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ABSTRACT

This manuscript presents a study on the application of adaptive sliding mode control (first-
order and supertwisting) to a robotic system. An aerial manipulator composed of a quadrotor
equipped with a rigid two-degree-of-freedom manipulator arm is considered, the work focusing
on the tracking of complex trajectories, by acting on the altitude and attitude of the quadrotor
and the positioning of the manipulator arm. A complete simulator has been developed. The
challenge was to assess the system’s ability to follow helical motion trajectories in the presence
of disturbances (external forces) or uncertainties (on-board mass). To achieve this, control laws
based on the theory of sliding modes were proposed: the robust nature of this type of approach,
coupled with their adaptive feature, has motivated their use for the first time in this field
of application. A detailed analysis of the performance of these new control approaches has
been carried out in simulation, along with a comparison with more conventional approaches, in
particular with/without the presence of external disturbances and with/without the presence of
point mass loading at the end of the manipulator arm.

Keywords: Unmanned aerial manipulator, sliding mode control, supertwisting, adaptive
gain.
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INTRODUCTION

An unmanned aerial vehicle (UAV), also known as drone, is an aircraft that has no pilot
on board. Its flight can be remotely controlled, semi-autonomous or autonomous. UAVs have
been a topic of research in diverse domains, such as military, civilian, academic and industrial
applications. For various reasons, most studies tend to focus on quadrotor UAV that has four
rotors. One of its advantages is that it does not require mechanical linkages to vary the rotor
blade pitch angle as compared to scaled helicopter because its motion is controlled by changing
the four rotors speed. The use of four rotors allows each rotor to have smaller diameter, that
reduces the posibility of damaging the rotors if quadrotor hits anything. Quadrotor also requires
only a small area for vertical taking-off and landing (VToL). Another advantage is its capability
to fly in every direction, vertically and horizontally, to hover in a fixed position and to fly at
a low altitude. These abilities make them an ideal instrument for detailed surveillance, remote
sensing or flying through hard-to-reach areas. Extending this application to active action such as
grasping, carrying or manipulating is an interesting way to expand the field of application of the
quadrotor. However, grasping, carrying and manipulating an object with a quadrotor during the
flight arise several problems due to both the unstable dynamics of the vehicle and the coupling
effects and the uncertainties introduced by the presence of an object.

Unmanned Aerial Manipulator (UAM)

According to European Strategic Research Agenda (ESRA) 2014 - 2020 [1], aerial robots
are intended to be employed as robotic workers and co-workers, logistic robots and robots for
exploration and inspection. To perform such tasks, a quadrotor due to its advantages is suitable
for the base of aerial manipulator. Active task performed by aerial manipulator can cover in
general the grasping, transporting, positioning, measuring, interaction or assembly/disassembly
of mechanical parts of any objects. The use of aerial manipulator to access high-location and
hard-to-reach areas that involves significant risks and accidents is very helpful. This aerial ma-
nipulator then can be remotely controlled, semi-autonomous or autonomous.

However in case of UAVs equipped with a manipulator, physical interactions with external
objects while flying would induce several problems such as [2]:

— stability of the aircraft subject to forces and torques generated during the interactions;
— accuracy in trajectory tracking or positioning with respect to the targets while grasping

or moving due to physical contact with objects;
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— consideration of aerodynamic perturbations due to the proximity of surfaces;
— payload capability to carry devices for physical interaction;
— required flight time for moving in large areas, positioning and accurate interventions;
— reactivity to cancel the effect of external perturbations flying close to objects;
— planning taking into account the constraints involved in the physical interactions.
In order that UAV accomplish manipulation task in the air, they have to be equipped with

a well adapted tool. The two most popular solutions [3] are either to mount a griper or multi
fingered hand directly (or through cable suspension) on the UAV, known as flying hand or
to equip the UAV with one or more robotic manipulators, hence the name unmanned aerial
manipulator (UAM). With a flying hand it is possible to do pick and place operation only which
is not enough for active task of UAV where the object cannot independently moved from the
UAV.

(a) Quadrotor with mounted gripper known as
flying hand. Source:[4].

(b) Quadrotor with robotic manipulator known
as unmanned aerial manipulator. Source:[5].

Figure 1 – Quadrotor equipped with tool for manipulation task in the air.

UAM can consist of flying base such as quadrotor, robotic arm to perform active task and
sensors like cameras, laser scanners, and so on for positioning of robotic arm on object. An UAM
can be categorized as follows according to the different technological solutions addressing the
problem of mounting a robotic manipulator on a UAV [3]:

— the number of degree of freedom (DOF) of robotic arm: 1-DOF, 2-DOF or more;
— the type of joint of robotic arm. Most of the joints are revolute with some are prismatic;
— how robotic arm are control: motion-controlled (kinematic) or torque-controlled (dy-

namic);
— configuration of robotic arm controlled as serial, parallel or redundant;
The modeling and control of UAM are quite challenging given that the attachment of robotic

arm to a UAV creates coupling effects in the dynamic model of the system [3]. Indeed the dynamic
behavior changes due to the movement of robotic arm interacting or manipulating objects. The
main effects that appear and have to be considered are the displacement of the center of mass
(COM), the variation of the moments of inertia and the dynamic reaction forces and torques
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generated by the motion of the robotic arm [6, 7].
There are two approaches to address modeling and control problems [3, 8]. The first one is an

overall approach, in which the UAV and the robotic arm are considered as a whole unit, and thus
the planning and the controller are designed from the complete kinematic and dynamic models.
This approach is quite difficult and complex but accurate [8]. The second approach is to consider
the UAV and the robotic arm as two separate independent systems, and then separately builds
models and controllers. The effects of the robotic arm on the UAV dynamic are then considered
as external disturbances and vice versa. This approach is not as difficult as the first approach
and simplifies the process of modeling and control of UAM [8].

Equipping aerial vehicle with manipulator arm, creating unmanned aerial manipu-
lators, requires addressing issues like stability, accuracy, payload capacity and planning
constraints. Aerial manipulators typically consist of a quadrotor base, a manipulator arm
and sensors. Modeling and control of aerial manipulators can be approached holistically
or by treating the quadrotor base and manipulator arm separately.
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Chapter 1

LITERATURE REVIEW AND PROBLEM

STATEMENT

In the past decade, there has been a growing interest in aerial robots within the field of
robotics research. This is primarily due to the vast range of potential application areas they
offer. More recently, the advancement of unmanned aerial vehicle equipped with robotic manip-
ulators has further expanded these applications. This development has significantly improved
their ability to interact with the natural environment. This chapter aims to provide a back-
ground study on various aspects related to aerial platforms, manipulator types, modeling and
control of aerial manipulator. Additionally, it will address the research problems that arise in
this context and outline the objectives of the study.

1.1 Floating platform based on single rotor system

Numerous researcher have displayed interest in the field of aerial manipulation. Work by
Forte et al. [9] focuses on the modeling and the control of an aerial robot which consists of a
VToL airframe with a ducted-fan configuration and a fully-actuated robotic arm composed of a
prismatic joint. The aim is to allow this aerial platform to stabilize in a free flight and then with
end effector come in contact with the vertical surface. Using impedance controller, it is shown
that the system is stable both in the free flight and in the presence of contacts without the
knowledge of the interaction forces. However this ducted-fan aerial vehicle used a single fixed
pitch propellers for generating the main thrust. It rely on a number of mechanical flaps below
this propellers both to generate anti-torque and for controlling the movement of the vehicle at
which the design of control is complex.

Yang et al. [10] build a multi link aerial manipulator that is based on an helicopter as
displayed by Figure 1.1. The system dynamics model is constructed using Euler-Lagrange for-
mulation consist of three main components, the body dynamics model, the mid-dynamics model,
and the actuator model. Each component serves a specific purpose in describing the behavior of
the system. Full-state feedback linear quadratic regulator (LQR) controller is designed based on
the linearized system model and simulations are conducted to show the control performances of
the system. This controller takes into account the full state of the system, including position,
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velocity, and attitude, to calculate the control actions. By utilizing the full-state feedback, the
LQR controller can provide precise and robust control over the rotor-flying manipulator system.
The study shows the LQR controller is able to stabilize the system near steady state but has
very limited operating region; furthermore, the performance of the closed-loop system with the
LQR controller is sensitive to the external disturbance.

Figure 1.1 – Helicopter with multijoint manipulator [10].

An other study of helicopter platform with gripper has been made by Pound et al. [11]
and shows that dynamic load disturbances introduced by payload can be rejected thanks to
proportional-integral-derivative (PID) based control. The study demonstrates grasping and re-
trieval of various objects while hovering using Yale aerial manipulator test-bed as shown in
Figure 1.2. They successfully grasps and lifts objects with PID based control for a variety of
objects (different masses, sizes and shapes). Yet this helicopter platform need to hover close to
ground surface which generate ground effect that can cause instability to the vehicle.

Figure 1.2 – Yale aerial manipulator test-bed with mounted gripper [11].
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The control of a VToL airframe with a ducted-fan configuration and helicopter plat-
form involves two phases. The first phase is controlling the main propeller to generate
thrust, while the second phase involves controlling actuated flaps for lateral, longitudi-
nal, and vertical movement. However, the collective and cyclic pitch commands of this
platform can be mechanically complex and less reliable, especially when dealing with
miniature scaled machines.

1.2 Floating platform based on multi rotor system

Mellinger et al. [4] addresses the modeling and control for aerial grasping using a quadrotor.
Two types of grippers, impactive and ingressive gripper, have been developed for this aerial
grasping (Figure 1.3). This study takes into consideration the changes in dynamic of the system
due to the grasped object. The inertial parameters of grasped object is estimated using least-
squared method. The study also takes into account the displacement of the center of mass in the
controller design. The inclusion of these parameters led to a significant improvement in tracking
performance as shown by experimental results.

(a) The beam is grasped with an impactive grip-
per.

(b) The flat piece of wood is held by an ingres-
sive gripper.

Figure 1.3 – Quadrotor with mounted gripper [4].

Study described in Kim et al. [5], Kannan et al. [12][13], Stergiopoulos et al. [14] and Gkountas
et al. [15] present aerial manipulation using a quadrotor with a 2-DOF manipulator. Kim et al.
[5], propose a model of the quadrotor and the manipulator arm as a combined system (see
Figure 1.4). The study focuses on aerial manipulation during hovering flight, specifically the
tasks of picking up and releasing objects. It emphasizes the need for a robust controller capable
of handling disturbances caused by changes in quadrotor attitude during object manipulation,
as well as uncertainties like battery drain and measurement errors. To address these challenges,
an adaptive sliding mode controller is employed with estimated uncertainty for the adaptation
law to cope with parametric uncertainties and external disturbance. An experimental results
affirm the successful control of the quadrotor and manipulator arm throughout the entire flight,
including object manipulations.
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Kannan et al. [12, 13] proposed an independent modelling and control of quadrotor and
manipulator as shown in Figure 1.5. Both quadrotor and manipulator also have a separate
reference trajectory. The quadrotor model is based on Newton-Euler equation and Recursive
Newton-Euler (RNE) method for manipulator. Finally the aerial manipulator is modeled based
on coupling effect. The proposed scheme is first test with linear PID control and subsequently
an Image Based Visual Servo system to perform specific tasks [12]. A visual servo system is used
with the quadrotor to perform precise positioning and hover stabilization with manipulation
task.

Figure 1.4 – Experimental demonstration by Kim et al. [5].

Figure 1.5 – Controller block diagram of quadrotor with manipulator by Kannan et al. [12, 13].

The adaptive position control of the aerial manipulator is then discussed in [13]. A hypoth-
esis is considered that a manipulator with payload will prevent quadrotor to track a position
reference. Hence an adaptive position control for quadrotor should be sufficient to handle the
problem as long as the inner attitude loop is stabilized properly. The control law includes an
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estimate value of mass and moment of inertia of the attached payload. Here the adaptive con-
trol is able to stabilize the quadrotor from the disturbances caused due to coupling forces and
moments acting on it by the manipulator.

The papers by Stergiopoulos et al. [14] and Gkountas et al. [15] also discuss about indepen-
dent modeling and control of aerial manipulator. In this case, the floating base effect is also taken
into account in the RNE equations that transmit the velocities and accelerations of the quadrotor
from the base to the terminal link of the manipulator; in return the forces and moments exerted
on the quadrotor at the base of the manipulator are computed. This allows interconnection be-
tween the two subsystems (quadrotor and manipulator) gives a coupled dynamic modeling and
control policy.

Stergiopoulos et al. [14] show the efficiency of proportional-derivative controller for quadrotor
and computed torque controller for manipulator. Additonally Gkountas et al. [15] has consid-
ered a fictional force applied at the tip of terminal manipulator to simulate the interaction with
environment. The dynamic model of the manipulator then includes the force applied and com-
pute the reaction force on the UAV. Both studies show that the coupled dynamic model able to
provide realistic simulation environment as well as the base for control design of UAM.

(a) Control block diagram by Stergiopoulos
et al. [14]. (b) Block diagram by Gkountas et al. [15].

Figure 1.6 – Control block diagram of quadrotor/manipulator coupled system [14, 15].

In Lippiello et al. [16] (see Figure 1.7), an impedance control is considered which realize
dynamic relationship between external force acting on aerial manipulator structure and whole
system motion. The dynamic model of the whole system is presented in a symbolic matrix using
Euler Lagrangian formalism. The formalism do not allow separation between slow rate position
control and fast rate attitude control as in [12, 13]. The hovering control of a quadrotor with
3-DOF manipulator in the presence of contact forces and external disturbance acting on the
system is proposed.

In Jimenez et al. [17], considered the quadrotor model with an articulated body, which causes
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the center of mass to be displaced from the geometric centre of the quadrotor and modifies the in-
ertia; both of them are dependent on the arm joint angles. On the other hand, the arm controller
takes as information the state of the quadrotor, and is acting on the arm to compensate the
motion of its base (quadrotor). The objective is to maintain the end effector of the manipulator
at a desired position, or follows a predefined trajectory. By simulation and outdoor experiments
Jimenez et al. [17] shows that Variable Parameter Integral Backstepping controller can be used
to control the aerial platform in order to compensate the motion of the arm. It is also shown
that the proposed method outperforms the results that can be obtained with conventional PID
controllers.

Figure 1.7 – Dynamic model schematic representation for [16].

Figure 1.8 – Quadrotor with 3-DOF manipulator arm developed by [17].

The papers by Arleo et al. [18] and Caccavale et al. [19] deal with the trajectory tracking
control for a quadrotor equipped with a 5-DOF robotic manipulator. The proposed approach is
based on a two-layer controller. First, in the top layer, an inverse kinematics algorithm computes
the motion references for the position and yaw angle of the quadrotor and joint variables of the
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manipulator. Secondly in the bottom layer, a motion control algorithm is in charge of tracking
the motion references. In [18], a standard PID control is proposed for the tracking of motion
references. While in [19] present an adaptive motion control algorithm which improve the motion
tracking. This adaptive motion control takes into account disturbance and modeling uncertainties
given by estimated value.

Figure 1.9 – Block scheme of the control architecture of [18] and [19].

The design of an adaptive control for a quadrotor equipped with 6-DOF manipulator is
presented in [20], the manipulator being assumed to be already driven by a joint-based controller.
Here the system is modeled by assuming the quadrotor and the manipulator to be rigid bodies;
the whole system is regarded as an open kinematic chain with floating base. The proposed
approach is based on adaptive control principles and is designed to estimate and compensate
for the dynamics of the entire system. The proposed controller shows better performance, with
smaller position errors and improved orientation control. The adaptive controller compensates
for the presence of the manipulator arm and exhibits better stability and robustness in the
presents of disturbances caused by arm movements.

Figure 1.10 – Sketch of the control loop [20].

Finally in Heredia et al. [6], an UAV with eight rotors for additional payload capability is
equipped by 7-DOF arm (see Figure 1.11) and carry sensors and processing hardware needed
for outdoor positioning. A backstepping-based controller that uses a coupled dynamic model is
proposed, and position-based Cartesian impedance controller for the manipulator arm is pro-
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posed. The contoller using sensor measurement and visual servoing from inertial measurement
units (IMU), barometer, ultrasonic sensor, RTK-DGPS and three cameras, for positioning and
stabilization of the system. The proposed controller is able to effectively dampen the oscillation
due to the motion of the arm to a large extent.

Figure 1.11 – Octorotor aerial manipulator [6] in flight.

The previous section has shown that there exist different kinds of floating platform
(based on ducted-fan, helicopter and multi rotor) and different kind of manipulator type
(based on gripper, prismatic and multi link). There also exist different kinds of modeling
architecture and controlling design.

1.3 Robust control of unmanned aerial manipulator

Based on the compensation of the dynamic coupling between a UAV and a manipulator,
Mimmo et al. [21] propose a control scheme that allows the end-effector of an aerial manipulator
to track a desired trajectory while keeping the UAV in a fixed position. The control architecture
includes two internal loops for stabilizing the UAV’s position and attitude, as well as maintaining
stability between the end-effector and the UAV. Nested saturation control is employed to ensure
stability and robustness, limiting control inputs to prevent excessive responses and instability.
These saturation functions are applied at different levels within the control system hierarchy,
enabling effective handling of disturbances and uncertainties. Simulation results demonstrate
accurate tracking performance despite external disturbances, demonstrating improved stability
and efficiency in aerial manipulation tasks.

Modeling the UAV and the manipulator as a unified system in the form of a standard
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robot dynamics equation, Bulut et al. [22] proposed a computed torque control with a PID
outer loop to achieve accurate trajectory tracking. In this study, the kinematic and dynamic
model of the system is derived using the Lagrange-D’Alembert formulation. The controller’s
gains are optimized using a multi-objective nonlinear least squares method to minimize errors
between observed data and model predictions, considering 8 trajectories simultaneously. The
MATLAB Global Optimization Toolbox provides a solver for this purpose. The performance
of the controller is evaluated through simulation, incorporating realistic factors such as UAV’s
motor transfer function and torque filtering. Simulation results demonstrate the controller’s
ability to achieve accurate trajectory tracking and handle interaction forces to some extent,
demonstrating its effectiveness in dealing with disturbances. The integral time weighted absolute
errors serves as a performance criterion in assessing control system performance.

As the motion of the manipulator may disturb the attitude of UAV that affects flight stability
and operation accuracy, Zhiyuan et al. [23] proposed a fuzzy sliding mode controller (FSMC) and
fuzzy sliding mode control with extended state observer (ESO-FSMC). The proposed strategy
combines fuzzy logic control, sliding mode control and an extended state observer to improve
control system performance. Fuzzy logic handles uncertainties and nonlinearities, sliding mode
control provides robustness while the extended state observer estimates and compensates for
unmeasured states or disturbances. In simulation, FSMC shows faster adjustment speed and
reduced attitude oscillation compared to sliding mode control, but with larger overshoot and
chattering. The ESO-FSMC effectively estimates and suppresses disturbances, ensuring stable
control. Overall, the integrated controller offers promising results for disturbance mitigation and
system stability for UAM.

Chen et al. [24] proposes a robust control strategy to address the challenges faced by the
UAM system when grasping objects in uncertain environmental conditions, such as continuous
rain and wind. The strategy involves categorizing disturbances into internal disturbances caused
by center of gravity shifts and external disturbances from the environment. In the position
control, both internal and external disturbances are mitigated using a sliding mode controller.
In the attitude control, an adaptive law is developed to estimate internal disturbances and a
disturbance observer is designed to estimate external disturbances. Simulations are conducted to
compare the proposed method with a controller without disturbances compensation as in [25].
The results demonstrate the effectiveness of the proposed approach with higher tracking accuracy
and smoother tracking performance. The proposed method also effectively reduces overshoot and
improves convergence speed to achieve desired setpoint in attitude control, especially in rapidly
changing environments. The root mean squared error criterion is used as a standard for control
performance evaluation. However, future study may account for uncertainties in the UAM’s total
mass after grasping an object.

The study by Jiao et al. [26] propose a control strategy for UAM operation to address chal-

13



Part, Chapter 1 – Literature Review and Problem Statement

lenges posed by disturbances like wind and model uncertainties, which can significantly impact
the stability of the entire system. The strategy combines a fuzzy adaptive saturation super-
twisting extended state observer called FASTESO to estimate and compensate for disturbances,
along with a backstepping attitude controller to mitigate their effects. FASTESO incorporates
a saturation function to overcome the chattering problem and employs fuzzy logic rules to
adaptively adjust observer switching gains. The control strategy integrates FASTESO in the
feedforward loop and a backstepping controller in the feedback loop, incorporating saturation
function, tracking differentiator, and fuzzy logic methods. Simulations reveal the superiority of
FASTESO over a simplified version without adaptive gain. Experimental tests confirm the con-
trol strategy’s superior performance in reducing attitude offset, angular rate fluctuation and the
impact of external disturbances.

Aerial manipulator pose significant challenges in control design due to issues such as interac-
tion with the environment, nonlinear couplings and uncertainties in the system’s structure and
dynamics. Many existing control methods simplify the UAM dynamics, making the control de-
sign process more manageable but sacrificing accuracy. Samadikhoshkho et al. [27] propose four
effective control algorithms that consider the complete dynamics of the system without simplifi-
cation. These control methods aim to improve accuracy, robustness and ease of implementation
in UAM tracking control. The proposed control method are

1. An enhanced inverse dynamics technique.

2. A modified hierarchical LQR scheme.

3. An improved adaptive sliding mode method.

4. A new semi-optimal nonlinear control.

The control methods are evaluated based on their ability to track a helixcal trajectory and a
Lissajous curve trajectory. The simulation results demonstrate the efficiency and performance of
the control methods in terms of accuracy, control effort, and robustness. Both the sliding mode
and semi-optimal nonlinear control approaches exhibit good performance in controlling both the
quadrotor and the manipulator. Conversely, the hierarchical LQR method shows satisfactory
performance specifically for manipulator control. While inverse dynamics technique unable to
indicate acceptable robustness and are not suitable for the manipulator control in the presence
of significant uncertainties.

The application of super-twisting sliding mode control (STWC) to aerial manipulators has
potential benefits. Aiming for better tracking performance in the presence of manipulator mo-
tion and disturbances Kuchwa-Dube et al. [28] presents the altitude and attitude tracking using
STWC for a quadrotor-based aerial manipulator. Both first-order sliding mode control (SMC)
and STWC are investigated, utilizing a saturation function to limit chattering. The STWC
demonstrates superior performance with reduced chattering and lower control effort compared
to the first-order SMC. Various performance metrics, such as the integral squared control inputs,
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integral squared errors and integral time weighted absolute errors, are provided to compare the
two control methods. Although STWC can mitigate chattering compared to first-order SMCs,
some chattering still exists. Previous studies [29, 30, 31, 32] have shown that adaptive STWC ex-
hibit lower chattering and better tracking performance then standard STWC. To further reduce
chattering, Kuchwa-Dube et al. [33] propose the use of an adaptive STWC. The adaptive STWC
control replaces fixed gains with adaptive gains as defined by [32]. The results demonstrated that
the adaptive STWC control yielded superior tracking performance compared to the standard
STWC control. The study also proposed a modified version of the adaptive gains, leading to a
smoother adaptive gain transition, a slightly slower decrease in gain and a prolonged period of
higher gain achieved by incorporating the tanh function. The modified adaptive STWC control
demonstrated comparable or improved performance compared to the original adaptive STWC
control.

In this section several control strategies for UAM to achieve accurate trajectory tracking and
disturbance mitigation are proposed. These strategies include nested saturation control, com-
puted torque control with PID outer loop, fuzzy sliding mode control, adaptive sliding mode
control, and super-twisting SMC. Simulation and experimental results demonstrate improved
stability, efficiency, and tracking performance of these control methods, considering factors like
disturbances, uncertainties, and environmental conditions. The proposed control strategies ad-
dress challenges posed by nonlinear couplings, uncertainties, and disturbances in UAM systems,
aiming to improve accuracy, robustness, and ease of implementation in aerial manipulation tasks.

Researchers have proposed various control strategies, such as nested saturation control,
computed torque control, fuzzy sliding mode control, adaptive sliding mode control, and
super-twisting SMC, to improve trajectory tracking and disturbance handling in UAM.
These strategies aim to enhance stability, efficiency, and tracking performance while ad-
dressing challenges associated with nonlinear couplings, uncertainties, and disturbances
in UAM systems.

1.4 Problem statement and objective

Industry’s expectations for the performance of industrial robots are constantly increasing.
To be efficient, the industry will increasingly need adaptable robots, able to perceive their
environment, easy to program, reconfigurable and mobile, interconnected and having a very
large workspace. Aerial robotics, which has experienced significant growth for many years, has
the potential to answer many of these requirements. The application of aerial robotics to access
high-location and hard-to-reach areas (that involves significant risks and accidents), can be very
helpful. However, to be able to tackle the industrial needs, researchers on aerial robots must still
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solve many issues, one of them being the ability for the aerial robot to be stable and robust in
order to manipulate a large class of objects.

The aerial manipulation has become a robotics research field that proposes the integration
of one or more robotic arms with multirotors aerial platform, for allowing the manipulator to
perform certain operations at high altitude or in areas out of the reach of standard fixed-based
or ground-mobile manipulator arms. Possible applications span many areas such as disaster
response, maintenance of infrastructure, inspection of remote sites. However, aerial manipulation
is a real challenge when considering that the grasping, carrying and manipulating of an object
with a multirotor platform during the flight cause unstable dynamics of the vehicle.

One of the biggest challenges arise from their limited payload. Another challenge is that the
dynamics of the robot are significantly altered by the addition of payloads. According to the
background and challenges on quadrotor UAV carrying payloads or manipulators ([4] - [33]),
the contribution of this study is centred on the modelling and the design of a nonlinear control
allowing stabilization of a quarotor UAV carrying a rigid manipulator arm.

The objectives of the work in this thesis can be summarized as:
— Design a complete model of a quadrotor carrying a rigid manipulator arm;
— design a robust control for the pose stabilization which takes into account the arm

motion effects;
— design a robust control in order to take into account of external disturbance;
— use a new adaptive controller solutions based on super-twisting approach.
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Chapter 2

SYSTEM MODELLING

The mathematical dynamic models of robotic system are usually based on Lagrangian and
Newton-Euler formulation [3, 34]. Lagrangian formulation is based on the computation of the
kinetic and potential energies and is a systematic approach. It allows to get the analytical
equations describing the dynamic model but becomes unfeasible for complex system with many
degrees of freedom [34]. On the other hand, the Newton-Euler formulation is based on the
computation of forces and torques. By using Newton-Euler recursive method the coding is simple
and efficient for real time computation [35]. To summarize the mathematical model of system
dynamics either is derived using the standard Lagrangian formalism, in which it is possible
to have a general matrix form of the whole dynamic model [16, 36], or is derived using the
Newton-Euler recursive formulation which has more simplifications from a coding point of view
[12, 20].

2.1 Introduction

In this chapter the dynamic model of Unmanned Aerial Manipulator which consist of quadro-
tor UAV as a flying platform with attached 2-DOF manipulator arm is discuss. The mathematical
dynamic models of this robotic system is based on Newton-Euler formulation. Newton-Euler for-
mulation is used as the method for this study because it is simple and efficient which based on
computation of forces and torque. The modeling of UAM is address independently by separating
the quadrotor and manipulator arm apart and then built model and controller separately. The
coupling effect of the manipulator arm on the quadrotor are then considered as the external
disturbances and vice versa. This approach simplifies the process of modeling and control of
UAM.

2.2 Reference Frame

Reference frames are required for the description of the position of aerial manipulator. This
is an important aspect of describing the position of aerial manipulator. A reference frame is a
conceptual coordinates system with an origin and three main axis in three dimensional geometric
space. In order to get a model of quadrotor UAV equipped with a two degrees of freedom rigid
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manipulator arm, there are six reference frame to be considered. It is a fixed frame (FW ), a
local frame on the quadrotor body (FB), a local frame on the base of manipulator (F0) for
coupling of the two system and three local frames on the manipulator arm (F1, F2, Fe) (refer
Figure 2.1). There are two reference frames for the quadrotor model and four reference frames
for the manipulator model. The list of all symbols used in this chapter are given in appendix A.

Figure 2.1 – Quadrotor UAV with a 2-DOF manipulator arm and the associated frame.

Inertial frame, also referred as world frame, is a fixed reference frame with the position of
its origin depending on the method used to locate the quadrotor. This position of the origin can
be taken at the corner of a laboratory or a World Geodetic System (WGS84) if using Global
Positioning System (GPS). The inertial frame, denoted FW is defined by its origin OW and three
unit vectors along the main axes denoted {xW , yW , zW } (see Figure 2.1 blue frame). The compact
notation of this frame is FW :OW − {xW , yW , zW }. Quadrotor body frame or simply body frame
denoted FB is a rotating frame associated to the quadrotor with its origin OB at the center of
mass of the quadrotor. The compact notation for this body frame is FB:OB − {xB, yB, zB} (see
Figure 2.1 green frame).

The distance between the inertial frame (FW ) and the body frame (FB) correspond to the
a position of quadrotor center of mass given by vector ξ = [x y z]T in the inertial frame. The
attitude of the quadrotor is defined in the inertial frame using three Euler angles η = [ϕ θ ψ]T .
Roll angle ϕ is rotation about the x-axis, pitch angle θ is the rotation about the y-axis and
yaw angle ψ is the rotation about z-axis. ξ and η are respectively the position and orientation
coordinates (or the quadrotor state vector) with respect to the inertial frame FW . Linear and
angular velocities of the quadrotor are denoted as ν = [u v w]T (for linear velocities) and
ω = [p q r]T (for angular velocities).

The two DOF rigid manipulator arm is composed of a sequence of 3 links and 2 joints (see
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Figure 2.2). The links are numbered with link 0 representing the platform or base of the arm,
while link 2 is the terminal link. Joint 1 connects link 1 to link 0 while joint 2 connects link 2 to
link 1. These joints are revolute and assumed to be ideal (i.e. the centers of journal and bearing
are always coincident). The z-axis of each link is assigned along the axis of its joint and x-axis
is aligned with the common normal between two consecutive joint [37].

The base frame denoted F0 and defined by its origin O0 coincides with the quadrotor body
frame. The base is where the manipulator arm is attached to the quadrotor body, or where the
two systems model is coupled. The three unit vector along its main axes is denoted {x0, y0, z0}
that yields the compact notation F0:O0 −{x0, y0, z0}. Coordinate frame of manipulator arm joint
1 is denoted F1 with its origin O1 is the beginning of the link 1. The compact notation for this
first link frame yields F1:O1 − {x1, y1, z1}. As for the link 2 reference frame which is connected
at joint 2, the compact notation for the terminal link frame yields F2:O2 − {x2, y2, z2}. Another
coordinates frame to take into consideration is the end effector frame denoted Fe at the end of
the second link where tools can be attached to the manipulator arm. The compact notation of
end effector reference frame is Fe:Oe−{xe, ye, ze}. Representation of all the frames can be found
in Figure 2.1.

Figure 2.2 – 2-DOF manipulator arm structure.

Now that all the frame linked to the system have been defined, the position and orientation
can be define. The position vector of the first frame F1 with respect to the base frame F0 is
defined by ξ1 = [x1 y1 z1]T . This is the distance of joint 1 from the base frame along x0-axis.
This distance can be assumed to be equal to zero (ξ1 = [0 0 0]T ). Its orientation is given by an
angle q1 about z1-axis with respect to base frame. Likewise, the position vector of the second
frame F2 with respect to the first frame F1 is given by ξ2 = [x2 y2 z2]T and its orientation about
z2-axis given by an angle q2. The orientation of F1 and F2 can be denoted by a vector of joint
positions given by q = [q1 q2]T . The distance between base frame F0 and end effector frame Fe
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is defined by ξe = [xe ye ze]T . This is the position of end effector frame in the base frame. The
orientation of this frame is given by an angle qe which is equal to q1 + q2.

For the description of aerial manipulator position, six reference frame is introduced;
the inertial fixed reference frame, FW , the quadrotor body frame, FB, the manipulator
base frame, F0, the manipulator joints frame, F1 and F2 and finally the end effector frame,
Fe.

2.3 Rotation Matrix

To describe a vector associated to an object in a reference frame FK :Ok − {xk, yk, zk} to a
difference reference frame FJ :Oj−{xj , yj , zj} (see Figure 2.3), a rotation matrix is required. In a
three dimensional space, the rotation matrix is a 3 × 3 matrix which contains the components of
the unit vectors {x̂, ŷ, ẑ} along each principle axis. It describes unit vectors in frame K relative
to frame J and can be represented with a notation JRK = [J x̂K ,J ŷK ,J ẑK ]. Rotation matrix
JRK when pre-multiplied by a vector ξK ∈ R3 expressed in frame K yields a vector ξJ ∈ R3

expressed in the frame J that changes the direction while preserving its magnitude. It can be
summarized by the following equation. (In this writing the subscript represent the base frame
of vector value while the superscript is the reference frame. In the absent of superscript it is
reference in the same frame.)

ξJ =J RK ξK (2.1)
xj

yj

zj

 =


r11 r12 r13

r21 r22 r23

r31 r32 r33



xk

yk

zk



Consider first a rotation of a frame about its x-axis. The y-axis and z-axis are rotated by angle
ϕ while the x-axis remains unchanged. From Figure 2.4, it can concluded that the components
of the unit vectors {x̂, ŷ, ẑ} along the axis {x′, y′, z′} of the rotated frame as follows

x̂ = [1 0 0]T

ŷ = [0 Cϕ Sϕ]T (2.2)

ẑ = [0 − Sϕ Cϕ]T

where Cϕ and Sϕ represent cos(ϕ) and sin(ϕ) respectively. Therefore, a rotation by ϕ radians
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Figure 2.3 – A point in space can be described by position vector ξJ = [xj yj zj ]T in frame J or
ξK = [xk yk zk]T in frame K.

about the x-axis allows to defined the rotation matrix

Rx = [x̂ ŷ ẑ]

Rx =


1 0 0
0 Cϕ −Sϕ
0 Sϕ Cϕ

 (2.3)

Figure 2.4 – Rotation by ϕ radians about the x-axis.

Similarly for a rotation of a frame about its y-axis, the y-axis remains unchanged and the
x-axis and z-axis are rotated by angle θ (Figure 2.5). The rotation matrix about this y-axis is
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then defined as

Ry =


Cθ 0 Sθ

0 1 0
−Sθ 0 Cθ

 (2.4)

Figure 2.5 – Rotation by θ radians about the y-axis.

Finally for a rotation of a frame about its z-axis, the z-axis remains unchanged while the
x-axis and y-axis are rotated by angle ψ (Figure 2.6). The rotation matrix about this z-axis is
defined as

Rz =


Cψ −Sψ 0
Sψ Cψ 0
0 0 1

 (2.5)

Figure 2.6 – Rotation by ψ radians about the z-axis.

Rx,Ry andRz are the fundamental rotation matrices defined about the x-axis, y-axis and z-
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axis respectively. Any transformation can be accomplished by combining these three rotations.
Premultiplying these rotation matrices by its transpose gives rise to an identity matrix (e.g
RxR

T
x = I). Since it is also an orthogonal matrix, hence R−1

x = RT
x . In general case, if V J ∈ R3

is a vector in frame J and V K ∈ R3 is a vector in frame K, then the following relations hold:

V J =J RK V K (2.6)

V K =J RT
K V J (2.7)

2.4 Quadrotor modeling

Quadrotors are under-actuated systems in which four inputs are used to control motion in six
degrees of freedom, three translational and three rotational. Quadrotors are lifted and propelled
using four individual actuator motor attached to a rigid cross frame. These actuator motors are
arranged with two motors in counter-clockwise direction (Mt1 and Mt3) placed diagonally with
respect to each other and the other two motors in clockwise direction (Mt2 and Mt4) placed
diagonally as shown in Figure 2.7.

Figure 2.7 – Configuration of a quadrotor.

The motion is achieved by differential control of thrust generated by each motor. Up and
down or lifting motions are achieved by collectively increasing or decreasing the speeds of all
four motors. This leads to vertical force with respect to quadrotor body frame which lifts or
lowers the quadrotor. If quadrotor is in flat position, the inertial frame and body frame coincide.
Otherwise, the thrust generates both vertical and horizontal acceleration in the inertial frame.

Taking xB as forward direction of the quadrotor, left and right, or lateral motions are achieved
by increasing right motor (Mt4) thrust and decreasing left motor (Mt2) thrust or vice versa
while proportionally preserving the total collective thrust. This leads to a rolling torque about
the quadrotor x-axis which makes the quadrotor to move to the left or right direction. Then,
the forward and backward motions are achieved by increasing back motor (Mt3) thrust and
decreasing front motor (Mt1) thrust or vice versa while proportionally preserving the total
collective thrust. It leads to a pitching torque with respect to the quadrotor y-axis which makes
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the quadrotor to move forward or backward.

Finally, yaw motion is achieved by increasing the thrust of diagonal pair of motors and
decreasing the other while proportionally preserving the total collective thrust. This leads to a
yawing torque with respect to the quadrotor z-axis which makes the quadrotor to turn clockwise
or counter clockwise. The yaw movement is generated due to the fact that the left-right propellers
rotate clockwise while the front-rear propellers rotate counter clockwise. Hence, when the overall
torque is unbalanced, the quadrotor turns on itself around z-axis. The mathematical formulation
for the quadrotor model is derived from Newton-Euler formalism with the following assumptions
[38]:

— The structure is rigid and symmetrical such that the inertia matrix about x-axis is equal
to inertia matrix about y-axis (Ixx = Iyy).

— The center of gravity coincides with the body fixed frame.
— The propellers are rigid.
— Thrust and drag are proportional to the square of propellers speed.

2.4.1 Quadrotor kinematics

Kinematics deal with motion of objects without taking into account the forces and moments
acting on these objects. Deriving quadrotor kinematics (and later dynamic) equation requires
the quadrotor states vector as well as rotation matrix for transformation between their different
reference frames.

The orientation of the quadrotor is described using roll (ϕ), pitch (θ) and yaw (ψ) angles
about the x, y and z -axis respectively (see Figure 2.7). The sequences of roll→pitch→yaw angle
are used in this study to describe Euler angles rotation about fixed inertial frame. It can be
expressed by a successive multiplication of the fundamental rotation matrix as

WRB = Rz(ψ)Ry(θ)Rx(ϕ)

=


Cψ −Sψ 0
Sψ Cψ 0
0 0 1



Cθ 0 Sθ

0 1 0
−Sθ 0 Cθ




1 0 0
0 Cϕ −Sϕ
0 Sϕ Cϕ


WRB =


CψCθ CψSθSϕ− SψCϕ CψSθCϕ+ SψSϕ

SψCθ SψSθSϕ+ CψCϕ SψSθCϕ− CψSϕ

−Sθ CθSϕ CθCϕ

 (2.8)

With the rotation matrix WRB describing the orientation of the quadrotor from the body FB

frame to the inertial frame FW . Notice that this rotation matrix is orthogonal, thus BRW =
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WRT
B, that is the rotation matrix from inertial frame to the body frame.

BRW =


CψCθ SψCθ −Sθ

CψSθSϕ− SψCϕ SψSθSϕ+ CψCϕ CθSϕ

CψSθCϕ+ SψSϕ SψSθCϕ− CψSϕ CθCϕ

 (2.9)

In order to link the angular rates (η̇ = [ϕ̇, θ̇, ψ̇]T ) of the quadrotor in the inertial frame to the
angular velocity (ω = [p, q, r]T ) in the body frame a transfer matrix is used instead of rotation
matrix. Obtaining this transformation is a bit complicated. The ϕ̇ transformation is achieved by
a single rotation, the θ̇ transformation by two successive rotations and the ψ̇ transformation by
three successive rotations [39, 40, 41] as follows

p

q

r

 =


ϕ̇

0
0

 +Rx(−ϕ)


0
θ̇

0

 +Rx(−ϕ)Ry(−θ)


0
0
ψ̇



=


1 0 −Sθ
0 Cϕ SϕCθ

0 −Sϕ CϕCθ



ϕ̇

θ̇

ψ̇



p

q

r

 =B TW


ϕ̇

θ̇

ψ̇

 (2.10)

Therefore, transfer matrix BTW from the inertial frame FW to the body frame FB reads as

BTW =


1 0 −Sθ
0 Cϕ SϕCθ

0 −Sϕ CϕCθ

 (2.11)

The inverse of this transfer matrix WTB from the body frame FB to the inertial frame FW reads
as

WTB =


1 SϕTθ CϕTθ

0 Cϕ −Sϕ

0 Sϕ

Cθ

Cϕ

Cθ

 (2.12)

Together, the rotation matrix and the transfer matrix link the state vector of the quadrotor as
follows

ξ̇ = WRB ν (2.13)

η̇ = WTB ω (2.14)
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The rotation matrix is utilized to transform linear velocities from the quadrotor body
frame to an inertial fixed frame. Conversely, the transfer matrix is employed to transform
angular velocities from the quadrotor body frame to an inertial fixed frame.

Detailing the kinematic equations of the quadrotor, gives the following nonlinear equations

ẋ = uCψCθ + v(CψSθSϕ− SψCϕ) + w(CψSθCϕ+ SψSϕ) (2.15)

ẏ = u(SψCθ) + v(SψSθSϕ+ CψCϕ) + w(SψSθCϕ− CψSϕ) (2.16)

ż = u(−Sθ) + v(CθSϕ) + w(CθCϕ) (2.17)

ϕ̇ = p+ q(SϕTθ) + r(CϕTθ) (2.18)

θ̇ = qCϕ− rSϕ (2.19)

ψ̇ = q
Sϕ

Cθ
+ r

Cϕ

Cθ
(2.20)

2.4.2 Quadrotor force and moment

Each ith rotating propeller produces two kinds of forces on the body frame of quadrotor as
shown in Figure 2.8. Considering the forces are an upward thrust Fi and a moment of force or
torque Mi.

Figure 2.8 – Forces, Fi and moments, Mi on quadrotor.

Each propeller has an angular velocity ωi that produces thrust Fi and torque Mi according
to [38]

Fi = 1
2ρACT r

2ω2
i (2.21)

Mi = 1
2ρACDr

2ω2
i (2.22)

where ρ is the air density, A is the propeller area, CT is the aerodynamic thrust coefficients, CD
is the aerodynamic torque coefficients and r is the radius of propeller.
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Figure 2.9 – Force and torque on propeller.

Equations can be simplified to

Fi = CFω
2
i (2.23)

Mi = CMω
2
i (2.24)

with CF and CM is the coefficient of the thrust and torque of the propeller respectively; the
both coefficients can be experimentally determined [42, 38]. By identifying the force and torque
generated by each propeller, one can get the total force (F ) and torque (τ ) acting on the
quadrotor. The total force acting on the quadrotor is defined as, F = [0 0 fz]T where fz the lift
reads as

fz = F1 + F2 + F3 + F4 (2.25)

= (CFω2
1) + (CFω2

2) + (CFω2
3) + (CFω2

4)

= CF (ω2
1 + ω2

2 + ω2
3 + ω2

4) (2.26)

The total torque acting on the quadrotor, τ = [τx τy τz]T . Firstly, consists of the yawing
torque τz generated around the z-axis due the drag of the propellers and reading as

τz = M1 −M2 +M3 −M4 (2.27)

= (CMω2
1) − (CMω2

2) + (CMω2
3) − (CMω2

4)

= CM (ω2
1 − ω2

2 + ω2
3 − ω2

4) (2.28)

The pitching torque τy is evaluated about y-axis and is produced by the forces of the front
and back propellers. It reads as

τy = −F1d+ F3d (2.29)

= −(CFω2
1)d+ (CFω2

3)d

= CFd(−ω2
1 + ω2

3) (2.30)
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Finally, the rolling torque τx evaluated about x-axis and is produced by the forces of the
right and left propellers, reads as

τx = F2d− F4d (2.31)

= (CFω2
2)d− (CFω2

4)d

= CFd(ω2
2 − ω2

4) (2.32)

With d the distance from the center of the propeller to the center of mass of the quadrotor.

Thus, forces and torques from the four propellers of the quadrotor can be combined as four
control inputs defined as 

U1

U2

U3

U4

 =


CF (ω2

1 + ω2
2 + ω2

3 + ω2
4)

CFd(ω2
2 − ω2

4)
CFd(−ω2

1 + ω2
3)

CM (ω2
1 − ω2

2 + ω2
3 − ω2

4)

 (2.33)

The input U1 is the upward thrust fz whereas U2, U3 and U4 are the torques τx, τy and τz

respectively.

2.4.3 Quadrotor dynamics

The quadrotor is assumed to be symmetrical such that the inertia matrix I is a diagonal
matrix in which Ixx = Iyy, and is defined as

I =


Ixx 0 0
0 Iyy 0
0 0 Izz

 (2.34)

where Ixx, Iyy and Izz are the moment of inertia about x-axis, y-axis and z-axis respectively.
The external forces acting on the center of mass are given by the gravitational force, mg (where
m is the quadrotor mass and g is the gravitational acceleration) and the total upward thrust
(F ) which contribute to the acceleration of the quadrotor. It yields from the Newton equation
[42]

mξ̈ =


0
0

−mg

 + WRBF (2.35)
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Thus, the acceleration is defined as
ẍ

ÿ

z̈

 =


0
0

−g

 +


CψSθCϕ+ SψSϕ

SψSθCϕ− CψSϕ

CθCϕ

 fz
m

(2.36)

The Euler equation [42] represents the rotational equation of motion specifically for the torque
produced by a rotating propeller. This equation quantifies how the torque determines the angular
acceleration of the system as follows.

τ = Iω̇ + ω × (Iω) (2.37)

Iω̇ = τ − ω × (Iω) (2.38)

ω̇ = I−1(τ − ω × (Iω)) (2.39)

Thus, the angular acceleration reads as


ṗ

q̇

ṙ

 =


Ixx 0 0
0 Iyy 0
0 0 Izz


−1 


τx

τy

τz

 −


p

q

r

 ×



Ixx 0 0
0 Iyy 0
0 0 Izz



p

q

r




 (2.40)

To summarize, the dynamic model of quadrotor is given by

ẍ = U1
m

(CψSθCϕ+ SψSϕ) (2.41)

ÿ = U1
m

(SψSθCϕ− CψSϕ) (2.42)

z̈ = U1
m
CθCϕ− g (2.43)

ṗ = U2
Ixx

+ Iyy − Izz
Ixx

qr (2.44)

q̇ = U3
Iyy

+ Izz − Ixx
Iyy

pr (2.45)

ṙ = U4
Izz

+ Ixx − Iyy
Izz

pq (2.46)

Notice that this quadrotor system can be written as a nonlinear system affine in the
control input with the state vector define as [x y z ẋ ẏ ż ϕ θ ψ p q r]T and the input as
[U1 U2 U3 U4]T .
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2.5 Manipulator modeling

Two methods can be used to derive the mathematical model of the dynamics of the robot
arm. These methods are the Lagrangian formulation and Newton-Euler formulation [35, 37]. The
Lagrangian formulation is described in terms of work and energy using generalized coordinates.
The obtained equations are generally compact and provide a closed-form expression in terms of
joint torques and joint displacements. On the other hand, the Newton-Euler formulation is de-
rived from Newton’s second law of motion which describes dynamic systems in terms of force and
momentum. The equations consider all the forces and moments acting on the individual robot
links, including the reaction forces and moments between the links. Newton-Euler formulation
is used here because of its simplification and its efficiency from a coding point of view.

2.5.1 Static relations

Consider the free body diagram of Figure 2.10 showing the forces and torques acting on the
link j. This link j is connected to links j − 1 and j + 1 by joint j and j + 1 respectively. Let
Oj be a point fixed on joint j at the origin of link j and Oj+1 be a point fixed on joint j + 1 at
the origin of link j+ 1. Through these connections with the adjacent links, link j receives forces
and moments from its both sides.

Figure 2.10 – Forces and torques on link j.

Let F j be a three dimensional force acting from link j − 1 to link j. Likewise, let F j+1 be
the force from link j to link j + 1. Hence, the coupling force applied to link j from link j + 1 is
then given by −F j+1. The gravity force acting at the center of mass of link j is denoted mjg,
with mj the mass of link j and g is the 3 × 1 vector representing the acceleration due to the
gravity. The static balance of linear forces is then given by

F j − F j+1 +mjg = 0 (2.47)

In the sequel, the balance of moments is derived. The moment applied to link j by link j− 1
is denoted M j , and therefore the moment applied to link j by link j+1 is −M j+1. Furthermore,
the linear forces F j+1 and gravity force also cause moments about the origin of link j. The static
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balance of moments with respect to the origin of link j is thus given by

M j −M j+1 −Lj+1 × F j+1 +MSj × g = 0 (2.48)

where
Lj+1 is the position vector of point Oj+1 from Oj ;
MSj is the vector of the first moment of inertia;

2.5.2 Inverse dynamics

The inverse dynamic model provides the joint forces or torques in terms of the joint positions,
velocities and accelerations. It is described by:

Γ = f(q, q̇, q̈, F e) (2.49)

where:
Γ is the vector of joint forces or torques;
q is the vector of joint positions;
F e is the vector of forces and moments exerted by the robot on the environment.

The closed-form expression of inverse dynamic model reads as [35]:

Γ = M(q)q̈ +C(q, q̇)q +Q(q) (2.50)

where:
M(q) is the inertia matrix of the manipulator.
C(q, q̇) is the vector of Coriolis and centrifugal torque.
Q(q) is the vector of gravity effects.

To analyze the dynamic behavior of link j, the inertial force and moment (known as wrench)
due to the dynamic motion of the link have to be considered. The equation of motion of a
rigid body given by Newton-Euler formulation can be represented by two equations: the first
one describes the translational motion with respect to Oj while the other one describes the
rotational motion about Oj . The former is known as Newton’s equation of motion, and the
latter is called Euler’s equation of motion.

The Newton-Euler equations of the inertial force, F tj and moment, M tj , of link j at Oj are
given by [35]

F tj = mj v̇j + ω̇j ×MSj + ωj × (ωj ×MSj) (2.51)

M tj = IOjω̇j +MSj × v̇j + ωj × (IOjωj) (2.52)
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with vj and ωj are the linear and angular velocities at Oj respectively. While, IOj is the inertia
tensor of link j about Oj . The dynamic behavior of link j is determined by equating the inertial
force and moment to the static balance of forces and moments. This can be expressed as follows:

F tj = F j − F j+1 +mjg − F ej (2.53)

M tj = M j −M j+1 −Lj+1 × F j+1 +MSj × g −M ej (2.54)

With F ej and M ej the force and moment exerted by the link j on the environment; it may
include contributions from springs, dampers and contact with the environment.

By rearranging Equation (2.53) and (2.54) the force, F j and moment, M j acting on
joint j reads as:

F j = F tj + F j+1 −mjg + F ej (2.55)

M j = M tj +M j+1 +Lj+1 × F j+1 −MSj × g +M ej (2.56)

2.5.3 Recursive Newton-Euler

The recursive Newton-Euler (RNE) algorithm [35, 37] which is considered as one of the
efficient algorithms for real time computation of the inverse dynamic model, consists of two
recursive computations: forward recursion and backward recursion. During the forward recursion,
the algorithm calculates the velocities and accelerations of each link, starting from the base and
moving towards the terminal link. This computation allows for the determination of the dynamic
wrench acting on each link. Conversely, the backward recursion begins at the terminal link and
progresses towards the base. In this step, the algorithm determines the reaction wrenches exerted
on each link, which in turn enables the calculation of the joint torques.

Forward Recursive

The forward recursive algorithm for joint j = 1 to n is given as:

jωj = jRj−1
j−1ωj−1 + q̇j ẑ0 (2.57)

jω̇j = jRj−1
j−1ω̇j−1 + q̈j ẑ0 + jωj−1 × q̇j ẑ0 (2.58)

j ν̇j = jRj−1(j−1ν̇j−1 + jω̇j × j−1Lj + jωj × (jωj × j−1Lj)) (2.59)

with ν, ω,R, L, q and ẑ are the linear velocity, angular velocity, rotation matrix, position vector,
joint position and a unit vector along z-axis respectively. Recall that the subscript represent the
base frame of vector value while the superscript is the reference frame. In the absent of superscript
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it is reference in the same frame. The initial condition for a fixed based manipulator arm are
ω0 = 0, ω̇0 = 0 and ν̇0 = 0. Then the dynamic wrench on each joint reads as

jF tj = Mj
j v̇j + jω̇j × jMSj + jωj × (jωj × jMSj) (2.60)

jM tj = jIoj
jω̇j + jMSj × j v̇j + jωj × (jIoj jωj) (2.61)

Backward Recursive

The backward recursive algorithm for joint j = n to 1 reads as

jF j = jF tj + jF j+1 + jF ej (2.62)
j−1F j = j−1Rj

jF j (2.63)
jM j = jM tj + jRj+1

j+1M j+1 + jLj+1 × jF j+1 + jM ej (2.64)

The gravity terms from equations (2.55) - (2.56) are canceled in equations (2.62) - (2.64) by
taking into account their effects in the initial acceleration such that

ν̇0 = −g (2.65)

By iteratively applying the forward and backward recursions, the RNE algorithm can
compute the joint forces and torques acting on each link.

Finally, the torque Γj on the axis for revolute joint manipulator arm is given as.

Γj = jMT
j ẑ0 + Γfj (2.66)

with Γfj denoting the joint j friction forces and rotor inertia. For this study, supposed that
manipulator joint is actuated with direct drives, that gives Γfj = 0 [43].

2.5.4 Forward dynamics

The computation of the forward dynamic model is used to carry out simulations for the pur-
pose of testing the manipulator performances. For simulation, the dynamic equations are solved
for the joint accelerations from the joint torques, positions and velocities of the manipulator.
Through integration of the joints accelerations, the manipulator state variables are then deter-
mined. In this study, the method based on Newton-Euler inverse dynamic model is considered
and requires the computation of the inverse of the inertia matrix M(q) of the manipulator.

From closed-form expression of inverse dynamic model Equation (2.50), the forward dynamic
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model reads as the solution of the joint accelerations from the following equation

q̈ = M(q)−1
[
Γ −H(q, q̇)

]
(2.67)

with H(q, q̇) = C(q, q̇)q + Q(q). The computation of the forward dynamics can be broken
down into three steps [35]

1. the calculation of H(q, q̇).

2. the calculation of M(q).

3. the solution of the linear equation for q̈.

The computation of the first step is accomplished using the inverse dynamics algorithm with
the desired joint accelerations equal to zero. Then, the inertia matrix M(q) can be calculated
one column at a time using inverse dynamics algorithm. The calculation of jth column of inertia
matrix is accomplished with the forces, gravity and velocities equal to zero, and setting jth row
of q̈ with one and zero elsewhere. Iterating the algorithm for j = 1 to n leads to the construction
of the entire inertia matrix. Finally, the solution for q̈ is achieved by solving the Equation (2.67)
above.

The forward dynamics model computation is utilized to conduct simulations aimed
at evaluating manipulator performance and studying control laws. In simulations, the
forward dynamics equations are solved to determine the joint accelerations given the input
torques and the current state of the manipulator. By integrating the joint accelerations,
the manipulator trajectory is established.

2.6 Modeling of coupled system

Modeling a coupled system that includes both a quadrotor and a manipulator is a challenging
and intricate task. The difficulty arises due to the coupling effects between the dynamics of
the aerial vehicle and the manipulator arm. To tackle this problem, this section adopts an
approach that treats the aerial vehicle and the manipulator arm as separate entities. Separate
models and controllers are developed for each component in the previous section. Consequently,
the coupling effect between the arm and the aerial vehicle is treated as external disturbances
for both subsystems. By adopting this approach, the process of modeling and controlling an
unmanned aerial manipulator is simplified. The complexities arising from the coupling effects
are managed by considering them as external disturbances, allowing for more manageable and
focused modeling and control strategies for the individual subsystem.
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2.6.1 Orientation of coupled system

In order to derive the entire system dynamics, a manipulator is attached to the body frame of
quadrotor at its COM as shown in Figure 2.11. The configuration of the manipulator in relation
to the inertial fixed frame, FW is given thanks to the rotation matrix

0RW = 0RB
BRW (2.68)

The manipulator base frame F0 attached at the body frame of quadrotor FB as shown in the
Figure 2.11 gives the rotation matrix from the body frame to the base frame and reads as

0RB =


1 0 0
0 0 1
0 −1 0

 (2.69)

Therefore from (2.9) and (2.69), one gets

0RW =


CψCθ SψCθ −Sθ

CψSθCϕ+ SψSϕ SψSθCϕ− CψSϕ CθCϕ

−CψSθSϕ+ SψCϕ −SψSθSϕ− CψCϕ −CθSϕ

 (2.70)

Figure 2.11 – Quadrotor equipped with 2-DOF Robotic Manipulator.

2.6.2 Dynamics of coupled system

As a coupled system, the manipulator is no longer stationary and has a floating base. This
affects the computation of recursive Newton-Euler algorithm of the manipulator. Indeed, the
algorithm provides the forces and torques, that are then applied at the center of mass of the
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quadrotor [14, 15] as external disturbance. This is the coupling effect that changes the dynamics
of each subsystem as in Figure 2.12. For a floating base, the initial velocity (ω0) and acceleration
{ν̇0, ω̇0} used by the RNE algorithm computing manipulator arm joint torque Γ, are initialized
from quadrotor velocity (ω) and acceleration {ξ̈, ω̇} as follows;

ω0 = 0RBω (2.71)

ω̇0 = 0RBω̇ (2.72)

ν̇0 = 0RW (ξ̈ + [0 0 − g]T ) (2.73)

These initial velocity and acceleration are in turn transmitted from one link to another by forward
recursion and would result in an additional resultant torque [12] (hence affect the dynamic of
manipulator).

Figure 2.12 – Block diagram of the coupled system.

The force f0 and torque m0 applied to the COM of the quadrotor as external disturbance
{fW , τB} by the manipulator is obtained from force f1 and torque m1 of joint 1 with

f0 = 0R1f1 (2.74)

m0 = 0R1m1 (2.75)

and

0R1 =


C(q1) −S(q1) 0
S(q1) C(q1) 0

0 0 1

 (2.76)

where q1 is the angle between link 1 and base frame of the manipulator arm.
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For the reaction force fW applied to the quadrotor COM by manipulator base, the coupling
is expressed with respect to the inertial frame while the reaction torque τB is expressed with
respect to the body frame. Therefore, it is necessary to express f0 and m0 to the frame, it
yields;

fW = WR0f0 (2.77)

τB = BR0m0 (2.78)

Consequently, the update dynamic equation of quadrotor model, accounted for reaction force
fW = [fW.x fW.y fW.z]T and torque τB = [τB.x τB.y τB.z]T is then governed by [14]:

ẍ = U1
m

(CψSθCϕ+ SψSϕ) + fW.x
m

(2.79)

ÿ = U1
m

(SψSθCϕ− CψSϕ) + fW.y
m

(2.80)

z̈ = U1
m
CθCϕ− g + fW.z

m
(2.81)

ṗ = U2 + τB.x
Ixx

+ Iyy − Izz
Ixx

qr (2.82)

q̇ = U3 + τB.y
Iyy

+ Izz − Ixx
Iyy

pr (2.83)

ṙ = U4 + τB.z
Izz

+ Ixx − Iyy
Izz

pq (2.84)

The coupling effect of the quadrotor and manipulator arm is addressed by treating
quadrotor velocities and accelerations as the base velocities and accelerations of the ma-
nipulator. They are transmitted from the base to the terminal link of the manipulator
affecting joint torques. Conversely, the reaction force and torque exerted on the center of
mass of the quadrotor by the manipulator base are considered as external disturbances
of the quadrotor. In this way, the dynamic interaction between the quadrotor and the
manipulator arm is accounted for.

2.7 Differential kinematics

Kinematics is a part of mechanics concerned with the motion of a body without reference
to the forces which cause the motion. Here, the differential kinematics relates the velocity of
the end the effector and the velocities of quadrotor and manipulator joints of the whole system.
Forward kinematics gives the end effector velocity in terms of quadrotor and manipulator joint
velocities. While the inverse kinematic gives the quadrotor and manipulator joint velocities for
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a desired end effector velocity. Notice that, with inverse kinematics there are often multiple
different solutions.

Figure 2.13 – Composition of three main position vector.

Consider the end effector frame Fe:Oe − {xe, ye, ze} as shown in Figure 2.13. The position
vector ξT and the orientation, WRe of the end effector in the inertial frame can be stated as [18]

ξT = ξ + WRB ξe (2.85)
WRe = WRB

BRe (2.86)

With ξ and WRB respectively the position vector and the orientation of quadrotor in inertial
frame, while ξe and BRe are the position vector and orientation of end effector with respect to
body frame FB.

Differentiating equations (2.85) - (2.86), gives the linear velocity ξ̇T and the associated
angular velocity ωT of the end effector in the inertial frame, FW as

ξ̇T = ξ̇ − S(WRB ξe) ω + WRB ξ̇e (2.87)

ωT = ω + WRB ωe (2.88)

where S(·) is a (3 × 3) skew symmetric matrix and ω is the angular velocity of quadrotor in
the inertial frame while ωe describes the angular velocity of the end effector in body frame, FB.
Equations (2.87) and (2.88) can be rewritten under matrix form as

[
ξ̇T

ωT

]
=

[
I3 − S(WRB ξe)
O3 I3

] [
ξ̇

ω

]
+

[
WRB O3

O3
WRB

] [
ξ̇e

ωe

]
(2.89)

where I3 and O3 denote a (3 × 3) identity and null matrices respectively.
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As the attitude and heading of this system is expressed in term of Euler angle (ϕ, θ, ψ) a
transformation is required. The transformation is between the angular velocity ω and the Euler
rate η̇ in a same frame and reads as [39]

ω =


0
0
ψ̇

 +Rz(ψ)


0
θ̇

0

 +Rz(ψ)Ry(θ)


ϕ̇

0
0



=


0 −Sψ CψCθ

0 Cψ SψCθ

1 0 −Sθ



ψ̇

θ̇

ϕ̇


ω = T (η) η̇ (2.90)

Therefore, the transfer matrix T (η) between the angular velocity ω and the Euler rate η̇ in a
same frame is given by

T (η) =


0 −Sψ CψCθ

0 Cψ SψCθ

1 0 −Sθ

 (2.91)

Then, substituting (2.90) into (2.89) for every angular velocity gives

[
I3 O3

O3 T (ηT )

] [
ξ̇T

η̇T

]
=

[
I3 − S(WRB ξe)
O3 I3

] [
I3 O3

O3 T (η)

] [
ξ̇

η̇

]
+

[
WRB O3

O3
WRB

] [
ξ̇e

ωe

]
(2.92)

The relations of the velocities of the end effector [ξ̇e
T
ωe

T ]T with joint velocities q̇ are given
by [35]: [

ξ̇e

ωe

]
= J(q) q̇ (2.93)

where J(q) denotes a Jacobian matrix of manipulator joint velocities. Then, Equation (2.92)
becomes[

I3 O3

O3 T (ηT )

] [
ξ̇T

η̇T

]
=

[
I3 − S(WRB ξe) T (η)
O3 T (η)

] [
ξ̇

η̇

]
+

[
WRB O3

O3
WRB

]
J(q) q̇ (2.94)

To make it more compressed, let

T T (ηT )κ̇T = JB(η, q)κ̇+ Je(η, q)q̇ (2.95)
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with

κ̇T =
[
ξ̇T

η̇T

]
(2.96)

κ̇ =
[
ξ̇

η̇

]
(2.97)

T T (ηT ) =
[
I3 O3

O3 T (ηT )

]
(2.98)

JB(η, q) =
[
I3 − S(WRB ξe) T (η)
O3 T (η)

]
(2.99)

Je(η, q) =
[
WRB O3

O3
WRB

]
J(q) (2.100)

Quadrotor is an underactuated system indeed, only 4 independent control inputs are available
to control the 6-DOF of the system. The position vector ξ and yaw angle ψ are the available
controlled parameters, while roll ϕ and pitch θ angles are the intermediate control inputs. Hence,
vector κ can be rewritten as

κ =


ξ

ϕ

θ

ψ

 (2.101)

and let

α =
[
ξ

ψ

]
;β =

[
θ

ϕ

]
(2.102)

Then, one gets
T T (ηT )κ̇T = Jα(η, q)α̇+ Jβ(η, q)β̇ + Je(η, q)q̇ (2.103)

where Jα(η, q) comprises of first four columns of JB(η, q) and Jβ(η, q) comprises of last two
columns of JB(η, q). Merging α and q so that ζ = [αT qT ]T is the vector of controller variables
and Jζ = [Jα Je], then the UAM forward kinematic becomes.

κ̇T = T T (ηT )−1[Jζ(ζ,β)ζ̇ + Jβ(ζ,β)β̇] (2.104)
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2.7. Differential kinematics

The modeling of the quadrotor UAV (Section 2.4) and the manipulator arm (Section
2.5) is discussed independently. The entire system of the aerial manipulator is designed by
combining both models (quadrotor + manipulator) using a coupling algorithm (Section
2.6). Consequently, the coupling effect of the manipulator on the quadrotor is considered
as an external disturbance, and vice versa. The whole system can be represented with the
state vector defined as [x y z ẋ ẏ ż ϕ θ ψ p q r q1 q2 q̇1 q̇2]T and the control input as
[U1 U2 U3 U4 Γ1 Γ2]T . The reference trajectories for the quadrotor and manipulator are
determined using differential kinematics (Section 2.7) based on the desired end effector
trajectory.
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Chapter 3

UNMANNED AERIAL MANIPULATOR

CONTROL

A control system is a combination of components and processes that act together to force
the behavior of a dynamic system to a desired one. Its purpose is to maintain the system output
that is the function of the state at a desired value (constant or time-varying), by continuously
monitoring the system performance and then making necessary adjustments - that is the prin-
ciple of the closed loop. The primary components of a control system include the controller, the
actuators, the plant, the sensors and the feedback loop. The controller adjusts system inputs
based on the error signal between the setpoint and the system output. Actuators convert control
signals into physical actions for the plant; sensors measure relevant variables while the feedback
loop continuously compares the output to the setpoint for adjustment. Control systems are clas-
sified with respect to their characteristics (static feedback, output feedback ...) and their design
principles (linear, nonlinear, continuous, discrete ...). The choice of their architecture depends
on specific factors related to the controlled system and the desired features (robust, finite time
...).

The control system of an aerial manipulator must regulate and coordinate the movement of
both the aerial vehicle, such as a quadrotor, and the attached payload, typically a manipulator
arm or gripper, to achieve desired tasks and objectives. In many cases, the control laws design
is based on mathematical models of kinematics and dynamics in order to understand the aerial
manipulator’s behavior. Sensors, including cameras, depth sensors and IMUs, enable sensing
of the environment and then to track the aerial manipulator’s actual position and orientation
[6, 12, 18, 44]. Motion planning algorithms generate feasible paths considering safety and ob-
stacle avoidance. As shown in previous chapter trajectory generation produces desired motion
profiles based on the planned paths. Control algorithms, such as linear proportional-integral-
derivative [4, 11, 13] or nonlinear sliding mode control [23, 28, 33], are tuned in order to induce
precise tracking of trajectories. Communication and integration with other systems facilitate
coordinated operation, while safety measures and fault tolerance strategies confirm stability and
reliability.
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The objective of the control system for an aerial manipulator is to achieve precise and
coordinated movements, to ensure stability and safety and efficiently perform the intended
tasks. In this chapter, control solution, that are robust and adaptive, are presented in order
to fulfill the objective with accuracy and robustness.

3.1 Sliding mode control

There is always a mismatch between the mathematical model on which the controller is
design and the real behavior of the system, subject to uncertainties and unmodeled dynamics.
Additionally, external disturbances are acting on the system. In order to address the incon-
sistencies arising from these disturbances and uncertainties in model dynamics, robust control
methods, such as Sliding Mode Control (SMC), are required [45, 46, 47]. There exist other
robust control method for uncertain/perturbed nonlinear systems, for example backstepping
[6, 38, 48]. However sliding mode control is quite easy to design and implement, and adaptive
version allows to have a quite reduced modeling effort. Sliding mode control is a robust control
technique designed to achieve a desired behavior by guiding the system’s state trajectory to
reach a predefined manifold known as the sliding surface; once the trajectory has reached this
manifold, the system is insensitive to uncertainties and perturbation. The fundamental concept
behind sliding mode control is the development of discontinuous control laws that guide the
system trajectory onto the sliding surface in a finite time and maintain them on this surface,
regardless of uncertainties or disturbances.

In sliding mode control, the system dynamics are evolving in two phases: the sliding phase
and the reaching phase [47]. The sliding phase is when the system trajectory precisely follows
the sliding surface, forced by a discontinuous control law designed for robustness against un-
certainties and disturbances. This ensures that the system trajectory remains on the sliding
surface once this latter has been reached. Thus during reaching phase, the system trajectory
converges in a finite time towards the sliding surface. Control actions in this phase aim to drive
the system’s state onto the sliding surface.

The main advantage of sliding mode control is its robustness to system uncertainties and
disturbances. The control law is designed to actively compensate for uncertainties and to drive
the system onto the sliding surface, where the control behavior is deterministic and system
behavior insensitive to perturbation and uncertainties.

However, sliding mode control has some drawbacks as well. Due to its discontinuous nature,
SMC can generate high-frequency control signals, leading to chattering phenomenon [46] that
may cause wear and tear on actuators. Additionally, the discontinuous nature of sliding mode
control can introduce high-frequency "noise" into the system, that can affect the performance or
the stability.
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Despite these challenges, sliding mode control has been successfully applied to a wide range of
applications, including robotics, power electronics, aerospace systems, and automotive control.
The design and implementation of sliding mode control typically involve careful selection of
the sliding surface, control law design and consideration of practical implementation issues.
SMC design consists of two steps. The first step is the design of sliding surface that has to be
chosen such that the relative degree of the system versus the sliding variable equals 1. Then a
discontinuous control law is design to force system trajectory onto sliding surface and to maintain
onto it in spite of the presence of inconsistency.

3.1.1 Sliding surface design

In order to illustrate consider the following second order system (as can be modeled by a
mechanical system)

ẍ = u+ f(x) (3.1)

where x is the variable, u is the control input and f(x) is an unknown disturbance assumed to
be bounded, i.e., |f(x)| ⩽ ρ > 0. Then, the state of the system is written as

X =
[
x

ẋ

]
=

[
x1

x2

]
(3.2)

where x is supposed to be a displacement and ẋ the associated velocity. The control objective
is to force the variables x to a desired value xd. Defining the error signal e = x − xd, define a
sliding variable σ such that when σ = 0, the control objective is achieved i.e. e → 0. A standard
sliding variable then is defined as [46].

σ = ė+ λe, λ > 0 (3.3)

This definition allows to fulfill two properties
— when σ = 0, e → 0. Indeed, σ = 0 induces ė+ λe = 0 ⇒ e(t) = e(t0) exp(−λ(t−t0))

— the selective degree of the system with respect to σ equals 1. It is obvious given that σ
depends on ė, given (3.1), σ̇ is depending on u.

3.1.2 Control law design

Once the sliding variables is defined, the objective is to design a discontinuous control that
guarantee

— the finite time convergence towards the sliding surface σ = 0.
— once σ = 0 reached, the fact that the closed loop system trajectory is kept on the manifold.
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Consider the time derivative of σ

σ̇ = ë+ λė

= ẍ− ẍd + λ(ẋ− ẋd)

= u+ f(x) − ẍd + λ(ẋ− ẋd) (3.4)

Consider now a candidate Lyapunov function defined as

V = 1
2σ

2 (3.5)

This function fulfills V (0) = 0 and V (σ) > 0 ∀ σ ̸= 0. One sets

V̇ = σσ̇ (3.6)

To ensure the asymptotic convergence of σ, the time derivative of V must be negative definite
[46], i.e.

V̇ = σσ̇ < 0 for σ ̸= 0 (3.7)

one gets
σσ̇ = σ(u+ f(x) − ẍd + λ(ẋ− ẋd)) (3.8)

Assuming
u = ẍd − λ(ẋ− ẋd) + µ(σ) 1 (3.9)

µ(σ) being defined in the sequel, one gets

σσ̇ = σ(f(x) + µ(σ))

= σf(x) + σµ(σ) (3.10)

As f(x) is assumed to be bounded that is |f(x)| ⩽ ρ then

σσ̇ ⩽ σρ sign(σ) + σµ(σ) (3.11)

Selecting µ(σ) = −K sign(σ), one gets

σσ̇ ⩽ σρ sign(σ) − σK sign(σ)

⩽ −σ sign(σ)(K − ρ)

⩽ −|σ|(K − ρ) (3.12)

1. This control law supposes that ẋ is measured or obtained from x thanks to a differentiator. Furthermore,
the desired trajectories are supposed to be known
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If K > ρ, then condition (3.7) is satisfied. Consequently, the control law u

u = ẍd − λ(ẋ− ẋd) −Ksign(σ) (3.13)

ensures that σ → 0 in spite of the perturbation f(x). However, condition (3.7) formally does
not ensure finite time convergence. Indeed, the so called "sliding condition" reads as

V̇ ≤ −η|σ| = −ηV 1/2 , η > 0 (3.14)

In this case, the gain condition to ensure the finite time convergence and the establishment of a
sliding mode, reads as

K ≥ η + ρ (3.15)

In this case, the reaching phase duration, i.e. the convergence time tr to reach σ = 0 is such
that

tr ≤ |σ(0)|
η

(3.16)

Remark. Given the maximum value of tr, |σ(0)|
η , faster the convergence, bigger η and greater

the gain K. It is an important point to limit the chattering magnitude.

3.1.3 Chattering reduction

The main drawback of SMC is the phenomenon called chattering [47, 49]. Chattering causes
high frequency oscillations on the control input that leads to reduced accuracy and increases
actuator mechanical wear and tear [47]. The chattering is due to the discontinuous sign function
in the control input (3.13). There exist different solution to reduce chattering. Among them, one
can replace the sign function by a continuous one. Thus approximate continuous function in a
vicinity of the origin of the sliding surface [50], is the saturation function given by

sat(σ, ϵ) =


sign(σ) if |σ| > ϵ
σ

ϵ
if |σ| ⩽ ϵ

(3.17)

where ϵ > 0. However notice that this solution reduces the robustness and the accuracy of the
closed loop system.

3.2 Twisting sliding mode control

As shown in the previous section, conventional sliding mode control suffers from the chatter-
ing phenomenon, which generates high-frequency oscillations that can cause mechanical wear,
reduced accuracy and loss of robustness [47]. The chattering effect can be reduced by introducing
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a smooth function, as described in Subsection 3.1.3. However, this smooth control function may
cause the sliding variable and the state variable to converge to the vicinity of the origin instead
of reaching zero in finite time [46]; in fact, around the sliding surface, the control has a linear
behavior. As a consequence, the introduction of this smooth control function reduces robustness
and results in a loss of accuracy. To address this issue, Levant introduced the concept of High-
order Sliding Mode (HOSM) [51]. By a general point-of-view, this class of controller allows to
force, not only the sliding variable σ → 0, but also finite number of its time derivative. As a
consequences, the accuracy is improved (higher the order of sliding mode, better the accuracy)
and the chattering is reduced.

There are multiple algorithms available for implementing HOSM [46], with Second-order
Sliding Mode controllers (2-SMC) being particularly useful in eliminating chattering and en-
hancing control performance, resulting in improved tracking capabilities. In the context of the
second order system (3.1), in standard SMC, the control law is designed to drive sliding variable
σ to zero. In the case of 2-SMC, the primary objective extends beyond merely driving the sliding
variable to zero. Instead, the goal is to bring both the sliding variable and its first time derivative
to zero i.e. [47]

σ = σ̇ = 0 (3.18)

Among the second-order sliding mode algorithms, options include suboptimal controllers [46],
twisting controllers [46], and super-twisting controllers [46]. The Twisting Sliding Mode control
(TWC), as described by Levant [51], is a discontinuous control method designed for a class of
systems having a relative degree of either equal to 1 or 2 in relation to the sliding variable [47].
It is defined by the formula [46]

µ = −(k1sign(σ) + k2sign(σ̇)) , k1 > k2 > 0 (3.19)

Assume that sliding variable σ is twice differentiable with respect to time [46], then one gets

σ̈ = h(x, t) + g(x, t)µ (3.20)

where the function h(x, t) and g(x, t) are some unknown smooth function that are bounded by
positive constant Km, KM and C such that

0 < Km ≤ g ≤ KM , |h| ≤ C

Km > 0, KM > 0, C > 0 (3.21)
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If k1 and k2 satisfy these conditions

(k1 + k2)Km − C > (k1 − k2)KM + C

(k1 − k2)Km > C (3.22)

The TWC in Equation (3.19) guarantees the realization of 2-SMC in finite time. The twisting
algorithm enforces the sliding variable σ to have a relative degree of two in the control law,
requiring knowledge of σ̇. On the other hand, the super-twisting algorithm operates with a
sliding variable of relative degree one and does not require knowledge of σ̇.

3.3 Super-twisting sliding mode control

Super-twisting Sliding Mode control (STWC) is a control technique used for uncertain non-
linear systems to achieve robust and precise control in the presence of uncertainties and distur-
bances. STWC attenuates chattering effects, because it provides a continuous control signal.

Consider the following system
σ̇ = µ+ ψ (3.23)

with perturbation |ψ| < ∆ in the operating domain. The STWC algorithm reads as, the following
control law µ that does not require the measurement of σ̇, as proposed by Levant [51].

µ = −K1|σ|1/2sign(σ) + ν (3.24)

ν̇ = −K2sign(σ)

where K1 and K2 are positive gains. When K1 and K2 are tuned to adequate condition, the
sliding variable σ and its first time derivative σ̇ converge to zero in finite time. This convergence
of system trajectories to a vicinity of (σ, σ̇) = (0, 0) in a finite time can be fulfill if the gains
K1 and K2 satisfy either the following conditions

— Conditions from Moreno et al. (2014) [53]

K2 > ∆, K1 >
K2 + ∆√
K2 − ∆

— Conditions from Kumar P et al. (2017) [54]

K2 > ∆, K1 > 1.8
√
K2 + ∆

— Conditions from Chalanga et al. (2017) [55]

K2 > ∆, K1 > 1.4
√
K2 + ∆
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If K1 and K2 fulfill these condition, then a second order sliding mode is establish in a finite time,
i.e. there exists a finite time tc such that for t ≥ tc, σ = σ̇ = 0. This fact is called "ideal sliding
mode". In practical cases, when there is a sampling period τ ̸= 0, then a "real sliding mode" is
establish, i.e. there exist a time tc such that, for t ≥ tc, |σ| ≤ Ωτ . Notice that K1 and K2 depend
on the bound of the perturbation. So, selecting gains based on the above conditions requires
knowledge of the disturbance bound ∆, which is often difficult to precisely determine [52]. As
a consequence in many cases, if an overestimated bound is used this leading to large gains and
significant chattering. Therefore, there is a significant interest in reducing the controller gains to
attenuate chattering and simplify the identification task (eliminating the need for information
on the disturbance bound ∆ to tune the gains).

The super-twisting algorithm is a continuous law providing faster convergence and better
tracking accuracy. Unlike the twisting controller, the super-twisting algorithm does not require
knowledge of the derivative of the sliding variable. This makes it more practical and applica-
ble to various systems where obtaining accurate derivative information may be challenging or
not feasible. STWC exhibits robustness by effectively handling uncertainties and disturbances
within the system. This robustness ensures system stability and enables the attainment of ac-
curate tracking performance even in the presence of such uncertainties and disturbances. Then,
the inclusion of the super-twisting term significantly reduces chattering, leading to a smoother
control action and improved overall system behavior.

By replacing Equation (3.24) into the control law u in Equation (3.9), the sliding variable σ
is forced to zero in the presence of bounded disturbance in finite time given by

u = ẍd − λ(ẋ− ẋd) −K1|σ|1/2sign(σ) −
∫ t

0
K2sign(σ)dT (3.25)

3.4 Adaptive Gain

In sliding mode control, the adaptive gain refers to a mechanism that dynamically adjusts the
control gains based on the system’s behavior and operating conditions. It is used to improve the
performance and robustness of the control system by adapting the control parameters in real-
time. The adaptive gain in sliding mode control is typically implemented through an adaptive
law or algorithm that continuously monitors the system’s response and updates the control
gains accordingly. This adaptive law uses feedback signals, error measurements or other system
variables to estimate the system’s uncertainties and disturbances. Based on these estimates, the
adaptive law modifies the control gains to compensate for the uncertainties and disturbances
and achieve desired control objectives. The purpose of using adaptive gains in sliding mode
control is to enhance the control system’s ability to handle uncertainties and disturbances. By
adapting the control gains, the control system can maintain stability, improve tracking accuracy
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and reduce the effects of uncertainties and disturbances.

3.4.1 Adaptive Gain Sliding Mode Control

Another drawback of conventional SMC is that its requires the knowledge of uncertainties
bound (ρ∗) which often leads to over-estimated bounds. A way to counteract this drawback is
to ensure a dynamical adaptation of the control gain to achieve sliding mode condition and
sufficient to overcome the unknown uncertainties. Therefore, a value of K∗ for a dynamically
tuned Adaptive Gain Sliding Mode control (SMCA) is given as [49]:

K̇∗ =

K̄∗ · sign(|σ∗| − µ∗) if K∗ > α∗

α∗ if K∗ ⩽ α∗
(3.26)

with K̄∗ > 0, K0∗ > 0, µ∗ > 0 and α∗ > 0. The parameter α∗ is to ensures that K∗ is
always positive. K̄∗ determine the gain dynamics that is how fast it will react in the presence of
disturbance while µ∗ acts as the accuracy or sensitivity of the gain to the deviation of σ∗ from
zero. For adaptive gain law (3.26), the gain K∗ will increase at constant rate to force σ∗ to zero
until |σ∗| < µ∗, then the gain decreases and is kept at the smallest level as long as σ∗ remain
within µ∗ or close to zero. With this adaptive control gain, the knowledge of uncertainties bound
is not required as in Equation (3.12) for conventional SMC. Furthermore, the adaptation gain
allows to have the “just sufficient” gain that will help reducing the chattering effect.

3.4.2 Adaptive Gain Super-twisting Sliding Mode Control

The computation of gain K1∗ and K2∗ requires the knowledge of the disturbance bound as
discuss in Chalanga et al. [55], Moreno et al. [53] and Kumar et al. [54]. This value is difficult
to obtain and will also leads to over-estimated. A way to counteract this is to conform to a
dynamical adaptation of the control gain that do not require any knowledge of the disturbance
bound and sufficient to overcome the unknown uncertainties. Therefore, a value of K1∗ and K2∗

for a dynamically tuned Adaptive-gain Super-twisting Sliding Mode control (STWCA) is given
by [52]:

K̇1∗ =


α∗

|σ̇∗| + ϵ∗
if |σ∗| > ϵ∗

−K1∗ if |σ∗| ⩽ ϵ∗

(3.27)

K̇2∗ =


α∗

2|σ∗|1/2
if |σ∗| > ϵ∗

−K2∗ if |σ∗| ⩽ ϵ∗

(3.28)

(3.29)
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where α∗ and ϵ∗ are some positive design parameter, while σ̇∗ it is estimated from sliding variable,
σ∗ in Equation (3.3) fed to a first order differentiator.

The concept of this adaptation law is straightforward: the gains K1∗ and K2∗ increase as
long as the desired accuracy is not achieved, indicated by |σ∗| > ϵ∗, where ϵ∗ defines the desired
accuracy level. Once |σ∗| ⩽ ϵ∗ the system has converged and the gains are decreased, fulfilling
the objective. However, significant disturbances can cause the system trajectories to deviate
from the convergence domain. In such cases, the adaptation law rapidly increases both gains
K1∗ and K2∗ in a short time bringing the system trajectories back to the domain |σ∗| ⩽ ϵ∗.
Choosing a small value for the parameter ϵ∗ is appropriate and the parameter α∗ is chosen to
directly influence the dynamics of the gains.

3.5 Application to the unmanned aerial manipulator control

In this section, the previous robust control laws are applied for the control of the unmanned
aerial manipulator describe in Chapter 2.

3.5.1 General architecture

The proposed control strategy for the unmanned aerial manipulator consists of two stages,
as depicted in Figure 3.1. The first stage (Stage 1 Figure 3.1) employs a kinematic motion algo-
rithm called Closed-loop Inverse Kinematics (CLIK) being defined in the sequel. This algorithm
calculates the reference path and trajectory for the quadrotor and the manipulator arm joints
from desired end effector path and trajectory. These computed values serve as references for the
next stage. In the second stage (Stage 2 Figure 3.1), the control laws are implemented, that
consist of two independent controllers: the first one for the quadrotor and the second one for the
manipulator. The objective of these controllers is to track the references provided by Stage 1. The
controller of Stage 2 can have different forms in this work, they are based on linear approaches
(PID) that are the baseline controllers used to compare performances of other controller based
on sliding mode theory.
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Figure 3.1 – Block scheme of UAM control architecture. Refer Appendix A.7 for symbol descrip-
tion.

3.5.2 Closed loop inverse kinematic

Given the desired end effector trajectory (κT.d =
[
ξT.d

ηT.d

]
) and its derivative (κ̇T.d =

[
ξ̇T.d

η̇T.d

]
),

inverse kinematic algorithm determined an appropriate quadrotor and manipulator reference

trajectory (ζr =


ξr

ψr

qr

) and its derivative (ζ̇r =


ξ̇r

ψ̇r

q̇r

) for which the end effectors move to

obtain the desired response. A reliable inverse kinematic solution is necessary to place the end
effector at a specific position and orientation to perform a particular tasks. A widely implemented
approach to calculate the differential kinematic solution that can be used in real-time is based
on the Jacobian of the robot [57] as discussed in Section 2.7.

Recall from Section 2.7, the forward kinematic Equation (2.104) is considered to derive an
inverse kinematic for computing the UAM motion references as follows

ζ̇ = Jζ(ζ,β)−1
(
T T (ηT ) (κ̇T ) − Jβ(ζ,β) β̇

)
(3.30)

where β =
[
θ

ϕ

]
and T T (ηT ) is a transfer matrix from Euler rate to angular velocity. While

Jζ and Jβ are the Jacobian matrices. This inverse kinematic solution is then integrated using
a numerical integration technique to determine the reference position and orientation (ζ) of
the system. Considering Figure 3.2 then the inverse kinematic solution (3.30) is rewritten with
feedback gain as [18].

ζ̇r = J†
ζ(ζr,β)

(
T T (ηT.r) (κ̇T.d +Ke) − Jβ(ζr,β) β̇

)
(3.31)
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where J†
ζ = Jζ

T (JζJζT + λ2I)−1 is a numerical approximate solution of the inverse Jacobian

Figure 3.2 – Closed-loop inverse kinematic block diagram of UAM.

of Jζ named least damped squares methods [58] with λ in the equation is a non-zero damping
constant.

Since the least damped squares algorithm is a numerical approximation of the inverse Jaco-
bian solution, the inverse kinematic has an inversion error. The inversion error can be reduced
by introducing a feedback gain κ̇T.d +Ke to improve the tracking performance referred to as
the closed-loop inverse kinematics algorithm [18]. K here is a symmetric positive definite gain
matrix, e = κT.d − κT.r is the kinematic inversion error between desired (κT.d) and reference
(κT.r) end effector position and orientation value and κT.r is calculated using forward kinematic
Equation (2.104) from reference value ζr and measured value β.

3.5.3 Quadrotor control

The control for the quadrotor is designed hierarchically, utilizing both outer position control
and inner attitude control loops, as illustrated in Figure 3.3. The primary objective of this
controller is to ensure the stabilization or the good tracking of the quadrotor’s position, altitude,
attitude and heading, such that the quadrotor is a stable platform for the manipulator arm. The
outer position controller is responsible for accurately tracking the quadrotor’s reference position
along the x-axis for back-and-forth movement and along the y-axis for side-to-side movement.
It computes the desired roll angle (ϕr) and pitch angle (θr) for the inner attitude control. The
inner attitude control loop focuses on tracking the reference altitude along the z-axis (zr), the
desired attitude (ϕr and θr about the x-axis and y-axis respectively) and the reference heading
(ψr about the z-axis). By processing these values, the inner attitude controller determines the
appropriate input force and torque, denoted as U , required for the quadrotor’s four motors. This
control action allows the quadrotor to achieve the desired altitude, attitude, and heading.
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Figure 3.3 – Block scheme of quadrotor hierarchical control architecture.

3.5.4 Manipulator control

Controlling the manipulator arm is viewed as a Multi-input Multi-output (MIMO) control
problem, where the control law needs to compute a vector of joint actuator torque, Γ. The control
scheme is divided into two main components: feedback linearization and feedback control, as
depicted in Figure 3.4. The feedback linearization phase involves the linearization and decoupling
of the dynamic model, utilizing the technique of feedback linearization to compensate for the
non-linearities present in the robot’s dynamics [35, 43, 56]. This stage takes advantage of the
inverse dynamic equation of the manipulator arm as discuss in Subsection 2.5.2. On the other
hand, the feedback control, that is the "heart" of the control scheme, computes the control input
signal, νq, based on the manipulator’s reference trajectory {qr, q̇r}. This part of manipulator
control is based, in the sequel, on PID and sliding mode control strategies. This term νq is then
fed into the inverse dynamic equation of the feedback linearization, resulting in the determination
of the control torque, Γ, for the manipulator joints’ actuators. This control scheme is commonly
referred to as computed torque control or inverse dynamic control [35, 43].

Figure 3.4 – Block scheme of manipulator control architecture.

3.5.5 Quadrotor control design

As introduced in the previous subsection, quadrotor altitude, attitude, and heading con-
trol refer to the control strategies used to regulate the vertical position (altitude), orientation
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(attitude), and direction (heading) of a quadrotor UAV. These control laws ensure that the
quadrotor maintains its desired altitude, orientation, and heading during flight, enabling it to
perform various tasks with stability and precision.

Altitude control focuses on maintaining the quadrotor’s desired vertical position. It involves
adjusting the collective thrust generated by the rotors to counteract gravity and achieve the
desired altitude. In real situation, altitude control relies on altitude sensors or altimeters to
measure the quadrotor’s height accurately.

Attitude control involves regulating the quadrotor’s orientation in terms of pitch and roll.
While the x and y positions cannot be directly controlled by the input forces and torques,
these back-and-forth and side-to-side movements are controlled through pitch and roll angles,
respectively. Pitch refers to the forward or backward tilt, while roll refers to the right or left tilt.
Attitude control ensures that the quadrotor maintains the desired orientation throughout its
flight. It utilizes sensors such as gyroscopes, accelerometers, or IMU to measure the quadrotor’s
current attitude accurately. Control algorithms are employed to compute appropriate torques
and adjust the rotor speeds to achieve the desired attitude.

Heading control focuses on maintaining the quadrotor’s desired direction or heading during
flight. It involves regulating the quadrotor’s yaw orientation, which represents the rotation about
the vertical axis. Heading control ensures that the quadrotor is aligned with the desired direction.
It relies on sensors such as magnetometers to measure the quadrotor’s current heading relative
to the Earth’s magnetic field. The control algorithms adjust the yaw torque applied to the
quadrotor’s rotors to align it with the desired heading.

Figure 3.5 – Altitude control handles up and down vertical movements. Attitude control deal
with quadrotor orientation, enabling it to pitch forward or backward and roll right or left.
Heading control position the quadrotor in the desired direction through yaw adjustment, either
clockwise or counterclockwise.

Combining altitude, attitude, and heading control, quadrotor can maintain stable flight and
accurately perform tasks such as aerial photography, surveillance, delivery, or search and rescue
operations. These controllers are components of the inner control system shown in Figure 3.3.
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The control algorithms and strategies employed in quadrotor altitude, attitude and heading
control ensure that the UAV responds to external disturbances, maintains its desired position
and orientation, and achieves the required flight performance. In the following subsection, we
will delve into the detailed design of these control laws.

3.5.6 Quadrotor simplified model

The kinematic model (2.15 - 2.20) and dynamic model (2.79 - 2.84) discuss in Subsection 2.4.1
and Subsection 2.6.2 describe the full model of the quadrotor system. Simplifying the models
reduces the complexity of the control law and calculations involved. This can lead to faster
computation and implementation of the control algorithm, making it more suitable for real-time
control applications. A simplification is made by considering the behavior of the system around
an operating point. This latter corresponds to the quadrotor nominal hover state. In other words,
in hover state 2, ϕ = θ = 0, ψ = ψ0, ϕ̇ = θ̇ = ψ̇ = 0, ξ = ξ0 and ξ̈ = ξ̇ = 0, given that the roll
and pitch angles are small, one has Cθ ≈ 1, Cϕ ≈ 1, Sθ ≈ θ and Sϕ ≈ ϕ [42, 41]. Applying this
approximation to transfer matrix Equation (2.10) gives 3 [40, 41]

p

q

r

 ≈


ϕ̇

θ̇

ψ̇

 (3.32)

The quadrotor is underactuated and has 4 control inputs. As a consequence four variables,
namely altitude (z), roll (ϕ), pitch (θ), and heading (ψ), are controlled. Combining Equation
(3.32) with Equations (2.43 - 2.46), the dynamic equation used for synthesizing the quadrotor
control law for the UAM can be expressed as follows [28, 33, 40]

z̈ = U1
m

− g + δz (3.33)

ϕ̈ = U2
Ixx

+ Iyy − Izz
Ixx

θ̇ψ̇ + δϕ (3.34)

θ̈ = U3
Iyy

+ Izz − Ixx
Iyy

ϕ̇ψ̇ + δθ (3.35)

ψ̈ = U4
Izz

+ Ixx − Iyy
Izz

ϕ̇θ̇ + δψ (3.36)

where δz, δϕ, δθ and δψ are the external disturbance acted on altitude, roll, pitch and yaw
respectively.

Notice that the system is nonlinear and can be viewed as affine in control input. Indeed, one

2. ϕ, θ and ψ are quadrotor roll, pitch and yaw angle.
3. p, q and r are the angular velocities of quadrotor about xB-axis, yB-axis and zB-axis of the body frame FB

respectively.
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has 
z̈

ϕ̈

θ̈

ψ̈

 =



−g
Iyy − Izz
Ixx

θ̇ψ̇

Izz − Ixx
Iyy

ϕ̇ψ̇

Ixx − Iyy
Izz

ϕ̇θ̇


+



1
m

0 0 0

0 1
Ixx

0 0

0 0 1
Iyy

0

0 0 0 1
Izz




U1

U2

U3

U4

 (3.37)

3.5.7 Quadrotor altitude control

Consider the quadrotor altitude error (ez = z−zr) that is the difference between the measured
altitude z and the reference altitude zr. It can be noted that relative degree of the system (3.33)
- (3.36) with ez as output equals 2. It means that first order sliding mode control and super-
twisting control can be applied if the sliding variable defined as

σz = ėz + λzez (3.38)

with ez = z − zr and λz > 0. Consider U1 reading as

U1 = m
(
z̈r − λz(ż − żr) −Kz sign(σz) + g

)
(3.39)

Then from (3.33), one gets

z̈ = z̈r − λz(ż − żr) −Kz sign(σz) + δz (3.40)

that gives
σ̇z = −Kz sign(σz) + δz (3.41)

Then, from sliding mode theory, a first order sliding mode is established in a finite time if
Kz > |δz| + ηz. In order to reduce chattering effect, a controller based on super-twisting is
proposed. By matching Equation (3.33) with STWC Equation (3.25) for altitude control gives

U1 = m
(
z̈r − λz(ż − żr) −K1z|σz|

1/2sign(σz) −
∫ t

0
K2zsign(σz)dT + g

)
(3.42)

that gives
σ̇z = −K1z|σz|

1/2sign(σz) (3.43)

3.5.8 Quadrotor attitude and heading control

The attitude (roll and pitch) and heading (yaw) control combine in forcing the errors between
the desired roll (ϕr), the desired pitch (θr) and the reference yaw (ψr) and the measured values
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ϕ, θ and ψ respectively.

Roll control

Roll controller is developed to control the Equation (3.34) determines the roll angle ϕ of the
quadrotor forcing by the input U2. Considering the roll error eϕ = ϕ − ϕr and inspired by the
previous controller, define the sliding variable σϕ = ėϕ + λϕeϕ. Then, the following controller

U2 = Ixx
(
ϕ̈r − λϕ(ϕ̇− ϕ̇r) −Kϕsign(σϕ)

)
− (Iyy − Izz)θ̇ψ̇ (3.44)

then from 3.34
ϕ̈ = ϕ̈r − λϕ(ϕ̇− ϕ̇r) −Kϕsign(σϕ) + δϕ (3.45)

that gives
σ̇ϕ = −Kϕsign(σϕ) + δϕ (3.46)

with adequate tuning of Kϕ, i.e.

Kϕ > |δϕ| + ηϕ ηϕ > 0 (3.47)

σϕ reaches 0 in a finite time. Then eϕ exponentially tends to 0 in a time depending on ηϕ. By a
similar way than previously, a STWC based controller is designed as

U2 = Ixx
(
ϕ̈r − λϕ(ϕ̇− ϕ̇r) −K1ϕ|σϕ|1/2sign(σϕ) −

∫ t

0
K2ϕsign(σϕ)dT

)
− (Iyy − Izz)θ̇ψ̇ (3.48)

with σϕ and σ̇ϕ converging towards 0 in a finite time if K1ϕ and K2ϕ are correctly tuned.

Pitch Control

Pitch controller is developed to control the Equation (3.35) determines the pitch angle θ of
the quadrotor forcing by the input U3. Considering the pitch error eθ = θ − θr and inspired by
the previous controller, define the sliding variable σθ = ėθ +λθeθ. Then, the following controller

U3 = Iyy
(
θ̈r − λθ(θ̇ − θ̇r) −Kθsign(σθ)

)
− (Izz − Ixx)ϕ̇ψ̇ (3.49)

then from 3.35
θ̈ = θ̈r − λθ(θ̇ − θ̇r) −Kθsign(σθ) + δθ (3.50)

that gives
σ̇θ = −Kθsign(σθ) + δθ (3.51)
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with adequate tuning of Kθ, i.e.

Kθ > |δθ| + ηθ ηθ > 0 (3.52)

σθ reaches 0 in a finite time. Then eθ exponentially tends to 0 in a time depending on ηθ. By a
similar way than previously, a STWC based controller is designed as

U2 = Iyy
(
θ̈r − λθ(θ̇ − θ̇r) −K1θ|σθ|

1/2sign(σθ) −
∫ t

0
K2θsign(σθ)dT

)
− (Izz − Ixx)ϕ̇ψ̇ (3.53)

with σθ and σ̇θ converging towards 0 in a finite time if K1θ and K2θ are correctly tuned.

Yaw Control

Yaw controller is developed to control the Equation (3.36) determines the yaw angle ψ of the
quadrotor forcing by the input U4. Considering the roll error eψ = ψ − ψr and inspired by the
previous controller, define the sliding variable σψ = ėψ + λψeψ. Then, the following controller

U4 = Izz
(
ψ̈r − λψ(ψ̇ − ψ̇r) −Kψsign(σψ)

)
− (Ixx − Iyy)ϕ̇θ̇ (3.54)

then from 3.36
ψ̈ = ψ̈r − λψ(ψ̇ − ψ̇r) −Kψsign(σψ) + δψ (3.55)

that gives
σ̇ψ = −Kψsign(σψ) + δψ (3.56)

with adequate tuning of Kψ, i.e.

Kψ > |δψ| + ηψ ηψ > 0 (3.57)

σψ reaches 0 in a finite time. Then eψ exponentially tends to 0 in a time depending on ηψ. By
a similar way than previously, a STWC based controller is designed as

U2 = Izz
(
ψ̈r − λψ(ψ̇ − ψ̇r) −K1ψ|σψ|1/2sign(σψ) −

∫ t

0
K2ψsign(σψ)dT

)
− (Ixx − Iyy)ϕ̇θ̇ (3.58)

with σψ and σ̇ψ converging towards 0 in a finite time if K1ψ and K2ψ are correctly tuned.

3.6 Quadrotor position control

The objective of this section is to detail the design of control for x and y position of the
quadrotor, given that z control has been made in Subsection 3.5.7. The x and y positions cannot
be directly controlled by the four control inputs U1, U2, U3 and U4. However, the back-and-forth
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and side-to-side movements of the quadrotor can be controlled through roll and pitch angles. The
main idea is that the position control provides the desired roll (ϕr) and pitch (θr) trajectories for
the attitude control (see previous section). Consider the Equations (2.41) and (2.42) discussing
for x and y dynamics and rewrite the both under this following form.[

ẍ

ÿ

]
= U1
m

[
Sψ Cψ

−Cψ Sψ

] [
Sϕ

SθCϕ

]
(3.59)

that gives [
Sϕ

SθCϕ

]
= m

U1

[
Sψ −Cψ
Cψ Sψ

] [
ẍ

ÿ

]
(3.60)

Notice that the matrix
[
Sψ −Cψ
Cψ Sψ

]
is invertible ∀ψ. Since the objective of position control is

to stabilize the quadrotor at an equilibrium point corresponding to the nominal hover state, it
is supposed that angles ϕ and θ are small, and U1 is used to just compensated the gravity i.e.
U1 = mg. By this way, Equation (3.60) can be written as

[
ϕ

θ

]
= 1
g

[
Sψ −Cψ
Cψ Sψ

] [
ẍ

ÿ

]
(3.61)

Therefore, the desired roll (ϕr) and pitch (θr) for the attitude control are given by

[
ϕr

θr

]
= 1
g

[
Sψ −Cψ
Cψ Sψ

] [
νx

νy

]
(3.62)

where νx = ẍ and νy = ÿ are the control input signal for position x and y respectively.

3.7 Manipulator computed torque control

When the task requires high dynamic accuracy, it is necessary to take into account manip-
ulator inverse dynamic model to cancel the nonlinearities terms and decouple the dynamic of
each link via a computed torque control technique [35, 43, 56]. The control of manipulator can
be handled by partitioning the controller (Figure 3.4) into

— a feedback linearization that linearizes and decouples manipulator dynamics using inverse
dynamics model,

— and a feedback control which ensures tracking of desired trajectories.
The inverse dynamic model provides the vector of joint actuator torques, Γ [35, 43, 56]

Γ = M(q)νq +C(q, q̇)q +Q(q) (3.63)
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with νq the "new" input vector that has to be defined and q = [q1 q2]T is vector of joints position.
Comparing this control law with the dynamic model of the manipulator (2.50) correlates the
control signal νq to the joint acceleration, q̈, that gives

νq = q̈ (3.64)

Considering SMC (3.13) for the control law νq gives

νq = q̈r − λq(q̇ − q̇r) −Kq sg(σq) (3.65)

where λq =
[
λq1 0
0 λq2

]
, Kq =

[
Kq1 0

0 Kq2

]
and sg(σq) =

[
sign(σq1)
sign(σq2)

]
. Equation (3.64) - (3.65)

give, with the sliding variable σq defined as

σq = ėq + λqeq
eq = q − qr
σ̇q = −Kqsg(σq) (3.66)

To summarize the overall manipulator computed torque control reads as

Γ = M(q)
(
q̈r − λq(q̇ − q̇r) −Kq sg(σq)

)
+C(q, q̇)q +Q(q) (3.67)

with Γ = [Γ1 Γ2]T is input vector of joints torque. From Equation (3.63) with STWC (3.25)
gives the following control law

Γ = M(q)
(
q̈r −λq(q̇− q̇r) −K1qst(σq)sg(σq) −

∫ t

0
K2qsg(σq)dT

)
+C(q, q̇)q+Q(q) (3.68)

with K1q =
[
K1q1 0

0 K1q2

]
, K2q =

[
K2q1 0

0 K2q2

]
and st(σq) =

√
|σq1 | 0
0

√
|σq2 |

 ensuring the

establishment of a second order sliding mode.

3.8 Proportional integral derivative control

The Proportional-Integral-Derivative control is the most common form of linear feedback
control, and can be found in various control applications due to its simplicity and good per-
formances. It is widely used in control engineering. With advancements in technology, the PID
controller can be enhanced with additional features such as automatic tuning, gain scheduling,
and continuous adaptation. Even without these additional features, the controller can still be
embedded in specialized control systems like the aerial manipulator as considered here. In this
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work, PID controllers are used to determine the appropriate signals that stabilize the quadrotor
in a desired position x and y for the given task.

In general form, PID feedback control takes the difference between reference value (ξr) and
measured value (ξ) as its input to get the adequate acceleration (ξ̈) [42]. For example, if one has
ξ̈ = ν then defining

ν = ξ̈r +Kp(ξr − ξ) +Ki

∫ t

0
(ξr − ξ)dT +Kd(ξ̇r − ξ̇) (3.69)

where Kp is the proportional coefficient, Ki is the integral coefficient and Kd is the derivative
coefficient makes e = ξr − ξ converging towards 0. For quadrotor operating near nominal hover
state, gives the derivative ξ̈r = ξ̇r = 0 [42, 41], as consider in Subsection 3.5.6. Then the PID
control law for x and y positions control input signal of Equation (3.62) is computed as follows.

νx = Kp.x (xr − x) +Ki.x

∫ t

0
(xr − x)dT −Kd.x ẋ (3.70)

νy = Kp.y (yr − y) +Ki.y

∫ t

0
(yr − y)dT −Kd.y ẏ (3.71)

with xr and yr being the reference trajectory.

3.8.1 Quadrotor PID altitude control

As previously, Equation (3.33) is linearized at an equilibrium operating point with small
angle approximation as describe in Subsection 3.5.6; then, one gets

z̈ = U1
m

− g (3.72)

Altitude controller is developed to generate the lifting thrust force signal, U1, which determines
the altitude position, z of the quadrotor. The PID control law is then derived from linear
Equation (3.72) and reads as

U1 = m
(
z̈r +Kp.z (zr − z) +Ki.z

∫ t

0
(zr − z)dT +Kd.z (żr − ż) + g

)
(3.73)

with zr being the reference trajectory.

3.8.2 Quadrotor PID attitude and heading control

As PID is a linear control, the dynamic model Equation (3.34 - 3.36) for roll, pitch and yaw
is linearized by supposing small variation of the angles. As in the previous section, the reference
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trajectories for the attitude and heading read as

ϕ̈ = U2
Ixx

(3.74)

θ̈ = U3
Iyy

(3.75)

ψ̈ = U4
Izz

(3.76)

Remark. So, the dynamic equations describing the attitude behavior read as that the system is
supposed to be decoupled.

Roll Control

Roll controller generates the rolling torque signal, U2, which is acting on the roll angle, ϕ of
the quadrotor. The control law is derived from linear Equation (3.74) as follows.

U2 = Ixx
(
ϕ̈r +Kp.ϕ (ϕr − ϕ) +Ki.ϕ

∫ t

0
(ϕr − ϕ)dT +Kd.ϕ (ϕ̇r − ϕ̇)

)
(3.77)

that gives the following dynamics for roll tracking error eϕ = ϕr − ϕ

Pitch Control

Pitch controller generates the pitching torque signal, U3, which is acting on the pitch angle,
θ of the quadrotor. The control law is derived from linear Equation (3.75) as follows.

U3 = Iyy
(
θ̈r +Kp.θ (θr − θ) +Ki.θ

∫
(θr − θ) +Kd.θ (θ̇r − θ̇)

)
(3.78)

that gives the following dynamics for pitch tracking error eθ = θr − θ

Yaw Control

Yaw controller generates the yawing torque signal, U4, which is acting the heading angle, ψ
of the quadrotor. The control law is derived from linear Equation (3.76) as follows.

U4 = Izz
(
ψ̈r +Kp.ψ (ψr − ψ) +Ki.ψ

∫
(ψr − ψ) +Kd.ψ (ψ̇r − ψ̇)

)
(3.79)

that gives the following dynamics for yaw tracking error eψ = ψd − ψ

3.8.3 PID steady state analysis

One of the purpose of control system is to provide a stable response i.e to maintain the
system at a desired set point with minimum error even in the presence of external disturbance.
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This section focuses on the steady state analysis of a PID controller to demonstrate how it
maintains the desired setpoint by driving the tracking error, e, to zero when the system reaches
a stable and unchanging condition. Consider a closed loop system error equation given by

ë+ kd ė+ kp e = 0 (3.80)

where kp is the proportional coefficient, kd is the derivative coefficient and e the tracking error.
Analyzing the system at constant state i.e a situation where various system parameters and
variables no longer change with time. Then the derivatives of all system variables are zero, leads
to

kp e = 0 (3.81)

or
e = 0. (3.82)

Now, by introducing an external disturbance, fdist acting on the closed loop system, causes
the error equation to become

ë+ kd ė+ kp e = fdist (3.83)

That yields a steady-state equation
kp e = fdist (3.84)

or
e = fdist

kp
(3.85)

at which the error value e represents a steady-state error (if fdist is a constant). In this case, the
control appears to be not efficient.

In order to eliminate this steady-state error, an integral term is introduced in the controller
which becomes a PID. It gives

ë+ kd ė+ kp e+ ki

∫ t

0
e dT = fdist (3.86)

where ki is the integral coefficient. Taking the time derivation of Equation (3.86) in the presence
of constant external disturbance for t > 0 as

...
e + kd ë+ kp ė+ ki e = ḟdist (3.87)

This yields a steady-state equation
ki e = 0 (3.88)
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so that the tracking error becomes
e = 0 (3.89)

This means that with introduction of an integral term the tracking error, e, converges to zero
when the system reaches a stable and unchanging condition. As a result, the desired setpoint is
achieved.

3.8.4 Manipulator computed torque with PID feedback control

As previously claimed, the control of the manipulator is handled by inverse dynamic model
providing the vector of joint actuator control torque, Γ [35, 43, 56]

Γ = M(q)νq +C(q, q̇)q +Q(q) (3.90)

Comparing this control law with the dynamic model of the manipulator as in Equation (2.50)
correlate the "virtual" control input νq to the joint acceleration, q̈, as

νq = q̈ (3.91)

Now, the manipulator control problem is reduced to that of finding a control law for νq stabilizing
the previous double integrator. Here, a PID controller is consider as

νq = q̈r +Kp.q(qr − q) +Ki.q

∫ t

0
(qr − q)dT +Kd.q(q̇r − q̇) (3.92)

with Kp.q, Ki.q and Kd.q are the diagonal matrix of proportional coefficient, integral coefficient
and derivative coefficient respectively. In which the overall manipulator computed torque control
becomes

Γ = M(q)
(
q̈r +Kp.q(qr − q) +Ki.q

∫ t

0
(qr − q)dT +Kd.q(q̇r − q̇)

)
+C(q, q̇)q +Q(q) (3.93)

66



Chapter 4

SIMULATION

The purpose of this chapter is to evaluate the performances of two proposed control schemes:
a first-order sliding mode control with adaptive gain (SMCA) [49] and a super-twisting sliding
mode control with adaptive gain (STWCA) [52]. These control law have been chosen for their
robustness and for their simplicity to apply. Furthermore, they allow to reduce the effect of
perturbation and modeling uncertainties. A comparative analysis is conducted between these
two schemes and two other control strategies: standard sliding mode control (SMC) and linear
proportional-integral-differential control (PID). The aim is to assess the effectiveness of each
control scheme in achieving the desired system behavior. To validate the control schemes, a sim-
ulation environment using Matlab/Simulink is used. This platform enables accurate modeling
and analysis of the system dynamics and control algorithms. By simulating the system in a con-
trolled environment, various performance metrics can be evaluated, such as tracking accuracy,
disturbance rejection and control effort. The simulation employs a helical motion trajectory to
mimic real-world scenarios, allowing the assessment of the control schemes under situations both
with and without the presence of disturbances. This comprehensive evaluation provides insights
into the robustness and effectiveness of the control strategies in handling disturbances and main-
taining accurate trajectory tracking. By comparing the performances of SMCA, STWCA, SMC,
and PID under the helical motion trajectory simulation, valuable insights can be gained regard-
ing the advantages and limitations of each control scheme. This analysis aids in selecting the
most suitable control approach for the specific requirements of the system under consideration.

4.1 Model parameters

The control scheme’s validation has been performed through simulation of the closed-loop
system, considering some specific parameters of the quadrotor. In this setup, the quadrotor is
equipped with a 2-DOF revolute manipulator arm as in Figure 4.1, and the following parameters
are taken into account:
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Figure 4.1 – Quadrotor UAV with a 2-DOF manipulator arm and the associated frame.

Parameter Value

Inertia, Ixx 1.24 kg m2

Inertia, Iyy 1.24 kg m2

Inertia, Izz 2.48 kg m2

Mass, m 2.00 kg
Rotor Distance, d 0.25 m

Thrust Coefficient, Cf 3 × 10−5 N s2

Torque Coefficient, Cm 7.5 × 10−7 N m s2

Gravity, g 9.81 m s−2

Table 4.1 – Quadrotor parameters.

Parameter Link 1 Link 2

Link length, L* 0.25 m 0.25 m
Link mass, m* 0.1 kg 0.1 kg

Inertia I∗ 0.0021 kg m2 0.0021 kg m2

Table 4.2 – Manipulator arm parameters.

These parameters play a crucial role in characterizing the dynamics of the aerial manipula-
tor. Accurately defining these values allows the simulation to faithfully replicate the system’s
behavior and effectively evaluate the performance of the control scheme. In addition to the
specified parameters, the simulations also take into account external disturbances. The distur-
bances are a constant and random force acting on quadrotor and a point mass loading at the
end of the manipulator arm. By incorporating these elements into the simulation environment,
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a more realistic representation of the aerial manipulator’s operation is achieved. This enables
a comprehensive evaluation of the control scheme’s effectiveness in handling disturbances and
maintaining stable and precise control.

By validating the control scheme using the specified parameters and conducting simulations
in a realistic environment, knowledge of the system can be gained regarding the behavior and
performance of the aerial manipulator. These findings provide a deeper understanding of the
system’s capabilities and limitations, facilitating further improvements to the control strategy.
The control scheme can then be applied to enhance the performance of the aerial manipulator
in various applications and scenarios, ensuring efficient and reliable operation.

4.2 Helical trajectory

The system’s tracking capability is evaluated by employing a helical motion trajectory. This
trajectory represents a three-dimensional path that combines both translational and rotational
motion. Testing the system on such trajectories evaluates its ability to handle complex move-
ments. Furthermore, these trajectories are frequently encountered in real-world applications such
as motion required to inspecting cylindrical structures like circular columns and nuclear cool-
ing towers. A comprehensive test is conducted to ensure that the end of the manipulator arm
accurately tracks the desired helical path, as depicted in Figure 4.2. The translational and rota-
tional motion required to generate the helical path are illustrated in Figure 4.3 and Figure 4.4,
respectively.

To achieve the desired helical motion trajectory, the positions x and y oscillate periodically
in a horizontal motion of the inertial frame FW . Simultaneously, the position z, representing
altitude, steadily increases at a constant rate. This coordinated motion creates the intricate
helical pattern. During the tracking of this helical trajectory, an additional level of complexity is
introduced. In addition to following the helical path, the end of the manipulator arm periodically
pitches at a 20◦ angle and completes five full cycles of yawing. These additional motions simulate
real-world scenarios where the manipulator arm needs to adjust its orientation while tracking a
trajectory, enhancing the realism of the test.

This comprehensive test can be performed under various conditions. It can be conducted
both with and without the presence of external disturbances also with and without the presence
of point mass loading. By evaluating the system tracking capability and response in the presence
or absence of disturbances, the robustness and effectiveness of the system can be assessed. This
enables a thorough understanding of the system performance and aids in further improvements
of the control strategy.
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Figure 4.2 – Helical motion trajectory of end of the manipulator arm.

(a) Position xT.d. (b) Velocity xT.d.

(c) Position yT.d. (d) Velocity yT.d.

(e) Position zT.d. (f) Velocity zT.d.

Figure 4.3 – Desired end of the manipulator arm helical motion translational trajectory (m and
m/s) versus time (second).
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(a) Rotation ϕT.d(◦). (b) Rate ϕT.d(◦/s).

(c) Rotation θT.d(◦). (d) Rate θT.d(◦/s).

(e) Rotation ψT.d(◦). (f) Rate ψT.d(◦/s).

Figure 4.4 – Desired end of the manipulator arm helical motion rotational trajectory (◦ and ◦/s)
versus time (second).

4.2.1 Disturbance

In order to test the system under external disturbances, both the quadrotor and manipulator
arm are subjected to specific forces. To begin, a constant and random force is introduced to the
quadrotor, as depicted in Figure 4.5. The force acting on the system as given in Equation (3.33)
to (3.36). This horizontal force disturbance, with a maximum magnitude of 1.5N, is applied along
the x-axis of the inertial frame FW . The purpose of this disturbance is to simulate real-world
scenarios where the UAV may encounter unpredictable forces during its operation.

Additionally, to assess the system’s response to disturbances affecting the manipulator arm,
a point mass with a weight of 1N is attached to the end of the arm. This weight is equivalent to
a mass of 0.1 kg, which matches the mass of each manipulator link. This point mass represents
the load or device that would typically be connected (end effector). By introducing this mass,
the system ability to handle external disturbances while manipulating objects can be evaluated.

To comprehensively evaluate the system performance under various scenarios, a combination
of horizontal force disturbances on the quadrotor and the presence of the point mass on the
manipulator arm are introduced simultaneously. This mixed disturbance scenario provides a
more realistic testing environment, enabling a thorough assessment of the system’s robustness
and ability to maintain tracking accuracy despite external perturbations.
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(a) Constant disturbance (N) versus time (second).

(b) Random disturbance (N) versus time (second).

Figure 4.5 – Constant and random external disturbance.

4.3 Control test parameter

The parameters for the PID, SMC, SMCA, and STWCA controllers are presented in Tables
4.3, 4.4, 4.5 and 4.6, respectively. These tables provide detailed information on the parameters
required for each control scheme, categorized into quadrotor outer position control, quadrotor
inner attitude control, and manipulator joint control. Notably, the x− and y−position controllers
for all control schemes in the outer position control section are implemented as PID controllers.
This choice is made to adequately compute the desired trajectories for roll and pitch, which
serve as inputs for the inner attitude control. By employing PID controllers for position control,
the quadrotor can sufficiently achieve the desired positions in the x and y directions.

The quadrotor inner attitude control parameters are crucial for maintaining stability and
controlling the aerial vehicle orientation. These parameters govern the quadrotor roll, pitch,
and yaw angles, ensuring precise control and maneuverability. Additionally, the inner attitude
control loop focuses on tracking the reference altitude along the z-axis, enabling the quadrotor
to maintain the desired height during operation. The manipulator arm joint control parameters
play a significant role in achieving accurate control over each joint. These parameters dictate the
manipulator movements, allowing it to perform specific tasks and reach the desired orientations
necessary for effective manipulation and operation.
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Table 4.3 – PID parameters

Quadrotor PID position control
Parameter Kp Ki Kd

Quad Pos X 5.9 4.98 1.75
Quad Pos Y 5.9 4.98 1.75

Quadrotor PID attitude control
Parameter Kp Ki Kd

Quad Pos Z 20 22.36 4.47
Quad Roll 145 218.3 24.08
Quad Pitch 155 344.6 17.43
Quad Yaw 24 24.5 5.88

Manipulator PID joint control
Parameter Kp Ki Kd

Joint Q1 430 2787 16.59
Joint Q2 430 2787 16.59

Table 4.4 – SMC parameters

Quadrotor PID position control
Parameter Kp Ki Kd

Quad Pos X 7.5 6.42 2.19
Quad Pos Y 7.5 6.42 2.19

Quadrotor SMC attitude control
Parameter λ K ϵ

Quad Pos Z 30 6.8 0.1
Quad Roll 60 5.7 0.1
Quad Pitch 60 6.8 0.1
Quad Yaw 30 3.5 0.2

Manipulator SMC joint control
Parameter λ K ϵ

Joint Q1 100 130 0.15
Joint Q2 300 330 0.3

Table 4.5 – SMCA parameters

Quadrotor PID position control
Parameter Kp Ki Kd

Quad Pos X 7.25 6.26 2.10
Quad Pos Y 7.25 6.26 2.10

Quadrotor SMCA attitude control
Parameter λ K0 K̄ µ α ϵ

Quad Pos Z 30 0.001 110 0.013 0.1 0.15
Quad Roll 60 0.001 150 0.014 0.5 0.7
Quad Pitch 60 0.001 180 0.01 10 0.8
Quad Yaw 30 0.001 100 0.01 0.3 0.1

Manipulator SMCA joint control
Parameter λ K0 K̄ µ α ϵ

Joint Q1 100 0.001 153 0.005 1 0.22
Joint Q2 300 0.001 130 0.1 1 0.4
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Table 4.6 – STWCA parameters

Quadrotor PID position control
Parameter Kp Ki Kd

Quad Pos X 5.5 4.8 1.53
Quad Pos Y 5.5 4.8 1.53

Quadrotor STWCA attitude control
Parameter λ K10 K20 ϵ α

Quad Pos Z 30 0.001 0.001 0.005 170
Quad Roll 60 0.001 0.001 0.005 60
Quad Pitch 60 0.001 0.001 0.005 60
Quad Yaw 30 0.001 0.001 0.005 75

Manipulator STWCA joint control
Parameter λ K10 K20 ϵ α

Joint Q1 100 0.001 0.001 0.01 515
Joint Q2 300 0.001 0.001 0.01 900

4.4 Hovering test

Performing a hovering test is crucial when simulating an aerial manipulator using the pro-
posed control scheme. Hovering involves maintaining a stable position at a fixed altitude, and
this test enable the inspection of quadrotor stability. This test involves evaluating the system
behavior while the quadrotor hovers with the manipulator arm in a static position, as shown in
Figure 4.6. Hovering is achieved by controlling the thrust or lift force generated by the quadrotor
along the z-axis. The trajectory required for conducting the hovering test is provided in Figure
4.7.

Hovering is a fundamental capability for an aerial manipulator. By conducting a hovering
test, we can assess the stability of the control scheme and verify the system ability to maintain
a stationary position in the air without drifting or experiencing significant oscillations. The test
allows to determine if the proposed control scheme effectively stabilizes the system during static
hovering. Furthermore, hovering serves as a baseline performance evaluation for the control
scheme. It allows to observe and analyze the closed-loop system behavior and performances
under perfectly known conditions, serving as a reference for subsequent tests and comparisons.
The hovering test establishes a benchmark that can be used to measure the improvements
achieved by the advanced proposed control scheme. From this hovering test, three key values
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are extracted:

— the quadrotor position error, ξe, in inertial frame FW calculated as the Euclidean norm
of the position x error, position y error and position z error as;

∥ξe∥ =
√
x2
e + y2

e + z2
e

— the quadrotor rotation error, ηe, in body frame FB calculated as the absolute value of
the error angle, represented as:

∥ηe∥ =
∣∣∣arccos( tr(ŴRB

T
WRB) − 1
2

)∣∣∣
where WRB and ŴRB refer to the desired and actual quadrotor rotation matrices, re-
spectively;

— the manipulator orientation error, qe, in base frame F0 calculated as Manhattan norm of
joint q1 error and joint q2 error as:

∥qe∥ = |q1e| + |q2e|

(a) Initial position. (b) Final position.

Figure 4.6 – The unmanned aerial manipulator hovers while transitioning from its initial position
to the final fixed position.
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(a) Position zT.d(m).

(b) Velocity żT.d(m/s).

(c) Acceleration z̈T.d(m/s2).

Figure 4.7 – Desired unmanned aerial ma-
nipulator hovering trajectory.

||Quadrotor Position Error||

||Quadrotor Rotation Error||

||Manipulator Orientation Error||

Figure 4.8 – Hovering tracking error.
The hover test, conducted without introducing external disturbances, demonstrates near-zero

error for all control schemes, as illustrated in Figure 4.8. (Throughout this writing, the graphs
of simulation results follow a consistent color scheme: PID represented in yellow, SMC (sliding
mode control) in red, SMCA (adaptive SMC) in green, and STWCA (adaptive super-twisting)
in purple.)

During the initial phase of the simulation, when the quadrotor ascends to the hovering height,
there is a slight deviation in the position error for the PID and SMCA controllers. However, the
control system quickly responds and brings the quadrotor back on track. On the other hand,
SMC and STWCA show minimal deviation from the desired set point while the quadrotor is
ascending. The same characteristic can be observed for the manipulator’s orientation error, while
the quadrotor’s rotation error does not show any noticeable deviation. The steady-state errors
are found to be less than 5 × 10−4 meters, 8 × 10−3 degrees and 3 × 10−4 degrees for quadrotor
position, quadrotor rotation, and manipulator orientation, respectively. The slight deviation in
the error during the initial stage for the SMCA controller is a result of a gradual increase in
adaptive gain, as depicted in Figure 4.9. Conversely, in the case of the STWCA controller, as
illustrated in Figure 4.10, the adaptive gain rapidly increases and then gradually decreases to a
minimal value.
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Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.9 – Hovering trajectory tracking SMCA adaptive gain.
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Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.10 – Hovering trajectory tracking STWCA adaptive gain.

When a constant horizontal force is introduced to the quadrotor between 10s and 50s (Fig-
ure 4.11), all controllers exhibit momentary oscillations before settling to near-zero error, with
STWCA showing the highest quadrotor position deviation. In the position controller, it consists
of two PID controls for x- and y-positions, along with an adaptive super-twisting controller for
the z-position. It is worth noting that the PID controls for x- and y-positions contributes to
the higher position deviation. Conversely, the PID controller exhibits the highest deviation for
quadrotor rotation error and manipulator orientation error. Nevertheless, it is evident that all
controllers effectively stabilize the system despite the introduction of disturbance during static
hovering. The steady-state error remains below 5 × 10−4 meters, 8 × 10−3 degrees and 25 × 10−3

degrees for quadrotor position, quadrotor rotation, and manipulator orientation, respectively.
Figure 4.13 and 4.14 illustrate how the introduction of a constant horizontal force affected
the adaptive gain of both the SMCA and STWCA controllers, particularly in relation to the
quadrotor pitch, manipulator joint 1, and manipulator joint 2.
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||Quadrotor Position Error||

|Quadrotor Rotation Error|

||Manipulator Joint Orientation Error||

Figure 4.11 – Hovering tracking error
with constant horizontal force distur-
bance.

||Quadrotor Position Error||

|Quadrotor Rotation Error|

||Manipulator Joint Orientation Error||

Figure 4.12 – Hovering tracking error
with point mass loading.

Furthermore, when a point mass is introduced to the end of a manipulator arm (Figure
4.12), near-zero error is observed for all control schemes. The point mass adds uncertainties to
the system, but all control schemes respond instantly to handle these uncertainties. The steady-
state error is less than 8 × 10−4 meters, 12 × 10−3 degrees and 25 × 10−3 degrees for quadrotor
position, quadrotor rotation, and manipulator orientation, respectively. The introduction of the
point mass loading affects the initial-stage adaptive gain of both the SMCA and STWCA con-
trollers, as illustrated in Figure 4.15 and Figure 4.16. As previously mentioned, this effect is
particularly noticeable in the quadrotor pitch, manipulator joint 1, and manipulator joint 2.
Table 4.7 presents the root mean square error for these hovering test scenarios.
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Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.13 – Hovering trajectory tracking SMCA adaptive gain with constant horizontal force
disturbance.
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Table 4.7 – Hover tracking root mean square error.

Without Disturbance.
Error PID SMC SMCA STWCA

Quadrotor Position 2.133e-05 4.809e-04 4.333e-04 2.151e-07
Quadrotor Rotation 2.434e-05 1.389e-03 7.623e-03 8.601e-06

Joint Orientation 3.669e-04 1.394e-05 6.843e-04 1.704e-05

With Horizontal Force.
Error PID SMC SMCA STWCA

Quadrotor Position 1.676e-02 1.287e-02 1.350e-02 1.957e-02
Quadrotor Rotation 7.476e-02 1.005e-02 6.877e-03 4.051e-03

Joint Orientation 9.972e-02 2.597e-03 2.213e-02 5.646e-04

With Point Mass.
Error PID SMC SMCA STWCA

Quadrotor Position 3.183e-05 7.213e-04 4.332e-04 3.170e-07
Quadrotor Rotation 4.391e-05 4.166e-03 9.562e-03 1.089e-05

Joint Orientation 1.196e-03 2.046e-02 2.116e-02 2.437e-05

Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.14 – Hovering trajectory tracking STWCA adaptive gain with constant horizontal force
disturbance.
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Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.15 – Hovering trajectory tracking SMCA adaptive gain with point mass loading.
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Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.16 – Hovering trajectory tracking STWCA adaptive gain with point mass loading.

This test was conducted to evaluate the stability, control performance and precision
of an aerial manipulator during static hovering. Under all three scenarios, the proposed
control scheme reached a stable operating condition with minimal steady state errors.
These errors were less than 10 mm for position error and less than 0.1 degree for rotational
error as depicted in Figure 4.8, 4.11 and 4.12. The precision of the proposed control scheme
is reflected by the small value of the RMSE.

4.5 Simulation - Helical trajectory

This section presents a simulation study focused on the tracking of a helical trajectory while
simultaneously adjusting the manipulator arm orientation. This simulation aims to replicate real-
world scenarios where aerial manipulators must adapt their orientation while following a specific
trajectory. The study involves dynamically pitching the end of the manipulator arm at a 20◦

angle, mimicking practical situations where manipulator arms need to adjust their orientation
during operation. To achieve precise and robust tracking performance, two proposed control
schemes, namely SMCA and STWCA, are compared against conventional linear PID control
and standard SMC. The effectiveness of these control strategies is evaluated through an analysis,
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comprising quadrotor position error, quadrotor rotation error and manipulator orientation error
for each control scheme. The simulation results further illustrate the variations in quadrotor
total thrust, joint 1 torque and joint 2 torque across the different control approaches.

To provide quantitative assessment, a table showing the RMSE for helical trajectory tracking
and the variations in input force-torque is presented, supporting the comparison and analysis of
the proposed control schemes. These metrics offer valuable insights into the tracking accuracy
and the effectiveness of actuator control in maintaining stability and orientation adjustment
during the helical trajectory execution. The subsequent sections will delve into a detailed analysis
of the results and explore the suitability of the proposed control schemes for aerial manipulator
trajectory tracking in dynamic real-world scenarios.

4.5.1 Without disturbance

Figure 4.17 provides a comparison of aerial manipulator trajectory tracking errors and input
force-torque among different controllers: PID (yellow), SMC (red), SMCA (red), and STWCA
(purple). The simulations are conducted under nominal conditions, with no perturbation or un-
certainty. In Figures 4.17a, 4.17b and 4.17c, the tracking errors of quadrotor position, quadrotor
rotation and manipulator orientation are displayed. These errors oscillate as the controllers try
to compensate for the helical motion trajectory, which involves both translational and rotational
motion, leading to constant changes in the trajectory. This oscillation is also evident in the input
force and torque shown in Figure 4.17d, 4.17e and 4.17f for the same reasons.

It is worth noting that the quadrotor position error exhibits an almost similar pattern for
all control schemes since the x- and y-position controllers are implemented as PID controllers
across all schemes. For quadrotor rotation, the proposed SMCA and STWCA control schemes
demonstrate better tracking errors compared to the PID and SMC controller. Additionally, in the
case of the manipulator orientation, only STWCA shows a smaller tracking error compared to
the PID and SMC controllers. SMC outperforms SMCA due to its slightly higher constant error
in manipulator control. Nevertheless, the analysis indicates that the proposed control scheme still
yields improved trajectory tracking accuracy for quadrotor rotation and manipulator orientation.

Table 4.8 displays the tracking RMSE and input force-torque variation for the different
control schemes. A lower RMSE in trajectory tracking indicates higher tracking accuracy, rep-
resenting the average distance between the actual trajectory and the desired trajectory that the
system aims to tracks. Smaller RMSE values mean better performance in tracking the desired
trajectory. The proposed STWCA control scheme demonstrates the lowest RMSE for all tracking
tasks, including quadrotor position, quadrotor rotation and manipulator orientation, indicating
its superior accuracy compared to other control schemes. Notably, the SMCA control scheme
also exhibits better tracking performance, specifically in quadrotor position and quadrotor ro-
tation tasks. The results demonstrate that the STWCA control scheme offers superior tracking
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accuracy compared to all other control schemes.

On the other hand, in actuator control, lower variation in input forces and torques re-
flects more stable control, demonstrating the control algorithm ability to provide consistent and
smooth inputs to the system, thus reducing vibration and ensuring stable operation. Upon visual
observation of the input forces and torques in Figure 4.17d, 4.17e and 4.17f, it is obvious that all
control schemes exhibit almost the same pattern. This suggests that under nominal conditions,
all four control schemes yield almost similar input forces and torques. To perform a detailed
examination, the force (or torque) variation is calculated as the sum of the absolute differences
between two consecutive force values fn and fn+1, expressed as follows:

V AR =
j∑

n=1
|(fn+1 − fn)| (4.1)

The STWCA control scheme demonstrates the most stable control for quadrotor total thrust,
as it exhibits the lowest input force variation. In contrast, the SMCA control scheme shows signif-
icant variation, indicating less stable control for this specific parameter. The PID control scheme
shows relatively lower input torque variations compared to the SMC, SMCA, and STWCA con-
trol schemes, suggesting better stability in controlling manipulator joint 1 and joint 2. Conversely,
the SMC and STWCA control schemes exhibit relatively higher variation, indicating less stable
control for this particular parameter. Overall, the proposed SMCA and STWCA control schemes
shows aggressive actuator control to compensate for the helical motion trajectory, which may
lead to increased actuator mechanical wear and tear.
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(a) Quadrotor position error.

(b) Quadrotor rotation error.

(c) Manipulator orientation error.

(d) Quadrotor total thrust.

(e) Joint 1 torque.

(f) Joint 2 torque.

Figure 4.17 – Helical trajectory tracking error and input force-torque.

Table 4.8 – Helical trajectory tracking RMSE and input force-torque variation.

Tracking RMSE
Error PID SMC SMCA STWCA

Quadrotor Position 1.388e-01 1.324e-01 1.311e-01 1.301e-01
Quadrotor Rotation 7.077e-02 1.032e-02 8.072e-03 5.908e-03

Joint Orientation 1.153e-01 3.182e-03 2.195e-02 1.285e-03

Input Force and Torque Variation
Force-Torque PID SMC SMCA STWCA

Quadrotor Total Thrust 49.96 92.57 710.3 24.84
Joint 1 Torque 2.094 28.12 20.28 33.57
Joint 2 Torque 1.583e-01 20.73 6.285 20.25

Figure 4.18 and 4.18 display the adaptive gains for SMCA and STWCA. The figures reveal
that the adaptive gain for SMCA gradually increases during the initial stages of the simulation.
This oscillation in the adaptive gain corresponds to the dynamic pitching of the manipulator
arm is reflected in the manipulator SMCA adaptive gain. In the case of STWCA, the adaptive
gain rapidly increases and then gradually decreases to a minimal value. A similar fluctuation
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is observed in the manipulator STWCA adaptive gain, which also reflects the pitching of the
manipulator arm.

Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.18 – Helical trajectory tracking SMCA adaptive gain.
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Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.19 – Helical trajectory tracking STWCA adaptive gain.

4.5.2 With constant horizontal force

The proposed controller schemes are tested under the presence of a constant horizontal
force disturbance while the aerial manipulator tracking the helical trajectory to simulate for
the present of external disturbance such as wind. Figure 4.20 illustrates the tracking error and
input forces (and torques) of the aerial manipulator in the presence of this kind of disturbance.
The quadrotor position RMSE values for PID, SMC, SMCA, and STWCA exhibit only slight
differences between these control algorithms, as the x- and y-position controllers are implemented
as PID controllers across all schemes as previously mentioned. The RMSE values increase in a
very small amount compared to the nominal conditions.

However, regarding quadrotor rotation and manipulator orientation, STWCA shows much
smaller RMSE in comparison to all other control schemes. Despite the constant horizontal force
disturbance affecting the stability of STWCA, it still outperforms all other control schemes in
terms of performance, as depicted by the Figure 4.20. On the other hand, SMCA shows nearly
the same performance in the presence of the horizontal force disturbance as it does under nominal
conditions. Similarly, as observed under nominal conditions, for input force and torque variation,
the proposed SMCA and STWCA control schemes induce more aggressive actuator control to
compensate for the disturbance, which may lead to increase actuator mechanical wear and tear.
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This aggressive control strategy allows the systems to effectively handle the disturbance but may
come at the cost of increased wear on the actuators. Figure 4.21 and 4.22 show the adaptive
gains for SMCA and STWCA. The fluctuations in gains on the quadrotor roll, quadrotor pitch,
and both manipulator joint controls reflect the adaptive response to the horizontal external
disturbance.

(a) Quadrotor position error.

(b) Quadrotor rotation error.

(c) Manipulator orientation error.

(d) Quadrotor total thrust.

(e) Joint 1 torque.

(f) Joint 2 torque.

Figure 4.20 – Helical trajectory tracking error and input force-torque with constant horizontal
force disturbance.
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Table 4.9 – Helical trajectory tracking RMSE and input force-torque variation with constant
horizontal force disturbance.

Tracking RMSE
Error PID SMC SMCA STWCA

Quadrotor Position 1.397e-01 1.328e-01 1.316e-01 1.317e-01
Quadrotor Rotation 1.349e-01 1.614e-02 1.627e-02 7.435e-03

Joint Orientation 1.301e-01 3.791e-03 2.251e-02 1.283e-03

Input Force and Torque Variation
Force-Torque PID SMC SMCA STWCA

Quadrotor Total Thrust 47.09 94.71 732.1 24.70
Joint 1 Torque 2.123 28.01 27.18 28.42
Joint 2 Torque 1.641e-01 20.87 7.510 18.84

Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.21 – Helical trajectory tracking SMCA adaptive gain with constant horizontal force
disturbance.
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Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.22 – Helical trajectory tracking STWCA adaptive gain with constant horizontal force
disturbance.

4.5.3 With random horizontal force

The proposed controller schemes were further tested under the influence of a random hori-
zontal force disturbance (see Figure 4.5b). Figure 4.23 illustrates the tracking error and input
force (and torque) of the aerial manipulator under this disturbance. The STWCA control scheme
shows a slight increase in RMSE compared to SMC and SMCA for the quadrotor position track-
ing task. However, it has the lowest RMSE in quadrotor rotation and manipulator orientation
tracking tasks. Notably, the SMCA control scheme also exhibits better tracking performance,
specifically in quadrotor position and quadrotor rotation tasks. This indicates considerable ac-
curacy compared to the other two control schemes.

Similar to the previous test scenario, the input force and torque variation of the proposed
SMCA and STWCA control schemes show significant values. This demonstrates that under the
influence of the random horizontal force, the proposed SMCA and STWCA control schemes also
use aggressive actuator control to compensate the disturbance. This aggressive control strategy
allows the systems to effectively handle the disturbance. However, it is important to consider
the potential long-term effects of aggressive actuator control.

As with the previous simulation, this random horizontal force disturbance also affects the
stability of SMCA and STWCA. However, they still exhibit better performance compared to
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PID and SMC.

(a) Quadrotor position error.

(b) Quadrotor rotation error.

(c) Manipulator orientation error.

(d) Quadrotor total thrust.

(e) Joint 1 torque.

(f) Joint 2 torque.

Figure 4.23 – Helical trajectory tracking error and input force-torque with random horizontal
force disturbance.

Table 4.10 – Helical trajectory tracking RMSE and input force-torque variation with random
horizontal force disturbance.

Tracking RMSE
Error PID SMC SMCA STWCA

Quadrotor Position 1.473e-01 1.374e-01 1.367e-01 1.424e-01
Quadrotor Rotation 1.204e-01 1.509e-02 1.054e-02 8.098e-03

Joint Orientation 1.217e-01 3.218e-03 2.198e-02 1.589e-03

Input Force and Torque Variation
Force-Torque PID SMC SMCA STWCA

Quadrotor Total Thrust 46.63 92.95 717.4 23.86
Joint 1 Torque 2.270 28.25 20.76 41.08
Joint 2 Torque 1.659e-01 20.73 6.406 31.36
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4.5.4 With point mass

In this test, a small and concentrated mass is introduced to the tip of the manipulator
arm, and the control scheme’s response to this additional mass is observed. The point mass
accounts for approximately 5% of the total system mass. This test aims to assess how the
control algorithms react to these changes and uncertainties in the system.

During the initial phase of the simulation, as depicted in Figure 4.24, all control schemes
are capable of quickly responding to these uncertainties and bringing the aerial manipulator
back on track. This plot closely resembles the simulation without any disturbance, indicating
the effectiveness and the robustness of the control schemes.

Regarding quadrotor position RMSE, all control schemes show nearly the same performance
as under nominal conditions. However, for quadrotor rotation, STWCA exhibits a decrease
in RMSE, while SMCA shows an increase compared to nominal conditions. Additionally, for
manipulator orientation, STWCA shows a significant increase in RMSE. Among all four control
schemes, STWCA stands out with superior performance, displaying the lowest RMSE in the
point mass test.

Furthermore, the input force and torque variation of the proposed SMCA and STWCA
control schemes show exceptional values. This demonstrates that under the influence of these
uncertainties, the proposed SMCA and STWCA control schemes also employ aggressive actuator
control to compensate for the additional mass. It is evident that the point mass loading has an
impact on the performance of the control schemes, as reflected in the RMSE values and input
force-torque variation for each control scheme. As observed in the previous hovering test, the
introduction of the point mass loading affects the initial-stage adaptive gain of both the SMCA
and STWCA controllers, as illustrated in Figure 4.25 and 4.26.
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(a) Quadrotor position error.

(b) Quadrotor rotation error.

(c) Manipulator orientation error.

(d) Quadrotor total thrust.

(e) Joint 1 torque.

(f) Joint 2 torque.

Figure 4.24 – Helical trajectory tracking error and input force-torque with point mass loading.

Table 4.11 – Helical trajectory tracking RMSE and input force-torque variation with point mass
loading.

Tracking RMSE
Error PID SMC SMCA STWCA

Quadrotor Position 1.374e-01 1.313e-01 1.299e-01 1.287e-01
Quadrotor Rotation 6.349e-02 9.997e-03 1.084e-02 4.927e-03

Joint Orientation 4.897e-01 2.448e-02 2.255e-02 3.254e-03

Input Force and Torque Variation
Force-Torque PID SMC SMCA STWCA

Quadrotor Total Thrust 46.07 101.2 709.0 55.63
Joint 1 Torque 3.450 39.67 79.97 141.9
Joint 2 Torque 4.405e-01 32.45 72.81 97.96
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Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.25 – Helical trajectory tracking SMCA adaptive gain with point mass loading.
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Quadrotor altitude

Quadrotor pitch

Manipulator Joint 1

Quadrotor roll

Quadrotor yaw

Manipulator Joint 2

Figure 4.26 – Helical trajectory tracking STWCA adaptive gain with point mass loading.

4.5.5 With mix disturbance

Additionally, two more simulations have been conducted with mixed disturbances, combining
horizontal force and point mass effects. The first mix disturbance is involving a constant hori-
zontal force and point mass disturbance, while the second mix disturbance includes a random
horizontal force and point mass disturbance. Figure 4.27 and 4.28 depict the plots of the helical
trajectory tracking error and input force-torque for the constant and random mix disturbances,
respectively.

Observing the tracking error plots for both disturbances, it becomes evident that these plots
are actually a combination of individual tests for horizontal force and point mass. Table 4.12
presents the tracking RMSE and input force-torque variation for the simulation with the mix of
constant horizontal force disturbance, while Table 4.13 shows the corresponding results for the
simulation with the mix of random horizontal force disturbance.
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Mix constant horizontal force

(a) Quadrotor position error.

(b) Quadrotor rotation error.

(c) Manipulator orientation error.

(d) Quadrotor total thrust.

(e) Joint 1 torque.

(f) Joint 2 torque.

Figure 4.27 – Helical trajectory tracking error and input force-torque with mix constant hori-
zontal force disturbance.

Table 4.12 – Helical trajectory tracking RMSE and input force-torque variation with mix con-
stant horizontal force disturbance.

Tracking RMSE
Error PID SMC SMCA STWCA

Quadrotor Position 1.360e-01 1.300e-01 1.286e-01 1.278e-01
Quadrotor Rotation 1.187e-01 1.481e-02 1.886e-02 6.693e-03

Joint Orientation 4.943e-01 2.470e-02 2.262e-02 3.321e-03

Input Force and Torque Variation
Force-Torque PID SMC SMCA STWCA

Quadrotor Total Thrust 46.79 103.0 720.2 36.67
Joint 1 Torque 3.932 40.79 92.82 82.13
Joint 2 Torque 5.562e-01 34.48 86.07 43.03
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Mix random horizontal force

(a) Quadrotor position error.

(b) Quadrotor rotation error.

(c) Manipulator orientation error.

(d) Quadrotor total thrust.

(e) Joint 1 torque.

(f) Joint 2 torque.

Figure 4.28 – Helical trajectory tracking error and input force-torque with mix random horizontal
force disturbance.

Table 4.13 – Helical trajectory tracking RMSE and input force-torque variation with mix random
horizontal force disturbance.

Tracking RMSE
Error PID SMC SMCA STWCA

Quadrotor Position 1.442e-01 1.354e-01 1.345e-01 1.383e-01
Quadrotor Rotation 1.214e-01 1.475e-02 1.429e-02 7.545e-03

Joint Orientation 4.835e-01 2.453e-02 2.278e-02 3.260e-03

Input Force and Torque Variation
Force-Torque PID SMC SMCA STWCA

Quadrotor Total Thrust 46.56 102.5 711.8 42.58
Joint 1 Torque 3.324 41.55 81.80 99.69
Joint 2 Torque 4.440e-01 34.70 75.17 58.42
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4.6 Conclusions

In this simulation, multiple tests were conducted to assess the performance of the proposed
SMCA and STWCA control schemes. The first test conducted was a hovering test, which served
to evaluate the basic stability and control of the quadrotor, acting as the platform for the manip-
ulator arm. Once the quadrotor demonstrated stable hovering, more complex helical trajectory
tests were performed. In these helical trajectory tests, perturbations were introduced, including
external disturbances on the quadrotor and the presence or absence of a point mass at the end
of the manipulator arm.

The test results indicate that the adaptive gain of both SMCA and STWCA dynamically
adjusts to the external disturbances and uncertainties in the system. Despite the fact that both
SMCA and STWCA has a few additional parameters, the tuning process is not complicated.
With proper parameter tuning, good performance can be achieved.

In summary, the STWCA control scheme proves to be highly effective in achieving accurate
trajectory tracking across all scenarios. On the other hand, the SMCA control scheme shows
limited performance improvement for helical trajectory tracking. However, it is important to be
mindful of the aggressive actuator control used in both schemes, as it may result in increased
mechanical wear and tear over time. Careful consideration of these factors is necessary when
selecting the most appropriate control scheme for specific applications.

The STWCA control scheme demonstrates accurate helical tracking ability in various test
scenarios, while the SMCA control scheme presents some enhancements in performance.
When deciding on the most suitable scheme for specific applications, it’s important to
consider the mechanical wear and tear resulting from the aggressive actuator control in
both schemes.
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Chapter 5

UAM OVERALL PERFORMANCE

This manuscript presents a study on adaptive gain first-order sliding mode control (SMCA)
and adaptive gain super-twisting sliding mode control (STWCA). The study focuses on an aerial
manipulator consisting of a quadrotor UAV with a two-degree-of-freedom rigid manipulator arm.
The simulation involves position and attitude tracking of quadrotor with the manipulator arm
periodically pitches up and down.

To evaluate the system’s tracking capability, a helical motion trajectory is used, which sim-
ulates both translational and rotational motion simultaneously. A comparison is conducted be-
tween the two proposed control schemes mentioned above and two other control strategies:
linear PID control and nonlinear SMC. The controllers are simulated under different conditions,
including the presence or absence of constant and random horizontal force on the quadrotor
and the presence or absence of a point mass loading at the end of the manipulator arm. These
simulations allow for an assessment of the controllers’ performance under various scenarios.

In this chapter, an overall view of all test scenarios is presented. Comparisons are made across
the six test scenarios conducted, which include scenarios without disturbance, with constant
horizontal force, with random horizontal force, with point mass, with constant mixed disturbance
and with random mixed disturbance. These comparisons allow for a visual indication of the
performance of the proposed control scheme under all conditions.

5.1 UAM performance

The proposed control scheme simulation for the UAM system in this study consists of six
controllers. Among these, four controllers are responsible for controlling the input force of the
quadrotor actuator motors, while the other two controllers focus on controlling the input torque
of the manipulator arm’s joint actuators. Quadrotor UAVs are underactuated systems, with only
four input control actions (altitude, roll, pitch, and yaw), but they have six degrees of freedom
that need to be controlled. This presents challenges in controlling the UAV motion while serving
as the floating base for the manipulator arm. Additionally, the reaction forces and torques
resulting from the weight and motion of the manipulator arm introduce additional disturbances
to the control of the UAV. From the simulation, three key values are extracted: the quadrotor
position error, quadrotor rotation error and manipulator orientation error. Additionally, data on
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the input force of the quadrotor and the input torque of the manipulator arm are obtained and
represented as quadrotor total thrust, joint 1 torque and joint 2 torque. These values are crucial
for assessing the performance of the control schemes in the study. (Throughout this chapter,
the graphs of simulation results follow a consistent color scheme: PID represented in yellow,
SMC (sliding mode control) in red, SMCA (adaptive SMC) in green, and STWCA (adaptive
super-twisting) in purple.)

5.1.1 Trajectory tracking normalize RMSE

One of the method for performance indicator in this study is by measuring tracking trajectory
root mean square error (RMSE). Figure 5.1, 5.2 and 5.3 shows the normalize version of RMSE for
quadrotor position error, quadrotor rotation error and manipulator orientation error respectively
for helical trajectory tracking. The normalize RMSE of quadrotor position tracking errors shows
that there is a slight performance difference across all simulated conditions for each control
scheme. This situation arises due to the control of two out of the three positional axes for
all control scheme is employed as PID controller. Specifically, the PID controller is used for
both the x-axis and the y-axis. The normalize RMSE of quadrotor rotation tracking reveals
that all variations of SMC exhibit significantly improved performance when compared to PID
control. Among these, the adaptive gain super-twisting sliding mode control stands out with
the most superior performance. Finally, the normalize RMSE of manipulator orientation error
also demonstrates considerably enhanced performance with the adaptive gain super-twisting
sliding mode control exhibits the most exceptional performance. Conversely, the adaptive gain
first-order sliding mode control consistently maintains its performance at a nearly constant level.

Figure 5.1 – Normalize RMSE of quadrotor position tracking error.
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Figure 5.2 – Normalize RMSE of quadrotor rotation tracking error.

Figure 5.3 – Normalize RMSE of manipulator orientation error.

5.1.2 Input force-torque normalize variation

Another method for performance indicator in this study consist in analyzing force or torque
variation. The variation is the sum of the absolute different between two consecutive force or
torque as in (4.1). These variations are the total force acting on the quadrotor, also joint 1
torque and joint 2 torque of the manipulator arm. The topic on force acting on quadrotor
is discuss in Subsection 2.4.2. While in the case of manipulator joint torque, it is the torque
of individual joint actuator as discuss in Subsection 2.5.2. Figure 5.4, 5.5 and 5.6 shows the
normalize variation for quadrotor total thrust, manipulator joint 1 torque and manipulator
joint 2 torque respectively. In terms of the normalized variation of quadrotor total thrust, the
adaptive gain super-twisting sliding mode control demonstrates consistently lower total thrust
values across the majority of simulated conditions. On the other hand, the adaptive gain first-
order sliding mode control registers the highest total thrust. Furthermore, upon examining the
normalized variation of manipulator joint 1 torque and joint 2 torque, it is obvious that the
adaptive gain super-twisting sliding mode control exhibits the most significant total torque
variations when a point mass is introduced at the end of the manipulator arm. Subsequently,
the adaptive gain first-order sliding mode control demonstrates the next highest total torque
variations for the same simulated condition.
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Figure 5.4 – Normalize variation of quadrotor total thrust.

Figure 5.5 – Normalize variation of manipulator joint 1 torque.

Figure 5.6 – Normalized variation of manipulator joint 2 torque.
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CONCLUSIONS AND PERSPECTIVES

Conclusions

In this study the final performance of the two proposed control scheme (that is SMCA and
STWCA) is tested for helical trajectory motion with moving manipulator arm. A comparison
is made to linear PID control and non-linear SMC. There are 24 simulations conducted which
are group into six test configurations. These test configurations are trajectory tracking without
any disturbance, with constant horizontal force on quadrotor, with random horizontal force on
quadrotor, manipulator arm point mass loading, mix of constant horizontal force with mass
loading and mix of random horizontal force with mass loading. From the simulations six key
values are examined: the quadrotor position error, the quadrotor rotation error and the manip-
ulator orientation error along with the input force of the quadrotor and the input torque of both
manipulator arm joints.

The main challenges in this study is to control the movement of UAV. Quadrotors UAV are
under-actuated systems in which only four inputs, that is altitude, roll, pitch and yaw, are used
to control motion in six degrees of freedom. The UAV changes position and attitude by modifying
the speed of four actuator motors. The four inputs control is achieved by collectively increasing
or decreasing the speeds of all four UAV actuator motors while preserving the total thrust.
Consequently these four motors of UAV is highly coupled in which a changes in one control
result in changes in other control. As a coupled system, the manipulator arm performance is
also affected by the stability of its floating base (i.e the UAV). In future a further investigation
can be done to find a good balance tuning between the four UAV control (also manipulator arm)
which will not exceed the maximum total thrust.

The performance evaluation is based on tracking RMSE and input force (or torque) varia-
tion. Table (6.1) shows the average of both tracking RMSE and force variation for all six test
configuration being examined. STWCA has the best value of tracking RMSE nevertheless its
force (or torque) variation is much higher as opposed to PID and SMC control scheme. SMCA
shows a smaller value of tracking RMSE as opposed to PID and SMC but with the highest value
of force (or torque) variation. In reference to the two proposed control scheme, it is worth not-
ing that STWCA has the best performance with a balance of best tracking RMSE and reduced
force (or torque) variation. This indicates that STWCA combines accuracy and robustness, with
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SMCA following as the second-best controller in this aspect.

Table 6.1 – Average of tracking RMSE and input force variation.

(a) Average of tracking RMSE.

Control Quadrotor Quadrotor Manipulator
Scheme Position Rotation Orientation

PID 0.1406 0.1049 0.3058
SMC 0.1332 1.352e-02 1.398e-02

SMCA 0.1332 1.315e-02 2.240e-02
STWCA 0.1332 6.768e-03 2.332e-03

(b) Average of input force variation.

Control Quadrotor Manipulator Manipulator
Scheme Total Thrust Joint 1 Torque Joint 2 Torque

PID 46.68 2.866 0.3215
SMC 97.82 34.40 27.33

SMCA 716.8 53.80 42.38
STWCA 34.71 71.13 43.31

Perspectives

Several points can be considered for future work on the control of UAM, as follows:
— Experimental tests could provide validation to determine whether the simulated results

hold true under actual physical conditions.
— Simulation with different types of complex trajectories, such as the Lissajous trajectory,

can be employed to further verify the performance of the proposed controllers.
— Testing for different types of external disturbances and introducing noise within the

system to mimic more real-world scenarios.
— Investigating alternative methods for computing the desired roll and pitch angles can

potentially yield more accurate results.
— Using the proposed control scheme for the x- and y-position control of the quadrotor.
— To find a good balance tuning between the four UAV control (also manipulator arm)

which will not exceed the maximum total thrust (or torque).
— In this study, differentiation was computed using a transfer function; however, it can also

be accomplished using sliding mode observers or differentiators.
These suggestions aim to enhance the performance and robustness of future research on

UAM control.
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Appendix A

LIST OF SYMBOLS

In this writing the subscript represent the base frame of vector value while the superscript
is the reference frame. In the absent of superscript it is reference in the same frame.

A.1 Reference Frame

{x, y, z} main axes in three dimensional geometric space
{ϕ, θ, ψ} Euler angle of roll, pitch and yaw
FW inertial fixed frame or inertial frame
FB quadrotor body frame at its centre of mass
F0 manipulator arm base frame
F1 manipulator arm link 1 joint frame
F2 manipulator arm link 2 joint frame
Fe manipulator arm end effector frame

{xW , yW , zW } main axes of inertial frame
{xB, yB, zB} main axes of body frame
{x0, y0, z0} main axes of manipulator base frame
{x1, y1, z1} main axes of joint 1 frame
{x2, y2, z2} main axes of joint 2 frame
{xe, ye, ze} main axes of end effector frame

OW inertial frame origin
OB body frame origin
O0 manipulator base frame origin
O1 joint 1 frame origin
O2 joint 2 frame origin
Oe end effector frame origin

ξ = [x y z]T quadrotor position vector
η = [ϕ θ ψ]T quadrotor rotation vector
ν = [u v w]T quadrotor body frame linear velocity
ω = [p q r]T quadrotor body frame angular velocity
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ξ1 = [x1 y1 z1]T joint 1 position vector wrt manipulator base frame
ξ2 = [x2 y2 z2]T joint 2 position vector wrt joint 1 frame
ξe = [xe ye ze]T end effector position vector wrt manipulator base frame
q = [q1 q2]T manipulator joint position vector

q1 F1 orientation wrt F0

q2 F2 orientation wrt F1

A.2 Rotation Matrix

{x̂, ŷ, ẑ} unit vector in three dimensional geometric space
ARB = [Ax̂B,A ŷB,A ẑB] rotation matrix of unit vectors in frame B relative to

frame A
V A ∈ R3 vector A
V B ∈ R3 vector B

ξA = [xa ya za]T vector A position vector
ξB = [xb yb zb]T vector B position vector

Rx =


1 0 0
0 Cϕ −Sϕ
0 Sϕ Cϕ

 rotation matrix about x-axis

Ry =


Cθ 0 Sθ

0 1 0
−Sθ 0 Cθ

 rotation matrix about y-axis

Rz =


Cψ −Sψ 0
Sψ Cψ 0
0 0 1

 rotation matrix about z-axis

A.3 Quadrotor Modelling

WRB = Rz(ψ)Ry(θ)Rx(ϕ) rotation matrix from the body frame to the inertial frame
BRW rotation matrix from inertial frame to the body frame
WTB quadrotor transfer matrix from body frame to inertial

frame
BTW quadrotor transfer matrix from inertial frame to body

frame
Cψ cosine psi (roll)
Cθ cosine theta (pitch)
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Cϕ cosine phi (yaw)
Sψ sine psi (roll)
Sθ sine theta (pitch)
Sϕ sine phi (yaw)
Tψ tangent psi (roll)
Tθ tangent theta (pitch)
Tϕ tangent phi (yaw)

ξ̇ = [ẋ ẏ ż]T quadrotor linear velocity
ξ̈ = [ẍ ÿ z̈]T quadrotor linear acceleration
η̇ = [ϕ̇ θ̇ ψ̇]T quadrotor Euler angle rate
ω = [p q r]T quadrotor angular velocity
ω̇ = [ṗ q̇ ṙ]T quadrotor angular acceleration

Fi quadrotor upward thrust
Mi quadrotor moment of force of torque
A propeller cross sectional area
r propeller radius
d distance from centre of the propeller to quadrotor centre

of mass
CT thrust aerodynamic coefficients
CD torque aerodynamic coefficients
CF propeller thrust coefficients
CM propeller torque coefficients
m mass
g gravitational force

F = [fx fy fz]T force vector
τ = [τx τy τz]T torque vector

U1 = fz upward thrust
U2 = τx rolling torque
U3 = τy pitching torque
U4 = τz yawing torque

I inertia matrix
Ixx inertia matrix along x-axis
Iyy inertia matrix along y-axis
Izz inertia matrix along z-axis

A.4 Manipulator Modelling
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j manipulator arm link number
f j three dimensonal force on link j
mj three dimensonal moment of force or torque on link j
f tj total force acting on link j
mtj total torque acting on link j
f ej force exerted by link j on the environment
mej torque exerted by link j on the environment
Lj position vector of link j
MSj vector of the first moment of inertia of link j

Γ vector of joint forces or torques
q vector of joint positions
q̇ vector of joint velocities
q̈ vector of joint accelerations
F e vector of forces and moments exerted by the robot on the

environment
M(q) inertia matrix of the manipulator
C(q, q̇) vector of Coriolis and centrifugal torque
Q(q) vector of gravity effects
jωj angular velocity of link j
jω̇j angular acceleration of link j
jνj linear velocity of link j
j ν̇j linear acceleration of link j

A.5 Modelling of Coupled System

0RW rotation matrix from inertial frame to manipulator base
frame

0RB rotation matrix from body frame to manipulator base
frame

ω0 angular velocity of manipulator base frame
ω̇0 angular acceleration of manipulator base frame
ν̇0 linear acceleration of manipulator base frame

f0 = [f0.x f0.y f0.z]T force vector on manipulator base frame
m0 = [m0.x m0.y m0.z]T torque vector on manipulator base frame
fW = [fW.x fW.y fW.z]T reaction force applied to quadrotor COM
τB = [τB.x τB.y τB.z]T reaction torque applied to quadrotor COM
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A.6 Differential Kinematic

WRe rotation matrix from end effector frame to inertial frame
BRe rotation matrix from end effector frame to body frame
ξe end effector position vector wrt body frame
ξ̇e end effector linear velocity wrt body frame
ξT end effector position vector wrt inertial frame
ξ̇T end effector linear velocity wrt inertial frame
ηe end effector rotation vector wrt body frame
η̇e end effector Euler angle rate wrt body frame
ηT end effector rotation vector wrt inertial frame
η̇T end effector Euler angle rate wrt inertial frame
ωe end effector angular velocity wrt body frame
ωT end effector angular velocity wrt inertial frame
S(·) (3 × 3) skew symmetric matrix
J∗(·) Jacobian matrix

T (η∗) =


0 −Sψ∗ Cψ∗Cθ∗

0 Cψ∗ Sψ∗Cθ∗

1 0 −Sθ∗

 transformation matrix of Euler angle rate to angular ve-
locity in a same frame

I3 identity matrix
O3 null matrix

κ =
[
α

β

]
quadrotor position and rotation vector

α =
[
ξ

ψ

]
quadrotor vector of position and yaw angle

β =
[
θ

ϕ

]
quadrotor vector of roll and pitch angle

ζ =


ξ

ψ

q

 vector of quadrotor position, quadrotor yaw angle and ma-
nipulator rotation vector

κ̇ =
[
ξ̇

η̇

]
quadrotor linear velocity and Euler rate

κ̇T =
[
ξ̇T

η̇T

]
end effector linear velocity and Euler rate wrt inertial
frame
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A.7 Control Architecture

ξT.d desired end effector position vector wrt inertial frame
ξ̇T.d desired end effector linear velocity wrt body frame
ηT.d desired end effector rotation vector wrt inertial frame
η̇T.d desired end effector Euler angle rate wrt inertial frame
ξr quadrotor reference position vector wrt inertial frame
ξ̇r quadrotor reference position linear vlocity wrt inertial

frame
ψr quadrotor reference yaw rotation vector wrt inertial frame
ψ̇r quadrotor reference yaw Euler angle rate wrt inertial

frame
qr manipulator reference vector of joint positions
q̇r manipulator reference vector of joint velocities
U quadrotor input forces or input torques
Γ manipulator arm vector of joint input forces or input

torques
ξ quadrotor position vector
η quadrotor rotation vector
q manipulator joint position vector
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Titre : Commande basée modes glissants d’un manipulateur aérien autonome

Mot clés : Manipulateur aérien autonome, commande par modes glissants, supertwisting, gain adap-

tatif

Résumé : Ce manuscrit présente une étude sur
l’application de commandes par modes glissants
adaptatives (premier ordre et supertwisting) à un
système robotique. Un manipulateur aérien com-
posé d’un quadrirotor équipé d’un bras manipu-
lateur rigide à deux degrés de liberté est consi-
déré, le travail s’attachant au suivi de trajectoires
complexes, en agissant sur l’altitude et l’attitude du
quadrotor et le positionnement du bras manipula-
teur. Un simulateur complet a été développé.
L’enjeu a été d’évaluer la capacité du système à
suivre des trajectoires de mouvements hélicoïdaux
en présence de perturbations (forces externes)

ou d’incertitudes (masse embarquée). Pour cela,
des lois de commande basées sur la théorie des
modes glissants ont été proposées : la nature ro-
buste de ce type d’approches, couplée à leur ca-
ractère adaptatif, a motivé leur usage pour la pre-
mière fois dans ce cadre applicatif.
Une analyse détaillée des performances de ces
nouvelles approches de commande a été faite
en simulation, ainsi qu’une comparaison avec des
approches plus classiques, notamment avec/sans
présence de perturbations externes et avec/sans
présence d’un chargement de masse ponctuelle à
l’extrémité du bras du manipulateur.

Title: Sliding mode based control of an unmanned aerial manipulator

Keywords: Unmanned aerial manipulator, sliding mode control, supertwisting, adaptive gain.

Abstract: This manuscript presents a study on
the application of adaptive sliding mode control
(first-order and supertwisting) to a robotic system.
An aerial manipulator composed of a quadrotor
equipped with a rigid two-degree-of-freedom ma-
nipulator arm is considered, the work focusing on
the tracking of complex trajectories, by acting on
the altitude and attitude of the quadrotor and the
positioning of the manipulator arm. A complete
simulator has been developed.
The challenge was to assess the system’s ability to
follow helical motion trajectories in the presence of
disturbances (external forces) or uncertainties (on-

board mass). To achieve this, control laws based
on the theory of sliding modes were proposed: the
robust nature of this type of approach, coupled with
their adaptive feature, has motivated their use for
the first time in this field of application.
A detailed analysis of the performance of these
new control approaches has been carried out in
simulation, along with a comparison with more con-
ventional approaches, in particular with/without the
presence of external disturbances and with/without
the presence of point mass loading at the end of
the manipulator arm.
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