
HAL Id: tel-04634984
https://theses.hal.science/tel-04634984v1

Submitted on 4 Jul 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Electron correlation and electro-nuclear couplings in the
dissociative-ionization dynamics of molecules in intense

laser fields
Jean-Nicolas Vigneau

To cite this version:
Jean-Nicolas Vigneau. Electron correlation and electro-nuclear couplings in the dissociative-ionization
dynamics of molecules in intense laser fields. Chemical Physics [physics.chem-ph]. Université Paris-
Saclay; Université Laval (Québec, Canada), 2024. English. �NNT : 2024UPASP028�. �tel-04634984�

https://theses.hal.science/tel-04634984v1
https://hal.archives-ouvertes.fr


THE
SE

DE
DO

CTO
RAT

NN
T:2

024
UPA

SP0
28

Electron correlation and electro-nuclearcouplings in the dissociative-ionizationdynamics of moleculesin intense laser fields
Corrélation électronique et couplages

électro-nucléaires dans la dynamique d’ionisation
dissociative de molécules en champs laser intenses

Thèse de doctorat de l’Université Paris-Saclay et de l’Université Laval

École doctorale n◦572 : Ondes et Matière (EDOM)Spécialité de doctorat : PhysiqueGraduate School : PhysiqueRéférent : Faculté des sciences d’Orsay

Thèse préparée à l’Institut des Sciences Moléculaires d’Orsay(Université Paris-Saclay, CNRS),et au Département de chimie (Université Laval),sous la direction d’Éric CHARRON, Professeur,sous la co-direction de Thanh-Tung NGUYEN-DANG, Professeur,et le co-encadrement d’Osman ATABEK, Directeur de recherche

Thèse soutenue à Paris-Saclay, le 21 Mai 2024, par

Jean-Nicolas VIGNEAU
Composition du juryMembres du jury avec voix délibératives
Christian CORNAGGIA PrésidentDirecteur de recherche, CEA Saclay, France
Anh-Thu LE Rapporteur & ExaminateurProfesseur, University of Connecticut, USA
Richard TAIEB Rapporteur & ExaminateurDR CNRS, Sorbonne Université, France
Paul JOHNSON ExaminateurProfesseur, Université Laval, Québec, Canada



Electron correlation and electro-nuclear couplings in
the dissociative-ionization dynamics of molecules

in intense laser fields

Thèse en cotutelle
Doctorat en chimie

Jean-Nicolas Vigneau

Université Laval
Québec, Canada

Philosophiæ doctor (Ph. D.)

et

Université Paris-Saclay
Orsay, France

Philosophiædoctor (Ph. D.)

© Jean-Nicolas Vigneau, 2024



Titre: Corrélation électronique et couplages électro-nucléaires dans la dynamique d’ionisation disso-
ciative de molécules en champs laser intenses

Mots clés: corrélations électroniques, dynamique électro-nucléaire, champ intense

Résumé: Cette thèse, en deux parties distinctes,
se concentre sur l’étude de la dynamique molécu-
laire de H2 soumis à un champ laser intense.

Dans la première partie (chapitres 2 et 3), j’explore
le rôle crucial de la corrélation électronique dans
le processus d’ionisation simple de la molécule
H2, en utilisant une méthode ab-initio pour ré-
soudre l’équation de Schrödinger dépendant du
temps dans l’approximation de Born-Oppenheimer.
J’examine différentes configurations géométriques
de la molécule, correspondant à différentes dis-
tances internucléaires : à l’état d’équilibre, dans
une configuration allongée et dans une configu-
ration quasi-dissociée. Cette analyse permet de
mieux apréhender les mécanismes fondamentaux
impliqués dans l’ionisation de la molécule H2 en
champs laser intenses.

Dans la seconde partie (chapitres 4, 5 et 6), je
me suis tourné vers le développement d’un mod-
èle semi-classique permettant d’étudier l’ionisation
simple et double de la molécule H2. Ce mod-
èle permet de calculer de manière quasi-analytique
les taux d’ionisation, y compris jusqu’à l’explosion
coulombienne, tout en intégrant la propagation des
paquets d’onde vibrationnels de la molécule dans
sa forme neutre et ionisée. J’ai ainsi été en mesure
de prendre en compte les effets résultant de la
dynamique de vibration des noyaux, ce qui con-
stitue une avancée significative dans la modélisa-
tion de la dynamique moléculaire sous l’impact de
champs laser suffisamment intenses pour engen-
drer une ionisation multiple des molécules.

Dans le cadre de ma première étude axée sur les in-
teractions électroniques, j’ai modifié le programme
« Many Electron Dynamics System », ou MEDYS,
afin de pouvoir désactiver adiabatiquement la cor-
rélation électronique. Ce programme, qui est basé
sur un algorithme multi-configurationnel dépen-
dant du temps, est issu de plusieurs décennies de
travail au sein du groupe du Prof. Nguyen-Dang
de l’Université Laval au Canada. En comparant

les dynamiques obtenues avec et sans corrélation
électronique, j’ai pu sonder les limites et les con-
séquences de l’approximation SAE, pour « Single
Active Electron ». Cette analyse m’a permis de
mieux comprendre l’importance de la corrélation
électronique dans le processus d’ionisation simple
de la molécule H2.

Dans ma seconde étude, j’ai développé un pro-
gramme entièrement nouveau pour représenter le
processus d’ionisation de manière semi-classique
tout en tenant compte de la dynamique vibra-
tionnelle. J’ai commencé par étudier l’influence
de différentes approximations dans le calcul des
vitesses d’ionisation de la molécule, telles que les
approximations ADK ou PPT moléculaires, sur
les probabilités de première et seconde ionisa-
tion, pour différentes longueurs d’onde d’un champ
laser pulsé. J’ai également étudié l’impact sur
la distribution vibrationnelle non-Franck-Condon
formée dans l’ion moléculaire H+

2 , des différents
paramètres de l’impulsion laser, y compris la polar-
isation linéaire ou circulaire du champ. J’ai intégré
la dynamique vibrationnelle dans ce modèle en util-
isant une approche de type opérateur fractionné,
pour propager les paquets d’onde de H2 et H+

2 .
En comparant ces résultats avec ceux obtenus en
figeant la dynamique nucléaire, j’ai pu confirmer
l’importance d’inclure le mouvement des noyaux
dans la modélisation de la dynamique d’ionisation
moléculaire, en particulier pour des noyaux très
légers comme c’est le cas dans la molécule H2.
Enfin, j’ai pu générer et analyser les spectres de
distribution d’énergie cinétique des protons, dans
le processus de dissociation de la forme ionisée
de la molécule et lors de l’explosion Coulombi-
enne. Ces résultats pourraient être précieux pour
de futures collaborations avec des chercheurs en
physique des plasmas, leur fournissant un outil
permettant d’estimer les probabilités d’ionisation
simple et double, et les spectres d’énergie ciné-
tique des protons, contribuant ainsi à une meilleure
compréhension des phénomènes physiques se pro-
duisant dans certains plasmas.



Title: Electron correlation and electro-nuclear couplings in the dissociative-ionization dynamics of
molecules in intense laser fields

Keywords: electronic correlation, electro-nuclear dynamics, intense field

Abstract: This thesis, in two distinct parts, fo-
cuses on the study of the molecular dynamics of
H2 subjected to an intense laser field.

In the first part (Chapters 2 and 3), I explore
the crucial role of electronic correlation in the sin-
gle ionization process of the H2 molecule, using
an ab-initio method to solve the time-dependent
Schrödinger equation in the Born-Oppenheimer
approximation. I study different geometric con-
figurations of the molecule corresponding to dif-
ferent internuclear distances: at equilibrium, in an
extended configuration, and in a quasi-dissociated
configuration. This analysis provides a better un-
derstanding of the fundamental mechanisms in-
volved in the ionization of the H2 molecule in in-
tense laser fields.

In the second part (Chapters 4, 5 and 6), I turned
to the development of a semiclassical model for
the study of single and double ionization of the H2
molecule. This model allows the quasi-analytical
calculation of ionization rates, including up to the
Coulomb explosion, while integrating the propaga-
tion of vibrational wave packets of the molecule in
its neutral and ionized form. This allowed me to
take into account the effects resulting from the vi-
brational dynamics of the nuclei, which represents
a significant advance in the modeling of molec-
ular dynamics under the influence of laser fields
intense enough to produce multiple ionization of
molecules.

In my first study of electronic interactions, I mod-
ified the program "Many Electron Dynamics Sys-
tem", or MEDYS, to adiabatically deactivate the
electronic correlation. This program, based on a
time-dependent multi-configuration algorithm, is
the result of decades of work in the group of Prof.
Nguyen-Dang at Laval University in Canada. By

comparing the dynamics obtained with and with-
out electronic correlation, I was able to explore the
limits and consequences of the SAE approximation,
for "Single Active Electron". This analysis allowed
me to better understand the importance of elec-
tronic correlation in the single ionization process
of the H2 molecule.

In my second study, I developed a new model to
represent the ionization process in a semi-classical
way, taking into account vibrational dynamics. I
started by investigating the influence of different
approximations in calculating the ionization rates
of the molecule, such as the ADK or PPT molec-
ular approximations, on the first and second ion-
ization probabilities, for different wavelengths of a
pulsed laser field. I also studied the influence of
different laser pulse parameters, including the lin-
ear or circular polarization of the field, on the non-
Franck-Condon vibrational distributions formed in
the H+

2 molecular ion. I have integrated vibra-
tional dynamics into this model, using a split-
operator approach to propagate the H2 and H+

2
wave packets. By comparing these results with
those obtained by freezing the nuclear dynamics,
I was able to confirm the importance of includ-
ing nuclear motion in the modeling of molecular
ionization dynamics, especially for very light nu-
clei such as in the H2 molecule. Finally, I was
able to generate and analyze proton kinetic energy
release spectra during the process of dissociation
of the ionized form of the molecule and during
the Coulomb explosion. These results could prove
useful in future collaborations with plasma physics
researchers, providing them with a tool for estimat-
ing single and double ionization probabilities and
proton kinetic energy spectra, thus contributing to
a better understanding of the physical phenomena
occurring in certain plasmas.
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Glossary

ADK: Ammosov-Delone-Kraïnov
AO: Atomic Orbital
ATD: Above-Threshold Dissociation
ATI: Above-Threshold Ionization
a.u.: Atomic Units
BO: Born-Oppenheimer
BS: Bond Softening
COLTRIMS: Cold Target Recoil Ion Momentum Spectroscopy
CI: Configuration Interaction
CPA: Chirped Pulse Amplification
CSF: Configuration State Function
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KS-DFT: Kohn-Sham Density-Functional Theory
FC: Franck-Condon
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HF: Hartree-Fock
HHG: High-Order Harmonic Generation
JES: Joint Energy Spectrum
KED: Kinetic Energy Distribution
LCAO: Linear Combination of Atomic Orbitals
LIED: Laser-Induced Electron Diffraction
MCTDH(F): Multiconfigurational Time-Dependent Hartree(-Fock)
MEDYS: Many-Electrons-Dynamics System Program
MO: Molecular Orbital
MO-ADK: Molecular Ammosov-Delone-Kraïnov
MO-PPT: Molecular Popov-Perelomov-Terent’ev
MPI: Multiphoton Ionization
PPT: Popov-Perelomov-Terent’ev
QRS: Quantitative Rescattering
SAE: Single Active Electron
SC: Semi-Classical
SFA: Strong Field Approximation
SO: Split-Operator
TDCI: Time-Dependent Configuration Interaction
TD-MCSCF: Time-Dependent Multiconfiguration Self-Consistent Field
TDSE: Time-Dependent Schrödinger Equation
TI: Tunnel Ionization
VT: Vibrational Trapping
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22 Chapter 1 - Introduction

1.1 . Context

Recent developments in laser generation technologies have rendered possibleexperiments studying non-linear quantum phenomena. Since the beginning ofthe 21st century, experimentalists are able to produce laser pulses with dura-tions of the order of sub-femtoseconds [1], thus achieving irradiation ofmolecu-les within time scales comparable to that of the electronic and vibrational mo-tions of molecules. In terms of intensity, it is possible to generate pulses of over
1014 W/cm2 since themid 1960s, andwith the development of the ChirpedPulsedAmplification (CPA)method in themid 1980s [2], pulseswith an intensity ofmorethan 1016 W/cm2 are commonly used for the generation of plasma channels [3].With pulses of such parameters within reach, theoretical physicists now havethe tools to study and control molecular dynamics in a strong laser field [4–6].
When operating in the near-IR, these ultrafast electromagnetic pulses, whichcombine both long wavelengths and high intensities, expose the system to ahigh concentration of low-energy photons. This situation gives rise to a non-negligible range of control over the molecular dynamics under consideration,through the parameters of the field that govern the selective ionization and dis-sociation pathways of the molecule.
The simulation of complete molecular dynamics in strong laser fields shouldbe a powerful tool to predict the behaviour of complex chemical and biologicalsystems under such conditions. Alas, with our current technological means, itconstitutes a significant challenge at two levels: First, on a time resolution stand-point, it requires attosecond (10−18 s) time steps to ensure the adiabatic evolu-tion of the perturbed system on the very short time-scale of the pulse. Then, asmore complex molecules are studied, one faces challenge from the standpointof size (number of degrees of freedom).
Adding more nuclei and electrons to the system amplifies the challenges ofthe so-called many-body problem [7]. Not only does it imply the considera-tion of new degrees of freedom associated with the particles, but it also re-quires the consideration of new interactions between existing particles. Theelectro-nuclear couplings increase the complexity considerably, as do the non-negligible electron correlations. For this reason, many research groups focuson the molecular dynamics of the benchmark dihydrogen H2 molecule, whichcontains electro-nuclear couplings with a single vibrational degree of freedom,and is thus simple enough to simulate with relative ease. The even simpler one-electron dihydrogen molecular ion H+

2 is also often used since the absence ofelectronic correlations greatly simplifies the interpretation of its excitation, ion-ization and dissociation dynamics.
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From the wave packet initially created when H2 is ionized to H+

2 , some dissocia-tion pathways are found to be the result of Above-Threshold Dissociation (ATD)[8, 9] with the absorption of more photons than the minimum required to reachthe dissociation threshold, and Bond Softening (BS) [10] with the overall absorp-tion of a single photon when the chemical bond is weakened by lowering thepotential barrier preventing dissociation. In contrast, Vibrational Trapping (VT)[11–13] is the opposite process due to the transition from a dissociative to abound potential, also caused by the coupling with an intense laser field. Bothscenarios are phenomena of the vibrational dynamics described in the so-calleddressed-states, or Floquet representation.
In addition, if the frequency of the field is comparable to the vibrational fre-quency of the molecule, it is possible to synchronize the phase of the field withthe vibrations of themolecule in such away that a laser-inducedpotential energybarrier to dissociation closes as the molecule reaches elongated geometries, re-ducing the probability of dissociation in an event called Dynamical DissociationQuenching (DDQ) [14–18].
As to the ionization step itself, i.e. the preparation of H+

2 from H2, the simplestmodel refers to the Franck-Condon (FC) principle and considers the initial vibra-tional wave packet of the molecular ion as generated by the vertical promotionof the vibrational ground state of the parent H2 molecule [19, 20]. This modelwas mainly invoked for practical purposes, since a non-FC distribution of the ini-tial vibrational population of the ion is naturally expected to result from the non-linear ionization rate dependence on the ionization potential, which depends onthe internuclear distance [21–23].
To treat the ionization dynamics thoroughly, one has to solve the Time-Depen-dent Schrödinger Equation (TDSE). Because of the aforementioned many-bodyproblem, the TDSE can only be solved for molecules with the use of approxima-tions. These are generally divided into two categories: Grid-based approachesand function-based ones.
In grid-based approaches, to describe the motion of electrons in full dimension-ality over long distances, the size of the spatial/momentum grid must be suchthat it corresponds to a complete basis, which requires a lot of computationalpower andmemory. Grid-based approaches are thus mostly used for small andsimple systems or complex systems in reduced dimensions. They have beenused for instance for the electronic radial motion in atoms [24], 1D and 2Dmod-els of diatomic (such as bielectronic H2 [25]), up to even triatomic molecules(such as bielectronic H+

3 [26]).
As for function-based approaches, basis functions such as B-Splines [27–29] and
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Sturmians [30] have been used in addition to Gaussians [31], ormixedwith themto better fit bound and continuum orbitals [32].
Electron correlation is an additional difficulty for many-electron systems. Thesimplest treatment is the so-called Time-Dependent Hartree-Fock (TDHF) me-thod [33, 34], which uses a single Slater determinant to represent the time-de-pendent wavefunction. The electrons are then regarded as independent fromeach other, since a Slater determinant is essentially a product of orbitals anti-symmetrized to satisfy the Pauli principle. To include electron correlation, amul-ticonfiguration method is required, such as the Time-Dependent ConfigurationInteraction (TDCI) method [35–38], the Multiconfiguration Self-Consistent Field(TD-MCSCF) method [39], or the Multiconfiguration Time-Dependent Hartree-Fock (MCTDHF) method [40–44].
The challenges are already formidable when considering only the dynamics ofcorrelated electrons at fixed nuclear geometry. The inclusion of nuclear motionalongwith an ab initio treatment of the ionization of amany-electronmolecule isunderstandably much less accessible. For this reason, most dissociative ioniza-tion dynamics are studied on H+

2 [45–48]. While such simulations are simplifiedby the fact that there is a single electron, nuclear vibrations become even moreimportant because the light hydrogen nuclei are faster than other nuclei foundin typical polyatomic systems, thus correlating the dynamics of ionization anddissociation even more strongly.
The inclusion of another electron to consider the neutral H2 molecule representsa significant increase in the complexity of the problem, in the form of electroniccorrelation. The problem has been studied by Wu et al. in 2013 through a jointenergy spectrum (JES) of the two dynamics [49], and more extensively recentlywith an experimental comparison done with the Cold Target Recoil Ion Momen-tum Spectroscopy (COLTRIMS) method [50], a tool that permitted the observa-tion of high-order ATD energy peaks in coincidence with the ATI spectrum [51].
Heavier diatomics have also been studied, like the CO molecule by Zhang et al.[52] and Sun et al. [53], but few research groups have attempted to study doubleionization events coupled to dissociation channels [54], one of the challengesthat is addressed in this thesis. Indeed, the degrees of freedom of both nucleiand electrons quickly become computationally overwhelming, and even moreso when electronic correlations are taken into account.
In view of these challenges, popular semi-classical (SC), semi-empirical theoriesof ionization, such as the Popov-Perelomov-Terent’ev (PPT) or the Ammosov-Delone-Kraïnov (ADK), offer an attractive possibility of simplifying the problemwithin the Strong Field Approximation (SFA), as discussed in section 1.3.1. Such
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considerations stem from the early work of Landau and Lifshitz, who consideredthe tunnel ionization model applied to the ground state of the hydrogen atomin a static field [55], and established the ionization probability as a current ofthe wave function passing through the lowered potential barrier. From the caseof the hydrogen atom, the Russian physicists Popov, Perelomov and Terent’evextended the theory to any atomic asymptotic Coulomb wave function [56–58],allowing both the multiphoton (MPI) and tunnel regimes of ionization in a the-ory called ’PPT’. Specializing the PPT model to parameters allowing only tunnelionization in a quasi-static field, Ammosov, Delone and Kraïnov elaborated theADK theory [59, 60], a simplification of the PPTmethod that does not require theiterative calculation of rates depending on the number of absorbed photons forthe MPI regime.
Since the PPT and ADK methods were generalized only to atomic systems, theequations had to be reworked to admit cases of small molecules, as shown forinstance by the experimental comparison made by Cornaggia and Hering [61].Molecular ADK (MO-ADK) was then developed by Tong, Zhao and Lin [62] to in-clude diatomics such as the H2 molecule studied here. For the multiphotonicionization dynamics of diatomics, the molecular PPT (MO-PPT) model was thendeveloped by Benis et al. [63], including Tong from the MO-ADK development.These approaches neglect the possibility of the photoelectron returning to theparent ion, but it is to be noted that other SC theories can also be used to de-scribe recollision events. It is the case of recent researches conducted by A. T.Le et al. [64] through the Quantitative Rescattering (QRS) theory, a model thatefficiently simulates Laser-Induced Electron Diffraction (LIED) and High-OrderHarmonic Generation (HHG) [65, 66].
The present study on H2 uses some of these different approaches to considerfirst the single and then the double ionization dynamics of the molecule, andultimately couple themwith nuclear motion to describe the complete moleculardynamics.

1.2 . Ionization Regimes

1.2.1 .The Keldysh Parameter

During ionization, the abundance of relatively low energy photons leads to aduality between two mechanisms: multiphoton (MPI) and tunnel ionization (TI).The Keldysh parameter γ [67] is widely used to estimate the regime into whichionization (and dissociative ionization) takes place in a strong laser field. Thisparameter helps to better describe the behavior of the molecular wave packets



26 Chapter 1 - Introduction

under study during the dynamics. It is given by the formula

γ =
ω
√

2IP (R)
F (t) = 2 τT

τF

, (1.1)
where ω is the laser frequency, F (t) is the electric field strength, and IP (R) theionization potential which, for a diatomic molecule, is a function of the internu-clear distance R. As suggested by Eq. (1.1), the Keldysh parameter is twice theratio of the tunneling time τT to the period of a field oscillation τF = 1/ω [68],so that it is lower for tunnel ionization and higher for multiphoton ionization,leading for example to Above-Threshold Ionization (ATI) [69–71]. An increase ofthe laser intensity I thus leads to a decrease of the Keldysh parameter γ andultimately to more efficient tunneling, while on the contrary increasing the fre-quency ω leads to an increase of γ and tends to favour multiphoton ionization[72].

1.2.2 .Tunnel Ionization Regime

Unlike classical physics, quantum mechanics allow the partial passage of wavepackets through potential barriers, rather than a definitive blockage. This allowsthe description of tunneling probabilities, which can be non-negligible depend-ing on the barrier. This ability of the wave packet comes from its wave-like char-acter, and the probability for the system to pass through said barrier dependson the energy and width of the barrier.
When an atom ormolecule is irradiated by a strong laser field, the electric dipolecoupling −e r · F(t) forces the Coulomb energy binding electrons with nuclei todecrease asymptotically in the direction of the field. Since the bound electronicand vibrational states lie within potential wells, such a linear decrease of thebinding potential in the direction of the field induces the generation of transientbarriers of decreasing height and width as the laser intensity increases. Thus,low frequency and high intensity conditions favour the tunneling regime (alsoknown as the quasi-static ionization regime), since high intensities significantlylower the potential barrier, while low frequency increases the duration of thetunneling event.
In the case of a linearly polarized field, since the field amplitude oscillates fromone orientation to its opposite during the pulse, the electronic wave packetsionized by tunnel ionization have the opportunity to be recaptured through thewell-known three-step recollision mechanism [1]. Once ionized, the photoelec-tron wave packet gains momentum in the continuum before returning to theparent ion where it can be recaptured. This mechanism leads to High-Order
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Harmonic Generation (HHG) [73, 74], which results from the emission of high-energy photons of odd harmonics. These harmonics were used in a molecularimaging technique called orbital tomography [75]. When the electronic wavepacket recollides with the parent ion, the resulting interactions also give rise toLaser-Induced Electron Diffraction (LIED) [76–79] spectra, another tool for ultra-fast molecular imaging.

1.2.3 .Multiphoton Ionization Regime

Apeculiarity of atomic andmolecular dynamics in strong laser fields is that, sincethe system is subjected to a high concentration of photons, it is quite possiblefor it to absorb multiple photons before eventually re-emitting some of them.
In this phenomenon, the combined energy of the absorbed photons can exceedthe ionization potential of the target species, allowing the electrons to overcomethe binding energy of the atom or molecule, sometimes reaching energies wellabove the ionization threshold. These events are referred to as ATI phenomena,for Above Threshold Ionization.
Multiphoton ionization is easily distinguished from quasi-static ionization by theresulting Kinetic Energy Distribution (KED) recorded in photoelectron spectra.In fact, in a multiphoton process, the electron KED is seen as a series of peaksseparated by the energy of a discrete number of photons [71].

1.3 .Molecular Dynamics Approximations

Regardless of the ionization regime, the treatment of molecular dynamics is farfrom simple, even for the simplestmolecule, and necessitates the use of approx-imations. Some of the most common in the literature in the field of attosecondphysics are the Strong Field Approximation (SFA), the Single Active Electron (SAE),and the Born-Oppenheimer (BO) approximations.
1.3.1 .Strong Field Approximation (SFA)

As its name suggests, the Strong Field Approximation is a recurrent simplifica-tion model based on the fact that the molecular dynamics is largely dominatedby the strong laser field. The theory relies on the premise that such a field isso strong that the Coulomb forces between the particles that constitute themolecule are negligible compared to the field’s effect on those particles. As ex-plained for example in the review by Amini et al. [80], the SFA has been at theheart of attosecond physics research for the last 25 years, going back to the sem-
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inal works of Keldysh [67], Faisal [81] and Reiss [82], and to the electron-atomand atom-atom scattering models of Kroll and Watson [83, 84].
It is important to mention that the SFA underlies the popular work of Corkum’sresearch group known as the Simple Man Model [85], and more formally therecollision or rescattering three-step model [86], where the so-called recollisionmechanism is divided into three stages: the ionization of the systemby tunnelingeffect, followed by the propagation of the free electron in the continuum, andfinally its return to the parent ion under the effect of the laser field, leading to acollision with it. This three-step model is based on the use of both SFA and SAE;the former because the Coulomb attraction of the ion is not taken into accountwhen calculating the acceleration of the ionized electron, and the latter becausethe interaction with other electrons is not taken into account, the interactionof the active electron with the strong electromagnetic field being considered asdominant.
The most significant work to assess non-SFA effects is the one by Ivanov, Span-ner and Smirnova [87], who examined, within a semiclassical theoretic frame-work, the effects of the ionic core potential on the ionized electron dynamicsthrough an eikonal (Eikonal-Volkov) approximation. That exploration is analyt-ical while very recent explorations of the SFA limits carried out in the Nguyen-Dang group in the PhD thesis work of Hennani [88] are numerical and deal withnon-SFA effects in the ionization dynamics of fully-correlated H2. Such effectswere brought to light by comparing the SFA dynamics—treating the ionized elec-tron by Volkov waves [89]—with the results of bielectronic non-SFA wave packetcalculations taking into account the interaction with the field and the Coulombattraction potential of the ion, via the use of actual scattering states representedin a B-Splines basis.
Amini et al. [80] refer to the model using Volkov states as a primitive SFA, asopposed to the "standard SFA" which refers rather to a basis of scattering wave-functions (as opposed to Volkov states) for the ionized electron, and which isformulated in such a way that (1) the strong field does not couple the ionizedstate to any bound state other than the ground state, and (2) the population ofthe ground state is assumed to be known and constant. The work cited above ofthe Nguyen-Dang group [76, 90, 91] already goes beyond this standard SFA def-inition, as initialized bound states are generated from a multi-electronic/multi-orbital basis, and its ground state population evolves according to the TDSE.



Section 1.3 - Molecular Dynamics Approximations 29
1.3.2 .Single Active Electron (SAE) Approximation

Since in a strong fieldmolecular dynamics simulationmost of the computationalresources are devoted to the consideration of the electron interaction, the SingleActive Electron (SAE) approximation turns out to be one of the most widely usedmodels to simulate molecules in a strong laser field [92].
In this approximation, the ionization dynamics are assumed to be dominated bythe force of the external laser field, which is then added to the Coulomb attrac-tion potential of the cation represented by an effective average field, while therepulsion from the other electrons is neglected.
To refine the SAE approximation (and to study its limits of validity), a numberof approaches have been developed. A common thread is to construct a modeleffective potential for the departing electron in the molecular ionization. The in-troduction of an empirical potential to capture the dynamic (field-induced) mul-tielectron polarization effects [93–95] is an example of such a construct. TheCorrelated Strong-Field method [93, 96] provides a rigorous foundation to theidea through a Born-Oppenheimer type separation of the active electrons fromthe others. Such a separation is also proposed in the work of Schild and Gross[97].
One objective of this thesis is to identify the limitations of the SAE approxima-tion through numerical simulations of strong-field ionization of a simple two-electron molecule. For this, we have access to an in-house ab initio code, Many-Electrons-Dynamics System (MEDYS), which already makes use of a non-SAE al-gorithmand takes into account full electron correlationswithin the Born-Oppen-heimer approximation, i.e. at fixed nuclear geometries. With new implemen-tations to the program, it is now possible to insert a modulation of the electron-repulsion term in the Hamiltonian that allows us to switch-off adiabatically thisinteraction, electron correlation, from the fully correlated model. As the fieldreaches a maximum of its amplitude in the beginning of the dynamic, bielec-tronic terms of the electronic Hamiltonian are slowly (via a sigmoïd function)brought down to zero, keeping only Coulomb attractions with the nuclei, simu-lating a SAE situation. Single ionization dynamics were compared for the caseincluding full correlation, and the one with adiabatic switch-off, for different ge-ometries of the H2 molecule for which electron correlation is simply measuredby the field-free mixing of the σ2

g and σ2
u configurations.
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1.3.3 .Born-Oppenheimer (BO) Approximation in Strong Fields

To treat the complete ionization dynamics of multi-electron molecules, one hasto include electronic correlation. The complexity of such a task increases withthe number of particles involved, and since electrons typically move a thousandtimes faster thannuclei, the need to include vibrational dynamics is often subjectto reconsideration from theoreticians, especially when the system is composedof heavy nuclei. To limit the computational power required for multi-electronsimulations, the Born-Oppenheimer (BO) approximation is often invoked in theliterature to separate the electronic dynamics from the nuclear dynamics [98],which also leads to the possibility of neglecting the latter by considering thenuclei as static: a R-fixed approximation.
For single-electron diatomic molecules, the use of the Born-Oppenheimer ap-proximation is not essential, since nuclearmotionwithin smallmolecules isman-ageable when considering a single-electron cloud subjected to the Coulomb at-traction of relatively slower nuclei. In the case of H+

2 , the dissociative ioniza-tion dynamics can even be simulated exactly by solving the TDSE with non-BOmethods; as achieved in an early work of Bandrauk et al., who has succeeded toproduce ATI and ATD kinetic energy spectra in agreement with those obtainedexperimentally [99].
While solving the TDSE exactly for more complex systems is presently inaccessi-ble with our current technological means, non-BO quantum simulations havebeen used to obtain reasonable results of coupled electro-nuclear dynamicsfrom simplemolecular systems, such as H2 found in theworks of Li andHe [100],and Saugout et al. [54, 101]; D2 from the work of Ranitovic et al. [102]; or HF asseen in the work of Yonehara and Takatsuka [103].
In this thesis, we aim to go beyond the R-fixed Born-Oppenheimer approxima-tion that was implicitly used in the calculations with the MEDYS program byadding nuclear motions to the molecular dynamics. Given the demanding re-sources required for this if we keep treating the ionization step using MEDYS,we have instead developed a program that (1) simplifies the ionization dynam-ics with semi-classical, quasi-analytical methods such as MO-ADK and MO-PPTand (2) introduces a Split-Operator (SO) propagation routine to simulate the evo-lution of wave packets within the neutral (H2) and ionic (H+

2 ) vibrational poten-tials of the molecule. Both stages of the program development are discussedin Chapters 5 and 6. This development is also motivated by the demand ofthe user community to have an accessible and physically transparent, simpleelectro-nuclear dynamics simulation code.
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1.4 .Objectives

The following objectives have been addressed in this work:
1. Since the SAE approximation is widely used in the literature, it is necessaryto evaluate its quantitative limits in terms of field parameters, a researchthat has been initiated with our ab initio program MEDYS.
2. To study the complete molecular dynamics of H2, we aim to couple theelectronic degrees of freedom to those of the nuclei. This requires to im-plement a simplification of the ionization dynamics, as ab initio methodsare computationally demanding. A simplification of the approach usingsemi-classical methods has been done, in a newly coded program.
3. After implementing the MO-ADK and MO-PPT approximations to simulatethe ionization dynamics, the nuclear motion was implemented to studythe electro-nuclear dynamics of H2 in a strong laser field, thus going be-yond the R-fixed Born-Oppenheimer approximation. The phenomena ofionization and dissociation were analyzed up to the Coulomb explosion ofthe molecule, in terms of ionization probabilities and proton kinetic en-ergy spectra. The latter arised from a need for plasma experimentaliststo improve their atomic ADK representation towards a more realistic MO-ADK/PPT approach, including vibrational motion.

1.5 . Thesis Layout

The thesis is structured in two parts, exploring themain projects that were pur-sued during the PhD.
Part I – The first part is a preliminary study on the quantitative limits of the SAEapproximation using the Time-Dependent Multi-Configurations Self-ConsistentField MEDYS program of the Nguyen-Dang laboratory at the Université Laval,developed in Chapters 2 and 3.
Chapter 2 introduces the theory behind the post-Hartree-Fock method used tosolve the Time-Dependent Schrödinger Equation, followed by a description oftheMEDYS algorithmused in the present work to simulate fully-correlated singleionization dynamics of the neutral H2 molecule at fixed internuclear distancesand using SFA considerations. The necessary basis for a reasonable representa-tion of the ionization paths is then explained in the same chapter, ending with
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a presentation of the parameters associated with the pulsed strong laser field,and the observables resulting from the dynamics.
Chapter 3 is the inserted published article "Strong-Field Molecular IonizationBeyond the Single Active Electron Approximation", which is the result of our ex-ploration of the quantitative limits of the SAE approximation, comparing ioniza-tion dynamics with fully-correlated electrons or with an adiabatically switched-off correlation. The total ionization probability profiles as a function of the peakintensity of the field were plotted for both types of dynamics, and two mainobservations were made from these figures. The first (1) is that at the equilib-rium geometry of themolecule, we have perceived a sudden jump towards totalionization past peak intensities over 1016 W/cm2, which indicated an over-the-barrier ionization event. The other (2) is thatwhile a relatively smooth increase ofthe probability was shown at equilibrium and dissociative geometries, the elon-gated molecule ionization dynamics denoted partial quenching and exaltationdepending on the peak intensity, when the electrons were fully-correlated. Suchparameter-dependent phenomena were attributed to a Resonance-EnhancedMultiphoton Ionization (REMPI) mechanism causing interference between ex-citation and ionization pathways. This article is followed by an annex, whichpresents an analysis going beyond what has been published, and provides re-sults on the dynamics at elongated internuclear distances that support the factthat quenching and exaltation ionization events can also happen atR values sur-rounding the R = 5.0a.u. presented in the article. To this end, population pro-files of both eigenstates and configuration state functions are shown for eventsof quenching and exaltation of the population, for all three elongated configu-rations of H2, including the one published in the original paper.
Part II – The second part is focused on the study of the complete dissocia-tive ionization dynamics of the molecule, using semi-classical methods to de-scribe the ionization events and to facilitate the implementation of the vibra-tional motion of the nuclei; a project that required the scripting of a completelynew code in the Atabek & Charron research group at the Université Paris-Saclay,addressed in Chapters 4 to 6.
Chapter 4 covers the development of the different algorithms used in the semi-classical implementation of the ionization dynamics. From the time-dependentSchrödinger equation, the sequential ionization processes are represented in away that involves complex exchanges of wave packet amplitudes, while succes-sive population transfers are obtained from projections over eigenstates, corre-sponding to the Eur. Phys. J. Spec. Top. article "Strong Field Non-Franck-CondonIonization of H2: A Semiclassical Analysis" [104]. This chapter also presents thekinetic equations including the vibrational wave packet propagation to introduce
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the model used in the J. Phys. Chem. A article "Electro-nuclear Dynamics of H2single and double ionization in ultrafast intense laser pulses" [105]. The split-operator method used for the propagation of the nuclear wave packets is thendiscussed, before explaining the generated observables that are analyzed dur-ing the dynamics.
Chapter 5 consists of a first step in the project, which is discussed in the insertedEur. Phys. J. Spec. Top. article "Strong-Field Non-Franck-Condon Ionization ofH2: A Semi-Classical Analysis". This article covers in detail the equations usedfor ionization with the molecular Ammosov Delone Krainov (MO-ADK) methodor the molecular Popov Perelomov Terent’ev (MO-PPT) method. Simulations ofH2 ionization dynamics in a strong field were compared between bothmethods,and for linear or circular polarizations of the field. For a similar fluence, the linearpolarization was shown to saturate the ionization probability at lower peak in-tensities than the circular polarization. Non-Franck-Condon population distribu-tions over eigenstates of H+

2 were compared to the Franck-Condon distribution,and its shift of populations towards lower energy levels was attributed to the
R-dependence of the ionization rate calculated from MO-ADK or MO-PPT. Thearticle is followed by an annex that presents visual depictions of the anisotropicangular ionization and the fitted Padé function to the t0 value that is necessaryin the molecular PPT method. Linear and circular polarization are furthermoreanalyzed in term of ionization rates to explain how the two polarizations do notinduce similar ionization probabilities over a same fluence.
Chapter 6 includes the inserted J. Phys. Chem. A article "Electro-nuclear Dy-namics of H2 single and double ionization in ultrafast intense laser pulses" anda subsequent annex that inquires about differences between the observablesproduced by the methods involving static or propagating nuclear wave packets,and the population transfers from eigenstate projections, subject of Chap. 5. Vi-brational dynamics are put forward in this article that highlights their crucial rolein the simulation of the dissociative ionization of H2. The importance of nucleimotion is particularly demonstrated in second ionization processes, where staticvibrationalwave packets largely underestimate ionization probabilities. The sug-gested model of complete molecular dynamics is used to generate realistic re-sults through the KED spectra of protons emitted via photodissociated H+

2 , en-compassing events of Above-Threshold Dissociation, Bond Softening and, fromdouble ionization, Coulomb Explosion of the remaining protons. The annex in-vestigates the differences in population profiles, average internuclear distancesand KED spectra, while returning to the principles of semi-classical ionizationrates calculated in the annex of Chap. 5.
The thesis is concluded in Chapter 7 with a brief summary of all chapters, and
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some research directions and future plans, such as the development of analyt-ical ionization rates from post-Hartree-Fock methods, plans to further investi-gate the quantitative limit of the SAE approximation, and the implementationof a new ionic continuum that would involve Gaussian propagation rather thanplane waves.
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Annex: Atomic Units

All of the equations in this document are presented in atomic units, accordinglyto Table 1.1, reproduced from the NIST website.
Quantity Symbol Value (SI Units)
Charge e 1.602 176 634× 10−19 CMass me 9.109 383 7015(28)× 10−31 kgAction ℏ 1.054 571 817...× 10−34 J.sLength (bohr) a0 5.291 772 109 03(80)× 10−11 mEnergy (hartree) Eh 4.359 744 722 2071(85)× 10−18 JTime ℏ/Eh 2.418 884 326 5857(47)× 10−17 sForce Eh/a0 8.238 723 4983(12)× 10−8 NVelocity a0Eh/ℏ 2.187 691 263 64(33)× 106 m.s−1

Momentum ℏ/a0 1.992 851 914 10(30)× 10−24 kg.m.s−1

Current eEh/ℏ 6.623 618 237 510(13)× 10−3 ACharge density e/a3
0 1.081 202 384 57(49)× 1012 C.m−3

Electric potential Eh/e 27.211 386 245 988(53) VElectric field Eh/ea0 5.142 206 747 63(78)× 1011 V.m−1

Electric field gradient Eh/ea
2
0 9.717 362 4292(29)× 1021 V.m−2

Electric dipole moment ea0 8.478 353 6255(13)× 10−30 C.mElectric quadrupole moment ea2
0 4.486 551 5246(14)× 10−40 C.m2

Electric polarizability e2a2
0/Eh 1.648 777 274 36(50)× 10−41 C2.m2.J−1

1st hyperpolarizability e3a3
0/E

2
h 3.206 361 3061(15)× 10−53 C3.m3.J−2

2nd hyperpolarizability e4a4
0/E

3
h 6.235 379 9905(38)× 10−65 C4.m4.J−3

Magnetic flux density ℏ/ea2
0 2.350 517 567 58(71)× 105 TMagnetic dipole moment ℏe/me 1.854 802 015 66(56)× 10−23 J.T−1

Magnetizability e2a2
0/me 7.891 036 6008(48)× 10−29 J.T−2

Permittivity e2/a0Eh 1.112 650 055 45(17)× 10−10 F.m−1

Table 1.1: Fundamental physical constants in atomic units (a.u.), reproduced from theNational Institute of Standards and Technology (NIST) - Physical Measurement Labo-ratory (URL: https://physics.nist.gov/cgi-bin/cuu/Category?view=gif&Non-SI+
units.x=101&Non-SI+units.y=14, accessed February 20th, 2024.)

49

https://physics.nist.gov/cgi-bin/cuu/Category?view=gif&Non-SI+units.x=101&Non-SI+units.y=14
https://physics.nist.gov/cgi-bin/cuu/Category?view=gif&Non-SI+units.x=101&Non-SI+units.y=14




Ch
ap

te
r

2
Multi-Electron Dynamics
and Strong Field Ioniza-
tion

Contents
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.2.1 The Time-Dependent Schrödinger Equation (TDSE) . . 52
2.2.2 Post Hartree-Fock Methods: Multi-Configuration Ansatz 56
2.2.3 SFA Ionization Continuum and Feshbach Partitioning . 57
2.2.4 Solution to the Time-Dependent Schrödinger Equation . 59

2.3 Many Electrons Dynamics System (MEDYS) Program 61
2.3.1 Second Quantization . . . . . . . . . . . . . . . . . . . . 61
2.3.2 Hamiltonian Matrix Elements . . . . . . . . . . . . . . . 61
2.3.3 Preliminary calculations . . . . . . . . . . . . . . . . . . 62
2.3.4 Time propagation . . . . . . . . . . . . . . . . . . . . . 63

2.4 Case of H2: Establishing the Basis of the Simplest
Molecule . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

2.5 Parameters and Observables . . . . . . . . . . . . . . . . 67
2.5.1 Parameters of the System and the Field . . . . . . . . . 68
2.5.2 Ionization Probability and Photoelectron Spectra . . . . 70

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

51



52 Chapter 2 - Multi-Electron Dynamics and Strong Field Ionization

2.1 . Introduction

In this chapter, the part- Time-DependentMulticonfiguration Self-Consistent Field(TD-MCSCF) and part- Time-Dependent Configuration Interaction (TDCI) algo-rithm that is used to resolve the Time-Dependent Schrödinger Equation un-der the Born-Oppenheimer and Strong Field approximations in fully-correlated,multi-electronic single ionization dynamics is presented. It constitutes MEDYS’algorithm that was applied in our research on the quantitative limitations of theSingle Active Electron approximation usage in the ionization of H2, the subject ofnext chapter’s inserted article "Strong-FieldMolecular Ionization Beyond the Sin-gle Active Electron Approximation." This chapter first explains the theory aroundresolving the TDSE with a multi-configuration method (Sec. 2.2), then its formu-lation within MEDYS’ algorithm (Sec. 2.3), the basis that constitutes the neutralmolecule and its ionic states (Sec. 2.4), and finally, the parameters of the fieldand resulting observables (Sec. 2.5).

2.2 . Theory

2.2.1 .The Time-Dependent Schrödinger Equation (TDSE)

Take any molecule (such as H2) consisting of Nn(= 2) nuclei (n), and N (= 2)electrons (e), submitted to a strong electromagnetic field. It is described by aHamiltonian (Ĥ) of the form
Ĥ = T̂n + T̂e + Ûnn + Ûee + Ûne + V̂ mol

int (t), (2.1)
comprising kinetic energy operators (T̂ ) for all moving particles, intrinsic poten-tial energies (Û ) describing the mutual interactions of the particles, as well asan interaction energy with the external field (V̂ ). In detail, each term of Ĥ isexpressed, using atomic units, as

T̂n = −
Nn∑
α=1

1
2Mα

∇2
R⃗α

(2.2a)

T̂e = −
N∑

i=1

1
2∇

2
r⃗i

(2.2b)

Ûnn = 1
2

Nn∑
α=1

Nn∑
β(̸=α)=1

ZαZβ∣∣∣R⃗α − R⃗β

∣∣∣ (2.2c)
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Ûee = 1
2

N∑
i=1

N∑
j(̸=i)=1

1
|r⃗i − r⃗j|

(2.2d)

Ûne = −
Nn∑
α=1

N∑
i=1

Zα∣∣∣R⃗α − r⃗i

∣∣∣ (2.2e)

V̂ mol
int (t) =

(
Nn∑
α=1

ZαR⃗α −
N∑

i=1
r⃗i

)
· E⃗(t), (2.2f)

whereMα is the mass of nucleus α, R⃗α its position vector, r⃗i that of electron i,and Zα the atomic number of nucleus α.
The Born-Oppenheimer Approximation

This exact operator takes into account the movement of all particles and theinteractions between them, but as nuclei have masses at least 3 orders of mag-nitude greater than electrons, the electronic dynamics will take place at a sig-nificantly faster pace given a similar force. One could then assume the Born-Oppenheimer approximation to be adequate for such a system, considering nu-clei as static (T̂n = 0̂) and theirmutual interaction Ûnn constant, and proceedwitha purely electronic Hamiltonian
Ĥel = T̂el + Ûne + Ûee + Ûnn + V̂ mol

int (t). (2.3)
For the particular case of molecular hydrogen, consisting of two protons stabi-lized by an electronic cloud of two electrons, the electronic Hamiltonian can beread as the sum of two terms: the one- (Ĥ1) and two-electrons (Ĥ2) operators,as well as the remaining nuclear function (C),

Ĥel = Ĥ1(t) + Ĥ2 + C(t). (2.4a)
The monoelectronic operator H1(t) is of a separable form given in Eq. (2.4b), of
the sum of single electron Hamiltonians (ĥ) each of which includes the kineticenergy operator, and the interactions with nuclei and with the external field,

Ĥ1 =
N∑

i=1
ĥ(r⃗i, t), (2.4b)

where
ĥ(r⃗i, t) = −1

2∇
2
r⃗i
−

Nn∑
α=1

Zα∣∣∣R⃗α − r⃗i

∣∣∣ − r⃗i · E⃗(t). (2.4c)
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The bielectronic operator stands entirely for the electron-electron interactions,
Ĥ2 = Ûee, (2.4d)

while the constant mutual interactions (Ûnn) between the nuclei and their inter-action with the field is

C(t) = Ûnn +
Nn∑
α=1

Zα R⃗α · E⃗(t). (2.4e)

Molecular Orbitals and Hartree-Fock Wave Function

We now introduce the molecular orbitals (MO) |ϕri(i)⟩ (spin orbitals |ηri(i)⟩ =
|ϕri(i),msi

⟩ if the electron spin is included), where ri and i are the subscriptsassociated with the corresponding MO and electron, respectively. These areone-electron wave functions, which can describe an actual physical state of asingle electron (in the N electron system), or just a basis vector of the Hilbertspace of that electron.
Orbitals refer to an independent-electron model. Thus, without Ûee, the elec-tronic Hamiltonian Ĥel of Eq. (2.4a) would reduce to Ĥ1, which is separable, andtheN electron state would be a simple tensor product (Hartree product) of spinorbitals

|Ψ, t⟩ = |ηr1(1), t⟩ ⊗ |ηr2(2), t⟩ ⊗ · · · ⊗ |ηrN(N), t⟩ (2.5a)
with the orbitals |ϕri(i), t⟩ evolving from some one-electron initial state |ϕ0

ri(i)⟩under the one-electron Hamiltonian ĥ(r⃗i, t) of Eq. (2.4c) according to

i
∂

∂t
|ϕri(i), t⟩ = ĥ(r⃗i, t) |ϕri(i), t⟩ , |ϕri(i), 0⟩ =

∣∣∣ϕ0
ri(i)

〉
. (2.5b)

This is without taking into account the Pauli principle, which requires that the
N electron state (wave function) be antisymmetric with respect to permutations
P̂ij of any electron pair (i, j). Under this condition, one would rather write
|Ψ, t⟩ = Â

[
|ηr1(1), t⟩ ⊗ |ηr2(2), t⟩ ⊗ · · · ⊗ |ηrN(N), t⟩

]
:= |D{msi }

{ri} , t⟩ (2.6a)
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where Â is the antisymmetrizer, and |D{msi }

{ri} , t⟩ is the Slater determinant

|D{msi }
{ri} , t⟩= 1√

N !

ϕr1(r⃗1, t)ωms1
(1) ϕr2(r⃗1, t)ωms2

(1) .. ϕrN(r⃗1, t)ωmsN
(1)

ϕr1(r⃗2, t)ωms1
(2) ϕr2(r⃗2, t)ωms2

(2) .. ϕrN(r⃗2, t)ωmsN
(2)

.. .. .. ..

.. .. .. ..
ϕr1(r⃗N , t)ωms1

(N) ϕr2(r⃗N , t)ωms2
(N) .. ϕrN(r⃗N , t)ωmsN

(N)

:=
∣∣∣ϕr1ωms1

ϕr2ωms2
... ϕrNωmsN

∣∣∣ (2.6b)
where ωmsi

(j) denotes the spin wave function of spin projectionmsi
for electron

j. In this expression, {ri} and {msi
} represent the set of all possible values of riandmsi

, respectively.
Time-Dependent and Time-Independent Orbitals

In the above, themolecular orbitalsϕri(r⃗, t) are time-dependent, being governedby the one-electron TDSE (2.5b), and evolve from initial time-independent or-bitals ϕ0
ri(r⃗ ).

These can be thought of as, and are often taken to be eigenstates of a field-freeone-electron Hamiltonian ĥ(r⃗ ) according to
ĥ(r⃗ )ψk(r⃗ ) = ϵk ψk(r⃗ ) . (2.7a)

This could be the Hamiltonian of Eq. (2.4c) taken at a time when E⃗(t) = 0, in
which case it is called core Hamiltonian (core-H), and denoted ĥcore in quantumchemistry. Else, it could be the Fock operator of the Hartree-Fock theory (HF) [1–3], or the Kohn-ShamHamiltonian in the Kohn-Sham implementation of Density-Functional Theory (KS-DFT) [4]. The Hamiltonian ĥ(r⃗ ) therefore reads

ĥ(r⃗ ) = −∇
2
r

2 + Ûne(r⃗ ) + v̂eff (r⃗ ) (2.7b)
with

veff (r⃗ ) =



∑
k

[
Ĵk(r⃗ )− K̂k(r⃗ )

] (HF)
∑

k

[
Ĵk(r⃗ )

]
+ vxc(r⃗ ) (KS-DFT)

0 (core-H)
(2.7c)

In these expressions, Ĵk(r⃗ ) and K̂k(r⃗ ) denote operators involved in the defini-tion of an effective electron-electron interaction described as amean field in the
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HFmethod, and are called Coulomb and exchange integrals, respectively. Theseoperators are defined as follows
Ĵk(r⃗ ) :=

∫
d3r′

[
|ψk(r⃗ ′)|2
|r⃗ − r⃗ ′|

]
(2.7d)

and
K̂k(r⃗ ) f(r⃗ ) :=

∫
d3r′

[
ψ∗

k(r⃗ ′)f(r⃗ ′)
|r⃗ − r⃗ ′|

]
ψk(r⃗ ) . (2.7e)

Finally, the function vxc(r⃗ ) is defined in the KS-DFT as the exchange-correlationpotential, which is formally the functional derivative, with respect to the electrondensity ρ of an unknown functional of ρ called the exchange-correlation energyfunctional
vxc(r⃗) := δExc [ρ]

δρ(r⃗ ) . (2.7f)
The time-independent orbitals ψk may play the role of initial orbitals fromwhichevolve the time-dependent orbitals ϕri(r⃗, t), or can be considered as constitut-ing a time-independent basis for the expansion of ϕri(r⃗, t), and later for the con-struction of a time-independent configuration state functions (CSFs; explainedin section 2.2.2) basis used in the TDCI expansion of the N-electron wave func-tion.

2.2.2 .Post Hartree-Fock Methods: Multi-Configuration Ansatz

The Hartree-Fock method is an ab initio scheme based on the representation, inboth time-dependent and time-independent cases, of the systemwave functionby a single Slater determinant, yielding a mean-field estimation of the electronrepulsion through the Coulomb and exchange integrals.
To get a more exact description of the many-electron structure and/or dynam-ics, multiconfiguration theories such as the Multi-Configuration Self-Consistent-Field (MCSCF) method and its time-dependent counterpart, the TD-MCSCF ap-proach, introduce a development over configuration state functions (CSFs) [5].A CSF is a linear combination of Slater determinants, constructed out of a well-defined set (usually of finite dimension) of orbitals, to yield fixed total spin quan-tum numbers S andMS

|ΦS,MS
I ⟩ =

∑
{msi }

such that∑
i

msi =MS

cS,Ms

{msi } |D
{msi }
{ri} ⟩ (2.8)

The Slater determinants included in the sum on the right hand side of Eq. (2.8)use the same set ofmolecular orbitals indicated by {ri}, each possibly repeated,
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in the same manner in all the included determinants, up to two times, definingan electron configuration with definite occupation numbers nri with nri = 0, 1 or
2, of the orbitals ϕri with ri = 1, 2, .., νT , and various ways of distributing the spinstates |msi

⟩ among them such as to give∑i msi
= MS . The coefficients cS,Ms

{msi } arespin-coupling coefficients, generalizations of Clebsh-Gordan coefficients from 2
toN 1⁄2 spins, ensuring that the totalN -electron spin length is√S(S + 1). Usingthe occupation numbers nri, one can also denote the CSF as

|ΦS,MS
I ⟩ = |n1, n2, n3, ..., nνT

⟩
S,MS

. (2.9)
Thewave function describing theN -electron state is then generated and evolvedover time by combining the CSFs and pondering them with configuration inter-action (CI) coefficients AI(t),

|Ψ, t⟩ =
NCSF∑
I=1

AI(t)
∣∣∣ΦS,MS

I

〉
. (2.10)

The CSFs |ΦS,MS
I ⟩ may make use of time-dependent or time-independent or-bitals. In the first case, we have a TD-MCSCF method, and in the second case,a TDCI method. It is to be noted that, in the TD-MCSCF case, while the {ϕri}MOs are propagated under the effect of the monoelectronic, direct interactionwith the field part of the Hamiltonian given in Eqs. (2.4b-2.4c), the CI coefficientsevolve under the bielectronic part given in Eq. (2.4d), indirectly influenced bythe field from its impact on the MO basis. No orbitals evolution is involvedin the TDCI case, and the CI coefficients evolve under the full N-electron time-dependent Hamiltonian. Finally, considering νT molecular orbitals, N electronsand a total spin of S in the model, NCSF CSFs are necessary to fully representthe system in the TD-MCSCF approach, which can be calculated as [5]
NCSF (νT , N, S) = 2S + 1

νT + 1

(
νT + 1

1
2N − S

)(
νT + 1

1
2N + S + 1

)
. (2.11)

2.2.3 .Ionization Continuum in the Strong Field Approximation (SFA) and
Feshbach Partitioning

The number of required CSFs to meet the completeness criterion of the boundbasis is computationally bearable while representing the bound states and theexcitation pathways of the electrons in an atom or a small molecule, but onecan see from Eq. (2.11) that including the ionization continuum instantly be-comes problematic, as ensuring a quasi-complete representation of the pho-toelectron dynamics would require an excessive amount of CSFs. Such a com-putational problemwould considerably restrict the orbitals basis onto which areconstructed the CSFs.
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To alleviate this demanding part of the method, most dynamics within a stronglaser field will apply conditions of the Strong Field Approximation (SFA) [6–8],which establishes that the interactions between an ionized electron and theCoulomb potential from its source cation is negligible compared to its interac-tion with the field. Such an approximation implies that the photoelectron dy-namics can be treated in a different regime neglecting the Coulomb potentialonce the particle reaches a certain distance from the cation, with a Volkov prop-agator [9].
The MO basis {ϕri} is thus separated in two subspaces of the monoelectronicHilbert space, H(1), using the Feshbach partitioning method [10–13]. The firstsubspace is composed of νb square-integrable MOs, noted φi, while the othersubspace is composed of νc plane wave orbitals limiting the continuum to a dis-cretized basis, noted {χκ}, all initially orthogonalized with the active {φi} basisof bound MOs. We have therefore

{ϕri} = {φi}νb

i=1 ∪ {χκ}νc

κ=1 , (2.12)
with

νb + νc = νT .

Partitioning the complete MO basis with the orthogonal projection operators
q̂ =

νb∑
i=1
|φi⟩⟨φi|, (2.13a)

and
p̂ =

∑∫
κ

|χκ⟩⟨χκ| = 1− q̂ (2.13b)
(where 1 is the identity operator) renders the CSFs describable by their occupa-tion number nri of subspace MOs ϕri as

|ΦS,MS
I ⟩ = |n1, n2, n3, ..., nνb︸ ︷︷ ︸

nB

, nνb+1, ..., nνb+κ, ..., nνb+νc︸ ︷︷ ︸
n′

C

⟩

= |nB;n′
C⟩ . (2.14)

Here, |nB;n′
C⟩ thus represents a particular distribution of n and n′ electrons inthe bound and continuumorbitals, respectively. The projection operator of CSFsassociated with the neutral molecule basis, containingN bound electrons in thebound subgroup and no electron in the continuum, is written as

Q̂ =
∑
NB

|NB; 0C⟩⟨NB; 0C |

=
∑

I

|I⟩⟨I| , (2.15)
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where the sum runs over all possible distributions of N electrons in νb boundorbitals. The projection operator associated with a single ionization in the planewave continuum, while N ′ = (N − 1) electrons remain bound in the MO basis,is

P̂ = 1− Q̂
=
∑
N ′

B

∑∫
κ

|N ′
B; ..., 1κ, ...⟩⟨N ′

B; ..., 1κ, ...|

=
∑
I+

∑∫
κ

|I+, κ⟩⟨I+, κ| , (2.16)

where the double sum runs over all possible distributions of N ′ electrons in νbbound orbitals and 1 electron in νc free orbitals. From these assumptions, itis possible to generate the time-dependent wave packet representing the elec-tronic dynamics in both bound |I⟩ and ionic |I+, κ⟩ states
|Ψ, t⟩ =

∑
I

CI(t) |I⟩︸ ︷︷ ︸
|ΨQ(t)⟩

+
∑
I+

∑∫
κ

γI+,κ(t) |I+, κ⟩
︸ ︷︷ ︸

|ΨP (t)⟩

, (2.17)

where CI(t) and γI+,κ(t) are the time-dependent coefficients representing theproportions of CSFs |I⟩ and |I+, κ⟩, respectively. In so far as these CSFsmake useof the time-independent orbitals, Eq. (2.17) represents the TDCI wave function.
2.2.4 .Solution to the Time-Dependent Schrödinger Equation

As mentioned in the section 2.2.3, the SFA implies that the photoelectron wavepacket will not propagate the same way in the continuum as will do the wavepacket constructed from bound states, so both fractions of the neutral |ΨQ⟩ =
Q̂|Ψ⟩ and ionic |ΨP ⟩ = P̂ |Ψ⟩molecule can be propagated separately, accordingto

i∂t|ΨQ(t)⟩ = HQQ(t)|ΨQ(t)⟩+HQP (t)|ΨP (t)⟩ (2.18)
and

i∂t|ΨP (t)⟩ = HP P (t)|ΨP (t)⟩+HP Q(t)|ΨQ(t)⟩, (2.19)
HQQ = Q̂ĤQ̂ andHP P = P̂ ĤP̂ being propagating operatorswithin the partition,
and HP Q = P̂ ĤQ̂ = H†

QP being an exchange operator inducing wave packetinjection from one partition to the other.
Over a time frame t ∈ [tn, tn+1] that is chosen small enough to enclose an adia-
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batic dynamic, the wave packet evolution matrices read as(
|ΨQ(t)⟩
|ΨP (t)⟩

)
=
(
UQQ(t, tn) 0

0 UP P (t, tn)

)(
1 − i

2H̄QP (tn)
− i

2H̄P Q(tn) 1

)

×
(

1 i
2H̄QP (tn)

i
2H̄P Q(tn) 1

)−1 ( |ΨQ(tn)⟩
|ΨP (tn)⟩

)
, (2.20)

where UQQ and UP P are the propagators associated to HQQ and HP P respec-tively, and where the two central matrices of the right-hand term that include asummed inter-space interaction term
H̄P Q(tn) =

∫ t

tn

HP Q(t′)dt′,

constitute the Crank-Nicolson propagator [14] for theHQP andHP Q interactionHamiltonians.
The algorithm associated to each subspace can also be describedmore explicitlyas
|ΨQ(t)⟩= ÛQQ(t, tn)

{
L̂−

Q(tn)
[
L̂+

Q(tn)
]−1
|ΨQ(tn)⟩ − i

[
L̂+

Q(tn)
]−1

H̄QP (tn)|ΨP (tn)⟩
}

(2.21a)and
|ΨP (t)⟩= ÛP P (t, tn)

{(
1P + 1

2H̄P Q(tn)
[
L̂+

Q(tn)
]−1

H̄QP (tn)
)
|ΨP (tn)⟩

−iH̄P Q(tn)
[
L̂+

Q(tn)
]−1
|ΨQ(tn)⟩

} (2.21b)
with the simplification

L̂±
Q(tn) =

[
1Q ±

1
4H̄QP (tn)H̄P Q(tn)

]
. (2.22)

Since the time-dependency of the wave packet dynamics can be basically re-duced to the proportion coefficients of each CSF varying over time (see Eq. 2.17),it is convenient to regroup them into vectors C(t) of the boundQ subspace and
Γ(t) of the ionic P subspace, such as

C(t) = UQQ(t, tn)
{
L−

n (L+
n )−1C(tn)− i(L+

n )−1HQP Γ(tn)
} (2.23)

and
Γ(t) = UP P (t, tn)

{
Γ(tn)−HP Q

[1
2(L+

n )−1HQP Γ(tn) + i(L+
n )−1C(tn)

]}
, (2.24)

where
UQQ(t, tn)↔ UQQ(t, tn), UP P (t, tn)↔ UP P (t, tn), L±

n ↔ L̂±
Q(tn),

HQP ↔ H̄QP (tn), HP Q ↔ H̄P Q(tn).
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2.3 .Many Electrons Dynamics System (MEDYS) Program

The algorithm explained in details in section 2.2.4 is the one that is used in theprogram MEDYS, developed and improved during the last decades in the labo-ratory of Prof. Nguyen-Dang [12, 15–17].
2.3.1 .Second Quantization

In the second quantization formalism [18–20], the mono- and bielectronic partsof the electronic Hamiltonian can be written as
Ĥ1(t) =

∑
r

∑
s

hrs(t)Êrs (2.25a)
Ĥ2(t) = 1

2
∑

r

∑
s

∑
u

∑
v

grsuvêrsuv, (2.25b)
where

hrs = ⟨ϕr(r⃗)|ĥ(r⃗, t)|ϕs(r⃗)⟩ (2.26)
is thematrix element of the ĥ(r⃗i, t)matrix fromEq. (2.4c) in theMObasis {φs}νT

s=1,and
grsuv =

〈
ψr(r⃗1)ψu(r⃗2)

∣∣∣∣ 1
r12

∣∣∣∣ψs(r⃗1)ψv(r⃗2)
〉 (2.27)

are the bielectronic integrals.
It is convenient to make use of the creation and annihilation operators â†

r,ν , âr,νbrought by the formalism to represent excitation fromone spin orbitalϕs,ν to theother ϕr,ν , with ν = {α, β}, i.e. ms = {+1
2 ,−

1
2}, as the monoelectronic generator

Êrs = â†
rαâsα + â†

rβâsβ , (2.28)
and two instantaneous excitations as the bielectronic generator

êrsuv = ÊrsÊuv − Êrvδsu . (2.29)
2.3.2 .Hamiltonian Matrix Elements

The matrix elements of the monoelectronic Ĥ1 and bielectronic Ĥ2 parts of theHamiltonian in the CSF basis
⟨I|Ĥ1|J⟩ =

∑
r

∑
s

hrs(t)⟨I|Êrs|J⟩ (2.30a)
and

⟨I|Ĥ2|J⟩ = 1
2
∑

r

∑
s

∑
u

∑
v

grsuv⟨I|êrsuv|J⟩, (2.30b)
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can be interpreted as projections that consider both the possibility and proba-bility of electronic transfer from a CSF |J⟩ to another, |I⟩, independently of theirbound or ionic nature.
As mentioned in section 2.2.2, CSFs are constructed antisymmetrized to anyelectron permutation, so that transitions of those fermions from CSF |J⟩ to |I⟩,
⟨I|Êrs|J⟩, are only possible if (1) the MO ϕs represented in CSF |J⟩ is occupiedby at least one electron, with a maximum of two as per the Pauli exclusion prin-ciple [21], (2) the MO ϕr represented in CSF |I⟩ is able to receive an electron ofunchanged spin ν, so that if it already contains an electron, its spin should be
−ν, and (3) |I⟩ and |J⟩ only differ by the transfer of a sole electron. If all the con-ditions are met, the element of matrix shall be greater than zero, and ponderedby the monoelectronic integral hrs representing the transition probability froma molecular orbital ϕs to another ϕr (see Eq. 2.26).
The same conditions also apply to the bielectronic transitions, except that ϕuand ϕv must also satisfy the same requirements as ϕr and ϕs within |I⟩ and |J⟩at the same time. The bielectronic integrals will also consider both electrons forthe transition probabilities.
In this model of single ionization dynamics, when considering the recapture ofan ionized electron, that is, when considering a transition from cation |J+, κ⟩ toneutral molecule |I⟩, we can show exactly that the matrix element ⟨I|Êrκ|J+, κ⟩does not vary with κ, and can be evaluated using any fixed reference value of κ,
κ0. The integrals of interest can therefore be calculated by

⟨I|HQP (t)|J+, κ⟩ ≃
∑

r

⟨I|Êrκ0|J+, κ0⟩ hrκ(t) . (2.31)

2.3.3 .Preliminary calculations

Quantum chemistry softwares are readily available online to help generate thedata of molecular orbitals necessary to calculate the electronic integrals of thestudied molecule, given initial approximations. COLUMBUS [22] is one of thoseprograms, used prior to MEDYS to generate atomic orbitals (AOs), their LinearCombination of Atomic Orbitals (LCAO) coefficients as well as mono- and bi-electronic integrals via the restricted Hartree-Fock method, while neglecting thesymmetry (the corresponding group symmetry is then C1).
MEDYS then takes this information as input to convert it into theMObasis, whichreturns the time-independent integrals of themonoelectronic Hamiltonianwith-out the field h0

rs, the electronic dipole drs and the bielectronic integrals grsuv.Fourier transform of primitive gaussians [23] are then used to generate dipolemonoelectronic integrals drκ linking bound orbitals to the ones of the ionization

https://columbus-program-system.gitlab.io/columbus/
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continuum. It is to be noted that the program in its actual state does not takeinto account bound with ionized electron interactions.
These calculations then allow us to proceed to the generation of partitionedHamiltonian operators ĤQQ, ĤP P , ĤQP and ĤP Q via integrals ⟨I|Êrs|J⟩ and ⟨I|Êrs|J⟩.

2.3.4 .Time propagation

The exchange term H̄QP of the Hamiltonian has to be calculated for each timeframe because of the time dependency of the field in its component
F̄ (tn) = 1

t− tn

∫ t

tn

E(t′)dt′ , (2.32)
joined to dipole dQP . From there, L±

n are calculated to ultimately propagate in-teraction configuration vectors C(t) and Γ(t) within the timeframe [tn, tn+1].
The propagation in the bound state of the neutral molecule is done by applyingthe unitary operator

UQQ(t, tn) = exp{−iHQQ(tn)δt}, where δt = t− tn (2.33)
and include coupling effects with the field as well as internal forces such as theelectronic correlation.
Since the propagation of the bound electrons and of the photoelectron are donewith different methods to characterize the cation, and since the correlation ef-fects between the ionized electron and all the others are neglected, the unitaryoperator for the propagation of the cation will be constructed by two terms

UP P (t, tn) ≃ Ub
P P (t, tn)⊗ Uf

P P (t, tn), (2.34)
one for the bound electrons,

Ub
P P (t, tn) ≃ exp{−iHb

P P (tn)δt}, (2.35)
that will propagate the (N−1) remaining electrons exactly the sameway as theyare in the neutral molecule, and another term for the ionized electron[

Uf
P P (t, tn)

]
κ,κ′

=
〈
κ
∣∣∣Û1e(t, tn)

∣∣∣κ′
〉
, (2.36)

that induces evolution of the electronic wave packet independently of the Coul-omb interactions with the cation, through a Volkov propagator brought by theStrong Field Approximation.
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This operator acting within the electronic field E(t) is written as
Û1e(t, tn) = e−iΦ(t,tn) eiA⃗(t,tn)·r⃗ e−iα⃗(t,tn)·p⃗ e−ip̂2δt/2 , (2.37a)

with components
A⃗(t, tn) =

∫ t

tn

dt′E⃗(t′) , (2.37b)
α⃗(t, tn) =

∫ t

tn

dt′A⃗(t′, tn) , (2.37c)
and

Φ(t, tn) = 1
2

∫ t

tn

dt′A2(t′, tn) . (2.37d)
Even though the electron dynamics associated with the photoelectron are fac-torized from the dynamics of the bound electrons, one should note that theantisymmetric character of the configuration state functions renders electronsindistinguishable, as required by the Pauli principle. As the evolution of thewavepackets are distinguished between both basis, Eq. (2.34) can be rewritten as

ÛP P (t, tn) ≃
[∑

P

(−1)P P̂

]
Û b

P P (t, tn)Û1e(t, tn), (2.38)
∑

P (−1)P P̂ being the antisymmetrization operator.

2.4 . Case of H2: Establishing the Basis of the Simplest Molecule

Asmentioned in section 2.3.3, the quantum software COLUMBUS has been usedto generate the atomic orbital basis, through Pople’s 6-31G(d,p)—also known as6-31G∗∗ [24, 25]. 10 MOs are generated using the atomic orbitals 1s, 1s′ (split-valence) and the 3 orbitals 2p(x,y,z) of both hydrogen atoms, which are 1σ(g,u),1′σ(g,u), 3σ(g,u) generated from a combination of 2pz AOs, and 1π(g,u;x,y).

(a) 1σg (b) 1σu (c) 1πu(x) (d) 1πg(x)

Figure 2.1: H2 molecular orbitals in the 6-31G∗∗ basis at R = 1.4 a0.
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(a) 1σg (b) 1σu (c) 1πu(x) (d) 1πg(x)

Figure 2.2: H2 molecular orbitals in the 6-31G∗∗ basis at R = 5.0 a0.

(a) 1σg (b) 1σu (c) 1πu(x) (d) 1πg(x)

Figure 2.3: H2 molecular orbitals in the 6-31G∗∗ basis at R = 10.2 a0.
From these MOs, only 1σg, 1σu, 1πu,x and 1πg,x (depicted on Figs. 2.1, 2.2 and2.3, taken from the writer’s master’s thesis [26]) have been kept to representthe excitation and ionization of H2, as selection rules are applicable dependingon the angle between the field and the internuclear z axis, due to the variation inthe dipolar interaction. For a transition to happen, the variation in the quantumnumber Λ = |m| associated with the quantified value of the electron’s angularmomentum projected on the z axis (lz) must be

∆Λ =
{

0 Parallel field
±1 Perpendicular field , g ←→ u .

From the 4 active orbitals, 10 different electrons placement of inverse sign – andthus, singlet state (S = 0,MS = 0) – are possible according to the Pauli principle.The 10 resulting CSFs that represent the Q subspace are
|1⟩ ↔ |σgσg| |6⟩ ↔ |πuπu|

|2⟩ ↔ 1√
2
{
|σgσu| − |σuσg|

}
|7⟩ ↔ 1√

2
{
|σgπg| − |πgσg|

}
|3⟩ ↔ |σuσu| |8⟩ ↔ 1√

2
{
|σuπg| − |πgσu|

}
|4⟩ ↔ 1√

2
{
|σgπu| − |πuσg|

}
|9⟩ ↔ 1√

2
{
|πuπg| − |πgπu|

}
|5⟩ ↔ 1√

2
{
|σuπu| − |πuσu|

}
|10⟩ ↔ |πgπg| . (2.39)

From the initial calculations, it was shown that one can get the ĤQQ matrix con-taining energy data for each CSF. It is then possible to extract the eigenstates en-
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ergy values by diagonalization of said matrix, as to get the 10 bound eigenstates
|EI⟩, I = 1, 10, depicted on Fig. 2.4a for internuclear distances R = [0, 12] a0.

(a) Bound Subspace Q

(b) Ionic Subspace P
Figure 2.4: Potential curves of the electronic eigenstates (a) |EI⟩ of H2 and (b) |EJ+,κ⟩,
κ↔ k⃗ = 0 of H+

2 , in atomic units.
To generate the basis for H+

2 , one has to consider that the remaining boundelectron has to be placed within one of the four MOs while the ionized one is
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in the ionization continuum, which in terms of plane waves basis is representedby vectors k⃗ ∈ R3 – limited for computational reasons to a plane including theinternuclear axis z and the possible perpendicular field polarization axis x. Con-sidering a restriction to single ionization dynamics, the 4 continua generated torepresent the 4 types of CSFs in the ionic P subspace is limited to

|σg, κ⟩ ↔
1√
2
{
|σgχκ| − |χκσg|

}
|σu, κ⟩ ↔

1√
2
{
|σuχκ| − |χκσu|

}
|πu, κ⟩ ↔

1√
2
{
|πuχκ| − |χκπu|

}
|πg, κ⟩ ↔

1√
2
{
|πgχκ| − |χκπg|

}
,

depicted for κ↔ k⃗ = 0 on Fig. 2.4b.
Lower potentials of neutral H2 and its single ionization product H+

2 were com-pared with interpolated potentials of the literature [27, 28]. The results weresimilar, as shown in Fig. 2.5, while reference datasets converged more rapidlytowards asymptotic dissociation energies of −1.0 a.u. for the neutral molecule,and−0.5 a.u. for the ion. The perceived shift in energy fromMEDYS’ calculationscan be attributed to the use of a 6-31G∗∗ Pople basis set for the generation of arestricted, quasi-complete electronic molecular orbitals basis.
While this basis set, developed for the description of the electronic structure ofmost molecules in which hydrogen atoms participate to bonding only via their
1s orbital, is convenient to represent σg (∝ 1sA +1sb) and σu (∝ 1sA−1sb) statesof H2 and H+

2 , it fails to represent the energetics of excited orbitals, and overes-timates excitation energies, even to states correlating to the n = 2 hydrogeniclevels at the dissociative limit, as seen in Fig. 2.4. It is to be noted that calcula-tions in Chap. 3 do not consider molecular orbitals πu and πg, and thus do notmake use of those anomalous potentials.

2.5 . Parameters and Observables

As mentioned in section 2.2.3, the wavepacket is separated in two subspaces,so its terms can be written, for H2, as
|Ψ(t)⟩ = |ΨQ(t)⟩+ |ΨP (t)⟩

=
10∑

I=1
cI(t) |I⟩+

4∑
I+=1

∫
dκ γI+,κ(t) |I+, κ⟩ , (2.40)

where |I⟩ are the bound CSFs, cI(t) are the bound states coefficients, |I+, κ⟩ arethe ionized CSFs and γI+,κ(t) are the ionized states coefficients.
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Figure 2.5: Comparison between lower potentials of H2 and H+
2 generated with the abinitio program MEDYS [23] (full lines) and the interpolated resulting energies from thework of Kolos andWolniewicz on H2 potentials [27] (dark blue dashed line) and the workof Madsen and Peek on H+

2 potentials [28] (dark orange dashed line for 1Σ+
g and darkgreen dashed line for 1Σ+

u ).

In theMEDYS program, the time dependency of thewave function is given by thecoefficients cI(t) and γI+,κ(t), respectively representing the subspaces Q and P.They are propagated over femtoseconds-long dynamics, using an iteration ofattosecond timeframes, a duration short enough to converge the calculations.
2.5.1 .Parameters of the System and the Field

Initially, the molecule is in its ground state, without any external perturbation.To represent this state of the molecule, it is custom to use the first eigenstate
|E1⟩ calculated for the system at rest. It is obtained by diagonalization of the
HQQ(0) matrix at fixed R to get eigenvectors and their associated eigenvalueswhile γI+,κ(0) = 0, ∀I+, κ.
At any time during the dynamics, the eigenstates can be described as linear com-binations of CSFs and vice versa. The initial states consist mainly of states |1⟩and |3⟩, varying in proportion depending on the strength of the electronic cor-relation, which in turn depends on the internuclear distance R. At the equilib-
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rium distance, R = 1.4 a0, the initial state consists almost entirely of |σgσg|, as
|c1(0)|2 = 99.5%. As R increases towards regions where the σg and σu potentialsare closer to each other and to the dissociative energy value, the distributionof CSFs within the eigenstates becomes comparable, with |c1(0)|2 = 63% for
R = 5.0 a0 and |c1(0)|2 = 50% at R = 10.2 a0.
The electric field is described by the following equation

F(t) = F0 sin2
(
π t

τ

)
cos(ωt) , (2.41)

where F0 is the peak field amplitude, ω = 2πc/λ is the angular frequency, and τ
is the total duration of the dynamics. It is of the form F⃗ = F(t) ê, where ê is theunit vector pointing in the polarization direction of the linear field.
For the purposes of my research, the parameters of the field were set to a to-tal duration of nper = 4 optical cycles, 2 cycles for the full width at half maxi-mum (FWHM) of the pulse, which corresponds to approximately 9.34, 10.01 and
10.54 fs for wavelengths of λ = 700, 750 and 790nm, respectively. These threedifferent wavelengths were used to compare the effect of the frequency on theobservables. They correspond to the frequencies of respectively ω = 6.51×10−2,
6.08× 10−2 and 5.77× 10−2 a.u. (1.77, 1.65 and 1.57eV), respectively. Each opticalcycle is divided in nt = 2000 time frames of similar duration δt = τ/(npernt).
H2 nuclei are considered static using the Born-Oppenheimer approximation,and thus molecules at the equilibrium, R = 1.4 a0, slightly elongated, R = 5 a0and quasi-dissociated, R = 10 a0 are compared through our research. Electron-cation wave packets are represented on a plane wave’s 2D grid over the kz in-ternuclear axis and the orthogonal kx axis. The continuum is discretized using atotal of 240 000 points: 400 on kz and 600 on kx, all spaced on the momentumgrid by a factor δkz = δkx = 0.0314 a0

−1, which covers −6.27 to 6.27 a0
−1 on kz ,and −9.41 to 9.41 a0

−1 on kx.
One aspect of the program that distinguishes it from other TD-MCSCF softwaresis its recent addition of an “electronic interaction” parameter,

η(t) = ηi −
ηi − ηf

1 + exp
[

−12(t−tc)
d

] , (2.42)
a sigmoid function applied to the electron repulsion potential Uee = 1/r12, fromthe electronic interaction part of the Hamiltonian described in Eq. (2.2d), thathas the capacity to switch on or off the interaction over a certain period of time.As it is written in Eq. (2.42), η(t) varies over time and can take any value between0, where the electronic correlation is extinguished, to 1, where it is fully consid-ered. Initially, its value is set to a weight of ηi = 1 and it will gradually change
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towards a weight of ηf = 0, following a sigmoid of width d centred at the time
tc, ideally at a maximum of the field so that the dynamics is dominated by thestrong field.
The purpose of this addition to the code is to explore the quantitative limitationsof the Single Active Electron Approximation (SAE), an approximation widely usedin the literature because it conveniently neglects the electronic interaction, sothat each electron is considered independent of the others. As we will see in thenext section, this approximation cannot be used under certain settings of thesystem and of the strong field, and our work constitutes a preliminary approachto the quantitative limits of some parameters. As such, it was necessary for oursimulation program to be able to consider the same initial system, with full elec-tronic correlation, and to compare situations in which the correlation is eitherkept total for the whole dynamics, or turned off during a maximum of the field.
Following a numerical study aimed at understanding the impact of the electroniccorrelation switch-off time, we decided to set the width parameter of the sig-moid to d = 75a.u., corresponding to about 1.81 fs, so that it is large enough notto cause sudden excitation of the molecule, and small enough to be in a partof the dynamics where the field dominates Coulomb interactions. The sigmoidwas centered at tc = 3π/2ω, right at the peak of the second maximum, so thatthe field is already strong enough to guide the dynamics during the cutoff of theelectronic correlation, and at the earliest possible time to see the full effect ofthis cutoff.

2.5.2 .Ionization Probability and Photoelectron Spectra

Since population information is already stored in a channel-resolved fashion intothe time-dependent coefficients cI(t) and γI+,κ(t), the information concerningthe dynamics can be directly extracted from those.
The bound states composition of H2 is of particular interest for the study, astransitions to excited states are able to either quench or exalt the ionization de-pending on the conditions of the simulation. It is possible to describe the eigen-states as linear combinations of CSFs, and vice-versa, such that if an eigenstatecan be described as |EJ⟩ = ∑

I DJI |I⟩ (the result of diagonalizing HQQ at t = 0)the populations within the said eigenstate during the dynamics can be writtenas
PEJ

(t) =
∑

I

|D∗
JI cI(t)|2, (2.43a)

and for their CSF counterpart as
PI(t) = |cI(t)|2. (2.43b)
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Similarly, the time-dependent probability of ionization towards different ionicchannels I+ of H+

2 can be calculated by
ΓI+(t) ∝

∫
|γI+,κ(t)|2 d3k⃗ −

2∑
i=1

∣∣∣∣∫ ⟨φi |⃗k⟩ γI+,κ(t) d3k⃗
∣∣∣∣2 , (2.44)

where φ{1,2} = σ{g,u}, and the total ionization probability is given by
Pion(t) =

∑
I+

ΓI+(t). (2.45)

From those equations, one should always get a normalized total
Pion(t) +

∑
I

PEI
(t) = 1 . (2.46)

As stated in section 2.2.3, the ionic CSFs are constructed with the non-orthon-ormal {χκ} continuum orbitals, within the plane wave basis orthogonalized withthe active bound MO basis {φi}. Asymptotically, those continuum orbitals can
be effectively represented by their associated plane waves |χκ⟩ →

∣∣∣⃗k 〉, and it is
possible to extract from the ionic coefficient γI+,κ(t) the post-dynamic channel-resolved photoelectron spectra

fI+

(
k⃗
)

= |γI+,κ(tf )|2, (2.47)
distributed over the momentum plane associated with vectors k⃗.
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Résumé

Le présent travail explore les limites quantitatives de l’approximation du simpleélectron actif (SAE), souvent utilisée pour traiter l’ionisation en champ fort et ladynamique attoseconde ultérieure. En utilisant une approche multi-configura-tionnelle dépendante du temps, en particulier une méthode d’interaction deconfigurations dépendante du temps (TDCI), nous résolvons l’équation de Schrö-dinger dépendante du temps (TDSE) pour la molécule de dihydrogène à deuxélectrons, avec la possibilité de modifier l’interaction électron-électron par unefonction d’activation/désactivation adiabatique. Nous nous concentrons sur lessignaux de l’ionisation simple deH2 sous une impulsion laser intense à quatre cy-cles dans le proche infrarouge (NIR), à polarisation linéaire, d’intensité variable,et dans unmodèle demolecule à vibration nucléaire gelée. Les observables quenous abordons sont des profils de probabilité d’ionisation totale post-impulsionen fonction de l’intensité maximale du laser. Trois valeurs de la distance inter-nucléaire R sont prises en paramètre, R=Req =1.4a.u, la géométrie d’équilibrede la molécule, R=5.0a.u pour une molécule allongée et R=10.2a.u pour unemolécule dissociée. L’observation la plus frappante est le comportement nonmonotone des profils de probabilité d’ionisation à des distances d’allongementintermédiaires avec un cas d’ionisation exaltée et un cas d’extinction partiellede l’ionisation. Nous donnons une interprétation de cela en termes d’un mé-canisme d’ionisation multiphotonique exaltée par résonance (REMPI) avec desrésonances superposées et interférentes résultant d’états électroniques excités.
Mots clés: Excitation en champ intense, corrélation électronique, ionisationtunnel, processus multiphotoniques, interférence de résonance, extinction del’ionisation, interaction de configurations, partitionnement de Feshbach.
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Abstract

The present work explores quantitative limits to the Single-Active Electron (SAE)approximation, often used to deal with strong-field ionization and subsequentattosecond dynamics. Using a time-dependent multiconfiguration approach,specifically a Time-Dependent Configuration Interaction (TDCI)method, we solvethe time-dependent Schrödinger equation (TDSE) for the two-electron dihydro-gen molecule, with the possibility of tuning at will the electron-electron interac-tion by an adiabatic switch-on/switch-off function. We focus on signals of thesingle ionization of H2 under a strong near-infrared (NIR) four-cycle, linearly-polarized laser pulse of varying intensity, and within a vibrationally frozen mol-ecule model. The observables we address are post-pulse total ionization prob-ability profiles as a function of the laser peak intensity. Three values of the in-ternuclear distance R taken as a parameter are considered, R = Req = 1.4a.u,the equilibrium geometry of themolecule,R=5.0a.u for an elongatedmoleculeandR=10.2a.u for a dissociatingmolecule. Themost striking observation is thenon-monotonous behavior of the ionization probability profiles at intermediateelongation distances with an instance of enhanced ionization and one of partialionization quenching. We give an interpretation of this in terms of a Resonance-Enhanced-Multiphoton Ionization (REMPI) mechanism with interfering overlap-ping resonances resulting from excited electronic states.
Keywords: Strong-field excitation, electron correlation, tunnel ionization, multi-photon processes, resonance interference, ionization quenching, configurationinteraction, Feshbach partitioning.

3.1 . Introduction

Intense-field dynamics features numerous phenomena that require radical as-sumptions or approximations in order to attain a simple yet comprehensive in-terpretation and/or to gain access to affordable quantitative simulations. Strong-field ionization [1] is one of these phenomena. It encompasses a wealth of pro-cesses and observable effects, such as High-order Harmonic Generation [2, 3](HHG), Laser-Induced Electron Diffraction [4–6] (LIED) or Attosecond ElectronHolography [7] for instance. When refering to molecules, these processes de-fine AttosecondMolecular (photo-)Dynamics, and their measurements and sim-ulations are highly non-trivial [8, 9]. Thus, the interpretation and simulations ofthese processes have often assumed that the properties of the ionization pro-cess depend essentially on the interaction of the departing electron with the
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laser field and with the Coulomb field of the core, possibly screened by an effec-tive, mean field associated with the Coulomb repulsion exerted by the remain-ing, bound electrons. This is the celebrated Single-Active Electron (SAE) approx-imation [10–12].
A number of approaches have been proposed to refine the SAE approximation,making it more quantitative, or to explore its validity. Constructing a model ef-fective potential for the departing electron in the molecular ionization is a com-mon thread of these works. This can take the form of the introduction of anempirical potential to capture the dynamic (field-induced) multielectron polar-ization effects [13–15]. Of note is the foundation of this in a rigorous Born-Opp-enheimer like separation between the core and the departing electron, couchedwithin a so-called Correlated Strong-Field (CSF) ansatz [13]. Else, in an alterna-tive, not less fundamental approach [16], it was proposed to use, as a quantifierof electron correlation, the difference in the effective potential derived from the(laser-driven) time-evolution of the system’s natural orbitals, as this evolutionis calculated within a multiconfiguration time-dependent description (MCTDHF,for Time-Dependent Multiconfiguration Hartree-Fock) on one hand, and withina time-dependent mean-field description, (TDHF for Time-Dependent Hartree-Fock) on the other hand.
The present paper explores manifestations of effects that indicate the attain-ment of quantitative limits to the SAE approximation in H2. Using an approachof the general time-dependent multiconfiguration class [17–21] specifically aTime-Dependent Configuration Interaction (TDCI) method [21–23], with a Fes-hbach partitioning of the many-electron state space [24, 25], we solve the time-dependent Schrödinger equation (TDSE) for the two-electron dihydrogen mol-ecule, with the possibility of tuning at will the electron-electron interaction by anadiabatic switch on/off function. It is this possibility to modulate the electron-electron repulsion, during the laser-driven dynamics, which constitutes the dis-tinctive trait of the present work. By doing so, we are probing phenomenolog-ical effects of the presence of Vee during the laser-driven ionization dynamics,rather than trying to quantify electron correlation as proposed and illustratednicely elsewhere [16].
Our TDCImethodologywith Feshbach partitioning [24, 25] between neutral bou-nd states and cationic (free) states shares the same philosophy as the Time De-pendent Feshbach Close-Coupling (TDFCC) method of the literature [26–29] anddiffers from it only in the explicit use of configuration-state functions (CSF) as abasis, as opposed to eigenstates of the field-free two-electron Hamiltonian. Wewill focus on signals of the single ionization of H2 under a strong NIR (wavelength
λ = 700, 750, 790nm) two-cycle FWHM, linearly-polarized laser pulse of varying
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intensity. To assess the dynamical importance of the electron repulsion Vee, weconsider three values of the internuclear distance R taken as a parameter, thenuclei being frozen in each geometry in the spirit of the Born-Oppenheimer ap-proximation: R = Req = 1.4a.u, the equilibrium geometry of the molecule, rep-resents a field-free situation of weak electronic correlation, while R = 5.0a.uand 10.2a.u, denoting respectively an elongated and a dissociating molecule,are situations of increasing field-free electronic correlation.
As expected, in the equilibrium geometry R = Req, tuning off the electron re-pulsion has little impact on the channel-resolved and total ionization probabili-ties exhibited as functions of the field-intensity. The total ionization probabilityvs. intensity profile is typical of a tunnel ionization (TI) process [1] except forthe highest range of intensity, for which a sudden increase in the total ioniza-tion probability is observed and interpreted as due to the onset of an over-the-barrier ionization (OBI) mechanism [30]. At the elongated geometryR = 5.0a.u,the ionization probability does not exhibit such a sudden increase as one ap-proaches the high-intensity end, i.e. no over-the-barrier enhancement of theionization is observed. The strong electronic correlation prevailing at this ge-ometry now induces considerable modifications to the dynamics, and the ion-ization probability varies non-monotonously with I , passing through a peak (at
Imax) then a dip (at Imin), denoting an enhancement and a quenching of the ion-ization, in a moderate intensity range, the value of which depends on the fieldfrequency. A possible explanation is that the ionization is a mixture of a tunnelone (TI) from the (correlated) ground-state and multiphoton ionizations (MPI)through excited states, accessible from the ground state by multiphoton excita-tion. The dynamics thus proceeds through a Resonance Enhanced MultiphotonIonization (REMPI) with interfering overlapping resonances resulting from ex-cited electronic states. This non-monotonous behavior is not observed in thedissociative limit, R = 10.2a.u, the strongest field-free correlation situation,where only subtle differences are observed between correlated and uncorre-lated dynamics. This stunning observation is explained by the fact that nomulti-photon transition to the excited states are possible from the correlated groundstate, as these transitions between these states become dipole-forbidden in thisgeometry.
The manuscript is organized as follows: Section 3.2 is devoted to the model andto the computational approach chosen for solving the TDSE. The results concern-ing total ionization profiles are gathered in Section 3.3, with their interpretationand discussions. A summary and conclusion are found in Section 3.4.
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3.2 .Model System and Computational Approach

3.2.1 .Model System: Orbital Basis and Configuration-State Functions (CSF)

The H2 molecule is considered in a body-fixed coordinate system defined suchas the z axis coincides with the internuclear axis of the molecule, at varying ge-ometry given by specific values of the internuclear distance R. Calculations ofthe field-free electronic structure of the molecule at the HF-SCF (Hartree-FockSelf-Consistent Field) level, in the 6-31G∗∗ basis and using the COLUMBUS pro-gram suite [31], yields 10 molecular orbitals. If kept in full, they would in turngenerate a basis of NCSF = 55 two-electron singlet configuration states func-tions (CSF) [32]. The model we are using consists of the part of this basis cor-responding to the various possible ways to distribute the two electrons in thelowest-lying molecular orbitals of σ symmetry, σg (1sσg) and σu (2pσu), respec-tively. In the language of multiconfiguration electronic-structure theories, thiscorresponds to a CAS(2,2) model of the molecule. These two active orbitals arethe samepair of strongly interacting charge-resonance orbitals of H+
2 that under-lie all early works on the dynamics of the dihydrogenmolecular ion in an intenselaser field [33]. Their interactions give rise to several phenomena such as Above-Threshold Dissociation (ATD) [34], Bond Softening (BS) [35], Vibrational Trapping(VT) [36] and Charge-Resonance Enhanced Ionization (CREI) [37–40]. Note thatthe interpretation of the physics of the systemusing directly these orbitals’ prop-erties is possible only near the equilibrium geometry. Near the dissociative limit,the physics is more appropriately discussed in Valence-Bond theoretic language[41], using Heitler-London orbitals, which asymptotically, (as R −→∞), becomeatomic orbitals. We will occasionally evoke these in the discussion of the ioniza-tion dynamics at elongated geometries and in the dissociative limit.

The two active orbitals (σg, σu) give rise also to CSFs that aremost fundamental inthe discussion of correlation in the smallest two-electronmolecule, H2. Basically,with this active space, the CSF basis generated by these orbitals consists of threestates, which will be denoted |L⟩, with L = 1, 2, 3

|1⟩ = |σg↑ σg↓| (3.1a)
|2⟩ = 1√

2
{|σg↑ σu↓| − |σu↑ σg↓|} (3.1b)

|3⟩ = |σu↑ σu↓| (3.1c)
where |ξ1 ξ2| designates a Slater determinant constructed out of the orthonor-mal spin-orbitals ξ1, ξ2, and ↑ and ↓ are for spin up or down respectively. TheseCSF will all be important in the discussion of the electronic excitation dynamicsinduced by the laser field, insofar as it is polarized along the z direction. In addi-
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tion, we expect strong ionization to accompany these electronic excitations. Todescribe the ionization process, the bound orbital active space is augmented bya reasonably extended set of nk continuum-type single-electron orbitals taken
as plane-waves |⃗k⟩ ≡ exp

(
i⃗k.r⃗

), pre-orthogonalized with respect to the bound
active orbitals, and designated by

|χk⃗⟩ ∝ (1− q̂) |⃗k⟩ , (3.2)
where q̂ is the projection operator

q̂ =
2∑

i=1
|φi⟩⟨φi| = |σg⟩⟨σg|+ |σu⟩⟨σu|. (3.3)

Laser-induced single ionization out of any of the bound-state CSF |L⟩, L = 1, 2, 3will give ionized (singlet) CSFs of the form
|1+, k⃗⟩ = 1√

2
{∣∣∣σg↑ χk⃗↓

∣∣∣− ∣∣∣χk⃗↑σg↓

∣∣∣} (3.4a)
|2+, k⃗⟩ = 1√

2
{∣∣∣σu↑ χk⃗↓

∣∣∣− ∣∣∣χk⃗↑σu↓

∣∣∣} (3.4b)
where {J+=1+, 2+} designate the cation CSFs {σg, σu}, respectively, here directlyidentifiable with the orbitals of H+

2 . With k⃗ ∈ R3, these CSFs span two continuaof two-electron states corresponding to the ionic channels 1+, or σg, and 2+, or
σu.
The two-electron wave packet is at all time described by

|Ψ(t)⟩ = |ΨQ(t)⟩+ |ΨP (t)⟩ (3.5)
with

|ΨQ(t)⟩ =
3∑

L=1
cL(t) |L⟩ (3.6a)

and
|ΨP (t)⟩ =

∫
d3k⃗

2+∑
J+=1+

γJ+ ,⃗k(t) |J+, k⃗⟩, (3.6b)
denoting a Feshbach-Adamspartitioning [42–44] of the two-electron state space,into two sub-spaces, the Q-subspace (dimension NQ = 3) of bound states ofthe neutral molecule and the P -subspace (dimension nk × NP , with NP = 2) ofsingly-ionized states, i.e. states of the {H+

2 + e−} system. Since it is the same par-titioning of the many-electron Hilbert space as defined in TDFCC theory [26–29]
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which refers explicitly to the basis of eigenstates of the field-free two-electronHamiltonian, the same physical model, (for the same orbital active space), isinvolved here, although the Hamiltonian matrix is expressed in the CSF basisrather. In particular, the part of the partitioned Hamiltonian corresponding tothe interaction between the two subspaces, ĤQP , is strictly defined by the radia-tive interaction potential, [see eq.(3.10a) below].
The configuration-interaction, (CI) coefficients cL(t) and γJ+ ,⃗k(t) are to be ob-tained from their initial values by solving the electronic Time-Dependent Schröd-inger Equation (TDSE) describing the electronic system driven by the laser pulse

i∂t|Ψ(t)⟩ = Ĥel
η (R, t)|Ψ(t)⟩ , (3.7)

where the 2-electron Hamiltonian is
Ĥel

η (R, t) =
2∑

i=1
ĥi(R, t) + η(t)

r12
, (3.8a)

with
ĥi(t) = −∇

2
i

2 −
1

|r⃗i − R⃗/2|
− 1
|r⃗i + R⃗/2|

− r⃗i · F⃗(t), (3.8b)
containing the spin-conserving electric-dipole interaction (written in the lengthgauge) between the molecule and the electric component of the laser field F⃗(t).Note the presence, in Eq. (3.8a), of the factor η(t) multiplying the electron repul-sion potential Vee = 1/r12. It allows us to artificially switch the electron interac-tion on (η = 1) and off (η = 0) at will, thereby assessing the role (or effect) ofelectron correlation on the strong-field dynamics.

3.2.2 .Many-electron TDSE

The TDSE, Eq. (3.7), is solved by the algorithm of Refs. [24] and [25]. The time-evolution operator is factorized into a product of a block-diagonal (or intra sub-space) and off-diagonal (inter-subspace) parts associatedwith the Feshbach par-titioning defined above. This factorization gives the following structure of the so-lutions to the partitioned TDSE, here written explicitly, (for t in one of the shorttime-slices [tn−1, tn] into which the total time evolution is divided), in terms of thevectors c(t), γ(t) of CI coefficients cL(t) and γJ+ ,⃗k(t),
c(t) = UQQ

{
L−

0 [L+
0 ]−1 c(tn−1)− i[L+

0 ]−1HQP γ(tn−1)
}

(3.9a)
γ(t) = UP P

{(
IP −

1
2HP Q[L+

0 ]−1HQP

)
γ(tn−1) + i[L+

0 ]−1 c(tn−1)
}
. (3.9b)
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In this pair of equations,HQP (= H†

P Q) is aNQ× (nkNP ) rectangular matrix, withelements
(HQP )L,{J+ ,⃗k} = ⟨L|

∑
i

r⃗i|J+, k⃗⟩.E⃗(tn)δt, (3.10a)
and L±

0 are (NQ ×NQ) matrices defined by
L±

0 = IQ ±
1
4HQPHP Q. (3.10b)

IQ(P ) in the above is the unit matrix in the Q(P ) subspace. The parts contain-ing the matrices L±
0 and HQP , HP Q in Eqs. (3.9a) and (3.9b) correspond to theoff-diagonal, inter-subspace propagator, whereasUQQ andUP P represent intra-subspace propagators.

In the basis of the CSFs |L⟩ of the neutral molecule M ≡ H2, UQQ is given by(t ∈ [tn, tn−1])
UQQ = exp

{
{−iHM(t− tn−1)}

}
, (3.11)

while the propagator UP P of the ionized system M+ ≡ {H+
2 + e−} is factorizedapproximately into the product of a propagator for the bound cation and onefor the ionized electron

UP P = exp
{
{−iHM+(t− tn−1)

}
} ⊗ uf (t, tn−1). (3.12)

In these equations HX denotes the (time-dependent) Hamiltonian matrices de-scribing the dynamics of the bound-states of the two-electronmolecular system
X , represented in the bound-CSF basis of that system. For H2, it is a (3× 3) ma-trix (in the basis of the bound CSF |L⟩), while for the cation H+

2 system, it is a
(2 × 2) matrix in the basis of the bound CSFs J+ of the cation, i.e. of the H+

2
σg(u) orbitals. The one-electron propagator uf (t, tn−1) describes the motion ofthe ionized electron in the combined action of the Coulomb forces of the ionand that of the field. Given that the strong-field effect is dominant, we use thewell-known Volkov form of this propagator, [see Ref. [24] e.g., for details], corre-sponding to the strong-field approximation (SFA) [45, 46].
The initial conditions used are given by

cL(0) = cgs
L (R), (3.13a)

γJ+ ,⃗k(0) = 0, ∀ J+, ∀ k⃗, (3.13b)
where cgs

L (R) are the CI coefficients of the ground-state of the fully interactingtwo-electron neutral molecule at internuclear distance R, as obtained by diag-onalizing the matrix representing the field-free Hamiltonian, i.e. Ĥel
η (R, t) of
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Eq. (3.8a) with F⃗ = 0, and η = 1, in the CSF basis of the Q-subspace. In otherwords, the initial state is systematically constructed as the ground-state of H2described at the CISD (Configuration Interaction including Single and Double ex-citations) level with the 2-orbital active space described above.
The system then evolves under a two-cycle FWHMpulse, (for a total width of fourcycles), of the form F⃗ = F(t) ê, where ê is a unit vector pointing in the (linear)polarization direction of the field, and where

F(t) = F0 sin2
(
πt

τ

)
cos(ωt) (3.14)

with a frequency ω = 2π c/λ corresponding to a wavelength λ ranging from 700to 790nm. The pulse duration (total width) is τ .
The novelty of the numerical simulations presented here lies in the introductionof the parameter η(t) multiplying the electron repulsion potential Vee = 1/r12in the Hamiltonian of Eq. (3.8a), more precisely in the intra-subspace parts ĤQQ,
ĤP P of this Hamiltonian. Wewill be comparing results of calculations with η(t) =
1 at all t, corresponding to the normal H2 molecule with the two electrons fullyinteracting with each other, and those of calculations in which η(t) is

η(t) = 1− 1
1 + e−(12/d)(t−tc) , (3.15)

with the width parameter d = 75a.u, (about three quarters of the optical cycle),chosen sufficiently long to make sure that no non-adiabatic effects in the time-resolved dynamics are induced by this Vee switch-off process. The center of thissigmoïd, tc = 3π/2ω, is positioned at the second maximum of F(t). With thischoice, theVee switch-offprocess comes into playwhen the field already acquiresimportant amplitudes, so that the usual assumption of radiative interactionsdominating electron correlation can be meaningfully tested. The calculationsreported in the following use a two-dimensional k-grid defining the plane-wavebasis. For a field polarized in the same z axis as the molecule alignment, the kxgrid contains nx = 600 points with a step-size of δkx = 0.0314a.u while the kzgrid has nz = 400 points.
From the propagated time-dependent CI coefficients cL(t) and γJ+ ,⃗k(t), a num-ber of observables can be calculated. The central one in the following is the final,total ionization probability.
First, let |EJ⟩ = ∑

L DJL|L⟩ describe the composition of the energy eigenstate
|EJ⟩ in terms of the CSF, as obtained by diagonalizing HQQ at the initial time
t = 0. Then the population of that energy eigenstate |EJ⟩ can be calculated
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from the cL(t)’s by

PEJ
(t) =

∑
L

|D∗
LJ cL(t)|2. (3.16)

The channel-resolved ionization time-profile, i.e. the time-dependent probabilityof ionization into an ionic channel (ionic CSF) J+, is defined by
ΓJ+(t) ∝

∫
d3k⃗ |γJ+ ,⃗k(t)|2 −

2∑
i=1

∣∣∣∣∫ d3k⃗ ⟨φi |⃗k⟩ γJ+ ,⃗k(t)
∣∣∣∣2 (3.17)

where φ1/2 = σg/u. The total ionization probability is then the sum of all ΓJ+(t),
Pion(t) =

∑
J+

ΓJ+(t), (3.18)
and the proportionality constant implicit in Eq. (3.17) is such that

Pion(t) +
∑
L

PEL
(t) = 1

at all times. These definitions of channel-resolved and total ionization prob-abilities reflect the fact that the CI coefficients γJ+ ,⃗k(t) refer to ionic CSF thatare constructed with the non-orthonormal {χk⃗} continuum orbitals (orthogo-nalized plane-waves) basis, as defined in Eq. (3.2). However, since asymptoti-cally, |χk⃗⟩ → |⃗k⟩, the channel-resolved photoelectron asymptotic momentumdistributions (spectra) are obtained directly from
fJ+(k⃗) = |γJ+ ,⃗k(tf )|2. (3.19)

3.3 . Results and discussions

Observables of two types could be used to identify deviations from expectedSAE behaviors. In the following we will focus on scalar observables provided bythe populations of various two-electron channels, both in the Q and the P sub-spaces, (i.e. neutral and ionic channels). Signatures of the same deviations fromthe SAE model found for vectorial observables, in photoelectron momentumspectra, will be presented and discussed in a forthcoming publication. The re-sults will systematically be reported for three fixed internuclear distances corre-sponding to the equilibrium geometry, R = 1.4a.u., a geometry correspondingto an elongated but bound (undissociated) molecule R = 5.0a.u., and at a suf-ficiently large distance R = 10.2a.u., where the molecule is almost dissociated.We wish to emphasize that, in all calculations, the two-electron multi-channel
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wave packet is propagated starting from the same initial state of the molecu-lar system, (cf. Eqs. (3.13a) and (3.13b)), precisely its fully correlated electronicground state. While the radiative coupling of the molecule with the electromag-netic field is being introduced by the laser pulse, we adiabatically switch off theelectron repulsion Vee, i.e. we modulate the electronic correlation from its natu-ral level at the considered geometry to zero. This allows us to check the validityof SAE approximation, and to find cases where electron correlation effects arein competition with strong field couplings.
The total ionization probability Pion(tf ) is displayed in Fig. 3.1, as a function ofthe laser pulse peak intensity, for three values of the carrier-wave frequency,corresponding to wavelengths λ within the interval 700 − 790nm. The figure isorganized so that the dynamics with the electron interaction Vee switched off isshown in the upper row, while the lower row pertains to the normal fully corre-lated dynamics. The laser polarization axis ê is parallel to the internuclear axis.
The first observation that can be made is that the SAE approximation appearsto fail in the case of ionization from H2 in an elongated, non-dissociative ge-ometry, as typified by the case R = 5.0a.u., where the ionization probabilityshows a non-monotonous behavior for the fully correlated calculation (lowerrow), while it (the ionization probability) increases monotonously with the fieldintensity when the electron interaction is switched off. For R = 1.4a.u. (equi-librium geometry) and R = 10.2a.u. (dissociative limit), the ionization profilesin the correlated dynamics are rather smooth, monotonously growing with thelaser peak intensity.
Let us now examine in detail how these results can be interpreted. A part of theinterpretation is based on the Keldysh parameter for the identification of thedominant ionization mechanism underlying the situation in consideration, theother part is based on the energy positioning of the field-free energy levels withrespect to various ionization thresholds. Let us review these two aspects.
The Keldysh parameter is defined as γ =

√
Ip/2Up, where Ip is the ionization po-tential and Up = F2

0/(4ω2) is the ponderomotive energy, with F0 the maximumelectric-field amplitude. Processes involving γ ≪ 1 are commonly referred to astunnel ionizations (TI), where the electron tunnels through and escapes from thebarrier resulting from the field-distorted Coulomb nuclear attraction potential(in a quasi-static picture). In the opposite limit of γ ≫ 1, the electron is thoughtto be ionized after absorption of several photons, i.e. by multiphoton ionization(MPI). Defining a borderline between TI and MPI, for values of the Keldysh pa-rameter in the intermediate range γ ∼ 1, is a challenging issue [47]. The valueof γ therefore remains an indicator of the dominant mechanism, its increase
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Figure 3.1: Total ionization probability profiles given as a function of the laser pulseleading intensity, for three excitation frequencies: λ = 790nm blue line, λ = 750nmorange line, and λ = 700nm green line. The first column [panels (a) and (b)] is for
R = 1.4a.u., the second [panels (c) and (d)] forR = 5.0a.u., and the third [panels (e) and(f)] for R = 10.2a.u. The upper row [panels (a), (c) and (e)] corresponds to the adiabaticswitch-off of Vee, while the lower one [panels (b), (d) and (f)] is for the full dynamicalcalculation including the electron correlation.
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R (au) State Ip (au) I (W/cm2) γ Mechanism
1.4 |E1⟩ 0.60 1015 0.37 TI

1016 0.12 OBI
|E0

1⟩ 1.25 1015 0.53
1016 0.16 TI

5.0 |E1⟩ 0.49 5× 1014 0.47 MPI
3× 1015 0.19

|E0
1⟩ 0.75 5× 1014 0.59 MPI

3× 1015 0.16
10.2 |E1⟩ 0.52 1014 1.09 MPI

1015 0.35
Table 3.1: Keldysh parameter values γ for the three different molecular geometriesR =
1.4, 5.0 and 10.2a.u. In all cases, the ionization potential Ip corresponds to the energyof the two-electron molecule’s ground state, (|E1⟩ in the fully correlated case, |E0

1⟩ inthe uncorrelated case), relative to the threshold of the ionic channel 1+ ↔ |σg, k⃗⟩. I aresome selected laser peak intensities. The last column is an indication for the possibleionization mechanism (tunnel TI or multiphoton MPI) adopted for the interpretation.

signaling a change in mechanism from TI to MPI.
Table 3.1 collects the values of the Keldysh parameter for a number of impor-tant conditions as defined by specific values of the laser peak intensity and ion-ization potential Ip. The value of the latter depends on which initial bound stateof the neutral molecule one is considering, in the presence or not of Vee. For thethree internuclear distances, the table actually considers the Ip of themolecule’sground state only, |E1⟩ with Vee and |E0

1⟩ without Vee. Note that Ip changesstrongly withR, following closely the change in the degree of field-free electroniccorrelation.
3.3.1 .Equilibrium geometry

It is for the equilibrium geometry (R = 1.4a.u.) that the value of the ionizationpotential is largest, advocating for an MPI reading in a modest intensity range.However, the laser intensities in play here lead to Keldysh parameters as smallas γ = 0.12, and we can affirm that the ionization regime is mainly Tunnel Ion-ization (TI). The monotonous rise of the ionization probability as a function ofthe field intensity is reminiscent of ionization rate curves deriving from theoriessuch as the ADK model [48], and is typical of tunnel ionization. However, onenotes a striking probability jump at a wavelength-dependent critical intensity Icr(Icr = 1.25× 1016 W/cm2 for λ = 790nm), as seen from Fig. 3.1. We interpret this
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as marking the onset of an over-the-barrier ionization (OBI) mechanism [30], anatural high-intensity transformation of TI. In the simple static model, the bar-rier evoked is that created by the deformation of the nuclear Coulomb potential,with its two wells centered at z = ±R/2, distorted by the radiative coupling. Toestimate the barrier height, consider this distorted Coulomb potential along thelaser polarization (z direction). Close to z ≃ R/2, neglecting the effect of thenucleus at −R/2, such a potential is given by

V (z) = − qeff

|z −R/2| − zF0, (3.20)
where qeff represents an effective nuclear charge, (rather, a nuclear charge num-ber), possibly representing a screening effect of Vee in a simple, semi-empiricalmean-fieldmodel. This produces a barrier of height Vmax = −2

√
qeffF0−(R/2)F0positioned at zmax = R/2 +

√
qeff/F0. For a critical intensity of 1.25× 1016 W/cm2

we get, from the naked Coulomb potential (qeff = 1) with R = 1.4a.u., a barrierheight of Vmax = −1.9a.u, located at zmax = 1.99a.u. This is to be comparedwith the ground state energy, −Ip = −0.6a.u. with Vee on, i.e. for the actualinteracting electrons system, and −Ip = −1.25a.u. without Vee, i.e. for the anon-interacting two-electron molecule, as indicated in Table 3.1. The height ofthe barrier being well below the ground state energy, this explains the over-the-barrier ionization mechanism.

Figure 3.2: Field-free eigenenergies of H2 with (right side labeled as η = 1) and without(left side labeled as η = 0) the electronic interaction potential Vee, at the equilibrium
R = 1.4a.u. and extended R = 5.0a.u. geometries. The origin of energies is taken asthe second ionization threshold. The gray rectangles correspond to ionization from thefirst σg or σu channels.
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This information on Ip can also be read from Fig. 3.2 which shows how the threelowest energy levels |E1⟩, |E2⟩ and |E3⟩ of the two-electron system are posi-tioned depending on whether the electrons are considered interacting or not.For the non-interacting electronic system, the ground state is the CSF |σ2
g⟩ withan energy which is twice the σg orbital energy calculated by diagonalizing thestrictly one-electron core Hamiltonian. On the other hand, for the actual inter-acting two-electrons system, the molecule’s energy eigenstates are obtained ina full CI calculation, by diagonalizing the two-electron Hamiltonian matrix in theCSF basis, within the {σg, σu} active space. This gives

|E1⟩ = −0.99 |σ2
g⟩+ 0.06 |σ2

u⟩ (3.21a)
|E2⟩ = |σ1

gσ
1
u⟩ (3.21b)

|E3⟩ = 0.06 |σ2
g⟩+ 0.99 |σ2

u⟩ (3.21c)
at the equilibrium geometry. The state |E1⟩ is almost a pure CSF, being domi-nated by |σ2

g⟩. It is this fact that confers to the situation at R = 1.4a.u its qual-ification as a weak-correlation situation. It may come as a surprise that whenincluding the electron repulsion Vee = 1/r12 we see a large shift in the ground-state energy (a strong reduction of Ip), and yet electron correlation is said tobe weak. In this respect, it is important to recall that correlation is to be un-derstood as the correction from the Hartree-Fock limit, where a part of Vee wasalready included as a mean field (Coulomb and exchange integrals) [49], so thatthe orbital energies are different from the Vee = 0 values. Thus this large shiftseen in Fig. 3.2 ismainly due to the inclusion of Vee as amean-field in the HF limit.
Returning to our discussion, with the Ip quoted above, it can be concluded that,with or without Vee, the ground electronic state |E1⟩ is already well above thebarrier for tunnel ionisation. Actually, using the expression of Vmax given above,a laser field intensity of 4 × 1015 W/cm2 would be sufficient to lower the barrierfor the OBI mechanism to operate with respect to ionization from the (corre-lated) ground state |E1⟩. The observed critical intensity for the onset of OBI isthree times this. There aremany reasons for this: (i) The laser electric field beingoscillatory, the static model fails when considering the ionization process onlyat the maximum intensity reached within an optical cycle, and the actual barrierwould be, in average, higher than the calculated Vmax. (ii) The Coulomb potentialshould take into account the presence of the second well located at z = −R/2.(iii) The screening effect of the second electron should also be introduced. Inaddition to these corrections that would affect the barrier height by increasingits value, one should also consider corrections that would affect the energy posi-tioning of |E1⟩. Themost important is the radiative Stark effect that would lowerthe molecular orbital energy level by a non-negligible amount, roughly equal to
−F0R/2 ≃ −0.44a.u.
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Concerning the two points (ii) and (iii) made above, we have actually conducteda simple investigation and found that the second nuclear Coulomb attractioncenter, at z = −R/2, with R = 1.4a.u., tends to lower the barrier down, while ascreening factor qeff estimated by q2

eff = E1/E
0
1 = 0.6/1.25 ≃ 0.5, in the spirit ofthe QuantumDefect Theory [50], would have an opposite effect, raising the bar-rier height to a somewhat larger value. Figure 3.3 shows the distorted Coulombpotential obtained, at R = 1.4a.u., with qeff = 1 and an intensity of 1.25 ×

1016 W/cm2. The ground-state energies E1 (interacting electrons) and E0
1 (non-interacting electrons system), placed with respect to the σg ionization threshold,are indicated by the dotted horizontal line in green and the dashed line in ma-genta respectively. Thus, taking |E1⟩ as the initial state, we will be way above thebarrier for TI, at this value of F0, corresponding to the critical intensity observedfor λ = 790nm. Adding the Stark shift would give an effective Ip of≃ 1a.u., whichis still 0.9a.u. above the barrier. The cycle-averaging of the barrier height is thusthe only remaining effect that can explain the higher critical intensity found inthe calculations.

Figure 3.3: Field-distorted Coulomb potential, as defined by Eq. (3.20), with R = 1.4 a.u.,
qeff = 1 and F0 corresponding to an intensity of 1.25 × 1016 W/cm2. The ground statelevel at −Ip is indicated by the green dotted and the magenta dashed horizontal lines,respectively for the calculations with and without electron repulsion.
Another observation to be accounted for is the frequency dependence of thecritical intensity marking the onset of OBI. Figure 3.1 shows that a higher criticalintensity is requiredwhen the field frequency increases. Froma time-dependentviewpoint, one can argue that, since the potential barrier oscillates at the fieldfrequency, for the lowest frequency (λ = 790nm), corresponding to the longestoscillation period T = 2π/ω, the barrier would stay lowered longer, and a low
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critical intensity Ic = 1.25×1016 W/cm2 would be required for OBI to set in, sincethis intensity is felt on a longer duration. On the other hand, a higher frequency(λ = 700nm) corresponds to a faster oscillating barrier, offering less chance forionization by OBI.
3.3.2 .Elongated geometries

Turning now to elongated geometries, we will focus on two typical examples,namely R = 5.0a.u. and R = 10.2a.u. The ionization potential Ip for the groundstate decreases progressively as R increases. One notes that the field intensity,
Isat, where the ionization probabilities saturates to≃ 1, also decreases. Actually,as can be seen from Fig. 3.1, Isat is, at these elongated geometries, an order ofmagnitude less than at the equilibrium geometry implying smaller ponderomo-tive energies at saturation, and a generally larger Keldysh parameter. As seen inTable 3.1, γ ≃ 0.5, for an intensity I = 5×1014 W/cm2 atR = 5.0a.u., and γ ≃ 1.1,for I = 1014 W/cm2 at R = 10.2a.u. Such values correspond to an intermediateregime for the Keldysh parameter, and an MPI interpretation of the processesin consideration is possible.
The profile of the ionization probabilityPion(tf ) as a function of the field intensityexhibits, atR = 5.0a.u, an intriguing behavior around I = 5×1014 W/cm2, in thefully correlated dynamics (cf. Fig. 3.1, panel (d)). The total ionization probabilityfollows at first a smooth rising curve at low intensity, to deviate from this curveat around 3×1014 W/cm2, exhibiting from then on a rather strong oscillatory pat-tern (localized around 0.5−1.5×1015 W/cm2). This behavior is not observed in theuncorrelated (Vee switched off) case (shown on panel (c) of Fig. 3.1), for which theionization regime is TI at high intensity. It is not observed either in the dissocia-tive limit,R = 10.2a.u. It appears to be correlated with the degree of excitationsto the bound excited states, |Ej⟩, j = 2, 3, which in the correlated system arefound much closer to the ionization thresholds than in the non-interacting elec-trons system, (cf. Fig. 3.4). We will see that these excitations are extinguishedcompletely at R = 10.2a.u.
The energy diagram for the lowest three energy eigenstates is displayed in Fig.3.4, together with the first |σg, k = 0⟩ and second |σu, k = 0⟩ ionization thresh-olds. The full CI calculation in field-free condition gives the composition of theseenergy eigenstates at R = 5.0a.u as

|E1⟩ = −0.79 |σ2
g⟩+ 0.61 |σ2

u⟩ (3.22a)
|E2⟩ = |σ1

gσ
1
u⟩ (3.22b)

|E3⟩ = −0.61 |σ2
g⟩ − 0.79 |σ2

u⟩ (3.22c)
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Contrary towhat is observed in the case of the equilibriumgeometry (Eqs. (3.21a)to (3.21c)), we have an important configuration mixing, a signature of a strongelectron correlation. The expansion coefficients in Eq. (3.22a) denote an uneven(asymmetric) distribution of population among the configurations σ2

g and σ2
u in

|E1⟩, the σ2
g configuration still dominating at 64%.

At this range of R, the symmetry allowed σg ↔ σu transition dipole momentsin z−linear polarization, acquires important values, (it is well known that it in-creases linearly with R, and this is confirmed by the preparatory ab initio calcu-lations), and the ground state |E1⟩ is directly and strongly coupled to the firstexcited state |E2⟩. The excitation of this state, which is the configuration σ1
gσ

1
u,either from the |σ2

g⟩ or |σ2
u⟩ components of the ground state |E1⟩, instantly de-balances this initial state in its CI content, amounting to populating (suddenly)the other excited state |E3⟩ as well, by the same multiphoton process that hasprepared |E2⟩.

This dynamics of laser-driven excitation among the bound states is well illus-trated by Fig. 3.5, panel (b), which shows the time evolution, during the I =
1015 W/cm2, λ = 790nm laser pulse, of the populations of the energy eigen-states at R = 5.0a.u, to be compared to the same bound-states dynamics forthe R = 1.4a.u in panel (a). In the equilibrium geometry, the two bound statesthat have appreciable populations during the pulse are |E1⟩ and |E2⟩. Their pop-ulations oscillate in phase with the field oscillations, with only the ground statepopulation exhibiting a decay in the mean, due to ionization. In contrast, at
R = 5.0a.u, all three eigenstates are populated appreciably, with the popula-tions of |E2⟩ and |E3⟩ of equal magnitude and tracking each other, throughoutthe pulse, and all three decay in the mean. Superimposed on this mean de-cay curve denoting the ionization out of the designated eigenstate, one notespopulation oscillations or rather beating at two frequencies, the lowest being
ω32 = E3 − E2, the highest ω31 = E3 − E1. The fact that the bound-state dy-namics is strongly driven by the two states |E1⟩ and |E3⟩ is further seen in thedynamics of the bound CSFs.
Fig. 3.6 shows, for the λ = 790nm case, the populations |cI(t)|2, (I = 1, 2, 3) ofthese CSFs as a function of time for I = 6.25× 1014 W/cm2, and I = 1015 W/cm2,corresponding to a maximum andminimum in the ionization probability profileof Fig. 3.1, panel (d). In the two cases, the populations of the two CSFs σ2

g and σ2
uthat compose |E1⟩ and |E3⟩ exhibit very strong oscillations in phase oppositionat the two frequencies identified above. In all, these results show clearly howstrongly and coherently the two excited states |E2⟩ and |E3⟩ are accessed fromthe ground state, giving a dynamics that is strongly dependent on the excitationenergies Ej −E1, j = 2, 3 (6-7 photons) and the difference between them, E3−



96 Chapter 3 - Strong-Field Molecular Ionization Beyond the SAE

E2. We will come back to this Fig. 3.6 later, to discuss how comparing panels (a)and (b) can explain the different ionization yields at these two intensities.

Figure 3.4: Field-free eigenenergies of H2 at R = 5.0au (solid thick black lines) andthe ionization thresholds (thick blue rectangles and dashed black lines). The origin ofenergies is taken as the second ionization threshold. Indicated in thin red arrows arethe number of (λ = 790nm) photons needed to ionize.
The interpretation we have in mind for the observed oscillatory behavior in theionization probability profile, in the case R = 5.0a.u, is based on a Fano [51]type picture, involving two interfering routes. While the initial population on |E1⟩can be ionized (by TI) directly, it can also be first transferred on |E2⟩ througha seven-photon absorption process. An additional photon is sufficient to ion-ize the molecule from |E2⟩ to the |σg, χk⟩ channel. With two photons, the ion-ization would ionize the system to the |σu, χk⟩ channel instead. This route is aResonance-Enhanced-Multiphoton-Ionization (REMPI) [52]. Else, the state |E3⟩can also be populated strongly once |E2⟩ is, (recall Fig. 3.5). From |E3⟩, whichis composed of the same CSF as |E1⟩, we may also have a single-photon (two-photon) ionization to the σg(σu) ionic channel. We are thus facing a situationwith two field-dressed resonances (E2 andE3), close in energy and decaying intothe same ionization continua |σg(σu), χk⟩. These overlapping resonances havealmost the same energy (real part of the complex resonance energy), but dif-
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ferent widths. We can expect that one of these resonances have a much largerwidth than the other one1. Referring to the discussion to be found in the fol-lowing paragraph, we can identify the resonance with the largest width as anionic doorway state, while the stabilizing resonance is a covalent state. Now,these resonance states with energies and widths defined within the Floquetrepresentation [53, 54], would be transported adiabatically in time during thetime-development of the pulse envelope. Through non-Abelian Berry phasesassociated with this adiabatic transport [55], these overlapping resonances maythus interfere with each other to give an intensity-dependent ionization rate:some intensities would lead to the ionic doorway state (more ionizing) beingmore populated at pulse-end, some others to the preponderance of the cova-lent (less ionizing) state, producing the Stückelberg-type oscillations [56] in theionization profiles of Fig. 3.1, panel (d). We have assumed adiabatic transport ofthe resonances under the pulse. Given the relatively short duration of the pulse,we expect non-adiabatic effects to be non-negligible both on the rising and thedescending sides of the pulse. These could further impact the resonance popu-lation dynamics, again in a strongly intensity-dependent manner.
It is also important to note that in the absence of electron correlation this specificresonance overlapping mechanism cannot happen. This is clear from Fig. 3.2,where the lowest three eigenstates, |E0

1⟩, |E0
2⟩, |E0

3⟩, are seen well separated,and lie much lower in energy, beside the fact that in compositions, they are pureCSFs, completely different from the fully correlated states |E1⟩, |E3⟩ which de-note strong mixing of CSFs.
An alternative explanation, in a time-dependent semi-classical approach, canalso be attempted using the electron trajectory view of the three-step rescat-tering mechanism [57]. At such a geometry, the intensity and frequency de-pendent ionized electron quiver radius is roughly comparable to the size of theelongated molecule. In other words, contrary to the situation where the ionizedelectron feels an almost point-like molecule, (the case at R = 1.4a.u), or onewhere it rather sees two almost separated, also point-like atoms (the case atR =
10.2a.u), in the case of an intermediate elongated geometry, the electron trajec-tory would somehow remain within a “cage of the molecule", not being able toleave it. This could explain at least an ionization quenching, as observed at cer-tain values of the field intensity. Actually that extended “cage of the molecule"exists only in so far as it corresponds to the covalent elongatedmolecule, i.e. thecovalent part of the initial correlated wavefunction at R = 5.0a.u. That wave-

1One can think of the same effect in this electron (ionization) dynamics as the onewhich givesrise to Zero-Width Resonances (ZRW) in the context of vibrational, i.e laser-driven dissociationdynamics [53].
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function has an ionic part (which would tend asymptotically to a H− + H+ dis-sociation state), for which the system again reduces to a point-like two-electronH− anion accompanied by a bare proton. That ionic part is known to be a door-way state for enhanced ionization (CREI) of this two-electronmolecule [39, 40]. Itcould be increased or decreased by a time-dependent admixture of the excited
|E2⟩, |E3⟩ states. The dominance of the ionic or covalent component, during thetime-dependent dynamics at certain intensity could give rise to an enhancementor a quenching of the ionization probability, as observed.
This can be clearly seen in Fig. 3.6. We first note that only the CSFs |1⟩ ≡ |σ2

g⟩and |3⟩ ≡ |σ2
u⟩ can give an asymptotically covalent configuration 1sA1sB , where

1sA(B) denotes a Heitler-London, or rather Coulson-Fischer orbital of Valence-Bond theory [41] that becomes the 1s atomic orbital centered on proton HAor HB. A purely covalent state is attained when the oscillating populations ofthese two CSFs are equal, i.e. when the time-profiles of their populations crosseach other. It is clear, from perusal of Fig. 3.6, that at I = 1015 W/cm2, this stateacquires a higher population in average, (giving a stabilization with respect toionization), than at I = 6.25 × 1014 W/cm2. In both panels, the coherent fastoscillations of the populations of CSFs |1⟩ and |3⟩ would give roughly a smallaverage contribution, to the (asymptotically) ionic configuration (1s2
A + 1s2

B) atboth intensities. This contribution is to be added to the contribution of CSF
|2⟩ ≡ |σgσu⟩ whose population clearly rises to larger average values during thepulse at I = 6.25 × 1014 W/cm2, the intensity of a maximum in the ionizationprobability profile of Fig. 3.1, panel (d), than at I = 1015 W/cm2, where Pion(tf ) isat a minimum.
To summarize, just as for the interpretation in terms of resonance interferencesdiscussed above, the strong electron correlation plays a central role in this alter-native interpretation. This electron correlation is already manifest through thestrong CI mixing in the initial state, perturbed by field-driven excitations to |E2⟩.

3.3.3 .Dissociation limit

For the largest internuclear distance R = 10.2a.u, we are practically in the dis-sociative limit. The electron correlation is strongest, as testified by the CI com-position of the three two-electron eigenstates

|E1⟩ = −0.71 |σ2
g⟩+ 0.71 |σ2

u⟩ (3.23a)
|E2⟩ = |σ1

gσ
1
u⟩ (3.23b)

|E3⟩ = −0.71 |σ2
g⟩ − 0.71 |σ2

u⟩ (3.23c)
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featuring equal (even) but anti symmetric contributions of the CSFs |σ2

g⟩ and |σ2
u⟩to the ground-state. The configuration mixing is maximal, denoting the highestelectron correlation effect. The energy diagram of Fig. 3.7 suggests that an evenstronger resonances overlap situation should occur, as the levels |E2⟩ and |E3⟩are closer than forR = 5.0a.u. Yet the ionization probability profiles are smoothcurves, monotonously increasing with the field intensity. No oscillations due toresonances overlap is observed. This can be understood by the fact that thetransition dipole moments µ12 from |E1⟩ to |E2⟩ vanishes identically, due to theanti-symmetric contributions of the |σ2

g⟩ and |σ2
u⟩ CSFs to |E1⟩. Indeed, usingCondon-Slater rules in Ref. [49], p.321, it can easily be shown that

⟨σ1
gσ

1
u|µ|σ2

g⟩ = ⟨σ1
gσ

1
u|µ|σ2

u⟩ (3.24)
so that

µ12 ∝
[
⟨σ1

gσ
1
u|µ|σ2

g⟩ − ⟨σ1
gσ

1
u|µ|σ2

u⟩)
]

= 0. (3.25)
No transition to the excited states is thus possible, and the ionization is a di-rect 9-photon ionization or tunnel ionization from the ground-state only. Theinterference process we are referring to for the intermediate internuclear dis-tanceR = 5.0a.u. no longer holds, and the ionization profile smoothly increaseswithout any oscillation, saturating for an intensity close to 7× 1014 W/cm2.
A number of remarks ought to be made at this point. First, the apparent lack ofexcitation at the dissociative limit in the fully correlated calculation is due to thefact that, within the simplified model considered, as resulting from the choiceof the minimal orbital active space, the ground state is that of a H atom locatedeither at ±R/2, and that in this model, H has only one orbital, 1s. In a completemodel, the parallel laser field can give transition to higher lying states of theatom, (e.g. 2pz), corresponding to the dissociative limit of higher energy MOs.These are simply not included (intentionally) in the active space of the presentmodel. Without excitation to |E2⟩ or |E3⟩ possible from the |E1⟩, ionization at
R = 10.2a.u. can occur only from the ground state, and corresponds to tunnelionization or 9-photon ionization from the 1s atomic orbital. With Vee switchedoff, we have exactly the same tunnel ionization from the same initial state as inthe fully correlated case, hence the transferability of the ionization profiles fromone case to another, as seen on the last column of Fig. 3.1. The effect of elec-tron correlation to produce an energy level scheme among which laser-inducedexcitations correspond to interfering REMPI processes and/or overlapping andinteracting multiphoton ATI (Above-Threshold Ionization) [58] resonances, giv-ing rise to non-monotonous ionization vs. intensity profiles, is only seen in elon-gated geometries not too close to the dissociative limit. This non-monotonous
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Figure 3.5: Time evolution, during the I = 1015 W/cm2, λ = 790nm laser pulse, of thepopulations of the energy eigenstates at (a) R = 1.4a.u., and (b) R = 5.0a.u.

ionization probability profile deviates strongly from a single electron TI profileand constitutes a clear signature of a non-SAE behavior.
3.3.4 .Experimental considerations

How to experimentally observe the non trivial behavior of the ionization prob-abilities at an elongated (but non-dissociative geometry) as a function of thefield intensity? Our primary purpose here has been to understand how strongelectronic correlation could modulate the strong-field ionization dynamics. Thesimplicity of the model used here, with the nuclear motion frozen and the elec-tronic excitation dynamics reduced to its essential elements, helps in this re-spect. We have, in particular, shown that strong Stückelberg type of oscillationsare present at R = 5.0a.u. The same oscillations in the intensity profile of the
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Figure 3.6: Time evolution of the populations of CSFs |σ2
g⟩, |σgσu⟩ and |σ2

u⟩ of H2 at R =
5.0a.u during a λ = 790nm laser pulse, at (a) I = 6.25 × 1014 W/cm2, where ionizationis enhanced, and (b) I = 1.00× 1015 W/cm2, where ionization is quenched.

ionization probability are found, although with different amplitudes, for othervalues of R (in the range 4 − 6a.u.) that have also been considered in our cal-culations (not showed here). This electron-correlation driven behavior of theionization dynamics is thus not an artifact of the case R = 5.0a.u that was dis-cussed in length in the text. That it does not appear in the strongest correlationcase at R = 10.2a.u is due to the extinction of the coupling between the corre-lated ground and excited states, an interference effect, as it is conditioned bythe opposite phases of the |σ2
g⟩ and |σ2

u⟩ components of the ground state. Asthe electron-correlation driven behavior of the ionization probability typified bythe R = 5.0a.u case appears to set in as soon as one departs from Req in thehigher R range, it would be encountered to some extend during the vibrationalmotion of the molecule. Thus the non-monotonous variation of Pion(tf ) with
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Figure 3.7: Same as for figure (3.4) but for the internuclear distance R = 10.2a.u.

I , though expected to be weaker within the support of the vibrational groundstate of the molecule, and somewhat washed out by the averaging over the vi-brational motion, may still be observable. This remains to be assessed by moredetailed calculations, including vibrational motions.
We can also imagine that the range of large values ofR, where the oscillations in
Pion(tf ) vs. I are strong, could be accessed by a Raman vibrational excitation ofthe molecule, using a first laser pulse operating in the XUV (pump pulse). Witha proper time-delay, the NIR laser as considered here, (probe pulse), can theninterrogate the ionization dynamics at an elongated geometry. It is to be notedthat a vibrational excitation exceeding the v = 10 level of H2 would be necessaryto expect an average value of R reaching 5.0a.u. and beyond.
Still another way to prepare the molecule in an elongated geometry is to ex-ploit long-range and long-lived scattering Feshbach resonances resulting from abound state embedded in the translational energy continuum, associated withthe laser-controlled collision between a pair of free H atoms [53]. We have re-cently studied such laser bound H+

2 molecules (LBM) in the context of laser cool-ing [59]. It was shown that such a laser bound quasi-stable hydrogen molecularsystem LBM (as opposite to the usual chemically bound molecule CBM), can be
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obtained using a THz laser with a wavelength of λ = 25µm and an intensity ofabout 3GW/cm2. The associatedwavefunction has a spatial extensionwhich cangrow up to an average internuclear distance ⟨R⟩ ≃ 13a.u.
These schemes for probing the molecule’s ionization dynamics at an elongatedbut non-dissociative geometry, in a strong correlation regime, can becomemoreinteresting if we can record in coincidence photoelectron spectra taken at a sub-femtosecond time scale and providing a snapshot of the molecule undergoingdissociation. Such channel-resolved photoelectron or LIED spectra, if emanatingstrictly from a single molecular orbital, as implied by the SAE [5, 60], would ex-hibit equally spaced interference fringes from which the internuclear distance
R can be inferred. In addition, this fringe pattern comes with a definite, clearnodal structure that is a signature of the molecular orbital from which the pho-toelectron is ionized [60–62]. The part of our research dealing with these pho-toelectron spectra, within the thematic of the present work (correlation effectsin strong-field ionization), shows that, precisely at R = 5.0a.u., this pattern ofequidistant interference fringes is shifted and distorted, and the nodal structureblurred as the photoelectron spectrum carries the signature of a multi-orbitalionization. The detailed analysis of these spectra, with a comparison with thoseassociated with the SAE, or a non-correlated dynamics, is too long to be pre-sented here, and exceeds the scope of the present paper. It will be presented ina separate contribution. It suffices to say that observation of this non-SAE signa-ture in the channel-resolved photoelectron or LIED spectra in coincidence withthe observation of a non-monotonous behaviour of the total ionization proba-bility as a function of the field intensity would suffice to establish this electron-correlation driven ionization dynamics.

3.4 . Conclusions

We have set out to explore possible manifestations of the limit of the SAE ap-proximation in the description of the intense-field ionization of H2. To this end,we used amodel of themolecule in a finite function basis, as customarily done inQuantum Chemistry, specifically the 6-31G∗∗ basis set. It corresponds to a time-dependent version of a quantum chemical full-CI representation with an activespace of two-electron CSFs spanned by the most relevant molecular orbitals,the charge-resonance pair σg and σu. The TDCI (with Feshbach partitioning) al-gorithm that we have access to [24, 25] allows one to solve the many-electronTDSE, here with the possibility of tuning at will the electron correlation, throughthe introduction of an adiabatic switching-off of the two-electron interaction po-tential Vee. The effect of switching off this interaction depends on the strength of
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electron correlation and this depends onR. We have focused on three values of
R typical of three regions of progressively increasing electron correlation. TheequilibriumoneR = 1.4a.u, an elongated geometryR = 5.0a.u, and a geometryat the dissociation limit R = 10.2a.u.
The observable we have addressed is the total ionization probability profile as afunction of the field intensity. This profile follows a regular and nearly smoothincreasing behavior, both at the equilibrium geometry and at the dissociativelimit. A sudden probability jump in the highest range of the field intensity, isobserved however at R = 1.4a.u. This sudden increase of the total ionizationprobability is interpreted as the onset of an over-the-barrier ionization regime.The most striking observation is however found in an elongated, (but not dis-sociative), geometry, such as R ≃ 5a.u. There, the total ionization probabilityprofile exhibits a non-monotonous behavior, passing through a rise to a maxi-mum then a dip, denoting a partial quenching of the ionization, at some mod-erate intensity, the value of which depends on the field frequency. The valueof the Keldysh parameter for ionization out of the ground-state then pertainsto the intermediate regime (γ ∼ 0.5), indicating a possible competition betweentunnel and multiphoton ionizations. We provide an interpretation of this non-monotonous variation of Pion(tf )with I , referring to an interferencemechanismamong two overlapping resonances, corresponding to the autoionization of apair of dressed excited states, reached by a multi-photon REMPI process. Notethat this interpretation is based on considerations of the correlation-dependentmolecular energy spectrum, where the positions of the excited states with re-spect to the ionization thresholdmatter aswell as the strong transitionmomentslinking them to the ground state.
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Annex to: Strong-Field Molecular
Ionization Beyond the Single Ac-
tive Electron Approximation

To verify that the REMPI effect observed at an elongated internuclear distancewas not an isolated case for R = 5.0 a.u., calculations for the H2 molecule fortwo values of R around this distance, R = 4.0 and R = 6.0 a.u., were also ana-lyzed. The profiles of the total ionization probability vs. field-intensity are shownin Fig. A3.1, along with the corresponding results at the internuclear distancesincluded in the article, i.e. at R = 1.4, R = 5.0 and R = 10.2a.u.
Neglecting electronic correlation, the single ionization BO dynamics at the newelongated geometries bear the same λ and R dependencies as shown in thearticle. Higher field wavelengths, implying longer dynamics durations, (as allthe simulations were conducted for a total of four optical cycles), require lowerintensities to reach ionization saturation to H+

2 . The saturation intensity is alsoshifted towards lower values as the internuclear distance is increased.
Results shown also adhere to the physical description of the frequency and in-tensity dependent enhancement and quenching of the ionization. Elongatedbut non-dissociative distances increases the correlation between |σ2

g⟩ and |σ2
u⟩compositions of the eigenstates and their energy states, hence amplifying Fanoresonances given specific parameters of the field, while also admitting construc-tive interferences between the phases due to the remaining differences in thecomposition of the said eigenstates. It can be seen in Fig. A3.1h that once theinternuclear distance reaches values where the compositions of the CSFs in theeigenstates reach relatively close proportions in |σ2

g⟩ and |σ2
u⟩, the amplificationof the ionization is not as powerful as it was with shorter internuclear distances,which can be attributed to destructive interference between phases of the wavepackets once promoted to excited and ionized states. Indeed, the proportions
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Figure A3.1:Ionizationprobabilityas a functionof the peakintensity at
λ = 790 nm(blue), 750nm (orange),and 700 nm(green). Thefirst row [(a),(b)] is for
R = 1.4 a.u.,the second[(c) , (d)] for
R = 4.0 a.u.,the third[(e) , (f)] for
R = 5.0 a.u.,the fourth[(g), (h)] for
R = 6.0 a.u.,and the fifth[(i) , (j)] for
R = 10.2a.u. The leftcolumn cor-responds tothe adiabaticswitch-off of
Vee, while theright one isfor the fulldynamicalcalculationincluding Vee.
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of |σ2

g⟩ and |σ2
u⟩ pass from

|E(R=4.0 a.u.)
1 ⟩ = −0.87 |σ2

g⟩+ 0.49 |σ2
u⟩ (A3.1a)

|E(R=4.0 a.u.)
2 ⟩ = |σ1

gσ
1
u⟩ (A3.1b)

|E(R=4.0 a.u.)
3 ⟩ = −0.49 |σ2

g⟩ − 0.87 |σ2
u⟩ (A3.1c)

at R = 4.0 a.u. to
|E(R=6.0 a.u.)

1 ⟩ = −0.75 |σ2
g⟩+ 0.66 |σ2

u⟩ (A3.2a)
|E(R=6.0 a.u.)

2 ⟩ = |σ1
gσ

1
u⟩ (A3.2b)

|E(R=6.0 a.u.)
3 ⟩ = −0.66 |σ2

g⟩ − 0.75 |σ2
u⟩ (A3.2c)

at R = 6.0 a.u., a near-equal distribution of the CSFs population made possibleby the narrowing of the gapbetween energies of the eigenstates, a phenomenonvisually depicted in Fig. A3.2.

Figure A3.2: Field-free eigenenergies of H2 with (right side labeled as η = 1) and without(left side labeled as η = 0) the electronic interaction potential Vee, at the extended ge-ometriesR = 4.0,R = 5.0 andR = 6.0 a.u. The origin of energies is taken as the secondionization threshold. The gray rectangles correspond to ionization from the first σg or
σu channels.
As can be seen in Fig. A3.1, the ionization enhancement events shown in thearticle at intensities I = 6.0 × 1014 and 1.4 × 1015 W/cm2 for a wavelength of
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790nm at R = 5.0a.u., are now shifted to higher intensities I = 8.0 × 1014

and 1.9 × 1015 W/cm2 at R = 4.0a.u., and lower intensities I = 6.0 × 1014 and
1.0 × 1015 W/cm2 at R = 6.0a.u. The same applies to the quenching events:the most remarkable ionization restraint, centered at I = 1.0 × 1015 W/cm2

for the elongated model geometry R = 5.0a.u. at λ = 790nm, is shifted to
I = 1.2×1015 W/cm2 forR = 4.0a.u. and to I = 7.0×1014 W/cm2 forR = 6.0a.u.

Figure A3.3: Energy eigenstate populations evolution during the λ = 790nm laser pulseat R = 5.0a.u., for dynamics with electronic correlation switched off in the upper row(a, c and e) and kept fully correlated in the lower row (b, d and f), at intensities I =
6.67 × 1014 W/cm2 in the left column (a and b), I = 1.00 × 1015 W/cm2 in the middlecolumn (c and d) and I = 1.50 × 1015 W/cm2 in the right column (e and f). Left andright columns show populations evolution during REMPI-induced enhancement of theionization, and the middle column shows dynamics of a quenched ionization.
These shifts in intensity can be explained by taking a look at the field-free eigen-energies diagramof H2, added for internuclear distancesR = 4.0, 5.0 and 6.0 a.u.in Fig. A3.2. While all geometries dynamics including electron correlation requireapproximately 8 photons to reach the first ionization barrier from their funda-mental state, it is only when eigenenergies of excited eigenstates |E2⟩ and |E3⟩are close—which is to say that the internuclear distance is at its longestwhile stillinvolving constructive interference during electronic dynamics— that the Fanoresonance is amplified. From the initial, ground state, the molecule can eitherexcite to |E2⟩ and/or |E3⟩ simultaneously or sequentially to reach one of the twoionic states |σg, κ⟩ or |σu, κ⟩. Furthermore, paths are more diversified at longest
R values as ionic states threshold get closer to one another, hence the direct
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ionization to |σu, κ⟩ becoming a more reachable option for the system. The in-crease in path options enhances the REMPI effect taking place in the ionization,which in turn reduces the global necessity in intensity to induce ionization.

Figure A3.4: Time evolution of the CSFs populations |σ2
g⟩, |σgσu⟩ and |σ2

u⟩ of H2 at
R = 5.0a.u during the λ = 790nm laser pulse for dynamics with electronic correla-tion switched off in the upper row (a, c and e) and kept fully correlated in the lowerrow (b, d and f), at intensities I = 6.67 × 1014 W/cm2 in the left column (a and b),
I = 1.00 × 1015 W/cm2 in the middle column (c and d) and I = 1.50 × 1015 W/cm2 inthe right column (e and f). Left and right columns show populations evolution duringREMPI-induced enhancement of the ionization, and themiddle column shows dynamicsof a quenched ionization.
To better understand the underlying mechanics taking place during the ion-ization dynamics of H2 at enhancement- and quenching-inducing intensities,population profiles of the bound eigenstate states are presented in Fig. A3.3 at
R = 5.0 a.u. for intensities I = 6.67× 1014 and 1.50× 1015 W/cm2 to consider theenhancement events, and I = 1.00× 1015 W/cm2 to consider quenching events.Dynamics switching off the electronic correlation, Figs. A3.3a,c,e, denote a ten-dency in the profiles for the fundamental population to quickly mix with excitedstates, and consequentially with the maximum intensity of the field, partiallyionize. When the electronic correlation is kept fully on during the ionization dy-namics, as in Figs. A3.3b,f, excited states are generally less populated than is thefundamental state. These changes in the populations exchanges are due to theREMPI effect while correlation is kept on, as once the fundamental populationhas gained enough photons to get excited to states |E2⟩ and |E3⟩, it is quasi-instantly ionized to H+

2 , the excited and ionic states being close to one another.
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The case when Vee is kept fully on in a simulation where field parameters inducequenching of the ionization, as seen in Fig. A3.3d, has been covered in the article(see paragraphs related to Fig. 3.5b in the article).

(a) |E1, R⟩ (b) |E2, R⟩

(c) |E3, R⟩

Figure A3.5: Composition of eigenstates |E1⟩ (a), |E2⟩ (b) and |E3⟩ (c) in generated CSFs(see Eqs. 2.39 for equivalences) over non-dissociative R values.
As eigenstates are linear combinations of CSFs, population exchanges can beanalysed for selected configuration states |σ2

g⟩, |σgσu⟩ and σ2
u⟩, a depiction thathas been done in Fig. A3.4. Since |E2⟩ = |σgσu⟩ ≡ |2⟩, as shown in Fig. A3.5b, thepopulation profiles of |σgσu⟩ and |E2⟩ in Figs. A3.3 and A3.4 are the same. But thepopulation profiles for |σ2

g⟩ and |σ2
u⟩ are quite different, though, as eigenstates

|E1⟩ and |E3⟩ are combinations of the two CSFs at internuclear distances R = 4and 6a.u., as shown in Figs. A3.5a and A3.5c. As the mix of the two CSFs con-verges towards similar values at dissociative R values, populations of the asso-ciated eigenstates mingle together in the depiction of CSFs population profiles,
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and it becomes increasingly difficult to distinguish parts of the CSFs associatedwith the fundamental state and the ones associated with the excited state.
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4.1 . Introduction

Including dissociation dynamics in the simulation of molecular ionization (i.e.freeing oneself from the Born-Oppenheimer approximation and taking into ac-count the vibrationalmotion of the nuclei) is a non-trivial task, especially in termsof the computational resources needed to accommodate the new dimensionsof themolecular wave packet and its propagation. Since running a full moleculardynamics simulation at the same level as the ab initio treatment of its ionizationdynamics would require an enormous amount of computational time andmem-ory, some simplifications are introduced in the representation of the ionizationpart. This alternative, simplified treatment of the ionization dynamics and theimplementation of the added nuclear dynamics are explained in this chapter.
We begin with the hypothesis that there is an analytical expression for the (real-valued, possibly measurable) ionization rate at fixed nuclear geometry (R forH2), and we explore how this type of information can be used to devise a com-plete electro-nuclear wave packet propagation scheme. The hope is that thisscheme will be able to capture all dissociative ionization events, including thefinal breakup of the molecule in the Coulomb explosion channel.
This scheme is first applied to single ionization in Chapter 5, where simulationsare performed on H2 using linear and circular polarizations. We review the foun-dations, strengths and weaknesses of these semi-classical representations ofthe ionization rates embodied in the molecular ADK (MO-ADK) and PPT (MO-PPT) approaches, which are described in detail in Chapter 5, Section 5.2. Theresults obtained are discussed in terms of the ionization probability and of thenon-Franck-Condon distributions of the vibrational populations formed in H+

2 .This model is based on a set of kinetic equations whose origin is explained inthe present Chapter, in sections 4.2 and 4.3.
Finally, in Chapter 6 this scheme is used in full to evaluate the performance ofthe popular semi-classical MO-PPT expressions of the first and second ioniza-tion rates of H2, taking into account the vibrational motion that takes place inthe intermediate molecular ion H+

2 . This model is based on a set of quantum dy-namical equations whose origin is explained in the present Chapter, especiallyin Section 4.4.
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4.2 . H2 vibronic basis up to Coulomb explosion

Adding vibrational dynamics to electronic (ionization) dynamics to account forthe possibility of dissociation in a molecule comes at a considerable compu-tational cost. For this reason, we turn to resource-efficient semiclassical (SC)methods to estimate the ionization rate over time within an electro-vibrationaldynamics simulation. The principles of SC rates began with the work of Landauand Lifshitz on the tunnel ionization of the ground state of the hydrogen atomin a static field [1], and the idea behind it is to calculate an ionization probabilitycurrent of the wavefunction passing through the potential barrier during the ir-radiation of the studied system, taking into account parameters of both the sys-tem and the field. This theory was then generalized to any atomic asymptoticCoulomb wave function in the competing regimes of multiphoton and tunnelionization by the work of Popov, Perelomov and Terent’ev (PPT) [2–4]. An appli-cation of this model by Ammosov, Delone and Kraïnov (ADK) [5, 6] to the caseof a quasi-static field (i.e., in the tunnel regime) then allowed the emergence ofa simplified, non-iterative formulation, called ADK, of ionization rates in linearand circular polarizations.
These methods, while practical for atoms, were only partially suitable for smallmolecules, as demonstrated by the experimental work of C. Cornaggia and Ph.Hering [7], and would generally require adaptations to better represent the fullionization dynamics of diatomics. To alleviate these limitations, Tong, Zhao andLin extended the ADKmethod to a molecular ADK (MO-ADK) [8] and Benis et al.,including Tong from the MO-ADK development, formulated a new algorithm formolecular PPT, called MO-PPT [9].
The implementation of these semiclassical methods for the ionization parts ina complete (electro-nuclear) molecular wave packet simulation requires start-ing from the basic TDSE formulation. Our system of interest, H2, is first singly-ionized to H+

2 (eventually treated as a two-state system at the level of its elec-tronic dynamics), and then second-ionized to protons 2H+, in the final Coulombexplosion channel. The total electro-nuclear wave function is thus of the form
Ψ(r1, r2, R, t) = Ψ0(r1, r2, R, t) + Ψ1(r1, r2, R, t) + Ψ2(r1, r2, R, t) (4.1)

where the indices 0, 1 and 2 stand respectively for
0 ←→ H2

1 ←→ H+
2 + e−

2 ←→ H+ + H+ + e− + e−

In Ψ0, the two electrons are bound, whereas in Ψ1 one electron is in the ioniza-
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tion continuum and the other is in a bound state. Finally, inΨ2 the two electronsare in the ionization continuum.
These electro-nuclear wave functions Ψ0, Ψ1 and Ψ2 are then expressed in aBorn-Oppenheimer form

Ψ0(r1, r2, R, t) = ψH2(R, t) Φ0(r1, r2;R) (4.2a)
Ψ1(r1, r2, R, t) = ψg

H+
2
(R, t) Φg

1(r1, r2;R) + ψu
H+

2
(R, t) Φu

1(r1, r2;R)

=
[
ψg

bound(R, t) + ψg
diss(R, t)

]
Φg

1(r1, r2;R)

+ ψu
H+

2
(R, t) Φu

1(r1, r2;R) (4.2b)
Ψ2(r1, r2, R, t) = ψ2H+(R, t) Φ2(r1, r2;R) (4.2c)

Note that there are two nuclear wave packets ψσ
H+

2
(R, t) for H+

2 , associated withthe coupled electronic states Φg
1 (σ = g) and Φu

1 (σ = u). Also, in Eq. (4.2b), the
g-state wave packet is further decomposed into bound and dissociative compo-nents

ψg
bound(R, t) =

∑
v+

βv+(t)χv+(R) (4.3a)
ψg

diss(R, t) =
∫
dε βε(t)χg

ε(R), (4.3b)
where χv+(R), for v+ = 0− 18, are vibrational eigenstates of the g channel, and
χg

ε(R) are continuum eigenstates of the same channel. The purely dissociativewave packet ψu
H+

2
and the one associated with the Coulomb explosion (CE) chan-

nel are likewise expressed as in Eq. (4.3b) in terms of continuum wavefunctionsdefined by the corresponding repulsive potential. For example
ψ2H+(R, t) =

∫
dε γε(t)χCE

ε (R) (4.4)
for the CE channel.
In principle, the wave packetψH2(R, t) of the neutral molecule in its ground-stateshould also be expanded in terms of vibrational eigenstates of that ground-statemanifold. In the simplifiedmodel of Chapter 5, only the ground vibrational stateis considered to be involved, and we simply write

ψH2(R, t) = α0(t)χ0(R) . (4.5)
Finally, in the above, α0(t), βv+(t), βε(t) and γε(t) are complex amplitudes, func-tions of time.
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Note that here we completely ignore the continuum of energies (or momenta)of the ionized electrons by writing Ψ1 and Ψ2 in Eqs. (4.2b) and (4.2c). In this re-spect, the present approach is compatible with the ADK and PPT formulations.For simulation purposes, the basis set is considered completewith a single vibra-tional state of the ground electronic state of H2, all the bound and dissociativestates of the 1Σ+

g configuration of H+
2 , and the dissociative states of both the H+

2
1Σ+

u configuration and the Coulomb Explosion channel.
Nuclear motions: Eigenstates

The vibrational potentials of H2 and H+
2 , which are the starting point for our ba-sis, have been quantitatively studied in the work of Kolos and Wolniewicz [10],Madsen and Peek [11, 12] respectively, and are widely considered to be exactin the literature. These potentials are not analytical, and calculations of eigen-states and eigenvalues based on them therefore require a numerical algorithmsuch as the Numerov method. This well-known method, which is based on afinite difference approach, was derived by the Russian astronomer Boris Nu-merov. It is an iterative algorithm [13–15] capable of predicting the value of awave function χ(Rn+1) at the next point Rn+1 = Rn + dR, given the potential

V (R), the two values of the wave function at the two previous points χ(Rn) and
χ(Rn−1), and an estimated energy E as the eigenvalue. This approach can beused to calculate both bound eigenstates with discrete energies within a poten-tial well and dissociative states associated to the continuum of energies abovethat well. The calculation starts at a point (n = 1) of the grid corresponding to aclassically forbidden region of the potential, say before the left turning point atthe guessed value of the energy. At such a point, it is safe to assume a vanishingvalue of the wave function at the two initial positions. The value of the wavefunction at each grid point is then obtained iteratively. For a bound discrete en-ergy level that is yet to be found, the procedure is repeated by starting from apoint in the classically forbidden region lying beyond the right turning point atthe guessed energy, and propagating inward on the grid. If the guessed energyis a bound level, then the wavefunction propagated inward must match the onepropagated outward at an intermediate point of the grid. To find the discrete-energy eigenstates, the Numerov algorithm must iterate over several energyguesses until it finds the correct quantized energy for a state. For a potentialwell with a single minimum, such as that for the vibration of H2, the groundstate will have no node. Each subsequent eigenstate gains a node, up to the lastbound state. The generated bound eigenstates are automatically orthogonal toeach other, so the last step is to normalize them. The 19 vibrational wave func-tions calculated in the 1Σ+

g electronic state of H+
2 are shown in Fig. 4.1. Above
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Figure 4.1: Vibrational Eigenstates (orange lines) generated within the bound potential
V

1σg

H+
2

(R) (green line) of H+
2 using Numerov’s method.

the threshold, the states are dissociative, and their energies constitute a con-tinuum. Their calculation by the Numerov algorithm requires only an outwardpropagation on the grid. It is impossible to compute numerically the completebasis of continuum dissociative states, so one must ensure that the discretiza-tion includes enough functions at energies within a range that is sufficient toconstruct the dissociative wave packet according to the field parameters used.These dissociated molecular states, normalized in energy, have the usual oscil-latory asymptotic behavior [16]

χε(R) −−−−→
R → ∞

e−iξ

√
2µ
ℏ2πk

sin(kR + ξ)
R

, (4.6)

where ξ is the asymptotic phase shift introduced by the scattering on the poten-tial energy curve at the prescribed energy ε = ℏ2k2/(2µ), µ being the reducedmass of the diatomic molecule.
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4.3 . TDSEandSimplificationof the IonizationDynamics via Semi-Classical

Methods

The time-dependent Schrödinger equation (TDSE) is
iℏ ∂tΨ(r1, r2, R, t) =

[
Ĥel + T̂R + 1/R + Vint(r1, r2, t)

]
Ψ(r1, r2, R, t) (4.7)

where Ĥel(r1, r2, R) is the electronic field-free Hamiltonian, T̂R is the nuclear ki-netic energy operator and
Vint(r1, r2, t) = −e(r1 + r2) · F(t) (4.8)

is the field-molecule interaction energy, written here in the length gauge usingthe dipole approximation.
Substituting the expression of Ψ(r1, r2, R, t) given in Eqs. (4.1) and (4.2a-4.2c),and projecting onto the ground electronic state Φ0 yields

iℏ ∂t ψH2(R, t) =
[
T̂R + VH2(R)

]
ψH2(R, t) + ℏW 1

0 (R, t)ψg

H+
2
(R, t) , (4.9)

where
ℏW 1

0 (R, t) =
∫∫

Φg
1(r1, r2;R)Vint(r1, r2, t) Φ0(r1, r2;R) dr1dr2 . (4.10)

Equation (4.9) is obtained by assuming i) that there is no radiative coupling be-tween the ground electronic state of H2 and H+
2 first excited electronic state of

1Σ+
u configuration, and ii) that the radiative coupling terms between H2 and thedouble electronic continuum are negligible.

Further projecting (4.9) on the ground vibrational state χ0(R) ofH2 with the helpof Eqs. (4.3a), (4.3b) and (4.5) yields
iℏ α̇0(t) = E0 α0(t) +

∑∫
v+(ε)

ℏW 1v+(ε)
00 (t) βv+(ε)(t) , (4.11)

where E0 is the total electronic plus vibrational energy of the state χ0Φ0, andwhere
W

1v+(ε)
00 (t) =

∫
χv+(ε)(R)W 1

0 (R, t)χ0(R) dR . (4.12)
Similarly, for the second ionization we define

ℏW 2
1 (R, t) =

∫∫
Φ2(r1, r2;R)Vint(r1, r2, t) Φg

1(r1, r2;R) dr1dr2 , (4.13a)



130 Chapter 4 - Strong Field Dissociative Ionization Dynamics

withmatrix elements between the vibrational statesχv+ of H+
2 and the scatteringstates χCE

ε of the CE channel
W 2ε

1v+(t) =
∫
χCE

ε (R)W 2
1 (R, t)χv+(R) dR . (4.13b)

It is the quantitiesW 1
0 (R, t),W 2

1 (R, t) that will be calculated later on using eitherthe ADK or PPT theory. Equating the transition probabilities associated with theapproach described above with the transition probabilities of the semi-classicalADK or PPT models, we naturally obtain[
W 1

0 (R, t) δt
]2

= W SC
H2 (R, t) δt (4.14a)[

W 2
1 (R, t) δt

]2
= W SC

H+
2
(R, t) δt (4.14b)

where δt denotes a short time interval and where the quantitiesW SC
H2 (R, t) and

W SC
H+

2
(R, t) are identified with the ADK or PPT semiclassical (SC) ionization rates

calculated at the internuclear distance R and at time t. These definitions trans-form Eq. (4.11) into
α̇0(t) = −i E0

ℏ
α0(t)− i

∑∫
v+(ε)

[
Γv+(ε)

0 (t)/δt
] 1

2 βv+(ε) (4.15)
where

Γv+(ε)
0 (t) =

∣∣∣∣∣
∫
χv+(ε)(R)

[
W SC

H2 (R, t)
] 1

2
χ0(R) dR

∣∣∣∣∣
2

(4.16)
is the state-resolved single ionization rate. Similarly, for the second ionization,we can define the state-resolved second ionization rate

Γε
v+(t) =

∣∣∣∣∣
∫
χCE

ε (R)
[
W SC

H+
2
(R, t)

] 1
2
χv+(R) dR

∣∣∣∣∣
2

. (4.17)
Using a simple first-order finite difference, Eq. (4.15) leads to an iterative short-time solution written as

α0(t+ δt) =
[
1− i E0

ℏ
δt
]
α0(t)− i

∑∫
v+(ε)

[
Γv+(ε)

0 (t) δt
] 1

2 βv+(ε) . (4.18)

Ignoring for the moment the coupling between the Φg
1 and Φu

1 states, the projec-tion of the TDSE (4.7) onto Φg
1 (for the H+

2 σg channel) yields
iℏ ∂t ψ

g

H+
2
(R, t) =

[
T̂R + V g

H+
2
(R)

]
ψg

H+
2
(R, t) + ℏW 1

0 (R, t)ψH2(R, t)

+ ℏW 2
1 (R, t)ψ2H+(R, t) , (4.19)
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which, upon further projection onto the vibrational state χv+ of that channel,gives
β̇v+(t) = −i Ev+

ℏ
βv+(t)− i [Γv+

0 (t)/δt]
1
2 α0(t)− i

∫ [
Γε

v+(t)/δt
] 1

2 γε(t) dε , (4.20)
where Ev+ is the total electronic plus vibrational energy of the state χv+Φ1. For
βv+(t) the iterative (short-time) first-order finite difference solution is therefore

βv+(t+ δt) =
[
1− i Ev+

ℏ
δt
]
βv+(t)− i [Γv+

0 (t)δt]
1
2 α0(t)

− i
∫ [

Γε
v+(t)δt

] 1
2 γε(t) dε . (4.21)

Finally, projecting the TDSE (4.7) on the electro-nuclear eigenstate χCE
ε Φ2 yields

γ̇ε(t) = −i ε
ℏ
γε(t)− i

∑
v+

[
Γε

v+(t)/δt
] 1

2 βv+(t) , (4.22)

with the short-time first-order solution
γε(t+ δt) =

[
1− i ε

ℏ
δt
]
γε(t)− i

∑
v+

[
Γε

v+(t)δt
] 1

2 βv+(t) . (4.23)

Note that in this last equation ε corresponds to the pure Coulombnuclear kineticenergy, with the origin of the energy chosen as the asymptotic (R→∞) energyof the Coulomb explosion potential energy curve.
Static Molecular Dynamics from Population Transfers

The thesis work went through two stages of development aimed atmerging ADKand PPT semiclassical treatments of ionization (in lieu of actual quantum elec-tron dynamics) with nuclear wave packet propagation. The first stage focuses onthe evaluation of population transfer rates, using kinetic-type rate equations, asresulting from single and double ionization of the molecule.
The kinetic equations, given in the next chapter, Eqs.(5.1a)-(5.1c) are based onthe simple premise that, for example, the variations of the population on a givenvibrational level of H+

2 would be equivalent to the sum of losses and gains toand from other molecular states, according to the population available in the
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originating state. In integral forms, to the first-order in δt, they are
PH2(t+ δt) =

[
1−

∑
v+

Γv+
0 (t)δt

]
PH2(t) , (4.24a)

PH+
2
(t+ δt) =

∑
v+

[
1−

∫
Γε

v+(t)δt dε
]
Pv+(t) +

∑
v+

[Γv+
0 (t)δt]PH2(t) , (4.24b)

P2H+(t+ δt) =
∫ (

Pε(t) +
∑
v+

Γε
v+(t)δt Pv+(t)

)
dε , (4.24c)

whereΓj
i are the population transfer rates from state i to j, as given in Eqs. (4.16)and (4.17) in terms of the MO-ADK/PPT ansatz. These kinetic equations describethe time evolution of the diagonal part of the system’s density matrix, as result-ing from the TDSE given above, ignoring coherences in this density matrix.

Rate equation for PH2(t) = |α0(t)|2

Multiplying both sides of Eq. (4.15) by α∗
0(t), then summing the result with its

complex conjugate expression, noting that Γv+(ε)
0 is real, we have

dPH2(t)
dt

=
∑∫

v+(ε)

[
Γv+(ε)

0 (t)/δt
] 1

2
Im
[
α∗

0βv+(ε)
] (4.25)

On the other hand, solving Eq. (4.21) for βv+ using a short-time approximationwith initial condition βv+(0) = 0 and for a negligible double ionization, we obtain
βv+ ∼ −i [Γv+

0 (t)δt]
1
2 α0 . (4.26)

Substituting this expression into Eq. (4.25) then yields
dPH2(t)
dt

= −
∑∫

v+(ε)

Γv+(ε)
0 PH2(t) . (4.27)

This is the first kinetics equation, Eq.(5.1a), in Chapter 5 (or Eq. 1a of [17]), with
Γ+

0 = ∑∫
v+(ε) Γv+(ε)

0 .
Rate equation for Pv+(t) = |βv+(t)|2

In a similar way to what was done previously for H2, if we multiply Eq. (4.20) by
β∗

v+ and add the result to its complex conjugate we obtain
dPv+(t)
dt

= [Γv+
0 (t)/δt]

1
2 Im

[
β∗

v+α0
]

+
∫ [

Γε
v+(t)/δt

] 1
2 Im

[
β∗

v+γε

]
dε (4.28)
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Using Eq. (4.26) to express βv+ in the first term of the right hand side of Eq. (4.28)gives the source term+Γv+

0 PH2(t) corresponding to the gain of population of the
v+ vibrational state by ionization from the neutral molecule ground-state withrate constant Γv+

0 (t).
As for the expression of γε(t) to be inserted in the second term of the right handside of Eq. (4.28), it can be estimated by the short-time solution (4.23) as

γε ∼ −i
∑
v+

[
Γε

v+(t)δt
] 1

2 βv+ (4.29)
Upon substitution in the second term of the right hand side of Eq. (4.28), andignoring the cross products β∗

v+βv′
+
between different v+ and v′

+ levels (termscorresponding to coherences in the density matrix), we obtain
dPv+

dt
= Γv+

0 (t)PH2(t)−
∫

Γε
v+(t)dε Pv+(t) . (4.30)

This is the second kinetics equation, Eq. (5.1b), of Chapter 5 (or Eq. 1b of [17]),with
ΓCE

v+ (t) =
∫

Γε
v+(t)dε . (4.31)

Rate equation for PCE(t) =
∫
|γε(t)|2 dε

The demonstration of the last kinetic equation of Chapter 5, Eq. (5.1c), followsthe same line of reasoning, starting fromEq. (4.22) to express the time derivativeof |γε(t)|2, followed by using Eq. (4.29) as a short-time approximation of γε andneglecting cross-products (coherences) of the form β∗
v+(t)βv′

+
(t) with v+ ̸= v′

+.The end result is
d

dt
PCE(t) =

∑
v+

ΓCE
v+ (t)Pv+(t) (4.32)

This is Eq.(5.1c) of Chapter 5 (or Eq. 1c of [17]).

4.4 . From R-Parameterized Population Transfer to Full Molecular Wave
Packets

From the eigenstate population transfer algorithm presented in the previoussection, the molecular dynamics simulation was then extended with implemen-tations of propagating vibrational wave packets, which could be analyzed to ex-tract, for example, the single- and double-ionization probabilities, but also the
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kinetic energy distributions of the emitted protons in the course of a dissociationprocess. This section describes the methodology that led us to the quantum dy-namical equations describing the vibrational motion, which are consistent withthe semiclassical approximations such as MO-ADK andMO-PPT used for the de-scription of the ionization dynamics.
4.4.1 .Vibrational Motion

The time-dependent Schrödinger equation applied to the nuclear wave packet
ψH2(R, t) of H2 was obtained in the previous section, Eq. (4.9). This equation hasan exact formal solution in the form of the formula

ψH2(R, t) = e−i [Ĥ0
n t/ℏ] ψH2(R, 0)

− i
∫ t

0
e−i [Ĥ0

n (t−t′)/ℏ] W 1
0 (R, t′)ψg

H+
2
(R, t′) dt′ , (4.33)

where the nuclear Hamiltonian of the neutral H2 molecule is Ĥ0
n = T̂R + VH2(R).In Eq. (4.33), ψH+

2
(R, t) is the nuclear wave packet associatedwith the g electronic

ground state of H+
2 . If we neglect its coupling to the first excited electronic state

u of H+
2 , its dynamics is governed by Eq. (4.19). This also has an exact formalsolution in the form
ψH+

2
(R, t) = e−i [Ĥ1g

n t/ℏ] ψH+
2
(R, 0)

− i
∫ t

0
e−i [Ĥ1g

n (t−t′)/ℏ]
(
W 1

0 (R, t′)ψH2(R, t′)

+W 2
1 (R, t′)ψ2H+(R, t′)

)
dt′ , (4.34)

where Ĥ1g
n = T̂R + V g

H+
2
(R). We see in Eq. (4.34) that the nuclear wave packet

ψH+
2
(R, t) evolving on the 1sσg potential of H+

2 is coupled to both the nuclear
wave packet ψH2(R, t) describing the neutral H2 molecule and the wave packet
ψ2H+(R, t) describing the doubly ionized Coulomb explosion channel. The latterevolves according to the time-dependent Schrödinger equation

iℏ ∂tψ2H+(R, t) = ĤCE
n ψ2H+(R, t) + ℏW 2

1 (R, t)ψH+
2
(R, t), (4.35)

where ĤCE
n = T̂R + 1/R, leading to the exact formal solution

ψ2H+(R, t) = e−i [ĤCE
n t/ℏ] ψ2H+(R, 0)

− i
∫ t

0
dt′e−i [ĤCE

n (t−t′)/ℏ]W 2
1 (R, t′)ψH+

2
(R, t′) . (4.36)
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Applying the propagation (4.33) between t and (t + δt) over a very short timeinterval δt→ 0, we obtain
ψH2(R, t+ δt) ≃ e−i [Ĥ0

n δt/ℏ]
(
ψH2(R, t)− i

∫ t+δt

t
W 1

0 (R, t′)ψg

H+
2
(R, t′) dt′

)
. (4.37)

Furthermore, for a sufficiently small value of δt, we can assume that the inte-grant does not change much between t and (t+ δt), and therefore we get
ψH2(R, t+ δt) ≃ e−i [Ĥ0

n δt/ℏ]
(
ψH2(R, t)− i [W 1

0 (R, t′)δt]ψg

H+
2
(R, t′)

)
, (4.38)

where t′ = t + δt/2 is the average time value between t and t + δt. Using thesame approach to express the nuclear wave packet of electronic symmetry gassociated with the H+
2 ion, and neglecting for the moment the coupling withthe u state of H+

2 and with the double ionization continuum, we obtain
ψg

H+
2
(R, t+ δt) ≃ e−i [Ĥ1g

n δt/ℏ]
(
ψg

H+
2
(R, t)− i [W 1

0 (R, t′)δt]ψH2(R, t′)
)
. (4.39)

Rewriting Eqs. (4.38) and (4.39) to express ψH2(R, t′) and ψg

H+
2
(R, t′), and keeping

only the 0th-order term in the series development of the evolution operators ofEqs. (4.38) and (4.39) for the short time interval (t′ − t = δt/2) involved, we get
ψH2(R, t′) ≃ ψH2(R, t)− i [W 1

0 (R, t′)δt/2]ψg

H+
2
(R, t) , (4.40a)

ψg

H+
2
(R, t′) ≃ ψg

H+
2
(R, t)− i [W 1

0 (R, t′)δt/2]ψH2(R, t) . (4.40b)
Inserting Eq. (4.40b) in Eq. (4.38) we get at second order in δt

ψH2(R, t+ δt) ≃ e−i [Ĥ0
n δt/ℏ]

([
1−X2/2

]
ψH2(R, t)− iX ψg

H+
2
(R, t)

)
, (4.41a)

≃ e−i [Ĥ0
n δt/ℏ]

([
1−X2

] 1
2 ψH2(R, t)− iX ψg

H+
2
(R, t)

)
, (4.41b)

where, for simplicity, we have definedX = W 1
0 (R, t′) δt. In equation (4.41b), thefirst term on the right corresponds to the loss of population due to ionization,while the second term accounts for the possibility of recapturing an electron af-ter it has been ionized. Since this recapture probability is small, it is neglected inChapter 6. Now, taking into account Eq. (4.14a), which relates W 1

0 to the semi-classical ionization rateW SC
H2 , we finally obtain

ψH2(R, t+ δt) ≃ e−i [Ĥ0
n δt/ℏ]

(
1−W SC

H2 (R, t′)δt
) 1

2
ψH2(R, t) (4.42)
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This brings ψH2 in line with the formulation proposed in Chapter 6, Eqs. (6.2) and(6.3). Inserting now Eq. (4.40a) in Eq. (4.39) we get at the lowest order in δt
ψg

H+
2
(R, t+ δt) ≃ e−i [Ĥ1g

n δt/ℏ]
(
ψg

H+
2
(R, t)− i

[
W SC

H2 (R, t′)δt
] 1

2 ψH2(R, t)
)
. (4.43)

This brings this expression in a form that is very similar to the one used in Chap. 6
ψg

H+
2
(R, t+ δt) ≃ e−i [Ĥ1g

n δt/ℏ]
(
ψg

H+
2
(R, t)− i α(t)

[
W SC

H2 (R, t)δt
] 1

2ψH2(R, t)
)
, (4.44)

as can be seen in Eqs. (6.5) and (6.7).
The only twodifferences between Eqs. (4.43) and (4.44) are as follows: i ) In Chap-ter 6, the ionization rateW SC

H2 is assumed to be constant over the short time in-terval between the times t and t + δt. Thus, W SC
H2 (R, t′) in Eq. (4.43) is replacedbyW SC

H2 (R, t) in Eq. (4.44). ii ) An additional parameter α(t) has been introducedin Eq. (4.44), in comparison with Eq. (4.43). This parameter α(t) is a normaliza-tion factor calculated numerically at each time step so as to impose a populationgain in H+
2 which exactly compensates, at each time step δt, the loss in H2 givenby Eq. (4.42). A similar approximation of the TDSE equations has been imple-mented in the MEDYS code discussed in Chapter 2 to ensure the conservationof the norm during the evolution through exchanges of the bound ΨQ and ionic

ΨP wave packets.
Calculation of the normalization factor α(t)

The Born-Oppenheimer approximation allows the eigenstates projection ion-ization method to disregard the explicit evolution of wave packets (e.g. in Chap-ter 5), but this point becomes critical in an algorithm that considers both ioniza-tion and vibrations (e.g. in Chapter 6). As mentioned above, in the latter case itis necessary to introduce an additional normalization parameter α(t), the calcu-lation of which is explained below.
We start by defining from Eq. (4.42) the variation of population in H2 as

∆PH2(t) =
∫
|ΨH2(R, t+ δt)|2 dR−

∫
|ΨH2(R, t)|2 dR (4.45a)

= −
∫ ∣∣∣Φ(R, t)

∣∣∣2 dR (4.45b)
where

Φ(R, t) =
[
W SC

H2 (R, t′)δt
] 1

2 ψH2(R, t) . (4.46)



Section 4.4 - Full Molecular Wave Packets 137
Then from Eq. (4.44) we see that the variation of population in H+

2 is
∆PH+

2
(t) =

∫
|Ψg

H+
2
(R, t+ δt)|2 dR−

∫
|Ψg

H+
2
(R, t)|2 dR (4.47a)

= −∆PH2(t)α2(t) +B(t)α(t) (4.47b)
where

B(t) = 2
∫

Im
[
Φ(R, t)ψg∗

H+
2
(R, t)

]
dR . (4.48)

Finally, the conservation of the total norm ∆PH2(t) + ∆PH+
2
(t) = 0 leads to the

following quadratic equation
∆PH2(t)α2(t)−B(t)α(t)−∆PH2(t) = 0 (4.49)

that we solve numerically at each time step to extract the real-valued normal-ization parameter

α(t) =
B(t) +

[
B2(t) + 4 ∆P 2

H2(t)
] 1

2

2 ∆PH2(t) , (4.50)
B(t) being evaluated using the expressions (4.48) and (4.46).
Finally, the approach described here by Eq. (4.42) to describe the ionization ofH2is also used in Chapter 6, as can be seen in Eq. (6.10), to describe the ionizationof H+

2 .
4.4.2 .Vibrational Propagation: Split-Operator Method

As can be seen fromEqs. (4.42) and (4.44) describing the nuclear dynamics of the
H2 andH+

2 systemduring its interactionwith the laser fields, the vibrational wavepackets are made to evolve in time on their potential, thus ensuring completemolecular dynamics of ionization and dissociation. The method used for this isthe Split-Operator (SO) method [18], which separates the kinetic and potentialparts of the Hamiltonian into three terms that are applied symmetrically, to limitthe errors generated [19]. In addition, it is necessary to take into account theradiative coupling between the two firsts electronic states of H+
2 . For a timeinterval between t and t+ δt, the SO is written asψg

H+
2
(R, t+ δt)

ψu
H+

2
(R, t+ δt)

 = F−1 exp
[
−iℏk

2

4µ δt
]
F exp

[
−i V̂

ℏ
δt

]

× F−1 exp
[
−iℏk

2

4µ δt
]
F

ψg

H+
2
(R, t)

ψu
H+

2
(R, t)

 (4.51)
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where F and F−1 are the Fourier transform and the inverse Fourier transform,respectively, applied to thewave packets, to transpose themback and forth fromcoordinate space to momentum space, where the kinetic operator takes a sim-pler (non-differential) form. In Eq. (4.51), k is the nuclear momentum, µ is thereduced mass of the molecule, and the potential matrix V̂ is written as
V̂ =

 V g

H+
2
(R) −µug(R)F (t)

−µug(R)F (t) V u
H+

2
(R)

 , (4.52)
where µug(R) is the electronic transition dipole between the g and u electronicstates of H+

2 and F (t) is the time-dependent electric field.
4.4.3 .Generated observables

From the evolution of the nuclear wave packets it is possible to extract the timeevolution of the probabilities:
i ) of remaining in the neutral H2 form of the molecule, PH2(t),
ii ) of being ionized once to give rise to the molecular ion H+

2 , PH+
2
(t),

iii ) of being ionized twice to initiate a Coulomb explosion process, P2H+(t).
These probabilities are presented in the following Chapters 5 and 6 in the formof time profiles of the population evolution.
In the "static" approach of Chapter 5, which does not take vibrational dynamicsinto account, these probabilities are written as follows

PH2(t) = |α0(t)|2 (4.53a)
PH+

2
(t) =

∑
v+

|βv+(t)|2 (4.53b)
P2H+(t) =

∫
|γε(t)|2 dε . (4.53c)

Note that if we don’t integrate the Coulomb explosion probability (4.53c) on theenergy, we obtain directly by |γε(t)|2 a differential probability, resolved in timeand dissociation energy.
In the "dynamical" approach of Chapter 6, which takes into account vibrationaldynamics, the probability of being being bound in H2 or in H+

2 are written asfollows
PH2(t) =

∫
|ψH2(R, t)|2 dR (4.54a)

PH+
2
(t) =

∫
|ψg

H+
2
(R, t)|2 dR +

∫
|ψu

H+
2
(R, t)|2 dR . (4.54b)
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In H+

2 , however, part of the population is bound and part is dissociated. Toseparate the probability of forming bound H+
2 from the probability of formingthe fragments H+ + H(1s), we can project the ψg

H+
2
(R, tf ) wave packet obtained

at the end of propagation (t = tf ) onto the bound vibrational states of themolecular ion, but this procedure does not give access to the energy-resolvedkinetic energy release (KER) spectrum. To compute this spectrum, we project the
ψg

H+
2
(R, tf ) and ψu

H+
2
(R, tf ) wave packets obtained at the end of the propagation

onto the field-free dissociative molecular states associated with the V g

H+
2
(R) and

V u
H+

2
(R) potentials, respectively.

The Coulomb explosion KER spectrum, on the other hand, is obtained by directprojection of theH+
2 nuclear wave packets, taking into account the variation with

R of the semiclassical ionization probabilities. We start by calculating, for eachtime interval δt, the spatial distribution PCE(R), t projected onto the Coulombexplosion channel according to
PCE(R, t) =

[
W SC

H+
2 ,g

(R, t)δt
]
|ψg

H+
2
(R, t)|2 +

[
W SC

H+
2 ,u

(R, t)δt
]
|ψu

H+
2
(R, t)|2 (4.55)

and from this spatial distribution, an energy-resolved KER spectrum is then ex-tracted thanks to the simple law relating the internuclear distance R to the dis-sociation energyE in this Coulomb explosion channel, E = 1/R, as explained inChapter 6, Eqs. (6.12) and (6.13).

Summary

In this chapter we have attempted to reduce complex ionization dynamics in-cluding electron correlation to more efficient semiclassical simulations of ion-ization rates, in order to save computational resources that can then be usedto consider vibrational dynamics and thus achieve a more realistic descriptionof the molecular double ionization dynamics of H2 in strong laser fields. To thisend, two possible approximations are explored: the simpler MO-ADK approxi-mation, which gives satisfactory results in the wavelength and intensity rangesassociated with dominant tunnel ionization, and the more complex MO-PPT ap-proximation, which allows to explore larger ranges of laser intensity and fieldfrequency.
Adding the dissociation dynamics to the simulation implied generating a vibra-tional basis to our wave packet, which was made possible with the use of Nu-merov’smethod to generate eigenstates and their associated eigenvalues (ener-gies) from the potentials. To get a better estimation of the molecular dynamics,
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a shift from an algorithmusing only population transfers to a global wave packetionization including conservation of their phase was done, which as we will seein the next chapters, will considerably alter the resulting dynamics in a way thatbrings observables to values closer to reality. To induce propagation of the wavepacket during the simulation, a split-operator method is used, composed of al-ternating kinetic and potential operators applied on the wave packets.
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Résumé

L’ionisation simple de la molécule H2 exposée à une impulsions laser intense etultrabrève est étudiée par une méthode semi-classique. Trois caractéristiquesdu laser sont considérées : i) La fréquence de l’onde porteuse correspondantaux longueurs d’onde couvrant et reliant les deux régimes d’ionisation : Del’ionisation tunnel (TI) à 800nm à l’ionisationmultiphotonique (MPI) à 266nm. ii)Les valeurs de l’intensitémaximale sont choisies dans une fenêtre pour éliminerles processus d’ionisation double en compétition. iii) Une attention particulièreest portée à la polarisation du champ laser, qui peut être polarisée de manièrelinéaire ou circulaire. Les résultats et leur interprétation concernent deux ob-servables : la probabilité d’ionisation totale à la fin de l’impulsion et la distribu-tion des populations vibrationnelles générée dans le cation H+
2 . Les résultats lesplus marquants sont une efficacité d’ionisation accrue en polarisation linéaireet une distribution vibrationnelle du cation qui favorise les niveaux plus bas queceux qui seraient peuplés dans une ionisation verticale (Franck-Condon), con-duisant à des distributions non Franck-Condon, à la fois en polarisation linéaireet circulaire.

Mots clés: Photoionisation de H2, Impulsions laser courtes et intenses, Polar-isation linéaire versus circulaire, Profils d’ionisation, Distributions non-Franck-Condon, Méthodes ADK et PPT moléculaires.
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Abstract

Single ionization of H2 molecules exposed to strong and short laser pulses isinvestigated by a semi-classical method. Three laser characteristics are consid-ered: i) The carrier-wave frequency corresponds to wavelengths covering andbridging the two ionization regimes: From tunnel ionization (TI) at 800nm tomultiphoton ionization (MPI) at 266nm. ii) Values of the peak intensity are cho-sen within a window to eliminate competing double ionization processes. iii)Particular attention is paid to the polarization of the laser field, which can belinearly or circularly polarized. The results and their interpretation concern twoobservables, namely the end-of-pulse total ionization probability and vibrationaldistribution generated in the cation H+
2 . The most prominent findings are an in-creased ionization efficiency in linear polarization and a vibrational distributionof the cation that favors lower-lying levels than those that would be populatedin a vertical (Franck-Condon) ionization, leading to non Franck-Condon distribu-tions, both in linear and circular polarizations.

Keywords: H2 photoionization, Short intense laser pulses, Linear versus circu-lar polarization, Ionization profiles, Non-Franck-Condon distributions, MolecularADK and PPT methods.

5.1 . Introduction

Imaging and controlling correlated electronic and nuclear dynamics in their nat-ural time scales is a difficult challenge of ultrafast science [1]. This is becauseirradiating a molecule with intense, short laser pulses will lead to a competi-tion between ionization and dissociation processes. Even though these dynam-ics are expected to evolve on different time scales, a strong field phenomenonsuch as Coulomb explosion can bring them together and in competition, espe-cially in multi-electron systems. Experimental observations has been reportedrecently [2] of molecular above-threshold dissociation (ATD) during the timescale of the strong-field ionization of dihydrogen, giving rise to concomitantAbove-Threshold Ionization spectra (ATI). Experimental spectroscopic and imag-ing techniques based on the celebrated three-step rescattering mechanism [3,4], such as attosecond pump-probe spectroscopy [5], high-order harmonic spec-troscopy [6] and laser-induced electron diffraction [7–10] can unravel the intri-cate interplay of electronic and nuclear motions, but they depend on its under-standing and control for an optimal functioning of these as ultrafast analyticaltools.
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From a theoretical and computational viewpoint, a full quantum descriptionof dissociative ionization of multi-electron molecules taking into account elec-tron correlation as well as nuclear motions is highly desirable, and represents ahuge technical challenge, scarcely attempted [11] in the strong-field litterature.Even for the simplest many-electron molecular system H2, solving the full multi-dimensional time-dependent Schrödinger equation (TDSE) for all electronic andnuclear degrees of freedom represents a formidable computational task. Forthis molecule, reduced-dimension models have been used, and allow partialcaptures of the coupled electron-nuclear dynamics and even of essential fea-tures of the double ionization of the molecule [12–15].
No matter the approach one has in mind for the electronic part of the laser-drivenmolecular dynamics, it is the description of ionization steps, strongbound-to-free transitions, that is limiting, and resource-demanding. In view of this,there is an interest to adapt existing analytical theories of ionization, in particularsemi-classical theories such as the Ammosov-Delone-Krainov (ADK) [16, 17] andthe Perelomov-Popov-Terent’ev (PPT) [18–20] models, into an algorithm for thenumerical calculations of ionization amplitudes out of an arbitrary initial molec-ular orbital (MO). The ultimate aim would be to incorporate this simplified ion-ization algorithm into a code treating the full laser-induced electronic dynamics,coupled to vibrational degrees of freedom. There is thus a need to explore howthe ionization rate expressions derived in these semi-classical theories can beused to calculate and understand the ionization dynamics of the molecule at afixed nuclear geometry, (or in a range of nuclear geometries) considered as aparameter, before including these as parts of a complete quantum dynamicalmodel.
The present theoretical work is such a preliminary study devoted specifically tothe ionization of H2 molecules exposed to moderately intense laser pulses, in-vestigated by the ADK and PPT approximations in their adaptations tomolecularsystems to give the MO-ADK [21] and MO-PPT [22] theories respectively. Con-centrating on the first ionization of the two-electron molecule, we consider twoelectronic states: the initial ground stateX1Σ+

g of H2 and theX2Σ+
g (1sσg) stateof H+

2 . More specifically, we are interested in the initial preparation of the cation,in a superposition of its vibrational levels, by an ionizing laser pulse. It is thesubsequent dissociation process of the cation that involves the field couplingof the 1sσg and 2pσu states of H+
2 , and this post-ionization dynamics is not con-sidered here. The radiative coupling to the excited 2pσu state of the cation istherefore neglected. Still another simplification we will eventually make is theneglect of the double ionization process, leading to the Coulomb Explosion ofthe molecule. This is justified if we stay in a rather moderate laser intensity
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range, the double ionization entering into competition only for intensities ex-ceeding certain thresholds (above a few 1014 W/cm2 at 800nm, to fix the ideas).The effect of various parameters of the laser field, in particular its wavelength(in the IR and UV spectral regions), peak intensity and polarization, is analysedin terms of two calculated observables: the total ionization probability, and thedistribution of populations on the vibrational states of the field-free cation, alltaken at the final time of the laser pulse. The last observable highlights devi-ations from the usually assumed Franck-Condon distribution. We will discussthe origin of this non-Franck-Condon distribution in an assessment of the semi-classical ionization model used.
The manuscript is organized as follows. Section 5.2 starts with the equationsgoverning the time-evolution of the populations of the two-electron moleculein the basis of relevant vibronic states of the neutral H2, the cation H+

2 , andthe Coulomb Explosion channel H+ +H+. In physical terms, they are kineticrate equations describing the relative population gains and losses among thesestates during the single and double ionization processes. The ionization ratesdriving these equations have the form of rate constants, and are obtained fromthe MO-ADK or the MO-PPT theories, and carry a parametric dependence onthe internuclear distance R of the molecule through the molecular ionizationpotential. Section 5.3 gives the results concerning the two observables of inter-est, discussed in terms of the distinction between tunnel or multiphoton ion-ization regimes. The most important conclusions of this section are: (i) for agiven fluence, the linearly polarized field is more efficient than a circular one interms of the ionization yield. (ii) The molecular ion vibrational distribution asprepared by the ionization step is shifted from v+ = 2 (as predicted by a verti-cal Franck-Condon preparation) to lower vibrational v+ levels. When comparingthe respective roles of the laser polarization, the differences between linear andcircular polarizations in terms of non-Franck-Condon ionization are small.
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e-

e-
v+

H2

H2
+

H+ + H+

E

Figure 5.1: Depiction of the ionization paths of the H2 vibrational state v = 0 (wavefunction depicted in green) from its initial potential well (brown) into its ionized vibra-tional states v+ (green) in the H+
2 ground electronic potential (red), and ultimately to itsCoulomb explosion potential H++H+ (blue) with the kinetic energy E (green).

5.2 .Methods

The dynamics of single and double ionization of H2 in a time-dependent laserfield F (t) is treated by solving the rate equations
dPH2

dt

∣∣∣∣∣
t

= −Γ+
0(t)PH2(t) (5.1a)

dPv+

dt

∣∣∣∣∣
t

= Γv+
0 (t)PH2(t)− ΓCE

v+ (t)Pv+(t) (5.1b)
dPCE

dt

∣∣∣∣∣
t

=
∑
v+

ΓCE
v+ (t)Pv+(t) (5.1c)

where PH2(t) is the total population of H2, Pv+(t) is the population of the vibra-tional level v+ in the ground electronic state of H+
2 and PCE(t) is the total popu-lation in the [H+ +H+] (Coulomb Explosion) dissociation continuum. As a conse-quence, the total population of H+

2 , expressed as
PH+

2
(t) =

∑
v+

Pv+(t), (5.2)
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is calculated within the state-resolved complete ionization dynamics of the mol-ecule, which includes both the gain of population of the cation from the (first)ionization of the neutral H2 molecule, and its loss due to the second ioniza-tion. The passage of the population from H2 to its ionized states is representedschematically in Fig. 5.1.
The instantaneous molecular ionization rates Γ+

0(t), Γv+
0 (t) and ΓCE

v+ (t) are ob-tained as described hereafter using the molecular ADK or PPT approximations.The total single ionization rate Γ+
0(t) is expressed as a sum over all accessiblevibrational levels v+ as

Γ+
0(t) =

∑
v+

Γv+
0 (t) (5.3)

with
Γv+

0 (t) =
∣∣∣∣∣
∫
χ∗

v+(R)
(
WH2 [R, t]

)1
2
χ0(R) dR

∣∣∣∣∣
2

(5.4)
whereWH2 [R, t] is the instantaneousmolecular ADK or PPT ionization rate at theinternuclear distance R and at time t given by

WH2 [R, t] = WADK/PPT

[
IH2(R), F (t)

]
. (5.5)

Themolecular ADK and PPT ionization ratesWADK andWPPT used here are givenin Eqs. (5.11) and (5.15), and are calculated for the H2 ionization potential IH2(R)and the electric field amplitude F (t). The ionization potential is taken as the en-ergy separating the ground electronic states of H2 and H+
2 . In Eq. (5.4), χ0(R) isthe wave function associated with the ground vibrational state of H2 and χv+(R)is the wave function associated with the vibrational level v+ of the ground elec-tronic state of the cation. These are calculated numerically using a Numerovtype of algorithm [23], to solve for eigenstates supported by the potential en-ergy curves for the ground electronic states of H2 and H+

2 , themselves takenfrom Refs. [24] and [25, 26] respectively.
Similarly, the total ionization rate of the v+ vibrational level of the cation H+

2 ,
ΓCE

v+ (t), is expressed as a sum over all Coulomb Explosion energies E as
ΓCE

v+ (t) =
∫

ΓE
v+(t) dE (5.6)

with
ΓE

v+(t) =
∣∣∣∣∣
∫
χ∗

E(R)
(
WH+

2
[R, t]

)1
2
χv+(R) dR

∣∣∣∣∣
2

(5.7)
where

WH+
2
[R, t] = WADK/PPT

[
IH+

2
(R), F (t)

] (5.8)
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andwhereχE(R) represents thewave function of the energy normalizedCoulombExplosion dissociative continuum at energy E. It is calculated numerically usingthe Numerov algorithm also, with the Coulomb 1/R repulsion as potential en-ergy curve. The ionization potential IH+
2
(R) is takenhere as the energy separating

the 1/R Coulomb repulsion energy potential curve from the ground electronicpotential curve of H+
2 .

At time t = 0, the system is in the ground vibrational level of the ground elec-tronic state of H2, with
PH2(0) = 1,

∀v+, Pv+(0) = 0, (5.9)
PCE(0) = 0,

and since the sum of Eqs. (5.1a), (5.1b) and (5.1c) is zero, one can note that thetotal population
PH2(t) + PH+

2
(t) + PCE(t) = 1 (5.10)

is naturally conserved throughout the entire ionization process.
The molecular ADK (or MO-ADK) ionization rate is given by [21]

WADK
[
Ip, F

]
= B2

0

(
2κ2

F

)ξ

exp
(
−2κ3

3F

)
, (5.11)

where κ =
√

2Ip, ξ = (2Z/κ)− 1, and
B0(θ) =

∑
l

√
2l + 1

2 Cl Pl(cos θ) . (5.12)
Z is the effective Coulomb charge seen asymptotically by the electron and θ isthe angle between the laser field and themolecular axis. In the case of linear po-larization, the time dependent electric field amplitude is given by F (t) = |F(t)|,where

F(t) = F0 f(t) cos(ωt) eθ (5.13)
ω is the carrier frequency and F0 the electric-field amplitude. f(t) = sin2(πt/tf )denotes the temporal envelope of the pulse, tf being the total pulse duration,
eθ = [cos θ ez +sin θ ex] is the unit vector along the direction of the fixed polariza-tion of the field, which makes an angle θ with respect to the molecular axis. Inthis case of linear polarization, we will limit ourselves to the angle θ = 0, corre-sponding to a situation where the molecule is aligned with the field. In the caseof circular polarization, the time dependent electric field is given by

F(t) = F0 f(t)
[

cos(ωt) ez + sin(ωt) ex

]
, (5.14)
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Figure 5.2: Panel (a): 800nm circularly polarized laser electric field components alongthe z-axes (Fz(t), full blue line), and along the x-axes (Fx(t), dotted red line) as a func-tion of time. The H2 molecular axis is aligned along z-axis. θ is the angle between theintermolecular axis and the instantaneous field direction. Panel (b): Square modulus ofthe linear (full blue line) and circular (dashed purple line) fields as a function of time.

i.e. the angle θ becomes time-dependent, with θ(t) = ωt. It is to be noted thatthe field amplitude F0 for the circular polarization case is chosen as the onefor the linear case divided by √2, such that the average value of F 2(t) over anoptical cycle is identical in linear and circular polarization. The coefficients Clin Eq. (5.12) ensure the anisotropy of the ionization by the different weightingof the spherical harmonics-related Legendre polynomials Pl(cos θ) of quantumnumber l. The values of the coefficients Cl are experimentally fitted in Refs. [27]and [28], and are provided in Table 5.1 for both the ionization of H2 and of H+
2 .Figure 5.2 shows the electric field components Fz and Fx and their square mod-ulus for circular polarization along the z and x axes. The linear polarization cor-
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responds solely to Fz. The upper panel also illustrates the angular positioningof the H2 molecule assumed to lie on the z-axis.
Table 5.1: Anisotropy coefficients Cl for H2 [27] and H+

2 [28]
l Cl for H2 Cl for H+

2
0 2.4350 4.52
2 0.1073 0.62
4 0.0010 0.03

In the molecular PPT (or MO-PPT) approach, the ionization rate is given by [22]
WPPT

[
Ip, F

]
=B2

0

(
2κ2

F
√

1 + γ2

)ξ

exp
(
−2κ3

3F g(γ)
)
× A0(ω, γ) (1 + 2γ)−2Z/κ , (5.15)

when taking into account the Coulomb correction factor [29]. In this expression
γ = ω

√
2Ip/F is the (frequency dependent) Keldysh parameter [30, 31]. The

expressions of g(γ) and A0(ω, γ) differ in linear and circular polarizations. Forthe case of linear polarization, A0(ω, γ) is given by
A0(ω, γ) = β2(γ)√

3π

∞∑
ñ>ν

Ω0

(√
ñ′β(γ)

)
e−ñ′α(γ) (5.16)

where ñ′ = ñ − ν with ν = Ip

ω

(
1 + 1

2γ2

). The sum therefore runs over the num-
ber of photons ñ absorbed above the ionization threshold. In practice, in thenumerical evaluation ofA0(ω, γ), we considered the sum (5.16) converged whenits relative gain over an iteration was less than 10−10 of the current sum value.In addition, we have

Ω0(x) = x

2

∫ 1

0

e−x2t

√
1− t

dt , (5.17a)
α(γ) = 2 Arsh(γ)− β(γ) , (5.17b)
β(γ) = 2γ√

1 + γ2 , (5.17c)
g(γ) = 3

2γ

[(
1+ 1

2γ2

)
Arsh(γ)− 1

β(γ)

] (5.17d)

Finally, in the case of circular polarization A0 is a a function of γ only, and theexpressions of A0(γ) and g(γ) involved in the MO-PPT ionization rate (5.15) be-come
A0(γ) = (1−t0)

[
γ2(1+γ2)(1−t20)

(γ2+t20)(1+t20+2t20/γ2)

] 1
2 (5.18)
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and

g(γ) = 3t0
γ2(1− t20)

[
(1 + γ2)

(
1 + t20

γ2

)] 1
2 (5.19)

where t0 function of γ, is a real positive root, in the interval [0,1], of the followingequation [18]
Arth


√√√√t20 + γ2

1 + γ2

 = 1
1− t0

√√√√t20 + γ2

1 + γ2 . (5.20)

For practical reasons, it is convenient to fit t0(γ) using a simple analytical func-tion. Indeed, one can very accurately fit this variation with γ using an eighthorder Padé approximant [32] in the form
t0(γ) =

( 8∑
i=0

ai γ
i

)/( 8∑
i=0

bi γ
i

)
(5.21)

The corresponding fitting parameters ai and bi are provided in table 5.2. Wehave verified that the relative error made when using this simplified analyticexpression is always less than 6× 10−4 on the interval γ ∈ [0, 100].
Table 5.2: Padé approximant parameters for t0.

i ai bi0 0 11 0 1.974542 1/3 2.509943 6.58161× 10−1 2.462034 6.29483× 10−1 1.558405 4.09872× 10−1 7.56738× 10−1

6 1.41151× 10−1 1.97492× 10−1

7 9.97954× 10−3 1.23464× 10−2

8 1.02588× 10−4 1.17511× 10−4

5.3 . Results

In this section we first justify the consideration of the first step of the completeionization dynamics of H2, the first ionization of the two-electron molecule, by
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referring to an intensity range which allows one to separate its single and dou-ble ionizations. We then analyze the performances of the two semi-classical ap-proaches, MO-ADK and MO-PPT, by comparing the ionization yields they pre-dicted to results of full quantum mechanical TDSE calculations. We confirmthrough this comparison that MO-PPT is actually a rather good approximationfor describing ionizations both in tunnel or multiphoton regimes. Finally, we dis-cuss and interpret results of MO-PPT calculations on two observables, namelythe final ionization probability vs. intensity profiles and the non Franck-Condonvibrational distributions of H+
2 as a function of the field intensity and polarizationcharacteristics.

5.3.1 .Single versus double ionization

The laser-induced complete dissociative ionization of H2, in a full quantum de-scription, should consider the two electrons and the two protons on an equalfooting, through a wavefunction evolution taking electron correlation fully intoaccount and involving both the single and double ionization processes, togetherwith the nuclear dynamics. Such a full quantum treatment remains a formidablemethodological challenge. Depending on the laser pulse duration and leadingintensity, the complete dissociative ionization dynamics can be described bysteps of increasing sophistication. In particular, the two time scales of ioniza-tion and nuclear dynamics being very different, the possibility is offered to treatseparately the two fragmentation processes, focusing as a first step solely onthe ultra-fast ionization. Depending on the intensity of the laser, this will giverise to single, and sequential (or non-sequential) double ionization processes[15, 33, 34]. Neglecting all vibrational wave packet evolution during the pulse, allthe ultra-fast ionization dynamics is encapsulated in the rateWH2 [R, t] appearingin Eq. (5.4) which, as stated above, is obtained within a semi-classical approacheither the simple, commonly usedMO-ADK approach [21] or themore completeMO-PPT theory [22].
Figure 5.3 illustrates how the final population, (evaluated at the final time tf ofthe laser pulse), of the initial neutral H2 molecule, PH2(tf ), that of the molecu-lar cation H+

2 resulting from the first ionization, PH+
2
(tf ), and the population of

the Coulomb Explosion channel accessed from the second ionization, PCE(tf ),vary as a function of the laser peak intensity I . For this illustrative purpose weare showing the results for a λ = 800nm linearly or circularly polarized IR pulseextending over 12 optical cycles, for a total duration of about 32 fs. Results ob-tained by doubling or halving the pulse duration show that changing the pulseduration only scales up or down the total ionization probability without chang-ing the relative populations of the different vibrational levels produced in H+
2 .
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These results are collected in the Supplementary Information.

Figure 5.3: Final populations of H2 (PH2(tf ); dashed blue line), H+
2 (PH+

2
(tf ); full green

line) and H+ + H+ (PCE(tf ); Coulomb Explosion, red dotted line), using a 800nm (a) lin-early and (b) circularly polarized field, and the MO-PPT approach for a sin2 pulse enve-lope of total duration 32 fs corresponding to 12 optical cycles (16 fs FWHM). The verticalpurple line in panel (a) indicates the value of the intensity at which the Keldysh param-eter is γ = 1.
In Fig. 5.3, the first ionization is observed for peak intensities of about 1014 W/cm2,with the precise onset intensity depending on the polarization of the field. There,the initial population of the neutral molecule starts to decrease while the H+

2cation’s population increases up to about 0.8. It is only for field intensities typi-cally larger than 4× 1014 W/cm2 in linear polarization and 1015 W/cm2 in circularpolarization that the second ionization process comes into play and the initial
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state population decreases below 0.2. Note that this onset of second ionizationwould be shifted to a higher intensity for a shorter pulse (see SupplementaryInformation for details). It is worthwhile to note that this second ionization setsin basically by depleting the population of the H+
2 cation. It is precisely in thatrespect that we can at least partly separate the two (first and second) ioniza-tion processes, defining the physical frame for our focus on the single ionizationas a dominant process for intensities typically less than about 5×1014 W/cm2 at800nm. This thus fixes the general framework of the present study which willconcern from now on only the first ionization of H2.

To be complete, a few additional observations are in order: (i) For intensities ex-ceeding 1015 W/cm2 themolecule is completely ionized both for linear or circularpolarizations. (ii) An identification as to whether the ionization follows a tunnelor multiphoton regime can be given in terms of the already defined Keldysh pa-rameter γ. The regime with γ ≪ 1 is referred to as the tunnel ionization (TI)regime, where the electron escapes by tunneling through the barrier resultingfrom a field-distorted Coulomb potential. In the opposite limit of γ ≫ 1, the elec-tron ionizes after absorption of several photons, a regime termed multiphotonionization (MPI). The field intensity value giving γ = 1 for the first ionization pro-cess is indicated by a vertical line in Fig. 5.3(a). It roughly delimits the two ioniza-tion regimes (TI and MPI). For a given ionization potential and field frequency,the Keldysh parameter takes on values less than 1 for field intensities higherthan the limit indicated by the corresponding vertical line. In other words, basi-cally all intensities within the first ionization profile studied here allow at 800nman interpretation of the dynamics in terms of the TI regime, where semi-classicalapproaches are normally rather well adapted. (iii) Finally, linear and circular po-larizations give slightly different results. More precisely, switching the polariza-tion from linear to circular, the first ionization PH+
2
vs. I profile is shifted towards

higher intensities and acquires a broader extension. This could be interpretedby the fact that for the circularly polarized pulse, the electric field amplitude islower, as opposed to the linearly polarized one at equal fluence.

5.3.2 .Validation of the semi-classical approaches

We proceed now to a quantitative assessment of the performances of the twosemi-classical approximationsMO-ADK andMO-PPTwith respect to the first ion-ization of H2, by comparing the calculated PH+
2
(tf ) with that predicted by a full

quantummechanical calculation [27, 35, 36], in which the two-electron TDSEwassolved at a (full) Time-Dependent Configuration Interaction (TDCI) level, usingCI wavefunctions comprising of thousands of configurations using Kohn-Sham(DFT) molecular orbitals expressed in an extended B-spline basis. The TDCI data
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used here are those of figures 3, 5, 7 of Ref. [27] explicitly marked TDCI (as op-posed to SAE-CI, based on a more limited CI expansion of the two-electron sys-tem eigenstates, as per the description of it in Ref. [27]). Note that this paper(Ref. [27]) assesses the validity of the SAE by comparing SAE calculations’ resultswith the aforementioned TDCI results. It is the latter however that are relevanthere. The comparison is made for a series of laser peak intensities ranging from
1013 W/cm2 up to 1015 W/cm2, and for three wavelengths, λ = 266nm, 400nm,800nm. The number of optical cycles are adjusted, for each value of λ, in such amanner as to have the same pulse duration. Both polarization cases, linear andcircular, are considered. Figure 5.4 displays, for the linear polarization case, thefinal ionization probability as a function of intensity on a logarithmic scale to bet-ter enhance the large scale differences. The corresponding results for circularpolarization are displayed in Fig. 5.5.
On numerical grounds, the present semi-classical calculations are in close agree-ment (graphical estimation) with those of the Fig. 5 of Ref. [37], despite a differ-ence in the models for the calculation of the rate: averaged over H+

2 vibrationalstates in this work (Eq. 5.4), and taken at H+
2 equilibrium distance for Ref. [37].We note that for the highest frequency considered (λ = 266nm, panel (a) ofFig. 5.4) the ionization is basically in the multiphoton (MPI) regime, as all con-sidered values of the field intensity I up to 1015 W/cm2 give a Keldysh param-eter γ > 1. In this case, the frequency-independent MO-ADK description failsby orders of magnitude in producing the correct H+

2 population, at least up to
I = 3 × 1014 W/cm2. The MO-PPT model is a much better approximation, andgives results that basically follow the exact TDCI results. Semi-classical approx-imations are in better agreement among them and with the exact results forlower frequencies (λ = 400nm, 800nm, Fig. 5.4, panels (b), (c) respectively),where the tunnelmechanismbecomes progressively dominant. This is indicatedby the shift of the vertical line γ = 1 towards lower intensities in panels (b) and(c). In particular, a rather good agreement betweenMO-ADK andMO-PPT resultsis obtained at λ = 800nm.
Although no TDCI calculations results are available for the case of circular po-larization, we can still offer a reasonable interpretation of two observations inFig. 5.5: (i) for the three wavelength considered, the threshold intensity for theH+

2 population saturation is higher for the case of a circular polarization as com-pared to the linear polarization case, due to the lower circularly polarized fieldamplitude argument advanced previously; (ii) the slope of the rise of the ion-ization probability curve is much higher for λ = 800nm than for λ = 266nm.This is due to the fact that λ = 800nm corresponds to the TI regime where theionization yield is exponentially increasing with the intensity, as opposed to the
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Figure 5.4: Final ionization probability of H2 (in logarithmic scale) using a linearly polar-ized field of peak intensity I (in logarithmic scale), as given byMO-ADK (dashed red line),MO-PPT (full black line) and TDCI [27] (grey crosses) methods, with wavelengths of (a)266 nm over 36 optical cycles, (b) 400 nm over 24 optical cycles and (c) 800 nm over 12optical cycles. The total pulse duration is therefore fixed at the value 32 fs (16 fs FWHM).

λ = 266nm case where the MPI regime is the leading one, giving rise to a slowerpower-type increase.
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Figure 5.5: Final ionization probability of H2 (in logarithmic scale) using a circularly polar-ized field of peak intensity I (in logarithmic scale), as given by MO-ADK (dashed red line)and MO-PPT (full black line) methods, with wavelengths of (a) 266 nm over 36 opticalcycles, (b) 400 nm over 24 optical cycles and (c) 800 nm over 12 optical cycles. The totalpulse duration is therefore fixed at the value 32 fs (16 fs FWHM).

5.3.3 .Non-Franck-Condon ionization

An interesting way of presenting the results of the integration of Eq. (5.1b) with-out the last term on the right hand side (since we are considering only the firstionization process, ignoring the Coulomb Explosion channel) is to plot, as a nor-malized function of v+, in the form of a histogram, the populations fnF C(v+) of
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various vibrational states v+ of the cation, relative to the final total populationof cation PH+
2
(tf ), accumulated during the ionizing action of the laser pulse

fnF C(v+) = Pv+(tf )
PH+

2
(tf )

= 1
PH+

2
(tf )

∫ tf

0
Γv+

0 (t)PH2(t)dt (5.22)

This kind of plot gives the composition of the vibrational wave packet createdin the cation as it is formed by the ionization of the neutral molecule H2. Itis often assumed that the ionization is a Franck-Condon (FC) process, i.e. thevertical promotion of the ground vibrational state χ0(R) of H2 onto the cationelectronic ground-state manifold. This Franck-Condon principle corresponds toassume thatWH2 [R, t] in Eq. (5.4) does not depend on the internuclear distance
R. Eq. (5.22) then becomes

fF C(v+) = |⟨χv+|χ0⟩|2∑
v+ |⟨χv+|χ0⟩|2

(5.23)

Now, by the mere fact that the rate WH2 [R, t] as described by the MO-ADK for-mula for tunnel ionization, or by themore general MO-PPT expression, dependson the internuclear distance R through the first ionization potential IH2(R) (seeEq. 5.5), we expect that the vibrational distribution in the cation does not followthe Franck-Condon principle. Indeed, the onset of a non-Franck-Condon behav-ior has been related to a sharp increase of the tunnel ionization rate as a functionof the internuclear distanceR by a number of authors [38, 39]. Such an increasein the ionization rate is expected when Ip decreases, and this is the case whenRincreases in the range 0 < R < 3.5a.u which is of interest to us, hence the rela-tionship between Γv+
0 andR. Another formof deviation from the Franck-Condonprinciple has been discussed in the literature [40], and pertainsmore to the field-induced deformation of the cation vibrational states onto which the initial (alsodeformed) vibrational wavefunction of the parent neutral molecule is projected.The ADK or PPT ionization rates used in this work contain the R-dependent ion-ization potential, and this does contribute in part to the non-Franck-Condon ef-fect demonstrated therein. We also extend the analysis of non-Franck-Condonionization to circular polarization, and to several wavelengths covering the TIand MPI regimes.

The R dependence of the square root of the ionization rate WPPT, as it entersEq. (5.4), is displayed in Fig. 5.6, panels (c) and (d) together with a pair of H+
2 vi-brational wavefunctions χv+(R), with v+ = 1 in (c) and v+ = 2 in (d). The FC
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Figure 5.6: Franck-Condon projection of theH2 ground state on theH+
2 vibrational states

v+ (upper panel a), and the non-Franck-Condon population resulting from a MO-PPTcircularly-polarized 800 nm field of peak intensity 6.4 × 1014 W/cm2 (upper panel b).The lower panels display the wavefunctions of H2 ground state (χ0), together with theones of the vibrational states (c) v+ = 1 and (d) v+ = 2 of H+
2 (χv+ ). The square rootof the ionization amplitude calculated from the MO-PPT method (W 1/2

PPT, from Eq. 5.15)using a 800 nm circularly polarized field and a typical peak intensity, is given as the solidgreen line, with a scale indicated on the right vertical axis.

distribution, fF C(v+) is given by the histogram of panel (a), while that in panel(b) gives an example of non-Franck-Condon (non-FC) distribution, fnF C(v+), asgiven in Eq. (5.22) with Γv+
0 therein defined by Eq. (5.4) using WPPT. The distri-bution shown in panel (b) is for the specific case of a λ = 800nm, I =6.4 ×
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1014 W/cm2 circularly polarized pulse.
The first general observation that can be made when comparing the FC with thenon-FC distributions is that the maximum population is shifted from the v+ = 2level to the v+ = 1 level, the ground v+ = 0 population increasing also withrespect to its FC value. The second observation is that the distribution stops ata lower value of v+ than in the FC distribution: While the FC distribution in panel(a) extends to the last v+ level (v+ = 18) supported by the ground-state potentialenergy curve ofH+

2 , the non-FCdistribution in panel (b) acquires negligible valuespast v+ ≃ 10. The quantitative details of these deviations with respect to thevertical FC ionization results depend on the specific values of the laser pulseparameters. Wewill give later amore detailed discussion of how these variationswith respect to the FC distribution depend on the field polarization. For now, itsuffices to say that the non-FC distribution that the MO-PPT ionization modelaffords is more compact, more restricted to the low-lying vibrational levels ofthe cation.
We can understand these salient traits of the non-Franck-Condon distributionsby referring to panels (c) and (d) of Fig. 5.6. One first notes that a rather fast
variation from almost zero to 0.17 is observed forW 1/2

PPT as R goes from 0 to ca.
3a.u. This has a double effect: first, recalling Eq. (5.4), we see that with respectto high v+ vibrational wavefunctions of H+

2 , it filters out almost completely theleft turning point amplitudes of this wavefunction, which normally (i.e. in the FCcase) would presents some overlap with the χ0(R) H2 ground vibrational state,while the amplitudes of this high v+ wavefunction found at the right turningpoint lies completely outside the range of χ0(R) and gives a zero overlap withit. The consequence is that, from a broad vibrational population distributionextending up to v+ = 18 as obtained for the vertical FC ionization, we now have,with the non trivial dependence of WPPT on R, a narrower distribution (up to
v+ ≃ 10).
The fact that this non-FC distribution is peaked at v+ = 1 rather than at v+ = 2
can also be understood by this rise ofW 1/2

PPT in the regionwhereχ0(R) is peaking,though things here depend on a rather delicate balance between various por-
tions of the variation of W 1/2

PPT around its value at the equilibrium internucleardistance Re of the neutral molecule. In the interval of R where χ0(R) overlapswell with χv+=1(R) (traced in orange in panel (c)), i.e. on the right of the equilib-
rium geometry,W 1/2

PPT is larger than its value atRe. Thus the overlap between the
v+ = 1 state and the H2 ground vibrational wavefunction is enhanced with re-spect to the FC situation. The same thing can be said for the overlap between thecation ground vibrational wavefunction. This nodeless χv+=0(R) wavefunctionis centered at the node of the χv+=1(R) function just discussed and its overlap
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with the H2 ground vibrational state χ0(R) lies in the region whereW 1/2

PPT is largerthan its value at Re. As a consequence, the weights of the v+ = 0 and v+ = 1vibrational states are increased when using the more realistic PPT approach ascompared to the FC approximation.
The case of the vibrational state v+ = 2 is more delicate: In the interval of R
where χ0(R) overlaps well with χv+=2(R) (traced in orange in panel (d)),W 1/2

PPT issmaller than its value at Re on the left of this equilibrium geometry, diminish-
ing the contribution to the overlap there. The subsequent rise of W 1/2

PPT in theregion of the first maximum of χv+=2(R) contributes to enhance the (positive)
overlap there. However, the continued rise of W 1/2

PPT past this range enhancesthe previously small negative overlap between the tail of χ0(R) and the negativelobe of χv+=2(R). All this gives a slight decrease in the overlap between the two
functions when the R-dependentW 1/2

PPT is inserted.
A closer look at how the non-FC character affects the lowest v+ states’ popula-tions is given in Fig. 5.7, for two values of the wavelengths, 266nm and 800nm.The field intensity is 1.6 × 1014 W/cm2. The histogram with striped pink bars isfor the linear polarization case, while that with full brown bars is for the case ofa circularly polarized pulse. The horizontal purple line drawn at each value of v+marks the expected height of the population for that level in the FC distribution.We see that there is depletion of population with respect to the FC distributionstarting for the highest v+ levels. The v+ = 2 population actually increases, butless so than the v+ = 0 and 1 populations. The non-FC character seems a littlestronger for circularly polarized fields in the TI regime (λ = 800nm, panel (b)).
In summary, the ionization of H2 within a MO-PPT model description, enhancesthe populations of the lowest levels v+ = 0 − 4 of H+

2 to the detriment of levelsclose to the dissociation limit. A number of remarks ought to be made at thispoint. First, although the above results were obtained for rather long pulses,they are representative of the vibrational excitation of the cation as it is formed,in an attosecond time-scale, as theMO-PPT semi-classicalmodel sees the time asmerely a parameter governing the instantaneous value of the field under whichthe molecular ionization is produced. Basically, the consideration of the longpulse is irrelevant in the discussion of the non-FC character of the ionization,as it merely amplifies the collected ionization signal while the non-FC characteris defined relative to the total final ionization probability, (see Eqs. (5.22, 5.23)).Thus, the v+-state population distributions shownhere represent the vibrationalwave packet of the cation as it is formed. This absence of dependence of thecalculated non-FC distributions with the pulse duration was confirmed by calcu-lations performed with shorter (8 fs FWHM) and longer (32 fs FWHM) pulses at
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Figure 5.7: Non-FC final H+
2 populations using linearly (striped pink bars) and circularly(full brown bars) polarized fields, calculated at a peak intensity of I = 1.6× 1014 W/cm2

by the MO-PPT method. The upper and lower panels are for comparing wavelengths of
(a) 266 nm over 36 optical cycles and (b) 800 nm over 12 optical cycles. FC projectionsare indicated by horizontal purple lines.

the 3 considered wavelengths (266, 400 and 800nm). This distribution is thus tobe viewed as the initial state of a subsequent vibrational dynamics, be it with orwithout an external field.
Imagine for example that the external field is the probe pulse in a pump-probeexperiment. The outcome of this vibrational dynamics, often discussed by as-suming a FC preparation of the molecular ion, will be affected by this non-FCcharacter. In the IR spectral region, a dynamical control of the dissociation prob-ability can be exerted by tuning the carrier-envelope phase of the probe pulse,by a mechanism called Dynamical Dissociation Quenching (DDQ) [41, 42]. The
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non-FCwave packetwouldmodify the optimized parameters for this type of con-trol. In the UV-Visible region, an intense probe pulse gives rise to ATD signals inthe proton kinetic energy release (KER) spectrum, with possible signatures ofBond-Softening and/or Vibrational Trapping effects [43]. All this depends deli-cately on the content of the initial vibrational wave packet. A non-FC preparationof this wave packet will surely be manifest in these spectra.
The last comment to be made on these non-FC ionization considerations is thatthe semi-classical expressions of the ionization rate depend on R only throughthe ionization potential, as they are basically adapted from a theory of atomicionization. By considering the core potential as felt by the ionizing electron as asingle-centered one, MO-ADK and MO-PPT, as well as CS-ADK, the recent adap-tation of ADK theory to complex systems [44], ignore the LCAO (Linear Combi-nation of Atomic Orbitals) form of the molecular orbital out of which the ioniza-tion takes place. A study that takes into account the form of this potential [45],using a reformulation of the tunneling ionization theory [46] do reveal this de-pendence that would further enhance the non-Franck-Condon character of thecation initial vibrational wave packet. Various considerations, of short-time pro-jections of the initial (molecular) orbitals onto the ionization continuum, or ofexact molecular symmetry conservation in the case of ionization under a per-pendicularly polarized field [10], indicate the existence of diffraction-like factorsin the exact ionization probability amplitude, theR-dependence of which wouldcontribute to a stronger non-FC behaviour, in particular for a high ionized elec-tron momentum. This aspect of the non-Franck-Condon strong field ionizationis yet to be explored using a more detailed, albeit numerically exact descriptionof the strong-field ionization.

5.4 . Conclusion

In this paper, we consider the dynamical process of laser-induced strong fieldionization of H2, treated within semi-classical models which include the internu-clear degree of freedom as a mere parameter. We verified that for laser peakintensities not exceeding a few 1014 W/cm2 the single (first) ionization is by farthe dominant process in the tunnel ionization regime. For those intensities thefirst ionization process can be considered by itself, separated from the slowervibrational motions, thus allowing us to concentrate on the ionization dynam-ics. Concerning the models, we refer to semi-classical treatments comparingthe relative performances of MO-ADK and MO-PPT approximations. In that re-spect, we show that the popular MO-ADK method performs well in the tunnelionization (TI) regime, that is for the corresponding Keldysh parameter γ ≪ 1, i.e.
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for high intensities and long wavelengths. The MO-PPT formula is characterizedby a more extended validity domain, at least partially covering the multipho-ton ionization (MPI) regime with γ ≫ 1. As typical examples of the TI and MPIregimes, we considered two wavelengths, one in the near IR domain (800nm)and the other one in the UV spectral region (266nm). We compared the resultsfor the two types of field polarizations: linear and circular. For any wavelength,the threshold intensity for the H+
2 population saturation is higher for the case ofa circular polarization as compared to the linear polarization case. This is mainlya fluence effect. We also noted that the slope of the rise of the ionization prob-ability vs. intensity curve is higher for λ = 800nm than for λ = 266nm. This iscoherent with the identification of the first case as typical of the TI regime, andthe second of the MPI regime.

Concerning the vibrational populations of the ion as it is formed, we have shownthat the strong field ionization of H2 does not follow the Franck-Condon princi-ple, contrary to the simplified view of an ultrafast ionizationmechanismwith thenuclear motions frozen on the ionization time scale. Indeed, in this simplifiedview the vibrational initial state of the neutral molecule would simply be trans-ported vertically onto the cation’s ground-state manifold. The deviation from aFranck-Condon behaviour is to be understood in terms of the R-dependence ofthe ionization rate, which increases rapidly with the internuclear distance, what-ever the polarization. The resulting so-called non-FC distributions are peaked atlower vibrational levels than the FC ones, and are more limited in v+ range thanthe Franck-Condon one, levels above v+ = 4 being only weakly populated.
It is worthwhile noting that non-FC distributions have already been experimen-tally observed in the literature using a 800nm excitation in linear polarization,and interpreted with a theoretical approach at the ADK level of approximation[40]. This study concluded also that the ionization process was favoring the pro-duction of the lowest v+ levels, but the comparison cannot be pushed further,not only because our study is performed at the PPT level of approximation, butalso because the individual vibrational levels of H+

2 referred to in Ref. [40] takeinto account the laser-induced modifications of the two field-dressed potentialenergy curves of the 1sσg and 2pσu states of the cation. As such, the distributionis necessarily non-FC, not because of a non-vertical ionization, but because thedistribution is one over a different basis of vibrational states.
The study we have presented here, describing the creation of a vibrational wavepacket in the electronic ground state of the molecular ion H+

2 , is a first step to-wards the development of a more complete model that will take into accountthe subsequent nuclear dynamics, by solving the time-dependent Schrödingerequation describing the dynamics of the nuclear wave packet thus formed in
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the electronic state 1sσg and coupled to the first excited and dissociative elec-tronic state 2pσu of theH+

2 ion. This will complete the inclusion of a semi-classicalMO-ADK or MO-PPT scheme in the full description of the dissociative ionizationprocess leading to a useful observable such as the kinetic energy distribution ofprotons emitted in the dissociative continuum associated with the asymptotic[H(1s) +H+] channel. This approach should allow an accurate and realistic eval-uation of the low energy part of these proton spectra, while the description ofhigher kinetic energies will require the consideration of the double ionizationprocess leading to the [H+ +H+] Coulomb Explosion occurring for stronger laserfields. Work is thus in progress in our group to treat the complete dynamics thatcan take place, from the ionization of H2 to its Coulomb Explosion, based on asemi-classical approach for the ionization and a fully quantum description forthe vibrational dynamics.
Supplementary information

Results of calculations with varying pulse durations, as mentioned and discus-sed in section 5.3.1, are shown in a separate Supplementary Information file.
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Supplementary Information

Effect of the pulse duration on the ionization probability

To illustrate the effect of pulse duration, we present here, for λ = 800nm, theresults of calculations made for a pulse of 8 fs FWHM, corresponding to half thepulse duration considered in themain text, and of 32 fs FWHM, i.e. the double ofthe pulse duration in the main text. The results for the shorter pulse, 8 fs FWHM(6 optical cycles), and those for the longer pulse, 32 fs FWHM (24 optical cycles)are given in Fig. S5.1 for a linearly polarized field, and in Fig. S5.2 for a circularlypolarized field.

Figure S5.1: Final ionization probability of H2 (in logarithmic scale) using a linearly polar-ized field of peak intensity I (in logarithmic scale), as given by (a) MO-ADK (red and pink)and (b) MO-PPT (black and blue) methods, with wavelengths of 800 nm over 6 opticalcycles (8 fs FWHM; full red and black lines) and 24 optical cycles (32 fs FWHM; dashedpink and blue lines).
Comparedwith panel (c) of Fig. 4 of themain text, it is clearly seen that the ioniza-tion probability at tf decreases (increases) globally with the pulse compression(stretching), and the saturation intensity (where Pion(tf ) = 1) is shifted to higher(lower) values.
The effect of the pulse duration shortening or stretching on the second ioniza-tion follows the same trend, causing a shift of the H+

2 (or H++
2 ) apparition curve(s)to a higher (lower) intensity, i.e. to the right (left) of its value in Fig. 3 of the maintext, in both the linear and circular polarization results. Fig. S5.3 shows the re-sults for the pulse compression case (6 optical cycles, 8 fs FWHM), using the samelayout as Fig. 3 of the main text.
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Figure S5.2: Final ionization probability of H2 (in logarithmic scale) using a circularly po-larized field of peak intensity I (in logarithmic scale), as given by (a) MO-ADK (red andpink) and (b) MO-PPT (black and blue) methods, with wavelengths of 800 nm over 6 opti-cal cycles (8 fs FWHM; full red and black lines) and 24 optical cycles (32 fs FWHM; dashedpink and blue lines).

Figure S5.3: Final populations of H2 (PH2(tf ); dashed blue line), H+
2 (PH+

2
(tf ); full green

line) and H+ + H+ (PCE(tf ); Coulomb Explosion, red dotted line), using a 800nm (a) lin-early and (b) circularly polarized field, and the MO-PPT approach for a sin2 pulse enve-lope of total duration 16 fs corresponding to 6 optical cycles (8 fs FWHM). The verticalpurple line in panel (a) indicates the value of the intensity at which the Keldysh param-eter is γ = 1.





Annex to the Article: Strong-Field
Non-Franck-Condon Ionization of
H2: A Semi-Classical Analysis

To help visualize the θ-dependence of the anisotropy parameter of the semi-classical methods, its squared form B2
0(θ), as seen in Eq. (5.12), is depicted inFig. A5.1 as a polar plot for H2 (Fig. A5.1a) and H+

2 (Fig. A5.1b). In this figure,
θ = 0 corresponds to an alignment of the field with the internuclear axis ofthe molecule, and θ = π/2 to a perpendicular polarization. In Fig. A5.1c, whichcompares these two anisotropies, the graph shows that, as expected, the angu-lar anisotropy of the ground state molecular orbital is more pronounced in H+

2than inH2, since in the neutral molecule the electron repulsion tends to producea more ovoid structure of the orbital.

Figure A5.1: Polar plots of B2
0(θ) for the ionization of H2 (a), H+

2 (b), and both valuesnormalized for comparison purposes (c).
Also, to better represent the Padé approximant that has been used to fit theMO-PPT t0(γ) function, it has been plotted as a function of the Keldysh parameter γin Fig. A5.2.
As shown in the article, for an equivalent fluence, a linearly polarized field ionizesat lower intensities than a circularly polarized field. In the light of these results,one might wonder why the linear polarization is more efficient at ionizing themolecule, considering that the amplitude of the linear field is brought to zero

177
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Figure A5.2: t0(γ) values used in the MO-PPT calculation in a circular field as the resultof solving Eq. (5.20) for specific values of γ (blue scatter points), and as the analyticalPadé approximant given in Eq. (5.21) (orange line).

several times during the dynamics, while the circular field is constantly activeduring the pulse. To better answer this question, H2 ionization rates summedover all H+
2 eigenstates were plotted as a function of time, for linearly-polarizedand circularly-polarized fields, considering the three wavelengths of interest λ =

266nm in Fig. A5.3, 400nm in Fig. A5.4 and 800nm in Fig. A5.5, within field param-eters similar to those in the article.
These figures show that for linear polarization the ionization rate∑v+ Γv+

0 (t) fluc-tuates from high values to zero according to the time variation of the field ampli-tude (see e.g. Fig. 5.2 for λ = 800nm). However, the peak values of the linearlypolarized field are √2 higher than those of the circularly polarized field. Thiscontrast between the two polarizations is due to the adjusted circular field in-tensity, which is Icirc = Ilin/2 to maintain identical fluence, a difference largeenough to significantly reduce the intensity threshold at which ionization startswhen the polarization is linear. If all field parameters were equal, including peakintensity, then the circular field could be observed to be more efficient at ion-izing the molecule, since the peak ionization rates would be similar to those ofa linearly polarized field, and the amplitude would be non-zero throughout thedynamics.
As the effect of the pulse duration on the ionization probability was shown in
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(a) Linear polarization (b) Circular polarization
Figure A5.3: Single ionization rate profile, summed over all H+

2 eigenstates, as a functionof time, during a 32 fs dynamics with a pulsed, (a) linearly- and (b) circularly-polarizedfield of wavelength λ = 266nm.

(a) Linear polarization (b) Circular polarization
Figure A5.4: Single ionization rate profile, summed over all H+

2 eigenstates, as a functionof time, during a 32 fs dynamics with a pulsed, (a) linearly- and (b) circularly-polarizedfield of wavelength λ = 400nm.

Figs. S5.1-S5.3 in the Supplementary Information section of the article, but notits effect on the non-FC distributions mentioned in the article, plots of these cal-culations with shorter (8 fs FWHM) and longer (32 fs FWHM) pulses at the 3 con-sidered wavelengths (266, 400 and 800nm) for linearly- and circularly-polarizedfields, along with the studied duration of 16 fs FWHM, are shown in Fig. A5.6 for
λ = 266nm, Fig. A5.7 for λ = 400nm and Fig. A5.8 for λ = 800nm.
It is evident from these figures that for all field parameters studied at a similarintensity of 1.6× 1014 W/cm2, the non-FC distribution of the H+

2 vibrational pop-
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(a) Linear polarization (b) Circular polarization
Figure A5.5: Single ionization rate profile, summed over all H+

2 eigenstates, as a functionof time, during a 32 fs dynamics with a pulsed, (a) linearly- and (b) circularly-polarizedfield of wavelength λ = 800nm.

ulations is independent of the pulse duration and of the field frequency. Theseresults can be explained by the fact that, according to Eq. (5.15), theMO-PPT ion-ization rate only depends on (1) the angle θ and polarization of the field, (2) theinternuclear distanceR between the nuclei, (3) the field intensity I and (4) the an-gular frequency ω of the field. For a given field strength, what affects most thevibrational populations of H+
2 is the dependence on R. However, this depen-dence is identical regardless of the pulse duration and of the field frequency.Thus, in our simulations, the main dependence factor for the vibrational popu-lations of the molecular ion is the field strength.

Within a certain range of optical cycles, shortening or lengthening the pulse du-ration will not affect the non-FC distribution, or in other words, the fraction ofionizedH+
2 vibrational populations. This phenomenonoccurs only after a certainnumber of optical cycles, because the more optical cycles you consider at thebeginning, the smaller will be the difference in the "perceived intensity" whenyou add or remove optical cycles. One can consider a distribution of the inten-sities perceived by the molecule during the dynamics, ranging from zero to themaximum intensity of 1.6 × 1014 W/cm2 in this case, with each intensity given acertain weight according to the time spent at that intensity. This distribution, interms of percentages, converges to a certain value as more cycles are added,and past a certain point this value doesn’t vary much anymore. This stagnationof the "perceived intensity distribution" is observed here in terms of the vibra-tional population distribution, since the peak intensity of the field remains theonly parameter on which this distribution depends.
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(a) τ = 16 fs (b) τ = 32 fs

(c) τ = 64 fs
Figure A5.6: Non-FC final H+

2 populations using linearly (striped pink bars) and circularly(full brown bars) polarized fields, calculated at a peak intensity of I = 1.6× 1014 W/cm2

by the MO-PPT method. The panels compare pulses with durations of (a) 8 fs FWHM (18optical cycles), (b) 16 fs FWHM (36 optical cycles) and (c) 32 fs FWHM (72 optical cycles),and a wavelength of 266nm. FC projections are indicated by horizontal purple lines.

This result is confirmed in the three Figures A5.9 to A5.11, where we see that,within the dynamics restricted to single ionization, the final relative vibrational
(v+ = 0, ..., 4) population distributions of H+

2 are completely independent of thepulse duration, whether for linear or circular polarization of the field, or for awavelength varying, in this study, from 266 to 800 nm. Although the relative dis-tributions are quasi-identical, looking at the y-axis corresponding to the absolutepopulation distribution, it becomes clear that the pulse duration has a direct ef-fect on the total ionization probability of the molecule. Since the simulationsfor this article are performed with a peak intensity low enough to neglect sec-ond ionization, the ionization probabilities will vary proportionally with the pulse



182 Annex to: Strong Field Non-Franck-Condon Ionization of H2 ...

(a) τ = 16 fs (b) τ = 32 fs

(c) τ = 64 fs
Figure A5.7: Non-FC final H+

2 populations using linearly (striped pink bars) and circularly(full brown bars) polarized fields, calculated at a peak intensity of I = 1.6× 1014 W/cm2

by the MO-PPT method. The panels compare pulses with durations of (a) 8 fs FWHM (12optical cycles), (b) 16 fs FWHM (24 optical cycles) and (c) 32 fs FWHM (48 optical cycles),and a wavelength of 400nm. FC projections are indicated by horizontal purple lines.

duration and won’t saturate within a relatively short dynamic range.
While the population distribution converges to fixed values as the pulse dura-tion is increased, onemust keep inmind that the single ionizationmodel cannotgive credible results if the field intensity and duration are large enough to in-duce a significant probability of double ionization, i.e., Coulomb explosion ofthe molecule. Indeed, for a given peak field intensity, one can only increase thepulse duration up to a certain number of optical cycles before the bound popu-lation of H+

2 is ionized to form 2H+.
Looking at the single ionization process, Fig. A5.12 shows that in both cases of



183

(a) τ = 16 fs (b) τ = 32 fs

(c) τ = 64 fs
Figure A5.8: Non-FC final H+

2 populations using linearly (striped pink bars) and circularly(full brown bars) polarized fields, calculated at a peak intensity of I = 1.6× 1014 W/cm2

by the MO-PPT method. The panels compare pulses with durations of (a) 8 fs FWHM (6optical cycles), (b) 16 fs FWHM (12 optical cycles) and (c) 32 fs FWHM (24 optical cycles),and a wavelength of 800nm. FC projections are indicated by horizontal purple lines.

polarization, whether linear or circular, lower eigenstates of H+
2 are on averagemore easily populated from the initial and fundamental H2 population than arehigher states. The linear case is not a surprise, as this was shown experimen-tally by Urbain et al. [1] and later in good agreement with the theoretical work ofKjeldsen andMadsen [2]. Past intensities of a few 1013 W/cm2, we see that eigen-states v+ = 1, and finally v+ = 2 take the lead in terms of most populated statesahead of the v+ = 0 state, but these changes in population distribution do notaffect higher states in a significantway. Also, some transitions are shown to haveionization rate drops at certain intensities. These quenching events occur with afrequency proportional to the number of nodes in the final state involved in the
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(a) τ = 16 fs; Linear polarization (b) τ = 64 fs; Linear polarization

(c) τ = 16 fs; Circular polarization (d) τ = 64 fs; Circular polarization
Figure A5.9: H+

2 population profiles of eigenstates v+ = 0, ..., 4 during the ionization ofH2 using the semi-classical MO-PPTmethod, with a field of λ = 266nm, of peak intensity
I = 1.6×1014 W/cm2. The results are compared for pulses of (a,c) 8 fs FWHM (18 opticalcycles) on the left column and (b,d) 32 fs FWHM (72 optical cycles) on the right column,and for (a,b) linearly-polarized fields on the top row and (c,d) circularly-polarized fieldson the bottom row.

transition. Since the ionization rate is calculated from the integral of the over-lap between the initial state χ0(R), a Gaussian-like function, and the final state
χv+(R), pondered by the instantaneous molecular ionization rateWH2 [R, t] (seeEq. (5.4)), and because WH2 [R, t] expands toward higher internuclear distancesas the intensity is increased (see Fig. A5.13), more nodes of χv+ are included asthe intensity grows, causing variations in the value of the integral, and some-times reaching zero ionization rates.
On a different note, one might wonder why the ionized population in the pop-ulation profiles is mainly composed of the v+ = 1 state at large intensities,
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(a) τ = 16 fs; Linear polarization (b) τ = 64 fs; Linear polarization

(c) τ = 16 fs; Circular polarization (d) τ = 64 fs; Circular polarization
Figure A5.10: H+

2 population profiles of eigenstates v+ = 0, ..., 4 during the ionization ofH2 using the semi-classical MO-PPT method, with a field of λ = 400nm of peak intensity
I = 1.6×1014 W/cm2. The results are compared for pulses of (a,c) 8 fs FWHM (12 opticalcycles) on the left column and (b,d) 32 fs FWHM (48 optical cycles) on the right column,and for (a,b) linearly-polarized fields on the top row and (c,d) circularly-polarized fieldson the bottom row.

while Fig. A5.12 shows that the v+ = 0 state dominates for intensities below
2× 1013 W/cm2. Even though the field mostly passes through much lower inten-sities than the peak intensity 1.6× 1014 W/cm2 during the dynamics, high inten-sities ionize orders of magnitude more than lower ones, which is why peak in-tensity values induce the most population transitions during the dynamics, thusallowing a distribution favouring the population of the eigenstate v+ = 1. Theargument is actually the same as that previously evoked before concerning theionization rate differences between a linear and a circular polarization, shownin Figs. A5.3-A5.5.
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(a) τ = 16 fs; Linear polarization (b) τ = 64 fs; Linear polarization

(c) τ = 16 fs; Circular polarization (d) τ = 64 fs; Circular polarization
Figure A5.11: H+

2 population profiles of eigenstates v+ = 0, ..., 4 during the ionization ofH2 using the semi-classical MO-PPT method, with a field of λ = 800nm of peak intensity
I = 1.6× 1014 W/cm2. The results are compared for pulses of (a,c) 8 fs FWHM (6 opticalcycles) on the left column and (b,d) 32 fs FWHM (24 optical cycles) on the right column,and for (a,b) linearly-polarized fields on the top row and (c,d) circularly-polarized fieldson the bottom row.

Since the single-ionization rates Γv+
0 (t) (see Eq. (5.4)), shown in Fig. A5.12, aregenerally quite different from the second-ionization rates ΓCE

v+ (t) (see Eq. (5.6)),shown in Fig. A5.15, prolonging the ionization dynamics would eventually leadto changes in the population distributions of H+
2 . Indeed, in contrast to the or-der of priority of the eigenstates to which the fundamental H2 population is ion-ized, which favours lower-energy states, Fig. A5.15 reveals that for the transi-tion from the eigenstates of H+

2 to the continuum of 2H+, higher states ionizeto the continuum faster than lower states, and even more so at low intensi-ties. This tendency becomes ambiguous for the highest states, as eigenstates
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(a) Linear polarization (b) Circular polarization
Figure A5.12: First ionization rate from H2 towards each bound eigenstate of H+

2 , Γv+
0 ,normalized with the total ionization rate Γ+

0 =
∑

v+ Γv+
0 at different intensities, for (a) alinearly-polarized and (b) a circularly-polarized field, considering the angle θ = 0 at λ =

800nm. As colors repeat, it should be noted that lower states aremore easily populated,with ionization rates that are generally found higher than for high eigenstates.

distribution from v+ = 15 to v+ = 18 exchange favoured transitions at highintensities, but the phenomenon can generally be regarded as opposite to thefirst ionization process. Thus, increasing the field intensity beyond the doubleionization threshold will effectively modify the apparently static population dis-tribution seen in Figs. A5.6-A5.8.
Finally, as the intensity increases, oscillation patterns are found above an inten-sity of the order of 1013 W/cm2 in both the first and second eigenstate-resolvedionization rates for a linear polarization of the field, in Figs. A5.12a and A5.15a.These oscillations do not appear in the profiles of the circularly polarized fieldrates, and this difference can be attributed to differences in the algorithms as-sociated with the molecular PPT formulations in linear and circular polariza-
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(a) Linear polarization (b) Circular polarization
Figure A5.13: Intensity and R-dependent MO-PPT single ionization rate WH2 with itsmaximum value normalized to 1 for each intensity, for (a) a linearly-polarized and (b) acircularly-polarized field of wavelength λ = 800nm, parallel to the internuclear axis.

(a) Linear polarization (b) Circular polarization
Figure A5.14: Intensity and R-dependent MO-PPT second ionization rate WH+

2
with its

maximum value normalized to 1 for each intensity, for (a) a linearly-polarized and (b) acircularly-polarized field of wavelength λ = 800nm, parallel to the internuclear axis.

tions. Indeed the MO-PPT ionization rates contain terms that are calculateddifferently depending on the field polarization, with Eqs. (5.16)-(5.17) for a lin-early polarized field and Eqs. (5.18)-(5.21) for a circularly polarized field. Whileboth algorithms produce different ionization rate values, the only term that di-rectly induces oscillations in the rate function is A0(ω, γ). This term is essentialto account for the possible multiphoton regime ionization mechanism that is incompetition with the quasi-static tunnel ionization mechanism. Lacking in the
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(a) Linear polarization (b) Circular polarization
Figure A5.15: Second ionization rate from each eigenstate of H+

2 towards the Coulombexplosion channel, ΓCE
v+ , normalized with the total ionization rate ΓCE

+ =
∑

v+ ΓCE
v+ atdifferent intensities, for (a) a linearly polarized and (b) a circularly polarized field, con-sidering the angle θ = 0 at λ = 800nm. As colors repeat, it should be noted that higherstates aremore easily ionized, with ionization rates that are generally found higher thanfor low eigenstates.

molecular ADK method, A0(ω, γ) is calculated in MO-PPT by making a sum overthe number of photons ñ′ absorbed above the ionization threshold, as describedin Eq. (5.16). The number of photons ñ′ in this sum changes suddenly by oneunit as the intensity is increased beyond a value that allows one more photonabove the ionization threshold, hence the narrowing "dents" in the ionizationrates WH2(R, t) and WH+
2

(R, t) distributions in Figs. A5.13a and A5.14a. These
induced sharp changes in the ionization rate, suddenly admitting wider parts
of the |⟨χ∗

v+(R)|
√
WH2 [R, t]|χ0(R)⟩|2 and |⟨χ∗

CE(R)|
√
WH+

2
[R, t]|χv+(R)⟩|2 overlap

functions, enhance the ionization process for each photon absorbed above theionization threshold, ultimately leading to narrowing oscillations in the integrated
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ionization rate profiles, as seen in Figs. A5.12a and A5.15a.
While the results shown in this chapter and its annex are of great scientific inter-est for the semi-classical simulation of H2 ionization dynamics in a strong laserfield, it is to be noted that the algorithm used for these calculations make useof an earlier version of the electro-nuclear dynamics program. As such, thereader should be warned that using the presented population transfers algo-rithm would lead to the overestimation of ionization probabilities of the staticmolecule when compared to the version of the program presented in Chap. 6and its annex. The lack of σu excitation pathways also renders results unreliablewhen considering long laser pulses.
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Electro-nuclear Dynamics of single and
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Résumé

Nous présentons une méthode efficace pour modéliser la dynamique d’ionisa-tion simple et double de la molécule H2 dans un champs laser intense et ul-trabref. Cette méthode est basée sur une approche semi-analytique pour cal-culer les taux d’ionisation moléculaire simple et double en fonction du temps etsur une approche numérique pour décrire le mouvement vibrationnel qui a lieudans l’ion moléculaire intermédiaire H+
2 . Ce modèle permet de prédire les prob-abilités d’ionisation simple et double de la molécule H2 sur une large gammede fréquences et d’intensités laser avec un temps de calcul limité, tout en four-nissant une estimation réaliste de l’énergie des produits d’ionisation dissociativeet d’explosion Coulombienne de la molécule H2. L’effet de la dynamique vibra-tionnelle sur les rendements d’ionisation et sur les spectres d’énergie cinétiquedes protons est démontré et, dans le cas de ces derniers, discuté en termes demécanismes de fragmentation moléculaire en champ intense.

Abstract

We present an efficient method for modeling the single and double ionizationdynamics of the H2 molecule in ultrashort intense laser fields. This method isbased on a semi-analytical approach to calculate the time-dependent single anddouble molecular ionization rates and on a numerical approach to describe thevibrational motion that takes place in the intermediate molecular ion H+
2 . This
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model allows for the prediction of the single and double ionization probabili-ties of the H2 molecule to be made over a wide range of frequencies and laserintensities with limited computational time, while providing a realistic estimateof the energy of the products of the dissociative ionization and of the Coulombexplosion of the H2 molecule. The effect of vibrational dynamics on ionizationyields and proton kinetic energy release spectra is demonstrated and, in thecase of the latter, discussed in terms of basic strong-field molecular fragmenta-tion mechanisms.

6.1 . Introduction

The interaction of gas-phase molecules with intense ultrashort laser fields canoften lead to the coupling of electronic and nuclear dynamics, especially in caseswhere the field is intense enough to inducemultiple ionization phenomena. Theprototype molecule for exploring these phenomena over the last 30 years hasbeen the H2 molecule [1–3]. The hydrogen molecule is unique in that its nucleardynamics unfolds rapidly, on a timescale of just a few femtoseconds, inducingan entanglement of the electronic and nuclear dynamics that is not always easyto decipher. It is also one of the simplest molecules, with a limited number ofelectronic and nuclear degrees of freedom, for which a variety of realistic andaccurate theoretical models have been developed [1, 4]. It is therefore clearly aprototypemolecule that has allowed the discovery of various specific and some-times unexpected molecular mechanisms at work when amolecule is subjectedto intense laser fields: Above Threshold Dissociation [5–8], Bond Softening [6–10], Vibrational Trapping also known as Bond Hardening [11–15], Coulomb Ex-plosion [16, 17], and Charge Resonance Enhanced Ionization [18, 19]. All of thesefundamental molecular fragmentation mechanisms were discovered and stud-ied in the last decade of the 20th century. At that time, laser pulses with a du-ration comparable to the vibrational period of H2 were not yet available to re-searchers. It is only with the recent development of new light sources that itbecame possible to use pulses comprising just a few optical cycles, i.e.of slightlyless than ten femtoseconds at the carrier wavelength of 800 nm [20]. Thanks tothese recent developments, new studies have been carried out with the aim ofelucidating in real time the different dynamics at work in the hydrogenmoleculefragmentation processes in intense laser fields [21–30].
Froma theoretical point of view, althoughH2 is one of the simplestmolecules wecan consider, the accurate modeling of its interaction with an intense laser field,leading to its dissociative ionizations up to its complete Coulomb explosion, re-mains a real challenge due to the large number of degrees of freedom to be
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dealt with, while taking into account the quantum dynamics that unfold on verydifferent time scales for the motion of the electrons (in the attosecond range)and of the nuclei (in the femtosecond range). As a result, many theoretical stud-ies have been performed using simplified models that can only be used in cer-tain limited ranges of laser parameters. Examples include ionization dynamicsstudies performedwith the position of the nuclei fixed [1, 18], photodissociationdynamics studies that do not consider ionization processes [1, 5, 11], or stud-ies performed in reduced dimensionality [30–33]. These types of approaches,which have proven to be very interesting in order to better analyze, understandand sometimes control the processes that take place during or after laser ex-citation, often impose severe constraints on the conditions under which thesemodels can be applied, for example on the intensity range in which they canrealistically be used. While it is true that much more sophisticated models havebeen developed recently, such as the time-dependent Feshbach close-couplingapproach [4], there are applications where it would be extremely useful to haveapproximate models that could estimate, with reduced computational times,the single and double ionization probabilities of H2 , and at the same time pre-dict the energy of the protons emitted during the fragmentation of themolecule.
This is especially the case in particle-in-cell (PIC) codes, which are widely used inlaser-plasma interaction physics. In these systems, the H2 molecule has recentlygained particular interest, as it has been used to demonstrate laser wakefieldacceleration of quasi-monoenergetic electron bunches up to very high energieswith high repetition rates [34]. For the calculation of single anddouble ionizationprocesses, the PIC codes currently in use are based on simple Ammosov-Delone-Krainov (ADK) atomic models [35] with ionization potentials adapted to the H2molecule [34, 36]. These approaches are very approximate and cannot predictthe energy of the emitted protons, which is a variable that can influence plasmadynamics.
In the model proposed here, we have chosen to treat single and double ioniza-tion phenomena using the molecular version of the quasi-analytical Perelemov-Popov-Terent’ev (PPT) [37–41] expressions for the ionization rates and to com-bine it with nuclear wave packet propagation [42]. This combination of an ana-lytical result derived from a semi-classical quasi-static theory of ionization withfully quantum-mechanical time-dependentwave packet calculations is whatma-kes the present approach original. It is aimed at taking into account the nucleardynamics that is induced by the different excitation and ionization processes.This allows us to consider, in a fairly simple yet realistic way, the ionization ofH2 initially in its ground electronic state, while taking into account the possiblestretching of the molecule. Once H+

2 is formed in its ground electronic state, its
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nuclear wave packet is propagated on this state coupled to the first electronicstate of the ion. The two wave packets thus formed in H+

2 can further ionize,giving rise to the Coulomb explosion process. The excitation pathways followedby the molecule are shown schematically in Fig. 6.1. This model allows one tostudy in detail the influence of vibrational dynamics on single and double ion-ization processes in the H2 molecule, while covering a wide range of laser in-tensities, from relatively low intensities where above threshold dissociation andbond softening processes dominate, to higher intensities where Coulomb explo-sion becomes the dominant process. It also allows to cover different wavelengthranges and to predict the energy of the emitted protons with a reasonable com-putational effort.
In the following sections, we first introduce the theoretical model of strong fieldphotoionization and photodissociation dynamics ofmolecular hydrogen used inthis study. Then, we present the influence of vibrational dynamics on ultrashortsingle-cycle and multi-cycle pulses at different wavelengths and intensities, andfinally, we discuss proton kinetic energy release spectra calculated at differentintensities. To conclude this introduction, we would like to mention that thiswork would not have been possible without the invaluable help of our dear latecolleague Osman Atabek (April 28, 1946 - June 27, 2022), whose memory wewould like to honor with this publication.

6.2 .Methods

In this time-dependent approach, to account for the nuclear dynamics occurringduring a single or double ionization event induced by a strong linearly polar-ized laser pulse, the molecular system is described by the nuclear wave packets
ΨH2(R, t), Ψg(R, t), Ψu(R, t) and ΨC(R, t), which represent the neutral moleculeH2 in its ground electronic state, themolecular ion H+

2 in its two lowest electronicstates 1sσg and 2pσu, and the doubly charged ion H2+
2 in the Coulomb explosionchannel, respectively. The H2 molecule is assumed to be initially in its groundvibrational state, with the nuclear wave function

ΨH2(R, 0) = χ0(R) , (6.1)
and with Ψg(R, 0) = Ψu(R, 0) = ΨC(R, 0) = 0. The ground vibrational wavefunc-tion χ0(R) is obtained by applying Numerov’s approach [43, 44] to the potentialenergy function of the ground electronic state of H2 [45]. The evolution over ashort time interval (of extension δt) of the nuclear wave packet ΨH2(R, t) repre-senting the H2 molecule is then performed numerically in two successive steps.In the first step, the population loss due to the ionization of the neutral molecule
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2 molecular ion. Finally, the highest energy poten-tial curve, shown in blue, corresponds to the Coulomb repulsion of the doubly ionizedH++H+ system. The initial v = 0wave function of H2 is shown in green. Single ionizationgenerates a vibrational wave packet, shown in purple, on the ground electronic curveof the H+
2 molecular ion. This wave packet evolves while coupled to the first dissociativeexcited state of H+

2 , giving rise to a second wave packet, shown in orange. The nucleardynamics of these two wave packets in the 1sσg and 2pσu electronic states is accompa-nied by a possible second ionization, which ultimately leads to the Coulomb explosionprocess, schematically represented here by the three pink wave packets. WH2(R, t) isthe instantaneous single ionization rate of H2 at internuclear distanceR and time t. Sim-ilarly, Wg(R, t) and Wu(R, t) are the instantaneous ionizations rates of H+
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is taken into account by introducing the instantaneous ionization rateWH2(R, t),
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according to

ΨH2(R, t) =
[

1−WH2(R, t) δt
] 1

2
ΨH2(R, t) . (6.2)

To evaluate the ionization rate of H2 in an intense laser field, we use the molec-ular ionization model [40, 41] derived from the PPT approach [37–39], as de-scribed in detail in Vigneau et al. [46] for instance. Finally, in a second step, theresulting wave packet ΨH2(R, t) is propagated numerically according to
ΨH2(R, t+ δt) = ÛH2(t+ δt← t) ΨH2(R, t) , (6.3)

with the evolution operator ÛH2(t + δt ← t) evaluated using the split operatormethod [47], which optimally splits into three factors associated with the nu-clear kinetic energy and potential energy operators [48]. The passage from oneto another of these non-commuting factors makes use of Fast Fourier Trans-forms [47].
From Eq. (6.2) we can deduce that the variation of the population in H2 betweentime t and time t+ δt is equal to

∆PH2(t+ δt← t) = −δt
∫
WH2(R, t) |ΨH2(R, t)|2 dR , (6.4)

where theminus sign indicates a population loss. It is well known thatmolecularionization rates can vary significantly with R, since the ionization potential itselfis usually a function of the internuclear distance [46]. We can see in Eq. (6.4) thatthis important dependence of the ionization rate on R is well accounted for inthis model.
This population loss in H2 essentially populates H+

2 in its 1sσg electronic groundstate [46]. Similar to what is done for H2, the evolution of the Ψg(R, t) and
Ψu(R, t) wave packets representing H+

2 is carried out in successive steps. In thefirst step, the population gain due to the ionization of the neutral molecule inthe H+
2 ground state is calculated using

Ψg(R, t) = Ψg(R, t)− i α(t)
[
WH2(R, t) δt

] 1
2

ΨH2(R, t) , (6.5)
where α(t) is a normalization factor calculated numerically to impose a popula-tion gain in H+

2 that exactly offsets, during each time step δt, the loss in H2 givenin Eq. (6.4). The nuclear wave packet associated with the first excited electronicstate of H+
2 remains unchanged at this point, with

Ψu(R, t) = Ψu(R, t) , (6.6)
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since the ionization of H2 in an intense laser field produces H+
2 in its ground elec-tronic state only [46]. In a second step, the two coupled wave packets Ψg(R, t)and Ψu(R, t) are propagated numerically according to

 Ψg(R, t+ δt)
Ψu(R, t+ δt)

 = ÛH+
2

(t+ δt← t)
[

Ψg(R, t)
Ψu(R, t)

]
, (6.7)

where the evolution operator is evaluated as
ÛH+

2
(t+ δt← t) = exp

{[
i
ℏδt
4m

∂2

∂R2 I
]}
× exp

{[
−i δt

ℏ
V(R, t)

]}

× exp
{[
i
ℏδt
4m

∂2

∂R2 I
]}

(6.8)
to decrease the error to the order (δt)3. In this equation, m is the nuclear re-duced mass associated with H+

2 , I is the 2 × 2 identity matrix, and V(R, t) isthe 2× 2 potential matrix composed on its diagonal by the electronic potentials
Vg(R) and Vu(R) associated with the 1sσg and 2pσu states, and by the Vug(R, t) =
−µug(R)E(t) non-diagonal radiative coupling term

V(R, t) =
[
Vg(R) Vug(R, t)
Vug(R, t) Vu(R)

]
. (6.9)

µug(R) is the transition moment between the 1sσg and 2pσu states, taken fromCharron et al. [42]. The kinetic propagation is performed in momentum spaceand the potential propagation is performed in coordinate space using the diag-onal representation of the potential matrixV(R, t). The evolution operator (6.8)thus allows to describe between the times t and t+ δt the nuclear dynamics in-duced in H+
2 by the kinetic and potential energy of the nuclei, while introducingon an equal footing the laser coupling between the two electronic states 1sσgand 2pσu of H+

2 . It is therefore during this coupled propagation step that thefirst (2pσu) electronic state of H+
2 is populated. Finally, in a third and last step,the population losses due to the ionization of H+

2 are taken into account usingthe molecular-PPT [46] ionization rates Wg(R, t) and Wu(R, t) associated withthe 1sσg and 2pσu states
Ψg(R, t+ δt) =

[
1−Wg(R, t+ δt) δt

] 1
2

Ψg(R, t+ δt) (6.10a)
Ψu(R, t+ δt) =

[
1−Wu(R, t+ δt) δt

] 1
2

Ψu(R, t+ δt) . (6.10b)
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These ionization events, which strip the molecule of its last electron, give riseto a Coulomb explosion phenomenon. From Eqs. (6.10) we can derive the vibra-tional distribution formed in the Coulomb explosion channel Pvib(R, t+ δt← t)between times t and t+ δt as
Pvib(R, t+ δt← t) =

[
Wg(R, t)

∣∣∣Ψg(R, t)
∣∣∣2 +Wu(R, t)

∣∣∣Ψu(R, t)
∣∣∣2 ] δt . (6.11)

Note that this is an incoherent sum of probabilities (corresponding to two or-thogonal components of Ψc(R, t) not explicitly given here), since the electronsemitted from the 1sσg and 2pσu orbitals are characterized by different symme-tries. Due to the simple 1/R law followed by the Coulomb repulsion energy, asimple mapping relates this vibrational probability distribution to the kinetic en-ergy distribution of the emitted protons. This relation is a consequence of theconservation principle [31, 32]
Pc(E, t+ δt← t) dE = Pvib(R, t+ δt← t) dR (6.12)

which leads to
Pc(E, t+ δt← t) = 2R2

[
Wg(R, t)

∣∣∣Ψg(R, t)
∣∣∣2 +Wu(R, t)

∣∣∣Ψu(R, t)
∣∣∣2 ] δt (6.13)

in atomic units [32]. This energy distribution is accumulated over the entire timepropagation. The result is the kinetic energy release spectrum Pc(E), which ismeasured in experiments where Coulomb explosion is induced by a strong laserfield.
To complete this kinetic energy release spectrum of protons produced by Coul-omb explosion, we need of course to add the spectrum resulting from the pho-todissociation of the molecular ion H+

2 . This additional spectrum is calculatedby projecting the nuclear wave packets Ψg(R, tf ) and Ψu(R, tf ) obtained at theend of the pulse (t = tf ) onto the energy-normalized solutions of the field-freedissociated molecular states, as explained in detail e.g. in Charron et al. [42].This gives access to the calculation of a complete proton kinetic energy releasespectrum P (E), including both the low-energy part associated with the photo-dissociation of H+
2 leading to H+ + H(1s) fragments, and the high-energy partassociated with the Coulomb explosion channel leading to H+ + H+ fragments.

Finally, the H2 and H+
2 populations at each time t are obtained by calculating thenorms of the wave packets ΨH2(R, t), Ψg(R, t) and Ψu(R, t), while the popula-tion associated with the Coulomb explosion channel can be calculated by accu-mulating the population losses of the 1sσg and 2pσu states over the course ofthe pulse, or by integrating the kinetic energy spectrum Pc(E) associated withCoulomb explosion.
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6.3 . Results and Discussion

In this section, starting with the case of ultrashort single-cycle pulses, we firstevaluate the importance of considering vibrational dynamics in the calculationof proton kinetic energy release (KER) spectra. We then analyze the effect ofthe vibrational dynamics on the single and double ionization probabilities forpulses of a few optical cycles at 800 nm and at different peak intensities. Finally,we discuss and interpret proton KER spectra calculated at 266 nm for differentlaser intensities.
From a practical point of view, simulations are performed with a time step δtequal to one thousandth of the optical cycle duration. Thus, at 266 nm this timestep is δt ≃ 0.9 as, while at 800 nm it is about 2.7 as. All results presented hereassume a linear polarization of the field and a temporal envelope of the pulsedefined by a sin2 function 1. The time-dependent electric field is therefore writ-ten as

E(t) = E0 sin2
(
π t

tf

)
cos(ωt) (6.14)

where E0 is the electric field amplitude and ω the laser carrier frequency.
In theoretical studies dealing with the ionization of H2 in an intense laser field,it is common to invoke the the small mass of the electrons relative to the massof the nuclei to get rid of the motion of the nuclei by modeling the electronicdynamics at a fixed inter-nuclear distance [33]. This approximation is chosenmainly for numerical reasons, since a complete quantum calculation includingall degrees of freedom of the system, both electronic and nuclear, is computa-tionally extremely expensive. We nevertheless expect that for ultrashort single-cycle pulses, the impact of vibrational dynamics remains limited, even for amolecule as light as H2. Indeed, in its ground electronic state, H2 is characterizedby a vibrational period of about 7.5 fs, which is clearly longer than the durationof an optical cycle in the range between the near UV and the near IR.
To highlight the influence of vibrational dynamics in the case of ultrashort pulses,we show in panels a and b (left column) of Fig. 6.2 the Coulomb explosion KERspectra Pc(E) calculated for a single optical cycle pulse at 1015 W/cm2 in the nearUV, specifically at 266nm (panel a) and in the near IR, at 800nm (panel b). Theresults obtained by freezing the vibrational dynamics are shown in dashed lines

1This choice is made over that of an experimentally more relevant Gaussian envelope be-cause the two are extremely close in value around the peak of the intense laser pulse, wheremost excitation processes, in particular tunnel ionization, occur. In addition, the sin2 envelopehas the advantage of having a well-defined beginning and end at finite times, where the systemis in a truly field-free condition.



Section 6.3 - Results and Discussion 201

0

2×10
-4

4×10
-4

6×10
-4

P c
(E

) 
 (

eV
-1

)

no vibrational dynamics

with vibrational dynamics

10
-4

10
-3

10
-2

10
-1

10
0

P
o

p
u

la
ti

o
n

6 8 10 12
E (eV)

0

4×10
-3

8×10
-3

12×10
-3

P c
(E

) 
 (

eV
-1

)

0 0.2 0.4 0.6 0.8 1
t / t

f

10
-3

10
-2

10
-1

10
0

P
o

p
u

la
ti

o
n

0.45 0.55
t / t

f

1.2

1.3

1.4

1.5

-1.0

-0.5

0.0

0.5

1.0

E
(t) / E

0

-1.0

-0.5

0.0

0.5

1.0

E
(t) / E

0

8
.3

 e
V

8
.2

 e
V

8
.9

 e
V

<R>

H
2

H
2

+

H
+
+ H

+

      266 nm
1 optical cycle

      800 nm
1 optical cycle

(a)

(b)

(c)

(d)

E(t)

E(t)

Figure 6.2: Coulomb explosion spectra and ionization dynamics for one-optical-cyclepulses at 266nm and 800nm with a peak intensity of I = 1015 W/cm2. The first row(panels a and c) corresponds to 266nm, while the second is for 800nm. The dashedcurves with circles are obtained by freezing the nuclear dynamics, while the solid curvestake the nuclear dynamics into account. The left side of the figure (panels a and b)shows the Coulomb explosion spectra Pc(E). The right side of the figure (panels c and
d) shows the time evolution of the H2 populations in black, H+

2 in red and H+ + H+ ingreen on a logarithmic scale (left axis). The inset in panel d shows the time evolution ofthe average internuclear distance ⟨R⟩ (in atomic units) of the H+
2 1sσg wave packet in thecase where the nuclear dynamics is frozen (purple dashed line with circles) and in thecase where it is not (purple solid line). The dotted black lines in panels c and d show thetime dependence of the normalized electric field E(t)/E0 on a linear scale (right axis).

with circles, while the solid curves are associated with the complete calculationtaking into account the motion of the nuclei.
At 266 nm there is almost no difference between the two curves, which are su-perimposed on top of each other, indicating that taking the vibrational dynam-ics into account is not necessary in the case of a pulse with a total duration ofonly 0.9 fs. Note that the calculated Coulomb explosion peak, slightly asymmet-ric, is centered on an average kinetic energy of about 8.3 eV per proton. This
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average energy cannot be derived from a simple projection of the initial wavefunction of H2 onto the Coulomb energy curve E = 1/R, since this simplistic ap-proach would give, for an average internuclear distance in H2 of Req ≃ 1.4 a.u.,an average energy of 9.7 eV. The observed shift to a lower energy (8.3 eV) isdue to the fact that the rates of first ionization, WH2(R, t), and of second ion-ization, Wg(R, t), increase significantly with the internuclear distance [46] dueto a gradual decrease of the respective molecular ionization potentials with theinternuclear distance. This property of the ionization rates therefore tends tofavor the ionization of the part of the initial wavefunction located at R > Req tothe detriment of the part at R < Req, thus inducing a Coulomb explosion peakat a lower energy than what would have been estimated in a purely vertical ex-citation scheme.
Continuing with the case of a 266 nm pulse, the panel c in Fig. 6.2 shows thepopulation dynamics during that pulse in a logarithmic scale. The populationsin H2, H+

2 and in the Coulomb explosion channel are shown in black, red andgreen respectively. Here also, the results of the calculations with and withoutvibrational dynamics are superimposed. The time evolution of the electric field isalso shown schematically on this graph as a black dotted line. We can see a singleburst of single and double ionization, around t = tf/2, i.e. at the time when theelectric field is at its maximum, delivering a peak intensity of 1015 W/cm2.
If we now look in panel b of Fig. 6.2 at the influence of the vibrational dynamicson the Coulomb explosion spectrum at 800nm in the case of a single opticalcycle, the contrast with what we have just discussed at 266 nm is clearly visi-ble. Indeed, the KER spectra calculated with and without vibrational dynamicsare quite different. This is due to the fact that at 800 nm the total duration ofthe single-cycle pulse is 2.7 fs. This duration is not negligible compared to thecharacteristic time associated with the motion of the nuclei (7.5 fs). An onset ofvibrational dynamics can therefore occur during the pulse itself. At the level ofthe KER spectrum, this effect is amplified by the fact that a small displacementof the nuclei can cause a rather large shift of the Coulomb explosion peak, dueto the law of repulsion inE = 1/R. For example, a Coulomb explosion occurringat R = 1.4 a.u. would produce a peak at 9.7 eV, whereas at R = 1.7 a.u. the as-sociated energy would be only 8.0 eV. We can also see in panel b of Fig. 6.2 thatthe inclusion of vibrational dynamics results in a less intense Coulomb explo-sion peak at a slightly higher energy (8.9 eV) than without vibrational dynamics(8.2 eV). As we will see, this effect can be explained by the vibrational dynamicsinduced at short times.
In panel d of Fig. 6.2 we can observe that during the 800 nm pulse the popula-tion loss in H2 (black line) and the population gain in H+

2 (red line) are strictly
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identical with and without vibrational dynamics. In contrast, the Coulomb ex-plosion probability (green lines) decreases significantly with the inclusion of vi-brational dynamics. This variation in the Coulomb explosion probabilities foridentical H+

2 populations is due to the fact that once H+
2 is produced, a slight mo-tion of the nuclei occurs. This can be seen in the inset within panel d. It showsthe time evolution of the average internuclear distance ⟨R ⟩ associated with thewave packet Ψg(R, t) of H+

2 between times t = 0.45 tf and t = 0.55 tf , i.e. whenCoulomb explosion occurs near the peak of the pulse. Single ionization of H2initially produces a wave packet in H+
2 around ⟨R ⟩ ≃ 1.5 a.u. This ionization atan internuclear distance larger than the equilibrium distance of H2 (1.4 a.u.) isdue to the fact that the ionization potential decreases with the internuclear dis-tance, and therefore the laser field ionizes more efficiently, and therefore morerapidly, the part of the H2 vibrational wave function located atR > Req = 1.4 a.u.than the part located at a shorter internuclear distance, which ionizes moreslowly. Thus, H+

2 formation proceeds progressively, starting with higher inter-nuclear distances and then with shorter distances. This time and R-dependentphenomenon induces some vibrational dynamics towards small inter-nucleardistances, which in turn leads to a temporal variation of the average internu-clear distance in H+
2 . In a separate calculation, we could verify that removingthis R-dependence of the ionization rate suppresses the small initial compres-sion of the chemical bond in H+

2 . This motion toward shorter distances whenvibrational dynamics is taken into account explains the shift of the Coulomb ex-plosion peak toward higher energies. It also explains the lower probability ofCoulomb explosion as the second ionization potential increases at shorter dis-tances.
We now turn our attention to the double ionization process with pulses of sev-eral optical cycles. Fig. 6.3 shows the final populations (at t = tf ) in H2 (blacklines), in H+

2 (red lines) and in the Coulomb explosion channel H+ + H+ (greenlines) as a function of the peak laser intensity in the case of a pulse of 12 opticalcycles at 800 nm (corresponding to a sin2 envelope of total duration 32 fs andfull width at halfmaximumFWHM16 fs). The dashed lines with circles lines showthe results obtained by freezing the vibrational dynamics, while the solid linestake it into account. The laser intensities considered range from 5× 1013 W/cm2

to 5×1015 W/cm2, corresponding tomaximum electric field amplitudes between0.038 and 0.38 a.u., thus approaching the electric field felt by an electron in a 1sorbital of the hydrogen atom, while remaining below this threshold where thelaser field would completely dominate the attractive Coulomb field of the nuclei.
We can immediately see that the inclusion of vibrational dynamics has a verysmall, almost negligible effect on the final non-ionized population of H2, what-



204 Chapter 6 - Electro-nuclear Dynamics of H2 single and double ...

10
14

10
15

Peak Intensity ( W/cm
2
 )

0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1

P
ro

b
ab

il
it

y

Frozen Nuclei
Moving Nuclei

0 0.2 0.4 0.6

t / t
f

2

3
<

 R
 >

 (
a.

u
.)

H
2

H
2

+
H

+
 + H

+

τ
L
 / 2

Figure 6.3: Final populations in H2 (black lines), in H+
2 (red lines), and in the Coulombexplosion channel H+ + H+ (green lines) as a function of the peak intensity (log scalebetween 5×1013 W/cm2 and 5×1015 W/cm2) using a 800nm linearly polarized field witha sin2 pulse envelope of total duration of 32 fs, corresponding to 12 optical cycles. Thedashed lines with circles show the results obtained by freezing the vibrational dynamics,while the solid lines take it into account. The inset shows the time evolution of theaverage internuclear distance ⟨R⟩ (in atomic units) of H+

2 between t = 0 and t = 0.7 tffor the peak intensity 6.3×1014 W/cm2 in the case where the nuclear dynamics is frozen(lower decreasing purple line) and in the case where it is not (upper oscillating orangeline).

ever the laser intensity considered. In practice, H2 remains almost entirely in theground vibrational state v = 0 for the entire duration of the pulse, and the vi-brational wave packet describing the H2 molecule (not shown here) evolves onlyby a gradual decrease of its norm. From all the simulations we have performedwe can conclude that the neutral molecule H2 is not affected by any nuclearmotion during the pulse, whatever the pulse intensity. By comparing the solidand dashed red lines in Fig. 6.3, we can also note that when the laser intensityis too low to induce the removal of the second electron, i.e. for intensities be-low 4× 1014 W/cm2, the final H+
2 molecular ion population is virtually unaffected
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by the inclusion of vibrational dynamics. At such intensities, ionization calcu-lations performed at fixed inter-nuclear distances are therefore very realistic.In contrast, for laser intensities high enough to induce double ionization of themolecule, the final populations in H+

2 and in the Coulomb explosion channel dif-fer significantly with and without vibrational dynamics. This is because, onceformed, the wave packet describing the H+
2 molecular ion undergoes significantvibrational dynamics, leading it to explore internuclear distances greater thanthe distance at which it was formed. This is confirmed by the inset in Fig. 6.3,which shows the time evolution of the average internuclear distance associatedwith H+

2 , with and without vibrational dynamics. When the vibrational dynam-ics is frozen, the average internuclear distance at which H+
2 is formed decreasesprogressively between the beginning of the pulse at t = 0 and the pulse peakat t = tf/2. This is because higher laser intensities allow the ionization of themolecule to occur at shorter internuclear distances, where the ionization poten-tial is higher. We thus observe that initially H+

2 is formed around R = 2.4 a.u.,but that from t = tf/2 the average internuclear distance in H+
2 stabilizes around

R = 1.5 a.u. The range of internuclear distances seen by H+
2 is therefore, inthis case, rather limited to short internuclear distances where double ionizationis at a disadvantage due to a high second ionization potential. However, whenthe vibrational dynamics is taken into account, a completely different result isobserved. In this case, at each half-optical-cycle, a burst of ionization occursat short internuclear distances, followed by an evolution of H+
2 towards largerinternuclear distances. Then, half an optical cycle later, a new wave packet isagain formed in H+

2 at short internuclear distance, thus decreasing the averageinter-nuclear distance in H+
2 . This phenomenon then repeats itself at every halfoptical cycle, producing the oscillations shown in the inset. This is reflected in theevolution of the average internuclear distance ⟨R ⟩ of H+

2 by the appearance of aseries of peaks separated by half an optical period (τL/2, see the inset in Fig. 6.3).Moreover, once the peak of the pulse is reached, single ionization begins to sat-urate and themean internuclear distance in H+
2 starts to increase almost linearlywith time up to relatively high values, e.g. R = 3.1 a.u. at t = 0.6 tf . By travel-ing toward large internuclear distances, the molecular ion H+

2 explores regionswhere the ionization potential is lower than at short distances, allowing doubleionization at relatively moderate laser intensities. This double ionization mech-anism is obviously absent in a calculation that freezes the motion of the nuclei.This explains why the intensity threshold at which double ionization begins ishigher when the vibrational dynamics are frozen.
To highlight these differences on a larger intensity scale, Fig. 6.4 shows the sin-gle and double ionization probabilities as a function of intensity on a logarithmicscale for the same laser parameters as in Fig. 6.3. The black dashed lines with
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circles show the results obtained by freezing the vibrational dynamics, while thered solid lines take it into account. Panel a is devoted to the probability of sin-gle ionization, and panel b shows the probability of double ionization. The bluecrosses show the single ionization probability obtainedby a full Time-DependentConfiguration Interaction (TDCI) calculation [49–51], in which the two-electrontime-dependent Schrödinger equation was solved assuming that the vibrationalmotion is frozen and using CI wavefunctions consisting of thousands of config-urations using Kohn-Sham (DFT) molecular orbitals expressed in an extendedB-spline basis. The TDCI data used here were taken from Awasthi et al. [49]. Wesee that our model including vibrational motion is in fairly good agreement withthe full TDCI results obtained with fixed nuclei, confirming our earlier conclusion
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that the single ionization process can be safely described without considering vi-brational dynamics. Finally, for the second ionization (panel b of Fig. 6.4), we cansee that regardless of the laser intensity, taking into account the vibrational dy-namics increases the probability of double ionization significantly, since in mostcases the probability of double ionization is underestimated by several ordersof magnitude when the nuclei are fixed.
In this final section, we present characteristic proton Kinetic Energy Release(KER) spectra P (E) predicted by our theoretical model at 266 nm for differentlaser intensities. These spectra, given in Fig. 6.5, are calculated for a total pulseduration of 32 fs corresponding to 36 optical cycles. The total KER spectrum
P (E), i.e. including both the H+ + H(1s) dissociation channel of the H+

2 molecu-lar ion and the H+ +H+ Coulomb explosion channel, is shown as a solid blue line,while the spectrum Pc(E) associated only with the Coulomb explosion channelis shown as a dashed red line.
The KER spectra calculated for the peak intensity 2× 1014 W/cm2 is shown in theupper left panel (a). At this relatively modest intensity we can see that there isno Coulomb explosion and that the entire spectrum corresponds to the pho-todissociation of the H+

2 molecular ion. We can also see that this spectrum es-sentially consists of a series of two consecutive peaks, with the higher energypeak largely dominating the lower energy peak. This is characteristic of an abovethreshold dissociation (ATD) process [5–9]. This effect is illustrated in Fig. 6.6,which shows the field-dressed potential energy curves [52] of the H+
2 molecule.At 266nm the potential curve of the electronic ground state 1sσg (black dashedline |g, 0ℏω⟩) crosses the potential curve of the 3-photon dressed excited state2pσu (red dashed line |u, 3ℏω⟩) at an internuclear distance close to the equilib-rium distance of 2 a.u. of H+

2 . The molecular ion H+
2 , once formed by the ion-ization of H2, readily absorbs 3 photons and begins to dissociate in the |u, 3ℏω⟩channel. The separating atomic fragments then pass through the avoided cross-ing between the |g, 2ℏω⟩ and |u, 3ℏω⟩ channels, around R ≃ 3.3a.u., where themolecule re-emits a quanta of photon energy to the radiation field by stimu-lated emission. The photodissociation of the molecular ion H+

2 then proceedsadiabatically along the |g, 2ℏω⟩ pathway, giving rise to the main peak of the KERspectrumat energyE ≃ 2.7eV. Thepeak observed at lower energies (E ≃ 0.1eV)is due to a bond softening [5–9] (BS) mechanism, which occurs when the poten-tial barrier holding the bond is lowered sufficiently by the radiative interactionin the dressed potential curve picture that themolecule becomes unbound. Theenergy difference between these two peaks is half the photon energy (2.65 eV),since each fragment (H or H+) carries half the total energy released in the dis-sociation. The (a’) panel within the (a) panel of Fig. 6.5 shows a zoom of the
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Figure 6.5: Proton Kinetic Energy Release (KER) spectra calculated at 266 nm for a peakintensity of 2× 1014 W/cm2 (panels a and a’), 1015 W/cm2 (panel b), 1.2× 1015 W/cm2

(panel c) and 1.5× 1015 W/cm2 (panel d). Panel a’ is a simple zoom of panel a between4 and 9 eV. The electric field envelope is characterized by a sin2 shape, and the totalpulse duration is 32 fs, corresponding to 36 optical cycles. The total KER spectra P (E)are shown with blue solid lines, and the red dashed lines correspond to the KER spectra
Pc(E) associated only with the Coulomb explosion channel. The total probabilities ofphotodissociation and Coulomb explosion are 1.2% and 0% in panel (a), 8.4% and 3.6%in panel (b), 10.4% and 27.6% in panel (c), and 8.8% and 43.8% in panel (d), respectively.The acronyms BS, ATD, SCE and DCE stand for Bond Softening, Above Threshold Disso-ciation, Sequential Coulomb Explosion and Direct Coulomb Explosion respectively.

same spectrum over a higher energy range, between 4 and 9 eV. Two additionalpeaks can be seen in this energy range, much less intense than the two mainpeaks already described. They correspond to the asymptotic dissociation chan-nels |u, 3ℏω⟩ and |g, 4ℏω⟩. These two higher order peaks consist of a replica ofthe two peaks already described, which is consistent with the periodicity of thedressed potential curves.
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As the laser intensity increases, double ionization occurs, changing the kineticenergy spectrum of the protons. This can be seen in the panel (b) of Fig. 6.5,for the peak intensity 1015 W/cm2. In addition to the BS and ATD peaks, higherenergy protons, mainly between 3 and 6 eV, emerge from the ionization of H+
2at internuclear distances between 2.2 and 4.5 u.a. This is therefore a sequen-tial mechanism of Coulomb explosion of H2 via the intermediate step of forma-tion and stretching of H+

2 . The peak associated with this process is thereforelabeled SCE for Sequential Coulomb Explosion in Fig. 6.5. As observed experi-mentally [31, 32], this peak grows and shifts to higher energies with increasinglaser intensity, because the second ionization takes place at shorter internucleardistances for higher intensities. This effect is also observed in our calculations,
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with the SCE peak shifting from about 4.2 eV at 1015 W/cm2 (panel b) to 4.4 eV at
1.2× 1015 W/cm2 (panel c) and to 4.8 eV at 1.5× 1015 W/cm2 (panel d). Finally, asthe laser intensity increases, a second, higher energy Coulomb explosion peak isgradually formed, in the range of 7 to 10 eV, corresponding to double ionizationat very short internuclear distances of the order of 1 to 2 a.u. This mechanismtherefore corresponds to direct double ionization without the intermediate stepof stretching of the molecular ion H+

2 . This peak is therefore labeled DCE for Di-rect Coulomb Explosion in Fig. 6.5.

6.4 . Conclusions

In a previous work [46] we have shown how well the PPT theory describes thesingle and double ionization rates of the H2 molecule for fixed nuclear geome-tries, considered as a parameter of the molecule, in a wide range of field fre-quency and intensity conditions covering both the tunnel and multiphoton ion-ization regimes. Capitalizing on this, we have developed an algorithm that com-bines the PPT description of the ionization steps with a quantum mechanicalwave packet propagation procedure that takes into account the field-inducednuclear dynamics on all relevant channels during the ionization processes. Ourcalculations have highlighted the very important role played by nuclear dynam-ics in the H+
2 molecular ion, with a strong influence on the double ionization ofthe molecule. Indeed, if the vibrational dynamics are not taken into account,the double ionization probabilities are generally underestimated by several or-ders of magnitude. We have also shown that this model gives realistic estimatesof the ionization probabilities and allows one to easily calculate the kinetic en-ergy of the protons emitted by photodissociation of H+

2 through Above Thresh-old Dissociation and Bond Softening pathways and by Coulomb Explosion, thusunraveling the intensity dependent superposition of signals arising from thesechannels. This model can be used to obtain an approximate estimate of quan-tities of interest in the physics of laser-plasma interactions, where it could findsome applications over a wide range of laser intensities, pulse durations, andwavelengths.
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Annex to: Electro-nuclear Dynam-
ics of H2 single and double ion-
ization in ultrafast intense laser
pulses

The article presented above puts into light the importance of including vibra-tionalmotion in themolecular dynamics in order to not underestimate the prob-ability of double ionization, comparing dissociative ionization simulations of H2up to its Coulomb Explosion or dissociation as H+
2 with similar semi-classical ion-ization rate calculation methods that do not include the vibrational dynamics.One will deduce from the explanations of the method, through Eqs. (6.1)-(6.13),that the algorithm has drastically evolved from our previous article, inserted inthis thesis in Chapter 5.

This article, entitled "Strong Field Non-Franck-Condon Ionization of H2: A Semi-Classical Analysis", made explicit use of the eigenstates of H+
2 and of the con-tinuum states of the Coulomb explosion channel to project populations fromone state to the other, taking into consideration the ionization rate to ponderthe overlapping functions before integration, giving ultimately our transferredpopulations (see Eqs. (5.4) and (5.7)).

This method is quite different from the ionization and wave packet propagationmethod described in the article "Electro-nuclear Dynamics of H2 single and dou-ble ionization in ultrafast intense laser pulses" of Chapter 6.
To provide an intermediate approach between these two proposals, in this ap-pendix we present additional simulations using the algorithm from Chapter 6,but freezing the vibrational wave packet propagation dynamics. It remains tobe seen how this intermediate method compares with the "static" algorithmbased on the population exchanges of Chapter 5 and with the full "dynamic"wave packet algorithmof Chapter 6. In the remainder of this appendix, the inter-mediate method of freezing the vibrational degrees of freedom in the approachdescribed in Chapter 6 will be referred to as the "static" wave packet approach.
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Single and double ionization dynamics

First, let’s look at the population profiles from the three possible configurationsof our molecule of interest in Fig. A6.1: H2 (blue line), H+
2 (orange line) and 2H+

(green line). Each profile contains plateaux throughout the simulation, as ex-pected for linearly polarized field interactions. Indeed, the field intensity os-cillates from zero to local maxima, equidistant by half an optical cycle. Theseequidistant maxima transpose on the population profiles as sharp transitionsfrom one configuration to the other, explaining the increased number of plat-eaux for the shortest wavelength 266nm (Figs. A6.1a, A6.1c and A6.1e), com-pared to the wavelength 800nm, and the consistency in the number of plateauxfrom one method to the other, since the same field parameters were used.
In all simulations, a pulse of peak intensity I = 1015 W/cm2 and duration τ ≈ 32 fsis sufficient to fully ionize H2, since all H2 populations were completely ionizedby the time the peak intensity was reached.
The dynamics of double ionization, on the other hand, is very different from onemethod to another, and from one wavelength to another. The eigenstate popu-lation model, Figs. A6.1a-A6.1b, overestimates the double ionization probabilitycompared to the static wave packet model, Figs. A6.1c-A6.1d. The former ion-izes up to 82% of H+

2 at λ = 266nm, and 98% at λ = 800nm, while the latterbarely ionizes up to 3% and 7% at 266 and 800nm, respectively. As shown in thearticle, including the nuclear propagation via the split-operator algorithm withthe wave packet model induces more double ionization than the static wavepacket model, up to 32% at λ = 266nm and complete Coulomb explosion ofthe molecule at λ = 800nm, Figs. A6.1e-A6.1f. These final values are below theeigenstates method estimation at 266nm, and slightly above the same estima-tion at 800nm.
Although null for non-vibrational dynamics in Figs. A6.1a-A6.1d and negligiblefor propagating wave packets in Figs. A6.1e-A6.1f, all subfigures contain an ’ab-sorbed’ population, Pabs (red line), that constitutes dissociative populations thathave propagated asymptotically into the absorbing boundary.
One might wonder, from the observations made between the static methodsof Fig. A6.1, how it is possible to get double ionization probabilities so far apartfrommodels that are supposed tomake quite similar approximations on paper.The answer lies in the use (or lack thereof) of phase and propagation in the twosimplest models.
Indeed, projection of populations from one eigenstate to another as a means ofcalculating ionization rates completely neglects the fact that wave packets are
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(a) Eigenstate population model
λ = 266nm (b) Eigenstate population model

λ = 800nm

(c) Static wave packet model
λ = 266nm (d) Static wave packet model

λ = 800nm

(e) Propagating wave packet model
λ = 266nm (f) Propagating wave packet model

λ = 800nm
Figure A6.1: Population profiles of H2 (blue line), H+

2 (orange line), 2H+ (green line)and lost population from dissociation past the discretized grid (red line) for an inten-sity 1015 W/cm2 at 266nmwith 36 optical cycles for the left column (a,c,e) and at 800nmwith 12 optical cycles for the right column (b,d,f). A comparison is made between thedifferent molecular dynamics algorithms: eigenstate population transfer method in thetop row (a,b), static wave packet transfer in the middle row (c,d) or propagating wavepacket transfer in the bottom row (e,f).
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Figure A6.2: Normalized plot of the wave packets generated in H+
2 by the single, instan-taneous ionization of H2 in its ground vibrational state χ0 at an intensity of 1015 W/cm2

with phase or sign factors taken into account (blue line - wave packet based methods)and without phase or sign factors taken into account (red line - population transfer
based method). The R dependence of the [WH+

2
(R)]

1
2 amplitude associated with the

H+
2 ionization probability is also shown in this plot (green line).

combinations of these eigenstates each with its respective phase factor. Indeed,to understandwhy themodel based on simple population transfers greatly over-estimates the probability of double ionization at low intensity, we need only tolook at the wave packet that would be projected onto H+
2 from H2 if we neglectthe phases or signs associated with the different v+ vibrational levels compo-nents of that molecular ion wave packet. The resulting wave packet

ψno phase(R) ∼
∑
v+

|⟨χv+ | [WH2 ] 1
2 |χ0 ⟩| χv+(R), (A6.1)

is shown in red on Fig A6.2. This wave packet is unphysically shifted to largeinternuclear distances compared to the
ψproj(R) ∼ [WH2 ] 1

2 χ0(R), (A6.2)
wave packet (shown in blue) that should normally be formed if the phases asso-ciated with the different v+ vibrational levels of the ion were properly accountedfor. Since the H+

2 ionization rate increases significantly with the inter-nucleardistance (see the [WH+
2
] 1

2 function shown in green in Fig. A6.2), this non-physical
shift in the wave packet formed significantly and unreasonably increases theprobability of double ionization predicted by the simple model based on popu-lation transfers, leading to a significant overestimation of the double ionizationprobability for intensities below the double ionization saturation limit.
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Furthermore, if the model based on static vibrational wave packets underesti-mates the probability of double ionization compared to the dynamic model, it’sbecause in the dynamic model the wave packets generated in H+

2 are free tomove during the pulse to inter-nuclear distances greater than the equilibriumdistance, where the ionization rate is much higher than at short distances (seethe green line in Fig. A6.2.

H2 Dynamics

As noted above, the population profiles ofH2 are quite similar from onemethodto the other. This is mainly due to the fact that the ground state of H2 is prac-tically the only one that really contributes to the vibrational dynamics of theneutral molecule, and since this state is localized at the bottom of the H2 po-tential, its vibrational range is significantly reduced. However, since the vibra-tional wave packet representing the neutral molecule may, in principle, differfrom its ground eigenstate form, the evolution of the total population in H2 andof the population of the vibrational ground state are shown in Fig. A6.3 by alight and dark blue line, respectively. Whatever the wavelength chosen, 266nmor 800nm, and whatever the method used, the results obtained are extremelyclose, demonstrating that a simple method based on kinetic equations for thepopulations which does not take vibrational dynamics into account is sufficientto describe population loss in the neutral.
The average internuclear distances associated with these wave packets are plot-ted in Fig. A6.4, showing considerable differences from one wavelength to an-other, and from one method to another. As expected, the value of ⟨R ⟩H2 asso-ciated to the eigenstates method is constant, Figs. A6.4a-A6.4b.
In the case of static wave packets, Figs. A6.4c-A6.4d, ⟨R ⟩H2 decreases continu-ously, a result that can be explained by the results of Fig. A5.13 generated forthe annex of Chap. 5. WH2(R, t) is calculated in the same way for all methods,in this case using the semi-classical theory of Perelomov, Popov and Terent’evfor a molecule (MO-PPT), and it is found to widen as a Gaussian-like functionfrom its center around 4a.u. towards lower and higher R values when the in-tensity of the field is increased. Since ψH2(R, 0) = χ0(R) is also a Gaussian-likefunction, centered at Req ≈ 1.44a.u., the parts of the wave function located athigher internuclear distances will ionize faster than the parts located at shortdistances, and a larger part of the wave function will be ionized when local fieldmaxima are reached. During the dynamics, when the field is at near-zero inten-sities, plateaux are observed because there is no ionization and the wave packet
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(a) Eigenstate population model
λ = 266nm (b) Eigenstate population model

λ = 800nm

(c) Static wave packet model
λ = 266nm (d) Static wave packet model

λ = 800nm

(e) Propagating wave packet model
λ = 266nm (f) Propagating wave packet model

λ = 800nm
Figure A6.3: Population profiles of H2 (light blue line) and its projection onto the groundstate χ0(R) (dark blue line) over a 1015 W/cm2 field of wavelength 266nm, 36 opticalcycles for the left column (a,c,e) and 800nm, 12 optical cycles for the right column (b,d,f).A comparison ismadebetween the differentmolecular dynamics algorithms: eigenstatepopulation transfer in the top row (a,b), static wave packet transfer in the middle row(c,d) or propagating wave packet transfer in the bottom row (e,f).
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(a) Eigenstate population model
λ = 266nm (b) Eigenstate population model

λ = 800nm

(c) Static wave packet model
λ = 266nm (d) Static wave packet model

λ = 800nm

(e) Propagating wave packet model
λ = 266nm (f) Propagating wave packet model

λ = 800nm
Figure A6.4: Average internuclear distance ⟨R ⟩ in H2 for a 1015 W/cm2 field of wave-length 266nm, 36 optical cycles for the left column (a,c,e) and 800nm, 12 optical cyclesfor the right column (b,d,f). A comparison is made between the different moleculardynamics algorithms: eigenstate population transfer in the top row (a,b), static wavepacket transfer in the middle row (c,d) or propagating wave packet transfer in the bot-tom row (e,f).
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does not propagate.
Furthermore, the average internuclear distance at the end of the dynamics islower for λ = 800nm (0.83a.u.) while it is higher for λ = 266nm (1.10a.u.).This difference is caused by the delay in the single ionization of H2 within thelower wavelength dynamics: Since the ionization rate of the neutral moleculeis globally higher at 800nm, most of the population subjected to such a fieldis already ionized before the peak intensity is reached. As such, the ionizationprocess has occurred under a WH2 distribution that is narrower than it wouldhave been at maximum intensity and it is contained within high internucleardistance values. As a consequence, the remaining post-dynamic wave packet,although close to totally ionized, has been pushed towards lower R values thanthe wave packet that remains by the end of a λ = 266nm dynamics.
The last figures, A6.4e and A6.4f, show themotion of the propagatingwave pack-ets within the potential of H2, a potential that requires a lot of energy to inducedissociation. For this reason, ⟨R ⟩H2 is seen to oscillate around the equilibriuminternuclear distance value, Req ≈ 1.44a.u., in both dynamics. Two characteris-tics of the oscillation patterns differ from one wavelength to the other: the fre-quency of the faster oscillations that occur in the middle of the dynamics (t/tfbetween 0.25 and 0.75), and the amplitude of both the fast and and slow oscil-lations. High-frequency oscillations are a direct result of the interaction of thefield with the molecule. Their amplitude is highest in the middle of the dynam-ics, when the field amplitude is close to its maximum, and during these localmaxima of the field, parts of the H2 wave packet are ionized, temporarily reduc-ing the average internuclear distance to lower values. Since a higher frequencyfield contains more optical cycles than lower frequencies for the same pulse du-ration, the ionization—and ⟨R ⟩H2 decrease— events occurmore frequently. Onthe other hand, lower frequencies subject the molecule to longer local maxima,thus reducing ⟨R ⟩H2 considerably more than higher frequencies. In both cases,shifting the average value of the internuclear distance causes the wave packetto oscillate in proportion to the displacement, thus inducing higher amplitudesfrom the λ = 800nm field.

H+
2 Dynamics

H+
2 eigenstate formation can be compared from one method to the other byprojecting the static/dynamic wave packet ψg(R, t) onto the said eigenstates ofthe molecular ion

Pv+(t) =
∣∣∣ ∫ χv+(R)ψg(R, t) dR

∣∣∣2, (A6.3)
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(a) Eigenstate population model
λ = 266nm (b) Eigenstate population model

λ = 800nm

(c) Static wave packet model
λ = 266nm (d) Static wave packet model

λ = 800nm

(e) Propagating wave packet model
λ = 266nm (f) Propagating wave packet model

λ = 800nm
Figure A6.5: Population profiles of all vibrational eigenstates v+ of H+

2 for a 1015 W/cm2

field of wavelength 266nm, 36 optical cycles for the left column (a,c,e) and 800nm, 12optical cycles for the right column (b,d,f). A comparison is made between the differ-ent molecular dynamics algorithms: eigenstate population transfer in the top row (a,b),static wave packet transfer in the middle row (c,d) or propagating wave packet transferin the bottom row (e,f).
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resulting in parts of the wave packet being bound to specific vibrational eigen-states.
In the case of the eigenstates population method, as discussed in the annex ofthe previous article, single ionization rates favour the population of lower states,with state v+ = 1 taking the lead at the peak intensity I = 1015 W/cm2, followedby v+ = 2, 0 and 3, increasing in order (Fig. A5.12a), while double ionization ratesdeplete higher states faster towards Coulomb explosion (Fig. A5.15a). This pe-culiarity of the double ionization rate at such intensities brings the populationprofiles for bothwavelengths to an order corresponding to end-of-dynamic pop-ulations often found to be in decreasing order from the lowest state v+ = 0 tothe highest.
Static wave packets are initially ionized towards H+

2 bound states exactly thesame way than they are with eigenstates population transfers, as
ψg(R, δt) ∝

[
WH2δt

] 1
2 χ0(R) (A6.4)

and
Pv+(δt) ∝

∣∣∣〈χv+

∣∣∣[WH2δt
] 1

2
∣∣∣χ0
〉∣∣∣2 . (A6.5)

As the dynamics evolves over time, ψH2 differs furthermore from χ0, and thegenerated wave packet ψg may strongly differ from the linear combination ofeigenstates predicted by Eq. (A6.5). In this method, the rightmost part of thewave packet is ionized faster, which changes the distribution of the bound popu-lations over time, bringing the end-of-dynamics populations Pv+=2(tf) > P1(tf) >
P3(tf) > P4(tf) > P0(tf) > P5(tf) > ..., as depicted in Figs. A6.5c and A6.5d. Ofcourse, this change can also be attributed to the double ionization depletionprocess.
Adding the vibrational propagation to the molecular dynamics brings a night-and-day comparison between different wavelengths, as H+

2 is only partially ion-ized at λ = 266nm (Fig. A6.1e) and fully ionized in the case of a 800nm field(Fig. A6.1f). From this last sentence, one might wonder why double ionization of
H2 is more efficient with lower energy photons with the same pulse duration.This phenomenon will be better explained by the following analysis of the aver-age internuclear distance of the wave packet, but states populations can still beaddressed by keeping in mind that the propagation of the wave packet allowsits evolution towards higher internuclear distances, where it is more easily ion-ized due to its overlap with the calculated ionization rateWH+

2
. As with the static

wave packet method, the initial population distribution of this method matches
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the predictions of the eigenstate population transfer method, but this similarityquickly disappears. After that, the vibrational motion within the fs time scaledynamics brings ψg to domains of larger R and higher ionization probability.
In our latest molecular dynamics simulation algorithm, since we have added vi-brational propagation of the wave packet, it has become important to includedissociative pathways of H+

2 to the already implemented Coulomb Explosion in2H+. A photodissociation process induced by the coupling with the first excitedstate of H+
2 is indeed not negligible under certain parameters of the field. Wehave thus decided to introduce the coupling to the 1Σ+

u molecular ion channelfrom the 1Σ+
g channel. While it is possible to ionize the wave packet from ψu, itspotential is strongly dissociative and would lead to total dissociation if no exter-nal forces were applied.

Since the eigenstate method allows population transfers only to bound statesof 1Σ+
g , and since they are orthogonal to the dissociative continuum states de-scribing Above-Threshold Dissociation (ATD) [1–5], the total population of H+

2(see Eq.( A6.5)) is not plotted in Fig. A6.6, which shows populations of 1Σ+
g and

1Σ+
u , nor has it been plotted in Fig. A6.7, which shows bound and dissociatedpopulations within 1Σ+

g .
Similarly to the population transfersmethod, since the staticwavepacketsmethod(SW) does not involve split-operator propagation, the populationwithinH+

2 is ex-clusively found in the 1Σ+
g configuration, with

PH+
2
(t) = ⟨ψg|ψg⟩ =

∫
|ψg(R, t)|2 dR (A6.6)

as shown in Figs. A6.6a and A6.6b for λ = 266 and 800nm, respectively. Thisis not to say that some of the ionized wave packet cannot dissociate in its H+
2configuration, but rather that when it does, as shown by the slight dissociativepopulation Pdiss in Figs. A6.7a and A6.7b, it is via an ATD mechanism within the

1Σ+
g potential. The non-zero dissociative population, Pdiss, although almost neg-ligible, can be seen on both profiles of λ = 266 and 800nm in Figs. A6.7a, A6.7b.

Thepropagatingwavepacketmethoduses the split-operator algorithm through-out the dynamics to account for the vibrational motion of neutral H2 and ionicH+
2 in the complete dissociative ionization simulation. Once part of the groundstatewave packetψH2 has been ionized toψg, it propagates on a longer timescalewithin the 1Σ+

g potential, while simultaneously being transferred in the 1Σ+
u po-tential through a field-induced g − u coupling. The population of both states ofthe molecular ion,

PH+
2
(t) = ⟨ψg|ψg⟩+ ⟨ψu|ψu⟩ = Pg(t) + Pu(t) , (A6.7)



230 Annex to: Electro-nuclear Dynamics of H2 single and double ...

(a) Static wave packet model
λ = 266nm (b) Static wave packet model

λ = 800nm

(c) Propagating wave packet model
λ = 266nm (d) Propagating wave packet model

λ = 800nm
Figure A6.6: Population profiles of H+

2 (blue line) split between the 1Σ+
g (orange line) and

1Σ+
u (green line) electronic states for a 1015 W/cm2 field of wavelength 266nm, 36 opticalcycles for the left column (a,c) and 800nm, 12 optical cycles for the right column (b,d). Acomparison is made between the different molecular dynamics algorithms: static wavepacket transfer in the top row (a,b) or propagating wave packet transfer in the bottomrow (c,d).
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(a) Static wave packet model
λ = 266nm (b) Static wave packet model

λ = 800nm

(c) Propagating wave packet model
λ = 266nm (d) Propagating wave packet model

λ = 800nm
Figure A6.7: Bound (brown line), dissociative (orange-red line) and total (orange-yellow)population profiles within the 1Σ+

g electronic state of H+
2 for a 1015 W/cm2 field of wave-length 266nm, 36 optical cycles for the left column (a,c) and 800nm, 12 optical cyclesfor the right column (b,d). A comparison is made between the different molecular dy-namics algorithms: static wave packet transfer in the top row (a,b) or propagating wavepacket transfer in the bottom row (c,d).
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can be seen oscillating in Figs. A6.6c and A6.6d. This oscillation pattern comesto an end in the last few fs of the dynamics, when the field is at a lower intensity.Since Pg(t) can be divided into bound and dissociative states, we can also writethis population as
Pg(t) =

∑
v+

|⟨χv+|ψg⟩|2 +
∫
|⟨χε|ψg⟩|2 dε = P bound

g (t) + P diss
g (t) , (A6.8)

where χv+(R) is the bound eigenstate of H+
2 associated to the ionic vibrationalchannel v+ and where χε(R) denotes the dissociative continuum states of the

1Σ+
g potential.

At 266nm, since the population is not fully ionized to the Coulomb explosionchannel by the end of the dynamics, we can see that over a final population
PH+

2
(tf) ≈ 70%, the population within the 1Σ+

u potential is about 7% (Fig. A6.6c),
the bound population of 1Σ+

g is about 60%, and its dissociative population isabout 3%. Whilemost of the ionized population remains bound, a non-negligiblefraction dissociates before reaching a double-ionization-induced Coulomb ex-plosion. Of the dissociated H+
2 , most (2:1) will come from the 1Σ+

u channel.
Fig. A6.8e shows the evolution of the average internuclear distance ⟨R ⟩ at 266nm. ⟨R ⟩ oscillates very rapidly and at a frequency that follows the local min-ima and maxima of the field. Initially, ⟨R ⟩ is about 1.85 a.u., a value higher than
Req(H2) ≈ 1.44 a.u. because the ionization rate WH2(R) overlaps strongly withthe ground state wave function of H2, χ0(R), at such a distance. During the firsthalf of the dynamics, each local field maximum encountered is higher than theprevious one. As the intensity grows, the associated ionization rate becomeswider, ionizing more of the wave packet at smaller internuclear distances, andeach of the ionization events thus lowers the average internuclear distance—that is, up until most of the wave packet is already ionized. Since vibrationalmotion is included in the method, at the end of the pulse and therefore at lowfield intensities the wave packet propagates toward an oscillation around theequilibrium distance of the H+

2 potential, Req(H+
2 ) ≈ 2.0a.u. Most of the popu-lation is distributed within bound states, and the average internuclear distancedoes not exceed a value of ≈ 2.18a.u., maximum average distance reached atthe end of the pulse.

At a wavelength of 800nm, Fig. A6.8f, the duration of an optical cycle of the fieldis three times longer, so for the same total duration of about 32 fs, fewer localmaxima are observed but their duration is longer. Initially, the field takes longerto reach the first local intensity maximum. Because ionization events occur ona longer timescale, the average internuclear distance is reduced during ioniza-tion to values near 1.0 a.u., quite shorter than the minimum value of 1.4 a.u.
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(a) Eigenstate population model
λ = 266nm (b) Eigenstate population model

λ = 800nm

(c) Static wave packet model
λ = 266nm (d) Static wave packet model

λ = 800nm

(e) Propagating wave packet model
λ = 266nm (f) Propagating wave packet model

λ = 800nm
Figure A6.8: Average internuclear distance ⟨R ⟩ in H+

2 for a 1015 W/cm2 field of wave-length 266nm, 36 optical cycles for the left column (a,c,e) and 800nm, 12 optical cyclesfor the right column (b,d,f). A comparison is made between the different moleculardynamics algorithms: eigenstate population transfer in the top row (a,b), static wavepacket transfer in the middle row (c,d) or propagating wave packet transfer in the bot-tom row (e,f).
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observed at 266nm. Since the H+
2 wave packet has time to propagate to higher

R, when the field reaches another local maximum, more of that wave packet isionized due to better overlap between that wave packet and the ionization rate
WH+

2
(R). This mechanism of vibrational dynamics at the Ti:Sapphire fundamen-

tal harmonic is effective enough to completely ionize H+
2 just after the peak ofthe pulse. The remaining H+

2 wave packet then propagates to higher internu-clear distances.
The average internuclear distance ⟨R ⟩ inH+

2 , shown in Figs. A6.8c at 266nm andA6.8d at 800nm, decreases continuously during the dynamics simulated withthe static wave packet model for the same reason as in Figs. A6.4c and A6.4dfor H2. At 266nm, an inflection point is seen in Fig. A6.8c in the step-like ⟨R ⟩function around t/tf = 0.33, which can be explained by the evolution of ⟨R ⟩ inH2with the same laser parameters (see Fig. A6.4c). This timing corresponds exactlyto the time at which a visible change is observed in the average internucleardistance in H2, so that when the wave packet generated in H+
2 and the sourcewave packet in H2 move both to lower R values, the decrease of the averageinternuclear distance inH+

2 is suddenly accelerated. Since ionization events takemore time at 800nm, the same phenomenon occurs, but is overshadowed bythe amplified staircase profile of the population.
As shown in Figs. A6.8a and A6.8b, the average internuclear distance profiles arealso staircase-shaped for dynamics using projection onto eigenstates, a charac-teristic of such dynamics under a linearly polarized field. In contrast to staticwave packets, ⟨R ⟩ can and does increase over the course of the simulation,as it depends on the time-dependent state population distribution. As seen inFig. 4.1, higher states reach lower internuclear distances, but since the repul-sion wall of the potential is steeper than the long-range attraction slope, ⟨R ⟩increases with the energy of the state.
At a wavelength of 266nm, Fig. A6.8a, the initial average internuclear distanceis about 2.10 a.u., slightly higher than Req(H+

2 ), and it increases during the dy-namics to a maximum of about 2.42 a.u. before converging to a static 2.15 a.u.The profile trend follows the rationale of the single and double ionization rates insuch a field, shown in Figs. A5.12a and A5.15a respectively. As ⟨R ⟩ increases, thedynamics is driven by a single ionization process, and as the intensity increases,the distribution of states favoured for population transfer shifts to states slightlyhigher than the ground state. This increase toward other low-energy states in-duces an increase in the average internuclear distance, a trend that is reversedonce the double ionization process becomes non-negligible. Above a certain in-tensity, double ionization induces the depletion of high-energy states, so thatthe ground state takes the lead in the distribution at the end of the pulse. As a
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mixture of vibrational states remains at the end of the pulse, and not just theground state, ⟨R ⟩ is not quite reduced to Req(H+

2 ), but it comes close.
A rather similar dynamics is also observed at a wavelength of 800nm, Fig. A6.8b,except that the average internuclear distance is initially around 2.17 a.u. andthat it decreases slightly before the above-mentioned increase. FromFig. A5.12a,we can see that at very low intensities I ≈ 1010 W/cm2, although v+ = 0 is morepopulated than other states, v+ = 2, 3 are more populated than v+ = 1. Fromthen on, increasing the intensity up to I ≈ 1011 W/cm2 decreases the transferrates toward v+ = 2, 3 in favour of v+ = 1, a change that induces the decreaseof the average internuclear distance.

Coulomb Explosion Kinetic Energy Distributions

Once H+
2 is ionized, only protons remain in the observed system, so a Coulombexplosion dynamics starts, and the potential energy of the protons is simply in-versely proportional to the internuclear distance. Asymptotically, this potentialenergy is transformed into kinetic energy.

Since the discretized continuum containing the vibrational dissociative statesassociated with Coulomb explosion is prepared as completely as possible, it ispossible to observe a large number of channels at different energies, and suchpopulation profiles become easier to observe as contour plots during the evo-lution of the dynamics. The time- and energy-resolved probabilities of Coulombexplosion are shown in Figs. A6.9a and A6.9b using the eigenstate populationtransfermethod. Once the double ionization process starts, at about 12 fs, lowerenergies are populated before spreading to slightly higher energies, ending upas a Gaussian-like distribution between 3eV to 6eV. This "tail" seen at the begin-ning of the dynamics is caused by the ionization of low-energy states, which arethe most populated. As the field evolves toward its peak intensity at t ≈ 16 fs,higher states becomemore populated, as explained by the single ionization rate,which also favours ionization into higher energy states during the double ioniza-tion. At the end of the dynamics, the kinetic energy distribution (KED) is broad,due to the similarly broad distribution of internuclear distances generated bythe single ionization.
The time-resolved KED contour plots obtained using the static wave packet me-thod and shown in Figs. A6.9c and A6.9d reveal that with this model doubleionization occurs from the moment the laser intensity is at its maximum, andthereafter these Gaussian-like kinetic energy distributions centered at a specificenergy vary very little with time. As shown previously in Figs. A6.1c and A6.1d,
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(a) Eigenstate population model
λ = 266nm (b) Eigenstate population model

λ = 800nm

(c) Static wave packet model
λ = 266nm (d) Static wave packet model

λ = 800nm

(e) Propagating wave packet model
λ = 266nm (f) Propagating wave packet model

λ = 800nm
Figure A6.9: Contour plot of the time- and energy-resolved proton kinetic energy dis-tributions arising from Coulomb explosion of H2 for a 1015 W/cm2 field of wavelength266nm, 36 optical cycles for the left column (a,c,e) and 800nm, 12 optical cycles for theright column (b,d,f). A comparison is made between the different molecular dynamicsalgorithms: eigenstate population transfer in the top row (a,b), static wave packet trans-fer in the middle row (c,d) or propagating wave packet transfer in the bottom row (e,f).
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most of the population is ionized up to H+

2 , but remains within this state of themolecule, with a brief double ionization event around the peak intensity of thefield. This is the reason why the distribution is shaped like a Gaussian: becausethe ionization occurs over a short variation in intensity, which brings the ionizedwave packet as is it shaped by its overlapwith the ionization rate. The energy dis-tribution is located in the interval between 7 and 10eV,which is quite higher thanthe distribution with other methods, because since the wave packet is static, thefundamental, low-R source wave packet ψH2(R, 0) = χ0(R) sets the final kineticenergy to values associated with internuclear distances close to the equilibriumdistance Req(H2).
For both methods, the main differences between the 266 and 800nm contoursare the widths of the plateau durations, that are slightly longer for the highestwavelength. Since the population dynamics are λ-dependent for the propagat-ing wave packet method (see Figs. A6.1e and A6.1f), the KED evolution duringthe dynamics is also λ-dependent.
At 266nm, Fig. A6.9e, the wave packet is initially ionized at relatively short, near-equilibrium internuclear distances, which, because of their inversely propor-tional relationship, bring the distribution to energies close to 6eV. The imple-mented vibrational motion allows the wave packet to propagate toward disso-ciative R values, and part of the propagating wave packet is subsequently ion-ized to its Coulomb explosion ionic state at relatively largerR values. Over time,the tail of the distribution, initially set around relatively higher energies, is thusbrought down to lower energy values. At the end of the dynamics, the KED rangeis set around 3 to 6eV. A slightly different scenario is observed when the wave-length is increased to 800nm, as shown in Fig. A6.9f. At the peak of the pulse, H2is then already fully ionized up to its Coulomb explosion. Thus, the wave packetdoes not have much time to expand to higher R values (as seen at 266nm),leading to Coulomb explosion at energies around 4 to 6eV.
At the end of the dynamics, the dissociation probabilities and their associatedkinetic energy distributions can originate either from the dissociation of themolecule in the H+

2 potentials or during the Coulomb explosion. The formerKED spectra have been plotted for all methods, comparing simulations at 266and 800nm, but only the propagating wave packet method can be fully consid-ered for a realistic simulation of these spectra.
Figures A6.10a andA6.10b show the KEDusing the eigenstate projectionmethodat 266 and 800nm. They have a quasi-Gaussian shape and are distributed in anenergy range between 2 and 8eV. The peculiarity of the spectra obtained bythis method is that they contain small oscillations of different frequencies over
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(a) Eigenstate population model
λ = 266nm (b) Eigenstate population model

λ = 800nm

(c) Static wave packet model
λ = 266nm (d) Static wave packet model

λ = 800nm

(e) Propagating wave packet model
λ = 266nm (f) Propagating wave packet model

λ = 800nm
Figure A6.10: Final proton kinetic energy distributions resulting from the Coulomb ex-plosion of H2 (dark red line) split in the contributions from the 1Σ+

g (red line) and 1Σ+
u(pink line) electronic states of H+

2 with a 1015 W/cm2 field of wavelength 266nm, 36 op-tical cycles for the left column (a,c,e) and 800nm, 12 optical cycles for the right column(b,d,f). A comparison is made between the different molecular dynamics algorithms:eigenstate population transfer in the top row (a,b), static wave packet transfer in themiddle row (c,d) or propagating wave packet transfer in the bottom row (e,f).
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their range of interest. The quenching events associated with these oscillationsare directly related to the zero values of the ionization rate found in the firstionization process, as shown in Fig. A5.12a. Since the applied ionization rateis the result of the integral of the overlap between the initial state χ0(R), thefinal state χv+(R) and the R-dependent ionization rate WH2(R), and since thelatter allows ionization in a wider range of internuclear distances as the intensityincreases, some intensities give a null integral for certain transitions, hence thevarying quenching events at certain intensities. Since the populations evolveover time and the quenched transitions vary from one intensity to the other,the small oscillations found in these spectra are relatively irregular.
The KED obtained by the static wave packet method also generate Gaussian-likespectra as shown in Figs. A6.10c at 266nm and A6.10d) at 800nm, but as dis-cussed above, the energy range is quite higher than for the other two methodsbecause the wave packet is never displaced. Centered at low R, the resultingproton energy is around 6 to 11eV, and, being averaged, the small oscillationsobserved with the eigenstate population transfer method disappear. For thisalgorithm, no H+

2 dissociation KED would make physical sense, since the wavepacket does not propagate over time.
From the propagating wave packet method, since the population can evolve inthe 1Σ+

g and 1Σ+
u potentials, H+

2 can be ionized from both electronic states, asshown in Figs. A6.10e and A6.10f. At 266nm, the main energy peak, centeredat around 4eV, comes from a mixture of both configurations, since H+
2 was ion-ized only gradually, thus allowing coupling and exchange between the two con-sidered potentials of the molecule. At the higher wavelength of 800nm, thetwo peaks come mainly from two different sources: the one centered at 5.2 eVfrom 1Σ+

g and the smaller one at 2.5 eV from 1Σ+
u . This difference between thesource wave packets can be explained by the time lapse between a first burst ofionization at lower intensity, which populates H+
2 in its ground electronic state,and then, as time passes, this wave packet propagates into a bifurcation of thegerade part of the wave packet, which is mainly bound to lower R values, andan ungerade fraction, which propagates freely towards dissociation. Once bothfractions are well separated, a second burst of ionization occurs near the peakintensity and transfers all the remaining population from H2 to H+

2 in a singlestep, but it also ionizes both gerade and ungerade fractions of the H+
2 wavepacket toward the Coulomb explosion. This explains the presence of two sep-arate peaks of different amplitudes and kinetic energies in the KED. Such se-quential dissociative double ionization events have also been investigated byYuen and Lin with the larger molecule N2 [6], which brought the researchers tosimilar results where KED of the dissociated atoms were divided between two
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(a) H+
2 dissociation KED
λ = 266nm (b) H+

2 dissociation KED
λ = 800nm

(c) Total KED
λ = 266nm (d) Total KED

λ = 800nm
Figure A6.11: Final proton kinetic energy distributions (KED) from the dissociation ofH+

2 within the gerade 1Σ+
g and ungerade 1Σ+

u electronic states, for a 1015 W/cm2 fieldof wavelength 266nm, 36 optical cycles for the left column (a,c) and 800nm, 12 opticalcycles for the right column (b,d). The top row displays the dissociative KEDs alone (a,b)while the bottom row displays dissociative KEDs (yellow line) as well as the CoulombExplosion KED (brown line) (c,d).
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peaks of different energies; lower energies coming from sequential ionization.
The KEDs resulting from the dissociation of H+

2 are generally found at lower en-ergies than those resulting from Coulomb explosion, because the Coulomb re-pulsion energy between protons is generally larger than the dissociation energybetween a neutral H(1s) and a proton. This is the case for the dynamics observedin Figs. A6.11a and A6.11b, at 266 and 800nm, respectively. At 800nm the dis-sociation of the stable ionized molecule is negligible compared to the Coulombexplosion. The comparison between Fig. A6.11b and Fig. A6.11d shows that theCoulomb explosion probability is 3 orders of magnitude higher than the dis-sociation of the intermediate molecular ion. At 266nm, Fig. A6.11c, while theCoulomb explosion probability is dominant, a large part of H+
2 dissociates at en-ergies below 1eV for the 1Σ+

g channel and at energies between 2 and 4eV forthe 1Σ+
u channel. These peaks were discussed in the main article as physicallyresulting from Bond Softening (BS) and Above-Threshold Dissociation (ATD), re-spectively, while the two other higher energy peaks result from direct doubleionization and sequential double ionization.
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7 Conclusion

7.1 . Summary

The thesis is structured in two parts:
• The First Part is about the TD-MCSCF program MEDYS and its applicationto the study of the limits of the SAE approximation, developed in Chapters
2 and 3.

• The Second Part is about the implementation of dissociation dynamicsin a newly-coded program that makes use of the semi-classical methodsMO-ADK and MO-PPT to simulate the ionization dynamics, in a completemolecular simulation approach, developed in Chapters 4 to 6.
Starting with the First Part, in Chapter 2, the Many-Electrons Dynamics System(MEDYS) program was reviewed to introduce the research work that has beendone beyond the Single Active Electron (SAE) approximation.
In the article inserted in Chapter 3, the adiabatic switch-off parameter imple-mented in MEDYS was used to investigate the effect of the electronic correla-tion on the end-of-the-pulse single ionization probabilities at fixed internucleardistances R, ranging from equilibrium (Req = 1.4a.u.) to elongated (Relong =
5.0a.u.) and quasi-dissociative (Rdiss = 10.2a.u.). It was found that while thereare no significant differences in the Req and Rdiss ionization probabilities fromfully-correlated dynamics and switched-off correlation, the elongated conforma-tions give rise to events of ionization quenching and exaltation. These phenom-enawere attributed to Resonance EnhancedMultiphoton Ionization (REMPI)mech-anisms occurring at internuclear distances high enough for the correlation to benon-negligible, and not so high that the compositions in σg and σu are not similar(and thus not inducing destructive interferences).
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The following Annex reinforced this explanation by analyzing results from elon-gated R = 4.0a.u. and R = 6.0a.u., and comparing population profiles at inten-sities that induce quenching and exaltation events for all elongated internucleardistances.
The Second Part of the thesis begins in Chapter 4 with a presentation of theequations used in the different versions of our semi-classical ionization dynam-ics algorithm. An iterative population transfer method derived from the TDSEwas presented, as well as kinetic equations including the vibrational motion ofthe nuclei. The split-operator method used to propagate the nuclear wave pack-ets was also introduced.
The semi-classical methods MO-ADK and MO-PPT were presented in Chapter 5in an article that compared the effects of 1) the chosen method for the descrip-tion of ionization, and 2) the polarization, the intensity and the frequency ofthe field on the single ionization probability and on the non-FC distribution ofthe eigenstates populations. The MO-PPT method, which takes into account theinfluence of the applied wavelength, was confirmed to be more suitable thanthe MO-ADK approach for representing the ionization probability at values ofthe Keldysh parameter close to or above 1, i.e. at relatively low intensity and/orrelatively high frequency, a domain favorable for ionization in the multiphotonregime. At the same fluence, circular polarization of the field requires higherpeak intensities than linear polarization to reach the saturation of the singleand double ionization probabilities. In addition, when taking into considerationthe R-dependent semi-classical ionization rate, the induced non-FC distributionwas found to favour ionization toward lower vibrational eigenstates of H+

2 thanwhat was predicted by the Franck-Condon approximation.
As a supplement to the research reported in the inserted article, an Annex ex-plained that the ionization probability saturation is reached faster with a linearlypolarized field, because its ionization rate becomes much higher than with a cir-cularly polarized field, and because even if it is only for a very short duration, theintegrated rate is higher. It was also shown that the non-FC distribution dependson the field frequency, but not on the pulse duration, as long as the saturationof the ionization is not reached. This effect was shown to be due to the relativesimilarity of the ionization rate distribution over time. The ionized population,on the other hand, grows with the duration of the pulse.
The population transfer via the eigenstate projection method was then remod-eled in Chapter 6 to allow for amplitude transfer of the wave packets and fi-nally to include the nuclear vibrational dynamics. The implementation of the
R-propagation brought significant differences in the double ionization proba-
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bilities, sometimes changing them by orders of magnitude, as the molecule inthis case explores regions of large internuclear distance where ionization is gen-erally easier. From the generated kinetic energy spectra of the released ions,peaks could be attributed to Above Threshold Dissociation, Bond Softening andCoulomb Explosion.
The following Annex highlighted discrepancies in themodels and their resultingobservables in terms of population profiles, average internuclear distance andKED spectra. The eigenstates projectionmethodwas shown to overestimate thedouble ionization process due to the unrealistic generation of populations atlarge internuclear distances, a result of neglecting the phase during the transferof the populations from H2 to H+

2 . Conversely, an underestimation of the dou-ble ionization probability was found with the static wave packet method as theycould not propagate to higher internuclear distances over time, thus reducingthe overlap with the ionization rate function of H+
2 . Both of the above modelsthat do not consider vibrational dynamics failed to reproduce the KED spectra,and the static wave packet method unsurprisingly overestimated the energy ofthe protons emitted during the Coulomb explosion of the molecule. Finally, nei-ther could account for the non-negligible H(1s)+H+ dissociation energy releasedat various wavelengths.

7.2 . Research Directions and Future Plans

As research avenues emerge from the projects I worked onduringmyPhD, plansare already being made for possible improvements in the coming years.
Since the MEDYS ionization continuum requires an exhaustive discretized basisof Volkov states or plane waves, Nguyen-Dang’s laboratory has started to im-plement a propagated Gaussian basis to accurately compute the momentumdistribution of the photoelectron once it is ionized by storing the parametersof the fitting Gaussians and propagating them over all time steps. The processthus gains in precision thanks to the completeness of the basis for an overalllow computational cost for short dynamics.
A lot of computational resources are preserved with a semi-classical approachto the ionization dynamics, despite the lack of consideration of multi-electronicprocesses arising from electronic correlation. In the future, we aim to extractionization rate datasets from the ab initio programMEDYS to fit fully-correlatedresults to analytical approaches, thus preserving the efficiency of ionization dy-namics through complete molecular simulations, while adding the robustnessof MEDYS’ TD-MCSCF/TDCI method.
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Both MEDYS and the semi-classical dissociative ionization codes have been pro-grammed to adapt to systems more complex than H2. A theoretical study of di-atomics, including N2 and O2, would be interesting to compare the importanceof electron correlation and vibrational dynamics on the ionization probabilitiesand on the kinetic energy distribution of the photo-fragments.



Synthèse en français

La thèse est structurée en deux parties qui explorent les principaux projets investigués au cours du doctorat.

Partie I – La première partie est une étude préliminaire sur les limites quantitatives de l’approximation du
seul électron actif (Single Active Electron; SAE) à l’aide du programme MEDYS de type champ autocohérent
multi-configuration dépendant du temps (Time-Dependent Multi-Configurations Self-Consistent Field ; TD-
MCSCF) du laboratoire Nguyen-Dang de l’Université Laval, sur lequel de plus amples explications sont
données dans les chapitres 2 et 3.

Le chapitre 2 présente la théorie derrière la méthode post-Hartree-Fock (post-HF) utilisée pour résoudre
l’équation de Schrödinger dépendante du temps (Time-Dependent Schrödinger Equation; TDSE), suivie
d’une description de l’algorithme MEDYS utilisé dans le présent travail pour simuler entièrement la dy-
namique d’ionisation simple comprenant la corrélation électronique complète de la molécule neutre H2 à
des distances internucléaires fixes et en utilisant des considérations d’approximation en champ laser intense
(Strong-Field Approximation; SFA). Les bases nécessaires à une représentation raisonnable des chemins
d’ionisation sont ensuite expliquées dans le même chapitre, se terminant par une présentation des paramètres
associés au champ laser fort pulsé, et des observables résultant de la dynamique.

Le chapitre 3 est une insertion de l’article publié intitulé « Strong-Field Molecular Ionization Beyond
the Single Active Electron Approximation, » une publication qui démontre le fruit de notre exploration des
limites quantitatives de l’approximation SAE en comparant la dynamique d’ionisation en situation d’électrons
entièrement corrélés avec une dynamique à corrélation adiabatiquement désactivée. Les profils de probabilité
totale d’ionisation en fonction de l’intensité maximale du champ ont été tracés pour les deux types de
dynamique, et deux observations principales ont été faites à partir de ces figures. Le premier (1) est qu’à la
géométrie d’équilibre de la molécule, nous avons perçu un saut soudain vers une ionisation totale au-delà des
intensités maximales supérieures à 10 16 W/cm2, ce qui indique un événement d’ionisation tunnel au-dessus
de la barrière (Over-the-Barrier Tunnel Ionization; OBTI). L’autre observation (2) est que même si une
augmentation relativement douce de la probabilité a été observée aux géométries d’équilibre et dissociatives,
la dynamique d’ionisation des molécules allongées dénotait une extinction et une exaltation partielles en
fonction de l’intensité maximale lorsque les électrons étaient entièrement corrélés, un phénomène qui ne se
produisait pas dans le cadre de l’approximation SAE. De tels phénomènes dépendants des paramètres ont
été attribués à un mécanisme d’ionisation multiphotonique renforcé par résonance (Resonance-Enhanced
Multiphoton Ionization; REMPI) provoquant une interférence entre les voies d’excitation et d’ionisation.
Cet article est suivi d’une annexe qui présente une analyse allant au-delà de ce qui a été publié, et fournit
des résultats sur la dynamique à des distances internucléaires allongées qui soutiennent le fait que des
événements d’ionisation d’extinction et d’exaltation peuvent également se produire à des valeurs R entourant
le R = 5, 0 au. présenté dans l’article. À cette fin, des profils de population des états propres et des fonctions
d’état de configuration sont présentés pour les événements d’extinction et d’exaltation de la population, pour
les trois configurations allongées de H2, y compris celle publiée dans l’article original.

Partie II – La deuxième partie se concentre sur l’étude de la dynamique complète d’ionisation dissociative
de la molécule en utilisant des méthodes semi-classiques pour décrire les événements d’ionisation et faciliter
la mise en œuvre du mouvement vibratoire des noyaux ; un projet qui a nécessité l’écriture d’un tout
nouveau code au sein du groupe de recherche Atabek & Charron de l’Université Paris-Saclay, abordé dans
les chapitres 4 à 6.

Le chapitre 4 couvre le développement des différents algorithmes utilisés dans l’implémentation semi-
classique de la dynamique d’ionisation. À partir de l’équation de Schrödinger dépendant du temps, les
processus d’ionisation séquentiels sont représentés d’une manière qui implique des échanges complexes
d’amplitudes de paquets d’ondes, tandis que des transferts de population successifs sont obtenus à partir
de projections sur les états propres, décrit dans l’article du Eur. Phys. J. Spec. Top. « Strong Field Non-
Franck-Condon Ionization of H2: A Semiclassical Analysis. » Ce chapitre présente également les équations
cinétiques incluant la propagation des paquets d’ondes vibrationels pour introduire le modèle utilisé dans
l’article du J. Phys. Chem. A « Electro-nuclear Dynamics of H2 single and double ionization in ultrafast
intense laser pulses. » La méthode de l’opérateur fractionné (Split-Operator) utilisée pour la propagation des
paquets d’ondes nucléaires est ensuite discutée, avant d’expliquer les observables générés qui sont analysés
au cours de la dynamique.



Le chapitre 5 constitue une première étape du projet, qui est discutée dans l’article du Eur. Phys. J. Spec.
Top., « Strong Field Non-Franck-Condon Ionization of H2: A Semiclassical Analysis. » Cet article couvre
en détail les équations utilisées pour l’ionisation avec la méthode moléculaire des scientifiques Ammosov
Delone et Kraïnov (MO-ADK) ou la méthode moléculaire de Popov Perelomov et Terent’ev (MO-PPT). Des
simulations de la dynamique d’ionisation de H2 en champ fort ont été comparées entre les deux méthodes,
pour des polarisations linéaires ou circulaires du champ. À une fluence similaire, il a été démontré que
la polarisation linéaire saturait la probabilité d’ionisation à des intensités de crête inférieures à celles de la
polarisation circulaire. Les distributions de population non-Franck-Condon sur les états propres de H+

2 ont
été comparées à la distribution de Franck-Condon, et son déplacement des populations vers des niveaux
d’énergie inférieurs a été attribué à la dépendance en R du taux d’ionisation calculé à partir de MO-ADK
ou MO-PPT. L’article est suivi d’une annexe qui présente des représentations visuelles de l’anisotropie de
l’ionisation selon l’angle d’incidence du champ, ainsi que la fonction de Padé ajustée à la valeur t0 nécessaire
dans la méthode moléculaire PPT. Les polarisations linéaire et circulaire sont en outre analysées en termes de
taux d’ionisation pour expliquer comment les deux polarisations n’induisent pas de probabilités d’ionisation
similaires à une même fluence.

Le chapitre 6 inclut l’article issu du J. Phys. Chem. A « Electro-nuclear Dynamics of H2 single and double
ionization in ultrafast intense laser pulses » et une annexe subséquente qui s’intéresse aux différences
entre les observables produites par les méthodes impliquant des paquets d’ondes nucléaires, statiques ou
propagées, et les transferts de population de projections d’états propres, sujet du chap. 5. Les dynamiques
vibrationnelles sont mises de l’avant dans cet article qui met en évidence leur rôle crucial dans la simulation de
l’ionisation dissociative de H2. L’importance du mouvement des noyaux est particulièrement démontrée dans
les processus de seconde ionisation, où les paquets d’ondes vibrationnels statiques sous-estiment largement
les probabilités d’ionisation. Le modèle suggéré de dynamique moléculaire complète est utilisé pour générer
des résultats réalistes grâce aux spectres de distribution en énergie cinétique (Kinetic Energy Distribution;
KED) des protons émis via la photodissociation de H+

2 , englobant les événements de dissociation au-dessus
du seuil (Above-Threshold Dissociation; ATD), de relaxation des liaisons (Bond Softening ; BS), et à partir de
l’explosion coulombienne des protons restant. L’annexe étudie les différences entre les profils de population,
les distances internucléaires moyennes et les spectres KED résultants tout en revenant aux principes des
taux d’ionisation semi-classiques calculés en annexe du chap. 5.

La thèse est conclue dans le chapitre 7 avec un bref résumé de tous les chapitres et quelques plans futurs
de recherche, tels que le développement de taux d’ionisation analytiques à partir des méthodes post-HF, la
poursuite approfondie de l’étude de la limite quantitative de l’approximation SAE et l’implémentation d’un
continuum ionique alternative qui impliquerait la propagation de gaussiennes.
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