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Abstract

Although reinforcement learning has been recently primarily studied in the generic
case of Markov decision processes, the queueing systems case stands out in particular.
To deal with the potentially extremely large state space a priori, learning algorithms
must take into account the structure of the systems in order to extract as much
information as possible and choose the best control that optimizes the system
performance in the long run.

In this thesis, we present algorithms adapted from classical algorithms in the con-
text of queueing systems, and we study their performance to demonstrate a weak
dependence on the state space compared to results obtained in the general case.



Résumé

Bien que I'apprentissage par renforcement ait été récemment principalement étudié
dans le cas générique des processus de décisions markoviens, le cas des systemes
de files d’attente se dinstigue particuliérement. Pour compenser la taille de I'espace
d’état qui peut étre extrémement grande a priori, les algorithmes d’apprentissage
doivent tenir compte de la structure des systémes afin d’en extraire le plus d’infor-
mation et de choisir le meilleur contréle qui optimisent au mieux les performances

du systéme sur le long terme.

Dans cette theése, nous présentons des algorithmes construits a partir d’algorithmes
classiques, adaptés au contexte des systeme de file d’attente, et nous étudions les
performances de ceux-ci pour montrer une dépendance faible a ’espace d’états
comparativement aux résultats obtenus dans le cas général.
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Notation Table

amax

c(s,a)

Action space

Size of the action space A

Action in A

Maximal action for A = [0, apax]

Mean cost in state s under action a

Diameter

Expectation with initial state s under policy 7
Gain under policy 7 in a continuous-time MDP (Chapter 3)
Gain under policy =

Optimal gain

Bias under a policy 7 in state s

Bias of an optimal policy, defined up to a constant
Variation of the bias h™(s) — h™(s — 1)

Episode index

Number of episodes until time ¢

Routing matrix of a queueing network

Learning algorithm

Module index

Class of MDPs

MDP in M to be learned

Confidence set of MDPs at episode k

Number of visits of the state-action pair (s, a) until time ¢
Number of queues in the network (Chapter 5)
Transition probabilities

Transition probabilities when «a is omitted

(or equiv. ¢, ¢ (a)) Transition rates

Mean reward in state s under action a

Random reward in state s under action a



T'max

=R

*

= > 3 3 3
(e

<
3

Tmix

Maximal reward

State space

Size of the state space S

S’ = S — 1, usually the maximal queue size
States in S

Time horizon

Starting time of episode &

Value vector at step ¢ in Extended Value Iteration
Uniformization constant

Number of visit during episode

Maximal variation of the mean rewards
Bound on the variation of the bias
Mixing rate

Set of stationary deterministic policies
Stationary deterministic policy in II
Optimal policy

Constant policy equal to 0 for each state
Arrival rate in a birth-and-death process
Leaving rate in a birth-and-death process
Stationary measure under policy =
Mixing time

Indicator function

Denote an empirical quantity

Denotes an optimistic quantity



1.1

Introduction

In reinforcement learning, an operator aims to maximize a reward signal received
from a system with unknown characteristics. Using a trial-and-error method, unlike
in supervised learning, the operator does not access any preliminary training set
and must improve their decision over time, while acting on the system to optimize.
As foreseen in the seminal paper [Robbins, 1952], decisions and observations thus
depend on the history of the former ones and are interdependent.

Queueing and Learning

Reinforcement learning has become a mainstream tool optimization in various
setups. It has been taking off in the field of Markov Decision Processes (MDPs),
which are very generic tools to modelize many control problems. A natural follow-up
after the general case has been the study of structured MDPs, such as parametric
MDPs. A particularly important subclass of MDPs is the class of controlled queueing
systems; see, e.g., [Martin L. Puterman, 1994, Chapters 1-3] and [Q.-L. Li et al.,
2019], and [Walton and K. Xu, 2021, Section 5] for a review on learning problems
in queues. Distinguishing themselves among the MDPs, typical control problems on
queues have the following characteristics:

1. No discount. Discounting costs or rewards is common practice in the reinforce-
ment learning literature, especially in Q-learning algorithms [Sutton and Barto,
1998]. However, in the context of queueing, optimizing with respect to the
average reward is particularly interesting. Moreover, considering the average
reward criterion tends to highlight the importance of the structure instead of the
initial state.

2. Large diameter. Queueing systems are usually investigated under a drift condition
that makes the system stable, i.e., positive recurrent. This condition implies that
some states are hard to reach. In fact, for many queueing control problems, the
diameter, which measures the time needed to cross the MDP, is exponential in
the size of the state space. Even in the simple case of an M/M/1 queue with a
finite buffer, or equivalently a birth-and-death process with a finite state space



1.2

and constant birth and death rates, the diameter is exponential in the size of the
state space. With the state space possibly much larger in the queueing examples
than in the generic MDP toy examples, it is mandatory to find more accurate
ways to describe the difficulty of exploring an MDP.

3. Structured transition matrices. Queueing models describe how jobs join and
leave queues, and this yields bounded state transitions. As a result, MDPs on
queues have sparse and structured transition matrices. It allows more explicit
computations of typical quantities that appear in the performance bounds, such
as the bias.

To illustrate these specificities of the queueing systems, let us introduce a few
examples we will study separately in the next chapters. In Chapters 3 and 4, we
give the example of a Dynamic Voltage and Frequency Scaling (DVFS) processor
dealing with impatient jobs with soft Markovian deadlines: the operator needs to
choose the processor speed to find a balance between the energy consumption and
the abandonment. In this case, in the Markovian setting, under any speed policy,
the resulting Markov chain is a birth-and-death process, whose optimality properties
can be theoretically studied. In Chapter 5, we consider the now classical admission
control problem, where the operator chooses whether to admit a new job in the
queueing network or reject it, inducing a cost in the latter case. In these examples,
the number of states may be arbitrarily large, so our saving grace lies in exploiting
the structure of the system to learn the best policies efficiently.

State of the Art

Regarding reinforcement learning in MDPs, as stated previously, the setting is very
general. Using discounted rewards for the infinite horizon case enables better control
of the rewards in the long term, and it gives access to additional technical tools to
prove the convergence of algorithms, which ensures the convergence of Q-learning
algorithms, like in [Jin, Allen-Zhu, et al., 2018] in the finite horizon case, or in
[Dong et al., 2019] for the discounted case. Stronger assumptions are needed for
Q-learning algorithms with average rewards, as in [Wei et al., 2020], where the
knowledge of the mixing time of the ergodic MDP is available.

Besides model-free algorithms, in the average reward setting, a fundamental learning
algorithm is UCRL2 in [Jaksch et al., 2010], which can be seen as the MDP adaptation
of the Upper Confidence Bound (UCB) algorithm from the bandit problems. The
performance of this algorithm is measured by the regret, which is upper bounded

Chapter 1 Introduction



by O(DS\/AT), where S is the size of the state space, A is the size of the action
space, T is the time horizon, and D the diameter, a measure of the difficulty of
exploration in the MDP. Moreover, a lower bound for a class of MDPs with such
parameters has been proposed in Q(v/DSAT). This lower bound became the target
for matching upper bounds: New algorithms inspired by UcCRL2 have improved
regret bounds, O(D+/SAT) in [Azar et al., 2017] and even O(v/DSAT) according
to [Tossou et al., 2019; Zhang and Ji, 2019]. We can already remark that these
bounds concern a broad class of MDPs. We can expect these algorithms to have a
better performance than what their upper bounds suggest on a restricted class of
MDPs, for example queueing systems.

Other papers have been proposing different upgrades of the UcRL2 algorithm. A
possibility is to try to use a more accurate definition of the structure of the MDP,
taking into account the support of the transitions as in [Fruit, Pirotta, and Lazaric,
2020] or also introducing the local diameter as in [Bourel et al., 2020]. Another
and more straightforward way to involve the structure of the MDP in the learning
problem is to consider parametric MDPs. In [Jin, Yang, et al., 2020], linear models
with d parameters achieve a regret upper bound of O(\/m) in finite horizon. An
even broader extension of this concept is the class of linear mixture models: in the
discounted case in [Zhou et al., 2021], a regret upper bound of O(dvT/(1 — v)?)
is proved, and in the average reward case a bound in O(dv/DT) is shown in [Wu
et al., 2022].

A natural extension of the problem of reinforcement learning in MDPs is to consider
the case of Partially Observable MDPs (POMDPs): at each time step, the state is not
fully known, and the learner only gets this information partially. For example in
a queueing network, they may only access the total number of jobs in the system
rather than the precise number of jobs in each queue. Generally, reinforcement
learning in POMDPs is intractable [Jin, Kakade, et al., 2020, Propositions 1 and 2],
so it is necessary to restrict this learning task to subclasses of POMDPs. Again some
of these works have been in the context of finite horizon or with discounted rewards
[Even-Dar et al., 2005; Ross et al., 2007; Poupart and N. A. Vlassis, 2008]. In
the case of the infinite horizon and undiscounted rewards, the dependence on the
diameter still appears in [Azizzadenesheli et al., 2016], so that the same difficulties
we noticed for queueing systems as MDPs emerge in the case of POMDPs.

1.2 State of the Art

3



1.3 Contributions

In this thesis, we show that leveraging the knowledge of the structure of the queueing
systems, despite their large number of states, yields interesting results to overcome
some of the limitations of reinforcement learning in generic MDPs. This will highlight
the importance of considering the structure of these MDPs when dealing specifically
with queueing systems.

We use the example of the DVFS processor as a basis to study the analysis of UCRL2
in a restricted class of stable birth-and-death processes. In this typical example,
the number of states may be arbitrarily large, and we show that the diameter is at
least exponential in the number of states. Therefore, the classical upper and lower
bounds in Q(v/DSAT) for the general case are unsatisfactory. Since the analysis
in [Jaksch et al., 2010] uses a minimax approach, it considers the worst case for
MDPs in their class. We present an adapted analysis of a slightly tweaked version
of UCRL2 that uses the knowledge of the birth-and-death structure in order to get
an upper bound in O(v/E,AT), where E, depends on the stationary measure of a
reference policy. Notably, the bound does not depend on the diameter D nor on .S,
unlike in the parametric MDPs we presented earlier. The main observation is that to
learn the MDP, while the algorithm needs to make sure every state is visited linearly
often, the tail end of the state space is barely involved in the average reward, and in
consequence in the regret bound.

Another typical example we use to showcase the importance of the structure of
queueing systems is the admission control problem. Consider a queueing network
where the operator admits or rejects jobs entering the network depending only on
the total number of jobs: this process can be modelized as a POMDP. Rather than
attempting to directly learn on this POMDP, we present an algorithm that compares it
to an asymptotically equivalent MDP we can actually build and learn. This algorithm
relies on an equivalence theorem for product-form networks and on the ergodicity
of the POMDP to ensure the observations on the POMDP are valuable information
to build the equivalent MDP, a birth-and-death process. Using our previous result
on such a process, we eventually obtain an upper bound of the regret in O(ST),
where the dependency on S comes from the ergodicity requirement. Once again,
exploiting the structure of the queueing network is an important step to show this
new bound.

4 Chapter 1 Introduction



1.4 Organization of the Thesis

We describe how the thesis is organized and briefly present the content of each
chapter. In Chapter 2, we remind the main MDP definitions and lemmas that we will
use in this thesis. We also describe the classical reinforcement learning algorithm
UcrL2 and what the main ideas surrounding it are, as it will be the foundation
for the algorithms in the following chapters. This chapter barely contains any new
result, as its goal is to clarify and introduce the main objects we deal with.

Then in Chapter 3, without using reinforcement learning yet, we will consider the
example of a DVFS processor to study the structural properties of the optimal speed
policies.

We come back to the properties above in Chapter 4, where they are used to adapt the
analysis of the regret of the UCRL2 algorithm to the example of a birth-and-death
process MDP. In that case, we show that using this extra knowledge on the MDP lets
us derive bounds that showcase the importance of the structure of the queue and its
stationary measure under any policy, with a lower dependence on the size of the
state space itself.

Finally, in Chapter 5, we study an admission control problem on a more complex
queueing network. We show we can use ergodicity properties to fall back to learning
a simple birth-and-death process, as in Chapter 4. We present an algorithm inspired
by UcrRL2 and compute a regret bound where the main dependence on the state
space comes from the ergodicity property.

In this thesis, for clarity, results that are not original work will be followed by their
reference to mark a difference between original results and what is already known.

1.4 Organization of the Thesis






Markov Decision Processes
and Model-Based
Reinforcement Learning

We introduce in this chapter the main notations and definitions we will use in
the next chapters. More precisely, we present first some MDP definitions before
highlighting a few structural properties of birth and death processes. Then we
introduce the fundamentals of reinforcement learning on MDPs and expose the
classic algorithm UcRL2 with the ideas surrounding it. Indeed the same ideas will be
used in Chapters 4 and 5. Note that this chapter is not intended to be an exhaustive
presentation on MDPs or on model-based reinforcement learning.

2.1 Markov Decision Processes

In this section, the definitions are mainly based on those from [Martin L. Puterman,
1994, Chapter 8].

2.1.1 Definitions and Notations
Definition 2.1
A discrete-time MDP M is the tuple:
M = (S, A, P(s|s,a),R(s,a)),

where S is the finite state space, A the finite action space, P(s'|s, a) the transition
probability under action a to go from s to s’ and R (s, a) the reward distribution
under action a in state s.

We let S :=|S| and A := |.A| where | - | is the set cardinality operator.



The dynamic behaviour of the MDP M is as follows. At each time step, if the MDP
is in state s and action « is chosen, an immediate reward R(s, a) with distribution
R(s,a) is obtained independently of all else. Subsequently, the state changes to s’
with probability P(s’|s,a) in a Markovian manner.

In the remainder of this thesis, we assume that the reward distributions have
bounded support. We will also be interested in measuring performance in expec-
tation. We therefore call (s, a) = E[R(s, a)] the expected reward in state s under
action a.

We will mainly consider stationary deterministic policies, which are functions 7 : s €
S+ a € A. Under such a policy, the MDP follows the dynamics of a Markov chain
with transition matrix (P(s'|s,7(s)))

s,8"*

Gain

We will consider a unichain MDP M, that is, such that for every policy in IT := {7 :
S — A} the set of stationary and deterministic policies, there is a single recurrent
class for the Markov chains, and possibly some transient states. Call s; the random
variable of the state of the system at time ¢, with s; = s a fixed initial state. In this
case, independently of this initial state, the gain or average reward induced by a
policy 7 € IT is:

g (M) =g(M,n) :TlgréonE (s¢,m(se))|s1 = s]. 2.1

Since M has finite state and action spaces, the limit in (2.1) always exists. Notice

also that the restriction to stationary and deterministic policies is not a loss of
optimality [Martin L. Puterman, 1994, Theorem 8.4.5].

We will denote by ¢* := ¢*(M) := max ¢ g(M, 7) the optimal average reward and
we denote by 7* an optimal policy.

We recall that for queueing systems, we are specifically interested in the optimization
of the average reward rather than the finite horizon reward Y./, E,[r(s;, 7(s¢))]
with horizon H, or the discounted reward limy_ oo 32y 7 "Ex[r(ss, 7(s4))] with
discount factor v € (0, 1).

Since the MDP M is unichain, for every policy we can define the stationary measure
V™. We rewrite the gain:

g7r = ZT(’S’W(S))V;F’ (2.2)

seS
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Learning



where v™ is the stationary measure under policy 7.

Bias

For a policy 7, we define the bias at state s by the following Cesard sum:

N T
hﬂ-(s = ]\}gnooN Z::Z:: St, t)) ﬂ-) |81:S], VOSSSS—l (23)

The bias at s can be seen as the initial offset before scoring the gain at every step in
the long run. In other words, asymptotically, the cumulative reward after 7" steps
starting from s is roughly equal to h™(s) + T - g™.

The bias is also related to the gain and the rewards through the Bellman equation:

g +h"(s) = )+ Y BT(s")P(s'|s,7(s)) forseS,
s'eS
furthermore, in the unichain case, the Bellman equation characterizes the gain g"

and the bias A™ up to an additive constant.

Diameter

We define the diameter of a MDP, as given in [Jaksch et al., 2010], intuitively as
the average time needed to reach the furthest state from any other state with a
well-chosen policy.

Definition 2.2 (Diameter of a MDP [Jaksch et al., 2010])

Let 7 : S — A be a stationary policy of M with initial state s. Let
T (s'|M,m,s) == min{t > 0 : s; = §'|sy = s} be the random variable for
the first time step in which s’ is reached from s under w. Then, we say that the
diameter of M is

— 3 /
D(M) = rsr;gg(mr‘rslglAE [T (s'|M,m,s)] .

It should be clear that the diameter of an MDP can be large if there exist states that
are hard to reach: we will see that for a stable basic birth and death process, we
expect the diameter to scale exponentially in S. The diameter is a commonly used
parameter to characterize the difficulty to learn a specific MDP.

2.1 Markov Decision Processes
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Ergodicity Rates

Consider an ergodic MDP M under any policy = € II, that is, the Markov chain
defined by every policy 7 € II is ergodic over the state space S. Denote, again by v™
its stationary measure under policy 7. There exists C' > 0, p(7) € (0,1) such that:

su% 1P, (st =) — V™|l < Cp(m)' V>0, 2.4
s1€

where P74, (s; = -) is the probability distribution of s; if the MDP starts at s; and
applies the policy =. While the convergence rate p depends on the choice of 7 a
priori, we will show in Chapter 5 that we can bound it by a quantity independent of

.

Continuous-time MDP and Uniformization

Common applications are usually given in continuous-time models. We therefore
give a quick overview of the continuous-time MDP and the unfirmization method. A
continuous-time MDP M’ is defined by:

M' = (S8, A q(s'|s,a),R/(s,a)),

where S and A are respectively the state space and the action space, for s’ # s,
q(s’|s,a) > 0 is the transition rate under action «a to go to the state s’ from s and
R'(s,a) is the reward distribution under action a at s, with reward R/(s, a) and mean
reward 7’(s, a). The reward is sampled when the action « is chosen. By definition of
the rates, we also require that q(s[s,a) = — >, ., ¢(s']s, a).

We briefly explain the dynamics in M’ in the context of stationary policies: for a
chosen fixed action « at state s, the MDP transitions to the next state s’ # s after an
exponentially distributed random time 7, with parameter ¢(s’|s, a), whichever time
comes first. For such s, the reward scored is 74 R/ (s, a), and only then the controller
chooses the next action to be used in s'. In this setup, —q(s|s,a)~! is the mean time
spent at state s before the transition.

Rather than studying these continuous-time models, it is more practical and conve-
nient to focus on their discrete-time equivalent, by uniformizing the MDP, as follows:
let U > (—maxscs.qc4q(s|s,a)) be the chosen uniformization constant, which is

Chapter 2 Markov Decision Processes and Model-Based Reinforcement
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well defined as S is finite. To build the equivalent discrete-time MDP M;;, we define
the transition matrix P such that:

P(s'|s,a) = q(s']s,a)/U for s’ # s
P(s|s,a) =1 =3y, P(s'[s,a) otherwise

We also redefine the rewards R(s,a) = R/(s,a)/U. In this newly defined process, a
time step corresponds to an observation of the original MDP M’ at a random time
with an exponential distribution of parameter U, while in the original process, we
had different exponential parameters for each transition.

This uniformization method preserves the relative performance of the policies so
that we can directly study the discrete-time MDPs and use algorithms designed for
these MDPs. In the remainder of the thesis, we will mainsly use discrete-time MDPs
and note them M instead of My when no confusion is possible.

The Special Case of Birth and Death Processes: a
Comparison of the Bias and the Diameter

In algorithms based on episodes, the algorithm executes a policy 7 for each episode
k, so that the cumulative reward for a given episode is roughly, as stated in the
definition of the bias: h™ + T} - g™, with T}, the length of the episode. To control
the reward scored by an algorithm, we therefore need to be able to control the bias,
possibly for any policy.

With little knowledge of the bias, it has been common to use the diameter D in
the learning bounds. However, as we work within classes of MDPs with a strong
structure, we can instead expect to control the bias of any policy and use this
knowledge to improve the bounds. We first study the scaling of the diameter in a
stable birth and death process as given in the following basic example.

We consider a birth and death process with Poisson arrivals with rate A\ and leaving
exponential rate ;1 over the S states {0,...,S — 1}. We can represent the dynamics
on the following continuous-time Markov chain:

2.1 Markov Decision Processes
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As

Hs+1

Figure 2.1: Markov chain diagram of the example queue.

Diameter Scaling in Birth and Death Processes

In this example, we assume that Figure 2.1 is a representation of the Markov chain
under the best policy to consider for the diameter, and we will choose the rates to
be \s = A and u; = p for some constants \ < .

We can expect here the diameter to be closely related to the worst expected hitting
times. These hitting times are intuitively close to the return times to the last states of
the queue, which scale exponentially in the size of the state space S. The diameter
should therefore also have this exponential scaling.

This discussion is formalized in the following result.

Lemma 2.3

For any MDP M and any policy w that induce a birth-and-death process, the
diameter D™ under policy m as well as the local diameter defined as D™ (s—1, s) :=
E™ [T (s|m, s — 1)] grow exponentially in S.

Proof. Under policy 7:
D™ >770,S-1)>7"(S-2,5-1),

where 77 (s,s’) = E[T (|, s)] is the expected time to go from s to s’ under policy

.

Denote by U the choice for the uniformization constant. Starting from S — 1, we
can write the hitting time equations:

TW(S - ].,S - ].) == 1 + P§_1’5_27—7T(S - 278 - 1)7

and we notice that the left-hand side term actually is the inverse of the stationary
measure at S — 1, so that v™(S — 1)~ = 77(S — 1,S — 1). We therefore obtain:

T(S—-1)"t-1
Hs—1

D™ >UY > (S — 1)t -1,

Chapter 2 Markov Decision Processes and Model-Based Reinforcement
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Now by reversibility, in our specific case, we have that: v™(s) = 1/”(0)%, with

v (0)~t = 11\:?\%5, so that

As for the maximal local diameter, maxs D™ (s — 1,s) > maxs 7" (s — 1,s) > 77(S —
2,5 — 1) and the same argument as before applies, so that both the local diameter
and the diameter scale exponentially in .S, as A < p.

Variation of the Bias over the State Space

We show here how we control the bias in a birth and death process on the state
space S := {0,...,S — 1} with arrival rates A\ and leaving rates p for a fixed policy
7, as in figure 2.1. We will denote by P := P7 the transition matrix for this fixed
policy.

We first show a bound on hitting times that will be used to control the variations of
the bias:

Lemma 2.4
Let w be any policy. Consider the Markov chain with policy = and transitions P
starting from any state s. Denote by 75 the random time to hit 0 from state s.
Then:
U
E7[r] <v7(0)7H ) —,
i—1 M

where U is the chosen uniformization constant

Proof. We write the expected hitting time equations. Let e be the unit vector. We
have the system:
E™ [r] =e+ P E™ [7], (2.5)

with 7 the vector of hitting times, and adding to the system of equation 75 = 0.

We will show the result by induction. The system gives for s = S — 1:

1- s s
E™ [r,] =1+E" [r] U" +E" [78_1]%,

2.1 Markov Decision Processes
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so that:

U
Ers = — +E™ [15-1] .
s

Then with an induction, we want to prove the equation for s < S — 1:

/

U S—1 s )\i—l

E™ [5] = E™ [15-1] + — Z H . (2.6)
Hs s'=si=s+1 Hi
For s < S — 1, assume (2.6) is true for E™ [7511]:
7T 7T As n L= s = As E Hs
E™[r] =1+E [Ts+1]ﬁ +E" [75] T+E [Ts— 1]ﬁ
1—ps — As al
=14 E [r] — 22 LR [, ) B + H
u U s'=s+1i=s+1 Hi
U al .
= — —i— E™ [15-1] + — Z H by gathering the 75 terms
Hs s'=s+1i=s+1 Hi
=E" TS 1 + — Z H )
S 8/*81 s+1 MZ
the induction is therefore true, and by definition of v (0) we have:
U
E™ [1s] < E™ [15-1] + M—V”(O)_l.
O

Proposition 2.5
For any policy w, define for s € {1,...,S — 1} the variation of the bias

Oh™(s) := h™(s) — h™(s — 1) Z( ~P'(s—1,))r

Assume that the sequences (\s) and (us) are respectively non-increasing and

non-decreasing. Then:

Oh™(s) < 20,7 ( 12—
=1 M

where §, := max;,q |7(s,a) — r(s — 1,a')| is the largest reward variation
between neighbouring states.

Chapter 2 Markov Decision Processes and Model-Based Reinforcement
Learning



Proof. To control the difference of probabilities in the bias, we will define a coupling,
which will follow the inequality given in [Levin et al., 2008, Proposition 4.7]

Jpis. - P10, =

inf{P(X #Y): (X, Y1) is a coupling of P'(s,-) and P'(s — 1,-)}. (2.7)

More precisely, let X and Y be Markov chains with transition matrix P and starting
states X; = s, Y1 = s — 1, coupled in the following way: For each time-step t > 2,
let Uy ~ U(]0, 1]) be a sequence of independent random variables sampled uniformly
on [0, 1]. We have:

Xt—l ifOSUtSHXt
Xt+1 = Xt if nx, < Ut <1- )\Xt (28)
X +1 ifl—Ax, <U <1,
and define Y;;; the same way from Y;. As (\;) and (us) are respectively non-

increasing and non-decreasing, 0 < X; — Y; < 1 for this coupling. Moreover, we
have from (2.7), reminding that ¢, := max; 4 4 |7(s,a) — r(s — 1,d')|:

(P'(s,-) — P'(s — 1,-))r < 2P(X; # Y})0,.

As 74 is the time needed for X; to hit 0 starting from s, the coupling time is lower
than ,:
P(X; # Y;) < P (0> 1),

so that summing over ¢ gives:
Oh™(s) < 26, E™ [14],

and now using Lemma 2.4:

Oh™(s) < 26,v™(0)! Z g
i=1 1"

Remark 2.6

Without the assumption that (\,) and (us) are respectively non-increasing and non-
decreasing, Proposition 2.5 still holds with ., rather than §, in the inequality, with
Tmax Deing the span of the reward in the MDP.

2.1 Markov Decision Processes

15



2.2

2.2.1

16

In view of the previous lemma, with the example of figure 2.1 with rates A; = A and
s = ;o with A < p constants, and we get that the variation of the bias is bounded in
the following way:

1%
Oh™(s) < 24,s “)\S g
1-2p

We notice here that the span of the bias, being max; h(s) — min; h(s), is bounded
by a quadratic function, which is much better than the exponential lower bound
we had for the diameter. For this reason, in the algorithms, we will try as much as
possible to use our knowledge of the span of the bias rather than resorting to the
diameter.

Model-Based Reinforcement Learning in a MDP

Reinforcement Learning Framework

We will consider a unichain discrete-time MDP M = (S, A, p, R) in discrete time.

The model-based reinforcement learning problem consists in finding a learning
algorithm L, or learner, that chooses actions to maximize a cumulative reward over
a finite time horizon T'. At each time step ¢ € N, the system is in state s; € S and the
learner chooses an action a; € A. When executing a;, the learner receives a random
reward r¢(sy, a;) with mean r(s;, a;) and the system moves, at time step ¢ + 1, to the
next state s;; with probability p(s;41|s:, a;). The learner also gets information on
the reached state s’. The learning algorithm does not know the MDP M except for
the sets S and A.

In different terms, an agent uses the algorithm IL to act on the system (or environ-
ment). This is synthesized in Figure 2.2.

Note already that in Chapter 5, we will face the case of POMDPs, where the state
st+1 is not fully observed, and only partial information is retrieved from this next
state. We will continue this discussion in the concerned chapter.

In the model-based setup that we will consider, by opposition to the model-free
one, the learner relies on a model and its estimates to choose their next action.
Model-based algorithms need a large memory space to store the estimated transition
probabilities (S?A). Nevertheless, we will mainly focus on this kind of algorithm as
they are efficient for regret minimization.

Chapter 2 Markov Decision Processes and Model-Based Reinforcement
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Action a;

Environment: the
MDP (S, A,p,R)
moves to the state
str1 ~ p(e|se, ar)

Agent: the
learner IL
picks an action

Observation (Ry, st+1)

Figure 2.2: Agent and environment interaction

In order to maximize the cumulative reward, the learner cannot afford to dedicate all
their time to learning the optimal policy, as many of the observed rewards would be
much worse than the best rewards. They also cannot commit to the empirically best
policy without regularly getting new information from the environment. Instead,
they must find a balance between exploration and exploitation to ensure optimal
performance in the long run. The performance metric we are interested in to match
this goal is called the regret, which we define in the next subsection.

2.2.2 Definition of the Regret

We remind that ¢* := ¢g*(M) := max,cm g(M, ) is the optimal average reward in
the MDP M.

Definition 2.7 (Regret)
The regret at time T of the learning algorithm LL is

Reg(M,L,T) :=Tg"(M) = > r/, (2.9)
t=1

where 1} is the mean reward at time t under the algorithm L.

The regret given in 2.9 is sometimes called the pseudo-regret as it involves mean
rewards rather than random rewards. For bounded rewards R, this difference
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is negligible when T is large. The regret is a natural benchmark for evaluating
the performance of a learning algorithm. As stated in the previous subsection, in
order to minimize the regret, algorithms need to find a balance over time between
exploration and exploitation, as opposed to identification algorithms that need to
find an optimal policy as fast as possible, disregarding the possible disappointing
performance of some policies.

Remark 2.8

The definition of the regret depends a priori on the initial state of the algorithm. In the
following, we will consider the case of unichain MDPs, so that we can always work with
the regret with a reference initial state, which would only add a constant term to the
regret bound with respect to any initial state. For queueing systems, we will usually
choose the empty queue as the reference initial state.

In [Jaksch et al., 2010], a universal lower bound on Reg(M, L, T') has been developed
in terms of the diameter of the underlying MDP.

Theorem 2.9 (Universal lower bound [Jaksch et al., 2010])

For any learning algorithm L, any natural numbers S, A > 10, D > 20log 4 S,
and T > DSA, there is an MDP M with S states, A actions, and diameter D
such that for any initial state s € S,

E[Reg(M, 1L, T)] > 0.015V/ DSAT. (2.10)

On this large class of MDP, the regret lower bound depends on the diameter. As seen
in the previous section, we expect the regret to be much lower when restricting the
class of MDP to birth and death processes for example, when we get to control and
know the variation of the bias for any policy. We discuss this point in Chapter 4.

Presentation of UcrL2

We now present UCRL2, a classic reinforcement learning algorithm introduced
in [Jaksch et al., 2010] that is a variant of UCRL [Auer and Ortner, 2006]. Let us
present an intuition of this algorithm. UcRL2 aims to learn the transition probabilities
and mean rewards for each state-action pair (s, a). It is based on episodes so that
during an episode k, a policy 7 is chosen and used until a stopping criterion is met.
To choose its next policy, the algorithm relies on the Optimism in Face of Uncertainty
(OFU) principle: from the empirical transition probabilities and rewards observed, a

Chapter 2 Markov Decision Processes and Model-Based Reinforcement
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confidence set is built of the optimistic MDPs, so that with high probability, the true
MDP M belongs to this set. After each episode, this confidence set is updated, and
then the algorithm chooses a policy within this set with the highest gain, where the
optimism comes from.

We can already compare UCRL2 to the UCB algorithm, which also uses the OFU
principle for regret minimization in a bandit setting. In the former case however, a
new policy is chosen only after each episode as opposed to after each time step, the
idea being that we not only need to learn the reward, but the eventual target is the
gain, so that the episode length needs to grow over time to ensure exploration.

Let us now give a more technical presentation of the algorithm. For each episode £,
let ¢;, denote its start time and 7, the policy used during this episode. For each state
s and action a, let Vi (s, a) denote the number of visits of (s, a) during episode k£ and
let N¢(s,a) := #{7 <t:s; =s,a, = a} denote the number of visits of (s, a) until
timestep t. Let M, be the confidence set of MDPs with transition probabilities p and
rewards 7 that are “close” to the empirical MDP at episode k, p; and 7, i.e., p and 7
satisfy

7log (2S5 Aty /o

\V/(Sa (1)7 |7:(3; (I) — fk(sp(l)’ < T‘max\/2ma(;g{(1 Nt lzi C)L)} (211)
14S'log (2At /6

V(s,a), [B(s,a) — pr(-]s,a)ll, < \/max{(l)g](\ft (S’f{l))}, (2.12)

where ¢ is a confidence parameter, technically necessary to compute upper bound
on the regret with high probability. It is usually of order 1/7.

With these quantities, a pseudocode for UCRL2 is given in Algorithm 1. We notice that
UcRL2 relies on Extended Value Iteration (EVI), that is a variant of the celebrated
Value Iteration (VI) algorithm [Martin L. Puterman, 1994]; for further details about
EVI, we point the reader to [Jaksch et al., 2010, Section 3.1]. Let us comment on
how UCRL2 works.

2.2 Model-Based Reinforcement Learning in a MDP
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Algorithm 1: The UcRrL2 algorithm.
Input: A confidence parameter § € (0,1), S and A.
Set t := 1 and observe s;

for episodes k =1,2,...do

Set t, := t and compute the estimates 7(s, a) and pi(s’|s,a) as in (2.14).

Use “Extended Value Iteration” to find a policy 7 and an optimistic MDP
Mk € My, such that

- 1
g(My, ) > max  g(M' 1) —

— 2.13
T M'eMy,m \/tTC ( )

while Vj,(s¢, T (s¢)) < max{l, Ny, (s¢, Tr(st))} do
Choose action a; = 7(s¢), obtain reward r, and observe s;1;
Vie(sg, ap) := Vi(sg, ap) + 15
t:=t+1;

There are three main steps. First, at the start of each episode, UCRL2 computes the
empirical estimates

to—1
t=1 ]]'{St:«s,at:a,stJrl:S/}

max {1, Ny, (s,a)}

7 (8 a) — Zikz_ll Tt]l{st:s,at:a}
M S max {1, Ny, (s,a)} ’

Pr(s']s,a) =
(2.19)
of the reward and probability transitions, respectively,

where 1 is the indicator function of E. Then, it applies Extended Value Iteration
(EVI) to find a policy 7}, and an optimistic MDP My, € M, such that (2.13) holds
true. Finally, it executes policy 73 until it finds a state-action pair (s,a) whose
count within episode k is greater than the corresponding state-action count before
episode k. This method is sometimes referred to as the doubling trick, as the number
of visits for a state-action pair is at most doubled during an episode. Through this
criterion, we get an improved control over the number of episodes, and over the
regret induced by each state-action pair.

Classical Lemmas for UcRL2

The two following lemmas are proved in [Jaksch et al., 2010, Appendix C.2 and
Appendix C.3] respectively. The first one bounds the number of episodes, using the
doubling trick.

Chapter 2 Markov Decision Processes and Model-Based Reinforcement
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Lemma 2.10 ([Jaksch et al., 2010])
Denote by K; the number of episodes up to time t, and let t > S A. It is bounded

by:
8t
< — .
K; < SAlog, (SA>

The logarithmic scaling on the number of episodes implies that the v/T bound stems
from the confidence bounds rather than from the episode changes themselves.

The following lemma is used to simplify regret terms when summing over the
episodes for a single state-action pair.

Lemma 2.11 ([Jaksch et al., 2010])

For any fixed state action pair (s,a) and time T, we have:

Vi TN
k($7a) <3 NT+1(S,CL),

k=1 \/max{l, N, (s,a)}

This lemma is the main ingredient to translate the confidence bounds into a quantity
of the same order of /7.

We now present a version of the Azuma-Hoeffding inequality that is mainly used to
control the regret coming from the episode changes.

Lemma 2.12 (Azuma-Hoeffding inequality [Williams, 1991])
Let X1, X5, ... be a martingale difference sequence with |X;| < C for all i and
some constant C' > 0. Then for all e > 0 and n € N:

n 2
]P’{ZXi 25} < exp <_2n€DC> .

i=1

These lemmas are now known tools to prove the regret bound for UCRL2 given in

Theorem 2.13. We will also rely on them to prove regret bounds in Chapters 4 and
5.

2.2 Model-Based Reinforcement Learning in a MDP
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Theorem 2.13 (Consequence of Theorem 4 in [Jaksch et al., 2010] )
Consider a MDP M with diameter D, S states and A actions. For any initial
state s € S and T > 1, the expected regret of UCRL2 is bounded as follows:

E [Reg(M,UcrL2,T)] < 35DS+\/ AT logT.

\.

In comparison with Theorem 2.9, the upper bound of the regret has the same
dependence in the time horizon 7', up to a logarithmic factor. There is however an
extra /DS factor, that has been the main focus for improvement in [Fruit, Pirotta,
and Lazaric, 2020; Tossou et al., 2019]. In Chapter 4, we will also improve the
upper bound on the specific case of a birth-and-death process.
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3.1.1

Optimal Control of a Large
Queue: the Case of a DVFS
Processor

In the previous chapter, we saw how we would uniformize the state space to define
a discrete-time MDP from a continuous-time model. In this chapter, we study
the specific example of a DVFS processor: an operator changes the speed of the
processor, using real-time information on the system, in order to optimize the overall
performance of the system for lower energy consumption. In this model, the state
space is infinite and the uniformization method is impossible a priori. We show how
to fall back to this uniformization method on a cunningly truncated state space, and
we prove structural properties of the optimal policy that remain valid on the infinite
state space.

This chapter is based on the published work [Anselmi, Gaujal, and Rebuffi, 2021].

Introduction

Related Work

In the deterministic case where job sizes and arrival times are known, a vast literature
addressed the problem of designing both off-line and on-line algorithms to compute
speed profiles that minimize the energy consumption subject to hard real-time
constraints (deadlines) on job execution times; see, e.g., [Yao et al., 1995; Bansal et
al., 2007; M. Li et al., 2017] and the references therein. In a stochastic environment
where only statistical information is available about job sizes and arrival times, it
turns out that combining hard deadlines and energy minimization via DVFS-based
techniques is much more difficult. In fact, forcing hard deadlines requires to be
very conservative, i.e., to consider the worst cases. In spite of these difficulties, this
problem has been investigated in [Lorch and Smith, 2001] for a single job and in
[Gaujal et al., 2020] for multiple jobs. The former approach constructs the optimal
speed profile explicitly in “closed form” while the latter relies on the numerical
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solution of a discrete time Markov Decision Process (MDP) [Martin L Puterman,
2014]. The latter approach has several drawbacks: i) it requires a discretization of
both time and space, which introduces by itself an approximation on the optimal
solution, ii) deadlines and job sizes need to be bounded, and iii) the size of the state
space of the underlying MDP is exponential in the size of the maximal deadline.
These issues makes this approach unusable in practice.

The approach followed in this chapter circumvents the difficulties described above
by replacing the hard real-time constraints, i.e., jobs have hard deadlines that must
be satisfied, by soft real-time constraints, i.e., jobs may miss their deadlines, at
some cost. While the hard deadline of a job must be known at the job arrival,
soft deadlines allow for a different information structure: here, only the deadline
distribution is known at the job arrival. In this chapter, we further assume that jobs
missing their deadlines become obsolete and are dropped. Obsolescence is often
found in real-time systems where the information carried by jobs may not be valid
any longer after their deadline as it will be replaced by fresher input coming from
other jobs. Therefore, obsolete jobs become useless and can get discarded from the
queue. Dropping obsolete jobs can also model impatient customers: customers wait
for service for some time (deadline) and quit (are dropped) if not served before that
time.

Contribution

We investigate the problem above in a Markovian setting where jobs join the system
following a Poisson process and both the deadlines and sizes of jobs are exponentially
distributed. Under these assumptions, our goal is to minimize the average cost, i.e.,
the average energy spent by the processor per second plus the penalty due to jobs
missing their deadlines. We formulate this problem as an MDP in continuous time
where the state is the number of jobs in the system and the action is the processor
speed.

Our main result, Theorem 3.2, shows the existence of an optimal speed profile
that is increasing in the number of jobs in the system and upper bounded by some
constant. This constant is defined in (3.4) as the minimizer of a function that comes
out from our analysis. Surprisingly, our bound does not depend on the deadlines and
arrival rates. In other words, our bound on the optimal speed does not change upon
variations of these job characteristics. In addition, it yields a simple approximation
for the optimal policy and several numerical tests show that such approximation
is accurate in heavy-traffic conditions. Finally, the proposed approximation is used
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to control the proportion of jobs that leave the system because they missed their
deadline in a simple manner.

Underlying the proof of our main result, there are some technical challenges that
we now discuss. The proposed MDP satisfies the regularity assumptions (stability,
unichain) needed to establish an optimality equation as described in [X. Guo and
Hernandez-Lerma, 2009]. However, this is not enough to show structural properties
of the optimal policy. In fact, the common approach to do this is to uniformize
the MDP and to investigate the properties of the corresponding discrete time value
iteration operator. Unfortunately, this is not possible in our case because the transi-
tion rates are unbounded. To uniformize the MDP, a typical approach consists of
truncating the state space. Indeed, this is the approach we follow. However, we
notice that a naive truncation will not help because the truncation barrier has a
strong impact on the structure of the optimal policy in the sense that it would not
preserve any monotonicity property that it may have without truncation. This is
shown in Figure 3.2. Instead, we use the technique proposed by Blok and Spieksma
in [Blok and Spieksma, 2015], which smoothly scales down the upward rates of
the truncated system as a function of the size of its state space. This technique has
been successfully used in [Hyon and Jean-Marie, 2020; Bhulai et al., 2014] to show
structural properties of controlled queueing systems. However, these works focus
on discounted costs. Here, we use the same truncation technique but we apply it to
the average cost. To the best of our knowledge, this has never been done before. In
our specific case, the convergence to the infinite system will be guaranteed by the
monotone convergence theorem.

This chapter is organized as follows. In Section 3.2, our model and the corresponding
MDP are described in detail. We also present our main result (Theorem 3.2) as
well as some hindsight on the construction of the proof. Section 3.3 shows how
the MDP is truncated and scaled and shows the proof of the monotonicity as well
as the construction of the upper bound on the optimal speed. Section 3.4 focuses
on the convergence when the truncation point goes to infinity. Section 3.5 uses
Theorem 3.2 to provide an approximation on the optimal policy and estimate the
deadline-miss probability. Finally, Section 3.6 draws the conclusions of our work
and addresses further research.

3.1 Introduction
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System Description, Problem Statement and Main
Result

The system described here is a model for the dynamics of a real-time device composed
of a single computing resource (a processor) where incoming jobs need to be
executed under a constraint on the amount of time that they spend in the system.

Processor This is a DVFS processor whose speed can continuously vary in the
interval [0, amax]. We consider that speed changes are immediate and induce no
energy cost. When the processor works at speed a, it processes a units of work per
second while its power dissipation is w(a) watts. The classic simple model for the
dynamic power dissipation of any CMOS circuit is w = KaV?2f, see, e.g., [Snowdon
et al., 2005], where K is a constant, o measures the activity of the logical gates,
V is the supply voltage and f is the clock frequency. The clock frequency of the
gates is often linearly related to the voltage and therefore DVFS processors adjust
both variables together. Within the model above, this means that w(a) is cubic in
the speed a. In this chapter, we just require that w(a) is continuous, increasing and
strictly convex in the speed a.

Jobs They form a stochastic point process, with Poisson arrivals with rate A,
i.i.d. deadlines exponentially distributed with rate ; and i.i.d. sizes exponentially
distributed with rate o. Without loss of generality, we assume that o = 1.

Dynamics At any point in time ¢, the processor chooses its speed a(t) and executes
one of the jobs in its backlog queue. We notice that the choice of the job in
execution, named active in the following description, is irrelevant here because of
the memoryless property of the deadlines and of the sizes. Thus, at any point in time,
at most one job can be active. As mentioned above, this induces an instantaneous
energy cost of w(a(t)). Now, three events can happen in continuous time:

1. A new job may join the queue.

2. The active job is completed before its deadline. In this case, the job leaves the

system.

3. One job (active or inactive) reaches its deadline. In this case, this job becomes
obsolete, it is removed from the queue and an immediate cost equal to C'is
paid.
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Cost Function If we denote by My the number of missed deadlines in the time
interval [1, T, the objective of this chapter is to study the speed profile a(¢) of the
processor that minimizes the long-run average cost given by the missed deadlines
plus power consumption. Specifically, this is given by

1 T
E [lim sup. (CMT + /1 w(a(t))dtﬂ . 3.1)

T—o00

At this point, we claim that this problem can be modeled by a continuous time Markov
decision process with a discrete state space. To see this, let us consider the system at
time ¢ under the speed profile a(-) and let s(¢) denote the number of jobs present in
the system at time ¢. Each job is characterized by two values: (uy,v), respectively,
the sojourn time of job & (how long the job has been present) and its service quantity
(how many elementary operations have already been executed on this job by the
processor). Also let ¢; be the time elapsed since the last arrival. Then the state of
the system at time ¢ is the tuple (e, (u1,v1), . . ., (us), Vs(r))). From time ¢, the cost
function only depends on the expected future behavior of the system, namely, the
future arrivals, future services and future drops of packets due to deadline misses.
The memoryless property of the exponential distribution implies that this expected
future behavior does not really depend on (ey, (u1,v1), .. ., (ust), Vs(r))), but only on
s(t), the current number of jobs. As a by-product, this implies that the choice of the
optimal speed at time ¢ only depends on s(t), so that the optimal speed profile can
only change when s(t) changes, i.e., when an arrival, a service or a drop occur.

Markov Decision Process We now formulate the problem of interest as an MDP.
As mentioned before, the state space is N and a state represents the number of jobs
in the system. The action space is [0, amax|, i-€., the set of available speeds for the
DVEFS processor. Let m = () scny denote a stationary and deterministic speed policy
adopted by the processor, i.e., 75 € [0, amax] i the speed used in state s. It is well
known that focusing on stationary and deterministic policies can be done with no
loss of optimality in our case [X. Guo and Hernandez-Lerma, 2009, Theorem 5.9]; in
other words, we may ignore the broader set of history dependent randomized policies
and rather focus on the stationary and deterministic policies. For s, s’ € {0,...,5'},

3.2 System Description, Problem Statement and Main Result
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we will denote the transition rates ¢, ¢ (7s) := ¢(s'|s, ;) for the action m,. These
rates are given by:

A if s = s+ 1 (arrival of a new job)
s + Sp if s > 1and s’ = s — 1 (completion of the active job
Qs,s' (Ts) = or obsolescence of one job)

“A—su—ms ifs'=s

0 otherwise.

Under the speed policy m = (75)sen, the induced Markov chain, denoted by X7, is a
birth-and-death process that resembles an M /M /oo queue but with an additional
decreasing rate, which comes from the processing speed policy; see Figure 3.1.

A

(S + 1)/L+7T5+1

Figure 3.1: Markov chain diagram under policy .

By ergodicity of the Markov chain X™ under all policies 7, the a priori random
long-run cost in the brackets in equation (3.1) is almost surely equal to the long-run
expected cost. Letting E7, denote the expectation given a speed policy 7 and starting
state sj, the long-run cost becomes:

Glsr,m) = lim sup~ [ BT c(X7 (), 7)dt.
Tooo 1'J1 7
In this equation, the immediate cost function c(-, -) is the expected cost incurred by
the system at time ¢. It only depends on the current state and the current speed.
Conditionally on the state (X™(¢) = s), the obsolescence rate is su. Thus, the
expected cost is:
c(s,m) == Csp + w(my).

With a slight abuse of notation, we will use both notations ¢(s, 7) or ¢(s, m4) since ¢
only depends on the speed used in state s and not on the whole policy.

As mentioned before, for given speed policy 7w, X™ is ergodic so that the MDP is
unichain (all states are positive recurrent under all policies). This implies that
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the cost can be defined independently of the starting state. Moreover, for a given
7, there exists a unique stationary measure ™ for X™ so that we can define the
cost independently of the initial state and express it as a function of the stationary
measure:
Vsi, G™:=G(s;,m) =E" ¢(X",7) = Z vic(s,ms). (3.2)
s

Here, E" is the expectation with respect to the invariant measure of X™. Stationary
policies that minimize (3.2) are optimal speed policies for the model. In particular,
they are also optimal over all policies (history dependent and randomized) [X.
Guo and Hernandez-Lerma, 2009, Theorem 5.9] . Also, our MDP satisfies all the
conditions given in [X. Guo and Hernandez-Lerma, 2009, Theorem 5.9] to assert the
existence of an optimal stationary deterministic policy 7* and an optimality equation

of the form
G* =G™ =c(s, +Zh* )qs.s (T5) (3.3)
= i )+ h*(s 5,8 ), VseN,
B+ B @),

where h* is a real-valued function on N, referred to as bias of the optimal policy.

Main result The goal of this chapter is to investigate structural properties on 7*
and G*. First, let us define B as

B :=argmin(w(a) + C(\ — a)). (3.4)
a€R+t
This constant is well defined in R™ U {+o00} because w is strictly convex. In addition,
we have the following remark.

Remark 3.1

If w is super-linear, i.e., lim, o @ = oq, then w(a) + C(\ — a) is also super-linear
and B is finite. In practice, all models of power dissipation are super-linear in a, e.g.,
[Chandrakasan et al., 1992]. In the simple case where w(a) = Ka?3, we first notice
that the constant K can be set to 1 without loss of generality because to compensate
its effect one can adjust the missed deadline cost C' accordingly. Then, in this case, we

obtain B = \/g

Our main result is the following.

3.2 System Description, Problem Statement and Main Result
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Theorem 3.2
There exists a deterministic optimal policy m* = (7})sen that is increasing in s
and upper bounded by B.

Remark 3.3

The optimal speed policy of the processor is always bounded by a finite constant,
namely min(B, amax). By definition, B only depends on w (the power dissipation of
the processor) and C' the cost of each missed deadline. Thus, we remark that B is
independent of the job characteristics (arrival rate, deadline and size distributions).
This is both surprising and helpful in practice. Indeed, if B is finite, one can set a priori
the maximal speed of the processor to amax := B. This guarantees that in all cases, no
cost reduction would be possible by using a more powerful processor. Further discussion
about parameter settings, in particular the link between C and the probability that jobs
miss their deadline under the optimal policy, will be discussed in Section 3.5.

A proof of Theorem 3.2 is developed in Sections 3.3 and 3.4. Before delving into the
proof, we devote the remainder of this section to explain the technical difficulties
underlying our problem and the general approach that we follow.

The optimality equation (3.3) cannot be uniformized because the rates g ,(7) are
unbounded in s. Therefore, the study of structural properties of the optimal policy
must be done by constructing a sequence of truncated MDPs whose optimal policies
converge to 7* and for which we can prove monotonicity and boundedness. This
approach has been proposed for the first time in [Blok and Spieksma, 2015] for
MDPs with discounted cost by truncating the state space and scaling the rates of all
the events that take the system out of the truncated space. This has been successfully
applied in, e.g., [Bhulai et al., 2014; Hyon and Jean-Marie, 2020], to show that
threshold type policies yield optimal admission control in one queue. However,
all these applications consider discounted costs. To the best of our knowledge,
no work has been done for the average cost. In the following, we will show that
in our case, the scaling technique of [Blok and Spieksma, 2015] also works for
the average cost and is the key ingredient to show Theorem 3.2, which gives new
hindsights on the optimal policy. Thus, our result is another evidence of the power
of this scaling approach, though our proof is quite different from the approach
used in the discounted case. In fact, the common approach is to show that the
value iteration operator preserves structural properties of the cost and of the policy
(typically convexity properties of the cost and level sets of the policy), so that
successive iterations of the operator will also preserve the properties and converge
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to the optimal cost/policy. Here, we will directly consider the fixed point optimality
equation and prove monotonicity of the policy by induction on the state (see Sections
3.3.1, 3.3.2, 3.3.3).

Truncated Model

As mentioned before, the original MDP cannot be uniformized because the transition
rates ¢ s(m) grow to infinity when s goes to infinity. To construct a discrete time
model for a fixed maximal number of jobs S’ := S — 1, we truncate the state space
following the guidelines from [Blok and Spieksma, 2015] to construct a finite state
MDP M with linearly decaying arrival rates. The new state space has S states
{0,---,S’}, with the same continuous action space [0, amax| and an average cost per
second G7, defined as

1
J& = lim sup

T
msupo— /1 ET o(X7(t), ) dt (3.5)

and with transition rates for all s, s’ < S’ given by

A5 ifs<Sands' =s+1
g Ts + Sit ifs>0and s’ =s—1
qs,s’(ﬂ-) = .
—As—sp—m, ifs=s
0 otherwise,
where the decaying arrival rate is )\f/ =A(1- %) Using decaying arrival rates

will be a key ingredient in this chapter. To illustrate this, let us also consider a naive
truncated MDP, M/, with fixed arrival rates in each state given by A. The state
space is {0, - -- , 5"}, with the same continuous action space [0, amax] and the same
cost function but with modified transition rates given by

A ifs< S ands =s+1

: /
g s + Sp ifs>0and s’ =s—1
q;,s/(ﬂ-) =

“AN—su—ms ifs'=s

0 otherwise,

The two finite MDPs Mg and My, have been solved numerically using the following
parameters: A = 10, u = 0.14,C = 200, w(a) = a?, S’ = 60.

3.3 Truncated Model
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2,4 2.4
n n
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—=— Speed profile —=— Speed profile
0 —— Upper Bound B 0l —— Upper Bound B
0 10 20 30 40 50 60 0 10 20 30 40 50 60
States States
(a) Mg+ with decaying arrival rates (b) My, with no decay of the arrival rates

Figure 3.2: Optimal policies 7* and 7*' for the two truncated MDPs, respectively, Mg (a)
and MY, (b).

The respective optimal policies 7* and 7' are displayed in Figures 3.2(a)-(b). As
one can see, the two models behave very differently. At the last state of M, the
speed does not need to be as high as the maximal speed, as the arrival rate drops
from X to 0, so that the speed plummets near the last state. In contrast, the optimal
policy for Mg is increasing from O to some bound slightly below \/g . Additional
numerical tests where we let S’ grow (reported in Figure 3.3) further suggest that
7* is increasing in the state s as well as in the level of truncation S’. The bound B
also appears to be rather tight when S’ is large in the example reported in Figure
3.3.

Speed
i

—— Speed profile S’ = 1000
14 —— Speed profile S’ = 60
Upper Bound B

0 10 2 30 40 50 60
States

Figure 3.3: Two optimal speed policies in Mg, for S’ = 60 and S’ = 1000 and the bound

— c
B=,/¢.

This makes the study of Mg promising and, in the remainder, we focus on this MDP

with decaying arrival rates.
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Since S’ is fixed here, we may remove it in the notation for simplicity. As the state
space is finite, we can uniformize this MDP to get a discrete time MDP. Choosing

U:= X+ 51+ amax (3.6)

as uniformization constant, we get a discrete time MDP D" with transition probabil-

ities given by

%)\s ifs<S ands =s+1
g %(ﬂs—l—su) ifs>0and s’ =s—1
ps,s’ (77) = 17 e
7 Us ifs" =s
0 otherwise,

where the complementary probability to stay in state s is Us r, := U — \s — s — 7.
Again, we focus on stationary policies 7 that minimize the cost G%,. The long-run

average cost per step for the discrete time MDP is

1 K
T=limsup— » ET (X" (k), 7).
g7 = lim sup . S ELA(X7(0), )

A classic result for MDPs (see for example [Martin L. Puterman, 2014, Section
11.5.3]) says that the discrete and continuous time MDPs are related by the following
relations: for any policy 7, Ug"™ = G7%,. This has the following consequences:

* Both MDPs have the same optimal policies.

* Optimal long-run average costs coincide up to the multiplicative uniformization

*

constant: Ug* = Ug™ = G7, = G-

We will first show the counterpart of Theorem 3.2 in the finite case. Let us define

B% := argmin (w(a) + C’()\)\a)> , (3.7)
1+ 2
a€R* S’

which is well defined in R* U {co} and unique because w is strictly convex.

We have the following properties for the optimal speed policy.

3.3 Truncated Model
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Theorem 3.4 (i) The optimal speed policy = minimiging (3.5) is unique.
(ii) The optimal speed policy is increasing in s: Vs < S, 75 < i, .

(iii) The optimal speed policy is upper-bounded: Vs < S',7* < BY.

The proof of this result will be the object of Section 3.3.1 (monotonicity, item (ii)),
3.3.2 (upper-bound, item (iii) ), 3.3.3 (uniqueness, item (i)). Then, the relation
with the original infinite MDP will be shown in Section 3.4.

Proof of Theorem 3.4(ii): Monotonicity of the Optimal Speed

In this subsection, we denote by 7* any optimal speed policy, X* the associated
Markov chain and G%, the optimal cost induced by 7*. Thus, the optimal long-run
average gain per step is

K1

N Qe - .
g '_KlgnooEE kz:lUc(X (k),w). (3.8)

When the state space is finite, the bias h* € R® for the optimal speed 7* is defined
up to an additive constant by

o0
W(s) =B Y (e(X™(k),7") ~Ug"), ¥s<S. (3.9)
k=1
To fix the value of the bias vector, we set 2*(0) := 0.
Since the MDP is finite, unichain, the action space is compact and the costs and tran-
sition probabilities are continuous and bounded in the actions, [Martin L. Puterman,

2014, Theorem 8.4.7] guarantees the existence of the optimality equations for the
optimal cost and for the bias. Specifically, for any state s € {0,...,5’},

1 _
g*+h*(s) = i E[rglin | {w(a) + Csp+ (ps +a)h*(s — 1) + Us gh " (s) + Ash™ (s + 1)}
o (3.10)

with h*(—1) = h*(S” 4+ 1) = 0 by convention.
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For each state s, an optimal action 7} is the choice of a speed minimizing the right
hand side term. Notice that necessarily, 7; = 0 (the speed of the processor must be
0 when there is no work to do).

Using (3.10), for s > 1, we can subtract 2*(s — 1) from h*(s) and choose a = 7}_;

in (3.10) to get

U(h*(s) — h*(s — 1)) < uC + X (1 - ;,) (h*(s +1) — h*(s))

4 (Usms = ) (0°(9) = 0*(s = 1)) (s = 1) 72 ) (s — 1) = (5 — 2),
(3.11)

Doing the same subtraction for a = 7}, we obtain

U(h*(s) — h*(s — 1)) > pC + A (1 . Ss) (h*(s + 1) — h*(s))

+ ((_fs,w; - 2,,) (h*(s) =h*(s —1)) 4+ (u(s = 1) + m5)(h"(s — 1) — h*(s — 2)).
(3.12)

Combining both inequalities together we get the inequality
(my —ms_q) (R*(s) —2h*(s = 1) + h*(s — 2)) > 0.
From this, we can deduce the following property of the model.

Proposition 3.5
If h* satisfies the following notion of discrete convexity:

Vs > 2, (h*(s) —2h*(s — 1)+ h*(s —2)) > 0, (3.13)

then the optimal speed policy ©* is increasing.

We give additional properties of the finite MDP needed to prove the main result.

Lemma 3.6
C\

1+S%L'

The asymptotic cost per second is upper-bounded: Ug* <

Proof. The cost Ug* is the optimal asymptotic cost per unit of time. Therefore, we
have that Ug* < U g”o, with U g”o being the asymptotic cost per unit of time for policy
70, when the speed is 0 for each state. Let v™ be the asymptotic distribution in that
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. . . 0 A -5 S’ A S
case. Computatlons of the stationary measure give I/;r = (1 + ) ( ) ( )

S’ s S’
(Lemma 4.8) and thus we can then compute the associated asymptotic cost as
follows:
0 AN AN TS 8N /AN
™ — (1 A e — 1 _
g ( +S’u> SZ:(:)VS — MC( +S’u> S;)S s (S’u>
AN E (=1 A
= 1 /
”C< +S’u) ;S<s—l><5’u)
AN TN 1) /AN
— 14 = A
uO( +S’u) u?%( s )(S’u)
-8 S'—1
(i )T (e ) e O
S S 1+ 4
which concludes the proof. O

We now want to show by backward induction on s that h* satisfies (3.13). For
0 < s <5 — 1, the exact property P(s) that we will show is

C

1+ 35

h*(s) —h*(s —1) < h*(s+1) — h*(s) < (3.14)

Before investigating the initialization step, we show the following preliminary
inequality on the optimal cost.

Lemma 3.7
Let @ := E™ [r%.] be the average speed under the stationary measure v™ . Then,

A—T
S
1+W

Ug* > w(T)+C

Proof. Consider the optimal Markov chain X* displayed in Figure 3.4, where for
clarity we represented the continuous Markov chain, as its behavior is similar as the
uniformized discrete time Markov chain.

Using Jensen’s inequality, since w is strictly convex and the stationary measure v™
is non trivial, we get the following strict inequality:

Ug* = G = E™ [w(r%:)] + CuE™ [X*] > w(E™ [r%.]) + CuE™ [X*]
= w(T) + CuE™ [X*].
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(s+Dpu+miy

Figure 3.4: The transition rates of the Markov chain X*.

Now, we calculate E™ [X*]. The underlying detailed balance equations are

T* * T* A
s+ )+ i) =of (A= s )

The LHS is 0 for s = —1, and the RHS is also 0 for s = S’. When we sum these
equations from 0 to S” — 1, we can therefore write

S S A
S s ) = 07 (A -55)

which gives yE™ [X*] + 7 = A — E™ [X*] 4, ie.,

E™ [X*] = . (3.15)
pt g
Thus, we finally have
A—T
Ug* >w(m) +C
g (™) +C7 e
as desired. O

Remark 3.8

The computation of the expectation that gave (3.15) remains true for any speed policy,
and in that case ™ becomes the average speed of that policy. This formula of the
expectation will be needed later to rewrite the cost G, in a different way.

For the initialization of the induction, we need the following lemma.

Lemma 3.9

* * C
() (S = 1) <
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Proof. For any 7, the optimality equation (3.10) at s = S’ gives
U(g* +h*(S") <wla)+ CS'n+ (uS" + a)h*(S" = 1) + (U — pS" — a)h*(5"),
which holds if and only if
Ug* + (uS"+ a)h*(S") < w(a) + CS'u+ (uS" + a)h* (8" — 1),

which holds if and only if

+CS'u—Ug
wS' +a

(S — hH(s — 1) < 2 : (3.16)

with equality if the chosen 7 is optimal. We therefore want to show the following
inequality for some a:

w(a)+CS'u—Ug* - C

h(a) := .
(a) wS' +a 1+ ﬁ

To show this, we use the inequality (3.7) on Ug* and choose s = 7. This gives

Sy — AT _
T+ '
h(7) < C — Sihwr — < CA.
wS'+7 (/LS’—l—TF)(l—}—m) 1—1—%
This concludes the proof by (3.16). O

Therefore, for the initialization step we write the inequality (3.12) for s = S’ to
obtain

U (h*(S') = h*(S' = 1)) = uC + (U S —a- 2) (h*(S') — h*(§' — 1))

+ (u(S" = 1) +a)(h*(S" = 1) = h*(S" - 2)),
which implies
A
(1S +at 5 ) () = (' = 1)) 2 WC o+ (u(S' = 1)+ @)(B'(S' = 1) — W*(S' = 2),
which implies (using Lemma 3.9)

(1(S"=1) +a) (B*(S) = h*(S" = 1)) > (u(S" = 1) + a)(h"(S" = 1) = h*(5" - 2)),

which as desired gives h*(S’) — h*(S" — 1) > h*(S’ — 1) — h*(S’ — 2). This new
inequality and Lemma 3.9 imply P(S’ — 1).
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Now, let us assume that the property P(s) is true for some i < 5" — 1. We then have,
writing (3.12) with s = 7} and using the first inequality of P(s) (3.14),

S/
+ (s — 1)+ a)(h*(s — 1) — h*(s — 2))

U(h*(s) —h*(s—1)) > uC + (U — s —a — /\) ((h*(s) —h*(s—1))

which implies

(us +a+ 2,) (h*(s) —h"(s—=1)) > puC+ (u(s —1) +a)(h*(s — 1) = h*(s — 2))

which implies
(1(s — 1) +a) (W*(s) = b*(s = 1)) > (u(s — 1) + @) (h*(s — 1) — b*(s — 2)) (3.17)

The inequality (3.17) comes from the second inequality of P(s) (3.14), and from its
first inequality we finally obtain both inequalities of P(s — 1).

Thus, h*(s) — h*(s — 1) > h*(s — 1) — h*(s — 2) and the backward induction is
complete. Since h* is strictly convex, with Proposition 3.5 we deduce that 7* is
increasing.

Proof of Theorem 3.4(iii): Upper Bound on the Optimal Speed

We call for all ¢ > 0:

By definition, we recall that BY is the unique minimum of u, see (3.7). We also
have

T = Z viu(ms).

ses
Proposition 3.10

If 7 is an optimal increasing speed policy, then it is upper-bounded by BS', which
means 7} < B’ forall s < S'.

Proof. We show this statement by contradiction. Let 7* be an optimal increasing
speed policy. As 7* is increasing, assume that 7g, > B%'. Let v be the associated

3.3 Truncated Model
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stationary measure. As 7§, > B >0 = 75, we can define sy > 0 as the smallest
state such that 7 > B5'. Now, we can define the following policy

r ifi<S()

~ s

B  ifs> s

and let v denote its associated stationary measure. By definition, we notice that the
minimum of the function v is reached at B®'. Moreover, for all i < sq, we get from
the local balance equations that v; > ;. Indeed, when s > sy — 1:

Vs+1 _ A (1 - %) Vst1
P PR PR

)

with equality only when ¢ < sy — 1. It remains to show that the cost associated to
this new speed is lower than the original one. We have

_ S’ S’
J7r* B J7r — Z I/su(ﬂ_:) — Z Dsu(?fs)
s=0

sp—1 S’
= Z( — Us)u(my) + Z Vst Z vou(BY")
s=0 $=80 $=80
so—1 S’ )
>Z s — Us)u(BY +Zus (BY) = 3" wau(BY) > 0.
S$=580 S$=580
This contradicts the optimality of 7* and concludes the proof. O

Proof of Theorem 3.4(i): Uniqueness of the Optimal Policy

The following lemma gives a different expression for 7 using the notion of gen-
eralized inverse of the derivative w’ of w. First, since w is strictly convex, w’ is
continuous and well defined everywhere but on a countable subset @ C [0, amax]-
Moreover, v’ is strictly increasing and diverges, so that we can correctly define the

inverse
!

w'™ iy inf{a € [0, amax] \ Q, ' (a) >y},

and w'~! is increasing.
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Lemma 3.11
If 7 is an optimal speed policy with bias function h*, we can relate the variation
of the bias to the speed at a given state:

s

*=wlORY),  Vs>1

S

with Oh¥ := h*(s) — h*(s — 1) for s € {1,...,5"}.

Proof. Let * be an optimal speed policy with bias function h*. For s > 1, the
optimality equation (3.10) can be written as

Gy = msin{w(a) + Csp— (us + a)Ohy + AsOhg, 1}, (3.18)

so that for any speed a:

This yields

*
Tg—

w(rs)—w(a) > oh’  for s > xk.

*_
Ti—a

{W(W.?)—va)gah: fors<m

Let Q = [0, amax) \ Q. These inequalities on Oh* give: w'(r}~) < Ot < w'(7T), so
that there are two possibilities. Either i) Oh% € w’ <@) and w'(7}) = Oh%, orii) Oh* ¢
w' (@), so that ¥ = w'~1(0h%) € Q. In both cases, we have ¥ = w'~1(9h}). O

Proposition 3.12
The optimal speed policy is unique, and therefore Blackwell optimal.

Proof. Let m,7 be two optimal speed policies, h*, h* their respective biases and
e . . . . . . .

Oh,0h the respective variations of the biases. We will show by induction that the

variation of the speed and biases are equal.

We already have that 7(0) = 7(0) = 0. The optimality equation (3.10) for s = 0

then gives
ok Ug* *
Oh} = Ohy = = -5
1 1 \ \

Using Lemma 3.11, we then have m; = w/'~1(9h?) = w'~1(9h)) = 71.

3.3 Truncated Model
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Assume that for some s > 1, 7, = 75 and Oh} = 5%: Writing (3.18) for both optimal
speeds, and using the assumption of the induction, we have 9h} ; = 55: +1- Then
by using Lemma 3.11 again, w41 = w' " (0h%, ) = w' " (Dhy 1) = Fsr1.

The induction is complete, so that the optimal speed policy is unique. O

This completes the last part of the proof of Theorem 3.4.

Convergence of the Truncated MDP.

To show the convergence of the sequence of the truncated MDPs to the infinite one
as S’ goes to infinity, we first show monotonicity properties in S’. These guarantee
the existence of the limit and allow us to invoke the monotone convergence theorem
to show that this limit satisfies the optimality equation of the infinite MDP.

The Optimal Speed is Increasing in the Size of the State
Space

The next proposition states that the optimal cost is increasing in the number of
states.

Proposition 3.13
Let S > 1. Then, G < Gopq-

Proof. Let S’ > 1 and let 7 be the optimal speed policy when the state space is
{0,---,5"+ 1}. Let 7 be a speed policy for the MDP with state space {0,---,5'},
defined as the truncation of 7: for s < 8/, 7, = m,. Recall that X 7 is the continuous
time Markov chain with speed policy 7 on the reduced state space {0,---, 5}, and
therefore cannot be compared directly with X™, which is defined on {0,--- ,S" + 1}.
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Thus, let X be the following discrete time Markov chain, with state space {0,--- , S’ +
1} and transition probabilities given by, for s < S’ + 1,

ﬁ/\g‘” fl<sd=s+1<9¢

ﬁ(”s+sﬂ) ifo<s=5—-1<85 -1
Ds,s' = U(g,ﬂ) 7+ ifo<s =s<9

(U= (8" + D —7gpy) s’ =s=5+1

0 otherwise,

with U+ .= 20 4 (8" + 1)t + Tomaz, A= (1—- %) and G SA I 5 SR\ C o

S — Tg.

With a slight abuse of notation, we denote by X™ and X 7 the uniformized Markov
chains with the same uniformization constant U('*1), so that we will be able to
compare both Markov chains defined with the same time step. Moreover, notice that
the Markov chain X is not irreducible: the use of the last state is only to extend the
chain to a larger number of states while keeping the behavior of X similar to the
one of X7

In order to effectively compare X and X™, we will now define a coupling (V,Y)
such that Y and Y have the same distributions as X and X™ respectively. For each
time step k € N, let A(k) be a uniformly distributed random variable on [0, U(5"+1)].

Y(k)+1 if A(k) € [0, (>)] and Y (k) < §'

P 1) = }:/(k) if A(k) € [ U<S’+1> Y (k)p — % o) a~nd Y (k)< S
Y (k) if A(k) e |0, U<S D Y (k) — Tyl and Y (k) = 57 + 1
Y(k)—1 if A(k) e [UC+D Y (k)u— T 1) U] and any Y (k),

and similarly:

Y(k)+1 if A(k) € o, A<5’(+)1>]
VO = Y@ a0 £ U Y= v
Y(k) =1 i A(k) € U =Y (k) = my g, U],

By construction, if ¥ (0) = Y (0), then we show by induction that for all n, Y (k) <
Y (k).

We now check for all possible cases. For all s < S’ + 1, )\gsl) < )\(SS,H), therefore if
Y (k) =Y(k), then Y (k+1) <Y (k+1). fY (k) = Y (k)—1with Y (k+1) = Y (k)+1,

3.4 Convergence of the Truncated MDPs
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then Y (k + 1) > Y (k) by definition of U, as U — Y (k)i — my () > A > )\(;’(2), and

A
therefore Y (k + 1) > Y (k + 1). In the remaining cases, Y (k +1) < Y (k + 1).

Hence, for all &, f/(k) <Y (k), so that X <4 X™; here, <, denotes the stochastic
order [Shaked and Shanthikumar, 1994a]. As s — c¢(s, 7s) is increasing, this implies:

E™e(X,7) < ETe¢(X™, ) = G§riqs

and we have

T, = E"e(X™,7) = E"¢(X, 7).

Therefore,
G*S/ S Gg’/ S Gg/—i-l == Ggl—i-l

as desired. O

The next proposition states that the optimal speed policy is increasing in the size of
the state space.

Proposition 3.14
Let S' > 1 and let 7(5") be the unique optimal speed policy for the S’-th MDP.
Then, wgs/) < wgslﬂ) and 8h§sl) < 8h§5l+1)for all s < S’

Proof. We use the expression of the optimal speed from Lemma 3.11 and the bias
function to show by induction on the states s > 1 that:

on{™") < on{5 Y and 7% < 7D, (3.19)

where oY) = h(S)(s) — h(5) (s — 1) and h(%") is the bias function for the MDP with
state space {0,...,S5}.

We first have that w(()sl) = w(()S/H) = 0 and that

/ G* G* / /
h(s) i L Gl 2 h(s +1)
a 1 )\ = )\ 8 1 )
where the inequality comes from Proposition 3.13. Let us now assume that for some
s>1, 8h§sl) < 8h§sl+1) and w§5'> < wgslﬂ). 8hgsl) < 8h§sl+1), we directly have

that 705 < 78D,
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To show the first inequality, we write the optimality equation (3.18) for S” and S’ + 1
with their respective optimal speed, and subtract one from the other to get:

Gy — Gy = —(su+ 75 ORE D 4 (spu+ 7N oRE) + A (005, — on'5)).
Using Proposition 3.13 and the induction assumption, we get

(@R — on) > 0.

Then using Lemma 3.11, as 8h(+z < ah(S U and w1 is increasing,

s’ - S'+1 — s’ s’
i = w T ORE ) 2w ORT) =

s

The induction is therefore complete, and the optimal speed policy is increasing. [J

Convergence Results and Proof of Theorem 3.2

For the truncated MDP in discrete time, let g*, 7(5") and h(5") be the optimal average
cost, the optimal policy and its bias. They satisfy the optimality equation.

! 1 / / !
g +hS) = i (c(s 75 + Zh(s psS (w8 ))> Vs < 9.
This implies that for the truncated model in continuous time, Jg = Ug*, 75" and
h(S") also satisfy the optimality equation

GS’ = C -|— Z h S/ qs Y gs/)) Vs < S,.

Furthermore, for all §’, Gg < C\ by Lemma 3.6, 75") < B9 < B by Theorem 3.4
and since the function w’ is increasing, h(°") (s) < sw/(B) for all s < S’ by Lemma
3.11.

Now, by the monotonicity of G'gs (Proposition 3.13) and the monotonicity of 7(5")
and h(5") (Proposition 3.14), they all converge to finite non-negative limits when S’
goes to infinity, denoted respectively by G, 7(>) and h(*°),

As for the rates, ¢%, (a) also converges monotonically to g« (a) and is continuous
in a. Finally, the immediate cost ¢ is continuous in 7. The monotone convergence
theorem implies that these limits satisfy an optimality equation,

3.4 Convergence of the Truncated MDPs
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GOO—CSTI' —I—Zh Ngs,s ( (OO)) Vs € N.

This shows that these limits are respectively the optimal average cost (G,), an
optimal policy (7(>)) and its bias (h(>)) for the original MDP. This completes the
proof of Theorem 3.2.

Cost and Deadline-Miss Probability Approximations

Our main result, Theorem 3.2, may suggest to consider the simple policy 7? defined
by 7TSB = B0 for all s > 0, where B is defined in (3.4) and 1 4 is the indicator

function of the event A. Thus, 72

uses constant speed B whenever the system is
busy. In this section, we numerically show that the dynamics induced by 7Z are
“close” to the ones induced by 7* in the sense that the optimal average cost J™ is
very well approximated by G . Then, we investigate mathematical properties of
the Markov chain induced by 7% and we give an upper bound on the stationary
probability of missing deadlines as a function of the model parameters. In particular,
by varying the cost parameter C, this bound can be used to keep such probabilities

below a desired threshold.

In the following, we let v denote the stationary probability of the Markov chain
induced by policy 72. Using the detailed balance equations, we obtain
71-B B )\s

=T > 1
o T I (ws+B) T

and, using >- > V;TB =1,
7) (3.20)

-1
B A8 I
VTr = = —
0 (ZO P B)) B;

where ~(+, ) is the lower incomplete gamma function.

We will refer to the following proposition, which can be proven by summing the
detailed balance equations of the underlying Markov chain as done in the proof of
Lemma 3.7; for this reason, we omit the proof.
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Proposition 3.15
Let X be distributed as v™" . Then, E[X] = L(A = B(1 - 1f")).

Approximation of the Average Cost

By definition, the average cost induced by 775, G™, is an upper bound on the
optimal average cost, G™ . In particular,

G < = Z c(s, 7P) V;rB =Cu Z s V;FB + Z w(r?) V;rB (3.21a)
s>0 s>1 s>1
=CA—B(1 =) +w(B)(1-17"). (3.21b)

where the last equality follows by Lemma 3.15.

Deadline-Miss Probabilities

Let us consider the probability p,, that a job misses its deadline under the stationary
regime of policy 7. This is defined by

B
vy s
= . 3.22
PM ;1—z/gBus+B (3.22)

Our objective here is to control p,; by fine-tuning the model parameter C. In other
words, we want to design C' such that p,; remains below a given threshold. Though
the structure of 1§ % in (3.20) implies that the exact relation between C and p,, is
not trivial, this problem can be clearly solved numerically. Nonetheless, we aim at
developing an upper bound on p,,; allowing for a simple analytical evaluation.

The following proposition provides a first upper bound on pj;.

Proposition 3.16

1 vro B
pv < —— <1 — L > - (3.23)
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Proof. This proposition is proven by the following inequalities

p(s +1) p A
M < = (s+1) )
; p(s+1)+B A(l—VSB),g{ 155 (us' + B)
1 u 1 ( B B > TR
= s+ 1)v — (1-Z0-)) - ——=
1_V0B)\5>1( )s—i—l l—l/gB )\( 0 ) H+Bl—VgB
(3.29)
B 1 B 7 ygB
C1-it N p+ Bl
In (3.24), we have used Lemma 3.15. O

By coupling the underlying Markov chain under 7% with an auxiliary M /M /oo

queue with arrival rate A\ and service rate y + B, we notice that the state of the
A

former is stochastically dominated by the latter. Therefore, v/ P <entB, Using that

the mappmg T — ( ) is increasing over [0, 1) and the previous inequality

+B
on Vo in (3.23), we obtain

pN
1 B\ B
Py <Pii=—— (1 _H ) - (3.25)

| — ¢ B ntB

We notice that pp; = 1 if B = 0 and that p3; — 0 as B — oc.

Now, this bound p;; can also be used to adjust the cost of missed deadlines C' so
that the proportion of jobs that miss their deadline will stay below some acceptable
level a.

Since Equation (3.25) cannot be inverted in close form, a first order Taylor expansion
gives py; ~ HLB when B goes to infinity. Using the value B = /C/3 for the

—\2
classic power dissipation w(a) = a® (see Remark 3.3), we get C' ~ 3> (%) .

Therefore, C = 3u? (1 a) is the cost of missed deadlines that keeps the deadline-
miss probability below a.

Accuracy Assessment

By means of numerical calculations, we now evaluate the accuracy of the bound
in (3.21). For this purpose, we consider the two following set-ups. In the first one,
we focus on one acceptable value for the probability to miss a deadline under policy
7B and we consider that such an acceptable level is py; = 0.1. We let the deadline
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rate p and the arrival rate A vary in [0.1, 1] and [0.1, 50], respectively. Each value of
the couple (), 1) induces a unique value for B through equation (3.22) and for C'
through equation (3.4). Then, for each value of (A, 1), we compute the percentage

relative error

B ot
&= u x 100 (3.26)
G7r
where G™” and G™" are computed numerically by truncating the state space to some
S’ large enough so that increasing S’ does not change the average cost by more than

10~4; in all cases, S’ < 250.

Figure 3.5 despicts the level sets for the values of £. We observe that £ decreases

Figure 3.5: Level sets of the percentage relative error £ with a fixed miss probability
py = 0.1. The darker (lighter) the zone, the higher (lower) the error.

as the arrival rate increases and that it is small under a wide set of parameters.
In particular, in heavy traffic conditions and with “large” deadlines the percentage
relative error can be smaller than 3%. Thus, we conclude that our approximation
is accurate within these conditions. On the other hand, in light load conditions
and with “short” deadlines, £ can be above 20% and in this case the optimal speed
profile is more complex.

In the second set of experiments, we consider a fixed cost C instead of a fixed miss
probability. Specifically, we let C' = 300, which implies that the upper bound on the
speed is B = /C/3 = 10. For each pair (), ;1), we compute the relative error € for
policy 78 compared with the optimal policy, 7*.

3.5 Cost and Deadline-Miss Probability Approximations
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Figure 3.6: Level sets of the percentage relative error £ with a fixed cost per deadline,
C = 300.

The corresponding results are displayed in Figure 3.6. Unlike for the case with fixed
probabilty, the error decreases sharply as the arrival rate A increases. In particular,
the error is very small in heavy traffic (A > B = 10).

Conclusion and Perspectives

In a stochastic environment, it is well known that the problem of determining the
load-dependent speed profile that a DVFS processor should follow to minimize the
mean energy consumption under hard deadlines is difficult. In this chapter, the basic
idea is to follow a Lagrangian approach where hard deadlines are replaced by soft
deadlines, meaning that jobs are allowed to miss their deadline, though each missed
deadline comes with a penalty that can be fine-tuned to keep the proportion of jobs
missing their deadline as small as desired. The resulting advantage of this approach
stands in the ability of formulating the problem above as a Markov decision process
for which we can establish constructive structural results (Theorem 3.2). Beyond
the existence of monotone optimal policies, we have found that the optimal speed is
bounded from above by some constant that does not depend on the deadline and
the arrival rates, which may be quite surprising, and that such constant let us define
an extremely simple policy whose average cost is close to the optimal one.

There are some open questions that we leave as future research. First, we have
assumed that the available processing speeds vary continuously on a compact set.
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On the other hand, it may be convenient to consider the case where only a finite
number of speeds is available. Second, it is interesting to investigate whether our
results are insensitive to the job size and/or deadline distributions. This may be
justified by the fact that the proposed queueing system is somewhat similar, when
the speeds are bounded, to an M /M /oo queue. Furthermore, if service times were to
follow a phase-type distribution, we could use again an MDP formulation to model
the problem but the analysis would require more work as the state space would
be much larger. Finally, we wonder whether the optimal policy could be “learned”
and, in this respect, how the proposed upper bound could speed up the learning
process.

3.6 Conclusion and Perspectives
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Reinforcement Learning in a
Birth-and-Death Process:
Breaking the Dependence of
the State Space

We introduced the example of a DVFS processor in Chapter 3 as a typical birth-and-
death process we could study, with an arbitrarily large number of states. In Chapter
2, we saw how we could compute bounds on the bias of any policy in this case, and
how the diameter would be exponentially large in a basic example. Considering
these particularities, we will discuss in this chapter how we can learn the transitions
and rewards in the DVFS example, were they unknown, using an adapted version
of UcrL2. This adaptation lets us tackle the diameter problem and use the specific
structure of a birth-and-death process to our advantage, despite the a priori longer
exploration time of the MDP.

Introduction

In the context of undiscounted reinforcement learning in Markov decision processes
(MDPs), it has been shown in the seminal work [Jaksch et al., 2010] that the total
regret of any learning algorithm with respect to an optimal policy is lower bounded
by Q(vDSAT), where S is the number of states, A the number of actions, T the
time horizon and D the diameter of the MDP. Roughly speaking, the diameter is
the mean time to move from any state s to any other state s’ within an appropriate
policy. In the literature, several efforts have been dedicated to approach this lower
bound. As a result, learning algorithms have been developed with a total regret
of O(DS\/ﬁ) in [Jaksch et al., 2010], O(D\/m) in [Azar et al., 2017] and
even O(\/m) according to [Tossou et al., 2019; Zhang and Ji, 2019]. These
results may give a sense of optimality since the lower bound is attained up to some
universal constant. However, lower bounds are based on the minimax approach,
which relies on the worst possible MDP with given D, A and S. This means that
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when a reinforcement learning algorithm is used on a given MDP, one can expect a
much better performance.

One way to alleviate the minimax lower bound is to consider structured reinforcement
learning, or equivalently MDPs with some specific structure. The exploitation of such
structure may yield more efficient learning algorithms or tighter regret analyses of
existing learning algorithms. In this context, a first example is to consider factored
MDPs [Boutilier et al., 2000; Guestrin et al., 2003], i.e., MDPs where the state
space can be factored into a number of components; in this case, roughly speaking,
S = K™ where n is the number of “factors” and K is the number of states in each
factor. The regret of learning algorithms in factored MDPs has been analyzed in
[Tian et al., 2020; Rosenberg and Mansour, 2020; Z. Xu and Tewari, 2020; Osband
and Roy, 2014] and it is found that the S term of existing upper bounds can be
replaced by nK. A similar approach is used in [Gast et al., 2021] to learn the
optimal policy in stochastic bandits with a regret that is logarithmic in the number
of states. There is also a line of research works that exploit the parametric nature
of MDPs. Inspired by parametric bandits, a d-linear additive model was introduced
in [Jin, Yang, et al., 2020], where it is shown that an optimistic modification of
Least-Squares Value Iteration, see [Osband, Van Roy, et al., 2016], achieves a regret
over a finite horizon H of O(v/d3H3T) where d is the ambient dimension of the
feature space (the number of unknown parameters). In this case, the regret does
not depend on the number of states and actions and the diameter is replaced by
the horizon. A discussion about the inapplicability of this approach to our case is
postponed to Section 4.3.2.

The regret bounds discussed above and the discussion on the scaling of the diameter
in Lemma 2.3 may suggest that the total regret of existing learning algorithm, when
applied to queueing systems, is large. However, they often work well in practice and
this bring us to consider the following question:

When the underlying MDP has the structure of a queueing system, do the diameter D
or the number of states S actually play a role in the regret?

Our Contribution. In this chapter, we examine the previous question with respect to
the class of control problems presented in Chapter 3. Specifically, an infinite sequence
of jobs joins a service system over time to receive some processing according to
the first-come first-served scheduling rule; the system can buffer at most S’ jobs
and in fact it corresponds to an M/M/1/S’ queue. In addition, each job comes
with a deadline constraint, and if a job is not completed before its deadline, then it
becomes obsolete and is removed from the system. The controller chooses the server

Chapter 4 Reinforcement Learning in a Birth-and-Death Process: Breaking
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processing speed and the objective is to design a speed policy for the server that
minimizes its average energy consumption plus an obsolescence cost per deadline
miss. Although this may look quite specific, this problem captures the typical
characteristics of a controlled queue: i) the transition matrix has the structure of
a birth-and-death process with jump probabilities that are affine functions of the
state and ii) the reward is linear in the state and convex in the action. For any
MDP in this class, defined in full details in Section 4.2, we show that the diameter
is D = Q(S5°72); see Subsection 4.5.2. Thus, without exploiting the particular
structure of this MDP, the existing lower and upper bounds do not justify the reason
why standard learning algorithms work efficiently here.

We provide a slight variation of the learning algorithm UcRL2, introduced in [Jaksch
et al., 2010], and show in our main result that the resulting regret is upper bounded
by O(V/E,AT) where F, is a term that depends on the stationary measure of a
reference policy defined in Section 4.2.1. Importantly, E» does not depend on S.
Thus, efficient reinforcement learning can be achieved independently of the number
of states by exploiting the stationary structure of the MDP. Let us provide some
intuition about our result. First, one may think that any learning algorithm should
visit each state a sufficient number of times, which justifies why the diameter of
an MDP appears in existing regret analyses. However, this point of view does not
take into account the fact that the value of an MDP is the scalar product of the
reward and the stationary measure of the optimal policy. If this stationary measure
is “highly non-uniform”, then some states are rarely visited under the optimal policy
and barely contribute to the value. In this case, we claim that the learner may not
need to visit the rare states that often to get a good estimation of the value, and thus
it may not need to pay for the diameter.

This chapter is based on the published work [Anselmi, Gaujal, and Rebuffi, 2022].

Controlled Birth-and-Death Processes for Energy
Minimization

We place ourselves in the reinforcement learning framework presented in Sec-
tion 2.2.

We will focus on a specific class of MDPs that has been introduced in Chapter 3,
which provides a rather general example of a controlled birth-and-death process with
convex costs on the actions and linear rates. We will denote by M the set of MDPs

4.2 Controlled Birth-and-Death Processes for Energy Minimization
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with the structure described below. The MDPs in M have been proposed to represent
a Dynamic Voltage and Frequency Scaling (DVFS) processor executing jobs with soft
obsolescence deadlines. Here, jobs arrive according to a Poisson process with rate
A € [Amin, Amax] in a buffer of size S” = S — 1. If the buffer is full and a job arrives,
then the job is rejected. Each job has a deadline and a size, i.e., amount of work,
which are exponentially distributed random variables with rates p € [gmin, fmax)
and one, respectively. Job deadlines and sizes are all independent random variables.
If a job misses its deadline, which is a real time constraint activated at the moment
of its arrival, it is removed from the queue without being served and a cost C is
paid. The processor serves jobs under any work-conserving scheduling discipline,
e.g., first-come first-served, with a processing speed that belongs to the finite set
{0,...,amax }- The objective is to design a speed policy that minimizes the sum of
the long term power dissipation and the cost induced by jobs missing their deadlines.
When the processor works at speed a € {0, ..., amax}, it processes a units of work
per second while its power dissipation is w(a).

After uniformization, it is shown in Chapter 3 that this control problem can be
modeled as an MDP in discrete time with a “birth-and-death” transition matrix of
size S. Specifically, we have an MDP M = (S, A, P,r) where S = {0, ..., S’}, with
s € S representing the number of jobs in the system, and A = {0,.. ., amax}, with
a € A representing the processor speed. Then, the transition probabilities under
policy 7 are given by

As ifs<Sands =s+1

P () =

)

1
U
%(W(s)+su) ifs>0and s’ =s—1
P,

: /
5. ifs' =s

0 otherwise,

where U := Apax + 5 fmax + @max 1S @ uniformization constant, Ps ; = %(U —As —
ps —(s)) and A; := X (1 — &) is the decaying arrival rate. We have replaced the
constant arrival rate A by a decaying arrival rate )\; because we want to learn an
optimal policy that does not exploit the buffer size S’; see Chapter 3 for further
details. For conciseness, Figure 4.1 displays the transition diagram of the Markov
chain induced by policy .

Finally, the reward is a combination of C, the constant cost due to a departing
job missing its deadline and w(a), an arbitrary convex function of a, giving the
energy cost for using speed a. The immediate cost ¢(s, a) in state s under action
a is a random variable whose value is w(a)/U + C with probability su/U (missed
deadline) and w(a)/U otherwise. To keep in line with the use of rewards instead of

Chapter 4 Reinforcement Learning in a Birth-and-Death Process: Breaking
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Figure 4.1: Transition diagram of the Markov chain induced by policy 7 of an MDP in M.

costs, we introduce a bound on the cost, 7yax := C + w(amax )/ o that the reward
in state s under action a is a positive and bounded random variable given by

R(s,a) := rmax — c(s,a). 4.1)

As defined in Chapter 2 g*(M) is the optimal average cost and g(M, m) is the average
cost induced by policy 7, where 7 belongs to the set of deterministic and stationary
policies I1. Since the underlying Markov chain induced by any policy is ergodic, we
observe that

o
= ZE[T(S, 7(s))vr, 4.2)

where v™ is the stationary measure under policy 7. In Chapter 3, it has been shown
that the optimal policy is unique and will be denoted by 7*.

Properties of M

In the following, we will use the “reference” (or bounding) policy 7°(s) = 0 for all
s € S, which thus assigns speed 0 to all states. This policy provides a stochastic
bound on all policies in the following sense. Let s] be the state under policy = and
let <; denote the stochastic order [Shaked and Shanthikumar, 1994b]; given two
random variables X and Y on R, we recall that X <, Y if P(X > s) <P(Y > s)
for all s.

Lemma 4.1
Consider an MDP in M. For all t and policy m € II, s] <g St , provided that

0
51 <st 51 .

4.2 Controlled Birth-and-Death Processes for Energy Minimization
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Proof. (sketch) The proof follows by a simple coupling argument between the two
policies. Roughly speaking, each time the Markov chain under = decreases from s to
s — 1 because of the speed 7(s), it stays in state s under policy 7. O

Therefore, P(sT > s) < P(s™ > s) for all s and ¢, which also implies that the
respective stationary measures are comparable, i.e., ZS' v < ZS' v

=5 1=s “1i

Let us now consider ~A™(s), the bias at state s of a policy =, defined by

h™(s) :=E~ Z (r(sf,m(s))—g™(M))|s]=s|, V0<s<S. (4.3)
t=1

Let also Oh™(s) := h™(s) — h™ (s — 1) be the local variation of the bias.

The following result on the variations of the bias holds (see Proposition 2.5):

Lemma 4.2
The local variation of the bias Oh™(s) is bounded: |0h™(s)| < A(s) with A(s) :=
2rmaxe)‘/“(1 +logs) foralll <s<S"

Both »™ and A will play a major role in our analysis of the regret.

Applying UcRrL2 in M

We assume that the bounds Anin, Amax, fmin and pmayx are fixed so that rp.y is
known to the learner. This is a classical assumption, often replaced by assuming that
rewards live in [0, 1].

In the remainder, we will apply UCRL2 over an MDP in M with a change in the
confidence bounds to take into account the support of P. Indeed we impose that the
confidence set M only contains matrices with the same support as P. Moreover,
the confidence bounds of UCRL2 (see Chapter 2) are replaced by:

2log (2At

V(s,a), 175, 0) = (s, @) < m\/ STt (4.4
8log (2At

V(s.a), [(Cls.a) =Pl ls.a)ly < ¢ max{jg](vt (§>a)} 4.5)
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Removing S in the confidence bounds does help to reduce the regret. However,
by using existing analysis, this only removes a factor /S in the regret bound (for
example, see [Azar et al., 2017]).

This adapted version of UCRL2 can be rewritten as follows:

Algorithm 2: The adapted UcRrL2 algorithm.
Sett=1,k=1;

while t < T do

Initialize episode k with ¢ :=t

Compute the confidence region My, as in (4.5);
Find a policy 7;, and an optimistic MDP M;, € M;, with “Extended Value
Iteration” such that

"~ 5max
L) > — . .
g(My, 7y,) > pnax max g(Mp, ) i (4.6)

Exploration: while  Vj (s, 74 (s¢)) < max{l, Ny, (s¢, 7r(s¢))}, do
1. Choose action a; = 7i(s¢);

2. Observe s;41;
3. Update Vj(s¢, ar) := Vi(se, ar) + 1;

4, Sett:=t+1.

Finally, note that Algorithm 2 does not benefit from the parametric nature of the
MDPs in M, which is essentially defined by three parameters (A, x and C') and the
real convex function w(-).

Regret of the Adapted UcrL2 Algorithm on M

Our objective is to develop an upper bound on the regret of the learning Algorithm 2
when applied to MDPs in our class M. The driving idea is to construct a bound that
exploits the structure of the stationary measure of all policies, as they all make some
states hard to reach, and to control the number of visits to these states to get a new
type of bound.

4.3 Regret of the Adapted UcrL2 Algorithm on M
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Main Result

The following theorem gives an upper bound on the regret that does not depend on
the classical parameters such as the size of the state space nor on global quantities
such as the diameter of the MDP nor the span of the bias of some policy. Instead,
the regret bound below mainly depends on the weighted second moment of the
stationary measure of the reference policy 7, which is bounded independently of
the size of the state space.

We consider the policy 7% such that 77%%(s) = ayax for all s and v™  its station-
ary measure.

Let us also recall that ™ is the stationary measure of the Markov chain under policy
79(s) = 0 for all s and that A : S — R™ is a function bounding the local variations
of the optimal bias. Let Ey := F E™ [(A + rmax)? - f] with f : s — %
and F := Y ,.s f(s)"!. Here, E is closely related to the second moment of the

measure v™ weighted by the bias variations and the maximal reward.

Theorem 4.3

2 4
Let M € M. Define Quax := (ﬂ%,?(s,)) log <(Vﬂr},9}{rzs,)> > Then, assuming

T > max{ £y, $2A2} and SA > 4,

E [Reg(M, Algorithm 2,T)] < 19,/ E,AT log (2AT)
+ 97rmax D?SAmax{Qumax, T4} log?(2AT). (4.7)

Here, Fy < 60e2MH 2, (1 - 2—2), so that the regret satisfies

2
E [Reg(M, Algorithm 2,T")] = O (rmaxe’\/“\/AT <1 + )\2> log (AT)) .
o

Before giving a sketch of the proof, let us comment on the bound (4.7). Although
the first term is of order /T with a multiplicative constant independent of S - as
desired - the second term, of order T*/4, contains very large terms. However, its
interest lies in the novel approach used in the proof that uses the stationary behavior
of the algorithm.
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4.3.2 Comparison with Other Bounds

Let us compare our upper bound with the ones existing in the literature, as we claim
that ours is of a different nature.

First, let us compare with the bound given in [Jaksch et al., 2010], which states

that with probability 1 — ¢, Reg(M,T) < 34DS, /AT log (%) for any 7' > 1. For any

M € M, the diameter grows as S° (see Subsection 4.5.2), thus this bound is very
loose here. More recent works have improved this bound by replacing the term D by
the local diameter of the MDP [Bourel et al., 2020]. In Subsection 4.5.2, we show
that the local diameter grows again as S° for any M € M, and thus these results
do not yield significant improvements. Other papers show that the diameter can be
replaced by the span of the bias, see [Fruit, Pirotta, Lazaric, and Ortner, 2018; Zhang
and Ji, 2019]. This has a big impact because the span of the bias, for any M € M,
is linear in S (instead of S° for the diameter); see Subsection 4.5.2. However,
this is still not as good as the bound given in Theorem 4.3, which is asymptotically
independent of S.

Now, let us compare with existing bounds for parametric MDPs, as mentioned in
the introduction. The d-linear additive model, d < S, introduced in [Jin, Yang,
et al., 2020] assumes that P(:|s,a) = (¢(s,a), 0(-)), where ¢(s, a) is a known feature
mapping and 6 is an unknown measure on R?. This form of P(-|s,a) implies that
the transition kernel is of rank d. Unfortunately, this property does not hold true
in birth-and-death processes. In fact, the kernel of any M € M has almost full
rank under all policies. The linear mixture model introduced in [Zhou et al., 2021]
assumes instead that P(s|s,a) = ($(s'|s,a), ), @ € RZ This is more adapted to our
case, which can be (almost) seen as a linear mixture model of dimension d = 3. The
bound on the discounted regret of the algorithm proposed in [Zhou et al., 2021]
is Reg(M,T) < dvT/(1 — ~v)? where ~ is a discount factor. In contrast to our work,
this regret analysis holds for discounted problems, where we remark that both the
diameter and the span are irrelevant. On the other hand, both are replaced by a
term of the form (1 — ~)~2, which implies that the previous bound grows to infinity
as v 1 1. More recently, a regret bound of O(dv/DT) has been proven in [Wu et al.,
2022] in the undiscounted case, that is the case considered in our work. However,
the algorithm presented in that reference highly depends on the diameter and is
unsuitable for MDPs with a birth-and-death structure.

Finally, our bound depends on the second moment of the stationary measure of a
reference policy, i.e., F», which can be bounded independently of the state space
size. This is structurally different from the ones existing in the literature. We believe
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that this structure holds as well in a class of MDPs much larger than M. In particular,
if v is the stationary measure of some bounding/reference policy, and if the critical
quantity E, [A - f] is small for a well chosen function f, then the regret of a learning
algorithm navigating the MDP should also be small. A deeper analysis is left as
future work.

Sketch of the Proof

Our proof for Theorem 4.3 is technical and will be provided in Section 4.4. First, in
this section, we present the main ideas and its general structure. It initially relies on
the regret analysis of UCRL2 developed in [Jaksch et al., 2010], and the differences
are highlighted below. First, we consider the mean rewards and split the regret into
episodes to separately treat the cases where the true MDP is in the confidence set of
optimistic MDPs M, or not. Thus, let Ry := >, , Vi(s,a)(g" — 7(s,a)) denote the
regret in episode k. This split can be written:

E [Reg(Mv T)] < E [Rin] +E [Rout] ;

where Rin = Zk Rk]lMEMk and Rout = Zk Rk]lM¢Mk'

To control Ry, we use, as in [Jaksch et al., 2010], the stopping criterion and the
confidence bounds. This gives E [Rout] < mmaxS, S0 that the regret due to episodes
where the confidence regions fail will be negligible next to the main terms. Then,
when the true MDP belongs to the confidence region, we use the properties of
Extended Value Iteration (EVI) to decompose R;, into

Z Vie(s,a)(Fr, — r(s,a)) —|—ZVk (pk - I) hy,
k

k,s,a

Ryias

+ ZVk (Pk — I) di + 27 max Z Vk(s’a)
k

Rrewards

Vie

k,s,a

Rgvt

where we let V, be also the vector of the state-action counts, P;, and h;, are respec-
tively the transition matrix and the bias in M;, under policy 7, and d}, is the profile
difference between the last step of EVI and the bias (see Subsection 4.4.3).
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We now show how to handle R, ewards, REvi, Rpias- First, we deal with the terms
that do not involve the bias. Using the confidence bound on the rewards (see
Subsection 4.4.3:

/ Vi (s,
Rrewards < Tmax2 210g(2AT) Z Z k(s a) . (4.8)

& s.a \/maX {1, Ny, (s,a)}

Now, let us consider Rgy;. Since dj becomes arbitrarily small after enough iterations
of EVI (see Subsection 4.4.1), for T' > %, we get

Ryt < rmax2/210g(2AT) > > Vi(s,a) . 4.9)

k sa \/max {1, Ny, (s,a)}

The analysis of Ry;, is different from the one in [Jaksch et al., 2010]: While in
[Jaksch et al., 2010] the bias is directly bounded by the diameter, we can use the
variations of the bias to control the regret more precisely. Using P, and hy, i.e.,
the transitions and the bias in the true MDP under 7, Rp;,s is further decomposed
into:

ZVk (Pk — Pk) hk+ZVk (Pk — Pk> (]NZk — hk> —l—ZVk (P — I)ilk
k k k
Rirans Raier Rep

The term Rep can be treated in a similar manner as in [Jaksch et al., 2010] by
bounding the bias terms with the diameter to apply an Azuma-Hoeffding inequality
(see Subsection 4.4.3). Here, we obtain

E [Rep] < SAD rmax logy (2];1) )

Next, we show in Subsection 4.4.3 that R4 does not contribute to the main term
of the regret. This is one of the hard point in our proof. First, linear algebra
techniques are used to bound ||, — hi||oo BY D(2rmaxD||Ps — Pilloo + ||7k — 7] 00)-
Each norm is then bounded using Hoeffding inequality. This introduces the special
quantity Ny, (g, 7 (xr)) that yields to the worst confidence bound in episode k.
Then, an adaptation of McDiarmid’s inequality to Markov chains is used to show
that Ny, (zg, me(z)) > (tra1 — te)v™ - (S')/2 with high probability, where v (")
is the stationary measure of state S’ under the uniform policy 7%*(s) = amax. This
eventually implies that

E [Raif] < 96T maxD*SA max{Qmax, T"*} log?(2AT),

4.3 Regret of the Adapted UcrL2 Algorithm on M
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whete Qu = (5=4557) 1og  (=4855)")-

Then, to deal with the main term Ryans, We exploit the optimal bias. The unit vector
being in the kernel of P, — P}, we can rewrite:

Rirans = ZZZVk (5, 7k(s)) - (ﬁk (S/|3>7~7k(3)) —-Dp (3/|3>7~7k(3))) ) (h*(sl) - h*(s))
k s s

and, thus, using the confidence bound and the bounded variations of the bias,

Rirans < 44/21og (2AT) ZZ A(s+ 1)Vi(s,a)

& sa \/max{l Ny, (s, a)}

We can now aggregate Rirans, Rrewards and Rgyi to compute the main term of the
regret (see Subsection 4.4.3). Here, the key ingredient is to bound

(A(S + 1) + Tmax)Vk(Sv (L)
k,zs;a \/max{l,Ntk (s,a)}

independently of S. This is the second main difference with [Jaksch et al., 2010].
Instead of exploring the MDP uniformly, we know that the algorithm will mostly
visit the first states of the MDP, regardless of the chosen policy. As shown in [Jaksch
et al., 2010], for a fixed state s:

Sy Vi(s,a) ] < 3,/E[Nr(s)] A.

E
«F fmax{1, Ny (s, a)}

Now, instead of summing over the states, we can use properties of stochastic ordering
to compare the mean number of visits of a state with the probability measure v™" ;
here, we strongly rely on the birth-and-death structure of the MDPs in M. For any
non-negative non-decreasing function f : S — R™, we obtain

s>0 s>0

E {Z f(s)Nt(s)] <ty f(s)™ (s). (4.10)

Let us choose f: s+ m andlet F := Y, f(s)~! < 60e2#y2 . Define

also E, := FE™ [(A + rmax)? - f]. Then,

ZZ +Tmax)vk S, a ] <3 /EQAT

k sa \/max{l Ny, (s,a)}
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In Subsection 4.4.3, we further show that Ey < 60e2M#72 (1 + 2—2) Therefore,

for the three main terms, we obtain

E [Risans + Rrewaras + Revi] < 191/ B2 AT log (2AT) (4.11)

and we conclude our proof by combining all of these terms.

Proof of Theorem 4.3

From now on, the following sections are organized as follows: We first provide some

insights on extended value iterations useful in our construction of the regret.Then,

the detailed proof of theorem 4.3 is given with bounds on the five terms in our
decomposition of the regret. A final section provides technical lemmas about MDPs
in M.

Extended Value lteration

For each episode k, we use the extended value iteration algorithm described in

[Jaksch et al., 2010] to compute 7;, and M € My, an optimistic policy and MDP.

The values we iteratively get are defined in the following way:

ugk)(s)—()
) = e + %%ia{zp )

where 7 is the maximal reward from (4.4) and P(s, a) is the set of probabilities from
(4.5).

Now, from [Jaksch et al., 2010, Theorem 7], we obtain the following lemma on the
iterations of extended value iteration.

Lemma 4.4
For episode k, denote by i the last step of extended value iteration, stopped when:

max{ulf) (s) — u" (5)} — min{u}) (s) — ui” (5)} < jﬁ (4.13)

4.4 Proof of Theorem 4.3
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The optimistic MDP M, and the optimistic policy 7, that we choose are so that
e rmes . .
the gain is Sy close to the optimal gain:

~ T
Jr := min g( My, 7 > a M’ === 4.14
gr := min g( k,Wk,S)_M,G%;fm,g( ,m, ") T (4.14)

Moreover from [Martin L. Puterman, 1994, Theorem 8.5.6]:

ul) (s) —uP(s) — | < % (4.15)

and when the optimal policy yields an irreducible and aperiodic Markov chain, we
have that §,, = g(Mj, 7y, s) for any s, so that we can define the bias:

iLk(Sl) = Es1 [i(f(st, at) — gk)‘| . (416)
t=1

By choosing iteration i large enough, from [Martin L. Puterman, 1994, Equa-
tion 8.2.5], we can also ensure that:

(k) (i _1\r T Tmax
so that we can define the following difference
di(s) = uz(k)(s) — min ugk)(s) — (ﬁk(s) — min fzk(s))‘ < 73;? (4.18)
S S k

Regret when M is out of the Confidence Bound

Let us compute E[Reg], the expected regret. We will mainly follow the approach in
[Jaksch et al., 2010, Section 4], with a few tweaks. We start by splitting the regret
into a sum over episodes and states.

We remind that r(s,a) is the overall mean reward and Nr(s,a) the total count of
visits. We also define Ry(s) := >, Vk(s,a)(¢* — r(s,a)) the regret at episode k
induced by state s, with Vj(s, a) the number of visit of (s, a) during episode k& and
K the number of episodes at time 7.

Let Rip := >, ZkK:T1 Ri(s)Lprem, and Roye := Y ZkK:Tl Ry(8)1arg pm, - We therefore
have the split:

Chapter 4 Reinforcement Learning in a Birth-and-Death Process: Breaking
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Now, let Vi.(s) = >, Vi(s,a) and denote by M(t) the set of MDPs M, such that
tr <t < txy1. For the terms out of the confidence sets, we have:

Kr
Rout < Tmax Z Z Vk’(s)ﬂMgéMk
s k=1

< Tmax Z Z Ny, (8)1arg pm, using the stopping criterion

s k=1
Tmaxzz Z ﬂtk tNt ]1M¢M < TmaXZZNt ]lMgé./\/l
t=1 s k=1 t=1 s
T T
= T'max Z ]lMéM(t) ZNt(S) < Tmax Zt]lMéM(t)
t=1 s t=1

Taking the expectations:

T
E [Roud < rmax Y _tP{M ¢ M(t)}
=1
T T
tS S
< Frax ; 93 < Tmax Z 57 by Lemma 4.7

< TmaxS. (4.20)

Thus, we have dealt with the cases where the MDP M did not belong to any
confidence set, for some episodes. We now need to deal with the rest.

4.4.3 Regret Terms when M is in the Confidence Bound

We now assume that M € M, and deal with the terms in the confidence bound, so
that we can omit the repetitions of the indicator functions. For each episode £, let

Riny =>4 Ry.

We defined 7, the optimistic policy computed at episode k, now define P, :=
(pr(s'|s, 7 (s))) the transition matrix of that policy on the optimistic MDP M. We
also let Vj be the row vector of visit counts during episode k. Following the same
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steps as in [Jaksch et al., 2010], we get the inequality on the regret of episode k,
assuming M € My, using Lemma 4.4:

Rin,k = ZVk(s,a)(g* - T(S7a))

<ZVk s,a)(gr — (s, a))+rmaxszc; \/»a)
- ;Vk(s, a)(gx — Ti(s,a)) + ; Vie(s,a) (7 — r(5,a)) 4 Tmax Sza: Vk\(/%a).

Then with (4.15) and using the definition of the iterated values from EVI, we have
for a given state s and as := 7(s):

(k= 7i(s, as)) (Zpk (s']s, as)ul (') —u&’“(s))

so that:

2 - Vi(s,a
Ring < Vi (Pk o I) Ui + ka(sva)(Tk —r(s,a)) + 2Tmaxz k\(/tz )

Remember that for any state s: |di(s)| < r\‘}‘ﬁ‘, where £, is the bias of the average
optimal policy for the optimistic MDP, and:

di(s) := (u(s) = minuf® (@) = (Rr(s) — min hy(w))

Notice that the unit vector is in the kernel of (Pk -1 ) Therefore, in the first term,
we can replace u; by any translation of it. We get:

Vi (pk—f) u; = Vi, (Pk—f) iLk—l-Vk (pk—f> dj.

so that:

Rin < ZZVk(s,a)(fk —r(s,a)) +ZVk (Pk - I) hy,

k sa k
Ryewards Ryias
~ Vi(s,a)
+3 v (Pk - I) dic+ 2rmax Y Y
& k osa V'
Revp
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Then, using reward boounds (4.4), as M € My, and noticing that N;, < t;:

/ Vi(s,a
Rrewards < Tmax24/2 1Og(2AT) Z Z k( ) . (4.21)

k sa \/max {1, Ny, (s,a)}

For the term V} (Pk -1 ) dx, which does not appear in the analysis of [Jaksch et al.,
2010], we obtain

Vie (P = 1) di < 32 Vi (5, 7uls)) 19k Cls () = Lolly - suplda(s)]

Vk (Sa ﬁ-k(s)) Vk? (S’ CL)
S 2Tmax ZS: T S 27’ma,x ; \/ﬁ

< 2rmax Z Vk(87 a) )
s,a \/max {1, Ny, (s,a)}

where in the last inequality we used that max{1, Ny, (s,a)} < t; < T. Thus, for
T> % the regret term coming from the consequences and approximations of EVI

Rivt < rmax2y/210g(2AT) 33" Vis,0) . (4.22)

k sa \/max {1, Ny, (s,a)}

Now, by defining P} and hy, the transition matrix and the bias of the optimistic policy

satisfies

7, in the true MDP M, we have the following decomposition of the middle term:

> Vi (Pk_Pk) he+ Y Vi (lf’k—Pk> (ilk—hk)JrZVk (Pe—1I)hy.
k k k

Rirans Raig Rep

Overall:

Rin <3 Vi (P = Pe) b+ > Vie (P = Po) (B — hi) + 32 Vie (P = 1) B
k k k
Rirans Raige Rep

+ Pnaxd[210g(24T) 30 Vi(s,2) . (4.23)

k sa \/max {1, Ny, (s,a)}

Rgvi+ Rrewards

Bound on Rirans
Let us deal with the first term Ryans. To bound this term, we will use our knowledge

of the bias in the true MDP &, and on the control of the difference of the transition
matrices, and for the second term we will control the difference of the biases.

4.4 Proof of Theorem 4.3
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Notice that for a fixed state 0 < s < §’:

Z (s']s, (s Zp "5, 7k(5)) (hi(s") — hi(s)) + hi(s).

8/

The same is true for j;, and knowing the MDP is a birth-and-death process:

Ruans = 32323 Vi (s, 7s) - (e (o'l () = (s, 7(s) - ()
= ZZ Z Vi (5, 71(5)) - Bk (5'ls, 71 (5)) = p (], 7)) - (a(s') = ()
< ZZ Vi (5, 7k(5)) - 1Bk (13, 71(5)) = p (|3, 7 (s)) |, max{A(s), Als + 1)}

1)
< 4/210g (247) T 3" AL T DVi(s:0)

L sa \/max{l Ny, (s, a)}

where in the last inequality, we used the knowledge on the bounded variations of
the bias from Lemma 4.2, and that the optimistic MDP has transitions close to the
true transitions.

Bound on Raisr

We now deal with the term involving the difference of bias, Ry For each episode &
with policy 7, denote by z; the state such that the confidence bounds are at their

worst and denote by ay, := 7 (z)) the corresponding action used at this state, so

log(2A¢)
max{1,N¢, (z,ar

that NV, (xy, a) is minimal. We therefore have that I is maximal
for episode k. The true MDP being within the confidence bounds, with a triangle

inequality:

2log (2Aty)
max{l, Ntk (.%'k, ak)} ’

1Py — Plloo < 4\/

2log (2Aty)
max{1, Ny, (zx, ax)}

Then using Lemma 4.13, and noticing that the bias h;, and the quantity || Y7, Py

||’Fk - Tk”oo < 2rmax\/

is bounded by the same diameter D, using the same argument as in [Jaksch et al.,
2010] (Equation (11)):

2log (2Aty)
max{l, Ntk (xka ak)} .

||Bk - hk”oo < 12Thit7"maxD\/ (4.24)
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Hence,
Raigr <)% Vi (5,7k(3)) - (B (5|3, Tu(5)) — 2 ('], 7k (s))) - (hae(s') = ha(s"))

<D Vi (s, 7(5)) - 5w (s, 7)) = p Cls, 7))y Ik — Pkl

< 48D 1oy log (2AT) X,

where in the last inequality we have used (4.24) and that by definition of D, for S
large enough

. 0
Thit == inf supEs7)F <Eg 7§ <D,
s'eS s€S

and we called

tpr1—1

Y. ZZ Z ]l{st,at:s,a}

sa ko t=ty \/max{l,Ntk(s,a)}\/maX{I,Ntk(xk,ak)}

By the choice of z, Ny, (zk,ar) < Ny, (s, a) for any state-action pair (s, a), so that
we can rewrite, with I := 1 — t; the length of episode k:

top1—1

1 _ I

{st,at=s,a} k
<E E E < E .
xs max{1l, Ny, (x,ar)} ~ max{1, Ny, (g, ax)}

s,a k t=ty k

Now define Quay == (%)2 log ((%)4) and I(T) := max {Qmax, T1/4}.

We split the sum depending on whether the episodes are shorter than /(7') or not,
and call K<; the number of such episodes. This yields:

I,
maX{lv Ntk (xka ak‘)} .

S<EK I(T)+ )
k, Iy >1(T)

Using the stopping criterion for episodes:

1,
max{1, Vi(zg, ar)}

Y < K< I(T) +
kI, >I1(T)

Now denote by £ the event:

1 2
= t7 (T < .
€ {Vk s.t Iy > I(T), max{ 1, v(xg,ar)} ~ V”maX(S’)Ik}
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By splitting the sum, using the above event, we get:

2
S<KI(T)+1e WTX(S’)+]15 > L
kI, >I1(T) k1, >1(T)

SKSII(T)—}—]lg (KT_KSI) —|—]lgT.

2
Vﬂ.max (S,)

We use Corollary 4.16 to get P(£) < 4T, so that when taking the expectation:

2 1
EX|<E|K<I(T)+E|(Kr— K — + -
X] <E[K</] I(T) + E[(KT — K<1)] V,rmaX(S,)+4
Now using Lemma 2.10, SA > 4, I(T)Zmand that log2+i§2:

E[5] < E K] I(T) + % < 25 A log(2AT)I(T).
We therefore have that:

E [Ryitf] < 96rmaxSAD*I(T)log? (2AT).

Bound on the Main Terms: Exploiting the Stochastic Ordering

In Section 4.3.3 we have shown that:

Vil
Rusans < 41/21og (2AT) Z A + DVi(s;a)

\/max{l Ny, (s, a)}

(4.25)

(4.26)

To control this term as well as Rgyy (4.22) and Ryewards (4-21), we need to control

the terms in the sum in a way that does not make the parameters D or S appear,

as this will be one of the main contributing terms. To do so, we need to sum over

the episodes and take the expectation, so that with Lemma 2.11 from Chapter 2, we

get:

E[YY Vi(s, a) - ]g?,E [ZMNT(S,G)]

sa k \/max{l,Ntk(s, )}

< 3> y/E[Nr(s)] A by Jensen’s inequality.
S

We will use the following lemma to carry on the computations:
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Lemma 4.5

Let v™ be the stationary measure of the Markov chain under policy °, such that
for every state s: 7°(s) = 0. Let f : S — RT be a non-negative non-decreasing
function on the state space. Then for any state s € S,

E [Z f(s’)Nt(s’)] <ty f(HWT(S). (4.27)
s'>s s'>s

Proof. Let s € S. For any state ', define IV, (s") the number of visits when the
starting state follows the initial distribution »™ , and the MDP always executes the
policy ¥ at every time step instead of the policy determined by Algorithm 2. Notice

already that for any state s':

0

0 0
E [N: i (s')] — 0 ()
On the other hand, for = € S, we have the stochastic ordering:

0
D Nus) <se D NY ’ﬂo(Sl)v

s'>x s'>x

so that for any non-negative non-decreasing function f, with the convention f(—1) =
0:
V"O 70
(f(@) = flz = 1)) Xuse Ne(s) <st (f(2) = fla = 1)) Xase Ny 7 (&)
Fls = 1) Suss Nuls') < f(s = 1) T N7 7 (),
(4.28)

and then summing the equation above for s < x < S” and switching the sums yields:

Sl

SNl Y1) — o= D] <o XN ) YU @) — Sl = ),

s'>s T=s s'>s

which simplifies to:

SN = fs —1)] <o SNV " D) — Fls— 1)),

s'>s s'>s

Now summing with the second equation in (4.28), we get the following equation:

S NUF() <o N (D £,

s'>s s§'>s

4.4 Proof of Theorem 4.3
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Taking the expectation in this last inequality finishes the proof. O

Now, we can conclude our bound on Rians. Since

Vi(s,a)
(s+1) 4 rmax) < 3VA (s4+1)4+rmax)\/E [N7(s)],
SZ;%: \/max{l Ny, (s, a)}] SZ% ) Nr(e)

(4.29)
let f be a non-negative non-decreasing function over the state space, such that
F =350 f(s)"! exists. Then by concavity:

S (A +1) + rma ) E[Np(s)] = FS) FJ}(S)\/f(Sp(A(S 1) + roe)2E [N7(5)]
s>0

s>0

by concavity

FS)2(A s+ 1) + 2B [Nr ()]
=t \l 2 Ff(s) :

= [FY f()(A(s + 1) + rmax)2E [Nr(s)]

s>0

< \/TF > F()(A(s + 1) 4 rmax) 20" (s) using Lemma 4.5,
s>0

so that overall, (4.29) becomes:

Al D) T rmndVil0) | 3 /ZTF 3™ 1(5)(A(5 1 1) + ) 207 (5).
sza:zk: \/max{l N, (s,a)} ] B ;
(4.30)

This is the term mainly contributing to the regret.

Bound on the Main Terms: Introducing F,

Now, using Lemma 4.8 which gives the stationary distribution of +°, we can compute
the expectation under ™ of a well-chosen function f:

Lemma 4.6

Choose the increasing function f : s % Then F < 60e2MHr2

and 250(A(s+ 1) + i) 21 ()77 (3) = B [(A + 1) /] < (14 ), 50
that:

W

)\2
EQ = FETFO [(A + Tmax)2 : fj| < 6062)\/’u Tr2nax (1 + 2) 5
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Proof. For F', we obtain:

S/
1+1log(s+1) 1+10gs+1)
A 2 2\ /p .2
F S (28 /#TmaX) 3 (;} max{l, SS(S o 1)} < 126 /“ max 3 + Z S _ 1

Using the following computations:

S () @) S () )

- 2 A )Y
and using that 1 + 7 < (1 + Tu) , we get:

AN o ) A2 A
<1+S/) E [(A+Tmax) f:|§<1+'u2> (1+S//.L) )

so that finally

which concludes the proof. O

Finally (4.30) becomes:

ZZ S+ 1 +7“rnax)Vk( ] < 3@7 (4.31)
i \/max{l Ny, (s,a)}

and thus:

E [Rusans + Rrewards + Revi] < 121/2B, AT log (2AT). (4.32)

In particular:

)\2
E [Rtrans + Rrewards + REVI] < 1326>\/u7“max\/(1 + ,U,Q) AT log (2AT). (4.33)

4.4 Proof of Theorem 4.3
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Bound on R.p

It remains to deal with the following regret term:

k
We will follow the core of the proof from [Jaksch et al., 2010]. Define X; :=
(p(-|st, ar) — es,) Ek(t)]lMeMk(t>, where k(¢) is the episode containing step ¢ and e;
the vector with ¢-th coordinate 1 and 0 for the other coordinates.

tk+1—1

Vi, (Pk—I) ilk = Z Xt+}~lk(5tk+1) _ﬁk(stk)

t=tg

By summing over the episodes we get:
T
Rep < ZXt + KTDrmax-

t=1

Notice that E [X}|s1,aq,..., s, a)] = 0, so that when taking the expectations, only
the term in the number of episodes remains.

On the other side, using Lemma 2.10, we get when taking the expectation:

8T

B [Re < SAlog, (o

> - Drpax.
Assuming SA > 4, and using log(2) > 3:
E [Rep] < 2rmaxSADlog(2AT). (4.34)

We can now gather the expected regret terms when the true MDP is within the
confidence bounds. Using (4.25), (4.32) and (4.34):

E[Rin] < 967max SAD?I(T) log? (2AT)+12y/2E AT log (2AT)+2rmax SAD log (2AT),

which gives with (4.19) and (4.20), assuming that 7' > S?:

E [Reg] < 97rmaxSAD?I(T) log? (2AT) + 12,/2E, AT log (2AT).
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4.5

4.5.1

which finally gives:

E [Reg] < 97rmaxSAD?I(T) log? (2AT) + 19/ By AT log (2AT).

Technical Lemmas

Probability of the Confidence Bounds

This first lemma is from [Jaksch et al., 2010, Lemma 17] and adapted to our
confidence bounds.

Lemma 4.7
For t > 1, the probability that the MDP M is not within the set of plausible MDPs

M, is bounded by:
S

P{M ¢ M(®)} < o5.

Proof. Fix a state action pair (s, a), and n the number of visits of this pair before
time ¢. Recall that p and 7 are the empirical transition probabilities and rewards from
the n observations. Knowing that from each pair, there are at most 3 transitions, a
Weissman’s inequality gives for any ¢, > 0:

2

PA{lIp(-[s,a) = p(-|s;a)|l1 > ep} < Gexp (Jl;p) '

So that for the choice of ¢, = \/% log (16At4) < \/% log (2At), we get:

P{”ﬁ("s’@ = (s, a)ll 2 \/W} = sjm-

We can do similar computations for the confidence on rewards, with a Hoeffding

inequality:

2 2
P {|#(s,a) — r(s,a)| > &} < 2exp ( 2 )
T
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4.5.2

78

and choosing &, = Tmax1/ ﬁ log (16 At*) < Tmax %log (2At), so that:
P < |7(s,a) —r(s,a)| > r \/glo (24t) » < 1
’ P W1 = Tmaxi|\[ 7 108 — 8AtY

Now with a union bound for all values of n € {0,1,--- ,¢ — 1}, we get:

) 8log (2At) 3
]p{”p(.|s7a) —p(-|s,a)|1 > \/max{l,]\ft(s,a)}} =

~ 8A#3’
and y
2log (2At 1
P {|f(s,a) —7r(s,a)| > Tmax\/max{l%](vt(sj)a>}} < SAs”
and finally, when summing over all state-action pairs, P{M ¢ M(t)} < % O

Diameter and Span of MDPs in M

For completeness, and to support the discussion in Section 4.3.2, the section details
the behavior of the diameter and the span of MDPs in M, as functions of S.

Under policy ¥, it is possible to get en explicit expression for the stationary distribu-
tion of the states.

Lemma 4.8
Under the stationary policy 7°, the stationary measure v (s) of the MDP is given

by: .
g - () ()
vt(s) = ———gr
(1+5%)

This lemma is also presented in the proof of Lemma 3.6.

First, it should be clear that under any policy =, the diameter of the MDP under
7 is extremely large because the probability to move from state s to state s + 1 is
smaller and smaller as s grows. Actually, this is also true for the local diameter, more
precisely the expected time to go from s to s + 1 grows extremely fast with s.

This discussion is formalized in the following result, which is a reminder of Lemma 2.3.
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Lemma 4.9
For any M € M and any policy «, the diameter D™ as well as the local diameter
D™(s —1,s) grow as s

Proof. Under policy 7, the following sequence of inequalities follows from the
stochastic comparison with 7° and monotonicity under 7°.

D™ > 77(0,8") > 77 (0,8") > 7" (8 — 1,8,

where 77 (x, y) is the expected time to go from z to y under policy =. Starting from
S’, we can write the hitting time equations:

7S, 8" =1+ PL g7 (8" —1,5"),

and we notice that the left-hand side term actually is the inverse of the stationary
measure at §', so that ™ ($')~! = 77 (&', §'). We therefore obtain:

0 nN—1 _
propl T =L (S "' —1.
s

Now using Lemma 4.8, we have that, for s € S:

S/
and assuming ﬁ < e — 1, by concavity of the log function (1 + ﬁ) > exp (ﬁ),
so that:

N
D™ > <S>\,u> efﬁ — 1.

As for the maximal local diameter, max, D™ (s —1,s) > max, 7™ (s—1,8) > 7™ (5’ —
1,5") and the same argument as before applies.

O]

Let us now consider the bias of the optimal policy in M. From Chapter 3, the bias
h*(s) is decreasing and concave in s, with increments bounded by C. Therefore, its
span, defined as span (h*) := max, h*(s) — ming h*(s), satisfies

(h*(0) — h*(1))S < span (h*) < (A*(S — 2) — h*(S — 1))S < C(S — 1).
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This implies that the span of the bias behaves as a linear function of S for all M.

4.6 Generic Lemmas on Ergodic MDPs

4.6.1 Sensitivity of the Bias to the MDP Variations

The three first lemmas of this subsection are used in the proof of Lemma 4.13. This

lemma is needed to obtain equation (4.24).

Lemma 4.10

For an MDP with rewards r € [0, rmax| and transition matrix P, denote by
Js(m,T) :=E [Zthl r(st, w(st))] the expected cumulative rewards until time T
starting from state s, under policy w. Let D™ be the diameter under policy w. The
following inequality holds: span (J(7,T)) < rmaxD™.

Proof. Let s,s’ € S. Call 7,_, the random time needed to reach state s’ from state s

under policy 7. Then:

Js(m,T)=E

=E

r TATg_, o T
Zr(st)] =E Z r(s¢) + Z r(st)
Lt=1 t=1 t=TAr, , +1

TAT gt

> r(se)

t=1

T
+E >

t=TNAT,_, o+1

T’(St)]

< TmaxE [TS—>S’] + Js’(ﬂ-v T)
< Pmax D™ + Js’(ﬂ-a T)

Lemma 4.11

80

Consider two ergodic MDPs M and M'. Let r,r’ € [0, rmax] and P, P’ respectively
be the rewards and transition matrices of MDPs M and M’ under policies ,
where both MDPs have the same state and action spaces. Denote by g, g’ the
average reward obtained under policy 7 in the MDP M and M’'. Then the
difference of the gains is upper bounded.

lg _9,’ <|r _7“/”00 +TmaXD7r"P_P/‘|oo-
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Proof. Define for any state s the following correction term b(s) := rmax D™ ||p(+|s) —
p'(+|s)||. Let us show by induction that for 7" > 0,

T-1 T—-1
Y Plr< > P'r+b).
t=0 t=0

This is true for 7" = 0. Assume that the inequality is true for some 7" > 0, then

T T T-1 T-1
> Plr—> P'r+b)=-b+PY Pr—P > P'r+b)
t=0 t=0 t=0 t=0
T-1 T-1 T
= b+ P <Z Plr =" P'r+ b)) +(P-P)> P'r
t=0 t=0 t=0
T
< —b+ (P — P') ) P'r by induction hypothesis.
t=0
Notice that, for any state s:
T
((P -P)y Pt?") (s) < llpC:[s) = p'C:|s)]l - span (J(T))
t=0

< Pmax D™ ||p(+|s) — ' (:]s)|| by Lemma 4.10
= b(s).

In the same manner we show that:
T T
ZPtr > ZP’t(r —b).
t=0 t=0
Hence, as P’ has non-negative coefficients, denoting by e the unit vector:

T T

T
S P =Y P'r| <|bllo D P" e =blloo(T +1).
t=0 t=0 00 t=0 o
We can also show that:
T T T
S PSP = ISP — )| <l - oo(T 4 D).
t=0 t=0 s t=0 oo

4.6 Generic Lemmas on Ergodic MDPs
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And therefore with a multiplication by T%rl and by taking the Cesaro limit in
HZtT:o Plr — 3o P/

, and with a triangle inequality:
oo

9= g'I < lIr = "lloc + [1bllos,
where [|0]|0o = Tmax D7 ||P — P’||0o- O
Lemma 4.12

Let P be the stochastic matrix of an ergodic Markov chain with state space
{1,...,S}. The matrix A := I — P has a block decomposition

A
c d
then Ag, of size S’ x S' is invertible and || Ag" || oo = sup;cs E; [75], where E; [rg]
is the expected time to reach state S from state 1.

Remark that this lemma is true for any state instead of S.

Proof. (E; [rs]), is the unique vector solution to the system:

v(S) =0
Vi# S, v(i) =1+ es P(i,7)v(j)

We can rewrite this system of equations as: Av = e — eg, where A is the matrix

A (AS b),
0 1

e the unit vector and eg the vector with value 1 for the last state and 0 otherwise.
Then A and Ag are invertible and we write:

i At AN ‘
0 1

Thus, by computing A~!(e — es), fori # S, (E; [rs]), = Ag'e. Notice that Ag is an
M-matrix, that is a matrix whose off-diagonal components are non-positive and that
can be written Ag = xI — B, where B is a matrix with positive components, and « is
larger than the eigenvalues of B . Its inverse therefore has non-negative components,
and using the definition of the inifinite matrix norm: ||Ag'||cc = sup;egEi7s. [
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In the following lemma, we use the same notations as in Lemma 4.11 with a common
state space {1,...S5}.

Lemma 4.13

Let the biases h, I/ be the biases of the two MDPs verify their respective Bellman
equations with the renormalization choice h(S) = h/(S) = 0. Let sup,cs Es [77]
be the worst expected hitting time to reach the state s’ with policy =, and call
Thit = infgessup,cs Es [7]. We have the following control of the difference:

1A = 1o < 2Thit (D' Tamaxl [P = Plloo + [Ir = 'l o0)

Remark 4.14

The renormalization choice made in Lemma 4.13 does not matter when we use it to
compute the bound on Rgjg as defined in (4.23). We can indeed write the bias term in
Ruigr as hi, — hi, + cpe, where ¢, is a real constant and e the unit vector, and then notice
that (Pk — Pk> e = 0, so that the renormalization choice does not appear anymore in
the final computations.

Proof. The computations in this proof follow the same idea as in the proof of [Ipsen
and Meyer, 1994, Theorem 4.2]. The biases verify the following Bellman equations
r — ge = (I — P)h, and also the arbitrary renormalization equations, thanks to the
previous remark: h(.S) = 0. Using the same notations as in the proof of Lemma 5.11,
we can write the system of equations Ah = 7 — §, with 7 and § respectively equal to
r and g everywhere but on the last state, where their value is replaced by 0.

We therefore have that h = A~'(7# — §), and with identical computations, h’' =
A 71(7:/ — ¢'). By denoting dX := X — X’ for any vector or matrix X, we get:

dh = —A~Y(di — dg + dAR).

The previously defined block decompositions are:

. ATt —ASh _ Ag— Ay b—1
AL =78 s and dA= (""" S )
0 1 0 0

For s < S, dh(s) = —el Ag'(dAgh’ + di — dg) and dh(S) = 0. Now by taking the
norm and using Lemma 4.10:

ldhllos < 14T loo (rmax D' | dAs]|o + [|d7 | + dg]).

4.6 Generic Lemmas on Ergodic MDPs
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Notice that ||dAs|cc < ||dP||so, ||d7|| < ||/dr|| and ||dg|| = |dg|. Using Lemma 4.11
and Lemma 5.11, and taking the infimum for the choice of the state of renormaliza-
tion implies the claimed inequality for the biases. O

4.6.2 A McDiarmid’s Inequality

Lemma 4.15

Recall that v™"" is the stationary measure of the Markov chain under policy
™A% such that for every state s: m™**(s) = amax-

Let k be an episode, and assume that the length of this episode I}, is at least
I(T) =1+ max {Qmax’ T1/4}, With Qmax := (#’59))2 log ((%)4)
Then, with probability at least 1 — J=:

Viar, ag) = v (8" — 5DV log I

We will now prove Lemma 4.15:

Proof. Let k be an episode such that I}, > I(T"). We will first condition its length to
be I, = I, so that ¢, 1 = t; + I. Denote by r the vector of reward equal to 1 if the
current state is x; and 0 otherwise. Denote by ¢., the gain associated to the policy
7, for the transitions p and rewards 7, and similarly define ;Lm the bias, translated
so that ika(S/ ) = 0. Notice in that case, that if we denote by v™ the stationary
distribution under policy 7, that v™ (5") < v™ (") < v™*(s) for any state s, for
large enough S’ > % Then:

th+I—1
Vie(zk, ax) = Z 7(Sy)
u=ty
o
= Z G =+ By (50) — <p (+|8us ke (su)) , foz,rk> using a Bellman’s equation
u=ty,
ti+I-1 ] . . )
= > b+ e (0) = hr (sur1) + b (su1) = (p Clsws e(50)) )

u=ty
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By Azuma-Hoeffding inequality 2.12, following the same proof as in section 4.3.2
of [Jaksch et al., 2010], notice that X,, = }OLﬂ-k(SuJ,_l) - <p (-|Su, Tk (Su)) ,;Lﬂk> form a
martingale difference sequence with | X, | < D:

tp+I1—1
> X, >Dy10Ilogl

’LLtk

Using that ’ﬁﬂk(stk) — ;Lﬂk(Sthr[)’ < D, with probability at least 1 — I%

tk+1 1
k(T ak) Z G, —5D+/IlogI.
u=ty,
On the other hand:
te+I—1
> Gme = Vilsk, ar)v™ (1),
u=ty,

so that, using that v™ (z;) > v™" (S’), with probability at least 1 — 45:

Vie(zp,a) > v™ (8" —5D+/Tlog1.

We now use a union bound over the possible values of the episode lengths Iy,
between I(T") + 1 and T

T T
max 1 1
{Vk(:vk,ak) SN, — 5D/ Iy, logIk} Z =< Z =
I=I(T)+1 I=T1/4+1
1
< DGR
— 4T

so that we now have that with probability at least 1 — ;=:

Vi(zg,ax) > v (8') 1 — 5D\/Tj; log I

We can show a corollary of Lemma 4.15 that we will use for the regret computa-
tions:
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4.7

86

Corollary 4.16
For an episode k such that its length I}, is greater than I(T'),with probability at
least 1 —

Vi(zk, ax) > 5

I.

Proof. With Lemma 4.15, it is enough to show that 5D+/I; log I}, < %(S’)Ik, ie.
that ,/bg“lk > Vﬁn%gfz gy =t B. By monotonicity, as I, > Qmax = B?log B* we can
show instead that B%log B* > B?log (B?log B*). This last inequality is true, using

that logz > log(2log z) for > 1. This proves the corollary. O

Conclusions

For learning in a class of birth-and-death processes, we have shown that exploiting
the stationary measure in the analysis of classical learning algorithms yields a K+/T
regret, where K only depends on the stationary measure of the system under a well
chosen policy. Thus, the dependence on the size of the state space as well as on
the diameter of the MDP or its span disappears. We believe that this type of results
can be generalized to other cases such as optimal routing, admission control and
allocation problems in queueing systems, as the stationary distribution under all
policies is uneven between the states.
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5.1

Reinforcement Learning in a
Partially Observable
Queueing Network: Optimal
Admission

We have seen in Chapter 4 how we could improve the analysis of the upper bound
of UcRL2 when restricting the class of MDPs to the MDPs that would modelize a
birth-and-death process MDP. This restriction allowed us to use queueing properties
of the bias, presented in Chapter 2, in order to remove the dependence on the
diameter of the MDP, and instead introduce a quantity referring to the stability
of the studied queue. We will now use the same properties on another classical
example, an admission control problem with only partial information on the current
state of the system. We will also need ergodicity properties of the queueing system
to make correct use of its structural characteristics.

Introduction

We now know that in the generic MDP setting, a regret bound in O(v/ DSAT) has
been reached [Tossou et al., 2019], and there have been many leads for results in
MDPs with structure in the case of average rewards, as we have seen in Chapter 1
with [Fruit, Pirotta, and Lazaric, 2020; Bourel et al., 2020; Wu et al., 2022]. Since
this problem has reached a satisfactory solution, the following natural question
arises: Can one learn efficiently the optimal policy of an MDP not only when the
rewards and the transition kernel are unknown but also when the state is partially
observable? Recently, this question has been investigated under certain assumptions
on the structure of model parameters [Jin, Kakade, et al., 2020; Azizzadenesheli
et al., 2016; Z. D. Guo et al., 2016]. In this chapter, we address this question in the
context of queueing networks where we assume that the learner has only access
to the total number of jobs in the network, and this makes our problem fall in the
family of Partially Observable MDPs (POMDPs).
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Reinforcement Learning in POMDPs

It is well-known that POMDPs are prohibitively expensive to solve. If the parameters
are known, the problem of computing an optimal policy is PSPACE-complete even
in finite horizon [Papadimitriou and Tsitsiklis, 1987]. Furthermore, it is NP-hard to
compute the optimal memoryless policy [N. Vlassis et al., 2012]. In reinforcement
learning, where (some of) the model parameters are unknown, the lower bound on
the average-case complexity developed in [Jin, Kakade, et al., 2020, Propositions 1
and 2] confirms with no surprise that reinforcement learning in POMDPs remains
intractable. Matter of fact, the design of effective exploration—exploitation strategies
in POMDPs is still relatively unexplored; see [Azizzadenesheli et al., 2016, Section
1] for a detailed discussion. In the attempt to reduce this computational burden,
researchers focused on reinforcement learning in subclasses of POMDPs [Jin, Kakade,
et al., 2020], and we will also follow this approach. The algorithm in [Even-Dar
et al., 2005] assumes POMDPs without resets and has sample complexity scaling
exponentially with a certain horizon time. The Bayesian algorithms proposed in
[Ross et al., 2007; Poupart and N. A. Vlassis, 2008] learn POMDPs but bounds on
the mean regret remain unknown for these approaches. A sample-efficient algorithm
for episodic finite POMDPs is given in [Jin, Kakade, et al., 2020]. Here, it is assumed
that the number of observations is larger than the number of latent states.

The works above have focused on reinforcement learning over a finite or discounted
horizon. In contrast, we will be interested in the (undiscounted) infinite horizon
case, which is technically more challenging. In infinite horizon, a POMDP algorithm
based on spectral methods is proposed in [Azizzadenesheli et al., 2016]. For this
algorithm, the authors find an order-optimal regret bound with respect to the optimal
memoryless policy. However, it exhibits a linear dependence on the diameter D of
the underlying MDP. This dependence makes this type of bounds not interesting
in the context of queueing systems as the diameter is usually exponential in the
number of states, as seen in Chapter 2. Although the additional assumptions on the
structure of the model mitigate, to some extent, the intrinsic complexity of POMDPs,
learning algorithms with regret O(v/DSAT) have remained elusive for all but trivial
cases to the best of our knowledge.

Contribution and Methodology

In this chapter, we will propose a learning algorithm for the optimal job-admission
policy in a partially observable queueing network with regret Reg(7T) < O(v/ST).
Thus, our main contribution is a learning algorithm with a regret bound that does
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not depend on the diameter D, and whose dependence on the state space is very
small.

Optimal admission control is one of the most classical control problems in queues. It
has been investigated in several works; see, e.g., [Borgs et al., 2014; Xia, 2014] and
the references therein. However, these works consider the case where the model
parameters are known, i.e., no learning mechanism is used. The novelty of our
approach is to leverage i) Norton’s equivalence theorem for closed product-form
queueing networks [Chandy et al., 1975] and ii) the efficiency of reinforcement
learning in MDPs with the structure of birth-and-death processes, as in Chapter
4. More specifically, our result is achieved by using Norton’s theorem to replace
the whole network by a single load-dependent queue in its stationary regime and
relies on the mixing time 7,y of the network to apply this equivalence every 7y
time-steps. The key observation is that Norton’s theorem helps us to somewhat cast
the original partially-observable MDP to a standard (fully-observable) MDP. In other
words, the resulting asymptotically equivalent POMDP becomes an MDP with the
structure of a birth-and-death process. This structure is then exploited to construct
tight bounds on the regret of our algorithm by controlling the bias of the current
policy as well as its stationary measure.

Organization

The remainder of the chapter is organized as follows. The model of the queueing
network, its practical motivation and Norton’s equivalent queue are presented in
Section 5.2. Section 5.2.1 presents the problem addressed in detail, Section 5.4 is
dedicated to the presentation of our learning algorithm (UCRL-M) and Section 5.5

to the analysis of its regret. In the latter, we state our main result in Theorem 5.5.

Then, Section 5.6 discusses some technical aspects of our regret bound. Section 5.7
showcases the behaviour of the algorithm on a multi-tier queueing network. From
Section 5.8 to Section 5.12, we first prove the main theorem and then the lemmas
we get to use. Finally, Section 5.13 draws the conclusions of our work.

This chapter is based on the submitted work [Anselmi, Gaujal, and Rebuffi, 2023].

Admission Control in a Queueing Network

We consider a Jackson network with N queues (or stations) having service rates
pe, ..., us, a routing probability matrix L = [L;; : 0 < 4,5 < N] and exogenous
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arrivals occurring with rate \. Here, Lo ; (resp. L; ) represents the probability that
a job joins queue j from outside (resp. leaves the network after service at queue 7).
To guarantee stability, i.e., positive recurrence of the underlying Markov chain, we
require that \¢ < p2, for all ¢, where )¢ is the arrival rate at queue ¢. It is given by
the assumed unique solution of the traffic equations Ay = ALo; + 3, AL, for all

i.

We further assume that the total number of jobs in the network cannot exceed S’ :=
S — 1. Under this constraint, the global system can be seen as a closed network with
S’ jobs. This network is identical to the original one except for an auxiliary queue,
say queue 0, that represents the outside world with service rate A. The departures
of queue 0 correspond to the arrivals of the initial open network (see Figure 5.1).

admit

Control (p

\ reject

S’ — s jobs outside

Figure 5.1: Admission control: rejected jobs immediately return to the outside queue.

Jobs that want to enter the network are subjected to admission control. If a job is
rejected this can be modeled in the closed network as the job being sent back to the
outside queue (see Figure 5.1). The goal of the admission controller is to minimize a
cost function. For each job, the immediate cost ¢; is decomposed into a per-rejection
COSt Yreject and a per-time-unit holding cost 4. This cost function is the long-run
average cost per time unit: limy_, ﬁ fthl C.

When the controller can observe the state of the network and knows the parameters
of the system (A, u°, L), this classical problem has been solved in [Xia, 2014]. In the
case where the network is a single M/M/1 queue, there exists an explicit formula
(involving the Lambert W function) for the optimal admission policy [Borgs et al.,
2014].
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Problem Formulation

In this chapter, we consider an admission controller that can only observe arrivals to
and departures from the network. More precisely, the network topology, internal
service rates and routing probabilities are not known, and the movements of the
jobs inside the network are not observable. Our objective is to design a learning
algorithm that learns the optimal admission policy with a small regret in the sense
that its dependence on the network complexity is minimal.

For the cost to be minimized, we assume that:

* the controller may choose to reject jobs arriving in the network, at the price of
a fixed 7yejec; for each rejected job;

* for every time unit in the system, each job induces a holding cost y},4q (this is
the classical cost function for admission control, see [Borgs et al., 2014]);

* the controller takes decisions only relying on its set of observations up to time
t.

Motivating Applications

Our main motivation is the control of computer and software systems. These systems
are composed of multiple interconnected containers, where a container can be a clus-
ter of servers or a modular software system, and admission control mechanisms are
commonly employed to optimize performance. In the literature, containers are usu-
ally modeled via product-form queueing networks (for tractability) or layered queue-
ing networks [J.A. Rolia and Sevcik, 1995; Jerry Rolia et al., 2009], which justifies
our modeling approach. In serverless computing, for instance, users of the serverless
platform can control the overall number of simultaneous requests that can be pro-
cessed in a cluster of servers (each with its own queue) at any given time. In Knative,
a Kubernetes-based platform to deploy and manage modern serverless workloads
that is used among others by Google Cloud Run, admission thresholds are set via the
container-concurrency-target-default global key [Configuring Concurrency in
Knative 2022] and the upper limit on the number of jobs that can be active running
at the same time, i.e., S’, can be controlled via the max-scale-1limit global key.
In Kubernetes, an open-source system for the management of containerized appli-
cations, admission controllers are configured via the ~enable-admission-plugins
and -admission-control-config-file flags and can be leveraged in case the pod

(or application) is requesting too many resources.
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Because of the complex relationships among containers, which can also be nested in
multiple layers, i) a detailed knowledge of the current state is expensive to obtain at
any point in time and ii) the internal container structure is also subject to estimation
errors and may vary over time [Wang et al., 2022]. This leads us to our learning
model, which is meant to capture both of these aspects: we do not know the network
topology, routing probabilities and service rates as well as the current “state”.

MDP Model

This section is dedicated to the construction of an MDP model of the system as
well as an artificial aggregated MDP that is equivalent to the original MDP under
its stationary regime. Note however that the learning algorithm constructed in the
following only interacts with the original system, non-aggregated. The aggregated
system is only used for the performance analysis of the algorithm.

Original MDP

Let us model the problem as an MDP, M° = (X°, A%, P°, r°), where the super-index
o stands for “original” throughout the chapter. We first use uniformization to see the
process in discrete time. The uniformization constant U is lower bounded by the
sum of the rates: U > X\ + -, u¢. Thus, the time steps, which will be indexed by
t, follow a Poisson process with rate U, and events (arrivals, services, routings and
control actions) can only occur at these times. In the following 1/U will be seen as
one time unit.

* The state space X° is the set of all tuples (x1,...,zy) given by the number of
jobs z; in each queue .

* The action space is .A° := {0,1} where 0 stands for rejection and 1 for admis-
sion.

* The transition matrix P° is simply constructed by using the routing matrix L,
the arrival rate X\ and the service rates (4);.

¢ The mean rewards r° are constructed from the cost function. The immediate
cost for each state-action pair (x, a), is Bernoulli distributed. It is decomposed
into:

- a deterministic part, %(Vhold Zi\il x;) (each present job incurs a cost Y014 Per
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time unit),
- and a stochastic part, Yreject(1 — @) Ljparva (if @ job arrives and the action is
reject).

To be consistent with the learning literature, where rewards are used instead

. 5 AVreioct+ S’ . .
of costs, we first define rp.x = w and for each state-action pair

(x,a), the reward are Bernoulli distributed with expected value
)\'Yreject(l - a) + Yhold$ )"Yrejecta + 'Yhold(sl —5)

TO(Xv CL) ‘= Tmax — = , (5.1)

U U

where s := SN | ;.

Let IT° := {7 : X° — A°} denote the set of stationary and deterministic policies. A
stationary policy 7 is a deterministic function from X to A°.

Then, the MDP evolves under 7 in the standard Markovian way. At each time-step ¢,
the system is in state x;, the controller chooses the action a; = 7 (x;) and receives a
random reward whose expected value is r°(x;, a;), and the system moves to state x’
at time ¢ 4+ 1 with probability P°(x’ | x¢, a;). The objective function is to minimize
the long run average cost.

The average reward induced by policy  is:

¢(M®7) = Jim S B[, m(x))] (5.2)

An optimal policy 7* for the original MDP achieves the best average reward ¢°(M°, *) =

SUp peppo 9°(M, ).

Aggregated Model

Let us define an aggregated MDP M = (S, A, P, r) where the network is replaced by
a single queue.

Norton Equivalent Queue

In this subsection, let us consider the system defined in Section 5.2 without control
(all jobs are admitted).
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The stationary measure of the network can be connected to the stationary measure of
a birth-and-death process via Norton’s theorem of queueing networks [Chandy et al.,
1975], also known in the literature as Flow Equivalent Server (FES) method [Krieger,
2008]. Towards this purpose, let v; denote the average number of visits at queue
i relative to queue 0. Set vg = 1 and let (vy,...,vy) be the unique solution of
v; = Z;VZO Ljvj, foralli =1,...,N. Then, when containing S’ jobs, the vector
of the number of jobs in each queue forms a continuous-time Markov chain with
stationary measure [Krieger, 2008]

1N\

1°(x) = = , (5.3)
() Q(S’)g(ui)

forall x € {x € NV : |x| < §’}, where G(5') is a normalization constant and | - |

denotes the I, norm.

The construction of our equivalent queue works as follows:

1. Given the closed Jackson network above, consider the (closed) network where
queue 0 is short circuited (this means set ; = oo) and let u(s) denote
the throughput® of the network with s jobs in total (see Figure 5.2 for an
illustration).

2. Consider the original network where all queues except 0 are all replaced by a
single queue that operates with rate y(s) if it contains s jobs.

3. Then,
Z °(x) =v(S —s,5), Vs=0,...,5 (5.4)
x:|x|=s
where (S’ —s,s), forall s = 0,...,5’, is the stationary measure of the reduced

network with two queues.

We remark that v(S’ — s, s) is indeed the stationary measure of a birth-and-death
process with birth rate A1, ¢ and death rate p(s), a fact that will be key in the regret
analysis of our learning algorithm. In particular, we will use the following lemma,
which provides some known properties about the throughput function y(s) [Kameda,
1984].

IThe throughput of a closed Jackson queueing network with s jobs is the rate at which jobs flow
at a reference queue (queue 0 in our case) and is defined by u(s) := Gés(;)l) where G(s) is the
normalizing constant appearing in the product-form expression (5.3) of the stationary measure m?.
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Figure 5.2: Illustration of Norton Equivalence theorem.

Lemma 5.1

The throughput function s — ju(s) is increasing, concave and bounded by jimax =
D i<N K-

The throughput bound p,ax can be significantly improved [Krieger, 2008] but this

will not change the structure of our results.

Aggregated MDP

Notice that, in the original MDP M?, the rewards do not depend on the state but

only on the number of jobs in the network, therefore, the Norton equivalent queue

can also be used to construct an equivalent MDP.

Define the simplified equivalent MDP M = (S, A, r, P).

The state space S = {0, ..., S’} consists of all possible numbers of jobs in the
queueing network. We denote by S := S’ + 1 the number of states of the
aggregated MDP.

The actions are the same as for the original MDP: 4 = 4° = {0,1} (reject or
accept).

The original reward in (5.1) does not depend on the precise position of the
jobs in the network but only on their number. Therefore for s € S and a € A,
we can define the expected reward as

. )\'Yrejecta + Vhold(‘s’/ - S)
N U

r(s,a) (5.5)

The transition probabilities (P™) are defined as follows.

Let 7 be a policy (a function from S — A) on M. By convention, = will also
be seen as a policy in the original MDP M° using the natural extension, i.e.,
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if x € A°, then 7(x) := m(|x|). We can now define the transition matrix for
policy 7 as the transition matrix in the aggregated MDP M under the stationary
measure v°7:

P(s' | s,m(s Z Z

x,|x|=s y,|yl=s'

(y | x,7m(x)), (5.6)

where v7(s) = > xj=s ¥*"(x) is the equivalent stationary measure. Under
this construction, these probabilities are those for the Norton equivalent queue.
Also, notice that the equivalent stationary measure v”(s) is also the stationary
measure of the Norton equivalent queue with transition matrix P™ under

policy 7.

* Regarding the diameter as defined in Chapter 2, we will only consider the
diameter on the aggregated MDP for the computations of the regret bound, as
it is needed to control the bias terms of the aggregated MDP (see Section 5.12).
We will never need to consider the bias or the diameter of the original MDP.

Let II := {m : S — A} denote the set of stationary and deterministic policies.

Definition 5.2
The average gain induced by policy  is:

g(M, ) _QJE)EOTZE s, m(st)) (5.7)

The optimal policy 7* achieves

g(M,7*) == g*" (M) := sugg(M, ). (5.8)
e

Comparison Between both MDPs

It should be clear that the original MDP M° has a greater set of policies than the
aggregated MDP M because it has more states. Therefore, ¢°(M°, 7*) > ¢*(M).
However, if we only consider the set of policies in the original MDP M° that take the
same action (reject or accept) in all the states with the same total number of jobs,
then optimal gains coincide. More precisely, let 112, be the subset of policies in M°

sum
such that for all = € II°

%ums T(x) = m(y) if |x| = |y|. Then, the stationary measure on
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MP? under any policy = in I19,,,., and the stationary measure under = on M satisfy

sum?

> ox|x|=s V7T (x) = V7 (s). Therefore, we get for all 7 in IIZ

g°(M,m) = Y T (x)r0(x, m(x))
= D D vT)r(s,m(s))

S x,|x|=s

= U (s)r(s, m(s)) = g(M, 7).
Now taking the maximum over all policies in I1?,,, yields

max g°(M°, ) = g* (M),

Ty m

As for learning when the full state is not observable, the best one can hope for is
to learn maxrero, 9°(M®, ), so we will consider the regret with respect to the
optimal gain ¢g*(M), in the following.

Reinforcement Learning

Here, we consider a learner that can observe the arrivals and departures of jobs in
the original MDP and makes admission decisions for each arriving job.

What Does the Learner Know?

¢ As mentioned earlier, the learner can observe the external events: arrivals
and departures of jobs. This implies that at any discrete time-step ¢, the total
number of jobs in the system, s; is known to the learner and will be seen as
the partially observed state.

* The expected cost in state-action pair (s, a) is unknown as it depends on the
unknown parameter A (see (5.5)). However, the parameters 7reject, Yhold and
the uniformization constant U are known, and the learner knows how the cost
depends on A, which will be important for the definition of the confidence
regions. We will often use an upper bound on the difference of rewards
between two neighboring states iax = Yreject + ”‘;}ld. We will use 6.« instead

of rmax in the following derivation of the regret, as d,,.x does not depend on
S’ and this will help us gain a factor S’ in the regret bound. We will also make
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the assumption that the learner knows the reward function up to the actual
value of the arrival rate )\, that must be learned.

* The learning algorithm knows 7', the number of time steps where it can take
observations and actions. This is not a strong requirement as one can make
the algorithm oblivious to 7" by using a classical doubling trick on 7T'.

Regret

We recall the definition of the regret, as in Chapter 2:

Definition 5.3 (Regret)
The regret at time T of the learning algorithm L is

T
Reg(M,L,T) :=Tg*(M) = . (5.9)
t=1

Here, g*(M) is the optimal gain defined in (5.8). The reward r; is the reward of
the state visited at time ¢ under the current policy used by the learning algorithm.

Learning Algorithm

High-Level Description of the Proposed Algorithm

Our algorithm is episodic, model-based and optimistic. More precisely, the interactions
of the learner with the MDP M° are decomposed into episodes. In each episode k, of
duration [t, tx+1 — 1], one admission policy 7, is used to control the network and the
learner observes the system (arrivals and departures) while collecting rewards under
7. At the end of the episode, the estimation of the true transition probabilities and
rewards (the model), p;. and 74 respectively, as well as the confidence region My, are
updated using the samples collected during the episode. This gives py.1, 711 and
M1 1. The next policy 71 is the best policy for the best MDP inside the confidence
region My (optimism).

In our case with partial observations, the number of jobs at time ¢, (s;):<7 is not
Markovian, therefore it does not provide enough information to make good estimates
on the underlying MDP. Instead, we collect a set {s;, ..., s, . } of observations and
try to learn using this extended information. If 7, is well chosen, i.e., larger
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than the mixing time of the MDP, then each subsequence s;, Siyr ., Sit2r:---
forms an “almost” independent sequence and therefore can be used for statistical
estimations.

Our learning algorithm is based on the following idea. It can be seen as a collec-
tion of 7yix learning algorithms L4, ..., L, using respectively the subsequence
(Sit+kmy, JkenN Of observations, which are called modules in the following. Each learn-
ing module £; behaves similarly as the classical optimistic algorithm described above.
There are no interactions between modules except for the number of visits that
contributes to the construction of the global confidence region, as detailed in Section
5.4.4. The main technical difficulties in the control of the behavior of the algorithm

are:

1. The observations used by the learning modules £, ..., L, are not indepen-
dent of each other, so one must be careful in assessing the interplay between
the modules.

2. For each learning module £;, its sequence of observations s;, siir. . , Si4+27» - - -
is not really stationary and independent, but only weakly correlated.

Number of Modules: 7pix

Let us first give a more precise definition of the 7,;; modules, where the number
Tmix 1S Yet to be chosen carefully. At the beginning of the algorithm, each time-
step t is attributed a module m;, so that these modules form a partition of the
time-steps. For 1 < t < 71, the module m, is defined in the following way: first
t € my, then we wait i Steps to add the next time-step to that module, so that
t,t + Tmix, t + 2Tmix, - - - € My, until time-step 7' is reached. More formally one can

identify, m; =t mod Tix.

The number of modules 7, is chosen using the following construction. Let us
consider the original MDP under any policy 7, with stationary measure v%™. There
exists C' > 0, p € (0,1) such that:

PO — ) _ 07T < t 1
I?gf}fslue%n o (x¢ )—v HTV < Cpt Vt>0, (5.10)

where PY (x; = -) is the distribution of the state at time ¢ under policy 7 in the
original MDP, with initial state x;. Let us then define

Tmix := [5log T/ log p~17. (5.11)
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The reason for this precise choice will appear in the analysis of the regret (see
Section 5.5) but the general idea behind this choice comes from Lemma 5.7 given in
Section 5.10, that basically says that after m,;x steps, the correlation between the
state at time ¢ and the state at time ¢ + 7y, under any policy, is smaller than C’pTmix,
where C’ is a constant.

The fact that the number of modules used by the algorithm depends on p can be seen
as a weakness of our approach because it means that the learner needs to know a
priori a bound on the mixing time of the unknown MDP. This point will be addressed
in Section 5.6.

UcRrL-M: Learning with m,ix Modules

Algorithm UcrL-M (Upper Confidence Reinforcement Learning with several Mod-
ules) is given in Algorithm 3 below. First, the algorithm initializes the different
modules. Here, for each episode & and module m, it computes the empirical es-
timates of the reward and probability transition as in (5.15) and (5.14). Then, it
applies Extended Value Iteration (EVI) (Section 5.9) to find a policy 7; and an opti-
mistic MDP M;, € M, according to (5.12). Finally, to explore the MDP at episode k,
it first iterates on the MDP over 7y time-steps and discards these samples (ramping
phase) to start the observations from the stationary distribution of the current policy.
This phase is necessary to guarantee that observations within a module are nearly
independent. Afterward, UCRL-M explores the true MDP with the optimistic policy
7 and updates the empirical estimates with its observations.

The episode ends when the stopping criterion (5.18) is met. The next optimistic
policy for the episode k + 1 is found with respect to the observations inducing the
confidence region M that is built using all modules (see (5.17)).

Confidence Region

As mentioned earlier, the learning algorithm relies on the “Optimism in face of
uncertainty” principle. Here, we provide the explicit construction of a confidence
region M}, based on the observations, which depends on the visit counts. For each
state-action pair (s,a) and each module m, let Nt(:‘ )(s, a) be the cumulative number
of visits to (s,a) at all times ¢ = m mod 7y smaller than ¢, and excluding the
visits during the ramping phases ® (see the UCRL-M algorithm).
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Algorithm 3: The UcRL-M algorithm.
Input: S and A.
1 Sett=1,k=1;
2 whilet < T do
3 Initialize episode k with ¢; := ¢
Compute for all (s, a) the modules my(s, a) according to (5.13);
Compute the confidence region My, as in (5.17);
Find a policy 7;, and an optimistic MDP M;, € M, with “Extended Value
Iteration” such that

[=) N, B

"~ ~ 5max
g(Mp, 7)) > Mr;?ea/\)ilk mﬁxg(Mk,ﬂ') — i (5.12)

7 Ramping phase (&): Iterate the MDP with policy 7, for 7;x time-steps,
discard the observations and set ¢ := t + Tyix-

8 | Exploration: while Vkmt)(st,ﬁ'k(st)) < maX{l,Nt(]:nt)(st,ﬁk(«st))}a do
1. Choose action a; = 7i(s¢);

2. Observe s;1;
3. Update V™ (s, a;) := V™ (s, a0) + 1;

4, Sett:=t—+1.

We also define the most frequent module for each state-action pair (s, a): Let my(s, a)
be a module with the highest visit count until episode £,

my(s,a) € arg max Nt(]:n)(s,a), (5.13)

so that for this module, the empirical observations are the most accurate, and we
can relate the number of observations for this module to the total number of visits
Ny, (s, a) of the pair (s, a) with the inequality: Nt(?’“(s’a))(s, a) > 2Ny (s, a).

To define the confidence region M, first define f,(;”) and ﬁ;’”) the empirical reward

and transition estimates in module m:

(M) (S,’8 a) — :‘Ek:ill ]1{st:s,at:a,st+1:s/,mt:m}]l{t¢‘I>} (5 14)
Pr T max{l N(m)(s a)} .
) tr )
/ —
P (s, a) == Py (s + 115, @) eject + Thold (5.15)

U )
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where @ is the set of the time steps in the ramping phases defined in the algorithm.
M|, is the confidence set of MDPs whose rewards 7 and transitions p satisfy:

V(s,a), ‘f(s, a) — f,(cmk(s’a))(s, a)‘ < Omax 210g( (224%)2 ; (5.16)
Inax{l,]\ftkm’c o (s,a)}
~ ~(m(s,a 8log (2At
Vis,a) | i) = H™0 (5,0 o < AW (5.17)
maX{LNtk. me ($7a)}

Notice that for each state-action pair (s, a), we only need the empirical reward and
transition estimates for the module my(s,a): this means that the confidence region
My, is built from the comparison between modules from (5.13), and we do not build
a specific confidence region for each module.

The algorithm finds the best optimistic MDP and policy within this confidence set,
and executes the policy on the true MDP until the stopping criterion is met, that is
when for any module m the number of visits Vkm)(s, a) in the current episode of
a state-action pair (s, a) reaches the number of visits of this pair and module until
time ¢;. More formally, if at episode k we choose the policy 7, then the stopping
criterion gives the following guarantee:

V(s,m) V™ (s, 7(s)) < max{1, NI™ (s, 7x(s))}. (5.18)

Time Complexity of UCRL-M

Proposition 5.4

The time complexity of UCRL-M is O(K STix+ Kteyi+T), where K is the number
of episodes and t.,; the time complexity of extended value iteration. Furthermore,
E(K) = O(logT).

Proof. The time complexity of lines 4 and 5 is O(K Stpix). The complexity of line
6 is O(Kteyi). The complexity of line 7 is O(K myix). The complexity of line 8 is
O(T — KTpix), the number of useful observations. As for the expected number of
episodes, E [K] = O(log T') because of the doubling trick used to end the episodes
(see [Jaksch et al., 2010] for example). O

Note that the total number of useful samples (excluding the steps made during the
ramping phases ) is T' — K 7nix, and each module uses % samples. As for the

Chapter 5 Reinforcement Learning in a Partially Observable Queueing Net-
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5.5.1

time complexity of EVI, each iteration of EVI is O(S®) and the number of iterations
depends on the starting point and is more difficult to estimate. In total, the time
complexity does not really depend on mx Or teyi that only appears at the beginning
of each episode, and the number of episodes is small w.r.t. 7.

Regret of UcrL-M

Main Result

Let us recall that S’ is the global bound on the number of jobs, S = S’ + 1 is the
number of states, Yreject is the rejection cost, Ypolq is the unit-time holding cost and
D is the diameter of the aggregated MDP. Also, ™ (s) is the stationary measure in
the aggregated MDP under the policy that accepts all jobs, p is defined in Section 5.4
and p(7) is the service rate in the aggregated MDP when i jobs are in the system.

Define the constant C; := []* 1(io) > 1, where i is chosen such that pu(ig) > A.

=1 p(7)
Such a iy exists because the unconstrained network is assumed to be stable (see

Section 5.2) regardless of S. Hence, the flow equivalent queue is also stable

regardless of S. Define also C := %

Theorem 5.5
- 100,52 )2 100,52\ ,
Let M € M. Define Quax := (W’%(S’)) log (W’%(S/)) . Define also the

-3
constant £ = 228(Yreject + %)LCl(l — 2 ) . For the choice Ty =

n(1) u(io)
5987 and A = 2, assuming TS > 2 and T > max{%, Tmix }, We have:

log1/p’

I [Reg(M, UCRL-M, T")] < slog (2T) /T log ' (1/p) + Ryo, (5.19)

where Rio := 1387 maxD? max {Qmax, TL/4 } llc())ggzi(f/Tp) is a lower order term of

the regret.

Before diving into the proof, which involves many technical points, let us comment
on our result. In contrast with most bounds from the literature, the most remarkable
point is that both the diameter and the size of the state space do not appear in the
first order term of our bound. These are both replaced by log~/%(1/p).

Although we do not know any explicit bounds on p for all possible networks, it is
quite reasonable to predict that log~'/2(1/p) can be of order /S. In fact, this can be

5.5 Regret of UCRL-M
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shown for acyclic networks as well as for hyper-stable networks as it will be shown
in Section 5.6.

This implies that the regret of UCRL-M is O(v/ST), which is a major improvement
over the best bound for general MDPs, namely O(v/DSAT). This further confirms
the fact that exploiting the structure of the learned system actually leads to more
efficient algorithms as well as tighter analysis of their performance.

Outline of the Proof

To compute the expected regret E[Reg|, we will mainly follow the strategy from
[Jaksch et al., 2010, Section 4]. First, we deal with the regret term corresponding to
the initialization phase of each episode, which depends on the number of episodes.
Then, for each episode k, we consider the case where the true MDP M does not
belong to the confidence region My, and use concentration inequalities along with
the independence Lemma 5.7 to show that this regret term will remain low. Then,
we consider the case where the true MDP belongs to the confidence region, and
for each episode, we split the regret into relevant comparisons. Here, we expose
terms depending on the difference of rewards and transitions between the true and
optimistic MDPs, terms depending on the difference of biases, a term depending
on the number of episodes and a term coming from the the computation of the
optimistic policy and MDP with EVI.

To achieve the first split, we need to define: R,(cm)(s) =3, Vkm)(s, a)(g* —r(s,a))
the regret at episode k induced by state s in module m, with Vk(mt) (s,a) the number
of visit of (s, a) during episode & in module m. We split the regret into terms where
the true MDP belongs to the confidence region, terms where it does not, and the
terms from initializing the episodes:

E [Reg] < E[Rin] + E [Rout] + E [Rramp| (5.20)

with K the number of episodes and the regret where the MDP is in the con-
fidence region being Ry = 3, 3. 3K, R,(Cm)(s)]l MeMm,, and when it is out-
side Rout := ., 1. oK, R,E:m)(s)]l me¢m, and the regret of the ramping phases
Rramp = Y3 Zi’“;{;mi"_l r(s¢, Ti(s,t)). Each term is then bounded as explained in
Section 5.8.
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5.6 Controlling the Regret Bound Parameter p

5.6.1

The efficiency of UCRL-M is critically based on controlling m,x and p. In particular,
Theorem 5.5 says that the regret of UCRL-M depends on W := log='/2(1/p).

Bounds Using Mixing and Coupling Times

In Section 5.4, the number of modules 7y is defined as T := 5logT/log p~*.

where p is such that

max sup [PYT (% =) — v°() ||y, < Ot VE> 0. (5.21)
xX0ES

Let us first recall classical results from Markov chain theory [Levin et al., 2008]
relating p with the mixing and coupling time of a Markov chain. Let us consider any
Markov chain with transition matrix P and stationary distribution v (in our case,
consider the Markov chain under the policy that attains the maximum in (5.21)). Let
us define d(t) := supy, s |Px, (Xt = -) — v||7y,. Then, the mixing time of the chain is
defined as t,,;, := min{t : d(t) < 1/4}.

A classical bound on p is then obtained by using the mixing time:

P — (5.22)

This implies that W < /. log(2).

Another bound on p can be obtained by using the coupling time. The coupling time
is 7x,y := min{t : X; = Y;}. If X; and Y; are coupled and start at X; = x and
Y1 = y respectively. Then, d(t) < maxxy P(7xy > t). By using Markov inequality,
this implies that

tmiz < 4maxE[ry y]. (5.23)
x7y

Therefore, a bound on the expected coupling time translates into a bound on p.

5.6 Controlling the Regret Bound Parameter p
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Acyclic Networks

In our model, if the queueing network is acyclic, then the coupling time is control-
lable because whenever a queue couples it stays coupled forever.

More precisely, since the total number of states in the network increases with
the admission threshold, the threshold policy under which the coupling time is
the largest is when all jobs are admitted. Under this policy, by monotonicity, the
coupling time is upper bounded by the coupling in an open network where all the V
queues have buffers bounded by S’. In this case, the coupling time has been studied
in [Dopper et al., 2006, Theorem 5.3], where the following result is proved in the
stable case. Using our notation,

U2

S, 5.24
O+ 2) (= X2) 24

maxE Txy < Z
=1

where U is the uniformization constant and (\;);<x is the solution of the traffic
equations.

According to Equation (5.22) and (5.23), this induces the following bound on the
term W in the regret:

W < koVNS',
where kg is a constant: kg = max; ZZ 1 )\og#

Hyperstable Networks

This is another type of networks for which an explicit bound on the coupling time
exists. A network is called hyperstable if for each queue i, >=; Ljiug + LoiA < 5.

As in the acyclic case, the threshold policy under which the coupling time is the
largest is when all jobs are admitted. Under this policy, as for the acyclic case, the
coupling time is upper bounded by the coupling in an open network where all the
N queues have buffers bounded by S’.

Coupling times of hyperstable networks with finite buffer queues have been studied
in [Anselmi and Gaujal, 2014], where the following bound is given (Theorem 2):
N A2

2 Q!
mx%’X Elrxy] < ko N*S Z; e )\O,

(5.25)
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where k9 is a constant. Using Equation (5.22) and (5.23), this induces a similar
bound on the term W in the regret:

W < ksNVS/,

where k3 is yet another constant.

Making the Algorithm Oblivious to p

By construction, the current version of UCRL-M uses explicitly 7 = 5log T/ log p~!

modules. This can be a problem as it implies an a priori knowledge of p, and of the
mixing time (or at least an upper bound) of the network being learned.

These types of assumptions are sometimes made in the reinforcement learning
literature. For example, the UCBVI algorithm [Azar et al., 2017] requires the
knowledge of the diameter of the MDP being learned.

Here, we can patch UCRL-M to make it oblivious to p by making sure that 7;x >
5log T/ log p~! for any large enough 7. For example, one can chose 7y := log?(T),
as it is asymptotically larger than the previous one. This patch adds a multiplicative
log(T') term in the asymptotic bound of the regret given in Theorem 5.5.

Numerical Experiments

A Multi-Tier Queueing Network

To assess the performance of UCRL-M, we rely on a standard multi-tier queueing
network as displayed in Figure 5.3. The topology of this network is composed of
three tiers. Namely, tiers 1, 2 and 3 represent the web, application and database
stages of a typical web-application request. Each tier is composed of multiple servers,
each with its own queue. After accessing the web tier, a request may either return
back to the issuing user with probability 1 — p or flow through the application
and database tiers. This multi-tier structure is common in empirical studies of
computer systems [Urgaonkar et al., 2005] and is the default architecture of web
applications deployed on Amazon Elastic Compute Cloud (EC2) [AWS Architecture
Center 2022].

5.7 Numerical Experiments
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Controller
VAR

admit

reject

S — s jobs outside

Figure 5.3: A queueing network model with three interconnected tiers. Each tier contains
n queues and the total capacity is of S’ jobs.

This model may be studied as an example of the generic case described in Section 5.2.
Notice that given the routing from Figure 5.3, the stability condition is met if ﬁ < u,
where = u§ = ... = p$, is the service rate of the queues in the network.

Regret of UcrL-M on the Multi-Tier Queueing Network

We provide the performance of UCRL-M over the queueing network described above
when the number of queues per tier n and the total number of jobs S’ vary. In
Figure 5.4, we display the average regret over 66 runs of the UCRL-M algorithm
when n varies, and with parameters scaling with n to keep the systems proportionally
comparable. More precisely, the scaling in S’ and p is such that as the number of
queues increases, the waiting time in each tier remains roughly identical for a job
in each tier, and the scaling in the holding cost is also consistent with the increase
of the number of jobs in the system. Notice that for our choice of parameters, the
network is not stable, so that we use the UCRL-M algorithm under more general
conditions than those assumed in Section 5.6 and even in Section 5.2.

In Figure 5.4, we remark that as we let the number of queues n (and the number
of jobs S’) scale multiplicatively, the regret is increasing in log(S’). Knowing that

Chapter 5 Reinforcement Learning in a Partially Observable Queueing Net-
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Figure 5.4: Regret of the UCRL-M algorithm on the queueing network for different values
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(a) Average threshold over time. (b) Cesaro sum of the average threshold.

Figure 5.5: Comparison between the average threshold and its Cesaro sum.

the dependency in S’ of the regret bound from Theorem 5.5 mainly comes from p,
this is much slower than the square root bounds given in Section 5.6 (under strong
assumptions). This can be interpreted as the bound of equation 5.21 being too large
as it considers the mixing from the worst state, while in average it is more likely for
the algorithm to mix from states that are visited the most, which are already close to
stationary states.

We see in Figure 5.5 that the chosen policy does not converge to the optimal
threshold, as the algorithm needs to ensure exploration phases. Its Cesaro sum
however does converge to the optimal threshold, for each value of n. It suggests
that the optimal threshold is scaling linearly with n, and that the convergence is
slower as S’ increases.

5.7 Numerical Experiments
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In the previous experiments, the number of modules is arbitrarily fixed to m,ix = 3.
Now, we perform another experiment to observe the dependency of the regret in the
choice of myix for this queueing system. The intuition is the following: as explained
in the high-level description of the algorithm in Subsection 5.4.1, UCRL-M could
be compared to 7 instances of UCRL2 [Jaksch et al., 2010], where all modules
but the best one is discarded at each episode. This best module runs on roughly
% time-steps, and its regret can be compared to % times the expected regret of
UCRL-M. With this intuition in mind, we plot in Figure 5.6 the regret of UCRL-M,
where we rescaled both the regret and the time-steps by a factor ﬁ

Parameter| Value

—— Rescaled UCRL-M regret with 7 = 1 S/ 20
Rescaled UCRL-M regret with 7y = 2
200000 1 = Rescaled UCRL-M regret with i = 3
—— Rescaled UCRL-M regret with 7pix = 6 n 6
150000 A 0.99
1
H n
100000
Vreject 10
50000 A
4
“Yhold 3n
0 -
. . . . . . U A+ 3np
0.0 0.2 0.4 0.6 0.8 1.0
Rescaled Time-steps %107
P 0.2

Figure 5.6: Rescaled regret of the UCRL-M algorithm on the queueing network for different
values of Tpy;x.

Within the considered queueing model, we notice that the modules do not seem
to bring any practical upside because the regret is almost perfectly linear in the
number of modules. In this particular example, the observations behave as if they
were independent even if the algorithm only uses a single module. Intuitively, the
system remains close to stationarity despite the policy changes, which could explain
the limited effect of the modules.However, they remain necessary to guarantee the
correctness of the confidence sets and to get the theoretical bound on the regret
given in Theorem 5.5.
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5.8 Proof of Theorem 5.5

5.8.1

5.8.2

From this point onwards, we give the detailed proof of Theorem 5.5 and a term-by-
term analysis of the regret.

Terms for the Ramping Phases

We first briefly deal with the terms coming from the ramping phases & of the
episodes, Rramp. We have:

U+ Tmix—1

- 8T
Rramp = Z Z T(Styﬂ'k(sat)) < K7 Tmix"max < TmaxSATr%ix 10g2 <SA7—m1X) y
k t=tg

(5.26)
where in the last inequality we used Lemma 2.10. Assuming 7,;xSA > 4, and using
log(2) > %, we rewrite it:

Rramp < 27max S AT log(27). (5.27)

This term is therefore among the lower-order terms of the regret.

Terms in the Confidence Bound

We start with the terms coming from the case where the MDP is out of the confidence
regions M. For each episode k, we define:

. Vk(m)(s) the number of visits of state s during episode k£ in module m.

. t(m) (s) is the number of visits of state s until time-step ¢ excluded, in module

m.

* M(t) the set of MDPs M, such that ¢, <t <ty

5.8 Proof of Theorem 5.5
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For the terms out of the confidence sets, we have:

Rout < Pmax Z Z Z Vk ]1M¢./\/ljc

Skl

< Tmax Z Z Z Ntk s)1ar¢am, using the stopping criterion

m s k‘ 1
—Tmaxzzzntk tNi(s ]lMgéM <rmaxzth ]1M¢M (t)
t=1 s k=1 t=1 s
T T
= Tmax Y Largam) O Ni(s) < Pmax Y thargpmce)-
=1 s =1

We now need Lemma 5.8 to control the probability that the MDP fails to be within the
confidence bounds P {M ¢ M(t)}. Taking the expectations and using Lemma 5.8,
we obtain

T T
S +16CSA
E [Rou] < inax Y PAM ¢ M(B)} < 1 Y T 27
t=1

t=1

< Tmax (S + 16CSA).
(5.28)

This term is constant in 7" and therefore it does not significantly contribute to the
regret.

Split of Confidence Bound

We assume that M € M, and to simplify the notations, we will omit the use of the
indicator functions 1,/c,. For each episode & and module m, let us define for
simplicity

B =,

* 7} the optimistic policy,

o Py := (pr(s'|s,7x(s))) the transition matrix of policy 7, on the optimistic MDP
My,

. Vk(m) (Vk( )(s, frk) the row vector of visit counts,

* hy the bias vector of the Markov chain in the true MDP M with policy 7.
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Now, we split the regret term R; ~ into subterms that have different meaning.

Assuming M € My, and using Lemma 5.6 on the accuracy of EVI, we get:
Z V™ (s,0)(g" — (s, )

<ZV (s,a)(gr —1(s,a)) +sk2v,§ )sa)

s,a

_ka s,a)(gr — Tr(s, a) +ZVk ,a)(Fr(s,a) —r(s,a) + &g).

In the next few steps, we will focus on rewriting the first sum. With (5.43) and
using the definition of the iterated values from EVI, we have for a given state s and

as := 7 (s):

(Gr — Tr(s,as)) <Zpk '|s, as)u k)(SI) = ’u,(-k)(s)> < e,
so that:
1nl~c k k u1+z k Tk S a) (Saa))+5kz k (s,a).

Again, with &, being the bias of the average optimal policy for the optimistic MDP,
define:

di(s) := (ul(k)(s) — Hgnugk)(s/)> — (ﬁk(s) — rr;}n Bk(s’)> :

Then for any s: |di(s)| < e.

Notice that the unit vector is in the kernel of (Pk -1 ) Therefore, in the first term,
we can replace u; by any translation of it. We get:

VI (B = 1) ws = V"™ (B = 1) b+ VI (B = 1) d.

so that, using the definition of ¢;, we have that overall:

m m) (7 = m) [ = Vm)
an)SZVk( )(Pk—])hk-i-ZV,g )(Pk— )dk+25maxzz Vi 8.a) sa)
k k k s,a
<iT:s) Rg/’;)
+ 33V (s, a) (7, a) — (s, a)
k s,a

(m)

rewards
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We can already further simplify the term related to EVI. Notice that:

V™ (P = 1) die < 3 Vi (5, 7(5)) - 1B (13, 7r(s) = Tl - Sup [dy(s")

(m)
m N V s,a
< 2¢p, E 1A )(s,ﬂk(s)) < 20max E & = \/ék )

(m)
< 20max Y Ve (5.9)
v y/max {1, NI (5 )}

i

where in the last inequality we used that max{1, Nf;”’“(s’a))(s, a)} <t <T. Thus,
forT > % the regret term coming from the consequences and approximations of
EVI satisfies

m)
RUP) < inax2y/210g(2AT) S Vi (50) . (5.29)

o fmax {1, NI (5, a))

Let us now deal with the term Rgnmzards, as it will be bounded by a similar term as in
equation (5.29). Indeed, as M € M}, we may use that both the optimistic and true
rewards are within the confidence region from equation 5.16, and use that ¢, < T,

so that:

m Vi(s,a
ngevgards < 5max2 2 log(2AT) Z Z k( ) (5-30)

k sa \/max{let(l:nk(s’a))(s,a)}

On the other hand, we can also split more precisely the term that depends on the
bias. Define Pj as the transition matrix of the optimistic policy 7, in the true MDP
M. We get

RV < SV (B = P it SV (P = Pk = ) + 3 Vi (P = Dl
k k k

R(m) R("l) Re(:;n)

trans diff

(m)
+ Onaxdy/210g(24T) 373 Vi (50) . (531

k sa \/max{l, Nt(gnk(s’a))(s, a)}

(m) | p(m)
REVI +R

rewards
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5.8.4

Now that we split the regret into several terms, we still need to sum over the modules
and analyze for each term its contribution to the regret. For instance, we can sum
over the modules the terms depending on EVI and the reward differences to get:

N Vi
Revi + Rrewards = Omax4y/ 2 ]og(?AT) Z Z \/ { k(s a) . (5.32)
max {1, IV,

o (s, a)}

This term is related to the choice of the confidence bounds, and it will contribute

to the main term of the regret. Regarding the other terms, Rgzgs will also use the
confidence bounds on the transition as well as our knowledge of the bias in the true
MDP. Ré?zf) will be a lower order term in the regret, using the confidence bounds
for both the comparisons between the transitions and the biases. Finally, Rgg) will
be related to the count of episodes, so that it will also be a lower order term. The

discussion for each of these terms will be spread over the next subsections.

Bound on R,

To bound Rﬁr’a”gs, we can follow the computations from Chapter 4. We will use our
knowledge of the bias hj and the control on the transitions in the optimistic MDP to
simplify the regret term.

Notice that for a fixed state 0 < s < S”:

Z (s']s, (s Zp "5, 7k(8)) (hi(s") — hi(s)) + hi(s).

s/

The same is true for j, and knowing the MDP is a birth-and-death process:

Rifans = ZZZ%W, () - (B ()5, 7(5)) = ('], 7 (s))) - h()
—ZZZ% 5, 71(5)) (B (5|3, 71(5)) = (5'ls, 71(9))) - (hu(s") = B (s))
g}jzﬁémsmksum«wﬁa@rmcMﬁA$wmmﬁAﬂ@»Aﬂw+w}

(m)
< 4210 2AT) Y Y AET DV (sa)

kosa \/max{l N(mk(sa))( a)}

where A is the difference of bias in the last inequality, we used the bound on
the variations of the bias from Proposition 5.16, and that the optimistic MDP has
transitions close to the true transitions with inequality (5.17). Notice that the final
term looks similar to the term coming from EVI and rewards related computations

5.8 Proof of Theorem 5.5
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(5.32). We will deal with these terms together in the next subsection, as they are
both mainly contributing to the regret.

Bound on the Main Term

In the previous Section 5.8.4, we have shown that:

m Als + 1)V (s,a
R < 4y/210g (247) Y —AE T DV (5:0)

v \fmax{1, NI CD (5 a)}

Summing over the modules m, we get:

Vi
Rirans < 4\/210g QAT ) k(s a) . (5.33)

o \/max{l N (5 gy

We now wish to control this term, Rgy; and Ryewards Using our knowledge of the
bias, rather than bounding it directly with the diameter D. We first sum over

the episodes and take the expectation, so that with Lemma 2.11, and using that
N (mi(s,a))

b (s,a) > 71 Ny, (s,a) we had from equation (5.13), we get:

VTmix Vi (5, @)
E < 3E
52,; zk: \/max{l, Ny, (s, a)}}

Z Tmix VT (8, a)]

s,a

<3 \/ mixE [N7(s)] A, by Jensen’s inequality.

Therefore:

/

Rutans < 121/2A7imix log (2AT) 3~ A(s + 1)1 /E [Np(s)). (5.34)
s=0

This is one of the terms mainly contributing to the regret, the other one being, doing
similar computations:

Rivt + Rrewards < 120maxy/ 2A7mix log (2AT) 3 \/E [N7:(s)] (5.35)

s>0

Now, let N7 be the number of visits when the starting state is sampled randomly
from the initial distribution »™  and the policy 7™2* is always chosen. By stochastic
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ordering, as Ny (s) <s N7, we have E [Np(s)] <E[NF™] =Tv™ " (s). We can
therefore rewrite the main contributing term to the regret as:
S/

121/2A7mix T 108 (2A7mixT) S (A5 + 1) + ) /7" (s). (5.36)
s=0

1

Replace in the equation the choice m,;x = 5log7'/log p~' and recall that we had,

from Proposition 5.16, A(s) := 20maxt™  (0)™' 351 1y < 20maxt™ (0)7' ys-
Using Lemma 5.15, since

S’ 5
Z (A(S + 1) + 5max) Vwmax(s) < ‘k)’(slrnax’/wmax Z S + 1 7 (5)
s=0 —

max 1/2 U 5/2
< 3dmax?” \/ C1 Z (ZO)

s>0

a 1
< Bbmaxt”(0) 712 u N

n(1) (1 _ ﬁ)Q

then, assuming 7,;x < 7', the main term is upper bounded by:

-3
725maXM(Ul)Cl (1 - ) log (AT) \/ 5AT log~1(p~1). (5.37)

p(io)

5.8.6 Bound on R

We now deal with the term involving the difference of bias Rd ff), defined in equa-

tion 5.31. The proof mainly follows the one from Chapter 4, with a final tweak to
relate the visits from a module to the total number of visits. Notice that we cannot
directly use the confidence regions to control the difference between hy, and hy, so
that we will need Lemma 5.12, and we are interested in controlling |7 — hi||so-

Fix the module m and the episode k, with policy ;. Choose a state minimizing
(M (5,7 (8)))
Nt

) (s,7r(s)), and call this state xy, ay := 7x(x) and m' := my(xg, ag):
log(2Aty)

max{1,N"") (wrax)}

is

for this state, the confidence bounds are at their worst, and

maximal for episode k. This means that controlling the number of visits of the worst
state lets us control the number of visits for any state. As the true MDP is within the
confidence bounds, with a triangle inequality we get:
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2log (2Aty)
max{1, N\™) (2, ax)}

| Py — Pelloo < 4\]

We now want to use Lemma 5.12. In our case, notice that in the true MDP we have
D> T}’;’; > 1 for S large enough. Remark also that D™ can be replaced by D in the
last inequality of the proof of 5.12, as span(h”*) < D by construction of 7, with EVI,
following the same argument as in [Jaksch et al., 2010, Equation (11)].

2log (2Aty)
max{1, N™ (xy, ar)}

1Rk — hilloo < 8rmaxD? J (5.38)

Hence,
RYY < SOSTVI (s, 74(s)) - (B ('), 7a(5)) — p (5], 7k(5))) - (Ra(s") — ha(s)))
<3V (s, 75(5)) - 15 Cls, 7)) — p Clss 7))y ok — hilloc
< 32Dy log (2AT) 507,

where in the last inequality we have used (5.38) and defined

tp41—1

n(m) . ZZ Z 1y, a=s,a} Litem)

sa ko t=ty \/max{l,Nt(m’“(s’a))(s,a)}\/max{l,Nt(,:n/)(xk,ak)}.

k

By the choice of xy, Nt(,:"/)(xk, ag) < Nt(:l’c(s’a))(s, a) for any state-action pair (s, a),
so that we can compute the sum ¥ := 3" »(m) with I, := tr+1 — tr the length of
episode k:

tp+1—1

5 < ZZZ Z ]l{st,at:s,a}]l{tEm} _ Z Ik

o w5 S max{L, N (z,a)y G max{1, NI (ag, ar)}

2 4
Now, define Quay := (V,lrgg%f;,)) log ((Viggi(sé,)) ) where we defined the constant

A reject 0 C . .
Cy = %, and I(T) := max {Qmax, T1/4}. We split the sum depending
on whether the episodes are shorter than /(7") or not, and call K<; the number of

such episodes. This yields:

Iy,

> < Ko I(T) + - .
ko tp>1(r) max{l, Ny~ (zg, ar) }
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5.8.7

Using the stopping criterion for episodes, and that we have chosen the module m/’ in

equation (5.13) to have the inequality Vk(m/)(mk, ag) > %Vk(azk, ag):

Y <K< I(T)+ mix .
B k,Ik>ZI(T) max{1, Vi(zg, ar)}

Now we can end the computations as in Chapter 4. Denote by £ the event:

1 2
= . < :
5 {Vk‘ S tIk > I(T), max{lvvk(xkvak)} = Vﬂ.max(S/)Ik}

By splitting the sum, using the above event, we get:

2Tmi
D<K I(T)+1e Y mmi“‘("fg,) +1lg > Tmixdk
kI, >I(T) kI, >I1(T)

2Tmi
<K< I(T)+1g (K — K<) Wiff‘(“fg,) + 1 gTmixT"

We use Corollary 5.14 to get P (5_ ) < ﬁ, so that when taking the expectation:

E[X] <E[K<]I(T) +E[(K - K<1)] ,ﬂ?n?f(ig/) " leix'

Now using Lemma 2.10, SA > 4, I(T) > M%X(S,) and that 10;2 + i <2

E[S] < E [K] I(T)Tmix + szi" < 25 Armix log(2AT)I(T).

Therefore, we have that:

E | Ry | < 64rmacSAD ri [ (T) log? (2AT) (5.39)

Bound on R,

The last regret term we have to bound is related to the count of episodes.

RY ="V (P, - D)y
k

We first want to sum over the modules to get the same kind of term as in [Jaksch et al.,
2010], written as a martingale difference sequence, and then take the expectation.
Following that proof, we define X; := (p(-|s¢, a;) — es,) Bk(t)]lMeMk(t), where k(t) is

5.8 Proof of Theorem 5.5
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120

the episode containing step ¢ and e; the vector with i-th coordinate 1 and 0 for the
other coordinates. We obtain

tp1—1

ka(m) (Pk — I) ]N”Lk S Vk (Pk — I) ?lk S Z Xt + ?lk(St,H_l) — ilk(&tk)
m t=ty
tp41—1
< Z X+ Drmaxa
t=tg

and by summing over the episodes we get
T
Z jon) < ZXt + KDrpax-
m t=1

Notice that E [X;|s1,a1,..., st, a;] = 0, so that when taking the expectations, only
the term in the number of episodes remains.

On the other hand, using Lemma 2.10 on the number of episodes, when taking the
expectation we obtain

8T

< SATmix logy (%
mix

) - Driax.

E [Z RV

As for the computation of (5.27), assuming 7yixSA > 4:

E [Rep] < 2rmaxSAD iy log(2AT). (5.40)

Total Sum

We remind that we showed in subsection 5.8.5 that the main term of the regret is:

-3
725maxﬂl(]1)01 (1 - ) log (AT) \/ 5AT log1(p~1),

p(io)

and it remains now to compute the lower order term of the regret Ry o. Using (5.27),
(5.28), (5.39) and (5.40), the lower order term of the regret is upper bounded by,
omitting the r,,, factor:

64SAD27—mixI(T) 10g2 (2AT) + 2SATmiX(D + 7—Inix) log(QAT) + (S + 16CSA),
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5.9

and for T large enough so that 1 + 16C < log?(T") the upper bound is :
Tmax69SAD?*72, 1(T)log?® (2AT),

which concludes the proof of Theorem 5.5.

Lemmas on Extended Value lteration

We remind the fundamental properties of the Extended Value Iteration (EVI) algo-
rithm, first described in [Jaksch et al., 2010], which is used to find the optimistic
MDP M, and the policy 7}, for each episode k given a confidence region M. These
properties are useful notably in the first splits of the regret terms in Section 5.8.3.

EVI iteratively computes values in the following way:

(k’)( ) =0
{u§i’1<s> = maxoe {r(s,a) + maxy()ep(ea) { o p(s )0l ()}

where P(s, a) is the set of probabilities from (5.17), and the iterations are stopped
with respect to the following lemma [Jaksch et al., 2010, Theorem 7].

Lemma 5.6
For episode k and accuracy ¢y, := \I/HE‘, denote by i the last step of extended value
iteration, stopped when:

max{ulf) (s) — ul (5)} - min{ul; (5) — u?(5)} < ex. (5.41)

The optimistic MDP M;, and the optimistic policy 7, at the last step of EVI are so
that the gain is e, — close to the optimal gain:

~ o . Y ~ / / —
Jr = msmg(Mk, Ty S) > M/en}/fli;(’ms/g(M Ty 8 ) — Ef. (5.42)

Moreover, from [Martin L. Puterman, 1994, Theorem 8.5.6]:

ugi)l(s) - ugk)(s) - gk’ < e, (5.43)

5.9 Lemmas on Extended Value lteration

121



5.10

122

and as the optimal policy yields an aperiodic unichain Markov chain, we have that
Jgr = g(Mk, 7k, s) for any s, so that we can define the bias:

o0
hi(s0) = Es, [ (F(s¢,at) — §k)] . (5.44)
t=0
Rather than using the last value of EVI in the computations of the regret, we rely on
the bias to show that the last value and the optimistic bias are nearly equal, up to a
translation. By choosing iteration ¢ large enough, from [Martin L. Puterman, 1994,
Equation 8.2.5], we can ensure that:

ut (s) — (i — 1)gp — Bk(s)‘ < %k, (5.45)

(2

so that we can define the following difference

)

u.k)(s) — min ugk)(sl) - <l~1k(s) — min fzk(s’)>’ < €k. (5.46)

Probability of not Being in the Confidence Region

We compute the probability that the true MDP M fails to be in the confidence
set. This lemma controls the corresponding regret terms in Section 5.8.2 when we
consider the episodes k with M ¢ M.

Let us first prove the key Lemma 5.7.

Lemma 5.7
Let us consider the original MDP under any policy w, with stationary measure v™.
There exists C > 0, p € (0,1) such that:

max foue% P (xt = ) — V™ ||pyy < Cp' Yt > 0. (5.47)
Let t,t' > 0 such that t' — Ty > t, with t' and t' — 7, belonging to the same
episode. Let X be a function of the state of the original MDP until time ¢t and
Y function of the state of the original MDP from time t'. Let Y be a random
variable following the same distribution as Y independently from X. Let f be a
real-valued, bounded function. Then:

EF(X, V)] —E [£(X,7)]| < 4C|fllocp™.
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Proof. The proof is essentially the same as in [Bhandari et al., 2018, Lemma 9], but
as states are sampled from the original MDP and not a single Markov chain, we
cannot just assume that the starting distribution at time 0 is a stationary distribution.
Instead, we have to make sure that it is the case for each start of the episodes, hence
the initial phase where 7, samples of the aggregated MDP are discarded, so that
the original MDP is close to its stationary distribution. Due to this ramping time, we
can make sure that ¢’ and ¢’ — m,;x belong to the same episodes and can therefore be
related to the same stationary distribution.

Let ¢,t’ > 0 such that ¢ — 7 > ¢, with ¢’ and ¢’ — 7, belonging to the same episode
k. Now, X is a function of the state of the original MDP until time ¢, so there are ¢
observed transitions but there might be many more that are hidden. In turn, Y is a
function of the state of the original MDP from time ¢'. Let Y be a random variable
following the same distribution as Y and independent of X. Note that there are at
least T,ix observed or hidden transitions between ¢ and ¢’ on the original MDP.

We also define the distributions P := P{X €, Y € -} and Q := P{X € }®
P{Y € -}, and we define the total variation information

Itv(X,Y) =) P{X =x}|[P{Y = | X =x} = P{Y = y}lzy -

To simplify, assume that || f|| < 1. By definition of the total variation distance, we
first have that:

B[ =B [FCD)]] < 1P = Qlpy

Then, using the properties of the total variation information related to a Markov
chain described in [Bhandari et al., 2018], we obtain

1P —=Qllpy <Irv(X,Y) < Ipv (x4, %) < Iy (Xp—rpy s Xyr)
<Y Pty = X} [P {xe = - [ xpr e = X} = P{xs =}l 7y

then using a triangle inequality:

+
TV

=x} — v

B ot = - | % = x} — B {30 = gy, < [B {0 =} — v

HP{Xt’ = |xy

—Tmix ’

TV

we get
[P = Qllpy <2Cp™x,

5.10 Probability of not Being in the Confidence Region
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where in the last inequality we used assumption (5.10) twice, as ¢’ and ' — Tix
belong to the same episode, and therefore can be related to the same stationary
measure v"*. To clarify, the exponent 7, in the inequality is loose, as Ty is the
number of time-steps in the aggregated MDP, so there are at least as many time
steps in the original MDP, and the mixing is confirmed. O

We can now give the lemma that actually shows that M is likely to be in the
confidence set of MDPs.

Lemma 5.8
For t > 1, the probability that the MDP M is not within the set of plausible MDPs
M(t) is bounded by:

S 8CSA

P{M ¢ M)} < 55 + 5

Compared to [Jaksch et al., 2010, Lemma 17], we notice that the first term comes
from the choice of the confidence bound adapted to the birth-and-death structure of
the MDP, but the second one comes from the imperfect independence of the obser-
vations. To prove this inequality, we will need Lemma 5.7 to consider independent
events again, and to be able to use concentration inequalities.

Let us now prove Lemma 5.8.

Proof. Fix a state-action pair (s,a), m any module and n the number of visits of
this pair within the module before time ¢t. We will first consider the confidence
around the empirical transitions, and then the confidence around the rewards. Let
gp = \/% log (16 At*) < \/% log (2At). Define the events:

A, = <||ﬁ(m)(-|s,a) —p(-[s,a)lh > %log (2At>> (5.48)

Here, we aim to control these events but the difficulty is that the observations from
the state-action pairs are not independent. On the other hand, we notice that the
observations within a fixed module are nearly independent, which is why we needed
to introduce these modules in the first place.
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Define p(:|s,a) the empirical transition probabilities from n independent obser-
vations of the state-action pair (s, a). Define events that are copies of A4,, but with
independent observations:

L (15t 1s @) — (- g
A% = (rp (1s,a) = o |s,a>\1z\/nlog<2At>>. (5.49)

Similarly, define A;-* events such that the first n — k observations are the same as
the ones for A,, and the next k observations are independent, so that for example
AL0 = A, and A-"~1 = AL Then, applying n — 1 times Lemma 5.7:

P -2 {arl| < 3 [B{ats ) B Lath)] < o < s071
k=1

We can therefore work on the events with independent observations. Knowing that
from each pair, there are at most 3 transitions, a Weissman’s inequality gives:

n€2
B {5 (s, a) = p([s, )1 = & | < 6exp (—;)

and we get

and within our choice of 7y,

3 4C
< 2 4
P{dn} < A4 + 4

We deal with the rewards in a similar manner. Define the events:
_ ([ 1pm) 2
By, = [ [P (s,a) — r(s,a)|] > dmax - log (2At) | . (5.50)

By definition of #(™) (s, a) = Yreject?™ (s + 1[5, @) + %94 (S’ — ) 5.15, and using that
Vreject < Omax, WE Can write:

P{B,} < P{m(m)(s +1ls,a) — p(s + s, a)| = M%log (2At)} |

Once again, we consider (s + 1|s, a) the empirical transition probabilities from
independent observations of (s, a) to s + 1, and we look to control the probability of

5.10 Probability of not Being in the Confidence Region
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the events B;-. With the independence, we may now use the following Hoeffding
inequality on the Bernoulli random variable of parameter p(s + 1|s,a):

P{\ﬁ(m)(s + 1|s,a) — p(s + 1]s,a)| > 6,«} < 2exp (—2n53) ,

where ¢, = \/ﬁ log (16 At%) < \/% log (2At). We therefore get:

(B} <

and with the previous choice of Ty,

1 4
P{BY < 43¢
Bl < gaat

Overall:

1 8C
< —— 4+ —.
P{dn U Bu} < 247 T
Now, with a union bound for all values of n = max{1, Nt(m) (s,a)} € {0, 1,---, ﬁ;ﬂ }
and all 7,3 possible modules, and also summing over all state-action pairs:
S 8CSA
< - 4 -7
PAM ¢ M)} < o+~
as desired. O

Lemmas Specific to our Regret Computations

In this section, we prove generic properties on the difference of biases between two
MDPs. This control on the difference is needed in subsection 5.8.6 to compare the
optimistic MDP and the true MDP.

Lemmas on the Bias Differences

The next four lemmas of this subsection are already proved in Chapter 4, for the
sake of completeness, we rewrite them in this subsection. They are used in the proof
of Lemma 5.12, to control the difference between the bias of the policy 7 in the
optimistic MDP and in the true MDP.
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Lemma 5.9

For an MDP with rewards r € [0,rmax| and transition matrix P, denote by
Jo(m,T) :=E [ZtT:o r(st, w(st))} the expected cumulative rewards until time T
starting from state s, under policy 7. Let D™ be the diameter under policy w. The
following inequality holds: span (J(w,T')) < rmaxD™.

Proof. Let s, s’ € S be recurrent states under policy 7. Call 7,_,, the random time
needed to reach state s’ from state s. Then:

Jo(m,T) =E [Zr(st)]

t=1

+E

=E [Si:s (st)

t=1

< rmaxE [7—5%3’] + Js’ (7T, T)
< rmaxDﬂ- + Jy (7['7 T),

which proves the lemma. O

Lemma 5.10

Consider two unichain MDPs M and M'. Let r = ' € [0, rmax] and P, P" be
the rewards and transition matrix of MDP M, M' under policy =, ' respectively,
where both MDPs have the same state and action spaces. Denote by g, g’ the
average reward obtained under policy 7, 7' in the MDP M, M’ respectively. Then
the difference of the gains is upper bounded.

’9 - 9,‘ < rmaxDWHP - P,HOO'

Proof. Define for any state s the following correction term b(s) := rmax D7 ||p(-|s) —
p'(:|s)||1. Let us show by induction that for 7' > 0,

T-1 T-1
Y P'r <> P'r+b).
t=0 t=0
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This is true for 7" = 0. Assume that the inequality is true for some 7" > 0, then

T T T-1 T-1
> Pr—> P'r+b=-b+P) Pr—P Y P'r+b)
=0 =0 =0 =0

T—1 T-1 T
=-b+ P (Z Pr— > P'(r+ b)) +(P—-P)) P'r

t=0 t=0 t=0

T
~b+ (P — P') ) P'r by induction hypothesis.
=0

IN

Notice that, for any recurrent state s for policy =:

T
((P - P') ZPtT> (s) < llp(-ls) = p'(1s)]lx - span (J(T))

t=0
< PmaxD"[|p(-]s) — p(-]s)]l1 by Lemma 5.9

= b(s).

In the same manner we show that:

T T

ZPtr > ZP't(r —b).

t=0 t=0
Hence, as P’ has non-negative coefficients, denoting by e the unit vector:
T

T
Z Plr — Z Pty
t=0

t=0

T

ZP’t'e

t=0

< [1blloo

[e.o]

= [[blloo(T"+1).

o0

As r = 7/, with a multiplication by T%rl and by taking the Cesaro limit :
9= 9| < [[bll,

where [|b]|co = Tmax D™ ||P — P'||oo- -

Lemma 5.11
Let P be the stochastic matrix of an ergodic Markov chain with state space
1,...,S. The matrix A := I — P has a block decomposition

A
c d
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then Ag, of size S x S is invertible and | Ag'|loc = sup;cs E [7is], where
E [1i—s] is the expected time to reach state S from state .

Remark that this lemma is true for any state in S.

Proof. (E [1;-s]); is the unique vector solution to the system:

v(S)=0
Vi# S, v(i) =1+ Y cs P, j)v(j)

We can rewrite this system of equations as: Av = e — eg, where A is the matrix

A::(AS b),
0 1

e the unit vector and eg the vector with value 1 for the last state and 0 otherwise.
Then A and Ag are invertible and we write:

Jum Agt A" .
0 1

Thus, by computing fl‘l(e —eg), fori # S, (E [riss]), = Agle. By definition of the
infinite norm and using that Ag is an M-matrix and that its inverse has non-negative
components, ||Ag! || = sup;cs E [iss]- O

In the following lemma, we use the same notations as in Lemma 5.10 with a common
state space {0,1,...S5}.

Lemma 5.12

Let the biases h, h' be the biases of the two MDPs that verify their respective
Bellman equations with the renormalization choice h(S) = h/(S) = 0, and
respective policies m, and ©'. Let sup s E [7], /| be the worst expected hitting

time to reach the state s’ with policy m, and call Ty;; = infycssup,csE [77, ).

We have the following control of the difference:

17— R loo < 2T};ritD7rleaXHP — Pl

Notice that although the biases are unique up to a constant additive term, the
renormalization choice does not matter as the unit vector is in the kernel of (P —
P).

5.11 Lemmas Specific to our Regret Computations 129



5.11.2

130

Proof. The computations in this proof follow the same idea as in the proof of [Ipsen
and Meyer, 1994, Theorem 4.2]. The biases verify the following Bellman equations
r —ge = (I — P)h, and also the arbitrary renormalization equations, thanks to the
previous remark: h(.S) = 0. Using the same notations as in the proof of Lemma 5.11,
we can write the system of equations Ah = 7 — §, with 7 and § respectively equal to
r and g everywhere but on the last state, where their value is replaced by 0.

We therefore have that h = A~!(# — §), and with identical computations, k' =
Al _1(7:’ — ¢'). By denoting dX := X — X' for any vector or matrix X, we get, as
r=nr'"

dh = =AY (—dg + dAN).

The previously defined block decompositions are:

- ATl —AGh . Ag — A -V
e s and dA= (""" s b—b .
0 1 0 0

For s < S, dh(s) = —el Ag'(dAgh’ — dg) and dh(S) = 0. Now by taking the norm
and using 5.9:
ldhlloo < 1| A5 lso (Fmax D™ | dAs]|so + |dg1).

Notice that ||dAs||c < ||dP|loo and |dg| = |dg|. Using Lemma 5.10 and Lemma 5.11,
and taking the infimum for the choice of the state of renormalization implies the
claimed inequality for the biases. O

Visits of the Furthest State

We also need the next lemmas to bound Ry by controlling the number of visits
of the state with the fewest visits. If we can guarantee that each state receives
enough visits, then we will have a good approximation of the biases and transition
probabilities. The proof can also be found in Chapter 4.

Lemma 5.13

Let v™"" be the stationary measure of the Markov chain under policy 7%, such
that for every state s: m™**(s) = 1, so that every job is admitted in the network
until maximal capacity S’ is reached.

Let k be an episode and assume that the length of this episode I}, is at least

HT) = 14 e { Qo T4, with Qo = (2958557) g ( (296557,
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Cy: % and Cy as in Lemma 5.15. Then, with probability at least

1,
.

N

Vk(xk, ak) 2 I/Trmax(S/)Ik — 5C252\/Ik- log Ik.
We will now prove Lemma 5.13:

Proof. Let k be an episode such that I, > I(T'), and first consider it is of fixed
length I. Let z;, € S be a recurrent state, a; = 7;(sx). Denote by v, the stationary
distribution under policy 7. Notice that ™ (S’) < vi(x},) for S large enough.

Define a new Markov reward process: consider again the original state space S and
the transitions p’ with policy 7%, but the rewards 7, where 7*(s’) = 1 for states s’ such
that |s'| = xj and 0 otherwise. Denote by gz, the gain associated to the policy 7
and similarly define Eﬁk the bias, translated so that }Dz;rk(S) = 0. Then:

tp41—1

Vilwg,ar) = > #(s')

u=ty
tk+171 ° °
- Z Gy, + ha, (8'u) — <p’ (8" us T (")) ,hﬁ—k> using a Bellman equation

u=ty,

thy1—1
= > G+ ey () = ha (5ust) + iy (Surn) = (B (15 k(') B ) -

u=ty

By Azuma-Hoeffding inequality 2.12, following the same proof as in section 4.3.2 of
[Jaksch et al., 20101, notice that X,, = hz, (s'u11) — <p’ (| 8wy Tr(8"0)) ,lozﬁk> form

a martingale difference sequence with the bound | X, | < span loz;rk:

tp41—1
1
IP’{ > Xy > CQSQ\/lOllogI} < 55

u=ty

With Proposition 5.16 proved in Section 5.12, we have span ;Lﬁ-k < (252 with

Cy = %, so that with probability at least 1 — 7

teye1—1
Vie(wg, ar) > Z s, — 5CaS*\/Tlog .
u:tk
On the other hand:
tk+1—1
> Gr = Vilsw, ar)ve(zy),
u=tg
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so that, using that v (z;) > v™  (S'), with probability at least 1 — Z:
Vie(@g, ag) > v™ (") = 5C28%\/Tlog 1.

We now use a union bound over the possible values of the episode lengths Iy,
between /(T) + 1 and 7"

T T
max 1 1
P{Vk(:ck,ak) <v (S/)Ik*E)CQSQ\/IkIOgIk} < Z ﬁ < Z ﬁ
I=I(T)+1 I=T1/441
1

< DYk

— 4T

so that we now have that with probability at least 1 — %:

Vk($k,ak) > Vﬂmax(S,)Ik - 50232\/ Ik log[k.

O]

We can show a corollary of Lemma 5.13 that we will use for the regret computa-
tions:

s ~

Corollary 5.14
For an episode k such that its length I}, is greater than I(T'),with probability at

1.
lpgst 1 —

I/,ﬂ_max (S/)

Vi(xg, ar) > >

I.

Proof. With Lemma 5.13, it is enough to show that 50552/}, log I;; < ”Wf(s/)lk,
i.e. that 1oék1k > V,{%?%f;,) =: B. By monotonicity, as I, > Qumax = B%log B* we
can show instead that B?log B* > B?log (B?log B*).

This last inequality is true, using that logz > log(2log =) for > 1. This proves the
corollary. n

Properties of the Aggregated MDP

In this section, we prove properties on the aggregated MDP that are needed to
control the average number of visits of the states of the MDP under any policy. We
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also prove a bound on the bias of the true MDP under any policy, which is eventually
needed to control the main term in subsections 5.8.4 and 5.8.5.

5.12.1 Properties of the Policies in the Aggregated MDP

We may only consider policies that are threshold policies, as we are mainly interested
in the average reward scored by these policies, so that we consider that the policies
chosen by EVI are threshold policies. We remind that the aggregated MDP is stable
(as seen in Section 5.2), so that there exists a iy large enough for which ¢ > i,

p(i) = plio) > A,

With the following lemma, we compute the stationary measures v™ and give a
comparison between any v™ with the stationary measure v™ . of the maximal policy
7™ that admits every job into the queue, by relating these Markov chains to the
M/M/1/S" queue with rates A and x(io).

Lemma 5.15

Denote by s the last recurrent state of the MDP for policy m, so that 7(s) = 0 for
s > 5. Define the constant Cy := [[°* “((Zf)) > 1, independent of S.

We have the following inequalities

* On the stationary measure of the maximal policy:

wmx 1
ZH o

=01i= 1‘u

* On the stationary measure of any policy:

max C
ZH 07 < —

In order to control the variation of the bias of any policy 7, we refer to Lemma 2.4
to first compute hitting times in the MDP under this policy, in order to show a more
complete version of Proposition 2.5. The variation of the bias indeed play a major
role in the computations of the main term of the regret (see 5.8.4).
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Proposition 5.16
For any policy =, define for s € {1,..., S’} the variation of the bias

Ol (s) = W7(s) — h*(s — 1) = 3 (PH(s,) = Pi(s = 1,)) r
t=1
Remind that dmax := maxXs q o [7(s,a) —7(s — 1,d')| = w
max 1 s i

Oh™(s) < A(s) 1= 20maxV™ (i)’

Using the monotonicity of the rates p from Lemma 5.1, we therefore have :

A(s) < 2(/\7reject + ’Yhold)l/ﬂmax (0)_15m

Proof. We continue the proof of Proposition 2.5 where it stopped. We can now use

the specific stationary measure we computed previously. We had:

A™(8) < 20maxETs,

and using Lemma 2.4 and Lemma 5.15:

max 5 U
AT(8) < 20maxV™ 0)~! —_
( ) a: ( ) Z:ZI ,U’(Z)
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In this chapter, we have shown that efficient learning in POMDPs is possible. Provided
that the learner’s objective is to learn the optimal admission control policy, which
is a problem appearing in a number of applications as discussed in Section 5.2, we
have proposed UCRL-M, an optimistic algorithm whose regret is independent of
the diameter D, i.e., a quantity that appears in most of the existing regret analyses
[Jaksch et al., 2010] and that is exponential in the size of the space S in most

queueing systems.

Chapter 5 Reinforcement Learning in a Partially Observable Queueing Net-
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While our result strongly relies on Norton’s equivalent theorem, which only applies
exactly to product-form queueing networks, our main perspective is that this type
of results under partial observations may be found in several other models from
queueing theory. In fact, Norton’s theorem has been generalized to multiclass
networks [Kritzinger et al., 1982] and also used in the context of non-product-form
queueing networks for approximate analysis [Krieger, 2008].

5.13 Conclusion
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6.1

6.2

Conclusions and Future Work

Conclusions

In this thesis, we mainly focused on highlighting the relevance of the queueing
structure in some model-based reinforcement learning problems in the average
reward setting. More precisely, we presented the example of a controlled birth-and-
death process and showed how an adapted version of the classical algorithm UCRL2
could take into account the structure of the queue. In this case, we found a regret
upper bound that is independent of the diameter and the size of the state space.
Instead, it depends on the number of relevant states to explore. To achieve this
bound, we controlled the bias variations for any policy of the MDP and used these
estimations of the bias rather than the diameter. We also showed that the diameter
increases exponentially in the size of the state space in simple queueing problems,
which is the main motivation to remove it from the regret bounds.

We then investigated the typical example of the admission control problem in a
queueing network whose states are not observed that leverages the structure of
the problem. Using Norton’s equivalence theorem and ergodicity properties, it is
possible to simplify the underlying POMDP by learning an asymptotically equivalent
MDP with a birth-and-death structure instead. In this case again, the proposed regret
upper bound does not depend on the diameter anymore, and it only depends on the
size of the state space through the mixing time of the original MDP.

Future Work

Improvement on the regret bound in the adapted UcrL2 and UcrL-M In these algo-
rithms, we observe that the regret bounds depend on the stationary measure and
on the mixing rate for the worst policies. Intuitively, the main contributions to the
regret stem from the execution of suboptimal policies that get closer and closer to
the optimal one in performance. We could expect that the stationary measures of
these policies also get close to the stationary measure of the optimal one, so that
only the optimal policy should be involved in the final regret term, rather than
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the reference policy we had in Chapter 4. Regarding the mixing rate of policies in
ergodic MDPs, we built modules in Chapter 5 according to the worst mixing time,
being the time needed to reach stationarity from the furthest state, which therefore
depends on S. However, by stability, the average queue size does not depend on S,
so that the average mixing time is much lower than S, and we could build modules
with this property in mind to improve the algorithm and its regret bound.

Lower bound of the regret for structured MDPs One of the most natural questions
about the algorithms in Chapters 4 and 5 is about finding a lower bound of the regret,
just like UcRL2 had a lower bound in Q(v/DSAT), evaluate the tightness of our
upper bounds. To do so, it would require clearly defining and choosing the class of
MDPs we would like our algorithms to be applied to, while still keeping the question
relevant. The lower bound in [Jaksch et al., 2010] typically revolved around finding
a specific MDP with a given diameter D that would make the exploration as slow as
possible, so that we could expect in our case to find a queue within the given class
with a well-chosen stationary measure and rewards to hinder exploration.

Using the queueing structure in the parametric case The MDPs considered in [Wu
et al., 2022] are linear mixture MDPs where the goal is to learn an unknown feature
vector in R?, with d the dimension of the parameter space. We recall that the regret
bound achieved in this case is in O(D+/dT) by using Hoeffding-type bounds, and in
O(+/dDT) with Bernstein-type bounds. While the latter bound is stronger, it seems
to rely on the knowledge of the diameter D to control the variance of the transitions.
Sticking to Hoeffding-type bounds, however, would be an interesting first step to
deal with linear mixture MDPs with a queueing structure. In this setting, it could
be expected to work around the diameter in the analysis as done in Chapter 4.
Moreover, it could still be interesting to study this algorithm with the Bernstein-type
bounds, keeping in mind that the algorithm UcRL2B [Fruit, Pirotta, and Lazaric,
2020] relies on the empirical variance and not directly on the diameter, so that we
could find an improvement on the bound, just like UCRL2B improved the regret
bound from being proportional to D to v/D.

Additionally in the parametric case, we could also explore model-free algorithms,
that is, algorithms that do not compute and update estimates of every reward and
transition to learn an optimal policy. Such algorithms are interesting for queueing
systems where the state space is large, as the space complexity is larger for model-
based algorithms in comparison to model-free ones. Following the same ideas
from Chapter 5, we could use the ergodicity of the MDP in a Kiefer-Wolfowitz type
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of algorithm [Kiefer and Wolfowitz, 1952] where the reward to maximize would
depend on the stationary measure, as in the models of Chapters 3 or Chapter 5.
The ergodicity could be used to sample approximately a state from the stationary
measure and estimate the gradient of the average reward.

Involving other queueing properties to find algorithms The algorithms we pre-
sented relied so far on the birth-and-death structure of transitions to control the bias
of policies. Just like we used Norton’s equivalence theorem in Chapter 5, we could
hope to design reinforcement learning algorithms using specific queueing properties,
such as reversibility for example. The intuition is that these properties are connected
to the stationary measures, and the optimal gain itself depends on the stationary
measure of the optimal policy.

6.2 Future Work
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Abstract

Although reinforcement learning has been recently primarily studied in the generic case of Markov decision
processes, the queueing systems case stands out in particular. To deal with the potentially extremely large
state space a priori, learning algorithms must take into account the structure of the systems in order to extract
as much information as possible and choose the best control that optimizes the system performance in the
long run.

In this thesis, we present algorithms adapted from classical algorithms in the context of queueing systems,
and we study their performance to demonstrate a weak dependence on the state space compared to results
obtained in the general case.

Reésume

Bien que I'apprentissage par renforcement ait été récemment principalement étudié dans le cas générique des
processus de décisions markoviens, le cas des systemes de files d’attente se dinstigue particulierement. Pour
compenser la taille de 'espace d’état qui peut étre extrémement grande a priori, les algorithmes d’apprentissage
doivent tenir compte de la structure des systemes afin d’en extraire le plus d’information et de choisir le
meilleur contréle qui optimisent au mieux les performances du systéme sur le long terme.

Dans cette thése, nous présentons des algorithmes construits a partir d’algorithmes classiques, adaptés au
contexte des systeme de file d’attente, et nous étudions les performances de ceux-ci pour montrer une
dépendance faible a I'espace d’états comparativement aux résultats obtenus dans le cas général.
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