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Rémi GRIBONVAL INRIA - ENS Lyon Rapporteur
Francis BACH INRIA - ENS Paris Examinateur
Gérard BIAU Sorbonne Université Examinateur
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Chapter 1

Introduction

1.1 Introduction to deep learning

In the era of machine learning, the field of deep learning has emerged as a cor-
nerstone of technological advancement, revolutionizing our ability to process, under-
stand, and extract valuable insights from vast and complex datasets. Deep neural
networks, with their multilayered architectures, have played a pivotal role in this
transformation, demonstrating unprecedented capabilities in various applications,
ranging from image and speech recognition to natural language understanding. As
we continue to witness the proliferation of these powerful learning machines, cru-
cial questions regarding their inner workings and behaviors come to the forefront.
Amidst this technological revolution, this Ph.D. thesis embarks on a journey into
the world of deep learning theory, specifically focusing on the identifiability of neu-
ral network parameters—an aspect that has garnered limited attention despite its
potential significance. The motivation for this study lies in addressing critical chal-
lenges related to privacy preservation, robustness, and generalization capabilities.
In an age where data privacy is paramount, understanding the extent to which neu-
ral network parameters can be inferred from observed data is vital for safeguarding
sensitive information. Additionally, enhancing the robustness of these models to
adversarial attacks and improving their generalization performance in diverse real-
world scenarios hinges on a deep comprehension of parameter identifiability. Recog-
nizing the ethical and practical importance of safeguarding data privacy, fortifying
model resilience, and improving generalization performance, this research seeks to
contribute modestly to our understanding of these issues.

This introduction is structured as follows: in Section 1.1, we recall a few ba-
sics of machine learning, deep learning, and ReLU geometry, in order to set a few
notations and to give a context to the thesis. In Section 1.2, we expand on the
symmetries possessed by the parameters of neural networks and the relation be-
tween an activation function and the corresponding symmetries. In Section 1.3, we
give an introduction of the notion of identifiability and we formalize what it means
for ReLU neural networks as well as its motivations. Finally, in Section 1.4, we
give an overview of the question of complexity for neural networks and its link with
generalization abilities.

1.1.1 Learning problem, classification, regression

In this section and the following, we recall succinctly a few basics of machine
learning. The goal here is not to be exhaustive but merely to give a frame to our
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study of neural networks.
In the standard supervised learning problem, we consider two random variables:

an input variable X and a target Y . The goal is, given the knowledge of X, to
predict the behavior of Y .

We will consider two classical learning settings: regression and classification. In
the regression setting, we observe X ∈ Rd, for some d ∈ N∗, and we try to predict
a real value or a vector of real values: we have Y ∈ Rm, for some m ∈ N∗. The
relationship between X and Y is not necessarily deterministic. In that case, it is
impossible to predict exactly Y given X. Rather than predicting the exact value of
Y , the aim is typically to predict E[Y |X].

In classification, we consider a finite set of K classes C1, . . . , CK , for K ∈ N∗. We
observe X ∈ Rd and we want to predict the class of X, represented by the variable
Y ∈ {C1, . . . , CK}. Again, the relationship between X and Y is not necessarily
deterministic, and we will typically want to return an estimation of the probability
P(Y ∈ Ci | X), or at least a score for each class Ci, such that for all i ∈ J1,KK the
higher the score we assign to the class Ci, the higher the probability P(Y ∈ Ci | X)

is.
In both cases, we want to find a function that takes X ∈ Rd as an input and

outputs a real vector (such as the predicted E[Y |X] ∈ Rm in regression or the
predicted probabilities vector P(Y ∈ Ci | X)i∈J1,KK ∈ [0, 1]K or score vector λ ∈ RK
in classification). To do so, we are provided with a parameterized family of functions
(fθ)θ∈P , where P denotes some parameter set. Most of the time for us, P will
correspond to a space Rp, for some p ∈ Np. The goal is to find the parameter θ such
that the function fθ that best fits the expected behavior.

1.1.2 True risk, empirical risk

To measure how well a given function fθ performs in our task, we consider a loss
function (also called cost function or error function) ℓ : Rm × Rm → R+. The loss
function allows to compare our prediction fθ(X) with the true Y : the higher the
value of the loss is, the further we consider fθ(X) to be from Y . Generally, the only
way to bring ℓ(fθ(X), Y ) down to zero is to predict the exact value fθ(X) = Y . A
typical example of loss in regression is the quadratic loss: ℓ(y, y′) =

∑m
i=1(yi − y′i)2.

Our objective will be to choose the function fθ in order to minimize the loss on
average over the distribution of (X,Y ). We thus define the risk, also referred to as
population risk, as

R(θ) = E [ℓ(fθ(X), Y )] .

Although our goal is to minimize R(θ), we typically do not have access to the
true distribution of (X,Y ), which makes it impossible to compute R(θ) for a given
parameter θ. Instead, if we are given n examples x(1), . . . , x(n) that were sampled
from (X,Y ), for a given integer n, we can consider the empirical risk

R̂(θ) =
1

n

n∑
i=1

ℓ
Ä
fθ(x

(i)), y(i)
ä
,
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which is the average loss over the n examples rather than the whole distribution, and
which we are able to compute. Finding conditions guaranteeing that the empirical
risk R̂(θ) is close to the true risk R(θ) is a vast subject in Machine Learning. We will
not expand on it here, but more discussion on the subject can be found in [190, 21].
See also Section 1.4 for a discussion on the subject in the case of neural networks.

1.1.3 Neural networks, a first introduction

A neural network is a family of functions (fθ)θ∈Rp , such that each function
fθ : Rd → Rm is built as a succession of layers. Indeed, we can write the function
fθ as a succession of compositions between L ≥ 2 more elementary functions:

fθ = hL ◦ hL−1 ◦ · · · ◦ h1,

where for all l ∈ J1, LK, the function hl corresponds to one layer of the network, the
layer l. The function hl implements a map between two vector spaces RNl−1 → RNl .
Here RN0 and RNL are the input and output space of fθ respectively; we thus have
N0 = d and NL = m.

Typically, and as will be the case in this work, a layer is composed of an affine
map x 7→ W lx + bl, with W l ∈ RNl×Nl−1 and bl ∈ RNl , followed by an activation
function σl : Rl → Rl. Mathematically, it thus writes

∀x ∈ RNl−1 , hl(x) = σl
Ä
W lx+ bl

ä
.

The output layer is an exception, as hL is only composed of a linear map, i.e.

∀x ∈ RNL−1 , hL(x) =WLx+ bL.

By abuse of language, sometimes the ‘layer l’ denotes the space RNl , and sometimes
it denotes the map hl : RNl−1 → RNl and its weights and bias (W l, bl).

The function implemented by the neural networks depends on its weights and
biases. Together, all the weights and biases form the parameterization of the network

θ = (W 1, . . . ,WL, b1, . . . , bL) ∈ Rp,

where p = N0N1+ . . . NL−1NL+N1+ · · ·+NL. We sometimes refer to the parame-
terization θ simply as ‘parameter’ of the network, as is often done in the literature,
although it is in fact a vector of p parameters. It should always be clear from the
context whether the word ‘parameter’ refers to θ or to one component of θ. In
particular, the expression ‘number of parameters’ of the network, often used in this
thesis and in the literature, refers to the number p.

In many settings, and in all the settings considered in this thesis, for any l ∈
J1, L−1K, the activation σl corresponds to the same real-valued activation σ applied
component-wise, that is

∀(x1, . . . , xNl
) ∈ RNl , σl(x1, . . . , xNl

) = (σ(x1), . . . , σ(xNl
)).
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There exist several classical activation functions σ: sigmoid, hyperbolic tangent
(tanh), Rectified Linear Unit (ReLU)... In this thesis, we focus on ReLU: it is
defined as σ(t) = max(t, 0) for any t ∈ R. By default, σ will refer to ReLU. It will
be explicitly stated when it is not the case.

1.1.4 Neural networks as graphs

In this section, we present an equivalent formalism to neural networks, which
gives them their name. It is a presentation of neural networks as graphs between
nodes that are called neurons.

We first consider a set of neurons V . This set of neurons is divided into L + 1

layers, with L ≥ 2: V =
⋃L
l=0 Vl. The layer V0 is the input layer, VL is the output

layer and the layers Vl with 1 ≤ l ≤ L− 1 are the hidden layers. We denote, for all
l ∈ J0, LK, Nl = |Vl| the size of the layer Vl.

The neurons in consecutive layers are connected by oriented edges: for any
l ∈ J0, L − 1K, if we consider two neurons v ∈ Vl and v′ ∈ Vl+1, then we denote by
v → v′ the oriented edge from v to v′. We denote by E the set of all such oriented
edges:

E = {v → v′ | v ∈ Vl, v′ ∈ Vl+1, for l ∈ J0, L− 1K}.
Every edge v → v′ ∈ E of the network is parameterized by a weight wv→v′ ∈ R.

Furthermore, we denote by

B =
L⋃
l=1

Vl

the set of all neurons except the input neurons. Each neuron v ∈ B is parameterized
by a bias bv ∈ R. A network is parameterized by all its weights and biases, gathered
in the parameterization θ, with

θ = ((wv→v′)v→v′∈E , (bv)v∈B) ∈ RE × RB ≃ Rp,

where p = |E| + |B| = N0N1 + . . . NL−1NL + N1 + · · · + NL is the number of
parameters.

As mentioned in previous section, the activation function, denoted σ, is most
of the time ReLU in our case; otherwise, it will always be explicitly specified. It is
defined as σ(t) = max(t, 0) for any t ∈ R.

ReLU network prediction For a given θ, we define recursively f lθ : RV0 → RVl ,
for l ∈ J0, LK and x ∈ RV0 , by

(f0θ (x))v = xv, for v ∈ V0,
(f lθ(x))v = σ

Ä∑
v′∈Vl−1

wv′→v(f
l−1
θ (x))v′ + bv

ä
, for v ∈ Vl, when l ∈ J1, L− 1K,

(fLθ (x))v =
∑

v′∈VL−1
wv′→v(f

L−1
θ (x))v′ + bv, for v ∈ VL.

(1.1.1)
We define the function fθ : RV0 → RVL implemented by the network of parameter

θ as fθ = fLθ . We sometimes call it the prediction or the inference.
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Equivalence between formalisms The two presented formalisms are equivalent:
by simply numbering the neural networks in each layer, we obtain a bijection Vl →
J1, NlK, which yields an isomorphism RVl → RNl . Using these isomorphisms, one
can gather the weights between two layers (wv→v′)(v,v′)∈Vl−1×Vl in a matrix W l and
the biases (bv)v∈Vl of a layer in a vector bl, which allows switching from one notation
to another.

1.1.5 Optimization

In this section we provide a very succinct explanation of gradient descent and
stochastic gradient descent, that are key for neural network optimization. For a
more detailed overview of gradient methods, see [160]. As evoked in Section 1.1.1,
the goal of learning is to find a parameter θ such that the corresponding function
fθ best fits some expected behavior. For neural networks, the parameters are real
vectors θ ∈ Rp, and the common way of searching for the best parameter is through
gradient-based optimization methods.

To do so, a positive differentiable function L : Rp −→ R+ is constructed. L

takes parameters of the network as inputs, and outputs positive values. The goal is
to minimize it, i.e. to find a parameter θ such that L(θ) is as small as possible (the
ideal being to find the global minimum of L). L is named the objective function, or
sometimes the loss (but it should not be confused with the loss ℓ of section 1.1.2).

Gradient descent is a very classical family of optimization techniques that roughly
works as follows: one chooses an initial parameter θ0. Then, the parameter is in-
crementally modified, progressively constructing a sequence of parameters (θt)t∈N.
At step t, the current parameter θt is modified following the direction of steepest
descent of L at the point θt, i.e. so that the step θt+1 − θt is proportional to the
opposite of the gradient ∇L(θt). Such techniques require to compute the gradient
of L at each point θt. This can be done with an explicit expression of the gradient
when possible, or with numerical methods.

As mentioned in Section 1.1.2, loss functions ℓ are used to construct a risk
R(θ) = E [ℓ(fθ(X), Y )], which we would like to minimize. In practice, what we
we are able to compute and what we thus consider instead is the empirical risk
R̂(θ) = 1

n

∑n
i=1 ℓ

Ä
fθ(x

(i)), y(i)
ä
, where (x(i), y(i))i∈J1,nK is a learning sample obtained

from (X,Y ). It is thus natural to use the empirical risk as objective function:
L(θ) = R̂(θ). Training a neural network using the empirical risk as loss is standard
and called empirical risk minimization. One can also add a regularization term
P (θ) representing additional constraints that we want the final parameter to satisfy,
leading to an objective function of the form L(θ) = R̂(θ) + P (θ).

In practice, the objective L is minimized using a variant of the classical gradient
descent, called stochastic gradient descent. Instead of computing the gradient of the
empirical risk for the full training set, we randomly subdivide the training set into
k mini-batches I1, . . . , Ik of size nb, such that

⋃k
j=1 Ik = J1, nK, and each gradient

step is performed for a mini-batch. At a given step, we thus consider the gradient
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of the following quantity :

1

nb

∑
i∈Ik

ℓ
Ä
fθ(x

(i)), y(i)
ä
.

Such an algorithm has been shown to be computationally more efficient (since it is
easier to compute the gradient for a mini-batch than for the full training set), and
to still yield good performances [29, 69].

To compute the empirical risk, whether it is for the whole training set or for
a sub-batch of the training set, one needs to be able to compute the individual
gradients of the quantities ℓ

Ä
fθ(x

(i)), y(i)
ä

with respect to θ, for each example x(i).
Provided one chooses appropriately ℓ (it should at least be differentiable), neural
networks are equipped with an efficient way of computing these gradients, which is
called backpropagation, and on which we do not expand here.

1.1.6 The piecewise-affine geometry of ReLU

In this section, we expand a bit on the geometric properties of neural networks
with ReLU activation function. The functions implemented by neural networks
inherit properties from the activation function they use. ReLU is a continuous,
piecewise-affine function:

σ : t 7→ max(0, t).

As a consequence, a layer of a neural network, which combines an affine function
x 7→Wx+b and the ReLU activation, implements a continuous piecewise-affine func-
tion. Since the composition of continuous piecewise-affine functions is continuous
piecewise-affine, the function implemented by a ReLU network is itself continuous
piecewise-affine (sometimes also called, although improperly, piecewise-linear).

The affine regions of ReLU networks As continuous piecewise-affine functions,
ReLU networks divide their input space in polyhedral regions over which the function
implemented by the network coincides with an affine function. These regions are
called the affine regions, or sometimes linear regions, of the network. The affine
regions are polyhedral and their boundaries are made of pieces of hyperplanes.

This property of ReLU networks allows to see them as approximators, that
combine simple (affine) blocks to represent more complex functions. It is intuitive
to think that the more complex the function we are trying to approximate is, the
more blocks will be needed. Further, it is intuitive to think that these blocks will
concentrate in the more complex areas of the function, with more curvature, more
irregularities, whereas the areas where the function is less complex will need less
blocks. Following this intuition, the number and the density of affine regions have
been considered as measures of complexity for ReLU networks [125, 150, 86]. To
finish with, the total number of affine regions is always finite. The reason for that
is that there are a finite number of activation patterns (see the Activation patterns
paragraph below).



1.1. Introduction to deep learning 7

Separating hyperplanes are crucial for identifiability Two adjacent affine
regions are separated by a hyperplane. It appears that these separating hyperplanes
are very informative on the parameters of a network. To understand that, let us
consider a network made of a single hidden neuron, L = 2, N0 = d, N1 = N2 = 1,
of the form

fθ(x) = aσ(wTx+ b) + c,

where x ∈ Rd, a, b, c ∈ R. By definition of σ, we have fθ(x) = a
(
wTx+ b

)
+ c if

wTx+ b ≥ 0 and fθ(x) = c otherwise. There are thus two affine regions, which are
separated by the hyperplane of equation wTx+b = 0. If w′Tx+b′ is another equation
defining the same hyperplane, then there exists α ̸= 0 such that (w′, b′) = α(w, b).
Thus, identifying the hyperplane separating the two linear regions defined by a
neuron allows identifying the weights and bias of the hidden neuron, up to a scaling
factor. This key property is at the core of most works on identifiability or stable
recovery of the parameters of ReLU networks (see Section 1.3.5 for the related
works).

Activation patterns For all l ∈ J1, L − 1K, we now define sl(x, θ) ∈ {0, 1}Nl as
follows:

∀i ∈ J1, NlK, sli(x, θ) =

1 if
∑Nl−1

j=1 W l
i,j

Ä
f l−1
θ (x)

ä
j
+ bli ≥ 0

0 otherwise.

For a fixed parameter θ ∈ RE × RB, and a given input x ∈ RN0 , the listÄ
s1(x, θ), . . . , sL−1(x, θ)

ä
∈ {0, 1}N1 × · · · × {0, 1}NL−1

is called an activation pattern.
We thus haveÄ

f lθ(x)
ä
i
= σ

Ñ
Nl−1∑
j=1

W l
i,j

Ä
f l−1
θ (x)

ä
j
+ bli

é
= sli(x, θ)

Ñ
Nl−1∑
j=1

W l
i,j

Ä
f l−1
θ (x)

ä
j
+ bli

é
,

or written differently

f lθ(x) = Diag(sl(x, θ))
Ä
W lf l−1

θ (x) + bl
ä

= Diag(sl(x, θ))W lf l−1
θ (x) + Diag(sl(x, θ))bl. (1.1.2)

For a given θ ∈ RE × RB, suppose we consider a contiguous region D ⊂ RN0

over which the activation pattern is fixed, i.e. for all l ∈ J1, L − 1K there exists
δl ∈ {0, 1}Nl such that for all x ∈ D, sl(x, θ) = δl. Then, (1.1.2) shows that for any
l ∈ J1, L − 1K, the relation between f l−1

θ (x) and f lθ(x) is affine. Since the relation
between fL−1

θ (x) and fθ(x) is always affine, we can thus easily prove by induction
over l ∈ J1, LK that fθ is affine over D.

This shows that there is a relationship between activation patterns and linear
regions. A region over which the activation pattern is fixed is included in an affine
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region of fθ. The reciprocal inclusion is not always true: a given affine region can
have several activation patterns. A trivial example is when all the output weights
and biases of the network are zero. In this case, the function fθ is constantly equal
to zero, so the whole input space Rd is a unique affine region, regardless of the
different activation patterns that can exist.

ReLU networks as universal representations of piecewise-affine functions
Since ReLU networks represent continuous piecewise-affine functions with a finite
number of pieces, another natural question is about the reciprocal. Is any continuous
piecewise-affine function with a finite number of pieces representable by a ReLU
network? The answer is positive, as is shown in [7].

1.2 Neural networks possess intrinsic symmetries

Neural networks are known for generally possessing symmetries, meaning oper-
ations on the parameters that do not affect the function they implement. This is
a fundamental aspect to consider before being able to discuss the identifiability of
neural network parameters, as we will do in Section 1.3. In general, the question of
the symmetries and the one of identifiability are closely connected.

Let us clarify immediately a terminology point: various terms are used in the
literature to refer to the same phenomenon. We sometimes read about symmetries,
invariants, or parameter equivalence of neural networks. Generally, in this thesis,
we will say that a parameter θ is equivalent to a parameter θ′. However, when
emphasizing the transformations that take a parameter θ to an equivalent parameter
θ′, especially when discussing the group structure of this set of transformations, as
is the case in this whole section, we use the term symmetries.

In this whole section, we consider the neural network architecture and the no-
tations defined in Sections 1.1.3 and 1.1.4, except that σ is not ReLU but a generic
activation function. The contributions contained in this thesis only consider neural
networks with ReLU activation function, but the more general viewpoint of this
section will allows us to discuss how the symmetries of a neural network depend
on the chosen activation. We hope that this will allow us to better emphasize the
role of ReLU in the symmetries possessed by the neural networks considered in this
thesis.

1.2.1 The permutation symmetry

A very general symmetry is the permutation symmetry. Indeed, for classical
fully-connected feedforward neural networks, in a given hidden layer, no particular
role is given to any neuron: they are all interchangeable. Let us consider a neural
network architecture such as in Section 1.1.4, with a given (not necessarily ReLU)
activation function σ, and with parameter θ ∈ RE × RB. Consider a hidden layer
Vl, for l ∈ J1, L− 1K and two neurons v1, v2 ∈ Vl. We are going to exchange the role
of v1 and v2 in the network in order to show that they are interchangeable.
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To begin with, suppose we exchange all the incoming weights of v1 and v2 as
well as their biases: for any neuron v ∈ Vl−1, we define

w′
v→v2 = wv→v1

and
w′
v→v1 = wv→v2 ,

and similarly for the biases,
b′v2 = bv1

and
b′v1 = bv2 .

Now assume we define θ′ as the parameter obtained from θ by doing the changes
described above. Let x ∈ RN0 . Since we do not change any weights in the previous
layers, we would have f l−1

θ′ (x) = f lθ(x). The function σ here denotes any activation
function. Recalling (1.1.1), one would have

f lθ′(x)v1 = σ

Ñ ∑
v∈Vl−1

w′
v→v1(f

l−1
θ (x))v + b′v1

é
= σ

Ñ ∑
v∈Vl−1

wv→v2(f
l−1
θ (x))v + bv2

é
= f lθ(x)v2 ,

and

f lθ′(x)v2 = σ

Ñ ∑
v∈Vl−1

w′
v→v2(f

l−1
θ (x))v + b′v2

é
= σ

Ñ ∑
v∈Vl−1

wv→v1(f
l−1
θ (x))v + bv1

é
= f lθ(x)v1 .

In a quite obvious way, the contents of the neurons v1 and v2 are swapped when
changing θ to θ′. Now suppose we match this change by changing similarly the
outward weights of the two neurons, defining, for each neuron v ∈ vl+1:

w′
v1→v = wv2→v

and
w′
v2→v = wv1→v,

and suppose these changes are also implemented into θ′. If we consider a neuron
v ∈ Vl+1, the contribution of the neuron v1 to f l+1

θ (x)v will be wv1→vf
l
θ(x)v1 and

the contribution of the neuron v2 will be wv2→vf
l
θ(x)v2 . Now the contribution of the

neuron v1 to f l+1
θ′ (x)v will be w′

v1→vf
l
θ′(x)v1 = wv2→vf

l
θ(x)v2 and the contribution

of the neuron v2 will be w′
v2→vf

l
θ′(x)v2 = wv1→vf

l
θ(x)v1 . Thus, in the case of θ′,

the neuron v receives the same information that in the case of θ, although the
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roles of v1 and v2 are swapped. It is clear that the contribution of the rest of the
neurons in Vl is the same for θ as for θ′. This shows that swapping the (inward and
outward) weights and biases of two neurons of a same hidden layer does not change
the function implemented by the network. By combining such transpositions, we see
that any permutation of neurons in a same hidden layer leaves the global function
implemented by the network unchanged.

This permutation invariance comes from the structure of fully-connected feed-
forward neural networks, where two neurons in a same layer are interchangeable.
As such, it is generic and is shared among a wide range of neural architectures.

1.2.2 Activation-dependent symmetries

Other types of symmetries possessed by the parameters of neural networks are
the activation-dependent ones. These symmetries indeed reflect the symmetries of
the activation function itself. To see that, let σ : R → R denote an arbitrary
activation function. Assume that σ satisfies a generic relation of the form

∀t ∈ R, σ(λt+ µ) = γσ(t), (1.2.1)

for some given λ, γ ∈ R∗, µ ∈ R. This type of relations accounts for the symmetries
of many classical activation functions as we will see later in this section.

Considering a neuron v0 in a hidden layer Vl, suppose we change the inward
weights to v0 as follows:

∀v ∈ Vl−1, w′
v→v0 = λwv→v0

and suppose we change the bias as

b′v0 = λbv0 + µ.

Now assume we define θ′ as the parameter obtained from θ by doing the changes
described above. Let x ∈ RN0 . Since we do not change any weights in the previous
layers, we would have f l−1

θ′ (x) = f l−1
θ (x). Recalling (1.1.1), one would have

f lθ′(x)v0 = σ

Ñ ∑
v∈Vl−1

w′
v→v0f

l−1
θ (x)v + b′v0

é
(1.2.2)

= σ

Ñ ∑
v∈Vl−1

λwv→v0f
l−1
θ (x) + λbv0 + µ

é
(1.2.3)

= γσ

Ñ ∑
v∈Vl−1

wv→v0f
l−1
θ (x) + bv0

é
(1.2.4)

= γf lθ(x)v0 . (1.2.5)

As we can see, the change from θ to θ′ multiplies the content of neuron v0 by γ.
Now, in addition to the previous changes, if we multiply all the outward weights of
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the neuron v0 by 1
γ , this will compensate the change of the content of neuron v0: if

we let w′
v0→v =

1
γwv0→v, then we have

w′
v0→vfθ′(x)v0 = (

1

γ
wv0→v)(γf

l
θ(x)v0) = wv0→vf

l
θ(x)v0 .

As a consequence, the content of the layer Vl+1 is unchanged, f l+1
θ′ (x) = f l+1

θ (x),
and the output of the network is the same: fθ′(x) = fθ(x).

To summarize, let us denote the transformation we just performed by τv0λ,γ,µ :

RE×RB → RE×RB. For any θ ∈ RE×RB, the transformed parameter θ′ = τv0λ,γ,µ(θ)

is defined by: 

w′
v→v0 = λwv→v0 for all v ∈ Vl−1

w′
v0→v =

1
γwv0→v for all v ∈ Vl+1

b′v0 = λbv0 + µ

w′
v→v′ = wv→v′ for all (v, v′) ∈ E, v, v′ ̸= v0

b′v = bv for all v ∈ B, v ̸= v0.

(1.2.6)

We just showed that for any λ, γ ∈ R∗, µ ∈ R such that the activation σ satisfies
the relation (1.2.1), then for any hidden neuron v0 ∈ Vl, l ∈ J1, L − 1K, the trans-
formation τv0λ,γ,µ : RE × RB → RE × RB leaves the function unchanged. For any
θ ∈ RE × RB, for any x ∈ RN0 , we have

fτv0λ,γ,µ(θ)
(x) = fθ(x).

Declining this generic result to classical activation functions, we find some well-
known invariants.

— For uneven activation functions such as tanh, the relation (1.2.1) is true with
λ = γ = −1 and µ = 0. The corresponding invariant transformations τv0−1,−1,0

are the well-known ‘sign-flips’ that have been studied in the literature [181,
4, 61].

— For even activation functions such as the Gaussian activation σ(t) = e
−t2

2 ,
the relation (1.2.1) is true with λ = −1, γ = 1 and µ = 0. The corresponding
invariant transformations τv0−1,1,0 are another form of sign-flips that have also
been studied in the literature [96].

— For periodic activation functions, such as a sines [171], if T is the period, the
relation (1.2.1) holds for λ = γ = 1, µ = kT for any k ∈ Z. For each hidden
neuron v0, the transformation τv01,1,kT simply shifts the bias by k times the
period: b′v0 = bv0 + kT .

— For monomial activations σ(t) = tp, for p ∈ N∗, the relation (1.2.1) holds for
any λ ∈ R∗, with γ = λp and µ = 0. For each hidden neuron v0, we thus
have an infinity of invariant transformations τv0λ,λp,0, λ ∈ R∗.

— For the heaviside activation function (or ‘step’), the relation (1.2.1) is satisfied
for any λ > 0, with γ = 1 and µ = 0. Similarly, for each hidden neuron v0,
we thus have an infinity of invariant transformations τv0λ,1,0, λ ∈ (0,+∞) [95].
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— Finally, for the piecewise-affine functions ReLU and leaky-ReLU, the rela-
tion (1.2.1) is satisfied for any λ > 0, with γ = λ and µ = 0. For each
hidden neuron v0, we thus have an infinity of invariant transformations
τv0λ,λ,0, λ ∈ (0,+∞). These transformations are well-known (see for instance,
amongst many others, [149, 145, 147, 179]), and we refer to them as ‘pos-
itive rescalings’. Since we focus on ReLU networks, the positive rescalings
interests us in particular, and are at the core of a substantial part of the
thesis.

The purpose of this synthetic presentation of a whole class of activation-dependent
symmetries is to show that there is a common structure to the symmetries of dif-
ferent neural architectures, and to show that there is a direct link between the
symmetries of the activation function and the symmetries or redundancies of the
parameters of the network. Even though in this thesis we focus on ReLU that is
one of the most used nowadays, this similar structure may allow some of the results
to transfer to other activation functions.

1.2.3 Group structure of the symmetries

The permutation operations mentioned in Section 1.2.1 above are linear opera-
tions on the space of parameters RE × RB, they are invertible (by the inverse per-
mutation), so they correspond in fact to elements of the linear group GL(RE×RB).
In the case µ = 0, the rescaling operations τv0λ,γ,0 are also linear operations, and one
can check that the inverse operation of τv0λ,γ,0 is τv01

λ
, 1
γ
,0
. We can thus consider the

subgroup G of GL(RE × RB) generated by all the permutation and rescaling op-
erations. Since G is generated by transformations that do not change the function
implemented by the network, the same applies to any transformation in G. The
observation that equivalent transformations of the parameters of neural networks
are equipped with a group structure is not new [88].

Some natural questions then arise, amongst which:
— Is there a bigger subgroup G′ of GL(RE × RB), G′ ⊃ G that leaves the

functions fθ invariant for any θ ∈ RE × RB?
— We know that G transforms the parameters θ while leaving the functions fθ

invariant. Do we have the reciprocal? If fθ = fθ′ , does there exist g ∈ G

such that θ′ = g · θ?
— What is the structure of G?
— What are the orbits of parameters in RE × RB under the action of G?
— How are the different features of a network modified under the action of G?
— Can we exhibit an interesting subset of parameters H ⊂ RE × RB that

represents all orbits, that is G ·H = RE × RB?
Fully answering these questions goes well beyond the scope of this thesis. Nev-

ertheless, in the case of ReLU networks, we can mention that the first two questions
are directly related to the question of identifiability - we refer to the corresponding
section. Furthermore, regarding the fourth question about the nature of the orbits,
we can mention that the local geometric structure of these orbits is related to the
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question of the local structure of the ’pre-image’ set we study in Chapter 5.
Finally, regarding the third question, without developing a complete characteri-

zation of G and its group structure, we can at least write down what the elements of
G are. To do so, it is easier to adopt the formalism of the layers. We can infer from
Chapter 3, Section 3.3.3 and notably (3.3.6) that if g ∈ G is such a transformation,
then there exist

— permutation matrices (P 0, P 1, . . . , PL) ∈ RN0×N0×· · ·×RNL×NL , with P 0 =

IdN0 and PL = IdNL
,

— diagonal matrices (D0, D1, . . . , DL) ∈ RN0×N0 ×· · ·×RNL×NL , with positive
diagonal coefficients and such that D0 = IdN0 and DL = IdNL

,
such that for any θ ∈ Rp, is θ̃ = g · θ, then for all l ∈ J1, LK, we have{

W̃ l = P lDlW l(Dl−1)−1(P l−1)−1

b̃l = P lDlbl,
(1.2.7)

where W l, bl denote the weights and biases corresponding to θ and W̃ l, b̃l those
corresponding to θ̃.

Therefore, choosing an element of G is equivalent to choosing L − 1 diagonal
matrices with positive diagonal coefficients and L − 1 permutation matrices. We
can remark that G is infinite due to the infinite number of positive rescaling factors
(the diagonal elements of the matrices). This is in contrast, for instance, to the
sign-flips in the tanh case, whose number is finite.

A group action always defines an equivalence relation. We can thus define the
following relation: for all θ, θ̃ ∈ Rp, we say that θ and θ̃ are equivalent modulo
permutation and positive rescaling, or simply equivalent, and we write θ ∼ θ̃,
if there exists g ∈ G such that g · θ = θ̃, or in other words, if θ and θ̃ satisfy relation
(2.2.7). The equivalence classes modulo ∼ are the orbits under the action of G on
Rp.

1.3 Identifiability: from linear models to neural net-
works

1.3.1 Introduction to identifiability: the linear model in finite di-
mension

Identifiability is a classical notion in statistics [143]. Broadly speaking, it means,
given a parametric model {Pθ, θ ∈ P}, where for all θ ∈ P, Pθ is a probability
distribution, that whenever θ1 ̸= θ2, we have Pθ1 ̸= Pθ2 . It is generally desired as it
is necessary in order to estimate the parameter θ. This form of identifiability is the
general, theoretical form of identifiability. It means that if we had total knowledge
of Pθ, we could identify θ.

In particular, let us consider a linear model of the form

Y = Xβ + ϵ,
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where X ∈ Rn×p is deterministic, β ∈ Rp is the parameter of the model, and ϵ

is a random vector, following a centered Gaussian distribution. Here typically the
lines of X will be examples x(1), . . . , x(n). In this model, if the matrix X does not
have full column rank, then there exist infinitely many choices for β that lead to
the same distribution for Y . In particular, if X has more columns than rows, that
is if n < p, by definition the model cannot be identifiable. In the classical setting
of linear regression, we have n > p. However, even in the case n > p, the lack of
identifiability can still arise from the redundancy of two or more variables. One way
of enforcing identifiability is thus removing the redundant variables, which means
removing redundant columns of X one by one until identifiability is reached.

1.3.2 Identifiability in high dimension

1.3.2.1 The linear model in high dimension

More recently, with the development of high-dimensional data, the linear model
has been considered in a different setting, in which the dimension p greatly exceeds
the number n of examples that we have: we have p≫ n. This is often the case, for
instance, with genomic data. As mentioned in the previous section, when p > n,
identifiability cannot hold. However we would still like to find the ‘true’ β. A
classical assumption that is then made is sparsity: we assume that β only has a
few nonzero coefficients. This means that only a few variables actually impact Y ,
and finding which ones is a task referred to as ‘variable selection’. The sparsity of
a vector can be measured with the ℓ0 ‘norm’, which simply counts the number of
nonzero entries:

∥β∥0 = |{j ∈ J1, pK | βj ̸= 0}|.

1.3.2.2 Compressed sensing

In the 2000’s, the field of compressed sensing received a fair amount of attention,
following the pioneering work [54, 38]. The setting is very similar to the linear model
above: we consider an unknown signal x ∈ Rp, which is accessed to through a series
of linear measurements, that is a list of n vectors ai, for which we observe the
quantity yi = ⟨ai, x⟩. If we denote by A ∈ Rn×p the matrix whose ith line is aTi and
by y the vector (y1, . . . , yn)

T , this can be rewritten as

y = Ax.

This is the same linear inverse problem as before, with A instead of X and the
unknown vector being x instead of β. Here we do not consider a noise vector ϵ,
although it could be added to take into account the measurement errors. The setting
of compressed sensing focuses on problems for which the number n of measurements
is limited, for which we have n ≪ p. As a consequence, A cannot be injective and
identifiability does not hold by definition. To obtain identifiability one must add
additional constraints on x that reduce the set of solutions to one element.
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Again, the standard assumption is sparsity, and we can reformulate the problem
as a ℓ0 minimization problem:

min
x

∥x∥0
s.t. y = Ax.

(1.3.1)

Interestingly, theory shows that in many cases this problem admits a unique mini-
mizer, and identifiability is thus guaranteed. In that case, if we denote k the minimal
sparsity value, and if the true vector x0 is k-sparse, solving this problem actually
recovers x0.

However, the ℓ0 norm is hard to optimize. In fact, the problem (1.3.1) has been
shown to be NP-hard. A very interesting finding is that it is possible to use the ℓ1
norm as a convex surrogate of the ℓ0 norm. The problem then becomes

min
x

∥x∥1
s.t. y = Ax

(1.3.2)

It has been shown that in many settings, the solution to (1.3.2) is the same as the
solution to (1.3.1), meaning that solving (1.3.2) exactly recovers the k-sparse vector
x0. Contrary to (1.3.1), the problem (1.3.2) is practically solvable in polynomial
time with classical optimization tools [101].

1.3.3 Identifiability for ReLU Neural networks

1.3.3.1 Several definitions of identifiability

The question of identifiability can be formulated for neural networks: as seen
previously, neural networks admit parameters in the form of weights and biases,
and given a parameter choice θ ∈ Rp, a network implements a function fθ. The
difference with the linear model is that fθ is not linear with respect to θ in general.
The motivations also differ; they are discussed in the next section.

Let us consider a ReLU network (fθ)θ∈Rp . Naively, the general question of
identifiability is: if fθ1 = fθ2 , do we have θ1 = θ2? In fact, as we have seen in
Section 1.2, it is possible to transform the parameters of a ReLU network, without
changing the function it implements. Indeed, recalling the equivalence relation ∼
defined at the end of Section 1.2.3, for any θ ∈ Rp = RE × RB, we know that if
θ′ ∈ RE × RB satisfies θ ∼ θ′, then we have fθ = f ′θ. We must thus loosen the
definition of identifiability if we want it to be meaningful for ReLU networks.

Definition 1. We say that a parameter θ ∈ RE × RB of a ReLU network is iden-
tifiable if for any θ′ ∈ RE × RB, then

fθ = fθ′ =⇒ θ ∼ θ′.

Definition 2. We say that a parameter θ ∈ RE ×RB of a ReLU network is locally
identifiable if there exists ϵθ > 0 such that, for any θ′ ∈ RE × RB, then

∥θ − θ′∥ < ϵθ and fθ = fθ′ =⇒ θ ∼ θ′.
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These definition assume that the functions fθ and fθ′ implemented by the net-
works of parameters θ and θ′ are equal, which means that they coincide on the
entirety of the input space. However the distribution of the inputs may have a sup-
port smaller than the entire set RN0 , which means that in practice we only get to
consider fθ(x) and fθ′(x) in a subset Ω ⊂ RN0 . In that case, if fθ and fθ′ coincide
on Ω, it is as if they were equal to us. Taking this into account, we can consider the
following definition.

Definition 3. We say that a parameter θ ∈ RE × RB of a ReLU network is iden-
tifiable from Ω if for any θ′ ∈ RE × RB, then

∀x ∈ Ω, fθ(x) = fθ′(x) =⇒ θ ∼ θ′.

The same adaptation can be made for local identifiability.

Definition 4. We say that a parameter θ ∈ RE ×RB of a ReLU network is locally
identifiable from Ω if there exists ϵθ > 0 such that, for any θ′ ∈ RE × RB, then

∥θ − θ′∥ < ϵθ and ∀x ∈ Ω, fθ(x) = fθ′(x) =⇒ θ ∼ θ′.

A particular case is when Ω is finite. In that case we have a finite list of examples
x(i), 1 ≤ i ≤ n for some integer n. The question is thus, if fθ and fθ′ coincide on
these n inputs, do we have θ ∼ θ′? This declination of identifiability is interesting
because it corresponds to practical settings. Of course, identifiability from a subset
Ω and especially identifiability from a finite list of inputs are harder to achieve since
they do not assume full knowledge of fθ.

1.3.3.2 Inverse stability and stable recovery

We explicit in this section two notions that are close to identifiability and some-
times referred to as identifiability themselves.

The first notion is inverse stability. The general idea is to extend the definition
of identifiability to small perturbations. Suppose that the functions fθ and fθ′ are
not perfectly equal, but they are close in some sense. The parameters θ and θ′ will
not be equal, but one can wonder if they are close for some notion of distance. This
is an interesting extension to the notion of identifiability, to begin with, because in
practice we are generally subject to all sorts of errors which prevent perfect equality.
Further, inverse stability can have a lot of theoretical and practical benefits, for
instance in terms of optimization [58]. We give here an informal definition of inverse
stability

Definition 5. We say that inverse stability holds if there exists α > 0 such that for
any θ, θ′ ∈ RE × RB, then

∥θ − θ′∥par ≤ α∥fθ − fθ′∥fct.
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In this definition, many elements must be specified. First, one must determine
a meaningful ‘norm’ (here we put quote marks since we consider norms in a loose
sense) ∥ · ∥par on the set of parameters. Such a ‘norm’ must take into account the
equivalences of parameters. Indeed, as we have discussed before, any parameter in
a same equivalence class has the same function, so the quantity ∥θ − θ′∥par should
not depend on the chosen member of the class. For instance, any classical norm on
the space of parameters RE × RB such as the euclidean norm ∥ · ∥2 would fail for
ReLU networks since we can use the positive rescaling operation on a parameter
θ to construct a sequence θn ∈ RE × RB such that, for all n ∈ N, θ ∼ θn but
∥θ − θn∥2 → ∞, which would prevent any kind of bound such as the one in the
definition to hold. As an example, [117] propose a norm on the space of parameters
for deep structured matrix factorization problems which takes this into account.

Another element that must be specified is the ‘norm’ ∥ · ∥fct on the space of
functions of the network. This is even more complex since the range of norms on
such a functional space is very wide. The authors of [58] propose a discussion on the
subject, and show some counter-examples for which inverse stability does not hold
They show that norms which take the gradients into account such as Sobolev norms,
are better suited to characterize the distance between two network realizations.

Finally, distinctly from identifiability and inverse stability, stable recovery
denotes the search for algorithms which are practically able to recover the parameter
θ of a neural network, or an equivalent one, up to a certain error.

1.3.4 Motivations

The motivations for studying identifiability in the case of neural networks are
not the same as in the statistical settings presented in Sections 1.3.1 and 1.3.2. In
statistics, one of the motivations for estimating the parameters of a model is because
they have a physical meaning. In that case, identifiability is necessary in order to
estimate the exact value of a particular parameter. In deep learning, it is possible to
find in the literature some specific settings where part of the parameters of a neural
network have a physical meaning [60, 197], which can in that case be a reason for
seeking identifiability. However, most of the time, the parameters of neural networks
do not have a physical meaning, and the motivations for studying identifiability are
different. We describe some of the motivations in the present section. They are
diverse and range from the most practical to the most theoretical ones.

1.3.4.1 Model inversion attacks

Machine Learning models, and notably neural networks, are vastly used nowa-
days in a wide range of tasks. This development is accompanied by a need for
guarantees regarding safety, robustness and privacy of the models used. It is fre-
quent that the user of the model is not the same as the provider [158]. In such
a framework, users can query models that are already trained, provided by cloud
services, either freely or with a cost associated to each query. The users generally do
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not have full access to the model. In particular they do not necessarily know which
architecture is used, which optimizer or hyperparameters were used during training,
and above all, what the trained parameters are. It can indeed be important for the
model providers to keep this information confidential, for reasons we explain below.
However, model extraction attacks have been a growing topic over the last years
[139]: attacks that are able to uncover some or all the hidden information thanks to
the queries. In particular, for neural networks, some algorithms are able to recover
in practice the parameters of a neural network or the function implemented by the
neural network from queries [39, 159].

A problem for privacy The extraction of the parameters of a neural network
by attackers can be a major issue for privacy. Indeed, it is now well known that
neural networks memorize some elements of their training databases, storing this
information in their parameters. For instance, in 2015, the authors of [67] showed
how they were able to reconstruct some pictures of the database used to train a
facial recognition system. The technique takes advantage of a confidence indicator
returned by the system. It necessitates to compute the gradient∇fθ(x) of θ 7→ fθ(x),
for any input x. As the authors show, this can be done with numerical methods,
but it is very costly and works only when the dimension is small enough. In the
majority of the experiments, the authors assume knowledge of θ. More recently, the
authors of [85] use the implicit bias of neural networks (see Section 1.4.4) to recover
several images from the training database of a neural network. The algorithm is
different but the method also assumes knowledge of the trained parameters θ. It
thus becomes clear that preventing users from inferring the trained parameters θ is
essential for privacy.

A problem for robustness Another major concern is that a network whose pa-
rameters are accessible may be less robust against adversarial attacks. Indeed, neural
networks are well-known to be vulnerable to such attacks, and extensive work has
been done in the past decade to understand better and prevent this phenomenon.
The ability of malicious users to trick a neural network based computer vision sys-
tem can be a major problem, for instance in the case of autonomous vehicles and
road signs recognition. Having access to the trained parameters of the network can
make a difference in such attacks. Indeed, if some black-box adversarial attacks
do exist [180, 165, 49], that is, attacks that work when being only able to query a
network, many attacks use the knowledge of the parameters of the network, at least
to compute the gradients [183, 79, 104, 142, 41, 127, 126, 13].

A problem for intellectual property Finally, the parameters of a trained neu-
ral network can be valuable as they can be the result of costly trainings. Being
able to extract the trained parameters of a network allows to replicate it which
can thus be a problem for intellectual property of the network or of the training
database [196]. Extracting the parameters can also help extracting other valuable
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information. For example, the authors of [191] exhibit a hyperparameter extraction
attack, which is able to recover a hyperparameter used to train a model (which can
be a neural network), by solving a system of equations. This attack assumes the
knowledge of the parameterization θ, which shows again that the ability to extract
the parameters of a network is crucial.

Model inversion attacks need identifiability The problem of model extrac-
tion attacks and specially of parameter extraction is directly linked to the question
of identifiability. Indeed, studying theoretically when the function implemented by
a network uniquely characterizes its parameters, and what attributes of the function
makes the parameters identifiable helps to understand which networks are vulner-
able to parameter extraction and how to prevent it. For ReLU networks, existing
works on identifiability, including ours, show how the boundaries between linear
regions, which take the form of pieces of hyperplanes, convey the most information
on the parameters of a network. Building on this knowledge, the authors of [43]
developed a method of preventing parameters extraction by artificially complexify-
ing the network without changing its global behavior. This method adds layers to
the original network that do not change the global behavior of the function, but
that increase significantly the number of linear regions and separating boundaries,
in order to make parameter recovery intractable.

Another way of leveraging the knowledge on identifiability to understand better
the model inversion attacks is to provide practical conditions allowing to test iden-
tifiability. Indeed, the user of a network has access to a list of inputs (the queries)
and the corresponding outputs of the network (the responses to the queries). The
question is then if this information uniquely characterizes the parameters: it is the
question of identifiability from a finite list of inputs (see Section 1.3.3). It is clear
that if the number of queries is small (for instance one single query), the informa-
tion obtained will not suffice to characterize the parameters of the network. For the
provider, a way of preventing the recovery of the parameters can then be by guar-
anteeing that identifiability does not hold, which means checking that a necessary
condition of identifiability is not met. In that case, the parameters are not uniquely
characterized by the information available, without more prior it is impossible to
infer the parameters. An easy way of guaranteeing this can simply be by limiting
the number of queries accessible to the user. On the opposite side, guaranteeing
that identifiability holds is interesting in the position of an attacker. If the attacker
knows the inputs X, to the corresponding outputs fθ(X), and is able to compute
a θ̃ such that fθ̃(X) = fθ(X), the question then becomes: does this guarantee that
θ̃ = θ or shall the attacker expand X with new queries? The attacker needs a
sufficient condition of identifiability.

1.3.4.2 Theoretical guarantees

A frequently mentioned shortcoming of neural networks is that they work as
black-box models over which we have little understanding and control. This issue
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has been the motivation for a great amount of work in the past decade, which has
helped to bring a better light over neural networks and their complex behavior. In
spite of this progress, the need for theoretical guarantees and for a better grasp of
neural networks behavior persists. Identifiability can also play a role in this effort.

For instance, one line of investigation to understand the training and generaliza-
tion properties of neural networks is the student-teacher framework, in which one
assumes that we train a network -the student- with data that are generated by an
unknown network -the teacher. In such a setting, a natural question is in which case
training the student actually implies the recovery of the parameters of the teacher
network [62]. In that case, the training can be seen as a classical estimation task:
finding the true parameters of the model. In particular, if the parameters of the
teacher network are identifiable from the training data, then training the student
to perfectly fit the training examples is rigorously equivalent to recovering the pa-
rameters of the teacher. Numerous articles have followed this framework, see for
instance [93, 32, 109, 174, 200].

In this framework, one consequence of identifiability from the training data is
that the global minimizer of the empirical risk is unique. As a consequence, provided
the training process is able to reach the global minimizer, there is no variability due
to the optimization parameters (choice of the algorithm, step, number of epochs...)
and to stochasticity (for stochastic optimizers). This guarantees more control on
neural network training, in the form of what we could call the reproducibility of
the training process. Even if recent works on double descent phenomena, e.g. [24],
highlight a benefit of overparameterization (in which we typically will not be able
to guarantee identifiability) for increasing prediction performances, a user may be
interested in having a number of parameters small enough to retain identifiability,
if the loss of performance is mild compared to overparameterization.

The link between the space of parameters and the space of functions imple-
mented by a neural network is complex. As shown by [144], the set of functions
(fθ)θ∈Rp implemented by a neural network with classical activation functions (in-
cluding ReLU) is neither globally nor locally convex. Furthermore, this set is not
closed in any of the Lp spaces. One consequence of this non closedness is for in-
stance the explosion of weights when a sequence of functions fθn converges to a limit
f that is not in the space of functions of the network. Even worse, the authors show
that the sequence fθn can converge to a function fθ∗ that does belong to the set of
functions realized by the network, while the sequence (θn) diverges to infinity. This
is due to the fact that a function implemented by a network can have an infinite
number of parameterizations.

To solve the issues posed by [144], the authors of [58] show that by appropriately
choosing the norms on the functions space, and by restricting the set of parame-
ters to prevent degenerate parameterizations, one can guarantee inverse stability.
As shown by the authors, inverse stability alongside with appropriate regulariza-
tion constraints allows to guarantee good optimization properties, such as quasi-
optimality of local minima of the objective function.
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1.3.4.3 Identifiability as a measure of the diversity of a sample

Identifiability can inform us on a neural network, but it can also be a useful
information to characterize the diversity or the representativity of a sample. Suppose
for instance that we have a trained neural network with a given parameter θ ∈ Rp,
which we would like to test, and to do so, we observe the outputs fθ(x(i)) of the
network for a list of inputs x(i), i ∈ J1, nK. Then, identifiability of θ from the testing
sample can serve as a measure of if the sample is rich enough. If θ is not identifiable,
it is not fully characterized by the sample, meaning that one could add new testing
examples to characterize better the function fθ implemented by the neural network.

1.3.5 Related works

1.3.5.1 Identifiability

Identifiability of the parameters of neural networks has been the topic of a fair
amount of work. For smooth activation functions, some results were already es-
tablished in the 1990s. For shallow networks, results exist for activation functions
amongst which tanh [181, 4], the logistic sigmoid [105], or the Gaussian and rational
functions [96]. For deep networks, [61] shows that with tanh as activation function,
with only a few generic conditions on the parameters, two networks that implement
the same function have the same architecture and the same parameters up to some
permutations and sign-flip operations.

In the case of ReLU networks, we have seen that two operations are well known
to preserve the function implemented by the network: permutation and positive
rescaling. These operations define equivalence classes on the set of parameters, and
we can at best identify the parameters of a network up to these equivalences. It is
shown in [147] that these operations are the only generic operations of this kind for
ReLU networks with nonincreasing number of neurons per layer. Indeed, they show
that for any fully-connected ReLU network architecture with nonincreasing number
of neurons per layer, for any nonempty open set Ω, there exists a parameterization θ
such that for any other parameterization θ̃ satisfying some generic assumption, if fθ̃
coincides with fθ on Ω, then θ̃ is in the equivalence class of θ modulo permutation
and positive rescaling.

In the case of shallow ReLU networks, [145] establishes a sufficient condition on
the parameters for identifiability. If the condition is satisfied by two two-layer fully-
connected feedforward ReLU networks whose functions coincide on all the input
space, then the parameters of one network can be obtained from the parameters of
the other network by permutation and positive rescaling.

In the case of deep ReLU networks, [159] gives a sufficient condition to be able to
reconstruct the architecture, weights and biases of a deep ReLU network by knowing
its input-output map on all the input space.

Another kind of property is local identifiability, which is identifiability of a pa-
rameter θ amongst a set of parameters that are close to θ, as defined in Section
1.3.3.1. [179] studies this property for shallow and deep networks. For a deep ReLU
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network, it first shows that under a trivial assumption, general identifiability up to
permutation and positive rescaling implies local identifiability up to positive rescal-
ing, and that the non-existence of ‘twin’ neurons is necessary to identifiability and
local identifiability. Then, [179] gives an abstract necessary and sufficient condition
on θ such that there exists a well-chosen finite set Ω from which local identifiability
holds up to positive rescalings, and it gives a bound on the size of the set.

Finally, another line of work that can be linked to identifiability is the field of
lossless compression of neural networks [169, 170].

1.3.5.2 Inverse stability and stable recovery

Establishing identifiability properties is a first step towards establishing inverse
stability properties and studying stable recovery algorithms, as defined in Section
1.3.3.2.

Inverse stability does not hold in general with the uniform norm for fully-
connected feedforward neural networks. Indeed, [144] shows that for any depth,
for any architecture with at least 3 neurons in the first hidden layer and any prac-
tically used activation function, there exists a sequence of networks whose function
tends uniformly to 0 while any parameterization of these networks tends to infinity.

Many inverse stability and stable recovery results already exist for shallow net-
works. [58] studies inverse stability directly up to functional equivalence classes. The
authors show that inverse stability has interesting implications in terms of optimiza-
tion. Referring to the counter-example given by [144], the authors of [58] argue that
the Sobolev norm is more suited than the uniform norm to the problem of inverse
stability. With this norm, they concretely establish an inverse stability result on
shallow ReLU networks without bias, under a few conditions on the parameters.

When it comes to stable recovery algorithms, [68] provides a sample complexity
under which one can recover the parameters of a shallow network with sigmoid
activation function using cross-entropy as a loss. For shallow fully-connected ReLU
networks, without bias and with Gaussian input, [70, 200, 201, 203] study the stable
recovery of the parameters of a teacher network. They give a sample complexity
under which minimizing the empirical risk allows to recover the parameters of the
network. [109] studies the same configuration but with an identity mapping that
skips one layer. ReLU networks can also be used to recover a network with absolute
value as activation function [108]. In fact, a neuron with absolute value can be seen
as a sum of two ReLU neurons.

Some results also exist in the case of shallow convolutional networks. [32, 199,
198, 56] establish stable recovery results for convolutional ReLU networks with no
overlapping. [93] gives a result in the case of a sigmoidal activation function. The
case of convolutional ReLU networks with overlapping is studied in [76].

Stability and stable recovery for deep networks is a more complicated question.
A few results exist on the subject, but it stays mostly unexplored.

Among them, for deep structured linear networks, [119, 117, 115] use a tensorial
lifting technique to establish inverse stability properties. [119, 117] establish nec-
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essary and sufficient conditions of inverse stability for a general constraint on the
parameters defining the network. [115] specializes the analysis to the sparsity con-
straint on the parameters, and obtains necessary and sufficient conditions of inverse
stability.

The authors of [8] consider deep feed-forward networks with Heavyside activation
function which are very sparse and randomly generated. They show that these can
be learned with high probability one layer after another.

The authors of [168] consider a deep feed-forward neural network, with an acti-
vation function that can be, inter alia, ReLU, sigmoid or softmax. They show that,
if the input is Gaussian or its distribution is known, and if the weight matrix of the
first layer is sparse, then a method based on moments and sparse dictionary learning
can retrieve it exactly. Nothing is said about the stability or the estimation of the
other layers.

For deep ReLU networks, in the case where one has full access to the function im-
plemented by the network [159] provides a practical algorithm able to approximately
recover the parameters modulo permutation and rescaling, and [39] reconstructs a
functionally equivalent network, formulating it as a cryptanalytic problem.

1.3.6 Our contributions : Chapters 3 and 4

We present here two contributions of this thesis on the question of identifiability
of deep ReLU networks.

Chapter 3: parameter identifiability from a domain Ω The first contribu-
tion, described in Chapter 3, is a result establishing sufficient conditions of identifi-
ability for deep feedforward ReLU neural networks. We suppose that the function
fθ implemented by the network is known over a subdomain Ω of the input space Rd.
By analyzing the piecewise-affine structure of ReLU networks, and in particular the
structure of the singularities of fθ and of functions implemented by subnetworks,
we derive a set of sufficient conditions, named P and defined in Section 3.4.1, un-
der which identifiability holds. The main theorem can be found as Theorem 17 in
Section 3.4.2.1.

Chapter 4: local identifiability from a finite sample The second contribu-
tion, described in Chapter 4, focuses on local identifiability of a deep ReLU network
from a finite sample X. It provides two conditions, a necessary condition CN and
a sufficient condition CS of local identifiability. Since local identifiability is neces-
sary for global identifiability, the necessary condition is also a necessary condition
of global identifiability. Both conditions CN and CS apply on the ranks of two oper-
ators constructed from θ. The main results can be found in Section 4.4 as Theorem
78 for the necessary condition and Theorem 79 for the sufficient condition.
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1.4 Complexity, regularization of neural networks

1.4.1 Some elements of Statistical Learning Theory

The development of machine learning has led to a need of theoretical tools for
a better understanding and a better control of the algorithms. We focus here on
training strategies that rely on empirical risk minimization. We consider a machine
learning model (fθ)θ∈P , where P is a set of parameters that can be other than
Rp. Recall the definition of the risk R(θ) and the empirical risk R̂(θ) given in
Section 1.1.2. Empirical risk minimization denotes strategies in which we choose
θ by trying to minimize the empirical risk R̂(θ). Naively, one could hope that the
empirical risk R̂(θ) of the obtained parameter θ ∈ P is not far from the true risk
R(θ) simply because of the law of large numbers. This would be true if θ (and
thus the function fθ) was independent of the training sample. However, since θ is
obtained by minimizing the empirical risk, which depends on the training sample, θ
heavily depends on the sample.

To bound the gap between R̂(θ) and R(θ), an idea is then to show that the set
of functions (fθ)θ∈P is not too rich, meaning that in some sense θ cannot depend
‘too much’ on the training sample. For instance considering a very simple example
where there are only two parameters, P = {θ1, θ2}, one could apply the law of large
numbers twice to bound the generalization error for θ1 and θ2, and then use an union
bound to bound the generalization error over P. This would allow to guarantee that
even after choosing θ according to the training sample, the generalization error could
be bounded. Now imagine we add more parameters θi in P. The more choices there
are for θ, the more quantities we have to bound simultaneously in the union bound,
and the less we are able to bound the gap between R̂(θ) and R(θ). We see here the
intuition that the richer the set of functions (fθ) is, the less we can expect to bound
the generalization error.

In general, the sets of functions (fθ)θ∈P considered are infinite, so the above
approach needs to be improved. We need tools to quantify how rich and diverse the
set of functions (fθ) is. This is where a tool such as VC-dimension, first introduced
by Vladimir Vapnik and Alexey Chervonenkis, intervenes. In a binary classification
setting, VC-dimension allows to quantify the complexity of a family of classifiers.
If we consider a set of examples x(i), i ∈ J1, nK, we say that the set {x(1), . . . , x(n)}
is shattered by the family (fθ)θ∈P if for any binary label assignment ϵ(1), . . . , ϵ(n) ∈
{0, 1}, there exists a classifier fθ that classifies perfectly the points, i.e. fθ(x(i)) =
ϵ(i), for all i ∈ J1, nK. The VC-dimension of a model (fθ)θ∈P is then the biggest
n ∈ N such that there exists a set of examples x(i), i ∈ J1, nK that is shattered by
(fθ)θ∈P . This notion is extensible to multiclass classification. It is intuitive that the
bigger the sets of examples we are able to shatter with (fθ)θ∈P , the richer the model
(fθ)θ∈P is.

VC-dimension is an efficient complexity measure that allows to derive general-
ization bounds for many machine learning models. Again, the general idea is that
the more simple a class of functions is (i.e. the lowest its VC-dimension), the more
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we are able to bound the generalization error. The choice of the complexity of a
model is thus important, as we discuss in the next section.

1.4.2 The bias-variance trade-off

When trying to choose the best model (fθ)θ∈P for a learning task, a key compo-
nent is the complexity of the model. A model too simple, with not enough functions,
would adapt difficultly to the given task. It may be hard to fit the training data
and to make the empirical risk R̂(θ) low, and there may not exist a function fθ such
that the risk R(θ) is low.

On the other side of the spectrum, a complex model may be rich enough to
contain a function fθ such that the empirical risk R̂(θ) is low. However in that case,
the complexity of the model makes it more difficult to bound the generalization gap,
and indeed, the empirical risk R̂(θ) and the true risk R(θ) may dramatically differ.
By fitting too closely the training data, one may fit its noise, which would make the
θ obtained by empirical risk minimization too dependent on the training data. This
problem is known under the name of overfitting.

In the classical machine learning paradigm, one must thus find a sweet spot be-
tween these two phenomenons: choosing the right complexity for the right problem.
This is known as the bias-variance trade-off.

For feedforward neural networks, the complexity depends on the architecture
of the network: the activation function used, and the size of the network, i.e. the
number of layers (depth) and the number of neurons for each layer (width). The
choice of the activation is indeed relevant, as for some activation functions, even
small networks have infinite VC-dimension. This size of the network is reflected in
the number of parameters: the more layers and neurons in the network, the higher
the number of parameters.

Extensive work has been done to bound the VC-dimension of neural networks,
for smooth activation functions in the first place [19, 6], as well as piecewise-linear
activation such as ReLU [16]. The existing bounds for ReLU networks scale at least
linearly with the number of parameters [16, 21], which confirms that the number of
parameters represent the complexity of a network.

1.4.3 The paradox of deep learning

Since VC-dimension scales at least linearly with the number of parameters, to
bound the generalization error, one should make sure that the size of the training
sample is large compared to the number of parameters. However, this is at odds
with the modern setting of Deep Learning, in which highly overparameterized neu-
ral networks have shown great performance in a wide range of situations. Even
worse, in many settings, increasing the number of parameters of the network im-
prove generalization performances! In such settings, the existing bounds based on
VC-dimension are vacuous.

One could try to find tighter bounds for neural networks, however the existing
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bounds are close to being tight [16]. One could also try to find better tools than
VC-dimension to account for the complexity of the function classes induced by
neural networks. Indeed, it is for instance possible to change the VC-dimension of a
network from finite to infinite by adding an arbitrarily small perturbation to ReLU
[21]. Such a perturbation would not change the global behavior of the network,
however VC-dimension captures fine-grained properties of models, so it is affected
by such a change. Other measures might be more robust and more efficient to reflect
the complexity of the class of functions implemented by a neural network.

Nevertheless, the problem appears to be more general. Indeed, as shown by
[134, 195], neural networks that generalize well on some classification tasks (such as
MNIST) are powerful enough to perfectly fit data with random labels. This shows
that overparameterized neural networks are indeed very powerful and represent very
rich class of functions. In that respect, there exist many parameterizations θ such
that the corresponding fθ is able to fit the training data. The set of minimizers
of the objective functions minimized by the optimization algorithms such as SGD
are large [51, 106] and contain elements that generalize poorly [192, 134]. Despite
this, the optimizers are able to choose functions that generalize well in practice.
This shows that global analysis, which considers worst-case bounds on (fθ)θ∈Rp ,
with the worst possible network that fits the data, will inevitably fail to explain
generalization. Instead, there is a need for local complexity measures, that describe
the complexity of the functions actually implemented by neural networks optimized
via gradient descent.

1.4.4 Implicit regularization and local complexity measures

A substantial research effort has been made to obtain new complexity measures
and new generalization bounds for neural networks. The complexity measures serve
either as a descriptive tool showing that the optimizers such as SGD are implicitly
biased towards functions that are simple in some sense and that are able to general-
ize, or the measures can be explicitly added as a regularization during optimization.

One can list desiderata that an ideal complexity measure should satisfy [186].
An ideal complexity measure should apply to networks used in practice, and should
be able to account for the prediction performances of the different architectures. In
particular, it should not grow with the number of parameters, since as explained
above, adding parameters even after fitting perfectly the training dataset does not
hurt prediction, or in some cases even improves it. The complexity measure should
also have the right dependency to the number of training examples [129]. The
measure should also account for the complexity of the datasets. For instance, clas-
sification on CIFAR10 is harder than on MNIST, and classification on CIFAR100
is harder than classification on CIFAR10. When corrupting part of the labels of
the training dataset, as is done in many experiments, one should see the complexity
measure grow. Apart from the dataset, the complexity measure should reflect the
performances of different optimization methods: optimizer, choice of hyperparame-
ters, regularization techniques... To improve our understanding of neural networks,
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a complexity measure should also have a theoretical explanation and ideally come
with a generalization bound being able to predict generalization. Such a bound
would ideally be close to the true generalization error, but at least, it should be
non-vacuous (i.e. it should predict an error rate smaller than 100%, otherwise it
is uninformative). Last but not least, a complexity measure should be practically
computable in an efficient way. As far as we know, there exist measures satisfying
some of the aforementioned desiderata, but none that is able to satisfy, if not all,
even just a majority of them.

Many bounds involve the norm of the weights of neural networks, either directly,
or measured as a distance to the weights at initialization [137, 134, 15, 77, 128].
Another type of complexity measure that has been investigated is the flatness of
the minimum of the objective function output by the optimization algorithm. The
idea that flat minima may generalize better than sharp ones is indeed not new [90],
and has been explored for neural networks [44, 100]. However, this measure of
generalization has limits, as explained in [53]. A notable limit for ReLU networks is
that one can use rescalings to change the parameters of the network without affecting
the function it implements (thus not changing the generalization performance). Such
rescalings can arbitrarily make a minimum of the objective function sharper or wider.

As mentioned in Section 1.1.6, for ReLU networks, the number and the density
of affine regions have also been proposed as measures of complexity for ReLU net-
works. In contrast to norm-based complexity measures, there is no direct way to
obtain these measures, but different methods have been proposed to compute these
measures with some efficiency [125, 150, 86].

1.4.5 Implicit regularization during optimization

Since the goal of complexity measures is to show that some functions imple-
mented by neural networks have low complexity, and as a consequence have good
generalization properties, part of the study should focus on the optimization process,
and notably why the optimization algorithms used in practice are biased towards
these low-complexity functions. Since this bias exists even without explicitly im-
plementing a regularization term in the objective function, such a phenomenon is
studied under the name of implicit bias or implicit regularization.

Implicit regularization is a well understood phenomenon for linear networks and
matrix factorization. Existing results show indeed that the optimization implicitly
constrains the rank of the prediction matrix [9, 155, 167, 73, 74, 2].

Optimization is less well-understood in the case of non-linear neural networks,
such as ReLU networks [10]. The fact that optimization is biased towards low-rank
parameters seems less clear for non-linear networks than for linear networks [185].

Some articles show that the optimization process tends to minimize some norm-
based quantities [136, 30]. In particular, a line of work studies gradient flow and
gradient descent for neural networks in classification, showing that although the
logistic loss makes the parameters tend to infinity, the parameters converge in di-
rection, towards max-margin classifiers for some norms [48, 112, 94].
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Following other hypotheses, the authors of [151] use Fourier analysis to show
that ReLU neural networks are biased towards learning low-frequency functions,
and in another fashion the authors of [161] argue that neural networks are biased
towards minimization of the number of affine regions.

The properties coming from the stochastic nature of stochastic gradient descent
SGD, with respect to gradient descent or to gradient flow, have also drawn inter-
est. It has been shown that stochastic gradient descent introduces noise in the
optimization process, compared to classical gradient descent or to gradient flow.
In particular, the smaller the batch size, and the bigger the optimization step, the
more noise there is. This would explain why neural networks tend to converge to
flat minima, as the noise tends to make the optimizer escape of sharp minima [44,
100].

Some authors have tried to explicit the implicit bias of SGD. In particular [172,
14, 71] have shown that under some hypotheses, on average, following stochastic
gradient descent on a loss L is equivalent to following a modified gradient flow,
including an additionnal bias term taking the form of the squared norm of the
gradient of L.

1.4.6 Other work on generalization of neural networks

In this paragraph, we briefly describe some other lines of research around the
generalization behavior of neural networks worth mentioning.

First, some authors have tried to better capture the fact that neural networks
that perfectly fit noisy data are able to generalize. Indeed, exactly fitting the training
data, especially when the data is noisy, is classically considered as overfitting and
normally avoided in classical machine learning. These authors have thus tried to
understand the settings in which overfitting does not harm prediction, a situation
called benign overfitting [18].

Other authors have tried to reconcile the classical machine learning paradigm
with modern Deep Learning. In particular, studying the risk as a function of the
number of parameters, they have shown the existence of two regimes. In the first
regime, when the number of parameters is smaller than the size of the data, the
curve has a ‘U’ shape: when there are few parameters, the bias is predominant.
Adding parameters improves the approximation abilities and thus allows the risk
to decrease. Then, at some point, the variance takes over and adding parameters
makes the risk increase. This is the classical bias-variance trade-off. However, this
behavior changes when the number of parameters reaches the size of the training
set. After this point (sometimes called interpolation), adding parameters makes the
risk decrease again. This particular form of the risk curve has been named ‘double
descent’, and has been explored theoretically and observed empirically [23, 131].
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1.4.7 Our contribution: local geometric complexity measures (Chap-
ter 5)

We present here one contribution of this thesis to the topic of complexity and
implicit regularization of deep ReLU networks, which corresponds to Chapter 5.

The chapter investigates properties and computational aspects of local com-
plexity measures of deep ReLU neural networks, recently introduced in [82]. The
considered complexity measures are linked to the local geometry of the image set as
defined by {fθ(X) | θ varies} and the pre-image set {θ′ | fθ′(X) = fθ(X)}, where
fθ(X) is the prediction, for an input sample X, made by the neural network of
parameter θ.

The local geometry of the pre-image set and of the image set are linked through
the differential Dfθ(X) of θ 7→ fθ(X), and through its rank. The pre-image set
represents the redundancies in the parameters of a network. Intuitively, the more
there are redundancies in the parameters, the less the space of function represented
by the network is rich and complex. Amongst other properties, we notably try to
understand how these objects behave during optimization.

The investigation done in this chapter is directly linked to the question of iden-
tifiability. Studying identifiability from a finite sample X exactly corresponds to
studying the pre-image set. As we know, this set will at least contain the equiva-
lence class of θ modulo permutation and positive rescalings. Identifiability modulo
permutation and positive rescaling holds if it only contains this equivalence class. In
contrast, the bigger the pre-image set, the more the redundancies in the parameters
and the farthest we are from identifiability.

It is thus not surprising that the differential Dfθ(X) appears in a slightly dif-
ferent form in Chapter 4, Section 4.4, in the form of the operator Γ(X, θ), and that
the rank of this differential also appears in Chapter 4 in the form of the quantity
RΓ.





Chapitre 2

Introduction en français

2.1 Introduction au deep learning

À l’ère de l’apprentissage automatique, le domaine du deep learning s’est imposé
comme une pierre angulaire du progrès technologique, révolutionnant notre capa-
cité à traiter, comprendre et extraire des informations précieuses d’ensembles de
données vastes et complexes. Les réseaux de neurones profonds, avec leurs architec-
tures multicouches, ont joué un rôle central dans cette transformation, démontrant
des capacités sans précédent dans diverses applications, allant de la reconnaissance
d’images et de la parole à la au traitement du langage. Alors que nous continuons
d’assister à la prolifération de ces puissantes machines d’apprentissage, des questions
cruciales concernant leur fonctionnement interne et leur comportement se posent.
Cette thèse de doctorat entreprend un voyage dans le monde de la théorie de l’ap-
prentissage profond, en se concentrant spécifiquement sur l’identifiabilité des para-
mètres des réseaux de neurones - un aspect qui a suscité peu d’attention malgré
son importance potentielle. La motivation de cette étude réside dans la résolution
de problèmes critiques liés à la préservation de la vie privée, à la robustesse et
aux capacités de généralisation. À une époque où la confidentialité des données est
primordiale, il est essentiel de comprendre dans quelle mesure les paramètres des
réseaux de neurones peuvent être déduits des données observées pour protéger les
informations sensibles.

En outre, une compréhension approfondie de l’identifiabilité des paramètres des
réseaux de neurones peut contribuer à l’amélioration de la robustesse de ces modèles
face aux attaques adversariales et l’amélioration de leur performance de générali-
sation dans divers scénarios du monde réel. Reconnaissant l’importance éthique et
pratique de la protection de la confidentialité des données, du renforcement de la
résilience des modèles et de l’amélioration des performances de généralisation, cette
recherche vise à contribuer modestement à notre compréhension de ces questions.

Cette introduction est structurée comme suit : dans la section 2.1, nous rappelons
quelques bases du machine learning, du deep learning et de la géométrie ReLU, afin
d’établir quelques notations et de donner un contexte à la thèse. Dans la section 2.2,
nous discutons les symétries que possèdent les paramètres des réseaux de neurones et
la relation entre une fonction d’activation et les symétries d’un réseau correspondant.
Dans la section 2.3, nous présentons la notion d’identifiabilité et nous formalisons ce
qu’elle signifie pour les réseaux de neurones ReLU ainsi que ses motivations. Enfin,
dans la section 2.4, nous donnons un aperçu de la question de la complexité des
réseaux de neurones et de son lien avec la question de la généralisation.
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2.1.1 Apprentissage supervisé, classification, régression

Dans cette section et les suivantes, nous rappelons succinctement quelques prin-
cipes de base du machine learning. L’objectif n’est pas d’être exhaustif mais simple-
ment de donner un cadre à notre étude des réseaux de neurones.

Dans le problème standard de l’apprentissage supervisé, nous considérons deux
variables aléatoires : une variable d’entrée X et une cible Y . L’objectif est, compte
tenu de la connaissance de X, de prédire le comportement de Y .

Nous considérerons deux contextes d’apprentissage classiques : la régression et
la classification. Dans le cadre de la régression, nous observons X ∈ Rd, pour un
entier d ∈ N∗ donné, et nous essayons de prédire une valeur réelle ou un vecteur de
valeurs réelles : nous avons Y ∈ Rm, où m ∈ N∗. La relation entre X et Y n’est pas
nécessairement déterministe. Dans ce cas, il est impossible de prédire exactement
Y en fonction de X. Plutôt que de prédire la valeur exacte de Y , l’objectif est
généralement de prédire E[Y |X].

En classification, nous considérons un ensemble fini de K classes C1, . . . , CK ,
pour K ∈ N∗. Nous observons X ∈ Rd et nous voulons prédire la classe de X,
représentée par la variable Y ∈ {C1, . . . , CK}. Encore une fois, la relation entre X
et Y n’est pas nécessairement déterministe, et nous voudrons généralement obtenir
une estimation de la probabilité P(Y ∈ Ci | X), ou au moins un score pour chaque
classe Ci, de sorte que pour tous i ∈ J1,KK plus le score que nous attribuons à la
classe Ci est élevé, plus la probabilité P(Y ∈ Ci | X) est élevée.

Dans les deux cas, nous voulons trouver une fonction qui prend X ∈ Rd comme
entrée et produit un vecteur réel (comme le vecteur prédit E[Y |X] ∈ Rm en ré-
gression, ou le vecteur de probabilités prédites P(Y ∈ Ci | X)i∈J1,KK) ∈ [0, 1]K

ou vecteur de score λ ∈ RK en classification). Pour ce faire, nous disposons d’une
famille de fonctions (fθ)θ∈P , où P désigne un ensemble de paramètres donné. La
plupart du temps, pour nous, P correspondra à l’espace Rp, pour un certain p ∈ N∗.
L’objectif est de trouver le paramètre θ tel que la fonction fθ corresponde le mieux
au comportement attendu.

2.1.2 Vrai risque, risque empirique

Pour mesurer l’efficacité d’une fonction donnée fθ dans notre tâche, nous considé-
rons une fonction de perte (également appelée fonction de coût ou fonction d’erreur)
ℓ : Rm×Rm → R+. La fonction de perte permet de comparer notre prédiction fθ(X)

avec la vraie Y : plus la valeur de la perte est élevée, plus nous considérons que fθ(X)

est éloigné de Y . En général, la seule façon de ramener ℓ(fθ(X), Y ) à zéro est de
prédire la valeur exacte fθ(X) = Y . Un exemple typique de perte en régression est
la perte quadratique : ℓ(y, y′) =

∑m
i=1(yi − y′i)2.

Notre objectif sera de choisir la fonction fθ afin de minimiser la perte en moyenne
sur la distribution de (X,Y ). Nous définissons donc le risque, également appelé
risque en population, comme suit

R(θ) = [ℓ(ftheta(X), Y )] .
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Bien que notre objectif soit de minimiser R(θ), nous n’avons généralement pas accès
à la véritable distribution de (X,Y ), ce qui rend impossible le calcul de R(θ) pour
un paramètre donné θ. En revanche, si l’on nous donne n exemples x(1), . . . , x(n)

qui ont été échantillonnés à partir de (X,Y ), pour un entier n donné, nous pouvons
considérer le risque empirique

R̂(θ) =
1

n

n∑
i=1

ℓ
Ä
fθ(x

(i)), y(i)
ä
,

qui est la perte moyenne sur les n exemples plutôt que sur l’ensemble de la distri-
bution, et que nous sommes en mesure de calculer.

Trouver des conditions garantissant que le risque empirique R̂(θ) est proche du
vrai risque R(θ) est un vaste sujet dans le domaine du machine learning. Nous ne
nous étendrons pas sur le sujet ici, mais une discussion plus approfondie peut être
trouvée dans [190, 21]. Voir également la section 2.4 pour une discussion sur le sujet
dans le cas des réseaux de neurones.

2.1.3 Les réseaux de neurones : première introduction

Un réseau de neurones est une famille de fonctions (fθ)θ∈Rp , telle que chaque
fonction fθ : Rd → Rm est construite comme une succession de couches. En effet,
on peut écrire la fonction fθ comme une succession de compositions entre L ≥ 2

fonctions plus élémentaires :

fθ = hL ◦ hL−1 ◦ · · · ◦ h1,

où pour tout l ∈ J1, LK, la fonction hl correspond à une couche du réseau, la couche
l. La fonction hl réalise un mapping entre deux espaces vectoriels RNl−1 → RNl . Ici,
RN0 et RNL sont respectivement l’espace d’entrée et l’espace de sortie de fθ ; nous
avons donc N0 = d et NL = m.

Typiquement, et comme ce sera le cas dans ce travail, une couche est composée
d’une fonction affine x 7→ W lx + bl, avec W l ∈ RNl×Nl−1 et bl ∈ RNl , suivie d’une
fonction d’activation σl : Rl → Rl. Mathématiquement, cela s’écrit donc

∀x ∈ RNl−1 , hl(x) = σl
Ä
W lx+ bl

ä
.

La couche de sortie est une exception, car hL n’est composé que d’une application
linéaire, c’est-à-dire

∀x ∈ RNL−1 , hL(x) =WLx+ bL.

Par abus de langage, la "couche l" désigne parfois l’espace RNl , et parfois la fonction
hl : RNl−1 → RNl ainsi que ses poids et biais (W l, bl).

La fonction implémentée par le réseau de neurones dépend de ses poids et de ses
biais. L’ensemble des poids et des biais forme la paramétrisation du réseau

θ = (W 1, . . . ,WL, b1, . . . , bL) ∈ Rp,
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avec p = N0N1+ . . . NL−1NL+N1+ · · ·+NL. On désigne parfois la paramétrisation
θ par le terme ‘paramètre’comme il est courant de le faire dans la littérature, bien
qu’il s’agisse en fait d’un vecteur de p paramètres. Lorsque le mot paramètre est
employé, le contexte devrait clarifier si on fait référence à θ ou à un des coefficients
de θ. En particulier, l’expression ‘nombre de paramètres’, souvent employée dans la
littérature et dans cette thèse, désigne le nombre p.

Dans de nombreux contextes, et dans tous les contextes considérés dans cette
thèse, pour tout l ∈ J1, L − 1K, l’activation σl correspond à la même activation à
valeur réelle σ appliquée composante par composante, c’est-à-dire

∀(x1, . . . , xNl
) ∈ RNl , σl(x1, . . . , xNl

) = (σ(x1), . . . , σ(xNl
)).

Il existe plusieurs fonctions d’activation classiques σ : sigmoïde, tangente hyper-
bolique (tanh), Rectified Linear Unit (ReLU)... Dans cette thèse, nous nous concen-
trons sur la fonction d’activation ReLU : elle est définie comme σ(t) = max(t, 0)

pour tout t ∈ R. Par défaut, σ fera référence à la ReLU. Dans le cas contraire, ce
sera explicité.

2.1.4 Les réseaux de neurones : représentation en graphes

Dans cette section, nous présentons un formalisme équivalent à celui de la section
2.1.3 aux réseaux de neurones, qui leur donne leur nom. Il s’agit d’une présentation
des réseaux de neurones sous forme de graphes entre des nœuds appelés neurones.

Nous commençons par considérer un ensemble de neurones V . Cet ensemble de
neurones est divisé en L + 1 couches, avec L ≥ 2 : V =

⋃L
l=0 Vl. La couche V0 est

la couche d’entrée, VL est la couche de sortie et les couches Vl avec 1 ≤ l ≤ L − 1

sont les couches cachées. Nous notons, pour tout l ∈ J0, LK, Nl = |Vl| la taille de la
couche Vl.

Les neurones des couches consécutives sont connectés par des arêtes orientées :
pour tout l ∈ J0, L− 1K, si nous considérons deux neurones v ∈ Vl et v′ ∈ Vl+1, alors
nous désignons par v → v′ l’arête orientée de v vers v′. Nous notons E l’ensemble
de toutes ces arêtes orientées :

E = {v → v′ | v ∈ Vl, v′ ∈ Vl+1, pour l ∈ J0, L− 1K}.

Chaque arête v → v′ ∈ E du réseau est paramétrée par un poids wv→v′ ∈ R. De
plus, on note

B =

L⋃
l=1

Vl

l’ensemble de tous les neurones sauf les neurones d’entrée. Chaque neurone v ∈ B
est paramétré par un biais bv ∈ R. Un réseau est paramétré par tous ses poids et
biais, regroupés dans la paramétrisation θ, avec

θ = ((wv→v′)v→v′∈E , (bv)v∈B) ∈ RE × RB ≃ Rp,

où p = |E|+ |B| = N0N1+ . . . NL−1NL+N1+ · · ·+NL est le nombre de paramètres.
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Comme mentionné dans la section précédente, la fonction d’activation, notée σ,
est le plus souvent ReLU dans notre cas ; sinon, ce sera toujours spécifié explicite-
ment. Elle est définie comme σ(t) = max(t, 0) pour tout t ∈ R.

Prédiction du réseau Pour un θ donné, nous définissons de manière récursive
f lθ : RV0 → RVl , pour l ∈ J0, LK et x ∈ RV0 , par

(f0θ (x))v = xv, pour v ∈ V0,
(f lθ(x))v = σ

Ä∑
v′∈Vl−1

wv′→v(f
l−1
θ (x))v′ + bv

ä
, pour v ∈ Vl, lorsque l ∈ J1, L− 1K,

(fLθ (x))v =
∑

v′∈VL−1
wv′→v(f

L−1
θ (x))v′ + bv, pour v ∈ VL.

(2.1.1)
Nous définissons la fonction fθ : RV0 → RVL implémentée par le réseau de

paramètres θ comme fθ = fLθ . Nous l’appelons parfois la prédiction ou l’inférence.

Équivalence entre les formalismes Les deux formalismes présentés dans les
sections 2.1.3 et 2.1.4 sont équivalents : en numérotant simplement les réseaux de
neurones dans chaque couche, nous obtenons une bijection Vl → J1, NlK, ce qui donne
un isomorphisme RVl → RNl . En utilisant ces isomorphismes, on peut regrouper les
poids entre deux couches (wv→v′)(v,v′)∈Vl−1×Vl dans une matrice W l et les biais
(bv)v∈Vl d’une couche dans un vecteur bl, ce qui permet de passer d’une notation à
l’autre.

2.1.5 Optimisation

Dans cette section, nous fournissons une explication très succincte de la descente
de gradient et de la descente de gradient stochastique, qui sont essentielles pour
l’optimisation des réseaux de neurones. Pour une vue d’ensemble plus détaillée des
méthodes de gradient, voir [160]. Comme évoqué dans la Section 2.1.1, l’objectif de
l’apprentissage est de trouver un paramètre θ tel que la fonction correspondante fθ
s’adapte au mieux à un comportement souhaité. Pour les réseaux de neurones, les
paramètres sont des vecteurs réels θ ∈ Rp, et la méthode courante pour rechercher
le meilleur paramètre consiste à utiliser des méthodes d’optimisation basées sur le
gradient.

Pour ce faire, une fonction positive différentiable L : Rp −→ R+ est construite. L
prend les paramètres du réseau en entrée et renvoie des valeurs positives. L’objectif
est de la minimiser, c’est-à-dire de trouver un paramètre θ tel que L(θ) soit aussi
petit que possible (l’idéal étant de trouver le minimum global de L). L est appelée
la fonction objectif, ou parfois la loss (mais il ne faut pas la confondre avec la perte
ℓ de la Section 2.1.2).

La descente de gradient est une famille très classique de techniques d’optimisa-
tion qui fonctionne approximativement comme suit : on choisit un paramètre initial
θ0. Ensuite, le paramètre est modifié de manière progressive, construisant progres-
sivement une suite de paramètres (θt)t∈N. À l’étape t, le paramètre actuel θt est
modifié suivant la direction de plus forte descente de L au point θt, c’est-à-dire de



36 Chapitre 2. Introduction en français

manière à ce que le pas θt+1 − θt soit proportionnel à l’opposé du gradient ∇L(θt).
Un telle technique nécessite de calculer le gradient de L à chaque point θt. Cela peut
être fait avec une expression explicite du gradient lorsque c’est possible, ou avec des
méthodes numériques.

Comme mentionné dans la Section 2.1.2, les fonctions de perte ℓ sont utilisées
pour construire un risque R(θ) = E [ℓ(fθ(X), Y )], que nous aimerions minimiser. En
pratique, ce que nous sommes en mesure de calculer et ce que nous considérons donc
à la place est le risque empirique R̂(θ) = 1

n

∑n
i=1 ℓ

Ä
fθ(x

(i)), y(i)
ä
, où (x(i), y(i))i∈J1,nK

est un échantillon d’apprentissage obtenu à partir de (X,Y ). Il est donc naturel
d’utiliser le risque empirique comme fonction objectif : L(θ) = R̂(θ). Entraîner
un réseau de neurones en utilisant le risque empirique comme fonction objectif est
courant et appelé minimisation du risque empirique. On peut également ajouter un
terme de régularisation P (θ) représentant des contraintes supplémentaires que nous
voulons que le paramètre final satisfasse, ce qui conduit à une fonction objectif de
la forme L(θ) = R̂(θ) + P (θ).

En pratique, l’objectif L est minimisé en utilisant une variante de la descente de
gradient classique, appelée descente de gradient stochastique. Au lieu de calculer le
gradient du risque empirique pour l’ensemble complet d’apprentissage, nous subdi-
visons de manière aléatoire l’ensemble d’apprentissage en k mini-batches I1, . . . , Ik
de taille nb, de sorte que

⋃k
j=1 Ik = J1, nK, et chaque étape de gradient est effectuée

pour un mini-batch. À une étape donnée, nous considérons donc le gradient de la
quantité suivante :

1

nb

∑
i∈Ik

ℓ
Ä
fθ(x

(i)), y(i)
ä
.

Il a été montré qu’un tel algorithme est plus efficace du point de vue computationnel
(car il est plus facile de calculer le gradient pour un mini-batch que pour l’ensemble
complet d’apprentissage) et permet toujours d’obtenir de bonnes performances [29,
69].

Pour calculer le risque empirique, que ce soit pour l’ensemble complet d’appren-
tissage ou pour un sous-ensemble de l’ensemble d’apprentissage, il est nécessaire de
pouvoir calculer les gradients individuels des quantités ℓ

Ä
fθ(x

(i)), y(i)
ä

par rapport
à θ, pour chaque exemple x(i). À condition de choisir ℓ de manière appropriée (elle
doit au moins être différentiable), les réseaux de neurones sont équipés d’une ma-
nière efficace de calculer ces gradients, appelée backpropagation ou rétro-propagation
en français, que nous n’approfondissons pas ici.

2.1.6 La géométrie affine par morceaux de ReLU

Dans cette section, nous approfondissons un peu les propriétés géométriques des
réseaux de neurones avec fonction d’activation ReLU. Les fonctions implémentées
par les réseaux de neurones héritent des propriétés de la fonction d’activation qu’ils
utilisent. ReLU est une fonction continue et affine par morceaux :

σ : t 7→ max(0, t).
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Par conséquent, une couche d’un réseau de neurones, qui combine une fonction
affine x 7→ Wx + b et l’activation ReLU, implémente une fonction continue affine
par morceaux. Étant donné que la composition de fonctions continues affines par
morceaux est continue affine par morceaux, la fonction implémentée par un réseau
ReLU est elle-même continue affine par morceaux (parfois également appelée, bien
que de manière impropre, linéaire par morceaux).

Les régions affines des réseaux ReLU En tant que fonctions continues affines
par morceaux, les réseaux ReLU divisent leur espace d’entrée en régions polyhédrales
où la fonction implémentée par le réseau coïncide avec une fonction affine. Ces
régions sont appelées les régions affines, ou parfois régions linéaires, du réseau. Les
régions affines sont polyhédrales et leurs frontières sont composées de morceaux
d’hyperplans.

Cette propriété des réseaux ReLU permet de les voir comme des approximateurs,
combinant des blocs simples (affines) pour représenter des fonctions plus complexes.
Il est intuitif de penser que plus la fonction que nous essayons d’approximer est
complexe, plus il y aura besoin de blocs. De plus, il est intuitif de penser que ces
blocs se concentreront dans les zones plus complexes de la fonction, avec plus de
courbure, plus d’irrégularités, tandis que les zones où la fonction est moins complexe
auront besoin de moins de blocs. Suivant cette intuition, le nombre et la densité des
régions affines ont été considérés comme des mesures de complexité pour les réseaux
ReLU [125, 150, 86]. Pour conclure, le nombre total de régions affines est toujours
fini. La raison en est qu’il existe un nombre fini de patterns d’activation (voir le
paragraphe sur les patterns d’activation ci-dessous).

Les hyperplans séparateurs sont cruciaux pour l’identifiabilité Deux ré-
gions affines adjacentes sont séparées par un hyperplan. Il s’avère que ces hyperplans
séparateurs sont très informatifs sur les paramètres d’un réseau. Pour comprendre
cela, considérons un réseau constitué d’un seul neurone caché, L = 2, N0 = d,
N1 = N2 = 1, de la forme

fθ(x) = aσ(wTx+ b) + c,

où x ∈ Rd, a, b, c ∈ R. Par définition de σ, nous avons fθ(x) = a
(
wTx+ b

)
+ c si

wTx+b ≥ 0 et fθ(x) = c sinon. Il y a donc deux régions affines, séparées par l’hyper-
plan d’équation wTx+b = 0. Si w′Tx+b′ est une autre équation définissant le même
hyperplan, alors il existe α ̸= 0 tel que (w′, b′) = α(w, b). Ainsi, identifier l’hyper-
plan séparant les deux régions linéaires définies par un neurone permet d’identifier
les poids et le biais du neurone caché, à un facteur près. Cette propriété clé est au
cœur de la plupart des travaux sur l’identifiabilité ou la reconstruction stable des
paramètres des réseaux ReLU (voir la Section 2.3.5 pour les travaux connexes).

Patterns d’activation Pour tout l ∈ J1, L − 1K, nous définissons maintenant
sl(x, θ) ∈ {0, 1}Nl comme suit :
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∀i ∈ J1, NlK, sli(x, θ) =

1 si
∑Nl−1

j=1 W l
i,j

Ä
f l−1
θ (x)

ä
j
+ bli ≥ 0

0 sinon.

Pour un paramètre fixe θ ∈ RE × RB, et une entrée donnée x ∈ RN0 , la listeÄ
s1(x, θ), . . . , sL−1(x, θ)

ä
∈ {0, 1}N1 × · · · × {0, 1}NL−1

est appelée un pattern d’activation.
Nous avons doncÄ

f lθ(x)
ä
i
= σ

Ñ
Nl−1∑
j=1

W l
i,j

Ä
f l−1
θ (x)

ä
j
+ bli

é
= sli(x, θ)

Ñ
Nl−1∑
j=1

W l
i,j

Ä
f l−1
θ (x)

ä
j
+ bli

é
,

ou écrit différemment

f lθ(x) = Diag(sl(x, θ))
Ä
W lf l−1

θ (x) + bl
ä

= Diag(sl(x, θ))W lf l−1
θ (x) + Diag(sl(x, θ))bl. (2.1.2)

Pour un θ donné dans RE × RB, supposons que nous considérons une région
connexe D ⊂ RN0 sur laquelle le pattern d’activation est fixe, c’est-à-dire que pour
tout l ∈ J1, L−1K, il existe δl ∈ {0, 1}Nl tel que pour tout x ∈ D, sl(x, θ) = δl. Alors,
(2.1.2) montre que pour tout l ∈ J1, L − 1K, la relation entre f l−1

θ (x) et f lθ(x) est
affine. Comme la relation entre fL−1

θ (x) et fθ(x) est toujours affine, nous pouvons
donc facilement prouver par récurrence sur l ∈ J1, LK que fθ est affine sur D.

Cela montre qu’il y a une relation entre les patterns d’activation et les régions
linéaires. Une région sur laquelle le pattern d’activation est fixe est incluse dans une
région affine de fθ. L’inclusion réciproque n’est pas toujours vraie : une région affine
donnée peut avoir plusieurs patterns d’activation. Un exemple trivial est lorsque
tous les poids de sortie et les biais du réseau sont nuls. Dans ce cas, la fonction fθ
est constamment égale à zéro, de sorte que tout l’espace d’entrée Rd est une unique
région affine, indépendamment des différents patterns d’activation qui peuvent exis-
ter.

Les réseaux ReLU comme représentations universelles des fonctions af-
fines par morceaux Étant donné que les réseaux ReLU représentent des fonctions
continues affines par morceaux avec un nombre fini de morceaux, une autre question
naturelle concerne la réciproque. Est-ce que n’importe quelle fonction continue affine
par morceaux avec un nombre fini de morceaux peut être représentée par un réseau
ReLU ? La réponse est positive, comme le montre [7].

2.2 Les réseaux de neurones ont une symétrie intrin-
sèque

Les réseaux de neurones sont connus pour avoir généralement des symétries,
c’est-à-dire des opérations sur les paramètres qui n’affectent pas la fonction qu’ils



2.2. Les réseaux de neurones ont une symétrie intrinsèque 39

implémentent. C’est un aspect fondamental à prendre en compte avant de pou-
voir parler d’identifiabilité des paramètres des réseaux de neurones, comme on le
fera dans la Section 2.3. De manière générale, la question des symétries et celle de
l’identifiabilité sont très liées.

Clarifions tout de suite un point de vocabulaire : plusieurs noms sont utilisés
dans la littérature pour désigner le même phénomène. On parle tantôt de symétries,
d’invariants, ou d’équivalence de paramètres. En général, dans cette thèse, on parle
plutôt d’un paramètre θ qui est équivalent à un paramètre θ′. Cependant, lorsqu’on
met l’accent sur les transformations qui font passer d’un paramètre θ à un paramètre
équivalent θ′, et en particulier lorsqu’on veut parler de la structure de groupe de cet
ensemble de transformations, comme c’est le cas dans cette section, on parle plutôt
de symétries.

Ces symétries dépendent de l’architecture et des fonctions d’activation utilisées.
Dans toute cette section, nous considérons l’architecture des réseaux de neurones
et les notations définies dans les sections 2.1.3 et 2.1.4, à l’exception de σ qui n’est
pas ReLU mais une fonction d’activation générique. Les travaux dans cette thèse
considèrent uniquement des réseaux avec fonction d’activation ReLU, mais le point
de vue plus général de cette section nous permettra de discuter de la manière dont
les symétries d’un réseau de neurones dépendent de la fonction d’activation choisie.
On espère que cela permettra de mieux mettre en valeur le rôle de ReLU dans les
symétries possédées par les réseaux considérés dans cette thèse.

2.2.1 La symétrie par permutation

Une symétrie très générale pour les réseaux de neurones est la symétrie par
permutation. En effet, pour les réseaux de neurones classiques d’architecture feed-
forward fully-connected, dans une couche cachée donnée, aucun rôle particulier n’est
attribué à un neurone spécifique : ils sont tous interchangeables. Considérons une
architecture de réseau de neurones telle que dans la section 2.1.4, mais avec une
fonction d’activation σ quelconque (pas nécessairement ReLU) et un paramètre
θ ∈ RE × RB. Considérons une couche cachée Vl, pour l ∈ J1, L − 1K et deux
neurones v1, v2 ∈ Vl. Nous allons échanger le rôle de v1 et de v2 dans le réseau, pour
montrer qu’ils sont interchangeables.

Pour commencer, supposons que nous échangeons tous les poids entrants de v1
et v2 ainsi que leurs biais : pour n’importe quel neurone v ∈ Vl−1, nous définissons

w′
v→v2 = wv→v1

et
w′
v→v1 = wv→v2 ,

et de même pour les biais,
b′v2 = bv1

et
b′v1 = bv2 .
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Supposons maintenant que nous définissons θ′ comme le paramètre obtenu à partir
de θ en effectuant les modifications décrites ci-dessus. Soit x ∈ RN0 . Comme on ne
change pas les poids dans les couches précédentes, on a f l−1

θ′ (x) = f lθ(x). La fonction
σ ici désigne n’importe quelle fonction d’activation. En rappelant (2.1.1), on aurait

f lθ′(x)v1 = σ

Ñ ∑
v∈Vl−1

w′
v→v1(f

l−1
θ (x))v + b′v1

é
= σ

Ñ ∑
v∈Vl−1

wv→v2(f
l−1
θ (x))v + bv2

é
= f lθ(x)v2 ,

et

f lθ′(x)v2 = σ

Ñ ∑
v∈Vl−1

w′
v→v2(f

l−1
θ (x))v + b′v2

é
= σ

Ñ ∑
v∈Vl−1

wv→v1(f
l−1
θ (x))v + bv1

é
= f lθ(x)v1 .

On voit que le contenu des neurones v1 et v2 est échangé en passant de θ à θ′. Sup-
posons maintenant que l’on échange également les poids sortants des deux neurones
de façon correspondante, en définissant, pour chaque neurone v ∈ vl+1 :

w′
v1→v = wv2→v

et

w′
v2→v = wv1→v,

et supposons que ces changements sont également implémentés dans θ′. Si on consi-
dère un neurone v ∈ Vl+1, la contribution du neurone v1 à f l+1

θ (x)v sera wv1→vf
l
θ(x)v1

et la contribution du neurone v2 sera wv2→vf
l
θ(x)v2 . Ainsi, la contribution du neu-

rone v1 à f l+1
θ′ (x)v sera w′

v1→vf
l
θ′(x)v1 = wv2→vf

l
θ(x)v2 et la contribution du neurone

v2 sera w′
v2→vf

l
θ′(x)v2 = wv1→vf

l
θ(x)v1 . De cette façon, dans le cas de θ′, le neurone

v reçoit les mêmes informations que dans le cas de θ, bien que les rôles de v1 et v2
soient inversés. Il est clair que la contribution du reste des neurones dans Vl est la
même pour θ que pour θ′. Cela montre que l’échange des poids (entrants et sortants)
et des biais de deux neurones d’une même couche cachée ne modifie pas la fonction
implémentée par le réseau. En combinant de telles transpositions, on constate que
toute permutation de neurones dans une même couche laisse inchangée la fonction
globale implémentée par le réseau.

Cette invariance par permutation découle de la structure des réseaux de neu-
rones, où deux neurones dans une même couche cachée sont interchangeables. En
tant que telle, la symétrie par permutation est générique et est partagée par un large
éventail d’architectures neuronales.
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2.2.2 Symétries dépendant de l’activation

D’autres types de symétries des paramètres des réseaux de neurones sont liés au
choix de l’activation en elle-même. Ces symétries reflètent en effet les symétries de
la fonction d’activation elle-même. Pour le voir, considérons σ : R→ R une fonction
d’activation arbitraire. Supposons simplement que σ satisfait une relation générique
de la forme

∀t ∈ R, σ(λt+ µ) = γσ(t), (2.2.1)

pour certains λ, γ ∈ R∗, µ ∈ R donnés. Ce type de relations tient compte des symé-
tries de nombreuses fonctions d’activation classiques, comme nous le verrons plus
tard dans cette section.

En considérant un neurone v0 dans une couche cachée Vl, supposons que l’on
change les poids entrants vers v0 comme suit :

∀v ∈ Vl−1, w′
v→v0 = λwv→v0

et supposons que l’on modifie le biais comme

b′v0 = λbv0 + µ.

Supposons maintenant que l’on définit θ′ comme le paramètre obtenu à partir de
θ en effectuant les changements décrits ci-dessus. Soit x ∈ RN0 . Comme nous ne
changeons pas les poids dans les couches précédentes, nous avons f l−1

θ′ (x) = f l−1
θ (x).

En rappelant (2.1.1), on a

f lθ′(x)v0 = σ

Ñ ∑
v∈Vl−1

w′
v→v0f

l−1
θ (x)v + b′v0

é
(2.2.2)

= σ

Ñ ∑
v∈Vl−1

λwv→v0f
l−1
θ (x) + λbv0 + µ

é
(2.2.3)

= γσ

Ñ ∑
v∈Vl−1

wv→v0f
l−1
θ (x) + bv0

é
(2.2.4)

= γf lθ(x)v0 . (2.2.5)

Comme nous pouvons le voir, le passage de θ à θ′ multiplie le contenu du neurone v0
par γ. En plus des changements précédents, si on multiplie tous les poids sortants
du neurone v0 par 1

γ , cela va compenser le changement du contenu du neurone v0 :
si on fixe w′

v0→v =
1
γwv0→v, alors on a

w′
v0→vfθ′(x)v0 = (

1

γ
wv0→v)(γf

l
θ(x)v0) = wv0→vf

l
θ(x)v0 .

En conséquence, le contenu de la couche Vl+1 reste inchangé, f l+1
θ′ (x) = f l+1

θ (x), et
la sortie du réseau est la même : fθ′(x) = fθ(x).
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Pour résumer, désignons la transformation que nous venons de réaliser par τv0λ,γ,µ :

RE×RB → RE×RB. Pour tout θ ∈ RE×RB, le paramètre transformé θ′ = τv0λ,γ,µ(θ)

est défini par :

w′
v→v0 = λwv→v0 pour tout v ∈ Vl−1

w′
v0→v =

1
γwv0→v pour tout v ∈ Vl+1

b′v0 = λbv0 + µ

w′
v→v′ = wv→v′ pour tout (v, v′) ∈ E, v, v′ ̸= v0

b′v = bv pour tout v ∈ B, v ̸= v0.

(2.2.6)

Nous venons de montrer que pour tout λ, γ ∈ R∗, µ ∈ R tels que l’activation σ

satisfait la relation (2.2.1), alors pour tout neurone caché v0 ∈ Vl, l ∈ J1, L− 1K, la
transformation τv0λ,γ,µ : RE×RB → RE×RB ne modifie pas la fonction implémentée
par le réseau. Pour tout θ ∈ RE × RB, pour tout x ∈ RN0 , nous avons en effet

fτv0λ,γ,µ(θ)
(x) = fθ(x).

En appliquant ce résultat générique aux fonctions d’activation classiques, on
retrouve des invariants bien connus.

— Pour une fonction d’activation impaire telle que tanh, la relation (2.2.1) est
vraie avec λ = γ = −1 et µ = 0. Les transformations invariantes correspon-
dantes τv0−1,−1,0 sont les "sign-flips" bien connus qui ont été étudiés dans la
littérature [181, 4, 61].

— Pour les fonctions d’activation paires telles que l’activation gaussienne σ(t) =

e
−t2

2 , la relation (2.2.1) est vraie avec λ = −1, γ = 1 et µ = 0. Les transforma-
tions invariantes correspondantes τv0−1,1,0 sont une autre forme de "sign-flips"
qui ont également été étudiés dans la littérature [96].

— Pour les fonctions d’activation périodiques, telles que les sinus [171], si T
est la période, la relation (2.2.1) est vraie pour λ = γ = 1, µ = kT pour
tout k ∈ Z. Pour chaque neurone caché v0, la transformation τv01,1,kT déplace
simplement le biais de k fois la période : b′v0 = bv0 + kT .

— Pour les activations polynomiales σ(t) = tp, pour p ∈ N∗, la relation (2.2.1)
est vraie pour tout λ ∈ R∗, avec γ = λp et µ = 0. Pour chaque neurone
caché v0, nous avons donc une infinité de transformations invariantes τv0λ,λp,0,
λ ∈ R∗.

— Pour la fonction d’activation de Heaviside (ou ‘échelon’), la relation (2.2.1)
est satisfaite pour tout λ > 0, avec γ = 1 et µ = 0. De même, pour chaque
neurone caché v0, nous avons donc une infinité de transformations invariantes
τv0λ,1,0, λ ∈ (0,+∞) [95].

— Enfin, pour les fonctions d’activation affines par morceaux ReLU et leaky-
ReLU, la relation (2.2.1) est satisfaite pour tout λ > 0, avec γ = λ et µ = 0.
Pour chaque neurone caché v0, nous avons donc une infinité de transforma-
tions invariantes τv0λ,λ,0, λ ∈ (0,+∞). Ces transformations sont bien connues
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(voir entre autres [149, 145, 147, 179]), et nous les appelons ‘positive re-
scalings’. Étant donné que nous nous concentrons sur les réseaux ReLU, les
positive rescalings nous intéressent particulièrement et sont au cœur d’une
partie substantielle de la thèse.

Le but de cette présentation synthétique d’une classe entière de symétries dépen-
dant de l’activation est de montrer qu’il existe une structure commune aux symétries
de différentes architectures neuronales, et de montrer qu’il existe un lien direct entre
les symétries de la fonction d’activation et les symétries ou redondances des para-
mètres du réseau. Même si dans cette thèse, nous nous concentrons sur ReLU, l’une
des plus utilisées de nos jours, cette structure similaire peut permettre d’envisager
le transfert de certains résultats vers d’autres fonctions d’activation.

2.2.3 La structure de groupe des symétries d’un réseau

Les opérations de permutation mentionnées dans la Section 2.2.1 ci-dessus sont
des opérations linéaires sur l’espace des paramètres RE × RB, elles sont inversibles
(par la permutation inverse), elles correspondent en fait à des éléments du groupe
linéaire GL(RE × RB) (et même, du groupe orthogonal O(RE × RB)). Dans le cas
où µ = 0, les opérations de rescaling τv0λ,γ,0 sont également des opérations linéaires,
et on peut vérifier que l’opération inverse de τv0λ,γ,0 est τv01

λ
, 1
γ
,0
. Nous pouvons donc

considérer le sous-groupe G de GL(RE ×RB) engendré par toutes les opérations de
permutation et de rescaling. Étant donné que G est engendré par des transforma-
tions qui ne modifient pas la fonction implémentée par le réseau, il en va de même
pour toute transformation de G. L’observation selon laquelle les transformations
équivalentes des paramètres des réseaux de neurones sont équipées d’une structure
de groupe n’est pas nouvelle [88].

Cela soulève alors certaines questions naturelles, parmi lesquelles :
— Y a-t-il un sous-groupe plus grand G′ de GL(RE × RB), G′ ⊃ G, qui laisse

les fonctions fθ invariantes pour tout θ ∈ RE × RB ?
— On sait que G agit sur les paramètres θ en laissant les fonctions fθ invariantes.

A-t-on la réciproque : si fθ = fθ′ existe-t-il g ∈ G tel que θ′ = g · θ ?
— Quelle est la structure de G ?
— Quels sont les orbites des paramètres dans RE × RB sous l’action de G ?
— Comment les différentes caractéristiques d’un réseau sont-elles modifiées sous

l’action de G ?
— Pouvons-nous exposer un sous-ensemble intéressant de paramètres H ⊂ RE×

RB qui représente toutes les orbites, c’est-à-dire G ·H = RE × RB ?
Répondre à ces questions de manière générale dépasse largement le cadre de cette

thèse. Néanmoins, dans le cas de ReLU, nous pouvons mentionner que les deux
premières questions sont directement liées à la question de l’identifiabilité - nous
renvoyons à la section correspondante. Par ailleurs, concernant la quatrième question
sur la nature des orbites, nous pouvons mentionner que la structure géométrique
locale de ces orbites est liée à la question de la structure locale de l’ensemble ‘de
pré-image’que nous étudions dans le chapitre 5.
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Enfin, concernant la troisième question, sans développer une caractérisation com-
plète de G et de sa structure de groupe, nous pouvons au moins écrire ce que sont les
éléments de G. Pour ce faire, il est plus facile d’adopter le formalisme de la section
2.1.3. Nous pouvons déduire du Chapitre 3, Section 3.3.3 et notamment de (3.3.6)
que si g ∈ G est une telle transformation, alors il existe

— des matrices de permutation (P 0, P 1, . . . , PL) ∈ RN0×N0 × · · · × RNL×NL ,
avec P 0 = IdN0 et PL = IdNL

,
— des matrices diagonales (D0, D1, . . . , DL) ∈ RN0×N0 × · · · × RNL×NL , avec

des coefficients diagonaux positifs et telles que D0 = IdN0 et DL = IdNL
,

telles que pour tout θ ∈ Rp, si θ̃ = g · θ, alors pour tous l ∈ J1, LK, nous avons{
W̃ l = P lDlW l(Dl−1)−1(P l−1)−1

b̃l = P lDlbl,
(2.2.7)

où W l, bl désignent les poids et biais associés à θ et W̃ l, b̃l ceux associés à θ̃.
Par conséquent, choisir un élément de G revient à choisir L− 1 matrices diago-

nales avec des coefficients diagonaux positifs et L−1 matrices de permutation. Nous
pouvons remarquer que G est infini en raison du nombre infini de facteurs de re-
scaling positifs (les éléments diagonaux des matrices). Cela contraste, par exemple,
avec les ’sign-flips’ dans le cas de tanh, qui sont en nombre fini.

Une action de groupe définit toujours une relation d’équivalence. Nous pouvons
donc définir la relation suivante : pour tout θ, θ̃ ∈ Rp, nous disons que θ et θ̃
sont équivalents modulo permutation et rescaling positif, ou simplement
équivalents, et nous écrivons θ ∼ θ̃, s’il existe g ∈ G tel que g · θ = θ̃, ou autrement
dit, si θ et θ̃ satisfont la relation (2.2.7). Les classes d’équivalence modulo ∼ sont
les orbites sous l’action de G sur Rp.

2.3 L’identifiabilité : du modèle linéaire aux réseaux de
neurones

2.3.1 Introduction à l’identifiabilité : le modèle linéaire en dimen-
sion finie

L’identifiabilité est une notion classique en statistiques [143]. En termes géné-
raux, elle signifie que, étant donné un modèle paramétrique {Pθ, θ ∈ P}, où pour
tout θ ∈ P, Pθ est une distribution de probabilité, chaque fois que θ1 ̸= θ2, on a
Pθ1 ̸= Pθ2 . Elle est généralement souhaitée car elle est nécessaire pour pouvoir esti-
mer le paramètre θ. Cette forme d’identifiabilité est la forme générale et théorique
de l’identifiabilité. Cela signifie que si nous avions une connaissance totale de Pθ,
nous pourrions identifier θ.

Comme premier exemple, considérons un modèle linéaire de la forme

Y = Xβ + ϵ,
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oùX ∈ Rn×p est déterministe, β ∈ Rp est le paramètre du modèle, et ϵ est un vecteur
aléatoire, suivant une distribution gaussienne centrée. Ici, les lignes de X seront
généralement des exemples x(1), . . . , x(n). Dans ce modèle, si le rang des colonnes de
la matriceX n’est pas plein, alors il existe une infinité de choix pour β qui conduisent
à la même distribution pour Y . En particulier, si X a plus de colonnes que de lignes,
c’est-à-dire si n < p, par définition le modèle ne peut pas être identifiable. Dans le
cadre classique de la régression linéaire, nous avons n > p. Cependant, dans le cas
n > p, le manque d’identifiabilité peut encore découler de la redondance de deux
variables ou plus. Une manière d’imposer l’identifiabilité est alors de supprimer les
variables redondantes, ce qui signifie supprimer les colonnes redondantes de X une
par une jusqu’à atteindre l’identifiabilité.

2.3.2 Identifiabilité en grande dimension

2.3.2.1 Le modèle linéaire en grande dimension

Plus récemment, avec le développement des données de grande dimension, le
modèle linéaire a été considéré dans un contexte différent, dans lequel la dimension
p dépasse largement le nombre n d’exemples dont nous disposons : nous avons p≫ n.
C’est souvent le cas, par exemple, avec les données génomiques. Comme mentionné
dans la section précédente, lorsque p > n, il n’y a pas d’identifiabilité. Cependant,
nous aimerions toujours trouver le ‘vrai’ β. Une hypothèse classique qui est alors
formulée est la parcimonie : on suppose que β n’a que quelques coefficients non nuls.
Cela signifie que seules quelques variables ont réellement un impact sur Y , et trouver
lesquelles est une tâche appelée ‘sélection de variables’. La parcimonie d’un vecteur
peut être mesurée avec la norme ℓ0, qui compte simplement le nombre d’entrées non
nulles :

∥β∥0 = |{j ∈ J1, pK | βj ̸= 0}|.

2.3.2.2 Compressed sensing

Dans les années 2000, le domaine du compressed sensing a reçu une certaine
attention, suite aux travaux pionniers [54, 38]. Le cadre est très similaire au modèle
linéaire mentionné précédemment : nous considérons un signal inconnu x ∈ Rp,
auquel nous accédons par le biais d’une série de mesures linéaires, c’est-à-dire une
liste de n vecteurs ai, pour lesquels nous observons la quantité yi = ⟨ai, x⟩. Si l’on
note A ∈ Rn×p la matrice dont la ième ligne est aTi et y le vecteur (y1, . . . , yn)T , cela
peut être réécrit comme

y = Ax.

Il s’agit du même problème inverse linéaire que précédemment, avec A au lieu de X
et le vecteur inconnu étant x au lieu de β. Ici, nous ne considérons pas de vecteur
de bruit ϵ, bien que cela puisse être ajouté pour prendre en compte les erreurs de
mesure. Le cadre du compressed sensing se concentre sur des problèmes pour lesquels
le nombre n de mesures est limité, pour lesquels nous avons n≪ p. Par conséquent,
A ne peut pas être injective et l’identifiabilité n’est pas vérifiée par définition. Pour
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obtenir l’identifiabilité, il faut ajouter des contraintes supplémentaires sur x qui
réduisent l’ensemble des solutions à un seul élément.

Encore une fois, une hypothèse standard est la parcimonie, et nous pouvons
reformuler le problème comme un problème de minimisation de la norme ℓ0 :

min
x

∥x∥0
s.t. y = Ax.

(2.3.1)

De manière intéressante, la théorie montre que dans de nombreux cas, ce problème
admet un minimiseur unique, ce qui garantit l’identifiabilité dans ce nouveau cadre.
Dans ce cas, si l’on note k la valeur minimale de parcimonie, et si le vecteur réel x0
est k-parsimonieux, résoudre ce problème permet en réalité de récupérer x0.

Cependant, la norme ℓ0 est difficile à optimiser. En fait, il a été démontré que
le problème (2.3.1) est NP-difficile. Une découverte très intéressante est qu’il est
possible d’utiliser la norme ℓ1 comme substitut convexe de la norme ℓ0. Le problème
devient alors

min
x

∥x∥1
s.t. y = Ax.

(2.3.2)

Il a été démontré que dans de nombreux contextes, la solution de (2.3.2) est la même
que celle de (2.3.1), ce qui signifie que résoudre (2.3.2) permet de récupérer exacte-
ment le vecteur k-parsimonieux x0. Contrairement à (2.3.1), le problème (2.3.2) est
pratiquement soluble en temps polynomial avec des outils d’optimisation classiques
[101].

2.3.3 L’identifiabilité pour les réseaux de neurones ReLU

2.3.3.1 Plusieurs définitions de l’identifiabilité

La question de l’identifiabilité peut être formulée pour les réseaux de neurones :
comme vu précédemment, les réseaux de neurones admettent des paramètres sous
forme de poids et de biais, et étant donné un choix de paramètres θ ∈ Rp, un réseau
implémente une fonction fθ. La différence avec le modèle linéaire est que fθ n’est
généralement pas linéaire par rapport à θ. Les motivations diffèrent également ; elles
sont discutées dans la section suivante.

Considérons un réseau ReLU (fθ)θ∈Rp . De manière naïve, la question générale
de l’identifiabilité est : si fθ1 = fθ2 , a-t-on θ1 = θ2 ? En fait, comme nous l’avons
vu dans la Section 2.2, il est possible de transformer les paramètres d’un réseau
ReLU sans modifier la fonction qu’il implémente. En effet, si on rappelle la relation
d’équivalence ∼ définie à la fin de la Section 2.2.3, alors pour tout θ ∈ Rp = RE×RB,
on sait que si θ′ ∈ RE×RB satisfait θ ∼ θ′, on a fθ = f ′θ. Nous devons donc assouplir
la définition de l’identifiabilité si nous voulons qu’elle ait un sens pour les réseaux
de neurones ReLU.
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Definition 6. On dit qu’un paramètre θ ∈ RE × RB d’un réseau ReLU est iden-
tifiable si pour tout θ′ ∈ RE × RB, alors

fθ = fθ′ =⇒ θ ∼ θ′.

Definition 7. On dit qu’un paramètre θ ∈ RE ×RB d’un réseau ReLU est locale-
ment identifiable s’il existe ϵθ > 0 tel que, pour tout θ′ ∈ RE × RB, alors

∥θ − θ′∥ < ϵθ et fθ = fθ′ =⇒ θ ∼ θ′.

Ces définitions supposent que les fonctions fθ et fθ′ implémentées par les réseaux
de paramètres θ et θ′ sont égales, ce qui signifie qu’elles coïncident sur l’intégralité de
l’espace de départ. Cependant, la distribution des entrées peut avoir un support plus
petit que l’ensemble complet RN0 , ce qui signifie qu’en pratique, nous ne considérons
que fθ(x) et fθ′(x) dans un sous-ensemble Ω ⊂ RN0 . Dans ce cas, si fθ et fθ′
coïncident sur Ω, c’est comme si elles étaient égales pour nous. En tenant compte
de cela, nous pouvons considérer la définition suivante.

Definition 8. On dit qu’un paramètre θ ∈ RE × RB d’un réseau ReLU est iden-
tifiable à partir de Ω si pour tout θ′ ∈ RE × RB, alors

∀x ∈ Ω, fθ(x) = fθ′(x) =⇒ θ ∼ θ′.

La même adaptation peut être faite pour l’identifiabilité locale.

Definition 9. On dit qu’un paramètre θ ∈ RE ×RB d’un réseau ReLU est locale-
ment identifiable à partir de Ω s’il existe ϵθ > 0 tel que, pour tout θ′ ∈ RE×RB,
alors

∥θ − θ′∥ < ϵθ et ∀x ∈ Ω, fθ(x) = fθ′(x) =⇒ θ ∼ θ′.

Un cas particulier est lorsque Ω est fini. Dans ce cas, on a une liste finie d’exemples
x(i), 1 ≤ i ≤ n pour un entier n. La question est donc de savoir si fθ et fθ′ coïncident
sur ces n entrées, a-t-on θ ∼ θ′ ? Cette déclinaison de l’identifiabilité est intéressante
car elle correspond aux situations rencontrées en pratique. L’identifiabilité à par-
tir d’un sous-ensemble Ω et en particulier l’identifiabilité à partir d’une liste finie
d’entrées sont plus difficiles à garantir car elles ne supposent pas une connaissance
complète de fθ.

2.3.3.2 Stabilité inverse et reconstruction stable

Nous explicitons dans cette section deux notions proches de l’identifiabilité et
parfois désignées elles-mêmes comme identifiabilité.

La première notion est la stabilité inverse. L’idée générale est d’étendre la
définition de l’identifiabilité aux petites perturbations. Supposons que les fonctions
fθ et fθ′ ne soient pas parfaitement égales, mais qu’elles soient proches en un certain
sens. Les paramètres θ et θ′ ne seront pas égaux, mais on peut se demander s’ils
sont proches pour une certaine distance. C’est une extension intéressante de la no-
tion d’identifiabilité, car en pratique, nous sommes généralement confrontés à toutes
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sortes d’incertitudes et d’erreurs qui empêchent une égalité parfaite. De plus, la sta-
bilité inverse peut avoir de nombreux avantages théoriques et pratiques, notamment
en termes d’optimisation [58]. Voici une définition informelle de la stabilité inverse :

Definition 10. Nous disons que la stabilité inverse est vérifiée s’il existe α > 0 tel
que, pour tout θ, θ′ ∈ RE × RB, alors

∥θ − θ′∥par ≤ α∥fθ − fθ′∥fct.

Dans cette définition informelle, de nombreux éléments doivent être spécifiés.
Tout d’abord, il faut déterminer une ‘norme’ significative (ici, nous mettons des
guillemets car nous considérons les normes dans un sens large) ∥ · ∥par sur l’en-
semble des paramètres. Une telle ‘norme’ doit prendre en compte les équivalences
des paramètres. En effet, comme nous l’avons dit précédemment, tous les paramètres
appartenant à une même classe d’équivalence pour ∼ implémentent la même fonc-
tion, de sorte que la quantité ∥θ− θ′∥par ne doit pas dépendre du membre choisi de
la classe. Par exemple, toute norme classique sur l’espace des paramètres RE ×RB,
telle que la norme euclidienne ∥·∥2, échouerait pour les réseaux ReLU car nous pou-
vons utiliser l’opération de rescalings positifs sur un paramètre θ pour construire
une séquence θn ∈ RE×RB telle que, pour tout n ∈ N, θ ∼ θn mais ∥θ−θn∥2 →∞,
ce qui empêcherait toute forme de borne comme celle de la définition informelle de
tenir. À titre d’exemple, [117] proposent une norme sur l’espace des paramètres pour
les problèmes de factorisation matricielle structurée profonde qui tient compte de
cela.

Un autre élément qui doit être spécifié est la ‘norme’ ∥ · ∥fct sur l’espace des
fonctions du réseau. Cela est encore plus complexe, car la gamme des normes sur
un tel espace fonctionnel est très large. Les auteurs de [58] proposent une discussion
sur le sujet et présentent quelques contre-exemples pour lesquels la stabilité inverse
n’est pas vérifiée. Ils montrent que les normes qui tiennent compte des gradients,
telles que les normes de Sobolev, sont mieux adaptées pour caractériser la distance
entre deux fonctions implémentées par un réseau.

Pour finir, contrairement à l’identifiabilité et à la stabilité inverse, la recons-
truction stable désigne la recherche d’algorithmes capables de reconstruire en pra-
tique le paramètre θ d’un réseau de neurones, ou d’un équivalent, avec une certaine
marge d’erreur.

2.3.4 Les motivations de l’identifiabilité

Les motivations pour étudier l’identifiabilité dans le cas des réseaux de neurones
ne sont pas les mêmes que dans les contextes statistiques présentés dans les Sections
1.3.1 et 1.3.2. En statistiques, l’une des motivations pour estimer les paramètres d’un
modèle est parce qu’ils ont une signification physique. Dans ce cas, l’identifiabilité est
nécessaire pour estimer la valeur exacte d’un paramètre particulier. En deep learning,
il est possible de trouver dans la littérature des configurations spécifiques où une
partie des paramètres d’un réseau de neurones a une signification physique [60, 197],
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ce qui peut être une raison de rechercher l’identifiabilité. Cependant, la plupart du
temps, les paramètres des réseaux de neurones n’ont pas de signification physique, et
les motivations pour étudier l’identifiabilité sont différentes. Nous décrivons certaines
des motivations dans la présente section. Elles sont diverses et vont des plus pratiques
aux plus théoriques.

2.3.4.1 Les attaques par inversion de modèle

Les modèles de machine learning, et notamment les réseaux de neurones, sont
largement utilisés de nos jours dans une grande variété de tâches. Ce développement
s’accompagne d’un besoin de garanties en ce qui concerne la sécurité, la robustesse
et la confidentialité des modèles utilisés. Il est fréquent que l’utilisateur du modèle
ne soit pas le même que le fournisseur [158]. Dans un tel cadre, les utilisateurs
peuvent utiliser des modèles déjà entraînés, fournis par des services cloud, soit gra-
tuitement, soit moyennant des frais associés à chaque requête. Les utilisateurs n’ont
généralement pas un accès complet au modèle. En particulier, ils ne connaissent pas
nécessairement l’architecture utilisée, l’optimiseur ou les hyperparamètres utilisés
lors du training, et surtout, quels sont les paramètres obtenus à l’issue du trai-
ning. Il peut en effet être important pour les fournisseurs de modèles de garder ces
informations confidentielles, pour des raisons que nous expliquons ci-dessous. Ce-
pendant, les attaques par extraction de modèle ont été un sujet croissant au cours
des dernières années [139] : il s’agit d’attaques qui sont capables de récupérer au
moins partiellement les informations cachées du modèle à l’aide des requêtes en-
voyées au modèle. En particulier, pour les réseaux de neurones, certaines attaques
sont capables de récupérer en pratique les paramètres d’un réseau ou la fonction
implémentée par celui-ci à partir de requêtes envoyées au réseau [39, 159].

Un problème de confidentialité L’extraction des paramètres d’un réseau de
neurones par des attaquants peut poser un problème majeur en matière de confiden-
tialité. En effet, il est désormais bien connu que les réseaux de neurones mémorisent
certains éléments de leurs bases de données d’entraînement, stockant ces informa-
tions dans leurs paramètres. Par exemple, en 2015, les auteurs de [67] ont montré
qu’ils étaient capables de reconstruire certaines images de la base de données utili-
sée pour entraîner un système de reconnaissance faciale. La technique exploite un
indicateur de confiance renvoyé par le système. La technique nécessite le calcul du
gradient ∇fθ(x) de θ 7→ fθ(x), pour n’importe quelle entrée x. Comme le montrent
les auteurs, cela peut être fait avec des méthodes numériques, mais c’est très coûteux
et ne fonctionne que lorsque la dimension est suffisamment petite. Dans la plupart
de leurs expériences, les auteurs supposent la connaissance de θ. Plus récemment,
les auteurs de [85] ont utilisé le biais implicite des réseaux de neurones (voir Section
2.4.4) pour reconstruire plusieurs images de la base de données d’entraînement d’un
réseau de neurones. L’algorithme est différent, mais la méthode suppose à nouveau
la connaissance des paramètres entraînés θ. Il devient donc clair qu’empêcher les
utilisateurs de récupérer les paramètres du réseau est essentiel pour la confidentia-
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lité.

Un problème de robustesse Une autre préoccupation majeure est qu’un ré-
seau dont les paramètres sont accessibles peut être moins robuste face aux attaques
adversariales. En effet, il est bien connu que les réseaux de neurones sont vulné-
rables à de telles attaques, et des travaux considérables ont été réalisés au cours
de la dernière décennie pour mieux comprendre ce phénomène et le prévenir. La
capacité d’utilisateurs malveillants à tromper un système de vision par ordinateur
basé sur un réseau de neurones peut poser des problèmes majeurs de sécurité, par
exemple dans le cas des véhicules autonomes et de la reconnaissance des panneaux
de signalisation. Avoir accès aux paramètres entraînés du réseau peut faire la diffé-
rence dans de telles attaques. En effet, si certaines attaques adversariales de type
‘boîte noire’ existent [180, 165, 49], c’est-à-dire des attaques qui fonctionnent en se
contentant d’interroger un réseau, de nombreuses attaques utilisent la connaissance
des paramètres du réseau, au moins pour calculer les gradients [183, 79, 104, 142,
41, 127, 126, 13].

Un problème de propriété intellectuelle Enfin, les paramètres d’un réseau de
neurones entraîné peuvent avoir de la valeur, car ils peuvent être le résultat d’en-
traînements coûteux. Pouvoir extraire les paramètres entraînés d’un réseau permet
de le reproduire, ce qui peut donc poser un problème en matière de propriété in-
tellectuelle du réseau ou des bases de données d’apprentissage [196]. L’extraction
des paramètres peut également aider à extraire d’autres informations précieuses.
Par exemple, les auteurs de [191] présentent une attaque d’extraction d’hyperpara-
mètres, qui est capable de récupérer un hyperparamètre utilisé pour entraîner un
modèle (qui peut être un réseau de neurones), en résolvant un système d’équations.
Cette attaque suppose la connaissance de la paramétrisation θ, donc à nouveau, la
capacité d’extraire les paramètres d’un réseau est cruciale.

Le lien avec l’identifiabilité Le problème des attaques par extraction de modèle
et en particulier de l’extraction de paramètres est directement lié à la question de
l’identifiabilité. En effet, l’étude théorique de quand la fonction implémentée par un
réseau caractérise de manière unique ses paramètres, et quelles sont les attributs
de la fonction qui rendent les paramètres identifiables, permet de comprendre quels
réseaux sont vulnérables à l’extraction de paramètres et comment l’empêcher. Pour
les réseaux ReLU, les travaux existants sur l’identifiabilité, y compris les nôtres,
montrent comment les frontières entre les régions affines, qui prennent la forme de
morceaux d’hyperplans, transmettent le plus d’informations sur les paramètres d’un
réseau. En s’appuyant sur cette connaissance, les auteurs de [43] ont développé une
méthode pour empêcher l’extraction de paramètres en complexifiant artificiellement
le réseau sans changer son comportement global. Cette méthode ajoute des couches
au réseau d’origine qui ne modifient pas le comportement global de la fonction,
mais qui augmentent significativement le nombre de régions affines et de frontières
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de séparation, afin de rendre la récupération des paramètres inextricable.
Une autre manière de tirer parti de la connaissance de l’identifiabilité pour mieux

comprendre les attaques d’inversion de modèle consiste à fournir des conditions pra-
tiques permettant de tester l’identifiabilité. En effet, l’utilisateur d’un réseau a accès
à une liste d’entrées (les requêtes) et aux sorties correspondantes du réseau (les ré-
ponses aux requêtes). La question est alors de savoir si ces informations caractérisent
de manière unique les paramètres : il s’agit de la question de l’identifiabilité à partir
d’un échantillon fini (voir la Section 2.3.3). Il est clair que si le nombre de requêtes
est faible (par exemple une seule requête), les informations obtenues ne suffiront pas
à caractériser les paramètres du réseau. Pour le fournisseur, un moyen d’empêcher
la récupération des paramètres peut alors être de garantir que l’identifiabilité ne
s’applique pas, c’est-à-dire de vérifier qu’une condition nécessaire d’identifiabilité
n’est pas satisfaite. Dans ce cas, les paramètres ne sont pas caractérisés de manière
unique par les informations disponibles, et sans informations supplémentaires, il est
impossible d’inférer les paramètres du réseau. Un moyen simple de garantir cela
peut simplement être de limiter le nombre de requêtes accessibles à l’utilisateur.
Du côté opposé, s’assurer de l’identifiabilité est intéressant du point de vue d’un
attaquant. Si l’attaquant connaît les entrées X, les sorties correspondantes fθ(X),
et est capable de calculer un θ̃ tel que fθ̃(X) = fθ(X), la question devient alors :
cela garantit-il que θ̃ = θ ou l’attaquant doit-il élargir X avec de nouvelles requêtes ?
L’attaquant a besoin d’une condition suffisante d’identifiabilité.

2.3.4.2 Garanties théoriques

Un inconvénient fréquemment mentionné des réseaux de neurones est qu’ils fonc-
tionnent comme des modèles de type ‘boîte noire’ sur lesquels nous avons peu de
compréhension et de contrôle. Ce problème a été la motivation d’un grand nombre
de travaux au cours de la dernière décennie, qui ont contribué à éclairer davantage
les réseaux de neurones et leur comportement complexe. Malgré ces progrès, le be-
soin de garanties théoriques et d’une meilleure compréhension du comportement des
réseaux de neurones persiste. La question de l’identifiabilité peut jouer un rôle dans
cet effort.

Par exemple, une ligne de recherche pour comprendre les propriétés d’entraî-
nement et de généralisation des réseaux de neurones est le cadre ‘élève-enseignant’,
dans lequel on suppose qu’on entraîne un réseau - l’élève - avec des données générées
par un réseau inconnu - l’enseignant. Dans un tel cadre, une question naturelle est
de savoir dans quel cas la formation du réseau élève implique réellement la récupé-
ration des paramètres du réseau enseignant [62]. Dans ce cas, l’apprentissage peut
être considérée comme une tâche d’estimation classique : retrouver les vrais para-
mètres du modèle. En particulier, si les paramètres du réseau enseignant sont iden-
tifiables à partir des données d’apprentissage, alors l’entraînement de l’élève pour
coller parfaitement aux exemples d’apprentissage est rigoureusement équivalent à
la récupération des paramètres de l’enseignant. De nombreux articles ont suivi ce
cadre, voir par exemple [93, 32, 109, 174, 200].
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Dans ce cadre, une conséquence de l’identifiabilité à partir des données d’entraî-
nement est que le minimiseur global du risque empirique est unique. Par conséquent,
à condition que le processus d’optimisation soit capable d’atteindre le minimiseur
global, il n’y a pas de variabilité des paramètres appris venant des réglages de l’opti-
misation (choix de l’algorithme, taille du pas, nombre d’epochs...) ou de la stochas-
ticité (pour les optimiseurs stochastiques). Cela garantit davantage de contrôle sur
l’entraînement des réseaux de neurones, sous la forme de ce que nous pourrions ap-
peler la reproductibilité du processus d’entraînement. Même si des travaux récents
sur les phénomènes de double descente, par exemple [24], mettent en évidence un
avantage du surparamétrage (dans laquelle nous ne pourrons généralement pas ga-
rantir l’identifiabilité) pour améliorer les performances de prédiction, un utilisateur
peut être intéressé par le fait d’avoir un nombre de paramètres suffisamment petit
pour conserver l’identifiabilité, si la perte de performance est limitée par rapport au
cadre surparamétré.

Le lien entre l’espace des paramètres et l’espace des fonctions implémentées par
un réseau de neurones est complexe. Comme le montre [144], l’ensemble des fonctions
(fθ)θ∈Rp implémentées par un réseau de neurones avec des fonctions d’activation
classiques (y compris ReLU) n’est ni globalement ni localement convexe. De plus,
cet ensemble n’est pas fermé dans aucun des espaces Lp. Une conséquence de cette
non-fermeture est par exemple l’explosion des poids lorsqu’une suite de fonctions
fθn converge vers une limite f qui n’est pas dans l’espace des fonctions du réseau.
Encore pire, les auteurs montrent que la suite fθn peut converger vers une fonction
fθ∗ qui appartient à l’ensemble des fonctions réalisées par le réseau, tandis que la
séquence (θn) diverge vers l’infini. Cela est dû au fait qu’une fonction implémentée
par un réseau peut avoir un nombre infini de paramétrisations.

Pour résoudre les problèmes posés par [144], les auteurs de [58] montrent qu’en
choisissant les normes sur l’espace des fonctions de façon adéquate, et en restrei-
gnant l’ensemble des paramètres pour éviter les paramétrisations dégénérées, on
peut garantir la stabilité inverse. Comme le montrent les auteurs, la stabilité inverse,
associée à des contraintes de régularisation appropriées, permet alors de garantir de
bonnes propriétés d’optimisation, telles que la quasi-optimalité des minima locaux
de la fonction objectif.

2.3.4.3 L’identifiabilité comme mesure de la diversité d’un échantillon

L’identifiabilité peut nous renseigner sur un réseau de neurones, mais elle peut
aussi être une information utile pour caractériser la diversité ou la représentati-
vité d’un échantillon donné. Supposons par exemple que nous ayons un réseau
de neurones entraîné de paramètre θ ∈ Rp donné, que nous aimerions tester, et
pour ce faire, nous observons les sorties fθ(x(i)) du réseau pour une liste d’entrées
x(i), i ∈ J1, nK. Alors, l’identifiabilité de θ à partir de l’échantillon de test peut ser-
vir de mesure de la richesse de l’échantillon. Si θ n’est pas identifiable, il n’est pas
entièrement caractérisé par l’échantillon, ce qui signifie que l’on pourrait ajouter de
nouveaux exemples de test pour mieux caractériser la fonction fθ implémentée par
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le réseau de neurones.

2.3.5 Travaux existants

2.3.5.1 Identifiabilité

L’identifiabilité des paramètres des réseaux de neurones a été le sujet de nom-
breux travaux. Pour les fonctions d’activation lisses, certains résultats ont déjà été
établis dans les années 1990. Pour les réseaux peu profonds, des résultats existent
pour des fonctions d’activation telles que tanh [181, 4], la sigmoïde logistique [105],
ou les fonctions gaussiennes et rationnelles [96]. Pour les réseaux profonds, [61]
montre qu’avec tanh comme fonction d’activation, avec seulement quelques condi-
tions génériques sur les paramètres, deux réseaux qui implémentent la même fonction
ont la même architecture et les mêmes paramètres jusqu’à certaines permutations
et opérations de changement de signe (‘sign-flips’).

Dans le cas des réseaux ReLU, nous avons vu dans la Section 2.2 que deux
opérations sont bien connues pour préserver la fonction implémentée par le réseau :
les permutations et les rescalings positifs. Ces opérations définissent des classes
d’équivalence sur l’ensemble des paramètres, et nous pouvons au mieux identifier
les paramètres d’un réseau modulo ces équivalences. Il est démontré dans [147] que
ces opérations sont les seules opérations génériques de ce type pour les réseaux
ReLU avec un nombre décroissant de neurones par couche. En effet, les auteurs
montrent que pour n’importe quelle architecture de réseau ReLU fully-connected
avec un nombre décroissant de neurones par couche, pour tout ensemble ouvert non
vide Ω, il existe une paramétrisation θ telle que pour toute autre paramétrisation θ̃
satisfaisant une hypothèse générique, si fθ̃ coïncide avec fθ sur Ω, alors θ̃ est dans
la classe d’équivalence de θ modulo permutations et rescalings positifs.

Dans le cas des réseaux ReLU peu profonds, [145] établit une condition suffisante
sur les paramètres pour l’identifiabilité. Si la condition est satisfaite par deux réseaux
de type feedforward fully-connected à deux couches avec des fonctions ReLU, dont
les fonctions coïncident sur tout l’espace d’entrée, alors les paramètres d’un réseau
peuvent être obtenus à partir des paramètres de l’autre réseau par permutation et
rescalings positifs.

Dans le cas des réseaux ReLU profonds, [159] donne une condition suffisante pour
être capable de reconstruire l’architecture, les poids et les biais d’un réseau ReLU
profond en connaissant sa correspondance entrée-sortie sur tout l’espace d’entrée.

Une autre propriété est l’identifiabilité locale, qui est l’identifiabilité d’un para-
mètre θ parmi un ensemble de paramètres qui sont proches de θ, telle que définie
dans la section 2.3.3.1. [179] étudie cette propriété pour les réseaux peu profonds
et profonds. Pour un réseau ReLU profond, il montre d’abord que sous une hy-
pothèse triviale, l’identifiabilité générale modulo permutation et rescalings positifs
implique l’identifiabilité locale modulo rescalings positifs, et que la non-existence
de "neurones jumeaux" est nécessaire pour l’identifiabilité et l’identifiabilité locale.
Ensuite, les auteurs de [179] donnent une condition abstraite nécessaire et suffisante
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sur θ telle qu’il existe un ensemble Ω bien choisi et fini à partir duquel l’identifia-
bilité locale est garantie modulo rescalings positifs, et ils donnent une borne sur la
taille de l’ensemble.

Enfin, une autre ligne de recherche qui peut être liée à l’identifiabilité est le
domaine de la compression sans perte de réseaux de neurones [169, 170].

2.3.5.2 Stabilité inverse and reconstruction stable

Établir des propriétés d’identifiabilité est une première étape vers l’établissement
de propriétés de stabilité inverse et l’étude d’algorithmes de reconstruction stable,
telle que décrites dans la Section 2.3.3.2.

En général, la stabilité inverse n’est pas vérifiée avec la norme uniforme pour les
réseaux de neurones fully-connected feedforward. En effet, [144] montre que, pour
n’importe quelle profondeur, pour n’importe quelle architecture avec au moins 3
neurones dans la première couche cachée et n’importe quelle fonction d’activation
couramment utilisée, il existe une séquence de réseaux dont la fonction tend unifor-
mément vers 0 tandis que n’importe quelle paramétrisation de ce réseau tend vers
l’infini.

De nombreux résultats sur la stabilité inverse et la reconstruction stable existent
déjà pour les réseaux peu profonds. [58] étudie directement la stabilité inverse jus-
qu’aux classes d’équivalence fonctionnelle. Les auteurs montrent que la stabilité
inverse a des implications intéressantes en termes d’optimisation. En se référant à
l’exemple donné par [144], les auteurs de [58] soutiennent que la norme de Sobolev
est plus adaptée que la norme uniforme pour le problème de la stabilité inverse.
Avec cette norme, ils établissent concrètement un résultat de stabilité inverse sur les
réseaux ReLU peu profonds sans biais, sous quelques conditions sur les paramètres.

En ce qui concerne les algorithmes de reconstruction stables, [68] fournit une
complexité d’échantillonnage sous laquelle on peut récupérer les paramètres d’un
réseau peu profond avec une fonction d’activation sigmoïde en utilisant l’entropie
croisée comme perte. Pour les réseaux ReLU peu profonds fully-connected, sans biais
et avec une entrée gaussienne, [70, 200, 201, 203] étudient la reconstruction stable
des paramètres d’un réseau enseignant. Ils donnent une complexité d’échantillonnage
sous laquelle la minimisation du risque empirique permet de récupérer les paramètres
du réseau. [109] étudie la même configuration mais avec une mise en correspondance
par identité qui saute une couche. Les réseaux ReLU peuvent également être utilisés
pour récupérer un réseau avec une fonction d’activation de valeur absolue [108]. En
fait, un neurone avec une valeur absolue peut être vu comme une somme de deux
neurones ReLU.

Certains résultats existent également dans le cas de réseaux de convolution peu
profonds. [32, 199, 198, 56] établissent des résultats de reconstruction stable pour
les réseaux de convolution ReLU sans chevauchement. [93] donne un résultat dans
le cas d’une fonction d’activation sigmoïde. Le cas des réseaux de convolution ReLU
avec chevauchement est étudié dans [76].

La stabilité et la reconstruction stable pour les réseaux profonds sont une ques-
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tion plus complexe. Quelques résultats existent sur le sujet, mais il reste en grande
partie inexploré.

Parmi eux, pour les réseaux linéaires structurés profonds, [119, 117, 115] utilisent
une technique de lifting tensoriel pour établir des propriétés de stabilité inverse. [119,
117] établissent des conditions nécessaires et suffisantes de stabilité inverse pour une
contrainte générale sur les paramètres définissant le réseau. [115] spécialise l’analyse
à la contrainte de parcimonie sur les paramètres et obtient des conditions nécessaires
et suffisantes de stabilité inverse.

Les auteurs de [8] considèrent des réseaux de neurones profonds feedforward
avec une fonction d’activation de Heavyside qui sont très parcimonieux et générés
de manière aléatoire. Ils montrent que ces réseaux peuvent être appris avec une
probabilité élevée couche par couche.

Les auteurs de [168] considèrent un réseau de neurones feedforward profond, avec
une fonction d’activation qui peut être, entre autres, ReLU, sigmoïde ou softmax.
Ils montrent que, si l’entrée est gaussienne ou si sa distribution est connue, et si la
matrice de poids de la première couche est parcimonieuse, alors une méthode basée
sur les moments et l’apprentissage de dictionnaires parcimonieux peut la récupérer
exactement. Rien n’est dit sur la stabilité ou l’estimation des autres couches.

Pour les réseaux ReLU profonds, dans le cas où l’on a un accès complet à la
fonction implémentée par le réseau, [159] fournit un algorithme pratique capable de
récupérer approximativement les paramètres modulo permutation et rescaling, et
[39] reconstruit un réseau équivalent en termes de fonction, en le formulat comme
un problème cryptanalytique.

2.3.6 Nos contributions

Nous présentons ici deux contributions de cette thèse sur la question de l’iden-
tifiabilité des réseaux ReLU profonds.

Chapitre 3 : identifiabilité des paramètres à partir d’un domaine Ω La
première contribution, décrite au Chapitre 3, est un résultat établissant des condi-
tions suffisantes d’identifiabilité pour les réseaux de neurones ReLU feedforward
profonds. Nous supposons que la fonction fθ implémentée par le réseau est connue
sur un sous-domaine Ω de l’espace d’entrée Rd. En analysant la structure affine par
morceaux des réseaux ReLU, et en particulier la structure des singularités de fθ
et des fonctions implémentées par les sous-réseaux, nous dérivons un ensemble de
conditions suffisantes, nommées P et définies dans la Section 3.4.1, qui permettent
de garantir l’identifiabilité. Le théorème principal peut être trouvé en tant que Théo-
rème 17 dans la Section 3.4.2.1.

Chapitre 4 : identifiabilité locale à partir d’un échantillon fini La deuxième
contribution, décrite au Chapitre 4, se concentre sur l’identifiabilité locale d’un
réseau ReLU profond à partir d’un échantillon fini X. Elle fournit deux conditions,
une condition nécessaire CN et une condition suffisante CS d’identifiabilité locale.



56 Chapitre 2. Introduction en français

Étant donné que l’identifiabilité locale est nécessaire pour l’identifiabilité globale,
la condition nécessaire est également une condition nécessaire pour l’identifiabilité
globale. Les deux conditions CN et CS s’appliquent aux rangs de deux opérateurs
construits à partir de θ. La particularité de ces conditions est d’être calculables en
pratique. Les principaux résultats peuvent être trouvés dans la Section 4.4 en tant
que Théorème 78 pour la condition nécessaire et Théorème 79 pour la condition
suffisante.

2.4 Complexité et régularisation des réseaux de neu-
rones

2.4.1 Quelques éléments de théorie du machine learning

Le développement du machine learning a conduit à la nécessité d’outils théo-
riques pour une meilleure compréhension et maîtrise des algorithmes. Nous nous
concentrons ici sur les stratégies d’apprentissage qui reposent sur la minimisation
du risque empirique. Nous considérons un modèle de machine learning (fθ)θ∈P , où
P est un ensemble de paramètres qui peut être autre que Rp. Rappelons la définition
du risque R(θ) et du risque empirique R̂(θ) donnée dans la Section 2.1.2. La mini-
misation du risque empirique désigne les stratégies dans lesquelles on choisit θ en
essayant de minimiser le risque empirique R̂(θ). Naïvement, on pourrait espérer que
le risque empirique R̂(θ) du paramètre obtenu θ ∈ P n’est pas très éloigné du risque
réel R(θ) simplement en raison de la loi des grands nombres. Cela serait vrai si θ (et
donc la fonction fθ) était indépendant de l’échantillon d’apprentissage. Cependant,
puisque θ est obtenu en minimisant le risque empirique, qui dépend de l’échantillon
d’apprentissage, θ dépend fortement de l’échantillon.

Pour borner l’écart entre R̂(θ) et R(θ), une idée est alors de montrer que l’en-
semble de fonctions (fθ)θ∈P n’est pas trop riche, c’est-à-dire qu’en quelque sorte θ
ne peut pas dépendre ‘trop’ de l’échantillon d’apprentissage. Par exemple, en consi-
dérant un exemple très simple où il n’y a que deux paramètres, P = {θ1, θ2}, on
pourrait appliquer la loi des grands nombres deux fois pour borner l’erreur de gé-
néralisation pour θ1 et θ2, puis simplement utiliser l’inégalité de Boole pour borner
l’erreur de généralisation sur P. Cela nous permettrait de garantir que même après
avoir choisi θ en fonction de l’échantillon d’apprentissage, l’erreur de généralisation
peut être bornée. Maintenant, imaginons que nous ajoutions plus de paramètres θi
dans P. Plus il y a de choix pour θ, plus nous avons de quantités à borner simul-
tanément, et moins nous sommes capables de borner l’écart entre R̂(θ) et R(θ).
Nous voyons ici l’intuition que plus l’ensemble de fonctions (fθ) est riche, plus il est
difficile de borner l’erreur de généralisation.

En général, les ensembles de fonctions (fθ)θ∈P considérés sont infinis, donc l’ap-
proche précédente doit être améliorée. Nous avons besoin d’outils pour quantifier
à quel point l’ensemble de fonctions (fθ) est riche et divers. C’est là qu’intervient
un outil tel que la VC-dimension, introduite pour la première fois par Vladimir
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Vapnik et Alexey Chervonenkis. Dans un cadre de classification binaire, la VC-
dimension permet de quantifier la complexité d’une famille de classificateurs. Si
nous considérons un ensemble d’exemples x(i), i ∈ J1, nK, nous disons que l’ensemble
{x(1), . . . , x(n)} est éclaté par la famille (fθ)θ∈P si, pour toute attribution binaire
d’étiquettes ϵ(1), . . . , ϵ(n) ∈ {0, 1}, il existe un classificateur fθ qui classe parfaite-
ment les points, c’est-à-dire fθ(x(i)) = ϵ(i), pour tous i ∈ J1, nK. La VC-dimension
d’un modèle (fθ)θ∈P est alors le plus grand n ∈ N tel qu’il existe un ensemble
d’exemples x(i), i ∈ J1, nK qui est éclaté par (fθ)θ∈P . Cette notion est extensible à la
classification multiclasse. Il est intuitif que plus les ensembles d’exemples que nous
sommes en mesure d’éclater avec (fθ)θ∈P sont grands, plus le modèle (fθ)θ∈P est
riche.

La VC-dimension est une mesure de complexité efficace qui permet de déduire
des bornes de généralisation pour de nombreux modèles de machine learning. Encore
une fois, l’idée générale est que plus une classe de fonctions est simple (c’est-à-dire
plus sa VC-dimension est faible), plus nous sommes en mesure de borner l’erreur de
généralisation. Le choix de la complexité d’un modèle est donc important, comme
nous le discutons dans la section suivante.

2.4.2 Le compromis biais-variance

Lorsque l’on essaie de choisir le meilleur modèle (fθ)θ∈P pour une tâche d’ap-
prentissage, un élément clé est la complexité du modèle. Un modèle trop simple,
avec trop peu de fonctions, s’adapterait difficilement à la tâche donnée. Il risque en
effet d’être difficile de s’ajuster aux données d’apprentissage et de réduire le risque
empirique R̂(θ), et il risque de ne pas exister de fonction fθ telle que le risque R(θ)
soit faible.

D’un autre côté, un modèle complexe peut être assez riche pour contenir une
fonction fθ telle que le risque empirique R̂(θ) soit faible. Cependant, dans ce cas,
la complexité du modèle rend plus difficile de borner l’erreur de généralisation, et
en effet, le risque empirique R̂(θ) et le risque réel R(θ) risquent de différer considé-
rablement. En ajustant trop étroitement le modèle aux données d’apprentissage, on
risque d’apprendre le bruit, ce qui risque de rendre le θ obtenu par la minimisation
du risque empirique trop dépendant des données d’apprentissage. Ce problème est
connu sous le nom d’overfitting (ou surajustement).

Dans le paradigme classique du machine learning, il est donc nécessaire de trou-
ver un juste équilibre entre ces deux phénomènes : choisir la bonne complexité pour
le bon problème. C’est ce que l’on appelle le compromis biais-variance.

Pour les réseaux de neurones feedforward, la complexité dépend de l’architec-
ture du réseau : la fonction d’activation utilisée et la taille du réseau, c’est-à-dire le
nombre de couches (profondeur) et le nombre de neurones de chaque couche (lar-
geur). Le choix de la fonction d’activation est en effet important, car pour certaines
fonctions d’activation, même les petits réseaux ont une dimension VC infinie. La
taille du réseau, elle, se reflète dans le nombre de paramètres : plus il y a de couches
et de neurones dans le réseau, plus le nombre de paramètres est élevé.
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Un travail considérable a été réalisé pour borner la dimension VC des réseaux de
neurones, en particulier pour les fonctions d’activation lisses [19, 6], ainsi que pour
les activations linéaires par morceaux telles que ReLU [16]. Les bornes existantes
pour les réseaux ReLU augmentent de façon au moins linéaire avec le nombre de
paramètres [16, 21], ce qui confirme que le nombre de paramètres représente la
complexité d’un réseau.

2.4.3 Le paradoxe du deep learning

Étant donné que la dimension VC augmente au moins linéairement avec le
nombre de paramètres, pour borner l’erreur de généralisation, il faudrait s’assurer
que la taille de l’échantillon d’apprentissage est grande par rapport au nombre de
paramètres. Cependant, cela entre en contradiction avec le cadre moderne du deep
learning, dans lequel les réseaux de neurones fortement surparamétrés ont montré
d’excellentes performances dans un large éventail de situations. Pire encore, dans
certaines de ces situations, augmenter le nombre de paramètres du réseau améliore
encore les performances de généralisation ! Dans de tels cadres, les bornes existantes
basées sur la dimension VC sont non informatives.

On pourrait essayer de trouver des bornes plus fines pour les réseaux de neurones,
cependant, les bornes existantes sont proches d’être optimales [16]. On pourrait
également essayer de trouver de meilleurs outils que la dimension VC pour rendre
compte de la complexité des classes de fonctions induites par les réseaux de neurones.
En effet, il est par exemple possible de changer la dimension VC d’un réseau de finie
à infinie en ajoutant une perturbation arbitrairement petite à ReLU [21]. Une telle
perturbation ne changerait pas le comportement global du réseau, mais la dimension
VC est sensible aux propriétés fines des modèles, donc elle est affectée par un tel
changement. D’autres mesures pourraient être plus robustes et plus efficaces pour
refléter la complexité de la classe de fonctions implémentées par un réseau neuronal.

Néanmoins, le problème semble plus général. En effet, comme le montrent [134,
195], les réseaux de neurones qui généralisent bien sur certaines tâches de classifi-
cation (comme MNIST) sont suffisamment puissants pour fitter parfaitement des
données avec des labels aléatoires. Cela montre que les réseaux de neurones forte-
ment surparamétrés sont en réalité très puissants et représentent une classe de fonc-
tions très riches. À cet égard, il existe de nombreuses paramétrisations θ telles que
le fθ correspondant est capable de fitter parfaitement les données d’apprentissage.
L’ensemble des minimiseurs des fonctions objectives minimisées par les algorithmes
d’optimisation tels que SGD est large [51, 106] et contient certains éléments qui
généralisent mal [192, 134]. Malgré cela, les optimiseurs sont capables de trouver
des fonctions qui généralisent bien en pratique. Cela montre que l’analyse globale,
qui prend en compte des bornes dans le pire des cas sur (fθ)θ∈Rp , avec le pire réseau
possible qui fitte les données, échouera inévitablement à expliquer la généralisation.
Au lieu de cela, il faut des mesures de complexité locales, qui décrivent la com-
plexité des fonctions réellement implémentées par les réseaux de neurones optimisés
par descente de gradient.
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2.4.4 Régularisation implicite et mesures de complexité locales

Un effort de recherche substantiel a été fait pour obtenir de nouvelles mesures de
complexité et de nouvelles bornes de généralisation pour les réseaux de neurones. Les
mesures de complexité servent soit d’outil descriptif montrant que les optimiseurs
tels que SGD sont implicitement biaisés en faveur de fonctions qui sont simples
en un certain sens et qui généralisent bien, soit les mesures peuvent être ajoutées
explicitement comme terme de régularisation pendant l’optimisation.

On peut énumérer les desiderata qu’une mesure de complexité idéale devrait
satisfaire [186]. Une mesure de complexité idéale devrait s’appliquer aux réseaux
utilisés en pratique et être capable de rendre compte des performances de prédiction
des différentes architectures. En particulier, elle ne devrait pas augmenter avec le
nombre de paramètres, car comme expliqué ci-dessus, l’ajout de paramètres même
après un fitting parfait de l’échantillon d’apprentissage n’affecte pas la prédiction,
voire l’améliore dans certains cas. La mesure de complexité devrait également avoir
la bonne dépendance par rapport au nombre d’exemples d’apprentissage [129]. La
mesure devrait également rendre compte de la complexité des ensembles de don-
nées. Par exemple, la classification sur CIFAR10 est plus difficile que sur MNIST,
et la classification sur CIFAR100 est plus difficile que la classification sur CIFAR10.
Lorsque l’on corrompt une partie des étiquettes de l’ensemble de données d’ap-
prentissage, comme cela se fait dans de nombreuses expériences, on devrait voir la
mesure de complexité augmenter. Outre la difficulté ou complexité d’un dataset,
la mesure de complexité devrait refléter les performances de différentes méthodes
d’optimisation : optimiseur, choix des hyperparamètres, techniques de régularisa-
tion, etc. Pour améliorer notre compréhension des réseaux de neurones, une mesure
de complexité devrait également avoir une explication théorique et idéalement être
accompagnée d’une borne de généralisation capable de prédire la généralisation. Une
telle borne devrait idéalement être proche de la véritable erreur de généralisation,
mais a minima, elle ne devrait pas être vide (c’est-à-dire qu’elle devrait prédire un
taux d’erreur inférieur à 100 %, sans quoi elle est non informative). Enfin, une me-
sure de complexité devrait être calculable de manière pratique et efficace. Dans la
mesure de nos connaissances, il existe des mesures de complexité satisfaisant cer-
tains des desiderata susmentionnés, mais aucune n’est capable de satisfaire, sinon
tous, ne serait-ce qu’une majorité d’entre eux.

De nombreuses bornes impliquent la norme des poids des réseaux de neurones,
soit directement, soit mesurée comme une distance par rapport aux poids à l’ini-
tialisation [137, 134, 15, 77, 128]. Un autre type de mesure de complexité qui a été
étudié est la platitude (‘flatness’) du minimum de la fonction objectif obtenu par
l’algorithme d’optimisation. L’idée que les minima plats peuvent généraliser mieux
que les minima abrupts (‘sharp’) n’est en effet pas nouvelle [90], et a été explorée
pour les réseaux de neurones [44, 100]. Cependant, cette mesure de généralisation
a des limites, comme expliqué dans [53]. Une limite notable pour les réseaux ReLU
est que l’on peut utiliser des rescalings pour changer les paramètres du réseau sans
affecter la fonction qu’il implémente (et donc sans changer les performances de gé-
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néralisation). De tels rescalings peuvent arbitrairement rendre un minimum de la
fonction objectif plus abrupt ou plus plat.

Comme mentionné dans la section 2.1.6, pour les réseaux ReLU, le nombre et la
densité des régions affines ont également été proposés comme mesures de complexité
pour les réseaux ReLU. Contrairement aux mesures de complexité basées sur la
norme, il n’y a pas de moyen direct d’obtenir ces mesures, mais différentes méthodes
ont été proposées pour calculer ces mesures avec une certaine efficacité [125, 150,
86].

2.4.5 Régularisation implicite lors de l’optimisation

Puisque l’objectif des mesures de complexité est de montrer que certaines fonc-
tions implémentées par les réseaux de neurones ont une faible complexité, et par
conséquent de bonnes propriétés de généralisation, une partie de l’étude devrait se
concentrer sur le processus d’optimisation, et notamment sur la raison pour laquelle
les algorithmes d’optimisation utilisés en pratique sont orientés vers ces fonctions à
faible complexité. Étant donné que ce biais existe même sans implémenter explici-
tement un terme de régularisation dans la fonction objectif, un tel phénomène est
étudié sous le nom de biais implicite ou de régularisation implicite.

La régularisation implicite est un phénomène bien compris pour les réseaux li-
néaires et la factorisation de matrices. Les résultats existants montrent en effet que
l’optimisation contraint implicitement le rang de la matrice de prédiction [9, 155,
167, 73, 74, 2].

L’optimisation est moins bien comprise dans le cas des réseaux non linéaires,
tels que les réseaux ReLU [10]. Le fait que l’optimisation soit orientée vers des
paramètres de faible rang semble moins clair pour les réseaux non linéaires que pour
les réseaux linéaires [185].

Certains articles montrent que le processus d’optimisation a tendance à mini-
miser certaines quantités basées sur les normes [136, 30]. En particulier, une série
de travaux étudie le flot de gradient et la descente de gradient pour les réseaux
de neurones en classification, montrant que bien que la fonction de perte logistique
fasse tendre naturellement les paramètres vers l’infini, les paramètres convergent en
direction, vers des classificateurs à marge maximale pour certaines normes [48, 112,
94].

Suivant d’autres hypothèses, les auteurs de [151] utilisent l’analyse de Fourier
pour montrer que les réseaux de neurones ReLU sont orientés vers l’apprentissage de
fonctions de basse fréquence, et d’une autre manière les auteurs de [161] affirment
que les réseaux de neurones sont biaisés vers la minimisation du nombre de régions
affines.

Les propriétés découlant de la nature stochastique de la descente de gradient
stochastique SGD, par rapport à la descente de gradient classique ou au flot de gra-
dient, ont également suscité de l’intérêt. Il a été montré que la descente de gradient
stochastique introduit du bruit dans le processus d’optimisation, par rapport à la
descente de gradient classique ou au flot de gradient. En particulier, plus la taille
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du mini-batch est petite et plus le pas d’optimisation est grand, plus il y a de bruit.
Cela expliquerait pourquoi les réseaux de neurones ont tendance à converger vers
des minima plats, car le bruit tend à faire sortir l’optimiseur des minima abrupts
[44, 100].

Certains auteurs ont essayé de rendre explicite le biais implicite du gradient
stochastique. En particulier, [172, 14, 71] ont montré que sous certaines hypothèses,
en moyenne, suivre la descente de gradient stochastique sur une perte L équivaut
à suivre un flot de gradient modifié, comprenant un terme de biais supplémentaire
prenant la forme de la norme au carré du gradient de L.

2.4.6 Autres travaux sur la généralisation des réseaux de neurones

Dans ce paragraphe, nous décrivons brièvement quelques autres lignes de re-
cherche autour du comportement de généralisation des réseaux de neurones qui
méritent d’être mentionnées.

Tout d’abord, certains auteurs ont cherché à mieux capturer le fait que les ré-
seaux de neurones qui fittent parfaitement des données bruitées sont capables de
généraliser. En effet, fitter exactement les données d’apprentissage, surtout lorsque
les données sont bruitées, est classiquement considéré comme de l’overfitting et nor-
malement évité en machine learning classique. Ces auteurs ont donc cherché à com-
prendre les situations où le surajustement n’impacte pas négativement la prédiction,
une situation appelée ‘benign overfitting’ [18].

D’autres auteurs ont cherché à réconcilier le paradigme classique du machine
learning avec l’apprentissage profond moderne. En particulier, en étudiant le risque
en fonction du nombre de paramètres, ils ont montré l’existence de deux régimes.
Dans le premier régime, lorsque le nombre de paramètres est inférieur à la taille
des données, la courbe a une forme en ’U’ : lorsque le nombre de paramètres est
faible, le biais est prédominant, et donc ajouter des paramètres améliore les capacités
d’approximation et permet ainsi de réduire le risque. En augmentant le nombre de
paramètres, à un certain point, la variance prend le dessus et l’ajout de paramètres
fait augmenter le risque à nouveau. Il s’agit du compromis classique biais-variance.
Cependant, ce comportement change lorsque le nombre de paramètres atteint la
taille de l’ensemble d’apprentissage. Après ce point (parfois appelé interpolation),
l’ajout de paramètres fait à nouveau diminuer le risque. Cette forme particulière de
la courbe de risque a été appelée ’double descente’ et a été explorée théoriquement
et observée empiriquement [23, 131].

2.4.7 Notre contribution : une mesure géométrique de la com-
plexité locale (Chapitre 5)

Nous présentons ici une contribution de cette thèse au sujet de la complexité et
de la régularisation implicite des réseaux ReLU profonds, qui correspond au Chapitre
5.

Le chapitre explore les propriétés et les aspects computationnels des mesures
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de complexité locale des réseaux neuronaux ReLU profonds récemment introduites
dans [82]. Les mesures de complexité considérées sont liées à la géométrie locale de
l’ensemble image tel que défini par {fθ(X) | θ varie} et de l’ensemble de pré-image
{θ′ | fθ′(X) = fθ(X)}, où fθ(X) est la prédiction, pour un échantillon d’entrée X,
réalisée par le réseau de neurones de paramètre θ.

La géométrie locale de l’ensemble de pré-image et de l’ensemble image est liée
par la différentielle Dfθ(X) de θ 7→ fθ(X), et par le rang de celle-ci. L’ensemble
de pré-image représente les redondances dans les paramètres d’un réseau. Intuitive-
ment, plus il y a de redondances dans les paramètres, moins l’espace des fonctions
représentées par le réseau est riche et complexe. Parmi d’autres propriétés, nous
cherchons notamment à comprendre comment ces objets se comportent pendant
l’optimisation.

Le travail décrit dans ce chapitre est directement lié à la question de l’identifiabi-
lité. Étudier l’identifiabilité à partir d’un échantillon fini X correspond exactement
à étudier l’ensemble de pré-image. Comme nous le savons, cet ensemble contien-
dra au moins la classe d’équivalence de θ modulo permutation et rescaling positifs.
L’identifiabilité modulo permutation et rescalings positifs n’est vérifiée que si cet
ensemble ne contient que cette classe d’équivalence. En revanche, plus l’ensemble
de pré-image est grand, plus il y a de redondances dans les paramètres et plus nous
nous éloignons de l’identifiabilité.

Il n’est donc pas surprenant que la différentielle Dfθ(X) apparaisse sous une
forme légèrement différente au Chapitre 4, Section 4.4, sous la forme de l’opérateur
Γ(X, θ), et que le rang de cette différentielle apparaisse également au Chapitre 4
sous la forme de la quantité RΓ.



Chapter 3

Parameter identifiability of a deep
feedforward ReLU neural network

This chapter consists in the article [26], which is a joint work with François
Bachoc and François Malgouyres and was published in Machine Learning.

We point out to the reader that although the neural architectures considered
are the same as presented in the introduction, the notations of this chapter differ.
We mention here the two biggest ones. First, the parameterization of a network is
denoted (M,b) instead of θ, where M represents all the weights and b all the biases
of the network. The second difference that should be paid attention to in order not
to get confused, is that the indexation of the layers is here done in reverse order:
the input layer is denoted layer K, and the output layer is layer 0. These differences
are specific to Chapter 3, and not present in the subsequent chapters.

Abstract

The possibility for one to recover the parameters –weights and biases– of a neural
network thanks to the knowledge of its function on a subset of the input space can
be, depending on the situation, a curse or a blessing. On one hand, recovering the
parameters allows for better adversarial attacks and could also disclose sensitive
information from the dataset used to construct the network. On the other hand,
if the parameters of a network can be recovered, it guarantees the user that the
features in the latent spaces can be interpreted. It also provides foundations to
obtain formal guarantees on the performances of the network.

It is therefore important to characterize the networks whose parameters can be
identified and those whose parameters cannot.

In this article, we provide a set of conditions on a deep fully-connected feedfor-
ward ReLU neural network under which the parameters of the network are uniquely
identified –modulo permutation and positive rescaling– from the function it imple-
ments on a subset of the input space.
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3.1 Introduction

The development of Machine Learning and in particular of Deep Learning in
the last decade has led to many breakthroughs in fields such as image classification
[103], object recognition [156, 157], speech recognition [89, 164, 87], natural language
processing [124, 123, 97], anomaly detection [148] or climate sciences [3]. Deep
neural networks are now widely used in real-life tasks stemming from those fields and
beyond. This development and the diversity of contexts in which neural networks
are used require to investigate theoretical properties that permit to guarantee that
they can be used safely, are robust to attack, and can be used widely without giving
access to sensitive information.

One key problem in these regards is the relation between the parameters and the
function implemented by the network. If a parameterization of a network uniquely
defines a function, the reverse is not true. Which other parameterizations define
the same function, and what do they have in common? Which information on the
parameters of a network are we able to infer from the knowledge of its function
on a given domain? Addressing these questions is important for different reasons:
industrial property, privacy, robustness and efficiency guarantee (see Section 3.2 for
further discussions and references).
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In this article, we consider fully-connected feedforward neural networks with
K layers, K ≥ 2, with the ReLU activation function (see Section 3.3 for details).
The weights and bias parameterizing a neural network are gathered in a list M of
matrices and a list b of vectors. The corresponding function is denoted 1 fM,b :

RnK −→ Rn0 . We say that two parameterizations (M,b) and (M̃, b̃) are equivalent
if they can be deduced from each other by the permutation of neurons in each
hidden layer and by positive rescaling between the inward and outward weights of
every neuron of every hidden layer. These two operations, that are precisely defined
in Definition 13, are well-known in the literature [149, 145, 147, 159, 178] and will be
referred to as ‘permutation and positive rescaling’. As is well known and restated
for completeness in Proposition 14, if two parameterizations (M,b) and (M̃, b̃)

are equivalent, then the corresponding networks implement the same function: for
all x ∈ RnK , fM,b(x) = fM̃,b̃(x). In other words, parameter equivalence implies
functional equivalence of the networks.

The main contribution of this article is an identifiablity statement (see Theorem
17) which establishes a ‘weak’ converse of this statement. We consider a set Ω ⊂
RnK and two parameterizations (M,b) and (M̃, b̃) sharing the same architecture
(number of layers and of neurons per layer). We establish a sufficient condition P

such that, if for all x ∈ Ω, fM,b(x) = fM̃,b̃(x) and the condition P is met, then
the two parameterizations (M,b) and (M̃, b̃) are equivalent. The motivation for
the introduction of the set Ω is that, in practice, we may only test the values of
fM,b and fM̃,b̃ on a subset of RnK . Typically, Ω is a subset of the support of the
input distribution law. Such a setting also allows to show that two networks which
coincide on a given domain actually coincide on the whole input space RnK . Indeed,
if the functions implemented by the networks coincide on Ω and if the sufficient
condition P is satisfied, then the parameters are equivalent and thus by Proposition
14 the functions also coincide on the rest of the input space RnK . This can be useful
to bound the generalization error.

We also reformulate this identifiability statement (see Corollary 18) in a way that
illustrates its interest with regard to risk minimization. The corollary considers a
random variable X generating the input and an output of the form Y = fM,b(X),
for some parameters (M,b). It states that, when the condition P is met, any
estimated neural network (M̃, b̃) for which the population risk equals 0 belongs to
the equivalence class of (M,b). In words, the only way to have a perfect prediction
is to perfectly recover (M,b), up to permutation and positive rescaling.

We describe the related works in Section 3.2. In addition to the works provid-
ing identifiability, stability or stable recovery statements, we give a few pointers on
privacy, robustness and guarantees of efficiency that motivate our study from an
applied perspective. We define in Section 3.3 the considered neural networks and
provide the (known) properties that are useful in our context. The sufficient con-
dition P and the main theorems are in Section 3.4. The sketch of the proofs is in

1. For clarity of the proofs, we index the layers from K (input) to 0 (output). The input layer
is not counted hence the ‘K layers’.
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Section 3.5 and the details are in the Appendix.

3.2 Related work

3.2.1 Identifiability, stability and stable recovery

3.2.1.1 Identifiability

Identifiability of the parameters of neural networks has been the topic of a fair
amount of work. For smooth activation functions, some results were already es-
tablished in the 1990s. For shallow networks, results exist for activation functions
amongst which tanh [181, 4], the logistic sigmoid [105], or the Gaussian and rational
functions [96]. For deep networks, [61] shows that with tanh as activation function,
with only a few generic conditions on the parameters, two networks that implement
the same function have the same architecture and the same parameters up to some
permutations and sign-flip operations.

In the case of ReLU networks, we have seen that two operations are well known
to preserve the function implemented by the network: permutation and positive
rescaling. These operations define equivalence classes on the set of parameters, and
we can at best identify the parameters of a network up to these equivalences. It is
shown in [147] that these operations are the only generic operations of this kind for
ReLU networks with nonincreasing number of neurons per layer. Indeed, they show
that for any fully-connected ReLU network architecture with nonincreasing number
of neurons per layer, for any nonempty open set Ω, there exists a parameterization
(M,b) such that for any other parameterization (M̃, b̃) satisfying some generic
assumption, if fM̃,b̃ coincides with fM,b on Ω, then (M̃, b̃) in the equivalence class
of (M,b).

In this work, in order to establish identifiability, we take advantage of the piece-
wise linear geometry of the functions implemented by ReLU networks to identify the
parameters. Indeed, it is well known that the function defined by a deep ReLU net-
work is continuous piecewise-linear, i.e. we can partition the input space into poly-
hedral regions, sometimes called ‘linear regions’, over which the function is affine.
These regions are separated by boundaries that are made of pieces of hyperplanes
and that correspond to the non differentiabilities of the function. One crosses such
a boundary when the pre-activation value of a neuron (before applying the ReLU
function) changes sign. By observing the boundary, one can infer information about
the weights and bias of the said neuron.

Other articles adopt similar strategies for shallow [145] or deep networks [159,
147, 178, 179]. The specificity of our proof is to proceed by induction, identifying the
weights and bias layer after layer. We discuss the differences between our condition
P and the sufficient conditions given in [147, 159, 179] in detail in Section 3.4.3.3.

In the case of shallow ReLU networks, [145] establishes a sufficient condition on
the parameters for identifiability. If the condition is satisfied by two two-layer fully-
connected feedforward ReLU networks whose functions coincide on all the input
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space, then the parameters of one network can be obtained from the parameters of
the other network by permutation and positive rescaling.

In the case of deep ReLU networks, [159] gives a sufficient condition to be able
to reconstruct the architecture, weights and biases of a deep ReLU network by
knowing its input-output map on all the input space. The condition concerns the
boundaries mentioned above: for each neuron in a hidden layer, the authors define
the boundary associated to the neuron as the points at which the pre-activation
value of the neuron is zero. Then, the condition requires each boundary associated
to a neuron in a layer k to intersect the boundaries associated to all the neurons in
layer k + 1 and k − 1 (see Section 3.4.3.3 for more details).

Another kind of property is local identifiability, which is identifiability of a pa-
rameter (M,b) amongst a set of parameters that are close to (M,b). [179] studies
this property for shallow and deep networks. For a deep ReLU network, it first
shows that under a trivial assumption, general identifiability up to permutation and
positive rescaling implies local identifiability up to positive rescaling, and that the
non-existence of ‘twin’ neurons is necessary to identifiability and local identifiabil-
ity. Then, [179] makes a breakthrough by giving an abstract necessary and sufficient
condition on (M,b) such that there exists a well-chosen finite set Ω from which local
identifiability holds up to positive rescalings, and it gives a bound on the size of the
set. Furthermore, more recently, [28] provided a numerically testable condition for
local identifiability also from a finite set Ω.

Finally, another line of work that can be linked to identifiability is the field of
lossless compression of neural networks [169, 170].

3.2.1.2 Inverse stability and stable recovery

Establishing identifiability properties is a first step towards establishing inverse
stability properties and studying stable recovery algorithms. Given a norm between
functions, we say that inverse stability holds when the proximity of the functions
implemented by two networks with the same architecture implies the proximity of
the corresponding parameters -up to equivalences of parameters, for instance per-
mutations and positive rescalings in the case of ReLU networks. Inverse stability
is a stronger property than identifiability, and is necessary for stable recovery al-
gorithms, which goal is to practically recover the parameters of a network from its
function.

Inverse stability does not hold in general with the uniform norm for fully-
connected feedforward neural networks. Indeed, [144] shows that for any depth,
for any architecture with at least 3 neurons in the first hidden layer and any prac-
tically used activation function, there exists a sequence of networks whose function
tends uniformly to 0 while any parameterization of these networks tends to infinity.

Many inverse stability and stable recovery results already exist for shallow net-
works. [58] studies inverse stability directly up to functional equivalence classes,
without specifying the nature of these classes in terms of parameters -which in-
terests us in this paper. The authors show that inverse stability has interesting
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implications in terms of optimization, allowing to link the minima in the param-
eter space to minima in the realization space (the space of all the functions that
can be implemented by a network) and to estimate the quality of local minima in
the parameter space based on their radii. Referring to the counter-example given
by [144], the authors of [58] argue that the Sobolev norm is more suited than the
uniform norm to the problem of inverse stability. With this norm, they concretely
establish an inverse stability result on shallow ReLU networks without bias, under
a few conditions on the parameters.

When it comes to stable recovery algorithms, [68] provides a sample complexity
under which one can recover the parameters of a shallow network with sigmoid
activation function using cross-entropy as a loss. For shallow fully-connected ReLU
networks, without bias and with Gaussian input, [70, 200, 201, 203] study the stable
recovery of the parameters of a teacher network. They give a sample complexity
under which minimizing the empirical risk allows to recover the parameters of the
network. [109] studies the same configuration but with an identity mapping that
skips one layer. ReLU networks can also be used to recover a network with absolute
value as activation function [108]. In fact, a neuron with absolute value can be seen
as a sum of two ReLU neurons.

Some results also exist in the case of shallow convolutional networks. [32, 199,
198, 56] establish stable recovery results for convolutional ReLU networks with no
overlapping. [93] gives a result in the case of a sigmoidal activation function. The
case of convolutional ReLU networks with overlapping is studied in [76].

Stability and stable recovery for deep networks is a more complicated question.
A few results exist on the subject, but it stays mostly unexplored.

Among them, for deep structured linear networks, [119, 117, 115] use a tensorial
lifting technique to establish inverse stability properties. [119, 117] establish nec-
essary and sufficient conditions of inverse stability for a general constraint on the
parameters defining the network. [115] specializes the analysis to the sparsity con-
straint on the parameters, and obtains necessary and sufficient conditions of inverse
stability.

The authors of [8] consider deep feed-forward networks with Heavyside activation
function which are very sparse and randomly generated. They show that these can
be learned with high probability one layer after another.

The authors of [168] consider a deep feed-forward neural network, with an acti-
vation function that can be, inter alia, ReLU, sigmoid or softmax. They show that,
if the input is Gaussian or its distribution is known, and if the weight matrix of the
first layer is sparse, then a method based on moments and sparse dictionary learning
can retrieve it exactly. Nothing is said about the stability or the estimation of the
other layers.

For deep ReLU networks, in the case where one has full access to the function im-
plemented by the network [159] provides a practical algorithm able to approximately
recover the parameters modulo permutation and rescaling, and [39] reconstructs a
functionally equivalent network, formulating it as a cryptanalytic problem.

Further inverse stability and stable recovery results for deep ReLU networks are
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still to be established. Studying identifiability for these networks, as we do in this
article, is a first step towards this goal.

3.2.2 Motivations: privacy, robustness and interpretability

The generalization of deep networks in various applications such as life style
choices or medical diagnosis has raised new concerns about privacy and security.
Indeed, to perform well, neural networks need to be trained with many examples.
The training of some models can take up to several weeks, and need huge datasets
such as ImageNet, which contains millions of images. For instance, the training of
the giant GPT-3 neural network costed an estimated 12 millions of dollars [31]. For
this reason, trained models are valuable and their owners may want to protect them
from replication.

In many applications, the training dataset also contains sensitive information
that could be uncovered [132, 111, 40, 67, 46]. It is crucial, to the deployment of
the solutions relying on deep networks, to guarantee that this cannot occur. For
example, when the system returns a confidence indicator in the prediction or a notion
of margin, the Model Inversion Attack described in [67] uncovers learning examples
x by maximizing the confidence/margin, under a constraint that ∥fM,b(x) − y∥ ≤
ε, where y is a target output. In moderate dimension, this can be achieved by
simply applying fM,b several times. In large dimension, the complexity of the
computation is too large unless the adversary can compute ∇fM,b(x), for any x.
To perform this computation, the adversary needs to know (M,b). Guaranteeing
that the parameters cannot be recovered prevents this. With a slightly different
objective, (differential) privacy deep learning also assumes that the adversary has
the knowledge of the network parameters [1].

Furthermore, knowing the architecture and parameters of a network could make
easier for a malicious user to attack it, for instance with adversarial attacks. Indeed,
if some black-box adversarial attacks do exist [180, 165, 49], many of them use the
knowledge of the parameters of the network, at least to compute the gradients [183,
79, 104, 142, 41, 127, 126, 13].

For all these reasons, the authors of [43] developed a method of preventing
parameters extraction by artificially complexifying the network without changing
its global behavior. This method builds on previous works on stable recovery of the
parameters of the ReLU networks, and in particular on the fact that the piecewise-
linear structure of the functions implemented by such networks can be used to
recover the parameters. Further understanding of stable recovery for deep networks
could help improve protection methods.

Another interest of our work is interpretability of deep neural networks. In some
uses of deep networks we want to understand what happens at a layer level and
how we can interpret the feature spaces defined by the different layers. But such an
interpretation is more meaningful if we know that, for a given function implemented
by the network, the parameterization is unique -up to elementary operations such
as permutations and positive rescalings for ReLU networks.
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3.3 Neural networks

In this section, we provide known definitions and properties of neural networks
with ReLU activation functions. For a self-contained reading, all the corresponding
proofs are provided in the appendix.

3.3.1 Parameterization of neural networks

We consider deep feedforward ReLU networks with K ≥ 2 layers. To clarify any
ambiguity, note that the input layer is not actually counted, as it does not gather
any weights. As evoked in the introduction, we index the layers of a deep neural
network in reverse order, from K to 0, for some K ≥ 2. The input layer is the layer
K, the output layer is the layer 0, and between them are K − 1 hidden layers. We
denote by nk ∈ N∗ the number of neurons of the layer k. The information contained
at the layer k is a nk-dimensional vector.

Let k ∈ J0,K− 1K. We denote the weights between the layer k+1 and the layer
k with a matrix Mk ∈ Rnk×nk+1 . We also consider a bias vector bk ∈ Rnk at the
layer k, and the ReLU activation function, that is σ(x) = max(x, 0). By extension,
for a vector x = (x1, . . . , xp)

T ∈ Rp we also write σ(x) = (σ(x1), . . . , σ(xp))
T . We

denote by hk the mapping implemented by the network between the layer k + 1

and the layer k. If x ∈ Rnk+1 is the information contained at the layer k + 1, the
information contained at the layer k is:

hk(x) =

{
σ(Mkx+ bk) if k ̸= 0

Mkx+ bk if k = 0.
(3.3.1)

The parameters of the network can be summarized in the couple (M,b), where
M = (M0,M1, . . . ,MK−1) ∈ Rn0×n1×· · ·×RnK−1×nK and b = (b0, b1, . . . , bK−1) ∈
Rn0 × · · · × RnK−1 . The function implemented by the network is then fM,b =

h0 ◦ h1 ◦ · · · ◦ hK−1, from RnK to Rn0 . We refer to Figure 3.1 for a representation of
a neural network and its parameters.

3.3.2 Continuous piecewise linear functions and neural networks

We will actively use the fact that the function implemented by a deep ReLU
network as well as the intermediate functions between layers are continuous piece-
wise linear, which means that we can partition their domain of definition in closed
polyhedral subsets such that they are linear on each subset. In this paper we use
indifferently ‘linear’ or ‘affine’ to describe functions of the form x 7→ Ax + b, with
A ∈ Rn×m some matrix and b ∈ Rn some vector.

More precisely, for m ∈ N, a subset D ⊂ Rm is a closed polyhedron iif there exist
q ∈ N, a1, . . . , aq ∈ Rm and b1, . . . bq ∈ R such that for all x ∈ Rm,

x ∈ D ⇐⇒


aT1 x+ b1 ≤ 0
...
aTq x+ bq ≤ 0.

(3.3.2)
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Figure 3.1 – The parameters M and b of a neural network.

By convention, if q = 0, we obtain an empty system of equations which is satisfied
for any x ∈ Rm, meaning the set Rm is a closed polyhedron.

We say that a function g : Rm → Rn is continuous piecewise linear if there exists
a finite set of closed polyhedra whose union is Rm and such that g is linear over
each polyhedron.

It is easy to show (see Proposition 29 in the appendix) that this definition implies
the continuity of the function, hence the ‘continuous’ in the name. We do not
require here the polyhedra to be disjoint and in fact, there are always some overlaps
between the borders of adjacent polyhedra. For a given continuous piecewise linear
function g, there are infinitely many possible sets of closed polyhedra that match
the definition. Among them, we can always find one such that all the polyhedra D
have nonempty interior D̊ (see Proposition 32 in the appendix). We call such a set
admissible, as in the following definition.

Definition 11. Let g : Rm → Rn be a continuous piecewise linear function. Let Π

be a set of closed polyhedra of Rm. We say that Π is admissible with respect to g
if and only if: 

⋃
D∈ΠD = Rm,

for all D ∈ Π, g is linear on D,
for all D ∈ Π, D̊ ̸= ∅.

(3.3.3)

We now define additional functions associated to a network. Recall the layer
functions hk defined in (3.3.1), that represent the actions of the network between
successive layers. Let k ∈ J0,KK. We define the following functions:

fk = hk ◦ hk+1 ◦ · · · ◦ hK−1;

gk = h0 ◦ h1 ◦ · · · ◦ hk−1.
(3.3.4)
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Above, by convention, we let fK = idRnK and g0 = idRn0 , where idRm denotes the
identity function on Rm. The function fk : RnK 7→ Rnk represents the mapping
implemented by the network between the input layer and the layer k. The function
gk : Rnk 7→ Rn0 represents the mapping implemented by the network between the
layer k and the output layer. Hence, for all k ∈ J0,KK we have gk ◦ fk = fM,b, and
in particular f0 = gK = fM,b.

For any Ω ⊂ RnK , we also denote for all k ∈ J0,KK,

Ωk = fk(Ω). (3.3.5)

In particular, ΩK = fK(Ω) = Ω.
The following proposition is easy to show by induction and using the fact that the

composition of two continuous piecewise linear functions is also continuous piecewise
linear (see Proposition 42 in the appendix).

Proposition 12. For all k ∈ J0,KK, fk and gk are continuous piecewise linear.

In particular, fM,b is continuous piecewise linear.
We say that a list of sets of closed polyhedra Π = (Π1, . . . ,ΠK−1) is admissible

with respect to (M,b) iif for all k ∈ J1,K − 1K, the set of closed polyhedra Πk is
admissible with respect to gk. Since there always exist such Πk (from Proposition
12 and Proposition 32 in Appendix 3.A), there always exists an admissible list Π.

3.3.3 Equivalence between two parameterizations

We are interested in sufficient conditions to identify the parameters of a network
from its function. As mentioned in the introduction, some elementary operations
on the parameters are well known to preserve the function of a network, so what
we shall actually identify is the equivalence class of the parameters modulo these
operations. There are two such operations:

— the permutation of neurons of a hidden layer;
— the positive rescalings, that is, multiplying all the outward weights of a hidden

neuron by a strictly positive number and dividing the inward weights by the
same number.

The invariance to permutation is classical and common to many feedforward ar-
chitectures. It is described in the foundational articles [88, 45]. The invariance to
positive rescalings is more specific to ReLU (and homogeneous activation functions),
and is also well-studied, as for instance in [149, 145, 147, 159, 178].

We give in Definition 13 below the formalization we use for the equivalence
relation modulo these operations, after introducing some notations. For all m ∈ N∗,
we denote by Sm the set of all permutations of J1,mK. For any permutation φ ∈ Sm,
we denote by Pφ the m×m permutation matrix associated to φ, whose coefficients
are defined as

(Pφ)i,j =

{
1 if φ(j) = i

0 otherwise.
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We also denote by 1m the vector (1, 1, . . . , 1)T ∈ Rm, by R∗
+ the set of strictly

positive real numbers and by Idm the m×m identity matrix.

Definition 13 (Equivalence between parameters). If (M,b) and (M̃, b̃) are two
parameterizations of a network, we say that (M,b) is equivalent to (M̃, b̃), and we
write (M,b) ∼ (M̃, b̃), if and only if there exist:

— a family of permutations φ = (φ0, . . . , φK) ∈ Sn0 × · · · ×SnK , with Pφ0 =

Idn0 and PφK = IdnK ,
— a family of vectors λ = (λ0, λ1, . . . , λK) ∈ (R∗

+)
n0 × · · · × (R∗

+)
nK , with

λ0 = 1n0 and λK = 1nK ,
such that for all k ∈ J0,K − 1K,{

M̃k = Pφk
Diag(λk)Mk Diag(λ(k+1))−1P−1

φk+1

b̃k = Pφk
Diag(λk)bk.

(3.3.6)

The relation (M,b) ∼ (M̃, b̃) is an equivalence relation [149, 145, 147]. We
include a proof of this fact for completeness in Appendix 3.A (see Proposition 48).
We denote by [M,b] the equivalence class of (M,b).

We can now formalize in Proposition 14 the fact discussed at the beginning
of the section: two equivalent parameterizations modulo permutation and positive
rescaling implement the same function. As mentioned, this result is well-known
[149, 145, 147, 159, 178], but we prove it for completeness in Appendix 3.A (see
Proposition 49 and Corollary 50).

Proposition 14. If (M,b) ∼ (M̃, b̃), then fM,b = fM̃,b̃.

In this article we give a set of conditions under which we have a reciprocal, i.e. if
two parameterizations (M,b) and (M̃, b̃) satisfying the conditions lead to the same
function on a set Ω, i.e. fM,b(x) = fM̃,b̃(x) for all x ∈ Ω, then they are equivalent:
(M,b) ∼ (M̃, b̃).

3.4 Main result

The core of our work is exposed in this section. It is structured as follows.
In Section 3.4.1, we expose the conditions P and in Section 3.4.2 we state our
main theorems of identifiability. Then, Section 3.4.3 is dedicated to an extensive
discussion of the conditions P, with motivating examples and comparison to the
state of the art.

3.4.1 Conditions

We expose in this section the conditions under which the main theorem holds.
They are formalized in Definition 15 and referred to as conditions P.

First, we introduce a few notations. We consider a network with K ≥ 2 layers
and with parameters (M,b), a list of sets of closed polyhedra Π = (Π1, . . . ,ΠK−1)
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admissible with respect to (M,b) and a domain Ω ⊂ RnK . Recall the definitions
(3.3.1) and (3.3.4) of the functions hk, fk and gk associated to the network. For
all k ∈ J1,K − 1K, gk is continuous piecewise linear, and since Π is admissible
with respect to (M,b), by definition, the set of closed polyhedra Πk is admissible
with respect to gk in the sense of Definition 11. For all D ∈ Πk, the function gk
thus coincides with a linear function on D. Since by definition the interior of D
is nonempty, we define V k(D) ∈ Rn0×nk and ck(D) ∈ Rn0 as the unique couple
satisfying, for all x ∈ D:

gk(x) = V k(D)x+ ck(D). (3.4.1)

For Ω ⊂ RnK , recall the definition (39) of Ωk, for all k ∈ [0,K]. For any m,n ∈ N∗,
for any m× n matrix Σ, for any i ∈ J1,mK, j ∈ J1, nK, we denote by Σi,. the ith row
vector of Σ and by Σ.,j the jth column vector of Σ. We denote Eki = {x ∈ Rnk , xi =

0}, and hlink (x) = Mkx + bk. For any m ∈ N∗ and any subset A ⊂ Rm, we denote
by ∂A the topological boundary with respect to the standard topology of Rm.

Definition 15. We say that (M,b,Ω,Π) satisfies the conditions P iif for all k ∈
J1,K − 1K:

P.a) Mk is full row rank;
P.b) for all i ∈ J1, nkK, there exists x ∈ Ω̊k+1 such that

Mk
i,.x+ bki = 0,

or equivalently
Eki ∩ hlink (Ω̊k+1) ̸= ∅;

P.c) for all D ∈ Πk, for all i ∈ J1, nkK, if Eki ∩D ∩ Ωk ̸= ∅ then V k
.,i(D) ̸= 0;

P.d) for any affine hyperplane H ⊂ Rnk+1 ,

H ∩ Ω̊k+1 ̸⊂
⋃

D∈Πk

∂h−1
k (D).

The conditions P are invariant modulo equivalences of parameters. Indeed, as
shown by the following proposition, if some parameters (M,b) satisfy the conditions
P, then all the parameters in their equivalence class satisfy them too.

Proposition 16. Suppose (M,b) and (M̃, b̃) are two equivalent network parame-
terizations, and suppose that there exists a list Π admissible with respect to (M,b)

such that (M,b,Ω,Π) satisfies the conditions P.
Then, there exists a list Π̃ that is admissible with respect to (M̃, b̃), and such

that (M̃, b̃,Ω, Π̃) satisfies the conditions P.

Proposition 16 is proven as Proposition 60 in Appendix 3.B.

3.4.2 Main theorems

We have now introduced all the necessary material to expose our main result,
Theorem 17, as well as an application in terms of risk minimization in Section
3.4.2.2.
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3.4.2.1 Identifiability statement

Our main theorem is the following one. We provide a sketch of the proof in
Section 3.5. For the complete proof, see Theorem 61 in Appendix 3.B and its proof
in Section 3.B.4.

Theorem 17. Let K ∈ N, K ≥ 2. Suppose we are given two networks with K layers,
identical number of neurons per layer, and with respective parameters (M,b) and
(M̃, b̃). Assume Π and Π̃ are two lists of sets of closed polyhedra that are admissible
with respect to (M,b) and (M̃, b̃) respectively. Denote by nK the number of neurons
of the input layer, and suppose we are given a set Ω ⊂ RnK such that (M,b,Ω,Π)

and (M̃, b̃,Ω, Π̃) satisfy the conditions P, and such that, for all x ∈ Ω:

fM,b(x) = fM̃,b̃(x).

Then:
(M,b) ∼ (M̃, b̃).

As mentioned before, this theorem can be seen as a partial reciprocal to Propo-
sition 14. Indeed, the latter shows that two networks with equivalent parameters
modulo permutation and positive rescaling implement the same function. In other
words, parameter equivalence implies functional equivalence of the networks. In
Theorem 17, we state that under the conditions P, functional equivalence (on a
given domain Ω) implies parameter equivalence modulo permutation and positive
rescaling.

3.4.2.2 An application to risk minimization

Assume we are given a couple of input-output variables (X,Y ) generated by a
ground truth network with parameters (M,b):

Y = fM,b(X).

We can use Theorem 17 to show that the only way to bring the population
risk to 0 is to find the ground truth parameters -modulo permutation and positive
rescaling.

Indeed, let Ω ⊂ RnK be a domain that is contained in the support of X, and
suppose L : Rn0 × Rn0 → R+ is a loss function such that L(y, y′) = 0 ⇒ y = y′.
Consider the population risk:

R(M̃, b̃) = E[L(fM̃,b̃(X), Y )].

We have the following result.

Corollary 18. Suppose there exists a list of sets of closed polyhedra Π admissible
with respect to (M,b) such that (M,b,Ω,Π) satisfies the conditions P.

If (M̃, b̃) is such that there exists a list Π̃ admissible with respect to (M̃, b̃) such
that (M̃, b̃,Ω, Π̃) satisfies the conditions P, and if (M,b) ̸∼ (M̃, b̃), then:

R(M̃, b̃) > 0.

For the proof, see Corollary 62 in Appendix 3.B and its proof in Section 3.B.5.
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3.4.3 Discussion on the conditions

This section is dedicated to discussing the conditions P. We start by explaining
the different conditions P.a) − P.d) and their purpose in Section 3.4.3.1. Then,
in Section 3.4.3.2, we provide counter-examples illustrating how non-identifiability
arises when they are not satisfied. Finally, we compare the conditions P to the state
of the art in Sections 3.4.3.3 and 3.4.3.4.

3.4.3.1 The conditions explained

Let us explain the conditions P. The first condition, P.a), requires the matrix
Mk ∈ Rnk×nk+1 to have full row rank. This implies that for all k ∈ J1,K − 1K, the
layer k has no more neurons than its predecessor, the layer k + 1:

nk ≤ nk+1.

Once this is satisfied, the condition is mild in the sense that it is satisfied for all
matrices except a set of matrices of empty Lebesgue measure.

As a first remark about P.b), notice that by taking k = K−1, it implies that Ω̊ =

Ω̊K ̸= ∅. Thus, in the main result, the set Ω over which the function implemented by
the network is assumed to be known needs to have nonempty interior. In particular,
Ω cannot be a finite sample set. This limitation is already present in [159], which
assumes an access to the function on the whole input space and [147] which considers
the function of the network on a bounded open nonempty domain. However, as we
discuss in the conclusion, it seems possible to establish a result for a finite Ω, and
the conditions formulated here should be a basis for future work.

The conditions P.b),P.c) and P.d) must be satisfied for all k ∈ J1,K − 1K, but
to give a sense of them, let us see what they mean for k = K − 1.

As explained in Section 3.3.2, the function implemented by a ReLU network
is continuous piecewise linear: we can divide the input space RnK into polyhedral
regions, over each of which the function is linear. We take advantage of this structure
to acquire information about the parameters of the network. The boundaries of the
polyhedral regions are of particular interest. They are made of pieces of hyperplanes,
and they roughly correspond to the points where the function implemented by the
network is not differentiable. We use this non differentiability property to identify
the boundaries. We go from one linear region to another when there is a change of
sign in the pre-activation value (input of σ) of one hidden neuron. The boundary
between two linear regions is thus associated to a particular neuron of a particular
hidden layer.

We separate the function implemented by the first layer of the network and the
function implemented by the rest of the layers thanks to the functions defined in
(3.3.1) and (3.3.4), writing

fM,b = gK = gK−1 ◦ hK−1,

RnK
hK−1−→ RnK−1

gK−1−→ Rn0 .
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Figure 3.2 – Top. In RnK , the inverse image by hK−1 of the polyhedra D ∈ ΠK−1.
To make the figure lighter we write h instead of hK−1. The grey zone represents Ω.
For i ∈ {1, 2}, Hi is the hyperplane defined by the equation MK−1

i,. x+bK−1
i = 0. As

a direct consequence, we have h(Hi) ⊂ EK−1
i . Bottom. In RnK−1 , the admissible

polyhedra D ∈ ΠK−1 with respect to gK−1. The grey zone corresponds to the image
hlin(Ω) =MK−1Ω+ bK−1.
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The goal is first to identify the weights and bias of the first layer, MK−1 and
bK−1. To do so, we focus on the boundaries associated to the neurons in the first
hidden layer. These ‘first-order’ boundaries are hyperplanes defined by the equations
MK−1
i,. x + bK−1

i = 0, for all i ∈ J1, nK−1K. The conditions P.b), P.c) and P.d) are
made to ensure that we are able to identify the hyperplanes, and consequently, the
parameters MK−1 and bK−1. The two relevant spaces to visualize the conditions
are the input space, RnK , and the first hidden space, RnK−1 , which are represented
in Figure 3.2. Let us explain the conditions P.b),P.c) and P.d).

P.b) The condition P.b) in the case k = K − 1 requires the hyperplane defined
by the equation MK−1

i,. x + bK−1 = 0 to intersect Ω̊K = Ω̊. Indeed, we only
consider the function implemented by the network over Ω, so the hyperplane
must intersect Ω̊K in order to be detectable as a non differentiability. In the
example of Figure 3.2, we see that the two such hyperplanes, which are H1

and H2, intersect Ω, so the condition is satisfied.
P.c) Consider a polyhedron D ∈ ΠK−1. The function gK−1 is linear over D,

and using the notations defined in (3.4.1), we have for all u ∈ D,

gK−1(u) = V K−1(D)u+ cK−1(D). (3.4.2)

For all x ∈ RnK such that hK(x) ∈ D, using (3.4.2) we obtain:

fM,b(x) = gK−1 ◦ hK−1(x) =

nK−1∑
i=1

V K−1
.,i (D)σ

Ä
MK−1
i,. x+ bK−1

i

ä
+ cK−1(D).

In particular, at the points x such that MK−1
i,. x + bK−1

i = 0, the function
σ(MK−1

i,. x+bK−1
i ) is not differentiable, and this non differentiability can only

be reflected in the function fM,b if V K−1
.,i (D) ̸= 0. The condition P.c) en-

sures that. In the example of Figure 3.2 (right part), we see thatD1 intersects
EK−1

1 so to satisfy P.c), we must have V K−1
.,1 (D1) ̸= 0. Similarly, D2 inter-

sects EK−1
1 and EK−1

2 so we must have V K−1
.,1 (D2) ̸= 0 and V K−1

.,2 (D2) ̸= 0,
and the polyhedron D4 intersects EK−1

2 so we must have V K−1
.,2 (D4) ̸= 0.

P.d) For the last condition, P.d), we consider the inverse images h−1
K−1(D), for

all the polyhedra D ∈ ΠK−1. Since hK−1 is piecewise linear and D is a closed
polyhedron, h−1

K−1(D) is a finite union of closed polyhedra (see the first point
of Proposition 33 in the appendix). In particular, its boundary ∂h−1

K−1(D)

is made of pieces of hyperplanes. We require the union of these boundaries
not to contain any full hyperplane (within the domain Ω). In the example of
Figure 3.2, the condition is satisfied.

3.4.3.2 Illustrative counter-examples

To illustrate the necessity for the conditions in P, we give for each of the condi-
tions P.a)−P.d) a simple example of a parameterization (M,b) and a set Ω which
do not satisfy it, and we show that (M,b) is not identifiable by constructing a pa-
rameterization (M̃, b̃) that is not equivalent to (M,b), but such that fM̃,b̃ coincides
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with fM,b over Ω. These four examples illustrate the behaviors we want to prevent
with the conditions P.

Example 19. We consider an architecture with one hidden layer, i.e. K = 2, with
n2 = 2, n1 = 3, n0 = 1. We consider the parameterization (M,b) defined as follows.

M1 =

Ñ
0 2

1 −1
−1 −1

é
b1 =

Ñ
0

0

0

é
,

M0 =
(
1 1 1

)
b0 = 0.

For this example, we consider Ω = R.
The condition P.a) is not satisfied: the matrix M1 cannot have full row rank

since its dimension is 3× 2, and more specifically we have the relation

M1
1,. +M1

2,. +M1
3,. = 0. (3.4.3)

Let us define M̃1 = −M1 and M̃ = (M̃1,M0). Let us show that fM̃,b = fM,b.
Let x ∈ R2. We have

fM,b(x) = σ
(
M1

1,.x
)
+ σ

(
M1

2,.x
)
+ σ

(
M1

3,.x
)
.

There exist activations ϵ1, ϵ2, ϵ3 ∈ {0, 1}, depending on x, such that

fM,b(x) = ϵ1M
1
1,.x+ ϵ2M

1
2,.x+ ϵ3M

1
3,.x. (3.4.4)

Since M̃1 = −M1 and b1 = 0, the signs of the activations are switched in fM̃,b

and thus
fM̃,b(x) = (1− ϵ1)M̃1

1,.x+ (1− ϵ2)M̃1
2,.x+ (1− ϵ3)M̃1

3,.x

=
3∑
i=1

(1− ϵi)(−M1
i,.x)

=

3∑
i=1

ϵiM
1
i,.x− (

3∑
i=1

M1
i,.)x

= fM,b(x),

where we obtain the last equality thanks to (3.4.3) and (3.4.4).
Now since only the positive rescalings are authorized, (M̃,b) is not equivalent

to (M,b), which shows that (M,b) is not identifiable modulo permutation and
rescaling.

Example 20. Let us consider a very simple architecture with one hidden layer and
only one neuron per layer, i.e. n2 = n1 = n0 = 1. We consider the parameterization
(M,ba), for a > 0, defined by

M1 = 1, b1a = a, M0 = 1, b0a = −a.
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The function implemented by the network satisfies, for all x ∈ R,

fM,ba(x) = σ(x+ a)− a =

{
−a if x < −a
x if x ≥ −a.

(3.4.5)

Let us consider Ω = [1,+∞[. With such a choice of Ω, none of the parameteri-
zations (M,ba) satisfy P.b), because for all x ∈ Ω, M1x+ b1a = x+ a > 0.

For any a > 0, for any x ∈ Ω, we have x ≥ 1 > −a, so (3.4.5) shows that
fM,ba(x) = x, i.e. the functions implemented by the parameterizations (M,ba)

all coincide over Ω. However, since (3.4.5) shows they do not implement the same
function over R, Proposition 14 shows they are not equivalent.

Example 21. We consider an architecture with 2 hidden layers, that is K = 3,
and again one neuron per layer: n3 = n2 = n1 = n0 = 1. Let us consider the
parameterizations (M,ba), defined for a > 0 by

M2 = 1, b2a = a,

M1 = 1, b1a = −1− a,
M0 = 1, b0a = 0.

We consider Ω = R. Let us show that for any a > 0 and any admissible Π, the
condition P.c) is not satisfied by (M,b,Ω,Π) in the case k = 2.

Indeed, we have h2,a(x) = σ(M2x+b2a) = σ(x+a), and thus Ω2 = h2,a(Ω) = R+.
Further, the expression of g2,a is

g2,a(x) =M0σ(M1x+ b1a) + b0a = σ(x− 1− a) =
{
0 if x ≤ 1 + a

x− 1− a if x > 1 + a.

For any set of closed polyhedra Π2 admissible with respect to g2,a, a polyhedron
D ∈ Π2 intersecting E2

1 = {0} must satisfy V 2(D) = 0 since g2,a(x) = 0 for
x ∈]−∞, 1 + a]. This contradicts P.c) for k = 2.

To exhibit functionally equivalent parameterizations, we now show that for all
a > 0 and x ∈ R,

fM,ba(x) = σ(x− 1). (3.4.6)

Indeed, let x ∈ R.
— if x ∈]−∞,−a[, we have σ(M2x+ b2a) = σ(x+ a) = 0, so

fM,ba(x) =M0σ(M1 · 0 + b1a) + b0a

= σ(b1a)

= 0 = σ(x− 1).

— if x ∈ [−a,+∞[, we have σ(M2x+ b2a) = σ(x+ a) = x+ a, so

fM,ba(x) =M0σ(M1(x+ a) + b1a) + b0a

= σ(x+ a− 1− a)
= σ(x− 1).
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This shows (3.4.6). The function fM,ba is therefore independent of a > 0, but if
a ̸= a′, (M,ba) ̸∼ (M,ba′).

The lack of identifiability comes here from the fact that we do not ‘observe’ the
non differentiability induced by the first hidden neuron, because V 2(D) = 0 for D
containing 0. Indeed, if P.c) was satisfied, we would observe a non differentiability
at the point at which the sign of M2x+ b2a changes, which is x = −a, and we thus
would have fM,ba ̸= fM,ba′ for a ̸= a′.

We remark that here, even if P.c) was satisfied, the condition P.d) would not
be satisfied, as we see next in Example 22.

Example 22. We consider again the architecture of Example 21, wih two hidden
layers and one neuron per layer. This time, we consider the parameterizations
(M,b) and (M̃, b̃), defined by

M2 = 1, b2 = 0,

M1 = −1, b1 = 1,

M0 = −1, b0 = 0,

and

M̃2 = −1, b̃2 = 1,

M̃1 = −1, b̃1 = 1,

M̃0 = 1, b̃0 = −1.

We can remark without waiting further that (M,b) ̸∼ (M̃, b̃), for instance because
b0 = 0, and b̃0 = −1, and the rescalings do not permit such a transformation.

Let Ω = R. Let us consider the sets Π2 = {] −∞, 1], [1,+∞[}, Π1 = {R} and
the list Π = (Π1,Π2). After showing that Π is admissible with respect to (M,b),
we will first show that (M,b) does not satisfy the condition P.d) and we will then
show that fM,b = fM̃,b̃.

Let us show that Π is admissible with respect to (M,b). Indeed, for all x ∈ R,
we have

g2(x) =M0σ(M1x+ b1) + b0 = −σ(−x+ 1).

The function g2 is linear over both the intervals ] − ∞, 1] and [1,+∞[, so Π2 is
admissible with respect to g2. The function g1 is linear, so Π1 is admissible with
respect to g1.

Let us now show that (M,b,Ω,Π) does not satisfy the condition P.d). Let
us first determine

⋃
D∈Π2

∂h−1
2 (D). Since h2(x) = σ(x), we have h−1

2 (] −∞, 1[) =
]−∞, 1] and h−1

2 ([1,+∞[) = [1,+∞[. Hence,⋃
D∈Π2

∂h−1
2 (D) = {1}.

Now, since Ω̊3 = Ω̊ = R, we have

Ω̊3 ∩ {1} ⊂
⋃

D∈Π2

∂h−1
2 (D),
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and since {1} is an affine hyperplane of R, this shows that P.d) is not satisfied for
k = 2.

Let us now show that for all x ∈ Ω = R, we have

fM,b(x) = fM̃,b̃(x) =

{
σ(x)− 1 if x ≤ 1

0 if x > 1.
(3.4.7)

Let us first determine fM,b(x), for x ∈ R. We have

fM,b(x) =M0σ(M1σ(M2x+ b2) + b1) + b0 = −σ(−σ(x) + 1).

— If x ≤ 1, then σ(x) ≤ 1 and thus −σ(x) + 1 ≥ 0. Thus, −σ(−σ(x) + 1) =

σ(x)− 1, and fM,b(x) = σ(x)− 1.

— If x > 1, then −σ(x) + 1 < 0 and thus −σ(−σ(x) + 1) = 0. We thus have
fM,b(x) = 0.

Let us now determine fM̃,b̃(x), for x ∈ R. We have

fM̃,b̃(x) = M̃0σ(M̃1σ(M̃2x+ b̃2) + b̃1) + b̃0 = σ(−σ(−x+ 1) + 1)− 1.

— If x ≤ 1, then −x+1 ≥ 0 and thus fM̃,b̃(x) = σ((x− 1)+ 1)− 1 = σ(x)− 1.
— If x > 1, then −x+ 1 ≤ 0 and thus fM̃,b̃(x) = σ(1)− 1 = 0.

This shows (3.4.7), and as a consequence, (M,b) is not identifiable.
In this example, the lack of identifiability comes from the fact that the sets of

non differentiabilities induced by the first and the second layer are indistinguishable:
they are both reduced to a point. This will always be the case for networks with
only one neuron per layer and more than one hidden layer. When the input di-
mension is 2 or higher and the condition P.d) is satisfied, the non differentiabilities
induced by neurons in the first hidden layer are the only ones that correspond to
full hyperplanes, and this is how they can be identified, as illustrated for instance
in the example of Section 3.4.3.4.

3.4.3.3 Comparison with the existing work

To our knowledge, there are only two existing results on global identifiability
of deep ReLU networks (with bias), as we consider here, exposed in the recent
contributions [147] and [159]. Let us compare our hypotheses with theirs.

The authors of [147] introduce two notions: the notion of general network and
the notion of transparent network. They note the fact that some boundaries of non
differentiablity bend over some others to build a graph of dependency. The main
result in [147] applies to networks whose number of neurons per layer nk is non-
increasing, as is the case in the present paper, that are transparent and general, and
for which the graphs of dependency of the functions gk satisfy additional technical
conditions.

It can be verified that these hypotheses imply our conditions P.a), P.b) and
P.c), which makes P.a), P.b) and P.c) more applicable.
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When it comes to our last condition P.d), it can be compared to the techni-
cal conditions on the graph of dependency. These conditions address the way the
boundaries associated to some neurons bend over the boundaries associated to neu-
rons in previous layers. P.d) and this set of conditions are different, and neither
implies the other.

The result exposed in [159] has a main strength compared to [147] and to us: it
does not require the number of neurons per layer to be non-increasing. However,
when it comes to the intersection of boundaries of linear regions, it requires each
boundary, associated to some neuron, to intersect the boundaries associated to all
the neurons in the previous layer, which appears to be a strong hypothesis to us.
In comparison, we ask each boundary to intersect at least one of the boundaries
associated to a neuron in a previous layer. Also, in [159], the function is supposed
to be known on the whole input space, while [147] as well as us propose conditions
on a domain Ω such that the knowledge of the function on Ω is enough. In both
cases Ω has nonempty interior. [179, 28] open the way for considering a finite Ω

by giving conditions of local identifiability in that case. To our knowledge global
identifiability from a finite set has not been tackled yet for deep ReLU networks.

3.4.3.4 A simple comparative example

To shed a better light on the interest of the conditions P, we describe in this
section a simple network parameterization for which the conditions P apply, in
contrast to the conditions described in [147, 159].

Let us consider a network architecture with 2 hidden layers (i.e. K = 3) and 2

neurons per layer, except the output layer containing 1 neuron: n3 = n2 = n1 = 2

and n0 = 1. Let us consider the parameterization (M,b) defined by

M2 =

Ç
1 0

0 1

å
, M1 =

Ç
1 −1
−1 2

å
, M0 =

(
1 1

)
,

b2 =

Ç
0

0

å
, b1 =

Ç
−1
2

å
, b0 = 0.

The network implements a function fM,b : R2 → R. Here we simply consider
Ω = R2.

First, we are going to show that there exists a list Π that is admissible with
respect to (M,b), and such that (M,b,Ω,Π) satisfies the conditions P. Then, we
shall discuss why this network parameterization does not satisfy the conditions in
[147, 159].

Let us define the list Π as follows. For ϵ1, ϵ2 ∈ {−1, 1}, we denote by Dϵ1,ϵ2 the
closed polyhedron satisfying, for all x ∈ R2:

x ∈ Dϵ1,ϵ2 ⇔
{
ϵ1
Ä
M1

1,.x+ b11
ä
≥ 0

ϵ2
Ä
M1

2,.x+ b12
ä
≥ 0.

(3.4.8)
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These 4 polyhedra are displayed in Figure 3.3. In other words, the polyhedron to
which x belongs depends on the sign of both components of the vector M1x+b1. We
define the set Π2 = {D1,1, D1,−1, D−1,1, D−1,−1}. We also define the set Π1 = {R2},
containing the single polyhedron R2, and we denote Π = (Π1,Π2). Let us show that
Π is admissible with respect to (M,b). Indeed, the closed polyhedra of Π2 cover
R2. Furthermore, their interior is nonempty. Finally, for all x ∈ R2, we have

g2(x) =M0σ
(
M1x+ b1

)
+ b0

= σ
(
M1

1,.x+ b11
)
+ σ

(
M1

2,.x+ b12
)
. (3.4.9)

We derive from (3.4.9), (3.4.8) and the definition of the ReLU activation that for all
Dϵ1,ϵ2 ∈ Π2, the function g2 is affine over Dϵ1,ϵ2 of the form g2(x) = V 2(Dϵ1,ϵ2)x+

c2(Dϵ1,ϵ2), with the following values

V 2(D1,1) =M1
1,. +M1

2,. =
(
0 1

)
c2(D1,1) = b11 + b12 = 1

V 2(D1,−1) =M1
1,. =

(
1 −1

)
c2(D1,−1) = b11 = −1

V 2(D−1,1) =M1
2,. =

(
−1 2

)
c2(D−1,1) = b12 = 2

V 2(D−1,−1) =
(
0 0

)
c2(D−1,−1) = 0.

(3.4.10)

This shows that the set of closed polyhedra Π2 is admissible with respect to g2, and
the values in (3.4.10) correspond to those of the definition (3.4.1). Moreover, since
g1 is affine, the set Π1 is trivially admissible with respect to g1. We conclude that
the list Π is admissible with respect to (M,b).

Let us show that (M,b,Ω,Π) satisfies the conditions P.
The conditions P must hold for k ∈ J1,K − 1K, so in our case, for k = 2 and

k = 1. To check them, we will need to compute Ω3 and Ω2. Recalling the definition
in (3.3.5), we have Ω3 = Ω = R2. Then, since h2(x) = σ

(
M2x+ b2

)
= σ(x), we

have Ω2 = σ(R2) = (R+)
2.

Let us now check the conditions one by one.
P.a) The matrices M2 and M1 are both full row rank, so P.a) is satisfied for

k = 2 and k = 1.
P.b) Let us first show the condition for k = 2. We have Ω̊3 = Ω̊ = R2, so taking

x1 = (0, 1)T ∈ Ω̊3 and x2 = (1, 0)T ∈ Ω̊3, we find
M2

1,.x1 + b21 =
Ä
1 0
ä(0

1

)
= 0

M2
2,.x2 + b22 =

Ä
0 1
ä(1

0

)
= 0.

Let us now show the condition for k = 1. We have Ω̊k+1 = Ω̊2 = (R∗
+)

2. Let
us choose x3 = (2, 1)T ∈ Ω̊2 and x4 = (4, 1)T ∈ Ω̊2. We have

M1
1,.x3 + b11 =

Ä
1 −1

ä(2
1

)
− 1 = 0

M1
2,.x4 + b12 =

Ä
−1 2

ä(4
1

)
+ 2 = 0.
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E2
1

E2
2

D1,−1

D1,1

D−1,1

D−1,−1
H1

H2

H−
3

H−
4

H+
3

H+
4

h−1
2 (D−1,1) h−1

2 (D1,1)

h−1
2 (D1,−1)

Figure 3.3 – Left. The closed polyhedra of Π2. Right. The reciprocal images by h2
of the closed polyhedra of Π2.

This shows that P.b) is satisfied for k = 2 and k = 1.
P.c) For k = 2, let us recall from (3.4.10) the values of V 2(D) for all D ∈ Π2.

In the case of V 2(D1,−1) and V 2(D−1,1), P.c) is clearly satisfied. When it
comes to D1,1, we have V 2

.,1(D1,1) = 0, but D1,1 does not intersect E2
1 in Ω2.

Finally, we have V 2
.,1(D−1,−1) = V 2

.,2(D−1,−1) = 0, but D−1,−1 ∩ Ω2 = ∅.
We thus conclude that P.c) is satisfied for k = 2.
The case k = 1 is easier, Π1 = {R2} and for all x ∈ R2, we have g1(x) =

M0x+ b0, so we have V 1(R2) =M0 =
(
1 1

)
, and P.c) is clearly satisfied.

P.d) Here, the case k = 1 is trivial since Π1 = {R2}, and h−1
1 (R2) = R2, and

thus ∂h−1
1 (R2) = ∅.

We thus only need to study the case k = 2. Let us first determine the
sets h−1

2 (D), for D ∈ Π2. We remind that for all x ∈ R2, h2(x) = σ(x).
For this, let us divide R2 in 3 regions. Let x = (x1, x2) ∈ R2.

— If x1 < 0, then h2(x) = (0, σ(x2))
T . We thus have

M1h2(x) + b1 =

Ç
−1(σ(x2) + 1)

2(σ(x2) + 1)

å
.

Since σ(x2) ≥ 0, we see that h2(x) ∈ D−1,1.
— If x1 ≥ 0 and x2 < 0, then h2(x) = (x1, 0)

T . We thus have

M1h2(x) + b1 =

Ç
x1 − 1

−x1 + 2

å
.

There are 3 possibilities: if x1 ≤ 1, then h2(x) ∈ D−1,1, if 1 ≤ x1 ≤ 2,
h2(x) ∈ D1,1, and if 2 ≤ x1, h2(x) ∈ D1,−1.
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— If x1, x2 ≥ 0, then h2(x) = x and for all Dϵ1,ϵ2 ∈ Π2, h2(x) ∈ Dϵ1,ϵ2 ⇐⇒
x ∈ Dϵ1,ϵ2 . There are 3 possibilities, x ∈ D−1,1, x ∈ D1,−1 and x ∈ D1,1

since D−1,−1 ∩ (R+)
2 = ∅.

Summarizing, we find (see also Figure 3.3):

h−1
2 (D−1,1) = R− × R ∪ [0, 1]× R− ∪ (R+)

2 ∩D−1,1

h−1
2 (D1,1) = [1, 2]× R− ∪ (R+)

2 ∩D1,1

h−1
2 (D1,−1) = [2,+∞[×R− ∪ (R+)

2 ∩D1,−1

h−1
2 (D−1,−1) = ∅.

To express the boundaries of these regions, we define the following pieces
of hyperplanes:

H+
3 = {x = (x1, x2) ∈ R2, x1 ≥ 0, x2 ≥ 0,M1

1,.x+ b11 = 0}
H+

4 = {x = (x1, x2) ∈ R2, x1 ≥ 0, x2 ≥ 0,M1
2,.x+ b12 = 0}

H−
3 = {x = (x1, x2) ∈ R2, x1 = 1, x2 ≤ 0}

H−
4 = {x = (x1, x2) ∈ R2, x1 = 2, x2 ≤ 0}.

We have

∂h−1
2 (D−1,1) = H−

3 ∪H+
3

∂h−1
2 (D1,1) = H−

3 ∪H+
3 ∪H−

4 ∪H+
4

∂h−1
2 (D1,−1) = H−

4 ∪H+
4

∂h−1
2 (D−1,−1) = ∅,

and thus, ⋃
D∈Π2

∂h−1
2 (D) = H−

3 ∪H+
3 ∪H−

4 ∪H+
4 . (3.4.11)

Let us check the condition P.d) for k = 2. Since Ω3 = R2, here Ω̊3∩H =

H. The condition is thus satisfied if and only if
⋃
D∈Π2

∂h−1
2 (D) does not

contain any full hyperplane H, and (3.4.11) shows that it is the case. The
condition P.d) is satisfied.

Let us now discuss the conditions given in [147, 159] for this example. Let us
first define the following hyperplanes:

H1 = {x ∈ R2,M2
1,.x+ b21 = 0}

H2 = {x ∈ R2,M2
2,.x+ b22 = 0}.

To discuss the conditions in [147], we will refer to their concepts of fold-set,
of piece-wise linear surface, of canonical representation and dependency graph of a



3.5. Sketch of proof of Theorem 17 87

piece-wise linear surface, as well as to their Lemma 4. We also use their notations
□1S and □2S. Let us now consider the set S as the fold-set of the function fM,b

implemented by the network. Here, it corresponds to the points x satisfying one of
the following equations 

M2
1,.x+ b21 = 0

M2
2,.x+ b22 = 0

M1
1,.h2(x) + b11 = 0

M1
2,.h2(x) + b12 = 0.

In other words, S = H1 ∪H2 ∪H−
3 ∪H+

3 ∪H−
4 ∪H+

4 . The canonical representation
of S is the following

S = (H1 ∪H2) ∪
(
H−

3 ∪H+
3 ∪H−

4 ∪H+
4

)
,

where □1S = (H1 ∪H2) and □2S = S. Further, it can be checked that the depen-
dency graph of S only contains the edges: H2 → H−

3 , H2 → H+
3 , H2 → H−

4 and
H2 → H+

4 .
The identifiable networks considered in [147] must satisfy the conditions of

Lemma 4 in [147]. In particular, the dependency graph of S must contain at least
2 directed paths of length 1 with distinct starting vertices, which is not the case
here since all the paths of length 1 start from H2. Hence, this network does not fall
under the conditions of [147].

Now if we use the concepts and notations of [159], let us denote by z1 the
first neuron of the first hidden layer, whose associated parameters are M2

1,. and
b21. Following the definition in [159], the boundary associated to z1 is Bz1 = H1.
Let us denote by z3 the first neuron of the second hidden layer, whose associated
parameters are M1

1,. and b11. Its boundary is Bz3 = H−
3 ∪ H+

3 . Since z1 and z3
belong to two consecutive layers and are thus linked by an edge of the network, the
conditions in [159] (see Theorem 2) require that Bz1 and Bz3 intersect. It is however
clear that they do not (see Figure 3.3).

3.5 Sketch of proof of Theorem 17

Our main result, Theorem 17, is proven in details in Appendix 3.B.4, and we
give a sketch of the proof in this section. It is proven by induction. We are given
two parameterizations (M,b) and (M̃, b̃), two lists Π and Π̃ that are admissible
with respect to (M,b) and (M̃, b̃) respectively, and a domain Ω that satisfy the
hypotheses of Theorem 17 and we want to show that the two parameterizations
are equivalent. For this, we identify the layers one after the other. To facilitate
identification at a layer level, we begin with a normalisation step.

3.5.1 Normalisation step

Two equivalent parameterizations do not necessarily have equal weights on their
layers. Indeed, the neuron permutations but more importantly the rescalings can
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change the structure of the intermediate layers. We are going to assume the following
normalisation property: for all k ∈ J1,K − 1K, for all i ∈ J1, nkK, we have

∥Mk
i,.∥ = 1;

∥M̃k
i,.∥ = 1.

(3.5.1)

Indeed, we show in the appendix that for a parameterization satisfying the con-
ditions P, there always exists an equivalent parameterization that is normalised and
that satisfies the conditions P (see Propositions 52 and 60). We can thus replace
each parameterization (M,b) and (M̃, b̃) by an equivalent normalised parameteri-
zation. If we are able to show the normalised parameterizations are equivalent, then
the original parameterizations are equivalent too.

3.5.2 Induction

The induction proof relies on Lemma 24 below. Let K be the number of layers
of the network, and suppose the theorem is true for the networks with K− 1 layers.
As explained in section 3.4.1, to identify the parameters MK−1 and bK−1, we sep-
arate the function implemented by the first layer of the network and the function
implemented by the rest of the layers. For each network:

gK = gK−1 ◦ hK−1,

g̃K = g̃K−1 ◦ h̃K−1.

We know that gK−1 and g̃K−1 are continuous piecewise linear, and this will allow
us to apply Lemma 24. Before stating it, we introduce a set of conditions, called
C, that need to be satisfied in order to apply it. These conditions come immedi-
ately from P, and one can easily check that (gK−1,M

K−1, bK−1,ΩK ,ΠK−1) and
(g̃K−1, M̃

K−1, b̃K−1,ΩK , Π̃K−1) satisfy C, as a direct consequence of the conditions
P being satisfied by (M,b,Ω,Π) and (M̃, b̃,Ω, Π̃).

Definition 23. Let l,m, n be integers, M ∈ Rm×l, b ∈ Rm, Ω ⊂ Rl be an open
domain, let g : Rm → Rn a continuous piecewise linear function, and let Π be an
admissible set of polyhedra with respect to g.

Let D ∈ Π. The function g coincides with a linear function on D. Since the
interior of D is nonempty, we define V (D) ∈ Rn×m and c(D) ∈ Rn as the unique
couple satisfying, for all x ∈ D:

g(x) = V (D)x+ c(D).

We denote Ei = {x ∈ Rm, xi = 0}.
We say that (g,M, b,Ω,Π) satisfies the conditions C iif
C.a) M is full row rank;
C.b) for all i ∈ J1,mK, there exists x ∈ Ω̊ such that

Mi,.x+ bi = 0,
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or equivalently, if we denote by hlin the function x 7→Mx+ b, then

Ei ∩ hlin(Ω̊) ̸= ∅;

C.c) for all D ∈ Π, for all i ∈ J1,mK, if Ei ∩D ∩ h(Ω) ̸= ∅ then V.,i(D) ̸= 0;
C.d) for any affine hyperplane H ⊂ Rl,

H ∩ Ω̊ ̸⊂
⋃
D∈Π

∂h−1(D).

We can now state the lemma.

Lemma 24. Let l,m, n ∈ N∗. Suppose g, g̃ : Rm → Rn are continuous piecewise
linear functions, Ω ⊂ Rl is a subset and let M, M̃ ∈ Rm×l, b, b̃ ∈ Rm. Denote
h : x 7→ σ(Mx + b) and h̃ : x 7→ σ(M̃x + b̃). Assume Π and Π̃ are two sets of
polyhedra admissible with respect to g and g̃.

Suppose (g,M, b,Ω,Π) and (g̃, M̃ , b̃,Ω, Π̃) satisfy the conditions C, and for all
i ∈ J1,mK, ∥Mi,.∥ = ∥M̃i,.∥ = 1.

Suppose for all x ∈ Ω:
g ◦ h(x) = g̃ ◦ h̃(x).

Then, there exists a permutation φ ∈ Sm, such that:
— M̃ = PφM ;
— b̃ = Pφb;
— g and y 7→ g̃(Pφy) coincide on h(Ω).

Lemma 24 is restated in Appendix 3.B as Lemma 63 and proven in Appendix
3.C.

Applying this lemma to the objects (gK−1,M
K−1, bK−1,ΩK ,ΠK−1) and

(g̃K−1, M̃
K−1, b̃K−1,ΩK , Π̃K−1), we conclude that there exists a permutation φK−1

such that {
M̃K−1 = PφK−1M

K−1

b̃K−1 = PφK−1b
K−1,

(3.5.2)

and that gK−1 and y 7→ g̃(PφK−1y) coincide on hK−1(Ω).
The functions gK−1 and y 7→ g̃(PφK−1y) are the functions implemented by the

networks (M,b) and (M̃, b̃) once we have removed the first layer, with a permuta-
tion of the input for the second one. Since they coincide on ΩK−1 = hK−1(Ω) and
they satisfy the conditions P, we can apply the induction hypothesis to conclude the
proof of Theorem 17. The complete proof is detailed in the appendices, as discussed
above.

3.6 Conclusion

We established a set of conditions P under which the function implemented by
a deep feedforward ReLU neural network on a subset Ω of the input space uniquely
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characterizes its parameters, up to permutation and positive rescaling. This con-
tributes to the understanding of identifiability and stable recovery for deep ReLU
networks, which is still largely unexplored. The conditions under which our result
holds differ from the conditions of the results established in [147] and [159], which
allows us to cover new situations. To be satisfied the conditions P need Ω to have
nonempty interior, which prevents it from being a sample set. The authors of [179,
28] are able to give a result with a finite set Ω, but for local identifiability only.
Obtaining the best of both worlds, that is establishing a global identifiability result
for deep ReLU networks with a finite set Ω, would be a major step forward.
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Appendices

In the appendices, we restate all the notations, definitions and results of the
main text, for clarity of reading. The appendices are then organized as follows.
In Appendix 3.A, we give the complete definitions and basic properties necessary
to state and prove the main theorem. In Appendix 3.B, we state the main result,
Theorem 61 (Theorem 17 in the main text), and we prove it. Finally, we prove the
fundamental lemma used in the proof of the main theorem, Lemma 63 (Lemma 24
in the main text), in Appendix 3.C.

3.A Definitions, notations and preliminary results

Appendix 3.A is structured as follows: after giving some notations in Section
3.A.1, we recall the definition of a continuous piecewise linear function and some
corresponding basic properties in Section 3.A.2 and we give our formalization of
deep ReLU networks as well as some well-known properties in Section 3.A.3.

3.A.1 Basic notations and definitions

We denote by
σ : R −→ R

t 7−→ max(t, 0)

the ReLU activation function. If x = (x1, . . . , xm)
T ∈ Rm is a vector, we denote

σ(x) = (σ(x1), . . . , σ(xm))
T .

If A ⊂ Rm, we denote by Å the interior of A and A the closure of A with respect
to the standard topology of Rm. We denote by ∂A = A\Å the topological boundary
of A.

For m,n ∈ N∗, we denote by Rn the vector space of n-dimensional real vectors
and Rm×n the vector space of real matrices with m lines and n columns. On the
space of vectors, we use the norm ∥x∥ =

»∑n
i=1 x

2
i . For x ∈ Rn and r > 0, we

denote B(x, r) = {y ∈ Rn, ∥y − x∥ < r}.
For any vector x ∈ Rn whose coefficients xi are all different from zero, we denote

by x−1 or 1
x the vector

Ä
1
x1
, 1
x2
, . . . , 1

xn

äT
.

For any matrix M ∈ Rm×n, for all i ∈ J1,mK, we denote by Mi,. the ith line
of M . The vector Mi,. is a line vector whose jth component is Mi,j . Similarly, for
j ∈ J1, nK, we denote by M.,j the jth column of M , which is the column vector whose
ith component is Mi,j . For any matrix M ∈ Rm×n, we denote by MT ∈ Rn×m the
transpose matrix of M .

To avoid any confusion, we will denote by (MT )i,. the ith line of the matrix
MT and by M T

i,. the transpose of the line vector Mi,., which is a column vector.
Similarly, we will denote by (MT ).,j the jth column of MT and M T

.,j the transpose
of the column vector M.,j .

For n ∈ N∗, we denote by Idn the n × n identity matrix and by 1n the vector
(1, 1, . . . , 1)T ∈ Rn.
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If λ ∈ Rn is a vector of size n, for some n ∈ N∗, we denote by Diag(λ) the n× n
matrix defined by:

Diag(λ)i,j =

{
λi if i = j

0 otherwise.

For any integer m ∈ N∗, we denote by Sm the set of all permutations of J1,mK.
We denote by idJ1,mK and idRm the identity functions on J1,mK and Rm respectively.

For any permutation φ ∈ Sm, we denote by Pφ the m×m permutation matrix
associated to φ:

∀i, j ∈ J1,mK, (Pφ)i,j =

{
1 if φ(j) = i

0 otherwise.
(3.A.1)

For all x ∈ Rm, we have:
(Pφx)i = xφ−1(i). (3.A.2)

Using (3.A.2) we see that Pφ−1Pφx = x, which shows, since Pφ is orthogonal, that
we have

P−1
φ = Pφ−1 = P Tφ . (3.A.3)

Let l,m, n ∈ N∗. For any matrix M ∈ Rm×l and any function f : Rm → Rn, we
denote with a slight abuse of notation f ◦M the function x 7→ f(Mx).

If X and Y are two sets and h : X → Y is a function, for a subset A ⊂ Y , we
denote by h−1(A) the following set:

{x ∈ X,h(x) ∈ A}.

Note that this does not require the function h to be injective.

3.A.2 Continuous piecewise linear functions

We now introduce a few definitions and properties around the notion of contin-
uous piecewise linear function.

Definition 25. Let m ∈ N∗. A subset D ⊂ Rm is a closed polyhedron iif there
exist q ∈ N∗, a1, . . . , aq ∈ Rm and b1, . . . bq ∈ R such that for all x ∈ Rm,

x ∈ D ⇐⇒


aT1 x+ b1 ≤ 0
...
aTq x+ bq ≤ 0.

Remarks. — A closed polyhedron is convex as an intersection of convex sets.
— Since we can fuse the inequation systems of several closed polyhedrons into

one system, we see that an intersection of closed polyhedrons is a closed
polyhedron.

— For q = 1 and a1 = 0, taking b1 > 0 and b1 ≤ 0 respectively we can show
that ∅ and Rm are both closed polyhedra.
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Proposition 26. Let m, l ∈ N∗. If h : Rl → Rm is linear and C is a closed
polyhedron of Rm, then h−1(C) is a closed polyhedron of Rl.

Proof. The function h is linear so there exist M ∈ Rm×l and b ∈ Rm such that for
all x ∈ Rl,

h(x) =Mx+ b.

The set C is a closed polyhedron so there exist a1, . . . , aq ∈ Rm and b1, . . . bq ∈ R
such that y ∈ C if and only if 

aT1 y + b1 ≤ 0
...
aTq y + bq ≤ 0.

For all x ∈ Rl,

x ∈ h−1(C) ⇐⇒ h(x) ∈ C

⇐⇒


aT1 (Mx+ b) + b1 ≤ 0
...
aTq (Mx+ b) + bq ≤ 0

⇐⇒


(aT1M)x+ (aT1 b+ b1) ≤ 0
...
(aTqM)x+ (aTq b+ bq) ≤ 0.

This shows that h−1(C) is a closed polyhedron.

Definition 27. We say that a function g : Rm → Rn is continuous piecewise linear
if there exists a finite set of closed polyhedra whose union is Rm and such that g is
linear over each polyhedron.

Example. Since Rm is a closed polyhedron, we see in particular that an affine func-
tion x 7→ Ax + b, with A ∈ Rn×m and b ∈ Rn, is continuous piecewise linear from
Rm to Rn.

Example 28. The vectorial ReLU function σ : Rm → Rm is continuous piecewise
linear. Indeed, each of the 2m closed orthants is a closed polyhedron, defined by a
system of the form 

ϵ1x1 ≥ 0
...
ϵmxm ≥ 0,

with ϵi ∈ {−1, 1}, and over such an orthant, the ReLU coincides with the affine
function

(x1, . . . , xm) 7→
Å
1 + ϵ1

2
x1, . . . ,

1 + ϵm
2

xm

ã
.
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In this definition the continuity is not obvious. We show it in the following
proposition.

Proposition 29. A continuous piecewise linear function is continuous.

Proof. Let g : Rm → Rn be a continuous piecewise linear function. There exists a
finite family of closed polyhedra C1, . . . , Cr such that

⋃r
i=1Ci = Rm and g is linear

on each closed polyhedron Ci.
Let x ∈ Rm. Let ϵ > 0.
Let us denote I = {i ∈ J1, nK, x ∈ Ci}. Since the polyhedrons are closed, there

exists r0 > 0 such that for all i /∈ I,B(x, r0) ∩ Ci = ∅. We thus have

B(x, r0) =

m⋃
i=1

(B(x, r0) ∩ Ci) =
⋃
i∈I

(B(x, r0) ∩ Ci) .

For all i ∈ I, g is linear -therefore continuous- on Ci so there exists ri > 0, such
that

y ∈ Ci ∩B(x, ri) ⇒ ∥g(y)− g(x)∥ ≤ ϵ.
Let r = min(r0,mini∈I(ri)). For all y ∈ B(x, r) there exists i ∈ I such that

y ∈ Ci, and since r ≤ ri, we have

∥g(y)− g(x)∥ ≤ ϵ.

Summarizing, for any x ∈ Rn and for any ϵ > 0, there exists r > 0 such that

y ∈ B(x, r) ⇒ ∥g(y)− g(x)∥ ≤ ϵ.

This shows g is continuous.

Proposition 30. If h : Rl → Rm and g : Rm → Rn are two continuous piecewise
linear functions, then g ◦ h is continuous piecewise linear.

Proof. By definition there exist a family C1, . . . , Cr of closed polyhedra of Rl such
that

⋃r
i=1Ci = Rl and h is linear on each Ci and a family D1, . . . , Ds of closed

polyhedra of Rm such that
⋃s
i=1Di = Rm and g is linear on each Di. Let i ∈ J1, rK

and j ∈ J1, sK. The function h coincides with a linear map h̃ : Rl → Rm on Ci
and the inverse image of a closed polyhedron by a linear map is a closed polyhedron
(Proposition 26) so h̃−1(Dj) is a closed polyhedron. Thus h−1(Dj)∩Ci = h̃−1(Dj)∩
Ci is a closed polyhedron as an intersection of closed polyhedra. The function h is
linear on Ci and g is linear on Dj so g ◦ h is linear on h−1(Dj) ∩ Ci. We have a
family of closed polyhedra, (

h−1(Dj) ∩ Ci
)
i∈J1,rK
j∈J1,sK

,

each of which g ◦ h is linear over. Given that
r⋃
i=1

s⋃
j=1

h−1(Dj) ∩ Ci =
r⋃
i=1

Ci = Rl,

we can conclude that g ◦ h is continuous piecewise linear.
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Definition 31. Let g : Rm → Rn be a continuous piecewise linear function. Let Π

be a set of closed polyhedra of Rm. We say that Π is admissible with respect to the
function g if and only if:

—
⋃
D∈ΠD = Rm,

— for all D ∈ Π, g is linear on D,
— for all D ∈ Π, D̊ ̸= ∅.

Proposition 32. For all g : Rm → Rn continuous piecewise linear, there exists a
set of closed polyhedra Π admissible with respect to g.

Proof. Let g : Rm → Rn be a continuous piecewise linear function. By definition
there exists a finite set of closed polyhedra D1, . . . , Ds such that

⋃s
i=1Di = Rm and

g is linear on each Di.
Let I = {i ∈ J1, sK, D̊i ̸= ∅}. Let us show that

⋃
i∈I Di = Rm.

We first show that if a polyhedron Di has empty interior, then it is contained
in an affine hyperplane. Indeed, if it is not contained in an affine hyperplane, then
there exist m + 1 affinely independent points x1, . . . , xm+1 ∈ Di. Since a closed
polyhedron is convex, the convex hull of the points Conv(x1, . . . , xm+1), which is a
m-simplex, is contained in Di, and thus Di has nonempty interior.

Let x ∈ Rm. For all i /∈ I, Di is contained in an affine hyperplane, and a finite
union of affine hyperplanes does not contain any nontrivial ball. As a consequence,
for all n ∈ N, the ball B(x, 1n) is not contained in

⋃
i/∈I Di and thus there exists

in ∈ I such that Din ∩ B(x, 1n) ̸= ∅. Since I is finite, there exists i ∈ I such that
in = i for infinitely many n, and thus x ∈ Di.

We have shown that for all x ∈ Rm there exists i ∈ I such that x ∈ Di = Di,
which means that ⋃

i∈I
Di = Rm.

Hence, the set Π := {Di, i ∈ I} is admissible with respect to g.

Proposition 33. Let h : Rl → Rm be a continuous piecewise linear function and
let P be a finite set of closed polyhedra of Rm. Then

— for all D ∈ P, h−1(D) is a finite union of closed polyhedra;
—
⋃
D∈P ∂h

−1(D) is contained in a finite union of hyperplanes
⋃s
k=1Ak.

Proof. Consider Π an admissible set of closed polyhedra with respect to h. Let
D ∈ P. Since

⋃
C∈ΠC = Rl, we can write

h−1(D) = h−1(D) ∩
( ⋃
C∈Π

C

)
=
⋃
C∈Π

(
h−1(D) ∩ C

)
.

For all C ∈ Π, h is linear over C, so h−1(D) ∩ C is a polyhedron (see Proposition
26). This shows the first point of the proposition.
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Since h−1(D)∩C is a polyhedron, ∂
(
h−1(D) ∩ C

)
is contained in a finite union

of hyperplanes. In topology, we have

∂

[ ⋃
C∈Π

(
h−1(D) ∩ C

)]
⊂

⋃
C∈Π

∂
(
h−1(D) ∩ C

)
,

which shows that ∂
[⋃

C∈Π
(
h−1(D) ∩ C

)]
i.e. ∂h−1(D) is contained in a finite union

of hyperplanes too. This is true for any D ∈ P, and since P is finite, this is also
true of the union

⋃
D∈P ∂h

−1(D).

3.A.3 Neural networks

We consider fully connected feedforward neural networks, with ReLU activation
function. We index the layers in reverse order, from K to 0, for some K ≥ 2. The
input layer is the layer K, the output layer is the layer 0, and between them are
K− 1 hidden layers. For k ∈ J0,KK, we denote by nk ∈ N the number of neurons of
the layer k. This means the information contained at the layer k is a nk-dimensional
vector.

Let k ∈ J0,K − 1K. We denote the weights between the layer k + 1 and the
layer k with a matrix Mk ∈ Rnk×nk+1 , and we consider a bias bk ∈ Rnk in the layer
k. If k ̸= 0, we add a ReLU activation function. If x ∈ Rnk+1 is the information
contained at the layer k + 1, the layer k contains:{

σ(Mkx+ bk) if k ̸= 0

M0x+ b0 if k = 0.

The parameters of the network can be summarized in the couple (M,b), where
M = (M0,M1, . . . ,MK−1) ∈ Rn0×n1×· · ·×RnK−1×nK and b = (b0, b1, . . . , bK−1) ∈
Rn0 × · · · × RnK−1 . We formalize the transformation implemented by one layer of
the network with the following definition.

Definition 34. For a network with parameters (M,b), we define the family of
functions (h0, . . . , hK−1) such that for all k ∈ J0,K − 1K, hk : Rnk+1 → Rnk and for
all x ∈ Rnk ,

hk(x) =

{
σ(Mkx+ bk) if k ̸= 0

M0x+ b0 if k = 0.

The function implemented by the network is then

fM,b = h0 ◦ h1 ◦ · · · ◦ hK−1 : RnK −→ Rn0 . (3.A.4)

The network with its parameters are represented in Figure 3.1 in the main part.
For all l ∈ J0,K − 1K, we denote

M≤l = (M0,M1, . . . ,M l)

and
b≤l = (b0, b1, . . . , bl).
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Remark 35. Since the vectorial ReLU function is continuous piecewise linear, Propo-
sition 30 guarantees that the functions hk are continuous piecewise linear.

We now define a few more functions associated to a network.

Definition 36. For a network with parameters (M,b), we define the family of
functions (hlin0 , . . . , hlinK−1) such that for all k ∈ J0,K − 1K, hlink : Rnk+1 → Rnk and
for all x ∈ Rnk+1 ,

hlink (x) =Mkx+ bk.

The functions hlink correspond to the linear part of the transformation imple-
mented by the network between two layers, before applying the activation σ.

Definition 37. For a network with parameters (M,b), we define the family of
functions (fK , fK−1, . . . , f0) as follows:

— fK = idRnK ,
— for all k ∈ J0,K − 1K, fk = hk ◦ hk+1 ◦ · · · ◦ hK−1.

Remark. In particular we have f0 = fM,b.

The function fk : RnK 7→ Rnk represents the transformation implemented by the
network between the input layer and the layer k.

Definition 38. For a network with parameters (M,b), we define the sequence
(g0, . . . , gK) as follows:

— g0 = idRn0 ,
— for all k ∈ J1,KK, gk = h0 ◦ h1 ◦ · · · ◦ hk−1.

Remark. We have in particular
— gK = fM,b;
— for all k ∈ J0,KK, fM,b = gk ◦ fk.
The function gk : Rnk 7→ Rn0 represents the transformation implemented by the

network between the layer k and the output layer.
In this paper the functions implemented by the networks are considered on a

subset Ω ⊂ RnK . The successive layers of a network project this subset onto the
spaces Rnk , inducing a subset Ωk of Rnk for all k, as in the following definition.

Definition 39. For a network with parameters (M,b), for any Ω ⊂ RnK , we denote
for all k ∈ J0,KK,

Ωk = fk(Ω).

Definition 40. For a network with parameters (M,b), for all k ∈ J2,KK, for all
i ∈ J1, nk−1K, we define

Hk
i = {x ∈ Rnk , Mk−1

i,. x+ bk−1
i = 0}.

Remark. When Mk−1
i,. ̸= 0, the set Hk

i is a hyperplane.
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Remark 41. The objects defined in Definitions 34, 36, 37, 38, 39 and 40 all depend on
(M,b), but to simplify the notation we do not write it explicitly. To disambiguate
when manipulating a second network, whose parameters we will denote by (M̃, b̃),
we will denote by h̃k, h̃link , f̃k, g̃k, Ω̃k and H̃k

i the corresponding objects.

Proposition 42. For all k ∈ J0,KK, fk and gk are continuous piecewise linear.

Proof. We show this by induction: for the initialisation we have fK = idRnK which
is continuous piecewise linear. Now let k ∈ J0,K−1K and assume fk+1 is continuous
piecewise linear. By definition, we have fk = hk◦fk+1. The function hk is continuous
piecewise linear as noted in Remark 35. By Proposition 30, the composition of
two continuous piecewise linear functions is continuous piecewise linear, so fk is
continuous piecewise linear. The conclusion follows by induction.

We do the same for (g0, . . . , gK) starting with g0: first we have g0 = idRn0 which
is continuous piecewise linear, then for all k ∈ J1,KK, we have gk = gk−1 ◦hk−1, and
we conclude by composition of two continuous piecewise linear functions.

Corollary 43. The function fM,b is continuous piecewise linear.

Proof. It comes immediately from fM,b = f0 and Proposition 42.

Recall the definition of an admissible set with respect to a continuous piecewise
linear function (Definition 31). Proposition 42 allows the following definition.

Definition 44. Consider a network parameterization (M,b), and the functions gk
associated to it. We say that a list of sets of closed polyhedra Π = (Π1, . . . ,ΠK−1)

is admissible with respect to (M,b) iif for all k ∈ J1,K−1K, the set Πk is admissible
with respect to gk.

Remark. For a list Π = (Π1, . . . ,ΠK−1), for all l ∈ J1,K − 1K, we denote Π≤l =
(Π1, . . . ,Πl). If Π is admissible with respect to (M,b), then Π≤l is admissible with
respect to (M≤l,b≤l).

Proposition 45. For any network parameterization (M,b), there always exists a
list of sets of closed polyhedra Π that is admissible with respect to (M,b).

Proof. For all k ∈ J1,K − 1K, since gk is continuous piecewise linear, Proposition 32
guarantees that there exists an admissible set of polyhedra Πk with respect to gk.
We simply define Π = (Π1, . . . ,ΠK−1).

Definition 46. For a parameterization (M,b) and a list Π admissible with respect
to (M,b), for all k ∈ J1,K − 1K, for all D ∈ Πk, since gk is linear over D and D has
nonempty interior, we can define V k(D) ∈ Rn0×nk and ck(D) ∈ Rn0 as the unique
couple that satisfies:

∀x ∈ D, gk(x) = V k(D)x+ ck(D).

We now introduce the equivalence relation between parameterizations, often
referred to as equivalence modulo permutation and positive rescaling.
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Definition 47 (Equivalent parameterizations). If (M,b) and (M̃, b̃) are two net-
work parameterizations, we say that (M,b) is equivalent modulo permutation and
positive rescaling, or simply equivalent, to (M̃, b̃), and we write (M,b) ∼ (M̃, b̃), if
and only if there exist:

— a family of permutations φ = (φ0, . . . , φK) ∈ Sn0 × · · · × SnK , with φ0 =

idJ1,n0K and φK = idJ1,nKK,
— a family of vectors λ = (λ0, λ1, . . . , λK) ∈ (R∗

+)
n0 × · · · × (R∗

+)
nK , with

λ0 = 1n0 and λK = 1nK ,
such that for all k ∈ J0,K − 1K,{

M̃k = Pφk
Diag(λk)Mk Diag(λk+1)−1P−1

φk+1

b̃k = Pφk
Diag(λk)bk.

(3.A.5)

Remarks.

1. Recall that we denote by 1
λk+1 the vector whose components are 1

λk+1
i

. Note

that Diag(λk+1)−1 = Diag( 1
λk+1 ). Using (3.A.2), for all k ∈ J0,K − 1K,

(3.A.5) means that for all (i, j) ∈ J1, nkK× J1, nk+1K,

M̃k
i,j =

λk
φ−1
k (i)

λk+1

φ−1
k+1(j)

Mk
φ−1
k (i),φ−1

k+1(j)

and
b̃ki = λk

φ−1
k (i)

bk
φ−1
k (i)

.

2. We go from a parameterization to an equivalent one by:
— permuting the neurons of each hidden layer k with a permutation φk;
— for each hidden layer k, multiplying all the weights of the edges arriving

(from the layer k + 1) to the neuron j, as well as the bias bkj , by some
positive number λkj , and multiplying all the weights of the edges leaving
(towards the layer k − 1) the neuron j by 1

λkj
.

Proposition 48. The relation ∼ is an equivalence relation.

Proof. Let us first show the following equality, that we are going to use in the proof.
For any n ∈ N∗, λ ∈ Rn and φ ∈ Sn,

Diag(λ)Pφ = PφDiag(P−1
φ λ). (3.A.6)

Indeed, Diag(λ)Pφ is the matrix obtained by multiplying each line i of Pφ by λi, so
recalling (3.A.1), for all i, j ∈ J1,mK, we have

(Diag(λ)Pφ)i,j =

{
λi if φ(j) = i

0 otherwise.
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At the same time, PφDiag(P−1
φ λ) is the matrix obtained by multiplying each column

j of Pφ by (P−1
φ λ)j = λφ(j) (see (3.A.2) and (3.A.3)), so for all i, j ∈ J1,mK, we have

(PφDiag(P−1
φ λ))i,j =

{
λφ(j) if φ(j) = i

0 otherwise.

The two matrices are clearly equal.
We can now show the proposition.
— To show reflexivity we can take λk = 1nk

and φk = idJ1,nkK for all k ∈ J0,KK.
— Let us show symmetry. Assume a parameterization (M,b) is equivalent to

another parameterization (M̃, b̃). Let us denote by φ and λ the correspond-
ing families of permutations and vectors, as in Definition 47. Inverting the
expression of M̃k in Definition 47 and using (3.A.6) twice, we have for all
k ∈ J0,K − 1K:

M̃k = Pφk
Diag(λk)Mk Diag(λk+1)−1P−1

φk+1

⇐⇒ Diag(λk)−1P−1
φk
M̃kPφk+1

Diag(λk+1) =Mk

⇐⇒ P−1
φk

Diag(Pφk
λk)−1M̃k Diag(Pφk+1

λk+1)Pφk+1
=Mk,

so denoting φ̃k = φ−1
k and λ̃k = (Pφk

λk)−1, and recalling that Pφ−1
k

= P−1
φk

,
we have, for all k ∈ J0,K − 1K,

Mk = Pφ̃k
Diag(λ̃k)M̃k Diag(λ̃k+1)−1P−1

φ̃k+1
.

We show similarly that for all k ∈ J0,K − 1K,

bk = Pφ̃k
Diag(λ̃k)b̃

k.

We naturally have φ̃0 = idJ1,n0K and φ̃K = idJ1,nKK, as well as λ̃0 = 1n0 and
λ̃K = 1nK .

This proves the symmetry of the relation.
— Let us show transitivity. Assume (M,b), (M̃, b̃) and (M̌, b̌) are three pa-

rameterizations such that (M,b) ∼ (M̃, b̃) and (M̃, b̃) ∼ (M̌, b̌).
As in Definition 47, we denote by φ, φ̃, λ and λ̃ the families of permu-

tations and vectors such that, for all k ∈ J0,K − 1K,{
M̃k = Pφk

Diag(λk)Mk Diag(λk+1)−1P−1
φk+1

b̃k = Pφk
Diag(λk)bk,

and {
M̌k = Pφ̃k

Diag(λ̃k)M̃k Diag(λ̃k+1)−1P−1
φ̃k+1

b̌k = Pφ̃k
Diag(λ̃k)b̃k.
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Combining these and using (3.A.6), we have

M̌k = Pφ̃k
Diag(λ̃k)Pφk

Diag(λk)Mk Diag(λk+1)−1P−1
φk+1

Diag(λ̃k+1)−1P−1
φ̃k+1

= Pφ̃k

Ä
Diag(λ̃k)Pφk

ä
Diag(λk)Mk

·Diag(λk+1)−1
Ä
Diag(λ̃k+1)Pφk+1

ä−1
P−1
φ̃k+1

= Pφ̃k

Ä
Pφk

Diag(P−1
φk
λ̃k)
ä
Diag(λk)Mk

·Diag(λk+1)−1
Ä
Pφk+1

Diag(P−1
φk+1

λ̃k+1)
ä−1

P−1
φ̃k+1

= Pφ̃k
Pφk

Diag(P−1
φk
λ̃k)Diag(λk)Mk

·Diag(λk+1)−1Diag(P−1
φk+1

λ̃k+1)−1P−1
φk+1

P−1
φ̃k+1

,

and
b̌k = Pφ̃k

Diag(λ̃k)Pφk
Diag(λk)bk

= Pφ̃k
Pφk

Diag(P−1
φk
λ̃k)Diag(λk)bk.

Hence denoting φ̌k = φ̃k◦φk and λ̌k = Diag(P−1
φk
λ̃k)λk, for all k ∈ J0,KK,

we see that, for k ∈ J0,K − 1K,

M̌k = Pφ̌k
Diag(λ̌k)Mk Diag(λ̌k+1)−1P−1

φ̌k+1

and
b̌k = Pφ̌k

Diag(λ̌k)bk.

Naturally, we also have φ̌0 = idJ1,n0K and φ̌K = idJ1,nKK, as well as λ̌0 = 1n0

and λ̌K = 1nK , which shows that (M,b) ∼ (M̌, b̌).

Recall the objects hk, fk, gk,Ωk, Hk
i associated to a parameterization (M,b),

defined in Definitions 34, 37, 38, 39 and 40, and recall that we denote by h̃k, f̃k, g̃k, Ω̃k
and H̃k

i the corresponding objects with respect to another parameterization (M̃, b̃).
We give in the following proposition the relations that link these objects when the
two parameterizations (M,b) and (M̃, b̃) are equivalent.

Proposition 49. Assume (M,b) ∼ (M̃, b̃) and consider φ and λ as in Definition
47. Let Π be a list of sets of closed polyhedra that is admissible with respect to
(M,b). Then:

1. for all k ∈ J0,K − 1K,

h̃k = Pφk
Diag(λk) ◦ hk ◦Diag(λk+1)−1P−1

φk+1
,

2. for all k ∈ J0,KK,
f̃k = Pφk

Diag(λk) ◦ fk, (3.A.7)

g̃k = gk ◦Diag(λk)−1P−1
φk
,

Ω̃k = Pφk
Diag(λk)Ωk,
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3. for all k ∈ J2,KK, for all i ∈ J1, nk−1K,

H̃k
i = Pφk

Diag(λk)Hk
φ−1
k−1(i)

,

4. for all k ∈ J1,K − 1K, the set of closed polyhedra Π̃k = {Pφk
Diag(λk)D,D ∈

Πk} is admissible for g̃k, i.e. the list Π̃ = (Π̃1, . . . , Π̃K−1) is admissible with
respect to (M̃, b̃).

Proof. 1. Let k ∈ J0,K − 1K. If k ̸= 0, we have from Definition 34:

h̃k(x) = σ(M̃kx+ b̃k)

= σ
Ä
Pφk

Diag(λk)Mk Diag(λk+1)−1P−1
φk+1

x

+Pφk
Diag(λk)bk

ä
= σ
Ä
Pφk

Diag(λk)
î
Mk Diag(λk+1)−1P−1

φk+1
x+ bk

óä
.

Denote y :=
î
Mk Diag(λk+1)−1P−1

φk+1
x+ bk

ó
. Let i ∈ J1, nkK. Using

(3.A.2) and the fact that λk
φ−1
k (i)

is nonnegative, the ith coordinate of h̃k(x)
is

h̃k(x)i =
î
σ
Ä
Pφk

Diag(λk)y
äó
i
= σ
Äî
Pφk

Diag(λk)y
ó
i

ä
= σ

(
λk
φ−1
k (i)

yφ−1
k (i)

)
= λk

φ−1
k (i)

σ
Ä
yφ−1

k (i)

ä
=
î
Pφk

Diag(λk)σ (y)
ó
i
.

Finally, we find the expression of h̃k(x):

h̃k(x) = Pφk
Diag(λk)σ (y)

= Pφk
Diag(λk)σ

Ä
Mk Diag(λk+1)−1P−1

φk+1
x+ bk

ä
= Pφk

Diag(λk)hk
Ä
Diag(λk+1)−1P−1

φk+1
(x)
ä
.

This concludes the proof when k ̸= 0.
The case k = 0 is proven similarly but replacing the ReLU function σ by

the identity.

2. — We prove by induction the expression of f̃k.
For k = K, we have f̃K = fK = idRnK , and since PφK = IdnK and

λK = 1nK the equality f̃K = PφK Diag(λK)fK holds.
Now let k ∈ J0,K − 1K. Suppose the induction hypothesis is true for

f̃k+1. Using the expression of h̃k we just proved in 1 and the induction
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hypothesis, we have

f̃k = h̃k ◦ f̃k+1

=
Ä
Pφk

Diag(λk) ◦ hk ◦Diag(λk+1)−1P−1
φk+1

ä
◦
Ä
Pφk+1

Diag(λk+1) ◦ fk+1

ä
= Pφk

Diag(λk) ◦ hk ◦ fk+1

= Pφk
Diag(λk) ◦ fk.

This concludes the induction.
— We prove similarly the expression of g̃k, but starting from k = 0: first we

have g̃0 = g0 = idRn0 , and then, for k ∈ J0,K−1K, we write g̃k+1 = g̃k◦h̃k
and we use the induction hypothesis and the expression of h̃k.

— Using the relation (3.A.7), that we just proved, we obtain

Ω̃k = f̃k(Ω) = Pφk
Diag(λk)fk(Ω) = Pφk

Diag(λk)Ωk.

3. Let k ∈ J2,KK and i ∈ J1, nk−1K. For all x ∈ Rnk , using (3.A.5) and (3.A.2),

x ∈ H̃k
i ⇐⇒ M̃k−1

i,. x+ b̃k−1
i = 0

⇐⇒
î
Pφk−1

Diag(λk−1)Mk−1Diag(λk)−1P−1
φk

ó
i,.
x

+
î
Pφk−1

Diag(λk−1)bk−1
ó
i
= 0

⇐⇒ λk−1

φ−1
k−1(i)

Mk−1

φ−1
k−1(i),.

Diag(λk)−1P−1
φk
x+ λk−1

φ−1
k−1(i)

bk−1

φ−1
k−1(i)

= 0

⇐⇒ λk−1

φ−1
k−1(i)

Å
Mk−1

φ−1
k−1(i),.

Diag(λk)−1P−1
φk
x+ bk−1

φ−1
k−1(i)

ã
= 0

⇐⇒ Mk−1

φ−1
k−1(i),.

Diag(λk)−1P−1
φk
x+ bk−1

φ−1
k−1(i)

= 0

⇐⇒ Diag(λk)−1P−1
φk
x ∈ Hk

φ−1
k−1(i)

.

Thus, H̃k
i = Pφk

Diag(λk)Hk
φ−1
k−1(i)

.

4. For all D ∈ Πk, denote D̃ = Pφk
Diag(λk)D. We have Π̃k = {D̃,D ∈ Πk}.

Let D ∈ Πk. The matrix Pφk
Diag(λk) is invertible so, according to

Proposition 26, D̃ = Pφk
Diag(λk)D is a closed polyhedron, and since D̊ ̸= ∅

we also have ˚̃D ̸= ∅.
Now recall from Item 2 that:

g̃k = gk ◦Diag(λk)−1P−1
φk
.

For all x ∈ D̃, we have Diag(λk)−1P−1
φk
x ∈ D. Since Πk is admissible with

respect to gk (by definition of Π), gk is linear on D, and thus the function
g̃k is linear on D̃.
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Again, since Πk is admissible with respect to gk, we have
⋃
D∈Πk

D = Rm,
and thus ⋃

D̃∈Π̃k

D̃ =
⋃

D∈Πk

Pφk
Diag(λk)D

= Pφk
Diag(λk)

Ñ ⋃
D∈Πk

D

é
= Pφk

Diag(λk) (Rm)
= Rm,

which shows that Π̃k is admissible with respect to g̃k.
This being true for any k ∈ J1,K − 1K, we conclude that Π̃ is admissible

with respect to (M̃, b̃).

Corollary 50. If (M,b) ∼ (M̃, b̃), then fM,b = fM̃,b̃.

Proof. Consider φ and λ as in Definition 47. Looking at (3.A.7) for k = 0, and
using the fact that f0 = fM,b and f̃0 = fM̃,b̃, we obtain from Proposition 49

fM̃,b̃ = Pφ0 Diag(λ0)fM,b.

By definition of φ and λ, we have Pφ0 = Idn0 and λ0 = 1n0 , so we can finally
conclude:

fM̃,b̃ = fM,b.

Definition 51. We say that (M,b) is normalized if for all k ∈ J1,K − 1K, for all
i ∈ J1, nkK, we have:

∥Mk
i,.∥ = 1.

Proposition 52. If (M,b) satisfies, for all k ∈ J1,K − 1K, for all i ∈ J1, nkK,
Mk
i,. ̸= 0, then there exists an equivalent parameterization (M̃, b̃) that is normalized.

Proof. We define recursively the family (λ0, λ1, . . . , λK) ∈ (R∗
+)

n0 × · · · × (R∗
+)

nK

by:
— λK = 1nK ;
— for all k ∈ J1,K − 1K, for all i ∈ J1, nkK,

λki =
1

∥Mk
i,.Diag(λk+1)−1∥ ;

— λ0 = 1n0 .
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Consider the parameterization (M̃, b̃) defined by, for all k ∈ J0,K − 1K:{
M̃k = Diag(λk)Mk Diag(λk+1)−1

b̃k = Diag(λk)bk.

The parameterization is, by definition, equivalent to (M,b), and, for all k ∈
J1,K − 1K, for all i ∈ J1, nkK:

∥M̃k
i,.∥ =

∥∥∥îDiag(λk)Mk Diag(λk+1)−1
ó
i,.

∥∥∥
=
∥∥∥λkiMk

i,.Diag(λk+1)−1
∥∥∥

=

∥∥∥∥∥ 1

∥Mk
i,.Diag(λk+1)−1∥M

k
i,.Diag(λk+1)−1

∥∥∥∥∥
= 1.

Proposition 53. If (M,b) and (M̃, b̃) are both normalized, then they are equivalent
if and only if there exists a family of permutations (φ0, . . . , φK) ∈ Sn0 × · · ·×SnK ,
with φ0 = idJ1,n0K and φK = idJ1,nKK, such that for all k ∈ J0,K − 1K:{

M̃k = Pφk
MkP−1

φk+1

b̃k = Pφk
bk.

(3.A.8)

Proof. Assume (M,b) and (M̃, b̃) are equivalent. Then there exist a family of
permutations (φ0, . . . , φK) ∈ Sn0×· · ·×SnK and a family (λ0, . . . , λK) ∈ (R∗

+)
n0×

· · · × (R∗
+)

nK as in Definition 47.
Let us prove by induction that λk = 1nk

for all k ∈ J0,KK.
For k = K it is true by Definition 47.
Let k ∈ J1,K−1K, and suppose λk+1 = 1nk+1

. This means Diag(λk+1) = Idnk+1
.

Let i ∈ J1, nkK. Since (M,b) is normalized, ∥Mk
i,.∥ = 1. Since P−1

φk+1
is a permutation

matrix, it is orthogonal so ∥Mk
i,.P

−1
φk+1
∥ = ∥Mk

i,.∥ = 1. Recalling (3.A.5) and using
the fact that (M̃, b̃) is normalized, that Diag(λk+1) = Idnk+1

and that λki is positive,
we have:

1 = ∥M̃k
φk(i),.

∥ = ∥λkiMk
i,.Diag(λk+1)−1P−1

φk+1
∥

= λki ∥Mk
i,.P

−1
φk+1
∥

= λki .

This shows λk = 1nk
.

The case k = 0 is also true by Definition 47.
Equation (3.A.5) with λk = 1nk

for all k ∈ J0,KK is precisely equation (3.A.8).
The reciprocal is clear: (3.A.8) is a particular case of (3.A.5) with λk = 1nk

.
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3.B Main theorem

In Appendix 3.B, we prove the main theorem using the notations and results of
Appendix 3.A, and admitting Lemma 63, which is proven in Appendix 3.C.

More precisely, we begin by stating the conditions C and P in Section 3.B.1, we
then state our main result, which is Theorem 61, in Section 3.B.2, and we give a
consequence of this result in terms of risk minimization, which is Corollary 62, in
Section 3.B.3. Finally we prove Theorem 61 and Corollary 62 in Sections 3.B.4 and
3.B.5 respectively.

3.B.1 Conditions

Assume g : Rm → Rn is a continuous piecewise linear function, Π is a set of
closed polyhedra admissible with respect to g, and let Ω ⊂ Rl, M ∈ Rm×l and
b ∈ Rm.

We define
h : Rl −→ Rm

x 7−→ σ(Mx+ b)

and
hlin : Rl −→ Rm

x 7−→ Mx+ b.

Definition 54. For all i ∈ J1,mK, we denote Ei = {x ∈ Rm, xi = 0}.

Definition 55. Let D ∈ Π. The function g coincides with a linear function on D.
Since the interior of D is nonempty, we define V (D) ∈ Rn×m and c(D) ∈ Rn as the
unique couple satisfying, for all x ∈ D:

g(x) = V (D)x+ c(D).

Definition 56. We say that (g,M, b,Ω,Π) satisfies the conditions C iif:
C.a) M is full row rank;
C.b) for all i ∈ J1,mK, there exists x ∈ Ω̊ such that

Mi,.x+ bi = 0,

or equivalently,
Ei ∩ hlin(Ω̊) ̸= ∅;

C.c) for all D ∈ Π, for all i ∈ J1,mK, if Ei ∩D ∩ h(Ω) ̸= ∅ then V.,i(D) ̸= 0;
C.d) for any affine hyperplane H ⊂ Rl,

H ∩ Ω̊ ̸⊂
⋃
D∈Π

∂h−1(D).

Definition 57. For all k ∈ J1,K − 1K, for all i ∈ J1, nkK, we denote Eki = {x ∈
Rnk , xi = 0}.
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We now state the conditions P (already stated in the main text in Definition
15).

Definition 58. We say that (M,b,Ω,Π) satisfies the conditions P iif for all k ∈
J1,K − 1K, (gk,Mk, bk,Ωk+1,Πk) satisfies the conditions C.

Explicitly, for all k ∈ J1,K − 1K, the conditions are the following:
P.a) Mk is full row rank;
P.b) for all i ∈ J1, nkK, there exists x ∈ Ω̊k+1 such that

Mk
i,.x+ bki = 0,

or equivalently
Eki ∩ hlink (Ω̊k+1) ̸= ∅;

P.c) for all D ∈ Πk, for all i ∈ J1, nkK, if Eki ∩D ∩ Ωk ̸= ∅ then V k
.,i(D) ̸= 0;

P.d) for any affine hyperplane H ⊂ Rnk+1 ,

H ∩ Ω̊k+1 ̸⊂
⋃

D∈Πk

∂h−1
k (D).

Remark 59. The condition P.b) implies that for all k ∈ J1,K − 1K, Ω̊k+1 ̸= ∅, and
in particular for k = K − 1, the set Ω = ΩK has nonempty interior.

The following proposition shows that the conditions P are stable modulo per-
mutation and positive rescaling, as defined in Definition 47.

Proposition 60. Suppose (M,b) and (M̃, b̃) are two equivalent network parame-
terizations, and suppose (M,b,Ω,Π) satisfies the conditions P. Then, if we define
Π̃ as in Item 4 of Proposition 49, (M̃, b̃,Ω, Π̃) satisfies the conditions P.

Proof. Since (M,b) and (M̃, b̃) are equivalent, by Definition 47 there exist
— a family of permutations (φ0, . . . , φK) ∈ Sn0 × · · · ×SnK , with φ0 = idJ1,n0K

and φK = idJ1,nKK,
— a family (λ0, λ1, . . . , λK) ∈ (R∗

+)
n0 × · · · × (R∗

+)
nK , with λ0 = 1n0 and λK =

1nK ,
such that {

M̃k = Pφk
Diag(λk)Mk Diag(λk+1)−1P−1

φk+1

b̃k = Pφk
Diag(λk)bk.

(3.B.1)

Let k ∈ J1,K − 1K. We know the conditions P.a) − P.d) are satisfied by
(gk,M

k, bk,Ωk+1,Πk), let us show they are satisfied by (g̃k, M̃
k, b̃k, Ω̃k+1, Π̃k).

P.a) Since Mk satisfies P.a), it is full row rank, and using (3.B.1) and the fact
that the matrices Pφk

,Diag(λk),Diag(λk+1)−1 and P−1
φk+1

are invertible, we
see that M̃k is full row rank.

P.b) Let i ∈ J1, nkK. Since (gk,M
k, bk,Ωk+1,Πk) satisfies the condition P.b), we

can choose x ∈ Ω̊k+1 such that

Mk
φ−1
k (i),.

x+ bk
φ−1
k (i)

= 0. (3.B.2)
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Recall from Proposition 49 that

Ω̃k+1 = Pφk+1
Diag(λk+1)Ωk+1.

Since Pφk+1
Diag(λk+1) is an invertible matrix, it induces an homeomorphism

on Rnk+1 , and thus this identity also holds for the interiors:

˚̃Ωk+1 = Pφk+1
Diag(λk+1)Ω̊k+1.

Given that x ∈ Ω̊k+1, defining y = Pφk+1
Diag(λk+1)x, we have y ∈ ˚̃Ωk+1.

Using (3.B.1), (3.A.2) and (3.B.2), we have

M̃k
i,.y + b̃ki = [Pφk

Diag(λk)Mk Diag(λk+1)−1P−1
φk+1

]i,.y + [Pφk
Diag(λk)bk]i

= [Diag(λk)Mk Diag(λk+1)−1P−1
φk+1

]φ−1
k (i),.y + [Diag(λk)bk]φ−1

k (i)

= λk
φ−1
k (i)

Mk
φ−1
k (i),.

Diag(λk+1)−1P−1
φk+1

y + λk
φ−1
k (i)

bk
φ−1
k (i)

= λk
φ−1
k (i)

Mk
φ−1
k (i),.

x+ λk
φ−1
k (i)

bk
φ−1
k (i)

= 0.

We showed that there exists y ∈ ˚̃Ωk+1 such that

M̃k
i,.y + b̃ki = 0,

which concludes the proof of P.b).
P.c) Let D̃ ∈ Π̃k and i ∈ J1, nkK. Suppose Eki ∩ D̃ ∩ h̃k(Ω̃k+1) ̸= ∅, and let us

show Ṽ k
i,.(D̃) ̸= 0.

Let x ∈ Ω̃k+1 such that h̃k(x) ∈ Eki ∩ D̃. Inverting the equalities of
Proposition 49 we get
• hk = Diag(λk)−1P−1

φk
h̃k ◦ Pφk+1

Diag(λk+1),
• Hk+1

φ−1
k (i)

= Diag(λk+1)−1P−1
φk+1

H̃k+1
i ,

• Ωk+1 = Diag(λk+1)−1P−1
φk+1

Ω̃k+1.
Denote D = Diag(λk)−1P−1

φk
D̃. Since Π̃k has been defined as in Item 4

of Proposition 49, we know that D ∈ Πk. Let y = Diag(λk+1)−1P−1
φk+1

x. Let
us prove that hk(y) ∈ Ekφk(i)−1 ∩D ∩ hk(Ωk+1).

Since x ∈ Ω̃k+1, we see that y ∈ Ωk+1, so hk(y) ∈ hk(Ωk+1).
We also have

hk(y) = Diag(λk)−1P−1
φk
h̃k ◦ Pφk+1

Diag(λk+1)
Ä
Diag(λk+1)−1P−1

φk+1
x
ä

= Diag(λk)−1P−1
φk
h̃k (x) ,

which shows, since h̃k(x) ∈ D̃, that hk(y) ∈ D.
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Since, by hypothesis, h̃k(x) ∈ Eki , using (3.A.2) and (3.A.3), we have

[hk(y)]φ−1
k (i) =

î
Diag(λk)−1P−1

φk
h̃k (x)

ó
φ−1
k (i)

=
1

λk
φ−1
k (i)

î
P−1
φk
h̃k(x)

ó
φ−1
k (i)

=
1

λk
φ−1
k (i)

(h̃k(x))i

= 0.

This proves that hk(y) ∈ Ekφ−1
k (i)

.
We proved that

hk(y) ∈ Ekφ−1
k (i)

∩D ∩ hk(Ωk+1),

which shows this intersection is not empty. Since (gk,M
k, bk,Ωk+1,Πk) sat-

isfies P.c), we have V k
.,φ−1

k (i)
(D) ̸= 0.

Since, according to proposition 49,

g̃k = gk ◦Diag(λk)−1P−1
φk
,

we deduce:
Ṽ k(D̃) = V k(D)Diag(λk)−1P−1

φk
. (3.B.3)

For a matrix A and a permutation φ, we have [PφA]i,. = Aφ−1(i),., so by
taking the transpose, we see that [ATP−1

φ ].,i = (AT ).,φ−1(i).
Taking the ith column of (3.B.3), we thus obtain

Ṽ k
.,i(D̃) =

î
V k(D)Diag(λk)−1P−1

φk

ó
.,i

=
1

λk
φ−1
k (i)

V k
.,φ−1

k (i)
(D),

which shows that Ṽ k
.,i(D̃) ̸= 0.

P.d) Let H̃ ⊂ Rnk+1 be an affine hyperplane. DenoteH = Diag(λk+1)−1P−1
φk+1

H̃.
Since P.d) holds for (gk,M

k, bk,Ωk+1,Πk), using Item 2 of Proposition 49,
we have

H̃ ∩ ˚̃Ωk+1 = Pφk+1
Diag(λk+1)

Ä
H ∩ Ω̊k+1

ä
̸⊂ Pφk+1

Diag(λk+1)
⋃

D∈Πk

∂h−1
k (D)

=
⋃

D∈Πk

Pφk+1
Diag(λk+1)∂h−1

k (D). (3.B.4)

For all k, Pφk+1
Diag(λk+1) is an invertible matrix, so it induces an homeo-

morphism of Rnk+1 . We thus have

Pφk+1
Diag(λk+1)∂h−1

k (D) = ∂
Ä
Pφk+1

Diag(λk+1)h−1
k (D)

ä
. (3.B.5)
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Furthermore, by Item 1 of Proposition 49, we have h̃k = Pφk
Diag(λk)hk ◦

Diag(λk+1)−1P−1
φk+1

, so

h̃−1
k = Pφk+1

Diag(λk+1)h−1
k ◦Diag(λk)−1P−1

φk
,

and since D̃ = Pφk
Diag(λk)D,

h̃−1
k (D̃) = Pφk+1

Diag(λk+1)h−1
k (D). (3.B.6)

Combining (3.B.5) and (3.B.6), we obtain

Pφk+1
Diag(λk+1)∂h−1

k (D) = ∂h̃−1
k (D̃),

and we can thus reformulate (3.B.4) as

H̃ ∩ ˚̃Ωk+1 ̸⊂
⋃

D̃∈Π̃k

∂h̃−1
k (D̃).

3.B.2 Identifiability statement

We restate here the main theorem, already stated as Theorem 17 in the main
part of the article.

Theorem 61. Let K ∈ N, K ≥ 2. Suppose we are given two networks with K layers,
identical number of neurons per layer, and with respective parameters (M,b) and
(M̃, b̃). Assume Π and Π̃ are two lists of sets of closed polyhedra that are admissible
with respect to (M,b) and (M̃, b̃) respectively. Denote by nK the number of neurons
of the input layer, and suppose we are given a set Ω ⊂ RnK such that (M,b,Ω,Π)

and (M̃, b̃,Ω, Π̃) satisfy the conditions P, and such that, for all x ∈ Ω:

fM,b(x) = fM̃,b̃(x).

Then:
(M,b) ∼ (M̃, b̃).

3.B.3 An application to risk minimization

We restate here the consequence of the main result in terms of minimization of
the population risk, already stated as Corollary 18 in the main part.

Assume we are given a couple of input-output variables (X,Y ) generated by a
ground truth network with parameters (M,b):

Y = fM,b(X).

We can use Theorem 61 to show that the only way to bring the population
risk to 0 is to find the ground truth parameters -modulo permutation and positive
rescaling.
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Indeed, let Ω ⊂ RnK be a domain that is contained in the support of X, and
suppose L : Rn0 × Rn0 → R+ is a loss function such that L(y, y′) = 0 ⇒ y = y′.
Consider the population risk:

R(M̃, b̃) = E[L(fM̃,b̃(X), Y )].

We have the following result.

Corollary 62. Suppose there exists a list of sets of closed polyhedra Π admissible
with respect to (M,b) such that (M,b,Ω,Π) satisfies the conditions P.

If (M̃, b̃) is also such that there exists a list of sets of closed polyhedra Π̃ admis-
sible with respect to (M̃, b̃) such that (M̃, b̃,Ω, Π̃) satisfies the conditions P, and if
(M,b) ̸∼ (M̃, b̃), then:

R(M̃, b̃) > 0.

3.B.4 Proof of Theorem 61

To prove Theorem 61, we can assume the parameterizations (M,b) and (M̃, b̃)

are normalized. Indeed, if they are not, by Proposition 52 there exist a normalized
parameterization (M′,b′) equivalent to (M,b) and a normalized parameterization
(M̃′, b̃′) equivalent to (M̃, b̃). Note that we can apply Proposition 52 because Mk

and M̃k are full row rank (condition P.a)) for all k ∈ J1,K − 1K so their lines are
always nonzero. We derive Π′ from Π and Π̃

′
from Π̃ as in Item 4 of Proposition

49. By Proposition 60, (M′,b′,Ω,Π′) and (M̃′, b̃′,Ω, Π̃
′
) also satisfy the conditions

P. By Corollary 50, fM′,b′ = fM,b and fM̃′,b̃′ = fM̃,b̃, so we have, for all x ∈ Ω:

fM′,b′(x) = fM̃′,b̃′(x).

(M′,b′,Ω,Π′) and (M̃′, b̃′,Ω, Π̃′) satisfy the hypotheses of Theorem 61. If we
are able to show that (M′,b′) ∼ (M̃′, b̃′), then (M,b) ∼ (M̃, b̃) follows immediately
from the transitivity of the equivalence relation, proven in Proposition 48.

Thus in the proof (M,b) and (M̃, b̃) will be assumed to be normalized.

To prove the theorem, we need the following fundamental lemma (already stated
as Lemma 24 in the main text), that is proven in Appendix 3.C.

Lemma 63. Let l,m, n ∈ N∗. Suppose g, g̃ : Rm → Rn are continuous piecewise
linear functions, Ω ⊂ Rl is a subset and let M,M̃ ∈ Rm×l, b, b̃ ∈ Rm. Denote
h : x 7→ σ(Mx + b) and h̃ : x 7→ σ(M̃x + b̃). Assume Π and Π̃ are two sets of
polyhedra admissible with respect to g and g̃ respectively as in Definition 31.

Suppose (g,M, b,Ω,Π) and (g̃, M̃ , b̃,Ω, Π̃) satisfy the conditions C, and for all
i ∈ J1,mK, ∥Mi,.∥ = ∥M̃i,.∥ = 1.

Suppose for all x ∈ Ω:
g ◦ h(x) = g̃ ◦ h̃(x).

Then, there exists a permutation φ ∈ Sm, such that:
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— M̃ = PφM ;
— b̃ = Pφb;
— g and g̃ ◦ Pφ coincide on h(Ω).

Proof of Theorem 61. We prove the theorem by induction on K.
Initialization. Assume here K = 2. We are going to apply Lemma 63.

Since (M,b,Ω,Π) and (M̃, b̃,Ω, Π̃) satisfy the conditions P, by definition, both
(g1,M

1, b1,Ω2,Π1) and (g̃1, M̃
1, b̃1,Ω2, Π̃1) satisfy the conditions C (note that Ω̃2 =

Ω2 = Ω). The network is normalized, so we have, for all i ∈ J1, n1K,

∥M1
i,.∥ = ∥M̃1

i,.∥ = 1.

By the assumptions of Theorem 61, for all x ∈ Ω,

g1 ◦ h1(x) = fM,b(x) = fM̃,b̃(x) = g̃1 ◦ h̃1(x).

We can thus apply Lemma 63, which shows that there exists a permutation φ ∈ Sn1

such that
— M̃1 = PφM

1;
— b̃1 = Pφb

1;
— g1 and g̃1 ◦ Pφ coincide on h1(Ω).
Recall from Definition 40 that for all i ∈ J1, n1K, we denote

H2
i = {x ∈ Rn2 , M1

i,.x+ b1i = 0}.

Let (v1, . . . , vn1) be the canonical basis of Rn1 . Let us show that for all i ∈ J1, n1K,

M0vi = M̃0Pφvi.

Let i ∈ J1, n1K. By P.b), H2
i ∩ Ω̊ ̸= ∅. Since M1 is full row rank by P.a), none of the

hyperplanes H2
j , with j ̸= i, is parallel to H2

i . As a consequence, the intersections
H2
i ∩ H2

j have Hausdorff dimension smaller than n2 − 2, so there exists x ∈ Ω̊ ∩
H2
i \
Ä⋃

j ̸=iH
2
j

ä
, and ϵ > 0 such that B(x, ϵ) ∩H2

j = ∅ for all j ̸= i. Let u be a unit
vector such that M1

j,.u = 0 for all j ̸= i and M1
i,.u = α > 0 (this is possible again

since M1 is full row rank).
For all j ∈ J1, n1K\{i}, we have

σ(M1
j,.(x+ ϵu) + b1j )− σ(M1

j,.x+ b1j ) = σ(M1
j,.x+ b1j )− σ(M1

j,.x+ b1j ) = 0.

At the same time, we have

σ(M1
i,.(x+ ϵu) + b1i )− σ(M1

i,.x+ b1i ) =M1
i,.(x+ ϵu) + b1i −M1

i,.x+ b1i

= ϵM1
i,.u

= ϵα.

Summarizing,

h1(x+ ϵu)− h1(x) = σ(M1(x+ ϵu) + b1)− σ(M1x+ b1)

= ϵαvi.
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Let us denote y2 = h1(x+ ϵu) ∈ h1(Ω) and y1 = h1(x) ∈ h1(Ω). We have shown
y2 − y1 = ϵαvi, and since g1 and g̃1 ◦ Pφ coincide on h1(Ω), we have

g1(y2)− g1(y1) = g̃1 ◦ Pφ(y2)− g̃1 ◦ Pφ(y1)
⇐⇒ M0(y2 − y1) = M̃0Pφ(y2 − y1)

⇐⇒ ϵαM0vi = ϵαM̃0Pφvi

⇐⇒ M0vi = M̃0Pφvi.

Since this last equality holds for any i ∈ J1, n1K, we conclude that

M0 = M̃0Pφ,

and using one last time that g1 and g̃1 ◦ Pφ coincide on h1(Ω), we obtain

b0 = b̃0,

i.e. we have shown {
M̃0 =M0P−1

φ

b̃0 = b0.

Defining Pφ1 = Pφ, Pφ0 = Idn0 and Pφ2 = Idn2 , we can use Proposition 53 to
conclude that

(M,b) ∼ (M̃, b̃).

Induction step. Let K ≥ 3 be an integer. Suppose Theorem 61 is true for all
networks with K − 1 layers.

Consider two networks with parameters (M,b) and (M̃, b̃), with K layers and,
for all k ∈ J0,KK, same number nk of neurons per layer. Let Π and Π̃ be two list of
sets of closed polyhedra that are admissible with respect to (M,b) and (M̃, b̃) re-
spectively (Definition 44), and let Ω ⊂ RnK such that (M,b,Ω,Π) and (M̃, b̃,Ω, Π̃)

satisfy the conditions P and fM,b and fM̃,b̃ coincide on Ω.

Recall the functions hk and gk associated to (M,b), defined in Definition 34 and
Definition 38 respectively, and the corresponding functions h̃k and g̃k associated to
(M̃, b̃).

We have two matrices MK−1 and M̃K−1 ∈ RnK−1×nK , two vectors bK−1 and
b̃K−1 ∈ RnK−1 , two functions gK−1 and g̃K−1 : RnK−1 → Rn0 , two sets ΠK−1 and
Π̃K−1 such that:

— ∀x ∈ Ω, gK−1 ◦ hK−1(x) = gK(x) = fM,b(x) = fM̃,b̃(x) = g̃K(x) =

g̃K−1 ◦ h̃K−1(x),
— gK−1 and g̃K−1 are continuous piecewise linear, and ΠK−1 and Π̃K−1 are

admissible with respect to gK−1 and g̃K−1 respectively,
— (gK−1,M

K−1, bK−1,Ω,ΠK−1) and (g̃K−1, M̃
K−1, b̃K−1,Ω, Π̃K−1) satisfy the

conditions C,
— ∀i ∈ J1, nK−1K, ∥MK−1

i,. ∥ = ∥M̃K−1
i,. ∥ = 1.
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The third point comes from the fact that the conditions P hold for (M,b,Ω,Π)

and (M̃, b̃,Ω, Π̃), and the fourth point comes from the fact that (M,b) and (M̃, b̃)

are normalized.
Thus, the objects gK−1, g̃K−1,M

K−1, bK−1, M̃K−1, b̃K−1,ΠK−1 and Π̃K−1 sat-
isfy the hypotheses of Lemma 63 and hence there exists φ ∈ SnK−1 such that{

M̃K−1 = PφM
K−1,

b̃K−1 = Pφb
K−1,

(3.B.7)

and gK−1 and g̃K−1 ◦ Pφ coincide on ΩK−1.

Let us denote M∗ = (M0, . . . ,MK−3,MK−2P−1
φ ). The functions gK−1◦P−1

φ and
g̃K−1 are implemented by two networks with K−1 layers, indexed from K−1 up to
0, with parameters (M∗,b≤K−2) and (M̃≤K−2, b̃≤K−2) respectively. The previous
paragraph shows these functions coincide on PφΩK−1. Recalling the definition of
Ω̃K−1 and since, by (3.B.7), f̃K−1 = h̃K−1 = PφhK−1, we have

Ω̃K−1 = f̃K−1(Ω) = PφhK−1(Ω) = PφΩK−1,

i.e. the functions gK−1 ◦ P−1
φ = fM∗,b≤K−2 and g̃K−1 = fM̃≤K−2,b̃≤K−2 coincide on

Ω̃K−1.
Since (M,b,Ω,Π) and (M̃, b̃,Ω, Π̃) satisfy the conditions P, we know that

(gk,M
k, bk,Ωk+1,Πk) and (g̃k, M̃

k, b̃k, Ω̃k+1, Π̃k) satisfy the conditions C for all k ∈
J1,K − 1K so in particular these conditions are satisfied for k ∈ J1,K − 2K, so
(M≤K−2,b≤K−2,ΩK−1,Π

≤K−2) and (M̃≤K−2, b̃≤K−2, Ω̃K−1, Π̃
≤K−2)

) satisfy the
conditions P.

Let us verify that (M∗,b≤K−2, Ω̃K−1,Π
≤K−2) also satisfies the conditions P.

Indeed, the only thing that differs from (M≤K−2,b≤K−2,ΩK−1,Π
≤K−2) is Ω̃K−1

and the weights M∗K−2 between the layer K − 1 and the layer K − 2. Writing
that M∗K−2 = MK−2P−1

φ , h∗K−2 = hK−2 ◦ P−1
φ , Ω̃K−1 = PφΩK−1 and H∗K−1

i =

PφH
K−1
i , let us check, one by one, that the conditions C.a) − C.d) also hold for

(gK−2,M
∗K−2, bK−2, Ω̃K−1,ΠK−2).

Indeed P−1
φ is invertible, so M∗K−2 is full row rank and C.a) holds.

If x ∈ Ω̊ satisfies MK−2
i,. x+ bK−2

i = 0, we define h∗linK−2(x) =M∗K−2x+ bK−2, we
have h∗linK−2 = hlinK−2 ◦ P−1

φ , so

Ei ∩ h∗linK−2(
˚̃ΩK−1) = Ei ∩ hlinK−2(Ω̊K−1) ̸= ∅,

and C.b) is satisfied.
Similarly, the observation h∗K−2(Ω̃K−1) = hK−2(ΩK−1) yields C.c).
Finally, assume H∗ ⊂ RnK−1 is an affine hyperplane. Let H = P−1

φ H∗. We have
by hypothesis

H ∩ Ω̊K−1 ̸⊂
⋃

D∈ΠK−2

∂h−1
K−2(D),
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thus
H∗ ∩ ˚̃ΩK−1 = Pφ

Ä
H ∩ Ω̊K−1

ä
̸⊂ Pφ

⋃
D∈ΠK−2

∂h−1
K−2(D)

=
⋃

D∈ΠK−2

∂(Pφh
−1
K−2(D)).

For all D ∈ ΠK−2 we have

Pφh
−1
K−2(D) = Pφ{y, hK−2(y) ∈ D}

= Pφ{P−1
φ x, hK−2 ◦ P−1

φ (x) ∈ D}
= {x, h∗K−2(x) ∈ D}
= h∗−1

K−2(D).

Therefore,
H∗ ∩ ˚̃ΩK−1 =

⋃
D∈ΠK−2

∂h∗−1
K−2(D),

which proves C.d).
Since the rest stays unchanged, we can conclude.
The induction hypothesis can thus be applied to (M∗,b≤K−2, Ω̃K−1,Π

≤K−2)

and (M̃≤K−2, b̃≤K−2, Ω̃K−1, Π̃
≤K−2

), to obtain:

(M∗,b≤K−2) ∼ (M̃≤K−2, b̃≤K−2).

Since we also have

∀k ∈ J1,K − 3K, ∀i ∈ J1, nkK, ∥M∗k
i,. ∥ = ∥Mk

i,.∥ = 1 and ∥M̃k
i,.∥ = 1,

∀i ∈ J1, nK−2K, ∥M∗K−2
i,. ∥ = ∥MK−2

i,. P−1
φ ∥ = ∥MK−2

i,. ∥ = 1 and ∥M̃K−2
i,. ∥ = 1,

Proposition 53 shows that there exists a family of permutations (φ0, . . . , φK−1) ∈
Sn0 × · · · ×SnK−1 , with φ0 = idJ1,n0K and φK−1 = idJ1,nK−1K, such that:

∀k ∈ J0,K − 3K,

{
M̃k = Pφk

M∗kP−1
φk+1

= Pφk
MkP−1

φk+1

b̃k = Pφk
bk,

(3.B.8)

and:{
M̃K−2 = PφK−2M

∗K−2P−1
φK−1

= PφK−2(M
K−2P−1

φ )P−1
φK−1

= PφK−2M
K−2P−1

φ

b̃K−2 = PφK−2b
K−2.

(3.B.9)
We can define (ψ0, . . . , ψK) ∈ Sn0 × · · · ×SnK by:
— ψ0 = idJ1,n0K, ψK = idJ1,nKK;
— ∀k ∈ J1,K − 2K, ψk = φk;
— ψK−1 = φ;
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and using (3.B.8), (3.B.9) and (3.B.7) altogether, we then have, for all k ∈
J0,K − 1K: {

M̃k = Pψk
MkP−1

ψk+1

b̃k = Pψk
bk.

It follows from Proposition 53 that (M,b) ∼ (M̃, b̃).

3.B.5 Proof of Corollary 62

Theorem 62 is an immediate consequence of Theorem 61.
Since (M,b,Ω,Π) and (M̃, b̃,Ω, Π̃) satisfy the conditions P and (M,b) ̸∼

(M̃, b̃), the contrapositive of Theorem 61 shows that there exists x ∈ Ω such that
fM,b(x) ̸= fM̃,b̃(x). The function fM,b − fM̃,b̃ is continuous so there exists r > 0

such that for all u ∈ B(x, r), fM,b(u) ̸= fM̃,b̃(u) so L(fM,b(u), fM̃,b̃(u)) > 0. Since
Ω is included in the support of X and x ∈ Ω, denoting PX the law of X we have
PX(B(x, r)) > 0 and thus

R(M̃, b̃) = E[L(fM̃,b̃(X), fM,b(X))]

≥
∫
B(x,r)

L(fM,b(u), fM̃,b̃(u))dPX(u)

> 0.

3.C Proof of Lemma 63

In this section we prove Lemma 63.
Let (g,M, b,Ω,Π) and (g̃, M̃ , b̃,Ω, Π̃) be as in the lemma. In particular, we

assume they satisfy the conditions C all along Appendix 3.C.
We denote, for all x ∈ Rl:

f(x) = g (σ(Mx+ b)) .

Recall that, for all x ∈ Rl, h(x) = σ(Mx+ b) and h̃(x) = σ(M̃x+ b̃).
Recall that, as in Definition 40, we define for all i ∈ J1,mK the sets Hi = {x ∈

Rl , Mi,.x+ bi = 0} and H̃i = {x ∈ Rl , M̃i,.x+ b̃i = 0}. By condition C.a), for all
i ∈ J1,mK, Mi,. ̸= 0 and M̃i,. ̸= 0 so Hi and H̃i are hyperplanes.

Recall that for all D ∈ Π, we define V (D) ∈ Rn×m and c(D) ∈ Rn as in
Definition 55, and similarly for all D̃ ∈ Π̃, we define Ṽ (D̃) ∈ Rn×m and c̃(D̃) ∈ Rn
associated to g̃.

We now define s : Rl → {0, 1}m as follows:

∀i ∈ J1,mK, si(x) :=

{
1 if Mi,.x+ bi ≥ 0

0 otherwise.
(3.C.1)
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We define similarly s̃ for (M̃, b̃). We thus have, for all i ∈ J1,mK,

σ(Mi,.x+ bi) = si(x)(Mi,.x+ bi)

and
σ(M̃i,.x+ b̃i) = s̃i(x)(M̃i,.x+ b̃i).

Let D ∈ Π. For all y ∈ D, we have, by definition,

g(y) = V (D)y + c(D),

thus, for all x ∈ h−1(D),

f(x) = V (D)h(x) + c(D)

= V (D)σ(Mx+ b) + c(D)

=
m∑
k=1

V.,k(D)sk(x)(Mk,.x+ bk) + c(D). (3.C.2)

Similarly, for all D̃ ∈ Π̃, for all x ∈ h̃−1(D̃),

f(x) =

m∑
k=1

Ṽ.,k(D̃)s̃k(x)(M̃k,.x+ b̃k) + c̃(D̃). (3.C.3)

Proposition 64. Let D ∈ Π. For all i ∈ J1,mK, for all x ∈ Hi ∩
◦︷ ︸︸ ︷

h−1(D) ∩
Ω̊\
Ä⋃

k ̸=iHk

ä
, f is not differentiable at the point x.

Proof. Let i ∈ J1,mK and suppose x ∈ Hi∩
◦︷ ︸︸ ︷

h−1(D)∩ Ω̊\
Ä⋃

k ̸=iHk

ä
. Let us consider

the function t 7→ f(x+ tM T
i,. ). Since x ∈ Hi and ∥Mi,.∥ = 1 by hypothesis,

Mi,.(x+ tM T
i,. ) + bi = tMi,.M

T
i,. +Mi,.x+ bi = t∥Mi,.∥2 = t. (3.C.4)

Given the definition of s in (3.C.1), we thus have

si(x+ tM T
i,. ) =

{
1 if t ≥ 0

0 if t < 0.

Since x ∈
◦︷ ︸︸ ︷

h−1(D) which is an open set, for t small enough we have x+ tM T
i,. ∈

◦︷ ︸︸ ︷
h−1(D) and thus, using (3.C.2) and (3.C.4),

f(x+ tM T
i,. ) =

m∑
k=1

V.,k(D)sk(x+ tM T
i,. )
Ä
Mk,.(x+ tM T

i,. ) + bk
ä
+ c(D)

=



∑
k ̸=i V.,k(D)sk(x+ tM T

i,. )
Ä
Mk,.(x+ tM T

i,. ) + bk
ä

+c(D) + tV.,i(D) if t ≥ 0∑
k ̸=i V.,k(D)sk(x+ tM T

i,. )
Ä
Mk,.(x+ tM T

i,. ) + bk
ä

+c(D) if t < 0.
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Since x does not belong to any of the hyperplanes Hk for k ̸= i, which are closed,
there exists ϵ > 0 such that for all t ∈ ] − ϵ, ϵ[ and for all k ̸= i, x + tM T

i,. /∈ Hk.
Therefore, for all t ∈ ]− ϵ, ϵ[, for all k ∈ J1,mK\{i}, sk(x+ tM T

i,. ) = sk(x) and

f(x+ tM T
i,. ) =


∑

k ̸=i V.,k(D)sk(x)(Mk,.(x+ tM T
i,. ) + bk) + c(D)

+tV.,i(D) if t ≥ 0∑
k ̸=i V.,k(D)sk(x)(Mk,.(x+ tM T

i,. ) + bk) + c(D) if t < 0.

The right derivative of t 7→ f(x+ tM T
i,. ) at 0 is:∑

k ̸=i
V.,k(D)sk(x)Mk,.M

T
i,. + V.,i(D).

The left derivative of t 7→ f(x+ tM T
i,. ) at 0 is:∑

k ̸=i
V.,k(D)sk(x)Mk,.M

T
i,. .

Since x ∈ Hi ∩ h−1(D)∩Ω, we have h(x) ∈ Ei ∩D ∩ h(Ω) so the condition C.c)

implies that V.,i(D) ̸= 0. We conclude that the left and right derivatives at x do not
coincide and thus f is not differentiable at x.

Lemma 65. Let D ∈ Π. For all x ∈
◦︷ ︸︸ ︷

h−1(D) \ (⋃m
i=1Hi), there exists r > 0 such

that f is differentiable on B(x, r).

Proof. Consider x ∈
◦︷ ︸︸ ︷

h−1(D) \ (⋃m
i=1Hi). Since the hyperplanes Hi are closed,

there exists a ball B(x, r) ⊂
◦︷ ︸︸ ︷

h−1(D) such that for all i ∈ J1,mK, B(x, r) ∩Hi = ∅.
As a consequence, for all y ∈ B(x, r), s(y) = s(x). Using (3.C.2) we get, for all
y ∈ B(x, r),

f(y) =
m∑
i=1

V.,i(D)si(x) (Mi,.y + bi) + c(D).

The right side of this equality is affine in the variable y, so f is differentiable on
B(x, r).

Lemma 66. Let γ : Rl → Rm be a continuous piecewise linear function. Let P
be a finite set of polyhedra of Rm such that

⋃
D∈P D = Rm. Let A1, . . . As be a

set of hyperplanes such that
⋃
D∈P ∂γ

−1(D) ⊂ ⋃s
k=1Ak (Proposition 33 shows the

existence of such hyperplanes). Let H be an affine hyperplane and a ∈ Rl, b ∈ R
such that H = {x ∈ Rl, aTx+ b = 0}. Denote I = {k ∈ J1, sK, Ak = H}. Let x ∈ H
such that for all k ∈ J1, sK\I, x /∈ Ak. Then there exists r > 0, D− and D+ ∈ P
(not necessarily distinct) such that

B(x, r) ∩ {y ∈ Rl, aT y + b < 0} ⊂ γ−1(D−)

B(x, r) ∩ {y ∈ Rl, aT y + b > 0} ⊂ γ−1(D+).
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Proof. Let r > 0 such that

B(x, r) ∩
(⋃
k/∈I

Ak

)
= ∅.

B(x, r)\H has two connected components: B− = B(x, r) ∩ {y ∈ Rl, aT y + b < 0}
and B+ = B(x, r) ∩ {y ∈ Rl, aT y + b > 0}. The set B− (resp. B+) is convex as an
intersection of two convex sets.

Since
⋃
D∈P D = Rm, there exists D− ∈ P such that γ−1(D−)∩B− ̸= ∅. Let us

show that
B− ⊂ γ−1(D−).

Indeed, B− ∩
(⋃

k/∈I Ak
)
= ∅ and B− ∩H = ∅ so B− ∩

(⋃
k∈I Ak

)
= ∅, therefore

we have

B− ∩
( ⋃
D∈P

∂γ−1(D)

)
⊂ B− ∩

(
s⋃

k=1

Ak

)
= ∅.

In particular, B−∩∂γ−1(D−) = ∅. Let Y = γ−1(D−)∩B−. Let us denote by ∂B−Y

the topological boundary of Y with respect to the topology of B−. Let us show the
following inclusion:

∂B−Y ⊂ ∂γ−1(D−) ∩B−.

Indeed, let y ∈ ∂B−Y . By definition, there exist two sequences (un) and (vn)

such that un ∈ Y , vn ∈ B−\Y , and both un and vn tend to y. In particular,
un ∈ γ−1(D−) and vn ∈ Rl\γ−1(D−), so y ∈ ∂γ−1(D−). Since y ∈ B−, we have
y ∈ ∂γ−1(D−) ∩B−.

This shows ∂B−Y = ∅, and as a consequence Y is open and closed in B−. Since
B− is connex and Y is not empty, we conclude that Y = B−, i.e. B− ⊂ γ−1(D−).

We show similarly that there exists D+ ∈ Π such that B+ ⊂ γ−1(D+).

Proposition 67. There exists a bijection φ ∈ Sm such that for all i ∈ J1,mK,
H̃i = Hφ−1(i).

Proof. We denote by X the set of all points of Ω̊ at which f is not differentiable.
We denote by G the set of all hyperplanes of Rl. We denote H = {H ∈ G , H ∩ Ω̊ ̸=
∅ and H ∩ Ω̊ ⊂ X}. We want to show H = {Hi, i ∈ J1,mK}.

Indeed, once this established, since H only depends on Ω and f , we also have
H = {H̃i, i ∈ J1,mK}, and thus {Hi, i ∈ J1,mK} = {H̃i, i ∈ J1,mK}. Since, using
C.a), for all i, j, i ̸= j, we have Hi ̸= Hj and H̃i ̸= H̃j , we can conclude that there
exists a permutation φ ∈ Sm such that, for all i ∈ J1,mK, H̃i = Hφ−1(i).

− Let us show H ⊂ {Hi, i ∈ J1,mK}.
To begin, let us show that X ∩ Ω̊ ⊂ ⋃

D∈Π ∂h
−1(D)∪⋃m

i=1Hi. Let x ∈ X ∩ Ω̊.
Let D ∈ Π such that h(x) ∈ D. Since x ∈ X, there does not exist any r > 0

such that f is differentiable on B(x, r). The contrapositive of Lemma 65 shows that
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x /∈
◦︷ ︸︸ ︷

h−1(D)\ (⋃m
i=1Hi), so either x ∈ ⋃m

i=1Hi or x /∈
◦︷ ︸︸ ︷

h−1(D). In the latter case,

since x ∈ h−1(D) by definition of D, we have x ∈ h−1(D)\
◦︷ ︸︸ ︷

h−1(D) ⊂ ∂h−1(D).
This shows:

X ∩ Ω̊ ⊂
⋃
D∈Π

∂h−1(D) ∪
m⋃
i=1

Hi. (3.C.5)

Let H ∈ H. We are going to show that there exists i ∈ J1,mK such that H = Hi.
We know by condition C.d that H ∩ Ω̊ ̸⊂ ⋃

D∈Π ∂h
−1(D). Let x ∈ (H ∩

Ω̊)\
(⋃

D∈Π ∂h
−1(D)

)
. The set

⋃
D∈Π ∂h

−1(D) is closed, so there exists a ball

B(x, r) ⊂ Ω̊\
( ⋃
D∈Π

∂h−1(D)

)
. (3.C.6)

By definition of H,
H ∩ Ω̊ ⊂ X ∩ Ω̊,

so using the fact that B(x, r) ⊂ Ω̊ we have:

B(x, r) ∩H = B(x, r) ∩H ∩ Ω̊ ⊂ B(x, r) ∩X ∩ Ω̊.

Thus, using (3.C.5),

B(x, r) ∩H ⊂ B(x, r) ∩X ∩ Ω̊

⊂ B(x, r) ∩
( ⋃
D∈Π

∂h−1(D) ∪
m⋃
i=1

Hi

)

=

(
B(x, r) ∩

⋃
D∈Π

∂h−1(D)

)
∪
(
B(x, r) ∩

m⋃
i=1

Hi

)
,

and since by (3.C.6) the first set of the last equality is empty, we have

B(x, r) ∩H ⊂ B(x, r) ∩
m⋃
i=1

Hi.

Therefore,

B(x, r) ∩H = (B(x, r) ∩H) ∩
(
B(x, r) ∩

m⋃
i=1

Hi

)

= B(x, r) ∩H ∩
m⋃
i=1

Hi

= B(x, r) ∩
m⋃
i=1

(H ∩Hi) .

Assume, by contradiction, that for all i ∈ J1,mK we have H ̸= Hi. Then
H ∩ Hi is an affine space of dimension less or equal to l − 2 so it has Hausdorff
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dimension smaller or equal to l − 2. A finite union of sets of Hausdorff dimension
smaller or equal to l − 2 has Hausdorff dimension smaller or equal to l − 2. Thus,
B(x, r)∩H = B(x, r)∩⋃m

i=1 (H ∩Hi) has Hausdorff dimension smaller or equal to
l − 2, which is absurd since x ∈ H so B(x, r) ∩ H has Hausdorff dimension l − 1.
Hence there exists i ∈ J1,mK such that H = Hi.

We have shown
H ⊂ {Hi, i ∈ J1,mK}. (3.C.7)

− Let us show {Hi, i ∈ J1,mK} ⊂ H.
Let i ∈ J1,mK. Let us prove Hi ∈ H.
First, by condition C.b) we know that Ei ∩ hlin(Ω̊) ̸= ∅, so there exists x ∈ Ω̊

such that hlin(x) ∈ Ei. Since hlin(x) =Mx+ b and Ei is the space of vectors whose
ith coordinate is 0, this is equivalent to

Mi,.x+ bi = 0,

or said otherwise x ∈ Hi. This proves that Hi ∩ Ω̊ ̸= ∅. We still need to prove
Hi ∩ Ω̊ ⊂ X.

Let x ∈ Hi ∩ Ω̊. Let us prove x ∈ X.
Since M is full row rank, the line vectors M1,., . . . ,Mm,. are linearly independent,

and thus for all k ∈ J1,mK\{i}, Hk ∩Hi has Hausdorff dimension smaller or equal
to l − 2.

Proposition 33 shows that
⋃
D∈Π ∂h

−1(D) is contained in a finite union of hy-
perplanes

⋃s
k=1Ak. Let I = {k ∈ J1, sK , Ak = Hi}. For all k ∈ J1, sK\I, Ak ∩Hi is

either empty, or an intersection of two non parallel hyperplanes, in both cases it is
an affine space of dimension smaller than l − 2.

Thus,

Hi ∩

Ñ
(
⋃
k ̸=i

Hk) ∪ (
⋃
k/∈I

Ak)

é
has Hausdorff dimension strictly smaller than l − 1, so for any r > 0 there exists

y ∈ B(x, r) ∩Hi ∩ Ω̊\

Ñ
(
⋃
k ̸=i

Hk) ∪ (
⋃
k/∈I

Ak)

é
. (3.C.8)

In the rest of the proof, we show that such a y is an element of X. Once this
is established, since it is true for all r > 0, we conclude that x ∈ X and therefore
Hi ∈ H.

If there exists D ∈ Π such that y ∈
◦︷ ︸︸ ︷

h−1(D), then

y ∈ Hi ∩
◦︷ ︸︸ ︷

h−1(D) ∩ Ω̊\

Ñ⋃
k ̸=i

Hk

é
therefore we can use Proposition 64 to conclude that f is not differentiable at y.
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Otherwise we can use Lemma 66 to find R1 > 0, D− and D+ ∈ Π such that

B(y,R1) ∩ {z ∈ Rl,Mi,.z + bi < 0} ⊂ h−1(D−)

B(y,R1) ∩ {z ∈ Rl,Mi,.z + bi > 0} ⊂ h−1(D+).

Since for all j ̸= i, y /∈ Hj and since these hyperplanes are closed, there exists
R2 > 0 such that for all j ̸= i, B(y,R2)∩Hj = ∅. Let R = min(R1, R2) and denote
B− = B(y,R)∩{z ∈ Rl,Mi,.z+bi < 0} and B+ = B(y,R)∩{z ∈ Rl,Mi,.z+bi > 0}.

For all z ∈ B−, using (3.C.2) with the fact that si(z) = 0 and sk(z) = sk(y) for
all k ̸= i, we have

f(z) =
∑
k ̸=i

V.,k(D−)sk(y)(Mk,.z + bk) + c(D−). (3.C.9)

For all z ∈ B+, using this time that si(z) = 1, we have

f(z) =
∑
k ̸=i

V.,k(D+)sk(y)(Mk,.z + bk) + c(D+) + V.,i(D+)(Mi,.z + bi). (3.C.10)

If f was differentiable at y, we would derive from (3.C.9) the expression of the
Jacobian matrix

Jf (y) =
∑
k ̸=i

V.,k(D−)sk(y)Mk,., (3.C.11)

but we would also derive from (3.C.10) the expression

Jf (y) =
∑
k ̸=i

V.,k(D+)sk(y)Mk,. + V.,i(D+)Mi,., (3.C.12)

hence subtracting (3.C.11) to (3.C.12) we would find∑
k ̸=i

(V.,k(D+)− V.,k(D−))sk(y)Mk,. + V.,i(D+)Mi,. = 0.

Since M is full row rank, this would imply that V.,i(D+) = 0.
However since h−1(D+) is closed and contains B+, we have y ∈ B+ ⊂ h−1(D+).

Recalling (3.C.8) we thus have

y ∈ Hi ∩ h−1(D+) ∩ Ω̊,

thus
h(y) ∈ Ei ∩D+ ∩ h(Ω̊),

which shows the latter intersection is not empty. By assumption C.c) this implies
that V.,i(D+) ̸= 0, which is a contradiction. Therefore f is not differentiable at y.

As a conclusion, we have showed that for all r > 0, there exists y ∈ B(x, r) such
that f is not differentiable at y and y ∈ Ω̊. In other words, x ∈ X.

Since x is arbitrary in Hi ∩ Ω̊, we have shown that for all i ∈ J1,mK,

Hi ∩ Ω̊ ⊂ X,
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i.e., since we have already shown that Hi ∩ Ω̊ ̸= ∅,

Hi ∈ H.

Finally {Hi, i ∈ J1,mK} ⊂ H, and, using (3.C.7),

H = {Hi, i ∈ J1,mK}.

Proposition 68. For all i ∈ J1,mK, there exists ϵφ−1(i) ∈ {−1, 1} such that

M̃i,. = ϵφ−1(i)Mφ−1(i),. and b̃i = ϵφ−1(i)bφ−1(i).

Proof. Let i ∈ J1,mK. We know that H̃i = Hφ−1(i), so the equations M̃i,.x+ b̃i = 0

and Mφ−1(i),.x+bφ−1(i) = 0 define the same hyperplanes. This is only possible if the
parameters of the equation are proportional (but nonzero): there exists ϵφ−1(i) ∈
R∗ such that M̃i,. = ϵφ−1(i)Mφ−1(i),. and b̃i = ϵφ−1(i)bφ−1(i). But since ∥M̃i,.∥ =

∥Mφ−1(i),.∥ = 1 by hypothesis, we necessarily have ϵφ−1(i) ∈ {−1, 1}.

Proposition 69. For all i ∈ J1,mK,
— M̃i,. =Mφ−1(i),.;
— b̃i = bφ−1(i).

Proof. By Proposition 68, we know that there exists (ϵi)1≤i≤m ∈ {−1, 1}m such that
for all i ∈ J1,mK,

M̃i,. = ϵφ−1(i)Mφ−1(i),. and b̃i = ϵφ−1(i)bφ−1(i). (3.C.13)

We need to prove that for all i ∈ J1,mK, ϵφ−1(i) = 1.
Let i ∈ J1,mK.
Applying Proposition 33 to h and Π, we see that

⋃
D∈Π ∂h

−1(D) is contained
in a finite union of hyperplanes

⋃s
k=1Ak. Applying it to h̃ and Π̃, we see similarly

that
⋃
D̃∈Π̃ ∂h̃

−1(D̃) is contained in a finite union of hyperplanes
⋃r
k=1Bk.

Let I = {k ∈ J1, sK , Ak = Hi} and J = {k ∈ J1, rK , Bk = Hi}. For all k ∈ J1, sK\I,
since Ak ̸= Hi, Ak ∩Hi is either empty, or an intersection of two non parallel hy-
perplanes, in both cases it is an affine space of dimension smaller than l − 2. The
same applies for all k ∈ J1, rK\J to Bk ∩Hi. For all j ̸= i, Hj ̸= Hi so Hj ∩Hi is
also an affine space of dimension smaller than l − 2. Since Hi ∩ Ω̊ is nonempty by
C.b), we can thus find a vector

x ∈ Ω̊ ∩ Hi \

Ñ
(
⋃
k/∈I

Ak) ∪ (
⋃
k/∈J

Bk) ∪ (
⋃
j ̸=i

Hj)

é
.

Applying Lemma 66 with Π, h, Hi and (Mi,., bi), we find r1 > 0, D− and D+ ∈ Π

such that

B(x, r1) ∩ {y ∈ Rl,Mi,.y + bi < 0} ⊂ h−1(D−)

B(x, r1) ∩ {y ∈ Rl,Mi,.y + bi > 0} ⊂ h−1(D+). (3.C.14)
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Applying the same lemma with Π̃, h̃, Hi and (Mi,., bi) we find r2 > 0, D̃− and
D̃+ ∈ Π̃ such that

B(x, r2) ∩ {y ∈ Rl,Mi,.y + bi < 0} ⊂ h̃−1(D̃−)

B(x, r2) ∩ {y ∈ Rl,Mi,.y + bi > 0} ⊂ h̃−1(D̃+). (3.C.15)

Since the hyperplanes Hj are closed, we can also find r3 > 0 such that for all
j ̸= i, B(x, r3) ∩Hj = ∅. Taking r = min(r1, r2, r3) and denoting

B+ = B(x, r) ∩ {y ∈ Rl,Mi,.y + bi > 0},

we derive from (3.C.14) and (3.C.15) that

B+ ⊂ h−1(D+) ∩ h̃−1(D̃+).

Since r ≤ r3, we have B+ ∩
Ä⋃

j ̸=iHj

ä
= ∅, and by definition B+ ∩ {y ∈

Rl,Mi,.y + bi = 0} = ∅, so B+ ∩Hi = ∅. We have B+ ∩
Ä⋃m

j=1Hj

ä
= ∅, so for all

j ∈ J1,mK, there exist δj ∈ {0, 1} such that for all y ∈ B+, sj(y) = δj . We have⋃m
j=1 H̃j =

⋃m
j=1Hj so similarly, B+∩

⋃m
j=1 H̃j = ∅ and there exists δ̃j ∈ {0, 1} such

that for all j ∈ J1,mK, for all y ∈ B+, s̃j(y) = δ̃j .
For all y ∈ B+, we thus have, using (3.C.2),

m∑
j=1

V.,j(D+)δj (Mj,.y + bj) + c(D+) =
m∑
j=1

Ṽ.,j(D̃+)δ̃j
Ä
M̃j,.y + b̃j

ä
+ c̃(D̃+).

B+ is a nonempty open set so we have the equality

m∑
j=1

V.,j(D+)δjMj,. =

m∑
j=1

Ṽ.,j(D̃+)δ̃jM̃j,.

=

m∑
j=1

Ṽ.,j(D̃+)δ̃jϵφ−1(j)Mφ−1(j),.

=
m∑
j=1

Ṽ.,φ(j)(D̃+)δ̃φ(j)ϵjMj,.. (3.C.16)

The condition C.a) states that M is full row rank, so the vectors Mj,. are linearly
independent. Applied to (3.C.16), this information yields, for all j ∈ J1,mK,

V.,j(D+)δj = Ṽ.,φ(j)(D̃+)δ̃φ(j)ϵj ,

and in particular,
V.,i(D+)δi = Ṽ.,φ(i)(D̃+)δ̃φ(i)ϵi. (3.C.17)

Since h−1(D+) and h̃−1(D̃+) are closed, we have

B+ ⊂ h−1(D+) ∩ h̃−1(D̃+),
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and since x ∈ B+, we have h−1(D+)∩Hi ̸= ∅ and h̃−1(D̃+)∩Hi ̸= ∅. The condition
C.c) implies that V.,i(D+) ̸= 0 and Ṽ.,φ(i)(D̃+) ̸= 0 (recall that Hi = H̃φ(i)). We
also have ϵi ̸= 0, so from (3.C.17) we obtain

δi = 0⇔ δ̃φ(i) = 0.

By definition, the coefficient δi depends on the sign of Mi,.y + bi: if Mi,.y + bi
is positive, δi = 1 and if Mi,.y + bi is negative then δi = 0 (Mi,.y + bi cannot be
equal to zero since y /∈ Hi). The coefficient δ̃φ(i) depends similarly on the sign of
M̃φ(i),.y + b̃φ(i). Thus, Mi,.y + bi and M̃φ(i),.y + b̃φ(i) have same sign.

Since ϵi ∈ {−1, 1} and

M̃φ(i),.y + b̃φ(i) = ϵiMi,.y + ϵibi = ϵi (Mi,.y + bi) ,

we conclude that ϵi = 1.

We can now finish the proof of Lemma 63. It results from the above that:

M̃ = PφM

b̃ = Pφb.

We have by hypothesis, for all x ∈ Ω,

g̃(σ(M̃x+ b̃)) = g(σ(Mx+ b)),

but since M̃ = PφM and b̃ = Pφb we also have:

g̃(σ(M̃x+ b̃)) = g̃(σ(PφMx+ Pφb)) = g̃(Pφσ(Mx+ b)).

Combining these, we have for all x ∈ Ω,

g̃ ◦ Pφ(h(x)) = g(h(x)),

i.e. g̃ ◦ Pφ and g coincide on h(Ω).





Chapter 4

Local identifiability of deep ReLU
neural networks: the theory

This chapter consists in the article [28], which is a joint work with François
Bachoc and François Malgouyres, and which was published at Neurips 2022.

Abstract

Is a sample rich enough to determine, at least locally, the parameters of a neural
network? To answer this question, we introduce a new local parameterization of a
given deep ReLU neural network by fixing the values of some of its weights. This
allows us to define local lifting operators whose inverses are charts of a smooth
manifold of a high dimensional space. The function implemented by the deep ReLU
neural network composes the local lifting with a linear operator which depends on
the sample. We derive from this convenient representation a geometric necessary and
sufficient condition of local identifiability. Looking at tangent spaces, the geometric
condition provides: 1/ a sharp and testable necessary condition of identifiability
and 2/ a sharp and testable sufficient condition of local identifiability. The validity
of the conditions can be tested numerically using backpropagation and matrix rank
computations.
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4.1 Introduction

4.1.1 Context and motivations

Neural networks are famous for their capacity to perform complex tasks in a
wide variety of domains such as image classification [103], object recognition [156,
157], speech recognition [89, 164, 87], natural language processing [124, 123, 97],
anomaly detection [148] or climate sciences [3].

The following properties of the parameters of neural networks have recently
drawn attention: identifiability, inverse stability and stable recovery; from weaker
to stronger. Let fθ(X) be the outputs of a network parameterized by the parameters
θ, for given inputsX. Global identifiability means that if fθ(X) = fθ̃(X) then θ = θ̃,
up to identified invariances, for instance neuron permutation and rescaling for ReLU
networks. Local identifiability restricts this analysis for θ and θ̃ sufficiently close.
Then, inverse stability means that the distance between θ and θ̃ (up to invariances)
is bounded by a function of the distance between fθ(X) and fθ̃(X). Finally, stable
recovery consists in obtaining an algorithm to approximately recover θ from a noisy
version of fθ(X), with quantitative guarantees. In all cases, we must distinguish
between statements for X being a finite list of inputs, in which case we would like
X to be small, and for infinite X (for instance determining θ from the entire function
fθ).

Identifiability from finite X, which is the focus of this paper, is important for
different reasons. In the first place, model extraction attacks for neural networks
have been a growing topic over the last years. Indeed, some algorithms are able to
recover in practice the parameters of a neural network from queries [39, 159]. This
can be a concern since neural network providers may wish to keep these parameters
secret, for security [104], for privacy [67, 40], or for intellectual property [196].

A way of preventing such a recovery can be by guaranteeing that identifiability
does not hold, that is to check that a necessary condition of identifiability is not
met. On the opposite side, guaranteeing that identifiability holds is interesting
in the position of an attacker. If the attacker has access to X, to fθ(X), and is
able to compute a θ̃ such that fθ̃(X) = fθ(X), the question then becomes: does
this guarantee that θ̃ = θ or shall the attacker expand X with new queries? The
attacker needs a sufficient condition of identifiability.
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Another important motivation for identifiability is having a better understand-
ing and control of neural networks. Indeed, if the learning sample has the form
(X, fθ(X)), with θ the parameters of a teaching network, global identifiability from
X means that the global minimizer of the empirical risk is unique. In this case, if the
global minimizer is reached, there will typically be no variability due to the optimiza-
tion parameters (choice of the algorithm, number of epochs,...) and to stochasticity
(for stochastic optimizers). Even if very recent works on double descent phenomena,
e.g. [24], highlight a benefit of overparameterization (thus absence of identifiability)
for increasing prediction performances, a user may be interested in a small enough
number of parameters to retain identifiability, if the loss of performance is mild
compared to overparameterization.

Note that, of course, global identifiability is more relevant than local identifiabil-
ity to the above motivations. This work nevertheless focuses on local identifiability,
which is a necessary condition for global identifiability, and which analysis can be
a first step to analyzing global identifiability. Local identifiability is also arguably
insightful on the geometry of the relationship between the parameter space of θ and
its image {fθ(X), θ varies}. Note that most existing identifiability, inverse stability
and stable recovery results (see the next section) are also local.

4.1.2 Existing work on identifiability, inverse stability, stable re-
covery and attacks

Identifiability: Even though it has regained interest recently, the question of
identifiability for neural networks is not new. Indeed, in the 1990s, some positive
results of identifiability for networks with smooth activation functions (tanh, logistic
sigmoid or Gaussian for instance) have been established [181, 4, 105, 96, 61]. These
results are mainly theoretical, they concern activation functions which are not the
most used nowadays (in particular, they do not apply to ReLU networks), and
assume full knowledge of the function fθ implemented by the network, which is
impossible in practice.

When it comes to ReLU, for shallow [145, 178] as well as deep [147, 26] neu-
ral networks, some positive results of identifiability have been recently established.
They show that under some conditions on the architecture and parameters of the
network, the function implemented by the network uniquely characterizes its param-
eters, up to neuron permutation and rescaling operations. Although they apply to
ReLU networks, these results share a limitation with those of previous paragraph:
they assume the function implemented by the network to be known on the whole
input space, or at least on an open subset of it.

As far as we know, there exists only one identifiability result for deep ReLU net-
works assuming the knowledge of fθ on a finite sample only. [179] give a theoretical
condition for the existence of a finite set which locally identifies the parameters of
a deep neural network. It is an existence result: it does not concretely provide such
a finite set, nor does it allow to test local identifiability for any finite sample, as
we propose in this work. The construction in [179] shares similarities with previous
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works on deep structured matrix factorization [119, 117, 115]. The present article
also lies in this line of research.

Inverse stability and stable recovery: Closely related to identifiability are
the topics of inverse stability and stable recovery of the parameters of a network.
Some negative [144] as well as positive [58, 119, 117, 115] results of inverse stability
exist. The articles [119, 117, 115] examine the case of structured networks with
the identity as activation function. Only [115] considers a finite X. The authors
of [58] consider a general class of networks amongst which ReLU networks, but the
result only holds for one-hidden-layer neural networks. Furthermore this result also
requires the knowledge of fθ on a whole domain.

Several stable recovery algorithms have also been proposed, for one-hidden-layer
neural networks in a first place, for smooth activation function [68], as well as ReLU
in the fully-connected case [70, 200, 201, 203] or in the convolutional case [32, 199].
These references consider a finite X but provide a large sample complexity under
which a smartly constructed initialization followed by a first order algorithm allows
to stably recover the parameters of the network.

For deep networks, some stable recovery algorithms also exist, for instance for
Heavyside activation function [8], or for only recovering the first layer with sparsity
assumptions [168] in the ReLU case, but to the best of our knowledge there does
not exist any algorithm recovering fully a deep ReLU network from a finite sample.

Model inversion attacks: For deep ReLU networks, when one has full access
to the function implemented by the network, a practical algorithm [159] sequen-
tially constructs a sample X and approximately recovers the architecture and the
parameters modulo permutation and rescaling. Similarly, formulating the problem
as a cryptanalytic problem, [39] reconstructs a functionally equivalent network with
fewer requests. As mentioned in Section 4.1.1, these two references are related to
identifiability, but consider a different setting. In this article we consider an arbi-
trary given X, while they work mostly on its construction.

4.1.3 Contributions

1/ We establish a necessary and sufficient geometric condition of local identifiabil-
ity from a finite sample X for deep fully-connected ReLU networks. The condition
is that the intersection between an affine space and a smooth manifold is reduced
to a single point. See Figure 4.1 for an illustration.

2/ Considering tangent spaces, we then provide a computable necessary condition
of local identifiability from a finite sample X. Since global identifiability implies local
identifiability, it is also a computable necessary condition of global identifiability.

3/ We also establish a computable sufficient condition of local identifiability, which
is close to the necessary condition. To the best of our knowledge, these are the first
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Σ∗
1

• ϕ(θ)

N(X, θ)

ϕ(θ)
•

Σ∗
1

N(X, θ)

Figure 4.1 – The local intersection between the affine space N(X, θ) (in green) and
the smooth manifold Σ∗

1 (color gradient). We also represent in red the tangent space
to Σ∗

1 at ϕ(θ). Left: The identifiable case. The intersection is reduced to {ϕ(θ)}.
Right: The non identifiable case. The intersection, represented with a dashed white
line, is not reduced to {ϕ(θ)}.

testable conditions of local identifiability for any finite input sample. In particular,
[179] provides a theoretical condition equivalent to the existence of a finite sample
for which local identifiability holds, but does not provide the sample explicitly, nor
does it characterize local identifiability for any arbitrary sample.

4/ To prove these results, we develop geometric tools which can be of independent
interest for theoretically understanding deep ReLU networks as well as for possible
applications. Namely, we introduce local reparameterizations ρθ of the network by
fixing some weight values as constants. Building on these local parameterizations, we
introduce local lifting operators ψθ and we decompose the function implemented by
the network fθ(x) as a composition of ψθ, which only depends on the parameters,
and a piecewise constant operator α which depends on θ and the inputs xi. For
almost any parameterization θ, the operator α is constant in a neighborhood of θ
and consists in applying a linear function to ψθ. We show that in fact, the operators
ψθ are the inverses of coordinate charts of a smooth manifold Σ∗

1, contained in a
high dimensional space. We find Σ∗

1 to be of particular interest in representing
geometrically some properties of the network parameters (in particular to establish
1/, 2/ and 3/ above).

4.1.4 Overview of the article

This work is structured as follows. We start by introducing basic tools and
already known results, and we state the definition of local identifiability in Section
4.2. We then introduce the local parameterizations ρθ and the set Σ∗

1, and we show
that the latter is a smooth manifold in Section 4.3. This allows us to state our main
results in Section 4.4, that is the geometric and the numerically testable conditions
of local identifiability. Finally we discuss in Section 4.5 the numerical computations
needed to test the latter conditions. All the proofs are provided in the appendices.
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4.2 ReLU networks, lifting operator and rescaling of the
parameters

4.2.1 ReLU networks

Let us introduce our notations for deep fully-connected ReLU networks. In this
paper, a network is a graph (E, V ) of the following form.

— V is a set of neurons, which is divided in L + 1 layers, with L ≥ 2: V =

(Vl)l∈J0,LK.
V0 is the input layer, VL the output layer and the layers Vl with 1 ≤ l ≤

L−1 are the hidden layers. Using the notation |C| for the cardinal of a finite
set C, we denote, for all l ∈ J0, LK, Nl = |Vl| the size of the layer Vl.

— E is the set of all oriented edges v → v′ between neurons in consecutive
layers, that is

E = {v → v′, v ∈ Vl, v′ ∈ Vl+1, for l ∈ J0, L− 1K}.

A network is parameterized by weights and biases, gathered in its parameterization
θ, with

θ = ((wv→v′)v→v′∈E , (bv)v∈B) ∈ RE × RB,

where B =
⋃L
l=1 Vl. It is also convenient to consider the weights and biases in

matrix/vector form: for a given θ, we denote, for l ∈ J1, LK,

Wl = (wv→v′)v′∈Vl,v∈Vl−1
∈ RNl×Nl−1 and bl = (bv)v∈Vl ∈ RNl .

When dealing with two parameterizations θ and θ̃ ∈ RE ×RB, we take as a conven-
tion that wv→v′ and bv as well as Wl and bl denote the weights and biases associated
to θ, and w̃v→v′ and b̃v as well as W̃l and b̃l denote those associated to θ̃.

The activation function, denoted σ, is always ReLU: for any p ∈ N∗ and any
vector x = (x1, . . . , xp)

T ∈ Rp, it is defined as σ(x) = (max(x1, 0), . . . ,max(xp, 0))
T .

For a given θ, we define recursively fl : RV0 → RVl (we omit the dependency in
θ in the notation for simplicity), for l ∈ J0, LK, by

— ∀x ∈ RV0 , f0(x) = x ;
— ∀l ∈ J1, L− 1K, ∀x ∈ RV0 , fl(x) = σ (Wlfl−1(x) + bl);
— ∀x ∈ RV0 , fL(x) =WLfL−1(x) + bL .
We define the function fθ : RV0 → RVL implemented by the network of parameter

θ as fθ = fL.

4.2.2 The lifting operator ϕ and the activation operator α

For a fixed x ∈ RV0 , the value of fθ(x) is a non-linear function of θ. The goal of
this section is to obtain a higher-dimensional representation of θ, that will be written
ϕ(θ), and such that fθ(x) is locally a linear function of ϕ(θ). This will be achieved
with Proposition 70. The function ϕ is called a lifting operator, a wording borrowed
from category theory and commonly used in compressed sensing and dictionary
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learning, for instance in [36]. The components of ϕ(θ) will be associated to paths
in the neural network. Linearity in Proposition 70 will correspond to summing over
these paths.

We now introduce the paths notations. For all l ∈ J0, L− 1K, we define

Pl = Vl × · · · × VL−1,

which is the set of all paths in the network starting from layer l and ending in layer
L− 1. We consider an additional element β which can be interpreted as an empty
path and whose role will be clear once ϕ has been defined and Proposition 70 stated.
We define

P =

(
L−1⋃
l=0

Pl
)
∪ {β}.

In a similar way to [179], we can now define the above-mentioned ‘lifting operator’

ϕ : RE × RB −→ RP×VL

θ 7−→ (ϕp,v(θ))p∈P,v∈VL
(4.2.1)

by:
— for all l ∈ J0, L− 1K and all p = (vl, . . . , vL−1) ∈ Pl, and for all vL ∈ VL,

ϕp,vL(θ) =

{∏L−1
l′=0 wvl′→vl′+1

if l = 0

bvl
∏L−1
l′=l wvl′→vl′+1

if l ≥ 1;

— for p = β and vL ∈ VL, ϕβ,vL(θ) = bvL .
To define the activation operator, we first define, for all l ∈ J1, L− 1K, all v ∈ Vl,

all θ ∈ RE × RB and x ∈ RV0 ,

av(x, θ) =

{
1 if (Wlfl−1(x) + bl)v ≥ 0

0 otherwise,

which is the activation indicator of neuron v. We then define the ‘activation opera-
tor’

α : RV0 ×
(
RE × RB

)
−→ R1×P

(x, θ) 7−→ (αp(x, θ))p∈P
(4.2.2)

by:
— for all l ∈ J0, L− 1K and all p = (vl, . . . , vL−1) ∈ Pl:

αp(x, θ) =

{
xv0
∏L−1
l′=1 avl′ (x, θ) if l = 0∏L−1

l′=l avl′ (x, θ) if l ≥ 1;

— for p = β, αβ(x, θ) = 1.
We then have the announced linear representation of the function fθ imple-

mented by the network.

Proposition 70. For all θ ∈ RE × RB and all x ∈ RV0, fθ(x)
T = α(x, θ)ϕ(θ).
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This result, which is proven in Appendix 4.A.2, is for instance also stated in [179,
Sec. 4] with slightly different notations. Note that each component of the vector
fθ(x) above is written as a sum over a (very large) number of paths.

Let us reformulate Proposition 70 with several inputs. We consider, for some
n ∈ N∗, some given inputs xi ∈ RV0 , with i ∈ J1, nK. We denote by X ∈ Rn×V0
the matrix whose lines are the transpose (xi)T of the inputs. For all θ ∈ RE × RB,
we denote by fθ(X) ∈ Rn×VL the matrix whose lines are the transpose fθ(xi)T of
the corresponding outputs. We also denote by α(X, θ) ∈ Rn×P the matrix whose
lines are the line vectors α(xi, θ). Using Proposition 70 for all the xi, we have the
relation

fθ(X) = α(X, θ)ϕ(θ). (4.2.3)

We prove in Appendix 4.A.2 the next proposition, which states that θ 7→ α(X, θ)

is piecewise constant.

Proposition 71. For all n ∈ N∗, for all X ∈ Rn×V0, the mapping

αX : RE × RB −→ Rn×P

θ 7−→ α(X, θ)

is piecewise-constant, with a finite number of pieces. Furthermore, the boundary of
each piece has Lebesgue measure zero. We call ∆X the union of all these boundaries.
The set ∆X ⊂ RE × RB is closed and has Lebesgue measure zero.

As discussed before, for a given X ∈ Rn×V0 , when studying the function θ 7→
fθ(X), Proposition 71 alongside (4.2.3) shows that on a piece over which αX is
constant, fθ(X) depends linearly on ϕ(θ). Since ∆X is closed with measure zero, for
almost all θ̃ ∈ RE×RB, there exists a neighborhood of θ̃ over which αX is constant.
As noted for instance by [179, Sec. 2], for any θ in such a neighborhood, we thus
have

fθ(X)− fθ̃(X) = α(X, θ̃)
Ä
ϕ(θ)− ϕ(θ̃)

ä
. (4.2.4)

Hence, studying ϕ will allow us to understand better how fθ(X) locally depends on
θ.

4.2.3 Invariant rescaling operations on θ

Some well-known rescaling operations on the parameters θ do not affect the value
of ϕ(θ). Before detailing them, let us define, for all t ∈ R, the sign indicator sign(t)
as 1, 0 or −1 depending on whether t > 0, t = 0 or t < 0 respectively. For any
θ ∈ RE × RB, we then define

sign(θ) =
(
(sign(wv→v′)v→v′∈E , (sign(bv))v∈B

)
∈ {−1, 0, 1}E × {−1, 0, 1}B.

We can now describe the rescaling operations.

Definition 72. Let θ ∈ RE × RB and θ̃ ∈ RE × RB.
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— We say that θ is equivalent to θ̃ modulo rescaling, and we write θ R∼ θ̃ iff there
exists a family of vectors (λ0, . . . , λL) ∈ (R∗)V0 × · · · × (R∗)VL , with λ0 = 1V0
and λL = 1VL , such that, for all l ∈ J1, LK,{

Wl = Diag(λl)W̃lDiag(λl−1)−1

bl = Diag(λl)b̃l.
(4.2.5)

— We say that θ is equivalent to θ̃ modulo positive rescaling, and we write θ ∼ θ̃
iff

θ
R∼ θ̃ and sign(θ) = sign(θ̃).

For all l ∈ J1, LK, to satisfy (4.2.5) is equivalent to satisfy, for all (vl−1, vl) ∈
Vl−1 × Vl, wvl−1→vl =

λlvl
λl−1
vl−1

w̃vl−1→vl

bvl = λlvl b̃vl .
(4.2.6)

The relations R∼ and∼ are equivalence relations on the set of parameters RE×RB.
The equivalence modulo positive rescaling ∼ is a well-known invariant for ReLU
networks [178, 179, 26, 135, 194]. We have indeed the following property: if θ ∼ θ̃,
for all x ∈ RV0 ,

fθ(x) = fθ̃(x). (4.2.7)

One of the interests of the operator ϕ is that it captures this invariant, as de-
scribed by [179, Sec. 2.4]. Propositions 73 and 74 are similar to their results and are
restated here and proven in Appendix 4.A.2 for completeness. Indeed, combining
the definition of ϕ with (4.2.6), we have the following property.

Proposition 73. For all θ, θ̃ ∈ RE × RB, we have

θ
R∼ θ̃ =⇒ ϕ(θ) = ϕ(θ̃),

and thus in particular
θ ∼ θ̃ =⇒ ϕ(θ) = ϕ(θ̃).

The reciprocal of Proposition 73 holds provided we exclude some degenerate
cases. Let us denote, for any l ∈ J1, L − 1K and any v ∈ Vl, by w•→v the vector
(wv′→v)v′∈Vl−1

∈ RVl−1 and by wv→• the vector (wv→v′)v′∈Vl+1
∈ RVl+1 . We define

the following set, which is close to the notion of ‘non admissible parameter’ in [179]:

S = {θ ∈ RE × RB, ∃v ∈ V1 ∪ · · · ∪ VL−1, wv→• = 0 or (w•→v, bv) = (0, 0)}.

When wv→• = 0, all the outward weights of v are zero. When (w•→v, bv) = (0, 0), all
the inward weights as well as the bias of v are zero, so for any input the information
flowing through neuron v is always zero. In both cases, the neuron v does not
contribute to the output and could be removed from the network without changing
the function fθ. Since the set S is a finite union of linear subspaces of codimension
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larger than 1, it is closed and has Lebesgue measure zero. We can thus exclude
the degenerate cases in S without loss of generality. Proposition 74 states that the
reciprocal of Proposition 73 holds over

(
RE × RB

)
\S.

Proposition 74. For all θ ∈
(
RE × RB

)
\S, for all θ̃ ∈ RE × RB,

ϕ(θ) = ϕ(θ̃) =⇒ θ
R∼ θ̃.

4.2.4 Local identifiability

We have now introduced all the concepts used in the formal definition of ‘local
identifiability’.

Definition 75. LetX ∈ Rn×V0 and θ ∈ RE×RB. We say that θ is locally identifiable
from X if there exists ϵ > 0 such that for all θ̃ ∈ RE × RB, if ∥θ − θ̃∥∞ < ϵ,

fθ(X) = fθ̃(X) =⇒ θ ∼ θ̃.

4.3 The smooth manifold Σ∗1

We explained in the previous section that studying ϕ allows to better understand
how the output fθ(X) locally depends on θ. The image of ϕ is of particular interest
in this study and is the subject of this section. We define

Σ∗
1 = {ϕ(θ), θ ∈

Ä
RE × RB

ä
\S}.

The main result of this section, Theorem 76, states that Σ∗
1 is a smooth manifold.

This result is a key element of the article. Indeed, it allows to consider tangent
spaces to Σ∗

1, and by doing so, to linearize the geometric characterization of Theo-
rem 77 illustrated in Figure 4.1. Instead of considering the intersection between a
smooth manifold and an affine space as in Theorem 77, this indeed allows to con-
sider the intersection between two affine spaces, which can be characterized with
rank computations as in Theorems 78 and 79.

To show this result, we need local injectivity. In this aim, let us consider a fixed
θ and analyze the functions u 7→ fθ+u(X) and u 7→ ϕ(θ + u) for u around 0. We
can select N1 + · · ·+NL−1 scalar scaling parameters (each in a neighborhood of 1),
and use them to “rescale” θ + u as in Definition 72, leaving fθ+u(X) and ϕ(θ + u)

unchanged ((4.2.7) and Proposition 73). Locally, at first order, this means that there
are N1 + · · · + NL−1 linear combinations of u which leave fθ+u(X) and ϕ(θ + u)

invariant. In order to obtain injectivity with respect to u, locally around 0, we will
fix N1 + · · ·+NL−1 components of u as follows.

For each neuron v in a hidden layer, we choose the outward edge v → v′ whose
weight wv→v′ has largest (absolute) value (if there are several such edges, we choose
one arbitrarily). We denote by sθmax(v) such a neuron v′. For each neuron v in
a hidden layer Vl, there is exactly one neuron sθmax(v) in the layer Vl+1, and one
corresponding edge v → sθmax(v). See Figure 4.2 for an illustration. We will set
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Figure 4.2 – Left: The outward edges of a hidden neuron v and their weights. In
this example, v1 = sθmax(v), so the weight of the edge in red, v → v1, has its value
fixed as wv→v1 . The weights of the remaining edges, τv→v2 and τv→v3 , are free to
vary. Right: In red, all the edges whose weights are fixed. The remaining edges, in
black, constitute the set Fθ.

to 0 the components of u corresponding to all the edges of the form v → sθmax(v).
Intuitively, it will not limit the set of functions fθ̃, in the vicinity of fθ; but will
permit to obtain a one-to-one correspondence between u and fθ+u.

More precisely, let us denote by Fθ ⊂ E the set of remaining edges, which is
formally defined as 1

Fθ = E \
(
L−1⋃
l=1

{
(v, sθmax(v)), v ∈ Vl

})
. (4.3.1)

The mapping from the space of restricted parameters RFθ×RB to the parameter
space RE × RB locally around θ is simply given by the following application

ρθ : RFθ × RB −→ RE × RB

τ 7−→ θ̃ such that


∀(v, v′) ∈ Fθ, w̃v→v′ = τv→v′

∀(v, v′) ∈ E\Fθ, w̃v→v′ = wv→v′

∀v ∈ B, b̃v = τv.

(4.3.2)
In particular, if we define τθ ∈ RFθ × RB by (τθ)v→v′ = wv→v′ and (τθ)v = bv, we
have ρθ(τθ) = θ. The function ρθ is affine and injective. We define

Uθ = ρ−1
θ

ÄÄ
RE × RB

ä
\S
ä
, (4.3.3)

which is an open set of RFθ × RB. We define, for all θ ∈
(
RE × RB

)
\S, the local

lifting operator
ψθ : Uθ −→ RP×VL

τ 7−→ ϕ ◦ ρθ(τ).
(4.3.4)

1. Note, in the definition of Fθ, the index l starting at l = 1 and not l = 0.
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One can show that ψθ is C∞ and that it is a homeomorphism from Uθ onto its
image (see the proofs in Appendix 4.A.3), which we denote Vθ and is thus an open
subset of Σ∗

1 (with the topology induced on Σ∗
1 by the standard topology on RP×VL).

In particular, since ρθ(τθ) = θ, we have ϕ(θ) = ψθ(τθ) ∈ Vθ. We have the following
fundamental result that will allow us to consider and make use the tangent spaces
of Σ∗

1.

Theorem 76. Σ∗
1 is a smooth manifold of RP×VL of dimension

|Fθ|+ |B| = N0N1 +N1N2 + · · ·+NL−1NL +NL,

and the family (Vθ, (ψ
θ)−1)θ∈(RE×RB)\S is an atlas.

Theorem 76 is proven in Appendix 4.A.3. Besides being key in Section 4.4, Theo-
rem 76 (both the smooth manifold nature of Σ∗

1 and the explicit atlas
(Vθ, (ψ

θ)−1)θ∈(RE×RB)\S) may also be considered of more general independent in-
terest. To our knowledge, such a result has not been established elsewhere in the
literature. Notice that, as announced, despite the use of restricted parameters in
RFθ × RB, we can represent the whole tangent space at any point of Σ∗

1. The only
consequence of the restriction is the uniqueness of the representation of the elements
of tangent spaces.

4.4 Main results: necessary and sufficient conditions for
local identifiability

The main results of this paper rely on the decomposition (4.2.4) introduced in
Section 4.2. To reformulate (4.2.4), let us introduce the linear operator A(X, θ),
which simply corresponds to the matrix product with α(X, θ):

A(X, θ) : RP×VL −→ Rn×VL
η 7−→ α(X, θ)η,

where α(X, θ)η is the matrix product between α(X, θ) ∈ Rn×P and η ∈ RP×VL .
The operator A(X, θ) inherits the properties of α(X, θ), in particular those stated in
Proposition 71. Using A(X, θ), the relation (4.2.4) satisfied by θ̃ in the neighborhood
of θ becomes

fθ(X)− fθ̃(X) = A(X, θ) ·
Ä
ϕ(θ)− ϕ(θ̃)

ä
. (4.4.1)

Let us also define the affine space (set-sum of a fixed point and a vector space)

N(X, θ) = ϕ(θ) + KerA(X, θ).

If a parameterization θ̃ ∈ RE×RB is such that fθ̃(X) = fθ(X) and (4.4.1) holds,
then ϕ(θ)− ϕ(θ̃) ∈ KerA(X, θ), so by definition ϕ(θ̃) ∈ N(X, θ). Since for θ̃ in the
neighborhood of θ, we also have ϕ(θ̃) ∈ Σ∗

1, we see that local identifiability is closely
related to the nature of the intersection between the smooth manifold Σ∗

1 and the
affine subspace N(X, θ).
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A similar observation is already present in [179, Theorem 5]. In fact, their result
can be adapted to the case of a given finite sample X to show, translated in our
notations, that a parameterization θ is locally identifiable from X if and only if for
any θ̃ close enough to θ, we have ϕ(θ̃)− ϕ(θ) ∈ KerA(X, θ)⇒ ϕ(θ̃) = ϕ(θ).

Our work in Section 4.3 in which we prove that Σ∗
1 is a smooth manifold and in

which we construct the charts (ψθ)−1, allows us to obtain a variant of this result
where we consider a ball around ϕ(θ) instead of θ. We can thus formulate the
condition as a purely geometric criterion, corresponding to the nature of the local
intersection between a smooth manifold, Σ∗

1, and an affine space, N(X, θ).
Indeed, let us denote by B∞(ϕ(θ), ϵ) = {η ∈ RP×VL , ∥ϕ(θ) − η∥∞ < ϵ} the ball

of center ϕ(θ) and of radius ϵ > 0. We have the following geometric necessary and
sufficient condition of local identifiability, which states that local identifiability of θ
holds if and only if the intersection between Σ∗

1 and N(X, θ) is locally reduced to
the single point {ϕ(θ)}.

Theorem 77. For any X ∈ Rn×V0 and θ ∈
(
RE × RB

)
\(S∪∆X), the two following

statements are equivalent.
i) θ is locally identifiable from X.
ii) There exists ϵ > 0 such that B∞(ϕ(θ), ϵ) ∩ Σ∗

1 ∩N(X, θ) = {ϕ(θ)}.

Theorem 77 is proven in Appendix 4.A.4, and is illustrated in Figure 4.1. This
geometric condition is crucial for showing the next two results which give testable
conditions of identifiability. Theorems 78 and 79 rely on the rank of A(X, θ) and of
another linear operator Γ(X, θ), which we now define. Since, as we said, the function
ψθ is C∞, let us denote by Dψθ(τ) : RFθ ×RB → RP×VL its differential at the point
τ , for any τ ∈ Uθ. We define the linear operator Γ(X, θ) : RFθ × RB → Rn×VL by

Γ(X, θ) = A(X, θ) ◦Dψθ(τθ). (4.4.2)

We denote RA = rank(A(X, θ)) and RΓ = rank(Γ(X, θ)). Since Γ(X, θ) is
defined on RFθ ×RB, we have 0 ≤ RΓ ≤ |Fθ|+ |B|, and the expression (4.4.2) shows
that we also have 0 ≤ RΓ ≤ RA. We can now define the two following conditions.

Condition CN . Condition CN is satisfied by (θ,X) iif RΓ < RA or RΓ = |Fθ|+ |B|.

Condition CS. Condition CS is satisfied by (θ,X) iif RΓ = |Fθ|+ |B|.

The following result states that CN is necessary for local and therefore global
identifiability.

Theorem 78 (Necessary condition of identifiability). Let X ∈ Rn×V0 and θ ∈(
RE × RB

)
\(S ∪∆X). If CN is not satisfied, then θ is not locally identifiable from

X (thus not globally identifiable).

The following result states that CS is a sufficient condition of local identifiability.

Theorem 79 (Sufficient condition of local identifiability). Let X ∈ Rn×V0 and
θ ∈

(
RE × RB

)
\(S ∪∆X). If CS is satisfied, then θ is locally identifiable from X.
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Both theorems are proven in Appendix 4.A.4. To discuss these two results, let us
point out that the output spaces of Γ(X, θ) and A(X, θ) have the same dimension,
equal to nNL. Each new input adds NL to this dimension. One can verify that
RA − RΓ is initially 0 and cannot decrease when new inputs are added. If a new
input leads to RA > RΓ, it can be discarded to preserve RA = RΓ. Moreover,
such an input seems unlikely when RA < |Fθ| + |B|. If the equality RΓ = RA is
enforced, the condition RΓ = |Fθ|+ |B| is both necessary and sufficient. Finally, to
satisfy RΓ = |Fθ|+ |B|, the dimensions must satisfy nNL ≥ |Fθ|+ |B|. The general
belief is that the latter is the condition of identifiability since nNL is the number of
scalar measurements and |Fθ| + |B| is the number of independent free parameters,
see Theorem 76.

4.5 Checking the conditions numerically

The key benefit of the conditions CN and CS , compared to the existing literature,
is that they can be numerically tested for any fixed finite sample. They need the
computation of the rank of two linear operators, namely Γ(X, θ) and A(X, θ). The
operator Γ(X, θ) satisfies the following:

Proposition 80. Let X ∈ Rn×V0 and θ ∈
(
RE × RB

)
\(S ∪ ∆X). The function

τ 7→ fρθ(τ)(X), for τ ∈ Uθ is differentiable in a neighborhood of τθ, and we denote
by Dτfρθ(τθ)(X) its differential at τθ. We have

Dτfρθ(τθ)(X) = Γ(X, θ). (4.5.1)

The proof of Proposition 80 is in Appendix 4.A.5. Since the reparameterization
with ρθ simply consists in fixing the weights of the edges v → sθmax(v) to the value
wv→sθmax(v)

, (4.5.1) shows that the coefficients of Γ(X, θ) can be computed by a
classic backpropagation algorithm NL times for each input xi, simply omitting the
derivatives with respect to the edges of the form v → sθmax(v). An explicit expression
of the coefficients of Γ(X, θ) is given in the Appendix 4.A.5.

To be satisfied, CS needs the dimensions of Γ(X, θ) to satisfy nNL ≥ |Fθ|+ |B|.
One then needs to compute the rank RΓ of Γ(X, θ), which means computing the
rank of a nNL × (|Fθ| + |B|) matrix. Existing algorithms allow to do this with a
complexity O(nNL(|Fθ| + |B|)ω−1) (up to polylog terms), where ω is the matrix
multiplication exponent and satisfies ω < 2.38 [47].

When it comes to CN , one needs in addition to know the rank RA of A(X, θ),
which, as Proposition 81 states, requires to compute the rank of α(X, θ).

Proposition 81. Let X ∈ Rn×V0 and θ ∈ RE×RB. We have RA = NLrank (α(X, θ)).

The dimensions of α(X, θ) are sensibly larger, with |P| columns and n lines, and
typically |P| >> n. However it may have some sparsity properties, as its entries
consist in products of activation indicators (with possibly one input xiv0), any one
of them being zero causing many entries to vanish. The question of the efficient
computation of RA still needs to be explored and is left as open for future work.
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4.6 Conclusion

This paper is the first to characterize local identifiability for deep ReLU networks
for any given finite sample, with testable conditions. The practical use of these
conditions deserves follow-up research, and so does an extension of our approach
to inverse stability. The role of ReLU is crucial in our approach, especially for
the necessary condition of local identifiability and with the linear representation
(Proposition 70). In the end, from Theorem 79 and Proposition 80, the sufficient
condition for local indentifiability is expressed from the Jacobian matrix of the neural
network function with respect to its parameters. Extending this to other activation
functions than ReLU is an interesting perspective.
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4.A Appendix

4.A.1 Notations

In this section, we define notations, many of which are standard, that are useful
in the proofs.

We denote by N the set of all natural numbers, including 0, and by N∗ the set
N without 0. We denote by Z the set of all integers. For any a, b ∈ Z, we denote
by Ja, bK the set of all integers k ∈ Z satisfying a ≤ k ≤ b. For any finite set A, we
denote by |A| the cardinal of A.

For n,N ∈ N∗, we denote by RN the N -dimensional real vector space and by
Rn×N the vector space of real matrices with n lines and N columns. For a vector
x = (x1, . . . , xN )

T ∈ RN , we use the norm ∥x∥∞ = maxi∈J1,NK |xi|. For x ∈ RN and
r > 0, we denote B∞(x, r) = {y ∈ RN , ∥y − x∥∞ < r}.

For any vector x = (x1, . . . , xN )
T ∈ RN , we define

sign(x) = (sign(x1), . . . , sign(xN ))
T ∈ {−1, 0, 1}N

as the vector whose ith component is equal to

sign(xi) =


1 if xi > 0

0 if xi = 0

−1 if xi < 0.

For any matrix M ∈ Rn×N , for all i ∈ J1, nK, we denote by Mi,: the ith line
of M . The vector Mi,: is a line vector whose jth component is Mi,j . Similarly,
for j ∈ J1, NK, we denote by M:,j the jth column of M , which is the column vector
whose ith component is Mi,j . For any matrix M ∈ Rn×N , we denote by MT ∈ RN×n

the transpose matrix of M .
We denote by IdN theN×N identity matrix and by 1N the vector (1, . . . , 1)T ∈ RN .

If λ ∈ RN is a vector of size N , for some N ∈ N∗, we denote by Diag(λ) the N ×N
matrix defined by:

Diag(λ)i,j =

{
λi if i = j

0 otherwise.

If X and Y are two sets and h : X → Y is a function, for a subset A ⊂ Y , we
denote by h−1(A) the preimage of A under f , that is

h−1(A) = {x ∈ X,h(x) ∈ A}.

Note that this does not require the function h to be injective.
For any n,N ∈ N∗ and any differentiable function f : Rn → RN , for all x ∈

Rn, we denote by Df(x) its differential at the point x, i.e. the linear application
Df(x) : Rn → RN satisfying, for all h ∈ Rn,

f(x+ h) = f(x) +Df(x) · h+ o(h).
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If we denote by xj and hj the components of x and h, for j ∈ J1, nK, we have

Df(x) · h =

n∑
j=1

∂f

∂xj
(x)hj ,

where for all j, ∂f
∂xj

(x) ∈ RN . If f : Rn → RN is a linear application, we denote by
Ker f the set {x ∈ Rn, f(x) = 0}, which is a linear subset of Rn.

4.A.2 The lifting operator ϕ

Let us introduce the notion of ‘path’, extending the definition in Section 4.2.2.
A path is a sequence of neurons (vk, vk+1, . . . , vl) ∈ Vk×Vk+1×· · ·×Vl, for integers
k, l satisfying 0 ≤ k ≤ l ≤ L. In particular, for all l ∈ J0, L− 1K, the set Pl defined
in Section 4.2.2 contains all the paths starting from layer l and ending in layer L−1.
We recall

P =

(
L−1⋃
l=0

Pl
)
∪ {β}.

If k, l,m ∈ N are three integers satisfying 0 ≤ k < l ≤ m ≤ L, and p =

(vk, . . . , vl−1) ∈ Vk × · · · × Vl−1 and p′ = (vl, . . . , vm) ∈ Vl × · · · × Vm are two paths
such that p ends in the layer preceding the starting layer of p′, we define the union
of the paths by

p ∪ p′ = (vk, . . . , vl−1, vl, . . . vm) ∈ Vk × · · · × Vm.
Before proving Proposition 70, let us compare briefly our construction to [179].

The lifting operator ϕ introduced in Section 4.2.2 is similar to the operator Φ in
[179], except that Φ does not take a matrix form. The operator α(x, θ) introduced in
Section 4.2.2 corresponds partly to the object α(θ, x) in [179]. One of the differences
is that α(θ, x) does not include any product with xv0 in its entries, as does α(x, θ).
Finally, a similar statement to Proposition 70 and a similar proof can be found in
[179]. However, one of the present contributions is to simplify the construction.

Let us now prove Proposition 70, which we restate here.

Proposition 82. For all θ ∈ RE × RB and all x ∈ RV0,

fθ(x)
T = α(x, θ)ϕ(θ).

Proof. Let us prove first the following expression, for all vL ∈ VL:

fθ(x)vL =

( ∑
v0∈V0

...
vL−1∈VL−1

xv0wv0→v1

L−1∏
l=1

avl(x, θ)wvl→vl+1

)

+

(
L−1∑
l=1

∑
vl∈Vl

...
vL−1∈VL−1

bvl

L−1∏
l′=l

avl′ (x, θ)wvl′→vl′+1

)
+ bvL . (4.A.1)



144 Chapter 4. Local identifiability of deep ReLU networks

We prove this by induction on the number L of layers of the network.

Initialization (L = 2). Let v2 ∈ V2.

fθ(x)v2 = (W2)v2,: σ (W1x+ b1) + bv2

=

Ñ∑
v1∈V1

wv1→v2 [σ (W1x+ b1)]v1

é
+ bv2

=

Ñ∑
v1∈V1

wv1→v2σ ((W1)v1,: x+ bv1)

é
+ bv2

=

Ñ∑
v1∈V1

wv1→v2av1(x, θ)

Ñ∑
v0∈V0

wv0→v1xv0 + bv1

éé
+ bv2

=

Ü∑
v0∈V0
v1∈V1

wv1→v2av1(x, θ)wv0→v1xv0

ê
+

Ñ∑
v1∈V1

wv1→v2av1(x, θ)bv1

é
+ bv2

=

Ü∑
v0∈V0
v1∈V1

xv0wv0→v1av1(x, θ)wv1→v2

ê
+

Ñ∑
v1∈V1

bv1av1(x, θ)wv1→v2

é
+ bv2

which proves (4.A.1), when L = 2.

Now let L ≥ 3 and suppose (4.A.1) holds for all ReLU networks with L − 1

layers. Let us consider a network with L layers.

Let us denote by gθ(x) the output of the L − 1 first layers of the network pre-
activation (before applying the ReLUs of the layer L − 1). The function gθ is that
of a ReLU network with L− 1 layers, and we have

fθ(x) =WLσ(gθ(x)) + bL.

Let vL ∈ VL. We thus have

fθ(x)vL =
∑

vL−1∈VL−1

wvL−1→vLσ(gθ(x)vL−1) + bvL . (4.A.2)

By the induction hypothesis, for all vL−1 ∈ VL−1, gθ(x)vL−1 can be expressed
with (4.A.1). Considering that σ(gθ(x)vL−1) = avL−1(x, θ)gθ(x)vL−1 and replacing
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gθ(x)vL−1 by its expression using (4.A.1), (4.A.2) becomes

fθ(x)vL =
∑

vL−1∈VL−1

wvL−1→vLavL−1(x, θ)

[( ∑
v0∈V0

...
vL−2∈VL−2

xv0wv0→v1

L−2∏
l=1

avl(x, θ)wvl→vl+1

)

+

(
L−2∑
l=1

∑
vl∈Vl

...
vL−2∈VL−2

bvl

L−2∏
l′=l

avl′ (x, θ)wvl′→vl′+1

)
+ bvL−1

]
+ bvL

=

( ∑
v0∈V0

...
vL−1∈VL−1

wvL−1→vLavL−1(x, θ)xv0wv0→v1

L−2∏
l=1

avl(x, θ)wvl→vl+1

)

+

(
L−2∑
l=1

∑
vl∈Vl

...
vL−1∈VL−1

wvL−1→vLavL−1(x, θ)bvl

L−2∏
l′=l

avl′ (x, θ)wvl′→vl′+1

)

+

( ∑
vL−1∈VL−1

wvL−1→vLavL−1(x, θ)bvL−1

)
+ bvL

=

( ∑
v0∈V0

...
vL−1∈VL−1

xv0wv0→v1

L−1∏
l=1

avl(x, θ)wvl→vl+1

)

+

(
L−1∑
l=1

∑
vl∈Vl

...
vL−1∈VL−1

bvl

L−1∏
l′=l

avl′ (x, θ)wvl′→vl′+1

)
+ bvL ,

which proves (4.A.1) holds for ReLU networks with L layers. This ends the induc-
tion, and we conclude that (4.A.1) holds for all ReLU networks.

We can now use this expression to prove Proposition 82. The first sum in (4.A.1)
is taken over all the paths p = (v0, . . . , vL−1) ∈ P0, and each summand can be
written as

xv0wv0→v1

L−1∏
l=1

avl(x, θ)wvl→vl+1
=

(
xv0

L−1∏
l=1

avl(x, θ)

)(
L−1∏
l=0

wvl→vl+1

)
= αp(x, θ)ϕp,vL(θ).

For all l ∈ J1, L − 1K, the inner sum of the double sum in (4.A.1) is taken over all
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the paths p = (vl, . . . , vL−1) ∈ Pl, and each summand can be written as

bvl

L−1∏
l′=l

avl′ (x, θ)wvl′→vl′+1
=

(
L−1∏
l′=l

avl′ (x, θ)

)(
bvl

L−1∏
l′=l

wvl′→vl′+1

)
= αp(x, θ)ϕp,vL(θ).

And finally, we can also write

bvL = αβ(x, θ)ϕβ,vL(θ).

Joining all these sums and denoting ϕ:,vL(θ) = (ϕp,vL(θ))p∈P ∈ RP , we have

fθ(x)vL =
∑
p∈P

αp(x, θ)ϕp,vL(θ) = α(x, θ)ϕ:,vL(θ),

so in other words,
fθ(x)

T = α(x, θ)ϕ(θ).

We restate here and prove Proposition 71.

Proposition 83. For all n ∈ N∗, for all X ∈ Rn×V0, the mapping

αX : RE × RB −→ Rn×P

θ 7−→ α(X, θ)

appearing in (4.2.3) is piecewise-constant, with a finite number of pieces. Further-
more, the boundary of each piece has Lebesgue measure zero. We call ∆X the union
of all the boundaries. The set ∆X is closed and has Lebesgue measure zero.

Proof. Let us first notice that for any i ∈ J1, nK, for any l ∈ J1, L− 1K,(
av(x

i, θ)
)
v∈V1∪···∪Vl−1

∈ {0, 1}V1∪···∪Vl−1

takes at most 2N1+···+Nl−1 distinct values, so the mapping θ 7→
(
av(x

i, θ)
)
v∈V1∪···∪Vl−1

is piecewise constant, with a finite number of pieces.
Let i ∈ J1, nK. Let l ∈ J1, L − 1K and v ∈ Vl. Recall the definition of fl−1, as

given in Section 4.2.1. The function θ → av(x
i, θ) takes only two values, 1 or 0, and

its values are determined by the sign of∑
v′∈Vl−1

wv′→vfl−1(x
i)v′ + bv. (4.A.3)

For all v′ ∈ Vl−1, the value of fl−1(x
i)v′ depends on θ. On a piece P ⊂ RE × RB

such that
(
av′′(x

i, θ)
)
v′′∈V1∪···∪Vl−1

is constant, this dependence is polynomial. Thus,
on P , the value of (4.A.3) is a polynomial function of θ, and since the coefficient
applied to bv is equal to 1, the corresponding polynomial is non constant. Since the
values of av(xi, θ) are determined by the sign of (4.A.3), inside P , the boundary
between {θ ∈ RE ×RB, av(xi, θ) = 0} and {θ ∈ RE ×RB, av(xi, θ) = 1} is included
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in the set of θ for which (4.A.3) equals 0. This piece of boundary is thus contained
in a level set of a non constant polynomial, whose Lebesgue measure is zero.

Since there is a finite number of pieces P , the Lebesgue measure of the boundary
between {θ ∈ RE × RB, av(xi, θ) = 0} and {θ ∈ RE × RB, av(xi, θ) = 1}, which is
contained in the union of the boundaries on all the pieces P , is thus equal to 0.

Since this is true for all l ∈ J1, L − 1K and all v ∈ Vl, the boundary of a piece
over which

(
av(x

i, θ)
)
v∈V1∪···∪VL−1

is constant also has Lebesgue measure zero.
Now since, for all xi, the value of α(xi, θ) only depends on

(
av(x

i, θ)
)
v∈V1∪···∪VL−1

and since αX(θ) is a matrix whose lines are the vectors α(xi, θ), we can conclude

that
αX : RE × RB −→ Rn×P

θ 7−→ α(X, θ)
is piecewise-constant, with a finite number of

pieces, and that the boundary of each piece has Lebesgue measure zero.
A boundary is, by definition, closed. Finally, a finite union of closed sets with

Lebesgue measure 0, as ∆X is, is closed and has Lebesgue measure 0.

For convenience, we introduce the two following notations. Let l ∈ J0, LK. For
any l′ ∈ J0, lK and any path pi = (vl′ , . . . , vl) ∈ Vl′ × · · · × Vl, we denote

θpi =

{∏l−1
k=0wvk→vk+1

if l′ = 0

bl′
∏l−1
k=l′ wvk→vk+1

if l′ ≥ 1,
(4.A.4)

where as a classic convention, an empty product is equal to 1. In particular, if l = 0,
for any pi = (v0) ∈ V0, we have θpi = 1. For any path po = (vl, . . . , vL) ∈ Vl×· · ·×VL,
we denote

θpo =
L−1∏
k=l

wvk→vk+1
, (4.A.5)

with again the convention that an empty product is equal to 1, so if l = L, θpo = 1.
Some attention must be paid to the fact that for any l′ ∈ J1, LK, if we take pi in

the case l = L and po in the case l = l′, it is possible to have

pi = (vl′ , . . . , vL) = po,

but in that case we DO NOT have θpi = θpo , since θpi = bl′
∏L−1
k=l′ wvk→vk+1

and
θpo =

∏L−1
k=l′ wvk→vk+1

. We will always denote the paths pi and po with an i (as in
‘input’) or an o (as in ‘output’) to clarify which definition is used.

When considering another parameterization θ̃ ∈ RE ×RB, we denote by θ̃pi and
θ̃po the corresponding objects.

We establish different characterizations of the set S defined in Section 4.2.3 that
will be useful in the proofs. As mentioned in Section 4.2.3, the subset of parameters(
RE × RB

)
\S is close to the notion of ‘admissible’ parameter in [179], but is slightly

larger since the condition w•→v ̸= 0 is replaced by (w•→v, bv) ̸= (0, 0), for each
hidden neuron v.

Proposition 84. Let θ ∈ RE × RB. The following statements are equivalent.



148 Chapter 4. Local identifiability of deep ReLU networks

i) θ ∈
(
RE × RB

)
\S.

ii) For all l ∈ J1, L−1K and all vl ∈ Vl, there exist l′ ∈ J0, lK, a path pi = (vl′ , . . . , vl) ∈
Vl′ × · · · × Vl and a path po = (vl, . . . , vL) ∈ Vl × · · · × VL such that

θpi ̸= 0 and θpo ̸= 0.

iii) For all l ∈ J1, L − 1K and all vl ∈ Vl, there exist l′ ∈ J0, lK, a path p =

(vl′ , . . . , vl, . . . , vL−1) ∈ Pl′ and vL ∈ VL such that

ϕp,vL(θ) ̸= 0.

Proof. Let us show successively that i)⇒ ii), ii)⇒ iii) and iii)⇒ i).

i)→ ii) Let θ ∈
(
RE × RB

)
\S. Let us show ii) holds.

Let l ∈ J1, LK and vl ∈ Vl. To form a path pi satisfying the condition, we follow
the procedure:
pi ← (vl)

k ← l

while k ≥ 1 and bk = 0 do
∃vk−1 ∈ Vk−1, wvk−1→vk ̸= 0

pi ← (vk−1, pi)

k ← k − 1

end while
l′ ← k

The existence of vk−1 in the loop is guaranteed by the fact that θ ̸∈ S and bk = 0 in
the condition of the while loop. In the end, we obtain a path pi = (vl′ , . . . , vl) with
either l′ > 0 and bl′ ̸= 0, or l′ = 0. In both cases, we have by construction

θpi ̸= 0.

We do similarly the other way to form a path po = (vl, . . . , vL). We follow the
procedure:
po ← (vl)

k ← l

while k ≤ L− 1 do
∃vk+1 ∈ Vk+1, wvk→vk+1

̸= 0

po ← (po, vk+1)

k ← k + 1

end while
The existence of vk+1 in the loop is guaranteed by the fact that θ ̸∈ S. In the end,
we obtain a path po = (vl, . . . , vL) satisfying by construction

θpo ̸= 0.

ii)→ iii) Let l ∈ J1, L − 1K and vl ∈ Vl. There exist l′ ∈ J0, lK, a path pi =

(vl′ , . . . , vl) ∈ Vl′ × · · · × Vl and a path po = (vl, . . . , vL) ∈ Vl × · · · × VL such that

θpi ̸= 0 and θpo ̸= 0.
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Denoting p = (vl′ , . . . , vl, . . . , vL−1), we have

ϕp,vL(θ) = θpiθpo ̸= 0.

iii)→ i) Let us show the contrapositive: let θ ∈ S, and let us show the statement
iii) is not true. Indeed, if θ ∈ S, there exist l ∈ J1, L − 1K and vl ∈ Vl such that
(w•→vl , bvl) = (0, 0) or wvl→• = 0. Consider a path p = (vl′ , . . . , vl, . . . , vL−1) and
vL ∈ VL. We have

ϕp,vL(θ) =

{
bvl′wvl′→vl′+1

. . . wvl−1→vlwvl→vl+1
. . . wvL−1→vL if l′ ≥ 1

wv0→v1 . . . wvl−1→vlwvl→vl+1
. . . wvL−1→vL if l′ = 0.

If (w•→vl , bvl) = (0, 0), either l′ = l and bvl′ = 0 so ϕp,vL(θ) = 0, or l′ < l and since
wvl−1→vl = 0, we have ϕp,vL(θ) = 0.

If wvl→• = 0, wvl→vl+1
= 0 so ϕp,vL(θ) = 0. Thus iii) is not satisfied.

We restate and prove Proposition 73.

Proposition 85. For all θ, θ̃ ∈ RE × RB, we have

θ
R∼ θ̃ =⇒ ϕ(θ) = ϕ(θ̃),

and thus in particular
θ ∼ θ̃ =⇒ ϕ(θ) = ϕ(θ̃).

Proof. Let θ, θ̃ ∈ RE × RB such that θ R∼ θ̃. There exists a family (λ0, . . . , λL) ∈
(R∗)V0×· · ·×(R∗)VL , with λ0 = 1V0 and λL = 1VL , such that for all l ∈ J1, LK, for all
(vl−1, vl) ∈ Vl−1×Vl, (4.2.6) holds. We consider first a path p = (v0, . . . , vL−1) ∈ P0
and vL ∈ VL. Using (4.2.6) and the fact that λ0v0 = λLvL = 1, we have

ϕp,vL(θ) =

L∏
l=1

wvl−1→vl =

L∏
l=1

λlvl
λl−1
vl−1

w̃vl−1→vl =
λLvL
λ0v0

L∏
l=1

w̃vl−1→vl = ϕp,vL(θ̃).

Similarly, for l ∈ J1, L− 1K and a path p = (vl, . . . , vL−1) ∈ Pl, and for all vL ∈ VL,
we have, using (4.2.6) and the fact that λLvL = 1,

ϕp,vL(θ) = bvl

L∏
l′=l+1

wvl′−1→vl′ = λlvl b̃vl

L∏
l′=l+1

λl
′
vl′

λl
′−1
vl′−1

w̃vl′−1→vl′ = λLvL b̃vl

L∏
l′=l+1

w̃vl′−1→vl′

= ϕp,vL(θ̃).

Finally, for p = β and vL ∈ VL, we have

ϕp,vL(θ) = bvL = λLvL b̃vL = b̃vL = ϕp,vL(θ̃).

This shows ϕ(θ) = ϕ(θ̃).
For the second implication, we simply use the fact that if θ ∼ θ̃, in particular,

θ
R∼ θ̃.
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Corollary 86. The set
(
RE × RB

)
\S is stable by rescaling equivalence: if θ ∈(

RE × RB
)
\S, and θ̃ ∈ RE × RB satisfies θ R∼ θ̃, then θ̃ ∈

(
RE × RB

)
\S.

Proof. Let θ ∈
(
RE × RB

)
\S and θ̃ ∈ RE × RB such that θ R∼ θ̃. Proposition 85

shows that ϕ(θ̃) = ϕ(θ).
Let l ∈ J1, LK and v ∈ Vl. Since θ ∈

(
RE × RB

)
\S, according to Proposition

84 there exists l′ ∈ J0, lK, a path p = (vl′ , . . . , vl, . . . , vL−1) and vL ∈ VL such that
ϕp,vL(θ) ̸= 0. We have

ϕp,vL(θ̃) = ϕp,vL(θ) ̸= 0,

and since this is true for any l ∈ J1, LK and v ∈ Vl, Proposition 84 shows that
θ̃ ∈

(
RE × RB

)
\S.

We restate and prove Proposition 74.

Proposition 87. For all θ ∈
(
RE × RB

)
\S, for all θ̃ ∈ RE × RB,

ϕ(θ) = ϕ(θ̃) =⇒ θ
R∼ θ̃.

Proof. Let us choose (λ0, . . . , λL) ∈ (R∗)V0 × · · · × (R∗)VL as follows. For all l ∈
J1, L− 1K and all vl ∈ Vl, since θ ∈

(
RE × RB

)
\S, Proposition 84 shows that there

exists a path po(vl) = (vl, . . . , vL) ∈ Vl×· · ·×VL such that θpo(vl) ̸= 0. Let us define
λ0 = 1V0 , λL = 1VL and for all l ∈ J1, L− 1K,

λlvl =
θ̃po(vl)

θpo(vl)
.

The value of λlvl a priori depends on the choice of the path po(vl), but the first of
the two following facts, that we are going to prove, shows it only depends on vl,
since in (4.A.6), pi does not depend on po(vl).

— For all l ∈ J0, LK, for all vl ∈ Vl, for any l′ ∈ J0, lK and any pi = (vl′ , . . . , vl) ∈
Vl′ × · · · × Vl,

θpi = λlvl θ̃pi . (4.A.6)

— For all l ∈ J0, LK, for all vl ∈ Vl, λlvl ̸= 0.
Indeed, let l ∈ J0, LK and let us consider l′ ∈ J0, lK and a path pi = (vl′ , . . . , vl) ∈
Vl′ ×· · ·×Vl. Let vl+1, . . . , vL ∈ Vl+1×· · ·×VL such that po(vl) = (vl, vl+1, . . . , vL).
Let p = (vl′ , . . . , vl, . . . , vL−1) ∈ Pl′ so that pi ∪ po(vl) = p ∪ (vL). We have by
hypothesis

θpiθpo(vl) = ϕp,vL(θ) = ϕp,vL(θ̃) = θ̃pi θ̃po(vl),

thus

θpi =
θ̃po(vl)

θpo(vl)
θ̃pi = λlvl θ̃pi ,

which proves the first point. To prove the second point, we simply use Proposition
84 to consider a path pi such that θpi ̸= 0, and (4.A.6) shows that λlvl ̸= 0.
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Let us now prove the rescaling equivalence. Let l ∈ J1, LK, and let (vl−1, vl) ∈
Vl−1 × Vl. Let us consider, thanks to Proposition 84, l′ ∈ J0, l − 1K and a path
pi = (vl′ , . . . , vl−1) ∈ Vl′ × · · · × Vl−1 such that θpi ̸= 0. The relation (4.A.6) shows
we also have θ̃pi ̸= 0. Let p′i = pi ∪ (vl). Using (4.A.6) with θp′i we have

θpiwvl−1→vl = θp′i = λlvl θ̃p′i = λlvl θ̃piw̃vl−1→vl .

At the same time, using (4.A.6) with θpi we have,

θpiwvl−1→vl = λl−1
vl−1

θ̃piwvl−1→vl ,

so combining both equalities, we have

λlvl θ̃piw̃vl−1→vl = λl−1
vl−1

θ̃piwvl−1→vl .

Using the fact that θ̃pi ̸= 0 and λl−1
vl−1
̸= 0, we finally obtain, for all l ∈ J1, LK and

all (vl−1, vl) ∈ Vl−1 × Vl:

wvl−1→vl =
λlvl
λl−1
vl−1

w̃vl−1→vl .

For all l ∈ J1, LK and all vl ∈ Vl, using (4.A.6) with pi = (vl), we obtain

bvl = λlvl b̃vl .

This shows that (4.2.6) is satisfied for all (vl−1, vl) ∈ Vl−1 × Vl, and thus θ R∼ θ̃.

The following proposition is useful in the proof of Theorem 95 and allows to
improve identifiability modulo rescaling into identifiability modulo positive rescaling.

Proposition 88. For all θ ∈
(
RE × RB

)
\S, there exists ϵ > 0 such that for all

θ̃ ∈ RE × RB,
∥θ − θ̃∥∞ < ϵ and θ R∼ θ̃ =⇒ θ ∼ θ̃.

Proof. Let θ ∈
(
RE × RB

)
\S. We define

ϵ = min
({
|wv→v′ |, v → v′ ∈ E and wv→v′ ̸= 0

}
∪
{
|bv|, v ∈ B and bv ̸= 0

})
.

Let θ̃ ∈ RE×RB such that ∥θ− θ̃∥∞ < ϵ and θ R∼ θ̃. To prove θ ∼ θ̃, we simply have
to prove sign(θ) = sign(θ̃). There exists (λ0, . . . , λL) ∈ (R∗)V0 × · · · × (R∗)VL , with
λ0 = 1V0 and λL = 1VL , such that, for all l ∈ J1, LK, for all (vl−1, vl) ∈ Vl−1 × Vl,
(4.2.6) holds. Let us show that sign(θ) = sign(θ̃).

Indeed, let l ∈ J1, LK, and let (v, v′) ∈ Vl−1 × Vl. If wv→v′ ̸= 0, then since
|wv→v′ − w̃v→v′ | < ϵ and by definition ϵ ≤ |wv→v′ |, we have sign(wv→v′) = sign(w̃v→v′).
Otherwise, if wv→v′ = 0, (4.2.6) shows that we have

w̃v→v′ =
λl−1
v

λlv′
wv→v′ = 0,
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so we still have sign(wv→v′) = sign(w̃v→v′).
Now let l ∈ J1, LK and let v ∈ Vl. Similarly, if bv ̸= 0, we have |bv− b̃v| < ϵ ≤ |bv|,

so sign(bv) = sign(b̃v), and if bv = 0, we have

b̃v =
bv
λlv

= 0,

so again sign(bv) = sign(b̃v).
This shows sign(θ) = sign(θ̃), so θ ∼ θ̃.

4.A.3 The smooth manifold structure of Σ∗
1

In this section, we prove Theorem 76, which is restated as Theorem 94. Before
doing so, we establish intermediary results, some of which are evoked in Section 4.3.

Let us discuss the cardinal of Fθ defined in Section 4.3. The set Fθ is obtained
by removing the edges of the form v → sθmax(v) for v ∈ V1∪· · ·∪VL−1. Note that we
do not remove the edges of the form v → sθmax(v) for v ∈ V0. For all l ∈ J1, L− 1K,
there are precisely Nl edges of the form (v, sθmax(v)) with v ∈ Vl, so

|Fθ| = |E| − (N1 + · · ·+NL−1)

= N0N1 + · · ·+NL−1NL −N1 − · · · −NL−1.

As a consequence, since |B| = N1 + · · ·+NL, we have in particular

|Fθ|+ |B| = N0N1 + · · ·+NL−1NL −N1 − · · · −NL−1 +N1 + · · ·+NL

= N0N1 + · · ·+NL−1NL +NL. (4.A.7)

The following proposition is a first step towards Proposition 90, which states
that ψθ is a homeomorphism.

Proposition 89. For all θ ∈
(
RE × RB

)
\S, the function ψθ : Uθ → RP×VL is

injective.

Proof. Let τ, τ̃ ∈ Uθ such that ψθ(τ) = ψθ(τ̃). Let us show τ = τ̃ . We have
ϕ(ρθ(τ)) = ϕ(ρθ(τ̃)) and by definition of Uθ, ρθ(τ) ∈

(
RE × RB

)
\S, so by Proposi-

tion 87 we have the rescaling equivalence

ρθ(τ)
R∼ ρθ(τ̃).

By definition of the rescaling equivalence, in its formulation (4.2.6), there exists
(λ0, . . . , λL) ∈ (R∗)V0 × · · · × (R∗)VL , with λ0 = 1V0 and λL = 1VL , such that, for
all l ∈ J1, LK, for all (vl−1, vl) ∈ Vl−1 × Vl,ρθ(τ)vl−1→vl =

(λl)vl
(λl−1)vl−1

ρθ(τ̃)vl−1→vl

bvl = λlvl b̃vl .
(4.A.8)
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Let l ∈ J2, LK and let vl−1 ∈ Vl−1. Let vl = sθmax(vl−1). According to (4.A.8) we
have

ρθ(τ)vl−1→vl =
(λl)vl

(λl−1)vl−1

ρθ(τ̃)vl−1→vl .

But since vl = sθmax(vl−1) and vl−1 ∈ Vl−1 with l − 1 ∈ J1, L − 1K, we have vl−1 →
vl ∈ E\Fθ, so by definition of ρθ in (4.3.2),

ρθ(τ)vl−1→vl = wvl−1→vl = ρθ(τ̃)vl−1→vl ̸= 0,

so (λl)vl
(λl−1)vl−1

= 1.

We have shown that for all l ∈ J2, LK, for all vl−1 ∈ Vl−1, there exists vl ∈ Vl
such that

(λl−1)vl−1
= (λl)vl .

As a consequence, if l is such that λl = 1Vl , then λl−1 = 1Vl−1
.

Starting from λL = 1VL , this shows by induction that for all l ∈ J1, LK,

λl = 1Vl .

By hypothesis we also have λ0 = 1V0 . Using (4.A.8), this shows that

ρθ(τ) = ρθ(τ̃).

The injectivity of ρθ allows us to conclude that

τ = τ̃ .

The following proposition shows, as mentioned in Section 4.3, that ψθ is a homeo-
morphism. This is a necessary step to prove that (Vθ, (ψθ)−1)θ∈(RE×RB)\S is an atlas
of Σ∗

1.

Proposition 90. For all θ ∈
(
RE × RB

)
\S, ψθ is a homeomorphism from Uθ onto

its image Vθ.

Proof. We already know from Proposition 89 that ψθ is injective, so we need to
prove that ψθ is continuous and its inverse is continuous. The function ρθ is affine
and ϕ is a polynomial function, so the function ψθ = ϕ◦ρθ is a polynomial function,
and in particular it is continuous.

To prove that (ψθ)−1 is continuous, we consider a sequence (τn) taking values in
Uθ and τ ∈ Uθ such that ψθ(τn)→ ψθ(τ), and we want to show that τn → τ .

Let us first show that for all v ∈ B, (τn)v → τv. Indeed, let l ∈ J1, LK and let
vl ∈ Vl, so that vl is an arbitrary element of B. Let us define vl+1 = sθmax(vl), then
vl+2 = sθmax(vl+1) and so on up to vL = sθmax(vL−1). Since for all l′ ∈ Jl, L − 1K,
vl′+1 = sθmax(vl′), by definition of Fθ and ρθ (see (4.3.1) and (4.3.2)), we have

ρθ(τn)vl′→vl′+1
= wvl′→vl′+1

, (4.A.9)
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and
ρθ(τ)vl′→vl′+1

= wvl′→vl′+1
. (4.A.10)

In particular, since θ ̸∈ S, for all l′ ∈ Jl, L− 1K we have wvl′→• ̸= 0, so by definition
of sθmax, wvl′→vl′+1

̸= 0. We thus have

wvl→vl+1
. . . wvL−1→vL ̸= 0. (4.A.11)

If we denote p = (vl, . . . , vL−1), we have, using the definition of ϕ and (4.A.9),

ψθp,vL(τn) = (τn)vlwvl→vl+1
. . . wvL−1→vL

and using (4.A.10),

ψθp,vL(τ) = (τ)vlwvl→vl+1
. . . wvL−1→vL .

Using (4.A.11) and the fact that

ψθ(τn)→ ψθ(τ),

we conclude that
(τn)vl → τvl .

Let us now prove that for all (v, v′) ∈ E, (τn)v→v′ → τv→v′ . Let us show by
induction on l ∈ J1, LK the following hypothesis

∀l′ ∈ J1, lK, ∀(v, v′) ∈ (Vl′−1 × Vl′) ∩ Fθ, (τn)v→v′ −→ τv→v′ . (Hl)

Initialization. Let (v0, v1) ∈ (V0 × V1) ∩ Fθ. We define v2 = sθmax(v1), then we
define v3 = sθmax(v2), and so on up to vL = sθmax(vL−1). Let p = (v0, . . . , vL−1) ∈ P.

As above, using the definition of ρθ, Fθ and ϕ, we have

ψθp,vL(τn) = (τn)v0→v1wv1→v2 . . . wvL−1→vL

and
ψθp,vL(τ) = (τ)v0→v1wv1→v2 . . . wvL−1→vL ,

and since θ ̸∈ S, we also have , as above,

wv1→v2 . . . wvL−1→vL ̸= 0. (4.A.12)

Since
ψθ(τn) −→ ψθ(τ)

we conclude using (4.A.12) that

(τn)v0→v1 −→ τv0→v1 .

We have shown H1.
Induction step. Let l ∈ J2, LK and let us assume that Hl−1 holds.
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Let (vl−1, vl) ∈ (Vl−1 × Vl) ∩ Fθ. We define vl+1 = sθmax(vl), vl+2 = sθmax(vl+1),
and so on up to vL = sθmax(vL−1). Let us denote po = (vl, . . . , vL). Recalling the
notation defined in (4.A.5), we have

ρθ(τn)po = wvl→vl+1
. . . wvL−1→vL = ρθ(τ)po ̸= 0. (4.A.13)

At the same time, since τ ∈ Uθ, Proposition 84 shows there exist l′ ∈ J0, l − 1K
and a path pi = (vl′ , . . . , vl−2, vl−1) such that

ρθ(τ)pi ̸= 0. (4.A.14)

If l′ ≥ 1, we have shown in the first part of the proof that (τn)vl′ −→ τvl′ . Moreover,
whatever the value of l′ is, for k ∈ Jl′, l − 2K, if (vk, vk+1) ∈ E\Fθ,

ρθ(τn)vk→vk+1
= wvk→vk+1

= ρθ(τ)vk→vk+1
,

and if (vk, vk+1) ∈ Fθ, according to Hl−1,

ρθ(τn)vk→vk+1
= (τn)vk→vk+1

−→ τvk→vk+1
= ρθ(τ)vk→vk+1

.

We therefore have
ρθ(τn)pi −→ ρθ(τ)pi , (4.A.15)

and in particular, since ρθ(τ)pi ̸= 0, there exists n0 ∈ N such that for all n ≥ n0,

ρθ(τn)pi ̸= 0. (4.A.16)

We can write
ψθp,vL(τn) = ρθ(τn)pi (τn)vl−1→vl ρθ(τn)po

and
ψθp,vL(τ) = ρθ(τ)pi (τ)vl−1→vl ρθ(τ)po ,

so using (4.A.13), (4.A.16) and (4.A.15), we have

(τn)vl−1→vl =
ψθp,vL(τn)

ρθ(τn)piρθ(τn)po
−→

ψθp,vL(τ)

ρθ(τ)piρθ(τ)po
= τvl−1→vl .

We have shown Hl, which concludes the induction step.
In particular, HL is satisfied, and finally τn → τ .
This shows that ψθ is a homeomophism.

The following lemma is necessary for the proof of Proposition 92.

Lemma 91. Let θ ∈
(
RE × RB

)
\S. Let (v, v′) ∈ E (resp. v ∈ B). If wv→v′ ̸= 0

(resp. bv ̸= 0), then there exists ϵ > 0 such that for all θ̃ ∈ RE × RB, if ∥ϕ(θ) −
ϕ(θ̃)∥∞ < ϵ, then w̃v→v′ ̸= 0 (resp. b̃v ̸= 0).
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Proof. Let θ ∈
(
RE × RB

)
\S and (v, v′) ∈ E such that wv→v′ ̸= 0. Denote l ∈

J0, L − 1K such that v ∈ Vl. If l = 0, we take pi = (v) so that by convention
θpi = 1 ̸= 0, and if l ≥ 1, we use Proposition 84 which states that there exists
l′ ∈ J0, l − 1K and a path pi = (vl′ , . . . , vl−2, v) such that θpi ̸= 0. Similarly, if
l = L− 1, we take po = (v′) so that by convention θpo = 1 ̸= 0 and if l < L− 1, we
use Proposition 84 which states that there exists a path po = (v′, vl+1, . . . , vL) such
that θpo ̸= 0. If we denote

p =


(v, v′, vl+2, . . . , vL−1) if l = 0

(vl′ , . . . , vl−1, v, v
′) if l = L− 1

(vl′ , . . . , vl−1, v, v
′, vl+2, . . . , vL−1) otherwise,

we have
ϕp,vL(θ) = θpiwv→v′θpo ̸= 0.

We define ϵ = |ϕp,vL(θ)| > 0. For all θ̃ ∈ RE ×RB such that ∥ϕ(θ̃)− ϕ(θ)∥∞ < ϵ we
have

ϕp,vL(θ̃) ̸= 0.

Since ϕp,vL(θ̃) = θ̃piw̃v→v′ θ̃po , this implies in particular that

w̃v→v′ ̸= 0.

The proof is similar in the case v ∈ B and bv ̸= 0.

The following proposition, which states that for any θ ∈
(
RE × RB

)
\S, Vθ =

ψθ(Uθ) is open with respect to the topology induced on Σ∗
1 by the standard topology

of RP×VL , is necessary to show that (Vθ, (ψ
θ)−1)θ∈(RE×RB)\S is an atlas of Σ∗

1.

Proposition 92. For any θ ∈
(
RE × RB

)
\S, for any τ ∈ Uθ, there exists ϵ > 0

such that
Σ∗
1 ∩B∞(ψθ(τ), ϵ) ⊂ Vθ.

Proof. Let us first construct ϵ and then consider an element of the set on the left of
the inclusion and prove it belongs to Vθ. Let θ ∈

(
RE × RB

)
\S and τ ∈ Uθ. For all

l ∈ J1, L − 1K, for all v ∈ Vl, by definition of Fθ and ρθ, we have ρθ(τ)v→sθmax(v)
=

wv→sθmax(v)
, and since θ ̸∈ S, by definition of sθmax, wv→sθmax(v)

̸= 0, so according to
Lemma 91 there exists ϵv > 0 such that for all θ̃ ∈ RE × RB,

∥ϕ(ρθ(τ))− ϕ(θ̃)∥∞ < ϵv =⇒ w̃v→sθmax(v)
̸= 0.

Let ϵ = minv∈V1∪···∪VL−1
ϵv.

Let us now show the inclusion: let θ̃ ∈
(
RE × RB

)
\S such that ∥ϕ(ρθ(τ)) −

ϕ(θ̃)∥∞ < ϵ, and let us show that ϕ(θ̃) ∈ Vθ. Notice first that for all l ∈ J1, L − 1K
and v ∈ Vl, by definition of ϵ, wv→sθmax(v)

̸= 0 and w̃v→sθmax(v)
̸= 0. We are going to

define τ̃ ∈ Uθ such that ρθ(τ̃)
R∼ θ̃, so that using Proposition 85, ψθ(τ̃) = ϕ(θ̃).

Let us define recursively a family (λ0, . . . , λL) ∈ (R∗)V0×· · ·× (R∗)VL as follows:
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— we define λL = 1VL ;
— for all l ∈ J1, L− 1K, for all v ∈ Vl, we define

λlv =
w̃v→sθmax(v)

wv→sθmax(v)

λl+1
sθmax(v)

. (4.A.17)

— we define finally λ0 = 1V0 .
Note that for all l ∈ J0, LK and for all v ∈ Vl, λlv ̸= 0. Also note that for all l ∈ J2, LK,
for all v ∈ Vl−1, reformulating (4.A.17) in a way that will be useful later, we have

λl
sθmax(v)

λl−1
v

=
wv→sθmax(v)

w̃v→sθmax(v)

. (4.A.18)

We then define τ̃ ∈ RFθ × RB by:
— for all l ∈ J1, LK, for all (v, v′) ∈ (Vl−1 × Vl) ∩ Fθ,

τ̃v→v′ =
λlv′

λl−1
v

w̃v→v′ ; (4.A.19)

— for all l ∈ J1, LK, for all v ∈ Vl,

τ̃v = λlv b̃v. (4.A.20)

Let us show ρθ(τ̃)
R∼ θ̃. Indeed, let l ∈ J1, LK and let (v, v′) ∈ Vl−1×Vl. If v ∈ V0

or v ∈ V1 ∪ · · · ∪ VL−1 and v′ ̸= sθmax(v), then by definition (4.3.1) of Fθ, we have
v → v′ ∈ Fθ, so using (4.3.2) and (4.A.19) we have

ρθ(τ̃)v→v′ = τ̃v→v′ =
λlv′

λl−1
v

w̃v→v′ . (4.A.21)

If v ∈ V1 ∪ · · · ∪ VL−1 and v′ = sθmax(v), then by definition (4.3.1) of Fθ, we have
v → v′ ∈ E\Fθ, and since in that case, l ≥ 2, using (4.3.2) and (4.A.18), we see that

ρθ(τ̃)v→v′ = wv→v′ =
λlv′

λl−1
v

w̃v→v′ . (4.A.22)

If v ∈ B, using (4.3.2) and (4.A.20), we have

ρθ(τ̃)v = τ̃v = λlv b̃v. (4.A.23)

Equations (4.A.21), (4.A.22) and (4.A.23) prove that

ρθ(τ̃)
R∼ θ̃.

Using Corollary 86, since θ̃ ∈
(
RE × RB

)
\S and ρθ(τ̃)

R∼ θ̃, we also have ρθ(τ̃) ∈(
RE × RB

)
\S. Since, by definition, Uθ = ρ−1

θ

((
RE × RB

)
\S
)
, we have τ̃ ∈ Uθ.

We have shown
Σ∗
1 ∩B∞(ψθ(τ), ϵ) ⊂ Vθ.
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The following proposition is necessary in order to show that (Vθ, (ψθ)−1)θ∈(RE×RB)\S
is an atlas of Σ∗

1.

Proposition 93. For all θ ∈
(
RE × RB

)
\S, the function ψθ is C∞ and its differ-

ential Dψθ(τ) is injective for all τ ∈ Uθ.

Proof. Let θ ∈
(
RE × RB

)
\S. First of all, ψθ is a polynomial function as a compo-

sition of ϕ and ρθ which are both polynomial functions. So, ψθ is C∞.
In order to show the injectivity of the differential Dψθ(τ) for all τ ∈ Uθ, let us

compute the partial derivatives of ψθp,vL(τ). Let p ∈ P and vL ∈ VL. Using the
definition of ψθ and ϕ, three cases are possible.

Case 1. The path p is of the form (v0, v1, . . . , vL−1). We have

ψθp,vL(τ) = ρθ(τ)v0→v1 . . . ρθ(τ)vL−1→vL .

Case 2. The path p is of the form (vl, . . . , vL−1) with l ∈ J1, L − 1K. We have,
for all τ ∈ Uθ,

ψθp,vL(τ) = τvlρθ(τ)vl→vl+1
. . . ρθ(τ)vL−1→vL .

Case 3. For p = β, we have, for all τ ∈ Uθ,

ψθp,vL(τ) = τvL .

Let (v, v′) ∈ Fθ, and let us compute
∂ψθ

p,vL
∂τv→v′

(τ).
Case 1. We have p = (v0, . . . , vL−1) ∈ P0. If {v, v′} ⊂ {v0, . . . , vL}, there exists

l ∈ J0, L − 1K such that (v, v′) = (vl, vl+1), in which case, since (v, v′) ∈ Fθ,
ρθ(τ)vl→vl+1

= τvl→vl+1
and

∂ψθp,vL
∂τv→v′

(τ) =
∏

k∈J0,L−1K
k ̸=l

ρθ(τ)vk→vk+1
. (4.A.24)

Otherwise if {v, v′} ̸⊂ {v0, . . . , vL},

∂ψθp,vL
∂τv→v′

(τ) = 0.

Case 2. We have p = (vl, . . . , vL−1) ∈ Pl, for l ∈ J1, L − 1K. If {v, v′} ⊂
{vl, . . . , vL}, there exists l′ ∈ Jl, L − 1K such that (v, v′) = (vl′ , vl′+1), in
which case, since (v, v′) ∈ Fθ, ρθ(τ)vl′→vl′+1

= τvl′→vl′+1
and

∂ψθp,vL
∂τv→v′

(τ) = τvl
∏

k∈Jl,L−1K
k ̸=l′

ρθ(τ)vk→vk+1
. (4.A.25)

Otherwise if {v, v′} ̸⊂ {vl, . . . , vL},

∂ψθp,vL
∂τv→v′

(τ) = 0.
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Case 3. We have p = β. In that case, we have

∂ψθp,vL
∂τv→v′

(τ) = 0.

Now let v ∈ B, and let us compute
∂ψθ

p,vL
∂τv

(τ).
Case 1. We have p = (v0, . . . , vL−1) ∈ P0 and

∂ψθp,vL
∂τv

(τ) = 0.

Case 2. We have p = (vl, . . . , vL−1) ∈ Pl for l ∈ J1, L− 1K. If v = vl, then

∂ψθp,vL
∂τv

(τ) =
∏

k∈Jl,L−1K

ρθ(τ)vk→vk+1
.

If v ̸= vl,
∂ψθp,vL
∂τv

(τ) = 0.

Case 3. We have p = β and

∂ψθp,vL
∂τv

(τ) =

{
1 if v = vL

0 if v ̸= vL.

Now that we know the partial derivatives, let us show Dψθ(τ) is injective for all
τ ∈ Uθ. Let τ ∈ Uθ and let h ∈ RFθ × RB such that

Dψθ(τ) · h = 0.

We need to prove that h = 0.
Let us show first that for all v ∈ B, hv = 0. Let l ∈ J1, L− 1K, and let vl ∈ Vl so

that vl is arbitrary in B\VL. Let us define vl+1 = sθmax(vl), then vl+2 = sθmax(vl+1),
and so on up to vL = sθmax(vL−1). Let us denote p = (vl, . . . , vL−1). We have

ψθp,vL(τ) = τvlwvl→vl+1
. . . wvL−1→vL ,

so î
Dψθ(τ) · h

ó
p,vL

=
∂ψθp,vL
∂τvl

(τ)hvl = wvl→vl+1
. . . wvL−1→vLhvl .

Since
[
Dψθ(τ) · h

]
p,vL

= 0 and wvl→vl+1
. . . wvL−1→vL ̸= 0, we conclude that hvl = 0.

Now let vL ∈ VL. We consider p = β and we haveî
Dψθ(τ) · h

ó
p,vL

= hvL .

Since
[
Dψθ(τ) · h

]
p,vL

= 0, we also conclude in that case that hvL = 0.
Let us now show that for all (v, v′) ∈ Fθ, hv→v′ = 0. Let l ∈ J1, LK and let

(vl−1, vl) ∈ (Vl−1 × Vl) ∩ Fθ so that (vl−1, vl) is arbitrary in Fθ. If l = 1, we define
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pi = (vl−1) and we have by convention θpi = 1 ̸= 0. If l > 1, using Proposition
84 there exist l′ ∈ J0, l − 1K and a path pi = (vl′ , . . . , vl−1) such that ρθ(τ)pi ̸= 0.
If l < L, we define vl+1 = sθmax(vl), then vl+2 = sθmax(vl+1), and so on up to
vL = sθmax(vL−1), and we denote p = pi ∪ (vl−1, vl, . . . , vL−1). If l = L, we denote
p = pi. Let us show the following expression.î

Dψθ(τ) · h
ó
p,vL

=
∑

k∈Jl′,l−1K
(vk,vk+1)∈Fθ

∂ψθp,vL
∂τvk→vk+1

(τ)hvk→vk+1
(4.A.26)

Indeed, if l′ ≥ 1, we have

ψθp,vL(τ) = τvl′

l−1∏
k=l′

ρθ(τ)vk→vk+1

L−1∏
k=l

wvk→vk+1
,

with the classical convention that if l = L, the product on the right is empty thus
equal to 1. We thus haveî

Dψθ(τ) · h
ó
p,vL

=
∂ψθp,vL
∂τvl′

(τ)hvl′ +
∑

k∈Jl′,l−1K
(vk,vk+1)∈Fθ

∂ψθp,vL
∂τvk→vk+1

(τ)hvk→vk+1

=
∑

k∈Jl′,l−1K
(vk,vk+1)∈Fθ

∂ψθp,vL
∂τvk→vk+1

(τ)hvk→vk+1
,

since we have already shown that hvl′ = 0.
If l′ = 0, we have

ψθp,vL(τ) =

l−1∏
k=0

ρθ(τ)vk→vk+1

L−1∏
k=l

wvk→vk+1
,

with the same convention that when l = L the product on the right is equal to 1,
so again î

Dψθ(τ) · h
ó
p,vL

=
∑

k∈J0,l−1K
(vk,vk+1)∈Fθ

∂ψθp,vL
∂τvk→vk+1

(τ)hvk→vk+1
.

This concludes the proof of (4.A.26).
We can now show by induction the following statement, for l ∈ J0, LK.

∀l′ ∈ J1, lK, ∀(v, v′) ∈ (Vl′−1 × Vl′) ∩ Fθ, hv→v′ = 0. (Hl)

Since J1, 0K = ∅, H0 is trivially true. Now let l ∈ J1, LK and suppose Hl−1 is true.
We consider (vl−1, vl) ∈ (Vl−1 × Vl) ∩ Fθ, and l′ ∈ J0, lK, pi and p just as before.
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Since for all k ∈ J0, l − 2K, the induction hypothesis guarantees that hvk→vk+1
= 0,

(4.A.26) becomes î
Dψθ(τ) · h

ó
p,vL

=
∂ψθp,vL
∂τvl−1→vl

(τ)hvl−1→vl .

Using (4.A.24) and (4.A.25), we obtainî
Dψθ(τ) · h

ó
p,vL

=

{
ρθ(τ)piwvl→vl+1

. . . wvL−1→vLhvl−1→vl if l < L

ρθ(τ)pihvl−1→vl if l = L.

Since ρθ(τ)pi ̸= 0, and for l < L, wvl→vl+1
. . . wvL−1→vL ̸= 0, we conclude that

hvl−1→vl = 0 and that Hl holds.
This induction leads to the conclusion that h = 0 and Dψθ(τ) is injective.

We are now equipped to prove Theorem 76, which we restate here.

Theorem 94. Σ1
∗ is a smooth manifold of RP×VL of dimension

|Fθ|+ |B| = N0N1 +N1N2 + · · ·+NL−1NL +NL,

and the family (Vθ, (ψ
θ)−1)θ∈(RE×RB)\S is an atlas.

Proof. Our goal is to show that the family (Vθ, (ψ
θ)−1)θ∈(RE×RB)\S is a smooth

atlas, which will show that Σ∗
1 is a smooth manifold.

We already know from Proposition 92 that for any θ ∈
(
RE × RB

)
\S, Vθ is an

open subset of Σ∗
1 and from Proposition 90 that (ψθ)−1 is a homeomorphism from

Vθ onto Uθ. Since for any θ ∈
(
RE × RB

)
\S, τθ ∈ Uθ, we have ϕ(θ) = ψθ(τθ) ∈ Vθ

which shows that (Vθ)θ∈(RE×RB)\S covers Σ∗
1.

Let θ, θ̃ ∈
(
RE × RB

)
\S, let us show that the transition map

(ψθ)−1 ◦ ψθ̃ : (ψθ̃)−1(Vθ ∩ Vθ̃) → (ψθ)−1(Vθ ∩ Vθ̃)

is smooth.
Let τ0 ∈ Uθ̃ such that τ0 ∈ (ψθ̃)−1(Vθ ∩ Vθ̃). We are going to show that the

function (ψθ)−1 ◦ ψθ̃ is C∞ in a neighborhood of τ0.
For ease of reading, let us denote ψθ̃(τ0) by η0. By definition, η0 ∈ Vθ ∩ Vθ̃.

In particular, since η0 ∈ Vθ, we can define τ1 = (ψθ)−1(η0). See Figure 4.3 for a
representation.

Let T = ImDψθ(τ1), and let us consider a linear subspace G such that T ⊕G =

RP×VL . Let NC = |P|NL − |Fθ| − |B| = dim(G). Let i : RNC → G be linear and
invertible. Let us consider the function

φθ : Uθ × RNC −→ RP×VL

(τ, x) 7−→ ψθ(τ) + i(x).
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η0•

τ0•
τ1• Uθ̃Uθ

Vθ̃Vθ

Σ∗
1

ψθ̃ψθ

Figure 4.3 – The points η0, τ0, τ1 and the inverse charts ψθ and ψθ̃.

We are going to show that there exist an open neighborhood Ũ of (τ1, 0) in (RFθ ×
RB) × RNC and an open neighborhood Ṽ of η0 in RP×VL such that φθ is a C∞

diffeomorphism from Ũ onto Ṽ satisfying

φθ

Åî
(RFθ × RB)× {0}NC

ó
∩ Ũ
ã
= Σ∗

1 ∩ Ṽ .

Let us first show that φθ is a C∞-diffeomorphism from a neighborhood of (τ1, 0) in
(RFθ×RB)×RNC onto a neighborhood of η0 in RP×VL . As shown in Proposition 93,
ψθ is C∞ and i is a linear function, so φθ is C∞. Let us prove that the differential
Dφθ(τ1, 0) is injective. For all (τ, x) ∈

(
RFθ × RB

)
× RNC ,

Dφθ(τ1, 0) · (τ, x) = Dψθ(τ1) · τ + i(x).

SinceDψθ(τ1)·τ ∈ T , i(x) ∈ G, and T and G are in direct sum, ifDφθ(τ1, 0)·(τ, g) =
0, then we have {

Dψθ(τ1) · τ = 0

i(x) = 0.

Since as shown in Proposition 93 Dψθ(τ1) is injective, and since i is invertible, we
have

(τ, x) = (0, 0).

Hence, Dφθ(τ1, 0) is injective. Since dim(
(
RFθ × RB

)
× RNC ) = |Fθ|+ |B|+NC =

|P|NL, the differential Dφθ(τ1, 0) is bijective. Using the inverse function theorem,
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there exists an open set U ⊂ Uθ × RNC containing (τ1, 0), an open set V ⊂ RP×VL

containing η0 such that φθ is a C∞-diffeomorphism from U onto V .
We have

φθ

Åî
(RFθ × RB)× {0}NC

ó
∩ U
ã
⊂ Vθ ∩ V.

In fact, if V is small enough, this inclusion is an equality. We are going to construct
open subsets Ũ ⊂ U and Ṽ ⊂ V so that it is the case. Let us define

O = {τ ∈ Uθ, (τ, 0) ∈ U}.

Since U is an open set containing (τ1, 0), O is an open set containing τ1 = (ψθ)−1(η0).
Since, according to Proposition 90, ψθ is a homeomorphism, ψθ(O) is an open subset
of Vθ so there exists ϵ > 0 such that

Vθ ∩B∞(η0, ϵ) ⊂ ψθ(O). (4.A.27)

We can now define Ṽ = V ∩ B∞(η0, ϵ), and Ũ = {(τ, x) ∈ U, φθ(τ, x) ∈ Ṽ }, which
are open sets such that (τ1, 0) ∈ Ũ , η0 ∈ Ṽ , and φθ is a C∞-diffeomorphism from
Ũ onto Ṽ . Let us show that

φθ

Åî
(RFθ × RB)× {0}NC

ó
∩ Ũ
ã
= Vθ ∩ Ṽ . (4.A.28)

The direct inclusion is immediate: if (τ, 0) ∈
[
(RFθ × RB)× {0}NC

]
∩ Ũ , then

φθ(τ, 0) = ψθ(τ) ∈ Vθ ∩ Ṽ .

For the reciprocal inclusion, if τ ∈ Uθ is such that ψθ(τ) ∈ Vθ∩ Ṽ , then by definition
of ϵ and Ṽ , (4.A.27) guarantees, since ψθ is injective, that τ ∈ O. By definition of
O, we have (τ, 0) ∈ U , and since

φθ(τ, 0) = ψθ(τ) ∈ Ṽ ,

this shows (τ, 0) ∈ Ũ . This shows the reciprocal inclusion, and thus (4.A.28) holds.
Let us now define

Pθ : RFθ × RB × RNC −→ RFθ × RB
(τ, x) 7−→ τ

the restriction to the first component, and let us observe that over Vθ ∩ Ṽ , we have

Pθ ◦ (φθ)−1 = (ψθ)−1. (4.A.29)

Indeed, if η ∈ Vθ ∩ Ṽ , then by (4.A.28) there exists τ ∈ Uθ such that (τ, 0) ∈ Ũ and
φθ(τ, 0) = η. Since φθ(τ, 0) = ψθ(τ), this shows that τ = (ψθ)−1(η) and thus

(ψθ)−1(η) = Pθ(τ, 0) = Pθ ◦ (φθ)−1(η).
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Now recall that η0 = ψθ̃(τ0). By continuity of ψθ̃, there exists ϵ′ > 0 such that
B∞(τ0, ϵ

′) ⊂ (ψθ̃)−1(Vθ ∩ Vθ̃) and

ψθ̃(B∞(τ0, ϵ
′)) ⊂ Ṽ .

For any τ ∈ B∞(τ0, ϵ
′), we have ψθ̃(τ) ∈ Vθ ∩ Ṽ so, as we just proved with (4.A.29),

(ψθ)−1 ◦ ψθ̃(τ) = Pθ ◦ (φθ)−1 ◦ ψθ̃(τ). Since the functions ψθ̃, (φθ)−1 and Pθ are all
C∞, we conclude that the transition map (ψθ)−1 ◦ ψθ̃ is C∞ over B∞(τ0, ϵ

′), for all
τ0 ∈ (ψθ̃)−1(Vθ ∩ Vθ̃). We conclude that (ψθ)−1 ◦ ψθ̃ is C∞ over (ψθ̃)−1(Vθ ∩ Vθ̃).

We have showed that (Vθ, (ψ
θ)−1)θ∈(RE×RB)\S is a smooth atlas, and thus that

Σ∗
1 is a smooth submanifold of RP×VL . As computed in (4.A.7), its dimension is

|Fθ|+ |B| = N0N1 +N1N2 + · · ·+NL−1NL +NL.

4.A.4 Conditions of local identifiability

Let us restate (using Definition 75) and prove Theorem 77.

Theorem 95. For any X ∈ Rn×V0 and θ ∈
(
RE × RB

)
\(S∪∆X), the two following

statements are equivalent.
i) θ is locally identifiable from X.
ii) There exists ϵ > 0 such that B∞(ϕ(θ), ϵ) ∩ Σ∗

1 ∩N(X, θ) = {ϕ(θ)}.

Proof.

i)⇒ ii) Suppose i) is satisfied for some ϵ1 > 0. We first construct ϵ′ > 0 and then
consider η ∈ B∞(ϕ(θ), ϵ′) ∩ Σ∗

1 ∩ N(X, θ), and we prove that η = ϕ(θ). Since
θ ∈

(
RE × RB

)
\(S ∪ ∆X) and since, according to Proposition 83, ∆X is closed,

there exists ϵ2 > 0 such that for any θ̃ ∈ B∞(θ, ϵ2),

α(X, θ) = α(X, θ̃),

i.e.
A(X, θ) = A(X, θ̃).

Consider ϵ = min(ϵ1, ϵ2). Since, according to Proposition 90, ρθ ◦ (ψθ)−1 is contin-
uous at ϕ(θ) ∈ ψθ(Uθ), and since ρθ ◦ (ψθ)−1(ϕ(θ)) = ρθ(τθ) = θ, there exists ϵ′ > 0

such that for all τ ∈ Uθ,

∥ψθ(τ)− ϕ(θ)∥∞ < ϵ′ =⇒ ∥ρθ(τ)− θ∥∞ = ∥ρθ ◦ (ψθ)−1(ψθ(τ))− ρθ ◦ (ψθ)−1(ϕ(θ))∥∞
< ϵ.

(4.A.30)
Since ϕ(θ) = ψθ(τθ), Proposition 92 guarantees that, modulo a decrease of ϵ′, we
can assume that

B∞(ϕ(θ), ϵ′) ∩ Σ∗
1 ⊂ ψθ(Uθ). (4.A.31)
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Now let η ∈ B∞(ϕ(θ), ϵ′) ∩ Σ∗
1 ∩ N(X, θ). Let us prove that η = ϕ(θ). Using

(4.A.31), there exists τ ∈ Uθ such that η = ψθ(τ). Since ∥ϕ(θ)− η∥∞ < ϵ′, we have
using (4.A.30)

∥ρθ(τ)− θ∥∞ < ϵ. (4.A.32)

Since ϵ < ϵ2, we have
A(X, θ) = A(X, ρθ(τ)). (4.A.33)

Since ψθ(τ) = η ∈ N(X, θ), we have by definition of N(X, θ) that ψθ(τ) − ϕ(θ) ∈
KerA(X, θ), so

A(X, θ) · ψθ(τ) = A(X, θ) · ϕ(θ) (4.A.34)

Using successively (4.2.3), (4.A.33), (4.A.34) and (4.2.3) again, we have

fρθ(τ)(X) = A(X, ρθ(τ)) · ϕ(ρθ(τ))
= A(X, θ) · ϕ(ρθ(τ))
= A(X, θ) · ϕ(θ)
= fθ(X).

Since the hypothesis i) holds for ϵ1, using (4.A.32) and the fact that ϵ < ϵ1, we have

θ ∼ ρθ(τ).

We conclude using Proposition 85 that

η = ϕ(ρθ(τ)) = ϕ(θ),

which shows
B∞(ϕ(θ), ϵ′) ∩ Σ∗

1 ∩N(X, θ) ⊂ {ϕ(θ)}.

The converse inclusion trivially holds and therefore ii) holds.

ii)⇒ i) Suppose ii) is satisfied for some ϵ′ > 0.
We first construct ϵ and prove i) holds. Since θ ∈

(
RE × RB

)
\(S ∪∆X), using

Proposition 83, there exists ϵ1 > 0 such that for all θ̃ ∈ B∞(θ, ϵ1),

α(X, θ) = α(X, θ̃),

i.e.
A(X, θ) = A(X, θ̃). (4.A.35)

Since ϕ is continuous, there exists ϵ2 > 0 such that

∥θ − θ̃∥∞ < ϵ2 =⇒ ∥ϕ(θ)− ϕ(θ̃)∥∞ < ϵ′.

Using Proposition 88, there exists ϵ3 > 0 such that

θ
R∼ θ̃ and ∥θ − θ̃∥∞ < ϵ3 =⇒ θ ∼ θ̃.
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Since θ ̸∈ S and S is closed, there exists ϵ4 > 0 such that for all θ̃ ∈ RE × RB, if
∥θ − θ̃∥∞ < ϵ4, then

θ̃ ̸∈ S.

Let ϵ = min(ϵ1, ϵ2, ϵ3, ϵ4). Let θ̃ ∈ B∞(θ, ϵ), and suppose

fθ(X) = fθ̃(X).

Let us prove that θ ∼ θ̃. Reformulating the above equality using (4.2.3) for both
sides, and using the definition of A given in the beginning of Section 4.4, we have

A(X, θ) · ϕ(θ) = A(X, θ̃) · ϕ(θ̃).

Since ∥θ − θ̃∥∞ < ϵ ≤ ϵ1, we have the equality (4.A.35) and thus

A(X, θ) · ϕ(θ) = A(X, θ) · ϕ(θ̃).

In other words, ϕ(θ̃) − ϕ(θ) ∈ KerA(X, θ). Since ϵ < ϵ4, ϕ(θ̃) ∈ Σ∗
1. Since ϵ < ϵ2,

ϕ(θ̃) ∈ B∞(ϕ(θ), ϵ′). Summarizing,

ϕ(θ̃) ∈ B∞(ϕ(θ), ϵ′) ∩ Σ∗
1 ∩N(X, θ),

and using the hypothesis ii), we conclude that

ϕ(θ̃) = ϕ(θ).

By Proposition 87, we have θ R∼ θ̃, and since ϵ < ϵ3, we conclude that

θ ∼ θ̃.

We are now going to prove Theorems 78 and 79, which we restate as Theorems
96 and 97 respectively (using Definition 75).

Theorem 96 (Necessary condition). Let X ∈ Rn×V0 and θ ∈
(
RE × RB

)
\(S∪∆X).

If CN is not satisfied, then θ is not locally identifiable from X (thus not globally
identifiable).

Theorem 97 (Sufficient condition). Let X ∈ Rn×V0 and θ ∈
(
RE × RB

)
\(S∪∆X).

If CS is satisfied, then θ is locally identifiable from X.

To prove the theorems, we need to prove first the following lemmas.

Lemma 98. Let us denote by T = ImDψθ(τθ) the direction of the tangent plane to
Σ∗
1 at ϕ(θ). Let us denote by H the intersection KerA(X, θ) ∩ T . We have

dim(H) = |Fθ|+ |B| −RΓ. (4.A.36)
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Proof. Let η ∈ T . There exists h ∈ RFθ × RB such that η = Dψθ(τθ) · h. We have
the following equivalence:

η ∈ KerA(X, θ) ⇐⇒ A(X, θ) · η = 0

⇐⇒ A(X, θ) ◦Dψθ(τθ) · h = 0

⇐⇒ Γ(X, θ) · h = 0

⇐⇒ h ∈ KerΓ(X, θ).

This shows that Dψθ(τθ)−1(KerA(X, θ) ∩ T ) = Ker Γ(X, θ) ⊂ RFθ × RB.
Since Dψθ(τθ) is injective, we thus have

dim(H) = dim(Ker Γ(X, θ)) = |Fθ|+ |B| −RΓ.

Lemma 99. Let G be a supplementary subspace of KerA(X, θ) such that

H ⊕G = KerA(X, θ). (4.A.37)

If RΓ = RA, there exist an open set O ⊂ Uθ ×G containing (τθ, 0) and an open set
V ⊂ RP×VL containing ϕ(θ) such that

ξ : O −→ V
(τ, g) 7−→ ψθ(τ) + g

is a diffeomorphism from O onto V.

Proof. Let us first show that

T ⊕G = RP×VL . (4.A.38)

Indeed, since KerA(X, θ) = H⊕G and T ∩KerA(X, θ) = H, we have T ∩G = {0}.
We of course have

T ⊕G ⊂ RP×VL . (4.A.39)

Let us show that dim(G) = dim(RP×VL)− dim(T ). First note that we have

dim(KerA(X, θ)) = dim(RP×VL)− rank(A(X, θ)) = |P|NL −RA. (4.A.40)

Using (4.A.37) and (4.A.40), we have

dim(G) = dim(KerA(X, θ))− dim(H)

= |P|NL −RA − dim(H).

Using (4.A.36) and the hypothesis RΓ = RA we thus have

dim(G) = |P|NL −RA +RΓ − |Fθ| − |B|
= |P|NL − |Fθ| − |B|
= |P|NL − dim(T ),
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where the last equality comes from the injectivity of Dψθ(τθ), shown in Proposition
93. Together with (4.A.39), this proves (4.A.38).

Let us now consider the function

ξ : Uθ ×G −→ RP×VL

(τ, g) 7−→ ψθ(τ) + g.

For all (h, g) ∈ (RFθ × RB)×G, we have

Dξ(τθ, 0) · (h, g) = Dψθ(τθ)h+ g.

The differential Dξ(τθ, 0) is injective. Indeed, if

Dξ(τθ, 0) · (h, g) = 0,

then since Dψθ(τθ)h ∈ T and g ∈ G, we have{
Dψθ(τθ)h = 0

g = 0,

and sinceDψθ(τθ) is injective, h = 0 andDξ(τθ, 0) is injective. Since, using (4.A.38),

dim(RFθ × RB) + dim(G) = |P|NL,

Dξ(τθ, 0) is bijective.
We can thus apply the inverse function theorem: there exists an open set O ⊂

Uθ ×G containing (τθ, 0), an open set V ⊂ RP×VL containing ϕ(θ) such that ξ is a
diffeomorphism from O into V.

We can now prove the theorems.

Proof of Theorem 96. If CN is not satisfied, then we have RΓ = RA < |Fθ| + |B|.
We can thus apply Lemma 99: there exist an open set O ⊂ Uθ×G containing (τθ, 0)

and an open set V ⊂ RP×VL containing ϕ(θ) such that

ξ : O −→ V
(τ, g) 7−→ ψθ(τ) + g

is a diffeomorphism from O onto V.
Consider ϵ > 0. We define the open set Õ = O ∩ (ψθ)−1(B(ϕ(θ), ϵ)×G and its

image Ṽ = ξ(Õ).
Using the computation of dim(H) shown in Lemma 98, we have

dim(H) = |Fθ|+ |B| −RΓ > 0,

so there exists a nonzero w ∈ H such that ϕ(θ) + w ∈ Ṽ. Since ξ induces a
diffeomorphism from Õ onto Ṽ, there exists (τ, g) ∈ Õ such that

ϕ(θ) + w = ψθ(τ) + g
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i.e.
ψθ(τ)− ϕ(θ) = w − g. (4.A.41)

Let us denote θ̃ = ρθ(τ) and let us show that Theorem 95.ii) does not hold.
By definition, ϕ(θ̃) = ψθ(τ) and since (τ, g) ∈ Õ, ∥ϕ(θ) − ϕ(θ̃)∥∞ < ϵ. Since
H ∩G = {0}, w ∈ H, g ∈ G and w ̸= 0, (4.A.41) shows that

ϕ(θ̃)− ϕ(θ) ̸= 0.

Furthermore, since w ∈ H ⊂ KerA(X, θ) and g ∈ G ⊂ KerA(X, θ), (4.A.41)
shows that

ϕ(θ̃)− ϕ(θ) ∈ KerA(X, θ),

so
ϕ(θ̃) ∈ N(X, θ).

Summarizing, for any ϵ > 0 there exists θ̃ ∈
(
RE × RB

)
\S such that ϕ(θ̃) ∈

B∞(ϕ(θ), ϵ)∩Σ∗
1 ∩N(X, θ)\{ϕ(θ)}. The second item of Theorem 95 does not hold.

Since it is equivalent, the first item of Theorem 95 does not hold either. In other
words, the conclusion of Theorem 96 holds.

Proof of Theorem 97. Suppose that CS is satisfied. Using Lemma 98 and using CS ,
we obtain

dim(T ∩KerA(X, θ)) = |Fθ|+ |B| −RΓ = 0.

We thus have
T ∩KerA(X, θ) = {0}. (4.A.42)

In order to apply Theorem 95, let us show by contradiction that there exists
ϵ > 0 such that

B∞(ϕ(θ), ϵ) ∩ Σ∗
1 ∩N(X, θ) = {ϕ(θ)}. (4.A.43)

More precisely, we suppose that for all n ∈ N∗, there exists ϕn ∈ N(X, θ)∩Σ∗
1 such

that ϕn ̸= ϕ(θ) and ∥ϕ(θ)−ϕn∥∞ < 1
n and prove that it leads to T ∩KerA(X, θ) ̸=

{0}, which contradicts (4.A.42).
Using Proposition 92, there exists n0 ∈ N∗ such that for all n ≥ n0, there exists

τn ∈ Uθ such that ϕn = ψθ(τn). Since ψθ is a homeomorphism and ψθ(τθ) = ϕ(θ),

ϕn → ϕ(θ)

implies that
τn → τθ.

Moreover, for all n ≥ n0, τn ̸= τθ.
When n tends to infinity, we can thus write

ϕn − ϕ(θ) = ψθ(τn)− ψθ(τθ) = Dψθ(τθ) · (τn − τθ) + o(τn − τθ).
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Let us apply A(X, θ) and divide by ∥τn − τθ∥.

1

∥τn − τθ∥
A(X, θ) · (ϕn − ϕ(θ)) = A(X, θ) ◦Dψθ(τθ) ·

Å
τn − τθ
∥τn − τθ∥

ã
+

1

∥τn − τθ∥
A(X, θ)o (τn − τθ) . (4.A.44)

Since ϕn ∈ N(X, θ) for all n ∈ N∗,

1

∥τn − τθ∥
A(X, θ) · (ϕn − ϕ(θ)) = 0.

Since τn−τθ
∥τn−τθ∥ belongs to the unit sphere, we can extract a subsequence that

converges to a limit h with norm equal to 1. Taking the limit in (4.A.44) according
to this subsequence, we obtain

0 = A(X, θ) ◦Dψθ(τθ) · h,

which shows that Dψθ(τθ) · h ∈ KerA(X, θ). Since h ̸= 0 and Dψθ(τθ) is injective,
Dψθ(τθ)h ̸= 0 and

T ∩KerA(X, θ) ̸= {0}.
This is in contradiction with (4.A.42).

We have proven (4.A.43). We can now conclude thanks to Lemma 95: there
exists ϵ′ > 0 such that for any θ̃ ∈ RE × RB, if ∥θ − θ̃∥ < ϵ′, then

fθ(X) = fθ̃(X) =⇒ θ ∼ θ̃.

4.A.5 Checking the conditions numerically

We restate and prove Proposition 81.

Proposition 100. Let X ∈ Rn×V0 and θ ∈ RE × RB. We have

RA = NLrank (α(X, θ)) .

Proof. Let η ∈ RP×VL . We have

A(X, θ) · η = α(X, θ)η.

If we denote by η1, . . . , ηNL ∈ RP the NL columns of η, the columns of A(X, θ)·η are
α(X, θ)η1, . . . , α(X, θ)ηNL . If we consider the matrix η as a family of NL vectors of
RP and the matrix A(X, θ) ·η as a family of NL vectors of Rn, the operator A(X, θ)
can then be equivalently described as

A(X, θ) : (RP)NL −→ (Rn)NL

(η1, . . . , ηNL) 7−→ (α(X, θ)η1, . . . , α(X, θ)ηNL).

The rank of such an operator is NLrank(α(X, θ)).
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We restate and prove Proposition 80.

Proposition 101. Let X ∈ Rn×V0 and θ ∈
(
RE × RB

)
\(S ∪∆X). The function

Uθ −→ Rn×VL
τ 7−→ fρθ(τ)(X)

is differentiable in a neighborhood of τθ, and we denote by Dτfρθ(τθ)(X) its differ-
ential at τθ. We have

Dτfρθ(τθ)(X) = Γ(X, θ). (4.A.45)

Proof. Using (4.2.3) at ρθ(τ) and the definition of ψθ in (4.3.4), we have

fρθ(τ)(X) = A(X, θ) · ψθ(τ).

Taking the differential of

Uθ −→ Rn×VL
τ 7−→ fρθ(τ)(X)

at τθ, and using (4.4.2), we obtain

Dτfρθ(τθ)(X) = A(X, θ) ◦Dψθ(τθ) = Γ(X, θ).

To finish with, the following proposition gives explicit expressions of the coef-
ficients of Γ(X, θ). These expressions are given for the sake of theoretical com-
pleteness. Note that when it comes to computing Γ(X, θ) in practice (in order to
compute RΓ), the correct approach is using backpropagation as described in Section
4.5 rather than evaluating the expressions in Proposition 102 which involve sums
with very large numbers of summands.

Proposition 102. If we decompose it in the canonical bases of RFθ × RB and
RJ1,nK×VL, Γ(X, θ) is a (nNL) × (|Fθ| + |B|) matrix. For lighter notations, let us
drop the dependency in (X, θ) and denote by γi,vL the lines of Γ(X, θ), for i ∈ J1, nK
and vL ∈ VL, which satisfy (γi,vL)T ∈ RFθ × RB. For any (i, vL) ∈ J1, nK × VL, let
us express the coefficients of γi,vL, i.e. express γi,vLvl→vl+1 for any vl → vl+1 ∈ Fθ and
express γi,vLvl for any vl ∈ B.
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— For any l ∈ J0, L−1K and any (vl, vl+1) ∈ Vl×Vl+1 such that vl → vl+1 ∈ Fθ,

γi,vLvl→vl+1
=

∑
v0∈V0

...
vl−1∈Vl−1
vl+2∈Vl+2

...
vL−1∈VL−1

xiv0wv0→v1avl(x
i, θ)

∏
1≤k≤L−1

k ̸=l

avk(x
i, θ)wvk→vk+1

+
L∑
l′=1

∑
vl′∈Vl′

...
vl−1∈Vl−1
vl+2∈Vl+2

...
vL−1∈VL−1

bvl′avl(x
i, θ)

∏
l′≤k≤L−1

k ̸=l

avk(x
i, θ)wvk→vk+1

, (4.A.46)

where wv0→v1 = wv0→v1 and avl(x
i, θ) = avl(x

i, θ) except when l = 0 in which
case wv0→v1 = 1 and avl(x

i, θ) = 1.
— For any l ∈ J1, LK and any vl ∈ Vl,

γi,vLvl
=

∑
vl+1∈Vl+1

...
vL−1∈VL−1

∏
l≤k≤L−1

avk(x
i, θ)wvk→vk+1

. (4.A.47)

Proof. Let (i, vL) ∈ J1, nK× VL.
Let us compute γi,vLvl→vl+1 , for l ∈ J0, L − 1K and (vl, vl+1) ∈ Vl × Vl+1 such that

vl → vl+1 ∈ Fθ. γi,vLvl→vl+1 is the coefficient corresponding to the line (i, vL) and the
column (vl → vl+1) of Γ(X, θ). Let us denote by hvl→vl+1 ∈ RFθ × RB the vector
whose component indexed by vl → vl+1 is equal to 1 and whose other components
are zero. Let us denote by di,vL ∈ Rn×VL the element whose component indexed
by (i, vL) is equal to 1 and whose other components are zero. Let us denote by
⟨·, ·⟩Rn×VL the scalar product of the euclidean space Rn×VL . We have

γi,vLvl→vl+1
=
〈
di,vL , Γ(X, θ) · hvl→vl+1

〉
Rn×VL

=
¨
di,vL , A(X, θ) ◦Dψθ(τθ) · hvl→vl+1

∂
Rn×VL

=

Æ
di,vL , A(X, θ) · ∂ψθ

∂τvl→vl+1

(τθ)

∏
Rn×VL

=

Æ
di,vL , α(X, θ)

∂ψθ

∂τvl→vl+1

(τθ)

∏
Rn×VL

=

ñ
α(X, θ)

∂ψθ

∂τvl→vl+1

(τθ)

ô
i,vL

,

where
[
α(X, θ) ∂ψθ

∂τvl→vl+1
(τθ)

]
i,vL

denotes the coefficient (i, vL) of the product

α(X, θ) ∂ψθ

∂τvl→vl+1
(τθ). Let us remind the dimensions in this product. For the left
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factor, recalling the definition given in the beginning of Section 4.A.4, we have
α(X, θ) ∈ Rn×P . Concerning the right factor, since for any τ ∈ Uθ, we have
ψθ(τ) ∈ RP×VL , the partial derivative satisfies ∂ψθ

∂τvl→vl+1
(τθ) ∈ RP×VL . Hence, the

dimension of the product is

α(X, θ)
∂ψθ

∂τvl→vl+1

(τθ) ∈ Rn×VL .

To obtain the coefficient (i, vL) of this product, we keep the ith line of the left factor,
which is equal to α(xi, θ), and the column vL of the right factor, which is equal to
∂ψθ

vL
∂τvl→vl+1

(τθ). We thus haveñ
α(X, θ)

∂ψθ

∂τvl→vl+1

(τθ)

ô
i,vL

= α(xi, θ)
∂ψθvL

∂τvl→vl+1

(τθ) =
∑
p∈P

αp(x
i, θ)

∂ψθp,vL
∂τvl→vl+1

(τθ).

Let p ∈ P. If p = (v0, . . . , vL) ∈ P0, looking at the case 1 in the proof of
Proposition 93, we have

∂ψθp,vL
∂τvl→vl+1

(τθ) = 1{vl→vl+1∈p}
∏

k∈J0,L−1K
k ̸=l

wvk→vk+1
.

Recalling the definition of αp(xi, θ) in the case p ∈ P0, given in (4.2.2), we also
have

αp(x
i, θ) = xiv0

L−1∏
k=1

avk(x
i, θ),

and thus

αp(x
i, θ)

∂ψθp,vL
∂τvl→vl+1

(τθ) = 1{vl→vl+1∈p} x
i
v0

L−1∏
k=1

avk(x
i, θ)

∏
k∈J0,L−1K

k ̸=l

wvk→vk+1
.

(4.A.48)

Now if p = (vl′ , . . . , vL) ∈ Pl′ , for l′ ∈ J1, . . . , L − 1}, looking at the case 2 in the
proof of Proposition 93, we have

∂ψθp,vL
∂τvl→vl+1

(τθ) = 1{vl→vl+1∈p} bvl′
∏

k∈Jl′,L−1K
k ̸=l

wvk→vk+1
.

Recalling the definition of αp(xi, θ) in the case p ∈ Pl′ , given in (4.2.2), we also
have

αp(x
i, θ) =

L−1∏
k=l′

avk(x
i, θ),
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and thus

αp(x
i, θ)

∂ψθp,vL
∂τvl→vl+1

(τθ) = 1{vl→vl+1∈p} bvl′

L−1∏
k=l′

avk(x
i, θ)

∏
k∈Jl′,L−1K

k ̸=l

wvk→vk+1
.

(4.A.49)

Finally, if p = β, looking at the case 3 in the proof of Proposition 93, we have

∂ψθp,vL
∂τvl→vl+1

(τθ) = 0,

and thus

αp(x
i, θ)

∂ψθp,vL
∂τvl→vl+1

(τθ) = 0. (4.A.50)

Assembling (4.A.48), (4.A.49) and (4.A.50), we can sum over all p ∈ P, and
obtain

γi,vLvl+1→vl
=

∑
p∈P0

p=(v0,...,vL−1)

1{vl→vl+1∈p} x
i
v0

L−1∏
k=1

avk(x
i, θ)

∏
k∈J0,L−1K

k ̸=l

wvk→vk+1

+
L∑
l′=1

∑
p∈Pl′

p=(vl′ ,...,vL−1)

1{vl→vl+1∈p} bvl′

L−1∏
k=l′

avk(x
i, θ)

∏
k∈Jl′,L−1K

k ̸=l

wvk→vk+1

which can be reformulated, getting rid of the zero sums when vl → vl+1 ̸∈ p, as

γi,vLvl+1→vl
=

∑
v0∈V0

...
vl−1∈Vl−1
vl+2∈Vl+2

...
vL−1∈VL−1

xiv0wv0→v1avl(x
i, θ)

∏
k∈J1,L−1K

k ̸=l

avk(x
i, θ)wvk→vk+1

+

L∑
l′=1

∑
vl′∈Vl′

...
vl−1∈Vl−1
vl+2∈Vl+2

...
vL−1∈VL−1

avl(x
i, θ)bv′l

∏
k∈Jl′,L−1K

k ̸=l

avk(x
i, θ)wvk→vk+1

,

which shows (4.A.46).
The proof of (4.A.47) is similar to the one of (4.A.46).
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5.1 Introduction

On the importance of local complexity measures for neural networks
Deep neural networks has a huge impact on many practical aspects of our lives.
Training a neural network requires optimizing a non-convex function, in a large di-
mensional space. Surprisingly, in many cases, although the number of parameters
defining the neural network exceeds by far the amount of training data, the learned
neural network generalizes and performs well with unseen data [195]. This is sur-
prising because in this setting the set of global minimizers is large [51, 106] and
contains elements that generalize poorly [192, 134].

Not surprisingly, the good generalization behavior is not explained by the clas-
sical statistical learning theory (e.g., [6, 83]) that considers the worst possible pa-
rameters in the parameter set. For instance, the Vapnik-Chervonenkis dimension
of feedforward neural networks of depth L, with W parameters, with the ReLU
activation function is1 ‹O(LW ) [16, 20, 113], leading to an upper bound on the
generalization gap of order 1 ‹O(

»
LW
n ), where n is the sample size. This worst-

case analysis is not accurate enough to explain the success of deep learning, when
W ≫ n.

This leads to the conclusion that a global analysis, that applies to all global
minima and the worst possible neural network that fits the data, will not permit to
explain the success of deep learning. A local analysis is needed.

Despite tremendous research efforts in this direction (see, e.g., [83] and references
below) an explanation for the good generalization behavior in deep learning is still
lacking. The attempts of explanation suggest that stochastic algorithms discover
‘good minima’ . These are minima having special properties that authors would
like to model using local complexity measures that are pivotal in the mathematical
explanation. Authors aim to establish that stochastic algorithms prioritize outputs
(parameterizations at convergence) with low local complexity and to demonstrate
that low local complexity explains the good generalization to unseen data [18, 44,
34, 99]. This is sometimes also expressed as some form of implicit regularization
[92, 22, 134].

In this spirit, many authors contend that the excellent generalization behavior
can be attributed to the fulfillment of conditions regarding the flatness of the land-
scape in the proximity of the algorithm’s output [99, 63, 42, 90]. This is known
however not to fully capture the good generalization phenomenon [53]. Other stud-
ies explain the good generalization performances by constraints involving norms of
the neural network weights [18, 137, 77, 15]. Despite being supported by partial
arguments, none of the aforementioned local complexity measures fully explain the
experimentally observed behaviors.

This is in sharp contrast with linear networks for which implicit regularization
is better understood. The consensus is that implicit regularization constrains the
rank of the prediction matrix, the matrix obtained when multiplying all the factors

1. The notation ‹O(·) ignores logarithmic factors.
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of the linear network [9, 155, 167, 73, 74, 2].

Local dimensions of the image and pre-image sets This article investigates
properties and computational aspects of local complexity measures of deep ReLU
neural networks, recently introduced in [82]. The considered complexity measures
relate to the local geometry of the image set as defined by {fθ(X) | θ varies} and
the pre-image set {θ′ | fθ′(X) = fθ(X)}, where fθ(X) is the prediction, for an
input sample X, made by the neural network of parameter θ. When the differential
Dfθ(X) of θ 7→ fθ(X) is appropriately defined, these concepts of complexity are
associated with the local dimension of these sets, see Corollary 105, and related
to the rank of the aforementioned differential, denoted rank(Dfθ(X)) and called
batch functional dimension in [82]. Notice that, before [82], the batch functional
dimension already appeared in an identifiability condition in [28].

Main contributions and organization of the paper
— In Theorem 103 (Section 5.3), up to a negligible set, we decompose the pa-

rameter space as a finite union of open sets. On each set, the batch functional
dimension

rank(Dfθ(X))

is well defined and constant. The construction of the sets shows that almost
everywhere, the activation pattern (defined in Section 5.2) determines the
batch functional dimension. We also establish in Proposition 104 (Section
5.3) that the batch functional dimension is invariant under classical invari-
ants of ReLU neural networks, positive rescaling, and neuron permutation as
defined in Section 5.2. We also provide examples in Section 5.3.

— In Section 5.4, we illustrate the consequences of the statements of Section
5.3 when learning a deep ReLU network. In particular, we explain the links
between the batch functional dimension, and the local dimensions of the
image and pre-image sets, see Corollary 105 and Figure 5.1. We also illustrate
in this figure how the described geometry impacts the iterates trajectory
for small learning rates, see Figure 5.1, and describe the geometry induced
implicit regularization (Section 5.4).

— In Section 5.5, we study the computable full functional dimension 1 defined
by

r∗(θ) = max
X

rank(Dfθ(X)).

The first result of the section states that the achievable activation patterns for
θ determine r∗(θ), see Theorem 108. It also shows that when more activation
patterns can be achieved, r∗ increases. As for the batch functional dimension,
we establish that the computable full functional dimension is invariant under
positive rescalings and neuron permutations. We finish the section with a

1. As its name indicates, the computable full functional dimension is a variant of the full func-
tional dimension defined in [82], that we can compute.
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connection between the computable full functional dimension and the fat-
shattering dimension of neural networks.

— In Section 5.6 we provide the details on the practical computation of
rank(Dfθ(X)), for given X and θ. We also establish in Theorem 113 that,
for a given θ, a random X of sufficient size can be used to compute r∗(θ).
Indeed, we upper bound the probability of not reaching r∗(θ), as a vanishing
function of the number of columns of X. The upper bound depends on two
natural quantities p and n∗(θ) (see Theorem 113 for details).

— Finally, we provide experiments on the MNIST dataset in Section 5.7. In
Section 5.7.2, we analyze the behavior of the local complexity measures when
the width of the network increases. We also describe their behavior during
the learning phase. We also show how they behave when the distribution of
(X,Y ) is artificially complexified.

All the proofs are in the Appendices and the codes are available at [27].

Related works To the best of our knowledge, the functional dimensions of deep
ReLU neural networks has only been explicitly studied by [82, 80]. The article
[82] is very rich and it is difficult to summarize it in a few lines 2. The authors
establish sufficient conditions guaranteeing that θ 7−→ fθ(X) is differentiable. The
conditions are comparable but weaker than the one presented here. The benefit
of the difference is that our conditions guarantee the value of the batch functional
dimension, allowing us to make the connection between the activation patterns and
the batch functional dimension. They define and provide examples to illustrate that
the batch functional dimension and the computable full functional dimension vary.
They also prove that for all narrowing architectures 3, the functional dimension as
defined by maxθmaxX rank(Dfθ(X)) reaches its upper-bound W −W ′ where W ′

is the number of positive rescalings. They finish their article with several examples
showing that the global structure of the pre-image set {θ′ | fθ′(X) = fθ(X)} can vary
in several regards. Grigsby, Lindsey, and Rolnick prove that when the input size
lower-bounds the other widths there exist parameters for which the batch functional
dimension reaches the upper-bound W −W ′. They also numerically estimate, for
several neural network architectures, the size of the sets of parameters that reach
this upper bound.

Geometric properties of the pre-image set of a global minimizer have been studied
in [51]. Topological properties of a variant of the image set included in function
spaces, {fθ | θ varies}, have been established in [144].

There are many articles devoted to the identifiability of neural networks [145,
39, 159, 179, 28, 26]. For a given θ, they study conditions guaranteeing that the
pre-image set of 4 fθ(X) coincides with the set obtained when considering all the

2. A weakness of [82] is that it considers neural networks whose last layer undergoes a ReLU
activation.

3. Narrowing architectures are such that widths decrease.
4. In these articles X sometimes contains infinitely many examples, in which case we let fθ(X)

denote the function fθ restricted to X.
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positive rescalings of θ. Of particular interest in our context, the authors of [28]
establish that the condition rank(Dfθ(X)) = W − W ′ is sufficient to guarantee
local identifiability. The same condition is also involved in a necessary condition of
local identifiability.

Other local complexity measures, not related to the geometry of neural networks,
have been considered. In [125, 150, 86], the authors measure complexity using the
number of achievable activation patterns.

The objects studied in this article are also related to the properties of the land-
scape of the empirical risk. Studies of these properties for instance permit to guar-
antee that first-order algorithms find a global minimizer [176, 138, 162, 55], focus
on the shape at the bottom of the empirical risk [72, 163, 84] and on flatness [99,
63, 42, 90].

The local properties studied in the present article also have an impact on the
iterates trajectory and therefore the biases induced by the optimization as studied
in [18, 44, 34, 99].

Finally, [11, 182] establish generalization bounds of compressed neural networks.
This might provide hints for the construction of upper-bounds of the generalization
gap based on the local geometric complexity measures considered in this article.

5.2 ReLU networks and notations

ReLU network architecture Let us introduce our notations for deep fully-
connected ReLU networks. In this paper, a network is a graph (E, V ) of the following
form.

— V is a set of neurons, which is divided into L + 1 layers, with L ≥ 2: V =⋃L
ℓ=0 Vℓ. Throughout the paper, for a, b ∈ N, a ≤ b, Ja, bK is the set of

consecutive integers {a, a + 1, . . . , b}. The layer V0 is the input layer, VL is
the output layer and the layers Vℓ with 1 ≤ ℓ ≤ L− 1 are the hidden layers.
Using the notation |C| for the cardinal of a finite set C, we denote, for all
ℓ ∈ J0, LK, Nℓ = |Vℓ| the size of the layer Vℓ.

— E is the set of all oriented edges v → v′ between neurons in consecutive
layers, that is

E = {v′ → v | v′ ∈ Vℓ−1, v ∈ Vℓ, for ℓ ∈ J1, LK}.

A network is parameterized by weights and biases, gathered in its parameterization
θ, with

θ = ((wv′→v)v′→v∈E , (bv)v∈B) ∈ RE × RB,

where B =
⋃L
ℓ=1 Vℓ. We have W = |E|+ |B|

The activation function, denoted σ, is always ReLU: for any p ∈ N∗ and any vec-
tor
x = (x1, . . . , xp)

T ∈ Rp, it is defined as σ(x) = (max(x1, 0), . . . ,max(xp, 0))
T . Here

and in the sequel, the symbol N∗ denotes the set of natural numbers without 0.
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ReLU network prediction For a given θ, we define recursively f ℓθ : RV0 → RVℓ ,
for ℓ ∈ J0, LK and x ∈ RV0 , by

(f0θ (x))v = xv, for v ∈ V0,
(f ℓθ(x))v = σ

Ä∑
v′∈Vℓ−1

wv′→v(f
ℓ−1
θ (x))v′ + bv

ä
, for v ∈ Vℓ, when ℓ ∈ J1, L− 1K,

(fLθ (x))v =
∑

v′∈VL−1
wv′→v(f

L−1
θ (x))v′ + bv, for v ∈ VL.

(5.2.1)
We define the function fθ : RV0 → RVL implemented by the network of parameter

θ as fθ = fLθ . We call it the prediction or the inference. For all n ∈ N∗, we usually
write an input set of size n for a neural network as a matrix X = (x(i))i∈J1,nK ∈
RN0×n, where x(i) is the i-th column of X and the i-th input of the network. We also
allow to write fθ as operating on an input set X, that is we may write fθ : RN0×n →
RNL×n and we define fθ(X) as the matrix gathering the outputs (fθ(x

(i)))i∈J1,nK.
Among other quantities, we study in this article the set

{fθ(X) | θ ∈ RE × RB},
for X ∈ RN0×n fixed, which we call an image set. When it is differentiable at θ, we
denote by Dfθ(X) the differential of the mapping

RE × RB −→ RNL×n

θ′ 7−→ fθ′(X)

at the point θ. We recall that the differential at θ is the linear map

Dfθ(X) : RE × RB −→ RNL×n (5.2.2)

such that, for θ′ ∈ RE × RB in a neighborhood of zero,

fθ+θ′(X) = fθ(X) +Dfθ(X)(θ′) + o(∥θ′∥). (5.2.3)

Invariance by positive rescaling and neuron permutations Consider two
parameters θ, θ̃ ∈ RE×B, with θ̃ =

Ä
(w̃v→v′)v→v′∈E , (̃bv)v∈B

ä
. Then we say that

θ and θ̃ are equivalent modulo positive rescaling, and we write θ ∼s θ̃, when the
following holds. There are (λv)v∈V0∪···∪VL ∈ (0,∞)V0∪···∪VL such that λv = 1 for
v ∈ V0 ∪ VL and for ℓ ∈ J1, LK, v ∈ Vℓ−1, v′ ∈ Vℓ,

wv→v′ =
λv′

λv
w̃v→v′ , (5.2.4)

bv′ = λv′ b̃v′ . (5.2.5)

Then it is a well-known property of ReLU networks [26, 28, 135, 178, 179, 194] that
if θ ∼s θ̃ then fθ = f

θ̃
, that is, positive rescalings are a invariant transformations of

the network parameterization.
Another classic invariant consists in swapping neurons, and their corresponding

weights, within each hidden layer. If θ̃ stands for the permuted weights, we denote
the corresponding equivalence relation θ̃ ∼p θ. Again, when θ̃ ∼p θ, we have f

θ̃
= fθ.

We say that θ̃ ∼ θ if there exists θ′ such that θ̃ ∼p θ′ and θ′ ∼s θ. Again, if
θ̃ ∼ θ, then fθ = f

θ̃
.
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Activation patterns For any ℓ ∈ J1, L− 1K, v ∈ Vℓ, θ ∈ RE × RB and x ∈ RN0 ,
we define the activation indicator at neuron v by

av(x, θ) =

{
1 if

∑
v′∈Vℓ−1

wv′→v(f
ℓ−1
θ (x))v′ + bv ≥ 0

0 otherwise.

Using (5.2.1), we have for the ReLU activation function σ, any ℓ ∈ J1, L − 1K and
v ∈ Vℓ,

(f ℓθ(x))v = av(x, θ)

Ñ ∑
v′∈Vℓ−1

wv′→v(f
ℓ−1
θ (x))v′ + bv

é
. (5.2.6)

We then define the activation pattern as the mapping

a : RN0 ×
Ä
RE × RB

ä
−→ {0, 1}N1+···+NL−1

(x, θ) 7−→ (av(x, θ))v∈V1∪···∪VL−1
.

For X ∈ RN0×n as considered above, we let a(X, θ) ∈ {0, 1}(N1+···+NL−1)×n be
defined by, for i ∈ J1, nK and v ∈ V1 ∪ · · · ∪ VL−1, av,i(X, θ) = av(x

(i), θ). We also
call activation patterns the elements of {0, 1}N1+···+NL−1 or {0, 1}(N1+···+NL−1)×n.

Further notation We use the notation rank(·) for the rank of linear maps and
matrices. The determinant of a square matrix M is denoted det(M). If the matrix
M ∈ Ra×b for a, b ∈ N∗, then for i ∈ J1, aK, we write Mi,: for the row i of M .

All vector spaces are endowed with the standard Euclidean topology. For two
sets C ⊂ D of a topological space, we denote Int(C) the topological interior of C,
∂C its boundary and Cc = D \ C the complement of C in D. When D is the
whole space containing C, we just refer to this last set as ‘the complement of C’.
For all Euclidean space V , all element x ∈ V , and all real number r ≥ 0, the open
Euclidean ball of radius r centered at x is denoted by B(x, r).

5.3 Rank properties

In this section, we give the key technical theorem on which the remaining of the
article relies. We then illustrate the theorem with examples showing the diversity
of situations that might occur.

For n ∈ N∗, the function

RN0×n × (RE × RB) −→ {0, 1}(N1+···+NL−1)×n

(X, θ) 7−→ a(X, θ)

takes a finite set of values, that we write ∆1, . . . ,∆q. Let us write, for j ∈ J1, qK,‹Onj = Int
¶
(X, θ) ∈ RN0×n × (RE × RB) | a(X, θ) = ∆j

©
, (5.3.1)

and let us only keep the non-empty ‹Onj . If mn ∈ J1, qK is the number of such non-
empty sets, up to a re-ordering, we can assume that we keep ‹On1 , . . . , ‹Onmn

. As will
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be formally established in Lemma 115, on the sets ‹Onj , the function θ 7→ fθ(X) is
differentiable. We can therefore define, for n ∈ N∗ and j ∈ J1,mnK,

rnj = max
(X,θ)∈‹On

j

rank(Dfθ(X)). (5.3.2)

We then define the subset of ‹Onj on which the rank is maximal. For n ∈ N∗ and
j ∈ J1,mnK,

Onj = {(X, θ) ∈ ‹Onj | rank(Dfθ(X)) = rnj }. (5.3.3)

Similarly, for n ∈ N∗ and X ∈ RN0×n, the function θ 7→ a(X, θ) takes a finite
number of values ∆X

1 , . . . ,∆
X
qX

, and we define, for j ∈ J1, qXK,

ŨXj = Int{θ ∈ RE × RB | a(X, θ) = ∆X
j }. (5.3.4)

Similarly, we keep only the nonempty such sets, and if pX ∈ J1, qXK is the
number of such sets, we can assume up to a re-ordering that we keep ŨX1 , . . . , ŨXpX .
Again, as we will establish in Lemma 115, on the sets ŨXj , the function θ 7→ fθ(X)

is differentiable. We can therefore define, for n ∈ N∗, X ∈ RN0×n and j ∈ J1, pXK,

rXj = max
θ∈ŨX

j

rank(Dfθ(X)). (5.3.5)

We finally define the subset of ŨXj on which the rank is maximal. For n ∈ N∗,
X ∈ RN0×n and j ∈ J1, pXK,

UXj = {θ ∈ ŨXj | rank(Dfθ(X)) = rXj }. (5.3.6)

The following theorem is composed of two parts. In the first one, we study
(X, θ) 7→ fθ(X) over RN0×n × (RE × RB), and we provide properties of the sets
On1 , . . . ,Onmn

. In the second one, we study θ 7→ fθ(X) over RE × RB, for X fixed,
and we provide properties of the sets UX1 , . . . ,UXpX .

Note that for both parts (i) and (ii), Items 1, 2 and 3 hold trivially by definition,
while Items 4, 5 and 6 require detailed proofs.

Theorem 103. Consider any deep fully-connected ReLU network (E, V ).
(i) For all n ∈ N∗, by definition,

— the sets On1 , . . . ,Onmn
are non-empty and disjoint,

— for all j ∈ J1,mnK, the function (X, θ) 7→ a(X, θ) is constant on Onj and
takes mn distinct values on ∪mn

j=1Onj ;
— for all j ∈ J1,mnK, (X, θ) 7→ rank(Dfθ(X)) is constant on Onj and equal

to rnj .
Furthermore,
— the sets On1 , . . . ,Onmn

are open,
—
Ä
∪mn
j=1Onj

äc
is a closed set with Lebesgue measure zero;

— for all j ∈ J1,mnK, (X, θ) 7→ fθ(X) is a polynomial function with degree
less than or equal to L+ 1 on Onj .
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(ii) For all n ∈ N∗, for all X ∈ RN0×n, by definition,
— the sets UX1 , . . . ,UXpX are non-empty and disjoint,
— for all j ∈ J1, pXK, the function θ 7→ a(X, θ) is constant on each UXj and

takes pX distinct values on ∪pXj=1UXj ;
— for all j ∈ J1, pXK, θ 7→ rank(Dfθ(X)) is constant on UXj and equal to

rXj .
Furthermore,
— the sets UX1 , . . . ,UXpX are open,
—
Ä
∪pXj=1UXj

äc
is a closed set with Lebesgue measure zero;

— for all j ∈ J1, pXK, θ 7→ fθ(X) is a polynomial function with degree less
than or equal to L on UXj .

The proof of the theorem is in Appendix 5.A.1.
This theorem formalizes that the sets (Onj )j∈J1,mnK (resp (UXj )j∈J1,pXK) almost

cover the spaces RN0×n × (RE × RB) (resp. RE × RB). Moreover, on each set
Onj (resp. UXj ) the activation pattern is constant, and the function (X, θ) 7→ fθ(X)

(resp. θ 7→ fθ(X)) is polynomial. We only state that it is a polynomial but we would
like to emphasize here that the structure of the polynomials is very particular. For
instance, every variable appears with a degree at most one, and all monomials have
the same degree. A more complete description of the polynomial structure is, for
instance, given in [28, 179]. Also, looking at the definition of ‹Onj (resp ŨXj ) and Onj
(resp UXj ), using that

Ä
∪mn
j=1Onj

äc
(resp

Ä
∪pXj=1UXj

äc
) is a closed set with Lebesgue

measure zero, we find that,

Onj is open and dense in ‹Onj and UXj is open and dense in ŨXj .

In other words, modulo negligible sets, the activation pattern determines
rank(Dfθ(X)). Finally, the conclusions concerning rank(Dfθ(X)) have direct con-
sequences on the dimensions of the image {fθ′(X) | θ′ ∈ B(θ, ε)} and the pre-image
{θ′ ∈ B(θ, ε) | fθ′(X) = fθ(X)}, where ε > 0 is small enough. The consequences and
their implications in machine learning applications are described in greater detail in
the next sections.

When compared to the existing similar statements in [179, 82, 28, 81], the par-
ticularity of Theorem 103 is that the construction of the sets Onj and UXj permits
to include, in the third item of (i) and (ii), a statement on rank(Dfθ(X)). To the
best of our knowledge, this quantity appears for the first time in conditions of local
parameter identifiability, in [28]. It appears independently a few months later, as the
core quantity of a study dedicated to the geometric analysis of neural networks, in
[82]. In the latter article, this quantity is called the ‘batch functional dimension’ and
we will use this name in this article.

Because the input space of Dfθ(X) is always RE×RB, the quantity rank(Dfθ(X))

is upper bounded by the number of parameters |E| + |B|. Furthermore, as for-
malized in [82], because of the invariance by positive rescaling, see the definition
and discussion of the relation ∼ in Section 5.2, we even have rank(Dfθ(X)) ≤
|E|+|B|−N1−· · ·−NL−1. In fact, when rank(Dfθ(X)) = |E|+|B|−N1−· · ·−NL−1,
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under mild conditions on θ, the network function is locally identifiable around θ, see
[28]. That is, fθ(X) = fθ′(X) and ∥θ − θ′∥ small enough imply θ ∼ θ′. Beyond the
case of maximal rank value, rank(Dfθ(X)) = |E|+ |B|−N1−· · ·−NL−1, leading to
local identifiability, examples of non-identifiable neural networks and rank deficient
parameters are already given in [82, 26, 175, 80].

Let us emphasize a simple example illustrating that several rank values can be
achieved.

Examples 1. Consider L ≥ 3, any neuron v ∈ Vl, for l ∈ {2, . . . , L − 1}, and
θ ∈ RE × RB such that

bv < 0 and wv′→v < 0, for all v′ ∈ Vl−1. (5.3.7)

Since, because of the ReLU activation function, for all x ∈ RN0 and all v′ ∈ Vl−1, we
have (f l−1

θ (x))v′ ≥ 0, (5.2.1) guarantees that (f lθ(x))v = 0. This holds for all θ in the
open set defined by the equations (5.3.7). In this set, the parameters (wv′→v)v′∈Vl−1

and bv have no impact on fθ(X), which leads to a rank deficiency of Dfθ(X).
Going further, consider any θ ∈ RE × RB. According to the above remark, we can
change the weights arriving to a given neuron v, and assign them negative values so
that (5.3.7) holds, to diminish rank(Dfθ(X)). We can redo this operation to many
neurons to diminish the rank further. As a conclusion to the example, many values
of rank(Dfθ(X)) are reached at different places in the parameter/input space.

Let us conclude the section by showing that the quantity rank(Dfθ(X)), as well
as the sets ‹On1 , . . . , ‹Onmn

and ŨX1 , . . . , ŨXpX , are invariant with respect to the positive
rescaling and/or neuron permutation relations defined in Section 5.2.

Proposition 104. Consider any deep fully-connected ReLU network (E, V ).
For any n ∈ N∗, X ∈ RN0×n, j ∈ J1, pXK, and θ ∈ ŨXj we have:
— for any θ̃ ∈ RE × RB such that θ̃ ∼ θ, Df

θ̃
(X) is well defined and we have

rank
(
Df

θ̃
(X)

)
= rank(Dfθ(X)).

— for any θ′ ∈ RE × RB such that θ′ ∼s θ, we have θ′ ∈ ŨXj and if there is
j′ ∈ J1,mnK such that (X, θ) ∈ ‹Onj′, then (X, θ′) ∈ ‹Onj′.

The proof of the proposition is in Appendix 5.A.2.
This invariance is a benefit of the complexity measure rank(Dfθ(X)). For in-

stance, it does not hold for the local flatness of the empirical risk function studied
in [42, 63, 90, 99]. This leads to undesired behaviors [53]. Similarly, complexity
measures defined by norms [15, 18, 77, 137] are not invariant to positive rescalings 5.

Consider X ∈ RN0×n and j ∈ J1, pXK. Note that UXj corresponds to full-rank
cases (for Dfθ(X) and in ŨXj ) and ŨXj \UXj corresponds to deficient-rank cases.

5. For both flatness and norms, it is, of course, possible to consider the minimum of the com-
plexity criterion over the equivalence class of a θ element. However, this is an additional burden
that is not necessary for criteria based on the functional dimension.
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Thus, Proposition 104 shows that the rank is stable by the relation ∼, and therefore
∼s, when it is full and when it is deficient. As a consequence, not only the set ŨXj
is stable by the relation ∼s, but also the sets UXj and ŨXj \ UXj . For instance if
θ ∈ UXj and θ′ ∼s θ, then θ′ ∈ ŨXj and rank(Dfθ′(X)) = rank(Dfθ(X)) = rXj , thus
θ′ ∈ UXj .

Similarly, the sets Onj and ‹Onj \Onj are stable by the relation ∼s, for j ∈ J1,mnK.
For instance, by the same arguments as above, if (X, θ) ∈ Onj and θ′ ∼s θ, then
(X, θ′) ∈ Onj .

5.4 Geometric interpretation when X is fixed

The statement of Theorem 103, (i) is used in Section 5.5. In this section, we
mostly describe the consequences of Theorem 103, (ii). The next corollary is a
straightforward consequence of the constant rank theorem and Theorem 103, (ii).

Corollary 105. Consider any deep fully-connected ReLU network (E, V ).
For any n ∈ N∗, X ∈ RN0×n, j ∈ J1, pXK and θ ∈ UXj , there exists εX,θ > 0 such

that
— the local image set

{fθ′(X) ∈ RNL×n | ∥θ′ − θ∥ < εX,θ}

is a smooth manifold of dimension rank(Dfθ(X));
— the local pre-image set

{θ′ ∈ RE × RB | fθ′(X) = fθ(X) and ∥θ′ − θ∥ < εX,θ}

is a smooth manifold of dimension |E|+ |B| − rank(Dfθ(X)).

The corollary is illustrated in Figure 5.1. There we consider a regression problem
with a fixed target data matrix Y ∈ RNL×n corresponding to the input matrix
X ∈ RN0×n. We consider the square loss ∥Y − fθ(X)∥2, for θ ∈ RE × RB, where
∥ · ∥ is the Euclidean (Frobenius) norm. We also consider θ∗ minimizing the square
loss.

Geometry induced implicit regularization In the figure, we display a (fictive)
illustrative case, that can be considered as representative of the practice of deep
neural networks, and of our numerical experiments in Section 5.7. We consider
here that in Corollary 105, pX = 7. Hence, there are 7 sets UX1 , . . . ,UX7 forming a
partition of RE × RB. On the figure, for j ∈ J1, 7K, the image of UXj , {fθ(X) | θ ∈
UXj }, is drawn with the same color as UXj . Locally has the structure of a smooth
manifold of dimension rXj . The rank values are rX1 = 1, rX2 = 2, rX3 = 1, rX4 = 0,
rX5 = 1, rX6 = 1, rX7 = 1 and thus the full image set {fθ(X) | θ ∈ RE × RB} is
a two-dimensional object. In the figure, this full image set is mainly covered by
the two-dimensional image set {fθ(X) | θ ∈ UX2 }, and the six other image sets
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θ ∈ RE × RB

UX1

UX2

UX3

UX4

UX5

UX6
θ∗×

UX7

fθ(X)
RNL×n

Y × ×fθ∗(X)

•
∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

∗∗∗∗∗∗∗∗∗∗∗∗∗∗

Figure 5.1 – Schematic representation of the sets UXj (left) and the corresponding
local image sets {fθ(X) | θ ∈ UXj }, j ∈ J1, 7K (right). We have rX1 = 1, rX2 = 2,
rX3 = 1, rX4 = 0, rX5 = 1, rX6 = 1, rX7 = 1. The image of UX2 is the curved
diamond-shaped area, hatched in cyan (right). The images of the sets UXj with
rXj = 1 are represented with lines of their respective colors (right). The image of
UX4 with rX4 = 0 is represented by a magenta bullet point (right). We consider the
square loss in RNL×n. The target Y ∈ RNL×n and the global solution fθ∗(X) of the
regression problem are represented (right). The pre-image of fθ∗(X) is displayed in
brown (left). A minimizing sequence is represented by gray stars, in the parameter
space (left) and the image space (right).

{fθ(X) | θ ∈ UXj }, j ∈ J1, 7K \ {2}, of dimension one or zero, are at the boundary of
{fθ(X) | θ ∈ RE×RB}. Hence, intuitively they are ‘exposed’, meaning in particular
that if Y does not belong to the full image set, then the optimal prediction fθ∗(X)

is in one of the smaller dimensional {fθ(X) | θ ∈ UXj }, j ∈ J1, 7K \ {2}. This is an
illustration of the geometry induced implicit regularization phenomenon put
to evidence in this article. In practice, parameters found by minimizing the empirical
risk numerically tend to have a small complexity as measured by rank(Dfθ(X)),
where X is the learning sample. This illustrative situation in Figure 5.1 corresponds
to the empirical observations made in Section 5.7.2. In this section, we will even see
that, consistently in our experiments, a larger optimal loss leads to a smaller batch
functional dimension. We will also see empirically in Section 5.7.2 that for large
parameter complexities (W large), the batch functional dimension computed on the
learning sample remains moderate. There are two complementary explanations.
First, even though the training error is null, because of the soft-max activation
on the last layer, the cross-entropy loss slightly differs from zero. Secondly, there
may exist θ for which the loss is exactly zero, but this θ is apparently not in the
convergence basin in which the local search algorithm optimizes.
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Influence of the geometry on the optimization trajectory In Figure 5.1,
we also display a (fictive) minimizing sequence, that is a set of pairs (θn, fθn(X))n∈N
obtained by a numerical gradient-descent-based optimization procedure. This se-
quence is initialized in UX2 , then passes in UX5 and then UX6 , where the optimal so-
lution lies. This illustrative example is an illustration of the experimental results of
Section 5.7.3. There, during the learning phase, the sequence (rank(Dfθn(X)))n∈N
typically decreases. According to Corollary 105, this corresponds to an objective
landscape that becomes flatter and flatter, in the sense that the local dimension of
the pre-image of fθn(X) increases. Locally in the parameter space, the objective
function is constant along a smooth manifold of a larger dimension. This resembles
but slightly differs from the notion of ‘flat minima’ usually considered to explain the
good generalization properties of deep learning [99, 53, 63, 42, 90].

5.5 Rank saturating X, when θ is fixed

In this section, we define dense subset of RE × RB and for θ in this subset, we
analyze the maximum value of rank(Dfθ(X)), for any X of any size, in a dense
set. This is a natural notion of complexity, that we call ‘computable full functional
dimension’. In particular, it is independent of X and measures the expressive poten-
tial of the neural network defined by θ. It is linked to the full functional dimension
in [82], but can be computed (see Section 5.6.2), thus the name.

After giving the main definitions and establishing the first properties of the
considered mathematical objects, we give the main result of this section (Theorem
108), which states that the computable full functional dimension depends only on
the attainable activation patterns for the considered θ, when X varies. We also show
the invariance of the computable full functional dimension with respect to neural
permutation and positive rescaling. We finally establish a simple link with the (local
and global) fat-shattering dimensions of the neural networks of architecture (E, V ).

For a fixed θ ∈ RE × RB and any activation pattern δ ∈ {0, 1}N1+···+NL−1 , we
denote

Dδ(θ) = {x ∈ RN0 | a(x, θ) = δ}. (5.5.1)

It is well known (among many others, see [26]) that the restriction of the function
x 7→ fθ(x) to Dδ(θ) is affine. It is therefore smooth in Int(Dδ(θ)) but, generically,
the function is not differentiable at the boundary of Dδ(θ). For any θ ∈ RE × RB,
following [179], we also define the achievable activation patterns

A(θ) = {δ ∈ {0, 1}N1+···+NL−1 | Int(Dδ(θ)) ̸= ∅} (5.5.2)

and
Xθ =

⋃
δ∈A(θ)

Int(Dδ(θ)).

Before going further, let us establish that Xθ is dense in RN0 . Consider the
partial neural network functions x 7→ f ℓθ(x), ℓ ∈ J0, LK, see (5.2.1). These functions
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are continuous piecewise linear from [26, Proposition 32] (among other references
stating this well-known result). Hence the complement set X cθ is contained in a finite
union of hyperplanes. Hence, the set Xθ is dense (and open) in RN0 .

We extend this definition to samples and set, for n ∈ N∗ and θ ∈ RE × RB,

X nθ = {X ∈ RN0×n | ∀i ∈ J1, nK, x(i) ∈ Xθ}. (5.5.3)

The set X nθ is the nth order tensor product of the set Xθ with itself. By construction,
the set X nθ is open and dense in RN0×n, for all n and θ.

The results of this section will apply to all θ ∈ RE×RB except those in a subset
Z, which will turn out to be of Lebesgue measure zero – see Proposition 106. To
define the set Z, we first define, for all n ∈ N∗ and all θ ∈ RE × RB,

zn(θ) =
¶
X ∈ RN0×n | (X, θ) ∈

Ä
∪mn
j=1Onj

äc©
, (5.5.4)

where On1 , . . . ,Onmn
are defined in (5.3.3) and described in Theorem 103. The set

zn(θ) is closed and therefore Lebesgue measurable. We write, for all n ∈ N∗,

Zn =
¶
θ ∈ RE × RB | zn(θ) has positive Lebesgue measure in RN0×n

©
(5.5.5)

and Z = ∪n∈N∗ Zn. We state in the following proposition the most important
properties of Z, used in the remaining of the article.

Proposition 106. Consider any deep fully-connected ReLU network (E, V ).
(i) For all n ∈ N∗, the set Zn is Lebesgue measurable and has zero Lebesgue

measure on RE × RB.
(ii) The set Z is Lebesgue measurable and has zero Lebesgue measure on RE ×

RB.
(iii) For all θ ∈ (RE × RB) \ Z, all n ∈ N∗, and all X ∈ X nθ , the function

θ′ 7→ fθ′(X) is a polynomial function in a neighborhood of θ and it is therefore
differentiable at the point θ.

The proof of the proposition is in Appendix 5.B.1.
Using Proposition 106, (iii), we can define, for all n ∈ N∗ and all θ ∈ (RE ×

RB) \ Z, the main objects studied in this section

r∗n(θ) = max
X∈Xn

θ

rank(Dfθ(X)), (5.5.6)

and the computable full functional dimension

r∗(θ) = max
n∈N∗

r∗n(θ). (5.5.7)

Notice that, although X nθ is open and dense in RN0×n and the rank is lower
semi-continuous, the existence of X ∈ RN0×n \X nθ such that Dfθ(X) is well defined
and rank(Dfθ(X)) > r∗n(θ) is not excluded. The computable full functional dimen-
sion r∗(θ) therefore may slightly differ from the full functional dimension defined
in [82]. It lower bounds the full functional dimension. We will see in Section 5.6.2
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that its advantage is that it can be computed with a random X. Notice finally that
in Example 1 the rank deficiency caused by negative weights is independent of X.
Therefore, r∗(θ) achieves several values, as θ varies.

Notice also that, although we take the maximum over all n ∈ N∗, we know that
since, for all n ∈ N∗ and all X ∈ RN0×n, θ 7→ Dfθ(X) always has the same input
dimension |E|+ |B|, see (5.2.2), the maximum is reached for n ≤ |E|+ |B| (see also
Proposition 111 below).

The following proposition states that r∗n(θ) equals the largest of all the rnj , as
defined in (5.3.2), that are reachable when X varies, for the given θ.

Proposition 107. Consider any deep fully-connected ReLU network (E, V ).
For any θ ∈ (RE × RB) \ Z and n ∈ N∗,

r∗n(θ) = max
j∈In(θ)

rnj ,

where
In(θ) = {j ∈ J1,mnK | ∃X ∈ RN0×n, (X, θ) ∈ Onj }. (5.5.8)

The proposition is proved in Appendix 5.B.2.
The following theorem states that the achievable activation patterns, contained

in A(θ), determine r∗(θ). It also states that when the prediction has more affine
areas, that is for a fixed θ, X 7→ fθ(X) is piece-wise affine with with more pieces,
then this prediction is more complex, in the sense of r∗.

Theorem 108. Consider any deep fully-connected ReLU network (E, V ).
For any θ and θ′ in (RE × RB) \ Z,

if A(θ) ⊆ A(θ′) then r∗(θ) ≤ r∗(θ′);

as a consequence,

if A(θ) = A(θ′) then r∗(θ) = r∗(θ′).

The proof of the theorem is in Appendix 5.B.3.
Next, we show that r∗n(θ), r∗(θ) and Z are invariant by neuron permutation and

positive rescaling (recall the relations ∼, ∼s and ∼p presented in Section 5.2).

Proposition 109. Let θ ∈ RE × RB and θ̃ ∼ θ. Then θ ∈ Z ⇐⇒ θ̃ ∈ Z. Also, if
θ ∈ (RE × RB) \ Z, r∗n(θ) = r∗n(θ̃) for n ∈ N∗ and r∗(θ) = r∗(θ̃).

The proof of the proposition is in Appendix 5.B.4.
Let us conclude this section by showing that r∗(θ) provides a lower-bound on the

(local and global) fat-shattering dimensions for neural networks. The fat-shattering
dimension of a family of regression functions is a well-known measure of complexity,
see for instance [6, Chapter 11]. In the rest of the section, we let NL = 1 and, for a
subset A ⊆ RE ×RB, for γ > 0, the fat-shattering dimension of the family {fθ | θ ∈
A}, that we write fSA,γ , is defined as follows. It is the largest n ∈ N∗ such that
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there exist x(1), . . . , x(n) ∈ RN0 and t1, . . . , tn ∈ R such that for all I ⊆ J1, nK, there
is θ ∈ A such that for i ∈ I, fθ(x(i)) ≥ ti + γ and for i ∈ J1, nK \ I, fθ(x(i)) ≤ ti − γ.
If this property holds for all n then we let fSA,γ =∞.

The intuition is that fSA,γ is the largest number n of input points for which all 2n

combinations of being above or below the threshold ti by a margin γ, i ∈ J1, nK, can
be reached by the functions {fθ | θ ∈ A}, see [6]. When A is a small ball centered
at a parameter of interest we shall call fSA,γ a local fat-shattering dimension, and
when A = RE ×RB, we shall call fSA,γ a global fat-shattering dimension. The next
proposition shows the announced lower bound.

Proposition 110. Consider any deep fully-connected ReLU network (E, V ). Let
NL = 1 and θ ∈ (RE × RB) \ Z. Then for any ε > 0, there is γ > 0 such that we
have the following lower bound on the local fat-shattering dimension,

fSB(θ,ε),γ ≥ r∗(θ). (5.5.9)

As a consequence, there is γ′ > 0 such that the global fat-shattering dimension is
lower bounded as follows,

fSRE×RB ,γ′ ≥ max
θ∈(RE×RB)\Z

r∗(θ).

The proof of the proposition is in Appendix 5.B.5.
It consists first in obtaining local continuous differentiability, with an invertible

square Jacobian matrix and second in applying the inverse function theorem. Vari-
ations of this second step were already carried out in the literature, in particular in
[59].

Remark that the same proof would also apply to other measures of complexity,
for instance the Vapnik–Chervonenkis (VC) dimension [6, Chapter 3] of the binary
classifiers indexed by θ and obtained by taking the sign of fθ − fθ0 for any fixed
θ0 ∈ (RE × RB) \ Z.

Our motivation, for studying the fat-shattering dimension (or the VC-dimension),
is their relationships with notions of generalization errors in machine learning, and
with uniform convergence in probability and statistics, see in particular [5, 17, 50,
187] and references therein. In particular, Proposition 110 indicates that the com-
putable full functional dimension r∗(θ) can be seen as relevant for studying the
generalization error of neural networks in machine learning. This is argued in Sec-
tion 5.1 and confirmed numerically in Section 5.7.

Finally, remark that [16, 20, 113] relate the global VC dimension of neural
networks to their number of parameters (and their depths) while in Proposition 110
we consider local or global dimensions and relate them to the (smaller) computable
full functional dimension.
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5.6 Computational considerations

5.6.1 How to compute rank(Dfθ(X))

For a given X ∈ RN0×n and a given θ ∈ RE × RB, rank(Dfθ(X)) is computed
using the backpropagation and numerical linear tools computing the rank of a ma-
trix. To justify the computations, let us first recall the classical backpropagation
algorithm for computing the gradients with respect to the parameters of the net-
work, for a given loss Lo : RNL × RNL −→ R. We will then describe how to use
the backpropagation to compute rank(Dfθ(X)). We conclude with implementation
recommendations.

For a given input x ∈ RN0 and a given output y ∈ RNL , backpropagation
computes the gradient ∇Lo(fθ(x), y) of the function θ 7−→ Lo(fθ(x), y). To do so,
it first computes fθ(x) and stores the intermediate values yℓ = f ℓθ(x) ∈ RNℓ , for
ℓ ∈ J0, LK. This is known as the ‘forward pass’. Then, backpropagation computes
the vector of errors ηL defined by

ηL =
∂Lo

∂y1
(fθ(x), y),

where ∂Lo
∂y1

(fθ(x), y) ∈ RNL is the gradient of y1 7−→ Lo(y1, y), at the point fθ(x).
This vector is then backpropagated, from ℓ = L to ℓ = 1 thanks to the equation

∀v ∈ Vℓ−1 ηℓ−1
v = σ′(yℓ−1

v )
∑
v′∈Vℓ

wv→v′η
ℓ
v′ (5.6.1)

where σ′(t) = 1 if t > 0 and σ′(t) = 0 if t < 0. This allows to recursively obtain the
error vectors ηℓ ∈ RNℓ , for all ℓ ∈ J1, LK. This yields the gradients thanks to the
formulas

∀ℓ ∈ J1, LK,∀v ∈ Vℓ−1, v
′ ∈ Vℓ,

∂Lo(fθ(x), y)

∂wv→v′
= yℓ−1

v ηℓv′

and
∀ℓ ∈ J1, LK,∀v ∈ Vℓ,

∂Lo(fθ(x), y)

∂bv
= ηℓv.

This allows computing the gradients for one example (x, y). For a batch, the algo-
rithm is repeated for each example (x(i), y(i)), and the average of the so obtained
gradients is computed.

Let us now make the connection between backpropagation and the computation
of rank(Dfθ(X)). Vectorizing both the input and output spaces of θ 7−→ fθ(X),
we first notice that rank(Dfθ(X)) = rank(Jfθ(X)), where the Jacobian matrix
Jfθ(X) ∈ RnNL×(|E|+|B|) takes the form

Jfθ(X) =

Ö
Jfθ(x

(1))
...

Jfθ(x
(n))

è
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and, for all i ∈ J1, nK, Jfθ(x(i)) ∈ RNL×(|E|+|B|) is the Jacobian matrix of θ 7−→
fθ(x

(i)). We construct the matrix Jfθ(X) by successively computing each of its
lines, i.e. computing each line of Jfθ(x(i)) for all i ∈ J1, nK.

For a given i ∈ J1, nK and v ∈ VL, the line corresponding to v of Jfθ(x(i)) is indeed
simply obtained as the transpose of ∇Lov(fθ(x(i)), y(i)) for the function Lov : RNL×
RNL −→ R defined by Lov(y1, y2) = (y1)v, for all (y1, y2) ∈ RNL ×RNL . We indeed
have Lov(fθ′(x(i)), y(i)) = fθ′(x

(i))v for all θ′. The gradient ∇Lov(fθ(x(i)), y(i)) is
obtained using the backpropagation algorithm described above. Notice that for a
given v ∈ VL, using the definition of Lov, we always have ηLv = 1 and ηLv′ = 0 for
all v′ ̸= v. We need however to compute the forward pass in order to compute the
vectors yℓ, for ℓ ∈ J0, L−1K. Finally, once Jfθ(x(i)) is computed its rank is obtained
using standard linear algebra algorithms.

Our implementation uses existing the automatic differentiation of Tensorflow. It
is possible to call the method GradientTape.gradients, which can compute Jfθ(x)
for a single example x, and to repeat it for each example x(i). However, it is more
efficient to use GradientTape.jacobian which allows to compute directly Jfθ(X).
We do not report the details of the experiments here but we found even more
efficient to cut X in sub-batches and repeatedly call GradientTape.jacobian, when
appropriately choosing the size of the sub-batches.

Once Jfθ(X) built, the value of rank(Jfθ(X)) can be computed with the
np.linalg.rank function of Numpy, or using the accelerated rank computation of
Pytorch with a GPU, which improves the speed by some factors. Note that the
limiting factor when computing rank(Jfθ(X)) for large networks and for n large is
the computation of the rank and not the construction of Jfθ(X).

The codes are available at [27].

5.6.2 How to compute r∗

In this section, our goal is to estimate the maximal rank r∗(θ) from rank(Dfθ(X)),
whereX ∈ RN0×n is a random dataset composed of n i.i.d samples. Such an estimate
is already considered in [80]. Intuitively, the bigger n is, the better the estimation.
Indeed, we provide an upper bound on the probability that rank(Dfθ(X)) < r∗(θ)
as a function of n, see Theorem 113. This probability also depends on the prob-
ability of generating an example in the least probable linear region of x 7→ fθ(x).
This result can be compared to the smallest possible sample size n∗(θ) obtained if
an optimal X ∈ RN0×n∗(θ) was provided by an oracle, see Proposition 111.

The following proposition proves that the smallest possible sample size has the
order of magnitude of r∗(θ). Before stating the proposition, we remind that, since
the input space of Dfθ(X) is always RE × RB, we always have 6 r∗(θ) ≤ |E|+ |B|.

Proposition 111. Consider any deep fully-connected ReLU network (E, V ).

6. A tighter upper-bound taking into account the positive rescaling invariance of ReLU networks
is given in [82].
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Let θ ∈ (RE × RB) \ Z. Consider the sequence (r∗n(θ))n∈N∗. There exists (a
unique) n∗(θ) ∈ N∗ such that this sequence is increasing on J1, n∗(θ)K and stationary
(constant) on N∗ \ J1, n∗(θ)K. We also have

r∗(θ)
NL

≤ n∗(θ) ≤ r∗(θ).

The proof of the proposition is in Appendix 5.C.1. As its proof shows, the
following proposition is a direct consequence of the proposition 107. It already
gurantees that, without any knowledge of the problem, a random X following a
sufficiently spread distribution can be used to calculate r∗n(θ) and therefore r∗(θ).
Its purpose is to illustrate how the statements in the previous sections can be used
to calculate r∗(θ). A better statement is given in Theorem 113.

Proposition 112. Consider any deep fully-connected ReLU network (E, V ).
Let θ ∈ (RE ×RB)\Z. Let n ∈ N∗. The set {X ∈ X nθ | rank(Dfθ(X)) = r∗n(θ)}

has non-zero Lebesgue measure (on RN0×n).

Proof of Proposition 112. From Proposition 107, there exists j ∈ In(θ) such that
rnj = r∗n(θ). We then have the inclusion

{X ∈ X nθ | (X, θ) ∈ Onj } ⊆ {X ∈ X nθ | rank(Dfθ(X)) = r∗n(θ)}.

Since Onj is open, the left-hand set above is an open set, which is non-empty by def-
inition of In(θ), in (5.5.8). Hence, the right-hand set above has a non-zero Lebesgue
measure.

Theorem 113. Consider any deep fully-connected ReLU network (E, V ).
Let us consider a distribution G over RN0 , that is absolutely continuous with

respect to Lebesgue measure, with strictly positive density. Assume we sample ran-
domly and independently the vectors x(i) ∈ RN0 , i ∈ J1, nK, following the distribution
G, for some n ∈ N∗. Let θ ∈ (RE × RB) \ Z.

Let
p = min

δ∈A(θ)
P
Ä
x(1) ∈ IntDδ(θ)

ä
,

where A(θ) and Dδ(θ) are defined in (5.5.2) and (5.5.1). Note that we have p > 0,
because A(θ) is finite and, for all δ ∈ A(θ), Dδ(θ) has nonempty interior.

Then the following holds.

1. Consider i.i.d. Bernoulli random variables B1, . . . , Bn, with P(B1 = 1) = p

and P(B1 = 0) = 1− p. We have

P
Ä
rank
Ä
Dfθ
Ä
(x(i))1≤i≤n

ää
< r∗(θ)

ä
≤ P(B1 + · · ·+Bn < n∗(θ)).

2. As a consequence, if n ≥ 2n∗(θ)/p,

P
Ä
rank
Ä
Dfθ
Ä
(x(i))1≤i≤n

ää
< r∗(θ)

ä
≤ 4

np
.
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The proof of the proposition is in Appendix 5.C.2.
A first consequence of the theorem is that if one simply adds columns to an input

matrix X randomly and independently, the corresponding value of rank(Dfθ (X))

will reach the computable full functional dimension, almost surely (this consequence
alone could be seen/proved more simply). This can for instance help understand
the experimental results of [80].

The proposition then provides two upper bounds (Items 1 and 2) on the prob-
ability of not reaching the computable full functional dimension, as a vanishing
function of the number of columns n.

A beneficial feature of these upper bounds is that they are based on p, the small-
est probability of reaching a given region IntDδ(θ), relative to a given activation
pattern δ, for a single column sample. Importantly, the probabilities of reaching sev-
eral given activation patterns simultaneously over multiple samplings of the columns,
which would be typically much smaller than p, are not involved.

Also, the upper bounds are based on n∗(θ), the smallest number of columns forX
such that we can have rank(Dfθ (X)) = r∗(θ). This is natural since the larger n∗(θ),
the more samples we need to have a non-zero probability of reaching the computable
full functional dimension. Typically, for n of the order of magnitude of n∗(θ) (for
instance such that np ≳ 2n∗(θ)), since n∗(θ) is usually large, we already have a high
probability that the lower-bound rank

Ä
Dfθ
Ä
(x(i))1≤i≤n

ää
coincides with r∗(θ).

The first upper bound (Item 1) is the tighter and most general. The second one
(Item 2) simply follows from Chebyshev’s inequality and is provided for the sake of
obtaining a straightforward compact bound. Other upper bounds could be obtained
simply from Item 1, using for instance the Hoeffding inequality.

5.7 Experiments

When finalizing the Ph.D. report, we realized there was a small discrepancy be-
tween the network considered in the experiments and the networks studied in the
article but did not have time to correct it. In all the experiments, the last layer
includes a softmax activation function that is taken into account by the backprop-
agation and therefore affects the functional dimensions.

The setting of the experiments is described in Section 5.7.1. In Section 5.7.2, we
describe the results of an experiment in which we compute the functional dimensions
when the number of parameters of the network grows. In Section 5.7.3, we compute
functional dimensions during the learning phase, emphasizing the geometry induced
implicit regularization illustrated in Figure 5.1. In Section 5.7.4, we investigate
the impact of the corruption of the inputs of the learning sample on functional
dimensions. In Section 5.7.5, we do the same experiment but corrupt the outputs
of the learning sample.

The Python codes implementing the experiments described in this section are
available at [27].
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5.7.1 Experiments description

In the experiments of Section 5.7.2, 5.7.3, 5.7.4 and 5.7.5, we evaluate the behav-
ior of different complexity measures for the classification of a subpart of the MNIST
dataset increases.

We consider a fully-connected feed-forward network of depth L = 4, of width
(N0, N1, N2, N3, N4) = (784, w, w,w, 10), for different values of w ∈ J1, 60K. The
tested values of w depend on the experiment/section. The total number of param-
eters of the network is equal to 784w + 2w2 + 10w + 3w + 10. The hidden layers
(1, 2, 3) include a ReLU activation function. The last layer includes a soft-max
activation function. We randomly extract a training sample (Xtrain, Ytrain) and a
test sample (Xtest, Ytest) from MNIST. The sizes of the samples depend on the ex-
periment/section. They are tuned so that the computing time of each experiment
remains reasonable.

For given w and (Xtrain, Ytrain), we tune the parameters of the network to mini-
mize the cross-entropy on the training set Xtrain. This is achieved using the Glorot
uniform initialization for the weights while the biases are initialized to 0, and using
the stochastic gradient descent ‘sgd’ as optimizer with a learning rate of 0.1 and a
batch size of 256. The number of epochs depends on the experiment/section.

In the figures presenting the results of the experiments, we display the following
quantities:

— Max rank: the maximal theoretically possible value of rank(Dfθ(X)) for any
sample X and parameter θ. It is equal to |E| + |B| − N1 − · · · − NL−1 =

N0N1+N1N2+ · · ·+NL−1NL+NL (see the bound provided in [82], Theorem
7.1). With the architecture described above, for a given w, the Max_rank is
equal to 2w2+794w+10. This is very close to the number of parameters 2w2+

797w+10. With the values of w considered in the forthcoming experiments,
the predominant term is 794w.

— Rank X_random: an evaluation of the computable full functional dimension,
according to the statement of Section 5.6.2, by computing rank(Dfθ(Xrandom))

with a random iid sample Xrandom, where each example of the sample is a
Gaussian random vector. The number of examples in the sample depends on
the experiment/section.

— Rank X_test: It corresponds to rank(Dfθ(Xtest)), where Xtest is the test
sample introduced above. It is meant to provide an estimation of the func-
tional dimension over the distribution of the inputs (the MNIST images), in
contrast with Xrandom which samples images outside the distribution of the
inputs.

— Rank X_train: It corresponds to rank(Dfθ(Xtrain)), whereXtrain is the train-
ing sample mentioned above. It is the batch functional dimension.

— Train loss: the final value of the training loss at the end of the training.
— Test error: the proportion of images of Xtest that are misclassified by the

network.
— Train error: the proportion of images of Xtrain that are misclassified by the
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Figure 5.2 – Behavior of different complexity measures as the size of the network
increases. The values of the several ranks are to be read on the left axis, titled
‘functional dimension’. The values for the test and train errors and the train loss
are to be read on the right axis.

network.

5.7.2 Behavior of the functional dimensions as the network width
increases

In this experiment, we evaluate the functional dimensions when the width w

varies between 1 and 60. More precisely, we consider all w ∈ J1, 30K and all w ∈
{35, 40, 45, 50, 55, 60}. The number of parameters of the network varies between 809

and 55030

We randomly extract a training sample (Xtrain, Ytrain) of size n = 4000 and a
test sample (Xtest, Ytest) of size 10000 from MNIST. The size of the random sample
Xrandom is 40000. We optimize the network parameters during 1000 epochs.

The results of the experiment are in Figure 5.2. Except for w = 6, when in-
creasing the number of parameters, the train loss, the train error and the test error
decrease. For w ≥ 9, i.e. when the number of parameters is superior or equal to
7345, the train error is equal to 0: the network is able to fit perfectly the training
images. However, the test error continues to decrease even after the train error
reaches 0: from 0.117 when w = 9 to 0.078 when w = 60.

As we can see, the quantity rank(Dfθ(Xrandom)) in the case of the 40000 images
generated as Gaussian vectors is nearly equal to its maximum theoretical value
Max_rank, when the number of parameters is smaller than 25000. Then, it saturates
close to 30000.

The ranks rank(Dfθ(Xtrain)) and rank(Dfθ(Xtest)) are nearly equal when the
number of parameters is smaller than 15000 (w = 19). For these sizes, it seems to
indicate that rank(Dfθ(Xtest)) is indeed equal to the functional dimension over the
distribution of inputs, and that rank(Dfθ(Xtrain)) already attains it, which means
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that adding MNIST images to Xtrain would not increase rank(Dfθ(Xtrain)). Then,
for higher numbers of parameters, a gap appears between the two ranks, which
seems to indicate that, in contrast to the previous case, the number of images in
Xtrain limits rank(Dfθ(Xtrain)). Furthermore, while both ranks are not far from
the maximum rank for small numbers of parameters, the gap increases with the
number of parameters, to the point where the shape of the curves seem to diverge:
while the maximum rank is close to proportional to the number of parameters, the
ranks rank(Dfθ(Xtrain)) and rank(Dfθ(Xtest)) seem to increase less and less with
the number of parameters.

5.7.3 Behavior of the functional dimensions during training

We consider the setting described in Section 5.7.1, with a train set Xtrain of size
4000, a test set Xtest and a random set Xrandom both of size 20000. We fix the
value of w to 30. The architecture is (784, 30, 30, 30, 10), which corresponds to a
total number of parameters equal to 25720. The previous experiment only computes
quantities after the training is done. This time, we fix a total number of epoch to
1400 and we consider what happens during training, throughout the epochs.

We compute repeatedly the rank Dfθ(X) for X = Xtrain X = Xtest and
X = Xrandom. These computations are performed during a single training, at epochs
{40, 80, 120, 160, 200, 240, 280, 320, 360,
400} ∪ {600, 800, 1000, 1200, 1400}.

The quantities Max rank, Rank X_random, Rank X_test, Rank X_train, Train
loss, Test error and Train error are the same as in the previous experiment, except
they are considered at different times of the training rather than after the training.
We plot these quantities in Figure 5.3.

The rank rank(Dfθ(Xrandom)) is always equal to the maximum rank, here equal
to 25630, up to a small error of 1 or 2.

We plot the train loss which decreases throughout the epochs, and the train
error which decreases and reaches 0 at epoch 120, after what all training images are
always correctly classified. The test error decreases the most in the first 80 epochs,
after what it continues to decrease, although really slowly.

We observe that the rank rank(Dfθ(Xtrain)) consistently decreases during train-
ing. Such a behavior is consistent with the geometric interpretation of Section 5.4.
The rank rank(Dfθ(Xtest)) also decreases, with a more gentle slope. This indicates
that not only the batch functional dimension with respect to Xtrain decreases, but
also the functional dimension with respect to the distribution of inputs.

5.7.4 Behavior of the functional dimensions when X is corrupted

We consider the same setting as the experiments of Section 5.7.1, with w = 30,
which corresponds to a total number of parameters equal to 25720. The size of the
test sample is 20000.

The network is trained, during 3000 epochs, repeatedly over different train sets
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Figure 5.3 – Behavior of different complexity measures during training. The values
of the different ranks are to be read on the left axis, titled ‘functional dimension’.
The values of the train loss (on the top figure), and the values of the test and train
errors (on the bottom figure) are to be read on the right axis.
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Figure 5.4 – Effect of the noise on a MNIST image for different amplitudes. From left
to right, a MNIST image to which has been added a Gaussian noise, of amplitude
10−2, 10−1, 5× 10−1 and 100 respectively.

of size 6000 made of MNIST images. We add to the train images a Gaussian noise,
before clipping the values of the pixels between 0 and 1, to stay consistent with
black and white images. We do the same for the test images. For each training, we
use a different noise amplitude, which overall varies between 0 and 1. We represent
visually an image with different levels of noise in Figure 5.4. The network is trained
to the point it is able to interpolate the training examples: for all the settings, the
final train error is equal to 0.

Once the training done, we compute the quantities Max rank, Rank X_test,
Rank X_train, Test error and Train error described in Section 5.7.1, for the different
noise levels. We plot these quantities in Figure 5.5.

As already said, the expressiveness of the network permits to fit the learning
data perfectly. The training error is zero for all noise levels. However, the noise
has two effects: an effect on the distribution of inputs which becomes more complex
and an effect on the difficulty of the problem. Indeed, as is reflected by the in-
crease of the test error, the problem becomes more difficult. The curve representing
rank(Dfθ(Xtrain)) also tends to increase. This phenomenon is coherent with the
fact that the batch functional dimension is linked to activation patterns, which are
linked to the distribution of the inputs, which –as already said– are made more com-
plex by the noise. The quantity rank(Dfθ(Xtest)) seems quite stable. Interestingly,
the batch functional dimensions rank(Dfθ(Xtrain)) and rank(Dfθ(Xtest)) seem to
converge with increase of the noise.

5.7.5 Behavior of the functional dimensions when Y is corrupted

We consider the setting described in Section 5.7.1. We take w = 25, which
corresponds to a number of parameters equal to 21185. The size of the test set Xtest

and of the random Gaussian images Xrandom are both equal to 15000. The learning
performs 3000 epochs.

Following [134, 195], we study what happens when part of the labels of the
training set are corrupted with random labels. The network is trained repeatedly
over different train sets of size 4000 made of MNIST images. A varying number of
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Figure 5.5 – Behavior of different complexity measures when noise is added to the
input images. The values of rank(Dfθ(Xtrain)) are to be read on the left axis, titled
‘functional dimension’. The values of the test and train errors are to be read on the
right axis.

the labels associated to the training images are set to a random value, according
to the uniform distribution over {0, 1, . . . , 9}. The quantity of images with random
labels varies from 0 to 3500. Each time, the network is trained to the point it is
able to interpolate the training set, even with the random labels.

Intuitively, the more corrupted labels there are, the more complex the function
interpolating the training data should be. The distribution of the inputs is however
the same and it is not clear if the linear regions, defined by the activation patterns,
and used to describe the interpolating function need to change much when corruption
increases. The purpose of this experiment is to see if the functional dimension
increases with the proportion of corrupted labels.

The quantities Max_rank, Rank_X_random, Rank_X_test, Rank_X_train,
Train loss, Test error and Train error are described in Section 5.7.1. We plot these
quantities as a function of the number of corrupted labels in Figure 5.6.

As expected, the test error (the proportion of images in Xtest that are misclas-
sified) increases with the number of corrupted labels: from 0.08 when no label is
corrupted to 0.83 when 3500 images out of 4000 have random labels.

In this experiment, again, we observe that rank(Dfθ(Xrandom)) is always nearly
equal to the maximum rank, which is here equal to 21110.

The ranks rank(Dfθ(Xtrain)) and rank(Dfθ(Xtest)) do not seem to increase with
the corruption of the labels. Beside when 250 labels are corrupted, they remain
stable.
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Figure 5.6 – Behavior of different complexity measures as some corrupted labels are
introduced in the training set. The values of the different ranks are to be read on
the left axis, titled ‘functional dimension’. The values of the test and train errors
are to be read on the right axis.

5.8 Conclusion and perspectives

In this article, we describe the geometry of deep ReLU neural networks. The
study shows that the image of a sample X by deep ReLU neural networks of a fixed
architecture is a set whose local dimension varies. The local dimension is called the
batch functional dimension in [82]. Empirically, the pieces of small dimensions are
on the outside of the ones of large dimensions. They are favored by the optimization.
We call this phenomenon geometry induced implicit regularization. We also study the
maximal dimension, when X is allowed to vary. We call it the computable full func-
tional dimension. Both notions of local complexity are determined by the activation
patterns. We investigate the practical computation of the functional dimensions and
provide experiments emphasizing the geometry induced implicit regularization and
the link between functional dimensions and the distribution of the inputs.

This opens many perspectives in deep learning theory. The formal connection
between the notions of local complexity and the generalization gap is still lacking. It
would permit us to obtain a theory explaining the good performance of deep learning.
It would be interesting to study more systematically how the functional dimensions
of the learned parameters depend on the distribution of the learned phenomenon.
To do so, it would be interesting to study instances in large dimensions. Algorithms
of a better complexity for computing the functional dimensions are needed.
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Appendices

5.A Proofs of Section 5.3

5.A.1 Proof of Theorem 103

Let us define, for ℓ ∈ J1, L− 1K and v ∈ Vℓ the set

Tv =
{
(x, θ) ∈ RN0 × (RE × RB) |

∑
v′∈Vℓ−1

wv′→v

Ä
f ℓ−1
θ (x)

ä
v′
+ bv = 0

}
, (5.A.1)

and let
T = ∪L−1

ℓ=1 ∪v∈Vℓ Tv. (5.A.2)

Similarly, for any x ∈ RN0 , ℓ ∈ J1, L− 1K and v ∈ Vℓ, we define the set

T xv =

{
θ ∈ RE × RB |

∑
v′∈Vℓ−1

wv′→v

Ä
f ℓ−1
θ (x)

ä
v′
+ bv = 0

}
,

and let
T x = ∪L−1

ℓ=1 ∪v∈Vℓ Tv.

Lemma 114. (i) Over RN0 × (RE × RB), the function (x, θ) 7→ a(x, θ) ∈
{0, 1}N1+···+NL−1 exactly takes 2N1+···+NL−1 distinct values.

For δ ∈ {0, 1}N1+···+NL−1, we write

Aδ = {(x, θ) ∈ RN0 × (RE × RB) | a(x, θ) = δ}. (5.A.3)

Then: On Aδ, the function (x, θ) 7→ fθ(x) is polynomial with degree less than
or equal to L+ 1.

The set T has Lebesgue measure zero and ∪
δ∈{0,1}N1+···+NL−1∂Aδ = T .

Therefore, for any δ ∈ {0, 1}N1+···+NL−1, ∂Aδ is a closed set of zero Lebesgue
measure in RN0 × (RE × RB).

(ii) For any fixed x ∈ RN0, the function θ 7→ a(x, θ) exactly takes 2N1+···+NL−1

distinct values. For x ∈ RN0 and δ ∈ {0, 1}N1+···+NL−1, we write

Axδ = {θ ∈ RE × RB | a(x, θ) = δ}.

Then: On Axδ , the function θ 7→ fθ(x) is polynomial with a degree less than
or equal to L.

The set T x has Lebesgue measure zero and ∪
δ∈{0,1}N1+···+NL−1∂A

x
δ = T x.

For any δ ∈ {0, 1}N1+···+NL−1, ∂Axδ is a closed set with zero Lebesgue
measure in RE × RB.

Proof of Lemma 114. To avoid repetitions, we only detail the proof of (i). The
proof of (ii) is very similar, considering functions of θ only (with x fixed) rather
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than (x, θ), and noting that since x is not a variable, the polynomial functions of θ,
similar to the one of (x, θ) considered below, have one degree less.

We first prove that all activation patterns are reached.
The set {0, 1}N1+···+NL−1 is finite and its cardinal is 2N1+···+NL−1 . Observe that

for any δ ∈ {0, 1}N1+···+NL−1 , by taking θ ∈ RE × RB such that wv→v′ = 0 for any
(v → v′) ∈ E, bv = 0 for v ∈ VL and bv = (−1)1+δv for any v ∈ V1∪· · ·∪VL−1, then,
for any x ∈ RN0 and any v ∈ V1 ∪ · · · ∪VL−1, we have av(x, θ) = δv, i.e. a(x, θ) = δ.
We recall the notations Aδ, δ ∈ {0, 1}N1+···+NL−1 , in (5.A.3).

In order to prove that the function (x, θ) 7→ fθ(x) is polynomial, we remind the
definition of f lθ, in (5.2.1), define

a≤ℓ(x, θ) =

{
(av(x, θ))v∈V1∪···∪Vℓ if ℓ ≥ 1,

1 if ℓ = 0,

and prove by induction that the assertion

Hℓ :

®
∀D ⊆ RN0 × (RE × RB), if (x, θ) 7→ a≤ℓ(x, θ) is constant on D, then
(x, θ) 7→ f ℓθ(x) is polynomial on D with degree less than or equal to ℓ+ 1,

holds, for all ℓ ∈ J0, L− 1K.
The assertionH0 indeed holds because f0θ (x) = x is polynomial in (x, θ) of degree

1 on any subset of RN0 × (RE × RB). Assume now that for some ℓ ∈ J1, L − 1K,
Hℓ−1 holds, and let us prove Hℓ.

Let D ⊆ RN0 × (RE ×RB) such that a≤ℓ(x, θ) is constant on D. For (x, θ) ∈ D
and v ∈ Vℓ, using (5.2.6), we haveÄ

f ℓθ(x)
ä
v
=av(x, θ)

Ñ ∑
v′∈Vℓ−1

wv′→v

Ä
f ℓ−1
θ (x)

ä
v′
+ bv

é
.

The quantity a≤ℓ−1(x, θ) is constant on D and thus from Hℓ−1, for all v′ ∈ Vℓ−1,
(x, θ) 7→ (f ℓ−1

θ (x))v′ is a polynomial function of (x, θ) on D with degree less than
or equal to ℓ. Since av(x, θ) is constant on D,

(
f ℓθ(x)

)
v

is a polynomial function of
(x, θ) of degree less than or equal to ℓ + 1. This concludes the proof by induction
that Hℓ holds for all ℓ ∈ J0, L− 1K.

Let v ∈ VL. We have

(fθ(x))v =
∑

v′∈VL−1

wv′→v(f
L−1
θ (x))v′ + bv.

For δ ∈ {0, 1}N1+···+NL−1 , a≤L−1(x, θ) = a(x, θ) is constant on Aδ and thus from
HL−1, (x, θ) 7→ fL−1

θ (x) is polynomial of degree less than or equal to L on Aδ, and
thus (x, θ) 7→ fθ(x) is polynomial of degree less than or equal to L+ 1 on Aδ. This
proves the second statement of Lemma 114, (i).

Let us now show that T has Lebesgue measure zero. For that, let us show that for
all ℓ ∈ J1, L− 1K and v ∈ Vℓ, Tv has Lebesgue measure zero. To do so, since ∪δAδ =
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RN0 × (RE × RB), we consider, ℓ ∈ J1, L − 1K and v ∈ Vℓ, and prove that, for all
δ ∈ {0, 1}N1+···+NL−1 , Tv∩Aδ has zero Lebesgue measure. Let δ ∈ {0, 1}N1+···+NL−1 ,
a≤ℓ−1(x, θ) is constant on Aj and thus from Hℓ−1, (x, θ) 7→ f ℓ−1

θ (x) is a polynomial
function of (x, θ) on Aδ and thus

∑
v′∈Vℓ−1

wv′→v

Ä
f ℓ−1
θ (x)

ä
v′
+bv also is. Since bv is

not present in f ℓ−1
θ (x), it only appears in a single monomial of degree and coefficient

1 of
∑

v′∈Vℓ−1
wv′→v

Ä
f ℓ−1
θ (x)

ä
v′
+ bv. The latter polynomial function is therefore

non-constant. Hence the set Tv ∩ Aδ, constituted by the zeros of this polynomial
function, has zero Lebesgue measure. Since ∪δAδ = RN0 × (RE × RB), we finally
conclude that, for any ℓ ∈ J1, L− 1K and v ∈ Vℓ, Tv has Lebesgue measure zero.

The set
T = ∪L−1

ℓ=1 ∪v∈Vℓ Tv
is thus also of zero Lebesgue measure.

Let us now prove the set equality:⋃
δ

∂Aδ = T . (5.A.4)

We first show the inclusion
⋃
δ ∂Aδ ⊂ T . Consider δ ∈ {0, 1}N1+···+NL−1 and let

us now show that ∂Aδ ⊂ T . To do so, consider (x, θ) ∈ ∂Aδ. Since (x, θ) ̸∈ Int(Aδ),
for any ε there exists δε ̸= δ such that B((x, θ), ε) ∩ Aδε ̸= ∅. Since the set of all
possible δε is finite, we are sure that there exists δ′ ̸= δ such that (x, θ) ∈ Aδ′ . Let
ℓ ∈ J1, L − 1K and v ∈ Vℓ such that δv ̸= δ′v. We assume without loss of generality
that δv = 0. The proof is indeed similar when δv = 1. There exists (xn, θn) ∈ AN∗

δ

such that (xn, θn) → (x, θ) as n → ∞ and there exists (x′n, θ
′
n) ∈ AN∗

δ′ such that
(x′n, θ

′
n)→ (x, θ) as n→∞. We have av(xn, θn) = 0 and av(x′n, θ′n) = 1 for all n.

Using that (x, θ) 7→ ∑
v′∈Vℓ−1

wv′→v

Ä
f ℓ−1
θ (x)

ä
v′

+ bv is continuous and tak-
ing the limit of this function at (xn, θn), as n goes to infinity, we obtain that∑

v′∈Vℓ−1
wv′→v

Ä
f ℓ−1
θ (x)

ä
v′
+bv ≤ 0. Reasoning similarly with the sequence (x′n, θ′n)n∈N∗

we obtain the reverse inequality and conclude that
∑

v′∈Vℓ−1
wv′→v

Ä
f ℓ−1
θ (x)

ä
v′
+

bv = 0. This shows that (x, θ) ∈ Tv ⊆ T . This finishes the proof of ∂Aδ ⊆ T .
Let us now show the reciprocal inclusion T ⊂ ⋃δ ∂Aδ. Indeed, let (x, θ) ∈ T .

There exists v ∈ V1 ∪ · · · ∪ VL−1 such that (x, θ) ∈ Tv. There also exists δ ∈
{0, 1}N1+···+NL−1 such that (x, θ) ∈ Aδ. In particular, since∑

v′∈Vℓ−1

wv′→v

Ä
f ℓ−1
θ (x)

ä
v′
+ bv = 0,

we have δv = av(x, θ) = 1. For any ε > 0, by replacing bv by bv − ε, we obtain a θε
satisfying ∥θ−θε∥ ≤ ε and av(x, θε) = 0 ̸= δv, which shows (x, θε) ̸∈ Aδ. This shows
(x, θ) ∈ ∂Aδ ⊂

⋃
δ ∂Aδ. This shows the desired inclusion, and thus the equality

(5.A.4).
For all δ ∈ {0, 1}N1+···+NL−1 , ∂Aδ is closed by definition of a boundary. Since

T has been shown to have Lebesgue measure zero, then ∂Aδ has Lebesgue measure
zero and thus the proof of the part (i) is concluded.
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We state and prove another lemma before proving Theorem 103. The lemma
resembles Theorem 103 but does not include the statements on rank(Dfθ(X)).

For n ∈ N∗, reminding the definition T in (5.A.2), let us now define

Tn = ∪ni=1

{
(X, θ) ∈ RN0×n × (RE × RB)

∣∣∣ (x(i), θ) ∈ T
}
. (5.A.5)

Similarly, for n ∈ N∗ and X ∈ RN0×n, we define

T X = ∪ni=1

¶
θ ∈ RE × RB | (x(i), θ) ∈ T

©
.

Lemma 115. (i) For all n ∈ N∗, the sets ‹On1 , . . . , ‹Onmn
defined in (5.3.1) are

non-empty, open and disjoint, and they satisfy
—
Ä
∪mn
j=1
‹Onj äc = Tn, and in particular the complement

Ä
∪mn
j=1
‹Onj äc is a closed

set with zero Lebesgue measure;
— for all j ∈ J1,mnK, the function (X, θ) 7→ a(X, θ) is constant on each ‹Onj

and takes mn distinct values on ∪mn
j=1
‹Onj ;

— for all j ∈ J1,mnK, (X, θ) 7→ fθ(X) is a polynomial function of degree less
than or equal to L+ 1 on ‹Onj .

(ii) For all n ∈ N∗, for all X ∈ RN0×n, the sets ŨX1 , . . . , ŨXpX defined in (5.3.4)
are non-empty, open and disjoint, and they satisfy
—
Ä
∪pXj=1ŨXj

äc
= T X , and in particular the complement

Ä
∪pXj=1ŨXj

äc
is a

closed set with zero Lebesgue measure;
— for all j ∈ J1, pXK, the function θ 7→ a(X, θ) is constant on each ŨXj and

takes pX distinct values on ∪pXj=1ŨXj ;
— for all j ∈ J1, pXK, θ 7→ fθ(X) is a polynomial function of degree less than

or equal to L on ŨXj .

Proof of Lemma 115. As in the proof of Lemma 114, the proofs of (i) and (ii) are
very similar. To avoid repetitions, we only detail the proof of (i).

By definition, see (5.3.1), the sets ‹On1 , . . . , ‹Onmn
are non-empty, open and disjoint.

Let us establish that Tn is of Lebesgue measure zero, before proving the first point
of (i).

The characterization of T in Lemma 114 (i) shows that we have

Tn = ∪ni=1 ∪δ∈{0,1}N1+···+NL−1

¶
(X, θ) ∈ RN0×n × (RE × RB) | (x(i), θ) ∈ ∂Aδ

©
.

Then one can check that since, for all δ, ∂Aδ is of Lebesgue measure zero, Tn is
a finite union of such sets and is, therefore, a set of Lebesgue measure zero in
RN0×n × (RE × RB).

Let us now show the first point of (i). Let us prove that (∪mn
j=1
‹Onj )c = Tn.

To do so, let us first show that (∪mn
j=1
‹Onj )c ⊂ Tn. Let (X, θ) ∈ (∪mn

j=1
‹Onj )c.

Consider the ∆1, . . . ,∆q defined just before (5.3.1). There exists j ∈ J1, qK such that
a(X, θ) = ∆j . Since (X, θ) ̸∈ ‹Onj , there exists a sequence (Xk, θk)k∈N∗ such that
(Xk, θk)→ (X, θ), as k →∞ and a(Xk, θk) ̸= ∆j , for all k. Modulo the extraction of
a sub-sequence, we can assume that there exist i ∈ J1, nK and δ′ ∈ {0, 1}N1+···+NL−1
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such that a(x(i)k , θk) = δ′ ̸= δ, where x(i)k is the ith column of Xk, and where we
denote δ = (∆j)i. Thus, we have (x

(i)
k , θk) ∈ Aδ′ , for all k, and (x(i), θ) ∈ ∂Aδ.

Finally, (X, θ) ∈ Tn. This shows (∪mn
j=1
‹Onj )c ⊆ Tn.

Let us now show that (Tn ⊂ ∪mn
j=1
‹Onj )c. If (X, θ) ∈ Tn, there exists i ∈ J1, nK

and δ ∈ {0, 1}N1+···+NL−1 such that (x(i), θ) ∈ ∂Aδ. Thus, for any ε > 0, (x, θ′) 7→
a(x, θ′) is not constant over B((x(i), θ), ε). As a consequence, (X, θ) does not belong
to any of the open sets ‹Onj′ .

This shows (∪mn
j=1
‹Onj )c = Tn, and thus, since Tn is of Lebesgue measure zero,

(∪mn
j=1
‹Onj )c has zero Lebesgue measure. Adding that the complement of an open set

is closed, (∪mn
j=1
‹Onj )c is closed, which ends the proof of the first point of (i).

The second point of (i) holds by definition of ‹On1 , . . . , ‹Onmn
.

Let us now show the third point of (i). Let j ∈ J1,mnK. The function (X, θ) 7→
a(X, θ) is constant on ‹Onj . The set ‹Onj is associated to ∆j in (5.3.1) and the latter
is of the form (δ1, . . . , δn) with δi ∈ {0, 1}N1+···+NL−1 for i ∈ J1, nK. Fix i′ ∈ J1, nK.
Then for X = (x(i))i∈J1,nK with (X, θ) ∈ ‹Onj , (x(i′), θ) ∈ Aδi′ . Hence, Lemma 114
(i) shows that fθ(x(i

′)) is a polynomial function of (x(i′), θ) and thus of (X, θ), of
degree less than or equal to L+ 1. The quantity fθ(X) is a matrix which columns
are fθ(x(i)), i ∈ J1, nK. Hence (X, θ) 7→ fθ(X) is a polynomial function of degree
less than or equal to L+ 1 on ‹Onj , which concludes the proof of (i).

Proof of Theorem 103. Again, the proofs of (i) and (ii) are very similar and we only
detail the proof of (i).

Consider n ∈ N∗. The sets On1 , . . . ,Onmn
are non-empty by definition of the

quantities rn1 , . . . , rnmn
, and they are disjoint because of the inclusion Onj ⊆ ‹Onj for

all j, and because the sets ‹On1 , . . . , ‹Onmn
are disjoint as shown in Lemma 115. Hence

the first item holds. The second item is a direct consequence of the definition of Onj ,
in (5.3.3). The third item holds by definition.

To see that Onj is open, first recall that ‹Onj is open, then note that since the
function (X, θ) 7→ fθ(X) is polynomial over ‹Onj , the function (X, θ) 7→ Dfθ(X) is
continuous over ‹Onj . Since the rank is lower semicontinuous, if rank(Dfθ(X)) =

rnj , then there exists ϵ > 0 such that for any (X ′, θ′) ∈ B((X, θ), ϵ), we have
rank(Dfθ′(X

′)) ≥ rnj , which by maximality of rnj , is equivalent to rank(Dfθ′(X
′)) =

rnj and to (X ′, θ′) ∈ Onj . This shows that Onj is open. Hence Item 4 holds.
Item 6 come directly from Lemma 115 and from the inclusion Onj ⊆ ‹Onj .

To finish the proof, we need to prove Item 5, stating that
Ä
∪mn
j=1Onj

äc
is a closed

set with Lebesgue measure zero. Let us consider a basis (e1, . . . , e|E|+|B|) of RE ×
RB and a basis (ε1, . . . , εnNL

) of RNL×n. For all X, let us write Mθ(X) for the
matrix of the differential Dfθ(X) of the function θ 7→ fθ(X) in these two bases.
Then (X, θ) 7→ Mθ(X) is a polynomial function on ‹Onj . Recall the notation rnj =

max
(X,θ)∈‹On

j
rank(Dfθ(X)), and let (X ′, θ′) ∈ ‹Onj such that rank(Dfθ′(X

′)) = rnj .

We thus have rank(Mθ′(X
′)) = rnj , and thus there exists a sub-matrix Nθ′(X

′) of
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Mθ′(X
′), of size rnj × rnj , such that detNθ′(X

′) ̸= 0. The function (X, θ) 7→Mθ(X)

is a polynomial function on ‹Onj and thus (X, θ) 7→ det(Nθ(X)) also is. This latter
function is not uniformly zero on ‹Onj and thus the set of its zeroes, that we write
Yj , is a closed set of zero Lebesgue measure.

For all (X, θ) ∈ ‹Onj \ Yj , we have detNθ(X) ̸= 0 and thus rank(Nθ(X)) = rnj
and thus rank(Mθ(X)) ≥ rnj . We also have rank(Mθ(X)) = rank(Dfθ(X)) ≤ rnj by
definition of rnj . Hence rank(Dfθ(X)) = rnj . This shows ‹Onj \ Yj ⊂ Onj .

Finally, Ä
∪mn
j=1Onj

äc
= ∩mn

j=1

(
Onj
)c

⊆ ∩mn
j=1

Ä‹Onj \ Yjäc
= ∩mn

j=1

ÄÄ‹Onj äc ∪ Yjä
⊆ ∩mn

j=1

ÄÄ‹Onj äc ∪ Ä∪mn
j′=1Yj′

ää
=
Ä
∩mn
j=1

Ä‹Onj äcä ∪ Ä∪mn
j=1Yj

ä
=
Ä
∪mn
j=1
‹Onj äc ∪ Ä∪mn

j=1Yj
ä
.

We know from Lemma 115 that
Ä
∪mn
j=1
‹Onj äc has zero Lebesgue measure. Also each

Yj has zero Lebesgue measure, thus ∪mn
j=1Yj has zero Lebesgue measure. Hence,Ä

∪mn
j=1Onj

äc
has zero Lebesgue measure, which concludes the proof of (i) in the

theorem.

5.A.2 Proof of Proposition 104

Let θ̃ ∼ θ as described in Proposition 104. Let us prove the first item.
By definition of the relation ∼, in Section 5.2, there is an invertible linear map

M : RE × RB → RE × RB such that θ̃ = Mθ. Note that when expressed in the
canonical basis of RE ×RB, the matrix corresponding to M is the product of a per-
mutation matrix and a diagonal matrix, with strictly positive diagonal components
whose values are given by (5.2.4) and (5.2.5). Notice that since M corresponds to
positive rescalings and neuron permutations, as discussed after (5.2.5), we have,

for any θ′ ∈ RE × RB, fθ′(X) = fMθ′(X). (5.A.6)

For all u ∈ RE × RB, the following calculation holds because M is invertible,
because of (5.A.6) and because, using Item 6 of Theorem 103 (ii), θ′ 7→ fθ′(X) is
differentiable at θ and we can use (5.2.3),

f
θ̃+u

(X) = fMθ+u(X) =fM(θ+M−1u)(X)

=fθ+M−1u(X)

=fθ(X) +Dfθ(X)(M−1u) + o(∥M−1u∥)
=fθ(X) +Dfθ(X)(M−1u) + o(∥u∥).
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Hence, θ′ 7→ fθ′(X) is differentiable at θ̃ and for all u ∈ RE × RB,

Df
θ̃
(X)(u) = Dfθ(X)(M−1u).

Since M−1 is invertible, it follows that rank
(
Df

θ̃
(X)

)
= rank(Dfθ(X)). This con-

cludes the proof of the first item.
Let θ′ ∼s θ as described in Proposition 104. It is well-known, see for instance [26,

Proposition 39], that since θ′ ∼s θ, the activations of the networks parameterized
by θ and θ′, for the input X, are the same, i.e. a(X, θ′) = a(X, θ). Since θ ∈ ŨXj ,
using (5.3.4), we obtain

θ′ ∈ {θ′′ ∈ RE × RB | a(X, θ′′) = ∆X
j }.

By definition ŨXj is the interior of the above set. It contains θ. Using again that
θ′ = Mθ and that M is invertible, we obtain θ′ ∈ ŨXj . Similarly, if (X, θ) ∈ ‹Onj′ ,
then (X, θ′) ∈ ‹Onj′ .

This concludes the proof.

5.B Proofs of Section 5.5

5.B.1 Proof of Proposition 106

Before proving Proposition 106, we state and prove a lemma connecting the sets‹Onj , defined in (5.3.1), and X nθ , defined in (5.5.3).

Lemma 116. Let θ ∈ (RE × RB) \ Z, and let n ∈ N∗. We have

X nθ = {X ∈ RN0×n | (X, θ) ∈
mn⋃
j=1

‹Onj }.
Proof. Consider θ ∈ (RE × RB) \ Z and n ∈ N∗ and let us first prove that

{X ∈ RN0×n | (X, θ) ∈
mn⋃
j=1

‹Onj } ⊆ X nθ .
Let X = (x(i))i∈J1,nK ∈ RN0×n and let j ∈ J1,mnK such that (X, θ) ∈ ‹Onj . Denote

δ1, . . . , δn ∈ {0, 1}N1+···+NL−1 such that X ∈ ∏n
i=1Dδi(θ). Using Lemma 115, (i),

Item 2, we have

X ∈ {X ′ ∈ RN0×n | (X ′, θ) ∈ ‹Onj } ⊆ n∏
i=1

Dδi(θ).

Moreover, {X ′ ∈ RN0×n | (X ′, θ) ∈ ‹Onj } is open, since ‹Onj is open, and therefore

X ∈ Int

(
n∏
i=1

Dδi(θ)

)
=

n∏
i=1

Int(Dδi(θ)).
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Using the definition of X nθ , in (5.5.3), we conclude that X ∈ X nθ . This concludes
the proof of the first inclusion.

Before proving the converse inclusion, let us establish that Tn ⊆
Ä⋃mn

j=1Onj
äc

,
where the open sets On1 , . . . ,Onmn

are as in Theorem 103. To do so, since using
Lemma 115, (i), Item 1, Tn =

Ä⋃mn
j=1
‹Onj äc, it suffices to prove that for all j ∈

J1,mnK, there exists j′ ∈ J1,mnK such that Onj ⊆ ‹Onj′ . Let j ∈ J1,mnK. Theorem 103
states that (X, θ) 7→ a(X, θ) is constant over Onj . If we denote ∆ this constant value,
since Onj is open, we have Onj ⊆ Int

{
(X, θ) ∈ RN0×n × (RE × RB) | a(X, θ) = ∆

}
.

Using that Onj is non-empty and recalling the definition of ‹Onj′ in (5.3.1), there exists
j′ ∈ J1,mnK such that Onj ⊆ ‹Onj′ . This being true for any j ∈ J1,mnK, it shows that
(
⋃mn
j=1Onj ) ⊆ (

⋃mn
j=1
‹Onj ). This concludes the proof of the inclusion

Tn =

Ñ
mn⋃
j=1

‹Onjéc

⊂

Ñ
mn⋃
j=1

Onj

éc

(5.B.1)

Let us now prove the inclusion X nθ ⊆ {X ∈ RN0×n | (X, θ) ∈ ⋃mn
j=1
‹Onj }.

Let X = (x(i))i∈J1,nK ∈ X nθ . Since, using Lemma 115, (i),
Ä⋃mn

j=1
‹Onj äc = Tn,

where Tn is defined in (5.A.5), proving that (X, θ) ∈ ⋃mn
j=1
‹Onj is equivalent to

proving that (X, θ) ̸∈ Tn.
Assume by contradiction that (X, θ) ∈ Tn. There exists i ∈ J1, nK and v ∈

V1 ∪ · · · ∪ VL−1 such that (x(i), θ) ∈ Tv, which means that∑
v′∈Vℓ−1

wv′→v

Ä
f ℓ−1
θ (x(i))

ä
v′
+ bv = 0.

Since X ∈ X nθ , we have x(i) ∈ Xθ, and there exists δ ∈ A(θ) such that x(i) ∈
Int(Dδ(θ)). Let us show that this implies Int(Dδ(θ)) × {θ} ⊂ Tv. Indeed, the
function

x 7−→
∑

v′∈Vℓ−1

wv′→v

Ä
f ℓ−1
θ (x)

ä
v′
+ bv

is affine over the open set Int(Dδ(θ)). If it is not constantly equal to zero over
this set, then since its value at x(i) is zero, it takes both positive and negative
values over Int(Dδ(θ)), and thus av(x, θ) is not constant over Int(Dδ(θ)). This
contradicts the definition of Dδ(θ). Thus, the function is constantly equal to zero
on Int(Dδ(θ)) and, using the definition of Tv, in (5.A.1), Int(Dδ(θ)) × {θ} ⊆ Tv.
Therefore, Int(Dδ(θ)) × {θ} ⊂ T and, using the definition of Tn in (5.A.5) and
(5.B.1) Ä¶

X ′ ∈ RN0×n | (x′)(i) ∈ Int(Dδ(θ))
©
× {θ}

ä
⊆ Tn ⊆

Ñ
mn⋃
j=1

Onj

éc

.

Therefore,
¶
X ′ ∈ RN0×n | (x′)(i) ∈ Int(Dδ(θ))

©
⊆ zn(θ), where zn(θ) is defined in

(5.5.4). Since Int(Dδ(θ)) is non-empty, the Lebesgue measure of¶
X ′ ∈ RN0×n | (x′)(i) ∈ Int(Dδ(θ))

©
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is not zero and therefore θ ∈ Zn, as defined in (5.5.5). This contradicts the hypoth-
esis on θ and finishes the proof of the statement (X, θ) ̸∈ Tn.

This concludes the proof of the inclusion X nθ ⊆ {X ∈ RN0×n | (X, θ) ∈ ⋃mn
j=1
‹Onj }

and finishes the proof of Lemma 116.

Proof of Proposition 106. We remind that for all n ∈ N∗ and all θ ∈ RE × RB,

zn(θ) =
{
X ∈ RN0×n

∣∣∣ (X, θ) ∈
Ä
∪mn
j=1Onj

äc}
and

Zn =
{
θ ∈ RE × RB

∣∣∣ zn(θ) has strictly positive Lebesgue measure
}

and Z = ∪n∈N∗Zn.
Let us first prove (i).
Let us write λ for Lebesgue measure on RN0×n×(RE×RB), and λ1 for Lebesgue

measure on RN0×n. Note that
Ä
∪mn
j=1Onj

äc
is measurable in RN0×n × (RE ×RB), as

a closed set, and thus for all θ ∈ RE × RB, zn(θ) is measurable in RN0×n. With
similar arguments, the function θ 7→ λ1(zn(θ)) is measurable on RE × RB as the
integral with respect to X of a measurable function of X and θ. Hence, Zn, as the
set where this function is strictly positive, is indeed measurable.

Let n ∈ N∗. We first prove that Zn has zero Lebesgue measure on RE×RB. Let
us assume by contradiction that Zn has strictly positive Lebesgue measure.

Let us write C = ∪θ∈Zn(zn(θ) × {θ}). For all θ, for all X ∈ zn(θ), (X, θ) ∈Ä
∪mj=1Onj

äc
. Hence, we have, for all θ, zn(θ) × {θ} ⊆

Ä
∪mj=1Onj

äc
, and thus C ⊆Ä

∪mj=1Onj
äc

. We have

λ(C) =
∫
RE×RB

∫
RN0×n

1C(X, θ)dXdθ

=

∫
Zn

∫
zn(θ)

1dXdθ

=

∫
Zn

λ1(zn(θ))dθ

>0,

as the integral of the strictly positive function λ1(zn(θ)), on the set Zn with non-
zero Lebesgue measure, is strictly positive (note that since all the functions in the
above display are non-negative and measurable, their integrability is guaranteed).
This is in contradiction with the fact that C ⊆

Ä
∪mj=1Onj

äc
, since

Ä
∪mj=1Onj

äc
has

zero Lebesgue measure from Theorem 103 (i).
This concludes the proof of the statement Zn has zero Lebesgue measure on

RE × RB and concludes the proof of (i).
The item (ii) is an immediate consequence of (i), since Z is a countable union

of measurable sets of measure 0.
Let us now prove (iii).
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For any θ ∈ (RE × RB) \ Z, n ∈ N∗, and X ∈ X nθ , Lemma 116 shows that
there exists j ∈ J1,mnK such that (X, θ) ∈ ‹Onj . Lemma 115 (i) Item 3 shows that
(X ′, θ′) 7→ fθ′(X

′) is a polynomial function on the open set ‹Onj . Its restriction to
the open neighborhood {θ′ ∈ RE × RB | (X, θ′) ∈ ‹Onj } of θ is also a polynomial
function. In particular, θ′ 7→ fθ′(X) is differentiable at θ.

5.B.2 Proof of Proposition 107

Consider θ ∈ (RE × RB) \ Z and n ∈ N∗ and let us first prove that r∗n(θ) ≥
maxj∈In(θ) r

n
j .

Consider j ∈ In(θ) such that rnj = maxj′∈In(θ) r
n
j′ . Because of the definition

of In(θ), in (5.5.8), there exists X ∈ RN0×n such that (X, θ) ∈ Onj . As a first
consequence, using Theorem 103, (i) third item, we know that rnj = rank(Dfθ(X)).
As a second consequence, since θ ∈ (RE×RB)\Z and Onj ⊂ ‹Onj we can use Lemma
116, at the beginning of Section 5.B.1, and we have X ∈ X nθ .

This leads to the conclusion that

max
j′∈In(θ)

rnj′ = rnj = rank(Dfθ(X)) ≤ max
X′∈Xn

θ

rank
(
Dfθ(X

′)
)
= r∗n(θ).

Let us now prove that r∗n(θ) ≤ maxj∈In(θ) r
n
j .

Because the rank can only take a finite number of values and considering the
definition of r∗n(θ) in (5.5.6), we know there exists X = (x(i))i∈J1,nK ∈ X nθ such that

rank(Dfθ(X)) = r∗n(θ).

Notice that if we were certain that (X, θ) ∈ Onj , for some j ∈ J1,mnK, the conclusion
would be immediate. It might however occur that (X, θ) ∈

Ä
∪mn
j=1Onj

äc
. In the

remaining of the proof, we use X to construct j and X ′ such that (X ′, θ) ∈ Onj and
rank(Dfθ(X

′)) ≥ r∗n(θ).
Since θ ̸∈ Z and X ∈ X nθ , we know thanks to Lemma 116 that there exists

j ∈ J1,mnK such that (X, θ) ∈ ‹Onj . Lemma 115 shows that (X ′, θ′) 7−→ fθ′(X
′) is

polynomial over ‹Onj . Hence, (X ′, θ′) 7−→ Dfθ′(X
′) is well defined and polynomial

over ‹Onj , and in particular, X ′ 7−→ Dfθ(X
′) is polynomial over the set {X ′ ∈

RN0×n | (X ′, θ) ∈ ‹Onj }.
Since by definition we have Onj ⊆ ‹Onj , we have the inclusion

{X ′ ∈ RN0×n | (X ′, θ) ∈ Onj } ⊆ {X ′ ∈ RN0×n | (X ′, θ) ∈ ‹Onj }. (5.B.2)

Let us prove that the set on the left of this inclusion is open and non-empty. First,
both sets are open since Onj and ‹Onj are open, and the set on the right is non-empty
since it contains X. Assume by contradiction that the set on the left is empty. Since
for all j′ ∈ J1,mnK\{j}, we have Onj′ ∩ ‹Onj = ∅, this means, recalling the definition
of zn(θ) in (5.5.4), that we have

{X ′ ∈ RN0×n | (X ′, θ) ∈ ‹Onj } ⊆
¶
X ′ ∈ RN0×n | (X ′, θ) ∈

Ä
∪mn
j=1Onj

äc©
= zn(θ).



5.B. Proofs of Section 5.5 213

Since, as we have just shown, the set {X ′ ∈ RN0×n | (X ′, θ) ∈ ‹Onj } is open and
non-empty, this means that zn(θ) has positive Lebesgue measure, and thus, using
(5.5.5), that θ ∈ Zn. This contradicts the hypothesis θ ∈ (RE × RB) \ Z. This
concludes the proof establishing that the open set {X ′ ∈ RN0×n | (X ′, θ) ∈ Onj } is
non-empty.

Similarly to what was done in the proof of Theorem 103, we consider a basis
(e1, . . . , e|E|+|B|) of RE ×RB and a basis (ε1, . . . , εnNL

) of RNL×n. For all θ′ and all
X ′ ∈ RN0×n such that Dfθ′(X ′) is well defined, we write Jfθ′(X ′) for the matrix of
Dfθ′(X

′) in these two bases. Since rank(Dfθ(X)) = r∗n(θ), there exists a sub-matrix
Nθ(X) of Jfθ(X), of size r∗n(θ) × r∗n(θ), such that det(Nθ(X)) ̸= 0. Since X ′ 7→
Dfθ(X

′) is polynomial over the set {X ′ ∈ RN0×n | (X ′, θ) ∈ ‹Onj }, we conclude that
X ′ 7→ det(Nθ(X

′)) coincides with a polynomial over the set {X ′ ∈ RN0×n | (X ′, θ) ∈‹Onj }. Since this set contains X, for which we have det(Nθ(X)) ̸= 0, the polynomial
is non-zero and the set containing all its roots is therefore closed and of Lebesgue
measure zero in RN0×n. The set of the roots cannot contain the non-empty open
subset {X ′ ∈ RN0×n | (X ′, θ) ∈ Onj }, which shows that there exists X ′ ∈ RN0×n

such that (X ′, θ) ∈ Onj and det(Nθ(X
′)) ̸= 0.

We conclude, using Theorem 103 (i), that

rnj = rank
(
Dfθ(X

′)
)
≥ rank

(
Nθ(X

′)
)
= r∗n(θ).

Finally, we obtain
r∗n(θ) ≤ max

j∈In(θ)
rnj

which concludes the proof.

5.B.3 Proof of Theorem 108

We begin the proof with a lemma. To state the lemma, we define a new notation.
For any n ∈ N∗ and any j ∈ J1,mnK, Theorem 103 (i), second item, ensures that
the mapping (X, θ) 7→ a(X, θ), is constant on Onj . We denote its value δj,n =

(δj,ni )i∈J1,nK. We therefore have, for all (X, θ) = ((x(i))i∈J1,nK, θ) ∈ Onj ,

a(x(i), θ) = δj,ni ∈ {0, 1}N1+...+NL−1 , for all i ∈ J1, nK.

Lemma 117. For any n ∈ N∗, θ ∈ RE × RB, and j ∈ J1,mnK, we have

j ∈ In(θ) =⇒ ∀i ∈ J1, nK, δj,ni ∈ A(θ).

Conversely, for any n ∈ N∗, θ ∈ (RE × RB) \ Z, and j ∈ J1,mnK, we have

j ∈ In(θ) ⇐= ∀i ∈ J1, nK, δj,ni ∈ A(θ).

Proof. Consider n ∈ N∗, θ ∈ RE × RB and j ∈ J1,mnK.
Let us first prove that if j ∈ In(θ) then, for all i ∈ J1, nK, δj,ni ∈ A(θ). To do so,

assume j ∈ In(θ) and consider i ∈ J1, nK. We want to prove that δj,ni ∈ A(θ). Given
the definition of A(θ), in (5.5.2), it is sufficient to prove Int(D

δj,ni
(θ)) ̸= ∅.
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Due to Theorem 103, (i), second item and the above definition of (δj,ni )i∈J1,nK,
we have for all (X ′, θ′) = (((x′)(i))i∈J1,nK, θ

′) ∈ Onj ,

a((x′)(i), θ′) = δj,ni . (5.B.3)

Since j ∈ In(θ) and i ∈ J1, nK, there exists (X, θ) = ((x(i))i∈J1,nK, θ) ∈ Onj .
Moreover, since Onj is open

{X ′ ∈ RN0×n | (X ′, θ) ∈ Onj }

is open and, since it contains X, non-empty. We also have using (5.B.3)

{X ′ ∈ RN0×n | (X ′, θ) ∈ Onj } ⊂ D
δj,ni

(θ)

and conclude that Int(D
δj,ni

(θ)) ̸= ∅ and therefore δj,ni ∈ A(θ). This finishes the
proof of the first implication.

Consider n ∈ N∗, θ ∈ (RE × RB) \ Z and j ∈ J1,mnK.
Let us now prove that if, for all i ∈ J1, nK, δj,ni ∈ A(θ), then j ∈ In(θ). To do

so, assume that for all i ∈ J1, nK, δj,ni ∈ A(θ). Considering the definition of In(θ),
in (5.5.8), it suffices to put to evidence X ∈ RN0×n such that (X, θ) ∈ Onj to prove
that j ∈ In(θ).

Since, for all i ∈ J1, nK, δj,ni ∈ A(θ), using the definition of A(θ) in (5.5.2),
Int(D

δj,ni
(θ)) ̸= ∅. Therefore, Πni=1 Int(Dδj,ni

(θ)) ⊂ RN0×n is a non-empty open set.
Moreover, since θ ̸∈ Z,

{X ∈ RN0×n | (X, θ) ∈ (∪mn
j=1Onj )c}

has zero Lebesgue measure in RN0×n. Therefore, since Πni=1 Int(Dδj,ni
(θ)) is a non-

empty open set, there exists j′ ∈ J1,mnK such that

Πni=1 Int(Dδj,ni
(θ)) ∩ {X ∈ RN0×n | (X, θ) ∈ Onj′} ≠ ∅.

Consider X in this set, we have

a(X, θ) = δj,n = δj
′,n.

Using Theorem 103, (i), second item, we conclude that j = j′. Finally, (X, θ) ∈ Onj
and j ∈ In(θ). This concludes the proof.

We deduce from Lemma 117 the following result.

Lemma 118. For any θ and θ′ in (RE × RB) \ Z

A(θ) = A(θ′) ⇐⇒ ∀n ∈ N∗, In(θ) = In(θ
′).
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Proof. Consider θ and θ′ in (RE × RB) \ Z.
Let us first prove the implication ⇒.
Assume A(θ) = A(θ′) and consider n ∈ N∗. We want to prove that In(θ) =

In(θ
′). Let j ∈ In(θ), using Lemma 117, we know that for all i ∈ J1, nK, δj,ni ∈ A(θ).

Therefore, for all i ∈ J1, nK, δj,ni ∈ A(θ′) and using Lemma 117 again, we obtain
that j ∈ In(θ′). As a conclusion, In(θ) ⊆ In(θ

′). We finish the proof using the fact
that θ and θ′ are interchangeable in the statement of Lemma 118.

Let us now prove the implication ⇐.
Assume that for all n ∈ N∗, In(θ) = In(θ

′). We prove below that A(θ) ⊂ A(θ′).
The conclusion then follows by remarking that θ and θ′ are interchangeable in the
statement of Lemma 118.

Let δ ∈ A(θ), using the definition of A(θ), in (5.5.2), we know that there exists
x ∈ Int(Dδ(θ)) ⊆ RN0 such that a(x, θ) = δ. Since θ ̸∈ Z1, we know that {x ∈
R1×N0 | (x, θ) ∈

Ä
∪m1
j=1O1

j

äc} is of Lebesgue measure zero. Its intersection with
the non-empty open set Int(Dδ(θ)) is therefore of Lebesgue measure zero and there
exists j′ ∈ I1(θ) and x′ ∈ Int(Dδ(θ)) such that (x′, θ) ∈ O1

j′ . We therefore have
δ = a(x′, θ) = δj,11 . Using I1(θ) = I1(θ

′) and Lemma 117, we conclude that δ ∈ A(θ′).
As a conclusion A(θ) ⊆ A(θ′).

This concludes the proof of the lemma.

Proof of Theorem 108. Consider θ and θ′ in (RE×RB)\Z and assume A(θ) ⊆ A(θ′).
Let n ∈ N∗ and j ∈ In(θ). Using Lemma 117, we know that for all i ∈ J1, nK,

δj,ni ∈ A(θ), and therefore for all i ∈ J1, nK, δj,ni ∈ A(θ′). Using Lemma 117 again,
we obtain that j ∈ In(θ′). As a conclusion, for all n ∈ N∗, In(θ) ⊆ In(θ′).

Using Proposition 107, we obtain that for all n ∈ N∗, r∗n(θ) ≤ r∗n(θ
′). We

conclude, using the definition of r∗, in (5.5.6), that r∗(θ) ≤ r∗(θ′).
This concludes the proof of the first statement of Theorem 108.
The second statement follows by applying the first statement twice. Once with

the hypothesis A(θ) ⊆ A(θ′) and a second time with the hypothesis A(θ′) ⊆ A(θ).
This concludes the proof of the theorem.

5.B.4 Proof of Proposition 109

Let θ ∈ RE ×RB and let θ̃ ∼ θ. For n ∈ N∗, let us show that zn(θ) = zn(θ̃). For
that, let us consider θ′ ∈ RE × RB such that θ′ ∼s θ and θ̃ ∼p θ′.

Let X ̸∈ zn(θ). Then, there is j ∈ J1,mnK such that (X, θ) ∈ Onj . Then from
Proposition 104 and Theorem 103, we have rank(Dfθ′(X)) = rank(Dfθ(X)) = rnj
and (X, θ′) ∈ ‹Onj . Hence (X, θ′) ∈ Onj from (5.3.3) and thus X ̸∈ zn(θ

′). Hence
zn(θ

′) ⊆ zn(θ).
Now, let X ̸∈ zn(θ

′). There exists j ∈ J1,mnK such that (X, θ′) ∈ Onj . The
function (X ′′, θ′′) 7→ a(X ′′, θ′′) is locally constant at (X, θ′), since (X, θ′) ∈ Onj .
Hence this function is also locally constant at (X, θ̃). Indeed, permuting the neurons
yields the same permutation of the activation values. Hence (X, θ̃) ∈ ‹Onj′ for some
j′ ∈ J1,mnK. Next, the function (X ′′, θ′′) 7−→ rank(Dfθ′′(X

′′)) is locally constant
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at (X, θ′), because Onj is open. Hence the function (X ′′, θ′′) 7−→ rank(Dfθ′′(X
′′)) is

also locally constant at (X, θ̃), with the same constant value as the previous function,
from Proposition 104. Thus, rank

(
Df

θ̃
(X)

)
= rnj′ because rnj′ is the only value that

can be taken on a subset of ‹Onj′ of non-zero Lebesgue measure. Hence (X, θ̃) ∈ Onj′
and thus X ̸∈ zn(θ̃). Hence zn(θ̃) ⊆ zn(θ′), and thus zn(θ̃) ⊆ zn(θ).

Finally, swapping the roles of θ and θ̃, we have zn(θ) = zn(θ̃) for θ ∼ θ̃. From
this, it follows directly that θ ∈ Z ⇐⇒ θ̃ ∈ Z. This concludes the proof of the first
statement of Proposition 109.

We now prove the second statement. Consider θ ∈ (RE × RB) \ Z and θ̃ ∼ θ.
Let us fix n ∈ N∗ and show that r∗n(θ) = r∗n(θ̃). We have, using Proposition 107, for
any θ′′ ∈ (RE × RB) \ Z

r∗n(θ
′′) = max

j∈J1,mnK
∃X∈RN0×n|(X,θ′′)∈On

j

rnj

= max
j∈J1,mnK

∃X∈RN0×n|(X,θ′′)∈‹On
j

max
(X,θ′′)∈‹On

j

rank(Dfθ′′(X)), (5.B.4)

where we have used also (5.3.2) for the last equality. Consider j0 and X that reach
the above maximum when θ′′ = θ, with (X, θ) ∈ ‹Onj0 and rank(Dfθ(X)) = r∗n(θ).

Since θ̃ ∼ θ, there exists θ′ ∈ RE × RB such that θ′ ∼s θ and θ̃ ∼p θ′.
From Proposition 104, we have (X, θ′) ∈ ‹Onj0 and rank(Dfθ′(X)) = rank(Dfθ(X)) =

r∗n(θ). Hence, from (5.B.4), r∗n(θ) ≤ r∗n(θ′).
From similar arguments as above, (X, θ̃) ∈ ‹Onj′ for some j′ ∈ J1,mnK. Since also

rank
(
Df

θ̃
(X)

)
= rank(Dfθ′(X)) = r∗n(θ

′) from Proposition 104, then from (5.B.4),
r∗n(θ

′) ≤ r∗n(θ̃).
This shows r∗n(θ) ≤ r∗n(θ̃), and by swapping the roles of θ and θ̃, we obtain

r∗n(θ) = r∗n(θ̃).
Finally, since for θ̃ ∼ θ, r∗n(θ) = r∗n(θ̃) for all n ∈ N∗, then (5.5.7) guarantees

that r∗(θ) = r∗(θ̃). This concludes the proof of Proposition 109.

5.B.5 Proof of Proposition 110

Similarly to what was done in the proof of Theorem 103, all along the proof of
Proposition 110, we consider the canonical basis (e1, . . . , e|E|+|B|) of RE × RB and
the canonical basis (ε1, . . . , εn) of Rn (recall NL = 1). For all θ′ ∈ RE ×RB and all
X ′ ∈ Rn for which θ′′ 7−→ fθ′′(X

′) is differentiable at θ′, we write Jfθ′(X ′) for the
n× (|E|+ |B|) matrix of Dfθ′(X ′) in these two bases.

Consider NL = 1, θ ∈ (RE ×RB) \Z and ε > 0 as in the proposition first state-
ment. From Proposition 107, there is n ∈ N∗, j ∈ J1,mnK and X̄ = (x(1), . . . , x(n))

such that (X̄, θ) ∈ Onj and rank
(
Dfθ(X̄)

)
= r∗(θ). Also, from Theorem 103 (i),

there is ϵ′ > 0 such that θ′ 7→ fθ′(X̄) is continuously differentiable on B(θ, ϵ′). We
consider such an ϵ′ satisfying ϵ′ ≤ ϵ.
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Then, r∗(θ) = rank
(
Dfθ(X̄)

)
= rank

(
Jfθ(X̄)

)
. Hence we can extract r∗(θ)

rows from Jfθ(X̄) such that, up to reordering, we have, withX = (x(1), . . . , x(r
∗(θ))),

rank(Dfθ(X)) = r∗(θ). Furthermore, still, θ′ 7−→ fθ′(X) is continuously differen-
tiable on B(θ, ϵ′).

Then, we can extract r∗(θ) columns from Jfθ(X) for which the resulting r∗(θ)×
r∗(θ) matrix is invertible. These r∗(θ) columns are associated to a subset of E ∪B,
that we write S. For ϕ ∈ S, we define θ(ϕ) ∈ RE × RB by θ(ϕ)w = θw for
w ∈ (E ∪B) \S and by θ(ϕ)w = ϕw for w ∈ S. We also let θ|S = (θw)w∈S . Then we
consider the function g : RS −→ Rr∗(θ) defined by the row vector g(ϕ) = fθ(ϕ)(X).

The differential of g at θ|S is defined by the invertible r∗(θ) × r∗(θ) matrix
extracted from Jfθ(X), discussed above, in the canonical bases of RS and Rr∗(θ).
In addition, g is continuously differentiable on B(θ|S , ϵ′).

Hence we can apply the inverse function theorem. There is an open set U ⊆
B(θ|S , ε′) containing θ|S and an open set V containing g(θ|S) = fθ(θ|S)(X) = fθ(X)

such that g is bijective from U to V . We let g−1 be the inverse of g. Then, there
is γ > 0 small enough such that fθ(X) + γ{−1, 1}r∗(θ) ⊆ V , where “+” denotes the
Minkowski sum.

Let t = (t1, . . . , tr∗(θ)) = fθ(X). Then, for each I ⊆ J1, r∗(θ)K, define t′ ∈ Rr∗(θ)
by t′i = ti + γ if i ∈ I and t′i = ti − γ if i ̸∈ I. Since t′ ∈ t + γ{−1, 1}r∗(θ) ⊆ V ,
we can define θ′ = θ(g−1(t′)) with θ′ ∈ θ(U) ⊆ B(θ, ε′) ⊆ B(θ, ε). This yields,
fθ′(X) = fθ(g−1(t′))(X) = g(g−1(t′)) = t′. Hence, for i ∈ I, fθ′(x(i)) = t′i = ti + γ

and for i ̸∈ I, fθ′(x(i)) = t′i = ti−γ. By definition, this implies that fSB(θ,ε),γ ≥ r∗(θ).
This shows the first part of the proposition.

The second part of the proposition is a consequence of the first part. In-
deed, let us fix some ε > 0, let us take θ ∈ (RE × RB) \ Z such that r∗(θ) =

max
θ̃∈(RE×RB)\Z r

∗(θ̃), and let us take γ′ > 0 such that (5.5.9) holds with γ there
replaced by γ′ here. Then we have

fSRE×RB ,γ′ ≥ fSB(θ,ε),γ′ ≥ r∗(θ).
Hence the proof is concluded.

5.C Proofs of Section 5.6

5.C.1 Proof of Proposition 111

Before proving Proposition 111, we state and prove two lemmas.

Lemma 119. Let θ ∈ (RE × RB) \ Z.
Let n, n′ ∈ N∗, let X ∈ X nθ and let X ′ ∈ X n′

θ . Let us write X ′′ ∈ X n+n′
θ

the matrix obtained by concatenating the columns of X and X ′. We then have the
following inequalities

rank(Dfθ(X)) ≤ rank
(
Dfθ(X

′′)
)
,

rank
(
Dfθ(X

′)
)
≤ rank

(
Dfθ(X

′′)
)
,

rank
(
Dfθ(X

′′)
)
≤ rank(Dfθ(X)) + rank

(
Dfθ(X

′)
)
,
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where using Proposition 106, (iii), all the differentials are well defined.

Proof of Lemma 119. Let us consider the canonical basis B of RE × RB. Also, for
any m ∈ R∗, let us consider the canonical basis Bm of RNL×m. With the bases B
and Bn, the linear operator Dfθ(X) : RE×RB → RNL×n corresponds to a Jacobian
matrix that we write Jfθ(X). We define Jfθ(X ′) similarly with the bases B and
Bn′ and Jfθ(X ′′) similarly with the bases B and Bn+n′ . Writing ∇θ the gradient of
a scalar quantity depending on θ ∈ RE ×RB, then the matrix Jfθ(X) is composed
of the nNL rows

Jfθ(X)i(NL−1)+j,: =
Ä
∇θ
î
fθ(x

(i))j
óä⊤

, for all i ∈ J1, nK and j ∈ J1, NLK,

the matrix Jfθ(X ′) is composed of the n′NL rows

Jfθ(X
′)i(NL−1)+j,: =

Ä
∇θ
î
fθ(x

′(i))j
óä⊤

, for all i ∈ J1, n′K and j ∈ J1, NLK,

and the matrix Jfθ(X ′′) is the concatenation of Jfθ(X) and Jfθ(X ′). Well-known
properties of the matrix rank yield

rank(Jfθ(X)) ≤ rank
(
Jfθ(X

′′)
)
,

rank
(
Jfθ(X

′)
)
≤ rank

(
Jfθ(X

′′)
)
,

rank
(
Jfθ(X

′′)
)
≤ rank(Jfθ(X)) + rank

(
Jfθ(X

′)
)
.

These three inequalities are equivalent to the three inequalities of the lemma.

Lemma 120. Let θ ∈ (RE×RB)\Z. Let n ∈ N∗ and let X ∈ X nθ . If rank(Dfθ(X)) <

r∗(θ), then there exists x ∈ Xθ such that, writing Xx ∈ X n+1
θ for the matrix obtained

by adding x as an additional last column to X, we have

rank(Dfθ(Xx)) ≥ rank(Dfθ(X)) + 1.

Furthermore, the set of such x’s has non-zero Lebesgue measure on RN0.

Proof of Lemma 120. Let θ ∈ (RE × RB) \ Z, n ∈ N∗ and X ∈ X nθ such that
rank(Dfθ(X)) < r∗(θ). Let n′ ∈ N∗ and X ′ ∈ X n′

θ such that rank(Dfθ(X ′)) = r∗(θ)
(the existence being guaranteed by definition of r∗(θ)). Let X ′′ ∈ X n+n′

θ be obtained
by concatenating the columns of X and X ′. From Lemma 119, we have

rank
(
Dfθ(X

′′)
)
≥ rank

(
Dfθ(X

′)
)
= r∗(θ) ≥ rank(Dfθ(X)) + 1.

Using the matrix notations defined in the proof of Lemma 119, there exists a row of
Jfθ(X

′), written
Ä
∇θ
î
fθ(x

′(i))j
óä⊤

for i ∈ J1, n′K and j ∈ J1, NLK, with x
′(i) ∈ Xθ,

that does not belong to the range of Jfθ(X). Recall that for x ∈ Xθ, we write Xx

for the matrix of X n+1
θ obtained by concatenating X and x. From the above, we

have rank
(
Dfθ(Xx

′(i))
)
≥ rank(Dfθ(X)) + 1.

This proves the first statement of the lemma and we still need to prove that the
set of such x’s has non-zero Lebesgue measure on RN0 .
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Consider x′(i) ∈ Xθ as constructed in the first part of the proof. By continuity of
x 7→ Dfθ(Xx) at x′(i), and since the rank is a lower semi-continuous function and Xθ
is open, then there exists ε > 0 such that B(x

′(i), ε) ⊆ Xθ and for all x ∈ B(x
′(i), ε),

rank(Dfθ(Xx)) ≥ rank
(
Dfθ(Xx

′(i))
)
≥ rank(Dfθ(X)) + 1.

The ball B(x
′(i), ε) has a non-zero Lebesgue measure, which concludes the proof.

We can now prove Proposition 111.

Proof of Proposition 111. Let us first show that the sequence (r∗n(θ))n∈N∗ is non-
decreasing. Let n ∈ N∗ and X ∈ X nθ such that rank(Dfθ(X)) = r∗n(θ). For any
x ∈ Xθ, using the notation Xx of Lemma 120, Lemma 119 shows that r∗n(θ) =

rank(Dfθ(X)) ≤ rank(Dfθ(Xx)), and thus r∗n(θ) ≤ r∗n+1(θ). Hence, the sequence
(r∗n(θ))n∈N∗ is non-decreasing.

Since the input space of Dfθ(X) is RE×RB for all X, the sequence is also upper
bounded by r∗(θ) ≤ |E| + |B|. Therefore, since it only takes integer values, there
exists n such that r∗n(θ) = r∗(θ) and we can write n∗(θ) ∈ N∗ for the smallest of these
n. Let n ∈ J1, n∗(θ) − 1K and X ∈ X nθ such that rank(Dfθ(X)) = r∗n(θ). We have
r∗n(θ) < r∗(θ) and using Lemma 120, there exists x ∈ Xθ such that rank(Dfθ(Xx)) ≥
rank(Dfθ(X)) + 1. Hence we have

r∗n+1(θ) ≥ r∗n(θ) + 1. (5.C.1)

The sequence is therefore increasing on J1, n∗(θ)K. Because of the definition n∗(θ),
it is also stationary (constant) on N∗ \ J1, n∗(θ)K.

Let us now prove the upper and lower bounds on n∗(θ).
Now, consider n ∈ J1, n∗(θ) − 1K and X ∈ X n+1

θ such that rank(Dfθ(X)) =

r∗n+1(θ). Let us write Xn ∈ X nθ for the matrix obtained by removing the last
column x(n+1) from X. Lemma 119 shows that

rank(Dfθ(X)) ≤ rank(Dfθ(Xn)) + rank
Ä
Dfθ(x

(n+1))
ä
.

Hence

r∗n+1(θ) = rank(Dfθ(X)) ≤rank(Dfθ(Xn)) +NL

≤r∗n(θ) +NL. (5.C.2)

Grouping (5.C.1) and (5.C.2), we have

r∗n(θ) + 1 ≤ r∗n+1(θ) ≤ r∗n(θ) +NL. (5.C.3)

Furthermore, for x ∈ Xθ, we have 1 ≤ rank(Dfθ(x)) ≤ NL. Indeed, the upper bound
is due to the size of output space of Dfθ(x) and the lower bound holds for instance
because for any v ∈ VL, ∂(fθ(x))v/∂bv = 1. Hence 1 ≤ r∗1(θ) ≤ NL. Using (5.C.3)
we can show by induction that for all n ∈ J1, n∗(θ)K, we have n ≤ r∗n(θ) ≤ nNL.
Applying these latter inequalities to n = n∗(θ) yields

r∗(θ)
NL

≤ n∗(θ) ≤ r∗(θ)

and the proof is concluded.
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5.C.2 Proof of Theorem 113

Lemma 121. Fix p ∈ (0, 1) and k ∈ N∗. Consider random variables X1, . . . , Xk val-
ued in {0, 1} such that P(X1 = 1) ≥ p and for any i ∈ J2, kK, for any x1, . . . , xi−1 ∈
{0, 1}, P(Xi = 1|X1 = x1, . . . , Xi−1 = xi−1) ≥ p. Consider B1, . . . , Bk inde-
pendent Bernoulli random variables such that for i ∈ J1, kK, P(Bi = 1) = p and
P(Bi = 0) = 1− p.

Then there exists a finite probability space (Ωk,Pk) and random variables Y1, . . . , Yk,
C1, . . . , Ck from Ωk to {0, 1} such that

(1) For i ∈ J1, kK and ω ∈ Ωk, Yi(ω) ≥ Ci(ω);
(2) (X1, . . . , Xk) and (Y1, . . . , Yk) have the same distribution;
(3) (B1, . . . , Bk) and (C1, . . . , Ck) have the same distribution.
As a consequence, for each t ≥ 0,

P (X1 + · · ·+Xk ≤ t) ≤ P (B1 + · · ·+Bk ≤ t) . (5.C.4)

Proof of Lemma 121. We prove the first part of the lemma by induction. Let Lk
correspond to the statements (1) to (3) for a given k ∈ N∗.

Let us first show that L1 is true. Let Ω1 = {1, 2, 3} and P1(1) = p, P1(2) =

P(X1 = 1)− p and P1(3) = 1− P(X1 = 1). Let then Y1(1) = Y1(2) = 1, Y1(3) = 0,
C1(1) = 1, C1(2) = C1(3) = 0. With this choice of Ω1 , P1 , Y1 and C1, L1 indeed
holds.

Assume now that Lk holds for some k ∈ N∗ and let us show that Lk+1 holds.
We thus consider Ωk, Pk, Y1, . . . , Yk and C1, . . . , Ck as in the statements (1) to (3).
We define Ωk+1 = Ωk × {1, 2, 3}. For ω ∈ Ωk, i ∈ J1, kK and j ∈ {1, 2, 3}, let us
define Yi(ω, j) = Yi(ω) and Ci(ω, j) = Ci(ω). Note that we use the convenient
abuse of notation of defining Y1, . . . , Yk and C1, . . . , Ck as both functions on Ωk
and Ωk+1. For ω ∈ Ωk, let us define Yk+1(ω, 1) = Yk+1(ω, 2) = 1, Yk+1(ω, 3) = 0,
Ck+1(ω, 1) = 1 and Ck+1(ω, 2) = Ck+1(ω, 3) = 0. Then Item (1) of Lk+1 is satisfied.

In order to define Pk+1, we denote, for ω ∈ Ωk,

Pω = P (Xk+1 = 1|X1 = Y1(ω), . . . , Xk = Yk(ω)) .

Then, for ω ∈ Ωk, we define Pk+1(ω, 1) = Pk(ω)p, Pk+1(ω, 2) = Pk(ω)(Pω − p) and
Pk+1(ω, 3) = Pk(ω)(1 − Pω). Using that Pk is a probability measure on Ωk, it is
simple to see that Pk+1 is a probability measure on Ωk+1.

Consider now x1, . . . , xk ∈ {0, 1}. If P (Y1 = x1, . . . , Yk = xk) = 0 then, from
Item (2) of Lk, P (X1 = x1, . . . , Xk = xk) = 0. In this case, for all xk+1 ∈ {0, 1}, we
have

0 = P (Y1 = x1, . . . , Yk = xk, Yk+1 = xx+1) = P (X1 = x1, . . . , Xk = xk, Xk+1 = xx+1) .

Consider then the case where P (Y1 = x1, . . . , Yk = xk) > 0. We have

P (Y1 = x1, . . . , Yk = xk, Yk+1 = 1) =

2∑
j=1

∑
ω∈Ωk s.t.
Yi(ω)=xi
for i∈J1,kK

Pk+1(ω, j) =
∑

ω∈Ωk s.t.
Yi(ω)=xi
for i∈J1,kK

Pk(ω)Pω.
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Using now Item (2) of Lk, we have

P (Y1 = x1, . . . , Yk = xk, Yk+1 = 1)

= P (X1 = x1, . . . , Xk = xk)
1

P (Y1 = x1, . . . , Yk = xk)

∑
ω∈Ωk s.t.
Yi(ω)=xi
for i∈J1,kK

Pk(ω)Pω

= P (X1 = x1, . . . , Xk = xk)
1

P (Y1 = x1, . . . , Yk = xk)

∑
ω∈Ωk s.t.
Yi(ω)=xi
for i∈J1,kK

Pk(ω)

P(Xk+1 = 1|X1 = x1, . . . , Xk = xk)

= P (X1 = x1, . . . , Xk = xk)P(Xk+1 = 1|X1 = x1, . . . , Xk = xk)

= P (X1 = x1, . . . , Xk = xk, Xk+1 = 1) .

We treat the case Yk+1 = 0 similarly, writing the details for the sake of completeness.
We have

P (Y1 = x1, . . . , Yk = xk, Yk+1 = 0)

= P (X1 = x1, . . . , Xk = xk)
1

P (Y1 = x1, . . . , Yk = xk)

∑
ω∈Ωk s.t.
Yi(ω)=xi
for i∈J1,kK

Pk+1(ω, 3)

= P (X1 = x1, . . . , Xk = xk)
1

P (Y1 = x1, . . . , Yk = xk)

∑
ω∈Ωk s.t.
Yi(ω)=xi
for i∈J1,kK

Pk(ω)(1− Pω)

= P (X1 = x1, . . . , Xk = xk)
1

P (Y1 = x1, . . . , Yk = xk)

∑
ω∈Ωk s.t.
Yi(ω)=xi
for i∈J1,kK

Pk(ω)

P(Xk+1 = 0|X1 = x1, . . . , Xk = xk)

= P (X1 = x1, . . . , Xk = xk)P(Xk+1 = 0|X1 = x1, . . . , Xk = xk)

= P (X1 = x1, . . . , Xk = xk, Xk+1 = 0) .

Hence Item (2) of Lk+1 holds.
Let us now show Item (3) of Lk+1. The method is similar as above, but we give

the details for completeness. Consider c1, . . . , ck, ck+1 ∈ {0, 1}. Using the definition
of Ck and Ck+1, we have

P (C1 = c1, . . . , Ck = ck, Ck+1 = ck+1) =Pk+1

(
Ac1 × · · · ×Ack+1

)
,

where for i ∈ J1, k + 1K, Aci = {1} if ci = 1 and Aci = {2, 3} if ci = 0. If ck+1 = 1,
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then

Pk+1

(
Ac1 × · · · ×Ack+1

)
= Pk+1 (Ac1 × · · · ×Ack × {1})
=

∑
i1∈Ac1···
ik∈Ack

Pk+1 ((i1, . . . , ik, 1))

=
∑

i1∈Ac1···
ik∈Ack

Pk ((i1, . . . , ik)) p

= Pk(C1 = c1, . . . , Ck = ck)p

= Pk(B1 = c1, . . . , Bk = ck)p

= Pk(B1 = c1, . . . , Bk = ck, Bk+1 = ck+1),

where we have used Item 3 of Lk for the second equality before last above and the
definition of B1, . . . , Bk+1, in the lemma statement, for the last equality. Similarly,
we have, if ck+1 = 0,

Pk+1

(
Ac1 × · · · ×Ack+1

)
=Pk+1 (Ac1 × · · · ×Ack × {2, 3})
=
∑

i1∈Ac1···
ik∈Ack

(
Pk+1 ((i1, . . . , ik, 2)) + Pk+1 ((i1, . . . , ik, 3))

)

=
∑

i1∈Ac1···
ik∈Ack

Pk ((i1, . . . , ik)) (1− p)

=Pk(C1 = c1, . . . , Ck = ck)(1− p)
=Pk(B1 = c1, . . . , Bk = ck)(1− p)
=Pk(B1 = c1, . . . , Bk = ck, Bk+1 = ck+1).

Hence in all cases,

P (C1 = c1, . . . , Ck = ck, Ck+1 = ck+1) = P (B1 = c1, . . . , Bk = ck, Bk+1 = ck+1)

and Lk+1 is proved. This finishes the proof by induction that Lk holds for all k ∈ N∗.
Let us now show (5.C.4). We have from Items (2) and (3) of Lk,

P (X1 + · · ·+Xk ≤ t)− P (B1 + · · ·+Bk ≤ t)
=P (Y1 + · · ·+ Yk ≤ t)− P (C1 + · · ·+ Ck ≤ t)
=E

(
1{Y1+···+Yk≤t} − 1{C1+···+Ck≤t}

)
≤0,

because from Item (1) of Lk, the random variable

1{Y1+···+Yk≤t} − 1{C1+···+Ck≤t}

takes the values −1 or 0.
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Proof of Theorem 113. Let us first show that, almost surely, for all ℓ ∈ J1, nK, there
exists j ∈ J1,mℓK such that ((x(i))1≤i≤ℓ, θ) ∈ Oℓj . Indeed, for any ℓ ∈ J1, nK, since
θ ̸∈ Z, the set {X ∈ RN0×ℓ | (X, θ) ∈ (∪mℓ

j=1Oℓj)c} has Lebesgue measure zero. Since
the vectors x(i) are independent, the matrix (x(i))1≤i≤ℓ ∈ RN0×ℓ follows the product
distribution Gℓ, which is absolutely continuous with respect to Lebesgue measure of
RN0×ℓ. Therefore, we have

P
Ä
((x(i))1≤i≤ℓ, θ) ∈ (∪mℓ

j=1Oℓj)c
ä
= 0,

and since this is true for all ℓ ∈ J1, nK, we thus have

P
Ä
∃ℓ ∈ J1, nK such that ((x(i))1≤i≤ℓ, θ) ∈ (∪mℓ

j=1Oℓj)c
ä
= 0.

As a consequence, for the rest of the proof, up to intersecting with an event of
probability one, we will assume that for all ℓ ∈ J1, nK, there exists j ∈ J1,mℓK such
that ((x(i))1≤i≤ℓ, θ) ∈ Oℓj .

To ease the reading, let us denote N = n∗(θ) in this proof. By definition of N ,
we have r∗N (θ) = r∗(θ), and Proposition 107 shows that there exists j ∈ IN (θ) such
that

r∗N (θ) = rNj .

Consequently, there exist deterministic x̃(1), . . . , x̃(N) ∈ RN0 such that if ‹X =

(x̃(i))1≤i≤N , we have (‹X, θ) ∈ ONj and

rank
Ä
Dfθ(‹X)

ä
= r∗(θ).

For δ ∈ A(θ), let us define the deterministic integer

c∗δ = Card {i ∈ J1, NK | x̃(i) ∈ IntDδ(θ)}.

We have ∑
δ∈A(θ)

c∗δ = N.

Let us also define, for ℓ ∈ J1, nK and δ ∈ A(θ), the random integers

cδ(ℓ) = min
Ä
Card {i ∈ J1, ℓK | x(i) ∈ IntDδ(θ)} , c∗δ

ä
,

and
c(ℓ) =

∑
δ∈A(θ)

cδ(ℓ).

We have cδ(ℓ) ≤ c∗δ , for all δ ∈ A(θ), thus c(ℓ) ≤ N . The sequence c(ℓ) is
nondecreasing, and at each step, the increment c(ℓ+ 1)− c(ℓ) is either 0 or 1.

Let us first show that, almost surely, for ℓ ∈ J1, nK,

{c(ℓ) = N} =⇒
¶
rank
Ä
Dfθ
Ä
(x(i))1≤i≤ℓ

ää
= r∗(θ)

©
. (5.C.5)
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Suppose indeed that, for some ℓ ∈ J1, nK, c(ℓ) = N . Then for all δ ∈ A(θ), we
have cδ(ℓ) = c∗δ . Up to a re-ordering, we can assume that for all i ∈ J1, NK,

a(x(i), θ) = a(x̃(i), θ). (5.C.6)

As assumed earlier, there exists j′ ∈ J1,mN K such that ((x(i))1≤i≤N , θ) ∈ ONj′ . The
equality (5.C.6) and Item 2 of Theorem 103 (i) show that j′ = j. Item 3 of Theorem
103 (i) shows that the rank is constant overONj , and thus rank

Ä
Dfθ((x

(i))1≤i≤N )
ä
=

r∗(θ). This shows (5.C.5) as desired.
Define now c̄(ℓ) by c̄(ℓ) = c(ℓ) if c(ℓ) < N and by c̄(ℓ) = N + (ℓ − M) if

c(ℓ) = N , where M is the smallest index i such that c(i) = N . Then, for all
ℓ ∈ J1, nK, c(ℓ) = N ⇐⇒ c̄(ℓ) ≥ N . Hence, we have

P
Ä
rank
Ä
Dfθ
Ä
(x(i))1≤i≤n

ää
= r∗(θ)

ä
≥P (c(n) = N)

=P (c̄(n) ≥ N) .

Thus
P
Ä
rank
Ä
Dfθ
Ä
(x(i))1≤i≤n

ää
< r∗(θ)

ä
≤ P (c̄(n) < N) . (5.C.7)

Define X1 = c̄(1) and Xk = c̄(k) − c̄(k − 1) for k ∈ J2, nK. Notice that X1 +

· · ·+Xk = c̄(k) for all k ≥ 2. Consider also the i.i.d. Bernoulli variables B1, . . . , Bn
from the first item of the theorem statement. We will apply Lemma 121 to p, as
defined in Theorem 113, (X1, . . . , Xn) and (B1, . . . , Bn). To do so we need to prove
that (X1, . . . , Xn) satisfies the hypotheses of Lemma 121. First, P(X1 = 1) is the
probability that x(1) falls into IntDδ(θ) for some δ ∈ A(θ). This probability is thus
equal to p, and therefore lower bounded by p. Now let us show that, for k ∈ J1, n−1K,
x1, . . . , xk ∈ {0, 1},

P(Xk+1 = 1|X1 = x1, . . . , Xk = xk) ≥ p.

Let us work conditionnally to X1 = x1, . . . , Xk = xk. If x1 + · · · + xk ≥ N , then
c̄(k) = x1 + · · ·+ xk ≥ N and thus, by definition of c̄(k + 1) and Xk+1, Xk+1 = 1.
So P(Xk+1 = 1|X1 = x1, . . . , Xk = xk) = 1 ≥ p.

Consider now the case x1 + · · · + xk < N . Conditionally to x(1), . . . , x(k) for
which X1 = x1, . . . , Xk = xk with x1 + · · ·+ xk < N , there is at least one δ ∈ A(θ)
such that cδ(k) < c∗δ , and if x(k+1) falls into IntDδ(θ), then Xk+1 = 1 because
c(k+1) = c(k)+1 and thus c̄(k+1) = c̄(k)+1. Hence P

Ä
Xk+1 = 1|x(1), . . . , x(k)

ä
≥ p

and thus

P (Xk+1 = 1|X1 = x1, . . . , Xk = xk)

=
1

P(X1 = x1, . . . , Xk = xk)
P (X1 = x1, . . . , Xk = xk, Xk+1 = 1)

=
1

P(X1 = x1, . . . , Xk = xk)
E
[
E
[
1{X1=x1,...,Xk=xk}1{Xk+1=1}

∣∣∣x(1), . . . , x(k)]]
=

1

P(X1 = x1, . . . , Xk = xk)
E
î
1{X1=x1,...,Xk=xk}P

Ä
Xk+1 = 1|x(1), . . . , x(k)

äó
≥p.
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Hence we can apply Lemma 121. From this lemma and (5.C.7), for all n ∈ N,

P
(
rank
Ä
Dfθ
Ä
(x(i))1≤i≤n

ää
< r∗(θ)

)
≤P(c̄(n) < N)

=P(X1 + · · ·+Xn < N)

≤P(B1 + · · ·+Bn < N).

Hence Item 1 of Theorem 113 holds. Let us now consider Item 2. The expectation
of B1+ · · ·+Bn is np and the variance is np(1− p) ≤ np. Hence using Chebyshev’s
inequality, for np ≥ 2N

P
Ä
rank
Ä
Dfθ
Ä
(x(i))1≤i≤n

ää
< r∗(θ)

ä
≤P(B1 + · · ·+Bn < N)

=P(B1 + · · ·+Bn − np < N − np)
≤ np

(np−N)2

≤ 4

np
.

This concludes the proof.
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Conclusion

This thesis focuses on the question of identifiability for fully-connected ReLU
networks. While identifiability is a classical concern in statistics, its application
to neural networks is less studied, these models being often assumed to be non
identifiable because of their large number of parameters, and the question of iden-
tifying their parameter values being less considered because the meaning of these
parameters is less understood.

However, the question of identifiability is at the intersection of several fundamen-
tal issues. As described in the introduction, it relates to the issues of robustness and
privacy, which are fundamental in regard to the large-scale deployment of real-world
systems based on neural network models. Furthermore, the study of identifiability
questions the relationship between the parameter space and the functional space
associated to a neural network. This relationship is far from trivial, yet understand-
ing it carries significant theoretical and practical implications. Understanding the
redundancy of neural network parameters is indeed crucial to fully understand the
nature and complexity of the aforementioned functional space, as well as the nature
of the trajectories followed by the optimizers in the parameter space; two questions
that are deeply linked to the performances of neural networks.

In Chapter 3, we establish a condition (or in fact, a set of conditions) that is
sufficient for global identifiability modulo permutation and positive rescaling. The
nature of these conditions allows to better understand the piecewise-affine structure
or ReLU networks, and in particular, it shows that the singularities of a ReLU net-
work are very informative about its parameters. We also provide in this chapter
a toy example of a network satisfying the conditions, showing that the set of pa-
rameters satisfying the condition (and thus being identifiable) is nonempty. These
conditions are however theoretical: they assume that the network is known on an
input set with nonempty interior, which is far from what we can expect to know
in practice, i.e. the values of the function on a finite list of inputs. The following
chapter corresponds to an attempt to go towards more practical settings.

Indeed in Chapter 4, we establish two conditions of local identifiability from any
finite sample: a necessary condition on one side and a sufficient condition on the
other side. The form of identifiability that is tested is weaker since it is only local, but
it allows us on the other hand to obtain conditions than can be of practical use: for
any (fully-connected ReLU) network, and any finite input sample, the conditions can
be tested via the rank computation of two linear operators. This work thus provides
a tool whose use in a wide range of situations could help understand better the
big picture regarding the parameter redundancy in fully-connected ReLU networks:
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which architectures, and which parameters tend to permit local identifiability? For
a specific parameter, how to choose the inputs to have identifiability?

In Chapter 5, we develop this study further by focusing on one of the quantities
presented in Chapter 4, viewed as a local complexity measure and called batch func-
tional dimension. When the batch functional dimension is maximal, it corresponds
to the (locally) identifiable case studied in Chapter 5, but when it is not, it is also in-
formative, by giving us an indication on the local complexity of the neural network.
More precisely, we show that this measure has a geometric nature: it represents
the dimension of the local image set of the network, for a fixed list of inputs. We
show that the parameter space is divided into pieces over which the batch functional
dimension is fixed. We observe empirically that the batch functional dimension de-
creases throughout training, which indicates an implicit regularization phenomenon.
Furthermore, our experiments indicate that the batch functional dimension reached
at the end of training is positively correlated to the complexity of the learning prob-
lem: the more complex the task, the higher the batch functional dimension. Finally,
our experiments also indicate that the choice of the inputs is crucial, and that often,
for some choices, it is possible to reach the maximal value, leading to local iden-
tifiability, as described in Chapter 4. To consolidate these empirical observations,
we also show a theoretical link between this complexity measure and the (local)
fat-shattering dimension of the neural network.

Overall, this thesis shows the relevance and the fruitfulness of the question of
identifiability for neural networks. It first shows that it is possible to establish -
theoretical as well as practical- conditions of identifiability for fully-connected deep
ReLU neural networks, and to put to evidence some networks that satisfy them,
which can be of practical interest for robustness or privacy. But this thesis also
shows how, by measuring the parameter redundancy, the question of identifiability
is also linked to the question of implicit regularization, which is fundamental to
better understand the performances of neural networks.
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L’identifiabilité des réseaux de neurones profonds ReLU

Résumé: Cette thèse étudie la question de l’identifiabilité des réseaux de neurones profonds ReLU. Les
réseaux de neurones admettent des paramètres sous forme de poids et de biais, et avec un choix de paramètres
donné, un réseau implémente une fonction. La question générale de l’identifiabilité est la suivante : si les
fonctions implémentées par deux réseaux sont égales, ou si elles coïncident sur un ensemble donné, ont-elles
les mêmes paramètres ? Dans cette thèse, nous proposons trois contributions qui tournent autour de ce
sujet.

Première contribution : La possibilité de récupérer les paramètres – poids et biais – d’un réseau de
neurones grâce à la connaissance de sa fonction sur un sous-ensemble de l’espace d’entrée peut être, selon
la situation, une malédiction ou une bénédiction. D’un côté, récupérer les paramètres facilite les attaques
adversariales et pourrait également révéler des informations sensibles du jeu de données utilisé pour entraîner
le réseau. D’un autre côté, si les paramètres d’un réseau peuvent être récupérés, cela garantit à l’utilisateur
que les caractéristiques dans les espaces latents peuvent être interprétées. Cela fournit également les bases
pour obtenir des garanties formelles sur les performances du réseau. Il est donc important de caractériser
les réseaux dont les paramètres peuvent être identifiés et ceux dont les paramètres ne le peuvent pas. Dans
ce travail, nous fournissons un ensemble de conditions sur un réseau de neurones profond feedforward fully-
connected ReLU, garantissant que les paramètres du réseau sont identifiables de manière unique – modulo
permutation et rescalings positifs– à partir de la fonction que le réseau implémente sur un sous-ensemble de
l’espace d’entrée.

Deuxième contribution : Un échantillon est-il suffisamment riche pour déterminer, au moins localement,
les paramètres d’un réseau de neurones ? Pour répondre à cette question, nous introduisons une nouvelle
paramétrisation locale d’un réseau de neurones ReLU profond donné en fixant les valeurs de certains de
ses poids. Cela nous permet de définir des opérateurs de lifting locaux dont les inverses sont des cartes
d’une variété lisse d’un espace de grande dimension. La fonction implémentée par le réseau de neurones
ReLU profond compose le lifting local avec un opérateur linéaire qui dépend de l’échantillon. Nous dérivons
de cette représentation pratique une condition géométrique nécessaire et suffisante d’identifiabilité locale.
En examinant les espaces tangents, la condition géométrique fournit : 1/ une condition nécessaire sharp et
testable d’identifiabilité et 2/ une condition suffisante sharp et testable d’identifiabilité locale. La validité
des conditions peut être testée numériquement à l’aide de la rétropropagation et du calcul du rang des
matrices.

Troisième contribution : Nous examinons les propriétés et les aspects computationnels des mesures
de complexité locale des réseaux de neurones ReLU profonds, récemment introduites dans (Grigsby et al.
2022). Les mesures de complexité considérées sont liées à la géométrie locale d’un ensemble d’images et d’un
ensemble de pré-images de la fonction implémentée par le réseau, pour un échantillon donné. La géométrie
locale de l’ensemble de pré-images et de l’ensemble d’images est liée par la différentielle des sorties du
réseau par rapport aux paramètres, pour un échantillon fini X. En particulier, nous considérons le rang de
cette différentielle. L’ensemble de pré-images représente les redondances dans les paramètres d’un réseau.
Intuitivement, plus il y a de redondances dans les paramètres, moins l’espace des fonctions représentées par le
réseau est riche et complexe. Parmi d’autres propriétés, nous cherchons notamment à comprendre comment
ces objets se comportent pendant l’optimisation. Le travail mené dans cette contribution est directement
liée à la question de l’identifiabilité, l’ensemble de pré-images représentant les redondances des paramètres
du réseau.



On identifiability of deep ReLU neural networks

Abstract: This thesis is focused on the question of identifiability for deep ReLU neural networks. Neural
networks admit parameters in the form of weights and biases, and given a parameter choice, a network
implements a function. The general question of identifiability is: if the functions implemented by two
networks are equal, or if they coincide on a given set, do they have the same parameters? In this thesis, we
propose three contributions revolving around this subject.

First contribution: The possibility for one to recover the parameters –weights and biases– of a neural
network thanks to the knowledge of its function on a subset of the input space can be, depending on
the situation, a curse or a blessing. On one hand, recovering the parameters allows for better adversarial
attacks and could also disclose sensitive information from the dataset used to construct the network. On
the other hand, if the parameters of a network can be recovered, it guarantees the user that the features
in the latent spaces can be interpreted. It also provides foundations to obtain formal guarantees on the
performances of the network. It is therefore important to characterize the networks whose parameters can
be identified and those whose parameters cannot. In this work, we provide a set of conditions on a deep
fully-connected feedforward ReLU neural network under which the parameters of the network are uniquely
identified –modulo permutation and positive rescaling– from the function it implements on a subset of the
input space.

Second contribution: Is a sample rich enough to determine, at least locally, the parameters of a neural
network? To answer this question, we introduce a new local parameterization of a given deep ReLU neural
network by fixing the values of some of its weights. This allows us to define local lifting operators whose
inverses are charts of a smooth manifold of a high dimensional space. The function implemented by the deep
ReLU neural network composes the local lifting with a linear operator which depends on the sample. We de-
rive from this convenient representation a geometric necessary and sufficient condition of local identifiability.
Looking at tangent spaces, the geometric condition provides: 1/ a sharp and testable necessary condition
of identifiability and 2/ a sharp and testable sufficient condition of local identifiability. The validity of the
conditions can be tested numerically using backpropagation and matrix rank computations.

Third contribution: We investigate properties and computational aspects of local complexity measures
of deep ReLU neural networks, recently introduced in (Grigsby et. al 2022). The considered complexity
measures are linked to the local geometry of an image set and a pre-image set of the function implemented
by the network, for a given sample. The local geometry of the pre-image set and of the image set are linked
through the differential of the outputs of the network with respect to the parameters, for a given finite sample
X. In particular, we consider the rank of this differential. The pre-image set represents the redundancies in
the parameters of a network. Intuitively, the more there are redundancies in the parameters, the less the
space of function represented by the network is rich and complex. Amongst other properties, we notably try
to understand how these objects behave during optimization. The investigation done in this contribution
is directly linked to the question of identifiability, as the pre-image set represents the redundancies of the
parameters of the network.


	Introduction
	Introduction to deep learning
	Learning problem, classification, regression
	True risk, empirical risk
	Neural networks, a first introduction
	Neural networks as graphs
	Optimization
	The piecewise-affine geometry of ReLU

	Neural networks possess intrinsic symmetries
	The permutation symmetry
	Activation-dependent symmetries
	Group structure of the symmetries

	Identifiability: from linear models to neural networks
	Introduction to identifiability: the linear model in finite dimension
	Identifiability in high dimension
	Identifiability for ReLU Neural networks
	Motivations
	Related works
	Our contributions : Chapters 3 and 4

	Complexity, regularization of neural networks
	Some elements of Statistical Learning Theory
	The bias-variance trade-off
	The paradox of deep learning
	Implicit regularization and local complexity measures
	Implicit regularization during optimization
	Other work on generalization of neural networks
	Our contribution: local geometric complexity measures (Chapter 5)


	Introduction en français
	Introduction au deep learning
	Apprentissage supervisé, classification, régression
	Vrai risque, risque empirique
	Les réseaux de neurones : première introduction
	Les réseaux de neurones : représentation en graphes
	Optimisation
	La géométrie affine par morceaux de ReLU

	Les réseaux de neurones ont une symétrie intrinsèque
	La symétrie par permutation
	Symétries dépendant de l'activation
	La structure de groupe des symétries d'un réseau

	L'identifiabilité : du modèle linéaire aux réseaux de neurones
	Introduction à l'identifiabilité : le modèle linéaire en dimension finie
	Identifiabilité en grande dimension
	L'identifiabilité pour les réseaux de neurones ReLU
	Les motivations de l'identifiabilité
	Travaux existants
	Nos contributions

	Complexité et régularisation des réseaux de neurones
	Quelques éléments de théorie du machine learning
	Le compromis biais-variance
	Le paradoxe du deep learning
	Régularisation implicite et mesures de complexité locales
	Régularisation implicite lors de l'optimisation
	Autres travaux sur la généralisation des réseaux de neurones
	Notre contribution : une mesure géométrique de la complexité locale (Chapitre 5)


	Parameter identifiability of a deep feedforward ReLU neural network
	Introduction
	Related work
	Identifiability, stability and stable recovery
	Motivations: privacy, robustness and interpretability

	Neural networks
	Parameterization of neural networks
	Continuous piecewise linear functions and neural networks 
	Equivalence between two parameterizations

	Main result
	Conditions
	Main theorems
	Discussion on the conditions

	Sketch of proof of Theorem 17
	Normalisation step
	Induction

	Conclusion
	Definitions, notations and preliminary results
	Basic notations and definitions
	Continuous piecewise linear functions
	Neural networks

	Main theorem
	Conditions
	Identifiability statement
	An application to risk minimization
	Proof of Theorem 61
	Proof of Corollary 62

	Proof of Lemma 63

	Local identifiability of deep ReLU neural networks: the theory
	Introduction
	Context and motivations
	Existing work on identifiability, inverse stability, stable recovery and attacks
	Contributions
	Overview of the article

	ReLU networks, lifting operator and rescaling of the parameters
	ReLU networks
	The lifting operator  and the activation operator  
	Invariant rescaling operations on 
	Local identifiability

	The smooth manifold 
	Main results: necessary and sufficient conditions for local identifiability
	Checking the conditions numerically
	Conclusion
	Appendix
	Notations
	The lifting operator 
	The smooth manifold structure of 
	Conditions of local identifiability
	Checking the conditions numerically


	Geometry induced implicit regularization: theoretical insights and numerical evidence.
	Introduction
	ReLU networks and notations
	Rank properties
	Geometric interpretation when X is fixed
	Rank saturating X, when theta is fixed
	Computational considerations
	How to compute the local dimension
	How to compute the dimension for a rank saturating X

	Experiments 
	Experiments description
	Behavior of the functional dimensions as the network width increases
	Behavior of the functional dimensions during training
	Behavior of the functional dimensions when X is corrupted
	Behavior of the functional dimensions when Y is corrupted

	Conclusion and perspectives
	Proofs of Section 5.3
	Proof of Theorem 103
	Proof of Proposition 104

	Proofs of Section 5.5
	Proof of Proposition 106
	Proof of Proposition 107
	Proof of Theorem 108
	Proof of Proposition 109
	Proof of Proposition 110

	Proofs of Section 5.6
	Proof of Proposition 111
	Proof of Theorem 113


	Conclusion

