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Résumeé en francais

La propagation d'impulsions laser ultra-courtes et ultra-intenses dans I'atmosphére est de plus en plus étudiée.
Un contréle précis de la focalisation du champ laser et de la distribution des filaments de lumiére qui s’étendent
au-dela du foyer est nécessaire pour de nombreuses applications, comme la mission d’exploration de Mars qui
comprend I'analyse des éléments chimiques a I'aide de la spectroscopie de désintégration induite par laser (LIBS),
I'analyse de la composition de I'atmosphére par des techniques de détection et de télémétrie lumineuses (LIDAR),
le déclenchement et le guidage de décharges électriques entre les nuages, ou la génération de lasers a lumiére
blanche par filamentation laser. Un contréle quantitatif des propriétés de I'impulsion laser est tres difficile en rai-
son de l'interaction non-linéaire complexe entre I'impulsion laser intense et le milieu. Actuellement, les méthodes
couramment utilisées reposent sur le controle des parametres initiaux de I'impulsion laser en fonction du champ
laser observé sur la cible. La grande dimension de I'espace des parametres et la sensibilité des résultats aux
conditions initiales rendent I'ajustement du champ laser hors du laboratoire difficile et inefficace pour répondre aux
exigences des applications pratiques.

Dans ce contexte, cette thése propose une réponse a quelques-uns des défis de la propagation d’'impulsions
laser femtoseconde a longue portée, basée sur des scénarios de modulation de I'impulsion laser qui garantissent
d’atteindre un champ laser sur cible avec les propriétés souhaitées. Ces scénarios ont été obtenus en associant
méthodes d’ingénierie inverse et simulations numériques. Nous montrons que différents champs cibles peuvent
étre facilement et efficacement atteints en modulant le champ en sortie du laser. Chaque fois que cela est possible,
la modulation est obtenue par simulation de la propagation inverse du champ cible vers le laser.

Cette these se concentre sur deux objectifs différents de contréle du champ laser : la projection a longue
distance dans l'air (1) d’'un filament de longueur prédéfinie, et (2) d'une intensité élevée. (1) Pour atteindre le
premier objectif, une des innovations de cette thése consiste a introduire un faisceau intermédiaire contrélable
proche de la cible, de type Bessel-Gauss, et a utiliser un algorithme numérique pour propager ce champ électrique
en avant afin d’obtenir la distribution des filaments au point cible ainsi que rétropropager le champ intermédiaire
pour obtenir la sortie laser souhaitée. Les parameétres de sortie laser obtenus sont ensuite liés aux caractéristiques
du filament (point de départ, longueur, densité), fournissant une carte des parameétres clés définissant I'impulsion

laser modulée qui peut étre projetée sur le champ cible et le filament désirés. (2) Pour I'objectif de transmission



d’intensités élevées a des distances kilométriques, nous examinons la propagation non-linéaire de faisceaux d’Airy
circulaires et montrons qu’une puissance laser de quelques dizaines de GW est suffisante pour ioniser l'air et
former un filament court a une distance de 1 km, ce qui pourrait faciliter les conditions de fonctionnement du laser
par rapport aux lasers de classe TW utilisés dans les solutions conventionnelles pour projeter des intensités élevées
a ces distances.

Dans une étude séparée, nous proposons une amélioration de I'algorithme d’analyse élémentaire du spectre
LIBS. Lalgorithme est appliqué a la détection en ligne de la teneur en KCI et H,O dans les engrais potassiques
par LIBS, dans lequel la modélisation de régression de corrélation des spectres LIBS est combinée a un algo-
rithme d’apprentissage automatique qui extrait efficacement les informations liées aux changements de contenu
élémentaire a partir des spectres en ligne complexes, ce qui améliore considérablement la vitesse de détection tout

en garantissant la précision de la détection et renforce encore la compétitivité.
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Chapter 1  General Introduction

Chapter 1 General Introduction

1.1 Brief introduction to the development of optics and laser technology

The study of optics can be traced back to 400 B.C., when Chinese scholar Mo Zi first
documented the linear propagation of light and the imaging through small holes™!:

RN, A, THZALS, SHEINLT, LHTR, $RFTL &
MBS, MORFETT. AREAHE TREEENL,”

Figure 1-1 A portrait of Mozi who was a Chinese philosopher and thinker.

Yet, true scientific research into optics didn’t start until the 17th century. At that time,
European researchers started to use mathematics and science to attempt to explain light
and associated optical phenomena. A renowned experiment demonstrating the dispersion
of white light through a prism was carried out by Newton. The observed colorful spectrum
of sunlight indeed implies the concept of wavelength. However, Newton thought that light
is particle-like, which makes it difficult to explain diffraction phenomena. Disputing New-
ton’s point of view, Huygens argued that light is wave-like. He proposed that Any point on
the moving wavefront can be regarded as a new secondary wave source, and the envelope
formed by many secondary waves emitted from various points on the wavefront is the new
wave surface to which the original wavefront propagates within a certain period of time. in
his work Traité de la Lumiere®?. Later, Fresnel assumed that these waves would interfere

with each other on the basis of Huygens’ principle. The presence of the Poisson spot when
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light propagates through an opaque plate evidenced the correctness of Fresnel. At this point,
the wave theory of light has gradually been accepted, developed and formalized by James C.
Maxwell in the 19th century. In 1905, Einstein introduced the concept of photon quanta and
the following experiment on photoelectric effect proved the particle nature of light. Because
the description of light waves in the Maxwell equations and the photon interpretation were
incompatible, physicists were forced to admit that in addition to wave properties, light also
has particle properties. The specific form in which light appears depends on the way it is

measured.

With the development of quantum physics, T. H. Maiman used ruby as an activation
medium to realize the first laser in 1960, emitting the first beam that could be applied in
practice, opening a new chapter in the history of optics. One year later at the University of
Michigan, P. A. Franken et al. focused a ruby laser at 694.3 nm into a crystalline quartz and
observed the optical second harmonic at 347.15 nm™. Although the conversion efficiency is
low due to phase mismatch, this work opens up a new direction of research., The earliest the-
oretical explanation for nonlinear optics was developed by N. Bloembergen et al. in 19625,
In this paper, they proposed a phase matching technique that provides a theoretical basis for
improving the frequency conversion efficiency of the second harmonic process. Since then,
other nonlinear effects were also discovered and investigated, such as high harmonic genera-
tion, optical parametric amplification and oscillation, electro-optic effect (Pockels or Kerr),

multi-photon absorption, supercontinuum generation and stimulated light scattering.

The development of other technologies has promoted the upgrading of lasers, and a
variety of lasers have been researched and invented, such as gas lasers, solid-state lasers
and Q-switched lasers. The chirped pulse amplification technology® that appeared in 1985
brought lasers into a new era of ultra-fast and powerful femtosecond pulses, which benefits
the applications based on laser-matter interactions. In this chapter, the motivation of this the-
sis is presented: to investigate how to facilitate quantitative analysis of remote targets from
different aspects. In particular, 1) how to project an ultra-intense laser beam remotely near
the target and control its properties such as the ability to deposit high power density. 2) how
to process the raw data (spectra) collected under complicated conditions to accomplish quan-
titative composite analysis. In the sections below, we start with a brief review on the recent

advances of laser-based remote sensing especially related to femtosecond filamentation and
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laser induced breakdown spectroscopy. Then we introduce the challenges encountered in

these studies. Finally, the structure of this thesis is presented.

1.2 Research background and motivation of this thesis

Laser-based remote sensing, also known as lidar (light detection and ranging), is a pow-
erful and versatile tool for investigating the physical and chemical properties of the atmo-
sphere, oceans, and land surfaces. This technique utilizes laser beams to measure the dis-
tance to a target and analyze the properties of the target based on the characteristics of the
returned light. In atmospheric studies, it is used to measure the concentration and distribu-
tion of atmospheric gases such as ozone, carbon dioxide, and other chemical compounds.
This information is critical for understanding climate change and air quality, as well as for
monitoring the effects of pollution and volcanic activity.

Before the first experimental observation of light filamentation in air by Braun et al.[”!
and other researchers at Laboratoire d’Optique Appliquée'®! in the mid-1990s, it was widely
believed that ultrafast and ultra-intense femtosecond laser pulses were not suitable for long-
distance transmission in air. A simple estimate shows that the peak intensity of a Gaussian
light pulse with a pulse duration of 30 fs and a beam waist radius of 5 mm will drop to ~
1/5000 of the initial intensity after one kilometer of linear propagation in air due to the com-
bined effects of diffraction and group velocity dispersion”!. When the beam input power is
sufficiently strong, however, the light field appears to self-focus or even collapse as it prop-
agates, and its light intensity grows rather than decreases. The light intensity is clamped in
a specific area after the filament - a plasma channel - is formed in the air and will not in-
crease further. The physics of filamentation in air is currently well studied and understood.
In essence, due to the dynamic competition between the optical Kerr effect and the plasma
defocusing effect, the beam can travel over considerably longer distances than the Rayleigh
length without broadening!™¥!. Multiphoton absorption both allows for the generation of the
plasma characterizing the filament and limits the further increase of intensity.

Controlling the deposition of laser energy in the atmosphere is crucial for many appli-
cations requiring an accurate quantitative analysis. The peak intensity in the core of the laser
pulse induced filament can reach 10'*-10'* W/cm? and is sufficient to cause the breakdown

of a solid target, fragmentation of biological molecules or ionization of air molecules located
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tens or even thousands of meters away, allowing for remote analysis based on the collected
characteristic emission signals! "7 Tn terms of the femtosecond laser filament-induced
breakdown spectroscopy (FIBS) studies, the European Research Program Teramobile team
was one of the first to elaborate relevant research. Using a terawatt mobile (Teramobile) laser
(10 Hz, 75 fs, 350 mJ, 800 nm) and a telescopic focusing system, Rohwetter et al. performed
the first FIBS spectroscopy of metallic objects, such as copper and aluminum, at a distance

of 25 m in 2003181,

By changing the chirp of a 250 mJ femtosecond laser pulse, Stelmaszczyk et al. were
able to identify the LIBS spectra of metal samples at a distance of 90 m in 2004"°. Later
in 2005, the same team employed chirp modulation to excite the LIBS spectral signal of a
metallic target at a distance of 180 m using femtosecond laser pulses with a spot diameter of
4.5 cm®¥, Tzortzakis et al. employed a 450 fs (5 mJ) laser pulse with a center wavelength
in the UV 248 nm in 2006 to propagate filaments in the atmosphere, focusing on a sample
at 10 m and exciting the LIBS signal of rocks!2!. In a series of experimental tests including
remote FIBS, See Leang Chin’s team at Université Laval in Canada successfully detected the
LIBS spectra of metals, ethanol, mosquito smoke, organic materials, and aerosols??'. They
discovered that OH and NH fluorescence could be produced in association with water vapor
concentration by forming filaments in a foggy atmosphere using femtosecond laser pulses,
proving the feasibility of remote measurements of air humidity®¥. In order to improve the
LIBS signal and increase the clamping intensity of femtosecond laser filamentation, they
worked together in 2012 with Ruxin Li’s group at the Shanghai Institute of Optics, Chinese
Academy of Sciences!®!!. When comparing ultraviolet (266 nm) and near-infrared (795 nm)
femtosecond laser filaments, Jean-Claude Diels’s team at the University of New Mexico in
the United States found that UV filaments are better suited for the excitation of molecular
spectral bands and can distinguish clearly between explosive dinitrotoluene DNT and the

(23] In order to show that organic thin-film samples may be found

muddled ammonium salt
on the surface of a distant target, Martin Richardson and Matthieu Baudelet’s team at the Uni-
versity of Central Florida in the USA generated filaments at a distance of 12 m in 20092¢!, In
2019, the team of L.A. Finney at the University of Michigan detected uranium atomic spec-
tral lines and UO molecular bands in a uranium metal target by exciting the target at 10 m

with a single femtosecond laser®”. In 2020 the group enhanced uranium atomic and molec-

4
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ular spectra by optimizing the chirp of the outgoing laser pulse!2¥. In 2021, the group used
genetic algorithm-assisted wavefront control to improve the efficiency of signal generation
in metallic copper FIBS experiments and verified that wavefront control with signal feedback
can improve FIBS remote detection performance!®#!. Weiwei Liu’s team at Nankai Univer-
sity in 2022 detected enhanced nitrogen fluorescence spectra by effectively compensating
the scattered light aberration in off-axis reflection systems through free phase plates®’l. In
the same year, the team investigated the effect of laser pulse repetition rate on filaments and
eliminated the negative effect of slow air relaxation by scanning®!; the team also explored
the effect of atmospheric turbulence on filament-induced fluorescence remote sensing and
observed that turbulence led to an increase in the number of filaments and thus enhanced
fluorescence emission®?!; in collaboration with a European team, they modulated the high
intensity region along the propagation direction by inserting a wire mesh with square cells
at the exit of the laser system®3!. In 2023 Weiwei Liu’s team measured the onset and length
of the filament by means of an acoustic model and experimentally investigated the effect
of pulse energy and initial pulse chirp on the filament in air at three different focal lengths
( 10m, 20m and 30m) of focus®¥. In the same year, the group demonstrated a remote detec-
tion scheme based on laser filament induced plasma spectroscopy and lidar (FIPS-LIDAR)
for the detection and analysis of sodium ions in aerosols®3!. In 2019, Huailiang Xu’s team at
Jilin University used an 800 nm, 40 fs laser pulse to generate a filament to detect tree bark at
2.5 m, demonstrating that FIBS can directly and rapidly analyze tree species and their growth
environment®¢; in 2022 they used femtosecond filament LIBS to detect metal elements in

311, The team of Ruxin Li and Tiejun Wang at Shanghai Institute of Optics, Chinese

water!
Academy of Sciences in 2018 improved the signal-to-noise ratio of aluminum atomic line
detection by inserting a polarizer before the detector to effectively attenuate the continuous
background of the FIBS spectrum at 3.8 m®®8!; in 2021 they investigated the effect of laser
pulse polarization on the intensity of the filament®¥!. The team of Jingquan Lin and Xun Gao
from Changchun University of Science and Technology conducted a study on the analysis of
heavy metal Cr elements in soil using femtosecond LIBS in 2014#%; in 2019, they analyzed
heavy metal Pb elements in soil using dual-pulse laser-induced breakdown spectroscopy with

femtosecond filament-nanosecond pulse coupling to improve the detection sensitivity®!!, In

2020, Heping Zeng’s team at East China Normal University proposed plasma grating in-
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duced breakdown spectroscopy (GIBS)*2!. In 2022, they further developed two-dimensional
plasma gratings*3 and used the GIBS technique to analyze the heavy metal element Cr in

soil(*!,

In addition, through filament-induced fluorescence spectra, remote atmospheric sensing
on the chemical composite can be accomplished!22##7 A recent paper by Jiewei Guo et al.
reported the detection of NaCl aerosol down to 0.32 ppb in air at a distance of 30 m using
a femtosecond laser filament with a single pulse energy of 4 mJ®8!. The optical setup was
carefully adjusted by the researchers in order to compensate for astigmatism and increase the
intensity of the optical filament as well as generated fluorescence, which is directly related to
lowering the detection limit. Besides spectroscopy analysis, the induced filament itself can
act as a virtual antenna emitting electromagnetic radiations. In 2005, Méchain et al. showed
that the signal transmission process via plasma channels was achievable between two elec-
trodes separated a few tens of meters. Using femtosecond filamentation in air, H. Michberg et
al. demonstrated the possibility of launching a steady and robust thermal waveguide structure
in air for the transmission of high power continuous wave laser beam beams®5!, Ali Reza et
al. from Moussa N’Gom’s Lab proposed a robust approach for free-space optical communi-
cation that employs structured light beams combined with a femtosecond filament®2!. They
created a quasi-transparent conducting channel for signal transmission by forcing small water
droplets in the clouds away from the propagation path via filamentation, which improves the
scalability, robustness, and capacity of the free optical channel. The control of the generation
of filamentation can also be used to guide the electric discharging between electrodes as well

as in the clouds/2353],

On the other hand, after obtaining the measurement signal, it is also important to model
the content from the spectral signal to the substance content by means of data processing.
While the generation of plasma by laser-matter interaction, on which LIBS is based, is a
complex nonlinear kinetic process, the quantitative analysis efficiency is closely related to
the chemical and physical properties of the material. For complex targets, such as soils and
rocks, matrix effects become a bottleneck for accurate quantitative analysis®®®?!, Specifi-
cally, the chemical matrix effect refers to the difference in the plasma properties, including
electron density, temperature, and morphology, due to the difference in laser-matter interac-

tion during the LIBS process when an element to be measured is present in a certain amount in
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different matrix materials, which eventually leads to the variation of the characteristic spec-
tral intensity of the element to be measured with the sample matrix components. The physical
matrix effect refers to the variation of the LIBS spectrum even if the chemical composition of
the target is the same due to the different physical morphology, granularity, roughness, and
looseness of the target surface®®. Therefore, both chemical and physical matrix effects can
cause the loss of a single correlation between the intensity of elemental emission spectra and
their content in the sample, leading to a ill-posed inverse problem in the inversion from LIBS
spectra to elemental content. This is especially true when LIBS is used for direct analysis of

raw materials without any pretreatment.

However, there are still many challenges ahead in this field. It is extremely difficult to
perform direct measurements and diagnostics using standard optical equipment because of
the filament ultra-high intensity as well as its remoteness. With complicated nonlinear effects
further involved in laser filamentation, the pulse will be significantly reshaped and undergo
self-steepening or/and self-compression of its profile. As a result, it is nearly impossible to
directly control the filament and shape it precisely in advance to fulfill the needs for diverse
applications. For example, the spatial resolution of filament-based remote sensing is sig-
nificantly limited by the filament length®®. Generating and tailoring an intense and short
filament remotely is important for the purpose of enhancing the performance of remote sens-
ing. When direct control of the filament is a challenging problem, we can try other methods,

such as inverse design.

The variability of the atmospheric conditions can affect the propagation and stability
of the laser filament, which leads to fluctuations in the signal strength and quality, making
it difficult to obtain accurate and reliable measurements. The complexity of the materials’
composition impacts the absorption and scattering properties of the laser beam, making it
difficult to interpret the data obtained from remote sensing measurements, particularly in
complex environments. Therefore, it is necessary to acquire more sophisticated and efficient
data processing algorithms to analyze the large amounts of data generated by remote sensing
applications. As will be introduced in Chapter p in detail, this will require a combination of
advanced statistical and machine learning techniques to extract meaningful information from

the data and to provide reliable and accurate results.
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1.3 Presentation of the chapters

Chapter gave a brief overview of the history of nonlinear optics development, reviewed
current laser-based remote sensing research progress and remaining challenges, particularly
related to femtosecond filaments, and discussed the need to couple more complex data anal-
ysis methods into LIBS technology for online detection. Finally, a summary of this thesis’s

content, organization, and innovative points is provided as below.

Chapter starts with the description of Maxwell’s equations in dielectric media and then
introduces the main physical effects involved in the filamentation process, such as diffraction,
dispersion, Kerr effect and self-focusing and ionization related processes. The dynamic spa-
tial replenishment model proposed by Mlejnek et al. accompanied with a derivation of the
nonlinear wave envelope propagation equation is also presented. Finally, several numerical

method in solving the wave equation are discussed.

Chapter H deals with the implementation of wavefront engineering by inverse design
in order to delay and stretch the effect of nonlinear losses while launching a near infrared
(NIR) filament to a large distance. The demonstration begins with a succinct overview of
previous research on the tailoring of temporal and spatial wavefronts to control filamentation.
The reversibility of the filament, which is not guaranteed for any beam, is discussed next.
In addition, the key characteristics of the Bessel-Gauss beam and numerous methods for
obtaining it will be introduced. It will function as a connection between the laser output and
the controllable filament in our research on filament producing and modulation. We will also
provide examples of how to apply the concept of inverse design to reverse-engineer the laser
output in experiments to achieve simultaneous control of filament locations and length based

on this intermediate state.

In Chapter E] we extend our investigation of the nonlinear propagation of ultra-intense
beams. To this end, we select a finite energy ring-Airy beam as the input waveform due to
its inherent self-reconstruction and acceleration properties, which aid in reducing the optical
device size. Specifically, we study the power dependence of the nonlinear focus and focus
on the energy flow of the beam during propagation. Our results demonstrate the feasibility

of generating kilometer-scale filaments using a gigawatt laser system.

In Chapter , in order to bridge the gap between well-controlled filaments and reliable

remote sensing or online analysis in complicated environments, we will show how to do quan-
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titative elemental analysis based on LIBS spectra recorded under conditions that are virtually
entirely unpredictable. Potash has been selected as the subject of this investigation. After
introducing the background of our study, an explanation of how to implement LIBS in potash
production lines for spectrum acquisition is given. Comparisons between the outcomes of
standard univariate analysis methods versus machine learning-based multivariate analysis
methods for the collected spectra are also made. The results indicate that the univariate anal-
ysis method of spectral line intensity-element content frequently used in laboratories is no
longer applicable to spectra in real situations. It is required to utilize multivariate models
based on big data analysis, such as machine learning, in order to extract valid information
from enormous volumes of collected spectral data.

Chapter E systematically summarizes the main research work and results of this paper.
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Chapter 2 Theoretical basis of femotosecond filamentation in
air
The complex process of filamentation involves a variety of nonlinear optical effects,
including self-focusing, self-phase modulation, and high-order harmonic generation. The
properties of the resulting filaments, such as their number, length, and separation, depend
on various factors such as the laser beam parameters, the properties of the medium, and the
environmental conditions. Studying the physics of filamentation is important for understand-

ing the fundamental mechanisms of nonlinear optics and for developing new applications of

laser-matter interaction.

2.1 Maxwell’s equations in a dielectric medium

Almost two hundred years ago, the physicist and mathematician James Clerk Maxwell
published a series of equations unifying the theories of light and electromagnetism. In a
dielectric medium, the equations consist of four parts:

* Gauss’s law:

V-D=py, 2-1)

it describes the relationship between the density of free charges p, and the induced
electric field E or electric displacement D.
* Gauss’s law for magnetism:

V.-B=0, (2-2)

it simply states that there is no magnetic analogues of electric charges.
¢ Faraday’s law:
OB

VXE=—-—, 2-3
X 5 (2-3)

it describes that an electric field can be induced by a changing magnetic field B.

* Ampére’s law with Maxwell’s correction:

VXxH-= (J+aa—lt)), (2—4)

where B = uH, u is the permeability of the medium and J the current density of free
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charges. In the same way as for Faraday’s law, this law states that a magnetic field can
be induced by a changing electric field.
Here, we are interested in the case when there is no free charges ps = 0 or free current
J = 0 inside the medium. The electric field displacement D is a function of the electric field
E:
D =¢FE + P, (2-5)

where €, denote the permittivity of vacuum and P the polarization describing the medium
response to the electric field. As long as the field is not too strong, we can expand P as a

power series of E:

P:€0[X(1)E +X(2)E2 +X(3)E3+...]

_ p(h 4 pNL, (2-6)

where y denotes the nth-order optical susceptibilities, P = €,y E and PN* contains
all the nonlinear polarization terms. In general, PNT is very small and can be neglected for
conventional optics. However, when the laser intensity is high, for example I ~ 10'?> W/cm?
in air, we have to consider the influence of the nonlinear response of the medium on the
propagation of the field.

By applying the curl to Faraday’s law, we can get a propagation equation involving only

the electric field:

Lhs=Vx(VXE)=V(V-E)-V’E, (2-7a)
oB d aJ]  0*D
rhs=V X (—E = —E(V X B) = —,UE - W’ (2-7b)

Regroup the linear and nonlinear terms appearing in the electric displacement D (Eq. (B))

as below:

D=gE+P
= gE + PV + PN
=¢(1 +)((1))E + PNE
= ¢€eE + PNE, (2-8)
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where € = 1 + (! represents the relative permittivity of the medium. Thus, we get the wave

equation in space-time domain:

t
1 o° aJ  9*PNE
V’E-V(V-E)- =— —t)E(r,t,2)dt’ = p(— + ———
( ) 257 et —-1)E(r,t', z)dt ,u(at 5

—00

) (2-9)

In linear regime, if the medium is homogeneous, in other words, the permittivity € and
susceptibility u of the medium is independent of (x, y, z). Then, the divergence of the electric
field vanishes:

V.-E=0. (2-10)
Hence, the electric wave equation in a homogeneous medium without nonlinearity reads:

2 52
) n“0°E
VE—;W—O, (2-11)

where n = \/eu denotes the refractive index of the medium.

2.2 Main physical effects involved in filamentation
2.2.1 Diffraction

Diffraction is a universal property for all kinds of waves. It occurs not only as waves
circulate around the corners of an obstacle or propagate through an aperture, but also for free
propagation in vacuum. A laser beam with a finite transverse size can be considered as a
plane wave modulated by a spatial aperture and thus acquires the ability to diffract along the
transverse direction. According to Gaussian optics, the wavefront of the beam bends during
propagation, and the beam width is enlarged by V2 compared to the waist of the beam with
a flat spatial phase after it propagates over a distance called the Rayleigh length:

2 2
B kwg _ Tngwy,
IR=—F"=

2 -’

(2-12)

where ng is the refractive index of the medium at wavelength A, w, the beam waist, k =
nokg = ng2x/A the wavenumber in the medium. As shown in Fig. , the spatial phase
of the initial beam is flat. The wavefront of the beam gets bent and the curvature becomes
nonzero after the light beam propagates over a finite distance. When the wavefront is far

away from the source, the on-axis curvature returns to zero again.
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f

z=0 Z=1Zp /
w(z) = wy w(z) = V2w,

Figure 2-1 Diffraction of a Gaussian beam from a laser source.

2.2.2 Group velocity dispersion

The dependence of the refractive index n of the medium as a function of wavelength A
leads to a phenomenon called dispersion. The classification of normal or anomalous disper-
sion is determined by the tendency of the refractive index to change (decrease or increase,
respectively) as the wavelength increases. For a transparent medium, the dependence be-

tween n and A is often described by the Sellmeier formula:

2
n(d) = 1+ZA’—A (2-13)

— - B’
where the A; and B; are empirical coeflicients specified after the least squares fitting proce-
dure is applied to experimental measurements™,

The propagation of a laser pulse in a dispersive medium will exhibit an increase in the
duration of the pulse, since every frequency component of the pulse propagates at a different
speed. This effect is called group velocity dispersion. For example, lower frequencies travel
faster than higher frequencies in normal dispersion media. Thus, after the initial pulse with
a flat temporal phase is propagated, redder frequencies will dominate its leading part while
bluer frequencies will gather around the trailing part of the pulse envelope. Fig. shows

how dispersion affects changes in the pulse envelope during propagation.

blue shift red shift

e ===~

Figure 2-2 Broadening of the pulse envelope and frequency shift after a pulse with flat temporal
phase propagating through a normal dispersion medium.
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Similar to diffraction, the influence of dispersion on the pulse duration can also be quan-
tified. We define the characteristic length zg4, 4 of group velocity dispersion for a Gaussian
pulse with flat temporal phase to be the distance over which linear propagation will result in
an increase of the pulse duration by a factor of V2:

12

L 2-14
5 (2-14)

Zgvd =

where k" = 8%k /0w?| ., is the quadratic Taylor expansion coefficient of wavenumber k as a
function of frequency w around central frequency wy:

124

om0 e

2.2.3 Kerr effect and Self-focusing

When an ultra-intense electromagnetic pulse propagates through an isotropic and cen-
trosymmetric medium, the lowest order of nonlinear response is third order. The change of
refractive index of the medium An due to y® response is called optical Kerr effect. The
magnitude of An is determined by both the nonlinear refractive index n, = 3y®) /4€ycn? and

the intensity of the field /(r, t):
n=ng+A4n=ng+nd(r,t), (2-16)

where ny is the linear refractive index, €, the permittivity of vacuum and c the speed of light.

>

A

Radial distance (r)

> >

An I(r) Propagation distance

Figure 2-3 Illustration of optical Kerr effect and self-focusing of a Gaussian beam!?!. The red
curve on the right panel represents the beam waist at different propagation distance.
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The nonlinear response of the medium induces additional spatial phase modulation:
w
b(x.y.2) — $(x.y.2) + —ml(x.y,2)4z. 2-17)

For most transparent media, n, is positive. The additional spatial phase induced by the Kerr
effect has negative curvature which is equivalent to a focusing lens. Therefore, an intense
Gaussian beam propagating through a Kerr medium will experience higher refractive index
in the center than in the outer region and continue to self focus until intensity blows up. As
shown in Fig. @, the induced change of refractive index results in focusing of the input
Gaussian beam. The competition between Kerr focusing and transverse diffraction can lead
to self-trapped propagation for a certain beam power value, or to catastrophic collapse of the
beam for larger beam powers®#!. The length required for the accumulated nonlinear phase
calculated through the B-integral (B = k JOZ n,1dz) to reach a value of one represents a
characteristic length for Kerr focusing L, ¢ and can be expressed as:

1

_ 2-18
n2k010 ( )

Lsf:

where ko = 27/A and I, is the peak intensity of the beam. In order to observe self-focusing
and collapse of a Gaussian beam, the power of the beam P;,, should exceed a threshold P, =
3.724%/8rnon,™. In the case of air molecules, the nonlinear refractive index coefficient
n, ~ 3.2 x 107! cm?/W corresponds to a critical power P.. = 3 GW when the laser
wavelength 2 = 800 nm!*3!, Once the Gaussian beam starts to self-focus, it will collapse at

distance:
0.367zr

Zsf = s
\/[(%)1/2 —0.852]% - 0.0219

(2-19)

in which zx denotes the Rayleigh length of the beam!®fl. Note that z,; is the distance mea-
sured from the beam waist. With an additional lens in the optical path, the beam will collapse

at distance z; , determined by z,; and the focal length f as expressed below!"!:

1 1 1
1. L1 (2-20)

2.2.4 Photo-ionization

From previous section, we know that self-focusing of the laser beam will result in in-

tensity collapse if P;, > P... This means that in principle, the intensity will continuously
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increase without any limitation as the beam size is reducing. However, when the light in-
tensity increases, the medium may be ionized, thereby acting against the increase of light
intensity. For ultrashort laser pulses, the main processes of ionization of transparent me-
dia consist in multiphoton ionization and tunnel ionization, both in which the electrons are
excited from the valence band to the conduction band.

Multiphoton ionization is the process by which bound electrons absorb several injected
photons simultaneously and cross the energy gap to gain freedom. This regime occurs when
the energy of the photon 7w is smaller than the size of the energy gap U;. In air, the ionization
potential U; is approximately 12 eV considering the oxygen as the first element being ionized.
Each photon of a laser beam at 4 = 800 nm possess energy fiw, = 1.5 eV. Therefore, it is
necessary to have 8 photons in order to reach the ionization gap U;. The corresponding
multiphoton ionization rate is thus proportional to /3. Ionization of other constituents of air
is negligible when the peak intensity of the laser pulse does not exceed a few tens of TW/cm?,
and therefore will not be considered in the simulation in the chapters below!®!,

Tunnel ionization occurs when the atomic Coulomb potential is deformed drastically
due to the external electric field. It requires higher intensities than multiphoton ionization.
It describes the escape or the so-called quantum tunneling of an electron across the highly
perturbed potential. A graphical illustration of the difference between multiphoton and tunnel

ionization is shown in Fig. @
Multiphoton ionization Tunnel ionization

electron

>

Figure 2-4 Schematic representation of multiphoton ionization and tunnel ionization!?!,

In order to know when to consider which ionization process occurs, we can calculate

the Keldysh parameter y:
woy [m.U;nopcey
Y==-\—>F
e I

where [ is the field intensity. If y > 1, I is relatively small and multiphoton ionization is

: (2-21)
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dominant; otherwise the field strength is sufficient to lowr the atomic potential barrier, in
which case the main ionization effect would be tunnel ionization. For a filament generated
in air by a pulse of peak intensity / = 5 x 10'> W/cm? at A = 800 nm, the value of y is
around 1.4. This implies that both ionization effects should be considered in simulations of
the filamentation process. However, previous works have shown that simulations based on
multiphoton ionization rates fairly reproduce electron densities that can be evaluated from
experimental data®1%!. Therefore, we adopt this approximation in our simulations in the

following chapters.

2.2.5 Plasma generation and defocusing

Large numbers of highly excited atoms, electrons and ions are generated as the medium
is ionized. The evolution of the electron number density is mainly driven by multiphoton
ionization and governed by the rate equation:

o

0p=—pl+
i U,p Kha)o

—ap’, (2-22)

where ) is the K-photon absorption coefficient, o the cross section for inverse Bremsstrahlung!':

ko woTe
o=

_k_oote 223
Pl +wit? ( )

in which 7, represents the electron collision time and p,. = w(z)eom/ e? is the critical electron
number density above which the plasma becomes overdense and opaque with respect to an
electromagnetic radiation of frequency wy. Besides multiphoton ionization, we have also
considered the weaker phenomena of cascade ionization and radiative recombination in the
second and third term of Eq. (), respectively.

The plasma generated through ionization contributes to a reduction of the refractive

index of the medium:

p(r,1)
20

n(r,t) =ng— , (2-24)

where p. is the critical electron number density defined previously. This results in defocusing
of the incident beam, which competes with the Kerr self-focusing effect and can cause the

beam to propagate in the form of a filament.

24



Chapter 2 Theoretical basis of femotosecond filamentation in air

A A

/

—_—

Radial distance (r)

>

I(r) Propagation distance

Figure 2-5 Illustration of defocusing of a beam due to the presence of plasma'®!. The red curve on
the right panel represents the beam waist at different propagation distance.

2.2.6 Intensity clamping and dynamic spatial replenishment

The first observations of ultrashort laser pulse filamentation in air by A. Braun et a/!"?!
revealed that the pulse energy within an infrared filament is quantized to approximately 1
mJ and that the filament diameter of 100 um is fairly constant over extended distances. This
suggested a maximum and fairly constant value for the peak intensity of about 5x 10'*W /cm?
in air, which was later confirmed by other indirect measurement techniques™3131,

To explain their observations, Braun et all'?! have proposed a phenomenological model
based on an equilibrium in the competition between Kerr focusing and plasma defocusing.
If these two effects balance each other, the refractive index changes in equations ()
and () cancel each other out, the nonlinear phase accumulation vanishes and the beam
curvature no longer evolves. That is:

dn=mil-L"=0. (2-25)
20

At this point, the contraction of the beam will stop and the defocusing as well. The light
intensity will reach a maximum provided the balance is preserved. Numerous publications on
femtosecond laser filamentation reported an absence of increase of the peak intensity within a
filament when the laser pulse energy is increased!'18 This phenomenon was called Intensity
Clamping and constitutes an important physical phenomenon which sets an upper limit of
light intensity for the transmission of filament in air and transparent media. An approximate
value of 1. ~ 103 — 10'"* W/cm? for the clamping intensity can be evaluated from Eq. ()
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in fair agreement with the clamping intensity estimated from other measurements!&20,
However, this agreement must be interpreted with care as the competition between self-
focusing and plasma defocusing is dynamic, as shown in 1998 by Mlejnek et al. who pro-
posed the dynamic spatial replenishment model®!?2! based on numerical simulation results
of filamentation in air. According to the model, an ultrashort laser pulse with peak power in
excess of the critical power in air will first undergo self-focusing and an increase of its peak
intensity. As a result, plasma will be formed on the rising edge of the pulse, and this plasma
will have a defocusing effect on the falling edge of the pulse. On the other hand, multiphoton
absorption will also result in a decrease in the rising edge’s intensity, which will in turn cause
the plasma it produces to become dimmer or even disappear, as well as the defocusing effect
it has on the falling edge of the pulse. At this point, self-focusing of the rising edge of the

pulse is significantly enhanced and recovers its prior dominance.

—
—
— -
- . ————
- ——

Self-focusing Defocusing

Filament

—— - -
——— ——
_— ——
-
-

Figure 2—6 Schematic representation of the Dynamic spatial replenishment model showing the
focusing-defocusing cycles during filamentation?!,

As shown in Fig. @, the dynamic spatial replenishment model can be conceptualized
as a pulse cycle of “focusing-defocusing-focusing”. This cyclic process will sustain the prop-
agation of the beam until the power of the pulse can no longer support refocusing. Therefore,
the high intensity laser beam can propagate over a long distance without being limited by the

Rayleigh length.

2.2.7 Importance of the energy reservoir

It is necessary to note the importance of the background energy reservoir during fila-
mentation. Previous studies have demonstrated that filamentation will be suppressed in the

absence of energy replenishment from the background energy reservoir, as in the case of
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using Iris diaphragms to filter the distribution of light fields surrounding the filament(23-271,
There is a dynamic energy exchange between the background energy reservoir and the fila-

ment, which provides energy support for the femtosecond filamentation process!2¥!.

2.3 Modeling of filamentation

In this section, we will introduce the theoretical model of the propagation of laser pulses

in a nonlinear medium.

2.3.1 Derivation of the nonlinear envelope equation

It is assumed that the electric field is linearly polarized and can be decomposed into a

pulse envelope & and a rapidly oscillating carrier wave with frequency wy:
E(x,y,z,t) = &(x,y,z,t) exp(ikoz — iwopt) + c.c, (2-26)
where c.c represents complex conjugate. It can also be written in the local pulse frame:
E(x,y,{,7) =8E(x,y,{,7)exp(i(ko — woyve){ —iwoT) +c.c, (2-27)

where v, denotes the group velocity, { = zand 7 =1 — z/v,.
As introduced in Chapter , the scalar wave equation in a dielectric medium without
source and current is:
2 92
n® 0°E
V’E-—=-— =0, 2-28

c? 0t? ( )

in which V? denotes the Laplace operator, in Cartesian coordinate V2 = §%/9x* + 6%/0y* +

0%/07%; D is the electric displacement:
D(x,y,z,w) = (1 + )((1) (W)E(x,y,z,w) + P(x,y, 2, 0), (2-29)

where ¢ is the permittivity of vacuum, y" (w) the linear susceptibility of the medium and

P = PNL the nonlinear polarization of the medium. Replacing 1 + y" (w) with e(w) and

bringing expression () into equation (), we get the following equation:

t
1 62 , N 0P

—00
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where €(t) is the time representation of material permittivity €(w) and p, the permeability

of vacuum. In frequency space, it can be simplified as:

2.2
V2E - &2(‘“)15 = WP, (2-31)
C

where €(w) = n*(w) defines the complex index of refraction n(w).
In order to further distinguish the distribution of the light field propagated along the
direction of the transmission axis and the cross-sectional distribution of the light field per-

pendicular to the direction of the transmission axis, we rewrite the Laplace operator into two

parts:
9> 07 o 9?
2 —
Z@-'-a_yz-'-a_zz_dl-'-a_zz. (2-32)
The wave equation () is thus becoming:
82
(4, + a—zz)E — k*(w)E = —uow?P, (2-33)

where k(w) = n(w)w/c. In the pulse frame, the partial derivative of E (Eq. ()) to  is:
oE 0
= exp(i(ko — wo/ve)l —iwoT) [ +i(ko — wo/ve)]E. (2-34)
ac o
With this coordinate transformation, we can rewrite the equation () in the local pulse
frame. After considering the decomposition (), removing the fast oscillating part and

put the w/v, together with ko — wy /v, to get k(w) = ko + (w — wp) /v, We have:

& 08
+2iK(0) 57 = =4, = [K(0) = ()16 - “’—f (2-35)
9¢ e a¢ * €
Note that at this stage we do not use any approximation and thus this expression is still exact.
In one optical cycle, if the amplitude of the electric field changes much less than the

amplitude itself, that is,

0&

& < ko&, (2-36)
9*E 0&
6_{2 < ko&, (2—37)

the first term on the Lh.s of Eq. () can be neglected. This is the so-called Slowly Varying
Envelope Approximation (SVEA). Now we are left with:

o i [k (w) — K (w)] i WP
8¢~ 2k(w) A&+ 2k(w) &+ 2k(w) 2 e

(2-38)
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The second term can be further regrouped as:
kK (w) = 1 (w) = 2k(0) [k (0) = k()] + [k(0) = k()] (2-39)

We can do a Taylor-expansion of k¢(w) — k(w) near the central frequency w:

k(w) — k()] wmwpro = Z k"” v T ol (2-40)

When Q = w—uwy is very small, the lowest order of the second term on the r.A.s of Eq. ()
is O (Q%). This implies that it appears as a small correction and can be neglected. Considering

this approximation, equation () becomes:

08 i i WP
9 () [k(w)—K(w)]8+2K(w)§E—0

Finally, we approximate x(w) = nowo/c = ko on the first and third term of Eq. (). This

(2-41)

yields the Nonlinear Envelope Equation in frequency space:

o0& i i wyP
9o - L - 7 242
a7 = 2k E+ilk(w) —k(w)]E 2n0 o ( )

Its space-time counterpart reads:
i wo P

0&E i

9 L 484D (id) &+~ 2-43

65 Zko + : (l ) 2710 C € ( )
where D(id;) = X5 k,, (i8;)!. This equation is the basis on which we will conduct our

simulations in the following chapters.

2.4 Numerical simulation method

Except for a few partial differential equations (PDEs) that can be solved analytically,
most of them need to be solved numerically by approximation, especially in the presence of
nonlinearities or couplings. And this is exactly the case in my thesis work. As shown in
equation (), when an ultrashort intense beam/pulse passes through a dielectric, there is
a significant nonlinear response in addition to diffraction and dispersion, which makes it very
difficult to solve the wave propagation equations:

0.6 = ——4,8+iD (i0) &+ P &)
2k0 ng C €

(2-44)
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In equation (), the polarization term contains all the nonlinear response including
the Kerr effect, multiphoton absorption and plasma defocusing, etc. According to the depen-

dence to the electric field, the wave propagation equation can be simplified as below:
0.6 =(L+N)&, (2-45)

where £ = ZL,;OA L +iD (id,) represents the linear differential operator that accounts for diffrac-
tion and dispersion, and N is the general nonlinear operator acting on the electric field. The
most straightforward way to solve this equation is using a split-step method. Assuming that
operators £ and N are both independent on z, we can solve this equation as an ordinary

equation by direct integration and get the solution expressed in operator form:
E(z+dz) =exp([L + N]dz)E(z). (2-46)
This exponential can be expanded by using the Baker-Hausdorff formula,
exp([L + N]dz) = exp(Ldz + Ndz + %[L, N1dz* + ..). (2-47)

Normally, the operator £ and N do not commute. But the assumption that only first-

order terms are left is sufficient for us to perform accurate and reliable numerical calculations.

Thus, equation () becomes

exp([L + Ndz) = exp(Ldz) exp(Ndz). (2-48)
So equation () can be rewritten as

E(z+dz) = exp(Ndz) exp(Ldz)E(z). (2-49)

When solving this evolution equation, a natural split-step scheme consists in separating linear
operators from nonlinear terms. Considering our goal to preserve the reversibility of the nu-
merical scheme in the case of reversible propagation, we symmetrized the split-step scheme,
i.e., the field will be propagated half a step linearly, then a full step nonlinearly, and finally

the remaining half step linearly:
E(z+dz) = exp(Ldz/2) exp(Ndz) exp(Ldz/2)E(z). (2-50)

The details about the implementation of the algorithm corresponding to different simulation

regimes will be illustrated in the following subsections.
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2.4.1 Pseudo-spectral method

Given a differential equation defined in R? which is bounded and closed, d is the space
dimension larger than 1. For example, a differential problem with a bounded domain of
function could be Lu(x,z) = g(x,2), x € [x9,x1]. What we would like to do is to seek
the solution u (x, z) given a set of initial or boundary conditions. In principle, the operator
L itself could be linear or nonlinear. And we also consider the source term g (x, z) on the
right-hand side. For the diffraction of a light beam in vacuum, £ = 9, — ﬁAx and g(x,z) = 0.

The basic idea of using a spectral method to solve this equation is assuming that we can
expand the function u(x, z) as a combination of some basis functions v(k,, z) with different

coeflicient Cy:

+00

u(x,z) = J Cr, (2)vi, (x)dky = Z Cr (2)vi, (x) 2-51)
kx

In order to do the expansion, we often select basis functions with the following requirements:

1. Convergence: the discrete summation in () quickly converges to the analytical
solution u(x, z) as the number of terms involved increases.

2. Differentiation: Given a set of coefficients Cy_(z) satisfying (), there is always

another set of coefficients C ;x (z) satisfying the derivative form,

ou(x,z)

2= ) CL (v, (). (2-52)
ki

3. Transformable: transformation between u(x, z) and v, _(x) is feasible.
Next we choose two sets of basis functions - trigonometric polynomials and Bessel func-

tions - for further discussions in detail.
2.4.1.1 Cartesian coordinates - Fourier transform
We start with the simplest 1D propagation equation with periodic boundary conditions,
in which the operator £ = 9, — d, without source term - g (x,z) =0,
O-u (x,2) = DOxyu (x,2), (2-53)
where D = 2Lk0 represents the diffraction coefficient. We decompose the function u (x, z)
using trigonometric polynomials. Thus, the transformation operating on trigonometric poly-
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nomials results in its Fourier modes.
+00

u(ky,z) = J u (x,z) exp (—ik,x) dx. (2-54)

—00

After the Fourier transform of equation () using (), we obtain:
O (ky,z) =D (k) u (ky,2) . (2-55)
Integrate () on z leading to the solution of u (k,, z):
u (ky,z) = u(ky,0)exp (-Dk32z) . (2-56)

Finally, the real space distribution u (x, z) is calculated by taking the inverse Fourier trans-

form on equation ().

+00

u(x,z) = % f u (ky,z)exp (ikyx) dk,. (2-57)

Restate the necessary step involved, first we need to Fourier transform the initial con-
dition u (x, 0) into its representation in the spatial frequency space u (k,,0), and multiply it
with a phase factor exp (—Dk2z), finally we apply the inverse Fourier transform to the result

so as to obtain u (x, z). The method can be simply extended to higher dimensions.
2.4.1.2 Cylindrical coordinates - Hankel transform

For the case in 2D where we have rotational symmetry around the z-axis, we can choose
a more appropriate set of basis functions to reduce the cost of doing 2D Fourier transforms.
The operator £ = 9, — 0, — d,,, again without source term g (x, y, z) = 0. Following a
similar procedure as in equation (), we write the wave propagation equation in Cartesian

coordinates as well as in Cylindrical coordinates:
Ou (x,y,2) =D (Oxx + 0yy) u (x,9,2), (2-58)

o,u(r,z) =D (8,r + %6,) u(r,z). (2-59)

If the set of basis functions is chosen to be the Bessel functions j, (k,r), in the case
of () the order of Bessel function is just v = 0.
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The Hankel transform of order 0 and its inverse is defined as follows:

+00

i (k,) = Hou (r) = J u(r) jo (k,.r)rdr, (2-60)

—00

+o0

(1) = By () = [ 06 o (ko) (2-61)

The procedure to get u (r, z) is almost the same as in previous sections. First, we need
to apply a Hankel transform to the initial condition u (r,0) so as to obtain its representation
in the frequency space i (k,, 0), and multiply it with the phase factor exp (~Dk:z), finally

we take the inverse Hankel transform of the result to get u (7, z).

2.4.2 Finite difference method

In addition to the above methods, partial differential equations can also be solved using
finite differences defined on discrete space variables. If we define the function u = u (x),
where x in [x, Xx,,...x,] denoting the set of discrete points which are usually uniformly
distributed. Then the approximation of the exact solution of u (x) is taken by the value
u (xy), u(x3), ...u(x,), or in short-hand notation, u;, u,, ...u,. The Taylor expansion

of u (x¢ + dx) around xo when dx — 0is
du 5
u (xo +dx) = u(x) + . dx + O (dx”). (2-62)
X=X0

The corresponding discretized version replace dx by the constant step size h = x,, — x,,_1,

the notation for # and its derivative
Up1 = Uy + it + O (B?) =ty + hf (X, ). (2-63)

The finite difference method is a numerical technique used to update the value of u,,,; based
on the previous distribution of u,,. This method can be implemented in different ways, includ-
ing explicit and implicit methods. The explicit method computes the system state at the next
time directly from the known system state, with no coupling between different moments. In
contrast, the implicit method considers both the current and future system states to determine
the system states at future times. In other words, the implicit method requires the solution of

a system of equations, while the explicit method does not.
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Stability is an important consideration in the finite difference method. In general, im-
plicit methods are more stable than explicit methods, but they are also more computationally
expensive. Explicit methods are subject to stability constraints, which limit the step size h
that can be used. If 4 is too large, the solution may become unstable and the method will fail
to converge. On the other hand, implicit methods are unconditionally stable, which means
that the step size can be chosen independently of the problem parameters. However, the
computational cost of solving the system of equations required by implicit methods can be
prohibitively high for some applications. The choice between explicit and implicit meth-
ods depends on the specific problem being solved and the computational resources available.
Here, the method shown in () is an explicit method since it only involves the current
step.

2.4.2.1 Implicit Crank-Nicolson algorithm

We take equation () as an example to show the flow of the Crank-Nicolson method.

First, approximate the z derivative on the left-hand side at (x; = jdx, z, = ndz):

ou utt -y
2 ez 'd—z’ (2-64)

Then the diffraction part on the right-hand side at the same position:

0%u

~ n o _ n n n+l _ n+l n+l .
6x2 |_x:_xj’zzzn ~ 2dx2 (uJ+1 21/!] +I/£J_1 +I/£ 2MJ +I/£ _1 . (2 65)

J+l J

Replacing the corresponding terms in () with (p—64l) and (iZ—65]), define o = 24 and

— 2dx?
regroup them according to indices j and n,
+1 +1 +1
—oul + (1+20)u}" —ouly) = —ou}_ + (1 +20) u} —ou’,,. (2-66)

Combined with initial condition #° = u (x,0) and the Neumann boundary condition

Moy, (2-67a)
2dx
u7 — u;?_z
=0, 2-67b
2dx ( )

we can solve () to simulate the diffraction of the field u(x, z) in vacuum using the Crank-

Nicolson method.
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2.4.3 Runge-Kutta method

The idea of the Runge-Kutta(RK) method is to split the full-step £ in () into several
sub-steps as shown in Fig. @

utA

u; Uitq
[ o [ ] [ ]
@ @ @ @ >
tl—l tt ti+1 t

Figure 2-7 Demonstration of RK4 method: the initial one-step calculation of the field evolution is
now decomposed into four repeated evaluations, this result in a higher order approximation of u.
Here the field changes with time 7.

Here we just introduce the most widely used variation of Runge-Kutta method: RK4.
As the name suggested, it involves terms with 4th order in the Taylor expansion () which
means the accuracy is O (h*). With a given full-step size h, the evolution of field u is written
as:

1
Uptl = Uy + gh (k] + 2k, + 2](3 + k4) (2—68)

Foreachstepn=0,1,2,3...

ki=f (xn, um), (2-69a)
h k
ky = floxp+ =, un+ =), (2-69b)
2 2
h
ky=f (xn ol + h%) , (2-69¢)
ks = f (xn+h,u, + hks), (2-69d)

where function f (x, u) is defined in (). The method is integrated in a split-step al-
gorithm for solving nonlinear wave propagation equations to deal with nonlinear terms con-

cerning the Kerr effect, multiphoton absorption and plasma-related phenomena.
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Chapter 3 Simultaneous control of fs filament position and

length in the air

In previous chapters, We reviewed briefly the history and basic concepts of nonlinear
optics. Particularly, we have introduced the physical effects related to filamentation. This
process requires a powerful laser pulse to ionize the medium along the path of propagation,
thereby forming plasma channels, also known as optical filament. Filament properties are
highly dependent on the laser initial conditions as well as the environment. Due to the highly
nonlinear nature of its generation, a filament is difficult to manipulate. Prior research dis-
cussed below has tailored either the spatial or temporal distribution of the input wavefront in
order to achieve the objective of regulating the position or length of the generated filament.
The simultaneous control of the position and length of an optical filament is still a challenge
requiring further research. This is what we will address in this chapter from the perspective

of numerical simulation.

3.1 Controllability of filament

Filament control refers to regulating its spatial position along the propagation axis, in-
tensity distribution, length, plasma density, and even the formation of multiple filaments.
Research efforts in the generation, characterization and optimization of filaments at a remote
distance and over a large extent in the atmosphere have been conducted intensively over the
last two decades, highlighted notably by an observation of vertical propagation at an altitude
of 20 km, of the supercontinuum white light generated by filaments formed at a distance
estimated at 2 km above the laser!™, and a direct evidence of plasma channels associated to
filaments horizontally propagating at a distance exceeding 1 km from the laser®. Simple
waveform and wavefront modulations of the output pulses of a CPA laser by respectively
group velocity dispersion (GVD) pre-compensation and beam collimation by telescope were
applied to push the filament starting position to the largest possible distance!®?!. Air pressure
has also been found to affect the onset of filament; however, its length is almost invariant(©8l,
More recent experimental as well as theoretical efforts have been focused on the generation

of long and stable laboratory scale filaments.
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Wavefront reshaping was introduced using a deformable mirror®1% and optimized by
a genetic algorithm™ to increase the filament length and control the filament pattern with
an optimized manipulation of the energy reservoir’?. The model of an energy reservoir sur-
rounding and dynamically replenishing a filament! has inspired other works, demonstrating
the prevailing role of nonlinear losses in the robustness of filaments, acting as a sink of en-
ergy in the high intensity core of the beam and driving a conical energy flux from the low

intensity tails that refills and sustains the filament!!31€!

. A spontaneous emergence of such
energy flux toward the filament is exemplified by the nonlinear propagation of a Bessel-Gauss
beam showing an effectiveness in generating a long and stable filament in spite of nonlinear
losses!1724],

An approach with a Gaussian beam surrounded in a suitable way, by a ring auxiliary
beam, leads to a significant protraction of the filament length®2!22l, A similar physical pro-
cess relying on the nonlinear propagation of Bessel-Gauss beams, albeit in the tight focusing
regime, was applied to generate long aspect ratio plasma channels in the bulk of dielectric

media. Their subsequent evolution into void through channels®3! presents a significant in-

terest for micromachining applications/2428],

3.2 Reversibility of filamentation

For an ultrashort intense laser pulse undergoing filamentation with a significant ion-
ization loss, the reversibility has been expressly demonstrated to be valid for specific wave-
fronts’?)!. However, as mentioned in Ref. [BQ], the reversibility ensures neither that any
arbitrary pulse shape can readily be backpropagated, nor that it will follow a filamentary
path during its backpropagation. As an example, we simulated the forward and backward
propagation of a Gaussian pulse centered at 775 nm, with beam waist of 0.7 mm and pulse
duration 170 fs. The peak input power is 3.5 GW. The nonlinear refractive index n, =
5.57 x 1072 m?/W giving rise to the critical power of the medium P., ~ 1.7 GW. The
model used in the simualtion considers diffraction, dispersion, Kerr effect, plasma defocus-
ing and loss and MPA. The intensity first rises as the pulse moves forward, primarily as a
result of self-focusing. Next, other high-order nonlinearities become involved, which causes
the intensity to saturate. Finally, the beam diffracts, and the intensity progressively decreases.

At z = 8m, the simulation came to an end. The wavefront calculated at this location is then
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used and propagated backward. Even if nonlinear losses act as nonlinear gain during back-
ward propagation, no significant deviation from the wavefront forward evolution history is
observed. As shown in Fig. , the field can indeed propagate back to its initial condition
with only a very slight variation of less than 0.1 percent after passing through the highly

nonlinear region.
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Figure 3-1 Forward and backward propagation of a laser filament. The on-axis intensity is
plotted as a function of propagation distance. The inset shows the comparison between the spatial
intensity profile and calculated result through backward propagation.

For an arbitrary wavefront, the nonlinear loss, being turned into a gain for backward
propagation, may lead to a divergence of the simulation. Berti ef al. proposed an elegant
strategy to overcome this problem, based on backpropagation of a hybrid laser pulse that
combines a post-filamented pulse with a target waveform, allowing the synthesis of a wave-
form in the post-filament region, with desired features for a specific application®%,

In the present work, rather than reaching a specific waveform at a given distance after a
filament, our goal is to control the features of the target pulse that will subsequently undergo
filamentation over a predefined length. Therefore, in our numerical simulation, we chose an
intermediate state pulse with a Gaussian beam intensity profile and a linear phase along the
radial coordinate. Their amplitude and phase are optimized to avoid ionization while back-
propagating toward the position of the initial pulse (output of the laser), therefore preventing
the potential divergence triggered by the nonlinear gain and guaranteeing the validity of re-
versibility. The waveform obtained after backpropagation can be further approximated by an
analytical expression which can be characterized by a couple of control parameters.

With the above forward and backward propagation of the intermediate state, the results
of the numerical simulations relate the characteristics of the filament to the control parameters

of the 