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Résumé : Les équations des ondes et de
Schrodinger modélisent une grande variété de
phénomenes ondulatoires, tels que la propa-
gation de la lumiere, les vibrations d’un ob-
jet ou I’évolution temporelle d’une particule
quantique. Dans ces modeles, 'asymptotique
des hautes énergies peut étre décrite par des
équations de la mécanique classique, comme
loptique géométrique. Dans cette these, nous
étudions plusieurs applications de la corre-
spondance classique-quantique a des prob-
lemes de controle des équations des ondes et
de Schrodinger dans ’espace euclidien, en util-
isant des méthodes d’analyse microlocale.
Dans les deux premieres parties, nous
étudions 1’équation des ondes amorties et
I’équation de Schrodinger avec un potentiel
confinant dans ’espace euclidien. Nous don-

nons des conditions nécessaires et suffisantes
de stabilité uniforme pour la premiere, et
d’observabilité pour la seconde. Ces con-
ditions font intervenir la dynamique -clas-
sique sous-jacente qui consiste en une optique
géométrique tordue par la présence du poten-
tiel.

Nous analysons ensuite dans une troisieme
partie la correspondance classique-quantique
dans un cadre général qui contient les deux
problémes mentionnés ci-dessus. Nous démon-
trons une version du théoreme d’Egorov dans
le formalisme des métriques sur ’espace des
phases et du calcul de Weyl-Hoérmander. On
présente différents cadres d’application de ce
théoreme pour des équations de Schrédinger,
de demi-ondes et de transport.

Title: Quantum-classical correspondence principle and application to the control of wave and

Schrédinger equations in the Euclidean space

Keywords: Microlocal and semiclassical analysis, Quantum-classical correspondence princi-
ple, Control of PDEs, Stabilization, Observability

Abstract: Wave and Schrodinger equations
model a variety of phenomena, such as prop-
agation of light, vibrating structures or the
time evolution of a quantum particle. In these
models, the high-energy asymptotics can be
approximated by classical mechanics, as geo-
metric optics. In this thesis, we study several
applications of this principle to control prob-
lems for wave and Schrodinger equations in the
Euclidean space, using microlocal analysis.

In the first two chapters, we study the
damped wave equation and the Schrédinger
equation with a confining potential in the eu-
clidean space. We provide necessary and suf-
ficient conditions for uniform stability in the

first case, or observability in the second one.
These conditions involve the underlying classi-
cal dynamics which consists in a distorted ver-
sion of geometric optics, due to the presence
of the potential.

Then in the third part, we analyze the
quantum-classical correspondence principle in
an abstract setting that encompasses the two
aforementioned problems. We prove a version
of Egorov’s theorem in the Weyl-Hérmander
framework of metrics on the phase space. We
provide with various examples of application
of this theorem for Schrédinger, half-wave and
transport equations.
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1 - Introduction

1.1. Correspondance classique-quantique et théorie du controle
des équations aux dérivées partielles

Le principe de correspondance entre la mécanique quantique ou la mécanique ondulatoire et la
mécanique classique dans I'asymptotique des hautes fréquences ou des hautes énergies s’est révélé
étre un outil puissant dans ’étude de bon nombre de problemes mathématiques. Nous en présentons
dans cette thése deux applications a la théorie du controéle des équations de type ondes et Schrodinger
dans l’espace euclidien. Nous développons aussi une forme de ce principe de correspondance (un
théoréme d’Egorov) dans un cadre assez général.

1.1.1. La lumiére, onde et corpuscule...

Les prémices du concept de correspondance classique-quantique émergent déja dans les deux
théorie concurrentes de Huygens et Newton sur la propagation de la lumiere au XVlIle siecle. En
effet, une série d’expériences en apparence contradictoires semble indiquer que la lumiére se comporte
tant6t comme une onde, dont la description mathématique implique la théorie des équations aux
dérivées partielles (EDP), tantdt comme une particule suivant une trajectoire calculable en résolvant
une équation différentielle ordinaire (EDQO). De nombreuses contributions ont permis de clarifier ce
paradoxe. En 1828, Hamilton publie dans sa Théorie des systémes de rayons [Ham28] une nouvelle
formulation de l'optique qui établit une analogie entre trajectoires balistiques et propagation des
ondes de la fagon suivante : ce que l'on interprete comme les « rayons de 'optique géométrique »
sont les lignes orthogonales aux fronts d’onde (les ensembles « d’iso-amplitude » d’une onde). Il
introduit également 1’équation d’Hamilton—Jacobi, qui donne une formulation EDP de la mécanique
classique, par opposition au principe fondamental de la dynamique de Newton qui consiste en une
EDO. II faudra ensuite attendre plusieurs décennies avant que soit construite une théorie en mesure
d’expliquer le caractére en apparence contradictoire de la lumiere. Une étape importante est la
compréhension du fait que 'optique géométrique est contenue dans ’équation des ondes, au sens ou
l’on peut 'obtenir comme limite & haute fréquence des solutions de cette derniere (voir par exemple
Sommerfeld et Runge [SR11]). Un autre jalon dans la construction de la mécanique quantique est
la contribution de de Broglie qui postule que les particules de matiére peuvent elles aussi présenter
un comportement ondulatoire [dB24]. Le lien entre classique et quantique se manifeste dans une
formule étonnante de simplicité :

A=,
p

ou A est une grandeur « ondulatoire » (la longueur d’onde de de Broglie) associée & une particule de
quantité de mouvement p (une grandeur familiére en mécanique classique), et h est la constante de
Planck. Ce principe est illustré de facon frappante par la diffraction d’électrons ou de petites molé-
cules dans I'expérience des fentes d"Young [You04, TEMT89] : aprés avoir envoyé un grand nombre
de particules, on observe sur 1’écran une figure d’interférence typique des ondes. Cette observation
aboutira aux fondements de la mécanique ondulatoire avec les travaux de Schrédinger [Sch26b].

Qu’il soit question de lumiere ou de matiere, 'intuition de la correspondance classique-quantique
est la méme : dans une certaine asymptotique (petite longueur 'onde, c¢’est-a-dire haute fréquence,
pour la lumiére, ou grande quantité de mouvement pour une particule de matiére), le comportement
ondulatoire s’efface et laisse la place & une évolution temporelle qui s’apparente a celle d’un systéme
mécanique classique (optique géométrique, dynamique de billard, etc.).

Un des exemples les plus simples de correspondance classique-quantique est la découverte par
Schrodinger en 1926 des états cohérents de l'oscillateur harmonique quantique [Sch26a]. On peut
vérifier par un calcul explicite que la fonction d’onde

—itd _ 2 ) )
(t,z) = € exp (_|.7J23?t) e 2Tt (t,z) € R x RY, (1.1.1)
m

9



10 CHAPITRE 1. INTRODUCTION

est solution de ’équation de Schrédinger

Dip+3(=A+|z))p=0, D, =19, (1.1.2)
sit— (x4, &) satisfait la seconde loi de Newton de la mécanique classique & = F(x) avec un champ
de force F(z) = —V3|z|> = —z dérivant d’un potentiel harmonique :

Ty =&
ft = '

On peut reformuler ce fait en disant qu'un paquet d’ondes gaussien initialement centré en zy avec
moment &y se propage, sous 1’évolution quantique (1.1.2) le long de la trajectoire classique d'un
point-masse avec position et moment initiaux (xg,&p). Cet exemple est trés particulier puisque
cette correspondance apparalt en dehors de tout régime asymptotique. C’est en fait un cas de
correspondance ezacte entre classique et quantique, liée au fait que le hamiltonien en question
(loscillateur harmonique) est quadratique.

1.1.2. Trois problemes de mathématiques

Dans le contexte évoqué ci-dessus, de nombreux probléemes mathématiques sont motivés par
des questions issues de la physique. On expose trois de ces problemes portant sur des équations
d’ondes ou de la mécanique quantique, dans lesquels la correspondance classique-quantique joue un
role crucial. Les deux premiers concernent la stabilité uniforme de 1’équation des ondes amorties et
I'observabilité de I’équation de Schrédinger, pour lesquels on se contente pour 'instant de présenter
quelques résultats historiques (nous détaillerons davantage la littérature dans les paragraphes sui-
vants). Le troisiéme probléme concerne l'observation des fonctions propres. Ces trois questions sont
liées entre elles via les estimées de résolvante décrites au paragraphe 1.1.3, et sont introduites dans
un ordre qui sera clarifié par la proposition 1.1.6.

1.1.2.1. Stabilité uniforme des ondes amorties

Dans la communauté mathématiques, ’obtention de 'optique géométrique dans la limite haute
fréquence de 1’équation des ondes apparait dans les travaux fondateurs d’Egorov [Ego69], de Hor-
mander [Hor71b, Hor71a] et Duistermaat-Hormander [DH72]. Rauch et Taylor, dans 'article [RT74],
appliquent ces résultats a I’étude de 1’équation des ondes amorties dans une variété riemannienne
compact (M, g) (disons sans bord) :

Op — Agtp + b(2)0p = 0,

ol Ay est 'opérateur de Laplace-Beltrami associé & la métrique g et b € L>(M) est une fonction
a valeurs réelles positives appelée coefficient d’amortissement. En prenant une réalisation auto-
adjointe de A, dans lespace de Hilbert L? = L?*(M,dVol,), I'équation se reformule comme un
probleme d’évolution d’ordre 1 :

OV = AU avec Ay = (AO lb) , U= <6w1/)> , (1.1.3)
g it

qui est bien posé dans l'espace de Hilbert ) := H'(M) x L? par la théorie des semi-groupes [Paz83].
Les solutions satisfont formellement le bilan d’énergie

d 9 9 2
= (3100132 + 31V,013. ) = —| Voo -
En particulier, pour une donnée initiale U € $) du probléme d’évolution (1.1.3), énergie
2 2
8 (U,t) = 410 (0)]1%: + LIV, ()2, (1.1.4)

décroit au cours du temps. L’action du coefficient d’amortissement b > 0 sur le systéme est donc
de dissiper ’énergie. L’opérateur des ondes amorties o est en fait une perturbation de 'opérateur
des ondes 9y, qui lui, est conservatif. La question que se posent Rauch et Taylor est celle de
la stabilité uniforme : on se demande pour quels coefficients d’amortissement b 1’énergie décroit
exponentiellement et uniformément, i.e. il existe 7, ¢ > 0 tels que pour tout U € ), on ait

V>0, &(Ut)<Ce 78 (U,0) (1.1.5)



1.1 CORRESPONDANCE CLASSIQUE-QUANTIQUE ET THEORIE DU CONTROLE 11

La réponse fait intervenir le flot géodésique g¢*, c’est-a-dire l'optique géométrique sur la variété
(M, g).

Théoréme 1.1.1 (Rauch-Taylor — [RT74, Ral69]). Soit b > 0 continue sur M. Alors on a stabilité
uniforme (1.1.5) si et seulement si b vérifie la Condition de Controle Géométrique, i.e. toute géodé-
sique paramétrée par longueur d’arc entre dans l'ensemble amorti {b > 0}, ou de facon équivalente

1 (T
37 > 0,3¢ > 0: Vv € SM, T/ b(wogt(v)) dt > c. (1.1.6)
0

Ici SM est le fibré unitaire tangent au-dessus de M, m : SM — M est la projection canonique et
gt SM — SM est le flot géodésique de (M, g).

La signification de ce théoréme est la suivante : pour stabiliser les « vibrations » sur toute la
variété M, il suffit de contrdler les « fréquences infinies » en disposant I’amortissement de sorte
qu’il capture toutes les géodésiques. L’heuristique sous-jacente est que les basses fréquences sont
suffisamment délocalisées pour qu’elles soient amorties des lors que 'amortissement est non trivial.

Ce résultat, et sa généralisation & des problémes & bord par Bardos, Lebeau et Rauch [BLR92],
ont eu une influence considérable sur les développements mathématiques ultérieurs et ont ouvert tout
une branche de recherche. Cette derniére a également bénéficié et stimulé de nombreuses avancées
dans le domaine de I’analyse microlocale, dont on introduit les rudiments dans le paragraphe 1.1.4.
Ainsi les travaux de Rauch et Taylor, puis Bardos, Lebeau et Rauch, ont soulevé de nombreuses
questions, dont certaines sont évoquées ci-apres.

Une question naturelle est de se demander si ’on peut quantifier le taux de décroissance exponen-
tiel, c’est-a-dire le parametre 7, dans (1.1.5). Dans un article fondateur [Leb96] calcule explicitement
ce taux optimal. Celui-ci est 1ié au minimum de deux valeurs : 'une spectrale (I’abscisse spectrale
de Popérateur des ondes amorties) et l'autre dynamique (la meilleure constante ¢ dans 'asymp-
totique T — +oo de (1.1.6)). L’article de Sjostrand [Sjo00] décrit trés précisément le spectre de
I'opérateur des ondes amorties o, (voir aussi Anantharaman [Anal0]), celui d’Hitrik [Hit03] prouve
un développement asymptotique du propagateur en terme des états propres amortis, et la série
d’articles [HS04, HS05, HS08a, HS08b] généralise et précise ces résultats.

Dans l'article [Leb96], Lebeau prouve une décroissance logarithmique de I’énergie dés lors que
I’amortissement b est non trivial, pour des données initiales dans le domaine de 'opérateur des ondes
amorties. Ce résultat repose sur un argument de prolongement unique quantitatif pour I'opérateur
de Laplace—Beltrami, valable dans n’importe quelle variété riemannienne compacte connexe : 'effet
tunnel inhérent & la mécanique quantique implique une délocalisation des solutions de 1’équation
des ondes, qui nécessairement rencontrent la zone d’amortissement. La décroissance logarithmique
est la manifestation d’une version quantitative de cette propriété.

Il est donc naturel de s’interroger sur les taux de décroissance intermédiaires de I’énergie pour des
données plus régulieres, lorsque la Condition de Controle Géométrique (1.1.6) n’est pas satisfaite.
De nombreux parameétres entrent alors en jeu, en particulier le comportement en temps long de
loptique géométrique (plus précisément la dynamique du flot géodésique), la régularité ou le taux
d’annulation de I'amortissement, etc. On peut regrouper les résultats existants a ce sujet en deux
grandes familles.

Lorsque 'optique géométrique a un comportement chaotique, ou plus généralement lorsque 1’en-
semble des trajectoires non amorties possede des propriétés d’hyperbolicité, on montre un taux de
décroissance exponentiel pour des données réguliéres (ou du moins une décroissance du type e—evi
dans certaines situations). Citons en particulier les travaux de Christianson [Chr07, Chr10, Chr11],
Burq et Christianson [BC15], Nonnenmacher et Riviére [Riv14], ainsi que 'article de Christianson,
Schenck, Vasy et Wunsch [CSVW14]. Les travaux de Schenck [Sch10, Schll] traitent des cas ou
la décroissance est méme exponentielle, tout comme ’article de Jin [Jin20] ou amortissement est
simplement supposé non identiquement nul. Notons toutefois qu’il ne s’agit pas de stabilité uniforme
puisqu’elle n’est valable que pour des donnée initiales régulieres (dans le domaine de 'opérateur ).

L’autre famille de résultats concerne les situations dites intégrables, qui présentent en général
plus de symétries et une optique géométrique plus prévisible. Une situation tres étudiée est celle
d’un domaine de dimension 2 ou 3 dont le bord contient deux faces paralleles, avec un cylindre de
trajectoires périodiques non amorties rebondissantes entre ces deux faces. Voir dans 'ordre chro-
nologique Liu et Rao [LRO05], Burq et Hitrik [BHO7] ainsi que Phung [Phu07, Phu08]. Dans ces
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travaux, les taux de décroissance observés sont polynémiaux, en raison du fait que les trajectoires
non amorties sont relativement stables (la divergence entre deux trajectoires voisines est linéaire).
Une étude approfondie du 2-tore carré a été initiée par Anantharaman et Léautaud [AL14], ou
Iinfluence de l'ordre d’annulation de 'amortissement au bord de I’ensemble amorti est étudiée. Ce
résultat a donné lieu par la suite a des études raffinées sur la géométrie de I’ensemble non amorti et
la régularité du coefficient d’amortissement. Voir Léautaud-Lerner [LL17] ou encore Sun [Sun23].
Une liste de références plus compléte se trouve dans l'introduction de [Lé23].

1.1.2.2. Observabilité de ’équation de Schrodinger
On présente maintenant une question d’observabilité pour ’équation de Schrédinger

Dyp = Agyp,  9(0) = u, Dy = %@- (1.1.7)

Etant donné T' > 0 et un ouvert w C M, on se demande sous quelle condition 'ensemble (0,7") X w
observe ’équation de Schrédinger, au sens ou

T
2 i 2
3C > 0:Vu € L?, lullz2(ar) §C/0 HemguHLQ(w) dt, (1.1.8)

otl t — 1h(t) = e"*Pou désigne la solution de (1.1.7). Du point de vue de la physique quantique, si on
interprete la solution t — e**?s1 comme ’évolution temporelle de la fonction d’onde d’une particule
quantique vivant sur la variété (M, g), on cherche donc a déterminer des conditions sur le couple
(w,T) telles que 'on puisse borner une fraction de la masse de la donnée initiale u en observant la
solution dans w sur un laps de temps T'. Notons que pour ce probleme, ’observabilité est équivalente
a la controlabilité exacte de 1'équation (1.1.7), via la méthode H.U.M. (voir [DR77, Lio88]). Un
résultat de Lebeau [Leb92b] (énoncé dans le cas plus compliqué du contréle depuis le bord, mais
dont la démonstration s’adapte & (1.1.8)) stipule que la Condition de Contréle Géométrique ! (1.1.6)
pour b = 1, en un certain temps 7" > 0 est suffisante pour avoir une telle inégalité pour tout temps
T > 0.

Théoréme 1.1.2 ([Leb92bl). Si la fonction indicatrice de w satisfait la Condition de Controle
Géométrique (1.1.6) pour un T > 0, alors l'assertion (1.1.8) est vraie pour tout T > 0.

Si la Condition de Controle Géométrique est suffisante pour avoir observabilité, on connailt
maintenant de nombreux exemples indiquant qu’elle n’est absolument pas nécessaire en général.
Ceci avait déja été remarqué par Haraux [Har89] et Jaffard [Jaf90] dans leurs travaux sur ’équation
des plaques (leurs résultats s’appliquent au cas de I’équation de Schrodinger sur le tore). La question
de l'observabilité pour ’équation de Schrodinger est bien souvent étroitement liée a celle de I’étude
des propriétés de concentration ou de délocalisation des fonctions propres du laplacien, que 'on
détaille dans le paragraphe suivant.

Il s’avere que, comme pour I’étude de la décroissance de 1’énergie pour les ondes amorties, la
propriété (1.1.8) dépend en premier lieu de la dynamique du flot géodésique. Deux situations ont
principalement été étudiées dans la littérature. D’un c6té, les contextes intégrables caractérisés par
lexistence de quantités conservées par la dynamique classique sous-jacente, vont souvent de paire
avec de la multiplicité dans le spectre au niveau quantique, ce qui permet parfois de produire des
fonctions propres treés concentrées. C’est le cas de la spheére par exemple ou du disque. D’un autre
cOté, on a les systémes avec une limite classique chaotique, dont le principal exemple est le flot
géodésique sur une variété riemannienne de courbure négative. On collecte ci-apres une liste non
exhaustive de références illustrant cette diversité de situations.

A la suite des travaux [Har89, Jaf90], observabilité de 1’équation de Schrodinger sur le tore
a été étudiée par de nombreux auteurs, tels que Burq—Zworski [BZ12, BZ19], Bourgain—Burq—
Zworski [BBZ13], Macia [Mac10] en dimension 2 et Komornik [Kom92] ainsi que Anantharaman,
Macia et Fermanian Kammerer [AM14, AFKM15] en dimension quelconque. Ces résultats énoncent
en particulier que (1.1.8) est satisfaite sur le tore T pour tout ouvert w # @ et tout 7" > 0. Il
est donc clair que la Condition de Controle Géométrique est loin d’étre nécessaire dans ce cas. Le
cas de la sphere ronde S? est radicalement différent. En effet, 'expression explicite des fonctions
propres, les harmoniques sphériques, permet de construire des suites se concentrant sur n’importe

INotons que I'intégrale (1.1.6) avec b = 1, a bien un sens lorsque w est ouvert, puisque ’application ¢ — b(wogt(v))
est alors semi-continue inférieurement quel que soit v € SM.
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quelle géodésique fermée, ce qui force donc w a intersecter tout équateur. Ainsi dans cet exemple,
la Condition de Controle géométrique est également nécessaire (plus rigoureusement, il est néces-
saire qu’elle soit vérifiée par n’importe quel ouvert épaissi de rayon £ > 0). Quant au disque avec
condition de Dirichlet, la question de caractériser les ouverts observant I’équation de Schrodinger
a été résolue par Anantharaman—Léautaud—Macia [ALM16b, ALM16a] : 'observabilité (1.1.8) en
un certain temps T > 0 est satisfaite si et seulement si 'ouvert w intersecte le bord du disque, et
dans ce cas, on a (1.1.8) en tout temps T > 0. En particulier, il n’est pas nécessaire d’observer les
diametres. Ceux-ci sont suffisamment « instables » pour que ’énergie se disperse dans tout le disque.
Mentionnons également les articles de Macia et Riviere sur les variétés de Zoll [MR16, MR19] d’ou
I’on peut déduire des résultats sur ’observabilité de Schrédinger.

Enfin dans le cadre chaotique, on renvoie vers les travaux d’Anantharaman—Riviére [AR12]. Pour
les surfaces a courbure sectionnelle négative, la situation, bien que tres différente d’un point de vue
dynamique, ressemble a celle du tore : tout ouvert non-vide observe 1’équation de Schrédinger. Le
résultat est peut-étre plus intuitif : les propriétés mélangeantes du flot géodésique impliquent qu’il
suffit d’observer une toute petite portion de la variété. Voir Dyatlov—Jin [DJ18], Jin [Jin20] et enfin
Dyatlov—Jin—Nonnenmacher [DJN22].

L’enseignement que 'on peut tirer de ces divers exemples est que 'observabilité de 1’équation
de Schrédinger est liée a la dynamique en temps long du flot géodésique sous-jacent. Plus le flot
géodésique est stable (le cas extréme étant celui des variétés de Zoll ou le flot est périodique),
plus la contrainte sur 'ouvert d’observation w sera forte pour que celui-ci observe I’équation de
Schrodinger. A D'inverse, si le flot classique est trés instable et qu’il présente des propriétés de
mélange suffisantes (cas des surfaces a courbure négative par exemple), alors une observation depuis
n’importe quel ouvert non trivial suffira. On constate donc que la propagation a vitesse infinie
de I’énergie pour I’équation de Schrodinger implique une tres grande richesse dans le probleme de
caractériser I'observabilité. C’est en opposition avec le cas des ondes pour lequel un critére universel,
la Condition de Controle Géométrique, régit les propriétés de stabilité uniforme (et d’observabilité)
de léquation quelle que soit la géométrie de (M, g).

1.1.2.3. Caractérisation des limites quantiques

Dans le prolongement des deux précédents paragraphes sur la stabilisation des ondes et ’ob-
servabilité de I’équation de Schrodinger, on discute maintenant de la question de I'observation des
états propres d’un opérateur auto-adjoint P a résolvante compacte sur une variété compacte M, ty-
piquement l'opérateur de Laplace—Beltrami associé a une métrique riemannienne g sur M. L’objectif
de ce paragraphe est d’illustrer 'apport de la correspondance classique quantique dans le domaine
de la géométrie spectrale, de se forger quelques intuitions, mais aussi de comprendre les limites de
I’analogie classique-quantique. Ce sujet sera relativement peu abordé dans la suite de ce manuscrit.
On en reparlera cependant dans le chapitre 3, o notre résultat sur 'observabilité de 1’équation
de Schrodinger implique des résultats d’observation des fonctions propres de certains opérateurs de
Schrédinger dans ’espace euclidien.

On se donne un opérateur auto-adjoint P non-borné, positif et a résolvante compacte, agissant
sur l'espace de Hilbert L?(M). En pratique on considére spécifiquement P = —A, dans la limite
des hautes énergies, ou des opérateurs de Schrodinger P = —#i2A, 4+ V(z) ot V € C*(M) dans la
limite semi-classique 7 — 0. La théorie spectrale nous dit alors que le spectre de P est discret, et
composé d’une suite croissante de réels positifs

0<A <A <A< <Ay — Fo00.

A chaque valeur propre A\ € Spec P est associé un espace propre non trivial F\ de dimension finie. Les
éléments non nuls de ' sont appelés états propres, modes propres ou fonctions propres. On définit
un objet qui encode les propriétés de concentration (spatiale) des états propres dans I'asymptotique
des hautes énergies \,, — 400.

Définition 1.1.3 (Limite quantique). Fixons (uy),en une base hilbertienne orthonormée d’états
propres et introduisons les mesures de probabilité i, = |u,(z)? dVol,(x), qui correspondent & pro-
babilité de présence d’une particule quantique dans 1’état w,. On appelle limite quantique (associée
a la base (up)nen) toute mesure de probabilité p obtenue comme valeur d’adhérence de cette suite
(tin)nen pour la topologie faible-étoile.
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Notons que dans cette définition, les limites quantiques dépendent a priori de la base hilbertienne
choisie. On peut donc aussi bien chercher a caractériser I’ensemble des limites quantiques associées a
toutes les bases possibles, que s’intéresser aux limites quantiques associées a des bases particulieres.

Les limites quantiques sont généralement étudiées en les relevant a ’espace des phases (ou plu-
tot au fibré unitaire cotangent S*M). Ces mesures relevées sont parfois appelées mesures semi-
classiques. 11 est connu que I’ensemble des mesures semi-classiques est contenu dans l’ensemble
(convexe) des mesures de probabilité invariantes par le flot géodésique. La question de caractériser
Pensemble des limites quantiques (ou des mesures semi-classiques) est en général treés difficile. On
donne ici un panorama de quelques résultats connus a ce sujet dans des contextes géométriques variés
(essentiellement des variétés riemanniennes compactes). Comme pour l'observabilité de I’équation
de Schrodinger, la distribution asymptotique des fonctions propres dépend des propriétés globales
du flot géodésique sous-jacent. La compréhension fine des limites quantiques exige parfois de prendre
en compte les phénomenes délicats d’interférences qui apparaissent en temps tres long dans la dy-
namique du propagateur associé a ’opérateur P considéré.

La premiere famille d’exemples releve du chaos quantique, ou 'on s’intéresse a des systémes
dont la limite classique est chaotique. On renvoie aux articles de revue [AN09b, AN(09a, Nonl3]
pour plus de références. Pour P = —A,, sur une variété riemannienne compacte dont le flot géo-
désique est ergodique par rapport a la mesure de Liouville sur S*M, on sait d’apres les travaux de
Snirel'man [Sni74], Zelditch [Zel87] et Colin de Verdiere [CAV85] que la propriété d’ergodicité quan-
tique est satisfaite, c’est-a-dire que pour toute base orthonormée de vecteurs propres fixée (u,)neN,
il existe un sous-ensemble S C N de densité 1 tel que

" 1
f — s ——__dVol,. (1.1.9)
=220 Vol, (M) g

Ceci signifie que la plupart des états propres s’équi-distribuent sur la variété dans la limite des
hautes énergies et est en accord avec I’heuristique classique-quantique : les solutions stationnaires
de ’EDP Dy = — P1) doivent moralement se délocaliser lorsque la dynamique classique sous-jacente
est ergodique, i.e. ses sous-ensembles invariants stricts sont de mesure nulle. D’autres généralisations
ont été donnée ultérieurement ; voir par exemple le cas des billards convexes traité par Gérard et
Leichtnam [GL93], ou des variétés a bord par Zelditch et Zworski [ZZ96]. Plus tard, Rudnick et
Sarnak formulent la conjecture d’unique ergodicité quantique [RS94], selon laquelle sur toute variété
de courbure sectionnelle négative, la convergence (1.1.9) est vraie pour toute la suite (tn)nen, i€
S = N. Cette conjecture a été prouvée dans des cas tres particuliers, notamment celui des surfaces
arithmétiques compactes, et pour des bases hilbertiennes particuliéres; voir Lindenstrauss [Lin06].
Dauns le cas des surfaces d’Anosov, les résultats de Dyatlov—Jin [DJ18] et récemment de Dyatlov—Jin—
Nonnenmacher [DJN22] énoncent que les limites quantiques ont un support égal a toute la variété :
pour tout ouvert non-vide w C M, il existe une constante ¢, > 0 telle que

—Agu=Au = Hu||L2(w) z Cw”UHm(M)‘ (1.1.10)

La preuve repose entre autre sur un théoréme d’Egorov (qui formalise I’équivalence classique-
quantique et sur lequel nous reviendrons au chapitre 4) et un principe d’incertitude fractal [Dyal9].
Dans le contexte des variétés d’Anosov, les travaux d’Anantharaman [Ana08], Anantharaman—
Nonnenmacher [AN07] et Riviére [Riv10b] donnent des bornes inférieures de I’entropie de Kolmogorov—
Sinai des mesures semi-classiques, qui interdisent en particulier la concentration de toute I’énergie
sur une géodésique fermée. Elles n’excluent cependant pas ’apparition de cicatrices, i.e. la concentra-
tion partielle de sous-suites d’états propres sur des géodésiques fermées. Il existe en fait des modeles
jouets de chaos quantique qui présentent ce phénomene de cicatrices. Ainsi, pour des applications de
type chat d’Arnold quantique, Faure, Nonnenmacher et de Bievre prouvent I’existence de sous-suites
de modes propres dont la moitié de la masse se concentre sur des trajectoires fermées de ’application
chat classique sous-jacente [FNDB03, FN04], 'autre moitié étant équirépartie. Ce résultat montre
que le théoréeme de Snirel man ne peut pas étre amélioré en général, et infirme I'unique ergodicité
quantique dans ce cas trés particulier. Pour terminer avec ce tour d’horizon dans le contexte du
chaos quantique, citons le résultat de Hassell [Has10] qui concerne le stade de Bunimovitch, un des
exemples les plus importants de billards ergodiques. Pour des billards « génériques », Hassell prouve
Iexistence de modes propres du Laplacien de Dirichlet produisant des cicatrices sur les trajectoires
périodiques rebondissant sur les c6tés de la partie rectangulaire du billard. C’est un autre exemple
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de modes propres exceptionnels autorisés par le théoréme de Snirel’man contrevenant & 1'unique er-
godicité quantique. Dans les billards polygonaux, Hassell, Hillairet et Marzuola [HHMO09] montrent
que les fonctions propres du laplacien de Dirichlet ou de Neumann ne peuvent pas se concentrer
loin des coins du billard : pour tout voisinage w de I’ensemble des sommets du bord polygonal on a
I'inégalité d’observabilité (1.1.10).

L’autre famille de systemes dynamiques particulierement étudiée est celle des systéemes com-
plétement intégrables, caractérisés par un nombre maximal de quantités préservées. L’exemple
le plus simple est peut-étre le tore T¢ = R%/Z%. L'un des principaux résultats existants, dii &
Jakobson [Jak97], d’aprés une idée de Bourgain, énonce que les limites quantiques du tore sont
absolument continues par rapport a la mesure de Lebesgue, en dimension arbitraire. En dimen-
sion 2, Jakobson obtient de surcroit une description explicite des limites quantiques, établissant
que leurs densités par rapport a la mesure de Lebesgue sont des polynoémes trigonométriques. Les
travaux [BZ12, BBZ13, BZ19] sur l'observabilité de I’équation de Schrédinger impliquent égale-
ment que (1.1.10) est satisfaite sur T¢ pour tout ouvert w non vide. Voir également les travaux
de Anantharaman—Macia [AM14] et Maciad-Riviere [MR18] pour des opérateurs de Schrodinger.
Dans le cas de la sphére ronde de dimension arbitraire, Jakobson et Zelditch [JZ99] prouvent que
Pensemble des mesures semi-classiques (i.e. les relevés des limites quantiques sur S*M) associées &
une certaine base de fonctions propres coincide avec I’ensemble des mesures invariantes par le flot
géodésique, dont les points extrémaux se projettent, via la projection canonique 7 : S*M — M,
sur les mesures de Dirac sur les équateurs. C’est en quelque sorte la situation opposée a celle
de T'unique ergodicité quantique.? La concentration de modes propres sur des géodésiques appa-
rait comme un phénomene lié a la grande dégénérescence du spectre du laplacien sur la sphere.
Le résultat de Jakobson—Zelditch a été généralisé par Macia aux espaces symétriques compacts
de rang 1 [Mac08], ou encore aux variétés compactes de courbure sectionnelle constante stricte-
ment positive [AM10]. En revanche, Macia et Riviere [MR16] montrent que cette propriété n’est
plus satisfaite sur la sphére S% lorsque le laplacien est remplacé par un opérateur de Schrodinger
P = —A+V(x) avec un potentiel lisse générique. De méme, ’ensemble des mesures semi-classiques
pour l'opérateur de Laplace-Beltrami sur certaines surfaces de Zoll ne coincide pas avec ’ensemble
des mesures invariantes par le flot géodésique [MR16]. Dans le disque, les travaux d’Ananthara-
man, Léautaud et Macia donnent une description fine des limites quantiques d’opérateurs du type
—Ap + V(z) (Ap est le laplacien de Dirichlet) : elles peuvent s’écrire comme une combinaison
convexe d’une mesure absolument continue par rapport a la mesure de Lebesgue dans l'intérieur du
disque et de la mesure uniforme sur le cercle (cette derniére s’obtient aussi comme limite quantique
d’une suite de modes propres du disque appelée « galerie des chuchotements »). On renvoie vers
larticle d’Anantharaman—Fermanian Kammerer-Macia [AFKM15] pour un traitement général des
mesures semi-classiques pour les systémes complétement intégrables. On mentionne pour terminer
les récents travaux d’Arnaiz et Macia [AM22a, AM22b], qui donnent une description compléte des
limites quantiques pour des oscillateurs harmoniques généraux et des perturbations de ceux-ci, se-
lon les propriétés diophantiennes des fréquences caractéristiques de l'oscillateur. Nous en reparlerons
brievement au chapitre 3.

1.1.3. Estimées de résolvante et théorie du controdle

L’étude mathématique des problémes de stabilité uniforme des ondes amorties et d’observabilité
de ’équation de Schrodinger décrits dans les paragraphes 1.1.2.1 et 1.1.2.2 peut souvent étre réalisée
via une réduction a un probléme stationnaire, a savoir une estimée de résolvante sur le générateur
de I’évolution. On donne ici deux énoncés dont nous ébauchons les preuves.

Ondes amorties

Revenons tout d’abord sur la stabilité uniforme des ondes amorties. On formule le probléeme dans
un cadre un peu plus abstrait. On considére 1’équation des ondes amorties

O =sdpl  avec  dp = (_OP _E}*B) , (1.1.11)

2Notons que pour une base aléatoire de fonctions propres sur la 2-sphére, on a tout de méme unique ergodicité
quantique, c’est-a-dire que pour presque toute base hilbertienne orthonormale de fonctions propres du laplacien (par
rapport & une mesure de probabilité naturelle sur I’ensemble de ces bases), la probabilité uniforme sur S2 est la seule
limite quantique associée & cette base au sens de la définition 1.1.3 [Zel92, Van97, Van98].
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ol P est un opérateur auto-adjoint & résolvante compacte?® tel que P > ¢ > 0 sur un espace de
Hilbert #€, et B est un opérateur auto-adjoint borné sur 7. I’exemple que nous avons en téte pour
le paragraphe 1.2 est # = L?(R?) avec P = V(x) — A (ol le potentiel est positif et confinant) et B
est 'opérateur de multiplication par v/b, ot b € L>(R%), b > 0. La théorie de Hille-Yosida [Paz83]
permet de vérifier que l'opérateur des ondes amorties o p défini dans (1.1.11) engendre un semi-
groupe de contractions (eMB)teR sur l'espace de Hilbert $§ = dom P2 x #€ muni du produit

scalaire
Ul U2 o 1/2 1/2 Uy U2
((m) ’ (vz))ﬁ ' (P u, P u2>9f€ + (V1 02) (m) ’ (vz) SR

Pour une donnée initiale U € $ de (1.1.11), Iénergie associée est définie par
1 2
&(U,t :=7H ﬂBtUH , t >0,
U0 i= et ] ez

de sorte qu’en écrivant W = (1(t), 01p(t)) la solution de (1.1.11) issue de U, on ait

1 2 2
6w.0) = 3 (10wl + VP,
On a alors le résultat suivant dont on ébauche une preuve.
Proposition 1.1.4 (Estimée de résolvante pour la stabilité uniforme des ondes). On a

3r,C > 0:Vt€R, HemB

¢

Specdp NiR =& et supH(dBfi)\)*IH“%(ﬁ) < 0. (1.1.13)
A€R

< Ce U7 (1.1.12)
L(9)

Démonstration. On suppose d’abord que I’on a décroissance exponentielle de la norme d’opérateur
du semi-groupe. En vertu de la formule

+oo
(dp —i\)~' = —/ e e =) gy
0
I'inégalité triangulaire et (1.1.12) impliquent pour A € R :
—+oo
(et =)y < [ Cemd=c
0

Réciproquement, on suppose que la résolvante de o/ est bornée sur 'axe des imaginaires purs.
On se donne U € 9 et on fixe x € C*(R;[0,1]) telle que x = 1 au voisinage de 'infini et y = 0 sur
R_. On pose V(t) := x(t)e!**2U pour un certain U € §. On a

AV (t) =X (t)e! "B U + ARV (t).
On prend la transformée de Fourier par rapport au temps pour obtenir
i2V(2) = Fooe (X (02U (2) + T (2),
d’ott 'on tire, en supposant que z € R (et en utilisant que Specdp NiR = &) :

V(z) = —(dp —iz) ' Fioss (x’(t)emBU) (2). (1.1.14)

En utilisant le théoréme de Plancherel  puis (1.1.14), on en déduit que

[RHV(t)n; dt:c[RH‘A/(z)Hi dzgcc/RHgHz (X (0ee0) (z)Hi dz.

3La compacité de la résolvante et la stricte positivité de Iopérateur simplifient un certain nombre d’arguments
dans I’étude de la stabilité uniforme des ondes. Notons que I’hypotheése P > ¢ > 0 n’est pas satisfaite pour P = —A,
sur une variété riemannienne (M, g) compacte, mais ’argument peut étre adapté ; voir [AL14].

4Notons que pour étre rigoureux, il faudrait montrer auparavant que ¢ — V (t) est bien dans L2(R; #€).
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Le théoréme de Plancherel de nouveau, puis le fait que (e!¥2);cr, . est un semi-groupe de contractions
impliquent

2
2
[volasc [ [vwemu] a < el 10l

En utilisant que ||e*?# |l (s) < 1 pour tout ¢ > 0, on obtient en particulier que

e

Enfin, la propriété de semi-groupe conduit a

t t
T
t 0 K3) t 0

2 2 2 2
< 2 (11 = XZem,) + CIN Iy ) WU

wingr||® g < 1— siagr v ae <2 (11— x| Clly|1? U|?
e I N (1—x(t)e +V(t) I 11 = Xlz2®,) + ClIX 22wy ) U5
.

IN

2
Vt € R%, ] BMBUHﬁ

2
esmBUH ds
9

Ceci est valable pour tout U € $. En particulier, pour ¢ assez grand, on obtient ||eMB Hfﬁ(ﬁ) <1,et

la propriété de semi-groupe implique donc la décroissance exponentielle uniforme (1.1.12). O

L’estimée de résolvante (1.1.13) porte sur un opérateur qu’on peut qualifier de vectoriel, au sens
ou il agit sur ’espace de Hilbert $ C J€ @ F€. 11 existe plusieurs fagons de se ramener a une estimée
de résolvante « scalaire » plus facilement manipulable. D’une part on peut montrer qu’il existe une
constante C' > 0 telle que pour tout A € R :

C(A)H(P—A2+i)\B*B)_1H :

£(H) < L ()

C‘l<)\>H (P=22+ i)\B*B)_lHEE(%) < |(stp —in)"

On renvoie a [Leb96] ou encore a [AL14, Lemma 4.6] pour une preuve ('idée générale est d’utiliser
la formule du complément de Schur pour exprimer les composantes de (/5 —iA\)~!). On peut donc
montrer (en séparant les parties réelle et imaginaire de 'opérateur P — A% + i\B*B et en utilisant
le fait que B est borné) que

SpecAp NiR = & t dp—iX) "
pecsp Ni et sup|[(sdp —iX) g ) <00

(3
C
3C > 0:VY\ € R,Vu € dom P, [l 5o < W||(P = X)ul|,, + ClBul - (1.1.15)
Une seconde maniére de se ramener & une estimée de résolvante scalaire est d’utiliser la factorisation

de 'opérateur des ondes

—02 — P = (D, + VP)(D, — V/P).

Un travail semblable & celui de la preuve de (1.1.15) peut étre réalisé aprés avoir diagonalisé la
partie principale (sans amortissement) de I’équation des ondes amorties (1.1.3) vue comme systéme
hyperbolique ; voir [Lé23]. On aboutit ainsi & ’énoncé suivant :

SpecdpNiR =& et supH(&de—i)\)_l
AER

(;
30> 0:VAE R Vuedom VP,  ul,p < CH(\/TD— A)UH% + O Bul - (1.1.16)

() <X

En particulier, les estimées de résolvante sur les opérateur P et v/P en (1.1.15) et (1.1.16) sont
équivalentes (ce que I'on peut aussi vérifier directement). Cela dit, elles ont chacune leurs avantages
et leurs inconvénients.

o L’estimée (1.1.15) est pratique car elle porte sur 'opérateur P, qui sera dans notre étude un
opérateur de Schrodinger (en particulier un opérateur différentiel) ; voir le paragraphe 1.2. En
revanche, étudier I’évolution quantique e~*¥ dans ce cadre peut s’avérer plus compliqué. En
effet, dans le cas P = —A, sur une variété Riemannienne compacte (M, g), le propagateur
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€S9 correspond & I’équation de Schrodinger (1.1.7), pour laquelle on a propagation de ’éner-

gie a vitesse infinie. On n’a alors a priori pas de description globale sur ’espace des phases pour
I’évolution e"*®s en termes de correspondance classique-quantique, et il est en général néces-
saire de tronquer le hamiltonien P au voisinage d’une couche d’énergie pour étudier ’évolution.
On reparlera de ces questions en lien avec le théoréeme d’Egorov dans le paragraphe 1.4.

o+ L’estimée de résolvante en (1.1.16) implique un opérateur « plus petit », a savoir v/P, qui
correspond & l'opérateur de demi-ondes dans le cas P = —A, (c’est en particulier un opé-
rateur d’ordre 1). L’évolution associée correspond a 1’équation des ondes, pour laquelle on a
propagation de ’énergie a vitesse finie, et on dispose alors d’un principe de correspondance

classique-quantique global permettant de décrire I'action du propagateur e ™"V =29 sur tout
'espace des phases. La contrepartie est que la racine carrée v/ P (définie par le calcul fonc-
tionnel pour les opérateurs auto-adjoints) n’est pas vraiment explicite, et on perd le caracteére
différentiel de 'opérateur lorsque ’on part d’un opérateur différentiel P.

Dans le chapitre 2 sur la stabilité uniforme des ondes avec potentiel confinant, on utilisera la premiére
option, c’est-a-dire ’estimée de résolvante (1.1.15) sur P. L’'une des applications du chapitre 4 sur
le théoreme d’Egorov dans le calcul de Weyl-Hérmander pourra étre utilisée pour prouver I’estimée
de résolvante (1.1.16) sur v/P.

Schrodinger

On donne maintenant un analogue de la proposition 1.1.4 pour le probléeme de I'observabilité
de I’équation de Schrédinger introduit dans le paragraphe 1.1.2.2. La encore, on peut reformuler le
probléme dans un cadre abstrait. On considére I’équation de Schrédinger

Dy = —Py, (1.1.17)

ou P est un opérateur auto-adjoint a résolvante compacte agissant sur un espace de Hilbert €. On
fixe également un opérateur d’observation B borné et auto-adjoint sur #€. L’exemple que I'on a en
téte consiste a prendre # = L*(R%), P = V(x) — $A un opérateur de Schrédinger (avec potentiel
confinant, i.e. V(x) — 400 lorsque z — 00) et B = 1, ott w C R? est un ouvert d’observation. Le
résultat suivant, dont on ébauche la preuve, est dii & Burq et Zworski [BZ04], Ramdani-Takahashi—
Tenenbaum-Tucsnak [RTTTO05] et Miller [Mil05] (voir aussi [TW09, Mil12]).

Proposition 1.1.5 (Estimée de résolvante pour l’observabilité de Schrodinger). On a l'inégalité
d’observabilité

T
31,C > 0:Vu € #, [[ul|5 < 0/ HBe—”PuH; dt (1.1.18)
o ;
st et seulement si

3C >0:VA € R,Vu € dom P, lullyo < CI(P = Nully + C||Bull 4- (1.1.19)

Démonstration. On commence par supposer que l’estimée de résolvante (1.1.19) est fausse. Alors
il existe des suites (An)nen dans R et (up)nen dans dom P telles que [lun | ;2gay = 1 pour tout
n € N et

(P = Ap)up L) et Bu, 0.
n— oo n— 00

On déduit de l'inégalité des accroissements finis que pour tout 7" > 0, on a uniformément en
tel0,T]:

He—it(P—An)un —u,

¢
» g/o He_”P(P—)\n)unH%dt:0(1)

lorsque n — oo, et donc

|Be™ Py, < | Bunll e + \|B||££(3€)He*it(P7>m)un || = o(1)

lorsque n — oo (uniformément en ¢ € [0,77]). On obtient donc

T
—itP, |2
[ B it ——o,
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ce qui contredit 'observabilité (1.1.18).

Réciproquement, on suppose que 'estimée de résolvante (1.1.19) est vraie. On fixe x1,x2 €
C*>®(R;[0,1]) telles que x1 = 1 sur | — 00,1] et suppx1 C] — 00,2], et x2 = 1 sur [1,+o0] et
supp x2 C [0, +o0o[. Soit u € L?(R?) et posons v(t) := xr(t)e ™ u ot x = xp = x1(® — R)x2 pour
R > 0. On observe que x est supportée dans [0,2 4+ R] et qu’elle vaut 1 sur [1,1+ R]. On a

D(t) = (Dixr)(t)e "Pu — Pu(t).
On prend la transformée de Fourier par rapport au temps pour obtenir

(P+2)0(2) = Feoye (32X (e u) (2).

On applique l'estimée de résolvante (1.1.19) avec A = z € R et 9(z) & la place de u pour aboutir &
[9)le < C[F 1z (X (D™ w) (2] + €| Boz) |,

On prend le carré de cette inégalité, on integre sur z € R et on utilise le théoreme de Plancherel
pour en déduire

—q 2
A||v(t)||§€dt§202/R||X’(t)e tPu||_%dt+2c2/R||Bv(t)\@€dt.

En se rappelant que (e~#F),cg est un groupe unitaire et en utilisant la définition de v(t), on peut

borner le membre de gauche par en-dessous et le membre de droite par au-dessus de sorte a obtenir
2 2 2 2 2 e itP |2
Rl < 4G il +20% [ | Be Pl at.

On a utilisé le fait que x’ est bornée indépendamment du parametre R et que la mesure de Lebesgue
de son support est bornée par 2, et aussi que x = x g est supportée dans [0,2+ R]. On obtient donc
2C?

pour R assez grand :
2+R _ )
e | Bt
R—4C?||X'[|p~ Jo ‘

ce qui correspond bien & (1.1.18). O

2
lulle <

Pour résumer cette partie, on a mis en évidence I'importance des estimées de résolvante du type
30> 0:VAERVuEH,  [uly < CI(P = Nulle +ClBull,e.  (11:20)

Les cas qui nous intéressent sont s = 1/2 pour la stabilité uniforme des ondes (B est alors la
multiplication par la racine carrée du coeflicient d’amortissement), et s = 1 pour 1’observabilité de
I’équation de Schrodinger (B est alors la multiplication par la fonction 'indicatrice de ’ensemble
d’observation). L’analogue pour le probléme de l’observation uniforme des fonctions propres tel
que (1.1.10) est une estimée du type

3C >0: (Pu=Xu = |ully < C||Bull ). (1.1.21)

La preuve d’une estimée de résolvante comme (1.1.20) se déroule généralement en deux étapes.
Premiérement, on vérifie que 'estimée (1.1.20) est vraie sur tout compact A € [—Ag, Ag] (avec une
constante C' = C(\g) dépendant de Ay > 0), pourvu que le couple d’opérateurs (P?, B) satisfasse
des propriétés de prolongement unique [LRLR22a, LRLR22b]. Deuxiémement, on vérifie que la
constante C' est en fait uniforme en Ag > 0 a haute énergie A > 1. Par la contraposée, si cette
constante C(\g) explose lorsque A\g — +00, alors il existe une suite (A,)nen telle que A, — 400 et
une suite (un)nen dans le domaine de P? telles que

{(PS —A)tn = 0ye(1),  tmlly =1, (1.1.22)
Buy, = ox(1), (1.1.23)

lorsque n — oco. Une famille de fonctions satisfaisant (1.1.22) est qualifiée de quasi-mode de I'opé-
rateur P? de précision o(1), ou encore de o(1)-quasi-mode de P*. On interpréte (1.1.23) comme le
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fait que ce quasi-mode échappe a amortissement ou & ’observation. Ainsi, la négation de I'estimée
de résolvante (1.1.20) donne lieu & des quasi-modes échappant & ’amortissement ou & 1’observation,
qu’il convient donc d’étudier.

On termine ce paragraphe par un énoncé permettant de relier les trois probléemes évoqués dans
le paragraphe 1.1.2, a savoir la stabilisation des ondes, I’observabilité de Schrodinger et ’étude des
fonctions propres.

Proposition 1.1.6. Soit P un opérateur auto-adjoint a résolvante compacte tel que P > ¢ > 0 sur
un espace de Hilbert #€, et soit B un opérateur auto-adjoint borné sur F€. Alors on a les implications

(1.1.15) <= (1.1.16) => (1.1.19) => (1.1.21).

Démonstration. On rappelle que les estimées de résolvante (1.1.15) et (1.1.16) sont équivalentes
a (1.1.13). Il reste donc & montrer les implications. Notons tout d’abord que 1’on a pour tout s > 0 :

VYA <0,Vu € dom P?, lull o < *l|PPullye < e *||[(P° — Null 4 + || Bul| 4,

étant donné que P > ¢ > 0 par hypothése. Vérifions I'implication (1.1.16) = (1.1.19). Si 'on suppose
que (1.1.16) est vraie, il suffit donc de prouver (1.1.19) pour A > 0. Cela découle directement du fait
que pour tout A > 0 et pour tout u € dom P, on a

@72 = 20u

=[P x| < ||+ A)_lHi( [P~ 22)u

4 #)

<) (P,

En injectant cette inégalité dans (1.1.16) pour A > 0, on obtient bien (1.1.19) avec A\? & la place de
A. Cela prouve donc (1.1.16) = (1.1.19). La deuxiéme implication consiste & appliquer (1.1.19) aux
fonctions propres, ce qui termine la preuve de la proposition. O

1.1.4. Quantification et analyse microlocale

L’évolution associée a une équation aux dérivées partielles telle que I’équation des ondes ou
I’équation de Schrodinger a lieu dans un espace de Hilbert, généralement de dimension infinie, comme
'espace des fonctions de carré intégrable L?(M,dVol,) sur une variété riemannienne (M,g). La
dynamique classique sous-jacente (e.g. 'optique géométrique) est en revanche naturellement définie
sur ’espace des phases T*M, c’est-a-dire le fibré cotangent au-dessus de la variété M, qui est de
dimension 2dim M (voir le paragraphe 1.1.5.1 pour des définitions plus précises). La quantification
est le procédé mathématique qui permet de relever les observables classiques (les fonctions sur
'espace des phases T*M) en observables quantiques (les opérateurs agissant sur L?(M)), et ainsi
comparer dynamique quantique et dynamique classique. Dans ce paragraphe, on considére M = R?
et la quantification de Weyl Op" que ’on introduit & présent (il en existe beaucoup d’autres mais
on se restreindra a celle-ci dans ce manuscrit). On renvoie & [Zwol2, Ler10, Hor85, DS99, Mar(02]
pour plus de détails et des présentations alternatives de la théorie.

1.1.4.1. Quantification de Weyl

Etant donné un symbol a € & (T*M), on définit la quantification de Weyl de a comme étant
lopérateur Op*(a) agissant sur I’espace de Schwartz & (M) donné par

2 )

Op*(a)ul ) = |

i) <x +y ) u(y)dyde,  xe€ M,uecS(M). (1.1.24)
T*M

On vérifie alors que Op™(a) : (M) — P (M) est continu. Notons que cette formule ne nécessite
qu'une structure affine sur M (pour donner un sens & z — y et “‘éﬂ), la structure euclidienne est
superflue. ® C’est la raison pour laquelle on conserve la notation M (au lieu de R?), pour laquelle
il n’y a pas d’origine et la distinction entre point et vecteur tangent est claire. On remarque que
la quantification Op" envoie les symboles ne dépendant que de la variable z sur les opérateurs de
multiplication et ceux ne dépendant que de la variable £ sur les multiplicateurs de Fourier :

Op“(a(z)) =a(z), and  Op“(a(§)) =F " al(&)7F,

50n travaille ici avec une normalisation fixée de la mesure de Lebesgue dz sur R4, telle que produit scalaire sur
L2(M) s’écrive (u,v) 2 := [}, @(x)v(x) dz. On normalise la mesure « duale » d€ sur les espaces cotangents T3 M ~ R4
de sorte que la mesure dz d§ sur T*M vérifie OpW(1) = Id dans (1.1.24).
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ou ¥ est la transformée de Fourier. Pour des symboles plus généraux, on attend de lopérateur
correspondant qu’il « interpole » entre ces deux cas particuliers, et qu’il agisse de facon consistante
avec les valeurs prises par a dans les différentes régions de I’espace des phases. Ces opérateurs Op™(a)
sont appelés opérateurs pseudo-différentiels, ou observables quantiques. On parlera de symbole ou
d’observable classique pour a.

En introduisant la transformée de Wigner [Wig32] de uy,up € ¥ (M) :

v

(u1 @ ug)(z,§) := /Rd Us (x + %) U (x — 5) e dv, (x,8) e T*M, (1.1.25)

qui envoie contintiment & (M) x & (M) dans & (T*M), on obtient une formulation faible

/ u20p™(a)uy dor = / a(uy @ ug) dz d€

M *M

permettant d’étendre la définition de la quantification de Weyl au distributions tempérées :
(Op™(a)ur, u2)gr g (nry = (@ w1 @ U2)gr (7 arys a€ P (T"M),ur,ug € F(M).

On obtient alors un opérateur Op“(a) : ¥ (M) — $’(M) continu. Réciproquement, tout opérateur
A:P (M) — S (M) continu peut s’écrire de fagon unique A = Op"(a) avec a € ¥'(T*M) en vertu
du théoréme du noyau de Schwartz [Tre67, Corollaire du Théoréme 51.7]. La transformée de Wigner
s’étend en une application sesquilinéaire L?(M) x L?*(M) — L?(T*M). On lui donne maintenant une
premiere interprétation. Lorsque u; = us = u € L?(M) est de norme 1, on la voit souvent comme
une distribution de « quasi-probabilité » qui reléve la densité |u(z)|? dz & I'espace des phases et
en indique la localisation spatiale et fréquentielle simultanée, aussi appelée microlocalisation. Cette
interprétation est justifié en particulier par 1’observation que

| wowegd-u@F o [ @ouegds=Ful
T*M M
L’importance des produits scalaires du type

(u, Op™(a)u) 2 = / a(u @ u) dx d€

*M

apparait donc clairement : ces quantités permettent d’évaluer, ou de mesurer, la microlocalisation
de u, d’ou la terminologie d’observable quantique et classique.

1.1.4.2. Calcul pseudo-différentiel

L’outil de base de I’analyse microlocale est le calcul pseudo-différentiel, qui permet de décrire
la composition d’opérateurs de la forme Op™(a) en fonction de leurs symboles. Si I'on se donne
deux symboles a1, as tels que la composition Op*(a;)Op™(as) : ¥ (M) — F’(M) ait un sens et soit
continue, alors on peut définir le produit de Moyal de a; et as, noté a; # as, par 'identité

Op"(a1)Op%(az) = Op“(ay # az). (1.1.26)

Sous certaines hypotheses sur a; et ag, le calcul pseudo-différentiel consiste a donner un développe-
ment asymptotique du produit de Moyal qui prend la forme

Op"(a1)Op“(az) = Op™(a1 # a2) = Op%(araz) + Op" (% {a1, as}) + termes de reste. ~ (1.1.27)

Cette formule est remarquable & plusieurs égards : le terme « d’ordre 0 » correspond au produit des
symboles, ce qui est tres raisonnable si 'on songe aux cas particuliers de symboles ne dépendant
que d’une des deux variables. Le terme « d’ordre 1 » quant a lui implique le crochet de Poisson des
observables classiques, défini par

{al,ag} = O'(Hal,Haz) = 850,1 -8wa2 — 8Ia1 . 65a2,

ou o = d€ Ndx est la forme symplectique canonique sur T*M et H, est le champ de vecteurs hamil-
tonien associé & a selon (1.1.33). Le terme de reste ne dépend que des dérivées d’ordre plus grand
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que 2 de a; et az. On a en fait un développement asymptotique pour lequel le terme d’ordre j fait
intervenir uniquement les dérivées d’ordre j des symboles en question. Pour que ce développement
asymptotique soit pertinent, il est donc naturel de demander que I'on gagne de la petitesse a chaque
dérivée des symboles impliqués. Les deux fagons les plus communément utilisées pour obtenir ce
gain sont les suivantes. La premiere, qualifiée de semi-classique, consiste a considérer des symboles
a = ay, dépendant d’un petit parameétre h €]0, 1] pour lesquels

Vo, 8 € N4, 3C, 5 > 0:Vh €]0,1],Yp € T*M,

8§8§ah(p)’ < Coghl?!, (1.1.28)

On obtient alors la classe standard de symboles semi-classiques Sse1(1), et le terme d’ordre j du calcul
pseudo-différentiel (1.1.27) est d’ordre h7. Un exemple de tel symbol est donné par ay,(z,€) = a(x, h§)
ol a € Cp°(T*M) est un symbole fixé. La seconde, qualifiée de microlocale, implique des symboles
de la forme

Ca.p
(€ysl

ot (e) = (1 + |e]?)!/2. On obtient la classe standard de symboles notée 57 5- Un exemple de tels

Vo, B € N4 3C, 5 > 0:V(x, &) € T*M, (1.1.29)

020 alx,€)| <

symboles est donné par a(z,§) = ap(z, %) avec ag € Cp°(T*M). Dans ce cadre, les termes successifs

dans le développement asymptotique (1.1.27) gagnent de la décroissance a l'infini en £ : le j-iéme
terme de (1.1.27) se comporte comme (£) 7.

Ces deux cadres peuvent étre unifiés et généralisés au sein de la théorie des métriques sur ’espace
des phases et du calcul de Weyl-Hormander (voir le paragraphe 1.4).

1.1.4.3. Vers les métriques sur ’espace des phases et le calcul de Weyl-H6rmander
Une autre interprétation de la transformée de Wigner est la suivante

Op™(u1 @ ug) = |u1)(uzl,

ou l'on utilise la notation bra-ket pour 'opérateur de rang 1 donné par |u;)(uz| : u +— (ug,u) 2u;.
Cette observation permet de mieux comprendre l'action d’un opérateur pseudo-différentiel général
a. Dans la droite ligne de (1.1.1), on définit le paquet d’ondes centré en pg = (xg,&y) € T*M par

|z — @0

Ppo(x) =7 Yt exp (— 5 ) gior(z=wo) o c RY,

On vérifie par un calcul de transformée de Fourier de gaussienne que la transformée de Wigner de
©po avec lui méme est donnée par

(Pr0 © 2p0) () =7 exp (o= pol*) . WpeTM.

En intégrant par rapport a pg, on obtient

/ (%Opu © %o)(ﬂ) dpo = 1, VpeTM
T*M

(avec une normalisation correcte de la mesure dpg) et la famille de fonctions (¢, @@p, ) poer* 1 forme
ainsi une partition de 'unité de 7M. Si I’on considere un symbole a variant lentement de sorte que
a X (Ppy @ Ppo) = alpo) X (¢py @ Ppg)s on peut alors écrire formellement, 5 aprés quantification

Op%(a) = . Op™(a x (@p, @ ¢p)) dpo = / Ny a(po)Op™ (¢po @ ©py) dpo (1.1.30)

- / a(00)[0) (@00 dpo.
*M

Ainsi 'opérateur Op"(a) peut s’interpréter comme une superposition de projecteurs orthogonaux
sur les paquets d’ondes ¢,,,, pondérée par a. Ici, nos paquets d’ondes ¢,, sont moralement concentrés

61’ approximation (1.1.30), liée a la différence entre la quantification de Weyl et la quantification de Wick, peut
étre décrite de fagon quantitative; voir [Lerl0, Proposition 2.4.3].
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dans des boites de I'espace des phases de taille 1 x 1. Ces paquets d’ondes sont en quelques sortes
les « atomes » de I'espace des phases : ils saturent le principe d’incertitude de Heisenberg

V(xo,&0) € T*M,Vu € LQ(M), %Hu”iz < |z — xo)uHLQH(%V — fo)uHLz, (1.1.31)

qui peut s’interpréter comme le fait que la transformée de Wigner de tout état u € L?(M) occupe
dans ’espace des phases T*M un volume plus grand qu’une constante universelle. Cela dit, on a une
certaine flexibilité sur la forme de la boite élémentaire qui contient le paquet d’onde, du moment
qu’elle est compatible avec le principe d’incertitude (1.1.31). On verra au paragraphe 1.4 que dans
certains problémes, il est naturel de considérer une famille de paquets d’ondes dont le rapport
d’aspect dans ’espace des phases dépend du point py. La forme des boites sera essentiellement
donnée par les boules unité d’une certaine métrique g sur 7* M. Cette vision des opérateurs pseudo-
différentiels prend tout son sens dans la théorie des métriques sur ’espace des phases développée
par Hormander, et que I'on abordera dans le paragraphe 1.4.

1.1.5. Dynamique quantique et dynamique classique

Dans ce paragraphe, on décrit plus précisément la formalisation mathématique de la corres-
pondance classique-quantique a l’aide des outils d’analyse microlocale introduits dans le para-
graphe 1.1.4.

1.1.5.1. Propagateur quantique et flot hamiltonien

Les problémes de stabilité uniforme des ondes (paragraphe 1.1.2.1) et d’observabilité de ’équa-
tion de Schrodinger (paragraphe 1.1.2.2), peuvent se ramener & I’étude de quasi-modes (1.1.22) de
Popérateur @ := P?® via des estimées de résolvante. Pour étudier ces quasi-modes, on analyse le
groupe unitaire fortement continu (e~*?);cgr construit via le théoréme de Stone [RS80, VIIL.4] et
qui résout I’équation

Dy = —Qu. (1.1.32)
Le modéle dont nous avons particulierement discuté dans le paragraphe 1.1.2 correspond a P = —A,
sur une variété riemannienne compacte sans bord (M, g). On rappelle alors que les valeurs s = 1/2
et s = 1 correspondent respectivement aux demi-ondes (Q = \/—A,) et & Schrédinger (Q = —A,).
L’heuristique classique-quantique nous indique dans ce cas que le propagateur est lié, dans un certain
régime, au flot géodésique (g')s;er de la variété.

Pour des opérateurs ) plus généraux, ce flot est remplacé par une généralisation naturelle : le
flot hamiltonien associé au symbole principal de cet opérateur. Ce dernier est une fonction lisse sur
lespace des phases T*M, qui est le cadre naturel de la mécanique classique [Arn89]. Dans tout ce
manuscrit, un point typique de ’espace des phases sera noté p = (z,£) en coordonnée canoniques,
ol z € M est la variable de position, £ est la variable de moment, appartenant a la fibre T M au-
dessus de . On rappelle que T* M est muni d’une structure symplectique canonique (indépendante
de toute structure riemannienne sur M), donnée par une forme symplectique ¢ = da, obtenue
comme la différentielle extérieure de la 1-forme de Liouville définie par

a,(X)=p(dr.X), peT*M,X €T, (T*M),

avec ™ : T*M — M la projection canonique du fibré cotangent. En coordonnées canoniques (z, £),
on écrit souvent o = £dx, si bien que 0 = d€ A dx. Cette 2-forme alternée est non-dégénérée, de
sorte que toute 1-forme sur T* M peut se représenter par un unique champ de vecteurs. Ainsi, étant
donné une fonction ¢ € C°(T*M), on peut lui associer son champ de vecteurs hamiltonien H,
comme étant son « gradient symplectique » :

o(Hy, X) = —dg. X, (1.1.33)

pour tout champ de vecteurs X sur T*M. Ce champ de vecteurs sur 7*M engendre un flot (¢!):er
agissant sur T*M dit flot hamiltonien (qui sous des hypothéses raisonnables est le plus souvent
complet), que 'on obtient en intégrant 1’équation différentielle :

d
0 =Hy 04" (1.1.34)

Ce flot correspond & la mécanique classique naturellement associée & la dynamique quantique e =%,
Notons qu’il préserve par construction la fonction g, c’est-a-dire

vVt € R, qgo ¢t =q. (1.1.35)
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(a) Un potentiel V' sous-quadratique. (b) Quelques ensembles de niveau du hamiltonien

q(z,6) = V(x) + 51¢.

Fi1G. 1.1 — Mécanique classique avec un potentiel sous-quadratique.

Cette égalité s’interprete comme la conservation de 1’énergie mécanique du systeme. Dans le cas des
demi-ondes sur (M, g) compacte sans bord (i.e. Q = \/—4,), le symbol principal est donné par
q(z, &) =|¢ |q;1 ot g~ ! est la métrique duale” de g. Le flot Hamiltonien associé correspond alors au
flot géodésique de (M, g).

Un autre exemple important, et que 'on étudie dans les contributions de cette these, est celui
d’un opérateur de Schrodinger @ = V (z) — %A dans Iespace euclidien M = R? avec laplacien plat
(associé & la structure euclidienne standard sur R?) et un potentiel V € C°°(M). La définition
rigoureuse de symbole principal est plus délicate puisque I'espace des phases a un infini a la fois
en la variable x et en la variable £. Cela dit, étant donné que ’on dispose sur I’espace euclidien de
la quantification de Weyl (1.1.24), on peut considérer le symbole total de Uopérateur @, & savoir
q(z, &) = V(x)+1[[%, ot |e] est la norme euclidienne. En coordonnées, le champ de vecteurs associé
a q est donné par

Hy(x,8) = .0, — 0,V (x).0.
En écrivant les composantes du flot ¢f(z, &) = (2f, &%), PEDO (1.1.34) se réécrit

{jjt — é*t
: , (1.1.36)
€= 0,V (")

ce qui correspond au mouvement d’un point matériel dans un potentiel V', régi par la seconde loi
de Newton. Voir la Figure 1.1 pour une illustration.

Hormis pour des opérateurs @ trés particuliers, comme le cas M = T¢, Q = —A, q(z,¢) = [€]?,
pour lequel la transformée de Fourier permet de diagonaliser explicitement (), on ne dispose pas en
général de formule explicite pour obtenir des informations sur le propagateur, au dela de la simple
conservation de I’énergie

Yu e L*(M),vt € R, ||67itQUHL2 = ||ull .2

(I'analogue quantique de (1.1.35)). Ainsi pour étudier le propagateur e *? on va le comparer
dans certain régimes a la mécanique classique sous-jacente (¢!)scr via la notion de quantification
introduite dans le paragraphe 1.1.4.

1.1.5.2. Formulation de Heisenberg de la mécanique quantique

Nous avons a présent tous les outils nécessaire pour présenter de facon plus formelle le dénomina-
teur commun aux problémes de stabilisation des ondes et d’observabilité de Schrédinger introduits
dans le paragraphe 1.1.2, a savoir la correspondance classique-quantique. Nous allons faire apparaitre
I’analogie entre classique et quantique via la formulation de Heisenberg de la mécanique quantique.

"La métrique g au point z € M prend en argument des vecteurs tangents, c’est-a-dire des éléments de Ty M, tandis
que la métrique g~! prend en argument des covecteurs, c’est-a-dire des éléments de T;X M.
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Cette derniere consiste a s’intéresser a I’évolution des observables plutét qu’a ’évolution des états.
Soit ¢ ++ 1) (t) une solution de ’équation de Schrodinger abstraite (1.1.32) posée sur M = R% avec un
hamiltonien P de symbole total p, de sorte que P = Op™(p). On se donne également Ay = Op"(ag)
une observable quantique, que I’on suppose bornée sur L?(M). En écrivant u = 9(0) la donnée
initiale et 1 (t) = e *"u, on a

(¢(t)7 Aolb(t))m = (U, eitPOpW(ao)efitPu) L2’ vt € Ra

en utilisant I'unitarité du propagateur. L’opérateur conjugué A(t) := e Op™(ag)e "’ correspond
a I’évolution quantique de 'observable Ag. Il satisfait I’équation
o F =[P, F). (1.1.37)

Le parallele avec la mécanique classique apparait clairement suivant 1’observation que 1’évolution
d’une observable classique ag € C°(T*M), donnée par a(t) := ag o ¢t, satisfait I’équation

of=Ap, f} (1.1.38)

(on rappelle que ¢! est le flot hamiltonien associé au symbole p, défini par (1.1.34)). Le lien entre
les deux équations (1.1.37) et (1.1.38) se manifeste via la quantification de Weyl (F' = Op™(f)) et
le calcul pseudo-différentiel (1.1.27), étant donné que

[P, F] = OpY(3{p, f}) + reste.
Cette observation permet d’établir le théoreme d’Egorov, qui énonce que
e OpV(ag)e 1 = Op™(ag o ¢") + reste.

En d’autres termes, ’évolution quantique d’une observable est approchée par la quantification de
I’évolution classique du symbole correspondant. Sous de bonnes hypotheses, le reste est « petit »
dans un certain régime asymptotique. Par exemple dans le cadre semi-classique introduit dans le
paragraphe 1.1.4, il tend vers zéro lorsque h — 0; dans le cas microlocal le reste est un opérateur
régularisant, i.e. un opérateur pseudo-différentiel avec un symbole présentant de la décroissance a
Iinfini en £. Pour un hamiltonien quadratique tel que l'oscillateur harmonique P = %(fAJr |z|?), les
termes de reste sont exactement nuls, ce qui est lié & la propriété d’état cohérent de la solution (1.1.1)
de I’équation de Schrédinger harmonique.

1.1.5.3. Mesures de défaut

Une fagon élégante de formaliser le concept de correspondance classique quantique est d’utiliser
les mesures de défaut (microlocales ou semi-classiques). Cette notion a été introduite indépendam-
ment par Gérard [Gér91b] et Tartar [Tar90] au début des années 1990 (dans le cadre microlocal) et
a donné lieu a des développements tres riches depuis (elle préexistait sous une forme semi-classique
dans les travaux de Snirel’'man [Sni74], Zelditch [Zel87] et Colin de Verdiere [CdV85] sur 'ergodicité
quantique). On présente ici la variante semi-classique des mesures de défaut dans l'espace eucli-
dien ; voir [Gér9la, LP93] ou encore [Zwol2, Chapitre 5]. Plus précisément, on considére dans ce
paragraphe un opérateur de Schrédinger avec laplacien plat et potentiel homogeéne P = |z|*™ — A,
m € [0, +o0|. Cet exemple permet de décrire les propriétés des mesures de défaut semi-classique et
par la méme occasion de discuter de leurs limitations et des obstructions a leur utilisation dans les
problémes qui vont nous intéresser au paragraphe 1.3.

Notre motivation, en lien avec la discussion du paragraphe 1.1.3 sur les estimées de résolvante,
est la suivante : on souhaite étudier les propriétés de microlocalisation d’un quasi-mode de P, c’est-
a-dire une suite (uy)) dans dom P, ot A vit dans un sous-ensemble non-borné de R, satisfaisant

1P = A2uwle <enn  lluall =1, (1.1.39)

pour une certaine suite (ey)y de réels positifs. En général, cette suite est de la forme ey = O()\%)
ou 0(\%) lorsque A — 400, pour une puissance § < 2. Cette étude peut se ramener & un cadre
semi-classique plus standard en introduisant un parameétre de Planck h = A\™1=1/™ qui tend bien
vers zéro dans I'asymptotique des hautes énergies A — 400. On écrit dorénavant u, au lieu de w).
En divisant I'équation (1.1.39) par A2, on obtient (disons dans le cas €y = o(\?)) :

2m

(Py — Dup = o (h@*‘s m’il) . avec P, = h#¥T P, (1.1.40)
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On peut exprimer opérateur Pj, a l'aide d’une quantification semi-classique P, = 6f>h(p) avec
p(z, &) = |z|*™ + |€[%, ot 'on a posé

Opy,(a) == Opw(a (hthﬁg)) a € P (T*M),h €)0,1]. (1.1.41)

Ce choix d’échelle, bien que différent de la quantification semi-classique habituelle Op,, (obtenue
ici pour m = o0), est imposé par ’homogénéité du potentiel. Cette quantification est unitaire-
ment équivalente a la quantification semi-classique standard, et satisfait donc les mémes propriétés,
notamment un calcul pseudo-différentiel de gain h (par exemple dans le développement asympto-
tique (1.1.27), chaque terme gagne une puissance de h).

Adaptée a cette quantification, on a une nouvelle transformée de Wigner dépendant de h :

(u@pv)(x,8) = (u@v) (h_ﬁx, h_#é) , Y(z, &) € T"M,Vu,v € (M),

définie de sorte que -
Opy,(u @p, v) = Op™(u @ v) = [u)(v].

Etant donnée une suite bornée (un)pe)o,1) dans L?(M), on appelle mesure de défaut demi-
classique toute mesure de Radon u obtenue comme valeur d’adhérence de la suite (un @4 un)nejo,1]
pour la topologie faible-étoile. On a donc en particulier

(uhn,évphn(a)uhn) —>/ ady, Va € C(T*M),
L2 h,—0 T* M

le long d’une sous-suite h,, — 0. On peut montrer que les mesures de défaut semi-classiques sont
positives [Zwol2, Théoréme 5.2] et existent toujours. Ces mesures encodent la microlocalisation
asymptotique de la fonction wuy; dans la limite semi-classique (& des échelles en espace et moment
dictées par la puissance m dans (1.1.41)), comme lillustre le résultat classique suivant (voir par
exemple [Zwo12, Théoremes 5.3 et 5.4]).

Proposition 1.1.7. On considére lopérateur P, = aah(p) défini selon (1.1.41) avec p(z,§) =
|z|>™ + |€|2. Soit (up)n une suite bornée de L?(M), et soit u une mesure de défaut semi-classique.
On suppose que (up)y, est un quasi-mode, c’est-d-dire

(Pn — Dup, = or2(h°), unllz2 =1,

pour un certain € > 0. Alors on a les propriétés suivantes.
1. Sie =0, alors supppu C {p =1}.

2. Sie =1, alors Hyu = 0, soit encore (¢')pp = p pour tout t € R, o (¢')er est le flot
hamiltonien associé a p.

L’interprétation de ce résultat est la suivante : lorsque uj, est un vecteur propre approché de Py
d’énergie 1, au sens ot Pruj, = up +orz2(1), Pessentiel de 1'énergie se concentre dans la limite h — 0
sur 'ensemble de niveau {p = 1}. Lorsque la précision du quasi-mode est suffisante, en 'occurrence
o(h), la mesure p est de plus invariante par le flot hamiltonien associé a p, ce qui implique en général
une forme de délocalisation des quasi-modes.

Voyons a titre d’illustration comment ce résultat se décline pour le probleme des ondes amor-
ties (1.1.11) dans M = R? avec P = |z|*™ — A. La proposition 1.1.4 combinée avec (1.1.15) permet
de ramener la question de la stabilité uniforme des ondes amorties a 1’étude des o(\)-quasi-modes
de Dopérateur P = |z|*™ — A, c’est-a-dire les suites (uy)x bornées dans L?(M) telles que

(P—=X)uy =o0r2(A)  fuall2 = 1. (1.1.42)

On obtient alors la reformulation semi-classique (1.1.40) avec 6 = 1. On observe que la précision
du quasi-mode, ici o(h™+71), n’est pas suffisante pour appliquer I'item (2) de la proposition 1.1.7 et
avoir I'invariance des mesures de défaut semi-classiques par le flot, car ¢ = Tt < L. On ne dispose
donc a priori que de l'information de l'item (1), i.e. suppu C {p = 1}. La mesure p peut donc en
principe étre égale & n’importe quelle mesure positive supportée sur la couche d’énergie {p = 1}. Des
solutions existent pour extraire plus d’information de cette mesure, notamment les mesures de défaut
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2-microlocales (on renvoie a Nier [Nie96], Miller [Mil96, Mil97], Fermanian Kammerer [FK00, FK05]
ainsi qu’au travail de Fermanian Kammerer et Gérard [FKG02] pour une introduction de cette notion
et des exemples d’application). L’idée est de zoomer autour du support de la mesure de défaut semi-
classique et de désintégrer celle-ci selon une échelle raffinée, afin de détecter des phénomenes de
concentration et d’oscillation qui échappent a la mesure de défaut initiale. Cette approche s’est
révélée étre tres puissante pour 'analyse des quasi-modes dans des variétés compactes telles que le
tore ou le disque; voir par exemple Macia [Macl0], Anantharaman-Macia [AM14], Anantharman—
Léautaud [AL14], ou encore Anantharaman-Léautaud—Macia [ALM16b].

Dans le cas qui nous intéresse, la précision o(h#) dans la reformulation semi-classique (1.1.40)
est suffisamment mauvaise pour permettre au quasi-mode de se concentrer a une vitesse relativement
lente sur la variété caractéristique {p = 1}. Dans ce contexte, les outils de seconde microlocalisation
ne semblent pas donner d’information suffisante pour ’étude de la stabilité uniforme des ondes
amorties.

1.1.6. Objectifs de la theése

Comme nous ’avons expliqué dans le paragraphe 1.1.2; les travaux de Rauch et Taylor, et plus
tard Bardos, Lebeau et Rauch, sur les équations des ondes et de Schriédinger, ont donné lieu a
un champ de recherche trés riche et une vaste littérature, allant de paire avec le développement
des techniques d’analyse microlocale. Une grande partie des travaux existants concerne le cas de
géométries compactes. Dans cette these, on étudie plusieurs déclinaisons de ces problemes de controle
a l'espace euclidien M = R9 avec un potentiel confinant. Une difficulté nouvelle réside dans le fait
que l'espace des phases T*M posseéde un double infini (4 la fois en x et en &) avec lequel il faut
composer pour établir une forme de correspondance classique-quantique et répondre & des questions
telles que la stabilité uniforme des ondes ou l'observabilité de I’équation de Schrédinger.

Dans le paragraphe 1.2 de cette introduction, qui résume le chapitre 2 on présente les résultats
obtenus sur le probleme de la stabilité uniforme des ondes amorties dans 'espace euclidien avec
potentiel confinant. On donne des conditions nécessaires et suffisantes de stabilité uniforme portant
sur le coefficient d’amortissement, dans ’esprit de la Condition de Controle Géométrique.

Le paragraphe 1.3 expose nos contributions, détaillées dans le chapitre 3, sur probleme de
I'observabilité de 1’équation de Schrodinger dans ’espace euclidien avec potentiel confinant sous-
quadratique. On donne une caractérisation partielle des ouverts de R? qui observent 1’équation de
Schrédinger, sous forme d’une condition de type « contrdle géométrique » également.

Dans le paragraphe 1.4, qui synthétise le chapitre 4, on développe une version du théoreme d’Ego-
rov. Motivée par le cadre géométrique du paragraphe 1.2, elle permet d’étudier la correspondance
classique-quantique dans le formalisme général des métriques sur ’espace des phases et du calcul
de Weyl-Hoérmander. On donne trois contextes d’application pour des équations de Schrodinger, de
demi-ondes et de transport.

1.2. Stabilité uniforme de I’équation des ondes avec potentiel
confinant sous-quartique

Dans le chapitre 2 de ce manuscrit, nous étudions ’équation des ondes amorties avec un potentiel
confinant dans ’espace euclidien :

O} + P+ b0 =0, (4,00, =U. (1.2.1)

Ici, le coefficient d’amortissement b € L>°(R?) est supposé positif, P = V(z) — %A est un opérateur
de Schrodinger auto-adjoint avec Laplacien plat (euclidien), et on fait les hypothéses suivantes sur
le potentiel V :

Vel @RY, V>0 et V() —— +00. (1.2.2)
Le formalisme développé au paragraphe 1.1.3 s’applique ici pour toute donnée initiale U € § =
dom P'/? @ L?(R%). La solution de (1.2.1) associée vérifie le bilan d’énergie

2
ds, vVt >0,
L2(R4)

& (U,t) =& (U,0) — /()t“%at¢(s)‘
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2

e ) =3 ([P0, + 100 me ). (123)

Comme au paragraphe 1.1.2.1 dans le cas d’une géométrie bornée, on souhaite déterminer une
condition sur b pour que l’on ait stabilité uniforme.

L2(Rd

Définition 1.2.1 (Décroissance uniforme de Iénergie). On dit que I'équation des ondes amor-
ties (1.2.1) est uniformément stable si

3C>0,3r>0:YU e H,Vt >0, & (U, t) <Ce /78 (U,0).

On a vu dans le paragraphe 1.1.3 que cette propriété se reformule de maniere équivalente en
termes de résolvante ou de quasi-modes.

1.2.1. Principaux résultats
On donne maintenant une premiere condition nécessaire de stabilité uniforme. Notons

1
==
K 1B1(0)] B1(0)>

ot B1(0) C RY est la boule unité ouverte et |o| la mesure de Lebesgue. On pose également k, =
r~9k(e/r) pour tout r > 0.

Proposition 1.2.2. Soit V satisfaisant (1.2.2) et soit b € L>=(R?) positif tels que I’équation des
ondes amorties (1.2.1) soit uniformément stable au sens de la définition 1.2.1. Alors b satisfait la
Condition de Controle Géométrique Uniforme

T
3T > 0,3¢ > 0: VY(x,v) € SRY, lig;i(r}f %/ (b* k) (z + tv) dt > c. (CCGU)
0

Les hypotheéses de ce résultat sur la régularité de V' et b sont peu contraignantes. La Condition
de Controéle Géométrique Uniforme (CCGU) que l'on introduit ici est la généralisation naturelle de
celle de Rauch et Taylor (1.1.6) & un cadre non-compact avec amortissement L>°. Elle consiste a
intégrer, le long du flot géodésique de RY (i.e. des lignes droites) la fonction b convoluée & une échelle
r > 0 arbitrairement petite. Notons que cette étape de convolution est indispensable pour donner
un sens a l'intégrale des lors que la dimension d est plus grande que 2. Une formulation similaire
a déja été proposée par Burq et Gérard dans [BG20]. On aurait également pu penser a considérer
la limite inférieure quand T' — +oo de la moyenne en temps, au lieu de prendre T fixé. Il s’avere
que (CCGU) est la bonne généralisation de (1.1.6), car elle implique 'uniformité de T' par rapport
a (z,v) € SRY, qui vit dans un ensemble non-compact. Cette observation a déja été faite dans le
travail de Burq et Joly [BJ16].

On montre aussi la condition suffisante de stabilité uniforme suivante.

Proposition 1.2.3. Soit V satisfaisant (1.2.2) et soit b € L>=(R?) positif tel que
3R > 0,3¢>0: b(x) > ¢ pour presque tout |x| > R. (1.2.4)

Alors Uéquation des ondes amorties (1.2.1) est uniformément stable.

Cette proposition repose sur un argument de mesure de défaut semi-classique impliquant uni-
quement le Laplacien. La condition (1.2.4) apparait déja comme une condition suffisante de stabilité
uniforme pour une équation des ondes amorties non-linéaire dans les travaux de Zuazua [Zua91].
On insiste encore une fois sur le fait que les proposition 1.2.2 et 1.2.3 ne nécessitent quasiment
aucune hypothese sur le potentiel et exploitent seulement la partie « cinétique » de I'opérateur de
Schrédinger P, a savoir le laplacien.

Remarque 1.2.4. Les Propositions 1.2.2 et 1.2.3 n’exploitent pas le caractere confinant du potentiel
supposé dans (1.2.2), et qui pourrait étre relaxé. Ceci nécessiterait quelques adaptations dans I’étape
de réduction de la stabilité uniforme & une estimée de résolvante du type (1.1.15). Il s’avére que pour
des potentiels bornés satisfaisant V(z) > e > 0,Vx € R?, la proposition 1.2.3 est un cas particulier
de [BJ16, Theorem 1.1].
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(a) Coefficient d’amortissement satisfaisant (b) Coefficient d’amortissement satisfaisant la
la Condition de Controle Géométrique Uni- Condition de Point Tournant (CPT).
forme (CCGU).

F1G. 1.2 — L’amortissement est 'indicatrice de I’ensemble dessiné en noir.

A présent, on souhaite refermer ’écart entre les conditions nécessaire et suffisante obtenues dans
les propositions 1.2.2 et 1.2.3 en étudiant le régime « potentiel » olt V(x) domine sur le laplacien
dans Vopérateur de Schrodinger P. Dorénavant, en plus de (1.2.2), on fait ’hypothése suivante sur
le potentiel :

V € C*(RY) et VV(z)=o0 (V(x)3/4) lorsque = — oo. (1.2.5)

Par un argument de type Groénwall, cette hypothése impose en particulier que le potentiel soit
strictement sous-quartique, a savoir |V (z)| < (x)* lorsque z — co. en particulier, elle est satisfaite
avec tout potentiel de la forme V(x) = (z)® pour s < 4.

Proposition 1.2.5 (Conditions nécessaires de stabilité uniforme). Soit V satisfaisant (1.2.2) et (1.2.5),
et soit b € L>®(R?) positif tel que I’équation des ondes amorties (1.2.1) soit uniformément stable.
Alors b satisfait (CCGU) ainsi que la Condition de Point Tournant

dR > 0,3¢>0: liminf;/
B

b(y) dy > c. (CPT)
200 | By (gy/a ()] )

R/v(e)1/a(®

Notons que l'intégrale intervenant dans (CPT) ci-dessus s’interpréte comme la convolution (& *
b)(x) ou
1

koly) =
W) = By )

]lBR/v(m)l/‘*(O)(y)’ RS Rd~

Au voisinage d’un point z, on moyenne amortissement dans une boule de rayon R/ V(m)l/ 4 et
on demande que la fonction ainsi obtenue soit bornée par en-dessous par une constante strictement
positive en dehors d’un compact. Notons que puisque le potentiel est confinant, & savoir V(x) — +oo
pour z — oo, le rayon des boules en question tend vers zéro. Ainsi, 'amortissement doit remplir
I’espace a une échelle de plus en plus petite & mesure que ’on s’approche de 'infini. On donne une
illustration de cette condition sur la Figure 1.2, ou l'on fait également une comparaison avec la
Condition de Controle Géométrique Uniforme (CCGU).

On remarque que la Condition de Point Tournant (CPT) est une condition nécessaire de stabi-
lité uniforme assez contraignante. En particulier, si 'on fait une certaine hypotheése de continuité
uniforme sur le coefficient d’amortissement, elle force celui-ci a étre borné inférieurement par une
constante strictement positive en dehors d’un compact. En vertu de la proposition 1.2.3, on en
déduit directement le résultat suivant.

Corollaire 1.2.6 (Caractérisation de la stabilité uniforme sous hypothése d’uniforme continuité).
Soit V' satisfaisant (1.2.2) et (1.2.5) et soit b € L>°(R?) positif et uniformément continu. Alors
Uéquation des ondes amorties (1.2.1) est uniformément stable si et seulement si

liminf b > 0. (1.2.6)

T—r 00
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Le probleme de la stabilité uniforme des ondes dans ’espace euclidien a déja été étudié par Burq
et Joly dans [BJ16] avec un opérateur sous forme divergence — div KV au lieu du laplacien (sous
I’hypotheése que le champ de matrices K est uniformément borné et elliptique sur R?) et un potentiel
V' constant égal a 1. Dans ce cadre, ces auteurs montrent que la stabilité uniforme a lieu des lors
que la version suivante de la Condition de Controle Géométrique Uniforme est satisfaite :

1
37> 0,3¢>0: inf =
v-K(z)yv=1T

T
/ b(pe(z,v))dt > c, (1.2.7)
0

ol (¢t)ter est le flot hamiltonien associé au symbole (z, &) — &K ()€ et b est supposé uniformément
continu. Dans cet article, I’hypothése d’uniforme continuité est utile non seulement pour donner un
sens a la Condition de Controle Géométrique Uniforme, mais aussi et surtout pour construire une
fonction 0 < b < b telle que b € C°(R?) et qui vérifie la condition (1.2.7). Le fait que les dérivées
successives soient uniformément bornées sur tout ’espace est crucial pour appliquer les outils de
I’analyse semi-classique. On renvoie également a la généralisation du résultat de Burq et Joly au cas
des variétés asymptotiquement coniques ou cylindriques par Wang [Wan24]. Voir aussi I’étude des co-
efficients d’amortissement oscillant rapidement par Royer [Roy18]. On mentionne également 1’étude
de Wunsch sur la décroissance polynomiale de ’énergie dans le cas des amortissements périodiques
ne satisfaisant pas nécessairement la Condition de Contréle Géométrique Uniforme [Wunl7].

1.2.2. Conditions géométriques et condition dynamique

On peut en fait unifier les deux conditions géométriques (CCGU) et (CPT) en une condition
dynamique faisant intervenir le flot hamiltonien (¢');cr associé au symbole p(z,) := V(z) + 3[¢|?
de lopérateur P, défini par (1.1.34) (pour ¢ = p). La régularité C? de I'’hypotheése (1.2.5) permet
d’appliquer le théoréme de Cauchy—Lipschitz, et le caractére confinant du potentiel (1.2.2) assure la
complétude du flot.

Définition 1.2.7 (Condition Dynamique de Stabilisation). Soit V satisfaisant (1.2.2) et (1.2.5).
On dit qu'une fonction b € L>=(R?) satisfait la Condition Dynamique de Stabilisation si

T

) - : 1 t/x
3T,R > 0: lim nf pe{1pn:f>\2} T, (b* HR/ﬁ) (¢ (p)) dt > 0. (CDS)

Proposition 1.2.8. Soit V satisfaisant (1.2.2) et (1.2.5). Une fonction positive b € L>°(RY) satisfait
la Condition Dynamique de Stabilisation (CDS) si et seulement si elle satisfait la Condition de
Contrile de Géométrique Uniforme (CCGU) et la Condition de Point Tournant (CPT) :

(CDS) <  (CCGU) + (CPT).

Commentons cette Condition Dynamique de Stabilisation (CDS). On remarque tout d’abord
qu’elle fait intervenir la dynamique classique sous-jacente a notre équation des ondes dans la limite
des hautes énergies A — +o0o uniquement. C’est en effet le régime asymptotique dans lequel la cor-
respondance classique-quantique est valide ici. Par ailleurs, ’équivalence dans la proposition 1.2.8
met en évidence la présence de deux échelles spécifiques. Autour de la couche d’énergie {p = A\?},
on a en effet une échelle spatiale typique qui apparait, a savoir I’échelle R/ VA du noyau de convo-
lution, et une échelle temporelle typique ¢/\ sur laquelle on moyenne amortissement. Ces échelles
apparaissent naturellement lorsque 'on étudie les o(A)-quasimodes de 'opérateur P, i.e. les familles
de fonctions (uy ) normalisées dans L?(R?) telles que

(P — X)uy = or2(N), urll 2 = 1. (1.2.8)

On rappelle l'on a expliqué l'intérét d’étudier de tels quasi-modes dans le cadre de la stabilité
uniforme des ondes amorties dans le paragraphe 1.1.3. On voit 'apparition de 1’échelle typique
temporelle de la facon suivante : les quasimodes (1.2.8) sont invariants par la dynamique quantique
sur des temps de l'ordre ¢/X. En effet, si uy satisfait (1.2.8), alors

ot
XNy —uy = %/ XP=AN(P — N2 uy ds = o2 (tuy). (1.2.9)
0
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L’échelle R/ VA de localisation en espace apparait lorsque 'on cherche & construire des quasimodes
par la méthode WKB [DS99, Chapitre 2]. On retrouvera cette échelle particuliere dans le para-
graphe 1.4.4.2 comme échelle naturelle de « seconde microlocalisation ».

L’intérét de la formulation géométrique (CCGU) + (CPT) est qu'elle est beaucoup plus simple
a vérifier en pratique sur des exemples concrets de coefficients d’amortissement. Les condition de
Controle Géométrique Uniforme et de Point Tournant sont liées a la Condition Dynamique de
Stabilisation (CDS) dans des régions particulieres de 1’espace des phases. La premiere (CCGU)
correspond & (CDS) dans un régime cinétique ou le laplacien domine : on fixe un point zo € R?
dans I'espace physique et on considére une suite de points de l’espace des phases dans {p = A?}
se projetant sur zg. Les trajectoires du flot hamiltonien passant par ces points ressemblent de plus
en plus a des droites a mesure que A — 400, qui se projettent sur des lignes droites dans I’espace
physique, d’ott la condition (CCGU). La condition (CPT) quant & elle est obtenue en se plagant
dans le régime potentiel : au voisinage de la section nulle {£ = 0} de I'espace des phases (pour des £
bornés), les trajectoires du flot hamiltonien sont transverses a l’espace physique et se projettent de
fagon singuliére sur celui-ci. L’énergie est concentrée dans une boule de rayon R/ V') centrée en un
point xy tel que V(x)) ~ A\2. La proposition 1.2.8 nous dit essentiellement qu’il suffit de contréler
les régimes cinétique et potentiel pour observer toute la couche d’énergie {p = A\?}.

1.2.3. Eléments de preuve

On décrit ici brievement la preuve de la proposition 1.2.5 qui établit que la Condition de Controle
Géométrique Uniforme (CCGU) et la Condition de Point Tournant (CPT) sont nécessaires pour
avoir stabilité uniforme, dans le cas d’un potentiel V satisfaisant (1.2.2) et (1.2.5). On a vu dans le
paragraphe 1.1.3 que la stabilité uniforme de I’équation des ondes, au sens de la définition 1.2.1, est
équivalente & I’estimée de résolvante (1.1.15) avec B opérateur de multiplication par v/b (voir aussi
la proposition 1.1.4). En niant Uestimée (1.1.15), on peut donc caractériser 'absence de stabilité
uniforme par lexistence de quasi-modes (uy)y non amortis, c’est-a~dire une famille de fonctions
uy € dom P satisfaisant

luallp2ray =1, (P — X)uy = or2(\) and (ux,bux) 2 = or2(1), (1.2.10)

dans la limite A — +o0.

Pour montrer que (CCGU) est nécessaire, on construit de tels quasi-modes concentrés autour de
n’importe quel segment dans R¢. Fixons 2o € R? le centre d’'un segment et v € S sa direction.
Le quasi-mode en question est de la forme

ux(z) = exk (M;l(a: — zp)) e (@=20) r € R (1.2.11)

Ici k € C(R?) est une fonction « bosse » positive supportée dans la boule unité de R¢ non-
identiquement nulle, M) est ’application linéaire

Ry
My =T+
ol |v)(v| désigne le projecteur orthogonal sur Vect v dans R, T > 0 est fixé et Ry tend vers +oo
lorsque A — 400 (mais pas trop rapidement). La constante ¢y > 0 dans (1.2.11) sert uniquement
a normaliser uy. On vérifie par un calcul explicite que la famille (uy), définie en (1.2.11) satis-
fait (1.2.10). Ce quasi-mode se concentre dans un voisinage tubulaire du segment x¢ + [—T, T|v de
section Ry / VA = 0. Notons que cette échelle de concentration spatiale réapparaitra dans ’exemple
présenté dans le paragraphe 1.4.4.2 sur le théoreme d’Egorov pour ’équation de demi-ondes. La
concentration en fréquence est assurée par la présence de I'exponentielle imaginaire dans (1.2.11).
Ainsi, ce quasi-mode (uy)x de (1.2.11) vérifiant (uy,buy);. — 0 lorsque A — oo implique que la
Condition de Contrdle Géométrique Uniforme (CCGU) est nécessaire pour la stabilité uniforme.
Pour montrer la nécessité de la Condition de Point Tournant, on construit des quasi-modes dans
un régime potentiel, c’est-a-dire des quasi-modes oscillant relativement peu mais trés concentrés
autour des points tournants de la dynamique classique. Ceux-ci prennent la forme suivante. Etant
donnée une suite de points (x)y dans RY telle que V(zy) = A% et ) — oo lorsque A — +00
(rappelons que le potentiel est supposé confinant). On pose

(Id =[v)(v]),

T — T Ry R

r )7 aVGCT:W:ﬁv

up(z) = er~ 42k ( e R,
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ol Ry tend vers +oo lorsque A — +0o (mais pas trop rapidement). La constante ¢ sert a assurer une
bonne normalisation. Ces quasi-modes se concentrent dans des boules de plus en plus petites & mesure
que ) — oo. On retrouve encore une fois 1’échelle de concentration spatiale Ry / VA Cette échelle
est choisie de sorte que Auy = OLz()\/Ri) = or2()), c’est-a~dire que I’énergie cinétique du quasi-
mode est de la taille du reste. Une plus forte concentration, par exemple & une échelle r = A~1/2—¢
avec € > 0, impliquerait une contribution de I’énergie cinétique non négligeable, qu’il faudrait donc
corriger en raffinant la construction du quasi-mode (choix de I’enveloppe k, multiplication par un
facteur de phase...). Ainsi ce quasi-mode donne que la Condition de Point Tournant (CPT) est
nécessaire pour la stabilité uniforme.

1.2.4. Perspectives

Le corollaire 1.2.6 est finalement un peu décevant car la condition (1.2.6) masque complétement
la richesse contenue dans la Condition de Point Tournant (CPT) issue du potentiel confinant. On
peut penser que la Condition Dynamique de Stabilisation (CDS) est la bonne formulation pour
prouver une condition suffisante de stabilité uniforme pour un b € L>°(R?) (ou méme C?(RY))
quelconque, via un théoréeme d’Egorov. Il est donc raisonnable de conjecturer que cette condition
caractérise la stabilité uniforme.

Conjecture 1.2.9. Soit V € C=(RY) satisfaisant (1.2.2) et (1.2.5) et soit b € L>(R?) positif.
L’équation (1.2.1) est uniformément stable si et seulement si b satisfait la Condition de Controle
Géométrique Uniforme (CCGU) et la Condition de Point Tournant (CPT).

A Pavenir, on souhaiterait donc démontrer la conjecture 1.2.9 pour des amortissements b pou-
vant osciller au moins & 1’échelle caractéristique R/V (x)'/* de la condition (CPT). Des hypothéses
« symboliques » supplémentaires sur le potentiel (concernant la décroissance des dérivées de V)
seront certainement nécessaire pour utiliser les outils d’analyse microlocale.

Prouver ce résultat semble représenter un défi important. En effet, déja dans les variétés com-
pactes, I’étude de la stabilité uniforme de I’équation des ondes amorties avec des amortissements
présentant des discontinuités est délicate, et les résultats dans cette direction reposent sur des outils
fins de seconde microlocalisation. C’est par exemple le cas dans la spheére de dimension d munie de
la métrique canonique d’apres un résultat de Lebeau [Leb92a] (plus tard généralisé aux surfaces de
révolution de Zoll par Zhu [Zhul8]), ainsi que dans le tore plat de dimension 2 avec un amortissement
égal a I'indicatrice d’un polygone ; voir [BG20] ou plus récemment [Rou23] en dimension supérieure.
Cette question est 'une des motivations pour 1’étude des théoremes d’Egorov dans le formalisme de
Weyl-Hoérmander développée dans le chapitre 4.

On peut aussi s’interroger sur le réle du potentiel quartique dans ce probleme. Pour un potentiel
de la forme V(z) = (x)® avec s > 4, on peut se demander si la condition (CCGU) est nécessaire,
voire suffisante, ou si de nouveaux phénomenes apparaissent.

1.3. Observabilité de I’équation de Schrodinger avec potentiel
confinant sous-quadratique

On présente ici les résultats du chapitre 3. On se place dans I’espace euclidien M = R? et on
considere I’équation de Schrédinger

Dyp=-Py, P=V(z)-3iA, teR,zeR’ (1.3.1)

ol V est un potentiel & valeurs réelles minoré. On cherche & caractériser les ouverts w C R? et les
temps T > 0 tels que

T
3C > 0:vVu e LA (RY), ull2 gy < C/O He_itPuHiz(w) dt. Obs(w, T)

Lorsque Obs(w, T') est vérifiée, on dit que I’équation de Schrodinger (1.3.1) est observable depuis w en
temps T', ou que (w, T") observe I’équation de Schrédinger. On appellera w 1’ensemble d’observation et
T le temps d’observation. Quant a la constante C dans 'inégalité, on I’appellera cotit de ’observation.
Lorsqu’un ensemble d’observation w est fixé, 'infimum des T > 0 tels que Obs(w, T') soit satisfaite est
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appelé temps d’observation optimal et noté T, = T, (w). Il est clair que cette inégalité d’observabilité
est vérifiée pour w = R en tout temps T > 0, puisque le propagateur e *** est une isométrie sur
L?(RY). Mais en vue des applications, on souhaite trouver les plus petits ensembles d’observation
possibles et estimer le temps d’observation optimal correspondant.

Comme expliqué dans le paragraphe 1.3, I'observabilité de ’équation de Schrodinger a été tres
étudiée dans les variétés riemanniennes compactes. Plus récemment, la question a suscité un intérét
grandissant dans ’espace euclidien, pour lequel de nouvelles difficultés apparaissent en raison de
la présence d'un infini en espace. Tdufer [T#22] étudie 1’équation de Schrédinger libre dans R,
et montre qu’elle est observable depuis tout ensemble ouvert périodique non vide en tout temps
strictement positif. La preuve repose sur la transformée de Floquet—Bloch et la théorie des série de
Fourier lacunaires. Ce résultat a ensuite été généralisé par Le Balc’h et Martin [LBM23] au cas d’un
ensemble d’observation périodique et mesurable, avec un potentiel périodique L en dimension 2.

Dans [HWW22], Huang, Wang and Wang caractérisent les ensembles mesurables pour lesquels
’équation de Schrédinger (1.3.1) est observable en dimension 1 avec V(x) = |z|*™, m € N. IIs
prouvent que dans le cas m =1 (resp. m > 2), on a observabilité depuis w C R en un certain temps
(resp. en tout temps) si et seulement si

lim ing 1< 0 =2 2]l

>0
sotoo  |[—z, 2] ’

ol || est la mesure de Lebesgue. Un tel ensemble est qualifié de « faiblement épais ». Simultanément,
Martin et Pravda-Starov [MPS21] proposent une généralisation de cette condition en dimension d,
qui s’avere étre nécessaire si d > 1 et suffisante si d = 1, dans le cas de ’équation de Schrodinger
harmonique fractionnaire, ¢’est-a-dire 'équation (1.3.1) avec P = (—A + |z|?)%, ot s > 1.

Dans les cas particuliers des potentiels ou opérateurs discutés ci-dessus, les techniques utilisées
reposent principalement sur des outils d’analyse harmonique abstraits et donnent des résultats tres
forts. Cela dit, il semble que ces arguments requiérent la connaissance d’estimées spectrales précises
sur les valeurs propres et les fonctions propres, des asymptotiques explicites et des symétries. De plus,
dans le cas de l'oscillateur harmonique, les résultats existants [HWW22, MPS21] se concentrent sur
les propriétés géométriques des ensembles observant 1’équation de Schrodinger, mais étant donné un
tel ensemble, ils ne donnent pas le temps d’observation optimal associé. De fait, ils fournissent une
borne supérieure de ce temps optimal indépendamment de I’ensemble d’observation, correspondant
a une demie-période de l'oscillateur harmonique. Mais il est raisonnable de penser que cette borne
supérieure peut étre améliorée en prenant en compte la géométrie de I’ensemble d’observation.

Pour compléter ce panorama, on mentionne 1’étude de 1’observabilité pour des hamiltoniens
quadratiques dépendant du temps par Waters [Wat23]. Par ailleurs, pour des potentiels bornés
en dimension 1, un résultat quantitatif d’observabilité a été obtenu récemment par Su, Sun et
Yuan [SSY23]. Voir aussi [WDX23] sur la demi-droite.

Motivations, hypothéses et notations
Nos objectifs dans ce paragraphe sont les suivants :

a) trouver une méthode robuste pour prouver que ’équation de Schrodinger est observable depuis
un certain ensemble, sous des hypotheéses souples sur le potentiel (valable par exemple pour
des perturbations du potentiel harmonique telles que x - Az avec A une matrice d x d réelle
symétrique définie positive, ou des potentiels de la forme (z)2™ avec m > 0 un nombre réel) ;

b) fournir une borne plus précise sur le temps d’observation optimal T, (w) dépendant de la forme
de I'ensemble d’observation w.

On travaille sous les hypotheéses suivantes sur le potentiel.

Hypothése 1.3.1. Le potentiel V est de classe C™ et satisfait pour un certain m €]0,1] :

3C,r>0:V|z| >r %mzm <V(x) < Cl)™™,

Va e N4 3C, >0:Vz e RY,  [9°V(2)| < Cola)>™ 1oL,

La théorie spectrale classique assure que 'opérateur V(z) — %A avec domaine C°(R?) admet
une unique extension auto-adjointe, toujours notée P, et que le probléme d’évolution (1.3.1) est bien
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posé sur L2(R4). On introduit le symbole de I'opérateur P comme la fonction

2
P& = V) + - (n0) R

On rappelle que les points typiques de I’espace des phases T*M = T*R?% ~ R?? sont notés p =
(7,€), et que 7 : R?? — RY fait référence a la projection canonique (z,€) + x. On rappelle
également que le flot hamiltonien (¢*);cr agissant sur R2¢ est défini comme solution des équations

de Hamilton (1.1.36). Dans la suite, on appelle trajectoire projetée la composante de position ¢ +—

xt = 7o ¢! de toute trajectoire du flot hamiltonien.

1.3.1. Résultat principal

Notre résultat principal dans ce cadre est le théoreme 1.3.2 ci-dessous, valable pour des potentiels
confinants sous-quadratiques (m €]0,1]). On note B,(z) la boule ouvert de rayon r centrée en
r € R4

Théoréme 1.3.2. On suppose que V satisfait hypothése 1.3.1. Pour tout borélien w C RY, on
définit pour R > 0 l’ensemble épaissi

WR = U BR(x),

TEW

et on introduit pour T > 0 la moyenne classique

T
82w, T) = liminf/o L,ra (¢'(p)) dt = lipniicgﬂ{t €(0,T): (wo¢")(p) € w}|. (1.3.2)

p—00

Fizons un borélien w C R®. Alors les deuz affirmations suivantes sont vraies.

(i) (Condition suffisante) Supposons qu’il existe Ty > 0 tel que

B> = 8w, Tp) > 0.

Alors il existe une constante L = L(d, Ty, p) > 0 telle que pour R = R’:;, et pour tout T' > T,
on ait Obs(wgr,T), d savoir :
2/nd 2 T P 2
0> 0:vue 2RY,  fulaga < c/ e ull,., .
0

(ii) (Condition nécessaire) Supposons qu’il existe un temps T > 0 tel que Obs(w,T) soit vraie avec
colit Cops > 0, c’est-a-dire

T
2 —i 2
Yu e L*(RY), [ullz2may < Cobs/o e ZtP“HLz(w) dt.

Alors il existe une constante ¢ = ¢(d, T, p) telle que pour tout R > 1 on ait :

1 (log R)'/?
—C .
Cobs R

ﬁoo(wR,T) Z

Remarque 1.3.3. Une version plus précise du théoréeme est énoncée au chapitre 3 : les conditions
nécessaire et suffisante faisant intervenir les moyennes classiques sont exprimées uniquement en
termes du « symbol principal de P » qui dépend uniquement du comportement asymptotique de V'
a linfini, et on peut également retirer n’'importe quel ensemble compact de ’ensemble d’observation
w sans en changer les propriétés d’observabilité.

Le coeur de la preuve consiste a établir une version du théoreme d’Egorov pour relier I’évolution
quantique e~ %" et I'évolution classique ¢'. Cette stratégie s’inscrit dans la lignée de 'article de
Laurent et Léautaud [LL16], ainsi que des travaux plus anciens de Dehman et Lebeau [DL09]. Une
étape cruciale est d’approcher la fonction indicatrice de w par une fonction de troncature variant
suffisasamment lentement. C’est ce qui explique 'apparition de 1’épaississement wg, et R > 1 joue
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ici le réle d’un parameétre semi-classique. Notons que la quantité dynamique £%°(w,T') rappelle des
moyennes classiques semblables définies par Lebeau [Leb96] ou Laurent-Léautaud [LL16] dans le
cadre des ondes. La différence notable de notre travail avec ces travaux sur I’équation des ondes est
la suivante : dans (1.3.2), on compte le temps passé dans w par des trajectoires qui sont de plus en
plus longues & mesure que 1’on prend une donnée initiale p = (z,£) de haute énergie. En particulier,
ces trajectoires ne sont pas paramétrées par longueur d’arc mais sont au contraire de plus en plus
rapides a I'infini dans I’espace des phases, ce qui est cohérent avec la vitesse de propagation infinie de
Iénergie pour ’équation de Schrodinger. Enfin la quantité £°°(w,T') encode la dynamique & Uinfini
dans ’espace des phases et ne voit pas ce qui se passe a basse énergie. Le fait que ’observabilité soit
caractérisée par un critere a « haute énergie » est lié a un argument de prolongement unique, qui
permet d’affirmer que les basses énergies sont suffisamment délocalisées pour étre observées depuis
tout ouvert non vide.

Bien que le théoréme 1.3.2 ne donne pas une caractérisation complete des ensembles observant
I’équation de Schrédinger, il donne une condition presque nécessaire et suffisante, modulo épaissis-
sement de w. Il fournit des résultats optimaux dans beaucoup de situations concrétes comme on
I'illustre dans deux exemples dans le paragraphe 1.3.2.

1.3.2. Observabilité des oscillateurs harmoniques en dimension 2

En guise d’application du théoreme 1.3.2, on étudie I'observabilité de I’équation de Schrédinger
avec potentiel harmonique en dimension 2, depuis un ensemble d’observation conique ou invariant
par rotation. Ces résultats sont en fait valides dans le cadre plus général de potentiels dont le
« symbol principal » est harmonique (voir le chapitre 3 pour de plus amples détails). On caractérise
I'observabilité en des termes purement géométriques sur I’ensemble d’observation.

Rappelons tout d’abord quelques généralités a propos des oscillateurs harmoniques. Soit A une
matrice 2 X 2 réelle symétrique définie positive, et introduisons le hamiltonien Py := %(w Az — A).
Quitte a réaliser un changement orthogonal de coordonnées, on peut supposer que A est diagonale,
de sorte que le potentiel puisse s’écrire

_ 1 A 2.2
Valz) = 5% Az = 5 (viai +via3).
On appelle fréquences caractéristiques de P4 les nombres v, 15, que ’on suppose strictement positifs.
Le flot hamiltonien associé est explicite : en notant x1(t), x2(t) et &1 (), &2 (t) les composantes de ¢,
on peut résoudre les équations de Hamilton (1.1.36) :

1.
xj(t) = cos(vjt)x;(0) + v sin(v;£)€;(0) ’ Vj e {1,2). (1.3.3)

& (t) = —v;sin(vjt)x;(0) + cos(v;t)&;(0)

De cette expression, on déduit que chaque coordonnée est périodique, de sorte que pour jog = 1 ou 2,
les trajectoires avec données initiales de la forme z;(0) = x¢d;—j,,&;(0) = {odj—;, avec zo,& € R
sont périodiques, de periode 27 /v;, (& moins que zg et & soient nuls tous les deux, auquel cas la
trajectoire est un point). On peut classifier les oscillateurs harmoniques en trois catégories. Voir la
Figure 1.3 pour une illustration.

e L’oscillateur harmonique est isotrope si v1 = v, = v. Dans cette situation, les ensembles de
niveau du hamiltonien sont des sphéres concentriques dans ’espace des phases (& un change-
ment de coordonnées symplectiques pres). Les trajectoires du flot parcourent ces cercles, de
sorte que leurs projections sur Iespace physique forment des ellipses. Le flot est 2®-périodique.

Cf. Figure 1.3a. Y

e L’oscillateur harmonique est anisotrope rationnel lorsque Z—i est un nombre rationnel différent
de 1. Les trajectoires, bien que toutes fermées, présentent un comportement plus compliqué.
En écrivant Z—f = % avec p et ¢ des entiers positifs premiers entre-eux, la période du flot est
pi—’; = qi—f. Cf. Figure 1.3b.

Vo

o L’oscillateur harmonique est anisotrope irrationnel lorsque ~ € R\ Q. Dans ce cas, le flot
hamiltonien est apériodique. Les trajectoires sont denses dans les tores invariants de la dyna-
mique, donnant lieu a des trajectoires projetées qui remplissent des rectangles paralleles aux

espaces propres de la matrice A. Cf. Figure 1.3c.
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(a) Un oscillateur harmonique isotrope :

(b) Un oscillateur harmonique anisotrope rationnel :

(c) Un oscillateur harmonique anisotrope irrationnel :

F1a. 1.3 — Trajectoires projetées typiques de différents oscillateurs harmoniques. Le dégradé de gris indique

le sens de parcours des trajectoires.
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Dans les deux exemples présentés ci-dessous, on va mettre en évidence le fait que les oscillateurs
isotropes et anisotropes se comportent tres différemment vis-a-vis de la question de 1’observabilité :
les ouverts observant I’équation de Schrédinger ne sont pas les mémes. On peut d’ores et déja
anticiper ce fait en observant que les trajectoires des oscillateurs isotropes sont tres simples et
n’explorent qu’'une petite partie de la région classiquement autorisée. A l'inverse, les trajectoires
des oscillateurs anisotropes visitent 1’espace des phases de facon beaucoup plus exhaustive, ce qui
devrait faciliter ’observabilité depuis un ensemble petit.

1.3.2.1. Observation depuis des ensembles coniques

On étudie dans un premier lieu le cas ou ’ensemble d’observation est conique, c’est-a-dire inva-
riant par homothétie de rapport positif :

Vr e REVYA >0, (rew <<= Mew).

Dans la proposition ci-dessous, on étudie un ensemble d’observation conique, illustré sur la Fi-
gure 1.4. Comme application du théoreme 1.3.2, on montre des propriétés d’observabilité différentes
selon que oscillateur est isotrope ou non.

Proposition 1.3.4 (Ensembles coniques et anisotropie). Notons vy > v_ > 0 les fréquences ca-
ractéristiques de 'oscillateur harmonique et choisissons une base orthonormée (ey,e_) de vecteurs
propres de la matrice A, de sorte que Aeqx = Viei. Pour tout e € (0,7/2), on définit les deux cones
d’ouverture € :
+ 2 €
Cr = {meR Ve <tan(§)x-ei}.

L’ensemble w(e) = CF U CC observe léquation de Schridinger si et seulement si loscillateur est
anisotrope, d savoir v— < vy. Dans ce cas, il existe des constantes C, ¢ > 0, dépendant éventuellement
de vy, v_, telles que pour tout € € (0,7/2),

Ty — C2 < T, (w(e)) < Ty — ce2,  on Tp= — (2 + V*J) . (1.3.4)

vy v_

Notons que dans ce résultat, il n’y a pas de distinction entre oscillateur anisotrope rationnel ou
irrationnel : on ne peut pas deviner & partir des propriétés d’observabilité de w(e) si I'oscillateur en
question est rationnel ou pas. On note également que le temps d’observation optimal dans la limite
€ — 0 est donné par Ty = Ty(v4,v_). Il présente un comportement discontinu lorsque 1’on fait varier
vy et v_.

On illustre ce fait sur 'exemple donné dans la Figure 1.4. Si I’'on considére un oscillateur dont les
fréquences caractéristiques sont telles que Z—J_r = 4, on peut choisir la donnée initiale de la trajectoire
de sorte que la courbe retourne dans le quadrant Nord-Ouest en passant par ’origine, sans rentrer
dans 'union de deux cones. On obtient par conséquent une borne inférieure plus grande sur le temps
d’observation optimal que dans le cas Z—* = 3,9 illustré sur la Figure 1.4, correspondant au saut de

[3,9] =3 4 |4] =4 dans la formule (1.3.4).

De 'expression explicite du flot (1.3.3), on peut déduire que la dynamique restreinte a Vect e,
(resp. Vecte_) posseéde des trajectoires d’énergie arbitrairement grande contenues dans Vect ey
(resp. Vect e_). En particulier, si 'on veut avoir observabilité, il est nécessaire d’observer les deux
directions Vect e1. Dans le cas isotrope, la matrice est diagonale, si bien que tous les vecteurs de R?
sont des vecteurs propres de A, ce qui explique pourquoi I’ensemble w(e) n’observe pas les oscillateurs
isotropes.

1.3.2.2. Observabilité depuis des ensembles invariants par rotation

Notre deuxiéme exemple concerne les propriétés d’observabilité lorsque 'ouvert w consiste en
une réunion d’anneaux. Un ensemble w invariant par rotation est déterminé par la donnée d’un
ensemble I C R, tel que

w=w()={zeR: |z|eI}. (1.3.5)

En raison de 'épaississement de I’ensemble d’observation que 'on fait lorsqu’on applique le théo-
réme 1.3.2; on fera dans la suite des hypothéses supplémentaires sur I’ensemble I assurant que w(7)
et sa version épaissie sont en quelque sorte équivalents.



38 CHAPITRE 1. INTRODUCTION
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F1G. 1.4 — La trajectoire projetée ci-dessus est responsable de la borne inférieure sur le temps d’observation
optimal (1.3.4). Elle est obtenue avec un oscillateur tel que Z—f =3,9.

En dimension 2, 'existence de trajectoires projetées circulaires pour les oscillateurs isotropes
implique que ’ensemble I ne peut pas contenir beaucoup de trous si 'on veut avoir observabilité
depuis w(I). En effet, si on a |r1,r2[NI = & pour 0 < 1 < 19, alors les orbites circulaires de rayon
r €]ry, o[ ne seront pas observées par w([l). Si I contient une suite de tels trous partant & Uinfini,
la quantité dynamique (1.3.2) vaut R (w(I),T) = 0 quel que soit T > 0. Dans le cas ol ces trous
sont de plus en plus grands & mesure que on s’approche de I'infini, on a méme 8% (w(I)g,T) =0
quels que soient R > 1 et T > 0, et on déduit alors de la condition nécessaire du théoreme 1.3.2 que
(w(I),T) n’observe I’équation de Schrodinger pour aucun temps 7' > 0.

Dans la suite, on écarte donc les oscillateurs isotropes pour se focaliser sur les oscillateurs ani-
sotropes. On s’intéresse plus particulierement aux effets de l'irrationalité sur les propriétés d’ob-
servabilité des ensembles invariants par rotation. Dans la proposition ci-dessous, on considére un
ensemble d’observation de la forme w(I) ou I = |JI,, est une réunion au plus dénombrable d’in-
tervalles ouverts de R;. On suppose de plus que |I,| — 400 (on ignore cette hypothése si on n’a
qu’un nombre fini de I,,). On a donc une réunion d’anneaux w(l) = Jw(Zl,,) de plus en plus épais.

On associe a un tel ensemble un nombre compris entre 0 et 1 qui quantifie la distribution des
anneaux a 'infini :

1
() = mi 1] - liminf = |7 N [kr, 7]| = ] 1.3.
K (I) mln{f{E[O ] Tlgl_&goﬁ N [kr, ]| 0}6[0 ] (1.3.6)

Nous allons voir qu’il convient de comparer cette quantité géométrique a une quantité dynamique
qui encode des propriétés du flot hamiltonien pertinentes dans ce probleme. Cette derniére est
exprimée a partir de la fonction A : R} — [0, 1] définie par

7T/2> . p
tan si p=7=, pged(p,q) =1, p—q¢=0 (mod 2),
(p+q q (p,9) ( )
= 2
p+q q
0 si peR\Q.

Quant au temps optimal d’observation T, nous allons le quantifier a partir des propriétés dio-
phantiennes des fréquences caractéristiques de ’oscillateur harmonique considéré lorsque celui-ci est
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irrationnel. On introduit I’exposant d’irrationalité d’un irrationnel p, défini par

1
T(p) = sup {s eR: ‘u — p‘ < — pour une infinité de couples (p, q) premiers entre—eux} .
q q
(1.3.8)
Le théoréme d’approximation de Dirichlet nous dit que 7(u) € [2, +00] pour tout irrationnel. Gar-
dons également & lesprit que 7(u) = 2 pour Lebesgue-presque tout irrationnel (voir les notes de
cours [Dur] ou les livres [EW11, Sch91] pour plus de détails).

Proposition 1.3.5 (Ensembles invariants par rotation et anisotropie). Considérons un oscillateur
harmonique de fréquences caractéristiques vy et vy avec v1 # vo. On fixze I = \JI,, une réunion
d’intervalles ouverts de Ry tels que |I,| — +00. On note w(I) le sous-ensemble de R? invariant
par rotation correspondant, défini par (1.3.5). Alors on a observabilité depuis w(I) en un certain
temps T' > 0 si et seulement si

V1

ko(I) > A <”2’> . (1.3.9)

Par ailleurs, le temps d’observation optimal Ty = Ty (w(I)) peut étre estimé comme suit :

e 5022 € Q, en éerivant 22 = B sous forme de fraction irréductible, on a
V1 ’ V1 q ’
ﬂ' 7r
T, < —p=—q;
V2 131
o S0 Z—f € R\ Q est diophantien, c’est-a-dire si T = T(Z—f) < 00, alors on a

1 = 1 T—14e
Jee, Ce : e\ &7/ ST, <C.| —= . 1.3.1
Ve > 0,3e.,Cc >0 c </@*(I)) C (/@(I)) (1.3.10)

Les constantes c. et C. dépendent éventuellement de vy, v mais pas de I.

Commentons le sens des différentes quantités apparaissant dans cet énoncé.

Le nombre r,(I) introduit dans (1.3.6) correspond & une certaine notion de densité® de I'en-
semble I, et ne dépend que de celui-ci. Par exemple, k,(I) = 1 signifie que I a une densité positive
dans toute fenétre [k, r| avec k < 1 lorsque r — +00. A Uinverse, x4 (I) proche de zéro signifie que
les anneaux sont extrémement épars a l'infini.

Etant donné p € R, la constante A(p) définie en (1.3.7) est liée au flot des oscillateurs harmo-
niques dont les fréquences caractéristiques v, vo satisfont Z—; = u, et ne dépend que de cette valeur
. Plus précisément, elle correspond au ratio maximal entre la distance minimale et la distance
maximale des trajectoires projetées a l'origine. C’est le contenu du lemme ci-dessous.

Lemme 1.3.6. Pour tous vy,v5 > 0, on a

A <V> infrer|(m 0 ¢")(po)|

_ 1.3.11
" sup ; ( )

po€R4\{0} SupteR|(7T o ¢')(po)l
ot (¢")ier est le flot hamiltonien d’un oscillateur harmonique avec fréquences caractéristiques vy, vo.

Ainsi on peut qualifier A(l’j—f) de rapport d’aspect radial optimal des trajectoires projetées. L’ob-
servabilité depuis w(I) va dépendre de la possibilité d’observer les trajectoires du flot qui sont les
plus confinées dans la direction radiale. Pour que ces courbes passent suffisamment de temps dans
I’ensemble d’observation, il faut donc que I charge toute fenétre radiale de ’ordre de ce ratio critique,
d’out le critere £, () > A(£2). Voir la Figure 1.5 pour une illustration d’un cas ol de telles trajec-
toires ne sont pas capturées par I’ensemble d’observation. Notons que maximiser le ratio (1.3.11) par
rapport a toutes les données initiales pg # 0 revient a prendre la limite supérieure quand py — oo,

80n notera que k4 (I) ne coincide pas en général avec la densité inférieure de I défine par
Ooo(I) = lim inf

On a en fait O () < ki (1) et kx(I) =0 & O () = 0. L'égalité O (I) = k4 (I) n’est pas toujours vraie comme on

peut le voir sur Pexemple I = UnEN(n, n+ %),pour lequel on a O (I) = % mais k«(I) = 1.
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Fic. 1.5 — Trajectoire projetée pour un oscillateur harmonique tel que Z—f = %, qui n’intersecte pas I’ensemble
d’observation w(I).

par homogénéité du flot hamiltonien. Ainsi A(u) peut étre vue comme une quantité qui capture le
comportement du flot & Uinfini. Par ailleurs, on remarque que A(u) = A(1/p), ce qui signifie que
cette valeur ne dépend que du spectre de la matrice A et non d’un choix spécifique de coordonnées.
En outre, le maximum de A est atteint exactement & 1 ou elle est égale a tan(j) = 1. Cette obser-
vation est cohérente avec le fait qu’en dimension 2, les oscillateurs harmoniques isotropes sont les
seuls a posséder des orbites circulaires. Remarquons également que la fonction A s’annule exacte-
ment sur les irrationnels, ce qui correspond au fait que toutes les trajectoires passent a une distance
arbitrairement petite de l'origine, quitte a attendre tres longtemps, comme on ’a observé sur la
Figure 1.3c.

Dans le cas irrationnel, I'estimée du temps d’observation optimal (1.3.10) donne une informa-
tion dans le régime asymptotique ot I’ensemble d’observation est trés épars, & savoir k. (I) < 1.
Notons également que pour presque tout irrationnel u, on a 7(u) = 2, de sorte que la minoration
et la majoration dans (1.3.10) sont du méme ordre, et on a alors T, (w(I)) < .(I)~!. Enfin, on
a représenté sur la Figure 1.6 des trajectoires projetées avec rapport d’aspect radial optimal pour
différents oscillateurs harmoniques anisotropes rationnels.

Remarque 1.3.7. Il peut sembler surprenant que la proposition 1.3.5 nous donne une caractérisa-
tion exacte des ensembles invariants par rotation depuis lesquels ’observabilité est vraie, alors que
le théoreme 1.3.2 ne donne qu’une caractérisation modulo épaississement de I’ensemble d’observa-
tion. Ceci est dii & ’hypothése supplémentaire |I,,| — +oo qui permet en quelque sorte d’absorber
Iépaississement (celui-ci devient négligeable a 'infini devant le rayon des anneaux).

1.3.3. Autres applications
On discute rapidement deux conséquences du théoreme 1.3.2.

1.3.3.1. Observabilité uniforme des fonctions propres

Sous I’hypothese 1.3.1, 'opérateur P est auto-adjoint a résolvante compacte. Ainsi son spectre
est constitué de valeurs propres, de multiplicité finie. Une conséquence directe de I’inégalité d’ob-
servabilité Obs(w,T) dans un ensemble d’observation w est que les fonctions propres de P sont
uniformément observables depuis w :

Je > 0:Vu € LX(RY), (EI)\ ER: Pu=du = |lulpsq, > c||u||L2(R,i)) . (1.3.12)

En particulier, on déduit des deux exemples présentés dans le paragraphe 1.3.2 qu’on a observabilité
uniforme des fonctions propres depuis les deux cones de la proposition 1.3.4 pour tout oscillateur
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Fi1G. 1.6 — Trajectoires projetées ayant un rapport d’aspect radial optimal. La petite croix indique le point
d’équilibre de chaque oscillateur (14 ou le potentiel harmonique est nul). Certaines courbent rebroussent
chemin, de sorte que leur image apparait comme singuliere. Les oscillateurs harmoniques considérés ont le
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harmonique anisotrope (ce résultat est stable par perturbation « sous-principale » du potentiel;
voir la remarque 1.3.3). Noter que ce résultat peut en principe étre déduit des travaux d’Arnaiz
et Macia [AM22a] qui caractérisent les limites quantiques des oscillateurs harmoniques. On déduit
également de la proposition 1.3.5 que (1.3.12) est vraie dans les ensembles invariants par rotation
satisfaisant les hypothéses de la proposition et le critere (1.3.9). Il n’est pas clair que l'on puisse
déduire ce résultat de la connaissance des limites quantiques [AM22a]. En effet, ces derniéres sont
définies comme dans le paragraphe 1.1.5.3 a partir d’'une remise a 1’échelle prenant en compte
I'infini en espace. Puisque les fonctions test pour ces mesures de défaut sont définies a 1’échelle
semi-classique, on est limité a des ensembles d’observation invariants par cette remise a 1’échelle,
c’est-a-dire des ensembles coniques.

1.3.3.2. Décroissance polynomiale de I’énergie pour 1’équation des ondes amorties

On termine ce paragraphe par une présentation des conséquences du théoreme 1.3.2 sur I’équation
des ondes amorties

2 _
{atz/;+P¢+11wat¢_o (13.13)

(’Q/J,atw)\t:() =Up € dom P1/2 X L2 ’

avec amortissement dans w C R?, pourvu que P > 0 (on suppose par exemple que le potentiel V'
est positif). On rappelle que Pobservabilité pour I’équation de Schrodinger Obs(w, T') implique une
décroissance & un taux ¢t~ pour 'énergie (définie en (1.2.3)) de 'équation des ondes amorties (1.3.13)
(on renvoie a 'article d’Anantharaman et Léautaud [AL14, Théoréme 2.3] pour une preuve). Cela
signifie qu’il existe une constante C' > 0 telle que

c¢ 2 12, |2
8(Uo,t) < ? ”PUOHL2 + (| P *uq 2] vVt > 0, (1314)

pour toute donnée initiale Uy = (ug,u;) € dom P x dom P'/? dans le domaine de I'opérateur
des ondes amorties. Ce résultat s’applique ici et les exemples présentés dans le paragraphe 1.3.2
fournissent des situations concretes dans lesquelles la décroissance de ’énergie (1.3.14) a lieu. Ces
exemples incluent des cas ot la Condition de Controle Géométrique Uniforme (CCGU) ou la Condi-
tion de Point Tournant (CPT) du paragraphe 1.2 ne sont pas vérifiées. La proposition 1.2.5 implique
donc que l'on n’a pas stabilité uniforme au sens de la définition 1.2.1, ce qui rend la décroissance de
Pénergie (1.3.14) pertinente dans ce contexte.

1.3.4. Idée de preuve du théoréme 1.3.2

La preuve du théoréme 1.3.2 repose sur un théoréme d’Egorov (dont on a décrit briévement
le principe dans le paragraphe 1.1.5.2). On présente ici seulement la stratégie de la preuve de la
condition suffisante du théoréme 1.3.2. On se donne donc un ouvert w C R? satisfaisant la condition
dynamique £°(w,T’) > 0 pour un certain 7" > 0.

Etant donné R > 1, la premiere étape consiste a construire une fonction de troncature xgr €
Ce(R2) telle que

1, < xg < 1o, (1.3.15)

Il s’avere qu’on peut construire cette fonction de sorte a avoir les estimées suivantes sur les dérivées :

C
Vo e N2¢ 30, >0: 10%X Rl <

T (1.3.16)

Ensuite, pour des symboles satisfaisant (1.3.16), on montre un théoréeme d’Egorov qui établit que

; w —1i w 1
e"POpV(xr)e ™ = Op™(xr o ¢') + Ox(r2) (R) ;

ou la constante impliquée dans le reste est uniforme en ¢t € [-T,T]. Le parametre 1/R fait ici office
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de parameétre semi-classique. En utilisant (1.3.15), on obtient donc, quel que soit u € L?(R%),

T T
[ i P N G W
T
Z/ (e—itPu’XRe—itPu)Lz dt
0

T
:/ (U,eitPOpW(XR)eiitPU)LQ dt
0

T
- <u,opw</0 XRo¢tdt>u> +o<£> ]| 7. (1.3.17)
L2

On utilise maintenant une inégalité de Garding adaptée aux propriétés des symboles qu’on considere.
L’hypothése 8°(w,T) > 0 permet d’écrire que

T o)
/ XRO(btdtZw
0

en dehors d'un compact de I’espace des phases. Ainsi, pour une fonction de troncature ¢ € C°(R>29)
telle que 1 — 9 localise en-dehors du compact en question, on a

_ R®(w,T)

) 8 (w,T)
4R = 2 2

T
w+(1—w>/0 Yroddt >

uniformément sur tout I’espace des phases. On peut choisir ¢y dépendant de R de sorte qu’elle
satisfasse aussi (1.3.16), et alors I'inégalité de Garding donne dans notre contexte

T T %
Opw(/o XRO¢tdt> =Opw<aR+z/J (/0 xmqbtdt—ﬁ(;m))

R®(w,T) 1

5 1d—K — Og (2 (R> , (1.3.18)

v

ou K est un opérateur compact, contenant les contributions impliquant la fonction de troncature
1. Etablir ce résultat demande un soin particulier, notamment dans ’estimation des dérivées du
symbol moyenné fOT Xr o ¢'dt. En insérant (1.3.18) dans (1.3.17), on obtient ainsi (pour T fixé) :

T
_itP |12 R®(w,T) 1 2
/0 He ! uHLZ(wR) dt > (2 -0 R Nlull72 — (u, Ku)ps.

Pour terminer, il suffit de prendre R > £°°(w,T)~!. On obtient donc I'inégalité d’observabilité
souhaitée depuis wg, modulo 'opérateur compact K. On se débarrasse de ce dernier par un argument
de compacité-unicité dii & Bardos, Lebeau et Rauch [BLR92] utilisant en boite noire une propriété
de prolongement unique des fonctions propres de 1'opérateur de Schrodinger P [LRLR22a]. Voir
I’Annexe 3.A du chapitre 3 pour une présentation détaillée.

1.3.5. Perspectives

Le théoréeme 1.3.2 donne une caractérisation partielle des ouverts observant 1’équation de Schro-
dinger (1.3.1), au sens ot les conditions nécessaire et suffisante fournies dans ce théoréme coincident
modulo épaississement de l’ensemble d’observation. Dans ’esprit de la Condition Dynamique de
Stabilisation (CDS) introduite dans le paragraphe 1.2 sur la stabilité uniforme des ondes avec po-
tentiel confinant, on peut conjecturer quun bon candidat pour caractériser 'observabilité de (1.3.1)
depuis w € R? en temps T est que

T
dR>0: R(w, T) := liminf/ (L, * kR) (o0 ¢'(p)) dt > 0, (1.3.19)
0

p—ro0

ol Kk = |Bl(0)|_1]131(0) et kp = R™%%(e/R), R > 0. La quantité (1.3.19) s’interpréte comme une
moyenne classique de l'indicatrice de I'ensemble d’observation & une échelle R > 0 (potentiellement
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grande). On note au passage que la condition (1.3.19) a du sens pour un ensemble d’observation w
Lebesgue mesurable.

Une autre piste de recherche dans le prolongement du théoreme 1.3.2 est de relaxer I’hypothese
de sous-quadraticité sur le potentiel (i.e. m < 1 dans ’hypothése 1.3.1). On pourrait par exemple
étudier le cas particulier V(x) = |z|* (on parle alors d’oscillateur anharmonique). En dimension 2,
la compléte intégrabilité de la dynamique classique sous-jacente [BLR22] pourrait alors étre mise
a profit pour étudier 'observabilité de I’équation de Schrédinger correspondante dans l'esprit des
travaux [AFKM15, ALM16b).

1.4. Le théoreme d’Egorov dans le calcul de Weyl-Hormander

Dans larticle [Ego69], Egorov prouve que tout symplectomorphisme local x peut étre quantifié,
au sens ot il existe un opérateur U, (microlocalement unitaire) tel que UyOp™(a)U, ~ Op™(a o x).
Ce type d’énoncé, qui porte maintenant le nom de théoreme d’Egorov, est une fagon de forma-
liser mathématiquement la correspondance classique-quantique. Dans le chapitre 4, plutét que de
quantifier un symplectomorphisme (c’est-a-dire aller du classique au quantique), on souhaite au
contraire décrire I’évolution quantique d’une observable a partir de données classiques. Etant donné
un opérateur auto-ajoint P = Op"(p) et le propagateur associé e~**’ on veut montrer un énoncé
du type
eitPOpW(a)e—itP ~ Opw(a ° ¢t)’
ol (¢')ier est le flot hamiltonien associé au symbole p. Cette déclinaison du théoréeme d’Egorov
a été tres étudiée et appliquée dans de nombreux contextes (on renvoie par exemple aux livres de
Taylor [Tay91, Chapter 6] dans le cadre microlocal et de Zworski [Zwo12, Chapter 11] dans le cadre
semi-classique). Listons quelques applications.
e En géométrie spectrale, des outils de type « théoreme d’Egorov » permettent d’établir des
liens entre la trace du groupe des ondes et le spectre des longueurs d’une variété riemannienne
compacte [Cha74, DG75].

e Les théoremes d’Egorov permettent d’analyser les propriétés de concentration et de déloca-
lisation des fonctions propres du laplacien sur des variétés riemanniennes compactes dans le
contexte du chaos quantique, en lien avec la notion d’ergodicité quantique [CAV85, Ana08,
ANO7, Riv10b, Riv10a, AR12, Rivl4, DG14, DJN22].

e En théorie du contrdle des équations aux dérivées partielles, les théoréemes d’Egorov peuvent
étre utilisés pour établir des inégalités d’observabilité [DL09, DLRL14, LL16, Pro23].

o Les théorémes d’Egorov on aussi des applications en théorie des résonances de diffusion [NZ09,
NZ15, Dyals, DG17], et plus généralement dans ’étude des estimées de résolvante [BBR10,
AR20, Lé23].

e Des idées liées au théoréeme d’Egorov ont été utilisées récemment dans I’étude des flots d’Ano-
sov [FT23a, FT23b].

Dans le chapitre 4, on développe un théoreme d’Egorov dans le cadre général des métriques
sur lespace des phases, en vue d’applications & la théorie du controle (stabilisation des ondes et
observabilité de I’équation de Schrodinger). Avant d’introduire les rudiments du formalisme de Weyl—-
Hormander dans le paragraphe 1.4.3, on précise le cadre géométrique du chapitre 4.

On rappelle que I'espace de phases T*M n’est muni a priori que d’une structure symplectique,
et que la structure riemannienne qu’on va lui ajouter est un objet extrinseque qu’il convient de voir
comme un outil de travail. Pour cette raison, on s’efforcera dans ce paragraphe de voir M = R?
comme un espace affine, sans origine privilégiée et sans produit scalaire spécifique, i.e. sans structure
euclidienne. L’espace des phases T*M hérite naturellement de cette structure affine : il existe un
espace vectoriel réel de dimension finie W = V & V* qui agit librement transitivement sur 7* M par
translation :

W x T*M —s T*M,
(C,p) —p+ (.

Cet espace vectoriel W s’identifie aux espaces tangents T,(7T*M) au-dessus de chaque point p €
T*M. On rappelle que cette structure affine suffit pour définir la quantification de Weyl. Elle suf-
fit également pour dériver les fonctions a € C°°(T*M). Les dérivées successives VFa sont vues

(1.4.1)
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comme des tenseurs symétriques, ou V est la connexion naturelle sur 7*M donnée par la structure
affine (1.4.1).7

Dans la suite, on travaille dans I'espace de Hilbert L?(M), c’est-a-dire 1’espace des fonctions
de carré intégrable par rapport & une mesure de Lebesgue sur M. Rigoureusement, il serait plus
naturel de travailler avec l’espace des demi-densités de carré intégrable, pour lequel on n’a pas a
se poser la question de la normalisation de la mesure de Lebesgue. Cela dit, ces deux espaces sont
naturellement isomorphes (via le choix d’une certaine normalisation de la mesure de Lebesgue) et
il est plus commode de travailler avec des fonctions plutot qu’avec des densités.

1.4.1. Retour sur les dynamiques quantique et classique

Nous avons vu dans le paragraphe 1.1.5.2 qu’étant donné une observable classique ag € & (T*M)
et Ag = Op“(ag) sa quantification de Weyl, I'’évolution quantique A(t) := e Age~*" selon la
formulation de Heisenberg satisfait 1’équation

DtA = [P,A]

Au niveau symbolique, on peut montrer qu’il existe toujours a(t,e) € F'(T*M) tel que A(t) =
Op“(a(t)), et on a donc

D,Op™(a(t)) = Op™(p# a(t) — a(t) #p),  a(0) = ao,
ou # désigne le produit de Moyal (1.1.26). Ainsi t — a(t) est solution de I’équation
Oa = Fpa, (1.4.2)

ou J€, est 'opérateur
Hpa =i(p#Ha—a#Dp), ae€F(T*M). (1.4.3)

Sous des hypotheses relativement faibles sur p, on montre dans le chapitre 4 que 'on peut définir
une famille d’opérateurs (U (t));er sur L?(T*M) telle que

Yag € L*(T*M), e OpV(ag)e™ " = Op™(AU(t)ao), (1.4.4)

ie. a(t) = U(t)ap (c’est essentiellement une conséquence du théoréme du noyau de Schwartz [Tre67,
Corollaire du Théoréme 51.7]), et que (U(t)):cr est un groupe unitaire fortement continu sur
L*(T*M), dont le générateur infinitésimal est une extension auto-adjointe de #¢,. Dans la suite,
on note ce groupe unitaire (e*”7);cg et on I'appelle la dynamique quantique.

On peut faire un travail similaire au niveau classique. On fait agir le flot hamiltonien, engendré
par le champ de vecteurs hamiltonien défini par (1.1.33) (avec ¢ = p), sur les fonctions par pré-
composition : U(t) : ag — agogt pour ag € ¥ (T*M). On remarque alors que Papplication t — U (¢)ag
satisfait I’équation

Oia = Hpa, (1.4.5)

ot I'on voit le champ de vecteur H, comme opérateur différentiel d’ordre 1. Il s’avere que sous des
hypothéses assez faibles sur p, la famille d’opérateurs (U(t))icr est un groupe unitaire fortement
continu sur L?(T* M), engendré par une extension auto-adjointe de H,,. On note ce groupe (e#r),cg
et on 'appelle la dynamique classique.

1.4.2. Le théoréme d’Egorov comme une série de Dyson

Avec cette formalisation, comparer classique et quantique revient & comparer % (t)ag solution
de (1.4.2) et U(t)ag solution de (1.4.5). Ceci se raméne d’un point de vue algébrique & la comparaison
des générateurs F€, et Hy, qui sont reliés via le calcul pseudo-différentiel (1.1.27) par la formule

S, = Hy + S, (1.4.6)

Ici, 'opérateur 3‘61(,3) correspond au reste d’ordre 3 dans le calcul pseudo-différentiel avec le symbole
p (le terme d’ordre 2 s’annule pour une raison de symétrie grace a la quantification de Weyl). La
correspondance classique-quantique se manifeste lorsque ce terme est petit dans un certain régime

9L action (1.4.1) donne naturellement une notion de transport paralléle et donc une connexion & partir de laquelle
on définit les dérivées successive, sans recours & une quelconque structure euclidienne sur T* M.
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asymptotique, par exemple d’ordre h® dans le formalisme semi-classique, ou d’ordre (£)~3 dans le
formalisme microlocal.

Lorsque les générateurs de deux évolutions difféerent d’une perturbation « petite » comme
dans (1.4.6), en appliquant le théoréme fondamental de I’analyse & la fonction s — es¥r e(t=5)Hyp
on obtient formellement

t t
et%)p _ eth :A es%p (%p _ Hp) e(tfs)Hp ds :/O e(tfs)%?p%]()?))esHp ds.

On peut ensuite itérer cette procédure pour obtenir une série de Dyson :
Jo R
ot ¥n — Zgj(t) +85,11(1), jo €N, (1.4.7)
§=0

ot &y(t) := e*Hr et pour tout j > 1 :

8;(t) == / e(t—Sj)prgZ(ﬁ)e(Sj—ijl)prg]gi%) . .ygng)eSal ds, (1.4.8)
&,(t) = /t D) AP . (1.4.9)
Ici on a noté s = (s1,s2,...,5;) et le k-simplexe

Ak:{(51,32,...,sk)ERk:0§31§52...§sk§1},

et on a posé
tA = {ts' e R" : 8’ € A}, teR.

Notons que les opérateurs ;(t) et gj(t) peuvent, de fagon équivalente & (1.4.8) et (1.4.9), étre définis
par récurrence par §q(t) = efr et pour j > 1 :

~

t t
Eia(t) = /0 M0 (g (s)ds et Bpa(t) = /0 =% 0(3)€ (5) ds. (1.4.10)

L’identité (1.4.7) constitue ainsi une expression concise et explicite (bien que formelle & ce stade)
du développement asymptotique qui intervient dans le théoréme d’Egorov (notons que cette structure
avait déja été remarquée par Bambusi, Graffi et Paul [BGP99]). On va maintenant donner un cadre
analytique général dans lequel cette identité algébrique a un sens précis.

1.4.3. Classes de symboles de Weyl-Hormander et résultat principal

Le formalisme de Weyl-Hormander consiste a considérer une certaine métrique riemannienne
sur 'espace des phases, adaptée au probléme étudié (dans notre cas, cette métrique sera adaptée
a la dynamique classique sous-jacente). Cette théorie, qui sous sa forme « définitive » présentée
ci-dessous est essentiellement due & Héormander [H6r79], a été béatie au fil des contributions de Kohn
et Nirenberg [KN65], de Hormander [Hor67] ainsi que de Beals et Fefferman [BF73, BF74, Bea75]
et Dencker [Den86]. On va considérer les classes de symboles S(m,g) (voir le livre de Horman-
der [Hor85, Chapitre XVIII] ou celui de Lerner [Lerl0]), qui généralisent les classes de symboles
semi-classiques (1.1.28) ou microlocales (1.1.29) évoquées dans le paragraphe 1.1.4. Notre objectif
est de montrer que la dynamique quantique (e!”»);cr s’étend & de telles classes de symboles et de
décrire son action sur ces classes générales a partir de la dynamique classique (e'*r);cr. L'objet
central du calcul de Weyl-Hormander est une métrique riemannienne g sur 7*M, qui permet de
mesurer les dérivées successives des observables classiques sur ’espace des phases.

Définition 1.4.1 (Classes de symboles de Weyl-Hormander). Soit g une métrique riemannienne
sur T*M et m : T*M — R’ une fonction strictement positive. La classe de symboles S(m,g) est
I’espace vectoriel de fonctions a : T*M — C de classe C° telles que

V5 €N,3C; >0 |V-ja|g <Cjm sur T* M.
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La famille dénombrable de semi-normes

J
|a|g() = max sup M, {eN,

m9) <<l pererr m(p)
munit S(m, g) d’une structure d’espace de Fréchet.

Dans cette définition, on a noté [V7al,(p) la norme du tenseur symétrique V7a au point p par
rapport a la métrique g, définie par

|Vja|g(p) = sup |vja‘(X17X23"'7Xj)|7
[Xklg(p)<1

ou le supremum porte sur les champs de vecteurs de norme plus petite que 1 en p. On donne deux
exemples importants de classes de symboles.

Exemple 1.4.2. Les classes de symboles semi-classiques et microlocales évoquées dans le para-
graphe 1.1.4 sont de la forme S(1, g) pour les métriques suivantes.

« Sil’on se donne dx? + d€? une certaine métrique euclidienne sur 7* M, alors la classe S(1,gp,)
avec gp, = dx? + h?d¢?, h €]0,1], coincide avec la classe de symboles semi-classique Sgc1(1)
définie en (1.1.28).

e Sil'on pose g = dx? + (£)72dE?, alors la classe S(1,g) coincide avec la classe de symboles
microlocale 7, définie en (1.1.29).

Pour avoir un calcul pseudo-différentiel avec de bonnes propriétés dans ces classes de symboles,
on a besoin de quelques hypothéses techniques sur la métrique g et le poids m. Pour alléger la
présentation, on ne donne pas ici la définition exacte de métrique et de poids admissibles. On
mentionne simplement que g et m doivent étre a variation lente (ils doivent rester du méme ordre de
grandeur dans les boules unité de g) et tempérées (leur croissance a l'infini est au plus polynomiale).
L’hypothése la plus importante que g doit satisfaire est le principe d’incertitude, c’est-a-dire que
« sa fonction de gain » hy doit étre plus petite que 1. Pour définir cette fonction de gain, on définit
tout d’abord la métrique o-duale associée a g.

Etant donnée une métrique riemannienne g sur 7* M, on peut la voir alternativement comme un
2-tenseur bilinéaire symétrique ou comme un champ d’applications linéaires inversibles :

9p : T,T*"M — T)T*M, pE€T*M.
1

Ainsi on peut voir g7 comme un 2-tenseur prenant en argument des l-formes (plutot que des
champs de vecteurs). 1 On définit alors la métrique o-duale associée & g comme

9’ =—0og lo (1.4.11)

(on rappelle que la forme symplectique o a été introduite au paragraphe 1.1.5.1). C’est une métrique
riemannienne sur 7*M. On peut alors introduire la définition suivante.

Définition 1.4.3 (Fonction de gain). Soit g une métrique riemannienne sur 7*M. On définit la
fonction de gain associée a g par

Clg(p
e sy Clal0)
¢cew\{0} I¢lg(p)
On définit le gain maximal de g par hy == supp. s hy. On dit que g satisfait le principe d’incertitude
si hy <1, ou de facon équivalente, si g < g°.
Pour les métriques de I'exemple 1.4.2, la fonction de gain se calcule de la fagon suivante.
o Pour la métrique g, = da® + h?d€?, on a gf = h™2dx? + d&? et donc hy, = h est constante
sur T*M. On a alors ﬁgh = h.
o Pour la métrique g = dz? + (£) 72 d&?, on a g7 = (£)? dz? + d&? et donc hy(z, &) = (£)~! pour
tout (x,£) € T*M. Dans ce cas, on remarque que le gain maximal vaut @g =1.

10En géométrie riemannienne, les applications g et g—1

Section 12.8].

sont souvent appelées les isomorphismes musicaux [Lee09,
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On aura également besoin d’une autre fonction associée a g, qui n’est pas définie de fagon
intrinseque mais permet de quantifier la propriété de tempérance de la métrique, c’est-a-dire la
potentielle explosion de la métrique a I'infini dans ’espace des phases.

Définition 1.4.4 (Poids de tempérance). On définit le poids de tempérance associé a g par

O4(p) = sup M = sup M

cer,ranfoy ICle(p)  cer,meanoy [Clg(p)
ol g est une métrique euclidienne fixée telle que g = g°.

Les résultats présentés ci-dessous sont valables sous deux hypotheses principales. La premiere
assure que les dynamiques classique et quantique ont un sens, et ne dépend que du hamiltonien p.

Hypothése 1.4.5. Le hamiltonien classique p € S'(T*M) est de classe C™ et
(i) le flot hamiltonien (¢*)ier est complet ;

(ii) lopérateur Op"(p) avec domaine ¥ (M) est essentiellement auto-adjoint sur L*(M). On note
P son unique extension auto-adjointe.

La deuxieme hypothese est spécifique au théoréeme d’Egorov, et consiste en une condition de
compatibilité du hamiltonien classique p et de la métrique g. On donnera au paragraphe 1.4.4
ci-dessous des exemples dans lesquels les hypotheses 1.4.5 et 1.4.6 sont vérifiées et notre résultat
principal (le théoréme 1.4.7) s’applique.

Hypothése 1.4.6. La métrique g sur T*M est admissible et le couple (p, g) satisfait les conditions
sutvantes.

(i) (Ezpansion du flot :) L’exposant de Lyapunov suivant est fini :

1
A= 5;?5|$Hpg’g < 0.

Ici, Ly, désigne la dérivée de Lie par rapport au champ de vecteurs hamiltonien.
(ii) (Sous-quadraticité forte :) Il existe € €]0,1/2] tel que

Vip € S ((05h4/) ™ (hy/Bg) ™, 9) 1S ((hy/g) ")
(iii) (Contréle de la métrique le long du flot :) Il existe Y >0 et Cy > 0 tels que
Vpe T*M,Vt € R, 9ot(p) < Cre?MlMg,.

Pour énoncer notre résultat principal, on introduit maintenant la métrique

g(t) = 2 A0 g teR, (1.4.12)
et le temps d’Ehrenfest associé
1/2 1
Te =Tgr(p,g) = At or log (hg) . (1.4.13)
On remarque que
hyry = 2 A0l (1.4.14)

de sorte que T apparait comme le temps limite jusqu’auquel la métrique g(t) satisfait le principe
d’incertitude hg(t) <1.
Notre résultat principal est le suivant.

Théoréme 1.4.7. Soit p et g satisfaisant les hypothéses 1.4.5 et 1.4.6 et soit T € [0, %TE] Soit m
un poids admissible tel que m(t) = et'rm soit uniformément admissible' sur Uintervalle de temps
[0,T). Alors pour tout a € S(m,g), l'opérateur Op™(a) conjugué par le propagateur s’écrit

P OpY(a)e =P = Opw<et5€pa)’

11 0n renvoie au chapitre 4 pour des explications sur I'uniforme admissibilité du poids m(t).
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ot e'”ra € S(m(t), g(t)). Pour tout £ € N, il existe k € N et une constant Cy > 0 tels que

Va € S(m,g),Vt € [-T,T],  |e*ra < Cylal® .
(m.g), vt & [=T.T] smat) = 1%t
De plus, pour tout jo € N, on a le développement asymptotique
Jo R
o~ era+ 3 85(ta+ 841 (t)a, (1.4.15)

j=1

ot 8;(t) et gj(t) sont définis en (1.4.8) et (1.4.9) et vérifient : pour tout £ € N, il existe des
entiers (kjo o) joen et des constantes (Cj, 0)joen, (C) o)joen tels que pour tout a € S(m, g) et tout
te[-T,T), on ait

e, (0 (k)
e Pa|S(m(t)7g(t))Scoyg‘a|s(myg), (1.4.16)
£ k .
300,210 ey gy S Cintl VS jo=1 (1.4.17)
& (t)a|"” <, |Va)® o > 1 1.4.18
30| 2604010y 0y < Coot 1l Vs o= (1.418)

g(t)

Les estimées (1.4.16), (1.4.17) et (1.4.18) donnent un sens précis a 'identité (1.4.7). On a bien un
développement asymptotique puisque chaque terme gagne hﬁ( 0 (le fait qu’on gagne deux puissances
de la fonction de gain au lieu d’une a chaque étape du développement est lié au fait que I'on utilise
la quantification de Weyl).

Remarque 1.4.8 (Cas h, = 1.). On observe que dans le cas d’une métrique g avec gain maximal
h, =1 (e.g. la métrique g = dx? + ()72 d€? de lexemple 1.4.2), on a Tr(g) = 0. Pour remédier
a ce probléme et pouvoir appliquer le théoréme 1.4.7 dans un intervalle de temps [—Tp, Tp] non
trivial, on peut considérer la métrique e~ 70 g pour Ty > 0 & la place de g, et on a alors Tg(e Tog) =
Te(g) + %T& Si la multiplication de la métrique par e~7° ne change pas A et T (ces quantités
sont homogenes de degré 0 par rapport a g), elle augmente en revanche la valeur des semi-normes
de p (et donc les constantes dans (1.4.16), (1.4.17) et (1.4.18) dépendent de Tj). Ce n’est pas un
probleme tant que 1’on ne cherche pas a faire tendre Ty vers linfini.

La théorie des opérateurs intégraux de Fourier, dont les propagateurs e ¥ sont des exemples pa-
radigmatiques, a déja fait I’objet de travaux dans le formalisme de Weyl-Hérmander, comme ceux de
Beals [Bea74] et de Hérmander [Hor79], qui s’inscrivent plutoét dans la continuité de I'article d’Ego-
rov sur la quantification des symplectomorphismes. Concernant les propagateurs et les probléemes
d’évolution, on mentionne la série d’articles de Bony [Bon94, Bon96, Bon97, Bon03, Bon07, Bon09).
L’approche de ces travaux est relativement algébrique et semble difficile a appliquer dans des si-
tuations concretes pour étudier des problemes de controle d’équations aux dérivées partielles par
exemple. Notre résultat est concu spécialement pour ce type d’applications, et fournit des estimées
précises qui ouvrent la voie a une étude quantitative de la correspondance classique-quantique.

Le théoréeme 1.4.7 ci-dessus est valable dans une grande généralité, et peut s’appliquer dans
beaucoup de contextes différents comme nous allons l'illustrer dans les exemples du paragraphe 1.4.4
ci-dessous. Commentons d’abord les principaux atouts de ce résultat.

e Par un argument de type Gronwall, on peut vérifier que par définition de A, on a
(¢)g<elg,  vteR
(le membre de gauche est la métrique g tirée en arriére par le flot), ce qui équivaut en fait a
|do'|, <M vieR.

Pour estimer grossiérement A, on peut vérifier que par définition de la dérivée de Lie,

1
A < sup (hg|V2pg +=|Va,9| ) . (1.4.19)
T*M 2 g
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On constate alors que U'hypothése (i) de finitude de lexposant de Lyapunov est liée au
fait de contréler la hessienne du hamiltonien p, ce que 'on interpréte comme de la « sous-
quadraticité ». Demander que le hamiltonien soit sous-quadratique est usuel dans I’étude de
propriétés d’Egorov (voir par exemple Bouzouina—Robert [BR02] ou Robert [Rob87, Théoréme
(IV-10)]). C’est cette hypothése qui permet de formuler un résultat global dans I’espace des
phases, qui traite donc l'infini, sans nécessité de tronquer le hamiltonien au voisinage d’une
couche d’énergie particuliere. Par ailleurs, on ne fait pas d’hypothese d’ellipticité sur le hamil-
tonien, ce qui permet de considérer des opérateurs un peu plus exotiques tels que des laplaciens
magnétiques ou des champs de vecteurs.

e L’hypothese (ii) de sous-quadraticité forte permet de donner un sens précis a assertion « 36)1(,3)
est petit » en tant qu’opérateur agissant sur des classes de symboles. L’hypotheése V3p €
S((hg/ﬁg)*l,g) permet en particulier d’obtenir le développement asymptotique (1.4.15) en
puissances de hz(t), en plus d’un contréle des dérivées du flot hamiltonien.

e Les conditions de I’hypothese 1.4.6 sont homogenes de degré 0 par rapport a la métrique g,
c’est-a-dire que si elles sont vérifiées pour g, elles le sont aussi pour ¢(t) (du moment que
[t| < Tg). C’est pour avoir cette propriété que I'on considere le poids h,/h, au lieu de hy seul
dans la condition de sous-quadraticité forte par exemple.

e Le théoréme 1.4.7 s’applique dans un cadre semi-classique : si I'on considére une suite (g, pr)nejo,1]
dépendant de h et satisfaisant I’hypothese 1.4.6 (en particulier la condition de sous-quadraticité
forte (ii)) uniformément en %, avec fonction de gain hg, = h, alors les estimées du théoreme
sont vraies uniformément en # €]0, 1]. Notons que dans ce cas, il convient de se placer dans une
échelle de temps semi-classique en considérant ’évolution e~ #P» = ¢~ *%Fr apres avoir posé
T = At. On retrouve alors dans ce contexte un temps d’Ehrenfest d’ordre log A~!. On revoie au
paragraphe 1.4.4.1 pour plus de détails sur un exemple d’application du théoréme 1.4.7 dans
un cadre semi-classique.

o La définition de la métrique g(t) en (1.4.12), et donc celle du temps d’Ehrenfest (1.4.13), font
intervenir A + 2T et non A comme on aurait pu s’y attendre. Le parameétre T apparait pour
des raisons techniques liées a l'utilisation du poids de tempérance 6, dans I’hypothese de sous-
quadraticité forte (ii). Cependant en pratique, on aura souvent T = 0 (voir les deux premiers
exemples présentés dans le paragraphe 1.4.4).

Pour terminer ces commentaire, mentionnons que le théoréme 1.4.7 découle d’un résultat plus
fort sur la propagation de partitions de 1'unité quantiques adaptées a la métrique g. C’est en fait
le résultat qui nous intéresse le plus pour 'étude de la stabilité uniforme des ondes (en vue de la
conjecture 1.2.9 mentionnée au paragraphe 1.2). Cependant, nous avons choisi de ne pas présenter
ce résultat dans cette introduction pour des raisons de concision. On renvoie donc au chapitre 4
pour des définitions et un énoncé précis. On discute de quelques perspectives d’applications de ce
résultat plus fin dans le paragraphe 1.4.6.

1.4.4. Exemples d’application

On donne trois contextes dans lesquels le théoreme 1.4.7 s’applique. Dans chacune de ces trois
situations, on fournit des exemples de métriques pertinentes pour étudier les groupes d’évolution
considérés, et on explique les liens avec les travaux présentés dans les paragraphes 1.2 et 1.3. Notons
que l'espace de Hilbert naturel dans lequel les problemes suivants sont posés ne coincide pas toujours
avec L?(M). On expliquera alors comment se ramener & notre cadre d’étude.

1.4.4.1. Opérateur de Schriodinger dans ’espace euclidien plat

On munit M = R? d’une structure euclidienne y fixée (i.e. invariante par translation). Consi-
dérons un opérateur de Schrodinger avec laplacien plat et potentiels électrique et magnétique
VM—-Retf:M—TM:

P=P;= %\ga—mi+vz—ﬁ;A—%5.a— LdivB+ 5185 +V, (1.4.20)

agissant sur 'espace de Schwartz, avec un parameétre semi-classique i € (0,1]. Ici A = A, est le
laplacien plat associé a .
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Proposition 1.4.9. Lorsque V et B ont une croissance tempérée, on a

P=0pY(p) avec  p(x,&) =Ll —heB+ B2 +V(2). (1.4.21)

De plus, supposons que
e Le potentiel vecteur 3 : M — TM est un champ de vecteurs affine, d savoir V23 = 0.

o Le potentiel électrique V : M — R est borné inférieurement et sous-quadratique, au sens ou

VEk >0, sup | V2TV | < oo
T*M Y

Alors les Hypothéses 1.4.5 et 1.4.6 sont satisfaites avec la métrique
g=gn=vO Y, (1.4.22)
uniformément par rapport d h € (0,1].

L’uniformité par rapport a h dans la conclusion de la proposition 1.4.9 permet d’utiliser le
théoréme 1.4.7 dans un cadre semi-classique i — 0. En effet, dans le cadre de la proposition 1.4.9,
Iexposant de Lyapunov est d’ordre A = Ay ~ ki (et T = 0), ce qui donne un temps d’Ehrenfest
Ty ~ h~'logh~!. Dans la variable de temps semi-classique 7 = fit, ceci revient donc & considérer
des temps |7| = O(log A™t), ce qui correspond bien au temps d’Ehrenfest usuel dans le contexte de
Popérateur semi-classique (1.4.20) (voir [BR02]). A titre d’illustration, le théoréme 1.3.2 donne le
résultat suivant : pour tout a € S(1,g5), on a

" opY(a)e " = OpV(a(r)), (1.4.23)

oll a() appartient & un sous-ensemble borné de S(1,gx(7)) pour |7| < elogh~! pour un certain
e > 0, avec gi(r) = eQ%Tgh (on rappelle que A est d’ordre % dans cet exemple). On a également le
développement asymptotique (1.4.15) avec les estimées (1.4.16), (1.4.17) et (1.4.18) uniformes par
rapport A et 7 satisfaisant la condition |7| < elog/i~t. Noter qu'avec i = 1, on retrouve la version
du théoreme d’Egorov utilisée dans le chapitre 3 pour l'observabilité de I’équation de Schrodinger.

La déclinaison du théoréme 1.4.7 que l'on obtient dans ce contexte permet de retrouver les
résultats de Bouzouina et Robert [BR02] (voir également Robert [Rob87, Theorem (IV-10)]). Dans
ces travaux, on retrouve I’hypothése de sous-quadraticité du hamiltonien classique (i.e. les dérivées
d’ordre plus grand que 2 sont bornées), que l'on utilise dans la preuve de la proposition 1.4.9
pour vérifier la condition (i) de ’hypothése 1.4.6, & savoir A < co. Par ailleurs, 1’énoncé [BR02,
Theorem 1.2 (11)] s’applique & des symboles a tels que Va € S(1, g5). Notre théoréme généralise ce
résultat a des classes de symboles associées & des poids m généraux. Enfin, le théoreéme 1.4.7 fournit
non seulement un développement asymptotique en puissances de i de l'opérateur conjugué dans le
membre de gauche de (1.4.23), mais montre aussi que cet opérateur est pseudo-différentiel, avec des
estimées précises sur son symbole.

La métrique ¢ introduite en (1.4.22) semble étre celle qui détecte I’échelle de concentration
maximale en la variable z. Pour voir cela, on peut raisonner de la fagon suivante, disons dans le
cadre non semi-classique & = 1 pour simplifier. Un moyen simple de vérifier qu'une métrique g vérifie
I’hypotheése 1.4.6, et en particulier ’hypothése A < oo, consiste & montrer que |V2p| 5 est bornée sur
T*M (en vertu de (1.4.19)). Si I’on cherche § sous la forme

de?  dg?
g= 3z %, (1.4.24)
avec &, ¥ deux fonctions sur T*M, le fait que (V2p)§5 =y~ ! soit constante sur I’espace des phases
impose alors que le coefficient de § dans la direction &, & savoir !, doit étre borné inférieurement,
i.e. ¥ < C uniformément sur T*M. Pour que le principe d’incertitude soit vérifié, c’est-a-dire
hg = @ 1¥~1 < 1, on doit donc avoir ® > C~!. Cet argument indique qu’il semble difficile de
construire des métriques § vérifiant I’hypothese 1.4.6 détectant des échelles plus petites que 1 en
espace. C’est une conséquence du fait que le laplacien dans Popérateur de Schrodinger P = V(x)— %A
sature la sous-quadraticité dans la variable £. Voir la Figure 1.7 pour une illustration des boites unités
de la métrique g définie en (1.4.22) dans 'espace des phases (pour h = 1).
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F1Gc. 1.7 — Ensembles de niveau du hamiltonien classique p défini en dimension 1 par (1.4.21), avec V
donné par la Figure 1.1a et V3 constant. On a tracé en pointillés les boites unité de la métrique introduite
en (1.4.22) g1 =y @y~ " (i.e. les produits de boules unité de y et de y~'). Ce sont des carrés de coté ~ 1,
saturant ainsi le principe d’incertitude hg, < 1.

1.4.4.2. Opérateur de demi-ondes dans un espace courbe
Comme on ’a expliqué dans ’exemple du paragraphe 1.4.4.1 ci-dessus, le fait que le laplacien soit
parfaitement plat est important si ’on veut que le théoréeme d’Egorov soit valide pour l'opérateur
de Schrodinger (1.4.20). On va voir que la situation est tres différente pour 'opérateur des ondes.
On considere une métrique riemannienne v sur M. On suppose qu’elle satisfait

AC, > 0:Vzy, 20 € M, v, < Cﬁ'ymz et Vk € N, suplvk’y‘7 < 00. (1.4.25)
M

(Noter que (1.4.25) est équivalent & l'existence d’une constante ¢ > 0 telle que ¢=21 < v < ¢*I et
v € Cp°(M).) On ne prescrit pas ici de comportement spécifique & l'infini.

La variété riemannienne (M,~) posseéde une forme volume naturelle Vol,, ainsi qu’un opérateur
de Laplace-Beltrami A, agissant sur les fonctions test. On le voit comme un opérateur symétrique
non borné sur 'espace de Hilbert L2(M, dVol,). En fixant des coordonnées euclidiennes sur M,
celui-ci s’écrit

A, = [T 20y 20, avee dVol, = |y|'/? da.
A titre préliminaire, on conjugue A, & un opérateur symétrique sur L?(M,dz), ot dx est une
normalisation arbitraire de la mesure de Lebesgue (cet espace est mieux adapté a la quantification
de Weyl). On identifie les éléments v € L?(M, dVol,) aux fonctions u € L*(M) via isométrie

L*(M,dVol,) — L*(M)

1.4.26
v —s vyt = w. ( )
L’opérateur de Laplace—Beltrami se retrouve conjugué a
X 1/4 —1/4 —1/44 _iji(1/2 —1/4
N S o I Y I P Y Ao N B (1.4.27)

qui est symétrique par rapport au produit scalaire de L?(M).

On peut calculer le symbole de Weyl de l'opérateur —A., (cf. le chapitre 4 pour une expression
explicite) : il existe R, € Cg°(T* M) tel que

A, - OPW(|5\3—1 n R’v)- (1.4.28)
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La factorisation formelle
0F = Ay = (00— iv/=A7) (0 +iv/=2,)

réduit I’étude de I’équation des ondes dans ce contexte aux équations d’évolution

(004 iv/=87) ve =0,

qui apres conjugaison (1.4.26) deviennent

(at + i\/—ﬁv) us = 0.

Etant donné (1.4.28), 'opérateur Opw(<§>¢1) est une bonne approximation de 4/ fﬁw, et le symbole
(§)y-1 a l'avantage d’étre C'°° sur I'espace des phases. On considere ainsi I'opérateur

P :=0p%(p) avec  p(z,€) = (§),-1. (1.4.29)

Proposition 1.4.10. Sous les hypothéses (1.4.25) sur la métrique 7y, le symbole p défini dans (1.4.29)
satisfait les Hypothéses 1.4.5 et 1.4.6 pour la famille de métriques admissibles

—a —(1+4a)_— 1 1 -
Gy = ()3 @ () Ut = o peepit), acl (1.4.30)

Le théoreme 1.3.2 s’applique donc pour ces métriques et fournit a titre d’illustration I’énoncé
suivant : étant donné « € [0, 1] fixé, pour tout a € S((£)",9) (n € R), on a

eitPOpW(a)e—itP _ Opw(a(t)),

ou la famille de symboles a(t) est contenue dans un sous-ensemble borné de S({€)™, g) pour tout
t € [-T,T) avec T > 0 fixé. On retrouve le résultat énoncé par Taylor [Tay91, Section 6, Proposition
6.3.B]) dans les classes de symboles

Sps®*) = {a € C®(R™) : 1,8, € N, 3C5, 5, > 01 [0200 a(w,€)| < C ()" IHI=IL.

Notre résultat clarifie la condition d’admissibilité p = 1 — 6 > 1/2 sous laquelle [Tay91, Section
6, Proposition 6.3.B] s’applique (on peut méme traiter le cas p = 1 —§ = 1/2, & savoir @« = 0
dans la proposition 1.4.10, pour lequel on n’a pas de gain). Il fournit également un développement
asymptotique explicite de a(t, o).

Les cas extrémaux o = 1 et « = 0 sont d’un intérét particulier.

e La métrique g pour a =1 :

-1

g=7® Y

1
G
est la plus commune en analyse microlocale et la plus naturelle a introduire sur l’espace
des phases lorsqu’on étudie I'équation des ondes. Elle correspond a « I’échelle microlocale
principale », i.e. & des symboles dans des classes de la forme ST (R??) (cf. (1.1.29) ou [Tay91]).
Voir la Figure 1.8a.

e Lecasa=0,i.e.
1 -1
g=()17D W’Y
correspond a une seconde échelle microlocale de propagation des ondes, qui apparait déja de
fagon implicite dans plusieurs travaux liés & ’équation des ondes (amorties), surtout dans
le cadre semi-classique, dans des arguments impliquant des mesures de défaut [BZ16, BG20,
Rou23]. Voir la Figure 1.8b.
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\/ §V >~ \/ 5\/ ~_
\_/ f H

42/

- x . x
—— : ’ )

= A=

2 SNl N

(a) Cas o = 1. Les boites unité sont de coté =~ 1 (b) Cas @ = 0. Les boites unité sont de coté =
en espace et ~ (£),-1 en fréquence. Leur aire est <§>*}{2 en espace et ~ <§>1/721 en fréquence. Leur
5

d’autant plus grande que ’on s’éloigne de la section
nulle {¢ = 0}. Cela illustre géométriquement le gain
hg(z,€) ~ <E>;E1 associé a cette métrique.

aire est d’ordre 1, ce qui illustre le fait que la mé-
trique sature le principe d’incertitude hy < 1.

F1G. 1.8 — On a tracé quelques lignes de niveau du hamiltonien p(z,§) = (£).,—1. Les boites unité associées
a la métrique g définie en (1.4.30) sont représentées en pointillés. Elles correspondent au produit des boules
unité de 1 et 2 associées a la décomposition g = 1 @ 2 dans (1.4.30).

Comparons la proposition 1.4.10 a la proposition 1.4.9 du paragraphe précédent. On remarque
deux différences principales. La premiere est que le cadre géométrique de la proposition 1.4.10 est
plus flexible : on peut considérer une géométrie avec de la courbure, contrairement au cas de la
proposition 1.4.9 ol nous sommes limités au laplacien plat (associé & une structure euclidienne
sur M). La deuxiéme est que la proposition 1.4.10 introduit une famille de métriques qui vérifient
les Hypotheses 1.4.5 et 1.4.6 et encodent des échelles différentes de propagation de ’énergie. Cela
contraste avec la proposition 1.4.9 qui parait plus rigide et nous impose de considérer une métrique
constante sur tout ’espace des phases. On peut attribuer ces différences au fait que I’équation de
Schrodinger propage 1’énergie a vitesse infinie, tandis que ’équation des ondes la propage a vitesse
finie.

1.4.4.3. Champs de vecteurs

Notre derniere application concerne les opérateurs différentiels d’ordre 1, a savoir les champs
de vecteurs. Ces opérateurs sont relativement différents de ceux étudiés aux paragraphes 1.4.4.1
et 1.4.4.2, notamment parce qu’ils ne sont pas semi-bornés.

On consideére un champ de vecteurs X sur M, borné par rapport & une métrique euclidienne
fixée. On suppose qu’il préserve une densité lisse p = |u| dz, de sorte que Popérateur de dérivation
%X agissant sur les fonctions lisses a support compact soit symétrique en tant qu’opérateur non
borné sur L?(M, i) (on suppose que X et |u| ne s’annulent pas). Pour se ramener & un cadre ou nos
résultats s’appliquent, on identifie & nouveau L?(M, ) & L?(M) via I'isométrie

L*(M, 1) — L*(M)

w—s ulp|'?.

L’opérateur %X s’en trouve donc conjugué par |y|1/ 2, de sorte que lopérateur obtenu agissant sur
L?(M) s’écrit
1
1/2 —1/2
Hial X7 = 1X = o (X oglul) -
Un argument d’intégrations par parties permet de calculer la dérivée logarithmique, et on se ramene
ainsi a 1’étude sur L?(M) de I'opérateur
_1 IRT
P =X+ divX, (1.4.31)

qui est bien symétrique sur L?(M). On va en fait considérer cet opérateur pour un champ de vecteurs
X arbitraire (pouvant éventuellement s’annuler), sans introduire de densité invariante. Notre seule
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hypothese est que
Vk € N, sup|VkX|y < o0 (1.4.32)
M

pour une certaine métrique euclidienne y sur M.

Proposition 1.4.11. Sous l’hypothése (1.4.32) sur X, on a
P=0p"(p) avec p(z,§)=EX(2),
et ’hypothese 1.4.5 est satisfaite, ainsi que U'hypothése 1.4.6 pour la métrique
ey = O3y @ (€2, (1.4.33)
ot les parameétres ay et ao vérifient
0<a; <ay <1, ar+as>1 and o <1. (1.4.34)

On peut comparer la proposition 1.4.11 avec un résultat récent sur les flots d’Anosov sur les
variétés compactes. Bien que I'analyse des champs de vecteurs puisse sembler relever de la méca-
nique classique, les techniques microlocales se sont révélées tres utiles dans ce domaine; voir par
exemple [FS11, DZ16, FT23a, FT23b]. Récemment, Faure et Tsujii [FT23a, FT23b] ont introduit
une famille de métriques sur ’espace des phases pour étudier la dynamique en temps long des flots
d’Anosov. Ces métriques sont de la forme

€1
Gy = (€2 da? + @1 a2 + (%" da? + @12

en coordonnées (locales) « flot-boite » : les variables de position et de moment sont séparées en deux
composantes dites perpendiculaire et parallele

dei, (1.4.35)

z=(z1,z)) e R xR, €=(£1,¢) e R xR,

de sorte que le champ de vecteurs X s’écrive —X = 8_@“. Les parametres o, o satisfont

1
0§a”§aL<1 et 5§O{J_<1.

Des choix particuliers de ces parametres permettent a Faure et Tsujii de décrire le spectre de Ruelle
du flot et d’analyser les états résonants associés. Dans notre résultat, on retrouve la métrique (1.4.35)
en prenant a; = g = o =ay.

1.4.5. Idée de preuve du théoréme 1.4.7

Le coeur de la preuve consiste & décrire I'action sur les classes de symboles S(m, g) de etf» et

#6,(,3) intervenant dans la définition des opérateurs &;(t) et gj(t) (définis en (1.4.8) et (1.4.9)) de la
série de Dyson (1.4.7). D’une part, on montre que le flot hamiltonien e'*r agit continument sur les
classes de symboles de la fagon suivante :

etHr o S(m,g) — S (m(t), g(t)), (1.4.36)

ot m(t) = etflom et g(t) est définie en (1.4.12). Les estimées de continuité portant sur les semi-
normes dans ces espaces sont uniformes par rapport a ¢ € R : pour tout symbole a € S(m,g), on
a

V¢ e N,3C, >0:Vt e R,Vpe T*M,

0 tH, _ |l tH —0(A427)¢| . 3 |Vja|g
(Vi ral , (p) = [Vieral (p)e < Cym(t; p) max, sup — =t

La continuité de l'opérateur e'f» en (1.4.36) est une facon synthétique de décrire la croissance
exponentielle des dérivées du flot :

VEEN*3C, >0:  |[VF!| < Ot
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ol A est 'exposant de Lyapunov défini dans 'item (i). De méme, on prouve que l'opérateur 3‘6}(,3)
agit continument sur les classes de symboles de la facon suivante :

AP 58 (mg(5) — S (e 0P, g(s) (1.431)

uniformément en |s| < Tg. La limitation sur s vient du fait que I’on utilise le calcul pseudo-différentiel
pour prouver les estimées de semi-normes allant avec (1.4.37). Précisons la raison pour laquelle on

a (1.4.37). L’opérateur 36,(,3) est lié au reste d’ordre 3 dans le calcul pseudo-différentiel avec p (on

rappelle que la définition de #6,(,3) en (1.4.6) fait intervenir #€, défini en (1.4.3), et donc des produits
de Moyal avec p). Puisque V3p € S((hy/h,)~", g) (item (i) de 'hypothese 1.4.6) et a € S(m, g(s)),
le gain du calcul pseudo-différentiel associé correspond moralement a

Voot = \/H32ATTDI = (21

(on a utilisé (1.4.14)). A Tordre 3, on « gagne » donc

hge3(A+2T)\s| — hﬁ(s)hqe_(A+2T)‘sl.

1

En multipliant par les poids (hy/h,)™" et m associés a V3p et a respectivement, le calcul pseudo-

différentiel donne donc que %ég)a appartient & la classe S(m’, g(s)) ol

—1
m' = h? )hge_(A“T)‘s' (Zg) m = hﬁ(s)e_(A“T)‘slﬁgm.

g(s
g

On montre ensuite l'estimée (1.4.17) sur Popérateur &;(¢) défini en (1.4.8) par récurrence sur j,
en exploitant la relation de récurrence (1.4.10). Si on suppose (1.4.17) sur &;(¢), on compose cette

estimée avec celles obtenues sur e'f» en (1.4.36) et sur 56,&3) en (1.4.37) pour obtenir

e(tfs)HP%I()g)gj(s) :S(m,g) — S (m(t)hzg)ﬂ)ﬁgefmwn|S|,g(t)) .
Le facteur Qge_(A”T)‘s' disparait lors de lintégration sur s € [0,] et on obtient l'estimée (1.4.17)
sur 8j+1(t).

La partie la plus délicate de la preuve du théoréme 1.4.7 consiste & montrer U'estimée (1.4.18)
sur le reste, i.e. opérateur gj(t) défini en (1.4.9). La difficulté additionnelle provient du fait que
I'opérateur e/”», qui intervient dans la définition de gj(t), n’est défini qu’implicitement par (1.4.4)
(tandis que I'opérateur e!’» qui intervient dans la définition de &;(t) est une opération explicite sur
les symboles). Cette étape repose sur la caractérisation des opérateurs pseudo-différentiels donnée
par Beals [Bea77]. C’est au cours de cette démonstration que I'on utilise ’hypothese sur V3p faisant
intervenir le poids de tempérance 6, (item (ii) de ’hypothese 1.4.6), ainsi que l'item (iii).

1.4.6. Perspectives

Notre étude des théoreémes de type Egorov dans le formalisme de Weyl-Hérmander est motivée
par la conjecture 1.2.9, et plus particulierement par les petites échelles apparaissant sur la Figure 1.2b
en lien avec la Condition de Point Tournant (CPT). La discussion du paragraphe 1.2 sur les ondes
amorties met en évidence une échelle critique 2-microlocale a laquelle se propagent les ondes de
fagon cohérentes. Pour capturer cette échelle, on démontre dans le chapitre 4, un résultat (dont le
théoreme 1.4.7 est une conséquence) de propagation de « partitions de 'unité quantiques » adaptées
a une métrique g satisfaisant les Hypotheses 1.4.5 et 1.4.6. On espére pouvoir utiliser ce résultat
pour décrire I’évolution quantique d’observables singulieres. Plus précisément, on souhaite analyser
l'opérateur e®*Fb(x)e~ P pour une fonction b n’appartenant pas nécessairement & une bonne classe
de symboles (par exemples le coefficient d’amortissement dans I’équation des ondes amorties (1.2.1)),
via une décomposition en paquets d’ondes de b (vue comme fonction sur 'espace des phases) adaptée
a une métrique g bien choisie. Notre théoréme d’Egorov pour les partitions de 'unité quantiques
devrait permettre de décrire ’évolution des paquets d’ondes issues de cette décomposition.

Une autre question, en lien avec I'exemple du paragraphe 1.4.4.1, consiste a se demander si ’'on
peut étendre le cadre d’application du théoréme 1.4.7 & un propagateur du type €™~ avec v une
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métrique euclidienne en dehors d’un compact, voire asymptotiquement euclidienne. Etant donné
la propriété de propagation a vitesse infinie de I’énergie pour 1’équation de Schrédinger, il semble
naturel de demander que cette métrique soit non-captante, de sorte a pouvoir garder un contréle
uniforme sur le flot hamiltonien dans le régime haute fréquence & — oco. Cette approche donnerait
alors probablement un point de vue alternatif sur l'effet régularisant de Kato [Doi05, Rob13, RZ08,
RZ09, Bur04].
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2 - Energy decay for the damped wave equation
with a confining potential in the Euclidean space

We investigate trend to equilibrium of the damped wave equation with a confining potential
in the Euclidean space. We provide with necessary and sufficient conditions for the energy to
decay exponentially, uniformly with respect to all initial data. Our motivation is to understand
the geometric conditions on the damping coefficient ensuring such an exponential decay, in the
particular situation where waves are trapped in a confining potential. Our work relies on tools from
semiclassical analysis.

2.1. Introduction

2.1.1. Setting of the problem

We study the energy decay of damped waves in the Euclidean space of dimension d > 1, that is
to say the trend to equilibrium for solutions to the equation

O2u + Pu + b(x)0pu = 0, reRYLt>0, (2.1.1)

In (2.1.1), b € L>=(RY) is the non-negative damping coefficient and the operator P is assumed to
be of the form

P=V(z)- 1A, (2.1.2)
where V is a non-negative locally bounded confining potential on R:
Ve L?:c(Rd; R)7 V>0 and V(CE) —>—> “+o0. (213)

A further growth condition on V will be stated later. In the present work, we investigate necessary
and sufficient conditions under which uniform exponential decay for Equation (2.1.1) holds. As a
first observation, we mention that the energy balance corresponding to this equation, obtained by
multiplying (2.1.1) by d;u and performing integration by parts, is simply

d
6 (u(t)) = —/Rdb|8tu|2dac, (2.1.4)

where the energy & is defined formally by

2

& (u(t)) = % (le/%(

2
o, 1T )
provided P is a non-negative operator. This a priori estimate indicates that the equation (2.1.1)
is non-conservative wherever b is positive. The question of the uniform exponential decay of the
energy of solutions to (2.1.1) amounts to the existence of constants C' > 0,7 > 0 such that

YUy € #6, & (Up,t) < Ce™t/7€ (Uy,0),  Vt>0. (2.1.5)

The study of decay rates for the damped wave equation dates back to the 70s with the celebrated
works of Rauch and Taylor, and later of Bardos, Lebeau and Rauch [RT74, BLR88, BLR92], in
the setting of compact Riemannian manifolds. They prove a sharp sufficient condition for having
uniform exponential decay of the energy of solutions to the damped wave equation. The latter
can be expressed in broad terms as follows: any speed-one geodesic enters the so-called damped
set, where the damping is effective (this is merely {b > 0} when b is continuous). This is called
the Geometric Control Condition (GCC). The idea behind this result is that the energy of high
frequency solutions is largely carried by the rays of geometric optics. This phenomenon echoes the
fact that high-frequency waves propagate according to the laws of geometric optics.

In comparison, few is understood in unbounded geometries, partly because it is unclear how to
handle properly the presence of infinity in space. In this respect, the main landmark paper is the

59
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work of Burq and Joly [BJ16]. One of their results is a sufficient condition for having uniform decay
of the energy for the Klein-Gordon equation in R?, that is to say the same equation as (2.1.1) with
the operator P = f%A + 1. It reads: uniform exponential decay holds if there exists L > 0 such
that the average of b on any segment of length L is uniformly bounded from below by a constant
¢ > 0. This uniform version of the GCC appears to be a fairly natural generalization of the GCC
to unbounded domains. Note that their proof requires b to be uniformly continuous on R¢, which
in particular prevents b from being more and more oscillatory near infinity. Their result has been
recently generalized to asymptotically cylindrical and conic manifolds by Wang in [Wan24].
In the sequel, we may rewrite (2.1.1) in the form of an order one evolution PDE:

U = dpyU,  t>0, (2.1.6)

where we wrote U = (u, d;u), and the infinitesimal generator is the so-called damped wave operator:

0 1
(5 ).

The energy of the solution (U(t)),cg, of (2.1.6) with initial datum Uy corresponds to:

1 2
8(U0,t):§’€t5ﬁbU0H%7 tGR-‘ra

where # = dom P'/? x L?(R%), normed by H(u,v)”?5 = HP1/2u||f:2 + Hv||iz, is the natural Hilbert
space on which the evolution problem (2.1.6) is well-posed. The exponential decay, defined in (2.1.5),
can be expressed in a simple way by saying that the norm of the semigroup decay exponentially
over time.

Definition 2.1.1 (Uniform stabilization). The equation (2.1.1) is said to be uniformly stable if
there exist C' > 0,7 > 0 such that

e
Note that by the semigroup property, uniform stability is equivalent to the fact that He

1 for some ¢ > 0 (see [EN0O, Chapter V, Proposition 1.7]).

A motivation to study (2.1.1) in the setting (2.1.2) and (2.1.3) is that waves should be essentially
trapped in a bounded region of R? when V is confining. Then we can expect the analysis to share
similarities with what has already been done for damped waves in compact domains. Actually, the
situation will turn out to be rather different, due to the underlying classical dynamics possessing
turning points, as we shall explain further.

tlo <Ce U7, wt>o.

L)

g ey <

2.1.2. Main results

We present two types of results here. We refer to the first one as “a priori conditions of stabi-
lization” since it does not rely on any particular feature of the potential. These results are based on
constructions of geometrical optics and semiclassical defect measures for the flat Laplacian in R%.
Thus the following proposition has to be seen as a variation of classical results in control theory.

Throughout this paper, we denote by |A| the d-dimensional Lebesgue measure of the measurable
set A C R%. Given a finite measure space (X, %, 1), we also use the notation

1
fdu:= 7/ fdu.
][;( wX) Jx
We also write SR% = R? x §9-1.

Proposition 2.1.2 (A priori necessary and sufficient conditions for uniform stability). Assume V
is subject to (2.1.3) and b € L¥(R%) is a non-negative damping coefficient. Then if (2.1.1) is
uniformly stable, b satisfies the Uniform Geometric Control Condition

T
47 > 0,dc > 0 : V(ZL'(), V()) c SRd,VT > 0, f (b * KT)(x(] + TV()) dr > ¢, (UGCC)
-7
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where .
ki =1 %% (0/7) with k(z) = wﬂ&(o)(x). (2.1.7)
Conversely, if b is essentially bounded from below by a positive constant outside some compact
set, that is
dR > 0,3¢>0: b(x) >c forae. z € R\ Bg(0), (2.1.8)

then (2.1.1) is uniformly stable.

Remark 2.1.3. The condition (UGCC) is equivalent to the following statement:

T
37 > 0,3¢ > 0: Y(x0, 1) € SR, lim inf (b* ky)(xo + TVg) dT > C. (2.1.9)

r—0 _T
This is proved in Lemma 2.B.1 in Appendix 2.B.

The version of the Geometric Control Condition appearing in the proposition generalizes the
one known for continuous damping coefficients to the case where b is merely L. It has already
been formulated (in an equivalent way) by Burq and Gérard in [BG20], and has been shown to
be necessary for uniform stability to occur for the damped-wave equation on compact Riemannian
manifolds. Notice that for b € C°(R?), the condition (UGCC) is equivalent to

T
37 > 0,3¢ > 0: Y(xo, 1) € SR, ][ b(zo 4 Tvo) dT > c.
=T

It is also the natural way of generalizing GCC to non-compact geometries—see Burq and Joly [BJ16].
We will discuss later different useful reformulations of (UGCC) (see Remark 2.1.3). As for the
sufficient condition, it already appeared in [Zua91]. Although we assume in Proposition 2.1.2 that
V is a confining potential, the conditions (UGCC) and (2.1.8) are unrelated to this confinement
property, so that the Proposition should be true also for non-negative Lﬁf’c(Rd) potentials. In
Actually, the assumption that V is confining is convenient when reducing the problem of uniform
stability to a resolvent estimate (see Proposition 2.2.1).

We now aim at understanding the effect of the presence of a confining potential. New interesting
geometric control conditions appear in this context. We are going to require additional assumptions
on the potential from now on.

Assumption 2.1.4 (Growth condition on the potential). The potential V is sub-quartic, that is to
say

Ve C*(RY) and VV(z)=o0 (V(m)3/4) as x — o0.

Remark 2.1.5. One can check that the strict sub-quarticity condition implies the (weaker) property
V(z) < |z|* as  — oo. If fact, every potential of the form |z|® with 0 < s < 4 outside a compact
set satisfies the sub-quarticity assumption.

Our main result is the following necessary condition.

Theorem 2.1.6 (Necessary condition for uniform stability). Assume the potential V' is subject
to (2.1.3) and Assumption 2.1.4, and the damping coefficient b € L>=(R?) is such that the damped
wave equation (2.1.1) is uniformly stable. Then b satisfies the Uniform Geometric Control Condi-
tion (UGCC) and the Turning Point Condition:

dR>0: lim inf b(y) dy > 0. (TPC)

Lo BR/V(E)1/4($)

Examples of damping coefficients satisfying conditions (UGCC) and (TPC) are shows on Fig-
ures 2.1a and 2.1b respectively.

Restricting the scope of our investigation to a class of nice damping coefficients, we prove the
following characterization of uniform stabilization, as a consequence of the necessary condition in
Theorem 2.1.6 and the a priori sufficient condition obtained in Proposition 2.1.2.
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(a) Damping coefficient satisfying (UGCC). (b) Damping coefficient satisfying (TPC).

Figure 2.1 — Black and white indicate the points where b is equal to 1 or 0 respectively.

Corollary 2.1.7 (Characterization of uniform stability for uniformly continuous damping coeffi-
cients). Let V be a potential on R satisfying (2.1.3) and Assumption 2.1.4, and suppose b is a
uniformly continuous non-negative damping coefficient. Then equation (2.1.1) is uniformly stable if
and only if b is bounded from below outside a compact set, that is to say

liminf b(z) > 0.

The point of Corollary (2.1.7) is to show that the necessary condition TPC together with uniform
continuity of b forces the latter to be bounded from below in a neighborhood of infinity.

2.1.3. Geometric and dynamical stabilization conditions

Proposition 2.1.2 and Theorem 2.1.6 above provide geometric necessary conditions of stabi-
lization. To understand completely the picture, it is relevant to unify the two conditions (UGCCQC)
and (TPC) into a single dynamical condition, accounting for the underlying classical dynamics (here
a distorted geometric optics).

2.1.3.1. Classical dynamics

We briefly introduce the Hamiltonian flow associated with P and recall the basic definitions that
will be needed thereafter. Throughout this chapter, a typical point of R will be denoted by z or ¥,
whereas the points of the cotangent space TR will be denoted by ¢ or . We will also often use
the notation p or ¢ to denote a running point (z,¢) or (y,1) in T*R%. The cotangent space T*R?
equipped with the symplectic form o = d§ Adx, the so-called phase space, will be frequently identified
with R2?. The operator P can be written as P = Op"(p), that is to say the Weyl quantization of
the real-valued symbol p(z,§) = V() + %|£\2 (see [Hor85, Lerl0, Zwol2]). Under Assumption 2.1.4,
the potential V' is C?, so we can define the Hamiltonian vector field ' associated with p by

Hy=¢-8, —VV(x) - 0.

The Hamiltonian flow associated with p, which we denote by (¢'):cr, is the flow generated by Hp,
namely

%@t(p) =H, (¢'(p)) -

Writing ¢! (p) = (z¢,£") the position and momentum components of the flow, we can rewrite this as

jjt — é-t
y o (2.1.10)
{5 =-VV(z')

which corresponds to Newton’s second law of classical mechanics with a force field F=-VV. In
the setting of a confining potential (2.1.3), which is our case throughout this paper, classical o.d.e.
theory ensures that the integral curves of H, are well-defined for all times (the level sets of p are
compact). Notice that p is preserved by the Hamiltonian flow by construction.

1. In fact, V € W2‘°°(Rd) would be sufficient to define the Hamiltonian vector field.

loc
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2.1.3.2. Dynamical stabilization condition

Given a continuous function K on T*R?, a real number 7' > 0 and p € T*R?, we denote by
(K)p the function on T*R? consisting in averaging K along the trajectories of the Hamiltonian
flow, namely

1 /7
E)rlp)i= 57 [ K (S(0) .
ot |,
If K is a continuous function on RY, we write (K);(p) := (K om),(p) (with a slight abuse of
notation), where 7 : T*R?% — R is the cotangent bundle projection.

Definition 2.1.8 (Stabilization condition — Dynamical formulation). Let V be a C? potential such
that the Hamiltonian flow (¢');cr associated with p(x, &) = V(x) + %|§\2 introduced in (2.1.10) is
globally well-defined. We say a function b € L>°(RY) satisfies the Dynamical Stabilization Condition
if

37 >0,3R>0: lggirgpe{ipn:f/\z}@ x IiR/ﬁ>T/)\(p) >0, (DSC)

where k5 is given by (2.1.7).

We refer to Subsection 2.1.3.3 below for a discussion of the relative scales appearing in this
definition, namely the energy scale {p = A2}, the regularization scale R/v/A and the time scale

T/VA.

Proposition 2.1.9. Suppose V is subject to (2.1.3) and Assumption 2.1.4. Then a non-negative
function b € L>=(R?) satisfies the Dynamical Stabilization Condition (DSC) if and only if it satisfies
the Uniform Geometric Control Condition (UGCC) and the Turning Point Condition (TPC):

(DSC) <= (UGCC) + (TPC).

The Dynamical Stabilization Condition (DSC) is the natural candidate for characterizing the
uniform stabilization of the damped wave equation (2.1.1). Indeed, it follows directly from the
quantum-classical correspondence heuristics that the damping coefficient should capture all the
high energy rays of geometric optics (modulo the non-obvious space-time scales R/ VA and T/\
described below in Subsection 2.1.3.3). Proposition 2.1.9 above gives us a very practical way to
check that (DSC) is verified on concrete examples.

The Geometric Control Condition and the Turning Point Condition are related to the Dynamical
Stabilization Condition in distinct phase space regions. Condition (UGCC) concerns the kinetic
regime where the Laplace operator rules over the potential. It is obtained by considering a fixed
point 2o € R? and looking at points over z in the energy shell {p = A?} with A > 1. In a
O(1) neighborhood of xy on the energy layer {p = A?}, the Hamiltonian p is well-approximated
by [£]?, so that the flow lines look more and more like straight lines and project to rays onto the
physical space (this corresponds to taking x fixed and letting £ — oo on V(z) 4+ 3/¢[* = A?). In
contrast, condition (TPC) comes from the potential regime, where states have a large potential
energy compared to their oscillation rate, i.e. V prevails over the Laplacian (this corresponds to
taking & fixed and letting x — oo on V(z) + %|f|2 = A?). This regime arises in phase space
regions close to the null section but also close to infinity in space, where the classical dynamics
has turning points: trajectories are transversal to the null section and project singularly onto the
physical space. Proposition 2.1.9 that controlling only kinetic quasimodes through (UGCC) and
potential quasimodes through (TPC) is sufficient to control any state on the energy shell {p = A\?}.

Proposition 2.1.9 suggest that the condition (UGCC) + (TPC) is sharp. This motivates the
following statement.

Conjecture 2.1.10. Consider V satisfying (2.1.3) and Assumption 2.1.4, and b € L=(R%) non-
negative. Then equation (2.1.1) is uniformly stabilized if and only if b satisfies the Geometric Control
Condition (UGCC) and the Turning Point Condition (TPC).

The dynamical viewpoint of (DSC) seems to be the best one to quantify the decay rate, namely
the optimal rate 7 in (2.1.5) (at least for high energy initial data), as Lebeau did in compact
manifolds [Leb96]. We give in Appendix 2.B a good candidate for the value of this optimal decay
rate.
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2.1.3.3. Typical space-time scales

In view of the quantum-classical correspondence principle (or Egorov’s theorem), one can guess
that a sharp geometric condition on b to ensure stabilization would be that the average of b along
any high-energy bicharacteristic of the classical Hamiltonian p = A2 should be bounded from below.
More precisely, assuming that b is continuous, these averages should be of the form

t

(o)) ds

where 7 : T*R? — R? is the cotangent bundle projection, (x,&) € {p = A%} for A large, and ¢t > 0
may depend on A. In the case of rough damping coefficients, as for the Geometric Control Condition,
it is natural to regularize the damping coefficient b by convolution and hence consider quantities of
the type

F e (o v ) ds

—t

where k,. is given by (2.1.7), with a scaling factor » > 0 possibly depending on A. See [BG20,
Pro23, Lé23] for discussions on this question. To figure out the relevant scale for ¢ as a parameter
depending on A, we can investigate the dynamical consequence of being a o(A)-quasimode of P,
namely a family (uy)y in dom P such that

(P=2)ur=o0r2(N),  luallpz =1
(the relevance of the latter is given by Proposition 2.3.2). Since e?*
the mean-value inequality, we obtain

is an isometry for any s, using

t
L P - / e PP = ADuyds = op2(t)),  |ualls = 1. (2.1.11)
0

That means that uy is nearly invariant under the action of the propagator e®*" (up to a phase factor)

on a time scale of order t =~ T'/A:
etPuy = e”’\zuA + or2(1), uniformly for ¢ € [0, T/A].

Here T a fixed constant. As for the parameter r, the point is to understand what is the critical
concentration scale of o(\)-quasimodes. This can be done roughly through the following observa-
tion. Assume a quasimode concentrates in a tubular neighborhood of radius r of a bicharacteristic
projected onto the physical space (namely the 2! component of a trajectory of the Hamiltonian flow;
see (2.1.10)). Thinking of this quasimode uy as a wave packet uy = fre"¥*, with envelope f\
(which localizes the quasimode in space) and phase e"*¥* (which localizes in frequency), that means
the gradient of f is of order 1/r, or in other words, its Fourier transform is mainly supported in
a window of size 1/r. In order to have a o(\)-quasimode, this frequency contribution of the enve-
lope function should fit in the remainder o(A) so that it does not disrupt the microlocalization of
the wave packet. Thus the amount of kinetic energy carried by the envelope fy, which is of order
Vfx &~ 1/r2, should actually be o()\), and therefore the critical concentration scale appears to be
r~ R/vVX, where R can be as large as one wishes.

2.1.4. Strategy of proof and plan of the paper

After recalling some basic results on the topic of the damped wave equation in Section 2.2,
we prove that the uniform exponential decay of the energy is equivalent to a particular resolvent
estimate for the damped wave operator (Section 2.3).

In Section 2.4, we prove Proposition 2.1.2, i.e. the a priori necessary and sufficient conditions
that do not take into account the potential. The scheme of the proof is classical: for the necessary
condition, we construct quasimodes (in fact wave packets) concentrating around any segment in
R4, For the sufficient condition, we prove that the energy of o(h)-quasimodes of the semiclassical
Laplacian escapes at infinity in space by a defect measure argument. We then deduce that the same
holds for the quasimodes of the operator P relevant in this problem.

Section 2.5 discusses the finer necessary condition of Theorem 2.1.6. The proof is based on the
construction of suitable quasimodes with an optimal space concentration near the turning points of
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the classical dynamics. Then we prove Corollary 2.1.7 (concerning uniformly continuous damping
coefficients) as a direct application. The main ingredient is a relatively simple instance of the WKB
method that we adapt to our setting. We find an approximate solution to (V — %A —Auy, =0
under the form uy = fie¥*, where we assume fy : R — R is L? and has compact support and
1y : R? — R is defined in a neighborhood of the support of fx. In practice, the shape of the envelope
[ is arbitrary and the phase function v, is linear. Notice that our setting is quite different from the
original WKB method for two reasons: on the one hand, we do not need a pointwise approximation
of solutions to the equation (P — A?)uy = 0 but only an L? approximation, and the remainder
is allowed to be fairly large; on the other hand, we are not focusing on a fixed energy layer of a
semiclassical Schrodinger operator —h2A 4+ V as it is usually the case, but rather consider the high
energy régime for —A 4V, which means we will have to handle the fact that not only the Laplacian
but also the potential scales as A — oo.

Finally, we deal with Proposition 2.1.9 in Section 2.6, by roughly showing that the Hamiltonian
flow is well approximated by its linearization on the time scale under consideration.

We recall in Appendix 2.A classical results on the Weyl quantization and the pseudo-differential
calculus that we need throughout the paper. Technical remarks and lemmata on conditions (UGCC)
and (DSC) are collected in Appendix 2.B.
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2.2. Background and preliminary results

Let us recall basic definitions and well-known results that will be needed afterwards. We recall
that the potential is assumed to be non-negative and confining (2.1.3) throughout this article.

2.2.1. Well-posedness

Under (2.1.3), the operator V(z) — A with domain C°(R?) is nonnegative and symmet-
ric. Therefore, it admits a unique self-adjoint extension denoted by P, the Friedrichs extension
(see [RS75, Theorem X.23]), associated with the closure g of the quadratic form

q: CXRY) x C2RY) 3 (u,0) = (u, (V = 3A)) .

Moreover, the lower bound of the spectrum of P is the same as the lower bound of ¢, and the domain
of P denoted by dom P, is contained in its form domain (that is to say the domain of ¢) which will
be denoted by Q(P). An integration by parts yields,

2 1
q(u,u) = HV1/2“HL2 +5IVulfe  Vue CERY), (2.2.1)

If we equip the spaces dom P with the graph norm u +— ||Pul|;» + ||u|| > and Q(P) with the norm

1/2
u (q(u, u) + ||u||iQ) respectively, classical arguments show that the embeddings dom P <

Q(P) and Q(P) — L?*(R?) are compact, since V is confining (2.1.3) (use for example the Riesz-
Fréchet-Kolmogorov characterization of relatively compact subsets of L?(R%)). As a consequence,
the resolvent of P is compact. Then the spectrum of P is classically made of a sequence of nonneg-
ative eigenvalues with finite multiplicity tending to infinity. Besides, P is invertible since 0 is not
an eigenvalue, and therefore is not in the spectrum of P. We conclude that P is a positive operator,
meaning that there exists A\g > 0 such that P > A\gId (this is an instance of the uncertainty prin-
ciple). Thus, the form g is a well-defined inner product which endows Q(P) with a Hilbert space
structure. In the sequel, we will use the Hilbert space # = Q(P) x L?(R?%) whose inner product is

(U, V) gp := q(ur,v1) + (u2,v2) 2 gay, VU = (u1,u2),V = (vi,v2) € H.
(R%)
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The damped wave operator &, defined in (2.1.1), with domain dom ¢, = dom P x Q(P) is a closed
operator, which can be seen as a bounded perturbation of the skew-adjoint operator «:

. 0 0 e
Ay = Ay — By, with By, = (0 b) satisfying ||Bb||$(y€) = |1b]] ;o0 -

The energy balance (2.1.4) can be reformulated rigorously as the fact that &, is dissipative, that
is to say:
RU, dpU) yp = —(ugz,buz) 2 <0, YU = (uy,uz) € dom op.

Besides, it is maximal-dissipative (Proposition 2.2.1 below ensures that &, — A is surjective for A > 0).
Thus the Lumer-Philips Theorem [Paz83, Theorem 4.3] ensures that &f, generates a contraction

semigroup (e"/*)icr, .

2.2.2. Spectrum of the damped wave operator

Let us now describe the spectrum of &;,. According to [AL14, Lemma 4.2], one could get a bit
more precise localization of the spectrum than the one we present below, but this will not be of
interest for us.

Proposition 2.2.1 (Basic localization properties of the spectrum of the damped wave operator —
[AL14, Lemma 4.2]). Let b € L=¥(RY) be nonnegative and assume b is not identically zero. Then
the spectrum of Ay is made of a compler sequence of eigenvalues with finite multiplicity tending to
infinity and

Specsdy, C{z € C: —|b|| = <Rz <0}.

2.2.3. Weyl quantization and semiclassical defect measures

To any function a € & (T*R?), we associate an operator on ¥(R%), denoted by Op“(a) and
defined by

Op™(a)u(z) = (2m)~" /

e (@v)g <$ ry ) 5) u(y) dy d¢, vu € #(RY). (2.2.2)
R4xR4 2
This operator is called a pseudo-differential operator and it maps ¥ (R?) to itself (see for in-
stance [Zwol12, Theorem 4.16]). The function a is called the symbol of Op™(a). See Appendix 2.A
for an account of the classical properties of pseudo-differential operators.

We also introduce the semiclassical rescaling of the Weyl quantization:

Opy'(a) = Op™(a(z, hg)),  h € (0,1]. (2.2.3)

When studying particular sequences of L? functions in the semiclassical limit, semiclassical defect
measures are a good tool to record their microlocalization, that is the asymptotic localization in
phase-space when h — 07. For any bounded sequence (uy,)x>o in L?(R?), the Calderén-Vaillancourt
Theorem (Theorem 2.A.4), together with a diagonal extraction and the Garding inequality, allows
to prove that there exists a subsequence (A, )nen and a non-negative Radon measure p on T*RY
with finite mass, which is called a semiclassical defect measure, such that h,, — 0" and

Va € OCOO (T*Rd)’ (U’hna Opzvn(a)uhn)LQ — (Z(SC, g) d,LL(CC, g)

n—oo T*Rd

(we refer to [Zwol2, Theorem 5.2] for more details about this construction; see also [Gér91b, LP93]).
When (up)p>o has additional properties, more can be said about the limiting measure p, using
pseudo-differential calculus (Theorem 2.A.5).

Proposition 2.2.2 (Property of semiclassical defect measures — [Zwol2, Theorems 5.3-5.4]). As-
sume (up)n>o 95 a bounded sequence in L*>(R®) and let i be a semiclassical defect measure. Then
o if (=h*3A = 1)uy, = 0r2(1), then supppu C {[¢] = 1};

o if (—h2%A — 1up, = orz(h), then p is invariant by the flow ¢'(z,&) = (z + t€,€), namely
(¢")ep = p,Vt € R.
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2.2.4. Weyl-Heisenberg translation operators

Given a point py = (z0,&) € T*R?, we define T,, to be the operator acting as
Tpou(z) = e 200 gilo Ty (g g, Vu € S (RY).

This is clearly a continuous operator mapping ¥ (R%) to itself, and it can be extended to a continuous
operator #'(R?) — #'(R%). Moreover, it is unitary on L*(R¢) with inverse T_,,. Note that we
have the following identity:

Tpo T, = e%ff(po,pl)Tpoerl7 Ypo, p1 € T*RY.
These operators allow to perform translations at the level of symbols via the equality
T,,0p%(a)T-,, = Op™(alp — po)), Va € #'(T*R%),Ypy € T*RY,

which is a particular case of Egorov’s Theorem (see [Zwo12] for instance). In addition, we have the
noteworthy intertwining relation with the Fourier transform F:

TjpF =FT,, J= (_OI . Ig) (2.2.4)

(J is the usual symplectic matrix here; in particular o(pg, p1) = po - Jp1)-

2.3. Resolvent estimate

The first step in our study is to reformulate the question of uniform stability as a stationary
problem, under the form of a resolvent estimate. This is a common method to study the damped
wave equation, see e.g. [Leb96, AL14, BJ16]. In the context of uniform stability (Definition 2.1.1,
a useful link between the evolution problem and the resolvent estimate is given by the following
fundamental result, whose proof can be found in [EN0O, Chapter V, Theorem 1.11].

Theorem 2.3.1 (Gearhart, Priiss, Huang, Greiner — [Gea78, Hua85, Prii84]). A strongly continuous
semigroup (T(t))teR+ on a Hilbert space H is uniformly exponentially stable if and only if the half
plane {z € C: Rz > 0} is contained in the resolvent set of the generator A, with the resolvent
satisfying

< 0.

sup [|(A — i\

-1
(4= )

Applying this theorem to the damped wave operator &y, we deduce a characterization of the
uniform stability of (2.1.1). In fact, it is more convenient to work with the converse statement,
characterizing the failure of uniform stability.

Proposition 2.3.2. Assume V is subject to (2.1.3) and that the non-negative damping coefficient
b€ L*(R?) does not identically vanish. The equation (2.1.1) is not uniformly stable if and only if
there exists o sequence (Un)nen tn dom P with ||u,| ;2 = 1,Yn € N, and a sequence of real numbers
An — +00, such that

1. (up)nen s a o(A\,)-quasimode of P, namely (P — A2)u,, = or2(\,) in L2(R%) as n — oo;

2. (Un,bup) 2 — 0 in L2(R?) as n — oo (the u,’s are “asymptotically undamped”).
Proof. By [AL14, Lemma 4.6], the resolvent of ¢, can be controlled by the resolvent of the operator
Py(z) =P+ 2% +2b dom Py (z) = dom P,
near infinity on the imaginary axis: there exist C' > 1 and Ay > 0 such that

VYA € R, || > Ao, CY || Po(iX < ||(stp — i)~

< C (14 A || By(ir

)71H§€(L2) L () )71||$(L2)'

In addition, since the norm of the resolvent is a continuous function, we know that ||(sf, — iX) ™! ||§£ )
is bounded for any A in a fixed compact set. Therefore Theorem 2.3.1 implies that the equa-
tion (2.1.1) is not uniformly stable if and only if there exist a sequence (\,),en tending to +oo
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such that |/\n|’|Pb(i/\n)_1H&e(y€)
An — 00 since Py(i\)* = Py(—iA) for all A € R. We infer that there exists a sequence (u,)nen in
dom P such that ||u,||,. = 1,Vn € N and Py(i\,)u, = o(\,). Then we compute:

— 400 as n — oco. Without loss of generality, one can assume that

o(An) = S(tn, Py(idn)un) 2 = ((un, (P— )\Z)un)L2 + A (U, bun)L2) = A (Un, buy) 2,

2

which yields (un,bun);. = H\/l;un e 0 in L2(R%). Since b is L™, we deduce that bu, — 0 in

L?, and from

(P — X2)u, = Py(idn)ty — iApbtiy,

we deduce that
((P —M)u, =or2(\,) and Vbu,, = 0L2(1)) — Py(idp)un = op2(An)
as n — 00, which completes the proof. O

In view of this characterization, our goal is to study the properties of localization and oscillation of
o(A)-quasimodes and see under which conditions on the damping coefficient they are “asymptotically
undamped” in the sense of Item 2 of Proposition 2.3.2. For simplicity, we will drop the subscript n
and call o(\)-quasimode of P any sequence of functions (uy)y lying in dom P, indexed by a subset
of R, whose closure contains +o0, and normalized in L?(R?), such that

(P — M)uy = or2(N), A — Fo0. (2.3.1)

Comments on the natural semiclassical setting for homogeneous potentials.

Note that o(\)-quasimodes can be recast in a semiclassical framework if the potential V is
homogeneous, by choosing an appropriate scaling of the phase space. More specifically, if V(z) =
|a:|2m where m > 0 is a real number, one may introduce the unitary dilation operator A;, mapping
u € L*(RY) to the function z — h%¥/2y (hYz) with v = 1/(m 4 1), and then define a quantization
Opy, by N

Opy(a) := OpY(a (R72,h' 7)) = ALOp)(a)A),  Va € S (T*RY), (2.3.2)
where Op}(a) denotes the standard semiclassical Weyl quantization of the symbol a recalled in (2.2.3).
In this framework, substituting 1/ for h'~7 and relabeling u; /p1-+ as up, (2.3.1) becomes:

2m

(hm+1 pP— 1) un = Opyp — lup = 0p2(B7),  h — 0%, (2.3.3)

namely (up)n>0 is a semiclassical quasimode with precision o(h'~7). Notice that this formulation is
commonly used to study the high-frequency limit for the operator P = —%A + 1; see [AL14, BJ16,
Zwol2]. Since the potential V' is bounded, it fits into the o(\) remainder, so that setting h = 1/,
we obtain

(=h*3A — 1) up = orz2(h). (2.3.4)

Thus we observe that the case P = — %A—l—l yields “good quasimodes”; since a precision o(h) allows to
provides a fairly accurate description of the asymptotic behavior of u; as h — 0 (Proposition 2.2.2).
Quasimodes of the form (2.3.4) are related to geometric conditions of the form (UGCC), since the
Hamiltonian flow associated with the Laplacian is the geodesic flow. In comparison, in the presence
of a confining potential, quasimodes are coarser since their precision is o(h'~™7) with v € (0,1).
This phenomenon highlights one of the difficulties of the study of stabilization in the presence of
a confining potential: the asymptotic invariance properties of uy as A — oo will be slightly more
difficult to exhibit than in the “free case” V(x) = 1 where the dynamics is driven by the Laplacian
only. Sharp concentration properties of quasimodes appear at second-microlocal scales. Another
difficulty arising from the presence of a confining potential is the fact that the trajectories of the
classical dynamics may have “turning points” at which the classical particles’ momentum vanishes.
These points are those at which the classical energy equals the potential energy, that is to say
p(x,€) = V(x).? This situation occurs typically at points where the trajectories of the Hamiltonian
flow (¢!)ier are transversal to the zero section R x {0} ¢ T*R?.

2. To be more specific, observe that in the case of p(z, £) = |x|>™ + %\ﬂz with m > 0, turning points are the phase
space points (z,0) with |z| = 1 on the energy shell {p = 1} where the energy of quasimodes concentrate.
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2.4. A priori conditions of stabilization: Proof of Proposi-
tion 2.1.2

This section is devoted to the proof of Proposition 2.1.2. In Subsection 2.4.1, we give a quasi-
mode construction which allows to prove the necessary condition of Prooposition 2.1.2. Then in
Subsection 2.4.2, we show that the energy of quasimodes escapes from any compact set and we prove
the sufficient condition of Proposition 2.1.2.

2.4.1. A priori necessary condition

In order to investigate the necessary condition of uniform stability, we construct o(\)-quasimodes
for P by constructing quasi-modes for the Laplacian, whose potential energy fits in the remainder
term. This is done by using wave-packets concentrating along straight lines, giving rise to the
necessity of (UGCCQC).

Proposition 2.4.1 (Construction of kinetic quasimodes). Let P be the operator defined in (2.1.2)
with a potential V subject to (2.1.3). Let (2, Vn)nen be a sequence in SRY, and let (t,)nen and
(rn)neN be sequences of real positive numbers such that t,, — +o0 and r,, = 0 as n — co. Define a
sequence (Ap)neN by

2
n

(n+1)2
o= { O Ve, b e

Note that \, — +00 as n — 0. Set pp, = (Tn, A\nVpn), and denote by %, the automorphism of R
defined by
n+1
Yn =ta|vn) Wnl + ——= (1 — |tn)(Vn ’
V) (vn Now (1= [n)(wnl)
where |v,)(vn| (resp. 1 — |vn)(vn|) is the orthogonal projection onto spanv, (resp. spanuv,=).
Further denote by M,, the dilation operator acting on L*(R%) as (M, f)(x) = |det En\_l/Qf(E;lx),
and recall that T, 1is the phase-space translation operator associated with p,. Then if we fix
k € C>(RY) satisfying ||k ;> = 1 and supp k C B1(0), the functions

Uy =T,

on Mk, n € N,

form a o(\,)-quasimode of P, that is ||uy|| . = 1,Yn € N and (P — A\2)u, = or2(\,) as n — oo.

Proof. First note that since T, and M,, are unitary, the u,’s are normalized in L?, and they are
also C2°, so that they belong to the domain of P. In the proof, we will use the following observation:

< An o(v/An) for n large enough.  (2.4.1)

—1 o
IZallemay <t and |87 |y gy < 75 =

It essentially comes from the assumption ¢, — +o0o and the fact that (n +1)/vA, < 7, — 0 as
n — oo.

Then notice that the potential term Vwu,, is negligible. Indeed, the operators T, and M,, being
unitary, we have

Vanllze = [|MRT5, V| o = | MRT5, VT,

Mok, = V(@ + Spa)k(x)] s
< ||V||L°°(zn+§]n supp k) Hk”L2

Yet supp k C B1(0), so that using (2.4.1), 2, + X, suppk C By, (z,). It follows that

||VunHL2 < HV”Loe(Btn( ) < Ap/n=o0(\,) (2.4.2)

Tn
by definition of A\,. Thus in order to conclude the proof of the proposition, we would like to prove
that (u,)nen is a quasimode of the Laplacian. To do this, it will be more convenient to proceed on
the Fourier side, and prove that (|¢|* —A2) % u, = 072(A\,). Recall from (2.2.4) that the translation
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operators enjoy the intertwining relations F T, = T, %, and also that for dilation operators
F M, =M} %, sothat F u, =Ty, M} F k. Accordingly,

MAT5,, (16 = A2) % un(€) = MaT5,, (16 = A2) Tup, M3 F k() = (|Aavn + T72[" = X2) F k(©)
_ (2Anz;1yn y |2;15|2) F k(¢),

where we used the fact that 3,1 is symmetric for the last equality. Finally, by definition of %,
it holds X 'v, = v, /t, = o(1), and as we have seen in (2.4.1), we have HE_1||$(Rd) = o(v/An).

n

Therefore we get

|15, (167 = 22) 7w,

Lo S 20[S 165 Kl + 1157 g re)

€ 5 k|

L= o(An)-

Since, again, the translation and dilation operators are unitary, we conclude that (|§|2 -2\ F u, =
or2(An). The Plancherel theorem together with (2.4.2) finish the proof.

We are now ready to prove that (UGCC) is necessary for stabilization.

Proof of the necessary condition of Proposition 2.1.2. We argue by contradiction: assume (UGCC)
is not true. Since (UGCC) is equivalent to (2.1.9) in view of Remark 2.1.3, we deduce that for any
n € N*, there exist (z,,,,) € SR? and

1
0<r, <mind -, [— " (2.4.3)
N VL= (8, @)

][ (b R )@ + tr) dt < 277 (2.4.4)

—n

satisfying

We will construct a o(A)-quasimode of P concentrating around the rays {z, + tv, : t € [-n,n|}
which is not asymptotically undamped in the sense of Item 2 of Proposition 2.3.2. In R?, we define
the cylinder with axis Ry, center z,,, length n and radius v/3r,, /2 by:

V3

Cn = {y e R : dist(y — z,, Ruy,) < 5 T [(y — 2pn) - vn| < Z},

as well as the (time) interval

Tn

In(y) = [(y_xn)'yn_?7(y_$n)‘yn+

T'n

2]CR’

which depends on y € R%. When y € C,,, we observe that I,,(y) C [-n,n] (recall that 7, < 1/n <n
for any n € N*). In addition, if y € €, and t € I,(y), using the Pythagorean Theorem, it holds

2 2 2
2 =y +tvn]” = [((zn =) - vn) +tval” + |20 —y = (20 —y) - vn) i

2
2 3
=t —(y —x) - vp|* +dist(y — z,, Riy)? < (%”) i <\2[T"> — 2,

which can be reformulated as

1

0] (2.45)

y € Cp,t € IL,(y) = Ko, (Tn, — Y + try) =

where £, is introduced in Proposition 2.1.2. Now from (2.4.4) and the definition of the convolution,
we have Therefore, we can prove the following:

27" > ][ (b* Ky, )(Tp + tv,)dt = / b(y)][ Ko, (T, —y + tvy,) dt dy
- Rd —-n

1
2> / b(y)i K, (xn —y+ tl/n) dt dy
e. 20 )i
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Then by (2.4.5) we obtain

S — T
2nrn |B1 )|

(recall that I,(y) has length r,,), which yields
/ by) dy < 2|B1 (0)[nrd—12-"  ¥n e N*.
Cn

Now we consider (uy)nen the quasimode of P provided by Proposition 2.4.1 (with ¢, = n/2 and
rn/2 in place of 7,). It comes together with a sequence (\,)nen 80 that (P — A2)u,, = or2(\,).
Thanks to (2.4.3), the definition of A, gives

2
1
An:(n+ )7 VnEN,

T'n

and recalling the definition of w,,, we see that

_ Ikl
supp u,, C Cp, and Up
[t o i
We conclude that
2 2 1% —n
(s bun) ol = [ b@un )P dy < 2, [ b(y)dy < 150 x 2B O)n2
(‘Bn en n
= 4[[k[| % |B1(0)]27" —— 0.
Therefore by Proposition 2.3.2, (2.1.1) is not uniformly stable, which is the sought result. O

2.4.2. A priori sufficient condition

We now prepare for the proof of the a priori sufficient condition, which involves semiclassical
defect measures associated with quasimodes of the Laplacian. We recall that ¢!(z, &) = (z + t€,€)
is the Hamiltonian flow associated with the function (z, &) — 1[¢[.

Lemma 2.4.2. Let ju be a nonnegative Radon measure on T*RY having finite mass and satisfying
suppp C {[(] =1} and  (¢").u=p, VtER.
Then p = 0.

Proof. Fix a € C2°(T*R*), and let us show that [,z adu=0. Let x € C°(RY) satisfy x(s) =1
in a neighborhood of 1, in order that x(|¢]) = 1 on the support of x. Then we have

/ ad = / o, €)x (€] dpu(, €) = / ol + 16, €)X (€]) du(z. €),
T*R4 T*Rd T*R4

where we used the flow invariance of p and |£| in the last equality, for any ¢t € R. By averaging this
n [—T,T], for some T > 0, we obtain

T
| ade=] (f_ al@+16.) dt) \(E]) da(a, ©). (2.4.6)

Since a is compactly supported, there exists R > 0 such that |z| > R implies a(x,&) = 0 for all
¢ € (RY*. Also introduce r := infsuppx > 0. Then one can restrict the integration domain
in (2.4.6) to the set if (z,¢,t) € T*R? x R such that

&l > r and |z +t&| < R.
Thanks to the reverse triangle inequality, we have for such (z, &, t):

‘I lzl] _
ler

|(It§| - le‘ < ? (2.4.7)
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For fixed (z,£), the Lebesgue measure of the set of ¢’s satisfying the constraint (2.4.7) is less than
2R/r. Therefore

1 R R
< — = < — T*R%).
oo < [ Rl deDlaute. o) < o lallld onT R

The constants R and r depend only on a and ) respectively, so we obtain the desired conclusion by
letting T — oo. O

The next step towards the sufficient condition is to prove that the energy of a semiclassical
o(h)-quasimode of the Laplacian always escapes from any compact set in the limit A — 0.

Proposition 2.4.3. Let (up,)nso be a bounded family in L*(R?) satisfying (—h2A — 1)uy, = or2(h).
Then

/ alup|? dz — 0, Va € C°(RY).
R h—0

Proof. Thanks to Proposition 2.2.2, we know that any semiclassical defect measure associated with
(un)n>o satisfies the hypotheses of Lemma 2.4.2, and therefore is the zero measure. This means that

(un, Opy (a)un) 2 0 0, Ya € C*(T*RY) (2.4.8)

(notice that this limit holds for the whole family (up)p>0, and not only along a subsequence, by
uniqueness of the semiclassical defect measure). Now fix a € C2°(R?). To finish the proof, we will
use a cut-off function in the ¢ variable in order to reduce to a compactly supported symbol on T*R?
and be able to apply (2.4.8). Let x € C°(T*R?) be a cut-off function that depends only on the ¢
variable, has compact support in £ and equals 1 in a neighborhood of {|¢| = 1}. Then we have

Opy (1 = x)a)up, = Op}’f(m) OPZV(|§|2 _ 1)uh + Op2(h) =or2(h) + Op2(h) = or2(1).

For the first equality, we have used the pseudo-differential calculus (Theorem 2.A.5) with a; =
(1—x)a/(|¢]* — 1) which is a well-defined symbol in S((¢€)~2) since 1 — x vanishes in a neighborhood
of {|¢] = 1}, and ay = |¢€]* — 1 € S({¢)2). Then we use the assumption on (up)pso together with
the Calderén-Vaillancourt Theorem (Theorem 2.A.4) to get the second equality. Finally, combining
this with (2.4.8), we obtain

/ alun|* da = (un, O} (xa)un) 2 + (un, Op}((1 = X)a)un) L2 — 0,

R4 h—0

which is the sought result. O
In the following proposition, we show that the escape at infinity of the energy still occurs for

any o(\)-quasimode of P, which will pave the way for the subsequent a priori sufficient condition.

The basic idea is to turn a given quasimode of P into a semiclassical quasimode of the Laplacian
by means of a suitable space cut-off.

Proposition 2.4.4 (Escape from any compact set). Let P be the operator defined in (2.1.2) with a
potential V' subject to (2.1.3). Let (ux)x be a o(A\)-quasimode of P. Then it holds:

Va € C=(R%), / a()un (2)|? dz ——s 0,
Rd A

Proof. Let (uy)x be a quasimode of P. We set h = 1/\ and uy, = uy so that 3

(h*P — 1)uy, = or2(h) as h — 0.

3. Notice that this corresponds to the semiclassical scaling associated with the free Laplacian (2.2.3) and not the
one involving a homogeneous potential (2.3.2).
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Pick a cut-off function ¢ € C>°(R%) which is identically equal to 1 in a neighborhood of the origin,
in order that ¢¥g(z) = ¢(x/R) is identically 1 on supp a for all R large enough. Define for any h > 0:

1
Ry, =sup{R>0: Vijew < — ¢,
\ p{ leaVll, _ﬁ}

which is a finite positive number for all h sufficiently small. It follows from this definition that
¥R, V| < 1/Vhand that Ry, — oo as h — 0 (recall that V is a confining potential under (2.1.3)).

Therefore, setting vy, = g, up, we have
(=h*A = D)vy, = (=h*Avpg, Jup, — 2h*Vg, - Vup, + g, (B2 P — Du, — h*r, Vuy,

2
=02 <h> — %(w) (x> - hVup + Opz (B?||[¢R, V|| ) + 0r2(R)

R ) R Rn
= 2 ) () hVun + ors () (2.4.9)
= R 7 h 7.2 . 4.

Yet recall that
2 2 2 2
3I1AVun|7. < h? (%Hvuh”Lz + HVl/QuhHL2 = llunllz2 + (R P = L)un,un) ., =1+ o02(h)

(see (2.2.1)). Together with (2.4.9), this implies that (vs)n>o (Which is a bounded family of L?
functions) is a semiclassical o(h)-quasimode of the Laplacian, that is to say

(=h*A — 1)y = o2(h) as h — 0.

Now Proposition 2.4.3 yields

/ alop|?dz —— 0,  Va € C°(RY). (2.4.10)
R4 h—0
The result follows from the fact that vj,(x) = up(z) on suppa for h small enough. O

Now we can finish the proof of Proposition 2.1.2.

Proof of the sufficient condition of Proposition 2.1.2. We show the converse statement: suppose the
damped wave equation (2.1.1) is not uniformly stable. Then by Proposition 2.3.2 there exists a o(\)
quasimode of P (see Item (1)) denoted by (uy)x, which is “asymptotically undamped” (see Item (1)),
that is to say (ux,buy);2 — 0 as A — co. Let R > 0 and a € C2°(R?) be such that 0 < a(z) < 1
for any € RY and a(x) = 1 on Br(0). Then applying Proposition 2.4.4 we see that

/ blux|? da
Br(0)

which implies that

< bl ur®dz < |Ibll o | alun® de —— 0,
BR(O) R4 A—00

0(1) = (ux,buy) > = o(1) +/ bluy |’ d.
R7\BR(0)

Writing bg = essinfra\ g (o) b, we have, applying Proposition 2.4.4 once more

o(1) = / blux | da > bR/ jurl* da = br (14 o(1))
R4\ Bg(0) R\ Br(0)

as A — oo, so that bp = 0. Notice that R > 0 is arbitrary. Therefore (2.1.8) is not true, which
concludes the proof. O
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2.5. Proof of Theorem 2.1.6

In this section we prove Theorem 2.1.6. The rough idea is to construct quasimodes which
concentrate in space as much as possible in order to derive the stronger possible necessary condition
on b.

We start with a technical lemma to control the growth of the potential.

Lemma 2.5.1. Let V satisfy (2.1.3) and Assumption (2.1.4). Then here exists a mon-increasing
function e : Ry — RZ tending to zero at infinity, and depending only on V', such that the following
assertion holds: for any A > 1 and xo € RY satisfying V(x¢) < A\*> we have

Vo € Bﬁ(xo), V(z) — V(xo)| < |z — 20| A3%e(N).

Proof. Set
\A%
C = sup % < o0,
2eR4 4 (1 + V(Z))
which is well-defined under Assumption 2.1.4, and set Cy := (2'/* + C)® > 1, which depends only
on V. Fix Ag > 0 such that V(x) > 1 whenever |z| > Ay (it exists since V is confining under (2.1.3))
and set

IVVIl L (5.4 (0)) |VV(z)|> (2.5.1)

6(}\) = CV lnf (AB/Q + ‘S‘HZPA V(Z)3/4
From this definition, it is clear that € is well-defined for any A > 0, takes positive values (V' cannot
vanish identically since it is confining) and that it is indeed non-increasing. To show that e(A) — 0
as A — +oo, we proceed as follows. Let 7 > 0. Then we fix A > Ay large enough so that the second
term in the right-hand side of (2.5.1) is smaller than /2 (recall V satisfies VV (z) = o(V (z)3/%) as

& — 00). Then for any A > ||VV||2L/O‘Z(BA(O))(2/77)2/37 the first term is smaller than 1/2, which gives

e(A) <n, and 7 is arbitrary.
Take A > 1 and zo € R? such that V(z¢) < A? as in the statement. Since z — (1 + V()4 is
of class C' on R%, we can apply the mean value inequality to get

Yz € Bx(wo), }(1 FVE) - V(xo))1/4’ < Cla — o] < CVA.
Recalling that A > 1, we deduce that for any = € B /x (o), it holds
3 3
1+ V() < ((1 V(o)) + cﬁ) < ((2>\2)1/4 + cﬁ) < QY4 £ OPAI2 = Oy a2,

After using the mean value inequality on V, it allows us to obtain for any = € B \f)\(xo) and any
A Z Aol

V(z) = V(zo)| < |z — 0| sup [VV (o + t(x — 0))|

te[0,1]
||VV(ZJ)||L00(B (0)) VV (y) 3/4
<o — | | X¥/? A R (14 V()Y
( N3/2 veB 5 aN\Ba() V(y)3/*
a0 [ IVl Lo (5.4 (0)) VV(y)|
< Cylz — zo|A3/? A2+ sup  —2A
| ol A3/2 yerRA\B,(0) V(y)3/4

and the result follows by taking the infimum over A > Ay. O

Lemma 2.5.2 (Construction of potential quasimodes). Let P be the operator defined in (2.1.2)
with a potential V subject to (2.1.3). Let k € CX(R%) be non-negative, supported in By(0) with
|kl 2 = 1. There exists C > 0 and M > 0 such that for any R > 1 and any xo € R with |zo| > M,
the function u defined by

o —d/2 l‘—xo d o R
u(z) =r k(r ), IER’T_iV(mO)l/‘“
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satisfies

1
ful| - =1 and  |[(P—=M)ul,, <CA <R2 + Re(A)) where A = p(z0,0)"? = V(x0)"/?,

Here € is the function from Lemma 2.5.1 associated with V and the constant C' depends only on the
dimension d and the choice of k.

Proof. The claim that |lu|/;. = 1 follows from the fact that ||k||;. = 1 and the operator M, : f —
r~%2f(e/r) is unitary.
We estimate the Laplacian of u: we have

1

A
2l = | M aR)| < FplakLa

We estimate the potential energy now: using Lemma 2.5.1, we have
[(V = A)ul|,, < A7%e(A)|[|o — aolull 2 = ARe(N)||M, k|| ., = ARe(N)||E] .,

where k(z) = |z — zo|k(x — zo). Lemma 2.5.1 works here provided |zo| > M is large enough so that
A= V(x)"/? > 1 (recall that V is confining). We obtain the desired estimate. O

Now we prove Theorem 2.1.6.

Proof of Theorem 2.1.6. We show the converse statement. We know by Proposition 2.1.2 that (UGCC)
is necessary. Thus, we assume that (TPC) is violated and prove that uniform stability fails. In virtue
of Proposition 2.3.2, it suffices to exhibit a family of normalized L? functions (uy)x in dom P such
that

(P — X)uy = or2(\) and (ux, bun) ;2

as A — oo.
That (TPC) does not hold implies that

Vn € N, b(y)dy —— 0, R, =n+1,
B T k—oo
Rn/v(zn,k)l/“( n)

along a sequence of points x, ; — oo in R?. For all n € N, we set z,, := Zn,k, Where k,, is chosen
sufficiently large in such a way that

1
Vn € N, bly)dy <27 and R, < ——, (2.5.2)
By v ian1/4(@n) e(v/V(zn))

where € is the function associated with V introduced in Lemma 2.5.1. This is possible since V is
confining and €(\) — 0 as A\ — +o0. Moreover, defining A, = V(z,,)'/? we can apply Lemma 2.5.2
to obtain a sequence of L? normalized functions (u,),en satisfying for any n large enough

(P =32l < O (5 + R0 ) =200 (‘s + VG ) =0

R2 (n+

since €(A) — 0 as A — +o00. Therefore (uy,)nenN is @ 0(A,)-quasimode of P. It remains to prove that
it is asymptotically undamped in the sense of Item 2 of Proposition 2.3.2. By definition of wu,, in
Lemma 2.5.2, we have

i -
0< W(@)P0(y) dy < —— L= b(y)dy < |B1(0)|127"|%||7 Vn € N,
< [ @) o) dy < o [ W) dy <|BOR M, Vne

B V(@)1 /4 (1)

where we used (2.5.2) in the last inequality. This tends to zero as n — oo, and the proof is
complete. O

As an application of Theorem 2.1.6, we have the following.
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Proof of Corollary 2.1.7. We already know that b bounded from below outside a compact set is a
sufficient condition by Proposition 2.1.2. Conversely, it is necessary that (TPC) holds in virtue of
Theorem 2.1.6, namely

Je¢>0,dR>0: lim inf b(y)dy > c. (2.5.3)

oo BR/V(I)1/4(1)

Yet since b is uniformly continuous, there exists ¢ > 0 such that for any z,y € R? such that
|z — y| < e, we have |b(x) — b(y)| < ¢/3. Now by choosing a parameter r > 0 large enough, we can
achieve two things: on the one hand, in view of the lower limit in (2.5.3), we can secure

C».’J\l\.')

Vel > 1, ][ b(y) dy >
B

R/\,(I)l/zx(l’)

on the other hand, since V is a confining potential, we can ensure that R/V (x)'/* < ¢ for all |z| > 7.
In particular, for any such z, there exists y € Bg v (5)1/4(x) such that b(y) > 2¢/3. We conclude
that b(z) > b(y) — ¢/3 > ¢/3 since |z — y| < e, which completes the proof. O

2.6. Stabilization condition

In this section, we prove Proposition 2.1.9. A noteworthy consequence of Assumption 2.1.4 is
that trajectories of the Hamiltonian flow (¢!);er are well-approximated around a given point by
their tangent for small times, as shown below.

For the sequel, it is convenient to introduce new variables adapted to the typical scales of our
problem described in (2.1.11). The underlying classical system is ruled by the Hamiltonian flow
(x,8) = (z,&) = (24, €?), ie. the o.d.e. system (2.1.10). Suppose the trajectory is contained in
the energy shell {p = A\2}. We set s = tA and to consider the reparametrization s — (2°/*,£5/*).
In doing so, we observe that the fact that £/ is the time derivative of 2*/* (with respect to s) is
not true anymore. To correct this issue, we set

P (@, 8) == (y2,m) = (xs/m/l\ﬁs/x) : (2.6.1)
which in turn satisfies
e d o plyd ) =V | MP= 22 VseR. (2.6.2)
7.7?_ FVV( ) an p(ys, Ang) = V(ys) Ns s -0.

Lemma 2.6.1. Suppose V is subject to (2.1.3) and Assumption 2.1.4. Recall the function € from
Lemma 2.5.1. Then for any fized T > 0,\ > 0, given (z,€) € {p = A2}, and (y,n)) = ¢5(x,&)
defined in (2.6.1), we have:

T T?
Vs e [-T,T], Pl < —=e(N) and |y} — (y+sm)| < —=€(N).
[=T.7], |03 = W |y — (y +sm)| ~ W
Proof. Recalling the o.d.e. system (2.6.2) satisfied by s + (y2, 7)), we have
d 1 A
=—-—= . 2.6.
25 = 2 VY (2.6.3)

Therefore, using the mean value inequality, we have for any s € [T, T):

T T IVV(y2)]
s =0 / ——VV 7| < — sup |VV( yS — sup ——. 2.6.4
2= - | o, (Ve = 5 sp SRl e
Yet for any A > Ay, we have
vV (y) VV| e vV (y) VV| e vV
sup | 3(/1;8)\ < [ ||L3/éBA(o)) v osw | 3(y;)] < [ ||L3 éBA(O))  sup | (?’le’
se[-T,7] A A sel-T,m] A/ A3/ 121>4 V()%

|ys |>A
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where we used the inequality V(y)) < A2, as a consequence of the fact that p is preserved by
the Hamiltonian flow, namely p(y2, An}) = A2,Vs € R with our new variables. Combining this
estimate with (2.6.4) and taking the infimum over A > Ay yield the sought estimate for {ni‘ - 77|.
Subsequently, applying the mean value inequality on y} — (y + sn), we obtain for any s € [T, T7:

T2
lyd — (y+sn)| < T sugﬂh? —n| < TAE(A)’

which finishes the proof. O

Proof of Proposition 2.1.9. Assume (DSC) holds for a fixed b € L (R?) with constants T, R > 0.
First we prove that (UGCC) holds (in fact we show (2.1.9), see Remark 2.1.3). From (DSC),
there exist constants ¢, \g > 0 such that, if we pick an arbitrary point (x¢,1) € SR?, considering
o = (z0, \o) € T*R?, we have

VA > Ao, ][_TT (b * HR/\/X> (@t/;\(px)) dt > c, (2.6.5)

where A2 := p(py). Notice that A ~ X as A — +00. Yet using Lemma 2.6.1, we have (mow,,5)(pA) =
2o + tvo 4+ o(T?/VX) as A — +oo uniformly in ¢ € [-T,T], so that

’][_TT (b+r,,5) (:Eo+t1/o)dt—/_i (b+,, 5) (Palon)) dt
< 15|l 1. HHR/\E (o + a0+ ity — (wo QDt/X)(PA)) — HR/\E‘ .

"/ (*(2» "

using Young’s inequality. The right-hand side goes to zero as A — 400 (by dominated convergence
for instance) since R and T are independent of A\. Combining this with (2.6.5) yields

= [1bll L=

)
L1

][T (b ¥ KR/ﬁ) (zo +trvo) dt > c+ o(1)

T

as A — oo (or equivalently A — c0). This proves that (UGCC) holds.

Next we prove that (TPC) holds. To this aim, we consider an arbitrary sequence of points
on = (xn,0) where x,, — 0o as n — oo and we write A, = \/V (z,) (which goes to +o0o since V is a
confining potential). Write for simplicity A,, = A, z,, = z and p,, = px. Then we have from (DSC):

T
307 )\0 >0:VA > )\07 ][ (b * KJR/V(I)\)l/‘l) (‘Pt/A(pA)) dt > c. (266)
-T

Yet using Lemma 2.6.1 once again, we have (0 ¢;/x)(px) = zx +0(T?/V/A) as A — 400 uniformly
in t € [-T,T], so that

f

< bl ||# 5 = g5 (0 F TRt (02) =) || = [0l

b(y) dy — ][T (b* ffR/ﬁ) (we/alpa)) dt

R/ﬁ(ﬂfx) =T

)

L1

)

which tends to zero again as A\ — +o0o. The parameters 7" and R are fixed, so combining this
with (2.6.6) yields

f b(y) dy > e+ o(1)
BR/ﬁ(IA)

as A — oo (or equivalently A — oo). This proves that (TPC) holds.
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Conversely, suppose (UGCC) holds with constant 7" > 0 and (TPC) holds with constant R > 0,
both having lower bound ¢ > 0. Choose T'= 2T and R = 2R so that

-G

|fi (b* m‘yﬁ) (x4 t&/X) dt — ][TT (b* né/ﬁ) (pi/a(x,€)) dt

By Lemma 2.6.1 again, we have

—0, (2.6.8)
A— 400

uniformly in (z,£) € {p = A\?}. Let (z,€) € {p = \?}. We distinguish two regimes.

o Assume first that |£] > A/2. Then use (2.6.8) and change variables in ¢ (¢t — \E\ t) to obtain
7 Tlgl/x
][ (b k) (Pua(€) dt:][~ (b+rs03) (;1:+t )dt+o(1)
- —Tle]/A iy

T [T
zm 7T<b*ﬁé/ﬁ) <x+t|£|>dt+o() ch+o(1)

as A — +00. The inequalities come from the lower bound on |¢|, the fact that |¢] < v/2)\ (the
potential is non-negative) and the assumption that (UGCC) holds.

o Else, if [¢] < A/2, writing (27, &) = ¢4/2 (2, &), we know by Lemma 2.6.1 that & = &+o(T/V/\)
as A — +00, so in particular, |§t)" < V/2)\/2 for any A large enough. Therefore,

2

A 1 2 1 4
V(a}) =\ - |§t2| >\ - (2) 22> (2> A%,

V(m,\)1/4 \A

which implies that

> —
R R
(recall that R = 2R), hence Bp y(z7) D Bryv(z3yi/4(z7). We deduce that
T ‘BR/V )x)l/4 zt ‘
][ i (b* HR/\/X) (e/a(x,€)) dt Z][ ][ b(y) dy dt.
-7 ‘BR/f xt Br/via A)1/4($t)
Yet since V(') < A2, we have
‘BR/V(x?)l/‘L(J;?)‘ Rd)\d/Q (R)d
T Rdy(eNdE T\ R)

so that using (TPC), we finally have

d

][_TT (0 wpvs) (70 o), ©)) it > (ﬁ) c+o(1),
as A — +00.

This finishes the proof of Proposition 2.1.9. O

2.A. Pseudo-differential operators

Let us recall some definitions and classical results that we use throughout this article. The
material is taken from [Lerl0, Zwol2].
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Quantization.

One may extend the quantization procedure (2.2.2) to tempered distributions on phase space:
given a € #(T*R4) and a couple of test functions u,v € ¥(R?), we have the weak formulation
of (2.2.2):

/ wmmWWM@Mx=/' o, )W [u, ] (x, €) da de,
Rd

RIxR4
where the Wigner transform of u and v by

v (a: + Q) U (Jc — %) ey dy.

WWM@&=@@”/ d

Rd

The Wigner transform is a continuous map & (R%) x #(R?%) — & (R??), which allows to make sense
of Op“(a) : #(R4) — #'(R?) for a tempered distribution a € &'(T*R%).

Symbol classes and L? boundedness.
We briefly recall classical definitions about order functions and symbol classes.

Definition 2.A.1 (Order function). A measurable function m : T*R? — R* is called an order
function is there exist constants C' > 0 and N € R such that

m(p2) < Clpz — p1)N'm(p1),Vp1, p2 € T*RY.

Note that the product of two order functions is still an order function. Examples of such functions
include ()N, (&)Y, (p) for N € R, etc. Symbol classes attached to these order functions allow to
filter symbols according to their growth and the growth of their derivatives.

Definition 2.A.2 (Symbol class S(m)). Let m be an order function. The symbol class S(m) is
S(m) = {a € C®(T*R?) : Vo € N, 3C,, > 0: [0%a| < Com}.

For any multi-index o € N, the best constant C,, provides a seminorm, which endows S(m) with
a structure of Fréchet space. Note that 9*S(m) — S(m) is continuous, and that (a1,a2) — ajas
maps S(my) x S(mg) — S(mymsz) continuously.

Since symbols in S(m) have roughly speaking a polynomial growth, as well as their derivatives,
we have:

Proposition 2.A.3 ([Zwol2, Theorem 4.16]). Let m be an order function. Then for any a € S(m),
the operator Op}'(a) maps ¥ (R%) — F(R?) and it extends by duality to a continuous operator
F' (R - F'(R) too.

The symbols in S(1) (or in S(m) with m bounded) enjoy a good boundedness property on L?:

Theorem 2.A.4 (Calderén-Vaillancourt — [Zwo12, Theorem 4.23]). Let a € S(1). Then Op“(a)
can be uniquely extended to a bounded operator L?(R%) — L?(R4) with the estimate

10P™ (@)l (2 (mayy < Ca Y 0%l
la|<Mq

where the constants Cyq and My depend only on the dimension d.

Semiclassical framework and pseudo-differential calculus.

In the usual semiclassical Weyl quantization setting (2.2.3), composition of pseudo-differential
operators behaves as follows.

Theorem 2.A.5 (Pseudo-differential Calculus — [Zwo12, Theorem 4.18]). Let mi,ms be order
functions, and let a1 € S(m1),a2 € S(m2). Then we have

Op}, (a1)Opy, (az2) = Opy(araz) + hOpy (1 (a1, az; b))

ih
= Op}(ar1az) = S-Op}({ar, a2}) + h?0p}(ra(ar, az; b)),
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as operators on ¥ (R?), where r1(e,®;h) and ra(e,e;h) are bilinear maps from S(my) x S(mz) to
S(mimg) that are continuous uniformly in h € (0,1]. Here {a1,a2} = Ocar - Ozas — O¢ - ag - 0501 1
the Poisson bracket. In particular, if mime is bounded, we have

Opy, (a1)Opy (az2) = Opy'(a1az) + O (r2(ray) (h)

ih
= Opy, (ara2) — 5OPXV({Q17¢12}) + Og(r2(ray (h?),

as operators on L?(RY).

2.B. Miscellaneous results on classical averages

We start this section with a technical remark about (UGCC).

Lemma 2.B.1. Let b € L*®(R%) be non-negative and r be as in Proposition 2.1.2. Then the
condition (UGCCQC) is equivalent to the following statement:

T
37 > 0,3¢ > 0 : V(xo,10) € SRY, lim inf (b k) (zo + TV0) dT > C. (2.B.1)

r—0 _T

Proof. Condition (UGCC) clearly implies the property (2.B.1). For the converse, fix ro > 0,
(79,v0) € SR? and assume (2.B.1) holds. Using the associative and commutative properties of
the convolution together with Fubini’s Theorem, for any r > 0 we have

T T
][ (fer*(b*mo))(a:o+tz/o)dt:][ (kg * (b 1)) (20 + o) dt
-r

-T

T
:/Rd nm(y)][ (b k) (o + tro — y) dt dy.

-7
Now letting » — 0, we observe that the left-hand side tends to f_TT(b * Kyo ) (@0 + trg) dt (by the

dominated convergence theorem for example, using that b* k., is continuous). As for the right-hand
side, Fatou’s Lemma yields

T T
lim inf/ Koo (Y) ][ (b kp)(zo +trvg —y) dtdy > / Ko (1) lim inf][ (b kp)(zog — y + tvg) dt dy
Rd

r—0 _T Rd r—0 T
> c|[ll 1
where we used (2.B.1) for the last inequality. Therefore (UGCC) is proved. O

Notice that when the damping coefficient b is continuous, (2.B.1) proves that (UGCC) is equiv-
alent to

T
3T > 0,3¢ > 0: V(xg,10) € SRY, ][ b(wo + T1p) dT > .

-T

We finally suggest a way to quantify the the fact that a function b satisfies (DSC). The relevant
quantity seems to be the limit of (DSC) as (T, R) — oo, which turns out to exist.
Proposition 2.B.2. Suppose V is subject to (2.1.3) and Assumption 2.1.4. For any b € L>®(R%)

non-negative, the limit

(T,%?Loo 1)32141—1;5 {p13>€2}<b * HR/\E‘>T/>\ (2:B.2)

exists. Moreover, b satisfies (DSC) if and only if this limit is positive.
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Proof of Proposition 2.B.2. Let (T, R) and (T, R) be two couples of positive numbers. First, for any
A >1 and any p € {p = A2}, we have by Fubini’s theorem

(0) = (b* Riyux * yvs) ) (P)

/

(s,

T T+s P
) ‘][ (f o (R = ) () - ][ N I L) dT> ds
=T —T+s _f
T T+s T
- ‘][ (][ ; 7][ > (b *RR/VX K “R/ﬁ) (0r/2(p)) drds
T \/-T+s -T
T
< ][ 2@‘
- T

T 2
b Ryt Ky va|, L 47 ds < 222 Bl o 117

Second, we have for all p € T*M :

‘<b*“é/ﬁ*“}2/ﬁ>ﬂ/\(ﬁ) - <b*“R/ﬁ>T/)\(p)‘ < ‘b*ﬁé/ﬁ*mR/ﬁ—b*né/ﬁHLm

< /Ran/ﬁ(y)H(b*HR/ﬁ) (ofy)—b*lié/ﬁHLw dy

<Illalbllie 5w [spume = 9) — ngu]
y€Bp, /x(0)

(o)

In the first inequality, we use a crude L* bound to get rid of the time average (o) B Then we

1

= |6/l /[0l L sup
yE€B1(0)

Lt

expand the convolution with IV and use Young’s inequality in L'~L>°. Then we apply Young’s

inequality again to have the third inequality (this time the L° norm falls on b and the L' norm on
KR /v/xe The last equality consists in a change of variables. Therefore combining the two estimates,
we obtain

(p) = <b * RRM>T/A(p) +o(1) (2.B.3)

<<b ¥R/ * HR/ﬁ>T/)‘>T/,\

as (T,R) — oo, uniformly in A > 1 and p € {p = \*}. Now, R being fixed, we want to take
the infimum of (2.B.3) over p € {p = A?}. For the left-hand side, there is some additional
work. Indeed, take (z9,&) € {p = N\?} and y € Bé/ﬁ(O). Using Lemma 2.5.1, we know that

|V (z0 + 1) — V(xo)] = o(R\) as A — +oc so that
p(ro +y,60) ~ A%, as A — 400, (2.B.4)

and by Lemma 2.6.1, we know that
2 2

(o pup)lan &)~y =0 -3+ J6+o (2= ) = mopunles vt +o2)  (2B3)

as A — o0, uniformly in s € [-T,T], (z0,) € {p = A2} and y € Bpr,x(0). We expand the
convolution with &z IV

T T
I:= ][T][T (b*lﬁjé/ﬁ*ﬁR/ﬁ> (o @is)n) (p)) ds dt (2.B.6)
T
-7

- ][TT /Rd R jzyv/ay) ][ (b * “R/ﬁ) ((mowsn) (eeyalp)) —y) ds dydt.
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Witing for short ' = 0 g, /5 (u/(p) —  and & = 7 0 @y (/2 (p) — (4.0)), we have

- 7[2 [Rd “rvAW) ][i (b5 fpz) (Ban (Pr2(0) = (1, 0))) ds dydt

<|&|l;: sup sup ’ bxk (@) = (bxk (i‘)‘
r te[-T,T] pe{p=X2?} ( R/ﬁ) ( Rhﬁ)
s€[=TT] |yeBy , /5(0)|

We apply (2.B.5) to (20,&) = ¢1/x(p) to deduce that |2’ — Z| = o(T?/V/X), so that
‘(b*mR/ﬁ) (z') — (b*mR/ﬁ) (50)‘
| (00" = iy ) = 6 = g =)
Rd
K—K (o + T m/)
R/VA

by dominated convergence. This is uniform in ¢, s, p and y (recall that 2’ and Z depend on all these
variables). So we deduce that

< 1Bl e

I A—+oo

T T
T=f [ mnpa ] (bernys) (oo (0a(o) = 0) dsdyde +o(1) (287

as A — +oo, uniformly in p € {p = A\*}. Now we write p = ¢;/5(p) — (y,0) and we denote by A the
real number such that A2 = p(5). Bear in mind that A ~ X as A — +oo from (2.B.4). Now by the
triangle inequality, we have

P [ () @t £ b 0) ()
T

][i (b * /‘fR/ﬁ) (ps/r(p)) ds — ][_T (b* KR/\K) (ps/a(p)) ds

][jp (b* HR/ﬁ) ((ps/)\(ﬁ)) ds — ][_i (b* IiR/ﬁ) (903/5\(:5)) ds|.

Changing variables in the integral over s and using Young’s inequality:

<

+

T T2
~ A -
D < bl ||y = il L+ ‘ f (e 5) (Pan(p)) ds - ][ (g 5) (@) ds‘
A
1 A
<0l ||x 75 = ], + 1Bl Il g > 27| 5 =1,
A

which tends to zero as A — +oo (recall (2.B.4)). Therefore plugging D — 0 into (2.B.7), we deduce
that

T
I= ; b - p) dy dt 1
o | (b, o) @ duit+o)
hence recalling the definition of I in (2.B.6):

T T
I:][T][T(b*né/ﬁ*ﬁpb/ﬁ> ((wogo(t_,_s)/k) (p))dsdt

> inf inf bx kK — I +o(1
_XZA/WPZPK R/ﬁ>m<p>|\ s+ o(1)
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as A — +oo. Taking the infimum over p € {p = A\?} yields
inf bx ks * K B > inf inf bxk = 0) + o(1
pe{p—k2}<< R/VA R/\/X>T//\>T/)\(p) ;\2,\/256{1,:;\2}< R/ﬁ>T/;\(/’) (1)

and taking lower limits in A together with (2.B.3) imply:

liminf lminf inf (bsrp,5) >lminf inf (b )
(Tl,rllfal)foo s {pgl,\Q} *RR/VA T/x A {pglv} *RR/VA T/A

This estimate proves that if b satisfies (DSC) with constants (T, R), then the lower limit in (T, R)
above is positive, and the converse is straightforward. Taking the upper limit as (T, R) — oo of the
right-hand side provides the existence of the limit in (2.B.2). O
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3 - Observability of the Schrodinger equation with
subquadratic confining potential in the Euclidean
space

This chapter is a reproduction of the article [Pro23], accepted in Analysis & PDE.

We consider the Schrédinger equation in R?, d > 1, with a confining potential growing at most
quadratically. Our main theorem characterizes open sets from which observability holds, provided
they are sufficiently regular in a certain sense. The observability condition involves the Hamiltonian
flow associated with the Schrédinger operator under consideration. It is obtained using semiclassical
analysis techniques. It allows to provide with an accurate estimation of the optimal observation time.
We illustrate this result with several examples. In the case of two-dimensional harmonic potentials,
focusing on conical or rotation-invariant observation sets, we express our observability condition in
terms of arithmetical properties of the characteristic frequencies of the oscillator.

3.1. Introduction and main results

We are concerned with the observability of the Schréodinger equation with a confining potential
in the Euclidean space:

i =Py, P=V(z)-3iA, teR,zeRY (3.1.1)

where V is a real-valued potential, bounded from below. Specific assumptions shall be stated below.
The general problem reads as follows: we wonder which measurable sets w C R?% and times 7 > 0
satisfy

T
3C > 0:Vu € L*(RY), ||u||2LQ(Rd) < c/ ||e*itpu||ig(w) dt . Obs(w, T)
0

When this property Obs(w,T) is true, we say that the Schrodinger equation (3.1.1) is observable
from w in time 7', or that w observes the Schrédinger equation. The question consists in finding
conditions on the pair (w,T’) ensuring that one can recover a fraction of the mass of the initial data
u, by observing the solution () = e~#Fy of (3.1.1) in w during a time 7. We will often call w
the observation set and T the observation time. As for the constant C in the inequality, we will
refer to it as the observation cost throughout the text. When an observation set w is fixed, the
infimum of times 7' > 0 such that Obs(w,T’) holds is called the optimal observation time, and is
denoted by T, = T,(w). It is clear that this so-called observability inequality holds for w = R
in any time 7" > 0. This is because the propagator solving the Schrédinger equation e~ is an
isometry on L2(R?).! But from the viewpoint of applications, one would like to find the smallest
possible observation sets and the corresponding optimal times for which the observability inequality
holds.

The observability question for Schrédinger-type equations has been extensively investigated over
the past decades, mainly in compact domains of R? or compact Riemannian manifolds. See the
surveys of Laurent [Laul4] or Macia [Macl15] for an overview. In a compact Riemannian manifold,
Lebeau showed that the so-called Geometric Control Condition (introduced for the wave equa-
tion in [RT74, BLR92]) is sufficient to get observability of the Schrédinger equation in any time
T > 0 [Leb92b]. This means that all billiard trajectories have to enter the observation set in finite
time. See for instance Phung [Phu01] for later developments in Euclidean domains. However, works
by Haraux [Har89] and Jaffard [Jaf90] on the torus show that this condition is not always necessary.
Since then, considerable efforts have been made to find the good geometric condition characterizing
the observability of the Schrédinger equation, depending on the geometrical context. This question

1. Another consequence of this is that the condition Obs(w,T') is “open” with respect to T if Obs(w,T) is true
with cost C' > 0, then Obs(w,T — €) is true as soon as € < 1/C. See Lemma 3.A.3 in the appendix for a precise
statement.
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is closely related to that of understanding the concentration or delocalization of Laplace eigen-
functions or quasimodes, which rule the propagation of states through the Schrédinger evolution;
see [BZ04]. The latter properties are linked to the behavior of the underlying classical dynamics,
which is supposed to drive the quantum dynamics at high frequency. In the literature, mainly two
different dynamical situations have been investigated. On the one hand, complete integrability,
meaning existence of many conserved quantities, usually features symmetries that result in high
multiplicity in the spectrum at the quantum level. This allows for possible concentration of eigen-
functions. On the other hand, chaotic systems, epitomized by the geodesic flow of negatively curved
Riemannian manifolds, go along with strong instability properties. For instance, quantum ergodicity
states that most 2 Laplace eigenfunctions are delocalized on manifolds with ergodic geodesic flow.
Here we collect a non-exhaustive list of references illustrating this diversity of situations. On the
torus, observability was investigated by several authors. In addition to [Har89, Jafo0], let us mention
Burq and Zworski [BZ04, BZ12, BZ19], Bourgain, Burq and Zworski [BBZ13], Macia [Macl0], as
well as Anantharaman and Macia [AM12; AM14]. General completely integrable systems were stud-
ied by Anantharaman, Fermanian Kammerer and Macia [AFKM15]. As for the disk, the question
of characterizing open sets from which observability holds was solved by Anantharaman, Léautaud
and Macia [ALM16a, ALM16b]. Macia and Riviére thoroughly described what happens on the
sphere and on Zoll manifolds [MR16, MR19]. In the negatively curved setting, we refer to Anan-
tharaman [Ana08], Anantharaman and Riviere [AR12], Eswarathasan and Riviére [ER17], Dyatlov
and Jin [DJ18], Jin [Jinl8] and recently Dyatlov, Jin and Nonnenmacher [DJN22]. See also Privat,
Trélat and Zuazua [PTZ16] in connection with quantum ergodicity.

Recently, there has been a growing interest in the question of observability for the Schrédinger
equation in the Euclidean space, for which new difficulties arise due to the presence of infinity in
space. Taufer [T422] deals with the observability of the free Schrodinger equation in R4, showing
that it is observable from any non-empty periodic open set in any positive time. It relies on the
Floquet-Bloch transform and the theory of lacunary Fourier series. It was later generalized by Le
Balc’h and Martin [LBM23] to the case of periodic measurable observation sets with a periodic
L potential, in dimension 2. In [HWW22], Huang, Wang and Wang characterize measurable sets
for which the Schrodinger equation (3.1.1) is observable, in dimension d = 1 when V (z) = |z|*",
m € N. They prove that, in the case where m = 1 (resp. m > 2), one has observability from w C R
in some time (resp. in any time) if and only if

lim inf M

1.2
e T (3.12)

where |e| is the one-dimensional Lebesgue measure. Such a set is called “weakly thick”. Simultane-
ously, Martin and Pravda-Starov [MPS21] provided a generalization of this condition in dimension
d which turns out to be necessary if d > 1 and sufficient if d = 1 for observability to hold, in the case
of the fractional harmonic Schrédinger equation, namely equation (3.1.1) with P = (—=A + |z|?)®,
where s > 1. In the particular cases of potentials or operators discussed above, the techniques that
are used, mainly relying on abstract harmonic analysis tools, provide very strong results. However,
it seems that more general potentials remain out of reach, since the arguments involved require the
knowledge of precise spectral estimates on eigenvalues and eigenfunctions, explicit asymptotics and
symmetry properties. Moreover, regarding the case of the harmonic oscillator, the existing results
focus on the properties of the sets for which observability holds, but given such a set, they do not
give a hint of what would be the minimal time for which the observability inequality holds. In fact
they provide an upper bound for this optimal time independent of the open set, corresponding to
half a period of the classical harmonic oscillator. But it is reasonable to think that this upper bound
can be improved taking into account the geometry of the observation set.

Motivations, assumptions and notation
The present work aims to address the issues discussed above, namely:

a) find a robust method to prove that the Schrédinger equation is observable from a given set with
less restrictions on the dimension or the potential (e.g. variations of the harmonic potential
like x - Ax where A is a real symmetric positive-definite d x d matrix, or potentials of the form

2m .
(x)™™ with m > 0 a real number);

2. In fact, the situation is more complicated due to the possible existence of a sparse subsequence of eigenmodes
concentrating around unstable closed classical trajectories—a phenomenon known as scarring.
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b) provide a more accurate upper bound for the optimal observation time depending on the shape
of the observation set.

Throughout this work, we make the following assumptions on the potential:

Assumption 3.1.1. The potential V is C*° smooth and satisfies

1
Im >0,3C,r>0:V|z|>r 6<x>2m <V(z) < Clx)>™, (3.1.3)
Vae N4 3C, >0:Vz eRY,  |9°V(z)| < Cula)®™ 1o (3.1.4)
Unless stated otherwise, we assume that the potential is subquadratic, namely 0 < m < 1.

Throughout the article, we shall refer to the left-hand side inequality in (3.1.3) by saying that
the potential is elliptic. In addition, the notion of principal symbol that we will use is made clear
below.

Definition 3.1.2 (Principal symbol). Let V5 and V' be two potentials satisfying Assumption 3.1.1
above with a power m > 0. We say that V) and V have the same principal symbol if

Va € Nd730a >0:Vz € Rd’ |aa(v _ VE))(LL')| < Oa<m>2mflf\a| )

This defines an equivalence relation. The equivalence class of such a potential V is called the
principal symbol of V.

Classical spectral theory arguments ensure that the operator V(z) — +A with domain C2°(RY)
is essentially self-adjoint (from now on, its closure will be denoted by P) and that the evolution
problem (3.1.1) on L2(RY) is well-posed. In fact, most of our results will depend only on the principal
symbol of V', namely they will not depend on perturbations of the potential of order (z)?™~*.

Our strategy emphasizes the role of the underlying classical dynamics ruling the evolution of high-
energy solutions to the Schrodinger equation (3.1.1), by means of the so-called quantum-classical
correspondence principle. This motivates the introduction of the symbol of the operator P, defined
by

2
p(z,§) = V(r)+ % , (z,6) e R¥.

This is a smooth function on the phase space R? ~ RY x Rg, tending to +oo as (z,£) — oo,
since the potential is elliptic. Throughout this text, typical phase space points will be denoted by
p = (r,€), and we will sometimes use the notation 7 : R?? — R? for the projection (x,¢) > .
We will often refer to p as the classical Hamiltonian, and to its quantization P as the quantum
Hamiltonian. The Hamiltonian flow (¢!);cr on R2?, which preserves p, is defined as the flow
generated by the Hamilton equation:

d
=8 () =IVp(¢'(0) . ¢"(p) =p. (3.1.5)
It is well-defined for all times under our assumptions. Here J = ( OI {)d) is the symplectic
—1q

matrix. Introducing (zt, &%) = ¢'(p) the position and momentum components of the flow, this can

be rewritten as i
t t
Dt =
dt ¢

d . ) (IU,§O) =p. (316)
_ t
@5 =-VV(z")

In the sequel, we will refer to the x-component of a trajectory of the Hamiltonian flow as a projected
trajectory.

3.1.1. Main result

Let us insist on the fact that the result below applies for confining potentials having a sub-
quadratic growth, i.e. 0 < m < 1. We will explain later why we restrict ourselves to this case.
Throughout the article, the open ball of radius 7 centered at x € R? is denoted by B,.(x). Our main
result reads as follows.
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Theorem 3.1.3. Let Vy and V be potentials on R? satisfying Assumption 3.1.1 with somem € (0, 1],
having the same principal symbol. Set P =V (x) — %A and denote by e ™" the propagator solving
the Schridinger equation

0 = Py

Also denote by (¢})ier the Hamiltonian flow associated with the symbol po(z, &) = Vo(z) + (€[>
For any Borel set w C R%, define for any R > 0 the thickened set

wr = ] Br(x),

TEW

and introduce for any T > 0 the classical quantity?
T

80 (w, T) = lim inf Lyxra (64(p)) dt =liminf|[{t € (0,T) : (7o ¢4)(p) € w}|.
0

p—+00 p—+00

Fix a Borel set w C R%. Then the following two assertions hold:

(i) (Sufficient condition) Assume there exists Ty > 0 such that
Ko = R0 (w,To) > 0. (3.1.7)
Then there exists a constant L = L(d, Ty, po,p) > 0 such that for R = ﬁ%, for any compact
PO
set K C R and any T > Ty, Obs(wgr \ K, T) is true, namely:

T
—i 2
30> 0:Vue I2RY),  [ulllsga < C/o e a2 e -

(ii) (Necessary condition) Assume there exists a time T > 0 such that Obs(w,T) is true with cost
Cobs > 0, that is to say

T
i 2
Vue LARY),  ulfoma) < Cobs [ [l Ful| s, dt- (3.1.8)
(R) o @)

Then there exists a constant ¢ = ¢(d, T, po,p) such that for any R > 1 and any compact set
K c R%, it holds:
1 (log R)/?

ﬁ;ﬁ(wR\K,T)ZOObS—C 7

The rest of the introduction is organized as follows: in Subsection 3.1.2, we comment on Theo-
rem 3.1.3 and describe the main ideas of the proof. Then we discuss various examples of application.
We begin with examples in dimension 1 in Subsection 3.1.3. In Subsection 3.1.4, we investigate the
particular case of harmonic oscillators in two dimensions. We specifically focus on conical and
rotation-invariant observation sets in Subsections 3.1.4.1 and 3.1.4.3 respectively. These are cases
where one can prove accurate estimates on the optimal observation time—see for instance Proposi-
tion 3.1.5. Arithmetical properties of the characteristic frequencies of the harmonic oscillator under
consideration also play a key role, as evidenced by Proposition 3.1.10. Then in Subsection 3.1.5,
we present other consequences of Theorem 3.1.3 concerning observability of eigenfunctions of the
Schrédinger operator P and energy decay of the damped wave equation. Lastly, we discuss the links
between our work and the Kato smoothing effect in Subsection 3.1.6, and provide with further ex-
planations regarding the natural semiclassical scaling of the problem and the criticality of quadratic
potentials in Subsection 3.1.7.

3. The integral makes sense when w is Borel. Indeed, the map (¢, p) — 1, ga (9§ (p)) is then Lebesgue-measurable,
so that the same is true for ¢ — 1, ga(¢§(p)) when p is fixed. Tonelli’s theorem [Ler14, Theorem 4.2.5] then shows

that the map p — fOT 1, ra(dh(p))dt is Lebesgue-measurable.
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3.1.2. Idea of proof and comments

The core of our work consists in establishing a suitable version of Egorov’s theorem to relate the
evolution through the Schrodinger flow of high-energy initial data on the quantum side, to the action
of the associated Hamiltonian flow on the classical side. This is done using semiclassical analysis.
To apply this theory, we approximate the indicator function of w by a smooth and sufficiently flat
cut-off function. This is how the larger set wg arises. Although Theorem 3.1.3 is not a complete
characterization of sets for which observability holds, it provides an almost necessary and sufficient
condition of observability, up to thickening the observation set, and it gives sharp results in many
concrete situations. See the examples given in Subsections 3.1.3, 3.1.4 and 3.1.5 below. We review
remarkable features of this statement.

o The observability condition (3.1.7) we find is reminiscent of the Geometric Control Condi-
tion that rules the observability or control of the wave equation in a number of geometrical
contexts, especially compact Riemannian manifolds [RT74, BLR88, BLR92]. It reflects the
importance of the quantum-classical correspondence in this problem: high-energy solutions to
the Schrodinger equation, lifted to phase space, propagate along the trajectories of the Hamil-
tonian flow. Our constant R2°(w,T') is to some extent different from the one quantifying the
Geometric Control Condition for the wave equation (see the constant C(t) of Lebeau [Leb96)
or the constant &(T) of Laurent and Léautaud [LL16]). Indeed, the latter constant consists in
averaging some function (typically the indicator function of w) along speed-one geodesics in a
time interval [0, 7. In contrast, our constant £°(w,T’) does the same, except that the length
of trajectories tends to infinity as their initial datum p goes to infinity in phase space. This is
consistent with the infinite speed of propagation of singularities for the Schrédinger equation.

« Let us insist on the fact that the Schrodinger equation (3.1.1) does not contain any semiclassical
parameter. Instead, we artificially introduce a semiclassical parameter R — 400, which we
use to enlarge the observation set. This is natural in view of the fact that remainders in the
quantum-classical correspondence are expressed in terms of derivatives of the symbol under
consideration: scaling these symbols by % thus produces remainders of the same order.

e On the technical side, the non-compactness of the Euclidean space yields new difficulties. In
our problem, the use of semiclassical defect measures seems to be limited to very particular
geometries of the observation set: roughly speaking, only homogeneous symbols can be paired
with such measures, which would theoretically restrict the scope of the result to conical obser-
vation sets. Instead, we use (and prove) a version of Egorov’s theorem to study the operator
eP1,e P, The idea of using Egorov’s theorem was introduced in control theory by Dehman,
Lebeau [DL09] and Laurent, Léautaud [LL16]. Of course, we must pay a particular attention
to the remainder terms, in connection with the non-compactness of the ambient space. The
great advantage of this is that we can describe the evolution of a fairly large class of symbols
on the phase space, which in turn allows to study observability for a variety of observation
sets.

e Our result is very robust since it is valid for a fairly large class of potentials, with the notewor-
thy property that the statement only involves the principal symbol of the potential. Indeed,
up to enlarging the parameter R, the fact that the dynamical condition (3.1.7) is fulfilled
or not in wg is independent of the representative of the equivalence class of V; (introduced
in Definition 3.1.2) chosen to compute &5°(wr,T'). This is a consequence of Corollary 3.2.4.
This was already evidenced in the context of propagation of singularities for solutions to the
perturbed harmonic Schrédinger equation; see Mao and Nakamura [MN09]. The stability un-
der subprincipal perturbation of the potential fails to be true if one considers superquadratic
potentials (m > 1), as we can see by the examination of the trajectories of the flow. Take V;
satisfying Assumptions 3.1.1 for some m > 1, and perturb this potential with some W behav-
ing like (z)*™~". Consider the Hamiltonian flow associated with the potential V = Vi 4 W.
Then the second derivative of a trajectory of the classical flow is given by

2

@xt = *VVO(xt) — VW(xt) .

We remark that the perturbation is of order VW (x!) ~ (xt>2(m71), which may blow up when

xt is large. When m < 1, the perturbation of the trajectory remains bounded, and can
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therefore be absorbed by thickening the observation set. See Subsection 3.2.1 and the proof
of Theorem 3.1.3 at the end of Section 3.3 for further details.

o At the level of the Hamiltonian flow, the difference between m < 1 and m > 1 can also be
understood by looking at the equation solved by the differential of the flow: differentiating
the Hamilton equation (3.1.5) yields

d
= 16" (p) = J Hessp (¢'(p)) do' (p)
We deduce that the differential of the flow behaves as
|d¢t| < 6t|Hessp| ,

which means that the norm of the Hessian of the Hamiltonian plays the role of a local Lyapunov
exponent for the classical dynamics. Yet Hessp is uniformly bounded on phase space if and
only if m < 1. Incidentally, it is likely that for m < 1, one can exploit the decay of Hessp at
infinity in the space variable in order to get small remainders in the proof of Egorov’s theorem
(see Proposition 3.3.3) instead of taking R large. This might allow to thicken w by any positive
€ rather than by a large parameter R. Since we are mostly interested in quadratic potentials
in this work, we chose not to refine our result in this direction.

e It is possible that the necessary condition can be slightly improved by propagating coherent
states rather than using Egorov’s theorem on quantum observables. This is discussed in more
details in Subsection 3.1.4.2.

3.1.3. Examples in dimension 1

The one-dimensional case gives an insight of how the potential can influence the geometry of
sets for which observability holds.

3.1.3.1. Harmonic potential

The one-dimensional harmonic oscillator corresponds to V(z) = %332. The Hamiltonian flow
reads:

@' (x,€) = (xcost + Esint, —xsint + £ cost) (x,6) eR%:t€R.
Our dynamical condition (3.1.7) can then be written as

T
lim inf / 1, (zxcost+ Esint)dt > 0.
0

(z,§) =00

In view of the periodicity of the flow, it is relevant to consider T" = 2w. Under this additional
assumption, condition (3.1.7) reduces to

27
K% :=lim inf/ 1,(Asint)dt >0, (3.1.9)
0

A—o0

where A has to be thought as (the square-root of) the energy p(z,£) = 2 (2% 4 £2). We claim that
this is equivalent to the weak thickness (3.1.2) condition of Huang, Wang and Wang [HWW22].
Suppose that 8 > 0. First, notice that

27 w/2
/ 1,(Asint)dt = 2/ 1, (Asint) dt.
0 —m/2

Second, fix ¢ € (0,8%°/2). Since the integrand is bounded by 1, we can slightly reduce the time
interval to [-F + £, 5 — £] so that y = Asint defines a proper change of variables:

71'/2 2
< lim inf/ 1,(Asint)dt — —c < lim inf/ 1,(Asint)dt
—7)2 3 A—o00 —I4g

5-3 Alcost 3 1 AsES)

< liminf/ 1, (Asint) LCOS | dt = 27 liminf —/ 1,(y)dy.
_m_c A= x £ 2¢c Ao A CAsin(ZE _c
Z+35 P 3 Asin( 3)



3.1 INTRODUCTION AND MAIN RESULTS 91

(b) Some level sets of the Hamiltonian p(z,£) =
Viz)+ %\EP. The corresponding picture for the har-
(a) A potential V of the form (3.1.10). The dotted monic potential is just a collection of concentric el-
lines correspond to the potentials 2 and 3z2. lipses.

Figure 3.1 — Case of a potential with critical points.

We used the concavity inequality cost > 1 — %\t| on [—~F, 7] to get the third inequality. This gives

L w N [—A Al
lhrgloréf =4 A >0,
namely w is weakly thick. Conversely, we can follow the same lines, using that the Jacobian |cost| is
less than 1, to show that any weakly thick set satisfies (3.1.9). Although our main theorem allows to
conclude that observability is true only on a slightly larger set, it is more precise than the previous
result from [HWW22] with respect to the optimal observation time: we can estimate this optimal
time depending on the geometry of the observation set. In addition, our result is stable under
subprincipal perturbation of the potential. In particular, weak thickness of w implies observability
from wg (for some R given by Theorem 3.1.3) for any potential whose principal symbol is %;vQ (or
any positive multiple of 22). Anticipating on the next paragraph, observe that a weakly thick set

can contain arbitrarily large gaps, hence is not necessarily thick (see [HWW22, Example 4.12]).

3.1.3.2. Potentials having critical points

An interesting phenomenon appears when the potential possesses a sequence of critical points
going to infinity. To construct such a potential, we proceed as follows. We set

V(z) = (2 +sin (alog(z)))z?, reR, (3.1.10)

where a is a positive parameter to be chosen properly. See Figure 3.1a for an illustration.

One can check that Assumption 3.1.1 is fulfilled: V is subquadratic, elliptic (bounded from below
by #?) and each derivative yields a gain of (z)~!. Notice however that this is not a subprincipal
perturbation of the harmonic potential. It holds for any = € R:

V'(z) = 755 (2(2)? (2 + sin (alog(z))) + az® cos (alog(z)))
= @) ((4 + 2sin (alog(z))) + z* (4 + 2sin (alog(z))) + acos (alog(z))) .

Factorizing the last two terms, we can write for a certain angle ¢,:

V'(z) = & ((4 + 2sin (alog(z))) + 2* (4 + V4 +a?sin(p, + alog<x>)))

= e ((4 + 2sin (alog(z))) + 4z (1 + i + (%)2 sin (¢4 + alog<x>)>> )
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When 1 + (%)% > 1, which is true if and only if a > 2v/3, we can find two sequences (2} ),en and
(x;, )nen tending to infinity such that

1 2

it (%) sin (pq +alog(a;)) > —1+1
1 a\? . - ’
i <Z) sin (pq + alog(z,)) < —1—17

for some sufficiently small 7 > 0. The intermediate value theorem then implies that there exist in-
finitely many points ¥, with |2 | tending to infinity, where V’(z) = 0. Now we observe from (3.1.6)

that the trajectories of the Hamiltonian flow with initial data p, = (22, 0) are stationary, that is

¢t(pn):pna VteR.

We deduce the following: assume that the Schrodinger equation (3.1.1) is observable from w C R
in some time for this potential. Then, the necessary condition of Theorem 3.1.3 tells us that there
exists R > 0 such that for any n large enough, ¥ € wg. We can rephrase this as

dng € N:Vn > nyg, wN Br(z2) # @. (3.1.11)

This is consistent with the phase portrait depicted in Figure 3.1b: some energy might be trapped
around small closed trajectories encircling stable critical points. Hence, in order to have observabil-
ity, w cannot be too far away from those points. In fact, one observes that (3.1.11) concerns all
critical points, whatever the sign of V" (z9) is.

In conclusion, the situation of a potential of the form (3.1.10) is in contrast with the previous
case of the harmonic potential %xz where the weak thickness condition allowed for large gaps around
any sequence of points x,, — oo satisfying |z,+1| > |z,|. Notice that w can still have large gaps
away from critical points though.

3.1.3.3. Sublinear potentials

Our last remark in the one-dimensional case concerns potentials having a sublinear growth,
namely m € (0,1/2]. In this situation, the trajectories of the Hamiltonian flow whose initial datum
has purely potential energy (namely & = 0) do not escape far away from their initial location. This

is because: p
t _ / t _ t 2m—1
—dtf— V(JJ)—O(<.T> ),

which remains bounded uniformly as soon as m < 1/2. For the same reason, m = 1/2 also appears
to be critical in Proposition 3.2.5. If observability from w C R holds in some time for such a
potential, the necessary condition of Theorem 3.1.3 leads to the conclusion that w has to intersect
any interval of length 2R, for some R > 0. Likewise, in higher dimension, any set from which the
Schrédinger equation is observable must satisfy

JR>0:VzeR?,  wNBgrx)#2. (3.1.12)

Therefore, sets observing the Schrédinger equation (3.1.1) for a sublinear potential cannot have
arbitrarily large holes.? Although the case of bounded potentials (i.e. m = 0) is not in the scope
of this article, let us mention that this observation is consistent with recent results on the free
Schrodinger equation. See Huang, Wang, Wang [HWW22] and Téufer [T422], as well as Le Balc’h
and Martin [LBM23] for the case of bounded periodic potentials in two dimensions.

3.1.4. Observability of two-dimensional harmonic oscillators

As an application of Theorem 3.1.3, we study the observability of harmonic oscillators in conical
or rotation-invariant sets. Our results mainly concern the two-dimensional case. The examples
presented in this subsection suggest that there is no general reformulation of our dynamical con-
dition (3.1.7) in purely geometrical terms. That is to say, it seems difficult to find an equivalent

4. Notice that (3.1.12) is much weaker that the usual thickness condition of control theory:
JR,c>0:Vz e R%,  |wn Bgr(x)| > c|Br(z).
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condition that would not involve the Hamiltonian flow (e.g. thickness, weak thickness...). In con-
trast, by restricting ourselves to a certain class of potentials (harmonic oscillators at the principal
level here) and a certain class of observation sets (conical or rotation-invariant), one can indeed
transform the dynamical condition into a geometrical one. Along the way, we will see that ob-
servability properties are very sensitive to slight modifications of the coefficients of the harmonic
oscillator under consideration. This subsection culminates in Proposition 3.1.10, where we show
that observability of rotation-invariant sets is governed by Diophantine properties of the oscillator’s
coefficients.

Let us first recall basics about general harmonic oscillators. Let A be a real symmetric positive-

1

definite d x d matrix and set H4 = 5(z - Az — A). Up to an orthonormal change of coordinates,

one can assume that A is diagonal, so that the potential can be written

1 1
Va(z) = 22 Az = 3 VJQLL’?
j=1
The characteristic frequencies of H4 are those numbers vy, v, ..., v4, that we will always assume
to be positive. The corresponding Hamiltonian flow is explicit: denoting by z1(t), z2(t), ..., z4(¢)

and & (t),&a(t),. .., &4(t) the components of ¢!, we can solve the Hamilton equations (3.1.6):

1.
zj(t) = cos(v;t)z;(0) + P sin(v;t)&;(0) 7 Vie{l,2,. .. d}. (3.1.13)

gj (t) = —Vj Sin(yjt)xj(()) + COS(I/jt)fj (O)

From this expression, we see that each coordinate is periodic, so that the trajectories whose initial
conditions are of the form x;(0) = z¢d;=;,,&;(0) = &d,=;, with zo, & € R, are periodic, with period
27 /vj, (unless both x¢ and & vanish, in which case the trajectory is a point). Assuming d = 2, we
can classify harmonic oscillators into three categories. See Figure 3.2 for an illustration.

o The oscillator is ésotropic® if v, = vo = v. In this situation, energy surfaces, that is, level
sets of the classical Hamiltonian, are concentric spheres in phase space (up to a symplectic
change of coordinates). Trajectories of the Hamiltonian flow are great circles on these spheres,
so that their projection on the z-variable “physical space” are ellipses. The flow is periodic,
with period 27”

e The harmonic oscillator is said to be anisotropic rational when Z—f is a rational number different
from 1. Trajectories, although all closed, exhibit a more complicated behavior. Writing
Z—f = g with p and g coprime positive integers, the period of the flow is p?j—g = qi—’lr. Projected
trajectories are known in the physics literature as Lissajous curves [Lis57].

e We say a harmonic oscillator is anisotropic irrational when Z—f € R\ Q. In that case, the
Hamiltonian flow is aperiodic. Trajectories are dense in invariant tori (see (3.1.14) below),
yielding projected trajectories that fill rectangles parallel to the eigenspaces of the matrix A.

In the multi-dimensional setting, the description of the flow can be achieved by examining the
Q-vector space generated by the characteristic frequencies. The dimension of the latter gives the
number of periodic decoupled “sub-oscillators” from which we can reconstruct the dynamics of the
whole oscillator. This is thoroughly explained in the article of Arnaiz and Macia [AM22a], who
compute the set of quantum limits of general harmonic oscillators, and study their behavior when
bounded perturbations of the potential are added [AM22b)].

In order to understand well the classical dynamics of the harmonic oscillator, it is convenient to
take advantage of the complete integrability of this dynamical system. Here, the classical Hamil-
tonian is the sum of the one-dimensional Hamiltonians %(V?Z‘? + 512)7 which are conserved by the
flow, as one can see from the explicit expression (3.1.13). This property implies that energy levels

are foliated in (possibly degenerate) invariant d-dimensional tori of the form:
o1
Ty = {(%5) e R¥ . v, 3 (vial + &) = Ej} , E=(E, Es,...,E;) € RL. (3.1.14)

The projection of these tori on the z-variable space yields rectangles, as in Figure 3.2c.

5. For general dimension, we still call isotropic any harmonic oscillator having all its characteristic frequencies
equal.
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Figure 3.2 — Typical projected trajectories of two-dimensional harmonic oscillators. Shading indicates the

course of the trajectory.
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The goal of the following examples is to highlight the fact that observability is sensitive to the
global properties of the Hamiltonian flow. We will show that isotropic and anisotropic harmonic
oscillators behave differently with respect to observability, i.e. the sets that observe the Schrodinger
equation are not the same. One can already anticipate that the isotropic oscillator 1, = 15 has less
such sets since its classical trajectories are all ellipses, that is, they are very simple and only explore
a small part of the classically allowed region. It contrasts with the anisotropic situation vy # v,
where, in the rational case for instance, trajectories visit more exhaustively the classically allowed
region. It makes it harder to find a set that is not reached by any of these trajectories. It is even
more the case when v and v5 are rationally independent, since the trajectories are then dense in
the invariant torus to which they belong, as we already discussed.

3.1.4.1. Observability from conical sets

We first investigate the case where the observation set w is conical, namely it is invariant by
dilations with positive scaling factor:

Vr e RLVYA >0, (rew <<= Mecw). (3.1.15)

We will see that exploiting the symmetries of harmonic oscillators is sometimes sufficient to obtain
satisfactory results, without the need of our main theorem (see Subsection 3.1.4.2). However, The-
orem 3.1.3 will prove useful to estimate precisely the optimal observation time in some situations.

As we already noticed, it follows from the expression of the flow (3.1.13) that, whatever the
characteristic frequencies, the classical dynamics exhibits periodic trajectories contained in the co-
ordinate axes. Those starting from the origin are of the form

zi(t) = 1 sin(v;)€;(0) , & (t) = cos(t)&;(0)

vj

for one j € {1,2,...,d}, and with all the other components being equal to zero. Thus it appears that
a general necessary condition for a conical w to observe the Schrodinger equation (3.1.1), working
for any harmonic oscillator, is that it contains at least half of each line spanned by an eigenvector
of A. Note that this works in any dimension.

Proposition 3.1.4. Consider P =V (z) — %A, where V' is a potential fulfilling Assumptions 3.1.1
and having principal symbol Va(x) = %$~ALE, A being a real symmetric positive-definite d x d matrix.
Let w € R? be a conical set and assume that it observes the Schrédinger equation in some time

T > 0. Then for any eigenvector v of A, it holds v € W or —v € .

Now we place ourselves in dimension d = 2. We know from the above Proposition 3.1.4 that
the closure of a conical set which observes the Schrodinger equation has to contain at least half of
any line spanned by an eigenvector of the matrix A. Here, we exhibit a conical observation set,
illustrated on Figure 3.3, that behaves differently according to whether the harmonic oscillator is
isotropic or not.

Proposition 3.1.5 (Conical sets and anisotropy). Let d = 2 and consider a potential V' fulfilling
Assumption 3.1.1, and with principal symbol
1 2
VA(x):§x~Ax, x € R,
where A is a real symmetric positive-definite matrixz. Denote by vy > v_ > 0 its characteristic
frequencies. Choose an orthonormal basis of eigenvectors (ey,e_) of A, so that Aex = vieyx. For
any ¢ € (0,7/2), define the two cones with aperture e:

C’Eiz{a:ERzz|x-e¢|<tan<g)x~ei} . (3.1.16)
Then the set w(e) = CT U C observes the Schridinger equation if and only if the oscillator is

anisotropic, that is v— < vy. In that case, there exist constants C,c > 0, possibly depending on
Vi, v_, such that for any e € (0,7/2),

Ty—Ce? < T, (w(e)) <Tp—ce?,  where Tp= — (2 + {”*J) . (3.1.17)

Vi v_
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Figure 3.3 — The above projected trajectory is responsible for the lower bound on the optimal observation
time in (3.1.17). It is obtained with an oscillator such that 2 = 3.9. For {2 = 4, one can choose the
initial datum so that the curve goes back to the upper-right quadrant, passing through the origin, without
crossing the two cones. This yields a larger lower bound on the optimal time, corresponding to the jump
from |3.9] =3 to |4] =4 in Formula (3.1.17).

This results leads to several noteworthy observations.

First, it does not distinguish between rational and irrational anisotropic oscillators: one cannot
guess, from the knowledge that observability form w(e) holds, whether the oscillator is rational or
irrational.

Second, the time T, obtained formally as the limiting optimal observation time when € — 0,
does not vary continuously with respect to vy and v_ because of the floor function. This is related
to special symmetry properties of the Hamiltonian flow that appear when v, is a multiple of v_,
namely the projected trajectories can go from a quadrant to another one crossing the origin, and
thus avoiding to cross the observation cones. See Figure 3.3.

Third, when ¢ is fixed, our result does not rule out that the optimal observation time is continuous
with respect to the characteristic frequencies. This is because the constants C' and ¢ can depend on
V1,V3.

It is interesting to see what happens when vy, v_ — v, that is to say when the operator P
becomes closer to an isotropic harmonic oscillator. As mentioned earlier, we know from Proposi-
tion 3.1.4 that observability is not true for a set of the form C U C= for an isotropic oscillator
(e < /2 is important here). Thus it can seem surprising that the optimal observation time for such
a set is bounded uniformly in v, v_ as the frequencies tend to v. Actually, degeneracy in this limit
should be seen on the observation cost, rather than on the optimal observation time. Indeed, com-
putations suggest that the value of the dynamical constant &2°(w(e),T’) tends to zero; see (3.4.13)
in the proof. This would imply a blow up of the observation cost as v1,v9 — v, in virtue of the
necessary condition part of Theorem 3.1.3.

3.1.4.2. Refinement for the unperturbed isotropic harmonic oscillator

Theorem 3.1.3 allows to conclude about whether an open set w observes the Schrédinger equation
provided this open set is in a sense “regular”: the thickening process yields open sets that are
sufficiently close to a cut-off function. But the quest of characterizing general measurable sets seems
to be more delicate. To understand the limitation of our main theorem, we investigate the very
particular case of the isotropic harmonic oscillator and conical observation sets in dimension d > 1.
In this setting, we can take advantage of symmetries and exact propagation of coherent states.

For the purpose of the statement, let us introduce some notation. A conical set in R? is deter-
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mined by the subset ¥ = w N S9! in the unit sphere. When ¥ C S?~! we denote by w(X) the
conical set defined by

w(E) = {:r e R\ {0} : % e 2} . (3.1.18)

Moreover, for any subset ¥ C S?~!, we introduce the notation
~Y={fes"!:—gex}.

The lower density of a measurable set ¥ C S?~!, denoted by Oy, is the function Si=1 — [0,1]
defined by
XN B.(0
05 (0) ~ Jiminf 24 (9))

d—1
minf — ey Vo € 891 (3.1.19)

where B,.(0) is the ball of radius r centered at § in R%, and o is the uniform probability measure
on the unit sphere 841,

We insist on the fact that the statement below is proved for exact isotropic harmonic oscillators,
and not for perturbations of it.

Proposition 3.1.6. Let P = %(1/2|x\2 — A) be an isotropic oscillator with characteristic frequency

v > 0. Let ¥ C S ! be measurable, and w(X) be the corresponding conical set. Set S=yu-Xx
the symmetrized version of X.

(i) If the Schridinger equation is observable from w(X) in some time, then it holds

inf ©< > 0.
Sd—1 >

(ii) If $=YU-Y has full measure, namely o (Sd’l \ fl) = 0, or equivalently 65(6‘) =1 for

all 0 € ST, then w(X) observes the Schridinger equation, with optimal observation time
T, < 2.

Remark 3.1.7. The gap between the sufficient and the necessary conditions above can be thought
as the difference between ¥ being the complement of a Cantor set (thus having full measure) and
Y. being the complement of a fat Cantor set; see [Str81, Chapter 2, p. 80]. Regarding the estimate
on the optimal observation time, the strict inequality is due to Lemma 3.A.3.

In fact, considering the propagation of coherent state, as investigated for instance by Combescure
and Robert (see [CRI7]), one could conjecture that observability is characterized by the property

p—00

T
IR>0: liminf/ lw N Bg (2*(p)) | dt >0, (3.1.20)
0

with 2¢(p) = (7w o ¢*)(p). This type of integral can be rewritten as

T T
/O |meR (xt(p))|dt: /O ||]1W||L1(BR($"(p))) dt

The necessary condition of Theorem 3.1.3, namely £7° (wr,T) > 0 for some R large enough, involves
the quantity

T T
/0 Tup (xt(p))dt:/o Lol foo (Bp (ot (o)) U - (3.1.21)

Since the L' norm in a ball of radius R is controlled by the L> norm (times a constant of order
R%), we know that the dynamical condition (3.1.20) is stronger than the condition £ (wg,T) > 0,
involving the L* norm as written in (3.1.21). In particular, if w is dense but Lebesgue negligible,
the condition 8°(wg,T) > 0 will be satisfied, since then wg = R? for any R > 0, whereas (3.1.20)
will not. In this situation, Theorem 3.1.3 would then yield a trivial result, namely that observability
holds from the whole space, although it clearly does not hold from w itself. Thus (3.1.20) seems to be
a good guess to free ourselves from thickening the observation set. In addition, this condition would
be consistent with the generalized geometric control condition introduced by Burq and Gérard in
the context of stabilization of the wave equation [BG20].
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3.1.4.3. Observability from spherical sets

In this section, we investigate the observability properties of a set consisting in a union of
spherical layers. In the sequel, we refer to rotation-invariant (measurable) sets as spherical sets.
Such a set w is completely determined by the data of a measurable set I C R, such that

w:w(I):{xERd: || €T} . (3.1.22)

Due to the thickening process that occurs when applying Theorem 3.1.3, we shall generally make
further assumptions, that ensure that a set and its thickened version are somewhat equivalent.

The existence of many periodic circular orbits of the Hamiltonian flow for radial potentials
implies that observability from w(I) does not hold for such Hamiltonians if I contains large gaps.
In fact, the proposition below works for slightly more general potentials.

Proposition 3.1.8. Let d > 2. Suppose the Hamiltonian P is of the form P =V (x) — %A with a
potential V' satisfying Assumption 3.1.1 together with:

(i) V(—z) = V(z),Vor € RY;

(ii) there exists an orthogonal change of coordinates M such that
V(MSyM~'2) =V(z), VreRLVIER,

where Sy is the rotation of angle 8 acting on the first two coordinates; in particular, for every
y € R172, the map V,, : (w1, x2) — V(M (x1,22,y)) is radial;

(iii) the map Vy such that Vy—o(z1,22) = Vo(|(21,22)|) is non-decreasing.

Then for any spherical set w(I), if observability holds from w(I) in some time T > 0, it holds
Ir>0:Vse Ry INs,s+r]#2. (3.1.23)

Remark 3.1.9. The hypotheses are fulfilled for harmonic oscillators in d dimensions having at least
two identical characteristic frequencies.

In dimension 2, Proposition 3.1.8 allows to conclude that spherical sets observing the Schrodinger
equation for isotropic harmonic oscillators have to occupy space somewhat uniformly—they cannot
contain arbitrarily large gaps. Therefore, we shall rule out isotropic harmonic oscillators from our
study of observability from spherical sets. Instead, we investigate how the anisotropy of a harmonic
oscillator can help to get observability from an observation set made of concentric rings. The
proposition below investigates, in dimension 2, the observability from spherical sets of the form
w(I) where I = JI,, is a countable union of open intervals in Ry. We require additionally that
|I,| — +oo (we drop this assumption if there are only finitely many I,,’s). To any such set, we
associate a number between 0 and 1 that quantifies the distribution of the annuli w(7,,) at infinity:

Kx(I) = min {FC €[0,1] : liminf1|I N [kr,r]| = 0} € [0,1]. (3.1.24)

r—+oo 1

While investigating the observability property from such a set w(I), we will see that it is relevant
to compare the geometrical quantity ,(I) with a dynamical quantity that encodes relevant features
of the underlying Hamiltonian flow. This dynamical constant is expressed in terms of a function
A :RY — [0,1] defined by

7T/2) . p
tan if = 7 cd ’ :17 —q=0 mod 2
<p+q p=7, gedpq) P—q ( )
= 2
Aw) sin(ﬂ/ ) if u:B’ ged(p,g) =1, p—q=1 (mod?2) " (3.1.25)
p+q q
0 if peR\Q

As far as the optimal observation time T, is concerned, we shall use Diophantine properties of u
to approximate irrational oscillators by rational ones, for which we can control T, by the period of
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the flow. This motivates the introduction of the irrationality exponent of an irrational number u,
defined by

1
T(u) = sup {5 €eR: ‘,u - p’ < — for infinitely many coprime couples (p, q)} . (3.1.26)
q q°

Dirichlet’s approximation theorem tells us that 7(u) € [2, +0o0], for any irrational number. Also keep
in mind that 7(u) = 2 is achieved for Lebesgue-almost every irrational. See the lecture notes [Dur]
or the books [EW11, Sch91] for further details.

Proposition 3.1.10 (Spherical sets and anisotropy). Let d = 2 and consider a potential V' fulfilling
Assumption 3.1.1, and with principal symbol
1 2

VA(x)zix-Ax, z e R,
where A is a real symmetric positive-definite matriz. Denote by v1 and ve the characteristic fre-
quencies of A, and assume that vy # va. We fix I = J I, a union of open intervals in R, assuming
that |I,| — +o0. Denote by w(I) the corresponding open spherical set in R?, as defined in (3.1.22).
Then observability from w(I) holds in some time T if and only if

k(1) > A (”2) . (3.1.27)

V1

Moreover, the optimal observation time T, can be estimated as follows:

%2 e Q, writing 22 = L with p, q positive coprime integers, it holds

) =2
141 141 q

iy i
T, < —p=—q;
V2 141

o if Z—f € R\ Q is Diophantine, that is T = T(Z—f) < 00, then it holds

1 P g 1 T—14e
Jee, Ce : e\ T/ ST, <C.| —+ . 1.2
Ve > 0,3c.,Ce >0 c (n*(I)) C (m([)) (3.1.28)

The constants c. and C. may depend on vy, vs, but not on 1.

Let us review the meaning of the different quantities involved in this statement.

The number £, (I) introduced in (3.1.24) encodes some notion of density of the set I. For
instance, k4 (/) = 1 means that I has positive density in any window [kr, ] with K < 1 as r — +o00.
In contrast, . (I) close to zero means that the annuli are extremely sparse at infinity. This quantity
is well-defined, for the map .

K — lim inf }/ 1;(s)ds

r——4oco r A

is non-increasing and lower semi-continuous (even Lipschitz-continuous in fact). That it is non-
increasing comes from the monotonicity of the integral and of the lower limit, whereas the continuity

follows from the fact that
1 T 1 s
- 1 ds — — 1 d
r /KQT‘ I(S) i r s/f'ilT I(S) ’

6. Beware of the fact that k. (I) does not coincide in general with the lower density of I defined by

I
Ooo(I) = liminf 1o, )
r—+oo |[0,7]]

S ‘I<J2—I€1|.

In fact, the two quantities satisfy
O (I) < ki(I) and kx(I) =0 <= O (I)=0.

The second assertion follows from the definition of k. (I). To check the first assertion, we write

HOo,r]l _  HN[0, k]|

- *
([0, 7]] [0, ]|

Then taking lower limits as r — 400 and using the definition of k4 yield the desired inequality. Notice that the
equality O () = k4« (I) is not true in general, as one can see from the example I = U n,n + %), for which we
have O (I) = % but ki (I) = 1.

1 1
+ ;\Iﬂ [kar,7]] < Ki + ;|Iﬂ [kar, ]| -

nEN(
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Z2

Figure 3.4 — The above curve is a projected trajectory of a harmonic oscillator with Z—f = %7 that does
not intersect the observation set w(I). The existence of a sequence of energy layers {p = E, }, E, — +00,
containing such curves would imply that observability from w(I) fails.

Given pu € R%, the constant A(u) defined in (3.1.25) is related to the flow of a harmonic oscillator
with characteristic frequencies vy, 5 such that p = l’j—f More precisely, it corresponds to the largest
ratio between the minimum and the maximum of the distance to the origin of a projected trajectory.
This is the content of the following lemma that we prove in Subsection 3.5.2.

Lemma 3.1.11. It holds

v2\ _ s inf;er|(m 0 ¢")(po)|
A ( > ) . (3.1.29)

vy poeR*\{0} SUP¢er (T 0 @) (po)|

Thus we can refer to A(u) as the optimal “radial aspect ratio” of projected trajectories. Ob-
servability from w(I) will depend on whether the critical trajectories that attain this maximal ratio
spend sufficient time in w(I), hence the criterion r,(I) > A(£2). See Figure 3.4 for an illustration
of the case where such trajectories are not seen by the observation set. Notice that maximizing the
ratio in (3.1.29) with respect to any non-zero initial data is the same as taking the upper limit as
po — oo since the Hamiltonian flow is homogeneous. Thus A(x) can be understood as a quantity
that captures the behavior of the flow at infinity. In addition, we remark that A(u) = A(1/p), which
means that this value depends only on the spectrum of the matrix A, and not on the choice of a
specific basis of R?. The maximum of A is reached exactly at 1, where it is equal to tan(%) = 1.
This is consistent with the fact that in two dimensions, isotropic harmonic oscillators are the only
ones possessing circular orbits: the norm of the trajectory |z¢(pg)| is constant for well-chosen initial
data.

The distinction between rational and irrational values of p is natural in light of the complete
integrability of the flow of harmonic oscillators. When the ratio of characteristic frequencies y = 72
is rational, writing u = § with p, ¢ a couple of coprime integers, one can check that the Hamiltonian

flow of the corresponding harmonic oscillator is periodic of period i—;’p = ?j—’qu. In that case, there
are many orbits of the flow whose projection on the z-variable space stays away from the origin,
thus producing a positive A(u), as one can see on Figure 3.2b. When p is irrational, it is known that
(non-degenerate) trajectories are dense in the invariant torus to which they belong. In particular,
any projected trajectory can get arbitrarily close to the origin, up to waiting a long enough time, so
that A(u) = 0; see Figure 3.2c.

Lastly, let us point out that that the estimate (3.1.28) of the optimal observation time for
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Diophantine irrational does not give any precise information for a given open set I, but is relevant
for fixed v1, 5 in the asymptotics k. (1) < 1.

Remark 3.1.12. It can look surprising that Proposition 3.1.10 gives an exact characterization
of spherical sets for which observability holds, whereas Theorem 3.1.3 provides a necessary and
sufficient condition up to thickening the observation set. This improvement is made possible by the
extra assumption that |I,,| — +o00. It ensures that thickening the observation set by a radius R is
negligible compared to the width of the annulus w(I,,), for n large.

Remark 3.1.13 (Non-Diophantine irrationals). When = 22 € R\ Q, one can estimate T}, even
if 7 = 7(u) = 400, using the so-called convergents of p. These are the rational numbers arising
in the continued fraction expansion algorithm. Denote them in irreducible form by p; = g—j It is
known that this sequence is the most efficient way to approximate an irrational number by rationals
(a result known as Lagrange theorem; see [Dur, Theorem 1.3] or [EW11, Sch91]). These convergents
satisfy

]

VjieN, ‘,u
J

1
<. (3.1.30)
qj

(This is why 7(x) > 2 holds for any irrational.) We will show in the proof of Proposition 3.1.10 the
following: when p € R\ Q, there exist constants c¢j,cy > 0 and 01,2 > 0, possibly depending on
V1, Vg, such that

c1gj, <71y < cagj, (3.1.31)

(see (3.5.51) in the proof), where j; is the largest index for which ¢; < 2—1*, and jo is the smallest
index for which ¢; > »%'

The bounds (3.1.28) are particularly interesting when 7 has the smallest possible value, that
is 7 = 2, which is the case of Lebesgue-almost every irrational. However, we see that the lower
and upper bounds (3.1.28) get far apart as 7 goes to infinity. This reflects the fact that the gaps
between the denominators of consecutive convergents get wider at each step of the continued fraction
expansion. Irrationals having an infinite irrationality exponent are known as Liouville numbers.
There are many of them: the set of Liouville numbers is an instance of a Lebesgue negligible set
having the cardinality of the continuum. This set is also Baire generic, as it can be written as a
countable intersection of dense open sets. When 72 is a Liouville number, the bounds (3.1.31) on
the optimal observation time are very poor, owing to the lacunary behavior of the g;’s.

3.1.5. Other applications
Let us briefly discuss two other applications of Theorem 3.1.3.

3.1.5.1. Uniform observability of eigenfunctions

Under Assumption 3.1.1, the operator P is self-adjoint with compact resolvent. Thus, its spec-
trum consists in a collection of eigenvalues with finite multiplicity. A direct consequence of an
observability inequality Obs(w,T) in a set w is the fact that the eigenfunctions of P are uniformly
observable from w:

Je>0:Vu e LARY), <Pu = = ullgag, > c||uHL2(Rd)) .

Theorem 3.1.3 thus furnishes a sufficient condition for this to hold. In particular, for anisotropic
oscillators, Proposition 3.1.5 implies that uniform observability of eigenfunctions from the two cones
defined in (3.1.16) is true. This can certainly be deduced from the work of Arnaiz and Macia [AM22a]
that characterizes quantum limits of harmonic oscillators. From Proposition 3.1.10, we obtain a
similar uniform estimate in spherical sets satisfying the assumptions of the proposition together
with the condition (3.1.27). This time, it is not clear that one can deduce this result as easily
from the knowledge of quantum limits [AM22a]. See also [DSV23] for recent works about spectral
inequalities for the Hermite operator, and [Mar22] for anisotropic Shubin operators.

3.1.5.2. Energy decay of the damped wave equation
Lastly, our study leads to stabilization results concerning the damped wave equation

{afw + P+ 1,0 =0

) 3.1.32
(¥, 01) 4o = Up € dom P/? x L? ( )
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with damping in w C R?, provided P > 0 (assume for instance that the potential V' is non-negative).
This equation comes with a natural energy

60n.0) = 3 ([P0, + 1w

which decays over time. Let us recall that Anantharaman and Léautaud proved in [AL14, Theorem
2.3] that an observability inequality Obs(w,T) implies a decay at rate t=1/2 for the damped wave
equation (3.1.32), meaning that there exists a constant C' > 0 such that

2
&(Un, t) < % (IIPuoliz + HP”?ulHLZ) . V>0,

for all initial data in the domain of the damped wave operator, here Uy = (ug,u1) € dom P x
dom P/2. Their result applies in our setting since P has compact resolvent under Assumption 3.1.1.
Our examples thus provide concrete situations where such a decay occurs.

3.1.6. Link with the Kato smoothing effect

The dynamical condition (3.1.7) concerns only what happens at infinity in phase space. We will
see that trajectories of the Hamiltonian flow escape from any compact set (in the x variable) most
of the time provided the initial data has large enough energy, namely p(p) is large enough. This is
the reason why one can remove any compact set from the observation without losing observability:
no energy can be trapped in a compact set. Quantitatively, we will check that, given T" > 0, there
exist a constant C' > 0 and Ey > 0 such that

Vp(p)

(see Corollary 3.2.6). We can rephrase this by saying that compact sets are not classically observable.
This property is related to the Kato smoothing effect as follows. Writing (2%, %) = ¢'(p), for any
€ > 0, we compute using Fubini’s theorem:

- T too +00 T . dr
[ e [ ([T oo [ar B2 [ apy o) £

From (3.1.33), we deduce that

T
Vr>0Vpe (p>Eo}, |{te(0,T]: ¢'(p) € B,(0) x RU}| = / L, ooy dt < C (3.1.33)
0

/OT 2(p) dt<C/1+oo(1+5)dr

<$t>1+s ,rl—i-s ’

and the latter integral is indeed convergent when € > 0. This is the classical analogue to the so-called
Kato smoothing effect. In our context, the latter says roughly that

T 1+€ . 2
/ H<x>_ ; P1/4e—thu‘
0 LQ(Rd)

dt < Cllul| 72 (gray -

See for instance Doi [Doi05] for a thorough discussion on this topic. See also the survey of Rob-
biano [Rob13], as well as Robbiano and Zuily [RZ08, RZ09] and Burq [Bur04] for related results.
The main phenomenon responsible for this smoothing effect is the fact that P contains a Laplace-
Beltrami operator associated with a non-trapping metric (here a flat metric), that is to say all
geodesics escape at infinity forward and backward in time. In our case, working with a flat Lapla-
cian enables us to compare the trajectories of the Hamiltonian flow to straight lines, at least for
some time near the origin. It would be interesting to see whether our study can be adapted to oper-
ators of the form P =V (z) — %Ag with a non-trapping metric g on R? (sufficiently flat at infinity).
See [MN, Lemma 3.1] for an alternative proof that non-trapping implies failure of observability from
bounded observation sets. The argument relies on semiclassical defect measures.
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3.1.7. Natural semiclassical scaling for homogeneous potentials

A way to comprehend what goes wrong when the potential is superquadratic is to introduce
the natural semiclassical scales associated to our problem, based on an observation of Macia and
Nakamura [MN]. Take for simplicity p(x, &) = |z|*™ + [£|?. Following classical arguments, we recall
in Appendix 3.A that the observability inequality reduces to a high-energy observability inequality:
roughly speaking, we can restrict ourselves to L? functions u that are microlocalized around some
level set {p = E} with E > 1. Writing

2

e,

E1/2

T 2m
p(z, &) =F = ’El/Zm‘ +‘

we may introduce a small Planck parameter h such that £ = h™7 for some power v > 0. Thus we
have
|h'y/2mx|2m + |h'y/2£|2 =1.

This motivates the definition of an h-dependent Weyl quantization (see Appendix 3.B)
Opy(a) := Opy (al(k?/*"a, h7/%))

for any classical observable a on the phase space. This quantization is properly “normalized” by
choosing v = WQL—TI: with this choice, the corresponding pseudo-differential calculus is expressed in
powers of h, since then h7/2™h7/2 = h. Therefore the relevant semiclassical Schrodinger operator is

P, = Opy(p) =h"P.

If one wants to express the observability inequality in terms of the associated propagator, one is
then lead to study

s _sthlT?Y
e thu:e 15 Ph'u.

In other words, running the Schrédinger evolution on a time interval [0,7] amounts to consider

a semiclassical time scale of order A1~ = hi#w. It is then clear that this time blows up as
h — 0 when m > 1. Yet the analysis of the quantum-classical correspondence, for long times,
is much more difficult. In particular, it restricts considerably the amount of classical observables
whose evolution can be described through the usual Egorov theorem. For this reason, we will not
pursue in this direction and stick to the case m < 1. An interesting approach to study this would
be to consider first particular potentials for which the classical flow is completely integrable, e.g.
anharmonic oscillators (see [BLR22]). Indeed, observability of the Schrodinger equation has been
successfully investigated taking advantage of the completely integrable nature of the underlying
classical dynamics in some particular geometrical contexts (e.g. in the disk [ALM16a, ALMI16D]
which corresponds morally to m = oo; see also [AM14] on the torus and [AFKM15]).

3.1.8. Plan of the article

Section 3.2 below is devoted to the study of the underlying classical dynamics: we show that the
Hamiltonian flow is roughly stable under subprincipal perturbations of the potential, and that high-
energy projected trajectories can cross compact sets only on a very short period of time. Then we
establish an instance of quantum-classical correspondence adapted to our context in Section 3.3, and
subsequently prove Theorem 3.1.3. This is the core of the article. Next, in Sections 3.4 and 3.5, we
deal with the examples presented in Subsections 3.1.4.1, 3.1.4.2 and Subsection 3.1.4.3 (observability
from conical and spherical sets respectively). Finally, we recall in Appendix 3.A a classical result,
related to the notion of unique continuation, that shows that the sought observability inequality
is equivalent to a similar high-energy inequality. Appendix 3.B collects reminders about pseudo-
differential operators, as well as refined estimates on the pseudo-differential calculus and the Garding
inequality needed for Section 3.3.
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3.2. Study of the classical dynamics

In this section, we investigate the properties of the Hamiltonian flow (¢!);cr associated with p.
This study consists essentially in analyzing the ODE system that defines ¢!, namely the Hamilton
equation (3.1.5). The dynamical condition of Theorem 3.1.3

T
£°(w,T) = lim inf L,xra (¢'(p)) dt >0

p—oo Jq
motivates the study of what can be referred to as “classical observability”.

Definition 3.2.1 (Classical observability). Let ¢ = ¢(t;p) be a Borel-measurable” function on
R x R??. Then we say that ¢ is classically observable if

p—r00

£,°(¢) :==lim inf/R q(t;0'(p)) dt >0. (3.2.1)

Of course, we will be specifically interested in the case where p contains a subquadratic potential
and ¢ = 1(g,7)xwxRr2¢, but it is interesting to work out this problem in a more general setting in
order to understand to what extent quadratic potentials are critical for the Schrodinger equation.

3.2.1. Invariance of classical observability under subprincipal perturbation

In this subsection, we consider a set of classical symbols on R?? of order n; in = and ns in £,
defined by

SN2 — {a € C’°°(R2d) :Va € N2 sup - |_8|a|a(:17,£)7|L T < oo} .
(@R ()" 1M 4 (€)™

A basic example is the classical Hamiltonian p(z,£) = V(z) + 3|¢|? that we consider: it belongs
to S?™2. We draw the reader’s attention to the fact that this is not a standard symbol class in
microlocal analysis. Our aim here is simply to study symbols whose derivatives have similar decay
properties as the classical Hamiltonian p. We will not make use of any notion of pseudo-differential
calculus in this subsection.

It is clear that these symbol classes are nested in the following way: if ny < n} and ny < nj,
then S™172 C §71ma (and this inclusion is even continuous with respect to the associated Fréchet
structure). Given ni,ny € R, a real-valued symbol a € S™"2 is said to be elliptic in S™ "2 if
a(z, &) > c((z)™ + (£)™2) provided |(x, )| is large enough. In addition, the binary relation

Vf,ge S"n? f=g (mod S§™~tm2=ly «— f_gecgmulna-l (3.2.2)

is an equivalence relation, and the projection on the quotient space S™tm2/Smi—1nz2=1 ig called
the principal symbol. Two symbols are said to have the same principal symbol if they belong to
the same equivalence class through this projection. In the example of our classical Hamiltonian p,
these notions of ellipticity and principal symbol are consistent with the terminology used right after
Assumption 3.1.1 regarding the potential V.

The proposition below is essentially an application of Gronwall’s Lemma.

Proposition 3.2.2 (Stability estimate). Fiz ni,no > 0 and let p1,ps € S™"2 be elliptic symbols
in S Assume they have the same principal symbol in the sense of (3.2.2). Consider the

7. Recall that Borel-measurability is slightly stronger than Lebesgue-measurability. This restriction ensures that
t — q(t; ¢'(p)) is Lebesgue-measurable. This is not a problem in our context since we will consider functions ¢ that
are continuous, or at worse, indicator functions of Borel sets.
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Hamiltonian flows (¢})icr and (¢5)ier associated with py and pe respectively. Then there exists a
constant C' > 0 such that

max(0,1— —2—)

|05 (p) — ¢ (p)] < eCHipr (oD L YpeR¥ vt >0,
where ny = max(ny,ng). In particular, when ny,ny < 2, there exists C > 0 such that
65(p) — 81 (p)| < e, VpeR¥™Vi>0.

Remark 3.2.3. This result ensures that the distance between ¢t (p) and ¢(p) is bounded provided
ny < 2, on a time interval [0, 7] independent of p. In our problem, this condition on n; means
exactly that the potential is subquadratic.

Proof. In this proof, we write ny = max(ni,n2) and n_ = min(ny,ns). Set p = ps — p1, which
belongs to S™~1m2~1 by assumption. The Hamilton equation ( .1.5) gives

& (65(0) ~ 64(0))| = |7 (V2 (64(0)) — V1 (5(0)))]
< Vo2 (65(p) — Vb2 (¢1(0))| + [VB (¢1(p))] - (3.2.3)

By assumption, p; and ps are elliptic at infinity in S™"2 so that for any p = («,&) large enough,

one has:
1

o @™ +O™) <lp()l < C ()" +(™),  je{l2}. (3.2.4)

From the definition of S™~1"2~! which contains p, we have
VB(p)| < € ()™ 246" 7%) .
The ellipticity of pe, that is, the left-hand side of (3.2.4), then yields
V5o < C (Ipa ()™ |y (o)™ O ) < ()"

provided |p| is large enough. We obtain on the whole phase space:

max(0,1—

IVi(p)| < C + Clpi(p)] = VpeR™M. (3.2.5)

Now we deal with the other term in (3.2.3): the mean-value inequality yields

Vs (65(p)) — V2 (61(p))| < |65(p) (p)] x Sl[tpl]’HeSsz (1= 5)d1(p) + s05(p))| . (3.2.6)

Write for short pg = (1—s)¢%(p) + sph(p). Using that py € S™"2, we obtain
[Hess pa (p1)| < € (((1 =)zt +sa5)"™ ™" + (1= )¢t +565)" ") |

where we wrote ¢%(p) = (2%, &%), j € {1,2}. Then we use the classical inequality (a+b) < 2((a)+ (b))
to get

[Hesspa ()] < C () + ()™ ™ 72 4 ((gh) + (eg)) ™™™ 7")
< c’ (<(E§>max(0,n1—2) <§1>max (0,no— 2)) el (<x§>max(0,n1—2) n <€§>max(0,n2—2)) .

Next we use the ellipticity of p; and po and the fact that they are conserved by the corresponding
flows:

Hesspa (o) < € (Jon (616) ™77+ oo (04" ))

max(0,1— max(0,1——=-
= & (I ()™ 7 4 fpa(p) O
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which holds for |p| large enough. Up to adding a constant, this works for all p € R?. Finally we use
the fact that p; and ps are comparable (a consequence of ellipticity) to obtain

[Hessps (pL)| < O+ Clpa ()" 775 wpe R

Plugging this into (3.2.6), that results in

(V2 (64(6)) = Vp2 (64(0))] < Cleb(p) — 6L (o) x (14 Ipa ()™)Y

for all p € R??. Putting this together with (3.2.5), we estimate the right-hand side of (3.2.3) from
above as:

% (d’é(p) - Qbi(P))‘ <C (1 + |¢é(p) - Qbi(P)D X (1 4 |p1(p)|max(0,1_%)> '

We deduce that

Dgt () — ot (o] = | (1(0) — 6t () - L2l0) = 1)
565000~ 6100)| = | (03000 — ot - A=A

< O<¢§(P) - ¢5(P)> (1 + |p1(p)|max(o71_%)> |

for any p € R??. We conclude by Gronwall’s Lemma that

max(0,1— =2-)

(dh(p) — Bl (p)) < eCHlrrlen T VpeR¥M >0,

which gives the sought result. O

The result below roughly states that our dynamical condition is invariant under sub-principal
perturbation of the potential V', under the assumption that V is sub-quadratic.

Corollary 3.2.4. Fix 0 < ni,ne < 2 and let p1,pa € S™™ be elliptic symbols in S™"2 and

assume they have the same principal symbol in the sense of (3.2.2). Consider the Hamiltonian flows

(¢h)ier and (¢5)ier associated with py and ps respectively. For any T > 0, there exists a constant

C = Crt > 0 such that the following holds: for any function ¢ = q(t; p), Lipschitz in p and such that
suppq C [-T,T] x R*®,

one has

‘/Rq (t; ¢5(p)) dt — [Rq (t; ¢1(n)) dt’ <OIVodll poomupray, Yo ER*.

In particular, it holds
[R2(g) = K2(0)] < OV pal o oo -

Proof. This is a direct application of the mean-value inequality and Proposition 3.2.2, observing
that ny = max(ny,na) < 2:

‘/ q (t; d5(p)) dt—/ q (t;91(p)) dt‘
R R
T
< [ 190 o [85(6) = 640t < 27T IV e -

Taking lower limits in p yields the second claim. O
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3.2.2. Quantitative estimates of classical (non-)observability
In this subsection, we show that 1 7)., (0)xre is not classically observable in the sense of

Definition 3.2.1 when the Hamiltonian is of the form p(z,£) = V() + 3|¢|?. Actually for this class
of Hamiltonians, we can prove a more precise result.

Proposition 3.2.5. Let p be a symbol of the form p(z,&) = V(x) + 3[¢|?, with V fulfilling Assump-
tion 3.1.1 with an arbitrary m > 0.
o Ifm >1/2, there exists a constant C > 0 and Ey > 0 such that for all E > Ey, one has

Vr > 0,Yp € {p=E}, Ht € [O,E%(%*l)} L 64(p) € B,(0) x Rd}‘ < c% .

e If m < 1/2, then for any € > 0 small enough, there exists a constant C > 0 and Ey > 0 such
that for all E > Ey, one has

Vr>0,Ype {p=E}, Ht c [O,E%%—U—E} - 64(p) € B,(0) x Rd}‘ < C%.

Corollary 3.2.6 (Classical non-observability). Under the assumptions of the proposition above, one
has the following:

o If m < 1, then for any T > 0, there exists a constant C > 0 and Ey > 0 such that for all
E > Ey, one has

Nk

o If m > 1, there exists a constant C' > 0 and Ey > 0 such that for all E > Ey and for all
T >0, one has

Vr >0,Vp e {p=FE}, [{t €[0,T]: ¢'(p) € B.(0) x R*}| < C

Vr>0,¥p e {p=EFE}, |{t €10,T]: ¢'(p) € B,(0) de}| SC%—FIT).

2m

Remark 3.2.7. The corollary implies in particular that when r and T are fixed, the function
Lo, 7yx B, (0)xRe i not classically observable in the sense of Definition 3.2.1.

Let us explain the meaning of the typical scales appearing in Proposition 3.2.5 and the subsequent
corollary. When V satisfies Assumption 3.1.1 with an arbitrary m > 0, one can single out a typical
time scale in the energy layer {p(p) = E} of order 7 ~ E 3(% =1 which corresponds roughly speaking
to the “period” of the trajectories of the flow, or rather, to the time needed to go from one turning
point of a projected trajectory to another. We observe that for the harmonic oscillator, one has
m = 1, hence 7 = 1 is indeed independent of the energy layer. Following this observation, we
understand the criticality of quadratic potentials in our problem: if m > 1, the typical time scale of
evolution of the flow tends to zero as the energy goes to infinity, which means that the flow mixes the
phase space more and more in the high-energy limit in a time interval of the form [0, 7] with T' > 0
fixed. On the contrary, for m < 1, the flow gets nicer on such a time interval because 7 — +o0 as
E — +o00. We also have a typical scale with respect to the space variable, which is r ~ E==. This
is the approximate diameter of the classically allowed region Kp = {LL‘ ceRY:V(z)<E } This
scale also appears naturally when one looks for a trajectory ¢t — ¢'(p) = (x'(p),&'(p)) such that
|zt (p)| = constant (think for instance of the case of radial potentials). Differentiating |z(p)|? with
respect to time, one gets z'(p) - £'(p) = 0 for all ¢, and differentiating again leads to |£¢(p)|? — z(p) -
VV(zt(p)) = 0. Yet [VV(zt(p))] < |2t(p)[*™~1, and p is preserved by the flow. From this we can
deduce that |2%(p)| ~ p(p)z=. So if r is larger than p(p)z=, such trajectories will always stay in
B,(0) x RY. Finally, if po = (z0,&) € {p(p) = E} is such that |z| < r, with r < ep(p) 2z, & being
sufficiently small, the momentum of the trajectory verifies |{9| 2 /p(p). Therefore, we can expect
that the measure of times ¢ € [0, 7] such that |2*(p)| < 7 will be of order r/+/p(p).

The proof of Proposition 3.2.5 relies on the lemma below.

Lemma 3.2.8. Let a,b,c > 0. Let I C R be a measurable set such that
Y(ti,to) € Ix I,  alty —t1|> —blta —t1| +¢ > 0.

Then it holds g 5
gﬂ Vr> (3.2.7)

In|o < .
1007 < >
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Remark 3.2.9. Observe that the left-hand side of (3.2.7) is always bounded by 7. Thus, the lemma
is mainly relevant in the case where ac < b?, in which case the discriminant of the polynomial
aX? — bX + c is positive.

Proof of Lemma 3.2.8. First assume that the discriminant of the polynomial a X2 —bX +c is positive.
Denote by z_ < z; the (real) roots of the polynomial. Then we have

b z zZ_ b
—:L§z+§z++z_:f and Z_ = =— < —.
2a 2 a Z4 24 b

Since a > 0, we deduce that any ¢ such that at? — bt 4 ¢ > 0 verifies

2c b
t<z < " or t> 2z > %" (3.2.8)
We deduce that
b 9 2c
100, < {t €[0,24] s at® bt +c>0}| <|[0,2_]| < 7 (3.2.9)
Now if 7 > b/2a, we split the interval [0, 7] as follows:
— " 3 h — T >
OT—UiT*T, with n = b/2a >1
k=1
On each piece, we have
k k 1 k—1 b
(I [ arl = [ = 52 n (0, 5r)f < (1= 5527 0|0, 51|

where the last inequality is due to the definition of n. We can apply (3.2.9) with I — %7’ instead
of I, since the former set satisfies the assumptions of the lemma. Then, summing over k yields

2c T 2c _ 8ac
< < — < —
|Iﬁ[0,7]|_n <b/2a+1) S,

which is the desired estimate. Finally if the discriminant is nonpositive, i.e. b?> < 4ac, then

dac

[IN[0,7]] <7< Rk

which concludes the proof. O

Proof of Proposition 3.2.5. Let us write for short E = p(p), and introduce the components of the
flow (zt,&%) = ¢'(p). Assume E > 0. The core of the argument is to compare x! to the straight
trajectory t — z° + t£°, which is of course easier to handle. In order to have two distinct points of
the initial trajectory to be in the ball B,.(0), its distance to the straight trajectory has to be very
small or very large, which is possible in a time interval which is either small or large respectively.
Introduce

I=1I,,={teR:2"€B.(0)}.

This set is measurable. Moreover, for any t; < t9, using the Hamilton equation and the Taylor
Formula at order 1 with integral remainder, one has

1
rt2 = gt + (t2 _ tl)é'tl _ <t2 _ t1)2/ (1 _ S)VV <$(1—s)t1+st2) ds .
0

Assume now that t1,t2 € I. Then the inverse triangle inequality leads to

2r > |ty — t1]|€| — (ta — t1)? sup |VV (a")]. (3.2.10)

tefty,ta]
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At this stage we have to estimate differently the term involving VV, depending on whether m is
greater or less than 1/2 (or roughly speaking on whether the potential is approximately convex of
concave).

Case m > 1/2. Using that V satisfies Assumption 3.1.1, we have

€] = V2(E = V(ah)) = vmax(0, E - O(r)?m),

for some constant C' > 1. Moreover, one can roughly estimate the remainder using the triangle
inequality:
sup |[VV(z")| < C sup <xt>2m_1.
tE[tl,tQ] te[tl,tz]

Now we take advantage of the fact that V is elliptic: up to enlarging the constant C, one has

1 1
—Ct @)™ <V@@) V@) + 5k (6 e R
Therefore if E is large enough (say larger than C), we obtain ()21 < CE~ 2w, with a possibly
larger constant C' (we use m > 1/2 here). Inequality (3.2.10) then becomes

2 > |ty — t1]/max(0, E — C(r)>™) — CE'" 2w |ty — .

Set

a=CE" 7% | b=+y/max(0,E—C{r)2™), c¢=2r and 7=E3Gi"1, (3.2.11)

We have 7 > % since we can assume that C' > 1:

1,01

b Vmax(OE-CU)™) a1y
2a 2C - 2C -

With these notation, we have that any t1,ts € I satisfy
a|t2 —t1|2 — b‘tz — t1| +c>0.

Therefore, assuming first that C(r)?™ < E/2, we have b > /E/2 > 0, so that Lemma 3.2.8 applies.
We obtain

1,01 T
Bzt =320 — .
E/2 VE

If on the contrary we have (r) > (E/2C) 7w, as soon as E > 22"+1C we have r > 1(E/20)
we check that

l-55
‘IQ{O’E% %—1)”§%T§80E X 2r

1
zm and

‘m [O,E%%—UH <gtE&-y__r BT T
< =X <

This is valid for any > 0, but in fact » = 0 works as well since By(0) = @. In addition, this is
independent of the point p € {p = E}, whence the result.

x 21 7m Oz

S

Case m < 1/2. In the situation where the potential is “sublinear”, the inequality (zt)?m~1 <
E'~2w is false in general since the power 2m — 1 is nonpositive (such an inequality would require
V(z') to be controlled from below by E, which is possible near turning points of the trajectory but

not in the well). Thus, a priori we can only have |VV (z')| < C, which leads to

2 > |ty — t1||€11] = Clta — t1]? > |t — t1]|v/max(0, E — C({r)2m) — Clty — t;|?
> |ty — t1]y/max(0, E — C(r)) — Clty — t1]?. (3.2.12)

This coincides with the previous case for the critical value m = 1/2: for any t1,t5 € I, it holds

alty —t1)*> —blty — t1| +¢ >0,
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where a, b, c are defined in (3.2.11) (with m = 1/2). Then, the first step of the proof tells us that
there exists C' > 0 such that for all E large enough, it holds

Ht c [07 \/E} - 64(p) € B,(0) x Rd}‘ <o, wr>0vpelp=E}. (3.2.13)
VE

We shall use this additional information to improve (3.2.12), and then bootstrap this procedure to

reach the critical time Ez(G—1. We will work this out by induction, taking (3.2.13) as our basis

step. Consider n > 0 and suppose there exist ~,, € [%, %(% —1)) and C,, > 1 such that when F is

large enough, one has

!ﬁemEWuﬂme&wwdﬂHgaé%,

We first deduce from the Taylor formula a bound slightly more precise than (3.2.10):

Vr>0,¥p e {p=EFE}. (3.2.14)

to
20 > lta — ] — s — o] [ 9V ()]
t1

12
> |ty — t1|/max(0, E — C(r)2m) — |ty — t1|/ IVV (2] dt. (3.2.15)
ty

Take § € [0, 1] to be chosen later. We have

+oo ta
/ |VV |dt <C <£L’ >2m71 dt = C/ (/ ]].ug<a:t,>2m—1 dt> du
0 tl

+oo
< c/ |{t € [t ta]  u < 2P 1Y du

<c|

The first inequality follows from our assumptions on V', the equality is a consequence of Fubini’s
Theorem, then we use that 2m — 1 < 0 to deduce {(x°*)?™~1 < |2°]?~! and finally we split
the integral over w into two pieces. To estimate the second piece, we split the interval [tq,ts]

|t2—t1|du+0/

te [t1, 2] : |2t] < u—ilfzm}‘ du .
(3.2.16)

1
5(1_2771)

into N = [|t2 tl‘} intervals of length less than E7». On the k-th piece, we use the induction

hypothesis (3.2.14), with pj = Pt lta— tl(p) instead of p, namely setting f), = t1 + 5t |ty — 1],
it holds

Ht € [ty trgr]) o 2] < u T }’ < Hs €[0,E™]: |1:5+£"| <u T }’ < Ty T

Summing over k € {1,2,..., N} yields

| C ‘tQ _t1|
Ht € [t1,ta] : 7' < u 1*2’”}’ < T%U = ’VE%-‘ )

provided E is large enough. Integrating over u, we obtain a bound for the second term in (3.2.16):

+o00 +oo
. At —%m Cn |t2_t1| —ﬁ
/]56(177)‘{25 € [t1,to] s 2| Su T2 }‘ du < £z ( Tn +1 g u” T=2m du

[ta — t1] ) -1 51— 5L )(1— L)
— + 1 X — E 2m 1—2m
B2 ( B 1= 1=,

_<m—1>><E1/2< T +1)E°.

12
/|VV |dt<—\t27t1|<E5( 2m>+E“*%*%)+CE5*%,

t1

In the end we obtain
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for some constant C' > 0. By choosing § = m(2v,, + 1) (we have indeed § € [2m,1) C [0,1) when

Tn € [3, (L —1))), we obtain

/ ’VV ‘dt<0\t2_t |E(2m Dyntm—% 4 o pd—3

t1

Going back to (3.2.15), if t1,t5 € I, i.e. 211 and x!2 lie in B,.(0), we deduce

2r > |tz — ta] (Vmax(0, B = C{r}2m) — CES-4) = CEd |ty — 112,

where we set v,41 = (1 — 2m)7y, + 1 — m. Now set

a=CE> b= /max(0, E — C(r)2m) — CE’~3 and c=2r.

Assuming first that C(r)>™ < E/2 and recalling that § < 1, we know that for E large enough, we
have b > \/E/3. Any t;,ty € I satisfy

alty —t1)? = blta —t1| +¢ >0,
so we apply Lemma 3.2.8 with 7 = E7+1 > 2> to get

8 16C EY/? 48C
Lo, B+ < S5 B < r=""r

=T E/3 JE

When C(r)?™ > E/2, assuming that E is large enough we have r >
as in the previous step that

(E/2C) == and we conclude

> 1
2

/r- E'Y?L+1+2 r
r >~ ,7

Since by the induction hypothesis we have 7, € [§, 3(= —1)), then 7,41 belongs to the same interval

because by definition, v,41 > 1 —m > %, and we have

{t € [0,E™+]:a" € B,(0)}] < " ol g o g~ (1)

Y — In+1 Y= Tn 1 1
Y=kl g here v = ~ (2 —1) . 3.2.17
172 (1=2m) =7 WHERe T =9 <m ) (3:2.17)

Therefore we see that v,4+1 — v < 0, so as soon as F is large enough, it holds

[{t € [0, 7] mteBr(O)}|§Cn+1%

for any r > 0, and for some constant C},+1. Thus we have constructed by induction a non-decreasing
sequence (Yn)nen for which (3.2.14) holds. We deduce from (3.2.17) that it converges to v =

$( — 1), which yields the final result. O

Proof of Corollary 3.2.6. Firstly we treat the case where m < 1. For e small enough, Ea(m—D-e
tends to +o00 as £ — 400, so we can write using Proposition 3.2.5:

[{t € [0,T]: ¢'(p) € B,(0) x R*}| < Ht e [O,E%(%*l)*g} - ¢t(p) € B,(0) x Rd}’ < c# :

provided F is large enough, for all p € {p = E} and all »r > 0. Now in the case where m > 1, we

know that £2(—1 remains bounded as E — 4o00. By Proposition 3.2.5 again, there is a Fy > 0
such that for any F > Ej, it holds

{re 0.5+ 5] s (o) € B.(0) x RTY | < 0. G219

S
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whenever r > 0 and p € {p(p) = E}. Let n = [ﬁ-\ Writing ¢ = %T and py = @' (p) for any
2'm
ke€{0,1,...,n}, we have

[{t€[0,7]:¢'(p) € Br(0) x R} <> |{t € [tr—1,ti] : ¢'(p) € Br(0) x R*}|
k=1
=Y [{te0,277: ¢ (p) € B(0) x R*}|
k=1
< Z’{t c [O,E%%—U} L ¢4 (pr_1) € Br(0) x Rd}‘ .
k=1

The last inequality comes from the definition of n. Estimate (3.2.18) applies to each piece of this
sum. We conclude that

r 1+T T r(1+1T)
te0,7]:¢'(p) € B,(0) x R} <nC—= < ——+—xC—x =C———7—
(we can ensure that n < = fﬁffl) in the second equality up to enlarging Ej so that it is larger than
2'm
1, independently of T"). This completes the proof. O

3.2.3. Continuity of the composition by the flow in symbol classes

From now on we go back to a subquadratic potential, that is to say we suppose our classical
Hamiltonian is of the form p(z,£) = V(z) + £[¢|?, with V satisfying Assumption 3.1.1 with m €
(0,1]. In the course of our study, we will need to check that the composition of a symbol with the
Hamiltonian flow is still well-behaved in a suitable symbol class, in the sense that its derivatives
remain controlled properly. The following lemma is common in the context of the quantum-classical
correspondence: see for instance Bouzouina and Robert [BR02, Lemma 2.2]. We reproduce a proof
to obtain an estimate adapted to our context and to keep track of the dependence of constants on
the parameters of the problem. We recall that a function a € C*(R?2?) is said to be a symbol in
the class S(1) if all its derivatives are bounded. The quantities

¢
|a|5(1) = max = sup [0%a(p)] , feN,
aEN pER?2d
0<]al<t

endow the vector space S(1) with a Fréchet structure (see Appendix 3.B for further details).

Lemma 3.2.10. Let a be a symbol in S(1). Then the function ao ¢t still belongs to S(1), and stays
in a bounded subset of S(1) locally uniformly with respect to t. More precisely, for any fized T > 0,
for any nonzero multi-index oo € N, we have the derivative estimate

leY t B
[0°(@0 ¢))]l < CalTop) | mmax [0l

uniformly in t € [=T,T]. The constants Co(T,p) depend only on T and on the sup-norm of
derivatives of order {2,3,...,|a| + 1} of p.

Proof. In all the proof, t ranges in a compact set, say [—7T,T] for some fixed T > 0.

Step 1 — Control of differentials of the Hamiltonian flow. Differentiating the Hamilton equa-
tion (3.1.5) defining the flow ¢, we get

% d¢'(p) = JHessp (¢"(p)) do*(p) -

By assumption on the potential V' (see (3.1.4)), we observe that the Hessian of p is bounded. Since
d#®(p) = 1d for any p € R??, we classically deduce using Gronwall’s Lemma that

|dot (p)|| < eT17HessPloe < TlHessple )y € R Wt € [T, 7).

For higher order differentials, we proceed by induction. Suppose that for some k£ > 1, all the
differentials of order < k of ¢! are bounded uniformly in ¢ on R??, with a bound involving derivatives
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of order k + 1 of p. Differentiating the Hamilton equation k + 1 times, the Faa di Bruno formula
shows that 4 d*+1¢!(p) is a sum of terms of the form:

dt
Jd“(Vp) (¢'(p)) - (d* " (p),d™ ¢ (p), ..., d" 8" (p))

where 1 < ¢ <k+1and ky+ko+---+k¢ = k+1. Such terms are bounded uniformly in ¢t € [-T, T
by the induction hypothesis as soon as £ > 2 (note that all the differentials of order > 2 of p are
bounded). So in fact the ODE on d*+1¢!(p) can be written

d

@' (p) = THessp (¢'(p)) 16" (p) + R(t. ),

where R(t, p) satisfies
‘R(t7p)|oo < C(Tap) ’ VP € deth € [_Tv T] )

where the constant C(T,p) depends only on the sup-norm of derivatives of order {2,3,...,k + 2}
of p. We conclude by Grénwall’s Lemma again, together with Duhamel’s Formula that d¥*1¢t(p) is
bounded similarly: given that k + 1 > 2, we have d**1¢°(p) = 0 for every p € R2??, so that

t
@6 o)| < [ Crppetiesr=t9 s < 7€ (7 p).
0

This finishes the induction.

Step 2 — Estimates of derivatives of aogt. We estimate the derivatives in 2 or &. Let o € N29\ {0},

and denote by (24,25, ..., 24, &, & ..., &,) the components of the flow. The chain rule together with

the Faa di Bruno formula yield that 9% (a o ¢') can be expressed as a sum of terms of the form
(0207a)o ¢! x [ 0% ay, x [] 072¢,,
h€a J2€8

where &, 3 € N4 are~such that 1 < |&|+|B| < |a| and a;j,, B4, € N2?\ {0} satisfy i &y +25, Bin =
a. (By j1 € &, jo € 8, we mean that j1,72 € {1,2,...,d} are indices for which & and § are nonzero.)
The claim follows immediately from the bounds on the derivatives of xz and f; proved in Step 1. [

3.3. Proof of the main theorem

We start with a lemma that will enable us to replace 1, ,\p, (0) in the observability inequality
with a well-behaved symbol.

Lemma 3.3.1 (Mollifying the observation set). Let w C R® and denote by wg the open set

WR = UBR(SC), R>0.

TEW

There exists a symbol a = ar € S(1) depending only on the x variable such that
Lup, () <ar(z) < Lyg(z), Vo e R,

In addition, it satisfies the seminorm estimates:

Cy

VOEN,IC, >0:¥R>1, laglgy <Ce  and  |[Vaglg, < %

The constants involved do not depend on w.

Proof. Fix k € C°(RY) a mollifier with the following properties:

k(z) >0, ,Vz € RY, supp k C B1(0) and / k(z)dr =1.
Rd
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For any r > 0, set x, = r~%x(e/r), so that ||k,| 11 ga) = 1. Set for any R > 0:

GR(JU)=<HiR*]1w%R) (z), vz € R,

We check that ar defined in this way satisfies the required properties. We first observe that, by
definition, ag is non-negative, and that ag < 1 by Young’s inequality. Now by standard properties
of convolution, the support of ap is contained in ws  + B%R(O) C wp (recall that the support of &
is a compact subset of B;(0)), which proves that ar < 1,,. On the other hand, if x € wg/3, then
r1g(x — e) is supported in w3 g, so that ar(x) = 1, which proves that ar > 1, ,. Differentiating
under the integral sign, we see that [|0%ag|| . is of order 1/RI®! for any multi-index o € N, which
yields the desired seminorm estimates (R > 1 is important here). The constants depend only on
the supremum norms of derivatives of k, and not on w. O

Remark 3.3.2. The symbol ar can be considered as a semiclassical symbol, with Planck parameter
1/R2, since by construction each derivative yields a gain of 1/R. However in view of Lemma 3.2.10,
this property is not preserved by composition by the Hamiltonian flow, since all the derivatives of
a%®" of order > 1 behave as 1/R. This comes from the fact that, when differentiating ag o ¢* twice
or more, the second, third, and higher order derivatives can hit ¢’ instead of ag.

We prove a version of Egorov’s theorem taking into account the above remark. Our approach is
very classical; see [BR02] or [Zwol12, Chapter 11] for refinements. We refer again to Appendix 3.B
for an account on the Weyl quantization Op.

Proposition 3.3.3 (Egorov). Let a € S(1). Then the symbol a o ¢t lies in S(1) with seminorm
estimates

VT > 0,70 € N,3C,(T,p) >0:  l|ao ¢t|g(1) < Cu(T,p)lalyy,, Vte[-T.T],

and, it holds ' _
e Op(a)e " = Op(ac ¢') +Ra(t), (3.3.1)

where the remainder term R, (t) is a bounded operator satisfying
VT >0, EC(T,p) >0: H%a(t)”L2—>L2 < C(T,p)|Va|l§”E1) , Vte [*Tv T] )
for some integer ky depending only on the dimension.

Proof. The claim that a o ' € S(1) and the subsequent seminorm estimates are provided by
Lemma 3.2.10. To prove (3.3.1), we follow the classical method that consists in differentiating
the time dependent operator
Q(S) _ e—isPOp(a o ¢s)eisP ,

and estimating this derivative. For the sake of simplicity, let us introduce as = a o ¢°. All the
operators in this composition map & (R?) to itself continuously, so that Q(s)u can be differentiated
using the chain rule, for any u € ¥ (R%). From now on, we will omit to write u. Recalling that, by
definition of ¢*, we have %as = {p,as}, it holds

£ 0p(a,) = Op({p.a:))

(rigorously, one may apply the Dominated Convergence Theorem to the pairing (v, Op(as)u>y,’ 7 (R4)
for two Schwartz functions v and v). Therefore we get

%Q(S) = —ie P ([P,0p(as)] + iOp({p, as})) e**F = —ie~*FOp(R3(s))e"*F . (3.3.2)

The symbol % 3(s) above is nothing but the remainder of order 3 in the pseudo-differential calculus
between p and as. Proposition 3.B.5 provides a bound on this remainder in terms of seminorms of
as. Recall that, in the subcritical case m < 1, 9%p € S(1) whenever |a| > 2. Therefore according
to Proposition 3.B.5, for any seminorm index ¢ € N, there exist a constant Cy > 0 as well as an
integer k > 0 such that

|gg3(3)\g(1) < Cf|d3a8|§(1) |d3p|2(1) :
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Then we use Lemma 3.2.10 to obtain
¢ k
‘@3(5”5(1) < Cy(T,p) |Va|s(1) )

for any s € [T, T]. Therefore, the Calderén-Vaillancourt Theorem (Theorem 3.B.2) tells us that
the norm of Op(%3(s)) is bounded, uniformly in s € [T, T], by a seminorm of Va, and a constant
depending only on T and p. Plugging this into (3.3.2), given that the propagator e’ is an isometry,
we obtain the same bound on % (s). Integrating this in s, we obtain from the mean-value inequality

k
S C(Tv p)‘vals(zl) 9
L2— L2

<)

Ve [-T.T), QW) ~ QO <27 sup |2

se[-T,T)

where the integer k4 depends only on the dimension. Conjugating by the propagator, which is an
isometry on L?, yields the desired result. O

We are now in a position to prove our main result.

Proof of Theorem 3.1.3. We fix w C R, a compact set K C R%, and we introduce &(R) = (w \
KR)g, for R > 0. One can verify that ®(R) C wr \ K. By Lemma 3.3.1, there exists a symbol
ar € S(1) depending on the parameter R > 0 such that

]l(w\KR)XRd <ar < ]lLZJ(R)XRd s VR > 0, (333)

and |VaR|g(1) < cqy/R for any £ € N, with a constant ¢4, depending only on the dimension and ¢,
uniformly in R > 1. Notice that the symbol depends on w and K but not its seminorms. On the
quantum side, one can regard the functions in (3.3.3) as multiplication operators, and understand
the inequalities in the sense of self-adjoint operators. Conjugating by the Schrédinger propagator
does not change the inequalities, so that:

eitPllw\KRe—itP < P Op(ag)e P < eitP]lG}(R)e—itP7 VieR.

Then we use Egorov’s theorem (Proposition 3.3.3) and we integrate with respect to t to get

/ e”PIl(w\KR)XRde_”P dt < / Op(aR o ¢t) dt +Rg < / e”PIla,(R)e_”P dt, (3.34)
0 0 0

where the remainder term % g is a bounded operator with

k c’
1R Rl p2oyr2 < C|VGR|5?1) < e VR>1. (3.3.5)
The constant C’ above depends only on p and T (and of course on the dimension d), but not on
w or K. One can check that the quantization and the integral over ¢ in the middle term of (3.3.4)
commute. 8
On the classical side, using the same notation as in (3.2.1), we introduce the quantity

T

£ (aR]l(07T)) = 1iminf/ apR (q%(p)) dt
p—o0  Jo

and similarly for p instead of po, replacing the flow ¢} by ¢'. We claim that for any 7" > 0, there
exists a constant C” > 0 depending only on the dimension, on 7" and on the Hamiltonians py and
p, such that for any compact K, and for any R > 0:

1"

ﬁ;ﬁ(w,T) < ﬁ;o (aR]l(07T)) —+

] Béw : (3.3.6)
ﬁ;o (CLR]I(QT)) S ﬁ;ﬁ (wR \ K,T) + E

8. One can see this by pairing the operator under consideration with two Schwartz functions and use the Dominated
Convergence Theorem.
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The constant C” does not depend on w or K from which we built ag neither. The proof of the first
inequality in (3.3.6) reads as follows: Corollary 3.2.6 shows that the quantity in the left-hand side
does not change if we remove a compact set:

Koo (w,T) = R (w\ Kr,T) , VR >0. (3.3.7)
Now we use that 1\ g,)xre < ar to get
ﬁ;ﬁ (w\ Kg,T) < ﬁ;ﬁ (GR]I(QT)) . (3.3.8)

Then we switch from pg to p, having the same principal symbol, using Corollary 3.2.4: the function
arlg,r) is compactly supported in time and Cd—lgf—LipSChitz in the variable p, so that

o o C/I
Ry (arlom) < & (arlor) + 5, VR>0.
Putting this together with (3.3.7) and (3.3.8) yields the first inequality in (3.3.6). The second
inequality in (3.3.6) is proved using similar arguments: Corollary 3.2.4 leads to

o o C//
% (arlomn) < 85 (arlon) + 5 VR>0.
Then we use from the construction of ag in (3.3.3) that ag is supported in wgr x R%, and we apply
Corollary 3.2.6 to remove a compact set K. This leads to the sought inequality.

Sufficient condition. We wish to bound the left-hand side of (3.3.4) from below. The high-energy
classical observability constant 8,7 := &7 (w, Tp) is assumed to be positive. From the first inequality
in (3.3.6), with Tp in place of T', we can write

T() 1 C//
JA>0:V|p| > A, /0 (ag o ¢")(p)dt > 5!%;;’—?:013. (3.3.9)
Take a cut-off function x € C°(R2?) such that y = 1 on the unit ball, and set xr = x(8/(A+ R)).
Then i has compact support, equals one on the ball B4(0), and it satisfies ||0*xg|loo = O(1/R!*!),
with constants independent of w again.” We split the symbol in the left-hand side of (3.3.9) using
this cut-off function: we write

To
/ aRo¢tdt:b0+boo
0

where we set

T[) TO
bOZXRX</ aRqutdt—cR) and boo:(l_XR)/ aROd)tdt-i-CRXR.

0 0

Using the Leibniz Formula and Lemma 3.2.10, we can prove that by € S(1). Moreover, by is
compactly supported in R??, so that Op(bg) is a compact operator by [Zwol2, Theorem 4.28]. As
for by, the Leibniz Formula and Lemma 3.2.10 lead to the following estimates on derivatives: for
all @ € N2¢, one has

To Ca 11
0%l < o max 10 (= x| 10 a0 ] deten sy < Comon (511 + 3 -
The last inequality comes from distinguishing the cases @ = 0 and «s # 0. In the first case, we have

9°1(1—xg) = O(R~1%l) and |ago¢?| < 1. Otherwise, Lemma 3.2.10 tells us that 92 (ago¢') behaves
like [Vag[§)) = O(1/R), R > 1. In particular, by, € S(1) and it holds [Hessboo|% ;) = O(1/R)
for any ¢ € N, with a constant independent of w and K. In addition, we have by, > cg in view
of (3.3.9). Therefore, the Garding inequality (Proposition 3.B.6) yields

Op(bs) > <cR - %) Id

9. The parameter A depends on R, but this will not be a problem in the sequel. The phase space region localized
at distance < A from the origin will be handled by Proposition 3.A.1.
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The constant C is independent of w and K in view of the seminorm estimates of Hess b, discussed
above. Going back to (3.3.4), we have proved

T
/ eitP]l@(R)e_itP dt > crId+Op(by) + % , VR>1.
0

As we have seen in the course of the proof, Op(b) is a compact self-adjoint operator and ||R || 2_, ;> <
Cy/R, with a constant Co depending only on the dimension, on Ty and on the Hamiltonians po, p.
In view of the definition of cg in (3.3.9), taking R = 4(C" + Cy + Tp)/&;7, we obtain the desired
observability inequality, up to a compact operator:

To ) 1
/O e"Plyme " dt — Op(by) > Zﬁgj Id .

Notice that indeed R > 1, since 8,7 < Tj. Proposition 3.A.1 then applies (see Remark 3.A.2). It
yields the sought observability inequality on @(R) C wg \ K, in any time T > Tj.

Necessary condition. Consider the symbol ag from (3.3.3) with K = @. We fix R > 1 (not
necessarily large), i compact, and we estimate the observation cost Cops in (3.1.8) using the quantity
S0 (wr \ K,T). We will track carefully the dependence of remainders on the parameter R. Write
for short

T
(ar)z(p) = / (arod')(p)di, peR™.

and pick a point pg € R?? such that
1

(ar)7(po) < pé%f2d<aR>T(p) + R

Notice that in virtue of the second inequality of (3.3.6), we have

- 1 - - C"+1
<aR>T(p0) < “ﬁp (aR]l(O,T)> + R < ﬁpo (wR \ K’T> + R

Differentiating under the integral sign and using Lemma 3.2.10, we check that (ag)r is Lipschitz as
a function of p:

(3.3.10)

c
VpeR*,  |Viar)r(p) < T S[%PT]W(GR 0 ¢")(p)] < C(T,p)|Varl . < 7 (3.3.11)
te|0,

Consider a Gaussian wave packet centered at pg, namely, writing po = (2,&p), we define

_ 2 )
w(z) = 7Y exp (_ |z 2:Eo| > gikow L cRY.

It is properly normalized: |w|zz = 1. A classical computation (cf. [Fol89, Proposition (1.48)])
shows that the Wigner transform of w is the Gaussian in the phase space centered at pg, defined by
p— 1 %exp(—|p — po|?), that is to say

(w, Op({azr) p)w) . = 74 /de<a2R>T(p) exp(—|p—po|*) dp = ¢ /Rm<a2R>T(po+p) exp(—|p|*) dp.

Note that it is a non-negative quantity. Taking an arbitrary A > 0 and splitting the integral over
R?2? into two pieces, we obtain

(w, Op((agr)T)w) 2 < /B o ((a2r)7(po) + Al V{azr) 7l ) ade 1P dp

2
+/ [{azr) 7|l om e dp
R24\ B4 (0)

c
<A{azr)r(po) + AE + T/ n—de=lel? dp
R24\ B4 (0)
~ i 1 A
< 8 (wp \ K,T) + CTHitde | po-aryzyi.

R
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We used (3.3.11) and (3.3.10) to obtain the last two inequalities. We take A = |2log R|'/? to obtain

1+ |log R|'/?

(w, Op({agr)T)w) 2 < Rp,(wr \ K,T) +C =

for some constant C' > 0 independent of R. Going back to the left-hand side of (3.3.4) (recall that
we chose K = & here) with T in place of Tp, as well as (3.3.5), taking the inner product with w on
both sides, we deduce that

T 1/2 /
—itP, |2 o =1+ [log R| c
el e < (on\ Ry CE IR €
By assumption, Obs(w,T) is true with a cost Cops > 0. Recalling that |w| 2 = 1, we can bound
the left-hand side from below by Cofbi. We arrive at

- 1 ~1+|logR|'/2 ¢’
K,T)> -C - =
ﬁpo (U‘)R\ ? ) = Cobs R R ’

which yields the sought result. O

3.4. Proofs of observability results from conical sets

In this section, we give proofs of the results presented in Subsections 3.1.4.1 and 3.1.4.2, which
concern observation sets that are conical in the sense of (3.1.15). Propositions 3.1.4, 3.1.5 and 3.1.6
are proved in Subsections 3.4.1, 3.4.2 and 3.4.3 respectively.

3.4.1. Proof of Proposition 3.1.4

Let us prove the converse statement: assume there exists a normalized eigenvector e of A such
that e ¢ W and —e ¢ @. Let v > 0 be such that Ae = v%e. We claim the following.

Lemma 3.4.1. There exists a constant ¢ > 0 such that for any R > 0, it holds
Vse R, (secwrp = |[s|<cR).

Proof. If s € R is such that se € wg, then there exists y € w\ {0} such that |se —y| < R. Moreover,
since e belongs to the complement of the closed set w U —w, there exists € > 0 such that

Vz € (wU—w)\ {0},

We apply this to z = sign(s)y to obtain

1 1 1 S 1 1 2R
o1 < Lo — 11 2| < Lse g+ Ll = 2 < Ljse g 4 Ljse — gy < 28
: | <2 I : :

We used the inverse triangle inequality to obtain the second to last inequality. O

Using this lemma, for any 7' > 0 and any n > 0, we can estimate the quantity
T T n 2N /v n
/ L, xre (¢°(0,n¢e)) dt = / 1o, (7 sin(yt)e) dt < / 1., (f sin(ut)e) dt,
0 0 v 0 v
where N = [vT/2n]. Using the periodicity of the sine and a change of variable, we deduce:

T N 2 n . IN /2 n .
/0 L,,xra (0°(0,me)) dt < 7/0 1., (; sm(t)e) dt = " /_77/2 1o, (; sm(t)e) dt .

Provided 7 # 0, we make the change of variables s = nsint, for which we have dt = (> —s?)~1/2 ds;

this leads to . ;
2N 1 s ds
/ Lo (6°(0,me)) dt < — / Lup (;e)
0 —

Il V2 —s?
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From Lemma 3.4.1 above, we conclude that for any 7 large enough:

cRv d s

/Tn (64(0,me)) dt < 2N
w d 5 >~ ==
o rRXR n v Ry /7772 — 2

An extra change of variables yields

T . cRv/n R
1, 0,7¢)) dt<—/ O()
/0 rxR4 (Qb ( n cRu/n 1_ 52 n

as 7 tends to infinity and R is fixed. We deduce that for any R > 0, it holds
T
. t
h,,nigéf/o L,,xra (¢°(p)) dt =0.

The necessary condition of Theorem 3.1.3 then proves that observability cannot hold from w in time
T. O

3.4.2. Proof of Proposition 3.1.5

We first reduce to the case where the matrix A is diagonal in the canonical basis of R2. Then
we investigate the isotropic and anisotropic cases separately.

Step 1 — Reduction to positive cones containing half coordinate axes.
Let S : R? — R? be a linear symplectic mapping. It holds V(po S) = S*(Vp) o S, and we
observe that

@516 (5p) = $71I(ST) S Vp (64(50) = IV (po ) (6(Sp)

This means that the conjugation of the Hamiltonian flow of p by S is the Hamiltonian flow of po S.
Thus, for any measurable set C C R? x R?:

T T
| e @@)it= [ 15 (576'S) (s ) de
0 0
and finally, since S~!p — oo if and only if p — oo, we deduce that
T T
lim inf/ Le (¢'(p)) dt = lim inf/ Ls-1c ((S7'¢'S)(p)) dt. (3.4.1)
0 0

p—r00 p—+00

Denoting by @ the orthogonal matrix that diagonalizes A as follows:

aae-(y 5). wme(f)-eamag(]) e,

we apply the above observation (3.4.1) to the map

s_(g g)

It is indeed symplectic since @ = (Q~!)* is an orthogonal matrix. When the subset of the phase
space C' is of the form w(e) given in the statement, the resulting set S~1C is @(¢) = C! U C? where

C'Elz{(xl,m)ERQ:|m2|<tan(%)x1} and ng{(xl,x2)€R2:|x1|<tan (g) xg} :

The corresponding Hamiltonian is

(0o 8)(w, ) = 5 (Qu - AQw + 1Qe?) = 5 (v2aa” + vws” + ) |

That is to say, we have reduced the problem to the study of observability from w(e) for the above
Hamiltonian: the Schréodinger equation is observable from w(e) in time T for the Hamiltonian p is
and only if it is observable from @(g) in time T for the Hamiltonian p o .S. From now on, we write
w(e) instead of w(e), p instead of p o S respectively, and (vq,v9) = (v—,v4) .
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Step 2 — Isotropic case.
The case where v, = v_ = v follows from Proposition 3.1.4. Indeed, since ¢ < 7/2, one has

w(e) N Ly = {0} where Ly = {wy = +x,} are eigenspaces of A = v?Id. Therefore, isotropic
oscillators are not observable from w(e).

Anisotropic case.

We assume that the harmonic oscillator is anisotropic, i.e. 11 < v5, and we want to show that w(e)
observes the Schrodinger equation. Anticipating the use of Theorem 3.1.3 where the observation set
has to be enlarged, we will rather prove that the dynamical condition in (3.1.7) is verified by the
smaller set w(5) = C;/Z U 052/2~ We fix an initial point p° = (29,29;¢9,£3) € R? x R?. We write
the space components of the flow as follows:

1
zh = cos(ujt)x? + - sin(v;t) ;? = A;sin(v;t + 0;), je{l,2},teR,
J

-, sinf; =
J

0/y- 20
with Aj = gj/‘] i J

2
) and cosl; =

Our first goal will be to prove that the dynamical condition (3.1.7) is satisfied in the time interval
[0, Tp], where Tp is given in (3.1.17). We can consider p” to be nonzero since we are interested in
what happens at infinity. Therefore A; > 0 or Ay > 0. Also keep in mind that p® — oo if and only
if |(A17A2)‘ — +o00.

Step 3 — Time spent in 052/2-
First we look at the possibility to be in the cone C€2 /2 This will certainly be the case provided

Ay is very small compared to Ag, that is to say the projected trajectory (z},z%) is almost contained
in the ordinate axis. We prove the following:

To Ay /A
oo (af,ab)de > — (1- =22 3.4.2
/0 €2 (w1, 72) dt > Vo tan(%) (842)
Suppose t € [0, Tp] is such that sin(vat + 62) > 6, namely x5 > A56. Assuming that As > 0, one has
Ay

We want to quantify the amount of ¢ such that this holds. In the following estimate, we use the fact
that Ty > 1277; and the classical concavity inequality sin x > %x,Va: €0, 3]

T() 271‘/1/2 1 27 2 7|'/2 T
/0 Lsin(uot+6,)>5 dt > /O Lsin(uot)>s dt > 172/0 Loni>sdt > 172/0 L2gssdt = 172(1 —9).

Now in (3.4.3), we wish ;(‘215 to be strictly less than tan(e/4), that is to say § > A;/(As tan(e/4)).

Therefore, for any § satisfying this condition, the time spent by the trajectory in 03/2 can be
bounded from below by:

To TO e
/ ]l])tZ'EAQ(S dt > / ]lsin(llzt+92)26 dt > 7(1 - 6) )
0 0 Va2

so that, maximizing the right-hand side with respect to d, one obtains (3.4.2). Notice that this
inequality is useful only if A;/Ay is small enough. In the opposite case where A;/As is large, we
use another argument (v; and v5 do not play a symmetric role here).

Step 4 — Time spent in C’El/z.
Let us now consider the times when the trajectory is in the other cone C’El/z. Setn = LZ—TJ +1-32 €
(0,1]. The main claim in this step of the proof is the following:

Ity € 10,Tp) : x? =0 and :C’i? > Aq67, where §; = min (Vln, 1— yl) ) (3.4.4)
Vo 1%
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Figure 3.5 — The dashed line is ¢ — sin(v1t + 61), the gray line is t — sin(v2t 4 62), with Z—f =1.7.

Denote by t; the first zero of sin(11¢t+67) in [0, Tp]. It exists since by definition, Ty > VLZ(H'%) > I

1%
It turns out that ¢; is given by '
2(51-7)
th=—|(]|—|—-—) .
%1 s s

Then t; € [0,;-), and we know that sin(vit + 61) has constant sign on I = [0,#1], on I :=

[t1,t1+ -] N[0, To] and on I3 := [t + -, 11 + 277;] N[0, To]. Observe that I is possibly reduced to a
singleton, I, is always non trivial, and I3 is possibly empty. One can check this from the fact that
To can be rewritten

Ty = Vl F(1+n)= (3.4.5)
1

170} '
Because Ty > Vll, we know that sin(v1t + 61) vanishes at least once in [0, 7p]. We first distinguish
cases according to whether there are a single one or more than two of these zeroes in this interval.

o Assume first ¢; is the only zero in [0,Tp]. The situation is illustrated in Figure 3.5. In view
of (3.4.5), t1 lies at distance > (1 +7).- from the boundary of [0, Tp], otherwise ¢; + ;- or
t1 — - is another zero in [0,7p]. In particular, the intervals [0,¢1] and [t1,7p] have length

> (1+mn),-. We know that sin(r1¢ 4 61) > 0 on one of these intervals, that we denote by 1.
Given that I has length > (1+47)ZX, it contains a zero of sin(vat +6s), lying at distance > e

s
from the boundary of /. We denote such a zero by t,. Given that the only zero of sin(vyt +6)
in I is t1, we deduce that the distance between to and the closest zero ¢] of sin(vt + 61) is at
least ;-4. Then the inequality sinz > 2z on z € [0, Z] yields

2V1

v
sin(vita + 01) = sin (1 (t2 — t) + vat] + 61) = sin (v ]ta — ¢1]) > [t — 81| > V—ln. (3.4.6)
2

T
The absolute value resulting from the second inequality is due to the fact that we chose ¢5 in
an interval where sin(v1t + 61) > 0, or equivalently, v1t; + 67 is an even or odd multiple of 7
according to the sign of ¢35 —¢;. We conclude that x? = 0 by definition of ¢ and that we have
2 > A “n in virtue of (3.4.6), hence the claim (3.4.4).

» Now we treat the case where ¢, + - also lies in [0, Tp]. The situation is illustrated in Figure 3.6.
The interval Ji := [t1,t1 + ;-] is contained in [0,Tp]. As we already mentioned, sin(vit + 61)
has constant sign on Jj.

o If sin(vit+61) > 0 on Jy, since J; has length Vll > Vlz, then t — sin(vot + 62) vanishes

in Jp, and we can choose a zero ty at distance > %(}1 — i) from the boundary of Ji.
This is illustrated in Figure 3.6a. Reproducing the previous argument with the concavity

inequality for the sine function, we deduce that

2 1 1
sin(u1t2+91)z”lx”(> o
7T 2

Therefore in this case, there is to € [0, Tp] with 252 = 0 and 2% > (1 — “1)A1, hence the
claim (3.4.4).

e In the remaining case where sin(v1t + 61) < 0 on J;, we introduce some additional
notation; see Figure 3.6b. We denote by ¢_ (resp. ¢4 ) the largest (resp. smallest) zero
of sin(vat + 02) which is < ¢ (resp. >t + y—”l), given respectively by

t_:ﬂdmwa}_l_ez) ond t+:ﬂqwl+z>+92J+1_%>,
1) m 7T 1) s T
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(b) We have sin(v1t +61) <0 for t € J1 = [t1,t1 + %]

Figure 3.6 — The dashed line is t — sin(v1t + 61), the gray line is ¢ — sin(vat + 62), with Z—f =1.2.

They both have the property that sin(vqt+ + 61) > 0, but we wish to quantify this
statement in order to have a uniform lower bound. We observe that we can write

t+—tzﬂ<k+1+V2D :
129] 141

with k& € {0,1}. Indeed, from the definition of ¢, and ¢_ and the properties of the floor
and ceiling functions, we see that

. r(tﬁ;)wﬁ - [Wtﬁﬂ 1 VZJ
s

™ 141

is an integer satisfying

1§V21V2J<k§1+y2v2J<2’

V1 V1 V1 V1

whence £k = 0 or 1. In particular, we remark that the distance between ¢_ and ¢, is
always less than Ty. This implies that either ¢_ or ¢t belongs to [0, Tp].

o Suppose t_ and ¢ both belong to [0, Tp]. We have

T s 12 12 s T
(t+—t_)—:<k+1+ VJ —2> = —(k+n) > —n.
121 1) 121 141 12} Vo

Recalling that t— < t; and t4 > t1 + VLI, we deduce that either ¢; — t_ > in or
ty — (t1 + 7”1) > 5,-1- We call ¢ the zero, among ¢_ and ¢y, that satisfies this
property. Then, the concavity inequality for the sine function allows to conclude
that x? > A Z—;n again.

o« Ift_ ¢[0,Tp], so that t; € [0,Tp], we can estimate the distance of ¢, from #; + ;-
and Ty as follows:

™ T Vs s ™
ty—(t1+— ) =ty —t_———(t1—t_)=—(k+n)—(t1—t_) > —n— —(1—k
(nr D)=t Dot = D - (=) = Ty S,
(3.4.7)
where we used the fact that [t; —t_| < V—’; by construction in the last inequality; and
™ ™
To—ty=To—(ty —t_)—t_=—0—-k)—t_>—(1-k), (3.4.8)

1) 1)
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where this time we have used that t_ < 0 by assumption.
Now observe that ¢, satisfies by definition

2 ™ s ™ T
t1h+——ty=——(t4+—(t1+— > — — —.
V1 121 V1 151 V2

Thus, if [t+ — (t1 + -)] > Fmin(;L L — L) then ty = t; lies at distance >

Zmin(;L, 711 - 712) from the bounda;; (;jf1 the Viznterval [t + 7t + 277:], to which it
belongs. This allows to deduce that xﬁz > Ay0; using the inequality sinz > %x on
[0, Z] again, and z&* = 0 by definition of t = ¢, If on the contrary [t} — (t1 + )<
Tmin(L, L — L) then from (3.4.7), it follows that k = 0, so that to =t + o < To

2 125 ? 1240 1)

from (3.4.8). Then we have

2w T T T T (1 1
h+— —to=———— |ty — | t1+— Z=l———.
v Vi 9 2 2\

In particular, ¢; lies again at large enough distance of the boundary of [ti1+ -, t1+ i—’:]
We deduce as before that :z:’i2 > A6 and xéz =0.

o It remains to deal with the case where ¢4 ¢ [0,Tp], hence t_ € [0,Tp], which is
symmetrical. We write

™ ™ ™ ™ ™ ™
A L L PRI LA
1 (+ 1 V1>++ o y2+1/2( +n) 1/277 1/2( )s
(3.4.9)
to=Ty—(ty —t_)+ty —Tp > Vl(l — k), (3.4.10)
2

using respectively that |t + :—1 —ty| < by construction of ¢, and t; > Ty by

assumption. By definition of t_ we have

T T T i
t—@—)zﬁmﬁ)z—,

1 1 V1 1)

i
vz

so that to = t_ satisfies x? > A167 and :rg" = 0 provided [t; —t_| > T min(u—"27 u% —

712) Otherwise, k = 0 in virtue of (3.4.9) so that (3.4.10) ensures that to = ¢_ — 7= >
0. Then we check that

s s ™ T (1 1
= (ti——)=——— (-t )>-(———]),
144 144 1%] 2 V1 V2

and we conclude similarly to the previous case.

The discussion above shows that (3.4.4) is true. In particular, (2%, 2%) is in the cone C’gl/Q. Using
that the sine function is 1-Lipschitz, we know that for ¢ in a neighborhood of 0, it holds

‘xt22+t| < Aowslt] and 22T > A (61 —mlt]) .

So for t small enough, (227", 252*") will remain in the cone c! /2 Quantitatively, as soon as ¢ fulfills

the condition s
o1
It < —— (3.4.11)
v /A1
L+ 2 ante/n

we compute that
vy Asz/Ay

CEt2+t > Al v1 tan(e/4) A21/2 | | > |x§2+t
1 vy A /Al - :
14 22 2e 0 tan(e/4) tan(e/4)

This means that for ¢ satisfying (3.4.11), the point (2>, z%2%") belongs indeed to the cone C /2

In the case where to = 0 or to = T, we may restrict ourselves to times t satisfying ¢ > 0 or t <0 in
addition to (3.4.11), so that in the end, we obtain

To 01
/O ﬂc;/z (ZL{, 1‘5) dt Z min TO, W . (3412)
vy tan(e/4)
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Step 5 — Upper bound on the optimal observation time.
Now that we have (3.4.2) and (3.4.12) at hand, we can obtain a lower bound independent of the
values of A; and As. If on the one hand ﬁ—; < %, then (3.4.2) yields

To
m
1 t t Edt>7
‘A (af,wh)ew(s) U = 57

while on the other hand, if f‘—f < , then (3.4.12) leads to

To . % e? g
/o Lzt ot)ew(g) dt = min <T0, W) > Tg min (TO, 1/1+21/2> (3.4.13)
(to get the second inequality, use that § < tan(§) <1 since ¢ < 7/2 by assumption). On the whole,

we have . )
0 9 ™ 51
Lipt ptyew(ey dt > — min [ —, =ce?,
/(; (z},xh)ew(s) = 39 min (V2 V1+V2) ce

and setting T, = Ty — %52, we deduce

/TE o € oy C o
Lipt 4t ey dt > / Lipt ot eydt — —g” > —¢g*.
0 (7:17‘732)6“}(2) 0 (xlva)Ew(z) 2 2

Therefore the dynamical condition (3.1.7) holds in time T.. Setting T = Ty — 252 > T,, we use
Theorem 3.1.3 to conclude that observability is true on [0, 7] from w(§) g\ K, for some R > 0 and for
any compact set K. We can take K to be a ball with radius large enough so that w(5)r \ K C w(e)
(this can be justified by an argument similar to Lemma 3.4.1). We conclude that observability holds
from w(e) in time T'. This proves the upper bound in (3.1.17).

Step 6 — Lower bound on the optimal observation time.

Fix ¢ € (0,7/4). We recall that vo > v1. Our objective is to exhibit trajectories (2%, z%) that do
not meet the set w(2¢). They typically look like the one shown in Figure 3.3. Take ¢ > 0 a small
parameter to be chosen later. These trajectories we look for are of the form

ri = A;sin (Wyl(l —9) — 1/1t> and rh = Agssin (76 + vat) | (3.4.14)
19)
with s € {+1,—1}, and A;, A > 0 to be tuned properly later on as well.
Let us introduce three remarkable times o, t; and to: provided & < 1/2, the first zeroes of
and z} in the interval [0, 7p] coincide and are given by

7r
to=—(1-19).
o= Z(1-9)

The next zero of z} is
T
ti=1tg+ —.

V1

As for z&, its first zero that is strictly larger than ¢; is given by

m:ﬂ@+p+fﬂ—ﬂzﬂ(uwuﬁ1—gzn—”& (3.4.15)

V2 19 141 V2

This is illustrated on Figure 3.7. Notice that to < Tp. By construction, the interval [t,ts] has
length t2 — t; € (0, Vlz], and x} has constant sign on this interval. We choose the sign s involved
in the definition (3.4.14) of 2% in such a way that x5 < 0 on [t1,5]. In particular, the projected
trajectory (z%,z%) cannot cross C%. in the time interval [t1,t5]. Likewise, since 2§ > 0, it follows
that 2t < 0 on [tg,?1], by definition of ¢g,¢;. In particular, the curve (z¢,z%) cannot be in C3, for
t € [to, ta).

Set T' =t — ;-6. In each interval [0, 0], [to,t1] and [t1,T], we want to exclude the possibility
for the trajectory to be in C3. or C3. by suitably choosing the parameters d, A1, As.
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Figure 3.7 — The dashed line is t + %, the gray line is t — x5, with Z—f = 3.9, as defined in (3.4.14).

To achieve this goal, we are interested in estimating from above and from below z!{ and z% in
these intervals. We first deal with z{. Recalling that the sine function is 1-Lipschitz, we know that

|21 < Ayvymin (|t — tol, [t — t1]) VteR. (3.4.16)

We obtain lower estimates by roughly bounding from below sinz on [0, 7] by the “triangle” function
2 min(x, 7 — ). For t € [0,%], that leads to

s

2 2
’xt1| > Ay—min (1|to — ¢, |7 — v1(to — t)]) > Alﬂmin (|t0 —t,
T T

™ ™ ™
- Lol )
%1 120} Vo

2
> A1~ min <to ), - W) : (3.4.17)
m T )
for ¢ € [to,t1] we obtain
2
28] = 40 =% min (|t — tol, |t — ta]) (3.4.18)

while for ¢ € [t1,T], we obtain

2 2
|2t] > Ar-min (it =t =t = 0)]) > Alfmin <|t—t1,

™
—+t —tD
V1
2V1 . m
ZAl—mln |t1—t|,*+t1—T .
s 1241

The last inequality rests on the fact that Vll + t1 > T. More quantitatively, we have

7T+151T0+7T<1+V2+152VQJ)

V2 Vo V1 V1

:T+W5+W<W—{WD.
vy 129 %1 1%}
In particular, it holds

7T+151—T:7r<1—1>+<7T+151—T>>7r<1—1)+7r5, (3.4.20)

141 V1 V2

(3.4.19)

which leads to 5 1 1
’;L‘t1|2A1£mln <|t1t|,7f<>> 9 Vte[tlaT]'
™ 151

Vo

We obtain a similar estimate for x%: it vanishes at ¢ and ¢, so using again that the sine function
is 1-Lipschitz we get
24| < Agromin (fto — t],[t2 —t]),  VtER. (3.4.21)

Near, t1, we want an accurate upper bound using the fact that xgl < 0 (recall that we chose the
sign s in (3.4.14) so that this is true): for any ¢ € R, we have

xh < ab — a:gl < Aows|t — tq] . (3.4.22)

As for a lower bound, we obtain for ¢ € [0, tg]:
¢ 2 . vy T
|b| > Ag; min (valty — ¢, |7 — va(to — t)|) > AQT min | [to — t\,éy— +t
2

2
> A, 22 min (|t0 — 1, 57T> , (3.4.23)
™ 1%}
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) |t2 - tl)

2
> 4,22 min <|t ], = 6) . (3.4.24)
™ 1]

and for ¢ € [t1,T7:

T (ta—t)

2 2
24| > Ay = min (|7 — va(ts — )], valts — 1)) > Ay —2 min (
s ™ 170

™
This time, the last inequality holds true since on the one hand, to — ¢t >t — T = —J, and on the

V2
other hand, thanks to (3.4.19) and (3.4.15), we check that for any ¢ € [¢t1,T7:

7T(tgt)(tt1)+(ﬂ—+t1>t2(tt1)+w<y2 VQD >t—t.

V2 V2 V2 \ " V1

Now we show that the two conditions

%1 A2
V2€ S ) s (3 5)
2—1/2 < Lo 1 71/2 -1 (3 4 26)
min &,
1’15 - 112 ’ V1 ’

imply that the curve (2%, z%) does not cross the set w(2¢) in the interval [0,T]. We study the three
intervals [0, 2], [to,t1] and [t1,T] separately.
o Let t € [0,t0]. On the one hand, the condition (3.4.25) implies that

4 2
A1V1|t — to‘j S Agﬂ min (|t — t0|, §7T>
T T Vs
(recall that to < J- and § < 1/2). Using that tane < 77 fore € [0, 7], we obtain
21/2 . m
At —to|tane < Ag—=min | |t —to|,0— | ,
™ 1]

which leads to tan(e)|z!| < |25] in virtue of (3.4.16) and (3.4.23). Therefore (2}, z%) ¢ Ci_.
On the other hand, the condition (3.4.26) implies that

4 2
Asvalto — t| = < Ay "% min (Ito —1), = — W)
™ m 141 1%

(recall again that to < ). Using that tane < 7 foree [0, 7], we obtain

2
Aty — t|tane < Alﬂ min (|t0 —tl, r_ 7T> ,
s V1 V3

which leads to tan(e)|zb| < |21] in virtue of (3.4.21) and (3.4.17). Therefore (zt,2%) & C3..

o On [to, 1], the situation is slightly simpler because we already know that z! < 0 on this
interval, which means that the trajectory does not cross Ca. by construction. In addition,
condition (3.4.26) implies that

. 4e 201 .
A2V2 mln(‘to — t|, |t1 - t|) ? < A171m1n(|t — t()|, |t1 — t|) .

Then (3.4.21), (3.4.22) and (3.4.18) yield tan(e)xh < |zt]|, hence (z%,2%) ¢ C3..

o We finally consider ¢ € [t;,T]. Notice that by construction, it holds x4 < 0 on [t1,T], so that
the trajectory does not enter C3.. To disprove the fact that it meets C3., we check that the
condition (3.4.25) implies

4 2
A11/1|t —t1|£ < Agﬂmin (|t —t1|7 77(5) 5
m ™ 1%}

owing to the fact that 7> > T —1; > ¢ —¢; (this can be deduced from (3.4.20)). Then (3.4.16)
and (3.4.24) lead to tan(e)|x}| < |24|, which shows indeed that (z},z%) ¢ C4..
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To sum up, in order to ensure that ¢ — (2%, %) does not cross w(2e), it suffices to choose A; /A
properly, as well as §, so that (3.4.25) and (3.4.26) are fulfilled. If we set

452 A]_ e
0= ——F——— d =2 3.4.27
min(1, 22 — 1) an Ay Emin(l, 2 —1)’ ( )

we can check that these two conditions are indeed satisfied.

The conclusion is as follows: we consider a sequence of initial data of the form p,, = (A1, sin(wl”/—; (1—
9)), Ag pssin(md)) with Ay ,, /A2, asin (3.4.27) and Ay ,,, A2, — 00 as n — oo. The x component
of the trajectory ¢ — ¢*(p,) is then of the same form as the projected trajectory (zt,z%) that
we studied. Given that these trajectories do not cross w(2e), we conclude that the observability
condition of Theorem 3.1.3 is not true in time 7', namely

R (w(22),T) = 0.

Yet for any R > 0, as we have already seen earlier, w(e)g is contained in w(2e) modulo a compact
set. Thus for any R > 0, there exists a compact set K(R) C R such that

R (w(e)r \ K(R),T) < &2 (w(22),T) = 0.

We conclude thanks to the necessary condition in Theorem 3.1.3 that observability cannot hold in
w(e) in time T. It remains to see that by definition (recall (3.4.15) and (3.4.27)), we have

T:tQ—VE(SZTQ—QVl(S:To—CEQ.
2 2

This ends the proof of the lower bound of the optimal observation time. O

3.4.3. Proof of Proposition 3.1.6

The aim of this proposition is to study observability from measurable conical sets for the (exact)
isotropic harmonic oscillator. We first simplify the situation owing to periodicity properties of the
isotropic quantum harmonic oscillator.

Step 1 — Upper bound of the optimal observation time.
First recall that there exists a complex number z of modulus 1 such that

e'vPu = zu(—e), Vu € L*(RY). (3.4.28)

See for instance !° [Zwo12, Subsection 11.3.1] or [Fol89, (4.26)]. In particular, the propagator e~
is 277T-periodic modulo multiplication by z2. This enables us to show that observability holds in
some time T if and only if it holds in time 27“: assume the Schrédinger equation is observable from
w C R? in some time T7; let k be an integer such that k%’r > T. The aforementioned 27”—periodicity
of the harmonic oscillator leads to

T kZx .
o SC/O lemitPul, dtgc/o lemitPul, ., dt
2

v . 2
— Ck /0 e a2, ., dt. (3.4.20)

for any v € L? so that observability holds in w in time 27” In particular, the optimal observation
time is always < 2Z. We can further reduce the observation time by (2Ck)~! (see Lemma 3.A.3),
so that the optimal observation time is in fact T}, < 27” Incidentally, the property (3.4.28) yields

/v —itP, |2 /v —itP, |2 /Y —itP_ |2
Ll el e < [ e g dt <2 [ e it 3430)

which will be useful later on.

10. The property (3.4.28) can be derived from the fact that the spectrum of P is made of half integer multiples of
v, together with parity properties of eigenfunctions.
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Step 2 — Necessary condition.
Assume observability holds from w = w(X) in some time T'. Let k be a positive integer such that

k2% > T. Using (3.4.29) and (3.4.30), we obtain

T /v
Vu e L2(RY), ||U||i2(Rd) < C/ He_“PuHiz(w) dt < ZC’k/ He—itP dt .
0 0

UHLQ(wufw)

We choose for u a particular coherent state. Following Combescure and Robert [RC21], for any
po = (20, &0), We set
Opo () = (Z)UM ¢~ S0 wotiow gy (_K|x _ x0|2) )
us 2

Then it holds

e_itpappo = e3¢ gppt , (3.4.31)
where p; = ¢(po) is the evolution of py in phase space along the Hamiltonian flow associated with

p(x, &) = 2( v2|z|? + [£]?), that is to say

pr = (cos(yt):ro + sin(yt)%o, —vsin(vt)zy + cos(yt)f()) .

Equation (3.4.31) can be checked by observing that the derivative of both sides agree, or by apply-
ing [RC21, Proposition 3]. Selecting an initial datum of the form py = (0,&y) with a non-zero &,
the observability inequality implies

2) 2

T /v
2 2 2
l= H‘F’pollm(Rd) < C/ ||<)0Pt||L2(w) dt < 2kC/ H‘F’pt”ﬂ(wu_w) dt
2
) dz dt. (3.4.32)

5—0 dx dt
v

x — sin(vt)

= 2kC / / exp (—
wU—w
d/2 /2
= 4k— — / / exp | —v

We used a change of variables in the integral over ¢ and the fact that sin(x) = sin(m — x) to obtain
the last equality. Next we truncate the integrals in ¢ and in x using respectively a small parameter
0 > 0 and a large parameter R > 0:
2
5—0 > dx dt
v

[o@° L (-
<7+ /ﬂi(l_é) (g)d/z (/wa exp <—V

2

So

x — sm(t)

x — sin(t)

x — sin(t)

% ’ 1 (z)dx
Py Br(sin(t)52)

Jr/ eVl qg | dt .
R4\ Br(0)

The rightmost integral is controlled by ¢/R for some constant ¢ > 0. Therefore it holds

/2 /2 2
/ (Z) / exp (1/ & > dx dt
0 v wU—w v

e ([

We get rid of the sine in the right-hand side by noticing that cost > 1 — %t > 0 for any t €
[26, Z(1 — §)], and changing variables:

2% 2
Z(1-9) 50 Z(1-9)
/ (wa)ﬂBR(sm() )‘dtg/
z5

2 50

x — sin(t) =

(0= B ()2 )

|cos t|

)
(wU—w)N Bgr (s%) ’ ds

dt

2 (w0 ) Ba (si)2)

1 sin( 5 (1-9))

B 0 sin(%56)
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Using that sinz > 2 on [0, 5], we finally deduce that

™/2 /2 2
/ <ﬁ> / exp (l/ > dx dt
0 v wU—w
(3.4.33)

<7T5+R+(15(l/)d/2/5 (wu w)mBR(io) ds.

We plug this into (3.4.32) to obtain

€o

x — sin(t) =
v

1 1 2 C /2 o

5 = 5 10mlame < ks (;> /5 (wU—w) N Bg < ds, (3.4.34)
where we absorbed the remainder terms of (3.4.33) in the left-hand side by choosing § sufficiently
small and R sufficiently large. We now use a scaling argument in the right-hand side, which is
possible since the set w U —w is conical: for any s € [4, 1], writing

o and r= Vi (3.4.35)

fo = =2 ,
TN I

we have

sl€ol

(wU—w) N By <5°)’ (si()')d‘(wu—w)ﬂBm (0)

< (?)dr—ﬂ(w U—w) N B, (6)].

After integrating over the s variable, the estimate (3.4.34) becomes

C (m\¥2 (R\? _
L= gl < 86 (5) (5> r~%|(w U —w) N B, (6)] (3.4.36)

We now reformulate the right-hand side in terms of the lower density G),;\ defined in (3.1.19). To do
so, we observe that the triangle inequality yields for r € (0,1):

ZL'*GQ 90
b - | < 2
ol Tl

Va € B,(0y), |lv| =1 < |a — 6| and ‘Iao _

]

which in turn leads to

2
BT(GQ)C{xERdzl—r§|x|§1+r and ’x|_00< "
x

_1T}, re(0,1).

Recall that if || is large enough, then (3.4.35) implies r € (0,1). We conclude by a spherical change
of coordinates that

1+r
[(wU —w) N By ()] </ / ]l|9_90‘<127r]lwu,w(779)cdfd_1 do(0) dr
1 sd-1 -

1+4+r
/ / 14(0)ca2%1 do(6) dF
1 SdflﬂB%(eo)

= 271 % 20 (i n B%(Ho)) . (3.4.37)

In addition, one has
o (Br(0p)) < cyrd=1. (3.4.38)

(In the above estimates, ¢4 and ¢ are constants depending only on the dimension.) Combin-
ing (3.4.36), (3.4.37) and (3.4.38), we obtain

C sm\d/2 [ R\ 2 \¢! 1 -~
2 ! od+3 B
= < .
! HSOPOHLZ(Rd) < Cdca? k51/ (1/) <5> x (1—7") (£~ )dila(zm %(900

1-r

<cc2d+3k§; (I)“W <R>d( 2 )da(EmBﬂ(aO))'

v ) 1—7r U(B%(QOD
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Recalling that r behaves as 1/|¢p|, it remains to let g — oo with I%I = 6y arbitrary, to deduce that

C sa\d/2 2R\ ?
’ od+3 ™ - d—1
1 < cqcy2 k—(sy (1/) (5 ) 62(90), VO, € S .

This concludes the proof of the necessary condition.

Step 3 — Sufficient condition.

Write for short w = w(¥) again. The fact that & = SU—X has full measure, namely o(S41\%) =
0, implies that R?\ (w U —w) is Lebesgue negligible (recall the definition of w(X) in (3.1.18)).
Therefore the left-hand side of (3.4.30) with k = 1 yields

27 v ) /v ) /v )
L e ez [ ]yt = [ g = Tl

where we used the fact that the propagator is an isometry. This completes the proof. O

3.5. Proofs of observability results from spherical sets

In this section, we give proofs of the results presented in Subsection 3.1.4.3, which concern
observation sets that are spherical in the sense of (3.1.22). Propositions 3.1.8 and 3.1.10 are proved in
Subsections 3.5.1 and 3.5.3 respectively. Subsection 3.5.2 is dedicated to the proof of Lemma 3.1.11.

3.5.1. Proof of Proposition 3.1.8
The rotation Sy of angle 6 reads

Sy = (cosOyy + sinOya, — sin Oyy + cosOya, ys, ..., Ya) , ¥ = (Y1,92,-..,9a) € R?.
In the sequel, we set Ly to be the two dimensional plane spanned by the vectors
e1 = M(1,0,0,...,0) and es = M(0,1,0,0,...0),

The two linear maps

Iy,

0

1 1
= 5M(Id =S )M™tand I = §M(Id +S )M

are the orthogonal projectors on Lo and Lg- respectively, since M is orthogonal. With the notation
of assumption (iii), we can write, with a slight abuse of notation,

V(zo) =V (|M71x0}) , Vo € Ly . (3.5.1)
Let us investigate the properties of the gradient of V on Ly.
Lemma 3.5.1. Let xg € Lg. Then it holds
VV(xzg) € Lo and de=c(Jxo]) >0:  VV(xg) =cao.
Proof. Assumptions (i) and (ii) (with § = 7) yield for any = € R%:
~VV(-z)=VV(zr) and MS_ M 'VV(MS,M ‘z)=VV(zr). (3.5.2)
Yet since xg € Lo, we have Il z¢o = xo so that
ro = —MS M 'z, (3.5.3)
and noticing that S, = S_,, we obtain combining the two equations (3.5.2):
VV(xg) = —VV(~20) = —MS; M NV (=MS M x5) = —MS, M~ 'VV(x).

That means exactly that IT; 1 VV (o) = 0, or in other words, VV/(zo) € Lo.
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Next we prove that VV (z¢) is collinear with zy. We first get rid of the case xg = 0: the first
equation in (3.5.2) implies that VV(0) = 0. From now on, we assume that xg # 0. We compute

d _ d _ _ _

MM~ = (MS(,M I, + MSyM 1HLOL> = MSysn/pM I, .

This is true because M Sy M ~'II. is independent of 6 (MSyM " is the identity in Lg). Therefore,
differentiating the equality V(z) = V(M SgM ~1x) at § = 0, we obtain

d d
0= @V(.’I;O)lgzo = @V(MS@M_lxo)w:O = VV(.T()) . MSW/QM_lﬂLoxo

= VV(.Z‘()) - MSW/QM_le .

This means that VV (zg) is orthogonal to MSW/QM_l:EO. Yet the plane L is invariant by M SgM !
and zo L MS,F/QM_le. Since VV (zg) € Lo and Ly has dimension 2, we deduce that VV (xq) = czg

for some ¢ € R. We claim that ¢ > 0 as a consequence of assumption (iii) that Vp is non-decreasing.
Indeed for ¢ > 0 close to zero, using (3.5.1), the Taylor formula at order one yields

0< Vo ((L+1)| M ag|) = Vo (|M 1 ao|) = V(zo + tmg) — V(zo) = tVV (z0) - 20 + o(t) .

Dividing by ¢ > 0, we find that VV (zg) - ¢ = ¢|zo|?> > 0. Thus ¢ = VV (z0) - Tooz depends only on

[zo
|zo| since V restricted to Ly is radial, and the proof is complete. O

This lemma allows us to exhibit periodic circular orbits of the Hamiltonian flow of p. For any
xo € Lo, denoting by c¢ the scalar such that VV'(z() = czg, the phase space curve

at=MS M ae, & =VeMS gy oM g (3.5.4)

is the trajectory of the Hamiltonian flow with initial data (zo, \/EMSﬂ/QM’le). This follows from
uniqueness in the Picard-Lindel6f Theorem, since the above curve solves on the one hand:

d _
%xt = \/EMS\/Et+Tr/2M 11_[L(,JUO = ft )

and on the other hand, in view of (3.5.3) and observing that |z!| = |z¢| for any ¢,
d _ _
6" = eMS gy MMy 0 = M S M~ (HLUL - HLO) 2o = —cat = —VV(a').

To conclude, we argue as follows: since by assumption observability holds from w(I) in time
T > 0, the necessary condition of Theorem 3.1.3 implies that there exists R > 0 such that

T
Je>0,3JA>0:V|p| > A, / Lo(r)axra (' (p)) dt > €.
0

Let xg € Lo be such that |xg| > A. We consider the Hamiltonian trajectory issued from the point
(20, /c(xo)M 1S, sMxg) constructed in (3.5.4). Then || is constant over time, which implies
that

T T
€< /0 Ly(n)pxre (8'(p)) dt = /0 L), (') dt = Ty, (Jzol)
whence |zg| € Ir. We deduce that
Vs e Ry, IrN[s,s+ Al # 9,

which implies the desired result (3.1.23) with r = A + 2R. O
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3.5.2. Proof of Lemma 3.1.11

Firstly we assume that Z—f is rational: we write it as an irreducible fraction %. The number
T= i—:p = i—’:q is the period of the Hamiltonian flow associated with 1 (z - Az + |¢|?). Without loss
of generality, we can assume that A is diagonal, and that the eigenvectors associated with v? and
v3 are the vectors (1,0) and (0, 1) of the canonical basis of R?. As mentioned in (3.1.29), we seek
to compute a sharp uniform upper bound of the ratio between the minimal and the maximal value

of the norm of projected trajectories |z*| on the time interval [0, T].
We want to prove that A(72) defined in (3.1.25) is equal to the quantity

: t
Ay = sup mlnte[o,T]|(7T 0 ¢")(po) ’ (3.5.5)

po€RA\ {0} MaXe(0, 77| (7 © @) (po)|

where we recall that 7 : (z,£) — «.

We start with two remarks, related to explicit expressions of the Hamiltonian flow. First we can
replace the supremum on R* by a maximum on a compact set parametrizing trajectories, e.g. the
unit sphere S, because the Hamiltonian flow is homogeneous of degree 1, that is ¢f(Apg) = A’ (po)
for any scalar A € R (it fact ¢! is a linear map for all ¢). Second, since |zf|* = |2¢|* + |2b|?, it
will be easier to compute A3. In view of these remarks, and writing the Hamiltonian trajectories in
action-angle coordinates:

2 = Aysin(vit + 60;) and rh = Agsin(vat + 63), (3.5.6)

we want to study

Af = sup mingepo,7) (A7 sin®(v1t + 61) + A3 sin®(vat + 65))
2=

A2+ A2—1 MAX4e(0,7] (A% sin?(vit + 01) + A2 sin?(vat + 92))
01,02€R

S mintle[O)T] ((1 — /\) SiIlQ(I/1t1 + 91) + )\SiﬂQ(VQtl + 02))
= up

Ae[0,1] MaXe,e[o,7] ((1 —-A) sin2(1/1t2 +601)+ )\Sin2(1/2t2 + 92))
61,02€R

sup mintle[O,T] ((1 — A) Sin2(V1t1 + 01) + )\SiHQ(VQtl + 92))

A€[0,1] 1-— mintge[O’T] ((1 — )\) COS2(V1t2 + 91) + )\COSz(VQtQ + 92)) '
61,0o€eR

In view of the periodicity in the variables #; and 65, the supremum in the variables A, 61,05 is in
fact a supremum over (A, 61,03) € [0, 1] x [0,27] x [0,27]. A compactness and continuity argument
shows that this supremum is attained for some triple (A, 61,62). Furthermore, one can check that

Jgax = max max. Thus we should simplify the problem first by considering fixed values for ; and
»V1,U2 1,V2

>, and maximizing with respect to these variables ultimately. Therefore our objective is to compute

A2 ~ max mintle[o’T] ((1 — )\) sin2(1/1t1 + (91) + )\Sinz(Ugtl + 92)) (3 5 7)
01.02 = Yeo) 1 — ming, cjo,7) (1 = A) cos?(v1ty + 01) + Acos?(vaty + 62)) e

We can further simplify this by rewriting in more pleasant terms the minima in the numerator and
the denominator. It relies on the following fact.

Step I — Simplification of the optimization problem.

The minimum we want to estimate involves a sum of two squared sine functions that oscillate
at different frequencies. Intuitively, it looks reasonable that the minimum of such a sum is attained
between two zeroes that achieve the minimal distance between a zero of the first sine function, and
a zero of the second. This is a motivation to introduce

4 .
do = do(01,02) = % in min, ) 0|751 — ta]. (3.5.8)
Sin l/]‘ j il =
J=1,2

It is indeed a minimum, and not only an infimum, thanks to the rational ratio between v; and vs, or
equivalently, thanks to the periodicity of the Hamiltonian flow. We can give an explicit expression
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of this quantity reasoning as follows: the numbers ¢; and ¢5 are such that sin(v;t;+60;) =0, j = 1,2,
if and only if there exist two integers k1 and ko such that

I/jtj + Gj = kjﬂ'.

ki ko 01 6o T 01 02
T\ ——— ) === )| =5 |(kip—k2q) — (p— —aq— )|
21 12 v Uy 2pq ™ T

Yet since p and ¢ are coprime integers, it follows from Bézout’s identity that k1p — kog can take any
value in Z when we vary k; and k;. We deduce that

0 0 0 (%
do = 2 dist p—l—q—z,z — dist pil_ i,gz )
m s /2 7/

Therefore it holds

1 —to| =

Incidentally, this expression implies that dy € [0,1]. Now we claim that

. . .9 .9
té?é,r%] ((1 = X)sin?(v1t + 61) 4+ Asin®(vot + 65))
(3.5.9)
= min] ((1 — \)sin? <m5d0> + Asin? <7T/2(1 - s)d())) .
p q

s€[0,1

It amounts to prove that the minimum in ¢ in the left-hand side of (3.5.9) is attained between two

zeros t1,ts of sin(vyt + 01) and sin(vet + 62) such that |to — 1] = &do. We first show that the

minimum in s (in the right-hand side) is less than the minimum in ¢ (in the left-hand side). To
do so, we pick to € [0,7] that attains the minimum in ¢t. We choose t; two zeroes of sin(v;t + 6;)
T
respectively, j = 1, 2, that are the closest possible to tg. Due to periodicity, they verify |t;—to| < E
vj
That to attains the minimum means that it is a critical point of the function

F:t— (1—N\)sin? (1t + 61) + Asin? (vot + 63)

3.5.10
= (1= A)sin? (v (t — t1)) 4+ Asin? (va(t — t2)) . ( )

Classical trigonometry formulae then yield
(1 — A)I/l sin (21/1 (tg — tl)) + )\VQ sin (ZVQ(tO — tg)) = F/(to) =0. (3511)

Recalling that |2v;(tg — t;)| < 7, we see that sin(2v;(to — t;)) is of the same sign as to — t;, thus
leading to the condition that
(to—t1)(to —t2) <0,

or in other words, t( lies between ¢; and t2. Let so € [0, 1] be such that tg = (1 — sg)t; + sot2. We
obtain

F(to) = (1 — )\) Sin2 (l/l(to - t1>) + )\sin2 (Vz(to — tg))
= (1 — )\) sin2 (I/lso(tg — tl)) + ASiH2 (1/2(1 - 80)(t1 — tg)) .

We finally use that |[t; — ta] > %do and the monotonicity of the sine function on [0, 7] to deduce
one inequality in (3.5.9), namely:

min F(t) > min ((1 — \) sin? (msdo) + Asin? (77/2(1 - s)d0>> . (3.5.12)
te[0,T] s€[0,1] D q

To check the converse inequality, we proceed as follows: we pick ¢; and to, zeroes of sin(v;t + 6,)

respectively, that satisfy [t; — to| = TZ;(JdO. Denote by J the closed interval with endpoints t1, to.

Let ty € J be a point where F restricted to J attains its minimum. Then introducing a parameter

s €[0,1] such that t = (1 — s)t; + sto, we obtain

F(ty) < F(t) = (1 — \)sin® (?sdo) + Asin? (”22(1 — s)do) ;
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for all s € [0,1]. This results in

min F(t) < min] ((1 — \)sin? (Tsdo) + Asin? (72?2(1 - s)d0>> :

te[0,T] s€[0,1

which shows together with (3.5.12) that (3.5.9) is true. We observe in the definition of Ag, g,
(see (3.5.7)) that a similar minimum is involved with cosine functions instead of sine functions. To
reduce to the case of sine functions and use (3.5.9), we simply recall that cos(z) = sin(xz 4 5). We
obtain

min ((1— ) cos®(v1t + 61) + A cos®(vat + 05))
te[0,T

= tg[loi,l”}] ((1 — \)sin? (u1t+ 0, + g) + Asin? <V2t+ 0y + g))

2 /2
= min 1 — \)sin? (W/sd7T )—l—)\sin2 < 1—s)d, >> ,
s€[0,1] (( ) p /2 q ( ) /2

where we set (recall the definition of dg in (3.5.8))

dryo = drj2(01,02) = do (91 + 5,02+ 2) = dist ( +p— q,QZ>

T2 /2

Depending on whether p and ¢ have the same parity, we can state that

. do if p—¢=0 (mod?2)
™21~ dy if p-—g=1 (mod?2)

With this at hand, we can rewrite AghQ? defined in (3.5.7) as

2 —
A91 02 = max

q
A€0,1] 1 _ ming, c[o,1] ((1 — \)sin? (ﬂTestﬂp) + Asin? (LQ (1— s2) ,r/Q))

Step IT — Computation of Aj , .
We set for any A € [0,1] and s € [0, 1]:

9r(8) = ga.a,(8) = (1 — \) sin? <m3d0> + Asin? (”/2(1 - s)do) .

p q
In the perspective of computing Agl,ez’ we first show the following result.

Lemma 3.5.2. It holds

o 7/2
= = d
s iy 00 =m0 = (G550

where sg = = and A
0 0= 5

Proof. Firs‘cly7 we observe that gx(sp) is independent of A, since it solves

sin? < /QSOdO) — sin < /2(150)d0).

This remarkable property implies that for any A € [0, 1], it holds

VA" € [0,1], 31n]gA’( 5) < gx(s0) = ga(s0),
which results in
max min gx(s) < ga(so), VA €[0,1].

N €[0,1] s€[0,1]
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Now we to show that the equality is reached when A = )¢ introduced in the statement. Noticing

that (1 — )\0)7 = )\0, 5 +q, we obtain using classical trigonometry formulae:

dh,(s) = gdo <2;(1 — Xo) cos (7;/)2st> sin (771/)25(10)

N C RN C ).
20 ) 1 o0)
BEDRY AR A
gt (5 (G 57) ) (G (5 ) - ).

We observe that the cosine is always non-negative for any s € [0, 1], because dy < 1. As for the sine,
it is non-positive for s < sy and non-negative for s > so. We deduce that g} (s) < 0 on [0, so] and
95, (8) = 0 on [sg, 1]. Therefore, the minimum of g,, is attained at s, which concludes the proof of
the lemma. O

Regarding the denominator in the definition of Agh(b, observing that Ay and sy in the above
lemma do not dependent on dqy or dy /2, we find

2 /2
i (1= min (1= Nsin? (254, Asin? [ 221 - s)d,
O e G e A ))

/2
—1- =1- = cos” | duy2 | -
)\Ig[%}i] Sg%(l)nl] agx o2 (S) g/\O,d.,r/Q (SO) COS <p T q 7T/2>

This implies that A9 maximizes the minimum of the numerator and minimizes the maximum of the
denominator at once. Moreover, when A = Ay, the minimum of the denominator and the maximum
of the numerator are reached at a common value sg. Therefore

o (7w/2
A2 S (mdo)
01,02 — :
. cos2( x/2 dﬂ-/z)

When p and ¢ have the same parity, it holds d. /o = dp, so that

A91792 = tan( / do) . (3.5.13)

p+q
When they do not have the same parity, then d.,» = 1 — dy and we obtain

e ) ) o)

_COS(T{/( do)) p+q p+q cos(ﬂ/ (1—d0))

sin (p”fq) — cos (p”fq) tan (p”fqu - do)) . (3.5.14)

Recall that in the above formulae, the dependence on the phase shifts 6; and 65 is hidden in dy. Thus
it remains to optimize over these parameters 61, 6> to compute the quantity Ag defined in (3.5.5).
In the first case (3.5.13), we notice that dy < 1, and that the equality is achieved for 6; = 21;) and

0> = 0 for instance, so that
2
Ap = tan ( r/ ) .
p+gq

In the second case (3.5.14), the maximum is reached for dy = 1 as well, so that

Ag = sin <7T/2> .
p+gq
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The conclusion is that Ag = A(%), where the function A is the one defined in (3.1.25).

It remains to deal with the irrational case Z—f ¢ Q. To obtain the sought result, it suffices to
show that for any initial data (A1, As, 01, 02) of the flow (in action-angle coordinates), the projected
trajectory

rh = Ay sin (vt +60y) rh = Agsin (vot + 0s) ,

satisfies infyecr |z| = 0. Let us consider the convergents (%)jeN of 22, in irreducible form (see
J

Remark 3.1.13). In view of (3.1.30), we introduce €; € [—1, 1] such that

R (3.5.15)
151 q;j q;

We exhibit a sequence of times (¢;);en such that xij =0 and ng — 0 as j — oo. Since p; and g;
are coprime integers, we can fix for each j € N a pair of Bézout coefficients (k;,1;) € Z?, such that

kjpj —ljg; =1, with kil < qj. (3.5.16)
Set
Lp; — g, ajk;m — 6,
aj = | = —1 and  t;=-11——. (3.5.17)
1+ qufj V1

By definition, of ¢;, it holds 2% = 0. Thus it remains to check that x5 — 0 as j — co. We have

g 0
VQtj —+ 92 — ajljw = (pj + 6J2> X T <ajkj — 1> —+ 92 — ajljﬂ
™

4G @
= ];—jajkjﬂ — ajljﬂ—i—% X (ajkj - 9;) +q£j (6;% - i_lpJ)
= aquj —|—ajejlq€§7r— 0;]? - % (ilpj - iij)

We used (3.5.15) to have the first equality and (3.5.16) for the third one. In the last line, the two

factors between parentheses are bounded. Indeed, the first factor is bounded by 2 since we chose

k; such that |k;| < ¢; in (3.5.16) and because |¢;| < 1 from (3.5.15). The second factor is bounded
vy

by 1 due to the definition of a; (3.5.17). Recalling that ¢; — oo since “2 is irrational, we obtain

Vi

vatj + 62 = a;lym + o(1) as j — oo, hence x;j — 0, and the proof of Lemma 3.1.11 is complete. [

3.5.3. Proof of Proposition 3.1.10

As we did in Subsection 3.5.2, we assume without loss of generality that A is diagonal, with
eigenvalues ¥ and v3 associated with the eigenvectors (1,0) and (0,1) in R?.

Step 1 — Construction of an equivalent shrunk observation set.

Recall that the sufficient condition of Theorem 3.1.3 implies observability from an “enlarged”
observation set. This leads us to construct a shrunk set I C I, such that I = I + (=R, R) is

contained in I up to a bounded set, so that the same is true for the sets w(l) and w(l). In the
lemma below, when I C R, we use the notation I := |J,c;(s — R, s + R).

Lemma 3.5.3 (Shrunk observation set). Let I = J, I,, where I, C Ry are open intervals, with
|In.| — 400 _if the union is infinite. Then there exists a family of disjoint open intervals (Jy)n in
R, (with |J,| — 400 if there are infinitely many of them) such that the set I =, J, satisfies the
following:

(i) IcI;

(ii) for any R > 0, the set I \ I is bounded;
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(iii) for any R > 0, it holds k. (I) = ky(Ig) = k(1) = ri(IR).

Proof. Recall the definition of k, in (3.1.24). We write the open set I as a union of disjoint open
intervals I = |J,, Jn. Let us fix R > 0. We first deal with the case where there are only finitely
many Jy,’s. If I is bounded, one has x,(I) = k+(Ir) = 0 and I = @ satisfies the conclusions of the
lemma. If I is not bounded, then there is an index ng for which J,, is of the form J,,, = (a,+00).
Then one has for any R > 0 the equality #.(I) = k,(Ig) = 1 and I = J,,, satisfies the conclusions
of the lemma as well.

We now counsider the case where there are infinitely many J,,’s. By assumption, one has |J,,| —
+00 as n — oo. Writing J,, = (an, by,), with a,, < b, < 0o, we define for any index n the interval

- <a+\/4+6nb \/4+5n>
" 2 M9

J, = " , where 6,, = min(a,,b, — an).

Since the J,,’s are disjoint and |J,| = by, — a, — +00, we also have a,, — 400, so that §, — +oo
too. Incidentally, one readily checks that |.J,,| — +00 as well. Thus, defining

1=,

n

we have I C I, namely the property (i), and given any R > 0, there are finitely many n’s such that
R> @. It implies that the thickened set I is contained in I modulo a bounded set, hence (ii).
The crucial point of this construction is the claim (iii). As a consequence of the inclusions I C Ig

and I C Ig, it holds w,(I) < k. (Ig) and k. (I) < k. (Ig). Moreover, in virtue of (ii), we can
write Ir = (Ir N I) U A, where A = Ip \ I is bounded. Since 1[4 N [0,7]] < L|A] = 0 as
r — 400, one can check that x,(Ig) < k(Ir N I) < k,(I). To sum up, we have proved so far that
ta(I) < ku(IR) < Ku(I) < Ku(IR).

Thus, in order to prove (iii), it remains to check that r,(Ig) < k4(I). Unless we are in the
straightforward case k,(Ir) = 0, we pick x € (0, k+(IRr)), so that by definition of k,, it holds

1
de¢>0,3r9g >0:Vr >, ;\Igﬁ[mr,rHZc. (3.5.18)

In the sequel, to simplify notation, we write J* = (J, ). Up to enlarging 7o, we can assume that
for any index n such that JF N [krg, +00) # &, it holds d,, > 5+ 8R (recall that §,, — +0c0). Fix an
r > 1. Then there is a finite (possibly empty) set of indices {n} such that J C [kr,7]. Assume
first that

1
r

U Jfk N [kr, 7]
k

1 R c
= - E > —. .D.
. |Jnk Z 5 (3.5.19)
k
Then it holds

HEalsrrl 2 Sl = = 30 (] - (VAT o, +2R))
k

k

1 4+ 6,, +2R 1 4 1 2R
(1 s 5 (1 [ - 2
k

r On, + 2R 62 ' 0, O.+2R

Y

n

To obtain the second to last inequality, we used the fact that by definition of §,,, it holds |J,,| > d,,
which implies in particular that |JE| > &, + 2R. Using in the last line that d,, > 5+ 8R, together
with (3.5.19), we obtain

1,- 9 1)1 Rl 1 ¢

- >{1—y/ = —-2|= > - x =, 5.

T}Iﬁ[nnr”_(l 5 5>T§k | T > X5 (3.5.20)
Otherwise, if now (3.5.19) is not satisfied, then recalling (3.5.18), it holds

(IR\UJS;.) N [kr, 7]
k

1 c
_ >
r -2
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Any interval J C Iz \ |J, J} intersecting [kr, 7] must contain xr or r, otherwise it would satisfy
JEN [kr,r] = @, or JEB C (kr,r) (the latter would imply that n € {ng}x). Therefore, there
are at most two such intervals. We deduce that there is an index n, such that Jff‘* ¢ [kr, 7] but
JI 0 [kr,r] # @, with

1
;’Jﬁ N [m“,r” >

e

Writing JE = (an, — R,b,, + R), the fact that JI' N [kr,r] # @ imposes that a,, — R < r, hence
an, <1+ R. Thus we obtain

1,- 1 1
—[En [rr,r]] = —[Jn, N [rr]| = — (lin N[k 7]l = /4 + o, —QR)
¢ Vi+r+R+2R

> Z
4 T
We used the fact that d,,, < a,, < r+R to obtain the last inequality. In view of the estimates (3.5.20)

and (3.5.21), in any case we have

(3.5.21)

1,+ . c ¢ Vi+r+R+2R
=|I'n[kr,r]| > min 101" " .
r

We conclude that 1
liminff}fﬂ [kr,r]| > 0.

r—+oo r

Recalling that x is any arbitrary number < k. (Ig), we finally get the desired converse inequality

kx(I) > Kkx(Ir). Thus (iii) is proved, which concludes the proof of the lemma. O

In the sequel, we will proceed as follows: to prove that . () > A(£2) is a sufficient condition to
have observability from w(I), we will check that the dynamical condition (3.1.7) of Theorem 3.1.3

is true in the smaller set w([I), where I is given by Lemma 3.5.3. To show that it is also necessary,
we will check that the condition (3.1.7) is violated in the larger set w(Il)g = w(Igr) for any R > 0.

Step 2 — Geometric condition of observability for rationally dependent characteristic
frequencies.

We investigate the validity of the dynamical condition (3.1.7) of Theorem 3.1.3. In the case
where Z—i € Q, writing Z—f = % as an irreducible fraction, the period of the Hamiltonian flow is given
by Tp = i—;rp = %q. We write for short A = A(72) and k. = k(). Our goal now is to reformulate
the dynamical condition (3.1.7) using the Area formula.

Proposition 3.5.4 (Area formula [EG15, Theorem 3.9]). Let J C R be a bounded interval and let
v :J — R™ be a Lipschitz curve. Then ~y is differentiable at Lebesgue-almost every point in J and
for any Borel set E C R™, it holds

[rea@rola=[ g (e,

J Im~yNE

Here, Im~y = {y(t) : t € J} C R™, #y~1({x}) stands for the cardinality of the set {t € J : v(t) = z},
and #€' is the one-dimensional Hausdorff measure.

We will apply this formula to a curve of the form v : ¢ — |zf| € R defined on J = (0,7, where
t — (xt, &) is a trajectory of the Hamiltonian flow. Calculations will involve the inverse Jacobian
|¥/(t)|~!. Using anisotropy ' of the harmonic oscillator (p # q), we can check that the Jacobian
vanishes only at a finite number of points.

Lemma 3.5.5. Let t — (x%,£") be a trajectory of the Hamiltonian flow of an anisotropic harmonic
oscillator, with initial datum py = (x9,&). Then the curve v : R 3t — |xt| € Ry is Lipschitz with
constant \/2p(po). If po # 0, then v is of class C™ in R\ {y = 0}. Moreover, the set

Sy:={teR:v(t)=0 or ~(¢t)=0}

11. In the excluded isotropic case (p = q¢ = 1), one can choose (29,£°) so that |zf| is constant, as we did in the
proof of Proposition 3.1.8 (see Subsection 3.5.1). In such a situation, the set Imvy C R4 is reduced to a point. This
is a very singular situation, since the Jacobian |y/(¢)| is identically zero.
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is locally finite, namely for any bounded interval I C R, the set Sy N1 is finite. In addition, for
any bounded interval I C R, one has

Jk=k(I)eN:VseR,, #y L {sHNI<k. (3.5.22)

Proof. That ~ is Lipschitz follows from the inverse triangle inequality, the Hamilton equations (3.1.6)
and the fact that p(z, &) = V(z) 4 [£[* is preserved by the flow:

[y(t2) = y(t1)| < |2 — 2| < [t — ¢4 Su}l;\f” < [t2 — t1[v/2p(po) -
te

From now on, we assume that py # 0. First notice that the set {v = 0} is closed since  is continuous.
Given that ¢ — ! is smooth, the curve v is smooth in a neighborhood of any point ¢t € R\ {y = 0},
so that v € C*°(R \ {y = 0}). To show that S, is locally finite, it is sufficient to prove that it is
closed and also discrete, namely that it is made of isolated points. 12
We first check that it is closed by observing that the map f : t — 72(¢) = |z!|? belongs to C*°(R)
and that
S,={teR: f'(t)=0}. (3.5.23)

To check this equality, we use the fact that f'(¢t) = 2y(t)y/(¢) for all t € R\ S,. If ¢ & S, then it
follows that v(t)7'(t) # 0. Conversely, if t € S, either (t) # 0, so that 7/(¢) = 0, in which case it
holds f/(t) = 2v(t)'(t) = 0; or y(¢) = 0, which implies that 2* = 0, hence f'(t) = 22! - £ = 0. This
justifies (3.5.23).

Thus it remains to show that S, is discrete. Let us compute the derivatives of f up to order 4:

f(t) =22 ¢, (3.5.24)
FO) = 20! — 22" - Aat (3.5.25)
FOt) = —4et - Azt — 26" At — 228 - AC = —8¢" - Axt, (3.5.26)
FO@ =8 (JAa']” ¢ Ag') . (3.5.27)
Let us write the Taylor expansion of f’ at order 3 near to € R:
_ 2 _ 3
F1@t) = f'(to) + (t —to) FP(to) + %ﬂ?’) (to) + %f(“) (to) + o ((t—t0)%) . (3.5.28)

Suppose that ¢ty € S,. Then f'(to) = 0 in virtue of (3.5.23). If f()(ty) # 0, then (3.5.28) yields

() (¢
|f 2( 0)| It_tO‘

[F' ()] =
for all ¢ in a neighborhood U of ty. In particular, S, N U = {to}, meaning that ¢, is isolated.
Likewise, if f(2)(tg) = 0 but f®)(tg) # 0, then (3.5.28) leads to

o) = L0 g,

|2
in a neighborhood of ¢y, so that ¢y is isolated again.

Now, if f®)(ty) = f®)(tg) = 0, we show that necessarily f®*(to) # 0. In view of (3.5.24),
(3.5.25), and (3.5.26), it holds

xho . glo =0 |§t°|2 =z Az’ and £ . Azt =0. (3.5.29)

The first and third equalities mean that &% L zo and £ 1 Az?o. Moreover, the second equality
ensures that 2% # 0 and £% # 0, otherwise (z%, &%) = (0,0), hence pg = 0. Since we are in two
dimensions, we deduce that Az and z' are parallel, and therefore % is an eigenvector of A. Since
Elo | gl and £ £ 0, we deduce that £ is also an eigenvector, associated with a different eigenvalue

12. If S C R is closed and discrete, the for any compact interval I C R, the set SN 1 is compact. Since S is discrete,
the set SN I can be covered by open sets containing at most one element of S. Then, extracting a finite subcovering
shows that SN[ is finite.
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since A has two distinct eigenvalues by assumption. We relabel v and vp so that Azfe = p2xto

and Ag" = vZ¢. Plugging this into the second equality in (3.5.29) yields [£"]* = v7|z"|?, from
which we deduce that the fourth derivative (3.5.27) cannot vanish at ¢, given that the oscillator is
anisotropic (v, # ve):

|A$t0|2—§t0 .Agtg :V;ﬂxto’ 2’51&0‘ _ (1/2—V )|$t0|27é0

Therefore (3.5.28) implies that
¢ ( 0)

= Loy g

in a neighborhood of #g, that is to say the critical pomt to is again isolated. To sum up, the above
argument shows that there exists a neighborhood U of to such that U NS, = {to}, so S, is indeed
a discrete set.

Now fix I C R a bounded interval. We have just shown that n = #(S, N I) is finite. To
prove (3.5.22), we observe that the complement of S, in I is a union of at most n+ 1 open intervals
in I, on which 4/ does not vanish and has constant sign (use the intermediate value theorem).
Therefore « is one-to-one in each of these intervals. We infer that

VseR, #{tel:vt)=st<n+1+#(SyNI)=2n+1.
This completes the proof of the lemma. O

Let us assume that x, < A and fix R > 0. Recalling that x, = k() = k+(Ig) from (iii) in
Lemma 3.5.3, we know that there exists a sequence (r,),en tending to +oo along which

1
7|IR N [H*Tna Tn“ — 0. (3530)
T n— 00

n

According to Step II of Subsection 3.5.2, considering actions (A, A2) = (V1 — Ao, Vo) =

(4 /p+q7 \ /p+q ) and initial angles (61,62) = (555 0), one obtains a trajectory of the Hamiltonian flow

— (xt, €) such that
min |2'| = A max |2'], (3.5.31)
t€[0,T] te[0,T]
that is to say a trajectory that attains the supremum (3.5.5). Here T is any real number larger
than the period of the flow Tj. In view of the homogeneity of degree 1 of the Hamiltonian flow, we
know that ¢ — (czt, c€?) is still a trajectory of the Hamiltonian flow, for any scalar ¢ € R. Note
that (3.5.31) above ensures that |z!| is bounded from below by a positive constant for all times.
Therefore, Lemma 3.5.5 implies that the curve v : (0,7) > t + |2!| is smooth. The corresponding
set S, of Lemma 3.5.5 is nothing but S, = {7’ # 0}. A consequence of this lemma is that S, has
vanishing measure. Thus we write

0,7)\ Sy = |J By where By ={te(0,T):|Y(t)]>2""}. (3.5.32)
NeN

Fix an arbitrary N € N and a scalar ¢ > 0. Then we obtain

t 2N , N s
Ly (c[a']) dt < =— Lr, (ev(t) ey ()] dt = — L, (s)# {t € (0,T) :~v(t) = f} ds
By ¢ JBn ¢ Jey(Bw) c
2Nk 2N cmax 7y
< — 17,(s)ds < —/ 17,(s)ds, (3.5.33)
¢ cy(BnN) C cA max -y

where the equality results from the Area formula (Proposition 3.5.4) applied to E' = Ig. The integer
k is the one from Lemma 3.5.5 (3.5.22). The last inequality follows from the fact that |z!| spans the
interval [A max v, max~] by construction (recall (3.5.31)). Thus taking ¢ = ¢, = r,/ max-y, with
(rn)neN the sequence from (3.5.30), we obtain

n

1
/ 1y, (epy(t))dt < 2Nl<:(rnax*y) X —[Ig N [Ary, ]| —— 0,
By r n—o00
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by (3.5.30), since A > k.. Now going back to (3.5.32), since the set S, is negligible, monotone
convergence ensures that |By| — T as N — oo. We finally obtain that

T
/ Lu(rn) (ena’) dt <[(0,7) \ B +/ Ly, (enla'|) dt =T — |By| + o(1)
0 B

N

as n — 0o. We let N — oo to conclude that the dynamical condition (3.1.7) is not fulfilled, namely

p—00

T
liminf/ Lo pxra (¢'(p)) dt =0.
0

The parameter R > 0 is arbitrary. Therefore the necessary condition of Theorem 3.1.3 tells us that
observability from w([I) in time T does not hold, and T' > Ty itself is arbitrary.

We turn to the case where x, > A. This time, we take T" = Tj to be the period of the Hamiltonian
flow and check that the observability condition (3.1.7) holds in w(I). We pick x € (A, k). In virtue
of Lemma 3.5.3 (iii), we have ks = £4+(I) = k«(I) so that

1,=
de>0,3r9 > 0:Vr >, =|Inlkrr]] >c. (3.5.34)
r

Let (2%, &%) be a trajectory of the Hamiltonian flow with initial datum pg. One can estimate 7 =
max|zt| from below as follows: since the time tg at which the maximum is reached is also a (local)
maximum of |2%|?, the second derivative satisfies:

d2
@Wﬁt:to =2¢to|2 — 2zt . Azt < 0.
Thus it holds
=2 . t02> to,i to > 1 1 Agto wiz) 1 -
Pl et 2 o+ 5let) = e (8.5.35)

Provided |po| is large enough so that p(pg) > HAHTS, we see in particular that 7 > rg. Introduce 7 :
(0,T) >t + |zt|. We know from Lemma 3.5.5 that 7 is Lipschitz with constant v/2p(po) < \/2[|A[|7

(this inequality is a consequence of (3.5.35) above). In particular, we have |/ (¢)| < /2| A||7 outside
the set S, from Lemma 3.5.5. Thus we can apply again the Area formula (Proposition 3.5.4):

T T T
| tephe= [ (et epapes [y ew) ol
@ADL [ et 0.1) () = s} ds
7((0,7))

<X

1l
> (2]|Al) Wf/((w))]lf(s) ds. (3.5.36)
Y

This time, one has v((0,T)) D [A7, 7] D [k7,7] (by definition of A, see (3.5.5)). This means that

| tetatyde= @ADL [ 1) ds > @A) e (3.5:37)

where the last inequality is due to (3.5.34) (recall that 7 > rg). Therefore the dynamical con-

dition (3.1.7) of Theorem 3.1.3 is satisfied. In fact, the explicit expression of the Hamiltonian
flow in action-angle coordinates (3.5.6) shows that |z|? is Z2-periodic.'® Therefore, setting ¢ :=

(2||A]))~/%¢, the dynamical condition (3.1.7) is equivalently satisfied in time 22 — £:
Ty _ & T ~
21 1 © c c

By Theorem 3.1.3, this implies that observablhty holds from w(l)p \ K for some R > 0 and any
compact set K C Rd in any time > L2 — £ which in turn implies observability from w(I) in virtue
of Lemma 3.5.3 (ii). Incidentally, the optlmal observation time is strictly smaller than T /2.

13. One can check that the projected trajectories of rational harmonic oscillators are invariant by point reflection
with respect to the origin or axial symmetry with respect to some coordinate axis, depending on whether p and ¢
have the same parity or not.
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Step 3 — Diophantine approximation in the irrational case.
We assume that ”2 € R\ Q and denote by 2 the reduced fraction expression of its convergents

(see Remark 3.1.13). We investigate the validity of the dynamical condition (3.1.7) by approximating
the trajectories of the “irrational” Hamiltonian flow by the trajectories of the “rational” Hamiltonian
flow obtained by replacing ”j with its convergent 5—; For instance, a projected trajectory of the

irrational harmonic oscillator of the form
rh = Ay sin (vt +60y) xh = Agsin (vat + 6) | (3.5.38)

should be compared to

1’;‘,1 = A;sin (1t +64) , 332-72 = Ay sin (pjl/lt + 02) , (3.5.39)
J
which is a trajectory of the Hamiltonian flow of the (rational) harmonic oscillator with characteristic
frequencies v, and %Vl, whose classical Hamiltonian is:
J

pi(x, &) == 1/22:2—|-p—3u2 1(5 —|—§).
i\, 5 (Vi1 qjg 1T 5 \&1 182

The distance between these two trajectories is

V1|’5|

|t — x§| = |z} — x§2| < Ay [t] < Ag—5— (3.5.40)

Vo — 1/1

aj j
owing to the fact that the sine function is 1-Lipschitz and to the Diophantine approximation re-
sult (3.1.30). We already know from Lemma 3.1.11 that

2
min |ac\<A max|x| where Tj:ij7A—A< )
t€[0,T7] te[0,7y] %1 q;

The time T} is the period of the flow of the rational harmonic oscillator with characteristic frequencies
vy and %1/1. Let us set
J

mj = ?11n|:c | and M; frtnax|x | (3.5.41)
Although the trajectory ¢ = 2 is Tj-periodic, it will be convenient to compare x4 and 2" on smaller
times. Then in view of (3.5.40), on the time interval [0, nT}], where n € (0,1], the norm |z!| spans
an interval J;' such that

.7

and if 1 = 1, since |z%| attains m; and M; on the time interval [0, T}], it holds

mJ+A2 M Azf cJi. (3.5.43)
q;j qj J

So now, according to the value of k4, we check whether the dynamical condition (3.1.7) of Theo-
rem 3.1.3 is satisfied, using the Area formula.

Step 4 — Geometric condition of observability for rationally independent characteristic
frequencies.

Take n = 1, that is we consider a whole period of the rational Hamiltonian flow. We first establish
a lower bound on the time spent by t — 2* in w(I). We consider &, > 0 here. From Lemma 3.5.5,
we know that ~ : (0,7}) > ¢ — |2*| is Lipschitz with constant \/2p(po). Yet, similarly to (3.5.35), it
holds

T2
plpo) < |AIMF,  where M; —thJa%]lx E
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so that + is Lipschitz with constant \/2[|A[|M;. Applying the Area formula (Proposition 3.5.4), we
obtain as in (3.5.36) the lower bound:

/ ]lw(i)(xt)dtz(2HAH)_1/2*M / 1;(s)ds,
0 g2

J

and in view of (3.5.43) and (3.5.42) with n = 1, we deduce that

T; 2 A -1/2 Mj—AzlzT;r
/ 1 (o) dt > %/ 1,(s)ds.
0 My + A2l S+ az2

Observing that A» < M; and that m; < A;M;, we obtain

T; 21l AIN-1/2 Mj(1—§7",)
/0 ]lw(f)(xt)dt > w/ 1;(s)ds. (3.5.44)

M;(1+ 277;) M; (A +22)
Setting
2 A
r=M;(1-" and Aj= —— % (3.5.45)
J i J 1— 27
4 2
we can write the lower bound in (3.5.44) under the form
Tj 1 — 2—71- 1 T
/ 1 (@) dt > 2[|A]) 7/ —% x —/ 1;(s)ds. (3.5.46)
0 1+ qu\' T [\j”'

We assume that g; > 27 so that » > 0, which is the case for j large enough since g; — co. The
above estimate (3.5.46) is valid for any trajectory of the (irrational) Hamiltonian flow with initial
datum pg # 0. In addition, we remark that M; defined in (3.5.41) tends to infinity as py — 0o, so
that r defined in (3.5.45) tends to 400 as pg — 0o too. Thus (3.5.46) leads to

21

T.
J - 1,~ ~
hminf/O Lyyxra (6 (p)) dt > (2| A) ™ ——& x liminf = |7 N [Ajr, 7] . (3.5.47)

p—ro0 1+ Z—” r—+4oo r
J

In order to deduce a positive lower bound, it suffices that A; < s, = i, (I) = k,(I). This is achieved
provided g; > 67/k, > 67. Indeed, under this condition, we have on the one hand

1-— 2—” _ 27 1
6> fr - (3.5.48)

1420 =14 30 27
J

and on the other hand, recalling the definition of A; in (3.5.45), the formula (3.1.25) for A; given
by Lemma 3.1.11, and using that sinz < x and tanz < %:c for 2 € [0, 7], we obtain

4 /2 27
- = X ot 1 1/1
A; < Pj+4; aj <3 +m < | =41 ke < Ky (3549)
EmE ey

Now we turn to the upper bound on the time spent by projected trajectories of the (irrational)
Hamiltonian flow in w(I)g, for a fixed R > 0. We consider s, € [0,1] arbitrary now, with the
convention 1/k, = +00 if x, = 0. We go back to 1 € (0,1]. We select a curve ¢ — (z},&%) of the

t

rational flow that maximizes the ratio ming|z%|/ max;|z%|, namely that satisfies

t‘ :Aij.

mj; = min |z} = A; max |z}

telo,1;] 7 te[0,75]

This curve is of the form (3.5.39) for well-chosen action and angle variables. We consider ¢ — (z*, ¢")

the corresponding trajectory of the irrational flow given by (3.5.38), that is the integral curve

obtained by substituting v, for %Vl in (3.5.39). Notice that this trajectory depends on j. We still
J
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write v(t) = |2'|. By Lemma 3.5.5, we know that it is a Lipschitz map and that there exists an
integer ko such that #v~!(s) N [0,7}] < ko for all s € R. Reproducing the computation (3.5.33),

we find: N . N N
2 k max 2 k
/ 1z, (c|at])dt < 0/ 17,(s)ds < 0/ 17,(s)ds,
B c cJ;.7

N c Aj max y c

where we recall that the parameter ¢ > 0 is an arbitrary scaling factor, and By is defined similarly
to (3.5.32) by
By ={te[0,9T;]: |5'(t)| =27V} .

In view of (3.5.42), this leads to

QNkO /C(M1+A277§:)

1 ds.
c IR(S) S

/ L, (c|2*]) dt <
BN

(mj*Azn%)

As we did before in (3.5.44), we use the fact that Ay < M;, together with m; = A; M, (the equality
is important here) to obtain

2Vk eM; (14n3E)
/ ]].IR (C|xt|) dt < p / , ]l]R(S)dS
By eM; (A =ng7)

Defining now
27
2 - AT
r = M, (1 +777T> and A= BT 2?: ,
qj L+nes

we end up with

/ 1r, (c|xt|)dt < 2Nk0Mj (1 +7727T> i/~ 1;,(s)ds.

Bn q; cr Ajer

We finally prove that this upper bound tends to zero along a well-chosen sequence of parameters ¢
provided A; > k,. This is fulfilled whenever g; < §/k,, for a small enough constant §. To see this,
we can use that tanz > x and sinx > %x on [0, ] to control A; from below by ——. Then (3.1.30)

Pjt4;
leads to Z—j < Z—f + 1, which yields

1 1 C
>

iZ o2 24 2y g
pit+a; 42+ yl) 4j
Assuming that n < % < 1, we obtain

C—27n
. = ) )
Ry>—o >l ,Cz2m, C-2m
1+ nq—: ¢ 142w — 6(1+2mm)

This yields /~\j > Ky if § is small enough, so that by definition of x,, letting ¢ — 400, we obtain

nTj 2 1 cr
liminf/ Loy(rp) (e2') dt < |[0,7T;] \ By |+ 2" ko M; <1+n”) liminf—/ 17, (s)ds
0

c—+o00 q; c—+oo Cr Ji

Ajer
= nT; — |By|, (3.5.50)

which tends to zero as N — oo.
The general conclusion is the following: if x, > 0 and j € N is such that ¢; > i—’:, we know

by (3.5.49) that A; < k,, so that by definition of &, the estimate (3.5.47), together with (3.5.48),
proves that the dynamical condition (3.1.7) of Theorem 3.1.3 holds for w(I) in time T; = i—’quj.

If on the contrary s, € [0,1] and it holds ¢; < :T for some 6 > 0 depending only on Z—?, then
from (3.5.50), the dynamical condition (3.1.7) is violated in w(I)gr for any R > 0 on the time
interval [0,7T}], where > 0 depends only on 72 again. Theorem 3.1.3 then implies that the

Schrodinger equation is observable from w(I) if and only if x, > 0. If indeed k, > 0, then the
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optimal observation time T, = T, (w([I)) is controlled as follows: there exist constants C, ¢ > 0 such
that

cqj, < T, < Cqj, (3.5.51)

where j; is the largest index such that ¢; < % and jp is the smallest index such that ¢; > %’:.

To go from (3.5.51) to the desired estimate (3.1.28) in the case where 2 is Diophantine, we use
the fact that the irrationality exponent 7, defined in (3.1.26), is related to the growth of the g¢;’s.
This comes from the formula

log g
7(p) = 1+ limsup 08441
j—oo 0g q;

(see [Dur, Proposition 1.8] or [Son04, Theorem 1]). When 7 is finite, we deduce in particular that
for any € > 0, we have for any j large enough

log q;+1

<7t-1+¢,
log q;

which leads to the existence of a constant C. > 0 such that
qjr1 < Ceq7 e, Vi €N.

We obtain by definition of the indices j; and js:

(S 67 T—1+4¢
— < gj 41 <Ceq;,7M and gy, < Cegj1” TTE<CL () .

Ry R

Plugging this into (3.5.51), we finally deduce (3.1.28). This concludes the proof of Proposition 3.1.10.
O

3.A. Reduction to a weaker observability inequality

The following proposition shows that Obs(w,T) is equivalent to a similar inequality with a re-
mainder involving a compact operator. The argument goes back to Bardos, Lebeau and Rauch [BLR92].
This reformulation of the problem paves the way for the use of microlocal analysis: we are inter-
ested in the propagation of high-energy modes through the Schrédinger evolution, discarding any-
thing that is microlocalized near a fixed energy sub-level {p < cst}. An alternative route could
be to slice the phase space according to energy layers of the Hamiltonian p(z,§) = V(z) + %|§\2;
see [Leb92b, BZ12, AM14].

Proposition 3.A.1. Suppose P is a self-adjoint operator with compact resolvent, and let B be a
bounded operator on L*(R?) satisfying the unique continuation property:

for any eigenfunction u of P, Bu=0 = u=0. (3.A.1)
Let Ty > 0 and assume there exists a compact self-adjoint operator K such that
2 o ; 2
3Cy > 0:Vu € L*(RY), ull7e < CO/ | Be™*Ful|,, dt + (u, Ku),. . (3.A.2)
0
Then for every T > Ty, there exists C > 0 such that

T
vue PRY, Julf <C [ Berul,ar.
0

Remark 3.A.2. The operators of the form P = V(z) — £A that we consider, with V subject
to Assumption 3.1.1, satisfy the unique continuation property of the statement when B is the
multiplication by the indicator function of a non-empty open set. See [LRLR22a, Theorem 5.2].
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Proof. Let us introduce for any S € R:
S . .
AS _ / ethB*Befth dt,
0
and denote by .Fs its kernel (the space of so-called invisible solutions). One can check that

Is= [ kerBe """ ={ue L*R%):Vte[0,5], Be "Fu=0},
t€(0,S]

using the fact that e B*Be~"*F > 0 for all t € R as operators, and that the map ¢ — Be " is
strongly continuous. The space #5 is a closed linear subspace of L?(R?), both for the strong and
the weak topology (use for instance that Ag is a bounded operator). Moreover, one has the property
that S1 < Sy yields $s, D Fs,. It implies that for any S, the set

5= Is

S'>S
is also a linear subspace, contained in Jg.

Step 1 — 97, is finite-dimensional. This assertion is a consequence of the fact that K is coercive

on Yz, namely
VueIn,  ullp: < [|Kull,

It follows directly from the assumption (3.A.2) and the Cauchy-Schwarz inequality. Setting W =
Ran K|y, , we deduce that K : S, — W is one-to-one and its inverse K ! is bounded as an
operator in £(W, .9r,). Now denote by By, the closed unit ball of 9r,. Since Jr, is strongly and
weakly closed, the same holds for its closed unit ball as a subset of L?(R%). We deduce that B 1,
is weakly compact. The compactness of K implies that K (B‘gTo) is (strongly) compact in L2(R9).
Since it is contained in W, it is compact in W. Therefore the fact that K—!: W — 97, is bounded

implies that B 9r, = KK (B 97,)) is compact. We deduce by the Riesz’s Theorem that Jr, is
finite-dimensional.

Step 2 — 9r, is stable by P. Let us check that 7, C dom P. Let u € 95, and set

e Py —y
Ue = —————— | Ve #0.
€
By definition of 9, , the function u belongs to Jr, ¢, for some € > 0, so that ue € Jp, for any
€ € (0,¢0). Recall from the previous step that 1, D I, is finite dimensional. We observe that
v ||(P - i)*1v||L2 is a norm on .97, , so it is equivalent to the L? norm. Yet we see that
e (P —i) "ty — (P —i)"tu

(P—1i) tu, = ;
€

with (P —4)"'u € dom P, so that (P — i)~ lu, converges as € — 0 to some v € dom P. Therefore
we conclude that

lue = (P = i)ol| 2 < Cf[(P = 6)Mue = wf| 1, — 0.

The fact that ue converges shows that u € dom P, hence .9, C dom P. It remains to see that

lim¢_,o ue = —iPu belongs to JT_O , which is a consequence of the fact that ﬂT_O is finite-dimensional,
hence closed.

Step 3 — 95, = {0}. This results from the unique continuation property (3.A.1). Indeed, we
can argue as follows: from the previous steps, .97, is a finite-dimensional linear subspace of L?(RY)
which is stable by the self-adjoint operator P. Therefore there exists a basis (u1,uz, ..., u,) of Sz
made of eigenvectors of P. By definition of .95, these eigenvectors satisfy in particular Bu; = 0. So
by the unique continuation result (3.A.1), we find that .7, must be trivial.

Step 4 — Conclusion. Let T > Ty. We want to show that Ar > ¢ for some ¢ > 0. To
do this, it suffices to prove that Ap is invertible, because Ar is self-adjoint and Ar > 0. The
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assumption (3.A.2) implies that the self-adjoint operator Ar + K is invertible, meaning that zero
does not belong to its spectrum. Since K is compact and self-adjoint, we classically know that Ap
has the same essential spectrum as A7 + K, so in particular zero is not in the essential spectrum of
Ap. Tt is not an eigenvalue neither since ker Ay C ﬂT; = {0}. Therefore At is invertible, and the
conclusion follows. O

The following lemma is not related to the previous proposition. Still, it is worth stating it
properly since we use it on several occasions throughout the article.

Lemma 3.A.3. Let w C R? be measurable. Assume Obs(w,T) holds in some time T > 0 with a
cost C' > 0, namely

T
2 —i 2
e XRY, il <C [ e ulag, dr

Then Obs(w,T — €) holds for any e < 1/C.

Proof. We use the fact that the propagator e ** is an isometry on L?(R?) to get

T T
—itP, ||2 —itP, ||2 2
c/HHe a2, dt < c/HHe 2y 4 = CllulZa
Thus we can absorb this term in the left-hand side of the observability inequality provided Ce < 1:
5 T—e P 9
(= Collulaman <€ [ e ulaq,

namely Obs(w,T — ¢) holds with cost C(1 — Ce)~1. O

3.B. Pseudo-differential operators

We recall below basics of the theory of pseudo-differential operators (see the textbooks [Hor85,
Ler10, Mar02, Zwol2] for further details). We will also need a precise bound on the remainder of
the pseudo-differential calculus and of the sharp Garding inequality. This is why we reproduce the
proofs of these results below.

3.B.1. Weyl quantization
Let a € ¥ (R>2%). We define the operator Op(a) acting on the Schwartz class & (R4) by

(Op(a)u] (2) = (2m)* [

e ele=)sy (ng —2~_ y,f) u(y)dydé, ue ¥R,z € RY.

It is known that Op(a) : ¥ (R?) — & (R?) is continuous. The quantization Op extends to tempered
distributions: for any a € #’(R>2%), the operator Op(a) : #(R?) — #'(R?) is continuous.

3.B.2. Symbol classes

Definition 3.B.1 (Symbol classes). Let f be an order function.'* Then the symbol class S(f) is
the set of functions a € C™(R??) satisfying

Va € N?? 3C, > 0:Vp € R*?, 10%a(p)| < Cuflp).
Collecting the best constants C,, for each «, the quantities
¢
= Cy, {eN,
lalss) B

are seminorms that turn the vector space S(f) into a Fréchet space.

Any a € S(f) is a tempered distribution and yields a continuous linear operator Op(a) :

P (R4) - #(RY).
14. A positive function f on the phase space is said to be an order function if
3C > 0,3N >0:Vp,po € R®**,  f(p) < Clp— po)™ f(po)-
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3.B.3. L?-boundedness of pseudo-differential operators

Theorem 3.B.2 (Calderén-Vaillancourt). There exist constants Cq, kg > 0 depending only on the
dimension d such that the following holds: for any a € S(1), the operator Op(a) can be extended to
a bounded operator on L?(R%) with the bound

10p(a)ll 2, 2 < Calal

3.B.4. Refined estimate in the pseudo-differential calculus

Let a1,as be two symbols. We have seen previously that the composition Op(a;)Op(asz) makes
sense as an operator on the Schwartz space. This operator is also a pseudo-differential operator,
whose symbol is denoted by a1 # as, called the Moyal product of a; and as, and satisfies

Op(a1)Op(az) = Op(ay # az) . (3.B.1)

More generally, one can define the h-Moyal product, depending on a parameter h € (0, 1], as

_ihg,
(a1 #n a2) (p) = e~ 2 7%1%2)ay (p1)az(02) jpy = py=p »

where o is the canonical symplectic form on R2?. Taking h = 1, one gets a formula for the Moyal
product in (3.B.1) above. The h-Moyal product is known to be a bilinear continuous map between
symbol classes; see [Zwol2, Theorem 4.17] or [Ler10, Theorem 2.3.7] for instance.

Proposition 3.B.3 (Continuity of Moyal product). Let fi, fa be two order functions. Then the
map

S(f1) x S(f2) = S(f1f2)

(a1,az) — a1 #n as

is bilinear continuous, with constants independent of h € (0,1]. More precisely, for any ¢ € N, there
exist k € N and Cy > 0 such that

¢ k k
a1 #n azlgs, 1) < Celarlgiplazlss,y, VR €(0,1],¥(a1,a2) € S(f1) x S(f2).

A stationary phase argument leads to an asymptotic expansion of the Moyal product

—1 2
al#awz 2L (0000 01003 () s

In the sequel, we denote by % ;,(a1,a2) the remainder of order jo in this asymptotic expansion,
namely

Jjo—1 . ;
—1/2)7 )
(j/')U(apuap2)]a1(pl)a2(p2)|p1_P2_P :

Rjo(a1,02)(p) = ar #ag — Y
j=0
Estimates on this remainder term are usually stated as follows.
Proposition 3.B.4 (Pseudo-differential calculus). Let f1, fo be two order functions. Then for any
integer jo > 1, the map

S(f1) x S(f2) = S(f1f2)
(a1,a2) = R, (a1, a2)
is bilinear continuous.

In our study, it will be convenient to have a slightly more precise statement. Actually, the
explicit formula for the remainder allows to prove that its seminorms are controlled not only by the
seminorms of a; and as but more precisely by the seminorms of the derivatives d’°a; and d’°as.

Proposition 3.B.5 (Refined estimate). Let fi, fo be two order functions. Then for any jo > 1, it
holds
ok ok
VOEN, TR EN,IC > 00 | Ryo(ar,a9)lg g, p,) < CeldPar] g, [doazlg s

for all (a1,a2) € S(f1) x S(f2).
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Proof. We outline the arguments of the proof, which are classical, trying to keep track of constants
carefully. The starting point of this result is the explicit expression of the remainder (see [Zwol2,
Theorem 4.11] for instance):

=i\ [t (1 —t)! —it (8, ,0,,) o
R j,(a1,a2)(p) = o . We 298901:5%02) 0 (0, , Opy ) a1 (p1)a2(p2) py=po=p dt -

o1 Op, )70 exhibits a particular structure: we observe that the integrand
of the integral over ¢ can be written as a sum of terms of the form

The binomial expansion of o (9

e_iéo(apl 9p2) <6a1 al)(f)l)(aot2 a2)(p2) lp1=p2=p

with || = |ag| = jo, which corresponds exactly to 0*ay #; 0“2ay. By Proposition 3.B.3, we know
that the Moyal product is a bilinear continuous map S(f1) x S(f2) — S(f1f2) with respect to the
Fréchet space topology, with seminorm estimates independent of ¢ € (0,1]. This yields

0 ik ok
|g2/j0 (a/17 a2)|5(f1f2) < CO ’d]UCbl ’S(fl) |d30a2 |S(f2) . (3B2)
In order to handle seminorms of order ¢ > 0, we use the Leibniz formula:
8%3‘0 (al, a2> = %jo (8(11, ag) + %jo (al, 8@2) s

and we apply (3.B.2). The result follows. O

3.B.5. Positivity

Heuristically, the quantization of a non-negative symbol is an almost-non-negative operator. The
formal statement, known as the Garding inequality, says that the negative part of the operator is
controlled in terms of the Planck parameter in semiclassical analysis, or exhibits some decay at
infinity in the phase space in microlocal analysis. In the main part of the article, we need to apply
the Garding inequality to a symbol in S(1) whose derivatives, of any order, behave like 1/R, where
R is a large parameter. Unfortunately, such a symbol does not fit in the semiclassical framework, in
which derivatives of order j behave like 1/R7. Thus we provide in this paragraph a refined statement
of the sharp Garding inequality that keeps track of the dependence of the remainder term on the
seminorms of the derivatives of the symbol.

Proposition 3.B.6 (Sharp Garding inequality). There exists a constant cq > 0 and an integer
kq > 0 depending only on the dimension d such that the following holds. For any real-valued symbol
a € S(1) satisfying a > 0, one has

Op(a) > —cq|Hess a\’;‘zl) Id .

Proof. We redo the usual proof (see for instance [Zwol2]) using the refined estimate on the re-
mainder in the pseudo-differential calculus (Proposition 3.B.5). Let us prove that for z sufficiently
negative, the operator Op(a — z) is invertible, which in turn shows that it is non-negative by classical
arguments.
Step 1 — Estimate of the derivatives of (a—z)~'. Using the assumption that a > 0, we classically
have
|Va(p)| < v/2|Hess a|ca(p) , Vp e R% (3.B.3)

(see [Zwol2, Lemma 4.31] for instance). Besides the Faa di Bruno Formula tells us that for any
nonzero o € N2?, the partial derivative 9%(a — z) ! can be computed as a sum of terms of the form

1 14
(a—z)t+t [[ove,
j=1

with 1 < ¢ < |af, Z§:1 a; = a, |aj| # 0,Vj. Denote by ¢ the number indices j such that |o;| = 1.
We apply (3.B.3) to the ¢ factors of the form 0% a corresponding to these indices, and we bound



150 CHAPTER 3. OBSERVABILITY OF THE SCHRODINGER EQUATION

the ¢ — ¢’ other ones by seminorms of the Hessian of a (recall that |o;| > 2 for those remaining
indices). We obtain

L

! i 1 /2 o
g L107e) < e Cessal calo)? ([Hessal),
]:

v

We deduce that

/

¢
1 o 1 s Va | =%
(a— 2)1+ [[o%a < la— z\1+€2 ?la(p)l? (‘HGSS‘”S(U)
P

1 ’ s o Zﬁ%
< mzf <|a—z|2 +|z|2> (|Hessa\';(‘1)) .

Putting together all the terms in the Faa di Bruno Formula, and using that a — z > |z| (since z < 0),
we finally get that there exists a constant C' > 0 (depending on |«|) such that

C |Hess a“s?‘(‘l)

< — max
|2| 1<e<]al |2
0<e'<e

1

a—=z

80&

Assuming that |z| > |Hessa\|;‘(‘1), we arrive at

(3.B.4)

Step 2 — Invertibility of Op(a — z). From the previous step, we know that a — z and (a — z)~!
are in S(1) with explicit seminorm estimates, provided |z| is large enough. We perform the pseudo-
differential calculus:

1
Op(a — z)Op(z> =1d+0+ Op(®R2),

keeping in mind that the second term in the asymptotic expansion vanishes because both symbols are
functions of the same symbol. According to the Calderén-Vaillancourt Theorem (Theorem 3.B.2),
our refined estimate on the remainder (Proposition 3.B.5), and finally to (3.B.4), we obtain

3/2
|Hess a|’§(1)>

k K 1k
10P(Z2) |2y p2 < C’d|@2|§é1) < C’d|Hessa\Sl(l)’Hess(a —2) 1}52(1) <C ( ]

for some constant C' and some integer k independent of a and z, and provided z is negative enough.
Actually when z < —(2C)?/3|Hess a|’§(1), we obtain that ||Op(%2)| < 1/2, so that Id +Op(%R2) is
invertible by Neumann series. This leads classically to the invertibility of Op(a — z), which concludes
the proof. O



4 - Egorov’s theorem in the Weyl-Hormander cal-
culus

We prove a general version of Egorov’s theorem for evolution propagators in the framework of
the Weyl-Hérmander calculus in the Euclidean space. Mild assumptions on the Hamiltonian allow
for a wide range of applications that we describe in the paper. We also take care of quantifying
the Ehrenfest time and describing the full symbol of the conjugated operator. Our main result
is a consequence of a stronger theorem, related to the notion of second-microlocalization, on the
propagation of quantum partitions of unity.

4.1. Introduction and results

One of the simplest instances of the correspondence principle is the description of the evolution
of coherent states of the quantum harmonic oscillator by Schrédinger in 1926 [Sch26a]. One can
check by an explicit computation that in R?, the wave function

—itd

— 2 7 .
o) = S o (D Y emiemnen e R xR
™

is a solution to the Schrodinger equation
Dﬂ/f + %(*A + ‘I|2)1/J = 0, Dt = %&t,

where ¢ — (x4, &) satisfy Newton’s second law of classical mechanics with a force field F(z) = —z =
—V(&|z?), ie.

Ty =&

ét =~ .

We can formulate this observation as saying that the wave packet centered at zy with momentum
&o propagates under the quantum evolution along the classical trajectory of a point mass initially at
position and momentum (xg,&p). This case is quite exceptional since the correspondence between
classical and quantum mechanics appears regardless of any asymptotic regime. Actually this is a
very particular instance of exact Egorov’s theorem due to the fact that the Hamiltonian is quadratic.

The modern treatment of the quantum-classical correspondence principle is carried out in the
framework of microlocal analysis—see the books for a comprehensive account of this theory [Tay91,
Hor85, Lerl0, Mar02, DS99, Zwol2]. A landmark paper is the work of Egorov [Ego69], who shows
that local canonical transformation x (also called symplectomorphism) can be quantized, namely
there exists a (microlocally unitary Fourier integral) operator U, such that

UxOp(a)Uy =~ Op(a o x).

In this expression, Op(a) is a quantization procedure, that associates with a symbol a (a smooth
function on phase space R? x R%) an operator Op(a) acting on L?(R?) (see the next subsection
for more details). This equality, which is usually valid only up to a remainder term (except in
very particular situations), tells us that a transformation at the symbolic level, i.e. on the classical-
mechanical side, has a counterpart on the quantum-mechanical side. In this paper, we are interested
in going the other way around (also called Egorov’s theorem in the literature): starting from a self-
adjoint operator P = Op(p) and the associated unitary propagator e~ we want to prove a
statement of the form

e Op(a)e™F ~ Op(a o ¢t), (4.1.1)

where (¢!);cr is the so-called Hamiltonian flow associated with the symbol p, for a very general
class of Hamiltonians p and symbols a. What we want it to study the action of the propagator
from the knowledge of the classical flow (¢');cr on phase space. See shall discuss our motivation in
greater detail below.

151
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Since Egorov’s paper [Ego69], many generalizations have been studied. We refer to Taylor’s
book [Tay91, Chapter 6] for a microlocal version. See also Zworski’s book [Zwol2, Chapter 11]
for a comprehensive presentation in the semiclassical setting. An important question, originating
in physics [Chi79, Zas81], it to figure out the time range on which the approximation (4.1.1) is
true, the so-called Ehrenfest time. In a semiclassical setting, it was proved by Bambusi, Graffi and
Paul [BGP99], and Bouzouina—Robert [BR02] that this time behaves logarithmically with respect to
the semiclassical parameter. The (inverse) Lyapunov exponent of the classical dynamics appears as
a constant factor in the Ehrenfest time, which means that the semiclassical approximation is valid
all the longer as the underlying classical dynamics is stable. We shall recover this in Theorem 4.1.15
below in a more general setting.

Egorov-type theorems have been applied in a wide range of mathematical situations. Let us
mention a few of them (the list is not exhaustive).

o It has multiple consequences in spectral geometry. It allows for instance to relate singularities
of the trace of the half-wave propagator with the length spectrum of compact Riemannian
manifolds; the first papers in this direction go back to Duistermaat—Guillemin [DG75] and
Chazarain [Cha74]. We refer to the recent paper by Canzani and Galkowski [CG23] for an
application to improved remainders in the Weyl law.

e Quantum chaos is perhaps the field where Egorov’s theorem has been mostly used. It has
proved very powerful to describe the concentration or delocalization properties of Laplace
eigenfunctions on compact Riemannian manifolds with a chaotic underlying classical dynamics,
through semiclassical defect measures. See for example the paper of Colin de Verdiére [CdV85]
on quantum ergodicity. We also refer for instance to the work of Anantharaman [Ana08],
Anantharaman-Nonnenmacher [AN07], Riviere [Riv10b, Riv10a, Riv14], Anantharaman-Riviere
[AR12] and Dyatlov—Jin—Nonnenmacher [DJN22]. See also Dyatlov—Guillarmou in non-compact
manifolds [DG14].

e In control theory, the idea of using Egorov’s theorem to prove observability inequalities was
introduced for the wave equation by Laurent and Léautaud [LL16], based on earlier works by
Dehman and Lebeau [DL09]. We recently applied the same method to study the observability
of the Schrodinger equation in the Euclidean space [Pro23].

e In the theory of scattering resonances, examples of application of Egorov’s theorem can be
found in papers by Nonnenmacher and Zworski [NZ09, NZ15], Dyatlov [Dyal5] and Dyatlov—
Galkowski [DG17]. See also [DZ19, Section 7.1] for an interesting application to lower bound
resolvent estimates in the context of geometric scattering.

o In the wider context of resolvent estimates, let us mention Bony—Burq—Ramond [BBR10],
Arnaiz and Riviere [AR20] who discuss Egorov’s theorem in the Gevrey category. For non-self-
adjoint versions of Egorov’s theorem, we refer to the works of Royer [Roy10], Riviére [Riv12]
and Léautaud [Lé23] who gives a non-self-adjoint version.

o Ideas related to Egorov’s theorem were also used recently to study fractal Weyl laws for Anosov
flows by Faure and Tsujii [FT23a, FT23b]. We shall mention this again in Subsection 4.1.7.3.

Our goal is to prove a version of Egorov’s theorem in the Weyl-Hormander calculus, to provide
a unifying viewpoint of of the aforementioned approaches. In a forthcoming work, we plan to give
applications to control theory (stabilization, observability), where the Weyl-Hoérmander calculus
arises as a natural tool to study various wave or Schrodinger-type equations in the Euclidean space.
Let us mention that a study of the quantization of canonical transformation in the continuation of
Egorov’s work [Ego69] was proposed by Beals [Bea74, Section 5] and later by Hérmander [Ho6r79,
Section 9]. We also discuss in more detail in Subsection 4.1.10 the contributions of Bony.

The rest of the introduction is structured as follows. In Subsection 4.1.1, we set the geometric
framework of this paper, we introduce the Weyl quantization and we define precisely the classical
and quantum dynamics that we will study. We give some additional notation and conventions in
Subsection 4.1.2. Next we give our main result in Subsection 4.1.4, and comment it in the subsequent
Subsection 4.1.5. Subsection 4.1.6 is a discussion on the Egorov asymptotic expansion in terms of
a Dyson series. The reader can find three concrete examples of applications of our main theorem
in Subsection 4.1.7. Then we introduce the basics of the theory of metrics on the phase space in
Subsection 4.1.8, which is not necessary to understand the main result but is needed as a tool box for
the proofs. Then we introduce a result on the propagation of quantum partitions of unity adapted
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to a metric g in Subsection 4.1.9. This is in fact the core result of this article (our main result is a
consequence of the latter). We finish in Subsections 4.1.10 and 4.1.11 with a review of related works
by Bony and give the strategy of the proof.

4.1.1. The classical and quantum dynamics
4.1.1.1. Geometric framework

We work in the manifold M = R¢, viewed as a finite dimensional real affine space. The reason
we stick to the notation M instead of R? is that we will strive to avoid any use of the vector space
or Euclidean structure of R?. Indeed, classical mechanics on the configuration space M takes place
naturally on the cotangent bundle 7*M. Typical points of T*M will be denoted by p = (z,¢).
The manifold T*M is called the phase space of classical mechanics. It is equipped canonically with
a symplectic form o, defined intrinsically as the exterior derivative of the Liouville 1-form [DS99,
Chapter 1]. In coordinates, it reads o = d¢ A dz.

The Hilbert space that we consider is the usual space L?(M) of square-integrable functions with
respect to the Lebesgue measure on M. !

Remark 4.1.1. The analysis of a quantum mechanical system on M, from the Weyl-Hoérmander
framework perspective, essentially consists in considering a good Riemannian metric ¢ on T*M
which is relevant to the typical scales of the problem. For this reason, it would be quite confusing to
rely on a Euclidean structure on M, in addition to a Weyl-Hormander metric. This is the motivation
for writing M instead of R?.

4.1.1.2. Quantization

The affine structure of M allows to make sense of the Weyl quantization (thus we have an
unequivocal notion of full symbol of an operator). The affine structure is given by the transitive and
free action by translation of a finite dimensional real vector space V ~ R:

VxM-—M
(v,2) — x + .

This induces a natural action on the phase space by

W x T*M — T*M
(C;p) — p+ ¢,

where W = V @ V*. Notice that all the tangent planes 7,,7*M are naturally identified with W
through this action.

In this article, we work with the Weyl quantization. Given a € & (T*M ), the Weyl quantization
of a is the operator Op"(a) defined by

[Op™(a)u] (z) = /*Mei@(w*y)a <$;Ly ) u(y)dyde, €M,

where the measure dy d€ on T* M is a suitable normalization of the Lebesgue measure, or equivalently
the symplectic volume,? so that Op"(1) = Id. This quantization procedure can be extended to
tempered distributions a € #’'(T*M). The operator Op¥(a) : ¥ (M) — &' (M) is defined by

(Op™(@)w, v)gr g a1y = (AU D V) s (e arys Vu,v € (M), (4.1.2)

where u; @ us is the Wigner transform of uy,us € & (M):

U (a: + 3) Uy (m - %) e du, V(x,&) € T"M. (4.1.3)

(1 0 u)(w.6) = [ :

v

1. Rigorously, we would rather work with the intrinsic L? space, that is the completion of the space of half-densities
with respect to the L? norm [Zwo12, Section 9.1]. In our case, this space identifies with the space of square-integrable
functions through the (non-canonical) choice of a normalization of the Lebesgue measure.

2. Recall that the symplectic volume is the d-fold exterior product 0 = o Ao A --- A o, where d = dim M.
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Here we follow the presentation of [Ler10, Section 2.1]. Classical properties of the Weyl quantization
are recalled in Appendix 4.A. When it makes sense, the symbol of the composition of Op%¥(a;) and
Op"(az) is the Moyal product a; # as, given by

(@ # a2 (0) = [

w

o (p " %) “ (p " %) e dgy dGy (4.1.4)

(this has to be understood as an oscillatory integral in general). It satisfies
Op™(a1 # az) = Op™(a1)Op"™(as).

We discuss composition of such operators in Subsection 4.2.2.

4.1.1.3. The classical dynamics

Consider a smooth real-valued function p on T*M with temperate growth. The Hamiltonian
vector field H, associated with p is the unique vector field satisfying

o (Hp, X) = —dp.X, (4.1.5)

for all smooth vector field X on T*M. The so-called Hamiltonian flow is generated by H,,, and will
be written (¢!);cr, and solves the o.d.e.

d
ﬁqgt = H, o0 ¢t (4.1.6)

which is a general form of Newton’s second law of classical mechanics. Under mild assumptions on
p, it is well-defined for all times. It is known that the Hamiltonian flow is a group of symplectomor-
phisms, that is to say (¢')*c = o for all times. As a consequence, it also preserves the symplectic
volume (here the Lebesgue measure).

The Hamiltonian flow acts on Schwartz functions a € & (T*M) through ¢ — a o ¢*, which solves

the p.d.e.
4

where H,, is viewed as a differential operator of order 1. For any function a on phase space, we
define

etHrg .= qo ¢, t e R. (4.1.8)

The notation is justified by (4.1.7). Actually, we can give a stronger meaning to e*» for L? functions
on phase space. Modulo some natural assumptions, we can see H, as a skew-symmetric operator on
L*(T*M) with domain ¥ (T*M) (here again, the space L*(T*M) involves the Lebesgue measure,
or symplectic volume, on T*M). As a consequence of Stone’s theorem [RS80, VIIL.4], we show in
Proposition 4.3.2 that the family of operators (e!/r);cgr, viewed a operators acting on L?(T*M), is a
strongly continuous one-parameter unitary group, generated by a skew-adjoint extension of Hy,, that
we call the classical dynamics. We will use this unitary group to describe the quantum dynamics
defined below.

4.1.1.4. The quantum dynamics

We consider a self-adjoint operator P with domain dom P, acting on L?(M). We denote by p the
Weyl symbol of P, so that P = Op"(p), and assume it is a well-behaved symbol (smooth and with
temperate growth). Stone’s theorem states that the family of operators (e~ *%);cr constructed by
functional calculus is a strongly-continuous one-parameter unitary group. For any u € L?(M), the
map t +— e~ Py, belonging to CO(R; L2(M)), solves in a weak sense the initial value problem

D= P, $(0) =u, (4.1.9)
with D, = %Bt. For this reason, we will refer to e~ *" as the Schrodinger propagator associated
with P. The Schrodinger equation can be studied in the so-called Heisenberg picture of quantum
mechanics: letting A be a bounded operator on L?(M) (a “quantum observable”), we have

(e7"Pu, Ae™"Pu) ,, = (u, A(t)u) ., VtER,
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where the map t — A(t) := e Ae=F solves the equation
DU =[PV], U(0)=A. (4.1.10)
Expressing (4.1.10) at the level of symbols, namely writing ¥(¢) = Op"(a(t)), we have formally
D;Op™(a) = Op™(p # a — a # p),

where P = Op"(p). Therefore, t — a(t) is a solution to the equation

(4.1.11)

where F€,, is the operator
Jpa =i(p#Ha—a#p), acS(T*M). (4.1.12)
We introduce the main object that we study in this article.

Definition 4.1.2. Let a € /(T*M) and t € R, and suppose ¢ Op™(a)e®’ makes sense as a
continuous operator & (M) — S'(M). Then we denote by e/*»a its Weyl symbols, namely the
unique tempered distribution on T*M such that

Opw(et%’pa) = ¢tPOp™(a)e Mt

Observe that this definition applies in particular to any tempered distribution a such that Op™(a)
extends to a bounded operator on L?(M). Moreover this definition makes sense in virtue of Proposi-
tion 4.B.1 (a consequence of the Schwartz kernel theorem), and the notation is justified by (4.1.11).

Actually, we can give a stronger meaning to e/”» for L? symbols. The operator A€, introduced
in (4.1.12) can be seen as a skew-symmetric operator on L?(T*M) with domain & (T*M). We show
in Proposition 4.3.2 that the family of operators (e!*»);cr, viewed as operators acting on L?(T* M),
is in fact a strongly continuous one-parameter unitary group, generated by a skew-adjoint extension
of #€,, that we call the quantum dynamics. Our goal in this paper is to study this unitary group.

4.1.1.5. The quantum-classical correspondence principle

The generator H,, of the classical dynamics is a fairly simple object, namely a vector field. In
contrast, the operator #€, looks much more difficult to describe. The idea of a correspondence
between the classical and the quantum dynamics follows from pseudo-differential calculus, as we

explain now. We introduce the operator %;3) in such a way that
A, = Hy + #. (4.1.13)

This equality makes sense in the sense of continuous ® operators & (M) — & (M). Applying pseudo-
differential calculus at order 3 (see Proposition 4.2.2), we have in fact

i(p#a—a#p) :i(pa—ap)+{p,a}+3€1g3)a, ae€P(T*M), (4.1.14)

where {p,a} = H,a is the Poisson bracket.* This is nothing but (4.1.13). The remainder operator

%1()3) contains all the “non-locality” of quantum mechanics, and quantifies the deviation of the latter
from classical mechanics. It involves derivatives of order > 3 of p (actually it can be thought as
a non-local version of the differential operator 9%p - %). Thus we shall make assumptions on V?p
ensuring that it can indeed be considered as a lower order term (in the usual semiclassical setting,
it would be of order /#%). The connection between the quantum and the classical dynamics will

3. Continuity holds in view of the pseudo-differential calculus (Proposition 4.2.3) as soon as p has temperate
growth).
4. With the notation of Proposition 4.2.2, we have

S = D (p, e) — Ps(,p). (4.1.15)

The notation 567}(,3) is justified by the fact that the order-2 terms in the pseudo-differential calculus (4.1.14) cancel for
symmetry reasons.



156 CHAPTER 4. EGOROV’S THEOREM IN THE WEYL-HORMANDER CALCULUS

be studied via the Dyson series expansion associated with the decomposition (4.1.13) of #6,. See
Subsection 4.1.6. We are aiming for a statement of the form

tAC

e'ra = etHP

a + remainder terms.

At the operator level, that corresponds to (4.1.1), which is the usual way Egorov’s theorem is
presented. This is exactly what we achieve in Theorem 4.1.15. In fact, we prove that the conjugated
operator in the left-hand side of (4.1.1) is pseudo-differential, and quantify this property in terms
of continuity estimates of the quantum dynamics (e!”»);cr on symbol classes.

4.1.2. Notation and conventions
4.1.2.1. Symplectic and Riemannian structures on phase space

We follow the conventions of Lerner [Ler10, Subsection 4.4.1] here. See also Hérmander [Hor85,
Chapter XVIII] for a similar treatment. Recall that the symplectic form o on T*M is a non-
degenerate 2-form. Therefore it induces a bundle isomorphism

oc:TT"M — T*T*M, (4.1.16)
still denoted by o, through the formula
(0X, Y>T*TM,TTM =0(X,Y),
for all pair of vector fields X,Y on T*M. The adjoint map
o TT"M — T*T"M

satisfies 0* = —o given that o is alternating.

Let g be a Riemannian metric on T* M, that is to say a smooth symmetric 2-tensor field that
is positive definite. Denote by [(|,(p) = [Clg, = v/9,((, () the norm induced by g on the tangent
space T,T*M ~ W > (. We also introduce the notation (e), for the Japanese bracket associated
with this norm. The metric g can be regarded as a bilinear bundle map

gp: T,T*M x T,T*M — R,

assigning to each phase space point p € T*M an inner product on 7,7*M; or we can see g as a
bundle isomorphism
g:TT*M — T*T*M,

still denoted by g, through the formula
GXY) pernrrar = 9(X,Y), VX, Y e I(T*M),
where T'(T* M) refer to the space of smooth vector fields on T*M. We will also use the inverse map
g L T*T*M — TT*M,

which can be seen as a smooth positive definite symmetric 2-tensor field acting on 1-forms instead
of vector fields, and reads

g_l(w7n) = <w79_177>T*T*M7TT*M =g (g_lw?g_ln) ? vaT} € Al(T*M)7

where A'(T* M) refers to the space of 1-forms on T*M. The maps g and g~! are usually called the
musical isomorphisms [Lee09, Section 7.6] (respectively the flatting and sharping operators).

We now give an important definition in the Weyl-Hérmander theory.

Definition 4.1.3 (o-dual metric — [Lerl0, Definition 4.4.22]). Let g be a Riemannian metric on
T*M. We define the bundle map

¢° =0"g o : TT*M — T*T* M. (4.1.17)

It induces a Riemannian metric® on T*M called the o-dual metric associated with g.

5. The verification that g? gives a genuine Riemannian metric goes as follows: for all pair of vector fields X,Y on
T*M, one has

97X Y ) pus i = g Y oX, oY) =g (gilaX, gilaY) .
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This definition gives a representation of the metric g~! using the isomorphism (4.1.16) given by

the symplectic form. The o-duality g — ¢° is an involution. Any metric satisfying g = ¢7 will
be called a symplectic metric. An alternative definition consists in introducing the (unique) bundle
map Jg : TT*M — TT*M such that

9(X,Y) =0(X, J5Y), (4.1.18)
for all vector fields X,Y on T*M. Then one can check that
9°(X,Y) =o(J; ' X,Y). (4.1.19)

1

Just as the inverse g — g~ !, o-duality reverses the order,  in the sense that

<9 = g7 >g5 (4.1.20)
Given a diffeomorphism ¢ : T* — T*M, we denote by ¢*g the pullback of g by ¢, that is
VXY e D(T*M),  (¢79),(X,Y) = gy (deo(p). X, dp(p).Y),

which is still a Riemannian metric. In addition, given a Riemannian metric g and a vector field X,
we recall that the Lie derivative of g with respect to X is given by
d

= P (11.21)

Lxyg

where % is the (locally well-defined) flow generated by the vector field X.

4.1.2.2. Tensors and norms

The affine structure on M provides a connection V on M which is torsion free and has vanishing
curvature, which extends naturally to T*M. It allows to make sense of the k-th differential of a
smooth function a : T*M — C, that we denote by V¥*a, regardless of a Euclidean structure on
T*M [Lee09, Section 12.8]. The differentials V¥a are instance of covariant tensors, namely they are
naturally paired with vector fields X € T'(T*M):

VEa : T(T*M)F — C>(T* M)
(X1, Xa,..., X)) — VFEa(X1, Xa, .., Xk) = Vi, X, X005
as opposed to vector fields (contravariant tensors) which are naturally paired with differential 1-forms
w € AY(T*M). For a general k-covariant, [-contravariant tensor B, namely a C°°(T*M )-multlinear
map
T :T(T*M)* x AY(T*M)" — C>(T* M)
()(1,)(27 . ,Xk,wth, - ,wl) — B<X17X27 . ,Xk,wl,wg, - ,wl),

its norm with respect to a Riemannian metric g on T*M is the map

(4.1.22)

|Blg = |Bly(p) = sup |B(X1, X2, .., Xk, wi,wa, ..., wp)l, peT M.
|X.7'|9(P)§1
‘Wnlgfl(P)Sl

Analogously to tensors, if k : T*M — T*M is a smooth map, we can also define for all £k € N* and
all p € T*M a norm |V¥x|,(p) (beware that V¥k is not really a tensor since it maps a collection of
tangent vectors at p to a tangent vector at k(p)). See Subsection 4.4.1 for more details.

Throughout the paper, we shall write | B, 0o = supp.|Bly and [VF&|, 00 = supp. |VFE|, €
[0, +00].

Remark 4.1.4. Since the connection V has vanishing torsion and curvature, derivatives of a sym-
metric tensor is still a symmetric tensor. Moreover, for any /-linear symmetric form B, one can
show that

sup |B(X")| = sup [B(X,X,...,X)| = sup |B(X1,Xa,...,X)|,

|X|=1 |X|=1 |X;1=1
provided the norm |e| comes from an inner product (see for instance [Har96]). Therefore, to estimate
the norm of a tensor T" with respect to a metric g, it will be sufficient to give bounds for the diagonal

elements of the tensor only. See Remark 4.D.2 for more details.
lo(¢, DI

crewngor  I¢g

6. This is a consequence of || o = [0¢|,—1 =
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4.1.3. Metrics on the phase space

We are now ready to introduce the Weyl-Hérmander framework of metrics on the phase space.
Here again we follow [Ler10, Hor85]. Let us give a short account of the roots of this theory. General
algebras of pseudo-differential operators where introduced by Kohn and Nirenberg [KN65] in the
1960’s. Later, Hormander gave a generalization of the Kohn—Nirenberg symbol classes motivated by
the study of hypoelliptic operators [Hor67]. In [BF73, BF74, Bea75], Beals and Fefferman introduced
even more general classes of symbols for the study of local solvability of linear partial differential
equations. Finally, a unifying framework using Riemannian metrics on the phase space was designed
by Hormander [Hor79] (see also [Den86]).

Given a Riemannian metric g, a point pg € T*M and r > 0, we introduce the open “tangential”
ball

BY(po) = {pET*M: o= pol,, <'r}. (4.1.23)

In our analysis, the most important quantity associated with a phase space metric g is its gain
function. We recall that W ~ T, T*M is the real vector space given by the affine structure (4.1.1.2)
on T*M.

Definition 4.1.5 (Gain function). Let g be a Riemannian metric on 7*M. Then we define the

gain function of g as”

hy(p) = sup [olse
cewn{oy [Clgg

pET*M,

where g7 is the o-dual metric defined in (4.1.17). We also define the maximal gain to be

h, = sup hy.
M

In order to study pseudo-differential operators, e.g. their L? boundedness, it is important that
the metrics g satisfies several requirements.

Definition 4.1.6 (Admissible metric). A Riemannian metric g on T*M is said to be admissible if
it satisfies the following three properties:

1. (Slow variation:) there exist C,r > 0 such that for all pg,p € T*M,
peBipy) =  C%g,, <g,<C%;
2. (Temperance:) there exist C, N > 0 such that for all pg, p € T*M,
9p = C29po (p— P0>§iov7

3. (Uncertainty principle:) the gain function associated with g introduced in Definition 4.1.5
satisfies hg(p) <1 for any p € T*M.

The constants r, C'; N arising in this definition are called the structure constants of the metric g.
Now we turn to the definition of admissible weight functions on phase space.

Definition 4.1.7 (g-admissible weight). Let g be an admissible metric on T*M. A smooth function
m:T*M — R is said to be a g-admissible weight if it satisfies the following two properties:

1. (g-slow variation) there exist C,r > 0 such that for all pg € T*M,
Vo€ Bi(po),  C 'mlpo) < m(p) < Cm(po);
2. (g-temperance) there exist C, N > 0 such that for all pg,p € T*M,

m(p) < Cm(po) (p = po)yg-

7. One way to compute this function is to recall the section Jg4 introduced in (4.1.18). One can check that

J, J,
hg = sup g( g() - su | g(‘g

_ — 1]
cewnvior V 97(JeQ)  cewnioy ¢l 7l
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The constants r, C, N arising in this definition are called the structure constants of the weight m.

Remark 4.1.8. It is known that all real powers hj of the gain function of g are g-admissible weights.
See [Lerl0, Remark 2.2.17 and Lemma 2.2.22].

We are now able to introduce the Weyl-Hérmander symbol classes.

Definition 4.1.9 (Symbol classes). Let g be a Riemannian metric on 7*M and m : T*M — R be
a positive function. Then the symbol class S(m, g) is the vector space of C* functions a : T*M — C
such that

VjieN,3C;>0:  |[Vla| <Cjm  onT*M.

The space S(m, g) becomes a Fréchet space once it is equipped with the countable family of semi-
norms given by

Vial (p)
|a|(;()m ) (= max  sup Q, e N.
9 0sj<tperim m(p)
From the definition of S(m,g), given m and m’ are such that m/m’ is bounded on T*M and
g < Cg’, we have
S(m,g) € S(m',g"),

where the embedding is continuous. Actually the definition of S(m,g) makes sense for general
positive weights m and metrics g. But if ¢ and m are admissible in the sense of Definitions 4.1.6
and (4.1.7), then one can check that these symbol classes satisfy

S (M) cC S(m,g) Cc S (M),

where the inclusions are continuous. (One may topologize ¥ (M) with the usual Schwartz seminorms
by choosing an arbitrary euclidean structure on M)

Remark 4.1.10 (Extension of symbol classes to tensors). Given a tensor T as in (4.1.22), we will
say that T' € S(m, g) if

Vj e N,3C; >0 V/T|, <Cim  onT*M.

We will also need to consider a quantity that is not standard in the classical theory of the Weyl—-
Hormander calculus. It quantifies the temperance property of the metric (see Definition 4.1.6).

Definition 4.1.11 (Temperance weight). Let g be an admissible metric in the sense of Defini-
tion 4.1.6. Then we define the temperance weight of g by

|C|g" \C| o
0,(p) := sup 2= su £,
! cew\{o} IClg  cewfoy [Clg,

(4.1.24)

where g is a fixed Euclidean metric such that g = g.

Remark 4.1.12. General properties of the temperance weight are listed in Proposition 4.1.31. Bear
in mind that it satisfies 8; > 1 (Proposition 4.1.32). The justification for the equalities in (4.1.24)
is recalled in Appendix 4.C.2 (see (4.C.1)).

4.1.4. Assumptions and main result

Theorem 4.1.15 below establishes a correspondence principle between quantum and classical
dynamics. Let us discuss our assumptions on p and g. Our first set of assumptions is mandatory to
make sense of the problem.

Assumption 4.1.13 (Classical and quantum well-posedness). The classical Hamiltonian p €
F(T*M) is a real-valued function of class C*° and the following holds.
o (Completeness of the Hamiltonian flow:) The Hamiltonian flow (¢')ier is complete.
o (Essential self-adjointness:) The operator Op™ (p) with domain & (M) is essentially self-adjoint
on L2(M). We denote by P the unique self-adjoint extension.

The second set of assumptions concerns Egorov’s theorem specifically.



160 CHAPTER 4. EGOROV’S THEOREM IN THE WEYL-HORMANDER CALCULUS

Assumption 4.1.14 (Compatibility of the Hamiltonian and the metric). The metric g on T*M
and the Hamiltonian p satisfy the following conditions.

(i) (Flow expansion:) The following Lyapunov exponent is finite:

1
A:=-sup|¥ < 0. 4.1.25
5 SuP L, g], < oo (4.1.25)

(ii) (Strong sub-quadraticity:) There exists € € (0,1/2] such that
Vip € S ((0h4/) " (hy/By) %, 9) NS ((hy/Bg) ") (4.1.26)
(#ii) (Metric control along the flow:) There exist T > 0 and Cy > 0 such that
Vpe T*M,Vt € R, 9g(p) < C?ren‘tlgp. (4.1.27)

Here £y, is the Lie derivative with respect to the Hamiltonian vector field, whose definition is
recalled in (4.1.21).
We introduce

gt) = A0 g0 () = g(1)7 = ¢ 2AH2DIgr e R, (4.1.28)
Remark that the map ¢ — g(t) is increasing on R,. We call Ehrenfest time the number:
1/2 1
= 1 — h, = hy. 4.1.29
At2r Og(hg)’ Ho = (4.1.29)

This time is set so that g(¢) complies with the uncertainty principle for all t € [-Tg, Tg|, that is to
say hgt) <1 (see Remark 4.1.30 for a proof of this statement).
Our main result is the following.

TE - TE(pa g) :

Theorem 4.1.15. Let T € [0, §Tx]. Letm be a g-admissible weight, and assume that m(t) = e'frm
is g(t)-admissible with uniform structure constants for allt € [0,T]. Then for alla € S(m, g) and all
t € [=T,T), the operator e*FOp"(a)e " makes sense as a continuous operator # (M) — F'(M).
Its Weyl symbol e’ra defined in Definition 4.1.2 belongs to S(m(t), g(t)).

We have the following estimate: for all ¢ € N, there exists k € N and a constant Cy > 0 such
that

Va € S(m, g),¥t € [~T,T), ’et%’pa < Cyla . 4.1.30
(m,g),¥t € [-T.T] stmtrgty = €115 (4.1.30)

Moreover, we have an asymptotic expansion
g ~ ettlrg 4 Zé?j(t)a, (4.1.31)

Jj=1

which holds in the following sense. For all { € N, there exist integers (kj, ¢)joen and constants
(Cjo,0)joen; (CF 1)joen such that for all a € S(m, g) and all t € [T, T, we have

tH, |(©) (k)
|6 a|S(m(t)7g(t)) < CO,E|a|s(m,g)a (4.1.32)
_ (@) _ (k) .
‘8”(t)a|5<h§’(‘2>m<t>,g<t>> < Clo,tl Vel s, g): jo=1  (41.33)
jo (£)
o g — otHr g — Zgj (t)a < C§0+1,¢|Va|g€()m’g), jo>1. (4.1.34)
=t S(h230+ D (1) (1))

The operators &;(t) are described in Subsection 4.1.6. In addition, all the seminorm indices and
constants in the above seminorm estimates depend on g, m and p only through structure constants
of g and m, seminorms of p in the symbol classes (4.1.26), the constant Cy in (4.1.27) and on any
constant ¢ such that A > chy. 8 In particular, constants do not depend on hy,.

We shall explain in Subsection 4.1.5.3 how to apply this result in a semiclassical setting.

8. The dependence on ¢ degenerates as ¢ — 0. See Remark 4.1.21 for more details.
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4.1.5. Comments
4.1.5.1. Comments on Assumption 4.1.13
A simple sufficient condition on p ensures that Assumption 4.1.13 is fulfilled.

Proposition 4.1.16 (Quantum and classical well-posedness). Suppose that p is sub-quadratic with
respect to an admissible metric go, in the sense V2p € S(1,go), and further assume that

dEeR: sup |Vplg, < o0. (4.1.35)
{r=E}

Then Assumption 4.1.13 is satisfied.
Proposition 4.1.16 is proved in Subsections 4.3.1 and 4.3.2.

Remark 4.1.17. In practice, we can check the assumptions of the above proposition as follows. In
general, we take gy = g% the symplectic intermediate metric associated with g (see Lemma 4.C.3
or [Lerl0, Definition 2.2.19]). For any vector field X on T*M, we have

(k—2)

VE > 2, |VFp.XF| <h, 1|X| [V2p |S(h g

) < X || v (4.1.36)

p’S(h Lg)

because h;lg < ¢' by Lemma 4.C.3. Therefore it suffices to have

pES(g ,g)

to conclude that V2p € S(1, go). The same reasoning as in (4.1.36) for k = 1 shows that it suffices
to check that
dJEcR: sup h1/2|Vp|g < 00
{r=E}

in order to secure (4.1.35).

Incidentally, observe that (4.1.35) is automatically fulfilled if p is semi-bounded, by choosing F
sufficiently small or large so that {p = EF} = @

It sounds reasonable that for well-behaved Schrodinger operators, classical-mechanical and quantum-
mechanical completeness should be more or less equivalent. We do not know whether this is true
under Assumption 4.1.14. This is false for general Schrédinger operators in dimension 1, as evidenced
by [RS75, Examples 1 and 2 — Appendix X.1].

The smoothness assumption is very classical in microlocal analysis. Although it rules out some
interesting cases where the Hamiltonian contains irregular terms (for instance a rough potential),
our assumptions allow for a fairly large class of Hamiltonians as illustrated in Subsection 4.1.7 below.

4.1.5.2. Comments on Assumption 4.1.14

We start with a general observation on the requirements of Assumption 4.1.14.

Remark 4.1.18 (Homogeneity). Observe that if Assumption 4.1.14 is verified for some metric g,
then it is also satisfied with the metric g(¢) for any t € [0,Tg|. Indeed, by definition, A is 0-
homogeneous with respect to multiplication of the metric by a constant conformal factor. Likewise,
the ratios hy/ h, and Hgﬁ;/ % are 0-homogeneous. Finally, seminorms with respect to g(t) decrease
as t grows. The last assumption involving the parameter Y is also invariant under scaling of the
metric. As for the Ehrenfest time, one readily checks that it behaves as

Te (9(t) = Tp — |t].
Next we observe that Assumption 4.1.14 implies temperate growth of p, that is to say
In>0,3p0 € T*"M : W€ N,3C; > 0:Ype T*M  |V'p| (p) < Celp — po)g (4.1.37)

for some Euclidean metric g on the phase space. This is the content of Lemma 4.C.1.
Now we discuss each point of Assumption 4.1.14.
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Assumption (i)
The condition A < oo on the Lyapunov exponent implies that

(¢")'g <eMlg,  VieR, (4.1.38)
by a Gronwall argument, or equivalently
|do'|, <M vieR.

The exponential expansion rate of the Hamiltonian flow is controlled uniformly on the whole phase
space.

Remark 4.1.19 (Sub-quadraticity). We shall see in Proposition 4.4.6, assuming smoothness of p
only, that

1
2 —
A< sup (hg|v pl,+ 2|vag|g) :
Therefore in practice, to check that A < oo, it will be sufficient to prove that

Vipe S ((hg/ﬁg)_l,g) and sup ’VHpg|g < 0. (4.1.39)
T*M

The first condition on V2p can be regarded as a “sub-quadraticity” property of the Hamiltonian
with respect to the metric g. The sub-quadraticity assumption is quite classical in the context
of Egorov’s theorem (see Robert [Rob87, Theorem (IV-10)] for instance). Moreover, we make no
ellipticity assumption (unlike [Zwo12, Chapter 11] for instance).

In fact for technical reasons we need to take into account both T and A to measure the instability
of the Hamiltonian flow. This is why A + 2 appears in the definition (4.1.28) of ¢(¢) and of the
Ehrenfest time Tg in (4.1.29). However, for a good and natural choice of g, we will have T = 0 in
many of cases (see the first two examples in Subsection 4.1.7).

It is not clear whether one can replace this definition of A in (4.1.25) with a weaker assumption

on the maximal expansion:
1

Ao = limsup — log|do’
0 t_wop I g’ ¢ |g,oo
(which is used for instance in [AN07, DG14, DJN22]). The problem lies in the fact that we need a
control of the form |d¢)t|g < CpeMtl with a constant Cy = 1. It seems that having Cy > 1 poses a
problem in Proposition 4.5.6 — see Remark 4.5.7.

Assumption (ii)

The stronger version of sub-quadraticity (4.1.26), which concerns all derivatives of p of order
larger than 3, is intended control the time evolution both at the classical and quantum levels. It is
useful in order to ensure that the non-local effects of quantum mechanics deviating from classical
mechanics remain small. Notice that the condition on the third derivative V3p € S((hg/h,)™", g)
was already more or less present in the work of Bony that we comment further in Subsection 4.1.10;
see the section 3 of [Bon07, Bon09].

Assumption (iii)

The control of the metric along the Hamiltonian flow, involving the parameter Y, is convenient
in our analysis, and it is clearly verified in most cases of interest for us where Vi, g =0 (i.e. T = 0).
However we will explain further in Remark 4.1.33 why this assumption is not so natural.

4.1.5.3. Comments on Theorem 4.1.15

Before commenting on Theorem 4.1.15, let us insist that it is a consequence of a more precise
result on the propagation of partitions of unity adapted to the metric g. See Theorem 4.1.40 in
Subsection 4.1.9.

o The assumption that m(t) is g(t)-admissible uniformly with respect to time can look annoying.
In practice, the weight m is often a function of the Hamiltonian p, so that it is invariant by
the flow: m(t) = m for all times. Uniform admissibility on the time interval [—-Tg, Tg| then
follows by Proposition 4.1.29 (see also Remark 4.1.30).
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o If one wants to deal with more general weight functions, a good sufficient condition on m to
ensure that it is uniformly admissible is to require that

|V ,m|
K:i=sup —— < X0
T* M m

Then m(t) is uniformly g(¢)-admissible up to a fraction 6Tx of the Ehrenfest time, with § of
order (k)™ !-see Proposition 4.8.4 for details.

o Remark that the asymptotic expansion (4.1.31) of the symbol consists in powers of hi(t) and
not in powers of hy(); see (4.1.33). Actually this is just a matter of how the terms contained in

8;(t)a are arranged. Using pseudo-differential calculus, one can see that 3‘61(,3) contains powers
of order > 3 of h, actually (recall this is a “non-local” operator). Thus, applying pseudo-

differential calculus to decompose all the operators %1(,3) and grouping terms by powers of
hg() would yield an asymptotic expansion in powers of hg(t), hg(t), h‘;(t), etc. The fact that
there is not term of order hg () is due to the use of the Weyl quantization. The operators &;(t)

are discussed in more detail in Subsection 4.1.6.

Remark 4.1.20 (Special case h, = 1). Recall that the uncertainty principle write b, < 1 (Defini-
tion 4.1.6). Obviously, a problem occurs when hg, =1, namely we end up with Tg = 0. A simple
argument allows to remedy this problem, and show that Theorem 4.1.15 still holds for ¢t € [T, T]
for any T > 0 fixed. To this aim, we consider the metric e~7g instead of g. Then one can check
that he-r, = e*Thg, so that

1/2
A+277°

Notice that changing g to e Tg leaves A and YT unchanged since both quantities have the right
homogeneity with respect to g. Scaling of the metric may increase seminorms of p, but this is not
a problem as long as we do not seek to let T go to infinity.

Tk (eng) =Tr(g) +

Remark 4.1.21 (Semiclassical setting). In semiclassical analysis, one is concerned with an Hamil-
tonian P = Py = —h%A depending on a small Planck parameter # € (0,1]. The Weyl-Hérmander
framework can handle such a situation, although specific care is needed. In this setting, one is lead
to study a family of metrics (g5)s (for instance g5 = dz?+h? d¢?). Uniformity of structure constants
with respect to i € (0, 1] is very important to make sure that constants do not depend on # in an
uncontrolled way.

Another delicate point is related to the semiclassical time scale. Usually, one considers the
propagator e '%# % associated with Py with a “semiclassical time” 7 = ht. Here we rather use the
variable t = A~'7. If the Lyapunov exponent of the semiclassical scaling is of order A =< 1, then
because of the semiclassical time rescaling, the Lyapunov exponent A defined in (4.1.25) is typically
of order A\ =< h. Therefore the Ehrenfest time is of order A~ ! logh™".

To ensure a uniform control in the Egorov asymptotics when ¢ approaches the Ehrenfest time
and i — 0, we need take care of the dependence of all the quantities involved in Assumption 4.1.14
on h,. Of course all the seminorms of V3ps measured with respect to gs should be uniform in A.
We also require that T and Cy are bounded independently of A. A for A, we shall see in the proofs
(for instance in Proposition 4.5.5) that it is natural to assume additionally that

A>ch, (4.1.40)

for some absolute constant ¢, in order to have estimates uniform in A. This is reasonable since we
do not want the Ehrenfest time to grow faster than 2~ 'logh~! as i — 0.

4.1.6. Egorov’s theorem as a Dyson series

The quantum and the classical dynamics introduced in Subsection 4.1.1 can be related through
a so-called Dyson series expansion of e!”». The relevance of the Dyson series expansion comes
from the fact that 3‘6}(73) introduced in (4.1.13) allows to gain smallness in terms of powers of hy
under Assumption 4.1.14. This formula arises naturally in the context of scattering theory or in the
interaction picture of quantum mechanics (also known as the “Dirac picture”), where the generator of
the dynamics under consideration (here #,) is a perturbation of the generator of the free dynamics
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(here H,). The formula relating the two propagators involves the conjugation of the perturbation
by the free evolution, that is to say

HE,(t) == e_tHf’ff’é)z()g)eth = Ad, =, 561()3).
Throughout the article, we denote by Ay the k-dimensional simplex
Ay = {(81,827...,8k) S Rk 0<s51 <59 <5 < 1}, (4141)

and we set
tA,={tseRF:se A}, teR.

Typical points of the simplex tA; will be denoted for simplicity by s = (s1,s2,...,5sk), and the
Lebesgue measure restricted to tAy will also be denoted by ds = dsy dss - - - dsy.

Proposition 4.1.22. For any jo € N and any time t € R, we have
Jo =N
e =N " 8;(t) +jy41 (1), (4.1.42)
j=0

where 8y(t) = e'f» and for j > 1:

&,(1) :/ (1) Hy () (3151 o ) . yp3) o1y g
tAj
&,(t) = / (10 03 35511 o ) yp3) g1 i,

tA;
The equality holds as operators P (T*M) — L?>(T*M), and the integrals converge absolutely with
respect to the strong topology on L2.

Proposition 4.1.22 is proved in Subsection 4.6.1. A key step to prove Theorem 4.1.15 will be to
prove continuity estimates for the operators & ;(¢) in symbol classes; see Proposition 4.5.5. Through-
out the paper, we will use the notation

B<jo(t) =D 85(1).

Remark 4.1.23 (Recurrence relation). It follows directly from the definition that for all j > 0:

~

t t
Ei1(t) = /O =038 (s)ds  and  8jya(t) = /O =9 0(3E (s)ds  (4.1.43)

Remark 4.1.24. To obtain estimates uniform in time on these symbols, it will be important not
to forget that the volume of the simplex is [tA;| =t/ /j!.

4.1.7. Examples of application

In this section, be present three different setting in which Theorem 4.1.15 applies, namely a
Schrodinger equation in the Euclidean space, a (half-)wave equation in a curved space and a trans-
port equation. In each of these cases, we describe appropriate metrics g on the phase space to which
we can apply Theorem 4.1.15.

To ease the understanding of the computations presented in this subsection, let us discuss briefly
the structure of the phase space T*M. We have a natural splitting of the tangent space to T*M:

TT*M ~TM & T*M. (4.1.44)

The first component is parallel to M, while the second one is perpendicular to M in the sense that
it is tangent to the fibers of T*M. See the beginning of Section 4.9 for a more details.
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4.1.7.1. Semiclassical Schréodinger operator in the (flat) Euclidean space

We equip M with a fixed Euclidean structure y. Consider a semiclassical Schrédinger operator
with flat Laplacian, electric and magnetic potentials V' and S, i.e.

P=150-p +V=-BA—-10.5- Ldivp+Lp2+V, (4.1.45)

acting on Schwartz functions. The Planck parameter is such that & € (0,1]. Here, O refers to the
gradient with respect to the Euclidean metric vy, the divergence is its adjoint with respect to the y
inner product and A = A, is the flat Laplacian associated with vy on M.

Proposition 4.1.25. As soon as V' and 8 have temperate growth, we have

P=0p™(p) with  p(x,6) =TI, — REL+ LB + V(a).

Moreover, assume the following on the magnetic and electric potentials.
e The vector potential 3 : M — TM is an affine vector field, namely V2?3 = 0.
o The electric potential V : M — R is sub-quadratic, namely

Yk > 0, sup |[V*THV| < oo (4.1.46)
M Y

and bounded from below.

Then Assumption 4.1.13 is satisfied, as well as Assumption 4.1.14 with the metric
g=gn =Y O Ry, (4.1.47)
uniformly with respect to h € (0,1].

Proposition 4.1.25 is proved in Subsection 4.9.1. This result gives a global Egorov’s theorem,
meaning that it describes the quantum evolution of symbols defined globally on phase space, and
not only in the vicinity of an energy shell.

Remark 4.1.26. The gain function associated with gy is the semiclassical parameter ﬁgh = hg, = h.
The Lyapunov exponent defined in (4.1.25) is then of order A = Ay ~ £, so that the Ehrenfest
time (4.1.29) is behaves like A= 'log/~! (or more classically of order logA~! in the semiclassical
time scale).

In view of this remark, Proposition 4.1.25 yields for example the following result. In the usual
semiclassical symbol class S(1,gx) (see [Lerl0, (1.1.33)] or [Zwol2, (4.4.4)] with a different conven-
tion), it reads: for all a € S(1, g5), we have

¢ FPOpY(a)e™ 7" = Op™(a(r))

where a(7) € S(1,g5(7h™1)) with seminorm estimates uniform with respect to (7,4) subject to
|7| < elog h~1, where € is a small enough constant. In particular, the family of symbols a(7) belongs
to a bounded subset of S(1, gr) where

Gn = ﬁ—25,y D ﬁ2(1—5),y—1,

for some parameter ¢ € [0,1/2].
Let us comment on the “non-semiclassical” case (i fixed or h = 1).

o The metric g in (4.1.47) is roughly speaking the only relevant one to consider here. Indeed,
the second derivative of p with respect to &, namely (V?p)ee =y~!, which is constant on the
whole phase space, hence does not get small in any phase space region. Therefore, one cannot
go down to smaller scales in z, otherwise the uncertainty principle (h, < 1) would be violated.
See Figure 4.1 for an illustration.

o It is very important here that the metric vy is perfectly flat. This was already evidenced in our
earlier work [Pro23] on the observability of the Schrodinger equation. The fact that Vy =0
ensures that the position and momentum variables are somewhat “separated”. If it is not the
case, the second derivative with respect to z, namely (V2p),., contains a term of the form
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/

Figure 4.1 — Level sets of the classical Hamiltonian p defined in dimension 1 by (4.1.45), with a confining
potential V and V3 constant. Dotted lines represent the unit boxes of the metric introduced in (4.1.47)
gp=v®y? (i.e. the product of unit balls of y and }/71). These boxed are squares with sidelength ~ 1
that saturate the uncertainty principle hg, < 1.

V2y~1(¢,€), which may blow up like (5)3/_1 at fiber infinity. To have boundedness of the
second derivative of p with respect to g, this would force us to chose g of the form

g={(5 vev,

which strongly violates the uncertainty principle since then hy =~ (£)y-1. This is related to
the infinite speed of propagation of singularities for the Schrédinger equation: frequencies &
propagate at speed of the order of (£), -1, so that they see an effective Lyapunov exponent of
order (£),-1A instead of A while propagating along bicharacteristics. This is a clear obstruction
to having a global Egorov’s theorem. The only way to make it work would be to truncate the
Hamiltonian in the vicinity of a fixed energy shell and reduce our investigation to frequency-
localized symbols.

The Egorov’s theorem that we obtain in Theorem 4.1.15 is perfectly consistent with the work
of Bouzouina and Robert [BR02] (see also Robert [Rob87, Theorem (IV-10)]). Notice that the
boundedness of derivatives of order larger that 2 (4.1.46) was already required there; see [BR02,
Theorem 1.2 (9)] or [Rob87, Theorem (IV-10) ii)]. Our result generalizes their work by considering
symbol classes with general weight functions m, instead of symbols a satisfying Va € S(1,gy) as
in [BRO2, Theorem 1.2 (11)]. In addition, we not only provide an asymptotic expansion but also
prove that the full symbol belongs to the expected symbol class. Lastly, Theorem 4.1.40 on the
quantum evolution of partitions of unity is new even in this context to our knowledge.

4.1.7.2. Half-wave operator in a curved space

Proofs of the results presented here can be found in Subsection 4.9.2.

As explained in the previous section, if one wants to consider a curved geometry on M instead of
a Euclidean structure, it is hopeless to look for a global Egorov’s theorem for the Laplace-Beltrami
operator (unless we consider only symbols supported near a fixed energy shell). However, considering
the wave operator instead of the Schrédinger operator, i.e. passing from —A (Schrédinger) to v/—A
(waves), brings us back in a setting where there exists admissible metrics fulfilling our assumptions.
The reason for this is that we go from infinite speed of propagation of energy for e®** to finite speed
of propagation for e~ V=24,
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So here we put a smooth Riemannian metric v on M (not necessarily flat). We assume that it
satisfies

AC, > 0: Ve, 20 € M, 7, < C’?{'y$2 and Vk € N, sup|Vk'y|7 < 00. (4.1.48)
M

This implies in particular a uniform control of the form ¢=2 < ~ < ¢2I. This includes metrics with
no specific asymptotic behavior at space infinity.

The Riemannian manifold (M, ) carries a natural volume form Vol,, and the Laplace-Beltrami
operator A, acting on compactly supported smooth functions (or Schwartz functions). Fixing
(global) Euclidean coordinates on M, it reads

—1/2 iq 1/2
A, = 7299 14| 0,

where repeated indices are summed according to Einstein convention. In this expression, |y| refers
to the determinant of v with respect to the chosen Euclidean coordinate system, so that dVol, =

|7|1/ 2dx, and 9 are the matrix components of v~!. The operator A, is seen naturally as an

unbounded operator on the Hilbert space L?(M, Vol,). To fit this in our setting, we need to construct
from A, an operator that acts on L?(M). This is done by identifying elements v € L*(M, Vol,)
with functions u € L?(M) through the correspondence

L*(M,Vol,) — L*(M)

1/4

v— |yt = .

One can check that this is an isometry (provided the chosen volume element on L?(M) and the
coordinate we consider agree). Through this identification, the Laplace—Beltrami operator gets
conjugated by |y|'/* and we obtain

Ay = [y MDA T = Iy A9 |20y (4.1.49)

The operator —A., is indeed symmetric with respect to the scalar product of L*(M), while A, is
symmetric for the scalar product of L?(M, Vol,).

In Subsection 4.9.2, we prove that —A, = Op"(p) with

pla,€) = €1 + Ry (),

where R, € Cp°(M). See Lemma 4.9.3 for the expression of the remainder R,.

Recall the fact that
0f — Ay = (at *Z\/E) (326 +Z\/*7Aw) :

the study of the wave equation in this context reduces? to that of the evolution associated with the

operator
1/4 /a1 1—1/4 /X
"}/| / —A,y|’y‘ / = —A,y.

We show in Lemma 4.9.7 (Subsection 4.9.2) that the operator Opw<<£ ) 7_1> is a good approximation

of 4/ —&7. Indeed, putting the Japanese bracket instead of ||, -1 ensures smoothness of the symbol.
Thus in this subsection we consider the operator

P =0p"(p) with  p(z,£) = (§),-1. (4.1.50)
The main result of this subsection is the following.

Proposition 4.1.27. Under the assumptions (4.1.48), the symbol p defined in (4.1.50) satisfies
Assumptions 4.1.18 and 4.1.1] with the family of metrics

a —(l4a) — 1 1
Gy = ()30 @ () UF gt = s (e @p . ae(ol. (4.1.51)

9. We refer to [DL09, LL16, Lé23] for more details on this factorization.
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(a) Case o = 1. The unit boxes have sidelength ~ 1
in the space variable and = (£).,—1 in the momentum
variable. Their area increases as their center goes
away from the null section {¢ = 0}. This is consistent

with the expression of the gain function hy(x,§) ~
€3} 7711 associated with this metric.
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b) Case a = 0. The unit boxes have sidelength

(E);}{Q in the space variable and =~ (5)’1/721 in the

Q

momentum variable. Their area is of order 1, which
illustrates the fact that the metric saturates the un-
certainty principle hg < 1.

Figure 4.2 — Level sets of the classical Hamiltonian p(z, &) = (£),-1. Dotted lines represent unit boxes of
the metric g defined in (1.4.30). They correspond to products of unit balls of 1 and 72 associated with the
decomposition g = y1 @ 2 in (1.4.30).

Theorem 4.1.15 in this context and for a weight m = (£)™ (n € R) reads as follows: for any
a € S{&)™, g), the family a(t) such that

6itPOpW(a)efitP _ Opw(a(t))

remains in a bounded subset of S((§)™,g) for all t € [T, T, for any fixed T' > 0. We recover a
result stated by Taylor [Tay91, Section 6, Proposition 6.3.B] in the symbol classes

Sps = {a € CRRM™) V81, By € N 3C, 0, > 01 |00200 alw,€)| < Ty ()" IF01I

(See also [Tay96, Chapter 7, Section 8] for a simpler version.) Our result clarifies the range of
admissible indices p = 1 — § > 1/2 (here we have a = p — §). in fact we can reach the boundary
case p =1 — 9 = 1/2 corresponding to « = 0 in Proposition 4.1.27). Moreover, Theorem 4.1.15 is
valid for more general g-admissible weight functions and is not restricted to m(x, &) = (£)".

The two boundary cases &« = 1 and a = 0 are of particular interest.

e The metric g for « = 1, namely

—
|
—_

=7®
g=7 { 62 Y
is the most common one in microlocal analysis (it corresponds to S, s with p =1 and ¢ = 0).
This is the “principal microlocal scale”, namely the most natural way to put a metric on phase
space while studying the wave equation. See Figure 4.2a for an illustration.

e The case a =0, i.e.
1 -1

€y

corresponds to a second-microlocal scale of propagation of waves. It is related to [BZ16, BG20,
Rou23] on the (damped) wave equation, mostly in a semiclassical setting. The key fact is that
a o(h)-quasimode of typical frequency (£),-1 < h~! cannot concentrate at scales smaller than

Vh. See Figure 4.2b for an illustration.

g= ()17 ®
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4.1.7.3. Vector field

Our last application concerns differential operators of order 1, namely vector fields. These are
quite different from the previous cases for several reasons. The first difference with the examples
discussed in Subsections 4.1.7.1 and 4.1.7.2 is that vector fields are not semibounded nor elliptic.
The other interesting feature is that the relevant metric on phase space that we introduce is not
invariant by the Hamiltonian flow, contrary to the first two examples discussed above.

Although the analysis of such operators seems to fall under classical mechanics at first glance,
microlocal techniques have proved very powerful and natural in this context, as evidenced e.g. by
the works of Faure-Sjéstrand [FS11], Dyatlov—Zworski [DZ16] and Faure-Tsujii [FT23a, FT23b].

In what follows, we place ourselves in the following setting: a vector field on (the non-compact
manifold) M, bounded with respect to a fixed Euclidean metric. We first consider the case of a
vector field X on M that is non-vanishing and preserves a smooth density p = |u|dz, in such a
way that the derivation operator %X acting on compactly supported functions is symmetric as an
operator on L?(M, u). To fit in our framework, we identify L?(M, u) and L*(M) via

L2(M, 1) — L2(M)

ur— u|u|1/2.

This is an isometric isomorphism provided |u| does not vanish. Then the operator %X gets conju-
gated by |,u|1/2, so that it acts on L?(M) as

(3

_ 1
Hial X)) = X = - (X loglul). (4.1.52)

In Lemma 4.9.8, we compute the logarithmic derivative of |u|, which reads X log|u| = —div X.
Therefore the operator of interest here is
P=1X+4 2LdivX, (4.1.53)

I

which is symmetric as an operator on L?(M). We will consider this operator for an arbitrary vector
field X (that can possibly vanish). The only assumption that we make is that

VkeN,  sup|VFX| <oo (4.1.54)
M Y

for some Euclidean metric v on M. The main result of this subsection is the following.

Proposition 4.1.28. With P in (4.1.53), we have
P =0p™(p) with  p(z,&) = £.X (). (4.1.55)
Moreover, assuming (4.1.54) and Assumptions 4.1.18 and 4.1.14 are satisfied with the metric
I(ze) = <€>§?}g ® <€>g_—21a2g_1’ (4.1.56)
where the parameters ay and oo are subject to
0<a; <ay <1, ar+az>1 and o < 1. (4.1.57)

The proof of this results is presented in Subsection 4.9.3. Notice that the conjugated operator
P Op™(a)e P can be described explicitly in the case where a = a(z) depends only on the position
variable. Indeed, we have by Duhamel’s formula:

) 1 [t
e Py = exp <2 / e X (div X) ds) e ¥, Yu e S(M),
0
and one can then check that
eitPOpW(a(I))eiitP _ Opw(etXa) )

This is an instance of exact Egorov’s theorem related to the fact that the Hamiltonian (4.1.55)
is linear in the momentum variable (derivatives of order larger than 2 with respect to £ vanish).
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Therefore, the main interest of our result concerns the evolution of observables depending on both
variables = and £. In this context, Theorem 4.1.15 gives the following, say in the symbol class
S(1,g): for any a € S(1,g), we have

" Op™(a)e™"" = Op™(a(t)),

where the family of symbols a(t) remains in a bounded subset of S(1,g) for all ¢t € [-T,T] with
fixed T' > 0.

In [FT23a, FT23b], Faure and Tsujii introduce a specific family of metrics on the phase space to
study flows of Anosov vector fields on compact manifolds. The principal symbol of the Hamiltonian
that the authors consider is the same as ours, namely £.X (x). To define the relevant metrics adapted
to the dynamics, they introduce flow box coordinates: position and momentum variables split into
perpendicular and parallel components

z=(z1,z) ERT'XR,  £=(£1,4) e R XR,

in such a way that the vector field X generating the flow corresponds to —X = 0. Then the family
of metrics that they consider is defined as

Gy = (€ dat + @;L a3 + (€)' daf + @12()» i, (4.1.58)

in those coordinates. The parameters a , o satisfy

Oga”gal<1 and <a; <1

These conditions ensure that changing charts does not affect the metric, up to a global conformal
factor (actually they define an equivalence class of metrics invariant under flow box coordinates
changes). A relevant choice of these parameters then allows Faure and Tsujii to describe the Ruelle
spectrum of the flow and analyze the corresponding resonant states.

Conditions (4.1.57) implies in particular that ap > 1/2. The metric of Faure and Tsujii (4.1.58)
is symplectic, which means that ¢ = ¢°. In our case, the metric g defined in (4.1.56) is symplectic
when a; = ag, and then it coincides with Faure and Tsujii’s one if we take ] = a there. An
interesting feature of Faure and Tsujii’s metric (4.1.58) is the fact that it is adapted to X in the
sense that it allows measurements at different scales in the direction of the flow and in the transverse
direction. It is not clear how to reproduce such an anisotropy in our framework. This is certainly
due to the subtle construction of Faure and Tsujii using flow box coordinates, while we work in a
global Euclidean coordinate system.

4.1.8. More on admissibility of phase space metrics

In this article, we work with a metric g on the phase space, but we will see that the metric
g(t) introduced in (4.1.28) will arise naturally while considering the action of the Hamiltonian flow
e!fr on symbol classes. Indeed, g(t) is a metric conformal to g, for which (4.1.38) holds. In the
Weyl-Hormander framework, the Ehrenfest time (4.1.29) arises as the time from which admissibility
of g(t) breaks down, due to the failure of the uncertainty principle A4y < 1. The purpose of the
proposition below is to ensure that the family of metrics g(¢) is uniformly admissible, namely its
structure constants are uniform with respect to t € [-Tg,Tg]. It involves the so-called symplectic
intermediate metric g%, which is defined as the geometric mean of g and g° (we refer to [Lerl0,
Definition 2.2.19] for a precise definition since the notion of geometric mean for quadratic forms is
quite involved). The main properties of g° is that it is symplectic, namely g% = (¢%)7, and

o 1 o
g< heg" <g' =(g")° < hfg” <g°. (4.1.59)
g

Proposition 4.1.29 (Improved admissibility — [Ler10, Proposition 2.2.20]). Let g be an admissible
metric. Then there exist rq € (0,1],Cy > 0, Ny > 0 such that

2N,
Ve R Vpo,p € TM,  g,(t) < C2(dist s oo (BE (00), B (9)) gm(®).  (4.1.60)
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Similarly, for any g-admissible weight m, there exist r € (0,1],C > 0, N > 0 such that

2N
Voo, p €T*M,  mip) < O2<dist(g20+gi)a (BY(po), Bg(p))> m(po), (4.1.61)
with constants C,r, N depending only on structure constants of g and m.

This improved admissibility property is a consequence of a stronger form of temperance involving
the metric g% (see Lemma 4.C.3 in Appendix 4.C.4).

Remark 4.1.30 (Uniform admissibility of the metrics g(¢)). By o-duality (4.1.20), the estimate (4.1.60)
holds replacing g,(t) and g,,(t) with g5 (t) and g7 (t) respectively. We also provide less precise up-
per bounds for the right-hand side of (4.1.60) and (4.1.61) that will be useful throughout the paper.
From (4.1.59), we have g% > %gh > Q;lg > g(t) > g for all [t| < Tg, so that

diSt(gE71+gf72)v (B(p1), Bl (p2)) < distg,, +g,,)- (B](p1), B (p2)) < jeni[l%g} diStg;’j (B (p1), Bl (p2))

< i — o .
= sty = e,
In particular, (4.1.60) and (4.1.61) can be seen as a compact way of writing both slow variation and
temperance properties (Definitions 4.1.6 and 4.1.7) with a single inequality. Lastly, g(t) satisfies the
uncertainty principle for all ¢ € [0,Tg]|, since by definition of the gain function (Definition 4.1.5)
and of the Ehrenfest time (4.1.29):

e 20t | ¢, 2(A+27)| 2(A4+27)T
hoy = SUp — 7 =€ h, <e Eh, =1.
9(t) cew\ {0} e—(A+2T)\t||<‘gZ g g

From now on, we fix r, € (0,1], C4 > 0 and Ny, > 0 common structure constants of the
family of metrics g(t), t € [-Tg,Tg]|, i.e. Definition 4.1.6 is satisfied by ¢(t) with these constants
r4,Cq, Ng. We will often call r4 a slow variation radius and Cj the slow variation constant of g. See
Appendix 4.C.3 for more information on slow variation radii.

We proceed with a sanity check on temperance weights.

Proposition 4.1.31. The temperance weight 0, defined in Definition 4.1.11 is a g-admissible weight.
Moreoverry (introduced above) is a slow variation radius of 0,4. If 9'g is the temperance weight defined
with a flat metric g’ instead of g, one has

3C =C(g,g') > 0: C'0, <6, <Cl, onT*M. (4.1.62)

Proposition 4.1.31 says that the temperance weight 0, is essentially independent of the chosen
background euclidean metric in its definition. The temperance weight and the gain function are
somewhat related through the following observation.

Proposition 4.1.32. The following holds:

Voo, p €T*M, g5 < 04(p0)0y(p)gpo-

Moreover, one has
hg x 62 > 1.

In particular, 0, > 1 provided g satisfies the uncertainty principle hg < 1.

These results are proved in Appendix 4.C.
We end this subsection with a discussion on possible improvements regarding Assumption 4.1.14.

Remark 4.1.33. The following two assumptions could perhaps be relaxed.

 First, the introduction of the temperance weight 6, relies on the choice of a background
Euclidean metric g. Hence it is not an intrinsic feature of the metric g. However it is crucial
in our argument in order to apply Beals theorem. Roughly speaking, it allows to handle
derivatives of the propagator adr e " with F = Op"(f) being the quantization of an affine
function f (see the symbols of the form ¢, in Corollary 4.6.7). It ensures that the long-range
effects of the possible blow up of the metric at phase space infinity (i.e. 6, unbounded), in
connection with the non-local nature of quantum mechanics, are balanced by the gain 6,
appearing at each step of the Egorov expansion (4.1.31).
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e Second, the use of 6, seems to require an estimate of the growth of the metric along the flow,
hence the importance of the parameter Y introduced in Assumption 4.1.14 (iii). Proposi-
tion 4.5.1 is quite illuminating in this respect: the gain function h, is defined intrinsically,
and understanding e*f» hg only requires the very natural control (4.1.38), whereas 6, requires
the choice of a background Euclidean metric, and understanding etHPHQ involves the extra
assumption on the growth of gg:.

4.1.9. Propagation of quantum partitions of unity

Theorem 4.1.15 is in fact a consequence of the more general Theorem 4.1.40 below, namely an
Egorov’s theorem for confined family of symbols. We introduce first partitions of unity adapted to
an admissible metric g.

Throughout this paper, given a quadratic form ¢, we denote by

distq(p1, p2) = |p2 — p2lq

the distance between p; and ps for the constant metric equal to g. This definition naturally extends
to distances between points and sets or between two sets.

Proposition 4.1.34 (Existence of partitions of unity — [Ler10, Theorem 2.2.7]). Let g be an ad-
missible metric. Let rqg > 0 be the slow variation radius given in Proposition 4.1.29. There exists
rg > 0 such that for any r € (0,74), there exists a family of functions (©p,)peer*m uniformly in
S(1,g), namely

sup \wpols 1y <00 VIEN, (4.1.63)
po€T*M

such that for all po € T* M, supp ¢,, C BI(po) and

Vp e T M, / ©po(p) dVoly(po) = 1. (4.1.64)
M

More precisely, there exists a constant ¢ depending only on structure constants of g such that
V¢ e N,Vpy € T*M,¥r € (0,rg), }Vegopob o < cr—t-2dimM, (4.1.65)

Remark 4.1.35. The r-dependent estimate (4.1.65) is not given in Lerner’s book, but it follows from
the proof. To convince oneself that this is the good scaling with respect to r, one can argue as follows:
if we take a smooth function x supported in Bf (po), then the function x, = x(po + r=1(e—po)) is
compactly supported in BZ(pg) and its order-¢ derivatives behave indeed as r—. The extra factor
r~2dim M i due to the fact that we want (4.1.64) to be true, so be need it in order to compensate

for the fact that the integral of y, is of the same order as the volume of BY(py), namely 72 4m M,

We introduce the space of confined symbols.

Definition 4.1.36 (Spaces of confined symbols). Let g be an admissible metric on T*M, let » > 0
and po € T*M. We say a smooth function ¢ belongs to the class Conf?(pg) if it satisfies

Cy
V0 eN,3C, > 0:VYk € N,Vp e T*M, VEp(p)| < — .
| s (distgs (0, Br™ (p0)))*
For ¢ € N fixed and k ranging in {0,1,...,¢}, the best constant C; is written |w|(e) . These

Conf?(po)
are seminorms which endow the space Conf?(pg) with a structure of a Fréchet space.

Remark 4.1.37. It turns out that the spaces Conf?(pg) coincide with the Schwartz class & (T* M)
as Fréchet spaces. However, the seminorms are designed in a way that quantifies the confinement
of symbols around the ball BI(pg) introduced in (4.1.23) with respect to the metric g.

Definition 4.1.38 (Uniformly confined family of symbols — [Ler10, Definition 2.3.14]). Let g be
an admissible metric on 7*M, and let ry, > 0 be the slow variation radius of g, introduced in
Proposition 4.1.29. We say a family of functions (¢,,)y0er+nm on T*M is a g-uniformly confined
family of symbols if there exists r € (0,7,/2) such that

vl e N, sup |wp0\confg (po) < OO
po€T*M

The parameter r is called a confinement radius of the family of symbols (1, )p,er* 0
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Example 4.1.39. Partitions of unity given by Proposition 4.1.34 are instances of g-uniformly
confined families of symbols (confinement is clear since each function has compact support in BY(po),
and the uniform seminorm estimates come from (4.1.63)).

At the level of the classical dynamics, the confinement radius of a confined symbol is expected
to grow exponentially in time under propagation by the Hamiltonian flow. The same holds at the
level of the quantum dynamics. This is the reason why, given a radius r, we introduce

r(t) = reCAFDFCIER 4 e R (4.1.66)

where C, is the slow variation constant from Proposition 4.1.29 and C,, = |V? p\s ((hg/h,)~1,9)" This

particular definition is motivated by Proposition 4.4.9. To make the analysis works, we need to
ensure that the condition

1
rt) <r, = |t < 08(ry/1) - (4.1.67)
2(A+ ) +C3%h,

is satisfied. We shall always assume that r is chosen in such a way that (4.1.67) is fulfilled on the
time range under consideration. Bear in mind that with this definition, the inclusion

Conf?(py) — Confgg ;(po) (4.1.68)

is “1-Lipschitz” for any t € R and pg € T*M, in the sense that

4 4
W € N, V4 € Conf?(po), |w|gj,nfg(t> ony < 9 lCanta ooy

The following result says that the quantum evolution of a g-uniformly confined family of symbols
remains g-uniformly confined for times not exceeding a fraction of the Ehrenfest time (4.1.29).

Theorem 4.1.40 (Quantum evolution of g-uniformly confined families of symbols). Let T €
(0,$T&] and r > 0 such that v(T) < r4. Then for any { € N, there exists k € N and a con-
stant Cp > 0 such that

‘(Z)

< Cylyp| . (4.1.69)

Vt € [~T,T),¥po € T* M, ¥ € Cont?(po), ‘e“"ew e

nf?() (6~ (po

Let (Yp,) poct*mr be a g-uniformly confined family of symbols with radius v and define

.

oo "= et‘%)"l/)dgt(po), (4170)

in order that

ePOP (Yp)e ™ = OpY (e P01y, ) = O™ (¥hos(yy ) Voo € T*MVEER.

Then for any t € [=T,T], the family of symbols (V%) ,, is g(t)-uniformly confined with radius r(t),
and we have
. _ (©)
V¢ e N,3k e N,3C, > 0:Vt € [-T,T], ngL’II“E)M|wPO Cont?) (po) <Cy pozup |¢Po|Confq(pU)

All the seminorm indices and constants in the seminorm estimates (4.1.69) depend on g, m and
p only through structure constants of g and m, seminorms of p in the symbol classes (4.1.26), the
constant Cy in (4.1.27) and on any constant ¢ such that A > ch,,. 10" In particular, constants do not
depend on ﬁg.

Remark 4.1.41. As for Theorem 4.1.15, given a fixed metric g, one can artificially extend the
Ehrenfest time (4.1.29) by considering the metric e~ g instead (see Remark 4.1.20).

10. The dependence on c degenerates as ¢ — 0. See Remark 4.1.21 for more details.
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Remark 4.1.42. The asymptotic expansion (4.1.31) is also valid in spaces of confined symbols. In
particular, we jhave

e wﬂo =l wﬂo + J]Poi
fg(t)

where 1/~Jp0,t belongs to hg(t)Con (8) (¢%(po)). In other words, w;’t(Po) is approximated at leading
order by 1, o ¢".

Several consequences can be drawn from Theorem 4.1.40. One is the fact that the quantum (and
also the classical) dynamics act continuously on & (T*M), to that it extends to ' (T*M).

Corollary 4.1.43. Let p satisfy Assumption 4.1.13 and suppose there exists a metric g such that
(p, 9) satisfies Assumption 4.1.14. Then the unitary groups (e!”»);cr and (e'f?);er act continuously
on S (T*M) and extend continuously to ' (T*M).

A less evident consequence is the fact that the Schrédinger propagator itself acts continuously
on the Schwartz class, and can thus be extended to a continuous operator on &'(M).

Corollary 4.1.44. Let p satisfy Assumption 4.1.13 and suppose there exists a metric g such that
(p,g) satisfies Assumption 4.1.14. Then for any t € R, the propagator e="Y maps P (M) to itself
continuously.

The latter corollary is proved in Section 4.8. Notice that the conclusion relies only on the
existence of an admissible metric ¢ which is compatible with p in the sense of Assumption 4.1.14,
and is not related to specific properties of this metric.

Another consequence is Egorov’s theorem in general symbols classes S(m,g) stated in The-
orem 4.1.15. The connection between Theorem 4.1.40 and Theorem 4.1.15 is the fact that any
symbol in S(m,g) can be decomposed as a collection of g-confined symbols thanks to a partition
of unity adapted to g, and conversely, a weighted superposition of a g-uniformly confined family of
symbols gives a symbol in S(m, g). See Proposition 4.8.1. Proofs can be found in Section 4.8.

We finish with an important remark concerning the semiclassical regime (h, — 0).

Remark 4.1.45 (Semiclassical regime h, — 0). We draw the reader’s attention to the fact that
Theorem 4.1.40 is mostly relevant for fixed bounded times 7' > 0, independent of h, if one wants to
consider a semiclassical regime. Indeed, pushing 7" up to a fraction of T would force us to consider
r very small, of order hg for some 5 > 0, so that the requirement r(T") < r, is fulfilled.

Yet if we take 1y, confined in a g-ball of radius 7 and oscillating at scale 1, namely |V, = O(1),
then the sup-norm of v should be or order 2? as well. In the other way around, if we look for
a symbol ¥y with 9s(po) = 1 that is confined (or say compactly supported) in By, (po), then we
must allow for the derivatives of 1 to satisfy |V*y|, = O(h=#%). That means that seminorms in
Cont?(pg) would blow us as negative powers of 7.

Although this could seem to be troublesome, we will be able to deduce Theorem 4.1.15 from the
above Theorem 4.1.40 up to a fraction of the Ehrenfest time by considering the expansion (4.1.31)
at a sufficiently high order to cancel the negative powers of h, that well arise from (4.1.65) while
introducing a suitable g-partition of unity.

4.1.10. Related works: the contributions of Jean-Michel Bony

Our results are in line with previous investigations conducted by Bony in the late 1990s and
the 2000s. His contributions essentially consist in generalizing the Fourier integral operator theory
to the framework of the Weyl-Hérmander calculus. In a series of works that we review below, he
introduces a very efficient algebraic approach to Fourier integral operators.

Let x be a canonical transformation and gg,g; be two Weyl-Hormander symplectic metrics
subject to g9 = k«g1. In [Bon94, Bon96], Bony introduces classes of Fourier integral operators
FIO(k, go, g1) as superpositions of metaplectic operators (quantizations of the tangent map of k at
each phase space point), weighted by go-confined symbols. Later [Bon97], he gives an alternative def-
inition of these classes for more general metrics. He introduces a beautiful definition of FIO(k, go, g1)
involving “twisted commutators”. This is based on delicate characterizations of pseudo-differential
operators in Weyl-Hormander classes [Bonl3], that generalize Beals’ criterion [Bea77, Bea79] to
non-Euclidean metrics. With this definition, the fact that Fourier integral operators conjugate
operators with symbol in S(1,gg) to operators with symbol in S(1,g;) becomes practically tauto-
logical. This axiomatic approach allows him to check that these classes of Fourier integral operators
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obey a natural calculus. However, these characterizations of pseudo-differential operators do not
go along with precise estimates and require some additional assumptions on the metrics under
consideration (geodesic temperance and above all absence of symplectic eccentricity). In later pa-
pers [Bon03, Bon07, Bon09], Bony shows the equivalence between the previous definitions of the
class FIO(k, go, g1), introduces an abstract notion of principal symbol and discusses boundedness
properties of these operators in Sobolev spaces attached to a Weyl-Hoérmander metric. He also
points out that the case of propagators of the form e~*" should fit in this framework, taking x = ¢
the Hamiltonian flow associated with the generator P and g; = (¢*)*go. Nevertheless, a lot of work
is still to be done to check that a concrete unitary group e~ ¥ with simple assumptions on P have
indeed this Fourier integral operator property. This is what we address in the present paper.

All the articles mentioned above mostly consist in proceeding papers and seminar notes. Proofs
are very succinct and the algebraic framework makes the results very difficult to apply in practice
for p.d.e.-related applications. In particular, it is in general intricate to draw precise estimates
from the theorems presented in the aforementioned references, which is an issue for applications
in mathematical analysis. Lastly, the very abstract assumptions in the applications to evolution
equations turn out to be quite difficult to check on concrete cases. That being said, these papers
are a great source of inspiration and we plan to investigate this matter from an analytical viewpoint
in future works.

4.1.11. Strategy of the proof and plan of the article

Studying the quantum dynamics (e*’*»);cr amounts to solving the equation (4.1.11). The latter
can be solved in L?(T*M) by classical semi-group arguments as we shall see in Subsection 4.3.2.
However Theorems 4.1.15 and 4.1.40 boil down to solve it in symbol classes and spaces of confined
symbols, which turns out to be much more difficult. Indeed, the only a priori information that we
have on the quantum dynamics is that it is a unitary group on L?(T*M) (or equivalently e~ %" is
a unitary group acting on L?(M)).

The strategy of our proof consists in showing that e Op™(a)e " = Opw(et‘%f)) is a pseudo-
differential operator through the characterization known as Beals theorem (see Proposition 4.B.5).
Applying this criterion requires quite intricate computations involving iterated commutators with
operators of the form Op™(f) with f € Aff(T*M) an affine function.

A very delicate point, especially in the proof of Theorem 4.1.40, is to care about the dependence
on po in all the computations. The dependence on t is also to be taken into account carefully. In
particular, when applying the pseudo-differential calculus, we will always make sure that the metrics
g(t) and weight m(t) involved have structure constants bounded independently of ¢. Fortunately,
the Weyl-Hormander theory is well-suited to handle this uniformity question.

We proceed in several steps:

e Section 4.2 introduces basic notations and the so-called pseudo-differential Weyl-Hérmander
calculus. Our main reference for this is the treatise of Lerner [Lerl0, Chapter 2|, but our
presentation is also inspired from Hoérmander [Hor94, Chapter XVIII]. Proofs of this section
are collected in Appendix 4.A. We chose to redo the proofs to justify the precise seminorm
estimates that we need.

e Then in Section 4.3 we discuss the well-posedness of the classical and quantum dynamics on
L*(T*M). We show that Assumption 4.1.14 is sufficient to make sense of the classical and
quantum dynamics globally in time. This part is not related to microlocal analysis but follows
from classical evolution equations and spectral theory arguments.

e Next we study the classical dynamics in 4.4. We essentially prove global estimates on the
Hamiltonian flow and its derivatives on the whole phase space. The content of this section
is quite classical but we chose to include the proofs in the paper to be self-contained and be
consistent with our notation.

e In Section 4.5, we discuss the mapping properties in symbol classes and spaces of confined
symbols of the operators §;(t) appearing in the Dyson expansion (4.1.42). More precisely, we
prove continuity estimates for these operators, taking care of the dependence on time and on
the parameter py € T* M for confined families of symbols.

e In Section 4.6 we deal with the delicate computations involving commutators in preparation
for the application of Beals theorem. We discuss the boundedness of operators given by
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iterated commutators with affine symbols. This section contains the key arguments to prove
smoothness and decay of the conjugated operator €' Op™(z)e =" in Theorem 4.1.40.

e The proof of Theorem 4.1.40 on the propagation of partitions of unity is presented in Sec-
tion 4.7. Roughly speaking, it consists in putting together the estimates given in Section 4.6
related to iterated commutators, taking care of the dependence on the parameters ¢t and pg.
Then the sought seminorm estimates (4.1.69) follow from Beals theorem (Proposition 4.B.5).

e Then Section 4.8 is devoted to the proof of Theorem 4.1.15 and several other consequences of
Theorem 4.1.40.

e Proofs of the results of Section 4.1.7 concerning applications to Schréodinger, wave and trans-
port equations are collected in the final Section 4.9.

e The paper ends with four appendices. Appendix 4.A is devoted to the proofs of the precise
estimates for the pseudo-differential calculus in the Weyl-Hormander framework given in Sec-
tion 4.2. Then basic results on pseudo-differential operators are recalled in Appendix 4.B,
and some technical lemmata on phase space metrics are gathered in Appendix 4.C. We finally
recall the Faa di Bruno formula for “vector-valued” functions in Appendix 4.D.
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4.2. The Weyl-Hormander calculus

In this section, we introduce the Weyl-H6rmander calculus of pseudo-differential operators, that
is to say we describe how the composition of these operators works in the Weyl-Hérmander symbol
classes.

4.2.1. Functional framework

Recall that the symbol classes S(m, g) defined in 4.1.9 are Fréchet spaces contained in &' (T*M).
Also recall that we extended the definition of S(m, g) to tensors in Remark 4.1.10. For any k € N,
we define

VFS(m,g) = {a€ P (T*M): VFa € S(m,g)}.

Notice that similar spaces were already considered by other authors, such as Bony [Bon13, Definition
2.5]. This is a linear subspace of &’'(T*M). We endow it with the following family of seminorms:

(9]

S(m.g)? (eN,a eV FS(m,g).

ar— |Vka|

The topology induced by these seminorms coincides with the topology induced by S(m,g) through
the linear map

VF:V*S(m,g) — S(m,g), (4.2.1)

which is then continuous. Notice that V~%S(m, g) is not a topological vector space (singletons are

not closed), so in particular it is not a Fréchet space. Open sets of V~*S(m,g) are of the form

(V*)~1U where U is an open set of S(m, g). Also notice that the “fiber” of the map V* in (4.2.1)

seen as a projection is given by ker V¥, that is the set of degree k& — 1 polynomial functions. A

consequence is that continuous maps on V~%S(m, g) are constant on the fibers of the map (4.2.1).
One can readily check that

V: V= ES(m, g) — VFS(m, g)

is continuous. Given a linear map L : V7¥15(my, g1) — V7*25(mg, go), if we have an estimate of
the form

(0

S(ma2,92

(k)

YVl eN,3k € N,3C; > 0:Va € S(my,g),  |V*Lal StmgL)’

) < Cg|vk1a

then we shall write .
VMS(my, g1) = V7 5(ma, ga).
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For k1 < ko, the inclusion is continuous:
VMS(m,g) = V" S(m, g),

while for the covariant derivative, we have

k
Vko € {0,1,2,....k},  V*S(m,g) L V- kk)G(m, g).
From the last two properties, we deduce that for any kg, k1, k2 € N such that ky < kg + ko,

*
VK18 (m, ) Y= V*2S(m, g).

When considering a family of operators L(t) depending on some parameter ¢ € R (usually time), it is

interesting to keep track of the dependence of the continuity constants Cy on t. Give C € C°(R;R.y),

we will write

VR S(ma, g) =2 C(1)VF2S(my, g)

to mean

)

Ve eN,3k € N,3C > 0:Vt € R,Va € S(my,g),  [V™Lalg,,

2 < CgC(t)|Vk1a‘S(

mi,9)°

I particular, we shall write
VRS (mi, g) S0 VR S (ma, g)

when seminorm estimates are uniform with respect to t.

4.2.2. Pseudodifferential calculus

Quantization of quantum observables follows well-known rules. Let a; and as be tempered distri-
butions. The composition Op™(a;)Op™(as) makes sense as a continuous operator ¥ (R%) — &'(R?)
as soon as one of the two operators maps & (R?) to itself continuously. In such a case, the Weyl
symbol of the corresponding operator, given by the Schwartz kernel theorem (Proposition 4.B.1) is
called the Moyal product of a; and as and is denoted by a; # a9, so that

Op“(a1)Op™(az) = OpY(a1 # a2).

The moyal product is a bilinear map. Assume now that a; and as are Schwartz functions, so that
a1 #as is well-defined. One can show that the Moyal product of the two symbols is again a Schwartz
function that can be computed according to the formula (4.1.4). For more general symbols, the latter
expression can be understood as an oscillatory integral.

The proposition below ensures that the composition of two operators of the form Op™(a) with
a in some symbol class S(m, g) makes sense.

Proposition 4.2.1 ([Hor85, Theorem 18.6.2]). Let g be an admissible metric and m be a g-admissible
weight. Then for any a € S(m, g), the operator Op"(a) maps (M) — S (M) and ' (M) — S (M)
continuously.

The formula (4.1.4) for the Moyal product can be rewritten

aq # as = 67%‘13(611 ® a2)|diag. (422)

In this expression, a1 ® as is the map (p1, p2) — a1(p1)az(p2) defined on T*M & T*M, diag refers
to the restriction to the diagonal {p; = p2} and the operator e~ %%¥ is a Fourier multiplier that one
can see as the exponential of g = {V?1,V2} which is a symbolic notation for

Plar ® az)(p1, p2) = 0 (Ha, (p1), Hay (p2)) 5 Vp1,p2 € T*M.

(See Subsections 4.A.2 and 4.A.3 of Appendix 4.A for further details on these definition.) A formal
Taylor expansion of the exponential in (4.2.2), which can be made rigorous, gives

Jo
ar #as =Y Pj(ar, as) + Pjy i1 (a1, a2),

J=0
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where for all j > 0,

207 .
@j(alvcm) = ( ;)' ‘Bj (al & a2)|diag

)

1 )
_ (o) o 1

9p.; = _— 3P - J+l ia'd
j+1(a1a&2) /(; ]' e (22,)J+1§B (a1®a2)‘d g as

and @\’o(al, as) = a1 # as by convention.
The operators (;)en and (%) en are bilinear maps acting on the space of Schwartz symbols.
The most important ones are the Oth order and the 1st order terms in the expansion, namely

Po(a1,a2) = araz, Pi(a1,a2) = Z{ah%}-

The term %; depends on derivatives of order j of a; and ag, while @j depends on derivatives of
order larger than j. When a; and ay belong to symbol classes S(m, g), we can make sense of the
asymptotic expansion

aq # ag ~ Z@j(al, ag), ai,as € y(T*M), (423)

=0

by explaining how the bilinear operators ?; and @j extend to symbol classes or spaces of confined
symbols, and give bounds for the remainder. In Proposition 4.2.2 below, we describe the map-
ping properties of these bilinear operators on symbol classes S(mq,g1) and S(ma, g2), with precise
seminorm estimates. Derivatives of a; and as are measured with respect to two possibly different
metrics g; and go. Beyond admissibility, some compatibility condition is required on these metrics.
We introduce this notion of compatibility in Definition 4.A.5, based on [Hor85, Proposition 18.5.3].

An important object appearing in the statements below is the joint gain function of g; and g3,
defined by !

VpeT*M, hg,.g.(p) == sup lar, _ s g2, (4.2.4)

= sup .
cemnfoy IClag,  cewnpoy [Clag,
Notice that when g; = g2 = g, one recovers the usual gain function of g of Definition 4.1.5. 12

Proposition 4.2.2 (Pseudo-differential calculus in symbol classes). Let g1 and g2 be admissible
metrics that are compatible in the sense of Definition 4.A.5. Let my and ma be (g1 + g2)-admissible
weights. Then we have for all j € N:

®J
VIS (m1,g1) x VIS (ma, g2) = S (k) 4,mama, g1 + g2) ,

Q

; s P,
VIS (ma, g1) x V77 S (ma, g2) — S( 91,9212, g1 +92)

namely, for all j € N and all £ € N, there exist k = k; € N and positive constants (Cy, C}) such
that

(0)

S(ma,g2)

P, (a1, az)| ") < ClVailg) o [Viasl

S(hj goM1Mm2,91+92) —
(£)

S(h), gomima,g1+g2)

’@j(al,ag)‘ <Cg|Vja1}S(ml g1)|VJ

2’s<m2 g2)°

The estimates depend on g1, g2 and my, ms only through structure constants.

Another version of pseudo-differential calculus consists in pairing a symbol in a genuine Weyl—
Hormander symbol class with a confined symbol.

11. The justification for the equality in (4.2.4) can be found in (4.C.1).
12. Observe that the definition of the temperance weight 64 in (4.1.24) goes somewhat in the other way around
compared with the joint gain function hg ¢ of g and g defined in (4.2.4).
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Proposition 4.2.3 (Pseudo-differential calculus with confined symbols). Let go and g be two com-
patible admissible metrics. Suppose there exists k > 1 such that g < k2gy. Letm be a g-+go-admissible
weight such that 414, is a slow variation radius for m, namely (1) holds with r = rgqg,. Let r >0

be such that r < % min{ry, 74, }. Then for all j € N, the following maps are continuous:

VIS(m, g) x Contd® (po) 2 hil, (po)m(po) Cont 5 0)/2 (py), (4.2.5)
VIS(m, g) x Conff (po) ~2 hi, (po)mi(po)Conf &+90/2 (pg), (4.2.6)

namely, for all j € N and all £ € N, there exist k = ky € N and positive constants (Cy,C}) such
that

(0)
S(m,g

(k)
Conf}° (po)’

(k)
Conf}® (po)

0 j j

25(000)[) ovanra,) < Celiliy, (00)m(p0)[Val

> v < Cyhio Via) v
j(d,do) Conffﬁ%gmﬂ(po) = Y g,go(pﬂ)m(pOH a‘S(m7g)| a0|

¥l

The estimates are uniform with respect to pg € T*M and r, and depend on gg, g and m only through
structure constants.

Several subtleties in these statements are not covered by [Hor79, Hor85, Ler10]. For this reason
we prove Propositions 4.2.2 and 4.2.3 in Appendix 4.A, following the strategy of [Ler10, Section
2.3].

In practice, g1 and g (or g and gg) will always be conformal, so that in particular gi = gg. Yet
compatibility in the sense of Definition 4.A.5 is always true for such metrics as stated in Proposi-
tion 4.A.6 and Remark 4.A.7. So we will just ignore this assumption in the sequel. Similarly for
weight functions, in that case it will be sufficient to check that m is g;-admissible or go-admissible
in order to ensure that it is (g1 + g2)-admissible (see Proposition 4.1.29).

Remark 4.2.4. We will often apply these results to g1 = ¢(¢t) and go = g(s) for different times ¢
and s smaller than the Ehrenfest time. Since the structure constants of these metrics are uniform
with respect to ¢ (Proposition 4.1.29 and the subsequent Remark 4.1.30), the implicit constants
appearing in the continuity estimates below will not depend on time.

4.3. Classical and quantum well-posedness

In this section, we prove Proposition 4.1.16 which provides with a sufficient condition for the
global existence of the Hamiltonian flow and the essential self-adjointness of P. A first step is the
following lemma.

Lemma 4.3.1 (Estimate on the first derivative of p). Under the assumptions of Proposition 4.1.16,
we have

Je>0:VpeT*M, IVpl,, (p) < clp(p))- (4.3.1)

Proof. Denote by 14, and Cy, slow variation radius and slow variation constant of gy (Proposi-
tion 4.1.29). Recall the real number E from (4.1.35). Let p,5 € T*M. By Taylor’s theorem, we
know that

1
p(7') = p(p) + Vp(p).(F' — p) + /0 1 =t)V?p((L—t)p+tp) (5" — p)* dt. (4.3.2)

Suppose p is such that p(p) = E and |p' — plg, , < r with 7 € (0,74,). Then we have

2
9o,(1—t)p+tp’

p(5') = EI < [Vply (po)l6" = bl , + 3|VPl,, o t:}épl]lpé = pol

<7 sup |Vp|, + %C§0r2|v2p|
{p=E}

(4.3.3)

go,00’

We used slow variation of gy to deal with the right-most term. Now we let p € T*M and we
show (4.3.1). We distinguish two cases.
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First case: p(p) > E. In (4.3.2), we take p = p such that p(p) > E and we consider ' of the
form pl, = p+ s(, s € (—r,r), where { € W is chosen in such a way that

Ky, =1 and  Vp(p).C =Vl (p)-

Assume p(pl,) < E for some s € (—r,r). By the intermediate value theorem, there is an sy € (—r,7)
such that p(p},) = E. Given that [p} — plg,, = |s0| < r, we can apply (4.3.3) to have for some
constant C' > 0:

E—C <p(p,).

This is obviously true if p(p,) > E. Going back to (4.3.2), we deduce that

B~ C < p(p) + 51Vl (0) + 5 (V28] ) Can(1)2,¥5 € (17),

90,00
where we used slow variation of gg again. Seeing the above function of s as a degree-two polynomial,
either the discriminant § is non-positive, namely

V0[5, () < 2(|V%l,, o0 ) Con (1) () — E +C),

90,00

which implies in particular the desired result |Vp|y, (p) < c(p(p))*/? < ¢(p(p)), or it is positive and
we have two real distinct roots s_ < s;. Notice that since p(p) > F > E —C, we know that s < 0.
Given that the polynomial is non-negative on (—r,r), and that it has to change sign around s;., we
deduce that s; < —r, namely

—|Vpl,, (p) + V5
(192Dl 0 ) Cn(r)?

5 < (199, (0) - 7‘<\V2p\go,oo>cgo(”2)2

~

~2(|9%],, .. )Cou (1) (p(p) = B+ C) < ~20{|9%| ) Coy(1)2IVD,, (0)

+ (T<|V2plgo,m>cgo (7”)2)2
(3
SMM—E+C+2

[Vl (0) {1920, o) Can (1.

,
which yields the desired result [Vp[, (p) < ¢(p(p)).

Second case: p(p) < E. If we take p such that p(p) < E, we can reduce to the previous case by
considering —p and —F instead of p and E. The previous step yields the final result. O

4.3.1. Proof of Proposition 4.1.16: global-in-time existence of the Hamiltonian flow

Here we prove the “classical part” of Proposition 4.1.16, namely that the Hamiltonian flow is
well-defined globally. Let p € T* M and consider ¢ — p(t) solution to the Cauchy problem

SO =H, (o), p(0) =

Let I C R be a relatively compact interval on which the solution exists. We show that the range
of I 3 7 — p(r) is relatively compact. From Lemma 4.3.1 (and Lemma 4.4.2), we know that
[ Hplgo < [VDlgo < c(p(p)) on the entire energy shell {p = p(p)}, which contains 7 — p(7). Fixt € I
and let

s = s(t) :sup{s’ >0:Vre(t—s,t+s)NI, p(7) GBf;’O/Q(p(T))}.
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Then by the mean value inequality, we have for all 7 € (t — s,t +s) N I:

o) = o0, <15l sup  H, (o), < Colsl  sup  |H, (o(r)
’ TE(t—s,t+s) i TE(t—s,t+s)

< cCy,s|(p(p))-

Since T — p(7) is continuous, we deduce that s(t) > rg,/(2¢Cy, (p(p))). Therefore, we can cover I
with a finite number of compact intervals of size 74, /(cCy, (p(p))), on which 7 — p(7) takes values in
a go-ball of radius rg, /2. We deduce that the range of I 5 7 +— p(7) is relatively compact. Therefore
the solution can be extended to the whole real line.

9o,p(7)

4.3.2. Proof of Proposition 4.1.16: essential self-adjointness

We finish the proof of Proposition 4.1.16, showing essential self-adjointness of P. In this proof
P = Op%(p) acts on ¥(M). Since P — E is essentially self-adjoint if and only if P is essentially
self-adjoint, we can assume without loss of generality that £ = 0. The result will follow from the
classical characterization of essential self-adjointness [RS75, Theorem X.2]:

IA>0: ker (P* +4A) = {0} and ker(P* —iX) = {0}. (4.3.4)

Let A > 1 to be chosen properly later. We first give an estimate on derivatives of ¢ = g\ = (p\i) ™!
using the Faa di Bruno formula (see Appendix 4.D): for any ¢ € N:

4
; 1
) +1 ~ vn
’q ‘go = ;qu | Z ) Il!v p

ne(N*)J g0

)

where the constant Cy(p) depends on ¢, on seminorms of V2p in S(1, go) and on the constant from
Lemma 4.3.1 (which depends also on p). We can bound the right-hand side from above by using
Lemma 4.3.1 for the indices n; = 1 and using the sub-quadraticity assumption V?p € S(1,go) for
the indices n; > 2:

‘ q©

<C JHL ()T
S +(p) lrgjagelql (p)

Yet we have |q| < max{%, 1}, so that

< Cy(p)

90 Co

‘q“) =  qgeSA\ ' g).

Now from pseudo-differential calculus (Proposition 4.2.2), we obtain

Op™(p+ M’)Opw( ) =Id+0p™ (@’2 (p £ i, q))

pEN

with R
V25(1,90) x S(A " g0) 22 S(A1, o).

The Calder6n-Vaillancourt theorem (Proposition 4.B.4) applies in S(1, go), so we arrive at

1

HOpW(@‘z(p + i, q)) < (%(p + i, q)‘l;o(ljgo) =0 (A) :

Hgg(m)

Taking A large enough ensures that R = Opw(@g (p £ M, q)) satisfies || R|| ¢ (r2) < 1/2. Now writing
A, =Id—R+ R?— .-+ (=1)"R" for any n € N, we have

OpY(p =+ )\i)OpW< )An =Id+(-1)" TR,

pEX
where Op™(q)A,, and R"™! map (M) to itself continuously (Proposition 4.B.2) and HR"'HH <
2=+ We deduce that for any ug € dom P* and u € & (M),
((P = Ai)"uo, Op™(q) Anu) 12 = (uo, (P + Xi)Op™(q) Anu) >
= (u0,w) 2 + (—1)"* (o, R 1t) 1o = (g, u) s + O (2740,
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The first equality is justified by the fact that Op“(q)A,u € P (M) (this is the reason why we did
not take n = oo directly). We let n — oo, observing that 4,, — (Id+R)~! in operator norm by
Neumann series, to obtain

((P £ Xi)*uo, Op™(q)(Id +R) " 'u) 12 = (uo,u)ps.

Therefore, ug € ker(P* F i) implies that ug L &(M) in L?(M), that is to say ug = 0. This
concludes the proof of (4.3.4) and thus of Proposition 4.1.16. O

4.3.3. The quantum and classical dynamics as an evolution group on L? symbols

In the proof of the proposition below, we use an important aspect of the Weyl quantization: it
is an isometry between L?(T*M) and the space of Hilbert—Schmidt operators (Proposition 4.B.7):

Op": L*(T*M) — £? (L*(M)) .

That is to say for all a,as € L*(T*M), the operators Op“(a;) and Op“(az) are Hilbert—Schmidt
and

(a2,01) p2(pepp) = tr (0p™(a2)"Op™(a1)) . (4.3.5)

Proposition 4.3.2. For allt € R let U(t) := e'”» and U(t) := e'Hr defined in Definition 4.1.2
and (4.1.8) respectively, viewed as operators acting on L>(T*M), in such a way that

OpY(U(t)a) = Adgir Op™(a) = ™ OpV(a)e ™™ and U(t)a=ao ¢, Va € L*(T*M)

Then under Assumption 4.1.13 and if additionally p has temperate growth in the sense of (4.1.37),
then (U(t))ier and (U(t))ier are strongly continuous unitary groups on L?(T*M). Their respective
generators are self-adjoint extensions of i€, and iH, defined in (4.1.12) and (4.1.5) respectively.

Proof. We first mention that % (t) clearly satisfies the group property U ()% (s) = U (t + s), for all
t,s € R, since (e %F),cg itself is a group of isometries. That AU (t) is an isometry follows from the
cyclicity of the trace and (4.3.5): for all @ € L?(T*M), we have

H%(t)aHQLQ(T*M) = tr (e"F0pY(a)"Op“(a)e *F) = tr (Op™(a)"Op“(a)) = ||a||iz(T*M).

The group property of U(t) and the unitarity of U(t) follow from the fact that (phit);cgr is a group
of symplectomorphisms (Liouville theorem tells us that it is measure preserving [Arn89, Section
16]).

It remains to show that the maps ¢ — U (t) and ¢t — U(t) are weakly continuous. In view of the
density of & (T*M) in L?*(T*M), it is sufficient to verify that the maps ¢t — U (t)w and t — U (t)w
are strongly continuous for w € ¥ (T*M). Yet for any u € (M) C dom P we have

Op™ (AU (#)w) — Op™(w) = i / Ad,.er [P, Op™ (w)]u ds. (4.3.6)

The operator [P,Op"(w)] can be extended to a bounded operator on L?(M) since w € & (T*M)
and p has temperate growth by assumption (use the pseudo-differential calculus in Proposition 4.2.2
and the Calderén—Vailancourt theorem in Proposition 4.B.4). Its symbol is even in the Schwartz
class, so that [P,Op™(w)] is in fact a Hilbert-Schmidt operator. Hence the expression (4.3.6) still
makes sense for any u € L2(M).

We fix (e;); a Hilbert basis of L?(M). By definition of of the Hilbert-Schmidt norm and of the
trace, we have

2

t
[|Op™ (U (t)w)u — Opw(w)||?£2(L2(M)) =tr /0 Adgisr [P, Op™(w)] ds

Ade“p [P, Op™(w)] dse;

L2 (M)
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Then by Jensen’s inequality, and again the definition of the trace, we obtain

5 2
108" (e = O™ (ol < M [P op ey s

= [t / i (1P, Op"(w)]*) ds.

This works because (e*Fe;); is a Hilbert basis for all s € R if and only if (e;); is a Hilbert basis
of L?(M). Finally, we change the order of the sum and the integral since the integrand is non-
negative. We finish with the definition of the Hilbert—Schmidt norm in the right-hand side again,
and we use (4.3.5) in the left-hand side to deduce that

2
1% (tyw — w172 gy < PP, OPY (W)l (12 a1 -

This means that strong continuity holds at ¢ = 0, and the group property of %% (t) allows to extend
continuity to the whole real line. Thus we can apply Stone’s theorem [RS80, VIIL.4] to prove that
U (t) is indeed a unitary group. To see that the generator of AU (t) is a self-adjoint extension of i#€,,
we simply remark that the generator and i€, both agree on & (T*M) since we have

Yw e S (T*M), %Opw(%(t)w)‘tzo =[P, Op™(w)] = Op™(i#pw)

where the last equality follows directly from the definition of ¥, in (4.1.12).
The situation is simpler for U(t). We prove that for any w € & (T*M), the map t — U(t)w is
strongly continuous by observing that

U (Ew =],z < /[ OOyl ds = |yl

The first inequality comes from the mean-value inequality an the equality is due to the fact that
U(s) is an isometry. The norm in the right-hand side is finite since p has temperate growth (4.1.37)
by assumption. The conclusion follows from Stone’s theorem once again. O

4.4. The classical dynamics

To goal of this section is to provide general estimates on derivatives of the Hamiltonian flow
(gi)t)teR associated with a Hamiltonian p. The derivatives we consider are in the sense of the
covariant derivative, using the natural connection V on T*M, M = R¢. We will set by convention
VOt = ¢t and V¢! = d¢t. Similarly to the definition of covariant derivatives of tensors, higher-order
derivatives are defined by induction so that the Leibniz formula holds:

k

k+1 t_ k t k t
VXI,XQ, Xk+1¢ - vXk+1 (VXLXz,-»ka(b ) - ZVX17X2,-»~7VX)€+1ijuan¢ ’

j=1

for any family of vector fields X1, Xo,..., X,y1 on T*M. For all k > 1, the input of V¥¢! is a
k-tuple of vector fields. The result is a vector field on T*M. Beware that (V% . x ¢')(p) is a
tangent vector at the point ¢f(p), and not at p. In other words, V*¢!(p) sends k tangent vectors at
p to a tangent vector at ¢'(p). Thus we can think of these covariant derivatives as tensors of type
(1,%). One can check that V*¢! is symmetric with respect to the input vector fields, for any k > 0,
owing to the fact that the connection is torsion free and has vanishing curvature [Lee09, Section
12.8].

4.4.1. Norms with respect to a metric

The size of these derivatives will be measured using a Riemannian metric g on T7*M. We denote
by [V*¢!|, the function on T*M that corresponds to the smallest constant C'= C(p) such that

’vl)cfl,x2,.u,Xk¢t Gt () CH|X |q ,

for all vector fields X1, X5, ..., Xg.
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Remark 4.4.1 (Norm of a volume-preserving diffeomorphism). For any Riemannian metric g, we
always have |d¢'|, > 1. This is a consequence of the fact that ¢’ is a symplectomorphism. Indeed,
given a finite dimensional real normed vector space (F, | e|), denoting by p any multiple of the
Lebesgue measure, then for any isomorphism A, we have

dim
|det Al (B1(0)) = p1(AB1(0)) < st (Byay(0)) = A" " (B1(0))
where B,.(0) is the ball of radius r centered at the origin. Therefore
|det A| < [|A|"™ 7.

Applying this with (F,||e||) = (I, 7*M, |e|,) and A = d¢*(p), and recalling that |det d¢'(p)| = 1, we
obtain |[d¢'(p)|, > 1.

We start with a lemma that relates derivatives of H, to seminorms of p.

Lemma 4.4.2 (Seminorms of the Hamiltonian vector field). Let a € C*°(T*M). One has for any
ke N:
|V¥H,| , < hE|VFHla|  and  |VFH,| < hg|VFTla| . VE>0.
g g g g g g

One also has
|Ha|g < |Va|g(,.

Proof. Let us check by induction that for any & > 0, the following is true: for all vector fields
XOaX17"‘7Xk7

—Vk+1a(X0,X1,X2, N ,Xk) =0 (kaa (XlaX27 s 7Xk) ?XO) . (441)

The case k = 0 is merely the definition of the Hamiltonian vector field. Now assume (4.4.1) holds for
some k > 0. We pick k + 2 vector fields Xy, X1, ..., Xk11 and we differentiate (4.4.1) with respect
to Xk+12

—d (V" a (X0, X1,. .., Xk)) X1 = d (0(VFH (X1, Xo, ..., Xi), X0)) Xis1.

Using the Leibniz formula on both sides and using that Vo = 0, we obtain

k
— VF2a (X0, X1, Xig1) — D VT a (X0, X1, Vix X5 X
§=0
=0 (V"H, (X1, X2,..., Xk), Vxe Xo) + o(VFT H, (X1, Xo, ., Xjg1) , Xo)

k
+> 0 (VMH, (X1, X2, ..., Vix, X, X0) , Xo) -
j=1

The induction hypothesis (4.4.1) implies that the j-th term in the left-hand side sum, for j > 1,
coincides with the j-th in the right-hand side sum, while the term corresponding to 7 = 0 in the
left-hand side equals the first term in the right-hand side. We obtain (4.4.1) at step k + 1, hence
the induction is complete.

Now recall the section Jy of the fiber bundle End(77*M) such that

9(X,Y) = o(X, JyY),

for all vector fields X,Y on T*M. Also recall that by definition, g = J,%¢%, so that in particular
o], = [Jg®] -, or equivalently |J;10}g = [o] ..
We use (4.4.1) with X = J,X for some vector field X to get

g (VFH, (X1, Xo,..., Xk), X) =0 (VFH, (X1, Xa, ..., X3), Xo) = =V a(Xo, X1, X, ..., X)
for any k£ > 0, from which it follows that

k
|9 (VFH, (X1, Xo, o, X)X | < [VFHa| ], 1X], < TTIXG1,.
=1

Jj=
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We deduce that i

\VEH, (X1, X, ... ,Xk)|g < hgyv’f+1a|g H|Xj|g7

J=1

hence the second claim.
The third claim can be handled similarly: for any vector field X, one has

|9 (Ha, X)| = |0 (Ha, JgX)| = |Va.Jy X| < |Va| . |Jg X[ o = [Val o | X],.
We proceed similarly to obtain the first estimate: we use (4.4.1) again to obtain

97 (X, VFH (X1, Xs, ..., Xi)) =0 (J; ' X, VFHo (X1, Xa, ..., Xi))
=Vla (J;71 X, X1, X, .., Xy)

This implies that

97 (X, VP Ho (X1, Xa, ..., Xp))| < ]V’““a(o,Xl,Xg,...,Xk)\g|X\gg7

hence
k
‘VkHa(Xl,Xg,...,Xk)‘ga < ]V’““a(.,Xl,Xz,...,Xk)\g < ]v’”layg H|Xj\g
j=1
k
k41 k
<|v a|ghg H|Xj\gg,
j=1
which is the desired estimate. O

Remark 4.4.3. For a general linear map x, there is no general estimate relating |x|, and |k|g4e
since we change the norm both in the domain and codomain. However, we check below that if & is
symplectic, then
_ |1
[lge =[], (4.4.2)

Applying this to k = d¢?, it means that measuring the expansion of the flow in the future with
respect to g7 is the same as measuring the expansion of the flow in the past with respect to g. To
check (4.4.2), we merely deduce from the fact that x is symplectic the following:

97 (kX, JgY) =0 (X,Y) =0 (X,x7Y) =g (J,' X,s"'Y).

We divide these equality by the quantity |X| . |JY| . = |J;1X|Q|Y|g (in which equality follows
from (4.1.18) and (4.1.19)), so as to obtain

97 (6X, 1Y)  g(J;' X, w7'Y)
Xlgr gV lpe |75 X] Y],

Writing X = J,'X and Y = J,Y, that yields

k7Y
Y,

9" (kX,Y) g (X,
Xlge Y] X,
Maximizing separately over (X,Y) and (X,Y) yields (4.4.2).
4.4.2. A general estimate

In this subsection, we provide a general estimate on the derivatives of the Hamiltonian flow.
Here g is an arbitrary Riemannian metric on T*M. The rough idea is to differentiate successively
the equation on the differential:

461 (0) = U, (60 . ),
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and use Duhamel’s formula to express VF**1¢! as a function of lower order derivatives of ¢’.
We define several functions of time quantifying the growth of the differential of the Hamiltonian
flow: on the one hand, we consider the successive primitives of |d¢’(p)|, with respect to time:

Vk € N*,  Jpii(t,p) = [ ]yk(s,p)ds, with Jo(t, p) := |do’ (p |
0,t

On the other hand, we handle products arising from iterating Duhamel’s formula by introducing for
any t € R and p € T*M:

k
Ni(t;p) = sup |d¢*(p)|,  and  Vke€N*, Ny(t,p):= sup sup [[|dg*+17 (6 (p))| .
s€[0,t] s€[0,t] s€EsAy j=0 :
In the latter definition, s = (s1,82,...,8%) € sAj refers to a point in the k-dimensional simplex

defined in (4.1.41), with the boundary conventions sp = 0 and sx11 = s. We also set for any energy
level £ € R:

I(t,E):= sup Ji(t,p) and Ni(t, E) == sup Ni(t,p)
pe{p=E} pE{p=E}

Note that %, and Ay are non-decreasing as functions of ¢ by definition.
We set for any smooth function f on T*M (or more generally for any tensor over T*M):

1S = 1100 o= max TT Ll e keNment @as)
o=k =1 7

We also set |f|fLE = SUP{p—p} |f|i Note that in case f is an analytic function, the quantity |f|i
behaves roughly as 7—%, where r is the radius of analyticity of f around p. Such quantities will
appear naturally while applying the Fad di Bruno formula (Appendix 4.D). This interpretation of
this quantity justifies why we chose to emphasize the dependence on k by putting it as an exponent.
However, notice that when k = 0, |f|fL behaves as | f|™.

To simplify notation, the dependence of the quantities .9, N and |0|Z on the metric g will not
be made explicit.

Proposition 4.4.4 (Derivative estimates of the flow). Let g be a Riemannian metric on T*M.
Then for all k > 2, we have for allt € R and p € T*M:

1

Vo)

k—1—n

|V2H, |, L J

SRENEE 1 s R G S R
- In|=

Proposition 4.4.4 states that the derivative of ¢! of order k£ will be bounded by a sum of terms
behaving differently on short time intervals, namely as t" for 1 <n < k — 1. This is due to the fact
that these derivatives can be computed iterating Duhamel’s formula. In fact, the index n indicates
the number of iterated Duhamel integrals. These integrals are controlled by

j
k—2j
max max Ny T (¢ H (t t
1<j<k/2 nitnat-+n;=n P ne (b )Ny (8, )-
nkzl =1

This is of order 1 as ¢ — 0. However, the larger the exponent n is, the worse is the constant in front
of this term: this constant behaves as |V2p|];;, that is to say a product of seminorms of p.

Proof. We will proceed by induction. The starting point is the equation defining the Hamiltonian
flow:

%C/)t(/)) =H, (¢'(p)) -



4.4 THE CLASSICAL DYNAMICS 187

We differentiate it &k times with respect to the variable p using the Faa di Bruno formula (Ap-
pendix 4.D): isolating the term of order j = 1, one has

d 1 a 1
dt( vkqst) (VHP)¢t(p).<ka¢f) +)° Z ' (z,t(p).(n!vwf). (4.4.5)

J=2 ne(N* )J
In|=k

The notation 4, V™ is defined in (4.D.1).
To obtain the estimate (4.4.4), we observe from (4.4.5) that the equation satisfied by A(t) :=
L VEe! for k > 2 is of the form

d

%Ap(t) = (VHP)¢t(p).Ap(t) + Bp(t), (4.4.6)

where the source term B(t) depends on derivatives of order less than k — 1 of ¢*. We observe that
the solution to the homogeneous equation

@ap(t) = (VHp) gt (p)-ap (1),

is given by the formula
a,(t) = d¢'(p)a,(0),

so that Duhamel’s formula in (4.4.6) (with initial datum V*¢° = V¥ Id = 0 since k > 2) yields

Alt) = /O d6'=* (¢*(p)) B(s) ds. (4.4.7)

With this at hand, we can start the induction. We check the basis step k = 2 of (4.4.4):

t
G0 = [ 40 (6 0) GV H, (60 0) . (V0 ()" .
so that

1 S S S

SV )], < 55|V H, |9E/ V6 (0" (0))], V6" () 2ds < S|V H, ] Mt )11, p),
which was the expected bound. Now assume (4.4.4) is true for some k > 2. From the Faa di Bruno
formula written in (4.4.5), we know that the source term in (4.4.6) with A(t) = [ VEFLp s

bounded by derivatives of order less than k,

k+1

k+1

By(s)], <> ) ]i!yvj |9EH Vg (o), (4.4.8)

J=2 nitnot-+n;=k+1
ne>1

To get A(t), we apply Duhamel’s formula. We deal with the term j = k + 1 in the above sum
separately. We bound all but one factors |V¢?| by the infinity norm in time, keeping only one of
them in the integral. It yields

‘ t—s (/s |Vk+1Hp’9E s k+1 IV2 p T;l k—2
A|d¢ (¢ (P))|gww¢ (p)], " ds < #JVO (t, p) M (t, p)Ji(t, p),

which matches (4.4.4) with n = 1 and 5 = 1. Now we use the induction hypothesis to handle the
terms of order j € {2,3,...,k}. Fix such a j and a multi-index (n1,no,...,n;), with ny +no+--- +
n; = k + 1. Denote by jo the number of indices ¢ such that n, = 1. Up to relabeling, we assume
that those indices are nl,ng, ...,Nj,. Note that we know that jo < j since the case j = k + 1 is
excluded. The product of — |VW @°| for £ > jo leads to the multiplication of the bounds (4.4.4),
with ny in place of k. For any £ > jo, we fix my between 1 and ny — 1 for which the maximum over
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1 <n <k—1Iis attained in (4.4.4). Here, my and n, will play the role of n and k respectively for
the ¢-th term. The combinatorial factor k*~1 in this bound can be controlled as follows:

H nze 1<Hkng 1 kk—i—l J

£=jo+1

We used ny < k, as a consequence of the fact that j > 2 (there are at least two positive numbers
whose sum is equal to k + 1). Next we look at the quantities involving VH,: if for any £ > j, we
pick an my such that 1 < my < ny, — 1, we have

1, 1 - ke 1—
TSR | G LA [t LA e LA e
L=jo+1

k—(m+1)
m+1,E

< om+1 IVQHPI
where 1 <m =mj41+---+m; <ny+ng+---+n; —j=k+1—j < k-1 This yields the
expected factor in (4.4.4), with n = m~+1 between 2 and k. Lastly we deal with the factors involving
N(t,p) and F(t,p). For any £ > jg, we pick ny = (ng1,ne,2,...,Nem,) in N™ with |n/| <n, —1.
Take them such that they achieve the corresponding maximum in (4.4.4). Here m, plays the role
of j subject to 1 < j < (k+1)/2 in (4.4.4). It has to satisfy 1 < m, < ny/2. Applying Duhamel’s
formula, we are lead to consider terms of the form

my
[ e @l meE T s oo T r 6o cos @)
£=jo+1 i=1
We concatenate the n, to get a multi-index n = (nj,41,...,n;) such that
J J
In| = Z|ng| d ne—-1)=k+1-j.
l=jo+1 =1

This multi-index belongs to (N*)™ with 1 < m = mjo41+---+m; < $(ni+ns+---+n;) = $(k+1).
The product of the N~ 2mé( ,p), for £ = jo+1,..., 7, can be bounded by the same product at time
t, which yields N 072 (¢, p). As for |V¢*(p)ldo, we can bound it by NI°(t). Now in (4.4.9), we
gather |Vo'=5(¢*(p))| with N, (s, p), and we use that

(96! 76" ()| N, (5. ) < M, 112 ),

for any ¢ and p. Finally, using monotonicity in time, we bound from above all the factors . A, , (s, p)
and %, (s,p), for jo < £ < jor £ = j and i < mj, by the same factor at time ¢. As for the
remaining factor .9, we keep it in the integral, and use that by definition:

gomy o

¢
/ I (8)ds = I, ().
0 R M
In the end, the term (4.4.9) admits a bound of the form
ﬂ(‘)jo (t)‘NOk+17j072m H <an n1

where the multi-index n = (72;); is built from n by modifying solely its last component, changing
Ny my 0EO Ny o, + 1. We get indeed a bound of the form of the right-hand side of (4.4.4), since
m<(k+1)/2and |n|=|n|+1=m+1<k+1—541<k, in view of j > 2. It remains to handle
the sum over j. We observe that only the combinatorial factors depends on j (the seminorms of p
and the quantities %, Ny can be factored outside the sum). Summing these combinatorial factors,
we can use Remark 4.D.3 to arrive at

k+1 . k+1 k )
Yo k=3 (j B 1) KFHT < (B +1)".
j=2

J=2 ne(N*)J
|In|=k+1

This completes the induction. O
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4.4.3. Exponentially expanding flows

Proposition 4.4.4 in Subsection 4.4.2 gives a general bound, which can be used to study the
growth of derivatives of polynomially expanding flows. This case will not be discussed further
in this work since it corresponds to very particular situation (see for instance [BR02]). So from
now on we will focus on the generic situation in which the differential of the flow increases like an
exponential.

Proposition 4.4.5 (Exponential growth of flow derivatives). Fiz an energy level E. Assume there
exist A > 0 and Cp > 1 such that

|d'|, p < Oaet,  Wt=0.

Then one has

|v’“¢t\g,E§kk*1(erAt)’“ max (<0A> |v2H ,,|’c - "> V¢ > 0,Vk > 2.

1<n<k-1

Proof. This is a consequence of Proposition 4.4.4. We estimate each term in the right-hand side
of (4.4.4). The product in its definition of Ny(¢, p) is telescopic:

k

Ne(t,E) < sup sup C’k'H H Alsit1=s5) C’K'H sup eMsrt1—s0) :C’i"‘1 sup e :C’K'Hem.
s€[0,t] s€EsAg 3=0 s€[0,t] s€[0,t]

As for .9y (t, E), we can proceed by induction and check that each integration yields a factor A=!,

so that:
Ca et

It B) < S

For any n between 1 and k — 1, it leads to

J

k—2j7

max max N, (t, E) (t, E) t, B

1<]<k/2?€‘NJ 0 E n[ n[( )
X -

k+n
C a_ Ca™" rae

k—2j (k 2])AtH ne+1 At
< max max C Cy e o An e

1<j<k/2 neN7
nj=n =t

Proposition 4.4.4 give the sought result. O

Under Assumption 4.1.14, it will be sufficient to pick A defined in (4.1.25) and Cy = 1 according
to the following a priori estimate.

Proposition 4.4.6 (A priori exponential growth estimate). Under Assumption 4.1.14,

|d¢' ()|, < exp (/[0 ) |L1,9], (°(p)) ds> VpeT*M,Vt € R, (4.4.10)

so in particular
|do'|, . < M VieR, (4.4.11)

where A is the Lyapunov exponent introduced in (4.1.25). Moreover we have

1
A< sup (hgyvzp,g + Q\VHpgyg) : (4.4.12)

Proof. We have for any p € T*M and any t € R:

96 9= (6") L9 < | L], (6(0) (6)" 0 (4.4.13)
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so Gronwall’s inequality yields (4.4.10) and (4.4.11) follows from the definition of A in (4.1.25). It
remains to prove (4.4.12). For any couple of vector fields X, Y on T*M, we have

(L, DoXY) = 5 a0 (05 (0).X. 5 ().

=9, (VH,. X,Y) 4+ g, (X, VH,.Y) + (Vu,9),(X,Y),
and combining this with |[VH,|, < hy|V?p|, (see Lemma 4.4.2), we obtain inequality (4.4.12). O
Now we provide estimates for the composition of a symbol with the flow. We shall study this
composition as an operator, acting on various spaces. We recall the notation

etflrg = a0 ¢t vVt € R, Va € C®°(T*"M).

Lemma 4.4.7 (Composition by the flow). Let us assume that p € C*(T*M) is such that the
associated Hamiltonian flow (¢')ier is complete and let g be a Riemannian metric on T*M. Let
E € R and assume that the flow has an exponential growth on the energy layer {p = E}, i.e.

3C =C(E)>1,3A=A(E) > 0: |do'|, 5 < cer, vt >0.

Then for all a € C*°(T*M) and all k € N*, we have

Lok tm At\k 1 j C 2p |Fin
H|V e Pa|g(p) < (Cke™) max, ﬁ’(v a)¢t(p)|g | Joax |V pl .
(4.4.14)
When j = k, we adopt the convention that the mazimum over n in the empty set is equal to 1.

Remark 4.4.8. This estimate implies the simpler estimate

1 k _ k—1
vk >1, — V’“etH”a]g(p) < (CkeAt) |va|§k 1) (6 (p)) <2AW2H ‘(k 2)> 7

il
where |Va|;k_1) = maxo<j<p_1|V'*Hal, and |V2H,| ¥ = maxo<;<p_o| V3 H,|, p. This follows

directly from the definition of |V2HP|Z in (4.4.3).

Proof. The statement for k& = 1 follows from the chain rule. Thus we suppose k > 2 in the
sequel. The result follows from the Faa di Bruno formula (Lemma 4.D.1) and Proposition 4.4.4.
Lemma 4.D.1 gives

k
1 . on
k"vk a0¢>t Z; Vja)¢t(p)| Z Hn€'| £¢t

ni+no+-- +nJ—k =1
ny>1

We observe that there is a single term corresponding to j = k, given by the multi-index (n1, na, . .., n;)
(1,1,...,1). It is bounded by |(V*a)yt(, | (CeMYE. Now we focus on terms associated with j < k.

To estimate the products appearing in the sum, we multiply the bounds given by Proposition 4.4.4
for all the factors with index n, > 2. Up to relabeling, we assume that there is a jo € {1,2,...,5}
such that ny, = 1 for all £ < jg and ny > 1 for £ > jg. So we bound from above the product of the
jo — 1 first factors by (Ce’)70~1. For the remaining factors, Proposition 4.4.4 gives a bound of the

form
n A\ K—7 C k—j—n
| | n el t) ” 1<Inll<akll j << ) Iv2 pI - ) .

{=jo

The combinatorial factor can be estimated as follows:

J J
H npet < H (k— 1)t = (k — 1)k~ Go=D=G—jo+1) — ( — 1)k—7,

t=jo t=jo
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On the whole, we have

J 1 n e k C k—j—n
i ot ooy (S) wmis)

(=1

We used that ny < k — 1, owing to the fact that j < k, as well as Zz ng = k and ny = 1 for all
{ < jo. Taking into account the factor depending on the j-th derivative of a, we obtain that each
term is bounded by

_ k=i (At 1 < B
(k= 1) (Ce™) 1252k (j!‘ (Va ‘/’t(p)‘g 1<n 2y ((21\) v le )) ’
with the right convention. It remains to sum over j the combinatorial factors Zle (k—1)k=7 = gk-1.

It yields the desired estimate (4.4.14). O

4.4.4. Lipschitz-type properties of the flow

We wish to prove a Lipschitz-type property of the flow. Here the slow variation of the metric
g matters. Recall the slow variation radius 7, and the slow variation constant C, from Proposi-
tion 4.1.29, as well as the Lyapunov exponent A and the number T introduced in Assumption 4.1.14.

Proposition 4.4.9. Write C), = |V? For allr € (0,74) and allt € R such that

p|S((h /b))~ 1.9)"

C
r < rgemAHCTF I,

we have

C
(A+C3 PRI

Vpo € T*M,Vp € Bi(po),  [¢"(p) — " (po)] <lp = pol,,, €

9ot (p0)

Proof. Given po, p € T*M, we differentiate with respect to ¢ the quantity
t) = [¢'(p) ¢t(po)|g¢,(po)
Writing for short p; = ¢'(po), pr,s = (1 — 5)¢"(po) + s¢'(p) and ¢ = ¢'(p) — ¢'(po), We obtain
DN = 295, (Hiy (6'(0)) — Hy (64(00)) . C) + Vi, 90, (61 0)
-/ 20, (VHy(pus)- (), G s + Vit g0 (GG
= (L, €06+ [ 0 (THo) ~ TH,(00) GG s

1 1
= (ngg)Pt (Ctv Ct) + / / 9p: ((VQHP ((1 - T)pt + Tpt,S) '(Ct’ SCt)a Ct) drds

1
S2AN(t)+ < sup [VPH, ((1—7)p + Tpm)’g N(t)3. (4.4.15)
s,7€[0,1] ot

The second equality comes from Taylor’s theorem, then we make the Lie derivative appear by adding
and subtracting VH,(p;), we use Taylor’s theorem again in the fourth equality, ad finally we use
the definition of A. We now set

t, =sup A where A= {TZO:WE[ T,T),Vp € BY(po), |¢"(p) (p0)| <7’g}.

Notice that 0 € A and ¢, > 0 by a continuity argument. If p € BI(pg) and t € (—t4,t.), we
have pysr:= (1 = T)p + Tprs € By (¢*(po)), so that slow variation of the metric g combined with
Lemma 4.4.2 gives

’V2Hp (1 —7)p: + Tpm)’gpt < CS‘V2HP (1 —7)p: + Tpt)s)‘gp
3 3 3
< C'g ;1*1]1& hg’V p|g < Cngﬁg.

t,s,T
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In addition, we have VN (t) < r? < 1, hence from (4.4.15):

d 3Cp
ﬁww<(m+c;2%>wm.

Therefore Gronwall’s inequality yields

N(t) gJ\((())e(2/\+c§%g9)|t|7
that is to say

(MO I
9ro

9" (p) — ¢ (po)| < lp=pol

9ot (p

3 C
By a continuity argument, we conclude that ¢, is such that re(AtCo kg )te > rg.

t € R, in order to ensure that t, > |¢|, it suffices to require that

Given a time

C
Ty 5 (MO
r

hence the result. O

Proposition 4.4.10. There exist constants C > 0 and N > 0, depending only on structure constants
of g, such that the following holds: for all pg € T*M and all p € By (po), we have

Vp e TMNM € [ToTel,  [640) = 6" (Do, ) < Clo— g (0= 7))}

~ N
< Clp = plyg (P = Pgg s

o
95t (p0)

where Tg is the Ehrenfest time introduced in (4.1.29).

Proof. Introduce for any s € [0, 1] the point ps = (1 — $)p + sp. Then we have

[64(p) - (9],

st (p0)

1
< C,Crels i / {dq&t(ps).(p - ﬁ)‘gg ds.
0 P

This first inequality con51sts in applying the fundamental theorem of analysis, the triangle inequality,
the fact that gg:(,,) <e 2hy Y1t 9p, and slow variation of g, which applies since p € BY, (po). Then we
use the temperance property of g7 (strong version of Proposition 4.1.29) between the points p and
ps to have

~ oty T N,

[64(0) — ') . 'ﬂ/\wv ~B),, (o — )% ds.
#t(p0) 9ps 95

Next we use the fact that g,, <e *QT‘tlgw(po) with slow variation of g% between j, and py once
again:

16 (o) — 6'(5)] . CWNﬁZWjﬁw (o= ), (slp— )Y ds.

9ot (o) 95t () 9ro

Then we apply the strong version of temperance again (Proposition 4.1.29) for g° between the points
ps and p.

1
Ot [ag o), o= g lo. - 1)
0 El

#t(po)
442N, ~2 (2T+A)|t ~ ~\ 2N,
< Oyt O TN '\p—plggo <p—p>ggo“’

|9 (p) — &' (p)] I {p— p) No ds

h
9 95

For the last inequality, we used Remark 4.4.1 to handle the norm of the differential of the flow with
respect to g, and we used the slow variation for g between the points p and pg.

To finish the proof, we recall that g% < g% from (4.1.59) and that ¢ (t) = e 2CGT+MItgo by
definition (4.1.28). O
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Remark 4.4.11. In the proof of Proposition 4.4.10, we used the assumption that gg:(,) < C?re”mgp
(see Assumption 4.1.14). In fact we could bypass the use of this assumption here by strengthening
the assumption on g. Instead of assuming that g is temperate, we could assume g to be geodesically
temperate, namely to verify

30> 0,N > 0:Vpo,pe T*M, g, < C*{dg(po. p))*" gpo»

where dj is the geodesic distance. This implies temperance in the sense of Definition 4.1.6, although
we are not aware of examples of temperate metrics that are not geodesically temperate. This
assumption is much more difficult to check in practice, although it is fulfilled for all the examples
discussed in 4.1.7 (see [Ler10, Subsection 2.6.5]).

4.5. Mapping properties of the Egorov expansion operators

We provide estimates on the operators §;(¢) that appear in the Dyson series (4.1.42). In all this
section, we work with a classical Hamiltonian p and a Riemannian metric g on T*M that satisfy
Assumptions 4.1.13 and 4.1.14.

Let us first state a technical result explaining how the gain function and the temperance weight
(defined in Definitions 4.1.5 and 4.1.11) behave when composed by the Hamiltonian flow.

Lemma 4.5.1. The following holds:
e hy < hgyy and €0, > 0,4,  VtER.

Proof. Given p € T*M, since d¢' is an isomorphism:

|<|g ¢ ‘d(bt(p)dg ¢
elrhy(p) = sup TIth= sup o = higny(p).
cew\{o} 15195, ,,  ¢ceW\{o} P)Slggs
Yet by Proposition 4.4.6 and (4.4.2), we have
Aot (p)cl,,, < e™Icly, = Il )
(Clyg oy = ™ HOMIClyy < em@TDMd6™ (0" ()]0 [d" ()¢, < 1d6" ()X
Therefore, we deduce that
€y, ¢
e hy(p) < T i MO
cewoy [Clgg o)
As for the temperance weight, we have
S
t [ (t)e
v¢ e W {0, ) > o > 297
Cle [qF Cle
so that taking the supremum over ( yields the sought result. O

4.5.1. Mapping properties in symbol classes

We investigate the mapping properties of ef’» on symbol classes.
Corollary 4.5.2 (Continuity of the Hamiltonian flow on symbol classes). Let p and g satisfy
Assumptions 4.1.13 and 4.1.14. Setting g(t) = e2AM 2D g and m(t) = etHrm, one has
eth _1 et,Hp _1
uniformly with respect tot € R.

Remark 4.5.3. We do not discuss admissibility of g(¢) or m(¢) in Corollary 4.5.2, since symbol
classes make sense for metrics and weights that are not necessarily admissible. However, we shall
take care of this issue while using pseudodifferential calculus.
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Proof. This is a direct consequence of Lemma 4.4.7 (or rather the simplified estimate of Re-
mark 4.4.8). Indeed, if a € S(m, g), we have for all k > 1 and all p € {p = E}:

_ C k—1
Vel (5) < eIl (6 0) (921

k—1
< ek(A+2T)t|VCL|sk(ml;)m (¢t(p)) <;\ Vi, |(k ? > ) (4.5.1)

Yet by Lemma 4.4.2 and the fact that V3p € S((hy/h,)™", g) (Assumption 4.1.14 (ii)), we have

vieN, [V < (et h VD], < by V|, /b))
p—

Plugging this into (4.5.1), and using (4.1.40), we deduce that

k—1
k_tH, (k—1) ¢ (k—2)
|V ¢! a|g( p) < Ck|va|s(m 9™ (¢t(P)) <20|V3p S((hg/hg)l,g)> :

This proves that e!fr : V=1S(m, g) — V~1S(m(t), g(t)), with continuity constants depending only
on seminorms of p (and not on t). For k = 0, we also have

a0 ¢[(p) < lal(¢(p)) < m(¢(p)),
so that etfl» : S(m, g) — S(m(t),g(t)) too. This finishes the proof of the proposition. O

Recall that from Assumption 4.1.14, we have

Vip € S ((ho/hy) " .0) NS ((0s1)/) " (hy/1g) *.g)
with € < 1/2. The key ingredient in the proof of the result below is pseudo-differential calculus.

Lemma 4.5.4 (Continuity of 37’6’;3) on symbol classes). Let p and g satisfy Assumptions 4.1.13
and 4.1.14. For any g-admissible weight m, we have

76(3)

V38 (m, g(t)) =2 S (eg(;)hgﬂ (t)) ms( 2 yhge” A2ty (t)), V|t < T

Proof. In view of the definition of the operator &’6’1(,3) in (4.1.15), this is a direct application of
pseudodifferential calculus (Proposition 4.2.2), namely

5 (8,1 (hy /). g) x V728 (m.g(1)) 225 5 (i) m(B,3%) (g /). 9()

Yet we have
(A+271)|t],
g

hg().g =€
so that
ep—€/2 —e (3—e)(A+27)|t|1,3—¢€/2 —e 1,3/2
Ry ,g0y g P (hy[hy) ™ = 0 6 PmONTROMBI=2 < - ¢ n2/2 0 V|t] < T

Similarly, we have

VIS ((hy /) ) x VRS (m.g(6) 2 8 (W sy h) (D))

Yet we have
130y, (hg/Bg) ™" = hge” W20 R,

hence the result. O
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We immediately deduce the following result on the mapping properties of the operators &;(t)
introduced in Proposition 4.1.22. These operators are defined as multiple compositions of e*f» and
of 561(73), which we studied in Corollary 4.5.2 and Lemma 4.5.4 above. Let us highlight the fact that
the following holds for j > 1 only. The case j = 0 is covered by Corollary 4.5.2 since §y(t) = e!flr.

Proposition 4.5.5 (Continuity estimates for &€,;(¢) on symbol classes, j > 1). Let p and g satisfy
Assumptions 4.1.13 and 4.1.14. Let m be a g-admissible weight and suppose that m(t) := e'flrm is
g(t)-admissible, with structure constants uniform int € [=Tg,Tg]. Then for any j € N*, we have

_ &;(t) e j
V1S(m,g) % S (m(0)9,35,9(0) 08 (mAZ,,9(t)) . VIt < T (45.2)
If in addition m satisfies
. |VHpm|
K= sup ———— < 00, (4.5.3)
T*M M

then13

V~1S(m,g) SZICN S( Kt e

S5 9®) 08 (e lmn?]

2.9 (t)) . Yt < T, (4.5.4)
with implicit constants depending on structure constants of m and g only.

Proof. We prove (4.5.2) by induction on j € N*. The basis step j = 1 is as follows: by Corol-
lary 4.5.2, we have

V1S(m, g) S LS (m(s1), g(s1)) - (4.5.5)

We apply Lemma 4.5.4 (dependence on structure constants of m does not degenerate since those
constants are uniform in ¢t € [-Tg, Tg] by assumption):

VS (). g(0) 2 8 (m(s0)850 1 0(0)) 18 (B2 hye™ D m(s) g(s1)).

g(s1)=9
(4.5.6)
Next we apply Corollary 4.5.2 again to obtain
. (t—s1)Hp e B
S (m(s0), 5, 5% g(s1)) 5 8 (07 (m(s0)8, ) )/ 9(0)) (45.7)
From the assumption (4.5.3) and Lemma 4.5.1, we also have
el!= e (m(s 1)0, (651 ) < mit )9 (St) (4.5.8)

Similarly, we deduce from Corollary 4.5.2, from the assumption on m (4.5.3) and from Lemma 4.5.4
that

(t—s1)Hp
S(h2(31)ﬁge’(/‘+2r)|81\m(31)7g(81)> -

g S (hg(t) e~ Al ), g(t)) . (45.9)

Combining all the estimates (4.5.5), (4.5.6), (4.5.7), (4.5.8) and (4.5.9), we obtain

(tfsl)Hp3€(3) s1Hp
vlS(m.g) - s 8 (050 B Pm(0), 9(6)) 1 (B2 hge” AT (), (1))
(4.5.10)
Then it remains to integrate over s1. Yet in view of Assumption (4.1.40):
h3/2 1 C
thy/? < St ] < 2 4.5.11
18 < 500ty o8 () < 50 (45.11)

where Cs = sup, o 1) 7° log|7|~*. Likewise, we find

1
h —(A+27)[s541] ds. < -9 < —. 4.5.12
/Alge AR WS g (45.12)

13. In fact we only need the slightly weaker property that e!rm < C.e”ltlm for some x > 0 and C, > 0.



196 CHAPTER 4. EGOROV’S THEOREM IN THE WEYL-HORMANDER CALCULUS

Combining (4.5.10), (4.5.11) and (4.5.12), we obtain (4.5.2) for j = 1.
Now we assume that the assertion (4.5.2) is true at step j, and prove it at step j+ 1. Given that

t
Br(t) = [ A (5, 11) dsy (45.13)

it suffices to check that

e et =25+ Hp 7p()
5 (m(sﬂl)egém)v9(8j+1)) — 5( (00, B gt ))

(t— >]+1)pr€(3)

S (mlse)hi, e 0(s0) ) ————— 8 (m(Ohy e DIl g(0)) - (45.14)

(sj+1 now plays the role of ¢ in the j-th step). This follows first from an application of Lemma 4.5.4
for 56’1(,3):

e yg(?’)
S (m(3j+1)9g(]sj+l)’9(8j+1)) — 5( (s5400)0, 0 B3/, (S.H‘l))
. ye(?’) . ‘
S (o002, 00s501)) 2 8 (mlsg )20 nge (2T g5 )

together with Corollary 4.5.2 to handle the composition with e(*=%i+1H» and the fact that

S TR Drean S e OO i (45.15)
as well as
s 2(j+1 2(j+1
o(t=si+1)Hy (m(5j+1)hgﬁif+f)) < m(t)h25 (4.5.16)

(recall Lemma 4.5.1). The factor hg/ 2 in (4.5.15) allows to absorb the factor t that appears
while considering the integral over s;i; in (4.5.13), exactly as in (4.5.11). Similarly, the factor
Qge’(A“T)‘SJ‘“' appearing with (4.5.16) in (4.5.14) while applying Lemma 4.5.4 allows to get rid of
the extra integral over s, as in (4.5.12). This finishes the induction.

For the case where m satisfies in addition (4.5.3), the same proof works, except that after each
application of the Hamiltonian flow, one may use that e”#rm < e%7lm, so that Lemma 4.5.4 on

the continuity of 56,(,3) produces only constants depending on structure constants of m (and not of
m(7)). O

4.5.2. Mapping properties in spaces of confined symbols

We conduct exactly the same investigation as in Subsection 4.5.1 but on spaces of confined
symbols instead of symbol classes.

Proposition 4.5.6 (Continuity of the flow). Let p and g satisfy Assumptions 4.1.13 and 4.1.14.
Letr € (0,ry] and T € [0,Tg], and suppose they satisfy

Cp
r(T) <1y  with r(r) = rePAF0D+C LRI (4.5.17)
Then for any t1,ts such that t := |t1| + [to| < T, we have

et2fle Conff(t )( 0) — Conffgg (0" (po)) ,

uniformly in po € T*M.

Remark 4.5.7. Here it seems that it is important to have a control of the flow of the form |d¢'|, <
CpeMt with Cy = 1 (this is the case under Assumption 4.1.14; see Proposition 4.4.6). Indeed, if
Cj > 1, the confinement radius r could be instantaneously increased by a factor C'y under the action
of e!v ¢ > 0. This could prevent us from keeping r(¢) under control after several applications of
the Hamiltonian flow in the higher order terms of the Dyson expansion (4.1.42).
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C
Proof. In the proof, we write 7(e) := reAHCoTER)lel

Firstly, we have

B4 (po) = B, (o) (4.5.18)
Therefore Proposition 4.4.9 gives
o' (B (00)) © By (67 (p0)) = BELY) (67 (p0) - (4.5.19)

Secondly, given p outside B; := Bg((ttl)) (po) = BY

_ 7(t1)\P
¢~ "2(p) to ¢~'2(By). We pick p € By such that

lp — ﬁ|920(t1) = distyg (1) (p,B1). (4.5.20)

(po), we estimate the g (t1)-distance from

Notice that by definition of p, we have |5 — pol,, () < 7(t1), so

1P = pol F(t1) <rg (4.5.21)

9o —

due to the assumption (4.5.17) on r. Applying Proposition 4.4.10, we have

072(0) =072 (D)yr (1) S Clo—Blgg (0= Pl

9p=12 (pg)

Now recall that by (4.1.59), we have
o' <heg” <hyg” = (by'9)" = 9" (Te) < g°(t), Vi € [~Tp, Tx]

(we used (4.1.20) in the last inequality). Combining this with the definition of g in (4.5.20), we
obtain

o= plgg, < lp— ﬁ|ggo(t1) < distge (1)) (p, B1) -
We deduce that

dist, (67"2(p), ¢~ (B1)) < C(g)e®T TNl Qist oo (p, B )<dist (p, B )>N(g)
o=12(po) ) ) =%~g)¢ 950 P P1 95, (1) \P) P1 )
so that multiplying by e~ T8 we arrive at
—ta —ty . . N(9)
distgs 0 (67%().07" (B1)) < O(g) distyg, ) (. Br) <dlstggo(t1) (p, Bl)> . (45.22)

Now that we have (4.5.19) and (4.5.22), we can write for any p € T*M:

distys_, o) (672(0). B (07 (p0)) ) Sdistyr_, ) (672(p) 67" (BY))

$7 2 (pg)
. N(g)+1
< C(g)<dlstggo(t1) (p, Bf((tl))(po))> . (4.5.23)

To conclude the proof of the proposition, it suffices to have bounds on VeetZHPwpg with v,, €
Conf y1,)(po,7(t1)) for any £ € N, with respect to the metric g(t). We have from Lemma 4.4.7:

{VéetzH”i/Jpg (p)|g(t) < Cy(p) JEE?‘?@WWPO |g (¢t2 (P))

2k . 1 —tk
< Celp) | ooy (istag, o) (67(0) BIE (o) )

(1) \P

< Cup)C(9) o)

Con

Lk
. g(t) T N9+
fQ(E;(Po) <d15tggo (t) ( Br(t) (7" (po>))> :

Notice that it was important to consider the seminorms in Con’ffgg(qﬁft2 (po)) with respect to g(t)

and not g,,(t) in order to ensure that the Lyapunov exponent A is independent of py (see the
discussion in Appendix 4.C.5). Choosing k = [N(g) + 17, we conclude that

toH, (£)
| : Pq)[)po Conf g4y (¢~ *2(po),r(t)) CWJPU Confg(tl)(po,r(fl))

The constant C' depends on r but not on ¢ or pg. O
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We now turn to mapping properties of 56’](93). Proposition 4.5.8 is an instance of a strong version
of pseudo-differential calculus in spaces of confined symbols, and follows from Proposition 4.2.3.
Recall that Proposition 4.2.3 is proved in Appendix 4.A.5.

Proposition 4.5.8. Let p and g satisfy Assumptions 4.1.13 and 4.1.14. Let r € (0,74]. Then

o)
Configt (po) —>9 ¢ ( )hg/QConfg(t)( 0)

g(t) r(t)

uniformly with respect to po € T*M and |t| < Tg.

Proof of Proposition 4.5.8 from Proposition 4.2.3. Given that %,(,3) = @3 (p, 0)7933 (e, p) (recall (4.1.15))
with p € V’SS((F)QQ;/Q)*(hg/ﬁg)’?’,g), we apply Proposition 4.2.3 with j = 3, noticing that the
weight 6, has indeed slow variation radius larger than r, (Proposition 4.1.31). From (4.2.6),

h 3
g(t),g(PO)h ) 9 (pO) e/QCOHfg ( )

g(t) -3 1/2\—¢ -3 Py
Con) n) x 7735 (6,1 ) (1o 1) .5) 22 (H0000),

(Since Py is skew-symmetric, we can also invert the order of the two factors in the left-hand side.)
But for any [t| < Tg, the definitions of hy) 4 in (4.2.4) and of 6, (Definition 4.1.11) yield

hy(t),4(Po) ’ —e /2 (3—€)(A+2T)|t] 1, 3—€/2 e —¢ 3/2
(hg(po)hg 04 “(po)hy '~ =e by 70,6 (po) < 0,5 (po) By~

and the result follows. O
Putting together Proposition 4.5.6 and Proposition 4.5.8, we obtain the following.

Proposition 4.5.9 (Continuity estimates for &;(t) on spaces of confined symbols). Let r € (0,7]
and T € (0,3Tg], and suppose they satisfy r(T) < ry where r(e) is defined in (4.1.66). Then for
any j € N, we have

] (t)

Conf?(py) —> Hg(]t§ (¢~ (po)) Conff(t) (¢~ (po)) » vt € [-T,T).

Proof. We prove the statement by induction. For j = 0, we have &y(t) = e*», so the result follows

from Proposition 4.5.6. Assume that the statement is true at step j > 0. We prove that for all
€ [-Tg,Tr] and all s € tA;, we have

e(t=9)p ()

Conf?(2) (67 (o) ———— 0,5, (6" (p)) h/*Cont2(?) (67 (po))

7(s)
Applying Proposition 4.5.8 and Proposition 4.5.6, it follows that

S —s %(d) € —s S —s
Conf?(") (¢7*(p0)) — 0,5, (67" (p0)) kY *Cont?(?) (¢~ (po))

L 92 (677 (p0)) B2/ Cont? D) (67" (o)) -
By Lemma 4.5.1 we have
0,5 (67°(p0)) = 0,5, (6 (67" (p0))) < 0,5 (67" (p0))

(s € tA; is important here). Combining this with the induction hypothesis, in view of (4.5.13), we
deduce that

Conf(po) 22 1(t)Conf?(s) (67 (p0)) ,

with

€ — Cl 2 — (5 € _
1(8) = 116,570 (67 (po)) /> < 220,57V (67 (p0)

as we did in (4.5.11), where the constants C1/2,c are independent of h,. We obtain the sought
statement, and the induction is finished. O
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4.6. The quantum dynamics

In this section, we establish Egorov’s theorem for a specific class of symbols, whose gradient is
controlled by (a power of) the temperance weight 6, (Corollary 4.6.1). This covers in particular
affine symbols. Another important result of this section is Lemma 4.6.5 in which we investigate
quantitatively the action of commutators of symbols of the form e?”» with affine symbols, in prepa-
ration for the application of Beals theorem (Proposition 4.B.5). In the same vein, Lemma 4.6.8
deals with one-sided compositions with affine symbols, so as to investigate the decay of e!’*»q when
a is a confined symbol.

4.6.1. Egorov expansion for a specific class of symbols

Proof of Proposition 4.1.22. Fix w € $(T*M). Recall that S(T*M) C dom#€, and that 4,
preserves the Schwartz class (a consequence of Proposition 4.2.3), so that & (T*M) C dom 365 for
all k € N. Let w € ¥(T*M). For any t € R, the map

s e(t—s)%pespr

is of class C', and we can differentiate it with the chain rule. Indeed, the map s — e*frw is C! in
view of Proposition 4.1.16 and e*#» preserves the Schwartz class (by Proposition 4.5.6 for instance).
Thus we compute that

ie(t—s)%p espr _ _e(t—s)ffé’p%pespr + e(t—s)&‘ep HpesHp,w — _e(t—s)%pyf)z()?))espr.

ds
Integrating over s € [0, ¢] yields

t
/ e(tfs)l%pjgz()S)esprdS _ et#fpw _ etHPw.
0

This is exactly the Dyson expansion (4.1.42) at order jo = 0. We proceed by induction to prove
the higher order Dyson expansion: if (4.1.42) is valid for jo > 0, then we observe that given a
w e F(T*M), we have

W= %1()3)6(8;0+1—Sjo)prgZ():i)e(s;o—810—1)Hp ... 6(82—81)prgz()3)681pr e S(T*M)
for any (s1,52,...,5j,4+1) € tAj,+1. Therefore the Dyson expansion at order 0 allows to write

t=sjo+1
e(t=sio+1) ¥y — o(t=sior1)Hppy 4 / e(t=sio+1=9)7p 5 4 (4.6.1)
0

We change variables in the integral of the right-hand side by setting s;,4+2 = s+ 5;,41, which ranges
between s;,4+1 and ¢t. This term becomes

t
/ e(t—Sjo+2)3€png()3)e(Sjo+1—Sjo)prgZ(ﬁ)e(Sjo—Sjo—l)Hp . e(Sz—Sl)prgZ(f)eSalw dsjy1a-

Sjo+1
Plugging this into (4.6.1) and integrating over (s1, s2,...,8;j,+1) € tAj 41, we obtain
Ejo+1(t) = Ejor1(t) + Ejo42(t),
which gives the conclusion. O

By a density argument, one can extend the validity of the Dyson expansion to symbols on phase
space with bounded derivatives. The difficulty is that we do not know yet that e?”» preserves the
Schwartz class (it only preserves dom #€, a priori), although its generator #€, preserves & (T*M).

We already know that the operator e!”» is well defined as a map

et S(1,9) — S(T*M).

In the following Corollary, we show that it can be extended to classes of the form S (95’ ,g) for any
N eR.
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Corollary 4.6.1. Let f € C(T*M) be such that
IN eN: Vfes®),g). (4.6.2)

Then the operator
OpY(f)e F . P (M) — L*(M)

is continuous, so that it can be composed with the Schrédinger propagator e''*’ on the left. Thus
et f is well-defined and for any jo € N, we have

Jo
Mo f =% "8(0)f +En(t)f,  VtER.
j=0

Proof. Observe first that throughout the proof, we do not care about the dependence of seminorms
with respect to time. Only mapping properties for fixed times ¢ matter.

Fix in this proof a g-partition of unity (¢,,)peer*ar (Proposition 4.1.34). We can assume here
that the ¢,,’s are compactly supported. Let (B,)nen be an exhaustive sequence of compact sets
that cover the phase space: |J,, B, = T*M. We define

Xn(p) = / ©po(p) dVoly(po), n € N.

n

This symbol is clearly compactly supported. Applying Proposition 4.8.1 to the uniformly confined
family of symbols (1, (p0)¢p)pecT* M, We know that x, € S(1,¢). In addition, the sequence
(Xn)nen is bounded in S(1, g) since the seminorms of 15, (po)¢,, are bounded uniformly in n.
Now by dominated convergence, one checks that x, — 1 in ¥'(T*M) as n — oo, so that
fo=xnf — fin P (T*M) as well.
Then the Dyson expansion works on any f, and at any order by Proposition 4.1.22:

Jo
Op"(fu)e ™" = 3" e POp™(&;(t) fu) + ¢ POV (Ejy11(D)fa),  VEER. (4.6.3)
=0

We wish to pass to the limit as n — oo in both sides of (4.6.3).

o To pass to the limit in the terms &;(t), we simply argue that the operators %’}(,3) and e*Hr
are continuous on & (T*M), to that they extend to continuous operators on &'(T*M). We

immediately deduce that
&' (T* M)

&;(t) fn &;(t)f.

n—oQ

We deduce that
LS, (M))
Op™(&;(t) fn) — Op™(&;(t)f)-
For j = 0, in view of the assumption (4.6.2) on V f, Corollary (4.5.2) tells us that V&y(t)f €
S(etfr0,,g(t)) C S(CyreTo,, g(t)). Using the admissibility of g(¢) and 8, we deduce that
8o(t) f itself belongs to a genuine symbol class, 14 so that

Op™(8o(t)f) : (M) — F (M)

continuously by Proposition 4.B.2. Similarly for j € N*, Proposition 4.5.5 tells us that &;(¢) f
belongs to a symbol class (recall that etHPGg < CTeTMGg) so that Proposition 4.B.2 again
yields

Op™(&;(t)f) : S (M) — S (M).

In particular, the operators Op"™ (&, f) for all j € N map (M) to L?(M) continuously and
can be composed on the left by e~ %",

14. For instance S(f(po) + 0g(p0){p — p0)™, ,9po) for some po € T*M and some large n > 0, using the improved
9p0
temperance property 4.1.29. Dependence of seminorms on ¢ do not matter here.



4.6 THE QUANTUM DYNAMICS 201

o To pass to the limit in gjO_H(t) fn, we use the fact that this term involves only derivatives of
fn and not f, itself. We assume first that jy is large enough so that €jo > N, but this is
not restrictive for our purpose. By the recurrence relation (4.1.43), we reduce the problem to

studying the action of &;,(¢) and 36,(,3). Yet from Proposition 4.5.5 (applied with £ = T) and
Proposition 4.5.4, we have

&, —s .
VIS(0,,9) 1 s (NIl (e - 9)

Fe(3)

— S (emlt_s'gfzveﬁ‘i>h3<t>ﬁg€_(“n)‘H"g(t - ‘9>) :

Yet using that 0,y = 0,e~A+2DM we can crudely bound the weight in the right-hand side
symbol class by

NTY|t—s|gN p—joe 1.2 —(A+27)|t—s N(A+3Y)|t| gN —joe
eN! lag eg(tO—S)hg(t)hge ( =l <e ( ) |ag(t) o

Recalling that ejo > N, we deduce that the symbol 3‘61(,3)8% (t —s) fr belongs to S(1, g(t)) with
uniform seminorms with respect to n and s,t¢ in a bounded interval, since f, = x,f belongs
to a bounded subset of V=1S(0), g).

Therefore, the Calderén-Vaillancourt theorem ensures that these symbols yield bounded op-
erators on L?(M) which are uniformly bounded. In addition, since all the operators involved
are continuous on &'(T*M), we also have

P(T*M)
HIE ) (t — 5) fr ——— HDE; (t — 5)f.

n—oo

Therefore Lemma 4.6.2 applies and we obtain
opW(e<f—Sjo+1>3‘€py€;3>8jo (t—s) fn) - opW(e<t—SJo+1>3€py€;3>gjo (t—s) f) (4.6.4)
for the weak operator topology on L?, which finally results in
Op" (EX 41 (1) f2) —— Op™ (62 (1)),

after integrating (4.6.4) over s € tA;. Notice that in particular the right-hand side is a
bounded operator.

« Lastly, we try to make sense of the left-hand side of (4.1.42) as n — oo. We claim that it
suffices to prove that for all v € & (M), the sequence (Op™(f,)v)nen is bounded in L?(M).

Indeed, if this is true, since f, — f in &'(T*M) we deduce that Op™(f,)v — Op™(f)v weakly
in L2(M), so that

(efitPu’ Opw(fn)v) L L2 (M)

n—r oo

(eiitpu, Opw(f)v)LQ, Yu € L2(M),
which means in particular that

Op™(fu)e™Fu L Op™ (et

n—oo

for any u € L?(M), which is the desired result. In view of the definition of f,, = x, f, we use
the pseudo-differential calculus

S(1,9) #5(6),9) C S0, 9)

(Proposition 4.2.2) with x, € S(1,9) and f € V-'S(), g) to have

fo=Xnf = Xn# F —P1(xns f),
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where QA’l (Xn, f) lies in a bounded subset of S(Gé\’ g), given that (xn)nen is a bounded sequence
in S(1,9). Now by [Ler10, Corollary 2.6.16], there exist a € S(0,",g) and b € S(6), g) such
that a # b = 1. Thus we can write

fn:Xn#f_gAbl(me)#a#b?

where @’1 (Xn, f) # a lies in a bounded subset of S(1,g) by pseudo-differential calculus. In
particular, its quantization gives rise to a bounded operator on L?(M), with norm bounded
independently of n. Quantizing and applying to a function v € ¥ (M), we arrive at

OD™(f)v = OB (x) O™ (f)v = OB™ (P (x, /) # a) Op™ (B).

As we saw, Op™(x,) and Opw(@l (Xns ) # a) are bounded uniformly with respect to n, so
that
10p™(fu)vll 2 < c([OP™(f)vll 2 + [[OD™ (B)v]|f2) -

for some constant ¢ > 0 independent of n. Notice that Op™(f)v and Op™(b)v lie in (M), so
in particular in L?(M), by Proposition 4.B.2.

The conclusion is as follows: one can pass to the limit n — oo in (4.6.3) to obtain the same equality
with f instead of f,. Applying it to a function v € ¥ (M), one observes that the right-hand side
makes sense as an operator (M) — L?(M), so that the operator Op™(f)e=*F : (M) — L*(M)
continuously. Therefore it can be composed on the left by the Schrédinger propagator, and we
obtain the sought result. O

Lemma 4.6.2. Let (an)nen be a sequence in ' (T* M) converging to some a € &' (T*M) asn — oo.
Assume that the operators Op"(ay) extend to bounded operators on L?*(M), and that

sSup ||Opw(an)||§£(L2) < 00. (4.6.5)
neN
Then
Oop% (et‘%jp an> — OpY” (et‘%jpa), vVt € R,
n—oo

for the weak operator topology. In particular, convergence holds as continuous operators ¥ (M) —

S (M).
Proof. Since a, — a in ¥’ (T*M), we know by definition of the Weyl quantization that

P(T* M)
[

OpY(an)u Op"(a)u, Yu € S (M).

n—oo
Taking adjoints, we deduce now that when u € L?(M), we have Op"(a,,)u — Op"(a)u in ¥/ (T*M).
Once again, using the uniform boundedness assumption (4.6.5), weak compactness results in

L*(M

Op%(a,)u Lan, OpY(a)u, Yu € L*(M),

n—oo
or in other words, Op*(a,) — Op"(a) weakly as operators on L?(M). This property is preserved by
conjugation with the propagator e =¥ hence the result. Testing against Schwartz functions instead
of L? functions, we obtain the convergence in the sense of continuous operators ¥ (M) — &'(M). O

4.6.2. Preliminary lemmata

In the sequel, given a smooth function f lying in some symbol class, we denote by Hy the
Hamiltonian vector field associated with f, defined as in (4.1.5), and we introduce the operator ¥y
acting on symbol, defined according to (4.1.12). Notice that H; satisfies the Leibniz formula with
respect to the pointwise product, while 7€y satisfies the Leibniz formula with respect to the Moyal
product, that is to say:

Hy(arag) = (Hrpar)az + a1(Hyrag) and Hp(ar # a2) = (Frar) # az + a1 # (Hraz).
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Lemma 4.6.3. Let f € Aff(T*M;R). Then we have Vf € S(8y,9) and

W ENYpo eT*MVEER, VIS, =V, ) < |Hfl,, )00 (P0)-
Proof. This is a direct consequence of the definition of the temperance weight:
VpeTM, [V, = |Hyly < |Hylbo(o) < |Hylyby(0) < [Hyl, 80(0)000 (00).
Then we recall that V2 f = 0 because f is affine and the result follows. O

Lemma 4.6.4. Fix Ng < 1 and N € R, and let fy € V’ls(é)évﬂ,g). For all s € R, write
fo(s) =6<jy(s)fo. Then for any s,t € R such that |s| < |t| < 2Tg, we have

VS (820, 9(0)) T2 8 (035N, 9(0))

uniformly with respect to s,t, and we have the estimate

V0 eN,FkeN,3C >0:Vae V"~ 15(99@ g())

(k) (k)
|y€f0(s)a|s(0;\1;N°,g(t)) < C|Vf0|s(9N0 9) X |VG|S(9§,(t)7g(t)).

Proof. First of all, from Proposition 4.5.5, we know that
fols) € V18 (XXl No g(s)) , V]s| < T,

Thus we apply pseudo-differential calculus (Proposition 4.2.2):

- s 0 §1 oll]s 0
vl (eNoTl g ,g(s)) x s(eg(t (t)) AN (eN 150y ) O 9ggt),g(t)).
Yet we have

eNoYls NoY[t|+2(A+2Y N+N, e3(A+27T N+N, N+N,
0TIl BN0GN, < NOTIHAAL2Np GN N0 < SAL20Np GN ENo < gN ENo

where we used that 6, = e(A+2T)|t‘09(t) in the first inequality, Ny < 1 in the second one and |t| < %TE
in the last one. Therefore, the estimate reads

. © (k) (k)
Vle N,Jk e N : |y€fo(s)a|s(9;\;:r)1\fo7g(t < |vf0(s)|s(62N0T\s\0N0 g(s ))|va|S(9§’(t),g(t))
(k) (k
< |va|S(9N0 )| | 7g(,g))
which is exactly the expected result. O

4.6.3. Two commutator lemmata

Below we compute how an operator derivative adp acts on the quantum evolution of an observ-
able.

Recall the definition of the k-dimensional simplex tAy in (4.1.41).

We also use the following notation: given a finite set of symbols {a;};, we denote by # ; aj any
symbol of the form

# aj = aj, #aj, # - #a,,, (4.6.6)
J

where (j1,ja,-..,jx) is an enumeration of the indices j. This notation makes sense as long as we
don’t care about the ordering of factors in (4.6.6). In case the order matter, we shall be more specific
and spell out the precise enumeration that we use. We work with the convention

#ajzl.

%)
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(the empty product is equal to 1). We also write %ﬁj any operator of the form

H =Sy Hoay, Ha,

Ajo

provided the ordering of composition does not matter.
Lastly, we work with the convention

/mo a(s)ds = a(t).

Lemma 4.6.5. Let { € N and fit N € R. Leta € S(G;“ﬂg) and introduce
a(t) = et¥ra, vVt e R.

Then for any integer jo > ¢N/e, and for any t € [—Tg, Tr] the following holds: for any family of
symbols f; € V‘lS(HéV 9), 5 €1{1,2,...,L}, the distribution

%’}ja(t)
can be written as a sum of symbols of the form
/A (# esh%pc,,(kl)(skl)> #eHraz (t)# (# es’“Z%PC,T(k2)(sk2)> ds, ke{0,....0}. (4.6.7)
tAg k1 ko

The number of terms in the sum depends only on £, N and jo. The indices split into disjoint families
of indices as follows:

{1.2,....k} ={ki}U{ke} and {1,2,....0} =7 U| Jm(kr) U| (ko) (4.6.8)
k1 ko

and the m(k;), j = 1,2 are non-empty. Writing for short

fi(s) =8<jo(=s)f;  and  fi(s) = K6, (s) 1,
the symbols ¢, and a, are of the form

ex(s) =S fr(s) and az(s) = #5_ a, seR, (4.6.9)
fvrj (S) 0 fﬂj (5)

where (1o, (7;);) is an enumeration of w (ranging in the w(k;)’s) and (7;); is an enumeration of 7.

Remark 4.6.6. All the symbols involved in (4.6.7) belong to S(1,g). This is a consequence of
Lemma 4.6.4 for symbols of the form az(s) and of Proposition 4.5.5 together with Lemma 4.6.4 for
those of the form c;(s). We need this fact to make sure that the Moyal products in (4.6.7) make
sense. More precise bounds is given in the special case where the f;’s are affine functions.

Corollary 4.6.7. Let L € N. There exist k € N and C > 0, depending only on p and L, such that
for any t,s € R with [t| + |s| < éTE, the following holds: for any fi, fo,..., fr € AF(T*M;R), we
have for all a € S(Q;é),g(s)):

L

< C|a|(k) agL(t) (po) H|Hfj ‘gpo(t)'

* w e t%p
Vpo € T7M, HOp (‘%ﬁ HpHpe “)’ L2sr S0, 5).9())

Jj=1

Proof of Corollary 4.6.7. We fix jq > % By Lemma 4.6.3, we know that f; € V715(0,,g), so
that Lemma 4.6.5 applies with N = 1. Equipped with the Calderén-Vaillancourt theorem (Propo-
sition 4.B.4), and given that

Jov (e+)

Lesre HSiSPOpW(b)eiiSPHL‘L’ﬁH = |10p™ ()l 12— 12
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it suffices to estimate the S(1,¢g(¢o)) seminorms of the symbols ¢, (7) and az(7) arising in (4.6.7),
to = max(|s|,|7]). In this proof, write |n| for the cardinality of . On the one hand, successive
applications of Lemma 4.6.4 with Ny = 1 give

k
WENFKEN:  az(DI§) g < Clal) S0~ (oo H\ 1%, o

Now we remark that the seminorm of a in S(6_ 4 (to ‘) g(to)) is smaller than the seminorm in S(6 g(g) ,g(7)),
and we use Lemma 4.6.3 to handle the seminorms of V f;:

() |7|
|2z () 5(1,90t0)) < C|a| 0, g(g))egm po H|HfJ’gpo<r>' (4.6.10)

JET

Notice that the constant C' is independent of py and s.
We proceed similarly for the symbols of the form ¢, (7) in (4.6.7), taking s = 7. For all £ € N,
there exist £k € N and C > 0 such that

¢
Vpo € T* M, |ex(7) E‘?()Lg(f)) =C

fwo(T)’ I3 ll—) PO H‘ fw

5(0,7y:9(7))

, (4.6.11)

go(T

where m = (mg, (;);) is an enumeration of 7. Now from Lemma 4.5.4 and Proposition 4.5.5 (with
m =60, and k = T), we have

_ Ejo(T) r €
fro € V718 (03,9) =2 S (71710,6,35 9(7)) o)
4.6.12
%2(3) . .
IS (h3/2 qrmt9 9 ((])0+1)eyg(7_)> cs (hi/Qed(A+2T)|'r\ag—(g_])o-&-l)e-&-l’g(T)>'

The last inclusion follows from the fact that 6, = e(A”T)‘T'Og(T). Under our assumption on jy, we
have (jo + 1)e — 1 > L and moreover, in the time interval |7| < $Tg, we have

h;/463(/\+2r)|r\ — h, (h9612(A+2T)\7-|>1/4 .

Therefore we obtain the estimate

. »
’ (1)) = Ch ‘vfﬂo S( 9 9)

fro (T)

S(oT

5/4
< C'hg gy (00) [ Hrsy |, (o

g(7)’

in virtue of Lemma 4.6.3. Plugging this into (4.6.11), we arrive at

4
e (DS gy < ChYO0L (00) T] 1y, |

JjE™

ana ()" (4.6.13)

These estimates (4.6.10) and (4.6.13) apply to each factor in (4.6.7), with s = ¢ or s = sy,
that verify in any case |s| < |t|. We can conclude by the Calderén-Vaillancourt theorem that the
operator norm of the quantization of (4.6.7) is bounded by

~

5k/4 L
Ch |tA Ha"s(g L g( ))0!7() H}Hfjbpo(t)

Jj=1

(recall also (4.6.8) so that each f; appears exactly once). Recalling that k € {0,1,...,¢}, we obtain
using the fact that |t| < Tg:

1 (Cipa g

K\ ¢ ’

k
1 [ pit1/A 1
5k/4 P e
By 'm’“'k!< A log(hg)

where c is the constant in (4.1.40) and C} /4 = sup,¢o ] 71/4|log 7|. This gives the desired estimate.
O

IN
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Proof of Lemma 4.6.5. In this proof, we do not care about the time dependence of seminorms. All
what we need is to check that the different symbols arising in the computations give rise to bounded
operators, for any fixed time t.

We prove the lemma by induction on ¢ (at each step of the induction, N and the symbol a are
arbitrary). The case £ = 0 is a matter of convention. Let us check the basis step £ = 1. We write
f = fi. In view of Corollary 4.6.1, we have

[F, AdeitP Opw(a)] = AdeitP [Ade—it}’ F‘7 Opw(a)]
t
— Adjir |:Opw<$<j0(—t) f- / Ad iy por opW(f(sjoﬂ)) dsj0+1>70pw(a)]
0
¢
= Ad.ier Op™ (Hppya) + / |:AdeisP Opw(f(s)> ,Adgier Opw(a)} ds. (4.6.14)
0

Expanding the commutator, we obtain that #€a(t) is equal to the sum of three terms: the first one

of the form
e A 1ya, (4.6.15)

the second of the form .
/ (es‘%f’f(s)> # (et‘%f’a) ds (4.6.16)
0

and the third one with the Moyal product in the other way around. Those three terms are of the
expected form. Notice that the expression we found makes sense as a bounded operator on L?(M).
Indeed, #;(sya € S(1,g(s)) by Lemma 4.6.4 since a € S(0,°~,g) C S(Gg(iév,g(t)) by assumption.

In addition, given that f(s) = %,(,3)&0 (s)f, one sees from Proposition 4.5.5 and Lemma 4.5.4 that it
belongs to f(s) € S(Gﬁt_)joﬁ, g(t)), up to an exponential-in-time factor (which we do not care about
here'®). The latter symbol class is contained in S(1,g(t)) as soon as jo > N/e, and then gives
rise to a bounded operator by the Calderén-Vaillancourt Theorem. That ends the basis step of the
induction.

Now assume that the claim holds at step £ € N*. We fix V € R and a family of £ + 1 symbols
e vVSOY,9), j€{1,...,£,+1}. We consider a € S(9§(£+1)N7g). We apply the induction
hypothesis to handle the ¢ first derivations #€y,, with jo > N(£ 4 1)/2, and we obtain a sum of
terms of the form (4.6.7). Then the last derivation #€y,,, can land on any of the factors in (4.6.7)
in virtue of the Leibniz formula.

The derivative lands on the factor of the form e*”»b(s), with b(s) = az(s) or b(s) = c,(s). Then
from the calculations of step £ = 1, the resulting symbol can be written as a sum of terms of the
form e”»#;, | (5)b(s) as in (4.6.15), or

/Os (eTyeprl(T)) " (es?ﬂ?pb(s)) dr (4.6.17)

as in (4.6.16), or the same kind of term with the Moyal product in the other way around. Recall
that fe1(s) and fr41(7) are defined using Corollary 4.6.1 at an order jo > N(£ +1)/e.

o Considering first the resulting terms involving es‘""ep%fﬂl(s)b(s), in view of (4.6.9), the symbol
H5,..(s)b(s) is still of the form az (s) with 7" = (£+1,7) if b(s) = az(s), or of the form cy(s)
with 7’ = (£ 4 1,7, (7});) if b(s) = cx(s). Therefore the resulting term is of the form (4.6.7)
and we are done.

o Now considering the second type of terms, namely those of the form (4.6.17), we see that we

can write it .
/0 (eT%pc{lJrl}(T)) # (esyfpb(s)) ds.

Depending on which factor of (4.6.7) was hit by #y,. ,, we should take s = s5, to be one of
the s variables (meaning s =t if kg = k + 1). Plugging this into (4.6.7) yields

Sko S’ %p s
/ / # e ey (sky) | # e ez (t) # (# e kzﬁpcﬂ(h)(sb)) drds,
tAr JO k!
1

k2

15. The reasoning is the same as in Corollary 4.6.1.
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where {k]} = {k1} U{7}. Tt remains to see that it is indeed a symbol of the form (4.6.7). This
follows from the fact that the integration domain can be split into a union of simplices:

{(s,s) ERk+1:S€tAk,SESkA1}
ko—1

= J{(ss)eRF i0=5<s1 <sp < <sp <5< sppn S Ssp S-S sp <t
k’=0

if ¢t > 0, and similarly if ¢ < 0.
That gives the desired result. O

Lemma 4.6.8. Leta € S (T*M) and fir N € R and £ € N. Then for any jo > 2(N/e, the following
holds. For any f; € V='S(0),9), j € {1,2,...,0} and any t € [-Tg, Tg), the distribution

(eea) # futt - # Lo # (4.6.18)

can be written as a sum of terms of symbols of the form

o o) (o)

The number of terms in the sum depends only on £ and N. The indices split into disjoint families

{1,2,...,0} = {k1} U{ko}

and 11 is a partition of {ko} (m € II referring to the non-empty blocks of the partition). Writing for
short

i) =6<jo(=s)f;  and  fi(s) = S8, () ds,

the symbols ¢, are of the form
cq(s) = Sff} / e fr (), seR,
i Jo

where (mg, (7);) s an enumeration of m.

Remark 4.6.9. We first notice that the operator whose symbol is (4.6.18) is well defined as a
continuous linear operator & (M) — &'(M) and even as a bounded operator on L?(M) since the
operators of the form Op™(f;) are continuous on ¥ (M). Actually, under the assumption jo > 2¢N/e,
it holds fj(s) € S(G;ZN,Q) from Proposition 4.5.5 and Lemma 4.5.4, so that Lemma 4.6.5 applies
and ensures that ¢, gives rise to a bounded operator. Again, more precise bounds will be established
in Subsection 4.7.3.

Proof. We prove the claim by induction on ¢ € N. The basis step £ = 0 is a matter of convention.
The step £ =1 is a consequence Corollary 4.6.1:

(e7a) # fi = e (agp e e fy) = o (a #E<s, ()1 +a# / =0, £, ds)
0

t
_ Sty & . tHe, EX ds.
5 (0 Bgo(011) + () # [ o fi(s)ds

These terms are exactly of the expected form.
Now suppose the claim is true at step ¢ > 1. Let fo, f1,..., fe € V*15(95 g). We apply the
induction hypothesis with f1, fo,..., fo: we obtain that the symbol

(e"a) # fott - # 11 # fo
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can be written as a sum of terms of the form

et (a# (# fio (t))) # (# cﬂ<t)> # fo=e <a# (# fe <t)>> # fo# <# cw(t>>
k1 mell k1 mell
(oo () oo ()

(4.6.19)

We deal with the first term that we call A;: from Corollary 4.6.1 we can write

t
e fo =6 (—t) fo — e / e*” fo(s) ds
0

so that

o)) )
et (a# (#fkl )#fo )) (/Otesﬁpfo(s)ds) i (#cw(w)-

mell

This yields two terms of the expected form.

We now deal with the second term in (4.6.19) that we call As: we use the Leibniz formula to
compute the action of ¥y, on the Moyal product of the ¢, (t) symbols. We obtain a product of the
form

€11y (t) #-# C11, (t) # %focnz (t) # CIl 44 (t) ## CI1, (t)’
where (IIy,IIo, ..., IL,) is an enumeration of II. This can be written as
# car(t),
7/ €Tl

where II' is a partition of {0, 1,...,£} with II’ =TI, except for j = [ where IT} = IT; U{0}. Therefore
we obtain symbols of the desired form. This finishes the induction. O

4.7. Quantum evolution of confined symbols: proof of Theo-
rem 4.1.40

4.7.1. Control of the terms of the Dyson expansion
We start with a lemma on confined symbols.

Lemma 4.7.1. Let g be an admissible metric and m a g-admissible weight. Then any uniformly
g-confined family of symbols (V) poer* v with radius v < min{ry, ry,} satisfies:

wpo € S(mag)a

1
m(po)
uniformly in pg € T*M, that is to say

Cy
m(po)

V¢ e N,3C, > 0:Vpy € T*M, |¢Po|3(mg)

Proof. Let ro = min(rg,r,,) be the minimum of slow variation radii of g and m. We assume that
(%py)py 1s uniformly g-confined with radius r € (0,7¢]. For any fixed p € T*M, Proposition 4.1.29
tells us that

Nle
m(po) < Cmm(p)<distgg0 (p, Biro (po))> , Vpe T M.
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Notice that it is important that r < min(r,,,,) to use the slow variation properties of both g and
m.

Now we are able to prove the estimate of the statement. That 1, is g-confined near BY(po)
yields (recall Lemma 4.C.4 which applies since r < rg):

1 _ —k
E‘Vewpo (Xla Xoyoooy X@)’ < W)Po |g;1]§3)(po)r)<dlstggo (pa ngo (pO))> H|Xj‘g

j=1

4
(¢+9) m0P) / i ’ Nom =k
< |¢po|00njfg(po7r)0mm(p0) <dlbtgg0 (P, Bg 0(P0))> H|Xj|g'
=1

Taking k > N,, suffices to show that ,, € m™*(pg)S(m,g). Seminorms in the latter symbol class
are uniform in pg for uniformly confined families of symbols. O

4.7.2. Confinement estimate of the remainder

Before getting into the proof, let us explain our strategy. If a is g-confined near py € T*M, we
expect a; = e'”7qa to be g(t)-confined near ¢p—*(py). Therefore, our purpose will be to show that

pr— <diStg°‘(t) (/)7 BY) (¢_t(po)))>nat(p)

is smooth and bounded, applying Beals theorem (Proposition 4.B.5). Multiplication of the symbol
a¢ by powers of the distance function could possibly be achieved at the operator level by composing
Op“(a;) = e"POp™(a)e™ " with operators of the form Op"™(wgs) ¢t (py)) Where wy, ,, would a
smooth version of

p — (distgo (p, BY(po)))-

However, pseudodifferential calculus would lead lower order terms
Op™(ar)Op™(wy,p,) = Op™ (arwg,p, + P1(ar, wy,p,))

making the analysis more complicated. Instead, we will compose Op%(a;) with operators of the
form Op™(f;) where

fi(p) =97 (p— o~ (po),ej)

where (e;); is an orthonormal basis of W for the metric g”. These affine functions satisfy
DS =le =" (po)lje-
J

To multiply a; by this weight, one can do the following operation at the operator level:

fi #ar+ac # f; = Op™(2fja).

This holds without remainder term because V f; = 0, and the terms of order 1 in pseudodifferential
calculus cancel because 2, is skew-symmetric. By taking sufficiently many such anti-commutators,
one is able to obtain the operator

Op™ ({p— &' (p0)) )

for any k, and Lemma 4.6.8 gives another way of writing this operator that allows to estimate its
L?-norm, using that a was g-confined near py. Then Lemma 4.6.5 allows to handle derivatives of
this symbol, and Beals theorem should then give that

p— (p— ¢_t(po)>zfat

belongs to S(1, gs—+(p,))-
However there is a price to pay: indeed, we cannot expect for such bounds in S(1, gg-¢(,,)) to
be uniform in pg. The reason for this is that

pr—{p— p0>ggo
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is potentially much larger than
pr— <distg;;0 (p, B} (po))>

in BY(po), since g” > g. In fact the loss that we have at this stage is of order

<p - p0>gg0

‘C|ggo
sup A~  sup .
perrat (distyz (p, B(po)))  ceW\(0} [Slong

This quantity turns out to be controlled by mg_l. Thus, applying this strategy to gj (t)a instead of

et’r g should allow to compensate this loss.

Lemma 4.7.2. Let T € [0,Tg/2] and r € (0,74) satisfy (4.5.17). Let (¢p,)poerm be a uniformly
g(t)-confined family of symbols with radius r(t). Let f € AF(T*M;R). Then for any jo > 0, we
have

oo #650(5)1 € (I (0% (0o))| + H . o0 (67 (p0)) ) Contl(y) (po)
uniformly in po € T*M, |s| < |t| and t € [-T,T].
Proof. In all the proof, we write p, = ¢*(pg) for simplicity. We first isolate ' the term &q(s)f by
writing
E<io(8)f = e f + f(s).
Applying pseudo-differential calculus at order 1, we have

wpo # gSjo (S)f = wpoffSpr + "/}pof(s) + @\)1 (wpoagﬁjo(s)f) . (4-7'1)

We handle the three terms in (4.7.1) separately.

o We first deal with the third term. Since f € V~15(6,,g) by Lemma 4.6.3, we have by

Proposition 4.5.5 (applied with m = 6,4, K = T):

E<jo(s)f e VLS (eTlsleg,g(s)) cvs (e%(A”T)‘tI@g(t),g(t)) .
By the pseudo-differential calculus for confined symbols (Proposition 4.2.3), we have
T — 2 @1 2 T
Confgig (po) x V718 (63(A+2T)|t‘ag(t)7g(t)> — hg(t)(Po)e3(A+2T)|t‘99(t)(pO)Conngg (po) -

Yet recalling that 04 o ¢° < 6T|5‘0g(t), as soon as |t| < %TE, we have

hg(t)(pt)e%(A-‘rQT)\ﬂeg(t)(po) < ﬁge4(A+2T)|t\99(t)(ps) < By (ps):

Recalling that from Lemma 4.6.3, one has

0
IV FISt, 0 < Ooty ()| H g, 1)
we obtain R
@1 (Q/Jpo y 8Sjo (s)f) € |1:If|g,,S (t)gs(t) (ps)conf;g; (PO) ; (4-7'2)

which handles the third term in (4.7.1).
e Similarly for the second term, we have by Proposition 4.5.5:

7(5) € 5 (B (o) | Hylg,. €™ "105, 9(5)) © S (g0 (o) g, 210500, 9(1))

16. In principle we could simplify this proof by observing that f — f(ps) € S(0q(p — ps>ggS ,g9). However, the
weight does not have uniform structure constants with respect to pg: slow variation of (e — ps) 9z, with respect to
g degenerates away from ps. This is a problem to keep track of the dependence of constants on pg while applying
pseudo-differential calculus.
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and the pseudo-differential calculus for confined symbols (Proposition 4.2.3) yields

Confy(y) (po) x § (9 o) Hly, e D0, (1)) (473)
‘9g(t)( )IHflgp )62(A+2T)|t\00nfr(3 (po) -
Now from Proposition 4.1.32, we have
T
2ATINI < 22D (ps)851) (ps) < et A0l ooy (ps) < 024y (ps), vit| < 7E
(4.7.4)
Therefore
Yoo f(5) € 04y (ps) g, oy Cont () (po) - (4.7.5)

o Lastly, the first term in (4.7.1) is treated separately as follows: by the triangle inequality,
choosing p such that

~ T t)
1P = Polgg (1) = distyz, ) (p, B, (po))
we have, because f is affine:
e f(p)| < | (&% (po))| + lo (Hy, ¢°(5) — &°(po))| + |o (Hy, &% (p) — 6°(p))]-
We handle the third term thanks to Proposition 4.4.10:

o (Hp,6%(0) — & ()| < 17l 016°(6) — & ()l
< ClHl,, o™ p = plye (0 = P)gs.

< CIH,, 02000 (distyg o (B2 (0)))

We used (4.7.4) in the last inequality. As for the second term, we have by Proposition 4.4.9
and by definition of the temperance weight 6,:

o (Hy, 6% () = &*(p0))] < [Hylyo ()]0°() = &°(po)l,,. 1

5 A+C3 2R
< Hi(t)(ps)\Hﬂgp 0 X |7 = polg,y e o(A+C3 2RI
< Gg(t)(p?)‘Hng ®-

We used the condition (4.1.67) on 7(¢) to obtain the last inequality. This shows that 1, e*H» f
decays like a confined symbol in

(1£00)] + 83 021 H (1)) Cont (D (p0). (4.7.6)

To handle derivatives, we differentiate the product 1/)p065HP f using the Leibniz formula. When
derivatives hit 1),,, the previous argument shows that (V%po)esf’p f still decays like a confined
symbol in (4.7.6). When derivatives hit e*» f, since

Vel f e § (\Hf|g ) g(t)(/)s)%(t),g(t)) ;
and we apply (4.7.3) to obtain
1ppoveépr € |Hf| oo (1) g(t (pS)Conf ( 0) -

So finally we obtain that v,,e*f» f belongs to (4.7.6).

Putting together the estimates (4.7.2), (4.7.5) and (4.7.6) in (4.7.1), we finally obtain the sought
result. O
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4.7.3. End of the proof of Theorem 4.1.40

Let T € (0,Tg) and let (¢p,)poer+m be a g-uniformly confined family of symbols with radius
r > 0 satisfying
C,
r=rge” CATNHCT )T
Fix pg € T*M and set p; = ¢~ (po) for all t € [-T,T]. Let L, N € N* be integers.

Multiplication step.
Let (e;); be an orthonormal basis of W for the metric g§, (¢) and introduce

wj(p) = ggt (t) (p — Pty ej) ’
in such a way that

2 *
P = Pilge 1) =Y wilp), VpeT*M.
j

Then one has

Vi,  w;(ps) =0 and |ij\gpt(t)=1, (4.7.7)

because |e;gq (1) = 1.
Fix K and even integer. Expanding the power K below, the symbol

a:pr—(p— pt>§§f(t>8j0+1(t)¢m (4.7.8)

can be written as a sum of symbols of the form

H Wp X gjOﬁLl(t)wpm

where the number of factors in the product is less than K. The factors (w,), are relabeled to form
a family of N affine functions (wq,wa,...,wy), with N < 2K. This symbol can be rewritten itself
as a sum of anti-commutators with operators of the form Op“(w,). Therefore, we are left with
studying

(B ) st (Fh) = [ (B ) #erone— i () o

where the right-hand side comes from the recurrence relation (4.1.43), and the sets of indices {n}
and {ns} partition {n}. Applying Lemma 4.6.8, we can write this symbol as a sum of symbols of

the form
a ::/0 ( # Cry (s)) # e3P (t, 5) # ( # cm(s)> ds. (4.7.9)

€Il o €Il

where
D(t,s) = (# wy, <s>> # HE, (= 5)p, # (# wi, <s>> . (4.7.10)
A l2

Here we have the partitions of indices
{k}u{l;} ={n;}, Jje{l,2}, (4.7.11)
the set II; is a partition of {k;} and
wi(s) = E<jo(—s)wi(s),  Wry(s) = HPE () Wny;
and given m = (mg, 71, -+ ,Ts), we have

Cr(8) = S, - Sou, Hu, / e™ o, (1) dr. (4.7.12)
0

We claim that

Uty s) € B2 E T2 (o) ContH (py ) (4.7.13)
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where L; is the cardinality of the family of indices {/;} in (4.7.10). Indeed, we have

P850t = 8)p € 120,57 (pus) Confyi= (pr-s)

(t—s) r(t—s)

since by Proposition 4.5.9 and Proposition 4.5.8,

8o (t—s) —jo€ —5 ‘%Jz(ag) —(Jo+1)e —s
Cont?(po) —2— 0,4 (pr—s) Conf(, %) (pp—s) —— B0, 75V (o) Conf2(y = (prs) -

Yet recalling (4.1.68), we have

Confggzizg (pi—s) C Conf;% (pr—s),

and from Proposition 4.1.32,

Ogit—s)(Pr—s) > Og(t) (Pr—s) = Ogiey(pr)e1*IT

—1/4
> 040y (pt) (32(A+2T)It|hg(t)(ﬂt)ag(t) (Pt)) > 0;{5) (pe),

whenever |¢| < Tg/2. Therefore we have

S8, (1 — 5)ibp, € D320, V2 (py) Confe(}) (py-), (4.7.14)

uniformly with respect to pg, t and s in [-Tg/2,TE/2].
Then we apply Lemma 4.7.2 to %,(,3)(%0 (t — s)1,, satisfying (4.7.14) and w;(s) satisfying (4.7.7).
Given that ¢~ %(pi—s) = ¢ t(pog) = pt, we have

|wn (p0)] + [Huw, | g,, (0)05() (01) = G0 (1)
so that (4.7.13) holds.

Differentiation step.

We fix a family f1, fa,..., fr € Aff(T*M;R). From the previous computations, we know that
the symbol H;, - - - #5, €, a (where a is defined in (4.7.8)) can be written as a sum of terms of the
form €y, - - - #€, ¥, & (defined in (4.7.9)), where {f1, fa, ..., f¢} is in fact a relabeled sub-family of
{f1, f2y---, fr}. Applying the Leibniz formula, derivatives distribute on the various Moyal factors
in (4.7.9). Therefore we have two cases to study: either derivatives hit e5’»4)(t, 5), or they land on
a symbol of the form c,(s).

o In the first case, from (4.7.13), we have thanks to Lemma 4.7.1
- 4Ly +La)+0—(jo+1)e/2 -
Dt ) € RGBS (o) 5 (5 (1),

Therefore Corollary 4.6.7 gives

4
4(L1+L 20— (7 1)e/2
< Chgheggt)ﬁ- 2)+20—(jo+1)e/ (Pt) H|Hfj|

HOPW(%ﬁ .. .%fzjﬁflesyepiﬁ(t, s))‘

L2512 9p¢ ()’

j=1
(4.7.15)
with a constant C' independent of po, t,s € [-Tr/2,Tg/2).

« In the second case, recalling (4.7.12), we have to consider a symbol of the form
S
o I o en(S) = K o Ty g W o T o, [ (7).

Yet from Proposition 4.5.5 and Lemma 4.5.4, as we did in (4.6.12):

&jo (T i e (io+1)e
vfls(egvg) % S (e'r\ﬂagog(j:)e’g(,r)) N S (hi/ZGS(A+2T)IT‘99((:)O+1) +1,g(7’))

5/4 n—(jo+1)e+1
< 5 (150,90 ()
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where the last inclusion is valid in the time range |7| < T /6. Since we have

Wr, € ag(t) (pt)lewo |gpt(t)v_15(9g7 g)

by Lemma 4.6.3 and (4.7.7), we deduce that

wﬂ'o (T) = %;3)8j0 (S)W‘fro € ag(t)(pt)‘me |gpt (t) (hs/ 95]_(7—)a ( )) ’

because jg > (L + 1)/e. Then we can apply Corollary 4.6.7 to obtain

g(t)

”Opw(%fz o 'jghyehc'fr(s))nlﬂalﬂ <Cls ‘h5/49|ﬂ+£ H’

4
9py (t) x ]1:‘[1|Hfj |gﬁt (t)"

In the right-hand side, the norm of the vectors H,, is one due to (4.7.7), and the factor

Qf/ 4|s] is bounded by a constant since |s| < Tr. Therefore

~

| +£
[0p" ey, - Ao Hepyen(3)) s < C'Oyiy (0 H A (4.7.16)

On the whole, plugging the estimates (4.7.15) and (4.7.16) into (4.7.9), we deduce that

|Op™ (#y, - - - #5, #,a) < Clt|p3/2a, 0 2E e er2 H| A (4.7.17)

HL2—>L2

The exact power of 04 is due to (4.7.11). Indeed, concerning the multiplications by w,,, the
indices {l;} and {lo} are counted in the estimate (4.7.15), while the remaining indices {k1} and
{ks} are partitioned by IT; and II5 respectively, and the blocks of these partitions appear in (4.7.16).
Regarding the differentiation with respect to f;, we simply observe that all the f;’s appear exactly
once in one of the Moyal factors of @ in (4.7.9) while applying the Leibniz formula. Now in (4.7.17),
we recall that \t|ﬁ3/ 2 is bounded by a constant for |¢| < T, hence

ANA+2L— 1)e 2
lOD™ (e, - Hp, Hp,0) || o, o < OO0 2070 H| A (4.7.18)

This holds for any jo large enough, with a constant C’ possibly depending on jg, but not on ¢
nor on pyg.

Beals theorem.
We finish by applying Beals theorem (Proposition 4.B.5). We take £ € N and we consider the
integer kg of Proposition 4.B.5. Then

¢ 4N 2(0+k +1)e/2.
‘a|(S)1 oon(t) CZ + 0)—(jo+1)e/
Going back to (4.7.8), that means that if jo > 16(K + £+ kg)/¢, then

Sy AN+2(L+ko)—(7 1)e/2
o= 2 B ()| < OO el (4.7.19)

for some constant C' independent of py and |t| < $Tg. We deduce that

<

<, (4.7.20)
9p¢ (t)

‘(p - pt>§g(t)veé\jo+l(t)¢f’o (p)

with a possibly different constant. For ¢ = 0, this is exactly (4.7.19). Then by induction, if this is
true for some 0 < ¢/ < ¢ — 1, then we can show (4.7.20) for ¢ 4+ 1 by applying the Leibniz formula:

041
(V10 = 28 0y B (D2 (0)) = 7 V(0 = pu)2 (T 9841 (81050 (),

J=0

1
@+ 1)
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Indeed, the left-hand side is bounded by (4.7.19), and all the terms in the sum for j # 0 are bounded
using the induction hypothesis (4.7.20) and because for any vector field X,

‘VXJ p—pi)as e )| S P = pﬁzg(—t{\Xlzgt(t) <{p-— pt>§§f(t>\lept(t)9jft)(pt)~
We deduce that

j "y1_ip AN +4(L+k c
‘V] (p— Pt>§§(t)ve TIIE 1 (), (p) <Co (t)+4( +ho)=Go+De/2 o c’,
ot 9o, (1) 9

hence isolating the j = 0 term in the sum, we obtain (4.7.20) for ¢’ + 1.

Final conclusion.
We conclude that for any ¢, there exists jo sufficiently large and C' > 0 (uniform with respect to
t and pg) such that
. Y
VB ()] < Clo— 20y < Odistyg 0 (0. B (00))

Yet by Proposition 4.5.9, this estimate is equally true for &;(¢)v,, for any jo € N. We deduce that

* 1 1 tA (Z)
3C > 0:Vpy € T*M,Vt € [~ 1T, 1Tp), ¥ € N, Tk € N ; ‘e 0y

fg((g( |wpo |Confg (po)

which is exactly the sought result. O

4.8. Quantum evolution in symbol classes: proof of the main
theorem and applications

4.8.1. Continuity on the Schwartz class: proof of Corollary 4.1.44

Recalling that spaces of confined symbols can be endowed with seminorms built from flat metrics
(see Lemma 4.C.4 in the appendix), we know that seminorms of & (M) and seminorms of Conf?(pg)
are equivalent, for any admissible metric g, any r > 0 and any py € T*M. Let u € ¥(M). Then by

definition of the Weyl quantization (4.1.2) and Proposition 4.B.7, writing u(t) = e~*"u, we have
foralla € #(T*M) and t € R:
(0, 0(8) © (t)) 2 ary = (), Op™(@u(®)) 12 = (1, 7 OP™ (@)™ u) 1y
= (et‘%”a, uQ u) = (a, et (4@ u)) ,
L2(T* M) L2(T* M)

where we used the fact that e?”» is a group of isometries in the last equality (Proposition 4.3.2).
It is classical that u @ u € ¥ (T*M) when u is a Schwartz function (see [Fol89, Proposition (1.92)]).
Therefore, applying Theorem 4.1.40, we infer that

u(t) @ u(t) = e (u @ u) € F(T*M)

with relevant continuity estimates for the seminorms, provided ¢ > 0 is not too large. Then partial
integration with respect to the position or momentum variables yield

/ (u(t) © u(t)) (2, €) dé = [u(t)(@)P  and / (ult) © u(t)) (,€) dz = |(F u(®)) (©)
M M

for suitably normalized Lebesgue measures dx and d€ (see [Fol89, Proposition (1.96)]). We deduce
that both |u(t)|? and |F u(t)|? are Schwartz functions. Indeed, fixing an origin pg = (9, &) € T*M,
we can write by dominated convergence

Nk 2 n im d€
|(@ — o) VEu(t)(z)) ]S/;M‘@J—x(ﬁ (€ — o)™ M Tk (U(t)@u(t))(%f)‘w

<C sup [(p—po)" VR @ u(t)),
pET* M
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hence
(0) (n+dim M+1)' (4.8.1)

Ve e N,3C, > 0: |[u(t)(2)]? < Colu(t) @ u(t)| M)

The same holds for |F u(t)|?, which implies in turn that u(t) itself is a Schwartz function. To
establish the continuity estimate, we observe that

2
Yo e S (M), <sup (@ — xo>nvkv(x)|> = sup |(z — x0>nvkv(w)|2 < sup ‘(:v — x0>2"v2kv2(x)‘

xeM zeM zeM
(4.8.2)
by the Leibniz formula. Putting together all the arguments, we obtain
‘ (20) 20-+dim M+1 k k) )2
(u@15) " < [OPIS, < Colut) 0 u@EEm M < Clu @ ul$yyyy < € (10l )

The first inequality comes from (4.8.2), the second one from (4.8.1), the third one is due to Theo-
rem 4.1.40 together with the equivalence between the seminorms of & (T*M) and that of spaces of
confined symbols, and the last one follows from the continuity of the Wigner transform on Schwartz
classes ([Fol89, Proposition (1.92)]). That yields the desired estimate. This holds on a non trivial
time interval ¢ € [-T,T]. Using the equivalence of seminorms (here we do not care about the
uniformity with respect to any parameter), we can bootstrap the argument to reach the conclusion
for all times ¢ € R. This finishes proof. O

4.8.2. Proof of Theorem 4.1.15

As explained in the introduction, in order to pass from Theorem 4.1.40 to Theorem 4.1.15, we
will use the following characterization of symbols in S(m, g).

Proposition 4.8.1 ([Ler10, Proposition 2.3.16]). Let g be an admissible metric, m be a g-admissible
weight with a g-slow variation radius vy, and (Yp,)peer<m be a g-uniformly confined family of
symbols with radius v < min{ry, rm,}. Then the symbol a defined by

o) = [ mlon) () VOl o). Vp € TM. (483)
belongs to S(m, g), with the estimate:

Ve e N,k eN,3C, >0:

|a\ <Cy, sup
S(m,g) poeT™

(k)
PPl Contz o)
Conversely, if a € S(m, g), then the family of symbols

Ppo = 7,(/) a, Po € T*M7
re m(po) P

is g-uniformly confined with the estimates:

(k)

V¢ e N,3k e N,3C; > 0: sup |<pp0\confg(p0) < Cg|a|s(m %) zup |wp0|conf$(p0).
PO

po€T*M
The constants Cy and integers k depend only on structure constants of g and m.

Remark 4.8.2. The precise estimates are not stated explicitly in Lerner’s book [Ler10], though
they follow directly from the proof.

We start with a technical lemma.

Lemma 4.8.3. Let a be defined as in (4.8.3). Then for any u,v € ¥ (M), we have
(v, eitPOpW(a)e—itPu)Lz _ (U, Opw(etyepa) u) ,

-0 ()i

where the right-hand side is absolutely convergent.
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Proof. Recalling Proposition 4.B.7, we have

s, _ (e,
(U’Opw<et (p’”o)u)m(zvf) B (et @pO’U@U)Lz(T*M)’

to the result is just a matter of justifying the absolute convergence of the double integral

/ / m(po)et”» g, (p) (1 © v)(p) dp dVoly(po)
M JT*M

and applying Fubini’s theorem. To justify the fact that e/”*» and the integral over py commute, one
can argue as follows: by Corollary 4.1.44, the Schrodinger propagator e~ % preserves the Schwartz
class. If we fix an exhaustive sequence of compact sets (K, )nen that covers T*M, the sequence of
symbols

= [ mlpn)iep, dVol, ()

n

is bounded in S(m, g) by Proposition 4.8.1, and
Vu,v € ¥ (M), (v, e OpY(an)e " u) ,, = ( ,Op" ( )u) L

- 0 () ki

by dominated convergence. Now the left-hand side converges to (’U, Opw(etﬁp a) u) 12 because a,, — a
as tempered distributions (keep in mind that e~ is continuous on & (M)). As for the right-hand
side, the inner product can be rewritten (e*”» ©pos U @ V) r2(pary, and from there, one can check
from the admissibility of m and the bi-confinement estimate (Proposition 4.A.3) that the integral

is absolutely convergent. O

Proof of Theorem 4.1.15. We proceed in two steps.

Step 1 — Crude estimate for e'”». Let s,7 € R be such that |s| + |7] < T < $Tp. Notice
that we can apply Theorem 4.1.40 to g(s) in place of g and 7 in place of ¢, since the metrics g(¢)
are uniformly admissible for |¢| < Tg by Proposition 4.1.29, and our assumptions on p are verified
for g(t) as well (see Remark 4.1.18). Let M be a g-admissible weight, such that M(7) = e™#r M
has uniform structure constants in |7| < T — |s| (for instance M = m(s)). Let b € S(m,g(s)) and
let us first prove that e™rb € S(m(r),g(t)), with t = |s| + ||, with a loss of powers of h,. We
consider 7 > 0 such that r(e) defined in (4.1.66) satisfies r(T') = min{ry, r, }, where rp, is the g-slow
variation radius of m. We fix a partition of unity (1,,),,e7+m adapted to g(s) with radius r, given
by Proposition 4.1.34. Recall that

sup (10| = O(r~(FDOF2dmM)y — O tF) (4.8.4)

p0€T* M Confg< )(p )

for some 8 > 0 by definition of r and Tg.
Since (1, )poe* M is @ partition of unity, we can write

b= / m(po)(ppo dVOlg(s) (p0)7
po€T*M

where ¢,, = m ™ (po)Yp, # b is a g(s)-uniformly confined family of symbols with radius r by
Proposition 4.8.1, with estimates:

<c£|a|<’“> by " (4.8.5)

V0 eN,3C, > 0,3k € N : sup [ po S(m.g)ltg

g(s)
po€T*M Conf?"" (po

in view of (4.8.4). We apply the quantum evolution of the symbol:

eT‘%sz/ Mm(po)e“m%o dVOlg(s)(Po)Z/T Mm(PoW;—r(po)dVOlg(s)(Po)’ (4.8.6)
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where o (py) 18 defined similarly to (4.1.70). The fact that e™*» and the integral over py commute
follow from the fact that, give two Schwartz functions u and v, the double integral

/ / 1(00) % o () (@ v) () dp dVol, ) (o)
T*M JT*M

is absolutely convergent by Lemma 4.8.3 (recall the definition of the Wigner transform u @ v
n (4.1.3)), so that Fubini’s theorem gives indeed

— T _ —7H€.
(b, ey @ v) P /T*M m(po) (wpm e (u© “>> pazean TV Ol (P0),

which is exactly (4.8.6) by Proposition 4.3.2 and Proposition 4.B.7. Now we perform a change of
variables in (4.8.6) to have

eTrp = / *M(eTHPm)(po)wzo dVol(yr)«g(s)(P0),

since (¢~ 7). Voly) = Vol(gr)+g(s) (see for instance [Leel8, Exercise 2.42]). Now by definition,
(¢7)*g(s) < g(t) (recall t = |s| + |7]) so that the Radon-Nikodym theorem gives a measurable
function f. : T*M — [0,1] such that Volgry«g(s) = frVolgy). By Theorem 4.1.40, the family of
symbols (f7(po)¥}, ) poer=n is a g(t)-uniformly confined family of symbols with radius 7(7) < r(t),
with

0 1)
: + <
V¢e N,3Cy > 0,3dk € N pOZ%MW (fT(p0)¢p0)|Conf£Et;(p0) < Cgp Sl,ll_'p |¢p°|Conf‘7< 2 (0)’

Combining this with (4.8.5), Proposition 4.8.1 yields

N (€)
g < Cyhy "% |p| &) (4.8.7)

VeeN,3C, > 0,3k €N :
‘ S(m(r),9(1)) S(m.g(s)’

The property of uniform admissibility of m is important here; otherwise the constants in the esti-
mates given by Proposition 4.8.1 could blow up as t grows.

Step 2 — Asymptotic expansion. Now we prove the continuity estimates on symbol classes for
8;,(t) and for the remainder in the asymptotic expansion (4.1.31). We will beat the loss of powers
of h, in (4.8.7) by considering the Dyson expansion at a sufficiently high order jo. Notice that for
80(t), the estimate is provided by Corollary 4.5.2. For &;,(t) with jo > 1, Proposition 4.5.5 gives

VlS(m,g) “% 8 (K2 mie),9()

IOKE

which is the desired estimate. For the remainder (4.1.34) in the asymptotic expansion (4.1.31), we
use the above estimate for &;,(¢) and recall the recurrence relation (4.1.43): Lemma 4.5.4 yields

8o (s A ;
V1S(m,g) 0 8 (12 m(s),9(5) < S (W0 m(e)e R g(s))
Now we apply (4.8.7) with b = 55,(,3)8%(5)@ for some a € S(m,g), M = hQEJS‘;H) (s)and T =1t —s.
We obtain

Ve N,3dCy, > 0,3k e N :
)

SR m(t),g(t))

e(t—s)ye,,%l()?))gjo (s)a < Ceﬁgﬁkhge_(A+2T)“gl |a|qu()m,g)

(we also used Lemma 4.5.1 here by the way). Now we sacrifice half of the gain h jOH)

for |t| < T, we have hy) < hf/ﬁ. That gives:

, using that

(0) 5,
e(t—s)%pyez()?))gjo (s)a <C, h k+6(Jo+1)hge—(A+2T)|s\ |a|

SO m().g) ~ B m.g)”



4.8 QUANTUM EVOLUTION IN SYMBOL CLASSES 219

So for fixed ¢, choosing jy large enough gives

)

—s — s k C/ k
/ el )%pjgz()?))gjo(s)ads < CZ/ hge (A+27) ||a|59()m,g) ds < J|a|é’()771,g)
2N m(t),9(t)) tA ¢

Jjo+1
Sk

(recall (4.1.40) in the last step). This finises the proof of the asymptotic expansion. Combining this
with the estimates for &;(t) gives

(€)
e *)
ra < Cy¢la ,
S(m(t),g(t)) — Z| ‘S(m,g)

The proof is finished. O

Ve N,Cy> 0,3k € N : e

We end this section with a proposition addressing the assumption of uniform admissibility of m
discussed in the remarks right after Theorem 4.1.15.

Proposition 4.8.4 (Sufficient condition of uniform admissibility). Let m be a g-admissible weight.
Further assume that
dk >0,3C, >0:Vt € R, etflom < Cetltim, (4.8.8)

which is the case in particular with Cy, = 1 if

|V i, m|
K := sup ——— < 00
T*M m

Then m(t) = etffem is a g(t)-admissible weight with uniform structure constants in t € [—0Tg, 6Tk
with

A+ 27

R+ A+2T

Proof. Slow variation. Let ro = min{ry, r,,} be the minimum of the slow variation radii of g and
m, and set 7o = ro/(1 + 092), let pg € T*M and introduce

t, = sup {T >0:V[t <7, ¢ (Bgo(t)(po)> C By ((bt(po))} .

By a continuity argument, we have t, > 0. So let t € (—t,,t.). Using the fundamental theorem of

calculus and the slow variation of g in B (po), we have for all p € BZ (po):

6" (p) — &' (po)|

9ot (p0) 94t (o)

1
< [ lagt (@ = shont 50) o= o, s
0

< Cg/o |de" (1= s)po + sp) -(p — po)| ds

9ot ((1—s)po+sp)

1
< Cyel / o= pol ds
0

9ot ((1-s)pg+sp)
2

g .
1+C2

< C’gzeAlt||p _ p0|gpo = CgQ\p — p0|gp0(t) <7

We deduce that ,
vie (<tot), ¢ (BE (o) € B s (6'(p0)

2
1+Cg

therefore by a continuity argument, one concludes that ¢, = +00. We infer that for all ¢ € R, we
have by slow variation of m:

¥po € T*M,p € BL(po),  m (¢'(p)) < Cm (¢'(p0)),  VtER,

hence uniform g(t)-slow variation.

Temperance. Recall from Proposition 4.1.29 that m is in fact ¢gf-admissible. That means that

Vpo,p € T*M, m(p) < Cm(po)(p — P0>é\éo
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for some constants C > 0 and N > 0. We combine this with the growth assumption along the
flow (4.8.8):

m (¢'(p) < Cue™m(p) < CCe™tm(po)(p — po) gy < CCL*m (8" (po)) (p — po) g, -

Then to obtain the uniform temperance with respect to ¢, it remains to absorb the exponential
factor by checking that
Vi e [—6Tg,0Tg],  e2FIHgh < go(1). (4.8.9)

This is indeed the case since by definition of ¢,

672(A+2T)TE S 672(A+2T+%)5TE ,

so that
¢° < g7 (Tp) < e 2572 g7 (5Tp),

which in turn implies (4.8.9). This finishes the proof. O

4.9. Examples of application: proofs of statements in Sec-
tion 4.1.7

The splitting (4.1.44) can be understood as follows: introducing
m:T"M — M and t: M —T*M
the cotangent bundle projection and the null section, we know that 7 o+ = Idj; and
mo=tom:T"M — T*M

is the projection onto the null section of 7*M. The kernel and range of the projection have same
dimension and we naturally have

TT*M = Randmrg ® ker dmg.

The first component can be naturally identified with TM through the map dc. As for the second
component, we identify the fibers 77 M with their tangent space, which turns out to project onto
the zero vector under dmg.

4.9.1. Schrédinger operator: proofs of statements in Subsection 4.1.7.1
Proof of Proposition 4.1.25. Let us compute the Weyl symbol of this operator. The symbol of

—%A + V is classically %2|§\Y_1 + V(x). As for the rest of the operator, we can take Euclidean
coordinates in which 8=}, B7(x)9;, and find

13=3"0p™(B)0p™(&) = > _ Op™(Bg; + £{B;.6}1) =0p¥ [ €8 - £ 9,8
7 7 7

=O0p“ (&8 — 5 divp).

This results from the pseudo-differential calculus (Proposition 4.2.2), which is exact at order 1. We
deduce that

P=0p“p) with  p(z,&) ="l — B+ LB + V(a).

This symbol is semi-bounded, so that Proposition 4.1.16 applies and ensures that Assumption 4.1.13
is satisfied.
Next we compute the Hessian of p:

2 _ *
vip = (Y(W’Vﬁ@gv Vs ) (4.9.1)
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In this expression, V{3 is seen as a map VS : M — Hom(TT*M) which sends vector fields to
vector fields. The map (VB)* refers to the dual map acting on covectors, or differential 1-forms.
We crucially used the fact that V23 = 0 here. In addition, V2V has to be interpreted as a map
M — Hom(TM,T*M). We observe that under the assumption (4.1.46) and the fact that 3 is affine
(in particular |V | is bounded), we deduce that

< 00.

sup sup |V2p
HE(0,1) T*M gn
Since the metric y is flat, we clearly have Vg, g = 0. It also follows that g is slowly varying and
temperate, and its gain function is classically hg, = i < 1, hence admissibility of g5, uniformly with
respect to ii. Regarding the temperance weight ¢,, we should compute it using a fixed background
Euclidean metric v (for instance the symplectic metric gy = A~ dz? + Ad¢?) in order to find
Og, = by /2.

Then we estimate higher order derivatives of p. We observe that all mixed derivatives in x and

¢ vanish due to the particular structure of (4.1.45). We deduce that for any £ > 3, we have

V|, = V], = |[VV],, =3,
that is to say
V3V e S(1,g).
That means that both sub-quadraticity and strong sub-quadraticity assumptions (see Assump-
tions 4.1.14) are verified. O

4.9.2. Half-wave operator: proofs of statements in Subsection 4.1.7.2
Remark 4.9.1. The first assumption in (4.1.48) is equivalent to saying that there is a Euclidean
metric g and a constant ¢ > 0 such that

c_2g <v< czg.

Therefore this is a boundedness/ellipticity assumption on the metric 7. This can also be seen as
a slow variation property with infinite radius. The second requirement can then be understood as
saying that the metric is C}°.

The assumptions (4.1.48) are equally true for v~1.

Lemma 4.9.2. Under assumption (4.1.48), we have

Va1, 29 € M, 7;11 < 037;21 and Vk € N, sup <|Vk’y|g + |Vk'y*1’g> < 00. (4.9.2)
M

Proof. The first assertion in (4.9.2) follows directly from the corresponding property in (4.1.48) on
~ and the fact that
§v

sevi\io} |vly

Boundedness of derivatives of v with respect to g follows from Remark 4.9.1.

We prove the boundedness of derivatives of y~! by induction on k. For k = 0, we know that
|y~ !¢ is bounded on the whole M thanks to the first assertion in (4.9.2). Now assume we have
|Viy~t |g is uniformly bounded on M for all £ < k, for some k > 0. By the Leibniz formula, we have

1 k+1 1 1
0= kbl 1 _ ki, Lo -1
Grny ; Gl @Y’

All the terms in the sum are bounded by the induction hypothesis, except the one corresponding to
¢ =k + 1. Then we obtain

1
(k+1)!

k
1 1
Vk+1 —1 - _ —1 vk’-‘rl—e 7vf —1-
K K ;(Hlfe)! v
Each term in the right-hand side is bounded uniformly on M since
|'y*1VkH4’yVZ'y*1|g < |771|g|vk+1—27|g|vevf1|g

and we deduce that [V*+1y71|; is bounded, which concludes the induction. O
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We compute the full Weyl symbol of the operator _Ev defined in (4.1.49).
Lemma 4.9.3. We have

~ 1 S 1 g
—Ay = OPW(|§|i—1 + Zazzﬂw + Z“Y”wiwj + 28i(wj7”)>a (4.9.3)

where w; = 0;log+/|7].

Remark 4.9.4. All the sub-principal terms involved in the expression of the symbol of _Av can
be written on terms of Christoffel symbols. It seems that those terms are somehow related to the
scalar curvature of 7, although other terms still remain.

One can compute w; as derivatives of the metric, since we classically have
1 -1
wj =5 tr (y710;7)

(this is known as Jacobi’s formula). Using Lemma 4.9.2, we deduce that the sub-principal terms
in (4.9.3) are controlled by first and second order derivatives of g. Therefore under our assump-

tions (4.1.48), the symbol of —A is [¢[>_, modulo a C§° symbol.
Proof of Lemma 4.9.3. We factor —87 into

~A, = AN A, (4.9.4)
where 1/4 1/4 1/4 1/4 1/4

Aj = L0y = 105+ Y (@-WF / ) =10+ (5]- log|y| "/ )
With the notation w; of the statement, we have
A; —16 wJ—Op (@—%wj).
Plugging this into (4.9.4) and using pseudodifferential calculus leads to
Op™ (& + 5;w:) Op™ (47) OP™ (&) — 7))

= Opw(é“ +5wi) 0P (77 (& = zwy) + 507,65}
= Op™((& + 5ws) (47¢; — %v”wj - i-c?ﬂ”) {6+ %wm”fj = 577 w; = 5,0797})

= Op™ (”fzfj"‘ ~y* wwj+

1 ..
4’11)18]’7” + 8 (wJ’y”) + au’}’” + 47”83»wi>,

hence the sought result by grouping terms according to the Leibniz formula and suitably permuting
indices. O
We now discuss admissibility of g.

Lemma 4.9.5. The metric g is admissible for a € [0,1]. Its gain function is

1 1
h’g(‘rag): a :7&7 (I’,g)GT*M
<£>7;1 p
Its temperance weight is given by
1+
0y(2.€) = (€)%,

Proof. We introduce the metric

Joe) = (€)= 8 @ (6) e,
where g is a fixed Euclidean metric on 7*M. From (4.1.48) and (4.9.2), we have for some sufficiently
large constant ¢ > 0:

25 < g <. (4.9.5)
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Therefore we also have ¢72§° < g% < ¢2§°. Yet from [Lerl0, Lemma 2.2.18], the metric § is
admissible, since it can be written as

§= ()" da® + ()" dg?,

_ l-« _ 14 :
where a = 5% and b = 3> satisfy

0<a<b<l1 and a<1.

Admissibility of g follows. Finally, passing to matrix representation in an orthonormal frame for
v @~~!, we have

g% = o1 (<§> 2yl (e)? -w) ((1) _01) <<§> ?1 <£>3Ob-w> <—01 (1)>

_ <f>ib—17 0
0 (@)

from which we obtain h,(z,£) = (E)i‘ﬁgb = <§>;ixl'

Now for the temperance weight, we can see that ¢~'6; < 6, < ¢, as a consequence of (4.9.5),
and we can compute ; with respect to the background metric g ® g~ (assuming that g satisfies
g < g7%), and we directly find the desired estimate. O

We estimate successive derivatives of p thanks to the Faa di Bruno formula.
Lemma 4.9.6. The following holds
k 1-15%k
[VEp(@, )], < Crap' ™2
Proof. According to Remark 4.1.4, it suffices to pick a vector field X on T*M and establish the

bound -
[VEp.X*| < € pp' ¢

We view p as the composition of f : s +— /1+ s with ¢ : (2,€) — y71(£,€). The the Faa di
Bruno formula yields

1 1
kap Xk = § > 7' ('V“q.X“>. (4.9.6)
J=1 ne(N* )J ' w
|In|=k

On the one hand, we notice that |f()(s)| < C;(1+ s)*/277, so that
’f(j) o q‘ < (Y2 = C]% x p=26=D), (4.9.7)
On the other hand, we shall write the components of X according to the splitting (4.1.44):
X=X +X..

Expanding V’)“(k according to this decomposition, we are lead to estimate
vkq (X(fX’“) =V (VR D(6.6),  with ke =k
L I

Indeed, derivatives with X or X affect only the z variable or the { variable respectively (that
is they correspond to 0, and 0¢). Since this quantity is polynomial of order 2 in &, the derivative
vanishes as soon as ko > 3, while for k; = 1 and ko = 2, we have

V (X” aXL) = 2(vk1k1 )(Xlag)a V (XH ;XiaXL) - 2V’;k2 (Vklkl )(XL,XL)'
H H
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In particular, we have the estimate

‘qu. (Xk1

_ k k
H ,ij)’ < Ot X)X L, (4.9.8)

still valid for ks = 0. This is an estimate with respect to the metric g® g~'. In terms of the metric
g, we have
1

’qu. (X(TI,X?)‘ < C«Wp2—k2— 2ak1+1+Tak2|X”’];1‘XJ_|’;2 < C’ypZ—l’T"‘k‘Xlg.

Combining this with (4.9.7) tells us that all the terms arising in the Fad di Bruno formula (4.9.6)
are of order

1 % pzf(l’T“k+2(j71)) < le*Tak
p

hence the sought result. O
We are now in a position to prove the main result of Subsection 4.1.7.2.

Proof of Proposition 4.1.27. The metric g is admissible by Lemma 4.9.5. Moreover, in view of the
assumption (4.1.48) on v, we clearly have 7yt (,) < C?rezﬂt"yp for any p € T*M with T = 0 and
Cy = C,,. Since p is invariant by the Hamiltonian flow, the same holds for g.

Let us check the boundedness of the Lie derivative £p,g in (4.1.25) (Assumption 4.1.14). To
do that we use Remark 4.1.19. On the one hand, we can estimate |V, g|, by remarking that by
definition of g, the coefficients of the metric depend only on p which is invariant by the flow, so that
the derivative Vg, affects only v, and v, L. The latter depend only on x. Yet the # component of
H, is

¢
<§>'y*1 ’

whose 7 norm remains bounded on the whole phase space, so indeed |V H, g|g is uniformly bounded.

Now we estimate the Hessian and the higher-order derivatives of p. Lemma 4.9.6 gives V2p €
S(m, g) where

2lze 0 -1
2 =D _hgv

m = pl_
so sub-quadraticity holds. Now for derivatives of order & > 3, Lemma 4.9.6 gives V3p € S(m,g)
with
3

m :pl—s% :pgapféfa(sﬁ) < h;3p71/2’

hence strong sub-quadraticity holds too (recall that the temperance weight is a power of p by
Lemma 4.9.5). This proves that Assumption 4.1.14 is fulfilled. Lastly the symbol p is semi-bounded,
which ensures that Assumption 4.1.13 is fulfilled too by Proposition 4.1.16, and finishes the proof. [

We end this subsection giving a brief explanation of why the operator P defined in (4.1.50) is

close to 4/ ﬁv.

Lemma 4.9.7. The operator —A., — P? extends to a bounded operator on L*(M).

Proof. We use pseudodifferential calculus with p and itself, bearing in mind that the Poisson bracket
vanishes:

pP? = Opw(p2 + @2(177]7))-
Lemma 4.9.6 tells us that p € V-25(h ', g), so that

@2(1)727) € 5(179)

Setting
~ 1 PP 1 ii
a=—1+3%(p.p) + Zafﬂ T+ 17 Twiw; + 531‘(1113‘7 ’),
we have —E,y = P2+ Op™(a) in view of Lemma 4.9.3, and under the assumptions (4.1.48), we have
indeed
ae€ S(1,g).

(Sub-principal terms involving derivatives of v belong to S(1,g) since they depend only on the z
variable.) The result follows from the Calderén-Vaillancourt theorem. O
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4.9.3. Vector fields: proofs of statements in Subsection 4.1.7.3
We start with the computation of the logarithmic derivative in (4.1.52).
Lemma 4.9.8. Let X be a non-vanishing vector field preserving a smooth density pn = || dx, where

dz is (a fized normalization of) the Lebesque measure on M. Then X loglu| = —div X, where!”
div=1trV.

Proof. For any test function C2°(M), we have by integration by parts

| edivxdo— [ Vipdo—— [ Xl ™ du= [ oXlul™du=~ [ o(Xloglul) ds
M M M M M

The two crucial steps consist in an integration by parts with respect to the measure dz in the first
equality, and using the symmetry of X with respect to the measure dy in the third equality. O

Now we proceed with the computation of the Weyl symbol of P defined in (4.1.53). Writing
X=> X79; in a global Euclidean coordinate system, we have

Op™(+ ZOp (X7)0p™( ZOp (X & — 1‘ ij>

= Opw(g.X — _divX)
21

according to pseudodifferential calculus, hence the Weyl symbol of p is £.X. As a preparation for
the proofs below, let us compute the Hamiltonian vector field and the Hessian of p:

Hy, = (_(vﬁm) , Vip = (g'VV;X VOX> : (4.9.9)

Here (VX)* € hom(T*M) refers to the map dual to VX, viewed as a linear map acting on T'M
(recall the canonical splitting (4.1.44)). We observe that derivatives of any order with respect to
the z variable can possibly blow up at fiber infinity, in a situation similar to the previous case of
waves with a non-flat metric, while derivatives of order larger than 2 with respect to £ vanish.

We discuss admissibility of the metric (4.1.56).

Lemma 4.9.9. The metric g is admissible. Its gain function and temperance rate are given by

1 a
hg(7,8) = ——ar and  O,4(z,8) =< (€)%
<€>y*1
Proof. Admissibility of g comes from [Ler10, Lemma 2.2.18] under conditions (4.1.57). The expres-
sions of the gain function and of the temperance weight follow immediately from the definitions. [

Essential self-adjointness of P has to be verified separately, since it seems that our condi-
tion (4.1.35) is not true here in general, so that Proposition 4.1.16 does not apply.

Lemma 4.9.10. The operator P acting on compactly supported functions is essentially self-adjoint.
The Hamiltonian flow is globally well-defined.

Proof. We first show that the Hamiltonian flow is well-defined for all times. In view of the expres-
sion (4.9.9) of the Hamiltonian vector field and (4.1.54), we see that H,, is a locally Lipschitz vector
field. Then the Picard-Lindel6f theorem ensures that the Cauchy problem
d
dt
admits a solution on some time interval (—tg,tp), to > 0. Then for any ¢ in this interval, the
expression (4.9.9) of H, and the Cauchy-Schwarz inequality yield

p(t) = Hy(p(t)),  p(0)=po € T*M

L1o(t) — pol?, < 21H, (o)l o) — poly, < 2 (1X1y o+ VX1, lp(0) ) 10(8) ~ o,
< 4 (1X1, 0 + 19X, 00) (p0)y (0(8) = o).

17. The div operator coincides with the divergence divg, with respect to the Lebesgue measure. One can check
that it does not depend on the normalization of the latter.
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Therefore, Gronwall’s lemma tells us that (p(t)) < Ce€l*l for some constant C, which classically
implies that tg = +oc.

Denote by (¢ )tcr the flow generated by X, that is to say the restriction of H, to the null
section of T*M. Now it remains to show that P is essentially self-adjoint. To check this, we let
u € ker(P* £4). Then for any v € C2°(M), the function

v(t,z) = exp </0 %(divX)(QSﬁ((x)) ds) v (¢ (2)), reM,teR.

One check s that v(t,8) € C°(M) for all times and that it solves
Opv(t, ) = iPu(t, x).

Then we proceed as follows: by dominated convergence,

%(u,v(t))m = i(u, Po(t)) 2 = i(P u, 0(1)) 2 = F(Pu, 0(t)) 2

The second equality relies on the fact that v(¢) remains in C°(M) while the last one comes from
the choice of u. We deduce that

(w,v(t)) g2 = €™ (u,v(0)) 12,
which leads to (u,vo);2 = 0, hence u = 0. O
Next we estimate the derivatives of p.

Lemma 4.9.11. We have
WheEN,  |Vhp| < Cple), i

Proof. We reproduce mutatis mutandis the proof of Lemma 4.9.6. The only difference is that
now (4.9.8) yields

k k ks —ky—ark k k k —(—as)k| v |k
. (X Xk )| < et 2 [ < € pt 0o

where the last inequality is due to 1 — as < a3 (see (4.1.57)). Combining this with (4.9.7) and
putting this into the Faa di Bruno formula (4.9.6) gives the expected conclusion. O

We finally prove the main result of Subsection 4.1.7.3.

Proof of Proposition 4.1.28. Assumption 4.1.13 is satisfied by Lemma 4.9.10, and the metric g is
admissible by Lemma 4.9.9. We check sub-quadraticity: from Lemma 4.9.11, we have V2p € S(m, g)
with
1-2(1—« as—o ar1taz—1 —
m = (&), 307 = (gt <yt
according to Lemma 4.9.9. As for strong sub-quadraticity, we have V3p € S(m, g) with
m = (€117 = hge)in

g y-!

and the temperance weight is indeed a power of <§>y,1 by Lemma 4.9.9. Finally, recalling (4.9.9),

we have
Hy(€), 1= 0 ((€),1).

Indeed, the action of H),, with respect to the position variable is the differential operator X, which
does not affect (€) since the latter quantity does not depend on x. As for the momentum
variable, we have

A

[(VX)"E(€)y-1| S (5 (v (6 (VX)) S{E)y1-

Then one deduces that Vz,g < Cg for some constant C' depending on the derivatives of X (4.1.54),
and this concludes the proof that Assumption 4.1.14 is verified. O
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4.A. Refined estimates for the Weyl-Hormander calculus

Here we collect proofs of the statements of Section 4.2. We start with some definitions.

4.A.1. Symplectic Fourier transform
We introduce ¥, to be the symplectic Fourier transform acting on functions on the symplectic
vector space W =V @ V*:

710 = [ 1O a

where d( is normalized in such a way that & ?, = Id, that is to say 97;1 = %,. The symplectic
Fourier transform is continuous on & (W) and can be extended as a continuous operator on &’ (W).

When working on the product of two copies of W, we shall use the symplectic Fourier transform
F opo = F 5 @F 5, acting on Schwartz functions (or tempered distributions) on W & W.

Once equipped with these Fourier transforms, we can build Fourier multipliers: given a tempered
distribution a € T*M, we define the operator a(D)¥(T*M) — S (T*M) as

CL(D)f(p) = /W G(C) </W f(pO + C/)efiU(C,C/) dC/> efm(p*po,C) dc,

where py € T*M is a fixed origin. The operator a(D) does not depend on the choice of pg, essentially
because the symplectic form is invariant by translation. Therefore we shall write

aD)=F aF,

o2

Moreover a(D) commutes with V since Vo = 0. The same applies for Fourier multipliers on
T*M ®T*M = T*M®%? using F , 0.

4.A.2. Poisson operator
Let us define the following Fourier multiplier
B = _g;éaagoeam

acting on & (T*M®?). More explicitly, this operator acts on functions f € (W @& W) as

(Bf) (€1, G) = — / 0(C1,G2) (Fomo f) (G, Go)e ™G =10(62:0) g et dch.

wew

One can check that it is continuous on & (T*M®2), so that it extends to tempered distributions. To
sum up, we have that

P P(TMP?) — P(T*M®?) and  P:P/(T*MP?) — P/(T*MT?)

are continuous. Notice that the map s : (p1, p2) — (p2,p1) on T*MP? (or rather the composition
by this map) acts as follows on :

Ps = —sP. (4.A.1)

In addition, one can check that the complex conjugation commutes with 3. Formally, one can think
of this operator as

P={V", V=) =0 (HI H),

where H, is the Hamiltonian vector field.These expressions are quite formal. The action of this
operator can be made explicit for functions of the form f = a; @ as, but a formula is also available
for general functions f of p1, ps.

Lemma 4.A.1. For any f € ¥ (T*M%?), we have

mf(pl’ ’02) - divm <H5(191702)> - divpl (H5(2P1,P2)) :
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Proof. We deal with functions f € & (W%2). Going to functions of 7* M ®? follows by choosing an
arbitrary origin pg. By integration by parts, we classically have

F o 1Vea(() = 0((,60) Foall),  YaeF (W)Y, (e W,
as well as for any compactly supported vector field X on W:
Fo (@ X) (O = [ i (XD =5, (0C X () ()

From these two facts, together with the definition of the Hamiltonian vector field, we deduce the
following:

¥

PF(G1, ) = — (7 ey (006 ) Fo)pogalcts 7))

—1 ) )
7 (€1:65)—(C1,62
)Cé' ¢ ((J'G‘U){,, i vpl (// é’))

: (
= - ‘6};10)
( 97 (1,05~ (¢1,62) (

(F o)y (Fo)ey-cs50 (<2, a(@”@‘"))

Y9

g

Il

|
~ N
X
Q|
b~
q
Y

) (¢1,¢5)—(C1,62)

oho

-1 aof . ¢y
(g )(ci )= (C1.62) (Fo)y—¢t (Fodey—qg divey Hofen ey,

which gives the desired result by the Fourier inversion formula. To have the expression in the other
way around, we simply use (4.A.1). This finishes the proof of the lemma. O

Next we give bounds on the operator 8 when derivatives are measures with respect to a certain
metric on T* M2,

Lemma 4.A.2. Let g1 and go be two Riemmanian metrics on T*M. Then

. ¢ j+£
VjieN,VLEN,  [VRIf| < (2dim M) R, g0 VIS
where hy(p1,p2) is the “joint gain function” of g1 and g2 defined by
IqF 1q
hg,@g,(p1,p2) = sup Wor — qup WRe2 e TR

¢cew\{o} \C|(gz)p2 cew{o} [Clige),,

Proof. We recall that div. X = tr VX for any vector field X, and that for any norm on 7,7*M, we
have [tr VX| < dim(T*M)||VX||. We fix two points p1,p2 € T*M and write g; = (g;),,, J = 1,2,
for simplicity. Thus we deduce that

szHgl -
=dim(T*M) sup 7‘ Ca” f ‘gl

B (o1, p2)| < im(T*M)|[ VP27 |
99 cewjoy  Glgs

le

vr2
<2f

97

=dim(T*M) sup [Calg, _t
cew\{oy 1Clegy  [C2lgs

vplvﬁz
=dim(T*M) sup sup [Cals | /1
CaeW\ {0} cew\ {0} 1G2lg7 |<1‘g1‘<2|92

< dim(T*M)hg(p1, p2)IV £ (1, P2)| 4, g, -

The third equality comes from the fact that

W lo(Ha, )| V¢al
97 P -
cewrfor  [Clg cewnjoy [Clg

|Ha| = [V

g

To handle derivatives, we remark that V commutes with B since the latter is a Fourier multiplier,
hence the result for j = 1. Iterating this result, we obtain the statement for any j > 1 (the result
for j =0 is direct). O
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4.A.3. Moyal operator
Let us also introduce for any s € R the operator defined by

_7‘;%3 =%, : _i%ag:aeao-

ocho

Similarly to 3, one can show that the operators
e 2P L P (T M) — P(T*M®?)  and e 2% . P/(T*MP?) — 9/ (T* MP?)
are continuous. One can see from the definition that
e3P f = ¢=15%(fos)os, (4.A.2)
where s is the map (p1, p2) — (p2, p1). Notice that this is consistent with (4.A.1).

4.A.4. Bi-confinement estimate

The operator e~ 2% is related to the Moyal product by just taking the restriction to the diagonal.
We quickly reproduce the so-called bi-confinement estimate. The proposition below is the corner-
stone of the pseudo-differential calculus. A classical computation involving Fourier transforms of
imaginary Gaussian functions gives for all f € ¥ (T*M®?):

Vs € R,Vp1,p2 € T*M, e 2% f(py, po) =/ Fp1+1/5C,p2 +1/5¢C) e70(2) d¢y des.
( IR CRRVESNZERVEL)

Proposition 4.A.3 (Bi-confinement estimate). Let g1 and g2 be two admissible metrics on T*M.
There exists an integer ko depending only on the dimension of M and the structure constants of
g1, g2 such that the following holds. For any pair of points p1,ps € T*M, introducing for j = 1,2
the balls B; = Bl (p;), for any r; € (0,1,,), we have for all f € S (T*M®?):

N (S5 p1,
Yk EN,IC,>0: | 3P f(p,p)| < O k(fip1, p2) -
diSt(ngl 92.p3)° (p,B1) + diSt(ngl +92,05)" (p, BQ)>
where
. , (1+k)k0
Ne(f;p1,02) =  max sup <dlstg§vyp1 (o1, Bl)>

0<t<(1+k)ko o, Py €T* M

. , (1+K)k ‘o
x <dlstgg,p2 (P2>BQ)> VL 05
The constant Cy, depends only on k and the structure constants of g1, gz.

Remark 4.A.4. Notice that when f = a1 ® ao, we have

1+k)k 1+k)k
Nilf: p1.p2) < larl ol () lazlio o (o

Proof. For simplicity, write g; = g; ,,, j = 1,2. Given (; € W, we set

()= T8O _ &G
|C1gg Cilgg

and we perform integration by parts in the integral over (5 using the fact that

(1 + N?V%) etl) = (1 SN Z)) ettt — (1 +y/2 c1|gg) et

We obtain

e"13%B f(p, p) = /W®W (1 — h/gV%’)k f (p + \/%Chp + \/%@) 1+ \Z}ch; d¢y dGa.

(4.A.3)




230 CHAPTER 4. EGOROV’S THEOREM IN THE WEYL-HORMANDER CALCULUS

Writing for k,n1,n, € N:

Nk,nl,nz(f) = Inax sup <diStgi’ (plh Bl)>m <di3tgg (Pl2a B2)>n2 |vlf(0,170/2)|

)
OSZSkp/Pp/zeT*M 91992

we obtain
—isp k ot s -
‘6 f(p7 p)} S 0(92)2 Nk,n1,n2 (f) /W@W<d18tgl (P + \/;Ch Bl>>

. : ENG2medG dG
i (o)) e

where C(g2) and N(g2) depend only on structure constants of go. This is because |Z|g, = 1 and
since g is admissible (and ro < rg,/2):

. N (g2
1Z],,,(ph) < 121, (p2)C(g2){distes (o, B2))" .

Now we make two observations: on the one hand, we have by the triangle inequality

2 (1 + \/E|Cl|gg> <diStg‘1’ (ﬂ+ \/541,31» >1+ ‘\/gg‘l’gg + distge <p+ \/gél,Bl)
> (dist (g, +g5)- (0 B1));

on the other hand, we have

1+ /3G +p-p Sl disty, (p+1/56.B2) < 4distgg (p+/356. B2) ).
2

We deduce that

O(gg)2k+2nl +2ns

(dist(g, g2 (0, B1))"™
)kN(!D)—"Z dCl d<2

></ <1+‘\/§C2+P—P2 > :
wow 1+ /2l

Now taking n; arbitrary, k = ny +2dim M + 1 and ny = k[N(g2)] + 2dim M + 1, we observe that
the integral in the right-hand side is bounded by

‘e_i%q:;f(p7 p)} S Nk,nl,ng (f)

g2

/ dGy dGs
wew ((1+[Cilg.)(1+ [Cilgg

which is finite and independent of gs. Indeed, denoting by G5 and G§ the matrices of g5 and g in a
symplectic basis, we have G§ = —JG5'.J where J is the symplectic matrix, hence |det Gg||det Go| =
1.Therefore we have

))QdimM-i-l’

2k+2n1 +2n9

<diSt(E1+g2)“ (p: Bl)>n1 ,

where the constant C' depends only on the dimension of M and the structure constants of gs.
Recalling (4.A.2), we apply the previous estimate, exchanging the roles of By, By and g1, g2, we
obtain

le™2% f(p, p)| < C Ny ns (f) (4.A.4)

2k+2n1+2n2

. ny
(dist(g, +ga) (P, B2))""
with a similar choice of k, ny and ny. Yet in view of the triangle inequality, we have

’e_i%mf(% p)’ < ONgny o (f09) (4.A.5)

. . 1. 1 .
max {dist (g, +5,)7 (0, B1), dist (g, +g,)7 (0, B2) } 2 5 dist (g, 4g2)7 (0, B1) + 5 dist (g, 45,)7 (0, B2)
Therefore we infer from (4.A.4) and (4.A.5) that

21@/+2n/1+2n’2

<diSt(gl+gz)” (p7 Bl) + diSt(g1+g2)" (p7 B2)>n1
This is the sought result. O

€5 (5, )] < ONe s (1)
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4.A.5. Pseudodifferential calculus
4.A.5.1. Compatible metrics

To perform pseudo-differential calculus with two different metrics, we need a some conditions on
these metrics.

Definition 4.A.5. Two admissible metrics g; and go are compatible if there exist C > 0and N >0
such that

2N
910 < C%91,, (P = p1) g
Vpa pP1,p2 € T*M7 2 2]\)/',)1 (4A6)
92.0 < C792,0,(p — p2) o
P
and the joint weight function is less than one:
VpeT*M, h91792 (p) = Sup |<‘91,p = sup |<|92,p <L

cewn{o} ICleg,  cewfoy [Clgg,
We give a sufficient condition for two admissible metrics to be compatible.

Proposition 4.A.6. Let g1 and go be admissible metrics. If gi = gg, and hg, 4, <1, then they are
compatible, and the constants in (4.A.6) depend only on the structure constants of g1 and ga.

Remark 4.A.7. The condition gi = gg is true in particular when ¢; and gs are conformal.

Proof. This is a mere consequence of the improved admissibility property of Proposition 4.1.29 since
gi = gg < g9 and vice versa exchanging the roles of g1 and gs. O

Proposition 4.A.8. Let g1, g2 be compatible admissible metrics. Then the metric § := g1 + g2 s
admissible with slow variation radius r > min{r,, 7y, } and with structure constants depending only
on those of g1, g2 and the constants in (4.A.6). Moreover, the weight hg, 4, is §-admissible and we
have for all p1, pa, py, ph € T*M:

N N
hgl@!]z (p/la pl2) < Ch91®gz (plv p2)<diSt(Qp1+§p/1)“ (317 Bi)> <dis‘5(§p1 +§p/2)“ (327 Bé)> (4A7)

where By = BY(p;), Bj = BY(p}), j = 1,2, for some r <ry/2, and C depends only on the structure
constants of g1, g2 and §.

Proof. The fact that § is admissible follows directly from (4.A.6) together with the temperance of

g1 and g9 yield
2N
91p < C%91p,(p — P ge

Vo, p1,p2 € T*M, (4.A.8)

2N
92,p < 02927P2 <p - p2>g52
The claim on slow variation follows similarly from slow variation of g; and go. See [Hor85, Propo-
sition 18.5.3] for details. Finally for the joint gain function, we do the following: fix pg € T*M and
write By = BZ(po) for some r < r;/2. Then for all p1, p2 € T*M it holds for any non-zero ¢ € W:

[Clg: (P1) [Clgr (P1) / . Ny N
<clbla <d1stA - o (B, B, > <dlstA - o (Ba, B! > :
Clog (76) = € 1Clyg (o) \ It 0ma w7 (B0 B0) ) (3,0 (B2 )
where we used (4.A.8), and taking the supremum with respect to ¢ yields the result. Admissibility
of hgy, 4, With respect to g follows from this estimate with p; = ps and p} = p5. O

4.A.5.2. Proof of pseudo-differential calculus with confined symbols

From the bi-confinement estimate, we can deduce several variations of the pseudo-differential
calculus.

Proof of Proposition 4.2.3. Write for simplicity § = %(g + go). Let vp € Conf?(py) and a €
V~=98(m,g). We introduce a partition of unity (¢,,), er+m adapted to the metric g + go, with
radius k7 < £ min{ry, 7y, }, whose existence is given by Proposition 4.1.34.
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We claim that for any k, the quantity

k
Ne = Ne(p1, po) = g%, s M<diStggl (p’17B1)> <diStg22 (p3, B2) > [V F (P 05)
1P €T

9Bg
is bounded, where 4
f=1o=(0p, ®1) xP*(a @ ), (4.A.9)

and By = B, (p1), Bo = B, (po). We distribute derivatives in V*f on both factors in (4.A.9)
thanks to the Leibniz formula. Hence it suffices to estimate the following terms: on the one hand,

. - k;l
Wk €N, |V(pp © (o )] < (distag, (5. B1)) TenlS o (4.A.10)
on the other hand, we have thanks to Lemma 4.A.2:
VP (0 @), (5. 7)< (2dim MYPREL [V (@@ )] (A1)
< (2dim M) hjfy, |V +a| @ |Vj°+%]
|Vj° |¢|(]0+€;‘rk2)
2dim M) R, m(p), S (m.g) 7 Confy” (po) 4.A12
( ) gEBgo ( 1) dist ( , Bgo( ko ( )
3 Pas Dr PO))
Viog |,L/)|(Jo+f+k2
< (2dim M) RI  m(ph) | S<’” 9) * Cont?” (po) (4.A.13)

. k2
<dlstggo (P, Bg)>

for any ko € N. We used that V/a € S(m,g) and the confinement of 1, and the last step follows
from the fact that §7 < 2¢§ by o-duality and the fact that

1+/€

VCeWN{0}, Gl <7 = L5 < L5 < (k1)?,

that is to say BY°(po) C Bz, because g < k?gp with k > 1. Yet m §-admissible, so we infer that
/ : / N ! : / N : N/
m(py) < Cm(Pl)<dlStgg1 (Pl Bl)> <C m(PO)<d15tggl (P1s B1)> <d18t(g,,1+g,,0)0(317 B2)>
(4.A.14)
Similarly, applying (4.A.7) in Proposition 4.A.8 twice, we have

N N
Ryo (05 95) < Chgoga (o1, p2){distag (o4, Br)) " (disty, (o, B2))

<C'h di B, B N,d'A ", B Nd'A 5, B
< C'hg,go (po)( dist(g,, +4,,)7 (B1, B2) istgg (p1,B1) istgg (P2, B2)

The constants depend only on structure constants of the metrics involved. Combining this with the
estimate on m (4.A.14), inequality (4.A.11) becomes

N

. . N/
VB (0 @)y, (05.05) < Clorgrgoahye (po>m<po><dist@m+§po>o (B1. Ba))

N ) (4.A.15)
. . jo+L+k2 k1)
X <dlstggl (,Dll, Bl)> <dlstggz (p/27 BQ)> ’vjo |S(m ) |1Z)|(C‘}]2nf'zo (PO)) |S0p1 |(Confq (p1)’
and together with (4.A.10), we arrive at
. N’
|vzf|g@go plv /0,2) S Cjo,g,gmﬁh_{]?go (PO) ( )<d18t(9p1 +Qp0) (Bl’ B2)> (4 A 16)

. N=kuy O+ks) k1)
st 0 B0} (st B ) 90l S o
At this stage, we remark that (4.A.15) with p; = p2 and p in place of pj and p} yields
Lo
V@ s v)| o (p.) <

J0,9:90; g g, go( )m(pO)

C;
N o / B Jo (Jo+L+k2)
<dlbt (P, B1) > <dlbt§32 (/027B2)> ‘V ’S(m g)|'(/)|conf90(p0)7
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which is the expected estimate for the continuity of %; in (4.2.5). From (4.A.16), we deduce that
for some k' sufficiently large,

N/
o 1(6) +e4k
N Z Cioganlth g0 (p0)mlpo)(dlist g, 45,0 (Br, B2)) - [VPal ) 1l 9ir) o, |00,

(4 A7)
Therefore the bi-confinement estimate (Proposition 4.A.3) gives for all p € T*M:

L+E k'
|w|(]o++ ) (k")

|VJ° | Conf;° (po) [P0, |Conf2r(m)

S(m,g)

|75 % £ (0, p)] < ChCio 9,905, (P0)p0) Py
<dist(gp1 +0p0)° (,0, Bl) + diSt(Qp1 +800)° (p, B2)>

We got rid of the factor to the power N’ in (4.A.17) thanks to the triangle inequality. Taking k
large enough, we observe that for fixed p, we obtain a quantity that is integrable with respect to

p1. That means that performing sufficiently many integration by parts as in (4.A.3), one has an
absolutely convergent integral, and by Fubini’s theorem, we obtain

/ e f dVoly(py) = e E¥ / (0p, © 1P (a @ 1) dVoly(py) = e~ SPPT (a @ ),
* M T*M
with the estimate

e P (0 @ 8)(p. p)| < ChClog.0015g, (P0)m(p0)

(Jo+L+k") (k")
» / |vj0a|S (m g)|w|C(C))nffO (po) |§0p1 |Consz(p1)

N’ dVOlg (pl)

diSt(éleero)a (p, Bl) + diSt(gpl +3p0)° (p, Bg)>

Now we check the decay as p — oo as follows: from Proposition 4.A.8, the metric § is admissible,
so that

= o . 2N
ﬁgo <C (?]m + gpo) <dlst(§p1 +3p0)° (Blv BQ)> )

which implies that

distg,, +4,0) (. B2) > C~distgs (p, Bg)<dist(§pl 007 (B, Bg)> ,
and by the triangle inequality

diSt(gm +Gp0)7 (p, Bl) + diSt(gpl +0p0)° (p, Bg) > diSt(gpl +0p0)° (Bl7 B2)
Therefore, if k£ was chosen large enough, we can secure

. . —(k=N")
~/T*]V[<d18t(gpl+gm)0 (p,B1) + dlst(gpl+gp0)a(p, B2)> dVolg(p1)

L .
§<distgg0(p7B2)> /T*M<dist(gpl+gpo)a(31,B2)> dVol,(p1).

Then [Lerl0, Lemma 2.2.24] ensures that the integral in the right-hand side is bounded uniformly
with respect to pg.
It remains to integrate the estimate with respect to s € [0,1] to obtain

—n

~ +l+k .
P5(a,9)(p, p)| < CrCliy g.00hg, (p0)m(po ‘Vjoa’5m9)|w|(3j§nf90 p3 <d18t@30('0’32)> ’

which is the desired estimate to establish (4.2.6). O
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4.A.5.3. Proof of pseudo-differential calculus in symbol classes

Proof of Proposition 4.2.2. We indicate how to modify the previous proof in order to obtain the
desired result. Let a; € V7905(mq,g1), as € V7995(ma, g2). As a first step, we have

lani jo+¢
’v ;BJO (al & a2)|(91+92)@(91+92) = CJOh-;?GBgz‘VJO (a’l & a2)|91@92
1 j (£)
< Cyoh91@g2m1 ® mQ‘vmal‘S(m17gl)|V'70a2|5(m2»92)' (4.A.18)

We used the fact that (g1 + g2)%2 > g1 @ g, next we applied Lemma 4.A.2 and we used that
aj € V708S(mj,g5), j =1,2.

Then we observe that the continuity estimate for %;, follows from restricting this estimate to
the diagonal through the chain rule:

|VZ (&Bjo (a1 @ a2)(p, p)) ‘91+92 =G 0<rg11a€}§ |VZ1 ® Vi (‘W“Cll & a2) |(91+92)€B(91+g2)(p’ p)

1 4
< CJO»Zhgl 92( )(m1m2>( )|vma1|5(m1 91)|vjoa2‘g()m2792)'

We now turn to the proof of the continuity estimate for @A‘jo. Write for simplicity § = g1 + go
and fix a partition of unity (¢,,),,er+» adapted to the metric § and with radius r = r4/2, given
by Proposition 4.1.34. Similarly to (4.A.9), we define

f= f01>92 = (‘Pm ® L»Opz) X ‘Bjo (a1 ® az), (4.A.19)

and we show that for any k € N, the quantity

K k
N = Ni(p1, p2) = Juax, | sub M<diStggl (P/17Bl)> <diStgg2 (P/2,32)> [V F (P 05) i09
/ p € *

is bounded, where B; = BJ(p;), j = 1,2. Now in (4.A.18), the admissibility properties of m; and
ma together with (4.A.7) in Proposition 4.A.8 give

B2 00 (01, Ph )M (P} )ma(ph) < Ch2° o (o1, p2)ma(p1)ma(p2)

N/
x <diSt(gpl+gpi)v (P3,31)> <diSt(§p2+§p/2)° (P'27Bz)>
N/

N’

N/
< C'h g, (p) (mams) (o) (distag, (ph, Br)) (distyg, (0, B2))
Nl Nl
X <dist(gm+gp)o (p,B1)> <dlst(gp 4,)° (p,B2)> ,

where B; = BI(p;), Bj = Bg(pé), Jj = 1,2. Plugging this into (4.A.18), then in view of (4.A.19),
we know that for any k, taking advantage of the confinement of ¢, , j = 1,2, one has

N/
N < Cly (2 gy mama) () (distgg (p, B1))  (distyg, <p,32)> 199 [l

S ml 91 S(m2 92
Therefore the bi-confinement estimate (Proposition 4.A.3) yields for all p € T*M:

(e+k") j (e+k") (k")
|VJOCL1 | |V‘70a2 |S(m2 g2) ‘(10,01 |Coan (p1) |90p2 |Confg(p2)

le™ 2% f(p,p)| < C}, (B 5,mama)(p) ;
<d1$t(gp1+gp2)a (p’ Bl) + dlSt gpl +QPQ) (p7 B2)>

X <distgg1 (p, Bl)>N/<distg;2 (p, Bz)>

N’

Yet the admissibility of § yields

~ 2N
a5 < C2(3,, +gp2)0<dist(gpl+gp2)o (Bl,BQ)> L g=1,2
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hence

(+K") (L+K")
|Vjoa ‘S(m1 g1) |v]0a2|5(m2 Q2)|<‘0’)1|Confg (p1) ‘¢p2|conf9(p2)

|e15% £(p, p)| < Cly (20, mams)(p) >k N L)

(dist(, 3,007 (9 B1) + dist,, 14,7 (p: B2)

Admissibility of § again gives

- 2N
(9p; +Gp)7 < C2(9p1 +gpz)U<dlSt(§7m—&-é,,?)f’ (PaBj)> ) J=12,

hence

N
dist(g,, +g,,)7 (P Bj) = CdlSt(g +3,)7 (0, Bj )<d18t(gp +i)7 (P B]+1)>

where (4,7 4+ 1) = (1,2) or (2,1). To conclude, taking k large enough results in

(e+k) (e+k)
|v]0a ‘S(ml gl)|v]0a2|5 (ma2, 92)| p1|Conf‘7 (p1) “pp2|Conf‘7(p2)

) y
<dist(gp1 +3,)° (p, Bl)> <diSt(gp2 +3,)° (p, Bg)>

|6_Z%mf(p7p)| < C]'OJC( g1, ggmlmQ)(p)

for some & depending on ng, which depends itself on structure constants of g1,¢2,§. Taking ng
sufficiently large, [Lerl0, Lemma 2.2.24] ensures that this estimate is integrable with respect to
p1, p2, independently of p. Further integrating in s € [0, 1] provides the sought estimate. O

4.B. Continuity properties of pseudodifferential operators

4.B.1. Distributional continuity

We first recall a reformulation of the Schwartz kernel theorem in the context of the Weyl quan-
tization.

Proposition 4.B.1. Let A: ¥ (M) — ¥'(M) be a continuous linear operator. Then there exists a
tempered distribution a € S’ (T*M) such that A = Op“(a).

Proof. Suppose A = OpY¥(a) with a € #(T*M). From [Fol89, (2.4) p. 80|, the Schwartz kernel K4
and the Weyl symbol a of A are related through the formula

a(x, &) = /V Ka (m - %,l‘ + %) e du. (4.B.1)

In other words, a is the (extended) Wigner transform of K 4. Since the Wigner transform essentially
consists in an affine change of variables and a partial Fourier transform, we deduce that it maps
F(T*M) and ' (T*M) to themselves continuously ([Fol89, Proposition (1.92)]) and therefore the
above formula (4.B.1) still makes sense for general tempered distributions K4. Given a general
continuous linear operator A : (M) — $'(M), the existence and uniqueness of K4 € &' (T*M) is
given by the Schwartz kernel theorem (see for instance [Tré67, Corollary of Theorem 51.7]). That
yields the result. O

Proposition 4.B.2 (Continuity of pseudo-differential operators — [Hor85, Theorem 18.6.2]). Let g
be an admissible metric and m be a g-admissible weight. Then for any a € S(m,g), the operator
Op™(a) maps F (M) to itself continuously, and can be extended as a continuous operator on &' (M).

Proposition 4.B.3 (Continuity of operator with Schwartz kernel — [Zwo12, Theorem 4.1]). Let
ke P (T*M). Then
Op%(k) : S"(T*M) — S (T*M)

15 continuous.
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4.B.2. L? boundedness

We also have the L? boundedness of operators whose symbol lies in S(1, g).

Proposition 4.B.4 (Calderén-Vaillancourt). Let g be an admissible metric. Then there exists a
constant Cy and an integer £y, depending only on dim M and structure constants of g, such that for
all a € S(1,g), the operator Op"(a) extends to a bounded operator on L?(M) and

/,
10" (@)l g 12y < Colal) .

We will need a characterization of pseudo-differential operators, namely, we want to know when
a continuous linear operator A : (M) — S'(M) can be written A = Op“(a) with a symbol
a € S(m,g). We refer to Lerner’s book for proofs of the results below.

In the sequel, we denote affine maps T*M — R by the letter f, and the corresponding operator
by F' = Op™(f).

Proposition 4.B.5 (Beals theorem — [Ler10, Theorem 2.2.6]). There exists ko € N such that the
following holds. Let A : S (M) — (M) be a linear continuous operator and denote by a its Weyl
symbol, so that A= Op%(a). Then for all £ € N, there exists Cp > 0 such that

Ha‘dopw(fl) SLdOpW(fz) a 'adOPW(fi) AH&B(L?)

)

0
|a|( <(Cy max sup
5(1.g) 0<G<hotl fy fy..... £ EAR(T* MR)\{0} \Hp || Hplg - [Hy, |

where g is any flat admissible metric on T* M.

Remark 4.B.6. The independence of kg and above all Cy on g is possible thanks to the requirement
that g is admissible. See the proof of [Ler10, Theorem 2.6.6], with a suitable choice of symplectic
Euclidean coordinates.

4.B.3. Trace class and Hilbert—Schmidt operators

Proposition 4.B.7 (Weyl quantization as an isometry — [Poo66] and [Ber67, Theorem V]). The
Weyl quantization is an isometry between Hilbert spaces:

Op™: L*(T*M) — £* (L*(M)) .
Proposition 4.B.8 (Trace class and duality — [RS80, Theorem VI.26]). The map

L (LA(M)) — K (LA(M))"
A tr(Ae)

s an isometry.

4.C. Technical lemmata on phase space metrics

This section collects miscellaneous technical results related to Weyl-Hormander metrics.

4.C.1. Temperate growth of the Hamiltonian

Lemma 4.C.1 (Temperate growth). Under Assumption 4.1.14, the classical Hamiltonian p satis-
fies (4.1.37).

Proof. We let pg € T*M and we do a Taylor expansion of p at pg:

X 1
¥p e "M, V'p(p) = V'plpo) + V™ p(po)-(p = po) + 5V *p(p0)-(p = po)*

+ /0 %V“?’p((l —s)po +sp) (p — po)° ds.
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Now using the temperance of the metric g the fact that V3p € S (hg_l, g) and the admissibility of
the weight !, we obtain

[V (1= 8)po+50) (0 = p0)*|, < lp = poly, [VF2D (1= $)po + 50)|

Ng+2 (0) _
S Cg<p - p0>ggo+ ‘V€+3p’3(h;179)h9 ! ((1 - S)PO + Sp)

Ng+24+N (0) _
< Colp=po)gs VD g Chy (o).

— Ng
9 9(1—-§)00+Sﬂ0g<8(p p0)>ggo

The terms of order 0, 1 and 2 of the Taylor expansion satisfy the same type of estimate. So in the
end we obtain

N/
V(o). < [V(p)],, <C'(p—po)ys -
PO po PO
The constant C’ depends on £ and pg, but N’ is independent of £. This gives the sought result with
g8=9p,- O

4.C.2. Properties of the temperance weight

We start with a justification of the equalities in (4.1.24). We reproduce the argument of If g;
and go are two definite positive quadratic forms on W, we have for all { € W:

Clog — o(¢. g7 '0¢)? < |C|92|g;10<|92” _ |g;10d9‘2’

|<‘92 |91_10'<|g1|g|gz - |91_1(7<‘g1‘€|gz |91_1(7C‘g1 .

(4.C.1)

We used the Cauchy-Schwarz inequality
0(¢1, G)| = |9(g™ o1, )| < ‘9_10C1|g|C2\g =[Gl o G2l V¢, ¢ € W.

Yet the map ¢ — g7 Lo¢ is an isomorphism, and g1, g2 play a symmetric role, so taking the infimum
and the supremum over ¢ # 0, we obtain

. ‘<|g1" . |<|g;’ |C|g‘1’ _ ‘C|g‘2’
in = inf and sup = sup .
cew\{0} [Clg,  ¢cew\{o} [Clg, cew\{o} [Clg.  cemnioy [Clg,

Proof of Proposition 4.1.31. Slow variation of 8, follows directly from admissibility of ¢ (via 4.1.29
for instance), with the same slow variation radius. The fact that 6, is comparable to 6 (4.1.62)
simply follows from norm equivalence in finite dimension. O

Proposition 4.1.32. We simply write fora any ¢ € W:

[Clag < 0g(p)IClg < 04(p)IClge < Og(p)04g (o) <]

9o "

The second assertion is proved as follows. For any non-zero ¢ € W

|C|q |C|g" |C|q" 2
1=—2=x X —=—=— < h,0%,
[Clg= = €y~ [Cle T

where we took advantage of the fact that g = g. O

4.C.3. Slow variation radius
To any slowly varying metric, we can associate a number:

Ry :=sup{r e Ry :3C > 0:Vpy € T*M,Vp € BY(po), C™ 29y, < gp < C’Qgpo} € [0, 4+o0).
(4.C.2)

Lemma 4.C.2. If for any r < Ry we set
Cy(r) :=inf {C € Ry : Ypo, p € T*M, (|p— polg,, <7 = C72g,, < g, < C%gp,) } € [1,+00),
we have

Ry =400 or Cy(r) —— +o0.

T'—)T‘g
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Proof. Indeed, if R, < oo, we can do the following for any r € (0,R;) and C' > Cy(r): pick
po, p € T*M such that |p — pg\gpo <r(1+ C™1). Introducing

pl frng pO + rﬂ,
lp— /00|_c;rp0
we have [p1 — polg,, = so that
Cngpo S gp1 S Ozgp(ﬁ (403)

which yields in particular

o= pily, <Clp—pil, =Clo—pol,, (1 o= pol_ )-C(T(HC )—r)=r.

9po

Slow variation again implies
C_ng <gp < 029/)17

and therefore, combined with (4.C.3), we obtain
0_4990 <9 < C49po~

That means that 7(1+C~!) < R,, which can be rewritten as C > (% —1)~L. Taking the infimum

in C, that leads to
r

>
Cg(r) = Rg _’I”

which goes to infinity as r — R O

4.C.4. Improved admissibility

The temperance property introduced in Definition 4.1.6 is not homogeneous under multiplication
by a conformal factor. This indicates that temperance as introduced in 4.1.6 is not sharp. Indeed,
it turns out that admissible metrics satisfy a stronger temperance property than the one we stated
in Definition 4.1.6. It involves the so-called symplectic intermediate metric.

Lemma 4.C.3 (Symplectic intermediate metric — [Ler10, Proposition 2.2.20]). Let g be an admis-
sible metric. Then the symplectic intermediate metric g° defined as the harmonic mean of g and g°
(see [Ler10, Definition 2.2.19]) is admissible and satisfies

g - o
g<hyg' <g'=(g")" <h,'g" < g°.

Moreover, any g-admissible weight is also g*-admissible.

Proof of Proposition 4.1.29. By [Lerl0, Proposition 2.2.20], there exist C' > 0 and N > 0 such that

* 2N
Vpl,Pz eT Ma 9po < C’29171 <P2 - P1>(ggl+g52)g-

Given pg,p € T*M, we apply the above inequality to p, € BI(po) and p’ € B(p) that achieve the
minimal distance between the two balls, where r = 2 min(Ry, R,:) (see (4.C.2)). Combining this
with slow variation of ¢ in each ball yields

2N 2N
9p = OgQ(Tg)gp/ = CZ(Tg)02<P6 - PI>(gh, +g°)o 90 = Cﬁ(rg)02<ﬂé - Pl>(gh, +gf,)7 90"
Po P Po P
We finally use slow variation of g% on each of the balls to obtain
2N
9o < Cg(Rg/Q)Cgu (Rgh/2)c2</’6 - PI>(ggo+gg)agp“

Therefore we set ry, = r, Cy = C2(Ry/2)Cy: (Ry:/2)C and Ny, = N, and the conclusion follows by

multiplying on both sides By e2(A+21)t]

We proceed similarly for the weight function; see [Ler10, Proposition 2.2.20 and Lemma 2.2.25].
O
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4.C.5. Equivalent seminorms on spaces of confined symbols

The space Conf;(po) can be topologized in two distinct but equivalent ways, measuring the size
of derivatives with respect to g or to the constant metric g,,. For a Riemannian metric g, we set

|,¢|(£) _ = max sup sup |Vj¢(X1aX27~'~7Xj)|
Confy(Po)-d = 5<0 e Xy Xa,ox er(rnm) 1 X1lglXalg - 1X;lg

(0){distyg, (p. BYp0))) -
(4.C.4)

Lemma 4.C.4 (Equivalent seminorms on Conf| (po)). Then there exists and integer k and a constant
C > 0 such that for any r < ry, we have

. (¢ ¢
VL e N, Yy € Confy(po), OG0 (o) < 1¥lGant < 'l Gt

Conf} (p0),9py —

0):9
Proof. The proof relies on the improved admissibility property of Proposition 4.1.29:

2N
g < C2(distyz, (p BL00))) Gpn:

and the same exchanging g, and g,,. Plugging this in the denominator of (4.C.4) gives the desired
estimate with C = Cy and k = [N]. O

4.D. Faa di Bruno formula

Before stating the main result on the derivatives of the Hamiltonian flow, we recall and comment
the classical Faa di Bruno formula, that allows to compute derivatives of a composition of two
functions. We follow the presentation from the appendix of [Lerl0]. We redo the proofs as we
consider vector valued functions, and not only scalar function. To simplify the writing, we will
denote by bold letters multi-indices. For instance, we will write n = (n1,n2,...,n;) € N/. The
length of such a multi-index is

n|=ny+ne+---+nj.

For any smooth function f, we also use the shorthand
VRE(X) = (V7 £(X), V2 £.(X72), .. V% £.(X7)), (4.0.1)

as well as
n! =nqlng! - njl

Lemma 4.D.1 (Faa di Bruno formula). Let H : T*M — TT*M be a vector field and ¢ : T*M —
T*M a smooth function. Then for any vector field X on T*M and any integer £ > 1, we have for
all pe T*M:

%vf(Hm Z Z VJH ( V2. (X“)).
J=1 ne(N
In|= Z

Proof. We establish the equality by induction. For ¢ = 1, this is nothing but the chain rule. Suppose
the formula is true for some ¢ > 1. We differentiate once again, using the Leibniz formula:

¢ 1. 1
= > T(WﬂH)W)'a (VMo (X™), V™2e.(X"2), -,V 6.(X™), V. X)

j=1n 1+7l2+“'+71j:€

1 1 ; n;
O (T, v (0, L))
j no. Uurs
1 1
+ (O (TP o0, Lo e Lo o))
].

1 I .
+- j(VJH)¢(p)< VG (XM, 2|v"2¢.(X”2),-.-,—n"vnﬁhﬁ.(x ﬁl)).
! o
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The first term appears when the derivative hits V7 H, thus leading to an extra V¢.X as input vector
of de derivative of H, while the other terms correspond to the derivative landing on each derivative
of ¢, according to the Leibniz rule. We symmetrize the term coming from the chain rule:

1 . 1
(T (2 (779 (X7), T2 (X72), - T (X™), T6.)
j+1

— 1 i1 i ny n na na2y ... n; n;
_kZ:l(j-i-l)!(V]Jr H)g(p) =7 (VH6.(X™), V6. (X72), oo VX, VH.(X™)),

where V¢.X is inserted in the k-th slot. Here we used crucially that successive derivatives are
symmetric tensors, due to the fact that our connection has vanishing torsion and curvature. So at
this stage, it remains to sort out the factorials. As we saw, we have to deal with two types of terms
of degree j (that is, containing the j-th derivative of H): those resulting from the chain rule and
those resulting from the Leibniz rule. The first and second type of terms correspond respectively to
partitions of the form

ny+ny (1) 440y =04+1,  nitng+o 140 =041

So we must count how many partitions of the form n} +nj+---+n’ = £ and nj +np+---+n’_; =4
leading to a fixed partition ny +mng+-- - +n; = £+ 1 through this process. For any k € {1,2,...,j},
we look at how one can produce a new partition at step £ + 1 from a partition at step ¢, changing
only the k-th slot. Either n; = 1 and we can build our partition at step £+ 1 from the same partition
with j — 1 blocks, without ny; or ny > 2 and we can build our new partition from the same partition
with j blocks, with ny — 1 > 1 in place of ng. In this latter case, we have to take into account an
extra factor ny in order to have the good factorial in front of V"*¢. Denoting by m the number of

indices k such that ny = 1, we get a factor

1 1 {41
= m+ > = (mtne+-+n)=——.
J: ng>2 J: J:
kZ
We obtain the desired result after dividing by ¢ + 1. O

Remark 4.D.2 (Polarization). Notice that this lemma allows to compute only diagonal elements
of the symmetric tensor V(H o ¢). This is not a problem since any tuple (X1, Xo,...,X,) can
be written as a sum of tuples having all the same components (this is nothing but polarization of
multilinear forms).

Remark 4.D.3 (Combinatorics of the Faa di Bruno formula). The number of terms in the right-

hand side of the formula is 2¢~1. This can be seen in two ways. For instance in the one-dimensional

scalar case, one can apply the formula to the function f(z) = %= at x = 0. For any £ € N*, we

have % f®(0) = 1 from the series expansion, and on the left-hand side of the formula, expanding
(fof) (@) = 1= around x = 0 tells us that % (fo £)©(0) = 21, hence the result. Otherwise, one

1-2x
can count how many tuples (ni, na,...,n;) of positive integers sum to ¢. Considering such a tuple
is equivalent to the data of the j — 1 partial sums ny +no +---+ng, k=1,2,...,j5 — 1, that range
from 1 to £ — 1. Thus there are (fj) such partitions. Summing over j = 1,2,...,¢, one recovers

that there are indeed 2¢~! terms in the formula.



Bibliography

[AFKM15] Nalini Anantharaman, Clotilde Fermanian Kammerer, and Fabricio Macid. Semiclassical com-

[AL14]

[ALM16a)
[ALM16b)]
[AM10]

[AM12]

[AM14]
[AM22a]
[AM22b]

[ANO7]

[AN09a]
[ANO9b)
[Ana0g]
[Anal0]
[AR12]
[AR20]

[Arn&9]

[BBR10]
[BBZ13]
[BC15]
[Bea74]

[BeaT75s]
[Bea77]

[BeaT79]

pletely integrable systems: long-time dynamics and observability via two-microlocal Wigner
measures. Amer. J. Math., 137(3):577-638, 2015.

Nalini Anantharaman and Matthieu Léautaud. Sharp polynomial decay rates for the damped
wave equation on the torus. Anal. PDE, 7(1):159-214, 2014. With an appendix by Stéphane
Nonnenmacher.

Nalini Anantharaman, Matthieu Léautaud, and Fabricio Macia. Delocalization of quasimodes
on the disk. C. R. Math. Acad. Sci. Paris, 354(3):257-263, 2016.

Nalini Anantharaman, Matthieu Léautaud, and Fabricio Macia. Wigner measures and observ-
ability for the Schrodinger equation on the disk. Invent. Math., 206(2):485-599, 2016.

Daniel Azagra and Fabricio Macia. Concentration of symmetric eigenfunctions. Nonlinear Anal.,
73(3):683-688, 2010.

Nalini Anantharaman and Fabricio Macia. The dynamics of the Schrédinger flow from the point

of view of semiclassical measures. In Spectral geometry, volume 84 of Proc. Sympos. Pure Math.,
pages 93-116. Amer. Math. Soc., Providence, RI, 2012.

Nalini Anantharaman and Fabricio Macia. Semiclassical measures for the Schrodinger equation
on the torus. J. Fur. Math. Soc. (JEMS), 16(6):1253-1288, 2014.

Victor Arnaiz and Fabricio Macia. Localization and delocalization of eigenmodes of harmonic
oscillators. Proc. Amer. Math. Soc., 150(5):2195-2208, 2022.

Victor Arnaiz and Fabricio Macia. Concentration of quasimodes for perturbed harmonic oscil-
lators. arXiv:2206.10307 [math.AP], 2022.

Nalini Anantharaman and Stéphane Nonnenmacher. Half-delocalization of eigenfunctions for
the Laplacian on an Anosov manifold. Ann. Inst. Fourier (Grenoble), 57(7):2465-2523, 2007.
Festival Yves Colin de Verdiére.

Nalini Anantharaman and Stéphane Nonnenmacher. Chaotic vibrations and strong scars. Eur.
Math. Soc. Newsl., (74):19-24, 2009.

Nalini Anantharaman and Stéphane Nonnenmacher. Vibrations chaotiques et grosses balafres.
Gaz. Math., (119):16-32, 20009.

Nalini Anantharaman. Entropy and the localization of eigenfunctions. Ann. of Math. (2),
168(2):435-475, 2008.

Nalini Anantharaman. Spectral deviations for the damped wave equation. Geom. Funct. Anal.,
20(3):593-626, 2010.

Nalini Anantharaman and Gabriel Riviére. Dispersion and controllability for the Schrodinger
equation on negatively curved manifolds. Anal. PDE, 5(2):313-338, 2012.

Victor Arnaiz and Gabriel Riviére. Semiclassical asymptotics for nonselfadjoint harmonic oscil-
lators. Pure and Applied Analysis, to appear, 2020.

Vladimir Igorevich Arnol’d. Mathematical methods of classical mechanics, volume 60 of Graduate
Texts in Mathematics. Springer-Verlag, New York, 1989. Translated from the 1974 Russian
original by K. Vogtmann and A. Weinstein, Corrected reprint of the second (1989) edition.

Jean-Francois Bony, Nicolas Burq, and Thierry Ramond. Minoration de la résolvante dans le
cas captif. C. R. Math. Acad. Sci. Paris, 348(23-24):1279-1282, 2010.

Jean Bourgain, Nicolas Burq, and Maciej Zworski. Control for Schrédinger operators on 2-tori:
rough potentials. J. Fur. Math. Soc. (JEMS), 15(5):1597-1628, 2013.

Nicolas Burq and Hans Christianson. Imperfect geometric control and overdamping for the
damped wave equation. Comm. Math. Phys., 336(1):101-130, 2015.

Richard Beals. Spatially inhomogeneous pseudodifferential operators. II. Comm. Pure Appl.
Math., 27:161-205, 1974.

Richard Beals. A general calculus of pseudodifferential operators. Duke Math. J., 42:1-42, 1975.
Richard Beals. Characterization of pseudodifferential operators and applications. Duke Math.
J., 44(1):45-57, 1977.

Richard Beals. Correction to: “Characterization of pseudodifferential operators and applica-
tions” (Duke Math. J. 44 (1977), no. 1, 45-57). Duke Math. J., 46(1):215, 1979.

241


https://arxiv.org/abs/2206.10307

242

[Ber67]
[BF73]
[BF74]
[BG20]
[BGP99]
[BHO7]
[BJ16]

[BLRSS)

[BLR92]

[BLR22

[Bon94]

[Bon96]

[Bon97]
[Bon03]

[Bon07]

[Bon09]

[Bon13]

[BRO2]
[Bur04]
[BZ0A]
[BZ12]
[BZ16]
[BZ19]

[CdVs5]

BIBLIOGRAPHY

Feliks Aleksandrovich Berezin. A certain representation of operators by means of functionals.
Trudy Moskov. Mat. Obsc., 17:117-196, 1967.

Richard Beals and Charles Fefferman. Classes of spatially inhomogeneous pseudodifferential
operators. Proc. Nat. Acad. Sci. U.S.A., 70:1500-1501, 1973.

Richard Beals and Charles Fefferman. Spatially inhomogeneous pseudodifferential operators. I.
Comm. Pure Appl. Math., 27:1-24, 1974.

Nicolas Burq and Patrick Gérard. Stabilization of wave equations on the torus with rough
dampings. Pure Appl. Anal., 2(3):627-658, 2020.

Dario Bambusi, Sandro Graffi, and Thierry Paul. Long time semiclassical approximation of
quantum flows: a proof of the Ehrenfest time. Asymptot. Anal., 21(2):149-160, 1999.

Nicolas Burq and Michael Hitrik. Energy decay for damped wave equations on partially rect-
angular domains. Math. Res. Lett., 14(1):35-47, 2007.

Nicolas Burq and Romain Joly. Exponential decay for the damped wave equation in unbounded
domains. Commun. Contemp. Math., 18(6):1650012, 27, 2016.

Claude Bardos, Gilles Lebeau, and Jeffrey Rauch. Un exemple d’utilisation des notions de
propagation pour le contréle et la stabilisation de problémes hyperboliques. Rend. Sem. Mat.
Univ. Politec. Torino, (Special Issue):11-31 (1989), 1988. Nonlinear hyperbolic equations in
applied sciences.

Claude Bardos, Gilles Lebeau, and Jeffrey Rauch. Sharp sufficient conditions for the observation,
control, and stabilization of waves from the boundary. SIAM J. Control Optim., 30:1024-1065,
1992.

Dario Bambusi, Beatrice Langella, and Marc Rouveyrol. On the stable eigenvalues of perturbed
anharmonic oscillators in dimension two. Comm. Math. Phys., 390(1):309-348, 2022.

Jean-Michel Bony. Opérateurs intégraux de Fourier et calcul de Weyl-Hérmander (cas d’une
métrique symplectique). In Journées “Equations aux Dérivées Partielles” (Saint-Jean-de-Monits,
1994), pages Exp. No. IX, 14. Ecole Polytech., Palaiseau, 1994.

Jean-Michel Bony. Weyl quantization and Fourier integral operators. In Partial differential
equations and mathematical physics (Copenhagen, 1995; Lund, 1995), volume 21 of Progr.
Nonlinear Differential Equations Appl., pages 45-57. Birkhduser Boston, Boston, MA, 1996.

Jean-Michel Bony. Fourier integral operators and Weyl-Hérmander calculus. In New trends in
microlocal analysis (Tokyo, 1995), pages 3—-21. Springer, Tokyo, 1997.

Jean-Michel Bony. Evolution equations and microlocal analysis. In Hyperbolic problems and
related topics, Grad. Ser. Anal., pages 17—40. Int. Press, Somerville, MA, 2003.

Jean-Michel Bony. Analyse microlocale et équations d’évolution. In Séminaire: Equations aux
Dérivées Partielles. 2006—2007, Sémin. Equ. Dériv. Partielles, pages Exp. No. XX, 16. Ecole
Polytech., Palaiseau, 2007.

Jean-Michel Bony. Evolution equations and generalized Fourier integral operators. In Ad-
vances in phase space analysis of partial differential equations, volume 78 of Progr. Nonlinear
Differential Equations Appl., pages 59-72. Birkhduser Boston, Boston, MA, 2009.

Jean-Michel Bony. On the characterization of pseudodifferential operators (old and new). In
Studies in phase space analysis with applications to PDEs, volume 84 of Progr. Nonlinear
Differential Equations Appl., pages 21-34. Birkhduser/Springer, New York, 2013.

Abdelkader Bouzouina and Didier Robert. Uniform semiclassical estimates for the propagation
of quantum observables. Duke Math. J., 111(2):223-252, 2002.

Nicolas Burq. Smoothing effect for Schrédinger boundary value problems. Duke Math. J.,
123(2):403-427, 2004.

Nicolas Burq and Maciej Zworski. Geometric control in the presence of a black box. J. Amer.
Math. Soc., 17(2):443-471, 2004.

Nicolas Burq and Maciej Zworski. Control for Schrédinger operators on tori. Math. Res. Lett.,
19(2):309-324, 2012.

Nicolas Burq and Claude Zuily. Concentration of Laplace eigenfunctions and stabilization of
weakly damped wave equation. Comm. Math. Phys., 345(3):1055-1076, 2016.

Nicolas Burq and Maciej Zworski. Rough controls for Schrédinger operators on 2-tori. Ann. H.
Lebesgue, 2:331-347, 2019.

Yves Colin de Verdiére. Ergodicité et fonctions propres du laplacien. Comm. Math. Phys.,
102(3):497-502, 1985.



BIBLIOGRAPHY 243

[CG23]
[Cha74]
[Chi79]
[Chr07]
[Chr10]
[Chrl1]

[CR97]

[CSVW14]
[dB24]
[Deng6]
[DG75]
[DG14]
[DG17]
[DHT2]
[DJ18]
[DIN22]
[DLOY]
[DLRL14]
[Doi05]
[DR77]

[DS99)

[DSV23]

[Dur]
[Dyalb]
[Dyal9]

[DZ16]

Yaiza Canzani and Jeffrey Galkowski. Weyl remainders: an application of geodesic beams.
Invent. Math., 232(3):1195-1272, 2023.

Jacques Chazarain. Formule de Poisson pour les variétés riemanniennes. Invent. Math., 24:65—
82, 1974.

Boris V Chirikov. A universal instability of many-dimensional oscillator systems. Physics
Reports, 52(5):263-379, 1979.

Hans Christianson. Semiclassical non-concentration near hyperbolic orbits. J. Funct. Anal.,
246(2):145-195, 2007.

Hans Christianson. Corrigendum to “Semiclassical non-concentration near hyperbolic orbits”
[J. Funct. Anal. 246 (2) (2007) 145-195]. J. Funct. Anal., 258(3):1060-1065, 2010.

Hans Christianson. Quantum monodromy and nonconcentration near a closed semi-hyperbolic
orbit. Trans. Amer. Math. Soc., 363(7):3373-3438, 2011.

Monique Combescure and Didier Robert. Semiclassical spreading of quantum wave packets and
applications near unstable fixed points of the classical flow. Asymptot. Anal., 14(4):377-404,
1997.

Hans Christianson, Emmanuel Schenck, Andrds Vasy, and Jared Wunsch. From resolvent esti-
mates to damped waves. J. Anal. Math., 122:143-162, 2014.

Louis Albert de Broglie. Recherches sur la théorie des quanta. PhD thesis, Theése de Doctorat,
1924.

Nils Dencker. The Weyl calculus with locally temperate metrics and weights. Ark. Mat.,
24(1):59-79, 1986.

Johannes J. Duistermaat and Victor W. Guillemin. The spectrum of positive elliptic operators
and periodic bicharacteristics. Invent. Math., 29(1):39-79, 1975.

Semyon Dyatlov and Colin Guillarmou. Microlocal limits of plane waves and Eisenstein func-
tions. Ann. Sci. Ec. Norm. Supér. (4), 47(2):371-448, 2014.

Semyon Dyatlov and Jeffrey Galkowski. Fractal Weyl laws and wave decay for general trapping.
Nonlinearity, 30(12):4301-4343, 2017.

Johannes J. Duistermaat and Lars Hormander. Fourier integral operators. I1. Acta Mathematica,
128(none):183 — 269, 1972.

Semyon Dyatlov and Long Jin. Semiclassical measures on hyperbolic surfaces have full support.
Acta Math., 220(2):297-339, 2018.

Semyon Dyatlov, Long Jin, and Stéphane Nonnenmacher. Control of eigenfunctions on surfaces
of variable curvature. J. Amer. Math. Soc., 35(2):361-465, 2022.

Belhassen Dehman and Gilles Lebeau. Analysis of the HUM control operator and exact con-
trollability for semilinear waves in uniform time. SIAM J. Control Optim., 48(2):521-550, 2009.

Belhassen Dehman, Jérome Le Rousseau, and Matthieu Léautaud. Controllability of two cou-
pled wave equations on a compact manifold. Arch. Ration. Mech. Anal., 211(1):113-187, 2014.

Shin-ichi Doi. Smoothness of solutions for Schrodinger equations with unbounded potentials.
Publ. Res. Inst. Math. Sci., 41(1):175-221, 2005.

Szymon Dolecki and David L. Russell. A general theory of observation and control. SIAM J.
Control Optim., 15(2):185-220, 1977.

Mouez Dimassi and Johannes Sjostrand. Spectral asymptotics in the semi-classical limit, vol-
ume 268 of London Mathematical Society Lecture Note Series. Cambridge University Press,
Cambridge, 1999.

Alexander Dicke, Albrecht Seelmann, and Ivan Veseli¢. Correction: Uncertainty Principle for
Hermite Functions and Null-Controllability with Sensor Sets of Decaying Density. J. Fourier
Anal. Appl., 29(2):Paper No. 18, 2023.

Arnaud Durand. Topics in metric number theory. Lecture notes, https://www.imo.
universite-paris-saclay.fr/~arnaud.durand/files/topics_mnt.pdf.

Semyon Dyatlov. Resonance projectors and asymptotics for r-normally hyperbolic trapped sets.
J. Amer. Math. Soc., 28(2):311-381, 2015.

Semyon Dyatlov. An introduction to fractal uncertainty principle. J. Math. Phys., 60(8):081505,
31, 2019.

Semyon Dyatlov and Maciej Zworski. Dynamical zeta functions for Anosov flows via microlocal
analysis. Ann. Sci. Ec. Norm. Supér. (4), 49(3):543-577, 2016.


https://www.imo.universite-paris-saclay.fr/~arnaud.durand/files/topics_mnt.pdf
https://www.imo.universite-paris-saclay.fr/~arnaud.durand/files/topics_mnt.pdf

244

[DZ19]
[EG15]
[Ego69]
[ENOO]
[ER17]
[EW11]
[FK00]
[FKO5]
[FKG02]
[FN04]
[FNDBO3]
[Fol89)]
[FS11]
[FT23a]
[FT23b)
[GeaTs]
[Gér91al
[Gér91b)
[GL93]
[Ham28]
[Har89]
[Har96]
[Has10]
[HHMO09]
[Hit03]
[Hor67]

[Hor71al
[H6r71b]

BIBLIOGRAPHY

Semyon Dyatlov and Maciej Zworski. Mathematical theory of scattering resonances, volume 200
of Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 2019.
Lawrence C. Evans and Ronald F. Gariepy. Measure theory and fine properties of functions.
Textbooks in Mathematics. CRC Press, Boca Raton, FL, revised edition, 2015.

Yurii Vladimirovich Egorov. The canonical transformations of pseudodifferential operators.
Uspehi Mat. Nauk, 24(5(149)):235-236, 1969.

Klaus-Jochen Engel and Rainer Nagel. One-parameter semigroups for linear evolution equations,
volume 194 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.

Suresh Eswarathasan and Gabriel Riviere. Perturbation of the semiclassical Schrédinger equa-
tion on negatively curved surfaces. J. Inst. Math. Jussieu, 16(4):787-835, 2017.

Manfred Einsiedler and Thomas Ward. FErgodic theory with a view towards mumber theory,
volume 259 of Graduate Texts in Mathematics. Springer-Verlag London, Ltd., London, 2011.
Clotilde Fermanian Kammerer. Mesures semi-classiques 2-microlocales. C. R. Acad. Sci. Paris
Sér. I Math., 331(7):515-518, 2000.

Clotilde Fermanian Kammerer. Analyse & deux échelles d’une suite bornée de L? sur une
sous-variété du cotangent. C. R. Math. Acad. Sci. Paris, 340(4):269-274, 2005.

Clotilde Fermanian Kammerer and Patrick Gérard. Mesures semi-classiques et croisement de
modes. Bull. Soc. Math. France, 130(1):123-168, 2002.

Frédéric Faure and Stéphane Nonnenmacher. On the maximal scarring for quantum cat map
eigenstates. Comm. Math. Phys., 245(1):201-214, 2004.

Frédéric Faure, Stéphane Nonnenmacher, and Stephan De Bievre. Scarred eigenstates for quan-
tum cat maps of minimal periods. Comm. Math. Phys., 239(3):449-492, 2003.

Gerald B. Folland. Harmonic analysis in phase space, volume 122 of Annals of Mathematics
Studies. Princeton University Press, Princeton, NJ, 1989.

Frédéric Faure and Johannes Sjostrand. Upper bound on the density of Ruelle resonances for
Anosov flows. Comm. Math. Phys., 308(2):325-364, 2011.

Frédéric Faure and Masato Tsujii. Fractal Weyl law for the Ruelle spectrum of Anosov flows.
Ann. H. Lebesgue, 6:331-426, 2023.

Frédéric Faure and Masato Tsujii. Micro-local analysis of contact Anosov flows and band
structure of the Ruelle spectrum. arXiv:2102.11196 [math.DS], 2023.

Larry Gearhart. Spectral theory for contraction semigroups on Hilbert space. Trans. Amer.
Math. Soc., 236:385-394, 1978.

Patrick Gérard. Mesures semi-classiques et ondes de Bloch. In Séminaire sur les Equations auz
Dérivées Partielles, 1990-1991, pages Exp. No. XVI, 19. Ecole Polytech., Palaiseau, 1991.

Patrick Gérard. Microlocal defect measures. Comm. Partial Differential Equations, 16(11):1761—
1794, 1991.

Patrick Gérard and Eric Leichtnam. Ergodic properties of eigenfunctions for the Dirichlet
problem. Duke Math. J., 71(2):559-607, 1993.

William Rowan Hamilton. Theory of Systems of Rays. Number vol. 4 in Theory of Systems of
Rays. 1828.

Alain Haraux. Séries lacunaires et controle semi-interne des vibrations d’une plaque rectangu-
laire. J. Math. Pures Appl. (9), 68(4):457-465 (1990), 1989.

Lawrence A. Harris. Bernstein’s polynomial inequalities and functional analysis. Irish Math.
Soc. Bull., (36):19-33, 1996.

Andrew Hassell. Ergodic billiards that are not quantum unique ergodic. Ann. of Math. (2),
171(1):605-619, 2010. With an appendix by the author and Luc Hillairet.

Andrew Hassell, Luc Hillairet, and Jeremy Marzuola. Eigenfunction concentration for polygonal
billiards. Comm. Partial Differential Equations, 34(4-6):475-485, 2009.

Michael Hitrik. FEigenfrequencies and expansions for damped wave equations. Methods Appl.
Anal., 10(4):543-564, 2003.

Lars Héormander. Pseudo-differential operators and hypoelliptic equations. In Singular Integrals
(Proc. Sympos. Pure Math., Chicago, Ill., 1966), pages 138-183. Amer. Math. Soc., Providence,
RI, 1967.

Lars Hormander. Fourier integral operators. I. Acta Mathematica, 127(none):79 — 183, 1971.

Lars Héormander. On the existence and the regularity of solutions of linear pseudo-differential
equations. Enseign. Math. (2), 17:99-163, 1971.


https://arxiv.org/abs/2102.11196

BIBLIOGRAPHY 245

[Hor79)
[Hors5)

[Hor94]

[HS04]

[HS05]

[HS08a]

[HS08b)

[Hua85]
[HWW22]
[Jafoo]

[Jako7]
[Jin18]

[Jin20]

[1299]

[KNG65]
[Kom92]
[Laul4]

[LBM23]

[Leb92a)
[Leb92b]

[Leb96]

[Lee09]
[Leel8]
[Ler10]

[Ler14]

Lars Hormander. The Weyl calculus of pseudodifferential operators. Comm. Pure Appl. Math.,
32(3):360-444, 1979.

Lars Hormander. The Analysis of Linear Partial Differential Operators, volume III. Springer-
Verlag, 1985. Second printing 1994.

Lars Hormander. The analysis of linear partial differential operators. IV, volume 275 of
Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, Berlin, 1994. Fourier inte-
gral operators, Corrected reprint of the 1985 original.

Michael Hitrik and Johannes Sjéstrand. Non-selfadjoint perturbations of selfadjoint operators
in 2 dimensions. I. Ann. Henri Poincaré, 5(1):1-73, 2004.

Michael Hitrik and Johannes Sjostrand. Nonselfadjoint perturbations of selfadjoint operators
in two dimensions. II. Vanishing averages. Comm. Partial Differential Fquations, 30(7-9):1065—
1106, 2005.

Michael Hitrik and Johannes Sjostrand. Non-selfadjoint perturbations of selfadjoint operators
in two dimensions. IITa. One branching point. Canad. J. Math., 60(3):572-657, 2008.

Michael Hitrik and Johannes Sjostrand. Rational invariant tori, phase space tunneling, and
spectra for non-selfadjoint operators in dimension 2. Ann. Sci. Ec. Norm. Supér. (4), 41(4):511—
571, 2008.

Fa Lun Huang. Characteristic conditions for exponential stability of linear dynamical systems
in Hilbert spaces. Ann. Differential Equations, 1(1):43-56, 1985.

Shanlin Huang, Gengsheng Wang, and Ming Wang. Observable sets, potentials and Schrédinger
equations. Comm. Math. Phys., 395(3):1297-1343, 2022.

Stéphane Jaffard. Controle interne exact des vibrations d’une plaque rectangulaire. Portugal.
Math., 47(4):423-429, 1990.

Dmitry Jakobson. Quantum limits on flat tori. Ann. of Math. (2), 145(2):235-266, 1997.

Long Jin. Control for Schrédinger equation on hyperbolic surfaces. Math. Res. Lett., 25(6):1865—
1877, 2018.

Long Jin. Damped wave equations on compact hyperbolic surfaces. Comm. Math. Phys.,
373(3):771-794, 2020.

Dmitry Jakobson and Steve Zelditch. Classical limits of eigenfunctions for some completely
integrable systems. In Emerging applications of number theory (Minneapolis, MN, 1996), volume
109 of IMA Vol. Math. Appl., pages 329-354. Springer, New York, 1999.

Joseph J. Kohn and Louis Nirenberg. An algebra of pseudo-differential operators. Comm. Pure
Appl. Math., 18:269-305, 1965.

Vilmos Komornik. On the exact internal controllability of a Petrowsky system. J. Math. Pures
Appl. (9), 71(4):331-342, 1992.

Camille Laurent. Internal control of the Schrodinger equation. Math. Control Rel. Fields,
4(2):161-186, 2014.

Kévin Le Balc’h and Jérémy Martin. Observability estimates for the Schrédinger equation in the

plane with periodic bounded potentials from measurable sets. arXiv:2304.08050 [math.AP],
2023.

Gilles Lebeau. Control for hyperbolic equations. In Journées “Fquations auz Dérivées Partielles”
(Saint-Jean-de-Monts, 1992), page 24. Ecole Polytech., Palaiseau, 1992.

Gilles Lebeau. Controle de I’équation de Schrodinger. J. Math. Pures Appl. (9), 71(3):267-291,
1992.

Gilles Lebeau. Equation des ondes amorties. In Algebraic and geometric methods in mathematical
physics (Kaciveli, 1998), volume 19 of Math. Phys. Stud., pages 73-109. Kluwer Acad. Publ.,
Dordrecht, 1996.

Jeffrey M. Lee. Manifolds and differential geometry, volume 107 of Graduate Studies in Math-
ematics. American Mathematical Society, Providence, RI, 2009.

John M. Lee. Introduction to Riemannian manifolds, volume 176 of Graduate Texts in Mathe-
matics. Springer, Cham, second edition, 2018.

Nicolas Lerner. Metrics on the phase space and non-selfadjoint pseudo-differential operators.
Birkh&auser Verlag, Basel, 2010.

Nicolas Lerner. A course on integration theory. Birkhduser/Springer, Basel, 2014. Including
more than 150 exercises with detailed answers.


https://arxiv.org/abs/2304.08050

246

[Lin06]
[Lio88]
[Lis57]
[LL16]
[LL17]
[LP93]
[LRO5]

[LRLR22a]

[LRLR22b]

[Lé23]
[Mac08]
[Mac10]

[Macl5]

[Mar02]
[Mar22]
[Mil96]

[Mil97]

[Mil05]
[Mil12]
[MN]
[MN09]
[MPS21]
[MR16]
[MR18]

[MR19)

BIBLIOGRAPHY

Elon Lindenstrauss. Invariant measures and arithmetic quantum unique ergodicity. Ann. of
Math. (2), 163(1):165-219, 2006.

Jacques-Louis Lions. Contrélabilité exacte, perturbations et stabilisation de systémes distribués.
Tome 1, volume 8 of Recherches en Mathématiques Appliquées. Masson, Paris, 1988.

Jules Lissajous. Mémoire sur ’étude optique des mouvements vibratoires. Annal. Chim. Phys.,
51:147-231, 1857.

Camille Laurent and Matthieu Léautaud. Uniform observability estimates for linear waves.
ESAIM Control Optim. Calc. Var., 22(4):1097-1136, 2016.

Matthieu Léautaud and Nicolas Lerner. Energy decay for a locally undamped wave equation.
Ann. Fac. Sci. Toulouse Math. (6), 26(1):157-205, 2017.

Pierre-Louis Lions and Thierry Paul. Sur les mesures de Wigner. Rev. Mat. Iberoamericana,
9(3):553-618, 1993.

Zhuangyi Liu and Bopeng Rao. Characterization of polynomial decay rate for the solution of
linear evolution equation. Z. Angew. Math. Phys., 56(4):630-644, 2005.

Jérome Le Rousseau, Gilles Lebeau, and Luc Robbiano. FElliptic Carleman estimates and
applications to stabilization and controllability. Vol. I. Dirichlet boundary conditions on FEu-
clidean space, volume 97 of Progress in Nonlinear Differential Equations and their Applications.
Birkhéuser/Springer, Cham, ©2022. PNLDE Subseries in Control.

Jérome Le Rousseau, Gilles Lebeau, and Luc Robbiano. Elliptic Carleman estimates and appli-
cations to stabilization and controllability. Vol. II. General boundary conditions on Riemannian
manifolds, volume 98 of Progress in Nonlinear Differential Equations and their Applications.
Birkhéuser/Springer, Cham, ©2022. PNLDE Subseries in Control.

Matthieu Léautaud. Long time energy averages and a lower resolvent estimate for damped
waves. arXiv:2309.12709 [math.AP], 2023.

Fabricio Macia. Some remarks on quantum limits on Zoll manifolds. Comm. Partial Differential
Equations, 33(4-6):1137-1146, 2008.
Fabricio Macia. High-frequency propagation for the Schrédinger equation on the torus. J.
Funct. Anal., 258(3):933-955, 2010.

Fabricio Macia. High-frequency dynamics for the Schrodinger equation, with applications to
dispersion and observability. In Nonlinear optical and atomic systems, volume 2146 of Lecture
Notes in Math., pages 275-335. Springer, Cham, 2015.

André Martinez. An introduction to semiclassical and microlocal analysis. Universitext.
Springer-Verlag, New York, 2002.

Jérémy Martin. Spectral inequalities for anisotropic shubin operators. arXiv:2205.11868
[math.AP], 2022.

Luc Miller.  Propagation d’ondes semi-classiques d travers une interface et mesures 2-
microlocales. PhD thesis, FEcole Polythecnique, Palaiseau, 1996.

Luc Miller. Short waves through thin interfaces and 2-microlocal measures. In Journées “Equa-
tions aux Dérivées Partielles” (Saint-Jean-de-Monts, 1997), pages Exp. No. XII, 12. Ecole
Polytech., Palaiseau, 1997.

Luc Miller. Controllability cost of conservative systems: resolvent condition and transmutation.
J. Funct. Anal., 218(2):425-444, 2005.

Luc Miller. Resolvent conditions for the control of unitary groups and their approximations. J.
Spectr. Theory, 2(1):1-55, 2012.

Fabricio Macia and Shu Nakamura. Observability for Schrodinger flows in unbounded geome-
tries. unpublished.

Shikuan Mao and Shu Nakamura. Wave front set for solutions to perturbed harmonic oscillators.
Comm. Partial Differential Equations, 34(4-6):506-519, 2009.

Jérémy Martin and Karel Pravda-Starov. Geometric conditions for the exact controllability of
fractional free and harmonic Schrédinger equations. J. Evol. Equ., 21(1):1059-1087, 2021.
Fabricio Macia and Gabriel Riviere. Concentration and non-concentration for the Schrédinger
evolution on Zoll manifolds. Comm. Math. Phys., 345(3):1019-1054, 2016.

Fabricio Macia and Gabriel Riviere. Two-microlocal regularity of quasimodes on the torus.
Anal. PDE, 11(8):2111-2136, 2018.

Fabricio Macia and Gabriel Riviere. Observability and quantum limits for the Schrodinger

equation on S?. In Probabilistic methods in geometry, topology and spectral theory, volume 739
of Contemp. Math., pages 139-153. Amer. Math. Soc., Providence, RI, ©2019.


https://arxiv.org/abs/2309.12709
https://arxiv.org/abs/2205.11868

BIBLIOGRAPHY 247

[Nie96]
[Non13]
[NZ09]
[NZ15]
[Paz83)]
[Phu01]

[Phu07]
[Phu08]

[Poo66]
[Pro23]
[Priig4]
[PTZ16]
[Ral69)]
[RC21]
[Riv10a]
[Riv10b)]
[Riv12]

[Riv14]

[Rob87]

[Rob13]

[Rou23]

[Roy10]

[Roy18]

[RST75]

[RS80]

[RS94]

Francis Nier. A semi-classical picture of quantum scattering. Ann. Sci. Ecole Norm. Sup. (4),
29(2):149-183, 1996.

Stéphane Nonnenmacher. Anatomy of quantum chaotic eigenstates. In Chaos, volume 66 of
Prog. Math. Phys., pages 193-238. Birkh&user/Springer, Basel, 2013.

Stéphane Nonnenmacher and Maciej Zworski. Quantum decay rates in chaotic scattering. Acta
Maith., 203(2):149-233, 2009.

Stéphane Nonnenmacher and Maciej Zworski. Decay of correlations for normally hyperbolic
trapping. Invent. Math., 200(2):345-438, 2015.

Amnon Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations.
Springer-Verlag, New York, 1983.

Kim Dang Phung. Observability and control of Schrodinger equations. SIAM J. Control Optim.,
40(1):211-230, 2001.

Kim Dang Phung. Mémoire d’Habilitation a diriger des Recherches. 2007.

Kim Dang Phung. Boundary stabilization for the wave equation in a bounded cylindrical
domain. Discrete Contin. Dyn. Syst., 20(4):1057-1093, 2008.

James C. T. Pool. Mathematical aspects of the Weyl correspondence. J. Mathematical Phys.,
7:66-76, 1966.

Antoine Prouff. Observability of the Schrédinger equation with subquadratic confining potential
in the Euclidean space. arXiv:2307.00839 [math.AP], 2023. Accepted in Analysis & PDE.

Jan Priiss. On the spectrum of Co-semigroups. Trans. Amer. Math. Soc., 284(2):847-857, 1984.

Yannick Privat, Emmanuel Trélat, and Enrique Zuazua. Optimal observability of the multi-
dimensional wave and Schréodinger equations in quantum ergodic domains. J. Fur. Math. Soc.
(JEMS), 18(5):1043-1111, 2016.

James V. Ralston. Solutions of the wave equation with localized energy. Comm. Pure Appl.
Math., 22:807-823, 1969.

Didier Robert and Monique Combescure. Coherent states and applications in mathematical
physics. Theoretical and Mathematical Physics. Springer, Cham, ©2021. Second edition.

Gabriel Riviéere. Entropy of semiclassical measures for nonpositively curved surfaces. Ann.
Henri Poincaré, 11(6):1085-1116, 2010.

Gabriel Riviere. Entropy of semiclassical measures in dimension 2. Duke Math. J., 155(2):271—
336, 2010.

Gabriel Riviére. Delocalization of slowly damped eigenmodes on Anosov manifolds. Comm.
Math. Phys., 316(2):555-593, 2012.

Gabriel Riviere. Eigenmodes of the damped wave equation and small hyperbolic subsets. Ann.
Inst. Fourier (Grenoble), 64(3):1229-1267, 2014. With an appendix by Stéphane Nonnenmacher
and Riviere.

Didier Robert. Autour de l’approximation semi-classique, volume 68 of Progress in Mathematics.
Birkh&user Boston, Inc., Boston, MA, 1987.

Luc Robbiano. Kato smoothing effect for Schrodinger operator. In Studies in phase space
analysis with applications to PDEs, volume 84 of Progr. Nonlinear Differential Equations Appl.,
pages 355-369. Birkhduser/Springer, New York, 2013.

Marc Rouveyrol. Stabilization of the wave equation on larger-dimension tori with rough damp-
ings. arXiv:2303.03733 [math.AP], 2023.

Julien  Royer. Analyse  haute  fréquence de  l’équation de  Helmholtz
dissipative. These de Doctorat. Université de Nantes, 2010.
http://www.math.sciences.univ-nantes.fr/~jroyer/these.pdf.

Julien Royer. Energy decay for the Klein-Gordon equation with highly oscillating damping.
Ann. H. Lebesgue, 1:297-312, 2018.

Michael Reed and Barry Simon. Methods of modern mathematical physics. II. Fourier analysis,
self-adjointness. Academic Press [Harcourt Brace Jovanovich, Publishers], New York-London,
1975.

Michael Reed and Barry Simon. Methods of modern mathematical physics. I. Academic Press,
Inc. [Harcourt Brace Jovanovich, Publishers], New York, second edition, 1980. Functional
analysis.

Zeév Rudnick and Peter Sarnak. The behaviour of eigenstates of arithmetic hyperbolic mani-
folds. Comm. Math. Phys., 161(1):195-213, 1994.


https://arxiv.org/abs/2307.00839
https://arxiv.org/abs/2303.03733

248

[RT74]

[RTTTO5]

[RZ08]
[RZ09]
[Sch26a)
[Sch26b]
[Scho1]
[Sch10]
[Sch11]
[Sj600]
[Sni74]
[Son04]
[SR11]
[SSY23]
[Str81]
[Sun23]

[Tar90]

[Tay91]
[Tay96]
[TEM*89]
[Tre67]
[TW0Y]
[T:22]
[Van97]

[Van9s]

[Wan24|

BIBLIOGRAPHY

Jeffrey Rauch and Michael Taylor. Exponential decay of solutions to hyperbolic equations in
bounded domains. Indiana Univ. Math. J., 24:79-86, 1974.

Karim Ramdani, Takéo Takahashi, Gérald Tenenbaum, and Marius Tucsnak. A spectral ap-
proach for the exact observability of infinite-dimensional systems with skew-adjoint generator.
J. Funct. Anal., 226(1):193-229, 2005.

Luc Robbiano and Claude Zuily. Remark on the Kato smoothing effect for Schrédinger equation
with superquadratic potentials. Comm. Partial Differential Equations, 33(4-6):718-727, 2008.

Luc Robbiano and Claude Zuily. The Kato smoothing effect for Schrédinger equations with
unbounded potentials in exterior domains. Int. Math. Res. Not. IMRN, (9):1636-1698, 20009.

Erwin Schrédinger. Der stetige tibergang von der mikro- zur makromechanik. Naturwis-
senschaften, 14:664-666, 1926.

Erwin Schrédinger. An undulatory theory of the mechanics of atoms and molecules. Phys. Rev.,
28:1049-1070, Dec 1926.

Wolfgang M. Schmidt. Diophantine approximations and Diophantine equations, volume 1467 of
Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1991.

Emmanuel Schenck. Energy decay for the damped wave equation under a pressure condition.
Comm. Math. Phys., 300(2):375-410, 2010.

Emmanuel Schenck. Exponential stabilization without geometric control. Math. Res. Lett.,
18(2):379-388, 2011.

Johannes Sjostrand. Asymptotic distribution of eigenfrequencies for damped wave equations.
Publ. Res. Inst. Math. Sci., 36(5):573-611, 2000.

Alexander 1. Snirel’'man. Ergodic properties of eigenfunctions. Uspehi Mat. Nauk,
29(6(180)):181-182, 1974.

Jonathan Sondow. Irrationality measures, irrationality bases, and a theorem of Jarnik.
arXiv:math/0406300 [math.NT], 2004.

Arnold Sommerfeld and Iris Runge. Anwendung der Vektorrechnung auf die Grundlagen der
geometrischen Optik. Annalen der Physik, 340(7):277-298, 1911.

Pei Su, Chenmin Sun, and Xu Yuan. Quantitative observability for one-dimensional Schrédinger
equations with potentials. arXiv:2309.00963 [math.AP], 2023.

Karl R. Stromberg. An introduction to classical real analysis. AMS Chelsea Publishing, Provi-
dence, RI, 1981. 2015, corrected reprint of the 1981 original.

Chenmin Sun. Sharp decay rate for the damped wave equation with convex-shaped damping.
Int. Math. Res. Not. IMRN, (7):5905-5973, 2023.

Luc Tartar. H-measures, a new approach for studying homogenisation, oscillations and con-
centration effects in partial differential equations. Proc. Roy. Soc. Edinburgh Sect. A, 115(3-
4):193-230, 1990.

Michael E. Taylor. Pseudodifferential operators and nonlinear PDE, volume 100 of Progress in

Mathematics. Birkhduser Boston, Inc., Boston, MA, 1991.

Michael E. Taylor. Partial Differential Equations 2: Qualitative Studies of Linear Equations,
volume 116 of Applied Mathematical Sciences. Springer-Verlag, New-York, 1996.

A. Tonomura, J. Endo, T. Matsuda, T. Kawasaki, and H. Ezawa. Demonstration of single-
electron buildup of an interference pattern. Am. J. Phys, 57(2):117-120, 1989.

Frangois Treves. Topological vector spaces, distributions and kernels. Academic Press, New
York-London, 1967.

Marius Tucsnak and George Weiss. Observation and control for operator semigroups. Birkhduser
Advanced Texts: Basel Textbooks. Birkhaduser Verlag, Basel, 2009.

Matthias Taufer. Controllability of the Schrédinger equation on unbounded domains without
geometric control condition. arXiv:2206.10204 [math.AP], 2022.

Jeffrey M. VanderKam. L norms and quantum ergodicity on the sphere. Internat. Math. Res.
Notices, (7):329-347, 1997.

Jeffrey M. VanderKam. Correction to: “L° norms and quantum ergodicity on the sphere”
[Internat. Math. Res. Notices 1997, no. 7, 329-347; MR 99d::58175]. Internat. Math. Res.
Notices, (1):65, 1998.

Ruoyu P. T. Wang. Exponential decay for damped Klein—Gordon equations on asymptotically
cylindrical and conic manifolds. Annales de ’Institut Fourier, 2024. Online first.


https://arxiv.org/abs/math/0406300
https://arxiv.org/abs/2309.00963
https://arxiv.org/abs/2206.10204

BIBLIOGRAPHY 249

[Wat23]

[WDX23]

[Wig32]
[Wun17]
[You04]

[Zas81]
[Zel87]

[Zel92]
[Zhu18]

[Zua91]
[Zwo12]

2296

Alden Waters. Observability for Schrédinger equations with quadratic Hamiltonians. Partial
Differ. Equ. Appl., 4(2):Paper No. 12, 33, 2023.

Longben Wei, Zhiwen Duan, and Hui Xu. Geometric conditions for the exact observabil-
ity of Schrédinger equations with point interaction and inverse-square potentials on half-line.
arXiv:2307.09592 [math.AP], 2023.

Eugene P. Wigner. On the quantum correction for thermodynamic equilibrium. Phys. Rev.,
40:749-759, 1932.

Jared Wunsch. Periodic damping gives polynomial energy decay. Math. Res. Lett., 24(2):571—
580, 2017.

Thomas Young. Experimental demonstration of the general law of the interference of light.
Philosophical Transactions of the Royal society of London, 94(1804):1, 1804.

George M. Zaslavsky. Stochasticity in quantum systems. Physics Reports, 80(3):157-250, 1981.

Steven Zelditch. Uniform distribution of eigenfunctions on compact hyperbolic surfaces. Duke
Maith. J., 55(4):919-941, 1987.

Steven Zelditch. Quantum ergodicity on the sphere. Comm. Math. Phys., 146(1):61-71, 1992.

Hui Zhu. Stabilization of damped waves on spheres and Zoll surfaces of revolution. ESAIM
Control Optim. Calc. Var., 24(4):1759-1788, 2018.

Enrique Zuazua. Exponential decay for the semilinear wave equation with localized damping
in unbounded domains. J. Math. Pures Appl. (9), 70(4):513-529, 1991.

Maciej Zworski. Semiclassical analysis, volume 138 of Graduate Studies in Mathematics. Amer-
ican Mathematical Society, Providence, RI, 2012.

Steven Zelditch and Maciej Zworski. Ergodicity of eigenfunctions for ergodic billiards. Comm.
Math. Phys., 175(3):673-682, 1996.


https://arxiv.org/abs/2307.09592

	Introduction
	Correspondance classique-quantique et théorie du contrôle des équations aux dérivées partielles
	La lumière, onde et corpuscule...
	Trois problèmes de mathématiques
	Estimées de résolvante et théorie du contrôle
	Quantification et analyse microlocale
	Dynamique quantique et dynamique classique
	Objectifs de la thèse

	Stabilité uniforme de l'équation des ondes avec potentiel confinant sous-quartique
	Principaux résultats
	Conditions géométriques et condition dynamique
	Eléments de preuve
	Perspectives

	Observabilité de l'équation de Schrödinger avec potentiel confinant sous-quadratique
	Résultat principal
	Observabilité des oscillateurs harmoniques en dimension 2
	Autres applications
	Idée de preuve du théorème 1.3.2
	Perspectives

	Le théorème d'Egorov dans le calcul de Weyl–Hörmander
	Retour sur les dynamiques quantique et classique
	Le théorème d'Egorov comme une série de Dyson
	Classes de symboles de Weyl–Hörmander et résultat principal
	Exemples d'application
	Idée de preuve du théorème 1.4.7
	Perspectives


	Energy decay for the damped wave equation with a confining potential in the Euclidean space
	Introduction
	Setting of the problem
	Main results
	Geometric and dynamical stabilization conditions
	Strategy of proof and plan of the paper

	Background and preliminary results
	Well-posedness
	Spectrum of the damped wave operator
	Weyl quantization and semiclassical defect measures
	Weyl-Heisenberg translation operators

	Resolvent estimate
	A priori conditions of stabilization: Proof of Proposition 2.1.2
	A priori necessary condition
	A priori sufficient condition

	Proof of Theorem 2.1.6
	Stabilization condition
	Pseudo-differential operators
	Miscellaneous results on classical averages

	Observability of the Schrödinger equation with subquadratic confining potential in the Euclidean space
	Introduction and main results
	Main result
	Idea of proof and comments
	Examples in dimension 1
	Observability of two-dimensional harmonic oscillators
	Other applications
	Link with the Kato smoothing effect
	Natural semiclassical scaling for homogeneous potentials
	Plan of the article

	Study of the classical dynamics
	Invariance of classical observability under subprincipal perturbation
	Quantitative estimates of classical (non-)observability
	Continuity of the composition by the flow in symbol classes

	Proof of the main theorem
	Proofs of observability results from conical sets
	Proof of Proposition 3.1.4
	Proof of Proposition 3.1.5
	Proof of Proposition 3.1.6

	Proofs of observability results from spherical sets
	Proof of Proposition 3.1.8
	Proof of Lemma 3.1.11
	Proof of Proposition 3.1.10

	Reduction to a weaker observability inequality
	Pseudo-differential operators
	Weyl quantization
	Symbol classes
	L2-boundedness of pseudo-differential operators
	Refined estimate in the pseudo-differential calculus
	Positivity


	Egorov's theorem in the Weyl–Hörmander calculus
	Introduction and results
	The classical and quantum dynamics
	Notation and conventions
	Metrics on the phase space
	Assumptions and main result
	Comments
	Egorov's theorem as a Dyson series
	Examples of application
	More on admissibility of phase space metrics
	Propagation of quantum partitions of unity
	Related works: the contributions of Jean-Michel Bony
	Strategy of the proof and plan of the article

	The Weyl–Hörmander calculus
	Functional framework
	Pseudodifferential calculus

	Classical and quantum well-posedness
	Proof of Proposition 4.1.16: global-in-time existence of the Hamiltonian flow
	Proof of Proposition 4.1.16: essential self-adjointness
	The quantum and classical dynamics as an evolution group on L2 symbols

	The classical dynamics
	Norms with respect to a metric
	A general estimate
	Exponentially expanding flows
	Lipschitz-type properties of the flow

	Mapping properties of the Egorov expansion operators
	Mapping properties in symbol classes
	Mapping properties in spaces of confined symbols

	The quantum dynamics
	Egorov expansion for a specific class of symbols
	Preliminary lemmata
	Two commutator lemmata

	Quantum evolution of confined symbols: proof of Theorem 4.1.40
	Control of the terms of the Dyson expansion
	Confinement estimate of the remainder
	End of the proof of Theorem 4.1.40

	Quantum evolution in symbol classes: proof of the main theorem and applications
	Continuity on the Schwartz class: proof of Corollary 4.1.44
	Proof of Theorem 4.1.15

	Examples of application: proofs of statements in Section 4.1.7
	Schrödinger operator: proofs of statements in Subsection 4.1.7.1
	Half-wave operator: proofs of statements in Subsection 4.1.7.2
	Vector fields: proofs of statements in Subsection 4.1.7.3

	Refined estimates for the Weyl–Hörmander calculus
	Symplectic Fourier transform
	Poisson operator
	Moyal operator
	Bi-confinement estimate
	Pseudodifferential calculus

	Continuity properties of pseudodifferential operators
	Distributional continuity
	L2 boundedness
	Trace class and Hilbert–Schmidt operators

	Technical lemmata on phase space metrics
	Temperate growth of the Hamiltonian
	Properties of the temperance weight
	Slow variation radius
	Improved admissibility
	Equivalent seminorms on spaces of confined symbols

	Faà di Bruno formula

	Bibliography

