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École Polytechnique. They helped me refine my ideas together, provided physical explanations and suggestions to

the calculation results, and finally assisted me in revising and completing the article for submission. They also put in

a lot of effort and energy into helping me apply for the short term visiting in France. I sincerely express my gratitude

to them. Also I’d like to thank Chen Sun for her assistance in my projects, as well as the discussion and writing

of the thesis. She also help me contact a lot of professors and goes through a lot of paperwork as my defense

secretary. I want to thank my French teacher Mme. Marie Noëlle, who patiently corrected my oral expression and
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Résumé en français

La propagation d’impulsions laser ultra-courtes et ultra-intenses dans l’atmosphère est de plus en plus étudiée.

Un contrôle précis de la focalisation du champ laser et de la distribution des filaments de lumière qui s’étendent

au-delà du foyer est nécessaire pour de nombreuses applications, comme la mission d’exploration de Mars qui

comprend l’analyse des éléments chimiques à l’aide de la spectroscopie de désintégration induite par laser (LIBS),

l’analyse de la composition de l’atmosphère par des techniques de détection et de télémétrie lumineuses (LIDAR),

le déclenchement et le guidage de décharges électriques entre les nuages, ou la génération de lasers à lumière

blanche par filamentation laser. Un contrôle quantitatif des propriétés de l’impulsion laser est très difficile en rai-

son de l’interaction non-linéaire complexe entre l’impulsion laser intense et le milieu. Actuellement, les méthodes

couramment utilisées reposent sur le contrôle des paramètres initiaux de l’impulsion laser en fonction du champ

laser observé sur la cible. La grande dimension de l’espace des paramètres et la sensibilité des résultats aux

conditions initiales rendent l’ajustement du champ laser hors du laboratoire difficile et inefficace pour répondre aux

exigences des applications pratiques.

Dans ce contexte, cette thèse propose une réponse à quelques-uns des défis de la propagation d’impulsions

laser femtoseconde à longue portée, basée sur des scénarios de modulation de l’impulsion laser qui garantissent

d’atteindre un champ laser sur cible avec les propriétés souhaitées. Ces scénarios ont été obtenus en associant

méthodes d’ingénierie inverse et simulations numériques. Nous montrons que différents champs cibles peuvent

être facilement et efficacement atteints en modulant le champ en sortie du laser. Chaque fois que cela est possible,

la modulation est obtenue par simulation de la propagation inverse du champ cible vers le laser.

Cette thèse se concentre sur deux objectifs différents de contrôle du champ laser : la projection à longue

distance dans l’air (1) d’un filament de longueur prédéfinie, et (2) d’une intensité élevée. (1) Pour atteindre le

premier objectif, une des innovations de cette thèse consiste à introduire un faisceau intermédiaire contrôlable

proche de la cible, de type Bessel-Gauss, et à utiliser un algorithme numérique pour propager ce champ électrique

en avant afin d’obtenir la distribution des filaments au point cible ainsi que rétropropager le champ intermédiaire

pour obtenir la sortie laser souhaitée. Les paramètres de sortie laser obtenus sont ensuite liés aux caractéristiques

du filament (point de départ, longueur, densité), fournissant une carte des paramètres clés définissant l’impulsion

laser modulée qui peut être projetée sur le champ cible et le filament désirés. (2) Pour l’objectif de transmission



d’intensités élevées à des distances kilométriques, nous examinons la propagation non-linéaire de faisceaux d’Airy

circulaires et montrons qu’une puissance laser de quelques dizaines de GW est suffisante pour ioniser l’air et

former un filament court à une distance de 1 km, ce qui pourrait faciliter les conditions de fonctionnement du laser

par rapport aux lasers de classe TW utilisés dans les solutions conventionnelles pour projeter des intensités élevées

à ces distances.

Dans une étude séparée, nous proposons une amélioration de l’algorithme d’analyse élémentaire du spectre

LIBS. L’algorithme est appliqué à la détection en ligne de la teneur en KCl et H2O dans les engrais potassiques

par LIBS, dans lequel la modélisation de régression de corrélation des spectres LIBS est combinée à un algo-

rithme d’apprentissage automatique qui extrait efficacement les informations liées aux changements de contenu

élémentaire à partir des spectres en ligne complexes, ce qui améliore considérablement la vitesse de détection tout

en garantissant la précision de la détection et renforce encore la compétitivité.
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Chapter 1 General Introduction

1.1 Brief introduction to the development of optics and laser technology

The study of optics can be traced back to 400 𝐵.𝐶., when Chinese scholar Mo Zi first
documented the linear propagation of light and the imaging through small holes[1]:

“光之人，煦若射。下者之人也高，高者之入也下。足蔽下光，故成景于上；首

蔽上光，故成景于下。在远近有端与于光故景库内也。”

Figure 1–1 A portrait of Mozi who was a Chinese philosopher and thinker.

Yet, true scientific research into optics didn’t start until the 17th century. At that time,
European researchers started to use mathematics and science to attempt to explain light
and associated optical phenomena. A renowned experiment demonstrating the dispersion
of white light through a prism was carried out by Newton. The observed colorful spectrum
of sunlight indeed implies the concept of wavelength. However, Newton thought that light
is particle-like, which makes it difficult to explain diffraction phenomena. Disputing New-
ton’s point of view, Huygens argued that light is wave-like. He proposed that Any point on
the moving wavefront can be regarded as a new secondary wave source, and the envelope
formed by many secondary waves emitted from various points on the wavefront is the new
wave surface to which the original wavefront propagates within a certain period of time. in
his work Traité de la Lumiere[2]. Later, Fresnel assumed that these waves would interfere
with each other on the basis of Huygens’ principle. The presence of the Poisson spot when
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light propagates through an opaque plate evidenced the correctness of Fresnel. At this point,
the wave theory of light has gradually been accepted, developed and formalized by James C.
Maxwell in the 19th century. In 1905, Einstein introduced the concept of photon quanta and
the following experiment on photoelectric effect proved the particle nature of light. Because
the description of light waves in the Maxwell equations and the photon interpretation were
incompatible, physicists were forced to admit that in addition to wave properties, light also
has particle properties. The specific form in which light appears depends on the way it is
measured.

With the development of quantum physics, T. H. Maiman used ruby as an activation
medium to realize the first laser in 1960[3], emitting the first beam that could be applied in
practice, opening a new chapter in the history of optics. One year later at the University of
Michigan, P. A. Franken et al. focused a ruby laser at 694.3 nm into a crystalline quartz and
observed the optical second harmonic at 347.15 nm[4]. Although the conversion efficiency is
low due to phase mismatch, this work opens up a new direction of research。The earliest the-
oretical explanation for nonlinear optics was developed by N. Bloembergen et al. in 1962[5].
In this paper, they proposed a phase matching technique that provides a theoretical basis for
improving the frequency conversion efficiency of the second harmonic process. Since then,
other nonlinear effects were also discovered and investigated, such as high harmonic genera-
tion, optical parametric amplification and oscillation, electro-optic effect (Pockels or Kerr),
multi-photon absorption, supercontinuum generation and stimulated light scattering.

The development of other technologies has promoted the upgrading of lasers, and a
variety of lasers have been researched and invented, such as gas lasers, solid-state lasers
and Q-switched lasers. The chirped pulse amplification technology[6] that appeared in 1985
brought lasers into a new era of ultra-fast and powerful femtosecond pulses, which benefits
the applications based on laser-matter interactions. In this chapter, the motivation of this the-
sis is presented: to investigate how to facilitate quantitative analysis of remote targets from
different aspects. In particular, 1) how to project an ultra-intense laser beam remotely near
the target and control its properties such as the ability to deposit high power density. 2) how
to process the raw data (spectra) collected under complicated conditions to accomplish quan-
titative composite analysis. In the sections below, we start with a brief review on the recent
advances of laser-based remote sensing especially related to femtosecond filamentation and
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laser induced breakdown spectroscopy. Then we introduce the challenges encountered in
these studies. Finally, the structure of this thesis is presented.

1.2 Research background and motivation of this thesis

Laser-based remote sensing, also known as lidar (light detection and ranging), is a pow-
erful and versatile tool for investigating the physical and chemical properties of the atmo-
sphere, oceans, and land surfaces. This technique utilizes laser beams to measure the dis-
tance to a target and analyze the properties of the target based on the characteristics of the
returned light. In atmospheric studies, it is used to measure the concentration and distribu-
tion of atmospheric gases such as ozone, carbon dioxide, and other chemical compounds.
This information is critical for understanding climate change and air quality, as well as for
monitoring the effects of pollution and volcanic activity.

Before the first experimental observation of light filamentation in air by Braun et al.[7]

and other researchers at Laboratoire d’Optique Appliquée[8] in the mid-1990s, it was widely
believed that ultrafast and ultra-intense femtosecond laser pulses were not suitable for long-
distance transmission in air. A simple estimate shows that the peak intensity of a Gaussian
light pulse with a pulse duration of 30 fs and a beam waist radius of 5 mm will drop to ∼
1/5000 of the initial intensity after one kilometer of linear propagation in air due to the com-
bined effects of diffraction and group velocity dispersion[9]. When the beam input power is
sufficiently strong, however, the light field appears to self-focus or even collapse as it prop-
agates, and its light intensity grows rather than decreases. The light intensity is clamped in
a specific area after the filament - a plasma channel - is formed in the air and will not in-
crease further. The physics of filamentation in air is currently well studied and understood.
In essence, due to the dynamic competition between the optical Kerr effect and the plasma
defocusing effect, the beam can travel over considerably longer distances than the Rayleigh
length without broadening[10]. Multiphoton absorption both allows for the generation of the
plasma characterizing the filament and limits the further increase of intensity.

Controlling the deposition of laser energy in the atmosphere is crucial for many appli-
cations requiring an accurate quantitative analysis. The peak intensity in the core of the laser
pulse induced filament can reach 1013-1014 W/cm2 and is sufficient to cause the breakdown
of a solid target, fragmentation of biological molecules or ionization of air molecules located
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tens or even thousands of meters away, allowing for remote analysis based on the collected
characteristic emission signals[7-8,11-17]. In terms of the femtosecond laser filament-induced
breakdown spectroscopy (FIBS) studies, the European Research Program Teramobile team
was one of the first to elaborate relevant research. Using a terawatt mobile (Teramobile) laser
(10 Hz, 75 fs, 350 mJ, 800 nm) and a telescopic focusing system, Rohwetter et al. performed
the first FIBS spectroscopy of metallic objects, such as copper and aluminum, at a distance
of 25 m in 2003[18].

By changing the chirp of a 250 mJ femtosecond laser pulse, Stelmaszczyk et al. were
able to identify the LIBS spectra of metal samples at a distance of 90 m in 2004[19]. Later
in 2005, the same team employed chirp modulation to excite the LIBS spectral signal of a
metallic target at a distance of 180 m using femtosecond laser pulses with a spot diameter of
4.5 cm[20]. Tzortzakis et al. employed a 450 fs (5 mJ) laser pulse with a center wavelength
in the UV 248 nm in 2006 to propagate filaments in the atmosphere, focusing on a sample
at 10 m and exciting the LIBS signal of rocks[21]. In a series of experimental tests including
remote FIBS, See Leang Chin’s team at Université Laval in Canada successfully detected the
LIBS spectra of metals, ethanol, mosquito smoke, organic materials, and aerosols[22]. They
discovered that OH and NH fluorescence could be produced in association with water vapor
concentration by forming filaments in a foggy atmosphere using femtosecond laser pulses,
proving the feasibility of remote measurements of air humidity[23]. In order to improve the
LIBS signal and increase the clamping intensity of femtosecond laser filamentation, they
worked together in 2012 with Ruxin Li’s group at the Shanghai Institute of Optics, Chinese
Academy of Sciences[24]. When comparing ultraviolet (266 nm) and near-infrared (795 nm)
femtosecond laser filaments, Jean-Claude Diels’s team at the University of New Mexico in
the United States found that UV filaments are better suited for the excitation of molecular
spectral bands and can distinguish clearly between explosive dinitrotoluene DNT and the
muddled ammonium salt[25]. In order to show that organic thin-film samples may be found
on the surface of a distant target, Martin Richardson andMatthieu Baudelet’s team at the Uni-
versity of Central Florida in the USA generated filaments at a distance of 12 m in 2009[26]. In
2019, the team of L.A. Finney at the University of Michigan detected uranium atomic spec-
tral lines and UO molecular bands in a uranium metal target by exciting the target at 10 m
with a single femtosecond laser[27]. In 2020 the group enhanced uranium atomic and molec-
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ular spectra by optimizing the chirp of the outgoing laser pulse[28]. In 2021, the group used
genetic algorithm-assisted wavefront control to improve the efficiency of signal generation
in metallic copper FIBS experiments and verified that wavefront control with signal feedback
can improve FIBS remote detection performance[29]. Weiwei Liu’s team at Nankai Univer-
sity in 2022 detected enhanced nitrogen fluorescence spectra by effectively compensating
the scattered light aberration in off-axis reflection systems through free phase plates[30]. In
the same year, the team investigated the effect of laser pulse repetition rate on filaments and
eliminated the negative effect of slow air relaxation by scanning[31]; the team also explored
the effect of atmospheric turbulence on filament-induced fluorescence remote sensing and
observed that turbulence led to an increase in the number of filaments and thus enhanced
fluorescence emission[32]; in collaboration with a European team, they modulated the high
intensity region along the propagation direction by inserting a wire mesh with square cells
at the exit of the laser system[33]. In 2023 Weiwei Liu’s team measured the onset and length
of the filament by means of an acoustic model and experimentally investigated the effect
of pulse energy and initial pulse chirp on the filament in air at three different focal lengths
( 10m, 20m and 30m) of focus[34]. In the same year, the group demonstrated a remote detec-
tion scheme based on laser filament induced plasma spectroscopy and lidar (FIPS-LIDAR)
for the detection and analysis of sodium ions in aerosols[35]. In 2019, Huailiang Xu’s team at
Jilin University used an 800 nm, 40 fs laser pulse to generate a filament to detect tree bark at
2.5 m, demonstrating that FIBS can directly and rapidly analyze tree species and their growth
environment[36]; in 2022 they used femtosecond filament LIBS to detect metal elements in
water[37]. The team of Ruxin Li and Tiejun Wang at Shanghai Institute of Optics, Chinese
Academy of Sciences in 2018 improved the signal-to-noise ratio of aluminum atomic line
detection by inserting a polarizer before the detector to effectively attenuate the continuous
background of the FIBS spectrum at 3.8 m[38]; in 2021 they investigated the effect of laser
pulse polarization on the intensity of the filament[39]. The team of Jingquan Lin and Xun Gao
from Changchun University of Science and Technology conducted a study on the analysis of
heavy metal Cr elements in soil using femtosecond LIBS in 2014[40]; in 2019, they analyzed
heavy metal Pb elements in soil using dual-pulse laser-induced breakdown spectroscopy with
femtosecond filament-nanosecond pulse coupling to improve the detection sensitivity[41]. In
2020, Heping Zeng’s team at East China Normal University proposed plasma grating in-
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duced breakdown spectroscopy (GIBS)[42]. In 2022, they further developed two-dimensional
plasma gratings[43] and used the GIBS technique to analyze the heavy metal element Cr in
soil[44].

In addition, through filament-induced fluorescence spectra, remote atmospheric sensing
on the chemical composite can be accomplished[22,45-47]. A recent paper by Jiewei Guo et al.
reported the detection of NaCl aerosol down to 0.32 ppb in air at a distance of 30 m using
a femtosecond laser filament with a single pulse energy of 4 mJ[48]. The optical setup was
carefully adjusted by the researchers in order to compensate for astigmatism and increase the
intensity of the optical filament as well as generated fluorescence, which is directly related to
lowering the detection limit. Besides spectroscopy analysis, the induced filament itself can
act as a virtual antenna emitting electromagnetic radiations. In 2005, Méchain et al. showed
that the signal transmission process via plasma channels was achievable between two elec-
trodes separated a few tens of meters. Using femtosecond filamentation in air, H. Michberg et
al. demonstrated the possibility of launching a steady and robust thermal waveguide structure
in air for the transmission of high power continuous wave laser beam beams[49-51]. Ali Reza et
al. from Moussa N’Gom’s Lab proposed a robust approach for free-space optical communi-
cation that employs structured light beams combined with a femtosecond filament[52]. They
created a quasi-transparent conducting channel for signal transmission by forcing small water
droplets in the clouds away from the propagation path via filamentation, which improves the
scalability, robustness, and capacity of the free optical channel. The control of the generation
of filamentation can also be used to guide the electric discharging between electrodes as well
as in the clouds[53-55].

On the other hand, after obtaining the measurement signal, it is also important to model
the content from the spectral signal to the substance content by means of data processing.
While the generation of plasma by laser-matter interaction, on which LIBS is based, is a
complex nonlinear kinetic process, the quantitative analysis efficiency is closely related to
the chemical and physical properties of the material. For complex targets, such as soils and
rocks, matrix effects become a bottleneck for accurate quantitative analysis[56-57]. Specifi-
cally, the chemical matrix effect refers to the difference in the plasma properties, including
electron density, temperature, and morphology, due to the difference in laser-matter interac-
tion during the LIBS process when an element to bemeasured is present in a certain amount in
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different matrix materials, which eventually leads to the variation of the characteristic spec-
tral intensity of the element to bemeasured with the sample matrix components. The physical
matrix effect refers to the variation of the LIBS spectrum even if the chemical composition of
the target is the same due to the different physical morphology, granularity, roughness, and
looseness of the target surface[58]. Therefore, both chemical and physical matrix effects can
cause the loss of a single correlation between the intensity of elemental emission spectra and
their content in the sample, leading to a ill-posed inverse problem in the inversion from LIBS
spectra to elemental content. This is especially true when LIBS is used for direct analysis of
raw materials without any pretreatment.

However, there are still many challenges ahead in this field. It is extremely difficult to
perform direct measurements and diagnostics using standard optical equipment because of
the filament ultra-high intensity as well as its remoteness. With complicated nonlinear effects
further involved in laser filamentation, the pulse will be significantly reshaped and undergo
self-steepening or/and self-compression of its profile. As a result, it is nearly impossible to
directly control the filament and shape it precisely in advance to fulfill the needs for diverse
applications. For example, the spatial resolution of filament-based remote sensing is sig-
nificantly limited by the filament length[59]. Generating and tailoring an intense and short
filament remotely is important for the purpose of enhancing the performance of remote sens-
ing. When direct control of the filament is a challenging problem, we can try other methods,
such as inverse design.

The variability of the atmospheric conditions can affect the propagation and stability
of the laser filament, which leads to fluctuations in the signal strength and quality, making
it difficult to obtain accurate and reliable measurements. The complexity of the materials’
composition impacts the absorption and scattering properties of the laser beam, making it
difficult to interpret the data obtained from remote sensing measurements, particularly in
complex environments. Therefore, it is necessary to acquire more sophisticated and efficient
data processing algorithms to analyze the large amounts of data generated by remote sensing
applications. As will be introduced in Chapter 5 in detail, this will require a combination of
advanced statistical and machine learning techniques to extract meaningful information from
the data and to provide reliable and accurate results.
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1.3 Presentation of the chapters

Chapter 1 gave a brief overview of the history of nonlinear optics development, reviewed
current laser-based remote sensing research progress and remaining challenges, particularly
related to femtosecond filaments, and discussed the need to couple more complex data anal-
ysis methods into LIBS technology for online detection. Finally, a summary of this thesis’s
content, organization, and innovative points is provided as below.

Chapter 2 starts with the description ofMaxwell’s equations in dielectric media and then
introduces the main physical effects involved in the filamentation process, such as diffraction,
dispersion, Kerr effect and self-focusing and ionization related processes. The dynamic spa-
tial replenishment model proposed by Mlejnek et al. accompanied with a derivation of the
nonlinear wave envelope propagation equation is also presented. Finally, several numerical
method in solving the wave equation are discussed.

Chapter 3 deals with the implementation of wavefront engineering by inverse design
in order to delay and stretch the effect of nonlinear losses while launching a near infrared
(NIR) filament to a large distance. The demonstration begins with a succinct overview of
previous research on the tailoring of temporal and spatial wavefronts to control filamentation.
The reversibility of the filament, which is not guaranteed for any beam, is discussed next.
In addition, the key characteristics of the Bessel-Gauss beam and numerous methods for
obtaining it will be introduced. It will function as a connection between the laser output and
the controllable filament in our research on filament producing and modulation. We will also
provide examples of how to apply the concept of inverse design to reverse-engineer the laser
output in experiments to achieve simultaneous control of filament locations and length based
on this intermediate state.

In Chapter 4, we extend our investigation of the nonlinear propagation of ultra-intense
beams. To this end, we select a finite energy ring-Airy beam as the input waveform due to
its inherent self-reconstruction and acceleration properties, which aid in reducing the optical
device size. Specifically, we study the power dependence of the nonlinear focus and focus
on the energy flow of the beam during propagation. Our results demonstrate the feasibility
of generating kilometer-scale filaments using a gigawatt laser system.

In Chapter 5, in order to bridge the gap between well-controlled filaments and reliable
remote sensing or online analysis in complicated environments, wewill show how to do quan-
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titative elemental analysis based on LIBS spectra recorded under conditions that are virtually
entirely unpredictable. Potash has been selected as the subject of this investigation. After
introducing the background of our study, an explanation of how to implement LIBS in potash
production lines for spectrum acquisition is given. Comparisons between the outcomes of
standard univariate analysis methods versus machine learning-based multivariate analysis
methods for the collected spectra are also made. The results indicate that the univariate anal-
ysis method of spectral line intensity-element content frequently used in laboratories is no
longer applicable to spectra in real situations. It is required to utilize multivariate models
based on big data analysis, such as machine learning, in order to extract valid information
from enormous volumes of collected spectral data.

Chapter 6 systematically summarizes the main research work and results of this paper。
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Chapter 2 Theoretical basis of femotosecond filamentation in
air

The complex process of filamentation involves a variety of nonlinear optical effects,
including self-focusing, self-phase modulation, and high-order harmonic generation. The
properties of the resulting filaments, such as their number, length, and separation, depend
on various factors such as the laser beam parameters, the properties of the medium, and the
environmental conditions. Studying the physics of filamentation is important for understand-
ing the fundamental mechanisms of nonlinear optics and for developing new applications of
laser-matter interaction.

2.1 Maxwell’s equations in a dielectric medium

Almost two hundred years ago, the physicist and mathematician James Clerk Maxwell
published a series of equations unifying the theories of light and electromagnetism. In a
dielectric medium, the equations consist of four parts:

• Gauss’s law:

∇ · 𝐷 = 𝜌 𝑓 , (2–1)

it describes the relationship between the density of free charges 𝜌 𝑓 and the induced
electric field 𝐸 or electric displacement 𝐷.

• Gauss’s law for magnetism:

∇ · 𝐵 = 0, (2–2)

it simply states that there is no magnetic analogues of electric charges.
• Faraday’s law:

∇ × 𝐸 = −𝜕𝐵
𝜕𝑡
, (2–3)

it describes that an electric field can be induced by a changing magnetic field 𝐵.
• Ampére’s law with Maxwell’s correction:

∇ × 𝐻 = (𝐽 + 𝜕𝐷
𝜕𝑡

), (2–4)

where 𝐵 = 𝜇𝐻, 𝜇 is the permeability of the medium and 𝐽 the current density of free
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Chapter 2 Theoretical basis of femotosecond filamentation in air

charges. In the same way as for Faraday’s law, this law states that a magnetic field can
be induced by a changing electric field.

Here, we are interested in the case when there is no free charges 𝜌 𝑓 = 0 or free current
𝐽 = 0 inside the medium. The electric field displacement 𝐷 is a function of the electric field
𝐸 :

𝐷 = 𝜖0𝐸 + 𝑃, (2–5)

where 𝜖0 denote the permittivity of vacuum and 𝑃 the polarization describing the medium
response to the electric field. As long as the field is not too strong, we can expand 𝑃 as a
power series of E:

𝑃 = 𝜖0 [𝜒 (1)𝐸 + 𝜒 (2)𝐸2 + 𝜒 (3)𝐸3 + · · · ]

≡ 𝑃 (1) + 𝑃 (2) + 𝑃 (3) + · · ·

= 𝑃 (1) + 𝑃𝑁𝐿, (2–6)

where 𝜒 (𝑛) denotes the nth-order optical susceptibilities, 𝑃 (1)
= 𝜖0𝜒

(1)𝐸 and 𝑃𝑁𝐿 contains
all the nonlinear polarization terms. In general, 𝑃𝑁𝐿 is very small and can be neglected for
conventional optics. However, when the laser intensity is high, for example 𝐼 ∼ 1012 W/cm2

in air, we have to consider the influence of the nonlinear response of the medium on the
propagation of the field.

By applying the curl to Faraday’s law, we can get a propagation equation involving only
the electric field:

l.h.s = ∇ × (∇ × 𝐸) = ∇(∇ · 𝐸) − ∇2𝐸, (2–7a)

r.h.s = ∇ × (−𝜕𝐵
𝜕𝑡

) = − 𝜕
𝜕𝑡

(∇ × 𝐵) = −𝜇𝜕𝐽
𝜕𝑡

− 𝜇𝜕
2𝐷

𝜕𝑡2
, (2–7b)

Regroup the linear and nonlinear terms appearing in the electric displacement𝐷 (Eq. (2–5))
as below:

𝐷 = 𝜖0𝐸 + 𝑃

= 𝜖0𝐸 + 𝑃 (1) + 𝑃𝑁𝐿

= 𝜖0(1 + 𝜒 (1))𝐸 + 𝑃𝑁𝐿

= 𝜖0𝜖𝐸 + 𝑃𝑁𝐿, (2–8)
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Chapter 2 Theoretical basis of femotosecond filamentation in air

where 𝜖 = 1 + 𝜒 (1) represents the relative permittivity of the medium. Thus, we get the wave
equation in space-time domain:

∇2𝐸 − ∇(∇ · 𝐸) − 1

𝑐2

𝜕2

𝜕𝑡2

𝑡∫
−∞

𝜖 (𝑡 − 𝑡′)𝐸 (𝑟, 𝑡′, 𝑧)𝑑𝑡′ = 𝜇( 𝜕𝐽
𝜕𝑡

+ 𝜕
2𝑃𝑁𝐿

𝜕𝑡2
) (2–9)

In linear regime, if the medium is homogeneous, in other words, the permittivity 𝜖 and
susceptibility 𝜇 of the medium is independent of (𝑥, 𝑦, 𝑧). Then, the divergence of the electric
field vanishes:

∇ · 𝐸 = 0. (2–10)

Hence, the electric wave equation in a homogeneous medium without nonlinearity reads:

∇2𝐸 − 𝑛2

𝑐2

𝜕2𝐸

𝜕𝑡2
= 0, (2–11)

where 𝑛 ≡ √
𝜖𝜇 denotes the refractive index of the medium.

2.2 Main physical effects involved in filamentation

2.2.1 Diffraction

Diffraction is a universal property for all kinds of waves. It occurs not only as waves
circulate around the corners of an obstacle or propagate through an aperture, but also for free
propagation in vacuum. A laser beam with a finite transverse size can be considered as a
plane wave modulated by a spatial aperture and thus acquires the ability to diffract along the
transverse direction. According to Gaussian optics, the wavefront of the beam bends during
propagation, and the beam width is enlarged by

√
2 compared to the waist of the beam with

a flat spatial phase after it propagates over a distance called the Rayleigh length:

𝑧𝑅 =
𝑘𝑤2

0

2
=
𝜋𝑛0𝑤

2
0

𝜆
, (2–12)

where 𝑛0 is the refractive index of the medium at wavelength 𝜆, 𝑤0 the beam waist, 𝑘 ≡
𝑛0𝑘0 ≡ 𝑛02𝜋/𝜆 the wavenumber in the medium. As shown in Fig. 2–1, the spatial phase
of the initial beam is flat. The wavefront of the beam gets bent and the curvature becomes
nonzero after the light beam propagates over a finite distance. When the wavefront is far
away from the source, the on-axis curvature returns to zero again.
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Chapter 2 Theoretical basis of femotosecond filamentation in air

Figure 2–1 Diffraction of a Gaussian beam from a laser source.

2.2.2 Group velocity dispersion

The dependence of the refractive index 𝑛 of the medium as a function of wavelength 𝜆
leads to a phenomenon called dispersion. The classification of normal or anomalous disper-
sion is determined by the tendency of the refractive index to change (decrease or increase,
respectively) as the wavelength increases. For a transparent medium, the dependence be-
tween 𝑛 and 𝜆 is often described by the Sellmeier formula:

𝑛(𝜆) =
√√

1 +
∑
𝑗

𝐴 𝑗𝜆2

𝜆2 − 𝐵 𝑗
, (2–13)

where the 𝐴 𝑗 and 𝐵 𝑗 are empirical coefficients specified after the least squares fitting proce-
dure is applied to experimental measurements[1].

The propagation of a laser pulse in a dispersive medium will exhibit an increase in the
duration of the pulse, since every frequency component of the pulse propagates at a different
speed. This effect is called group velocity dispersion. For example, lower frequencies travel
faster than higher frequencies in normal dispersion media. Thus, after the initial pulse with
a flat temporal phase is propagated, redder frequencies will dominate its leading part while
bluer frequencies will gather around the trailing part of the pulse envelope. Fig. 2–2 shows
how dispersion affects changes in the pulse envelope during propagation.

Figure 2–2 Broadening of the pulse envelope and frequency shift after a pulse with flat temporal
phase propagating through a normal dispersion medium.
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Chapter 2 Theoretical basis of femotosecond filamentation in air

Similar to diffraction, the influence of dispersion on the pulse duration can also be quan-
tified. We define the characteristic length 𝑧𝑔𝑣𝑑 of group velocity dispersion for a Gaussian
pulse with flat temporal phase to be the distance over which linear propagation will result in
an increase of the pulse duration by a factor of

√
2:

𝑧𝑔𝑣𝑑 =
𝑡2𝑝

2𝑘 ′′
, (2–14)

where 𝑘 ′′ ≡ 𝜕2𝑘/𝜕𝜔2 |𝜔0
is the quadratic Taylor expansion coefficient of wavenumber 𝑘 as a

function of frequency 𝜔 around central frequency 𝜔0:

𝑘 (𝜔) = 𝑛(𝜔)𝜔
𝑐

=
𝑛(𝜔0)𝜔0

𝑐
+ 𝑘 ′(𝜔 − 𝜔0) +

𝑘 ′′

2
(𝜔 − 𝜔0)2 + · · · . (2–15)

2.2.3 Kerr effect and Self-focusing

When an ultra-intense electromagnetic pulse propagates through an isotropic and cen-
trosymmetric medium, the lowest order of nonlinear response is third order. The change of
refractive index of the medium 𝛥𝑛 due to 𝜒 (3) response is called optical Kerr effect. The
magnitude of 𝛥𝑛 is determined by both the nonlinear refractive index 𝑛2 = 3𝜒 (3)/4𝜖0𝑐𝑛

2
0
and

the intensity of the field 𝐼 (𝑟, 𝑡):

𝑛 = 𝑛0 + 𝛥𝑛 = 𝑛0 + 𝑛2𝐼 (𝑟, 𝑡), (2–16)

where 𝑛0 is the linear refractive index, 𝜖0 the permittivity of vacuum and 𝑐 the speed of light.
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Figure 2–3 Illustration of optical Kerr effect and self-focusing of a Gaussian beam[2]. The red
curve on the right panel represents the beam waist at different propagation distance.
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The nonlinear response of the medium induces additional spatial phase modulation:

𝜙(𝑥, 𝑦, 𝑧) −→ 𝜙(𝑥, 𝑦, 𝑧) + 𝜔0

𝑐
𝑛2𝐼 (𝑥, 𝑦, 𝑧)𝛥𝑧. (2–17)

For most transparent media, 𝑛2 is positive. The additional spatial phase induced by the Kerr
effect has negative curvature which is equivalent to a focusing lens. Therefore, an intense
Gaussian beam propagating through a Kerr medium will experience higher refractive index
in the center than in the outer region and continue to self focus until intensity blows up. As
shown in Fig. 2–3, the induced change of refractive index results in focusing of the input
Gaussian beam. The competition between Kerr focusing and transverse diffraction can lead
to self-trapped propagation for a certain beam power value, or to catastrophic collapse of the
beam for larger beam powers[2-3]. The length required for the accumulated nonlinear phase
calculated through the 𝐵-integral (𝐵 ≡ 𝑘0

∫ 𝑧
0
𝑛2𝐼𝑑𝑧) to reach a value of one represents a

characteristic length for Kerr focusing 𝐿𝑠 𝑓 and can be expressed as:

𝐿𝑠 𝑓 =
1

𝑛2𝑘0𝐼0
, (2–18)

where 𝑘0 = 2𝜋/𝜆 and 𝐼0 is the peak intensity of the beam. In order to observe self-focusing
and collapse of a Gaussian beam, the power of the beam 𝑃𝑖𝑛 should exceed a threshold 𝑃𝑐𝑟 =
3.72𝜆2/8𝜋𝑛0𝑛2

[3]. In the case of air molecules, the nonlinear refractive index coefficient
𝑛2 ≈ 3.2 × 10−19 cm2/W corresponds to a critical power 𝑃𝑐𝑟 = 3 GW when the laser
wavelength 𝜆 = 800 nm[4-5]. Once the Gaussian beam starts to self-focus, it will collapse at
distance:

𝑧𝑠 𝑓 =
0.367𝑧𝑅√

[( 𝑃𝑖𝑛
𝑃𝑐𝑟

)1/2 − 0.852]2 − 0.0219

, (2–19)

in which 𝑧𝑅 denotes the Rayleigh length of the beam[3,6]. Note that 𝑧𝑠 𝑓 is the distance mea-
sured from the beam waist. With an additional lens in the optical path, the beam will collapse
at distance 𝑧′

𝑠 𝑓
determined by 𝑧𝑠 𝑓 and the focal length 𝑓 as expressed below[7]:

1

𝑧′
𝑠 𝑓

=
1

𝑓
+ 1

𝑧𝑠 𝑓
. (2–20)

2.2.4 Photo-ionization

From previous section, we know that self-focusing of the laser beam will result in in-
tensity collapse if 𝑃𝑖𝑛 > 𝑃𝑐𝑟 . This means that in principle, the intensity will continuously
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Chapter 2 Theoretical basis of femotosecond filamentation in air

increase without any limitation as the beam size is reducing. However, when the light in-
tensity increases, the medium may be ionized, thereby acting against the increase of light
intensity. For ultrashort laser pulses, the main processes of ionization of transparent me-
dia consist in multiphoton ionization and tunnel ionization, both in which the electrons are
excited from the valence band to the conduction band.

Multiphoton ionization is the process by which bound electrons absorb several injected
photons simultaneously and cross the energy gap to gain freedom. This regime occurs when
the energy of the photon ℏ𝜔0 is smaller than the size of the energy gap𝑈𝑖. In air, the ionization
potential𝑈𝑖 is approximately 12 eV considering the oxygen as the first element being ionized.
Each photon of a laser beam at 𝜆 = 800 nm possess energy ℏ𝜔0 = 1.5 eV. Therefore, it is
necessary to have 8 photons in order to reach the ionization gap 𝑈𝑖. The corresponding
multiphoton ionization rate is thus proportional to 𝐼8. Ionization of other constituents of air
is negligible when the peak intensity of the laser pulse does not exceed a few tens of TW/cm2,
and therefore will not be considered in the simulation in the chapters below[8].

Tunnel ionization occurs when the atomic Coulomb potential is deformed drastically
due to the external electric field. It requires higher intensities than multiphoton ionization.
It describes the escape or the so-called quantum tunneling of an electron across the highly
perturbed potential. A graphical illustration of the difference betweenmultiphoton and tunnel
ionization is shown in Fig. 2–4.

Figure 2–4 Schematic representation of multiphoton ionization and tunnel ionization[2].

In order to know when to consider which ionization process occurs, we can calculate
the Keldysh parameter 𝛾:

𝛾 =
𝜔0

𝑒

√
𝑚𝑒𝑈𝑖𝑛0𝑐𝜖0

𝐼
, (2–21)

where 𝐼 is the field intensity. If 𝛾 ≫ 1, 𝐼 is relatively small and multiphoton ionization is
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dominant; otherwise the field strength is sufficient to lowr the atomic potential barrier, in
which case the main ionization effect would be tunnel ionization. For a filament generated
in air by a pulse of peak intensity 𝐼 = 5 × 1013 W/cm2 at 𝜆 = 800 nm, the value of 𝛾 is
around 1.4. This implies that both ionization effects should be considered in simulations of
the filamentation process. However, previous works have shown that simulations based on
multiphoton ionization rates fairly reproduce electron densities that can be evaluated from
experimental data[9-10]. Therefore, we adopt this approximation in our simulations in the
following chapters.

2.2.5 Plasma generation and defocusing

Large numbers of highly excited atoms, electrons and ions are generated as the medium
is ionized. The evolution of the electron number density is mainly driven by multiphoton
ionization and governed by the rate equation:

𝜕𝑡𝜌 =
𝜎

𝑈𝑖
𝜌𝐼 + 𝛽

(𝐾 ) 𝐼𝐾

𝐾ℏ𝜔0

− 𝑎𝜌2, (2–22)

where 𝛽 (𝐾 ) is the𝐾-photon absorption coefficient,𝜎 the cross section for inverse Bremsstrahlung[11]:

𝜎 =
𝑘0

𝜌𝑐

𝜔0𝜏𝑐

1 + 𝜔2
0
𝜏2
𝑐

, (2–23)

in which 𝜏𝑐 represents the electron collision time and 𝜌𝑐 ≡ 𝜔2
0
𝜖0𝑚/𝑒2 is the critical electron

number density above which the plasma becomes overdense and opaque with respect to an
electromagnetic radiation of frequency 𝜔0. Besides multiphoton ionization, we have also
considered the weaker phenomena of cascade ionization and radiative recombination in the
second and third term of Eq. (2–22), respectively.

The plasma generated through ionization contributes to a reduction of the refractive
index of the medium:

𝑛(𝑟, 𝑡) = 𝑛0 −
𝜌(𝑟, 𝑡)
2𝜌𝑐

, (2–24)

where 𝜌𝑐 is the critical electron number density defined previously. This results in defocusing
of the incident beam, which competes with the Kerr self-focusing effect and can cause the
beam to propagate in the form of a filament.
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Figure 2–5 Illustration of defocusing of a beam due to the presence of plasma[2]. The red curve on
the right panel represents the beam waist at different propagation distance.

2.2.6 Intensity clamping and dynamic spatial replenishment

The first observations of ultrashort laser pulse filamentation in air by A. Braun et al[12]

revealed that the pulse energy within an infrared filament is quantized to approximately 1
mJ and that the filament diameter of 100 𝜇m is fairly constant over extended distances. This
suggested a maximum and fairly constant value for the peak intensity of about 5×1013W/cm2

in air, which was later confirmed by other indirect measurement techniques[13-15].

To explain their observations, Braun et al[12] have proposed a phenomenological model
based on an equilibrium in the competition between Kerr focusing and plasma defocusing.
If these two effects balance each other, the refractive index changes in equations (2–16)
and (2–24) cancel each other out, the nonlinear phase accumulation vanishes and the beam
curvature no longer evolves. That is:

𝛥𝑛 = 𝑛2𝐼 −
𝜌

2𝜌𝑐
= 0. (2–25)

At this point, the contraction of the beam will stop and the defocusing as well. The light
intensity will reach a maximum provided the balance is preserved. Numerous publications on
femtosecond laser filamentation reported an absence of increase of the peak intensity within a
filament when the laser pulse energy is increased[16-18]. This phenomenonwas called Intensity
Clamping and constitutes an important physical phenomenon which sets an upper limit of
light intensity for the transmission of filament in air and transparent media. An approximate
value of 𝐼𝑐 ∼ 1013−1014 W/cm2 for the clamping intensity can be evaluated from Eq. (2–25)
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in fair agreement with the clamping intensity estimated from other measurements[18-20].

However, this agreement must be interpreted with care as the competition between self-
focusing and plasma defocusing is dynamic, as shown in 1998 by Mlejnek et al. who pro-
posed the dynamic spatial replenishment model[21-22] based on numerical simulation results
of filamentation in air. According to the model, an ultrashort laser pulse with peak power in
excess of the critical power in air will first undergo self-focusing and an increase of its peak
intensity. As a result, plasma will be formed on the rising edge of the pulse, and this plasma
will have a defocusing effect on the falling edge of the pulse. On the other hand, multiphoton
absorption will also result in a decrease in the rising edge’s intensity, which will in turn cause
the plasma it produces to become dimmer or even disappear, as well as the defocusing effect
it has on the falling edge of the pulse. At this point, self-focusing of the rising edge of the
pulse is significantly enhanced and recovers its prior dominance.

Figure 2–6 Schematic representation of the Dynamic spatial replenishment model showing the
focusing-defocusing cycles during filamentation[2].

As shown in Fig. 2–6, the dynamic spatial replenishment model can be conceptualized
as a pulse cycle of ”focusing-defocusing-focusing”. This cyclic process will sustain the prop-
agation of the beam until the power of the pulse can no longer support refocusing. Therefore,
the high intensity laser beam can propagate over a long distance without being limited by the
Rayleigh length.

2.2.7 Importance of the energy reservoir

It is necessary to note the importance of the background energy reservoir during fila-
mentation. Previous studies have demonstrated that filamentation will be suppressed in the
absence of energy replenishment from the background energy reservoir, as in the case of
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using Iris diaphragms to filter the distribution of light fields surrounding the filament[23-27].
There is a dynamic energy exchange between the background energy reservoir and the fila-
ment, which provides energy support for the femtosecond filamentation process[28].

2.3 Modeling of filamentation

In this section, we will introduce the theoretical model of the propagation of laser pulses
in a nonlinear medium.

2.3.1 Derivation of the nonlinear envelope equation

It is assumed that the electric field is linearly polarized and can be decomposed into a
pulse envelope E and a rapidly oscillating carrier wave with frequency 𝜔0:

𝐸 (𝑥, 𝑦, 𝑧, 𝑡) = E(𝑥, 𝑦, 𝑧, 𝑡) exp(𝑖𝑘0𝑧 − 𝑖𝜔0𝑡) + 𝑐.𝑐, (2–26)

where 𝑐.𝑐 represents complex conjugate. It can also be written in the local pulse frame:

𝐸 (𝑥, 𝑦, 𝜁 , 𝜏) = E(𝑥, 𝑦, 𝜁 , 𝜏) exp(𝑖(𝑘0 − 𝜔0𝑣𝑔)𝜁 − 𝑖𝜔0𝜏) + 𝑐.𝑐, (2–27)

where 𝑣𝑔 denotes the group velocity, 𝜁 = 𝑧 and 𝜏 = 𝑡 − 𝑧/𝑣𝑔.
As introduced in Chapter 2.1, the scalar wave equation in a dielectric medium without

source and current is:

∇2𝐸 − 𝑛2

𝑐2

𝜕2𝐸

𝜕𝑡2
= 0, (2–28)

in which ∇2 denotes the Laplace operator, in Cartesian coordinate ∇2 ≡ 𝜕2/𝜕𝑥2 + 𝜕2/𝜕𝑦2 +
𝜕2/𝜕𝑧2; 𝐷 is the electric displacement:

𝐷 (𝑥, 𝑦, 𝑧, 𝜔) = 𝜖0(1 + 𝜒 (1) (𝜔))𝐸 (𝑥, 𝑦, 𝑧, 𝜔) + 𝑃(𝑥, 𝑦, 𝑧, 𝜔), (2–29)

where 𝜖0 is the permittivity of vacuum, 𝜒 (1) (𝜔) the linear susceptibility of the medium and
𝑃 ≡ 𝑃𝑁𝐿 the nonlinear polarization of the medium. Replacing 1 + 𝜒 (1) (𝜔) with 𝜖 (𝜔) and
bringing expression (2–29) into equation (2–28), we get the following equation:

∇2𝐸 − 1

𝑐2

𝜕2

𝜕𝑡2

𝑡∫
−∞

𝜖 (𝑡 − 𝑡′)𝐸 (𝑥, 𝑦, 𝑧, 𝑡′)𝑑𝑡′ = 𝜇0

𝜕2𝑃

𝜕𝑡2
, (2–30)
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where 𝜖 (𝑡) is the time representation of material permittivity 𝜖 (𝜔) and 𝜇0 the permeability
of vacuum. In frequency space, it can be simplified as:

∇2𝐸 − 𝜔
2𝑛2(𝜔)
𝑐2

𝐸 = −𝜇0𝜔
2𝑃, (2–31)

where 𝜖 (𝜔) ≡ 𝑛2(𝜔) defines the complex index of refraction 𝑛(𝜔).
In order to further distinguish the distribution of the light field propagated along the

direction of the transmission axis and the cross-sectional distribution of the light field per-
pendicular to the direction of the transmission axis, we rewrite the Laplace operator into two
parts:

∇2 ≡ 𝜕2

𝜕𝑥2
+ 𝜕2

𝜕𝑦2
+ 𝜕2

𝜕𝑧2
= 𝛥⊥ + 𝜕2

𝜕𝑧2
. (2–32)

The wave equation (2–31) is thus becoming:

(𝛥⊥ + 𝜕2

𝜕𝑧2
)𝐸 − 𝑘2(𝜔)𝐸 = −𝜇0𝜔

2𝑃, (2–33)

where 𝑘 (𝜔) ≡ 𝑛(𝜔)𝜔/𝑐. In the pulse frame, the partial derivative of 𝐸 (Eq. (2–27)) to 𝜁 is:

𝜕𝐸

𝜕𝜁
= exp(𝑖(𝑘0 − 𝜔0/𝑣𝑔)𝜁 − 𝑖𝜔0𝜏) [

𝜕

𝜕𝜁
+ 𝑖(𝑘0 − 𝜔0/𝑣𝑔)]E . (2–34)

With this coordinate transformation, we can rewrite the equation (2–31) in the local pulse
frame. After considering the decomposition (2–27), removing the fast oscillating part and
put the 𝜔/𝑣𝑔 together with 𝑘0 − 𝜔0/𝑣𝑔 to get 𝜅(𝜔) = 𝑘0 + (𝜔 − 𝜔0)/𝑣𝑔, we have:

𝜕2E
𝜕𝜁2

+ 2𝑖𝜅(𝜔) 𝜕E
𝜕𝜁

= −𝛥⊥E − [𝑘2(𝜔) − 𝜅2(𝜔)]E − 𝜔
2

𝑐2

P
𝜖0

. (2–35)

Note that at this stage we do not use any approximation and thus this expression is still exact.
In one optical cycle, if the amplitude of the electric field changes much less than the

amplitude itself, that is,
𝜕E
𝜕𝜁

≪ 𝑘0E, (2–36)

𝜕2E
𝜕𝜁2

≪ 𝑘0

𝜕E
𝜕𝜁
, (2–37)

the first term on the l.h.s of Eq. (2–35) can be neglected. This is the so-called Slowly Varying
Envelope Approximation (SVEA). Now we are left with:

𝜕E
𝜕𝜁

=
𝑖

2𝜅(𝜔) 𝛥⊥E + 𝑖 [𝑘
2(𝜔) − 𝜅2(𝜔)]

2𝜅(𝜔) E + 𝑖

2𝜅(𝜔)
𝜔2

𝑐2

P
𝜖0

. (2–38)
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The second term can be further regrouped as:

𝑘2(𝜔) − 𝜅2(𝜔) = 2𝜅(𝜔) [𝑘 (𝜔) − 𝜅(𝜔)] + [𝑘 (𝜔) − 𝜅(𝜔)]2, (2–39)

We can do a Taylor-expansion of 𝑘0(𝜔) − 𝜅(𝜔) near the central frequency 𝜔0:

𝑘 (𝜔) − 𝜅(𝜔) |𝜔=𝜔0+𝛺 =

+∞∑
𝑙=2

𝜕𝑙𝜔𝑘 |𝜔=𝜔0

𝑙!
𝛺𝑙 . (2–40)

When 𝛺 ≡ 𝜔−𝜔0 is very small, the lowest order of the second term on the r.h.s of Eq. (2–39)
is𝑂 (𝛺4). This implies that it appears as a small correction and can be neglected. Considering
this approximation, equation (2–38) becomes:

𝜕E
𝜕𝜁

=
𝑖

2𝜅(𝜔) 𝛥⊥E + 𝑖[𝑘 (𝜔) − 𝜅(𝜔)]E + 𝑖

2𝜅(𝜔)
𝜔2

𝑐2

P
𝜖0

. (2–41)

Finally, we approximate 𝜅(𝜔) = 𝑛0𝜔0/𝑐 = 𝑘0 on the first and third term of Eq. (2–41). This
yields the Nonlinear Envelope Equation in frequency space:

𝜕E
𝜕𝜁

=
𝑖

2𝑘0

𝛥⊥E + 𝑖[𝑘 (𝜔) − 𝜅(𝜔)]E + 𝑖

2𝑛0

𝜔0

𝑐

P
𝜖0

. (2–42)

Its space-time counterpart reads:

𝜕E
𝜕𝜁

=
𝑖

2𝑘0

𝛥⊥E + 𝑖𝐷 (𝑖𝜕𝜏) E + 𝑖

2𝑛0

𝜔0

𝑐

P
𝜖0

, (2–43)

where 𝐷 (𝑖𝜕𝜏) =
∑+∞
𝑙=2

𝑘
(𝑙)
0

𝑙!
(𝑖𝜕𝜏)𝑙 . This equation is the basis on which we will conduct our

simulations in the following chapters.

2.4 Numerical simulation method

Except for a few partial differential equations (PDEs) that can be solved analytically,
most of them need to be solved numerically by approximation, especially in the presence of
nonlinearities or couplings. And this is exactly the case in my thesis work. As shown in
equation (2–44), when an ultrashort intense beam/pulse passes through a dielectric, there is
a significant nonlinear response in addition to diffraction and dispersion, which makes it very
difficult to solve the wave propagation equations:

𝜕𝑧E =
𝑖

2𝑘0

𝛥⊥E + 𝑖𝐷 (𝑖𝜕𝑡) E + 𝑖

2𝑛0

𝜔0

𝑐

P (E)
𝜖0

. (2–44)
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In equation (2–44), the polarization term contains all the nonlinear response including
the Kerr effect, multiphoton absorption and plasma defocusing, etc. According to the depen-
dence to the electric field, the wave propagation equation can be simplified as below:

𝜕𝑧E = (L + N)E, (2–45)

whereL =
𝑖

2𝑘0
𝛥⊥+𝑖𝐷 (𝑖𝜕𝑡) represents the linear differential operator that accounts for diffrac-

tion and dispersion, and N is the general nonlinear operator acting on the electric field. The
most straightforward way to solve this equation is using a split-step method. Assuming that
operators L and N are both independent on 𝑧, we can solve this equation as an ordinary
equation by direct integration and get the solution expressed in operator form:

E(𝑧 + 𝑑𝑧) = exp([L + N]𝑑𝑧)E(𝑧). (2–46)

This exponential can be expanded by using the Baker-Hausdorff formula,

exp( [L + N]𝑑𝑧) = exp(L𝑑𝑧 + N𝑑𝑧 + 1

2
[L,N]𝑑𝑧2 + ...). (2–47)

Normally, the operator L and N do not commute. But the assumption that only first-
order terms are left is sufficient for us to perform accurate and reliable numerical calculations.
Thus, equation (2–47) becomes

exp( [L + N]𝑑𝑧) = exp(L𝑑𝑧) exp(N𝑑𝑧). (2–48)

So equation (2–45) can be rewritten as

E(𝑧 + 𝑑𝑧) = exp(N𝑑𝑧) exp(L𝑑𝑧)E(𝑧). (2–49)

When solving this evolution equation, a natural split-step scheme consists in separating linear
operators from nonlinear terms. Considering our goal to preserve the reversibility of the nu-
merical scheme in the case of reversible propagation, we symmetrized the split-step scheme,
i.e., the field will be propagated half a step linearly, then a full step nonlinearly, and finally
the remaining half step linearly:

E(𝑧 + 𝑑𝑧) = exp(L𝑑𝑧/2) exp(N𝑑𝑧) exp(L𝑑𝑧/2)E(𝑧). (2–50)

The details about the implementation of the algorithm corresponding to different simulation
regimes will be illustrated in the following subsections.
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Chapter 2 Theoretical basis of femotosecond filamentation in air

2.4.1 Pseudo-spectral method

Given a differential equation defined in R𝑑 which is bounded and closed，𝑑 is the space
dimension larger than 1. For example, a differential problem with a bounded domain of
function could be L𝑢(𝑥, 𝑧) = 𝑔(𝑥, 𝑧), 𝑥 ∈ [𝑥0, 𝑥1]. What we would like to do is to seek
the solution 𝑢 (𝑥, 𝑧) given a set of initial or boundary conditions. In principle, the operator
L itself could be linear or nonlinear. And we also consider the source term 𝑔 (𝑥, 𝑧) on the
right-hand side. For the diffraction of a light beam in vacuum,L = 𝜕𝑧− 𝑖

2𝑘0
𝛥𝑥 and 𝑔(𝑥, 𝑧) = 0.

The basic idea of using a spectral method to solve this equation is assuming that we can
expand the function 𝑢(𝑥, 𝑧) as a combination of some basis functions 𝑣(𝑘 𝑥 , 𝑧) with different
coefficient 𝐶𝑘:

𝑢(𝑥, 𝑧) =
+∞∫
−∞

𝐶𝑘𝑥 (𝑧)𝑣𝑘𝑥 (𝑥)𝑑𝑘 𝑥 ≈
∑
𝑘𝑥

𝐶𝑘𝑥 (𝑧)𝑣𝑘𝑥 (𝑥) (2–51)

In order to do the expansion, we often select basis functions with the following requirements:

1. Convergence: the discrete summation in (2–51) quickly converges to the analytical
solution 𝑢(𝑥, 𝑧) as the number of terms involved increases.

2. Differentiation: Given a set of coefficients 𝐶𝑘𝑥 (𝑧) satisfying (2–51), there is always
another set of coefficients 𝐶1

𝑘𝑥
(𝑧) satisfying the derivative form,

𝜕𝑢(𝑥, 𝑧)
𝜕𝑥

=

∑
𝑘𝑥

𝐶1
𝑘𝑥
(𝑧)𝑣𝑘𝑥 (𝑥). (2–52)

3. Transformable: transformation between 𝑢(𝑥, 𝑧) and 𝑣𝑘𝑥 (𝑥) is feasible.
Next we choose two sets of basis functions - trigonometric polynomials and Bessel func-

tions - for further discussions in detail.

2.4.1.1 Cartesian coordinates - Fourier transform

We start with the simplest 1D propagation equation with periodic boundary conditions,
in which the operator L = 𝜕𝑧 − 𝜕𝑥𝑥 without source term - 𝑔 (𝑥, 𝑧) = 0,

𝜕𝑧𝑢 (𝑥, 𝑧) = 𝐷𝜕𝑥𝑥𝑢 (𝑥, 𝑧) , (2–53)

where 𝐷 =
𝑖

2𝑘0
represents the diffraction coefficient. We decompose the function 𝑢 (𝑥, 𝑧)

using trigonometric polynomials. Thus, the transformation operating on trigonometric poly-
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nomials results in its Fourier modes.

𝑢 (𝑘 𝑥 , 𝑧) =
+∞∫
−∞

𝑢 (𝑥, 𝑧) exp (−𝑖𝑘 𝑥𝑥) 𝑑𝑥. (2–54)

After the Fourier transform of equation (2–53) using (2–54), we obtain:

𝜕𝑧𝑢 (𝑘 𝑥 , 𝑧) = 𝐷
(
−𝑘2

𝑥

)
𝑢 (𝑘 𝑥 , 𝑧) . (2–55)

Integrate (2–55) on 𝑧 leading to the solution of 𝑢 (𝑘 𝑥 , 𝑧):

𝑢 (𝑘 𝑥 , 𝑧) = 𝑢 (𝑘 𝑥 , 0) exp
(
−𝐷𝑘2

𝑥𝑧
)
. (2–56)

Finally, the real space distribution 𝑢 (𝑥, 𝑧) is calculated by taking the inverse Fourier trans-
form on equation (2–56).

𝑢 (𝑥, 𝑧) = 1

2𝜋

+∞∫
−∞

𝑢 (𝑘 𝑥 , 𝑧) exp (𝑖𝑘 𝑥𝑥) 𝑑𝑘 𝑥 . (2–57)

Restate the necessary step involved, first we need to Fourier transform the initial con-
dition 𝑢 (𝑥, 0) into its representation in the spatial frequency space 𝑢 (𝑘 𝑥 , 0), and multiply it
with a phase factor exp

(
−𝐷𝑘2

𝑥𝑧
)
, finally we apply the inverse Fourier transform to the result

so as to obtain 𝑢 (𝑥, 𝑧). The method can be simply extended to higher dimensions.

2.4.1.2 Cylindrical coordinates - Hankel transform

For the case in 2D where we have rotational symmetry around the 𝑧-axis, we can choose
a more appropriate set of basis functions to reduce the cost of doing 2D Fourier transforms.

The operator L = 𝜕𝑧 − 𝜕𝑥𝑥 − 𝜕𝑦𝑦, again without source term 𝑔 (𝑥, 𝑦, 𝑧) = 0. Following a
similar procedure as in equation (2–53), we write the wave propagation equation in Cartesian
coordinates as well as in Cylindrical coordinates:

𝜕𝑧𝑢 (𝑥, 𝑦, 𝑧) = 𝐷
(
𝜕𝑥𝑥 + 𝜕𝑦𝑦

)
𝑢 (𝑥, 𝑦, 𝑧) , (2–58)

𝜕𝑧𝑢 (𝑟, 𝑧) = 𝐷
(
𝜕𝑟𝑟 +

1

𝑟
𝜕𝑟

)
𝑢 (𝑟, 𝑧) . (2–59)

If the set of basis functions is chosen to be the Bessel functions 𝑗𝜈 (𝑘𝑟𝑟), in the case
of (2–59) the order of Bessel function is just 𝜈 = 0.
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The Hankel transform of order 0 and its inverse is defined as follows:

�̄� (𝑘𝑟 ) ≡ 𝐻0𝑢 (𝑟) =
+∞∫
−∞

𝑢 (𝑟) 𝑗0 (𝑘𝑟𝑟)𝑟𝑑𝑟, (2–60)

𝑢 (𝑟) ≡ 𝐻−1
0 �̄� (𝑘𝑟 ) =

+∞∫
−∞

�̄� (𝑘𝑟 ) 𝑗0 (𝑘𝑟𝑟)𝑘𝑟𝑑𝑘𝑟 . (2–61)

The procedure to get 𝑢 (𝑟, 𝑧) is almost the same as in previous sections. First, we need
to apply a Hankel transform to the initial condition 𝑢 (𝑟, 0) so as to obtain its representation
in the frequency space �̄� (𝑘𝑟 , 0), and multiply it with the phase factor exp

(
−𝐷𝑘2

𝑟 𝑧
)
, finally

we take the inverse Hankel transform of the result to get 𝑢 (𝑟, 𝑧).

2.4.2 Finite difference method

In addition to the above methods, partial differential equations can also be solved using
finite differences defined on discrete space variables. If we define the function 𝑢 ≡ 𝑢 (𝑥),
where 𝑥 in [𝑥1, 𝑥2, . . . 𝑥𝑛] denoting the set of discrete points which are usually uniformly
distributed. Then the approximation of the exact solution of 𝑢 (𝑥) is taken by the value
𝑢 (𝑥1), 𝑢 (𝑥2), . . . 𝑢 (𝑥𝑛), or in short-hand notation, 𝑢1, 𝑢2, . . . 𝑢𝑛. The Taylor expansion
of 𝑢 (𝑥0 + 𝑑𝑥) around 𝑥0 when 𝑑𝑥 → 0 is

𝑢 (𝑥0 + 𝑑𝑥) = 𝑢 (𝑥0) +
𝑑𝑢

𝑑𝑥

����
𝑥=𝑥0

𝑑𝑥 +𝑂
(
𝑑𝑥2

)
. (2–62)

The corresponding discretized version replace 𝑑𝑥 by the constant step size ℎ = 𝑥𝑛 − 𝑥𝑛−1,
the notation for 𝑢 and its derivative

𝑢𝑛+1 = 𝑢𝑛 + ℎ𝑢′𝑛 +𝑂
(
ℎ2

)
= 𝑢𝑛 + ℎ 𝑓 (𝑥𝑛, 𝑢𝑛). (2–63)

The finite difference method is a numerical technique used to update the value of 𝑢𝑛+1 based
on the previous distribution of 𝑢𝑛. This method can be implemented in different ways, includ-
ing explicit and implicit methods. The explicit method computes the system state at the next
time directly from the known system state, with no coupling between different moments. In
contrast, the implicit method considers both the current and future system states to determine
the system states at future times. In other words, the implicit method requires the solution of
a system of equations, while the explicit method does not.
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Stability is an important consideration in the finite difference method. In general, im-
plicit methods are more stable than explicit methods, but they are also more computationally
expensive. Explicit methods are subject to stability constraints, which limit the step size ℎ
that can be used. If ℎ is too large, the solution may become unstable and the method will fail
to converge. On the other hand, implicit methods are unconditionally stable, which means
that the step size can be chosen independently of the problem parameters. However, the
computational cost of solving the system of equations required by implicit methods can be
prohibitively high for some applications. The choice between explicit and implicit meth-
ods depends on the specific problem being solved and the computational resources available.
Here, the method shown in (2–63) is an explicit method since it only involves the current
step.

2.4.2.1 Implicit Crank-Nicolson algorithm

We take equation (2–53) as an example to show the flow of the Crank-Nicolson method.
First, approximate the 𝑧 derivative on the left-hand side at

(
𝑥 𝑗 = 𝑗 𝑑𝑥, 𝑧𝑛 = 𝑛𝑑𝑧

)
:

𝜕𝑢

𝜕𝑧
|𝑥=𝑥 𝑗 ,𝑧=𝑧𝑛 ≈

𝑢𝑛+1
𝑗 − 𝑢𝑛𝑗
𝑑𝑧

. (2–64)

Then the diffraction part on the right-hand side at the same position:

𝐷
𝜕2𝑢

𝜕𝑥2
|𝑥=𝑥 𝑗 ,𝑧=𝑧𝑛 ≈ 𝐷

2𝑑𝑥2
(𝑢𝑛𝑗+1 − 2𝑢𝑛𝑗 + 𝑢𝑛𝑗−1 + 𝑢𝑛+1

𝑗+1 − 2𝑢𝑛+1
𝑗 + 𝑢𝑛+1

𝑗−1). (2–65)

Replacing the corresponding terms in (2–53) with (2–64) and (2–65), define 𝜎 ≡ 𝐷𝑑𝑧

2𝑑𝑥2 and
regroup them according to indices 𝑗 and 𝑛,

− 𝜎𝑢𝑛+1
𝑗−1 + (1 + 2𝜎) 𝑢𝑛+1

𝑗 − 𝜎𝑢𝑛+1
𝑗+1 = −𝜎𝑢𝑛𝑗−1 + (1 + 2𝜎) 𝑢𝑛𝑗 − 𝜎𝑢𝑛𝑗+1. (2–66)

Combined with initial condition 𝑢0
𝑥 = 𝑢 (𝑥, 0) and the Neumann boundary condition

𝑢𝑛
1
− 𝑢𝑛−1

2𝑑𝑥
= 0, (2–67a)

𝑢𝑛𝑗 − 𝑢𝑛𝑗−2

2𝑑𝑥
= 0, (2–67b)

we can solve (2–66) to simulate the diffraction of the field 𝑢(𝑥, 𝑧) in vacuum using the Crank-
Nicolson method.
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2.4.3 Runge-Kutta method

The idea of the Runge-Kutta(RK) method is to split the full-step ℎ in (2–63) into several
sub-steps as shown in Fig. 2–7

Figure 2–7 Demonstration of RK4 method: the initial one-step calculation of the field evolution is
now decomposed into four repeated evaluations, this result in a higher order approximation of 𝑢.

Here the field changes with time 𝑡.

Here we just introduce the most widely used variation of Runge-Kutta method: RK4.
As the name suggested, it involves terms with 4th order in the Taylor expansion (2–63) which
means the accuracy is𝑂

(
ℎ4

)
. With a given full-step size ℎ, the evolution of field 𝑢 is written

as:
𝑢𝑛+1 = 𝑢𝑛 +

1

6
ℎ (𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4) (2–68)

For each step 𝑛 = 0, 1, 2, 3. . .

𝑘1 = 𝑓 (𝑥𝑛, 𝑢𝑛) , (2–69a)

𝑘2 = 𝑓

(
𝑥𝑛 +

ℎ

2
, 𝑢𝑛 + ℎ

𝑘1

2

)
, (2–69b)

𝑘3 = 𝑓

(
𝑥𝑛 +

ℎ

2
, 𝑢𝑛 + ℎ

𝑘2

2

)
, (2–69c)

𝑘4 = 𝑓 (𝑥𝑛 + ℎ, 𝑢𝑛 + ℎ𝑘3) , (2–69d)

where function 𝑓 (𝑥, 𝑢) is defined in (2–63). The method is integrated in a split-step al-
gorithm for solving nonlinear wave propagation equations to deal with nonlinear terms con-
cerning the Kerr effect, multiphoton absorption and plasma-related phenomena.
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Chapter 3 Simultaneous control of fs filament position and
length in the air

In previous chapters, We reviewed briefly the history and basic concepts of nonlinear
optics. Particularly, we have introduced the physical effects related to filamentation. This
process requires a powerful laser pulse to ionize the medium along the path of propagation,
thereby forming plasma channels, also known as optical filament. Filament properties are
highly dependent on the laser initial conditions as well as the environment. Due to the highly
nonlinear nature of its generation, a filament is difficult to manipulate. Prior research dis-
cussed below has tailored either the spatial or temporal distribution of the input wavefront in
order to achieve the objective of regulating the position or length of the generated filament.
The simultaneous control of the position and length of an optical filament is still a challenge
requiring further research. This is what we will address in this chapter from the perspective
of numerical simulation.

3.1 Controllability of filament

Filament control refers to regulating its spatial position along the propagation axis, in-
tensity distribution, length, plasma density, and even the formation of multiple filaments.
Research efforts in the generation, characterization and optimization of filaments at a remote
distance and over a large extent in the atmosphere have been conducted intensively over the
last two decades, highlighted notably by an observation of vertical propagation at an altitude
of 20 km, of the supercontinuum white light generated by filaments formed at a distance
estimated at 2 km above the laser[1], and a direct evidence of plasma channels associated to
filaments horizontally propagating at a distance exceeding 1 km from the laser[2]. Simple
waveform and wavefront modulations of the output pulses of a CPA laser by respectively
group velocity dispersion (GVD) pre-compensation and beam collimation by telescope were
applied to push the filament starting position to the largest possible distance[3-5]. Air pressure
has also been found to affect the onset of filament; however, its length is almost invariant[6-8].
More recent experimental as well as theoretical efforts have been focused on the generation
of long and stable laboratory scale filaments.
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Wavefront reshaping was introduced using a deformable mirror[9-10] and optimized by
a genetic algorithm[11] to increase the filament length and control the filament pattern with
an optimized manipulation of the energy reservoir[12]. The model of an energy reservoir sur-
rounding and dynamically replenishing a filament[12] has inspired other works, demonstrating
the prevailing role of nonlinear losses in the robustness of filaments, acting as a sink of en-
ergy in the high intensity core of the beam and driving a conical energy flux from the low
intensity tails that refills and sustains the filament[13-16]. A spontaneous emergence of such
energy flux toward the filament is exemplified by the nonlinear propagation of a Bessel-Gauss
beam showing an effectiveness in generating a long and stable filament in spite of nonlinear
losses[17-20].

An approach with a Gaussian beam surrounded in a suitable way, by a ring auxiliary
beam, leads to a significant protraction of the filament length[21-22]. A similar physical pro-
cess relying on the nonlinear propagation of Bessel-Gauss beams, albeit in the tight focusing
regime, was applied to generate long aspect ratio plasma channels in the bulk of dielectric
media. Their subsequent evolution into void through channels[23] presents a significant in-
terest for micromachining applications[24-28].

3.2 Reversibility of filamentation

For an ultrashort intense laser pulse undergoing filamentation with a significant ion-
ization loss, the reversibility has been expressly demonstrated to be valid for specific wave-
fronts[29]. However, as mentioned in Ref. [30], the reversibility ensures neither that any
arbitrary pulse shape can readily be backpropagated, nor that it will follow a filamentary
path during its backpropagation. As an example, we simulated the forward and backward
propagation of a Gaussian pulse centered at 775 nm, with beam waist of 0.7 mm and pulse
duration 170 fs. The peak input power is 3.5 GW. The nonlinear refractive index 𝑛2 =

5.57 × 10−23 m2/W giving rise to the critical power of the medium 𝑃𝑐𝑟 ∼ 1.7 GW. The
model used in the simualtion considers diffraction, dispersion, Kerr effect, plasma defocus-
ing and loss and MPA. The intensity first rises as the pulse moves forward, primarily as a
result of self-focusing. Next, other high-order nonlinearities become involved, which causes
the intensity to saturate. Finally, the beam diffracts, and the intensity progressively decreases.
At 𝑧 = 8m, the simulation came to an end. The wavefront calculated at this location is then
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used and propagated backward. Even if nonlinear losses act as nonlinear gain during back-
ward propagation, no significant deviation from the wavefront forward evolution history is
observed. As shown in Fig. 3–1, the field can indeed propagate back to its initial condition
with only a very slight variation of less than 0.1 percent after passing through the highly
nonlinear region.
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Figure 3–1 Forward and backward propagation of a laser filament. The on-axis intensity is
plotted as a function of propagation distance. The inset shows the comparison between the spatial

intensity profile and calculated result through backward propagation.

For an arbitrary wavefront, the nonlinear loss, being turned into a gain for backward
propagation, may lead to a divergence of the simulation. Berti et al. proposed an elegant
strategy to overcome this problem, based on backpropagation of a hybrid laser pulse that
combines a post-filamented pulse with a target waveform, allowing the synthesis of a wave-
form in the post-filament region, with desired features for a specific application[30].

In the present work, rather than reaching a specific waveform at a given distance after a
filament, our goal is to control the features of the target pulse that will subsequently undergo
filamentation over a predefined length. Therefore, in our numerical simulation, we chose an
intermediate state pulse with a Gaussian beam intensity profile and a linear phase along the
radial coordinate. Their amplitude and phase are optimized to avoid ionization while back-
propagating toward the position of the initial pulse (output of the laser), therefore preventing
the potential divergence triggered by the nonlinear gain and guaranteeing the validity of re-
versibility. The waveform obtained after backpropagation can be further approximated by an
analytical expression which can be characterized by a couple of control parameters.

With the above forward and backward propagation of the intermediate state, the results
of the numerical simulations relate the characteristics of the filament to the control parameters
of the intermediate state and then to those of the initial pulse. Scaling laws are extracted by
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fitting the simulation results. Finally, a thorough forward propagation from the initial state
to the final filament is performed to validate the scaling laws derived for the filament length
as a function of the projection distance and the characteristics of the initial state.

3.3 A brief introduction to Bessel-Gauss beams

The Bessel-Gauss beam is a unique laser beam with distinctive properties that make it
useful for a wide range of scientific and technical applications. This beam is a combination
of two different beam types: the Bessel beam and the Gaussian beam. The Bessel beam is
an invariant of the paraxial propagation equation. It is a non-diffracting, localized beam that
keeps its intensity profile over a long distance. Gaussian beams, on the other hand, have
a bell-shaped intensity distribution that spreads out as they propagate. It is one of many
common output modes for lasers. An ideal Bessel beam is an exact analytical solution of the
Helmholtz equation carrying an infinite amount of energy, due to its weakly decaying tail.
Thus it cannot be implemented in the laboratory unless a truncation is applied. In the case of
the truncation of a Bessel beam 𝐽0(𝛽𝑟) by a large Gaussian beam, the resultant beam is the
so-called Bessel-Gauss beam of zero-order:

𝐸 (𝑟, 0) = 𝐴𝐽0(𝛽𝑟) exp(− 𝑟
2

𝑤2
0

), (3–1)

where 𝐴 is the amplitude of the field, 𝛽 is equivalent to a transverse wave vector and 𝑤0 is the
width of the Gaussian beam. By combining the features of these two beams, the Bessel-Gauss
beam can produce a large depth of field while keeping a high level of focus. This makes it
suitable for a wide range of applications, including microscopy, optical trapping, and laser
cutting. In particular, we are interested in the Bessel-Gauss beam because of its capacity to
produce a stable and uniform filament. The distance over which the beam remains in focus
is referred to as the depth of field. The depth of field with classic Gaussian beams is rather
limited due to diffraction, and the beam begins to spread out after a given distance. This limits
its applicability in applications requiring a great depth of field, such as microscopy. Bessel
beams, on the other hand, are non-diffracting beams that may retain their intensity profile
over long distances, resulting in a large depth of field. The Bessel beam can be regarded as
a result of the interference of infinite number of plane waves whose wavevector circulates
around the propagation 𝑧-axis at an angle 𝜃. Limited by the size of the optical aperture, the

42



Chapter 3 Simultaneous control of fs filament position and length in the air

laboratory achievable Bessel beam is always truncated.

𝑧max ≈ 𝑅/tan 𝜃, (3–2)

where 𝑅 is the radius of the aperture. Thus, the interference pattern will be modified accord-
ing to the size of the aperture as well as the cone angle 𝜃①. The propagation range where
the interference pattern exists is defined as the Bessel zone denoted as 𝑧max. As shown in
Fig. 3–2, it can be approximated geometrically by:

Figure 3–2 Geometrical illustration of the estimation of Bessel zone 𝑧max (Adapted from [31]).

3.3.1 Usual methods in the generation of Bessel-Gauss beams

There are several methods for experimental generation of Bessel-Gauss beams. Here
are some commonly used methods:

• Fourier transform-based method: The Fourier transform-based method involves
generating a Bessel beam by using the Fourier transform properties of lenses[31]. In
this method, a Gaussian beam is first sent through an annular slit positioned at the
front focal plane of a lens that generates a Fourier transform of the beam. However,
the efficiency of this method is very low in terms of the use of light since most of the
beam energy is blocked by the slit.

• Axicon-based method: Axicons are conical lenses that can be used to generate Bessel
beams[32-34]. The axicon-based method involves focusing a Gaussian beam through an

① 𝜃 is called the cone angle for simplicity while it represents the half-angle of the conical beam.
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axicon lens to create a Bessel beam. The axicon lens converts the Gaussian beam into
a Bessel beam by introducing a phase shift that results in the non-diffracting properties
of the Bessel beam.

• Digital holography-based method: Digital holography can be used to generate Bessel
beams by encoding a Bessel beam onto a hologram[35-36]. In this method, a digital
hologram is generated using a computer program that incorporates both the lens and
axicon functions. The hologram is then displayed on a spatial light modulator (SLM) or
digital micromirror device (DMD), which converts the digital hologram into a physical
hologram that can be projected using a laser beam. A Gaussian beam is focused onto
the modulator, which modulates the beam amplitude and phase. The modulator can be
programmed to generate different types of Bessel beams with different properties.

These methods are widely used in experimental generation of Bessel-Gauss beams and can
be adapted to specific applications depending on the required beam parameters such as beam
width, depth of focus, and order.

Figure 3–3 Generation of Bessel-Gauss beams by the Fourier transform-based method. (a)
Illustration of the optical path[31]: A collimated Gaussian beam passes through a circular slit

placed in the front focal plane of a lens; after the modulated annular beam (b) propagates through
the lens, the beam will gradually become a Bessel-Gauss beam (c).

3.4 Generation of controllable filaments through an intermediate state

The full process we used to achieve simultaneous control over the filament position and
length is shown in the diagram 3–6. In contrast to prior research, we do not directly manip-
ulate the production of optical filaments by simply modulating the laser output. Instead, in
order to achieve complete control, we propose a transient state between the laser output and
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Figure 3–4 Generation of a Bessel-Gauss beam by the conical lens-based method. A perfect axicon
is placed in the propagation path of a Gaussian beam. The wavefront of the beam is indicated by
red lines which will be tilted due to the presence of the axicon. Evolution of the maximum beam

intensity is shown in blue solid lines.

Figure 3–5 Generation of a Bessel-Gauss beam by the holography-based method. HOE:
holographics optical element. The holography is a combination of both the lens and axicon
functions. Because of the axicon function, the field behind the HOE remains focused over a

relatively long distance.
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the filament to guide the process. We may utilize the Bessel-Gauss beam property to create
filaments of uniform and controllable length by choosing it as the intermediate state, and we
can correlate the filament length with the beam parameters through numerical simulation of
forward propagation. In light of this assumption, our next task is to precisely position the

Figure 3–6 A flowchart that illustrates how to reverse engineer an ultrashort intensity laser pulse
so that it becomes a filament through the connection of an intermediate state.

Bessel-Gauss beam remotely. In order to achieve this, we propagate the intermediate state
backward to the laser and compared the resulting field with the laser Gaussian output mode.
The appropriate modulation type is then clear to us. It is discovered through numerical sim-
ulation that a torus pulse with a spatially linear phase is capable of projecting such a beam
over a considerable distance. At last, we directly relate the filament locations 𝑑 and length 𝐿
to the torus pulse parameters.

3.4.1 Intermediate state and simulation parameters

Asmentioned previously, the intermediate state is a Bessel-Gauss beam in our following
simulations. We assume that the beam is produced by passing a Gaussian beam through a
virtual axicon. After the axicon, the beam is conical, its amplitude is Gaussian in space and
time, while the phase is linearly modulated in the radial direction:

E(𝑟, 𝑡, 𝑧0) = E0 exp

(
− 𝑟

2

𝑤2
0

− 𝑡2

𝑡2𝑝
− 𝑖𝑘0𝑟 sin 𝜃

)
, (3–3)

where E0 denotes the maximum amplitude of the electric field envelope, 𝑤0 the beam width,
𝑡𝑝 the pulse duration, 𝑘0 the wavevector of the beam and 𝜃 the cone angle. This beam will

46



Chapter 3 Simultaneous control of fs filament position and length in the air

evolve into a Bessel beam E(𝑟, 𝑡, 𝑧𝑎𝑥) ∝ 𝐽0(𝑘0𝑟 sin 𝜃) after propagation over a distance 𝑧𝑎𝑥 =
𝑧𝑚𝑎𝑥/2 = 𝑤0/2 tan 𝜃.

Figure 3–7 Intensity profile of a Gaussian pulse in 3D space (𝑥, 𝑦, 𝑡) (left). The red line on the right
panel represents the linear phase imprinted by the virtual axicon.

As introduced in Chapter 2, the evolution of the electric field envelope E(𝑟, 𝑡, 𝑧) satisfies
the extended nonlinear Schrödinger equation below:

𝜕𝑧E =
𝑖

2𝑘0

𝛥⊥E + 𝑖𝐷 (𝑖𝜕𝑡)E + 𝑖 𝜔0

2𝑐𝑛0

P(E)
𝜖0

. (3–4)

On the right hand side the first term denotes diffraction 𝛥⊥ = 𝑟−1𝜕𝑟 (𝑟𝜕𝑟 ), the second term
𝐷 (𝑖𝜕𝑡) =

∑+∞
𝑛=2

𝑘
(𝑛)
0

𝑛!
(𝑖𝜕𝑡)𝑛 accounts for the full dispersion of the pulse in time domain. It

is easily calculated in the frequency domain as �̂� (𝜔) ≡ 𝑘 (𝜔) − 𝑘0 − 𝑘
′

0
(𝜔 − 𝜔0), where

𝑘0 ≡ 𝑘 (𝜔0), while the dispersion in air is due to the frequency dependence of the refractive
index 𝑛(𝜔), which is related to the wavenumber 𝑘 (𝜔) = 𝑛(𝜔)𝜔/𝑐 and given by the rela-
tion established by Peck and Reeder[37]. The polarization P(E) in the last term denotes the
nonlinear response of the medium to the intense laser pulse:

P(E) ≡ 2𝜖0𝑛0(𝛥𝑛(𝑟, 𝑡, 𝑧) + 𝑖𝜅(𝑟, 𝑡, 𝑧))E(𝑟, 𝑡, 𝑧). (3–5)

It describes the changes of refractive index 𝛥𝑛, due to optical Kerr effect and plasma de-
focusing, as well as nonlinear absorption with a coefficient 𝜅, contributed by multi-photon
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absorption and plasma absorption,

𝛥𝑛(𝑟, 𝑡, 𝑧) = 𝑛2

𝑡∫
−∞

𝑅(𝑡 − 𝜏)I(𝑟, 𝜏, 𝑧)𝑑𝜏 − 𝜎𝜔0𝜏𝑐

2𝑘0

𝜌(𝑟, 𝑡, 𝑧),

𝜅(𝑟, 𝑡, 𝑧) =
𝜎

2𝑘0

𝜌(𝑟, 𝑡, 𝑧) + 𝛽𝐾

2𝑘0

I𝐾−1(𝑟, 𝑡, 𝑧). (3–6)

The Kerr response function

𝑅(𝑡) = (1 − 𝑓𝑅)𝛿(𝑡) + 𝑓𝑅
𝛤2 + 𝛺2

𝛺
exp(−𝛤𝑡) sin(𝛺𝑡) (3–7)

encompasses the instantaneous electronic and delayed molecular rotational contributions,
parametrized by a relative weight 𝑓𝑅 for the delayed part with frequencies 𝛤 and 𝛺. The quan-
tity 𝜏𝑐 denotes the electron collision time entering in the cross section for inverse bremsstrahlung[38]

𝜎 =
𝑘0

𝜌𝑐

𝜔0𝜏𝑐

1 + 𝜔2
0
𝜏2
𝑐

, (3–8)

where 𝜌𝑐 ≡ 𝜔2
0
𝜖0𝑚/𝑒2 denotes the critical electron number density for an overdense plasma

with respect to an electromagnetic radiation of frequency 𝜔0. Evolution of the electron num-
ber density 𝜌 on the femtosecond time scale is described in detail in previous chapters at
section 2.2.5.

The input pulse duration is 𝑡𝑝 = 50 fs and the central wavenumber 𝑘0 = 2𝜋/𝜆0 corre-
sponds to a central wavelength of 𝜆0 = 800 nm. Different pairs of parameters (𝑤0, 𝜃) are
chosen for the intermediate state, guided by the knowledge that

1. a linear propagation of the pulse (Eq. (3–3)) would result in a focal line extending over
the Bessel zone of length 𝑧𝐵 ≡ 𝑤0/tan 𝜃[31,39],

2. a nonlinear propagation would lead to a filament that covers the Bessel zone with a
more uniform intensity[18].

The amplitude E0 =

√
2𝑃𝑖𝑛/𝜋𝑤2

0
is obtained by fixing 𝑤0 and the input power 𝑃𝑖𝑛 for a pulse

energy of 10 mJ. The choice of the pulse energy of the intermediate state ensures a negligible
ionization for a reversely propagating pulse avoiding therefore an eventual divergence of the
simulation[29]. Among nonlinear effects, only the Kerr nonlinearity is relevant during the
backward propagation of the intermediate pulse.

Table 3–1 summarizes the parameters used to solve the NLSE (Eq. (3–4)), in both the
forward and backward directions with the initial conditions determined by the intermediate
state given by Eq. (3–3)). The critical power 𝑃𝑐𝑟 for self-focusing is about 3 GW.
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Table 3–1 Parameters used for simulations of the nonlinear pulse propagation of a Bessel-Gauss
beam

Air, 800 nm

Pulse energy (mJ) 10
𝜃 (deg) 0.1, 0.125, 0.15, 0.175, 0.2
𝑤0 (mm) 5, 10, 15, 20
𝑡𝑝 (fs) 50

𝑛2 (m2/W) 3.2 × 10−23

𝑓𝑅 0.5
𝛤−1 (fs) 70
𝛺 (THz) 16
𝜏𝑐 (fs) 350
𝐸𝑔 (eV) 12.1
𝐾 8

𝛽 (𝐾 ) (m13/W7) 1.83 × 10−120

𝑎 (m3/s) 5.0 × 10−13

3.4.2 Forward propagation: Filamentation of a Bessel-Gauss beam

We first determine the conditions required to generate a filament in air with a several
meters long plasma channel by modeling the nonlinear propagation of the intermediate state -
a Bessel-Gauss beam. The evolution of the field and the generation of a filament depend on
the properties of the intermediate state, especially the spatial distribution of the intensity. The
fluence of the beam 𝐹 (𝑟, 𝑧) =

∫ +∞
−∞ 𝑑𝑡 |E(𝑟, 𝑡, 𝑧) |

2 is shown in Fig. 3–8 as a function of (𝑤0, 𝜃).
It is evident that the Bessel zone lengthens with increasing 𝑤0 and shortens with increasing 𝜃.
When 𝑤0 is small, oscillations of the intensity is also observed. The appearance of periodic
oscillations of a small amplitude is due to

• the interference between the conical and axial components of the beam,
• the interference induced by the nonlinear phase modulation.

Fig. 3–9 (a) shows the result of a Fourier analysis of the peak intensity profiles along
the 𝑧-axis, allowing us to analyse the small-oscillation period. For each value of the cone
angle, the period matches the function 𝜆/(1 − cos 𝜃) which reflects the interference between
axial and conical components of the beam[17,34]. We can clearly see this interference pattern
in the evolution of power 𝑃(𝑡, 𝑧) =

∫∞
0

2𝜋𝑟𝑑𝑟 |E(𝑟, 𝑡, 𝑧) |2 along 𝑧, shown in Fig. 3–9 (b).
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Figure 3–8 Evolution of fluence along the propagation path from the intermediate state to the
filamentation regime as a function of (left panel) 𝑤0 with fixed 𝜃 = 0.1. From top to bottom: 𝑤0 = 5
mm, 𝑤0 = 10 mm, 𝑤0 = 15 mm, 𝑤0 = 20 mm and (right panel) of 𝜃 with fixed 𝑤0 = 20 mm. From top

to bottom: 𝜃 = 0.125◦, 𝜃 = 0.15◦, 𝜃 = 0.175◦, 𝜃 = 0.20◦.

The wavefront whose curvature is negative evidences the phase modulation caused by self-
focusing.

Figure 3–9 (a). Fourier analysis of the peak intensity profile along 𝑧 for constant 𝑤0 = 15𝑚𝑚 and
for different cone angles 𝜃. The horizontal axis has been transformed to show the modulation

period in length units. The black dotted line represents 𝛬 = 𝜆/(1 − cos 𝜃) where 𝜆 = 800 nm. (b).
Evolution of power along the propagation axis from the intermediate state at 𝑧 = 0 to the

filamentation regime.

Fig. 3–10 presents a summary of the simulation results for the peak intensity of the
filament and the peak electron number density in the plasma channel. They are obtained
for cone angles 𝜃 ranging from 0.1 to 0.2 degrees and for beam widths 𝑤0 ranging from 5
to 20 mm. The peak intensity is calculated by taking the maximum of |E(𝑟, 𝑡, 𝑧) |2 at each
propagation distance 𝑧 and the electron density is extracted out by solving the rate equation
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Figure 3–10 Peak intensity and electron number density of a filament as functions of the
propagation distance 𝑧. (a) for different beam waists 𝑤0 of the intermediate pulse with a given cone
angle 𝜃 = 0.15◦, and (b) for different cone angles 𝜃 with 𝑤0 = 15 mm. The length of a filament 𝐿 is

extracted by measuring the full width at half maximum (FWHM) of the intensity curve.

governing the photoionization (See Eq. (2–22)). Shown in Fig. 3–10 (a) are results for a fixed
cone angle 𝜃 = 0.15◦. With an increasing 𝑤0, both the peak intensity and electron density
decrease, while the lengths of the corresponding light and plasma channels increase. Results
in Fig. 3–10 (b) are obtained for different cone angles by keeping a constant 𝑤0 = 15 mm.
The peak intensity and electron number density grow with an increasing 𝜃, while the channel
lengths are reduced. The observed trends are determined by the spatial phase distribution of
the intermediate pulse, which governs the conical energy flux sustaining the filament. As the
waist 𝑤0 increases, a larger energy reservoir surrounds the central core. In parallel, a smaller
cone angle 𝜃 reduces the inward energy flow. The nonlinear propagation can be maintained
for a longer distance due to the both effects. Note that in all simulation results, a single,
continuous and quite homogeneous filament with the associated plasma channel string is
obtained.

Quantitatively, the length of a filament 𝐿 is defined by the full width at half maximum
(FWHM) of the peak intensity profile along the 𝑧-axis (see Fig. 3–10 (a)). Filament lengths
calculated from our simulation results are shown in Fig. 3–11 as a function of 𝑤0 and 𝜃. In
our simulations, intensity clamping becomes one of the relevant effects flattening the profiles
of the peak intensity along the 𝑧-axis, as compared to the profile obtained with a linear prop-
agation of a Bessel-Gauss beam, whose focal line scales as the Bessel zone 𝑧𝐵 = 𝑤0/tan 𝜃.
A fit of the simulation data results in a scaling law of the filament length 𝐿 as a function of
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Figure 3–11 Filament length 𝐿 as a function of (a) the cone angle 𝜃, and (b) the beam waist (𝑤0) of
the intermediate state. The dashed lines represent the fits by the function given in Eq. (3–9)

𝑤0 and 𝜃:

𝐿 (𝑤0, 𝜃) = 136
𝜆0.35

0
𝑤0.65

0

(tan 𝜃)0.75
∝ 𝑧0.75

𝐵 /�̂�0.1
0 . (3–9)

The dependence on the dimensionless beam waist �̂�0 ≡ 𝑤0/𝜆0 and 𝜃 indicates that the fil-
ament length is expected to increase less fast than the Bessel range 𝑧𝐵, when 𝑤0 increases
or 𝜃 decreases. The scaling law of Eq. (3–9) provides therefore a practical way to precisely
control the length of a filament, together with its related properties by the characteristics of
the intermediate state.

3.4.3 Back propagation toward an initial state nearby the laser

To investigate the required initial pulse capable of projecting a Bessel-Gauss beam at a
large distance, we propagate the intermediate pulse backward toward the laser and deduce the
characteristics of the initial pulse nearby the laser. Since the intermediate pulse is chosen to
have an intensity below the ionization threshold while possibly carrying a significant energy
with a quite large beam waist, and a spatial phase gradient corresponding to a divergent back
propagation, the reverse solution is almost linear, except for a small contribution from the
optical Kerr effect.

Fig. 3–12 shows the simulation results of the amplitude and phase distributions of an
initial pulse obtained at a distance 𝑑 of 20 m upstream of the intermediate state. During the
reverse propagation, the intermediate Bessel-Gauss pulse evolves into a torus-like pulse that
can be considered as a Gaussian pulse with a ring beam profile (Fig. 3–12 (a) & (d)). The
major and minor radii 𝑤𝑅, 𝑤𝑟 of the ring depend on 𝑤0 and 𝜃. There is almost no change in
the distribution of the electric field envelope along the time axis. The pulse remains Gaussian
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Figure 3–12 Results of the reverse propagation of the intermediate pulse over a distance 𝑑 of 20 m,
with 𝜃 = 0.15◦, 𝑤0 = 10 mm. (a) Intensity distribution of the resulting initial pulse |E(𝑟, 𝑡, 𝑧 = −𝑑) |2

as a function of 𝑟 and 𝑡. (b) Intensity in the pulse center |E(𝑟, 𝑡 = 0, 𝑧 = −𝑑) |2 and a fit with
Eq. (3–12). (c) Radial phase variation at the center of the pulse 𝜙(𝑟, 𝑡 = 0) and its fit with a linear

function. (d) Illustration of a torus pulse. (e) Major radius of the initial torus pulse 𝑤𝑅 as a
function of 𝑑 tan 𝜃 for different 𝑤0. (f) Comparison of the actual radial wavenumber 𝑘𝑟 of the torus

pulse and the projection of the central wavevector 𝑘0 sin 𝜃.

and its duration is nearly the same as that of the intermediate pulse of 50 fs. Dispersion in
air is too weak to induce a significant pulse distortion over a distance of 20 m, the dispersive
length in air for a 50 fs pulse being 62 m.

For a larger propagation distance, dispersion can be compensated by pre-chirping the ini-
tial pulse. In this case, we can use a parabolic function to express the chirped temporal phase
and a Gaussian function to express the amplitude when reversely propagating the wavefront.
Along the radial axis, the electric field amplitude evolves into a ring beam (Fig. 3–12 (b))
with a linear phase shift within the width of the ring, 𝜙(𝑟) = 𝑘𝑟 +𝜙0 as shown in Fig. 3–12 (c).

The simulated values of 𝑤𝑅 as a function of 𝑤0 and 𝜃 are shown in Fig. 3–12(e). In the
figure, we can see that the data can be well fitted by the relations derived by Gori et al. for
the diffraction of a Bessel-Gauss beam[39], proving that they remain a valid approximation of
the solution in the presence of a weak nonlinear effect,

𝑤𝑅 ∼ 𝑑 tan(𝜃). (3–10)

At the same time, the simulations also show a good fit of the values of 𝑤𝑟 by the diffraction
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of a Bessel-Gauss beam[39],
𝑤𝑟 ∼ 𝑤0

√
1 + 𝑑2/𝑍𝑅2, (3–11)

where 𝑤0 is the beam waist at the intermediate state and 𝑍𝑅 = 𝜋𝑤0
2/𝜆0 the Rayleigh length.

In Fig. 3–12 (f), the actual radial wavevectors 𝑘𝑟 extracted from the simulations are com-
pared with the projection of the central wavevector 𝑘0 sin 𝜃 according to the cone angle of
the Bessel-Gauss beam. The result shows a relative difference within 2%, which confirms a
quite good linear variation of the phase, similar to the intermediate state.

3.4.4 Projection of a torus pulse into a remote filament

Figure 3–13 Schematic representation of reverse engineering of a remote filament. Starting with a
predefined intermediate state, the wavefronts after the pulse shaper are calculated by backward

propagation. From the Gaussian pulse at the laser output, the required phase and amplitude
modulation can be realized by a phase plate and axicon reflectors. The color plots show the

evolution of the field from a Gaussian to a torus pulse through the pulse shape, the projection of
the torus pulse to a Gaussian beam passing through a remote virtual axicon, and finally its

propagation in the form of a nonlinear Bessel-Gauss beam entering into the filamentation regime.

The above simulation results suggest an implementation of the studied method to launch
and control a filament at a remote distance. As shown in Fig. 3–13, an output pulse from a
CPA laser with temporal and spatial Gaussian profiles, transmits first through a phase plate
ensuring a linear radial phase modulation over the wavefront of the pulse. It is then reflected
on an axicon mirror resulting in a pulse with a ring-formed beam profile. The latter propa-
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gates toward a ring mirror and is reflected in the forward direction with a required conver-
gence angle. At the same time, the reflectivity of the ring mirror is modulated in the radial
direction so that when the ring-formed beam is reflected away from it, its intensity profile
in the radial direction within the width of the ring is modulated according to the required
profile. The ensemble of the phase plate, the axicon mirror and the ring mirror constitutes
therefore a pulse shaper, which can transform a Gaussian pulse from a CPA laser into a torus
pulse required for the projection of an intermediate state of a Bessel-Gauss pulse and the
subsequent formation of a filament.

For an easy implementation of the above conceptual arrangement, we neglect the small
scale radial modulation of the intensity within the width of the ring beam profile as shown in
Fig. 3–12 (a) and (b). The radial intensity distribution is approximated by a Gaussian profile
centered at a major radius of 𝑤𝑅 and having a 𝑒−1 half width of 𝑤𝑟 . Simulations results will
show the pertinence of this approximation, supported by the fact that a similar filament can
be formed when an actual radial intensity profile is replaced by the above described Gaussian
profile. The initial pulse obtained by reverse engineering as shown in Fig. 3–12 (a) and (b)
is therefore approximated by an analytical expression,

Eeng(𝑟, 𝑡) = 𝐴 exp

(
− (𝑟 − 𝑤𝑅)2

𝑤2
𝑟

− (1 + 𝑖𝐶) 𝑡
2

𝑡2
0

− 𝑖𝑘𝑟𝑟
) [

1 + erf
(
𝑝
(𝑟 − 𝑤𝑅)
𝜆
√
𝑤𝑟

)]
, (3–12)

where 𝐴 is the amplitude determined by the pulse energy, erf(𝑥) represents the error function,
𝑝 is a fitting parameter which can be approximated by 𝑝 � 0.028 and �̂�𝑟 ≡ 𝑤𝑟/𝜆0. The chirp
coefficient 𝐶 is parametrized so as to compensate for dispersion during the projection stage
to the intermediate state, i.e., 𝐶 = −𝑑/𝑍𝑑 where 𝑍𝑑 = 𝑡2𝑝/2𝑘 ′′ denotes the dispersion length.
The initial pulse duration can be modified accordingly to 𝑡0 = 𝑡𝑝

√
1 + 𝑑2/𝑍2

𝑑
. For 𝑡𝑝 = 50 fs

and 𝑘 ′′ = 0.2 fs2/cm, we find 𝑍𝑑 = 62.5 m, and for 𝑑 = 20 m, we obtain 𝐶 = 0.32 and
𝑡0 = 1.05𝑡𝑝. Such ideal torus pulse considered as the initial state of a complete forward
propagation is therefore characterized by three parameters of 𝑤𝑅, 𝑤𝑟 , and 𝑑, together with
the characteristics of the pulse delivered by the CPA laser (pulse energy, pulse duration and
wavelength). Note that 𝑘𝑟 = 𝑘0 sin 𝜃, and 𝜃 can be further expressed as a function of 𝑤𝑅 and
𝑑. The intensity distribution of an ideal torus pulse is shown in Fig. 3–14 for projecting an
intermediate state with 𝜃 = 0.15◦ and 𝑤0 = 10 mm at a distance 𝑑 = 20 m.
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Figure 3–14 Intensity profile of an ideal torus pulse as the initial state for projecting a
Bessel-Gauss beam intermediate state at a distance 𝑑 = 20 m, with 𝜃 = 0.15◦ and 𝑤0 = 10 mm, the
corresponding spatial and temporal phases are respectively linear and quadratic as described in

the previous section.

3.4.5 Full propagation: filamentation of a torus pulse

Starting the simulation from the torus pulse of Eq. (3–12) and propagating forward, the
results confirm that the pulse is focused at the predefined projection distance 𝑑 and further
evolves into a filament with a length 𝐿 (𝑤𝑅, 𝑤𝑟 , 𝑑). It is therefore interesting to deduce the
expression of 𝐿 (𝑤𝑅, 𝑤𝑟 , 𝑑) using the above deduced scaling law of 𝐿 (𝑤0, 𝜃) in Eq. (3–9) and
those relating 𝑤0 and 𝜃 to 𝑤𝑅, 𝑤𝑟 and 𝑑. Furthermore, using the scaling laws of Eqs. (3–10)
and (3–11) confirmed by the results of the reverse simulation, we can relate the pair of control
parameters of the intermediate state 𝑤0 and 𝜃 to the characteristics of the ideal torus pulse of
the initial state and the projection distance 𝑑,

tan 𝜃 =
𝑤𝑅

𝑑
, (3–13)

𝑤2
0 =

𝑤2
𝑟

2

©«
1 +

√
1 − 4𝑑2

𝑍2
𝑟

ª®¬
, (3–14)

where 𝑍𝑟 = 𝜋𝑤2
𝑟/𝜆0 denotes the Rayleigh length constructed from 𝑤𝑟 . Note that, 𝑍𝑟 must be

greater than twice the projection distance to avoid reaching the diffraction limit. The scaling
law for the filament length 𝐿 as a function of the projection distance 𝑑 and the torus pulse
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radii 𝑤𝑅 and 𝑤𝑟 can thus be deduced:

𝐿 (𝑤𝑅, 𝑤𝑟 , 𝑑) ≈
51.6𝜆0

[
𝑍2
𝑟

𝑤2
𝑟

(
1 +

√
1 − 4𝑑2

𝑍2
𝑟

)]0.325

(𝑤𝑅/𝑑)0.75
. (3–15)

Figure 3–15 briefly illustrates the projection of the torus pulse into a filament with corre-
sponding geometric relationship between the variables.

Figure 3–15 Schematic representation of the projection of a torus pulse.

An end-to-end forward propagation simulation is then performed to calculate the fila-
ment length 𝐿 for various combinations between 𝑤𝑅 and 𝑤𝑟 when 𝑑 is fixed at 20 m. The ob-
tained results are shown in Fig. 3–16 together with the plots of the scaling law of Eq. (3–16).
A good agreement can be observed. This scaling law can thus be used to determine the pa-
rameters of the torus pulse of the initial state according to the starting distance 𝑑 and the
length 𝐿 of the filament that we want to generate. In practice, several pairs of (𝑤𝑅, 𝑤𝑟 ) can
be used to achieve the same filament projection. For instance, the minor radius of the torus
𝑤𝑟 can be chosen arbitrarily provided that the condition 𝑍𝑟 > 2𝑑 is fulfilled, then requiring
the major radius 𝑤𝑅 to satisfy

𝑤𝑅 ≈ 192 𝑑

(
𝜆0

𝐿

)1.33 
𝑍2
𝑟

𝑤2
𝑟

©
«
1 +

√
1 − 4𝑑2

𝑍2
𝑟

ª®
¬


0.43

, (3–16)

and the transverse wavenumber characterizing the radial spatial phase modulation is deter-
mined by 𝑘𝑟 = 𝑘0𝑤𝑅/𝑑. Fig. 3–17 shows the dependence of 𝑤𝑅 upon the target filament
length 𝐿 for several values of 𝑑 and 𝑤𝑟 . The reduction of possible values of 𝑤𝑟 as 𝑑 in-
creases is due to the threshold condition of 𝑤𝑟 >

√
2𝑑𝜆0/𝜋. The case of 𝑤𝑅 < 𝑤𝑟 is also

excluded. In the figure, we also plot the filament lengths resulting from the simulations for
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Figure 3–16 Filament length as a function of the major radius 𝑤𝑅 of the torus pulse (see
Eq. (3–12)) after forward propagation over 𝑑 = 20 m. Dashed curves correspond to the fitting

function given in Eq. (3–15) for different values of the minor radius 𝑤𝑟 .

𝑑 = 20 m. We can see that longer filaments can be produced at a same projection distance
by keeping 𝑤𝑅 fixed and by increasing 𝑤𝑟 (up to 𝑤𝑟 ≈ 𝑤𝑅). In addition, we can launch a
filament of a given length to a larger distance by increasing 𝑤𝑅 while keeping 𝑤𝑟 fixed.

Figure 3–17 Torus major radius 𝑤𝑅 as a function of the filament length 𝐿, for various minor radius
𝑤𝑟 and projection distances 𝑑 up to 10 km. Each line corresponds to a fixed value of 𝑤𝑟 and 𝑑.

Finally, our simulations show that the larger the projection distance and the filament
length are, the larger the values of 𝑤𝑅 and 𝑤𝑟 are required. For instance, projecting a 10 m
long filament to a distance of 𝑑 = 100 m, requires a torus pulse with 𝑤𝑅 = 8.1 cm and 𝑤𝑟 =
1 cm (corresponding to a 𝜃 = 0.045◦). If the projection distance is increased to 𝑑 = 1 km,
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𝑤𝑟 must be increased above the threshold value of ≈ 2.26 cm. Choosing 𝑤𝑟 = 6 cm, a 10 m
long filament can be generated with a relatively large 𝑤𝑅 ≈ 3.9 m. Alternatively, with the
other parameters (𝑤𝑟 = 6 cm, 𝑑 = 1 km) kept unchanged, filaments with longer lengths of
𝐿 = 30 m or 𝐿 = 100 m can be generated with smaller 𝑤𝑅 of respectively 91 cm or 18 cm,
which remains still manageable with a tabletop laboratory optical arrangement.

3.5 Discussion and conclusion

In our results, the simultaneous control of the filament length and projection distance
relies on two key processes: (i) the focusing stage of the torus pulse into the intermediate
Bessel-Gauss beam state is entirely achieved in a weakly nonlinear regime where the peak in-
tensity remains below ionization threshold; (ii) The subsequent filamentation of the powerful
Bessel-Gauss intermediate state is governed by the spontaneous generation of a propagation-
invariant beam during its nonlinear propagation, previously identified as a nonlinear unbal-
anced Bessel beam[13-16]. As in previous experiments on long range filamentation, optical
components of large size are required to reach long distances but the benefits of projecting a
nonlinear Bessel beam lies in the simultaneous control of the filament length and projection
distance. We discuss the main physical effects in each propagation stage.

During the first stage, the only nonlinear effect influencing the propagation is the op-
tical Kerr effect. Nonlinear losses are negligible as the highest peak intensity appearing at
the projection distance for the intermediate state is chosen below ionization threshold, while
allowing for the power of the beam to exceed the critical threshold for self-focusing. In this
stage, propagation in the forward and backward directions is essentially governed by diffrac-
tion and dispersion, making possible the semi-analytical derivation of the scaling laws (3–15)
and (3–16) for the filament length, reflecting diffraction optics and dispersion compensation
of a pre-chirped pulse.

During the second propagation stage from the intermediate state to the filament, the
prevailing physical effects in the formation of a homogeneous filament are diffraction, optical
Kerr effect and nonlinear losses. The intermediate state is organized as a conical wave, i.e., a
beam whose spatial phase is set to drive an energy flux along the vertex of a cone. The linear
propagation of this state would result in the formation of a Bessel beam profile in the focal
Bessel zone, which can be described as a superposition of two balanced Hankel components,
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carrying along the cone vertex the same amount of energy in and out of the focal region[15].
When the intensity in the focal region exceeds ionization threshold, nonlinear losses generate
an unbalance in the Hankel components as the energy conservation requires that the energy
flux in the focal region must be equal to the sum of the energy losses in the hot core of
the beam and the energy flux out of the focal region. Moreover, this unbalance was shown to
characterize attractors of the dynamics of nonlinear Bessel beam propagation in a Kerr media
with nonlinear losses, in the form of propagation-invariant solutions to the NLS equation
called nonlinear unbalanced Bessel beams, which are supported by the inward energy flux
until the energy reservoir is exhausted[15-16]. These solutions are stable in a large region of the
parameter space and therefore propagate steadily, giving rise to the resulting homogeneous
filaments. An unsteady propagation regime also exists, generally obtained for smaller cone
angles than those we have considered, that would give rise to nonhomogeneous filaments.
However, our results were limited to homogeneous filaments.

The simultaneous control of the length and projection distance of homogeneous fil-
aments proposed in this work is therefore only limited by two requirements: (i) avoid a
strong self-focusing that would lead to ionization before the target position of the interme-
diate Bessel-Gauss beam; (ii) avoid the unsteady regime for nonlinear unbalanced Bessel
beams[16-18].

In conclusion, we have implemented inverse design in numerical simulation of the non-
linear propagation of a NIR intense femtosecond laser pulse in air. Starting from an interme-
diate state in the form of a Gaussian pulse with a Bessel-Gauss beam profile characterized
by the waist 𝑤0 and the cone angle 𝜃, its propagation is simulated using the NLSE in both
the forward and backward directions. In the forward direction, the intermediate pulse evolves
into a filament with the associated plasma channel. The length of the filament, 𝐿, is found
to be controlled by 𝑤0 and 𝜃. The intermediate pulse is then reversely propagated, showing
the evolution of the beam profile into a torus structure with a linearly increasing radius as it
approaches the CPA laser which can deliver the pulse, situated at a distance of 𝑑 from the
intermediate state. The divergent backward propagation leads to a decrease of the intensity,
avoiding ionization of the air molecules crossed by the pulse and potential divergences during
reverse simulation. The obtained torus-like beam profile can be characterized by the major
and minor radii 𝑤𝑅, 𝑤𝑟 , as well as a linear radial phase. Both parameters 𝑤𝑅 and 𝑤𝑟 are
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shown to be related to 𝑤0, 𝜃 and 𝑑. An end-to-end forward propagation simulation is thus
performed from an ideal initial torus pulse to the final filament, confirming the validity of
the pulse reverse engineering procedure. Scaling laws are extracted to express 𝑤0 and 𝜃 as
functions of 𝑤𝑅, 𝑤𝑟 and 𝑑, which in turn allows for deducing a scaling law relating the fila-
ment length 𝐿 to the projection distance 𝑑 and the radii of the initial torus pulse 𝑤𝑅 and 𝑤𝑟 .
A conceptual optical beam shaper, with a combination of a phase plate, an axicon reflector
and a ring mirror, is proposed to transform a Gaussian pulse at the output of a CPA laser
into a torus pulse able to launch a Bessel filament at a remote distance. The quasi linear
propagation of the initial torus pulse toward a virtual intermediate state of a Bessel-Gauss
beam profile offers a large scalability of the projection distance 𝑑. An extrapolation of the
numerical results obtained in this work thus allows for launching filaments of several tens of
meters long at hundreds to thousands of meters in air for a large number of applications.
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Chapter 4 Nonlinear propagation of ring-Airy beams in air
beyond kilometer range

In the previous chapter, we discussed how to simultaneously control the position and
length of the filament by backward propagation of the modulated laser output. By carefully
tuning the parameters of a torus pulse, the generation of a femtosecond filament with fixed
length can be achieved at a distance ranging from 1 to 1000 meters. However, we note that
the further the location of the filament generation from the laser, the larger the radius of
the required torus pulse, or the smaller the cone angle 𝜃 corresponding to its spatial phase.
This brings difficulty in realization of the experimental setup. In addition, the nonlinear
propagation of intense Bessel-Gauss beams with small 𝜃 leads to nonuniform filaments[1].

To reduce the size of the optical device, we introduce ring-Airy beams in this chapter.
We investigate the nonlinear propagation dynamics of the beam over kilometer scales in the
atmosphere. The self-reconstruction and self-acceleration properties of ring-Airy beam are
crucial. Beams with small diameters can abruptly auto-focus at very long distance. There-
fore, the goal of this study is to deliver the highest intensity in the focal region, making
applications related to ionization and filamentation feasible. I will show how the appearance
of nonlinear effects affects the position of the focus region and the distribution of the optical
field, and quantify their relationship with the input power. Finally, filaments generated in the
focusing region are also mentioned.

4.1 Introduction

About a decade ago, finite-energy ring-Airy beams were proposed as prototypical wave-
forms that exhibit enhanced autofocusing contrast and abruptness in the case of long focal
lengths[2-3]. Due to their cubic radial phase distribution, ring Airy beams are able to undergo
auto-focusing featured by an acceleration of the focusing rate around the focal point on axis,
without the assist of an external lens or nonlinearity during propagation. The distribution of
energy over the ring beam profile is one of the key ingredients allowing for the contrast en-
hancement in the region of the autofocus, hereafter called the focal region. The autofocusing
property of ring Airy beams is preserved in the nonlinear regime of powerful laser beams,
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opening the way to applications ranging from filamentation[4-6], high harmonic generation[7]

to THz generation[8], biomedical manipulation and micromachining[9-12], and multiphoton
polymerization[13]. Due to their ring structure, ring-Airy beams can also be focused beyond
obstacles smaller than their ring beam radius, opening the way to applications where the
target focal point lies behind an obstacle. In addition, ring Airy beams exhibit self-healing
characteristics similar to those of Bessel beams, allowing for their reconstruction after en-
countering an obstacle[14]. Different types of ring-Airy beams have also been studied with
properties related to the vorticity[15-19], coherence[20-22] and polarization[23-25].

The linear propagation dynamics and control of ring-Airy beams using different modu-
lation method has been studied extensively: Theoretically, it is possible to precisely control
the characteristics of a ring Airy beam (trajectory of the peak intensity, amplitude and width)
and its focusing characteristics by carefully engineering the wavefront[26]. By modulating the
spatial spectrum using a Gaussian function, the focal intensity is enhanced, the focal size is
shortened, while the focal position remains virtually unchanged[27]. A similar result is ob-
tained applying a Bessel modulation directly on the spatial profile of the ring Airy beam,
leading to a shorter focal length than for an unmodulated beam[12]. The focal region can
also be tailored by applying an additional conical phase in paraxial[28-29] and nonparaxial
regimes[30]. Assisted with nonparaxial energy flow, the paraxial abrupt autofocusing leads to
a strong enhancement in focal peak intensity, approaching the wavelength limit[31]. Beams
with different initial emission angles can be superimposed to focus simultaneously on the
1st and 2nd peaks, thus influence the focal positions and intensities[32]. However, only few
works deal with the nonlinear evolution of ring-Airy beams. The filamentation dynamics and
corresponding wavefront evolution beyond the autofocus of a ring-Airy beam are described
in[6,33]. The nonlinear propagation of ring-Airy beams with different truncation factors is
also investigated[34]. To the best of our knowledge, previous research works have mainly fo-
cused propagation, whether it is linear or nonlinear, and regulation of ring-Airy beams over
short-distances. Long-distance propagation of ring-Airy beams in air still have to be studied
to identify properties that could be useful in potential atmospheric applications.

In this work, we focus on the nonlinear propagation dynamics of intense finite energy
ring-Airy beams in the atmosphere at kilometer scales. We have thoroughly investigated the
evolution of the ring-Airy beamwavefront as a function of the input power through numerical
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simulations, with the goal of delivering the highest intensity in the focal region. Before the
beam reaches the focal region, its intensity remains low enough for the beam to propagate
almost linearly. However, when the first ring of the beam converges on the central axis, the
sudden accumulation of inward energy flow leads to a large increase in light intensity, causing
significant nonlinearity. A previous study has shown that the enhancement of maximum
intensity or intensity contrast exceeds two orders of magnitude in linear propagation[2]. Our
results show that the intensity contrast can be further amplified by the Kerr nonlinearity in
the final stage of autofocusing that leads to to an enhancement by more than four orders of
magnitude. The position of the nonlinear focus is determined by the total power and its ratio
to the power content contained in the primary ring. An empirical formula was given in Ref.[6]

that predicts the nonlinear focus shift for propagation of a few centimeters, on the basis of
which we derived a modified version that is valid up to kilometer scales. Regardless the
position, the induced filaments around focus are almost invariant to the input condition. The
lateral size is about 100 𝜇m, where the deposited power is always a measure of the critical
power of the air.

Considering that our main goal is not the complex dynamics of filamentation, but the
determination of how to control laser energy deposition at kilometric distances by utilising
the autofocusing property of a ring-Airy beam. The framework of this study is thus set by
the frozen pulse approximation [see section 4.2] which, besides accelerating the computation,
limits the validity of our results to cases where the pulse profile effectively undergoes lim-
ited changes during propagation. The complex spatio-temporal dynamics occurring within a
filament cannot be described in the framework of our frozen pulse approximation. Thus, we
will restrict our simulation and analysis to the propagation range up to the auto-focus region.

4.1.1 Finite-energy ring-Airy beam and its linear propagation

The electric field envelope of a finite-energy ring-Airy beam is defined as:

E(𝑧 = 0, 𝑟) = E0Ai

(
𝑟0 − 𝑟
𝑤0

)
exp

(
𝛼
𝑟0 − 𝑟
𝑤0

)
, (4–1)

where Ai() is the Airy function[35], 𝑟 is the radial coordinate, 𝑟0 and 𝑤0 are the radius and
scaling parameter of the primary ring, and 𝛼 denotes the truncation factor leading to a finite
power ring-Airy beam. Generation of the beam in experiments has been demonstrated in
many previous works based on the Fourier transform of a modulated wavefront[3,6,36-39]. The
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intensity profile of a ring-Airy beam is shown in Fig. 4–1. The amplitude of the envelope has

𝑿 (𝒎𝒎)

𝒀(𝒎𝒎
)

𝒓𝒆𝒂𝒍(𝓔)
Figure 4–1 Normalized intensity plot of a finite energy ring-Airy beam, 𝑤0 = 4 mm, 𝑟0 = 60 mm,
𝛼 = 0.05. The figure on the right is a map of the light intensity distribution sliced along the center.

an oscillating structure, and when 𝑟 > 𝑟0, the oscillation decays exponentially. Meanwhile,
due to the translation of the center position of the Airy function along radius, the amplitude
is almost zero at 𝑟 < 𝑟0. Its total input power is then calculated by the following integral[2]:

𝑃in = 2𝜋

∞∫
0

|E(𝑟) |2𝑟𝑑𝑟

= |E0 |2𝑤2
02𝜋

∞∫
0

|Ai

(
𝑟0 − 𝑟
𝑤0

)
exp

(
𝛼
𝑟0 − 𝑟
𝑤0

)
|2 𝑟
𝑤0

𝑑
𝑟

𝑤0

= |E0 |2𝑤2
0

√
𝜋

2𝛼
exp(2𝛼

3

3
) [ 𝑟0

𝑤0

+ 1 − 4𝛼3

4𝛼
], (4–2)

from which we can see that for the ideal ring-Airy beam (𝛼 = 0), the total power carried by
the beam is infinite.

In linear regime, the beam propagates forward without any loss. However, its unique
intensity distribution gives it self-accelerating properties when propagating. That is to say,
the wavefront of the beam will bend towards the center as shown in Fig. 4–2. The inward
energy flow develops slowly and is responsible for the abrupt autofocusing of the beam. The
radial position of the maximum peak intensity follows a quasi-parabolic trajectory before it
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Figure 4–2 Linear propagation of a finite energy ring-Airy beam, 𝑤0 = 3 mm, 𝑟0 = 45 mm,
𝛼 = 0.05, the maximum intensity is normalized to 1. The auto-focus is at 𝑓 = 565 m. The white

dotted line represents the quadratic acceleration. The magenta dashed line denotes the maximum
light intensity and the black solid line denotes the light intensity in the center.

enters the focal region similar to the case of the 1D Airy beam, which can be described as:

𝑅(𝑧) = 𝑅0

√
1 − ( 𝑧

𝑓
)2, (4–3)

where 𝑅0 ≡ 𝑟0 − 𝑤0 · 𝑔(𝛼) denotes the position of the maximum intensity of the input beam,
𝑔(𝛼) is equal to the first zero of the function Ai′(𝑟) + 𝛼 · Ai(𝑟). For example, 𝑔(𝛼 = 0.05) =
0.968. The position of the auto-focus is at 𝑓 = 4𝑧𝑅

√
𝑟0/𝑤0 + 1 with the Rayleigh length

𝑧𝑅 ≡ 𝑘0𝑤
2
0
/2[2-3,6,29].

For a given truncation factor 𝛼 = 0.05, the power content of the primary ring 𝑃1 is equal
to 0.4𝑃in. As the field propagates forward, the relationship between the power contained in
the primary ring and the propagation distance is expressed as:

𝑃1(𝑧) =
𝑟1 (𝑧)∫
0

2𝜋𝑟 |E(𝑟, 𝑧) |2𝑑𝑟, (4–4)

where 𝑟1(𝑧) denotes the first point with minimum intensity outside the primary ring in radial
direction. As shown in Fig. 4–3, Both the boundary 𝑟1(𝑧) of the primary ring and its power
𝑃1(𝑧) vary with the propagation distance. The ring Airy beam automatically focuses during
linear propagation, while 𝑃1 decreases slightly with increasing propagation distance. Unlike
the non-truncated Airy beam exhibiting a balanced power flux with inward and outward com-
ponents sustaining the power content in every ring, our input light field is modulated by a
exponential function and the light field exponentially decays in the periphery, suppressing the

71



Chapter 4 Nonlinear propagation of ring-Airy beams in air beyond kilometer range

inward flux and resulting in the decrease of power. By calculating the energy current [shown
in Fig. 4–3(b)] during propagation, we can see clearly that a small portion of the power is then
progressively transferred from the interior to the exterior as a result of diffraction. Closer to
the focal region, when the ring collapses and starts forming a bell-shaped beam, the numer-
ical determination of 𝑟1(𝑧) becomes more difficult as the primary ring disappears, the ring
pattern is reorganized and the calculation of 𝑃1 is less accurate.
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Figure 4–3 Power content in the primary ring of a finite energy ring-Airy beam as a function of 𝑧.
(a) The red line denotes the power content in the primary ring, the blue line denotes the on-axis

intensity. (b) Energy current defined as the gradient of the phase, negative/positive values
represent inward/outward flow. Beam parameters: 𝑤0 = 4 mm, 𝑟0 = 60 mm, 𝛼 = 0.05.

4.2 Nonlinear propagation dynamics of ring-Airy beam

As mentioned in the end of the introduction, we simulate the propagation of ring-Airy
beams using frozen time scheme. This implies that the dispersion of the pulse will not be
taken into account and that the calculation of plasma density will be handled separately. The
electric field E(𝑟, 𝑧) is assumed to represent the central time slice of a laser pulse whose tem-
poral profile is and remains Gaussian exp(−𝑡2/𝑡2𝑝) with duration 𝑡𝑝. The nonlinear evolution
of the envelope of an electric field is described by an extended nonlinear Schrödinger equa-
tion (NLSE). Under the paraxial and slowly varying envelope approximations, the equation
reads

𝜕𝑧E =
𝑖

2𝑘
𝛥⊥E + 𝑖𝑘0𝑛2 |E |2E − 𝛽𝐾

2
|E |2𝐾−2E − 𝜎

2
(1 + 𝑖𝜔0𝜏𝑐)𝜌E, (4–5)

where the terms on the 𝑟.ℎ.𝑠 of Eq. 4–5 account for diffraction, optical Kerr effect, multipho-
ton absorption(MPA) and plasma defocusing. It describes the evolution of the beam profile
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of the laser pulse in the reference frame of the moving pulse. The definitions of all the vari-
ables shown in 4–5 are the same as in sec 3.4.1. Parameters used in our simulations in air are
summarized in Table 4–1. The critical power 𝑃𝑐𝑟 for self-focusing is about 3.2 GW. Note that

Table 4–1 Parameters used for simulations of the nonlinear propagation of the finite energy
ring-Airy beam

Air, 800 nm

𝑤0 (mm) 4
𝑟0 (mm) 60

𝛼 0.05
𝑛2 (m2/W) 3.2 × 10−23

𝜏𝑐 (fs) 350
𝐸𝑔 (eV) 12.1
𝐾 8

𝛽 (𝐾 ) (m13/W7) 4 × 10−121

𝑎 (m3/s) 5.0 × 10−13

in keeping with our frozen pulse approximation, the electron density 𝜌 is calculated at every
(𝑧, 𝑟) by solving Eq. (2–22) for a pulse whose maximum intensity is |E(𝑟, 𝑧) |2 and temporal
profile is a Gaussian function exp(−𝑡2/𝑡2𝑝). The computed plasma density 𝜌 as a function
of intensity 𝐼 is shown in Fig. 4–4. The linear dependence observed in this log-logarithmic
scale plot demonstrates an exponential relationship between plasma density and intensity.
Also, the longer the pulse duration, the larger the plasma density produced.

𝜌 I(𝑚−
3 )

𝐼 ( ΤW m2)
Figure 4–4 Pre-computed plasma density as a function of intensity using the frozen pulse

approximation.

73



Chapter 4 Nonlinear propagation of ring-Airy beams in air beyond kilometer range

The primary ring parameters 𝑤0 and 𝑟0 are chosen so as to set the linear auto-focus dis-
tance at one kilometer, precisely at 𝑓 ≈ 1005.3 m. Up to the focal region, group velocity
dispersion is the main effect acting on the pulse profile evolution. For an input pulse dura-
tion 𝑡𝑝 = 250 𝑓 𝑠, the characteristic length of group velocity dispersion (GVD) is 𝐿𝐺𝑉𝐷 =

𝑡2𝑝/(2𝑘
(2)
0

) ≈ 1562.5 m (dispersive coefficient in air 𝑘 (2)
0

= 20 fs2/m). Comparison between
𝐿𝐺𝑉𝐷 and 𝑓 justifies the neglect of dispersion in the NLSE[Eq. (4–5)][40], which amounts
to keeping the pulse duration constant in our calculation. Furthermore, we can pre-chirp the
input beam to compensate the dispersion during propagation in a real experiment.

Our choice of parameters was governed by the goal of reaching the highest possible
intensity in the focal region while controlling its position. Linear propagation of a ring-Airy
beam shows that the position of the focus corresponds to the collapse of the primary ring.
In order to enhance the abruptness of this collapse, we therefore selected a parameter set
allowing us to increase the power of the primary ring. Our simulations led to various situa-
tions where the beam could not properly autofocus: (i) A too high peak intensity immediately
leads to ionization of air and associated nonlinear losses. (ii) A too high beam power leads
to Kerr self-focusing and beam collapse in the form of a ring followed by diffraction. Our
choice of parameters was thus governed by the constraints of avoiding these situations, i.e.,
we selected the geometric beam parameters 𝑤0 and 𝑟0 to fix the focal distance at 1 km while
keeping a relatively large ring width. The collapse distance indeed scales as 𝑤2

0
and could

therefore be postponed beyond the position of the autofocus. Then we selected a truncation
factor 𝛼 = 0.05, for which the power content of the primary ring 𝑃1 is equal to 0.4 𝑃in, allow-
ing us to perform simulations for beam powers such that the power content of the primary
ring reaches up to ten critical powers for self-focusing 𝑃𝑐𝑟 . This is a large value that usually
leads to the self-focusing and collapse of bell-shaped beams.

However, due to the distribution of power over a ring, an almost linear propagation is
preserved until the focal region is approached and the abrupt stage of autofocusing begins. At
this point, the ring collapse into a bell-shaped beam and the process is further accelerated by
Kerr self-focusing. A detailed view of the ring collapse as well as the nonlinear Kerr effect
assisted-focusing around the focal region are shown in Fig. 4–5. Fig. 4–5(b) shows how the
beam profiles evolve around the first auto-focusing point during nonlinear propagation when
the input power 𝑃in = 20 GW. Clear observation of nonlinear self-focusing at 1 km is seen
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in the plot of amplitude distribution. Compared with the linear energy current shown in
Fig. 4–5(c), the nonlinear energy current in Fig. 4–5(d) exhibits an enhanced contrast of in
& out.

(a) (b)

(c) (d)

0.0

𝑷𝒊𝒏 = 𝟐𝟎 𝐆𝐖
Linear Nonlinear 

Figure 4–5 Comparison between linear and nonlinear propagation of a finite energy ring-Airy
beam around the first auto-focus. The first row shows the local intensity profile in detail. The

second row is the energy current of the field, negative/positive values represent inward/outward
flow. The simulation is done with 𝑤0 = 4 mm, 𝑟0 = 60 mm, 𝛼 = 0.05, and total power 𝑃in = 20 GW.

4.2.1 Nonlinear shift of the first auto-focus

We simulate the nonlinear propagation of a finite energy ring-Airy beam with a certain
input power range. The range selection of input power is similar to the requirements of the
aforementioned parameter selection, to ensure that there is a certain nonlinearity but not too
outrageously large. Based on this consideration, we set the input power range from 10 GW
to 110 GW, where some of the simulation results are shown in Fig. 4–6. From the results we
can see that as the input power 𝑃in increases, the non-linear effects become more and more
significant. It is worth noting that not only does the beam waist become sharper, but also the
position moves backwards. Considering that we are investigating the effect of the input power
on the position of the nonlinear focus and that the subsequent formation of the filament cannot
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Figure 4–6 Nonlinear evolution of the intensity profile, energy current and on-axis intensity of the
beam as a function of propagation distance 𝑧 near the first auto-focus. The blank region in the

lower panels are because our calculations were stopped early after the nonlinear focus.
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be realistically described in the frozen time approximation, we have deliberately interrupted
the program early just after the beam converges on-axis.

Fig. 4–7 shows the maximum intensity as a function of propagation distance 𝑧 with
different input powers 𝑃in. Propagation is almost linear with a maximum intensity below
ionization threshold up to the nonlinear focus. When the beam approaches the focus, the
intensity contrast becomes sharper for larger input powers. However, filamentation is only
obtained for input powers above 25 GW. For input powers between 25 GW and 40 GW, the
nonlinear focus corresponds to a local intensity maximum but the clamped intensity char-
acterizing a filament is only reached a few meters beyond the nonlinear focus. In this range
of input powers, the inward power flux carried by the primary ring leads to a bell-shaped
beam with power in excess of 𝑃cr while remaining too weak to induce a collapse, as a certain
collapse distance is required that depend on the power content and convergence of the beam.
Hence, filamentation does not start before an additional power flux, for instance from the
second ring, converges to the center. When 𝑃in exceeds 40 GW, a sudden intensity build-up
occurs and leads to filamentation starting from the nonlinear focus. We note that the position
of the nonlinear focus, whether it coincides with the beginning of filamentation or not, shifts
to shorter distances as the input power increases.
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Figure 4–7 Maximum intensity as a function of input power and propagation distance z

By increasing the power of the input beam while keeping its maximum intensity below
ionization threshold, we increase the power contained in the primary ring, thus enhancing
further the final self-focusing and collapse of the bell-shaped beam resulting from the con-
vergence of the primary ring. Higher order effects then become relevant and prevent collapse.
Beyond this point a filament is generated on-axis.

As shown in Fig. 4–8, themaximum intensity contrast is enhanced by two orders of mag-
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nitude compared to the case of linear propagation of a ring-Airy beam. In our simulations,
the contrast increases from 150 to 80000 by increasing the input power above the filamenta-
tion threshold. For larger input powers, plasma defocusing and MPA efficiently clamps the
peak intensity at the same value (∼ 20 TW/cm2) and the contrast drops, simply reflecting the
increase of the peak intensity of the input beam.
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Figure 4–8 Maximum intensity and contrast as a function of input power 𝑃in.

Figure 4–9(a) shows the shift of nonlinear focus as functions of the input power 𝑃in for
three different values of the truncation factor 𝛼. As mentioned earlier, the filament starts a
few tens of centimeters beyond the nonlinear focus for moderate values of 𝑃in, and from the
nonlinear focus for higher powers. Both the position of the nonlinear focus and the filament
starting point are decreasing functions of the input power 𝑃in, or the power content of the
primary ring 𝑃1(𝛼) ≡ 𝛾𝛼𝑃in, and decreasing functions of 𝛼 as well, in keeping with the
fact that lower values of the truncation factor are associated with a higher inward power flux.
Note that to facilitate the comparison of results obtained with different 𝛼 correspondences,
the input power is adjusted such that the power content of the primary ring 𝑃1 is consistent
across all values of 𝛼.

Panagiotopoulos et al. have investigated the nonlinear propagation dynamics of ring-
Airy beams in condensed media over short distances (∼ centimeter scales)[6,33,40], and have
proposed an empirical formula predicting the nonlinear focus shift. In our simulations, we
observed a similar dynamics for the propagation of ring-Airy beams over kilometer scales
but the empirical formula for shift of the nonlinear focus had to be adapted to these distances.

The following empirical law for the position of the nonlinear focus 𝑓nf matches our
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Figure 4–9 Nonlinear shift of the first auto-focus. (a) Nonlinear focus shift (red curve, circle) and
position of maximum intensity (blue curve, star) as a function of the input power, the black dashed
line denotes the fitting by Eq. (4–6), 𝛼 = 0.05. (b) Fitting parameteres 𝜉𝛼 (blue curve, star) and 𝜁𝛼

(red curve, circle) as a function of truncation factor 𝛼.

simulation results accurately:

𝑓nf = 𝑓 − ( 𝑓 − 𝑓min)
[
1 − exp

(
−

[
𝜁𝛼
𝛾𝛼𝑃in

𝑃cr

] 𝜉𝛼)]2

, (4–6)

where 𝑓 ≡ 4𝑧𝑅
√

1 + 𝑟0/𝑤0 is the linear focus, 𝑓min = 𝑓
√

1 − 1.5𝑤0/𝑅0 is the estimated
propagation distance, in which 𝑅0 ≡ 𝑟0 − 𝑤0 · 𝑔(𝛼) is the radial location of the first in-
tensity maximum of the ring-Airy beam, 𝛾𝛼 ≡ 𝑃1(𝛼)/𝑃in. The exact values of 𝑔(𝛼) and
𝛾𝛼 when 𝑟0/𝑤0 = 15 can be found in Table 4–2. The fit is only valid up to a power limit

Table 4–2 Truncation factor 𝛼, 𝑔(𝛼) and 𝛾𝛼 ≡ 𝑃1/𝑃in when 𝑟0/𝑤0 = 15

𝛼 0.030 0.035 0.040 0.045 0.050 0.055 0.060 0.065 0.070
𝑔(𝛼) 0.987 0.983 0.980 0.974 0.968 0.964 0.957 0.954 0.949
𝛾𝛼 0.276 0.311 0.344 0.374 0.402 0.428 0.453 0.475 0.497

(𝑃in < 100 GW) as ring-Airy beams of larger power do self-focus and collapse onto a sin-
gular ring before reaching a nonlinear focus. Thus, the at larger powers, the nonlinear focus
shift and the starting point of the filament will deviate from the trend given by Eq. (4–6).
This threshold is difficult to determine exactly and can only be calibrated by numerical cal-
culations or experiments.
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In the fitting function of 𝑓nf, we also introduce an additional parameter 𝜁𝛼 and a co-
efficient 𝜉𝛼 in the exponent for better fitting. Fig. 4–9(b) shows the quantities 𝜉𝛼 and 𝜁𝛼,
extracted out from numerical simulation results, as functions of the truncation factor 𝛼 that
controls how much energy from the tail of the beam can be transferred to the center. 𝜉𝛼 is
a monotonic decreasing function with gradually increasing 𝛼. The inward power flux from
the tail of the ring-Airy beam diminishes, and the power of the primary ring undergoes a
comparatively stronger diffraction. This results in the decrease of 𝜉𝛼 for larger 𝛼, which
means that the nonlinear focus will shift as a function of the input power at a slower rate.
Correspondingly, when 𝛼 increases, the numerator 𝜁𝛼𝛾𝛼𝑃in in the exponent must increase in
order to observe nonlinear focus shift of the same scale compared to small 𝛼. Although 𝛾𝛼
increases with 𝛼, it is not enough to counter balance with the suppress effect due to decrease
of 𝜉𝛼. So in the fitted equation, our coefficient 𝜁𝛼 also increases as 𝛼 increases, as shown in
Fig. 4–9(b).

4.2.2 Generation of filaments at kilometer scale

From the transverse beam profile shown in the top panel of Fig. 4–10, we characterized
the diameter of ≈ 100 𝜇m for the filament after it is formed (𝑧 > 973 m). As can be seen
from Fig. 4–10, regardless of the input power, the maximum power contained in a cylinder of
radius 100 𝜇m is∼ 3GW, i.e., about 𝑃𝑐𝑟 and it the same order of magnitude is obtained for the
power in cylinders of larger radii of 0.5 or 1 mm, even if the power in the primary ring of the
input beam is ten times larger. This results is in keeping with early observations of filaments
in air[41] and is mainly due to intensity clamping within the filament[42], a phenomenon that
neither depend on the input beam shape, nor on the propagation history.

4.3 Conclusion

In conclusion, we have studied the nonlinear propagation dynamics of finite energy ring-
Airy beams at kilometer scales in air. By numerically solving the NLSE, we find that for a
range of input powers up to ∼ 30 𝑃cr, a ring-Airy beam propagates quasi-linearly until the
primary ring forms a bell-shaped beam whose convergence is accelerated as it experiences a
short self-focusing stage up to a nonlinear focus. The position of the nonlinear focus is shifted
to shorter distances as the input power increases. The nonlinear focus shift is also influenced
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Figure 4–10 Power contained in a beam section of radius (a) 100 𝜇m corresponding to the

filament; (b) 0.5 mm and (c) 1 mm, as a function of propagation distance, for different input
powers. On the left panel is the detailed view of the intensity profile 𝐼 (𝑟, 𝑧) near the nonlinear focus

(𝑧 ∼ 973 m) when 𝑃in = 50 GW.

by the apodization of the ring-Airy beam as its larger shifts are obtained for small truncation
factors, corresponding to weakly apodized beams with a stronger inward power flux. We have
proposed an empirical formula that reproduces the nonlinear focus shift obtained in numerical
simulations over a range of powers above 𝑃cr, thus predicting the position of the starting point
of filamentation and the highest intensity. Beyond this point, a plasma string is generated by
the pulse, whose highly nonlinear dynamics cannot be described by our model. Nevertheless,
our results show that the power localized in the filament and in a cylindrical region ten times
wider than the filament diameter is roughly 𝑃cr and therefore, the plasma string formed at the
nonlinear focus cannot be extended further than a few tens of centimeters. In contrast with
the projection scheme based on Bessel-beams, the length and uniformity of the plasma string
is here limited by the power threshold above which the primary ring undergoes a singular ring
collapse before the nonlinear focus is reached. Hence, the interest of the present projection
scheme based on ring-Airy beams lies in its ability to deliver a power density of 20 TW/cm2

on a target located at kilometric distances.

It is worth noting that input powers required to initiate filamentation in air at a dis-
tance of 1 km by using a ring-Airy beam only requires tens of GW, which is at least one
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order of magnitude lower than the terawatt laser pulses used in previous works[43-47]. We
hope our findings will contribute to the development of laser beam and pulse shaping for the
transmission of high laser energy densities to remote targets in the atmosphere and related
atmospheric applications.
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Chapter 5 Online composite analysis in potash with LIBS
coupled with machine learning

In the previous two chapters we detailed how the generation of specific filaments in air
can be achieved by modulating the light field distribution. After obtaining the desired fila-
ment, based on the interaction of the filament with themedium, wemay detect and analyze the
substance at a distance. Among many possible applications, filament assisted laser induced
break-induced spectroscopy (LIBS) is one of the most attractive because of its advantages of
non-contact, real-time and high sensitivity. However, the quality of the collected LIBS spec-
tra is greatly influenced by both chemical and physical matrix effect, which greatly reduces
the accuracy of quantitative analysis. Therefore, it is not enough to know how to remotely
control and produce good filaments for LIBS applications, we also need to be able to address
the impact and challenges of various external factors on the collected spectrum signals.

5.1 Introduction

An essential component for plant growth is potassium. By taking part in enzyme activa-
tion, the production of different organic molecules (carbohydrates and proteins), the control
of water and nutrient transport, and other processes, it influences the plant life cycle[1]. Crop
productivity is hampered by a lack of potassium in agricultural soil, necessitating the use of
potash fertilizer to supplement potassium[2]. Potash is a non-renewable resource that can only
be created by mining potash ores or extracting from salt lakes. It cannot be made from other
compounds. Almost 90 million tons (40 million tons of potassium oxide K2O equivalent) of
mass production are organized annually[3].

To optimize the production process, conserve raw materials and energy, and regulate
the quality of the finished products, particularly the concentrations of potassium and water
in them for commercial trades, it is crucial for the potash production industry to characterize
the raw and transformed materials during the production. The current method of examina-
tion involves taking samples from the production line and testing them offline in a lab on
site. As is the case in China[4-5], the technique is governed by national standards, giving it
legal value and making it crucial for large-scale industry production, associated commercial
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activities, and end uses. The Chinese standards specifically state, among other things, that
the equivalent K2O wt% concentration 𝑐K2O should be measured using the tetraphenylboron
sodium gravimetric method[6] with a tolerated absolute bias less than 0.38% for replicate
measurements in the same laboratory, and less than 0.80% when measurements from dif-
ferent laboratories are compared. The conversion from 𝑐K2O to the concentration of 𝑐KCl is
done through 𝑐KCl =

74
47
𝑐K2O, as is the measurement tolerance bias. Whereas mass loss should

be used to calculate the water concentration (𝑐H2O) when heating the material below 105◦C,
with an absolute bias of less than 0.20% for replicate measurements.

The assessment of the potassium concentration in potash also employs spectrochemical
analytical methods, such as atomic absorption spectrometry (AAS)[7], inductively coupled
plasma-optical emission spectrometry (ICP-OES)[7], and inductively coupled plasma-mass
spectrometry (ICP-MS)[8]. These techniques’ exceptional analytical capabilities and the re-
lated operating circumstances make them appropriate for laboratory analysis. Yet, it is nec-
essary to move toward online and automatic characterisation of processed materials in the
potash fertilizer manufacturing chain in order to advance factory management system and
production process automation. Prompt gamma neutron activation analysis (PGNAA) is one
of the element analytical methods that allows for online detection. However, this method
has some limitations in terms of limited sensitivity and radioactive safety concerns[9]. The
online mode of X-ray fluorescence (XRF) can be employed with a high sensitivity for heavy
metals[10]. When exposed to light components like potassium in potash, it becomes less sen-
sitive. Again, using ionizing radiation would reduce the appeal of XRF for online industrial
analysis.

Due to its distinctive characteristics, laser-induced breakdown spectroscopy (LIBS) pro-
vides a high potential for online detection and analysis[11]. Many industrial applications, par-
ticularly for the inspection and analysis of items on a conveyer belt, have been made possible
by recent advancements in the approach[12]. Several university laboratories and R&D firms
have proposed and evaluated the use of LIBS for potash fertilizer characterisation. With a
laboratory size conveyer belt system with raw samples obtained from production facilities
in Russia, Belarus, and Israel (51 samples), a first assessment of the viability of LIBS for
potash fertilizer online characterisation has been reported, particularly when compared to
PGNAA and XRF Ṫhe outcomes showed how LIBS may be used to determine all the ele-
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ments in potash that are important for industrial process control in real time. More recently,
a study focused on the development and optimization of a multivariate model using ran-
dom forest (RF), using a laboratory LIBS setup with 53 samples obtained from Salt Lake in
Qinghai Province in China and prepared in compressed pellets after dehydration by heating
and homogenization in an agate mortar[13]. The outcomes demonstrated the effectiveness
of the potash LIBS spectral treatment using a multivariate calibration approach. More gen-
erally, several machine learning methods[14-19], such as back-propagation neural networks
(BPNN)[15] and convolutional neural networks[20-21], have been used to the analysis of LIBS
spectrum data (CNN).

Using a specially designed LIBS instrument put online above a conveyer belt of a pro-
duction factory in Salt Lake, Qinghai province, China, we report simultaneous measurement
of H2O and KCl concentrations in final product potash fertilizer. Offline measurements (with
119 samples) were carried out using manual samplings at regular intervals of about an hour,
followed by analysis in the on-site laboratory using the aforementioned procedures outlined
by the national standards, while LIBS measurements were carried out continuously at a rate
of 3 Hz throughout the manual sampling period. As a result of the correlation between the
offline analysis data and the online collected LIBS spectra, it was possible to develop mul-
tivariate calibration models for H2O and KCl that were based on machine learning and used
the CNN and BPNN algorithms. Online acquisition of LIBS spectra on a conveyer belt im-
plies unavoidable additional spectrum fluctuations due to changes in the surface position of
moving materials, and most importantly variation of moisture in the produced fertilizer due
to instability of the production process, in comparison to the aforementioned previous works
on LIBS analysis of potash fertilizer. This fluctuation causes a shift in the matrix effect in the
LIBS spectra, which has a big impact on how accurate KCl can be determined. So, to extract
the concentration of H2O and then that of KCl with precision that meets the requirements
of the national standards, efficient machine learning regression models are essential. We
will first rapidly review the developed online measurement LIBS setup, the related operating
settings, and the outcomes of the offline analysis of H2O and KCl in the sections that fol-
low. Then, univariate calibration curves with K I emission lines will be shown, highlighting
significant experimental fluctuations and disturbances brought on by changes in the concen-
tration of H2O in the materials under study. The construction of machine learning-based
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models will be explored in detail prior to the presentation of their analytical performances,
especially in comparison with the related requirements of the national standards.

5.2 Principle of laser-induced breakdown spectroscopy

A graphical illustration of the principle of laser-induced breakdown spectroscopy is
shown in Fig. 5–1. It involves several complicated interaction processes between laser and
matter. When a intense pulsed laser illuminates and focus on the surface of an object. Atoms
and molecules near the laser and material’s contact surface absorb the incident photons and
energy. In this localized region, the energy is rapidly transformed into heat, resulting in an
increase in temperature, ablation of the material, melting, and the creation of vapor near the
surface. This procedure takes roughly tens of nanoseconds. The produced material vapor
absorbs further electromagnetic radiation, causing the temperature to keep increasing until
the plasma is generated, at which point the temperature can reach as high as 20,000K. At this
early stage of generation of plasma, the electron density in the plasma is so high that the spec-
tral lines we measure will be dominated by mainly due to free-free transitions of electrons.
We will observe a broad continuum background showing no specific line features. Then, the
plasma plume will quickly expand and decay, recombinations and de-excitations of electrons
and ions of specific elements result in the unique emission lines. Finally, emission lines as
well as the continuum background diminish as the plasma cools down and temperature de-
creases. In this procedure, the plasma’s lifetime is determined by the input laser, the ambient
pressure, and the substance. Generally, it is in the range of 0.5-10 𝜇s.

Figure 5–2 illustrates the behavior of emission spectra at various time scales, as previ-
ously described. Now, with the proper spectrometer, it is possible to concurrently capture all
emission lines of various elements for elemental analysis. This is the core of laser-induced
breakdown spectroscopy.

5.3 Online LIBS measurements and sampling information

Online measurement was implemented using a LIBS setup. As shown schematically
in Fig. 5–3(a), the optical configuration was quite classical. Quantel Ultra 100, a small,
industrial-grade Q-switched Nd:YAG laser, produced 100 mJ-equivalent fundamental laser
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Figure 5–1 Schematic of the processes of laser-induced breakdown spectroscopy at different time
scales. Image is taken from ref.[22].

Figure 5–2 Schematic of the emission spetra of laser-induced breakdown spectroscopy at different
time scales. Image is taken from ref.[11].
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pulses at a repetition rate of 3 Hz. A lens with a focus length of 500 mm in normal in-
cidence was utilized to direct laser pulses toward potash particles using a wide bandwidth
high reflection mirror. The LIBS spectral intensity was strongly impacted by variations in
the powder surface. By making the surface relatively flat with a scraper, the influence was
reduced. The laser pulse focusing lens backward collimated the emission from the produced
plasma and the broad bandwidth mirror directed it toward a dichroic filter, which reflected it
away from the laser pulses. The collimated emission was then concentrated into an optical
fiber using a signal focusing lens with a focus length of 100 mm. A compact CCD spectrom-
eter (AvaSpec-Mini, Avantes) with a spectral range of 350 nm to 830 nm and a resolution
of roughly 1.0 nm was attached to the final one. A laser pulse was used to synchronize the

Figure 5–3 Schematic presentation of the used online experimental setup (a) and a picture of the
installation on a production conveyer belt in the factory in Salt Lake in Qinghai Province China (b).

CCD. A photo of the LIBS system mounted on an industrial conveyer belt of a factory in
Salt Lake, Qinghai, China, is also shown in Fig. 5–3(b). After being installed, the system
operated continuously, enabling the collection of 3 LIBS spectra per second. A one-hour
interval was used for manual sample collection at the same time. A soup spoon was used
to remove a bulk of potash from the production line for each collection, weighing around
100 g. As required by the factory’s operating regulations, the gathered materials were tested
in the on-site laboratory using the procedures outlined in the national standards stated in the
introduction. The collections were done over the course of six consecutive days ( D1 - D6 ).
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Table 5–1 Sample information and offline data for the concentration of H2O and KCl in wt%

Sampling Sampling Concentration(wt%) Sampling Sampling Concentration(wt%)

no. time H2O KCl no. time H2O KCl

1
D1-T3

0.14 95.12 61

D4-T3

0.12 94.80
2 0.08 96.10 62 0.26 95.02

3

D1-T4

0.10 95.15 63 0.22 94.96
4 0.14 95.20 64 0.10 94.20
5 0.10 95.08 65 0.24 94.18
6 0.08 94.40 66 0.10 94.96
7 0.10 94.88 67 0.08 95.08
8 0.06 95.10 68 0.10 95.10

9
D2-T1

0.08 95.12 69 0.16 95.18

10 0.12 95.16 70

D4-T4

0.08 95.22

11

D2-T2

0.10 95.15 71 0.10 95.00
12 0.10 95.10 72 0.06 95.14
13 0.06 95.17 73 0.12 95.18
14 0.10 95.12 74 0.26 95.02
15 0.08 95.10 75 0.10 94.70
16 0.10 95.16 76 0.22 94.57
17 0.08 95.04 77 0.14 94.80
18 0.10 95.14 78 0.10 94.70
19 0.38 95.10 79 0.16 95.10
20 0.44 95.14 80 0.52 94.86

21

D2-T3

0.52 95.04 81 0.18 93.86
22 0.12 95.12 82 0.20 92.85
23 0.14 95.20 83 0.16 93.04
24 0.26 95.24 84 0.24 92.22

25 0.30 95.16 85

D5-T1

0.22 92.10
26 0.12 95.04 86 0.42 92.40
27 0.16 95.04 87 0.50 93.80
28 0.10 95.12 88 1.88 93.25
29 0.52 95.10 89 1.56 94.31
30 0.26 95.18 90 0.62 93.52

31 0.32 95.26 91 0.32 94.10
32 0.18 95.30 92 0.22 93.20

continued next page
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continued table 5–1

Sampling Sampling Concentration(wt%) Sampling Sampling Concentration(wt%)

no. time H2O KCl no. time H2O KCl

33

D3-T2

0.12 95.16 93
D5-T2

0.16 94.88
34 0.10 95.24 94 0.10 95.04
35 0.10 95.12 95 0.28 94.88
36 0.12 95.10 96 0.32 94.52

37 0.10 94.24 97

D5-T3

0.20 95.10

38

D3-T3

0.10 94.62 98 0.16 94.64
39 0.10 95.06 99 0.22 94.50
40 0.16 94.70 100 0.34 94.26
41 0.10 94.52 101 0.30 93.72

42 0.10 94.56 102
D6-T2

0.12 95.10
43 0.14 94.50 103 0.10 95.04
44 0.10 94.22 104 0.12 95.15

45 0.12 94.10 105 0.08 95.08
46 0.12 95.20 106 0.22 94.82
47 0.08 95.00 107 0.26 94.65
48 0.10 94.40 108 0.54 95.10

49 0.10 94.62 109 D6-T3 0.80 94.70
50 0.10 94.50 110 0.74 94.88
51 0.08 94.26 111 0.86 95.10
52 D3-T4 0.08 95.10 112 0.70 95.06
53 0.10 94.62 113 0.54 94.92
54 0.14 94.20 114 0.36 94.50
55 0.10 94.80 115 0.42 94.64

56
D4-T2

0.10 95.04 116

D6-T4

0.44 94.36
57 0.16 94.96 117 0.28 94.92

58
D4-T3

0.22 95.12 118 0.30 95.10
59 0.34 94.40 119 0.22 95.04
60 0.20 93.66

Table 5–1 lists the details of the data collection and on-site laboratory analysis of H2O
and KCl. The timing of sample collection is specified as T1: 00:00 to 05:59, T2: 06:00 to
11:59, T3: 12:00 to 17:59, and T4: 18:00 to 23:59, during the course of a 24-hour period. The
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gathered samples and their laboratory analytical data were linked to the continually recorded
LIBS spectra. An observation made at the factory showed that the product’s moisture level
changed quite quickly over a period of several minutes. Since the collection timewas accurate
to the minute, we opted to link each sample obtained to the LIBS spectra recorded in the
interval of ± 1 minute. Therefore, we considered that 120 × 3 = 360 LIBS spectra would
correspond to the materials with statistically equivalence , particularly for the concentrations
of H2O and KCl within the precisions of their respective measurements, for calibration model
training and validation.

5.4 Raw spectra and the influence due to water

In Fig. 5–4, online LIBS spectra are shown for four manual samplings (n◦13, n◦58, n◦86,
and n◦112 in Table 5–1), with different H2O concentrations. The main emission lines are
identified with the NIST spectra database and indicated in the figure: K, Na, Ca, Mg, Li, Sr,
H and O. Due to the high concentration of KCl in the sample, the K I 766.5 nm and 769.9 nm
lines self-reverse in a detailed view at 767.5 nm. Each of the presented spectrum is the average

Figure 5–4 Average online LIBS spectra for four manual samples of the product at various levels
of moisture.
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of 360 single laser shot raw spectra acquired at a rate of 3 Hz over a period of 2 minutes, each
of which is connected to a specific offline sampling and laboratory analysis. Identification of
the primary spectral features in the relevant spectral range with the NIST atomic spectrum
database[23] reveals emission lines from themain elements present in potash, including K, Na,
Ca (also ionic lines), Mg, Li, and Sr (also ionic lines), as well as gas elements, H andO, which
are also present in the atmosphere. We can observe that they are strongly influenced by the
moisture of the product because both the line intensities and the spectral continuum decrease
as the H2O concentration rises. Particularly, the H I 656.3 nm line exhibits a decorrelation
with product moisture as its intensity drops with increasing H2O content. This means that
we are unable to create the calibration curve for H2O concentration determination with the
associated hydrogen line using the conventional laboratory based method. The approach of
spectrochemical analysis by correlation is used in this work to investigate the relationship
between the moisture of the sample and the overall behavior of a LIBS spectrum[19].

Figure 5–5 Univariate modeling of the concentration of H2O based on average total spectral
intensities. The error bars represent the single shot spectra’s standard deviation.

Figure 5–5 displays average total spectral intensity corresponding to different manual
samplings as a function of the relatedH2Oconcentration. The standard deviation is calculated

98



Chapter 5 Online composite analysis in potash with LIBS coupled with machine learning

by:
𝜎2
𝑋 = E(𝑋 − E[𝑋])2

= E[𝑋2] − (E[𝑋])2. (5–1)

As the H2O concentration rises, we can see that the total spectral intensity globally drops,
supporting the findings from Fig. 5–4. The total intensity of the spectra’s relationship to the
product’s H2O content can be shown by fitting using an exponential decay function. We also
note that the experimental points’ 𝑅2

= 0.3650 dispersion with regard to the exponential
decay is fairly high. Hence, it would not be possible to determine the H2O concentration
precisely by simply correlating the overall spectral intensity with it.

5.5 Univariate analysis and results on KCl

The emission lines from the potassium element can be used to characterize the KCl to be
found in potash for this purpose in a LIBS spectrum. Figure 5–4 presents three groups of K I
lines that were detected in the recorded spectra: K I 404.4 and 404.7 nm lines, K I 766.5 and
769.9 nm lines, and K I 691.1 and 693.9 nm lines (L3). According to the spectroscopic data
from the NIST database, L1 and L3 are resonant lines and should be significantly impacted
by self-absorption. This is particularly true of L1, as both of its lines clearly display self-
reversal behavior. Although they are significantly less intense, the L2 lines are not resonant
lines.

We used the L2 lines instead of the K I lines since they should be less impacted by self-
absorption in a univariate calibration model. As a function of the offline KCl concentration
for the 119 offline samplings, Fig. 5–6(a) shows the average raw intensity of the L2 lines
(peak intensity minus the background). With regard to the linear regression and a relatively
low 𝑅2 value, we can observe a significant dispersion of the average intensities. The intensity
that is normalized to the total spectral intensity (integration of the area under the spectrum)
is displayed in Fig. 5–6(b). Even as the 𝑅2 value rises, the normalized average intensities
yet again show a fairly large dispersion. The results are shown in Figs. 5–6(c) and (d), which
were obtained by first normalizing the background intensity with that of the Mg I 383 nm line
and then with that of the Ca I 423 nm line. In comparison to the raw data, the normalized
data exhibits a higher correlation with the linear regression. Due to the large impact of the
product’s moisture, the extremely low 𝑅2 values obtained still do not allow the calibrated
models to have quantitative analytical ability.
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Figure 5–6 Average intensity of the L2 lines around 692 nm as a function of the offline
concentration for different manual samplings. The error bars correspond to standard deviation
over the single shot spectra. (a) background-removed raw intensity; (b) raw intensity normalized

by total spectral intensity; (c) background-removed raw intensity normalized by Mg I 383 nm line;
(d) background-removed raw intensity normalized by Ca I 423 nm line.
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5.6 Machine learning-based multivariate calibration model

5.6.1 Flow chart of algorithm and data processing

Therefore, it is required to explore a multivariate method that can effectively determine
the concentrations of H2O and KCl from online LIBS spectra. Considering that the influence
of water on the spectrum is quite global, influencing both the background and all spectral
lines (not only the associated H I and O I lines), it can be regarded as a matrix effect when
determining KCl concentration. By investigating the overall association between a LIBS
spectrum and the H2O concentration of the associated sample, our plan was to first iden-
tify the H2O concentration and then use it as the additional dimension in the generalized
spectrum to predict the KCl concentration. Figure 5–7 depicts a flowchart of multivariate

Figure 5–7 Training and validation algorithm flowchart for machine learning-based multivariate
calibration models.

model training and validation that was utilized in our research. As previously noted, each
offline analysis data set was matched to the online LIBS spectra that were collected in in-
tervals of 2 minutes around the sampling time, yielding a total of 360 single shot spectra:
2 × 60 × 3 = 360. An algorithm that measures the intensity of the Na I 589 nm lines was
used identifying about 10 spectra that abnormally displayed low intensities as a result of ex-
perimentally unexpected circumstances. A particular spectrum that had an excessively low
intensity at 589 nm and was similar to the spectral background was eliminated. The remain-
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ing spectra were then averaged to reduce fluctuation by grouping single shot spectra based
on when they were acquired into subsequent packages for averaging. This produced 6 suc-
cessive average spectra for processing for the H2O concentration calibration model and 10
successive average spectra for processing for the KCl concentration calibration model. Due
to instability in the drying process and nonuniformity in the materials, we observed a quicker
change in the product’s moisture using in-situ observations at the manufacturing site. Con-
sidering KCl changed slowly during manufacturing, we decided to average a larger ensemble
of spectra for the training of the H2O concentration calibration model. The overall number of
valid spectra for a given set of offline analysis data varied slightly, therefore for the H2O and
KCl model training, the total number was divided by 6 or 10 accordingly. The quotient that
was obtained controlled how many spectra from the ensemble of spectra corresponding to a
specific offline analysis would be included in the packages for averaging, and the reminder
showed which spectra were not employed. The subsequent steps for training the H2O andKCl
concentration calibration model used the generated 6 or 10 average spectra for each offline
set of data.

For the assessment of the multivariate calibration models, the following parameters will
be used: coefficient of determination 𝑅2, relative error of calibration (REC), relative error
of prediction (REP), standard deviation (RSD), and limit of detection (LOD). their detailed
definitions are listed below:

𝑅2
= 1 − 𝑅𝑆𝑆

𝑇𝑆𝑆
, (5–2a)

𝑅𝐸𝐶/𝑅𝐸𝑃(%) =
𝑋𝐶/𝑃 − 𝑋

𝑋
, (5–2b)

𝑅𝑆𝐷 (%) = 𝜎𝑋

E[𝑋] × 100, (5–2c)

𝐿𝑂𝐷 =
3𝜎𝑎

𝑏
, (5–2d)

in which RSS denote the sum of squared residuals and TSS the total sum of squares of the
calibration data, 𝑋𝐶/𝑃 the prediction value using calibration and validation data with 𝑋 the
true values, 𝜎𝑋 the standard deviation of data sequence 𝑋 , 𝜎𝑎 the standard deviation of 𝑎 and
𝑏 the slope in a linear fitting 𝑦 = 𝑎 + 𝑏𝑥.
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5.6.2 Calibration model for water concentration

Based on the information presented in Figs. 5–4 and 5–5, we know that the product’s
moisture affects the behavior of the entire spectrum, the continuum spectral background as
well as the emission lines, although the directly related H I line has no direct correlation
with H2O concentration. Studying the relationship between the full spectrum and the H2O
concentration using machine learning seems to be the only viable method for developing a
calibration model[19]. The correlation to the water concentration can be made more clear if
the original spectrum is further expanded along an extra axis, such as its frequency channel,
which can explicitly indicate the change in its aspect due to the change in H2O concentration
of the product. Continuous wavelet transform (CWT) is helpful for this development since
it gives an overcomplete signal representation[24]. The signal’s expansion is implemented as
shown below:

S(𝛥, 𝛬) =
+∞∫
−∞

𝑠(𝜆) 1
√
𝛥
𝜓(𝜆 − 𝛬

𝛥
)𝑑𝜆, (5–3)

where 𝑠(𝜆) is an averaged LIBS spectrum, S(𝛥, 𝛬) its coefficient of CWT, 𝜓 the mother
function with 𝛥 > 0 corresponding to the scale parameter (spectral window in nm), and 𝛬 the
translation parameter (center of the spectral window in nm). In order for the numerical values
of CWT to more accurately depict the global aspect of the spectrum, the mother function
should be chosen to mirror the shape of the spectral peaks in the initial spectrum. It is for
this reason that theMexican hat wavelet was selected as the mother function of CWT, as it has
also been effectively employed for Raman spectrum analysis[24]. The analytical expression
is:

𝜓(𝑥) = 2
√

3
𝜋−1/4(1 − 𝑥2) exp(−𝑥

2

2
), 𝑥 ≡ 𝜆 − 𝛬

𝛥
. (5–4)

Figure 5–8 depicts a typical average spectrum as a function of 𝜆 (Fig. 5–8(b)) and its
CWT coefficients as a function of 𝛬 and 𝛥 (Fig. 5–8(a), normalized to the positive maxi-
mum) Spectrum-images of CWT coefficients were loaded into a convolutional neural net-
work (CNN) for regression on offline H2O concentration data. CNNs are a type of deep
neural networks that are most often used to analyze visual information[25]. Typical applica-
tions include image and video recognition, image classification, medical image analysis, and
natural language processing. In this study, we chose to build a CNN-based regression model
utilizing CWT spectrum-images due to CNN’s optimized capacity to extract the most signifi-
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Figure 5–8 Continuous wavelet transformation coefficients (a) of an average spectrum (b).

cant features from the input images based on the desired outcome, as well as its independence
from prior knowledge and human effort in feature selection. In contrast to an image recogni-
tion and classification challenge, the objective of optimization in this study was regression.
This means that, following the selection of features, they are loaded into neural networks for
an optimization process that would result in a regression model capable of minimizing the
mean squared error (MSE) between the model-predicted values and the offline analysis data
for the ensemble of training spectrum-images.

In the implementation of the aforementioned CNN-based regression model training and
validation, a training data set consisting of 101 groups of six spectrum-images and their asso-
ciated 101 offline H2O concentrations was selected. Validation data comprised the remaining
18 groups of 6 spectrum-images and their associated offline H2O concentrations. The corre-
sponding sample numbers of these groups in Table 5–1 are [4, 11, 17, 22, 25, 27, 20, 32, 33,
39, 45, 56, 63, 72, 23, 82, 85, 86, 96, 110]. During the training phase with the training data
set, a cross-validation approach (with a dynamic separation of training data and testing data)
was utilized to maximize the model’s overall performance while minimizing overfitting. In
this process, the CNN’s hyperparameters (number of layers and number of filters in each
layer) and model parameters (connecting weights) were adjusted constantly. The optimized
network shown in Fig.5–9 exhibited a good structure with a reduced level of complexity,
hence minimizing the possibility of overfitting. It consists of four convolutional layers ac-
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Figure 5–9 Structure of the convolutional neural network.

companied with maxpooling process and three dense layers. Activcation function is set to be
’relu’ which means rectified linear activation function. It is a piecewise linear function with
the following properties:

𝑓 (𝑥) = 𝑥+ = max(0, 𝑥) =


𝑥 if 𝑥 > 0,

0 otherwise.
, (5–5)

𝑓 ′(𝑥) =



1 if 𝑥 > 0,

0 if 𝑥 < 0.

, (5–6)

where x is the input argument of an neuron in the network. The connection between the fourth
layer and the first dense layer is build through flatterning of the feature matrix. The input of
the network is the CWT coefficients and the output is the predicted water concentration.

Given that the H2O concentration of the most of the calibration data ranges from 0.0 to
1.0 wt%, an effort was made for a reasonably uniform redistribution of the H2O concentration
of the validation data set for validation purposes. The two offline H2O concentrations (for
n◦ 88 and n◦ 98 in Table 5–1) were omitted from the validation set because they were the
only data points above the concentration of 1.0 wt% and the amount of the calibration data
in this range was so few.

The resulting performance of H2O model is presented in Fig. 5–10 after the structure
of CNN has been optimized. Here, we can see the calibration model with the projected
concentrations for the calibration data set as a function of the offline data (in blue cross) as
well as the linear regression (in blue straight line). We can observe an excellent 𝑅2 of 0.9887
and a linear regression slope of 1.0335, which is quite close to the ideal case. The validation
points between offline data and model predictions are also shown in the picture (in orange
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Figure 5–10 Performance of the multivariate calibration model of H2O based on CNN.The
calibration data for the model training, together with the linear regression, are shown in blue cross
and blue straight line, respectively. The validation data is shown in an orange circle. For a specific

offline study, the error bars in the image show the ± standard deviation of the model predicted
concentrations among the 6 average spectra.

circles), demonstrating strong agreement with the calibration model. The figure’s error bars
represent the standard deviation of the predicted values for the six average spectra.

Table 5–2 additionally includes additional figures of merit that were computed and dis-
played. A REC of 5.828% and a LOD of 0.0416 wt% are shown. Regarding the prediction
performances, RSD remains within a reasonable range while REP reaches a value of 31.05%,
which is significantly higher than REC. A deeper look at the picture reveals a decline in the

Table 5–2 Parameters assessing the performances of the multivariate calibration model for H2O

Calibration model Prediction performance

𝑅2 REC(%) LOD(wt%) REP(%) RSD(%)

0.9887 5.828 0.0416 31.05 5.63

model’s ability to predict outputs, particularly at H2O concentrations greater than or equal
to 0.25 weight percent, where the quantity of training data diminishes. This gives us reason
to believe that adding more offline analysis data with a more uniform distribution across the
range of H2O concentrations under consideration would improve model prediction accuracy
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and result in a smaller REP.

We also compared the offline analytical results with the model-predicted H2O concen-
trations for the calibration and validation sets, based to which we were able to calculate the
bias of the prediction (the difference between the value predicted by the model and the value
obtained via offline analysis), which we then compared to the requirement in the Chinese
national standard (GB6549-2011)[4]. Figure 5–11 displays the results, and it is obvious that

Figure 5–11 (a) Comparison between the model-predicted water concentration and the offline
analysis data; (b) presentation of the prediction bias (difference between the model-predicted value

and the offline analysis value) and comparison with the requirement of the national standard,
absolute bias ≦ 0.2% for H2O

almost all of the predictedH2Oconcentrationsmeet the requirements of the national standard,
attesting to the model’s effectiveness.

5.6.3 Baseline correction and feature selection

According to the flowchart, spectral background correction was performed on the av-
erage spectra first. Baseline correction is a common preprocessing step in many analytical
techniques, such as spectroscopy, chromatography, and electrochemistry. The purpose of
baseline correction is to remove the systematic drift or noise present in the signal that is not
related to the analyte of interest. Here are some commonly used baseline correction methods:

1. Straight-line fitting method: The simplest baseline correction method is to fit a straight
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line to the baseline and subtract it from the original signal. This method assumes that
the baseline is a linear function of the independent variable. This method is easy to
implement but may not be appropriate if the baseline is nonlinear[26].

2. Polynomial fitting method: This method fits a polynomial function to the baseline and
subtracts it from the original signal. The degree of the polynomial can be varied de-
pending on the complexity of the baseline. This method can handle nonlinear baselines
and is widely used in spectroscopy and chromatography[27].

3. Moving average method: This method smooths the baseline by averaging over a mov-
ing window of data points. The window size can be adjusted to optimize the tradeoff
between smoothing and resolution. This method is computationally efficient and use-
ful for removing high-frequency noise[28].

4. Wavelet transform method: This method uses wavelet transform to decompose the
signal into different frequency components. The baseline is then estimated from the
low-frequency components and subtracted from the original signal. This method is
robust to noise and can handle nonstationary signals[24,29].

Considering their unique characteristics, the proposed and implemented approach for
our LIBS spectra relates to continuous wavelet transform-based method. It includes peak
detection combined with derivative peak-width estimates and polynomial fitting of spectral
background for an optimum correction over the entire spectral range. First of all, CWT accu-
rately calculates peak positions in a confined wavelet space by applying a threshold value to
the scale factor (50 nm in our case) and the CWT coefficient of peaks with significant values
in this space. And then, a derivative calculation of the wavelet coefficients surrounding each
peak position at different scales yields an estimate of the peak width, enabling the peak to
be eliminated exactly from the spectrum. Finally, polynomial fitting of the peak-excluded
spectrum using least squares yields the spectral background, which is further corrected from
the raw spectrum to produce the background-corrected spectrum, as depicted in Fig. 5–12.

The background-corrected spectra were next processed for feature selection using the
SelectKBest (SKB) algorithm. The principle is to calculate the covariance between the inten-
sity of a given channel in a spectrum and the KCl concentration of the corresponding sample,
for the ensemble of the spectra in the training data set corresponding to different KCl offline
analysis concentrations. The spectral channels of a spectrum are then ordered according
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Figure 5–12 Result of spectral background correction with a raw spectrum, the calculated
spectral background and the background-corrected spectrum.

to their correlation with the offline KCl concentration, from highest to lowest. To quantify
this correlation, the Pearson correlation coefficient was adopted as the parameters expressing
such connection. The Pearson’s correlation coefficient between two variables in mathematics
is calculated as the quotient of their covariance and the product of their respective standard
deviations. The formula can be written as:

𝜌𝑋,𝑌 =
cov(𝑋,𝑌 )
𝜎𝑋𝜎𝑌

=
E[(𝑋 − 𝜇𝑋)(𝑌 − 𝜇𝑌 )]

𝜎𝑋𝜎𝑌
, (5–7)

where cov stands for the covariance, 𝜎𝑋/𝑌 the standard deviation of 𝑋/𝑌 , E the expectation
and 𝜇𝑋/𝑌 the mean of 𝑋/𝑌 .

Figure 5–13 illustrates the Pearson’s correlation coefficients of the channels in a spec-
trum generated from the spectra in the training data set (Fig. 5–13 (b)) and a typical background-
corrected spectrum (Fig. 5–13 (a)) for better visualization. A specific spectral channel can be
positively or negatively correlated with the KCl concentration, as indicated by a positive or
negative coefficient. A ranking based on the absolute value of Pearson’s coefficient allowed
100 channels with the highest correlation or anti-correlation with the KCl concentrations of
the training data set to be selected. The selected features are indicated by a red circle and
vertical red line in Fig. 5–13 (b). Additionally, these characteristics are highlighted on the
background-corrected spectrum in Fig. 5–13 (a). Although the features are selected based
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Figure 5–13 Spectral feature selection using SKB algorithm: (a) A typical background-corrected
spectrum (in blue dots), the intensities of the 100 selected features are highlighted with red circles;

(b) Pearson correlation coefficients for each spectral channel calculated for the training data
set (green dots), the 100 selected features are highlighted with red circles, which are the most

correlated or anti-correlated with the offline KCl concentrations of the training data set.
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on their ranking with the Pearson coefficients, we can see that none of them have a consid-
erably higher coefficient than the others. Hence, the correlation with the KCl content is very
well spread across a vast range of characteristics. But a certain number of them can be as-
cribed a clear physical meaning, such as those connected with the three groups of K I lines
depicted in Fig. 5–13 (a) that have a strong positive connection. Interestingly, we note that
these characteristics correlate to the wings of the K I spectral lines, not the centers. The loss
of correlation between these line centers and KCl concentration in the product is indicative
of considerable self-absorption caused by the high concentration of KCl in the product. This
phenomena is prominent around the group of K I 766.5/769.9 nm lines, where the Pearson
coefficients exhibit a minimum at the center of these damaged lines, which are impacted by
self-reversal.

5.6.4 Calibration model for KCl concentration

Each offline data set for KCl determination has ten average spectra associated, as was
previously described. To create the model training data set, an ensemble of 100 groups of 10
average spectra and 100 offline KCl concentrations were chosen. The remaining 19 offline
data’s average spectra were used as the validation data set. An effort was made to evenly
distribute the validation data in the 93% to 95.5% range, which contained the majority of the
calibration data. The corresponding sample numbers of these groups in Table 5–1 are [6, 13,
26, 29, 37, 38, 41, 58, 66, 71, 74, 76, 78, 81, 83, 99, 102, 109, 114].

The 100 selected features of each average spectrum in the training data set were concate-
nated with the mean H2O concentration predicted by the above discussed H2O concentration
model for the group of average spectra associated to the same offline H2O concentration, by
the above discussed H2O concentration calibration model, to form a generalized spectrum
of 101 channels. The ensemble of the generalized spectra was then employed as the input
variables for a back propagation neural network (BPNN) with an input layer (101 neurons), a
hidden layer (6 neurons), and an output layer (1 neuron for KCl concentration). The structure
of the network is shown in Fig. 5–14. The training of the model is described in depth in refer-
ence [15], including a cross-validation approach to improve the model’s performance. Using
generalized spectra and the related KCl concentrations, the training process for the provided
neural network topology produced a KCl concentration calibration model. The model was
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Figure 5–14 Structure of the back-propagated neural network. It consists of three layers: an input
layer, a hidden layer and an output layer. The feature of water concentration act as the additional

matrix information in constructing the generalized spectrum for the training of the model.

then evaluated using the validation data set, which consisted of the generalized spectra de-
rived from spectral features selected based on the 100 channels determined by the training
spectra, concatenated with the correspondingmean H2O concentration predicted by the water
concentration calibration model.

The obtained results are shown in Fig. 5–15, where the calibration model with the pro-
jected concentrations for the training data set as a function of the offline data (in blue cross)
and the linear regression are displayed (in blue straight line). We see a decent 𝑅2

= 0.9789

and a slope of linear regression of 0.9599, which is quite close to the ideal value of 1. The
validation points of model-predicted value versus offline data are also included (in orange
circles) in the plot, demonstrating a strong connection with the calibration model. The error
bars in the graph represent the standard deviation of the predicted values for ten average spec-
tra. Further figures of merit were computed and shown in Table 5–3. The REC is 0.07412%,
which is quite low. In terms of prediction performance, the REP and RSD values of 0.189%
and 0.0433%, respectively, are both quite satisfactory.

In addition, we further compared the model-predicted KCl concentrations for the train-
ing and validation data sets, as well as the offline analysis data. This allowed us to calculate
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Figure 5–15 Performance of the multivariate calibration model of H2O based on CNN. The
calibration data for model training is shown in blue cross together with the linear regression in

blue straight line. The validation data is shown in orange circle. The error bars in the figure
represent of the model predicted concentrations among the 10 average spectra.

Table 5–3 Parameters assessing the performances of the multivariate calibration model for KCl

Calibration model Prediction performance

𝑅2 REC(%) REP(%) RSD(%)

0.9789 0.07412 0.189 0.438
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the bias of the prediction, which may be compared to the Chinese national standard’s re-
quirement (GB6549-2011)[4]. The results are displayed in Fig. 5–16, where it can be seen
that all forecasted KCl concentrations fulfill the national standard, attesting to the model’s
performance.

Figure 5–16 (a) Comparison between the model-predicted KCl concentration and the offline
analysis data; (b) presentation of the prediction bias (difference between the model-predicted value

and the offline analysis value) and comparison with the requirement of the national standard,
absolute bias ≦ 0.598% for KCl.

5.7 Conclusion

In this work, online in situ and simultaneous assessments of the concentrations of H2O
and KCl in potash at the last stage of manufacture for product quality evaluation were demon-
strated. The obtained absolute measurement biases for both substances fall within the limits
specified by the Chinese national standard, namely less than 0.2% for H2O and less than
0.598% for KCl. This demonstration has established a solid foundation for the implementa-
tion of LIBS in the potash extraction sector for a variety of control and evaluation purposes
at various production stages.

In addition to the experimental issue of the project, which has been resolved with the
development of a dedicated LIBS instrument capable of continuous and automatic operation
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in the real industrial environment with temperature variations, dusts, and vibrations, there are
several other issues that have been addressed. The LIBS data treatment method and accom-
panying algorithms have been developed as the project’s essential and crucial component.
Indeed, the interaction of a powder and water mixture with a focused, high-intensity laser
pulse results in the formation of a complex material. In addition to the inability to charac-
terize the interaction mechanism with a simple physical model, the influence of water on the
LIBS spectrum of potash powder appears to be highly complex, affecting the spectrum in its
whole - spectral lines and background.

Our approach, therefore, consisted in considering the influence of water as a matrix
effect in the determination of KCl in potash. The ensuing working flowchart directed us
to first determine the H2O concentration of a product and then, with the knowledge of the
H2O concentration, process the spectrum for KCl concentration determination. Specifically,
in the implementation of the algorithm shown in the working flowchart, the average spec-
tra were converted into spectrum-images using continuous wavelet transform (CWT) fol-
lowing a pretreatment in order to highlight the influence of water on the completeness of a
LIBS spectrum. Within a calibration model, CNN, an efficient image processing method,
was employed to map spectrum-images to offline analysis water concentrations. To generate
background-corrected average spectra for KCl determination, an approach combining CWT,
derivative calculation, and least squares fitting was first employed. A feature selection based
on the SKB method produced 100 spectral features that were predominantly correlated or
anti-correlated with the offline analysis KCl concentrations. By concatenating the selected
characteristics and the model-predicted concentration, generalized spectra were generated
and fed to a BPNN. The ultimate result was a KCl calibration model. Overall, both models
had an 𝑅2 greater than 0.97, a REP of 31 wt% for H2O and 0.189 wt% for KCl, and accept-
able absolute biases for the determination of both chemicals in potash relative to the national
standard, as stated at the beginning of the conclusion, which was the purpose of the research.
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Chapter 6 Conclusions and perspectives

In this thesis, we investigated the simultaneous control of filament position and length,
the dynamics of nonlinear propagation of intense finite energy ring-Airy beams at the kilome-
ter scale, and the application of quantitative elemental analysis based on laser induced break-
down spectroscopy assisted by the state-of-the-art machine learning techniques. In particu-
lar, we implemented a series of numerical codes solving the extended nonlinear Schrödinger
equation to simulate and diagnose the nonlinear propagation of electric fields in air, and built
neural networks to quantitatively and statistically model spectral data and KCl and moisture
content in potash fertilizer.

Firstly, we considered the remote control of the properties of the filament. Unavoidable
losses occur as an ultrashort and intense laser pulse propagates in air because of self-focusing
and subsequent multiphoton absorptions, preventing long distance projection of filaments
required in many applications of ultrashort and intense pulses in the atmosphere. Suitable
engineering of the initial wavefront constitutes a way to distribute these losses within a fil-
ament at a predefined location. In this work we implement inverse design associated with
an intermediate state in numerical simulation of the propagation of an ultrashort and intense
laser pulse in order to find out the initial wavefront for the required remote filament gener-
ation. More specifically, starting from the intermediate state of a Bessel-Gauss beam, the
pulse propagates forward evolving into a uniform filament together with a plasma channel. It
then reversely propagates into a divergent conical beam with a decreasing intensity. Numeri-
cal blowups in the reverse propagation of an ionizing pulse are therefore avoided. The results
show an initial pulse in the form of a torus beam profile with a linear radial phase shift, char-
acterized by the radii of the major and minor rings, 𝑤𝑅 and 𝑤𝑟 . The forward propagation of
the torus pulse generates thus at a distance 𝑑, a filament of length 𝐿 that can be related to 𝑤𝑅,
𝑤𝑟 and 𝑑 by an empirical relation. The scalability of the conical beam solution allows for the
ability of projecting a uniform and long filament into a remote distance without theoretical
limitation. In a practical point of view, a filament can be generated up to one kilometer with
a tabletop optical pulse shaper.

Our results constitute a major step to a full control of remote generation of long plasma
channels in the atmosphere with femtosecond laser pulses. They open the way to the devel-
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opment of important applications of ultrashort laser pulses in the atmosphere, such as remote
sensing, generation of virtual antennas for stealthy communications or lightning protection
with a laser conducting rod, which were hampered so far by the difficulty to generate long
and uniform plasma channels remotely in the atmosphere. The combination of reverse engi-
neering and inverse design introduced in this work provides an elegant solution to this issue,
which can be further easily transposed for remote projections of different sources of radiation
in air.

Secondly, in order to initiate filamentation at distance of hundreds or even kilometer
scales in the atmosphere, previousworkswere based on terawatt peak power laser systems and
allowed investigations on the limitations due to diffraction and the effects of air turbulence to
be conducted. However, our study on the nonlinear propagation dynamics of gigawatt finite-
energy ring-Airy beams opens up a possibility to generate filaments remotely using gigawatt
laser powers. The unique advantages of ring-Airy beams - self-reconstruction and parabolic
trajectory of the peak intensity - are utilised. Thus, the robustness of the wavefront of the
beam is guaranteed when it encounters small object during propagation. The rings of the
beam will shrink, converge and autofocus abruptly along propagation. This means that we
can send beams with relatively low initial intensity, which then propagate linearly or quasi-
linearly before autofocusing, amplifying hundreds or even thousands of times after focusing.
Furthermore, when the beam converges in the center, the induced nonlinear effects due to
increasing intensity such as the Kerr effect will further accelerate the converging process.
The influence of the ring-Airy beam parameters on the position of the nonlinear focus is
investigated showing that the nonlinear focus would shift backward as the power increases.
Themagnitude of this shift depends on both the input power and the specific apodization form
of the ring-Airy beam. Once the intensity of the beam exceeds ionization threshold of air,
the filament will be generated and observed. The power contained in the region surrounding
the filament is found to be the same order of magnitude as the critical power for self-focusing
3.3 GW, and it is almost independent of the input parameters.

Finally, we demonstrated online in situ characterization of potash fertilizer, a powder
material, at its final production stage in factory on the production conveyer belt for qual-
ity assessment, with a specifically developed laser-induced breakdown spectroscopy (LIBS)
instrument and a dedicated data treatment software based on machine learning. Besides
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the usual difficulties encountered in online LIBS analysis, the specific challenge resides in
moisture variation in the product, which results in a complex sample of powder of particle
size 100 µm mixed with water (H2O). Influence on LIBS spectrum was clearly observed,
while no detailed physical model is available to describe such influence. In addition, the
emission line intensity from hydrogen (H 𝛼 line) observed in spectrum did not show clear
relation to the H2O concentration. The approach of analysis by correlation of the whole
spectrum to the concentration was used to first determine the H2O concentration, which was
further used as an additional parameter to concatenate with a LIBS spectrum in the forma-
tion of generalized spectrum. The last was used as input vector to train KCl concentration
calibration model. More specifically, LIBS spectra were first transformed into 2-D images
with continuous wavelet transform (CWT). Convolutional neural network (CNN) then al-
lowed mapping spectrum-images to the H2O concentrations of the corresponding samples.
While a back-propagation neural network (BPNN) mapped generalized spectra to the KCl
concentrations of the samples. The tests with online LIBS spectra and the corresponding
offline analysis data of 119 samples taken during the period of LIBS measurements demon-
strate advanced analytical performances of the trained models for H2O and KCl. Comparison
between the model-predicted concentrations and the data from the offline analysis shows de-
termination bias which fulfil the requirements of the concerned national standards (bias ≦
0.20% for H2O and ≦ 0.598% for KCl) for the quasi totality of the tested samples.

At the end of this thesis, we would like to briefly introduce several potential projects that
could be followed up based on the researchwork in this thesis. Considering that the twoworks
related to the filament at the beginning were completely based on numerical simulations,
the most straightforward option for the next step of the research is to enter the laboratory
and select the appropriate experimental equipment to carry out experiments to verify our
calculations and ideas. As we have simplified the model in our calculations and have not
taken into account the effect of atmospheric turbulence on the propagation of intense laser
pulses, it is also necessary to investigate it numerically as well as experimentally, which is
essential when the beam propagation distance is in the order of hundreds of meters or even
kilometers. When the pulse width is short, the dispersion of the pulse during propagation
also needs to be taken into account, which allows us to study the complex dynamics involved
in the propagation of non-linear pulses and the precise control of the subsequent filament. We
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can also combine the concept of reverse engineering with the ring Airy beam and use it as an
intermediate state for indirect control of intense laser far-field delivery. As shown in Fig. 6–1,
the peak intensity of the ring Airy beam will follow a parabolic trajectory along propagation,
a Bottle beamwill be formed between the output and the intermediate state and the final target
position. The advantage of this is that the size of the modulation equipment required for laser
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Figure 6–1 Demonstration of the ring-Airy beam as an intermediate state. (a）Light intensity
distribution of a ring-Airy beam in cylindrical coordinate. (b) Evolution of the intensity profile
along forward & backward propagation of a ring-Airy beam, its characteristic bending nature

leads to the formation of a Bottle shape. Simulation parameters: 𝑤0 = 3 mm, 𝑟0 = 45 mm.

beam exit is significantly reduced compared to the Bessel-Gauss intermediate state. It would
be also worthwhile to investigate how to avoid the purely numerical divergence that arises
in certain situations close to the clamping intensity, when non-linear losses are converted
into gain during propagating in the reverse direction. Discretization results in unavoidable
small numerical errors in solving non-linear partial differential equations. Propagation in
the inverse direction can cause results to flow from one locally stable manifold, reaching the
clamping intensity from below to another reaching the clamping intensity from above. If this
occurs, the simulation ends up in a divergence in reverse propagation. We need to identify
when this situation is likely to arise and, by means of a local stability analysis, find a solution
to maintain the solution on its stable manifold, so that the solution space corresponding to
forward and inverse propagation is the same.
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Appendix A Wavelet transform

Apart from the Fourier transform technique described above, there is another spectrum
analysis tool called 𝑤𝑎𝑣𝑒𝑙𝑒𝑡𝑡𝑟𝑎𝑛𝑠 𝑓 𝑜𝑟𝑚. It decomposes a signal 𝑠(𝑡) into a 2D space (𝑎, 𝑏)
with wavelet matrix coefficient C(𝑎, 𝑏) as follows:

C (𝑎, 𝑏) =
+∞∫
−∞

𝑠 (𝑡) 𝜓𝑎,𝑏 (𝑡) 𝑑𝑡, (A–1)

where𝜓𝑎,𝑏 (𝑡) is themother wavelet with scale 𝑎 and shifting 𝑏. When the signal 𝑠(𝑡) contains
sudden jumps or singularities, the wavelet transform is more advantageous than the Fourier
transform. If the chosen form of the mother wavelet 𝜓𝑎,𝑏 (𝑡) matches with signal 𝑠(𝑡), this
is when C(𝑎, 𝑏) reaches its maximum. Thus, the coefficient characterizes the weights of the
signal decomposed onto the 2D space (𝑎, 𝑏).

We selected the Mexican Hat wavelet as our mother wavelet:

𝜓 (𝑡) =
(

2
√

3
𝜋− 1

4

) (
1 − 𝑡2

)
exp(−𝑡2/2), (A–2)

with scaled and shifting 𝜓𝑎,𝑏 (𝑡) ≡ 1√
𝑎
𝜓

(
𝑡−𝑏
𝑎

)
, 𝑎 in 𝑅+, 𝑏 in 𝑅.

The details about how to use wavelet transform to find the peak, denoise and remove
the continuous background are refer to the work of Zhi-Min Zhang et al.[1].The originial
code package is written in R (https://code.google.com/archive/p/baselinewavelet/,or https:
//github.com/zmzhang/baselineWavelet).

A example showing the wavelet transform process of a Raman spectrum is as follows:
data(raman)

x=m[7,]

scales <-seq(1, 70, 1)

wCoefs <- cwt(x, scales=scales, wavelet='mexh')

png("WaveletCoeffs.png",width=1000,height=600)

image(1:nrow(wCoefs), scales, wCoefs,

col=terrain.colors(256), axes=FALSE, xlab='index',

ylab='CWT coefficient scale', main='CWT coefficients')

box()

dev.off()

localMax <- getLocalMaximumCWT(wCoefs)

ridgeList <- getRidge(localMax, gapTh=3, skip=2)

png("RidgeList.png",width=1000,height=600)

plotRidgeList(ridgeList)
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dev.off()

majorPeakInfo = identifyMajorPeaks(x, ridgeList, wCoefs, SNR.Th=1,ridgeLength=5)

peakWidth=widthEstimationCWT(x,majorPeakInfo)

backgr = baselineCorrectionCWT(x,peakWidth,lambda=1000,differences=1)

corrected=x-backgr

png("Signal_Bg.png",width=1000,height=600)

plot(xa,x,type='l',ylim=c(min(c(x,corrected)),

max(c(x,corrected))),main="The background-correction result of Raman Spectra",

xlab=expression("Wavenumber / cm"^-1),ylab="Raman Intensity/Arbitr. Units")

points(xa[majorPeakInfo$peakIndex],x[majorPeakInfo$peakIndex])

lines(xa,backgr,lty=5)

lines(xa,corrected)

dev.off()

Below we have implemented this code in Python environment via rpy2 (https://github.
com/lzou13/baselineWavelet_python).

import rpy2.robjects as ro

from rpy2.robjects.packages import importr

from numpy import *

# import R's "baselineWavelet" package

bW= importr('baselineWavelet')

def baselineWavelet(Spectrum_data):

S=Spectrum_data

# Transform the original data into R language format

rFS=ro.FloatVector(S)

# Creating a R array correspond to the data's dimension

sS=ro.FloatVector(range(1,shape(S)[0]+1))

# Start the wavelet analysis from R's baselineWavelet package

scales=ro.r.seq(1,127,1)

cwtargs={'scales':scales,'wavelet':'mexh'}

# Wavelet coeffecients calculated by cwt

wCoefs=ro.r.cwt(rFS,**cwtargs)

# Get the ridge of wavelet coeffecients and output it into png file.

localMax=bW.getLocalMaximumCWT(wCoefs)

#******************

ridgeList=bW.getRidge(localMax, gapTh=3, skip=2)

# Calculating the background contribution

MPargs={'SNR.Th':1,'ridgeLength':10}

# Peak infomation

majorPeakInfo = bW.identifyMajorPeaks(rFS, ridgeList, wCoefs,scales,**MPargs)

peakWidth=bW.widthEstimationCWT(rFS,majorPeakInfo)

bCargs={'lambda':1000,'differences':1}

#******************

backgr = bW.baselineCorrectionCWT(rFS,peakWidth,**bCargs)

corrected=ro.FloatVector(array(rFS)-array(backgr))

#******************

#wavelet coeffecients, baseline, baseline-corrected spectrum

return array(wCoefs),array(backgr),array(corrected)
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Résumé: La propagation d’impulsions laser ultra-
courtes et ultra-intenses dans l’atmosphère est de
plus en plus étudiée. Un contrôle précis de la fo-
calisation du champ laser et de la distribution des
filaments de lumière qui s’étendent au-delà du foyer
est nécessaire pour de nombreuses applications,
comme la mission d’exploration de Mars qui com-
prend l’analyse des éléments chimiques à l’aide de
la spectroscopie de désintégration induite par laser
(LIBS), l’analyse de la composition de l’atmosphère
par des techniques de détection et de télémétrie lu-
mineuses (LIDAR), le déclenchement et le guidage
de décharges électriques entre les nuages, ou la
génération de lasers à lumière blanche par filamen-
tation laser. Un contrôle quantitatif des propriétés
de l’impulsion laser est très difficile en raison de
l’interaction non-linéaire complexe entre l’impulsion
laser intense et le milieu. Actuellement, les méthodes
couramment utilisées reposent sur le contrôle des
paramètres initiaux de l’impulsion laser en fonction du

champ laser observé sur la cible. La grande dimen-
sion de l’espace des paramètres et la sensibilité des
résultats aux conditions initiales rendent l’ajustement
du champ laser hors du laboratoire difficile et ineffi-
cace pour répondre aux exigences des applications
pratiques.
Dans ce contexte, cette thèse propose une réponse
à quelques-uns des défis de la propagation
d’impulsions laser femtoseconde à longue portée,
basée sur des scénarios de modulation de l’impulsion
laser qui garantissent d’atteindre un champ laser sur
cible avec les propriétés souhaitées. Ces scénarios
ont été obtenus en associant méthodes d’ingénierie
inverse et simulations numériques. Nous montrons
que différents champs cibles peuvent être facilement
et efficacement atteints en modulant le champ en sor-
tie du laser. Chaque fois que cela est possible, la
modulation est obtenue par simulation de la propaga-
tion inverse du champ cible vers le laser.

Title: Simulation of laser energy deposition with structured light beams in air and machine learning data
treatment for LIBS analysis of remote targets

Keywords: nonlinear propagation, filamentation of structured light pulses, numerical simulation and reverse
engineering, laser-induced breakdown spectroscopy, machine learning and matrix effect

Abstract: The propagation of ultrashort and ultra-
intense laser pulses in the atmosphere is increasingly
studied. Precise control of the focusing of the laser
field and the distribution of light filaments extending
beyond the focus is required for many applications,
such as the Mars exploration mission on the analy-
sis of chemical elements using Laser Induced Break-
down Spectroscopy (LIBS), the analysis of the com-
position of air by Light Detection and Ranging (LI-
DAR) techniques, the triggering and guiding of elec-
tric discharges between clouds, or the generation of
white light laser by filamentation. A quantitative con-
trol of the light pulse properties is very difficult due to
the complex nonlinear interaction between the intense
laser pulse and the medium. At present, commonly
used methods rely on the parameter control of the ini-
tial laser output and the feedback of the field at the

target position. The high-dimension of the parameter
space and the high sensitivity of the results to the ini-
tial conditions make the adjustment of the laser field
outside the laboratory difficult and inefficient to meet
the requirements of practical applications.
In this context, this thesis proposes an answer to
some of the challenges of long-range femtosecond
laser pulse propagation, based on laser pulse modu-
lation scenarios that guarantee to reach an on-target
laser field with the desired properties. These sce-
narios were obtained by combining reverse engineer-
ing methods and numerical simulations. We show
that different target fields can be easily and efficiently
achieved by modulating the laser output field. When-
ever possible, the modulation is obtained by simulat-
ing the reverse propagation of the target field towards
the laser.
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