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A personal dedication

I have always tried to think of my work within the broadest possible terms. My use of references
— as mentioned in the “Preface” — is not intended, therefore, either to be pretentious or to con-
vey the impression that this dissertation carries greater weight than it actually does. Within
any given lifetime — a lifetime being a characteristic human measure —, a period of three years’
work is one of considerable duration, though it amounts to almost nothing when considered
from a collective viewpoint. I am extremely grateful that, whilst possessing only the limited
knowledge of an early-career researcher, I have been given the opportunity to add my own par-
ticular pine needle to what is a growing and collectively assembled anthill. Besides attempting
to make certain parts of my chosen endeavor useful to the local scientific community — as is
only inevitable —, T have also sought to ensure that the work as a whole should serve my own
personal purposes.

After familiarizing myself with the endless — though non-routine — cycle of initial insights
and the ensuing development thereof through which results emerge and age, a choice of special-
ization had necessarily to be made. Although inquiry into the disciplines of physical cosmology,
philosophy, (art) history, consciousness studies, or even mathematics, to cite several examples,
might seem to offer a broader field of comprehension when it comes to providing a basis on which
to generalize, it is my firm belief that, in fact, there does not exist any true hierarchy as far as
areas of research are concerned, even in the case of astrophysics. Once a detailed and solvable
problem has been identified, a problem which possesses high potential in terms of its capacity
to be instructive, all that remains is for one to work, during the constructive phase, with every
ounce of one’s passion and honesty, as well as in accordance with one’s particular capacities,
the recognition of all of which has a calming effect upon oneself. Optimization. From disorder
to order.

While acknowledging all of its unavoidable associated dubieties, I am nevertheless convinced
that science is indeed soothing both to its practitioner and to society as a whole, inasmuch as it
provides long-term, objective sureties, pace postmodernist trends of thought. I chose the field
of numerical simulations of black-hole environments for the reason that, to the extent that basic
research itself allows, I found the implications useful — in the event that such research should
come to fruition — and the object of study satisfying — insofar as it made its way towards that
fruition. Nevertheless, were I to have chosen any other phenomenon warranting the devotion
of three years to its study, it might also, I believe, have provided me with just as much scope
— rather than insight per se —, not to mention preparation for upcoming challenges. I consider
the greatest benefits of doctoral studies to be the following: they offer a person the opportunity
to analyze one very specific problem in the deepest manner available; they oblige that person
to exercise an overall mastery of efficient working practices; and they enable that same person
to move towards a more productive period of their life once the learning phase has reached
its term, thereby enabling them creatively to explore the unknown.

A large part of my doctoral dissertation was conducted in Strasbourg — an imposing me-
dieval town of many wonders — and, most importantly, within the flourishing environment
of the observatory, a workplace for which I shall probably struggle to find an equal at any
time in the future. A comparable part was undertaken in Prague, the place of my birth and
a city to which I owe both the days of my youth and the majority of my schooling and uni-
versity education. While spending much of the latter period in the Karlov district of Prague,
I came to develop a sense of the genius loci associated with all the dark corners and pubs
into which celebrated Czech and German writers — e.g. Jaroslav Hasek (1883-1923) and Egon
Erwin Kisch (1885-1948) — must once have ventured. This genius loci also made its presence
felt within the university libraries themselves, as well as its lecture halls and corridors, through
all of which great thinkers, including none other than Albert Einstein (1879-1955), must have
passed. These same streets, stairways and gardens had once been filled with revolutionary
students, the effects of whom on 20*"-century (Czech) history is well known. The neighborhood
of Karlov likewise contained — and continues to do so — the aged hospitals where many have
taken both their final and their first steps, — as in the case of my most beloved grandmother,
Margit, and my newborn niece, Olga — and where many continue to devote their energies
to healing others — as does my inspirational sister, Gabriela.

I have always truly appreciated the degree of patience extended and of instruction freely



given to me during such times by acknowledged authorities; and, accordingly, I feel obliged
to make use of it by virtue of producing fruitful research and to share my own acquired learning
with those less fortunate or younger than myself. Alongside many others, of course, a few teach-
ers in particular laid down enduring paths of inspiration within my mind (for the sake of brevity
here mentioned without their academic titles): Jakub Hald¢ek, who convinced me to opt for
physics on completion of my high school education; Milan Pokorny, who showed me the beauty
and power of mathematics during my undergraduate studies; and Oldfich Semerdk, who not
only reiterated to me at graduate level that same beauty and power, as found in General Rela-
tivity, but who also guided me towards the realization that art is of equal importance to me as
is science, and that many interesting possibilities arise at precisely those points where these two
intersect. For the majority of the quotations presented here below, I am indebted to Oldfich
and to Jiri Bic¢dk, the latter being yet another distinguished figure who has exerted a con-
siderable degree of influence upon me. I should like to offer my foremost acknowledgement,
however, to my two supervisors, Michal Dov¢iak and Frédéric Marin, who have shown incred-
ible endurance, provided me with staggering levels of support throughout my PhD, and also
offered crucial feedback on all of the results presented below. My personal thanks go to you.
Having been able to join the IXPE team of NASA and, in that setting, to have seen in detail
the work of the greatest exponents within our field, can only be classed as a once-in-a-lifetime
experience. I should also like to register my appreciation of the contribution made by Marie
Novotnd, who lent me great assistance as regards the graphic components of this dissertation as
well as producing a number of illustrations. Mention should also be made of Robert D. Hughes
(Prague), who kindly revised the English within the current section (viz. “A personal dedica-
tion”), and Karolina Hughes, who translated the below quotation.

None of the above would have been possible, however, without the ongoing support of my
family and friends. I am well aware of the privilege I have enjoyed in terms of the fact that
my particular background has enabled me to conduct specialized studies for almost a full decade
in relation to one subject alone, a period of time just long enough to enable me, with an adequate
degree of professionalism, to make small, independent steps towards extending the boundaries
of human knowledge. In particular, I should like to thank my mother, Yvetta, who has had
to make many sacrifices as I travelled down my chosen path and who herself has successfully
confronted so many obstacles. My thanks next go to my girlfriend, Marie, whose support
through the final and most important stages of the entire process, enabled me to finish my formal
education. No less do I express my gratitude towards the friends and colleagues I have been able
to make at both of the abovementioned institutions, as well as towards the Magnesium group
in Prague and my flatmates in Strasbourg — they all contributed towards the fact that the three
years I spent studying amounted to an experience of the greatest intensity, one of significance
to me as much in terms of personal as of professional growth. Yet, despite the repeated upheavals
our world has seen during the period in question, it was nevertheless for me — it must be said
thanks to them — a fun time. Lastly, I should like to offer my thanks to those who have already
died, yet remain with us in spirit. Most importantly so to my grandparents, Miroslav, Ludmila
and Jiri, who all left strong roots from which to branch forth; to my mother’s second husband,
Véclav, whose humor and wisdom still resonate in Podoli (a district of Prague); and to my own
beloved father, Oleg, who can only have had the heart of a whale. I should like to devote this
work to my Dad. And I hope that, despite his having left us so soon, his lingering presence
remains somewhere near Vysehrad Castle — a place that means a lot to our family — and that
he is smiling with pride at the progress I have been making.



VZdy budou duchové..., kteri budou usilovat, aby spojenou moci pozndani
a snu, vedy a poezie, vytvorili jednotny obraz vesmirného déni, jenz by
stejné odpovidal vécnému prahnuti lidského ducha po harmonii a krdse,

1 Zizni srdce po spravedlnosti.

[There shall always be spirits... who will strive, through the combined
forces of knowledge and dreams, as of science and poetry, to create

a unified image of cosmic events, (one) which might reflect not only
the human spirit’s eternal longing for harmony and beauty, but also
the heart’s thirst for justice.]

Otokar Bfezina [excerpt from a letter to Brno-based classical philologist
Frantisek Novotny]
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Abstrakt: Tato disertacni prace se zabyva polarizaci rentegenového zareni charak-
teristickou pro astrofyzikalni prostiredi v blizkosti akreujicich ¢ernych dér. Byt
nazev a puvodni zadani vymezuje problematiku supermasivnich ¢ernych dér v ak-
tivnich galaktickych jadrech, vysledky prace lze do velké miry aplikovat také
na ¢erné diry o hmotnosti hvézd uvniti rentgenovych bindrnich systému. Pred-
staveno je vicero numerickych modeli predpovidajicich polarizaci emise z téchto
zdroju v rentgenovém oboru, véetné jejich primé aplikace v ramci interpretace
nejnoveéjsich pozorovani ziskanych diky misi Imaging X-ray Polarimetry Fxplorer
(IXPE, v provozu od prosince 2021). Modelovani pokryvéa oblasti od prenosu
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je zameéreni na odraz rentgenovych paprsku od ¢astecné ionizované hmoty.
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were coauthored by my supervisors, as well as many other brilliant colleagues
that greatly affected my thoughts and whom I hold in high esteem. For this rea-
son, it is my obligation to use the pronoun “we” for all results presented further,
even though all results were carried with a necessary degree of independence and
I am the author of this manuscript, which is written on the basis of these publi-
cations and puts them into larger context. If a particular credit deserves to be in
addition given throughout the text, e.g. to my supervisors or to colleagues that
contributed to parts of the publications, it will be acknowledged. All publica-
tions below were published in scientific journals and underwent a review process
apart from three, which are still undergoing a journal revision on the day of sub-
mission. Preparatory works for this dissertation began across my master studies
and were published in my master thesis [ |, which I build upon,
but do not include. This dissertation was only possible to carry out in time and
sufficient detail due to full-time work schedule allowed by these resources acknowl-
edged in the publications: the Barrande Fellowship Programme of the Czech and
French governments, the GAUK project No. 174121 from CU, the Czech-Polish
mobility program (MSMT 8J20PL037 and PPN/BCZ/2019/1/00069), the con-
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RVO:67985815, and the computational facilities provided by both AI CAS and
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Preface

This dissertation aims to broaden our knowledge of astrophysical black holes
and their surroundings. The idea that an object is so heavy and small that even
light cannot escape its surface, today called the event horizon, is known since

1783 thanks to John Michell (1724-1793) | , : : ]. With-
out detailed scientific knowledge, a novelist named Gustav Meyrink (1868-1932)
described in his 1903’s novel The Black Sphere | , | an imagination

of “mathematical nothing”, providing a somewhat brilliant intuition for the ex-
istence and properties of a directly unobservable attracting ball that was soon-
after theoretically predicted by rigorous computations in Albert Einstein’s theory
of gravity, the theory of General Relativity (GR), published in 1915 | :

: ]

The governing equations can be written in a compact tensorial notation

1 e
Ry — §R9W +Agw = —1 T,

A
where R,, and R are the Ricci tensor and Ricci scalar, respectively, g, is
the spacetime metric, A is the cosmological constant, G is the gravitational con-
stant, c is the speed of light, and T}, is the energy-momentum tensor. Max
Born (1882-1970), another brilliant physicist coeval to Einstein, described a few
decades later this ahead-of-time result: “The foundation of general relativity ap-
peared to me then, and it still does, the greatest feat of human thinking about
Nature, the most amazing combination of philosophical penetration, physical in-
tuition and mathematical skill. But its connections with experience were slender.
It appealed to me like a great work of art, to be enjoyed and admired from
a distance,” | , |. Nonetheless, Karl Schwarzschild (1873-1916) discov-
ered already in 1916 an exact solution to the Einstein’s equations that describes
a static black hole | : ]. Only in 1963, Roy Kerr (*1934) found
another important analytical solution for an axially symmetric rotating black
hole within the same theory | , |, which was generalized by Ezra New-
man (1929-2021) in 1965 to include the electric charge | , ,

, |, building up on the decades older works of Hans Reissner
(1874-1967) | : |, Hermann Weyl (1885-1955) | : |, Gunnar
Nordstrom (1881-1923) | : ] and George Barker Jeffery (1891-1957)
L]

The research field rocketed from obscure sci-fi to also observationally well-
established theory in the 1980s and 1990s. Although the black hole itself is
impossible to be seen, and thus to be ever truly observationally confirmed via
direct light signal by definition, the information observed from its surroundings
by state-of-the-art telescopes gives us strong evidences for the existence of such
objects in both local and faraway universe and no astronomical observation dis-
proved the long-standing tight theoretical predictions [see e.g. , ,

, , for further historical and contemporary references].

Combining information from cosmology, galaxy and stellar studies, we are able

to clearly distinguish two different populations of black holes existing in our uni-
verse. Firstly, supermassive black holes that are more than a hundred thousand,
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sometimes billion times heavier than our Sun. These are located in the center
of almost every massive galaxy and, typically, only one of those giant attractors
is present per galaxy. For example, the “shadow” near supermassive black hole
in our Galaxy and in the nearby M87 galaxy were recently captured in aston-
ishing spatial resolution by the Fvent Horizon Telescope (EHT) project |

, | in the radio band.

Of completely different origin and astrophysical context are stellar-mass black
holes, which are frequent even inside the Milky Way and which are only a few
times heavier than our Sun, at most a few hundred times heavier. This dis-
sertation was originally assigned to study accreting — meaning active, hoovering
matter from its neighborhood and forming an accretion disc of nearly circular
infall of this matter — supermassive black holes, like the title suggests. But much
of the theory of these giants is applicable to their million times lighter counter-
parts, when located inside a multiple stellar system. This can be e.g. a close
binary system of two stars mutually orbiting each other due to gravitational at-
traction: one of them so heavy and old that it already exploded as a supernova
in the past and now is a dark remnant, the other one being still an ordinary
star, yet in such an evolution phase that it passes material from its outer layers
to the nearby black hole. Although we will point out important differences be-
tween the two species within black-hole taxonomy, if applicable, the dissertation
will eventually be about both. The existence of intermediate mass black holes is,
however, still until today speculative.

By emphasizing the two discrete populations of black holes with infalling
(and simultaneously partly ejecting) matter in axially symmetric structures,
we highlight the general similarity of appearance in nature across orders-of-
magnitude different scales. Not only that physical shapes of objects are repeating
in nature — this is due to optimization in energy, momentum and angular momen-
tum conservation — but the same mathematical rules often apply for completely
independent phenomena.

Although much of our understanding of physical behavior comes from vari-
ation principles and symmetries in different forms, let us name perhaps a more
concrete example from the black-hole theory discovered in 1970s mostly by Ja-
cob Beckenstein (1947-2015) and Stephen Hawking (1942-2018): the description
of basic black-hole attributes is reconciled with the laws of thermodynamics for or-
dinary laboratory systems [ , , , , |. Based
on this, taking the measurable properties of a phys1ca1 vacuum (thus not true
nothlng) leads to fascinating connections between microscopic and macroscopic
theories and provides long-term cosmological predictions for evaporating black
holes with fundamental consequences | , : , , .

Another example of universality from the history of science of compact (mas-
sive and small) objects is the prediction by Wilhelm Anderson (1880-1940),
Edmund Stoner (1899-1968) and Subrahmanyan Chandrasekhar (1910-1995)
in 1929 and 1930: according to the known principles of the micro-world, a star
1.4 times heavier than our Sun cannot support itself due to internal pressure
and will collapse [see , , and references therein|. This macroscopic
limit of 2.765 x 10%° kilograms can then be directly expressed through combi-
nation of known fundamental constants in nature, derived from the micro-world



and being universally present at much larger scales. Until now, no ordinary star
heavier than the Chandrasekhar’s limit has been discovered. It collapses to either
a neutron star or, if heavier, then to a black hole | , ,

Y ) ) ) Y ]'

Alongside light emitted from black-hole vicinity, since 2015 we are able to mea-
sure a direct signal from black holes through gravitational waves |
, ], which have been first rigorously
predicted by Einstein in 1916 | , , |. Both theoretical and obser-
vational works on light and gravitational-wave messengers from black holes were
awarded the 2017 and 2020 Nobel prizes, which is a noticeable acknowledgement
for black-hole studies. The plain detection of gravitational waves is, similarly
to the predictions of the existence of black holes, an additional illustrative case
of synergy between theory and observations that sometimes takes a century to be
completed, but may become powerful in the end. Already in 1974 Russel Alan
Hulse (*1950) and Joseph Hooton Taylor Jr. (*1941) discovered a binary system
of a neutron star and a pulsar (a highly magnetized, rapidly rotating neutron
star) orbiting each other, showing a gradual decay of orbital period due to loss
of energy and angular momentum in gravitational radiation, which earned them
a Nobel prize in 1993 | : , , ,

, , , , |. A combination of light and gravita-
tional wave detection from merging compact objects in binary systems is a way
to examine the fundamental parameters of our universe and its evolution, for ex-
ample by studying merging supermassive black holes, or through the so-called
pulsar timing arrays [see e.g. , , , ,

Y b b ]‘

Much of modern astronomy that uses cutting-edge technology is con-
versely giving hard times to our theoretical understandings of the outer space.
And the wider these gaps are, the more we see trends in dividing the contem-
porary researchers to (sometimes self-proclaimed) experimentalists and theorists,
as if there was some inherent division necessary in the cornerstones of scien-
tific methodology, which results in polarisation and lack of contact between
the two. Of course, the quantity of today’s knowledge requires high special-
izations and team work, but it is likely that the rise of artificial intelligence will
soon transform the academic world and accelerate the literature search and cog-
nitive practices, which could help to bridge the gaps |

, |. Although this dissertation has been completed in the “old fashloned
way”, we will attempt to link both entities in the field of astrophysics as effi-
ciently as possible. We will largely depart from numerical simulations with prac-
tical software applications, in order to interpret astronomical data. At all times,
with such ambitions, one comes across the dilemma between a too sophisticated
model that is of low usage when it comes to comparison with real measurement,
or an efficient data-fitting tool, which is, however, too simplistic to fully capture
the intricate impacts of known processes that are occurring combined. The ulti-
mate skill of a theorist is to describe in the most simple way the most important
characteristics of complex environments observed by far-sighted experimentalists,
or to give rational predictions for phenomena yet to be observed with inventive
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instrumental design.

Such noble objectives are touching the topic of beauty in cognition of nature,
which causes high tension, for example, in modern theoretical physics, affecting
actual methodology and executive decisions in research. Here we will not need
to go this far. Let us just note that throughout the dissertation, human de-
sires for understanding the mysteries of nature uniformly and egoless exploration
of the edges of knowledge — while discovering the hidden aesthetics — are also
important motivations behind. This is besides the usually mentioned purposeful
incentives for doing basic research, owing to long-term civilization benefits and
technological advancement, which are nonetheless extremely important in today’s
world. We remind that to those that despise the latter while using the Internet
in the middle of environmental and health crisis.

We quote from Einstein’s Physics and Reality: “The eternal mystery
of the world is its comprehensibility... The fact that it is comprehensible is a mir-
acle,” | , |. And moreover, that it works so well, and on ranges far
beyond our everyday experience where we can still progressively understand with
human invented science (even in the admittedly shallower how, not the deep-
est why). Humbleness is accompanying the greatest scientists, rather than pride
for ruling the nature.

Despite the successful gravitational-wave detections, and despite the fact that
massive particles are frequently arriving to Earth and represent another useful
messenger of the remote, we will focus on predictions for and from electromagnetic
radiation. It provides still by far the most prevalent and detailed description
of the sky, given the thousands of years of available astronomical records.

We will primarily focus on one property of light: polarisation. As polarisation
is a purely geometrical property of light, much of this work will be about simple
spatial symmetries and asymmetries generating the patterns beyond. Although
throughout the dissertation we will try to avoid the textbook statement “high
asymmetry at the origin of emission means high polarisation of the observed
light”, unless either implication of the equivalence brings more qualitative insight,
it will always be silently present as a driver for discoveries.

Symmetries and asymmetries are part of us since ancient civilizations. We now
even know that there must had been a delicate disproportion of matter and an-
timatter in initial conditions of the universe that kept us here. Much has been
written by scientists, artists, or philosophers on the fascination of a human mind
by geometry. Out of all, let us name the book Symmetry by Hermann Weyl (1885—
1955) | , |, or quote Francis Bacon (1561-1626): “There is no excellent
beauty that hath not some strangeness in proportion,” which is further elaborated
in Chandrasekhar’s Beauty and the quest for beauty in science | ,

], or refer way to the past to the Pythagorean concepts and the Harmony
of spheres by Johannes Kepler (1571-1630) | : , , |. De-
spite much of contemporary philosophy or art is miles away from such basal
needs and ideals, modern-day scientists still refer to the pure occurrence of order,
objectivity, eternal principles, geometrical interpretations and invariances in na-
ture — all expressed in the language of mathematics (the main and by far most
powerful language of contemporary science, regardless of mocking by some) —
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as one of their main motivations of everyday efforts. And to many, mathemati-
cal symmetry, and more generally any mathematical description is far more than
a surprisingly useful tool in cognition of nature, it seems to be inherent to nature.

We will leave such platonic beliefs or their partly legitimate criticism above
all the following and let us deeply focus on one particular astrophysical problem.
Aiming at the informative potential of polarisation, we will study the interaction
of light and matter in the hot and violent environments near black holes. Here
the interplay of known microscopic and macroscopic phenomena is so complex
(some would say dirty) that one would not expect any noble geometrical principles
to arise from the muddle. Albeit black holes by definition are one of the simplest
objects in the universe (they are fully described only by 3 numbers: mass, spin
and charge), their interaction with the outside world is of infinite degrees of free-
dom. The choice of studying such environment forces us to be highly pragmatic
in linkage of theory and observations and is a challenge to the aforementioned
desire for simplifications. Yet we will show that it is possible to depart from
the first principles and then use fundamental (not only) geometrical elements
in the global parametrization of emergent polarisation. Conversely, it is natural
to assume that if, in the end, we study the geometrical property of light with
telescopes, it will primarily tell us something about the geometrical structures
of matter emitting, absorbing or reflecting this radiation within these faraway,
hence angularly small systems, much like a microscope into an unresolved object.

Although the presented dissertation is not rocket engineering, the character
of the problem does not allow to use the so-called classical physics. In clas-
sical physics we operate at human scales, with intuitive deterministic behavior
and slow movement, time is separated from space, all is “flat”, the stage play is
independent of the auditorium and we study nature as it truly is. But for more
than a hundred years, physics is enriched by objectively more correct approaches:
a) the Quantum Field Theory (QFT), which effectively describes particle prop-
erties and interactions at the smallest scales using probabilities, and which takes
into account the effect of measurement on the studied system, and b) the afore-
mentioned theory of GR, which effectively describes the gravitational field by
curvature of the space and time itself (on the left side of the Einstein’s equations,
equalling the matter parameters on the right) and washes out the difference
between large-scale attraction and distortion of geometrical background. Both
of these include the older principles of Special Relativity (SR), important when
characteristic speeds approach the speed of light. SR sets the rules of causality
through finite and maximal speed (that of the light, ¢ = 2.998 x 10'° centimeters
per second), states that determination of length, time, mass or energy depends
on velocity with respect to frame of reference, that space and time are inherently
connected, and that some quantities are absolutely invariant (unlike the usual lay-
man’s understanding that relativistic physics has something to do with ignoble
relativism).

Quantum physics will be touched only lightly in this work, whenever mi-

croscopic phenomena on particle levels are believed to play a collective role
on orders-of-magnitude larger volumes, on at least day-averaged time periods that
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are polarimetrically interesting (i.e. technically observable), and at high, kilo-
electronvolt characteristic energies. Contrary to small-scale interactions, gravity
is a unique physical force, because (apart from repulsive cosmological dark en-
ergy effects), it does not have a neutralizing counterpart and the effects cumulate
and emerge only macroscopically. The GR theory helped to predict black holes
and describes strong-gravity effects in the proximity of black holes in sufficient
detail. The previous theory of Isaac Newton does not give correct predictions
in this case [see e.g. , ]. GR predicts non-negligible curvature
of spacetime still at distances ten or hundred times larger than the event hori-
zon where much observable action is happening. Thus, GR will be omnipresent
in this dissertation, although we plan to stay within one simplistic vacuum so-
lution to the governing Einstein’s equations: the Kerr black hole. Even if we
assume gravitational vacuum outside the black hole, the massive central object
will affect the trajectories, frequency and polarisation of photons passing by that
we primarily aim to interpret from Earth’s perspective. Thus, bringing one other
necessary geometrical chess piece into the game, which might be a great servant
or a bad master.

We will study physical conditions so extreme that no laboratory on Earth
can produce them. It is a realm where human intuition often fails, but we will
be loyal to logical extrapolation and assumption that the same laws of nature
apply across our universe, i.e. a variation of the Copernican principle | ,

]. We will not touch cosmology that studies the space-time edges (whether
finite or infinite) of the entire physical universe, although some of these results
might a cosmologist find useful [as Karl Popper (1902-1994) says: “All science
is cosmology, I believe...”, The Logic of Scientific Discovery, ,

].

Understanding the central engines of black-hole accretion is important, be-
cause the fundamental process are seen on limits of operation where anomalies
are perhaps more anticipated, which can be identified by disagreement of obser-
vations with models. The infall of matter onto black holes represents the most
efficient energy release in nature, thus it is no surprise that accreting black holes
are highly energetic systems luminous at all wavelengths (cf. the virial theorem)
[ , , , , , ]. Bolometrically, i.e. integrated
across all frequencies, accreting supermassive black holes are intrinsically the most
luminous objects we know [more than ten million times luminous than our Sun,

, |. They can outshine thousand times an average galaxy
from a region smaller than our Solar system. Thus, they are easily visible even
if thousands of light-years away from us, despite being “black” in the core.

In this dissertation, we will restrict ourselves to the X-ray band, expecting
to gain direct insight on the most important high-energy processes occurring
in the system’s nucleus. Because incoming photons, concurrently to polarisation,
contain also information on direction, intensity, frequency and time variability
with respect to the origin of emission, we will cover also other degrees of freedom
of X-rays when relevant to polarisation properties. In fact, photon-demanding
polarimetry is complementary to high-resolution spectroscopy, timing or pho-
tometry, which are typically more developed in both theory and instrumentation
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[ , , , |. This applies to other wavelengths
too, but we will only summarize multi-wavelength information on accreting black
holes relevant to X-ray polarisation output and in turn provide hints where high-
resolution X-ray polarimetry can lift degeneracies known from other techniques.

We will investigate X-ray polarimetric methods that allow determination
of black-hole spin and mass, which are independent to the more popular X-ray
spectroscopic and timing techniques. Even within the simplified assumption
of aligned black-hole rotation with the disc, which we will keep for simplicity,
the speed of rotation is a very useful quantity when one examines the evolution
of the universe and attempts to answer whether some very old supermassive black
holes were rotating and what made them rotate in the first place, if the universe
is assumed to be of finite and relatively young in age. And for their mass: how
did they grow? Are they primordial?

The statistical knowledge of spin and mass of much smaller and younger black
holes located inside our Galaxy is interesting for the stellar evolution theorists,
in some cases predicting the properties of progenitors to black-hole binary mergers
emitting detectable gravitational waves. The knowledge of the mechanism behind
the observed massless and massive particle output, also in relation to the black-
hole properties, is important for evaluating the feedback and evolution of the en-
tire host galaxy or host stellar system.

Apart from the black-hole attributes, we will attempt to provide tools for ob-
servational interpretations and constraints on the surrounding material, such as
the inclination, size and ionization structure of the accretion disc, the geometry
of hot gaseous coronae nearby, and the structure, location and shape of more
distant cold obscuring material around the accreting core.

All of this modeling is timely, because after pioneering 1970s experiments,
such as on board of the Orbiting Solar Observatory 8 (OSO-8) mission |
, |, and after nearly four decades of quietness, observational X-ray po-
larimetry is on its rise | , |. Largely due to successful launch
of the Imaging X-ray Polarimetry Explorer [IXPE, , | by
NASA and ASI in December 2021, which provides the first high-precision 2-8 keV
linear polarisation window into the outer space. Once we discover the X-ray po-
larisation output of accreting black holes and the data coincides with predictions,
we may assume something on the faraway cosmic laboratories, depending with
honesty on our best state of theoretical knowledge. If the data does not coincide
with predictions at all, we are missing something fundamental, which for a sci-
entist (a truly childish one) after a few minutes of silence is strangely a moment
of felicity, because a new gate opens.

written in Struzinec u Jistebnice, July 2023
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1. Introduction

In this chapter, summary of literature, major definitions, and major conventions
are given.

1.1 Elementary processes

Let us begin with the most fundamental terminology and the overview of rele-
vant physical processes. Throughout this dissertation, we will operate in the cgs
units apart from GR related calculations, where we will assume the standard
geometrical unit system with ¢ = G = 1.

Because we will be interested in X-rays, we will often use keV units of energy
and light will be mostly considered as photons, although introduction to polarisa-
tion is perhaps more intuitive within the equivalent wave description of the wave-
particle duality of electromagnetic radiation.

We express the energy of the radiation dF, in a specified frequency interval
(v, v 4+ dv), which is transported across an element of area do and in directions
confined to an element of solid angle dw, during a time dt, in terms of the specific
intensity 1 by [ , ]

dE = I(z,y, z;1,m,n; t;v) cos ¥dvdodwdt | (1.1)

where 9 is the angle which the direction considered forms with the outward normal
to do, t is time, and (z,y, z) and the direction cosines (I, m,n) define the point
and the direction to which [ refers. Apart from intensity, we will often use scalar
radiation flux Fi [erg - em™2 - s7! - keV '], which is the net flux of energy in all
directions | : ]

Fe(z,y, z;tv) = /Icosﬁdw , (1.2)

where the integration holds over all solid angles dw. In order to provide simula-
tion results regardless of distance towards the sources, it is more practical to de-
fine flux not per element of detector area do, but per solid angle dQ2y = do /72,
by which the area do is seen by an emitting point-like source at a distance ry.

In this case, we will use the notation Fg® [erg -sr—' - s7'-keV7'] = 72Fg.
Sometimes a photon flux Ng[counts - cm™2 - s7' - keV''] = Fg/(hpv)
or N [counts - sr™!' - s'. keV7! = Fg/(hpr) will be used, where

hp = 6.626 x 1072"cm? - g -s7! is the Planck’s constant.

1.1.1 Polarisation of light

We refer to e.g. [ | for the “bra-ket” notation of polarisation
state | P) of individual photons, which is preferred for QFT literature. Polarisa-
tion is then explained by the spin angular momentum of the photon particles.
Here we will define the basic microscopic quantities equivalently in terms of elec-
tromagnetic waves, which better illustrates the geometric terms used in the the-
ory of polarisation. We will treat 3-dimensional space and time separately, be-
cause the governing Maxwell’s equations and their solutions in this form are
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easily understood and naturally compatible with SR. We will reserve covariant
4-dimensional notation for GR calculations, if necessary.

Figure shows three different types of polarisation in a Cartesian coordi-
nate system (z,y,z). A single electromagnetic wave in vacuum is traveling with
the speed ¢ in z-direction. Maxwell’s equations with the vacuum assumption then
provide a solution of two non-trivial components of the electric field vector E:

E.(t) =E.(0)cos(wt — 1) ,

E,(t) =E,(0)cos(wt — ¢2) , (1.3)

where w = kc denotes the angular frequency, k is the absolute value of the wave
vector, and ¢j o denote the two — a priori arbitrary — phases (and analogically
for the magnetic field).

Then, for the electric or magnetic field vector, in the plane perpendicular
to the direction of propagation, if the ratio of the amplitudes and the difference
in phases of the components in any two directions at right angles to each other
are absolute constants, we call this wave (or a beam, if it holds for a superpo-
sition of waves in this direction) to be “elliptically polarized” [ ,

]. This condition guarantees that the field vector follows elliptical trajectory
in the xy-plane, i.e. the “polarisation plane”, because by eliminating wt from
equation () we obtain equation of an ellipse

E2(t)  2E,(t)E,(t)cosd  EX(t)
E20)  E.(0)E,(0)  E2(0)

=sin?4 , (1.4)

where 0 = @9 — ;1 is the relative phase between the two components of the electric
field vector.

The cases of “linear polarisation” and “circular polarisation” also shown
in Figure  are only subcases of elliptical polarisation when § = 0 and 6 = +7/2,
respectively. If § > 0, the tip motion from the point of view of the observer is
in counterclockwise direction and the polarisation is referred to as “right-handed”.
Otherwise, if < 0, as “left-handed”. The polarisation angle ¥ is generally defined
between the positive z-axis and the semi-major axis of the ellipse (¥ increases
in the counterclockwise, right-handed direction from the observer’s point of view)
and is defined modulo 180°.

Linear Circular (Right Hand) Elliptical (Right Hand)

Polarization Polarlzanqn - Polarization
~— 4 I~

Figure 1.1: Tlustration of an electromagnetic wave that is linearly, circularly (right-handed)
and elliptically (right-handed) polarized and traveling in the z-direction. Image from

"
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Real astronomical detectors are sensitive only to a superposition of very large
number of individual waves, which represents a macroscopic situation. Because all
orientations of the electric field vector are in principle equally probable, the most
natural state is unpolarized macroscopic signal. However, if a specific mechanism
at the origin of radiation traveling in vacuum to the observer causes a preference
in polarisation of a certain fraction of waves in a beam, we macroscopically char-
acterize this fraction as the degree of polarisation p of electromagnetic radiation

Ip

b= T (1‘5>

where Ip is the specific intensity of the polarized waves in the arriving beam, I is
the total specific intensity into this direction and at this point in space and time.
For an individual wave described in the case above, the intensity I representing
a measurable energetic value, can be regarded as time average (...) of the electric
field vector components over times ¢ much longer than 27 /w (it can still change
with ¢ on large time scales for obtaining the apparent mean intensity directly
from the electric field vibrations, as 27 /w is an extremely small scale for X-rays
especially) | ) .

In [ ], Sir George Gabriel Stokes (1819-1903) introduced a set
of four parameters, later called “Stokes parameters”, which fully describe an ar-
bitrary polarisation state of radiation. One degree of freedom is represented by
the Stokes parameter I defined by:

I=(E2)+(E)) . (1.6)
The other three Stokes parameters (), U and V' are defined as

U=2E,E,cosé) , (1.7)
V =2(E,E,siné) .

See e.g. [ ] for equivalent definition of Stokes param-
eters through complex exponential notation of the wave solution (). An im-
portant property of the Stokes p