢ is a Bernoulli random variable with success
probability x. In particular, the following convergence holds in distribution on the product space
{0,1} x K x R4:

a a d
n lTn = S(Tn) nr nr
<£’n ’n(s )m(&'ayaﬁ(S(y))

The desired convergence (5.9.9) then follows from (5.9.10) and (5.9.11). |

Remark 5.9.6 Recall that £, is distributed as a GW,-weighted tree conditioned to have exactly n
leaves. The scaling limit of the height function of t,, was given by Kortchemski [107, Theorem 5.9].
The same proof as before with T,, = t,, instead entails the convergence in distribution

((%Ho‘m“))szo ’ n;;ads(‘r)) under P(-|#01 =n+1)

L (H,85(Tx)) under No(dH | ¢ = 1).

We leave the details to the reader. O

5.10 The Strahler dilation of the Brownian tree: proof of Theo-
rem 5.1.7

We restrict ourselves to the case o = 2 in all this section. Then, (5.1.8) and (5.2.16) become
B:l, "}/Iln27 (5:27 and M2:%50+%52

We denote by 7 a GWy-weighted tree. By (5.2.18), 7 can be equal to a tree ¢ with positive
probability if and only if ¢ is binary, meaning that all its vertices have either O or 2 children. We are
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interested in the joint law of the size #7 and the weighted Horton—Strahler S(7) of 7. Flajolet,
Raoult & Vuillemin [75] and Kemp [98] have independently characterized the law of (#7, S(7)).
Written with our notations, for all p,n € N and z > 0, the formers have set

R,, = #{tbinary tree : S(t) =pand#t =2n+1} and R,(z)= Z Ry n2".
n>0

We stress that if ¢ is a binary tree then po(ky(t)) = 1 for all u € ¢, so P(r = t) = 27#.
By Proposition 5.3.4 (i), we hence obtain that E[I{S(T):p}S#T] = SRy(s?/4) for all s > 0.
From Definition 5.1.1 of the Horton—Strahler number, Flajolet, Raoult & Vuillemin [75] found a
recurrence relation on the 1,. Moreover, they solved it exactly thanks to a trigonometric change of

variable:
20 1

sin ¢
p(z) = S0 2d where  cos 5 = o

Recalling that the law of S(7) is known from (5.1.5), it follows that for all p € N and all s € (0, 1),

sinh(a(s))

E[s#7 | S(r) =p] = 2p+1M’

1
where  cosha(s) = 5 (5.10.1)

A similar phenomenon happens during the computation of the generating function of #7 under the
law P(d7 | 8(7) = z) given by Definition 5.4.8.

Proposition 5.10.1 Let 7 be a GWa-weighted tree. Forallp € N, y € (0,1), and s € (0,1), it
holds

sinh? (ay(s)) 1—s2+s%27y
E[s* | S(T)=p+y| =4Ps———1"2_ where cothay,(s) = —————.
7] S(r) =p+y] sinh? (2ra,(s)) y(s) T

Proof. We set F,.(s) = E[l{g(r)<,}57 "] forall z € Ry and s € (0,1). Let us fix s € (0, 1) for
now. Using the assertion (5.4.10), Proposition 5.4.6 implies that for all y € [0, 1), it holds

Fy(s)=P(S(1) <y)s=(1-27Y)s. (5.10.2)

We assume 2 > 1. Recall from (5.1.2) that ¢o(r) = r + 3 (1 — r)? is the generating function of the

offspring law pi5. By Definition 5.2.15, the decompositions #7 =1 + ZfﬂT)#H(i)T and (5.4.12)
lead to

Fr(s) = 5 pa(Fo1(s)) + s(Fa(s) = Fo-1(s)) ¢5(Fa-1(s)).

After some easy manipulations, this identity becomes

Fy(s) = $(1 = Fy_1(8)?) + sFy(s) Fyon(s).

Now, the trick is to set G, = \/11_?(1 — sFy(s)) forall z € R4 and to check that
G2 +1
Ve>1, G =217~
=t * 2Gx—l

This allows us to recognize the double-angle formula for the hyperbolic cotangent:

coth?z + 1

v R th 22 =
ZeR, cothez 2 coth z
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Furthermore, we can verify via (5.10.2) and an elementary analysis that if y € [0,1) then G, > 1
because s > 0. In particular, there exists a unique a,,(s) > 0 such that G, = coth a,(s). We obtain
by induction on the integer part |2 that G, = coth (21%)a,_ 1=/ (s)) for all 2 € R, . Therefore,

sFy(s) =1— /1 — s2coth (217 Uy—|2)(5)), where cothay(s) = ———=—,

(5.10.3)
forall s € (0,1),allz € Ry, and ally € [0,1). Forall s € (0, 1), Proposition 5.4.7 entails that
the function z — Fj(s) is C! on R, \N, and that (In2)2 *E[s#" | S(7) = x] is equal to its
derivative at x € R \N. Derivating (5.10.3) with respect to = completes the proof. |

We can recover (5.10.1) from Proposition 5.10.1, or equivalently from (5.10.3). Indeed, the law
of §(7) is absolutely continuous, so E[l{S(T):p}s#T] = Fp11(s) — Fp(s) by Proposition 5.4.3.
The hyperbolic identity cosh? = coth? /(coth? —1) entails that ag(s) = a(s) and V1 — s2 =
ssinh a(s). Then, we conclude with the formula coth z — coth 2z = 1/ sinh 2z, which holds for
all z > 0.

Making n — oo in Proposition 5.10.1 leads to a description of the law of the mass of the
HSo-real tree, and then of the Strahler dilation of the 2-stable tree. This then gives a proof of
Theorem 5.1.7, which deepens Remark 5.9.2. Recall the notations § and m from (5.2.9). We remind
from (5.2.27) that if f is a continuous excursion then 7 stands for the real tree coded by f, so that
H(7Tf) = sup f and m(7¢) = ¢(f). Furthermore, recall from Section 5.2.5 that if e is a standard
Brownian excursion then 7, which is a Brownian tree, has the same law as ( 7y, %dH, PH, 14H)

under No(dH |( = 1).

Proof of Theorem 5.1.7. Let 7 be GWs-weighted tree and let .7 be a HSs-real tree, as in
Definition 5.7.1. We fix A > 0, and we set x,, = n + 1/2 and s,, = e~ 2M4" for all n € N.
Theorem 5.1.3 yields

#T _
E[s#" | S(t)=n+1/2] = E[exp ( — 4)\47n) ‘ S(1) = xn| — E[e™ ()],
An elementary asymptotic study of the formula given by Proposition 5.10.1 entails that

2
VAS 0, E[exp(—Am(7))] :( v2A ) .

sinh v/2\
Thanks to (5.2.43), we then identify that E[ exp(—Am(.7))] = Na[exp(—2Am(Tx)) | supH =

1] for all A > 0. For all A > 0 and all measurable and bounded g : [0,00] — R, we recall
Proposition 5.7.6 (7i) and we apply the identities (5.2.42) and (5.9.1) to check that

Na (e *g(282(Tw) )] = Nafe *g(h(Tu))]-

Therefore, the image measures of N9 by ({, h(75)) and by ((,252(7Ty)) are the same. Since
No(dH | ¢ = 1) is the law of (¢'/* 'H¢, ; s > 0) under the probability measure Na(-|¢ > 1),
the desired result follows by Proposition 5.8.6. |

The height h(7e) of the Brownian tree 7 is equal to the maximum of the Brownian excursion
e. Its cumulative distribution function has been computed by Chung [36] and Kennedy [99]. Also
by computing generating functions, Flajolet, Raoult & Vuillemin [75] and Kemp [98] have already
found a link between the Horton—Strahler number and the log, of the height for discrete trees. Their
statements do not exactly coincide because of a small miscalculation, but Frangon [76] found the
correct result with a purely combinatorial method, which we reformulate as follows.
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Foralln,p € N, there are as many binary trees ta with n leaves such that S(t3) = p,
as there are trees t with n vertices such that |log,(1 + |t])| = p.

Since uniform trees with n vertices and uniform binary trees with n leaves share the same scaling
limit, namely the Brownian tree, this yields a weak version of Theorem 5.1.7.
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