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Introduction

In theoretical physics, Quantum Field Theory (QFT) is historically the theoretical framework describ-
ing the behavior of subatomic particles and their interactions. It is based on the principles of quantum
mechanics, special relativity and classical field theory. QFT assumes that particles are not discrete
objects with a finite number of degrees of freedom (position, velocity, ...), but rather excitations of un-
derlying quantum fields, with an infinite number of degrees of freedom. These fields interact with each
other and with themselves, and the study of their interplay allows physicists to make predictions about
the behavior of interacting particles. It is considered one of the most successful physical frameworks
to date, as it provides accurate predictions of various phenomena, from the behavior of elementary
particles to the properties of condensed matter physics systems.

The development of QFT can be traced back to the early 20th century, with the pioneering work of
physicists such as, e.g., Max Planck, Albert Einstein, Niels Bohr and Paul Dirac. The first significant
developments emerged later in the 40s and 50s, with the works of, e.g., Richard Feynman, Julian
Schwinger, Sin-Itiro Tomonaga and Freeman Dyson. This period witnessed the emergence of essential
techniques like Feynman diagrams and renormalization. QFT reached its maturity in the 70s with the
work of t’Hooft, who proved the renormalizability of non-abelian gauge field theories and introduced
the technique of dimensional reqularization. At the same time, Ken Wilson introduced the modern
understanding of the renormalization group (RG) and helped to provide a new approach to complex
systems, i.e., composed of numerous interacting particles and subject to emergent phenomena such as
phase transitions.

In high energy physics, QFT is naturally designed to describe systems with a variable number of
particles, via creation and annihilation processes. Indeed, an interacting relativistic quantum theory
automatically implies a non-conserved particle number. For particle physics, the fundamental QFT
model is quantum electrodynamics (QED), the abelian gauge theory of light and matter. From it,
several generalizations are possible. A prominent example is Quantum Chromodynamics (QCD), the
non-abelian gauge theory of quarks and gluons which are the components of the atom’s nucleus.
Another example is the electroweak theory, the unified description of QED and weak nuclear forces.
All together, with the Higgs boson, they form the extremely successful standard model of particle
physics. It is, still to this day, the model that has the greatest predictive power. It has allowed
innumerable experimental verifications in collision experiments, with a precision of tens of digits for
certain quantities.

The fundamental developments that led to the development of QFT in high-energy physics have
had profound impact on other areas of theoretical physics. In condensed matter physics, QFT is used
as a tool to construct models of interacting quasi-particles, the collective excitations allowing, e.g.,
the description of metals, insulators, and other remarkable phases of matter such as superconductors.
Moreover, QFT had a significant impact on the development of statistical field theory (SF'T). The latter
focuses on the study of critical phenomena in many-particle systems subject to thermal fluctuations.
SET provides tools to study systems in the vicinity of critical points, where the correlation length
diverges and the system exhibits scale-invariant behavior. It is particularly successful in the description
of phase transitions. In SFT, the fundamental model is the so-called ¢* theory, i.e., the continuous
version of the Ising model, a spin lattice toy-model for ferromagnetism. There are countless modern
applications for SFT, but an original motivation came from soft matter systems such as polymers and,
later, membranes.



A profound aspect of modern theoretical physics is that quantum and statistical field theories
can be considered as equivalent. Indeed, they are related via Wick rotation from Minkowski to Eu-
clidean space, i.e., replacing (imaginary) time with temperature, so that a quantum system in d spacial
dimensions is equivalent to a (d+ 1)-dimensional statistical mechanics one. Put simply, quantum fluc-
tuations in d dimensions are equivalent to thermal ones in d+ 1 dimensions. Therefore, the techniques
associated with QFT and SFT are usually encompassed in a single unifying term, field theory.

For a given model subject either to thermal or quantum fluctuations, the field theory frame-
work provides tools for the systematic computation of correlation functions, or equivalently Green’s
functions. These key objects are directly related to various physical observables of the system, such
as scattering amplitudes or scaling anomalies. For usual systems of interest, these functions are ex-
tremely challenging to compute and one usually relies on perturbation theory to systematically take
into account of interaction effects. Each order in perturbation theory is conventionally represented in
terms of Feynman diagrams, i.e., a pictorial representation of the integral (and associated coefficients)
describing a given process at a given order, like a scattering or a self-interaction. Precision calculations
often require going to large orders in perturbation theory. However, both the number of diagrams and
their complexity grows drastically with the order. Moreover, these increasingly challenging diagrams
may be divergent and, in the first place, need to be regularized by introducing, e.g., a cut-off. In
this work, we will use dimensional regularization, which is the most convenient approach for practical
calculations. Once the theory is regularized, a second step consists in absorbing the (non-physical)
regulator in a redefinition of the couplings and fields of the model. This step is the renormalization
process.

Renormalizing a model implies several features. First, it promotes the bare parameters of the
theory to renormalized ones that “run” with the energy-scale, or equivalently, the length scale. This
is, e.g., the origin of running couplings in QFT, whose dependence on the (renormalization) scale is
encoded in the beta-function. This important RG function allows distinguishing between theories where
the coupling increases with the energy (such as QED and ¢*), those where the coupling decreases (the
origin of asymptotic freedom in QCD) and the scale (possibly conformal) invariant theories for which
the beta function vanishes, i.e., has a fixed point. Second, the correlation functions may have their
asymptotic behavior modified once renormalized. In the long-range or equivalently in the infra-red (IR),
their scaling is affected by interactions through anomalous dimensions. Near a phase transition, i.e., in
the vicinity of a fixed point, these anomalies are also called critical exponents. The latter are measurable
experimentally, and they control the scaling of physical observables near phase transitions. These
exponents fall into various university classes, i.e., categories of systems sharing the same macroscopic
properties, independently of their microscopical details. The determination of the critical exponents is
achieved by a careful study of the divergent structures at play in the renormalization process.

In some cases, interactions may have such drastic effects that they profoundly affect the ground
state of the system with respect to the non-interacting case. Perturbation theory is then not able to
account for these so-called non-perturbative effects. A prominent example is the dynamical breaking
of a symmetry like chirality. As a matter of fact, during the last decades, extensive studies have
been carried out on dynamical chiral symmetry breaking (DxSB) in QED (and QCD). It implies,
in high energy physics terms, the radiative generation of an electron (or quark) mass and, in low
energy physics terms, the dynamical opening of a gap in the single-particle electron spectrum. In
principle, for a given model, going beyond perturbation theory requires solving the infinite tower of
coupled Schwinger-Dyson integral equations, i.e., the non-linear equations of motions of the correlation
functions. For the majority of models, such a task is of fantastic complexity. One usually relies on
truncation and clever ansatz, while hoping to capture the essential non-perturbative physics of the
system.

Within this general background, this thesis focuses on the study of perturbative and non-perturbative
interaction effects in quantum or statistical field theories, with a special focus on low dimensional mod-
els. The manuscript is divided in two independent parts, with field theory as a thread. The first part



focuses on the elastic properties of two-dimensional membranes subject to thermal fluctuations. The
second part focuses on the electronic properties of fermionic planar systems subject to quantum fluc-
tuations. In both parts, for all models, our main goal will be to obtain high precision estimates of the
critical exponents and possibly other related physical observables. Part of the success achieved in the
high order computations comes from recent advances witnessed during the last decade in automated
computations specifically for this task. We now provide an introductory outline of the manuscript.

PART I — ELASTIC PROPERTIES OF MEMBRANES

This part addresses a first line of research, carried out with my PhD advisor S. Teber and in collabo-
ration with D. Mouhanna. It is devoted to the study of multiple variants of highly derivative massless
field theories associated with models of tethered elastic membranes subject to thermal fluctuations.
These models are ubiquitous in physics, from the mechanical properties of lipid bilayers in cells, to poly-
merized planar condensed matter systems such as graphene and graphene-like systems and, possibly,
even to the dynamics of (mem-)branes in string theory. Common to these systems are the intriguing
universal mechanical properties induced by long-range correlations, such as an anomalous stiffness or
a negative Poisson’s ratio. Our study focuses on the field theory describing (phantom) polymerized
membranes in a flat phase. This model, built from the two-dimensional elasticity stress tensor, in-
cludes in-plane (elastic/phonons) and transverse (capillary/flexural) modes. In the loop expansion,
going beyond the leading order in this model has remained a technical challenge for over 30 years due
to its intricate derivative structure.

Chapter 1 — Critical elastic properties of flat membranes. In this chapter, we first provide
a basic introduction to the elastic properties of classical planar systems and motivate the study of
the critical properties of (pure and phantom) polymerized membranes in a flat phase. We present
a two-field model based on longitudinal and transverse mechanical degrees of freedom, where elastic
moduli act as couplings, as well as an effective model with longitudinal modes integrated out. In both
models, we perform the complete calculation, at one, two and three loops, of all relevant RG functions.
The flow diagram is analyzed and the structure of the perturbative series is discussed. A particular
focus is set on the precise determination of the critical exponent governing the anomalous stiffness of
the system at long scales, . This exponent, alone, is enough to determine all the other power-law
scaling behaviors of the theory in the IR regime. This study significantly increased the accuracy of the
previously calculated universal critical exponents and resulted in the Letter [1| (Phys. Rev. E Letter
105(1):L012603), as well as the conference proceedings (ACAT 2021) [2] (J. Phys. Conf. Ser. 2438
(2023) 1, 012141).

Since the computations performed in [1| are exact order by order in perturbation theory, we
use them to benchmark other less controlled computational methods such as the non-perturbative
renormalization group (NPRG) and the self-consistent screening approximation (SCSA). We observe
unprecedented agreement between our work and these techniques on multiple universal physical quan-
tities. We believe that such agreement originates from the perturbative series behaving (surprisingly)
well for these models. Indeed, a striking feature of our results (which is extremely rare in field theory)
is that the asymptotic series appears to be in a convergent regime, i.e., the first coefficients of the
e-series are small and decreasing, thus providing reliable results as early as low orders and without the
need for resummations.

Chapter 2 — Critical elastic properties of disordered flat membranes. In this chapter, we
pursue our study of elastic planar systems with a generalization to the case of polymerized mem-
branes subject to quenched disorder, such as partial polymerization or dilution. This model provides
opportunities for direct experimental measurements on realistic material samples, such as graphene
or graphene-like materials, which inherently exhibit defects and disorder. In the replica formalism,
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we perform the complete RG calculation, from one to three loops. This work was performed in an
independent collaboration with D. Mouhanna and led to the publication [3] (Phys. Rev. E 106, 064114).

Following the results of [3|, we present the subtle analysis of the flow diagram of this model
and confirm the existence of a new non-trivial IR critical fixed point (P.), seen for the first time in
recent NPRG calculations, controlling a finite disorder and finite temperature wrinkling transition.
Our study confirms the existence of a glassy phase at low temperature in flat membranes. In such a
state, experimentally accessible and interesting effects occur, such as the modulus of elasticity being
paradoxically increased by the density of defects.

PART II — ELECTRONIC PROPERTIES OF MEMBRANES

This part addresses a second line of research, carried out with my PhD advisor, S. Teber. It is devoted
to the study of multiple abelian gauge theories, with a particular interest for strongly correlated
planar fermionic systems. The latter are particularly well described, deep in the IR, by some variants
of QED. The main model of interest in this part is the so called reduced (or mixed dimensional)
QED model, where photons live in a (possibly) bigger space-time than electrons. Then, varying the
dimensions for gauge and matter fields allows this general model to encompass several interesting
variants of QED. First, considering electrons and photons both in 3+ 1 dimension leads to QEDy, the
electrodynamics theory from particle physics that we experience every day. Second, considering both
fields restricted to 241 dimensions leads to QED3. This model was first introduced as a toy model
for high temperature QCD, with which it shares key features such as confinement and asymptotic
freedom. QEDj3 is nowadays a celebrated model for various planar condensed matter systems with
relativistic-like gapless quasiparticle excitations at low-energies such as high-T, superconductors, planar
antiferromagnets and possibly surface states of topological insulators as well as half-filled fractional
quantum Hall systems. Third, considering different dimensions for the light and matter fields, e.g.,
fermions trapped on a 241 dimensional plane, while photons are in a 341 dimensional bulk, leads
to QED4 3. This model shares many features of QED3 and is a direct description, in the IR, of the
electronic properties of graphene and graphene-like materials.

Chapter 3 — Critical properties of QED and reduced QED. We first motivate the study of
the general reduced QED model and introduce the basics needed for its study. In this framework,
encompassing all the above-mentioned QED variants, we compute the electron self-energy and the
photon polarization up to two loops in a small-coupling expansion, in an arbitrary covariant gauge, and
obtain all the anomalous dimensions. Our results are then applied to graphene in its ultra-relativistic
limit, for which we compute the optical conductivity. We also revisit the well known case of QEDy,
that allows for a minimal check of our general formulation. We then proceed in studying the critical
properties of reduced QED and study thoroughly the eventuality of a phase transition from a metallic
to an insulating phase in these models. This work led to the publication [4] (JHEP09(2021)107).

One of the main achievements of our study is to provide a new way to address DxSB. Indeed, a
primary challenge in gauge theories is to solve the old problem of the existence of a dynamical fermion
mass. The historical approach to obtain the gap equation that describes such a phenomenon is to
solve the Schwinger-Dyson equations self-consistently. However, this task is of tremendous complexity
and usually results in, among other things, gauge dependency problems. To overcome this issue, we
showed, in [4], that such a gap equation can be semi-phenomenologically constructed directly from the
gauge-invariant mass anomalous dimension of the electron. This allows for a simplified calculation of
the gauge invariant critical coupling constant o, (and the corresponding critical number of fermionic
flavors N,.) above which a dynamic mass may be radiatively generated for the electron, inducing an
interaction-driven (semi-)metal to (excitonic) insulator transition. This process is of crucial importance
in planar systems such as graphene, as it would eventually allow for graphene-based transistors. In
QEDy, according to initial motivations, such a non-trivial ultraviolet (UV) fixed point would save the
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model from triviality by avoiding the Landau pole. In [4], we predicted analytically a wide range of
new improved values for a. and N, for all the above-mentioned QED models. Our conclusions are
twofold. On the one hand, at very large coupling, our results for N, indicates that in graphene, the
dynamical opening of a gap in the fermion spectrum, due to pairing, is possible. A similar result is
found for QED4 where DxSB may take place in such large coupling regime. On the other hand, for
arbitrary V¢, our results for a. indicates that both graphene and QED,4 remains in a conformal phase
at observable energy scales.

Chapter 4 — Critical properties of QEDs in three dimensions. In this last chapter, we study
several abelian gauge theories in the large-N; expansion, the prototype of which is QED3. One of our
main goals will be the study of the minimal (N =1) supersymmetric (SUSY) extension of QED3. Such
supersymmetric theories have recently attracted considerable interest. For example, in the context of
a possible emergence of SUSY in some condensed matter physics systems, our results could find direct
applications to the properties of an eventual super-graphene material. It is also a rich laboratory where
to study infra-red dualities that may provide non-perturbative insights on the structure of these models.
Since SUSY models result from the introduction of bosonic particles for each fermionic particle, and
vice versa, we will also be interested in the subcase of (pure) bosonic (or scalar) QEDs. In order to
study all of these models at once, we introduce a general action encompassing the fermionic, bosonic
and minimally supersymmetric QED3. In this general framework, we compute all the corresponding
self-energies and polarizations, up to next-to-leading order in a large- Ny expansion and compute exactly
all the anomalous dimensions at that order. Our results are also mapped to a model of super-graphene,
for which we compute the optical conductivity. From the study of their critical properties, following
the previous chapter, we discuss the phase structure of these gauge theories. This work resulted in the
review [5] (Symmetry 15091806), the letter [6] (Phys. Lett. B.2023.137729), and the publication |7]
(arXiv:2102.02722).

Our main results apply to the optical conductivity of super-graphene and to the semi-pheno-
menological determination of the critical number of flavors N, below which a mass for the electron and
its superpartner can be dynamically generated. We show that SUSY produces interesting interaction
effects with respect to the non-SUSY case. On the one hand, the optical conductivity is enhanced
by SUSY. On the other hand, it decreases the critical exponents associated with the masses of the
matter fields. We are also able to obtain strong evidence that, while a dynamical (parity-even) mass is
indeed generated radiatively for a small number of electron flavors in non-SUSY QED3, the addition
of superpartners creates the opposite effect, so that no mass is ever dynamically generated in N =1
SUSY QED3, and by extension, in super-graphene.

Technicalities

In closing this introduction, let us underline some technical achievements related to this thesis. Pertur-
bative computations beyond the leading order often involve extremely tedious algebraic manipulations.
This is especially the case in the models studied through this manuscript.

In the first part of this thesis, dedicated to the elastic properties of membranes up to three
loops, the highly derivative structures present in the actions, once Fourier transformed, will lead to
Feynman integrals involving a very large number of numerators. Furthermore, for the disordered
extension, the use of the replica trick will introduce new couplings and non-trivial tensorial structures,
increasing drastically the length of the computations. In the second part of this manuscript, dedicated
to planar gauge theories, the computations will be very challenging as early as two loops, due to the
introduction of non-local photons, inducing branch cuts in the Feynman integrals, making the master
integrals highly non-trivial to compute. The fermion traces over a large number of Dirac gamma
matrices will also induce a large number of scalar products in Feynman integrals numerators. Finally,
in the supersymmetric extension in chapter four, SUSY will more than double the number of fields,
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inherently increasing the number of diagrams to compute. In short, calculations in this thesis are
extremely tedious. Each of the above-mentioned project requires the (fully analytical) calculation of
several tens of Feynman diagrams, each containing thousands of Feynman integrals, so that computer
based algebraic tools are mandatory.

A big part of the work carried out for this thesis was focused on the automation, optimization,
and parallelization of the latest perturbative analytical computation techniques, based on the state-of-
the-art computer algebra tools currently available. Carrying out the computations for these projects
required the development of a complete multi-loop computational set-up. My codes implement ef-
ficiently all aspects of analytical multi-loop computations in a fully automated manner: generation
of Feynman diagrams and corresponding expressions (in a small-coupling or large-IN; expansions),
multidimensional tensorial algebra, dimensional regularization, reduction of the integrals (including
integrals with half-integers or arbitrary power indices) to a smaller set of master integrals, analytical
evaluation of these masters, numerical checks, complete renormalization of the model (without the need
for explicit counter-terms), and finally, the evaluation of all the renormalized amplitudes and anoma-
lous dimensions/critical exponents, with eventual resummations. Depending on the complexity of the
model, these automated calculations are performed up to two to three loops. For this manuscript, the
choice has been made to focus as much as possible on the physics for the main text, rather than on the
technicalities related to multi-loop integral computations. To this end, we provide in Appendix A, an
overview of the integral results needed in this thesis, as well as a glimpse of the automation procedures
for integrals reduction and computation.
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Chapter 1

Critical elastic properties of flat membranes

This chapter is partly based on the publications
[1] S. Metayer, D. Mouhanna and S. Teber, Phys. Rev. E Letter 105(1):L012603,

“Three-loop order approach to flat polymerized membranes”,

[2] S. Metayer, D. Mouhanna and S. Teber, J. Phys. Conf. Ser. 2438 (2023) 1, 012141,
“Flat polymerized membranes at three-loop order”.

We introduce the basics of elastic planar systems and motivate the study of the critical properties of
pure phantom membranes in a flat phase. We present a two-field model based on longitudinal and
transverse mechanical fluctuations, where elastic moduli act as couplings, as well as an effective model
with longitudinal fluctuations integrated out. In both models, we perform the complete computation
of the renormalization-group functions up to three loops and derive all the critical exponents. The
flow diagram is analyzed and the structure of the perturbative series is discussed. In particular, the
latter appear to be surprisingly convergent, which allows us to precisely estimate physical quantities
such as the anomalous stiffness induced in the flat phase, as well as benchmarking other approaches
relying on less controlled approximations.
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18 CHAPTER 1. CRITICAL ELASTIC PROPERTIES OF FLAT MEMBRANES
1.1 Introduction and motivations

Linear elasticity theory probably dates back to Robert Hooke, who first stated his famous law in 1676,
first as a latin anagram; “ ceiiinosssttuu’ and two years later, gave the solution; “ Ut tensio, sic vis’, “As
the extension, so the force” [8]. Since we cannot go through three hundred years of history here, we
will jump directly to the 60s, at the end of Lev Landau’s era, and take as a base reference the textbook
“Theory of elasticity” by Landau and Lifshitz (Vol. 7) [9].

The elasticity of a material is quantified by quantities called elastic moduli, such as the Young
modulus (Y'), the bulk modulus (B) or the shear modulus (x), which measure the amount of stress
needed to achieve a unit of strain. A higher modulus indicates that the material is harder to deform.
These properties can be defined for materials in arbitrary dimensions. The most obvious case is prob-
ably that of three-dimensional materials, ubiquitous in mechanical engineering. Another case, simpler
for theoretical studies, is that of one-dimensional materials, a prominent example being polymers, see,
e.g., the seminal work of de Gennes [10]. Finally, in between these two cases, lie the two-dimensional
structures (embedded in three-dimensional space). These can have many forms: planar materials,
interfaces or surfaces, in one word, we call them membranes. In this thesis, we focus our interest on
these planar systems and, more specifically in this chapter, on their elastic properties. For the next
few paragraphs, we follow in essence the review by Bowick and Travesset [11], see also [12-14].

Membrane physics originally appeared as an extension of polymer physics and as a part of the
broader field of soft condensed matter systems. Membranes, unlike polymers, exhibit distinct types of
microscopic realizations with, e.g., fluid, hexatic and crystalline order, which appear in multiple forms,
such as flat, tubular or crumpled phases, see figure 1.1. All these variants lead to distinct large scale
behaviors and consequently to a rich physics.

(a) Flat phase (b) Tubular phase (¢) Crumpled phase

Figure 1.1: Transition from a wrinkled to completely crumpled membrane, through an
intermediate tubular phase.

Membranes are ubiquitous in physics and there are many concrete realizations of them in nature,
which greatly enhances the significance of their study. A natural occurrence of a polymerized membrane
is the cytoskeleton of cell surfaces, essential to the cell stability and functionality, as well as determining
its shape. A prominent example is the spectrin skeleton of mammal erythrocytes, i.e., the red blood
cells. Their surface is made of a fishnet-like network of triangular plaquettes formed primarily by
the proteins called spectrin and actin, and provide a beautiful experimental realization for tethered
membranes, see, e.g., [15] as well as [16] for an experimental evidence of a flat phase in red-blood
cells membranes and its role in their peculiar biconcave disc shape. Other realizations, more artificial,
are inorganic crystalline membranes. There are well-known examples, such as graphene (see, e.g., [17]
and the review [18]) and graphene-like materials, whose mechanical properties in a crumpled phase or
close to a crumpling transition have been studied by suspension in liquids, see the early works [19-21]
on graphite oxide. There are numerous other membrane realizations, such as amphiphilic bilayer
membranes, or water/oil interfaces in surfactant microemulsions, see, e.g., [22]. On a more abstract
level, one can meet membranes within the context of high-energy physics, see, e.g., [23,24], initially
through high temperature expansions of lattice gauge theories, then in the large-N limit of gauge
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theories, in two-dimensional quantum gravity, in string theory as the world-sheet of a string and,
finally, in (mem-)brane theory.

A natural way to study membranes theoretically is the renormalization group that allows one to
access the critical properties of such systems. Indeed, in the long wavelength (infra-red) limit, the prop-
erties of membranes are independent of their chemical or mechanical nature and fall into universality
classes. The microscopic details are erased in the thermodynamic limit and allow the computation of
the critical exponents of the system. This is why systems with very different microscopic realizations
exhibit similar macroscopic features (This, in essence, is why we can illustrate the properties of teth-
ered membranes such as graphene or cell membranes with a simple sheet of paper!). Theoretically, the
most general (isotropic) elastic membrane model one could define would certainly contain at least the
following parameters:

e x, the bending rigidity; the coupling to the extrinsic curvature (the square of the Gaussian mean
curvature). For large and positive bending rigidity, flatter surfaces are favored.

e 1, u, v, the elastic constants; these parameters encode the microscopic elastic properties of the
membrane.

e s, the excluded volume or self-avoiding coupling; this is the coupling that imposes an energy
penalty for the membrane to self-intersect.

e A, Ay, Ay, ... ; additional parameters controlling the disorder variance.

In this chapter, we restrict ourselves to
pure phantom crystalline membranes in a wrinkled isotropic flat phase,

that we may simply call flat membranes. Let us break down what it means. First, we consider
“crystalline”, or equivalently polymerized or tethered, membranes. These are planar structures made
of individual monomers that are rigidly bound together. They possess an in-plane elastic moduli as
well as a bending rigidity. A prominent example of such a material is graphene, which is a one atom
thick carbon honeycomb lattice. Second, we focus on planar membranes subject to small wrinkling
deformations, i.e., in a “flat phase”, see figure 1.1a. In this case, for a d-dimensional membrane, the
elastic constants ¢, u, v may be related to the two Lamé parameters of Landau elastic theory, A and
1, so that they reduce to

u=pu, v=MA/2  t=—4(p+d)\/2) <0, (1.1)

where we specify in (1.1) that ¢t <0, in order to stay in the flat phase, because ¢ >0 would lead to
a transition towards a crumpled phase, see figure 1.1c. In other words, we impose dA+2u >0 as a
mechanical stability condition together with positive shear modulus, @ >0. Third, we will consider
“phantom” membranes, which mean that we allow self-crossing. This amounts to set s=0, i.e., no
self-avoidance, which is a reasonable assumption for membranes in a flat phase, where self-crossing
should be negligible (not the case for a crumpled phase!). Fourth and finally, we consider “pure” (or
equivalently “clean”) membranes, i.e., we neglect disorder such as topological defects that may induce
transitions to hexatic and fluid universality classes (the disordered model will be considered in the next
chapter). Note that a simple sheet of paper, slightly wrinkled, fits this whole description remarkably
well and provides a good image to keep in mind, helping us to illustrate some properties of such
membranes.

Before going into technical details, let us illustrate some interesting features of flat crystalline
membranes. As a first interesting property, these systems exhibit a surprising negative Poisson ratio
induced by wrinkling deformations, see e.g., [25]. We recall that the Poisson effect is the deformation
(expansion or contraction) of a material in directions perpendicular to the specific direction of the
applied force. Intuitively, for a three-dimensional elastic material, compressing it along the x axis by
an amount dz should lead to an expansion in the (y,z) plane and gives a positive Poisson ratio since
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it is defined as v = —dy/dz = —dz/dz > 0. In striking contrast, for flat wrinkled membranes, a simple
tabletop experiment with a sheet of paper shows, see figure 1.2, that expanding the membrane along
one axis causes it to expand also in the transverse direction, so that v =—dxz/dy <0, i.e., a negative
Poisson ratio. Materials exhibiting such feature are called “auxetics”. This also means that compressing
the membrane in one direction causes it to shrink in the transverse direction. In other words, applying
pressure to this material increases its hardness, making it extremely resistant to pressure and impact.

(a) Before differential elongation (b) After differential elongation

Figure 1.2: Simple tabletop experiment with a sheet of paper to illustrate the auxetic
properties of a wrinkled membrane. Applying a strain (horizontal black arrows) result
in a transverse elongation of the same sign (vertical red arrows), yielding a negative
Poisson ratio (v <0).

Another striking effect of crystalline flat membranes, which will be our main interest in the rest of
this chapter, is the anomalous stiffness induced by the wrinkling deformations. Indeed, adding wrinkle
to a membrane considerably increases its stiffness, as illustrated in figure 1.3 on a simple sheet of paper
standing by itself thanks to wrinkling. This effect is quantified by the so-called anomalous stiffness
exponent (1) that we will define in the next lines.

(a) No deformations (n=0) (b) With deformations (n > 0)

Figure 1.3: Simple tabletop experiment with a sheet of paper to illustrate the anomalous
stiffness (or rigidity), n, induced by elastic deformations. Without deformations, the
membrane exhibits low stiffness, while with small elastic deformations, an anomalous
stiffness induced by long-range correlations appears, such that the paper sheet remains
rigidly flat.
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The flat phase of polymerized membranes has recently been the subject of intense theoretical
investigations mainly motivated by the fact that it seems to encode satisfyingly the elastic degrees
of freedom of nowadays trendy materials such as graphene [26,27] and, more generally, graphene-
like systems (see, e.g., the textbook [17]). Early, mean field |28] and perturbative [29] computations
have revealed the stability of such a phase, ensured by a mechanism of coupling of the out-of-plane
(flexural), h, modes to the in-plane (phonons), @, modes (and allowing to circumvent the Mermin-
Wagner theorem; see, e.g., [30] for an explanation). This flat phase is controlled by a fully stable
infrared fixed point, characterized by power-law behaviors for the phonon-phonon and flexural-flexural
correlation functions [29,31-33]

(2+47u)

(u(p)u(—p)) ~p~ and  (h(p)h(—p)) ~p 47", (1.2)

where the elasticity softening exponent 7, and the anomalous stiffness exponent n are two nontrivial
anomalous dimensions related by the Ward identity [29,31-33]

nu:4_d—2777 (13)

where d is the dimension of the membrane. Therefore, we can focus on the determination of only one
of the exponents, in our case, 1. Let us remark that several other critical exponents can be defined for
this model, but hyperscaling relations and Ward identities constrains them so that only one of them,
e.g., 1, is enough to compute all the others. This is the case, for example, for the roughness exponent,

(=(4—-d=n)/2, (1.4)

which measures the fluctuations transverse to the flat directions. In short, the stiffness exponent 7
governs all infra-red properties of membranes in the flat phase, where parameters are length-scale-
dependent, like the enhanced bending energy x(p) ~p~" and the softened Lamé elastic moduli p(p) ~
A(p) ~p*~%721 see e.g., the reviews [11,12].

A major challenge, in this context, is an accurate theoretical determination of the exponent 7 at
the stable fixed point. In the (extreme) Gaussian approximation where no interactions are present,
obviously, n=0. Upon allowing interactions, the early seminal study by Nelson and Peliti [28] revealed
that, in a mean field approximation, the anomalous stiffness yields n=a 1. They further state that such
a positive value stabilize the flat phase in the low temperature limit and that going beyond mean
field, it is expected that the renormalization of the elastic constants will drag down the value of 7.
At that time, the question to address was then if higher-order corrections would be small enough so
that n remains positive, in order for a flat phase to exist at long distances in crystalline membranes.
Nowadays, we know the answer, which in short, is yes. Indeed, all the theoretical studies following [28|
(that we present in the next paragraph) argue that beyond mean field, n should lie roughly in the range
[0.6,1], so that the flat phase is indeed stable. Nevertheless, to this day, there is no clear consensus
on the precise value of 7, despite the fact that it is a universal fundamental constant of tethered
membranes, of uttermost interest in multiple areas of physics. In the following, we briefly present the
various values obtained for 7 over more than three decades.

The first analytical theoretical study to follow [28] was the seminal perturbative one-loop com-
putation by Aronovitz and Lubensky [29,32] yielding 71-100p =0.96, that we will reproduce later in
this chapter, with modern techniques. Due to the intricacy of the diagrammatic analysis involved in
the perturbative approach, it became soon evident that higher-order loop computations would neces-
sitate high automation of the computations. Moreover, one would naively expect the perturbative
results to converge slowly (which we will see, is surprisingly wrong) due to the distance between the
upper critical dimension, dy. =4, and the physical dimension, d =2, which means that results are ob-
tained in series of e =2—d/2 and the physical case is e =1. To circumvent the perturbative analysis,
these pioneering works have been followed by various non-perturbative approaches, able to tackle the
physics directly in dimension d=2. Early approaches were carried out by means of an expansion in
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the large embedding space (D =3) dimension, by Guitter et al. [31,33], yielding jarge-p =2/D ~0.67,
later followed by the similar 1/d. expansion [31-36|, where d. is the co-dimension of the membrane
(de =D —d), but it seems hard to estimate properly 1 numerically using this technique. The critical
properties of membranes has also been studied by means of self-consistent approaches such as the
self-consistent screening approximation (SCSA) [12,37-40] as well as the so-called non-perturbative
renormalization group (NPRG) [41-47]. The two last ones have produced roughly compatible results:
nESga =~ 0.821 [12,40] at leading order (ni&$y ~0.789 at controversial next-to-leading order [37]) and
PR = 0.849 [41]. As for Monte Carlo simulations of membranes, they also led to scattered values,
e.g., n="0.81(3) [48], n=0.750(5) [49], and n=0.795(10) [50] and Monte Carlo simulations of graphene
to n~0.85 [51]. See table 1.2, at the end of the chapter, for a summary of these results.

On the experimental side, the early study [16] showed evidence of a flat phase for red-blood
cells membranes, measuring via small-angle x-ray techniques, a roughness exponent of ¢ =0.6540.10,
which in terms of anomalous stiffness, using (1.4), yields Npbood-cenis =0.71+0.2. A similar result has
been obtained using X-ray scattering on amphiphilic films (arachidic acid) [52] with the measure
Namphiphilic-Alms = 0.7£0.2. Still on the biophysics side, very recent measurement of nuclear wrinkling
during egg development in the fruit fly (Drosophila melanogaster) [53] obtained measurements and
numerical simulations compatible with 7yegicles = 0.8. On the condensed matter physics side, preci-
sion measurement of the elastic critical properties of flat materials seems difficult. In graphene and
graphene-like materials, experimental estimations of the anomalous stiffness exponent usually lead to
rough estimations in between 7graphene 1 and 7graphene ~ 0.8, see e.g., the review [18]. A notable
exception is the graphene experimental study [54] where they obtained 7graphene ~ 0.82.

In order to get a better understanding of the structure of the underlying field-theory, several groups
have recently engaged in perturbative studies of both pure [47,55] and disordered membranes |56 going
beyond leading order. The two-loop order approach performed in particular in [47] has revealed an
intriguing agreement between the perturbative and non-perturbative approaches in the vicinity of the
upper critical dimension. Moreover, the value of the two-loop order anomalous dimension in d=2,
N2-loop = 0.9139 [47], when compared to the one-loop order one, 7i1p0p =0.96 [29,31-33|, has been
found to move in the right direction when referring to the generally accepted values that lie in the
range [0.72,0.88], see table eftab:mem:literatureeta at the end of the current chapter.

In this chapter, we reproduce the one and two-loop results obtained in [29,31-33,47|, as well as the
recent three-loop [1] ones, by means of a weak-coupling perturbative approach performed near the upper
critical dimension dy. =4, within the modified minimal subtraction (MS) scheme. We will introduce
the flexuron-phonon two-field model as well as the equivalent effective flexural model and compute the
renormalization-group (RG) equations at this order in the effective flexural model. We determine the
fixed points and the corresponding field anomalous dimensions at order €3 and discuss them extensively.
We finally use our results to benchmark those obtained within non-perturbative approaches, either re-
expanded in powers of € or directly in the physical dimensions d =2. Finally, we provide a (hopefully)
exhaustive comparative table of all values obtained in the theoretical and numerical literature so far for
the anomalous dimension 7. As will be seen in the following, our analysis confirms unambiguously the
order-by-order agreement between perturbative and non-perturbative approaches, that was suggested
in the previous work [47]. Moreover, the value that we get for the three-loop order anomalous dimension
in d=2, N3.100p = 0.8872, is compatible with non-perturbative results as well as results from numerical
simulations. A striking feature of our results is that asymptotic series seem to be in a convergent
regime, i.e., the coefficients of the ¢ series are small and decreasing, such that setting e =1 (physical
d =2 membrane in a D = 3 space) gives very good estimates of 7. Soon after the publication of the three-
loop results in [1], the four-loop computations have been performed in [57], obtaining 74.160p = 0.8670,
which allow us to provide even better results via the use of simple resummations and fits, yielding to
our best estimates n=0.8347.
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1.2 Flat membranes model(s)

1.2.1 The two-field model

We consider a d-dimensional homogeneous and isotropic membrane embedded in an Euclidean D-
dimensional space. Each mass point of the membrane is indexed by Z€R?. In RP, the unperturbed
state of the membrane is the flat phase where each of these mass points is indexed by R (Z) = (Z,04,)
where Gdc is the null vector of dimension d. = D — d (the co-dimension of the manifold). In the following,
Latin indices will run from 1 to d, e.g., {a,b} =1,---,d. Similarly, Greek indices will run from 1 to d.,

e.g., {a,f}=1,--- de.
The displacements inside the membrane are parameterized by a phonon field (%) € R? and a
flexuron field h(%) € R% such that the perturbed mass points are located at

R(Z) = (Z+(),h(T)), (1.5)
which is the Monge parametrization. The induced metric is then defined as
gab:aaﬁ(f)'abé(f)a (16)

where gc(l?)) =J4p in the unperturbed phase. To illustrate the parametrization of the membrane, we
provide the figure 1.4, representing the special case of a physical membrane, i.e., embedding space in
D =3 and the membrane being a d =2 object (implying codimension d.=D —d=1).

z

Figure 1.4: Parametrization of the membrane subject to thermal fluctuations in the
physical Euclidean space, i.e., embedding space in D =3, membrane in d=2 (imply-
ing codimension d.=D —d=1). For a given point of the membrane, the distance h
parametrizes the height (transverse) fluctuations with respect to the reference point
z=0 and {uy,u,} parametrizes the in-plane (longitudinal) fluctuations. The displaced
point is then located at the new coordinates R= (x+ug,y+uy,h). Each point of the
membrane, originally located at the coordinates ¥ = (z,y,0), is then fluctuating with
its own quantities h(Z), uz (%), uy(Z) that we interpret as fields.

Nevertheless, in the following, we shall keep dimensions arbitrary. Indeed, since we work in dimensional
regularization, we need to keep at least d arbitrary in order to perform expansions in d=4-—2e¢.
Moreover, it is also useful to keep d. arbitrary to compare results with other methods such as large-d.
techniques, see section 1.6.3.
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The strain tensor 71" that encodes the local deformations with respect to the flat configuration

RO)(#) = (&,04,) is defined as

1 1 S S 1
Top= 9 (gab - 951),)) = ) (8aR(x) 8bR($) - 6ab) = ) (8aub +Optg + OahaOpha +aaucabuc) . (17)

Neglecting the non-linearities in the phonon field (since they are irrelevant in the RG sense by simple
canonical power counting) yields

(aaub+8bua+8aha8bha). (18)

N =

Tab ~

From there, the Euclidean low-energy action of the membrane, see, e.g., the textbook [9], as well
as [28,29,31-34,47], reads
- K A
Sl h] :/dda: |:2(82ha)2+2T3a+MT(12b : (1.9)
where k is the bending rigidity, which is not relevant in our case as it can be absorbed, by a simple
rescaling of the couplings and fields. In (1.9), A and p are the Lamé elastic moduli, A being the first
Lamé parameter and p is the shear modulus (second Lamé parameter). These two quantities will act

as couplings for the field theory and are simply related to the other elastic moduli of the membrane
via the relations (in arbitrary dimension)

A
Bulk modulus: B= )\ + Zﬂ/d, POiSSOH ratio: V= m,
2pu(dA+2
Young modulus: Y = & ) p-wave modulus: W =A+2pu. (1.10)

(d—1)N+2p

Using the action (1.9) in which quadratic (irrelevant in the RG sense) terms in the phonon field
u are neglected, yields the expanded form?

S[f[, E] = ;/ddx [ﬁ(azhcx)Q +A ((8aua)2 +aaua(abha)2 + i(aahayl)

+u ((8aub)2 + OqupOptig + 204up (g haOpha) + ;(aahaabh5)2>:| , (1.11)

which contains all relevant operators. Indeed, from canonical dimensional analysis, in d =4 —2¢

d
[ul=d—3=1-2¢, [h]:§—2:—£, | =[N\=4—d=2e. (1.12)
In addition, a term (Awu,)? has been dropped as it is negligible in comparison with A(d,u,)? and
1(Oqup)? at small momenta. The action (1.11) is therefore a massless and highly derivative scalar
two-field and two-coupling theory, which is very challenging computationally at high-loop order. For
completeness, we provide a summary of its field content in table 1.1.

Field ‘ index excitations  physical deformations

ho(x) | @«=1,--;,d.=D—d flexurons out-of-plan (transverse)

ug(z) | a=1,--,d=4—2¢  phonons in-plane (longitudinal)

Table 1.1: Field content of the two-field model.

n principle, the action (1.11) should be O(D) invariant. However, we break it explicitely by neglegting irrelevant
non-renormalizable interactions. What remains are the so-called linearized O(D) rotations [31]. It includes rigid fields
translations, O(d) in-plane rotations, O(d.) co-dimentional space rotations, and a set of non-local symmetries, see [58].
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Instead of going further with this two field model (1.11), we will keep it aside for the next chapter,
where we will perform computations in a disordered extension of this model. For the rest of this current
chapter, we will consider an alternative path to obtain the results of the two-field model, which is the
so-called effective flexural theory (EFT). Nevertheless, the calculation published in [1| were carried out
both in the EFT and the two-field model.

1.2.2 Effective flexural theory (EFT)

Based on the fact that the action (1.11) is quadratic in the phonon field, we may integrate over it
exactly. This leads to the so-called effective flexural theory (EFT) approach. The resulting effective
action depends only on the flexuron field. In Fourier space, it reads [12,40,47]

Serfi) = [1a'8lp e

1 — — a C — —
+3 / [%p1][d”pa] [°ps) [A”pal e (B (72) R (DS 3PS Ra (Po) s (), | (1.13)

where the Euclidean momenta are p'= py + pa = —p3 — p4 and [d%p] = d%p/(47)? and obviously p.p® = p?.
The action (1.13) is the model we will consider in the rest of this chapter, which, in principle, is
equivalent to the two-field model defined in (1.9). The rank-four tensor entering the four-flexuron term

is given by
R () = 11Mapea(7) +b(d) Napod (7). (1.14)
which is a decomposition on the two M and N tensors reading
1
Masea($) = 5 [P )P 0+ P BR8] = Nabea D), (1.153)
1 PaP
Naa(P) = 7= P OF @) Py (0) =0a =257 (1.15b)

Using the definitions (1.15) it is straightforward to derive the full contractions

(d+1)(d—2)

Mapea(P) M@ (p) = 5 . Nupea@NPP)=1,  Mupea(P)Np)=0,  (1.16)

from which we can define the normalized projectors

2

mMade (ﬁ)’ abcd (@ Nabcd (ﬁ)a (117)

M
Pabcd (ﬁ) =
that are particularly handy to project out tensorial quantities onto their M and N components. There-
fore, in the effective flexural theory, while u, the shear modulus, is still our first coupling, the second
one is not A anymore, but is replaced by b(d) that we introduced in (1.14) and reads

p(dA+2p)

1.1
A+2p (1.18)

b(d) =
This new coupling is proportional to the d-dimensional bulk modulus B, or equivalently to the Young

modulus Y, see (1.10), i.e

ud pd o A
w 2Wv
Because the tensors M and N are mutually orthogonal projectors under tensor multiplication, we
expect that p and b(d) will renormalize independently of each other. Therefore, we will consider in
the following that p and b(d) are independent couplings. It seems that this is the correct procedure to

follow. Indeed, as noticed by Guitter et al. [33], setting =0 in (1.14) when expressed in terms of u

b(d) = (1.19)
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and )\ yields a zero vertex, e.g., a free flexuron field. But we know from the two-field analysis (see the
next chapter) that the =0 limit leads to non-zero renormalization constants. It is by considering
and b(d) as independent couplings in the EFT that we shall overcome this inconsistency and match
the two-field results. Moreover, we shall consider b(d) as independent of the dimension d and therefore
set b(d) — b as well as consider the co-dimension d. fixed. For completeness, we also provide the other
elastic moduli (1.10) of the membrane in terms of the new (u,b) variables in arbitrary dimension d,
see (1.18)

Bulk modulus: B= M, Poisson ratio: v= b_iﬂ,
d(dp—Db) b(d—2)+ i
2b(d—1 2(d—1)pu?
Young modulus: Y = M, p-wave modulus: W= (d,u—)bM , (1.20)
and the mechanical stability of the model is given by
w>0, b>0. (1.21)

In the following, we shall study the three-loop field theoretical renormalization of the model
(1.13), at fixed co-dimension d., and near the upper critical dimension d,. =4, where the model is
renormalizable [31,33,47]. We will work in d =4 — 2¢ and normalize all fields and coupling to remove
the trivial bending rigidity, &, i.e.

ha = har ™2, = K2, b— br2, (1.22)

which is equivalent to work in natural units and set x =1 in the action (1.13). Retrospectively, we can
also set 1, — ugk ' and A — Ax? in the original action (1.11) to get rid of  in the same way.

1.3 Setup and conventions in the EFT

1.3.1 Feynman rules

The Feynman rules for the effective flexural model (1.13) can be derived using the correlation functions
in Fourier space, defined via the functional derivative formula

(ha(B1)-hu(Bn))o = 5hafﬁj?kj§f[jﬂ(ﬁn)' (1.23)
The free massless flexuron propagator reads?
630 = haPha(-Ph =0 —— 6= “, (124
where {a,8} =1,---,d. and the four-point flexuron vertex reads
o p1 0 Pu
V. 5B s1) = (ha (51 s (72) ey (B3 hs (5a))o = >q< — —2RY) (9)6a30,5p5P5p5pS, (1.25)
B P2 g Y P3

where {a,b,c,d} =1,---,d. In (1.25), the front factor, —2, is made of three contributions. First, the
usual minus associated with quartic interactions. Second, the 1/4 factor in the action (1.13). And

2In principle, the flexuron propagator is semi-massive, reading Sg)) =6as/((p* +m?)p?). However the mass is not
affecting the anomalous dimensions and the massless limit (1.24) is enough to access criticality, see related footnote 3.
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third, the vertex factor, which is 8, so that —8/4 = —2. Let us remark that the vertex factor is indeed 8
and not 4! =24, as one might expect. This is due to the apparent asymmetry of the four-point coupling
Vigl{ s(P1,D02,D3,p4) that couple only bi-flexuron pairs. We represent graphically this particularity with
a dashed line carrying momentum p'= pj + pa = —p3 — ps (all momenta are incoming).

In order to emphasize this asymmetry of the four-point coupling, one can decompose it and define
new Feynman rules based on a three-point vertex. While the free flexuron propagator is kept identical,

the vertex interaction is decomposed in two parts, the effective free R-propagator

R (5)= ab ===~ cd =Mapea(5) +DNapea(5), (1.26)
and a three-point interaction reading g
o P
Pgﬁ(m (P1.02) = >--- ab P =1V2645p{05. (1.27)
B p2

The factor iy/2 is designed in such a way that (iv/2)? = —8/4=—2 from (1.25). Therefore, the four-
point interaction (vertex factor 8) is equivalent to a multiplication of two three-point interactions
(vertex factor 2) and an effective R-propagator, i.e.

[ ab RN cd - o
VA0 s (51, B, 3.50) =T (1, 52) Ry ()T (B, ). (1.28)

where p=p| + po = —p3 — py. With these definitions, the two sets of Feynman rules are equivalent. The
second set of Feynman rules, based on the three-point interaction (1.27) and the effective propagator
(1.26), becomes very handy when noticing that every diagram will be exactly similar to, e.g., QED,
provided that one identifies the R-propagators with photons, and flexurons with fermions (as well as
striping off the legs in the four-point vertices to consider only the R-propagator “polarization” and
identify it to a photon polarization). Thanks to this identification, we can conveniently automate
the generation of the diagram expressions using codes very similar to QED (see the second part of
this thesis), based on the use of the Fortran tool QGRAF [59,60]. This is also why we use QED-like
notations, i.e., S and I' for the Feynman rules as well as ¥ and II respectively for the self-energies
and polarizations, see e.g., [61]. The drawback of the use of the three-point Feynman rules is that
it results in more contractions over the Euclidean space (Latin) indices to be performed, see (1.28).
However, it is not an issue since we carry all our computations in a completely automated way using
MATHEMATICA, with homemade codes to perform efficiently the contractions.

1.3.2 Fate of infra-red divergences

The form of the flexuron propagator (~1/p*), see (1.24), suggests that the theory may be plagued by
severe infra-red (IR) singularities, thus invalidating the renormalization prescription. It turns out that
this is fortunately not the case and that the renormalization constants are determined by ultraviolet
(UV) poles only.

In order to prove this statement in a non-perturbative way, let us temporarily define dh&(f) =
0jhq(Z) and its corresponding correlation function

Glag (D) = (ARl (P)dhy(~p)).- (1.29)

Obviously, G,s(p) is an IR-safe function with respect to loop integrals. It turns out that it is simply
related to the flexuron propagator, So5(p) = (ha(p)hg(—p)) and the relation reads

Gap(P) =" Sas(D)- (1.30)
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This simple identity shows that the flexuron propagator is directly related to an IR-safe quantity.
Hence, it is itself IR-safe.

At a more practical level, IR singularities do show up in the course of computing S,5(p). Their
appearance is due to the ambiguous nature of the massless tadpole, which is zero in dimensional
regularization as a consequence of a subtle cancellation between IR and UV singularities. However,
because the flexuron propagator is IR-safe these IR poles are harmless and do not require any special
treatment as they simply cancel each-other order by order in perturbation theory. In this case, we may
proceed with dimensional regularization in the conventional way as if all poles were of UV type, see,
e.g., [62] for a proof of this statement.

1.3.3 Dyson equations

We shall consider the Dyson equation for the dressed flexuron propagator reading

Sa () = S (7) + S (5) s (7) S55(5). (1.31)

where Y,5(p) is the 1-particle irreducible flexuron self-energy, S,s is the fully dressed flexuron prop-

agator and S((X(g is its approximation at tree order, (1.24). It is convenient to project these quantities
in a way consistent with their tensorial structure, reading

Sap(P) =0apS(P),  ap(D)=0apX(p). (1.32)
Then, the Dyson equation can be rearranged, yielding (forgetting about the momentum dependencies)

§=50 450355
=504 50550 4 50550 %50 1

S(0)
=5 (0) (0))2 =
STA+ESY+(ESW) +..) 350" (1.33)
and since SO (p) =p~4, it reads
1 1 ST N
SP)= 137 X(p7) =p " X(P)- (1.34)

1-3(p?)’

Similarly, the four-point vertex may be expressed with the help of the dressed R-propagator
Rapea(p) assuming that, to all orders, the following holds

N cd
Vagys (P1,02,03,01) =T ()(p17p2) Rapea(P)I, (0)( 3,04)
= 72Rabcd(ﬁ)5a5675plp2p3p4' (135)

This implies that all corrections are in Rgpeq(p) which satisfies the following Dyson equation

abcd (157 Rabcd (ﬁ) + Rabef (mHefgh (ﬁ)Rghcd( _j (1 36)

where Il p.q(P) is a 1-particle irreducible self-energy of the effective R-propagator, i.e., corresponding
to a vacuum polarization. As will be shown in the following, the fact that the Dyson equation for the
four-point vertex is entirely encapsulated in (1.36) is not an approximation and allows reproducing
exactly the non-trivial two-field results (see the results of the next chapter, where computations are
carried out in the two-field model, in the more general disordered case). This also reinforces the use
of the second set of Feynman rules that consist of a free flexuron propagator, a free R-propagator and
the triple vertex made of a R-propagator and two flexuron propagators. At this point, it is convenient
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to decompose the polarization operator and the vertex function on the basis of the tensors M and N
(1.15) in order to solve the Dyson equation for the R-propagator (1.36). This yields

Raped(D) = Rt (P) Mapea(p) + R (D) Navea (D), (1.37a)
Haped(P) = s (P) Mapea () + v (9) Napea (D) (1.37b)

Following a similar procedure as for the flexuron propagator, the dressed R-propagator decomposes as

Rt () =1_ﬁ“M@, T (7) = plas (5), (1.38)
RN(mzl—f[bN(p)’ Iy () = by (7). (1.38D)

1.3.4 Renormalization conventions

We are now in a position to introduce the renormalization constants associated with the effective
flexural model (1.13)
h=2"Vh,,  pu=Z,uM*, — b=ZbM*, (1.39)

where the subscript r denotes renormalized quantities and the renormalization scale, M, has been
introduced in such a way that u, and b, are dimensionless in d=4—2¢ dimensions. The latter is
related to the corresponding parameter M in the modified minimal subtraction (MS) scheme with the
help of

M’ = dre E M2, (1.40)

where g is Euler’s constant. In the MS scheme, the renormalization constants take the form of a
Laurent series in €
1

5 (1.41)

oo 1
Z:C(:“’T‘ub’l”) =1 +5Zm(lffrabr) =1 +ZZZ¥’]’) (,Ufrabr)
1=1j=1

where z € {§,b} and they do not depend on momentum (or mass which is absent in the present model).
Furthermore, the dependence on M is only through p, and b,. So the renormalization constants Z,
depend only on p,. (M), b.(M) and . They also relate renormalized and bare propagators as follows

Saﬁ(ﬁ;%b):Z(Nrabr)saﬁ,r(ﬁ;ﬂmbraM)a (1.42a)
Raped (s p,0) = M Z72 (11, by ) Rapea,r (5 i by, M), (1.42b)

where the bare propagators do not depend on M. Then, decomposing into their respective tensors, 4,
M and N, and forgetting about the functional dependencies, it reads

S=27S. Ruy=M*Z*Ry,, Rn=M*Z"*Ry,. (1.43)

We may now explain our renormalization technique, ¢.e., our method to determine the renormal-
ization constants {Z,7,,7Z,}. It has to be underlined here that we are not using counter terms, or
any other advanced renormalization method. Instead, for the whole manuscript, we will use a more
pragmatic approach and directly derive relations relating the renormalization constants {Z,7,,,Z;} to
the self-energy and polarization {¥,I15;,IIx}, using respectively the propagators {S,Ry;, Ry }. Let us
detail this procedure once, e.g., for the flexuron. Using the renormalization definitions (1.43) and the
Dyson equation (1.34) reads

1 1 1 1
il :Zi4

S=7Z8, = -
" pr1i-x Tp

—. 1.44
—3 (1.44)
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Rearranging the equation and gather renormalized quantities on the left-hand side yields
¥,=1-(1-%)Z (1.45)

This relation is crucial as it allows to completely determine Z once ¥ has been computed, since the
left-hand side must be finite. Mathematically, this is achieved using the fact that K [ir(ﬁ)] =0, where
KC is the operator used to take the divergent part of the series, defined formally as

+oo c +ooc
> 52] = ;’; (1.46)

n=—0oo

K

It yields the relation
0=K[1-%)Z], (1.47)

which is the definition of Z as a function of 3, order by order. Indeed, taking the parametrization,

2221—%22—%234—..., (148&)
Z:1+521+5ZQ+523+..., (1.48b)

and solving (1.47) order by order in the loop expansion completely defines Z recursively as a function
of ¥, yielding up to three loops

I-loop: 671 =K(%), (1.49a)
2-loop: 5Z2:K(6Z1il)+lc(22), (149b)
3-loop: 873 =K(6Z9%1) +K(6212) +K(X3). (1.49¢)

This efficient renormalization technique greatly reduces the number of diagrams to be computed as
compared to the traditional counter term technique.

Similarly, the computation of the renormalization constants Z, and Z, are derived from the
renormalization of the vertex parts. From (1.37) and (1.39), we have

s (P) =1+ (1—ﬁM(@)Z;:, (1.50a)

ﬁN,r(m:1+<1_ﬁN(m>Z;b1, (1.50b)
where we have introduced two intermediate renormalization functions

Zr, =2,2°, Zr, = ZyZ*. (1.51)

Then, similarly to the above procedure for Z, using the fact that I [l:I My (ﬁ)] =0and [1:[ Ny (ﬁ)} =0,
it is possible to extract the general expression of Zr, and Zr,

0:/6[(1—111\4(@)2;:}, (1.52a)
0=K|(1-Tw (@) 2z} (1.52b)

By combining (1.52) with the expression of Z (1.49), we are able to deduce Z,, and Zj from (1.51).

Once the renormalization constants are determined, we shall compute the renormalization-group
functions reading
db,

B _ dlogZ
~ dlogM

ﬁ . d/’LT —
n s dlogM

~ dlogM

Bb

(1.53)

) )
B B
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where the subscript B indicates that bare parameters, which do not depend on the renormalization
scale M, are fixed. More explicitly, the system of beta functions to be solved perturbatively is

ﬁu: _2€N7‘_,U’?“DZM7 (1.54&)
By = —2¢eb, —b,DZy, (1.54b)

where we introduced the differential operator

Olog X Olog X
DX =3, 83« + 5, ai . (1.55)

The solution to the linear beta system is then, in matrix form

Ologu, 2, Ologu, 2,

B Hor r Ly
"ol = e O Oby . (1.56)
b Ologb, Z;, . Ologb,Z, ;

& " Opur " ob,
Finally, the field anomalous dimension associated with the flexuron field reads®
n=DZ. (1.57)

Let us recall that, physically, it corresponds to the anomalous stiffness induced by long-range correla-
tions, such that the dressed flexuron propagator scales in the IR as

S(p) = (he(p)hr(—p)) ~p~ 7. (1.58)

Upon solving perturbativelly the RG-functions (1.54) and (1.57), it is well known that all of them are
determined only by the coefficients of the simple poles of the renormalization constants. However, in
the following we shall use a more pragmatic approach, consisting in computing the RG-functions (8,
By, m) directly with the complete (containing all kinds of poles) expressions of the renormalization
constants (Z, Z,, Zy). Then, if the RG-functions are finite (pole free), it implies that the full set of
constraints is verified. The finiteness of the RG-functions constitutes a strong check of the results,
together with the locality of the renormalization constants (no momentum dependency).

Finally, once the RG functions (8, 85, n) have been determined as a function of the renormalized
couplings u, and b,., we will search for the fixed points of the theory. Indeed, since the beta functions
characterize the scaling of the coupling with respect to the renormalization scale M, one can search
for the specific points where the theory is scale invariant, i.e., by solving the system

Bu(p™,b") =0, By(p",b%) =0, (1.59)

and obtain various fixed point coordinates (u*,b*) where the theory exhibits universal scaling behaviors
and such that n(p*,b*) is a universal number characterizing the corresponding phase, i.e., a critical
exponent. Since canceling one of the couplings leads to trivial solutions, we expect to find 4 types of
fixed points. First, a trivial Gaussian fixed point (P;) where pj =bf =0 such that the theory is non-
interacting. Second, a shearless fixed point (P}) (which we call P} instead of Py because this name
will be used in the two-field model), where puj=0 and b5 0. Third, a fixed point P35 with p% and
b5 =0, i.e., a vanishing bulk modulus (infinitely compressible). And finally, a fourth, non-trivial fixed
point (P4) where both couplings are non-zero, pj #0 and b} #0 which is the most interesting since
it corresponds to the fully interacting theory. Moreover, the mechanical stability of the membranes,
see (1.21), requires a positive shear modulus p* > 0 as well as a positive bulk modulus A\*+2u*/d >0,

3The mass anomalous dimension 7, is trivial and reads 7, =4 —d—1. See related footnote 2.
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i.e., b* > 0. The RG stability of these fixed points can be studied by searching the eigenvalues of the
stability matrix

_ (dﬁu/ dpr dBu/ dbr)
B dﬂb/dﬂr dﬁb/dbr ’
such that positive (respectively negative) eigenvalues indicates an IR stable (respectively unstable)

fixed point. We recall that an IR stable fixed point is attractive as the theory renormalizes down to
the IR and therefore controls the long range behavior of the model.

(1.60)

The questions are then the following. Are these fixed point existing? If so, are they located in the
mechanically stable region? Which one is stable or unstable in the RG sense? And finally, how are these
properties modified under higher-loop corrections, i.e., at two, and three-loop order? Answering these
questions will allow us to completely characterize the RG flow of the model and access its long-range
properties.

1.4 Perturbative calculations up to three loops in the EFT

In this section, we compute the renormalization constants of the model Z,Z, and Z;, (1.39), at one,
two and three-loop order. To do so, we compute order by order all the Feynman diagrams entering the
self-energy of the flexuron propagator (1.34) and the polarization of the R-propagator (1.36).

1.4.1 One-loop analysis

The one-loop, two-point and four-point self-energy diagrams are displayed on figure 1.5, with their
corresponding symmetry factors (S).

. o pr P—k 0 P4
p—k
'/ \\\ :’O:
o0 —b—e— [ D D
k B p2 k Y D3
(a) Flexuron self-energy Zsﬂ) (p), S=1. (b) Vertex self-energy VOE;)M; (P1,P2,P3,P4), S=1/2.

Figure 1.5: One-loop diagrams and their associated symmetry factors (S).

One-loop flexuron self-energy

The one-loop flexuron self-energy, figure 1.5a, has a symmetry factor of 1 and is defined as

E&lg(ﬁ): o _‘__} - : B :1X/[ddk]vogg)lﬁlﬁ(ﬁ’_Evgv_mség)ﬁl(E)’ (1.61)

p k

or equivalently with the second set of Feynman rules
1 a L 2 n(0) o ved(0) 7 0) (7
=) =1 [[@RE G -F) R (5~ T (F-pS0, (). (1.62)

After using one of the two equivalent sets of Feynman rules and contracting part of the internal indices,
the one-loop flexuron self-energy reads
d
(1) [d7F]
ECM

35 = 26008 [ SRR 5 F). (1.63)
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The latter can be expressed in terms of the one-loop J-function, defined in Appendix A, and yields

b+(d—2)p)

502 = - Son) (WERLD) -8RI 52 1)+ (4522)), (1.64)

where we dropped all one-loop J-functions containing null or negative indices, since they are equally
zero, see (A.14) in Appendix A. Then using the techniques of integration by part (IBP) reduction
[63—65] discussed in Appendix A, we may express the remaining J-functions on a reduced basis of
master integrals, the latter taking only ones and zeros as arguments, i.e., in this simple case

J(d,p,2,1) = —p~*(d—3)J(d.p.1,1), (1.65a)

which then reads
(b+(d—2)p) (p*)¥/*2
8(d—1)  (4n)d/2

SO p?) =~ (d+1)(d—2)G(d,1,1), (1.66)
where g(d,a,f) is the dimensionless master integral at one loop, also defined in Appendix A. Note
that due to the presence of a d-dependent combination of coupling constants in (1.66), the intuitive
combination b+ 2u does not factor in the expanded expression, and the finite term gets a non-trivial
combination of coupling constants.

Upon expanding (1.66) in e-series, the one-loop flexuron self-energy in MS-scheme then reads

. 5(b+2u) (-1 4 b
Wy 20+ (=1 4 b
=0 12(47r)2M25< R NT b+2u+o(g)>’ (1.67)

where L, = log(p? /H2) Note that we display here only the first terms of the series expansion to keep it
light. However, more terms of this expansion will be needed in the next sections in order to renormalize
properly the theory to higher loops. Indeed, this is due to our renormalization method that does not
require counter terms but instead makes uses of all previously computed diagrams expanded to higher
orders. In general, at a given L-loop order, the diagrams of loop order [ < L have to be expanded up
to O(eL~'=1) in order to compute the L-loop RG-functions and up to O(eX~!) in order to compute
the renormalized self-energies and polarizations. In the case of (1.67), one therefore needs to reach
the term of O(e) to be able to compute the three-loop RG-functions and up to O(g2) to compute the
renormalized three-loop self-energies and polarizations in the latter stages of this work, see section
1.4.3.

Combining (1.67) and (1.49) yields the one-loop field renormalization constant

5(br +2p4r)

12(dm)2e (1.68)

sz :,C[g(n(pz)} _

where we performed the trivial replacements jt — M?¢ i, and b— M?b,., that is enough at this order.
Also, using (1.68) as well as the first terms of the expansion of (1.45), we have straightforward access
to the renormalized flexuron self-energy

. . 5(by+241r) 4 by
(1) —(1) _571) _ 2\Ir T aPr) -
X =2 04 12(4m)2 (Lp 5 b r2n +O(5)> ) (1.69)

which, at this order, is trivially equal to (1.67) with bare quantities being renormalized and the pole
removed.
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One-loop vertex self-energy

The one-loop vertex self-energy, figure 1.5b, has a symmetry factor of 1/2 and is defined as

a p1 ﬁ—E 0 pa

1 o o 0 — 7S 0 -~ 7
Véﬁlé(plap27p37p4) = :Q: 2/[ddk]vc5,82yl§1 (plap%_k:_p"i_k)szglil (p_k)
p p
= 0 6 0 o 7T o o
B p2 k Y D3 X 5'51)31 <k)V051)B1’75(p_ /{:,k,p3,p4), (1'70)

where all p; are defined in-going, i.e., p = p} +po = —p3 — ps. This diagram can equivalently be expressed
with the second set of Feynman rules

1 — — — — Cd 0 — 7 e
VOEB)A/(S(plaPQap&]M) 2/[ddk:] ()(p17p2) abcd(ﬁ)lﬂglgl( —p+k,—k)
I T° 0 7m0 h(0)/ > -
% S‘glz“l (p k)S’(Yl)ﬁl <k) a{(ﬁl)< —k k)Réth(_)Fgé( )(pg,p4), (1'71)

which make obvious the factorization of the external legs out of the integration, i.e.
ab(0) /= =\ (0 1 cd0), -, 7 7
Véﬁ?yé(plvp2ap3ap4) F ( )(plap2)Rc(Lb)cd(m |:2/[ddk]r‘51’(ﬂ)(_p+ka_k)

P P ° 7 h -
x SO (k)8 (R Q) 7 k,m]R£3Lh<mrz5<°><p3,p4>. (1.72)

Here, the central term, in the brackets, is by definition the polarization operator Hgl)ef(ﬁ) This
procedure holds at all loop orders since only the polarization operator is taking loop corrections

VA5 s (51, B, 3.50) =T (51,52) Roge g (Yo (B B o ()T (B, 51, (1.73)

where L stands for the L-loop order. Using the Feynman rules and performing the contractions yields
the one-loop integral
7 ) =, [ RaRyns (1.74)
=—d, - : :
1 K (5 )
Then we are able to project the polarization on the basis of the M and N tensors, using a full
contraction with the normalized projectors defined in (1.17). It reads

1
HEW) (pQ) PabcdH((zb)cd7 (1 75&)
Hg\lf) (r*)=P, abcdH((zb)cd' (1.75Db)

Performing the contractions, reduction and integration, yields

i 2):7Mwﬂg(d 1,1), (1.76a)

M 8 (47T)d/2 d—1
ﬁ%)( 2) _ @(p )d/2*2 (d_Q)(d+1)G(d,1,1), (1.76b)

16 (4m)4? d—1

where II 1 (p?) and Oy (p?) were defined in (1.37). In expanded form, the one-loop polarization operator
in the MS-scheme then reads

W2y Gep (1 5
HM(p)_12(47rM€)2< s 3+O(€)>’ (1.77a)

= (1), o 5d.b 1 19
i =0 (i, 1.
N () 24(47rMa)2< e 15106 (1.77b)
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Combining (1.77) and (1.50) yields the one-loop intermediate renormalization constant

62 =K [ﬁg;; (p2)] — 12‘(14‘;)25 (1.78a)
5z =K [ﬁgy (p2)] - m, (1.78b)
and hence the field renormalization constants
67 =62 ~2670) = 105, ;; EZ; ;io)/“ (1.79a)
sz{) =62 —2520) = 5((dc21é)71:7)~ ;;8;”) (1.79b)

This allows us to compute the one-loop renormalized polarization operator. In projected form, it reads

depir(5—3L,)

7L 2y i) 1) _

Iy, (p7) =y, +02y ) = — 36(4m)? +0(e), (1.80a)
= (1) ; 2y (1) (1) deby(19—15Ly)

Iy, (") =11y +62y, = T2 +0(e). (1.80b)

Before computing the renormalization-group functions from the renormalization constants, we shall
proceed with the two and three-loop calculation of the self-energies.

1.4.2 Two-loop analysis
Two-loop flexuron self-energy

At two-loop, the flexuron self-energy has three corrections represented by the diagrams in figure 1.6,
labeled (a), (b) and (c).

p— k2 7
- o= . 1
‘,/ \\‘ B ,’ ,z' \‘\\ \‘ B // \\‘ kg IB
o ° o0 —b————o—0— o ——9—o—o—
— — — — — — 1
p p—ko P ko p Neor S
(2) S8 (5), S=1/2. (b) 22 (F), s=1. () SC (), S=1, (ko =k2—F1).

Figure 1.6: Two-loop flexuron self-energy diagrams and symmetry factors (S).

We first consider the diagram of figure 1.6a, defined as*

a ’ N k2 1 . - - — — . —
sp= Vo =y ARV, P Ry - R B8 (- R
T 7 O T T 9® (L Eg® (F
p 7— ko X Vs 625 5(—F1+ ko, k1, p— ko, —p)S_ 5 (—k1+k2) S, 5, (k1).

(1.81)

40r equivalently as Effg) (» :f[ddkﬂVoE,lyzw(ﬁ, —p+ ko, p— Eg,—ﬁ)Ség) (F— ko)
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Performing the contractions, the reduction, and the integration, yields the exact result

de (p*)"* (d—3)(d—2)(d+1)

500 () = -5 (4m)® (d—1)(d—6)(d—4)

[(d+1)b*+2(d—2)p*|G(d,1,1)G(d,1,2—d/2). (1.82)

Performing the e-expansion in the MS-scheme yields:

- de(5b>+4p®)] 1 1/53 302
") 288(4mMe)4 | 22 * e \ 60 pt 1062 + 842 +0(e7) (1.83)

We then consider the diagram of figure 1.6b, which has a symmetry factor of 1 and is defined as

p— ks
=& (5) = =1x / [A%k1][A%k2] VL") o 5(F,— K2, K2, — 1) S O, (R2)
(6] —‘—‘—0—0— ﬁ
Pk x VO o (ko k1 k1, —k2) S5 (K2)S(0, (F1).  (1.84)

Performing the contractions, the reduction, and the integration, yields the exact result

(b+(d—2)p)” (p?)** (d—3)(d —2)(d+1)?

£ () = — 5 (4m)? (d—6)(d—4)(d—1)

G(d,1,1)G(d,1,2—d/2), (1.85)

and performing the e-expansion in the MS-scheme yields

- 25(b+2u)2 [ 1 1/11 b
$(26) (1,2 — ey — 0y, 1.
") = Taa@mareyt |22 T2 \Go e T ey ) TOE) (1.86)

Finally, we consider the diagram of figure 1.6¢c, which has a symmetry factor of 1 and is defined as

k1
(2¢) 4 \\ k2 d d (0) eI A M MU MRl () IO X
Eaﬁ (ﬁ): o E‘—Q\?O—,O— B =1x [d kl][d kQ]Vaa15253(p7_p+klak2_kh_k?)salag(p_kl)
ko1
pEETIas 0 N R U 0 (. _ 730 (3
X Vogzt)lsﬂlﬁ(p_ k1, —ko +k1’k2’_ﬁ)56(¥3)/32 (k2 o kl)sfg’s?& (k2)

(1.87)
Performing the contractions, the reduction, and the integration, yields

1 (p*)** 1
256 (4m)? (d—6)(d—4)(d—1)3

2 (p?) = G*(d,1,1)

x | (d" —28d° +313d° — 1686d” +4388d> — 4864d* +976d + 960)b*
+2(d® —26d" +277d° — 1556d° +4956d* — 8832d> 4 7680d? — 1408d — 1152)byu
+ (d® — 248 +245d" — 1394d° +4936d° — 11464d* +17008d> — 14048d> + 4032d + 768) 11>

L (")t d—3
12 (4m)? (d—6)2(d—4)2(d—1)2

G(d,1,1)G(d,1,2—d/2)

x | (2d° —26d° +93d* 4 35d> — 604d> + 524d + 336)b*

+2(d" — 14d°® 4 64d° — 57d* — 366d> + 1012d> — 616d — 384)bu
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4 (d® —15d" +82d° — 188d° 4 44d* 4 788d> — 1776d* 4+ 1232d 4+ 192) ui? | . (1.88)

Performing the e-expansion in the MS-scheme yields
2 2
£20(;2) = 5(121b6% — 56bu +52u2)
5184(4m Me)4e
which contains only a simple pole and no non-local terms at this order. This comes from the fact that
this diagram does not have any divergent subgraph.

+0(eY), (1.89)

Two-loop field renormalization constant

Summing all the two-loop self-energy diagrams yields, in the expanded form, the following
$(2) = $(20) 4 53(2b) 4 $(2¢)
_ 5(50%(de+2) +40bu+4p*(d.+10)) [ 1
B 288 (4w Me)* 2e2
1 5b(213d,. + 668) +4360bs + 4% (159d,. + 460) 0
+-( Ly 5 5 O(e")
180(5b2(d,. +2) +40bp + 42 (d. +10))

- (1.90)

In (1.90), it is enough to perform the trivial replacement p— M?¢p,., and b— M%b, to renormalize
the couplings. More generally, at a given L-loop order, all the L-loop diagrams can be processed using
this trivial map. However, non-trivial replacements including the renormalization constants, namely
(1.39), are needed only for diagrams with [ < L loops. Indeed, from (1.49), the definition of the field
renormalization constant at this order reads

52 :IC[E(Q)} +l€[i(1>52<1)} , (1.91)
where (1) is now needed up to O(e), therefore requiring a non-trivial replacement of the bare quan-

tities, i.e., u— ZL(LI)MQELLT and b— Zél)M%br. This is easily achieved from (1.66). Being careful with
the loop and e orders then leads to the two-loop contribution to the field renormalization constant

620 =K [S®] + K|SOk [SW] |

-5 1
= | (5(de+2)b2 +40b, 1 +4(de+10)
576(4m)" [52 (5(de+2)0% 440+ 4(de + 1027
1
+ 500 (5(15dc —212)b% +1160b,. 1, — 4(111d,, — 20),%%)] , (1.92)

where all the non-local terms, i.e., the L, dependency, vanished as expected in the MS-scheme. As
mentioned earlier, the L, cancellations in the renormalization constants is a strong check of the com-
putations.

We are now in position to compute the two-loop contribution to the renormalized self-energy.
Expanding (1.45) to two-loop order reads

50 50 _ 570 1 57050

T 20736(47)*
+4(805d, — 6912(3 +12708) 7 + 180 (5(dc+2)b3 +40b, pi + 4(d. + 10);&) L

[(3239dc — 69123 4 19024)b2 + 8(432¢3 + 1651) by 1oy

— 20(11(9dc+40)b2 + 3200, 4ty +4(27dc+44)M3)Lp] , (1.93)

where an expansion of all the diagrams up to O(¢”) was needed. This reveals terms proportional to
(3 ~1.202, which is the Apéry constant or equivalently the Riemann (,, function at integer value n =3.
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Two-loop vertex self-energy

At two-loop, the self-energy of the flexuron four-point interaction (or equivalently the R-propagator
polarization) has two corrections represented by the diagrams in figure 1.7, labeled (a) and (b).

a pi . 7 0 Py a p 0 Py
b—nR2 kl k’Q
ko
B Do v D3 B Do v D3
(a) V.2 (51, fs), S=1. (b) V&) (1. . 1), S=1/2.

Figure 1.7: Two-loop vertex self-energy diagrams with their symmetry factors (S).
Note that kip = ki —ky and p'=p1 +p2 = —p3 — -

We first consider the diagram of figure 1.7a, which has a symmetry factor of 1 and is defined as

@ p1 p k2
VB ns) = —1 >< ddkl][dde]Véﬁ)w 5, (BB, — D+ Ko, —F2) S5 (En)
x VO s (k=K K, k) S5 (k1)S§), (ko)
z P x Vélgwg(l@,ﬁ— 52753354)5§1)51 (F— ko), (1.94)
where p'= pi +ps = —p3 — p4. It can be re-expressed in the following form
Vigy)g(phﬁ%ﬁs,@) re aNo )(p1,p2) fi‘ii(ﬁ)Fifs(o) (P3,04), (1.95a)
Rc(j)(;d (p)= Rabe +(P) He fah (17) Rf](;z)cd (P), (1.95b)

where Hgf;)h(ﬁ) is the two-loop polarization associated with the diagram. Using the Feynman rules
and performing the contractions leads to

(2a0) (= _ [d%k:][d?k,) 7o z ©) T Ni(T  TNi(T  Tym
Hefgh(m4dc/k§(ﬁ—E1)4(E1—E2)4(kl P)e(F1) p (k1= D) g (KRR, i, (—k2) K1 (k1 = k2) Ky (k1 — ko)

(1.96)

Decomposing this self-energy on the basis of the irreducible tensors, performing the reduction of the
integrals yields

N o 2\d—4 o o

1120 (p?) = _dC“(Héd 2)i) (}()47)7)61 Ej_zig_i;gi;G(d,l,l)G(d,1,2—d/2), (1.97a)
- _ 2\d—4 _ _ 2

1) () = GG 2-df2), (197)

where Iy (p?) and IIy(p?) were defined in (1.37). In expanded form, in MS-scheme, it then read
~(2a), 9\ odep(b4+2p) [ 1 1 /53 b 0
I = o (L L
a0 72(4m Me)* 252 o 60 T 2120 +0(e)], (1.98a)

= (2a) 25d.b(b+2p) 1/41 b 0
" () = 144(dn e ) 2€2+ 60 Lot aaa ) TOE)) (1.98b)
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We then consider the diagram figure 1.7b which has a symmetry factor of 1/2 and is defined as

0 P4
kiz
Vo%?& ‘ /ddkl dde]Vosﬁ)%él(php% kl,—p+k1)S() (p kl)
©) (2150 (&
7 x V’y as 5252 (kl,fﬁz,ﬁf&,fﬁJrk )SOQO‘I (k )57172 (kl)
> L a0) o
X Vogl)ﬁl'y(;(kQ)p_ k27p3ap4)822)61 (p— k2)7 (199)

where p'=p1 +po. Decomposing this self-energy on the basis of the irreducible tensors, performing the
reduction and the integration, yields the two projections of the polarization

2\d—4
Iy 2):%(1(?4;)61 (d—6)(d—4)éd—1)3(d+1)G2(d’1’1)
x [(d® —13d* +54d® + 60d* — 744d + 672)b
+(d® — 15d° +80d* 4 16d° — 608d> + 1456d — 960) 1]
dep (p?)*—* d—3
24 (4m)d (d—6)2(d—4)2(d—1)2(d+1)
x [(d®—10d® +27d" +10d* — 164d* + 184d+ 672)b
+(d" —8d° +39d° — 160d* + 208d* + 16d* — 240d — 576) u] (1.100a)
dcb <p2)d74 1
512 (4m)d (d—6)(d—4)(d—1)3
x [(d"—28d° +313d” — 1686d" +4388d" — 4864d” + 976d +960)b
+(9d® — 174d" +1377d° — 5768d° + 13784d"* — 18936 + 13584d* — 2784d — 1152) ]
_deb (p*)! d—3
24 (4m)4 (d—6)2(d—4)2(d—1)2
x [(2d° —26d° +93d" + 35d° — 604d” + 524d + 336)b
+(2d" —22d° + 57d° +157d* — 982d° +1700d* — 984d — 288) 1] . (1.100b)

G(d,1,1)G(d,1,2—d/2)

ﬁg\?b)(pQ) = GQ(daLl)

G(d,1,1)G(d,1,2—d/2)

In expanded form and in MS-scheme, these results read

~(2b) _ 5dcb(b+2u) [121
Iy (0") = 0368 @mare )t

15 (%) = -
+O(€0)]. (1.101b)

Similarly to the diagram 2b in the flexuron self-energy, the results (1.101) shows only simple poles.

Two-loop couplings renormalization constants
Summing the two contributions, (1.98) and (1.101), yields the total two-loop polarization projections
=~ (2 ~(2 ~(2b
HM@%=HM%ﬁ%+&/<%
_ 5dep(b+2p)
72(4m M)t | 22
=~ (2 2 2
0 (%) =TI (%) + 177 (v

N
_ 25d,b(b-+2p) 1 1(367 b .
SRy (LA IR S— e YEU 1.102b
144(4n M=) [ 2 5<360 p+2(b+2u))+ (¢ )} ( )

J% (313 I +b)> +o(50)} (1.102a)

360 P 2(b+2u
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From the above results, we compute the two-loop contribution to the intermediary renormalization
constant

~ 2

021 = —’C[HS\?} +K [52&’ ] +IC[5Z( )H(l)}
defir 36 1

m [ (5br + (10+dc)ur) +-(107b, +574ﬂr):| : (1.103a)
o280 =[]+ o2t ozt
5

4 1b, —1 : 1.1
576(477) [ (( de)br + ﬂr) 13 (9 by 78/%)} (1.103b)

Hence, we can compute the coupling renormalization constants
522 =529 _252® 2570521 1 357D
H F,u FH

1 [18 )
B 42 2(de+2
= ST8aG [ ( 0(3de +80)by . + 25(de + 8)b2 + 2(do +20) 2y )

1
+- ((107dc—|—1160)br,ur—|—5(15dc—212)b$+10(13dc+8)p3)] : (1.104a)

57 =622 ~252%) —252W521) + 352

1 5
=— | 5 (20(3de+16)by iy + 5(de +4)%0% +8(d. +40) 2
576(471’)4[62< (3de +16)byptr+5(de+4)7b; +8(de+ )ur)
1
+1—8€(10(89d +232)b, gty — 5(61d, +424)b% — 8 (111dc—20)p%)]. (1.104b)

Similarly to the one-loop case, the cancellation of the L, contributions is a strong check of our computa-
tions. These results also allow us to compute the two-loop contribution to the renormalized polarization
projections

=(2) 2y _ 7(2) <2) () <1) 1)2
My, (p%) =T0y, +02) — 62y, — 82y, (1.105a)
dcﬂr 2
~ 5T8a0(dm)A [2(13187+ 260L,, + 1800L2 — 12096(3) 1y
— (6863 — 3860L,, -+ 1800L2 — 864§3)bT] ,
1 (p?) =12 622 —sz0mY — 57" (1.105b)

)

dcby 2
— % [5(7065—2780L, + 1800L2 — 6048C3) 1y
20736(47)? 2 p 18005, G
+ (12751 — 6380L, + 180013 — 3456(s)b; |-

1.4.3 Three-loop analysis
Three-loop flexuron self-energy

We now consider the three-loop flexuron self-energy that consists of 15 independent diagrams, all dis-
played in figure 1.8 and labeled in alphabetical order from a to o. There are 9 diagrams (a,b,c,d,e,i,7,m,n)
of the Ladder (L3) topology, 5 diagrams (f,g,h,k,l) of the Benz (B3) topology and one diagram (o) of
the Non-planar (N3) topology. All of them are displayed with their corresponding symmetry factor (S)
that are either 1, 1/2 or 1/4. Moreover, by symmetry, 3 diagrams (4,7,l) should be taken into account
twice. We therefore add an explicit factor 2 to their symmetry factor (S).
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/, \\ /
oy : \
3 , (L3). ¢) 8% (5), s=1, (L3)

/7
5
a b
(a) 55 (7). S=1, (L3) (b) £ (5), s=1/2, (
Q O\ /// \\\ 4 \\
// \‘ // . . \\‘ ,/, \
& 4 ! ’ S ’ N o 4
o & P ; . Y
5(3d) _1 - (3¢ (3/) 1
(d) X5 (9), S= 7, (L3). (e) 55 (p), s=1, (L3). (F) a5’ (8), S=15, (B3)
,’, \\\\ / L= \\‘ ,,"—-‘\\\
\\ ! , N e \
\ —b—¢——ooo— / el N
\ /' ! / \ \
\\\ /// '\\‘ ,’ ‘ ‘ ‘
() S8 (5), S=2x1, (L3).
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,/G\\ . ,/,’ i \\\\
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/ ! N —b—4é—9—o—o—o—
[] 1
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) =8 (B), s=2x1, (B3).
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\ J
) 3 (39) 3k
() Xop (D), S= 2x , (L3). (k) =5 (5), S=1, (B3).
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(m) 5557 (7), $=1, (L3).
Figure 1.8: Three-loop flexuron self-energy diagrams and their associated symmetry
factors (S). Momenta arrows have been dropped to keep it light.
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Proceeding along the lines of the one and two-loop cases, i.e., performing carefully the contractions,
reduction, integration, and & expansion of the 15 diagrams as well as summing all of them together
yields the complete three-loop flexuron self-energy

S (p?) =56 (p?) + £6) (p?) + .. 4 S (p?)
6—36Lp 5
T 20736(4mM=)5 [
+100(d + 18)by® +8(de+10) (de+ 15);5‘)

5 (50(5dc+18)b2u+25(dc+2)(d6+3)b3

4
+ 1o (25(565dc+2604)b2u+50((39dc+265) - 449)d, b

+20(296d,. +2595)byi> +4((147d, + 2105) +5050)dcﬂ3>

TR ((30375(dc+2)(dc+3)@ +2592(171d, + 524) (3 — de(346320d, + 2837779) — 5182746) b°

+8(1215(de +10)(de 4 15)Ca + 648(48d,. +2669) (3 — 2d..(6516d,. + 152741) — 3328149) 1
+12(10125(d,. + 18) (o + 648(44d.. +597) (3 — 144560d,. — 1933147) by

+6(10125(5d. +18)C2 +5184(5d. +71)(3 —516735dc—2336048)b2u> +0(50)] , (1.106)

where the L, dependency has been factorized out in a front e 3*» term for the sake of brevity.
However, it’s worth stressing out that all computations were carried out with explicit L, terms, such
that their cancellation in the next steps provides a non-trivial check of the computations. Let us also
emphasize that this computation required the computation of a total of ~ 130000 three-loop integrals
via the techniques of IBP reduction, provided in Appendix A.

We can now compute the three-loop contribution to the field renormalization constant
629 =K[S0] +K[62DSW] + K [5205C)]

1 5 .

= | 5 (50(5d.+18)b% 11, +100(d,.+ 18) by s +25(d, +2) (de.+ 3)b2

1
+8(d.+10)(d.+ 15);@’) + 53 (50(311dc — 480)b% 11, — 20(283d,. — 3000) b, 11

+25(15d? — 319d, — 1060)b> — 8(3d.. +5)(37d, — 100),5:)

— 5 (6(18144(5d. +2) s — 56445, +221204) b1, +12(1296(50d, + 57)Gs
&
—82681d, —108974) b, u2 — (5184(9d. + 16)3 — 41625d2 + 180563d. + 516252) b2

+8((1395d,. — 124416(3 + 188605)d. + 659664(3 — 652398)@) +O(50)] . (1.107)

And finally computing the three-loop contribution to the renormalized flexuron self-energy

SO (p2) = £6) _5203) 4 57050 4 57052)
1

~ 13436928(47)6

+32(3750624C5 + 10206¢4 — 6006960C5 + 1500773) b2 11,

+4((216345168(5 4+ 583200, — 3247257605 -+ 75106109)d, + 2(82306368(;

+332424¢, — 122472000C5 + 27546817) )by 12 — ((3(540003 + 52087)d, — A774032(s

+139968¢, + 11876687)d, — 12(2260872(3 — 20736¢4 — 1658880(5 — 2141599))b?

—8((3(2160¢3 + 7681)d,. — 243603504C3 + 373248C4 + 369515520(5 — 90673907 d,.

2((41014512¢3 + 816480¢4 — 55987200(5 + 7390987)d,.
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—2(103991040(3 + 9894964 — 1643846405 + 44356427)) 2

—12 (6(2592(15dc +52) (3 — 108355d,. — 452468)b2 11, 4 12(1944(16d.. +79)(3

— 67768d, — 483607)b, 112 + (2592(51d,. + 164) (3 — 52065d> — 780274d, — 1663086)b>
—8((2925d,. +31104¢3 +12997)d,. — 796392(3 + 1183509);@?) L,

— 540 (30(91dc—|—632)b2,u,r +12(163d, +820)b, 412 +5(99d% +813d,. + 1532)b>

+8(3(9d. 4 91)d. 4 640) 13 ) L2 + 3240 ( 50(5d,. + 18)b? st + 100(d. + 18) by, 11
p

+25(de+2)(de +3)b3 + 8(de + 10) (de + 15);&) Lf)} . (1.108)

Three-loop vertex polarization

Finally, we consider the three-loop vertex self-energy that consist of 11 independent diagrams, all
displayed in figure 1.9 and labeled in alphabetical order from a to k. There are 7 diagrams (a,b,c, f,h,i,7)
of the Ladder (L3) topology, 3 diagrams (d,e,g) of the Benz (B3) topology and one diagram (k) of the
Non-planar (N3) topology. All of them are displayed with their corresponding symmetry factor (S)
that are either 1, 1/2 or 1/4. Moreover, by symmetry, one diagram (f) should be taken into account
twice. We therefore add an explicit factor 2 to its symmetry factor (S).

Proceeding as for the one and two-loop cases, i.e., performing carefully the projections, contrac-
tions, reduction, integration, and the expansion of the 11 diagrams as well as summing all of them
together yields the total result

057 07) =T () + 157 0F) + -+ T )
5pdee 35ty [ 1

_ 2 2
o3 (5(dc+8)b +160by+ 4(de +40) 1 )

T 5184(4wM#)6

1 2 2
t o (5(82dc+739)b 98300y 4 2(137d, +3250) )

1
~ 31002 <(5dc (6075C2 +5832(3 — 89497) +30(8100, + 15120¢5 — 124853) ) b2

+(240(4050; — 257313 — 10517) — 39200d,.) b

+ (4, (6075, — 81648(3 +19591) + 360 (2700, — 37404C3 +21511))u2) + 0(50)} . (1.109a)

MY () =T () + 1" (07) + -+ 1107 (p?)
5bd.e—<br [ 5

- 2 2
= (5(dc+8)b +160bp+4(d, +40) )

T 5184(4w M#)S
1

+3e2 (5(209dc+ 1838)b? —|—26860bu—|—8(91dc+2525)p2>
5

1
~ 392400 ((5dc (60752 +23328(3 — 131779) + 6 (405002 + 165024¢3 — 827623)) b

+(120(81005 4 44280¢5 — 126979) — 3920d,.) by

+ (4 (6075 -+ 40824C3 — 118343) 4 288 (3375 + 21204(3 — 42083)) ;ﬁ) +0(e° )] . (1.109b)

where, once again, the L, dependency has been factorized out in a front e3¢y term for the sake of
brevity, but all computations were carried out with explicit L, terms, such that their cancellation in
the next steps provides a non-trivial check of the computations. This complete computation required
the use of the ~ 130000 three-loop integrals computed in the previous section plus ~ 350000 new ones,
via the techniques of IBP reduction defined in Appendix A.
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Figure 1.9: Three-loop vertex self-energy diagrams and their associated symmetry fac-
tors (S). All momentum parametrizations and indices have been dropped to keep it
light. All external momenta p; ={pi,p2,p3,p4} are defined incoming. One might be
tempted to call them TIE diagrams, in reference to the similar-looking ships from Star-

Wars.
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From all the previous results, we can now compute the three-loop contribution to the intermediary
renormalization constants

~ ~ ~ 2~ 3
62§ = K[ |+ 62003 | + K 02211 | - K [52&) ngﬂ oK |oz 62| -k [528} }
dept

1
=—— 0 | —(20(3d. +40)b, iy +25(d.+ 8)b2 +2(d. +10) (3d. + 40) 2
10368 ()0 LS(O(?’ +40)byfr +25(de -+ 8)b2 +2(d+10) (3, +40) 42

1
* 3622 (4(321dc+9040)brur+5(167dc+8)b$+20(313dc+2312)u2)

1
+ o (32(980dc + 27543+ 3801)by uy + (34987d,, — 384(459C5 — 296) ) b2
19

+4(5317d, +80352C3 + 93600) ) 2 + O(eo)} , (1.110a)
~ ~ ~ 2~ 3
62f) =Kk [0Q] + x|z 1] + ko201 | -k [52&) Hﬁ)] 20202 | - K [523} ]
_db, [
- 41472(47)6
25

g (4(267de+224)b, p, — (577d.+ 1576)b7 — 4(71d, —728)27)

5 (40(3dc 48)by iy +5(de+2) (3de 4+ 8)b2 +8(d, +40)u?)

_I_

e (2240(7dc — 6(54C3+5))brpty + (371495d,, — 2280965 -+ 614832)b?

+4(87893d,. + 425088(3 — 248616);&) + 0(50)} : (1.110b)
And then computing the three-loop contribution to the renormalization constant of the couplings
02 =02 —252% —26 2522 —252P6 2 + 352(”252&) +652W52® _4570°
= 103681(4@6 ng (100(dc +10)(de+36)b2 iy +40((3d + 145)d,. + 1800) by 112
+125(de+6)(d, +8)b3 +6(dc+20)3u§>
+ % (5( (257d,. +8940)d,. — 26880)b2 11, +12((107d,. + 3260)d,. +28000)b,. 11>
+50((15d, — 184)d, — 2968)b2 + 140(d,. 4 20) (13d,. + 8);@?)

1
~ 618e ((20736(61dc +21)(3 — 34987d2 — 791004d,. 4 2654448)b 1,
9

+ 8(648(283d,. + 342) (3 — 3920d% — 263247d,. — 326922)b,. 11>
—2(5184(9d, +16)(3 — 41625d> + 180563d,. + 516252)b>

+4((263d, — 578016¢3 + 660820)d, + 26386563 — 2609592) u?) + 0(50)] : (1.111a)
528 =529 —262® — 2520522 — 25252 + 3520521 + 6520522 —452)°

1 5
= | = (160(d.(d.+62 brp?+4 de+29)de+72)b2 1y

+75(dc+4)3b§+32(dc+30)(dc+40),u§)

1
+ 5 (300((89d. +484)d. — 896874, +20((3972— 1021d.)d, + 33600)b, 4
—175(d+4) (61d,. +424)b? — 32((111d,. + 4880)d,. — 1400) ui’)

T (8(36288(10dc +3)¢3 — 1960d? — 160935d,. + 663612)b? 11,
9
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+4(5184(68d, +171)(3 — 87893d? — 743556d,. — 1307688) b, 11
+ (41472(d, — 8) (3 — 204995d* — 1337084d,. — 2065008)b?

+32((1395d,. — 1244163 4 188605)d,. + 659664(3 — 652398)u733) +O(50)] . (1.111b)

All the above results also allow us to compute the three-loop contribution to the R-propagator polar-
ization projections:

~ ~ ~ 2 3
0, () =105 +62{) — 5215 + (5251#) - 5Z§f}) 1) —202{622 + 62

_ firde
67184640 (4)S

+28920240¢3 — 165240C4 + 30851634) b, 11, + (28429488(3d,

—622080(63d.. +146)(5 +4895207d,. + 77296032¢3 + 2643840, — 11407688)b;

+4(9(43511376¢3 — 666144005 + 16738993)d.. 4 8(167805432¢3 — 1506604

[8(78783408§3dc — 77760(1545d,, +812)Cs + 298265394,

— 2754842405+ 84287719) ) 2 + 12 (80(980dc + 532983 — 29007) by 11y
—5(1296(3d. +92) (3 — 43877d.. — 367500)b?

+4(1296(42d,. + 1835) (3 — 12749d,. — 2145660)@2) L,
—2700 <(163dc+ 1968)b2 +2832b, 1, +4(47dc+96)u$> L

432400 (5(d0+8)b2 + 160b, 1. +4(dc+4o)u2> L;’;} : (1.112a)

~ ~ . 2 ~ 3

0y, (p) =113 +62) — 62T + <5Z§f - 52@) Yy 262622 + 621
b,
 26873856(47)6
+3847500; + 34020C4 — 933261) by 11+ (3(930672(5 + 6220805 — 2835595)
+8(4245372¢3 + 85536, — 2488320(5 — 5320957))b2 + 4( (1448621283 — 219749760(5

4 53345485)d,. + 8(22129200(3 — 159408, — 34972560¢5 + 8943373)) 2

[64(1235520C3dc —T7760(24d,. +49)(5 +450089d,.

+12 <160(49dc —23652(3 +42723)b, 1 — (5184(15d.. + 142) (3 — 4555454,
—2844276)b% — 4(1296(21d. +676)(3 — 101047d,. — 1142832)/;3) Ly,
— 540 (5(289dc+2976)b,% + 34320, 41, —|—4(361dc+5520)u2> L

432400 <5(dc+8)b$ + 160D, 44 —|—4(dc+40);ﬁ> Lf;} : (1.112b)
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1.5 Renormalization group and fixed points

In the previous section, we have computed explicitly and exactly up to three-loop order the renormal-
ization constants of the flexuron field and the couplings. In this section, we will use them to derive
the renormalization-group functions of the effective flexural model. To do so, we first derive the beta
functions by solving the system (1.54) up to three-loop order, reading

pr-(10b, + (de+20) ) L (5(15d. — 212)b2 + (107d.+ 1160)by 1, + 10(13d. + 8) p2)

=2
e 6(4m)>? 1296 (47)1
fir \
- 12(d,(41625d, — 1 —516252— 5184 1
TTT0744(4m)° (de(41625d, — 180563) — 516252 — 5184(9d,. + 16)C3) b

— (d.(34987d,+791004) — 2654448 — 20736(61d. + 21)(3) b2 iy
— (8(d,(3920d, + 263247) + 326922) — 5184(283d,. + 342) () by 112

+4(d.(263d,. +660820) — 2609592 +2592(1018 — 223d,.)(3) 12 |, (1.113a)
By 2% +5br(br(dc+4)+8ur) b, (5b2(61d, +424) — 10, (89d. +232) pi, +8(111d, — 20) 1)
b= e 12(47)2 9592(4r)?
b
— L (7d.(29285d.+191012) + 2065008 — 41472(d,. — 8)(3) b>

+8(5d.(392d,. + 32187) — 663612 — 36288(10d,. + 3)C3) b2 i,
+4(d(87893d, + 743556) + 1307688 — 5184 (68d, + 171)(3) by s

—32(5d,.(279d, + 37721) — 652398 — 1296(96d,. — 509)(3) 112 |, (1.113b)

together with the anomalous dimension of the flexuron field

5(br+2p,)  5b2(15d. —212) 4+ 1160b; 41 +4(20 — 111d,.) 2
6(47)2 2592(4m)4
1
+1119744(47T)6 (

d.(180563 — 41625d,.) + 516252+ 5184(9d,. + 16)(3) b

+6(56445d, — 221204 — 18144 (5d. +2)C3) b2 i
+12(82681d,. + 108974 — 1296 (50d,. + 57)(3) by 1

— 8(5d,(279d, + 37721) — 652398 — 1296(96d,. — 509)C3) 12 |, (1.114)

which are the main result of this chapter®.

From the S-functions, we may now compute the fixed points up to three-loop by the system
Bz (p*,0*) =0, x=p,b. The solving is indeed perturbative, i.e., we suppose an ansatz of the form
p=pMe+puPe? 433 4 ... and similarly for b, and solve order by order. From one to three-loop
accuracy, there are 4 fixed points, as advertised in the discussion below equation (1.59).

1.5.1 Gaussian fixed point P,

First, the Gaussian fixed point P; reading

pi=0+0(")

Pi:
Vb =0+0(e)

} (Gaussian), (1.115)

SWe also computed the mass anomalous dimension and checked explicetly that 7,, =4 —d—7. See footnotes 2 and 3.
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where both couplings are trivial. At this point the theory is completely free, i.e., non-interacting. This
point is twice unstable in the RG flow sense, i.e., the eigenvalues of the stability matrix (1.60) are both
negative, implying that this fixed point is repulsive in all directions as the renormalization flow goes to
lower energies. In this trivial case, the corresponding flexuron anomalous dimension is also vanishing

n(P1) =0+0(e*). (1.116)

Indeed, no interaction means no anomalous scaling of the correlation functions, i.e., no critical expo-
nents.

1.5.2 Shearless fixed point P/,

Second, the shearless fixed point P}, reading®

P,: pu3=0+0(e") (Shearless), (1.117a)
24e 96 488 768
2= (4m) [5(d0+4)+(5(dc+4)3+75(dc+4)2>€ +<5(dc+4)5
32(10368¢; — 18371)  8(3456(3 +37643) 81998 s
_ - 0 1.117b
5625(d, +4) 5625(do1 4 3tz )° TOE)] )

with vanishing shear modulus p5 and a non-trivial value for b5. The absence of shear is a characteristic
property of fluid membranes, although a dynamical connectivity would also be needed, which is not
the case here [31]. The two-loop order correction to this fixed point has first been computed by Mauri
and Katsnelson [55]. Let us remark that the Poisson ratio is not properly defined for this fixed point
since it reads by — it
/

v(Py) = -2+ (1.118)
which is singular as p5 —0 and d —2. As for the eigenvalues of the stability matrix (1.60), it reveals
that it is unstable in the p, direction, and stable in the b, direction. The anomalous dimension of the
flexuron field is also non-trivial and reads

4e 16 20 2 128
Py) = — i —= 1.119
n(P2) dc+4+<(dc+4)3 3(d6+4)2+3(dc+4)>€ +((dc+4)5 (1.119)
_ 16(10368; +2029)  4(5184Go +58177) | 4(38S8G;+21239) 3T\ 4
3375(d, + 4) 3375(d, +4)3 3375(do +4)2  9(de14) ‘

We then observe an interesting structure in the perturbative series with denominators in powers of
1/(4+d.). Indeed, in the physical case d. =1,

4e  2e%  (119232¢3 —120079)e?

4
= 1.12
5 375 2109375 +0(), (1.120)

which mean that each term of the series gets divided by increasing powers of 1/5. Numerically, this
series reads

n(P5) = 0.8000¢ — 0.005333¢2 +0.01102e® +- O (%), (1.121)

where we indeed observe very small coefficients. Naively, in perturbative multi-loop computations, one
usually expect perturbative series to be manifestly asymptotic. However, in our case, we observe that
the asymptotic nature of the series is alleviated, at least for the first terms, thanks to the apparent
structure in 1/(d.+4), allowing the first terms to be small and in some cases even decreasing. In the

SWe recall that we named this fixed point P instead of simply P; because this name is reserved for the two-field
case. As we will see in the next chapter, contrary to the other fixed points, P2 in the two-field model does not identify
exactly with P% in the effective flexural model.
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particular case of (1.121) we still observe that the third contribution is twice the second one. Therefore,
we expect the asymptotic nature of the series to manifest at higher orders, such that resummations will
be needed. As we will see in the following, structures in 1/(n+d.) will be also present for the next fixed
points, with bigger values for n, such that the three-loop coefficient will be smaller than the two-loop
one. In this case, we will follow the empiric “Optimal Truncation Rule” that if the first terms of an
asymptotic series are small and decreasing, simply summing them provides a good approximation” of
the series, see [66]. Indeed, taking raw ¢ =1, in the series yields successively

M-1oop(P5) = 0.8000, N2-1oop(Py) = 0.7947, N3-100p(P5) = 0.8057. (1.122)

The one-loop result has been first obtained in [29], the two-loop result (32 year later) in [47,55], and
the three-loop result in [1]. The four-loop result is still unknown, since the four-loop study [57] was
carried out in the two-field model, where Py is different from PY,.

1.5.3 Infinitely compressible fixed point Pj3

Third, the infinitely compressible fixed point P3 reading

. 12¢ 1630 260 470400
Ps: = (4m)” [dc+20 + <(dc+20)3 - 3(dc+20)2> : <(dc+20)5 (1.123a)
8(591624¢3 — 709633)  4(144504¢5 — 171025) 263 ; .
9(d.+20)"  27(d.+20)3 27(dc+20)2>5 +0( >] ’
b5 =0+0(ec?) (Infinitely compressible) (1.123b)

with a non-trivial value for the shear modulus p3 but a vanishing coordinate b3, i.e., a vanishing
bulk modulus since box B=A+2p/d. In this case, the invariance under uniform compression can be
interpreted as a conformal invariance [31,58]. As for the stability, it is once unstable, i.e., attractive
in the p, direction but repulsive in the b, direction (which is exactly the opposite of P5). Let us also
note that the Poisson ratio is trivial for this fixed point since it reads
b3 — 113

U(Pa) = -1 1.124
in any dimension. This implies that the membrane, in this infinitely compressible phase, exhibits
maximum auxetic properties, i.e., a longitudinal compression of an amount = will result in a transverse
compression of the same amount x.

This infinitely compressible fixed point leads to a non-trivial value for the field anomalous dimen-
sion of the flexuron

20¢ 2800 1060 74 784000
P3) = — i — 1.125
n(Ps) =355 ((dc+20)3+3(dc+20)2 3(dc+20)> <(d6+20)5 (1.125)
40(591624¢; —615553)  2(1006344C3 — 1024193)  2(20736¢3 —17105) 155 \ 5 . 4
7 - 3 + 5 — e®4+0(e%),
27(d. +20) 27(d. +20) 27(d, +20) 9(d,+20)

where the structure in d. now displays denominators in powers of d.+20. We therefore expect the
first terms of the series to be even more convergent than for P4. Indeed, in the physical case d. =1, it

reads

20e  94e2  (312336(3—9011)c A
Py) =~ _ _ 1.12
n(Ps) =51 ~ 133 5250987 +0(), (1.126)

"We can illustrate that results (1.122) are good approximations by showing that, up to three loops, resummations of
the series (1.121) give results close to the raw ones. As an example, a simple Padé approximant yields either 17[2/1] (Py) =
0.7983, which is very close to (1.122), and n*/?/(P4) = 0.8057, where the first four digits are exactly the same as the three-
loop result with raw € =1. Nevertheless, such oscillating series with small coefficients calls for a four-loop computation
and a resumation with Padé approximant [2/2].
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which numerically reads
n(P3) =0.9524¢ — 0.07105¢% — 0.06978¢3 + O (). (1.127)

This time, the first coefficients of the e-series are small and decreasing such that taking raw e =1 gives
a very good approximation® to the series, i.e., successively

Mooop(P3) =0.9524,  N2100p(P3) =0.8813,  73100p(P3) = 0.8115. (1.128)

The one-loop result has been first obtained in [29], the two-loop result (32 year later) in [47], and the
three-loop result in [1|. Let us remark that a few months after we released the three-loop result, the
four-loop computation has been achieved (in the equivalent two-field model) in [57], leading to a new
improved value 74.100p (P3) = 0.7368.

1.5.4 Non-trivial fixed point Py

Finally and most importantly, the fourth, nontrivial, fixed point P4 is given by

. 12¢ 1440 616 345600
Pa: “4:(47T)2[dc—|—24 <(dc+24)3_5(dc+24)2) i <(dc+24)5 (1.1292)
96(576288¢C; — 812161)  144(12288¢5 — 20401) 8168 s
125(de+24)"  125(d,+24)° _75(dc+24)2>€ +0( )}’
. 24e 576 1936 138240
1’4:(4”)2[5(d5+24)+<(dc+24)3+25(dc+24)2) i <(dc+24)5 (1.129D)
4416(25056¢; — 31007)  48(71136(; — 163967) 77512 > , 0(54)}
625(d, + 24) 625(d, +24)3 375(d, +24)2 ’

where both couplings are non-vanishing. This fixed point is fully stable, i.e., attractive in the direction
of py and b, in the RG flow. In that sense, it fully controls the flat phase of the membrane in the long
range. Interestingly, this scale invariant fixed point is belived to be non-conformal [58]. Let us also
remark that at these coordinates, the Poisson ratio perturbatively reads

b* _ *
4 - 4
1 88 4 3520 A4(288¢; +4349) 1406 16\ , ;
S (. . _ 0(%).
3T <9(dc+24) 27) ¢ <3(dc+24)3 T 5o+ 24?  135(dot24) 243)° T S

However, we cannot do much with this series since numerically it reads
1
v(Py) = =5 (1-0.7289+0.02006" + O(c*)), (1.131)

which is very hard to estimate in the limit € — 1, i.e., we don’t have enough terms for a resummation®.

Let us get back to our main goal, the anomalous dimension of the flexuron, which for this non-
trivial fixed point takes the value

24 2880 456 24 5 691200
Cde+24 0 \( (d.+24)>

1(Ps) (1.132)

dor24)  (dor20)?  (do124)

8For completeness, resummations of the series (1.126) with simple Padé approximant reads 7][1/2](133) =0.8257 and
the [2/1] approximant is negative, hence unphysical. See the related footnote 7. Note that at four loops [57], the Padé
approximant behaves badely, reading 17[2/2](P3) =1.8695.

9 Another approach is to use a Padé approximant [2/1] ([1/2] is unphysical) directly on the fixed point coordinates
(1.129), yielding at d.=1 and =1, the values p}"/* =64.23, and b;"/? =51.59 and then /% (P,) = —0.1968, which
is smaller but quite close to v =—1/3. Note that the value v =—1/3 has been obtained at leading order from multiple
approaches, see, e.g., the seminal paper [25], and in some cases is even argued to be exact [37], indicating that in the
end, the contribution of the resummed perturbative series is expected to be small.
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576(192096¢s —234137) _ 8(923616¢5 —1031777) | 4(86832(;,—39020) 64\ 5, O(e")
125(d.+24)* 125(d,. +24)3 375(d. +24)? 3(de+24) ’

where the structure in d. is now in d.+ 24, which we expect will alleviate even more the asymptotic
aspect of the series. Indeed, in the physical case of codimension d. =1, it reads

24c  144e®  4(1286928(3 —568241)e3

= - O(e* 1.133
(Pa) =55 — 3155 146484375 +0(%), (1.133)

and numerically,
n(P4) = 0.9600¢ — 0.04608¢2 —0.02673¢% +- O(c*). (1.134)

Again, the first coefficients of the e-series are small and decreasing and taking raw ¢ =1 gives a very
good approximation'? to the series, i.e., successively

Motoop(P4) =0.9600,  Toieop(Pa) =0.9139,  73100p(Ps) = 0.8872. (1.135)

Similarly to P3, the one-loop result has been first obtained in [29], the two-loop result (32 year later)
in [47], the three-loop result in [1] and a few months after, the four-loop computation has been achieved
(in the two-field model) in [57], yielding a new improved value 7.j00p(P4) =0.8670. Therefore, the
perturbative value for the anomalous stiffness slowly decrease with the loop order. To illustrate this
fact, we provide in figure 1.10 a plot of the values obtained versus the loop order, and provide an
exponential fit to give an estimate of where the value is going at higher-loop order.

1 T T T T T T T T T
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Figure 1.10: Exponential fit on the results found for n(P4) from 1 to 4-loop. The values
seem to slowly converge towards 1oc-1oop (P4) = 0.8347.

Including the results from 1 to 4 loop order, this gives an estimated value at infinite loop order of

Too-loop (P4) = 0.8347. (1.136)

This is our best estimate for the anomalous dimension of the flexuron field at the non-trivial fixed
point governing the flat phase.

0For completeness, resummations of the series with simple Padé approximant reads n{*/% (P4) =0.8904 and pl2/1 (Pg)=
0.8503. See the related footnote 7. Note also that the four-loop results [57] yields a Padé approximant resummation of
[2/2] _
n =0.8060.
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1.5.5 Phase diagram

Finally, we provide in figure 1.11 the phase diagram obtained from all previous results. The picture is
basically the same at one, two and three-loop order. The fixed points coordinates vary slightly with
the loop order. Pq, P, and Pj stay exactly on the mechanical stability lines imposed by positive shear
modulus p, >0 and positive bulk modulus b, > 0. The scale on the axes is not displayed, as it depends
on the choice of € used for the plot (the picture is not substantially changed for reasonable values of ¢,
i.e., 0.001 <e<0.8).

B <% Hr

Figure 1.11: RG-flow diagram on the plane (u,,b,). the mechanical stability of the
model imposes p, >0 and b, > 0. The corresponding non-physical regions are indicated
in red and delimited by the red dashed lines p, =0, b, =0, on which lie the fixed points
Py, P}, and P3 at all loop orders. This plot has been obtained from the beta functions
(1.113) and remain qualitatively the same for all values 0.001 <e <0.8.

1.6 Comparisons with other approaches

Let us first recall that all the results that we have obtained so far were limited to a given order in
the loop expansion, but are otherwise exact. In this section, we will use them to benchmark other
results obtained in the literature using self-consistent equations or non-perturbative methods, but still
relying on uncontrolled approximations (such as an ansatz or truncations) in order to perform actual
computations. Here, it should be underlined that we do not pretend that our estimates for physical
quantities at € =1 should be closer to the experiments than the results obtained via another technique.
However, the perturbative expansions in € =(4—d)/2 that we obtained in the previous sections are
exact order by order. Therefore, if we take the results of a self-consistent or non-perturbative technique
and re-expand it in €, we can benchmark it order by order and observe if the corresponding technique
is able to mimic the first terms of the true perturbative expansion given by our results.
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1.6.1 Benchmarking the NPRG approach

We will first focus on the so called Non-Perturbative Renormalization Group (NPRG) technique. This
method is based on solving the exact Wilsonian RG equation controlling the running of an effective
action derived from the model one wants to study [67] (see [68-72] for reviews). For the Wilsonian
equation to be solved, approximations are needed, and the effective action is often truncated in powers
of the field derivatives present in the action, which is called a derivative expansion (see [73-75] for
empirical validations of the method on the Ising model). The advantage of the NPRG is that it leads
to solutions that remain non-perturbative both in € and d, as well as in the couplings at leading order.
Nevertheless, one should keep in mind that this approach is not exact and is generally approximating
starting at two-loop of the perturbative approaches (as it would require the knowledge of infinite series
in the derivatives |76, 77|, which can be partially achieved with the use of ansatz [42,43]).

The renormalization-group functions for the effective flexural model at leading order in the NPRG
technique has been obtained in [41-43]. We take the results of [41] that, in our conventions, reads

(d+4)Aq

2p
NPRG NPRG
=ulF | —— =bF'(b = 1.137
where we defined the temporary functions
d(d—n+8)d.n 16(d+1)(b+(d—2)p)
F(z)=d—4+2n+ . Ag= 1.138
(@) T @+8)d—n+a) b+ (d—2)p)" d (4m)7/2T (d/2) (1.138)

The first approach is to solve the system ( non-perturbatively, i.e., at exactly d =2
and d, = 1. This yields two values for the anomalous dimension of the flexuron field, the Gaussian value
nnpra =0, and nypra = 0.8491, which is the value for non-trivial coordinates of the fixed point, i.e.,
at P4. This value takes into account non-perturbative effects (an infinite number of diagrams) and
in principle should be very precise. However, it relies on uncontrolled approximations and may be

BNPRG — gNPRG _ )

unreliable.

What we can do to increase our trust into this value is to benchmark the NPRG results by
comparing them order by order with our perturbative results, that are exact order by order. We
therefore solve the NPRG system perturbatively, i.e., for d =4 —2¢, yielding

nwpra(P1) =0, (1.139a)
4e 8 14 1
P.) = — 2 1.139b
32 76 25 65 1 5 A
— — 0
+ <9(dc+4)5 0ot 41 " 3(dot )P 18(dot 42 | z(dc+4)>5 +0(),
20e 1000 1330 23
P3) = — 2 1.139
mera (Ps) = 55 <3(dc+20)3 T 303+ 20)2 dc+20>8 (1.139)
100000 N 204500 N 26365 10217 N 7 310
9(d.+20)5 " 9(d.+20)4 " 3(d.+20)3 18(d.+20)2 " 2(d.+20) ’
24e 576 504 22
Py) = - 2 1.139d
pRG (Pa) d.+24 + <(dc+24)3 * (de+24)2 dc+24>6 ( )
27648 N 37440 N 9192 546 N 4 310
(de+24)5  (d.+24)* * (d.+24)3  (d.+24)?  d.+24 '

First, we observe that the NPRG is capable of mimicking accurately the 1/(d.+n) structure previously
observed with n=4,20,24. As for the coefficients, the NPRG is, as expected, exact at one-loop and
for higher orders, is approximating the loop expansion with rationals. Indeed, the true loop expansion,
in dimensional regularization, contains the Riemann Zeta function evaluated at integer values, such as
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(32 1.202 at three-loop order. The comparison of NPRG with our work is therefore easier numerically,
and yields up to three-loop order

nwpra (P1) = n(P1) =0, (1.140a)
nnpra (Py) = 0. 80006+0 034672 4+0.00985¢3, n(P%5) =0.8000¢ — 0. 005332 40.01102¢3, (1.140Db)
nnerc (P3) =0.9524e — 0. 053952 —0.05192¢3, n(P3) =0.9524¢ — 0.07105¢2 —0.06978¢3, (1.140c)
nnprG (P4) =0.9600e — 0. 03674¢2 —0. 026636 n(P4) =0.9600e — 0.04608¢2 — 0.0267353, (1.140d)

where the left part is the NPRG and the right part is our three-loop results that we reproduced for
convenience. On the one hand, we observe that the NPRG fails to properly reproduce the anomalous
dimension of the flexuron field in the case of P}. Indeed, the O(¢?) term has the wrong sign and is ~ 6.5
too large. On the other hand, it is evident that NPRG is very successful to reproduce the true loop
expansion for both P3 and P4. We believe that this success is partially due to the apparent convergent
nature of the first terms of these asymptotic series.

1.6.2 Benchmarking the SCSA approach

We will now proceed with a similar analysis for the results obtained via the so-called Self Consistent
Screening Approximation (SCSA) technique, originally introduced by Bray [78] for the O(N) model
and then applied to membranes by le Doussal and Radzihovsky [40]. The SCSA is based on the
self-consistent solution of the Schwinger-Dyson equations (the equations of motion of the correlation
functions) via successive dressing approximations for the 2-point correlation functions, as well as ne-
glecting the vertex corrections (in the gauge theory language, such an approximation is called the
rainbow approximation). This method is generally employed using the effective flexural action (1.13)
which is more suitable than the two field model (1.9) to establish self-consistent equations.

The SCSA results have been obtained at leading order in [12,40], and in the conventions of the
current manuscript, are given by the equations

Py: n=0, (1.141a)
Py: 2F(d,n)—d.=0, (1.141b)
Ps: (d+1)(d—2)F(d,n)—d.=0, (1.141c)
Py: d(d—1)F(d,n)—d.=0, (1.141d)
that need to be solved for n and where we defined the function
r2-nr2-n/2)'(n/2)r d

I2=n—d/2)T((4=n+d)/2)T((n+d)/2)T (n+d/2)’

Solving non-perturbatively these equations leads to the Gaussian value ngcsa =0 and to the value
nscsa = 0.8209, which is the self-consistent result at the equivalent of the fixed point P4 where the
fixed point coordinates are non-trivial.

In order to benchmark the SCSA, we then expand in d =4 — 2¢ and solve perturbatively the SCSA
system for each fixed point, in order to check the ability of the SCSA to reproduce the true perturbative
expansion, reading

nscsa(P1) =0, (1.143a)
de 16 20 2
P = _ 2
msesa(P2) =g <(dc+4)3 (o142 3(dc+4)> c
128 128 400 406 37 , ,
- — o) 1.143b
i ((dc+4)5 T3 DT 3(do+ 4P | 9(d 47 9(dc+4)>6 +O(=), ( )
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by — 20 2000 180 74 ,
MSCSANES = 120 T\ (do+20)3 T 3(do+20)2 3(de+20)
400000 584000 18720 6694 155 \ 5 4
- - 0 1.143
((d0+20)5 31207 (d.120)7 T 9(d.120)2 9(dc+20))6 +O(e),  (1.143¢)
(o e (36w N\,
ISCSA) = od T\ o 24 T (do 1242 (do+24) )¢
095328 345600 35520 1320 64 s
- - 0. (1.143d
<(dc+24)5 T 28t  (dor247  (dot24) 3(dc+24))‘€ +0). )

For ease of comparison, we then provide numerically the results of the SCSA, alongside with our results,
yielding, up to three-loop order

nsosa(P1) = n(P1) = (1.144a)
7SCSA (P ) =0.8000¢ — 0. 0053332 +0. 024786 U(P ) 0.8000& — 0.0053332 +0.01 1026 (1 144b)
nscsa (Ps) = 0.9524¢ — 0066732 —0.056025%,  1(P3) = 0.9524 —0.07105¢2 — 0.06978<%,  (1.144c)
nscsa (P4) =0.9600e — 0. 047622 — 0. 027968 n(P4) =0.9600e — 0. 046082 —0.02673&3. (1.144d)

What we observe is that SCSA (on the left) seems very accurate to mimic numerically the true e
expansion obtained within our study (on the right). The first order is exact, as expected from such a
technique, the second order is very close for both P3 and P4 and even exact for P}, and finally, the
three-loop order is very close for both P3 and P4 but still differs by a factor two for P%,.

Let us note that the results (1.143) can be obtained from our perturbative approach by neglecting
all vertex corrections. To underline this fact, one can add a tracking factor V with V2=V in front of
each diagram containing a vertex correction. In this case, our perturbative results yields numerically

n(P1)=0+0(eh), (1.145a)
n(P%) = 0.8000 — 0.005333¢2 + (0.02478 — 0.01376V )3 + O (%), (1.145b)
n(P3) = 0.9524¢ — (0.06673 +0.004319V )2 — (0.05602+0.01376V )3 + O(e?), (1.145¢)
n(P4) = 0.9600¢ — (0.04762 — 0.001536V )2 — (0.02796 — 0.001230V )3 + O(e?), (1.145d)

which recover the SCSA results if one neglects the vertex corrections (in the limit V' =0), and recover
our results if allowing them (in the limit V' =1). Each term which is V-independent is then exact in
SCSA. The general results (1.145) also show that vertex correction terms (o< V') are small, explaining
why SCSA is rather close numerically.

1.6.3 Comparison with large-d. approaches

In this last section, we compare our results to the values obtained from the large-d. approach in the
SCSA technique (recalling that d.= D —d is the codimension of the membrane which is d. =1 in the
physical case D=3, d=2). According to the SCSA approach in large d. [12,40], the field anomalous
dimension is found to be

8 d—1 I(d)
d.d+2T3(d/2)T(2—d/2)

nscsa(d,de) = O(1/d7), (1.146)
which is exact for all d, at this order in d.. Moreover, the fixed point correspondence in the conventions
of the current chapter reads

nscsa(P1) =0, (1.147a)

ded(d—1) ) |

1.147b
: (1.147D)

nscsa (Ph) = nscsa (d7
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ded(d—2)

P3) = d————"— 1.147
nscsa(Ps) USCSA( ’(d—l)(d+1)>’ (1.147c)
nscsa(Pa) =nscsa(d,dc). (1.1474)

Upon setting d =4 —2¢ and expanding up to O(g3) the large-d. results, it reads

nscsa(P1) =0, (1.148a)
1 2e%  37e3

nscsa (Py) = 7 <4€+ % - 95 +O(€4)> +0(1/d2), (1.148Db)
1 4e?  155¢3

nscsa (Ps) = - (205— 775 — 535 +O(54)> +0(1/d2), (1.148c)
1 , 64e3 4 9

USCSA(P4)=d— 24e —24¢ _T+O(8 ) | +0(1/dy). (1.148d)

These results are in perfect accordance with our results, see (1.119), (1.125), (1.132), re-expanded
to the first large-d. order. For example, for Py, it is very easy to see that the series of numbers
{+24,—-24,—64/3} exactly corresponds to the last term in 1/(d.+24) at each order of the ¢ expansion
in our result (1.132). As a conclusion, we note that this comparison has already been done, up to
four loops and in the two-field model framework, in [57] for P3 and P4 only, since the two field model
cannot access P},. Therefore the agreement between large-d, expansions and our EFT approach for P}
is a new result.

Let us also emphasize that the leading-order result (1.146) yields in d =2, for the fixed point Py,
the value ngcsa (P4) =2/d.+0O(1/d?). Moreover, the contribution at order 1/d? to n at the fixed point
P4 has been computed recently analytically (exactly in d = 2) in [36], taking into account beyond-SCSA

contributions, and reads

marge-dc(m):;C+73272§C3+0(1/d3). (1.149)
Naively, we would expect the large d. approximation combined with (beyond-) SCSA technique to be
very accurate, as it resums an infinite number of diagrams self-consistently. However, very surprisingly,
the series yields numerically the value Marge a. (P14) =2/d. —0.32/d? 4+ O(1/d2), for which, if we set raw
de. =1, reads Marge-a. (P4) = 1.68, well over the usual range of results [0.7,0.9]. This series then behaves
very badly compared to the series we obtained in the loop expansion, and definitely needs higher-order
calculations combined with resummations to give a correct estimate of 7. Let us also note that the NLO
SCSA result, at 1/d?, as been obtained semi-analytically in [37] and according to the author yields
ultimately a value of P35S, (P4) = 0.78922(5). However, to our knowledge, this result is not available
analytically, or for all dimension d, so we cannot further compare it with our results. As a conclusive
remark on the large d. approach, let us recall that early computations [31,33] (see also [79]) considered
a large-D approach, which is strictly equivalent to large d. at leading order since d. = D —d, yielding
the result

nlarge—D(P4):%+O(1/D2). (1.150)

The key difference is that this result in the physical case D = 3 reads Marge—p(P4) =2/3 =0.667, which
is a much better approximation than for the large d. approach. Therefore, it would be interesting
to carry a next-to-leading order computation in a large D limit, though it is unclear if this would be
possible with usual diagrammatic techniques.
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1.6.4 Comparison of n(P,) with the literature

o7

As a final summary, we provide the table 1.2 of all the values obtained for the flexuron-field anomalous
dimension, at the non-trivial fixed point P4, over more than three decades of literature in simulations

and theoretical studies of membranes.

n(Py4) Method Year /ref
~0.66 Monte Carlo (membrane) 1990 [80] Abraham, Nelson
0.667 Large D (LO) 1988 [31, 33] Guitter, et al.
~0.7 Monte Carlo (vesicles) 1991 [81] Komura, Baumgértner
0.72(4) Monte Carlo (membrane) 1989 [82] Leibler, Maggs
0.75(5) Monte Carlo (membrane) 1990 [83] Guitter et al.
0.750(5) Monte Carlo (membrane) 1996 [49] Bowick et al.
0.789 SCSA (large-d. NLO, semi-numerical) | 2009 [37] Gazit
0.795(10) Monte Carlo (graphene) 2013 [50] Troster
0.806 4-loop (Padé approximant [2/2]) 2021 [57] Pikelner
0.81(3) Monte Carlo (membrane) 1993 [48] Zhang et al.
~ (.82 Molecular dynamics simulations 1996 (84| Zhang et al.
~0.82 SCSA (LO, semi-numerical) 2010 [38, 39| Zakharchenko et al.
0.821 SCSA (LO, analytical) 1992 [12,40] Le Doussal, Radzihovsky
0.835 1 to 4-loop (exponential fit) 2023 [1,57] Metayer et al. and Pikelner
0.849 NPRG (analytical) 2009 [41] Kownacki, Mouhanna
~0.85 NPRG (semi-numerical) 2009 [42,43] Braghin, Hasselmann
~0.85 Monte Carlo (graphene) 2009 [51] Los et al.
0.850 3-loop (Padé approximant [2/1]) 2021 [1] Metayer et al.
0.867 4-loop 2021 |57] Pikelner
0.887 3-loop 2021 [1] Metayer et al.
0.890 3-loop (Padé approximant [1/2]) 2021 [1] Metayer et al.
0.90(4) Molecular dynamics simulations 1993 [85] Petsche, Grest
0.914 2-loop 2020 [47] Coquand et al.
0.960 1-loop 1988 [29,32] Aronovitz, Lubensky
1 Mean field 1987 [28] Nelson, Peliti

Table 1.2: Results for the anomalous stiffness of flat membranes, obtained from 1987 to
2023, ranging in the interval [0.7,0.9]. Shaded lines are the multi-loop results explicitly
computed in this chapter. Note that some references evaluated the roughness exponent
(¢), which we converted to the anomalous stiffness using n=2(1—(), see (1.4). Ac-
cording to the multi-loop results, the value to retain is n(P4) =0.835.
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1.7 Conclusion

In this chapter, we have analytically investigated the flat phase of polymerized membranes at three-loop
order by means of a weak-coupling, perturbative approach. We have determined the RG equations,
the fixed points and the anomalous dimension, 1(P4), of the flexuron field, from which all the scalings
of the theory in the IR can be easily derived. Our best result (1.136) reads

| n(Py)=0.8347. | (1.151)

A spectacular feature of our perturbative results is the smallness of the coefficients found in the
e-series, see the series expansion for P4 (1.121), P3 (1.127) and P4 (1.134). As can be seen from (1.127)
and (1.134), the coefficients even get smaller with increasing loop order, thus seemingly alleviating
the asymptotic nature of the series, at least up to three loops. The case of (1.121) is particularly
interesting because the first two coefficients are decreasing, but the second one slightly increases. This
is an indication that the asymptotic nature of the series is expected to manifest at higher orders. As
discussed in the main text, the smallness of the coefficients partly originates from the d. structure
of the series. Indeed, all series involve an expansion parameter of the form &!/(n+d.)*~!, with I
the loop order and n =4,20,24, which is small in e =1 and d.=1. Thanks to this property, the first
terms of the series appear to be effectively convergent, allowing us to provide precise estimates for the
critical exponents with few orders and without the need for resummations. Such small and decreasing
coefficients are very rare in field theory.

In this context, another remarkable feature of our results, with respect to the one- and two-
loop order calculations, is that the value found for the three-loop order critical exponent n(Py) in d =2
(without any resummation of the e-series) is in quantitative agreement with the usually accepted values
from (all orders) non-perturbative methods and various Monte-Carlo simulation methods, see table 1.2.
We also used our (exact order-by-order) results to benchmark several non-perturbative (truncated)
approaches, such as NPRG and SCSA. We observe an order-by-order quantitative agreement between
our perturbative approach and the non-perturbative ones when the later are re-expanded in powers of
€. We were also able to cross-check our results with the large-d. SCSA approach for arbitrary d, which
is also an exact approach at LO.

Finally, one can note that recent attempts have been made to probe more deeply the non-
perturbative structure of the theory, notably concerning the relation between scale invariance and
conformal symmetry, see [58]. The result is that the scale invariance at the infrared fixed point is not
being promoted to conformal invariance. Therefore, the use of methods such as conformal bootstrap
techniques seems to be excluded.

This chapter was based on the so-called effective flexural theory (EFT). However, let us recall that
the original computations in [1] have been carried out by means of two (equivalent and complementary)
models, the EFT and the so-called two-field model. The latter will be of special interest in the next
chapter, where we will perform similar computations, in the more general disordered case. The clean
case will also be recovered. As we will see in the next chapter, the agreement between the results
obtained from both models shows that we have obtained an unambiguous control of the renormalization
procedure in these theories.
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CHAPTER 1.

CRITICAL ELASTIC PROPERTIES OF FLAT MEMBRANES



Chapter 2

Critical elastic properties of disordered flat
membranes

This chapter is partly based on the publication

[3] S. Metayer and D. Mouhanna, Phys. Rev. E 106, 064114,
“Flat phase of quenched disordered membranes at three-loop order”.

We pursue our study of elastic planar systems with a generalization to the case of membranes subject
to quenched disorder, such as partial polymerization or dilution. This is achieved by the introduction
of additional couplings to the disorder and the use of the replica theory. We perform the complete RG
calculation, from one to three loops. We then present the subtle analysis of the phase structure of this
model and confirm the existence of a new non-trivial IR critical fixed point, P, seen for the first time
in recent NPRG calculations, controlling a finite disorder and finite temperature wrinkling transition.
Our study confirms the existence of a glassy phase at low temperatures in flat membranes. In such a
state, experimentally accessible and interesting effects occur, such as the modulus of elasticity being

paradoxically increased by the density of defects.
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2.1 Introduction and motivation

Elastic disorder is a phenomenon occurring in crystalline systems, where the lattice structure is not
perfectly ordered but contains defects, such as dislocations, vacancies, or grain boundaries, see figure
2.1 for an illustration of some of them. These defects can cause local variations in the mechanical
properties of the system, especially in two-dimensional systems. The study of elastic disorder has
become increasingly important in recent years for the advancement of planar materials, a remarkable
example being graphene [26]. In the following, we will consider quenched disorder, i.e., frozen defects
that are a background random potential for the thermally fluctuating elastic degrees of freedom. In
other words, the defects are not dynamical, and we average over the possible disorder realizations.

LY ,......,....,.,.,.,......
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Figure 2.1: a) Interstitial impurity atom, b) Edge dislocation, c¢) Self interstitial atom,
d) Vacancy, e) Precipitate of impurity atoms, f) Vacancy type dislocation loop, g)
Interstitial type dislocation loop, h) Substitutional impurity atom. Original image
from [86].

Understanding the effects of quenched disorder in the flat phase of polymerized membranes has be-
come a major challenge with, as a priority target, unveiling new phenomena in the physics of graphene
and graphene-like materials [18,26,87-89] going from mechanical ones — e.g., a paradoxical enhance-
ment of elasticity modulus with the density of defects [54] — to electronic ones — e.g., the possibility
to open a tunable band gap [90,91|. However, the interest for quenched disorder in membranes has
a longer history and goes back to the early experiments of Sackmann et al. [92] followed by those of
Mutz et al. [93] and Chaieb et al. [94-97] on partially polymerized lipid membranes. These authors
have shown that, upon cooling below the melting temperature, these systems undergo a phase transi-
tion from a smooth structure at low-disorder, or equivalently at high polymerization, into a wrinkled
structure at high disorder, or equivalently at low polymerization.

These investigations have stimulated an important theoretical work aiming to identify precisely
the nature of this weakly polymerized wrinkled phase that has been conjectured to coincide with a
glassy phase, a phase mainly controlled by disorder fluctuations. Nelson and Radzihovsky [98, 99],
using a one-loop perturbative approach in the vicinity of the upper critical dimension d =4, have
shown the irrelevance of a disorder acting only on the internal metric of the membrane. They have
shown that the renormalization group (RG) flow was driven toward the disorder-free fixed point, called
P4 (studied perturbatively in the previous chapter), identified by Aronovitz and Lubensky [29] in their
early RG approach of pure membranes. This result has then been confirmed by Radzihovsky and
Le Doussal [100] in the context of a leading order self-consistent screening approximation (SCSA).
Morse et al. [101,102] have then extended the one-loop study of Nelson and Radzihovsky by adding a
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curvature disorder with the metric disorder. They have confirmed the irrelevance of the disorder below
d=4 and discovered a new vanishing-temperature fixed point, called P5. This fixed point has been
identified, within the one-loop computation of Morse et al., as being stable with respect to the disorders
but unstable in the direction associated with the temperature, making the fixed point P5 non-pertinent
in the prospect of a glassy phase. These works have then been followed by a new approach relying on
the use of the so-called non-perturbative renormalization group (NPRG) by Coquand et al. [103]| on
the metric/curvature-disordered model initially considered by Morse et al. [101,102]. A striking result
obtained by means of this approach [103] is the discovery of a finite-temperature, finite-disorder, critical
fixed point P., unstable with respect to the temperature, making the vanishing temperature fixed point
Ps fully attractive at sufficiently low temperatures. This approach has, thus, confirmed theoretically the
possibility of a whole glassy phase at low temperatures in quenched disordered membranes. Moreover,
the various scaling laws observed by Chaieb et al. [94-97] in their investigations of partially polymerized
lipid membranes have been qualitatively and quantitatively explained [104] on the basis of the analysis
performed in [103].

Although convincing, the NPRG approach of Coquand et al. [103] has happened to be at odds
with the results obtained from the SCSA approach of Le Doussal and Radzihovsky [12] that includes
both metric and curvature disorders and in which the critical fixed point P, is missing. This is notably
for this reason that recently, a two-loop order perturbative approach in the vicinity of d =4 has been
performed by Coquand and Mouhanna [56], following the early one-loop order computation of Morse et
al. [101,102] and the two and three-loop order ones performed on disorder-free membranes, extensively
described in the previous chapter. This approach has confirmed the existence of a critical fixed point
P, associated with a phase transition between a high-temperature phase!' controlled by the disorder-
free fixed point P4, and a low-temperature phase controlled by the vanishing-temperature, infinite-
disorder, fixed point P5. However, this approach was not conclusive as it led to an indeterminacy
of the coordinates of the various fixed points P5s and P, as well as of the corresponding anomalous
dimensions.

In order to clarify this situation, our work [3] investigates the flat phase of quenched disorder
membranes by means of a three-loop computation in the vicinity of d=4, following the very recent
approach that we performed in the pure case [2]; see also [105] for a four-loop computation in the pure
case. We showed that the indeterminacy discussed above was associated with an incorrect expression
for the RG function of the curvature disorder. We provided the correct expressions of the RG functions
at three-loop order and determined all physical quantities up to order 2 without ambiguity. Our results
confirmed, within the perturbative context, the existence of a new fixed point P, in the flat phase of
quenched polymerized membranes, even if it is found to be marginally — to order O(¢?) — stable in
contradiction with the result of the NPRG approach. However, the anomalous dimensions computed
at the various fixed points P5 and P, are in strong agreement with those predicted within the NPRG
approach.

In the rest of this chapter, we provide a technical review on the perturbative loop computation
performed in [3], at one, two and three loops. We first introduce the disordered version of the two-field
model described early in the previous chapter. We also introduce all the machinery necessary to assess
the critical exponents, such as the replica formalism and the technicalities induced by the disorder.
We then proceed to a complete analytical calculation of the RG functions up to three loops. This
allows us to discuss the various fixed points of the theory. First, we recover the pure (or equivalently
clean or non-disordered) results of the previous chapter by means of the two-field model, which is an
independent approach. Then, we extract the two relevant fixed points including disorder, P5 and P..
We compute all the associated anomalous dimensions and provide the phase diagram of the theory. We
then proceed in benchmarking the NPRG [103], as well as the small coupling SCSA [12] results. We
also show accordance with the large-d. (Vd) LO results obtained in [12]. Note that the NLO large-d.
has been performed in [106], but in d =2 so that direct comparison is not possible.

I This phase should not be confused with the high-temperature, crumpled, phase of membranes.
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2.2 Disordered flat membranes model

2.2.1 Disordered model

In this section, we derive a disordered version of the two field model introduced in the previous chapter.
For convenience, we reproduce here the clean (non-disordered) action (1.9)

Lo A
S| = [ate | 5@*ha)+ 572 +uTh). (2.1)

where the strain tensor reads ]
Ty~ 5(8aub+8bua+8aha8bha). (2.2)

We recall that this action describes a d-dimensional flat membrane fluctuating in a bigger D-dimensional
space, i.e., with codimension d. = D —d. The action (2.1) is made of two independent fields, the flex-
uron (or height) field h(z), controlling the transversal modes of the membrane, as well as the phonon
field u(z), controlling the in-plane modes. The pure action (2.1), has two couplings, that are also the
two elastic moduli, A the first Lamé parameter and g, the shear modulus. It also contains the bending
rigidity « as an additional parameter. However, it is irrelevant, as it can be absorbed in a redefinition
of the fields and couplings.

We will now add disorder to this model. In a crystalline membrane context, this can be understood
as defects from partial polymerization. This generates several kinds of anomalies in the lattice structure
like dislocations and disclinations, see figure 2.1. In a continuous field theory model, to account for the
possible defects in the membrane lattice, we introduce additional random fields. First, a local random
curvature c¢(x) coupled to the height field as well as a local random stress s(z), coupled to the strain
tensor. This yields to the most general action for a membrane subject to short-range disorder [101,102]

- A
S = [ ato |50 o)+ 512 +uT

— k0?haca — ASaaThy — 211Sap Tap | - (2.3)

We then need to average over the possible realizations of disorder, i.e., over the random fields ¢(z) and
s(z). For simplicity, we take them as quenched? Gaussian distribution with zero mean, defined by the
variances

Co (.r)Cﬁ (y) = Andaﬁd(w - y)v (2'43)
Sab()Sed(y) = (Ax0apded + Ap(dacObd + daadse) )d(x —y), (2.4b)

where overbars denote averages over disorder realizations. The newly introduced parameters A, are
the variances associated with the elastic parameters x. Then, we want to perform the average directly
at the level of the action, or more precisely, the partition function. This procedure (see, e.g., the review
part of [12| for a derivation) implies a Gaussian average over the log of the partition function Z, i.e.,
log Z, which is very hard to compute. To simplify it, we then use the common formula

— Zn—1
log Z = li 2.
0gZ = lim ——, (2.5)

and then assume that n is an integer, which is equivalent to averaging over n replicas of the system.
This is known as the replica trick, see, e.g., the textbook [107]. Concretely, it implies the introduction
of an extra replica index for each field of the theory, reading

uw;—u and h,—hZ with A=1,2,..,n and n—0. (2.6)

2 According to [12], an unquenched (therefore dynamical, also called “annealed”) disorder can be shown to be irrelevant
in the RG sense, since it leads to only non-singular renormalization of the elastic coefficients.
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The strain tensor (2.2) is then promoted to
Th~= (aaug‘ + Oyu + O hia Oph) . (2.7)
Note that the replica index A is not contracted in the last term! Therefore, the usual Einstein con-

vention (not showing the sum symbol for indices appearing twice) is not reasonable for replica indices.
After averaging over the quenched random Gaussian field, the action reads

S[i,h) = / A%

5 5@+ ST (T

A

Ax Ay
+)° [282h§82hB+TATbb+A be} (2.8)

where the summations over replica indices (A, B,...) are indicated, while the Einstein convention is
understood for space indices (a, b,...) and co-space indices (o, 3,...). At this stage, it is important to
summarize the parameters at play in this model, and underline some of their features,

h = Fl field
Fields: cxuron Heid, (2.92)
u = Phonon field,
A = 1%' Lamé parameter,
Couplings: Ay = Elastic disorder va;iance, (2.9b)
@ = Shear modulus (2" Lamé parameter),
A, = Shear disorder variance,
Parameters: %k = Bending rigi‘dity (not rf}normalizing), (2.9¢)
A, = Curvature disorder variance.

The action (2.8) is then made of 2 fields and 4 couplings as well as two parameters and is a massless
derivative field theory. The fate of the parameters x and A, is worth a little discussion. On the
one hand, as for the pure case, the bending rigidity « does not renormalize and, in principle, can be
absorbed by a redefinition of the couplings and fields (which we won’t do until the very end of the
chapter). On the other hand, the curvature disorder variance A, do renormalize. This parameter has
no straightforward equivalent in the high energy physics language. First, it is not a mass, because it is
dimensionless, and will enter the results of the anomalous dimensions (the minimal subtraction scheme
prevent dimensionful parameters to appear in the anomalous dimensions, but not the dimensionless
ones). Second, it is not a coupling, because we won’t consider it as small in the loop expansion and
because its energy dimension is exactly zero (whilst a renormalized coupling has dimension M?¢ with
M the renormalization scale). In this sense, it is similar to a gauge-fixing parameter in a gauge theory.
We will simply call A, or more precisely A, a running parameter. Note also that the temperature
has been absorbed in a redefinition of the parameters, see, e.g., [101,102]. The scaling of the parameters
with the temperature 7" then yields x ~ 7T and A, ~1/T with x =k, A, .

Going further, the action (2.8) can be re-written in a more compact form
Sli,h) = /ddxz [ KABO2nA0%nE + )\ABTATbb +uAPTATE |, (2.10)

with the tensorial parameters

kAP = 5AP — A JAB (2.11a)

pAB = o8 — A JAB, (2.11b)
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MEB Z \§48 — A\ JAB (2.11c)

where we introduced two tensors, 648 the identity matrix and J4Z, a matrix where every entry is
equal to one, both of size nimesn, i.e., formally

1 ifA=B
Jap=1 VA,B and dAB = ] . (2.12a)
0 otherwise

In this form, the compact disordered action (2.10) is very similar to the pure (non-disordered) one
(2.1) with all quantities generalized with replica indices. More generally, we define the six tensorial

parameters
AP =ad P L ALJAB ae{u k). (2.13)

Note that their inverse are useful and easy to derive, reading
1 +A
(aﬁB)*lz—éAB—TaJAB ae{u\ K} (2.14)
@ @

To summarize all the indices at play in this model, we also provide the Table 2.1.

‘ alphabet index physical limit  tensorial basis
space Latin {a,b,c,...} =1,2,...d 4—2e=d—2 {Pi'b(p),P;B(p)}
co-space | Greek {a.8,7,..}=1,2,....d. D—d=d.—1 {dap}
replica | caps Latin {A4,B,C,...} =1,2,...n n—0 {648 JABY

Table 2.1: Summary of the index content for the model (2.10) (d-dimensional quenched
disordered membrane embedded in a D-dimensional space, i.e., with codimension d. =

D—d).

2.2.2 Scalings and exponents in the IR

Due to the use of the replica trick, the correlation functions, compared to the clean case, are promoted
to tensorial quantities. Therefore, the exponents characterizing in the clean case the scaling of the
two point correlation functions for the flexuron and the phonon, n and 7,, now need a disordered
counterpart, that we name 1’ and n],. The scaling in the IR is then parameterized as
(WA (p)hE (—p)) ~ 1648 p= =) 4 ¢y gAB =41, (2.15a)
(ut(p)ul (=p)) ~ c364Pp=FHm) 4y JABp=(2m) (2.15b)

T
where ¢; are coefficient functions independent of the momentum p. Like in the clean case, the exponents
ng) and n(") are related by Ward identities [101,102]
Nu=4—d—2n, (2.16a)
My =4-d—21, (2.16b)
so that we can focus only on the determination of 7 and 1. More precisely, instead of 7, we will focus
on the quantity

p=1'—m, (2.17)
which is very useful to characterize what are the dominant fluctuations depending on its sign
¢ >0 = Thermal fluctuations dominates (Clean phase), (2.18a)
¢ <0 = Disorder fluctuations dominates (Glassy phase), (2.18b)
¢»=0 = Both thermal and disorder fluctuations coexist (Marginal phase). (2.18c)

In the rest of this chapter, we will focus on the determination, at different fixed points, of 1 and ¢,
since these two anomalous dimensions are enough to compute all the critical exponents of the theory.
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2.2.3 Replica algebra
Since sums over replica indices have to be specified, for the tensors  and J, we will distinguish two
algebras. First, in the unsummed case

6AB(5AB — (SAB JABJAB — JAB 5AB JAB — (SAB (219&)

§AB — 5BA JAB — gBA §AA = JAA 1 (2.19D)

and second, in the summed case

25,40503 _ 6B ZJACJCB — nJAB, Z(SACJCB _ JAB, (2.20a)
C C C

Z(SAA:n, ZJAA:n, len. (2.20b)
A A A

Although these rules look quite trivial, during the computations one can encounter confusing contrac-
tions, such as

ZJABJABJAD7 ZéAB(SAC(SAD, Z(SABJAC(SADJAD7 ZJAB (6AC+JAC)JAD’ ete.
A AB AB A
(2.21)

In that case, an efficient way to perform the replica algebra is to

0) Apply the unsummed algebra (2.19) at all steps of the calculation.
1) Expand the expression fully to avoid any ambiguity.

2) Contract all the §’s with the rule ZéABF(A) = F(B) with F(X) any tensor containing

A
(possibly multiple times) the index X.

3) Contract all the J’s with the rule ZJABFocn:() assuming F' is a tensor that does not

A
contain any index A on a ¢, i.e., dax.

Following this procedure, the examples showed in (2.21) reads

S gAB A gAD DN A8 pap D (2.222)
A A

ZéAB(;AC(;AD :) Z(sBC(SBD 2:) 5C’D’ (222b)
AB B

ZéAB JAC §AD yAD ) ZéABJAC(SAD 2 JPe (2.22¢)
AB AB

ZJAB(6A0+JAC)JADIZ)ZJABdACJAD—i—ZJABJACJAD:...:JBCJCD. (222d)
A A A

2.2.4 Feynman rules

The Feynman rules for the model (2.8) can be derived using the usual functional derivative formula

5"S[g]

=)oy the={whl (2.23)
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The free flexuron propagator reads

§ AB

AB(0 Bk
S @)= (W PE (o= a A ———— § B =" (2.24)
p
The free phonon propagator is given by
AB AB AB
AB(0 1 (p NP +2p
D 0) = (i Pu (Mo = a A~ b B =5 (S Pa()+ 5y v PP )
7 PP\ u (A+2p)
(2.25)
where the standard transverse and longitudinal projectors are defined, as usual, as
1 PaD PaPb
P (5) = 6up — ;2 . PP = ;2 : (2.26)
The 3-point phonon-flexuron vertex is given by (vertex factor 1/2)
ABC(0) /=~ ~ S . .
Ty < (51,52, 5) = (h ()G (B2)ul (7))o
a A ]71
=cC *$< = —i8a50" [W2P (- P1 95+ P P2 15) + NP1 Do ).
D3 N
B B p2 (2.27)

Note that the replica index B is indeed not contracted! The 4-point (fully symmetrized) flexuron
vertex yields (vertex factor 1/4!=1/24)

ABCD = N = = = =
TAZPO G1,.n) =R BL)RE (72) S (33)hE (74)o (2.28)
a A py 0D py
B B pa v C p3
= NACGABSED 5 56501 - P2 Py - pa — ABEACSBD 5, S 55P1 - D3 Pa - P

—AAB§AD§BC 5 565,01 - Py P2+ D

aB0sD1 D3 D2 Ps —
ay0psP1 D2 D3 Da—
— pAB AL §BC S 505,01 - Do Py - Py —

_ MéCaAB&CD(S uéC5AB(SCD5

«30~6D1 - Da D2 D3

_ ,U,éB(SAC(SBDd HéB(SAC(sBD(S

ay085P1 - Da D2 P3
pAP AP 556 50,01 - D3 P P,

where all momenta are defined ingoing, such that pi+ps=—p3—ps. Again, note that the replica
indices repeated over are not contracted.

As a final remark, it has to be underlined that the subcase of non-disordered membranes can
obviously be recovered by removing all replica indices as well as taking the limit 642 — 1 and J48 — 0,
which amount to take aj‘:B — « for the parameters o= {x,u,A}. Equivalently, it can be achieved by
setting all the disorder variances to zero, i.e., A, =A)y=A,=0. In this limit, we obtain the pure
two-field model. In principle, we should recover the results of the previous chapter, carried out with
the equivalent pure effective flexural model.
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2.2.5 Dyson equations for the flexuron and phonon fields

Turning on interactions, the two Dyson equations for the flexuron and phonon fields, with all indices,
read?

a7 @) =S5 " )+ S5 O DS @), (2.292)
D3P () = Dy () + Dl O (0GP () D (8), (2.29D)

where EgﬁB (p) is the 1-particle irreducible flexuron self-energy and T2 (p) the 1-particle irreducible
phonon polarization. It is convenient to decompose these self-energies in a way consistent with the
tensorial structure of the propagators. Let us first settle the notations. For an arbitrary tensor F' with
two indices (a,b) or (a,f8) or (A,B), its respective decompositions (we also provide the inverses for
convenience) reads

1
Fo5="Fbas, (Fap) '= F0as: (2.30a)
1
Fo :FLPcﬁ,"‘FHPUILIba (Fp)~'= F*Pci F Pcl,llﬁ (2.30b)
F
FAB = 5548 4 Fy 04, a8yt = Lgan LY gan, (2.30¢)
" Fs F:

where {F,F L, E), Fs, F. 7} are scalar functions. In the case where a double pair of indices is present, a
double decomposition is performed using the same notations. Therefore, for the flexuron propagator
and its self-energy, their decomposition leads to

sS4 /3 B =6,588 with S48 =55648 + ;748 (2.31a)

«Q

S48 =002 with £AP=%,648 45,715, (2.31b)

where we dropped the momentum dependence. Similarly, for the phonon propagator and its polariza-
tion, the decompositions read

DAB —DJ‘(SAB—FDJ‘JAB
DAB —p4Bpl | pABpl ity 0 J : 2.32a
ab L [| ab W D‘TXB D(|5|5AB —|—D1|7JAB ( )
HAB _ HJ_(&)‘AB —i—HJ‘ JAB
A2 =148 Py + T2 P with 6 J 2.32b
ab T et H ab HﬁlB HE(SABJFHI}JAB ( )

Therefore, we are left with 6 scalar quantities to be computed {¥5,% J,H(;L,Hﬁ,ﬂﬂ,ﬂuj} respectively from

the 6 propagators {Ss,S J,Dg-,Df,Dlsl,DL”]}. These will then be used to determine the renormalization
of the 6 quantities* {h,Aw, 1,0, Ay}, where we recall that £ is the flexuron field. We can now derive
the scalar Dyson equations for the flexuron propagator

1 1
55(17) p4l€—25(p2)7 SJ(ﬁ) —p4A —EJ( ) ( 33)
and for the phonon propagator
1 1
Dy (0) = ———T75 Dy (p) = : (2.34a)
’ p*u—1II5 (p?) ! —p*Ap—1I5 (p?)
1 1
Dl = Dl = - (2.34b)

PR(A+2p) I (p2)

3The Dyson equations for the vertex parts won’t be considered since the field and coupling renormalization can be
determined only from (2.29), i.e., from the 2-point functions.

4The phonon field u is not in the list because it renormalizes with the same function as h. The bending rigidity & is
neither in the list because it does not renormalize.
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2.2.6 Renormalization conventions

We are now in a position to introduce the renormalization constants associated with the model (2.8)

w=Zu,, h=2"2h,, (2.35a)
Ap=7ANpr, a=Z,M*a, Ya={uA,\A\}, (2.35b)

where we dropped field indices for shortness and where the subscript r denotes renormalized quantities.
The renormalization scale, M, has been introduced in such a way that the couplings «, are dimension-
less in d =4 — 2¢ dimensions. Note that A, plays a very special role as it does not need the introduction
of a renormalization scale. In that sense, A, does not play the special role of a coupling. We recall
that the renormalization scale M is related to the corresponding parameter M in the modified minimal
subtraction (MS) scheme with the help of

M’ =dre " M2, (2.36)

where g is Euler’s constant. In the MS scheme, the renormalization constants take the form of a
Laurent series in €
oo 1 ' 1
Zm(araAm") =1 +6Zx(04r7Am") =1+ ZZZQ(UZ’]) (ar’AHT>§’ (237)
=1 j=1

where z € {a,,Awr } = {110, Apr, Ay, Axr, Ay . Moreover, the Z, do not depend on momentum (or mass,
which is absent in the present model) and the dependence on M is only through «, and A,.. So the Z,
functions depend only on «,. (M), A, (M) and €. They also relate renormalized and bare propagators
as follows

S (Pia, Ag) = Z (0, A py) S (Prtp, Ay, M), with S, ={S5,57}, (2.38a)
Do (70, Aw) = Z(0tr, Ay) Do (B, A, M), with D, = {Dg¢, D+, Dl DI}, (2.38b)

where the bare propagators do not depend on M. Notice that, due to rotational symmetry, the two
fields 4 and h renormalize with the same Z.

We can now establish the relations needed in order to determine the 6 renormalization constants
{Z,Zn,.s 2,2, Zx, ZA, } from the 6 self-energies and polarizations {Z(;,ZJ,H(J;-,HLJ,-,HE,H”]}. Along
the lines of the procedure detailed in the previous chapter, we derive from the renormalization con-
ventions (2.35) and the Dyson equations (2.33) and (2.34), all the renormalized self-energies and
polarizations of the model, reading

Yo =p*(1—2Z)k+ 235, (2.39a)
Yyr=—p*A=ZZr)Ar + 238, (2.39b)
3, =p?(1— M*Z,2%)u, + Z°113, (2.39¢)
7, = —p*(1— M*Za, Z*) A+ 22115, (2.39d)
= p? (A +200) — (ZaAr + 22,01, ) M 22 + 22111, (2.39)
M = —p?[(Ane+28,) = (Za, Asy+2Z0, A ) M* 2% + 22110, (2.39f)
Applying the pole operator K on these relations yields the following renormalization identities
Z: K [(25 - 1)2} =0 with 35 = % (2.40a)
PR
Zn.: K [(2, + ZAK)Z} ~0 with £y = pfA"m , (2.40b)
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- ., I

Z,: K (H(;L—MQEZM)Zﬂ ~0 with T3 = —9—, (2.40¢)
- b
[(FrL 2 2 e 1D

Za,: K[ +M ZA#)Z}:o with 10 = 3 (2.40d)
[/~ I\ 422 . 1!

7y K <H5—M25M‘> ZQ] =0 with 1) = 0 (2.40¢)
L Ar 4241y P*(Ar+24)
[ [~ ZA A)\T+2ZA A,ur = || H”

Za.: K <H+M25 A “ 72 =0  with 11l = J . (2.40f

A L J A)\T + 2Aur J p2(A)\r + QAW") ( )

where we indicated which relation is used to derive which Z,. Notice that all tilde self-energies and po-
larization {Xs,% J,H(J;-,HJJ-,HQ,HU,} are now logarithmic and conveniently related to the renormalization
constants Z.

Once all the renormalization constant are computed, one can use them to derive the renormalization-
group functions. There are 6 of them. First, 4 beta functions associated with the four couplings
{1,270, Ax}. Second, 2 anomalous dimensions associated respectively with the flexuron field h and
the disorder parameter A. Let us first focus on the beta functions, reading

da, dlogZ,
~ dlogM

ﬁa aE {M?Aua)UA)\}v (241)

where we recall that only renormalized parameters (with subscript r) depend on M. In order to
compute these beta functions, let us recall that the differentiation can be expanded such that

dlog f :dear df :Zﬁadlogf (2.42)

dlog M log M daov, da, ’

so that the 8, form a linear system to be solved, and the solution is conveniently written in the matrix
form

Bu Néz_hu’zu /:LéAu Zy Ma:AZu Na:AA Zy, I

ﬁAu — 9 AH@LZAM Aﬂaéu A/‘ZAN A“,a)‘ZAH A“QA*ZA” Ap (2.43)
By DY AOA, 2 AONAZ INVA A ’

Bay A\OuZa,  ANOA,ZA,  DAXONZa, ANOAANZA, ], Ay /,

using the temporary notation 9, = dlog/dz as well as assuming that the subscript r apply to all the
quantities of the corresponding matrix.

Finally, the anomalous dimensions of the flexuron (height) field 4 and the disorder parameter A,

reads
_ dlogZ dlogZa,

= Qog M’ dlog M

that can be conveniently computed using (2.42) once the beta functions have been computed.

6= (2.44)

In summary, the procedure is exactly the same as in the previous chapter, with three times as
many quantities. Indeed, in order to characterize the renormalized quantities {h,,Ax, ,ttr, Ay, Ar, A, }
we want to compute their respective renormalization-group functions {n,¢,3,, Ba,s B Ba,}. This is
achieved by a study of the 2-point correlation functions {Sjs,S J,Dﬁ-,Df,D(L',DP]}, or more specifically

their respective self-energies and polarizations {¥s,% J,H(Js_,HtJ]_,Hls‘,H‘JI} and their pole structure, em-
bedded in the renormalization constants {Z,Za, ,Zu,ZA,,Zx,ZA, }-
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2.3 Perturbative calculations up to three loops

In this section, we compute all the Feynman diagrams necessary at one, two, and three loops, to
evaluate later all the RG functions of the model (2.8). Since the computations are extremely lengthy,
we will briefly sketch the derivation at one loop, give only the final results at two loops, and at three
loops, only display the diagrams that we computed. All these computations have been carried out in
a completely automated way.

2.3.1 One-loop analysis

At one loop, the two-point flexuron self-energy has only one diagrammatic contribution, with symmetry
factor 1, reading

i
=W =04 —SQ— 3B (2.45)

—1x M2 / k) " TE O (g - kR DL O RO 5k -5~k Sh O (5 F).
CDEF

Its computation is not conceptually complicated, but it is lengthy. After caring out carefully all the
algebra as well as removing all the vanishing integrals, its expression takes a surprisingly simple form
reading

Eﬁg(l) :p4M285a/B (XI(SAB +X2JAB) (p4](d7ﬁ7272) - 8p2j(dvﬁ72a 1) +4J(d>ﬁa 17 1))3 (246)

where j(d,p,a, ) is the one-loop integral defined in Appendix A, and where

KA (A2 + 220+ 2p%) + p(kpAy — (Ax+ ) (A+ ) (A +2p))

X1= 2.47
1 452 (A +2p)2 ; (2.47a)
A (A2, 4 p(uAX+2A, (A + 1))
Xy = K K . 2.47b
2 12 (A + 200)?2 (2.47b)
After IBP reduction, it further simplifies to
SO = p M50 (X1848 + X0 JAP) (d—2)(d+1)j(d.F.1,1), (2.48)

from which we can easily extract the two scalar parts, and expand in series around d =4 — 2¢, reading

4 2 € 2
m_ Xw” (p7 \ 10 162" 2 2.4
Xy = (am)? <M2> [5 +6+< 6 5 e+0(e7) |, (2.49a)
STy 0t N B U P +0(c?) (2.49b)
I T @mE\32) e AR '

We now turn to the evaluation of the phonon polarization at one loop. It also yields a single
diagram, with symmetry factor 1/2, defined as

k

MAPD — 4 }Q» b B (2.50a)

k—p
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1 - = — —
=5} 0% [0k Y TP - RE-pSE O RTET A (- RSSO (- ).
CDEF

This diagram contains open momentum indices (a,b), so it needs to be projected right away to obtain
scalar integrals. Using the projectors (2.26), the transverse and longitudinal parts reads

AB(1) _ de
I, d-1

) o o o
IT, PO = a4 p? M2 | (Yap'i(d,7,2,2) + Yap?) (d,5.2.1) + Y35 (d,7,1,1)) 4P

PAM*= (Y108 + Y50P)j(d,F1,1), (2.51a)

+ (Yap*j(d,p,2,2) + Yop®i (d,5,2,1) + Y25 (d,p,1,1)) JAZ ], (2.51b)

where we used the eight temporary polynomials

4K3Y1 = p* (20K + k), 4k*Yo = p (AR?p— 28 pK(2AK +K))

4K3Y3 = (20K + k) ()\2 +2 \u+ 2M2) 263V = —AN2Ak+ k) (A +p), 8:%Yr=(2Ak+k)(A+p)?,

461y = AR 4 2AKPA 1+ 20K 12 — 26N (2A Kk + K) (AN + Ap) — 220K + K) (AN +2Ap),

265 = —ARIA+ 1) + 2885 (ANA+ 1) + ApA) + K2 (AN + 1) + Ap)),

8k4Ys = (A + 1) (ARZ( A+ p1) —4ARK(AN+ Ap) — 262 (AN + Ap)) . (2.52)
As we can see, the longitudinal part of the polarization is highly non-trivial as soon as one loop. Indeed,
as opposed to the transverse part, the polynomials do not factorize nicely. This will be the case for the

vast majority of the diagrams beyond one loop. Going further, after IBP reduction, the polarization
projections read

AB(1) _ de

1 =M (0P Y0 4P) j(d L), (2.53a)
20 = dep? M (((d = 3)((d— 6)Y7 — Y5) +¥5)0"P + ((d=3)((d — 6)Ys — Yo) + Y)J 4P ) i(d, 1.1,
(2.53b)
which, once expanded in d =4 —2¢ reads
Ly Ydep? (pPN\[1 8 (52 2 )
T _ N T L B 2.54
5T (4r)? (M2 370" 277 36)° O] (2.54a)
Yodop? (P2 \[1 8 (52 =2
@ _ Yedep” (p” N1 B (52w o 2.54b
J @z \32) (3= o \a7736)° " ()] (2.54b)
d.p? 2\ [Y3—Ys5—2Y 1
Y = (;}) [3 : 7+2(Y3—Y7)+ue(ﬂz(ﬁsHY?)—(w2—48)%)+0(€2)]»<2-54C>
dep? [ p? \°[Ya—Ys—2Y; 1
Y = o <Apf) [ s 8+2(Y4—Ys>+126(%2(1%+2Y8>—(7r2—48)Y4)+0(€2)]-<2-54d>

As we can see, the polynomials Y, contribute differently at each order of the e-expansion. Therefore,
the calculation of the integrals cannot be separated from the tensorial contractions generating the
polynomials Y, (unlike, e.g., in QCD, where one may compute the integrals and the color factors
independently).
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2.3.2 Two-loop analysis

At two loops, the flexuron self-energy has five contributions represented by the diagrams in figure 2.2.

- - -~ 1
(2a) o (2b) o (2¢) _ =
(a) 829, s=1. j (b) £, s=1. () £, 8=

- 1 - 1
(2d) q_ (2¢) q_
(d) Eaﬂ , S=2x 5 (e) Eaﬁ 3 S—g

Figure 2.2: Two-loop flexuron self-energy diagrams and their symmetry factors (S).

At this point, we won’t give any details of the derivation and just provide the results obtained
after computing and summing all the diagrams. We will use the notations

(p*)"/?
48(4m) kS (A +2u)™
First, the 648 part yields

5kTy
= 12(d. +10)ad0s + (44d. +360) a2 4 (63d,. +390) 399 +36(d. + 5)ad99 + (7d. +30) 99

+36(d.+10) a9t +12(11d. 4 90)ad +9(21d.. +130)ad%t +108(d.. +5)a391 + (21d.+90) a9}

+(36d. +240) a2 + (132d,. +720) %2 + (189d,. 4 780) 392 + 36(3d. + 10) a39s + (21d,. +60) 5%
—24(d, +10)adid — (68d. +600)adid — (76d. +600)adi9 — 4(13d. + 75)adss — 2(7d. 4 30)adi9
—48(d.+10)abi ] —8(17d. +150)afi] —8(19d. +150)a9i] — 8(13d. + 75)ads] — 4(7d.+30)al}]
—20(d.+6) a9 — 10(5d. +18) 199 —20(de. +3)asds —40(d.+6) et —20(5d. + 18)aj9) —40(d. +3)ads]
+ 1200979 4 2400929 + 2400929 + 1200373 + 300339 4+ 120059 4 1200129 4 600319 + 300399

+ “6—13 [(756dc +4240) 899 4 (2532d,. + 13440)ad% + (3129d,. 4 15940) 39 + (1608d,. + 7980) 359
+(291d, + 1420) 393 + (2268d,. + 12720)ad; + (7596d. +40320)a 2] + (9387d.. +47820) sy
+36(134d, 4 665)a39] + (873d. +4260) a9} +36(63d,. +250)ad9s +36(211d.. +810)a%2
+(9387d..+35730) %92 + 72(67d. +255)ad9a +9(97d. + 370)a9s — 8(189d,. + 1060)ss

—4(1011d. +5480) a1 — 4(1077d. + 5660) a9 — 4(624d. +3145) 539 — (582d. +2840) a3
—16(189d..+1060)a9it — 8(1011d, + 5480)a it — 8(1077d. 4 5660)adil — 8(624d, +3145)ads}
—4(291d, 4+ 1420)ai} — 20(51d, + 248) b — 30(65d,. 4 308) 1 3 — 20(36d.. + 169) a9

—40(51d,. +248) ] —60(65d.. +308) i} —40(36d. -+ 169)ais) + 42400979 + 84800939

+ 88400939 +46000575 + 14200435 4+ 496019 + 49600 39 + 33800359 + 2140a§23] . (2.56)

2 2e o

M

= =

Second, the JAB part yields

5A,T.
= 220 12d,aQR + 44d.0% + 63d.0992 + 360992 + Td.0993 — 24(d. + 10)aJi)
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— (68d,+600)a?1S — (76d. 4 600)a9s9 —4(13d, + 75) a9 — 2(7d. +30)adts — 48(d. 4 5)abii
—8(17d.+75)a1] — 8(19d. + 75) 931 — 4(26d. +75)a%st —4(7d.+15)ad}] —20(d. +6) s
—10(5d.+18)199 —20(d.+3)azds —40(de+3)agdt —20(5d. +9)at i —20(2d. +3)aaa]

+360a)79 + 7200939 4+ 7200939 + 3600379 + 90029 + 360419 + 36001 39 + 1800333 + 90a§23]

+ AHT4

[(7560[6 +520)a9%2 + (2532d,. + 2280) 0% + 7(447d, 4 550) 0992 + 24(67d,. + 100) 0392
+(291d,. +490) 92 — 8(189d.. +1060) 9Ly — 4(1011d, + 5480) a9 — 4(1077d, 4 5660) 929

— 4(624d,. 4 3145) 339 — (582d.. + 2840) a1 — 112(27d. +85)adit — 8(1011d, + 3155)a 31
—8(1077d. +3335) 931 —52(96d.. +305)adst —4(291d. +955)adi} —20(51d, + 248) b
—30(65d..+308) 19 — 20(36d.. + 169) ) — 40(51d. 4 155) g2t — 300(13d. +43)a}o}

—20(72d,. + 245) a9} + 127200929 4 254400923 + 265200929 + 138000329 + 42600929

+ 148800559 4 148800119 + 101400329 + 642004328} . (2.57)

Let us discuss briefly the notation ag’}g" =\ /QkAl)\AZLAZ. First, we recall that the loop expansion
is performed into the couplings only, i.e., a = {\,1,Ax,A,}, which excludes k and A,. Therefore, the
two indices {k,n} does not count for the expansion. It is apparent in (2.56) and (2.57) since the order of
the coupling in the expansion is 6, and we factorized a term (A+2pu)* in T} so that the resulting order
is indeed 2, as expected from a two-loop expansion. Let us also note that, by construction of aﬁ-g.’,‘fn,
only terms with the same total number of indices (i+j+k+1+m+n), as well as the same number
of coupling indices (i+j+[!+m), and the same number of parameter indices (k+n) can appear next
to each other at a given order in the expansion. Interestingly, if we set a=i+j+1I+m and b=k+n,
for a given tuple a,b, there is a total of (b+1)(1+a)(2+a)(3+a)/6 possible terms. Taking (2.56) as
an example, the order in the couplings is i+ j +1+4m =6 and the order in the parameters is k+mn =2.
This gives a total number of possible term of 252, although we observe an effective number of terms
of 40. This is partially because the amount of disorder is always reduced, so that the sum [+m will
never exceed 2, taking this into account, the number of possible terms simply yields (b+1)(1+3a),
which is 57 for our example, much closer to 40. The takeaway of this little discussion is that for a
given aﬁ’ﬁ” = )\’pjmkAl)\AZ‘Aﬁ, the number of terms is of the order of (i+j+1{+m+1)(1+3(k+n)).

We now move on to the two-loop polarization of the phonon. It has three contributions, displayed
in figure 2.3.

O D OO

- - 1 -
(a) 529 §=1. (b) £V g 5 (c) 529 g=

af af af

e

Figure 2.3: Two-loop phonon polarization diagrams and their symmetry factors (S).

All computations done, we obtain the following results. First for the transverse 642 part

1(2 depi* T
115 %) = — 22 4(d +15)058 + (4. +90) a8 + (de+30)aff + 16(de+ 15)af]

+8(2d.445)a% +4(d.+30)a3] +4(4d, +45)ad9 4 (16d. 4 270) Y92 + (4d. +90) V%
— 600989 — 600919 — 30099 — 240093} — 240091} — 120095} — 300899 — 12004(1)3}}

dep?T:
_ # [2(64dc+ 733)a099+ (1284, +2199)0999 + (32d.. + 733) 339 +8(64d, + 733) s
15
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+(512d,. +8796) a1 +4(32d.. +733) a9} + (512d,. +4388)aisz 4 (512d. + 6582) a3
4 (128d,. +2194) 0992 — 14660959 — 14660519 — 7330509 — 5864051 — 5864a11 — 29320901

733090 - 29320433%} . (2.58)
Then, for the transverse JAZ part

5P = 552 | = 8(de+15)ad — 4(2d.+45)af8? — 2(de+30)0B% - 8(2d, +15)adl]
—4(4d.+45)ai98 — 4(d. +15)a998 +12(d. + 10)agsy +12(de + 15)al33 + 3(d. +20)ad1 s
+48(d.+10)adil +48(d, +15)a%8 +12(d. +20) a9t + (48d.. + 540)as? +48(d. +15)ads?
+6(2d. +45)a91% — 1200839 — 1200923 — 600923 — 4800025 — 4800375 — 2400923 + 90 g7
—60adll - 24004555]

+ depTs
9ke

T
@ _ dep 22

[— 2(64d.+733)a8%% — (128d, +2199)a 93 — (32d. + 733)al57 — 16(16d. +91)ades

—8(32d.+273)a )3 — 8(8d. +91) a9 +2(96d.. + 733) 3] + 3(64d. + 733) 39 + (48d. + 733)ad]}
+8(96d.. +733)abis + (768d, +8796)al3s +4(48d. 4 733)asls + (768d. + 6582) abi?

Q31
+ (768d,. + 8776)0%2 + (192d.. + 3291)a9t? — 14660920 — 14660723 — 7330929 — 58640035 — 58640973
—29320923 + 1097032 — 733039 — 29320033 | (2.59)

Then, the longitudinal 647 part

2 d. Ty
@ = 5 [(8dc+60)a8g3 + (44d,. 4 210) 099 + 110(d,. + 3) 2993 + 3(43d,. + 80) 39

+ (66d,. + 60)399 4 12d.a 209 + (32d,. + 240) a9t + (176d,. + 840)ad%} +440(d. + 3)a99}
+ (516d.. + 960) a9t + (264d,. + 240) i +48d.a 0t +4(8d. +45)ad%2 + (176d. +630)a2

Q140
+110(4d, +9)a992 + (516d. + 720) 392 4 (264d,. 4 180) 392 + 48d,.a292 — 60919 — 180a92) — 2700939

— 1800319 — 60a389 — 2400311 — 7200931 — 10800941 — 7200911 — 240034 — 300439 — 600193 — 6099

042 132 222
— 120048} — 240013} - 2400481]
dcTQ
6e
—36(29d,. 4+ 59)a399 — 18(25d. +27)a3%9 — 72d,.a299 — 8(100d,. + 923) )t — 4(632d,. 4 4101)ad%}

—4(1130d. +3893) 991 — 144(29d, +59) a9t — 72(25d. +27) )] — 288d.ad] — (800d. + 5668) a5

—2(1264d. +6519) 92 — 2(2260d,. + 6547) 392 — 36(116d,. +207)ad92 — 72(25d. +24) 392 — 288d.add2

+ 18460019 + 3178035 + 32270939 + 16380975 + 4860559 + 7384ads1 +12712a31 + 129080951

_l’_

—2(100d,. +923)a23 — (6324, +4101)a2}9 — (1130d,.+3893) 993

+ 6552091 +1944098 + 9230109 + 6660199 + 4860399 + 3692091 + 26640191 + 194404;3%] . (2.60)

And finally, the longitudinal JAZ part

d, T
1l = - [8(2dc+ 15)00%2 4 (88d, +420)a%2 + 220(d,. + 3)a%2 + 6(43d. + 80) 2222

+(132d.+120)a%? + 24d,.0252 +8(4d, +15)ados + (176d,. 4 420) 93 +220(2d.. + 3)ad9s

4 (516d.. +480)ai9s +24(11d. +5)ays 4+ 48d.adds — 24(d. 4 5)afis — 12(8d. +25)afhs — 30(5d, +8)adas

—30(3d.+2)ad — 184,089 — 96(d. 4 5)adid — 48(8d. +25)alil —120(5d. + 8)a9} — 120(3d. +2)adis

—72d.a8} —12(8d. +45)adiF —96(4d. 4 15)ad3? —30(20d, +51)a9? —360(d, +2)adt? — 36(2d. +5)alss

Q401
41200939 42400923 + 1800923 + 600323 + 4800933 4+ 960aY33 4 7200973 42400928 — 12(3d. +10) o33
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—60(3de+T7)atS — 3(99d,. 4 140) 93 — 60(3d, +2) k) — 36d.a 09 — 48(3d. +10)a s
—240(3d, + 7)1 9% — 12(99d,. 4 140) 93 — 240(3d.. +2) 93 — 144d.a )} — 18(8d. +25) %
—720(d, +2) 193 — 36(33d, +40)d9? — 360(2d.. + 1)ad)? — 144d 007 +180ad33 + 42007 39 + 3000313

+ 1200439 4 720032 4+ 1680013} + 120004 1 + 4800488 + 600233 4 1200299 4 24002392 + 4800293
d.T:
+ ; 52 [— 2(100d, +923) Q%2 4 (—632d,. — 4101)aP? + (—1130d,. — 3893) 997 — 36(29d,. + 59) a9
K

—18(25d, +27)a%? — 72d.a20? — 8(50d, +247) Q% — 4(316d, +1209)a %5 — 4(565d. +1327) 99

—36(58d,. +89)ad98 — 36(25d. +21)al9s — 144d.a 203 + (300d, + 1846 )adis + (732d,. 4 3435) )39

+ (831d,. + 1922)0939 +9(48d.. + 37) a3t + 81d.a s + 8(150d, +923) adis + (2928d, + 13740)a L2

+(3324d.. + 7688) 932 + 36(48d.. + 37) a3 + 324d.afLs + (1200d,. 4 8502)a9i? 4 16(183d, +992) 32

+(3324d,. +11649)a92? +108(16d. +37) 332 +108(3d. + 8)ay? — 18460935 — 25120929 — 15890979

— 3330920 — 73840923 — 100480921 — 635601925 — 1332092 + (216d.. + 666) 59 + 27(32d. + 73) 0199

+9(126d.. +199)0d99 + 54(11d, 4+ 9) %9 4+ 108d.s09 + 72(12d,. 4 37) o33 + 108(32d. + 73) 192

+(4536d, 4 7164) i +216(11d, + 9) 03 +432d.a 108 + (864d,. + 3685) 092 4 216(16d,. + 37) 192

+378(12d, 4 19)0d9? +216(11d,. +8) (2 +432d.a k7 — 1589019 — 19710413 — 13050319

— 4860459 — 6356003) — 7884011t — 522001t — 19440iL) — 3330233 — 4860793 — 13320298 — 194404%3;} .
(2.61)

2.3.3 Three-loop analysis

At three loops, the computation, as well as the results in themselves, are extremely lengthy (each result
well over a page) so that we won’t display any of them. We simply provide the diagrams that we have
computed with similar techniques.

For the flexuron self-energy at three loops, it has 32 distinct contributions. All the diagrams are
provided in figure 2.4. As for the topologies, it contains 23 Ladder (L3), 8 Benz (B3) topology, and 1
non-planar (N3). Similarly, the three-loop phonon polarization has 19 contributions. All the diagrams
are provided in figure 2.5. It contains 13 L3 topologies, 5 B3 and a single N3. See Appendix A for
details on these topologies, and why it is important to distinguish them.

After full computation and summation, we obtain the results (not displayed) for

Hé“?’), Hj(B’), H!(:%)’ Hﬂ(?’), (2.62)

See the diagrams on next pages.
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AN ON N ey

& @L JG}&
(e) B0, :i PP s=1, (2) 5%, :% ()=, s=1, (B3)
T% @
i)=Y, s= 2x7 ()=, s=2x1, K)SPY, s=2x1, 0=, s=1, (B3)
(m) =5, s=1, (n) S, s_% (0)2%), s=1, (p) 552, s_i, (L3)
(@) BP9, s= 2><f ) =%, s= 2><f S8, s=1, (L )SED, s = 2><f
@ @ <§©z @
) S8, 8= 2><7 VE&, s=2x1, (w) =8, s = 2><4 (x) 2%, 5= 2><
@5\ TR él
() S, s=2x1, (2) =02, s_é (aa) 559, s = 2><4 b) S, S=2x
& s S B
(ac) S5, sf%, (L3)  (ad) 5559, sfi (L3)  (ae) 205, sf%, B3) (ah) S s % (L3)

Figure 2.4: Three-loop self-energies for the flexuron propagator.
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R

(3a) (3b) 1 (3¢) (3d)
a) 5%, s=1, (L DPVNEEEN ) £89, s=1, (L (d) S, s=1, (B3)
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S(3) q_ 1 (i) oL S(3k) o L
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Figure 2.5: Three-loop polarizations for the photon propagator.
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2.4 Renormalization group

24.1

Renormalization constant derivation

We are now in position to compute the renormalization constants, directly from the diagrammatic
results of the previous section. First, we parameterize the renormalization constants as

Z=1+62M 4623 620G 4
Zn,=1+628) 4623 1629 +
Z,=1+62N+62P +52(3 +

Za, =1+0Z8) + 0285 +0Z5) ++-

Zy=1+62"+62) +52 +
Zay=1+028) +02%) +52%) +

Then, from the renormalization identities (2.40), it yields at one loop

where a, = A, 4 2p, and Ag, = Ay, +2A,, and obviously, K(6Z,)

520 =K(=M),

023 =520 —k(EV),
5701 = —2670 4 1c(1; M),

02y =—202"

~ 1 (1
— k(M)

57" = - [anK (L) ~20,620) 210,621

r

1

62 =K(62050) + (S,

| Aar k() Y) +28,0,020 24,628 |

628 = —52® —Kk(62Ws23)) ~1c(62VED) —K(EP),
623 = —Kk(6212) —262? —2K(562Ws2(V) +2KC(62 W11y V) 4 (115 2),

028 =—K(02M2) ~262® —2

K(0zWsz3)) -2k (6201 W) - K (11;#),

1
52 =+ [_ a,K(621?%) ~20,62®) — 21,6 Z3) — 4, K (625 Z(D)

—o),K(620621) +2a,K(6 2DV +a, ,C(ﬁg@))}’

528 =

(1)2
) AA[ Aar kK (6202) —

2800 2D — 20,025 — 40, K(62V0 23

—20\,K(62W628)) — 24, k(5201 Aarm(ﬁy?))} .

And finally, at three loops

573 =K (62VEP) + K (62D51) + (5P,
=—62% —k(62Ws23) - K(62VEP) K (62P520)) k(62D K (S
=220 k(62262 + K(62V211; M) —2k(52Vs2?)

57§
5Z$

)
) —

—2K(62W6zP)+2K(52W

E®) —2k(6 26 20) + 2K (62T D) 4+ (11

(2.63a
(2.63b
(2.63c

)
)
)
(2.63d)
)
)

=67, for any Z,. Then at two loops

(2.65f)

(2.66a)

(2.66b)
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028 =—K(02M2523)) — k(621 W) — 262 — 260 (620115 ) — 2 (62115 V)
—2K(62M522)) —2K(02M52%)) — 2K (62P0 23)) — K (1Y), (2.66¢)

57 = % [arm(ﬁf’)) +2a, K62 40,6204 420, k(5 20T

—2a,02®) 201,623 — 201, K626 Z1V) — 4p, K(6 216 2D ) — 4, K (6 2P 5 2D

—M\K62W%620) —2a,K(62062P) =20, k(6206 27) =20, k(6295 2! ] (2.66d)
6Z8) =~ % [AQTIC(H”(:”)HA HKEZOTIEN £ AL (620 fon,, k(5 21T0)
Ar

+280:02P +20,,028) + 200, K (62 V%6 28)) +48,, K (02628 + 42, (5226 25))

+ANK(ZW223)) 4200, K(820823)) 4285, k(6208 28)) + 205, K(52C >5Z(Al))] (2.66¢)

All these relations completely determines the renormalization constants of the model as a function of
the diagrams computed in the previous section.

2.4.2 Renormalization group functions

Now that we determined all the renormalization constants, we are in position to derive the renormalization-
group functions.

First, the anomalous dimension of the fields, using the definition (2.44), reads
1= inedal [ ap3t + 30731 +asi] + 20055+ 305 +adlh — 2any) — 20711 —ag] — aé%?]
1

- T2(4m)*kOal
+(39d, +340) 99 + (972d. — 240)ag; + 36(79d.. +40) a9} + (2583d. +5700)ad9; + (936d. +4500)adg;
+3(39d, +340) 91 4 (972d. +360)ad0z 4 36(79d.. + 90) 22 +-9(287d.. + 850) %3 + 72(13d. + 75) 353
+117(d.+10)a93 + (160 — 648d,.) aJss — 4(399d. +80) 15 — 4(393d. +260) 39 — 4(156d. +445)ad39
— (78d. +680)ad]S + (320 — 1296d,. ) adii — 8(399d.. +80) i1 —8(393d,. +260)adii — 8(156d,. 4 445)ad31
—4(39d,+340)adi] —20(15d. +32) a2 — 30(5d. +92) 19 — 40(15d, +32) b — 60(5d,. 4 92) i
— 800929 —160a929 42000939 4 2800329 4 3400929 — 12200399 — 24400391 + 6400349
+6400113 + 12200433 + 10600333
P

5184 (4m)6k%ab
+ (2154000d2 — 33694602d,. +2592(7307d,. + 11656 ) (3 — 66835964) agiﬂ +0(at), (2.67)

[(324dc —80)a999 + (948d,. +480) 929 4 (861d. +1900) 099 + (312d.. + 1500) 399

[— 8(5(307d2 —199d, — 42340) +5184(2d. +45)(3) aggs -+ ((108))

where ((z)) indicates that z similar terms are not displayed here. Note that aZr}C” now stands for

renormalized quantities, i.e., Z’}C" N ;Lr kAl)\rAm AT.. We also recall that the expansion is in the
couplings only, i.e., a, = {/\T, fr, Axr, Ay}, which excludes k and A,,.. Therefore, the two indices {k,n}

on the right does not count for the expansion. We shall then use the notation al;’}c” O(aftittm),

The anomalous dimension of the disorder parameter A, using the definition (2.44), reads

3 000 000 , 000 001 001 , 001
¢=2n— m [ Q31 + 3021 + g7 + 2ah30 + a2+ a210]
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+ Ta(dn)inbal [(324dc —80)ad%9 + (948d,. +480) Y% + (861d,. +1900) 939 + (312d,. + 1500) 399
s

+(39d. +340) 99 + (972d,. — 240) gt + 36(79d.. +40) i} + (2583d. +5700)ad9; + (936d. +4500)adg;
+3(39d.. +340) 397 +8(81d, — 20) iz + 24(79d. +40) 93 + (1722d.. + 3800) a3 + (624d,. +3000) 33
+ (784, +680) 393 + 1200941 +3000a9%] 430000931 + 15000331 + 3000971 + 1600939 43200839 — 4000929
— 5600379 — 6800929 + 600021 +90001% + 3000391 — 1280019 — 12800139 — 24400339 — 21200339
N 1

5184 (4m)8k%ab
+ (2205600d2 —21720138d,. + 5184(2116d,. +4265)(3 — 42576640) aggﬂ +0(at), (2.68)

[8 (5(307d2 — 199d,. — 42340) + 5184(2d, +45)(3) g + ((108))

which is expressed as a function of 1 just for the sake of brevity.

Finally, the beta functions are determined by inverting the matrix (2.43) and reads

2
ey [ 000 001

Bu=—2epr +2npr + 6(dm) 258 2001 + 204000}

d 2
+ W‘)‘gﬁw [4540483(2) 1681999 + 2270999 + 18160091 + 2724099 + 908020 + 13724092 + 20580002
T
+6860915 — 4540059 — 4540719 — 227095 — 1816031 — 18160811 — 908341 — 227023 — 90804(1)8%}
deti; 4(8451d,. +25920(3 + 67744) )29 + (2421403d,. — 3022272¢3 + 14993840) 392
T
+ ((59)) + (—165810d,. + 528768(3 — 893888) a%gg] +0(a), (2.69a)
— _9%A A defir 002 4 9,010 4 011
Ba, = 2D +20Au + 6(am 2 ap1p + 2002 + 40
d , ,
— W [454a82% + 6810997 + 2270992 + 4640333 + 6960955 42320993 — 4540919 — 6810939
2

— 2270919 — 18160033 — 2724094 — 9080913 — 20580057 — 27440937 — 10290912 + 4540959 + 4540929
+227a53 + 18160035 + 1816075 +908a55; — 343037 + 22T g + 908a5§;]

_ depir
15552(47)6k10at

+ 0912 (—2818883d,. 4 2607552(3 — 17574176) | +O(c®), (2.69b)

[12 (2817d,.+8640(3 +24794) ad¥3 + (885822d,. + 1977354) ad9; + ((83))

d
Br=—2eX + 20\, + m [agg(f +6097] + 60507 + 20055 + 12075 + 12a385]

d
¢ [(24dc —34)ad29 4 (168d. — 375) 99 4 (366d,. + 253) 999 +36(7d. +27) a399

~ 216(4m) w02
+54(de 4+ 7) a9+ (96d. — 136) a0t + (672d,. — 1500) a9} 4 4(366d.. + 253) 09t + 144(7d, +27) a9
+216(de+7) a9 + (96d, + 308) 992 + (672d, +1110)a2 + (1464d,. 4 5014) 0992 + 36(28d. + 171) 392
+216(d. +9)a992 + 340919 + 358019 — 4150939 — 5940919 — 378589 + 1360051 + 1432003 — 1660052+
— 2376001 — 15120911 + 170299 + 1620193 — 3780199 + 680101 + 6480101 — 1512@3%]

d
= 4(432d2 +18639d. +1 — 52592) o000 9
+31104(4w)6ﬁ9a;4[ (432, +18639d. + 103683 - 52592) aggs + ((92))

+ (466560d2 + 30611863d,. + 6853248(;3 + 14054192) aggﬂ +0(ad), (2.69¢)
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d
Bay =—2e0x 4200+ W [— agog — 60395 — 60505 +2a015 + 606 +4api1 + 12051

+60299 4120100 4 120101 4 2404}8}}

de
108 () TaTaz | (24de 34)ad9? + (168d. — 375) a2 + (366d, +253) 392 4 36(7d.. 4 27) 397

+54(de+7)a32 +8(6d. +47) )23 4 (336d. + 1860) a3 + (732d.. + 4508) A998 + (504d,. +4212) 393
+108(d.+11)a93 + (34 — 36d,.) adiS + (213 — 180d,. ) af33 + (260 — 261d..) 939 + (81 — 144d.) o319
—27d.a89 + (136 — 144d.) ks + (852 — 720d..) Y3k 4 (1040 — 1044d,. ) a 933 + (324 — 576d,. ) ad1
—108d.098 — 6(24d. +77)ads? — 16(45d. 4 79) %3 — 3(348d,. +995)ads? — 36(16d,. 4 63)adi?
—108(d.+9)alst — 340033 — 196033 — 1790979 — 810329 — 1360035 — 784a33 — 7160575 — 324092}
+ (162 —72d.) b33 — 9(32d +57) 199 — 117(2d. +9) a9y — 54(de.+T7)als + 72(9 — 4d.) o 13
—36(32d, 4+ 57)al9s — 468(2d. +9) a9t — 216(d. + 7)) — (2884, 4 401) P — 72(16d.. + 63) 12
—18(52d. +387) 9% — 216(d. +9) 2 — 179039 + 5130420 + 6750419 + 378039 — 716a4L}
4205207443 + 2700041 + 1512020} — 810239 + 3780499 — 3240203 + 15120@35]

d
. —12(2164> 345603 —41 002 /11
+15552(47T)6/£10af:[ (216d; +6009d +3456C; —41998) ags; + ({158))
+ avgss (622080d2 + 22227815d,. + 74856963 — 14479264) } +0(a”). (2.69d)

2.5 Fixed points and results

Back to the physics. We have computed all the renormalization constants of the system, namely, 7,
¢, and the beta functions 3, for the couplings a = p,A,,A\,A). Our next goal is to solve the system
of equations B, =0, in order to access the fixed points of the theory, where the system exhibits scale
invariant behavior and therefore, universality. This allows us to compute the critical exponents of the
system.

First, as a check on our computations, we will focus on the pure non-disordered fixed points and
recover some results of the first chapter. Second, we will sketch the procedure for the search of fixed
points that include disorder. Third, we will provide the complete three-loop results obtained for the
two disordered fixed points we found, namely Ps and P..

2.5.1 Purely non-disordered fixed points

First, we focus on the case of pure (non-disordered) membranes, and then set all the variances to zero
Ay=A\=A,=0. (2.70)

In this case, we are supposed to recover the results obtained in the previous chapter. Let us emphasize
that in the current chapter, we use the two-field model, while in the previous chapter, we used the
effective flexural model. Therefore, retrieving the results of previous chapter is a strong check.

In the pure case (2.70) fa,, Ba, and ¢ are irrelevant and therefore vanishing. Then, the non-
vanishing RG functions tremendously simplify, and yields, up to three loops, the beta functions

dc#% 227d0N§()‘7’ + pir)

— 242
B = =2pre 20 G s T 16 am) O+ 200,
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N depiy
31104(4m)5 (A, + 271,)2

+ 8\ 147 (2975d,. +36(713 — 63(3)) + 2 (8451d.. +25920(3 —1—67744)} +0(a”), (2.71a)
de (6A2+ 6y + p2)
6(47)?
depir (54(de+T)X3 +T72(2d e+ 3) N2 o+ (78de — 179) Ny i 4 (12d — 17) 1)
216(4m)*(A\r +2p1r)

[A3(22839dc — 596163+ 128672)

By =—2X\e+ 20\ +

N depiy
31104(47)5 (A, + 2/1r)2

+ 212 (6588d2 +416667d, — 51840¢3 +109400) + 2, 2 (151242 + 74309d,. + 648(52¢3 — 99))

[36)& (27d? +6498d, — 3888(3 + T876) -+ 54X2 11, (84d2 +9539d, — 5184(3 +8512)

+ 11 (432d2 4 18639d.. + 10368(;3 — 52592)} +0(ad), (2.71b)

and the anomalous dimension of the flexuron field reads
Bt pe) 7 ((39de+340) A2 +4(39d. + 35) A prr + (81d, — 20)pi7)
(412N +20s) 72(47) (A + 2401 )2
3

_ Koy

5184(4m)6 (N +2u,. )3
+ )\z,ur (19020dz +3d.(45792¢3 — 70043) 4+ 231984(3 — 264058)
+ )\ru,% (8640d2 +27d,.(4128(3 — 4531) +409536(3 — 350372)

+ 112 (1535d2 + d.(10368¢3 — 995) +233280(3 — 211700)] +0(a?). (2.72)

[Af’? (12745d2 + d.(36288(3 — 97175) +32400(; — 135430)

In order to solve for 5, =0 order by order, we use a perturbative ansatz for the couplings «a, =

Loy Apy T
pr =pWPe4puPe? 4 B34 (2.73a)
A=A A2 L \B)S3 (2.73D)

and we solve order by order in perturbative series of €. Note that in the following, we will use the

notation
dp,=d.+n. (2.74)

With three-loop accuracy, like in the previous chapter, we find 4 fixed points. Their respective
coordinates read

*—04+0 4
Py: H (54) (Gaussian), (2.75a)
Af=0+0(ch)
Py: pu5=0+0(e?) (Shearless), (2.75b)
2
’2‘:(47r)2d—6+0(£4), (2.75c¢)
12¢ 1680 20
P — a2 ] 122 _ 2 2.75d
3 H3 ( 71—) |:d20 +< dgo 3d%0>€ ( )
470400 8(591624(3 —684433) 4(144504¢3—167155) 1985\ 4 4
5 4 - 3 2 € +O(8 ) )
s, 9d3, 27d3, 2743,

6e (840 190 6)52 (2.75¢)

t=—Um)? | = o — e
’ ( )[d20 3y 3d3;  dao
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<235200 4(591624¢3 —722233)  4(72252¢3—95525) 3791 9> +O(e )]

3, 9d3, a 27d3, C27d2, " dao
12¢ 1440 376
Py *— (4 2| == - 2 2.75f
v pg= ) [d24 ( d%4 5d%4> ( )
345600 96(576288(¢3 —T797161) 48(36864¢3 —59153) 2766 \ 4
5 1 - 3 — 5 +0(e%) |,
4e 480 152
! (4m) [d24 " <d§4 50{%4)E ( e)
115200 = 288(64032¢3 —89129)  8(225504(3 —297083) 746 3 4
5 4 - 3 ) +0(e%) |-
ds, 125d5, 375d5, 75d5,

Note that P, is not renormalized beyond one loop. For the sake of the comparison with the results of
previous chapter, we can try to recover the value of the coupling b of the EFT from the coordinates of
the two field model, i.e., (2.75). We recall from (1.18) that b= pu(dA+2u)/(A+2u). It yields

=0 (2.76a)
2 =0 (2.76b)
160 8 44800 12400 468 56

b*:4 2 o T 5 2 _— T 3 O 4 276

3= ) [(d%o d20> = < d3o 3d3, + 2, 3d20> e’+0(e7) |, (2.76¢)
24¢e 576 464 24

bi = (4m)? | —— Qb &bs 4% ) 2 )76

! ( ﬂ—) |:5d24 ( d%4 25d%4 + 5d24> ( )

138240 192(576288(3 —788161) 144(23712¢3—53489) 17524 4 4
5 T — 3 — 5 |e”+ O(e%)].
&, 62543, 62543, 12542,

Comparing with the results of previous chapter, (1.117a), (1.123a), (1.129a), we observe that the
values for b are not exactly recovered. Indeed, the leading order values for b3 and b} are correct, but
we observe deviations at two and three loops. Moreover, the value of b3 is different. This mismatch
is not a real problem because it is known that the fixed point coordinates are not universal and that
only the anomalous dimensions took at the fixed point are universal quantities. Indeed, taking the
anomalous dimension of the flexuron field at these coordinates reads

n(P1)=0, (2.77a)

(P2)= : (2.77b)
Oe 2800 1060 74 784000

P.) = — 2 2.77

e =20 (5 3, 3 ) (T (277)

40(591624¢3 — 615553)  2(1006344¢3 — 1024193) | 2(20736(3 —17105) 155

- 24+ 0(e%),
27d3, 27d3, 27d2, 9d20>

24 (2880 456 24 691200
1(Fe) = das ( 3, d3, d24> d3, ( )
576(192096¢3 —234137)  8(923616¢3 —1031777)  4(86832¢3 —39029) 64 240
125d3, 125d3, 375d3, 3das ’

Here, as expected, we recover exactly the results of the previous chapter, for the fixed points Py (1.116),
P3 (1.125) and P4 (1.132). As for the fixed point Pa, we find the anomalous dimension to be exactly
zero. Therefore, Py is indeed different of P,. We believe that this is an artifact of perturbation theory
induced by the approximation b(d)="b.

The stability of the fixed points are the same as for the EFT case, after the change of variables
from b, to A,. Indeed, P; is twice unstable (repulsive in all directions). Py is stable in the direction
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of A\, but repulsive in u,. P3 is the opposite, i.e., stable in u, but repulsive in A,. And finally, Py is
stable in all directions. P4 is then the relevant attractive fixed point controlling the flat phase at long
distances.

We provide in figure 2.6 the flow diagram of the model. This flow diagram is in essence the same
as for the EFT, see figure 1.11, up to two small differences. First, the change of variable from b, to A,
yields that the mechanical stability u, >0, b, >0, is now

>0, 2\ 44 >0, (2.78)

therefore the corresponding forbidden regions appear tilted in the A, u, coordinates. Second, a key
feature is that, going from one to two loops, the fixed point P35 is marginally ejected out of the stability
region, see figure 2.6b. This feature is also conserved at three loops. However, we believe that it is
an artifact of the perturbative expansion and that upon higher orders and resummations, Ps would
eventually rest on the line 2\, + i, =0, like in the EFT approach. In the end, the physically interesting,
attractive fixed point P4 is the one controlling the flat phase at long distances. We expect it to be
universal, which is indeed the case as it corresponds perfectly to the one obtained in the EFT case,
both with its coordinates and the value of the critical exponent 1 found at this point.

Ar Ar
P. P.

A A
/P /s

1 Py S Py

Ps p, "

Hr Hor
(a) RG flow at 1-loop (b) RG flow at 2 and 3-loop

Figure 2.6: RG-flow diagram in the plane (\,,u,). The mechanical stability of the model
is delimited by the conditions y, >0 and 2\, 4y, > 0 (red is mechanically unstable). At
one loop, Py and Pj lies exactly on the border of these regions (red dashed lines), while
P4 is located on the line 3\, + u, =0 (not represented). At two and three loops, the
picture changes, P is still located at u, =0, but Pj3 is ejected out of the stability region,
and Py is located above the line 3\, + p, =0. This plot has been obtained from the
beta functions (2.71) and remain qualitatively the same for all values 0.001 <& <0.8.



2.5. FIXED POINTS AND RESULTS 87

2.5.2 How to find the disordered fixed points

In this section, we investigate the fixed points with disorder, i.e., A, >0 with x =&, u,A. To do so, we
need to solve the system

Ba =0, a={u,ALNAN} (2.79)

First, we will naively solve it to find the fixed points as a function of A, and . This will raise several
issues. In order to avoid them, we proceed on showing how to derive the relevant fixed points by means
of a change of variables, toward the so-called low-temperature variables. In this section, for the sake
of brevity, we restrict demonstrations to two loops. The full three-loop result will be provided in the
next section.

Search in high temperature variables

The first naive approach is to solve the system (2.79) for arbitrary parameters k, A, and d.. It yields
the following fixed points. First, a disordered version of the shearless fixed point Po, noted Pa(Ay),
where the shear modulus and its variance are exactly vanishing, reading

1#3(A5) =0+0(E?), (2.80a)

12(A5) =0+0(e?), (2.80D)
eyt = e ram HOE (2.80c)
Bialdy) 200 76+0(e%). (2.80d)

(47k)?  de(k+204)
Second, a disordered version of Pg, i.e., P3(Ay), yielding

(A 12 2A 4 20A3 +721A2 252A .0 k2 4+ 5K3) — 20
5 "“)z iGa ”*)s— ria1 (2045, + At t i+ 5k) $2)52+O(53), (2.81a)

(4mk)? 1 3x3
A*(Ag)  12A2 8A2 5A2 —333A..k—111k%) =10
p3( ) _ Kr o O0r (le( Kr ; k k ) 1.2) 52+O(53)’ (2.81b)
(4mk)? 1 323 (205 + k)
My(Ar) _ 6R(k+ 2Am)€+ 2k (21 (20042, +1081A2, K+ 6124, k2 + 9563 — 921 (24 + k) ) — 2022) 2
(4rr)2 x1 3z3

+0(e%), (2.81c)
A% (A,)  6AZ N 202, (21 (180A2, +640A2, k+54A k2 — 4263 — 921 (24 + K) ) — 2022)
- &

2 3
SO 32520 1) EHOED.

(2.81d)

And finally, a disordered version of P4, namely P4(Ay)

(AL 12 2A 8 104A3 +1015A2 Kk +462A ., k% +47K%) — 12
pilAx) _ 126(k+24A,,) k(y1 (10447, rrl? et +4THY) y2)52+0(53),(2.82a)

(4mk)2 Y1 5y}
A*(AL)  12A2 32A2 21A3 +76A2 k—114A,, k2 —45k3) —3

pl 2) _ 124k 328 (n (A, A 7 45) y2)52+0(e3), (2.82b)
(4mk) Y1 597 (20 + k)
MN(Ar) _ 4w(r+2A,) o 8k (y1 (88A2, +395A2 K+ 1740 k2 + 19K7) — dys) 210E,  (2.82)
(4mk)? Y1 5y3 ’ '
A% (A, 4N2 32A2 3A3 —2A2 k+48A,, k2 +15K3) +

>\4( ) TR KT (2/1( KT gm""<v K k ) y2) 82+O(63). (2.82d)
(4mk)? Y1 5y7 (2A 4y + K)

Note that we used the polynomials

11 =4ds A2, +4d15 Ak +dook?, Y1 = 4dg A2, +4Adig A i+ dogk?, (2.83a)
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T =260A° +2738A% k4 5863A3 k%4 3462A2% k34 T89A k1 +63K5, (2.83b)
Yo =94A° +3295A% k+8042A3 k%2 +4755A2% k3 +1035A k1 4+ T5KS. (2.83c)

The corresponding field anomalous dimensions reads

1(P2(Ax)) =0+0(e%), (2.84a)
B 2021 2({[)1 — 2021)(111{[)121(2Am~ ‘|‘K/) + 10:13'2) 2 3
n(P3(Ag)) = 2 © 0 (2 1 1) e24+0(e?), (2.84b)
242, 8(y1 — 24Z1)(15y121(2Anr + /i) +y2) 9 3
Py(A)) = - 0(e3), 2.84
IPu(A) =0 e 2+0(H) (2,810

and the anomalous dimension of A yields

d(Po(Ag)) =0+0(e?), (2.85a)
20k29 2(10x1x3+111/<;:c%22(2Am+/£)—200/{:@22) 9 3
P3(A,)) = - 0(e%), 2.85b
(P (8n)) = 22 I e 2106, (285)
24kz9  8(y1ys — 15Ky 2020k + K) +24KYy222) 5 3
P4(Ak)) = e+ e“+0(e”), 2.85
oPu(2,) = 2 e ) (2:850)

with the extra polynomials

21 :AZT—I—SAWK—FKQ, 29 =30+ K, (2.86a)
x3=144A> +1054A% k+1375A2 k2 —1183A2% k3 —987A okt — 15955, (2.86b)
y3=120A2 —596AL k—800A3 k% +2762A2 k3 +1845A k" +285k5. (2.86¢)

These fixed points identify very well with the non-disordered case. Indeed, in the limit A, — 0 we
perfectly recover the fixed points {P2,P3,P4} of the pure non-disordered case and the corresponding
anomalous dimensions described in the previous section. Formally,

P2(0)=P2  and  n(P2(0))=n(P2), (2.87a)
P3(0)=Ps  and  n(P3(0))=n(Ps), (2.87b)
Py(0)=Ps and  n(P4(0)) =n(Ps). (2.87¢)

Another limit that one might be interested in is the case of very large disorder, i.e., A — 00. In
that case, a naive limit gives (in natural units Kk =1)

n=(Py(00)) =040(c%), (2.88a)
o€ 1625 115 37

= (P = e s T ) g2 3 2.88b

1= (Pa(o0)) = G+ (155 + 58 o ) O, (2.880)
6e 141 313 6

—(P = S )2 3y, 2.

n=(P4(c0)) d6+<5d%+10d% d6>€ +0(e?) (2.88c)

In this case, we observe new structures in d,, =d.+n with n=>5,6 (in the non-disordered case it was
n =4,20,24). This is a phenomenological evidence of the presence of new fixed points including disorder.
However, in the limit A, —00 we have ¢ — oo for P3(c0) and P4(o0), which is non-physical. Moreover,
it is unsure to us that this limit commutes properly with the € series expansions. We therefore discard
the results (2.88). We will try to access these fixed points by other means.

A very special point that one might want to identify is the point where ¢ =0, i.e., where the
theory is marginal (both thermal and disorder fluctuations being of the same order). In a sense, it
amounts to interpret ¢ as a beta function® and find its fixed point. The first naive ansatz to search

5Tn that case, we would use the coherent notations Ba, =dAg,/dlogM = Ay, ¢.
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for a perturbative solution is A, = A,(w) —|—A(1) --. However, it naively leads to negative solutions
for Ay, such as

Kk 4ke 20e 7600 1100 74
* 0(e?) = * — 210 2.89
ta= 3+8hb0+ ) o8 = T+ (G 3 30 ) SO, 2w
K 4dke

p 5+t =—+0(

. 24e (3072 448 24
= (AL = —

F > +O(), (2.89b)

&3y By du
that are non-physical. Moreover, we observe a d. structure in d,, =d.+n with n=20,24, which phe-
nomenologically means that these are in fact non-disordered solutions. In order to approach a regime

(0)

where Ay, is very large, one can take a non-perturbative ansatz of the form A, —A( 1)/5+Am +

aA,(W) --+. In this case, the solution reads
—3dsk Se 1025 175 37
* o= 9] — )= — 4 0] 2.90
L LINE o8 =T+ (Tt om o )2 HOE. 200
. —3dgk

TO() = n(An)=

. 6e 261 273 6
K4 — )

5 1002 dﬁ) +0(e?). (2.90D)

The first one is irrelevant because it is unstable in several directions. However, the second one is very
interesting, because it is stable in most of the directions. This is a strong evidence that it exist a fixed at
finite disorder, where the model is marginal (¢ =0). This fixed point should indicate the critical point
below (respectively above) which the theory will flow toward a disordered (respectively non-disordered)
fixed point. We will call it P.. However, this approach can be easily criticized. First, the use of a
non-perturbative ansatz is quite shaky. Second, the first-order contribution to Ay, for P, is a negative
pole, which prevents any conclusion towards its real value or its sign without resummations®. Third,
even though we postulated ¢ =0 to derive this fixed point, it is very hard to keep this equality true at
all orders in € while using a non-perturbative ansatz for A,. Indeed, in the non-perturbative approach
it seems that ¢ =0+ xe?+--- where z is non-vanishing. As we will see in the following section, this is
in fact due to the presence of a second fixed point Ps, for which ¢ =ze?+---. In this approach, we are
not able to distinguish between P, and Pj properly.

ot

Search in low temperature variables

Let us summarize what we learned in the previous section. We solved naively the system of beta
functions in the variables p,, Ay, Ar, Ay, for arbitrary A, that we will call the high-temperature
variables. This allowed us to recover the non-disordered results in the limit A,,—0. Taking the limit
A — 00, or various ansatz for A, revealed the existence of an interesting fixed point with a flexuron
anomalous dimension yielding = 6¢e/dg+---. However, for all approaches, the analysis was flawed in
one way or another, which prevents us from making conclusions.

To circumvent these issue, in this section, we will perform the change of variables
Gur = Dyer iy and D = Dpr . (2.91)

By doing so, we completely absorb A,.. Moreover, we will work in natural units and set k =1, which
is equivalent to redefining the couplings and fields of the theory to absorb it.

Moreover, the quantities g, and gy can both be interpreted as couplings, so that the new set of
couplings we will work with is then made of the five quantities

Hry  Gur, Am‘y s A (2'92)

5The sign of the pole does not give the sign of the true value obtained upon computing higher orders and using
resummations



90 CHAPTER 2. CRITICAL ELASTIC PROPERTIES OF DISORDERED FLAT MEMBRANES

Taking the derivative with respect to the renormalization scale M on both sides of equations (2.91)
leads to the following definitions for their respective beta functions

Bgu = Aﬁrﬁ,u + @, (2.93&)
BgA :Am‘ﬁ/\"')\rﬁi)- (2.93b)

The new system of beta to be solved is then

Ba =0, a:{ﬂraguraAurag)\mA)\r}~ (2~94)

Solving this system perturbatively (ansatz o, = aWMe+. --) leads to a total of 8 solutions. However, 7 of
them are unstable in the RG sense or mechanically not allowed. We shall not display them here. More
interestingly, the last solutions give a fixed point with an undetermined parameter. We will choose
ug) as the undetermined parameter, and we define ug) = (47)2C for brevity. Moreover, for the time
being and for the sake of brevity, we limit our analysis to two loops (conclusions at three loops are the

same). This fixed point, that we call P,(C), then reads

P,(C): M;;(C)z(47r)2[0><5+052+0(e3)], (2.95a)
6e 216 51 52 108 21 1
O =(Un)? |4 (St — 4 [ — == | C )2+ 0( 2.95b
[ 3¢ 108 141 21 54 6 1
A* —Ur)? | e (e 2 3 2.
M(C’) (4m) B <d§ +10d§ 5d§+<dg d 2)0)5 +0(e )}, (2.95¢)
2e 72 17T 44 36 7 1
x —Ur)? |- (- - [t 2 3 2.95d

C
[ 36 47 3 18 2 1
A* ERT) I (. S L I 1 2 3 9
1. (C) = (4m) _ —|—< 2 1043 5d%+< d%+d6+6>0>6 +0(e%)|, (2.95¢)

with the corresponding anomalous dimensions

6s (216 39 313 6 (108 30
P = — e 19 2 3 2.
n(Pz(C)) d6+<dé 5d%+10d§ d6+<d§ d6+ )C)s +0(e”), (2.96a)
H(PL(C)) =0+ (_?’S+62 - (18 —3) C) e240(e%). (2.96b)
a2 a2 \ds

The first interesting case is the disordered, shearless, fixed point p=0 (completely dominated by
disorder) which we call P5. It amounts to set C'=0, reading

6e 216 39 313 6
P-)= _ ) 2408 2.97
n(Ps) d6+<dg s+ 102 %) oE) (2.972)
366 , 5
¢(P5) =0+ ——+— | e+ 0(’). (2.97b)
dg  dg

The second interesting case is to take ¢(P,(C)) =0, and solve for C, which simply leads to C = —2/d2.
We call this fixed point P, yielding the anomalous dimensions

6e 261 273 6
P)=— (2420 22, o8 2,
0P =+ (S e ) O (2.98)
¢(P.) =0+0(%). (2.98b)

This fixed point is then marginal (¢ =0), so that both thermal fluctuations and disorder coexist. These
results were first obtained in [56] but contained a mistake, preventing the author to conclude and to
provide a numerical estimate of the anomalous dimensions. Before discussing further these results, we
will extend our analysis to three loops.
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2.5.3 Disordered fixed points and results up to three loops

91

At three loops the picture is unchanged and, following a very similar procedure, we extend to three

loops the coordinates for the fixed points P5 and P..

Results for Py

First, for P5, the three-loop computation yields the following coordinates

pi=0+0(c") (Shearless),

. J[6c (216 51 52\ , (11664 30456 6(2315304C; —3147523)
sio= 2|+ (o) (g e 1254
27(177984¢; — 240053) 5084087 — 3558816¢; 1589) 5o (54)]
100dg 100043 50d2 ’
. ,[3c (108 141 21\ , (5832 17658 3(2315304C; —3159823)
e e € e s
4849308C; — 6531701  528815—384912Cs 213 \ 4
25002 * 3003 B 200d2> O )]’
6 6 6

M=0+0() (Rigid),

(2.99a)

(2.99D)

(2.99¢)

(2.99d)

| E(LT20T N, (3888 10152 2(2315304¢; —3123523)
9xs = dg di 5d  5d2 dg 5d3 125d3
6485671 —4805568C3  3468096C; —4TT7447 1349\ , .
0 2.99
300d 300043 +150d§>€ FOED]; (2:99)
At = (ary| o &4 (36 4T 3\, (1944 5886 2315304G; 3177823
A5 dg di  10d3  5d2 di  5dS 12543
26601 — 484 4 — 57349 202
652660 849308@‘3 35783 3573 9 20 72 2 o). (2.998)
750d} 75d3 60042

Since pug = A3, this fixed point is indeed completely dominated by disorder. The corresponding anoma-

lous dimensions read

by 0=, (21639 313 6) , (11664 25596 G(2315304C;—3200773)
n(Ps) = d6+< a5 T 1042 d6>5 ( a5 12543
3(2388204C; — 3246043) 16228747 — 11992536¢;  152028(; — 194339 16\ 4
1254 1500d3 60042 _3c16>6 ’
S(Pe) = 0o (_ZEJ%%) P (_ 13%14 - 2;;24 . 243(1903?83‘5 26257)
4(147177¢C3 —209119)  3(90144C5 —134243)\
B 12542 10002 >€ ’

(2.100a)

(2.100b)

which the first set of main result in this chapter. Interestingly, in the physical case d. =1, the anomalous

dimensions read

6 3629¢2 (759884263 —698184144(3)e3

P = — — O 4

n(Ps) == S0 + 823543000 +0(),
6e? (72599819 — 58508352(3)e> 4

¢(Ps) =33+ 117649000 +0(),

and numerically yields

n(P5) =0.8571e —0.1511e? — 0.09638¢® + O(e*),

(2.101a)

(2.101b)

(2.102a)
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$(P5) =0.01749¢2 +0.01929¢% +- O(£*), (2.102b)

which, at e=1, reads
n(P5)=0.6096,  ¢(P5) =7, (2.103)

where “?” indicates that the situation is unclear at e =1. Indeed, for n(Ps), the coefficients are small
and decreasing so that e =1 is a good approximation. However, for ¢(Pj5), the first coefficient of the
series is zero, and the third one is bigger than the second one. Therefore, taking e =1 is not reasonable
here, and one cannot conclude on the sign of ¢(P5), see the related footnote 7. Therefore, we are not
able to conclude from ¢ yet if the fixed point P5 is dominated by disorder (¢(P5) > 0) or by thermal
fluctuations (¢(P5) <0). Nevertheless, since uf =Af =0 and that these quantities scale linearly with
the temperature 7', we know that P5 must be disorder dominated and ultimately that ¢(Ps5) <O0.

Going further, we provide in figure 2.7 a plot of the values obtained for n(P5) versus the loop
order, and provide an exponential fit to give an estimate of where the value is going at higher-loop
order.

1 T T T T T T T T T
— 1)(P5) = 1o (P5) +0.654e0-450% ||
- - - Noo (P5) = 0.4400

Anomalous stiffness n(Ps5)

Loop order (L)

Figure 2.7: Exponential fit on the results found for 7(P5) from 1 to 3 loops. The values
seem to slowly converge towards 1oc-100p (P5) = 0.4400.

Including the results from 1- to 3-loop order, a simple exponential fit gives an estimated value at
infinite-loop order of 7sg-100p(P5) = 0.4400. Another way to resum this quantity is to use a simple Padé
approximant. Interestingly, the first Padé approximant yields 5[t/ (P.) =0.6494, which is close to the
raw value (2.103) at ¢ =1 and the second possible Padé approximant yields nl?/1/(P.) =0.4400, which
is surprisingly the same value as the one obtained via exponential fit figure 2.7. Similarly, for ¢(Ps),
while a Padé [1/2] is not possible due to a pole (and would require higher-order computation), the
Padé approximant [2/1] reads ¢/*/1(P5) = —0.1703, which is indeed negative. Our best estimates for
these two exponents are then

n?/1(P5) =0.4400,  ¢/Y(P5)=—0.1703. (2.104)

Results for P,

Second, for P, the three-loop computation lead to the following non-trivial coordinates

(2.105a)

2¢2 ( 174 1543536¢3 — 2103817  3(30048(3 —44081) > 53}

Fo () |oxe— oy (-2
e = (4m) [ mE T\ st 150043 10002
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6e (261 AT
* — 4 2 s -0 2
Gpue = (47) [d6+<5dg 5d§.>€

22707  4177656(; — 5276807 9056669 — 6540912¢C;  90144¢; — 195803 4
- 4 + ks ; . (2.105b)
253 25042 300043 20002
3¢ (261 16
A* — 4 2 s - - 2
pe = (47) [d6+<10dg 5d§>€
22707  A177656(;— 5263757 5021743 — 3770064C;  3(30048¢; —44791)\ 4
~+ - + : . . (2.105¢)
503 500d2 300043 200042
92 58 2005817 —1543536¢;  30048(; — 44081
Al = (4n)%|0 e 2.105d
e = (4m) [ TR (5d§ 45003 T 100042 ’ (2.105d)
2 (127 87
* — 4 2 - - 2
Gie = (4) [ d6+<15dg 5613)6
7560 5346407 — A177656C;  6268752(; — 8121749 186203 —90144C3\ s
7569, d n > . . (2.105¢)
253 75042 900043 60002
87 14
Af = (4n2| — & L P
A = (4m) [ & " < 103 15dg.>6
7560 5211557 — 4177656C;  1716768¢; — 2205491 111973 —90144C3\ s
_ . 2.105f
( 504 150042 * 300042 600042 g (2.1050)

At first glance, the result for p may seem non-physical, since the first non-vanishing contribution is
negative. However, one cannot trust the sign of the second order term in a perturbative series starting
by a vanishing first-order term”. In order to obtain a reliable value for such series, one need high order
expansion and perform resummations, which is outside the scope of this chapter.

The anomalous dimensions associated with this fixed point reads

(b 05, (261, 213 6 , (22707 2088828~ 2558581
T = T\ 5d2 T 1042 dg 2543 1254}
T(173178C3—209501) = 223776(5— 166237 16\ 5 . ,
= , — )40 2.106
3754 300042 305 )¢ TOE): (2.106)
¢(P.)=0+0(c?)  (marginal), (2.106b)

which is the second set of main results in this chapter. In the physical case d. =1, they read

6 507¢% (10463737 —9504432(3)e3 4
P)=—— 2.1
nPe) =2 =330+ 10084200 +O(), (2.1072)

d(P.) =0+0(eh). (2.107b)

Equivalently, numerically

n(P.) =0.8571e —0.1478¢% —0.09531e® 4+ O (?), (2.108a)
d(P.) =0+0(e"), (2.108b)

and at e=1
n(P.)=0.6140,  ¢(P.)=0, (2.109)

"Let us provide an example for the unconvinced reader. Let us imagine that we obtained a three-loop result for a
quantity A, yielding A=0xe—e?—2e*+0(e*), and that one wants to take the limit e =1. One would naively argue
that A < 0. However, if the true non-perturbative result would be, e.g., A=¢?/(2e —1), it is clear that the true answer at
¢=1is indeed A=1>0. Therefore, one cannot trust the sign of the O(e?) term if the leading one, of O(e), is vanishing.
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where ¢(P.) =0 indicates a marginal fixed point.
Going further we again provide in figure 2.8 a plot of the values obtained for n(P.) versus the loop

order with an exponential fit estimation.

]_ T T T I
—n(Pe)

T T T T T

Too(Pe) +0.645¢ 70439 ||

- oo (Pe) =0.4410

Anomalous stiffness 7(P.)

Loop order (L)

Figure 2.8: Exponential fit on the results found for n(P.) from 1 to 3 loops. The values
seem to slowly converge towards 1oc-100p (Pc) = 0.4410.

Therefore, including the results from 1- to 3-loop order, the estimated value at infinite-loop order gives
Noo-loop (Pc) =0.4410. Again, interestingly, the first Padé approximant yields nl'/2(P.) =0.6526 which
is quite close to the raw result (2.109) at e =1, and the second Padé approximant yields 77[2/ 1] (P.)=
0.4410, which is again suprisingly the same value as the one obtained via exponential fit in figure 2.8.
Our best estimates for these exponents then reads

n?(P,)=0.4410,  ¢(P.)=0. (2.110)

2.5.4 Phase diagram

Since an image is worth a thousand words, instead of a long discussion about which directions these
two fixed points are attractive or repulsive in the 6-dimensional space {itr,9,r A pr;grr, A}, We pro-
vide a plot of the RG flow in figure 2.9. We represent the flow in three dimension, i.e., restricting
ourselves to the subspace {,Apur, gy, }, by setting Ay, =—A,;/3 and g, = —gy/3, which is a very
good approximation at both P5 and P, as well as Py, the pure (non-disordered) fixed point.

From the plots of figure 2.9, several comments are necessary. First and foremost, we see that
going from one to two loops, the picture changes radically. Indeed, at one loop, the fixed point P,
is overlapping with P5 so that we can’t distinguish it. In this case, in absence of shear p, =0 (or
equivalently at zero temperature T'=0), all flow lines converges towards P35, but as soon as p, >0 (or
equivalently 7'>0), all flow lines ultimately converge towards Py, the fixed point controlling the flat
phase without disorder. Therefore, if we limited our analysis to one loop, we would conclude that the
disorder is always irrelevant in membranes, and that such systems are always dominated by thermal
fluctuations. However, at two loops, the fixed point P. emerges from P5 and they become two distinct
fixed points. In this drastically different picture, all flow lines converges towards the attractive line
formed by L= (P5,P.,P4). Moreover, P, is itself attractive in all directions, except along the line L,
where it is marginally repulsive. Therefore, if the system stands in between P5 and P, it will flow
towards P5, while if it stands between P. and Py, it will flow towards Pj.

Physically, the marginally unstable fixed point P, is therefore controlling a phase transition be-
tween a thermally dominated phase (P4) and a disorder dominated phase (P5). In other words, a
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o0

Disorder

Py

Temperature

M (a) RG flow at 1 loop (left)
together with its schematic
representation (right).

P;: Gaussian (Trivial)
P4: Thermal (Clean)
Gpr P5: Disordered (Glassy)

Disorder

Temperature

(b) RG flow at 2 and 3
loops (left) together with
its schematic representa-
tion (right).

P;: Gaussian (Trivial)
P4: Thermal (Clean)
P5: Disordered (Glassy)
P.: Marginal (Critical)

Gur

Figure 2.9: RG-flow diagram in the coordinates p,, Ay, gur, and at Ay, =—A,, /3 and gy, = —gur /3.
At one loop, figure (a), the shearless fixed point Ps is attractive in the plane formed by A, and g,
However, as soon as p, > 0, all flow lines converges towards the disorderless non-trivial fixed point Py.
At two and three loops, figure (b), the picture changes dramatically with the emergence (from P5) of
a new fixed point, P.. In this case, all the flow lines converges towards the attractive line (Ps, P., Py4)
and, once there, the flow goes either to P4 or P5, depending on whether it has passed the critical fixed
point P, or not. (Black lines are confined on the planes (A, gur) and (A, ), while red lines are on
the bulk.). Since p, ~T can be considered as a measure of temperature and A, ~1/T as a measure of
disorder, we provide alongside the plots a schematic representation in the Disorder-Temperature axes.
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possible transition towards a glassy phase, where the disorder is dominating the thermal fluctuations.
It is a perturbative confirmation of the existence, at finite disorder and finite temperature, of a transi-
tion occurring in the phase diagram of quenched disordered membranes, as well as of the existence of
a low-temperature glassy phase in these systems.

2.6 Comparison with other approaches

2.6.1 Benchmarking the NPRG approach

It is very instructive to compare our results with those obtained from the NPRG approach [103] when
re-expanded in powers of . The results for n(Ps), and n(P.) in the NPRG approach [103| reads

by 6, (108 _207 26131,
INPRGAES) = e T\ 5dl 52 T 52 Adg

2916 7452 41499 400383 SOTS 333 215\ 4 o4 oy
95d] 25dJ ' 50d3  400d} | 160d3 400dZ ' 96dg ’ '
18 33 1
P5)=0 R
onprG(Ps5) = X€+< 5d3+5d% d6>6
486 2403 2169 10617 441 11\ 4
= = - 0 2.111h
* < 2540 5045  20d! T 10043 25 T 24d6> e HOED, ( )
6: (3 212 8
P =t oo 22 )2
mera (Pe) = 7=+ <5dg "5 12d6> c
3 15119 713483 222041 5197 \ 4
- 0 2.111
* <25dg " 120047 " 240047 360042 2592d6) e +O0ED, (2.111c)
éxpra(Pe) =0, (2.111d)

We observe that the NPRG is able to correctly recover the structure in dg, but is not able to reproduce
the (3 structure. For simplicity, we compare numerically with our result, at d.=1 (conveniently
displayed on the right), reading

npra (Ps) = 0.8571e — 0.1413¢2 — 010343, 5(Ps) = 0.8571e —0.1511e2 — 0.09638%,  (2.112a)
dnpra(Ps) = —0.0186652 — 0.02746¢°, 6(Ps) = 0.01749¢2 +0.01929¢3, (2.112b)
NpRG (Pe) = 0.8571e — 0.14482% — 0.1054¢%,  1(P,) = 0.8571e —0.1478¢2 — 0.09531%,  (2.112¢)
onprG(Pe) =0, o(Pc) = (2.112d)

For n, the NPRG is very good to mimic numerically the exact loop expansion for both P5 and P.. In
the case of ¢(P3), the situation is unclear since the two series have a sign difference. However, both
series are hard to resum with such few terms since they are in an asymptotic regime. The NPRG [103]
also provides results exactly in d=2 (¢ =1) reading

nNprG(Pe) =0.492,  nnpra(Ps) =0.449, (2.113a)
onprG(Pe) =0, onpra(Ps) = —0.172, (2.113b)

which are reasonably close to our best estimates (2.104) and (2.110). For Ps, ¢ <0 is in accordance
with the fact that it must be disorder dominated.
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2.6.2 Benchmarking the SCSA approach

In [12], a LO SCSA computation for arbitrary d in presence of quenched disorder has been performed.
The results lead to a single fixed point, which is marginal, i.e., ¢gcsa =0 and the flexuron field
anomalous dimension can be derived from the equation

d(d—1) I'@2-n)l(2-n/2)T'(n/2)T(d+n)

1= , 2.114
i, Ty d/IT (- 0/ d/2T (5 7)) .

where n =ngcsa. Solving this equation yields the non-perturbative result
nscsa =0.449,  ¢gcsa =0. (2.115)

Their finding of a single fixed point seems to indicate that, due to the LO approach, the SCSA is
not able at this order to distinguish the fixed point P. from Ps. The picture is therefore the one of
figure 2.9a, where Py is marginally stable, and all flow lines eventually converges towards P4, so that
the disorder is irrelevant as soon as pu, >0 (or equivalently 7'>0). Therefore, we denote ngcsa as
nscsa (Pz). Solving perturbatively (2.114) at d =4 —2¢ reads

Py (24 2T 6 2 (972 1350 555 165 16
TeSAe) = e T\ @ T a2 dg 43 Tl a3 24 3dg

pscsa(Pz) =0. (2.116b)

>53+O(€4), (2.116a)

Interestingly, it seems that the structure in 1/dg resemble more to our result for P, than for Ps.
Moreover, if we compare numerically with our results (conveniently displayed on the right)

n(P5) =0.8571c —0.1511? —0.09638¢3,

_ o 2 3
nsosa (Pr) = 0.8571e —0.1487¢7 ~ 0.07621<", n(P,) = 0.8571e — 0.14782 — 0.09531&3,

(2.117)

it seems that the (single) fixed point captured by the SCSA has a flow structure compatible with Ps,
but an anomalous dimension close to the one we have for P.. This is a strong evidence that the LO
SCSA computation seem not to be able to capture the whole physics of the system, i.e., distinguishing
the two fixed points found within our approach. This calls for a NLO SCSA computation.

2.6.3 Comparison with large-d. approaches

From [12], the SCSA technique at LO in the large-d. expansion, for arbitrary d, also yields a single
fixed point, with anomalous dimensions
2d-1 I'(d)
P,)=—
nsesalPe) = o S @R —d/2)
pscsa(P) =0+0(1/d2), (2.118b)

+0(1/d2), (2.118a)

which is exact at this order. It is also remarkably exactly (up to a factor 4) the same result as for the
clean case, see (1.146). These results can be directly compared to ours if we expand them in d=4—2¢,
reading

1 1
nscsa(Py) = - <65—652 — 2563+O(54)) +0(1/d?), (2.119a)

C

¢scsa(Pr) =0+0(1/d2). (2.119b)

Interestingly, the result ngcsa corresponds to our results for both Ps and P.. See the leading order
terms €"/d, in equations (2.100a) and (2.106a). It is again an indication that the SCSA is not able to
distinguish between P and P..
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Interestingly, the NLO large-d. computation has been performed in [106]%, directly in d =2, while
taking infinite disorder (A, — oco). This reads

1 612(3—265
Marge-d. = 50~~~ {og s +0(1/d3), (2.120a)
68(5—31
¢large-dC :—%4-0(1/&2) (2120b)

Note that taking d. =1 gives Miarge-d, = 0.2276 and Piarge-q, = —0.2225. Again, the presence of a single
fixed point seems to indicate that the large-d. approach is not able to distinguish P5 and P..

2.6.4 Non-perturbative comparison summary

As a summary, we recall our perturbative results directly at € = 1, our resummations, as well as the non-
perturbative results directly in d =2 provided by NPRG [103], SCSA [12] and the large-d. (NLO) [106]
at d.=1.

) This work Other approaches
£=
1-loop 2-loop 3-loop |Padé [1/2]|Padé [2/1]|] NPRG [103] | SCSA [12] | large-d. [106]
n(Ps) 0.8571 0.7060 0.6096 0.6494 0.4400 0.449
0.449 0.2276

n(P.) 0.8571 0.7093 0.6140 0.6526 0.4410 0.492

P 0 ? ? ? —0.1703 —0.172
#(Ps) 0 —0.2225
é(P,) 0 0 0 0 0 0

Table 2.2: The “?” indicates that the result has been obtained as a series whose
first terms behaves too badly to be resummed at this order, calling for a higher-order
expansion. The values indicated L-loop with L =1,2,3 have been obtained taking raw
e=1 at the loop level L, from the results of this chapter. The Padé values [2/1] are
the resumation extrapolations at oo-loop order, which are our best estimates.

8In [106] the authors considered only a quenched random curvature.
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2.7 Conclusion

In this chapter, we have analyzed quenched disordered membranes by means of a three-loop order
perturbative approach. We have derived the all the RG functions for all the coupling constants and
determined the fixed points relevant to the long-distance physics of quenched disordered membranes
from one to three-loop orders. The main result of this work is that, beyond one loop, it clearly exists
a new finite-temperatur , finite-disorder fixed point P, in the RG-flow diagram. We provide in figure
2.10 a summary of our findings.

)=0 (

) =0.8348 (Thermal)
P5)=10.4400 (Glassy: ¢ =—0.1703)
)=0.4410 (Marginal: ¢=0)

Gaussian)

Py

Figure 2.10: Schematic RG-flow diagram of quenched disordered flat membranes beyond
one-loop, together with our best estimates for the flexuron field anomalous dimensions.

Therefore, beyond one loop, there exist two distinct fixed points including disorder, P5 and P.. At
the marginality, the critical exponent ¢ of the disorder parameter A, yields by definition ¢(P.)=0.
As for its value at the fixed point Py, our best estimates reveal ¢(Ps5) < 0. Interestingly, the results that
we obtained for n at the fixed points P5 and P, exhibits a very peculiar asymptotic series structure,
with small and decreasing coefficients. These series are then effectively convergent for the first terms,
so that estimations at € =1 should provide a good approximation of the series, even at low orders.

Admitting these arguments, our is a first perturbative confirmation of the existence of a finite
disorder, finite temperature transition occurring in the phase diagram of quenched disordered mem-
branes, as well as of the existence of a low-temperature glassy phase in these systems. The proximity
between the values obtained for the anomalous dimensions at various fixed points within our pertur-
bative results and the NPRG ones suggests that the fixed point P, identified in the former approach
coincides with that discovered within the latter one.

Let us underline that, in this chapter, we also recovered the results in the clean case, obtained in
the last chapter. We recall that the clean results were obtained in the previous chapter by means of the
effective flexural model. In this chapter, we used the independent, but equivalent and complementary;,
two-field model. The agreement of results in both models is a very strong check on our computations,
and a proof that we acquired an unambiguous control on the renormalization procedure in these models.

It remains to confirm the present results by circumventing the difficulty encountered here, mainly
due to the various series starting at O(e?), thereby preventing us to conclude in some intermediary
steps. Within the perturbative context, this may be achieved by changing the regularization and/or
the renormalization scheme. Another method could be to enlarge the perturbative series by several
orders and to use resummation techniques in order to extract reliable information about the position of
the fixed points. Unfortunately, both solutions are far beyond the scope of this work, especially given
the technical complexity of the model. In this respect, it would be of tremendous interest to revisit
the SCSA approach in view of the present findings.
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Chapter 3

Critical properties of QED and
reduced QED

This chapter is partly based on the publication
[4] S. Metayer and S. Teber, JHEP 09 (2021) 107,

“Two-loop mass anomalous dimension in reduced quantum electrodynamics and application to

dynamical fermion mass generation”.

We introduce the basics of Quantum Electrodynamics (QED) in four dimensions and then motivate
the study of the more general reduced QED, where photons lives in a (possibly) bigger space-time than
electrons. We compute the corresponding self-energies and polarizations up to two loops in a small
coupling expansion and obtain all the anomalous dimensions. Our results are then applied for everyday
QED as well as for a physical model of graphene, for which we compute the optical conductivity. We
address the critical properties of reduced QEDs and study the eventuality of a phase transition from

an insulating to a metallic phase in these models.
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3.1 Introduction

3.1.1 Basics of QED in four dimensions (QEDy)

Quantum electrodynamics (QED), first formulated by Paul Dirac in 1927 [108], is the relativistic
quantum field theory describing how light (photons) and electrically charged particles (like electrons)
behave and interact. QED is famous for its extremely accurate theoretical predictions of various
quantities, two prominent examples being the anomalous magnetic moment of the electron and the
Lamb shift of the energy levels of hydrogen, see, e.g., [109]. QED is usually considered in the physical
(3+41)-dimensional spacetime, i.e., 3 space dimensions and 1 time dimension, that we shall name QEDy,.

Mathematically, the QED4 model is derived from the principle of gauge invariance. It is an
abelian gauge field theory with the unitary symmetry group U(1), defined on Minkowski space (flat
spacetime). Formally, the QED,4 theory is made of a bosonic spin-1 field, A#(x), called the gauge field
(or electromagnetic field) as well as (possibly multiple) charged spin-1/2 fields W¥(x). Excitations of
the gauge field are called photons and mediate the interaction between the excitations of the matter
field(s), called fermions, like, e.g., electrons. See Table 3.1 for a summary of the field content and the
usual vocabulary in QEDy.

Field ‘ index spin stat. excitations physical sense  mathematical definition
Vi(z) | o=1,--,N; 1/2 fermion electrons (e¥) matter 4-comp. Dirac spinor
AM(z) | p=0,---,3 1 boson photons (y)  EM interaction gauge covariant vector

Table 3.1: Summary of the field content in QEDy.

The action, defining the model for this field content, can be written down considering that the
theory should be invariant under some carefully chosen symmetries. The first ones are the usual
relativistic spacetime symmetries, i.e., invariance of the physics under rotations and boosts (Lorentz
symmetry group) as well as translations, altogether forming the Poincaré symmetry group. The second
ones are the internal symmetries of the theory, which in the QED case, is the internal unitary U(1)
gauge group symmetry (circle group), directly related to the electric charge. While writing down the
resulting action, one also needs to restrict to the terms that are relevant in the field theory sense,
i.e., renormalizable terms with a coupling parameter of canonical dimension between 0 and 1. Note
that the vector field, mediating the gauge interactions, is naturally introduced by the generalization of
the global gauge transformation to one that depends upon the local spacetime coordinate, while still
requiring that the action remains invariant under all aforementioned symmetries. The obtained action
can be written in a usual compact form, see, e.g., the standard textbook [110], and reads

1 1

SQED4 Z/d4.%' [\T/i(i@—m)\l/i—F“VFw,— 2€

: (0,47, (3.1)

where we use natural units A=c=1. The notations require some unpacking. First, i=1,2,---,N; are
the Ny flavors of the massive (4-component) fermionic Dirac fields ¥¥(z), each of which has the same
mass m. Note that in everyday life QED4, Ny =1, nevertheless we keep N; arbitrary in prevision
of the next sections where Ny may be two, or even considered very large. Secondly, {u,v}=0,1,2,3
are the 3+ 1 Lorentz spacetime indices of the gauge field A*, i.e., the covariant four-potential of the
electromagnetic field generated by the fermions themselves. Also, ) =+#D, is the usual Feynman
slash notation with the covariant derivative and the electromagnetic field tensor respectively defined
as

D,=0,+1ieA, and F=0,A,-0,A,, (3.2)

with the coupling constant e standing for the electric charge, which is dimensionless in d=4. The
4 Dirac gamma matrices, of size 4 x4, are noted v* and are defined so that they fulfill the so-called
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Clifford algebra
{7 =1yt =29 1y, (3-3)

with I, the n xn identity matrix and g" the Minkowski flat space metric with, e.g., the convention
=diag(1,—1,—1,—1). A usual representation for these four matrices is the Dirac basis

0__ 12 0 j_ O O'j
Y _<O —IQ ) 7= _Uj 0 ’ (34)

where j=1,2,3 are the space indices and o; are the usual 2 x 2 Pauli matrices. The gamma matrices
are the fundamental objects that transform the 4-component Dirac spinor fields W¥(z). Indeed, the
Dirac adjoint is defined as W¥(z) = (¥(x))'7°. Note that there exist also additional matrices that
anticommutes with this set and generates the chiral and parity transformations of the model. We will
describe precisely these matrices later in this chapter, in the devoted section 3.4.4.

Note also that instead of fixing the gauge by constraining the gauge field a priori, via an auxiliary
equation, we added a gauge breaking term to the physical (gauge invariant) action, called the R¢ gauge
term, and parameterized by the gauge fixing parameter £&. This term is also necessary to allow the
inversion of the Lorentz tensorial structures while writing down the propagator for the photon. The
choice of the parameter £ determines the choice of gauge and by definition, physical results do not
depend on the gauge fixing parameter &, i.e., its value is an arbitrary choice. Several gauge fixing
choices can be made, some more useful than other depending on the situation. Usual choices of gauge
are named after physicists,

Landau: £=0, Feynman /'t Hooft: £=1, Yennie: £=3, ... (3.5)
To finish, let us remark that from trivial dimensional analysis on the action (3.1) we have
W=3/2, [A]=1 [eJ=0, [m]=1,  [{=0, (3.6)

where we used [0] =1, [d*z] = —4 and [S]=0.

Sketch of a perturbative computation in QED4

A typical perturbative computation in QED4 goes as follows. First, write down all possible Feynman
diagrams at a given loop order for the process of interest like, e.g., a photon disintegrating into an
electron-positron pair (v — e*e™). Then, write down the corresponding expressions using the Feynman
rules of the model, compute all the diagrams and sum them! From the action (3.1), the Feynman rules
in their simplest form (in the Feynman gauge and for Ny =1) read

> _ 1 , 7 = —ievy", U A~~~ v :;219““/. (3.7)
p p—m p p

The first contributions to our example process, ¥ — ete™, are the quantum corrections to the three-
point vertex interaction

M= p -m< :—le(’}/ +T+-). (3.8)

The physical process is then accurately described by the (infinite) sum of all the possible diagrams,
that become more and more intricate with increasing loop order. Hopefully, if the coupling parameter
is small, the more loops a diagram has (therefore the more complicated it is), the less it contributes.
For QEDy, in low energy conditions, the relevant expansion parameter is the fine structure constant
a = e?/(4meghc) which reduces to a=e?/(4m) ~1/137 in the natural units i =c=eg=1. The value of
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a means that each loop order contributes 1/137 times less than the previous one. Therefore, taking
into account the first few diagrams is already extremely precise in QED,4 at low energies.

Computing these Feynman diagrams involves integrations over the internal loop momenta, and
generally leads to divergences. These are conveniently regularized using dimensional regularization,
which is the most convenient regularization scheme for higher-order computations. Performing the
computations in arbitrary dimension d allows regularizing the divergences that may appear in exactly
d=4. Then, one can perform an expansion close to the convenient upper critical dimension, which
is dyc =4 for QED,, the dimension where the theory is scale invariant, i.e., where the coupling is
dimensionless, [a] =[e*]=0. One usually takes the convention d=4—2¢ with ¢ —0. After some
appropriate projections, the result for the leading order (one-loop triangle) diagram in (3.8) takes the
form

I = f+B+0(5). (3.9)

In a high energy physics context, one is usually interested on the so-called probability amplitude related
to this diagram, i.e., the probability of this peculiar process to happen. To extract this amplitude, we
use renormalization, which is trivial at this order and basically removes the 1/e pole. This leads to
the renormalized, i.e., physical, amplitude I';,, = B. It turns out that this number is directly related
to a famous physical quantity, the anomalous magnetic dipole moment of the electron a. = (g—2)/2,
which basically quantifies the difference between a classical spinning magnet and a true quantum
electron. Our first order estimation of this quantity is, after computation, a. = a/27. This result was
first derived by Julian Schwinger in [111] and engraved on his headstone. Taking the fine structure
constant to be a~1/137 yields the value a, =0.001161. Thanks to the smallness of «, this result is
already accurate up to 4 digits. Indeed, recent precision experiments, e.g., from quantum cyclotron
orbits [112,113] showed that a. =0.00115965218073(28) (recalling that the most recent measurements
for the fine structure constant reads a=1/137.035999206(11) [114]). On the theoretical side, going
further and including more diagrams increases the theoretical precision. Indeed, actual state-of-the-art
numerical computations at five loops, see, e.g., [115], involving several thousands of diagrams, gives
the theoretical value a. =0.00115965218178(77) which is in accordance with the experiment up to 11
digits! This example is famous to be one of the most accurate theoretical prediction verified by an
experiment.

Interestingly, in this analysis, renormalization was basically used to throw away (consistently) the
divergent parts of the diagrams and obtain finite results. However, in a low energy physics context,
i.e., in statistical physics and more generally for condensed matter systems, this pole part is exactly
what one wants to extract from this computation to access the so-called renormalization functions.
Indeed, the pole A/¢ is directly related to the asymptotics of Green’s functions, thereby quantifying
via anomalous scalings the violent features of the model, such as phase transitions. In this specific
case, it is related to the running of the coupling of the theory with respect to the energy scale of
observations, i.e., a(u) with g the renormalization scale. At low energies, we must recover the fine
structure constant, so we define a(m.) &~ 1/137 with m, the electron mass, since it is the lightest particle
charged electrically. The question is then if the coupling increases or decreases when the energy scale
increases. The function quantifying this flow is called the beta function, defined as (a) = da/dlog .
At first order, a simple computation leads to 3(a) = —2Aa = 2a2/37. This shows that the pole content
of the theory is directly related to the beta function. Therefore, the running coupling a(u) increases
with g. Indeed, at higher scales such as the Z-boson mass (10° times larger than m.), it has been
measured as a(myz)=1/127 [116]. Moreover, since the coupling flows with energy scale, one may
ask the simple question; is there a special point where the coupling is scale invariant, i.e., 5(a)=0.
Solving these equations leads to the so-called fixed points of the theory, where the theory exhibits
peculiar universal features. One of the striking feature of theories taken at their fixed points is that
they exhibit universal scaling for their correlation functions, that we call anomalous dimensions or
equivalently critical exponents. Moreover, completely different theories, possibly arising from different
physical models, can exhibit the same critical exponents. We call these categories of theories exhibiting
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the same fixed points, universality classes. Unfortunately, in the high energy physics context, in 3+1
dimensions, there exist very few fixed points. Nevertheless, we will see in the following that this picture
changes completely in lower dimensions and more specifically in 241 spacetime dimensions.

3.1.2 Motivations for reduced QED

Reduced quantum electrodynamics is a model describing fermions interacting via photons that live
in a (possibly) bigger spacetime. Formally, the relativistic massive fermions lie in a d.-dimensional
spacetime and interact via the exchange of massless bosons in d,-dimensions (d. <d,), we then denote
it QEDg, 4, At the level of the action, it simply amounts to split the Lagrangian of usual QED4 (3.1)
into two parts and give two different dimensions to the spinor and vector fields, i.e., schematically

1
2%

Obviously, one should be careful with Lorentz indices in the model (3.10) since the interactions are
limited to the d. plane. We will give a more precise definition of this action in the next sections,
see (3.12). The first trivial example of such model is to take the same dimension for fermions and
bosons, e.g., dy =d. =4, i.e., QED4 4 which recovers QEDy see (3.1). A less trivial example is to take
de =d, =3, i.e., QED3 3 that we denote QED3. In this case, the coupling acquires a non-zero canonical
dimension. Indeed, simple power counting on the action (3.10) yields in arbitrary dimensions

- . 1
SQED, ., = / ddew[\lfi(ilp—m)\lﬂ] + / ddvx[—4FWF,w— (9, A")?] . (3.10)

do—1
=

:dvz—Q’ [6]22_ﬁ [m] =1, [€]=0, (3.11)

(V] [A]
which, in QED3 implies [¢] =1/2, so that o =e?/47 has the dimension of a mass, making the theory
superrenormalizable and therefore asymptotically free. Therefore, in QEDj3, « is not suitable to be the
“small parameter” and one has to choose another perturbative parameter, which is usually 1/Ny, i.e.,
considering the number of fermion-field flavors to be large. This is the so-called large-NN; expansion
technique, see [117] for a review. We will keep this model for the next chapter that will be devoted
to the study of QED3 and some of its bosonic and supersymmetric variants using large- Ny techniques.
In the rest of this chapter we focus on the case d, =4, i.e., QEDy4 4, such that we keep the canonical
dimension [e] = 0. This leads to the third prominent example of reduced QED models, in which fermions
are confined in a d, =241 plane, interacting via photons that are d, =341 dimensional, i.e., QEDy 3,
see figure 3.1. Since fermions are confined on a plane, the out of plane photons propagates freely, i.e.,
are non-interacting. As we shall see in the following, this model is particularly accurate to describe
electronic interactions in graphene [26,27], and more generally Dirac planar liquids.

z

% j;”m

Figure 3.1: Illustration of an interaction event in QED, 3. Electrons and positrons are
confined on the de =241 plane (z,y,t) and interact via photons that eventually exit the
plane in one extra dimension (z). Photons propagates freely (no interactions) outside
the plane (z,y,t). Note that ¢ and y axis are shrunk together for illustration purposes,
the true event living on a 3+ 1 =4 dimensional space.

y,t

»
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Historically, the reduced QEDy, 4, model (3.10) has been introduced motivated by the study of
dynamical chiral symmetry breaking in brane-world theories, see, e.g., [118,119]). Soon after, a first
application was devoted to the specially important case of conformal QEDy 3 (also known as pseudo-
QED from [120] and mixed-dimensional QED from the recent [121]) in relation with graphene [122].
Indeed, in condensed matter physics, an emergent relativity appears at low energies for systems with
two stable Fermi points, see, e.g., the textbook [123]. This is the case of pure (undoped) graphene, a
one-atom thick layer of graphite, see, e.g., [87,124-126] for reviews. In such models, the quasiparticle
spectrum is Dirac-like and massless at low-energies [127,128]. Indeed, QEDy, 3 describes graphene in
very particular energy conditions. More precisely, the renormalization group approach of [129] revealed
the existence of a low energy (infrared) Lorentz invariant fixed point for graphene. Approaching this
fixed point, electrons renormalize, i.e., are dressed (shielded) by a cloud of other electrons and photons
to become a collective electronic excitation called quasiparticle. These new quasi-electrons are the
relevant degrees of freedom at low energy. Miraculously, the quasi-electrons are described by exactly the
same dynamics as for bare electrons (the QEDy 3 theory), but with different (renormalized) parameters.
Flowing down from high to low energy in graphene, the speed of the (quasi)electrons, characterized by
the Fermi velocity, vg, flows to the velocity of light, c~ 300vr. Similarly, the fine structure constant
of graphene, a,=e?/4mephvr, which is of order one, flows to the usual high-energy fine structure
constant, a=1/137. These allow us to consider QEDy, 3 in its full relativistic (Lorentz invariant) form,
and work in the natural units h=c=1. In short, relativistic QED4 3 seems to be the appropriate
field theory to describe an ideally pure graphene sheet cooled down to very low temperatures, where
(quasi-)electrons move at relativistic speeds, which simplifies tremendously the computations.

-—@
real particle

: +
real horse quas horse

Figure 3.2: “Quasi particle concept” from R. Mattuck [130].

In this context, we compute theoretically several physical quantities of interest. The first one is
the optical conductivity of graphene in the low energy regime, which is directly related to the physical
(gauge invariant) polarization operator of the photon, II(p?). This polarization admits corrections, and
we will compute the physical (gauge-invariant) and universal (scale-invariant) first quantum correction
factor, C, which is a pure number, i.e., a fundamental constant of graphene. As we will see in the
following, our results compare accurately with optical experiments. Another quantity of interest is the
anomalous dimension of the electron mass, v,, which is also physical and universal. This quantity
is directly related to the phenomenon of dynamical mass generation in graphene. Indeed, since we
consider a relativistic theory with a vanishing rest mass for the electrons, one natural question is to
ask if the renormalized (quasi-)electrons are also massless or may become massive? Since the massless
theory is chiral (or flavor) invariant, the appearance of a radiatively generated massive term breaks
the chiral symmetry. One refers to this phenomenon as dynamical chiral/flavor symmetry breaking,
sometimes shortened in the literature as DxSB. We will see in the following that the answer to this
question depends on the coupling (o) considered and also on the number of fermions (NNy). Indeed,
for a given V¢, the coupling has to be large enough for dynamical electron mass generation to occur,
which in turn implies that Ny has to be small enough. Therefore, this non-perturbative mechanism
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relies on the existence of a critical coupling constant, a., which is such that for a, <a. fermions
are massless (assuming chiral invariance), while for a;, > a. a dynamical fermion mass is generated
at a given number of fermion flavors Ny (and chiral symmetry is dynamically broken). Alternatively,
in the limit o — 0o, a dynamical mass is generated for Ny < N. where N, is the critical number of
fermion flavors. Such a dynamical mass generated is directly determined by the so-called Miransky
scaling as a function of the critical coupling, which is itself a function of the number of flavor Ny,
i.e., Mayn X exp(—2m//a;/a.—1) [131]. The knowledge of a. and N, therefore provides precious
information on the phase structure of such gauge theories. See figure 3.3 for an illustration. In the
condensed matter terminology, this mechanism corresponds to a (semi) metal to (excitonic) insulator
transition, whereby a dynamical gap is generated at strong coupling and controlled by some parameters.
This implies the opening of a tunable bandgap in the system and could lead, e.g., to the development
of graphene-based transistors [132], provided that one finds an experimental way to change on demand
the control parameters, i.e., o, and/or Ny. Such transistors could lead to groundbreaking applications,
since graphene exhibits high performance conductivity, thermal dissipation, mechanical properties
etc. [133]

oy (N, 00
ar(Ny) (Ne) =

Mdyn #0

Mayn = 0

Ozc(]\gv) Mdyn = 0

1 N
N. d
Figure 3.3: Phase diagram of QEDy, 4, in the (a,,N;) plane. Note that, mgy, =0
implies a (semi-)metallic gapless phase while mgy, #0 is a shorthand for mgy, o

exp(—2m/y/ar/ac(Nf) —1) #0 and implies an (excitonic) insulating gaped phase.

To pursue with the motivations for reduced QED, it has been shown in [134] that it exists a map-
ping between QED, 3 and the well known three-dimensional QED (QED3) in the large-N; limit (where
Ny is the number of Dirac spinors — see also [117] for a review on large-N; quantum field theories)
which is a celebrated effective field theory for planar condensed matter physics systems exhibiting
Dirac-like low-energy excitations such as, e.g., high-T,. superconductors [135-138], and quantum an-
tiferromagnets [139]. The QED4 3 model also captures some universal features of a broader range of
so-called planar Dirac liquids that have been discovered experimentally during the last decade and are
under active study such as, e.g., artificial graphene-like materials [140], surface states of topological
insulators [141] quantum Hall effect [121,142] and half-filled fractional quantum Hall systems [143].

Theoretically, there has been rather extensive studies of QED4 3 during the last decade with pri-
mary applications to Dirac liquids, e.g., their transport and spectral properties [144—150] and dynamical
symmetry breaking [134, 151] which we will focus on at the end of this chapter (see also [152] for a
review on these topics). From a more field-theoretic point of view, the model was shown to be uni-
tary [153], its properties were studied under the Landau-Khalatnikov-Fradkin transformation [154,155]
as well as under duality transformations [156]. Renewed interest in the model and its formal properties
was triggered by the study [157] of interacting boundary conformal field theories, see, e.g., [158-162]
and supersymmetric extensions constructed and analyzed in [163,164].

As for the study of dynamical mass generation in gauge theories, in the last four decades, the stan-
dard approaches were either based on lattice simulations [165-170] or solving partially the Schwinger-
Dyson (SD) equations, see [171] for an early detailed review as well as the manuscripts [172,173]. See
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also [174] and references therein for a more recent publication. While initial interests were towards
four-dimensional theories, the importance of QED3 (and its large-Ny limit with no running coupling)
was recognized very early [175-177| because of its simpler UV structure and its similarities with Quan-
tum Chromodynamics (QCD). Indeed, because of the absence of running of their coupling constants,
QEDy4 3 and large-N; QED3 may be referred to as “standing” gauge theories. In contrast, QED,4 has
a running of the coupling constant. It is only in the quenched approximation (where fermion loops
are neglected) that the coupling constant of QED4 does not renormalize. Nevertheless, because of
the formidable complexity of the task of solving the SD equations, calculations were generally carried
out only at the leading order (LO) in the coupling constant [131] or by including non-perturbative
ansétze for the vertex function in one-loop-like SD equations [178-180]. Often, the resulting solutions
displayed residual gauge variance, which is unsatisfactory for a physical quantity such as a critical
coupling. Following early multi-loop works of Nash [181] and Kotikov [182,183], a complete gauge-
invariant prescription up to next-to-leading (NLO) of the 1/Nj-expansion for QED3 appeared only
recently in [184] and [185, 186] (see also [187] for a recent review). In [134] the results were then
mapped to QEDy 3, thereby extending the LO results of [118] to the NLO in . The gauge-invariant
prescriptions found in [184] and [186] for large-N; QED3 alleviate doubts about the validity of the SD
equation approach, though a similar prescription still has to be implemented for QED4. Considering
the complexity of the calculations, simpler approaches are worthwhile investigating. An argument
often invoked in the recent literature on QEDs, see, e.g., [188-197| (see also [198] for a review), is
the fact that a fermion quadrilinear operator becomes relevant at criticality (this has actually been
noted in the early literature on four-dimensional models, see, e.g., [199-203|). The computation of
the anomalous dimension of the corresponding composite operator allows then to derive a marginality
crossing equation — as referred to in [196-198] — in order to extract the value of the critical coupling.
Actually, as noticed in [184], the SD gap equation incorporates such a criterion in a rather simple and
efficient way, i.e., via the mass anomalous dimension (the anomalous dimension of the fermion bilinear
mass operator) which is a gauge-invariant quantity governing the ultraviolet (UV) asymptotic behavior
of the fermion propagator [204-207] (see also the textbook [208]).

The chapter is organized as follows. In section 3.2 we present the model, the perturbative setup
as well as our renormalization conventions. In section 3.3, we present the complete one and two-loop
calculations in the general model of reduced QEDy4,. This includes the computation of the photon
polarization II as well as the field and mass anomalous dimensions, i.e., vy and v, at the second order
in the small coupling expansion, i.e., at O(a?). This allows us to recover, in section 3.4 , the full two-
loop results for the subcases of QED4 and QEDy 3 thereby generalizing recent results in QEDy4 3 [161]
and recovering well known ones in QEDy (see the lectures [61]). We will discuss the optical conductivity
of graphene and also recover the results of QED3 in the large-N; expansion via mapping [134]. Then
in the subsection 3.4.4 we will analyze the special case of a parity-odd electron mass term and clarify
the different gamma matrices representations that we use in this manuscript, in dimensions 3+1 and
2+1. In section 3.5, the critical properties of the model are then analyzed. The gap equation is
derived from the SD equations, and applied to QED43 and QEDy4, where both the quenched and
unquenched cases are provided, leading to gauge-dependant results. Following [184], we then construct
a semi-phenomenological gap equation allowing us to study the critical properties of QED4 4, in a
gauge invariant way. In the case of QEDy 3, we straightforwardly recover the results of [134] for the
NLO critical coupling and flavor number. As for QEDy, our approach is semi-phenomenological, but
our results are in good quantitative agreement with those obtained from numerical solutions of SD
equations, see, e.g., [172,174]. The conclusion is given in section 3.6. As an Appendix, we provide in
section 3.A the complete three-loop results that we derived for the QED,4 model.
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3.2 The QEDg g4, model, conventions, and renormalization setup

3.2.1 Model

In Minkowski space, the QEDg, 4, action [118,144,147] including (in order to compute 7,,) a bare
(parity-even!) fermion mass reads

1
2

where ¥; are N; flavors of 4-component Dirac spinors (i =1,---,Ny) in d. dimensions (g =0,1,-+-,de — 1)
of mass m, while the gauge field A*~ is d-dimensional (4 =0,1,---,d, —1) with d. <d,. The interac-
tions are only allowed on the d. subspace (the fermionic “plane”), such that the covariant derivative is
defined as

= . i 1 v, 2
SqEp, 4 = / A%z [; (iy"e Dy, —m) ¥ + / ddWx[—élF“W " Fy, — = (O, AM7) 7] (3.12)

D, =0, +ieA,_ . (3.13)

where it is understood that A, are the d. components of the gauge field, i.e., A, (z#* =0,2"). In
the following, we will use dimensional regularization and parameterize the dimensions as

dy=4-—2¢,, de=4—2¢,—2e,, (3.14)

where e, is the regulator which is such that ey —0 for QEDy 4, while e, =(d,—d.)/2. Note that
the use of dimensional regularization preserves symmetries that are important to us for computations
purposes, like translational invariance, see Appendix A.

Before going into computations, the mixed dimensional action (3.12) can be simplified and ex-
pressed fully from the point of view of the fermionic plane. Indeed, since photons propagate freely (no
interactions with fermions) outside the plane, we are able to integrate exactly over all possible pho-
tonic propagations paths and project the result on the fermionic plane to obtain an effective, non-local,
photon propagator living in the fermionic plane. See figure 3.4 for an illustration.

z

Bulk photon

/J“N\'\H y.t
€_>; z(
el Effective photon

Figure 3.4: Illustration in QED4 3 of the projection of a dy =341 (z,y,2,t) free bulk
photon onto the d. =2+1 plane (x,y,t) of interacting electrons. Note that ¢ and y axis
are shrunk together for illustration purposes.

Performing the exact integration over the free degrees of freedom of the photons in arbitrary dimension
yields the following action

= . ) ]- v ]' v
SqED, . = / ddeg [\11 (D—m) V' = PP DE+ 2 AMDO,0,4" . (3.15)

I The parity-odd case is treated separately in subsection 3.4.4
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where all Lorentz indices now run on the same d, spacetime plane such that we dropped all the e
indices for convenience, i.e., {pe,ve} — {p,v} =0,-+-,dc —1. The field A* now describes the effective
(reduced) photons projected on the fermionic d.-dimensional plane. Moreover, the reduced gauge-fixing
parameter reads

€:€6+(1_€8)§' (316)
The model (3.15) is build from the differential operator D reading

(47)%ee

b= T(1—e.)(—0O)

(3.17)

containing the d’Alembertian 0= 0", with a fractional power. Note that the appearance of frac-
tional d’Alembertian in (3.15) for e, > 0 implies that the reduced theory is nonlocal. Fractional
d’Alembertians (or Laplacians) appear in the field of fractional calculus, see [209] for an extended
monograph.

An important remark is that since the action is d.-dimensional, we now have d. gamma matrices.
In the case of QEDy, i.e., d. =4, it means that we have four gamma matrices, e.g., the set described
in (3.4), that we reproduce here for clarity

I 0 ; 0 o
0: 2 ]: J

where j =1,2,3 are the space indices and o are the usual 2 x 2 Pauli matrices. In striking contrast, in
the case of QEDy 3, i.e., d. =3, there are three gamma matrices. A common representation is the set

of 4 x 4 matrices
o_ (03 0 1_ ({01 0 2 .[02 0

An important remark is that, in the three-dimensional case, it turns out that a smaller, 2 x 2, repre-
sentation is possible and leads to different results as it amounts to consider an action that is different,
1.e., that may contain a parity-odd mass term. To avoid this, in the following, we will not specify
the representation and just consider that for any dimension d. of interest, it exists a set of gamma
matrices of size 4 x 4 that realizes the Clifford algebra. In this case, there is no subtlety and the mass
term is parity preserving. These specificities will be discussed in detail in the devoted section 3.4.4,
devoted to the parity-odd mass term and the other possible representation. In the rest of the chapter,
our computations will anyway be performed without specifying the representation that we are using.

3.2.2 Perturbative setup
Feynman rules

From the action (3.15), the Feynman rules read

So(p) = (¥(~p)¥(p))o = = : (3.20a)

P
% = (AR ()T (p1) ¥ () = uwu< R~ (3.200)

v v i r 1—66 v ~ pHp¥
DR ()= (A AWl = h e v =l USE) (e -2 (s

Together with the usual rule that each fermion loop should give an additional factor —1 to the diagram
considered. Note that the Feynman rules (3.20) are for Ny =1, i.e., without indices on the ¥ field. In
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order to generalize for N; fields, we are supposed to introduce trivial delta functions in (3.20a) and
(3.20b) such that ds; = N;. This is the simplest way to proceed for automated calculations. However,
for hand computations, we can equivalently drop all delta functions associated to W replicas and
simply add a factor —N; for each fermion loop in a diagram instead of only —1. Note also that we
hide the trivial identity matrix I; next to the mass m and we make the usual notation abuse for the
fermion propagator (3.20a), with inverse tensor notations used. Indeed, multiplying the numerator
and denominator by the matrix (f+m) read So(p) =i(p+m)/(p? —m?), recalling the usual notations
and definitions for the momentum

P=p'pu, IPI=VDP% p=9"pu, P =0 :Z;» pe=V-p*=ilp|, k-p=Fk'p,, (3.21)

= |~

where p,, is the Euclidean momentum and p# the Minkowski four-momentum, related via Wick rotation.
In (3.20), the photon propagator (3.20¢) is therefore reduced (de-dimensional), and is now non-local
after integrating out the free photons degrees of freedom present on the bulk in d, —d. dimensions.
Let us remark that in the case of QEDy (¢, =0), the photon propagator reduces to its familiar form,
while in the case of QEDy4 3 (e =1/2) the photon propagator acquires a branch cut reading

” i pt'p”
Dy qep, (P) = —Z\9 < —(1-¢) ) (3.22a)
v i b 1 —€ prp”
Dy QED4’3(p) =3 —? <9“ Ty 2 ) (3.22b)

This inverse square root momentum dependence is responsible for the appearance of Feynman diagrams
with non-integer indices and is a major source of technical difficulty to perform the integrations. As we
will see in the next chapter, a similar momentum dependence can be found for QED3 in the large-IN;
limit due to the infrared softening of the photon propagator. This is the essence of the existence of the
mapping [134] between QED4 3 and QEDs3.

Numerator algebra

As for the numerator algebra, after suitable projections and contractions, we will only be left with
traces over gamma matrices to compute. As discussed below the equation (3.18), we will not consider
any specific representation. We will consider that we have an arbitrary number d. of 4 x4 gamma
matrices satisfying the Clifford algebra (3.3). In this case, the basic trace identities read

Tr(y*) =0, Tr(ly) =4, Tr(y#4") =4g"". (3.23)

From there, all traces with more than two matrices can be calculated with the following simple recursive

algorithm
m

Tr (,y/,Ll Z /»‘LlﬂzTr }{,}//Lz.”%“_vﬂm)v m > 27 (324)

=2

where )% means removing y*¢. Dirac gamma traces can then be calculated simply in terms of the
metric tensor, the size of the matrix representation, here 4, and eventually the dimension d. appearing
from Lorentz indices contractions since gi, =d.. Here is an example with m =6

Tr(v* M9 P77 ) = g Te (9 vP77) — g Tr (v v°27) + g™ Tr (v 4P ~7)
— g T (YY) + g% Tr(v 9 4P)
=4g"™ (9" g7 — gt g"° +g“"g””)—4g”“ (gk”g”"—g 9" +9g ””)+49’“’ (gA“gp”—gA”g”‘”rgA"g“p)

_ 4g/ip <g/\,u,gua _ g)\ugua +9Aaguy> +4gf-w <g)\ugl/,0 _gAVgltﬂ _|_g/\Png> , (3,25)
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which is, in total, 15 terms. Note that, in QED at two loops, Feynman diagrams contains generally
traces over 8 gamma matrices and 12 at three loops. It is easy to see that for products of more gamma
matrices, the recursive trace formula (3.24) produces a lot of terms. Indeed, it is straightforward to
show from (3.24) that a trace over m gamma matrices will generate (m —1)!! terms, i.e., 105 terms for
m =38, 945 terms for m =10, 10395 terms for m =12, etc. Since these terms are generally contracted
with momentum tensorial structures induced by the photon propagator (3.20c), such traces will give rise
to ~ (m—1)!! scalar products at the numerator of a diagram involving m gamma matrices. Therefore,
(m—1)!! gives the order of magnitude of the number of integrals that we need to compute using the
techniques defined in Appendix A, i.e., ~ 100 integrals at two loops and ~ 10000 integrals at three
loops.

Schwinger-Dyson equations

Upon turning on interactions, the dressed fermion propagator, from Dyson equation, reads

S(p)=(T(-p)¥(p)) = —— =)

where the fermion self-energy has the following parameterization appropriate to the massive case

(3.26)

S(p) =Sy (p*) +mSs(p?). (3.27)

The vector and scalar parts of (3.27) can then be extracted with the help of the simple projection
formulas

2 —1 2 1

v (p?) = 4(_7])2)%[]52(19)] ) Ys(p) = m
Once the projection is done, one can, without restricting the generality of the computation, safely set
m =0 and perform the computations using the efficient massless Feynman diagrams techniques detailed
in Appendix A. Indeed, from [210], we recall that, in standard quantum field theories, the anomalous
dimensions cannot depend on external momenta and masses and hence, as an IR rearrangement [210],
we will compute the self-energies ¥y and Yg in the massless limit, see [211]| for a review on the
corresponding techniques.

Tr [S(p)] . (3.28)

m=0

Similarly, the dressed photon propagator can be expressed as

LoV LoV
D) = (A )4 0) = b~ v =) (=D ) r ) 629)
with
do(p?) 2\ _ & 2 2 i T(-e)
d,(p*) = d =¢&d d = 3.30
B B T R I o Y o R
where the photon self-energy is parameterized as
v v v —I1" p
() = (20" —p ) GH), TR = ——s 2 (3.31)

(de =1)(=P) | o

Again, once the projection is done, one can safely set m =0 and perform the computations using the
techniques of Appendix A.

Anticipating the Random Phase Approximation (RPA) analysis of section 3.5.4, let us note that,
in the case of QEDy 3, the transverse part of the photon propagator, (3.30), reads

QED4’3( o i 1

" 2/ P /2

(3.32)
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which can be usefully contrasted with the QED4 case

dy =— . :
) 21T (3.33)
As for the coupling, the Dyson equation reads
n
DV (p1,p2) = (A% (p) B (p1) W (o)) = 1 w@< =il A pup))  (334)
b2

with A* the vertex correction function. However, as we shall see in the following, this function is
not needed in the perturbative approach thanks to the Ward identity that relates I'* and the dressed
fermion propagator S(p).

3.2.3 Renormalization setup

The usual renormalization conventions for QED are
Ar=zPAr W=7V, t=Z&, e=pTZeer,  m=Zpmy, (3.35)

where 7 stands for renormalized, i.e., finite, quantities. All the divergences are contained in the bare
quantities as well as in the renormalization constants in the form of poles in €,. We also use the
additional definitions

e o

a=—, Zo=22

= - 2 a=p*"Z,a,, (3.36)

where @ is the reduced, bare coupling constant, which is the natural expansion parameter of the
theory. Moreover, we introduced the renormalization scale u, so that the coupling o remains massless in
d, =4—2e,. The latter is related to the corresponding parameter ji in the modified minimal subtraction
(MS) scheme with the help of

[ = 4me E 12, (3.37)

with g the Euler constant. Notice that, in the MS-scheme, the renormalization constants are Laurent
series in €4 and can be written as

)

[ oo =
Zx=1+8Zx, 0Zx=Y 0Zixal=> 3 Z¢T (X ={AUm}). (3.38)
=1 1=1j5=1 vy

From the above definitions, the relation between the bare and renormalized dressed propagators and
vertices are
DWW = Z,DF S=2¢Sr, *=ZpT'k, (3.39)

where Zr is a shorthand for Zr = Z2, 1 ZZ\E 1211/ 2 Note that we omit the functional dependencies and
that for a bare quantity X, we have in general

X(p,a,f) =Zx [paar(ﬂ)7€r(ﬂ)]Xr [paar(ﬂ)aér (:U’)] (3'40)

such that all renormalized quantities may “run” with the renormalization scale p. In particular, «,
taken at the energy scale of the electron mass, is exactly the fine structure constant and is valued
ar~1/137.
An important addition to these definitions comes from an important Ward identities of the the-
ory [110]
iepu I (p1,p2) = S (p2) = S (), (3.41)
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relating I'* is the dressed vertex function and S the dressed fermion propagator. After taking the limit
p— 0, it leads to the identities

Zr=23", Zoa=2Z3;' Z¢=Za. (3.42)

Therefore, only 3 renormalization factors are independent, and we choose {Z4,Zy,Z,,} such that the
new renormalization setup simplifies to

Ar=zPar w=z0,. =246, a=p"Z'cr,  m=Zpm,, (3.43a)
DM =Z,DM, — S=27yS,,  Tr=7y'TH (3.43Db)

From the definitions of the renormalized correlations functions (3.43b) and using previous results,
we can simply derive the dressed renormalized self-energy, polarization, and vertex correction

=1 (1—1I)Za, (3.44a
Yyr,=1—(1-%y)Zy, (

Ser=1—(1-Sg)Zg Zm, (3.44c¢
A = —AF — (yF = AH) Zy, (3.44d

where we used the projectors (3.28) to separate Yy, from g,

From there, the multiplicative renormalization constants Z 4, Zy and Z,,, can be computed respec-
tively from the photon polarization and the two fermion self-energy parts (V/S) by remarking that, to
ensure finiteness of the above identities (3.44), we should necessarily have

l—i-zs
1—>y

(1—1I)Z 4 = finite, (1—Xy)Zy =finite, Zy, = finite. (3.45)
where finite means no poles in €. One can clarify these identities by using the pole operator K on
both sides of the equations (3.45). Indeed, K(x) is the operator that truncates the Laurent series in
€, to keep only the divergent part, i.e., the poles of the series. These expressions can be extended in
perturbation theory and completely fixes, order by order, the renormalization constants Z4, Zg and
Zm. At one loop, they read

Za=1+K(I1})+0(a2), (3.46a)
Zy =1+K(Z1v) +0(a?), (3.46b)
Zm=1-K(Z15v)+0(a?), (3.46¢)

where we momentarily defined X5y = X194+ X1y. At two loops, the expansion reads

Za=1+K(Ty)+K(Ms) + K(M K (M) +O(a), (3.47a)
Zy =1+K(Z1) +K(Zor) +K(S1vK(Z1y)) +0(ad), (3.47Db)
Zm =1-K(S15v) = K(S2sv) + K(Z15815v) — K(S1sy) + K(S15vK(E1sv)) +O(ad), (3.47¢)

where we observe an interesting asymmetry between S and V self-energies. This technique allows
avoiding computing extra counter-terms diagrams explicitly, they are generated directly from the ex-
pressions (3.47).

Once the renormalization functions are computed, the corresponding anomalous dimensions and
beta function of the theory can be calculated in a standard way with the help of

da,

_ dlogZx _
dlogu

X =

(X:{A,\Il,m}), B

dlog): = —2e,0, +740, (3.48)
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where = p(a,(u)) characterizes the running of the coupling of theory with respect to the energy
renormalization scale . Also, substituting (3.38) in (3.48) yields

X = ZVlXafﬂa VX = _2ZZ§?1)> (X = {A7\I,am}) (349)
=1

Note that the definitions (3.48) are chosen so that they allow to extract the scaling of the correlation
functions with respect to the renormalization energy scale, i.e.,

D (p) ~p 2 H2eetra S (p) ~vp Py (p) ~pl (3.50)

E

Additionally, from simple power counting [126], it is easy to show that the field anomalous dimension
~v4 vanishes (as do the beta function) in QED43. We shall prove it perturbatively and comment on
this behavior in the next sections.

3.3 General perturbative calculations up to two loops in QEDy 4,

In this section, we will compute all the renormalization-group functions of the general model QEDy, 4, ,
up to two loops. This requires the computation of the polarization function for the photon, as well as
the self-energy of the electron. From it, we will compute the gauge field anomalous dimension v4 and
the corresponding beta function, as well as the anomalous dimensions ~g and 7,,. This amounts to
compute all the following diagrams

ilI* (p) = p «Q v+ p «A@» v+ W «A@v v +0(a?), (3.51a)
o e S LR

—iy +0(a®), (3.51b)

which is the usual QED diagrammatic expansion for the photon polarization operator and the fermion
self-energy up to two loops, i.e., at O(a?).

Let us note that vy was already computed in [147] for QED,4 4, and we shall follow the notations
of that paper. In particular, the following parameters will be useful

—p? = 3(1—¢ €
L,=log (ﬂg), Ly=L,—¢(2—e.)+v¢(1), Klzw, (3.52a)
Uy =tp(l—e)—tp(1),  Wo=1)(ee) —2th(1 —ee) +200(2—2¢e.) —1h(1), (3.52b)

where 1(z) is the digamma function; see also Appendix A of [147] for the expansion of the relevant
master integrals.

From [210], we recall that, in the MS-scheme in the four-dimensional case, i.e., for QEDy, the
anomalous dimensions can depend only on the Euler constant yr and the Riemann zeta function
Cn. However, in the QED4 3 case, i.e., in three dimensions, we expect new non-trivial transcendental
numbers to occurs, as illustrated in Appendix A.

In the following, we will provide the exact results and the e,-expansion of individual diagrams
contributing to the photon polarization II and the electron Yy and Yg self-energies for arbitrary e..
Combined with (3.45) and (3.49), this will allow us to compute the renormalization constants and
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anomalous dimensions in QEDy 4.. Actually, from the one-loop expansion of the polarization operator,
we will see that the limits e,—0 and e.—0 do not commute (a fact already noticed in [147]). In order
to recover QED, from our general results, we will also present improved expressions for both ~g and
Ym valid for QEDy g4, .

3.3.1 One-loop calculations
Photon polarization at one loop

At one loop, we have the following simple contribution to the photon polarization

k

M?@=M2K::%«w:w%M/wMM{M%w%%@—m, (3.53)

k—p

where the factor —N; comes from the presence of a fermion loop, and the factor 1?7 is here to
compensate the dimension of the coupling induced by dimensional regularization, i.e., taking the
measure d%k so that p2vd%k ~ k4% since d, =4 —2¢, — 2e,. We also recall from Appendix A that
[d%ek] =d%k/(2m)%. Using the Feynman rules (3.20) then yields

e T (B +m)y” (F—p+m)]
=2 ]\GceQ/[dd k] ) ((hp)E ) (3.54)

Using the parameterization (3.31) to project the tensorial structure and performing the Dirac trace
reads

Nre? d, — 2 k-
I (p?) = —41,1,2%;;23:_3/[&%]%. (3.55)
Note that we took the limit m — 0, which is enough to compute this diagram. Then, in order to use
the definitions of Appendix A that is specially devoted to massless integral computations, we first need
to go from the Minkowski space to the Euclidean space. This can be done via Wick rotation for all the
momenta, i.e., taking for the time component p° :ip% and for the space component p'=—p,, where
we use the Minkowski momentum p# = (p%,p;,) and the Euclidean momentum ph= (p% ,Dy,). This leads
to the following transformation rules

d%k=—id%k,, KkK’=-k2, p*=-p>, kp=—k, p,, (3.56a)

(k—p)? =k*+p* —2k-p=—k2 —p> +2k, -p, =—(k, —py)", (3.56b)

and leads to the Euclidean integral

Nre? d.— k2 —k, -
Hl p2 :4#287f76d6 2 ddek EiE]?E 357
E

p% de—1 k?;(k}a _pE)Q'

Then, using k, -p, = %(kz —i—pz —(ky —p,)?), the numerator of the integral can be decomposed into
several numerator only integrals, i.e.,

Npe? d,—2 [d%k, ] [ [d%k,] [d%k, |
II; (p?) = 2u% [/ £ —p / 12 + / £ . 3.58
@) 2 de 1) Wk, —p2 P Ry —p 2 " ) Bk, —p,) (3:58)
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Note that the first and last integrals are exactly zero by parity. Using the definitions of Appendix A,

devoted to multi-loop integral computations in the Euclidean space, it can be written as

]\GceQde—2 .
P de—1 J

:1_11(172):2111’267 (dE)pE7O’1) _p2j(d€apE7]—a]—)+j(d€7pE)17O) ) (359)

from it, the exact result reads

_p2)de/2-2 4 _9
p e
Hl(Pg):—2]\6‘€2N2€7( (473)016/2 d.—1

G(d.,1,1), (3.60)

where we switched back the external momentum p to Minkowski space with inverse Wick rotation.
Then, it’s ey-expansion at arbitrary e. reads

o l—ee [ Am \TT?(1—e.)I ()
II; (p?) = —4aN, 61
1(p7) = —da s (—p2> T@—2s) TOE): (361)

which is a result unfortunately valid only, for QED4 3, i.e., d. =3 or equivalently e, =1/2. In this case
it yields a finite value

H?ED4’3 (pz) _ (6% ﬂ?ED4’37 ﬁ?ED473 _ 2]\[}07[_2 (362)

V-1’

There is therefore nothing to renormalize here and leads to a trivial renormalization constant for

the gauge field, i.e., Z4 = 1+O(5z%). In turn, the anomalous dimensions of the gauge field and the

corresponding beta function of the QED4 3 model can be computed from (3.48) and trivially reads

ED

7,(2 v :O+O(d72")7 BQED4’3 - _20_57‘67—’—0(&7?:)7 (363)

where —2a,&, is the trivial 0*'-order (tree-level) value for the beta function. Since the beta function

is trivial, the coupling is not running in QED, 3. We refer to this phenomenon as a “standing” gauge

theory, as opposed to a theory where the coupling is “running”, like in, e.g., QED4 as we will show in
the next lines.

The fact that the result (3.61) is only valid for QEDy 3 is related to the fact that the coupling
constant does not run in QEDy 3. In striking contrast with QED4 3, we notice that (3.61) does not
reproduce properly the pole structure of QEDy. The correct result is obtained from (3.53) by first
setting e, =0 and then performing the e,-expansion. This yields

4N (1 L N N 20V,
D1 (,2) — _a [3]” <5 - ;) FIPPIL0,) |, AR = SN (3.64)
vy

This non-commutativity of e, — 0 and e, — 0 limits will also appear in the two-loop fermion self-energy
diagrams with a fermion loop insertion (see 3.85a) thereby affecting the anomalous dimensions. We will
discuss, in section 3.3.3, a way to obtain expansions valid in both QED4 3 and QEDs3. From (3.64) and
the definitions (3.46) and (3.48) it is straightforward to derive the first order renormalization constant
for the gauge field in the QEDy case,

023 T =———0,. (3.65)

Using (3.48), we derive the well known first order correction to the gauge field anomalous dimensions,
that directly gives the first order correction to the QED,4 beta function. They both read

SN, 8N
Ao, e Sazown o
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Fermion self-energy at one loop

Similarly, we now consider the one-loop fermion self-energy correction reading

k

~imip)= T = [ KD Sl - T Du (b (3.67)

P p—k

Using the Feynman rules (3.20) reads

i3 (p) = [k i) s (e e e (9~ 1-6 )
I G —ee? [ qde Y(Pp—k+m)y, 1 F Fp—k+m)k
= fige e fla ’“][<—k2>1-6e<<p—k>2—m2> S f><k2>ue<<pk>2m2,]6g>

Using the parameterization (3.28), we extract the vector and scalar parts, perform the traces and then
take the limit m =0 without restricting the generality of the computation. This reads

%= = | [ 1A%k (k*p® — kK- 2(1=¢) [[d%k)(k*k-p— (k-p)*
Y1v(p) :1(4W)EEF(1—66)62(3—616—5) [/[ (_k]z()zie(p_k)f) 3£de f)é | (_52)2&?(}9(_;{;) )] ,
(3.69a)
2e N de
Zlg(p):i@T)EeF(l—se)eQ(l—de—f—l—l)/(_k2>ﬁeelgj_k>2. (3.69b)

The integrals are then Wick rotated to Euclidean space, computed exactly using results of Appendix
A and finally Wick rotated back, yielding the exact result

2 2\ &v
9y € W _ de—2 dy—d, B _
zlv(p>—7(4ﬁ)dw/2 (_p2> P(1-ec)= <d7+de—4 £)G(de,1,1—¢,), (3.70a)
2 2\ &v
oy € L Ay tde—2—(dy—d.—2)¢ B
Els(p)—i(m)dw/2 (_p2) I(1-ee) 5 G(de,1,1—¢.). (3.70Db)

The resulting e,-expansions at arbitrary €. then read

N - €e i 256_ €e -
mntt)=a| (575 —) -+ e (o —¢) B

+ (; <2€e€e —5) (L242¢ -3¢ (2—¢.)) — 256)2Ep +(2€6>3>67—|—O(53)] . (3.71a)

2y _ - 3—ee\ 1 14ec+(1—ec)é 3—¢) -
ZlS(p)—Oé[(f-i‘l_ge)Ev—i‘ e —(§+1_€e »

1 3—¢ee) /79 , T+ec+(1—ee)é - 11—e, 5¢ 5
+<2(§+1—Ee>(Lp+2<2_3¢(1_€6))_ (1_56)2 Lp+2(1_Ee)3+2(1_€e)2>87+0(€7)],

(3.71b)

where L, was defined in (3.52a) and 9’(z) is the trigamma function. Note that all these results are
valid in the general case QEDy 4,. For completeness, we also provide these expansions in the QED4 3
case (ey—0 and e, =1/2)

Z?5D4’3(p2):d< [ )% [1_35+<190—2§)+(112_8§_77T2(1—3§)> 5W+O(s§)], (3.72a)

—4p? 3¢, 27 36
QEDy 5, 2 s - 5+¢& s 2
Yig p ):a<_4p2> [%+4(4+£)+ <16(4+£)—12(5+£)> 57+O(57)]. (3.72Db)



3.3. GENERAL PERTURBATIVE CALCULATIONS UP TO TWO LOOPS IN QED, 4, 121

and, to fix notations, we also provide explicitly the well known QEDy case (e,—0 and e, =0)

—2 Ey 2
SUDs 2y — _ge <—Mp2> [;+1+2412” ey+0(53)], (3.73a)
52 o ()T [3EE o064 (4246 -3+ ) e +0(E) (3.73b)
s P 2 e 15 )& - :

With the help of (3.45), the general results (3.71) allow for a straightforward derivation of the
one-loop renormalization constants

e 1 2(3—2,) 1
AV e —Sr ) T Zim=— P 74
021 <2—€e ¢ >5ﬂ, % (1—ee)(2—ec) ey (3:74)

where the parameterization (3.38) was used. From (3.49), the corresponding one-loop anomalous
dimensions read

(3.75)

’lep—2<§r— S >7 43~ 2e)

9_c, = e e (1 —e)

that is valid in the general case of QED, .. We will discuss their values for the cases of QED,4 and
QEDy4, 3 once we have computed the two-loop contribution to these quantities.

3.3.2 Two-loop calculations
Photon polarization at two loops

We now focus on the two-loop photon polarization. It has two contributions that read

k
i (p) = 1 v =2 [T T So k) (~E1(B) So (BT Salk—p)] (3.760)
k—p
k1 ko
iy (p) = 1 v =Nt [ @ )%k T [T 0 (R)T (k)T Sy — T
Fi-p 0 k- X So(ke —p) Doaplkz —k1)|,  (3.76D)

where we have used the (already computed) one-loop self-energy —i3;(p), defined in (3.67) as an
insertion in the first diagram. We also added a factor 2 in II5. because this diagram has equivalent
topologies (one with the insertion of the self-energy on the top fermion propagator and one on the
bottom propagator). After a complete computation that follows the lines of the one-loop case, while
using the two-loop integrals techniques described in Appendix A, the exact result reads

(—p?) T (do — 2)3(de — dy + (de + dy — 4)E)
(am) 5% (de=1)(dy—4)(de+dy—4)

Maq (p*) = 4Npe' ' T(1—20)G(de,1,1—£0)G(de,1,2,),

(3.77a)
detdy _,
- do—2)[(1—¢g,)
II 2:4N445-Y(p)2 (6 e
2 (p7) = AN 45 ([de=1)(dy +d.—6)(d +d. —4)2(d;, +2d, —8)
—2880d., — d> — 5d,d; +30d; — 8d2d> + 110d,d2 — 348d2 — 5d3 d2 + 120d2d2 — 848d.,d? +1848d? — d’d. +44d3 d.

— 544d2 d +2640d.,d. — 4448d, + 3968 — (de — 2)*(dy + de — 6) (dy + de — 4)25) G(de,1,1—€.)G(de,1,14¢,)

4 3 2
[(4017 —92d3 +776d>
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+=(dy+de — 4)(dy +2d —8) ((dw —9)d? —4(d, — 4)2+ ((d- — 12)d7+28)d8) G(d,1,1,1,1,1—2.)| .

(3.77b)

As explained when we computed the one-loop photon polarization, the expansion in e, does not
commute with the limit ¢, — 0 for QEDy4. Therefore, we give the expansion in both cases separately.
As for the QEDy, case (e, =0), the expansion in e, — 0 reads

DN |

2\ —2ey 2
QED, , 2 _of =D 46 506 541 —6m7
II =N, — 25 g% on T '
2a (p ) F o < /12 ) |:36,27 957 27 +O(5’y) ’ (3 78&)
2\ —2&y 2
QED, , 2 _of =D 46 2(9+25¢) 55 541 —67
I =—N — — 4 - — 4+ ——€—16 O 3.78b
ron =Nt () g e (B M e 166 ) vote| @
and the sum of both diagrams then yields, for QED4
2\ 26y
ED ED ED _of —P 2 55
P4 (p?) =TI (p?) + 1y (p?) = — Ny (MQ ) [€+3—16C3+O(5W)], (3.79)
v

which is, as expected, completely gauge-independent, providing a strong check on our result. We
observe that the second order pole cancel. However, as expected from QEDy,, the polarization exhibits
a pole. From the result (3.79) and the definitions (3.47) and (3.48) it is straightforward to derive the
gauge field anomalous dimensions and then the directly related beta function of QED4 at two loops,
reading

8N 8N,
AP — ar% +8a2N;+0(a%), AP = _2a,¢, +@r7f +8a’N; +0(al). (3.80)

Now turning to the case of QEDy4 3, i.e., first taking e, =1/2 and then e, — 0 reads

2 2\ —26v
QEDy 3, 2 a —p 1-3§ 5-9¢
My, 7 (p7) =N — - -——+0 3.81
2a (p ) f \/_7])2 ( /]2 > |: 1267 18 + (57) ) ( a)
2 2\ —2ey 2
QED, 3, o9 @ —p 1-3¢ 82+18£—09n
I, = =N — - 0] : 3.81b
»  P)=N - ( 2 > [ 12z, 36 (£4) (3.81b)
As expected, summing both contributions
2 2
QED QED QED o 92-97
I1, 4’3(p2):H2a 4,3(p2)+1—[2b 4,3(272):_]\6c 74_0(57), (3.82)

\ /_p2 36
which is gauge-independent, providing a strong check on our results. It is also a finite result, which is

a perturbative proof that the beta function of QEDy 3 is indeed vanishing. Using similar notations as
in the one-loop case, we can then write, for QEDy 3

O [ﬁ?ED‘*vS PP O(ai”)} , (3.83a)
V-rp
- ~ 4(92 — 972
with 099 —op2y,  and Qe = 20229 o (3.83b)

9
or in an even simpler form, i.e., factorizing the one-loop contribution

92 — 972
P (p2) =127 (52) [ 14070+ 0(?) | with O = ==,

(3.84)
where C? P43 is the so-called interaction correction coefficient to the conductivity. Indeed, the polar-
ization is closely related to the optical conductivity of the model, that we will discuss in section 3.4.2
devoted to the results for QEDy4 3 and the closely related graphene material. The results (3.83) and
(3.84) has been first computed in [144,145,212]| and were also known to the authors of [182,183,213]
(though it did not appear explicitly in these papers, the knowledge of I1, was required to perform the
calculations carried out in these papers).
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Fermion self-energy at two loops

At two loops, three diagrams contribute to the fermion self-energies

—~i%24(p) = = / (A% K]T S0 (p — k)T Doay (k)Y (k) Doy s (k), (3.852)
p—k
p—k
—i¥o(p) = @ = > / [d% K]T So (k) (—1%1 () So(k)T§ Doy (p— k), (3.85b)
k k
p—k1
—k
—i¥.(p) = r P2 = pte / [d% Ky ][d% ko] T4 So (p— k2) Do, (k2) TS So (k12) Doaw (p — k1)
k xTHSo(k))Ty.  (3.85¢)
2

Using the parameterization (3.28), we extract the vector and scalar parts that are then computed
exactly. For the vectorial part (first computed in [147]), it reads

9 64 ,u2 2y 2 (de_2)2
St =2 () T (1-egy g g0l )Gel ey —c0),  (3860)
4 2 267 2
oy ¢ (PN T (=2 —3) (=) [ dy—de
E2Vb(p )_ (47_‘_)5[7 (_p2> r (1 56) 2(d7—4) € d,y+d€—4
XG(d&l’l—56)G(de,1—€e,€7>, (386b)
4 2\ 2&v
b N A2 (e 2)(dy3d,+4)
Yove(p) = (4m) % <p2> I“(1—ee) 5 {[de 4+ 2(dy+d. —4)

(dy+de—6)(dy(de —4) +8) 4(d’y_de) dy—de

(2d, +d. —10)(2d, +d. —8) dy+d.—4 2d,+d.—8
4(d'y +de—0) (de_Q)(dv_de) gde—2 2

de=2)(dy—1) |, 8(dy—1) | 2(de—8)(dy —d)

dy+de.—4 dy—4 dy+d.—6
N (dy=3)(dy—de) .o,

@ -0 +do—2) T2 - BT
X G(de,1,1—¢€.)G(de,1 —€c,e)

—4)(dy(de—4) +38)

(d,
_ de,1—€¢,1,1—2.,1,1) 5. .
(2d +d. —8)(2d +d. —10) G < €e,1,1) (3.86¢)

+ [Qde—dv— 1+
4(d, —2)(d, — do)

And for the scalar part it reads

4 2\ % de —2)(2d +d, —8)
oo (02— —aN 6 () p2q gy e y T e 1.1 le,— .
ZSCL(p ) (47r>d’Y (_p2> ( 66) 2d'y_de_4 G(d67 I )G(d€7 7€’y Ee)a (3 87&)
et ( 1 >2€Wr2(1—5 )(dv_3)(2dw+d6_8)(dv+d6_2_(dv_de_Q)f)

(4m)dr \ —p? 2(d —4)(dy +d.—6)(d, +d. —4)

Sosp(p?) =

x (d«,(dv— 10) + de(4d, — de —2) +8— (d7+de—4)(d7+de—6)§)

X G(de,1,1— £)G(de,1 — 0,5, (3.87b)
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4 2\ 2ev
| 2de(de~2) 2d
> n___ ¢ (H ) 12 de R :
25e(P) =~ (_p2> (1- dy+3— 2 T drd—4 24, 1d, 10

(d—2—d(d7_de)>§ 2dy — de = g}G(de,l,l £e)?

dy+de—4 2
Ay, 2elde =Dt ) +8) | 240l =2)+4)
4.2 2 T (A2, 1) (de—2)(d, + . —6)
B 2(d. —2)? (2d +de—8)(de(3dy — 4)+dq,(dﬂy—8)+8)ij 2d7+d68£2}
dy+d.—4 (dy—4)(dy+de—4) 2
X G(de,1,1—£.)G(1—¢c,e4)
4(dy—5)—de(de+2(dy—T7))
_ 20 +d, —10 G(de,l—se,l,l—ee,l,l)}. (3.87¢)
For the vectorial part, the resulting e,-expansions at arbitrary e, then read
2 onr a2 —€e 1 2 (- 1 — 2 6
EQVa(p )—QNOé Ky [2—86 - + 9 e, <Lp+ 2(\111 \112)> + 1—c. (2—86)2 +O(€7)] R (3.88&)
_ 2—e.)€)?% 1 1 .
Egv[,(p ) a2 |:( 2<£_€i)3 ) g - (2_5e>2 <(56_(2_56)£)2LP
(66_(2_56)5)(566_(2_66)5) 1 1 272
_ 2(2_56) )ay+ (2_56)2 <(56_(2—€€)§) Lp
5e2 2\ 7 | 9 9 19¢2 9e,
_ (2_66 — 6+ (2—e.)€ )Lp+2(ee—(2—ee)§) G+ 22—t 2_565
2
~2(ee- (2= )P 2-e)+ B ) 0], (3.58)
— e 2— e 5 2 1 1 —
EQVc(pQ):—OéQ[(E (2(—55)2> ) ggy—(z_ge)Q(Q(Ee—@—fe)f)QLp
€e 9 9 20 2 1 1 979
+ 5 (EH106+1) =& +15— = 86—1_5e>ey+(2_86)2 <2(se—(2—€e)£) L,
F (@ +106+1) 28 430 10— ),

3(362—10e.+9)

F2ALHE)’ —dec(€HEF 1) 4 +6) ot ==k

2% 6 eo(e(ec(13e, +42) — 137) +64) + 28
( T2 ‘19>5 2022 2(1—<.)?

2—¢.
—(3(2—e¢)?€? —6cc(2—ce)€ — (ec(8—3ec) —12))1)/ (1 — se))> + O(ey)] , (3.88¢)

where the most complicated master integral G(4 —2e.,1—¢¢,1,1 —¢,,1,1) only contributes to the O(ey)

terms of (3.88c) and is therefore not displayed in this equation.

Similarly, for the scalar part, the resulting ,-expansions at arbitrary e, then read

Sasa(p®) =2Na* K, [—jmipwl—%m(@) , (3.89)
v
a? (ee—3—(1—cc)€) (ec(ec+3—(3—ec)€) —6+2¢)
225'1)( ) ( )( _56) |: 25%
57( ( - _56)5)(58(56+3_(3_56)5)_6+2§)Ep

2(2_56)(1 _Ee) (60_86 (56(33_556(6_56)) +40) +2¢, (66(7+36e(2 —€e)) —22)5
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(2—e.)%(1
1
C(2—e)(1—¢0)

+24¢ —

F2 - (2- 2 P12 | Lyt (e =3 (1-2)6) et 3— (3-2009) -6+ 26)

ee(ee(ce(9e2

—se>2£2>> +(ge=3—(1—ee)§) (elee+3— (3—ec)§) —6+2¢) L7

<60—z—:€ (£6(33—5ec(6—cc)) +40) + 2, (e (T+3ec (2 —ec)) —22)&

— 84, +209) — 86) — 268) + 248

x (3@—%/(2—@) +

2(2—e¢)?(1—e.)?

e (Ee(ee(112.—35)+10) +64) =56, 2,
a (2—ee)?(1—¢e) £~ 52'*'0(57)]
a? Ee—(2—¢, ce—3—(1—e,
Zaser’) = Gy 1me [< ( >s><&% < )
1 T ) € e\ce\ce 6)—23 18
_ 2 _ )
(e e 0 ) e et 90008
- (3(2—56)52_ <656_2_8€ - 1—45 +4>§+5ee— (se(?;(_se:G —23) +18 )

2

e

+{ =3(2—ee)(1 —€0)E2+2(e0(7T—3e.) — 6)€ — :

_l’_
+9 2—¢¢) o Ee(ee(ee(71—1bee)—134)+128) — 56

—16+¢.(21 —556))¢’(1 —&e)

92

2 <(2—5e)(1 _66)52_'_ (3_256(2 —86))§+8—Ee(9_ 256) * 1—1€> C2
(

21—z0)® (2—c)?(1=z.)?
Ee(Ee(ee(Ee(28+3e¢) —133)+94) + 172
2(2—e¢)%2(1—g.)?

C(2—e0)2(1—¢.)3

+2(2—¢ec)(1—ee)(ee(l—ee) + DI (1 —e.)G(4—2e¢,1—e¢,1,1 —2¢,1,1) + O(e,)]

where the parameters were defined in (3.52).
G(4—2g¢,1—¢,,1,1
will therefore not affect the anomalous dimension.

In the QED4 case (e4—0 and e, =0), the expansion for the vectorial part simplifies to

_9 2e~
ED _ o 1 7
v 0F) = a2]\9<_p2) Lﬁfo(g”)}

_9 2e~ 2
Yoyt —4—F——40
v () =07 < p> [252+45V+ or 1O
=2\ 26y 2 2 2
QED o B S 3(1-3¢%) 5 4n?—141
Yoo 4 = — — 4+ ———£+40
2V e (p) « (_pg) [ 6,2}, 457 +8+ 24 §+ (6"/) }
and similarly for the scalar part it simplifies to
—9 \ 2e4 2
QED _9 0 2 8 84—
by 4 =a“Ny | — ————— O
25a (p ) @ 'f <_p2> |: 8% 87 3 + (67) )
=2\ 26y 2 2 2
QED,, o\ _ I 9—-¢&° 3((€—2)¢—-11) 230—37 =54 ,
Yogp, ((p%)=a <—p2> [ 22 + 2, + 1 +136+ 12 £°4+0(eq) |,
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(3.89b)

(3.89¢)

Notice that, the most complicated master integral
—¢€e,1,1) only contributes to the finite part of the last graph, see (3.89c), and

(3.90a)

(3.90D)

(3.90¢)

(3.91a)

(3.91b)
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£24+0(e,)|.
(3.91c¢)

_9 e 2 2 2
QED,, o _of H E(€+3) —94146+7¢° 41-24¢3 30— 57—
2D (32) = + - - +

2se () =a <—p2) [ e 2, 2 5 T

In the QED4 3 case (e4—0 and €. =1/2), the expansion for the vectorial part simplifies to

QEDg 3, 2 ~2 ji° 207 op?

zJQVa ' (p ):a ]Vf B _7—’_0(57) ) (3.92&)
—p 3ey
=2 N\ Zey 2 2

QEDy3. oy _of [ (1-3¢)° (1-39)(A1-21¢) 206 _ . . 7 .09

Sovp T (p7)=a <—4p2> 188,% + 27, + a1 26(6—"7¢) 12(1 36)°+0(ey)|,

(3.92b)

(695 — 798 +891£2)

$ Qs 2y oo (B V[ (180 3T-3¢(34-39) 2
9e2 27e, 81
2

™

+ o (T1-21€(2-39)) + 0(57)] ; (3.92¢)

and similarly for the scalar part it simplifies to

QED fi2 2691 9n2
2o5a 4’3(P2)—O_‘2N< p2> [_ £ —87°+0(e) | (3.93a)
- b
_9 2e 2
QEDys, o of I (5+6)(17—3¢) 1073+ 118¢ —27¢
Z ’ e R —
oy (p7)=a (_ 4p2> { 622 + =

7T2

+237(11605+1550§—243§2) 4(5+§)(17—3§)+0(57)], (3.93D)

(4507 — 1294€ — 513€2)

§ Qs oy oo (N (O-3¢)  305-2066-63¢2 2
25 W)=Y\ Ty 3¢, 9., 27
2
us 9y O
-5 (2722647 )+2G(3,1/2,1,1/2,1,1)], (3.93¢)
where the non-trivial G(3,1/2,1,1/2,1,1) is a finite integral provided in Appendix A.

From (3.89) and (3.88) together with (3.45), the two-loop contributions to the renormalization
constants read

e 2— e)sr 2 2 N eK -2 e e — Ce -1
5Z2\I} — (6 ( € )f ) = f€ 1 (3 € )(5 (3 € ) ) , (394&)
2(2—¢)2%e? ey \ 2—¢c (I1—ee)(2—¢)3
2(3—2¢,)? 2 (2N;K; 3—2e,
0 Zom = — — 3.94b
T (1 ee)2(2—eo)2el g,y ( 2—z. (1—e.)2(2—¢.)3 (3:94b)
From (3.49), the corresponding two-loop contribution to the anomalous dimensions read
Ne K1 (3—2¢ec)(ee(3—e¢)—1)
=8 3.95
72\1’ < 2_56 + (1—€e>(2—56)3 Y ( a‘)
2N Ky 3—2¢,
m=—38 — . 3.95b
i (2—56 (1—56)2(2—56)3> (3.95b)

3.3.3 Electron field and mass anomalous dimensions

Combining the above derived one-loop (3.75) and two-loop (3.95) contributions to the anomalous
dimensions yields

(- Y (G N o
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B 3—2¢e, _2<2NK1 3—2¢,

Tm =40 T Ni—a) Y\ 2sa T e 2—e)

where 7, is fully gauge invariant, as expected, while the gauge-variance of vy is at one loop, in
accordance with the Landau-Khalatnikov-Fradkin transformation, see, e.g., [155]. Interestingly, (3.96a)
and (3.96b) have similar structures. In particular, we see that in the limit of QED43 (e,—1/2) the
factors of m? arise from Kj, see (3.52a), and not from the e,-expansion of I-functions. It turns
out however that, because of these K terms, (3.96) (and similarly for the two-loop renormalization
constants (3.94) and self-energies (3.89) and (3.88) above) do not apply to the case of QEDy. As
discussed below (3.61), this discrepancy (which is even more severe for -, than 7g) originates from
the fact that the limits e.—0 and £,—0 do not commute for the one-loop polarization operator and
hence for (3.89c) and (3.88c) where it appears as a subdiagram.? So (3.96) only apply to QEDy 3.

3> +0(a?), (3.96b)

The expressions (3.96) can then be improved in order to cover both cases of QED, and QEDy 3
at the expense of introducing an additional parameter z such that

L(S,de,2) = 2L(S,de =4)+ (1— 2)L(S,de <4),  z2=0.,0, (3.97)

where L(X,d) stands for Laurent expansion of ¥ = {II,¥9y4,%25,} near the dimension d. All calcu-
lations done, the two-loop contributions to the renormalization constants (3.94) now take the form

7(56—(2—56)&)2 2 ((1=2)Nrec K1 2N (3—2e.)(ec(3—ec)—1)
022w = 2(2—e.)%e2 _57< 2—¢e. o T (1—ee)(2—g¢)? >’ (3.982)
2 (3—2¢e.)? 2 (2(1-2)N;K; 52N 3—2¢,
6Z2m—53((1_86)2<2_56)2—zzv;v)+57( 2 G ‘(1—ee>2<2—ee>3>’ (3.98)

where, in QED,4 the running of the coupling constant at one loop has been taken into account via
va=8zN;a,/3+0(a2). Hence, we obtain one of the central results of this chapter in the form of
improved expressions for the anomalous dimensions in QEDy 4,

Yo =26 (&— 5 e ) +8a2 <(1—2)M _2NV Br2e(eeBe) - 1)> +0(a%), | (3.99)

—&e 2—¢, 2 (2—ec)3(1—ee) "
_ 3—2¢, o 2(1=2)NyKy  5zN 3—2e, _3
m:4 r -8 — O . 3.99b
T Y e (1—e0) O‘T( 2 e, 6 (2—cP(l—c)2) " (ar) (3:99b)

A remark is in order here, in relation with (3.99a). Within the SD formalism, see, e.g., the
review [171], a common procedure to simplify the equations and minimize the gauge-variance of the
solutions is to consider the gauge for which the fermion anomalous dimension vanishes, v (&;) =0.
Such a gauge is referred to as the “good gauge”. At one loop, from (3.99a), the “good gauge” is simply

, (3.100)

which corresponds to the Landau gauge (§,=0) in QEDy4 and the Nash gauge ({;=1/3, see [181]) in
QEDy 3. Proceeding similarly at two loops, with the help of (3.99a), we find that the “good gauge”
becomes

Ee _ (4(3—26@)(1—3664-6?) ANf(1—2z)e K (ee)
gg: Oy -

(2—ee)3(1—¢e) 2 ¢, +2J\sz> +0(a). (3.101)

2—¢€,

We may now proceed in applying our very general results (3.98), (3.99) and (3.101) to the various cases
of interest.

2This problem will of course also appear at higher orders for each diagram containing a fermion loop.
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3.4 Results for the different models of interest

In this section, we now apply our general results (3.98), (3.99) and (3.101) to the various cases of
interest, i.e., QED4 and QEDy4 3 where we discuss the absorbance of graphene, as well as the case of
large-Ny QED3 via mapping [134]. Finally, we address the special case of the parity-odd mass term for

QEDy 3.
3.4.1 Results for QED,4

Let us first consider, as a check, the well-known case of QEDy, see, e.g., the textbook [61]. From (3.74)
and (3.98a), this amounts to set z=1 and e,—0 yielding

(3.102a)
A A2 (€2 AN +3
Z\I(?ED4:1—Q;§T +O‘r<§g+ 21:_ >+O(o¢§), (3.102Db)
v v v
ED 3a, a2 (9—4N; 1 (20N _
23 =12 G (A - (B ) ) o, (3:10%)
v

Proceeding similarly from (3.99) together with previous results obtained, the anomalous dimensions in
QEDy4 reads

Yo Ut =28, — a2 (AN} +3) +0(al), (3.103a)
20N,
P 6a,~a2 (178 3) +o(al) (3.1030)
8N,
BQED, _2@T57+@37f +8a2 Ny +0(ad), (3.103c)
3
;QED4:O_|_@T <2—|—2]\60> —|—O(5¢$) (3103d)

We also recall that Ny is here the number of 4-component spinors, so that the usual high energy
physics QEDy is recovered for Ny =1. Focussing on the mass anomalous dimension, (3.103b), the
one-loop contribution was probably first computed in [214], the quenched two-loop one in [215] and
the unquenched two-loop contribution can be extracted from the QCD calculations of [216,217] as we
could learn from [218] where the three-loop QCD calculation was performed. Notice that, presently, v,
is known up to five loops in QCD [219,220] from which the corresponding QED result can be extracted
(we shall use it in the next section). Note that, in the case of QEDy, the good gauge (3.103d) is known
since a long time (see, e.g., eq. (B.1) in [214] for an early derivation in the quenched case) and can
presently be extended to five loops thanks to state-of-the-art results for vg [219,220].

3.4.2 Results for reduced QED, 3 (Graphene)

Let us now consider the case of interest to us, i.e., QED4 3 which amounts to set z=0 and e, =1/2.
From (3.74) and (3.98a), the renormalization constants read

QED, 5 1-3¢ 5 ((1-3¢)% 4 4 4
Z20 11 a, TR 2 (NGt — 0(a), 3.104
v +a 32, +a; 1822 - fC2+27 +0O(a;) ( a)
QED, 4 16a, (128 16 8 _3
Lm T=1- —+ — | Ne(o— — O . 3.104b
3ey o 9<€%+57 ie2 27 +0(ar) ( )
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And from (3.99), together with previous results obtained, the anomalous dimensions in QEDy 3 read

1-3¢, _ 4 _
20,
Nray
HQED4’3 (p2) — _m (1 + CSEDALS (7% + O(Oé%)) 3 (3105C)
2p,
92 — 972
C’?ED4,3 _ Tﬂ_ﬂ- =0.056, (5QED4,3 = 0)’ (3.105d)
1 4
ggEm,g_g_S@r <‘N}CQ+27) +0(@2), (3.105¢)

where (3.105a) agrees with the result of [147]. Our result (3.105b) is new and corresponds to the (parity-
even) mass anomalous dimension of QEDy 3 for an arbitrary number Ny of 4-component spinors. We
recall here that the correct value for graphene is Ny =2 flavor of 4-component spinors, because of the
two inequivalent cones in the band structure, or equivalently, because of the two inequivalent lattices,
see, e.g., [126]. Note that the use of o, instead of @, for the polarization is intended, and since this
model is standing, we have trivially that a = u?*q, and € =&, since Ze=12, I'=1 at all orders.

Going further, following [126], we can use our results to compute the optical conductivity of
graphene. Indeed, the polarization of the photon IT*”, finite and gauge invariant for QED,4 3 (hence
physical), can be related to the optical (AC) conductivity of graphene with the Kubo formula

. 1po
o4(po) = _zl?lgcl) Wﬂoo(pmﬁ% (3.106)

where p* = (pg,p). Since the parametrization (3.31) for the photon polarization reads II*" = (p?gh* —
p*pY)II and TIQFP4s ~ 1/p,, the formula (3.106) simply yields

0y = —p,1T%Pas, (3.107)
which, after restoring momentarily the dimensions A, ¢ and gg for clarity, reads

ED Ne?  mNpe?
ag:o—og<1+c$ 4’304T+O(043)>, oog=—2—=—1 (3.108)

8h ah 7

where oy, is the well known universal minimal AC conductivity® of graphene. Moreover, following [221],
the optical conductivity of graphene is related to its transmittance (Tj) and its absorbance (A4y) (at
half-filling) via the relation

-2
o 0o T Npa
T,=1-A,=[1+—L] =~1-"Y=1- 3.109
g g <+2€oc> £o0C 2 ( )

where a, =e?/(4meghc). At first order, since Ny =2 and a, =1/137 for graphene in its relativistic
limit, we obtain an absorbance of
Agy = mon, = 0.0229. (3.110)

ED, 5 . . . . . . .
Moreover, 03 “% is the interaction correction coefficient to this quantity and so that we can expand
the leading order absorbance to compute corrections, reading

Ag=man [1+ar <C§ED4’3 —?’I) O(a%)]. (3.111)

3The DC case is still under debate, partly because its value is sensitive to the disorder., see, e.g., the review [221].
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From perturbation theory, we expect the next corrections to be even smaller, so that the first one
can be taken as an error bar for the next ones, i.e., multiplying the NLO factor by £1, and since
a, =1/137, we have numerically that pure standing relativistic graphene have an optical absorbance

of

Ay =(2.2940.04)%. (3.112)

In simple words, this implies that graphene, even though being one atom thick, can be seen bare
eyes under white light. See figure 3.5 where graphene (middle) and bilayer graphene (right) are clearly
visible under a simple optical microscope. Indeed, analyzing the image, provides a drop of A, ~2.3%
for each layer of graphene, in accordance with our results.

Figure 3.5: An optical image of an aperture partially covered with graphene and its
bilayer (from left to right: air/graphene/bilayer), taken in a white light transmission
experiment. Luminosity absorbance from left to right is Aair = 0%, Agraphene ~ 2.3%
and Abpilayer graphene ~ 4.6%. Image from [221,222].

What is very surprising is that this value, Aj~2.3%, which is computed at the relativistic fixed
point of graphene, is verified experimentally when measured in the pseudo-relativistic limit (vp ~ ¢/300)
[223,224]. Indeed, the uncertainty computed in (3.112) is for graphene in the infra-red regime, where the
coupling is exactly the fine structure constant o, =1/137 (relativistic regime). However, in the case of
graphene in ambient conditions (pseudo relativistic regime), the universal minimal conductivity (oqg) is

the same, but the correction coefficient is different and reads CgED4‘3 =(19—6m)/12=0.013 (see 126,
225] and reference therein), which is 4 times smaller than in the relativistic case (3.105d). Obtaining
this value require computations that break Lorentz invariance and are therefore beyond the scope of
this thesis. Moreover, in the pseudo-relativistic regime, «, depends on the Fermi-velocity vp ~ ¢/300
such that the coupling in ambient condition graphene is oy~ 2.2, leading to a much bigger correction

ED
to the minimal conductivity, corresponding to an absorbance of A, =7a, {1 tay (C’g 3 37?/4)} =

(2.3+12)%, i.e., with a very big uncertainty. This is however rude to put a, =2.2 in a perturbative
series, and in principle, one should compute higher-order corrections and perform series resummations
to be able to compute a proper value, which is extremely challenging in this case. At the end, we
expect that, either the higher-order corrections will cancel each others, or all corrections coefficients
will be small enough to compensate for a,, = 2.2, so that we recover at the end the experimental value
Ay ~2.3%, such that the relativistic regime, where o, =1/137 was indeed a good approximation.
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3.4.3 Results for QED; (Large-Ng)

As a second check, in order to get more confidence in our results, we proceed on showing that the results
we obtained for QEDy 3, equations (3.105) can be mapped to the known results of QED3 [226] at NLO
in the expansion in the large number Ny of 4-components fermion with the help of the mapping [134]

_ 1 ~QED, 2 AQED
=T e

4(92 —9n?
M’ (3.113)
9
~QED, 5 . ~QED, . . .
where II; was defined in (3.62) and II,; needs to be computed separately, which we will do in
the next chapter. Indeed, we will see that QED3 has more diagrams than QED, 3 so that we need to

inject the NLO polarization in place of the one-loop one. Substituting (3.113) in our QED4 3 results
(3.105Db) yields the QEDg3 results

~IFDs —4;?]3’;) - fﬁ;@? <c2 - 2(91((25:;2)5)> +O(1/N}), (3.114a)
TTQEDs — —];f 1+ CijDB +O(1/J\Gc3)] , (3.114c)
CPPs = 2(929;3”2) =0.07146,  (BEDs =), (3.114d)
§ED3=§<1%§]\60+O(1/1\92)), (3.114e)

which corresponds exactly to the results first obtained by Gracey with another method; the field
anomalous dimension in the Landau gauge in [213] and in an arbitrary covariant gauge in [226] as well
as the mass anomalous dimension in [226], which indeed required the knowledge of (3.114d). Note that
an advanced mapping [134] has been used here to recover properly the gauge dependence in the NLO
part of the field anomalous dimension, see chapter 4 section 4.5.4 where the inverse mapping (from
QED3 to QEDy 3) is explicitly detailed. Hence, all results are in complete agreement. Note that from
(3.114a) we also display the “good gauge”, in large-Ny QED3 at NLO, leading to (3.114e), in agreement
with equation (4.8) in [184], which is a first correction to the Nash gauge ({ =2/3).

3.4.4 Case of parity-odd mass term in QED, 5

Until now, we have only considered 4-component Dirac spinors ¥ with a parity invariant action, ¢.e.,
containing a parity-even mass term of the form m¥;¥? where i=1,--- ,INy. In this section, we will
treat the special case of a parity-odd mass term. To do so, we first recall the formalism in 4-component
spinors in four and three dimensions and then introduce the case of three-dimensional 2-component
gamma matrices. We therefore consider an arbitrary de number of gamma matrices of size nxn
satisfying the general Clifford algebra

(A= A =29 1, (3.115)

where ¢4 =0,1,---,d. —1 and I,, the identity matrix of size n x n.
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Four-dimensional 4 X 4 gamma matrices

In the four-dimensional case, the common Weyl (irreducible) chiral representation for the algebra
(3.115) are the four matrices (see (3.4) for the complementary Dirac representation)

0__ 0 IQ j_ 0 O'j

where j=1,2,3 are the space indices and o; are the usual 2 x 2 Pauli matrices. In four dimensions, it
exists a fifth matrix that anticommutes with the set (3.116), reading

I 0
Y —w°717273—< 0 12>’ (3.117)

such that {7“,75} =0. This matrix is the natural generator for chirality as it is the building block for
the chiral projectors

5
\I/L/R:I‘H;” v, \1/_@;) (3.118)

with ¥, = (¢1,,0) and Vi = (0,9r). Indeed, the chiral transformation reads ¥ — B’y and, similarly,
the parity transformation reads W(Z,t) — vy W (—2,t) or equivalently VY1 r(T:t) = YR/ (=7,t). There
are two possible scalar bilinears related to mass terms, reading

VO =l + o, (parity-even) (3.119a)

TS0 = ¢EI/JR - q/)j%%, (parity-odd) (3.119b)
where we recall that ¥ = \I/T'yo. Let us underline here that terms of the form z/zsz are flavor mixing
and are therefore not bilinears in themselves. Therefore, the symmetry group of the QED4 action is
indeed U(1), possibly enhanced to U(N;) with a generalization to Ny 4-component spinors ¥*. The

massless action is chiral and parity invariant, and the introduction of a mass term may break the parity
invariance depending on the mass choice, see (3.119).

Three-dimensional 4 X 4 gamma matrices

In the three-dimensional case, it is natural to first consider matrices that are still of size 4 x 4. In this
case, the common (reducible) representation for the algebra (3.115) are the three matrices (see (3.19))

o_ (03 0 1_ ({01 0 2 .[02 0
o —<0 _03>, 0l —1<0 —U1>’ ~ —1<0 _02>. (3.120)

With this 4 x 4 representation comes two additional matrices that anticommutes with the ~* set,

reading
0 I 0 I
3_ 2 0.1.2.3 2
v —(_1-2 0>, 7 =iy —(12 0>7 (3.121)
where {y#,73} = {y#,7°} =0. Another useful matrix to introduce is
1 - 0
35 _,.3.5_ 1.3 5] _ (12
7= =5[] < 0 12). (3.122)

In this case, the “chiral” transformations® are given by U — P’ U and U — e U and the parity
transformation by VU(t,z,y) =~V (t,—z,y). In this case, the massless QED3 and QED43 models

“In three-dimensions, i.e., 2 space dimensions plus time, it is abusive to speak about chirality. Here we will refer to
it as “flavor” transformations, as in general N, it amounts to exchange the first N;/2 flavors (left) with the second N;/2
flavors (right).
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enjoys a full U(2) symmetry and is parity-even. The “chiral” projector is then defined as

L3

Vi/r= U, U=(Yr.r), (3.123)

with Wy = (7,0) and W= (0,1g). With this set of matrices, there are 2 possible® scalar fermion
bilinears associated to mass terms in three dimensions, reading

UV =prahr, —PriR, (parity-even and breaks U(2) — U (1) x U(1)) (3.124a)
U3 =g +UrR, (parity-odd and U(2) invariant) (3.124Db)

where we recall that ¥ = 40 and we defined IZ_)L/R = ¢2/R03' What is very is interesting here is that

the terms .1, (r=L/R) are themselves bilinears. In the case of (3.124b), the symmetry U(2) is
obvious, and in the case of (3.124a), the sign difference of the two terms induces a breaking U(2) —
U(1)xU(1). As for a generalization to Ny 4-component spinors ¥, the global symmetry U(2) is raised
to U(2Ny) and eventually breaks like U(2Ny) — U(Ny) x U(Ny). Therefore, (3.124a) is the parity-even
mass that we considered in the previous computations of this chapter, and (3.124b), the parity-odd
mass term that we shall study in this specific section. In the IN; 4-component spinor generalization,
these two terms can be written as

2N
Z\I/ U= Zd)ﬂb’ ZQ/)Z@D , (parity-even), (3.125a)
=117
N /2 2N
Z T, — Z VAVLES Zwﬂ/f‘ (parity-odd). (3.125b)

i=14+N; /2

Note that since the parity-odd mass term is U(2Ny) invariant, it is then irrelevant for dynamical chiral
breaking.

Three-dimensional 2 X 2 gamma matrices

In three spacetime dimensions, in order to better appreciate the U (2/Ny) “chiral” symmetry, it is possible
to use a smaller representation for the Clifford algebra (3.115). Indeed, the minimal n X n representation
in arbitrary dimension d is n=2l%2) with |z| the floor function. For d=3, it exists then a 2x2
representation. One usually takes the gamma matrices as

A =0y, y =ios, 72 =io. (3.126)

Note that it exist a second inequivalent representation with opposite signs so that the combination of
the two inequivalent 2 x 2 representation gives the 4 x 4 one (3.19). With this representation comes no
additional matrix that anticommutes with the set (3.126). Therefore, the chirality is here undefined.
One can only perform computations with two component spinors (L or R, we do not specify it). In
this case, there is only one mass term, the scalar bilinear 11/, where ¢ =fo3. For 2Ny 2-component

spinors, it generalizes as
2N

Z&-Wl (3.127)
=1

Note that by comparison with the 4 x 4 representation, this term can correspond to both a parity-even
or odd mass term depending on the sign choice. What is very tricky with this choice of representation
is that, in striking opposition with the 4 x 4 representation, the traces over an odd number of gamma
matrices is not zero! See more details in the next section.

~ SThere is also two additional scalar terms, the parity-odd W~3W =) 9)r + gtz and the parity-even Uy U =pp1pr —
YrY . However, we do not consider them because both are completely flavor breaking.
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Parity-odd mass in QEDy 3

Notations being clarified, we will now consider the case of a parity-odd mass term for QEDy 3, i.e., of the
form (3.125b). The simplest way to perform the computations is to avoid specifying any representation.
We will then assume that it exist a n x n representation for d. Dirac matrices and use the following
basic properties

Tr(v")=0,  Te(ly)=n,  Tr(y"7")=ng". (3.128)

What is crucial here is the trace of 3 gamma matrices. Indeed, if one uses a 4 x4 representation
like (3.120), it is well known and easy to show that Tr(y#~Y~”)=0, and then that all traces with
an odd number of gamma matrices vanishes using the recursive formula (3.24). However, if one
uses the 2 x 2 representation (3.126), it is easy to show that these traces are non-vanishing and read
Tr(yHyY~P) = 2iehP | with e**P the rank-3 totally antisymmetric tensor, i.e., the Levi-Civita symbol in
three dimensions. Therefore, to keep track of both cases and work in arbitrary n x n representation,
we can define

Tr(y#4"~yP) =niTpe!"?, (3.129)

where 7T, is an additional binary parameter allowing or not the vanishing of the odd traces, i.e., defined
as

0ifn=4
T,=4"0" . T2=T. (3.130)
lifn=2

From these properties it is straightforward to show that in fact n7,, =4 —n so that one can alternatively
work with the definition Tr(y#4"~y?) =i(4—n)e**P. Nevertheless, in the following we will keep the T,
notation to emphasize terms affected by the odd traces.

From there, all traces over a higher number (even or odd) of gamma matrices can be computed
using the algorithm (3.24). On the computational side, the following identities are useful

ghe guﬁ g
PP = det g gf g, e"P g =0, e"Ppupy =0, (3.131)
gre gpﬁ il

where the two last identities are due to the fact that contracting completely ¢#*? with a symmetric
tensor is zero. It also implies that contracting e#*? with the photon propagator or polarization is also
vanishing. Here is an example of contraction identity to fix notations

e PTr(YHyY~P) =ind(d—1)(d—2)Ts,. (3.132)

These new traces, proportional to Levi-Civita tensors are obviously related to the famous Chern-Simons
terms of the form e, ,A,0vA, (see, e.g., [120,227-229] for related works) and the eventuality of an
axial anomaly (see, e.g., the seminal papers [230,231]), that may give a (bare of radiatively generated)
mass 0 to the photon. However, in this whole manuscript, we completely neglect any Chern-Simons
terms, i.e., #=0.

We now re perform all the computations for QEDy 3 with an arbitrary number Ny of n-component
spinors®, and a parity-odd mass term. It turns out that most of the diagrams are unchanged, up to the
trivial generalization to arbitrary n via Ny —nNy/4 (and not forgetting to generalize the projectors
(3.28) with 4 —n). This implies that the odd traces do not contribute to the vast majority of the
diagrams. Up to two loops, the only diagram affected by odd traces is the first contribution (a) to
the two-loop scalar part of the electron self-energy, i.e., Yog4(p?). Recomputing this diagram with an

5Using N;(n) n-component spinors, we have that N;(4) = Ny and Ny (2) =ny =2N;.
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arbitrary number Ny of n-component spinors, and taking into account the odd traces reads

- —9 \ 2e4 1+4T, 2

Sosa(p?) = — Tr = —anN; (1 AHAT)™ L o0 T )2+ 0]
nm 2e

p—k P !

m=0

(3.133)

which generalizes non-trivially the parity-even result given by (3.93a). Since Yag,(p?) enters the mass
anomalous dimension, this hence affect the coefficient of 72, i.e., of (a2, in ;. As for the other
anomalous dimensions and results, they can be obtained with the trivial mapping Ny — nN/4. This
leads to the general results

ED 1-3 n 4
7§/¢ 4,3 (TL) =—2a, &r —1—160_47% <4Nf<2+27> —i—O(di’), (3.134&)
QED, 3 320, _9 n 8 _3
mcvcn/odd( ) = 3 —64067. (1_}—37;1/)1‘/\/}(2_ ﬁ +O(a7‘)’ (3134b)
—na N
TTQED4 3 <n> _ % [1 + C;QED“’ a,+ Oaﬂ , (3.134C)
E
92 — 972
C,(YQED“ =5 T 0.056 Vn, (5QED4,3 =0), (3.134d)
T
QED 1 _(n 4
g 4’3(”)25*8% (4NfC2+27>. (3.134e)

Note that the correction coefficient to the photon polarization operator, C’,? ED4’3, is independent of the
representation size n. Obviously, in the even case, i.e., for n =4, T4 =0 and Ny = Ny, we recover all the
previous results (3.104), including the parity-even mass anomalous dimension. In striking opposition,
in the odd case, i.e., n=2, To=1 and N;=2N}, we recover the results of (3.104) but for the mass
anomalous dimension. Indeed, at n =2, the parity-odd mass anomalous dimension is affected by the
odd traces and yield the new non-trivial result

32a, _ 2 _
Yoo = S5 2560 (Nfcz - 27) +0(a), (3.135)

which is different as compared to the even case, see (3.104). The results (3.134) are useful to compare
with the ones first obtained in [161] in different notations and in the case of a reflective boundary.”
This corresponds, in the QEDy 3 case, to a graphene sheet on a substrate. In this case, the photons
can propagate freely outside the electron plane only one side of the plane (say, with a fine structure
constant apdry). While, our case corresponds to a freestanding graphene sheet, i.e., a transparent
interface (with fine structure constant ). The mapping between the two theories is trivial, as it only
amounts to reduce the interaction strength by two, i.e., these models are related by andry = ar/2.

Note also that since the parity-odd mass term does not break the U(2Ny) symmetry, we believe
that it cannot be dynamically generated. Indeed, generating such a parity-odd term from quantum
corrections in an original parity invariant action would lead to a parity anomaly, see e.g., the seminal
papers [232,233].

"Thanks to L. Di Pietro, D. Gaiotto, E. Lauria, and J. Wu for helping out mapping their 7., results [161] to ours and
helping us to understand the relation between the parity-odd mass term and the odd gamma traces.
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3.5 Critical properties

As explained in the Introduction, a standard approach to study the critical properties of gauge theories
is by solving the SD equations. Truncating these equations at LO is the simplest, but generally
unsatisfactory, as the resulting critical coupling may be strongly gauge-dependant. The fully gauge-
invariant procedure advocated in the recent [184] and [186] for large-Ny QED3 requires computing
NLO corrections and then performing a so-called Nash resummation (following the seminal work of
Nash [181]) in order to properly cancel the gauge dependence both at LO and NLO. The simplicity of
the resulting gap equation (from which the gauge-invariant critical coupling is extracted) drastically
contrasts with the complexity of the calculations that need to be performed in order to derive it.
Following [184], in this section we provide a semi-phenomenological construction of the gap equation
for QED4 4, and apply it to our cases of interest. Before that, we would like nevertheless to apply
the SD formalism at LO for QEDy 4. This allows us to illustrate some of the difficulties we have just
mentioned, and underline the importance of the “good gauge” introduced in the previous section.

3.5.1 Leading-order solution of SD equations for QED, 4,

The SD equation for the fermion self-energy in QED, 4, reads
p—k

—-iS(p) = —@- = / (A% k)T (k. p) S (k)T Dy (p — ), (3.136)

bk

where S(p), I'*(p1,p2) and D, (p) are respectively the full fermion propagator, the full vertex function
and the full photon propagator, all represented by enlarged lines (and a blob for the vertex). In general,
(3.136) is coupled to the Dyson equation for the polarization operator, reading

k
I (p) = @ ” :—u%v]vf/[ddek]frr [F“(k:,k—p)S(k:)FgS(k:—p) , (3.137)
p
k—p
and the vertex function I'*(pq,p2) defined as
b1
F“(phpz) = U ’\/\/\% = —ieyl‘ —i(iA'““(pljpz)7 (3138&)
k_pQ P1 P2
A (p1,p2) =K ;@ :/[ddek]s(k—pl)ru(k‘—plak—p2)5(7€—pl)K(phk—m,k—pl,m)a
k_pl D2

(3.138b)
with K is the four-fermion interaction scattering kernel, which is highly non-trivial. A dynamical
mass arises as a non-trivial solution of this system of coupled equations for ¥ g(p?), that needs to be
determined self-consistently.

Focusing on the LO approximation in the coupling constant, all equations decouple as both the
vertex function and the photon propagators are taken as the free ones; I'* = Fg and DM (p) = Dg “(p).
Moreover, the wave-function renormalization is neglected, i.e., ¥y =0, which implies that S(p)=
i(p—Xg5)~! where Xg is now the dynamically generated parity-conserving mass (for convenience, the
mass parameter has been absorbed in Yg). With the help of the parametrization (3.28), the equation
(3.136) decouples and significantly simplifies, yielding

—ie?T(1—e.) - o
= (de—1+§)ﬂ 67/

de 2
ZS(pQ)_ (47T)Ee [d k]ES(k)

(R S (—(p— R

(3.139)
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At the critical point, (3.139) can be linearized in the limit ¥%(k?) < k% and a power-law ansatz can be
taken for the mass function Yg(p?) such that

S5 (p?) = maya(—p*) "%, (3.140)

where the mass is assumed to be dynamical in origin and the index b has to be self-consistently
determined. As first noticed by Kotikov [182, 183], together with (3.140), the linearized equation
(3.139) is now a massless integral which is easily solved in dimensional regularization with the help
of the massless techniques described in Appendix A. The solution being finite for all d., one can set
e, =0 and straightforwardly derive the LO gap equation

b(de—2—b) =4a(3—ec+(1—ec)€) +0(a?). (3.141)

Solving it yields two values for the index b

by =(1—¢.) <1i\/1—4@3_€(€1+_(;)_255)5>. (3.142)

Dynamical mass generation takes place for complex values of b, i.e., for a > a, with

(1 —&.)?
33—t (1—ge)€’
Notice that, in the case of QEDy 3 (€. =1/2), (3.143) leads to a.e =7/ (2(5+&)), in agreement with [134].

On the other hand, in the case of QEDy (g, =0), we obtain a. =7/(3+¢), which exactly corresponds
to the result of Rembiesa [234] according to [235].

ac(€) (3.143)

As anticipated, (3.143) has a strong gauge dependence, which is not satisfactory, as a. is supposed
to be a physical quantity. In order to minimize the gauge dependence, we consider the “good gauge”
which is given by (3.100) at one loop. This yields

m(2—¢ee)(1—¢.)?

G (3.144)

ac(§g) =

which is o™ 4 = /3 and a2tPes = 3m/32. We shall come back to these results and discuss them in

detail in the next subsections. At this point, let us note that the LO gap equation itself, (3.141), can
also be written in the “good gauge” where it may be expressed in the form

b(de —2—b) = (de — 2) (1ima+0(a?)). (3.145)

Interestingly, the right-hand side of (3.145) involves the one-loop mass anomalous dimension (3.75) —
a gauge-invariant quantity — as the only input.

The powerful technique of Kotikov [182,183], that we have used here to easily solve the LO SD
equation in dimensional regularization, can possibly be extended to higher orders for QED,, along the
lines of the recent [186]. Of course, an NLO computation is more complicated and is out of the scope
of the present manuscript. Instead, in the following subsection, we will present general arguments
allowing us to build a fully gauge-invariant gap equation that is valid at any order in the coupling
constant, thereby generalizing (3.145).

3.5.2 Gap equation and criterion for dynamical mass generation

We start by recalling that, from the operator product expansion, the scalar part of the fermion self-
energy has two asymptotes in the UV [204-207] (see also the textbook [208] section 12.3):

S5 (p) ~mpy ™ +mayupy e, (3.146)
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where pi = —p? is the Euclidean momentum, m is the bare mass of the fermion and Mgyn the dy-
namical one. As noticed in [207], dynamical mass generation arises from the coalescence of these
two asymptotes. In particular, deep in the UV, pf;—>oo, the dynamical mass is favored over the bare
mass provided the mass anomalous dimension is large enough; 7, > (d. —2)/2. The non-perturbative
criterion for dynamical mass generation is therefore given by 7, (ac) = (de —2)/2 which requires the
knowledge of the exact 7.

In our case, we only have access to a perturbative expansion for 7,,. Hence, we would like to find
a criterion for dynamical mass generation (which is intrinsically a non-perturbative mechanism) that
could be truncated at a given order of the perturbative expansion of 7,,. This can be achieved with the
help of the gap equation found from the SD formalism. Actually, as we saw in the previous subsection,
we know that the all order ansatz (valid at the critical point) for the fermion self-mass is given by
Ss(p) ~p,? (see (3.140)) where the index b is determined self-consistently. Comparing this ansatz to
(3.146), and in particular to the second asymptote of this equation, we see that b=d, —2—~,, and is
therefore related to the mass anomalous dimension. From [184], we learn that the gap equation (which
is quadratic in ) is built up from the two asymptotes of (3.146) (at least for large-Ny QED3 at NLO
in the 1/Nj-expansion). Extending the result of Gusynin and Pyatkovskiy [184] to arbitrary d., we
therefore assume that, for QED, 4, , the gap equation is quadratic in b at all loop orders and takes the
form

b(de —2—b) =y (de —2—vm), (3.147)

with ~y,, as the only input. As we saw in the previous subsection, in the SD formalism, the dynam-
ical mass is generated when b becomes complex, i.e., for (b— (de.—2)/2)? <0. In terms of the mass
anomalous dimension and at the critical point, this criterion translates into

de—?2
2

2
K(a)= <7m(a) — > , and K(a.)=0, (3.148)
from which the critical coupling o, can be computed. Note that, if 7, would be known exactly, the gap
equation would then simply yield v, (c) = (de —2)/2. However, when the mass anomalous dimension
is known only perturbatively up to a certain loop order, the gap equation (3.148) accordingly needs to
be properly truncated, i.e., with v, = vy1m +7v2m +---, it reads

(de —2)?

K(a) ="

—(de =2)Y1im+ (Vim — (de = 2)72m) +---, (3.149)
and then solved with K(a.)=0. Since 7, is gauge invariant by construction, the resulting critical
coupling will automatically be gauge invariant too. Moreover, as it is built from the SD formalism, it
can be truncated to the accuracy at which ~,, is known (Equation (3.147) reduces to (3.145) at the LO
in ). From this polynomial equation, we will obtain multiple solutions for a.. The physical a, will
be taken as the smallest positive real solution that is found, in accordance with perturbation theory.

At this point, we would like to comment on the fact that the large mass anomalous dimension
required for dynamical mass generation also affects the dimension of the quartic fermion operator
A[(T)?] =2de —2—7(py)> Where gy is the associated anomalous dimension. Indeed, assuming
that y(gy)2 = 2ym, we have Al(VW)?] =2d, — 2 — 27y, < d, for v, > (de —2)/2, i.e., the quartic fermion
operator is marginal at the critical point and becomes relevant once the dynamical mass is generated.
However, from these arguments, the marginality of the quartic fermion operator at criticality appears
as a consequence of (3.148) and holds only in an approximate way. According to the literature on
QEDy, see, e.g., the review [171] as well as [199-202|, the assumption Y(ww)2 = 27m is supposed to
be valid in the quenched and rainbow approximation.® In the case of QEDy, there is evidence that

8In the rainbow (or ladder) approximation, the full vertex T'* entering the SD equations is taken as the free vertex,
I'* =T = —iey". Note that our (two-loop) perturbative calculations do take into account of vertex corrections and our
analysis is therefore beyond the rainbow approximation.
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it still holds beyond the rainbow approximation [235]. Note also that the quenched approximation
significantly affects QED4 because in this approximation the coupling does not run. But its effect is
weaker for a “standing” theory such as QED,4 3. These arguments suggest that the marginality of the
quartic fermion operator at criticality may hold even beyond the quenched (especially for QED4 3) and
rainbow approximations. A more careful study of the validity of this approximation goes beyond the
scope of this paper.

In the next sections, we will apply (3.148) to the study of the critical properties of QEDy 4, with
applications to QEDy4 3 and QEDy,. For the case of QEDy 3, we will find perfect agreement with the SD
formalism [134] which is natural since (3.148) is built from the SD formalism for large-N; QED3 [184]
which can be mapped to QEDy 3 [134]. As for QEDy, our approach is more phenomenological, since it
amounts to extrapolate an equation valid for QEDy4 3 to the more subtle case of a “running” theory.

3.5.3 Application to quenched QEDy 4,

“Quenched” is the (extreme) approximation that completely neglects the fermion, i.e., Ny =0. Though
unphysical, it is a convenient limit where computations are much simpler. As we will see in the
following, this approximation appears as the natural solution to our equations beyond one loop.

Quenched QEDy4 4, at one loop

We first consider QEDy 4, at one loop. Substituting the one-loop expression of 7, (3.75), in (3.148)
yields the following critical coupling constant:

T(2—¢ee)(1—¢¢)?
2(3—2¢.)

Qe =

(3.150)

which corresponds exactly to the result (3.144), obtained via the SD approach in the “good gauge”
(3.100). Note that it is also independent of N; at this order. In the case of QEDy4j3 (. =1/2), (3.150)
yields

3
a2 Pes — 3% —0.2945,  (1-loop), (3.151)
which agrees with the result of [118,134|. Note that from the mapping (3.113) to large-N; QED3, the
corresponding critical fermion flavor number reads

128
NIEPs — 52 =43230,  (LO). (3.152)

where LO stands for leading order, i.e., at O(1/Ny). This result is in agreement with [118,181,184,186].

In the case of QEDy (e, =0), we recover the celebrated result

aQP1 — g =1.0472,  (1-loop), (3.153)

which was obtained via the rainbow approximation in the Landau gauge (which is the “good gauge”
for QED4 at one loop, see (3.103d)) in the early papers [236-238|. In [235], a numerical solution of
SD equations with Curtis-Pennington vertex (and hard cut-off regularization) led to ad P (€)~0.93
with variations of the critical coupling of only a couple of percents over a wide range of the gauge
fixing parameter; such a result deviates by 11% from 7 /3. In [239], calculations using dimensional
regularization, which is a gauge-invariant regularization scheme, were found to agree with the hard
cut-off regularization ones to within numerical precision. Moreover, in [240] the result a P =m/3
was extracted analytically from dimensionally regularized SD equations in the Landau gauge in perfect
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agreement with our own calculation of section 3.5.1. Based on (3.148), we obtained in a very simple
way that Oz?ED4 =m/3 is actually the fully gauge-invariant result at LO. This motivates us to include

higher-order corrections, which is quite straightforward in our formalism, provided 7, is known.

Quenched QED4 4, at two loops

We therefore consider QEDy 4, at two loops. Substituting the two-loop expression of v,,, (3.99b), in
(3.148), and selecting as a physical critical coupling the smallest value obtained, yields the following
result

(2—ee)(1—ee)?

(Nf) = )
N = et By

(3.154)

where

(1—ee)(3—2¢) 10N; 2
Ay, = ,
2—¢, 3
see (3.52a) for the definition of Kj. It turns out that a. in (3.154) is actually complex and hence
nonphysical for all integer values of Ny except Ny =0. This comes from the fact that Ay, in (3.155) is
positive only for values of Ny which are smaller than
3(3—2¢)

Nnase = 2(102+3(1—2)(1—c.)2(2—£0)?K7) (3.156)

—2Nj(1—2)(2—e¢)(1—e.)’ K1 — (3.155)

and this maximal value is smaller than 1 for d. <4. Thus, the critical coupling (3.154) is defined only
in the case of quenched QEDy, 4, where its expression simplifies. We display it explicitly for clarity

T\4—¢Ee —Ee 2 —&e — 2Ee
QC(M:O): ;2_2566)5_1\/270) VAN (1 82)_(3;6 & )’ (3157)

where, together with N, all the z-dependence dropped out. In the case of QEDy 3 (. =1/2), (3.157)
yields

QED, 4 9
Qe “(Ny=0)=————=0.4183, 2-loop), 3.158
(N =0)= 3575 (2-1oop) (3158)

in agreement with [134]. Note that from the mapping (3.113) to large-N; QED3, the corresponding
critical fermion flavor number reads

NQED3 . 16(4+ V32— 28)
B =
32

=2.8470,  (NLO), (3.159)

where NLO stands for next to leading order, i.e., of order 1 /]\6”2 This result is in agreement with
[184,186]. In the case of QEDy (e, =0), (3.157) yields

4
a?ED‘*(J\gc:o):G T_ 14872, (2-loop), (3.160)

+v6

which is a new result and deviates substantially from the one-loop one (about 40% increase).

Quenched QEDy4 at higher loops

Actually, we can go beyond two loops in QEDy4, since computations are already known up to five loops.
We first consider three loops (see the three-loop computations for QED4 are presented in the appendix
3.A) where the corresponding mass anomalous dimension, from our calculations, yields

20N, 280N?
~Ds _ 65, + a2 (3_3 f> —ap (129+4]\§c(23—24€3)— 27f ) +0(a"), (3.161)
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in accordance with the literature, see, e.g., [219,220]. We can then use (3.161) to solve the effective
gap equation (3.148) at three loops, reading

ED 2m
o™ (N =0) = 111

(10—788s7'+5)=1.1322,  (3-loop), (3.162)

where 5% = (6161 +111+/13009 ) Going even further, we can use state-of-the-art results for v,, at four
and five loops [219,220]° that reads

SON, 280N?
L9EDL g <3_3f>+@§<129—4]\5¢<23—24<3)— e

1 16 32 16
+at (—4(1261+2688<3) — 3 N (11~ 2765 + 1805 + .- NP (19~ 27003 +162C1) — - N} (83— 144@,))

1 1
+ab <4 (50995 + 67845 + 16640G5) — 1 Ny (61469 — 705605 + 24192(4 + 177605 — 241920(7)

271\9 (3877 — 98880 + 48384C3 + 28944, + 1036805 — 86400(s )

4 32
+ g7 VP (4483 447525 — 12060, +6912¢5) — ¢ Nf(65+80§3—144g4)> 0(a%), (3.163)

thereby confirming our three-loop result (3.161). Solving the effective gap equation (3.148) at four-loop
order leads to a non-physical complex result, so we discard it. As for the five-loop solving, it can only
be carried out numerically, as it amounts to find the roots of is a fifth order polynomial, and reads

adP1(N; =0)=1.0941,  (5-loop). (3.164)

Our results for quenched QED4 up to five loops are then summarized numerically in table 3.2.

loops 1 2 3 4 5
a.(Np=0) || 1.0472 | 1.4872 | 1.1322 — 1.0941

Table 3.2: Critical couplings of quenched QED4 computed from (3.148) up to 5 loops
(the symbol “—” indicates that no physical solution is found).

Though we do not find any physical solution at four loops, we observe that, beyond two loops, the
critical coupling decreases reaching 1.0941 at five loops which deviates by only 4% from the one-loop
result.

Literature comparison for quenched QEDy4 g4,

We shall compare the results obtained via our method, summarized in the table 3.2, with the quenched
QEDy literature. We take as a reference the table II in [174], that we reproduce here in table 3.3 for
convenience. We recall that our results should correspond to the results of the literature in the good
gauge, which in the case of QEDy is close to the Landau gauge, i.e., £ =0. We therefore generate the
table 3.4, of the relative deviations (in %) of our results as compared to the literature in Landau gauge.
We sort the results from the literature in two categories; the bare approach, giving ~ /3 and the CP
approach giving ~(0.93.

Our new five-loop result (3.164), yielding a.(Ny = 0) = 1.0941 V¢, is therefore in quantitative agree-
ment with other estimates from numerical solutions of SD equations in quenched QED4 with various
vertex ansiitze, see, e.g., [172,174], that lead to a.(Ny =0)~0.93 in the Landau gauge'®, i.e., a 15%
deviation from our result.

9We used the results of the ancillary files of both [241] and [242].

1°Tn quenched QED4, up to five loops, the “good gauge” is very close (at most 0.18) to the Landau gauge. It is then
reasonable to compare our gauge invariant results to those calculated in the Landau gauge.
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Reference H £E=0 ‘ £E=1 ‘ £E=3 ‘ Vertex ‘
Miransky [238] (1984) /3 NA NA Bare
CP [243] (1993) | 1.003 *m/3 NA NA Bare
Bloch [172] (1995) 1.047 1.690 2.040 Bare
CP [243] (1993) 0.9344 0.9240 0.9218 CP
Atkinson et al. [235] (1993) 0.933667 | 0.923439 | 0.921272 CP
Bloch [172] (1995) 0.933667 | 0.890712 | 0.832927 | modified CP
BBCR [244] (2011) 0.934 NA NA | BBCR Ansatz

Table 3.3: Reproduced from [174]. Critical (gauge-dependent) coupling results from
the literature. CP=Curtis-Pennington, BBCR=Bashir-Bermudez-Chang-Roberts. NA
indicates “not available”.

QED4 Literature rel. diff. to our work

Vertex model a.(Nf =0) 11 21 31 41 5l

Bare [172,238,243] | ~x/3 (€=0) || 0% 30% 8% - 4%
CP [172,235,243,244] | ~0.93 (£=0) | 11% 3™% 17% - 15%

| This work (1-loop) | 1.0472V¢ || 0% 42% 8% - 4% |

This work (2-loop) 1.4872 V¢ 30% 0% 24% - 26%
This work (3-loop) 1.1322 V¢ 8% 31% 0% — 3%

This work (4-loop) - - - - - -
This work (5-loop) 1.0941 V¢ 4%  36% 3% - 0%

Table 3.4: Comparative table for the critical quenched (N; = 0) coupling result obtained
in this work vs the literature in Landau gauge, which has been sorted into two categories,
Bare and CP=Curtis-Pennington vertices

3.5.4 Application to unquenched QEDy 4,

In this section, we now consider the unquenched QED, 4, case, i.e., Ny > 0.

General remarks and naive approach

In order to be able to consider the more physical case of unquenched QEDy 4,, we shall follow [118,122,
134,245,246 and include a dynamical screening of the interaction. In the case of QEDy 3, this can be
done with the help of the random phase approximation (RPA) that amounts to a simple redefinition of
the coupling constant [118,144] because, for this “standing” model, the polarization operator is finite
(see (3.62) combined with (3.32)). This procedure resums exactly all the Ny-dependence in v, allowing
us to go beyond the quenched approximation [134].

Following the QEDy, 3 case [134], we shall proceed with a generalization to QEDy 4, by enforcing
the resummation of the Ny-dependence of +,, at each loop order in an effective coupling constant.
As we shall see below, such a procedure does not correspond to RPA in the case of QED4. Indeed,
applying RPA to QED4 within our formalism does not allow to fully resum the Nj-dependence in
Ym- This originates from the running of the coupling constant, which arises from the UV divergent
polarization operator (see (3.64)) and renders the QED4 case more subtle to treat than the QED4 3
one. Enforcing the resummation of the Ny-dependence of v, in QEDy is a semi-phenomenological
prescription. But, as we shall see, it will provide results that are in quantitative agreement with those
obtained from numerical solutions of SD equations. Moreover, this effective coupling method allows
us to compute a critical fermion flavor number, N., such that a.—0o0, i.e., a clearly non-perturbative
quantity that requires the resummation of the N;-dependence of .
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Within our formalism, an interesting fact about studying QEDy is that it allows to consider higher
orders in the loop expansion which are presently inaccessible in QED,4 3. We already exploited this in
the last subsection related to the quenched case. As we saw there, in both cases of QEDy4 3 and QEDy,
there is no solution to the two-loop gap equation for Ny >0. It turns out that, for QEDy, solutions
of (3.148) appear at higher loops for non-zero Ny values without any need to introduce an effective
coupling constant. We do not find these results satisfactory but, for completeness, we summarize them
in table 3.5 and discuss them briefly.

loops 1 2 3 4 5

Nomax 00 0.45 | 5.4738 0 18.4653
ac(N;=0) | 1.0472 [ 1.4872 | 1.1322 [ — 1.0941
ac(Np=1) || 1.0472 | — | 11635 | — 1.0703
ac(Np=2) || 1.0472 | — | 12302 | — 1.0629
ac(Ny=3) || 1.0472 | — | 1.3536 | — 1.0601
ac(N;=4) | 1.0472 | — | 16037 | — 1.0570
ao(N;=5) | 1.0472 | — | 22669 | — 1.0510
ac(N;=6) | 1.0472 | — — — 1.0414
ac(Np=7) || 1.0472 | — — — 1.0281

Table 3.5: Naive (and unsatisfactory) results for critical couplings of unquenched QED4
computed from (3.148) up to 5 loops (“— indicates that no physical solution is found).

First, as can be seen from table 3.5, a parity effect is observed, as no solution is obtained at two
and four loops for Ny > 0. At three and five loops, we obtain solutions over a range of N;-values smaller
than some Ny, which is now larger than 1. However, this N,.x is not related to N, and its physical
interpretation is not clear; it is close to the N, found from the effective coupling approach at three loops
but deviates substantially from it at five loops, see table 3.6 for the results of the effective coupling
approach. Moreover, at five loops the critical coupling obtained this way decreases with increasing Ny
while the opposite behavior is observed at three loops. Actually, on physical grounds, we expect that
o, should increase with increasing Ny. This comes from the fact that screening increases with Ny, thus
effectively weakening interaction effects which in turn requires a larger value of the coupling constant
in order to dynamically generate a mass. The effective coupling approach seems to overcome these
difficulties (as far as our semi-phenomenological approach can tell) and we shall therefore focus on it
in the following.

Unquenched QEDy 4, at one loop

In order to include dynamical screening in QEDy 4, , we define the following effective (reduced) coupling
constant ~
(073

a 1 +ﬂleﬁ&r 7

Gr (3.165)

where g, =g,/(4m). All the Ny-dependence, i.e., the effect of fermion loops (or screening), is then by
definition in ITj.g. Substituting (3.165) in the mass anomalous dimension, (3.99b), and expanding the
resulting expression up to second order in g,, we require that I cancels the two-loop N;-dependent
terms in (3.99b). This yields

. (1—ee)K1 102Ny
Mg =4(1—2)N, 3.166
leff ( Z) 'f 3— 2, + 9 ( )
together with
_ 3—2¢, 9 3—2¢, _\3
=4, ————+38 O . 3.167
’7m g’f‘ (2 _53)(1 _56) + 97‘ (2_56)3(1 _56)2 + (g’f') ( )
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From (3.166), in the case of QED43 (2 =0 and €.—1/2), we recover the fact that
el —f12FPas g, (3.168)

where f[?ED“’S was defined in (3.62). In this case, the procedure exactly corresponds to RPA (random
phase approximation) in agreement with (3.32). In the case of QEDy (2 =1 and £,—0), we find from
(3.166) that

e =112, (3.169)
where ﬂ?ED‘* was defined in (3.64). As we anticipated, in the case of QEDy, the procedure is not RPA
(the expected result for the RPA case would be f[?e%D“ :f[?ED4, see (3.33)) as it corresponds to a
resummation of half of an effective one-loop renormalized polarization operator (and moreover L, =0).

We may now proceed on solving (3.148) with (3.167) truncated at one-loop order. The effective
critical coupling g. that we obtain is equal to the one-loop critical coupling given by (3.150). With the
help of (3.165), this result can be generalized to the unquenched case and yields

T(2—¢ee)(1—¢¢)?
(3—2¢e¢) —IMieg(2—ec) (1 —ec)2/4

ac(Ny) = 5 (3.170)

Note that we can deduce, from (3.170), a critical fermion flavor number, N, such that a.—00, reading

6(3—2e.)?

Ne= 3(1—2)(2—¢ee)(1—¢¢)3K1 +52°

(3.171)

We now apply our general one-loop results to specific cases starting from QEDs3 (2=0 and
ge — 1/2). In this case, (3.170) and (3.171) yield

QED, 5 127 QED,, 128
P(Nf) = N, P =—=4.3230 1-1 3.172
Qe ( f) 128 — 37T2]\§c ) c 372 ) ( OOp), ( )

and, for the range of allowed non-zero values of Ny, (3.172) yields
ac(Np=1)=0.3832, ao(N;=2)=0.5481, o(N;=3)=0.9624, o.(N;=4)=3.9415 (3.173)

. QED, .
with ap = *°

Following [118], the result a?ED“ (Np) in (3.172) defines a critical line in the (o, Nf) plane that separates

ED
the broken and symmetric phases. Moreover, in this one-loop case, NcQ % =4.3230 is equal to the

LO gauge-invariant critical fermion flavor number of large-Ny QED3 (see discussion below (3.150)).

Similarly, in the case of QEDy (z=1 and €. — 0), (3.170) and (3.171) yield

, and thereby recovering in a simple and straightforward way the results of [118].

187
a4 (Ny) =

QED 54
e — N, 4 —_—=10. 1-1 174
54_5]\6"7 Cc 5 087 ( OOp), (3 7 )

and, for the range of allowed values of Ny, (3.174) yields

ao(Np=1)=1.1541, a.(N;=2)=1.2852, a.(N;=3)=1.4500, a.(N;=4)=1.6632,
ae(N; =5)=1.9500, a.(N;=6)=2.3562, a.(Nj=T7)=2.9763, a.(N;=8)=4.0392,

ac(Nf=9)=6.2832, a.(Ny=10)=14.1372, (3.175)
with ac:agED‘*. Note that the one-loop SD equation in the rainbow approximation and including

the polarization operator in the LAK-approximation (following the work of Landau, Abrikosov and

Khalatnikov [247]) was approximately solved in the Landau gauge in [248] with the results aEPs (N =
1) =1.95 (see also [172] for a review of other results as well as discussions below). It deviates by about

69% from our result, o 4(N; = 1) = 1.1541.
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Unquenched QEDy4 4, at two loops

Next, in order to access the two-loop case, we solve (3.148) with the full (3.167) as the input. This
yields the critical coupling g. = a(Ny =0) where a.(N; =0) is the quenched critical coupling given by
(3.157). With the help of (3.165), this result can be generalized to the unquenched case and yields
B T(2—¢€e)(1—¢¢)?

3—2c+ VA0 —eq(2—e0)(1—e0)2/4

Proceeding as in the one-loop case, we deduce from (3.176) a critical fermion flavor number, N, such
that a.—00. Its expression reads

ac(Ny) (3.176)

3(3—2¢¢)(3—2ec+vAp)

Ne= s )2 kr + 55"

(3.177)

We now apply our general two-loop results to specific cases starting from QEDs3 (2=0 and
€e —1/2). In this case, (3.176) and (3.177) yield

QED, 5 367 QED,; 32
ac M(Np)= . NS = 2 (64/6) = 3.0440, 2-loop), 3.178
M= 526+ ve) —om 577 (6+V6) (2-loop), | (3.178)

and, for the range of allowed non-zero values of Ny, (3.178) yields
a.(Nf =1)=0.6230, a(Nf =2) =1.2196, ac(Ny =3) =28.967, (3.179)

D
with a. = 048 " +? and thereby recovering in a simple and straightforward way all the results of [134].
See figure 3.7a in the next pages for a graphical representation of the phase diagram. As already noticed
in [134], we see from (3.178) that the two-loop N, in QEDy 3 is slightly higher than the corresponding

one in NLO large-Ny QED3 (for which N, =2.8470, see discussion below (3.157)).
Similarly, in the case of QEDy (2 =1 and €. —0), (3.176) and (3.177) yield

QED, 367 QED, _ 9
a T (N;) = . NSt = (64V6) =7.6045, 2-loop), 3.180
M= 56+ ve) — 108, 1 (0+V6) (2-1oop) (3.180)

and, for the range of allowed values of Ny, (3.180) yields, with o, = a(CQED“

ac(Np=1)=1.7124, ac(N;=2)=2.0180, ao(N;=3)=2.4562, a.(N;=4)=3.1376,
ae(N; =5)=4.3423,  o(N; =6) =7.0486, c.(N; =T7)=18.7080. (3.181)

Unquenched QED,4 at higher loops

In the case of QEDy4, We can go further and use the three-loop mass anomalous dimension (3.161) that
we have computed in Appendix 3.A. Proceeding with the same approach as in the two-loop case yields

At
0994w NP1 53298, (3-loop) | (3.182)

QEDy Ay —
e () 332667—}-3(4(9C3—8)t—l’355)1§]\6¢—20t2]\927

with ¢ =10— 788571 +s and s3> =2(6161+1111/13009). Going even further, we can again use state-of-
the-art results for 7, up to five loops [219,220]'!. Like in the quenched case, no physical solution is
found at four loops (all solutions are complex) and therefore we effectively have N.=0 in this case.

"'We used the results of the ancillary files of both [241] and [242].
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For five loops, the solving is numerical, as it amounts to find the roots of is a fifth order polynomial,
and reads

QED, (A1 — 861.59 NODi _ssocs (o) 153

Note that, at each order, the effective dynamical coupling is determined in such a way that it resums
all the N;-dependence of +,,. This allows us to deduce a critical flavor fermion number, N., and the
critical values of the coupling, a.(NNy) for Ny < N, at higher loops. Our results for unquenched QED4
(as well as the results of QED, 3 for clarity) are summarized in table 3.6. See also figure 3.7b for a
graphical representation of the QED, phase diagram from the state of the art five-loop results.

In addition to these results, in QED4 at 1, 2, 3 and 5 loops, a finite non-zero value of N, is
obtained, which decreases with increasing loop order. In agreement with our physical intuition, at 1,
2, 3 and 5 loops the critical coupling is seen to increase with Ny (because of the increase of screening)
and diverges at N.. Moreover, provided that the apparent decrease of N, with increasing loop order is
smooth, we are able to extrapolate its value to infinite loop order using a simple decreasing exponential
fit (discarding the four-loop order), see figure 3.6. This yields

N2P1420663,  (co-loop), (3.184)

that we added to table 3.6. We therefore conjecture that, in the non-perturbative regime (infinite loop
order), the critical coupling is defined only up to Ny =2. Moreover, we can also infer that, o.(Ny =2)
may be extremely large since Ny =2 is very close to N.=2.0663. This last value is a strong evidence
that at Ny =1 and at high coupling, QED4 may be in an (excitonic) insulating phase.

[\)
@)

T T T T T T T T T T T T T T

[ — No(L) = No(00) 4 14.123¢~0-478L ||
--- N.(00) =2.0663

—_
ot

ot

Critical flavor number (N,)
—_
S

[es}
[
L

Loop order (L)
Figure 3.6: Exponential fit on the values found for N, from 1 to 5-loop in QEDy.



3.5. CRITICAL PROPERTIES 147

Results summary

In this section we present, for both QED4 3 and QEDy, a summary of our results for the critical coupling
o depending on the fermion flavor number N; and real up to the critical flavor number N.. We also
provide a graphical representation of our best results in a phase diagram for both models, figure 3.7.

Note that all these numerical results were obtained analytically in the previous sections.

| Model QEDy 3 [ QED,4
loops 1 2 1 2 3 5 %)
N, 4.3230 | 3.0440 || 10.8 | 7.6045 | 5.3298 3.3954 2.0663

ac(Ny=0) || 0.2945 | 0.4183 | 1.0472 | 1.4872 | 1.1322 | — | 1.0941 ??
ac(Ny=1) || 0.3832 | 0.6229 | 1.1541 | 1.7124 | 1.2353 | — | 1.2221 ?7?
ac(Ny=2) || 0.5481 | 1.2196 | 1.2852 | 2.0180 | 1.4424 | — | 1.6492 ??
ac(Ny=3) || 0.9624 | 28.967 | 1.4500 | 2.4562 | 1.8707 | — | 4.5576 —
ac(Np=4) || 3.9415 — 1.6632 | 3.1376 | 2.9997 | — | — —
ac(Ny =5) — — 1.9500 | 4.3423 | 11.150 | — | — —
ac(Nf =6) — — 2.3562 | 7.0486 — | = — —
ac(Ny=T7) — — | 29763 | 18708 | — | —| — —
ac(Np =8) — — 4.0392 |  — — | = — —
ac(Ny=9) — — 6.2832 | — — | = — —
(N =10) — — 14137 | — — | = — —

Table 3.6: Critical couplings of unquenched QEDy 3 and QEDy4, computed from (3.148)
together with the effective dynamical coupling (3.165) up to 5 loops (the symbol “—"
indicates that no physical solution is found and the symbol “7?” indicates that we could

not compute the corresponding value).

o (Ny) . oy (Nf) r n ]
10 |- Mdyn ?é 0 : . 10 |- Mdyn ?é 0 : .
- (insulator) : | . (insulator) : ]
: - Maw=0 : My =0 |
' (metal) i , (metal)
1 E . 1 E, E B
: | : mayn =0 |
g (metal) | | i (metal) : |
L I . | | \: | ] ]\/} L | | | :\ | i ]\/}
0 1 2 3 4 ) 0 1 2 3 4 5)

(a) QEDy 3 from 2-loop results table 3.6. (b) QEDy from 5-loop results table 3.6.

Figure 3.7: QED4 3 and QED,4 dynamical mass generation phase diagrams in the plane
(0, Ny) from the best results of table 3.6. Here, insulator refers to an excitonic insu-
lating phase, while metal refers to a semimetallic phase.

We recall here that graphene is described by QEDy 3 at Ny =2 and o, ~1/137 in the IR limit, for
which the plot 3.7a has been obtained!'?. Therefore, graphene at low-temperatures is indeed metallic,

2in ambient — pseudo-relativistic — conditions, a, /2.2, but obtaining a phase diagram in this case would require
Lorentz breaking computations, see, e.g., [126] and references therein.
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in accordance with experimentation. Nevertheless, our results tend to show that if one manage to
experimentally tune the coupling towards a sufficiently high value, it may undergo a phase transition
towards an insulating phase. This could possibly be achieved with a well-chosen substrate, ideally
tunable, such that the transition can be controlled on demand, thereby creating a graphene transistor.

Similarly, usual QEDy4 from high energy physics is retrieved for Ny =1 and o, ~1/137 in figure
3.7b. Therefore, it is also in a metallic phase in ambient conditions, and similarly, a phase transition
towards an insulating phase may be possible at very large coupling. As explained in the introduction,
in QEDy, «, is running, and increases with the energy scale. The question is then, at what energy
scale the coupling is a,. ~ 1, such that QED4 may be in a metallic state? The answer is that, if it
happens, it would be at a tremendous energy scale. Indeed, the growth of «, is extremely slow: at the
electron mass scale (in eV) a;(me~10%)~1/137, at the Z-boson mass scale, a,.(mz~1011)~1/127
and at the largest scale one could think of, the Grand Unification Theory (GUT) scale, it is roughly
estimated as ;. (mgur ~ 10%°) ~1/30, see [116]. Therefore, in particle physics, QEDy is metallic at all
reasonable energy scales. Nevertheless, in an eventual condensed matter system suitably described by
QEDy, with Ny =1 or 2 and «, ~ 1, such a phase transition is likely to be possible.

Literature comparison for unquenched QEDy4 3

In this section, we provide a summary of the results obtained in the literature for DySB in graphene,
i.e., for a.(Ny =2) and the corresponding N,. Results are provided in table 3.7.

‘ ac(Ny =2) ‘ N, Method ‘ Year ‘

7.65 SD (LO, dynamic RPA, running v) 2013 [249]
3.7 FRG, Bethe-Salpeter 2016 [250]
32<a.<3.3 SD (LO, dynamic RPA, running v) 2012 [251]
3.1 SD (LO, bare vertex approximation) 2015 [252]
2.06 SD (LO, dynamic RPA, running v) 2017 [253]
1.62 SD (LO, static RPA) 2002 [122]
3.52 SD (LO) 2009 [240]
1.22 3.04 SD (NLO, RPA, resummation, v/c—1, V§) | 2016 [134]

1.22 3.04 Effective gap eq. (2-loop, RPA, v/c— 1, V¢) | 2021 [4]
1.13 3.6 SD (LO, static RPA, running v) 2008 [245]
1.11£0.06 Lattice simulations 2008 [254]
1.03<a.<1.08 | 3.17T<N.<3.24 SD (NLO, RPA, resummation, v/c—1) 2016 [134]
1.02 SD (LO, dynamic RPA, running v) 2011 [255]
0.94< . <1.02 | 3.24< N, < 3.36 SD (NLO, RPA, v/c—1) 2016 [134]
0.99 RG study 2012 [256]
0.92 SD (LO, dynamic RPA) 2009 [257]
0.9+0.2 Lattice simulations 2012 [258]
0.833 RG study 2008 [259)]

0.5481 4.3230 Effective gap eq. (1-loop, RPA, v/c—1, V&) | 2021 [4]

Table 3.7: Reproduced from [126] and updated. DxSB in graphene: some values
of a.(N =2) and N, obtained over the years together with elements of the different
methods used. The double line corresponds to a,, =2.2, the observed coupling value in
physical graphene. Values presented in this manuscript are in gray. The values to be
retained are the gauge-invariant ones, a, =1.22 and N, =3.04.
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Literature comparison for unquenched QEDg4

In order to numerically compare our results with the ones of the literature, we should first discuss
some “good gauge” issues. Indeed, at a given loop order greater than 1, a numerical evaluation of
the “good gauge” parameter, {;(a.,Ny), shows substantial deviations from the Landau gauge as Ny
increases and even diverges as Ny approaches N.. At Ny =1, a comparison with the Landau gauge
results is justified since the “good gauge” is reasonably small, 0.28 <§; <0.48. On the other hand,
at Ny =2, a comparison with the Feynman gauge becomes more relevant (0.41 <&, <0.89). However,
most of the unquenched SD results found in the literature are derived only in the Landau gauge. For
these reasons, we are restricted to a comparison of only our N; =1 results with the Ny =1 results of
the literature in the Landau gauge.

Taking the review part of [174], table III, as a reference, a wide range of results have been found
for a.(Ny =1) in the Landau gauge over the last 30 years. For convenience, we reproduce this table in
table 3.8 together with the relative differences to our results at each given loop order.

QED, Literature rel. diff. to our work
Reference ‘ a.(Nf=1) ‘ Vertex model 11 21 31 41 5l
Kondo et al. [260] (1990) 1.9997 (£=0) Bare 91% 17% 62% - 64%

1.95 (£=0) Bare 86% 14% 58% -  60%
1.9989(¢ =0) Bare 91% 17% 62% - 64%
2.0728 (£€=0) Bare 98% 21% 68% - T0%
1.9995 (£ =0) Bare 91% 17% 62% - 64%
2.25 (£=0) Bare 114% 31% 82% —  84%
2.10028 (£ =0) Bare 101% 23% 70% - 2%

(1989)
(1990)
(1990)
(1990)
(1990)
: (1990)
Kondo et al. [265] (1991) 2.084 (£=0) Bare 9% 22% 69% - 1%
Ukita et al. [266] (1990) 2.0944 NA 100% 22% 70% - 7%
Kondo et al. [267] (1993) 1.9995 NA 01% 17% 62% - 64%
Bloch [172] (1995) |  1.99953 (¢ =0) Bare 91% 17% 62% -  64%
Bloch [172] (1995) | 1.7410 @A%(£=0) Bare 66% 2% 41% - 42%
Bloch [172] (1995) | 1.6322 @A2(¢ =0) BC 56% 5% 32% - 34%
Bloch [172] (1995) 1.6199 @A2(¢=0) | modified CP | 55% 5% 31% - 33%
Bashir et al. [244] (2011) | 2.27(Anal.)(§=0) | BC+KP+A | 117% 33% 84% - 86%
Bashir et al. [244] (2011) | 2.46(Num.)({=0) | BC+KP+A | 135% 44% 99% - 101%
Akram et al. [268] (2012) 0.9553 (£=0) t BC+Ansatz 9% 44% 23% - 22%
~ This work (1-loop) (2022) | 1.1541V¢ | 1 Bare | 0% 48% % - 6% |
This work (2-loop) (2022) 1.7124 V¢ Perturbative || 33% 0% 28% — 29%
This work (3-loop) (2022) 1.2351 V¢ Perturbative % 39% 0% - 1%
This work (4-loop) (2022) - Perturbative - - - - -
This work (5-loop) (2022) 1.2221 V¢ Perturbative 6% 40% 1% - 0%

Figure 3.8: Critical couplings from previous studies at Ny =1 with relative difference
comparison with our results from 1 to 5 loop order. The top left part of the table is
reproduced from [174]. Gray lines are the studies that compare best with our results.
CP=Curtis-Pennington, BC=Ball-Chiu, KP=Kizilersu-Pennington.

Most of the first order approaches (that neglect one or more equations of the SD system) presented
in [174], lead to results that are far from the results of our paper, e.g., a relative difference of 60%
up to 101% by comparing with our five loops approach. However, better agreements are found when
comparing our results with more sophisticated numerical approaches, especially the results of Bloch
[172], that solve the full system of one-loop like SD equations with various vertex ansétze (bare, Ball-
Chiu and modified CP as referred to in [172]). These various approaches lead to results that are very
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close to each other in the Ny =1 case. Of course, the non-perturbative nature of the vertex ansatze used
in these approaches does not have (to the best of our knowledge) a clear correspondence in terms of
loops (such as in our case). Nevertheless, from these results, we find deviations of 2%—5% with respect
to our two-loop results and deviations of 31%-42% with respect to our four and five-loop results. We
also note a smaller deviation of 22% upon comparing our five-loop Ny =1 result with the most recent
results of [268].

3.6 Conclusion

In this chapter, we have computed the two-loop mass anomalous dimension of QED, 4, with Ny flavors
of four-component Dirac fermions. Our main formulas, (3.99), for ~,, and also the field anomalous
dimension vy, take into account the non-commutativity of e,—0 and €,—0 limits and are valid in both
cases of QEDy 3 (which applies to graphene at its IR Lorentz invariant fixed point) and QEDy4. For
QEDy 3, our formula for v,,, (3.134b), generalizes the one obtained in [161] to an arbitrary number of
(2-component) fermion flavors, but our interest was mostly focused on the parity-even case (3.105b).
When the latter is mapped to large-Ny QED3 [134], it corresponds exactly to the result obtained by
Gracey in [226] thereby strengthening our result.

We then proceeded on studying the critical properties (dynamical generation of a parity-conserving
fermion mass) of QED,4 4, (both in the quenched and the unquenched cases) with the help of the gap
equation (3.147) (and its solution (3.148)). The latter was derived in a semi-phenomenological way on
the basis of the modern approach of Gusynin and Pyatkovskiy [184]. It matches exactly the NLO gap
equation of large-N; QED3 [184,186] as well as that of QEDy4 3 [134] and its range of application was
extended to cover the case of QEDy4. Its only input being the mass anomalous dimension, it is fully
gauge invariant by construction and allows deriving the gauge-invariant critical coupling constants and
critical fermion flavor numbers of QED, 4, models with the help of (3.99b). We also underlined the fact
that quantities derived with the help of this gauge-invariant method do match (at one-loop from our
SD analysis) with gauge-dependent computations evaluated in the “good gauge” (a gauge where the
fermion anomalous dimension vanishes order by order in perturbation theory). In the case of QEDy 3,
we have explicitly checked that (3.148) does allow us to recover in a simple and straightforward way
all the NLO results of [134]. In the case of QED4, we have first recovered the celebrated a, = /3 (now
exactly gauge-invariant, see (3.150) with £, =0) at LO in agreement with the result obtained from
solving the SD equations in the “good gauge” (see (3.144) with €. =0). We have then used state-of-
the-art expressions for v, up to five loops in QEDy, to access the critical properties of the model. The
unquenched case was considered first, and our results are summarized in table 3.2. The latter shows
that, at five loops, our value for the critical coupling, a.(N; =0)=1.0941, deviates by only 4% from
7/3 and by 15% from the results of [172,174] where numerical solution of SD equations in the Landau
gauge with various vertex ansétze lead to a.(Ny =0) ~0.93. The unquenched case is more subtle due to
the running of the QEDy4 coupling constant (in contrast to QED4 3 which is a “standing” gauge theory).
Nevertheless, a resummation of the Ny-dependence of 7, into an effective coupling constant gave us
access to N, which is such that a.—o0 together with all values of a.(N) for Ny < N.. Our results are
summarized in table 3.6. At five loops, we find that N, =3.3954 with a.(N; =1) =1.2221. Comparing
our results to the ones of the literature, we find deviations of 2%5% of our two-loop results with
respect to the results of [172] and deviations of 31%—42% of our four and five-loop results with respect
to the results of [172]. We also note an interestingly smaller deviation of 22% upon comparing our
five-loop Ny =1 result with the most recent results of [268]. From our results, we could extrapolate N,
to infinite loop order finding N, =2.0663, see (3.184). This suggests that dynamical mass generation
in QED4 may take place only for Ny <2.

Our work has shown that (3.147) (and its solution (3.148)) allow for a simple and straightforward
study of the critical properties of QEDy 4.. In the case of QEDy 3, we were limited to two-loop order
as, to the best of our knowledge, 7, is still unknown for this model at three-loop and beyond. It
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would be very interesting to compute 7,, at three-loop for QEDy 3 and use it as an input to (3.148). It
would also be very instructive to solve the NNLO SD equations for QED, 3 along the lines of [186] for
the NLO case, in order to have a solid proof that (3.147) does hold at this order. But such analytic
computations may be quite tedious at this order, and it remains to be seen if they can even be carried
out (let us recall that it took approximately 30 years since the seminal work of Nash [181] for the
gauge-invariant NLO calculation in large-Ny QED3 to be achieved in [184,186]). In the case of QEDy,
our straightforward solution of the LO SD equations with the method of Kotikov [182,183] is a good
indication that this method might be extended to NLO along the lines of [186] (but now for a running
theory in the unquenched case). We leave all these projects for future investigations.

3.A QED, at three loops

In this appendix section, we derive the three-loop renormalization group equations of QEDy.

We first focus on the three-loop correction to the photon polarization operator. The corresponding
Feynman diagrams are displayed in figure 3.9. It is composed of 11 diagrams labeled in alphabetical
order; 7 of the Ladder (L3) topology labeled (a,b,c,f,h,i,j), 3 of the Benz (B3) topology labeled
(d,e,g) and 1 of the Non-planar (N3) topology labeled (k). Computing all these diagrams using the
same techniques as describe in the main text (using Appendix A), and summing all the contributions
leads to the three-loop correction

02\ [8N;  —288(3N; +352N; 49 4CH N,
R [ R =
q 7 8834N; 143
+ G111 152N + 81f 5 10|, (3.185)

which is again gauge-independent, providing a strong check of our result. The corresponding renor-
malization constant can then be derived using the third order expansion of (3.45), reading

6Z34 =K (IIK(I11)) + K(IL L(1l2)) + LIL L(IL (1)) + K(13), (3.186)
and therefore, in the QED, case, using all previously computed results

5[ 8Ny | 2(22N;+9)

QED _
0Z5n " =Nrar | — o0 27e,
Y

+0(9)] (3.187)

We then focus on the three-loop correction to the fermion self-energy. The corresponding Feynman
diagrams are displayed in figure 3.10. It is composed of 15 diagrams labeled in alphabetical order; 9 of
the Ladder (L3) topology labeled (a,b,c,d,e,i,j,m,n), 5 of the Benz (B3) topology labeled (f,g,h,k,l)
and 1 of the Non-planar (N3) topology labeled (o). Computing all these diagrams and summing all
the contributions leads to the three-loop corrections

=2\ 3¢y 3 3
QED, 2\ _ —3( I £ 1867 —9(4Ny +3) + 16 N; (4N; +3)
% =a’| —5 — == 3.188
sv (p)=a <—p2) [ 62 36c2 ( a)

54(2€% —216£3 +27€(36 Ny + 11) — 64Ny (34N; +9) — 108
PSS £ +27¢(36N; +11) (34N +9) 1o
216¢,

SQED (,2) _ 43 < 2 >357 [3(5 +3)% +32N7 —36(£+3) Ny N 27(£+2)(£+3)2 +320N? —54(66 +17) Ny
o -

—p? 18¢3 27e2

* 3oe, [81 (3&3+27¢2+79¢ +97) + 4816 N7 — 324(3(4N; — 3(£+3))

—27(156€ +503) Ny — 27 (3(£ +3)° + 32N7 — 36(¢ + 3)1\9)] + O(gg)] . (3.188Db)
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The corresponding renormalization constant can then be derived using the third order expansion of
the eqgs. (3.45), reading

6235 = K(Soy K(211)) + K (S1v K (B2v)) + K1 K(E1v K (E) + K (Ssv), (3.189a)

0 Z3m = —K (Z3gZ15v) +2K (Z1581g1 ) —K(Z15Z15v K (Z15v)) — K (Z15vK(Z15Z15v)) (3.189b)
+K(S15D25v) +K(ZasZ15v) — K (Zigy) + K (Elsv K (Z1sv)) +K (S1svK (Siey))
—2K(Z15v2sv) + K(Z2sv K(L15v)) + K (X15v K (X2sv)) — K(Z1sv K(Z1sv K (Z1sv))) — K(E3sv ),

where Y;gy = X5+ v, with [ the loop order. Therefore, using all the previous results for QED4, we
derive

3 (AN;+3)(8N;—9 A0N? 454N, 427
579 =y |- by N3O Z96) Ty T (€], (3.190a)
652’/ 365% 5de, v
AN; —9)(8N: —9) 160N2 —1044N;+243  280N?2 — 2592 N (3 + 2484 Ny — 3483
52:251134:—% _( f )( ! ) f f 4 f f<3 f _'_0(50) '
1863 1082 162¢,, i
(3.190b)

Note that §Z3,, is completely gauge-independent, which is again a strong check on our results. The full
three-loop renormalization-group functions can then be derived using the definitions (3.48), reading

40N?
o P4 = 24,6, — a2 (AN; +3) + a2 <9f +6J\6c+3> +0(ay), (3.191a)
20N, 280N?
ey <3 3 f) o (27f +96N;C3 —92N; +129 | +0(al), (3.191b)
8a2 N 4N;(22N; +9
/BQED‘l:—QdeVJr 04;) f+8a§]\6c—aff(9f+)+0(ai)7 (3.191c¢)

which is in accordance with the usual literature, see, e.g., the textbook [61]. This complete three-loop
result required the analytical calculation (by reduction) of a total of 14304 Feynman integrals, see table
3.8.

QED4 1-loop 2-loop 3-loop
Topology Bubble | Diamond | Ladder (L3) Benz (B3) Non-planar (N3)
Number of integrals 6 76 5377 7482 1363

Table 3.8: Number of integrals computed up to three loops for a given topology in
QEDy.
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Figure 3.9: The 11 three-loop photon polarization diagrams for QED,4 in the small
coupling expansion. Fermion arrow have been dropped to keep it light. S indicates
the extra factor needed for each graph, i.e., the —N; factors due to fermion loops and
an eventual multiplicative factor if the diagram have multiple equivalent topologies
regarding different fermion flows (20 diagrams in total).
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Figure 3.10: The 15 three-loop fermion self-energy diagrams for QED,4 in the small
coupling expansion. Fermion arrows have been dropped to keep it light. S indicates
the extra factor needed for each graph, i.e., the —N; factors due to fermion loops and
an eventual multiplicative factor if the diagram have multiple equivalent topologies
regarding different fermion flows (20 diagrams in total).
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Chapter 4

Critical properties of many flavor QEDs
in three dimensions

This chapter is partially based on the papers

[5] S. Metayer and S. Teber, Symmetry. 2023; 15(9):1806,

“Critical Properties of Three-Dimensional Many-Flavor QEDs”,

[6] S. Metayer and S. Teber, Phys. Lett. B 838 (2023) 137729,

“Electron mass anomalous dimension at O(I/NJ?) in three-dimensional N' =1 supersymmetric QED”,
[7] A. James, S. Metayer and S. Teber, arXiv:2102.02722,

“N =1 supersymmetric three-dimensional QED in the large-Ny limit and applications to super-graphene”.

We study several abelian gauge theories, the prototype of which is three-dimensional Quantum Elec-
trodynamics, QED3. After motivating such study, we introduce a general model encompassing several
of its variants, including the fermionic, bosonic and minimally supersymmetric QED3. We compute the
corresponding self-energies and polarizations up to next-to-leading order in a large number of fermion
flavors expansion, and compute exactly all the anomalous dimensions at that order. Our results are
mapped to a model of super-graphene, for which we compute the optical conductivity. From the study
of their critical properties, we address the phase structure of these gauge theories.
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4.1 Motivations for QEDj3 and its supersymmetric extension.

In this introductory section, we motivate the study of three-dimensional Quantum Electrodynamics,
QED3, and its minimally supersymmetric variant, SQED3. On the fly, we will introduce briefly the
minimally supersymmetric version of QED, 3, which is, by extension, a model of “super-graphene”, i.e.,
SQEDy 3, as well as the bosonic version of the non-SUSY model, bQED3.

Three-dimensional QED (QEDg3)

QEDj3 is a gauge field theory model of strongly interacting relativistic planar fermions that has been
attracting continuous interest for the past four decades. An original motivation [175,176] came from
the idea that QED3 might serve as a prototype for the more intricate four-dimensional Quantum
Chromodynamics (QCDy), the non-abelian gauge theory of quarks and gluons. Indeed, QED3 and
QCDy4 share multiple features, such as asymptotic freedom and confinement, as well as dynamical
chiral symmetry breaking (DxSB) induced by the radiative generation of a fermion mass. It is indeed
easier to study these phonemna in QED3 where computations are much shorter, but similar in essence.
From QED to QCD, the Lie symmetry group is enhanced from U(1) to SU(3), giving rise to a strong
colored charge and additional gluon self interactions.

As underlined in the previous chapter, three-dimensional gauge theories are in general superrenor-
malizable with dimensionful coupling [e?] = 1, which is not suitable as perturbative parameter. Early
studies [175,176,269] realized that, within a 1/N; expansion, where Ny is the number of electron flavors,
the super-renormalizable QED3 model acquires an interacting fixed point in the low energy limit and
becomes effectively renormalizable in the infrared (IR). In the following, we will compute higher-order
corrections to this fixed point for several QED3 variants and eventually address its stability with re-
spect to higher-order quantum corrections. Indeed, the fate of IR singularities are ubiquitous to super-
renormalizable models and the QED3 often serve as a toy model for such studies [270-274] (see recent
progress in [105,275,276]). Large-N; techniques (see [117] for a review) allow for an arbitrary large cou-
pling and are therefore extremely useful to access the critical properties of the model, usually occurring
in a non-perturbative coupling regime. In this chapter, about QED3 and its variants, our main interest
will be on the field and mass anomalous dimensions, that encode the renormalization of the composite
operator 1) [213,226], the simplest fermion bilinear. As showed in the previous chapter, such quan-
tities play a crucial role in the study of fundamental quantum field theory mechanisms such as, e.g.,
dynamical (flavor) symmetry breaking and electron mass generation [131,177,181-183, 269, 277-282]
(see recent progress in [184-187,283)]).

In the last three decades, considerable revival in interest in QED3 also arose from its applications
to condensed matter physics systems with relativistic-like (Dirac-like) gapless quasiparticle excitations
at low-energies such as high-T, superconductors [135-138]|, planar antiferromagnets [139] and graphene
[26,128] (for graphene, see reviews in refs. [87,124-126]). As we have seen in the previous chapter, a
universal quantity of interest to compute in graphene-like systems is the optical conductivity in the
collisionless regime. Indeed, we have computed, in QEDy4 3 up two-loop order in the (dimensionless)
fine structure constant expansion, the optical conductivity of a monolayer freestanding graphene sheet
in the ultra-relativistic limit and obtained from it an optical absorbance of A, = (2.29+0.04)%, a result
first obtained in [144,145,150] (These authors also derived the result in the pseudo-relativistic regime).

This quantity is derived from the minimal conductivity of graphene, ooy = ]\6062 /8, and from the first

interaction correction coefficient to this quantity, Cg *3_ We also showed that this universal (flavor

independent) coefficient can actually be related to C’;‘QED‘?’ with the help of a mapping [134]. Moreover,
the most recent NLO results [134, 184, 186, 187] show that QED3 has a gauge-invariant N, =2.847. In
the following chapter, we will recover these results and slightly improve them with resummations to
obtain N, =2.270. This won’t change the big picture, and we will therefore confirm the possibility of

a dynamical mass generation in this model for small Ny in QED3.
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Three-dimensional minimally supersymmetric QED (SQED3)

In this chapter, one of our main focuses will be the study of the minimal (N =1) supersymmetric
(SUSY) extension of the QEDs model. First, let us recall that, in a supersymmetric model, for
each existing particle is introduced a new particle called superpartner that possesses the opposite spin
statistics. In other words, for each matter particle, we introduce a new force and vice versa. In the case
of QED, it amounts to introduce the bosonic (Bose—Einstein statistics) super-electron, called selectron
as well as the fermionic (Fermi-Dirac statistics) super-photon, called the photino. As we will see in the
following, some additional fields may be required to keep the supersymmetric field theory consistent,
but they usually don’t have any dynamics, i.e., no particle excitations. There are several reasons to
explore supersymmetric extensions of a model. In quantum field theory, SUSY is usually introduced
for its mathematical convenience in the context of exact computations, as well as being the only
allowed extension of the Poincaré symmetry group, as stated by the Coleman—Mandula theorem [284].
However, we will see in the following that in a perturbative context, additional supersymmetric fields
make computations lengthy and possibly more difficult. Indeed, several complications come together
with SUSY. First, we need to preserve SUSY, as it is naively not the case, since it is broken both by
dimensional regularization and the usual R¢ gauge fixing term. Second, supersymmetric theories often
mixes Dirac and Majorana spinors, that behave unusually in three dimensions. We will address these
technical issues in the rest of the chapter while using the large-N; expansion technique, see [117] for a
review.

Supersymmetric variants of QED3 have attracted continuous interest through the last decades.
This has been partly motivated by the fact that the enhanced symmetry may simplify the resolu-
tion and, perhaps, even lead to an exact solution. As a matter of fact, the case of (non-minimal)
N =2 SQEDj3 has been studied in an early seminal paper of Pisarski [177] by dimensional reduction
from the case of (minimal) /' =1 four-dimensional supersymmetric QED (SQED,), with focus on dy-
namical electron mass generation along the lines of the non-supersymmetric case. Actually, in N =1
SQEDy, a non-perturbative non-renormalization theorem forbids dynamical mass generation [285], and
it was then argued in [286] that it, therefore, extends by dimensional reduction to N'=2 SQEDj3. Fur-
ther evidence for the absence of dynamical mass generation in A//'=2 SQEDj3 came from numerical
simulations [287] and a refined analytic treatment [288|.

The situation in A'=1 SQEDj3 is more subtle because of the absence of non-renormalization
theorem in this case. The model was first considered by Koopmans and Steringa [286] along the
lines set by Appelquist et al. for standard f{QED3 [131]. Their truncated (to leading order (LO) in
1/Nj-expansion) Schwinger-Dyson equations approach resulted in a critical fermion flavor number,
N.=1.62. This implies that a dynamical (parity-invariant) mass generation may occur for Ny =1, i.e.,
one four-component Dirac spinor. A decade later, additional evidence for the generation of dynamical
electron mass in minimal SQED3 was also found in [289]. There is, however, no rigorous statement for
electron mass generation for minimally supersymmetric SQED3 286, 289).

In the last two decades, N'=1 SQED3 has attracted significant attention (together with other
supersymmetric and non-supersymmetric gauge theories) in the context of the study of IR dualities
and renormalization group flows (see, e.g., [290-295]). Interestingly, it was argued in [197] that N’ =1
SQED3 at Ny =1 is dual to a conformal field theory in the IR. This suggests that no dynamical mass
for the electron should be generated in contrast to the previously mentioned early (leading order)
calculations [286,289]. In this chapter, we will present a refined, next-to-leading order (NLO) analysis.
We will show that, at NLO, N.=0.39, which is strong evidence that no electron mass is radiatively
generated in N'=1 SQED3, which is in agreement with the analysis based on dualities [197].

At the interface with condensed matter physics, there have also been proposals during the last
years that SUSY may emerge in the low-energy limit of various lattice models (see, e.g., [296-303]).
To this day, there is still no evidence that SUSY is realized in nature, and an emergent SUSY should
certainly be difficult to detect in the lab [304]. Nevertheless, computing critical exponents in the
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corresponding models is certainly valuable in order to assess the potential impact of supersymmetry
on experimentally measurable observables. In this context, some condensed-matter physics models
describing planar relativistic Dirac fermions were supersymmetrized. Such is the case for the so-called
super-graphene model that has been (for both N'=1 and N =2 cases) first introduced in [157,163] via
superconformal techniques on the boundary. See also [164] for related non-perturbative computations
of transport properties in the N'= 2 case, as well as [305,306] in which a A" = 2 model for super-graphene
has been proposed and also references therein in which the possible manifestation of SUSY in a theory
for graphene has already been raised, even though they remained at the level of supersymmetric
quantum mechanics and corresponding SUSY features of the energy spectrum. Notice that, similarly
to the large-Ny limit of QED3, the (non-SUSY) model of graphene is a conformal-invariant field theory
that corresponds to the IR Lorentz-invariant fixed point of (non-relativistic) graphene [144] (see [129]
where this fixed point was first discovered). We therefore refer to the super-graphene model as SQEDy 3
which is the minimal supersymmetric extension of the QEDy 3 graphene model studied in the previous
chapter. In super-graphene, the matter (electrons and selectrons) is localized in the (2+ 1)-dimensional
plane while gauge interactions (photons and photinos) propagate in the larger (34 1)-dimensional
bulk. We recall that in the non SUSY case, such a (conformal) brane-world model (as such, initially
introduced in [118]| with a first application to graphene in [122], see also [120,135,136] in relation with
high-T, superconductors and the quantum Hall effect) and its variants has attracted significant interest
in the last years, see, e.g., [134, 147,150, 153, 156158, 160-162]. As we will see in the following, like
in the non-SUSY case, it exists a mapping relation between SQED3 in the large-N; expansion and
SQEDy 3 in the small coupling expansion. We will use this to compute the properties of the eventual
super-graphene from the NLO results we will obtain in SQEDs.

Before going further into the supersymmetric case, we will introduce briefly the simpler case of
bosonic QED. This textbook model has been granted many names through the years; Abelian Higgs,
CPN-1 gcalar QED, bosonic QED etc. For short, we will call it bQED. Our interest for this model
is natural! since it is a subcase of SQED. Indeed, bQED is the gauge theory of the interaction of
bosonic, or more specifically, scalar, particles via photons. This model has been extensively studied
in four dimensions since many decades, see, e.g., the seminal papers [307,308| (See also the recent
four-loop computations carried out in [309] and references therein), as well as in three-dimensions, see,
e.g., [175,176]. In the following, we will focus our interest on “pure” bQED, i.e., neglecting ¢*-type
(and eventually higher) interactions between scalar particles, since they are not present in the SUSY
case. Moreover, we will consider the massless (or quasi massless) case such that the scalar potential is
zero, and that all interactions are of pure gauge origin. Note that this pure gauge case is indeed a fixed
point of the case with a non-vanishing scalar potential. This fixed point is often called in the literature
tricritical bQED [196,198,310]. We shall refer to this pure case simply as bQED in the following, and
consider it in the large-/V; expansion.

Outline of the chapter

Having set the background material together with the contemporary frame of activity, our primary
concern in this chapter will be the critical properties of minimal SQED3. In a first section 4.2, we
will introduce first the QED3 and bQED3 models and their specificities, as well as introducing briefly
the large-N; technique graphically. We will then introduce the (minimal) associated three-dimensional
supersymmetric model, N'=1 SQED3 together with the technicalities necessary for perturbative com-
putations, such as the dimensional reduction scheme (DRED) [311-313] (see also [314] for a review)
that is the most convenient regularization scheme for practical calculations in supersymmetric theories.
We will also introduce briefly a model of super-graphene, SQED, 3, to which our SQEDs3 results can
be mapped. To keep track of all these models, we will introduce in section 4.3 a general model, with
additional parameters, that we will call gQED3 and that encompasses all the previously described

'We warmly thank John Gracey for pointing out that bQEDs computations had never been done at 1/Nf2.
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model. In section 4.4, we will then perform the full LO and NLO computations in the large-/V; ex-
pansion, in the general gQED3 model, of all the polarizations and self-energies in order to compute
the corresponding anomalous dimensions. This will lead us to discuss a generalized version of the
Furry theorem for these models. As for the results, we will find that the electron and selectron critical
exponents are highly constrained and that the related identities (by analogy with four-dimensional
supersymmetric Slavnov-Taylor identities [315,316]) are achieved thanks to a subtle role played by the
particles associated with the DRED scheme, the so-called epsilon-scalars. In section 4.5 we present
how our results map to all the models of interest, i.e., QED3, bQED3, SQED3, and finally SQED, 3,
where we compute the optical conductivity of an eventual super-graphene material. In section 4.6, we
discuss the criteria for dynamical mass generation and the opening of a bandgap in the corresponding
systems.

4.2 Models of three-dimensional QEDs in large-IN¢

In this section we introduce various models, namely (fermionic) QEDs, (bosonic) bQEDs3, supersym-
metric N'=1 SQED3, the super-graphene model N'=1 SQEDy 3, and finally a generalized version of
SQEDs3, called gQEDs3, allowing us to consider all these models at the same time.

4.2.1 Three-dimensional (fermionic) Quantum Electrodynamics (QEDj3)
QED3; model and specificities

Three-dimensional Quantum Electrodynamics (QEDs3) is an archetypal ultra-relativistic abelian gauge-
field theory model describing strongly interacting planar fermions. In Minkowski space, it is described,
in its simplest form, by the Lagrangian density

1
26

where 9" are 2Ny flavors (i =1,---,2Ny) of 2-component massless Dirac fermions (or equivalently Ny
flavors of 4-component massless Dirac fermions W¢) and A* the covariant three-dimensional gauge field
with ¢ =0,1,2. As advertised earlier in this manuscript, this model is a subcase of reduced QEDy, 4.,
the theory introduced in the previous chapter, see (3.12), with d =d. =d- =3, i.e., with electrons and
photons all confined in the same d=2+1 plane. See figure 4.1, for an illustration of an event in QEDj5
to fix ideas. In the model (4.1), the covariant derivative is defined as previously as

s 7 1 v
SqEp, = / B [M/),-@¢ —FwF" ~ (0,4, (4.1)

D,=0,+ieA,, with PD=~"D,, (4.2)

with the major difference that the electric coupling constant e is now dimensionful, as compared to
the models considered in the previous chapter. Indeed, in the case of a three-dimensional gauge field,
we have the canonical dimensions

w=1 =3 =5 =0, (1.3

implying that the coupling have positive mass dimension [e?] =1 (see (3.11) in the previous chapter
3). This theory is then super-renormalizable, and hence asymptotically free, in striking contrast with
the models of QEDyg4,, e.g., QED43 and QEDy, considered in chapter 3. Since the coupling e or
equivalently « is not suitable to be the small parameter in QED3, we will introduce the large-/NV;
technique in the following section.

Another key difference in the three-dimensional case, compared to the four dimensional case, is
the choice of representation for the Dirac gamma matrices. Indeed, as already discussed in section 3.4.4
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/w

a) QEDg interaction event represented in d=3+1 (b) QED3 interaction event represented in d=2+1

X

Figure 4.1: Two equivalent illustration of the same interaction event in QEDj3. All
particles, electrons, positrons and photons, are confined on the d=2+1 plane (x,y,t).
Note that on the left image, the ¢ and y axes are shrunk together for illustration
purposes.

in the previous chapter, for a given dimension d, the minimal size for n x n Dirac gamma matrices to
realize the Clifford algebra

(A} =AY A =29 1, (4.4)

is n=2l9/2] with || the floor function. This implies that for d =3, it is enough to take 3 matrices of
size 2 X 2 as a representation. One can take, e.g., the irreducible representation

V=09, Al=ioy, A=io, (4.5)

with o; the usual Pauli matrices. As a matter of fact, as showed in sec 3.4.4 of the previous chapter,
a (reducible) 4 x 4 representation is also possible for QED3. However, in the following chapter, we will
favor the 2 x 2 (or more generally n x n) representation for ease of comparison with the supersymmetric
case, where n =2 will be mandatory to preserve supersymmetry.

Note that the action (4.1) is massless. Actually, several mass terms can be considered in three-
dimensional gauge theories. As demonstrated in section 3.4.4 in the previous chapter, two mass terms
may be relevant in the three-dimensional case, i.e., the parity-even and parity-odd masses

2 N 2
Emeven Meven Z?/WJZ sz s *Cmodd = Modd Z&ﬂ/}z +Z'¢_}z¢z . (463)
A i—1 =11 N

In the following chapters, we will focus on the parity preserving (even) mass term. Indeed, it has
been showed that no parity-odd mass term can be dynamically generated in such theories [317,318],
which makes sense since the odd term does not break the U(2/N;) symmetry of the model, while the
parity-even mass term breaks it into U(2Np) = U(Ny) x U(INy).

Large-N; expansion

In this section, we briefly introduce graphically the idea of the large-N; expansion, see, e.g., [117] for
complete a review. We first recall that, in the loop expansion, the Dyson equation for the photon
yields graphically, in its exact form

%:W—I—%, (4.7)
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where the double wiggly line represents the fully dressed photon, D*¥(p), the single wiggly line the
bare photon, DA”(p), and the blob represent the polarization of the photon, II*”(p). This recursive
equation can then be developed and leads to the following series

%:W—F%—FM—F“' (4.8)

In the loop expansion, the blob, representing the polarization of the photon, has the usual diagrammatic

expansion
@:O+@+@+ (4.9)

where we display the diagrams up to two loops, and we dropped the fermion arrows for simplicity (we
also dropped a factor of 2 in front of the third diagram). Using this expanded polarization, the dressed
propagator can be written in the series form

RANARNAL — AN
NN

O

(4.10)

The order in the coupling constant e can be found easily by counting the vertices of each diagram.
Indeed, in the loop expansion, the perturbative series in the coupling e is well-defined because it takes
into account in a perturbative way all the diagrams combinations, and then, one only has to compute
the diagrams involved in the blob (4.9).

When the coupling e is not suitable as the expansion parameter, e.g., in superrenormalizable
theories, one can use the so-called large-N; expansion technique. In this case, we naively see that
the series (4.10) is not perturbative at all since each fermion loop gives a factor proportional to Ny,
thereby increasing with the complexity of the diagram. The trick to perform the 1/N; expansion is
then to resum the infinite chain of simple matter loops in force field propagators, and rearrange the
series expansion, making the theory effectively renormalizable in the IR [269]. Hence, considering the
first term of each line in (4.10), i.e., the simple bubble chains, we can define the new propagator

m/@/v:m—i—fv\{}\/\,—kr\/\{}v\{}\m—k-n
= A X —e—————— (4.11)

Going further, we recall that the bare photon propagator has momentum dependence ~p~2 and the
fermionic simple bubble diagram yields* ~e?Np,, (with p, =i|p|, the Euclidean momentum). There-

*Note that II, ~ e’ N; /p,, implying II** ~ p*IL, ~ e’ Nyp,, .
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fore, the new propagator (4.11), in the large-N; limit, reads

D~ ~ <O>1~ elepr. (4.12)

This new photon propagator is then said to be softened, since its behavior in the infrared is attenuated.
Moreover, it behaves properly in the large-V; limit since, in combination with the QED vertex which

is ~e, it gives
1
~ , 4.13
(O Nop (4.13)

where the coupling e? drops in favor of 1 /Nt. Therefore, in the large-Ny limit, QED3 becomes renor-
malizable with dimensionless coupling 1/N;. Using this softened propagator, the first contribution to

the electron self-energy is therefore
1
~ — 4.14
_&_ N (4.14)

which takes into account an infinite number of diagrams! Moreover, the expansion for the dressed
photon (4.10) can be rewritten as

%:"\J@/\aﬁ—v@'\@\’@’\r—i—«@\@\/@l\,_’_.” (4.15)

which is well-defined since ~~1)-~ is of order 1/Ny, i.e., the first two corrections displayed in (4.15)
are now indeed of order 1 /N]}2 Similarly, at the next-to-leading order (NLO) one can resum the two-
loop contributions, yielding a new propagator ~~A2~ ~1/ ]\Gc2 in the IR limit, which allow computing

NLO corrections to the electron self-energy at 1 /]\92, etc. So the strategy goes as follows, at leading
order (LO):

1) Compute the one-loop polarization using bare Feynman rules and compute the LO softened
photon by resumming the one-loop polarization,

2) Compute the other diagrams of the theory at O(1/N;) using the LO softened photon only.
Then at next-to-leading order (NLO):

3) Compute the two-loop polarizations using the LO softened photon propagator and compute the
new NLO softened photon propagator by resumming the two-loop polarization,

4) Compute the other diagrams of the theory at NLO, i.e., O(l/]\G?) using both the LO and NLO
softened photon propagators.

and pursue similarly at NNLO if desired (and motivated enough!). Note that using this technique, one
should be careful not to take into account diagrams twice. In general, large- Ny techniques are expected
to be very powerful as they resum an infinite number of diagrams. Moreover, since the new coupling
of the theory is 1/Ny, the value of a=e?/(4m) can be arbitrarily large, which is extremely useful to
study the critical properties of the corresponding field theories that originates from non-perturbative
effects.
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4.2.2 Bosonic Quantum Electrodynamics (bQED3)

Bosonic QED, also called scalar QED, is the gauge theory model mimicking the usual fermionic QED by
means of electrically charged scalar particles instead of the fermionic (spinorial) one. Mathematically,
the action is built from a gauged complex pseudo-scalar field ¢. The massless action in three dimensions
then yields [110]

SuopD, = / d x{mu@\ F,WF“” . L g.amy (4.16)

3
with | X|? = X*X and D, =09,+ieA,. Similarly to fermionic QED3, this theory is super-renormalizable.
The fields ¢; are the 2Ny flavors® (i = 1,---,2Ny) of the complex pseudo-scalar field ¢, i.e., getting a
minus sign under parity transformations so that the action stays parity-even. Let us remark that the
term including the covariant derivative D, deserves some unpacking, i.e.,

|D,dil* = 0,05 +ieAF 0, ¢F —ie AF 0, 0" +e?| A, (4.17)

The first term in (4.17) is the expected kinetic term for a complex scalar field. The next two interaction
terms in (4.17) are QED-like, i.e., three-point interactions (A-¢-¢) with the tweak that they include
a derivative. This will give rise, after Fourier transform, to a momentum dependent three point
interaction, thereby increasing the complexity of the theory. More interestingly, the last term in (4.17)
is specific to bQED, as it is the interaction term describing the scattering of a photon with a scalar,
i.e., a four point interaction (A-A-¢-¢).

An important remark is that the action (4.16) is what we call the “pure” bosonic QED, i.e.,
without ¢*-type interactions. Indeed, in the literature exposed in the introduction, bosonic/scalar
QED is usually studied in the case where the action (4.16) is augmented with interactions terms of the
type A+ (|¢s|* % |p;]%)%. Note that the case of “pure” bQED is then the fixed point where Ay =0, often
called tri-critical QED, that we will simply call bQED in the following. We also neglect eventual ¢%
interactions.

Similarly to the fermionic case, two mass terms can be considered, reading

21

Ly, =mi Zrm%zw . (4.18)

i=1+Ny

On the one hand, it is important to notice that, in this scalar case, both terms are parity preserving,
even though the field ¢ is itself a pseudo-scalar. On the other hand, the m, term preserves the
U(2N;) symmetry while the m_ term breaks it like U(2Nf) — U(Ny) x U(Ng), such that half of the
scalar degrees of freedom propagates with positive mass and the other half with negative mass. In the
following, we will consider either massless bQED3, or the limit of a small mass (therefore neglecting
all tadpoles, see the discussion in 4.3) to be able to compute its mass anomalous dimensions as well
as addressing the eventuality of the dynamical generation of a small parity-even mass in the model.
Since we consider A+ =0 and the small (even) mass limit, we work with a vanishing scalar potential,
dominated by gauge interactions.

As we will see in the following, from a supersymmetric point of view, the action of bQED3 (4.16)
is the exactly bosonic sector associated with the selectron, i.e., the scalar superpartner of the electron.

4.2.3 Minimally supersymmetric Quantum Electrodynamics (N =1 SQED3)

In the rest of this chapter, one of our main focuses will be a supersymmetric (SUSY) variant of QED3,
namely the (minimal) /=1 supersymmetric three-dimensional QED (SQED3). This model can be

3Taking N, bosons flavors would have been more suitable, but we set Ny = 2Ny to anticipate the supersymmetric case.
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obtained naively by combining the fermionic and bosonic QED3 models described above, together with
a superpartner for the photon, the photino. Mathematically, the degrees of freedom of N'=1 SQED3
are the 2Ny matter multiplets {¢7,¢7, F7} and a gauge multiplet {A#,\}. Here, ¢/ are 2N; complex
pseudo-scalars, 17 are 2Ny 2-component Dirac fermions and FJ are complex auxiliary scalar fields
without any dynamics (they are here to ensure the equality of the degrees of freedom in the matter
and gauge multiplet). The gauge multiplet, after choosing the Wess-Zumino gauge [319], contains the
U(1) gauge field A* as well as its superpartner, the photino A, which is a 2-component Majorana field
(and no extra auxiliary field, unlike in 3+1 dimensions). Following [286] and the notation already
used in the previous fermionic and bosonic QED3 sections, the microscopic action of N'=1 massless
SQEDs3 is then given by

L

LS A 1 v
SSQED, —/dBQJ [l¢i13¢ _ZF‘“’FM o

(@0 2+ Dy 4 530N~ = i67) + .

(4.19)
where the covariant derivative is still defined as D, =9, +ieA, and X =~+*X,,. Similarly to fermionic
and bosonic QED3 described above, this theory is super-renormalizable, since it’s unique gauge cou-
pling, e, still has the canonical dimension [e] =1/2. The first three terms are of pure fermionic QED3
origin (4.1). It is followed by the gauge term of pure bQED3 origin (4.17) which is here interpreted
as the supersymmetric counterpart of the electron, i.e., the selectron ¢. The next two terms are the
supersymmetric counterpart of the photon, i.e., photino A, including the interaction terms mixing the
electron, the selectron and the photino. Finally, the last term is the one for the auxiliary field F', which
is included even though it does not contribute to the dynamics and has no excitations. Before going
further with this action, we need to define a regularization scheme suitable for the supersymmetric
case, which will force us to introduce additional fields, the so-called e-scalars.

Dimensional reduction scheme (DRED)

Dimensional reduction (DRED) was introduced by Siegel [311] in 1979 as a way of regulating supersym-
metric gauge theories while maintaining manifest supersymmetry and the nice features of dimensional
regularization (DREG). It is the most convenient regularization scheme for practical calculations in
supersymmetric theories. Indeed, in SUSY gauge theories, the usual DREG scheme breaks SUSY. This
can be easily seen in the gauge multiplet, containing the photino with 2 degrees of freedom, and the
gauge field, which has d —1 degrees of freedom. Therefore, in dimensions other than 3, e.g., d=3—2¢
for DREG, a mismatch exists in the degrees of freedom and SUSY is explicitly broken. We shall then
briefly introduce (see [313] for an early pedagogical treatment and [320-323] for more recent reviews)
and follow the DRED scheme along with modified minimal subtraction DRED.

In DRED, the continuation from the physical space-time dimension 3 to d =3 — 2¢ < 3 dimensions
can be interpreted as a compactification. In this case, the metric, the scalar fields and the fermionic
fields preserves their 3-dimensional nature, while the gauge field A* that formally splits as

Al = AP 4 AM, (4.20)

where we follow the notation of [322]. Here the A* field has 3 components, the hatted A field has
d=3—2¢ components and the Au field has 2¢ components to compensate. The excitations of the
hatted field are the dimensionally regularized photons, and the excitations of the barred field are
called e-scalars. The e-scalars thus account for the degrees of freedom lost by the gauge bosons during
the dimensional reduction procedure. Similarly, all quantities with Lorentz indices are split. This is
the case of the metric tensor, the ~-matrices, the momentum 3-vector and the covariant derivative,
reading

g = g 4 g A = A A p“zﬁ”—l—b{, 6“:5“4—5(, (4.21)
where the metrics reads
g =3, g'y=d=3-2¢, g"'u=2e. (4.22)
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Let us remark that p* =0 and O* =0 since the momentum and position three-vectors are living in
the d-dimensional space. Nevertheless, we will keep the hat on the momentum if the Lorentz index is
explicit. In that case, the notations related to the momentum trivially reads

s /5 s . 1 s . 2
p2:p“pﬂ, |p|: 2a pZVHp/u ?2:])2’ p:;i, Pg = _p2:1|p” k"p:k‘“pu, (4'23)
where p,, is the Euclidean momentum. At the level of the action (4.19), the decomposition of the gauge
field yields
Sd=3 = Sd:3—2s + Ss—scalars; (424)

where Sj—3_o. takes the same form as the original action (4.19) but with all vector indices restricted
to d =3 — 2¢ dimensions, i.e., with hatted indices. On the other hand, additional terms from Se_scalars
appear in the action due to the extra e-scalar field. From (4.20), (4.21), the new DRED action then
reads
d.|:7 i lape Loa a2
Ssqep, = [ d%x|iv; Py —ZF“ FW—E((?MA“)
. i o o
+Dudil? + AN —ie($' A6 — M6 + | il
1 . _ . ,
—5(@“41,)2—ewfy“AHW+62A2|¢i|2 : (4.25)
Let us emphasize that the e-scalar part of the Lagrangian, the last line of (4.25), does not appear in
usual dimensional regularization (DREG) and is specific to the dimensional reduction (DRED) scheme.
Thus, e-scalars give rise to additional cubic and quartic couplings. The equality of the matter couplings

for A, and flu has been assumed, as a consequence of supersymmetry [314,324|. We provide in table
4.1 a summary of the field content for the A'=1 SQED3 in the DRED scheme.

Field index spin stat. excitations multiplet mathematical definition
Y;(x) i=1,-- Ny 1/2  fermion electrons (e®) matter 2-component Dirac spinor
Ar () | p=0,--,d—1 1 boson photons (y)  gauge int. gauge covariant vector
At(z) | p=0,---,2e—1 1 boson e-scalar (¢) gauge int. gauge covariant vector
¢i(x) =1, N 0 boson  selectrons (6¥)  matter complex pseudo scalar
A none 1/2 fermion  photinos (A)  gauge int. 2-component Majorana spinor
E; t=1,--,Ny 0 boson none matter auxiliary complex scalar

Table 4.1: Summary of the field content in SQED3 in the DRED scheme.

Before going further with the action (4.25), we briefly introduce the case of super-graphene
(SQEDy,3) and then the SQED3 model (4.25) so that it explicitly allows us to recover the subcases of
fermionic QED3 and bosonic bQEDs3, as well as the super-graphene case via mapping.

4.2.4 Super-graphene model (SQEDy, 3)

Similarly to the mapping that exists between large-Ny QED3 and small coupling QED4 3 exposed in
the previous chapter, there also exists a similar mapping for the minimally supersymmetric versions
of these theories, i.e., between large-Ny N'=1 SQED3 and small coupling N'=1 SQED,3. Since
QEDy 3 describes (suspended) graphene at its IR Lorentz invariant fixed point [144], by analogy,
SQEDy, 3 describes what we call (suspended) super-graphene at its IR Lorentz invariant fixed point
[163]. This model is then characterized by matter (electron and selectron fields) localized on a three-
dimensional membrane and interacting via gauge interactions (photons and photinos) that are allowed
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to propagate in the full four dimensional space-time. Let us emphasize that in this thesis we always
consider suspended (super)-graphene, as opposed to a model defined on the boundary, as considered in,
e.g., [163]. In our case the boundary is considered as a transparent interface while the model of [163]
considers a purely reflecting boundary (graphene on a substrate). Nevertheless, the two models can be
simply related by doubling the interaction, opdry = 0r/2.

By analogy with the non-SUSY case, see chapter 3 equation (3.12), the action for N'=1 (sus-
pended) super-graphene can be written by splitting the action of SQED, (4.19), into two parts, while
being careful about the indices and the spinor dimensions. Following [163], is yields

s = [ 4% 10 Dyt 1Dy -+ P el A~ 300

+ / ddry [— iFWWF“v”v - ng(awww2 + %I\FM%M ;DQ} , (4.26)
where d. =3—2¢ and dy =4—2¢ with the corresponding Lorentz indices are p=0,---,de —1, py =
0,---,d, —1 with the covariant derivative defined on the d. plane, i.e., D, =0, +ieA, where A, =
A, (z=0) such that z is the collective coordinate of the d,—d. codimensional space. In this case,
I'#r are the four 4 x 4 gamma matrices while v*¢ are the three 2 x 2 gamma matrices. Moreover, A
denotes a four-component Majorana field. Note that D is a real auxiliary field, i.e., without dynamics,
present in the gauge multiplet to equate the degrees of freedom with the matter multiplet and preserve
SUSY. At this point, similarly to the SQEDj3 case, one should perform a dimensional reduction that
introduces hatted and barred objects together with an additional propagator for the (bulk) e-scalar.
We will not explain this procedure here. Furthermore, by analogy with the non-SUSY case, one can
integrate out the free bulk degrees of freedom and obtain an action projected on the d.-dimensional
manifold with effective non-local photons. Note that in the case of the bulk four-component photino,
A, this procedure is accompanied by projecting out two of its components to identify it with the
boundary two-component photino A, see [163] where this has been carefully carried out. It is then
possible to derive the effective gauge propagators on the three-dimensional plane, and compare them
to the IR-softened propagators of the SQED3 model to deduce a mapping. We will discuss briefly this
comparison in section 4.5.5 devoted to super-graphene results. As one might expect, the end result is
that the mapping is very similar to the non-SUSY case up to a factor two from SUSY, reading

’ ™

As in the non-SUSY case, this mapping is only the naive low-order one, and several tweaks have to
be added to cope with the use of a non-local gauge and the additional higher loop order resummed
diagrams in the large-NN; case. This will be discussed in section 4.5.5 devoted to the super-graphene
results.

4.3 Presentation of the general gQED3; model

In the previous section, we introduced formally a total of 4 models, namely QED3, bQED3, SQEDj3
and finally SQEDy4 3. In the following we will build a more general model that encompass QEDs,
bQED3, and SQED3 with the help of two additional parameters, S and n. The case of SQEDy 3, i.e.,
super-graphene, will simply be recovered via mapping in the devoted super-graphene section 4.5.5. An
additional parameter, £, will also be introduced to study the effect of DRED on the results. This very
general large- Ny model will be denoted as gQED3.
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The massless gQED3 model

We first introduce a new parameter S, standing for supersymmetry, that will highlight SUSY effects
in our computations. To this end, each superpartner field will be associated with a tracking factor
S €{0,1} such that

d— 5P, Vbc{p N\ A"}, (4.28)

and S? =S. Hence, at any step of the calculation, we may turn on (respectively off) SUSY by setting
S =1 (respectively S =0). This allows us to check our expressions by recovering known results for the
corresponding non-SUSY theory, such as large-Ny QED3 [213,226].

Secondly, we will work with 2NN, arbitrary n-component spinors?. In the SQED3 case, n=2 is
necessary to ensure the equality of the matter and gauge degrees of freedom. Nevertheless, working
with arbitrary n component spinors will allow us to take the case of n =0-component spinors, i.e., no
fermions, which corresponds to the case of bQED3. Indeed, by killing the spinorial degrees of freedom
with n =0, one exactly recover the action of bQED3, (4.17). In order to keep track of both cases while
limiting the complexity of our formulas, one can notice that the identity n2S = 2n.S holds in both cases.
We shall therefore use the constraint

n(n—2)S=0, (4.29)

to simplify our computations. Similarly, to better appreciate the effects of DRED during the compu-
tations, the e-scalar field will be associated with a tracking factor £ € {0,1} such that

AF 5 AP, (4.30)

and £2=E&. Indeed, as we shall see in the following, though e-scalars affect only few quantities at
NLO, their effect is crucial to ensure the validity of supersymmetric identities. Implementing these
parameters to (4.25), gives the general massless action

SgQED3 :/d $|:11/JZI,D’¢1—FIWF (8 A“)

2§
~ iS - . .
+ S| D2+ %A(ﬁ)\—ieS(WMﬁi —NGT) + S| F 2

1 ~ - _ . _
—Sgg(auAy)Q—egswﬁﬂAuwwe?gSA?yqsi\? . (4.31)

This is the general model we will work with in the rest of this chapter. The action (4.31) completely
describes N =1 supersymmetric QED in the DRED scheme with suitable parameters (S,€,n) that
allow to recover the subcases of QED3 and bQED3 (and SQEDy 3 case via a mapping) as well as study
the effect of DRED by turning it on (or off) with £=1 or 0. Explicitly, the SQED3 case corresponds
to S=1,n=2, £=1, the bQED3 case is obtained from S=1, n=0, £ =0 and finally the QED3 case
is §=0, £ =0 and n=2. These parametrizations are summed up in table 4.2.

In concluding this part, we summarize the notations of the action (4 31). The field Strength tensor is
given by F),, = 6 A, 8 A, together with the covariant derivative D# = OH +1eA and f = 'y“tu for any
d-vector t. The model is built from 2Ny matter multiplets {1;,¢;,F;}, where each 1); is a 2-component
Dirac fermion (electron), each ¢; a complex pseudo-scalar (selectron) and each F; a complex auxiliary
scalar field, as well as a gauge multiplet {flu,/_lu,)\}, where Au is the d-dimensional U(1) gauge field
(photons), A,, is the 2e-dimensional U (1) gauge field (e-scalar), and A a 2-component Majorana fermion
(photino), using the notations of the review [322] where hatted (respectively barred) quantities have

4Let us details our notations for the fermion flavor components. In principle, we consider 2\, +(n) spinors in n
components. Then, the natural notations are 2Ny (4) = Ny, 2N¢(2) =ny = 2Ny and 2N5(0) = 2N, =2N; (where 0-comp.
spinors are bosons and we consider N, = N; by SUSY). In order to keep it light, we abuse notations and denote Ny (n)
as Ny, which is natural for both n =0 and n=2. Setting n=4 in our equations then also requires N;—N; /2, giving the
same result as n=2.
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Model
N =1 SQEDg3
bosonic bQEDj3
fermionic QEDs3

S = = |

n|é&
211
010
210

Table 4.2: Parameter values used to recover the different large-N; models from the
gQEDs3 action (4.31).

d (respectively 2¢ =3 —d) components. Additionally, in (4.31), £ is the R covariant gauge fixing
parameter and e? is the coupling constant of the theory with the canonical dimension of a mass, so
that the theory is superrenormalizable. Also, we recall that the gauge fixing term is SUSY breaking
(Wess-Zumino gauge), therefore only the physical gauge-invariant quantities will be SUSY invariant.
From naive dimensional analysis, the canonical dimensions read

e O Y I 1 I _d g=emd gm0, s2)

About the masses and the fate of the tadpoles

Let us remark that the action (4.31) is completely massless. In the following, in order to compute
the mass anomalous dimensions of the model, we will introduce a mass term for the matter multiplet,
i.e., for the electron and the selectron. Since we are interested in dynamical mass generation, we will
choose the parity-even mass terms, i.e., of the form,

2NN 2N
Lon=my sz = it | +md Z|¢Z|2+Z\¢Z|2 : (4.33)
; i= 1+]\/} i= 1+]\/}

Moreover, we will work in the limit of small masses, i.e.,
Mg K P, K 62]\/}, (Mg =my,me). (4.34)

This will have several advantages. First, this limit will remove all the tadpoles in the theory. We recall
that tadpoles are diagrams with a scaleless closed loop (graphically % ), i.e., proportional to
[d?k(k*—m?)P that vanishes in the massless limit in DREG (and by extension, in DRED). In bQED3
and SQED3 (and therefore SQEDy 3) the Feynman rules indeed give rise to tadpoles, as opposed to the
case of QED3 where no tadpole is present since the theory only has a three-point coupling. Second,
because we are ultimately interested in the small masses limit, we may consider the +m,, term only,
as the —my, term will give the same result. This will simplify the computations and the mass term
(4.33) effectively take the simple form

Em:mwﬁiwi%-mi\d)ﬂ?, (4.35)

where 7= 1,---,2N;. These masses will therefore enter the electron and selectrons propagators as small
IR regulative masses to allow the computation of their corresponding mass anomalous dimensions.

In summary, in this chapter, all our calculations will be carried out using massless techniques,
which is entirely justified by the fact we restrict our study to the vicinity of the critical point, where
My L p, K eQNf. Nevertheless, we will manage to compute the mass anomalous dimensions in the limit
of a small mass by neglecting tadpole effects, and from these quantities, we will study the eventuality
of the dynamical generation of small masses in the matter multiplet.
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Feynman rules

The gQED3 model (4.31) contains both Dirac and Majorana fermions. Therefore, one has to be
extremely careful to properly define the Feynman rules of the model in order to avoid sign mistakes.
In the following, we will use a method based on the conventions of [325,326]. We first derive the bare
gauge-multiplet propagators from the general action (4.31), reading

LY A AV —15 v
photon: D (p) = (A" (=p) A (p))o = # ~mgre v =5 d™ (), (4.36a)
p
_ - - —15€ _
e-scalar: D’y 4 (p) = (AH(—p)AY(p))o = M eceececco 1 = ;2 g, (4.36b)
p
photino: Doy3(p) =(A(=p)A(p))o= =mmmem =— (4.36¢)

with ci‘“’(p) =g — (1 —&)(p*p” /p?), like in usual QED. It is important to remark that the photino
line (4.36¢) carries a fermion-flow, but is not represented with a dedicated arrow. We also derive from
(4.31) the bare matter-multiplet propagators, reading

i

electron: Sy,,5(p) = (Y (—p) = > = , 4.37a

0w (P) = ((=p)¥(p))o - p_@w ( )

selectron:  Sogg+ (p) = ((—p)p*(p))o = ~---===- :m. (4.37b)
p

Note that the arrow on the Dirac fermion (1)) and the pseudo scalar (¢) propagators indicates the
charge-flow or equivalently the matter flow. Like for the photino (4.36¢), the fermion-flow on the
Dirac fermion line (4.37a) is not indicated. Together with these gauge and matter propagators comes
additional rules for the loops

e Each matter-field loop (¢ and ¢ fields charge ﬂow) gives a factor 2/Vy, i.e., graphically

/’>\\
Q =2N}, v =2N}, (\ I =2N. (4.38)
\<,’

e Each fermion loop (¢ and A fields fermion-flow) gives a factor (—1) and a trace over the spinorial
indices, i.e., graphically

On Qrn Qrn

Lastly, we provide all the vertices of the theory, derived from the action (4.31), in graphical form

m A
FkozZ 1% -< = —iedt, (4.40a)

k
"y v
r k 7 Sk = 7 s 4.40b
0A¢¢*(p> )=H ""‘\ =—ieS(p+k)", 0AApP* — ~ e 09, (4.40b)
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n — _ieESAM N LN A 20 gghv
FOAWE_” 000 = —ieESH*, LoAnpe = o°°‘\ =2ieESg", (4.40c)
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Note that the first vertex (4.40a) is purely of fermionic QED origin, the second line (4.40b) are the
vertices of bosonic bQED origin, then the vertices (4.40c) comes from the e-scalar contributions and
finally the vertices (4.40d) are of pure SQED origin.

In addition to all these rules, one should be extremely careful about fermion-flows when both
Dirac and Majorana fermions are present. This usually results in a multitude of additional Feynman
rules to cope with all the possible flow cases in order to obtain the correct minus signs everywhere.
In the following, we will use the compact Feynman rules of [325,326] that are based on assigning an
additional fermion-flow line on diagrams (when necessary) along fermionic lines to obtain the correct
signs. The additional Feynman rules are then written down by specifying the fermion-flow (arrow
above) and, for the fermionic propagators (recalling that the middle arrow is the charge/matter flow
and the bottom arrow is the momentum), they read

_— = Sowzz(p), _— = Sowd;(—p), (4.41a)
p p

———=Suys(-P), ———=S5y5(0); (4.41b)
p b

N —— D())\X(p)7 N —— DO)\X(fp)’ (4,41(})
p b

which amounts to add a minus sign on the flowing momentum for each opposite arrows. Similarly, for
the fermionic Dirac vertices (fermion-flow indicated with the arrow on the right) they read

It -«<(_ —ieq", It ~< = tief*, (4.42a)
M <( — _ie€£5TM, m <( — tieESM, (4.42D)

which amount to complex conjugate (charge conjugation) the vertex if the fermion-flow goes backward
with respect to the charge- /matter-flow. Note that the other vertices mixing both Majorana and Dirac
fermion (see (4.40d)) are real and are therefore unchanged under the inversion of the fermion-flow.

Actually, for the vast majority of the cases, the simple rules (4.36) to (4.40), i.e., without the
additional fermion-flow lines (4.41) and (4.42), are sufficient. This comes from the fact that most of
the diagrams that we consider are such that the charge-flow can follow naturally the fermion-flow, both
being continuous and unidirectional, 7.e., graphically

| |
by (4.43)
o

where the hidden fermion-flow goes from left to right, i.e., through the Dirac fermion, then the Majo-
rana fermion then the Dirac fermion again so that all arrows are properly aligned (reversing any of the
arrow in this diagram would generate non-trivial minus signs not accounted fort in simple the Feynman
rules above). In such a case, provided that the momentum arrows follow the (hidden) fermion-flow and
the charge-flow, one can safely use the simple Feynman rules without sign corrections shown above,
(4.36), (4.38), (4.39) and (4.42).

Nevertheless, the advanced Feynman rules (4.41) and (4.42) will be required for a few diagrams,
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where one encounters a configuration of the type

] ]
4+ !
—> . =

b1 ps3

(4.44)

In such a case, we are forced to use the advanced Feynman rules (4.41) and (4.42). In the following
chapter, this will be the case for only one diagram, which is the seventh (labeled (g)) diagram of the

two-loop contribution to the fermion self-energy at NLO, i.e., E;b(g), see (4.140e).

Note that, in principle, these advanced Feynman rules are also needed for the computation of
the photino polarization because of the Majorana external legs. However, these diagrams are always
appearing in pairs (with respect to opposite charge-flows) that are exactly equal, such that we can
consider only the case where all arrows are aligned and double the result. See discussion below (4.84)
for an example.

We conclude this section by a brief warning to the reader that would like to use the software
Qgraf [59,60] (as we did) to generate the diagram expressions of any theory involving both Dirac and
Majorana fermions. First, Qgraf does not seem to be able to provide the correct minus signs from
the fermionic loops in (4.39). The simplest solution we found is to include additional trivial delta
functions 6*° in the propagators for ¢ and A, where a,3 are the spinor indices, such that 6*=—1.
Similarly, one can implement in an automated way the inclusion of the factors 2Ny for (4.39) with a
similar delta functions on the fields 1% and ¢/, i.e., 6% such that 6% = 2N;. Moreover, Qgraf may have
trouble to generate diagram expressions with continuous and unidirectional fermion-flows in rare cases.
More specifically, the software seems to always generate the flow properly (i.e., the indices generated
by Qgraf that we use to orient the charge and fermion-flows are aligned with the momenta arrows),
except when there is an isolated fermion between two Majorana or the reverse, i.e., a chain of the form
(4.44). In this particular case, we need additional routines to check the Qgraf output and possibly
correct these fermionic flows by using the rules (4.41) and (4.42). As advertised before, our routine

has corrected only one diagram in the NLO computations, which is E;p(g ), see (4.140e).

Numerator algebra

We work in a three-dimensional Minkowski space with metric g"” =diag(+,—,—). The three, nxn
Dirac y-matrices satisfy the usual Clifford algebra {v*,v"} =2¢*"I,,, with Tr(I,) =n. Since we work
in the DRED scheme, we recall from (4.21) that the metric tensor and ~-matrices are decomposed as

g =g"+g", A=A, (4.45)

so that there are d =3 — 2e matrices 4* and 2¢ matrices 4#, in order to keep a total integer number of
3 matrices v*. All of these matrices are of arbitrary size n xn to be able to take the limits n =0 for
bQEDj3, as well as n =2 for SQED3 and QED3. In DRED scheme, the following intuitive properties
hold

g =3, g'y=d=3—2¢, g"' = 2e, (4.46a)
{2 =29""In, {347y =29""In, {377y =29""In, (4.46b)

as well as the very important case of the mixed dimensional anticommutator
{37} =0. (4.47)

As expected, the Dirac trace computations will be modified but in a somewhat trivial way thanks to
the property (4.47). In the following, we will have to compute traces involving gamma matrices living
in two different spacetimes such as, e.g., Tr(5#4"4P47). This requires some care. In practice, one first



17ACHAPTER 4. CRITICAL PROPERTIES OF MANY FLAVOR QEDS IN THREE DIMENSIONS

sorts out the matrices, e.g., gathers hatted matrices to the left and barred ones to the right. This can
be done using repetitively the anticommutation of the hatted and barred matrices (4.47), i.e.,

Te(5H---F4°---3%) = =Tr(A*---Alog%---77). (4.48)

Once completely sorted, one splits the traces in two parts using the following crucial trace splitting
formula

1
Tr(§¥1 - AYngh .. qhm) = 5Tr(@w C AV T (AR ) (4.49)

where all matrices on the left are hatted and all matrices on the right are barred. Once sorted and
split, both traces can be computed using the same algorithm as in usual QED, i.e.,

Tr(’?”lﬁl“l-"y“m):Z(—l)ig“l”iTr(M@W--~>‘<~-’?“m), m>3, (4.50)
=2

7

and the same algorithm for traces over only barred matrices 4#¢. These recursive formulas allow us to
reduce any traces methodically until reaching the fundamental ones

Tr(1,) =n, Tr(y*) =0, Tr(y#+") =ng"”, Tr(yH~"~yP) =inTpet?. (4.51)

At this point, we recall that in three-dimensional theories, the trace over three gammas may not be
zero, depending on the choice of the representation for the v matrices. To this end, we introduce the
additional parameter 7, such that T =1, T4 =0, 7,2 = T,, see section 3.4.4 in the previous chapter for
more details. Anyhow, in large-/N; massless three-dimensional QED3 (fermionic, bosonic and super-
symmetric) these odd traces do not contribute to any result, as expected from a parity-even theory.
We will explicitly check this fact by observing that 7, will never appear in the rest of this chapter, even
if we will perform all the computations taking it into account. In DRED scheme, the trace identities
(4.51) split in two copies with the following intuitive properties

Tr (%)
Tr(3%)
Note that we took *? =0 as is makes sense that the Levi-Civita tensor in 2¢ dimensions vanishes as

€ —0. Using the (mixed dimensional) trace techniques described above allows to compute any trace
in SQED3 and its subcases. To illustrate, we provide a simple characteristic example

;o Tr(3*4") =ng"”,  Te(FHA7AP) =inTné™?, (4.52a)

0
0, Te(33")=ng",  Tr(7"3'3")=0. (4.52b)

Tr(33°4°3°) = ~Tr(44°33°) (sort) (4.53)
1

= I (split) (4.53b)
1

= —§n2g“f’§”" (by definition) (4.53c)

Renormalization setup

We now have sufficient background material to introduce the renormalization setup and conventions
for the gQED3 model. Upon turning on the interactions, the Feynman rules for the gauge multiplet
(4.36) are dressed via their respective Dyson equations and read

15%4(]?) = (AF(—p)A¥ (p)) = b "RAAA v = 1—1{5(172)0;’/’ (4.54a)
=y < Ty P —iES g‘“y
D' (p) = (A*(—p)A¥(p)) = I 888888888 I/ :T(p?)pT’ (4.54b)
p €
N is 1
Dys (p) = (M=p)A(p)) = > SISm0 p (4.54c)
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where the polarizations II, respectively for the photon (II,), the e-scalar (II.), and the photino (IIy)
are parameterized via the following projections

T (p) = (26" —PPOIL (p%) = IL,(p?) = ( 1(522 ’ (4.55a)
me=0
" (p) = p*g" I (p?) — II.(p*) = 2€p (p) ‘ (4.55b)
IL\(p) = AT (p?) — I\(p*) = Tr[ﬁ;é( )]‘ (4.55¢)
mg=0

Using this setup®, all integrals can be carried out in the massless limit, i.e., m, — 0 for z = {1,¢}, as
an IR rearrangement.

An important remark is that in (4.54a), the tensorial structure still yields d*(p) = g — (1 —
€)(pHp¥ /p?) because we are using a non-local gauge, i.e., we took

£

PTG (450
that we will still call £ in the following by abuse of notation. This trick is widely used in the QEDg3
literature to keep computations light, see e.g., [213] (see also for the SUSY case [327-329]). We recall
that the use of the non-local gauge (4.56) is possible without affecting the physical results because the

gauge fixing parameter £ is a mathematical artifact and does not appear in any physical results.

As we will prove explicitly in the next sections, all the polarizations (4.55) are finite. Indeed, we
recall that, in the large-Ny limit, SQED3 [286], similarly to bQED3 [175,176] and QEDs [177,269],
is a non-running (“standing”) gauge theory, i.e., the coupling is not renormalized, implying finite
polarizations and therefore vanishing beta functions. This leads to the triviality of the renormalization
constants for the coupling, gauge-multiplet fields and gauge-fixing parameter, formally

Zy=1, and ;=0 with ze€{ev,e ¢} (4.57)
which imply a trivial beta function for the running of the coupling e reading
B =—2¢aq,, (4.58)

where a = e?/(47) and @ =a/(47). In this case, the coupling trivially renormalizes as a = p?*a., with
1 the renormalization scale. In the following, like in the previous sections, we will work in the modified
minimal subtraction scheme, where the renormalization scale is defined as

A2 =dme B2, (4.59)

and further (MS scheme) subtracts 47 and yg. We will refer to this modified version of the dimensional
reduction scheme as DRED.

Now considering the matter multiplet, turning on the interactions leads to the following dressed
propagators

i

Sy (P) = —"—T ST ); (4.60a)
is 1
Sou(p) = T.. Sl (4.60b)

5The term “polarization” for the photino is a bit abusive, but we will keep it for clarity. Note also that we slightly
abuse notations in (4.55¢) and we consider that the difference between the matrix Iy (p) and the scalar function ITy(p?)
is understood.
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where the matter-multiplet self-energies are parameterized as

\g
<

=
I

Py (0%) +myXh, (%), (4.61a)
PP (P +miSh (p?). (4.61Db)

4

=

=
I

From these, the components p and m can be extracted with the following projectors

r[pT? [
P (p?) = T[prg(m’m N v (p?) = W’ ) (4.62a)
9% = E¢§p)’ , 59, (%) = a{?@ , (4.62b)
p me=0 m¢ =0

with mg = {mg,my}. As for the gauge polarizations, using this setup allows all integrals to be computed
in the m, — 0 limit, i.e., completely massless, as an IR rearrangement.

The renormalization conventions for the non-trivial renormalization constants are defined as
1/2 1/2
v=2"4y,  6=2%0,,  my=Zm,my,  Ms=Zim,mer. (4.63)

Similarly to the previous chapters, the renormalization constants can be extracted from the bare self-
energies thanks to the expression of the renormalized self-energies

0 =1-(1-35%)Zy, S8 =1—(1458) 2 Zom, (4.64a)
20 =1-(1-%9)Z, 20, =1-(1+50) 2,72, (4.64b)

leading to the following simple set of relations

. L 143 L 143 .
<1 — Zg’) 7, = finite, (1 — EZ’) Z s = finite, _72:227% = finite, - EZZ Zg% =finite,  (4.65)
p

where “finite” means of the order of €%, so that no additional counter diagrams needs to be computed.
Finally, the associated anomalous dimensions are defined as

_ dlogZ,
~ dlogp’

Ve x € {Y,p,my,me}, (4.66)

and correspond to the critical exponents of the theory that we want to compute. The latter govern
the asymptotic behavior of renormalized correlators and parameters as

S )~ T Spgen(p) ~pp 2T, (4.672)
1+'Y7n 1+’ym
Mysr~Pg o Mer~Pp (4.67b)

Since the theory has no running coupling, no quantity will depend on the renormalization scale p. Nev-
ertheless, we will still obtain some p?¢ factors when solving the integrals in dimensional regularization.
These can be absorbed by considering that the coupling 1/Ny depends on the renormalization scale p
so that it trivially renormalize as Ny, (u) = ,quJ\Gc so that in the limit € —0 we have simply Ny, = N;.
Therefore, one can generally use the more practical formula

_26810gZx
Yo = 810g]\6¢ )

x € {1),0,my,me}. (4.68)

We now have all the required materials to start the complete perturbative computations up to NLO
in the gQED3 model.
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4.4 Perturbative calculations at NLO in gQED3

In this section, we compute all the required diagrams to extract the renormalization-group functions
of the general gQED3 model at leading order (LO) and then at the next to leading order (NLO).

4.4.1 Gauge-multiplet polarizations at LO

In this first section we compute in detail the first correction to the polarizations of the gauge multiplet,
i.e., for the photon, the e-scalar and the photino, at LO in the 1/N; expansion, i.e., at O(Ny).

Photon polarization at LO

We first consider the photon propagator (4.54a), and compute the LO photon polarization operator
which consist into two contributions

05" (p) = 1147, (p) + 114 (p).- (4.69)
Graphically, the corresponding two diagrams read
k
i) (p) = 4 ‘;‘Q"‘ v =—p*2N; / [k Tx [ngWSOW(k—P)fSAwSOW(k) : (4.70a)
p
k—p
k (4.70D)
/'*\\
MG (P) =1 ~pd g~ v =p*2N / [ARITG g e (k= ) Soggr (k= D)L age (ksk — D) Sogge (K),
[ RN
k—p

where p is the renormalization scale. Note that the first diagram (a) is of pure fermionic (QED3) origin,
while the second one (b) is of pure bosonic (bQED3) origin. Therefore, at this order, the SQED3 photon
polarization directly appear as a simple sum of the fermionic (spinorial) and bosonic (scalar) results.
Using the Feynman rules for the vertices (4.40) and the matter (electrons and selectrons) propagators
(4.37) leads to the following expression

Te[# (k= p+my)7” (k+my)]

ifﬂfé’a)(p) — MZ&QJ\Gce?/[ddk] (F—p?—m2) (i —m) (4.71a)
STV € 21%—A“2/A€—AV
1 (p) = p222 NG Se? / [ddk]((k‘(—pyg) m(i)(kf_)mi), (4.71b)

Using the photonic polarization projector (4.55a) and performing the trace on the d =3 —2¢ (hatted)
space using the recursive formula (4.50) gives the following expressions

2 2
(@), 2y _ s 2c1Vpe 2(d—2)”/ A

IL) (p7) = —ip 2 d-1 [d k]kQ(k_p)z, (4.72a)
Nee? 25 [ qayy Gk
p? d—1 k2(k—p)?

H(b) (pQ) —_ _1#25

" (4.72D)

These integrals, once wick rotated to the Euclidean space, are then straightforward to compute using
the results of Appendix A. The final results, expressed in the DRED scheme, read

2 2\ €
(@ 2y Npe e\ (d=2)n ..
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2 2\ €
O Nye H 25 VEE

where we recall that 712 =4me 7#u? and G(d,a,3) was defined in Appendix A. Performing the e-
expansion

N, 2
i (p?) = - <1 —a —2log2+Lp)€+O(62)>, (4.74a)
16p,
SN;e?
Y (p?) = —er <1+(1+2log2—Lp)€+O(52)), (4.74b)
E

where we recall that L, =log(—p?/1i%). As expected, in the QEDj3 case (S =0, n=2), only the first
diagram, which is purely fermionic, contributes. Oppositely, in the bQED3 case (S=1, n=0), only
the second diagram, which is purely bosonic, contributes. Moreover, in the SQED3 case (S =1, n=2),
both diagrams equally contribute in the limit e—0. From these results, the total photon polarization
function at LO is therefore given by

a b Nre? 2\ (d—2)n+28
Iy (%) = 15 0) + 10 6°) = — 7557 (_p2 =228 ee a1, 1), (4.75)
E

and since it is completely finite in d =3, its expression yields exactly

_(n+ 25)Nye?

E

(4.76)

Interestingly, in the cases of SQEDs (S=1,n=2), QED3 (S=0, n=2) and bQED3 (S=1, n=0), it
reads

2 2 2
SQED Nye QED Nre bQED: Nre
Hl'y 3(}72) = p, ) Hlfy 3(]72) = 8p,, ’ Hlf}, 3(;02) = _@. (477)

In this very simple case, the SQED3 photon polarization is simply the sum of the fermionic and bosonic
parts, since there is no one-loop diagram involving a mixture of both. Therefore, the SQED3 photon
polarization is twice the value for QED3, which was first obtained in [175,176]. Note that our result for
SQEDj3 coincides with the earlier one-loop result given in ref. [286], but now obtained in the dimensional
reduction scheme.

e-scalar polarization at LO

Next, we proceed similarly for the e-scalar propagator (4.54b), and compute the LO e-scalar polariza-
tion function which consists of a single non-vanishing diagram, defined as

k
i1y (p) = 1 »Q v =—p* 2N / [k Tx [ngWSoW(’f—P)fSAwZSoW(k)]‘ (4.78)

p
k—p

Using the Feynman rules for the vertices (4.40) and the matter (electrons and selectrons) propagators
(4.37) leads to the following expression

T (= p+-m )7 (f+my)]

(k—p)?—m2) (k2 —m?2)

T (p) = — = 2N;ESe? / (K] (4.79)
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Using the projector defined in (4.55b), and performing the trace in the 2e-dimensional (barred) space
with the help of the recursive formula (4.50) yields

o Npe? k2 —k -p
Hla(p2)2—4lu2€ ;2 ES/[ddk]kQ(kW (480)

After wick rotation and the calculation of the integral using the results of Appendix A, we have

N, 62 ﬁQ €
M (p?) = ——2 2ESe7EEG(d,1,1). 4.81
o) =~ () 2ESe G (481
Since this result is again finite in d =3, it can be written as
ESN;e?
Me(p?) ===~ (4.82)
Pp

Let us note that in the case of bQED3 (S=1, n=0, £=0) as well as in the case of QED3 (S=0,
n=2, £=0) this polarization is obviously zero. Indeed, the e-scalars are relevant only in the case of
SQED3 (S=1,n=2, £=1), yielding

2
SQED:; Nye
T 2705 (p?) = — 4f , (4.83)
Dp
which is interestingly exactly equal to the polarization of the photon in the same case, H?QED3 (p?)

calculated in (4.77). As we will comment later on, such an equality is expected from SUSY.

Photino polarization at LO

Lastly, we proceed in the same way for the photino propagator (4.54¢c), and compute the LO photino
self-energy, which consists of two non-vanishing diagrams with opposite charge-flows. Since it is a
photino (Majorana) polarization, in principle we need to follow the advanced Feynman rules (4.41)
and (4.42), leading to

It (p) = J>\r—- = (*°2N; / [A7KIT 053¢ S0ui ()T orpe- Sosg- (k =), (4.84a)

—>

(b
_1H§,\)(P) = Jl :M252]\6”/[ddk]Foiw¢* SO¢1/;(k)FO1/_J/\¢>SO¢¢*(k_p)7 (4.84b)

p \\z’,

k—p
where we assigned a continuous and unidirectional fermion-flow that goes from left to right. In the
case of diagram (a), the fermion-flow, charge-flow and momentum flow are all in the same direction.
Moreover, the vertices (given by (4.40d)) are proportional to the unit matrix. Therefore, there is no
reversed propagator or vertex. In the case of diagram (b), the fermion-flow is opposite to the fermion
number flow so that the Dirac propagator gets reversed. However, the fermion number flow is also
opposite to the momentum flow so that the momentum gets an additional minus sign. All together,
the Dirac propagator remains unchanged (as S(—(—k)) =S(k)) and diagram (b) is therefore equal to
diagram (a). The resulting contribution is then defined as twice the configuration where all flows are

aligned, 17.e.,
—illa(p) =2 x ,UJQEQNf/[ddk]Fozprow(k)ro,\w*So¢>¢>* (k—p). (4.85)
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It turns out that this reasoning will apply to all the photino polarization diagrams at higher orders.
Therefore, for automation purposes, one can always consider only the configuration where all flows
are aligned and simply multiply it by two, so that the advanced Feynman rules with fermion-flow
specification are almost never needed, see discussion below (4.44). Using now the simple Feynman
rules (4.38) and (4.40), its expression reads

f+my

—ilT1(p) = 4u* Npe?S / d%% . 4.86
Then, using the projector (4.55¢) and performing the fermionic trace, we have
N;e? k-p
Ty (p?) = dip® =L S/ddk: SRR 4.87
1>\(p ) 14 p2 [ ]k‘2(k’—p)2 ( )
and, after wick rotation, the evaluation of the integral using the results of Appendix A yields
N, 62 HQ €
My (p?) = ——2 25e7E5G(d,1,1). 41.88
00?) =~ (L) s (1.89
Since this result is again finite, we set it exactly in d =3 and obtain
S’]\G«e2
O, (p?) = —=L—. 4.89
7)== (489)

Note that this result is obviously relevant only in the SQED3 case (S=1, n=2) so that exactly in
d=3 we have
2
I8 (p?) = —]fi, (4.90)
Pr
which is exactly equal to both the one-loop photon (4.77) and e-scalar (4.82) polarization functions.
Summarizing, we find that for SQEDj3, the photon, e-scalar and photino self-energies are all equal and

finite at the LO of the 1/N;-expansion, reading

2
I3 208 (p?) = TI208 (p?) = T 0°P9 (p?) = — er ’ (491)
Pp
which is a first-order perturbative proof that the polarizations are all equal in the gauge multiplet, as
expected from SUSY and in accordance with [286]. Moreover, the finiteness of the polarizations is a
first-order perturbative proof that the theory has indeed no anomalous dimensions for the gauge fields.
Therefore, its coupling is not running, and we may refer to is as a standing gauge theory, as advertised
in the introduction.

IR-softened gauge multiplet at LO

We are now in a position to compute the softened gauge propagators at the leading order of the
1/Ny expansion, see (4.11). Substituting the one-loop (LO) results obtained for the polarization of
the photon (4.76), the e-scalar (4.81) and the photino (4.89) into the definition of the dressed gauge
propagators (4.54), the propagators IR softens in the large-N; limit, i.e., p, < Nfe2 and reads

16 dm (p)

UV _ _
Diaalp)=# ’V%Q.“" YT mt28)Ne2 p, (4.92a)
_ 4ES g
DUV (p): M ooo ooo I/ — —_—, (492b)
1AA %, ]\Zi ;E
—4l
Dijz(p)= =~~~ = NeZ p, (4.92¢)
p E

where the tensorial structure of the photon still yields ci’“’(p) =g —(1—&)(p"*p” /p?) thanks to the
use of the non-local gauge, see (4.56). These new softened propagators can then be used to compute
the LO self-energies of both the electron and its superpartner, the selectron.
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4.4.2 Matter-multiplet self-energies at LO

In this section we compute in detail the first correction to the self-energies of the matter multiplet,
i.e., for the electron and the selectron, at LO in the 1/N; expansion, i.e., at O(1/N).

Electron self-energy at LO

We start with the electron propagator (4.61) and compute it’s LO correction which consists of three

contributions ,
=0 () == () + 2V (p) + 2V (), (4.93)

one for each gauge interaction, that are respectively defined as

p—Fk
—in¥@ (p) = 1_@_.; :;ﬁe/[ddk]ngwsow(k)ngWﬁlAAW(p—k;), (4.94a)
P

p—k

o°®°o
K °%

—izV® (p) = _._._._._._ = / (A RIS 1 5 S00i (0) Dt 45 D14 (p— ), (4.94b)

-z p —»—&» =’ / [AE]C 056+ Soger (k) TopagDixz (P —F), (4.94c)

where the photon, e-scalar and photino propagators are indeed the IR-softened ones at first order
(4.92). Using the simple Feynman rules is here enough, i.e., using equations (4.36) to (4.40), we obtain

@), 160 p* A1+ )3 dyu (p— K

0 =y [ (o
() 7 (K~ mw)ﬁ"

ist®) () — 455Nf/[ k]<k2 S (4.95D)
() )yl p—Fk

- (p) =S’ / [ddk](kg_mé”p_ ot (4.95¢)

Note that in (4.95) the (dimensionful) electric constant e drops out in favor of the new coupling 1/N;
thanks to the softening of the gauge-multiplet propagators. These diagrams are then split into the part
proportional to the external momentum p (also called vectorial part since proportional to p) and the
one proportional to the mass my, (also called scalar part) using the projectors (4.62). First, focusing
on the vectorial part, using the projector (4.62a) and computing these three diagrams with projection,
trace calculation, wick rotation, integral evaluation, and wick rotate back, we find the following exact

results
oh (07) = (47r);1/2 N <_M;2)8 4751_2? <2a;__13 —g) PG (d,1,1/2), (4.96a)
)= <4ﬂ>§/2Nf (—i?)g Q(dﬁfz)fzcigi)gse”‘?a‘?(d?l,1/2>, (4.96D)
=707 = - (477)3/2Nf <M;>€ STp G /2), (4.96c)
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where Elfp(b) is finite due to the e-scalar, while the two other contributions are singular in the limit
d— 3. Secondly, focusing on the scalar part, using the projector (4.62b) and computing these three
diagrams with the same approach yields the following exact results

a 4 72 \“4(d—1+¢)
i 07)= (4m)3/2 1N (—p2> n+2S e'"G(d,1,1/2), (4.97a)
b 4 2 \“2(d—3)&S
i )=~ (am) 2N <—p2) L€ G(d1,1/2), (4.97b)
=19 (p?) =0, (4.97¢)

where the first contribution is singular in the limit d — 3 while the second diagram vanishes in d=3
and the last graph (c) is exactly zero because of the gamma matrix trace.

Summing all the contributions, the total vectorial and scalar electron self-energies are therefore
given, expanded in d =3 —2¢, by

Nt e

zlfp(pQ):?)(HHZ;)WQM (_Zp2> (2 ?’i 25+§(7—(13+35)—9§)+O(a)>, (4.982)
_9 €

E}”m(pQ)zg(an)W?M <_’ip2) <3<2€+£)+6(3+65+2§)+O(s)). (4.98Db)

Note that some log(2) have been resummed by adding a 4 next to the momentum p?. From this result,
we extract straightforwardly, with (4.65), the LO electron wave-function and mass renormalization

4(2—3¢—29) 8(S—4)

Zy=1
p=1+ 3(n+2S5)m2Nye (n+2S)m2Nse

+O(1/N?),  Zm=1+ 3 +O(1/N?). (4.99)

As expected, the general mass renormalization factor is completely gauge invariant, which is a strong
check on our results. From the definition of the anomalous dimension (4.68), we have the general
anomalous dimensions

8(2-3¢-29)
3(n+2S5)m2N;

+O(1/N?), —M+O(1/J\§?). (4.100)

W= ™ = 3(n+25)m2N;

In the relevant cases of SQED3 (S=1, n=2) and QED3 (S=0, n=2), it reads

SQED, 2§ 2 sQep, 4 2
Voo 3—W2M+O(1/J\Gc), Y 3—W2M+O(1/J\6c), (4.101a)
qeD; __4H2=3) | (g /2 QEDs _ 32 o1 /N2 4.101b
QED;

Also, 72 vanishes in the Landau gauge (£ =0), which is then the good gauge at LO. This is to

be contrasted with the non-supersymmetric case, 'y?(/?EDZ* (first obtained in [213]) that vanishes in the
so-called Nash gauge [181], £=2/3. Note also that the bosonic bQED3 case is obviously irrelevant
here, since we consider the anomalous dimension of the electron field and mass. We will further discuss
the quantities (4.101) once we obtained their supersymmetric counterpart in the next section and their
NLO correction after that.

Selectron self-energy at LO

We proceed similarly for the electron superpartner, the selectron, which is the scalar propagator and
compute its LO scalar self-energy which consists of the sum of the two diagrams

27 (p) =27 (p) + 27 (p), (4.102)
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that are defined as
k—p

—1Z¢(a)( ): -->- --;-- >- _MQS/[ddk'] 0A¢¢*(kap)sﬂdxb*(k>f‘6A¢)¢*(pvk)f)lAA,p,V(k_p):
(4.103a)

0 &
i (p) = - E— [d k]Tr[FO¢A¢Sow¢(k)Fo;w¢*Dl)\;(k—p) . (4.103b)

where the photon and photino propagators are indeed the IR-softened ones (4.92) and Z‘fb contains
a hybrid (Dirac/Majorana) fermion loop. Note that for the diagram (b), we can assign a counter-
clockwise fermion-flow and momentum flows that follows the fermion loop consisting of the Dirac and
Majorana fermions. Therefore, using the simple Feynman rules given by (4.36) to (4.40) is indeed
enough and leads to

o), L6iS p* (k+p)" (k+p)" dyw (k—p)

—iE ) =g iy /[ k) (k?-mi)lku—pl : (4.104a)
. Tr | (F+my)(F—

—in?® (p) = —4i S‘]‘\& / [dK] (Ec(?—mg))\(k— ;Tﬂ. (4.104D)

Performing the traces and using the projection (4.62b) yields the two LO contributions to the momen-
tum part of the selectron self-energy

_9 \ €
bla), 2 4 I 45 4(d—1)(d—2) .
b = —(2d— E d,1,1/2 4.1
800 = e (D) sy (a4 ) GLL ), (4103)
92\ €
o) oy_ 4 A\ d=2)8 e
i, (p°)= (477)3/2]\6”<— 2> 53 © G(d,1,1/2), (4.105b)
as well as the two LO contributions to the mass part of the selectron self-energy
92 \ €
bla), 2 4 o 25 2d—5,_ o R
b =— 4(d— 1)———(2d°—1 1 E 1,1/2
100 =~ () g (406091~ S (2 13+ 19)€ ) G112,
2\ n(d—1)S (4.106a)
o), 2y _ 4 I3 n(d—1 YEE
X, %)= (4PN, ( 2) 5 e""*G(d,1,1/2). (4.106Db)
The total selectron momentum and mass self-energy are then given, in e-expanded form, by
45 T 8—-3¢—n
& 2y _ H
) = 5 asN, <_4p2> ( - 3(28 5n>+O( )> (4.107a)
45 72\ (3(¢+n)
%0 ()= - . 4.107h
T (P7) 3+ 297N, (_4p2> ( . +3(8—3¢+3n)+0(¢e) (4.107b)

From these results, we extract the LO scalar wave-function and mass renormalization

4(8—3¢—n)S OWND),  Zm, 1 4(n+4)8

Zy=14+———"—"— __A\rrEe
p=1t 3(n+2)72Nse ¢ 3(n+2)72Nse

O(1/N?). (4.108)
As expected from such a physical quantity, the general mass renormalization factor is completely

gauge invariant. We can now derive the anomalous dimensions for the selectron field and mass using
the definition (4.68), yielding

8(8—3¢—n)S

o 8(n+4)S
10T T3t 2)m2N;

0(1/]\6”2)7 ’qu&:m 0(1/]\602)- (4.109)



184CHAPTER 4. CRITICAL PROPERTIES OF MANY FLAVOR QEDS IN THREE DIMENSIONS

Note that in the relevant cases of SQED3 (S =1, n=2) and bQED3 (S=1, n=0), they read

2(2— 4
52 =288 Loyap) e = g H O/, (4.110a)
' f
bQED; _ _ 4(8—3¢) 1/N2 bQED; _ 16 1/N? 4.11
T — 37N +0(1/ f)7 Ym, _37r2Nf+O( / f)- (4.110b)

A few remarks are necessary here. First, we observe that for SQEDj3, the mass anomalous dimension
for the selectron (4.110a) is identical to the one of the electron (4.101a), i.e.,

SQED, _ _SQED, 4 9
Ymg =Yg 3—W2M+O(1/J\§c), (4.111)

as expected from supersymmetry. In striking contrast, the field anomalous dimensions for the selectron
(4.110a) and the electron (4.101a) are different. This is due to the use of a gauge fixing term that breaks
supersymmetry (Wess-Zumino gauge). This is not an issue since the breaking of SUSY will occur only
for gauge-dependant quantities that are, by definition, nonphysical. Secondly, let us remark that in the
SQEDg3 case, the field anomalous dimension of the selectron vanishes for £ =2. Since for the fermionic
part of SQEDs, the good gauge was the Landau gauge £ =0, it is therefore not possible to cancel both
matter-field’s anomalous dimensions at the same time. This may cause trouble for computations of
the critical properties of the model using the Schwinger-Dyson equations, see the devoted section 4.6.
As for the bQED case (4.110b), we see that the good gauge is then £ =8/3. We will discuss further
these results again after improving them to NLO.

4.4.3 Vanishing contributions and generalized Furry theorem

Before going to higher orders and compute any NLO diagrams, we first need to discuss some additional
diagrams that may enter the incoming NLO computations as subdiagrams. These LO diagrams are
made of matter bubbles and triangles, and are of uttermost interest because a lot of them are vanishing,
either exactly or in pairs. On the one hand, this will tremendously reduce the number of diagrams to
be computed at NLO, but will also ensure that matter bubbles are connected to each other in a way
suitable for the large-N; expansion.

We first focus on three one-loop diagrams made out of a matter bubble that are exactly vanishing,

see figure 4.2.
/,’}\\\ ,, ”\\\ °°°
ocoo o'v\‘ M‘ ,o
o
N // AN SR
S S o

(a) By (b) B2 (c) Bs

Figure 4.2: Exactly vanishing one-loop bubbles diagrams

The first vanishing bubble contribution is the mixed polarization B; (ongoing photon and outgoing e-
scalar), displayed in figure 4.2a. Since this diagram is proportional to Tr(¥#*) =0, it reads By =0. More
generally, we conjecture that every diagram with an odd number of e-scalar external is exactly zero,
although one has to be careful in the case of diagrams also containing electrons and photino external
legs that may generate non-trivial gamma traces. Instead of making all-order proofs, we limit ourselves
to explicitly compute the diagrams we need and prove that they vanish. The two other contributions,
given by figures 4.2b and 4.2¢, are also exactly vanishing by parity on the internal momentum integral,
i.e., Bo=Bs=0.
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Multiple other vanishing contributions comes from matter triangles. These are built from triangles
of electrons and selectrons together with external legs of any allowed kinds, i.e., taken in the gauge
multiplet {photon, photino, e-scalar}. In total, there are 8 triangles (disregarding the possible charge-
flows), see figure 4.3. In the following, we will explicitly check that all these diagrams (all proportional
to ;) are indeed vanishing.

(a) T1 R (b) TQ (C) T3 (d) T4 R
0004 ooo ooo 4 %
(e) Ts (f) Ts (g) Tz (h) Tx

Figure 4.3: All one-loop matter triangles in gQEDs5.

The first one is the pure QED diagram 7} and is vanishing because it always appears paired
up with its mirror conjugate diagram with opposite charge/matter flow. Indeed, a straightforward

computation reads
T +Ty = \4 + “(Ci( =0, (4.112)

where the tilde indicates that we reverse the charge/matter flow, which is equivalent to a charge
conjugation. Note that the inner circular arrows denote momentum parametrization. This computation
is an explicit check at first order of the so-called Furry theorem in QED, [330], which is the all-order
proof that in QED, any diagram with an odd number of photon legs can be discarded since they will
cancel with their opposite flow diagrams, as a direct consequence of the conservation of energy and
charge conjugation symmetry. In the following, we will prove that the Furry theorem, generalized
for gQEDs3, holds at least at the leading order, i.e., for diagrams made of matter triangles and three
external legs taken in the gauge multiplet.

The second vanishing contribution is the pure bQED diagram T5 and also vanishes with its opposite
charge-flow counterpart

~ &~ v
To+T,= ’\M’\&Oé + ~ne

4

This calculation therefore generalizes Furry’s theorem to the case of bQEDs.

=0. (4.113)

The third and fourth vanishing diagrams are the supersymmetric triangles made of mixed electron
and selectrons, and yield (after careful parametrization and evaluation)

—0, (4.114)
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Ti+Ti= ~a 0+ ~eDy =0, (4.115)

thereby generalizing Furry’s theorem to SQED3 without e-scalars.

Finally, as for the diagrams containing e-scalars, we have the three contributions 75, Tg and 1%
that are exactly zero, i.e.,

T5: ooo<{ 207 T6: ooo< :O’ T7: ooo< :O, (4116)

for any momentum or charge-flow direction. This is because they contain an odd number of e-scalar
external legs, i.e., they are ultimately related to Tr(7#) =0. We are left with a last triangle, Tg, made
of an electron loop together with one photon plus two e-scalars external legs. This diagram is different
since it is not vanishing because of e-scalars, as in this case it is ultimately proportional to Tr(7#4") # 0.
In that case we have to consider the diagrams with the two opposite charge-flows, yielding after simple

calculations o o
Ty+Ts= M‘ﬁ + -—-{cif =0. (4.117)

We have then check explicitly that every matter triangle does indeed vanish, either exactly or with
respect to their (reversed matter flow) twin diagrams. This completes the perturbative leading order
proof that the generalized Furry theorem holds in SQED3 withing the DRED scheme, and therefore
as subcases, also in QED3 and bQEDs3. It means that every diagram containing a matter triangle can
be set to zero in gQEDs3, i.e., in SQED3, QEDs and bQED3.

Some prominent examples of diagrams that we can (thankfully) drop are the Aslamazov-Larkin
type diagrams in QED, i.e.,

~\@v\ + ~\®\~ =0. (4.118)

From the definitions above, one can then generalize the Aslamazov-Larkin diagrams to gQED3, yielding

W Tk v - e Tk AW =0, where (WM )
A .9 <. A o ={0,0}

provided that the vertices are allowed. These include a large number of diagrams that we can discard.

Taking into account of these various vanishing contributions tremendously reduces the number of
diagrams that has to be computed at NLO. Indeed, as we shall see in the following, it ensures that up to
NLO, not a single diagram of three-loop type needs to be computed. This is crucial because the three-
loop master integrals with half integer indices are still unknown and are a big challenge to compute
due to the inherent branch-cut structure of the integrals, that results into intricate hypergeometric
functions and transcendental numbers (Catalan number, Clausen function etc...), see, e.g., [331, 332].
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Moreover, the generalized Furry theorem at LO also guarantees that matter loops are connected by
simple chains of force field propagators, like in the simpler QEDj3 case, in accordance with our starting
assumption, ensuring that the large-N; expansion is reliable. We can now go forward and proceed with
the NLO computations.

4.4.4 Gauge-multiplet polarizations at NLO

In this section, we compute the NLO polarizations of the gauge multiplet, i.e., for the photon, the
e-scalar and the photino at NLO in the 1/Ny expansion, i.e., at O(l/]\cfo). We will show that all of these
polarizations are finite and gauge invariant for gQEDs3. In the following, we shall use the shorthand
notation for the polarization results

() ¢ 2\ -
Yy 2\ 7Y
0" = 50 387, <_p2> %, VX € {1,e,M). (4.120)

Photon polarization at NLO

We first consider the NLO correction to the photon polarization that consists of 20 Feynman diagrams
labeled (a,b,---,t). Taking into account of the fact that mirror conjugate graphs take the same value,
we are left with 11 distinct graphs to evaluate. This can be done exactly for all the diagrams, following
the same procedure as for the one-loop case. Their expressions read

/’4\\\
1 N _ 4S(2+¢
ixw\q(v@f\}b\m : Hgv):—(WQ)JrO(e), (4.121a)
\\\'l,’
4o
4 x~~s :ﬁg”de):ﬁ LL19 038 Lo, (4.121b)
\ ! v 3r2 \¢e 3 2
\__.*
-
o) 25 (8238 128
zx,\,\d{ﬁ@]}\,\,.l‘[% = 372< g %) +0(e), (4.121c)
\\\»,
VARG
\ X 25 70
~~8 A Hgf{):—ﬁ (§+9—3C2+5£>+O(6), (4.121d)
Q.7
ey (2236 14
2 x L Iy = 37r2< 5 66 ) +0(e), (4.121e)

AW _ T (2—35_?;)2+9C2_65>+0(5), (4.121f)
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. fm) _ 45¢
- g 45¢
(? L 10 ——W—i—O(e), (4.121h)
-
=00 )_2715 1 13 .
2 % : 1y W<€+3 +0(e), (4.121i)
e 205 (119 -
2><M{ ol iit <8+ - ) +00). (4.1215)
\\\>¢,
™ 4nS (1 11
\ S CON

Summing all the contributions (4.121), all poles cancel, and the final result is finite, reading
-~ 1
T, = 75 (405 -92+97%)n —2(164-97%) § ) +-O(e). (4.122)
™

Several remarks are in order here. First, the e-scalars does not contribute (the corresponding tracking
factor £ is absent) because the contributions f[glm and f[;n cancel each others. Second, the result is
completely gauge invariant, providing a strong check on our result. Lastly, the finiteness of the results
ensure that the theory is still standing at NLO, i.e., the coupling does not renormalize.

Since the NLO result is finite and has the same form as the LO one (4.76), we can write the
photon polarization in the form

C (n+25)Npe?
2 2 2 : 2 f
IL,(p”) =1L, (p*) | 1+ ﬁ; +O(1/]\Gc ) , recalling i, (p°) = — T6p, , (4.123)
and where the interaction correction coeflicient to the photon polarization reads
4n(92—-972)  8(164—20n—972)S
_ dn(92-977) | 8 n—9r7) (4.124)

T 9(n+28)2r2 9(n+2)%n?

In the different cases of interest, i.e., SQEDs3 (S=1, n=2), QED3 (S=0, n=2) and bQED3 (S=1,
n=0), it yields the correction coefficients

CSED; _ 12— 72 COPD; _ 2(92 —97%) ChED; _ 2(164 —97?)

o oz o (4.125)

As advertised in the previous Furry theorem section, 4.4.3, it turns out that all the diagrams
considered are of two-loop type. Indeed, since we are in the large-/V; expansion, higher-loop diagrams
could have contributions at the same order in 1/N;. However, this is fortunately not the case. As a
proof, we have explicitly checked that, up to NLO, no three-loop diagram contributes to the photon
polarization, either because they contain a vanishing contribution, see section 4.4.3 or because they are
of order 1 /]\Gc2 or higher. This required the check of 361 diagrams in an automated way. This has been
done by generating the expressions for each diagram and then computing only what is the order in,
1/Ny as well detecting subdiagram expressions that vanish because of the generalized Furry’s theorem.
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e-scalar polarization at NLO

We now consider the NLO correction to the e-scalar polarization that consists of 9 Feynman diagrams
labeled (a,b,---,i). Taking into account of the fact that mirror conjugate graphs take the same value,
we are left with 6 distinct graphs to evaluate. This can be done exactly for all the diagrams and reads

/’4\\\
1 \ _ ) 8SE
5)(0000?\00@00/‘0000 : Hga):—?+0(€), (4126&)
\\*’,’
= (be)  8SE
2 Xoooo 0000 HZE = W—FO(@)’ (4126b)
=@ 8SE (1
0000 0000 HQE _? 5—1—2 —|—O(5)7 (4126C)
L =(ef)  4SE (2-3¢ 20
2 Xooo0o 0000 : H2€ __W - —|—?—9£ —{—0(5), (4126d)
~ 45€ (2
LYY Y) 0000 Hg‘g):_ﬂa(1—§'+10—3C2+3£>+O(8), (41266)
-
~(hi)y 8SE (1 16
2 LY XX 0000 H = —| — — . 412 f
X 2e 371'2 € + 3 +O(E) ( 6 )
Summing all the contributions yields the complete result
- 2(12—7%)SE
stz_#juo@s), (4.127)

T
which is, as expected, completely gauge invariant and finite, providing a strong check on our result.
Similarly to the photon case, we can rewrite the LO+NLO e-scalar polarization as

C ESN;e?
L(p%) =T (p?) |1+~ +O(1/N?) |,  recalling T (p?) = -, (4.128)
N i,
and where the interaction correction coefficient to the e-scalar polarization reads
(12—m3)ES
Note that in the only case of interest here, SQED3 (S =1, n=2), this result trivially reads
12 —72
CSQEDs _ 227 T (4.130)

2
s
which is exactly the same result as the photon correction coefficient in the SQED3 case, see (4.125),
as expected from such a supersymmetric gauge invariant quantity.

Again, we have explicitly checked that, none of the 147 three-loop diagrams contributes to the
e-scalar polarization due to the generalized Furry theorem and the resummed one-loop contributions.
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Photino polarization at NLO

The last polarization to consider is the NLO correction to the photino polarization that consists of 14
Feynman diagrams labeled (a,b,...,n). Taking into account of the fact that mirror conjugate graphs
take the same value, we are left with 7 distinct graphs to evaluate. This can be done exactly for all
the diagrams and reads

9« {{‘@_h : ﬁéc/b\b) _ _% (8_53‘5 + % _3§> +0(e), (4.131a)

o) 28 <2—€3£+§_3§>+O(5), (4.131b)

e 48 (¢
) = ) <5+6—3C2+€> +0(e), (4.131c)
%o ~o® ~ 458
e S CAN iﬂégxh):WﬂLO(e), (4.131d)
\\~>,’/
- 48 (1 13
gy = 33 <5+3> +0(e), (4.131e)
~ (Ll 45 /1 10
05y =33 <5+3> +0(e), (4.131f)
~(mn 4S 1
I = ) <E+2) +0(e). (4.131g)

Summing all the contributions yields the gauge invariant and finite result

o — 25 (372 —38+42¢)

. 4.132
27 32 +0(e) (4.132)

Note that this result depends non trivially on the parameter £ which implies that the e-scalars are
crucial here to ensure that the result is correct, as we will see in the following. The LO-+NLO result
for the photino polarization can again be written in the form

SNye?

C .
Iy (p?) =115 (p?) 1+ﬁ;+0(1/Nf?) , recalling Iy (p?) = — y (4.133)
E

where the interaction coeflicient to the photino polarization reads

(38— 26 —372)S

C p—
A 32

(4.134)
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Note that this result is only of interest in the case of SQED3 (S =1, n=2), where it reduces to

CSQED3 12— 72
X T T

7 (4.135)

provided that we allow for the e-scalars (£ =1). This is again the same result as for the photon and
the e-scalar correction coefficient in SQEDg3. Therefore, we have explicitly checked that, up to NLO,

5 @FPs — E9FPs — 8P (4.136)

meaning that all polarization of the gauge multiplet are equal, as expected from supersymmetry for
such gauge-invariant and finite quantities.

Again, we have explicitly checked that, none of the 234 three-loop diagrams contribute to the
photino polarization due to the generalized Furry theorem and the resummed one-loop contributions.

IR-softened gauge multiplet at NLO

We are now in a position to compute the NLO softened propagators, i.e., of order 1 /]\Gc2 Their
expressions read

—16iC,  d*(p)

DI (p) = = 4.137
R N g
_ —4iESC, gv
DSAA(]?):M‘W‘@:"" 14 :Wi, (4137b)
p f Pp

4iSC),
Doyys(p)= =~~~ = NZo j- (4.137¢)
p £ Pr

where we took the infrared limit p, < eQZ\Gc, as advertised in (4.34). Interestingly, we observe the nice
property that the LO (4.92) and NLO (4.137) softened gauge-multiplet propagators are simply related
via their polarization correction coefficients, i.e.,

Dy 4(p) = =Co x DY 1 (0) /Ny, (4.138a)
DAt 4 (p) =—Cex D't 4 (p) /Ny, (4.138b)
Dorx(p) = =Cxx Dixsi(p) /Ny, (4.138c¢)

where the tensorial structure of the photon is still given by d“ (p) =g — (1—&)(p*p” /p?) thanks to
the use of the non-local gauge, see (4.56).

4.4.5 Matter-multiplet self-energies at NLO

In this section, we compute the NLO self-energies of the matter multiplet, i.e., for the electron and
the selectron at NLO in the 1/N; expansion, i.e., at O(l/NfQ) in gQEDs3. In the following, we shall use
the shorthand notation for the self-energies

4 —92 2e B
X (p2) = TISTN (_’ip2> SXW L vX e {6}, z€ {p.m}. (4.139)
1

Electron self-energy at NLO

We first consider the NLO correction to the electron self-energy that consists of 15 two-loop and 3
one-loop Feynman diagrams, all together labeled (a,b,---,7). Indeed, contributions of the same order
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in Ny with different loop order are possible now that we have at our disposal both the LO (4.92) and
NLO (4.137) softened propagators. Taking into account of the fact that mirror conjugate graphs take
the same value, we are left with a total of 16 distinct graphs to evaluate. For each one of them, we
extract both the momentum and mass parts using the parametrization (4.61a). All computations done,

we obtain the results
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(4.140j)

(4.140k)

(4.1401)

(4.140m)

(4.140n)

(4.1400)

(4.140p)

Note that the computation of the three last diagrams leads to the trivial result that they are simply
their LO equivalents times their corresponding correction coefficient with a sign, i.e., a factor —C /Ny,
thanks to the equality (4.138). Moreover, C. will not contribute to the anomalous dimensions, because

the diagram (4.1400) f];g(q) is finite. Similarly, C'y does not contribute to the mass anomalous dimension

(r)

because the diagram ifﬁ is exactly zero. Again, we also have explicitly checked that, none of the 390

three-loop diagrams contributes to the electron self-energy at NLO.

Summing all the NLO contributions (4.140), yields the following results

21/’:—2(5_5) C2(8-¢* 1
p RNye RQZ\C?EQ 3R2]\Gc2€

2+&)  9(2+¢)2 1
+ 2 N\ 2 21L 2 N2
2R ]\95 R ]\Ge

sy = 3
™ RNje

where we introduced the useful notation

£=(2-3¢)/2, R=A(-4p*/i*)°,  A=371%*(n+2S)/4.

[4+(77+68)S+4(1— (19+3S)S+6§)§—6R(SCA—ECW)] +0("),

(4.141a)

[220 —215—4(29—4)E+3(2+€)(6ES — RCV)} +0(€%), (4.141b)

(4.142)
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We can now compute the renormalization functions up to NLO for the electron, reading®

25—8) 2(S—26S+E) 4+(29—68)S —6Au%(SCy—EC,)

Zy=1— — 1/N? 4.14
¥ Ap2 Nye A2M46]\92€2 3A2M4€]\Gc25 +O(1/Ny), (4.143a)
24—8)  2(16—7S) 2(16—(46—3E)S+3Au*(SCy—4C,)) 3
Zm, =1— — 1/N?).  (4.143b
¥ AN%]\GE A2N4€]\§‘252 3A2N4€]\925 +O( / f) ( 3 )

From these, the anomalous dimensions read

4S-¢) 4 _ .
Yy = AN, +3A2z\92 [44—(29—68)5—314(50,\—507)}+O(1/J\§«), (4.144a)
4(4—5) 8 3
T = N +3A2]\92 [16(4638)S+§A(SCA407)]+O(1/]\§c). (4.144b)

We will discuss these results once the anomalous dimensions of the superpartner are computed.

Selectron self-energy at NLO

We next consider the NLO correction to the selectron self-energy that consist into 15 two-loop and 2
one-loop Feynman diagrams labeled (a,b,...,p). Taking into account of the fact that mirror conjugate
graphs take the same value, we are left with a total of 14 distinct graphs to evaluate. For each of them,
we extract both the momentum and mass parts using the parametrization (4.61b). All computations
done, we obtain the results

1 - 2 3rie , (4.1452)
) 2m e
°°o°@°°°° ig(b) _ _@ O(e’fl)
— X-_»..._-,.--.._». p 37T4 R (4145b)
2 ° 2 Sé(b) . 8ES 1
°o@o° 2m 7T4 (5 )
~ ble 16S [ 2(4-3 4—-3£)(32+9
E%(, Q) _ g ( - 5)+ ( 5)3(6 5)) +0()
2X - ) (4.145¢)
soed) _ 165 (2 48 +6(32-9¢) 0(%)
\ 2mo 3| g2 3e
(s 1288(1 1449
A ] ) 1o
Y 9 ( € | 3e : (4.145d)
- 2565 (1—¢&
d(e) 0
b)) ="
\ 2m 37r4€ +O(E )

SThe factors p?¢ appear in multiple places and are kept unexpended in power of epsilon. This is to emphasize that
the last terms of the expressions, containing the factors C,, have an unusual ;> dependency because of the one-loop
diagrams that are of the same order (1 /J\gg) than the two-loop diagrams. In that sense, it is more simple to keep the
1 dependency to later take the derivative with respect to p in order to extract the anomalous dimension, i.e., using
the definition (4.66) instead of (4.68). If one wants to hide the factors u?® it is possible to use the natural notation
N;, = N;pi*¢, this would make the LO term ~ 1/N;, and the NLO term would be a combination of a term ~ 1}, and weird
terms ~ Cy/(NfN,.), so that later one should take the derivative with respect to Ny, in order to extract the anomalous
dimension, i.e., using (4.68).
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Again, note that the computation of the last two graph leads to the trivial results that they are simply
the one-loop diagram result times the corresponding interaction correction coefficient with a sign —C,
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thanks to the identities (4.137). Interestingly, C. does not contribute at all to the selectron self-energy
since there is no one-loop diagram containing an e-scalar polarization at this order, due to the absence
of a direct coupling between the selectron and the e-scalar. Again, we also have explicitly checked
that, none of the 297 three-loop diagrams contributes to the electron self-energy at NLO.

Summing all the contributions (4.145) reads

_ 2 _ 27 2 _ -
29 = © g;f)s 6 2];27\,2?2 5 6R2€VQ€ [8(85+28§) —n(163+408) — 128
d ! 7 —6R(nC\—2(3+8)C,) | +0(e?), (4.146a)
3(n+6)S  9(n+&)3S 35 _ 0
% = 1n+12E —8(2+8)E—2 414
m RNje T 2R2]\92€2 QRQJ\G?E 81n+12€ —8(2+¢)¢ R(nC;A—fC’,y) +0(e"), ( 6b)

where we again used the useful notation

£=(2-3¢)/2, R=A(—4p*/i®)°,  A=371*(n+25)/4. (4.147)

We note that e-scalars contribute to the self-energies in part from the polarization correction Cy (this
time for the selectron only) but not from C., see (4.129). We can now compute the renormalization
functions up to NLO for the selectron field and mass using the defining equations (4.65), reading

(6-n+28)S (2(3+€)%—n(54+28)S (8—12E+29n—6Au% (nCy—2(3+£)C,))S

7.—=1 _ O(1/N?
¢ =1+ Ap2eNje ™ A2“4€]\6”252 6A2u45]\6¢25 +O(1/N?),
(4.148a)
(44n)S  (845n)S  2(28—15E+Tn+ 3 Ap* (nCr+2C,))S 5
Lmy=1— O(1/Np). 4.148b
o Ay Npe " AZpleNEE? A2 1ENPe +O(1/Ny) ( )

The factors ;% are discussed under equation (4.143). Using the definition of the anomalous dimensions
(4.68), we derive the anomalous dimensions for the selectron field and mass, reading

2n—6-20)S 29
Yo = ( A]Vf ) + 3A2]VfQ [8+29n— 125—3A(TLC)\— (8—3{)07):| _|_O(1/]\]J’c3)7 (41493)
2(44+n)S 8S ) ,
Ymg = AN, — 3A2]\92 [28— 158 4+ Tn+ 5 A(nC) +4C’7)] +O(1/J\6‘ ) (4.149D)

We will discuss the results for the different cases in the next to next section.

4.4.6 Renormalized self-energies

In order to complete our analysis of gQEDg3, we provide in here the exact expressions of the renor-
malized matter self-energies at O(1 /NJ?) They can be derived from the relations (4.64), requiring the
computation of the finite parts, i.e., of O(g"), of the (bare) matter self-energies and from which one can
straightforwardly recover the corresponding renormalized matter propagators. All calculations done,
exactly up to O(l/Z\G?), the renormalized matter self-energies of N'=1 SQED3 (S=&=1, n=2) read

1 . 2 N
z;fr:—ﬁwc [2+(2—L)5}+7T4]\92[3+10§+(1—(5—5)g—}lg2L)L ~
_ (4+ %(12+§)£—3§L) @} +O(e), (4.150a)
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E%T:—WQM {(2+§)(4L)}+W4]\GZ[3716C4+2(4§)§(52(1+§)§~+}l(2+§)2L>L
- (18+4Cg+%(28+§)§—3(2+§)L)C2] +0(e),  (4.150D)
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— (94202 + 54— -3(2-OL) G| +0(e), (4150¢)

56— 14— 36— (2+§)E]

1 -\ =
N oy (123460, - 2(12+€)¢ - (2+ (44306 + 32+ )L ) L

1 (227—1—4602 —4(14—§)§—24(2+§)13) C2:| +O(e), (4.150d)
with L =log(—4p?/i?) and ¢, =72/6, as well as Co = CLy(7/2) = 0.916 the Catalan number and Cj =

CL4(7/2) =0.989 where CL,(2) is the Clausen function, see Appendix A. For completeness, we also
provide the bQED3 (n=£=0, S=1) case

e = [56—3(8—3§)£] S [5455—648(3’4 —3(884—3305— §(8—3§)22)Z
f
—27(39+GC’2+ (16—35)5—3(8—3§)E)<2]+0(a), (4.151a)
o) _ 2 o e eflat Tisi3 _ ~ 960 D2 i
R [8 3¢ 5L]+97T4N2 [1513 6300 — 6(86 +3€)¢ (4(18+23§)+3(6+L)52>L

_3 (365 £210C, —T2(3+ L)E+ 12§2> 42} +0(), (4.151b)

as well as the non-SUSY QEDj case (S =0, n=2), reading

() _ _aeve— i -8 [7e7_sape— 3(59_96)¢ — 3(2—36)2E )
p0 = o [2+3(2 36)(2 L)} ST [787 846¢ 3(110 3(59 — 9€)E — 3(2 35)2)
8 —27(16—%(32—1—355 3(2—3¢) ) } (€), (4.152a)
m___2 _ ; _ i\i
= =y [6-+4¢ (2+§)L}+9W4]\9 [5(2336C1) +2(26 - 9)¢ — (26 (7+18§)£+ 12+€?2L)L

—3 (1741003 + (284§ ~6(2+)L) G| +O(). (4.152D)

4.5 Results summary and discussion

In this section, we summarize the obtained general results and discuss them in the different cases of
interest. These include for the polarizations of the gauge multiple and their corresponding interaction
correction coefficients,

4.5.1 Results for QED3

As a check of our computations, we will first recover the well known results of large-Ny QED3 at two
loops. This can be achieved by considering our results without supersymmetry (S'=0, n=2), reading

QEp, _ 4(2-36) | 8(64—926—(6—9§)7) 1/N3 41
'Vw - 3772]\60 + 977.4]\602 +O( / f)’ ( ' 53&)
QED; 32 64(28—371’2) O(1/N? i1
QED; _ - : 153b
Tmy 37r2]\6” 974]\92 ( / f) ( )
2 QED3
QED Nye Cy 2
mekPs _ 1+ +O(1/NA) |, 4.153c¢
FPs = |1+ S+ 00/ (41530)
2(92 — 972
CEDs (%2%) =0.07146. (4.153d)

Therefore, we recover exactly our results of the previous chapter, see (3.114), that were first obtained
in [213,226], thus providing a strong check on our computations.
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4.5.2 Results for N =1 SQED;

We now consider the main case of interest, N'=1 SQED3, i.¢e., taking S =1, n = 2. First, it is interesting
to consider the results with arbitrary £ to study the effect of DRED. In this case, the anomalous
dimensions, together with the other results, then reads

26 2(2—(12—7%)¢)

W= w2 Ny * 7'[‘4]\92 +0 (1/‘]\6‘3)’ (4.154a)
2(2—&) 2(26—(2—&)m%—12¢
Te=T ETQNf)JF ( (W4]\;27r Lo, (4.154b)
2
4 4(l4-7 )+O(1/J\§v3), (4.1540)

Tmy = 72N, - 774]\6”2
4 4(46—4€ —37?)
Tmg = 2N - 37r4]\92

12 — 72 12 — 72
c, - 71" Ca:( )€

+O(1/NP), (4.154d)

 38—2€ 372
N 32 ’

N &% (4.154e)

T2

which is very interesting because the effect of the e-scalar is stiff but still crucial. Indeed, the quantities
Vs Vo as well as v, and C are E-independent up to NLO, but not Cy and ~,,. Therefore taking
£ =1, so that DRED is allowed, is necessary the supersymmetric identities on these quantities and
reads

= g i o) 155
1S _ _2;22]‘Vf> L ;jf 2129 Lo yn). (4.155b)
= g g 00/, (41550
5 Ps — JZZQ 1+ CSJ(tDS +O(L/NA) |, z={reA}, (4.155¢)
CY¥ s — 12;;2 =0.2159, z={7,e,\}. (4.155¢)

Several comments are needed here. First, we recall that we have the identity

S S S
TP (p?) = 12970 (2) = T3P (), (4.156)
as well as the identity
SQED SQED
Y Ps = AR AEDs (4.157)

both verified up NLO. This is a behavior expected from SUSY that physical (gauge invariant) quantities
are identical in the same multiplet. On the other hand, the field anomalous dimensions for the electron
and the selectron are not equal, neither at LO nor at NLO. This is indeed due to the use of a gauge
fixing term that breaks supersymmetry (Wess-Zumino gauge). We recall here that this expected and
not an issue since the breaking of SUSY is occurring only for gauge-dependant quantities that are, by
definition, non-physical.
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4.5.3 Results for bosonic bQEDj3

We now consider the second subcase of interest in this chapter, which is bosonic bQEDs3, i.e., taking
S=1,n=0and £=0. It reads

,YEQEDS _ _4;;}:;{5) 8(440 — 16;1;}\2;%8—35)) O/, (4.158)
Pra D3 = 373;;\? - 32(;:4;\2;2) +O(1/N}), (4.158D)
TIoQEPs — —];ZQ 1+ CEE;DS +O(1/NP) |, (4.158¢)
CPREDs 2(16;1;29”2) = 1.6926, (4.158d)

the LO results are in accordance with [196,198,310] and, to our knowledge, the NLO results are new.

4.5.4 Results for reduced QED, 3 (Graphene)

As another check, we will recover some results of the previous chapter, i.e., for QED43. We recall
that this models is a suitable description of graphene in its ultra-relativistic limit. These results can
be obtained from the QEDj3 case via a mapping. Indeed, comparing the LO softened photon in QEDj3
(4.92a) with the bare propagator in QEDy 3 (3.22), that we reproduce here for clarity

v 81 p'“p” purQED, - i 1- f pupy
D,u' QEDS — wy 1_ D 43 = — HY > 4159
1AA (p) ]\GCGQPE g ( 5) p2 ’ 0 (p) 2pE g 92 pg ) ( )

yields the following naive map

{7Tmf—>ar’ £—>1—;£}. (4.160)
This map is enough to recover the results for the polarization at one and two loops for QED4 3 from
the polarization of QED3, and therefore the corresponding correction coefficient C,. This map is also
sufficient to recover the one-loop anomalous dimensions of the QED,4 3 model from the LO result of
the QED3s model. However, it breaks at two loops. Indeed, these models, though very similar, have
two major differences that manifest at NLO.

QED; — QED, 5

First, QED3 at NLO is expressed in a non-local gauge, while the QED, 3 is not. To compensate this
effect, it is enough to consider that if the two-loop polarization of QEDj3 is next to the gauge parameter
&, it should not be present in the QEDy4 3 case. Since the two-loop polarization is proportional to C,,
one can use the additional rule

Ex O3, (4.161)

to recover the proper gauge dependence at two loops in the anomalous dimensions of QEDy 3.

Secondly, in QEDj3, we have softened the photon propagator at NLO and computed additional
(one-loop but NLO) diagrams, see equations (4.140n) (4.1400) (4.140p) and (4.145m) (4.145n). These
diagrams were not present in QED, 3 and are replaced by diagrams with a simple fermion loop. To take
this into account, we should replace the NLO softened propagator in QED3 by the LO one times the
regular factor for a fermion loop in QEDy 3, i.e., —NN;. Since the relation between the two propagator

is exactly —CgEDg’ /Ny, see (4.138a), the additional needed mapping is trivial and reads

C¥EPs 5 Ny, (4.162)
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to be applied on the anomalous dimensions only.

Performing carefully this mapping yields the following results for QED4 3

1-3 4
ry\(l.:gEDzl,s — _2&r—3 £ + 1607% <]\6”<2 + 27> —i—O(@?), (4.163a)
QED,; _ 320y =2 8
orPas 25T gy NiCo— — |, 4.163b
g 3 a ( 125 ( )
Nyay
HgED4,3 __Tyar [1 + C?ED4’3 o+ O(af)} , (4.163¢)
2py
QED,, 92—97?
Cy & = 005612, (4.163d)

which perfectly recover the results of previous chapter, see results (3.105). Note that the use of «,
instead of a, for the polarization is on purpose. We recall that in the previous chapter, we obtained
from these results the optical conductivity of pure suspended graphene in the ultra-relativistic limit,
which yielded an optical absorbance of

Ay =(2.293+0.002)%, (4.164)

see section 3.4.2 for the corresponding discussion. In the following, we will compute similarly the
optical absorption of the super-graphene model.

4.5.5 Results for reduced N =1 SQED, 3 (Super-Graphene)

As a non-trivial application of our results, we will map our results for SQED3 to a model of super-
graphene, i.e., for SQEDy, 3, see the action (4.26). We recall that this model is a suitable description
of an eventual pure suspended super-graphene material in its ultra-relativistic limit. As advertised in
the introduction, we will obtain the results in the SQED3 case via a mapping similar to the non-SUSY
case. Indeed, comparing the LO IR-softened gauge propagators of SQED3 (4.92) with the propagators
of SQEDy 3 derived, e.g., from [163], reads

A wSQED 4i o pHp” ~ i/SQED (. 1-¢php”
DR (p) = (g“ +(1-¢) > Dhey 4’3(p):<g‘w+ . (4.165a)
E

- Nee2p, p? 2p 2 p?
_ 4i — uwSQED i
PHSQED; (y _ D" 3= G 4.165b
1AA () 7]\6‘ erE Guvs 0AA () %, Guv, ( )
wSQEDy, y _ 4ip uSQED, 5, | ip
DD )__1\506219,;’ Dyyx ( )_—%. (4.165¢)

It is then straightforward to deduce the following naive mapping

1 1

which is the same as the non-SUSY case up to a factor two. Similarly, this map is enough to access
the polarization of SQED,4 3 up to two loops and also the anomalous dimensions up to one loop. In
order to access the correct two-loop contribution to the anomalous dimensions for this model, like in
the non-SUSY case we first have to cancel the effect of the non-local gauge by using

¢ x C5¥Ps —, (4.167)
and then cancel the effect of the NLO softening of the gauge propagators by taking

Cr— N Vo ={y,e,A}, (4.168)
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in the anomalous dimensions. Performing carefully this mapping yields the following results

7P = 2(1 4 €)a, + 1662+ O(ad), (4.169%)

AP — _9(3— €)a +16(14 6N;(o)a2 +O(ad), (4.169b)

P4 _ga, —32(1+ 3NpG)a? + O (ad), (4.169¢)

P _ 85, —32(14 3N;¢2)a2 + O(a?), (4.169d)

H’SyQED4’3 W]I\jfar [1 CSQED4 3 T—i—O(Oz?)] 7 (4.169¢)
-

5P 122_:2 —0.3391. (4.169f)

Note that use of «, instead of &, for the polarization is on purpose. These results are in accordance
with [163] at one loop. To our knowledge, the two-loop contributions are a new result. Note that
in [163] is considered a super-graphene model on the boundary (on a substrate) such that the coupling
Qpdry is twice smaller than in our case, i.e., apdry = 0r/2.

Similarly to the non-supersymmetric case, we can derive the optical conductivity of the hypothet-
ical super-graphene. Indeed, the polarization of the photon II§”, for SQED, 3, can be related to the
optical (AC) conductivity of graphene with the formula

0sg(po) =~ lim WHQO (po. 1), (4.170)

where p# = (po,p). Since the parametrization for the photon polarization reads TT4” = (p2gH — pHp?)IL,

and HiQED” ~1/p,, this simply yield o4, = pEHSQED43 which, after restoring momentarily the
dimensions h, ¢ and g in the following for clarity, reads
SQED, 5 _ Nie?2  7N;e?
Tsg = 00sg <1+C’ “a,+0(a )) UOsg:iT: 22 ) (4.171)

where 0qs4 is the minimal AC conductivity of super-graphene, which is twice bigger as the non-SUSY
case. Following [221], like in the non-SUSY case, the optical conductivity of super-graphene is related
to its transmittance (Ty,) and its absorbance (Aggy) (at half-filling) via the relation

2
) ~1-2%9 _ 1Ny, (4.172)

ng:l_Asg:( + €oC

2506

where o, = e%/(4mephc). For SQEDy 3, the physical super-graphene model is recovered for Ny =2 (i.e.,
8 elementary spinors) and o, = 1/137 in its ultra-relativistic limit, we obtain an absorbance of

Agg = 2701, {1+a,~ (CﬁQED“*S - 3;—1—0(043))}, (4.173)

from which we can estimate the uncertainty by adding + in front the NLO contribution leading
numerically to

Agy=(4.5940.15)%. (4.174)

Therefore, the absorbance of ultra-relativistic freestanding super-graphene is twice the value of normal
graphene in the same conditions. Amusingly, a very similar opacity can be observed for bilayer (non-
SUSY) graphene, which is experimentally also twice the absorbance of non-SUSY graphene, i.e., Ay~
4.6%. See the image 3.5 in the previous chapter, where the right part is basically a picture of bilayer
graphene under white light, which would look exactly like super-graphene.
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4.5.6 Discussion of the stability of the fixed point

At this point, let recall the crucial importance of the presence of an interacting IR fixed point in SQEDj3
and all the variants we are studying. Following the QED3 case [131], in such super-renormalizable
theories, one can define a dimensionless effective charge
-9
Pe(1=11,(pg))’
In our case, for gQEDs3, we have that the photon polarization operator is given by

g’/‘(pE) = 9262]\/}' (4'175)

g . n+28 C.
Il =X> th X=- 1+ +0(1/N?) ). 4.176
) =X i o (e oa/p)) (4.176)
One can then define the corresponding beta function for the effective coupling g,, reading
dgr
—gr(1+Xgy). 4.1
/B(gr) leng gr( + gr) ( 77)

The theory then yields two fixed points. A first Gaussian (trivial) non-interacting fixed point, and a
second non-trivial IR fixed point which is stable (attractive) and where the coupling is non-vanishing.
They read

(4.178)

« J0 asymptotic UV fixed point,
9y = 1/X

interacting IR fixed point.
Therefore, in the gQED3 case, the non-trivial IR fixed point reads
r o SQED;:  4(1-0.216/N; +O(1/N7))
9y = 125 (1 ]\;+O(1/J\g?)) ={ QEDj3: 8(1-0.071/N;+O(1/N?)) (4.179)
bQED;: 8(1—1.693/N; +O(1/N7))
We see that for both QED3 and SQED3 the IR fixed point is reasonably affected by higher-order

corrections. However, in the bQED3 case, the first correction is strong. This calls for a NNLO
computation, which is outside the scope of this manuscript.

4.6 Critical Ny for dynamical electron mass generation

As an application of our results, we now turn to an estimate of N, the critical number of (s)electron
flavors which is such that for Ny > N, the (s)electron is massless while for Ny < N. a dynamical mass,
with a Miransky scaling [131], is generated, reading

n7#0 =0 —2
} Myn 7 | Mdy N Mdyn X €XP <W> . (4.180)

0 N, VAN~

As discussed in the introduction, at the level of the action, the potentially generated parity-even mass
terms (parity-odd masses cannot be dynamically generated [318]) are of the form (4.33), that we
reproduce here for clarity,

2N; 2Ny
Ly =Mdyn,, sz D it | +miy, Z|¢Z|2+Z\¢z|2 . (4.181)
i= 1+]\6c i= 1+]\§:

Let us remark that only the electron mass term breaks the global flavor symmetry. From SUSY, we
also expect that mgyn » = Mdyn,,» which we will simply call mgyp.

In the next section, we will first derive the critical number of fermion in gQED3 via the conventional
Schwinger-Dyson (SD) method at leading order. We will then use the semi-phenomenological gap
equation technique developed in the previous chapter to estimate N, directly from the gauge invariant
anomalous dimension.
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4.6.1 Schwinger Dyson equations at LO

In order to compute N, it is enough to focus on the critical properties of SQED3, i.e., to work at the
non-trivial IR fixed point. The conventional approach is to solve self consistently the Schwinger-Dyson
(SD) equations, either for the electron or the selectron, since thanks to SUSY invariance, both sets of
SD equations should yield the same criterion for mass generation. This has already been considered
in [286], and we will reproduce their result using a more straightforward approach based on massless
techniques [182, 183, 187], like in the previous chapter.

Following the previous notations, we will set the bare masses exactly to zero: my =mg =0, and
parameterize the electron and scalar self-energies as

() =05 )+ 0%, ZP(0) =" S0 + 25, (0%), (4.182)

where now Zg (p?) and Zﬁl(pQ) are dynamically generated, i.e., they are obtained as non-trivial solutions
of the SD equations. The dressed electron and selectron propagators then read

1 i Son(p?)

() = 2y _ a

Syi(p) = 1—-%0 (p?) B— My(p?)’ Mylw) = 1-%¥(p?) (4.183a)
i ¢ (p?

S+ (p)(p) = " 21?3 ) ) My(p*) = 122(;(;2) (4.183b)

We then consider the SD equations for the electron propagator, reading

—ix¥@(p ﬁ»—# /dd OAWSW(k) AWDAAW(p k), (4.184a)

38833

_isO) -»é.;é-.- / QRIS ()T Do (p— K, (4.184b)
—ix¥ (p) = 4;-@-* = / [A7EIT g5 Sor (K)T giap Daz (p— k), (4.184c)

p

which, in principle, are associated with other SD equations associated with the vertices and all the
gauge propagators. We do not display them here because we will neglect them for a first estimation of
N.. Indeed, in the LO approximation of the 1 /]\/}—expansion, we take the photon, e-scalar and photino
propagators as the LO IR softened ones, as well as all the vertices bare and finally Z;f’ =0 so that
M, — ¥ with x =1,¢. In this approximation, the set (4.184) tremendously simplifies and reads

k—p
—ix¥(@) (p) = 4;-&—» = p% / [A9K](—1e4#)S 5 (k) (—ie3”) D1y (k= p), (4.185a)
i k

O

—in?®) (p) = _;_.=z.=._._ =p*ES [ [d%k](~ie7")S (k) (—ie7”) Diaayw(k—p),  (4.185b)
p
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k=p
—inV O (p) = —mezemmesb =S / [A%k)(—€) S0 (k) (+€) Dy (k — ). (4.185¢)
P k
These equations are now decoupled and depends only self-consistently on the self-energy functions.
The unknown function 3% (p?) may further be parameterized as
S () = mayn x (=) "2, (4.186)
where the index b has to be self-consistently determined.

Together with (4.186), the scalar part of equations (4.185) in the linearized approximation signif-
icantly simplify and read

W(a), 2\ _ b2 42+
> = Mayn(— — 4.1
1m (D7) =Mayn(—p) PR IND(1 =) (4.187a)
(o) 2y _ 22 23—d)ES
%17 (p%) =mayn(—p7) TINB(—)’ (4.187h)
=1 (p?) =0, (4.187c)

where Eqﬁf ) vanishes in the limit d — 3 and Etf,(nc ) vanishes exactly from the fermionic trace. The total

LO scalar self-energy is therefore given by Elfr(: ) which is equal to (4.186). From this identity, we
deduce the LO gap equation

4(2+¢)
nm?Ny
Note that since only the (a) contribution is not vanishing, the dynamical mass generation for SQED3
is of pure QED3 origin. This is obvious from the fact that S does not appear in the gap equation.
Solving the gap equation yields two values for the index b

b(1—b) = (4.188)

1 16(2+¢)
=—|(1+4/1—-——=|. 4.1
be=3 < nm? Ny ) (4.189)
Dynamical symmetry breaking takes place for complex values of the index b, i.e., for Ny < N, with
16(2+¢)

which is valid for both SQED3 (S=1, n=2) and QED3 (5=0, n=2), reading

Qep, _ 8(2+¢)

SQED; _ 8(2+¢) N
_2\eTs) A 2,

N 2,

- (4.191)

In the Landau gauge (£ =0), we recover the result for SQED3 first obtained in [286], and for QEDs,
in [131]. As we will see in the following, the Landau gauge is the good gauge (cancel the electron
field anomalous dimension) for both QED3 and SQED3 at LO. Nevertheless, the gauge-dependence of
(4.190) is not satisfactory, especially because the critical number of fermion is a physical observable.
Following the approach of the previous chapter, we will therefore consider an alternative derivation
based on the use of the anomalous mass dimensions of either the electron or the selectron.

™

4.6.2 Semi-phenomenological gap equation

Proceeding along the lines of the previous chapter, we then consider that the electron gap equation for
N =1 SQED3 takes the same form as for QED3, see equation (3.148), reading

2
K(J\@:(»Vmu\g)—;), and  K(N)=0, (4.192)
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where vy, is either 7y, or vm,, depending on the model considered. Note that within an all-order
estimate of 7,,, the gap equation indeed simply reads ~,,(N.) =1/2. However, if 7, is known only
from its perturbative expansion up to a certain order, the criterion function K (NNy) accordingly needs
to be properly truncated at the desired order of the 1/Nj-expansion, i.e.,

1 .
K(Np) =3 = Ym0 = Y2m o, With Y =Yam +Yam + -+ (4.193)

and only after expanding and truncating, solve for N, with K (N,) =0. Though semi-phenomenological,
such an approach is straightforward and completely gauge invariant. For completeness, we provide
numerically the mass anomalous dimensions that we obtained in table 4.3.

QED3 | Y, =1.0808/N; +0.1174/N? + O(1/N?)
SQED3 | Y, =0.4053/N; —0.1696/N? + O(1/N?)
bQED3 | Y, =0.5404/N; — 1.2553 /N2 + O(1/N7)

Table 4.3: Numerical mass anomalous dimensions

Case of bQED3

In the following, we shall only focus on the electron mass generation, and not its superpartner. Indeed,
in the case of bQED3 with N; scalars, we did not find any evidence for dynamical scalar mass generation
in bQED3, suggesting that

NPYEPs — (all-order), (4.194)

for that model, either via the SD method or via the effective gap equation method. Note that the
picture seems different if one allows a non-zero quartic coupling A(|¢|?)? in three dimensions, see,

e.g., [309], where they obtained NPEDs (A#0)=6.1£1.95 from fixed point collision in a four-loop
expansion combined with advanced resummations techniques. The situation seems to be also different
in 4-dimensions, see [333].

Case of SQEDg

On the other hand, for SQEDj3 (similarly to the 4-dimensional case, see [334,335]) we find a possibility
that a selectron mass can be induced by the electron condensate, if the latter exists. As we will see in
the following, our results suggest that electrons do not condense in SQEDs.

Truncating the gap equation at the LO of the 1/Ny expansion, yields the gauge-invariant value

16
NPQEPs S =16211, (L), (4.195)

that coincides with the Landau gauge result of [286|, which is indeed the good gauge for SQEDs3
electrons. This LO result suggests that an electron mass is generated for Ny = 1 thus seemingly breaking
both flavor and SUSY symmetries. We find that higher-order corrections dramatically change this
picture. Indeed, truncating the gap equation at the NLO of the 1/N; expansion, we find that

1
NSO — = (2iy/14 - 72) = 0.8106(1+1.021), (4.196)
T

Such a complex value arises because of the negative NLO contribution (due to the selectron) to the
mass anomalous dimension (4.155¢), see table 4.3, that prevents the gap equation from having any real
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valued solution. This calls for a 1 /]\93 computation that is clearly outside the scope of this thesis. So,
in order to overcome this difficulty, we shall proceed with a resummation of the seemingly alternating
asymptotic series. A simple Padé approximant [1/1] of (4.155¢) leads to

SQED; _ SQED, _ 4 yon 4.1
259 e EN g (NLO [1/1)). (4.197)

Using this new improved value to solve the gap equation non-perturbatively, i.e., Y, (N.) =1/2, yields

72 —6
NP¥Ps = T2 203921, (NLO [1/1)). (4.198)

™

This result is a strong evidence that, beyond the LO of the 1/N; expansion, no dynamical (parity-
even) mass is generated for the electron in A/'=1 SQED3. Though a dynamical breaking of SUSY may
take place in SQED3 (the Witten index is not well-defined with massless matter-fields, see, e.g., [336]
and references therein), the absence of any electron condensate suggests that SUSY is preserved, in
accordance with our perturbative result v, = vm, up to NLO.

Case of QEDg3

We then focus on the case of QED3 (S =0, n=2), for which the gap equation is known exactly up to
NLO [184,186,187]. The same procedure, this time using (4.153b) for the mass anomalous dimension,
leads at LO to

128
]VCQEDS =~ =432, (LO), (4.199)
3
and at NLO to
16
NP = (4+ \/M) —2385,  (NLO), (4.200)
T

in accordance with [184,186,187| and with the results of the previous chapter, found by mapping from
QEDy 3. Although the problem of a complex N, is not encountered in this case (because the NLO term
in (4.153b) is positive, see table 4.3), we still provide for completeness the improved N, value obtained
with resummation, i.e.,

QED,  2(4+37?)

N g3 =227, (NLO[1/1]). (4.201)

As expected from the effect of radiative corrections, this value is smaller than the exact NLO one but
still quite close to it in accordance with the stability of the critical point. In striking contrast with
both SQED3 and bQEDs3, this suggests that a dynamical (flavor breaking and parity-even) mass is
radiatively generated for the electron in QED3 for small values of IV, i.e., for Ny =1 and 2. This new
improved value NCQED3 =2.27, is to compare with the extensive literature related to DxSB in QEDs3,
see table 4.4, where seemingly all values between 0 and 4 (even infinite in some early studies) has been
obtained over four decades.
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N, in QED3 Method Year
00 Schwinger-Dyson (LO) 1984 [177]
00 Schwinger-Dyson (non-perturbative, Landau gauge) 1990, 1992 278, 337]
00 RG study 1991 [338]
00 lattice simulations 1993, 1996 [339, 340]
<4.4 F-theorem 2015 [189]
(4/3)(32/7?) =4.32 Schwinger-Dyson (LO, resummation) 1989 [181]
4.422 RG study (one-loop) (N9 ~ 6.24) 2016 [191]
4 functional RG (4.1 < N < 10.0) 2014 [341]
3<N.<4 RG study 2001 [342]
3.5+0.5 lattice simulations 1988, 1989 [165, 166]
3.31 Schwinger-Dyson (NLO, Landau gauge) 1993 [182,183]
3.29 Schwinger-Dyson (NLO, Landau gauge) 2016 [185]
32/7% ~3.24 Schwinger-Dyson (LO, Landau gauge) 1988 [131]
3.0084 — 3.0844 Schwinger-Dyson (NLO, resummation) 2016 [186]
2.89 RG study (one-loop) 2016 [192]
2.85 Schwinger-Dyson (NLO, resummation, V¢) 2016 [184, 186|
2.85 Effective gap equation (NLO, resummation, V¢) 2022 [4]
1+v2=241 F-theorem 2016 [343]
2.27 Effective gap equation (NLO, double resummation, V¢) 2022 [4]
<9/4=2.25 RG study (one-loop) 2015 [188]
<3/2 Free energy constraint 1999 [344]
1<N.<4 lattice simulations 2004, 2008 [167,168]
0 Schwinger-Dyson (non-perturbative, Landau gauge) 1990 [277]
0 lattice simulations 2015, 2016 [169, 170]

Table 4.4: Reproduced from [126] and updated. DxSB in fQED3: some values of N,
obtained over the years with different methods. The value obtained with our method
is grayed. Note that recent analytical methods (including ours) converge to a value
of N, in the range ]2,3[ such that a dynamical mass is generated for Ny <2. On the
other hand, results from lattice simulations are inconsistent. This may partly be due to
the fact that, as Ny =2 is close to IV, the dynamically generated mass is so small, see
estimate and discussion in [184], that it is difficult to extract from lattice simulations.
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Case of SQED4 3 (super-graphene)

Finally, using the mapping discussed in section 4.5.5, we can derive from the SQEDy 3 the critical
number of fermion for the SQEDy4 3 model, corresponding to the ultra-relativistic limit of freestanding
super-graphene. In the quenched case, the critical coupling then reads

SQED
o 4,3

(N;=0) = g =0.393,  (1-loop). (4.202)

In the unquenched case, following the RPA-like procedure introduced in the previous chapter 3, which
consist in resumming the two-loop Ny dependency, we obtain

SQED, 3 _ 27 SQED,; 16

For the range of allowed values of NV, it leads numerically to

o SQEDa s

. (N;=0)=0.3927,  ap 2 0ss

(Ny =1) =1.0249. (4.204)
At two loops, the result is complex, already in the quenched case. It follows that results are also
complex in the unquenched case, despite trying RPA-like or Padé resummations. This is probably a
parity effect (like the four-loop approach in QEDy4). We will then settle for the one-loop approach. We

recall that, to obtain the case of super-graphene, we are interested in Ny =2, because (super)graphene

have a total of 8 spinors (2 cones/sub-lattices x 2 valley/chirality x 2 spins). Since ]\fCSQED4’3 =1.6211

at one loop, and that we expect higher-order corrections to lower IV, we can already tell that Ny =2 will
always be above N, in SQED, 3. This is a strong evidence that super-graphene is always in a metallic
phase, in striking contrast with non-SUSY graphene, where we observed that a phase transition to an
excitonic insulator was possible for large value of «, i.e., (o> a? ED4’3(]\6c =2)~1.2). We provide in
figure 4.4 the phase diagram of super-graphene together with the phase diagram of graphene that we

already obtained in the previous chapter for comparison.

Qp (]\,[f) i Qr (]\.[f) [ |
10 Mdyn 70 | | 10| mam#0 | g
- (insulator) : 1 | (insulator) | ]
: i Mdyn =0 | E i Mayn =0
| ' (metal) | i ! (metal)
1 Ej : N 1 : B
E Mdyn = 0 : E E : E
i (metal) : i & Mdyn = O: il
L \ \ - | 1N [ (metal) ; | \ \ | Ny
0 1 2 3 4 ) 0 1 2 3 4 )

(a) Graphene (QED, 3) reproduced from chapter 3 (b) Super-graphene (SQEDy 3) from results (4.204)

Figure 4.4: Phase diagrams for dynamical mass generation in graphene and super-
graphene. Note that the relevant case for both graphene and super-graphene is N; = 2.
Here, insulator refers to an excitonic insulating phase, while metal refers to a semimetal-
lic phase.
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Meta analysis of N, results in QEDs

For completeness and ease of comparison, we provide in figure 4.5 a comparative plot of all the N,
values found for all the QED models studied in this thesis.

Model
]\]All-order
C
bQEDg3
]\]0[1/1] ]\7CLO
SQED; I ——— b |
0.39 1.62
NlL
(&
SQED,,; e |
1.62
N'C[l/l] ]VCNLO ]VcLO
QED; I e - S—
2.27 2.85 4.32
]VCQL ]\]CIL
QED ., | -~~~ -~~~ =~~~ =~~~ - |
3.04 4.32
QED A At N2
| I -
2.07 3.40
| 1 | |
T i | [
0 1 2 3 4 Ny

Figure 4.5: All results obtained in this thesis, for the critical number of fermion below
which a dynamical mass is generated in various QED models. The darker it is, the
more likely the corresponding model is massive for a given N;. Note that the case
of interest is generally Ny =1 for QEDy4 and all the QED3 variants. For the QEDy4 3
variants, the case of interest is usually Ny = 2 for graphene (QEDy 3) and super-graphene
(SQED43), because (super-)graphene have an additional factor 2 for cone (or sub-
lattices) degeneracy.

In the three-dimensional case, this meta analysis shows that on one hand, dynamical mass gen-
eration is likely to occur in QED3 while in the other hand, bQED3 does not show any sign of boson
condensation. Therefore, in SQED3, the fermionic part tries to generate a mass, in competition with
the bosonic part that tries to prevent it. In the end, the selectronic part seems to overcome the
electronic part such that no mass is radiatively generated in SQEDj3, thereby staying in a conformal
phase. As for the reduced QED models, the QEDy 3 theory seems to allow mass generation for small
values of the fermion number, which is enough for a metal to insulating phase transition to occur in
(freestanding, ultra-relativistic, pure) graphene. In striking opposition, for the supersymmetric case,
SQEDy 3, mass generation seems to be allowed only for very small values of N, such that a metallic to
insulating phase transition in super-graphene seems prevented. Finally, in usual high energy physics
QEDy, such a phase transition seems likely to be possible. In conclusion, we see that adding SUSY to
an abelian gauge theory seems to prevent dynamical symmetry breaking.
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4.7 Conclusion

In this chapter, we investigated the critical properties of minimal N =1 supersymmetric QED3. To be
complete, we introduced the more general gQEDs model, encompassing the supersymmetric SQED3,
the bosonic bQED3 and the fermionic QEDg3 cases. We also introduced a model of super-graphene,
SQEDy 3, to which our SQED3 results can be mapped. In the general framework provided by the
gQED3 model, we performed a complete perturbative computation at LO and NLO in the large-N;
expansion, in the DRED scheme, for an arbitrary covariant gauge fixing. We computed analytically
the anomalous dimensions associated to the electron and selectron field and (parity-even) mass anoma-
lous dimensions, as well as all the renormalized polarizations and self-energies. All these quantities
correspond to the critical exponents of the considered models at the non-trivial IR fixed point that
arises in the large-N; limit. Along the way, we provided a perturbative proof of the Furry theorem,
generalized for these models. We also studied thoroughly the effect of DRED and showed its crucial
importance in ensuring that the theory remains SUSY invariant.

As a first application of our results, we addressed the critical properties of those models. We
showed that on the one hand, DxSB is likely to be possible in purely fermionic models in specific
conditions (at large coupling, small Ny and ultra-relativistic conditions), such as QED4, QED3 and
graphene (QED43). On the other hand, the presence of scalar particles, possibly via SUSY, seems to
prevent dynamical mass generation, such as in bQED3, SQED3 and super-graphene (SQED43). As a
second application of our results, we also computed the optical conductivity of super-graphene, and we
showed that it has an optical absorbance of ~4.6% (like non-SUSY bilayer graphene). These properties
are in striking opposition with the results for non-SUSY graphene (QED, 3) obtained in the previous
chapter, where we showed that such regular graphene has an optical absorbance of ~ 2.3% and is likely
to possess a transition from a metallic to insulating phase at large electric coupling. Broadly speaking,
the addition of scalar particles in a fermionic model seems to prevent DxSB and then dynamical mass
generation for the matter. While our computations tends to show that a graphene based transistor
is likely to be possible (e.g., using a substrate inducing a large tunable effecting coupling between
the quasi-electrons), it seems hopeless if, instead of graphene, one decides to use a planar material
exhibiting (emergent) SUSY, such as an eventual super-graphene.
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Appendix A

Multi-loop massless techniques

This Appendix provides a review of multi-loop massless techniques for Feynman diagram computations,
and more specifically, techniques devoted to the computation of two-point massless integrals via the
powerful IBP-reduction technique in dimensional regularization. It is based partially on the review
[211].

In the following, we will focus on one, two and three-loop integrals that are massless and of
propagator type (specific to two-point functions) with generalized denominator powers. These are
enough to cover all the computations carried out in this manuscript, from integrals found in elastic
(disordered) membranes up to (supersymmetric) abelian gauge theory. Indeed, since our interest is
on the renormalization group, massless computations are most of the time enough to access the UV
structure of the theory and, if massive computations seem necessary, we may circumvent them by IR
rearrangement or clever derivatives. Moreover, the theories we will consider may generate integrals
with large numerators, made of momentum scalar products, but these can always be expressed as linear
combination of integrals with generalized denominator indices. Lastly, we assume that all integrals
have been projected out properly so that no open Lorentz indices are present. Therefore, in this
manuscript, at one, two, and three loops, the integrals we have to compute take the following forms

J(d,7,an,00) / A% (1-loop) (A1)
Y} bl == o T o o - p7 .
V) Rk e
. ddk,][dk
J(d’p’al""’a5):/ 201 1202 [ > [_' 21][ — 21' 2 Z \oas (2'10013), (AQ)
Ry k™2 (P ko) (p'— kop )24 (Kq2) 29

[d9k:][d7ko] [d k3] (3-loop)
k%al k%az kgas (ﬁ_ E3)2a4 (ﬁ_ E2)2a5 (p’_ El)2a6 (]2;12)2047 (E23)2ag (E13)2a9 ’

J(d,ﬁ,al,...,ag):/ (AS)

with Eij :Ei—Ej. These integrals are extremely challenging and, beyond one loop, are not known
for arbitrary indices «;. The purpose of this appendix is to introduce diagrammatic and reduction
techniques to compute these integrals for some chosen sets of «; indices.

213
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A.1 One loop

We consider an Euclidean space of dimension d and follow most of the notations of the review [211].
The one-loop massless propagator-type master topology is given by the so-called bubble integral

- d 2\d/2—a—p
J(d,p,0,8) = {} - / km([; _k],;;)w _ (p(lw)d 7 G(da.p), (A4)
&

where [d%k] =d?k/(2r)% and «, B are the so-called indices of the propagators. For the diagrammatic
representation of the integral, we used the propagator line with a generalized index

b
a  (pP)

n (A.4), G is the dimensionless function left after factorization of the trivial dependence in p of the
integral. At one loop, G is known exactly and can be easily derived using, e.g., the generalized Feynman

(A.5)

parametrization

1 T(a+p) [P wt(1—u)s?
AeB? F(a)F(B)/o (uA+(1—u)B)o+8’ (A.6)

with A =k? and B = (j—k)? together with the shift k¥ — k+ (1 —u)p, we obtain the scalar integral

N w11 —u)P-t
( 7p7 75 +B / /ddk _u((ll_u)LZ)aJrﬁ' (A7)

It can now be directly integrated over k using

/ddkf(k2) :Qd/oodk k4L (2, (A.8)
0
with Q4 =27%2/T'(d/2), reading

. (p2)¥2=2=B T (a+p—d/2) (! du
J(d,p,0,8) = p(47T)d/2 o /Ouﬁ+1d/2(1_u)a+1d/2' (A.9)

A direct integration over the Feynman parameter u then yields

(?)">~ T(d/2— )T (d/2— B)(a+ 5 —d[2)

J(d,p. = A.10
The dimensionless function G has then a simple expression in terms of Euler I'-functions
a(d,a)a(d, ) I'(d/2—a)
G(d = d,a) = —-—= A1l
( ,Oé,ﬂ) a(d,a+ﬁ_d/2), a( ,Oé) F(a) ( )

To fix notations, we recall that I'(x) = (z —1)! and its usual analytic continuation is defined by

r-=esn et 3206, ) w14 G G e (924 8) 0. (ar
n=2

with vg =0.577 the Euler—-Mascheroni constant and ¢, the Riemann zeta function

[e.e]

anzsin, (A.13)

s=1
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with, (o =72/6, (3 =1.202 the Apery constant, ¢, = 7*/90 and (5 = 1.037. Therefore, the term of order
e in (A.12) is given by a polynomial in the [](; of weight n="> 1.

Note that, at one loop, by construction and in any dimension, GG is vanishing exactly if one index
is negative or zero as well as being symmetrical under index exchange, i.e.,

G(d.a,8)=0,if a<Oor <0, and  G(d,a.B8)=G(d,B,0). (A.14)

An important example of evaluation of this function is for all indices being one, that we provide here
evaluated in the dimensions of interest in this manuscript, i.e., in d =4 —2¢ and d =3 — 2¢, reading

1
G(4—2¢,1,1) =e 8¢ <5+2+ (4— C;) g2+ (8—C2 - 243> £3+O(€3)> : (A.15a)
G(3—2e,1,1) =457%/2e 785 <1+ g@gz — ;435%0(@4)) : (A.15b)

In general, the yg factors can be trivially factorized in an exponential form thanks to (A.12). Since,
at one loop, G is made up of I' functions, all series expansions are only functions of the Riemann zeta
functions (,, with integer n.

A.2 Introduction to IBP reduction

Knowing G(d,a,3) at one loop for any values of the indices o, and in any dimension allows computing
any one-loop two-point diagram without further technique. Nevertheless, in prevision of higher-loop
computations, we introduce the so called integration-by-part (IBP) reduction technique, originally
introduced in [63—65]. This method allows us to reduce any integral J(d,p,«a, ) as a rational polynomial
coefficient (in the dimension d and the indices «,3) times the so called master integral at one loop,
J(d,p,1,1).

The IBP reduction relations are based on the translational invariance of dimensionally regularized
Feynman integrals!

/ddkf(k) :/ddk:f(k+q), (A.16)

where ¢ can be chosen arbitrary small such that

0
k = f(k H— f(k). A7
flkta)=fk)+q"5 2 F(k) (A.17)
This yields the intuitive relation
0
0= [d% ¢"— f(k A8
[ath a1, (A19)
where the derivative 9/0k* can be performed using the useful identities
k¥ d(k—p)—> (k—p)u Lo 2 2
- —=dY [ -~ 7 @ _9y—— 7 p= = — (k=
oo = 9w du=d Bioh 2oc(k_p)2(a+1), kep=g (k" +p"—(k—p)7). (A.19)

Then, taking f(k)=k=2%(p'— /3)‘25 and choosing, e.g., g=p in (A.18), it is easy to derive the identity

— _ _ 2
O:/ddk Bﬁ + d=2a ﬁﬁ + 511 , (A.20)
k2(a—1)(ﬁ_ k)2(6+1) k.2a(ﬁ_ k)Qﬂ k.QOz(ﬁ_ k)2(5+1)

which can be re-written simply

0=—BJ(d,p,a—1,8+1)+(d—2a—p)J(d,p,a,B)+ Bp* J(d,j,a,f+1). (A.21)

1 Using a hard cutoff (like an upper bound A) would break translational invariance and prevent the use of IBP reduction.
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Taking the shift 5 — f—1 and rearranging the identity yields the very useful relation
1-2a—5+d
————J(d,p,a,f—1 B#1). A.22

T ) B#). (A2)
From here, in principle, we can apply repetitively this identity to reduce any one-loop integral until
reaching the lowest non-zero integral(s). In case of integer indices, it is simply J(d,p,1,1) since we
recall from (A.14) that J(d,p,a,8) =0 Vo, < 0. However, note that the above IBP identity does not
work for f=1. To cure this issue, we can use another identity that can be derived using the other
natural choice ¢ =k in (A.18) and, after some algebra, reads

0= _ﬁJ(daﬁa_ 176+ 1) +Ol=](d,ﬁ,0[-f— ]-aﬁ - 1)
Since we already covered all the cases but f=1 with the IBP (A.22), we can specialize this second
IBP identity to take care only of the =1 case, reading
0=—J(d.p,a—1,2)+(a—1)J(d.p,a,1) +p*J(d,F,,2) — ap® J (d. P, +1,1). (A.24)

Then, it can be simplified further using (A.22) on J(d,p,,2), and together with the shift « - a—1,
this identity takes the simple form

. 1 "
J(d,p,@,ﬂ) - PJ(dJ)?a_ 17/8) +

l+a—d
(a—1)p?
At this point, we can summarize the two reduction rules (A.22) and (A.25) graphically, yielding

J(d,p,a,1) = J(d,p,a—1,1) (a#1). (A.25)

a—1 «

> Lt e e
B B p-1

o a—1

1 1

Applied repetitively, these reduction rules allow us to reduce any one-loop integral J(d,p,«,3) with
integer indices «, [ onto the simpler integral J(d,p,1,1) already computed in the previous section.
This integral is called the master integral at one loop. Here is an example of application

6-d . (6—d)(3—d)

1
Therefore, at one loop, for integer indices (the case of non integer indices is discussed in section A.5),
only one master integral is needed to compute all other integrals, i.e., J(d,p,1,1), that we computed
exactly above. We provide a minimal Mathematica implementation for integer indices reduction

In[11:= Clear[j]
il ,a,__1:=0/;a<0
(l+a-d)jla-1, B] ;

jla, B1:= s B==18&a 1

(a-1)p?

jla -1, Bl (1-2a-B+d)J'[a, B-1]
+

jla, B1:= I;B8=%1

p? (1-8)p?

j[5, 51/ FullSimplify

Jut[5]= (-18+d)(-16+d)(-14+d) (-12+d) (-9+d) (-7 +d) (-5 +d) (-3 +d) j[1, 1]

576 p'®
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A.3 Two loops

At two loops, one can encounter various massless propagator-type topologies. Nevertheless, all two-
loop topologies can be encompassed by a general topology, the diamond diagram. It is the two-loop
massless propagator-type master-topology integral and is given by

) Yane (@) [0k ()T
‘](d>paal,"-,a5): = k2a1k2a2(_,_l—€’ )20[3(_,_];:’ )2@4(E )2045 = (47.(.)d G(dvalw"aaf))’
o 3 1 2 \P 2 p 1 12

(A.28)

where Em :E1 —Eg and G(d,qq,...,a5) is dimensionless and unknown for arbitrary indices {o;}i—1—5.
This integral has two kinds of symmetries: first under the exchange ki <> k2 and second under the
shifts k1 — k1 —p and ko — ko —p. This generates the following relations

J(d,p,a1,00,03,04,05) = J(d,p, 2,01, 04,03, 05) (k1 ¢ k2), (A.29a)
J(d,p,a1,02,a3,04,05) = J(d, P, 03,0201, 5) (k1 — ki1 —p and ky = ka—p), (A.29b)

or equivalently, graphically,

a1 (%) (&5 a1

@ _ @ (k1 <> ks), (A.30a)
Q4 ag a3 Qy
ay Qo ay as

@ = @ (k1 — k1 —p and ko — ko —p). (A.30b)
oy o3 o1 e%)

The first relation is then a mirror reflection along the vertical axis, i.e., it exchanges aj <+ ao and
a3 <> a4 while the second one is the mirror reflection along the horizontal axis, i.e., it exchanges
a1 <> aq and g <> a3.

This diamond integral is the only one we have to consider at two loops for two-point massless
diagrams, as it encompasses all the other two-loop topologies. Indeed, since lines with zero index
contract like

o o = o = , (A.31)
@ 0 8 @ g a+p
we have that all possible two-loop sub-topologies can be written using the diamond diagram with
well-chosen zero indices

(%1 a9 aq o
= J(d,p,01,a9,a3,04,0) = {X} (double-bubble), (A.32a)

QY a3 au as

0 Qaq al

@ = J(d7ﬁ’07alaa2aa3aa4) = \% (eye), (A32b)
a3 (%) asg (&%)

0 a1 al

‘% = J(d,p,0,a1,0,00,03) = - (sunset). (A.32c)

0

a2
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Moreover, these three sub-topologies are in fact reducible to one-loop diagrams. Indeed, the first
one (double-bubble) obviously looks like the multiplications of two one-loop bubbles and upon closer
inspection, the two others (eye and sunset) are in fact convolutions of one-loop bubbles. To make this
evident, we can first remark that, using (A.5), the one-loop bubble is

o]

(pQ)d/Zfafﬁ 1
{} - WG(d,aaﬁ) = (47T)d/2 Xa+5_d/2x G(d,a,p), (A.33)

a2

so that we can build the following graphical replacement rule

[0}

Graph Q =G(d,a,) x Graph { } , (A.34)
a+p—d/2

B

which mean that if a diagram contains somewhere a simple one-loop bubble (no matter the number of
legs attached to the two vertices) with indices a3, one can replace it by a simple line with index o+
B —d/2 while extracting a factor G(d,«, ) of the diagram. Using this technique, we can easily express
the all the two-loop sub topologies as a function of the known one-loop bubble function G(d,«,f3),
yielding

a1 (%)
(p?)?- 2
= WG(CLQLOQQ XG(d,OCQ,Oéig), (A35a)
QY asg
aq
(p?)? 2
‘ = WG(d,OéLOQ-FOég—i—Oq—d/Q) x G(d,as,04), (A.35D)
as [e%)
aq
(o, _ W)=

a2
These integrals are then called one-loop reducible and can be computed for any «; in any dimension
d since G(d,a,) is known exactly. Therefore, as soon as any index is zero, the general diamond
integral (A.28) can be computed exactly. We are then left with the case where all «; are non-zero, like,
for example, J(d,p,1,1,1,1,1). In this case, IBP techniques are welcome and, following the one-loop
approach we derived carefully earlier, we are able to derive IBP identities of the form

o1 P o1 a2 oy 0P
1 2
= pay X — 0y X
2000 +ag+ a5 —d
o1 as + a3 + a3
Q oy

4

a1 Qy Q. 0%
+ 045>< - a5>< (A.36)
oy o (71 asg

where a;.t =q; £ 1. Several similar IBP identities can be derived and, all together, they form a powerful
reduction algorithm. One can show that, ultimately, every two-loop integral J(d,p,a1,a,a3,04,05),
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with integer indices «;, can be reduced as a linear combination of two master integrals, the double
bubble and the sunset with all indices to one, i.e., J(d,p,1,1,1,1,0) and J(d,p,0,1,0,1,1), that we
already computed for arbitrary indices, i.e.

e the double bubble diagram: it corresponds to ag =0 and reads

" _ _ @)
J(d,p,l,l,l,l,(])— - (4 )d G (d7171)¢ (A37)
us

e the sunset diagram: it corresponds to a; = a3 =0 (or ay =g =0) and reads

(p2)d—3
~ (4nyd

J(d,p,0,1,0,1,1) =

G(d,1,1)G(d,1,2—d/2). (A.38)

Therefore, all two-loop propagator-type integrals, with integer indices, can be reduced to the trivial
G(d,a,3) one-loop function! There is no need to compute explicitly a single new integral. In, e.g.,
d=4—2¢, the master integrals then read

(A.39a)

G(d,0,1,0,1,1) =

_ F(3—d)F3(d/2—1) d:4:—2€ 6—27E€ |: 4 13 i

r@3d/2-3 | e 8

TS (345 — 12g2)5+0(52)} .

(A.39b)

The implementation of the IBP identities and the reduction process can be conveniently automated
with the MATHEMATICA versatile package LITERED by Roman Lee [345,346]. Here is an example of
minimal implementation of this package together with a reduction example for J(d,p,1,1,1,1,1)

SetDirectory[NotebookDirectory[l];

Import["RNL/LiteRed184.m"];

SetDim[d];

Declare[{kl, k2, p}, Vector];

NewBasis[T2, {k1, k2, p-k2, p-k1, k1 -k2},
{k1, k2},
GeneratelIBP - True,
AnalyzeSectors - True,
FindSymmetries - True

|H
SolvejSector /@ UniqueSectors[T2];

rkrkkkrkkrkrkrkt LTTERED VIL83 sakkktisiihirktkthtk

Author: Roman N. Lee, Budker Institute of Nuclear Physics, Novosibirsk.

Release Date: 11.01.2020

LiteRed stands for Loop InTEgrals REDuction.

The package is designed for the search and application of the Integration-By-Part reduction rules.
Input file timestamp: Mon 11 Jan 2021 11:19:15

See ?LiteRed x for a list of functions.
1master integrals found:j[T2, 0, 1, 0, 1, l].
lmaster integrals found:j[TZ, 1, 1, 1, 1, 0].

j[T2, 1,1, 1, 1, 1]/ IBPReduce

2(—l®+3d)(—8+3d)j[T2, 0,1,0,1,1 2(-3+d)j[T2,1,1,1,1, 0

(-4+d)?(p-p)? (-4+d)p-p
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A.4 Three loops

At three loops, the most general propagator-type integral one could think of is, e.g.,
[d%ky][d ko] [d%k3]

J(d,ﬁ,al,...,ag)—/ > - PO — —— - — -
k™ k32 k308 (5 — kig) 204 (P— ki2) 205 (p'— k1) 290 (K12) 207 (pg) 208 (o 3) 209

. (A.40)

with Eij =k —lgj. However, contrary to the one and two-loop general propagator-type integrals, Eq.
(A.40) does not correspond to a drawable diagram. This results from the fact that a propagator-type
diagram with 3 loops and 9 internal lines does not exist. Therefore, for three loops and above, it is
necessary to introduce multiple nonequivalent topologies with 8 internal lines only. At three loops,
there are three different topologies for the propagator-type master integral, namely Ladder? (L3),
Benz?® (B3) and non—pla£ar4 (N3). These are respectively defined as

2

(&3] as
. [A%k1][d% ko] [d%k3]
JL3(dapaai): 7 Qg :/ 2a1 1200 1.203 (= 1. \2 S 77 \9 > 7T \2 I 2 I 208
R k™ k5™ (D= k3 )24 (p'— ko )25 (p'— k1) 296 (k12)27 (ko3 )28
(A.4la)
. [dk1][d%ks] [ k3]
Jgg(d,p,ai): :/ 201 1,202 1.203 (> T \2au (77— o V205 (s 2 ) 206 (ono 2007 (Tns o\ 208
kY k™2 k3™ (' k3) 24 (0 — k1) 295 (K12)296 (ko3 )27 (13) 28
(A.41b)
B [ddkl] [ddkg] [ddkg]
JNS(d7p7ai): :/ 201 1,202 1,203 _,_—* et (= % _,_—* Y% (1. 2% (1. 208’
Ei k5 2 k5™ (D= k3) 24 (P23 ) %25 (' — k1) 296 (k3g) 297 (k12)20s

(A.41c)

with lgij :Ei—Ej and plog=p— 121 +EQ—E3. Similarly to the one- and two-loop cases, the external

momentum (p) dependence is easily extracted from dimensional analysis which allows us to write the

diagrams in the following form

(p2)3d/2—2§:1ai
(47.‘.)3d/2

JX(d,ﬁ,al,...,ag): Gx(D,Oq,...,Ckg), XE{L3,B3,N3}, (A.42)
where Gx(D,aq,...,ag) is the (dimensionless) coefficient function of the diagram with topology X. In
this manuscript, at three loops, we consider only theories where all indices «; (1 =1,...,8) are integers,
in which case the IBP reduction technique is very powerful. In the following, we choose the ladder
(L3) topology to be the default one. This implies that if a diagram is sufficiently trivial to be issued
from several topologies, we shall choose the ladder (L3) one. Using IBP-reduction techniques discussed
earlier, all possible three-loop diagrams can be expressed on three different basis corresponding to the
three topologies

e The Ladder (L3) master integral basis:

(p2)3d/274
Ji3(d,7,0,0,1,0,0,1,1,1) = — WG(d,1,1)G(d,1,2—d/Q)G(d,1,3—d), (A.43a)
™

2Tt somehow looks like a two-step ladder.
3In reference to the similar looking Mercedes-Benz logo.
4This diagram is called Non-planar because of the necessity to overlap two lines while drawing it.
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(p2)3d/2—5
Ji3(d,p,0,1,0,1,0,1,1,1) = = WG2(d,1,1)G(d,1,4—d), (A.43D)
T
- (p2)3d/275
JL3(d,p,0,1,1,1,0,1,1,0):@}:WG2(d,1,1)G(d,1,2—d/2), (A.43c)
(p2>3d/2—6
Ji3(d,5,1,0,1,1,0,1,1,1) = - WG(dJ,l)G(d,l,l,l,lQ—d/2), (A.43d)
T
. (p2)3d/2—6 5
JLg(d,p,1,1,1,1,1,1,0,0):{}C}C}-: e G @11, (A.43¢)
e The Benz (B3) master integral basis:
213d/2—4
Jgg(d,ﬁO,O,l,O,l,l,l,O):@:(1(94))%/2G(d,l,l)G(d,1,2—d/2)G(d,1,3—d), (A.44a)
T
2\3d/2—5
JBg(d,}iO,l,O,l,l,l,l,O):@:WGQ(d,l,l)G(d,l,éL—d), (A.44b)
0
. (p2)3d/2—5
JB3(dap7031717171,170,0):@>: WGz(d,l,l)G(d,l,2_d/2), (A.44C)
(p2)3d/2—6
Jp3(d,5,1,0,1,1,1,1,1,0) = :WG(d,1,1)G(d,1,1,1,1,2—d/z). (A.44d)
T
e The Non-planar (N3) master integral basis:
2\3d/2—4
JNg(d,ﬁO,O,l,O,O,l,l,l):@:(1()4))3(1/2G(d,l,l)G(d,1,2—d/2)G(d,1,3—d), (A.45a)
T
2\3d/2-5
JNg(d,ﬁ,o,l,o,l,o,l,l,l):@: WG%d,LnG(d,m—d), (A.45b)
T
. (p2)3d/2—5
JN3(d7p707171)1’0717071) :@>: WGZ(d71,1)G(d,1,2_d/2), (A.45C)
213d/2—6
JNg(d,ﬁ,l,O,l,l,O,l,l,l)@ WG(d,l,l)G(d,1,1,1,1,2—d/2), (A.45d)
T
213d/2—8
JNg(d,ﬁ,l,l,l,l,l,l,l,l)—®— WGNg(d,l,l,l,l,l,l,l,l). (A.45¢)
T

We remark that all these master integrals can be expressed only via the trivial one-loop integral
G(d,«, ) and two new non-trivial integrals; G(d,1,1,1,1,2—d/2) and Gns(d,1,1,1,1,1,1,1,1), that we
have to compute.
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Let us first focus on Gns(d,1,1,1,1,1,1,1,1). The latter is not reducible in terms of simpler inte-
grals. To this regard, it is the only three-loop integral that we have to compute explicitly. The result
of this integral in d =4 —2¢ can be found, e.g., in the work [347] and reads

Gna(4—26,1,1,1,1,1,1,1,1) = =375 [20§5+0(5)} , (A.46)

where (52 1.037 is the Riemann ( function evaluated at integer value 5. It turns out that this integral,
thanks to its finiteness, won’t be required to compute any of the three-loop RG-functions in this
manuscript. Nevertheless, this result will be required to access some three-loop renormalized self-
energies.

Let us now focus on the second non-trivial integral to compute, G(d,1,1,1,1,2—d/2) which
G(d,1,1,1,1,e) in d=4—2¢, a two-loop diamond integral with a non-integer index on the central
line. A more general integral, G(d,1,1,1,1,«), has been evaluated exactly in [332] and reads

G(d,1,1,1,1,0) = —2P (AT (A — )T (1 — 22+ ) (A.47)
T'(\) 2 T'(n+2\)T(n+1) 1 meotm(2A — )
r(zx)r(w—a—n;) WTn+1+a) ndl-rta TN |

where A= (d—2)/2=(1—2¢)/2. Note that (A.47) may be written with a generalized hypergeometric
function g3F> of argument 1, since

o

2 1 a—A+1 2X 1 _(a—)\+1)F(a+1)ZF(TH—Q)\)F(TL—I—I) 1
2\ a+1l a—A+2 N I'(2)) nT(n+a+1) n+l-A+a’

(A.48)

There is also an equivalent representation with a 3F» of argument —1 in the earlier work [331], see [211]
for a review. We can then set a« =¢ in (A.48) and expand it in series. This step is non-trivial, since
expanding generalized hypergeometric functions in series is in general very hard. For our case, it can
be achieved in an automated way using the MATHEMATICA package HYPEXP [348,349] and we obtain

1 5 17— 2
G(4—2€,1,1,1,1,€)—62”E[++ C2+E(123—15C2+28<3)+§—6

32 732 3 9 (348 —204¢>

63

155 (27060 +2460¢ — 13840C +560(aG3 — 4725¢; — 21936¢5) + oY), (A.49)

+560C3 4 189¢4)

The non-trivial master integrals series expansions (A.46) and (A.49) have also been checked numerically
using sector decomposition Monte-Carlo technique with the MATHEMATICA package FIESTA [350—
352].

A.5 Arbitrary and half-integer indices

A.5.1 One loop

As a complementary note on the one-loop IBP reduction technique, let us underline that the procedure
is also working when arbitrary indices are present. The master integral(s) will simply be different, and
can be chosen arbitrarily. Let us illustrate, e.g., with an integral of the form J(d,p,«, 3+ z) where z is
an arbitrary coefficient, e.g., z € C. This integral can then be reduced, e.g., onto the master integral
J(d,p,1,z) with similar technique. It is easily implemented simply by shifting 8 — 5+ 2z in the IBP
identity (A.26a). For example, taking the integral J(d,1,3+ z), it reads

(2—d+2)(3—d+2z)(4—d+=z)

d.n1 —
J(d,p1,3+2) pPz(142)(242)

J(d,1,2). (A.50)
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More generally, for an integral J(d,p,1,n+ z) with n €N and z € C, it is easy to show that
[ (i —d+z)
1.
P15 (i+2)
Reductions of integrals of the type J(d,p,a,n+ z) are much more non-trivial. Using a modified version

of the MATHEMATICA package LITERED [345,346|, we showed that only one master integral is needed
in this case, e.g., J(d,p,1,2).

J(d,p,l,n+z)= J(d,p,1,z). (A.51)

These kinds of IBP reduction techniques for integrals with an arbitrary index z are very useful,
at least in two cases. First, z might be the dimensional regulator itself, £. Indeed, as we saw in, e.g.,
(A.43) reducing higher-loop integrals may create factors of G(d,«,3+¢) that one might want to reduce
to G(d,1,e). Second, in the second part of this thesis, we deal with three-dimensional theories where
the gauge propagator may have half integer indices, i.e., ~1/ \/P . In this case, the factor z is taken
to be 1/2 so that we can perform reductions like

5—2d .
S (dFL1/2) (A52)

J(d,p,1,3/2)=J(d,p,1,1+1/2) =
_ (p2)d/273/2

where J(d,p,1,1/2) T dmyarz

G(d,1,1/2), that can be computed easily from (A.11) and reads

G(3—2¢,1,1/2) =4 <r Y2 e (: 8+ (32— T(o)e+ (128—28@ - 98;3> +O(53)> . (A53)

A.5.2 Two loops

Focusing on half integer indices, using similar IBP reduction techniques (and a modified version of the
MATHEMATICA package LITERED [345,346| to automatize the procedures) allow us to reduce any two-
loop integral onto masters that can be expressed with the trivial one-loop function G(d,«,f3) together
with two non-trivial two-loop masters

(pQ)d—9/2

- Wa(d,1,1,1,1,1/2), (A.54a)
1
2 2\d—4

— (]()4;)(1 G(d,1,1/2,1,1/2,1). (A.54b)

1

2

The first one is easily computed from the general case G(d,1,1,1,1,a), see (A.47) with a« =1/2, yielding
ind=3-—2¢
G(3—2¢,1,1,1,1,1/2) = 3n4 S~ %E (242 +21(35+O(52)). (A.55)

The second integral is highly non-trivial and can, in principle, be computed from the results of Ap-
pendix B in [147] (based on the Gegenbauer polynomial technique [332]), where the general integral
G(d,1,a,1,5,1) has been derived exactly as a combination of two generalized hyper-geometric functions
3F5 of argument 1, reading

TN (—a+A+1)T(—B8+A+1)
a(a=2X\)(a=XNT(a)(B—=NL(B+1L2AC(2A—a)l(a+S—A+1)T(—a—B+3))
ol AT 2A—a)T(a+B—22+ )T (a+B—A+1)3F (1,202 —a; B+ 1,—a+2A+1;1)

G(d,1,0,1,8,1)=
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— (@ —2\)T(B+1)sin(m(8 — 2)))esc(m(a+ 5 — 3A— 1))(
PNCRAD (= A+ 1DI(B=A+1)3F(a,a—A+1,2Xa+1,a+ 58— A+ 1;1)

4ol (a)sin(m(—a+A41))T'(2A —a) csc?(r (8 —2A)T(a+ B — A+ 1))] , (A.56)

where A= (d—2)/2. However, even for our special case of interest, i.e., d=3—2¢ and a==1/2,
this result is extremely hard to expand in series of € due to the presence of half integer indices,
implying branch-cuts. The MATHEMATICA package HYPEXP [348,349] is not able to expand it in
series. Upon studying the result with very high numerical precision and, cross-checking our results
with the numerical (Monte-Carlo) sector decomposition MATHEMATICA package FIESTA [350-352]
and the study [105] (that uses PSLQ techniques [353]), we were able to (re-)derive the needed result,
reading

G(3—26,1,1/2,1,1/2,1) = 3% (wC +24CL(m/2) +O() ), (A.57)
where Cl,(#) is the Clausen function, defined for even z index as
. sin(nf)
1,(0)= , A.
cLO =3 (A.59)
such that
Cla(m/2) =C =0.9160, Cly(m/2) =0.9889, (A.59)

where C' is the Catalan number. From our computation, the result (A.57) is correct numerically at
least up to 100 digits precision, we therefore consider it exact.
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Simon METAYER 7 Juillet 2023

Sujet : Etude de Deffet des interactions élastiques et électroniques
dans les théories de champs en basse dimension

Résumé : Cette thése explore 'impact des interactions dans diverses théories de basse dimen-
sion en utilisant des techniques analytiques perturbatives et non perturbatives de la théorie des
champs. Notre focalisation principale concerne les systémes planaires de la matiére condensée
et leurs transitions de phase, thermiques ou quantiques, dues aux interactions. Ces derniéres
sont caractérisées par des dimensions anormales, ou exposants critiques, observables physiques
universelles calculables grace aux techniques des diagrammes de Feynman multi-boucles. Une pre-
miére partie se penche sur ’étude des fluctuations élastiques dans diverses théories statistiques
des champs associées a la phase plane des membranes polymeérisées, présentes dans de nombreux
domaines de la physique. Nous explorons leurs propriétés mécaniques critiques, notamment la
rigidité anormale induite par les corrélations & longue portée, & un ordre élevé en boucles. Nous
examinons également une variante désordonnée en utilisant la technique des répliques, révélant
une nouvelle transition de plissement vers une phase vitreuse. Une deuxiéme partie se penche
sur plusieurs théories de jauge abéliennes en basse dimension, particuliérement utiles pour décrire
des systémes quantiques fermioniques planaires fortement corrélés, tels que le graphéne & basse
énergie. Nous étudions également une extension supersymétrique minimale en relation avec un
potentiel supergraphéne. Pour ces modéles, nous calculons les exposants critiques & l'aide d’un
développement en boucles ou large Ny, et nous examinons la possibilité d’une transition de phase
métal-isolant due & la génération dynamique d’une masse pour 1’électron.

Mots clés : Groupe de renormalization; Calcul multiboucles; Transitions de phases; Effets non-
perturbatifs; Membranes; Désordre; Théorie de jauge; Supersymétrie.

Subject : Study of elastic and electronic interaction effects in
low-dimensional field theories

Abstract: This thesis delves into the impact of interactions in various low-dimensional theories
using both perturbative and non-perturbative analytical field theory methods. We primarily focus
on planar condensed matter systems and their, thermal or quantum, interaction-driven phase
transitions. The latter are characterized by anomalous dimensions, or critical exponents, which
are universal physical quantities computed using multiloop Feynman diagram techniques. A first
part explores elastic fluctuations in different statistical field theories associated with the flat phase
of polymerized membranes, commonly found in physics. We investigate their critical mechanical
properties, especially the anomalous stiffness resulting from long-range correlations, computed
at a high loop order. We also consider a variant involving disorder, revealing a new wrinkling
transition to a glassy phase. A second part investigates several abelian gauge field theories in
low dimensions, particularly useful for describing strongly correlated planar fermionic quantum
systems like low-energy graphene. We also examine a minimally supersymmetric extension related
to potential supergraphene materials. For these models, we compute critical exponents through
loop or large Ny expansions and explore the possibility of a metallic-to-insulating phase transition
through the generation of a dynamical mass for electrons.

Keywords : Renormalization group; Multi-loop calculations; Phase transitions; Non-perturbative
effects; Membranes; Disorder; Gauge theory; Supersymmetry.
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