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Abstract

This thesis explores two distinct subjects at the intersection of commutative algebra, algebraic
geometry, multilinear algebra, and computer-aided geometric design:

(i) The study and effective construction of multilinear birational maps

(ii) The extraction of information from measures and data using polynomials

The primary and most extensive part of this work is devoted to multilinear birational maps. A
multilinear birational map is a rational map ¢ : (P!)” --» P", defined by multilinear polynomials,
which admits an inverse rational map. Birational transformations between projective spaces have
been a central theme in algebraic geometry, tracing back to the seminal works of Cremona, which
has witnessed significant advancement in the last decades. Additionally, there has been a recent
surge of interest in tensor-product birational maps, driven by the study of multiprojective spaces in
commutative algebra and their practical application in computer-aided geometric design.

In the first part, we address algebraic and geometric aspects of multilinear birational maps. We
primarily focus on trilinear birational maps ¢ : (P*)3 --» P3, that we classify according to the
algebraic structure of their space, base loci, and the minimal graded free resolutions of the ideal
generated by the defining polynomials. Furthermore, we develop the first methods for constructing
and manipulating nonlinear birational maps in 3D with sufficient flexibility for geometric modeling
and design. Interestingly, we discover a characterization of birationality based on tensor rank,
which yields effective constructions and opens the door to the application of tools from tensors to
birationality. We also extend our results to multilinear birational maps in arbitrary dimension, in
the case that there is a multilinear inverse.

In the second part, our focus shifts to the application of polynomials in analyzing data and
measures. We tackle two distinct problems. Firstly, we derive bounds for the size of (1 — €)-nets
for superlevel sets of real polynomials. Our results allow us to extend the classical centerpoint
theorem to polynomial inequalities of higher degree. Secondly, we address the classification of
real cylinders through five-point configurations where four points are cocyclic, i.e. they lie on a
circumference. This is an instance of the more general problems of real root classification of systems
of real polynomials and the extraction of algebraic primitives from raw data.

Key words: birational map, multiprojective space, multilinear, syzygy, tensor, geometric modeling






Résumeé

Cette thése explore deux sujets distincts a |'intersection de |'algébre commutative, de la géométrie
algébrique, de I'algébre multilinéaire et de la modélisation géométrique:

(i) L'étude et la construction effective des transformations birationnelles multilinéaires

(i) L'extraction d'informations a partir de données discrétes a I'aide de modéles polynomiaux

La partie principale de ce travail est consacrée aux transformations birationnelles multilinéaires.
Une transformation birationnelle multilinéaire est une transformation rationnelle ¢ : (P1)" --» P7,
définie par des polyndmes multilinéaires, qui admet une transformation rationnelle inverse. Les
transformations birationnelles entre espaces projectifs constituent un sujet d'étude important de
la géométrie algébrique, initié par les travaux fondateurs de Cremona, qui a connu des avancées
significatives au cours des derniéres décennies. Plus récemment, les transformation birationnelles
multiprojectives, c'est-a-dire définies par des polynémes multi-homogénes, ont récemment suscité un
regain d'intérét, motivé notamment par |'étude des structures multigraduées en algébre commutative
et leurs applications pratique en modélisation géométrique.

Dans la premiére partie, nous étudions les aspects algébriques et géométriques des transforma-
tions birationales multilinéaires. Nous nous concentrons principalement sur les transformations
birationnelles trilinéaires ¢ : (P1)3 --» P3 dont nous établissons une classification en fonction de
la structure algébrique de leur espace, du lieu base, et des résolutions libres graduées minimales
de I'idéal engendré par les polynémes de définition. En outre, nous développons les premiéres
méthodes qui permettent de construire et de manipuler des transformations birationnelles non
linéaires en dimension 3 avec une flexibilité suffisante pour les applications visées en modélisation
géométrique. De plus, nous établissons une caractérisation de la birationalité basée sur le rang
de tenseurs, qui permet de construire efficacement et ouvre la voie a |'application des outils de
I'algébre tensorielle & la birationnalité. Nous étendons également nos résultats aux transformations
birationnelles multilinéaires en dimension arbitraire, dans le cas ou il existe un inverse multilinéaire.

Dans la deuxiéme partie, nous nous concentrons sur |'application des polynémes a I'analyse des
données discrétes. Nous nous attaquons a deux problémes distincts. Tout d’abord, nous dérivons
des bornes pour la taille des (1 — €)-nets pour les ensembles de non-négativité de polyndmes réels.
Nos résultats nous permettent d'étendre le théoréme classique du point central aux inégalités
polynomiales de degré supérieur. Ensuite, nous abordons la classification des cylindres réels qui
passent par cing points qui sont tels que quatre d'entre eux sont cocycliques, c'est-a-dire qu'ils
se trouvent sur un cercle. |l s'agit d'un cas particulier de problémes plus généraux que sont
la classification des racines réelles des systémes de polyndmes réels et |I'extraction de primitives
algébriques a partir de données brutes.

Mots-clés: transformation birationnelle, espace multiprojectif, multilinéaire, syzygie, tenseur,
modélisation géométrique
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Chapter 1
Introduction

This thesis focuses on two separated subjects that lie in the intersection of commutative algebra,
algebraic geometry, multilinear algebra, and computer-aided geometric design:

(i) The study and effective construction of multilinear birational maps

(i) The extraction of information from measures and data using polynomials

The thesis is divided into two parts, each addressing one of the aforementioned topics.

The first part, spanning Chapters 3 to 5, receives a more comprehensive treatment owing to its
inclusion of a greater number of contributions. It is devoted to the study of multilinear birational
maps. A multilinear rational map ¢ : (P*)” --» P" is a rational map from a product of projective
lines to a projective space, which is defined by a tuple of multilinear polynomials. If it admits an
inverse rational map, we say that it is birational. Birational maps pose multiple challenges and
have historically occupied a central role in algebraic geometry (e.g. [72, 73, 119, 50, 2, 53, 85,
111, 109, 86]). However, much of the classic literature has primarily concentrated on birational
automorphisms of projective spaces, also known as Cremona maps, and did not give equal attention
to birational maps between multiprojective spaces. The study of multiprojective spaces is a very
active topic in commutative algebra, driven by multiple theoretical inquiries [146, 104, 16, 107, 107,
145] and its real-world applications due to the connection with tensor product maps [41, 59, 51,
28, 43]. Additionally, during the last decade interest in birational transformations within geometric
modeling and computer-aided geometric design (CAGD) has surged, and several works dedicated
to their construction and manipulation have appeared [185, 183, 203, 202, 99].

The formal statements of the principal results of the first part of the thesis are collected in §1.2,
along with examples and applications. We outline here the main objectives:

(i) Construction and manipulation of trilinear birational volumes: the ultimate goal is
to develop effective methods for the construction and manipulation of trilinear birational
maps, i.e. birational maps ¢ : (P')3 —-s P? defined by trilinear polynomials. We develop
tools to operate with these birational maps in a flexible way. In particular, we address several
problems: the description of the necessary geometric constraints for birationality, the explicit
computation of the inverse rational map, the computation of a birational approximation for a
rational map, and the deformation of birational maps.

(i) Effective birationality criteria for trilinear rational maps: in order to achieve the first goal,
we require results that characterize the birationality of trilinear rational maps. Our second
objective is the derivation of new birationality criteria. We provide two main contributions in
this direction. The first is a syzygy-based characterization of birationality, which is effective
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(iii)

for testing birationality but not as immediately applicable to construction. The second
contribution is a characterization of birationality involving tensor rank. More specifically,
under some necessary conditions, birationality holds if and only if a specific tensor of format
2 x 2 x 2 has rank one. This result establishes a bridge between birationality and tensors
that, as far as we know, had remained unnoticed. From this perspective, we can apply tools
from a vast literature on tensor rank to the construction of multilinear birational mappings.

Classification of the space and base loci of trilinear birational maps: the derivation
of our birationality criteria still requires an in-depth study of trilinear birational maps. We
describe the geometry of the space of trilinear birational maps, and find that it consists
of eight irreducible components of varying dimension. Roughly, each of these components
consists of the birational maps that exhibit the same algebraic behavior. Additionally, we
provide a complete list of the possible base loci of these transformations. In particular, we
find exactly 19 isomorphism classes for the base loci.

Construction of multilinear birational maps with multilinear inverse: we also address
the construction of multilinear birational maps ¢ : (P')"” --» P” with a multilinear inverse.
Algebraically, the defining polynomials of these birational maps admit n independent linear
syzygies and have a Hilbert-Burch minimal graded free resolution. We extend the approach
established for trilinear rational maps to this context. Namely, we prove that birationality is
achieved if and only if a tensor of format 2*" has rank one, and present effective methods
for their construction.

In the second part, consisting of Chapters 6 and 7, we delve into inquiries related to using
polynomials in analyzing data and measures. We focus on two distinct problems. The first one
involves the investigation of (1 — €)-nets for superlevel sets of real polynomials, and relates to tensor
rank [26, 17] and convex algebraic geometry [83, 84]. The second problem is the classification of
the real cylinders through four cocyclic points. It can be regarded as an instance of a more general
problem in real algebraic geometry, known as real root classification (e.g. [137, 142, 209, 140]).
Moreover, it resides within the extraction of algebraic primitives from raw data (e.g. [165, 81, 42,
143]). The main objectives of the second part are summarized here:

(i)

(1 —€)-nets for polynomial superlevel sets and the Carathéodory number of Veronese
varieties: we prove bounds on the size of a (1 — €)-net for the range space defined by the
superlevel sets of real polynomials with bounded degree, i.e. the loci defined by a single
polynomial inequality of bounded degree. These bounds allow us to generalize the classical
centerpoint theorem, replacing half-spaces by more general polynomial superlevel sets. Our
results build upon on novel estimates of the Carathéodory number of real Veronese varieties.

Classification of real cylinders through five points with four of them cocyclic: we
provide algebraic certificates to ascertain the number of cylinders through a given configuration
of five points with four cocyclic points (i.e. lying on a common circumference), and present
closed formulas for their defining equations. These certificates are the equations that, in the
space of five-point configurations with four cocyclic points, determine the regions with a
fixed count of real cylinders.
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1.1. Motivation and state-of-the-art

In this section, we provide the motivation that supports our research, and establish its context
within the existing body of literature and contemporary research trajectories. Furthermore, we
introduce the central ideas underlying the problems that we address. To ensure coherence, we
introduce elementary notation as it becomes necessary. The section is thematically divided based
on the research domains where our contributions lie.

1.1.1. Construction and manipulation of birational transformations

Surprisingly, although birational geometry is a classical topic in algebraic geometry with a trajectory
of over 150 years, it wasn't until 2015 that the practical application of (nonlinear) birational
transformations to design emerged, thanks to the work of researchers in computer-aided geometric
design [185, 183].

In the fields of geometric modeling and computer-aided geometric design (CAGD), rational maps
play a pivotal role. They offer an intuitive means of representing curves, surfaces, and volumes [93,
166, 69], and have been instrumental for the modern development of these areas since the seminal
works of Pierre Bézier and Paul de Casteljau in the 1950s and 1960s [18, 74, 75].

A rational map is defined by ratios of polynomials. The primary representation of rational
parametrizations in practical scenarios involve control points, nonnegative weights, and blending
functions. The most frequent parametrizations of rational surfaces and volumes in CAGD rely on
tensor-product polynomials. Nevertheless, it is worth noting that other useful parametrizations
exist in geometric design, such as simplicial and toric Bézier patches [129]. For rational curves and
surfaces, the typical parametrizations take the following form

¢:[0,1] — AR ¢:[0,1% — A3 (L1)
2o v Pi (o) 370 370 i Py 51(5) B7()

S — I n (S, t) = n m n m !
2_i—o Wi b (s) 2 im0 2 jo Wij b'(s) b"(t)

where P; = (x;, y;) in R2 (resp. P;j = (xj, i, zj) in R®) are the control points, w; > 0 (resp.

w;j > 0) are the weights, and
() = () a-9rs

)

are the polynomials in the Bernstein basis of degree n in the variable s.

This formulation might seem unusual, or unnecessary, for readers with a background in algebra
and algebraic geometry. However, there are substantial arguments in its favour. First and foremost,
the control points and weights offer intuitive insights into the geometry of the rational map. The
parametrized shape mimics the net of control points, and the weights have a pull-push effect
towards the control points. Furthermore, the control points provide useful differential information
of the rational map, and the shape always lies in the convex hull of the control points. All these
properties are visually depicted in Figure 1.1, with the parametrization of a rational curve by means
of the representation in (1.1). We refer the reader to [93] and [69, Chapter 3] for a more detailed
description of the properties of these representations. In this thesis, we provide new arguments (of
algebraic nature) supporting this representation.
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Figure 1.1.: a rational curve parametrized using control points (green and red points) and their
associated weights. The curve approximates the geometry of the sequence of segments connecting
adjacent control points (green segments). In the image on the left, we use uniform weights equal
to one. The right image showcases the effect of increasing the weight of the third control point to
three, resulting in a “pull” effect that adjusts the curve towards the control point. Moreover, since
all the weights are positive, the curve lies in the convex hull of the control points.

A rational parametrization is birational if it admits an inverse map which is also rational [109,
111]. Birational maps have several advantages in applications. One key benefit is that they ensure
global injectivity (on a Zariski open set). Often, manipulating control points can lead to singularities
and self-intersections of shapes due to noninjective parametrizations. More importantly, the inverse
can be exploited for computing preimages. Some applications require the computation of preimages
for various purposes [64, 97], and it is convenient for others such as image and volume warping
[177, 194], morphing [193, 144], texturing [36, 150], or the generation of 3D curved meshes for
geometric analysis [173, 138]. Birational maps offer computational advantages since the inverse
yields formulas for these preimages without invoking numerical solving methods.

By a dimensional argument, the curve and surface parametrizations in (1.1) are birational for
a general choice of control points and weights. However, if the dimension of the source and
target spaces is the same, the situation is completely different. Such rational transformations
are ubiquitous in CAGD. For example, free-form deformations (FFDs) have revealed a powerful
technique with multiple applications (e.g. [184, 200, 158]), where the ambient space is transformed
by means of a rational map as shown in Figure 1.2.

More specifically, given control points P = (X, ik, Zji) and weights wjy > 0, the volumetric
parametrization

A3 -5 A3 (1.2)

> o X0 S lmo Wik P b7(s) b (t) bl (u)
> o X0 X ko Wik bI(s) bI(t) bl (u)

is in general not birational. Furthermore, the locus of birational transformations in the space of such
parametrizations generally has a large codimension. Therefore, birationality represents a notably
restrictive condition, making the construction of birational maps a challenging algebraic problem.
Hence, it must be treated using tools from commutative algebra.

In order to address the problem of constructing tensor-product birational maps with the eyes of
an algebraist, it is more convenient to adopt a multiprojective formulation. Let us consider the

(s, t,u) —
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Figure 1.2.: free-form deformation of a 3D complex model by means of a trilinear rational map,
defined by a net of 2 x 2 x 2 = 8 control points.

homogeneous variables sg, s; on a real projective line P, and redefine the homogeneous Bernstein
polynomials of degree n in the variables sy, s1 as

n

bP(s0, 51) = (,> (so—s1)" "

for every 0 < i < n. Moreover, we define the ring R = R[sp, s51] ® Rto, t1] ® R[ug, u1], which is
canonically graded by three integers as it inherits the degree from the three pairs of homogeneous
variables. If we redefine Py = (1, xjj, Yjjk, Zji), the previous volume parametrization can be
equivalently written as

¢:PL xPLxPy --» P3 (1.3)
(so:s1)x(to:t1) X (up:u) — (fo:h:h:B)
where

n m |
f=(ffhf)=> > > wuPjb(s,s)b(to, t1) by (uo, u1) € R
i=0 j=0 k=0

In particular, the projective point (1 : Xk : Yk : Zj) lies in the affine chart A3 C P3 defined
by yo # 0. Since A3 =2 Spec(R[Y1, Y2, Y3]) for the variables Y, = y,/yo for each n = 1,2, 3,
the point (1 : Xk : yjjk : zjjk) is identified with (xijk, yijk, Zijk) in A%. Consequently, both rational
maps coincide (see Definition 2.1.30) and the polynomial f can be though of as the common
denominator in (1.2). The advantage of this multiprojective setting is that we can transfer the
study of the rational map ¢ to the study of the ideal B = (fy, f1, f2, f3) in R, called the base ideal
(Definition 2.1.32), and leverage homological methods for treating B as a graded R-module.

One of the central tools in commutative algebra are syzygies. In our context, a syzygy of f is a
tuple & = (09, 01, 02, 03) of homogeneous polynomials in R satisfying the relation

(o.f)=0ofo+o1h+o2h+0o3f=0,

where (—, —) stands for the usual scalar product. To put it simply, a syzygy of f represents a linear
relation among the polynomials fy, f1, f>, and f3 with coefficients belonging to R. Approximately
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thirty years ago syzygies became involved in CAGD, primarily motivated by the problem of finding
the implicit equation of parametric rational curves and surfaces by the method of moving curves and
surfaces [182]. They have proven to be an instrumental tool in the modern theory of implicitization
since then (e.g. [123, 30, 44, 40, 39]). In the last decade, syzygies have also become involved in
the construction of birational maps.

The literature concerning the construction of birational maps for CAGD is still in its infancy. Much
of the research has focused on developing sufficient criteria for local injectivity, aiming to determine
conditions under which a rational parametrization is injective within a specific domain (e.g. [206,
207, 95, 168]). However, this approach falls short when it comes to efficiently computing preimages.
The earliest works on constructing birational maps dealt with 2D tensor-product parametrizations
¢ : Pt x Pt --» P2 defined by polynomials of low degree. In [185], the authors give a simple
characterization of birationality for rational maps with bilinear entries, and derive an effective
method to construct them with much flexibility. Notably, their approach does not impose geometric
constraints on control points and provides explicit formulas for defining the inverse rational map.
More general (nonrational) inversion formulas for nonbirational bilinear maps are studied in [94].
Research has also explored birational maps ¢ : P4 x PL --» P2 with entries of degree (1, n), i.e.
linear with respect to one of the parameters. In [183], the authors propose sufficient conditions for
birationality and methods for construction. Remarkably, the control points defining the rational
map remain unconstrained, and nonnegative weights can be computed to ensure birationality.
Recently, novel conditions for birationality have been proposed for parametrizations ¢ : P2 --» P2
with quadratic entries, relying on the complex rational representation of a rational map [203, 202].
These works introduce methods for the construction of birational triangular patches, albeit with
some constraints on the geometry of the control points.

It is important to highlight three characteristics common to all the works addressing the
construction of birational maps in CAGD published to date:

(i) They only treat 2D parameterizations. Methods for constructing and manipulating 3D
nonlinear birational maps are yet to be developed

(i) They rely on the imposition of specific syzygies to the entries of the rational map in order to
achieve birationality

(iii) They provide strategies for constructing (possibly constrained) nets of control points with
sufficient flexibility, followed by the computation of weights that ensure birationality

1.1.2. Criteria for birationality

The computation of the degrees and birationality of rational maps between multiprojective and
projective spaces has received attention recently [41, 59, 43, 28]. Approximately thirty years ago,
modern techniques from commutative algebra were incorporated to the study of birational maps,
primarily motivated by computational purposes. Syzygy-based birationality criteria date back to
[181], and have been further developed ever since (e.g. [178, 188]). In particular, they are necessary
in all the existing methods for the construction of birational transformations in CAGD.

The Jacobian Dual Criterion (JDC) is a general method to decide if a rational map between
projective varieties, or from a multiprojective variety to a projective variety, is birational [87, 178, 41,
188]. The JDC relies on the computation of the defining equations of the Rees algebra associated
to the rational map. The Rees algebra is a central object in commutative algebra (e.g. [57, 170,
198, 199]) that has proven useful in a number of scenarios (e.g. [66, 65, 67, 135, 134, 133]).
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More specifically, the defining equations of the Rees algebra associated to an ideal encompass all
the polynomial relations satisfied by the generators of the ideal. Among these relations we have
the syzygies, which are precisely the linear relations. The algebra induced by the syzygies is the
symmetric algebra, which is a rough approximation to the Rees algebra. However, in some particular
cases the symmetric algebra provides useful information about the Rees algebra [89, 151, 41, 132].

In the context of rational maps, the Rees algebra can be understood as the bihomogeneous
coordinate ring of the graph of the rational map [111, §11.7]. More specifically, let R = C[x;] ®
... ® C[x,] be the homogeneous coordinate ring of PZ* x ... x P{", where xj = (xoj, ..., Xm;i)
are standard Z-graded variables (see §2.1.1). In particular, the tensor product ring R is standard
Z"-graded. Additionally, set mg = m; + ... + mp, and let y = (yo, ..., ¥m,) be standard Z-graded
variables. Furthermore, let f = (fy, ..., f,) be homogeneous polynomials in R. Clearly, f induces a
rational map ¢ : P&* x ... PZ" --» PZ°. The Rees ideal J associated to f, or ¢, is the kernel of the
homomorphism of graded rings (see §2.1.4 for more details)

Rlyl = R
yj = i
where R[y] is Z""1-graded since it inherits the degree from R and the variables in y. The Rees
algebra associated to f, or ¢, is the quotient R := R[y]/J.

Let us denote by (di, ..., dn; e) the Z""1-degree in R[y], which is the concatenation of the
Z"-degree in R and the Z-degree of y. Namely, a polynomial in R[y| has degree (di, ..., dn; €) if it

has degree d; with respect to the variables in x; = (xo;, ..., Xm;i) and degree e with respect to the
variables in y = (yo, ..., ¥m,). For each 1 </ < n, let e; be the i-th canonical vector in Z", i.e.
ei=(0,..,0, 1 ,0,..,0).

i-th coordinate

Additionally, we define the C[y]-module

[o¢]
Jiesn) = B Jeriy
j=1

where J,. j) stands for the graded component of J in degree (e;; j) (see Definition 2.1.3). If we
denote by C(y) the field of fractions of C[y], the multigraded JDC (Theorem 2.1.40) states that
¢ is birational if and only if the C(y)-vector space C(y) ®cly] J(e;;x) has dimension one for every
1<i<n.

The following example shows how the multigraded JDC can be used to test birationality and
compute the inverse rational map explicitly.

Example 1.1.1. Consider the rational map

¢:PLxPLxPLE --» P2

(So : 51) X (t() : tl) X (Uo : Ul) — (51t0u1 P Sotour — Sptiug - Sitiug : Sotiug — Sotlul)

and let R = C[sp, 51] ® C[to, t1] ® Cluo, u1] be standard Z3-graded, and y = (yo, y1. y2, y3) be
standard Z-graded. Using Macaulay2 [101], we derive that the Rees ideal associated to ¢ is
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generated by the seven relations

so(Yo—y2) —s1(y1 —y3) ,
(soto — sou1) y2 — sitio y3
sit1y1 + (Sot1 — Soto) y2 + (S1to — s1t1) y3
(truo — tiur) y1 + (tiun — tou1) ys
tiug yo — tour y2 ,
to (Yoyz — y1y2) — t1 (Yoy3z — yoy1) .
uo (y1y2 — yoy3) — 1 (yiye — yays) .

In particular, we find

Ji1,001) = C(so (Yo —y2) —s1(y1 — y3)) .
Jo,1,02) = C(to (yoys — y1y2) — t1 (Yoy3 — yoy1) ) .
J0,012) = C(uo (y1y2 — yoys) — u1 (y1y2 — yay3) )
where C(—) stands for the C-vector space spanned by —. Furthermore, the C(y)-vector spaces

C(y) ®cly] J(e;:») are spanned by the generators of the vector spaces above. By the multigraded
JDC, it follows that ¢ is birational.

Additionally, the defining relations of the Rees algebra can be used to efficiently compute
preimages. Specifically, the Rees ideal J is the defining ideal of the graph of ¢ in the product space
(PL)3 x P2 (see §2.1.4), or equivalently, the graph of ¢ is the scheme in (PL)3 x P2, defined by
the Rees algebra R = R][y]/J via the MultiProj construction (see §2.1.1). Namely, a point

(o : 1) x (Bo:B1) x (Yo :91) x (80 :01:85:83) € (PL)® x P
lies in the graph of ¢ if and only if
g(ao, a1, Bo. B1. Y0, 71, 00, 01,62,83) =0

for every g in J. In particular, the pullback ¢! of the point (yo:y1 :y2:y3) = (1:1:2: —3)
can be retrieved from the specializations of the generators of J,.x). More explicitly,

50(1—2)—51(1+3) :So(—l)—$1(4) ,
to(1-(-3)—-1-2)—t3(1-(-3)—1-1)=1ty(-5) —ta (—4),
up(l-2—1-(-3)—w(1-2—=2-(=3)) =uwp(5) — u1 (8)
implying that
1 (1:1:2:-3)=(4:-1)x(4:5)x(8:5).
More generally, the inverse rational map is given by
¢:P: -5 PLxPLxPL

Woiyiiyoiys) = (yi—y3:¥0 —Yy2) x (Yoyzs — yoy1 : Yoyz — y1iy2) X (y1iy2 — yay3 : Y12 — Yo¥3) -

Unfortunately, there are two important drawbacks inherent to the JDC:
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(i) The derivation of the defining equations of the Rees algebra is a difficult problem [27, 38, 70,
68] that entails a high computational cost.

(i) The JDC is suitable to test birationality and computing the inverse, but not so easily applicable
for the construction of birational transformations. More specifically, how can we effectively
ensure that the entries of a rational map ¢ : Pt x PL x PL --» P, defined by control points
and weights, admit relations of degrees

(1,0,0;d1) , (0,1,0;d) , (0,0,1;d3)
for some positive integers di, d», and d3?

For applications to CAGD, specialized methods are more frequent. In particular, syzygy-based
criteria for birationality are preferred due to efficiency and applicability reasons. In dimension two,
there are birationality criteria that rely on the existence of particular syzygies for specific families
of birational maps. Namely, dominant rational parametrizations ¢ : (IP’%;)2 -— IP’% with bilinear
entries, i.e. of Z?-degree (1,1), are known to be birational if and only if the entries admit a syzygy
of degree either (1,0) or (0,1) [28]. Moreover, the minimal Z2-graded free resolution of the ideal
generated by the entries, called the base ideal, is Hilbert-Burch (see §2.2.4). This relates with the
recent interest on the study of resolutions of the base ideals of plane Cremona maps [112], and
more generally with the very active reasearch on resolutions in products of projective spaces [112,
31, 16, 107, 145]. Larger degrees for parametrizations ¢ : (IP’(%:)2 -5 ]P% have also been considered,
but only partially. More specifically, sufficient conditions under which birationality holds are known
for maps with entries of degree (2,2) [28] and (1, n) [183].

1.1.3. Classification of birational maps

The classification of birational maps has a rich history within algebraic geometry, with a vast body
of literature devoted to this topic (e.g. [119, 2, 186, 163, 79, 46, 23, 21, 14, 22, 25, 77]). Like any
other objects, birational maps can be examined from multiple perspectives, giving rise to various
notions for classification. The most relevant approaches can be summarized as follows:

(i) The study of groups of birational maps
(i) The study of spaces of birational maps
(iii) The study of the base loci of birational maps
(iv) The study of the algebraic relations between the defining polynomials of birational maps

Naturally, the appropriateness of each point of view depends on the context, and the tools employed
to address them usually vary. Furthermore, these perspectives are interconnected. In this thesis, we
focus on (ii), (i), and (iv).

The n-dimensional Cremona group over C, denoted by either Cr,(C) or Bir(P¢), is the group
of birational endomorphisms of the complex projective space P¢. Equivalently, it is the group of
C-automorphisms of the field C(xg, ..., x,) where xg, ..., x, are the homogeneous variables in PE.
Given an integer d, the subset Birg(P¢) C Cry(C) consists of all the birational endomorphisms
that are determined by n+ 1 homogeneous polynomials of degree d. In particular, we have an
increasing sequence

PGL(n+ 1, C) = Aut(PP¢) = Bir1(P¢) C Bira(P¢) C ... C Birg(Pg) C ... C Crpy(C) .
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A natural question is whether Cr,(C) has the structure of an algebraic group (of infinite dimension),
i.e. if the group Cr,(C) is compatible with the structure of an algebraic variety [111, 109]. The
answer is negative for n > 2 [24]. However, the subset Birg(IP{.) is always a locally closed projective
variety [24, Lemma 2.4]. Consequently, the investigation of spaces of Cremona maps primarily
hinges on the study of Biry(IP%) as an algebraic set. Regrettably, the algebraic structure of these
sets is generally intricate. The case n = 2 of birational endomorphisms of the projective plane,
or plane Cremona maps, is the simplest and best understood. We have a good understanding of
Birg(P2) for any d > 2 [20, 53], and a complete classification of the base loci is known for d = 2,3
[53].

In higher dimensions the situation quickly becomes more complicated. A very nice property of
plane Cremona maps is that the inverse of a birational map in Biry(IP2) also lies in Birg(P2) [45,
78]. However, this property no longer holds true for n > 3. More specifically, let ¢ be a birational
automorphism of P2, defined by polynomials of degree d without a common factor, and let ¢~ be
defined by polynomials of degree d’ without a common factor. Then, we have (see [45, 78, 80])

d*>=d' +degC, (1.4)

where C C P{ is the curve component of the base locus of ¢. Hence, the degree of the defining
polynomials of a birational automorphism of P is in general different from the degree of the
defining polynomials of its inverse. In §3.1.5, we establish the analogue of (1.4) transposed to our
multiprojective setting. This observation is crucial in this thesis, as it delineates the structure of
Chapters 3-5 since each type of inverse (see Definition 1.2.3) is studied separately.

Example 1.1.2. The trilinear birational map
¢1:PL xPLxPL s P2
(So : 51) X (to : tl) X (UO : u1) — (Sltlul I Sotiur : sitpur 51t1uO)
admits the inverse
¢t PL s PL x P ox PE
o:yi:y2:y3) = (y1:y) x(y2:¥) % (y3:0),
where all the defining polynomials are linear. On the other hand, the trilinear birational map
¢o : PL xPL xPL -5 P2
(SO : 51) X (to : tl) X (Uo : Ul) — (51t0u1 — Sptiuy : Sotour : Sitiug - Sot1U0)
admits the inverse
¢l PL > PLxPLxPL
(o:yiiye:iys) = (y3:y2) x (yays:yiye — yoys) X (¥5 : y1ive — Yoys) .

defined by a pair of linear polynomials and two pairs of quadratic polynomials. As we shall see,
the algebraic behavior of these two birational maps is different. Moreover, they belong to different
irreducible components in the space of trilinear birational maps (see Theorem 1.2.4).

The algebraic structure of Biry(P3) has been described in [161], together with a complete
classification of the base loci. In particular, Biro(P3) has three irreducible components, each
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consisting of the birational maps with inverse defined by polynomials of degree 2, 3, and 4
respectively. Additionally, some of the irreducible components of Bir3(IP2) have been properly
described [80], and a variety (75 classes) of the possible base loci is understood and classified [80,
Appendix A], [119, Table VI]. Unfortunately, we still lack analogous results for either n > 4 or d > 4.
In the context of multiprojective birational maps, the literature has only treated a classification for
the family of bilinear birational maps (P%)? --» P2 to this date [185, 28]. Specifically, the base
locus is always a closed point. Furthermore, the space of such birational transformations is an
irreducible locally closed hypersurface in P(lcl. Interestingly, Corollary 2.2.26 establishes that the
space of bilinear birational maps is identified with the hyperdeterminant of the tensors of format
3x2x2

Cremona maps have also been investigated putting emphasis on the ideal-theoretic properties
of the base ideal [60, 162, 164, 188, 190, 191, 189]. In this direction, an in-depth homological
classification of plane Cremona maps has been undertaken for degrees 5 < d < 7 [112]. This
study is complemented by novel homological results concerning the base ideal of de Jonquiéres
transformations and their associated Rees algebra. Regarding multiprojective birational maps, such
homological classification is limited to the case of bilinear birational maps. Namely, the minimal
graded free resolution is Hilbert-Burch, with two linear syzygies [28].

1.1.4. Weak e-nets for geometric range systems

In the fields of computational geometry and machine learning, e-nets have proven a useful tool
with applications to statistical learning theory [197, 5, 113], efficient search algorithms [187, 147,
114] approximate solutions [105, 61, 7, 8], randomized algorithms [62, 33, 154], dimensionality
reduction [106], and data compression [1]. A geometric range system is a pair (i, F) consisting of a
probability measure . on Ag and a family F of subsets of Ag, also called ranges. Given 0 < e <1,
a weak e-net for (u, F) is a subset Y C Af with the property that every range R in F satisfying
w(R) > € has a nonempty intersection with Y.

One of the primary focuses in e-nets research is the determination of their minimal size. In
general, this is a difficult task. Therefore, a substantial body of work has been dedicated to
establishing bounds on their cardinality (e.g. [176, 131, 56, 35, 155]). Naturally, these bounds
vary significantly depending on the choice of range systems. The most frequent range systems
involve semialgebraic sets, including lines [114], disks and balls [128, 37], triangles [6], axis-parallel
rectangles [114, 6]. It is noteworthy, however, that the exploration of e-nets for range systems
defined by general polynomial inequalities has been largely overlooked, except for the linear case
where the ranges are half-spaces in Ag [148, 128]. More explicitly, let d > 2 and let R[xy, ..., xp]<d
be the R-vector space of real polynomials of degree at most d. We still lack results bounding the
size of e-nets involving the range space

F={(f>0):feR[xy,..,xn]<d} .

where

(F>0):={(x1,....,xn) € Ag : f(x1,...,xn) >0} .

Regarding linear inequalities, the classical centerpoint theorem (Theorem 1.2.28) of Rado and Birch
([169, 19], see [160] as well) states that for any probability measure w on R” there exists a point ¢
in R" such that every closed half-space H C R" containing c satisfies u(H) > ﬁ While there
have been several extensions of the centerpoint theorem (e.g. [122, 167, 153, 121]), none have
addressed ranges defined by nonlinear polynomial inequalities to date.
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1.1.5. Extraction and count of real cylinders

The extraction of algebraic primitives from raw data involves computing algebraic shapes that
interpolate or approximate a given set of data points. The applications of the extraction process are
diverse, spanning various fields such as robotics [205, 54, 15], CAGD [55], computer-aided surgery
[205, 174], and data analysis [204]. In practice, the preference often leans towards elementary
shapes. In the context of 3D data, these shapes can include spheres, cylinders, cones, and tori.

In this thesis, our primary focus is on the extraction of primitive cylinders. While this problem
has already garnered attention [165, 81, 42, 143], there are important open questions regarding
classification. Specifically, there are exactly six cylinders over the complex numbers through five
general points in A3 (e.g. [81, 42, 143]). However, the understanding of the number of such real
cylinders is quite limited. The problem of computing the number of real cylinders through five
general points boils down to computing the number of real solutions of a system of real polynomial
equations. Therefore, the generic count of real cylinders is either zero, two, four, or six. The
following questions arise naturally:

(i) Given five distinct points in A3, how many real cylinders interpolate them?

(i) Can we describe the configurations of five points that yield a fixed number (0, 2, 4, or 6) of
real cylinders?

(iii) Can we compute the defining equations of the cylinders through five points?

In full generality, the first two questions above are very complicated. Formally, the first question
seeks a list of certificates for the five points to discriminate the number of real cylinders though
them. As real cylinders correspond to the real roots of a system of polynomial equations (e.g. [81,
42, 143]), these certificates manifest as algebraic equations in the coordinates of the points [108].

The second question delves into a considerably broader topic in the field of real algebraic geometry:
the real root classification. It entails identifying all semi-algebraic conditions within the space
(A3)® of five-points configurations, which discriminate all possible counts of real solutions to the
initial polynomial system (e.g. [139, §1.2.3]). Although some configurations of five general points
that yield zero real cylinders are known, such as when one point lies within the convex hull of the
others, and other conjectures of configurations with a fixed count of real cylinders are established
[143], a real root classification remains elusive. Furthermore, existing algorithms for the real root
classification of polynomial systems (e.g. [137, 142, 141, 208, 209, 140]) are inadequate for this
task, primarily due to the complexity of system, which after a suitable choice of coordinates involves
8 parameters. More specifically, by means of a change of coordinates the five points take the form

Q:=1(0,00) , @=(1,00) , Q=(x3,¥3,0) , Qs =(xa,y4,22) . Q5= (x5, 5,25)

and the space of five-points configurations reduces to A% x A3 x A3. Even if we were able to
obtain a complete list of certificates, interpreting the intricate semi-algebraic conditions involved
would pose a significant challenge.

In this thesis, we take a first step in this direction by providing a complete real root classification
for a specific configuration of the five points: four of them are cocylic, meaning they lie in a common
circumference. Although this configuration might initially appear restrictive (it is not Zariski dense
in the space of five-point configurations (A3)®), our findings demonstrate that achieving a real
root classification is, in fact, far from trivial.
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Regarding the third question, there are several methods available for computing the implicit
equations of the cylinders. Some of these methods involve minimization algorithms aimed at
approximating optimal cylinders that fit a given point cloud (e.g. [165, 175, 180]). In our five-points
context, there are methods relying on Grobner basis [143], eigenvalue computations [42, 81], and
resultants [81]. However, it is worth noting that none of these algebraic approaches provides
closed-form formulas for the defining equations of cylinders, which are often preferred.

1.2. Contributions

In this section we present the main results of the thesis. Our contributions span both theoretical
advancements and practical applications. For the latter, we provide illustrative examples to showcase
their usefulness. Semantically, the contributions are organized within the same topics discussed in
§1.1.

1.2.1. Classification of trilinear birational maps

Let A; = Clsp, s1], A2 = Clto, t1], and Az = Cluo, uz1] be standard Z-graded rings, each graded by
the corresponding pair of variables. The tensor product R = A; ® A> ® Az is naturally endowed
with a standard Z3-grading, as it inherits the degrees from each factor. The multiprojective space
defined by R is the product (P%)* (see §2.1.1, in particular Example 2.1.10). Moreover, we let
Cly] = Clyo, y1, y2, y3] be the standard Z-graded homogeneous coordinate ring of P3..

Definition 1.2.1. A trilinear rational map in dimension three is a rational map
¢:PLxPLxPE —-» P2 (1.5)
(so:s1) X (to:t1)x(up:u) — (fo:h:fh:f)

where f, = f,(sp, s1, to, t1, U, u1) is homogeneous of degree (1,1,1) for each 0 < n < 3, i.e.
linear and homogeneous with respect to the three pairs of variables, and gcd(fy, fi, 2, f3) = 1.
Additionally:

e The base ideal of ¢ is the homogeneous ideal B = (fy, i, f2, f3) in R
e The subscheme Z of X defined by B is the base locus of ¢.

If ¢ is birational, the inverse rational map has the form

p1:P: s PLxPLxPL (1.6)
(Wo:yiiy2:iy3) = (ao:a1) x(bo:b1)x(co:ct),

where the a; = a;(y) (resp. bj = bj(y) and cx = ck(y)) are homogeneous of the same degree for
i=0,1(resp. j =0,1and k =0,1). Furthermore, without loss of generality we can assume that
ged(ag, a1) = ged(bo, b1) = ged(cp, c1) = 1. Additionally, the degree of the defining polynomials
of 1 is either one or two.

Remark 1.2.2. The last sentence in the previous paragraph follows from the fact that the inverse
rational map on each parameter yields a linear parametrization of the parametric surfaces (see
Definition 1.2.10), which are either planes or quadrics (see Remark 3.1.4).

Definition 1.2.3 (Type of ¢). If ¢ is birational, the type of ¢ is the triple (deg a;, deg b;, deg ck).
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We classify trilinear birational maps according to perspectives (ii), (iii), and (iv) as discussed
in §1.1.3. Specifically, our contributions focus on three aspects: studying the space of trilinear
birational maps as an algebraic set, computing the complete list of base loci up to isomorphism of
schemes, and classifying all the possible minimal Z3-graded free resolutions of the base ideal B as
an R-module.

Our first main result describes the space of trilinear birational maps and its irreducible components.
Given a vector space V, we denote by Gr(n, V) the Grassmannian of n-dimensional vector subspaces
of V.

Theorem 1.2.4 (Theorem 3.3.6, Corollary 3.4.12). The set of trilinear birational maps is an
algebraic subset of Gr(4, R(1,1,1)) X IP’(1C5 with eight irreducible components, and each component
consists of the birational maps of a fixed type. Moreover, all the components are unirational and:

e the component of type (1,1,1) has dimension 21
e the components of type (1,1,2), (1,2,1), and (2,1, 1) have dimension 22
e the components of type (1,2,2), (2,1,2), and (2,2,1) have dimension 23

e the component of type (2,2,2) has dimension 23

On the other hand, let Aut(X) stand for the group of automorphisms of a variety X. The
composition of trilinear birational maps with automorphisms of the source (P%)*® and target P2
spaces induces a group action of Aut(P% x PE x PL) x Aut(P2) on the space of trilinear birational
maps. In particular, we have the following.

Theorem 1.2.5 (Theorems 3.4.3, 3.4.6, 3.4.8, 3.4.10). There are exactly 19 isomorphism classes of
the base loci of trilinear birational maps, depicted in Figure 1.3. Furthermore, there is a one-to-one
correspondence between these classes and the orbits of the group action of Aut(P% x PL x PL) x
Aut(P2) on the space of trilinear birational maps.

Regarding the algebraic relations of the defining polynomials, the structure of the syzygy
modules of the base ideal B is determined by the type of ¢. More explicitly, there is a one-to-one
correspondence between the type of ¢ and the shape of its minimal Z3-graded free resolution.

Theorem 1.2.6 (Theorems 3.4.3, 3.4.6, 3.4.8, 3.4.10). Let ¢ be a dominant trilinear rational map.
We have the following:

e ¢ is birational of type (1,1,1) if and only if its minimal Z3-graded free resolution has the
Hilbert-Burch shape

R(-2,—1,—1)
D
0— R(-1,-2,-1) = R(~1,-1, -1
D
R(-1,—1,—2)
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Figure 1.3.: the 19 isomorphism classes of the base loci of trilinear birational maps, and their
degenerations. Equivalently, these can be regarded as the orbits of the group action of Aut(IF’%: X
PL x PL) x Aut(P2). The number on the left-hand side is the dimension of the corresponding
orbit. An orbit degenerates into another if it has larger dimension and the two are connected by a
segment. The labels for each class are specified in §3.4, and the meaning of the symbols in §3.4.6.
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e ¢ is birational of type (1,1,2) if and only its minimal Z3-graded free resolution has the shape

R(-2,—1,-1)
®
R(~1,-2,—1)
0 R(—2,-2,-2) = ® S R(-1,-1,-1) BAEE g g
R(-2,—1,-2)
®
R(~1,-2,—2)

e ¢ is birational of type (1,2,2) if and only if its minimal Z3-graded free resolution has the

shape
R(-2,—1,—1)
®
R(-2,—2,—1)
0 R(~2,-2,—2)2 = ® S R(-1,-1, -1t B ARE g g
R(-2,—1,-2)
@
R(—1, -2, —2)?

e ¢ is birational of type (2,2,2) if and only if its minimal Z3-graded free resolution has the

shape
R(—2,—2,—1)?
@
0 — R(=2,-2,—2)3 = R(—2,—1, —2)2 = R(~1,—1,—1)* A28, 5 g
@
R(—1,-2,—2)?

and some extra spltting conditions are satisfied (see Condition 3.5.7).

1.2.2. Birationality criteria for multilinear rational maps

From our classification, we derive syzygy-based criteria for determining the birationality of trilinear
rational maps, forming the foundational basis of our constructive results. In contrast to 2D
parametrizations, 3D parametrizations introduce a greater degree of complexity due to the potential
variation in the degrees of the defining polynomials of the inverse. Consequently, we present four
distinct birationality criteria, each corresponding to the types (1,1,1), (1,1,2) (and permutations),
(1,2,2) (and permutations), and (2, 2,2). In essence, our criteria rely exclusively on assessing the
existence of certain first syzygies at some particular degrees. In order to simplify the statement, in
73 we set
e1 =(1,0,0), eo=(0,1,0), e3 = (0,0,1) .

Theorem 1.2.7 (Theorem 3.5.1). Let ¢ be dominant, and let i, j, k be indices such that {i,j, k} =
{1,2,3}. Then, ¢ is birational if and only if one of the following conditions holds:

(i) f has syzygies of degrees e1, ey, and es3. In this case, ¢ has type (1,1,1).
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(ii) f has syzygies of degrees e; and ej, but not ey. In this case, ¢ has type (1,1,1) + e.

(iii) £ has a syzygy of degree e;, but neither e; nor ex. Moreover, f has a syzygy of degree either
e; +e; or e + e, independent from the first one. In this case, ¢ has type (1,1,1) +e; + ex.

(iv) f does not have syzygies of degree e1, ez, or e3. Moreover, f has two independent syzygies in
each of the degrees e1 + €5, e1 + es, and e, + e3 satisfying the splitting property in Condition
3.5.7. In this case, ¢ has type (2,2,2).

We illustrate the usefulness of our criteria to test the birationality of a trilinear rational map.

Example 1.2.8. Consider the trilinear rational map

¢:PLxPLxPE - PR
(50251)><(t0:t1)><(u()2ul) — (fo:f1Zfg:f3):(Sotlul—51t0U1+250t0U1—|—351t1UOZ
3sitoug —Sotopur + St U

51t1u0—50t0u1—251t0u0:51t0u0+50t1u1)

We can compute the degrees of a set of generators of the module of first syzygies of f = (fy, f1, f2, f3)
with the help of Macaulay2 [101].

il : R = QQ[s_0,s_1,t 0,t_1,u_O,u_1,
Degrees=>{{1,0,0},{1,0,0},{0,1,0},{0,1,0},{0,0,1},{0,0,1}3}]

ol =R

ol : PolynomialRing

i2 : £ 0 = s_O*t_1%xu_1 - s_1*t_Oxu_1 + 2%s_O*t_O*u_1 + 3*s_1xt_1*u_O;

-— ...initialization of entries
_3 = s_1xt_O0*%xu_0 + s_O*xt_1x*u_1;
= matrix{{f_O0,f_1,f _2,f 3}};
1 4
o6 : Matrix R <--- R
i7 : M = syz £;
4 17
o7 : Matrix R <-—- R
i8 : source M
17

o8 = R

08 : R-module, free, degrees {{1, 2, 2}, {2, 2, 1}, 3:{2, 2, 2},
{2, 3, 1}, {2, 1, 3}, {1, 2, 3}, {2, 1, 3},
2:{1, 3, 2}, {2, 2, 2}, 2:{3, 1, 2},
{1, 4, 13}, {2, 3, 1}, {3, 2, 1}}

i5

f
i6 : £

We obtain a complex of graded R-modules

(h A R f)

RY = R(-1,-1,-1) -0

where the Betti numbers of R are indicated in the output 08. In particular, we find no linear
syzygies and only two bilinear syzygies. Hence, ¢ is not birational by Theorem 1.2.7. Now, consider
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the trilinear rational map

¢:PLxPLxPL --» P2
(so:s1)x(to:t1)x(wp:u1) — (fo:h:h:f)=(sptiur—sitour +2sptous +3s1tyup:
3sitoug —Sptpuy :S1tiug—Sgtopur —2s1 tgup -

Sitoug +sgptiug —s1tp u1)
where we have updated the entries f; and f3. Now, Macaulay2 outputs the following.

i9 : f_ 1 = 3*s_1*t_0*u_0 - s_O*xt_O*u_1;
110 ¢ £ 3 = s_1%t_O0*u_0 + s_Oxt_1%u_1 - s_1xt_Ox*u_1;
i11 : f = matrix{{f_0,f_1,f_2,f 3}};
1 4
oll : Matrix R <-—- R
i12 : M = syz f£;
4 5
0l2 : Matrix R <--- R
i13 : source M
5
0l3 = R
013 : R-module, free, degrees {{1, 2, 1}, {2, 1, 2}, {1, 2, 2},
{2, 1, 2}, {2, 2, 1}}

This time, we obtain a complex of graded R-modules

(h A R f)

R® — R(-1,-1,-1) R—0

where the Betti numbers of R® are indicated in the output 013. In particular, we find a linear
syzygy of degree (0, 1,0) and bilinear syzygies of degrees (1,1,0) and (0,1, 1). By Theorem 1.2.7,
it follows that ¢ is birational of type (2,1, 2).

1.2.3. Construction and manipulation of multilinear birational transformations

In this thesis, we present effective methods for constructing and manipulating birational tensor-
product maps ¢ : PL x PL x PL --» P2 with trilinear entries, i.e. defined by polynomials of degree
(1,1,1). These are the first methods for the construction of nonlinear birational maps in 3D with
sufficient flexibility for geometric modeling and design [183, see §7]. Our approach aligns with
the principles of (ii) and (iii) stated in §1.1.1. Specifically, we rely on our birationality criteria and
compute suitable weights for an adequately constrained net of control points.

Notation 1.2.9. To simplify the notation, we write
bo(s0.51) = bo(s0,51) =so —s1 . bi(so.s1) = bi(s0,51) = 51,
i.e. we drop the superindex for the linear Bernstein polynomials.

We adopt the conventional CAGD formulation, and define ¢ by means of control points and
weights. Given 2 x 2 x 2 = 8 control points P = (1, x;jk, Yijk, Zijk) in R* and nonnegative weights



1.2. Contributions 19

wij for each 0 </, j, k <1, we define

f= (fb,fl,fg,fg,) = Z Wijk P,'jk b,'(So,Sl)bj(to,tl)bk(uO,ul) . (1.7)
0<ij,k<1

Here, P is identified with the projective point (1 : xjk : yiik : zj) in P3 = Proj(R]y]) =
Proj(R[yo, y1, y2. y3]). Specifically, in the affine chart A3 C P3 defined by yo # 0, P coincides
with (xiik, Yijk, Zjk)- The control points are the images of the vertices of the unit cube [0, 1]3 in
A3 . More explicitly, the supporting planes of the unit cube in the affine chart A3 C (PL)3 defined
by sp #0, tg # 0, and ug # 0 are

b()(S(), 51) =0, bl(So, 51) =0, bo(to, tl) =0, bl(to, tl) =0, bo(uO, u1) =0, bl(UO, u1) =0.
Therefore, the vertices of the unit cube in (P})3 correspond to the points
(1:7)x(1:))x(1:k)

for each 0 < /,j, k < 1. Furthermore, if all the weights are nonnegative, the image of the unit
cube lies within the convex hull of the affine control points. This allows us to interpret ¢ as a
deformation of the unit cube, as illustrated in Figure 1.2.

The concepts of parametric lines and surfaces help to describe the geometry of the rational map.
Similarly, the boundary lines and surfaces are very useful. Unless explicitly mentioned differently,
we always work with the Zariski topology.

Definition 1.2.10 (Parametric surfaces and lines).

(i) A parametric surface is the closure of ¢ (P! x P1) for the specialization of one parameter to
a general point in P, If the parameter specialized is (so : 1) (resp. (to : t1) and (ug : u1)),
we refer to the parametric surface as s-surface (resp. t- and u-surface).

(i) A parametric line is ¢ (P!) for the specialization of two parameters to general points in P!
If the parameter that is not specialized is (sp : s1) (resp. (to : t1) and (up : u1)), we refer to
the parametric line as s-line (resp. t- and u-line).

Definition 1.2.11 (Boundary surfaces and lines). The boundary surfaces are the parametric
surfaces defined by the supporting planes of the unit cube. Specifically, for each 0 < /,j, k <1
they are:

(i) X, defined by (sp:s1) = (1:1)
(i) T; defined by (tg : t1) = (1: )
(iii) Y defined by (up : u1) = (1: k)

The boundary lines are the parametric lines defined by the supporting lines of the edges of the unit
cube. Specifically, they are:

(i) sjk defined by (to: t1) = (1:j) and (up : u1) = (1 : k), or equivalently sy = PojxP1jk
(ii) tik defined by (sp:s1) = (1:i)and (up: u1) = (1: k), or equivalently tix = PjoxPiik

(iii) ujj defined by (sp : s1) = (1:7) and (to : t1) = (1 : j), or equivalently uj = PjoPjj1
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Ly

(a) The boundary lines sJk red), ti (green)
ujj (blue), for each 0 <1i,j, k<1 (b) The boundary surfaces ¥ and X

.\

(c) The boundary surfaces Tg and T (d) The boundary surfaces Yy and Y;

Figure 1.4.: The boundary lines and surfaces associated to a trilinear rational map.
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To gain some geometric intuition, Figure 1.4 illustrates the boundary lines and the boundary
surfaces associated to a trilinear rational map.

In the context of CAGD, the challenge lies in reconciling our syzygy-based birationality criteria
with the flexible manipulation of the control points and weights required by applications. As we
shall prove, the existence of the necessary syzygies for birationality imposes geometric constraints
on the control points, that are formalized in the following definition.

Definition 1.2.12 (Definitions 4.3.1, 4.4.1, 45.1). Let ¢ be a dominant trilinear rational map,
satisfying a nondegeneracy assumption (see Property 1). We define the following classes:

(i) ¢ is hexahedral if all the boundary surfaces are planes

(ii) ¢ is pyramidal if all the boundary lines in one parameter meet at a point, and the boundary
surfaces in the same parameter are smooth quadrics

(iii) ¢ is scaffold if the boundary surfaces in one parameter are planes that intersect at a line £,
the boundary surfaces in the other two parameters are smooth quadrics, and there are two
other lines that intersect £ and all the parametric lines in the same parameter

Remark 1.2.13. The properties of being hexahedral, pyramidal, or ladder depend exclusively on
the control points.

Each of the previous classes are depicted in Figure 1.5. Specifically, by Theorem 1.2.4 the space
of trilinear birational maps has multiple irreducible components. The components of type (1,1, 1),
(1,1,2) with permutations, and (1,2, 2) with permutations, respectively correspond to the previous
gemetric constraints, as explained by the following result.

Theorem 1.2.14. Let ¢ be a general trilinear birational map, satisfying a nondegeneracy assumption
(see Property 1). We have the following:

(i) If ¢ has type (1,1,1) then ¢ is hexahedral
(i) If ¢ has type either (1,1,2), (1,2,1), or (2,1,1) then ¢ is pyramidal
(iii) If ¢ has type either (1,2,2), (2,1,2), or (2,2,1) then ¢ is scaffold

In this thesis, we do not discuss the construction of the birational maps of type (2,2,2). Namely,
Theorem 1.2.7 establishes that the syzygies of the defining polynomials of a birational map of
type (2, 2,2) require to satisfy additional splitting conditions. Since our methods are syzygy-based,
these extra conditions make their application more complicated. Additionally, the construction of
birational maps of type (1,2, 2) is technically challenging (see §4.5), and the geometric constraints
on the control points are complicated due to the presence of quadric parametric surfaces for two
of the parameters. Since all the parametric surfaces of (2,2, 2) birational maps are quadrics, we
expect that they are not very suitable for CAGD.

The syzygy-based birationality criteria of Theorem 1.2.7 offers an effective method to test
birationality. However, its application in the context of constructing trilinear birational maps in
CAGD is not straightforward, and introduces further challenges. To address them, we establish
a connection between birationality and tensor rank. Specifically, we prove that the simultaneous
existence of the necessary syzygies for birationality occurs if and only if a certain tensor with a
2 x 2 x 2 format has rank one. This connection opens the door to the application of an extensive
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a

(a) A hexahedral rational map (b) A pyramidal rational map

(c) A scaffold rational map

Figure 1.5.: the distinct geometric constraints on the control points necessary for the birationality
of type (1,1,1), (1,1,2), (1,2,2) and permutations.
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body of work related to tensor rank and fixed-rank approximations to the study of birational
maps. An important tool is the Canonical Polyadic Decomposition (CPD) (e.g. [76, 126, 118,
136]), which enables us to efficiently compute rank-one approximations. Furthermore, it provides
useful formulas for computing weights that ensure birationality, explicitly revealing the underlying
geometric structure of the Segre variety associated with (IPL)3.

In particular, we have the following birationality criterion.

Theorem 1.2.15. (Theorems 4.3.6, 4.4.7, 4.5.7) Let ¢ be either hexahedral, pyramidal, or scaffold.
Then, ¢ is birational of the corresponding type (see Theorem 1.2.14) if and only if the 2 x 2 x 2

tensor
A 0<i,j,k<1

has rank one, where Ajj is a rational function on the control points (see Chapter 4).

(1.8)

Corollary 1.2.16. Let ¢ be either hexahedral, pyramidal, or scaffold. Then, ¢ is birational of the
corresponding type if and only if
W,'J'k = ,Bj Yk A,'J'k (19)

for some (ag : o1) % (Bo : B1) X (0 : M) in (BL)3.

Theorem 1.2.15 is yet another birationality criterion, which is now based on tensor rank. Notably,
it stands out for its effectiveness in the construction of birational maps, since Corollary 1.2.16
provides formulas for the weights that yield birationality.

Furthermore, Theorem 1.2.15 offers a means to measure the distance of ¢ to a component of
birational maps, assuming one of the geometric configurations in Definition 1.2.12. Specifically, the
distance to birationality can be quantified as the distance of W to the locus of 2 x 2 x 2 tensors
of rank one. Additionally, a closest birational map to ¢ can be computed by finding an optimal
rank-one approximation of W, and retrieving the weights from (1.9)

The following example illustrates how our results can be applied in practice.

Example 1.2.17 (Birational approximation of a pyramidal rational map). Consider the trilinear
rational map ¢ defined by the control points

Pooo=(1201), Pyoo=(10-23), Poo=(102 %) Pyo=(1201),

) Pou=(1023)  Pr=(1§03).

w

9
5
Poor=(1-1102), Pin=(10-%

and wj = 1 for every 0 < /,j, k < 1. Since the boundary u-lines, i.e. uj = PjjoPj1 for each
0 <1/,j <1, meet at the point V= (1 0 0 5) it follows that ¢ is pyramidal. While the rational
map ¢ is not birational, we can render it birational by computing new weights according to Corollary
1.2.16. In this case, the computed values for the Aji's (see §4.4) are

> 20 80 5
A00026v AlOOZﬁ, A01o=@, A11o—§,
40 15 20 80
Boor = 53 Brw = — . Do = —, B = 5

Subsequently, for any choice of (ag : 1) x (Bo : B1) X (Y0 : 1) € (P%)3 the computation

Wik = a; Bj Yk Ajjk
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Figure 1.6.: Deformations of a (truncated) Menger sponge using the trilinear birational map
presented in Example 1.2.17. In the left image, we use uniform weights, specifically w;j = 1 for
every 0 < /,j, k < 1. The right image showcases the effect of utilizing the computed birational
weights. These weight adjustments subtly influence the deformation, while simultaneously ensuring
the existence of an inverse transformation.

ensures that ¢ is birational. However, the new birational map ¢ might differ significantly from the
original ¢ if we make a bad choice of (g : 1) X (Bo : B1) X (70 : ¥1). Hence, we aim to compute
birational weights that are as close to 1 as possible. To achieve this, we can compute a rank-one
CP decomposition (see §2.2.2) of the tensor W in (1.8). Using the Python library TensorFox [32],
we compute the rational approximation

Wapprox = (ao al) ® (ﬁo ﬁl) ® (’Yo ’Yl) = (095 091) ® (106 078) ® (108 075) .
Specifically, this leads to the exact rational weights
Wik = o Bj Yk Djjk (1.10)

for each 0 </, j, k < 1. Additionally, if we introduce the Frobenius norm (see Definition 2.2.20) of
a real tensor A = (ajjk)o<; ; k<y With 2 x 2 x 2 format as

AP = > ap®,

0<i j,k<1
we can measure the relative distance of W to the locus of birational maps as

[IW — Wapprox||

~ 0.2594 .
Wi

In Figure 1.6, we present a comparison between the deformations resulting from the original rational
map, with uniform weights wj = 1 for every 0 </, j, k < 1, and its birational approximation,
utilizing the weights specified in (1.10).

While birational maps indeed ensure injectivity on an open set, one of the most compelling
applications is the exact and fast computation of preimages avoiding numerical solving methods.
This computation relies on the inverse rational map. Therefore, having explicit formulas for ¢! is
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imperative. Birational maps of the same type are algebraically equivalent, and the inverses obey
the same formulas. However, the behavior between distinct types presents significant differences,
and different formulas are required. To simplify our statements, we establish the following notation
for the defining equations of the boundary surfaces, that is maintained throughout Part .

Notation 1.2.18. Let 0 < /,j, k < 1. If the boundary surface X; is a plane, it is defined by the
equation (we consider row vectors)
oi(y) =0,y =0 (1.11)

for some vector ; in R*. On the other hand, if ¥; is a quadric, it is defined by

oi(y)=y-ai-y =0 (1.12)
for some symmetric 4 x 4 matrix o; in R***. Similarly, we denote by T; and vy the vectors or
matrices defining the equations of the boundary surfaces T; and Y.
Remark 1.2.19. Clearly, the vectors and matrices o;, Tj, and v are defined up to nonzero scalar.

The following result provides explicit formulas for the inverse of a trilinear birational map. By
definition, the degrees of the defining polynomials for ¢! are determined by the type of ¢. This
statement is a general version, encompassing hexahedral, pyramidal, and scaffold rational maps.
For more specific statements, tailored to each of the distinct classes, we refer the reader to Chapter
4.

Theorem 1.2.20 (Theorems 4.3.13, 4.4.19, 4.5.15). Let ¢ be either a hexahedral, pyramidal, or
scaffold birational map, with weights as in Corollary 1.2.16. Then, maintaining the notation of
(1.6), the inverse 1 is given by

(ao . 31) = (Olo >\0 Uo(y) — Q1 >\1 o'1(y) e >\0 Uo(y)) )
(bo : b1) = (Bo o Toly) — B1 1 T1(y) : Bo o To(y)) .

(co:c1) = (v0vovo(y) —v1v1vi(y) : Yo vovo(y))

for some (Ao : A1), (ko : m1), and (vo : v1) in P which are rational functions on the coordinates
of the control points (see Chapter 4). Furthermore, we also provide explicitly the defining equations
of the irreducible components of the base loci of ¢ and ¢~ in Chapter 4, and we describe the
blow-ups and contractions.

The following example shows the explicit computation of the inverse of the trilinear birational
map of Example 1.2.17.

Example 1.2.21. We continue with Example 1.2.17, using the computed birational weights. In
this case, the vectors and matrices defining the boundary surfaces are

oo=(5 -3 ¥ 1), o0=(4 -4 2 -%,

(&1

m=(5 £ % 1) .m=(33219,

300 —30 —% 204 1530 —42 45 438

495 165

o — -30 75 0 60 e — -5 =225 0 =5
Tl =% o -s0 % T —45 0 150 20
—294 60 % 102 —438 18 20 114
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Furthermore, using the formulas of Chapter 4, we find
(Mo A1) x (o :p1) X (vo:v1)=(4:-5)x(3:-5)x(11:-18).

In particular, the defining polynomials of ¢! yield linear parametrizations of the pencils of s-, t-,
and wu-surfaces. More explicitly, we find the relations

O'(So, 51) : fT = (ao >\0 (o)1) bo(So, 51) + a3 >\1 o1 bl(So, 51)) . fT =0 ,
T(to, t1) - F7 = (Bo o o bo(to, t1) + Br w1 T ba(to, 1)) - F7 =0,
f- 'U(Uo, u1) : fT =f. (’)’0 Vo Vg bo(Uo, Ul) + 711 VU1 bl(UO, Ul)) . fT =0.

In the context of higher-dimensional rational maps, we are able to extend the tensor rank criterion
for birationality of Theorem 1.2.15 to the simplest class within the family of multilinear rational
maps in arbitrary dimension: multilinear birational maps with a multilinear inverse.

Definition 1.2.22 (Multilinear rational map and multilinear inverse). A multilinear rational map in
dimension n is a rational map
b:(FL) > P (1.13)
(X01 . X11) X ... X (XOn . Xln) — (fb, veey fn)
where fix = fi(x01, X11, .-, Xon, X1n) is multilinear for each 0 < k < n and gcd(fy, f1, ..., f) = 1. If
¢ is birational, the inverse rational map has the form
¢t PL -5 (PL)" (1.14)
(Yo, ---,yn) +—  (ao1:a11) X ... x (aon : a1n)

where agx = apk(y) and aix = aik(y) are homogeneous of the same degree and coprime, for each
1 < k < n. If agk, a1k are linear for every 1 < k < n, we say that ¢ admits a multilinear inverse.

Once more, we define rational maps by means of control points and their associated weights.
Specifically, we introduce

f=(f,... ) = Z Wi i, Piv.in biy(x10, X11) ... bj,(Xn0, Xn1) (1.15)
0<it, .in<1

where we allow P;, ;i = (1, y1i.i, .- » Ynir...in) o lie in C"*1, and the weights w;, ;. to be nonzero
complex numbers, for each 0 < iy, ..., i, < 1. At this point, it comes as no surprise that, for ¢ to
admit a multilinear inverse, some geometric constraints must be imposed on the control points.
Namely, we have the following definition.

Definition 1.2.23 (Hypercubic rational map).

e Foreach 1 < k < nand ik =0,1, the boundary hypersurface X;, x of ¢ is the closure of the
image of ¢ after the specialization of (xox : x1x) = (1 : ix)

e A multilinear rational map ¢ : (]P’(lc)" --» P¢ is n-cubic, hypercubic, or simply cubic, if it is
dominant and all the boundary hypersurfaces are hyperplanes



1.2. Contributions 27

The following result is the extension of Theorem 1.2.15 to the class of hypercubic rational maps.

Theorem 1.2.24. (Theorem 5.1.5) Let ¢ be n-cubic. Then, ¢ is birational with multilinear inverse
if and only if the tensor with 2*" format

W
W = (”’") (1'16)
Dy in ) o<iy,.in<1

.....

has rank one, where Aj, ;. is a rational function on the coordinates of the control points.

Corollary 1.2.25. Let ¢ be n-cubic. Then, ¢ is birational with multilinear inverse if and only if
Wiy iy = Qg1 - Qin By i, (1.17)
for some (a1 : @11) X ... X (qton : @14) in (PE)™.

The minimal graded free resolution of a hypercubic birational map is always Hilbert-Burch, and
f admits n independent linear syzygies. To elaborate, let n > 4. For each 1 < k < n, we define the
standard Z-graded polynomial ring Ax = C[xk] = C[xok, x14]. In particular, the tensor product ring
R:=A1®...® A, is hence standard Z"-graded by

R= @ Rii..in) = @ (A1) ® ... ® (An)i, -

(1'1...I'n)€Z" (fl...in)GZ"

The following result provides the explicit expression of the multilinear inverse of a birational
n-cubic map. Furthermore, it describes the base loci of the birational map and its inverse. For
simplicity in the statement, we write 1 = (1,...,1) in Z" and denote by e, the k-th canonical
vector.

Notation 1.2.26. If ¢ is n-cubic, the boundary hyperplane X is defined by
Xik(y) =Xik -y =0
for some vector Xk = (Xoik, ---» Xnik) in C™F1.

Theorem 1.2.27 (Theorem 5.2.1). Let ¢ be n-cubic. Then, maintaining the notation of (1.14)
for the inverse $—1, we have

(aok : a1k) = (cok(Xok, Y) — a1k (X1k.Y) : %ok (Xok. Y))

for each 1 < k < n. In particular, f admits the syzygy

ook Xok bo(xok, X1k) + o1k X1k b1(Xok, X1k)

for each 1 < k < n, and the base ideal B = (fy, ..., f,) in R has a Hilbert-Burch minimal Z"-graded
free resolution

0— @ R(—1 —ex) — R(—1)"! JUESRON

k=1

B—0.

Therefore, f coincides with the signed minors of maximal size of the (n+ 1) X n syzygy matrix.
Additionally, the base locus of ¢~ is the union of the (n—2)-planes Xox N X1k for each 1 < k < n.
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1.2.4. Weak (1 — ¢€)-nets for polynomial superlevel sets

In Chapter 6, we extend the classical centerpoint theorem by replacing half-spaces with superlevel
sets of polynomials, i.e. the loci in A} defined by a polynomial inequality (of arbitrary degree).
More specifically, the centerpoint theorem can be stated as follows.

Theorem 1.2.28 (Centerpoint theorem). Let y be a probability measure on Af. There exists a
point ¢ in A%, called centerpoint, such that every half-space H containing ¢ satisfies

w(H) >

n+1"

For our generalization to hold true, we must replace the centerpoint c by a finite set X in Ag.
Namely, X is a weak (1 — €)-net for the range space of superlevel sets of polynomials of bounded
degree (see §6.1.2) and some small € > 0.

We now present our first generalization of the centerpoint theorem, which deals with quadratic
polynomial inequalities.

Theorem 1.2.29. (Theorem 6.2.1) Let p be a probability measure on Af. There exists a set X
of n+1 points in Aj such that any quadratic f in R[xq, ..., x|, that is nonnegative on every point

of X, satisfies
2

N{XEAﬁ:f(X)ZO}Zm-

Notably, in the previous statement n + 1 is the least number of points for such a result to hold
true, for any other positive fraction (see Lemma 6.3.2). Specifically, given n (or less) points in
AR we can always find a linear polynomial L in R[xq, ..., x,] that vanishes at all these points. In
particular, the polynomial f = —L? is nonpositive on A%, and zero (thus nonnegative) at every
point. Therefore,

p{x € Ag : f(x) > 0} = u{x € Ay : L(x) =0}

which has zero measure for multiple probability measures (for instance, if they are absolutely
continuous). Additionally, we are able to extend the centerpoint theorem to encompass polynomial
inequalities of arbitrary degree. Nevertheless, in this case we require the probability measure to be
absolutely continuous with respect to the Lebesgue measure (see Definition 6.1.5).

Theorem 1.2.30. (Theorem 6.2.2) Let . be a probability measure on Af, which is absolutely
continuous with respect the Lebesgue measure. For any & > 0, there exists a set X of at most
(”+n2d) —n— 1 points in Ag such that any f in R[x, ..., Xa]<q, that is nonnegative on every point
of X, satisties

p{x € AL : f(x) > 0} > ((";jd) +1>v1—5.

Our results rely on novel estimations of the Carathéodory number of Veronese varieties (see
Definition 6.1.13). Since the Carethéodory number is inherently a property of real affine sets,
and the Veronese embedding typically refers to a projective space, we recall the definitions of the
varieties that we are interested at.

Definition 1.2.31 (Real affine Veronese variety and Veronese cone).
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Figure 1.7.: A sample comprising N = 50 (green) points in AZ. Let u denote the probability
measure derived from the normalized sum of & masses associated with each of these points.
According to Theorem 1.2.29, there exist three points (red crosses) such that the superlevel sets
of every quadratic polynomial (blue regions) containing these three points have measure at least
1/6. In the right image, there is a plane conic passing through these three points. In particular, it
divides A2 into two regions of measure of at least 1/6.

(i) The n-dimensional real affine Veronese variety in degree d, denoted by V(n, d), is the image

of

n+d\_
v:Agp — A](R") !

x=(1,x1,....%) = (x1,....,.%n) x®d

Specifically, it is the restriction of the Veronese embedding to an affine chart in Pg (see
Definition 2.2.13).

(ii) The (n + 1)-dimensional real Veronese cone in degree d, denoted by V(n, d), is the affine
cone in AT over the (projective) real Veronese variety (see Definition 2.2.13).

Remarkably, the Carathéodory number of the Veronese cone can be construed as the maximum
nonnegative symmetric rank of a real symmetric tensor (see Definition 2.2.19 and §6.1.3). This
relates with the literature on tensors, where the estimation of the maximum, typical and generic
(symmetric) ranks of real and complex (symmetric) tensors has garnered substantial attention
previously (e.g. [26, 171, 17, 136]).

The following result underlies our generalizations of the centerpoint theorem. Namely, it provides
bounds for the Carathéodory number of the real Veronese varieties.

Theorem 1.2.32 (Theorem 6.2.3). The Carathéodory numbers of the Veronese varieties, denoted
by k(V(n, d)) and k(V/(n, d)), satisfy the following:

(i) k(V(n,2))=n+1
(ii) (di Dio and Kummer, [84]) k(V(n,2d)) > ("J;Zd) — n(nJ;d) + ('27)

(iii) k(V(n+1,2d) < ("2%) —n—1

(iv) k(V(n,2d)) < k(V(n,2d +1)) <k(V(n2d +2))
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1.2.5. Classification of real cylinders through five points with four cocyclic

In Chapter 7, we address a very specific problem: the classification and computation of the real
cylinders through five points in A3, where four of them are cocyclic.

Definition 1.2.33 (Cocyclic points). A family of points in A2 is cocyclic it they lie in a circumfer-
ence.

To elaborate, by “classification” we refer to the real root classification of the system of two
polynomial equations defining the (possibly complex) cylinders through a five-point configuration.
Specifically, our objective is to establish semialgebraic equations that determine the count of real
roots for this polynomial system. Thanks to the inherent constraints of our configuration, we can
simplify the system to just two cubic equations in two homogeneous variables. Remarkably, our
semialgebraic certificates reduce to the classical discriminant of an homogeneous cubic equation in
two variables.

The following is the primary result in this direction. It permits the count of the real cylinders
through a configuration of five affine points, with four of them cocyclic. Additionally, it provides
closed formulas for the implicit equations of such cylinders, with rational coefficients in the
coordinates of the points.

Theorem 1.2.34 (Theorem 7.3.5, Corollary 7.3.7). Let Q1, @2, Q3, Qa, and Qs = (xs, ys5, z5) be
points in A%. Additionally, suppose that Q1, Q2, Q3, Qa4 are cocyclic and do not lie on a rectangle.
Then, for each i = 0,1 there exists a bihomogeneous polynomial (see Notation 7.3.4)

Hi(so, s1;w, x,y, )

such that there is a one-to-one correspondence between the real cylinders through the five points
and the real roots of the cubic equations

ho(So,Sl) = Ho(So,Sl; ].,X5,y5,Z5) =0 , h1(50,51) = H1(50,$1; 1,X5,y5,Z5) =0.

More explicitly, if (so : s1) = (a0 : a1) in Pk is a root of hi(sp,s1) for some i = 0,1, then
Hi(ow, a1 w, x, y, z) = 0 is the defining equation in P3 of a real cylinder through the five points.
In particular, if D; = Di(w, x,y, z) is the discriminant of h;(sp, s1) and we let Qs = (1, x5, ys5, z5),
the number of real cylinders through the five points is. . .

(i) ...six if and only if Do(Qs), D1(Qs) > 0
(ii) ... four if and only if Do(@s) - D1(Qs) < 0
(iii) ... two if and only if Do(Qs), D1(Qs) < 0

We illustrate the use of Theorem 1.2.34 with an example.

Example 1.2.35 (Count and computation of the real cylinders through five points). Let
@:=1(0,0,0) , @=(10,0) , @ =(—2.2336,2.3888,0) , Q4 =(3.16,3.41,0),
which are cocyclic points in the plane z = 0. Furthermore, we compute the constants (see Chapter

7)
po = —10.5633 , po=14.8504 , p; =5.4139.
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Now, let Qs = (1.6667,0.5,4). Computing the discriminants of Theorem 1.2.34, we find

Do(Qs) <0 , Di1(Qs) >0,

and therefore there are exactly four circular cylinders through the five points. Moreover, the unique
root of Hy(so, s1; @5) in Pﬁ% is

(ap : 1) = (0.0342 : —0.9994) ,
and the three roots of Hi(sg, s1; Qs) in P are
(Bo: B1) = (0.5485:0.8361) , (90 :791) = (0.0296 : —0.9996) , (do : é1) = (0.0065 : 1.0000) .
Therefore, the defining polynomials in A3 of the four cylinders through the five points are

Ci(x,y, z) = Ho(ap, a1; x, ¥, z) = —1.00292 x*> — 0.000876155 x y — 0.99829 > — 0.0128117 x z+
0.136535 y z — 0.00470974 22 + 1.00292 x + 5.41667 y — 0.363995 z ,

Co(x,y,2z) = Hi(Bo, B1; X, ¥, z) = 1.59086 x> — 21.4486 x y + 114.874 y* 4 16.3473 x z+
1.53394 y z + 115.296 2> — 1.59086 x — 327.132y — 451.458 7 ,

G(x,y,z) = Hi(v0,71; x, ¥, z) = —1.00219 x> 4 0.0748174 x y — 1.39735 y2 + 1.26197 x z+
0.118416 y z — 0.402178 7% +1.00219 x + 6.53683 y — 1.02075 z ,

Ca(x,y, z) = Hi(d0,61; %, y,z) = 1.00011 x*> — 0.00360464 x y + 1.01914 y? + 0.277173 x z+
0.0260084 y z + 0.0193766 z> — 1.00011 x — 5.46799 y — 209721 z .

1.3. Organization of the thesis

The thesis is divided into two parts, each organized thematically as outlined at the beginning of
Chapter 1 Introduction. More specifically, it respects the following structure:

e Chapter 2 Preliminaries introduces the elementary concepts and results in multiprojective
geometry and tensors that are necessary for the thesis.

e Part I MULTILINEAR BIRATIONAL MAPS deals with the main research direction of this
thesis, which is the study and effective application of multilinear birational maps. It comprises
three chapters:

e Chapter 3 Trilinear birational maps in dimension three delves into the algebro-
geometric classification of trilinear birational maps, and computational aspects related
to syzygies. The content of this chapter appears in the research article

[43] Laurent Busé, Pablo Gonzalez-Mazén, and Josef Schicho. “Tri-linear birational
maps in dimension three”. In: Math. Comp. 92.342 (2023), pp. 1837-1866.

¢ In Chapter 4 Construction and manipulation of birational trilinear volumes
we develop effective methods for constructing and manipulating trilinear birational
transformations. Some of the results of this chapter are available in the preprint
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Figure 1.8.: The four circular cylinders through the five (blue) points in Example 1.2.35.

[99] Pablo Gonzalez-Mazén and Laurent Busé. “Construction of birational trilinear
volumes via tensor rank criteria” (2024).

e In Chapter 5 Construction of multilinear birational maps with multilinear
inverse we extend the strategy developed for the construction of hexahedral birational
maps in Chapter 4 to the class of hypercubic birational maps in arbitrary dimension.

e Part II POLYNOMIAL DATA ANALYSIS addresses two lateral problems, involving the use of
polynomials to extract information from data. It comprises two chapters:

e Chapter 6 Weak (1 — ¢) nets for polynomial superlevel sets focuses on the
derivation of bounds for the size of (1 — €)-nets for range systems defined by general
polynomial inequalities, the generalization of the centerpoint theorem, and the estimation
of the Carathéodory number of real affine Veronese varieties. The content of this chapter
is the conclusion of a research that originated during Pablo Gonzalez Mazén's master’s
thesis, under the supervision of Professor Alfredo Hubard, and is available in the preprint

[100] Pablo Gonzalez-Mazén, Alfredo Hubard, and Roman Karasev. “Weak (1 — €)-nets
for polynomial superlevel sets” (2023).

e Chapter 7 Cylinders through four cocyclic points addresses the problem of counting
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and computing the real circular cylinders passing through a configuration of five points
where four are cocyclic. This work emerged during a three-month secondment at the
Universitat de Barcelona, in collaboration with the Ph.D. students Carles Checa and

Amrutha B. Nair, and supervised by the Professors Carlos D'Andrea and Joan Carles
Naranjo.






Chapter 2
Preliminaries

In this chapter, we introduce the fundamental objects studied in this thesis, along with some key
results that provide the necessary background for our work. We also establish some notation used
throughout the thesis.

The chapter comprises two sections, each dedicated to distinct aspects: multiprojective geometry
and tensors. The first section is oriented towards Part |, and presents the concepts of multiprojective
scheme, rational and birational maps between multiprojective spaces, base loci and base ideal, the
Rees algebra, and the Jacobian dual criterion. The second section serves as valuable background
for both Part | and Part Il. It present tensors and their more relevant attributes, the notion of rank
with respect to a variety, and CP decompositions. Moreover, we discuss the geometry of some
spaces of tensors that are relevant in this work, and in §2.2.4 we prepare for our exploration of
trilinear birational maps by discussing their 2D counterparts, namely bilinear birational maps.

2.1. Birational maps between multiprojective spaces

The primary focus in the first part of this thesis centers on multilinear birational maps ¢ : (PL)" --»
IPZ.. To this purpose, we delve into various aspects, including Z"-graded free resolutions and syzygies,
the classification of the base loci of trilinear birational maps, and birationality criteria. Thus, our
approach requires familiarity with commutative algebra and algebraic geometry.

In this section, we survey the main tools and concepts that we address. For a more comprehensive
treatment of the ideas discussed in this section, we refer the reader to [90, 89, 179, 71, 111].

2.1.1. Multiprojective schemes

We begin by introducing multiprojective schemes using the MultiProj construction, which parallels
the Proj construction for projective schemes but employs a Z"-grading rather than a Z-grading.

Definition 2.1.1 (Z"-graded ring and modules). A ring R is Z"-graded if it admits a direct sum
decomposition of abelian groups
R=€P Ry

dezn
such that
Rd, - Rd, C Rdy+d, -
An R-module M is Z"-graded if it admits a direct sum decomposition of abelian groups
M= P My
dezn

such that
Rdl : Mdz C Md1+d2 .



36 Chapter 2. Preliminaries

Notation 2.1.2. Let n > 1. We write

i-th entry
for the i-th canonical vector in Z".
The following are elementary definitions associated to graded rings and modules.
Definition 2.1.3. Let R be a ring and M be an R-module, both Z"-graded.

e The group Ry (resp. My) is the graded component in degree d of R (resp. M)
e An element is homogeneous of degree d if it lies in Rq (resp. My)

e Anideal | C R is homogeneous if it is generated by homogeneous elements

Notation 2.1.4. If n > 2, it is common to say that R and M are multigraded. Likewise, we often
refer to homogeneous elements and ideals as multihomogeneous. We adhere to these conventions
in this work.

In this thesis, we exclusively focus on standard gradings. From a geometric perspective, these
gradings are very important as they give rise to projective and multiprojective spaces, along with
their associated subschemes. We remark that other gradings exist, leading to intriguing geometric
objects such as weighted projective spaces and more general toric varieties (see [71]).

Notation 2.1.5. Whenever we work with Z"-gradings, we denote by 0 = (0, ..., 0) the identically
zero vector in Z".

Definition 2.1.6 (Standard grading). Let k be a field, and R be a finitely generated Z"-graded
k-algebra. We say that R is standard graded if Ry = k and all the generators have degree e; for
1<i<n.

Definition 2.1.7. Let k be a field, and R be a finitely generated standard Z"-graded k-algebra.
For each 1 < j < n, we can recover the standard Z-graded k-algebra

Riy = EB Rg.e;
dez
and we denote 9; = (Re;). We establish the following definitions:

(i) The multigraded irrelevant ideal of R is the ideal

(i) A multihomogeneous ideal I C R is relevant if N ¢ |

Projective and multiprojective schemes can be introduced using, respectively, homogeneous and
multihomogeneous prime ideals. While schemes can be introduced in a more general context (see
e.g. [111, 92]), such generality is not required for this thesis.
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Definition 2.1.8 (Multiprojective scheme). Let k be a field, and R be a finitely generated standard
Z."-graded k-algebra. The multiprojective scheme associated to R is

MultiProj (R) = {P € R : P is prime, multihomogeneous, and relevant}

with the scheme structure induced by localizations at multihomogeneous relevant prime ideals (see
e.g. [120, §1]). In particular, the topology on MultiProj (R) is defined by taking the closed sets of
the form

V(I) ={P € MultiProj(R) : P C I} .

The MultiProj construction establishes an identification between multiprojective schemes and
multihomogeneous ideals, with the caveat that multihomogeneous ideals define the same multipro-
jective scheme up to saturation with respect to the irrelevant ideal 1. The initial examples are
projective and multiprojective spaces.

Notation 2.1.9. When working over a field k, we denote ® as ® by default.
Example 2.1.10 (Multiprojective spaces). Let n > 1, and let 1 </ < n.

(i) If Riy = k[xi] for the variables x; = (xoj, ..., Xm;i) is standard Z-graded, with irrelevant ideal
M = (x;), then MultiProj(R(;) = Proj(R(;)) = P}".

(ii) Similarly, if R = k[x1] ® ... ® k[x,] is standard Z"-graded by

with irrelevant ideal

then MultiProj(R) = P} x ... x P]™. Equivalently, P]™ x ... x P{™ is just the product of the
projective spaces P} for each 1 < i < n. The points in P]™ x ... x P]™" are thus represented
by means of multihomogeneous coordinates

(a1t oot @my1) X oo X (QOp & - Otmyn)
where (a; © ... : am;i) lies in P} for each 1 </ < n. In particular, this point is identified
with the ideal
mp +...+m,
where

m; = (Ot0i X1j — Q1 XQj y --- » QQj Xpj — OQpj XOi) .

Notation 2.1.11. If Y C PZ* x ... x P{" is a subscheme, we denote by /y C R the defining ideal
of Y.

Of course, multiprojective schemes can exhibit multiple properties and behaviors. Here, we
introduce some particular geometric properties that we address in Chapter 3. We refer the reader
to [90, Appendix 2] and [89, 111, 92] for more details about these definitions.
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Definition 2.1.12. Let R = C[x1] ® ... ® C[x,] be standard Z"-graded, | C R be a relevant
multihomogeneous ideal, and S = MultiProj (R/I). We have the following definitions:

(i) S is equidimensional if all its irreducible components have the same dimension
(ii) S has an embedded component at Y if Iy is an associated prime to R// that is not minimal

(iii) S is Cohen-Macaulay if the localization of R/I at P is a Cohen-Macaulay ring for every
relevant multihomogeneous prime ideal P

For schemes of dimension zero and one, the property of being Cohen-Macaulay can be character-
ized as follows.

Lemma 2.1.13. ([195, Lemma 31.4.4]) Let S C P{" x ... x P&" be a subscheme with dim(S) < 1.
The following are equivalent:

(i) S is Cohen-Macaulay
(ii) S has no embedded points

In the following example, we illustrate the properties of Definition 2.1.12 on the subscheme of
PL x PL x PL obtained as the base locus (see Definition 2.1.32) of one of the trilinear birational
maps that we classify in Chapter 3.

Example 2.1.14 (Base locus of a trilinear birational map of type (1,2,2)). Let R = CJ[sp, s1] ®
C[to, t1] ® Clug, u1] be standard Z3-graded, and consider the multihomogeneous ideal

| = (sotiu1, sitour, Sitiup, Sotitg — Sotour) -

The multiprojective scheme S C PL x PL x PL defined by / is S = MultiProj (R/1). Specifically,
since | admits the primary decomposition

I=(ti, m)N(so, to, uo) N (s1, tour — tiug, ti, trur, uf) N (so,51) N (to, t1) N (uo, uy) -
We conclude the following:

(i) S is not equidimensional, since (t1, u1) defines an irreducible component of dimension one,
but (so, to, tp) defines an irreducible component of dimension zero, i.e. a (closed) point

(i) P = (s1, t1, u1) is associated to R//, since it is the annihilator of the element t; € R// (see
[90, Appendix 2]). However, it is not a minimal prime, as we find

(ty, 1) C P.

Therefore, S has an embedded point at

(1:0)x (1:0) x (1 : 0) = MultiProj (g) — MultiProj (C[so, to, uo)) -

(iii) By Lemma 2.1.13, S is not Cohen-Macaulay since it has an embedded point and dimS =1



2.1. Birational maps between multiprojective spaces 39

2.1.2. Syzygies and free resolutions

The MultiProj construction yields an equivalence between multihomogeneous ideals, saturated with
respect to the irrelevant ideal, and multiprojective schemes. Therefore, all the geometric properties
of a multiprojective scheme can be extracted from either the ideal / or the ring R//. Among
these properties, two of the most relevant are the “dimension” and “degree” (or “multidegree”),
which are closely related to the graded structure of R//. The formalization of these two important
properties requires the introduction of minimal graded free resolutions. To this goal, the first step
is to introduce the Hilbert function.

Definition 2.1.15 (Hilbert function for Z"-graded modules). Let k be a field, let R = k[x;] ®
... ® k[x,] be standard Z"-graded, and let M be a finitely generated graded R-module. The Hilbert
function of M is
HF/\// :Z" — N
d — dimk Md

The most common method for computing the Hilbert function of a module involves the com-
putation of a graded free resolution. This approach traces its roots back to David Hilbert [116],
who proposed the idea of recursively comparing a module M with free modules, which are much
simpler. Minimal graded free resolutions are fundamental objects in commutative algebra, and

much research is devoted to their study (e.g. [31, 112, 16, 107, 145]). In Chapter 3, we study the
graded free resolutions that arise from the base loci of trilinear birational maps.

In the following lines, we introduce some elementary definitions related to free resolutions.

Definition 2.1.16. Let M, N be Z"-graded R-modules. An homomorphism ¢ : M — N is graded
of degree d if (M) C Ngp for every p in Z".

Definition 2.1.17. Let
Foio R RS R

be a chain complex of R-modules, and let M = cokerd; C Fo.

e The homology of Fe at F; is H; = ker §;/coker d;;1

e F,is exact if H; =0 for every i > 1

e F, is finite if F; = 0 for every i > n, for some n > 1. The minimal value n is the length of F,
e F, is free if F; is a free R-module for every i > 0

e F, is Z"-graded, or simply graded, if F; is Z"-graded and é; : F; — F;_1 is graded of degree
0 for every i > 1

e F, is a graded free resolution of M if it is free, graded, and exact

e A graded free resolution is minimal if 8; sends a basis of F; to a minimal set of generators of
the image of §;

Remark 2.1.18. Let
Fo: ... > Fh > ..o FA—=F (2.1)



40 Chapter 2. Preliminaries

be a minimal graded free resolution of M = coker d;. With a small abuse of notation, we say that
the complex
Fe: .. >Fh—> .o FA—>FR—->M=0

is a minimal graded free resolution of M, although M might not be free.

The classical Hilbert's syzygy theorem guarantees the existence of finite free resolutions for
finitely generated modules over standard Z-graded polynomial rings.

Theorem 2.1.19. (Hilbert's syzygy theorem, [90, Theorem 1.1]) Let M be a finitely generated
graded module over the standard 7-graded polynomial ring k[x] = k[xo, ..., Xm]. Then, M admits
a minimal graded free resolution of the form

O—=F—...—oF—=F

for somer < m-+1.

Hilbert's syzygy theorem readily generalizes to Z"-gradings with the following straightforward
extension.

Corollary 2.1.20 (Multigraded Hilbert's syzygy theorem). Let M be a finitely generated graded
module over the standard Z"-graded polynomial ring k[x1, ..., X,], where xj = (xo, ..., xm,) for each
1 <i<n. Then, M admits a minimal graded free resolution of length r <% 7, (m; + 1).

Some of the most relevant attributes of a minimal graded free resolution are the Betti numbers,
that we introduce in the following definition. Additionally, the concept of “syzygy” plays a pivotal
role in this thesis. In particular, we rely on syzygies to establish our birationality criteria for
multilinear rational maps. Syzygies, in essence, represent R-linear relations within an R-module.
Specifically, for an R-module M equipped with a free resolution as (2.1), the (first) syzygies of its
generators are elements belonging to ker §;. Recursively, the n-th syzygies of M are the elements
in kerd,.

Notation 2.1.21. Let M be a Z"-graded module, and let d in Z". We write M(—d) for the shift,
or twist, of the module M by d, namely

M(—d)e = Med
for every e in Z". In particular, we have
dimy R(—d)e = (ml e dl) (m" Ten d">
m mp

where e = (e, ..., e,) and d = (di, ..., dp).

Definition 2.1.22. Let M be a finitely generated Z"-graded R-module, with a minimal graded
free resolution
O—F—..=F—=F—0.

Then, for each 1 </ < r, we can write
Fi= P Fi(—d)Pis,
dezn

where Biq # 0 only for finitely many d in Z". For each 1 < i < r, we have the following definitions:
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(i) The exponents Bjq are the Betti numbers of M

(i) The shape, also called the Betti table, of the minimal graded free resolution is the collection
of all the Betti numbers

(iii) kerd; is the module of i-th syzygies of M
(iv) The elements in keré; are called the i-th syzygies of M

Remark 2.1.23. The Betti numbers and the shape are intrinsic properties of a module and are
independent of its minimal free resolution. Furthermore, two distinct graded free resolutions of the
same module are isomorphic (see e.g. [90, Theorem 1.6]).

When computing minimal graded free resolutions, certain shapes often recur. One of the most
significant and well-studied shapes is the Hilbert-Burch resolution. If a module M admits a
Hilbert-Burch resolution, the syzygy modules exhibit a remarkable simplicity: there are only first
syzygies, and the module of first syzygies is free of rank r, where r + 1 is the size of a minimal set
of generators of M.

More precisely, the following is the statement of the classical Hilbert-Burch theorem.

Theorem 2.1.24. (Hilbert-Burch theorem, [90, Theorem 3.2]) Let | be an ideal in a Noetherian
ring R admitting a free resolution

o-Feoi-0.

If the rank of F is r, then the rank of G is r + 1, and there exists a nonzerodivisor a € R such
that | = al, (M), where |, is the ideal of r x r minors of the syzygy matrix M. Specifically, | is
generated by the signed maximal minors of M multiplied by a. Furthermore, grade (I,(M)) is two.

Conversely, given a nonzerodivisor a € R and a (r + 1) x r matrix M with entries in R, such
that grade((I,(M)) > 2, the ideal | = al,(M) admits a free resolution as above. Additionally,
grade(l) = 2 if and only if a is a unit.

Hilbert-Burch resolutions appear frequently throughout Part | of this thesis. Specifically, they
define the resolutions of the base ideals of multilinear birational maps with multilinear inverse
(see §3.5.1 and Chapter 5). The next example illustrates a Hilbert-Burch minimal Z>-graded free
resolution.

Example 2.1.25 (Hilbert-Burch resolution of the base ideal of a multilinear birational map). Let 1
be the identically one vector in Z°. The base ideal B = (fy, ..., f5) of the standard Z°-graded ring
R = C|xy, ..., x5], where x; = (xp;j, x1;) for each 1 </ <5, that we have taken from the multilinear
birational map ¢ : (}P’(lc)5 --» P2 constructed in Example 5.2.4, admits a Hilbert-Burch minimal
graded free resolution. Specifically, it has the form

f5)

5
0 EPR(-1-e) = R(-1)° AGESRONY: SN
i=1

From the Betti numbers of the resolution, we deduce that B admits 5 independent syzygies, of
degrees e; for each 1 < i <5 respectively. In particular, by Theorem 2.1.24 the generators of B
can be retrieved as the wedge of these syzygies, up to a nonzero scalar.
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Returning to geometry, if I is a relevant multihomogeneous ideal within a standard Z"-graded
ring R = k[x1, ..., X5], the minimal graded free resolution of M = R/I provides valuable information
for the associated scheme. In particular, it permits the computation of the dimension, as well
as the degree for projective schemes, and the multidegrees for multiprojective schemes. These
attributes are all derived from the Hilbert polynomial of M, which stands as a central tool in both
commutative algebra and algebraic geometry. More precisely, if M admits the minimal Z"-graded
free resolution

Fe:0—-F —..—>F—=>F—=0,

then for each multidegree d in Z", we can take graded components to derive the resolution of
vector spaces

0= (F)a— ...~ (F1)a— (Fo)a—0.
By exactness, the value of the Hilbert function is thus

r

HFw(d) =Y _(—1)" HFk(d) .
i=0

It is a classical result that, for Z-graded modules, the Hilbert function becomes a polynomial for
sufficiently large degrees. The following represents the multigraded analog of this result.

Theorem 2.1.26. ([115, Theorem 4.1], [146, Lemma 2.8], [29, Proposition 4.27]) Let k be a
field, R = k[x1, ..., x| be standard Z."-graded, and let M be a finitely generated graded R-module.
Then, there is a polynomial HPp in Q[t] = Q[t1, ..., ts], called the multigraded Hilbert polynomial

of M,
t1 + d t, + d,
HPu(t) = Y m(dl,...,d,,)(ldl 1>< J )

(du,....dn)EZ"

such that HFpy(e) = HPw(e) for every e = (ey, ..., en) with e; sufficiently large for every 1 < i < n.

As for projective schemes, the dimension and the degree of a multiprojective scheme can be read
from the Hilbert polynomial.

Definition 2.1.27. ([51, Definition 2.7]) Let k be a field, R = k[xi, ..., x] be standard Z"-graded,
I C R be a relevant multihomogeneous ideal, M = R/I, and S = MultiProj(M). With the notation
of Theorem 2.1.26:

e The dimension of S, denoted by dim S, is the degree of HPy(t)

e For each d = (di, ..., dy) in Z" such that d; + ... + d, = dim S, the multidegree of S of
type d (with respect to the embedding space P} x ... x PP]"") is m(d)

Remark 2.1.28. In classical algebro-geometric terms, the multidegree m(d) of type d = (di, ..., dp)
is the number of points (counting multiplicity) in the intersection of S with the product L1 x...x L, C
P x ... x P} where L; C P} is a general (m; — d;)-dimensional subspace, for each 1 < <n
(e.g. [59, §2.1], [58, Theorem 4.7], [51, §2]).

In the following example, we compute the Hilbert polynomial of one of the subschemes of interest
in this thesis, namely the base locus of a trilinear birational map.
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Example 2.1.29. Continuing with Example 2.1.14, the minimal Z3-graded free resolution of the
ideal I is the one corresponding to trilinear birational maps of type (1,2, 2) according to Theorem
1.2.6. Using this resolution, we can compute the Hilbert polynomial of the module M = R/I, or
equivalently, of the subscheme S. Namely,

== (7)) ) (G )

(i) S has dimension one

Therefore:

(i) The multidegrees of S of types
(1,0,0), (0,1,0), (0,0,1)

are respectively 1,0, 0. In particular, we can group all these multidegrees in the triple (1,0, 0)
in Z3. This will be our notion of tridegree for curves in (]P’%:)3 (see Definition 3.1.12).

2.1.3. Birational maps between multiprojective spaces

We now introduce rational and birational maps from a multiprojective space to a projective space,
along with the concepts of base ideal and base locus. We recall that we are working over the Zariski
topology.

Definition 2.1.30 (Rational map from a multiprojective to a projective space). Let k be a field. A
rational map from P]™ x ... x P]™ to P, is an equivalence class of pairs (U, ¢) where:

(i) UCP™ x ... x P/ is an open set
(i) ¢ : U — P;° is a morphism
(ii) (U1, ¢1) ~ (U2, ¢2) if d1luinw, = b2luinu,

If $(U) is dense in the target space, we say that ¢ is dominant. More concretely, if R = k[x1, ..., Xp]
in standard Z"-graded, where x; = (xoj, ..., Xm;i) for each 1 < j < n, a rational map from
Pt x ... x P to P can equivalently be defined as

¢: P x . xP" -5 P (2.2)

X1 X .. XXp = (for i fmg)

where fj = fj(x1, ..., X,) lies in Ryq for each 1 < j < myg, for some d in Z". Since ¢ is defined up to
an open set, we can assume gcd(fy, ..., fmy) = 1.

Remark 2.1.31. The following are two straightforward observations:

(i) Rational maps are denoted by --» instead of — because, despite their name, they might
not be maps. More precisely, they are not defined at points where all the defining polynomials
vanish.

(i) The definition of rational maps to a multiprojective target follows immediately from Definition
2.1.30, by considering multiple tuples of multihomogeneous polynomials.
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Our approach to study multilinear birational maps relies on the analysis of two intimately related
objects: the base ideal and the base locus. Specifically, we are interested on the multiprojective
schemes that arise as the base loci of these birational transformations. Therefore, all the generators
of their defining ideals have the same degree.

Definition 2.1.32 (Base ideal and base locus). Let k be a field, and R = k[xy, ..., x| be standard
Z"-graded. Consider the rational map

¢: P x . xP" - Pl x..xPf (2.3)
X1 X .. XXp = (for i fy1) X oo X (fos ot frs)

(i) The base ideal of ¢ is the multihomogeneous ideal B C R defined by

s

B =(\(foi, ... i)

i=1

(i) The base locus of ¢ is the multiprojective subscheme Z C P x ... x P} defined by B

Remark 2.1.33. By our hypothesis gcd(fyj, ..., f,;) = 1 for each 1 < i < s, it follows that
codim Z > 2. Furthermore, Z is precisely the locus where ¢ is not defined.

Now, we introduce birational maps, which are the central objects of study in this thesis.

Definition 2.1.34 (Birational map). Maintaining the notation of Definition 2.1.30, ¢ is birational
if there exists a rational map (V/,¢) from P/° to P;™ x ... x P{’" such that the composition
(U', o ) is the identity, for some open U’ C P\ x ... x P{™.

In particular, if ¢ is birational there exists an inverse rational map

¢ PO s P x . x PP (2.4)
y — (go1:-:8m1) X - X (8on: - &myn)

where foreach 1 < i <nand1<j<mjy=(y,....¥m) and gj; = gji(y) lies in R[y]q;, for
some d; in Z. Again, we can assume that gcd(goi, ..., gm,;i) = 1.

In particular, birational maps can be seen as isomorphisms between the fraction fields of the
underlying rings of the source and target. In our multiprojective setting, we encounter the following.

Remark 2.1.35 (Isomorphisms of fraction fields). Maintaining the notation of Definitions 2.1.30

and 2.1.34, let f = (fy, ..., fmy). Since the composition ¢! o ¢ yields the identity on PJ™ x ... x P},
it induces the automorphism between the fields of fractions ® : Frac(R) — Frac(R) given by

(Xo,', ey, Xm,-i) — (go,'(f), ey, gm,.,-(f)) = h,' . (Xo,', ey Xm,-i)

for each 1 < i < n, where h; is a multihomogeneous polynomial in R. Thus, birational maps induce
field isomorphisms between the fraction fields Frac(R) and Frac(k[y]) = k(yo, y1, y2. ¥3)-
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2.1.4. The Rees algebra and blow-ups

In this subsection, we introduce the Rees algebra, a fundamental concept in commutative algebra
widely studied in the literature (e.g., [57, 170, 198, 199]).

From a geometrical point of view, the Rees algebra can be used to define the coordinate ring of
the graph of a rational map, i.e. the MultiProj construction applied on the Rees algebra of the base
ideal of a rational map ¢ : P]™ x ... x P/ --» P/ yields the graph of ¢. Additionally, it serves as
the coordinate ring for the blow-up of a multiprojective variety along a multiprojective subscheme
[111, §11.7]. Moreover, the Jacobian Dual Criterion (JDC) is a characteristic-free criterion for
birationality that relies on the defining equations of the Rees algebra [178, 87, 41].

Definition 2.1.36. Let k be a field, R be a standard Z"-graded ring, | C R be a multihomogeneous
ideal, and t be a variable. The Rees algebra of | is

Re() =Rt =PIt =RoltaPPe o ..
i>0

Given generators of /, say | = (fo, ..., f;), then Rgr(l) = R[fot, ..., f-t]. In particular, Rg(/) is the
image of the ring homomorphism

®:Rly] — R[]
yi = fit

where y = (0, ..., yr). The kernel J = ker® C R[y] = k[x1,...,%n] ® k[y] is the Rees ideal
associated to /, and the generators of J are the defining equations of the Rees algebra Rg(/).

The Rees ideal J is thus the ideal consisting of all the algebraic relations of the generators of | =
(fo, ..., fr), i.e. a multihomogeneous polynomial g = g(x1, ..., Xp, ¥) in R[y] = k[x1, ..., Xn] ® k][y]
belongs to J if and only if

g(fot, ..., f,t)=0

or equivalently,

Remark 2.1.37 (Syzygies are linear relations in the Rees ideal). In particular, the linear relations
iny, i.e. those of the form

g=ay+..+aryr

with a; = aj(x1, ..., %) in R, represent the first syzygies of the generators of | = (fy, ..., ). More
precisely, the vector of polynomials a = (ag ... a) is a syzygy of f = (fy ... f,) if and only if

(af)=a fl=afo+..+a,f,=0.

Therefore, we talk indistinctly between syzygies, understood as vectors of polynomials defining
relations between fy, ..., f,, and the linear polynomials in y defining the same relations.

In our multiprojective setting, we introduce blow-ups of multiprojective spaces using the Rees
algebra as follows.
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Definition 2.1.38 (Blow-up of a multiprojective space along a subscheme). Let k be a field,
R = k[x1, ..., X,] be a standard Z"-graded ring, /| C R be a multihomogeneous relevant ideal, and
S = MultiProj(R/I). The blow-up of X =P x ... x P{"" along S is the multiprojective scheme

Bls(X) = MultiProj (Rr(/)) .

If additionally | = (fy, ..., fm,), where all the f; have the same multidegree, then BlsX defines the
graph of the rational map

$:X --» PM

X1 X .. XXy = (for.ifm),
which can be regarded as a subscheme of X xP7™, since Rr(/) = R[y]/J = (k[x1, ..., Xn] ® k[y]) /J.

In the following paragraphs, we present the Jacobian dual criterion for multiprojective rational
maps. Actually, we state a weaker version of the general result, which can be formulated for rational
maps defined over multiprojective varieties (see [41, Theorem 4.4]). Nevertheless, in this thesis we
restrict to multiprojective spaces for the source.

Notation 2.1.39. Let | = (fy, ..., f,) where f; = f;(x1, ..., x,) is homogeneous of degree d for
every 0 < j < myg, and let J C k[x1, ..., Xn] ® k[y] be the Rees ideal associated to /. For each
1 <i < n, define the k[y]-module

J(ei;*) = EB J(ei;j) '
j=1

where (d; e) stands for the (Z" x Z)-degree in k[xi,...,x,] ® k[y], and let {h1;, ..., h.i} be a
minimal set of generators of J..). Let ¥; be the Jacobian matrix with respect to the variables

Xj = (Xoi, -.- , Xm;i) associated to this set of generators, i.e.
Ohy; Ohy;i
Oxoi Tt Oxoi
Y= S :
Ohy; Ohyi
aXm,-i aXm,-r'

which has size (m; 4+ 1) x r;. Similarly, denote by 9 the diagonal concatenation

Y1 0 .. 0
A
0 0 .. ¥,

Theorem 2.1.40. (Multigraded Jacobian dual criterion, [41, Theorem 4.4]) Let the rational map

¢ P x L xP™ s PO (2.5)

X1 X .. XXp = (for i fmg)

be dominant. With Notation 2.1.39, the following are equivalent:

(i) ¢ is birational
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(i) ranky(y)($i) = mj foreach1 <i<n

(iii) ranky(y)($) = m1 + ... + m,

Unfortunately, deriving the defining equations of the Rees algebra is a challenging task requiring
significant computational resources [27, 38, 70, 68], which makes the JDC difficult to apply in
practice. Moreover, while suitable for testing birationality, it is less effective for constructing
birational transformations.

In applications, specialized methods tailored to specific families of birational transformations are
often preferred. In Chapter 3, we develop birationality criteria exclusively based on the first syzygies
of the defining polynomials, specifically designed for the family of trilinear birational maps.

2.2. Tensors

Tensors appear frequently in this thesis. This comes as no surprise, since general tensors are,
fundamentally, multilinear polynomials. They also serve to encode multilinear rational maps, which
constitute the primary object of study of Part I. In Part I, our exploration of (1 — €)-nets hinges
upon (real, affine) Veronese varieties, which define the loci of symmetric tensors of rank one.

In this section, we provide an overview of the fundamental concepts and results related to tensors
that are used in this thesis. We follow the references [136, 98, 152, 159, 159, 126], and refer the
reader to them for further details.

2.2.1. Elementary definitions

The tensor product is a fundamental algebraic construction applicable to modules and other abstract
structures, such as sheaves. Nevertheless, the term “tensors” predominantly refers to elements
within a tensor product of vector spaces

Definition 2.2.1 (Tensor). Let Vo, V4, ..., V, be (finite-dimensional) vector spaces over a field k.
A multilinear map or tensor is a function

Vix..xV,—= W

which is linear in V; for each 1 < j < n. The space of such multilinear maps is the tensor product
Vo® Vi ®...® V}, where V* stands for the dual vector space of V. With this notation, a tensor
has the following attributes:

e The order, or dimension, is n+ 1
e If dimy V; = m; for each 0 </ < n, tensors have format mg x my x ... X m,
Clearly, Vi ® ... ® V} is isomorphic to Vi ® ... ® V},, so we drop the superindex *.

Remark 2.2.2 (Alternative definitions of tensors). The following alternative ways to define tensors
are also very frequent in the literature, and might be more adequate depending on the context.

(i) A tensor is just an element in a finite tensor product of vector spaces.

(ii) (Linear maps over a tensor product of vector spaces) A tensor of order n+ 1 can be regarded
simply as a linear map
V1®®Vn% \/0
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(iii) (Multilinear polynomials, our favorite) Let B;i = {ep;, ... , em;i} be a basis of V; for each
1 <i < n. Then, a tensor of format (my + 1) X ... x (m, + 1) can be expressed as the sum

my mp
E E Xivin €11 @ ... ® € s

=0 =0

which is identified with the multilinear polynomial

my mp
E E Xitooin Xir1 e Xinn

=1 =1
in the variables of x; = (xgj, ... , Xm;i) for each 1 </ < n. Hence, tensors can be defined as
multilinear polynomials in k[x1] ® ... ® k[x,] (with the standard Z"-grading!).

(iv) (Multidimensional array) Tensors are often depicted as n-dimensional arrays with entries in k

M = (Xi..in)o<i<ms ..., 0<in<m, -
In particular, matrices are tensors of order two, or two-dimensional.

The equivalent concepts of flattening, matricization, contraction, or unfolding, [126, 136, 159,
127] refer to the process of reordering the entries of a higher-order tensor into a matrix.

Definition 2.2.3 (Flattening). Let V = @} _; Vi, and let /, J be a bipartition of {1, ..., n}. The
flattening associated to (/, J) of a tensor in M is the matrix induced by the canonical isomorphism

from V to
W-@u - Wo- @Y.
icl jeJ
When we mention the flattenings of a tensor without providing specific details, we are referring

to the flattenings associated to all possible bipartitions consisting of 1 and n — 1 elements.
Notation 2.2.4. Given a vector v in V, we denote

VO =v® .. Qv

H/—/
n times

and call v®" the n-th tensor power of v. Similarly, we denote V®" .= V ® ... ® V and
—_———

n times
(m+1)""=(m+1)x..x(m+1)

n times

for specifying this tensor format.

Example 2.2.5. In this thesis, we work with the flattenings of 2 x 2 x 2 tensors M = (Aji) in
(R?)®3 in Chapter 4, since these tensors represent trilinear polynomials. These flattenings are the
2 x 4 matrices that rearrange the elements of M. Specifically, if / = {1} we have

Moo — (Aooo X010 oot >\011>
( A100 A110 Ar01 Ai1r/
Similarly, for I = {2} and I = {3} we respectively find

Y, :<>\ooo A100 Moot >\101> Myar — <>\ooo A100  Aoto >\110>
(2) Xoto Ao Ao M) @) Aoor  Ato1 Ao1r A1/
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The family of symmetric tensors has special relevance. In particular, they serve to encode
homogeneous polynomials in some (standard Z-graded) variables x = (xo, ..., Xn)-

Definition 2.2.6 (Symmetric tensor). Let M be a tensor of format (m + 1)*". We say that
M = (>‘i1---in)0§i1 _____ in<m is symmetric if

Aiy.in = Ao(ir)...o(in)

for every permutation o of {1, ..., n}.

Remark 2.2.7. (Alternative definition of symmetric tensors) Symmetric tensors can be equivalently
defined as homogeneous polynomials. More explicitly, let {ep, ..., em} be a basis of V. Similarly, for
an integer d, let B be the monomial basis of the k-vector space k[xo, ..., Xm|4, which has dimension
(m;:d). In particular, elements in B can be regarded as multi-indices d = (d, ..., dp) in Z™*!

such that S_ d; = d, where x4 = xg" ... xdm_ Then, a symmetric tensor of format (m + 1)*9 can

be written as
m m
Z Z Ady..d, €dy ® ... ® eq,
di=0 dp=0

with Ag; ., = Ag(dy)...o(d,) fOr every o in the group S, of permutations of {1, ..., n}, or equivalently

A
Z j: Z ea(dl) R...Q ecr(d,,) .

deB 7 o€S,

In particular, we can identify the former symmetric tensor with the homogeneous polynomial

A
S M

deB

This yields a one-to-one identification between homogeneous polynomial in k[xp, ..., Xm|4 and
symmetric tensors of format (m + 1)*¢ with entries in k. Hence, symmetric tensors can be defined
simply as homogeneous polynomials of degree d in k[xg, ..., xn] (with the standard Z-grading!).

2.2.2. Tensor rank and CP decompositions

The notions of tensor rank and tensor decomposition, originally introduced by Hitchcock [117] and
later by Kruskal [130], is probably the central feature in the study of tensors, driven by both its
theoretical significance and its multiple practical applications.

2.2.2.1. Tensor rank

The literature on tensor rank is vast, encompassing numerous aspects that extend beyond the scope
of our discussion. Complexity issues (determining the rank of a tensor is an NP-hard problem),
uniqueness of decompositions, and the existence of optimal approximations, among others, offer a
wide variety of challenges. Interested readers are encouraged to delve into these subjects through
[126] and the references therein.

We introduce tensor rank adopting an algebro-geometric point of view. First, we describe a very
general definition of rank with respect to a nondegenerate projective variety. Later, we particularize
this definition to the more usual notions of general and symmetric rank.
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Definition 2.2.8 (Nondegenerate variety). A variety V in P} is nondegenerate if it is not contained
in a hyperplane.

Definition 2.2.9 (Rank with respect to a variety, [26]). Let V be a nondegenerate variety in P{,

and denote by V its affine cone in k"1, The rank of a point P in k"1 with respect to V/, denoted
by ranky(P), is

,
ranky(P) = min{r: P = Z P; where P; lies in V for every 1 <i<r}
i=1
Remark 2.2.10. The projective span of a nondegenerate variety is the projective space where it

is embedded. This is the reason why we ask for nondegeneracy, to ensure that every point has a
“rank” with respect to the variety.

What is the geometry of the spaces of general and symmetric tensors? We can identify all

proportional tensors and dismiss the zero tensor, so that we can regard tensors as points in projective

spaces. Thus, a general tensor of order (m; + 1) x ... x (m, + 1) is a point in PS{mlH)'”(m”H)*l,

, . (M) -1
whereas a symmetric tensor of order (m + 1)*" is a point in IP’£ ") :

Notation 2.2.11. For each 1 </ < n, let x; = (X0 : ... : Xm;j) in P;". With a small abuse of
notation, we write
X1 ® ... ® X,

for the tensor product v; ® ... ® v, of any vectors v; in k™*1 such that v; projectivizes to x;.
Definition 2.2.12 (Segre embedding). The Segre embedding of P, x ... x P/ is

o :P"x . xP" — IP’S(mlH)”'(m"H)*l (2.6)

X1 X ...XXp — X1 Q..Q0X,,

i.e. the embedding defined by all multilinear monomials in k[x1] ® ... ® k[x,]. The image of this
embedding is the Segre variety.

Definition 2.2.13 (Veronese embedding). The Veronese embedding of degree d (in Z) of P} is

m+d\_
vg i PP — IP’/(< n')1 (2.7)
x — x®

i.e. the embedding defined by all homogeneous monomials in k[x]4. The image of this embedding is
the Veronese variety, and its affine cone V(n, d) in k™1 is the Veronese cone. The affine Veronese
variety, denoted by V(n, d), is the embedding of the affine chart A" defined by xq # 0. More
explicitly, it is the image (contained in the hyperplane yp = 1) of

m+dY _
vg A — }P’i’") ' (2.8)
x=(1,x1, .., Xm) x®
Definition 2.2.14 (Rank and symmetric rank). Let M be a general tensor of format (m; + 1) x
.. x (mn+1), and let N be a symmetric tensor of format (m + 1)9.
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(i) The rank of M, denoted by rank(M), is the rank of M as a point in k(m+1)--(mn+1) with
respect to Segre variety

(ii) The symmetric rank of N, denoted by ranks(N), is the rank of N as a point in k(") with
respect to the Veronese variety
In particular, the affine cones over the Segre and Veronese varieties are the loci of rank-one tensors.
Remark 2.2.15. The rank of M can be recovered as
r
rank(M) = min{r: M = Z)\;x1;®...®xn; where x;; € k™t and \j € k for every 1 < < r}.
i=1

Similarly, the symmetric rank of N can be expressed as

ranks(N) = min{r: N = Z)\,-x‘?d where x; € k™ and \; € k for every 1 < i < r} .
i=1

The rank of a three-dimensional tensors can be characterized in terms of its flattenings.

Lemma 2.2.16. ([159, Proposition 3.11]) A tensor of format a x b x c has rank one if and only
if two of its flattenings have rank one.

A natural query is whether the rank and the symmetric rank coincide for symmetric tensors. The
answer is negative, as asserted by the following result.

Theorem 2.2.17. ([201, Theorem 1.9]) There is an order six real tensor whose rank and symmetric
rank differ.

An important feature is that the rank of a tensor is sensitive to the choice of the base field.
In general, the complex rank is different from the real rank for real tensors, as illustrated by the
following example. For different examples, we refer the reader to [171, 136].

Example 2.2.18. ([126, §3.1]) The 2 x 2 x 2 real tensor M defined by

10 0 1
M{k‘0}2<0 1) ' M{H}:<—1 o)

admits the minimal decomposition over R
M=10®(10)e(l —-1)+4(0 1)®(0 I)®((1l N)+(1 -1)®((1 1)®(0 1),

whereas it can also be written as

M:%(l e e i)+%(1 el —iHel —i).

In some contexts, the coefficients in the linear combinations of the definition of the rank are
constrained. This is the case for the nonnegative symmetric rank of real tensors.

Definition 2.2.19. The nonnegative symmetric rank of a real symmetric tensor N is
r

min{r: N = ZA,-xlf@d where x; € R™ and \; > 0 for every 1 < i < r}
i=1

in the case that it exists, or co otherwise.



52 Chapter 2. Preliminaries

Similarly to the choice of field, it is interesting to see how the rank is affected when restricting
to nonnegative combinations. In Chapter 6, we are interested in nonnegative combinations over the
Veronese cone \A/(n d), since the maximum nonnegative symmetric rank can be regarded as the
Carethéodory number of V(n, d).

2.2.2.2. CP decompositions

The CP decomposition of a tensor is its expression as a finite sum of rank-one tensors. Over
time, different authors have introduced various names for this decomposition, including polyadic
decomposition [117], PARAFAC [110], CANDECOMP [48], CP (CANDECOMP/PARAFAC) [48].
When the number of rank-one tensors in the decomposition equals the rank of the tensor, we refer
to canonical CP decompositions.

In practice, the computation of an exact CP decomposition is often not realistic or very challenging.
Therefore, the problem frequently involves finding an approximation.

Definition 2.2.20 (Frobenius norm). Let M = (X\j_.i.)i,.....i, be a complex or real tensor of format
(my+ 1) x ... x (my + 1). We define its Frobenius norm as

1M = Z ZI/\II al?

i1=0 in=

The task of computing a rank-r CP decomposition N for a tensor M of order n can be formally
expressed as the optimization problem

r
m/\i/n||l\/l — N|| where N = lei ® ... ® xp; and x; lies in either R" or C" .
i=1

In particular, this formulation necessitates and appropriate rank r as an input. In most practical
scenarios, this rank is unknown (and NP-hard to compute). Consequently, algorithms typically
proceed by employing various rank until an acceptable approximation of M is achieved. Low-rank
approximations are often preferred in such cases. Several strategies for computing CP approximations
exist, though we do not delve into their technicalities here. Some notable approaches include
Alternating Least Squares (ALS) [48, 110], nonlinear least squares [32, §3.4], and limited-memory
BFGS method [192]. Furthermore, several software packages are available, such as TensorFox [32]
in Python and the tensor toolbox [125] in Matlab. In this thesis, we adopt a user perspective by
employing TensorFox to compute rank-one approximations of 2 x 2 x 2 tensors.

2.2.3. Some spaces of tensors

Since the locus of rank-one tensors of format (my + 1) X ... x (m, + 1) is P;™ x ... x Py, it is
natural to study the orbits of the natural group action of PGL(m1 + 1, k) x PGL(m, + 1, k) on the
space of tensors. More explicitly, this action is given by

(‘Pl X ... X ‘Pn Z Z )\11 in X1 -+ Xign Z Z )\/1 .in P1 qu) (Xi,,n)

i1=0 in= i1=0 in=

In the case of matrices, the orbits of this group action are well-known: the orbits are the loci of
matrices of fixed rank. For higher-dimensional tensors, the study of these orbits is in general very
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difficult. In the following subsection, we explain the first nonmatricial example: general tensors of
rank 2 x 2 x 2 over C. Tensors of this format are identified to trilinear polynomials, which define
the rational maps studied in Chapters 3 and 4.

2.2.3.1. The space of trilinear polynomials

In this subsection, we describe the geometry of the space PL of 2 x 2 x 2 tensors, or equivalently
trilinear polynomials in Cl[sp, s1] ® Cl[to, t1] ® Clug, u1]. There are six orbits of the action of
G = PGL(2, C)3, represented in Figure 2.1. We describe the most important features of these
orbits in the following lines:

(i) The Segre variety o (IP%: X IP’(lc X IP’}C) is the orbit of rank-one tensors, or trilinear polynomials
with ghree factors. This orbit is straightforward, since elements in G are automorphisms of
(P(lc) . It is a closed orbit, generated by the action of G on sotyug.

(i) Above o (PL x PL x PL) we find three Segre varieties o (P% x P%), corresponding to the
trilinear polynomials with one linear factor. Each of the three embeddings represent the
polynomials with a factor in {sp, s1}, {to, t1}, and {uo, u1}, respectively. The corresponding
orbits of G are the complements of ¢ (IP’}C x PL x IP%:) in each of the ¢ (IP’}C X IP’%). Ten-
sors in these orbits have rank two, and are respectively generated by the action of G on
so (touo + tiu1), to (Souo + siur), and ug (sptp + sit1).

(iii) The closure of the next orbit is the hyperdeterminant Det (Definition 2.2.27) of format
2 x 2 x 2, defined by the polynomial

H = H(X) = XooAT11 + Mo1A10 + M10Mo1 + Mooro11 — 2 Aoooroot Aizodir  (2.9)
—2 200020102101 A111 — 2 0002011 A100A111 — 2 A001A010A101A110 — 2 X001 A011A110A100

—2 X010A011 21012100 + 4 X000 Ao11A0101A110 + 4 Aoo1 Ao10A100A111 -

Interestingly, we have the following result.

Lemma 2.2.21. ([98, §14.1.A]) Let ¢ = @1 X @2 X 3 in GL(2,C)3, and let M = (Aji)o<ij k<1
be a2 x 2 x 2 tensor. Then,

H(p - M) = det(¢p1) det(y2) det(ps) H(M) .

In particular, Det is invariant by the action of G. Specifically, the complement in Det of the union
of the three Segre varieties o (IF’(IC X IP’?C) defines an orbit, which is generated by the action of
PGL(2, C)3 on sytoup + Sot1to + Sotous. This orbit consists of the trilinear polynomials with exactly
one singular point. Remarkably, tensors in this orbit have rank three.

(iv) Finally, the complement of Det in P%. defines an open orbit of tensors of rank two. This orbit
consists of the trilinear polynomials without a singular point.
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Det

N

o(PLxP2) o (PkxP3) o (Pg xP3)

N

o (P x Pk x P§)

Figure 2.1.: The closure of the six orbits of the action of PGL(2, C)3 in P%. An orbit is contained
in all the orbits above it.

2.2.3.2. Quadrics in P},

Quadrics in P2 are defined by homogeneous quadratic polynomials in C[y] = Cl[yo, y1, y2, y3], or
equivalently, symmetric 4 x 4 matrices. In particular, the space of quadrics is stratified by the
matrix rank (see e.g. [159, Theorem 1.1]). There are four orbits of the natural group action given
by the automorphisms of P2 nonsingular (rank 4), cones (3), union of planes (2), and double
planes (1).

Quadrics are important in these thesis, since the inverse for at least one of the parameters is
quadratic in all classes of trilinear birational maps, except for birational maps with a multilinear
inverse, and thus the parametric surfaces are quadrics. Additionally, the geometric constraints on
the control points for some of these classes require to be explained using properties of quadric
surfaces.

We gather the following elementary results, which we will utilize in Chapter 4 for the description
of the admissible configurations of control points for birationality.

Lemma 2.2.22. ([111, Exercise 2.15] or [109, Exercise 6.6]) A smooth quadric in P%. is isomorphic
to PL x PL.

Lemma 2.2.23. ([49, Corollary 8.3.19] or [109, Exercise 2.12]) Let a, b, c be three mutually
nonintersecting lines in IP%. There exists a unique quadric Q C IP% through a, b, ¢, which is smooth.

Lemma 2.2.24. Let £y, £10, £o1, £11 be four mutually nonintersecting lines in IP’(3C. If the four lines
do not lie on a common quadric, then there are exactly two (counting multiplicity) lines ry, rp that
meet {£;; for every 0 < i,j <1.

Proof. By Lemma 2.2.23, the lines g9, £10, £o1 determine a unique smooth quadric @ C }P’%. Since
by hypothesis £11 does not lie in Q, £11 meets @ at two points Py, P> (maybe one with multiplicity
two). Thus, the only lines that meet the four lines are the two lines in the ruling of Q, distinct
from the ruling of £oo, £10, £o1, through the points Py, P, respectively. O
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2.2.4. Bilinear birational maps

This subsection is a warm-up for our study of trilinear birational maps of Chapters 3, and we
study bilinear birational maps. In particular, we establish a connection between birationality,
hyperdeterminants, and syzygies.

Bilinear birational maps are the two-dimensional analogs of the multilinear birational maps with
multilinear inverse in arbitrary dimension studied in Chapter 5. Specifically, the resolution of the
base ideal of these transformations is always Hilbert-Burch.

A bilinear rational map is a rational map

¢:PLxPL --» P2

(So : 51) X (to : tl) — (fo D f f2) = Z >\0,’j sitj . Z )\1,'J'S,'t:,' : Z >‘2ij Sitj
0<i j<1 0<i,j<1 0<i j<1

In particular, ¢ can be encoded as the tensor ¢ = (>‘Uk)ijk of format 3 x 2 x 2. Thus, the space of
bilinear rational maps is ]P’é'z'zfl = IP%}. We have the following characterization of their birationality.

Proposition 2.2.25. ([28, Proposition 8]) Let ¢ be dominant. The following are equivalent:
(i) ¢ is birational
(i) The base ideal B = (fy, f1, f2) defines a point in Pt x P
(iii) (fo, f1, f2) admits a syzygy of degree (1,0)

(iv) (fo, f1, ) admits a syzygy of degree (0, 1)

We denote by XA = (..., Ajjk, ...) the vector (or 3D-array) of the variables \jj, for each 0 <, j <1
and 0 < k < 2. We have the following characterization of birationality.

Corollary 2.2.26. The space of bilinear birational maps is the hyperdeterminant of format 3 x 2 x 2
in PE. More explicitly, ¢ is birational if and only if H(¢) = 0, where H = H()) is the defining
polynomial of this hyperdeterminant.

In this section, we introduce the minimal concepts for Corollary 2.2.26 to make sense. As the
name suggests, hyperdeterminants are higher-dimensional analogs of matrix determinants, that
were first studied by Cayley [52].

Definition 2.2.27 (Hyperdeterminant). The hyperdeterminant, or simply determinant, of format
(m1 + 1) X ... x (mp + 1) is the projective dual of the Segre variety o(P;" x ... x P}™). Explicitly,
it is discriminant of multilinear polynomials in k[x1] ® ... ® k[x,], i.e. the subscheme of the space
of coefficients IP’((leJrl)”'(m”Jrl)*l for which the generic multilinear polynomial with coefficients in

Z[X], where X is the vector of all the variables A;,_;, where 0 <i; < mj and 1 <j < n, given by

m mn
F = E E Aiy. g Xiy1 «ee Xipn

=0  in=0
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has a singular point, i.e. the ideal generated all the partial derivatives

oF
Oxi;

defines (at least) a point in P;* x ... x P,

Example 2.2.28. We show that the hyperdeterminant of square matrices coincides with the
classical determinant. Namely, a matrix of size (m + 1) x (m + 1) is a bilinear polynomial

M:iiAUSitj

i=0 j=0
in k[so, .., Sm| ® k[to, ..., tm]. In particular, the partial derivatives can be identified with the rows
and columns of M, as
oM & oM &
=2 Xt 5 =D A
0s; = ot; =
for each 0 < /,j < m. Therefore,
A0 - Aom
oM oM . . .
(2 o ) =(0 s . i |=0 .0
>\m0 >\mm
has a solution in P} if and only if
% }\00 >\0m to 0
g?Mm Am0 - Amm tm 0
has a solution in P if and only if det (Aj); <, = 0.

The following definition encompasses the tensors of interest in the study of multilinear rational
maps between spaces of equal dimension (recall Definition 2.1.30).

Definition 2.2.29 (Boundary format). A (mg + 1) x ... x (m,, + 1) tensor has boundary format if
mg = 27:1 m;j.

Remark 2.2.30. Rational maps from a multiprojective space to a projective space of the same
dimension are encoded by tensors of boundary format. Specifically, the rational map

¢: Pt x P - PO
X1 X .. XXp = (for i fmg)

where

f = f X]_, . Xn) = Z Z >\1011 Jin Xiy1 -+ Xipn (2]‘0)

i1=0 in=

for each 0 < j < nand 0 < i; < mj, can be represented by the (mo + 1) x ... x (m, + 1) tensor

4) Z Z Z >\10/1 Jin Xig0 Xip1 --o Xipn - (211)

io=0 =0 in=
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The following result asserts that the hyperdeterminant of a tensor of boundary format (mg +
1) X ... X (mp + 1) is a resultant of multilinear polynomials.

Theorem 2.2.31. ([98, Theorem 3.1]) The hyperdeterminant of a tensor of boundary format as
(2.11) is the resultant of the polynomials fy, ..., fmy. Explicitly, a point A = (... : Xigiy i, = -..) lies
in the hyperdeterminant if and only if the system of multilinear polynomials

has a solution in P\™ x ... x P{™.

Proof of Corollary 2.2.26. By Proposition 2.2.25, the bilinear rational map ¢ is birational if and
only if the base ideal B = (fy, f1, f2) defines a point in IP’J@ x PL, or equivalently, if ¢ lies in
the resultant of fy, 1, . By Theorem 2.2.31, this is precisely the hyperdeterminant of format
3xX2x2. O

. . .y . . . . 3
Now, we describe the geometry of the syzygies of a bilinear birational map within the space Pz
of bilinear polynomials.

Corollary 2.2.32. A bilinear rational map ¢ is birational if and only if the C-vector space C(fy, f1, f2)
defines a tangent plane to the Segre variety o(PL x PL) C P2, or equivalently, the projectivization
of C(fo, fi, f2) determines a point in the dual of o(P% x PL) (i.e. the determinant of 2 x 2 matrices).

Proof. Since bilinear polynomials are 2 x 2 matrices, we can regard the linear system C(fy, f1, f») as
a plane in the space P, of 2 x 2 matrices, or equivalently, as a point in the dual (IP)%)V. Furthermore,
we can write

f=(fo,fi, ) = sofo+ s1f1 = so(to Poo + t1 Po1) + s1 (to P10 + t1 P11)

for some P;; in C3. By Proposition 2.2.25, ¢ is birational if and only if it admits a syzygy of degree
(1,0). In particular, we find
o=0(sp,51) =005+ 015

for some &; in k3, such that
(0.f) =50 (o, fo) + 51 (0, f1) = 55 (00, fo) + sos1 ({00, f1) + (o1, o)) + 57 (o1, F1) =0 .
Hence, we have (o, f;) = 0 and
(@0, f1) = to (@0, P10) + t1 (@0, P11) = g(to, t1) = —to (01, Poo) — t1 (01, Po1) = — (a1, o) .

In particular,
(00, f) =s18(to, t1) . (o1, f) = —s0g(t0, 11)

and the image of the parametrization P(%: — C(fy, f1, f») defined by
(so:s1) — (o(s0,51),f)

is a line £ of degenerate bilinear polynomials, i.e. they have two linear factors. Thus, £ lies in
o (PL x PL), which is the locus of degenerate or rank-one bilinear polynomials. Since o (P% x PL)
is a smooth quadric and C(fy, f1, f2) is a plane, their intersection is a singular conic. Therefore,
C(fy, fi, f) must be a tangent plane to o (P x PL), and hence a point in the 2x 2 determinant. [J
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In Chapter 4, we try to extend some of the ideas briefly exposed in this subsection to trilinear
birational maps. As already illustrated in §2.2.3.1, the space of trilinear polynomials is much more
complicated than the space of bilinear polynomials. This makes the study of trilinear birational
maps more complicated. In particular, there is no hope for a characterization of the space of
trilinear birational maps as a hyperdeterminant, since the base loci of trilinear birational maps are
not mere simple points.



Part 1

MULTILINEAR BIRATIONAL
MAPS






Chapter 3

Trilinear birational maps in dimension
three

In this chapter, we address algebraic and geometric aspects about trilinear birational maps in
dimension three. In all the chapter, we assume that ¢ is as in Definition 1.2.1.

Commutative algebra: we provide a characterization of birationality based on the first syzygies
of the entries (Theorem 3.5.1). More generally, we describe all the possible minimal graded free
resolutions of the ideal B = (fy, fi, f2, f3) in the tensor product ring R = C[sp, s1] ® C[to, t1] ®
Cluo, u1] (Propositions 3.5.2, 3.5.4, 3.5.5, and 3.5.8).

Algebraic geometry: we show that quotient Bir(; ;1) of the set of trilinear birational maps
by Aut(P2) is a locally closed algebraic subset of the Grassmannian Gr(4, R(1,1,1)), and has eight
irreducible components (Theorem 3.3.6). We also prove that the group action on Bit(1 1) given
by Aut((P%)3) defines 19 orbits, and each of these orbits determines an isomorphism class of the
base loci of these transformations (Theorems 3.4.3, 3.4.6, 3.4.8, and 3.4.10).

3.1. Preliminaries

In this section, we present the fundamental concepts and notation specific to this chapter. While
some of these concepts were introduced more generally in Chapter 2, here we provide brief,
specialized definitions tailored to the context of trilinear birational maps.

3.1.1. Basic definitions and properties

Let A1 = Clsp, s1], A2 = Cl[to, t1], and A3 = C[up, u1] be the homogeneous coordinate rings of
three projective lines, with the standard grading in each ring given by the corresponding pair of
variables.

Notation 3.1.1. We set R := A; ® A>® Az, which is a standard Z3-graded ring. The multiprojective
scheme associated to R is the product X := (PL)3. The irrelevant ideal of R is

N= P (A)i®(A); ® (As)k = (s0,51) N (to, t1) N (o, 1) -
i>0,;>0, k>0

Definition 3.1.2 (Base ideal and base locus of ¢). The base ideal of ¢ is the homogeneous ideal
B = (fy, f1, f, 3) in R. The subscheme Z of X defined by B is the base locus of ¢.

Remark 3.1.3. If ¢ is dominant, then codim(Z) > 2 since otherwise we find a common factor to
the entries.
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Let (Ao : A1) € P{. be a general point. If ¢ is dominant, then the image of the restriction
¢s :PLxPL -5 P2 (3.1)
(to:t1) x (wo:um) w— (fh:f:f:1f),
where f! = f/(to, t1, up, u1) = fj(Xo, A1, to, t1, tp, u1), is a parametric s-surface, described in
Definition 1.2.10, and is either a plane or a smooth quadric. The same observation holds true for

the restrictions ¢; and ¢, to the other two parameters, which respectively yield parametric t- and
u-surfaces.

Remark 3.1.4. More precisely, ¢s is a bilinear parametrization to IP%. In particular, for each
0 < < 3 we can write

!
fi(to, t1, uo, u1) = o) toug + au1j tiug + aj tour + azj tyug

for some aj; not all zero. If the image of ¢s does not lie on a plane, then the 4 x 4 coefficient
matrix (aj,-)ﬂ has full rank. Therefore, ¢ coincides with the Segre embedding of P{. x PL up to

an automorphism of P2, and is thus a smooth quadric.

The following definition extends the notion of type, introduced in Definition 1.2.3 for trilinear
birational maps, to trilinear rational maps without the requirement of being birational.

Definition 3.1.5 (Type of ¢). The type of ¢ is the triple (d1, do, d3) in Z3, where d; (resp. d»
and d3) is the degree of the s-surfaces (resp. t- and u-surfaces).

It follows immediately that there are only eight possible types for ¢, namely
(1,1,1), (21,1), (1,21), (1,1,2), (1,2,2), (2.1,2), (221), (22.2),  (3.2)
which up to permutation, reduce to the four possibilities
(1,1,1), (1,1,2), (1,2.2), (2.2,2) .

Let ¢ be birational with an inverse rational map as in (1.6), where y = (yo, y1, y2, y3) are standard
Z-graded variables. The composition ¢ 1o ¢ : (PL)3 --» (PL)3 yields the identity on some open
set of X. More explicitly, $~1 o ¢ is generically given by

(50 : 51) X (to : tl) X (UO : u1) — (ao(f) : al(f)) X (bo(f) : bl(f)) X (Cg(f) : Cl(f))
= (50 : 51) X (to : tl) X (UO : Ul) ,

implying that the 2 x 2 determinants in R[y]

) S1 ‘ to t1 ‘ up 7 ‘ (33)
ao(y) ai(y) bo(y) ba(y) coly) aly)

vanish when we specialize y, — f, for each 0 < n < 3. Therefore, these determinants represent
algebraic relations satisfied by the defining polynomials of ¢. Geometrically, they define the implicit
equations of the parametric surfaces. More specifically, given a general (s : s1) = (Ao : A1) in PL,
the equation of the corresponding s-surface in P3 is

Ao A |
ao(y) ai(y)|

and similarly for the t- and w-surfaces. In particular, if ag(y), a1(y) are linear, then the s-surfaces
form a pencil of planes. If they are quadratic, then the s-surfaces form a pencil of quadric surfaces.
The obvious observations hold for the t- and u-surfaces, as well as the following remark.
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Remark 3.1.6. If ¢ is birational with an inverse as in (1.6), then the type of ¢ is (deg a;, deg b;, deg cx).
In particular, the notions of type of Definitions 1.2.3 and 3.1.5 coincide on birational maps.
3.1.2. The Jacobian dual criterion for trilinear rational maps

Let R[y] = R[y0, y1. y2, y3] be the (Z3 x Z)-graded ring of the product X x P3, since R[y] inherits
the Z3-grading from R and the standard Z-grading of C[y]. Consider the ring homomorphism

Rly] — RJu] (3.4)
yi — fiu.
Definition 3.1.7 (Rees ideal of ¢). The kernel J of (3.4) is the Rees ideal of ¢.

The Rees ideal J is prime, and hence saturated with respect to the irrelevant 91. Specifically, J
defines the scheme-theoretic graph of ¢ in X x ]P% (recall §2.1.4), which is irreducible. In particular,
if ¢ is birational, the polynomials in (3.3) belong to J.

Notation 3.1.8. Given a vector of polynomials g = (go, g1, 82, 83) in R, we denote by y — g the
specialization of the ring R[y] to R given by y, — g, for every 0 < n < 3. Moreover, we use the
notation (dy, da, d3; ds) € Z3 x Z for the degree in R[y]. In particular, we have

g = g(s0, 51, to, t1, Uo, U1, Y0, Y1, Y2, ¥3) € J(di,db,ds;ds)
if g is homogeneous of degree (di, da, d3; dy) and additionally
g(so, 51, to, t1, up, i1, fo, fi, o, f3) =0,
i.e. g vanishes after the specialization y — f.

For any (d1, da, d3) € Z3, we define the C[y]-module

J(dlydz,d3;*) = @ J(dl,d2,d3;d4) :
di€Z

The multigraded Jacobian dual criterion (Theorem 2.1.40) characterizes birationality in terms of
the ideal J. In particular, we find the following corollary.

Corollary 3.1.9 (of Theorem 2.1.40). The trilinear rational map ¢ is birational if and only if all

Jao0x) + Jo104) + J0,01:%) (3.5)

have rank one as vector spaces over the field C(y) = C(yo, y1, 2, ¥3)-

3.1.3. Automorphisms of (P})3

The automorphisms of X = (P(1C)3 are in one-to-one correspondence with the automorphisms of
R that leave the irrelevant ideal 91 invariant. Let H < Aut(X) be the normal subgroup of all the
automorphisms ¢ : X — X such that the induced ring automorphism ¢# : R — R is graded of
degree 0 = (0,0,0), i.e. it preserves the degree of the elements in R. Namely, these have the form

(so:s1) % (to:t1)x (up:ur)— m(so:s1)xnto:ty) xm3(uo: u1),

for some 71, M2, n3 in PGL(2, C). Clearly, we have an isomorphism H = PGL(2, C)3.
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Example 3.1.10. Not all the automorphisms of R are graded. In particular,
p: X = X
(SO : 51) X (to : t1) X (Uo : Ul) — (to : tl) X (Uo : Ul) X (50 : 51)
induces
0" R — R
Sir>ti tj— Ui Uk Sk

which is not graded for any d = (dy, da, d3) in Z3. In general, an automorphism of R always applies
a permutation to the integers in the Z3-degree of R.

Let K < Aut(X) be the subgroup consisting of the automorphisms that simply permute the
factors of X, which is isomorphic to the symmetric group &3 acting on three elements. Interestingly,
H and K satisfy the following properties:

e HNK = {idx}
e The map K x H — Aut(X) : (¢,m) — o onis a bijection of sets

Therefore, Aut(X) is isomorphic to the semidirect product of groups K x H = &3 x PGL(2, C)3.

3.1.4. Curves and surfaces in (P%)3

Definition 3.1.11 (Surfaces and curves in (P%)3). A subscheme Y of X is a surface (resp. curve)
if it is equidimensional of dimension two (resp. one).

In particular, a surface in X is the vanishing locus of a homogeneous polynomial in R.

Definition 3.1.12 (Tridegree of a subscheme in (PL)%). Let Y be an equidimensional subscheme
of X of dimension either one or two. The tridegree of Y, denoted by trideg(Y), is defined as
follows:

e If dim(Y) = 2, trideg(Y) is the degree of its defining polynomial

e If dim(Y) = 1, trideg(Y) = (di, d2, d3) where d; is the number of points, counted with
multiplicity, in the intersection of Y with the subspace of X determined by a general linear
form in A;. Equivalently, dj is the degree of the projection of Y onto the i-th P} factor of X

If Y is not equidimensional, we define its tridegree as the tridegree of its top-dimensional scheme,
i.e. the union of all the irreducible components of highest dimension.

Remark 3.1.13. Let Y be a subscheme of X with dim(Y) > 1. Definition 3.1.12 gives the correct
notion of Z3-degree of Y. Namely, the Chow ring of X is
Zla, b, c]

CRX) = 2 e

where a, b, and c are respectively the classes of surfaces of tridegree (1,0, 0), (0,1,0), and (0,0, 1).
This Chow ring is Z-graded by the dimension of the classes. Specifically,

CR(X) = CR(X)2 ® CR(X)1 ® CR(X)o ,
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where
CR(X)2 =7Z{a,b,c) , CR(X)1=Z{bc,ac,ab) , CR(X)o = Z(abc) .

Therefore, if trideg(Y) = (di, d2, d3) then the class [Y] of Y in CR(X) can be written as
[Y] = d18+d2b+ d3C
if dim(Y) =2, or
[Y] = d1 bc+ dp ac + d3 ab

if dim(Y) = 1. Additionally, the tridegree of Y can be regarded as the concatenation of all
the multidegrees extracted by the Hilbert polynomial of Y, as explained in Definition 2.1.27 and
Example 2.1.29.

Notation 3.1.14. If Y C X is zero-dimensional, the class [Y] in the Chow ring is determined by a
single integer. For simplicity in upcoming notation, we denote trideg(Y) = (0, 0, 0) whenever Y is
zero-dimensional.

3.1.4.1. Cohen-Macaulay curves in (PL)?

Recall that, by Lemma 2.1.13, a curve is Cohen-Macaulay if and only if it has no embedded points.
The following is a useful description of the Cohen-Macaulay curves in X of the tridegrees of interest
for the following sections.

Lemma 3.1.15. Let Y be a Cohen-Macaulay curve in X. Then, we have the following:

o Iftrideg(Y) = (1,1,1), there is an automorphism of X that sends Y to the curve defined by
one of the following ideals:

(f) (501'1 — s1tp, Sou1 — S1Ug, touy — t1U0) (V) (51, tl) N (51, Ul) N (t(), Uo)

(if) (Sgtl — 511, Ul)ﬂ(sl,to) (Vi) (sl,tl)ﬂ(sl,ul)ﬂ(tl,UO)
(iii) (Sot1 —slto,ul)ﬂ(sl,tl) (Vii) (sl,tl)ﬂ(sl,ul)ﬂ(tl,ul)
(iv) (s1,t1) N (S0, t1) N (to, to)

e Iftrideg(Y) is either (1,1,0), (1,0,1), or (0,1, 1), there is an automorphism of X that sends
Y to the curve defined by one of the following ideals:

(Viii) (Sotl —Slto,ul) (X) (sl,ul)ﬂ(tl,ul)
(iX) (51, UO) N (tl, u1)
o If trideg(Y) is either (1,0,0), (0,1,0), or (0,0,1), then Y is a projective line. In particular,

it can be transformed by an automorphism of X into the line defined by (t1, u1).

Proof. Up to an automorphism in K < Aut(X), that just permutes the factors (see §3.1.3), we can
assume that Y has tridegree either (1,1,1), (1,1,0), or (1,0,0). In the latter case, the projection
Y = JP’}C onto the first factor of X is an isomorphism, so Y is a projective line. Clearly, there
is an automorphism of X sending Y to the line (t1, u1).
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Now, assume that Y is irreducible of tridegree either (1,1,1) or (1,1,0). The projections
Y — IP}C onto the first two factors of X have degree one, so Y is rational. Hence, Y is the
image of a regular map ¢ : Pt — Y given by

(x0 : x1) — (a0(x0, x1) : a1(x0, x1)) X (bo(x0, x1) : b1(x0,x1)) X (co(x0,x1) : c1(x0,x1)) , (3.6)

for some linear forms aj, b;, ¢ in C[xo, x1]. If Y has tridegree (1,1,0), then cp, ¢ are proportional
and we have (co(x0, x1) : c1(x0, x1)) = (70 : 71) for some (o : 1) in PL. In particular, any two
parametrizations of curves of the same tridegree coincide up to the action of PGL(2,C)® = H <
Aut(X) (see §3.1.3). Hence, if Y has tridegree (1,1, 1) (resp. (1,1,0)) there is an automorphism
of X sending it to the curve defined by the ideal (i) (resp. (viii)) in the statement.

Now, assume that Y has exactly two irreducible components of tridegrees (1,1,0) and (0, 0, 1). By
the argument above, the component of tridegree (1, 1,0) can be transformed into the curve D C X
defined by the ideal (viii). Moreover, the component of tridegree (0,0, 1) can be parametrized as

(x0:x1) = (a0 :01) x (Bo: B1) x (cg(x0,x1) : c1(x0, x1))

for some (v : a1) X (Bo : B1) € P& x PL and linear forms ¢}, ¢f in C[xp, x1]. In particular, if
(ap:a1) X (Bo: B1) € ]P’(lC X ]P’(%: satisfies apB1 — @189 = 0 we find an automorphism of X that
stabilizes D and sends

(ao : Ozl) X (ﬁo : ,31) X (C(/)(to, tl) : C{(to, tl)) — (1 : 0) X (1 : 0) X (C(/)(to, tl) : C{(to, tl)) .
On the other hand, if agf1 — @180 # 0 then we find an automorphism sending
(g : 1) x (Bo: B1) x (ch(to, t1) : ci(to, t1)) + (1:0) x (0:1) x (c(to, t1) : c1(to, t1))

that stabilizes D as well. The images of the two last parametrizations are the projective lines in X
respectively defined by (s1, t1) and (s1, to). Therefore, Y can be transformed into the curve defined
by either the ideal (iii) or (ii) in the statement by means of an automorphism of X.

Proceeding similarly with curves of tridegree (1, 1,1) with three irreducible components, one
derives the curves from (iv) to (vii). On the other hand, if Y is reducible of tridegree (1, 1,0) it
must have exactly two irreducible components of tridegrees (1,0,0) and (0, 1,0). Depending on
whether these components intersect, Y can be transformed into the curve defined by either (ix) or
(x). O

3.1.5. Pairing between the type and the tridegree of the base locus

Let ¢ be birational, with inverse as in (1.6). Given a general line £ C P2, the image ¢~*(¢) is a
closed rational curve in X. Additionally, writing 7; : X — IP(%: for the projection of X onto the i-th
factor, the composition 71 0 71|,

—1
PLegc Pl P ¢71(0) © X =P x PL x PL ™ PL

(vo:yi:y2:y3)— (a0 :a1)x (bo:b1)*x(co:c1)— (ao:a1),

yields an endomorphism of IF’%: of degree deg a;. Similarly, the projections onto the other fac-
tors yield endomorphisms of degree deg b; and deg ck, implying that the tridegree of ¢—1(£) is
(deg aj, deg bj, deg c) (recall Definition 3.1.12). On the other hand, let

3 3
L= <Zén}/n: Zen}/n)
n=0 n=0
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be the defining ideal of £ in C[y]. Then, the homogeneous ideal

3 3
I = (Zénfn, Ze,,f,,)
n=0 i=0

defines the scheme-theoretic union of $~1(£) and the base locus Z, and has tridegree (2, 2,2).
Namely, the class of each generator of / in the Chow ring CR(X) is (a+ b+ ¢), and hence (see
Remark 3.1.13)

(a+b+c)?=a+b>+c*+2ab+2ac+2bc=2ab+2ac+2bc mod (a% b2, c?) .
Therefore, it follows the identity
trideg(¢ 1 (£)) + trideg(Z) = (deg a;, deg b;, deg cx) + trideg(Z) = (2,2,2) , (3.7)
where we set trideg(Z) = (0,0, 0) for zero-dimensional schemes (recall Notation 3.1.14).

Remark 3.1.16. A projective version of the identity (3.7) can be found in [80, §1].

We thus obtain the pairing between the possible types of ¢ and the tridegree of the base locus
Z in Table 3.1. In particular, it follows immediately that if ¢ has type (2, 2,2) the base locus is
0-dimensional.

type of ¢ \ trideg(Z)
(1,1,1) (1,1,1)
(1,1,2) (and permutations) | (1,1,0) (and permutations)
(1,2,2) (and permutations) | (1,0,0) (and permutations)
(2,2,2) (0,0,0)

Table 3.1.: Pairing between the type of a birational map and the tridegree of the base locus.

3.2. Factorization of trilinear birational maps

In this section, we explain the strategy followed in our geometric analysis. It is inspired by [161],
where the classification of birational endomorphisms of }P’% with quadratic entries is addressed. The
key idea is the factorization of trilinear rational maps through a linear system and a projection.

3.2.1. Commutative diagram for the factorization

Maintaining the notation of §3.1.1, let V' be a C-vector space satisfying
Ba111) CV C Ry,

and let N+ 1 =dim V. Let ¢y : X --» P(V") be the rational map whose entries are the vectors
in a basis of the dual vector space V'V, and write Yy for the closure in P(V") of the image of {y .
In particular, we have the commutative diagram
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L (3.8)
BlyX C X xP¥ "y X % > B3

where my : Bly X — X is the blow-up of X along the subscheme defined by the entries of v,
My : BlyX — Yy is the projection onto the second factor, and m : P(VY) --» IP% is the linear
projection from some suitable subspace L in P(VY). If N = 3, then P(V") = P2 and m, is just an
automorphism of P2 It follows from the diagram of (3.8) that ¢ is birational if and only if both
Cv and the restriction of 7; to Y\ are birational.

3.2.2. Factorization according to the type of ¢

Notation 3.2.1. Let Y be a subscheme in X.

e We denote by /y C R the (saturated) defining ideal of Y

e If dim(Y) > 1, we write Cy for the curve defined by the intersection of all the associated
primes to ly of codimension exactly two. In this case Cy does not have embedded points,
and by Lemma 2.1.13 it is a Cohen-Macaulay curve

e With a small abuse of notation, when Y = Z (the base locus of ¢) we denote Cz just by C

By definition, if dim(Z) = 1 then we have B C Ic. In particular, we can set V = (Ic)(1,1,1) in
the diagram of (3.8). The situation is a little bit different if dim(Z) = 0, i.e. if ¢ has type (2,2,2)
(see §3.1.1). Namely, given a point

Q= (ao:a1)x(Bo:h1)x(v0:m)€EX (3.9)
we define the linear polynomials
AQ .— |0 X1 Q._|Yo »n Q._|% 1
! ap ag| T2 Bo Bl T v m

The following result allows us to use the diagram of (3.8) with birational maps of type (2, 2,2).

Lemma 3.2.2. Let ¢ be birational of type (2,2,2). Then, there exists a unique point @ as (3.9)
such that, for every 0 < n < 3, the entries of ¢ satisfy

2
foe (AAfyzc+uxibf zc+vxiyad) + (4F,49.49) (3.10)

for some X\, u,v € C* and indices 0 < i, j, k < 1 where a;, Bj, vk are all nonzero.

Proof. Consider the Segre embedding o : X < ¥ C P, of X, where the Segre variety ¥ is smooth
of degree 6. From this isomorphism, it follows that the Hilbert series of ¥ is
HSx(t) = S dime [(X, 0x(d,d,d)) t7 =S (d+1)3 ¢4 = 1+4t+2
i _dZO : R _dzo (-t

where Oy is the structure sheaf of X and (1 — t)* HSs(t) is a polynomial because dim ¥ = 3.
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On the other hand, given a general line £ C P2 the image ¢~1(£) is a closed, irreducible curve in

X. Moreover, if
3 3
L= (Zén}/nv Zen}/n)
n=0 n=0

is the defining ideal of £, then
3 3
| = (Zan fo, > _€n f,,)
n=0 i=0

defines ¢~1(£). More specifically, / is the ideal of the scheme-theoretic union of ¢~1(£) and the
base locus Z. Since codim/ =2 and R is a Cohen-Macaulay ring, all the associated primes to /
have codimension two. However, by (3.7) we have dim Z = 0, so codim By = 3. Therefore, | must
be the defining ideal of $—1(£). In particular, the curve o(¢1(£)) is determined by two hyperplane
sections in IP’ZC, and its Hilbert series [102, Chapter 5] is

1+ 4t + t2
(1-1t)>

implying that the Hilbert polynomial of ¢~1(£) is HP4-1(¢)(t) = 6 t. In particular, the arithmetic
genus of ¢~1(£) is one. By definition, ¢$~1(£) is a rational curve and its normalization is PL. Then,
from [111, Chapter 4, Exercise 1.8] ¢~1(£) has a unique singular point Q. Since ¥ is smooth, by
the strong Bertini's theorem [91, Theorem 0.5] the curve ¢~1(£) is smooth outside Z. Hence, Q is
supported in Z.

Without loss of generality, we can assume that @ belongs to the affine subset U C X given by
so#0, to #0, and ug # 0, i.e. we can assume indices (7, j, k) = (0,0, 0) in the statement. From
the Jacobian criterion [111, §1 Exercise 5.8] in U, since Q is a singular point of ¢~1(£) the rank of
the Jacobian matrix

HSG(¢71(e))(t) = HS¢71(4)(t) = (]. — t)2 HSz(t) =

3 3 3
afn afn afn
8y — 8y — 3,
e = Z; of Z; of Z; of
o €n O0s1 — €n oty o €n ou

specialized at @ is one. Equivalently, writing

of, of, O0f,
an - v AL y
(651 oty 6u1>

then the vectors , ,
D> 8. VE(Q), D enV(Q)
n=0 n=0

are proportional. The previous observations hold true for any choice of a general £ C IP’%, i.e. for
general values of the §,,'s and €,'s. Therefore, it can only occur if the V£,(Q)’s are all proportional
to a vector (X, ,v) in C3. In particular, from the Taylor expansion of f, centered at Q we derive
that

fo =00 (AAL Yo 20 + 30 AF 20 + v x0 Yo AF) + hn

for some 6, € C and h, € (Af‘) AS, A§)2. Moreover, if A =0 (resp. u = 0 or v = 0) we find a
line in the base locus Z, against dim Z = 0. Hence, X, u, v are all nonzero. O
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Notation 3.2.3. Given a point Q@ as in (3.9) and X, u, v € C*, we define the ideal
2
loowpw) = ()\ Afyjzk + X;Ag‘)zk +v x,-yjAg‘)) + <A§‘), Ag‘), A?) CR

for the smallest indices 0 </, j, k < 1 such that a;, Bj, 7« are all nonzero. The graded component
of Ig(au.v) in degree (1,1, 1) is spanned by the five independent polynomials

AAR i +u siDS u+vsiti Ay, ALAS e, AL A 5ATAY, ALASAY .
Notation 3.2.4. Let ¢ be birational.

e If dim(Z) =1, we define V= (Ic)(1,1,1) (see Notation 3.2.1)

e If dim(Z) = 0, we define V4 = (Igo u))1,1) for the Q and X, p, v in the statement of
Lemma 3.2.2 (see Notation 3.2.3)

e By definition, in both cases we have By 1,1) C Vg

Definition 3.2.5 (Variety of minimal degree). A projective variety Y C PN has minimal degree if
it is nondegenerate (recall Definition 2.2.8) and deg V' = 1 + codim V.

The following result gives useful information about diagram in (3.8), according to the type of ¢.
Proposition 3.2.6. Let ¢ be birational, and set V = V. We have the following:
e If ¢ has type (1,1,1), then N =3 and Yy = IP’%.
e If ¢ has type (1,1,2), then N = 4 and deg Yy = 2.
(1,2,2), then N =5 and deg Yy = 3.
e If ¢ has type (2,2,2), then N = 4 and deg Yy = 2.

e If ¢ has type

In all the cases, Y\ has minimal degree and {\/ is birational for any choice of basis in /. Moreover,
if dim Z =1 the curve C is connected.

Proof. We prove each statement separately.

e If ¢ has type (1,1,1), by (3.7) the base locus Z has tridegree (1,1, 1). In particular, up to
an automorphism of X the curve C is one of the seven listed in Lemma 3.1.15. The ideals
(1), (dii), (vi), and (vii) determine connected curves, and satisfy dim V' = 4. On the other
hand, the ideals (ii), (iv), (v) yield dim V = 3. Since the entries of ¢ are independent and lie
in V, we must have dim V > 4. Therefore, dim V = 4 and C is connected.

e If ¢ has type (1,1,2), Z has tridegree (1,1, 0). In particular, up to an automorphism of X
the curve C is one of the three listed in Lemma 3.1.15. The ideals (viii) and (x) determine
connected curves and satisfy dim V = 5. On the other hand, the ideal (ix) defines two skew
lines. Let / be the ideal in (ix). An easy computation (performed with the help of Macaulay?2)
yields | # (l1,1,1)), since the ideal generated by the polynomials of degree (1,1,1) in /
defines a curve of tridegree (1,1,1). Therefore, we must have dim V =5 and C is again
connected. The degree of Yy follows from a direct computation (performed with Macaulay?2)
with the ideals (viii) and (x).
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e If ¢ has type (1,2,2), Z has tridegree (1,0,0). By Lemma 3.1.15 C is a projective line, so it
is connected and dim V = 6. Similarly, the degree of Y\, follows from a direct computation
on the ideal (to, up).

e If ¢ has type (2,2,2), by Notation 3.2.3 we have dim V = 5. Similarly, it follows from a
direct computation that deg Yy = 2.

On the other hand, two distinct bases in V'V yield rational maps ¢y that coincide up to an
automorphism of P(’é’. The birationality of ¢y then follows from the explicit construction of this
rational map when V = [ 1 1) for the ideals / listed above. O

3.3. The algebraic set of trilinear birational maps

In this section we describe the algebraic set Bir(; 1 1), which is the quotient of the set of trilinear
birational maps by the group action of Aut(P2) given by composition. Additionally, we introduce
the group action of Aut(X).

3.3.1. The sets Bir(y,11) and Bir(g, ¢, ;)

Let
Rat111) =P ((R(l,l,l))4> ,

i.e. the projective space where (closed) points are 4-tuples of trilinear polynomials in R, up to nonzero
scalar. Let U be the open set in Raty 1 1) of points f = (fy, f1, f2, f3) such that ged(fy, f1, f, ) = 1.

Clearly, there is a one-to-one correspondence between U and the set of trilinear rational maps.
In U, we define the equivalence relation

¢~ ¢ if Vo= Vy,

or equivalently,
¢ ~ ¢ if there is a p € Aut(P2) such that Vjop = Vi .

Definition 3.3.1. Bir(y 1 1) is the quotient of U by the equivalence relation ~.

In particular, there is an injective map of sets

%it(l,l,l) — Gr(4.R(1,1,1))
[¢] — Vo,

so we can write Vy instead of [¢]. On the other hand, two birational maps ¢ and ¢ in the same
class of Bir(y 1,1) have the same type. Therefore, the following definition makes sense.

Definition 3.3.2. Given (dy, do, d3) € Z3, Bir(d;,d»,ds) = {1V € Biry11) : ¢ has type (d1, d2, d3)}.

By §3.1.1, the sets Bir(y, 4, 4;) indexed by the types listed in (3.2) form a partition of Bir(y 1 1).
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3.3.2. The group action of Aut((P{)?) on Bir11
The map of sets
Aut(X) x Bivg 1) — Birgiy (3.11)
Ex Vy — Vit
is a well-defined group action of Aut(X) on Bir(y 1 1).

Definition 3.3.3. The group action in (3.11) is the right-action on Biv(y 1 1), which induces an
equivalence relation ~,.

Notation 3.3.4. If V4 ~, Vi, we say that ¢ and ¢’ lie in the same orbit. More explicitly, this
means ¢ and ¢' lie in the same orbit in Rat; 1 1) of the group action of Aut(X) x Aut(PP.) given
by composition, since

Vi ~r Vg if and only if there are p € Aut(P3) and ¢ € Aut(X) such that ¢’ = popoé .

Remark 3.3.5. The base loci of two birational maps in the same orbit coincide up to automorphism
of X.

3.3.3. The algebraic set Bir(; 1 1)

We write S(Yy) for the variety of (N — 4)-dimensional subspaces secant to Yy. Now, we prove
the main result of this section. In our proof, we rely on a result of [161], that establishes that
birational endomorphisms of a projective space, defined by homogeneous polynomials of a given
degree, determine a locally closed algebraic set of a certain Grassmannian.

Theorem 3.3.6. The set Bir(y1 1) has the structure of a locally closed algebraic subset of the
Grassmannian Gr(4, R1,1,1)). Moreover, its irreducible components are the following:

e Bir(11,1), of dimension 6.
e Bir(112), Bir121), and Bir(z 11y, all of dimension 7.
e Bir(12,2), Bira,12), and Bir(2 5 1), all of dimension 8.
e Bir(y 52, of dimension 8.

Remark 3.3.7. In Theorem 1.2.4, the increase in dimensionality of the components arises because
we do not consider classes with respect to the group action of Aut(P3). Therefore, the irreducible
components can be viewed as locally closed subvarieties of Gr(4, R11,1)) % Aut(P2), where
Aut(P) = PGL(4,C) @ PP.

Proof. The birational map
d:X - P (3.12)
(50 : 51) X (to : tl) X (Uo : Ul) — (Sot()Uo I S1toug : Sotiup : Sotoul)

is an isomorphism between the affine subset U C X determined by sp # 0, tg # 0, up # 0 and the
affine subset of P = Proj(Cly]) given by yo # 0. Write V3 for the C-vector space of cubic forms
in y0,y1,y2, and y3. We have the injective linear map x : R(1,1,1) — V3 given by

3 2 2 2
Sotoup — Y5 , Sitouo = Yoy1 . Sotito — Yoy2 , Sotour — Yoy3
Sitiuo = Yoyiy2 . Sitour = Yoyiys . Sotiui > Yoyay3 , Sitiui = yiy2y3 .
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In particular, the rational endomorphism 1 : }P’% - IP’% that sends

(vo:y1:y2:y3) = (x(f) - x(f) : x(2) : x(f))

coincides with ¢ o ®~1 on the open set ®(U), i.e. we have ¢ = ¢ o @1, Therefore, the map

prp=goo

is a bijection between trilinear rational maps and rational endomorphisms of IP’% with entries in the
vector space

V= (8, ¥éyi, Yev2. Y8Ya . Yoyiy2, Yoyiys, Yoyays, yiyays) C Vs .

By [161, Proposition B], the classes (up to composition with an automorphism of P3.) of birational
automorphisms of P2, with cubic entries form a locally closed algebraic set Y’ C Gr(4, V3). On the
other hand, the Grassmannian Gr(4, V') is a subvariety of Gr(4, V3). Hence, the intersection

%it(l,l,l) = Y/ N GI’(4, VI)

is also a locally closed algebraic subset of the Grassmannian Gr(4, V') = Gr(4, R1,1,1))-

Now, we prove the statements about the irreducible components of Bir(;11). Recall from
Proposition 3.2.6 that if dim Z = 1 the Cohen-Macaulay curve Cy is connected. Let C(y,1,1) be the
variety of connected Cohen-Macaulay curves of tridegree (1,1, 1), which is irreducible of dimension
6 [9, Proposition 4.9]. Additionally, consider the algebraic set

V(l,l,l) = {V¢ x C € %it(l,l,l) X C(l,l,l) : V¢ C (/C)(l,l,l)} ,

together with the canonical projections My : V(1,11) — Biv1,1) and Mo @ Vig11) = Ca11)-
Given a curve C in C(11,1) we have N;Y(C) = V x C, where V = (Ic)(,1,1) since dimV = 4
by Proposition 3.2.6. Hence, V(1 1,1) is irreducible of dimension 6. On the other hand, given a
Vi in Bir(111) we have M (V) = Vi x Cy if ¢ has type (1,1,1) and M5 (Vy) = & otherwise.
Therefore, it follows that Bir(; 1,1) = C(1,1,1)-

The study of the irreducible components Bir(; 1 2), Bir(1,21), and Bir(2 1 1) is identical, since the
associated birational maps differ by a permutation of the factors of X. Therefore, we can focus on
Bir(1,1,2)- By Lemma 3.1.15, the ideal of a connected Cohen-Macaulay curve of tridegree (1,1, 0)
has the form

(ag soto + o1 S1tp + a2 ot + a3 sit1, Your — Yilo) ,

for some (ap : a1 :an:a3) X (90 :71) € IP)% X IP’(IC, where the first generator might be reducible.
Thus, we can identify the variety C(; 10 of such curves with ]P’% X IP)%:. Consider now the algebraic
set

V(1,1,2) = {V¢ x C e %it(l,l,l) X C(l,l,O) : V¢ C (IC)(l,l,l)} ,

together with the projections as before. Given a curve C in C(11,0), by [161, Proposition A] the
fiber M5 *(C) is isomorphic to an open subset of S(Yy), where V = (Ic)@,1,1)- Hence, V(119 is
irreducible of dimension dimC(;,10) +dimS(Yy) =4 + 3 =7. On the other hand, we have the
identity of sets

Bir(1,1,2) = M(V1,1,2)) \ Bir,1,1)
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so given a general Vj in M1(V(11,2)) the base locus Z has tridegree (1,1,0). Thus, we have
HII(V¢) = (V4. Cg) and My is birational, implying that Bir(1 1,5) is irreducible of dimension 7.

Similarly, one proves that Bir(; 22, Bir(2,12), and Bir(2 5 1) are all irreducible of dimension 8.

For the irreducible component Bir(3 52), we consider the algebraic set
V2) = {Ve x Q x (A p) € Bir 1y x X x (C*)*: Vy C (oow1) @11}

with the projections M1 : V(2,2 2) — Bir(y,1,1) and M2 : V(2 22) = X X (C*)2. By [161, Proposition

A], given Q@ x (A, i) € X x (C*)? the fiber M5 (@ x (X, w)) is isomorphic to an open subset of

S(Yv), where V = (/Q(/.L,u,l))(l 11y’ Hence, V(2,22 is irreducible of dimension
dim X + dim(C*)? + dimS(Yy) =34+2+3=8 .

On the other hand, given a general V4 in M1(V(222)) by Lemma 3.2.2 we have nyt(vy) =
Vg x Q x (X, p) for the unique singular point @ € Z and some (X, ) € (C*)2. In particular,
My is birational. Moreover, since a general point in M1(V(22,2)) belongs to Bir( 52y the latter is
irreducible of dimension 8. O

3.4. Classification of the base loci

In this section, we provide the complete list of the orbits of the right-action on Biv(; ;1. More
specifically, there are 19 orbits. Each of these orbits determines an isomorphism class of the base
loci of a trilinear birational map. In the entire section, we maintain the notation of the diagram in
(3.8).

One way to understand the different classes of the base loci is through the linear system of
surfaces spanned by the entries of ¢, i.e. the surfaces in X defined by the equations in the vector
subspace C(fo, f1, f2, f3) of R(1,1,1)- In order to describe this point of view, we recall the following
definition.

Definition 3.4.1 (Points of contact and tangency in X). Let Y be a surface in X.

e Q@ is a point of contact of Y to asurface SC X if Iy C Is + le

e Qs a point of tangency of Y to a curve C C X if Iy C Ic + Ig?

Remark 3.4.2. Let ¢ be birational of type (2,2,2). By Lemma 3.2.2, and maintaining the same
notation, every surface in the linear system C(fy, 1, f2, f3) has Q as a point of contact to the
surface

A A?tjuk—i-/.LS;ASuk—i-l/S;tjAg:O.

3.4.1. Orbits of birational maps of type (1,1,1)

The classification of the orbits in Bir(; 1 1y is the most straightforward, since by Proposition 3.5.2
(that we postpone until §3.5) the base locus is a Cohen-Macaulay curve.

Theorem 3.4.3. Let ¢ be birational of type (1,1,1). Then, ¢ belongs to the orbit of one of the
following birational maps:
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1,1,1)
° pg ) = (Sltoul — Sotiuy : S1tiug — Sotiuy - Sotiug — Sotouy - Sitoug — Sot'oul)
The entries ofpgl’l’l) are given by the 3 x 3 minors of the matrix

0 -t —u
) to 0
A surface in V,, contains an irreducible curve of tridegree (1,1,1). The base ideal is
(sot1 — sity, Sour — Siup, tour — tiup) -

1,1,1)
° pg ) = (51t1u1 1 Sotiuy : Ssitour - Ssytoug — SgtluO)
(1,1,1)

The entries of p; are given by the 3 x 3 minors of the matrix
0 0 —uy
0 —t ug
—S1 0 —Up

) to 0

A surface in V,, contains an irreducible curve of tridegree (1,1,0) and a line of tridegree
(0,0,1) that intersect. The base ideal is

(Slto — soty, Ul) N (51, tl) .

1,1,1) _
° pg ) = (Sltlul P Sotiur  sitiug SltOUO)

The entries of pgl'l’l) are given by the 3 x 3 minors of the matrix
0 —t1 0
0 to —u1
—S1 0 0

A surface in V,, contains three lines of tridegrees (1,0,0), (0,1,0), and (0,0, 1), one of
them intersecting the other two at distinct points. The base ideal is

(51, tl) N (51, Ul) N (tl, Uo) .

1,1,1)
° PE; ) = (Sltlul 1 Sotiuy c sitour ; Sltluo)
(1,1,1)

The entries of p, are given by the 3 x 3 minors of the matrix
0 0 —Uuy
0 —t 0
—S1 0 0

S0 to ug

A surface in V,, contains three lines of tridegrees (1,0, 0), (0,1,0), and (0,0, 1) that intersect
at a common point. The base ideal is

(51, tl) N (51, Ul) N (tl, Ul) .
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Proof. From Proposition 3.5.2, the base locus of ¢ is a connected Cohen-Macaulay curve of tridegree
(1,1,1), i.e. we have Z = C (see Notation 3.2.1). Additionally, by the proof of Proposition 3.2.6
given a connected Cohen-Macaulay curve C of tridegree (1,1, 1) we have dim(/c)(1,1,1) = 4. Hence,
any such curve determines a unique V4 in Bir(y11). On the other hand, by Lemma 3.1.15 any
connected Cohen-Macaulay curve of tridegree (1,1, 1) is equivalent, by means of an automorphism
of X, to the base loci of one of the birational maps in the statement. O

3.4.2. Orbits of birational maps of type (1,1,2), (1,2,1) and (2,1,1)

Let C be a connected Cohen-Macaulay curve in X of tridegree either (1,1,0), (1,0,1), or (0,1,1).
From Lemma 3.1.15, by means of an automorphism of X the curve C can be transformed into one
of the curves C, or Cy respectively defined by the ideals

Ic, = (Sotl — Ss1tp, Ul) ' /C>< = (Sltl, u1) )

In particular, any birational map of type either (1,1,2), (1,2,1), or (2,1,1) lies in the orbit of a
birational map with either C, or Cy in its base locus. Therefore, by the diagram of (3.8) in order
to study the orbits of the right-action in Bir(1 1,2, Bir(12,1) and Bir(21 1) it is enough to:

(i) Compute the orbits of the group action given by the stabilizer Stab(C,) < Aut(X) of the
curve G, acting on Yy, where Vo = (lc,)(1.1,1)

(i) Compute the orbits of the group action given by the stabilizer Stab(Cx) < Aut(X) of the
curve Cy acting on Yy, , where V, = (ICX)(1 11)

3.4.2.1. Orbits of Stab(C,) on Yy,

In this subsection, we set V = V,,. The birational map ¢\ appearing in the diagram of (3.8) is
ly: (So : 51) X (to : tl) X (Uo : u1) — (Sotoul I S1tour : Sotiuy c sitiug (Sotl — Slto)uO) , (313)

and Yy C P¢ is the cone determined by yoy3 — y1y» = 0. Equivalently, Yy is the image of the
projection MMy : Bly X C X x ]P’é: — ]P’%, where my : BlyX — X is the blow-up of X along C,.
The exceptional divisor E of Bly X projects onto a 2-dimensional cone in Y),. Namely, the defining
equation of My (E) in Yy is y1 — y» = 0, and its singular point is P = (0:0:0:0:1). We write
Hy_5 and Hy for the divisors in Y\ determined by y; — y» = 0 and y4 = 0, respectively.

Lemma 3.4.4. The group action of Stab(C,) on Yy determines the four orbits:
Y\/\H]__2 , H1_2\(H4 U P) , H.oNHy , P

Proof. Write Dg; and D,, for the divisors in X defined by sot; — sitg = 0 and u; = 0, respectively.
By §3.4.5.3, the group action of Stab(C,) on X determines the four orbits

Co =Dy N Dy, DNCo, Ds\Co, X\(DyU Dyt) . (3.14)

The last three orbits are respectively transformed by ¢y into P, Hi_> N Ha, and Yy \Hi_2. Thus,
we find three of the orbits in the statement. The remaining orbit H;_»\(Hs U P) follows from the
extension of the action of Stab(C,) to Yy, by the action of the group My, of matrices of the form
(3.21). Equivalently, this last orbit corresponds to the projection by Iy, of general orbit on the
exceptional divisor E of the blow-up Bly X — X, when we let Stab(C,) act on Bly X. O
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3.4.2.2. Orbits of Stab(Cy) on Yy,

In this subsection, we set V = V. The birational map ¢y in the diagram of (3.8) is
Cv :(so:s1) X (to:t1) X (up:ur)— (Sotous : sitous : Sotiuy : Sitiug : sitiup) - (3.15)

As in §3.4.2.1, Yy is determined by ypys — y1y2 = 0. However, the projection My (E) of the
exceptional divisor E is now the union of the loci y1 = y3 = 0 and y» = y3 = 0 in P{. We maintain
the notation of §3.4.2.1, and write H; for the divisor in Yy defined by y; = 0. Additionally, we set
O =(1:0:0:0:0) and write OP for the projective line OP = H; N Hy N Hs.

Lemma 3.4.5. The group action of Stab(Cx) on Y\ determines the six orbits:

YV\((H1 U H2) N Hs) , ((H1U H2) N H3)\(Ha U OP) ,
((H1UH2)ﬂH3ﬂH4)\O , @\(OUP) , 0, P

Proof. Write Ds, D, and D, for the divisors in X respectively determined by s; = 0, t; =0, and
u; = 0, and moreover let @' = (1:0)® € X. By §3.4.5.4, the group action of Stab(Cy) on X
determines the five orbits

Q, CG\Q', DN\Cx , (DsUD)\Cx , X\(DsUD:UD,) .

The last three orbits are respectively transformed by ¢y into P, ((H1 U H2) N H3 N H4)\ O, and
Yv\((H1 U H2) N H3). Therefore, we find three of the orbits in the statement. The orbits
((H1 U Hp) N H3)\(Hs U OP), OP\(O U P), and O follow from the extension of the action of
Stab(Cx) to Yy, by the action of the group My, of matrices of the form (3.22). Equivalently,
they correspond to the projection by My, of the orbits in E of the blow-up Bly X — X, when we
let Stab(Cy) act on Bly X. O

The following is a classification theorem for the trilinear birational maps of type (1,1, 2), (1,2, 1),
and (2,1,1). Namely, it provides the orbits of the right-action in Bir(y 1 2), Bir(12 1), and Bir(z 1 1).

Theorem 3.4.6. Let ¢ be birational of type either (1,1,2), (1,2,1) or (2,1,1). Then, ¢ belongs
to the orbit of one of the following birational maps:

A=

A surface in V,, contains an irreducible curve of tridegree (1,1,0) and an isolated point.
The base ideal is

Sitiuy @ Sptiuy : Sptouy - Sitoug — 50t1U0)

(sot1 — sito, u1) N (So, t1, to) -

(112) _ . . .
L)) = (Sotlul P S1tour - sotour - Ssitoug — Sotiug — 51t1u1)

A surface in V), contains an irreducible curve of tridegree (1,1,0) and has contact to a
surface of tridegree (1,1, 1) at a point of the curve. The base ideal is

2 2 2
(sot1 — sito, u1) N (uy, tour, Soun, ty, Soto, S, Sitotp — Sotitp — Sitiur) .

1,1,2

. pg ) = (
A surface in V,, contains a pair of intersecting lines, of tridegrees (1,0,0) and (0, 1,0), and
an isolated point. The base ideal is

Sotiug @ sitouy @ Ssptouq : 51t1U0)

(51, Ul) N (tl, Ul) N (50, to, Uo) .
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1,1,2)
° pg ) = (51t1u1 I Sotiur : Sotour : Sitiug — Sltoul)

A surface in V,, contains a pair of intersecting lines, of tridegrees (1,0, 0) and (0, 1,0), and
is tangent to a curve of tridegree (0,1, 1) at one of the points of the line of tridegree (1,0, 0).
The base ideal is

(s1, u1) N (t1, u1) N (so, tour — tiup, t12. tiug, f12) .

1,1,2) _
° pg ) = (51t1u1 1 sptiuy  sitour  S1tiug + Sotoul)

A surface in V,y contains a pair of intersecting lines, of tridegrees (1,0,0) and (0, 1,0), and
has contact to a surface of tridegree (1,1, 1) at the point of intersection of the lines. The
base ideal is

(s1,u1) N (t1, u1) N (sitiug +Sot0U1.512,51U1, t12, tiuy, U%) .

Proof. By the diagram of (3.8), ¢ lies in the orbit of a birational map that factors as ¢' = ¢y o
for either V =V, or V = V, and some point L in Y),. In particular, the orbit of ¢ is determined
by one of the orbits listed in Lemmas 3.4.2.1 and 3.4.2.2, depending the curve component of Z
and where the point L belongs. In the case that L = P, we find a common factor to the entries of
¢. Excluding this case, the possibilities when V = V,, are the following:

o If L € Yy\Hy_o, ¢ lies in the orbit of p{""?)
o If L € Hi_2\(HaUP), ¢ lies in the orbit of pgm,z)
(1,1,1)

o If L € Hi_2N Hys, ¢ lies in the orbit of p;"

Secondly, if V = Vy the possibilities are the following:

o If L e Yy\((HLU Ha) N Hs), ¢ lies in the orbit of p{*?)

If L € ((H1 U H2) N H3)\(Ha U OP), ¢ lies in the orbit of pgl’l'z)

If L € ((HiUH2) N H3N Ha)\O, ¢ lies in the orbit of pgl’l'l)

If L€ OP\(O U P), ¢ lies in the orbit of pgl’m)

o If L =0, ¢ lies in the orbit of pgl'l’l)

3.4.3. Orbits of birational maps of type (1,2,2), (2,1,2) and (2,2,1)

By Lemma 3.1.15, any Cohen-Macaulay curve in X of tridegree either (1,0, 0), (0, 1,0), or (0,0,1)
is a projective line. Therefore, by means of an automorphism of X it can be transformed into the
line £ of ideal l; = (t1, u1). In particular, any birational map of type (1,2,2), (2,1,2), or (2,2,1)
lies in the orbit of a birational map with £ in its base locus.

By the diagram (3.8), in order to study the orbits of the right-action in Bir(; 52y, Bir(21 2, and
Bir(2,2,1) we can compute the orbits of the group action given by the stabilizer Stab(£) < Aut(X)
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of £ acting on Yy, where V = (Ie)(l,l,l)- Namely, the birational map in the diagram ¢y : X --»
Yy C P2 is
Cv: (So : 51) X (to : tl) X (Uo : u1) — (Sotoul P S1tour : Sotiuy : Ssitiup c Sptiug : 51t1U0) , (316)

and Yy is determined by the ideal (yoys — y1ya, y2¥5 — y3ya, y1¥2 — yoy3). The defining equations of
the projection My, (E) of the exceptional divisor E in Yy are y» = y3 = 0. We write Hp1, Ha3, and
Has for the subvarieties of Yy given respectively by yo =y1 =0, yo = y3 =10, and ya = y5 = 0.

Lemma 3.4.7. The group action of Stab(£) on Y\ determines the three orbits:
Yv\Haz , Ha3\(Ho1 U Has) , Haz N (Ho1 U Has)

Proof. Write D; and D, for the divisors in X respectively determined by t; = 0 and u; = 0. By
§3.4.5.5, the group action of Stab(£) on X determines the three orbits

£, (D:UD)\L, X\(D:UD,) .

The last two orbits are respectively transformed by ¢y into Ha3 N (Ho1 U Has) and Yy \Has. Thus,
we find two of the orbits in the statement. The orbit Ha3\(Ho1 U Has) follows from the extension
of the action of Stab(£) to Yy, by the action of the group My of matrices of the form (3.23).
Equivalently, this last orbit corresponds to the projection by Iy of general orbit on the exceptional
divisor E of the blow-up Bly X — X, when we let Stab(£) act on Bly X. O

Theorem 3.4.8. Let ¢ be birational of type either (1,2,2), (2,1,2) or (2,2,1). Then, ¢ belongs

to the orbit of one of the following birational maps:
(1,22) _ . : .
P1 = (Sltoul — Sotiur @ Ssotour — Sptiuy - Sitiug — Sotiuy @ Sptiug — Sotlul)

A surface in V,, contains a line and two isolated points with all the coordinates different, i.e.
the projections onto the factors of X = (PL)* are all different. The base ideal is

(t’l, u1) N (So, to, Uo) N (50 — 51, tg — t1, Uug — Ul) .

1,2,2) __ i . .
° pg ) = (Sltoul 1 Sptouy 1 S1tiug — Sptiup : Sptiug + Sotlul)

A surface in V), contains a line and two isolated points with the same coordinate in exactly
one of the factors of X. The base ideal is

(t1, u1) N (So, to, UO) N (So + s1, to, Up + u1) .

(12,2) _ . . .
P3 = (Slt()ul — Sotiuy @ sptour @ S1tiug — Sotiuy - S()tluO)

A surface in V,, contains a line and is tangent to a curve of tridegree (1,1,1) at an isolated
point. The base ideal is

(t1, u1) N (sot1 — sito, Sour — s1up, tour — tiup, 58, Soto, Solo, tg. touo, US) .
(1.2,2) _
Py = (

Sitour — sptiug @ Sotouy - Si1tiug - S()tluO)

A surface in V), contains a line of tridegree (1,0, 0) and is tangent to a curve of tridegree
(1,1,0) at an isolated point. The base ideal is

(tl, Ul) N (Uo, sot1 — s1tp, Sg, soto, tg) .
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1,2,2)
° pg ) = (Sotlul I S1tour C Sitiug  Sotiug — Sotoul)

A surface in V, contains a line of tridegree (1,0,0) and an isolated point, and is tangent to
a curve of tridegree (0,1, 1) at a point of the line. The base ideal is

(t1, u1) N (S0, to, to) N (51, toun — tyug, t, tyuy, U3) .

12,2)
pé ) = (51t1U1 P Sotiur  sitiug + sitour : Sotiug — Sotour — 251t0u1)

A surface in Vi contains a line of tridegree (1,0, 0) and is tangent to two curves of tridegree
(0,1,1) at two distinct points of the line. The base ideal is

(tl, Ul) N (51, touy — tyug, t12, tiuy, U%) N (So + 51, tour + t1ug, t%, tiuq, U%) .

(12,2) _ . . :
P7 = (51t1u1 1 Sotiuy 1 S1tiug — S1tour  Sptiug — Sptour + Sltoul)

A surface in V), contains a line and has contact to a surface of tridegree (0,1, 1) at a point
of the line. The base ideal is

2 .2 2
(t1, ur) N (sitrup — sitour, Sotitg — Sotour + sitour, st, tr, tiug, uy) .

(1.2,2) _ : . )
Ps = (51t1u1 P S1tour — Sotiuy : Sitiug — Sotiug - Sotiug — Sotour — Sotlul)

A surface in Vg, contains a line and has contact to a surface of tridegree (0,1, 1) at a point
of the line. The base ideal is

2 3., 2 92 2
(t1, u1) N(tiug — tour — tiun, si, U7, tiuy, S1uUg, S1UgUy — Souy,

2 3 2 2
tur, Ssitiur, Ssitour — sotiun, B, sity, sitots — soty) .

Proof. By the diagram (3.8), ¢ lies in the orbit of a birational map that factors as ¢’ = {y o7
for some line L in IP’% such that the restriction 7|y, has degree one, i.e. 7|y, is birational.
From Proposition 3.2.6, we have deg Yy, = 3. If L ¢ Yy, then deg(L N Yy) > 2 as otherwise
deg(mi|yv, ) > 1. On the other hand, consider a linear parametrization P — L. Since the ideal
of Yy is generated by three quadratic forms, the pullback of L N Yy, yields three quadratic forms
in PL, implying that deg(L N Yy) < 2. Then, we must have either L C Yy or L ¢ Yy and
deg(L N Y\/) =2.

Given a point P € Yy \Ha3, we find Q = (ap : 1) X (B:1)x (7 :1)in X such that {y(Q) = P.
Write Y:(P) C Yy for the closure of the image of the restriction of {v to PL x (B : 1) x PL.
Analogously, we define Y,(P) C Yy by restricting {v to Pt x P& x (v : 1). Notice that the
restriction of {y to (g : 1) x PL x PL is a projective plane. Both Y;(P) and Y, (P) are smooth
subvarieties of Yy. Given a subvariety S C Yy and a smooth point P in S, we write Tp(S) for
the tangent space of S at P.

Now, we discuss all the possible intersections between L and Yy. In the first place, we assume
that L ¢ Yy:

e If L meets Yy transversally at Pi, P, € Yy \Ha3, and moreover we have P, ¢ Y:(P1) and

P> & Y,(P1), ¢ lies in the orbit of pgl,z,z)

e If L meets Yy transversally at Py, P, € Yy/\Ha3, and either P, € Y;(P1) or P2 € Y,(P1), ¢

lies in the orbit of pgl,2,2)
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If L C Tp(Yv) at a point P € Y\\Ha3, and moreover we have L ¢ Tp(Y:(P)) and
L Tp(Yy(P)), ¢ lies in the orbit of pgl’2'2)

o If LC Tp(Yy) at a point P € Yy\Has, and either L C Tp(Y:(P)) or L C Tp(Yu(P)), ¢

lies in the orbit of p21’2'2)

e If L meets Yy transversally at P1 € Yy \Has, P2 € Has\(Ho1 U His), ¢ lies in the orbit of
(1,2,2)
Ps

e If L meets Yy transversally at Py, Py € Ha3\(Ho1 U Has), ¢ lies in the orbit of pél’z’z)

e If L C Tp(Yy) at a point P € Ha3\(Ho1 U Has) and L C Tp(Ha3), ¢ lies in the orbit of
(1,2,2)
P7

e If L C Tp(Yy) at a point P € Ha3\(Ho1 U Has) and L ¢ Tp(Has), ¢ lies in the orbit of
(1,2,2)
Pg

e If L meets Yy transversally at P € Yy \Has, P2 € Ha3 N (Ho1 U Has), ¢ lies in the orbit of
(1,1,2)
P3

e If L meets Yy transversally at P; € Ho3\(Ho1 U Has), P2 € Haz N (Ho1 U Has), ¢ lies in the
orbit of p21'1’2)

o If L C Tp(Ha3) at a point P € Ha3 N (Ho1 U Has), ¢ lies in the orbit of pél’l'z)

Secondly, we study the cases where L C Yy:

e If L C Yy\Haz, ¢ is not dominant

e If L C Yy and intersects transversally Ha3\(Ho1 U Has), then ¢ lies in the orbit of pgl’l'l)

If L C Yy and intersects transversally Ha3 N (Ho1 U Has), @ lies in the orbit of pgl’l'l)

If L C H23\(H01 U H45), and L ¢ Hxz N (H()l U H45), ¢ lies in the orbit of ,021'1'1)

3.4.4. Orbits of birational maps of type (2,2,2)

Let @ be a point in X and let A, u, v € C*. There is always an automorphism of R that sends the
ideal /g(x,u,v) (see Notation 3.2.3) to

I"=lgi1,1,1) = (s1touo + Sotiio + Sotoun , Sotiun, Sitour, Sitito, Sityiur) ,

where Q" = (1:0)® € X. In particular, any birational map of type (2,2, 2) lies in the orbit of a
birational map with the singular point defined by /I’ in its base locus. Let Stab(Q’(1,1,1)) < Aut(X)
be the stabilizer of this singular. Then, in order to study the orbits of the right-action in Bir(, 5 ),
we can compute the orbits of the group action given by the stabilizer Stab(Q’(1, 1, 1)) acting on
Yv, where we set V = I'(1 11). The birational map ¢y : X --» Yy C P2 in the diagram (3.8) is
now

(So : 51) X (to : tl) X (Uo : Ul) — (SltOUO “+ Sotiug + Sotouy : Sotiuy : Sitouy : Sitiug - 51t1u1) ,
(3.17)
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and the defining equation of Yy in P{ is y1y> + y1y3 + yay3 — yoya = 0. On the other hand,
the projection Hy = My (E) of the exceptional divisor E is the hyperplane section in Y\ given
by y4 = 0. The divisor Hy is again a 2-dimensional cone, of singular point O = (1:0:0:0:0).
Similarly, we define the points

P1=(0:1:0:0:0), P,=(0:0:1:0:0), P3=(0:0:0:1:0).

Lemma 3.4.9. The group action of Stab(Q'(1,1,1)) on Yy determines the four orbits:

Yw\H4 , H4\(OP1 U OP> U OP3) , (OPl U OPy U OP3)\O , O

Proof. Write Ds, D, and D, for the divisors in X defined respectively by s; = 0, t; = 0, and
up = 0. Similarly, write D, Ds, and Dy, for their intersections, with the obvious notation. By
§3.4.5.5, the group action of Stab(Q’(1,1,1)) on X determines the four orbits

Ql ’ (Dst U Dsu U Dtu)\Ql 1 (Ds U Dt U Du)\(Dst U Dsu U Dtu) 1 X\(Ds U Dt U Du) .

The last three orbits are respectively transformed by ¢y into O, (OP; U OP, U OP3)\O, and
Yv\Ha. Therefore, we find three of the orbits in the statement. The orbit Hs\(OP; U OP> U OP3)
follows from the extension of the action of Stab(£) to Yy, by the action of the group My of
matrices of the form (3.24). Equivalently, this last orbit corresponds to the projection by Iy, of
general orbit on the exceptional divisor E of the blow-up Bly X — X, when we let Stab(Q’(1,1,1))
act on Bly X. O

Theorem 3.4.10. Let ¢ be birational of type (2,2,2). Then, ¢ belongs to the orbit of one of the
following birational maps:

2,2,2) _
22 = (

° p Sotiuy @ Sitouy : Sitiug : Sitoug + Sotiug + Sotoul)

A surface in V,, contains a point and has contact to a surface of tridegree (1,1,1) at a
distinct point. The base ideal is

(So, to, UO) N (SltoUo + sotiug + Sotouy , 512 , S1t1, s1uq, tf , tiuy, u%) . (3.18)

2,22
° pg ) = (51t1u1 D S1tour — sptiuy 1 2s1tiug + Sptiur : S1toug + Sotiug +50t0u1)

A surface in V,, has contact to a surface of tridegree (1,1,1) at a point. The base ideal is

(Ui, tiug, s1u3, 2tiuouy + toui , 2syupuy + Soui , tiur, SitiuL, Sitouy — Sotiuy
512U1 , 2t%uo + totiur, 2s1tiug + sptiu, Sitoup + Sotiug + Sotoun ,

2512uo + sos1U1 , tf , 51t12 , S1tot — sot12 . 512t1 , slzto — sgs1ty, 513) )

Proof. By the diagram (3.8), ¢ lies in the orbit of a birational map that factors as ¢’ = {y o7
for some point L in Yy,. We have the following four possibilities:

o If L € Yy\Ha, ¢ lies in the orbit of p{**?

o If L € Hy\(OP1 U OP>U OP3), ¢ lies in the orbit of p§2’2’2)

o If L € (OP;UOP,U OP3)\O, ¢ lies in the orbit of pS"?)
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e If L= 0, ¢ lies in the orbit of pgl'l’l)

O

Remark 3.4.11 (Singular point in the base locus of a general (2,2,2) birational map). The
singular point in the base locus of a general trilinear birational map of type (2, 2, 2) is not a local
complete intersection. More precisely, let @ be this singular point. Then, Q is a local complete
intersection if and only if deg(Q) = e(Q) (see [149, §14] and [39, §4.1]), where e(Q) stands for
the Hilbert-Samuel multiplicity of Q. Using Macaulay2 [101], we find

deg(Q) = dime X8 — 3
Bq
where R and B respectively stand for the localizations of R and B at Q. On the other hand, since
¢ is birational the Hilbert-Samuel multiplicity of the base locus Z must be 5, as the intersection
of three general trilinear polynomials in (IP’}C)3 has multiplicity 6 (see [96, §4.4]). Moreover, Z is
the union of Q and a simple point P, satisfying deg(P) = e(P) = 1. Therefore, it follows that
e(Q) =4 # deg(Q), and Q is not a complete intesection.

Altogether, Theorems 3.4.3, 3.4.6, 3.4.8 and 3.4.10 provide the complete list of the orbits of the
right-action in Biv(; 1 1). Interestingly, we find the following corollary from this classification.

Corollary 3.4.12. All the irreducible components of Biv(y 1,1) are unirational.

Proof. Let Y be an irreducible component of Bir(; 1 1), as listed in Theorem 3.3.6. The action
of the subgroup H < Aut(X), consisting of the automorphisms ¢ such that the associated ring
automorphism ¢# : R — R is degree-preserving, on any representative of the general orbit of Y
(of the type that labels the irreducible component Y!), as listed in either Theorem 3.4.3, 3.4.6,
3.4.8, or 3.4.10, yields a dominant rational map from H to Y. Since we find a dense affine set in
H = PGL(2, (C)3, the result follows. O

Remark 3.4.13 (Deformation of birational maps). The proof of Corollary 3.4.12 provides dominant
rational parametrizations for each irreducible component of the space of trilinear birational maps.
However, these parametrizations may not be “geometrically intuitive” from the perspective of
geometric design.

To clarify, consider a specific domain, such as the unit cube [0, 1]3 in the affine chart defined
by so # 0, tg # 0, up # 0. When we compose ¢ with automorphisms in Aut(X) and Aut(P3) to
obtain a new birational map ¢/, it's not immediately clear how the image of ¢/([0, 1]3) relates to
the image of ¢([0, 1]3).

In Chapter 4, we tackle the question of deforming birational maps in a geometrically meaningful
way (see §4.3.5). This involves providing a continuous parametrization of the irreducible components
in Bir(11,1), and explaining how to systematically determine new control points for defining trilinear
birational maps. This approach allows users to grasp the variation in the geometry of the rational
map along with the deformation.

3.4.5. The group actions of the stabilizers on Yy

In this section, we describe explicitly the groups of matrices acting on }P’(’é’ that extend the group
actions of the stabilizers, considered in §3.4.2, §3.4.3, and §3.4.4, from X to Yy. These actions
are used in the proofs of Lemmas 3.4.4, 3.4.5, 3.4.7, and 3.4.9, and are thus necessary for the
classification of the base loci.
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3.4.5.1. General strategy for the action extension

Let S C X be one of the stabilized subschemes of the previous subsections, and set V' = (/s)(1,1,1)-
We define a group monomorphism

® : Stab(S) — PGL(N+1,C) (3.19)
o = M,

whose image M,/ induces an action on Pg satisfying

¢v(ep(Q)) = M, - v(Q)

for every Q in X. In particular, since Yy is the closure of the image of ¢y, the action of My
restricts to Y\. Therefore, the group of matrices My extends the action of Stab(S) from X to
Yv. More explicitly, ¢y has the form
{v:iX =P xPLxPL --» Yy CPY = Proj(Cly, ..., yn]) (3.20)
(so:s1)x(to:t1) x(uo:u1) = (& : - :8n)
for some g, = gn(s0, S1, to, t1, Up, u1) defining a basis of V. Given an automorphism ¢ in Stab(S),
the induced ring automorphism ¢# : R — R satisfies ¢ (/) = /. Namely, ¢* restricts to a

C-vector space automorphism of V. Hence, we find an invertible (N + 1) x (N + 1) matrix M,
such that

(0% (g0) - ©*(gn)) =M, (g0 - gn)" .

which yields the group monomorphism ® : ¢ — M, in (3.19).
In the following subsections, we derive the group monomorphism @, or equivalently the group of
matrices My, explicitly.

3.4.5.2. Group of matrices in §3.4.2

3.4.5.3. Nonsingular case
If S = C,, we find
I'=(lc,)1,1,1) = (sotour, sitour, sotaur, sitiun, (Sot1 — sito)uo) = NN,

and ¢y is as in (3.13). Let A, < PGL(2,C)3 be the subgroup of elements of the form

_ _ (Boo Por Boo  Po1 Yoo Yo1
P xp2 s = <,510 ﬁn) 8 (ﬁlo l311> 8 ( 0 'Yll) '

The algebraic group Stab(C,) has two irreducible components Kj and K>, which are isomorphic to
Ao. More specifically, an element in K7 has the form

(S() : 51) X (to : tl) X (Uo : Ul) — (,01(50,51) X (p2(1.'0, tl) X (p3(U0, u1)
whereas elements in K5 have the form

(50 : 51) X (to : tl) X (UO : u1) — (pl(to, tl) X (p2(50,51) X lp3(U0, U1) .
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In particular, ® splits in two monomorphisms ®; : K; = A, — PGL(5, C). The monomorphism ®;
maps ¢ to

B2ov11 BooBo1V11 BooBo1v11 Béiv11 0
BooB1ovV11 BooB11711 Bo1B10711 Bo1B11711 0
BooB1ov11 Bo1B1ov11 BooB11711 Bo1B11711 0

Biov11 BioBi1v11 BioBi1v11 Biimi 0

0 (Bo1B1o — BooB11)Yo1  (BooB11 — Bo1B1o) Yor 0 (BooB1o — BooB11) Yoo

(3.21)
whereas ®, maps ¢ to the same matrix, after the permutation of the columns induced by s; + t;.

3.4.5.4. Singular case
If S = Cy, we find
I =(lc,)a11) = (sotour , sitour, sotrur, sityur, sitiug) = NN,

and ¢y is as in (3.15). Let Ay, < PGL(2,C)? be the subgroup of elements of the form

Qoo Qo1 Boo Bo1 Yoo Yot
— X X = X X .
P LS ( 0 a11> < 0 511) ( 0 'Yll)
The algebraic group Stab(Cy) has again two irreducible components K; and K3, which are

isomorphic to Ay. Similarly, these components encode the permutation of the factors of X. Once
more, ® splits in two monomorphisms ®; : K; =2 A, — PGL(5, C), where ®; maps ¢ to

oo Boov1r @01 Boo¥ir oo Bor i1 o1 Bor Vi1 0
0 a11 Boo Y11 0 a11 Bo1 Y11 0
0 0 oo f11Y11 @01 B11 711 0 , (3.22)
0 0 0 a11 11711 0
0 0 0 a11 f11¥or @11 B11 Yoo

and ®, maps ¢ to the same matrix after the permutation of the columns induced by s; + t;.

3.4.5.5. Group of matrices in §3.4.3
If S =¢, we find

I = (/11)(1,1,1) = (sotour, Sitour, Sotiur, Sitiui, Sotito, Sitiug) =NN g,

and ¢y is as in (3.16). Let A; < PGL(2, C)? be the subgroup of elements of the form

_ (@00 o1 Boo Bo1 Yoo Yot
— X X 1
4 <a10 all) ( 0 ,311> < 0 'Yll>
The algebraic group Stab(£) has again two irreducible components K; and K3, which are isomorphic
to Ag. Now, the automorphisms in Kj fix all the factors of X while those in K5 transpose the last
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two factors. Again, ® as ®; : K; =2 A; — PGL(5, C), where ®; maps ¢ to

ago Boov1r @01 Booyir oo Bor Y11 o1 Boi V11 0 0
a0 Booyir @11 Booyir o0 Boryir i1 Boi it 0 0
0 0 oo B11 Y11 o1 B11 711 0 0 (3.23)
0 0 a10 Briyir  oa1 Bt 0 0 '
0 0 oo B11¥01 o1 Bi1Y¥or oo Bi1Yoo o1 P11 Yoo
0 0 a10Brivor c11Biivor @10BiiYoo @11 Bi1Yoo

and ®, maps ¢ to the same matrix after the

3.4.5.6. Group of matrices in §3.4.4

permutation of the columns induced by t; < u;.

If S is the subscheme defined by I" = Ig/(1.1,1), we find

I = (/I)(1,1,1) = (s1toup + Sotito + Sotour, Sotiur, Sitour, sititg, sitiur) = NN,

and ¢y is as in (3.17). Let As < PGL(2, C)? be the subgroup of elements of the form

_ (@001
0

a1
o 50) . <

Bo 61

0

B1do o (T 01
Bo do 0

Y1 50)
Yo %o

for some (o : @1), (Bo : B1). (Yo : 71), and (8o : 81) in PL. This time, the algebraic group Stab(S)
has six irreducible components Ki, ..., Kg labelled by the permutations of the three factors of X.
Now, ® splits in six monomorphisms ®; : K; = As — PGL(5, C), where ®; maps ¢ to

a0 BoY0 8% aododi (Bivo+ Bovi) Bodod(e1vo + o)

0 ao Bo Yo o 91 0
0 0 o Bo Yo do 91
0 0 0
0 0 0
Y060 01 (o1 Bo + o B1) 63 (a1 B1¥o + o1 Bov1 + o B111)
0 o1 Bo Yo 63
0 oo P10 63 (3.24)
ag Bo Yo do d1 oo Bo1 83
0 oo Bo Yo 83

and similarly for the remaining components, after the corresponding permutation of the columns.

3.4.6. Degenerations of the base loci

Definition 3.4.14 (Degeneration of orbits). Given orbits Oy, O» of the right-action in Bit(y 1 1),
we say that the orbit O; degenerates to O, if the (Zariski) closure of O; contains O;.

From the proofs of Theorems 3.4.3, 3.4.6, 3.4.8, and 3.4.10 we deduce most of the degenerations

of the orbits. Figure 1.3 represents all the degenerations of the possible base loci of trilinear
birational maps. The symbols e and — respectively represent nonsingular points and curves
contained in any surface of the linear system, and o represents a point of contact to a surface.
Similarly, an arrow — represents a tangency at a point to a curve of tridegree (1,1,1), and a
dashed arrow --» a tangency to a curve of tridegree (1, 1,0) or permutation.
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The degenerations of the 0-dimensional base loci require further analysis. Namely, we can derive
the degenerations to base loci of tridegree (1,0, 0) (resp. (0,1,0), (0,0, 1)) by studying the orbits
in the closure Y’ of the image of

X - Y CPE
(50 : 51) X (to : tl) X (Uo : Ul) — (51t1u1 1 Sotiur  s1tour s1tiug - Sptiug +Sot0U1) .

In this case, the entries of ¢’ determine a basis for the graded component l(’1 11) of the ideal

I" = (xoy120 + xoy021) + (x1, y1, 21)* .
Similarly, the degenerations to base loci of tridegree (1,1,0) (resp. (1,0,1), (0,1,1)) can be
deduced from the orbits in the closure Y of the image of
"X - Y'CPE
(so:s1)x(to:t1) X (up:u) +— (sitiug : Sptiug @ sitour @ Sitiuo : Sptoui) ,

where the entries of ¢” now determine a basis of the graded component I(”1 11y of

I" = (xoy021) + (x1, y1, 21)?

Example 3.4.15. The orbits on Y’ of the action given by the stabilizer of the subscheme of X
defined by /I’ are

Y'\Hy , (Hi N Hy)\Ha—3, (Ha—3N Hy)\(H1iUHa), PQ\H:1, HHNHy_3NHy, Q (3.25)
where Hy, Hy_3, Hy are the divisors in Y’ respectively given by t; =0, t —t3 =0, and t4 = 0, and
Q=(1:0:0:0:0), P=(0:1:0:0:0).

Representatives associated to each orbit in (3.25), in the same order, are

12,2 12,2 1,2,2 11,1 12,2 11,1

02 033 a2 pan | 03D s
) —— —— . (1,2,2) 1,1,1)

Since PQ C H_3 N Hy but PQ ¢ Hi N Ha, it follows that pg degenerates to p; , but

pé1'2’2) does not.

3.5. Syzygies and minimal graded free resolutions

In this section we study the syzygies of the entries f = (fy, f1, f2, f3) of trilinear birational maps.
Interestingly, novel methods for the construction and manipulation of birational trilinear volumes
can be derived from the results in this section. Namely, these methods are developed in Chapter 4,
and they are based on the imposition of specific syzygies.

The following theorem yields a birationality criterion that relies on the computation of the first
syzygies of f in some degrees. In order to simplify the statement, we set

e; = (1,0,0), e = (0,1,0), e3=(0,0,1) .

Theorem 3.5.1. Let ¢ be dominant, and let i, j, k be indices such that {i,j, k} = {1,2,3}. Then,
@ is birational if and only if one of the following conditions holds:
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(i) f has syzygies of degrees e1, ey, and es. In this case, ¢ has type (1,1,1).
(ii) f has syzygies of degrees e; and e;, but not ey. In this case, ¢ has type (1,1,1) + e.

(iii) f has a syzygy of degree e;, but neither e; nor ex. Moreover, f has a syzygy of degree either
e; +e; or e; + ey, independent from the first one. In this case, ¢ has type (1,1,1) +e; +ex.

(iv) f does not have syzygies of degree e1, ez, or e3. Moreover, f has two independent syzygies in
each of the degrees e1 + €5, e1 + ez, and ey + e3 satisfying the splitting property in Condition
3.5.7 (see §3.5.1). In this case, ¢ has type (2,2,2).

The proof of Theorem 3.5.1 follows immediately from Propositions 3.5.2, 3.5.4, 3.5.5, and 3.5.8,
and it relies strongly on the geometric classification of §3.4. More explicitly, the composition of a
rational map ¢ with automorphisms of (IP’}C)3 and IP% induces isomorphisms between the syzygy
modules of the entries of both rational maps, with maybe a permutation of the Betti numbers (not
all the automorphisms of (PL)® are degree-preserving, see §3.1.3).

Therefore, the syzygies of f can be computed for the representatives of the finitely many orbits
of the right-action in Biv(y 1 1), listed in Theorems 3.4.3, 3.4.6, 3.4.8, and 3.4.10.

On the other hand, even though Theorem 3.5.1 is suitable for computational purposes, we
provide further cohomological information about the base loci. Namely, we prove that there is a
one-to-one correspondence between the type of a birational ¢ and the shape of the minimal graded
free resolution of its base ideal B. For the sake of comparison, the minimal graded free resolution
of the base ideal of a trilinear rational map with general entries is (we exclude the Betti numbers)

0-R—->RYESR2 R RO LR 5B 0. (3.26)
As we shall see in this section, the resolution is remarkably simpler if ¢ is birational.

3.5.1. Birational maps of type (1,1,1)

For birational maps of type (1,1,1), the minimal graded free resolution of B is Hilbert-Burch.
Proposition 3.5.2. Let ¢ be dominant. The following are equivalent:

(i) ¢ is birational of type (1,1,1).

(ii) The minimal graded free resolution of the base ideal B is

R(-2,—1, 1)
®
0= R(~1,-2,-1) > R(—1,-1,-1)* B BR g ¢, (3.27)
®
R(~1,-1,-2)

i.e. it is Hilbert-Burch. In particular, the base locus Z is a Cohen-Macaulay curve.

(iii) f has syzygies of degrees e, ez, and es.
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Proof. We first prove that (i) implies (if). Let ¢ be birational of type (1, 1,1). Maintaining the
notation of (1.6) for 1, in the Rees ideal J we find the polynomials

SO S1
a a1

to t1
by b1

up U1

. o (3.28)

81 = » 82 = » 83 =

Consider the 4 x 3 matrix M = M(s;, tj, ux), whose (m, n)-th entry is the coefficient of g, in the
variable y,,. By definition, the tuple f = (fo, f1, f2, f3) lies in the cokernel of M. Now, write A, for
the 3 x 3 signed minor obtained by deleting the m-th row of M. Then, the tuple (Ao, A1, A, A3)
also lies in the cokernel of M. Moreover, since ¢ is birational the specialization of the g,'s at a
general point of X yields three independent linear forms in y, so the matrix M has generically rank
3. In particular M has no kernel in R3, and its cokernel is a free R-module of rank one generated
by (Ao, A1, Az, Az). Since the tuples (fo, fi, f2, f3) and (Ao, A1, Az, A3) have trilinear entries,
they must differ by a nonzero constant. Therefore, since codim(B) > 2 the complex

0 R3 M, gt (Bofifoly)

B—0 (3.29)
is a minimal graded free resolution of B. On the other hand, from the Auslander-Buchbaum formula
the quotient ring R/B is Cohen-Macaulay of codimension two (see e.g. [89, §20.4]), which implies
that Z is a Cohen-Macaulay curve.

Clearly (ii) implies (iii). Thus, we now assume (iii) and prove (/). The syzygies of degrees e;,
e, and e3 can be written as

up U1
G G

to t1
by b1

SO S1

, toby — t1 bg =
ay 0 b1 — t1 00

Spd1 — S1d0 = y UpC1 — U1 =

for some linear forms a; = a;(y), bj = bj(y), and cx = ck(y). Then, the rational map from P2 to
X given by
(Vo:y1:y2:y3)—(ap:a1) x (by:b1)x(co:cr)

must be the inverse rational map of ¢. Hence, ¢ is birational of type (1,1,1). O

Remark 3.5.3. Notice that the proof of Proposition 3.5.2 is independent from the classification
of §3.4. In particular, it is valid to use Proposition 3.5.2 in the proof of Theorem 3.4.3. On
the other hand, it follows from the proof that the base locus Z of a birational map ¢ of type
(1,1,1) is an arithmetically Cohen-Macaulay curve, i.e. the homogeneous coordinate ring R/B is
Cohen-Macaulay, which is stronger than requiring that Z is Cohen-Macaulay.

3.5.2. Birational maps of type (1,1,2)

The study of the syzygies of birational maps of type either (1, 1,2), (1,2,1), or (2,1, 1) is equivalent,
by means of an automorphism of X. In particular, the shape of the minimal graded free resolution
of B is the same up to a permutation of the Betti numbers. Therefore, we restrict to the class of
birational maps of type (1,1, 2).

Proposition 3.5.4. Let ¢ be dominant. The following are equivalent:

(i) ¢ is birational of type (1,1, 2)
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(ii) The minimal graded free resolution of the base ideal B is

R(=2,—1, 1)
®
R(~1,-2, 1)
0 R(—2,-2,-2) = ® S R(-1,-1, -1 B ARE g o (330
R(=2,—1, 2)
®
R(~1,-2, 2)

(iii) f has syzygies of degrees e; and ey, but not e3

Proof. The implication from (i) to (ii) follows from the computation of the minimal graded free
resolutions of the base ideals of all the representatives listed in Theorem 3.4.6 (performed with the
help of Macaulay2). Moreover, it is straightforward that (ii) implies (iii).

Now, we assume that (iii) holds. The syzygies of degrees e; and e, can be respectively written

as

o1 (3.31)

to t1
: tObl_t1b0:’b0 by

S0
Sod1 — S1do = 3

for some linear forms a; = a;(y) and b; = bj(y). Let P be a general point in P2, and let (ag : 1),
(Bo : B1) in PL be the projective points such that

Bo B |
bo(P) bi(P)

Qo Qg

a(P) a(P)| =%

Thus, any point Q in the pullback ¢~1(P) has the form
Q = (ap : 1) x (Bo: B1) x (uo : 1)

for some (up : u1) € PE, since the point Q x P in X x P2 must vanish the polynomials in (3.31).
Moreover, since ¢ is dominant the restriction given by

¢/ . (O{O . C\Cl) X (ﬁo . ,81) X Pg@ -—2 ]P’% (332)
(wo:m) = (f:f:f:f),

where ) = f,(uo, u1) = fo(o, @1, Bo, B1, Uo, u1), is an isomorphism of projective lines. In particular,
there is a unique point in the pullback ¢$~1(P), implying that ¢ is birational. The syzygies of
degrees e; and e determine ¢! on the first two factors of X, and hence the degrees of the s-
and t-surfaces. Moreover, there is no syzygy of degree es. Therefore, ¢ has type (1,1,2). O

3.5.3. Birational maps of type (1,2,2)

Similarly to §3.5.2, we can restrict our analysis to the class of birational maps of type (1,2,2).

Proposition 3.5.5. Let ¢ be dominant. The following are equivalent:

(i) ¢ is birational of type (1,2, 2)
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(ii) The minimal graded free resolution of the base ideal B is

R(-2,-1,-1)
®
R(~2, -2, 1)
0= R(~2,—2,-2)2 ® SR(-1,-1,-1)* B AEE g g (333
R(-2,—1,-2)
®
R(—1, -2, —2)?

(iii) f has a syzygy of degree ey, but neither ey nor e3. Moreover, f has a syzygy of degree either
e1 + e or e; + e3, independent from the first one

Proof. The implication from (u) to (ii) follows from the computation of the minimal graded free
resolutions of the base ideals of all the representatives listed in Theorem 3.4.8 (performed with the
help of Macaulay2). Moreover, it is straightforward that (ii) implies (iir).

Now, we assume that (iii) holds. Without loss of generality, we suppose that f has a syzygy of
degree e; + e,. The syzygies of degrees e; and e; + e, can be respectively written as

sp S
Spd1 — S14d9 = a?) 31 (3.34)
t t
to (so hor + s1h11) — t1 (so hoo + s1hio) = so hoo i sihio  so ho1 41- sihi| ' (3.35)

for some linear forms a; = a;(y) and h; = h;(y). Let P be a general point in P2, and let (c : 1)
in PL be the projective point such that

(671 Qg
ao(P) al(P)

0.

Similarly, let (Bo : B1) in PL be the projective point such that

Qo hoo(P) + a1 h10(P) Qg h01(P) + a1 hll(P)

Bo B ’—O.

Thus, any point Q in the pullback ¢~1(P) has the form

Q= (oo :a1)x(Bo:P1)x (uo: u1)

for some (up : uy) in PL, since the point @ x P in X x P must vanish the polynomials (3.34)
and (3.35). Repeating the argument in the proof of Proposition 3.5.4 with the restriction map ¢’,
it follows that there is a unique point in the pullback $~1(P), implying that ¢ is birational. The
syzygy of degree e; determines ¢! on the first factor of X, and hence the degree of the s-surfaces.
Moreover, there are no syzygies of degrees e, nor e3. Therefore, ¢ has type (1,2, 2). O
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3.5.4. Birational maps of type (2,2,2)

Finally, we study the syzygies of birational maps of type (2,2,2). In this class, f does not have
syzygies of degrees e, e, or e3, and the analysis is more complicated. Moreover, the degree of the
first syzygies alone is not enough to decide birationality, as Example 3.5.9 shows. However, from
Proposition 3.5.8 it follows that birationality can still be decided from the first syzygies of f, by
checking a splitting condition on three related polynomials.

Before stating Proposition 3.5.8, we introduce some hypotheses on the first syzygies.

Notation 3.5.6. If f has two independent syzygies of degree e; + €5, these can be written as
soto 8oo + S1to 810 — Sot1 o1 — Sit1 &1, Soto hoo + Sito hio — Sot1 ho1 — siti b1, (3.36)
for some linear forms gj; = gjj(y) and hj; = hj;(y). We define z; = z1(sj, yn) as

So 800 + S1810 S0 &o1 + S1811
S0 hoo + s1hio S0 ho1 + s1h11

The polynomial z; is nonzero, since the syzygies (3.36) are independent by assumption. Moreover,

S0 800 + 51810 So&o1 +s1811) [(to\ t—fi. (O
2
so hoo + s1hio  so ho1 + s1h11) \ t1 0
implying that z; is a relation in the Rees ideal J of degree (2,0, 0;2).
Similarly, if f has syzygies of degrees e; +e3 and e>+e3, we define the polynomials z, = z5(t;, y,),

73 = z3(uk, yn) from the pairs of syzygies of degrees e, + e3 and e; + e3 respectively. These 2, z3
lie in J, and have degrees (0, 2,0;2) and (0,0, 2;2).

Condition 3.5.7. We assume that f does not have syzygies of degrees e1, ey, or es3, but has a pair
of independent syzygies in each of the degrees e; + ep, e; + e3, and e; + e3. Moreover, at least
two of z1, zp, and z3 have a linear factor of degree (1,0,0), (0,1,0), and (0,0, 1), respectively.

Proposition 3.5.8. Let ¢ be dominant. The following are equivalent:
(i) ¢ is birational of type (2,2, 2)

(i) The minimal graded free resolution of the base ideal B is

R(-2,-2,—1)?
®
0 R(—2,-2,-2)3 = R(—2,—1,-2)2 = R(~1,-1,-1)* B 128 g g (337
®
R(—1, -2, —2)?

and Condition 3.5.7 is satisfied.

Proof. The implication from (i) to (ii) follows from the computation of the minimal graded free
resolutions of the base ideals of the two representatives listed in Theorem 3.4.10. Moreover,
Condition 3.5.7 is always satisfied (these computations have been performed with the help of
Macaulay?2).
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Now, we assume that Condition 3.5.7 holds. Without loss of generality, the polynomials z; and
2 have linear factors } = h(sp, s1) and h = h(to, t1), i.e. we can write

So S1
ap a1

L t
n=h L =h b‘; bll , (3.38)

for some quadratic forms a; = a;(y) and b; = bj(y). Let P be a general point in P3. We now
prove that ¢~1(P) has a unique point in the open set U C X where /; and k are both nonzero.
Given Q € UN ¢ 1(P), the point Q x P in U x P& must vanish the two polynomials in (3.38).
By assumption we have /(Q) # 0 and L(Q) # 0, implying that @ x P must vanish the second
factor in each polynomial. In particular, @ must have the form

Q = (ap : 1) x (Bo : Br) x (uo : u1)
for some (up : uy) in PL, where

ap ay

_ Bo Br |
0(P) a(P) 0 "0'

bo(P) bi(P)

Repeating the argument in the proof of Proposition 3.5.4 with the restriction map ¢/, it follows
that the pullback ¢—1(P) defines a unique point in U, implying that ¢ is birational. Since f has no
syzygies of degrees e, e or e3, ¢ must have type (2,2, 2). O

Example 3.5.9. From Proposition 3.5.8, the minimal graded free resolution of the base ideal B of
a trilinear birational map of type (2,2, 2) is always (3.37). However, the rational map

¢ : PE x PL x P& —-» P2

(So : 51) X (to : tl) X (Uo : u1) — (Sot()ul 1 S1tiug + Ss1tour + Sptiuy + Ss1tiup  Sptiug Slt()Uo)

has a resolution as (3.37) but is not birational, since Condition 3.5.7 is not satisfied.






Chapter 4

Construction and manipulation of
birational trilinear volumes

In this chapter, we provide effective methods to construct and manipulate trilinear birational maps
¢ : (PL)3 --» P3. This is the first family of nonlinear birational transformations between 3D spaces
that can be operated with enough flexibility for applications in geometric modeling (see [183, §7]).
Interestingly, we find a connection between birationality and tensor rank that had remained unseen
so far. This connection is the cornerstone of the results of this chapter.

In order to make our constructions geometrically intuitive, we adopt the standard setting in
CAGD and define these rational maps by means of control points and weights. This point of view
has also advantages from a purely algebraic perspective, since it facilitates the description of the
parametric surfaces and makes the statements of our results lighter. Specifically, a trilinear rational
map is defined by 2 x 2 x 2 = 8 control points P;ix = (1, ik, Yijk, Zijk) in R* and their associated
(nonnegative) weights wjj, for each 0 </, j, k < 1. Thus, we study rational maps defined as

¢:PLxPE xPL --» P3 (4.1)

(so:51) % (to:t1) x (up:ug) Z wiik Pijk bi(so, s1) bj(to, t1) bk(uo, u1)
0<ij k<1

where by(sg, s1) = sp — s1 and bi(sp, s1) = s1 define the homogeneous Bernstein basis of linear
polynomials.

Construction of birational maps: for general rational maps of type (1,1,1), (1,1,2), (1,2,2)
and permutations, we describe the geometric constraints on the control points that are necessary
for birationality, and present constructions for such constrained configurations (Constructions 1,
2, and 3). More importantly, for adequately constrained nets of control points, we prove that
birationality is achieved if and only if a certain 2 x 2 x 2 tensor has rank one (Theorems 4.3.6,
4.4.7, 45.7). As a corollary, we derive formulas for computing exactly the weights that yield
birationality, which are effective for the flexible construction of these transformations in applications.
Additionally, we introduce a notion of “distance to birationality” for trilinear rational maps, and
explain how to continuously deform birational maps. Finally, we provide explicit formulas for the
inverse ¢1 (Theorems 4.3.13, 4.4.19, and 4.5.15), and we give the defining equations of the
irreducible components of the base loci.

4.1. Preliminaries

4.1.1. Motivating by applications

To motivate our work and contributions, we list four questions of interest for applications that
are formalized and answered throughout the chapter. This presentation is useful, since the main
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sections of the chapter preserve the same structure, addressing these questions sequentially for the
different types of trilinear maps. Specifically:

§4.3 deals with birational maps of type (1,1, 1), or hexahedral birational maps
§4.4 deals with birational maps of type (1,1, 2) and permutations, or pyramidal birational maps

§4.5 deals with birational maps of type (1, 2,2) and permutations, or scaffold birational maps

In this thesis, we do not discuss the construction of birational maps of type (2,2,2). There are
two reasons for this. The first one lies in Proposition 3.5.8, which establishes that the syzygies of
the defining polynomials of a birational map of type (2, 2, 2) require additional splitting conditions,
making their analysis more complicated when relying on syzygy-based birationality criteria. Secondly,
the construction of birational maps of type (1,2, 2) is already quite technical (see §4.5), and the
geometric constraints on the control points are complicated due to the presence of quadric boundary
surfaces. Because of this, we expect that (2,2, 2) birational maps are not very suitable for CAGD,
since they are fully quadratic. In particular, we expect that the class of hexahedral birational maps
receives more attention, since it is the simplest to use in applications.

We align our approach with the following principle, which is common to all the existing algorithms
for the construction of birational maps in geometric design (recall §1.1.1):

(iii) Provide strategies for constructing (possibly constrained) nets of control points with sufficient
flexibility, followed by the computation of weights that ensure birationality.

In this direction, the following is the first natural question.

Question 4.1.1. What constraints should be imposed on the control points to ensure the existence
of weights that render ¢ birational?

As we shall see, for a general choice of control points there are no weights that yield a birational
map. Namely, achieving birationality necessitates specific control point arrangements, and Question
4.1.1 demands such constraints explicitly. This question leads us to discover various configurations
of control points where birationality becomes possible: the classes of hexahedral, pyramidal, and
scaffold rational maps (recall Definition 1.2.12). These configurations respectively correspond to
the types (1,1,1), (1,1,2), (1,2,2) and their permutations.

Question 4.1.2. How “far” is ¢ from being birational? how can we compute a birational approxi-
mation for ¢?

The intuition behind this question is clear, but the question itself lacks precision. To formalize it,
the first step is to introduce a notion of distance that provides a precise definition of the term “far”.
In full generality, this presents a delicate challenge. Namely, the distance from ¢ to each of the
components of the locus of birational maps is in general different. Moreover, even when specifying
a component, Question 4.1.2 remains highly challenging due to the fact that a point in the space
of these rational maps is determined by 31 parameters (in the monomial basis: 8 x 4 coefficients
up to scalar; in the Bernstein basis: 3 coordinates x 8 control points + 8 weights up to scalar).

To tackle Questions 4.1.1 and 4.1.2, we establish a connection between birationality and tensor
rank. Specifically, we prove that the simultaneous existence of the necessary syzygies for birationality
(recall Theorem 3.5.1) occurs if and only if a certain tensor with a 2 x 2 x 2 format has rank one.
This connection opens the door to the application of an extensive body of work related to tensor
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rank and low-rank approximations to the study of birational maps. An important tool is the CP
Decomposition (CPD) (e.g. [76, 126, 118, 136]), which enables us to efficiently compute rank-one
approximations for tensors.
More specifically, for adequately constrained control points, we prove that ¢ is birational if and
only if a tensor of the form
Wijk
W= (

4.2
Aoy (42

>0§i,j,k§1
where Ajy = Ajji(Pjjk) are rational functions on the coordinates of the control points, has rank
one. In particular, for each 0 </, j, k <1 it follows that

Wik = o Bj Yk Ajjk (4.3)

for some point (g : 1) X (Bo : B1) X (v0 : 1) in (P%)3. The formula (4.3) is useful for the
computation of birational weights, and explicitly reveals the underlying geometric structure of the
Segre variety associated with (IP’]%Q)? On the other hand, we rely on the Frobenius norm for tensors
(recall Definition 2.2.20) to define our notion of “distance to birationality”. Namely, we measure
it as the distance from W to the locus of rank-one tensors, i.e. the affine cone over the Segre
variety o (P} x P x PL). Remarkably, this distance depends solely on the weights of ¢ (i.e. 8
parameters up to scalar). This is a design-oriented approach, since a designer will typically move
the control points of a rational map but will rarely modify the weights. With this formulation, a
“closest birational map” refers to a point in the affine cone of o (}P’%{ x PL x Pi) that minimizes
the distance to W. Therefore, the problem of computing a closest birational map transfers to
the computation of a rank-one CP decomposition for W. In the context of this thesis, we take
advantage of the Python library TensorFox [32] to accomplish this task.

Although birational maps ensure injectivity on a Zariski open set, the most interesting application is
the exact and fast computation of preimages avoiding numerical solving methods. This computation
is performed through the inverse rational map, and therefore having explicit formulas for ¢—1
becomes imperative. The inverses of birational maps of the same type (i.e. lying on the same
component) obey the same formulas. However, the behavior between distinct types has important
differences, and distinct formulas are required.

Question 4.1.3. If ¢ is birational, how can we compute ¢~1?

The last question concerns the modification of the parameters defining a birational map while
preserving birationality. More specifically, we are interested in modifying these parameters continu-
ously. The process of deformation is instrumental in practice, since applications typically require
the manipulation of the control points until the designer achieves the desired shape. Specifically,
we raise the following query.

Question 4.1.4. Given a birational map ¢, how can we “deform” it birationally to another
birational map ¢17?

A deformation of ¢g to ¢; is simply a continuous map ¢ : [0, 1] — W x P (in the usual topology),
where W and P are respectively the sets of possible weights and control points, such that §(0) = ¢g
and §(1) = ¢1. Question 4.1.4 asks for an explicit deformation & such that §(t) = ¢, is birational
foreach0 <t <1.

Actually, we answer a query more general than Question 4.1.4. Before we address it, we would like
to exclude some degenerate configurations of control points, that are inherent to our formulation.
To this purpose, we include the following remark, and a property that we always require.
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Remark 4.1.5 (Boundary surfaces might not be surfaces). In some degenerate cases, the image of
the specialization of ¢ to some parameters, say (so : s1) = (Ao : A1), might not be a surface, but a
curve or a point due to a contraction. For instance, this occurs if P;go, P10, Pio1, and Pj11 are
colinear, for some i = 0, 1. Similarly, the images of the specializations to two parameters might not
be lines.

Thus, according to Definition 1.2.11, the boundary surfaces and lines might not be, respectively,
surfaces and lines. Even though these concepts are very useful to simplify our statements and
formulas, as proven throughout the chapter, this problem is inherent to their definition. In this
chapter, we avoid these degenerate cases for two reasons:

(i) In general, they lack interest for applications
(i) Dealing with them would make our constructions and arguments cumbersome
Therefore, we will always require that ¢ satisfies the following property.
Property 1. The following conditions are satisfied:
(i) i, T;j, and Yy are smooth surfaces for every 0 </, j, k <1, pairwise distinct
(i) sjk, ti, and ujj are lines for every 0 < i, j, k <1, pairwise distinct

(iii) Pijk = (l,X,'jk,y,'jk,Z,'jk) for every 0 S i,j, k S ]., i.e. it lies in A%

Returning to Question 4.1.4, let P(q; 4, 4;) be the set of admissible configurations that answers
Question 4.1.1 for the type (di, da, d3). We provide a rational parametrization of the irreducible
component labelled by (d1, d2, d3) of the form

¢(d1,d2,d3) : (]P)%R)?’ X P(d1,d2,d3) -3 W X P(dl,dQ,d3) (44)
(o :0) X (Bo:B1) x(o:v1) X (i Pijic ) = (ot we ) X (ot Py ) =
(ot Djaj By o) X (et Pt .)

In particular, ®, 1, o) yields all the weights that make ¢ birational of type (d1, d2, d3) for a valid net
of control points. This parametrization explains how the continuous birational deformation can be
performed. Specifically, a user can decide new control points and compute each new Ay (which
are continuous functions in the coordinates of the points) accordingly to update the weights.

Along this chapter, we illustrate all these applications with a variety of examples.

4.1.2. Notation for this chapter

As usual, we write R = CJ[s] ® C[t] ® Clu] = CJsp, s1] ® Clto, t1] ® Clug, t1] and Cly] =
Clyo, y1, y2. y3], both rings standard graded. Additionally, when we refer to affine spaces A2 (or
A3) in (PL)? and P2, we respectively mean those defined by sy # 0, to # 0, up # 0 and yp # 0.
Furthermore, we denote by 9t the irrelevant ideal of R, namely 91 = (sp, s1) N (to, t1) N (wo, u1).
For the sake of simplicity, we use the standard monomial basis instead of the Bernstein basis.
The purpose of this is to simplify the notation and statements. However, we retain the conventional
formulation in CAGD, and define entries of a trilinear rational maps using control points and



4.1. Preliminaries 99

weights. Specifically, for some Pjx = (1, xjix, yiik. zijx) in R* and wj € C (although we are
primarily interested in real, nonnegative weights), we set
3
¢: (PL)” --» P2 (4.5)

sxtxu — f=(h:h:h:fK)= Z wijk Pji sitjuy .
0<ij k<1

In the case that ¢ is birational, we write
p7t P - (BL)’
Y — g1xg2xgs=(go1:811) X (&2 : g12) x (o3 : &13)
and denote by y — f the specialization y,, — f, for each 0 < n < 3, and by
S—g , t—g , u—g3
the specializations respectively given by
Si— 81 ., tj— g2 , Uk 8k3
for each 0 </, j, k < 1. The following remark serves as a caveat for our choice of basis.

Remark 4.1.6 (Standard basis instead of Bernstein basis). Due to our choice of basis, the intuition
of a deformation of the unit cube in A3 (recall §1.2.3) is lost. Nevertheless, we recover the usual
setting by means of the automorphism of PL x PL x PL sending (s : s1) x (to : t1) X (uo : 1) to

(bo(So,Sl) : b1(50,51)) X (bo(to, tl) : bl(to, tl)) X (bo(UQ, u1) : bl(uo, u1)) .

In all the examples of the section, we apply our results using the Bernstein basis, i.e. we apply the
automorphism above. In particular, the boundary surfaces and lines (recall Definition 1.2.10) need
to be adjusted to our notation. Specifically, in our setting the boundary surfaces are redefined as:

(i) Xo and X are respectively defined by (sp:s1) = (1:0) and (sp:s1) =(0:1)

(i) To and Ty are respectively defined by (tp : t1) = (1:0) and (tp : t1) = (0: 1)

(i) Yp and Y; are respectively defined by (up : v1) = (1:0) and (up : v1) = (0:1)
And the boundary lines are redefined accordingly.

Additionally, we adopt Notation 1.2.18 (see §1.2.3) for the defining vectors and symmetric
matrices of these boundary surfaces. This choice of notation is intentional: the boundary s-, t-, and
u-surfaces are respectively defined by o, Tj, and vy. In particular, the defining polynomials of the
boundary surfaces ¥;, T, and Yj are respectively a;(y), Tj(y), and vi(y) for each 0 <, j, k < 1.
Additionally, given two vectors e = (v, a1, @2, @3) and a = (ag, a1, a2, a3) in C*, regarded as row
vectors, we denote

T

(a,a) =a-a =oapagtoja;t+opar+azas.

On the other hand, for each 0 </, j, k <1 we define
Ajc(so, 51) = wojk Pojk so + wijk Pijk s1 ,

Bix(to. t1) = wiok Piok to + witk Pitk t1
Cij(uo, u1) = wijo Pjjo uo + wj1 Pjjr u1
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which respectively define line isomorphisms to the boundary lines s, tj, and uj;. Furthermore, we
have the identities

f= Z Ajk(So,Sl)tjukZ Z B,-k(to,tl)s;uk: Z C,'j(Uo,ul)S,'tj.

0<j k<1 0<i k<1 0<i,j<1

4.2. Linear syzygies

In this section, we provide several characterizations for the existence of a linear syzygy for the
defining polynomials of a trilinear rational map. More precisely, by “linear syzygies” we mean syzygies
of degree either (1,0,0), (0,1,0), and (0,0, 1). Additionally, the syzygies of B = (fy, f1, f2, f3) can
be identified with linear polynomials in the Rees ideal of B (recall Remark 2.1.37), and we work
with both perspectives indistinctly.

By Theorem 3.5.1, all birational maps admit such a syzygy except for the type (2,2,2). Thus,
all the birational maps considered in this chapter verify these characterizations for at least one
parameter.

4.2.1. Rank characterization

The following lemma characterizes the existence of a linear syzygy of f by means of a matrix rank
condition. It is stated for syzygies of degree (1,0, 0), but it can be easily reformulated for syzygies
of degrees (0,1,0) and (0,0, 1), as done in Remark 4.2.2. Notice that a syzygy of degree (1,0,0)
implies that the parametric s-surfaces are planes (recall §3.1.1). In particular, for such a syzygy to
exist, the boundary surfaces £g and X1 are required to be planes.

Lemma 4.2.1. Let ¢ be dominant, and let Yo, Y1 be planes. Then, f has a syzygy of degree
(1,0,0) if and only if

wigo (@0, P1oo) wi1o (00, P110) wio1 (00, P1o1) wi11 (00, P111)\
rank =1 (4.6)
wooo (@1, Pooo)  wo10 (01, Poto) woo1 (@1, Poo1) woi1 (o1, Po11)

In particular, if (4.6) holds we find a point (ag : 1) in PL (or PL for real weights) such that
— ag wijk (@0, P1jk) = a1 wojk (a1, Pojk) (4.7)
for every 0 < j, k < 1. Then, any syzygy of degree (1,0,0) of f is proportional to
o =0(,5)=0005+ 10151 . (4.8)
Proof. Suppose that f has a syzygy of the form
7 = 7(S0,51) = T So + 151
for some g, 71 in R*. On the other hand, for each i = 0, 1 we define

fi = fi(to, t1, uo, u1) = Z Wik Pijk tjug
0<j,k<1

so that we can easily write f = fy s + f1 s1. In particular, f; defines a rational parametrization of
Y ;. With this notation, we find

<7\',f> =95 <7T0,f> + 5 <7T1,f> =50 (So <‘7T0,f0> + 5 <‘7T0,f1>) + 51 (So <‘7T1,f0> + 51 <‘7T1,f1>) =
Sg <7\'0, fo> + sps1 (<7\'0, f1> + <7\'1, fo>) + 512 <7T1,f1> =0.
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It follows immediately that (7r;, f;) = 0 for both / = 0, 1. By hypothesis, the boundary surfaces
Y0, X1 are both planes. Therefore, f; defines a bilinear rational parametrization to ¥; and any
vector 7 satisfying (7, f;) = 0 must be proportional to &;, as ¥; is defined by the ideal (&;(y)). In
particular, we find 7; = a; o; for some non-zero ;. Hence, we obtain

ag(og, f1) + ai(o1, fo) = Z (oo wijk (@0, P1jk) + a1 woj (01, Pojk)) tjux =0,
0<j k<1

which is satisfied for some ag, a1 if and only if (4.6) holds. Moreover, since ¢ is dominant no row
in (4.6) is identically zero. Thus, (g : a1) € PL is unique and 7 is proportional to o O

Remark 4.2.2. After the obvious modifications, we derive analogous results to Lemma 4.2.1 for
syzygies of degree (0,1,0) and (0,0, 1). Specifically, let ¢ be dominant.

(i) If To and T; are planes, then f has a syzygy of degree (0,1, 0) if and only if

rank (W010 (10, Po10) wi10 (70, P110) wo11 (70, Po11) wi11 (7o, P111>> —1. (49)
wooo (T1, Pooo) wioo (T1. P100o) woo1 (11, Poo1) wio1 (71, P101) ' '

In particular, we find a unique (Bo : B1) in P satisfying
— Bo witk (0, Pi1k) = B1 wiok (T1, Piok) ,
and therefore any syzygy of degree (0, 1,0) of f is propotional to
T=7(to,t1) =PoToto+ P1Ti 1. (4.10)
(ii) If Yo and Y7 are planes, then f has a syzygy of degree (0,0, 1) if and only if

woo1 (vo, Poo1) wio1 (vo, P1o1) woi1 (vo, Po11) wii1 (wo, P111)\
rank =1. (4.11)
wooo (V1, Pooo) wioo (w1, P1oo) woi0 (w1, Poio) wiio (v1, P110)

In particular, we find a unique (o : 1) in I[D(lc satisfying
— %0 wii1 (o, Pjj1) = 11 wijo (v1, Pjjo)
and therefore any syzygy of degree (0,0, 1) of f is propotional to
v = v(up, u1) =0 Yo Up + Y1 V1 U1 . (4.12)

4.2.2. Geometric characterizations

The previous rank conditions can be endowed with a more geometric meaning, related to the
behavior of ¢. Specifically, we now establish connections between:

(i) The linear syzygies of f
(ii) The contractions of ¢
(iii) The geometry of C(f) in the space of 2 x 2 x 2 tensors

To introduce formally the item (ii), we include the following definitions.
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Definition 4.2.3 (Pullback ideal). Let J = (hy, ..., h;) be an homogeneous ideal in Cly]. We
define the pullback ideal of J by ¢ as the saturation of

J = (hy(F), ..., h(F) CR

with respect to the irrelevant ideal 91 C R. Similarly, if ¢ is birational and J = (hy, ..., h;) is an
homogeneous ideal in R, we define the pullback ideal of J by ¢! as the saturation of

J' = (hi(g1.82.83). .- hr(81. 82, 83)) C Cly]
with respect to the irrelevant ideal m = (yp, y1, y2, y3) of Cly].

Geometrically, the pullback ideal by ¢ defines the closure of the union of the base locus of ¢
and the “strict pullback” of the scheme S defined by J, i.e. the closure in (P£)3 of the pullback
(¢|v) " (S) where U C (PL)? is an open set where ¢ becomes a morphism. If ¢ is birational, there
are some subvarieties of P& of codimension greater than one that pullback to surfaces in (IP’}C)3.
The following definition gives a name to this phenomenon.

Definition 4.2.4 (Contractions and blow-ups). We say that ¢ contracts a surface S C (P§)3 if
the image ¢(S) is either a curve or a point. If ¢ is birational, we say that ¢~ blows up ¢(S) to S.

Remark 4.2.5. Notice that ¢ contracts a surface S to a curve (or a point) C if and only if the
pullback by ¢ of the defining ideal of C is principal. If ¢ is birational, ¢ blows up a curve (or a
point) C to a surface S if and only if the pullback by ¢! of the defining ideal of C is principal.

The following remark explains how the existence of a linear syzygy of f can be characterized as a
specific contraction of ¢.

Notation 4.2.6. Given indices 0 < /,j, k < 1, we denote their converse by i*, j*, k*. More
explicitly, we set 0* =1 and 1* = 0.

Remark 4.2.7 (Contraction of bilinear surfaces). With the hypotheses of Lemma 4.2.1, we find

(i, f) = sj« Z Wixjic (7, Pixjic) tj ui = six gi(to, t1, o, u1) -
0<j,k<1

In particular, the coefficients of g; in the monomial basis coincide with the entries of the (i + 1)-th
row in (4.6). Therefore, if (4.6) is satisfied, we find a (ap : o) in PE such that g = ajgj. In
particular, the pullback by ¢ of the ideal defining the line s = ¥y N X is principal, and generated
by the polynomial g of degree (0, 1,1). Geometrically, f admits a syzygy of degree (1,0, 0) if and
only if ¢ contracts a surface of degree (0,1, 1) in (P%)3 to the line s.

Repeating the argument with the rank conditions (4.9) and (4.11), we conclude that f admits
syzygies of degrees (0,1,0) and (0,0, 1) if and only if there are surface of degrees (1,0, 1) and
(1,1,0) that are contracted to the lines t = To N T1 and u = Yy N Y1, respectively.

Remark 4.2.8 (Lines in o (P§ x P3)). If f admits a syzygy of degree (1,0,0) as (4.8), then by
the previous Remark 4.2.7 there is a polynomial g of degree (0,1, 1) such that

()\0 : >\1) — <>\0 oo+ oy, f) = (>\0 a1 S0 + A1 o Sl)g(to, t1, up, u1)
is a line isomorphism Py — o (P} x P3), where o (P§ x P3) is the Segre variety in the space of
2 x 2 x 2 tensors, or equivalently trilinear polynomials, representing the polynomials with one linear
factor of degree (1,0,0) (see §2.2.3). In particular, its image is the Segre embedding of the line
Ph x {g}-
Therefore, f admits a syzygy of degree 1 x 0 x 0 if and only if the linear system C(f) contains a
line of the form o (P} x {g}) for some polynomial g of degree (0, 1, 1).
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4.3. Hexahedral birational maps

In this section, we study the first and simplest family of trilinear birational maps: the class of
hexahedral birational maps.

Definition 4.3.1 (Hexahedral rational map). A trilinear rational map is hexahedral if it satisfies
Property 1 and all the boundary surfaces are planes.

The most interesting case in applications, that gives the name to this family, is when the
control points define a quadrilateral-faced hexahedron. Interestingly, hexahedral birational maps
are the direct generalization to 3D of the 2D quadrilateral birational maps studied in [185, 28],
since the minimal graded free resolution of the base ideal is Hilbert-Burch (recall Propositions
2.2.25 and 3.5.2). In Chapter 5, we generalize the construction of these two families of birational
transformations to an arbitrary dimension. In particular, we will derive analogous results to those
presented in this section.

4.3.1. Construction of control points

Following the motivating questions listed in §4.1.1, we begin describing the geometric constraints
on the control points necessary for birationality. Furthermore, we propose an effective construction
for such constrained nets of control points.

Firstly, we make the following straightforward observation.

Remark 4.3.2. If ¢ is a birational map of type (1,1, 1) satisfying Property 1, then it is hexahedral.
Namely, by definition the parametric surfaces (and in particular the boundary surfaces) are planes.

Remark 4.3.2 combined with Theorem 4.3.6, stated and proven in §4.3.2, provides an answer
to Question 4.1.1 for birational maps of type (1,1,1). More precisely, when ¢ is hexahedral we
can compute weights that render ¢ birational of type (1,1, 1). Specifically, we find the following
corollary.

Corollary 4.3.3. The set

P(l,l,l) = {{Pijk}Ogi,j,kgl : (}5 is hexahedra/}

answers Question 4.1.1. More explicitly, for every net of control points in P11y we can find
weights that render ¢ birational of type (1,1, 1).

In practice, nets of control points in P11 1) can be given indirectly if, instead of listing the
constrained control points explicitly, a user decides boundary planes ¥;, T;, Yi under no geometric
constraint. The generation of a net of control points using Construction 1 is illustrated in Figure
4.1,

Construction 1 (Control points for hexahedral rational maps). A net of control points in Py 1 1)
can be generated as follows:

1. For each 0 <, j, k <1, choose planes X, T;, Y\ such that ;N T; N Y is a point in A%

2. Define Pijk =¥;N TJ N Yy
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Figure 4.1.: the control points of a hexahedral rational map, computed using Construction 1. The
boundary planes ¥, X1 appear in red, Tg, T1 appear in green, and Yp, Y7 appear in blue.

4.3.2. Effective computation of weights

In this section, we establish for the first time our birationality criterion based on a rank-one condition
on a 2 x 2 x 2 tensor, for the class of hexahedral rational maps. This is the main result of the
section.

Notation 4.3.4. Let ¢ be hexahedral. We introduce the following notation:

(i) For each 0 <1i,j, k <1, the boundary planes ¥;, T, and Yj are respectively defined by the
vectors

oi=(ooi o1 o2 03) . T=(T0; T T2 73) . k= (vok Uik U2k V3k) -

(i) If ¢ is hexahedral, Pjj can be expressed as the wedge of the vectors a;, Tj, and vy defining
the boundary planes. More specifically, we have

Pijk = A;kl o \Tj A\ Vg, (4.13)

where
o1j 02i O03f

Ajj = |T1j T2 T3 (4.14)
Vik U2k U3k

foreach 0 < /,j, k < 1.

Remark 4.3.5 (Nonzero and positive Ajjx). Notice that Ay is zero if and only if Pjj lies at the
plane yo = 0 “at 00" in P2, a possibility excluded by Property 1. Namely, Ajj is the first maximal
minor of the 3 x 4 matrix with @, Tj, and vy as rows, and the four 3 x 3 minors, with alterned
sign, determine P jj.

On the other hand, the rows of the determinant Ajj can be regarded as the normal vectors
of the affine boundary planes. In the most interesting case for geometric modeling, when these
boundary planes define a quadrilateral-faced hexahedron, the nonnegativity of Ay can be ensured
by choosing all these normals “pointing to the same side” of the hexahedron. More precisely, we
can always choose g, o1 such that (¢, P1jx — Pojk), (01, P1jk — Pojk) > 0 for some (and hence
all) 0 <j, k <1.
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The following theorem relates birationality, the existence of linear syzygies, and tensor rank. It is
our key ingredient to answer the questions posed in §4.1.1 for the class of hexahedral birational
maps.

Theorem 4.3.6. Let ¢ be hexahedral. Then, ¢ is birational of type (1,1,1) if and only if the

2 X 2 X 2 tensor
W= (Wffk) (4.15)
Ajjk 0<i j k<1
has rank one.

Proof. By Theorem 3.5.1, ¢ is birational of type (1,1, 1) if and only if f admits syzygies of degrees
(1,0,0), (0,1,0), and (0,0,1). Equivalently, by Lemma 4.2.1 and Remark 4.2.2, ¢ is birational if
and only if the rank conditions (4.6), (4.9), and (4.11) are simultaneously satisfied.

We rewrite the rank conditions (4.6), (4.9), and (4.11) so that the matrices involved have the
same entries. For any 0 </, j, k <1, we can write

AOjk <0'1, POjk> = 0'1/\0'0/\‘7'_,'/\‘Uk = _Aljk Al_JI:E 0'0/\0'1/\TJ'/\'Uk = _Aljk <0'0, Pljk> . (4.16)

In particular, (4.6) can be equivalently written as

—1 —1 —1 —1
w100 A100 wi1o A110 wio1 A101 wiit A111 _
rank -1 1 1 -1 = 1 . (417)
wooo Aooo wo1o Do1o woo1 Aoo1 wo11 Do11
With a similar argument, we derive
Ajok (11, Piok) = —Di1k (10, Pi1k) . Djjo (v1, Pjjo) = —Ajj1 (vo, Pjj1) ,
and (4.9) and (4.11) can be respectively rewritten as
~1 ~1 ~1 ~1
wo10 Do10 wi1o A110 woi1 Do11 wiir A111 _
rank 1 -1 1 1] = 1 , (418)
wooo Aooo wioo A100 woo1 Aoo1 w101 D101
~1 ~1 ~1 ~1
woo1 Aoo1 wio1 A101 woi1 Ao11 wiit Ar1n -
rank -1 -1 -1 -1 =1. (419)
wooo Aooo w100 A100 wo10 Ao1o w110 A110

In particular, the matrices in (4.17), (4.18), and (4.19) are the three flattenings (recall Definition
2.2.3 and Example 2.2.5) of the tensor W in the statement. By Lemma 2.2.16, they have all rank
one if and only if W has rank one. O

Corollary 4.3.7. Let ¢ be hexahedral. Then, ¢ is birational of type (1,1, 1) if and only if
Wijk = & ,Bj Yk Aijk (4.20)
for some (ag : o1) X (Bo : B1) X (0 : m) in (PL)3.

Proof. The tensor W in (4.15) has rank one if and only if it lies in the Segre embedding of (P%)3
(see §2.2). O

Remark 4.3.8 (Nonzero, real, and positive weights). In particular, we must have a; # 0, B; # 0,
and 7y, #£ 0 for every 0 < /,j, k < 1. Namely, if a; = 0 then the weights wjqg, wj10, Wio1, and w11
are also zero, and the image of ¢ lies in X;x. The obvious observations hold for the other indices.

In applications, a designer is typically interested in rational maps with real coefficients. Because
of this, we will in general choose (cg : 1) % (Bo : B1) x (Y0 : 71) in (P%)3. Even more, nonnegative
weights are preferred in order to preserve the property that ¢ ([O 1]3) lies in the convex hull of the
control points. If the control points define a quadrilateral-faced hexahedron, positive weights can
be ensured by choosing a;, Bj, v« > 0 and by Remark 4.3.5.
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4.3.3. Distance to birationality

We now address the question of measuring the distance of a trilinear rational map to the locus of
birational maps. Interestingly, Theorem 4.3.6 provides a way to quantify this distance. Specifically,
we introduce the following definition.

Definition 4.3.9 (Distance to birationality: hexahedral). Let ¢ be hexahedral with real weights,
and let W in R?>*?*2 be as in Theorem 4.3.6. We define the distance to birationality of ¢,
denoted by disty;(¢), as the relative distance from W to the affine cone over the Segre variety
o (P} x Pg x P§), with the Frobenius norm (Definition 2.2.20) in R2*2*2. More explicitly,

_ . |IW = P]
distp;, = —_— 4.21
steir(@) = gt ) (4.21)

Remark 4.3.10. Although ¢ is defined up to nonzero constants for the vector of weights w =
(Wjjk)o<ijk<1 and the defining vectors of the boundary planes a;, Tj, vk, any choice of such
constants yield proportional tensors W (the determinant is multilinear). In particular, for nonzero
constants \, i, we can write

WPl AW TP W P W - P
Pev  ||IAW]| Pev IAW| Pev W] pev |lpW|
and distp; (¢) is thus well defined.

Therefore, in order to compute a birational map that approximates ¢, we can solve the minimization
problem

mPin distpi, (M — P) where P = Xa ® B ®y for some a, B, in R? and X # 0 (4.22)

or simply

mFi>nHM — P|| where P = Aa® B ® for some a, 8,7y in R? and A # 0, (4.23)

i.e. we can compute a rank-one CP decomposition of the tensor W (see §2.2.2.2).

Remark 4.3.11. Since the Frobenius norm is actually the Euclidean norm in R8, an optimal solution
to (4.23) is among the orthogonal projections of W onto the affine cone over o (Pﬁg x P x Pﬁ).
By [88, Example 8.2], for a general W there are exactly 6 orthogonal projections onto this variety.

In the following example, we explicitly compute a birational map that approximates a hexahedral
rational map that is not birational.

Example 4.3.12 (Computation of a birational approximation: hexahedral). Consider the boundary
planes defined by the vectors (with exact rational entries!)

oo= (016 —045 —0.07 —0.14) , o1 =(1.25 —0.63 —0.32 —0.63) ,

=0 0 0 1) , ;= (-118 0.18 051,1) ,

vw=(0 01 0) , vy=(-117 01 08 0.54) .
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Figure 4.2.: deformations of the Stanford bunny [172] using the hexahedral birational maps of
Example 4.3.12. To recover the intuition of a deformation of the unit cube, we have replaced the
monomial basis by the Bernstein basis (see §4.1.2). In the left image, we use ng =1 for every
0 <i,Jj,k < 1. The right image showcases the effect of utilizing the birational weights extracted
from the rational rank-one approximation W1 of the tensor WP. These weight adjustments subtly

influence the deformation, while simultaneously ensuring the existence of an inverse transformation.

For each 0 </, j, k <1, we can use the formula (4.13) and express P = ¥; N T; N Y} as the

exterior product
Pix = Aijkl o AT AUy (4.24)

where each Ay can be computed using (4.14). Specifically, we find the exact rational numbers
Apgp = 0.45, A1g0 =0.63, Agig =0.4248 , A0 = 0.5166 ,
Apor = 0.353, Ajo1 =0.472, Ag11 = 0.222854 , Ay1; = 0.271012 .

Suppose that we initialize the weights as ng =1 for every 0 < /,j, k < 1. Then, the tensor

0
wo — [ Yk
Ajik .
0<i,j,k<1

WO (22222 2.3540... WO _ (2.8328... 4.4872...
{k=0} — \1.5873... 1.9357... {k=1} =~ \2.1186... 3.6898...

given by

does not have rank one. Using the Python library TensorFox [32], we compute the rational rank-one

approximation of W?©°
1
W
1_ ijk _
W+ = (Al. ) =
ik / 0<i,jk<1

(ag, @1) ® (Bo, B1) ® (70, 11) = (1.56, 1.24) ® (1.12, 1.65) ® (1.02, 1.71) ,

which yields the tensor

Wi _ (1.7821.. 2.6254... Wi _ (2.9877... 4.4015...
{k=0} 7 \1.4165... 2.0869...) ' ~tk=1} 7 \2.3748... 3.4986...
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In particular, using W' we can upper bound the distance to birationality of ¢ as

[we — wij

= 0.0847 ...
Iwe]

diStbir(¢) <

Furthermore, by Corollary 1.2.16 recomputing W,-}k = o B Yk A}jk renders ¢ birational. Specifically,
we find the birational weights

Waoo = 0.8019 ... , wipy = 0.8924 ... , wio = 1.1153... , wi;, = 1.0781... , (4.25)
Woor = 1.0546 ... , wip; = 1.1209... , wiy; = 0.9809... , wij; = 0.9481 ...

Notice that, although we show approximations, the weights are exact since a;, Bj, vy« and Ajj are
rational numbers. In Figure 4.2, we present a comparison between the deformations resulting from
the original rational map, with uniform weights w;jjx = 1 for every 0 <, j, k <1, and its birational
approximation, utilizing the weights specified in (4.25).

4.3.4. Inverse rational map and base locus

At this point, we address the most important computational advantage of birational maps: the
efficient (and exact over Q) computation of preimages.

The following result presents explicit formulas for the inverse ¢~ of a hexahedral birational map.
Moreover, we provide a minimal set of generators for the base ideal, and explain the contractions
and blow-ups.

Theorem 4.3.13. Let ¢ be hexahedral, with weights as in Corollary 4.3.7. Then, ¢~ is given by

y = (—a1ai(y) : aooo(y)) x (=B1Ti(y) : BoTo(y)) x (=1 va(y) : ¥o vo(y)) -

Moreover, the base locus of ¢ is the curve C C (PL)® defined by the ideal

B = E wojk (a1, Pojk) tjuk , E wiok (T1, Piok) Sitk E wijo(v1, Pjjo) sitj |
0<j,k<1 0<i k<1 0<ij<1

and the base locus of ¢~ is the union of the lines s = Yo N¥1, t = ToN T, and u= Yy N Y;.
Additionally:

e ¢ contracts the surfaces in (IP’(IC)3 defined by the first, second, and third generators of B to
the lines s, t, and u, respectively

e [f the lines s, t, and u mutually do not intersect, then ¢ blows up C to the unique smooth
quadric Q C IP’(% through the lines s, t, and u

Proof. By Corollary 4.3.7, a hexahedral rational map is birational if and only if the weights satisfy
(4.3.7) for some (c : 1) X (Bo: B1) X (Y0 : 71) in (PE)3. In particular, we can write

-1
f= E Wijk P,‘jk Sitiug = E (a,-ﬁj'yk A,jk) (AUk 0','/\‘1'j/\‘Uk> Sitjug =
0<i,j,k<1 0<i,j,k<1

Z (Ot,' 0','5,') A (,3,1'J tj) A ('yk Vg uk) = 0'(50, 51) A ‘T(to, tl) A ‘U(UO, u1) ,
0<i,j k<1



4.3. Hexahedral birational maps 109

where o (sp, s1), T(to, t1), and v(up, u1) are as in Lemma 4.2.1 and Remark 4.2.2. Therefore, f
admits the linear syzygies

o(so,s1;y) = agoo(y)so+ a1 o1(y) st = sog11(y) — s1 go(y) .
)

T(to, t1;y) = Bo To(y) to + B1 T1(y) t1 = to g12(y) — t1 go2(y
v(uo, u1;y) = Yo vo(y) o + v1 v1(y) ur = uo g13(y) — u1 go3(y)

and ¢! is thus given by

y — (go1(y) : g11(y)) x (go2(y) : &12(y)) x (803(y) : £13(¥)) -
Regarding the base locus of ¢, we find

o)f)=a1s1a , o1(f)=—aospa

where a = a(tp, t1, uo, u1) is proportional to the first generator of B (recall Remark 4.2.7). Similarly,
we find

() = (1Y Bt b, wk(f) = (=1) yie e €,
where b and ¢ are the second and third generators of B. Hence, the graded component V =
(BN M) 4,11 lies in C(f). Since dim¢ V' = 4, it follows that V' = C(f) and B defines the base
locus of ¢. On the other hand, the base ideal of ¢! is the intersection

(go1, g11) N (802, g12) N (&o3, &13)

which defines the union of the lines s, t, and u. Furthermore, by Remark 4.2.7 the first, second,
and third generators of B define the surfaces contracted by ¢ to s, t, and u, respectively.

Finally, the pullback of B by ¢! (recall Definition 4.2.3) must yield a principal ideal J C Cly],
since as ¢ is birational (the composition yields the identity on an open set) we find

(fo(g1.82.83), f1(81.82.83), f2(81.82.83) . 13(81.82.83)) = q(y) Vo. y1. y2. y3) .

for some g(y) homogeneous and quadratic. If the lines s, t, and u mutually do not intersect, then
J is generated by a quadratic form that vanishes at the three of them. Therefore, by Lemma 2.2.23
J defines the unique smooth quadric through the lines. O

Remark 4.3.14 (Base locus in practical applications). One of the primary applications of birational
transformations in CAGD is to ensure injectivity within a specific domain. While birational maps
are injective in an open (Zariski) set, they may lose this property on the contracted loci, and are
not even defined on the base locus. Therefore, having control over the base locus through its
explicit defining equations can prove valuable in practice. In particular, these equations serve as a
means to test whether the birational map is injective within a particular domain.

Example 4.3.15. Using the data of Example 4.3.12, the (exact!) inverse rational map of ¢ is
given by

y— (1.24 o1(y) : 1.56 oo(y)) x (1.65 T1(y) : 1.12 70(y)) x (1.71 v1(y) : 1.02 vo(y))

Moreover, since the lines s = Y9N X1, t = ToN T1, and u = Yy N Y7 do not intersect, the base
locus of ¢ is blown-up to the quadric @ through s, t, u, defined by the quadratic polynomial

> wir(vo, Pji) (s ain(y)) (B 7j+(y)) = a0 Bo B D Dj yiji @i (y) T+ (y)

0<i,j<1 0<i,j<1
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which, up to nonzero constant, is

q(y) = 86855198 y3 — 83702178 yo y1 + 10747080 y? — 61871537 yg y» + 34161786 y; y»
+ 10516557 y2 — 154343278 yg y3 + 93619656 y; y3 + 50553377 yo y3 + 58824388 y2 .

Additionally, the pullback polynomial g(f) yields a trilinear polynomial with the factors

hi(t, u) = 3907008000 tyup — 1190646000 t1up — 376698560 touq + 47450751 tyu
ha(s, u) = 221972400 spup — 39841200 s;up — 112388133 spu; + 8111542 5311 ,
hs(s, t) = 222986400 sytyp — 435507520 51ty — 368641338 spt; + 721224457 st ,

which respectively define the surfaces contracted to the lines s, t, and w.

Remark 4.3.16 (Polynomial hexahedral birational maps). Polynomial maps that are nonrational,
i.e. the entries are given by polynomials and not rational functions, are sometimes preferred
for applications. In the conventional formulation in CAGD, using the Bernstein basis, this case
corresponds to wijx = 1 for every 0 </, j, k <1 since

fo = Z Wijk b (So S]_) b; (to 1.'1) bk U() U1 Z b (So 51 to t]_) bk(UO Ul) = Sotoup ,
0<i j,k<1 0<i j,k<1

and in the affine chart A3 of (PL)3 given by so # 0, to # 0, and up # 0 we can set f5 = 1.
Therefore, in this chart ¢ : A3 — A3 restricts to a polynomial morphism. From our former results,
we derive the following corollary.

Corollary 4.3.17. Let ¢ be hexahedral, and wjjx =1 for every 0 < i, j, k < 1. If the control points
define a parallelepiped, then ¢ is birational of type (1,1,1).

Proof. For the same considerations in Theorem 4.3.13, ¢ is birational of type (1,1, 1) if and only
if the rank conditions (4.6), (4.9), and (4.11) are simultaneously satisfied. Since wjj = 1 for every
0 <i,j, k <1, this is equivalent to the matrices

<<¢To, Pljk>> <<Toy Pi1k>> <<on PU1>>
(o1, Pojk) 0<jk<l (71, Piok) 0<ik<1 (v1, Pjo) 0<i,j<1

having rank one. On the other hand, we can write

(@1, P;

~1
Uk> - ||0',|| <||0',|| gj,

uk> = ||a|| sdist(X;, Puk)

where sdist(-, -) is the signed Euclidean distance. Hence,

nk (‘0’0’ SdiSt(Zo, Pljk)

. K (SdiSt(Zo, Pljk)
H0'1H Sdist(zl, POjk)

o Sdist(zl, P()J'k)

>O§j,k§1 >0§j,k§1

In particular, the rank is one if the boundary planes X, X1 are parallel. The analogous observations
hold for the remaining two matrices. O
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Figure 4.3.: a birational deformation of the hexahedral birational map of Example 4.3.12. The
boundary plane ¥;, previously defined by the vector 7 = (1.25 —0.63 — 0.32 — 0.63), is updated
to the plane defined by 1 = (2.31 —0.84 — 0.2 — 0.32), yielding new control points. Additionally,
the weights are also updated to preserve birationality.

4.3.5. Deformation of birational maps

The construction of nets of control points for hexahedral rational maps of §4.3.1 and Corollary 4.3.7
yield a dominant rational parametrization of the irreducible component of trilinear birational maps
of type (1,1,1). Unlike the dominant rational parametrization that follows from the geometric
classification of §3.4, based on the composition of a representative with the automorphisms in
Aut((PL)®) and Aut(P2) (used in the proof of Corollary 3.4.12), we provide a parametrization where
a designer grasps the geometry of the constructed map. Namely, birational maps are parametrized
by means of the boundary planes and weights.

By (4.13), the control points of a hexahedral rational map are defined by 6 nonzero vectors
00,01, To, T1, Vo, and vy defining the boundary planes, i.e. by a point in G(11,1) := (P2)%)3. In
particular, we have the dominant rational parametrization

P1,1,1) (PR)* x 9a11y — WxPaiy (4.26)

(a0 : 1) X (Bo: 1) x (Y0 :711)
X — (...:A,-jka,-ﬁjfyk:...)><(...:Ai;klo',-/\n/\vk:...)

(0'0,0'1) X (70,1'1) X (Uo, ‘Ul)

Therefore, ¢ can be deformed by adjusting the control points deciding new boundary planes,
updating the A accordingly, and adjusting the weights as a point in (P%)3.

The following is an example of a deformation of the hexahedral birational map constructed in
Example 4.3.12.

Example 4.3.18 (Deformation of a hexahedral birational map). Starting where we left it at Example
4.3.12, suppose that we want to update the control points, as a user frequently does during the
design process. However, we want to do so preserving birationality. In particular, the property of
being hexahedral must(!) be preserved. If a single control point is moved, the new rational map is
no longer hexahedral. Therefore, several control points must be moved simultaneously, making the
update cumbersome.
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An easier approach is to update the boundary planes instead, and compute the control points
accordingly using the identity (4.24). In our example, we update

o, = (125 -063 —0.32 -063) — o= (231 —0.84 —02 -0.32) .

In particular, for each 0 < j, k <1 the values of Ay — A%jk must be recomputed accordingly
using (4.14). Therefore, if we recompute the weights using

wijk = a1 B Yk A:?jk
for each 0 < j, k < 1 and the same (ag, a1) ® (Bo, B1) ® (Y0, ¥1) as in Example 4.3.12,

birationality is preserved.

4.4. Pyramidal birational maps

In this section, we study the second family of birational maps: the class of pyramidal birational
maps. This name is motivated by the geometry of the control points of birational maps of type
(2,1,1), (1,2,1) and (1, 1,2) (see Proposition 4.4.3).

Definition 4.4.1 (Pyramidal rational map). A trilinear rational map is pyramidal if it satisfies
Property 1 and for one of the three parameters:

(i) The four boundary lines intersect at a point
(ii) The two boundary surfaces are quadrics

Remark 4.4.2. In Definition 4.4.1, we require that a pair of boundary surfaces are smooth quadrics
to exclude hexahedral rational maps.
4.4.1. Construction of control points

Once again, we start explaining the necessary constraints on the control points for birationality to
be possible. Firstly, we prove that general birational maps of type (1,1,2), (1,2,1), and (2,1,1)
are pyramidal. Without loss of generality, we can restrict to the first type.

Proposition 4.4.3. If ¢ is a general birational map of type (1,1,2), then it is pyramidal. In
particular, the boundary u-lines meet at a point V' (in P3 ).

Proof. By Theorem 3.4.6, ¢ has a base point defined by the ideal

(3(50, 51) , b(to, tl) , e(uo, ul)) (4.27)

for some linear a(sp, s1), b(to, t1), and e(up, u1) in R. In particular, the pullback ideal by ¢

(a(go1. &11) + b(go2, &12) . e(803. 813)) (4.28)

is principal in C[y]. More specifically, the blow-up 7 : X = Blz(P% x PL x PL) — (P x PL x PL)
of PL x PL x PL along the base locus Z of ¢ is isomorphic to the graph of ¢ (see §2.1.4). In
particular, the exceptional divisor of this blow-up has two irreducible components, which are Cartier
divisors (i.e. they have codimension one in X), since X can be obtained by blowing up P(lc X IF’}C X IP)(IC
along the curve in Z and the base point in (4.27), subsequently. Hence, the image of each of these
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Figure 4.4.: the generation of the control points of a pyramidal rational map, computed using
Construction 2. The left image shows the choice of the boundary u-lines through a common point.
The right image illustrates a choice of two control points per line.

irreducible components, by the morphism X — IP)% that extends ¢, is a surface in IP)%. By definition,
the surface associated to the irreducible point (4.27) in Z is defined by the pullback ideal in (4.28).
Therefore, the linear polynomials a(go1, g11) and b(go2, g12) must be proportional. Geometrically,
this means that the boundary planes ¥, 1, Tg, and T; are not independent, or equivalently, they
intersect at a point V. Since uj = X; N T;, we find

upo NuppNugr Nur=2gNX1NTgN T =V,
and ¢ is pyramidal. O

Proposition 4.4.3 combined with Theorem 4.4.7, presented and proven in §4.4.2, provides an
answer to Question 4.1.1 for trilinear birational maps of type (1,1, 2). Specifically, we find the
following corollary.

Corollary 4.4.4. The set

P12y = {{Pi}o<ijk<1 : ¢ is pyramidal}

answer Question 4.1.1. More explicitly, for every net of control points in P(y,1 ) we can compute
weights that render ¢ birational of type (1,1, 2).

In applications, nets of control points in Py 1,2) can be generated using the following construction.
The generation of a net of control points using Construction 2 is illustrated in Figure 4.4.

Construction 2 (Control points for pyramidal rational maps). A net of control points in Py 1 2)
can be generated as follows:

1. Choose a point V in P} (green point in the left image of Figure 4.4). Points at co are
allowed, meaning that the boundary u-lines are parallel

2. For each 0 </, j <1, choose an affine line uj; (green lines in Figure 4.4) through V

3. Choose two distinct affine points Pjjo and Pj; on uj, different from V
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4.4.2. Effective computation of weights

In this section, we derive an analogous birationality criterion to Theorem 4.3.6 for pyramidal
birational maps. To properly state this result, we introduce some necessary notation. Without loss
of generality, we can assume that ¢ has type (1, 1,2). Because of this choice, when we refer to a
“pyramidal rational map”, we actually refer to a “pyramidal rational map of type (1,1,2)".

Notation 4.4.5. Let ¢ be pyramidal. We introduce the following notation:

(i) For each 0 <, <1, the boundary planes ¥; and T; are defined by the vectors & and T; in
R*, respectively. Moreover, we denote s = YgN ¥y and t = ToN Ty.

(i) For each k = 0,1, Yy is defined by the symmetric matrix vy in R**%.

(iii) On the other hand, there is a plane I through the lines s and ¢, defined by a vector 7 in R*.
Namely, we can write

V:Z()ﬁzlﬂToﬂle(Z()ﬂzl)ﬁ(Toﬁ Tl):Sﬂt,
so the lines s, t intersect. In particular, we find (Ao : A1) and (o : 1) in Py such that
T=X0O0+A101=oTo+ M1 T1 -

Additionally, for each 0 </, j, k < 1 we define

Ajjk = T—5—
A )

as well as the 2 x 2 x 2 tensor

W = (WJk (4.29)

AUk>O§i,j,k§1

Remark 4.4.6 (Nonzero and positive Ajj ). Notice that Ajj is not defined if and only if Py = V.
Property 1 excludes this possibility, since all the boundary lines are distinct. Specifically, if Pjj =V
for some 0 < /,j, k <1 we find

sjk = PojkP1jk = Pi=jkV = PixjoPjsj1 = ujssc

and similarly tj = uj=x. Furthermore, if all the control points are left at “one side of ", i.e. if
they lie in one of the two halfspaces defined by M in A3, then the vector 7t can be chosen so that
(7, Pji) > 0, and hence Ay > 0, for every 0 </, j, k < 1.

We now prove the first main result of the section. It is a characterization of birationality for
pyramidal maps relying on tensor rank.

Theorem 4.4.7. Let ¢ be pyramidal. The following are equivalent:
(i) ¢ is birational of type (1,1, 2)

(ii) The tensor W has rank one
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(iii) The trilinear polynomial (7, f) has three linear factors

Proof. Clearly, (ii) and (iii) are equivalent, since

Wijk
(m )= > wi(m Py situe = Y A Sitjt -
0<ij k<1 0<ijk<1 Uk

Therefore, it is sufficient to prove that (/) and (ii) are equivalent. By Theorem 3.5.1, ¢ is birational
of type (1, 1,2) if and only if f admits syzygies of degrees (1,0, 0), (0,1, 0), and not (0,0, 1). Since
Yo, Y1 are smooth quadrics, f cannot have a syzygy of degree (0,0,1). Therefore, by Lemma
4.2.1 and Remark 4.2.2, ¢ is birational if and only if the rank conditions (4.6) and (4.9) hold
simultaneously.

Once more, we rewrite these rank conditions in terms of the flattenings of W. Namely, since

(0i,Pj) =0, (71j,Pjx) =0
for every 0 < /,j, k <1, we can write

Ai(gi=, Pijk) = (Ao oo + A1 o1, Pij) = (m, Piji)
e (Tjx, Pij) = (o To + p1 71, Pjjk) = (7, Pjix)

Therefore, (4.6) and (4.9) are respectively equivalent to

Wy ATE e AL
rank | 4 Lk =1 , rank (W'lk Ef) =1,
Wojk Bojk 0<j,k<1 wiok Bioi/ o< k<1
which are the first two flattenings of W. By Lemma 2.2.16, the result follows. O

Corollary 4.4.8. Let ¢ be pyramidal. Then, ¢ is birational of type (1,1,2) if and only if
W,'J'k = ,Bj Yk A,’jk (430)
for some (ag : @1) % (Bo : B1) x (yo0 : m1) in (PL)3.

Proof. Analogous to the proof of Corollary 4.3.7. O

Remark 4.4.9 (Nonzero, real, and positive weights). The same observations as in Remark 4.3.8,
combined with Remark 4.5.6, apply.

Remark 4.4.10 (Deformation of pyramidal birational maps). Construction 2, combined with
Theorem 4.4.7, provides an effective way to deform pyramidal birational maps, as explained in
§4.3.5. In particular, it offers users the flexibility to continuously deform the net of control points
by choosing new positions for V, adjusting the lines u;; for each 0 </, j <1, and making choices
regarding the control points. Furthermore, Corollary 4.4.8 asserts that birational weights can be
selected by adjusting specific parameters that depend rationally on the coordinates of the control
points.



116 Chapter 4. Construction and manipulation of birational trilinear volumes

4.4.2.1. The contractions of a pyramidal birational map

From Corollary 4.4.8, we can recover useful information about the contractions of ¢. In particular,
we have the following result.

Corollary 4.4.11. Let ¢ be pyramidal with weights as in Corollary 4.4.8, and define the polynomials

S0 51
—Q1 Qo

up ux
—Y1 Yo

c(uo, 1) = ’

o) =| 5

a(sp, s1) = ‘

Then:
(i) ¢ contracts the surface a(sg, s1) = 0 to the line t
(ii) ¢ contracts the surface b(ty, t1) = 0 to the line s
(iii) ¢ contracts the surface c(ug, u1) = 0 to the point V
(iv) The base locus of u-surfaces, defined by Yy N Y1, contains the lines s and t

Proof. By (4.30), the pullback by ¢ of the plane I factorizes as

(mf)= Y (2is)(Bit) (v u) = a(so, 51) b(to, 1) c(uo, u1) -

0<i j,k<1

Since the boundary lines tjg, tj1 lie in ¥; for each i = 0,1, and by definition ;"M =¥XgNX; = s,
all the boundary t-lines intersect 1 at s. Thus, for each 0 </, k < 1 the point By (—p1, o) lies
in s, and ¢ contracts b(tp, t1) = 0 to s. Similarly, it follows that ¢ contracts a(sp, s1) = 0 to t.
Additionally, all the boundary u-lines meet M at V, and ¢ contracts c(up, u1) =0 to V.

On the other hand, by Theorem 3.5.1, since ¢ is birational of type (1,1, 2) it admits syzygies

S0 51
oo(y) oi(y)

50 51
€o(uo, u1;y)  &i(uo, u1;y)

o(s0.s1,y) = ‘ ’ . &(s0, 51, up, U1 y) =

of degrees (1,0,0;1) and (1,0, 1; 1), respectively. In particular, the inverse for the parameter
(uo : u1), which defines the pencil of u-surfaces, is defined by

ao(y) o1 (y) )
$o(uo, ury) &1(wo, urry)| -

Since the ideal Bs = (a((y), o1(y)) = (o0(y), o1(y)) defines s, it follows that all the u-surfaces
contain s. Similarly, we deduce that all the u-surfaces contain t. O

Remark 4.4.12 (Computation of the quadric boundary surfaces). It is convenient to keep the
following parallelism in mind. In the same manner that

“three (not aligned) points determine a unique plane”,
by Lemma 2.2.23 we have that

“three (mutually nonintersecting) lines determine a unique (smooth) quadric”.
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In the same way that the defining vector of a plane can be computed as the wedge of three points on
it, we can compute the defining symmetric matrix of a smooth quadric as the wedge of the vectors
in C19 (or R%) given as the image by the Veronese map (in degree two, with four homogeneous
variables) of three distinct points per line, for three lines.

By Corollary 4.4.11, the lines s, t lie on the boundary u-surfaces Yp, Y1. Therefore, Yy can be
extracted from the lines s, spi, s14 or t, tok, tik.

We can extract further geometric information about a pyramidal birational map. To this purpose,
we introduce the following notation.

Notation 4.4.13. Let ¢ be pyramidal. With Notation 4.4.5, for each kK = 0, 1 define

= > (1M,

0<i,j<1
and for each 0 < /,j < 1, define the point
Qijj = €1 Ajjo Pjo — €0 Ajj1 Pjja

The points Qoo, Qoo, Qoo, and Qqg lie in a common plane ©, defined by a vector 8 in R*, since
by definition we have the relation

Qoo — Q10— Qo1 + Q11 =0,
implying det (Qoo, Q10, Qo1, Q11) = 0.

The following corollary asserts that the pullback by ¢ of the plane © admits a factor of degree
(0,0,1).

Corollary 4.4.14. Let ¢ be pyramidal, with weights as in Corollary 4.4.8. With Notation 4.4.13,
define the polynomial

Uo u
—7Y1€1 “Yo€o

e(up, 1) = ’

Then, we find a bilinear polynomial h = h(so, s1, to, t1) such that (0, f) = e(uo, u1) h(so, s1, to, t1) -
In particular:

(i) The image by ¢ of the surface e(up, u1) = 0 is dense in ©
(ii) ¢ contracts the surface h(sp, s1, tp, t1) = 0 to a plane conic C in ©
(iii) The rank-two quadric © U1 lies in the pencil of u-surfaces
Proof. For each 0 < i,j <1, we find
Cij(—v1€1,70€0) = i Bj (Y0 Ajjo Pijo (—1€1) + 11 Ajja Pija (y0€0))
=a;Bjvo71 (—AjoPjoer + Aji1 Pijieo) = —ai B0 Qjj -

Since © contains Qj; for every 0 </, j <1, it follows that the pullback polynomial (8, f) admits
e(up, u1) as a factor. In particular, the specialization of ¢ to (up : u1) = (—y1€1 : Yo€o) yields a
bilinear birational map to the plane ©. The image of this rational map is dense in ©, since otherwise
the points Qoo, Q10, Qo1, and Q17 are colinear and ¢ would not be dominant. Therefore, one of
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the quadrics in the pencil of u-surfaces contains ©. Since by Corollary 4.4.11 all the u-surfaces
contain [, it follows that the rank-two quadric © U I is a u-surface. In particular, the base locus
of the u-surfaces is supported in © UTI. Thus, the intersection of any general u-surface with ©
is a plane conic C, and the base locus Yy N Y7 of the u-surfaces is sU t U C. In particular, the
pullback of the defining ideal of C is principal, and its generator must divide (0, f) since C C ©.
Moreover, for each k = 0,1 we have

'Uk(f) = Uy~ a(So, 51) b(to, t1) C(Uo, u1) h/(So, s1, to, tl)

since a, b, and c respectively define the pullbacks of s, t, and V (recall Corollary 4.4.11). Hence,
h' has degree (1,1, 0), and we conclude that h and h’ are proportional. O

Example 4.4.15 (Geometry of a pyramidal birational map). Consider the control points
Pooo = (1 —2 -2

) Pioo=(12-20), Poo=(1-220) , Pyjp=(122—
Poor = (1 — 1

_1 1
2 2

11 11 225
) . =(13-33) Puu=(1-533 . Pm=(015353)
All the boundary u-lines, appearing as green lines in Figure 4.5, meet at the point V.= (1 0 0 4),
so the control points define a pyramidal map, depicted in Figure 4.5. In particular, the boundary s-
and t-surfaces are defined by the vectors

WH\)
NIo

w\m

oo=(32 17 1 —8) , 1 =(-32 17 1 8),
=032 117 -8 , mn=(-32 1 17 §)

and the boundary u-surfaces by the symmetric matrices

1024 0 0 2048 3584 0 0 —1088
v | 0 17 145 0 . 0 ~17 -145 0
°= 1 o 145 17 0 e 0 —145 -—17 0

2048 0 0 —1088 —~1088 0 0 320

In particular, the plane I, appearing in red in Figure 4.5, through the lines s = ¥o N ¥; and
t = ToN T1, appearing as red lines in Figure 4.5, is defined by the vector

=400 -1).
Similarly, using Notation 4.4.13 we compute (eg : €1) = (1 : 12), as well as the points
) aw=0 ¥ ¥ ).

) . Qu=(1 F F -3).

which span the plane ©, appearing in blue in Figure 4.5, defined by the vector

N

_ 22 2
Qo=01 -% -% -

Qu=(1 -% 7 -

=
NIl \SJ[eN]

0=(3 0 0 2.
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Figure 4.5.: the geometric elements involved in the pyramidal map of Example 4.4.15. Specifically,
we have replaced the monomial basis by the Bernstein basis, to recover the geometric intuition of
a deformation of the unit cube. The lines s = ¥y N ¥ and t = Tp N T7 appear in red, and lie
on the plane I, also in red. The point Q;; appears in blue for each 0 < /,j <1, and lies on the
plane ©, also in blue. If the pyramidal map is birational, the base locus of its inverse consists of
the union of the lines s, t and a plane conic C supported on ©.

4.4.3. Distance to birationality

We now extend the notion of distance to birationality, introduced in §4.3.3, to pyramidal rational
maps. The following definition is the immediate rephrasing of Definition 4.3.9.

Definition 4.4.16 (Distance to birationality: pyramidal). Let ¢ be pyramidal with real weights, let
V C R?*2%2 be the affine cone over o (P x Pk x PL), and let W be as in Theorem 4.4.7. We
define the distance to birationality of ¢, denoted by disty; (¢), as

. W =P
distpir(¢) = 431
steie(@) = gt ) (4:31)

Example 1.2.8 in §1.2.3 shows an example of the computation of a birational approximation to a
pyramidal map that is not birational, according to Definition 4.5.12.
4.4.4. Inverse rational map and base locus

In this subsection, we derive formulas for the inverse of a pyramidal birational map, as well as the
defining equations of the irreducible components of the base locus.

Notation 4.4.17. By Corollary 4.4.14, the rank-two quadric MU © is a u-surface. Therefore, for
some (1o : v1) in PL, the quadric MU © is defined by the symmetric matrix

Vovg +vivr . (4.32)
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Remark 4.4.18. Notice that the points (Ao : A1), (ko : 1), and (vo : v1) in P} are easy to
compute. Namely, to compute (Ao : A1) and (uo : 1) we can just choose a general point P in Il
and respectively solve the linear equations

Xoo(P)+Xoi(P)=0, wpoto(P)+un17m(P)=0.
Similarly, to compute (v : v1) we can take a general P in ©, and solve
12 ‘Uo(P) + 11 ’Ul(P) =0.

Theorem 4.4.19. Let ¢ be pyramidal, with weights as in Corollary 4.4.8. With the notation of
Corollaries 4.4.11 and 4.4.14, the inverse rational map ¢~ is given by

(a1 X1 01(y) : a0 Mo oo(y)) x (Br ik Ti(y) : Bo o To(y)) % (V1 €1 v1 v1(y) : Yo €0 Yo vo(y))
Moreover, the base locus of ¢ is defined by the ideal
B =(a b,e)N(c, h), (4.33)

and the base locus of ¢~ is the union of the lines s, t and the plane conic C C ©. Additionally,
we have the following:

(i) ¢ blows up the base point (a, b, €) to the plane I
(ii) If his irreducible, ¢ blows up the base curve (c, h) to the cone through C of vertex V

Proof. First, we deduce the inverse for the parameters (sp : s1) and (tp : t1). We have

<W1jk (0, P1jk)

> _ < Aal W1k <7T,P1jk> . AEI ol ,Bj'Yk
wojk (01, Poj) ) o< <t

21 = 1 ,
_>‘1 Wojk <7T'P0jk>)0§j,k§1 <_>‘1 aOIBJ"Yk)oS',kSl

and by Lemma 4.2.1, it follows that

o(s0,51;) = o ooo(y)so — ar A oi(y) s = (4.34)

S0 S1 ‘
aq >\1 al(y) Qo )\0 O'Q(y)

is syzygy of f of degree (1,0, 0), which yields the inverse for (sp : s1). Similarly, it follows that

to t ‘

B1 1 Ti(y) Bo ko Toly) (4.35)

T(to, t1;y) = Bo o To(y) to — Brpa Ti(y) tr =
is also a syzygy of f of degree (0, 1,0), which yields the inverse for (tp : t1). On the other hand,
the relation of multidegree (0,0, 1;2)

000] ux

4.36
Y1e1v1vi(y) Yo e€ovo vo(y) (4.36)

v(uo, uryy) =

vanishes after the specialization y +— f, and hence lies in the Rees ideal of ¢. Specifically, by
definition v(up, u1; f) vanishes for

(uo:wtm)=(1:0), (u:u1)=(0:1). (4.37)
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Additionally, if e(up, u1) = 0, or equivalently if (up : u1) = (—y1€1 : Yo€o), we find

—Y1€1 Yo€o

= — €o€1 (Vg v +urv ,
’Y1€1V101(Y) ’YOGOI/OUO(Y) o1 €0 1( 0 o(y) ! 1(y))

which defines the rank-two quadric U © (recall Notation 4.4.17). Moreover, as the image of
e(up, u1) = 0 lies in ©, the specialization v(up, u1;f) vanishes at (up : u1) = (—y1€1 : Yo€o)-
On the other hand, the pullback v(ug, us;f) is either zero or a polynomial of degree (2,2,3) in
R. Moreover, it can be regarded as polynomial of degree (0,0, 2), since by the contractions of
¢ described in Corollaries 4.4.11 and 4.4.14 the pullback polynomial v, (f) is proportional to the
product
Ujex 3(50, 51) b(to, tl) C(UO, u1) h(So, s1, to, tl) ,

as YoN Y1 =sUtU C. Nevertheless, this polynomial of degree (0,0, 2) admits the two roots in
(4.37), as well as (ug : u1) = (—y1€1 : Yo€o). Therefore, v(up, ur; f) must be identically zero.

Regarding the base locus of ¢, the vector space V = By 1 1) contains the polynomials
sobc, sybc, atijc, atyc, eh,
which are respectively proportional to the polynomials in C(f) given by

(o1,f), (g0, f), (T0.f), (T1,F), (6,F) .

Additionally we have dimc V = 4, implying that V = C(f). On the other hand, by Corollaries
4.4.11 and 4.4.14 it follows that the base locus of ¢—1, defined by

(ao(y). a1(y)) N (To(y), T1(y)) N (vo(y), vi(y)) = (vo(y), va(y)) .

is sUtUC. Finally, since (a, b, e) is prime its pullback by ¢~ is a principal ideal C[y]. In particular,
a(f) (resp. b(f)) define the plane M. Hence, ¢ blows up the base point (a, b, €) to 1. On the other
hand, if h is irreducible, the ideal (c, h) is also prime. Hence, the pullback J by ¢! of (c, h) is
principal. Additionally, since the point V is a singular point in YN Y7 = sUtU C and ¢ contracts
c=0to V, it follows that J defines a quadric with a singular point at V. Therefore, J defines the
cone through C of vertex V. O

In the following example, we explicitly compute the inverse of a pyramidal birational map with
the same control points as in Example 4.4.15. Moreover, we provide the defining equations of the
irreducible components of the base locus, and the blown-up surfaces.

Example 4.4.20 (Inverse of a pyramidal birational map). Continuing with Example 4.4.15, using
Remark 4.4.18 we compute

(Ro:x)=(1:-1) , (po:p1)=(1:-1), (v:n)=(1:1).
If we consider weights as in Corollary 4.4.7, defined by the “easy” choice of
(a0 :e1) x (Bo:Bi)x (yo:im)=(1:1)x(1:1)x(1:1),
the inverse rational map ¢! is defined by

y = (=a1(y) : ao(y)) x (=7i(y) : To(y)) x (12v1(y) : vo(y)) -
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In particular, the base ideal B of ¢ is
(a,b,e)N(c,h)=(so+s1, to+t1, up+12u1) N (up + v, 1659ty + 27 s1tp + 27 sot1 + 16 s1t1)
and furthermore:

(i) @ contracts (sp: s1) = (—1:1) to the line t

(ii) ¢ contracts (tp : t1) = (—1:1) to the line s

(iii) ¢ contracts (up : u1) = (—1:1) to the point V

(iv) ¢ restricts to a (plane) bilinear birational map ¢ : (P%)? --» © at (ug : u1) = (—12: 1)

(v) ¢ contracts h =0 to a plane conic C C ©

Additionally, ¢ blows up the base point (a, b, €) to the plane I, and since h(s,t) = 16spto +
27 s1ty + 27 spt1 + 16 s1t7 is irreducible, it also blows up the base curve defined by (c, h) to the
cone defined by the quadratic equation h(g1, g2), which is proportional to

44032 y2 — 187 y? — 3190 y1y» — 187 y2 — 22016 yoy3 + 2752 y3 .

Remark 4.4.21 (Polynomial pyramidal birational maps). Similarly to the case of hexahedral
birational maps, the following corollary is straightforward.

Corollary 4.4.22. Let ¢ be pyramidal, and wiy = 1 for every 0 < i, j, k < 1. If the pairs 3o, X1
and Ty, Ty define parallel planes, then ¢ is birational of type (1,1, 2).

Proof. By the proof of Corollary 4.3.17, each of the rank conditions (4.6), (4.9) are satisfied if the
corresponding pair of boundary surfaces are parallel planes. By Theorem 3.5.1, ¢ is birational of
type either (1,1,2), (1,2,1), or (2,1,1) if and only if exactly two of these rank conditions hold. [J

4.5. Scaffold birational maps

We now study the third family of birational maps: the class of scaffold birational maps. Again, this
name comes from the resemblance of the geometry of trilinear birational maps of type (1,2, 2),
(2,1,2) and (2,2,1). A “scaffold” typically consists of four lines spo, s10, So1, S11 that support a
sequence of planar platforms, like the s-parametric planes.

Definition 4.5.1 (Scaffold rational map). A trilinear rational map is scaffold if it satisfies Property
1 and all the boundary surfaces are quadrics except for one of the three parameters, for which:

(i) The two boundary surfaces are planes, that intersect at a line £

(ii) The four boundary lines intersect two lines rg, r1, and these two intersect £

Remark 4.5.2. In Definition 4.5.1, we require that two pairs of boundary surfaces are smooth
quadrics to exclude the possible types (1,1,2), (1,2,1), (2,1,1), and (1,1,1).
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4.5.1. Construction of control points

As for pyramidal maps, we begin discussing the necessary constraints on the control points for
birationality. Namely, a general birational map of type either (1,2,2), (2,1,2), or (2,2,1) must be
scaffold.

Proposition 4.5.3. If ¢ is a general birational map of type (1,2,2), then it is scaffold. Moreover,
ToNnTi=sUxxUx Uy , YoNYi=sUxxUxx Uz,
where:
(i) x1,xo are the unique two lines that meet sj, for every 0 < j, k <1 (Lemma 2.2.24)
(ii) y is the line through the points ugg N up1 and u1p N U1z
(iii) z is the line through the points tyo N to1 and tip N t11

Proof. We start proving that ¢ is scaffold. By Theorem 3.4.8, ¢ has two base points defined by
the ideals

(a1(s), ba(t), ca(u)) . (a2(s), ba(t), c2(u)) (4.38)
for some linear a,(s), b,(t), c,(u) in R, for each r = 1,2. In particular, the pullback ideals by ¢~*
(a1(g1), bi(g2), cu(g3)) . (a2(g1). ba(g2). c2(g3)) (4.39)

are principal in Cly], for similar considerations as in the proof of Proposition 4.4.3. Therefore, we
can write

b(g2) = ar(g1) Fr(y) . cr(g3) = ar(g1) Gr(y)

for some linear forms F.(y), G/(y) in C[y]. Now, we look at the base loci of the pencils of t- and
u-surfaces, respectively Z; and Z,. These are defined by the ideals in Cly]

B = (82) = (802, g12) = (b1(82) . b2(g2)) = (a1(g1) F1(y) . a2(g1) F2(y)) =
(a1(g1), a2(g1)) N (a1(g1), F2(y)) N (Fily), a2(g1)) N (Faly), Fa(y))

and

B, = (g3) = (803, g13) = (c1(g3), c2(g3)) = (a1(81) G1(y) . a2(g1) Ga(y)) =
(a1(g1), a2(g1)) N (a1(g1), Ga(y)) N (Gi(y), a2(g1)) N (Gily), Ga(y)) -

In particular, these base loci are the unions of four lines. Since general quadrics in each of these
pencils are smooth, and therefore doubly ruled (Lemma 2.2.22), for each of the decompositions
above we find two lines in each of the rulings. Specifically, if three lines belong to the same ruling,
then they mutually do not intersect. By Lemma 2.2.23, all the t- and wu-quadrics would be the
unique quadric through these three lines. Moreover, the ideal

(a1(g1) . 22(g1)) = (801, &11)

defines the line s. In particular, the line £ defined by (F1, F2) lies in the same ruling of s for a
general t-surface, since by definition s intersects the other two lines.
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On the other hand, the line uj; lies in T; for each 0 </, j < 1. Moreover, it intersects s since
uj C ¥ and this is a plane. Hence, s and ujj must belong to different rulings in T;, implying that
£ intersects uj; as well. Since ujg, uj1 lie in X; and £ does not, £ must meet the point ujp N ujy for
each i =0, 1. Therefore, it follows that £ = y.

We conclude proving that xi, x> are the remaining two lines in Z;. Since the line sj does not
meet s for any 0 < j, k <1, it lies in the same ruling as s in T;. Hence, the lines defined by the
ideals (a1(g1), F2) and (F1, a2(g1)) must intersect the four sj’s, and they are x; and xo.

With a similar argument, it follows that (G, G») defines the line z, and the ideals (a1(g1), G1)
and (Gp, ax(g1)) define x; and x,. O

Proposition 4.5.3 combined with Theorem 4.5.7, presented and proven in §4.5.2, provides an
answer to Question 4.1.1 for trilinear birational maps of type (1, 2,2). Specifically, we find the
following corollary.

Corollary 4.5.4. The set

P(1,2,2) = {{Pijk}Ogi,j,kgl . ¢ is scaffo/d}

answer Question 4.1.1. More explicitly, for every net of control points in P12 2) we can compute
weights that render ¢ birational of type (1,2,2).

In practice, nets of control points in P12 2) can be generated using the following construction.
The generation of a net of control points using Construction 3 is illustrated in Figure 4.6.

Construction 3 (Control points for scaffold rational maps). A net of control points in P(; 52y can
be generated as follows:

1. Choose a line s in P2 (red line in Figure 4.6). Lines at xo = 0 are acceptable, meaning that
the boundary planes ¥, X1 are parallel

2. Choose two skew lines x1, x2 in P, intersecting s (black lines in Figure 4.6)

3. For each 0 <, k <1, choose an affine line sj intersecting both xi, x> (green lines in Figure
4.6)

4. Choose two planes ¥, X1 containing s

5. For each 0 <, j, k <1, define Pjj = X; N sjx (green points in Figure 4.6)

4.5.2. Effective computation of weights

As in the previous sections, here we derive a rank-based birationality criterion for scaffold rational
maps. Without loss of generality, we assume that ¢ has type (1, 2, 2), and refer to “scaffold rational
maps" instead of “scaffold rational maps of type (1,2,2)".

In order to state our birationality criterion, we introduce some necessary notation.

Notation 4.5.5. Let ¢ be scaffold.
(i) For each i = 0, 1, the boundary plane ¥; is defined by the vector & in R*, and s = $o N ¥4

(i) For each 0 < j, k <1, the boundary quadrics T;, Y) are defined by the symmetric matrices
T; and vy in R4*4,
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1. Choice of alines=%gNX; 2. Choice of two skew lines x7, x» intersecting s

3. Choice of the boundary s-lines, intersecting x, x» 4. + 5. Choice of X, X1 and the control points

Figure 4.6.: Generation of the control points of a scaffold map, using Construction 3.
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(iii) For each r = 1,2, Z(,) is the plane through s and x,, defined by a vector o) in R%. In
particular, we find (Xg(r) : Ay(r)) in PL such that

o(r) = Ao(r) 00 + A1(r) O1 -

(iv) As in Proposition 4.5.3, y is the line through the points ugo N wp1 and wgo N wo1
(v) As in Proposition 4.5.3, z is the line through the points too N to1 and too N toz

(vi) We denote by Q be the unique smooth quadric through the lines s, x, y (recall Lemma 2.2.23).
Since by Propopsition 4.5.3 the base loci of the t- and u-surfaces are respectively the unions
of linessUx; Uxo Uy and sUx; Ux U z, it follows that Q lies in the pencils of both a
t- and a u-surfaces. Therefore, we find points (o : w1) and (v : v1) in PL such that the
symmetric matrices
poTo+HU1TL » VoV + V1V

define Q.

(vii) Foreach r = 1,2, B, is the plane through y and x,, defined by a vector B, in R*. Additionally,
for each 0 </, j, k <1 we define

1

Aijk(rr)/) = m ,

as well as the tensor of format 2 x 2 x 2

Wik
Wiry) - (,) . 4.40
(r.y) Ajik(r,y) 0<i,j,k<1 (49

(viii) For each r = 1,2, I, is the plane through z and x,, defined by a vector 4, in R*. Additionally,
for each 0 </, j, k <1 we define

1

)= G

as well as the tensor of format 2 x 2 x 2

W(r.z) = (AWJk (4.41)

ijk(rrz)>0§i,j,k§1 .

Remark 4.5.6 (Nonzero and positive Ajj). Notice that Aji(r,y) and Ajy(r, z) are not defined
if and only if Pjj lies on x,. Nevertheless, Property 1 excludes this possibility. Specifically, if P
lies on x,, then ¥; = % (,). Since ¥; contains all the control points Pjoo, P10, Pio1, and Pj11, it
follows that all these lie on x,. Therefore, ¥ ; is not a surface but the line x,.

Furthermore, if all the control points are left at “one side of B, and I',", i.e. if they all respectively
lie in one of the two halfspaces defined by each plane in Afé{, then the vectors B, and 4, can be
chosen so that Ajj > 0 for every 0 </, j, k < 1.

As in the former sections, we now prove a characterization of birationality for scaffold rational
maps, relying on tensor rank.
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Theorem 4.5.7. Let ¢ be scaffold. The following are equivalent:
(i) ¢ is birational of type (1,2, 2)
(ii) One of the tensors W(1,y), W(2,y), W(1,z), and W(2, z) has rank one
(iii) All the tensors W(1,y), W(2,y), W(1,z), and W(2, z) have rank one
(iv) All the trilinear polynomials (B1,f), (B2, f), (v1.f), (v2,f) have three linear factors

Proof. It is straightforward that (iii) and (iv) are equivalent, since for each r = 1,2 we have

Wij
<Bf' f> = Z Wijk <ﬁrv Pijk> Sitiug = Z _ Tk Sitjuy ,

0<i,j,k<1 0<ij k<1 Ajji(r.y)
Wik
(vr. ) = Wijk yr, Pijk>5itjuk = +5/tjUk .
Aji(r, 2)
0<i,j,k<1 0<ij k<1 Uk

Therefore, it is sufficient to prove the equivalence between (i), (i), and (iii). First, we prove that
(ii) implies (/). Without loss of generality, let us assume that

W(1,y) = (aiq) ﬁj(l)’Yk)OS,-’j'kgl
for some (cg(1) 1 @1(1)) X (Bo(1) = Bi(1)) X (Y0 : 1) in (P(1C)3, or equivalently
(B1.f) = a1(s0, 1) - b1(to, t1) - c(uo, u1) ,

where

S0 51
—au(1)  *o(1)

to (5]
—B11) Po)

In particular, the images by ¢ of the surfaces respectively defined by

up uy

cluo ) =15 o

bi(to, t1) = ‘

a1(so, s1) = ‘

(s0:s1) = (=) o)) » (uo:ur)=(=71:)
lie in the plane B;. We make the following two observations:

(i) Since ¢ is scaffold, all the s-boundary lines meet the plane B; at the line x;. In particular, the
specialization of Aj at (so : 51) = (—a(1) : @g(1)) Yields a point in x; for each 0 < j, k < 1.
Therefore, ¢ contracts the surface (sp : s1) = (—ay(1) @ @g1)) to xi. In particular, the
pullback ideal of x; is principal, and a; divides its generator.

(i) Similarly, all the u-boundary lines meet the plane B;j at the line y. In particular, the
specialization of Cj; at (ug : u1) = (—71 : Yo0) yields a point in y for each 0 < /,j < 1.
Therefore, ¢ contracts the surface (up : u1) = (—y1 : 90) to y. In particular, the pullback
ideal of y is principal, and ¢ divides its generator.

On the other hand, for each 0 < j, k < 1 the isomorphism of projective lines Pt — sjx defined by
Aj is completely determined by the image of the three points

(1 : 0) — POjk , (0 : 1) — Pljk , (—al(l) : ao(l)) — Sik N X1 .
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Additionally, the line isomorphism o : PL — (IP’(%)v defined by
(1 . 0) — 0o , (0 . 1) — 01, (_al(l) . ao(l)) — (1)

yields a syzygy of degree (1,0, 0) of Py, since (a0, Pojx) = (1, P1jx) = 0 and ¥ (1) contains xj.
Thus, & also defines a syzygy of degree (1,0, 0) of f. In particular, as the line xy intersects s, there
is a point (ag(2) : 1)) in }P’}C for which a(—ay(2), ag(2)) = (2). For the same observation as
before, ¢ contracts the surface (so : s1) = (—ay(2) : @g(2)) to x2. Hence, since B, contains the
two lines y and x», we can write

(B2,f) = ax(s0, 51) - ba(to, t1) - c(uo, u1)

for
t t1

S0 S1 0
—B12) Po)

T1(2) %o(2)

ax(so, 51) = ’ . bo(to, t1) = ’

and some (Bo(2) : Bi(2)) i PL. Therefore, by definition

B = B(s0, s1, to, t1) = ax(so, s1) ba(to, t1) B1 — a1(so. s1) b1(to, t1) B2

is a syzygy of f of degree (1,1,0). By hypothesis, f does not admit syzygies of degrees (0, 1, 0)
and (0,0, 1) since T; and Y are smooth quadrics, for each 0 < j, k < 1. Therefore, by Theorem
3.5.1 it follows that ¢ is birational of type (1,2, 2).

We conclude proving that (i) implies (iii), since the implication from (iii) to (ii) is straightforward.
If ¢ is birational of type (1, 2,2), it admits a syzygy

o(so,51) =045+ 01 5

for some &/ in C*, such that C(op, 01) = C(o0,01) by Lemma 4.2.1. In particular, for each r =1, 2
we find a point (ag(r) : @1(y)) in PL such that the plane defined by o (—ay(r), ag(r)) contains x;.
As all the boundary s-lines intersect x;, it follows that ¢ contracts (s : s1) = (—a(r), &g(r)) to Xr.
In particular, the pullback ideal of x, is principal, and its generator is divisible by

S0 S1

ar(o0s) =g aog

On the other hand, by Proposition 4.5.3 the intersection of the boundary t-surfaces is the union
sUxiUxx Uy,

which is defined by the ideal
B: = (To(y), T(y)) C Cly] .

Since ¢ is birational with a quadratic inverse for (to : t1), the pullback of B; is principal and defined
by a polynomial of degree (2,1, 2). Specifically, this polynomial is proportional to the product

g(to, t1, up, u1) - a1(so, s1) - @2(so. s1) - c(uo, u1)
where:

(i) g has degree (0, 1,1) and defines the pullback of s (Remark 4.2.7)
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(ii) a, has degree (1,0,0) and defines the pullback of x,, for each r = 1,2
(iii) ¢ has degree (0,0, 1) and defines the pullback of y
Therefore, as the plane B, contains the lines y and x,, the pullback polynomial (B,,f) admits the

linear factors a, and ¢, and must have rank one. With an analogous argument, we conclude that
the pullback polynomials (41, f) and (72, f) have rank one as well. O

Corollary 4.5.8. Let ¢ be scaffold. Then, ¢ is birational of type (1,2,2) if and only if one of the
identities

wik = aj1)Bj) ¥k Qiik(L, ) 6(1, y) (4.42)
wiik = ci2)Bj2)1k Aijk(2,¥) 6(2, y) (4.43)
Wijk = a,(l)ﬁJ V(1) Aji(1,2)6(1, z) (4.44)
Wik = j2)B; Yr2) Dik(2,2) (2, 2) (4.45)

holds for every 0 < i,j, k <1, for some

(Bo: B1) x (v0:m) € (PE)* . (g : &1(r)) % (Bo(r) : Bir) X (Yo(ry : Mi(n) € (PL)?
and nonzero constants §(1,y),6(2,y),0(1, z),8(2,z). In particular:
(i) ¢ contracts (so : s1) = (—ay(r) : @g(r)) to the line x,, for each r = 1,2
(ii) @ contracts (tp : t1) = (—B1 : Bo) to the line z
(i) ¢ contracts (up : u1) = (—1 : o) to the line y

Notice that, by (the proof of) Theorem 4.5.7, if one of the identities (4.42)-(4.45) holds, then the
other three hold as well.

Remark 4.5.9 (Nonzero, real, and positive weights). The same observations as in Remark 4.3.8,
combined with Remark 4.5.6, apply.

Remark 4.5.10. Extending a bit further on the last sentence of Corollary 4.5.8, it does not follow
directly from the statement of Theorem 4.5.7, but rather from its proof.

The reason is the dependence between the rank-one factorizations of the four tensors. For
example, the point (ag(,) : a1(r)) appears in the factorizations of Wi (r, y) and Wi(r, z), since
these tensors encode the pullback polynomials (B,,f) and (4,, f), and both vanish at the line x,.

Remark 4.5.11 (Deformation of scaffold birational maps). Once again, Construction 3 and
Corollary 4.5.8 provide an effective approach to deform scaffold birational maps, in analogy to
§4.3.5. Namely, the lines s, x1, x» can be chosen freely, as well as the lines sj for each 0 < j, k <1,
and the boundary planes ¥, ¥;. Additionally, Corollary 4.5.8 can be used to preserve birational
weights, by recomputing some parameters depending rationally on the control points.
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4.5.3. Distance to birationality

We now provide a notion of distance to birationality for scaffold rational maps. Notice that this
time, by Theorem 4.5.7, the tensor that characterizes birationality is not unique. This is not a
problem since Theorem 4.5.7 guarantees that the four possible tensors have rank one simultaneously.
Nevertheless, we need to make a choice of one tensor to measure the distance to be birational.

Definition 4.5.12 (Distance to birationality: scaffold). Let ¢ be pyramidal with real weights, let
V C R2%2%2 he the affine cone over o (IP’%K X IP’]%Q X ]P’]%{), and maintain the notation of Theorem
4.4.7. Let either r = 1 or r = 2. We define the distance to birationality of ¢ with respect to (r,y),
denoted by disty; (¢; r, y), as

disteir (¢ 1. y) = min LV Y) =PI

BEY W (r. )l (4.46)

Similarly, we define the distance to birationality of ¢ with respect to (r, z), denoted by disty; (¢; r, z),
as

distpir(¢; r, z) :== min |W(r z) - P|| |

P W )l (4.47)

Example 4.5.13 (Computation of a birational approximation: scaffold). We can use Construction
3 to generate a net of scaffold control points. Namely, consider the points

Si1=(1 -3 =5 0) , S2=(1 2 -3 0)
and define the lines s = $1S,. Similarly, define the points
Xi=(1 31 %), X=(1 319

and define the lines x; = S1X; and xo = Sy X,. Additionally, consider

Sooy = (1 =3 4 —yy) Sy = (1 -1 % %)
Sy = (1 =3 -2 —3) Sy = (1 2 -2 1

Sy = (1 =3 -3 —) Soiz) = (1 =3 11 1)
Sum =01 -3 § -%) Sug =01 -& -1 %)

and define sj = Sj(1)Sjk(2) for each 0 < j, k < 1. If the boundary planes ¥, >; are defined by
the vectors

oo=(0 0 0 1) , o1=(43 —4 11 —43/2)

we can define Pjjx = ¥; N sj. Preserving rational entries at this point yields very large fractions.
Because of this, we start working over the reals, which is the most likely scenario for applications.
The points

Y; = (1 —343612 1.36111 0) , Y= (1 —4.11591 1.44148 3.42001)

Z; = (1 —3.6532 —4.39411 0) , Zp= (1 —9.44588 —3.84022 1.73094)
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span the lines y = Y1Y5 and z = Z1Z5. Therefore, the defining vectors of the planes involved in
the definition of the 2 x 2 x 2 determining birationality are

B1 = (74.5524 223023 1.5290 4.3323), B, = (24.2113 15.2903 20.8123 2.5007) ,
41 = (9.7868 1.1664 12575 3.5629), 7 = (42.2475 —2.6839 11.8459 —12.4938) .

Suppose that we initialize the weights as ng =1 for every 0 < /,j, k < 1. Then, the tensor

w?
WO(1,y) = [ —2Z—
( ) (Aﬁk(l’y) 0<i,j,k<1

given by

6.9649 62.3906 5.4152  30.3459
0 _ 0 _
W{k=0}(1'Y)_<27.6214 94.2357> ' W{k=1}(1'y)_(19.0501 57.8150)

does not have rank one. By Theorem 4.5.7, the tensors W°(2,y), WO(1, z), and W9(2, z) do not
have rank one as well. Using TensorFox, we compute a rank-one approximation of W0(1, y) as

w;j
W(l,y) = (N(Jlk)> =06(1,y) - (ao1), e1(1)) ® (Bor)» Bi1)) ® (Y0, 1) =
ijk\ Y 0<i j,k<1

134.5308 - (0.5145, 0.8574) ® (0.2467 , 0.9690) ® (0.8633, 0.5046) ,

which yields the tensor

W  [14.7430 57.9094 W (86180 33.8507
{k=0} = \ 24,5710 96.5128 =1} = \14.3629 56.4161

In particular, we find the upper bound

WL y) - W(Ly)ll
IWO(L y)ll

Interestingly, when we compute optimal rank-one approximations for the tensors W (2, y), W(1, z),
and W(2, z), we obtain the decompositions

distyir(¢; 1, y) < —0.0881 .

W(2,y) o (0.9661, 0.2578) ® (0.9971, 0.0760) ® (0.8632, 0.5047)
W(1,z) « (0.5145, 0.8574) ® (0.5257, 0.8506) ® (0.6326 , 0.7744)
W(1, z) o (0.9664, 0.2568) ® (0.5260 , 0.8504) ® (0.3955, 0.9184) ,

which yield numerically close factors as expected by Corollary 4.5.8, namely coinciding up to the
fourth decimal digit. Therefore, we can define

(Olo(z) , 061(2)) = (09664, 02568) ) (60(2) , ,8]_(2)) = (09971, 00760)
(Yoqay » 11(1)) = (0.6326, 0.7744) , (yo(2), Y1(2)) = (0.3955, 0.9184)

(Bo. B1) = (0.5260, 0.8504) .
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In particular, we compute the weights
woogo = 2.1167 , wigo = 0.8895 , wp1g = 0.9281 , wyig = 1.0241 (4.48)
Woo1 = 1.5913 , Wi01 = 0.7539 , Wo11 = 1.1154 , Wi11 = 0.9758

that render ¢ birational. Figure 1.2, shown in Chapter 1, illustrates the deformation of the unit
cube by ¢, the weights specified in (4.48). To recover the geometric intuition for CAGD, we have
replaced the monomial basis by the Bernstein basis (see §4.1.2). Additionally, Figure 4.7 depicts
the base locus of the inverse rational map (see Theorem 4.5.15), and some of the planes involved
in the definition of the tensors of 4.5.7.

4.5.4. Inverse rational map and base locus

Notation 4.5.14. Assuming weights as in Corollary 4.5.8, for each r = 1,2 we define the
polynomials

S0 s1 to t1 ) up
ar S) = br t) = CI’ u) =
(5) ‘_al(r) ag(r) (t) —Bir) PBor) (u) ‘_'Yl(r) Yo(r)
as well as
ty t u U
b0 =| g, go| + W=

The following result provides the formulas for the inverse of a scaffold birational map. As for the
classes of hexahedral and pyramidal birational maps, we also provide the defining equations of the
irreducible components of the base locus, and define the contractions and blow-ups.

Theorem 4.5.15. Let ¢ be scaffold. If ¢ is birational of type (1,2,2) with weights as in Corollary
4.5.8, then the inverse rational map ¢~ is given by

(o1 A1(ryo1(y)  ao(r)do(roo(y)) % (Br 1 Ti(y) : Bo so To(y)) X (v1v1 v1(y) : o o vo(y))
where any r = 1,2 is valid. Moreover, the base locus of ¢ is defined by
B = (b, C) N (31, b1, Cl) N (22, bs, C2) ,

and the base locus of $1 is the union of the lines s, y, z, x1 and x>. Additionally, we have the
following:

(i) The base line (b, ¢) is blown-up to Q
(i) The base point (a;, by, c;) is blown-up to ¥y, for each r = 1,2

Proof. Let either r =1 or r = 2. By Lemma 4.2.1, the relation

o(so,s1;y) =

S0 s ‘
a1(nAi(r)o1(y)  o(r)ro(r@o(y)

is the syzygy of f of degree (1,0,0). Specifically, we have

wijk (@0, Pijk)

—0,
Wojk (01, POjk>>OSj’k§1

(@0(r)Mo(r) al(r)M(r))(
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(a) the lines involved in the scaffold birational map of Example 4.5.13. Specifically, the
line s appears in red, the lines x1, xo appear in black, the line y appears in blue, and the
line z appears in green. The base locus of the t-surfaces, is the union sUx; Uxy U y.
Similarly, the base locus of the u-surfaces is s U x; Ux U z.

(b) the planes involved in the scaffold birational (c) The image shows the planes ¥ ), in red, and
map of Example 4.5.13. The image shows the By, in blue. Again, the union ¥ (3)UB; is a rank-two
planes X (1), in red, and B, in blue. In particular, quadric in the pencil of t-surfaces. The planes 'y
the union YyUBrisa rank-two quadric in the and I3, not shown on the image, are defined by the
pencil of t-surfaces. line z and the two lines xq, x>.

Figure 4.7.: The geometry of a scaffold birational map.
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since the plane ¥ (,) defined by &(,) = Xg(r)@0 + A1(r)01 contains the point Aj(—ay(r), @g(r)) in
xr, for every 0 < j, k < 1. On the other hand, the relation of multidegree (0, 1, 0;2)

to t1

" B Ti(y) BokoTo(y) (4.49)

T(to, t1;y)

vanishes after the specialization y — f, and hence lies in the Rees ideal of ¢. Specifically, by
definition T(to, t1; f) for

(to:t1)=(1:0) , (to:t1)=(0:1). (4.50)
Additionally, if (to : t1) = (=1 : Bo) then
—B1 Bo

BrunTily) Bomomoly) — PO P (o Toly) + p1Ti(y))

defines the smooth quadric Q. In particular, since f contracts (tp : t1) = (—B1 : Bo) to the
line y, the specialization T(to, t1;f) vanishes at (tp : t1) = (—B1 : Bo). On the other hand, the
pullback T(to, t1;f) is either zero of a polynomial of degree (2,3,2) in R. Furthermore, if it is
nonzero then it can be regarded as a polynomial of degree (0, 2,0), since by Proposition 4.5.3
ToN Ty =sUx; Uxp Uy, and thus it admits the factors

ai(so,s1) ., ax(so,s1) , c(uo, 1) , g(to, t1, o, u1),

of degrees (1,0,0), (1,0,0), (0,0,1), and (0,1, 1) respectively. However, we have seen that it
admits the two roots in (4.50) as well as (tp : t1) = (—f1 : Bo). Therefore, it must be identically
zero. With a similar argument, we conclude that the relation of multidegree (0,0, 1;2)
up uy
vlug, Uy y) = 451
(0, 1) Y1v1v1(y) Yo vo vo(y) (4.51)
lies in the Rees ideal of ¢, and hence defines the inverse for (ug : u1).
The base locus of ¢! follows immediately from Proposition 4.5.3. Regarding the base locus of
¢, we find dimc B(y,1,1) = 4. Moreover, C(f) contains the linearly independent polynomials

31b1C , 32b2C , albcl , aszQ ,
since these are respectively proportional to

B1.f) . B2.f) . (y1.f) , (72.f).

Therefore, we find B(;,1,1) = C(f). On the other hand, the three components of B are prime.
Hence, the pullback by ¢~ of each of them is a principal ideal C[y]. Specficially, the pullback
polynomials by ¢! of b, c are

M Yo

b(g2) = Y11 v1(y) Yo Yo vo(y)

—p1 Bo _
Biu1Ti(y) Bomro TO(Y)‘ clgs) =

which define the smooth quadric Q. Similarly,

a1 ap

2r(g1) = ai A oi(y) aprooo(y

)‘ = —aga1 (o)),

which must be the generator of the pullback of the base point indexed by (r), since the other
two specializations are quadratic polynomials divisible by a,(g1). In particular, the base point is
blown-up to (). O
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Example 4.5.16 (Inverse of a pyramidal birational map). Continuing with Example 4.5.13, the
symmetric matrices defining the boundar t- and u-surfaces are

1.0000 0.1069 0.1480 —-0.1148 1.0000 0.1948 0.3699 0.1718
S 0.1069 —0.0285 0.0373 —0.0430 = 0.1948 —0.0449 0.0392 0.1016
0.1480 0.0373 0.0102 0.0117 0.3699 0.0392 0.1238 0.1813
—0.114 —-0.0430 0.0117 -0.0159 0.1718 0.1016 0.1813 0.0332
1.0000 —-0.3862 0.5241  0.8512 1.0000 0.2114  0.0272 —0.3843
Vo — —0.3862 0.0632 —0.1237 0.0793 vl = 0.2114 —-0.0479 0.0753 —0.0926
0.5241 —-0.1237 0.2027  0.1895 0.0272  0.0753 —0.0515 —0.0545
0.8512  0.0793  0.1895 —0.5532 —0.3843 —0.0926 —0.0545 0.1044

In particular, using Notation 4.5.5 we compute
()\0(2) : )\1(2)) =(0.9923:0.1232) , (mo: 1) =(0.8871: —0.4615) , (vp:wv1) = (0.9963:0.0855).

Therefore, the inverse rational map is given by

(o1 A1) o1(y) : ao(r)o(roo(y)) X (Br 1 T1(y) : Bomo To(y)) X (v1v1 vi(y) : Yo vo vo(y))

(0.0316 61(y) : 0.9590 ap(y)) x (—0.3924 11(y) : 0.4666 To(y)) x (0.0431 v1(y) : 0.8600 vo(y))
Furthermore, the base ideal B of ¢ is

(b, c)n(a1, b1, a)N(az, b2, @) =
(0.5260 to + 0.8504 t1 , 0.8632 up + 0.5047 1) N
(0.5145 55 + 0.8574 51, 0.2467 to + 0.9690 t1, 0.6326 up + 0.7744 u1) N
(0.9664 sp + 0.2569 51, 0.9971 ty + 0.0760 t1, 0.3955 up + 0.9184 uy)

and we have the subsequent contractions specified in Corollary 4.5.8.

Notice that, since in this example we are working with floating point arithmetic, the defining
equations of the irreducible components (and therefore the contractions) of the base locus cannot be
recovered from the entries of ¢. Hence, having the explicit defining equations of these components
is convenient for applications.






Chapter 5

Construction of multilinear birational
maps with multilinear inverse

In this short chapter, we extend our treatment of hexahedral birational maps to the analogous
transformations in arbitrary dimension, namely multilinear rational maps with multilinear inverse,
as described in Definition 1.2.22. These birational maps are the higher-dimensional counterparts of
the hexahedral birational maps, studied in §4.3, and bilinear birational maps, discussed in §2.2.4.
Specifically, the minimal graded free resolution of their base ideal is Hilbert-Burch.

We adhere to the conventional formulation in CAGD, and define these transformations by means
of control points and weights. Specifically, for n > 4 we consider the multilinear rational map

¢:(PL)" --» PL (5.1)
(xo1:%x11) X o X (300 i X1n) = F= > wiy i, Py, biy(x01, x11) .. bi,(xon, X1n)
0<iy,...0in<1
where P;, i = (1, y1i,.i» - Ynir..i,) lies in C"T1 and the weights wj, _; are nonzero complex
numbers, for each 0 < /g, ..., 1, < 1.

Construction of birational maps: Assuming the necessary constraints on the control points,
we prove that (5.1) admits a multilinear inverse if and only if a certain tensor of format 2*" has
rank one (Theorem 5.7), and we provide formulas for the weights that yield birationality. Moreover,
we propose a construction for nets of control points satisfying the necessary constraints required
for birationality. Additionally, we provide explicit formulas for the inverse ¢~ and the defining
equations of the base loci, and describe the blow-ups and contractions (Theorem 5.2.1).

5.1. Rank-based characterization of birationality

In all the chapter, we let n > 4 and only treat standard gradings. We consider the variables
Xk = (Xok, X1k) in ]P’(%:, for each factor indexed by 1 < k < nin (P(lc)”, and 'y = (¥0, ..., ¥n) in P.
Moreover, when we refer to affine charts A2 in either (P%)" or (Pc)” we always refer to those
defined by xox # 0 for every 1 < k < n, and yp # 0, respectively.

By definition, all the parametric hypersurfaces of a multilinear birational map with multilinear
inverse are hyperplanes. Since the boundary hypersurfaces (recall Definition 1.2.23) are instances of
these parametric hypersurfaces, these transformations must be hypercubic rational maps, according
to Definition 1.2.23. This observation describes the necessary geometric constraints on the control
points that are necessary for a multilinear inverse to exist.

In analogy to the construction of hexahedral rational maps, we can generate nets of control
points for hypercubic rational maps indirectly through the boundary hyperplanes.
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Construction 4 (Control points for hypercubic rational maps). A net of control points for a
hypercubic rational map can be generated as follows:

1. Foreach 1 < k < nand ik = 0,1, choose hyperplanes Xj, x in Af. such that the intersections
X1 N .0 Xion
define affine points, for every 0 < iy, ..., i, < 1.
2. Define P, i, = Xp1N...N Xin
Notation 5.1.1. Let ¢ be n-cubic. We introduce the following notation:
(i) Foreach 1 < k < nand ix = 0,1, the boundary hyperplane Xj, « is defined by
Xick(¥) = (Xick ¥) = Xick -y =0
for some vector X,k = (X0i ks -+ Xnick) in cr+t
(i) We denote xx = Xox N X1k, which is a (n — 2)-plane in P{

(iii) Foreach 0 <i,...,in <1 we define

X11 X122 .- Xin
X21 X22 .- X2

A= . . (5.2)
Xnl Xn2 -+ Xnn

In particular, we find the identity

Piin = Diin X1 A oee AXinn
(iv) Foreach1 <k <nand 0 < i, ...,ik-1, ik+1, - in, < 1, we define the product

k _ pk _ A xns xr s
Bil...ik,lim...in = Bil...ik,likﬂ...i,,(xlv e Xk—1, XK1, ey Xp) = | | sz(Xoj,le)
1<j<n
JF#k

Remark 5.1.2 (Nonzero Aj, ;). Asin Remark 4.3.5, A;, ; is zero if and only if P;,_; lies in the
“hyperplane at co” defined by yp = 0. However, by the hypothesis P, ;. = (1, i, i1, -\ Yir..inn)
we are excluding this possibility.

The following result is the direct generalization of Lemma 4.2.1 to dimension n. It characterizes
the existence of linear syzygies of f.

Lemma 5.1.3. Let ¢ be dominant, and let Xox, X1k be hyperplanes. Then, f has a syzygy of
degree ey if and only if

ikt Licstoin )

rank <Wi1...ik_11ik+1...fn <Xi1...ik_10ik+1...fnv -1 , (53)

Wit i 10ik1.in \ Xitoik 1 Liks1in+ Pitooig 10iki1...in )) ittt <1
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where the matrix has size 2 x 2"~1. If (5.3) holds, we find a point (aok : c1x) in Py such that

— OOk Wiy i1 Lkt omin (Xitmik10igs1oin + Pitoii 1 licsn.in ) = (5.4)

Q1k Wi iy 10iksr i { Xitooi1 Liksaomin + Pitcic10igs1onin )

for every 1 < iy, ...ik—1, ik+1 -.- in < 1. Then, any syzygy of degree ey of f is proportional to

Xk (Xok, X1k) = ook Xo bo(xok, X1k) + @1k X1 b1(X0k, X1) - (5.5)
Proof. The proof is the direct translation of Lemma 4.2.1 to dimension n. O

In analogy to trilinear rational maps, the rank condition (5.3) has a geometric interpretation in
terms of the contractions of ¢. Specifically, we say that ¢ contracts a hypersurface S in (]P’}C)" if
the dimension of ¢(S) is strictly less than n — 1.

Remark 5.1.4 (Contraction of (n — 1)-linear hypersurfaces). Let iy = 0, 1. By definition, if the
boundary surface I, « is a plane, we have

(Xick, F) =
k
bi,f(XOk’ Xlk) Z Wiy ik —1ik* ik 1. in <kak' Pfl---fk—lik*ik+1---in> Bil...ik_likJrl...in (5-6)

0< it ik ikt in<1

where 0* = 1 and 1* = 0. In particular, the sum in the right-hand of (5.6) is a multilinear
polynomial
8. = &i (X1, .o, Xk—1, Xkys -4 X))

whose coefficients in the multilinear Bernstein basis determine the (ix + 1)-row of the matrix in
Lemma 5.1.3. Therefore, the rank of this matrix is one if and only if the polynomials gy and g7 are
proportional, or equivalently, if the image by ¢ of the hypersurface in (P{)" defined by go = g1 = 0
lies in the (n — 2)-plane xx = Xox N Xik-

Geometrically, f admits a syzygy of degree e, if and only if ¢ contracts a surface of degree
1 — e, to the (n — 2)-plane x.

The following is the first main result of the chapter, which asserts that birationality can be
achieved by a rank-one condition on a tensor of format 2*".

Theorem 5.1.5. Let ¢ be n-cubic. Then, ¢ is birational with multilinear inverse if and only if the

tensor with 2*" format
we
W — ( nn...ln ) (57)
Ail...in 0<it,...,in<1

.....

has rank one.

Proof. By definition, ¢ is birational with multilinear inverse if and only if f admits syzygies of
degrees ey, ..., e,. Equivalently, by Lemma 5.1.3 f admits these syzygies if and only if the rank
condition (5.3) is satisfied for every 1 < k < n.

We rewrite the rank condition (5.3) so that the matrices involved have the same entries for every
1 < k < n. Namely, forany 0 < i, ..., ik—1,iks1, ..., in < 1 we have

Dy i 10icsrin X1k Piviy_10icin.oin) = X1k A Xitl - A Xic_1k—1 A X0k A Xigak+1 A - A Xinn
= —Xok N Xir1 - N Xir_1k—1 N X1k N Xigrk+1 N ooo A Xign

= =D i 1 Lieeoin (X0ks Piyoie 1 Ligenonin) -
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Hence, we have

‘<X0kvpi1...ik11ik+1...in> —(X1k: Pir.i10i1in) 0

A A

i1 ik— 100kt 1emmin i evoik—1Likg1emmin

and (5.3) can be equivalently written as

~1
Wi i aLigegin D2 40
rank ( + n =iy..dk—11ijky1..in -1 (58)

A . AT

Wit...ik—10ik+1.-..in A’.1---’.k—lo’.k-%—l---’-"> 1<it, o ik—1,0k+1--+in<1
Therefore, the matrix in (5.8) is the k-flattening of the tensor W in the statement, and ¢ admits a
multilinear inverse if and only if all these flattenings have rank one. However, this is equivalent to
W having rank one. O

Corollary 5.1.6. Let ¢ be n-cubic. Then, ¢ is birational with multilinear inverse if and only if
Wil...i,, = ai11 a,-n,, Ail---fn (59)
for some (ag1 : @11) X ... X (cton : 1) in (PE)™.

Remark 5.1.7 (Nonzero, real, and positive weights). Since ¢ is dominant, we must have a; x # 0
for every 0 <, j, k < 1. Namely, if aj x = 0 then by Corollary 5.1.6 all the weights indexed by ik
at the k-th position are zero, and the image of ¢ lies in Xixk-

Notice that, if the boundary hyperplanes are chosen over the reals, then (a1 : t11) X ... X (eon :
a1,) can be chosen in (P})" to achieve real weights. Furthermore, if ctj x > 0 for every 1 < k < n
and i, = 0,1, by Remark 5.1.2 we can take all the weights positive, preserving the property that
# ([0, 1]™) lies in the convex hull of the control points.

5.2. Inverse rational map and base locus

The following result provides the explicit expression of the multilinear inverse of a birational n-cubic
map. Furthermore, it describes the base loci of the birational map and its inverse.

Theorem 5.2.1. Let ¢ be n-cubic, with weights as in Corollary 5.1.6. Then, maintaining the
notation of (1.14), the inverse ¢—1 is given by

y > (01 X01(y) —a11 X11(Y) : @01 X01(y)) X - X (@0n Xon(Y) —1n X1n(Y) : @0n Xon(y)) , (5.10)

and the base ideal B = (fy, ..., f,) in R has a Hilbert-Burch minimal Z."-graded free resolution

n
0— EPR(-1-e)— R(-1)"
i=1

LGSR ONY SN (5.11)

where R = C[x1] ® ... ® C[x,]. Moreover, B is generated by the (n — 1)-linear polynomials

k
> IT @i | Aiicsicionin Kigk Piicsieienrin) BR i iyyin (5:12)
0< ity ok 1riks 10 nin<1 | 1<j<n
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for each 1 < k < n, where each possible index ix = 0 or i =1 is valid, and the base locus of ¢!
is the union of all the (n — 2)-planes
U .

1<k<n

Moreover, ¢ contracts the surface Sy C (JP’}C)” defined by (5.12) to xk, for each 1 < k < n.

Proof. By Corollary 5.1.6, a n-cubic rational map is birational with multilinear inverse if and only if
the weights satisfy (4.3.7) for some (a1 : @11) X ... X (qon : @1p) in (PE)". Therefore, we can
write

f= E Wi, in Pivin biy (01, X11) ... bj,(Xn1, Xn1) =
0<in, in<1

= D (@1 By i) (i Xid A s A Xian) biy (o1, X11) .. by (Xn1, X1 ) =
0<iy,min<1

Z (ain1 Xin1 biy (Xo1, x11)) A -.. A (@iyn Xin bin(Xon, X1n)) = X1(X01, X11) A ... A Xn(X0n, X1n)
0<it, in<1

where x«(xok, x1x) is as in Lemma 5.2.1. Therefore, f admits the linear syzygy

X (Xok, X1k;Y) = ook Xok(Y) bo(xok, X1k) + o1k X1k(Y) b1(xok, X1k)
= xok ok Xok(Y) + x1k (o1k X1k(Y) — ook Xok(Y))

for each 1 < k < n, and ¢! is as (5.10). Since f admits n independent linear syzygies, of
degrees eq, ..., e, respectively, by the Hilbert-Burch theorem (Theorem 2.1.24) it follows that f is
proportional to the tuple of signed minors of the matrix of first syzygies of f. Hence, the minimal
graded resolution (5.11) follows. Regarding the base locus of ¢, we find

Xok(f) = a1k bi(xok, x1k) &+ X1k(F) = —owok bo(xok, x1k) 8k

where g = g(X1, ..., Xk—1, Xk+1, ---» Xp) iS proportional to (n — 1)-linear polynomials encoded by
the rows of the matrix in (5.3) (recall Remark 5.1.4), or equivalently, to the polynomial (5.12).
Hence, the graded component V = (B N 9N); lies in C(f). Since dim¢ V = n+ 1, it follows that
V = C(f) and B defines the base locus of ¢. On the other hand, the base ideal of ¢~ is the
intersection ideal

(x01(y), x11(y)) N . N (xon(y), X1n(y))

defines the union of the (n — 2)-planes xk, for every 1 < k < n. Furthermore, by Remark 5.1.4 the
hypersurface in (P%)” defined by the polynomial (5.12) is contracted to x. O

Remark 5.2.2 (Polynomial hypercubic birational maps with multilinear inverse). In analogy to
Remark 4.3.16, ¢ restricts to a polynomial map in Ag (choosing real weights) if w;,_; =1 for
every 0 < i, ..., i < 1. Using our results, we find the following straightforward class of birational
maps with multilinear inverse. Specifically, parallelepiped, or parallelotope, is a hypercube where
the facets are pairwise parallel.

Corollary 5.2.3. Let ¢ be n-cubic and wj, ;j, =1 for every 0 < i, ..., i, < 1. If the control points
define a parallelepiped, then ¢ is birational with multilinear inverse.
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Proof. Foreach 1 < k < nand i, =0,1, we can write

Xicks Piv. i rizicrrin) = [Xickllsdist (X, Pi i siticin.in)

where sdist(-, -) denotes the signed distance in Ag. In particular, if the control points define a
parallelepiped, we find sdist (X,-kk, Pil---ik—li;ikJrl---in) = M\ for some nonzero constant A,. Hence,
the rank condition (5.3) is satisfied. O

To conclude the chapter, we construct a multilinear birational map in dimension five with a
multilinear inverse. Furthermore, we compute explicitly the syzygies from the formulas of Theorem
5.2.1.

Example 5.2.4 (Birational deformation to a Klee-Minty 5-cube). We illustrate our results by
explicitly constructing a birational deformation from the unit 5-cube to the Klee-Minty 5-cube [124,
82], which is defined by the inequalities in A3 = Spec (R[x1, ..., xs])

x1 <5, 22X1+X2 < 52, .., 25X1 +24X2—|—23X3—|—22X2—|—X1 < 5°
and x; > 0 for each 1 < k < 5. Thus, the boundary hyperplanes are defined by the vectors in R>
xo1=(35 -1 00 0 0
xo2= (5> —4 -1 0 0 0)
xo3=(5 -8 —4 -1 0 0) , x13=
xos = (5* —16 -8 —4 -1 0)
xos = (5° —32 -16 -8 —4 -1)
In particular, the control points can be computed as

Pi1i2i3i4i5 = Al'1i2i3l'4l'5_1 Xi1 N Xi2 A Xiz3 A Xigs N\ Xis5 (5'13)

for any (a1 @ o11) X (o2 @ a12) X (ow03 @ 13) X (owoa : 14) X (owos @ @15) in (IP’}C)5, where all the
(aok : a1k) are distinct from (1 :0) and (0 : 1), renders ¢ birational. In particular, the choice

(o1 :a11)=(1:1) , (ao2:a12)=(05:3) , (apo3:a13)=(2:0.1) ,
(cos : 14) =(0.12:7) , (cgs : a15) = (3:1.25),
renders all the weights nonnegative, and morover f admits the linear syzygies
X1(x1) = Xo1 bo(x1) + x11 b1(x1) , X2(x2) = 0.5x02 bo(x2) + 3 x12 b1(x2)
X3(x3) = 2X03 bo(x3) + 0.1x13 b1(x3) , Xa(x4) = 0.12x04 bo(xa) + 7 X14 b1(x4)

X5(xs) = 3Xo0s bo(xs5) + 1.25%15 b1(xs) .
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By the Hilbert-Burch theorem (Theorem 2.1.24), the vector of polynomials f defining ¢ can be
recovered, up to scalar, as the wedge

X1(x1) A X2(x2) A x3(x3) A Xa(xa) A X5(xs) -

Moreover, by the convex hull property of the Bernstein basis (recall §1.1.1), the image of the unit
cube [0, 1]° C A3 is precisely the Klee-Minty 5-cube.
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Chapter 6

Weak (1 — ¢)-nets for polynomial
superlevel sets

In this chapter, we prove an extension of the classical centerpoint theorem that encompasses
sets defined by a single polynomial inequality of arbitrary degree. Additionally, we address the
estimations of the size of (1 — €)-nets for the range systems defined by polynomial superlevel sets
of bounded degree, and the Carathéodory number of real Veronese varieties.

Metric geometry: for any probability measure on R”, we prove that there exist n + 1 points
such that the nonnegativity region of every quadratic polynomial that is nonnegative on the points
has probability at least 2/((n+ 1)(n+ 2)) (Theorem 6.2.1). Moreover, the number n+ 1 is the
least possible. More generally, for a positive integer d and an absolutely continuous probability, we
can always find (""29) — n — 1 points such that the nonnegativity region of every polynomial of

n

degree d, which is nonnegative at the points, has probability greater than zero (Theorem 6.2.2).

Convex algebraic geometry: We prove new bounds on the Carathéodory number of the real
affine Veronese variety and the real Veronese cone (Theorem 6.2.3).

6.1. Preliminaries

The classical centerpoint theorem of Rado and Birch [169, 19], stated as Theorem 1.2.28, is an
important result in computational geometry and data sciences, since it provides an extension of the
one-dimensional median to higher-dimensional data. In the language of convexity, the centerpoint
theorem states that the (ﬁ)-ﬂoating body of any probability measure is not empty (see e.g. [10,
122, 156, 196] and the references therein for different perspectives and a large body of work around
the centerpoint theorem and Tuckey depth).

Our goal in this chapter is to generalize this result by replacing half-spaces with superlevel sets
of polynomials, i.e. the loci of points in Aj satisfying a polynomial inequality.

6.1.1. Motivating example: disks and annuli

We begin with an example in A2, that provides some intuition on our strategy and results.
Specifically, we replace half-planes by disks and annuli. Given the family of polynomials of the form

f(x) = f(x1, %) = ao + o1 x1 + a2 x2 + a3 (X +x3) (6.1)
for some (o : a1 @ @t @3) in IP%, disks and annuli are the superlevel sets
(F>0)={x=(x1,x) € Af{ : f(x) >0} .

Let X be a set of N points in AZ.



148 Chapter 6. Weak (1 — €)-nets for polynomial superlevel sets

Question 6.1.1. Is there a centerpoint ¢ = (a, b) in A2 such that, given a f as (6.1), if f(c) >0
then (f > 0) contains a fixed fraction of the points in X7

The answer is negative, since we can take the disk centered at ¢ of radius € > 0 sufficiently
small, defined by
~(E+x3)+2ax1 +2bxa — (2 4+ 2%+ b%) >0

which does not contain any point different from c. Hence, this disk encloses at most an arbitrarily
small fraction of the points in X.

We can reformulate the previous question, allowing more than one point.

Question 6.1.2. Are there two points ci, ¢, in A2 such that, given f as (6.1), if f(c1) > 0 and
f(c2) > 0 then (f > 0) contains a fixed fraction of the points in X7

In this case, the answer is affirmative. Namely, let
PiAR o AR
(%) = (y1,y2,y3) = (x1, %2, 54 +x3) -

The image of 9 is the paraboloid of revolution P defined by y? + y2 — y3 = 0. In particular, the
pushforward of X yields a sample Y of N points in P. By the centerpoint theorem, there exists a
point ¢ in A% such that every half-space H C Ai defined by

ag+airyr+azyrs +azys >0

containing ¢ also contains (at least) N /4 of the points in Y.

Unfortunately, this centerpoint ¢ might not lie on P. Nevertheless, ¢ does lie in the convex
hull of Y (this follows either from the classical Helly's theorem, see for instance [160], or by the
hyperplane separation theorem [34, Exercise 2.22]), and therefore in the convex hull of P. On the
other hand, a general line £ through ¢ meets P at two points ci, ¢p. In particular, any half-space H
containing the points ¢; and ¢, must also contain c. Therefore, H contains at least N /4 of the
points in Y. Finally, the pullback ¥y~1(H N P) is precisely the superlevel set of

f(x1,x) :=ag+o1x1+o2x+ a3 (x12+x22) ,

and Question 6.1.2 is answered affirmatively. Figure 6.1 shows a sample X of points in A2 for
which two centerpoints ¢, ¢ have been found. In particular, any superlevel set (f > 0) with f as
(6.1) encloses at least N /4 points.

Remark 6.1.3. The same idea of the example above works in any dimension, for superlevel sets of
polynomials

f(x)=f(x1,....,xn) =0+ a1 X1 + ... +apXxn+ pt1 Zx,z ,
1<i<n

i.e. for n-dimensional balls and their complements. Namely, given a finite set X in A§ we can
always find two centerpoints ¢, ¢, such that every (f > 0) containing c1, ¢z also contains a fraction
(n+2)"" of the points in X.

In this chapter, we extend this strategy by considering the superlevel sets of all real polynomials
of degree d in n variables. This task naturally relies on the study of Veronese varieties.
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Figure 6.1.: A sample of N = 50 (green) points in A%. Every disk and annulus containing the two
centerpoints (red crosses) contains at least N /4 of the points.

6.1.2. Weak (1 — €) nets for polynomial superlevel sets

We briefly recall the basic definitions that are necessary in our work. As usual in the field of measure
theory, we replace the notation Ag, that we employed throughout Part |, by just R"”. Additionally,
in contrast to Part |, we start working over the usual topology in R". Furthermore, we always
consider the Borel o-algebra on R".

Definition 6.1.4 (Borel o-algebra). The Borel o-algebra is the o-algebra generated by the collection
of all open subsets in R”, with the usual topology.

In particular, we only consider probability measures defined over the Borel o-algebra. Similarly, we
are interested in probability measures that are absolutely continuous with respect to the Lebesgue
measure (see [63, §1.3] to recall the Lebesgue measure in R"). More precisely, we have the following
definition.

Definition 6.1.5. (Absolutely continuous measure, [63, §4.2]) A measure p on R" is absolutely
continuous with respect to the Lebesgue measure v, or simply absolutely continuous, if for every
Borel set A such that v(A) = 0 we have u(A) = 0.

The notion of a weak (1 —€)-net is central for our results, since it plays the role of the centerpoint
for nonlinear polynomial inequalities. To formalize it, we require the following definition.

Definition 6.1.6 (Range space). A range space in R" is a pair (u, F) where u is a probability
measure on R"” and F is a family of subsets of R".

Definition 6.1.7 (Weak e-net). Let 0 < e <1, and let (i, F) be a range space in R". A weak
e-net for (u, F) is a set X C R” such that every R in F satisfying u(R) > € has a nontrivial
intersection with X, i.e. XN R # @.

The motivating examples for this definition are the families of closed half-spaces in R" and closed
convex sets (e.g. [155, 160]). Weak e-nets were introduced in [11], to tackle the celebrated halving
sets problem. Additionally, e-nets for half-spaces were introduced in the learning theory literature
[197], where they remain an important concept closely connected to the Vapnik-Chervonenkis
dimension. Furthermore, they are also relevant in computational geometry and approximation
algorithms.

Remark 6.1.8 (Centerpoint theorem and (1 — €)-nets). Importantly, the centerpoint theorem
can be reformulated in the language of (1 — €)-nets. Specifically, given a probability measure
on R", a centerpoint is a (1 — €)-net for ¢ = (n+ 1)~!. Namely, every half-space H satisfying
p(H) > 1 — e must contain the centerpoint, since the complement R"\H has p(H) < €.
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Since we are interested in nonlinear polynomial inequalities, the main object of study in this
chapter are weak (1 — €)-nets for range space determined by the family of superlevel sets of
polynomials.

Definition 6.1.9 (Polynomial superlevel set). Let f in R[xy, ..., x,]. The superlevel set of f,
denoted by (f > 0), is

(F>0)=4{x=(x1,....,xn) € R": f(x) >0} . (6.2)
Remark 6.1.10. Half-spaces are the superlevel sets of linear polynomials.

Notation 6.1.11. Given x = (xq, ..., Xp), we denote by R[x]<4 the R-vector space of polynomials
of degree at most d in the variables of x. Additionally, we define the collection of subsets of R”

Fo={(f>0):f €R[x]<q} -

In words, Fy is the family of superlevel sets of polynomials of degree at most d.

6.1.3. The Carathéodory number of Veronese varieties

We start recalling some elementary concepts in convex geometry.
Definition 6.1.12 (Canonical simplex, convex combination, and convex hull).

(i) The (k — 1)-dimensional canonical simplex is the set

K
A1 ={=1, ..., A1) € Rx: Z)\; =1and X\; >0 forevery 1 </ <d}
i=1

(i) A convex combination of the points xi, ..., xx in R" is a sum
AL X1+ o A xk
where A = (A1, ..., Ak) lies in the (k — 1)-dimensional canonical simplex

(iii) The convex hull of a set X C R", denoted by conv(X), is the set of all the convex combinations
of points in X

The Carathéodory number of a set in R” is central in convex geometry.

Definition 6.1.13 (Carathéodory number). Let X be a subset in R". The Carathéodory number
of X, denoted by k(X), is the smallest integer r such that every point in the convex hull of X can
be written as a convex combination of r points in X.

In this chapter, we are interested in the Carethéodory number of the real affine Veronese variety
V(n, d) and the real Veronese cone V/(n, d) (recall Definition 1.2.31). Remarkably, the Carathéodory
number of V/(n, d) is simply

.
max min{r: x = Z)\;x?d where x; € R™1! and \; > 0 for every 1 < i < r},
x€econv(V(n,d)) i1

i.e. we can forget about the constraint Ay +... + X, = 1 since \A/(n d) is a cone, and the coefficients
can thus be “rescaled”. Recalling Definition 2.2.19, the Carathéodory number of the Veronese
cone is the maximum nonnegative symmetric rank of a real symmetric tensor in the convex hull of
V(n, d), since by definition V(n, d) is the locus of rank-one symmetric tensors of format (n + 1)®¢
(recall §2.2.2 and Definition 2.2.14).



6.2. Contributions and related work 151

6.2. Contributions and related work

In this section, we present the main results of this chapter. Their proofs, among other technical
results, are postponed to the following sections.

6.2.1. Statement of our results

Our first result is an extension of the centerpoint theorem for the superlevel sets of quadratic
polynomials in R”, for any Borel probability measure. Remarkably, the number n + 1 is sharp,
meaning that the result is not true for any set with less than n+ 1 points (see Lemma 6.3.2).

Theorem 6.2.1. Let u be a probability measure on R". There exists a set X of n+ 1 points in
R"™ such that any quadratic f in R[x] that is nonnegative on every point of X satisfies

2
(n+2)(n+1)°

Our second main result is an extension of the centerpoint theorem to arbitrary degree. However,
we require that the probability measure is absolutely continuous.

u(f >0)) >

Theorem 6.2.2. Let u be a probability measure on R" which is absolutely continuous with respect
to the Lebesgue measure. For any & > 0, there exists a set X of at most (”J“nzd) —
R" such that any f in R[x]<q4 that is nonnegative on every point of X satisfies

u(f > 0)) > ((”;Ljd) +1>_1—5 |

The previous results rely on new estimates for the Carathéodory numbers of the Veronese
varieties. Thus, our next task is to provide bounds for these numbers. Specifically, from Lemma
6.3.2 and Proposition 6.3.3 we obtain a lower bound k(V/(n, 2d)) > ("td). On the other hand,
the Carathéodory theorem [13, Theorem 2.3] provides the bound k(V/(n, d)) < ("t9). We remark
that the problem of estimating these Carathéodory numbers has been raised by several authors
(e.g. [13, 12, 84], and [103, pp.10]). From a technical point of view, the bounds provided in the
next theorem are our most interesting result.

n —1 points in

Theorem 6.2.3. Let n, d be positive integers. The Carathéodory numbers of the Veronese varieties
satisfy the following:

() k(V(n2)=n+1

(ii) (di Dio and Kummer, [84]) k(V(n,2d)) > ("t,zd) — n("Jrnzd) + (’27)

(i) k(V(n+1,2d) < ("29) —n—1
(iv) k(V(n,2d)) < k(V(n,2d +1)) <k(V(n2d +2))

Item (i) follows from the spectral theorem for positive semidefinite matrices. Item (ii) is based
on Noga Alon's Combinatorial Nullstellensatz [4]. While this result has been recently discovered
in [84], we offer a direct geometric proof that does not necessitate familiarity with commutative
algebra and Hilbert polynomials, as required in [84]. Item (iii) relies on a necessary conditions for a
hyperplane to be a supporting hyperplane of the convex hull of \7(n +1,2d), which might have its
own significance. Finally, (iv) is a straightforward observation: V/(n, d) is a linear projection of
V(n d+1).
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6.2.2. Related work and discussion

Item (ii) of Theorem 6.2.3 is somehow disappointing. As explained in §6.1.3 before, the Carathéodory
number of \7(n + 1, d) is the maximum nonnegative symmetric rank of a symmetric tensor in the
convex hull of the locus of rank-one tensors. Without the nonnegativity condition, [26, Theorem 3]
shows that the real symmetric rank is not greater than twice the complex symmetric rank. The
complex symmetric rank, in turn, is understood by the celebrated Alexander-Hirschowitz theorem
[3]. Specifically, except for a finite number of cases the maximum complex symmetric rank is

(nil ("Jgd)]; in the exceptions, it is [n}rl ("J;d)] + 1. We will explain these algebraic results in more

detail, and explain the inequality x(V(n+ 1, d)) < ngrl ("Jgd) for odd d in §6.4.2. However, this
behavior is irrelevant to obtain upper bounds on k(V/(n, d)) for both d even and odd. Moreover, the
lower bound of item (ii) in Theorem 6.2.3 shows that, as d — oo, the multiplicative improvement
over the bound given by the Carathéodory theorem is asymptotically like (1 — 5%). If we fix d and
let n go to infinity the situation is even more dire, since there is no asymptotical improvement over

Carathéodory's bound.

As we mentioned before, item (ii) of our Theorem 6.2.3 is not new. The work [84] proves it
with a less elementary argument using the Hilbert polynomials. Also, notice that [84] has a similar
bound for the odd degree case, but considering the Veronese image of the cube [0, 1]" instead of
the whole R".

6.3. (1 — ¢)-nets for superlevel sets of polynomials

Notation 6.3.1. Given positive integers n, d, we set

m(n, d) = <n+d> |

n
which is the dimension of the vector space of homogeneous polyomials of degree d in n+ 1 variables.

In this section, we extend the strategy explained in §6.1.1 for disks and annuli to general
polynomial superlevel sets of arbitrary degree. In few words, our strategy can be summarized as
follows:

(i) We pushforward a measure in R"” using a Veronese embedding, so that we can identify the
superlevel sets of polynomials in R” with halfspaces in R™

(i) We apply the classical Carathéodory theorem in R™ to find a centerpoint

(iii) In order to pullback this centerpoint, we express it as a convex combination of points in the
Veronese variety

The following result is a lower bound on the size of (1 — €)-nets for polynomial superlevel sets.

Lemma 6.3.2. Let u be a probability measure on R" which is absolutely continuous with respect
to the Lebesgue measure, and let d be a positive integer. For every € > 0, a (1 — €)-net of the
range space (u, Faq) has at least m(n, d) points.

Proof. We proceed by contradiction. Let € > 0, and let X = {c1, ..., ck} be a (1—e€)-net of (i, F2q)
of size k < m(n, d). Since the R-vector space R[x]<4 has dimension m(n, d), the evaluation linear
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map

R[xl<g — RK
f o= (flc), ..., f(ck))

has a nontrivial kernel. In particular, we find a g in R[x]<4 that vanishes on every point of X.
Hence, for any § > 0 the polynomial f = —g2 + § in R[x]<24 is positive on every point of X.
Moreover, since w is absolutely continuous with respect the Lebesgue measure and the measure of
(f > 0) is arbitrarily small, we can find & = §(¢) such that u((f > 0)) < €. Therefore, X is not a
(1 — €)-net of (u, Faq)- O

The following results provides bounds for the size of a (1 — €)-net for Fy in terms of the
Carathéodory number of the Veronese varieties.

Proposition 6.3.3. Let u be a probability measure on R™ and let d be a positive integer.
(i) There exists a weak (1 — m(n, d)™1)-net of (u, Fq) of size at most k(V(n, d))

(i) If w is absolutely continuous with respect the Lebesgue measure, then for every § > 0 there
exists a weak (1 — (m(n,2d) + 1)~ + §)-net of (u, Foq) of size at most k(V(n+ 1,2d))

Proof. We first prove (i). Let v be the probability measure on V(n, d) obtained by pushing forward
w by the Veronese embedding vy : R” — R™("d)=1 By the centerpoint theorem, we find a point
c in RMmd)=1 such that every half-plane H in R™("9)~1 containing c satisfies v(H) > m(n, d)~1.
By the hyperplane separation theorem [34, Exercise 2.22], c lies in the convex hull of V(n, d). If
we set k = k(V/(n, d)), we thus can write

k
Cc = Z )\,' G,
i=1
where ¢; lies on V(n, d) for every 1 < i < k, and XA = (Aq, ..., Ax) lies on the (k — 1)-dimensional
canonical simplex. We conclude proving that
X ={v;Yc):1<i<k}CR"

isa (1 — m(n, d)~1)-net for (u, Fy). The affine Veronese embedding vy induces an isomorphism
between the R-vector spaces

®:Rlxl<g — Rlyl<1 (6.3)
m(n,d)—1
f= Z aex® = Lf= Z Qe Yo = Z a;Yyi,
e=(e1,....en) , e=(e1,....en) , i=0
le|<d le|<d

where for simplicity we index the monomials of degree at most d in the variables x = (x1, ..., xp)
with 0 <7 < m(n,d) -1, and y = (y0, .-, Ym(n,d)-1)- In particular, we find that (f > 0) is the
pullback VJl(Hf N V(n, d)), where Hf = (Lf > 0). Therefore, (f > 0) contains all the points in
X if and only if Hs contains c; for every 1 < i < k. Hence, we find u(f > 0) > m(n,d)*.

Secondly, we prove (ii). As before, we let v be the probability measure on V(n, 2d) obtained by
pushing forward u by the Veronese embedding. Moreover, if we identify R” with the hyperplane
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xo =1 in R"1 we find V(n,2d) C \A/(n +1,2d) C R™(d)  Thus, we can repeat the previous
strategy applying the centerpoint theorem in R™("d),

A

Let k = k(V(n+1,2d)). Then, we find a set
Y = {CJ = (Coj, Cljy ey C(m(n,d)—l)j) S \A/(n—i- 1,20’) 1<, < k}

such that .
c=) Ng,
j=1

where A = (A1, ..., k) lies on the (k — 1)-dimensional canonical simplex. Additionally, the
centerpoint ¢ must lie on yp = 1, implying the relation

k
ZAJ' Cj = 1. (6.4)
j=i

Since xgd is nonnegative for any real number, it follows that \A/(n + 1, 2d) lies in the half-space

yo > 0. Therefore, if cp; is nonzero for every 1 < j < k we can rewrite
k
c= Z}\j coj (Co_jl G, (6.5)
j=1

and the result follows by (6.4) and the fact that V(n+1,2d) is a cone. However, some ¢; might
lie on yp = 0. We now deal with this situation. Let

(Vi = e )T
be a sequence of sets in V(n+1,2d) N {yo > 0} satisfying that

j i—oo
c; —

j G

for each 1 < j < k. Additionally, define

so that ¢/ 2% ¢. Moreover, for each 1 < j < co we can apply the same normalization as (6.5)
to write ¢’ as a convex combination of k points in yo = 1.

Let 6 > 0 and € = (m(n,2d) + 1)~ — §. We show that there exists some i = i(§, u) such that
Y’ is a weak (1 — €)-net for (i, Fag). We proceed by contradiction. For each 0 < i < oo, suppose
that there exists a poylnomial

le|<2d

which is nonnegative on every point of Y; and satisfies

p((fi = 0)) <e. (6.6)
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In particular f; is nonzero, and we can assume

2= Y (ew)P=1

so that f; lies in the (compact) unit sphere. Therefore, the sequence (f;)$; converges to some f
uniformly on compacta. Moreover, since f,-(cjf) > 0 it follows that f(c;) > 0 for every 1 < j < k.
In order to find a contradiction, we prove that

1

f>0)< _—
M _0)_€<m(n,2d)+1'

which is not possible by the isomorphism (6.3) since it implies the existence of a half-space
Hs = (Ls > 0) containing the centerpoint c of measure strictly less than (m(n, 2d)+1)~1. Assume
the contrary, i.e. u(f > 0) > €. Since p is absolutely continuous with respect to the Lebesgue
measure and algebraic sets have measure zero, we find u((f > 0)) = p((f > 0)). On the other

hand, as f; L N pointwise it follows that
X(r>0) < liminfx(r>o) |
1— 00

where xs is the indicator function of a subset S of R”. Additionally, by (6.6) and the Fatou lemma
[47, Lemma 18.13] we derive

= > < — =
/]1;" X(f>0) du I'l'((f = 0)) = m(n, d)—|— 1 4,

which is a contradiction. O

6.4. The Carathéodory number of Veronese varieties

The goal of this section is to derive the bounds for the Carathéodory numbers of the Veronese
varieties presented in Theorem 6.2.3. Remarkably, the parity of the degree of the Veronese
embedding matters. Because of this, we address the even and odd degrees separately.

6.4.1. Even degree

We begin by proving the following lemma, which is a direct consequence of the spectral theorem
for real symmetric matrices.

A

Lemma 6.4.1. k(V(n+1,2)) =n+1.

Proof. The Veronese cone V(n + 1,d) is the locus of symmetric rank-one tensors of format
(n+1)®9 (recall §2.2.2). In particular, if d = 2 it is just the locus of real symmetric matrices.
Let M be a nonzero (n+ 1) x (n+ 1) real symmetric matrix in the convex hull of V(n+ 1, d).

We can write )
M = Z £\ M;
i=1

where M; = x; ® x; = x,-x,-T for some x; in R™ 1 and A = (\1,..., A\x) is a point in the (k — 1)-
dimensional canonical simplex. As M; is positive semidefinite for every 1 < j < k, M is a positive
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combination of positive semidefinite matrices. Thus, M is also positive semidefinite. By the spectral
theorem, we can write

M= gu;yiyf =3 (1) W)=Y (4) (e (Ve

i=0 H i=0 H

where g, p1, ..., n are the eigenvalues of M, yo, y1, ..., Y, define an orthonormal basis of R"+1,
and

w= Z/_L,‘ : (6.7)
i=0

By definition, the point
. (“““) (6.8)
[T I
lies on the n-dimensional canonical simplex. Hence, M can be written as a convex combination of
n+ 1 points on V(n+ 1,2). Since we find positive semidefinite matrices of rank n+ 1, the result
follows. o

Now, we sequentially prove the bounds for the Carathéodory number of the Veronese varieties
stated in Theorem 6.2.3.

Proof of (i) in Theorem 6.2.3. We embed R" in R"™! with the additional coordinate xg = 1.
Then, the affine Veronese variety V = V/(n, 2) consists of rank-one (n+ 1) x (n+ 1) symmetric
matrices x ® x for some nonzero x = (1, x1, ..., x»), regarded as a column vector.

Similarly to the proof of Lemma 6.4.1, for any M in the convex hull of V there exist a sum of
k < n+ 1 rank one positive matrices

M=E +- + E.

If M is full rank and kK = n + 1, then there are a lot of such decompositions, transformed by
rotations of R™! one into another. Because of this, one may also assume that the corner element
(Ei)o,o is positive for every 1 < j < k. In order to achieve this, we just need to rotate so that the
hyperplanes in R"+1

{xTEix=0}={x"(eje])x =0} = {(x"e;)> =0} = {x"e; = 0}

do not contain the vector z = (1,0, ...,0). If Ais not full rank, then the decompositions into
k = rank(M) matrices of rank one are transformed one into another by rotations of the k-
dimensional quotient R™ ! /ker M. It is also possible to rotate so that z is not inside any of the
hyperplanes {x" E; x = 0}, since z does not lie in ker M (equivalently Mo o # 0) and the intersection
of those hyperplanes is ker A.

After this, it is possible to take out the positive corner elements of the E; and write
M =X eleir + .+ Xk eke,z—

with positive A; and vectors e; with first entry equal to one. Since M lies in the hyperplane
H={Myo =1}, as well as e,-e,-T for every 1 < i < k, it follows that A; + ... + Ax = 1. Hence, M
is a convex combination of at most n + 1 elements of V. O
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Proof of (ii) in Theorem 6.2.3. Consider the univariate polynomial in the variable x
F(x)=(x—1)...(x—d),
and define the multivariate polynomial of degree D = 2d in the variables xi, ..., x,
P(x) = P(x1,...,xn) = F(x1)> 4+ - + F(xa)? .

By definition P is nonnegative, and its real zero set M C R" is the finite product {1, ..., d}", of
size d". The Veronese image v(M) is an intersection of V/(n, D) with the support hyperplane
corresponding to the polynomial P. Hence, we have k(V/(n, D)) > k(v(M)). Since v(M) is a finite
set, its Carathéodory number equals the dimension of its affine hull plus one, that is dim v(M) + 1.
This in turn equals the dimension of the vector space of restrictions of polynomials of degree at
most D to M.

In order to understand the dimension of the space of such restrictions, let us analyze the kernel of
the restriction map, that is the vector subspace Z(M) of R[xq, ..., xs]<p of polynomials vanishing
on M. By Noga Alon's Combinatorial Nullstellensatz [4, Theorem 1.1], any polynomial @ in Z(M)
can be written as

Q(x1, ..., xn) = S1(x1, ..., xn) F(x1) + ... + Sn(x1, ..., xn) F(xn) ,

where deg S; < deg Q@ — d for each 1 <7 < n. When deg Q@ < D, we have deg S; < d for every
1 < i < n. The dimension of all possible combinations of the S; is at most n- m(n, d) = n(”j;d).
Furthermore, the kernel of the linear map

(51, ...,Sn) — 51 F(Xl) +---+ 5, F(Xn)

contains the (’27) linearly independent Koszul-like vectors of polynomials

O,y F(X) 1o — F(%) 1o\ 0) .
—— ——
i-th entry j-th entry

Therefore, the kernel of the restriction map for polynomials of degree D = 2d has dimension at

most n(”tk) - ('2’) Thus, for the degree of the image of the restriction map we obtain

K(V(n,2d)) > m(n, 2d) — n- m(n, d) + <;’> - (2": ”) _n <d : ”) + <;’> .

Additionally, when D — oo, this is asymptotically

k(V(n,2d)) > (2:!)n —n 2‘:;! - (1 - ?”n) (2:!)n = (1 - ?”n) m(n, 2d) .

O]

Proof of (ii) in Theorem 6.2.3. We proceed similarly to [13], where the Carathéodory number of
the moment curve is computed. Let D = 2d, and consider V(n+1, D). In particular, V(n+1, D) is
a cone over its section with the hyperplane in R™(" D) that is identified (by the Veronese embedding)
with the homogeneous polynomial

(06 +xt+-+x)¥=1.
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Namely, this hyperplane section corresponds to the restriction of homogeneous map

g R Rm(nD) (6.9)
x=(x0,....%xn) +— x®P
to the unit sphere S” C R"*1. Therefore, we may focus on estimating the Carathéodory number of
7(S™), since it is the same as the Carathédory number of V(n+ 1, D). This point of view has the
advantage that v(S"), as well as its convex hull, is compact.
Let & be a point in conv(¥(S")). Additionally, let x be a point in S” and consider the maximum
t such that
¢ — tV(x) € conv ¥(S") ,

which is attained since the convex hull is compact. We define the point

n=&§—tv(x),

which lies in the boundary of conv ¥(S"). By the Hahn-Banach theorem (see e.g.[157]), there exists
a linear functional L that defines a supporting plane in R™("P) of conv(¥(S")) and contains 7.
Additionally, the Veronese map identifies L with a homogeneous polynomial P in of degree D in
n + 1 variables. In particular, if

M={xeS"|P(x) =0},

it follows that 7 lies in conv #(M). Notice that, if dim conv (M) < N, by Carathéodory's theorem
any point in conv #( M) can be expressed as a convex combination of N + 1 points. Additionally,
since ¥ yields an identification between homogeneous polynomials of degree D in R"” and linear
forms in RM(".D) e find

2
dim conv V(M) = <n +2d

. )-mmzm@—1,

where Z(M) is the vector space of homogeneous polynomials of degree D in n+ 1 that vanish on
M. Therefore, we derive

K (V(M)) < (” +,,2d> _ dim Z(M)
" & (V(n+1,20)) < (” :2") — dim Z(M) + 1.

We conclude providing a lower bound for the dimension of Z(M). Notice that P lies in Z(M) by
definition. On the other hand, since M is the locus in R"*1 where the minimum of P is attained,
all the (n + 1)? products

oP

Xj 73—
0

vanish on M. Nevertheless, there might be linear relations between these polynomials. If we have a
nontrivial linear relation of the form
oP

P P
oXxg=— + ..+ anxn=— =(aoxo+ ... +apxp)=— =0
ox; ox; ox;
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for some 0 < j < n, it follows that % = 0. However, since P is homogeneous of degree 2d there
J

must be some 0 < jo < n for which aaTF" is nonzero. In particular, all the products
Jo

oP P
LT axg,

are linearly independent, and lie in Z(M). Finally, if P is linearly independent from these n+ 1
partial derivatives, we find

dim Z(M) > n+2

implying the bound (iii) in Theorem 6.2.3

K(V(n+1,2d)) < (” +n2d> o1

If this is not the case, assume without loss of generality that jo = 0. Then, we find the nontrivial
linear relation

P:(Oz()Xo—i-...—l—Olan)g)lj . (610)
0

If g = 0, the restriction of the identity above to any line in R"! of the form

X].:ﬁ].l LR | Xn:ﬁny
for some B = (B1,..., Bn) in R", becomes an ODE

oP
67XOO(P,

with P as unknown, whose solutions are exponentials. Since P is a polynomial, this cannot be
the case. Therefore, we have ag # 0, and we can apply the inverse of the change of coordinates
defined by

a1 Aqp
Yo Xxo+ —x1+- 4+ — X,
Qo ap
and sending y; — x; for every 1 < < n. Hence, (6.10) becomes

oP
0‘0}/067)/0 =P,

and any solution of this has the form
1/a
P(yo. . yn) = yo' " Q(y1. .. y2) -
Moreover, since P is a nonnegative polynomial, we have:
(i) % must be an even positive integer 2d’

(i) @ must be a nonnegative of degree D — 2d' = 2(d — d')
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Additionally, we find some 1 < kg < n such that the partial derivative

oQ

R, =
ko Ox,

is a nonzero polynomial that vanishes at M. In particular, all the products x;x; Ry, yield linearly
independent homogeneous polynomials of degree at most 2d that vanish at M. Since there are
("52) of such products, multiplying by a power of xq if necessary to make them of degree 2d, we
improve the bound

dim Z(M) > (”;2> >nt2.

6.4.2. Odd degree

Regarding odd degrees, the bounds (iv) in Theorem 6.2.3 for the Carathéodory number of the
affine Veronese variety follow from the fact that linear projections m : V(n,2d) — V(n,2d — 1)
preserve convex combinations. For the Veronese cone in odd degree (not stated in Theorem 6.2.3,
since we do not use to bound the size of (1 — €)-nets), a bound follows from the results of [26] and
[3].

For the sake of completeness, we briefly include the statements of the results that yield this
bound. Specifically, the following is a version of the celebrated Alexander—Hirschowitz, stated in
the language of symmetric tensors.

Theorem 6.4.2. [3] The symmetric rank of a general symmetric complex tensor of format (n+1)®9

is (ﬁ m(n, d)], except for finitely many pairs (n, d) (see [26, §3.1]).

In general, over R there are (Zariski dense) open sets, within the spaces of tensors of a given
format, consisting of tensors that have a fixed rank. Each of this ranks is called a typical rank. This
phenomenon does not occur over C, where there is only one (Zariski dense) open set consisting of
tensors of a fixed rank. In particular, this rank is called the general rank. Here, we do not discuss
real typical ranks in detal (see e.g. [26, 126, 17], and interested readers can look at Table 3.3 in
[126] for a list of the typical ranks for a number of formats), but we include the following result.

Theorem 6.4.3. ([26, Theorems 2 and 3]) Given a specific tensor format, the maximum rank of a
real tensor is at most twice the smallest typical rank. Moreover, the smallest typical (real) rank is
the general rank of complex tensors of the same format.

Corollary 6.4.4. (Follows from [26, §3.1]) If d is odd, then

<(Vna) < 2 (")

n+1

except for finitely many pairs (n, d).



Chapter 7
Cylinders through four cocyclic points

In this short chapter, we provide algebraic certificates for the number of real circular cylinders
through a particular configuration of five points in A3: four of the five points are cocyclic, i.e. they
lie in a commmon circumference (Theorem 7.3.5 and Corollary 7.3.7). Additionally, we give closed
formulas for the defining equations of such cylinders (Corollary 7.3.6).

7.1. Projective definition of circular cylinders

Intuitively, a cylinder is a surface in A3 that is swept by parallel lines along a plane conic. If the
conic is a circumference, we say that the cylinder is circular. In particular, cylinders are quadric
surfaces. When we look at these quadrics in P3, all the parallel lines meet at the “plane at co”.
Therefore, cylinders are just real rank-three quadrics, that is real cones, where the singular point
lies at “c0". To formalize ideas, we establish the following notation for the rest of the chapter.

Notation 7.1.1. We denote by H; the plane in P2 = Proj(C[xg, x1, X2, x3]) defined by x; = 0, for
each 0 < i < 3. As usual, A3 is defined by yo # 0.

In this chapter, we are interested only in circular cylinders. To define them formally, we utilize a
projective characterization by means of the absolute conic, defined as follows.

Definition 7.1.2 (Absolute conic). The absolute conic in Hp, denoted by K, is the curve defined
by
x12 + x22 + xg =0.

The following is a useful property of the absolute conic.

Remark 7.1.3. (Rigid invariance of the absolute conic [49, Theorem 6.9.21], see also [49, §6.9])
The absolute conic is invariant under “rigid” transformations of A?’C, i.e. those defined by

i, y2,y3) = 1, y2, y3) M+v (7.1)
where y; = x;/xo for each 1 < i < 3, M is a R3*3 orthogonal matrix, and v is a vector in R3.

We begin explaining our definition of circular cylinder. After a rigid transformation of A3, any
cylinder can be transformed into the one defined by the equation

X12—|—X22:f2,

for some r > 0. If we homogenize the previous equation using the variable xg, we find

x12 +x22 = r2x0 ,
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which at the plane Hy restricts to
XE4x=(x1—ix)(xx+ix)=0,
which defines the two complex conjugate lines parametrized by
0:a:+ia:p), (7.2)
for (a: B) in PL. The following observations are in order:

(i) The unique real point of the lines (7.2) is (0: 0: 0 : 1), corresponding to the apex of the
cylinder

(ii) Each of these lines is tangent to the absolute conic K at the circular point (0:1: £/ : 0)

Hence, this circular cylinder defines two tangent lines to the absolute conic at Hy. Furthermore,
since K remains invariant under rigid transformations, every circular cylinder exhibits this property.
In fact, circular cylinders are characterized by this property. To be more precise, circular cylinders
precisely correspond to real rank-three quadrics that define tangent lines to the absolute conic at
Ho (see [49, §6.9 and §10]). We adopt this characterization as our definition.

Definition 7.1.4 (Circular cylinder). A cylinder C is circular if C N Hy consists of two lines tangent
to K.

Remark 7.1.5 (The axis of a cylinder). Equivalently, cylinders can be defined affinely by specifying
a direction for their axis, a point on the axis, and a radius. In the majority of works focused on
extracting circular cylinders from point sets, this perspective is adopted (e.g. [81, 42, 143]). Within
our projective framework, we identify the direction v for the cylinder's axis with a point in Hy. To
be more precise, we interpret an axis represented as v = (e, 8,7y) as the point (0: a: 8 : 7).

7.2. The conic of admissible vertices

As cylinders are real cones with their singular point at Hy, they are determined by the apex and
a section with a plane in P2, say Hs. In particular, given a circular cylinder C C IP’?C, the section
C N Hz defines a plane conic in Hz. When we focus on the cylinders through five points in A3, and
four of these points lie in the plane H, it follows that the section C C P2 belongs to the pencil of
conics that the four coplanar points determine in Hs.

In this chapter, we focus specifically on configurations where four of the points are coplanar.
Furthermore, in §7.3 we impose the additional constraint that the four coplanar points lie on a
common circumference. However, for the present section, our primary objective is to derive the
equation of a plane conic in Hy, relative to four coplanar points in Hs, that contains the apex of
any circular cylinder passing through these four points

The following lemma describes explicitly the singular lines in Hy that are tangent to the absolute
conic and have a singular real point V/, as it arises in C N Hy when C is a circular cylinder.

Lemma 7.2.1. Let V = (a: B :v) in PA. The conic singular at V' that defines tangent lines to
the absolute conic K is defined by

By —af  —ay )\ (n
(Xl X2 X3) —af a? +'y2 —By x| =0. (7.3)
—ay =By a?+B2) \x3
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Proof. For each i = 1,2, let ¢; be the line through V that is tangent to K. Also, let d be the
double line spanned by @1 = 41 N K and Q> = £> N K, i.e. the double line of the polar of V with
respect to K. The three conics K, £ U £,, and d have fixed tangencies to {1, {> respectively at
@1, Q. Therefore, each conic lies in the pencil spanned by the other two.

The polar of V with respect to K is

1 00 o'
F=F(x1,x2,x3) = (x1 Xo X3) 010 Bl =ax+By+vz=0. (7.4)
0 01 ¥
Hence, d is defined by F? = 0. Without loss of generality, we can assume either o # 0, B # 0, or

v # 0. For simplicity, we choose a £ 0. A conic in the pencil spanned by K and d is defined by a
matrix

a2 0 0 a’® af ay
Mo M)=X | 0 o® 0 |+x[aB B By
0 0 a? ay By o2

for some (Ao : A1) in IP’(lc. Moreover, £1 U £» is a singular conic in this pencil. In particular, the
determinant of its defining matrix vanishes. Since we have

det M(Xo, A1) = a* A2 (Mo & + A1 (o + B2 +92)) (7.5)
and the factor A3 corresponds to the double line d, it follows that £; U £ is defined by
(o :h1) = (@2 + B2 +17 1 —a?) .
O

At this point, we explicitly specify our selection of four coplanar points in Af{. More precisely,
we establish the following notation.

Notation 7.2.2. Let Qq, Q>, Q3, Q4 be four affine points in H3, that do not define a rectangle.
Applying a rigid transformation, we can assume that

@ =(1:0:0:0), @=(1:1:0:0), @3=(1:a3:63:0), Qu=(1:as:64:0)
for some real az, ag, B3, Pa.

The following result provides an explicit parametrization of the pencil of conics, in the plane Hs,
defined by the points @y, @, Q3, and Q4.

Lemma 7.2.3. The pencil of conics in Hz through Q1, @2, Q3, and Q4 is parametrized by

¢:PL — P2
0 A1 Moo+ H1AL X0
(>\0 : >\1) — (Xo X1 X2) )\1 -2 )\1 >\0 X1
Hodo+H1A1 Ao poAro+ P11 X2
where ) ) ) )
po = = (o3 — o) = ((a3Ba(l — a3) — aapBs(1 — o)) (7.6)
(Bs — Ba) B3Ba(Bz — Ba)
and ) )
(a3 Bs— s Bs) ~a3fi(l—a3) —auB5(l — o)

o= gs—ps) 17 BsBa(Bs — )
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Remark 7.2.4. The hypothesis on the points Qp, Q1, @, and Q3 of not being rectangular is
necessary for the good definition of the constants pg, p1, o, 41, i.e. to ensure that

ﬁ3 ' ﬁ4 1 ﬁ3 - ﬁ4
are all nonzero.
Proof. Let
A D E X0
F= F(Xo,Xl,Xz) = (Xo X1 X2) D B F X1
E F C X2

define a conic through Q1, @2, Q3, and Q4. Since F(g1) = F(g2) = 0, we find
A=0, B=-2D.
Moreover, since F(q3) = F(qs4) = 0 we also find
<2a§D—2a3D—2a3ﬁ3 F> _ <5§ 2;33> (C>
202D —2asD—2asBsF) ~ \B? 2Bs) \E) ~
Applying Cramer’s rule, we derive

202D —-2a3D —2a3B63F 23
20(3D—20£4D—20£4ﬁ4/: 2ﬁ4
B 2Bs
Bi 2Ba

C= =pF+pD.

Similarly, we derive
2 202D 203D 20383 F
2 20(2D—20l4D—20£4ﬁ4F

B 2Ps
Bi 2Pa

E= =p1F+u2D .

O]

The following is the definition of the conic of vertices, that vanishes at the “admissible” apexes,
or axis directions, of circular cylinders through @1, @2, @3, and Q.

Definition 7.2.5 (Conic of vertices). The conic of vertices relative to the points Q1, Q2, Q3, Q4 is
the curve in Hy defined by

G(Xl, X2, X3) = 2X12 + p1 X22 + (2 + p1)X32 + 2,00 X1 X2 = 0. (7.7)
In the following lemma, we prove the aforementioned property of the conic of vertices.

Lemma 7.2.6. Let C be a circular cylinder through Q1, Q2, Q3, Qs of vertex V= (0:a: B : 7).
We have the following:

(i) V lies in the conic of vertices
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(ii) The intersection C N Hs is the conic defined by the matrix

0 B2+~ 2poaB+pu1(B%+9?)
M(a, B, v) = B? + 2 —2(B*+7?) 2ap (7.8)
2po B+ p1 (B2 +9°) 20 B 2poaB+p1(B°+7°)

Proof. By Definition 7.1.4, the intersection C N Hy is singular at V' and tangent to K. Moreover,
since C contains @1, @, Q3, Q4 the intersection C N Hj is a conic in the pencil defined by these
four points in H3. By Lemmas 7.2.3 and 7.2.3, the restriction of C to Hy N H3 yields the matrices

-2\ Ao B+~ —af
: 22 (7.9)
Ao poAo+ P11 —af oty

—2XA1 X0 porotprAr) _
rank(182+’yz —ap 02 4 2 =1.

proportional, i.e.

In particular, we derive

—2ap B +y |

praB o?+y2+paB =af G, B,7)=0.

If either o = 0 or B = 0, the points Qo, Q1, Q2, Q3 lie on parallel lines. Thus, the statement in (/)
follows. On the other hand, we also find

Ao Ay
2 B+
and specializing in (7.2.2), the statement in (ii) follows. O

7.3. Classification of real circular cylinders

In this section, we perform our classification of the real cylinders passing through five points, where
four of the points are cocyclic. Remarkably, we can characterize cocyclic configurations of four
points with a simple algebraic condition.

Lemma 7.3.1. Assume that p3 # 2 p1. The following are equivalent:
(i) The points Q1, @2, Q3, Qa are cocyclic (recall Definition 1.2.33)
(i) pr=—2
(iii) The conic of vertices is singular
Proof. The equivalence between the statements (/i) and (iii) follows from

2 PO 0

po p1 0 | =Q+4p1)(2p1—p3) -
0 0 24p
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On the other hand, (/) is equivalent to

a1 B ol + B3
o B o3+ B3
a3 B3 o+ B3
oy Pa of+ B2

=B3Ba (B3 —Ba) —(c3Ba(l —a3) —asBz(l—as))=0 (7.10)

[ Gy T G N Gy

where Q; = (1: & : B;), since this condition means the existence of an equation

F=F(xo,x1,%) = (x1 — ax0)® + (x2 = Bx0)* = r* 5

such that F(Q;) = 0 for every 1 < j < 4. On the other hand, by definition we have

B3Ba(Bz—Ba)pr+2(az3fa(l —a3) —asB3(l —ay)) =0,

and (7.10) can be equivalently written as

B3 Ba(Bs — Bs)(p1+2) =0,
and by the hypothesis on Q1, Q2, @3, Q4 we find that the statements (i) and (i) are equivalent. [

Notation 7.3.2. If p; = —2 we can factor
2 G(Xl,Xz,X3) = (2X1 + (po — 0‘)X2) (2X1 + (Po —|-O')X2) ,

where o = w/p% + 4 # 0. Hence, the conic of vertices is the union Lo U Ly, where Lg and L; are

the lines in Hy defined by the two factors of G respectively. In particular, for each i =0, 1, we
have the parametrizations

Yi:PE = L (7.11)
()\0 : )\1) — ((po + (—l)iO') Ao —2X: )\1) .

The common point LoNL; = (0:0:1) = 4;(0,1) corresponds to the vertex of the “vertical’
cylinder.

Up to this point, our discussion has focused solely on configurations involving four coplanar
points. However, it is for five-point configurations that the count of circular cylinders becomes
finite [81, 42, 143] over the complex numbers. As a result, we now introduce a fifth unconstrained
point within A3.

Notation 7.3.3. Let
Qs=(l:as5:Ps5:7s)

for some real as, Bs, ys with 75 nonzero. The central projection through Qs induces an isomorphism
I: Ho — H3 (7.12)
(0:x1:x:x3) — (x3:05x3 —95x1:P5x3 —95x2:0)

By introducing the fifth point @5, we can now proceed to count the number of real circular
cylinders, and derive their defining polynomials explicitly. To achieve this goal, we first introduce
some polynomials that are closely related to the geometry of these five points.
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Notation 7.3.4. For each i = 0,1, we define the polynomials
hoi(z) = 4z ((=1)" o (20 + 1) + 2 po o + po — 2 1)

hi(x,y,z) =20 (=1) (poy? + po 22 + 20y +2xy) + p3 y° + p§ 22
+2p0p0y +2poxy +2x°> —2p1y+2y* +42%>—2x,

hoi(x,y,2) =z ((-1)" o (—2x+ 1) —2pox + po — 2pu1 +4y) ,
h3(x,y) = x*+y* —p1y — x .
Additionally, define
Hi(Mo, A1 X, v, 2) = A3 hoi(2) + M3 A1 hii(x, v, 2) + Mo X2 hoi(x, y, 2) + XM ha(x,y) . (7.13)

The following represents the main result of this chapter, establishing that the count of real real
circular cylinders through a five-point configuration of affine points, where four of them are cocyclic,
coincides with the real roots in PL of two bivariate homogeneous cubic equations.

Theorem 7.3.5. Let Q1, @2, Q3, Q4 be cocyclic and not rectangular. Then, V is the vertex of a
circular cylinder through the previous points and Qs if and only if V. = (Mo, A1), where

Hi(Mo. A1) =0, (7.14)

for some i = 0,1. In particular, the real circular cylinders through the five points are in one-to-one
correspondence with the real roots of Hy(Ao, A1) = 0 and Hi(Xo, A1) = 0.

Proof. By Lemma 7.3.1, since Q1, @2, Q3, Q4 are cocyclic and they do not lie on parallel lines the
conic of admissible vertices is the union of two lines parametrized by (7.11). Thus, if V is the
vertex of a cylinder C through @1, ..., Q5 we have

V =i, A1) = o (p1 +(=1) a) : =20 : A1)

for some (X : A1) in P} and i = 0,1. By Lemma 7.2.6, the intersection C N Hs is defined by

(Xg X1 X2)-M(V)-(X0 X1 XQ)TZO

where M = M(e, B,7) is as (7.8). Therefore, V is the vertex of a circular cylinder through the
points if and only if the projection M(Qs) lies in C N Hs, i.e.

N(Qs) - M(V)-N(Qs)T = =21 Hi(Ao, A1) =0 .

If Ay =0, then V lies in Hy N H3 and C N H3 consists of two (affinely) parallel lines, which is not
possible by our hypothesis on @1, @>, Q3, Q4. Hence, the statement follows. O

The following are two corollaries of Theorem 7.3.5. Specifically, Corollary 7.3.6 permits the
explicit computation of the defining polynomials of each of the real circular cylinders through the
five points, given a real root (Ao : A1) of either Hy(as, B5,y5) or Hi(as, Bs,vs). On the other
hand, Corollary 7.3.7 classifies the count of the real cylinders through the five points using the
discriminant of bivariate, homogeneous, cubic polynomials.
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Corollary 7.3.6. With the hypotheses of Theorem 7.3.5, given a real root (Ao : A1) of (7.14) the
equation of the circular cylinder in A% through Q1, @2, Q3, Qa, and Qs of vertex V = 9;i(Xo, A1) is

H(Xo, A1;x,y,z) =0 (7.15)

Proof. Let C be the circular cylinder through the five points of vertex V. By Lemma 7.2.6, the
intersection C N Hs is determined by Q1, @2, @3, Q4, and V. By definition, (7.15) defines the locus
of points Q = (x, y, z) for which the projection Mg : Hy — Hs induced by Q sends V to a point in
C N Hs. Therefore, (7.15) is the implicit equation of C. O

Corollary 7.3.7. With the hypotheses of Theorem 7.3.5, let D; = Dj(x, y, z) be the discriminant
of Hi(Xo, A\1; x,y, z) with respect to Ao, A\1. Then, there are exactly

(i) six circular cylinders through the points if and only if Do(Qs), D1(Q5) > 0
(ii) four circular cylinders through the points if and only if Do(Qs) - D1(Qs) < 0

(iii) two circular cylinders through the points if and only if Do(Qs), D1(Qs) < 0

We close the chapter with a computational example. More precisely, we count the number of
real circular cylinders through a five-point configuration of points in A3, where four points are
cocyclic, and compute their defining polynomials explicitly.

Example 7.3.8. Consider the points in A3
@ =(0,0,0) , @=(1,00) , @ =(—2.2336,2.3883,0) , Qs =(3.16,3.41,0),

which are cocyclic since p; = —2 and p3 # 2 p; (Lemma 7.3.1). In particular, we compute the
constants
po = —10.5633 , o= 14.8504 , w3 —5.4139 .

Now, let @5 = (1,1,1). For each i = 1,2, let D; be the discriminant of the polynomial in (7.13)
with respect to Ao, A\1. Evaluating Qs on each discriminant, we find

Do(Qs) <0, Di(Qs5) <O

Therefore, by Corollary 7.3.7 there are exactly two circular cylinders through the five points.
Moreover, we can compute these cylinders using Corollary 7.3.6. Specifically, the unique root of
Ho(>\0, >\1; Q5) in P%{ is

R1 = (0.4381 : —0.8989)

and the unique root of Hi(Xo, A1; Qs) in P is
Ry = (0.2229 : —0.9749) .
Therefore, the defining polynomials of the two cylinders through the five points are

Ci(x,y,z) = — 1.4165x% — 0.129509 x y — 0.732485 y> — 0.132873 x z
+1.41604 y z — 0.696169 z> + 1.4165 x + 5.74553 y — 5.47052 z ,

Co(x,y, z) = — 1.12009 x2 + 4.12761 x y — 22.9206 y* + 9.02801 x z
+0.847136 y z — 22.1878 2% + 1.12009 x + 67.3605 y — 36.2548 z

The circular cylinders through Q1, @, @3, Q4 and Qs are illustrated in Figure 7.1.
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Figure 7.1.: The two circular cylinders through the five (blue) points in Example 7.3.8.
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