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Résumé

Les copules sont des outils mathématiques permettant de modéliser la dépendance entre les
composantes d’un vecteur aléatoire et sont fréquemment utilisées dans des domaines tels que
la finance, I’économie et la gestion du risque. Les chapitres 1 et 2 passent en revue les prin-
cipaux résultats théoriques liées aux copules: y sont présentés leurs propriétés de base, les
méthodes d’estimation les plus connues, le processus de copule empirique et des techniques de
rééchantillonnage associées. Le chapitre 3 propose une classe d’estimateurs non paramétriques
lissés de copules, potentiellement adaptatifs, qui contient les copules empiriques de Bernstein in-
troduites par Sancetta and Satchell (2004) (et donc la copule empirique beta proposée par Segers
et al. (2017)). En particulier, une sous-classe d’estimateurs qui s’avere uniformément plus précis
que la copule empirique beta dans les expériences de Monte Carlo considérées a été identifiée. De
plus, des conditions sous lesquelles les processus de copule empiriques associés convergent faible-
ment sont données. Le chapitre 4 propose deux techniques de rééchantillonnage pour la classe
d’estimateurs considérée au chapitre 3. La premiere technique s’inspire des travaux de Kiriliouk
et al. (2021) et peut étre utilisée pour approcher les processus de copule empiriques associés
dans le cas i.i.d. La seconde technique est une extension lisse du bootstrap a multiplicateurs
dépendants proposé dans Biicher and Kojadinovic (2016) et peut étre utilisée pour approcher
les processus de copule empiriques associés dans le cas de données faiblement dépendantes. De
plus, deux classes d’estimateurs lisses des dérivées partielles du premier ordre de la copule sont
également étudiées théoriquement et empiriquement. Le dernier chapitre propose de nouvelles
directions de recherche, telles que 'application des estimateurs étudiés et des techniques de
rééchantillonnage associées & la détection de ruptures et a 'inférence pour des modeles facto-

rielles de copules.

Mots-clés: statistique mathématique, copules, estimation adaptative, lissage,

rééchantillonnage
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Abstract

Copulas are mathematical tools for modeling the dependence between the components of a
random vector. They are frequently used in fields such as finance, economics, and risk man-
agement. Chapter 1 and 2 of this thesis provide a review of the main results in the study of
copulas including their basic properties, estimation methods, the empirical copula process and
appropriate resampling schemes for the latter. Chapter 3 proposes a broad class of smooth,
possibly data-adaptive nonparametric copula estimators that contains empirical Bernstein cop-
ulas introduced by Sancetta and Satchell (2004) (and thus the empirical beta copula proposed
by Segers et al. (2017)). A specific subclass that performs uniformly better than the empirical
beta copula in Monte Carlo experiments is identified. Furthermore, conditions under which
related sequential empirical copula processes converge weakly are provided. Chapter 4 proposes
two resampling techniques for the class of estimators considered in Chapter 3. One technique
builds up on the work of Kiriliouk et al. (2021) and can be used to bootstrap related empirical
copula processes in the i.i.d. case. The other technique is a smooth extension of the dependent
multiplier bootstrap proposed in Biicher and Kojadinovic (2016) and can be used to bootstrap
related empirical copula processes in the sequential time series case. In addition, two classes
of smooth estimators of the first-order partial derivatives of the copula are also theoretically
and empirically studied. The last chapter discusses potential future research directions, such
as applying the studied estimators and corresponding resampling techniques for change-point

detection and inference in factor copula models.

Keywords: mathematical statistics, copula, data-adaptive estimation, smoothing,

resampling
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Chapter 1

Introduction

The study of how random variables are related to each other is a crucial aspect of probability
theory and statistics. Over time, various ideas and concepts have been developed to describe
these relationships. The most widely used approach is the Pearson correlation coefficient, also
known as Pearson’s r. However, it is widely recognized that this method only captures linear
relationships, and is only able to fully describe a limited number of multivariate distribution
types, such as the multivariate normal distribution. Rank-based correlation were introduced
next. For instance, Spearman (1904) proposed Spearman’s rho and Kendall (1938) proposed
Kendall’s tau. However, the aforementioned approaches are not able to describe in full the de-
pendence between two random variables since they only provide information about the overall
degree of dependence. Sklar (1959) proposed a theorem that highlights the existence of mathe-
matical objects known as copulas that fully describe the dependence between the components

of a random vector.

In short, a copula C of a random vector X = (Xi,..., Xy) is a function from [0, 1] to [0, 1] that
captures the relationship between the components of X . Specifically, let F' be the multivariate
distribution function of X and, for j € {1,...,d}, let F; be the univariate distribution function

of X;. Then, Sklar’s theorem states that there exists a copula C' such that

F(w) :C{Fl(xl),...,Fd(l‘d)}, $:(1‘1,...,xd) GRd. (1.1)

Moreover, when Xi,...,Xy are continuous univariate random variables, C' is unique. The
central implication of this identity, with mathematical details given in later chapters, can be
heuristically summarized as follows: a copula is a function that captures the whole and the only
information about the stochastic dependence between the components of X. As a consequence
of (1.1), F can be modeled in two separate steps: the first step consists of estimating the
univariate margins Fi,..., Fy; and the second step consists of estimating the copula C'. This

work is only concerned with the estimation of the copula.
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For the practitioner’s convenience, various parametric families have been proposed. The most
commonly used ones are, among others, Archimedean copulas, elliptical copulas and extreme-
value copulas (see, e.g., Joe, 1997; Nelsen, 2006; Durante and Sempi, 2010). However, before
carrying out statistical inference on the unknown copula C, one often needs to choose the
appropriate parametric family. For this purpose, it is useful to first have at hand a nonparametric
estimator of C. The best known one is the empirical copula (Riischendorf, 1976; Deheuvels,
1979), which has been used widely in inference procedures on the unknown copula C. For
instance, it is used to test the symmetry and exchangeability of a copula before choosing the
appropriate family (see, e.g. Kojadinovic and Yan, 2010; Genest et al., 2012; Krupskii, 2017).
The empirical copula has however an obvious drawback: it is a step function, while a genuine
copula is a Lipschitz continuous function (see Proposition 2.1.6 in Section 2.1.1). As a result,
its estimation bias is typically large when the sample size is small. To overcome this drawback,
various smooth estimators have been proposed, such as the Kernel-based copula estimators
(Fermanian and Scaillet, 2003; Gribkova and Lopez, 2015), the empirical checkerboard copula
(Genest et al., 2017; Genest and Neslehova, 2007) and the empirical beta copula (Segers et al.,
2017) (which is a special case of the empirical Bernstein copula (Sancetta and Satchell, 2004;
Janssen et al., 2012)). The numerical study in Segers et al. (2017) shows that the empirical
beta copula outperforms the empirical copula, the empirical checkerboard copula and, in several

cases, the empirical Bernstein copula with the smoothing rate suggested by Janssen et al. (2012).

For the asymptotic study of many existing inference procedures on the unknown copula C, a
key ingredient is the so-called empirical copula process, which has been studied by Fermanian
et al. (2004), van der Vaart and Wellner (2007), Segers (2012) and Biicher and Volgushev (2013)
among others. Furthermore, a more general two sided empirical copula process was proposed
and studied in Biicher and Kojadinovic (2016). The (sequential) empirical copula process is
often used to study the asymptotics of the test statistics based on the empirical copula, for
instance, for the test of independence in Genest and Rémillard (2004) and the change-point
detection test in Biicher et al. (2014). In addition, note that the empirical Bernstein copula
process, which is a smooth version of the empirical copula process, was proposed and studied in
Segers et al. (2017).

In terms of asymptotics, the (smooth sequential) empirical copula process converges weakly to
a Gaussian process with covariance structure depending on the the unknown copula, its first-
order derivatives and, in the time series setting, the serial dependence properties of the data
sequence (see, e.g. Fermanian et al., 2004; Segers, 2012; Biicher and Volgushev, 2013; Biicher
and Kojadinovic, 2016; Segers et al., 2017). Therefore in almost all inference procedures, it is
necessary to rely on resampling techniques to compute corresponding confidence intervals or
p-values. Apart from the most classic (multinomial) bootstrap, one frequently used resampling
technique in the literature is the so-called multiplier bootstrap (see, e.g., Scaillet, 2005; Rémillard
and Scaillet, 2009). For the purpose of detecting cross-sectional changes in a multivariate
time series, the multiplier bootstrap was extended to the time series and sequential settings
in Biicher and Kojadinovic (2016) and Biicher et al. (2014). Another resampling method is
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the so-called smooth bootstrap based on drawing samples from the empirical beta copula. It
was recently studied both theoretically and empirically in Kiriliouk et al. (2021). The Monte
Carlo experiments reported therein reveal that it is a competitive alternative to the multiplier
bootstrap while being substantially simpler to implement. However, one practical inconvenience
is that the aforementioned smooth bootstrap cannot be directly extended to the time series

setting.

This work is organized as follows: Chapter 2 offers a review on some of the major results in
the study of copulas. We state the definition of a copula with some of its basic properties in
a more precise and rigorous way, and provide a brief review of various estimators including
parametric estimators, semiparametric estimators and nonparametric estimators. Additionally,
we also make a summary of the study of various (smooth) empirical copula processes and their
corresponding bootstraps. From a historical perspective, the theoretical developments for the
latter can be summarized as follows: from i.i.d. to serially dependent, from nonsequential to

sequential and from nonsmooth to smooth.

Chapter 3 and 4 include the main contributions. In Chapter 3, we propose a broad class
of smooth, possibly data-adaptive nonparametric copula estimators, which are extensions of
the smooth estimators in Sancetta and Satchell (2004) and Segers et al. (2017). We provide
conditions under which the estimate is a genuine copula and, by extending the results in Segers
et al. (2017) and Biicher and Kojadinovic (2016), we provide conditions under which the related
smooth sequential empirical copula process converges weakly. In Chapter 4, we propose two
resampling schemes to obtain the replicates of the latter process and study their asymptotic
validity. The first scheme, following Kiriliouk et al. (2021), involves drawing samples from the
smooth estimator and can be used in the nonsequential i.i.d. case. In particular, the algorithm
to sample from it can be viewed as an extension of Algorithm 3.2 in Kiriliouk et al. (2021).
The second scheme is a smooth extension of the sequential dependent multiplier bootstrap in
Biicher and Kojadinovic (2016) and can be used in the sequential time series case. As far as the
Monte Carlo experiments are concerned, it is shown in Chapter 3 that one particular subclass of
estimators is found to be uniformly better than the empirical beta copula in Segers et al. (2017),
and in Chapter 4 that the two resampling schemes can offer advantages over the corresponding
schemes in Kiriliouk et al. (2021) and Biicher and Kojadinovic (2016). Additionally, Chapter 4
proposes two classes of smooth estimators of the first-order partial derivatives of a copula, with
some estimators displaying substantially better finite-sample performance than the Bernstein
estimator studied in Janssen et al. (2016). Chapter 3 corresponds to Kojadinovic and Yi (2022)
accepted to the Journal of Multivariate Analysis and Chapter 4 corresponds to Kojadinovic and

Yi (2023) currently under submission.

Finally, after summarizing our contributions, we provide, in Chapter 5, two directions of ex-
tension that could lead to future projects. The first one can be built up on Kojadinovic and
Verdier (2021) and involves applying the smooth empirical copula processes in Chapter 3 and
the corresponding multiplier bootstraps in Chapter 4 to sequential change-point detection. The

goal is to detect changes in the cross-sectional dependence of multivariate time series when new



Chapter 1 Introduction 4

observations are obtained sequentially. The second one can be built up on Kurpskii and Joe
(2020) and involves applying the estimators of the first-order partial derivatives of a copula
introduced in Chapter 4 to the one-factor copula model proposed in Kurpskii and Joe (2013)
and studied in the high-dimensional case in Kurpskii and Joe (2020).
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This chapter aims to provide the background needed for the reader to understand our main
contributions in Chapter 3 and 4. The notation, definitions and theorems in this sections
mainly follow from Hofert et al. (2018), Durante and Sempi (2010), Durante and Sempi (2015),
van der Vaart and Wellner (2000) and Kosorok (2008).

2.1 Copulas

In this section, we introduce copulas, survival copulas, copula densities, and we present some of

their basic properties. Furthermore, we provide some examples of families of copulas.

2.1.1 Definition and basic properties

First, let us recall that the multivariate distribution function (d.f.) of a d-dimensional random
vector X = (X1,...,Xy) is the function defined by

Flx)=P(X <z)=P(X; <x1,...,Xg<zq), x=(z1,...,24) €R% (2.1)
Then, the univariate d.f. Fj of X, j € {1,...,d}, can be recovered from the multivariate d.f.
F by Fj(xz;) = F(oo,...,00,2,00,...,00), zj € R. Copulas are particular multivariate d.f.s

given by the definition below.

Definition 2.1.1 (Copula). A copula is a multivariate d.f. with standard uniform univariate

margins.
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In the rest of this document, for any univariate d.f. H, let ran H denote the range of H defined
by ran H = {H(z) : * € R} and let H~! denote its associated quantile function (generalized
inverse) defined by H!(y) = inf{z € R : H(z) > y}, y € [0,1], with the convention that

inf ) = cc.

Theorem 2.1.2 (Sklar (1959)). For any d-dimensional d.f. F' with univariate margins Fy, ..., Fy,

there exists a d-dimensional copula C such that,
F(x):C{Fl(xl)v"'aFd(xd)}7 mERd- (22)

The copula C' is uniquely defined on H?Zl ran F; and given by

d
C(u):F{Ffl(ul),...,Fd_l(ud)}, uEHmn F;, (2.3)
j=1
Conversely, given a copula C' and univariate d.f.s F1,. .., Fq, F defined by (2.2) is a multivariate

d.f. with margins Fi,..., Fy.

Lemma 2.1.3 (Probability integral transformation). Let X be a univariate random variable

with continuous d.f. H. Then H(X) is a standard uniform random variable.

Lemma 2.1.4 (Stochastic Analog of Sklar’s Theorem). Let X be a d-dimensional random
vector with continuous univariate marginal d.f.s F1,..., Fq. Then X has copula C if and only

if the random vector U = (F1(X1),...,Fq(Xq)) has d.f. C.

Then, the intuition of modeling dependence by copulas can be briefly summarized as follows:

suppose we have two d-dimensional random vectors X = (Xi,...,Xy) (resp. Y = (Y1,...,Yy))
with d.f. F' (resp. G) and marginal d.f.s F1,...,Fy (resp. G1,...,Gg). For the moment, we
assume that Fi,...,Fy, G1,...,Ggq are continuous. We wish to know whether the depen-

dence structure between the components of X is the same as that of Y. We cannot com-
pare F' and G directly since they may have different marginal d.f.s and are therefore not
“comparable”; see Chapter 1 in Hofert et al. (2018) for a motivating example showing how
marginal d.f.s could affect one’s perception on the measure of dependence. However, with The-
orem 2.1.2 and Lemma 2.1.4 in mind, we can equivalently compare whether the random vector
(F1(X1),...,Fq(Xq)) and (G1(Y1),...,Gq(Yy)) have the same distribution or, in other words,
whether X and Y have the same copula.

In the rest of this document, for any j € {1,...,d} and any u € [0,1]%, let u9) be the vector of
[0,1]¢ defined by uz(] ) = uj if i = j and 1 otherwise. The proof of the following theorem can be
found in Durante and Sempi (2015).

Theorem 2.1.5. A function C : [0,1]% — [0,1] is a copula if and only if the following conditions

hold:

1. (grounded) C(u1,...,uq) =0 if u; =0 for at least one index j € {1,...,d}.
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2. (uniform margin) C(u")) = u; for allw € [0,1]% and j € {1,...,d}.
3. (d-increasing) For any a,b € [0,1]¢ and a < b,

3 (C)EEC (b, bl > 0,
i€{0,1}4

where the summation is taken over all 2%-many vectors © = (i1y...,1q) for ii,...,iq €

{0,1}.

Next, we present some basic properties of copulas, the proof of which can be found in Joe (1997)
and Nelsen (2006).

Proposition 2.1.6 (Basic properties of copulas). Let C' be a d-dimensional copula and suppose
that X = (X1,...,Xq) is a random vector with marginal d.f.s Fy,...,Fg and copula C. Then
the following results hold.

1. (Fréchet-Hoeffding bounds) For any copula C, we have that
W(u) < Clu) < M(u),  uel0,1]

where

d

W(u):maX{Zuj—d—l— 1,0}, M(u) = min{uy, ..., uq}, u € [0,1)%.
i=1

It is important to note that W is a copula only if d = 2 whereas M is a copula for all
d>2.

2. (Independent copula) If F, ..., F; are continuous, then X1, ..., Xy are mutually indepen-
dent if and only if

C(u) = H?Zluj, u € [0,1]%

3. (Lipschitz-continuity) C is Lipschitz continuous with respect to the L' norm on [0,1]%.

Namely,
d
|IC(u) — C(v)| < Z luj — vjl, for all w,v € [0,1]%.
j=1
4. (Invariance under increasing transformations) If Fi, ..., Fy are continuous and Hy, . .., Hy

are strictly increasing, then (H1(X1),...,Hy(Xy)) also has copula C.
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5. (Kendall’s tau and Spearman’s rho) If d = 2 and Fy and F5 are continuous, then Kendall’s

tau and Spearman’s rho of X1 and Xao can be expressed as

T(Xl,XQ) =1 C(u)dC’(u) - 1,
[0,1]2

p(Xl, XQ) =12 C(u)du - 3.
[0,1]2

2.1.2 Survival copulas

Let us recall that the multivariate survival function F corresponding to the multivariate d.f. F
in (2.1) is the function defined by

Flx)=P(X >x) =P(X; > z1,...,Xq>24), = (z1,...,24) € R% (2.4)
Then, the univariate survival function Fj of X;, j € {1,...,d}, can be recovered from the
multivariate survival function F' by Fj(z;) = F(—o0,...,—00,z;, —00,...,—00), zj € R.

Theorem 2.1.7 (Sklar’s Theorem for survival functions). For any d-dimensional survival func-

tion F with margins F\, ..., Fy, there exists a copula C such that

F(QE) :C{F’l(xl),...,l*:’d(xd)}, ZBERd, (25)

The copula C' is uniquely defined on H;lzl ran Fj and given by

d
C(u)=F{F "(w),....,F; (ua)},  we]]ronF (2.6)
j=1
Conversely, given any d-dimensional copula C and univariate survival functions Fy, ..., Fy, F
defined in (2.5) is a survival function with margins I, ..., Fy.

Proposition 2.1.8 (Properties of survival copulas). Let C' be a d-dimensional copula and let
U be a random vector whose d.f. is C. Then,
1. (1—="U,...,1—Uy) is a random vector whose d.f. is the survival copula C of C.

2. The survival copula C can be computed from C via

Cluy= Y H)“‘c((1fu1)1<1€J>,..‘,(1fud)“de‘f)), wel0,1%  (2.7)
Jc{1,....d}

where the sum extends over all 2% subsets J of {1,...,d}, |J| denotes the number of

elements of J and 1(j € J) is the indicator of j € J.
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2.1.3 Copula densities

A copula C is called absolutely continuous if it admits a density. In this work, we follow

Section 2.1 in Hofert et al. (2018) and shall simply say that a copula C' admits a density c if

o4 d
C(U) = mC(Ul, PN ,'I,Ld), u < (0, 1) y (28)

exists and is integrable. In that case, the density f of F' can be expressed as
d d
f@) =c{Fi(z1),.... Falxa)} [] filx;), @€ ][ran X;, (2.9)
j=1 J=1

where, for any j € {1,...,d}, ran X; is the range of X, f; denotes the density of F; and ¢
denotes the density of C. Note that if C' admits a density ¢, so does C' and the density ¢ of C
is given by

d(u)=c(l—uyg,...,1—uy), u e (0,1)%

2.1.4 Families of copulas

Analogous to various families of d.f.s, there are various parametric families of copulas that are
commonly used in statistical modeling, each with its own unique properties and characteristics.

Here we introduce the three most commonly used ones.

2.1.4.1 Archimedean copulas

Definition 2.1.9 (Archimedean copulas). A d-dimensional copula C is called Archimedean if

it admits the representation
Clu) =4 (W~ (w) + -+ ¢ (ug)),  wel01)7,

where ¢ : [0,00] +— [0,1] is the so-called Archimedean generator that satisfies the following

conditions

1. (0) =1 and ¥(00) = limy_,o () = 0.
2. 1 is continuous and decreasing on [0, co] and strictly decreasing on [0, inf{t : ¢)(t) = 0}].

3. 1) admits derivatives 1»*) up to the order k = d — 2 satisfying (—1)¥®)(¢) > 0 for all
ke {0,...,d =2}, t € (0,00), and t s (—=1)4"2p(¢=2)(t) is decreasing and convex on
(0, 00).

Example 2.1.10 (Examples of bivariate Archimedean copulas). By specifying 1, we are able

to generate different classes of copulas.
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e The independence copula: Let ¥ (t) = —log(t), then

C(u,v) = uv, (u,v) € [0,1]%

e Ali-Mikhail-Haq copulas [Ali et al. (1978)]: for 0 € [—1,1], let 1y(t) = log{w},

t
then
U

T1-00-w(l—v)’

Cy(u,v) (u,v) € [0,1]°.

e Clayton copulas [Clayton (1978)]: for 6 € [—1,0) U (0,00), let ¢g(t) = (¢t~ — 1), then
~1/6
Co(u,v) = {max(u_e +o07f - 1,0)} , (u,v) € [0,1]>.

e Frank copulas [Genest (1987)]: for 0 € (—o0,0) U (0,00), let ¥y(t) = —log <%),
then

{exp(—bu) — 1} {exp(—6v) — 1}
{exp(—0) — 1}

Cy(u,v) = —élog [1 +

| woepr
e Gumbel-Hougaard copulas [Gumbel (1961), Hougaard (1986)]: for 6 € [1,00), let ¥p(t) =
{—1log(t)}?, then

) = xp [~ { (- og(u)” + (~ los(o))'} 5] C (w) e 0.1

e Joe copulas [Joe (1997)]: for 6 € [1,00), let 1g(t) = —log {1 — (1 —¢)}, then

Co(u,v) =1— {(1 —u)fl+(1-0v)f -1 —-uwi1- 0)9}1/9, (u,v) € [0,1]%

2.1.4.2 Elliptical copulas

Definition 2.1.11 (Elliptical distributions). A d-dimensional random vector X is said to have
an elliptical distribution with mean w, covariance matrix ¥ = (o;;) and generator g : [0,00) —

[0,00), and one writes X ~ £(u, X, g), if it can be expressed in the form
X =u+ RAU,

where AAT = ¥ is the Cholesky decomposition of ¥, U is a d-dimensional random vector

uniformly distributed on the sphere {u € RY : Z;-lzl u? = 1} and R is a positive random

variable independent of U, with density given, for every r > 0, by

_ 21?44 o
) = Frgry 90 (2.10)
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Example 2.1.12 (Examples of elliptical distributions). Here we provide two examples of ellip-

tical distribution.

o If g(t) = (21) "2 exp(—t/2), then X has a multivariate Gaussian distribution.

o If g(t) = c(1 +t/v)~(¥)/2 for a suitable constant ¢, then X has a multivariate t-Student

distribution with v degrees of freedom.

Definition 2.1.13 (Elliptical copulas). Let X be a d-dimensional elliptical random vector,
X ~ &(u,%,g). Suppose that, for every j € {1,...,d}, (X;/,/7j;) has d.f. F,, where Fy is the
d.f. of f, in (2.10) when d = 1. Then, we call elliptical copula the d.f. of the random vector

(5 (o) ()

2.1.4.3 Extreme-value copulas

Definition 2.1.14 (Extreme-value copulas). A d-dimensional copula C is an extreme-value
copula if there exists a copula C* such that for any u € [0, 1]¢,

lim C*(u!/™)" = C(u).

n—oo

The copula C* is said to be in the mazimum domain of attraction of C.

The following result was proven in Section 3.3 of Hofert et al. (2018).

Proposition 2.1.15. A copula C is an extreme-value copula if and only if for any u € [0, 1]¢
andr € N,
Cl™y = C(u).

2.2 Estimators of copulas

Let (X;)icz be a d-dimensional stationary time series, where the multivariate d.f. F' of X is
assumed to have continuous univariate margins Fi, ..., F;. As a consequence of Theorem 2.1.2,

the multivariate d.f. F' can be expressed as
F(ZL') :C{Fl(ajl),...,Fd(xd)}, :BERd,

where the copula C is unique. Then, suppose we have at hand a sample denoted by Xi., =
(Xq,...,X,) and we wish to estimate C. First, let us assume that the univariate margins are
known and that we are able to define the d-dimensional stationary time series (U;);cz, where
for i € Z,

U, = (Fi(Xi),...,Fi(Xq)) - (2.11)
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Then, according to Lemma 2.1.4, the sample denoted by U;., = (Uy,...,U,) is a sample from C
and classical estimation methods could be applied. Unfortunately, the more realistic assumption
is that the univariate margins are unknown and we need to estimate them. Based on how the
univariate margins and the copula are estimated, we divide the methods of estimation into three

categories: parametric estimation, semiparametric estimation and nonparametric estimation.

2.2.1 Parametric estimators

In this section, we focus on the estimation of C' under the following two conditions. The notation

and examples of this section follows Chapter 4 of Hofert et al. (2018).

Condition 2.2.1 (Parametric copula family). C in (2.2) belongs to an absolutely continuous
parametric family of copulas
C= {Cg :0 € @},

where O is the parameter space and is a subset of RP for some p > 1.

Condition 2.2.2 (Parametric marginal family). Fi,..., F; in (2.2) belong to absolutely contin-

uous parametric families of univariate d.f.s Fi, ..., Fq, respectively, where for any j € {1,...,d},
Fj = {Fjﬂ’j Y€ Fj}v

and I'; is a subset of RP/ for some p; > 1.

When Conditions 2.2.1 and 2.2.2 are satisfied, @ can be estimated with classical parametric
estimators, the most famous of which is the maximum likelihood estimator (MLE). Here we

provide an example of this method for i.i.d. data.

Example 2.2.3 (Maximum likelihood estimator in the i.i.d. case). Assume that the random
vectors in X1., are i.i.d, and that Conditions 2.2.1 and 2.2.2 are satisfied. Then, according to

(2.9), the density f can be expressed as

d
f@) = co {Fin (1), Fary(@a)} [] Firy; (),

Jj=1

where cg denotes the density of C' and f; 5, denotes the density of F}j o, for j € {1,...,d}. Then,
using the fact that random vectors in X'y.,, are i.i.d, then the maximum likelihood estimator is
given by

(:Yn,la-- . 7:}’n,d70n) = argsup ‘gn(7la 7'7d70;X12n)7
(Y1,---74,0) € (T'1,....T'4,0)

where

n d n
bn(V1 - Y2 0; X 1) = Y _log o {Fiq, (Xin), .- Fumy(Xia)} + ) ) log fi, (Xij) (2.12)
i=1 j=1i=1
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is the log-likelihood function.

There are, however, two major drawbacks with MLE. Firstly, the estimation of 8 is impacted by
Condition 2.2.1 and 2.2.2. If C' ¢ C, then the estimation of C' is obviously biased. Furthermore,
even if C' € C, any misspecification of the margins will result in the bias of the estimation of 8.
Secondly, the log-likelihood function, for instance (2.12) in the i.i.d. case, has to be maximized
over a potentially high-dimensional parameter space, and this procedure is known to be difficult

in high dimensions. This issue becomes even more significant when d is large.

One commonly used approach to address the second drawback is called the inference functions
for margins (IFME) in the literature; see Joe (1997) and Joe and Xu (1996). It separates
the estimation procedure into two stages. The first stage is to obtain the marginal estimates
Yn,1s- > Yn,d and the (parametric) pseudo-observations (explained in the following example).
The second stage is to use the (parametric) pseudo-observations to obtain the IFME. Here we

provide an example of this method for i.i.d. data.

Example 2.2.4 (Inference Functions for Margins Estimator in the i.i.d. case). Assume that

the random vectors in X'1., are i.i.d, and that Conditions 2.2.1 and 2.2.2 are satisfied. Then,

we could first estimate the unknown marginal parameter vectors by letting, for j € {1,...,d},
n

Ynj = argsup Y _log f; ., (Xij). (2.13)
v €L i

Then we are able to obtain the sample

Ui, = (Fig,, (X)), s Fag, (Xia)) . i€ {L...,n}. (2.14)
We could refer to Ulﬁn, cee ﬁn,% as (parametric) pseudo-observations from C. Finally, we are

able to estimate @ by letting

n
0, = arg supz log ce(ﬁmn). (2.15)
oco ‘=

Basically, the IFME separates the maximization problem over a high-dimensional parameter
space into a maximization problem of d + 1 lower-dimensional parameter spaces. In this way, it
greatly reduces the computational difficulty, although, according to Joe (2005), suffers from an
efficiency loss with respect to the full MLE.

2.2.2 Semiparametric estimators

To overcome the issue of the misspecification of the margins, we could estimate the marginal

d.f.s nonparametrically. Specifically, for j € {1,...,d}, let Fi.,; be the empirical d.f. of the jth
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component sample X1;,...,X,; defined by

1 n
Figj(x) = " E 1{X;; <z}, r e R. (2.16)
=1

Then, starting with (2.11) and replacing F; with F., ;, we are able to define the observable

random vectors
Ul = R /n = (Fina(Xit), -, Frma(Xia)),  i€{l,...,n}, (2.17)

where for any i € {1,...,n}, RI'" = (RL",..., RI") with R}J” =nFin;(Xij) =Y 1 (X <
Xij) being the (maximal) rank of X;; among Xy ,...,X,;. Note that Ril:” and Ij}:” are the
multivariate ranks and the multivariate scaled ranks, respectively, obtained from X;.,. Analo-
gous to Ulﬁn, e Unﬁn in (2.14), Ull‘” e U}L:” can be referred to as (nonparametric) pseudo-
observations from C. Then, similar to IFME, the maximum pseudo-likelihood estimator, can be
viewed as another two-stage estimator: the first stage is to estimate the margins nonparametri-
cally, and then the second stage is to estimate @ with the (nonparametric) pseudo-observations;
see Genest et al. (1995) and Klassen and Wellner (1997). The asymptotic distribution of this
estimator was studied by Genest et al. (1995) and Shih and Louis (1995) in the i.i.d. case and
by Chen and Fan (2006) in the time series case. Here we provide an example of this method for
ii.d. data.

Example 2.2.5 (Maximum pseudo-likelihood estimators in the i.i.d. case). Assume that ran-
dom vectors in X1, are i.i.d, and that Condition 2.2.1 is satisfied. Then, starting from (2.15)
and replacing ﬁmn by nTAJZ-L" /(n + 1), we obtain the maximum pseudo-likelihood estimator
defined by
n
~ n ~
0 = argsup » logcg <U~1:") . (2.18)
0coO ; n+1""°

Note that the reason to include the rescaling term n/(n+1) is to ensure that n U}"/(n+1) lies
in the interior (0, 1)d of the unit hypercube since several copula families have non-finite density
on the edges of [0,1]¢ ending at (1,...,1). Nevertheless, one can show that the rescaling term

is asymptotically negligible (see, e.g., Kojadinovic et al., 2011; Hofert et al., 2018).

2.2.3 Nonparametric estimators

In the previous section, although the semiparametric estimation overcomes the problem of mis-
specification of the margins, the family of copula could still be misspecified. In addition, complex
dependence structure may still be hard to capture within the parametric framework. There-
fore, a fully nonparametric estimator that relies neither on Condition 2.2.1 nor 2.2.2 could be

advocated.
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2.2.3.1 The empirical copula

Let us first define the sample U., = (Ui, ..., U,), where U; is defined in (2.11) and has d.f. C.

Therefore a natural but unobservable empirical copula can be defined by

n

Gron (1) = %Z WU <w),  welo 1", (2.19)
=1

where inequalities between vectors are understood componentwise. Unfortunately 1., cannot
be computed since U; is unobservable and one way to remedy this is to replace U; by the
nonparametric pseudo-observations l]’}m defined in (2.17). This leads to the frequently used

version of the empirical copula (see, e.g., Genest et al., 1995) defined by

n

Crn(u) = 1 1O <w), welo, 14 (2.20)

n <
=1

Notice that another version of the empirical copula could also be considered. Let F7i., be the
empirical d.f. of X'1., defined by

1 n
Fin(@)==> 1(X;<z), xeR (2.21)
=1

3

Then, starting from (2.3) and replacing F' (resp. F};) with Fi., (resp. Fi., ;) leads to another
version of the empirical copula (see, e.g., Deheuvels, 1979) defined by

Crn(w) = Frn{Fip1(u1),.... F,\ j(ua)},  we(0,1)7, (2.22)

where, for j € {1,...,d}, Fl_:ij is the generalized inverse of F'., ; in (2.16).

Condition 2.2.6 (No ties). With probability 1, there are no ties in each of the component
samples X1;,...,Xy;, j € {1,...,d}, of X1.p.

Lemma 2.2.7. Under Condition 2.2.6, with probability 1,

sup ’éln(u) - Cl:n( )| S
u€l0,1]4

d

n

Proof. We proceed as in the proof of Proposition 3.3 in Biicher et al. (2014). Fix u € [0,1]¢ and
ne€N. Forie{l,...,n} and j € {1,...,d}, using the fact that, for any d.f. H, x < H~1(u) if
and only if H(z) < u , we have that

LX< PR () | = 1{Fing (Xy) < i = 1{X5 = FLL () | = 1{Fing (Xy) = 05}
(2.23)
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Then, using additionally the fact that Fi., ;j(X;;) = u; implies that X;; = F1 (u]) see also
proof of Lemma 7.2 in Biicher and Segers (2014), we have

0<1 {Xz‘j = Fﬂﬁ,j(uj)} = 1{Fi:n;(Xi5) =5} < 1 {Xij = Ff:ﬁ,j(u]')} (2.24)

Furthermore, we notice that if a;,b; € [0,1] for i € {1,...,d}, then

d d d i—1 d d
[Tai =110\ =D (ai—v)]]0s TT e[ <D lai—bil (2.25)
=1 =1 i=1 j=1  k=i+l i=1

Having (2.23), (3.38) and (2.25) in mind and starting from (2.20) and (2.22), we have that

n d n d
Crn(w) — Crn(w)] = |~ S TT 1 { X0 < iy} = - SO T 1 B (X < 3}

i=1 j=1 i=1 j=1

n

< — Zf{ {X SFM,,J } Hl{Fan (Xij) < uj}

=1

S*ZZ‘].{X <F1nj(uj)}*1{F1:n,j(Xij)Suj}
=1 j=1
1 n d ) d
:gzzl{XU_Fl_n,j(u])}* )
i=1 j=1

where the last equality follows from the fact that for any j € {1,...,d} and u; € [0,1],
St Xy = Fr j(uj)} =1 since Fil ;j(uj) is a fixed number that takes value in the set
{X1j,...,Xn;}; see also proof of Lemma 4.6 in Berghaus et al. (2017). |

2.2.3.2 The empirical checkerboard copula

It can be easily verified that, whether Condition 2.2.6 is satisfied or not, both C1., in (2.20) and
Cion in (2.22) are step functions, whereas, a genuine copula is a Lipschitz continuous function
according to Proposition 2.1.6. Therefore, certain smoothing methods could be applied to
reduce the estimation bias. One smooth estimator is called the empirical checkerboard copula,
which can be regarded as a multilinear extension of C., in (2.20) (see, e.g., Genest et al., 2017;
Genest and Neslehové, 2007, and the references therein). Specifically, under Condition 2.2.6,
the empirical checkerboard copula of X'1., is defined by

n d
1 .
Ccheck (y) == g | I min{max{nu; — Rll]" +1,0},1}, u € [0,1]%, (2.26)

i=1 j=1

and is a genuine copula.
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2.2.3.3 The empirical Bernstein copula and the empirical beta copula

The empirical Bernstein copula was first proposed in Sancetta and Satchell (2004) and later
studied by Segers et al. (2017). Specifically, let m = (my, ..., mg) € N and define

Cpem (u) = o Cron(W)dpim u(w),  w€[0,1]% (2.27)
where ftm, o is the law of the d-dimensional random vector (Sy, 1,u,/M;- - - Smy.du,/n), Where
S urs - - - Smy.du, are independent random variables and, for each j € {1,...d}, S ju; 18
Binomial(m;, u;), that is, Sp,; ju,; follows a binomial distribution with parameters m; and u,.
Building upon the work of Sancetta and Satchell (2004) and checking the three conditions of
Theorem 2.1.5, Segers et al. (2017) showed that C’Ff{fn is a genuine copula if and only of all the
polynomial degrees my,...,my are divisors of n. With this idea in mind, Segers et al. (2017)
proposed the empirical beta copula as a special case of the empirical Bernstein copula by letting

m = (n,...,n). Specifically, for n € N,

OPeta(y) = o Clon(w)d i o (w), (2.28)
0,1
where fi, 4, corresponds to fiym, . when m = (n,...,n). The name “beta” comes from the fact

that it can be expressed in the following form:

n d
1
i=1 j=1

where, for any n € N and r € {1,...,n}, beta, , denotes the d.f. of the distribution Beta(r,n +
1 —r) (the beta distribution with shape parameters « =r and S =n+1—r).

Proposition 2.2.8 (Segers et al. (2017)). Under Condition 2.2.6, we have

sup  |Crn(u) — CP2(w)| < d{n""?(logn)"/? + n= Y2 + n='}.
u€(0,1]4

2.3 Empirical copula processes

The empirical copula Ci., in (2.20) has been applied in many nonparametric inference proce-
dures on C'. For instance, it was used in Genest and Rémillard (2004) for tests of independence,
in Rémillard and Scaillet (2009) for tests of equality between two copulas, and in Genest et al.
(2012) for tests of symmetry for bivariate copulas. The asymptotics of the aforementioned
procedures usually follows from the asymptotics of the empirical copula process. The latter
has been studied extensively, among others, by Riischendorf (1976), Ganssler and Stute (1987),
Fermanian et al. (2004), Tsukahara (2005), van der Vaart and Wellner (2007), Segers (2012)

and Biicher and Volgushev (2013) among others. Furthermore, the empirical Bernstein copula
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process was proposed and studied in Segers et al. (2017). In addition, in the study of change
point detection (see, e.g., Biicher et al., 2014), a more general two-sided empirical copula process

was proposed and studied in Biicher and Kojadinovic (2016).

In this section, we first introduce the mathematical preliminaries needed to study the asymp-
totics of all the aforementioned processes. Then, we present some important asymptotic results
in the recent literature. Furthermore, unless stated otherwise, all convergences in this work are

with respect to n — oo.

2.3.1 Mathematical preliminaries

Let us recall the definition of weak convergence of random vectors in Lemma 2.2 in van der
Vaart (1998). We say that a sequence of random elements X, in R¢ converges in distribution
to X if and only if,

Ef(X,) = Ef(X), forall f e CyR?), (2.30)

where Cy(R?) denotes the set of all continuous and bounded functions on R?. As a natural
generalization, we would like to say that a sequence of random elements X, in arbitrary metric

space I converges in distribution to an element X € D if and only if,
Ef(X,) = Ef(X), for all f € Cy(DD), (2.31)

where Cy(ID) denotes the set of all continuous and bounded functions on D. Unfortunately, the
expression in (2.31) is, in general, wrong since measurability issues might easily occur when D is
not separable. The next example shows how measurability issues occur when D = D([0, 1]), the
space of cadlag functions (right-continuous with left limits) equipped with the metric induced

by the supremum norm.

Example 2.3.1. Let U be a standard uniform random variable defined on a probability space
(2, A,P). For every w € Q, define X(t)(w) = 1jy)(t), t € [0,1]. Let B(DI0,1]) be the Borel
o-field generated by the open sets in D([0,1]). Then for any s € [0,1], 1}, 1)(-) is an element of
D([0,1]). Next, let us define the open ball in D([0, 1] with center 1, ;) with radius 1/2 by

By (1) = {f € D([0,1]) : sup [f(t) = 1psuy(8)] < 1/2}-

te[0,1]

Let V' be a non-measurable set on [0,1] and let W = Uscy B, ), (1[371]). We can easily verify
that W € B(D[0,1]) and that {w : X(w) € W} = {w : U(w) € V'}. However, since {w : U(w) €
V} ¢ A, we conclude that X is not A/B(D|0, 1])-measurable.

During the last several decades, several approaches to overcome this difficulty were suggested.
In this section, we will briefly summarize the most modern one, studied extensively in van der
Vaart and Wellner (2000) and Kosorok (2008). The key idea is to drop the requirement of Borel
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measurability of each X,,, meanwhile keeping the requirement (2.31), where expectations are

replaced by outer expectations.

Definition 2.3.2 (Outer expectation and outer probability). Let (2, .4,P) be an arbitrary
probability space and X : © — R be an arbitrary map, where R is the extended real line. The

outer expectation of X with respect to IP is defined as
E*X =inf {EU : U > X,U;Q — R measurable and EX exists} .
The outer probability of an arbitrary subset B C € is

P*(B) = inf {P(A): AD B, A € A}.

Inner expectation and inner probability can be defined by E,X = —E*(—X) and P.(B) =
1 —P*(Q — B), respectively.

Definition 2.3.3 (Weak convergence). Let (Q,, A,,P,) be a sequence of probability spaces
and let X, : ©,, — D be arbitrary maps. Furthermore, let X : 2 — D be a Borel measurable
map defined on (€2, A4,P). Then we say that X,, converges weakly to X, and write X,, ~ X in
D, if and only if

E*f(X,) = Ef(X), for all f € Cy(D).

In the rest of this section, we consider the case D = ¢°°(T'), where ¢*°(T') is the space of all

bounded real-valued functions on 7' equipped with the uniform metric.

Definition 2.3.4 (Asymptotically measurable). The sequence of maps X,, is asymptotically

measurable if and only if
E*f(X,) —E.f(X,) = 0, forevery f € Cy(D).

Definition 2.3.5 (Asymptotic tightness). The sequence X,, is asymptotically tight if and only

if for every € > 0 there exists a compact set K such that
liminf P,(X, € K°) >1—¢, for everyd > 0.

Here K° = {y € D : d(y, K°) > 1 — ¢} is the “§-enlargement” around K.

The proof of the following result can be found in Theorem 1.5.6 and Theorem 1.5.7 in van der
Vaart and Wellner (2000).

Theorem 2.3.6. Suppose X,, : Q,, — (°(T) is a sequence of maps. Then the following three

statements are equivalent:

(i) The sequence X,, is asymptotically tight.
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(ii) For all e,m, there exists a partition T = UleTi such that

limsupP* [ sup sup |X,(s) = X, (t)] > ¢ | <n.

n—00 i s,teT;

(iii) For everyt € T, there exists a semimetric p on T such that (T, p) is totally bounded and
for every e,m > 0, there exists a § > 0 such that

lim sup P* < sup |X,,(s) — X, (t)] > 5) <.

n—00 p(s,t)<o

The proof of the following result can be found in Theorem 1.5.4 in van der Vaart and Wellner
(2000).

Theorem 2.3.7 (Weak convergence). Let (2, An,Py) be a sequence of probability spaces and
let X, 0 Qp = £2°(T) be arbitrary maps. Furthermore, let X : Q — £>°(T') be a Borel measurable
map defined on (Q, A,P). Then we say that X,, ~ X in £>(T), if and only if

(i) The sequence X,, is asymptotically tight.

(ii) For every finite subset tq,...,tx of T, the random vector (X,(t1),...,X,(tg)) converges
weakly to (X(t1),...,X(t)) in RF.

2.3.2 Empirical copula processes

First, let us explain how the quantities introduced in Section 2.2.3.1 can be defined from sub-
stretches of the available stretch of observations X1, = (Xi,...,X,). Given a substretch
X = (Xg,..., X)), 1 <k <l<n,let Fy,; be the empirical d.f. of X, defined by

l
d1{Xi<z}, =xeRY (2.32)
i=k

1

Fy. = —
k(@) = T
and for j € {1,...,d}, let Fj, ; be the empirical d.f.s of the jth component sample Xy;, ..., Xy;

defined by
!

Y 1{Xi <}, weR (2.33)
i=k

1

Bty s = 751

Then, we are able to define the observable random vectors
ﬁzk:l = Rfl/n = (Fk:l,l(Xi1)7'--7Fk:l,d(X’id>)7 1€ {1,...,%}, (234)

where for any i € {1,...,n}, RF = (RE! ... RE]) and with Rf]?l =l —k+1)Fy,;(X5) =
Zizk 1(X;; < Xjj;) being the (maximal) rank of X;; among Xy;,...,X;;. Then, for any 1 <
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k <l <n, we define

1 l

— rk:l d
Cra(u) = 7= ;uUZ <u), welo1 (2.35)
Craa(w) = Fya (Fly(w), o Fily(wa)) . we 0,17, (2.36)

where, for j € {1,...,d}, Fk_:llj is the generalized inverse of Fj, ; in (2.33). Note that, if & > [,
we adopt the convention that Cg; = Ciy = 0. Following Biicher and Kojadinovic (2016), we
let A = {(s,t) € [0,1]? : s < t} and let \,(s,t) = (|nt] — |ns])/n, (s,t) € A. Then the two

versions of the two-sided empirical copula process are defined by

Cn(sv 2 u) = \/ﬁ/\n(s, t){CLnsJ+1:\_ntJ (u) - C(u)}v (Sv t, u) €A x [07 1]d7 (2'37)
Cr(s,t, ) = Vi (s, ){Clns 4 1.1t (W) — Cw)},  (s,t,u) € A x [0,1]% (2.38)

Combined with (2.35), C,, can also be written equivalently as

[t
Cals,tiu) = —= 3 {1(@*}““””” <) — C(u)}, (s,t,u) € A x [0,1]%
i=|ns]+1

2.3.2.1 Asymptotics in the i.i.d. case

When the underlying sequence of random vectors (X );cz are i.i.d, the asymptotics of C, (0,1, -)
in (2.37) have been studied, among others, in Riischendorf (1976), Génssler and Stute (1987),
van der Vaart and Wellner (2000, Chapter 3, page 389), Fermanian et al. (2004) and Tsukahara
(2005) under the assumption that C' has continuous partial derivatives on [0,1]%. In a later
study, Segers (2012) pointed out that the latter assumption is too strong for many popular

copula families and showed that the results can be proven under the following weaker condition.

Condition 2.3.8 (Smooth partial derivatives). For any j € {1,...,d}, the partial derivative
Cj = 0C/du; exists and is continuous on the set V; = {u € [0,1]¢ : u; € (0,1)}.

Remark 2.3.9. Tt is explained in Segers (2012) that Condition 2.3.8 is satisfied in the case of
Archimedean and extreme-value copulas (defined in Definition 2.1.9 and 2.1.14 respectively).
However, Condition 2.3.8 does not hold, for instance, for the Fréchet-Hoeffding lower (resp.

upper) bounds, where C'(uy,u2) = max(u; + uz — 1,0) (resp. C'(u1, u2) = min(ug, uz)).

Theorem 2.3.10. Segers (2012) Suppose that the sequence (X;)icz is i.i.d. and that Condi-
tion 2.3.8 is satisfied. Then we have that C,(0,1,-) ~ G¢ in £2([0,1]9), where

Go(u) =Uo(uw) = > Cj(w)Uc(u),  we(0,1)%, (2.39)
j=1
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and Ug s a tight centered Gaussian process with covariance function

Cov(Uc(u),Uc(v)) = C(u Av) — C(u)C(v).

2.3.2.2 Asymptotics in the time series case

In a further step, Biicher and Volgushev (2013) extended the results in Segers (2012) to the
setting where the underlying stationary time series (X;);cz is serially dependent. Let ® be the
map from £°°(]0,1]%) to £2°([0,1]¢) defined for any d.f. H on [0,1]? whose univariate margins

H,,...,H; do not assign mass at zero by
O(H)(w) = H{H (w), ..., Hy (u2)},  we [0,1)% (2.40)

The following result was proven in Theorem 2.4 of Biicher and Volgushev (2013).

Theorem 2.3.11 (Biicher and Volgushev (2013)). Suppose Condition 2.3.8 holds. Then ® in
(2.40) is Hardamard-differentiable at C' tangentially to Dy, where

Do = {f € C([0,1]%) : f(u) =0 if one of the components of w is 0, and f(1,...,1) = 0}.

(2.41)
Its derivative at C' in o € Dy is given by
d
(o) (w) = afu) = Y Ci(u)a (u?).
j=1
Now, let us first define a two-sided sequential empirical process
[ nt]
B (s,t,u) f > {1U <u) - Cw)},  (stu) e Ax[0,1]% (2.42)

i=|ns]+1

where Uy, ..., U, are defined in (2.11), and with the convention that B, (s,¢,-) = 0 if [nt] —
|ns] = 0.

Then, for the convergence of C,(0,1,-) to hold, Biicher and Volgushev (2013) found that it

suffices to impose the following condition.

Condition 2.3.12 (Weak convergence of B, (0,1,-) in the time series case). The sequential
empirical process B, (0,1, ) in (2.42) converges weakly in £>°([0, 1]%) to a tight centered Gaussian
process Z¢(1, ) concentrated on Dy defined in (2.41).

Note that Condition 2.3.12 is a standard result of empirical process theory for weakly dependent

data, where the limiting process Z¢(1,-) is a tight, centered Gaussian process on [0, 1]d with
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covariance function

Cov(Ze(1,u), Zo(1,v)) = ¥ Cov{1(Up < u), 1(U; < v)}.
keZ

Then, according to Biicher and Volgushev (2013), the following result is an immediate conse-
quence of Theorem 2.3.11 and the functional delta method (van der Vaart and Wellner, 2000,
Theorem 3.9.4, page 375).

Theorem 2.3.13 (Biicher and Volgushev (2013)). Suppose that the sequence (X;)icz is a sta-
tionary time series that satisfies Condition 2.5.8 and 2.53.12. Then we have that, @n(O, 1,:) ~
Ce(0,1,-) in £22([0,1]%), where C(0,1,-) is defined in (2.38) and

d
Co(0,1,u) = Zo(L,u) = Y Cj(w) Ze(L,u),  wel0,1]"
7j=1

Remark 2.3.14. Note that, under Condition 2.2.6, we have that, according to Lemma 2.2.7,
SUPyeo,1] 1Cn(0,1,-) — Cn(0,1,-)] < d/y/n. In this case, the asymptotics of C,,(0,1,-) in (2.37)
and C,,(0,1,-) in (2.38) are the same.

In particular, the following strongly mizing condition entails Condition 2.3.12 (see, e.g., Philipp
and Pinzur, 1980, Theorem 2).

Definition 2.3.15 (Strongly mixing). Given a stationary time series (Y;)icz, denote by F; 4
the o-field generated by (Y;);<i<k, j,k € Z U {—00,400}, and recall that the strong mixing

coefficients corresponding to the stationary sequence (Y;);cz are then defined by

oY = sup IP(AN B) — P(A)P(B)
AeFO__ BeFo°

—0o0?

, reN,r>0,

with af = 1/2 and that the sequence (Y;);cz is said to be strongly mixing if oY — 0 as r — oo.

Remark 2.3.16. Note that other conditions that entail Condition 2.3.12 include, among others,
B-mixing (implied by strongly mixing) (see, e.g., Kosorok, 2008, Chapter 11.6) and n-dependence
(see, e.g., Doukhan et al., 2009, Theorem 1).

In another further step, Biicher and Kojadinovic (2016) extended the results in Biicher and
Volgushev (2013) to the two sided empirical copula process C,, in (2.37), and found that it

suffices to impose the following condition.

Condition 2.3.17 (Weak convergence of B, (0, -, -)). The sequential empirical process B, (0, -, -)

d+1)

in (2.42) converges weakly in ¢°°(]0, 1] to a tight centered Gaussian process Z¢ concentrated

on

{f ec(o,1]%1) : f(s,u) = 0 if one of the components of (s,u) is 0, and
f(s,1,...,1) =0 for all s € (0,1]}.
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Under Condition 2.3.17, it immediately follows from the continuous mapping theorem that
B,, ~ B¢ in £*°(A x [0, 1]9), where

Be(s, t,u) = Zo(t,u) — Zo(s,u),  (s,t,u) € A x [0,1]% (2.43)

Theorem 2.3.18 (Asymptotics of C,,). [Biicher and Kojadinovic (2016)] Suppose that the
sequence (X;)iez is a stationary time series that satisfies Condition 2.2.6 and 2.53.17 and that
Condition 2.3.8 is satisfied. Then we have that

sup Cn(s,t,u) — Cp(s,t,u)| = op(1),

(s,t,u)eAX[0,1]¢

where
~ d . .
Co(s t,u) =Bu(s,t,u) — > Cj(u)Ba(s,t,ut),  (s,t,u) € Ax[0,1]% (2.44)
j=1

and B, is defined in (2.42). Consequently, C,, ~ Cc in £°(A x [0,1]%), where

d
Cols,t,u) = Bo(s,t,u) = 3 Ciw) Bo(s,t,ut),  (s,tuw) € Ax 0,19, (2.45)
j=1

and B¢ is defined in (2.43).
According to Theorem 2.1 in Biicher (2015), Condition 2.3.17 is satisfied when (X;);ez is

strongly mixing. The next example shows how the asymptotics of C,, could be used in of-

fline change-point detection.

Example 2.3.19 (Offline change-point detection). [Biicher et al. (2014)] In the time series set-
ting, the empirical copula process can be applied to the offline change-point detection. Specifi-

cally, the goal is to test
Hy : X 1., is a stretch from a stationary time series (of continuous random vectors) — (2.46)

against

H, : 3 distinct Cy, Cy and k* € {1,...,n — 1} such that
X, ..., X have copula C; and Xj+y1,..., X, have copula Cj.

For the purpose of the test above, Biicher et al. (2014) introduced the difference process D,
defined by

Dy, (s,u) = \/ﬁAn(Ov $)An(s, 1) {ClansJ (u) — CLnsJJrl:n(u)} ) (s,u) € [07 1]d+17 (2.47)
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where Cy. is defined in (2.35), and proposed the test-statistic S, defined by

Sp = sup/ (D, (5,u)}*dC1., (u). (2.48)
s€l0,1] J[0,1]@

Under Hy in (2.46), S, can be written as

S, = sup / (5, 1) Co (0, 5,%) — An(0, 5)Co(5,1,0)}2 dCron(w),  (2.49)
s€[0,1] /[0,1]¢4

where C,, is defined in (2.37), and S,, ~» S, where
S = sup / {Cc(0,5,u) — sCc(0,1,u)}* dC(u), (2.50)
[0,1]¢

s€[0,1]

where C¢ is defined in (2.45).

2.3.3 The empirical Bernstein copula process and the empirical beta copula

process

Following Segers et al. (2017), the following two smooth empirical copula processes can be

considered:
CE%(U‘) = \/E{CF;S;%L(U) - C(u)} ) uc [07 1]d’ (2'51)
Ch(u) = Vi { i) = Clw)}, we 0,17, (2.52)

where CES and CPet? are defined in (2.27) and (2.28), respectively.

1nm 1in

Theorem 2.3.20 (Asymptotics of CF%2 and CP*®). [Segers et al. (2017)] Suppose that Con-
dition 2.5.8 is satisfied and that C,(0,1,-) ~ Cc(0,1,-) in £2([0,1]%), where Cc(0,1,-) is the
tight centered Gaussian process defined in (2.45). Let m = m(n) be multi-indices such that

my, = min(my,...,mg) — 00 as n — oco. Then we have that

sup |CE%‘(u) — C,(0, 1,u)‘ = op(1),
u€l0,1]¢

where Cp,(0,1,-) is defined in (2.37). Consequently, CRo ~~ C(0,1,-) in £2°([0, 1]%). Purther-

(CBern

more, since C2®% is a special case of CB™
)

when m = (n,...,n), we have that

sup Czeta(u) —Cp(0,1,u)| = op(1),
u€l0,1]¢

and that CP°2 ~s Cc(0,1,-) in £2°([0, 1]9).
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2.4 Bootstrapping empirical copula processes

As mentioned in the previous chapter, many test statistics (see e.g. Example 2.3.19) can be
written as functionals of one of the considered (smooth) empirical copula processes. However,
the limiting distribution of the latter is often unknown. For instance, according to Theo-
rem 2.3.18, the distribution of C¢ in (2.45) depends on the unknown copula C| its first-order
partial derivatives and the serial dependence properties of the unobservable sequence (U );cz
in (2.11). Therefore, it is necessary to rely on resampling techniques to obtain replicates of the
(smooth) empirical copula process. In this section, we present various bootstrapped (smooth)

empirical copula processes and some theoretical results related to their asymptotic validity.

Remark 2.4.1. Tt is worth noticing that there exists test statistics written as functionals of
empirical processes that have known limiting distributions under the null. For instance, if d = 1
and X'1., is 1.i.d, then the Kolmogorov-Smirnov statistic defined by /nsup,eg |Fi:n(z) — F()]
has a known limiting distribution; see Feller (1948) for the d.f. of its limiting distribution. In

this case, there is no need to rely on resampling techniques.

2.4.1 Mathematical preliminaries

In this section, let us recall the mode of convergence classically used to state asymptotic validity
results of resampling techniques when dealing with empirical processes; see, e.g., van der Vaart
and Wellner (2000, Chapter 2.9) or Kosorok (2008, Section 2.2.3). Let

BLy = {h: ¢>°(T) — [—1, 1] such that,
for all ,y € (*(T), [h(x) — h(y)| < sup |z(w) — y(w)[}.
ueTl
For any stochastic process X,, = X, (X1.,,) on £>°(T") constructed from X1.,, let X = xm (X1,
W,[zl]), XE = Xﬁ](é‘(lm, W}f]), ... be a sequence of its bootstrapped replicates, where WL, W ...
are identically distributed random vectors that can be interpreted as bootstrap weights. 1t is
also assumed that the sample paths of Xh!, X2 . are in ¢>°(T). For the purpose of showing

asymptotic validity, we need to rely on the following definition.

Definition 2.4.2 (“Weak convergence conditional on data in probability”). With the previous
notation, we say that X! converges weakly to X, and write X}, ;[% X in £°°(T), conditionally

on X1., in probability, if and only if

® SUpP,cpy, IE{R(X:)"

X1} —E{h(X)}| — 0 in outer probability,

o E{A(XI)" | X} — E{R(XW). | X100} 5 0 for all h € BLy,

where h(X,)* and h(X,,). denote the minimal measurable majorant and maximal measurable

minorant with respect to (X1.,, Wi').
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Lemma 2.4.3 (Lemma 3.1 of Biicher and Kojadinovic (2019)). With the previous definitions,

the following three assertions are equivalent:

(a) XU % X in 02°(T).
w
(b)
(megl,xﬁ]) —~ (X, X[”,X[Q]) in {EOO(T)}:S,
where X, XU X2 gre 1.4.d.
(c) For any B > 2,
(X, XU XN o (XX XIBD) g {09(T) P,

where X, XU ... XB gre 1.4.d.

2.4.2 Bootstrapping the empirical copula processes

In this section, we first present the straightforward bootstrap and the smooth bootstrap pro-
posed in Kiriliouk et al. (2021). Then, we present the sequential dependent multiplier bootstrap
proposed in Biicher and Kojadinovic (2016).

2.4.2.1 Straightforward bootstraps in the i.i.d. case

In this section, we follow Kiriliouk et al. (2021) and present the straightforward bootstraps for
C,(0,1,-) in (2.37) and C,(0,1,-) in (2.38). First let W5, W2 .. be i.i.d. random vectors,
which are independent of X'1.,, and for b € N, whitl — (W}f17 cee 7[3]1) is a multinomial random
vector with probabilities (1/n,...,1/n). We first define

Fi (@) = ZW[b 1(X; <x), (2.53)
P, () = ZW“’ (X <), je{l,....d} (2.54)
Then, by analogy with (2.17), we are able to define the bootstrapped (scaled) ranks

U =R in = (Flinﬂ[bl(xﬂ), - .,F;:Z’“’](X,-d» , ie{l,...,n} (2.55)

7 n,1



Chapter 2 A brief review on copulas and empirical copula processes 29

Finally, the bootstrapped version of C.,, in (2.20) and Chn in (2.22) can be defined by

1 - “rlin, d
Cllw) = 3 2T <w), w1 (2.56)
1=
() = FU, (i), Frhfwa), we 1Y, (2.57)
where Fy, !is the generalized inverse of Fy, ! in (2.54). Then, for any b € N, the bootstrapped

emplrlcal copula processes are thus given by

Cll(u) = \/ﬁ(Cﬁb]n(u) — Clm(u)), u € [0, 1]d, (2.58)
Vi(CP(u) — Crp(uw)),  we(0,1]% (2.59)

Theorem 2.4.4 (Kiriliouk et al. (2021)). Assume that the random vectors in X1., are i.i.d,
and that Condition 2.53.8 holds. Then, for any b € N,

P Al P
Cl G and Cll « G
n W C W C

in £2°([0,1]%), where G¢ is defined in (2.39).

2.4.2.2 Smooth bootstraps in the i.i.d. case

In this section, we follow Kiriliouk et al. (2021) and present the smooth bootstraps for C, (0,1, -)
n (2.37), C,(0,1,-) in (2.38) and CP** in (2.52). As can be seen from (2.54) and (2.55), the
bootstrapped sample Uilm’[b] in (2.55) can be understood as sampling from C1., in (2.20). This
idea can be applied to CP¢* once we know how to sample from it. It follows from (2.29) that

CPeta i a mixture of n d-dimensional distributions having beta margins and whose copula is

the independence copula. Then, to generate one random variate from C}’:f;“a, it thus suffices to
randomly select one of the n components of the mixture by drawing a uniform on {1,...,n}

and then generate one random variate from the selected d-dimensional distribution.

Algorithm 2.4.5 (Sampling from CP*). [Algorithm 3.2 of Kiriliouk et al. (2021)]

1. Generate I from the discrete uniform distribution on {1,...,n}.
2. Independently generate U# from Beta(RIJ n+1— R}J”) forje{1,...,d}.

3. Set U* = (UY,...,U¥).

For b € N, let 4" = (U ... UF™) be a random sample of size n from CP? obtained by
applying Algorithm 2.4.5 n times independently. Then for any b € N, let G’fi;[f] be the empirical
d.f. computed from the Lll l'and, for any j € {1,...,d}, let Gqfr[f]] be the empirical d.f. computed

from the jth component sample Ulj ,...,Ufj Pl of L{ff;l[b]. Then, R;]i"‘# o8 nG?nb]] (U#) is the
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rank of U;?[b] among Ul#j‘[b], ey Ufj’[b]. The bootstrapped version of Cj., for Uff,’l[b] is thus given
by
1 n d R}:‘n,#,[b]
Ciwy =—> ]2 <J < uj) . welo 1] (2.60)
' n n
i=1 j=1

The bootstrapped version of CA’lm for Uﬁ;{b] is thus given by
G ) = G (G ), G5 ), we 0,11 (261)

and the bootstrapped version of CP¢% for {1 is

n

d
) 1
Ol () = - ST beta, .41 (uj),  wel0,1]% (2.62)
i=1 j=1

Then, for any b € N, we are able to define the bootstrapped empirical copula processes:

CH(w) = Va(CF," (u) — Crn(w)),  we (0,17, (2.63)
CHO(u) = Vr(CEY (u) — Crn(w)),  we0,1]% (2.64)
(Czt,beta,[b] (u) = \/ﬁ(cﬁictay[b] (u) — C}):‘;ta(u))7 u € [0, 1}‘1. (2.65)

Theorem 2.4.6 (Kiriliouk et al. (2021)). Assume that the random vectors in X1., are i.i.d,
and that Condition 2.3.8 holds. Then, for any b € N,

P ~ P P
#,[b] #,[b] #,beta, [b]
Ci¥ % Ge,  CEMSGe  and  CEMU S Ge

in £2°([0,1]%), where G¢ defined in (2.39).

2.4.2.3 Sequential dependent multiplier bootstrap for C, in the time series case

In this section, we follow Biicher and Kojadinovic (2016) and present the sequential multiplier
bootstraps for C,, in (2.37). The main idea can be summarized as follows: according to Theo-
rem 2.3.18, in order to bootstrap C,, in (2.37) in an asymptotically valid way, we simply need
to bootstrap the process C,, in (2.44). The latter could be done by bootstrapping B, in (2.42)
and estimating the first-order partial derivatives C’j, je{l,...,d}, of C.

In the independent and non-sequential setting, to resample B, (0,1,-), Scaillet (2005) and
Rémillard and Scaillet (2009) used a multiplier bootstrap in the spirit of van der Vaart and Well-
ner (2000, Chapter 2.9). Specifically, the idea is to replace the random weights (Wp1, ..., Wyy)
in Section 2.4.2.1 by (&1, - - -, &n,n) Which comes from an i.i.d. multiplier sequence given by the

definition below.

Definition 2.4.7 (i.i.d. multiplier sequence). We say that a sequence of random variables

(&i.n)iez is an ii.d. multiplier sequence if:
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(MO) (&in)iez is i.i.d, independent of X.,, with distribution not changing with n, having mean
0, variance 1, and being such that [;*{P(|on| > z)}2dx < oco.

Although the i.i.d. multiplier bootstrap frequently appears to lead to inference procedures with
a good finite-sample performance, it cannot be applied to the time series case due to its lack of
ability to capture the serial dependence in the data. Therefore, a dependent multiplier sequence
is needed and its intuition can be summarized as follows. For the resampling in the time
series case, Kiinsch (1989) proposed a method called the block bootstrap by drawing blocks of
length [,, (rather than single observations) from the sample each time. Assume that n = ki,
(otherwise the last block is truncated) and for j € {1,...,k}, let S; be uniformly distributed
on {0,...,n —1,}. The block bootstrap sample is then given by

X51+17 e ,Xsl+ln,XS2+1, e ,X32+ln, ...... 7XSk+17 e ’Xsk+ln'

Then, according to Section 3.3 in Bithlmann (1993), the blockwise bootstrapped empirical d.f.
at = € R? is given by

1 k? Si+ln
Fblock 72 Z ]_(X] S $),
n =1 j:SZ-f—l
which can be equivalently expressed as
Fblock Z C] n X < Q:') (266)

where (j, = Zle 1(j — 1, < S; < j—1). Interestingly, for j,h not at the border and n
sufficiently large, Cov((;,(n) ~ max(1l — |j — h|/l,,0). The dependent multiplier sequence can
be regarded as an extension of the random weights (j,, in (2.66); see also Chen and Fan (1999),
Biicher and Ruppert (2013), Biicher et al. (2014) and Biicher and Kojadinovic (2016).

Definition 2.4.8 (Dependent multiplier sequence). We say that a sequence of random variables

(&,n)icz is a dependent multiplier sequence if:

(M1) The sequence of random variables (&, )icz is stationary with E(.,) = 0, E(fg,n) =1and
sup,,>1 E(|€0,n|7) < oo for all ¥ > 1, and is independent of the available sample X'1.,.

(M2) There exists a sequence ¢, — oo of strictly positive constants such that ¢, = o(n) and
the sequence (& )icz is {n-dependent, i.e., &, is independent of &, for all h > ¢, and
ieN.

(M3) There exists a function ¢ : R — [0, 1], symmetric around 0, continuous at 0, satisfying

©(0) =1 and ¢(z) = 0 for all |x| > 1 such that E(& n&énn) = @(h/ly) for all h € Z.

Then, let ({l n)lGZa (fz n)z€Z> .., be independent copies of the same multiplier sequence. Two

different multiplier bootstrap replicates of the process B, in (2.42) were proposed in Biicher
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and Kojadinovic (2016) and Biicher et al. (2014), respectively. For any b € N, (s,t) € A and
u € [0,1]%, they are defined by

[n]
B (s, £, u) = \F S @ 1@ <w) - Crn(w)} (2.67)

i=|ns]+1
and
§ 1 [nt]
IB[ (8 t, U‘ Z gz n { ULHSJJrl nt) < u) CLnstrl:LntJ (u)} ) (268)
\/>z [ns]+1
respectively, where C1., and C|ps)41:|n¢) are generically defined in (2.35) and with the convention
that B (s,t,-) = BY(s,t,-) = 0 if [nt] — [ns| = 0.

In order to define multiplier bootstrap replicates of C, in (2.44), it is further necessary to
estimate the unknown first-order partial derivatives C'j, j € {1,...,d}, of C. In the rest of
this section, Cj,kz:l will denote an estimator of Cj based on a stretch Xy, = (Xg,...,X;) of
observations, 1 < k < | < n, with the convention that Oj,k:l = 0 if £ > [. Then, following
Biicher and Kojadinovic (2016) and Biicher et al. (2014), we consider two types of multiplier
bootstrap replicates of C,, in (2.37). For any b € N, (s,¢) € A and u € [0, 1]¢, these are defined
by

Cll(s, t,u) = BV (s, ¢, u) ZC 1o (w) BY (s, 1, u)) (2.69)

and

Cll(s,t,u) = BV (s,t,u) Z s 1) () B (5,8, u0)), (2.70)
respectively, where BY (resp. BY) is defined in (2.67) (resp. (2.68)). Clearly, both types of
replicates coincide in a non-sequential setting as C[TIZ](O, 1,-) =CMo,1,-).

Condition 2.4.9 (Bounded and weakly consistent partial derivative estimators). There exists
a constant ¢ > 0 such that, for any j € {1,...,d} and n € N,

sup
(s,t,w)€AX[0,1]¢

Cj,LnsJ—i—l:LntJ (u’)‘ <.

Furthermore, for any 6 € (0,1), ¢ € (0,1/2) and j € {1,...,d},

~—

sup  sup
(s,t)€EA wugl0,1]?
t=s20 y;€le,1—€]

CjﬁtnsJH:LntJ (u) — Cj(u)‘ = op(1).

Biicher and Kojadinovic (2016) imposed the following condition on the observations and the

underlying multiplier sequences.

Condition 2.4.10 (Strong mixing and multiplier conditions). One of the following two condi-
tions holds:
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(2]

(i) The random vectors in X1, are i.i.d. and (lelil)iez, (&;,)iez,- - - are independent copies of

a multiplier sequence satisfying (MO).

(ii) The stretch Xy, is drawn from a stationary sequence (X;);cz whose strong mixing

coefficients satisfy aX = O(r~®) for some a > 3 + 3d/2 as r — oo. Furthermore,

(52[,17]1)%2, (.fﬁl)iez, ...are independent copies of a dependent multiplier sequence satis-

fying (M1)—(M3) with £, = O(n'/277) for some 0 < v < 1/2.
Theorem 2.4.11 (Biicher and Kojadinovic (2016)). Under Condition 2.3.8, 2.4.9 and 2.4.10,

(Cy, CIV, C) ~ (Ce, CY,CB,
LER) ~ (Ce,CY,CE)

in {°(A x [0,1]9)}3, where CY and C7 are independent copies of Cc defined in (2.45).

The next example shows how the sequential dependent multiplier bootstrap for C, can be
used to obtain replicates of the test statistic S, under Hp in (2.46) and thus the approximate

P-values.

Example 2.4.12 (Offline change-point detection following Example 2.3.19). [Biicher et al.
(2014)] In order to calculate the approximate p-values of the test statistic S, in (2.49), Biicher
et al. (2014) proposed the replicates of D, in (2.47) under Hy in (2.46). Specifically, for any
be N and (s,u) € [0,1]%+ let

DY (s, 1) = An(s,1) CPH0, 5, 1) — A (0, 5) C¥(s, 1, u),

(5,u) = \u(s,1) C(0, 5,u) — A\, (0,5) Cl(s,1,u),

where C (resp. C¥) is defined in (2.69) (resp. (2.70)). Then, the replicates of S, in (2.49)
under Hy are therefore given by, for any b € {1,..., B},

50 = s [ (B, PiCinw),
s€[0,1] J[0,1]4

S = sup / {Df (s, u)}*dC1p ().
s€[0,1] J[0,1]4

Under Hy in (2.46) and the conditions of Theorem 2.4.11,
(S, 510, 82) - (5,5, 5),
(S, 581, 821) ~ (8,8, 52,

n

where S is defined in (2.50) and S™ and S™ are independent copies of S. Then, the approximate

p-values of the test statistic 5,, can be computed via either

| B A 1S .
B (=) e G2 8.
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Abstract

A broad class of smooth, possibly data-adaptive nonparametric copula estimators that contains
empirical Bernstein copulas introduced by Sancetta and Satchell (and thus the empirical beta
copula proposed by Segers, Sibuya and Tsukahara) is studied. Within this class, a subclass of
estimators that depend on a scalar parameter determining the amount of marginal smoothing
and a functional parameter controlling the shape of the smoothing region is specifically con-
sidered. Empirical investigations of the influence of these parameters suggest to focus on two
particular data-adaptive smooth copula estimators that were found to be uniformly better than
the empirical beta copula in all of the considered Monte Carlo experiments. Finally, with fu-
ture applications to change-point detection in mind, conditions under which related sequential

empirical copula processes converge weakly are provided.

3.1 Introduction

Let X1, = (X1,...,X,) be a stretch of d-dimensional random vectors from a stationary time
series (X;);ez. The distribution function (d.f.) F of X is assumed to have continuous univariate
margins Fi, ..., Fy. As a consequence of a well-known theorem of Sklar (1959), the multivariate

d.f. F' can be expressed as
F(x) = C{F\(x1),...,Fi(zq)}, x€RY,

in terms of a unique copula C, that is, a unique d-dimensional d.f. with standard uniform

margins.

To carry out statistical inference on the unknown copula C' using the available observations

X1.n, it is often necessary to have at hand nonparametric estimators of C'. The best known
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such estimator is called the empirical copula Deheuvels (1979). Under a rather weak condition
(see Condition 3.6.5 in Section 3.6), the latter is asymptotically equivalent to the empirical d.f.
of the multivariate ranks obtained from X., scaled by 1/n which was studied in Riischendorf
(1976). Two smooth versions that are genuine copulas when there are no ties in the components
samples of X'1.,, are the empirical checkerboard copula (see, e.g., Genest et al., 2017; Genest and
Neslehova, 2007, and the references therein) and the empirical beta copula proposed in Segers
et al. (2017). The latter was found to have better small-sample properties than the former and

the classical empirical copula in the Monte Carlo experiments reported in Segers et al. (2017).

In this work, we investigate extensions of the construction that allowed Segers et al. (2017)
to study the asymptotics of empirical Bernstein copulas introduced in Sancetta and Satchell
(2004), and thus of the empirical beta copula. The initial motivation for this undertaking
stems from an early attempt to obtain sequential versions of the asymptotic results of Segers
et al. (2017) (with an application to change-point detection in mind) during which it appeared
that alternative ways of smoothing could be considered. In particular, we allow the underlying
smoothing distributions to depend on the data, leading to a rather broad class of smooth,

possibly data-adaptive empirical copulas.

The paper is organized as follows. In Section 3.2, we define a broad class of smooth, possibly
data-adaptive nonparametric copula estimators that contains empirical Bernstein copulas, and
thus the empirical beta copula. Conditions under which such smooth estimators have standard
uniform univariate margins, are multivariate d.f.s or are genuine copulas are provided in Sec-
tion 3.3. In Section 3.4, we focus on a subclass of empirical copulas that depend on a scalar
parameter that determines the amount of marginal smoothing and a functional parameter that
controls the shape of the smoothing region in [0,1]¢. Using an implementation for the R sta-
tistical environment R Core Team (2022) (available on the web page of the first author), we
investigate the influence of these parameters through Monte Carlo experiments in Section 3.5
and, as a result, we suggest to focus on two specific smooth data-adaptive copula estimators that
were found to be uniformly better than the empirical beta copula in all of the considered Monte
Carlo experiments. Finally, in Section 3.6, we study the weak convergence of the sequential
empirical copula processes related to the general class of smooth estimators proposed in Sec-
tion 3.2 and, in particular, establish conditions under which they are asymptotically equivalent
to the classical sequential empirical copula process initially studied in Biicher and Kojadinovic
(2016).
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3.2 A broad class of smooth, possibly data-adaptive empirical

copulas

For any j € {1,...,d}, let F.; ; be the empirical d.f. computed from the jth component sample
X1j,-..,Xp; of the available observations X'1.,. Then, let

n

Ryj" = nFinj(Xi) = ) 1(Xi; < Xij)
t=1

be the (maximal) rank of X;; among X1;, ..., X,;. Furthermore, let R}:" = (RZII”, cee Rzld") and

Ijilm = R}™/n,i € {1,...,n}, be the multivariate ranks and the multivariate scaled ranks, re-
spectively, obtained from X'1.,. Note that the d-dimensional random vectors ﬁf:", R U&” are

sometimes referred to as pseudo-observations from C (see, e.g., Hofert et al., 2018, Chapter 4).
Following Riischendorf (1976), the empirical copula Ci., of X1., at w = (ug,...,uq) € [0,1]%
can then be defined by

n

n d
Cunlw) =~ S T (RY /n <)) = - S 1T < w), (3.)

i=1 j=1 i=1
where inequalities between vectors are to be understood componentwise.

A smooth version of the empirical copula C.,, was proposed in Segers et al. (2017) by replacing
indicator functions in (3.1) by d.f.s of particular beta distributions. Specifically, the empirical

beta copula of X'1., is defined by

n d
1
Cheta(y) = - Z H betanyRilJ;n (uj), u=(uy,...,ug) € [0,1]% (3.2)
i=1 j=1

where, for any n € N and r € {1,...,n}, beta, , denotes the d.f. of the distribution Beta(r,n +
1 —r) (the beta distribution with shape parameters « = r and 8 =n+ 1 —r). When there are
no ties in the component samples of X'1.,, Lemma 2.6 in Segers et al. (2017) states that the
empirical beta copula is actually a particular case of the empirical Bernstein copula introduced
in Sancetta and Satchell (2004) and further studied in Janssen et al. (2012). Proposition 2.8 in
Segers et al. (2017) additionally shows that the supremum distance between the empirical beta
copula CP¢*® and the classical empirical copula Ci., is O(n~Y2(Inn)/?), thereby suggesting
that the empirical beta copula is a smoothing of Ci., at approximately bandwidth O(nil/ ),
see also Corollary 3.7 in Segers et al. (2017).

To study the asymptotics of the empirical beta copula, Segers et al. (2017) cleverly used the fact
that it could be written as a mixture involving the classical empirical copula. For any n € N
and u € [0, 1]9, let p,, 4, be the law of the d-dimensional random vector (S, 1.4, /7, - - Sndug /M)
where Sy 1.4y, - - - Sn,du, are independent random variables and, for each j € {1,...d}, Sp ju; is

Binomial(n, u;), that is, Sy j.; follows a binomial distribution with parameters n and u;. The
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following lemma proven in Appendix 3.8.1 is instrumental for understanding the approach of
Segers et al. (2017).

Lemma 3.2.1. For any w € [0,1]4, n € N and ry,...,rg € {1,...,n},

Hbeta,w] uy) / H 1(r;/n < wj)dpinu(w).

e [0,1]¢

Using Lemma 3.2.1, by linearity of the integral, one immediately obtains that, for any u € [0, 1]¢,
Cheta (g Z / H 1 (R"/n < wj) dpin,u(w) = /[ . Cron (W) d g o (w). (3.3)
0,1)¢ 0,1

The main aim of this work is to study generalizations of the empirical beta copula based on
alternative smoothing distributions, possibly depending on the data. As we continue, for any
m €N,z € (R)™ and u € [0, 1], vZ will denote a law on [0, 1] such that, for any j € {1,...,d},
f[071]d w;dvg (w) = uy; it is meant to be a generalization of fi,,, in (3.3) that possibly depends
on the data set . Furthermore, let p > d be a fixed integer, let U be a p-dimensional random
vector whose components are independent and standard uniform, and consider the following

assumption.

Condition 3.2.2 (Construction of smoothing random vectors). For any m € N, z € (RY)™
and u € [0,1]%, there exists a function W2 : [0,1]? — [0,1]¢ such that W2 = W2*(U) is a

[0, 1]%-valued random vector with law vZ.

To be able to define, for any n € N, Xy, = (X1,...,X,) and, for any m < n, the random
vectors W2, € (RY)™, u € [0,1]¢, on the same probability space (the case m < n will be
needed in Section 3.6), we assume that the underlying probability space (€2,.4,P) has a product
structure, that is, @ = Qy x Q; with probability measure P = Py ® P;, where P; denotes
the probability measure on €;, such that, for any w € Q, X1.,(w) only depends on the first
coordinate of w and U (w) only depends on the second coordinate of w, implying in particular
that X1., and U are independent. In that case, it can be verified using Fubini’s theorem that
(x,A) » P1{WZ(U) € A} =P, (WZ € A) = v¥(A) defines a regular version of the conditional
distribution P(W X1 € . | X1.,) of WXt given X1.,. As a consequence, in the rest of the
paper, for an arbitrary real-valued function h, E{h(WXt=») | X1.,} is to be understood as

f[071]d h(w)dvg ' (w).

As we continue, for any m € N, € (R*)™ and u € [0,1]¢, the d components of the random
vector W7 will be denoted by W{’, ... .,Wtfw to indicate that the jth component of W7
depends on wu; but not on wy,...,uj_1,uj41,...,uq. It is however important to keep in mind
that the joint distribution of W, ... ,W;ﬁud may still depend on w. The fact that, for any

€ (RH™ and u € [0,1)]%, W2 has its support included in [0,1]¢ with E(WZ) = u implies
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that, for any j € {1,...,d}, Var(VVﬁ’uj) = 0 if u; € {0,1}. Note that, more generally, for any
z € (RH™ we[0,1]% and j € {1,...,d}, one has that

Var(We,) = E{(W2,)*} - <E(WE,) - u? = u;(1 - uy). (3.4)

J,Uj J

By analogy with (3.3), we then define alternative smooth versions of the empirical copula C1.,
of the sample Xy, = (X1,...,X,) in (3.1) by

Clp(u) = Crp(w)dvin(w),  we[0,1]% (3.5)

[0,1)¢
Roughly speaking, for any u € [0,1]¢, C%, (u) can be thought of as a “weighted average” of
Cy.n(w) for w “in a neighborhood of u” according to the smoothing distribution vg '™ (that

may depend on the available observations X1.,).

Remark 3.2.3. Let us comment on Condition 3.2.2. For n € N, x € (RY)" and u € [0,1]¢,
let H be the d.f. corresponding to v¥, let D be a copula of H and let Hy,...,Hy be the d
univariate margins of H. Assume for instance first that D is an absolutely continuous copula.
Then, using the inverse of the well-known transformation of Rosenblatt (1952), it is possible
to obtain, from the first d components of U, a d-dimensional random vector V with d.f. D
(see, e.g., Hofert et al., 2018, Section 2.7 for more details). The random vector W;¥ can then be
defined by (Hl_l(Vl), - ,Hd_l(Vd)), where Hl_l, . ,Hd_1 are the quantile functions (generalized
inverses) obtained from the d univariate margins of H. As another example, assume that D
is the empirical beta copula obtained from the data set x € (R%)"™ whose component samples
contain no ties. Let rj;, i € {1,...,n}, j € {1,...,d}, be the corresponding multivariate ranks.
Then, according to (Kiriliouk et al., 2021, Section 3.2), a d-dimensional random vector V' with
d.f. D can be obtained by computing I = [nUj41] +1 and V; = beta;}w Uj), 5 € {1,...,d},
where, as in (3.2), beta,, , denotes the d.f. of the distribution Beta(¢,n + 1 — ¢). Finally, the
random vector W2 can again be defined by (H;'(V1),..., H;'(Vy)). More generally, as soon
as there exists a method to generate random variates from the copula D, it is likely that we will

be able to define the function W transforming U into the random vector W7 with law v/7.

Remark 3.2.4. Let n,my,...,mg € N. For any & € (RY)" and u € [0,1]%, let % be the law of
the random vector (S, 1ui /M1, Smyduy/Md)s Where Sy 14y, - - Smy.du, are independent
random variables and, for each j € {1,...d}, Spm; ju; is Binomial(m;, u;). Then, from Section 3
in Segers et al. (2017), CY,, corresponds to the empirical Bernstein copula with polynomial
degrees my, ..., mq. Since, from Lemma 2.6 in Segers et al. (2017), the empirical beta copula
is the empirical Bernstein copula with my = n, ..., mqg = n, it is obviously a particular case of
C¥... Tt is obtained when, for any = € (R?)" and u € [0, 1]¢, v/ is defined as the measure ji,,

appearing in (3.3) which is the law of the random vector (Sp 1.u; /1, ..., Sn.du,/N)-

As we shall see in Section 3.4, when defining some specific members of the above general class of

smooth copulas, we will consider the possibly random smoothing distributions vy ', u € [0,1]¢,
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to be either all discrete or all continuous with the understanding that, because of (3.4), if

uj € {0,1}, the jth component of Wy, '™ will be degenerate (non-random).

For any n € N, € (R)", r € [0,n]? and u € [0,1]%, let

K () 1(r/n < w)dvE (w) = E{1(r/n < W2)} = G2 (r/n), (3.6)

Il
S—

[

071}d

where GZ(w) = P(WZ > w), w € [0, 1]%. Note that this implies that, almost surely, Gy ' (w) =
P(Wa'm > w | X1.4), w € [0,1]%. By linearity of the integral, with probability 1, we can then

express CY.,, as

oY ( Z/C;};; u e [0,1). (3.7)

3.3 Properties and general form of the smooth estimators

In this section, we provide conditions under which smooth empirical copulas of the form (3.5)
have standard uniform univariate margins and then conditions under which they are multivariate

d.f.s.

3.3.1 Univariate margins of the smooth estimators

We start by investigating the univariate margins of the studied nonparametric copula estimators.

As already hinted at in the introduction, the following simple condition plays an important role.

Condition 3.3.1 (No ties). With probability 1, there are no ties in each of the component
samples X1;,...,Xy;, j € {1,...,d}, of X1.p.

As verified in Segers et al. (2017), under this condition, the empirical beta copula CP¢** defined
in (3.2) has standard uniform margins. In the rest of the paper, for any 7 € {1,...,d} and
any u € [0,1]%, let ul) be the vector of [0,1]% defined by ugj) = u; if ¢ = j and 1 otherwise.
With this notation, the property of having standard uniform univariate margins can be simply
written as CPe®(ul)) = u; for all j € {1,...,d} and w € [0,1]%. For the smooth empirical
copula CY,,, defined in (3.5), we have the following result proven in Appendix 3.8.1.

Proposition 3.3.2 (Univariate margins of CY.,). Under Condition 3.3.1, for any j € {1,...,d}
and u € [0,1]%, with probability 1,

, nW: L

n

Since sup,cpqy|lnw|/n —w| — 0 as n — oo and IE( X“’ | X1 n) = u; almost surely by

construction, under Condition 3.3.1, a smooth empirical copula CY.,, will at least have standard



Chapter 3 A class of smooth, possibly data-adaptive nonparametric copula estimators
containing the empirical beta copula 41

uniform margins asymptotically. Actually, it is easy to verify that, under Condition 3.3.1, CY,,

will have standard uniform margins if and only if the following condition is satisfied.

Condition 3.3.3 (Condition for uniform margins). For any € (RY)"”, w € [0,1]¢ and j €
{1,....d}, W7, takes its values in the set {0,1/n,...,(n—1)/n,1}.

The previous condition is for instance satisfied when, for any & € (R%)", u € [0,1]% and j €
{1,....d}, Wi, = Snju,;/n, where Sy jy; is Binomial(n, u;). Notice that, when u; € (0,1) and
WJXJJ" does not take all its values in the set {0,1/n,...,(n —1)/n,1}, one has with probability
1 that ¥
: [nW5a"]
Clysn(’u’(])> =E ( ] ’ Xl:n <E <WX1 . ’ X, n) = Uy

n

since |nw]/n < w for all w € [0,1]\ {0,1/n,...,(n — 1)/n,1}. Hence, in that case, from a

marginal perspective, CY.,, will systematically underestimate C'.

One possible remedy to this situation is to carry out an asymptotically negligible correction
consisting of using }C;lefff,a instead of ICXIZ; in (3.7), where a = (a,...,a) € (0,1)% Indeed,
mimicking the proof of Proposition 3.3. 2 one obtains that, under Condition 3.3.1, for any
je{l,...,d} and u € [0,1]%, C¥, (ul¥)) = E(LnWJXul]” +al/n | X1.,) almost surely. It then
seems reasonable to choose a = 1/2 given that sup,,cp 1 |[nw +a]/n — w| = max(a,1 —a)/n is
minimized for a = 1/2 and E(le " | X1.,) = u; almost surely by construction. For this reason,
from now on, when using smoothing distributions for which Condition 3.3.3 is not satisfied,

instead of CY.,, in (3.7), we will consider the asymptotically equivalent estimator defined by

Z/cgg 12(W), w e [0,1]% (3.8)

Remark 3.3.4. Some additional thinking reveals that (3.8) would have been equivalently ob-
tained if, in (3.5), the classical empirical copula Ci., in (3.1) were replaced by the empirical
d.f. of the modified pseudo-observations U™ = (RF" —1/2)/n, i € {1,...,n}. The latter
asymptotically equivalent definition of the empirical copula was for instance considered in (Joe,
2015, Section 5.10.1) and has univariate margins that are uniformly closer to the d.f. of the

standard uniform distribution than C4., in (3.1).

3.3.2 General form of the smooth estimators

As already mentioned, we will choose the possibly random smoothing distributions v ", u €
[0,1]¢, to be either all discrete or all continuous with the understanding that, because of (3.4), if
uj € {0, 1}, the jth component of Wt will be degenerate. In the discrete case, we will further
impose Condition 3.3.3 so that, from Proposition 3.3.2, the corresponding smooth empirical
copulas of the form (3.7) have standard uniform margins. This property will not hold if the

smoothing distributions are chosen continuous. Considering in that case the asymptotically
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equivalent definition in (3.8) will however make the uniform distance between the univariate
margins of the smooth estimator and the d.f. of the standard uniform distribution smaller
than 1/(2n).

v,cor

Notice that the expressions of CY,, in (3.7) and C},” in (3.8) both depend on the quantity
Kz, x € (RH™ r € [0,n]? defined in (3.6). Spec1ﬁcally, recall that, for any = € (R%)",
r € [O,n]d and u € [0,1]%, KZ(u) = GZ(r/n), where GZ(w) = P(WZ > w), w € [0,1]%.
For any z € (RY)" and u € [0,1]%, let FZ(w) = P(WZ > w), w € [0,1]%, be the survival
function of W2 and note that GZ(w) = F%(w), w € [0,1]¢, if W2 is continuous and that
GZ(r/n) = F2{(r—1)/n}, r € {1,...,n}?% where 1 = (1,...,1) € R? if W2 takes its values in
the set {0,1/n,...,(n — 1)/n,1}%. Interestingly enough, for any x € (R)" and u € [0,1]%, we
can additionally use the fact that, from Sklar’s theorem for survival functions (see, e.g., Hofert

et al., 2018, Section 2.5), there exists a copula CZ (called a survival copula of W) such that
Fo(w) = Co{Fy, (wn), ., FEy (wa)},  w e [0,1)%,

where, for any j € {1,...,d}, ]?]”u] (w) = P(W]?fuj > w), w € [0,1], is the jth univariate margin
of FZ. Note that CZ is not uniquely defined unless WZ is a continuous random vector and that

CZ is not a copula of the random vector W2 but a copula of the random vector —W2.

Combining the previous elements, one has that, if the smoothing distributions satisfy Condi-
tion 3.3.3, for any = € (RY)", r € [1,n]? and w € [0,1]¢, KZ(u) in (3.6) can be expressed
as

Ky (w) = Cy [Flu At = 1)/n}, . Fiy {(ra = 1) /n}] (3.9)

which implies that, with probability 1, the smooth empirical copula CY,, in (3.7) can be ex-
pressed, for any u € [0,1]¢, as

o Zcm[ FE(RE = D/, Fae (R = D)/mY] - (3.10)

whereas, if the smoothing distributions are continuous, as already mentioned, it is better from a
marginal perspective to consider the asymptotically equlvalent estimator C}7°" in (3.8) which,

with probability 1, can be expressed, for any u € [0, 1]¢,
Zcxl o |FOrRE = 12/}, PR ARE =1 2)/mY] (31D)

since, for any @ € (RY)", r € [1,n]¢ and u € [0,1]4, KZ_ 1/2( u) can be expressed as

ro1/2(w) = Cy [Fl, {(n —1/2)/n}, . F {(ra — 1/2)/n}] . (3.12)
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3.3.3 Conditions for being multivariate d.f.s

From a finite-sample perspective, it seems desirable to focus on estimators that are multivariate

d.f.s and thus, possibly, genuine copulas. The following conditions are sufficient for that matter.

Condition 3.3.5 (Condition on the smoothing survival copulas). For any & € (R%)" and
u € [0,1]%, the copulas CZ in (3.9) and (3.12) do not depend on u.

Condition 3.3.6 (Condition on the discrete smoothing survival margins). For any x € (R?)",
je{l,...,d} and w € [0,1), the function ¢ — f}“’t(w) is right-continuous and increasing on
[0, 1].

The following result is proven in Appendix 3.8.1.

Proposition 3.3.7 (C},, is a multivariate d.f.). Assume that Conditions 3.3.5 and 3.3.6 hold.

Then, the smooth empirical copula CY.,, in (3.10) is a multivariate d.f.

Corollary 3.3.8 (CY,, is a genuine copula). Assume that Conditions 3.3.1, 3.5.3, 3.3.5 and 3.5.6

hold. Then, the smooth empirical copula CY., in (3.5) is a genuine copula.

In the case of continuous smoothing distributions, we consider the following analog of Condi-
tion 3.3.6.

Condition 3.3.9 (Condition on the continuous smoothing survival margins). For any x €
(RH™ 5 € {1,...,d} and w € (0,1), the function ¢ — ,?:jmt(w) is right-continuous and increasing
on [0, 1].

The following result is proven in Appendix 3.8.1.

Proposition 3.3.10 (C{;.*" is a multivariate d.f.). Assume that Conditions 3.5.5 and 3.3.9

1n
v,cor

hold. Then, the smooth empirical copula C{},°" in (3.11) is a multivariate d.f.

3.4 Estimators based on smoothing distributions with scaled

binomial, scaled beta-binomial or beta margins

In order to define specific smooth empirical copulas of the form (3.10) or (3.11) that are multi-
variate d.f.s, we start by making three proposals for the smoothing survival margins. We first
make two proposals for the (discrete) smoothing survival margins of the estimator (3.10) for
which Condition 3.3.6 is satisfied and then one proposal for the (continuous) smoothing survival
margins of the estimator (3.11) for which Condition 3.3.9 is satisfied. We end this section by

discussing the choice of the survival copula of the smoothing distributions.
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3.4.1 Scaled binomial and beta-binomial smoothing survival margins

Having Corollary 3.3.8 in mind for the estimator (3.10) and given u € [0, 1], we wish to define a
random variable W that takes its values in the set {0,1/n,...,(n—1)/n,1} such that E(W) = .
From (3.4), only the case u € (0,1) actually needs to be dealt with. Following Segers et al.
(2017), it is natural to attempt to start from a random variable S that takes its values in
{0,1,...,n} and to set W = S/n. A first straightforward choice due to Segers et al. (2017) is
to take S to be Binomial(n,u). As already mentioned, this immediately leads to W taking its
values in the set {0,1/n,...,(n—1)/n,1} and satisfying E(W) = u and Var(W) = u(1 — u)/n.

As an alternative distribution for the random variable S taking its values in {0,1,...,n}, we
investigate next the possibility of considering the (more dispersed) Beta-Binomial(n, «, 5) whose
shape parameters o > 0 and S > 0 remain to be specified. Recall that the probability mass

function of the latter distribution is given by

P(S =s) = <n>B(3+a,n_3+ﬁ)

Bo.d) , s€{0,1,...,n},

s
where B is the Beta function.

We start from the fact that, since S is Beta-Binomial(n, «, 3),

«
a+p’
af(a+ B +n)
n(a+B)2(a+8+1)

E(W) = (3.13)

Var(W) =

(3.14)

Since the expectation of W is required to be u by construction, we immediately obtain from (3.13)

that
g—ol=w (3.15)

u
which, combined with (3.14), allows us to rewrite the variance of W as
u(l—u)(a+un) u(l—u) a+un

Var(W) = n(a+ u) T n “ata

The variance of W is thus the variance of W if S were Binomial(n,«) multiplied by the factor
(a +un)/(a + u). Ideally, we would want to control how much more dispersed scaled beta-
binomial margins are compared to the corresponding scaled binomial margins. To do so, we set

the latter factor to be a constant p > 1, that is,

o+ un

a—+u =P

and attempt to solve for & > 0. Provided that p < n, we obtain that a = u(n — p)/(p — 1) and
then, using (3.15), that 5 = (1 —u)(n —p)/(p — 1).
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In summary, as an alternative distribution for the discrete random variable S, we consider the
Beta-Binomial (n, u(n — p)/(p — 1), (1 — u)(n — p)/(p — 1)), where p € (1,n) is an additional
parameter. As required, we have that E(W) = u. Furthermore,

u(l —u)

Var(W) = p x — (3.16)

so that the factor p describes how much more dispersed a scaled beta-binomial smoothing

survival margin will be compared to the corresponding scaled binomial.

Notice that the probability mass functions of the Binomial(n, u) and the Binomial(n, 1 — u) are
symmetrical with respect to n/2, and that, for any p € (1,n), the probability mass functions of
the Beta-Binomial(n,u(n — p)/(p — 1), (1 — u)(n — p)/(p — 1)) and the Beta-Binomial (n, (1 —
u)(n — p)/(p — 1),u(n — p)/(p — 1)) are also symmetrical with respect to n/2. This implies
that, with respect to one coordinate, the smoothing around u will be the “reflection” of the

smoothing around 1 — u.

For any u € [0,1], let By, be the survival function of the Binomial(n,u) and, for any u € [0, 1]
and p € (1,n), let By, be the survival function of the Beta-Binomial (n, u(n — p)/(p — 1), (1 —
u)(n — p)/(p —1)). Two subclasses of the class of smooth empirical copulas given by (3.10)
that, under Condition 3.3.5, still depend on the choice of the possibly data-dependent survival
copula C = C*1n, can thus be defined, for any u € [0,1]%, by

n

. 1 _ _ . _ .
Cioy(u) = — > C¥ { By (Rif" = 1), By (R = 1)} (3.17)
i=1
5,C (R R n R n
Cf;(u) = ﬁ Zcxljn {Bn,m,p(Rzll. - 1)7 cet ;Bn,ud,p(Rz‘ld - 1)} ) (3'18)
=1

respectively. It is of course possible to imagine a version of the second estimator for which the
common additional parameter p of the d scaled beta-binomial smoothing survival margins de-
pends on the data, that is, p = p*1» (subject to the constraint that p*1:» € (1,n) almost surely).
By construction, the smoothing survival margins satisfy Condition 3.3.3, which, according to
Proposition 3.3.2, implies that Cfo and C’ff; have standard uniform univariate margins. As far

as Condition 3.3.6 is concerned, we have the following results proven in Appendix 3.8.2.

Proposition 3.4.1. Condition 3.5.6 is satisfied with ﬁft defined by ﬁft(w) = Bpt(nw), w €
[0,1]. Specifically, for any w € [0,1), the function t — By (nw) is continuous and increasing
on [0,1].

Proposition 3.4.2. Condition 3.3.6 is satisfied with F7, defined by F¥(w) = Byt ,(nw), w €
[0,1], for any p € (1,n). Specifically, for any p € (1,n) and w € [0,1), the function t —

Byt p(nw) is continuous and increasing on [0, 1].

Hence, according to Proposition 3.3.7, the estimators Cfo and Cfs are multivariate d.f.s and

therefore, according to Corollary 3.3.8, genuine copulas if Condition 3.3.1 holds. Notice also
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that the smooth empirical copula C’E’f coincides with the empirical beta copula C}D:‘;ta in (3.2)

if C*¥1:n is taken to be the independence copula II. Based on (3.17), an alternative notation for

the empirical beta copula is thus C’Ef .

Remark 3.4.3. Let m € N and recall from Remark 3.2.4 that if, for any € (R?)" and u € [0, 1]¢,

T
Vu

independent random variables such that, for each j € {1,...d}, Spm ju,; is Binomial(m,u;),

is the law of the random vector (S, 1,u,/M; ..., Sm.du,/m) where Sy 1u,-.. Smdu, are

then, from Section 3 in Segers et al. (2017), CY.,, in (3.5) is the empirical Bernstein copula with
polynomial degrees all equal to m. It immediately follows that the expectation and variance
of the jth margin of the underlying smoothing distribution corresponding to u € [0,1]? are uj
and wu;(1 — u;j)/m, respectively. Let p € (1,n) and let us focus on the special case m = [n/p].
The underlying smoothing distribution corresponding to w € [0,1]¢ can then be regarded as
close to the smoothing distribution corresponding to the same w involved in the definition of
the estimator C’ﬁ’f generically defined in (3.18) with dispersion parameter p. Indeed, both
smoothing distributions have independent copula, expectation u and the variances of their jth
margin are u;(1 —u;j)/[n/p] and pu;(1 — uj)/n, respectively (see (3.16)). The estimator CT!
with dispersion parameter p can however be regarded as an advantageous replacement of the
empirical Bernstein copula with polynomial degrees all equal to [n/p]. Indeed, if Condition 3.3.1
holds, the former is a genuine copula by Corollary 3.3.8 (no matter how p € (1,n) is chosen)
whereas the latter is a genuine copula only when n is a multiple of [n/p] by Proposition 2.5
in Segers et al. (2017). When p = 3, the disadvantages in terms of finite-sample performance
of the empirical Bernstein copula with polynomial degrees all equal to [n/p] are highlighted in
Fig. 3 of Segers et al. (2017).

3.4.2 Beta smoothing survival margins

Since the support of the beta distribution is included in [0, 1], it is natural to attempt to
use it to define the continuous smoothing survival margins involved in the definition of the
estimator (3.11). Thus, given u € [0, 1], let W be a random variable with the beta distribution
Beta(a, 8) whose shape parameters a > 0 and 5 > 0 need to be determined so that E(W) = w.
Again, from (3.4), only the case u € (0, 1) needs to be addressed. We know that

E(W) = (3.19)

Var(W) =

. 3.20
(a+B)*(a+B+1) (3:20)
From the fact that the expectation of W is required to be u and (3.19), we obtain that g =
a(l — u)/u, which, combined with (3.20), implies in turn that

w?(1 —u)  u(l —u) L

Var(W) = =

a+u n a+u
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Proceeding as for the scaled beta-binomial smoothing survival margins but keeping in mind that

the variance of the beta distribution with expectation u can be arbitrarily small, we set

nu

=p>0

a+u P
and attempt to solve for a > 0. Provided that p < n, we obtain that & = u(n — p)/p and,
consequently, that 5 = (1 — u)(n — p)/p. The distribution of W can thus be taken to be the
Beta(u(n — p)/p, (1 — w)(n — p)/p), where p € (0,n) is an additional parameter. As required,

we have that E(W) = u, whereas the parameter p controls the variance of W which is given by

u(l—u).

Var(W) = p x (3.21)
Hence, the variance of W can again be compared to the variance of the corresponding scaled
binomial survival margin. Notice however that, unlike for scaled beta-binomial survival margins,
beta survival margins can be underdispersed compared to the corresponding scaled binomial

survival margins.

From the fact that the densities of the Beta(c, 5) and the Beta(f,«) are symmetrical with
respect to 1/2, we again have that, with respect to one coordinate, the smoothing around u will

be the “reflection” of the smoothing around 1 — u.

For any u € [0,1] and p € (0,n), let By, be the survival function of the Beta(u(n — p)/p, (1 —
u)(n — p)/p), p € (0,n). One subclass of the class of smooth empirical copulas (3.11) that,
under Condition 3.3.5, still depends on the choice of the possibly data-dependent survival copula
C = C*1n, can then be defined by

i) = = 37 C B fl(RE" ~ 1/2)/0), - B (R ~1/2)/m}], we 0,1]%
=1

(3.22)
As for the estimator (3.18), it is possible to imagine a version of (3.22) for which the common
additional parameter p of the d beta smoothing survival margins depends on the data, that is,
p = p™1n (subject to the constraint that p*t» € (0,n) almost surely). As far as Condition 3.3.9

is concerned, we have the following result proven in Appendix 3.8.2.

Proposition 3.4.4. Condition 3.3.9 is satisfied with ]:"]?'ft = Bn,t,p} for any p € (0,n). Specifi-
cally, for any p € (0,n) and w € (0,1), the function t = Bt ,(w) is continuous and increasing
on [0, 1].

Hence, according to Proposition 3.3.10, Cf:’g is a multivariate d.f. If Condition 3.3.1 holds, it
is however not a genuine copula since it does not have standard uniform margins. The latter
can for instance be verified numerically using the R implementation of the estimator provided

on the web page of the first author.
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3.4.3 On the survival copula of the smoothing distributions

In view of Propositions 3.3.7 and 3.3.10, it seems desirable to choose the survival copulas of the
smoothing distributions appearing in (3.10) and (3.11) such that Condition 3.3.5 holds. In order
to propose a meaningful choice for the resulting possibly data-dependent survival copula C¥1n,

we first gather hereafter some theoretical facts.

Assume that Condition 3.3.1 holds and fix w € [0,1]%. If W' takes its values in the set
{0,1/n,...,(n —1)/n,1}%, it is easy to verify from (3.10) that

B{CY,,(w)} = B(C¥n [FE {(RE — ) /n}, . FR(RE = D/n}])  (3.23)

since X1, ..., X, are identically distributed. Note furthermore that, for any j € {1,...,d},
E[F (R~ 0)/m)] = E (B |F5 (RY —1/n} | X1a)) = [ Z]—'xl “{i-1) /n}]

ZE{ W >7,/n)]2(1n}]

()

ZIP’{WX” >(i—1)/n| Xin}| =

IR o
E{angnwj,;} )|x1m}

i=1

=K

—E{EW | Xia) | = B(u) = uj.
(3.24)

In other words, the expected value of CY., (u) is the expectation of a random variable obtained by
applying the copula C*1:n to the components of a random vector with expectation w. Similarly,

if W' is continuous, from (3.11), we have that

E{CLe" (w)} = E(CH (A (R — 1/2)/n). . FR{(REF —1/2)/m))  (3.25)

and, moreover, proceeding similarly to (3.24), that

_ , InW?him +1/2]
E[F (R —1/2)/n}] = E ( - : (3.26)
which, combined with the fact that sup,cp 1 ||nw +1/2] /n — w| = 1/(2n), implies that
[E[F (R — 1/2)/n}] —uy] < 1/(2n). (3.27)

In other words, in the case of a continuous smoothing distribution, the expected value of
Cy%(u) is the expectation of a random variable obtained by applying the copula C¥1» to

the components of a random vector whose expectation is within 1/(2n) of w.

Given that CY,,(u) and C7.,”" (u) are estimators of C(u), the previous derivations suggest that

it may be meaningful to expect that, in many situations, their biases will be minimized (or at



Chapter 3 A class of smooth, possibly data-adaptive nonparametric copula estimators
containing the empirical beta copula 49

least will be small) if the survival copula C¥1n of Wt is taken equal to the copula C. When
C' is the independence copula II, the above choice is optimal if Condition 3.3.3 holds. Indeed,
setting C*1:n = II in (3.23) and using (3.24) immediately yields that C¥, (u) is an unbiased
estimator of C'(u) = II(w). Similarly, if Wy " is continuous, one straightforwardly obtains
from (3.25), (3.26) and (3.27) that the bias of C7,”" (u) will decrease quickly as n increases.

The previous discussion focusing on the bias thus suggests, if C' were known, to choose the
survival copula C*¥1= in (3.10) and (3.11) equal to C. Since C is not known, a natural solution
consists of taking C¥1n equal to a pilot estimate of C' based on Xy.,. This aspect will be

empirically investigated in Section 3.5.

3.5 Suggested data-adaptive alternatives to the empirical beta

copula

The first aim of this section is to study, under Condition 3.3.5, the finite-sample performance
of the estimators CL¢ in (3.17), CF in (3.18) and C}; in (3.22) in the case when the survival
copula C¥1n does not depend on the data. These preliminary investigations will then be used
to propose a natural way of choosing C¥1 from the data in the expressions of C’Ef , Cﬁf and
C}€. The finite-sample performance of the resulting estimators will be finally studied for many

bivariate and trivariate data-generating models.

3.5.1 Experiments for understanding the influence of the spread and the
shape of the smoothing distributions

Following Segers et al. (2017), for each sample size n under consideration, each data generating
copula C' and each copula estimator Ch., under investigation, we estimated the following three

performance measures:

integrated squared bias: /

[0,1] [E {éln(u) - C(U)H ’ du,

integrated variance: /
[0

B [{éM(“) - C(U)}z} du.

integrated mean squared error: /

[0,1]¢
To do so, we proceeded by Monte Carlo simulation using 20,000 independent random samples of
size n from C' and applied the trick described in detail in Appendix B of Segers et al. (2017). All
the numerical experiments were carried out using the R statistical environment and its packages
copula Hofert et al. (2022) and extraDistr Wolodzko (2020).

As a first experiment, we considered n € {10,30,50} and C to be the bivariate Frank copula
Genest (1987) with a Kendall’s tau in {0, —0.3, —0.6, —0.9}. We then estimated the above three
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FiGURE 3.1: Influence of the dispersion parameter p of the beta smoothing survival margins
and of the value of Kendall’s tau (given on the z-axis of each panel) of the smoothing Frank
copula C*t» (not taken to depend on the data) on the three performances measures of the

smooth estimator C7;¢ in (3.22) computed from samples of size n = 30 from a Frank copula
with a Kendall’s tau in {0, —0.3, —0.6, —0.9}.

performance measures for the smooth empirical copula CIE:’S in (3.22) with p € {0.5,1,2,3} and
C*1n the Frank copula with a Kendall’s tau in {—0.9, —0.8,...,0.9} (thus not taken to depend
on the data). The results are represented in Fig. 3.1 for n = 30 and are qualitatively similar
for n € {10,50}. Each column of graphs corresponds to a different Kendall’s tau for the data
generating Frank copula. The first (resp. second, third) row of plots reports the integrated
squared bias (resp. integrated variance, integrated mean squared error). The four curves in
each panel represent the four considered values of the dispersion parameter p and give the value
of the performance measure against the value of Kendall’s tau of the (data-independent) Frank

copula C¥1n of the smoothing survival distribution.

From the first row of graphs in Fig. 3.1, we see that, as expected from the discussion in Sec-
tion 3.4.3, the integrated squared bias is minimized when the survival copula C*1:n is close to
the data generating copula C'. The larger the value of the marginal dispersion parameter p, the
more obvious the previous conclusion is. The second row of plots reveals, on one hand, that

the shape of the smoothing distribution controlled by C¥1 has relatively little influence on the
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F1GURE 3.2: Influence of the dispersion parameter p of the scaled beta-binomial smoothing

survival margins and of the value of Kendall’s tau (given on the z-axis of each panel) of the

smoothing Clayton or survival Clayton copula C¥1» (not taken to depend on the data) on

the three performances measures of the smooth estimators C7;¢ in (3.17) and CF¢ in (3.18)

computed from samples of size n = 30 drawn from a Clayton copula with a Kendall’s tau in
{0,0.3,0.6,0.9}.

integrated variance (although the latter seems always minimized when C*1:n is close to the inde-
pendence copula IT) and, on the other hand, that the larger p, the lower the integrated variance.
The third row of graphs combines the previous conclusions and shows that the integrated mean
squared error seems minimized when C¥1n is close to C' and p is large provided the absolute
value of Kendall’s tau of C' is strictly smaller than 0.9. In the case of strongly (negatively) de-
pendent observations, the lowest integrated mean squared error seems also reached for p = 0.5,

the latter setting having the advantage of being hardly unaffected by the choice of C*1m,

As a second experiment, we considered a similar setting but with C' a bivariate Clayton copula
Clayton (1978) and for the estimators C2:¢ in (3.17) and CE° in (3.18) involving scaled binomial
and scaled beta-binomial smoothing survival margins with dispersion parameter p € {2,4},
respectively. This time, we also allowed C**» to be a survival Clayton copula (still not taken
to depend on the data). Note that a Clayton copula and the corresponding survival copula

have the same value of Kendall’s tau whereas they are very different: the former is lower tail
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dependent while the latter is upper tail dependent (see, e.g., Hofert et al., 2018, Section 3.4.1).
The results are represented in Fig. 3.2 for n = 30. The conclusions are the same as those
drawn after the first experiment. In particular, the curves for C¥1n the Clayton copula and
C¥1n the corresponding survival Clayton copula for the same value of p in Fig. 3.2 confirm
that the integrated bias and the integrated mean squared error are minimized when C¥1n is
approximately equal to C. The conclusions remain qualitatively the same for n € {10,50} or
when the Clayton family is replaced by the Gumbel-Hougaard family (Gumbel, 1961; Hougaard,
1986).

3.5.2 Suggested data-adaptive smooth estimators and their finite-sample

performance

The previous experiments confirm what the theoretical hints given in Section 3.4.3 already
suggested: it seems meaningful to take the survival copula C¥1:n of the smoothing distributions
equal to the data generating copula C. Since the latter is unknown and since the empirical
beta copula C’Rﬁ’fa in (3.2) is probably one of the best available estimators of C, it is a natural
choice for C¥1n. As far as the dispersion parameter p is concerned, the results reported in

Section 3.5.1 suggest that taking its value to be larger than one, say p € {2,4}, may be a good

2z ~beta
general choice. Two suggested smooth data-adaptive copula estimators are thus Cf:’ncm and
3 ~beta
Cf:f In with p € {2,4}. The first one, generically defined in (3.18), has scaled beta-binomial

smoothing survival margins and uses the empirical beta copula for C¥1:n. The second one,
generically defined in (3.22), has beta smoothing survival margins and also uses the empirical

beta copula for C*¥1:n. As competitors to these estimators in our Monte Carlo experiments, we

considered:
e the empirical beta copula CP? (which is the same as the estimator C1!" in (3.17) with
C_Xlzn — ]___[)7
e the estimators fs and Cf:’g with p € {2,4}, which can be regarded as smoother versions
of Chtt = B

Aok

e and the estimators Cfg,r; and C7., with p = 0.5 which are marginally rougher than all

of the previously considered ones.

In a first series of experiments, we considered d € {2,3} and C to be either the d-dimensional
Clayton, Gumbel-Hougaard or Frank copula whose bivariate margins have a Kendall’s tau of
7 and we estimated the integrated mean squared error of the aforementioned estimators for
n € {10, 20, 30,40} and for 7 in either {0,0.1,...,0.9} or in {—0.9,—0.8,...,0}. The estimated
integrated mean squared errors are given against Kendall’s tau in the panels of Fig. 3.3 in which

the following abbreviations are used:

e “e.b.c.” for “empirical beta copula”,
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FIGURE 3.3: Estimated integrated mean squared errors against Kendall’s tau 7 for 7 in either

{0,0.1,...,0.9} or {-0.9,-0.8,...,0} of various estimators of C' for C' the bivariate Clayton

(first and second row of graphs), the bivariate Frank (third row of graphs) or the trivariate

Gumbel-Hougaard copula (fourth row of graphs) for n € {10,20,30,40}. The abbreviations
used in the legends are those defined in Section 3.5.2.

e “beta-bin. rtho = 2 / indep” for the estimator C2"" with p = 2,

3 obeta
e “beta-bin. rho = 2 / e.b.c.” for the estimator Cﬁf“ with p =2,
e “beta rho = 2 / indep” for the estimator C7"' with p = 2,

3 ~beta
e “beta rho =2 / e.b.c.” for the estimator Cf:fl:" with p = 2,

and similarly for the estimators with p = 4.
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The following conclusions can be drawn from Fig. 3.3:

z ~beta 3 ~beta
e the estimators Ciflm and Cf:’s I with p € {2,4} are uniformly better than the empirical
beta copula in terms of integrated mean squared error for the data generating models
under consideration; setting p to 4 is overall better than setting p = 2, except when,

approximately, n < 30 and |7| > 0.6,

e as expected from Section 3.4.3 and the experiments reported in Section 3.5.1, all other
settings being equal, the estimators for which C*1:» = II are better than their analogs for
which C¥1n = C]ff;fa when 7 is close to 0; their advantage, particularly large for small n,

beta

n

decreases as n increases, that is, as the performance of the pilot estimator C75* improves,

e as expected from the experiments reported in Section 3.5.1, setting p = 0.5 in the expres-

. B,cheta 3 . .
sions of C}, ¥ and C{;' can have advantages only when |7| is large and n is small,

e as can be seen from the first and second rows of plots (and from other non reported
results), for the same value of p > 1, there is hardly any difference between the estimators

B,cbeta B.cheta 5.1 BTN : :
Cr.,'™ and C}),"" (resp. Cy;, and C},) in terms of integrated mean squared error.

1
Note that we have no explanations for the somehow surprising behavior occurring in the third

line of graphs when 7 changes from —0.8 to —0.9.

In a last series of experiments, we compared the integrated mean squared error of C}’f’;fa with

gcbeta o g obeta .11 . . .
that of Cy,,,'" , Cy;,, C1.,"" and Cy), for p € {2,4} for various bivariate and trivariate data-

generating models and n € {10, 20, ...,100}. Specifically, we considered:

e bivariate normal copulas with a Kendall’s tau 7 € {—0.75, —0.5, —0.25,0.25,0.5,0.75},

e non-exchangeable bivariate Khoudraji—Clayton copulas with first shape parameter s; €
{0.4,0.6,0.8}, second shape parameter so = 0.95 and Clayton copula parameter equal to
6 (see Section 3.4.2 in Hofert et al. (2018) and Fig. 3.19 therein in particular),

e trivariate Gumbel-Hougaard copulas whose bivariate margins have a Kendall’s tau 7 €
{0.25,0.5,0.75},

e the trivariate t copula with 4 degrees of freedom and pairwise correlation parameters

p12 = —0.2, p13 = 0.5 and pa3 = 0.4 as in Segers et al. (2017),

e the trivariate nested Archimedean copula with Frank generators and with a Kendall’s tau

equal to 0.3 at the upper node and 0.6 at the lower node as in Segers et al. (2017),

e the trivariate nested Archimedean copula with Frank generators and with a Kendall’s tau

equal to 0.5 at the upper node and 0.8 at the lower node.
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FIGURE 3.4: Estimated integrated mean squared errors against n € {10, 20,...,100} of five es-
timators of C for the bivariate and trivariate data-generating models considered in Section 3.5.2.

The estimated integrated mean squared errors are plotted against n € {10,20,...,100} in the
graphs of Fig. 3.4 for the estimators (other than C’}’ﬁfa) that have beta smoothing survival
margins. As already mentioned, the estimated integrated mean squared errors of the estimators

having scaled beta-binomial smoothing survival margins (all other settings being equal) are
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FIGURE 3.5: Estimated relative efficiencies (r.e.) with respect to the estimator C}. 5 with
p =4 against n € {10,20,...,100} for the four other estimators of C appearing in Fig. 3.4 for
the bivariate and trivariate data-generating models considered in Section 3.5.2.

2z ~beta 3 ~beta
almost identical. Again, as can be seen from Fig. 3.4, the estimators C’i’ncm and Cf:f tn o with
p € {2,4} are uniformly better than the empirical beta copula in terms integrated mean squared
error for all the data generating models under consideration, the best of the two being overall the

one with p = 4, except for very small n. For an easier evaluation of the possible gain resulting
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from the use of the latter estimator, Fig. 3.5 reports estimated relative efficiencies with respect
to the estimator C’ﬁ o with p = 4 against n € {10,20,...,100} (the relative efficiency of an
estimator with respect to Cf:’s v with p = 4 is simply the ratio of its integrated mean squared
error to that of Cﬁ vt with p = 4 multiplied by 100). As already observed in the previous set
of experiments, the estimators C’ﬁf and C’f:’g with p € {2,4} can be of interest only when the

true copula is close to the independence copula II.

3.6 Asymptotics of related sequential empirical processes

Recall the definition given in (3.5) of the smooth, possibly data-adaptive empirical copulas C7.,
investigated in this work. Conditions under which empirical processes of the form /n(CY.,, —C)
converge weakly will be a consequence of the sequential results to be stated in this section. The
reason for considering this more general setting follows from our intention to apply the studied

smooth estimators in change-point analysis in a forthcoming project.

Before providing the asymptotic theory for the related sequential empirical processes, we start by
briefly explaining how the quantities introduced in Section 3.2 can be defined from substretches
of the available stretch of observations X1, = (Xi,...,X,). Given a substretch X, =
(Xk,...,X1), 1 <k <1< n,let Fiy; be the empirical d.f. computed from the jth component
subsample X;,..., X5, j € {1,...,d} of Xyy. Then, let Rfjfl = (I =k + 1)Fy;(Xi5) be

the (maximal) rank of X;; among Xjj,...,X;;. Furthermore, let Ri.“l = (Rll ,...,Rfj) and
Uk = R¥ /(1—k+1),i € {k,...,I}, be the multivariate ranks and the multivariate scaled ranks,
respectively, obtained from X.;. The empirical copula Cy, of Xy at u = (uy, ..., uy) € [0,1]%
is then

l

1 kil
. E | | <u = E S .
Ck.l( l k‘ 1 (l ]{; 1= > l ]{7 1 s 1(U7, S U), (3 28)

and, by analogy with (3.5), the corresponding smooth version C}; based on the possibly random
smoothing distributions vg *!, u € [0, 1]%, is defined by

Y (u) = Cra(w)dvg ¥ (w),  wel0,1]% (3.29)
[0,1]¢
Note that, if & > [, we adopt the convention that Cy,; = C},; = 0 and that, for any u € [0, 1]4,
vk is the Dirac measure at u.

We can now define the corresponding sequential empirical copula processes which are the main
focus of this section. Let A = {(s,t) € [0,1]? : s <t} and let A\, (s,t) = (|[nt] — |ns])/n, (s,t) €
A. The two-sided sequential empirical copula process was defined in Biicher and Kojadinovic
(2016) by

(Cn(sv t, u) = \/ﬁAn(Sa t){CLnsJ+1:LntJ (u) - C(u)}v (87 t) EAucE [07 1]d7 (330)
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where C|,5|11:nt) 15 generically defined in (3.28). The two-sided sequential empirical copula

process corresponding to the smooth empirical copula in (3.29) is then naturally defined by
C'ryl(‘s? t? u) = \/ﬁ)\n(s’ t){Cl\_,nsJ—&—l:\_ntJ (’LL) - C(u)}? (87 t) € Av UAS [07 1]d (331)

The aim of this section is to establish the asymptotics of the latter.

As frequently done in the literature, we consider the following nonrestrictive condition on the

unknown copula C' initially proposed in Segers (2012).

Condition 3.6.1 (Smooth partial derivatives). For any j € {1,...,d}, the partial derivative
Cj = dC/du; exists and is continuous on the set {u € [0,1]¢: u; € (0,1)}.

The latter condition can be considered nonrestrictive because, as shall become clear in the
forthcoming developments, it is necessary for the candidate weak limit of both C,, and C! to
exist pointwise and have continuous trajectories. In the rest of the paper, following Biicher
and Volgushev (2013), for any j € {1,...,d}, C; is arbitrarily defined to be zero on the set
{u€[0,1)%: u; € {0,1}}, which implies that, under Condition 3.6.1, C; is defined on the whole
of [0, 1]4.

In view of the mathematical derivations carried out in Segers et al. (2017) to study the asymp-
totics of the empirical beta copula process and with (3.4) in mind, it seems particularly mean-
ingful to impose the following condition on the smoothing distributions involved in the definition

of the smooth empirical copulas under consideration.

Condition 3.6.2 (Variance condition). There exists a constant £ > 0 such that, for any n € N,
z e R wel0,1]¢and j € {1,...,d}, Var(quj) < kuj(1 —uy)/n.

Remark 3.6.3. As verified at the beginning of Section 3.4.1, the previous condition is clearly
satisfied if, for any n € N, £ € (R)", w € [0,1]¢ and j € {1,...,d}, WP, = Snju;/m,
where Sy, j ., is Binomial(n,u;). From (3.16) and (3.21), we see that it will also be satisfied
for smoothing distributions with scaled beta-binomial and beta survival margins as defined in
Sections 3.4.1 and 3.4.2 provided that the dispersion parameter p is constant. For versions of
these models in which p is data-adaptive, one needs to assume that there exists a constant
v > 0, such for any n € N and = € (R%)", the dispersion parameter p = p® (which may thus
depend on ) is bounded by ~.

In the rest of this section, unless stated otherwise, all convergences are with respect to n — oo.
Furthermore, the arrow ‘~~’ denotes weak convergence in the sense of Definition 1.3.3 in van
der Vaart and Wellner (2000) and, given a set T, £>°(T") (resp. C(T')) represents the space of all
bounded (resp. continuous) real-valued functions on T' equipped with the uniform metric. The

following result is proven in Appendix 3.8.3.

Theorem 3.6.4 (Asymptotics of CY). Assume that Conditions 3.6.1 and 3.6.2 hold, and that

Cp ~ Co in £°(A x [0,1]9), where the trajectories of the limiting process Co are continuous
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almost surely. Then,
sup |Cy(s,t,u) — Cy(s,t,u)| = op(1).

(s,t)eA
uelo,1]4

Consequently, C¥ ~ C¢ in £>°(A x [0,1]9).

Roughly speaking, the smooth sequential empirical copula process CY in (3.31) is asymptotically
equivalent to the classical sequential empirical copula process C,, in (3.30) when the latter
converges weakly to a limiting process whose trajectories are continuous almost surely. From
Section 3 in Biicher and Kojadinovic (2016), a key assumption for such a convergence to hold

concerns the weak convergence of the two-sided sequential empirical process

[t}
Bu(s,tu)= — > (LU <u)—Cw)}, (stu)eAx0,17, (3.32)
\/ﬁ i=|ns]+1

where Uy, . .., U, is the unobservable sample obtained from X., = (X1,...,X,) by the prob-
ability integral transformations U;; = Fj(Xy;), i € {1,...,n}, j € {1,...,d}, and with the
convention that B, (s,t,-) = 0 if [nt] — |[ns| = 0. Specifically, the following condition was

considered in Biicher and Kojadinovic (2016).

Condition 3.6.5 (Weak convergence of B,,(0, -,-)). The sequential empirical process B, (0, -, -)

converges weakly in £°(]0,1]%*1) to a tight centered Gaussian process Z¢ concentrated on

{f €C(0,1]"Y) : f(s,u) = 0 if one of the components of (s,u) is 0, and f(s,1,...,1) =0
for all s € (0,1]}.

Under Condition 3.6.5, it immediately follows from the continuous mapping theorem that B,, ~~
Be in £%°(A x [0,1]¢), where

Be(s,t,u) = Zo(t,u) — Ze(s,u), (s,t,u) € A x |0, 1]d. (3.33)

When the underlying stationary time series (X;);cz consists of independent random vectors,
Condition 3.6.5 is a direct consequence, for instance, of Theorem 2.12.1 in van der Vaart and
Wellner (2000). More generally, Condition 3.6.5 also holds when (Xj;);cz is strongly mixing.
Given a stationary time series (Y;);cz, denote by .7-"]'5’ the o-field generated by (Y;)j<i<k, J,k €
Z U {—o00,+0o0}, and recall that the strong mixing coefficients corresponding to the stationary

sequence (Y;);ez are then defined by

oY = sup IP(AN B) — P(A)P(B)|, reN,r>0,
AcFO__ ,BeFF>
with af = 1/2 and that the sequence (Y;);cz is said to be strongly mixing if oY — 0 as

r — 0o. Then, if the stretch Uy, ..., U, is drawn from a time series (U;);cz whose strong mixing
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coefficients satisfy ¥ = O(r~%) with @ > 1 (which occurs if the strong mixing coefficients of
the time series (X;);ez satisfy a;X = O(r=%) with a > 1), Theorem 1 in Biicher (2015) implies
that Condition 3.6.5 holds with the covariance function of the process Z¢ being

Cov{Zc(s,u),Z¢c(t,v)} = min(s,t) Z Cov{1(Upy < u),1(U; < v)}.
kEZ

Recall that, for any j € {1,...,d} and any u € [0,1]%, u) is the vector of [0,1]¢ defined by
ugj ) = uj if ¢ = j and 1 otherwise. The following result is then an immediate consequence of
Theorem 3.4 in Biicher and Kojadinovic (2016) and Proposition 3.3 of Biicher et al. (2014), and

can be used to obtain a straightforward corollary of Theorem 3.6.4.

Theorem 3.6.6 (Asymptotics of C,,). Under Conditions 3.6.1 and 3.6.5,

sup Ca(s, t,u) = Ca(s, t,u)| = op(1),

(s,t,u)eAX[0,1]¢

where

Cu(s,t,u) =Bp(s,t,u) — Y Ci(u)Ba(s,t,ul),  (s,t,u) € A x[0,1],

—_

<

and By, is defined in (3.32). Consequently, C,, ~ Cc in £*°(A x [0,1]%), where

Cj(u) BC’(Sat7u(j))a (S,t,U) €Ax [03 1]d7

M-

<
Il
—

Ceo(s,t,u) =Bo(s,t,u) —

and B¢ is defined in (3.33).

3.7 Concluding remarks

A broad class of smooth, possibly data-adaptive empirical copulas containing the empirical
beta copula was studied. A good general choice within this class appears to be the estimator

2z ~beta
CpCtn generically defined in (3.18) that uses the empirical beta copula as survival copula of

lin
the smoothing distribution and scaled beta-binomial smoothing survival margins with dispersion
parameter p = 4. From Corollary 3.3.8, the latter is a genuine copula in the absence of ties in
the component samples. In our bivariate and trivariate Monte Carlo experiments, it was found
to be uniformly better than the empirical beta copula for all the considered data-generating
models. However, its better finite-sample performance compared to the empirical beta copula
comes at the price of a higher computational cost since this more complex estimator uses the
empirical beta copula as a pilot estimator of the true unknown copula. Specifically, we see
from (3.18) that one estimation of the unknown copula at a given point u € [0, 1]? will require

n evaluations of the empirical beta copula. Whether this overhead is acceptable for a given
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application can be assessed using the R implementation of the estimator available on the web

page of the first author.

In addition to these finite-sample results, conditions under which sequential empirical copula
processes constructed from the studied general class of smooth, possibly data-adaptive estima-
tors converge weakly were provided. In a forthcoming project, these results will be used to show
the asymptotic validity of a sequential dependent multiplier bootstrap Biicher and Kojadinovic
(2016); Biicher et al. (2014) allowing to apply the proposed smooth, possibly data-adaptive

empirical copulas to change-point detection in a time series setting.

3.8 Proofs

3.8.1 Proofs of Lemma 3.2.1, Proposition 3.3.2, Proposition 3.3.7 and Propo-
sition 3.3.10

Proof of Lemma 3.2.1. For any u € [0,1]¢, n € Nand r1,...,r4 € {1,...,n}, we have

d d
[ L0/ < w)dpntw) =B T] 160/ < Sus /)
j=1

[0,1]4 j=1

d 7-].,1
T By <= =11 X (2)ugta -
]:1 j=1 s=0
n 7']'71
n S n—s n S n—s
SIS (2w wre = X (7))
j=1 | s=0 s=0
d n n
= H Z (8>uj8(1 — )" = Hbetan,r] (uy)
j=1s=r; 7j=1

Proof of Proposition 3.3.2. Fix j € {1,...,d} and w € [0,1]%. Then, from (3.4), all the

components of W:z;)” except possibly the jth are deterministic and equal to 1. It follows
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from (3.6) and (3.7) that, almost surely,

—ZIC;I,’; 2/01 Rln/ngwj)du{fl:”(w)
:Z/Ol]dlzn<wj)dyxln ZE{ ( <WX1">]X1W}
_ {221 (z < an;]i”) y le} —-F (WWnJXJJ"J | x1:n> .

=1

CY, (u)

Proofs of Propositions 3.3.7 and 3.3.10. We only provide the proof of Proposition 3.3.7 as

the proof of Proposition 3.3.10 is very similar.

Let us check that CY,, in (3.10) satisfies the four properties listed in Theorem 1.2.11 of Durante
and Sempi (2015) necessary for it to be a multivariate d.f. From (3.9), under Condition 3.3.5,
for any w € [0,1]¢ and i € {1,...,n}, one has that, almost surely
K () = C¥n [FE (RY" — 1)/n). . B {(RE — 1)/}

Since, for any uw € [0,1]% and j € {1,...,d}, ijqjjf” = 0 if the jth coordinate of u is zero
and C¥1n is a copula, we obtain that, with probability 1, IC;;{;; (u) =0forallie{1,...,n}
if at least one coordinate of w is zero. The latter implies that the estimator C},, in (3.10) is
grounded. Similarly, if w = 1 € [0, 1]¢, with probability 1 WJXJJ" =1forall j €{1,...,d} and

ICZ?Z (u) =1 for all i € {1,...,n}, which implies that C},,(1) = 1 almost surely.

From Condition 3.3.6 and the fact that C* is a copula for all € (R%)", we have that, for any
xecRHY je{l,...,d}, ue[0,1]¢ and w € [0,1)%, the function from [0, 1] to [0, 1] defined by

tHém{fful(wl),...,ﬁx_ (wj,l),]:'ft(wj),fx. (ij),...,]:—fl'fUd(wd)}

JyUj—1 JyUj+1

is right-continuous. The latter implies that, with probability 1, for any j € {1,...,d} and
u € [0,1]¢, the function from [0,1] to [0, 1] defined by t > C¥, (w1, ..., uj—1,t, Ujs1, ..., Uq) I8

right-continuous as well.

For any a,b € [0,1]¢ such that a < b, let (a,b] = (a1,b1] X --- x (ag, bg] and, for any function
H on [0,1]%, let the H-volume of (a, b] be defined by

AapH =Y (-D)Z=9H(aPb} ™, alf) ™).

Then, some thought reveals that, for any a,b € [0,1]? such that a < b, Condition 3.3.6 and
the fact that C* is d-increasing (see, e.g., Durante and Sempi, 2015, Definition 1.2.9) for all

x € (RY)™ imply that, with probability 1, A(%b]lC;;;Z >0 for all i € {1,...,n}, which in turn
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implies that A,y CY.,,, = %Z?:l A(mb]lC;lli’; > 0 almost surely, and thus that the estimator

CY.,, is d-increasing with probability 1.

The desired conclusion finally follows from Theorem 1.2.11 in Durante and Sempi (2015). W

3.8.2 Proofs of Propositions 3.4.1, 3.4.2 and 3.4.4

The proofs of Propositions 3.4.1, 3.4.2 and 3.4.4 are based on six lemmas which we prove first.

Lemma 3.8.1. For anyn € N and w € [0,n), the function t — By, +(w) is continuous on [0, 1].

Proof. Fix n € N and w € [0,n). The desired result is an immediate consequence of the fact
that

Bpi(w)=1-— szjj <n>tk(1 )"k telo,1],
7 k=0 k

is a polynomial in ¢. |

Lemma 3.8.2. For anyn € N, p € (0,n) and w € (0,1), the function t — By ,(w) is

continuous on [0, 1].

Proof. Fix n € N, p € (0,n) and w € (0,1) and let 7 = (n — p)/p > 0. From the properties of
the beta distribution Beta(¢r, (1 — t)7), for any ¢ € (0, 1),

By () =1 /O " o (2)de,

where
I'(7)

:UtT—l —z 1—t)r—1 T
N T (e R A b

ft,r(w) =

and T is the gamma function. Fix ¢y € (0,1) and let us verify that ¢ — B, ,(w) is continuous
at tg. To do so, let t,, be an arbitrary sequence in (0,1) such that ¢,, — to as m — oco. By
continuity of I' on (0,00), we have that, for any = € (0,1), fi,,(x) = fi,-(x) as m — oo.
Furthermore, since there exists a constant K > 0 such that I'(z) > K for all z € (0,00), we
have that, for any m € N and z € (0,1), f;,, -(x) < I'(r)/K?. The dominated convergence
theorem then implies that B,,4,, ,(w) = Bn.t,p(w) as m — oo, which implies that the function
t = Butp(w) is continuous on (0,1). Furthermore, from Markov’s inequality, we have that,
for any t € (0,1), Byp(w) < t/w, which combined with the fact that B,0,(w) = 0, implies
that lim,_,g+ Bntp(w) = Bnop(w), and therefore that the function t + B, ,(w) is continuous
at 0. Finally, using symmetry properties of the density of the Beta(tr, (1 — t)7), some thought
reveals that, for any t € (0,1), Bn1-1,(w) = Bnyt (1 —w) = 1— By ,(1 —w), which implies that
limy 1- Bt p(w) = limy o+ Bri—tp(w) =1 —limy o+ Bpip(l —w) =1 = Bp1,(w) since, from
Markov’s inequality, for any ¢ € (0,1), Bn,(1 —w) < t/(1 —w). [
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Lemma 3.8.3. For any n € N, p € (0,n) and w € [0,n), the function t — By ,(w) is

continuous on [0, 1].

Proof. Fixn € N, p € (1,n) and w € [0,n) and let 7 = (n—p)/(p—1) > 0. From the properties
of the beta-binomial distribution Beta-Binomial(n, ¢, (1 —¢)7), for any ¢ € (0,1), we have that

w]
> n\D'(k+tr)I'{n—-k+ (1 —-t)7}I(7
— (n+7)Tr)T{(1—t)7}
Since T is continuous on (0,0c), we immediately obtain that ¢ +— B, ,(w) is continuous on
(0,1). For some t € (0,1), let X be Beta-Binomial(n, t7, (1 — t)7). Using Markov’s inequality,
we have that
_ nt

Bntp(w) =P(X >w)=P(X > [w] +1) < w1

The latter display implies that lim,_,g+ Bptp(w) = 0 = By ,p(w) since X is degenerate and
equal to 0 if ¢ = 0. It remains to verify that ¢ — B, ,(w) is continuous at 1. Using symmetry
properties of the probability mass function of the Beta-Binomial(n, t7, (1 — t)7), some thought
reveals that, for any ¢ € (0,1), Byi1—tp(w) = Bpip(n —w) =1 — By p(n — w), which implies
that limy_,;- Byt p(w) = limy_,g+ By i—tp(w) = 1 —limy o+ Byt p(n —w) =1 = By, 1 ,(w) since,

from Markov’s inequality, for any t € (0,1), Byt ,p(n —w) < nt/([n —w] +1). [ ]

Lemma 3.8.4. For any n € N and w € [0,n), the function t — By, +(w) is increasing on [0,1].

Proof. Fix n € N. We need to prove that, for any w € [0,n), By, (w) < By, (w) whenever
0 < t; <ty < 1. Notice that, for any w € [0,n), By o(w) = 0 and By, 1(w) = 1 so that it
suffices to prove that, for any w € [0,n), Bpt, (w) < By, (w) whenever 0 < t; < t5 < 1. Fix
0 <t; <ty <1andlet X be Binomial(n,?;) and Y be Binomial(n, t2). Some thought reveals
that the latter is proven if we show that X <y Y, where < denotes the usual stochastic order.
Indeed, by definition, X <y Y if P(X > z) <P(Y > z) for all x € R. According for instance to
Theorem 1.C.1 in Shaked and Shanthikumar (2007), X < Y will hold if X <), Y, where <),

denotes the likelihood ratio order.

Let f be the probability mass function of X and let g be the probability mass function of Y.
Then, by definition,

fz) = (Z)t”f(l )T g(x) = <Z>t§(1 — )", 2e{0,...,n}.

According for instance to Section 1.C.1 in Shaked and Shanthikumar (2007), to prove that
X <y Y, by definition, we need to show that the function = — g(x)/f(x) is increasing on
{0,...,n}. To prove the latter, it suffices to show that the function

t5(1 —to)" ™"

M g —ny

z € [0,n],
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is increasing on [0,n]. To do so, we shall prove that the derivative of h is positive on [0,n]. Let
l(x) =log{h(x)}, x € [0,n]. Then, for any = € [0,n],

= {h(a)} = i{e’@)} = '@ L (@)} = @ fog{n(a))]

: il (s
)+

= {xlog(@ (n — ) log(1 — ts) — wlog(t1) — (n — ) log(1 — 1)}
e!@ 1o
8 tﬂl—m)
since 0 < t; <t < 1 implies that to/t; > 1 and that (1 —¢1)/(1 —t2) > 1. [ |

Lemma 3.8.5. Foranyn € N, p € (0,n) andw € (0,1), the functiont — By ,(w) is increasing
on [0,1].

Proof. Fix n € N and p € (0,n). We need to prove that, for any w € (0,1), Bp, p(w) <
Brts.p(w) whenever 0 < t; <ty < 1. Since, for any w € (0,1), By0,(w) =0 and By 1,,(w) = 1,
it suffices to prove that, for any w € (0,1), Bn’tl’p(w) < Bn,tg,p(w) whenever 0 < t1 < t9 < 1.
Fix 0 < t; <ty < 1 and let X be Beta(ti7,(1 —t1)7) and Y be Beta(tar, (1 — t2)7), where
T =(n—p)/p > 0. As explained in the proof of Lemma 3.8.4, it then suffices to prove that
X< Y.

Let f be the density of X and g be the density of Y. By definition, we have that

fo) = F(tn)l“l:[((Tl)— SR Uk I A R
L(r)

g1 — )T e (0,1).

According for instance to Section 1.C.1 in Shaked and Shanthikumar (2007), to prove that
X < Y, we need to show that the function = — g(x)/f(z) is increasing on (0,1). Let
l(z) =log{g(x)/f(z)}, x € (0,1). Then, we have that, for any z € (0, 1),

g/ f@) = @) = dO L i)

I'() tor—1 1—to)7—1
_ @4 |y ) TEATIOm T —)(17%2)
dz thﬂ'—l(l ) (1-t)r-1

L) T{(1—t1)7}

o d [ (TamT( = t)7) #1271 — ) (At2)r
= ¢l )a -log { [(tam)((1 — t;)q-) } xt17‘—1(1 _ m)(l—tl)T—l }]

_ el(x)% {(to — t1)7 log(z) — (t2 — t1)7log(1l — x)}

= el(ﬂc)(t2 — )T <1 n : 1 > > 0.
X

— X
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Lemma 3.8.6. For anyn € N, p € (1,n) andw € [0,n), the functiont — By, ¢ ,(w) is increasing
on [0, 1].

Proof. Fixn € Nand p € (1,n) and let 7 = (n—p)/(p—1) > 0. We need to prove that, for any
w € [0,n), Bty p(w) < By, p(w) whenever 0 < ¢ <ty < 1. For any w € [0,n), By o,p(w) =0
and By, 1,,(w) = 1 so that it suffices to prove that, for any w € [0,n), By, p(w) < By, p(w)
whenever 0 < ¢ <ty < 1. Fix 0 < t; <ty < 1 and let X be Beta-Binomial(n, t,7, (1 — ¢;)7)
and Y be Beta-Binomial(n, to7, (1 — t2)7). The latter is then proven if we show that X < Y.

It is well-known that the distributions of X and Y can be viewed as compound distributions:
let ©1 (resp. ©2) be Beta(ti7, (1 —t1)7) (resp. Beta(tar, (1 —t2)7)) and let Z, be Binomial(n, p);
then, with some abuse of notation, X (resp. Y) has the same distribution as Zg, (resp. Ze,).
From the proof of Lemma 3.8.4, we have that Z,, <y Z,, whenever 0 < p; < ps < 1, while from
the proof of Lemma 3.8.5, we have that ©7 <g ©5. Theorem 1.A.6 in Shaked and Shanthikumar
(2007) then implies that X <g Y, which completes the proof. |

Proofs of Propositions 3.4.1, 3.4.2 and 3.4.4. Proposition 3.4.1 (resp. Proposition 3.4.2,
Proposition 3.4.4) is an immediate consequence of Lemmas 3.8.1 and 3.8.4 (resp. Lemmas 3.8.3
and 3.8.6, Lemmas 3.8.2 and 3.8.5). [

3.8.3 Proofs of Theorem 3.6.4

The proof of Theorem 3.6.4 is based on two lemmas which can be seen as extensions of similar
results stated in Section 3 of Segers et al. (2017). The first lemma involves the following condition
which is implied by Condition 3.6.2.

Condition 3.8.7. There exists a positive sequence h,, | 0 such that, for any n € N, & € (R%)",
u € [0,1]% and j € {1,...,d}, Var(W¥, ) < hn.

Lemma 3.8.8. Let X,, be a process in £°(A x [0,1]%) such that, for allu € [0,1]% and s € [0, 1],
Xn(s,s,u) = 0. Furthermore, assume that X, ~ X in £2°(A x [0,1]%) where X has continuous

trajectories almost surely. Then, under Condition 3.8.7,

sup
(s,t,u)eAX[0,1]4

/[ y Xn(s,t, w)dy:fm”“*“” (w) — X, (s, t,u)| = op(1).
0,1
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Proof. Let |- | denote the maximum norm on R%. For any ¢ > 0,

sup / X (s,t, w)dl/:fL"SHH"” (w) — X, (s, t,u)
(s,t)eA |J]0,1]@
u€l0,1]¢
_ _ X | ns|+1:|nt]
= sup {Xn(s>ta UJ) Xn(37t>u)}dl/u (’lU)
(s,)ea |J[0,1]4
u€l0,1]¢
< sup / {Xn(s, t,w) — Xn(s,t,u)}duzmsjﬂzt"” (w)
(s,t)eA |J{we[0,1]4:|u—w|o<e}
u€l0,1]¢
+ sup / (X (s, t, w) — X (s, t,w) ydvg " (ap)
(s,;t)eA | J{we(0,1]4:|u—w|oo>e}
u€[0,1]¢
< sup |Xn(s7t7w) _Xn(37t7u)’ + sSup |:|Xn(s7t7w) _Xn(37t7u)’
(s,t,u,w)EAX[0,1]3¢ (s,t)eA
[u— w0 <e (u,w)x[0,1]24

y U;:’Lnswrl:tntj {w €0, 1]d Cu— wlo > 5})]

Since X,, ~ X in £*(A x [0,1]¢) and X has continuous trajectories almost surely, it is stochasti-
cally equicontinuous. Hence, for any given n > 0, we can choose € = £(n) > 0 sufficiently small
such that

limsup P sup IXn(s, t,w) — X, (s, t,u)| >np <n.
n—0o0 (s,t,u,w)EAX[0,1]3¢
[lu—w|s<e

Some thought then reveals that, to complete the proof, it suffices to show that

sup [\Xn(s,t,w) — X (s, t,u)| Uy el {w € [0,1]¢: |Ju — w|so > 5})} = op(1).
(s,t)eA
(u,w)x[0,1]2¢

(3.34)
For any 6 > 0, the supremum on the left-hand side of (3.34) is smaller than
sup [\Xn(s,t,'w) — X (s, t,u)| x Yy e it {w € [0,1]¢: |u — w|e > 6})}
(s,t,u,w)EAX[0,1]24
t—s<d
s [l tw) = Xa(s, ) x v ({w € 0,17 fu - wlag > )]

(s,t,u,w)EAX[0,1]24
t—s>0
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which is in turn smaller than

2 sup [Ka(stw)|+2  sup  [Ka(situ)

(s,t,u)EAX[0,1]¢ (s,t,u)eAX[0,1]¢
t—s<d
x .
X sup Vo T (L € 0,1]4 : |u — w|oo > €)).
(s,t,u)€EAX[0,1]¢
t—s>6

Using again the fact that X,, is stochastically equicontinuous and that it vanishes on the subset
{(s,s,u) : s € [0,1],u € [0,1]%} of A x [0,1]¢, for any given 5 > 0, we can choose § = 6(n) > 0
sufficiently small such that

lim supP sup IX,(s,t,u)| >n
n—00 (s,t,u)€AX[0,1]7
t—s<d
= limsupP sup X (s, t,u) — X, (s, 8,u)| >n p <.
n—+00 (s,tu)eAx[0,1]?
t—s<d

The convergence in (3.34) will then hold if we additionally show that

sup IXp (s, t,u)| % sup VfL"SHLM {w €0, l]d Cu — wle > e}) = op(l).
(s,t,u)€AX[0,1]4 (s,t,u)€EAX[0,1]¢
t—s>0
(3.35)

From the weak convergence of X, we have that sup(, ; wyeaxjo]¢ [Xn(s;t,w)| = Op(1) whereas
the second factor in the product on the left-hand side of (3.35) can be shown to converge to
zero almost surely. Indeed, proceeding along the lines of (Segers et al., 2017, Section 3) using

Chebyshev’s inequality and Condition 3.8.7, for almost any sequence X1, Xo, ..., conditionally
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on X1, Xo,..., we obtain that

X ns Ln
sup vy T ({w € [0,1)7: ju — wlo > e})
(s,t,u)€EAX[0,1]¢
t—s>0

— sup IPJ {‘W;Lnsijl:LntJ — ’u,)’ > € | XUTSJ+1ZL”U }
(s,t,u)EAX[0,1]¢ o0
t—s>4§

d
x n
_ sup P U {‘W‘uMSHH ] —uj-‘ > 5} | X [ns|+1:nt
(stajeaxfold [;5 00
t—s>0

d
X mn
< sup ZP{‘W',uL:SJ+LL tl_ Uj‘ > € | X\_nsj—&-l:\_nt]}
(SJ,’LL)GAX[O,l]d ]:1
t—s>0
X ns n
d Var(Wj7Jj 131:1mt] | X\_nsj-&-l:\_nt])
< sup 3
(s,tw)€AX[0,1] 521 c
t—s>4

d d d

S 3 Dy Meeitne) = 2 5P, Mn=a)-1) = sy = o)
t—5>6 t—5>6

It follows that the second factor in the product on the left-hand side of (3.35) converges almost

surely to zero, which completes the proof. |

Lemma 3.8.9. Assume that Conditions 3.6.1 and 3.6.2 hold. Then, almost surely,

sup VN (s, t) C’(w)duf“””lzWJ (w) — C(u)

(s,t,u)eAx[0,1]¢

= o(1).
[0,1]¢

Proof. Let a, = [n'/3], n € N. With probability 1, one has that

- C(w)dvy " () — C(u)

sup Vn,(s,t)
(s,t,u)€AX[0,1]¢

{l—k+1
= max { ——— sup

C(w)dvg ¥ (w) — C(u)

} < max(Ly, M,),

1<k<I<n 4D welo,1]4 |J0,1]4
where
I—k+1 x
L,= max {—— sup C(w)dvy " (w) — C(u)]| ¢,
lléigslfnn { \/ﬁ welo,]e | 0,14 ( ) u ( ) ( ) }
M, = max <VI—k+1 sup C(w)dvg ' (w) — C(u)| p . (3.36)
i uefo, 1) |/0,1)¢
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Since 0 < €' <1, we have that sup,,¢jg )¢ 0,14 C(w)dvd* (w) — C(u)| < 1 almost surely for

all 1 < k <1 < n and, therefore, with probability 1, that

I—k+1 1
L, < max tl_ant

< < = o(1).
151@15: \/ﬁ \/ﬁ

The aim of the remainder of this proof is to show that the term M,, in (3.36) converges to zero
almost surely as well. To do so, it suffices to show that, for almost any sequence X1, Xo, ...,
conditionally on X1, Xo, ..., M, converges to zero. We thus reason conditionally on X7, Xo,...

in the rest of this proof.

Let n > 0 and let us show that M,, can be made smaller than dn provided n is large enough. The
forthcoming arguments are very close to those used in the proof of Proposition 3.4 in (Segers

et al., 2017). We provide all the steps nonetheless for the sake of completeness.

Given u,w € [0,1]¢, set w(t) = u + t(w — u), t € [0,1]. The function G(t) = C{w(t)},
t € [0, 1], is continuous on [0, 1] and, by Condition 3.6.1, is continuously differentiable on (0, 1)

with derivative

d
= (wj —u)Ci{w(t)},  te(0,1).

j=1

By the fundamental theorem of calculus, G(1) — fo G'(t)dt, that is,

d 1 ]
Clw) - Clu) = ;w —uy) / C{wi(t)}dt.

Note that, under Condition 3.6.1 and with the adopted conventions, some thought reveals that
the previous equality holds no matter how u and w are chosen in [0, 1]%. Using Fubini’s theorem,
we then obtain that, for any w € [0,1]¢ and 1 < k <[ < n,

(€ —Clans(w Z / { v~ it >}duuk:l<w>}dt,

which implies that

d

M, = max (VIi—k+1 sup Z/o {/[Ol]d(wj —uj)Cj{w(t)}dyqfk:l(w)}dt

1<k<I<n
I—k>an ucl0,1]? | =

d 1
< max VI—k+ 12 sup / / (wj — uj)Ci{w(t) }dvg * (w) p dt
EhslEn =1 uelo1 | Jo [0,1]¢
d
< Ij,m
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dt}.

Fix j € {1,...,d}. We shall now show that, provided n is large enough, I; ,, is smaller than 7.
For any § € (0,1/2], we have that I;, < Jj, s+ Kj 5, where

where, for any j € {1,...,d},

I, = max {\/l—k‘—l— sup

1<k<I<n 0 wuel0,1]?

/ (w; — u;)C{w (1)} (w)
[0,1]4

l—k>an

¢

1
Jins= max (VI—Fk+ 1/ sup / (wj — u;)Ci{w(t) ydvg ¥ (w)| dt 3,
P 0 wefo1] [0.1)¢
\ u;€[0,6)U(1-6,1]
1
Kjns= max Vi—k+ 1/ sup / (wj — uj)Cj{w(t)}dl/{f’“(w) dt . (3.37)
SR 0 wefo,¢ |J[0.1]¢
L Uje[(;,lf(s]

Term Jj, s: From the monotonicity and Lipschitz continuity of C, 0 < C'j <1 (see, e.g., Nelsen,
2006, Section 2.2) and therefore, using additionally Holder’s inequality and Condition 3.6.2,

x

Tjns < (e l-k+1 Sup , / . lw; — uj|dvy ¥ (w)
I—k>an u€l0,1] [0,1]

u; €[0,6)U(1-4,1]

< max (VI—-k+1 sup / {w; —E(W X’”|Xkl)}2d1/ (w)
[0,1]

T 1<k<I<
hsan uel0,1)4
u;€[0,6)U(1-4,1]

= max §VIi-k+1 sup \/Var(W]ﬁfjf’ | Xia) p < sup ru(l — u).
k>an uel0,1)4 u€[0,0)U(1-4,1]

u;€[0,6)U(1—6,1]
Hence, we can choose § = 6(n), x) sufficiently small such that J;, s < n/3.

Term K, 5: Since f[o 1]d(wj — uj)dyff’“l(w) =0forall 1 <k<I[<n, we can rewrite the term
K;nsin (3.37) as

dt

1<k<Ii<n
l—k>an 'u,E 0 1
u; €[6,1-0]

Kjns= max (VIi—k+1 / sup

|t =) [G5tw0) - )] it (w)
[0,1]¢

Then, for any € € (0,0/2),
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Kj,n,é < | nax Vi—-k+1 / sup / (wj — uy) [C’j{w(t)} — C'j(u)] dv kit (w)|| dt
an uE (0,119 |/{w€[0,1]%:|w—u|os<e}
c[5,1—5)

(max (VI E / sup / L (w,-—uj)[cj{w(t)}—oj(u)] AdvErt (w)| | dt
Sksts weo,)d | {we0,119: w—u|o >e}
uj;€[6,1-4]
! "
S Kj7n767£ + Kj7n757a’
where
Kjnge= swp s |Cw) = Cow)| x max SVIRFT swp [y gl dvgew) b,
u€l0,1]"  wel0,1]" CkSan u€l0,1]¢ /[0,1]¢
w; €[6,1—0] |lw—u|s<e uj €[6,1—46]

1<k<I<
l:k_>a_nn ue0,1]4
u;€[6,1-0]

Ki,s.= max ¢VI—k+1 sup / 1{|w — u|oo > e}wj — ujldvg ¥ (w) 3 ,
[0,1]¢

where we have used the fact that, for all w € [0,1]¢ and t € (0, 1),

Ciw®)} - G| £ sup |Clw) — C(w)
we[o 1]d wel0,1]4
|lw—u|o0<e |lw—uloo<e

and, again, that 0 < C'j < 1. Using Condition 3.6.2, we obtain that, for any 1 < k <1 <n,

ku(l —u)
sup / |w; — uj| dve (w) sup Var(W k! | Xjy) < sup <\
weod Joage ue[o e \/ I weoy V I—k+1 = k +1

u; €[6,1—0] €[6,1-4]

(3.38)

Since Condition 3.6.1 holds, by uniform continuity of C; on the set {u € [0, 1] : uj € [6/2,1 —
d/2]}, we can choose € = (9, n, k) > 0 sufficiently small such that

E

sup sup  |Cj(w) — Cj(u)| <
uc0,1]¢  we[0,1]¢
u; €[6,1-0] |lw—u|eo<e

; (3.39)

g
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Combining (3.38) and (3.39), we obtain that K} s < n/3. As far as K7, ;_is concerned,
using the Cauchy-Schwarz inequality,

j/-/n(;eg max VIi—k+1 sup \// H{|w — uloo > e}dvg ¥ (w )/ (w; — uj)2dvg " (w)
Y 0,1]¢ [0,1]¢

1<k<i<
kS an ue [0 1]d
€[6,1-5

< max (VIi—k+1 sup \/fo’“’({'w €10,1]%: |lw—u|oo >€}) sup \/Var(W;f]il | Xk.)
I k>apn u€l0,1]¢ u€l0,1]¢
uj €[6,1—6] uj €[6,1—46]

(3.40)

Then, using Chebyshev’s inequality and Condition 3.6.2, we obtain that, for any u € [0, 1]% such
that u; € [0,1 —d] and for any 1 <k <[ < n,

d d
vEet({w € [0,1]: |u — w|e > e}) = U{‘ijjyi"—uj}>fs} | X SZP{’W;;T;Z—UJ" >5\Xk:l}
=1 j=1
d Var W kl |Xk:l) kd
< < . A1
*z:: ST ke (3.41)

Furthermore, using Condition 3.6.2, for any 1 <k <[ < mn,

kuj (1 —u;
sup \/Var o X ) sup j s) <4/ (3.42)
uel0,1]? ue[O,l]d —-k+1 lkarl

uj€[6,1—6] uj; €[6,1—-6]

Hence, from (3.40), (3.41) and (3.42), we obtain that

. Kd K
jinse < m;jx{”’”“ Vi—k+ne \/l—k+1}
mf \/7 wd
- 1<k<l<n l—k+1— an_|_1

I—k>ap

which implies that, for n sufficiently large, K’ inse < 1/3. Thus, provided that n is large enough, this
successively implies that K, s < 2n/3, that I;, < n and finally, since M,, < Z I; n, that M, < dn.
The latter holds conditionally on X7, X, ... for almost any sequence X1, Xo,..., Wthh completes the
proof. |

Proof of Theorem 3.6.4. From (3.29) and (3.31), for any (s,t) € A and u € [0, 1]¢, we have
that

CV(s,t,u) =vnA,(s,t) [/[o {Clns)+1: nt) (W) — C(w) + C(w }dV Ll et (p) — C'(w)

]9

_ / C (5,1, w)dvi "I+ () & \ridn(s, ©) { O(w)dviy 11510 () — C(u)} .
[0,1]4 [0,1]¢
(3.43)
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Following Segers et al. (2017), the first (resp. second) term on the right of (3.43) can be called the
stochastic (resp. bias) term in the decomposition of C¥ (s,t,u). Notice that both terms are equal to zero
for any (s,t) € A such that [ns| = [nt|. It then immediately follows from the triangular inequality that

Sup ‘(C’ryl(s7t’u) - C’I’L(Satau)l S Sup
(s,t)eA (s,t)EA
uelo,1)4 uel0,1]¢

/ Cn(s, t, w)dvg "0 (w) — Cp (s, t, w)
[0,1]¢

+ sup VnAa(s,t) C(w)dvy "+ (w) — C(u)

)

(s,t)eA [071]d
welo,1]d
and the desired result is finally a direct consequence of Lemmas 3.8.8 and 3.8.9. ]
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Chapter 4

Resampling techniques for a class of smooth,

possibly data-adaptive empirical copulas
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Abstract

We investigate the validity of two resampling techniques when carrying out inference on the
underlying unknown copula using a recently proposed class of smooth, possibly data-adaptive
nonparametric estimators that contains empirical Bernstein copulas (and thus the empirical
beta copula). Following Kiriliouk et al. (2021), the first resampling technique is based on
drawing samples from the smooth estimator and can only can be used in the case of independent
observations. The second technique is a smooth extension of the so-called sequential dependent
multiplier bootstrap and can thus be used in a time series setting and, possibly, for change-point
analysis. The two studied resampling schemes are applied to confidence interval construction
and the offline detection of changes in the cross-sectional dependence of multivariate time series,
respectively. Monte Carlo experiments confirm the possible advantages of such smooth inference
procedures over their non-smooth counterparts. A by-product of this work is the study of the
weak consistency and finite-sample performance of two classes of smooth estimators of the
first-order partial derivatives of a copula which can have applications in mean and quantile

regression.

4.1 Introduction

Let X1, = (X1,...,X,) be a stretch from a d-dimensional stationary time series (X;);ez of

continuous random vectors. From a well-known theorem due to Sklar (1959), the multivariate
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distribution function (d.f.) F' of each X; can be expressed as
F(x) = C{Fi(z1),..., Fa(zq)}, ®eR? (4.1)

in terms of a unique copula C and the univariate margins F1,. .., Fy of F. Representation (4.1)
is at root of many applications in probability, statistics and related fields (see, e.g., Hofert et al.,
2018, and the references therein) because it suggests that F' can be modeled in two separate
steps: the first (resp. second) step consists of estimating the univariate margins Fi, ..., Fy (resp.

the copula C'). This work is only concerned with the estimation of the copula.

Statistical inference on the unknown copula C' frequently involves the use of a nonparametric
estimator of C. The best-known one is the empirical copula (Riischendorf, 1976; Deheuvels,
1979) which we shall define as the empirical d.f. of the multivariate ranks obtained from Xy,
scaled by 1/n. Note that the latter function is piecewise constant and cannot therefore be a
genuine copula. A promising smooth nonparametric estimator of C' that is a genuine copula when
there are no ties in the components samples of X'1.,, and that displays substantially better small-
sample performance than the empirical copula is the empirical beta copula. This estimator was
proposed by Segers et al. (2017) and is a particular case of the empirical Bernstein copula studied
by Sancetta and Satchell (2004) and Janssen et al. (2012) when all the underlying Bernstein
polynomials have degree n. Building upon the work of Segers et al. (2017), Kojadinovic and
Yi (2022) recently studied data-adaptive generalizations of the empirical beta copula that can

perform even better in small samples.

Whatever nonparametric estimator of the unknown copula C' in (4.1) is used in inference proce-
dures, it is almost always necessary to rely on resampling techniques to compute corresponding
confidence intervals or p-values. To approximate the “sampling distribution” of the classical
empirical copula, a frequently used approach in the literature is the so-called multiplier boot-
strap (see, e.g., Scaillet, 2005; Rémillard and Scaillet, 2009). When the random vectors in X1y,
are independent and identically distributed (i.i.d.), Biicher and Dette (2010) found the latter
resampling scheme to have better finite-sample properties than approaches consisting of adapt-
ing the empirical (multinomial) bootstrap. The multiplier bootstrap was extended to the time

series and sequential settings in Biicher and Kojadinovic (2016) and Biicher et al. (2014).

One of the advantages of the empirical beta copula is that it is particularly easy to draw samples
from it. The resulting smooth bootstrap that can be used to approximate the “sampling distri-
bution” of the empirical beta copula was recently studied both theoretically and empirically in
Kiriliouk et al. (2021). The Monte Carlo experiments reported therein reveal that it is a com-
petitive alternative to the multiplier bootstrap while being substantially simpler to implement.
One practical inconvenience however is that the aforementioned smooth bootstrap cannot be

directly extended to the time series setting.

The first aim of this work is to obtain, in the i.i.d. case, a smooth bootstrap a la Kiriliouk
et al. (2021) for the smooth, possibly data-adaptive, nonparametric estimators of the copula

investigated in Kojadinovic and Yi (2022). The second aim is to propose smooth versions of the
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dependent multiplier bootstrap that can be used to approximate the “sampling distribution”
of the aforementioned estimators in a time series setting. Intuitively, one could expect that
the resulting smooth inference procedures will perform better than corresponding non-smooth
procedures in particular when the amount of data is low. Indeed, as already mentioned, it is
when n is small that smooth copula estimators can substantially outperform rough estimators
such as the classical empirical copula; see for instance the finite-sample experiments reported
in Segers et al. (2017), Kiriliouk et al. (2021) or Kojadinovic and Yi (2022). Another situation
where one could expect that the use of smooth estimators can be advantageous is when carry-
ing out change-point detection. Indeed, statistics for change-point detection often involve the
comparison of estimators computed from small subsets of observations. It is to be able to cover
this application area that many of the theoretical investigations carried out in this work are of

a sequential nature.

A by-product of this work is the study of the weak consistency and finite-sample performance
of two classes of smooth estimators of the first-order partial derivatives of the unknown copula
C' in (4.1) as these are needed to carry out the dependent multiplier bootstrap. As explained
for instance in Janssen et al. (2016), such estimators have applications in mean and quantile
regression as they lead to estimators of the conditional distribution function. From a practical
perspective, our investigations lead to the proposal of a smooth data-adaptive estimator of the
first-order partial derivatives of C that substantially outperforms, among others, the Bernstein

estimator considered in Janssen et al. (2016).

This paper is organized as follows. In the second section, we recall the definition of the broad
class of smooth, possibly data adaptive, empirical copulas studied in Kojadinovic and Yi (2022)
and the asymptotics of related sequential empirical processes. The third section is concerned
with an extension of the smooth bootstrap of Kiriliouk et al. (2021) that can be used to ap-
proximate the “sampling distribution” of the aforementioned smooth estimators in the i.i.d.
case. After investigating its asymptotic validity, results of finite-sample experiments comparing
smooth bootstraps based on the empirical beta copula and on its data-adaptive extension sug-
gested in Kojadinovic and Yi (2022) are reported. In Section 4.4, to be able to cover the time
series setting, we propose natural smooth extensions of the sequential dependent multiplier boot-
strap. After providing asymptotic validity results, we compare the finite-sample performance of
various versions of the multiplier bootstrap and consider an application to the offline detection
of changes in the cross-sectional dependence of multivariate time series. The latter confirms the
possible advantages of smooth inference procedures over their non-smooth counterparts. The
fifth section is devoted to the study of two classes of smooth estimators of the first-order partial
derivatives of C': their weak consistency is investigated and the finite-sample performance of

selected estimators is studied.

Unless stated otherwise, all convergences in the paper are as n — oo. Also, in the sequel,
the arrow ‘~~’ denotes weak convergence in the sense of Definition 1.3.3 in van der Vaart and
Wellner (2000) and, given a set T, £*°(T") (resp. C(T')) represents the space of all bounded (resp.

continuous) real-valued functions on 7" equipped with the uniform metric.
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All the numerical experiments presented in the work were carried out using the R statistical
environment (R Core Team, 2022) as well as its packages copula (Hofert et al., 2022) and
extraDistr (Wolodzko, 2020).

4.2 Smooth, possibly data-adaptive, empirical copulas and their

asymptotics

In this section, we start by defining the broad class of smooth, possibly data adaptive, empir-
ical copulas studied in Kojadinovic and Yi (2022). We then recall the asymptotics of related

sequential empirical processes established in the same reference.

4.2.1 Smooth, possibly data-adaptive, nonparametric copula estimators

Because the results to be stated in the next section are of a sequential nature, all the quantities
hereafter are defined for a substretch Xy, = (X, ..., X)), 1 <k <1 < n, of the available data
Xin=(X1,...,Xp).

For any j € {1,...,d}, let Fj,; be the empirical d.f. computed from the jth component sub-
sample Xpj,...,X;; of Xpy. Then, Rfjl =l —=k+1)Fy (X)) = Zi:k 1(Xy; < Xj5) is the

(maximal) rank of X;; among Xy;, ..., X;;. Furthermore, let

k:l
Rf' = (R, .RE)  ana UM s

et iedk,... 1},

be the multivariate ranks (resp. multivariate scaled ranks) obtained from Xj;. Following
Riischendorf (1976), the empirical copula Cj,; of X is then defined, for any u = (uy,...,uq) €
[0, 1], by

1 d Kl l
1 RE: 1 N
Ca(2) 1—k+1zi:k]1211 (l—kJrl_uJ) z-k+1Z U <), (42)

i=k
where inequalities between vectors are to be understood componentwise.

As we continue, following Kojadinovic and Yi (2022), for any m € N, & € (R)™ and u €
[0,1]¢, v is the law of a [0,1]%valued mean w random vector WZ. Its components are
denoted by Wy, .. .,qud to indicate that the jth component depends on wu; but not on
ULy .oy Ujo1,Ujp1,. .., Ug. Let p > d be a fixed integer and let U be a p-dimensional random
vector whose components are independent and standard uniform. The following assumption
was considered in Kojadinovic and Yi (2022) and is likely to be non-restrictive as discussed in

Remark 3 therein.

Condition 4.2.1 (Construction of smoothing random vectors). For any m € N, z € (RY)™
and u € [0,1]%, there exists a function W2 : [0, 1]P — [0, 1]¢ such that W2 = WZ(U).
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To be able to define, for any n € N, Xy, and, for any m < n, the random vectors W7 x
(RH)™ 4 € [0,1]¢, on the same probability space (2, 4, P), we assume a product structure, that
is, = Qg x Q1 x... with probability measure P = Py®P; ®. .., where P; denotes the probability
measure on 2;, such that, for any w € Q, X1.,(w) only depends on the first coordinate of w,
U(w) only depends on the second coordinate of w and potential “bootstrap weights” (to be
introduced in Sections 4.3 and 4.4) only depend on one of the remaining coordinates of w,
implying in particular that X'.,, U and potential bootstrap weights are independent. A broad
class of smooth versions of Cy,; in (4.2), with possibly data-adaptive smoothing, is then given
by

Cr(u) = o Chaa(w)dv ¥ (w), u € [0,1]4 (4.3)

1

Intuitively, for a given u € [0,1]¢, C¥,(u) can be thought of as a “weighted average” of Cj.(w)
for w “in a neighborhood of u” according to the smoothing distribution v, © (that may depend
on the observations X'j,;). Note that, if & > I, we adopt the convention that Ciy = CY,; = 0

and that, for any u € [0,1]%, Vg ® is the Dirac measure at u.

Remark 4.2.2. Given m € N and u € [0,1]%, let fi,, 4 be the law of the d-dimensional random
vector (Sp1ui /M, - -, Sm.du,/™m) such that the random variables Sy, 1,u,, - ., Sm,du, are inde-
pendent and, for each j € {1,...d}, Spm ju; is Binomial(m,u;). From Section 3 of Segers et al.
(2017), the empirical Bernstein copula of Xj,; whose Bernstein polynomial degrees are all equal

to m is then given by

Chim(w) = [, Ora(@)dtimau(w), we ]% (44)
0,1

The latter is clearly a special case of CY; in (4.3). If, additionally, m = — k + 1, that is, if the
smoothing distributions satisfy vg "' = H—k41u, W € [0, 1]4, C}, in (4.3) or, equivalently, CP9™
n (4.4), corresponds to the empirical beta copula of X studied in Segers et al. (2017).

For any m € N, ¢ € (RY)™, » € [0,m]¢ and u € [0, 1]¢, let
K2 () = / 1(r/m < w)dv® (w) = E {1(r/m < W)} (4.5)
0.1

By linearity of the integral, we can then express Cf, in (4.3) as
v X d
CYk:l( l — k +1 ZICRIQCZL u < [07 1] : (46)

Since copulas have standard uniform margins, it is particularly meaningful to focus on estimators
of the form (4.6) that have standard uniform margins. As verified in Section 3.1 of Kojadinovic

and Yi (2022), the following two assumptions imply the latter.

Condition 4.2.3 (No ties). With probability 1, there are no ties in each of the component
samples X1;,...,Xy;, j € {1,...,d}, of X1.p.
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Condition 4.2.4 (Condition for uniform margins). For any m € N, & € (RY)™, u € [0,1]¢ and
jed{l,...,d}, W7, takes its values in the set {0,1/m,...,(m—1)/m,1}.

Under Condition 4.2.4, from Section 3.2 of Kojadinovic and Yi (2022), for any m € N, & €
(RHY™ 7 € [1,m]? and u € [0,1]%, KZ(u) in (4.5) can be written as

Ky (w) = Cy [Fu, {(m = 1)/m},... Fi {(ra = 1)/m}], (4.7)

where CZ (resp. fful, e ,]-_";ud) is a survival copula (resp. are the marginal survival functions)
of the random vector W;7. Upon additionally assuming the following two conditions considered
in Section 3.2 of Kojadinovic and Yi (2022), estimators of the form (4.6) can be shown to be

genuine copulas.

Condition 4.2.5 (Condition on the smoothing survival margins). For any m € N, & € (R%)™,
je{l,...,d} and w € [0,1), the function ¢ — ]:'jwt(w) is right-continuous and increasing on
[0,1].

Condition 4.2.6 (Condition on the smoothing survival copulas). For any m € N, & € (R)™
and u € [0,1]%, the copulas CZ in (4.7) do not depend on u, that is, CZ = C®.

The following result was then proven in Kojadinovic and Yi (2022); see Proposition 11 and

Corollary 12 therein.

Proposition 4.2.7 (C}, is a genuine copula). Assume that Conditions 4.2.8, 4.2.4, 4.2.5
and 4.2.6 hold. Then, the smooth empirical copula C},; in (4.3) or in (4.6) can be expressed,
for any u € [0,1]¢, as

l . .
v 1 5. =X}, Rf'l*]- —x,. R,If’l—l
Chalw) = 7 2™ {ffjf (z e 1) e Fa <z e 1>} 4

i=k

and is a genuine copula.

From Remark 4.2.2 above, we can infer that the empirical beta copula of X', studied in Segers
et al. (2017) is of the form (4.8) with C*®t the independence copula and, for any j € {1,...,d}

and u € [0,1] F7** the survival function of a scaled (by 1/(l — k + 1)) Binomial(l — k + 1,u)
random variable. For that reason, the latter will be denoted as Cp' as we continue. As a
possible improvement of the empirical beta copula CJ' of Xy, Kojadinovic and Yi (2022)
suggested to consider a smooth data-adaptive empirical copula of the form (4.8) with C*#t the
empirical beta copula C and, for any j € {1,...,d} and u € [0, 1], ]?;;f‘l the survival function
of a scaled (by 1/(I — k + 1)) Beta-Binomial(m, «, 8) random variable, where m =1 —k + 1,
a=um-—p)/(p—1), 8= 10—-u)(m—p)/(p—1) and p = 4. The resulting data-adaptive
estimator, denoted by CP¢*"* as we continue, was found to outperform the empirical beta copula
Cp in terms of integrated mean squared error in all the bivariate and trivariate experiments

considered in Kojadinovic and Yi (2022).
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4.2.2 Asymptotics of related sequential processes

We can now define the sequential empirical processes corresponding to the empirical copula
in (4.2) and to its smooth generalizations in (4.3). Let A = {(s,t) € [0,1]2 : s < ¢} and let
An(s,t) = (|nt] — |ns])/n, (s,t) € A. The corresponding two-sided sequential empirical copula
processes are given, for any (s,t) € A and u € [0,1]¢, by

Cn(S, 2 u) = \/'EATL(S’ t){CLnsJ-‘rl:LntJ (u) - C(u)}v (4'9)
C;;(Sv 2 u) = \/ﬁkn(s, t){cl\_/nsj—&-l:\_ntj (u) o C(u)}v (4'10)

v

[ns|+1:|nt]
asymptotics of C,, were established in Biicher and Kojadinovic (2016), while the asymptotics

where Cy5)41:|n¢) and C are generically defined in (4.2) and (4.3), respectively. The
of C¥ (which we recall in Theorem 4.2.10 hereafter) were investigated in Kojadinovic and Yi

(2022) by generalizing the arguments used in Segers et al. (2017).
The following conditions were considered in Kojadinovic and Yi (2022).

Condition 4.2.8 (Smooth partial derivatives). For any j € {1,...,d}, the partial derivative
Cj = 0C/du; exists and is continuous on the set V; = {u € [0,1]¢ : u; € (0,1)}.

Condition 4.2.9 (Variance condition). There exists a constant x > 0 such that, for any n € N,
xzecRHY" wel0,1]¢and j € {1,...,d}, Var(W?, ) < ku;(1 —u;)/n.

The first condition was initially considered in Segers (2012) and can be considered non-restricted
as explained in the latter reference. In the rest of the paper, for any j € {1,...,d}, Cj is
arbitrarily defined to be zero on the set {u € [0,1]? : u; € {0,1}}, which implies that, under
Condition 4.2.8, C'j is defined on the whole of [0, 1]?. The second condition imposes constraints
on the spread of the smoothing distributions involved in the definition of the smooth, possibly

data-adaptive, empirical copulas.

Theorem 4.2.10 (Asymptotics of CY). Assume that Conditions 4.2.8 and 4.2.9 hold, and that
Cp ~ Cc in £2°(A x [0,1]%), where the trajectories of the limiting process Co are continuous
almost surely. Then,

sup |Cy(s,t,u) — Cy,(s,t,u)| = op(1).

(s,t)eA
uc0,1]¢

Consequently, C¥ ~ C¢ in £2°(A x [0,1]%).

Hence, the smooth sequential empirical copula process C¥ in (4.10) and the classical sequential
empirical copula process C,, in (4.9) are asymptotically equivalent when the latter converges
weakly to a limiting process whose trajectories are continuous almost surely. As discussed in
Section 3 of Biicher and Kojadinovic (2016), for such a convergence to hold, it suffices that
the corresponding “uniform multivariate sequential empirical process” converges weakly to a

limiting process whose trajectories are continuous almost surely. Specifically, let Uy,..., U,
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be the unobservable sample obtained from X;.,, = (Xi,...,X,) by the probability integral
transformations Us; = Fj(Xy;), 4 € {1,...,n}, j € {1,...,d}, and let

Lnt]

B, (s,t,u) = 1 Z {1(U; < u) — C(u)}, (s,t,u) € A x [0,1], (4.11)
\/ﬁi:LnsJ+1

with the convention that B,(s,t,-) = 0 if |nt] — [ns] = 0. The aforementioned sufficient

condition can then be stated as follows.

Condition 4.2.11 (Weak convergence of B, (0, -, -)). The sequential empirical process B, (0, -, -)

converges weakly in £°(]0,1]%*1) to a tight centered Gaussian process Z¢ concentrated on

{f €C(0,1]%Y) : f(s,u) = 0 if one of the components of (s, u) is 0,
and f(s,1,...,1) =0 for all s € (0,1]}.

Under Condition 4.2.11 (which holds for instance when (X;);cz is strongly mizing; see, e.g.,
Biicher (2015) as well as forthcoming Section 4.4.1), it immediately follows from the continuous

mapping theorem that B,, ~ B¢ in £2°(A x [0, 1]¢), where

Be(s,t,u) =Zo(t,u) — Ze(s,u), (s,t,u) € A x [0,1]% (4.12)

For any j € {1,...,d} and any u € [0,1]%, let u) be the vector of [0,1]¢ defined by uéj) = u; if
1 = j and 1 otherwise. The following result is then an immediate consequence of Theorem 3.4
in Biicher and Kojadinovic (2016) and Proposition 3.3 of Biicher et al. (2014).

Theorem 4.2.12 (Asymptotics of C,,). Under Conditions 4.2.8 and 4.2.11,

sup (Cn(5>ta ’U,) - @n(s,t,u) = OP(1)>

(s,t,u)eAx[0,1]4

where

Cnl(s,t,u) = Bp(s,t,u) — Y  Cj(w)Bp(s, t,ul)), (s,t,u) € A x [0,1]%, (4.13)

M~

1

.
Il

and By, is defined in (4.11). Consequently, C,, ~ Cc in £°(A x [0,1]%), where

Ci(w)Bo(s,t,ul), (st e Ax [0,1),  (4.14)

M=~

CC(Sa t,’U,) = ]BC(Sa t,U) -
1

.
Il

and Be is defined in (4.12).

We end this section with the statement of a corollary of Theorems 4.2.10 and 4.2.12. Having (4.5)

in mind, two natural smooth extensions of the unobservable empirical process B,, in (4.11) can
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be defined, for any (s,t,u) € A x [0,1]¢, by

Lnt]
- 1 x
Bl (s, t,u) = — {/ 1(U; < w)dyy, "0 (w) — C(u)} , (4.15)
v i:mzsm 0"
Lt
- 1
By (s, t,u) = — {/ 1(U; < w)dvitn(w) — C(u)} : (4.16)
vn i:%ﬂ 0:1)¢

Combining Theorem 4.2.12 with key intermediate results used in Kojadinovic and Yi (2022)
for proving Theorem 4.2.10 stated above, we obtain the following asymptotic representations
for the smooth sequential empirical process C¥ in (4.10). The proof of this result is given in
Appendix 4.7.1.

Corollary 4.2.13 (Asymptotic representations of CY). Under Conditions 4.2.8, 4.2.9 and 4.2.11,

sup | CU(s,t,u) — C;(s,t,u)] = op(1),
(s,t,u)eAx[0,1]¢
sup ’CZ(s,t, u) — @Z(s,t,u)‘ = op(1),

(s,tu)EAX[0,1]4

where, for any (s,t,u) € A x [0,1]¢,
~ ~ d . ~ .
Chr(s,tyu) =By (s, t,u) = Y Cj(u) By (s, t,ul?),
d . .
Ch(s,t,u) =By (s, t,u) = > Cj(u) By (s, t,ul),

Remark 4.2.14. The previous results do not unfortunately allow us to decide which of the
above two asymptotic representations for C; may be better. The knowledge of the underlying
convergence rates would be needed for that. As we shall see in Section 4.4, these representations

will be at the root of smooth proposals for bootstrapping C? in a time series context.

4.3 Bootstrap by drawing samples from the estimators in the

i.1.d. case

The aim of this section is to study both theoretically and empirically a smooth bootstrap a
la Kiriliouk et al. (2021) based on drawing samples from the smooth estimators defined in the
previous section. As hinted at in the introduction, such an approach can only be used in the
i.i.d. case. Throughout this section, we thus assume that the random vectors in X';., are i.i.d.
Notice that the latter implies Condition 4.2.3. Given that change-point analysis is essentially
of interest in the time series setting, we do not consider a sequential setting below but instead

focus only on the situation where k =1 and [ = n.
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This section is organized as follows. After describing the sampling algorithm on which the
smooth bootstrap is based, we state conditions under which it is asymptotically valid and report

results of finite-sample experiments comparing smooth bootstraps based on the empirical beta

Bin
1:n

and recalled at the end of Section 4.2.1.

copula CP" and on its data-adaptive extension CT<*P* proposed in Kojadinovic and Yi (2022)

4.3.1 Drawing samples from the smooth empirical copulas

As explained in Section 4.2.1, the empirical beta copula C}" is a particular case of the smooth
estimators CY,, defined in (4.3). From Segers et al. (2017) (see also Lemma 1 in Kojadinovic
and Yi 2022), one has that

1 n d
Bm EZH nRI" u] u = (ula"-aud) € [O, 1]d7 (417)

where, for any n € N and r € {1,...,n}, F,, denotes the d.f. of the beta distribution with
shape parameters o = r and f = n+ 1 —r. It follows from (4.17) that C7'* is a mixture
of n d-dimensional distributions having beta margins and whose copula is the independence

copula. To generate one random variate from C7I", it thus suffices to randomly select one of
the n components of the mixture by drawing a uniform on {1,...,n} and then generate one
random variate from the selected d-dimensional distribution. This is detailed in Algorithm 3.2

of Kiriliouk et al. (2021).

In a related way, having (4.6) in mind, it thus suffices to assume the following to be able sample

v
from C7,,.

Condition 4.3.1. (C¥,, is a mixture) For any n € N, x € (RY)" and » € {1,...,n}4, K=
n (4.5) is a d.f. on [0,1]%.

The sampling algorithm is then conceptually the same as Algorithm 3.2 of Kiriliouk et al. (2021).

Algorithm 4.3.2. (Sampling from CY., under Condition 4.3.1)

1. Generate I from the discrete uniform distribution on {1,...,n}.

X1,

2. Generate a random variate V# from a d-dimensional distribution whose d.f. is ICRM.
I

The above algorithm can be used in practice as soon as one knows how to sample from the d.f.s

Kpin, ie{l,...,n}.

Interestingly enough, three of the conditions stated in Section 4.2.1 imply Condition 4.3.1 as

shown in the next result proven in Appendix 4.7.2.
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Proposition 4.3.3. Conditions 4.2.4, 4.2.5 and 4.2.6 imply Condition 4.53.1. Specifically, under
Conditions 4.2.4, 4.2.5 and 4.2.6, for anyn € N, x € (R)™ and r € {1,...,n}?, KT in (4.5)
is a d.f. on [0, 1]d whose d univariate margins, denoted by KT, 1, .. "’Cfdvd’ respectively, satisfy
IC,‘?’“(U) = ]:"fu{(rj —1)/n}, ue(0,1], 5 € {1,...,d}, and whose copula is C*.

Remark 4.3.4. The previous result leads to an alternative (and simpler) proof of Proposition 11
of Kojadinovic and Yi (2022). Indeed, under the assumptions of Proposition 4.3.3, CY.,, in (4.6)
is a convex combination of multivariate d.f.s on [0, 1] and therefore a multivariate d.f. on [0, 1]%.
Since Condition 4.2.3 holds in the current i.i.d. setting, from Section 3.1 in Kojadinovic and Yi
(2022), Condition 4.2.4 also implies that CY,, has standard uniform margins. Hence, under the

assumptions of Proposition 4.3.3, CY.,, is a genuine copula.

For any univariate d.f. H, let H~! denote its associated quantile function (generalized inverse)
defined by H!(y) = inf{z € R : H(x) > y}, y € [0,1], with the convention that inf() = co.
The second step of Algorithm 4.3.2 can then be made explicit under Conditions 4.2.4, 4.2.5 and
4.2.6 :

(i) Generate a random variate U# from the copula C*1 independently of I.

(i) A random variate from the distribution whose d.f. is K} is then

R}:n
V# = (K;}li;;:l‘l(Uﬁ), . K;}lilg:;(Uj)) (4.18)

We end this section by discussing how Algorithm 4.3.2 can be practically implemented for the
smooth data-adaptive estimator C7¢'*?* introduced in Kojadinovic and Yi (2022) as a possible
improvement of the empirical beta copula C7%. Recall from Section 4.2.1 that CP*P* is of the

1in

form (4.8) with C*¥1:n the empirical beta copula CP* and, for any j € {1,...,d} and u € [0,1],
fjxul" the survival function of a scaled (by 1/n) Beta-Binomial(n, o, 5) random variable, where
a=un—-p)/(p—1),8=(1—-u)(n—p)/(p—1) and p = 4. The latter implies that, for any
ie{l,...,n}, je{l,...,d} and u € [0,1],

K;i};ﬁ,j(u) = Fiim{(RE" — 1) /n} = P(RW )l > R — 1) = Bpuo(RE™ — 1), (4.19)
where By, ., is the survival function of the Beta-Binomial(n, o, 3). As can be checked from
Lemma 27 in Kojadinovic and Yi (2022) and Lemma 4.7.4 in Appendix 4.7.2, the univariate

d.f. IC;%;:;J. in (4.19) is continuous and strictly increasing, respectively. Hence, to compute its
ij

associated quantile function needed in (4.18), one can proceed numerically. In that respect, an
implementation of Algorithm 4.3.2 for the R statistical environment for the estimators C}.» and

CTet»B4 is available on the web page of the first author.
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4.3.2 Asymptotic validity results

Building upon the work of Kiriliouk et al. (2021), we will now provide asymptotic validity results
for a smooth bootstrap based on drawing samples from CY,, in (4.6) under Conditions 4.2.4,
4.2.5 and 4.2.6. Recall that, according to Proposition 4.3.3, the latter conditions imply Con-
dition 4.3.1. Let Vi, = (V{*,...,V,#) be a random sample from C%,, obtained by applying
Algorithm 4.3.2 n times independently. Note that this implies that the component samples of

V¥, do not contain ties with probability 1. For any j € {1,...,d}, let G?find- be the empirical

d.f. computed from the jth component sample Vf?, e Vn’? of V¥,,. Then, Rlljn# — nG’ﬁnJ(Vif)
is the rank of Vj among Vf’;, cees Vn#;-. The (classical) empirical copula of V7, is thus given by

1 d R.l:.”’#
Cl(w) =—> []1 <ZL < u]) . welo,1), (4.20)

i=1 j=1

and the smooth analog of C%,,, for V7, is

#
Ctr(u) = Ct (w)dvy " (w),  we0,1]% (4.21)
[0,2]¢
To state our asymptotic validity results, we consider independent copies Vﬁ’,[Ll],Vﬂf], ... of

Vi . Let C1 (resp. CF."!) be the version of C7. in (4.20) (resp. Cf" in (4.21)) obtained
from Vi;[f], 1 € N.

The following result can be regarded as an extension of Proposition 3.3 of Kiriliouk et al. (2021)

and is proven in Appendix 4.7.3.

Theorem 4.3.5. Assume that the random vectors in X 1., are i.i.d., and that Conditions 4.2.4,
4.2.5, 4.2.6, 4.2.8 and 4.2.9 hold. Then,

(Cu(0,1,), Vn(CE = Crn) W1(CEH = Chin))
~ (Ce(0,1,+),CH(0,1,-),CE(0,1,)),
(Ch(0,1,-), V(CT,r M = CY) V/n(CF P = CF))
~ (Ce(0,1,+),CH(0,1,-),C2(0,1,-))

in {£([0,1]9)}2, where C,, and CY are defined in (4.9) and (4.10), respectively, and (C[é] and
C% are independent copies of Cc defined in (4.14).

Remark 4.3.6. The first joint weak convergence in Theorem 4.3.5 establishes the asymptotic
validity of a smooth bootstrap for the (non-sequential) classical empirical process while the
second one provides a similar results for the smooth empirical copula process C¥(0,1,-). Ac-
cording to Lemma 3.1 in Biicher and Kojadinovic (2019), these two joint weak convergences
are equivalent to similar joint weak convergences with B > 2 bootstrap replicates. In a further

step, the latter can be transferred to the “statistic level” using the continuous mapping theorem
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TABLE 4.1: Coverage probabilities (cov.) and average lengths (ave.) of 95%-confidence intervals

for Kendall’s tau estimated from 1000 random samples of size n € {20,40,80,160} from the

bivariate Clayton or Gumbel-Hougaard copula with a Kendall’s tau of 7 € {0,0.5,0.75,0.9}.

Each confidence interval was computed using 1000 smooth bootstrap samples drawn from either
CPn or CP*B* using Algorithm 4.3.2.

Iin Tin
Clayton Gumbel-Hougaard
Bin BetaB4 Bin BetaB4
T n  CcOV. ave.  COvV.  ave.  COV. ave.  cov.  ave.

0.00 20 0.973 0.626 0.967 0.615 0.969 0.624 0.962 0.614
40 0.962 0.428 0.954 0.424 0950 0430 0.944 0.425
80 0949 0.298 0.943 0.296 0.970 0.297 0.961 0.296
160 0.944 0.208 0.943 0.207 0.949 0.208 0.949 0.208
0.50 20 0971 0.513 0972 0493 0978 0.521 0.982 0.498
40 0.958 0.347 0.954 0.334 0.959 0.345 0.957 0.332
80 0946 0.239 0.938 0.233 0.950 0.237 0.947 0.231
160 0.954 0.168 0.957 0.165 0.954 0.164 0.958 0.162
0.75 20 0.717 0.392 0.899 0.367 0.777 0.391 0.927 0.358
40 0.728 0.234 0.908 0.221 0.793 0.231 0.954 0.211
80 0.798 0.151 0.930 0.146 0.844 0.146 0.953 0.137
160 0.866 0.101 0.943 0.100 0.883 0.098 0.944 0.094
0.90 20 0.000 0.315 0.212 0.272 0.000 0.317 0.270 0.264
40 0.000 0.160 0.475 0.131 0.000 0.162 0.593 0.127
80 0.000 0.086 0.692 0.074 0.000 0.087 0.804 0.069
160 0.000 0.050 0.837 0.047 0.000 0.050 0.902 0.043

or the functional delta method, which could then be combined with the results in Section 4 of
Biicher and Kojadinovic (2019) to establish the validity of bootstrap-based confidence intervals
or tests. Note also that, from Lemma 3.1 in Biicher and Kojadinovic (2019), the unconditional
asymptotic validity results appearing in Theorem 4.3.5 are equivalent to possibly more classical
conditional results which rely, however, on a more subtle mode of convergence. For instance,
the first claim can be equivalently informally stated as “\/H(Cff’#] — C1.n) converges weakly
to Cc(0,1,-) in £°([0,1]%) conditionally on the data in probability”; see, e.g., Kosorok (2008,

Section 2.2.3) or Appendix 4.7.3 for a precise definition of that mode of convergence.

4.3.3 Finite-sample comparison of two smooth bootstraps

As already mentioned in the introduction, in their Monte Carlo experiments, Kiriliouk et al.

Bin

(2021) found the smooth bootstrap based on the empirical beta copula C}:" to be a competitive

alternative to many other resampling schemes (including the multiplier bootstrap to be studied

BetaB4

in the forthcoming section). Since the data-adaptive empirical copula CP9*** was found to

Bin

outperform the empirical beta copula C})" in the experiments reported in Kojadinovic and Yi

(2022), it seems natural to empirically investigate how the smooth bootstrap based on CFer*P4

Bin
IR

ments reported in Sections 4.2 and 4.3 of Kiriliouk et al. (2021).

compares to the smooth bootstrap based on C To do so, we reproduced some of the experi-
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TABLE 4.2: Coverage probabilities (cov.) and average lengths (ave.) of 95%-confidence intervals
for the parameter of a bivariate Frank copula estimated by maximum pseudo-likelihood from
1000 random samples of size n € {20, 40,80} from the bivariate Frank copula with a Kendall’s
tau of 7 € {-0.9,—0.75,-0.5,0,0.5,0.75,0.9}. Each confidence interval was computed using
1000 smooth bootstrap samples drawn from either CT" or C7*®* using Algorithm 4.3.2.

1in 1n
Bin BetaB4
T n COV. ave. COV. ave.

-0.90 20 0.000 0.194 0.000 0.133
40 0.000 0.086 0.056 0.051
80 0.000 0.039 0.313 0.023
-0.75 20 0.731 0.286 0.940 0.237
40 0.641 0.153 0.939 0.126
80 0.662 0.088 0.947 0.077
-0.50 20 0.988 0.548 0.981 0.511
40 0975 0.342 0.957 0.327
80 0.957 0.230 0.940 0.224
0.00 20 0.952 1.009 0.946 1.002
40 0.937 0.681 0.929 0.681
80 0.941 0.467 0.938 0.469
0.50 20 0.986 0.542 0.970 0.508
40 0972 0.344 0.949 0.328
80 0.959 0.224 0.948 0.219
0.75 20 0.722 0.285 0.938 0.235
40 0.634 0.154 0.927 0.128
80 0.671 0.088 0.942 0.077
0.90 20 0.000 0.193 0.000 0.132
40 0.000 0.086 0.046 0.051
80 0.000 0.039 0.319 0.023

We first estimated coverage probabilities and average lengths of confidence intervals of level
95% for Kendall’s tau from 1000 random samples of size n € {20, 40, 80,160} from the bivariate
Clayton or Gumbel-Hougaard copula with a Kendall’s tau of 7 € {0,0.5,0.75,0.9}. Each

Bin
1:n

confidence interval was computed using 1000 smooth bootstrap samples drawn from either C
or CPo*P*. The results are reported in Table 4.1. As one can see, under independence or
moderate dependence (7 € {0,0.5}), the estimated coverage probabilities are overall on target
and very similar for the two resampling schemes. The intervals obtained using the smooth
bootstrap based on CP*P* seem nonetheless to be slightly shorter on average. Under strong
dependence (7 = 0.75) however, the estimated coverage probabilities of the confidence intervals

Bin
1:in

computed using the smooth bootstrap based on C7" are substantially below the 0.95 target

value. The results for 7 = 0.9 actually show that the smooth bootstrap based on CTi" is unable
to generate samples with such a very strong dependence. While its results are not perfect, the
smooth bootstrap based on C7*"* copes much better with strong dependence. This is likely to
be due to the modification of the “shape” of the underlying smoothing distributions using the

empirical beta copula in the expression of C7¢'*?* as can be deduced from (4.8).

In a second experiment, following Kiriliouk et al. (2021, Section 4.3) we estimated coverage
probabilities and average lengths of 95%-confidence intervals for the parameter of a bivariate

Frank copula estimated by maximum pseudo-likelihood (see Genest et al., 1995) from 1000
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random samples of size n € {20,40,80,160} from the bivariate Frank copula with a Kendall’s
tau of 7 € {—0.9,—-0.75,—-0.5,0,0.5,0.75,0.9}. Again, each confidence interval was computed

using 1000 smooth bootstrap samples drawn from either C72x or C75*P*. The results are reported
in Table 4.2 and the main conclusion is qualitatively the same as for the previous experiment:
the smooth bootstrap based on C75*"* copes much better with strong dependence than the

smooth bootstrap based on CTr.

4.4 Smooth sequential dependent multiplier bootstraps in the

time series case

The smooth bootstrap investigated in the previous section can only be used in the case of i.i.d.
observations. Fortunately, the multiplier bootstrap, one of the most popular approaches for
bootstrapping functionals of the classical empirical copula, can be employed in the time series
setting. In this section, after providing some intuitions and defining multiplier sequences, we
recall the non-smooth sequential dependent multiplier bootstrap studied in Biicher and Kojadi-
novic (2016). We next propose smooth extensions of the latter, provide asymptotic validity
results and compare the finite-sample performance of three (smooth) multiplier bootstraps for
approximating three (smooth) empirical copula processes. Finally, as an application, we con-
sider a smooth version (based on the empirical beta copula and corresponding smooth multiplier
bootstrap replicates) of the test for change-point detection developed in Biicher et al. (2014)

and we compare its finite-sample performance to that of its non-smooth counterpart.

4.4.1 Main intuition and existing work

As mentioned in Section 4.2.2, Condition 4.2.11 holds under strong mixing. Given a stationary
time series (Y;);cz, denote by ]-"j]fC the o-field generated by (Y3)j<i<k, j,k € ZU{—o00,+00}, and
recall that the strong mixing coefficients corresponding to the stationary sequence (Y;);cz are
then defined by

oY = sup IP(AN B) — P(A)P(B)
AeF° _ ,BeF>®

, reN,r>0,

and that the sequence (Y;);cz is said to be strongly mizing if oY — 0 as r — oo.

From Biicher (2015), Condition 4.2.11 holds if the strong mixing coefficients of the time series
(X:)iez satisfy o = O(r~®) with @ > 1 as r — oo. In that case, Theorem 4.2.12 suggests
that, in order to bootstrap the classical sequential empirical copula process C, in (4.9) in an
asymptotically valid way, it suffices to bootstrap the process C, in (4.13). The latter could
be done by bootstrapping B,, in (4.11) and estimating the first-order partial derivatives C'j,
j€{1,...,d}, of C. Such an approach was initially proposed in the independent non-sequential
setting by Scaillet (2005) and Rémillard and Scaillet (2009) who used a multiplier bootstrap
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in the spirit of van der Vaart and Wellner (2000, Chapter 2.9) to resample B,,, and finite-
differencing to estimate the partial derivatives C'j, j €{1,...,d}. This resampling scheme was

extended to the time series sequential setting in Biicher and Kojadinovic (2016) and Biicher
et al. (2014).

4.4.2 1.i.d. and dependent multiplier sequences

In the case of independent observations, multiplier bootstraps are based on i.i.d. multiplier

sequences. We say that a sequence of random variables (&; ,,)icz is an i.i.d. multiplier sequence
if:

(MO) (&in)iez isii.d., independent of Xy, with distribution not changing with n, having mean
0, variance 1, and being such that [;{P(|¢o,,| > 2)}!/2dz < .

The time series extension of the multiplier bootstrap relies on the notion of dependent multiplier
sequence. The key idea due to Bithlmann (1993) is to replace i.i.d. multipliers by suitably
serially dependent multipliers that will capture the serial dependence in the data. We say that

a sequence of random variables (&; ,,)icz is a dependent multiplier sequence if:

(M1) The sequence of random variables (&; ,)iez is stationary with E(p.,) = 0, E(fan) =1and
sup,,>1 E(|€0,n|7) < oo for all ¥ > 1, and is independent of the available sample X'1.,.

(M2) There exists a sequence ¢, — oo of strictly positive constants such that ¢, = o(n) and
the sequence (& n)icz is £n-dependent, i.e., & 5 is independent of &, ,, for all h > /,, and
e N.

(M3) There exists a function ¢ : R — [0, 1], symmetric around 0, continuous at 0, satisfying
©(0) =1 and ¢(x) = 0 for all |z| > 1 such that E({ nénn) = ¢(h/ly) for all h € Z.

As shall become clearer for instance from (4.22) or (4.23) below, the bandwidth parameter ¢,
defined in (M2) plays a role similar to that of the block length in the block bootstrap. In
practice, for the non-smooth sequential dependent multiplier bootstrap to be presented in the
forthcoming section, its value can be chosen in a data-driven way using the approach described
in detail in Biicher and Kojadinovic (2016, Section 5); see also Section 4.4.6. The latter reference

also describes in detail ways to generate dependent multiplier sequences.

4.4.3 Non-smooth sequential dependent multiplier replicates

Let (§£f}1)iez, (fﬂ)iez,- .., be independent copies of the same multiplier sequence. Two different

multiplier bootstrap replicates of the process B,, in (4.11) were proposed in Biicher and Kojadi-
novic (2016) and Biicher et al. (2014), respectively. For any b € N, (s,t) € A and u € [0,1]%,
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they are defined by

[nt]

BY (s, t, u) = \f Z 318 { (U < u) — C1:n(u)} (4.22)

i=|ns|+1
and
[nt]
E[b (8 ¢ ’LL Z 61 n { ULns St < u) CLnstrl:LntJ (u)} ) (423)
z [ns]+1

respectively, where C1.p, and C|y,5)41:nt) are generically defined in (4.2) and with the convention
that BY (s,¢,-) = Bl (s,¢,-) = 0 if [nt| — |ns| = 0.

In order to define multiplier bootstrap replicates of C,, in (4.13), it is further necessary to
estimate the unknown first-order partial derivatives C'j, j € A{l,...,d}, of C. In the rest of
this section, Cj’k:l will denote an estimator of C'j based on a stretch Xy, = (Xg,...,X;) of
observations, 1 < k < | < n, with the convention that Cj,k:l = 0 if £ > [. Then, following
Biicher and Kojadinovic (2016) and Biicher et al. (2014), we consider two types of multiplier
bootstrap replicates of C,, in (4.9). For any b € N, (s,t) € A and u € [0,1]¢, these are defined
by

ClY(s,t,u) = BV (s, t,u) Zcﬂn (s,t,ul)) (4.24)

and
d

Cll(s,t,u) = Ex](s,t,u ZC’ i s |1 LntJ( ) Pi(s, ¢, ul )) (4.25)
j=1

respectively, where B (resp. BY) is defined in (4.22) (resp. (4.23)). Clearly, both types of

replicates coincide in a non-sequential setting as @%’](0, 1,-) = CF(0,1,-). As far as the esti-

mators of the partial derivatives are concerned, it is expected that the more accurate they are,

the better the approximation of the “sampling distribution” of C,, by the multiplier replicates

will be. The latter aspect will be discussed in detail in Section 4.5, where two broad classes of

smooth estimators will be introduced and studied both theoretically and empirically.

4.4.4 Smooth sequential dependent multiplier replicates

We now consider a similar construction but based on smooth analogs of BY in (4.22) and Bl in
(4.23). Specifically, Corollary 4.2.13 suggests that, to bootstrap CY in (4.10), a first step is to
bootstrap BY in (4.15) or BY in (4.16). By analogy with (4.3) and (4.6), natural smooth analogs
of B and BY could be defined, for any b € N, (s,t) € A and u € [0,1]%, by

Lnt] (4.26)
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and

BEZ]’U(Sa t, u) = /[ " BB{] (5’ t, w)dyffL”SJ-‘rl:Lntj (w)
0,1

[nt] (4.27)
an n v
- X |k e - g
i=|ns|+1

respectively, where ;{;’; and K LL:Z;JLI LLZEJJ are defined in (4.5). Combining these ingredients

with estimators of the unknown partlal derivatives of C'; as smooth analogs of CY in (4.24) and
C in (4.25), we obtain

@[T?]’V(S,t, ’U,) = B[rlz S t u ZC ,ln (S’tau(J)) (428)

and
d

Co (st w) =B (5,6,0) = 3 € sy () B (s, 8, 0D), (4.29)
7=1

respectively, for b € N, (s,t) € A and u € [0, 1]¢.

To establish the asymptotic validity of these smooth multiplier bootstrap replicates, it will

suffice that the partial derivative estimators satisfy the following rather natural mild condition.

Condition 4.4.1 (Bounded and weakly consistent partial derivative estimators). There exists
a constant ¢ > 0 such that, for any j € {1,...,d} and n € N,

sup Cj,\_nsj-‘rl:\_nt] (u)‘ <.

(s,t,u)€AX[0,1]¢

Furthermore, for any 6 € (0,1), ¢ € (0,1/2) and j € {1,...,d},

sup  sup
(s,t)eEA wuel0,1]?
t—s>0 y;€le,1—¢]

'j,LnsJ—l—l:Lntj (u) - C](’U,)‘ = OP(l)'

In addition, following Biicher et al. (2014), we impose the following condition on the observations

and the underlying multiplier sequences.

Condition 4.4.2 (Strong mixing and multiplier conditions). One of the following two conditions
holds:
(i) The random vectors in X1, are i.i.d. and (fl n)ZGZa (ff}l)iez,. .. are independent copies of

a multiplier sequence satisfying (MO).

(ii) The stretch Xy., is drawn from a stationary sequence (X;);cz whose strong mixing

coefficients satisfy aX = O(r=%) for some a > 3 + 3d/2 as r — oo. Furthermore,
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(52[1;)262, (5111)@62, ...are independent copies of a dependent multiplier sequence satis-

fying (M1)-(M3) with £, = O(n'/277) for some 0 < v < 1/2.
The following result is proven in Appendix 4.7.4.

Theorem 4.4.3 (Asymptotic validity of the smooth dependent multiplier bootstraps). Under
Conditions 4.2.8, 4.2.9, 4.4.1 and 4.4.2, for any b € N, there holds

sup Clv(s,t,u) — @%](s,t,u)’ = op(1), (4.30)
(s,t,u)eAX[0,1]4
sup {@%’]’”(s,t,u) - C%](s,t,u)‘ = op(1). (4.31)

(s,tu)EAX[0,1]4

Furthermore,

Cl, C2) ~ (Ce, CH, CH),
,Clv CE¥) ~s (Ce, CY, CE)

in {€>°(A x [0,1]%)}?, where CY and CZ! are independent copies of Co defined in (4.14).

4.4.5 Finite-sample comparison of three multiplier bootstraps

From Theorem 4.2.10, we know that, under Conditions 4.2.8 and 4.2.9, the classical sequen-
tial empirical copula process C,, in (4.9) and the smooth sequential empirical copula process
C¥ in (4.10) are asymptotically equivalent. In a related way, Theorem 4.4.3 provides condi-
tions under which corresponding multiplier and smooth multiplier replicates are asymptotically
equivalent. Although one expects that C? is probably best resampled using multiplier replicates
constructed with the same smoothing distributions, that is, with C* in (4.28) or C¥ in (4.29),
we have no asymptotic results to support this (see also Remark 4.2.14). Indeed, given that all
versions of multiplier replicates are asymptotically equivalent, it may well be that, for instance,
in some cases, classical (non-smooth) multiplier replicates are equivalent or even preferable to
smooth multiplier replicates when it comes to resampling Cy. It is the aim of this section to
study this empirically. For simplicity, we restrict our investigations to a non-sequential setting

and independent observations.

Specifically, we designed experiments to study which multiplier replicates are best suited to
estimate certain functionals of the three (non-sequential) empirical copula processes defined, for
any u € [0,1]¢, by

R (u) = Vin{Crn(u) = C(w)} = Ca(0, 1, w), (4:32)
C" (w) = Vn{ Ol (u) — C(u))}, (4.33)
Cre (w) = v/ {CP5 ™ (w) — C(u)}, (4.34)

where
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e C, is the classical (non-smooth) sequential empirical copula process defined in (4.9),

e CPn is the empirical beta copula in (4.17) (which is obtained by considering smooth-
ing distributions with scaled binomial margins and independence copula as explained in
Section 4.2.1),

o (7P ig the version of CY,,, introduced in Section 4.2.1 obtained by considering smooth-
ing distributions with scaled beta-binomial margins and survival copula the empirical
beta copula C7%¢, and found to have the best finite-sample performance in the numerical

experiments of Kojadinovic and Yi (2022).

As already mentioned, since we are in a non-sequential setting, the two generic multiplier
replicates defined in (4.28) and (4.29) coincide. To approximate the “sampling distributions”
of the three empirical copula processes defined above, we considered as candidate bootstraps
the multiplier replicates defined using the same smoothing distributions. They will be denoted
by Clphbirae - ClLBIn o p g ClIEetBL 1y ¢ N, respectively, as we continue. To only investigate the
effect of the choice of the smoothing distributions involved in the definition of BY" in (4.26), all
three multiplier replicates were computed using the true partial derivative C’j, jed{l,...,d}.
Furthermore, since we restricted our experiments to independent observations, all the multiplier
replicates were based on i.i.d. multiplier sequences defined in (M0) in Section 4.4.2. Following
Biicher and Dette (2010), these sequences were simply taken to be random samples drawn from

the uniform distribution on {—1,1}.

For the design of our experiments, we followed again Biicher and Dette (2010). First, for d = 2,
we assessed how well the covariances of the empirical processes Cp* in (4.32), C>™ in (4.33)
and CP**P* in (4.34) at the points P = {(i/3,75/3) : i,j = 1,2} can be approximated using
the three possible multiplier bootstrap replicates. For each target empirical copula process,
we began by precisely estimating its covariance at the points in P from 100000 independent
samples of size n € {10,20,40,80} drawn from a bivariate copula C' with a Kendall’s tau of
7 €40,0.25,0.5,0.75}. For C, we considered either the Clayton or the Gumbel-Hougaard cop-
ula. Next, for each considered combination of C, n, 7, target process and multiplier process, we
generated 1000 samples from C, and, for each sample, we computed B = 1000 multiplier boot-
strap replicates. These B = 1000 replicates were used to obtain one estimate of the covariance

of the target process at the points in P.

The results when C' is the Clayton copula with a Kendall’s tau of 7 € {0,0.25,0.5,0.75} are
reported in Figure 4.1. The first (resp. second, third) column of graphs reports the average of
the empirical mean square errors (MSEs) x10* of the three candidate multiplier estimators of
the covariance of CD™ (resp. CP™, CEe**P) at the points in P against the sample size n. Each
row of graphs corresponds to a different value of 7. In the top-left panel for instance, the solid

(resp. dashed, dotted) curve gives the average MSE when the covariance of CD™ is estimated

using (C%]‘Dirac (resp. CL’Z];Binj C%J,BecaBz;).
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FIGURE 4.1: For observations generated from the bivariate Clayton copula with a Kendall’s
tau of 7 € {0,0.25,0.5,0.75} and for each combination of target and multiplier process, average
of the empirical MSEs (x10%) of the bootstrap estimators of the covariance of the target process
at the points in P against the sample size n. The legend “Dirac/Bin” for instance refers to the
situation when the target process is C."*¢ and the multiplier process is @%]'B‘“.

As one can see, reassuringly, all the curves are globally decreasing, confirming that, for each
target process, the bootstrap approximations improve as n increases. A more careful inspection
reveals that, in almost all settings, it is the multiplier bootstrap constructed with the same

smoothing distributions as the target process that leads to the best estimation. It is actually
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,Bin

only when CP**P* is the target process that covariance estimations based on CIPP™ are sometimes

,BetaB4

better than estimations based on CI . This happens mostly for small n and 7. Results for

the Gumbel-Hougaard copula (not reported) are not qualitatively different.

In a second experiment, we assessed how well high quantiles of

KS(fn) = sup |[fu(u)|  and C”M(f”)_/[o

{fn(u)}?du (4.35)
welo, 1) 1

for d € {2,3} and f,, € {C>*c, CE™ C2**B*} can be estimated by the three candidate multiplier
bootstraps. From a practical perspective, the integral in (4.35) was approximated by a mean
using a uniform grid on (0,1)? of size 10> when d = 2 and 5% when d = 3. For d € {2,3}, C
the Clayton or the Gumbel-Hougaard copula whose bivariate margins have a Kendall’s tau of
7 € {0,0.25,0.5,0.75} and n € {10,20,40,80}, the 90% and 95%-quantiles of CvM (f,) were
first precisely estimated from 100000 independent samples of size n drawn from C. Next, for
each combination of d, C, n, 7, target process and multiplier process, we generated 1000 samples
from C' and, for each sample, we computed B = 1000 multiplier bootstrap replicates. These
B = 1000 replicates were used to obtain one estimate of each of the target quantiles. Following
Kojadinovic and Stemikovskaya (2019), all such estimations were carried out using centered

replicates of f,. When f,, = CP™ for instance, this amounts to using, for any w € [0,1]¢ and
be{l,...,B},

B
C%],Dirac(u) _ % Z @yz],Dimc(u)’

b=1
instead of CP™(w) = CI(0,1,u) in (4.24). The centered versions of the other replicates
are defined analogously. The rationale behind centering is that the replicates, whatever their
type, can be regarded as computable approximations of the limiting centered Gaussian process
Cc(0,1,) in (4.14); see, for instance, Theorem 4.4.3. Note that the use of centered replicates was
found to always lead to better finite-sample performance in the related Monte Carlo experiments
carried out in Kojadinovic and Stemikovskaya (2019). Its use is however irrelevant in the

previous covariance estimation experiment given the formula of the empirical covariance.

The results for the 95%-quantiles of the Kolmogorov—Smirnov functionals when C' is the trivari-
ate Gumbel-Hougaard are reported in Figure 4.2. The conclusions are overall similar to those

obtained after the first experiment:

e The 95%-quantile of the Kolmogorov—Smirnov functional of C2™* is always best estimated

using the corresponding empirical quantile of the same functional of Clohpirac,

e When the target process is C2™, the best results are obtained when the multiplier process

is @TIZ]’B"‘, except in the case of strongly dependent observations in which case, for the

,Dirac

. . . b . . .
sample sizes under consideration, CL gives better estimations.
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FIGURE 4.2: For observations generated from the trivariate Gumbel-Hougaard copula whose

bivariate margins have a Kendall’s tau of 7 € {0,0.25,0.5,0.75}, empirical MSE (x10%) of

the three candidate multiplier estimators of high quantiles of KS(f,) in (4.35) for f, €

{Cpiree, Clin, CPe**P*} against the sample size n. The legend “Dirac/Bin” for instance refers
to the situation when the target process is C2** and the multiplier process is @L’;I'B“‘.

e When the target process is CH**P*) it is only when n reaches 40 or 80 that the best
,BetaB4 ,Bin

estimations are obtained using cl For smaller n, the use of CY gives better

results.
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Results for the Clayton copula, 90%-quantiles, dimension d = 2 or Cramér—von Mises functionals

(not reported) are not qualitatively different.

The previous experiments confirm that it seems meaningful to resample C¥ in (4.10) using
multiplier replicates constructed with the same smoothing distributions, that is, with Ccl
in (4.28) or Ci" in (4.29), although this choice may not be optimal in certain cases when 7 is

small.

4.4.6 Application to change-point detection

A natural application area for the smooth sequential empirical copula process CY in (4.10) is
that of change-point detection. To illustrate the possible advantages coming from the use of
smooth empirical copulas in inference procedures, we first briefly explain in this section how
the previous derivations can be used to obtain a smooth version of the test proposed in Biicher
et al. (2014) for detecting changes in the cross-sectional dependence of multivariate time series.
We then reproduce some of the experiments of Biicher et al. (2014) to compare the (non-
smooth) test proposed therein with its smooth version based on the empirical beta copula and
on corresponding smooth bootstrap replicates. Note that we did not consider the use of the
alternative data-adaptive smoothing distributions considered in Kojadinovic and Yi (2022) and

leading to the estimator C}5*?* because they incur a substantially higher computational cost.

The null hypothesis of such tests is that Xi., is a stretch from a stationary time series (of
continuous random vectors) and their aim is to be particularly sensitive to the alternative

hypothesis

H, : 3 distinct Cy, Cy and k* € {1,...,n — 1} such that (4.36)
X1, ..., X have copula C; and X+ y1,..., X, have copula Cj. .

The ingredients of the smooth version of the test can be obtained mutatis mutandis from Biicher
et al. (2014). Specifically, we consider as test statistic the maximally selected Cramér—von Mises

functional defined by

SY = sup /‘ (DY (5, u)}2 dC1n (w),
selo.) o

where

]D)rVL(Sv u) = \/ﬁAn(O, 8))‘7’&(57 1){01/ [ns] (u) - lensj—i—l:n(u)}? (87 u) € [07 1]d+1‘

As one can see, the latter involves comparisons of (smooth) empirical copulas computed from

subsamples of the data. Noticing that, under the null,

DY (s,1) = An(s, 1) CZ(0, 5,1) — An(0, 8)CY(s, L u),  (s,u) € [0,1]4,
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possible multiplier bootstrap replicates for S}, can be defined either by

S = sup / {DI (5, u) FPdChn (w), beN,
SE[O,H [Ovl]d
or by

spv= s [ D (s wPdCi(w), bR (4.37)
s€(0,1] J]0,1]¢

where, for any (s,u) € [0,1]41,

with C¥ and C defined in (4.28) and (4.29), respectively. Note that, in the expressions of the
multiplier replicates of Cl, as estimators of the first-order partial derivatives of the copula, we
use the “truncated” finite-difference based estimators defined in (4.45) of the forthcoming section
with bandwidths h = b/ = min{(l — k +1)~'/2,1/2}. As we will see from Proposition 4.5.5, the
latter can satisfy Condition 4.4.1. Finally, as in Biicher et al. (2014), approximate p-values for

Sy can be computed via either

Soa(spr > sy),

1

W =

1 B
5 Z 1(5};’]’” > SZ) or

B
b=1 b=

for some large integer B. Theoretical results confirming that the above way of proceeding is
asymptotically valid under the null can be obtained by starting from Theorem 4.4.3, proceeding
as in Biicher et al. (2014) and finally using results stated in Section 4 of Biicher and Kojadinovic
(2019).

If, for any m € N, the underlying smoothing distributions vZ, x € (R%)™, u € [0,1]%, are Dirac
measures at u, the previous ingredients are non-smooth and the resulting test coincides exactly
with the test studied in Biicher et al. (2014). The test statistic will naturally be denoted by
Spiree in that case. As alternative smoothing distributions, we considered those leading to the
empirical beta copula and specified in Remark 4.2.2 as well as at the end of Section 4.2.1. The
resulting statistic will then naturally be denoted by S>™*.

To compare the test based on Sp™ to the test based on S, we considered experiments similar
to those reported in Section 5 of Biicher et al. (2014). Both tests were carried out at the 5%
significance level using replicates of the form (4.37) as these seemed to lead to better results.
The dependent multiplier sequences necessary to carry out the tests were generated as explained
in the last paragraph of Appendix C of Biicher et al. (2014). The value of the bandwidth
parameter ¢, appearing in (M2) and (M3) in Section 4.4.2 was chosen using the procedure
described in Biicher and Kojadinovic (2016, Section 5) (although this way of proceeding may

not be “optimal” for the smooth multiplier bootstrap replicates).
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TABLE 4.3: Percentages of rejection of the null hypothesis of stationarity computed from 1000
samples of size n € {25,50,100,200} generated as explained in Section 4.4.6, where C' is the
bivariate Frank copula with a Kendall’s tau of 7 € {0,0.33,0.66}.

n =25 n = 50 n = 100 n = 200

/8 T Sgirac S’r]?in S’,]:l)irac S’rE;in S’,]:;irac S”E;in S"]EL)irac S1]’3Lin
0 0.00 175 13.3 77 8.0 5.5 5.8 3.8 44
0.33 18.7 134 76 7.3 49 6.3 4.2 4.0
0.66 21.1 117 5.6 4.9 3.0 31 3.2 38
0.3 0.00 18.8 16.1 62 74 4.3 47 6.4 6.0
0.33 214 164 7.8 87 52 59 54 54
0.66 25.3 16.8 54 59 21 3.0 1.2 14
0.5 0.00 26.1 228 114 11.7 6.1 6.6 6.2 7.2
0.33 229 23.0 10.3 11.2 5.5 7.2 24 3.6
0.66 275 20.1 10.5 11.0 22 36 1.6 1.6

As a first experiment, we estimated the percentages of rejection of the null hypothesis of station-
arity for data generated under the null. As data generating model, we used a bivariate AR(1)
model. Specifically, let U;, i € {—100,...,n}, be a bivariate i.i.d. sample from a copula C.
Then, set €; = (1 (U;1), @~ 1(Ui2)), where ® is the d.f. of the standard normal distribution,
and X _100 = €_100. Finally, for any j € {1,2} and i € {—99,...,n}, compute recursively

Xij = BXi—1j + €,
where the first 100 observations are used as a burn-out sample.

We considered n € {25,50,100,200}, C' to be bivariate Frank copula with a Kendall’s tau of
7 € {0,0.33,0.66} and § € {0,0.3,0.5}. The corresponding rejection percentages are reported
in Table 4.3. As one can see, both tests appear to hold their level reasonably well when n €
{100,200}. The tests should however clearly not be used when n = 25 but might be employed

when n = 50 in the case of weakly serially dependent data.

As a second experiment, we estimated rejection percentages of the null hypothesis of stationarity
for data generated under H; in (4.36). To do so, we considered a similar data generating model
as in the first experiment except that the U;’s for ¢ € {—100,...,k*} are i.i.d. from a copula
Cy while the U;’s for i € {k* +1,...,n} are i.i.d. from a copula Cy # Cj. Following Biicher
et al. (2014), we set k* = |nt] with ¢t € {0.1,0.25,0.5} and considered n € {50,100,200}, C}
the bivariate Frank copula with a Kendall’s tau 0.2 and Cs the bivariate Frank copula with a
Kendall’s tau in {0.4,0.6}. The results are reported in Table 4.4. As one can see, the test based
on SP™ appears overall to be more powerful than the one based on S.™°. The largest differences
in power tend to occur for 7 = 0.6 and ¢ € {0.1,0.25} which corresponds to the situation when
the test statistic should be the largest because of a difference between an empirical copula
computed from a small number of observations (approximately |nt]) and an empirical copula
computed from the remaining observations. While one cannot conclude that smooth change-
point detection tests such as the one based on SP™ will be more powerful than the non-smooth

test based on SP™ in all situations, the obtained results confirm in part the intuition that



Chapter 4 Resampling techniques for a class of smooth, possibly data-adaptive empirical
copulas 102

TABLE 4.4: Percentages of rejection of the null hypothesis of stationarity computed from 1000

samples of size n € {50,100,200} generated under H; as explained in Section 4.4.6, where

k* = |nt|, C; and C5 are both bivariate Frank copulas such that C7 has a Kendall’s tau of 0.2
and Cy a Kendall’s tau of 7 € {0.4,0.6}.

B=0 B=03

T n t Sny)irac Sﬁin Sgirac STE;in
0.4 50 0.10 8.8 87 80 81
0.25 13,5 16.1 14.0 15.5

0.50 14.7  15.3 175 184

100 0.10 4.0 49 5.5 7.6
0.25 16.9 19.3 14.8 179

0.50 26.6 28.8 225 253

200 0.10 6.6 7.4 56 6.6
0.25 294 318 22.0 24.2

0.50 514 538 42.0 438

0.6 50 0.10 10.2  13.0 9.1 11.6
0.25 33.0 39.8 31.6 39.1

0.50 53.0 56.8 470 51.1

100 0.10 12.1  16.6 8.6 12.5
0.25 62.6 70.9 51.9  60.3

0.50 831 84.9 75.0 78.6

200 0.10 304 378 21.0 288
0.25 95.2 97.0 87.8 91.0

0.50 994 994 970 97.2

smooth tests might be more sensitive to changes at the beginning or at the end of the data

sequence.

4.5 Estimators of the first-order partial derivatives of the copula

The multiplier bootstrap replicates defined in the previous section all depend on the choice of
estimators of the first-order partial derivatives of C'. For asymptotic reasons, the latter were
required to satisfy Condition 4.4.1. Obviously, the more accurate such estimators, the better
we can expect the multiplier bootstraps to behave, whether they involve smoothing or not.
After recalling existing definitions of such estimators based on finite differences of the classical
empirical copula, we define two related classes of smooth estimators. Then, upon an appropri-
ate choice of the underlying bandwidth parameters, we establish their weak consistency in a
sequential setting which implies that many of the considered estimators satisfy Condition 4.4.1.
In the last subsection, we report the results of bivariate and trivariate Monte Carlo experiments

comparing selected estimators in terms of integrated mean squared error.

Note that, as already mentioned in the introduction, the results of this section can be of in-
dependent interest since, as discussed for instance in Janssen et al. (2016), estimators of the
first-order partial derivatives of a copula have applications in mean and quantile regression as

they lead to estimators of the conditional distribution function. In particular, as we shall see,
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several estimators considered in our Monte Carlo experiments display a better finite-sample

performance than the Bernstein estimator studied in Janssen et al. (2016).

4.5.1 Estimators based on finite differences of the empirical copula

As already mentioned in Section 4.4.3, in their seminal work on the multiplier bootstrap for the
classical empirical copula process, Rémillard and Scaillet (2009) considered estimators of the
first-order partial derivatives C'j, j €{1,...,d}, of C based on finite-differences of the empirical
copula. In a sequential context, given a stretch Xy; = (Xk,..., X)), 1 < k <1 < n, of
observations and two bandwidth parameters h and A in [0,1/2] such that h 4+ h’ > 0, a slightly
more general definition of the aforementioned estimators is

_ Cra{(u+ hej) N1} — Cry{(u — h'e;) v 0}

ij,k:l,h,h' (u) = W ; u € [0,1]%, (4.38)

where e; is the jth vector of the canonical basis of R%, 0 = (0,...,0), 1 = (1,...,1) € R%
A (resp. V) denotes the minimum (resp. maximum) componentwise operator and Cy, is the
classical empirical copula of X, defined in (4.2). The symbol V indicates that the estimators
are based on finite-differences of Cy,; with “right” (resp. “left”) bandwidth h (resp. h’).

In order to reduce the bias of the previous estimator for evaluation points w € [0,1] with
uj € [0,h") U (1 — h,1], Kojadinovic et al. (2011) considered the following minor variation
of (4.38):

CA /(’U,) = Ckl{(u+hej)Al}_Ckl{(u—hlej)\/O}
J,k:Lh, b (uj + h) Al — (’LL] _ h/) V0 )

w e [0,1]%. (4.39)

Note the use of the symbol A still referring to finite-differences but upside-down compared to
V to distinguish (4.39) from (4.38).

As is well known, in general, C’j exists almost everywhere on [0, 1]d and, for those u € [0, 1]d for
which it exists, 0 < Cj(u) < 1 (see e.g., Nelsen, 2006, Theorem 2.2.7). A natural modification
of the estimators C’;ktl’h’h, in (4.38) and C’ﬁk:lﬁ’h, in (4.39) thus consists of ensuring that they

take their values in [0, 1] by truncating them:

vd .

Ciktp = (Chpanm VO AL (4.40)
. A .
Ciktnn = (Cirnp VO) AL (4.41)

Notice that taking the maximum with 0 in the previous expressions is actually not necessary
as the estimators in (4.38) and (4.39) cannot be negative since the empirical copula Cj, is a
multivariate d.f. We nonetheless keep (4.40) and (4.41) as they are to be consistent with certain
forthcoming definitions. More generally, in the rest of this section, underlining will be used to

denote estimators constrained to take their values in [0, 1].
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4.5.2 Two classes of smooth estimators

To obtain smooth estimators of the first-order partial derivatives of C, the proposals in (4.38)
and (4.39) can be extended in two natural ways. The first approach consists of considering finite-
differences of smooth estimators of C. Given a stretch X, 1 < k <[ < n, of observations and
two bandwidth parameters h and A’ in [0, 1/2] such that h+ k' > 0, this leads to the estimators

C‘«x{,v (u) _ Cz:l{(u+hej)Al}iC}Z:l{(uih/ej)\/O}
J,k:Lh,h! h+h )
Cs ) = CY {(u+ hej) N1} — CY {(u — h'ej) v O}
PRI (uj +h) A1 = (u; =) VO 7

u € [0,1]% (4.42)

u € [0,1]% (4.43)

where C}; is the smooth empirical copula of X}, defined in (4.3). Notice the order of the
symbols v and V (resp. A) indicating that the empirical copula is first smoothed before finite-
differencing is applied. Clearly, (4.38) (resp. (4.39)) is a particular case of (4.42) (resp. (4.43))
when the smoothing distributions vg %!, u € [0,1]%, in (4.3) are chosen to be Dirac measures at
u € [0,1]%.

Remark 4.5.1. Since C' is a multivariate d.f. with standard uniform margins, we have that,
for any j € {1,...,d} and w € V; (where V; is defined in Condition 4.2.8), C’j(u(j)) =
limy, o{C(u"9) + he;) — C(u))}/h = 1 (where the notation w') is defined above Theo-
rem 4.2.12). Interestingly enough, the estimator C‘;}ﬁl’h’h, in (4.43) can satisfy this boundary
constraint, that is, we can have C’;ﬁl,h,h/ (u(j)) = 1. This will indeed happen if C}, is a gen-
uine copula, which according to Proposition 4.2.7, can occur under Condition 4.2.3 for specific
choices of the smoothing distributions in (4.3) such as those leading to the empirical copulas
Cpir or CP*P* defined in Section 4.2.1.

By analogy with (4.40) and (4.41), it is straightforward to define truncated versions of the
estimators in (4.42) and (4.43) by

oy .
Qj,k:l,h,h’ = (Cj,IZl,h,h’ VO) AL, (4.44)
s U, A o,

Cienyw = (Cioppm VO AL (4.45)

Remark 4.5.2. As discussed in Remark 4.5.1, the smoothing distributions vy *!, u € [0,1]¢, can
be chosen such that C}, is a genuine copula under Condition 4.2.3. In that case, using the fact
that Cf, is a multivariate d.f. with standard uniform margins, we immediately obtain (see, e.g.,
Durante and Sempi, 2015, Lemma 1.2.14) that, for any w € [0,1]¢ and h, k' in [0, 1/2] such that
h+h >0,

Cl{(u+he;) N1} — CYy{(u—h'ej) VO} < (uj +h)A1l—(u; —h)VO,

which implies that 0 < C]”kAl np < 1 and thus that truncation of C;kAl h. 18 Not necessary in
that case since Q;:lil,h,h/ in (4.45) is equal to C;,ﬁl,h,h"



Chapter 4 Resampling techniques for a class of smooth, possibly data-adaptive empirical
copulas 105

By analogy with (4.3), a second natural approach to obtain smooth partial derivative estimators

consists of directly smoothing (4.38) and (4.39) and leads to the estimators

Ciinm / Tt (w)dvg  (w),  w e [0,1), (4.46)

Coiinn (u / e (W)dvg M (w),  w e [0,1]7 (4.47)

This time the order of the symbols v and V (resp. A) is reversed indicating that it is the
finite-differences-based estimator ij,k:l,h,h’ in (4.38) (resp. .ﬁk:lﬁﬁ, in (4.39)) that is smoothed.
Versions of these estimators that necessarily take their values in [0, 1] can be obtained by con-
structing them from the truncated estimators (4.40) and (4.41) instead, leading respectively

to
Clunntw) = [ Clevpp i), w1, (1.45)

Ay A .
Clunntw) = [ Clupp i), we 1) (149

Note that a third approach to obtain a smooth estimator of the jth partial derivative C'j would
consist of attempting to directly differentiate C}, in (4.3) with respect to its jth argument
(provided of course that C}; is differentiable). The resulting estimator

v
- ,‘/kl _ 8C’k:l
Dk an

may exist only on the set V; defined in Condition 4.2.8. This is the path followed by Janssen
et al. (2016), who, for some integer m > 2, started from the empirical Bernstein copula
Crim in (4.4) (which, as discussed in Remark 4.2.2, is a particular case of C}, in (4.3)). Let
CBern = = 9CP, /Ou; be the resulting estimator. Interestingly enough, from Lemma 4.7.8 in

,k:lm
Appendix 4.7.5, we have that

e (u /01 S o)), wev, (450)
where CY kil L 0 is given by (4.38) with h = 1/m and &’ = 0 and, for any u € [0, 1]%, [i; 4 is the
law of the random vector (gm,l,m /m, ... ,S'm’d’u ,/m) whose components are independent such

that, for i € {1,...,d} \ {j}, Sm.i, is Binomial(m,u;) while S’myjyuj is Binomial(m — 1,u;). In
other words, differentiating directly the empirical Bernstein copula C,fflf;“n in (4.4) with respect
to its jth argument leads to a special case of the estimator in (4.46). Notice that, since the
measures fi;m . are well-defined for any u € [0,1]%, the integral in (4.50) is actually well-defined
for any w € [0,1]¢. Hence, as we continue, we take (4.50) with w € [0,1]? as the definition of

Bern
C] k:ilom:

The following result, proven in Appendix 4.7.5, shows that C’JBZ“I“ m can be easily computed.
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Proposition 4.5.3. Given a stretch X, 1 < k <1 < n, of observations, we have that, for
any j € {1,...,d}, u € [0,1]% and integer m > 2,

l
2 ern _ m kl
Cﬁk:l,m(u) - I—k+1 ;bml,uj {(mRz] (l —k+ 1)-| - 1}

d
x [ B {[mR;fgl (l—k+1)] - 1} . (4.51)

where [-] denotes the ceiling function and, for any p € N and u € [0,1], By, (resp. bpu) is the

survival (resp. probability mass) function of the Binomial(p,u).

4.5.3 Weak consistency

In order to study the weak consistency of the estimators of the partial derivatives of C' defined
in the previous subsection, it is necessary to link the bandwidth parameters in their expressions
to the data (or, at least, to the amount of data) from which these estimators are computed. As
we continue, for any n € N and any potential d-dimensional data set € (R?)", h(zx) and h/(x)
will denote the values of the left and right bandwidths for the data set . With this in mind,
in the rest of this subsection, for the sake of a more compact notation, we shall write CJ"Z .
(resp. C;,’/ilv ij,l:lv ...) for C;,?Zl,h,h' (resp. C’;ﬁhh’h,, ij,i@u:l,h,h'v ...) with the understanding
that h = h(X}g,) and h' = h/(X},;) are random variables. We impose in addition the following

condition on the bandwidths.

Condition 4.5.4 (Bandwidth condition). There exists positive sequences b, | 0 and b, | 0
and constants Ly > Ly > 0 such that, for all n € N, b, + b}, > n~1/2, and, for any x € (R4,
Lib, < h(x) < (Lab,) A1/2 and le% < h’(m) < (Lgbgl) A1/2.

As we shall see in Section 4.5.4, one meaningful possibility among many others is to consider
that, for any n € N and & € RY, the left and right bandwidths for the data set = are defined
by h(z) = h(x) = [Ma{l — |7(x)|}* + MyJn~Y2 A 1/2, where M;, My > 0 are constants,
7(x) € [—1, 1] is the value of the sample version of a suitable multivariate extension of Kendall’s
tau for the data set  and a € (0,00) is a fixed power. Roughly speaking, the bandwidths will
be larger (resp. smaller) in the case of weakly (resp. strongly) cross-sectionally dependent data.

It is easy to verify that Condition 4.5.4 holds for the previous definitions.

The following result, proven in Appendix 4.7.5, establishes the weak consistency of the smooth

estimators of the first class in a sequential setting.

Proposition 4.5.5 (Weak consistency in a sequential setting for the first class of smooth
estimators). Under Conditions 4.2.8, 4.2.9, 4.2.11 and 4.5.4, for any j € {1,...,d}, § € (0,1)
and € € (0,1/2),

s (O - o] = 1), (452

t—s20 y,€le,1—¢]
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where C’j'/’kAl is defined in (4.43), and similarly for C';kvl in (4.42), Q;,Zl in (4.44) and Q;ﬁl
in (4.45).

Remark 4.5.6. An inspection of the proof of the previous result reveals that the second supre-
mum in (4.52) can be replaced by a supremum over u € [0, l]d if Cj happens to be continuous

on [0, 1] instead of only satisfying Condition 4.2.8; see also Kojadinovic et al. (2011).

As a consequence of the previous proposition, we have that, under the conditions of Propo-
sition 4.5.5, the estimators Q;Zl and Q;,ﬁl satisfy Condition 4.4.1 since they are bounded in

absolute value (by one) by construction.

The next result is an immediate corollary of Proposition 4.5.5 since the estimator in (4.38)
(resp. (4.39)) is a particular case of the one in (4.42) (resp. (4.43)) when the smoothing dis-
tributions vy ¥, w € [0,1]%, in (4.3) are chosen to be Dirac measures at u € [0,1]% (the latter

clearly satisfy Condition 4.2.9).

Corollary 4.5.7 (Weak consistency in a sequential setting for the non-smooth finite-differ-
ences-based estimators). Under Conditions 4.2.8, 4.2.11 and 4.5.4, for any j € {1,...,d},
5 €(0,1) and e € (0,1/2),

~—

sup sup cA sl +1:[ne (W) — C(u) = op(1
(s;t)€A uelo,1]¢ Jlns]+1:|ni] ’
t—s20 y;cle,1—¢]

)

where CjA,k:l is defined in (4.39), and similarly for ij,k:l in (4.38), ij,k:l in (4.40) and Q?,k:l
in (4.41).

We now move to the second class of smooth estimators of the partial derivatives. As we shall
see below, to establish their weak consistency, it suffices, among others, that the underlying

smoothing distributions satisfy the following weaker version of Condition 4.2.9.

Condition 4.5.8 (Weak variance condition). There exists a positive sequence a,, | 0 such that,
forany n € N, z € (RY)", w € [0,1]¢ and j € {1,...,d}, Var(Wﬁ’uj) < ap.

The following result is proven in Appendix 4.7.5.

Proposition 4.5.9 (Weak consistency in a sequential setting for the second class of smooth
estimators). Under Conditions 4.2.8, 4.2.11, 4.5.4 and 4.5.8, for any j € {1,...,d}, § € (0,1)
and € € (0,1/2),
A .
sup sup Qj,\_nsj—&-l:\_nt] (U) - CJ (U) = OP(l

(SJ)GA uE[O,l]’i
t—526 y;€le,1—¢]

~—

, (4.53)

where QJAI:Z is defined in (4.49), and similarly for Q]vkul in (4.48).
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One may wonder why the estimators ]kal in (4.46) and JAk”l in (4.47) are not included in the
previous proposition. Actually, upon additionally imposing that the left and right bandwidths
of .jv,k::l in (4.38) and .ﬁk:l in (4.39) (which are to be smoothed) are equal and in the absence of
ties (see Condition 4.2.3), weak consistency can also be proven for the estimators ijk”l and CjAk”l
using the same technique of proof. An inspection of the proof and some additional thinking
reveals that this follows from the fact that these estimators are bounded on [0, 1]¢ in this case.
When one of the bandwidths is zero, this is not necessarily the case anymore. This is also
why the previous proposition cannot be directly used to establish the weak consistency of the
Bernstein estimator in (4.50). For this estimator, one additionally needs to rely on the fact
that the finite difference-based estimator that is smoothed is bounded on the support of the

smoothing distributions. This is used in the proof in Appendix 4.7.5 of the next proposition.

Proposition 4.5.10 (Weak consistency of the Bernstein estimator in a sequential setting).
Assume that Conditions 4.2.3, 4.2.8 and 4.2.11 hold and, for anyi € N, let m; = | Li®| v 2 for
some constants L > 0 and 6 € (0,1/2]. Then, for any j € {1,...,d}, § € (0,1) and e € (0,1/2),

<53§A ues[léri]d Sns) At m ey ey~ © (u)) = op(D), (4:54)

t—=520 y;cle,1—¢]

where 'ﬁ‘,j:'l‘m is defined in (4.50). In addition, for any n € N,

sup
(s,t,u)eAX][0,1]¢

;'S;Tizlsj—i-l:LntJ,mLmJ,Lnsj (u)’ S 1 + L \/ 2 (455)

Note that our technique of proof allows us to establish uniform weak consistency of the estimator
even for § = 1/2, whereas the approach used in the proof of Proposition 3.1 of Bouezmarni et al.
(2013) (for Bernstein copula density estimators and which could be adapted to first-order partial
derivative estimators) leads to the result only for § < 1/2. Another consequence of the previous
result is that the Bernstein partial derivative estimator as parametrized in Proposition 4.5.10

can satisfy Condition 4.4.1.

4.5.4 Finite-sample performance of selected estimators

The aim of this subsection is to compare the finite-sample performance of some of the estimators
introduced previously. Specifically, for each n € {10,20,...,100}, each data generating copula
C' and each partial derivative estimator C"ij under investigation, we estimated its integrated

mean squared error

OMSB(C) = [ B {Cinntw) - s} | au
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To do so, we applied the trick described in detail in Appendix B of Segers et al. (2017) allowing
to compute IMSE(C"M;H) as a single expectation and proceeded by Monte Carlo simulation using

20 000 independent random samples of size n from C.

In a first experiment, we compared estimators of the form Q;;lv:mhﬁ/ in (4.44) to estimators of
the form €71, . in (4.45) for deterministic bandwidths h = i’ = n~'/2 A1/2. Specifically, we
considered estimators based, respectively, on finite-differences of the classical empirical copula
Ci.p in (4.2), on finite-differences of the empirical beta copula C}" defined in (4.17), and
on finite-differences of its data-adaptive extension C7*"* defined at the end of Section 4.2.1.
As data-generating copula C, we considered the bivariate or trivariate Clayton or Gumbel—-
Hougaard copula with bivariate margins with a Kendall’s tau of 7 € {0,0.25,0.5,0.75} as well as
the bivariate Frank copula with a Kendall’s tau of 7 € {0, —0.25,—0.5, —0.75}. Note that, since
all data-generating copulas are exchangeable, it suffices to focus on only one partial derivative
estirnator say the first one. As expected, the integrated mean squared error of estimators of the
form C'; (68 1 n.hy Was always found to be (substantially) below that of the corresponding estimator
C; Lin,h > confirming that the adjusted numerator in (4.43) compared to the one in (4.42) helps

indeed to improve the finite-sample performance of finite-difference-based estimators.

In a second experiment, we compared the aforementioned three estimators of the form C;fn b
in (4.45). They will be denoted as Qﬁlm,h,h/ = Qfllm,iih/ Cfﬂln,?h o and Cfefefz 2, as we continue.
As could have been expected from the experiments of Kojadinovic and Yi (2022) comparing

the underlying copula estimators, it is the estimator C’?effz 2/ that always displayed the lowest

integrated mean squared error, followed by Cfln s pp and C'j Lin,h ! -

We next investigated the influence of the bandwidths on the integrated mean squared error
of C’fefjf;ii/ Deterministic bandwidths of the form h = b’ = (Ln~/2) A 1/2 were considered
with L € {0.5,1,2,4}. The corresponding integrated mean squared errors are represented in
the first column of graphs of Figure 4.3 (resp. Figure 4.4) when the data-generating copula is
the bivariate Frank copula with negative dependence (resp. the trivariate Gumbel-Hougaard
copula). The legend “BetaB 0.5” refers to the estimator with L = 0.5 and so on. As one can
see, the weaker the cross-sectional dependence, the larger the (constant L in the expression of

the) bandwidths should be.

An inspection of (4.46) and (4.47) and some thinking reveals that estimators from the second
class can be difficult to compute in practice. For that reason, in our experiments, we solely
focused on the Bernstein estimator .ﬁ‘jﬁ;‘%m in (4.50) which can be computed using (4.51).
Mimicking the previous experiment, we considered a deterministic choice for the parameter
m of the form m = |Ln'/2| v 2 with L € {0.5,1,2,4}. The corresponding integrated mean
squared errors are represented in the second column of graphs of Figure 4.3 (resp. Figure 4.4)
when the data-generating copula is the bivariate Frank copula with negative dependence (resp.
the trivariate Gumbel-Hougaard copula). The legend “Bern 0.5” refers to the estimator with

L = 0.5 and so on. As one can see, this time, the stronger the cross-sectional dependence, the
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FIGURE 4.3: Estimated integrated mean squared errors against n € {10,20,...,100}

larger the (constant L in the expression of the) parameter m should be. This is of course not

surprising given the previous experiment and since 1/m plays the role of a bandwidth.

The two previous experiments suggested to focus on data-adaptive bandwidths for the estimators

- BetaB4,A

Qj,l:n,h,h’ and
the settings h(xz) = b (x) = ([4{1 — |7(2)|}° + 1/2]n"Y2) A 1/2 for Ciimpp and m(z) =

YBern
7, lin,m*

- BetaB4,A

Specifically, for d € {2,3} and a data set € (R%)", we considered
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FIGURE 4.4: Estimated integrated mean squared errors against n € {10, 20, ...,
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estimators of C; when C is the trivariate Gumbel-Hougaard copula whose bivariate margins
have a Kendall’s tau in {0, 0.25,0.5,0.75}.

s Bern
7,lin,m>

|{4|7(x)>? 4+ 1/2}n'/2| v 2 for

the sample version of Kendall’s tau computed from the bivariate margins of the data set .

where 7(x) € [—1,1] is the average of the values of

The integrated mean squared errors of the resulting data-adaptive estimators are represented
in the third column of graphs of Figure 4.3 (resp. Figure 4.4) when the data-generating copula
is the bivariate Frank copula with negative dependence (resp. the trivariate Gumbel-Hougaard

copula). The legends “Adap BetaB4” and “Adap Bern” refer to the above-mentioned versions
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> BetaB4,A

of the estimators C,., 1,y and CJ{7 . respectively, while “Dirac” and “Bin” refer to the

. A > Dirac,A > Bin, A . e e . .
benchmark estimators C' 1., , p = QjJi;h,h, and C 1., , p With deterministic bandwidths h =

W =nY2A1 /2 based on the empirical copula and the empirical beta copula, respectively.
Overall, it is the data-adaptive estimator Qzef:jfzz/ that displays the best finite-sample behavior.
The data-adaptive Bernstein estimator 'ﬁ‘i‘:‘;lvm appears to be competitive only when the data-

generating copula is close to the independence copula.

4.6 Conclusion

Smooth nonparametric copula estimators, such as the empirical beta copula proposed by Segers
et al. (2017) or its data-adaptive extension studied in Kojadinovic and Yi (2022), can be sub-
stantially better estimators than the classical empirical copula in small samples. To use such

estimators in inference procedures, one typically needs to rely on resampling techniques.

As investigated in Section 4.3, in the case of i.i.d. observations, a smooth bootstrap a la Kiriliouk
et al. (2021) can be asymptotically valid for a large class of smooth estimators that can be
expressed as mixtures of d.f.s. When based on the empirical beta copula, Kiriliouk et al. (2021)
found such a smooth bootstrap to be a competitive alternative to the multiplier bootstrap
while being substantially simpler to implement. An empirical finding of this work is that the
smooth bootstrap based on the data-adaptive extension of the empirical beta copula proposed
in Kojadinovic and Yi (2022) seems to lead to even better-behaved inference procedures than

the former as it copes better with stronger dependence.

Unfortunately, such smooth bootstraps cannot be used anymore in the time series setting.
A second contribution of this work was to study both theoretically and empirically smooth
extensions of the sequential dependent multiplier bootstrap of Biicher and Kojadinovic (2016).
As illustrated at the end of the fourth section, the latter can for instance be used to derive smooth
change-point detection tests which are likely to be more sensitive to early or late changes than
their non-smooth counterparts since, as already mentioned, smooth estimators are likely to be

more accurate than the empirical copula when computed from small subsets of observations.

In connection with the multiplier bootstrap, a third contribution of this work was the study of the
weak consistency and finite-sample performance of two classes of smooth estimators of the first-
order partial derivatives of the copula. The obtained results may be of independent interest since
such estimators have applications in mean and quantile regression as they lead to estimators
of the conditional distribution function. From an empirical perspective, our investigations led
to the proposal of a smooth data-adaptive estimator of the first-order partial derivatives of
the copula that substantially outperforms, among others, the Bernstein estimator studied in
Janssen et al. (2016).
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4.7 Proofs

4.7.1 Proof of Corollary 4.2.13

The proof of Corollary 4.2.13 is based on the following two lemmas.

Lemma 4.7.1. Let X,, be a process in £°(A x [0,1]%) such that for all w € [0,1]? and s € [0, 1],
Xn(s,s,u) = 0. Furthermore, assume that X,, ~ X in £2°(A x [0,1]%) where X has continuous

trajectories almost surely. Then, under Condition 4.5.8 (which is implied by Condition 4.2.9),

sup / X (s, t, w)dl/ff“l”“:““J (w) — Xy (s, t,u)| = op(1), (4.56)
(s,t,u)E€AX[0,1]¢ |/[0,1]¢
sup / X (s, t,w)dvg tn(w) — Xy (s, t,u)| = op(1). (4.57)
(s,t,u)E€AX[0,1]¢ |/[0,1]¢

Proof. The first claim was proven in the proof of Lemma 32 of Kojadinovic and Yi (2022). The
proof of (4.57) is very similar. [

Lemma 4.7.2. Assume that Conditions 4.2.8 and 4.2.9 hold. Then, almost surely,

sup V(s t) C(w)dvy " (w) — C(w)] = o(1), (4.58)
(s,t,u)€AX]0,1]¢ [0,1]¢

sup VA, (s,t) C(w)dvitn(w) — C(u)| = o(1). (4.59)
(s,tu)EAX[0,1] [0,1)¢

Proof. The first claim was proven in the proof of Lemma 33 of Kojadinovic and Yi (2022). The
proof of (4.59) is an immediate consequence of the fact that the left-hand side of (4.59) is almost
surely smaller than

sup Vn

u€l0,1]4

C(w)dvgrm (w) — C(u)

I

[0,1]

which is smaller than the left-hand side of (4.58) with probability 1. [

Proof of Corollary 4.2.13. Combining Theorem 4.2.10 and Theorem 4.2.12, by the triangle

inequality, we immediately obtain that

sSup (C;IL(‘S’ta U) - @n(sat’u)‘ = OIP’(]')’

(s,t,u)eAx[0,1]4

where C,, is defined in (4.13). It thus remains to show that

sup
(s,t,u)eAx[0,1]¢

Cn(87t7 ’Ll,) - (CZ(S,t,U)’ - O]P’(l)7

sup Cn(sata U) - @Z(s,t,u)‘ = O]P’(l)'

(s,tu)EAX[0,1]d
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We only prove the first claim, the proof of the second one being similar. For any (s,t,u) €
A x [07 1]d, let
B (s, 1, u) 2/ By (s, t, w)dvy " ().
[Ozl]d

Under Condition 4.2.11, B,, ~ B¢ in £>°(A x [0,1]%), where B¢ has continuous trajectories
almost surely. We then obtain from (4.56) in Lemma 4.7.1 that

BY (s, ¢, u) — Bn(s,t,u)‘ — op(1),

sup
(s,t,u)eAX[0,1]4

and, furthermore, since Conditions 4.2.8 and 4.2.9 hold, from (4.58) in Lemma 4.7.2, that

B (5.t w) — By (s, )| = o(1),

sup
(s,t,u)eAx[0,1]¢

with probability one, where IE%;’Z is defined in (4.15), which implies that

sup

BY (s,t,u) — Bu(s, t,u)‘ = op(1). (4.60)
(s,t,u)€AX[0,1]4

Moreover, from the triangle inequality, we have

sup [Ch (s, t,u) = Cols tow)| < sup [By(s,,u) — Bals, t,u)|

(s,t)eA (s,t)EA
uE[O,l]d UE[O,l]d
+3° swp [Cs(w)| sup [B(stu) — By(s,tul))|.
j—1 u€[0,1]4 (s,t)eA
u€[0,1]¢

The terms on the right-hand side of the previous display converge to zero in probability as a
consequence of (4.60) and the fact that 0 < C; < 1. [ |

4.7.2 Proofs of Proposition 4.3.3 and Lemma 4.7.4

Proof of Proposition 4.3.3. Fixn € N, € (R)" and » € {1,...,n}% and let us check that

K, which can be expressed as in (4.7) under Condition 4.2.4, is a multivariate d.f.

By Condition 4.2.5, for any j € {1,...,d}, the function K7, ; defined by IC;”“(u) = ffu{(rj —
1)/n}, u € [0,1], is a univariate d.f. on [0,1]. Indeed, KT ; is right-continuous and increasing

on [0, 1] and, by properties of the smoothing distributions,

K7 5(0) = Fo{(ry = 1)/n} = PAW]G > (rj — 1)/n} = P{0 > (r; — 1)/n} =0,
Ky (1) = Fpd(ry = 1)/n} = P{W] > (rj = 1)/n} =P{1> (r; - 1)/n} = 1.

7"] »J
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Using additionally Condition 4.2.6, the expression of KF in (4.7) can then by further simplified

to

2 () = C2KCE, 4 (1), .- KZ a(ua)}, e 0,17

From Sklar’s Theorem (Sklar, 1959), KZ is thus a d.f. on [0, 1]¢ with univariate margins K1 KF

_ rq,d
and copula C?®. [ |

The proof of Lemma 4.7.4 below is based on the following lemma.

Lemma 4.7.3. For anyn € N andt € [0,1], let By, be the survival function of a Binomial(n,t).

Then, for any n € N and w € [0,n), the function t — By, (w) is strictly increasing on [0, 1].

Proof. Fix n € N and w € [0,n). Since t — By, +(w) is continuous on [0, 1], it suffices to prove
that, for any ¢t € (0, 1), % {Bni(w)} > 0. We have

n

o B} =0 > (Z)t’f(l—t)“ —21 X (Dia-o

k=|w]+1 k=|w|+1
S n‘ n— n—k—
k=|w]+1
n n—1
_ n! k—1 n—k n! k n—k—1
= 2 ey T S 2 k!(n—k)!(n_k)t (1-19)
k=|w]+1 k=|w]+1
_ - n! k=11 _ n—k—1
= 2 G m A Z k'n— —1) (1 -1)
k=|w]+1 k=|w]+1
- n! k—1 - n! k—1 —k
- 11— t) > A =0)"
—_1)! RN
o, (=Dl =) Lo T iR
n!

Lemma 4.7.4. For anyn € N, t € [0,1] and p € (1,n), let By, be the survival function of a
Beta-Binomial(n, a, ), where a« = t(n —p)/(p—1) and B = (1 —t)(n —p)/(p —1). Then, for
anyn €N, p € (1,n) and w € [0,n), the function t — By ,(w) is strictly increasing on [0,1].

Proof. First, notice that, for any ¢ € [0,1], p € (1,n) and w € [0,n), by definition of the
beta-binomial distribution,
Bitp(w) = Ee{Bne(w)}, (4.61)

where B,, ; is the survival function of a Binomial(n, t) and © is Beta(«, 8) with a = t(n—p)/(p—
1) and 8 = (1 —t)(n —p)/(p —1). From Lemma 30 in Kojadinovic and Yi (2022), we have
that, for any n € N, p € (1,n) and w € [0,n), the function ¢ — B, + ,(w) is increasing on [0, 1].

It thus suffices to show strict increasingness. Let us prove this by contradiction. Suppose that
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there exists 0 < t; < to < 1 such that By, p(w) = By, p(w) for some n € N, p € (1,n) and
w € [0,n). Then, from (4.61), we have that

E@l{Bn,@l (w)} = E@z{Bn,@2 (w)}v (4'62)

where O (resp. ©3) is Beta(aq, 51) (resp. Beta(ag, 82)) with aq =t1(n —p)/(p — 1) and 5 =
(1=t1)(n=p)/(p—1) (resp. ag = ta(n—p)/(p—1) and By = (1 —t2)(n—p)/(p—1)). From the
proof of Lemma 29 in Kojadinovic and Yi (2022), we have that 01 <y G2, where < denotes
the usual stochastic order. Using additionally (4.62) and the fact that the function t — By, +(w)
is strictly increasing on [0, 1] from Lemma 4.7.3, we have, according to Theorem 1.A.8 of Shaked
and Shanthikumar (2007), that ©; and O have the same distribution. This contradicts the
fact that t; < ts. [ |

4.7.3 Proof of Theorem 4.3.5

The proof of Theorem 4.3.5 is based on two lemmas which we show first.

Let ® be the map from £>°([0, 1]%) to £>°([0, 1]¢) defined for any d.f H on [0, 1]? whose univariate

margins Hiy, ..., Hy do not assign mass at zero by
O(H)(u) = H{H  (w1),..., H; (ug)},  we(0,1]% (4.63)

Lemma 4.7.5. Assume that the random vectors in X1., are i.i.d. and that Condition 4.5.8

holds. Then, almost surely,

sup |C7,,(u) — C(u)| = o(1), (4.64)
u€el0,1]¢

where CY.,, is defined in (4.3).

Proof. The supremum on the left-hand side of (4.64) is smaller than I,, + J,, where

I, = sup Chon(w)dvi1tm (w) — C(w)dvytm(w)],
uel0,1]¢ |J/[0,1]4 [0,1]¢

Jo = sup Cl(w)dvy (w) — C(u)].
u€l0,1]4 |/[0,1]4

Term I, : From the triangle inequality, I,, is smaller than

sup [Crn(u) = C(u)| < I, + I + I,
u€0,1]¢
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where

I, = sup [Crp(u) = ®(Grn)(w)], Iy = sup |[®(Grn)(u)— Gra(u),

u€(0,1]¢ u€(0,1]4
I = sup |Gin(u) — C(u)],
u€(0,1]4

where the map ® is defined in (4.63) and G4y, is empirical d.f. of the unobservable random sample
Ui,...,U, obtained from X1., by the probability integral transformations U;; = Fj(Xj;), i €
{1,...,n}, j € {1,...,d}. Using the well-known facts (see, e.g., Segers, 2012) that ®(G1.,) =
®(Fy.,), where Fi., is the empirical d.f. of Xy.,, and

S

sup |Crn(u) — @(Frn)(u)| <
uel0,1]¢

Y

we obtain that I, = o(1). Furthermore, from the Glivenko-Cantelli lemma (see, e.g., van der
Vaart, 1998, Theorem 19.1), I/ = o(1) with probability one. Finally, using a well-known
property of multivariate d.f.s (see, e.g., Durante and Sempi, 2015, Lemma 1.2.14), the well-
known fact, for any j € {1,...,d}, sup,eo 1 \Gfi](u) —u| = supyeo,1) |G1n,j(u) —ul (see, e.g.,
Shorack and Wellner, 1986, Chapter 3) and, again, the Glivenko-Cantelli lemma, we obtain

that, almost surely,

d d
<Y sup (G j(u) —ul =D sup [Grni(u) —ul = o(1).

=1 u€(0,1] =1 u€l0,1]

Term Jy,: We proceed as in the proof of Lemma 3.2 of Segers et al. (2017). Fix n > 0 and let
us show that, with probability one, J, can be made smaller than n provided n is large enough.

Let |- | denote the maximum norm on R%. For any & > 0, we have that

Jo=swp | [ {Cw) - Cludrg(w)

u€l0,1]4 |/[0,1]¢
< s |f [C(w) - Cw) kv (w)
u€[0,1]4 |/ {we[0,1]¢:|u—w|o<e}
+ sup / {C(w) — C(w)}ydvFrn(w)| < J) + J/,
u€[0,1]¢ |/ {we[0,1]¢:|u—w|oo>e}
where
J,= sup |C(w)—C(u)],

(uw)€[0,1]2¢
[lu—w|oo<e

J" = sup v ({w e [0,1]%: [u— w|e > £}).
u€(0,1]4

Let e = n/(2d). Then, from the Lipschitz continuity of C, J/, < n/2. As far as J]/ is concerned,
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conditionally on X, Xo, ..., for almost any sequence X1, Xa, ..., using Chebyshev’s inequality
and Condition 4.5.8, we have that

J’r,{ = sup ]P{|W{fln _u)|oo > € | le}
u€0,1]¢

= sup P {‘Wj}j}?n_uj‘ >5}|Xl:n
u€(0,1]4 :

< sup {‘W]XJJ"—UJ‘ >€’X1;n}
ueOl]d

X n
d Var( 2| Xim) day,
< sup 5 < —
ue[(),l]d ]:1 € €

which implies that, for n sufficiently large, J! < n/2. The latter holds conditionally on
X1, X, ... for almost any sequence X1, Xo, ..., which completes the proof. |

Next, we recall the mode of convergence classically used to state asymptotic validity results
of resampling techniques when dealing with empirical processes; see, e.g., van der Vaart and
Wellner (2000, Chapter 2.9) or Kosorok (2008, Section 2.2.3). Let

BL; = {h: £>([0,1]%) — [~1, 1] such that,
for all ,y € €([0,1]), [h(z) = h(y)| < sup |z(u) —y(u)[}.
u€el0,1]¢

Let X, = X,,(X1.,, Wh) be a sequence of bootstrapped empirical processes in £>°([0,1]%) de-
pending on an additional source of randomness W,, (often called the “bootstrap weights”). For
the smooth bootstraps under consideration, W, is independent of the data X';., and corre-
sponds to n independent copies of the independent random variables I and U# necessary to
carry out Algorithm 4.3.2 (see also (4.18)) n times independently. The notation X, )% X then

means that

o supyepr, [Ew{h(X,)} —E{h(X)} — 0 in outer probability,
o Ey{h(Xn)*} — Ew{h(X,):} 5 0 for all h € BLy,
where Eyy denotes an expectation with respect to the bootstrap weights W,, only and h(X,)*

and h(X,). denote the minimal measurable majorant and maximal measurable minorant with
respect to (X1.0, Wh).

The next lemma is very closely related to Proposition 3.3 of Kiriliouk et al. (2021).

Lemma 4.7.6. Assume that the random vectors in X 1., are i.i.d., and that Conditions 4.2./,
4.2.5, 4.2.6, 4.2.8 and 4.2.9 hold. Then,

\/ﬁ(C#n - Clyn) ;/I% (CC'<07 17 ')7 (465)
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where Cc is defined in (4.14).

Proof. Let G}, be the empirical d.f. of V¥, . Using Lemma 4.7.5 and proceeding as in Step 1
of the proof of Proposition 3.3 of Kiriliouk et al. (2021), one obtains that

where B¢ is defined in (4.12). Then, proceeding as in Step 2 of the proof of Proposition 3.3 of
Kiriliouk et al. (2021), that is, combining (4.66) with the Hadamard differentiability of the map
® in (4.63) established in Theorem 2.4 of Biicher and Volgushev (2013), the functional delta
method for the bootstrap “in probability” (van der Vaart and Wellner, 2000, Theorem 3.9.11)
and the fact ®(CY,,,) = CY,,, (since CY,, has standard uniform margins under Condition 4.2.4 in

the considered i.i.d. setting), one obtains

The desired result finally follows from (4.67) and the well-known fact that

d
sup |CY,,(u) — ©(GT,,,)(u)] < —
uel0,1]4 n
since the components samples of V7, contain no ties with probability one. |

Proof of Theorem 4.3.5. Combining Lemma 4.7.6 with Lemma 3.1 of Biicher and Kojadi-
novic (2019), we obtain that (4.65) is equivalent to

(Cn(07 17 ')a \/’E(C##] - Cf:n)) \/H(Cff] - Ci/n)) ~ ((CC(Ov 1a ')7 (C[Cl’] (07 1a ')7 C[CQ’] (07 17 )) (468)
in {£>([0,1]%)}3, where C,, is defined in (4.9). From Theorem 4.2.10, we have that

sup Vn|CY, (w) — Crn(uw)| = sup [C2(0,1,u) — Cn(0,1,w)| = op(1), (4.69)
uel0,1]¢ uel0,1]4

where CY is defined in (4.10). The first joint weak convergence in Theorem 4.3.5 then follows
from (4.68) and (4.69).

Fix j € {1,2}. Since (4.69) holds, to establish the second joint weak convergence from the first,
it suffices to show that

sup [v/n{CT " (u) — O (w)} = Vi{CT (u) — Crn(u)}] = op(1). (4.70)

u€l0,1]4
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The supremum on the left hand-side of (4.70) is smaller than I,, 4+ J,,, where

. #,[4] )
L= sup VALCED () — Cra(w) s (w) — V{CED () — Crn(w)},
uelo,1) |/[0,1)4
#.14]
Jp =v/n sup C’l;n(’w)duxl’" (w) — Clon(w)dv 1n (w)] .
uel0,1]4 |/]0,1]4 [0,1]4

Since, according to the first claim of Theorem 4.3.5, \/n(CF:Y' —Cy.,,) ~ Cc (0,1, -) in £2°([0, 1]%)
and C¢(0,1,-) has continuous trajectories almost surely, it can be verified by proceeding as in
the proof of Lemma 4.7.1 that I,, = op(1). For the term .J,,, we have that J,, < K, + L, where

K, =v/n sup
u€el0,1]¢

-—/ K&Mw)—cﬁwhhimﬁwy
[0,1]¢

/ {Crn(w) — C(w)} st (w)
[0,1]¢

#: 4]
L, =v/n sup C(w)duzli"] (w) — / C’(w)du{flm(w)‘ :
[0,1]¢

u€(0,1]4

[0,1]¢

The term K, is smaller than K/ + K]/, where

#,[4]
K. = sup Cn(0, 1, w)dve ™ (w) — Co(0,1,u)|
w0 |/ [0.1)¢
Kl = sup |[Ca(0,Lu)— [ Co0,1,w)dvfrn (w)] .
u€l0,1]4 [0,1]¢

From (4.57) in Lemma 4.7.1, K/ = op(1) and, proceeding again as in the proof of the latter
lemma, it can be verified that K/ = op(1). The term L,, is smaller than L/, + L where

#.15]
L, =+/n sup C'(w)dl/z\:lm (w) = C(u)|,
u€l0,1]4 |/[0,1]¢
L= s |ow - [ ctw)
uG[O,l]d [Ovl]d

The term L! converges almost surely to zero as a consequence of (4.59) in Lemma 4.7.2. The
proof of the latter result can be adapted to verify that the term L/, also converges almost surely

to zero. Hence, (4.70) holds, which completes the proof. |

4.7.4 Proof of Theorem 4.4.3

The proof of Theorem 4.4.3 is based on the following lemma which we prove first.
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Lemma 4.7.7. Under Conditions 4.4.2 and 4.5.8 (the latter is implied by Condition 4.2.9), for
any b €N,

sup  |BU(s,t,u) — BY(s, ¢, u)) = op(1), (4.71)
(s,t,u)eAx[0,1]d
sup BY (s,t,u) — B (s, t,u)| = op(1). (4.72)

(s,t,u)EAX[0,1]4
Proof. Fix b € N. We first prove (4.71). Starting from (4.26), we have that

sup E[le]yy(sauu) _Bg](&tvu)‘
(s,t,u)eAX[0,1]¢

= sup
(s,t,u)eAX[0,1]4

Bt e 0) = B, )| = op(1),
0,1

where the last equality follows from (4.57) in Lemma 4.7.1 since BY ~~ Be in £°°(A x [0,1]%),
where B¢ is defined in (4.12) and has continuous trajectories almost surely under Condi-
tion 4.4.2. Under Condition 4.4.2 (ii), the latter is a consequence of Lemmas D.1 and D.2
in Biicher and Kojadinovic (2016) as well as Theorem 2.1 in Biicher and Kojadinovic (2016).
Under Condition 4.4.2 (i), one can rely on Theorem 1 of Holmes et al. (2013) instead.

The proof of (4.72) is similar. Starting from (4.27), we have that

sup B (s,t,u) — BY(s,t,u)|
(s,t,u)eAx[0,1]¢

= sup
(s,t,u)eEAX[0,1]4

/[ }ﬁ%’%t,w)dvf el () — B (s, 1, w)| = op(1),
0,1

where the last equality follows from (4.56) in Lemma 4.7.1 since Bl ~ B¢ in £°(A x [0, 1]9).
Under Condition 4.4.2 (ii), the latter is a consequence of (B.3) in the proof of Proposition 4.3
in Biicher et al. (2014) and Theorem 2.1 in Biicher and Kojadinovic (2016). Under Condi-
tion 4.4.2 (i), one can rely again on Theorem 1 of Holmes et al. (2013) instead. [

Proof of Theorem 4.4.3. Fix b € N. We only prove (4.31), the proof of (4.30) being simpler.
Starting from (4.25) and (4.29), we have that

sup |CP(s,t,u) — (C%’]’”(s,t,u)‘ < sup [BY(s,t,u) —BY(s,t, u)|
(s,t)eA (s,t)EA
u€l0,1]? u€0,1]¢
d . . .
+ Z sup ’Cj,LnsJ+1:LntJ (u) sup B[;Z](Satauu)) - B[VZZLV(Sauu(J)) :
=1 (s,t)EA (s,t)EA

u€l0,1]¢ u€(0,1]?
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The terms on the right-hand side of the previous display converge to zero in probability as a

consequence of (4.72) in Lemma 4.7.7 and the fact that sup(s; wyeaxo)e |C5,ns)+1:|nt) (u)‘ <(
from Condition 4.4.1.

The last two claims of the theorem are an immediate consequence of (4.30), (4.31) and straight-
forward extensions of Propositions 4.2 and 4.3 in Biicher et al. (2014) for non-smooth multiplier

replicates based on arbitrary partial derivative estimators satisfying Condition 4.4.1. |

4.7.5 Proofs of Propositions 4.5.3, 4.5.5, 4.5.9 and 4.5.10

Lemma 4.7.8. Let f be any function from [0,1] to [0,1], let m € N, m > 2 and recall that,

for any w € [0,1]%, pma is the law of the random vector (Sp1uy /M- Sm.du,/m), where
Sty - Smdu, ore independent, and for each k € {1,...,d}, Sy, is Binomial(m,uy).
Moreover, recall that, for any j € {1,...,d}, fijmu is the law of the random vector (S’ml,u1 Jmy ...,
Spn.duy/m) whose components are independent and, fori € {1,...,dY\{5}, Sm.iu, is Binomial(m,u;),
whereas §m7j7uj is Binomial(m — 1,u;). Then, for any j € {1,...,d} and u € [0,1]? such that

uj € (0,1),

8u]' {/ f(w)dﬂm,u(w)} =m {f(w + ej/m) - f(w)} dﬂjvmvu(w)'
[0,1]¢ [0,1)¢
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Proof. Fix m > 2 and, without loss of generality, fix j = 1. Also, for any u € [0,1], let
bmu(s) = (m)us(l —u)™ 5 5€{0,...,m}. Then, for all u € [0,1]¢ such that u; € (0, 1),

s

Ou { /[O’dem)dum,u(w)} SR DI SYIE N )Jﬁl sy ()

s1=0 sq=0

s1=0 sq=0 ]:2
m m s s
1 d
S ()
8120 SdZO
d
() o =) = o= st = )™ b ()
S1 n
Jj=2
_mi...zm:f(sl ﬁ) (m —1)! w1 — )m—Slnb (s;)
= m,...,m (81—1)!( —81)' 1 1 ' m,u;\9j
s1=1 s5q4=0 j=2
-1 d
_mmz:if('sl Sﬁ) (m—l)' usl(l_ul)mf&leb (8)
m’ 7 m/) s (m—s — 1)1 11 7ty
$1=0 sq=0 7j=2
m—1

_ = s1+1 Sd (m—1)! 51 m—s1—1 .
_mz Zf<m7“"m>81!(m—31_1) Uq (1—U1) Hbm»uj(sj)

s1=0 Sd:() j=2
m—1 m d
—m E f<7777) ‘ ( ) uil(l—ul)m s1 1Hbm,uj(5j)
m m/ si!(m— s —1)! :
s1=0 5q4=0 J=2
m—1 d

. i {f <317:1‘;j> _f(2,...,:)}bm_l,ul(sl)ﬂbm,uj(sj)
= [ e /m) — (@) 4 nat)
|

Proof of Proposition 4.5.3. Fix j € {1,...,d}, w € [0,1]% and m > 2, and recall the defini-

tion of the measure fi;, ., given in Lemma 4.7.8. From (4.50), we have that

o () =m / Cra(w + e /m)djiymu(w) —m | Cra(w)diiyma(w).  (4.73)
0,14 014

Let § = (Smylm, ce S’m,d,ud) so that S’/m is a random vector with law fi; ;.. Then, combined
with the definition of Cj,; in (4.2), the first integral on the right-hand side of (4.73) can be
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rewritten as

l

1 : . (]
/[O 721{R§l/(z—k+1) gw+ej/m}duj,m,u(w)

’1]dl_k+1i:k‘
1 l
= I3RF /(1 —k+1) —ej/m <widiijmu
1 : 5
ZmZP{SZTanZ/(Z—k—I—l)—eJ|Xkl}
i=k

l
1 X k:l
I hxl ZP{Sm,muj >mRi /(I —k+1)—1] Xk:l}

XH]P’{ S = MBS/ =k +1) | Xpr |
f#]
1 l i
I —hr1 ZP{vajvuj > [mRE /(1 —k+1)—1] -1 Xk:l}
XHP{ it > [MRY! (l_k+1ﬂ_1|xl€:l}

t#]

H{ZIZBm vy {[mRE (U~ k+1)] ~ 2}

=k

X
(e B
v

w { MBS~k +1)] =1},
i
t#j

where we have used the fact that, for any t € {1,...,d} and x € R, P(S 4.4, > 2) = P(Sptuy >
[x]—1) and [x—1]| = [z]—1. Similarly, for the second integral on the right-hand side of (4.73),
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we have

[0,1]¢

l
:l_lirl/[Ol]dZ1{R§:l/(l—k+1) gw}dgj,m,u(w)
7l—k+1zp{s>m3k1/( 1)) X}
l—k+1ZHP{ S = MBS/ =k +1) | Xpr |
i=k t=1

:lkl“ Z By, { [mBE /(1 =k +1)] 1}
i=k

zm

B, {[megl (1—k+1)] 71}.

- o
#H

1
J
The desired result finally follows by noticing that

B 1., {[ngfl (1—k+1)] - 2} — B 1, {[ngl (1—k+1)] - 1}
= By 14, {(mR;gsl (l—k+1)]— 1} — Bt {[mR;yl (I—k+1)]— 2}
= b1, {(mR;g%l (I—k+1)] - 1} .

Lemma 4.7.9. Under Condition 4.5.4, for any j € {1,...,d}, § € (0,1) and € € (0,1/2), with
probability 1,

v,V v,A o
(SSSIGDA welo) i nspetnt) (W) = CF 1.y (w)] = 0(1):

=520 u;cle,1—¢]

Proof. Fix j € {1,...,d}, 6 € (0,1) as well as € € (0,1/2) and assume that n is large enough
so that, for any (s, t) € A such that ¢t — s > 6, Lab | —|ns) and LngJ ns| 1€ smaller than e.
Then, using the fact that C}, in (4.3) is between 0 and 1, we obtain that, with probability 1,

sup  sup |C7 g (w) — CVAns ()
(st)eh wefod | Ll Lns)+1:|nt]

t—5>6 y;€le,1—e]
< S S 1 ]- O
>~ Sup up — —0.
(s)eh wejod | PTR (uj+h) AL = (u; — 1) VO

t—s>0 y;€le,1—¢]
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Proof of Proposition 4.5.5. Fix j € {1,...,d} and let us first prove (4.52) by proceeding
along the lines of the proof of (B.4) in Biicher et al. (2014). From (4.10), notice that, for any
(s,t,u) € A x [0,1]¢ such that [ns| < [nt],

14 1 14
Clos)+1:pnt) (w) = C(u) + WC”(S’ t,u).

Fix § € (0,1) and notice that, by Condition 4.5.4,

dn = sup (bint|—|ns| + b/LntJ—Lnsj) < sup (b +0b))—0. (4.74)
(s,t)eA k>[ndé|—1
t—s>4

Next, fix ¢ € (0,1/2) and assume that n is large enough so that, for any t — s > 3, Lab|p¢|—|ns|
and L2b/LntJ7LnSJ are smaller than ¢/2. Then, for any t — s > § and w € [0,1]? such that

uj € [e,1 —¢,

Yo, A

1
Cj,LnSJ—i—l:Lntj (’U,) = m {C’(u + hej) _ C(u _ h/ej)}

1
h+ 1)\ /idn(s, t

+ ( ] {Cl(s,t,u+ he;) — Ci(s, t,u—h'e;)} . (4.75)

Since, by Condition 4.2.8, C; exists (and is continuous) on the set {u € [0,1]¢ : u; € [¢/2,1 —
£/2]}, from the mean value theorem, for any ¢t — s > § and u € [0,1]¢ such that u; € [¢,1 — €],

1 .
h+ h {O(u + hej) - C(u - h/ej)} = Cj(u’n,s,t)v

where w;, ¢, is between w — h'e; and u + he; almost surely. Hence, with probability 1,

1 .
sup  sup |-—— {C(u+hej) — Clu—Mej)} - Cj(U)‘
(€A uelo)d [P+ h
t—526 y;€le,1—¢]
= sup sup |Cj(upsq) — Cj(u)’ < sup ’Cj(u) —Cj(v)| =0, (4.76)
(s,t)EA wuel0,1]? (u,v)€[0,1]%4
t—s26 y;€le,1—¢] uj,vj€le/2,1—¢/2]

[u—v|oo<Lady

where d,, is defined in (4.74). Furthermore, since, by Condition 4.2.9 and as a result of Theo-

rem 4.2.10, CY is asymptotically uniformly equicontinuous in probability, we have that

sup  sup ’(C;’L(s, t,u+hej) — Cl(s, t,u—h'ej)|
(s;t)€A uef0,1]¢
t—s20 y;cle,1—¢]

< sup sup |CY (s, t,u) — Cl (s, t,v)| = op(1). (4.77)
(s;)EA  (u,w)€[0,1]24
t=s20 wu;v;i€le/2,1—¢/2]
[lu—v|oo<Lady
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The fact that (4.52) holds is then an immediate consequence of (4.75), (4.76), (4.77) and the
fact that, from Condition 4.5.4,

1 1
sup <
(<A (h 4+ R') V/nAu(s, 1) (st)eA Li(bpnt)—ns) + V)~ ns) )V PAR(S, 1)
—5>0
< sup L
(s Li([nt] = [ns])=Y2y/nX,(s,1)
—85>0
1 1

= sup

< .
s)er Liy/An(s,t) ~ Liy/6—1/n
>5

t—s

The claim for C;kvl (resp. for Q;,?l and Q;Zl) follows from Lemma 4.7.9 (resp. the continuous
mapping theorem). |

Proof of Proposition 4.5.9. Fixj € {1,...,d},d € (0,1) and e € (0,1/2). We first prove (4.53).
From (4.49) and the triangle inequality, we have that

A,

sttty () = G5 (@)] £ L + Timse

sup  sup
(5 t)eA wugl0,1]?
=520 u;cle,1—¢]

where

)

. . x .

Ij,n,(;,g = sup sup / {QﬁlnSJJrl:Lntj (,w) _ Cj(w)} duy, [ns]+1:[nt] (w)
(s,t)eA wueo,1]¢ |/[0,1)¢

t—520 yj€le,1—¢]

. X ns n :
Jj,n,é,s = Sup sup C’j(u])dl/uL Jtlnt] (’w> — Cj(u)
(s;t)eA wuefo,1]? [/[0,1]¢
t—s20 y,€le,1—¢]

b

where Qﬁk:l is defined in (4.41). We shall now show that both I , 5. = op(1) and J; , 5. = op(1).

Term I, 5.: From the triangle inequality and the fact that 0 < Qﬁk:l <land 0< C'j <1, we

have that I;,, s. is smaller than

A = X ns :n
(sStuIe)A :%Ii]d / {wel0,1)¢: Cj’L”SJ“:L”tJ (w) - Cj(w)} di, " (w)
u

3>5u€51 €le/2,1—¢/2]}
. . ¥ .
+ sup - sup / d. {Qﬁl_nsj—l—l:l_ntj (w) — Cj (w)} dug R (w)
(s)eh uefojd |JIWEOIE
t—s>6 ’LLjE[E:l—E} w;<e/2}
) x '
+ sup  sup / s 415t (W) = Cj(w) b dvy s +1:Lnt] ()
(sit)EA uel0,1)? u{;;U>€1051/2} It 10 }

t—=s20 y,€le,1—¢]

/ 11 "
< Ij,n,é,s—l_lj,n,éa Ijnééﬂ
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where

N .
Ij/',n,tS,s = sup sup Qj,Lnstrl:LntJ (w) - Cj (w)
(s;t)yeA  welo,1]?
t—=52>6 wj€le/2,1—¢/2]

x n
I se= sup  sup g "l {'w €0,1]%: w; < 5/2},
(st)eA wue0,1]4
t—=s20 y;cle,1—¢]

X Lin
I]/'f/nj,g = sup sup Va [ns]+1:|nt] {’LU c [07 l]d L w; >1— 8/2} .
(s;)EA uel0,1]4
t—s20 y;€le,1—¢]

)

We have that I ]/n 5. = op(l) as a consequence of Corollary 4.5.7. We shall now show that

both IJ’-’n 5. and ]’”n 5. converge almost surely to zero. To do so, it suffices to show that Ij’/n b
and I} ;_ converge to zero conditionally on X1, Xo,... for almost any sequence X1, Xo,....
Concerning j’.’ n.s.c> using Chebyshev’s inequality and Condition 4.5.8, for almost any sequence

X1, Xs, ..., conditionally on X7, Xo,..., we obtain that

X ns n
Ij/{n,é,s = Ssup sup P {W]’uL] J+tilmt] < 6/2 ‘ XLHSJ+1:|_ntj}
(s;t)eA uj€le,1—¢]

t—s>0
X ns n
= sup  sup P{Wj’utj Pty < e)2 — | XLnSJH:LntJ}

(s;t)eA uj€le,1—¢]
t—s>6

S sup sup ]P) {_ ‘W;"HJLTLSJ+1:L71H _ uj‘ S —’LL] —+ 5/2 ’ thsj+1;tntJ}
(s;t)eAuj€le,1—¢] I
t—s>6

X ns n
Var <W L. e | XLnSJ-Fl:LntJ)

U
< sup sup s -
(s,t)EA u;€[e,1—e] (u; —€/2)
t—s>4
R 1
< sup  sup T < up @y SUD
(styeruselei—e (4 —€/2)* 7 (snen ujele,1—e) (Uj —€/2)
t—s>6 t—s>5

4
<—5 sup a;—0.
€% k>|nd|—-1
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Similarly, concerning I ]”’n 5> for almost any sequence X1, X», ..., conditionally on X1, Xo,...,
we obtain that
X ns n
Ij/'f,n,&a = sup sup P {Wj,utj SR 6/2 ’ XLnsj-l—l:l_ntJ}
(s,t)EAuj€le,1—€]
t—s>0
X ns n
= Ssup sup P{Wj,uLj J+tilne] — Uj > 1—6/2—Uj | XLnsJ—i—l:Lntj}
(s,t)eA uj€le,1—¢]
t—s>0

< sup  sup P{’W;JMHH"H - uj‘ >1—¢/2—uy| XLnstrl:LntJ}
(s;t)eA uj€le,1—¢] I
t—s>0

X [ns]+1: | nt]
Var (W70 | 2 g )

< sup sup
(s,t)eEAuj€le,1—¢] (1 - 5/2 - uj)2
t—s>0

< sup sup Gt o)
N (st)eAuj€le,1—€] (1 - 5/2 - uj)2
>

t—s>4
< ! < 4 — 0
< sup Ay — sup <= sup ap .
(s,t)EA Lnt]=ns] u;€le,1—¢] (1 - 5/2 - uj)z g2 k>|nd|—1
t—s>6

Term Jjn 5. Let n > 0 and let us show that J;,s. < n for n sufficiently large. For any
p € (0,1), from the triangle inequality and the fact that 0 < C'j < 1, we have that J;, s is

smaller than

sup sup
(s,;t)€A uel0,1]¢
t—526 y;€le,1—¢]

{C5(w) = G b o0 <w>|

/{wG[OJ]d!w—uooSP}

+ sup sup
(S,t)GA 'U/E[O,l]d
t—=s20 y;cle,1—¢]

!/ 1A
= ‘]j,a,p + ‘]j,n,&p’

{Cj(w) — Cjlu) hduy "t <w>|

AwG[O,l]d:w—uw>p}

where

J]/',z-:,p = Sup sup ‘CJ (w) - Cj (u) )
u€l0,1]¢  wel0,1]¢
uj€le,1—¢] [w—uleo<p

X ns n

J;in,g,p = sup sup / 1{|w — u|oo > p}quL J+1:|nt] (w)
(s,t)eA ue0,1)4 J[0,1]4
t—s>6

From Condition 4.2.8, C; is uniformly continuous on the set {u € [0,1]% : u; € [¢/2,1 —£/2]}.
We then choose p = p(e,n) > 0 sufficiently small such that

(4.78)

N3

Jie,= sup sup  |Cj(w) — Cj(u)| <
u€l0,1]¢  wel0,1]?
u;€le,1—¢] [w—uloo<p
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1
As far as i

sequence X1, Xa, ..., conditionally on X, Xo,..., we obtain that

is concerned, using Chebyshev’s inequality and Condition 4.5.8, for almost any

X ns n
imdp = S S[upwV“L It (L € 0,1)4 : [u — wloo > p})
s,t)eN uel0,1
t—s>0

= sup sup P
(s;t)EA uelo,1]d
t—s>0

d
XLnsJ+l:LntJ
{‘Wj,uj —Uuj| > p | X\_nsj—&-l:\_nt]
j=1

d
XTLS Hn
gz sup  sup IP’{‘W Lnsfttilnt] —Uj‘>p’X|_nsj+1:|_ntJ}

j,’lL]'

J=1 (ts_,ts)gg\ u€(0,1]4
X ns]+1: [ nt]
- Var (W01 | X g o)
gz sup  sup 3
1 (s;)eAuco,1]d Y
J t—s>0
d d
< =5 SUPp Apg|—|ns) < 5  Sup  ap — 0,
P~ (st)eA P™ k>|né)-1
t—s>6

which implies that, for n sufficiently large, with probability 1, Jj” nsp = n/2. Using addition-
ally (4.78), we obtain that Jj, s. converges almost surely to zero, which concludes the proof
of (4.53). The proof of the analogous result for Q]Vkul in (4.48) is almost identical. [

Proof of Proposition 4.5.10. Fix j € {1,...,d}, d € (0,1) and € € (0,1/2). From (4.50), we
have that, for any (s,t) € A and u € [0,1]¢,

Bern

— 504 P
j?l_nsj'i_l:l_nthLntjf[nsj (u) o /[; l]d ijl_nsj—i_l:Lntjvl/antjflnsj 70(w)d/VL-]’mL"tJ_LnSJ ’u(w)7

A%
where Cj,k:z,l/m,o

(Swtuy /™ -+, Sindouy /M) whose components are independent such that, fori € {1,...,d}\{j},

is defined in (4.38) and, for any m > 2, fi; m v is the law of the random vector

Syniw; is Binomial(m,u;) while ngM is Binomial(m — 1, u;). It follows that, for any (s,t) € A
and u € [0,1)%,

ﬁTZ‘SJ+1:LntJ7antJ7LnSJ (u) = /W ijvl_nsj_'_l:I_ntJvl/antjftnsJ 7O(w>d/jj’m\_"”_|."sj ’u(w)7 (479)

Jsm,8,t

where W st = {w € [0,1]% : wj < 1—=1/m|ps|_|ns}- For the sake of a more compact notation,

from now on, we shall write ms; for m |, |ns)s (s,t) € A. From the triangle inequality, the
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left-hand side of (4.54) is smaller than I, 5. + Jj 5., Where

Iinse= sup  sup / CY it imtl Lme s 0(w) = Cj(w) t djijm. , w(w)],
noe= e st [ A gt maof) = C0)] Ay o)

Jrm,s,t
t—s26 y;€le,1—¢]

ijn,&E = Sup sup CJ (w)dlaj,ms,t’u(w) - C](u) :
(s,t)eA welo,11¢ |/[0,1]¢
t—526 y;€le,1—¢)

For any n € N, £ € (R)” and u € [0,1]%, let v = [b | Lnf|v2,u-  With this notation,
Condition 4.5.8 holds for the considered smoothing distributions and it can be verified that
Jinse = op(l) by proceeding exactly as in the proof of Proposition 4.5.9 for the analogous

term. It thus remain to show that I, 5. = op(1).

From the triangle inequality, we have that I;,, 5. is smaller than

Sub Sup / WEW;j st {Ojv,LTLSJ—‘,-lZLTLtJ,l/msyt,()(w) - Oj (w)} dﬂj7ms,t7u(w)

(S,t)EA uc O,Id ) o
Ss uje[[s,1ls] wji€le/2,1-¢/2]}

+ sup sup
(s;t)eN wuefo,1]¢
t—=s26 y;cle,1—¢]

YV
{wer’nysytt {ij
wj <€/2}

\_nsj—&-l:\_nt],l/msyt,ﬂ(w) - Cj (w)} d/lj,msﬂg,u,(w)

" oDen ucon S ATt m00) = €500 00
t—7525 uje[e,’l—a] w;>1—e/2}

!/ 1 "
S Ij’n75’€ + n j:n767€ + Mn j7n’675’

where

Ij/‘,n,é,s = Ssup sup ’ij,I_nsJ—l-l:I_ntj,l/msyt,O(w) - Cj(w)) )
(57t)EA wE[O,l]d
t—5>6 w,€le/2,1—¢/2]
Fnbe = SUD  SUD  [ljim., u {w €0,1]%: w; < 5/2} ,
(S,t)eA uG[O,l}d
t—s26 y;€le,1—¢]
I;f;],,&,a = Sup Sup 'ajvmsytvu {w E [07 ]‘]d : w] > 1 - 6/2} )
(s;t)eN uefo,1]¢
t—s20 y;ele,1—¢]

My = sup  sup ij,[nstrl:LntJ,l/ms,t,O(w)"

(s, t)EA WEW; st

Since the conditions of the proposition imply that Condition 4.5.4 holds with h(x) = 1/(|Ln?]|V
2) and W/ (z) = 0 for all n € N and = € (RY)", we have that I, 5. = or(l) as a consequence
of Corollary 4.5.7. Also, given that Condition 4.5.8 holds for the considered smoothing distri-

butions, it can be verified that I” and I

b im.s,e converge almost surely to zero by proceeding

exactly as in the proof of Proposition 4.5.9 for the analogous terms. To complete the proof
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of (4.54), it suffices to show that, there exists a constant ( > 0 such that, for any n € N,
M, < ¢ almost surely.

Fix n € N. From the adopted conventions, we have that ij,LnsHl:LntJ,l/ms,t,O =0forall (s,t) € A
such that |ns] = |nt]. Fix (s,t) € A such that |ns] < [nt] and let p = |nt] — |ns]. The
empirical copula C|,,s|11:|nt|, generically defined in (4.2), is a multivariate d.f. whose d univariate
margins, under Condition 4.2.3, are all equal to G|,5)41:|nt|> Where G psji1:ne)(v) = [pu]/p,
u € [0,1]. As a consequence of a well-known property of multivariate d.f.s (see, e.g., Durante

and Sempi, 2015, Lemma 1.2.14), we have that

d
‘CLnsJ+1:LntJ (u) - CLnsJ+1:LntJ (’U)‘ < Z ‘GLnsH»l:Lntj (’LL]) - GI_nstrl:l_ntJ ('Uj)‘
j=1

for all u,v € [0,1]¢. We then obtain that, for any u € W;,, s,
‘CLnsj-l—l:I_ntJ (u + ej/mS,t) - CLnsJ—‘rl:Lntj (u)‘ < ‘GLnsj-l—l:I_ntJ (uj + 1/ms,t) - G\_nsj—&-l:\_nt] (uj)l )
which implies that

’GLnSJ—i-l:Lntj (’LL]' + 1/m57t) - GLnsJ—l—l:LntJ (uj)‘

Cj,[ns]-{—l: [nt] (U) ‘ <

1/ms,t
_ { lp(uj +1/mse)]  [puy] }
= Mst -
p p
< my, {p(u]- +1/msy)  puj — 1}
p p
1 1 Lp?| v 2
Sms,t< +> c1qMat gy LPIV2
mst D D p

<1+ Lp’tv(2/p) <1+ LV2,

which completes the proof of (4.54). The fact that (4.55) holds is finally an immediate conse-
quence of the previous centered display and (4.79). |
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5.1 Conclusion

In this work, we proposed and studied a broad class of smooth, possibly data-adaptive empir-
ical copulas that contain the empirical beta copula. Within this class, the estimator Cﬁf})’e”m
generically defined in (3.18) is uniformly better than the empirical beta copula for all the con-
sidered data-generating models. Specifically, C’ﬁfﬁ)’e’fa uses the empirical beta copula as survival
copula of the smoothing distribution and scaled beta-binomial smoothing survival margins with
dispersion parameter p = 4. From Corollary 3.3.8, the latter is a genuine copula in the absence
of ties in the component samples. From a theoretical perspective, for the purpose of applying
the studied class of smooth estimators to change-point detection, we provided conditions under

which the corresponding smooth sequential empirical copula processes converge weakly.

As explained in previous chapters, in order to use such estimators in inference procedures, one
typically needs to rely on resampling techniques. In this work, we investigated two resampling
schemes for the class of studied smooth estimators. The first scheme is an extension of the
smooth bootstrap in Kiriliouk et al. (2021) that involves drawing samples from the estimators.
Asymptotic validity of this smooth bootstrap was established and numerical results show that it
provides better-behaved inference procedures than the one considered in Kiriliouk et al. (2021)

as it copes better with stronger dependence. Unfortunately, such smooth bootstraps cannot be

133
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used anymore in the time series setting. The second resampling scheme that we investigated is
a smooth extension of the sequential dependent multiplier bootstrap of Biicher and Kojadinovic
(2016), which can be used in the sequential and time series setting. Asymptotic validity of
this resampling scheme was established and numerical results show that when it is used in
change-point detection, the smooth change-point detection test is likely to be more sensitive to
early or late changes than their non-smooth counterparts since, as already mentioned, smooth
estimators are likely to be more accurate than the empirical copula when computed from small

subsets of observations.

In connection with the multiplier bootstrap, two classes of data-adaptive smooth estimators of
the first-order partial derivatives of the copula were also proposed. Weak consistency of these
estimators was studied and numerical results show that a smooth data-adaptive estimator of
the first-order partial derivatives of the copula outperforms substantially, among others, the
Bernstein estimator studied in Janssen et al. (2016). These results may be of independent
interest since such estimators have applications in mean and quantile regression as they lead
to estimators of the conditional distribution function. Furthermore, they can be applied to

factor-copula models as will be explained in the next section.

5.2 Some future research directions

In this section, we discuss two directions of extension that could lead to future projects.

5.2.1 Application to sequential change-point detection

In Section 4.4.6 of Chapter 4, we explain how the smooth sequential empirical copula process
C¥ in Chapter 3 can be applied to offline change-point detection, where the whole time series
is accessible at once; see also Example 2.3.19. This setup is different from what is called
sequential change-point detection (also referred to as online change-point detection), where new
observations arrive sequentially and we need to make a decision at each step whether a change

has already occurred (see, e.g., Kojadinovic and Verdier, 2021; Holmes and Kojadinovic, 2021).

The extension of C? to sequential change-point detection can be built up on Kojadinovic and
Verdier (2021). Specifically, let X1, ..., X,,, m > 1, be a stretch from a d-dimensional stationary
time series of continuous random vectors with unknown contemporary copula C' and marginal
d.f.s Fi,...,F;. These available observations will be referred to as the learning sample. New
observations X,,11, X;12,... arrive sequentially and we wish to issue an alarm as soon as
possible if the contemporary copula is not equal to C' anymore. If there is no evidence of a

change in copula, the monitoring stops after the arrival of observation X,, for some n > m.

The null hypothesis can be formally stated as follows:
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Hy: X1,..., X0, Ximg1 ..., X, is a stretch from a stationary time series with contemporary

copula C' and marginal d.f.s FY,..., Fy.
An alternative hypothesis of particular interest is:

H,: 3 distinct C; and Cy, and k* € {m,...,n — 1} such that X,..., X}~ is a stretch from a
stationary time series with contemporary copula C and Xy«y1 ..., X, is a stretch from

a stationary time series with contemporary copula Cy # Cf.

Test statistics can be adapted from Kojadinovic and Verdier (2021). For instance, for any
ke {m+1,...,n}, let
v o ](k B j) v
Rm,q(k) - m%?‘%if_l m3/2q(j/m, k:/m) uesf(l)li]d |Cl ]( ) Cj+1k(u)|7 (51)

where C}; is the smooth estimator defined in (4.2) and ¢ is some weight function. A reason for
using a smooth estimator rather than the classical empirical copula is that the former can be
a substantially better estimator than the latter in small samples. In this case, the tests based
on the smooth estimator should be more sensitive to early changes than the ones based on the
empirical copula. Under Hy in (5.2.1), R}, (k) can be written as a functional of the smooth
empirical process CY in (4.10) and the multiplier bootstraps in Section 4.4 of Chapter 4 can be

applied to obtain replicates of the test statistic and approximate p-values.

5.2.2 Application to high-dimensional factor copula models

Let us first briefly review the one-factor copula models proposed in Kurpskii and Joe (2020).
Let V be a standard uniform random variable and let (U;);ecn be a sequence of standard uniform
random variables that are conditionally independent given V. In this construction, V is a latent
random variable. For any d € N, denote by Cy, ..y, the copula of (U, ...,Uy) and by Cy,, v, v
the copula of (Uy,...,Us, V). Also, for any j € N, define the function

. 0Cy. ,
Cj(u,?}) = U]é‘zj(uv)a (U,U) S [07 1] x (07 1) (52)
For any d € N and u = (uy,...,uq) € [0,1]%, we can then write

1
CU17~--7Ud(u) = ]P)(Ul S ul?' . '7Ud S Ud) / P(Ul S u1,.. .,Ud S ’LLd ‘ V = ’U)d'l)

/ HPU < u]|V—vdv—/ HC"j(uj,vdv
=1

(5.3)

Hence, as one can see, for any d € N, the distribution of (Uy,...,Uy) depends only on the
copulas Cy; v linking U; and V, for j € {1,...,d}. However, since the latent variable V is
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unobservable, Kurpskii and Joe (2020) proposed to use the proxy variable Uy = éz;l:l U;
when the dimension is large. According to Proposition 5 of Kurpskii and Joe (2020), under

regularity conditions, for any & € N and u € [0, 1)+,
Cuoy...0,0,) = Cuy v v(w) =0, as d— oo,

where Cy;, g, denotes the copula of (Uy,...,U,Ug). As a consequence, for any j €
{1,...,k} and u € [0,1]?, ?UjaUd(u) — Cy,v(u) = 0, as d — oo, where Cy, 17, (resp. Cu,,v)
denotes the copula of (U;,Ug) (resp. (U;,V)).

The conjecture is that, when d is a large, Cy, . y,(u) = C~'U17W’Ud(u) for all w € [0,1]%, where

C’Ul, v, (u / Ud (uj,v)dv, = [O,l}d, (5.4)

) oCy; 7. (u,v
cj,U(u,v)zUﬂ’gZ(), (u,v) €[0,1] x (0,1),  je{l,...,d} (5.5)

Then, we can use the “plug-in” principle to propose an estimator of Cy,, . 7, in (5.3). Specifi-

cally, for any j € {1,...,d}, let C’j,n,U be an estimator of C.’jﬁ in (5.5). A natural estimator of
Cu,...u, in (5.3) is then

C’Ul, LU, (u / nUd (uj,v)dv, u € [0, 1]d. (5.6)

For the choice of C]

derivatives of the copula studied in Section 4.5 of Chapter 4. Furthermore, the consistency of

n,0,» We can use the two classes of smooth estimators of the first-order partial

Cu,,...u, can be studied and numerical experiments could be carried out to measure its finite-

sample performance.

Moreover, note that the aforementioned ideas could even be extended to one-factor models with
residual dependence (see Section 2.3 of Kurpskii and Joe (2020)), to oblique factor copulas (see
Section 3.2 of Kurpskii and Joe (2020)) or to nested copula models proposed and studied in
Krupskii and Joe (2015).
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