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CHAPTER 1

Introduction

1.1 Introduction to deep learning

In the era of machine learning, the field of deep learning has emerged as a cor-
nerstone of technological advancement, revolutionizing our ability to process, under-
stand, and extract valuable insights from vast and complex datasets. Deep neural
networks, with their multilayered architectures, have played a pivotal role in this
transformation, demonstrating unprecedented capabilities in various applications,
ranging from image and speech recognition to natural language understanding. As
we continue to witness the proliferation of these powerful learning machines, cru-
cial questions regarding their inner workings and behaviors come to the forefront.
Amidst this technological revolution, this Ph.D. thesis embarks on a journey into
the world of deep learning theory, specifically focusing on the identifiability of neu-
ral network parameters—an aspect that has garnered limited attention despite its
potential significance. The motivation for this study lies in addressing critical chal-
lenges related to privacy preservation, robustness, and generalization capabilities.
In an age where data privacy is paramount, understanding the extent to which neu-
ral network parameters can be inferred from observed data is vital for safeguarding
sensitive information. Additionally, enhancing the robustness of these models to
adversarial attacks and improving their generalization performance in diverse real-
world scenarios hinges on a deep comprehension of parameter identifiability. Recog-
nizing the ethical and practical importance of safeguarding data privacy, fortifying
model resilience, and improving generalization performance, this research seeks to
contribute modestly to our understanding of these issues.

This introduction is structured as follows: in Section 1.1, we recall a few ba-
sics of machine learning, deep learning, and ReLLU geometry, in order to set a few
notations and to give a context to the thesis. In Section 1.2, we expand on the
symmetries possessed by the parameters of neural networks and the relation be-
tween an activation function and the corresponding symmetries. In Section 1.3, we
give an introduction of the notion of identifiability and we formalize what it means
for ReLU neural networks as well as its motivations. Finally, in Section 1.4, we
give an overview of the question of complexity for neural networks and its link with
generalization abilities.

1.1.1 Learning problem, classification, regression

In this section and the following, we recall succinctly a few basics of machine
learning. The goal here is not to be exhaustive but merely to give a frame to our
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study of neural networks.

In the standard supervised learning problem, we consider two random variables:
an input variable X and a target Y. The goal is, given the knowledge of X, to
predict the behavior of Y.

We will consider two classical learning settings: regression and classification. In
the regression setting, we observe X € R¢, for some d € N*, and we try to predict
a real value or a vector of real values: we have Y € R™, for some m € N*. The
relationship between X and Y is not necessarily deterministic. In that case, it is
impossible to predict exactly Y given X. Rather than predicting the exact value of
Y, the aim is typically to predict E[Y|X].

In classification, we consider a finite set of K classes C',...,Ck, for K € N*. We
observe X € R? and we want to predict the class of X, represented by the variable
Y € {C4,...,Ck}. Again, the relationship between X and Y is not necessarily
deterministic, and we will typically want to return an estimation of the probability
P(Y € C; | X), or at least a score for each class C;, such that for all ¢ € [1, K] the
higher the score we assign to the class C;, the higher the probability P(Y € C; | X)
is.

In both cases, we want to find a function that takes X € R? as an input and
outputs a real vector (such as the predicted E[Y|X] € R™ in regression or the
predicted probabilities vector P(Y € C; | X);eqi, k] € [0, 1]% or score vector A € R
in classification). To do so, we are provided with a parameterized family of functions
(fo)ocp, where P denotes some parameter set. Most of the time for us, P will
correspond to a space RP, for some p € NP. The goal is to find the parameter 6 such
that the function fy that best fits the expected behavior.

1.1.2 True risk, empirical risk

To measure how well a given function fy performs in our task, we consider a loss
function (also called cost function or error function) ¢ : R™ x R™ — Ry. The loss
function allows to compare our prediction fp(X) with the true Y: the higher the
value of the loss is, the further we consider fy(X) to be from Y. Generally, the only
way to bring ¢(fp(X),Y’) down to zero is to predict the exact value fy(X) =Y. A
typical example of loss in regression is the quadratic loss: ¢(y, ") = > 1%, (yi — y})>.

Our objective will be to choose the function fy in order to minimize the loss on
average over the distribution of (X,Y"). We thus define the risk, also referred to as
population risk, as

R(0) = E[£(f5(X),Y)].

Although our goal is to minimize R(6), we typically do not have access to the
true distribution of (X,Y’), which makes it impossible to compute R(#) for a given
parameter 6. Instead, if we are given n examples zW .., 2" that were sampled
from (X,Y), for a given integer n, we can consider the empirical risk

n

RO = -3 (fola®), ),

=1
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which is the average loss over the n examples rather than the whole distribution, and
which we are able to compute. Finding conditions guaranteeing that the empirical
risk R(6) is close to the true risk R(6) is a vast subject in Machine Learning. We will
not expand on it here, but more discussion on the subject can be found in [190, 21].
See also Section 1.4 for a discussion on the subject in the case of neural networks.

1.1.3 Neural networks, a first introduction

A neural network is a family of functions (fp)gerr, such that each function
fo : R* — R™ is built as a succession of layers. Indeed, we can write the function
fo as a succession of compositions between L > 2 more elementary functions:

fo=hpohp_io0---0hy,

where for all [ € [1, L], the function h; corresponds to one layer of the network, the
layer [. The function h; implements a map between two vector spaces RNi-1 — RN,
Here RM and RV are the input and output space of fy respectively; we thus have
No =d and N, = m.

Typically, and as will be the case in this work, a layer is composed of an affine
map x — Wlx + b, with W € RM>*Ni—1 and ' € RM, followed by an activation
function o7 : R — R, Mathematically, it thus writes

ve e RN y(x) = oy (Wa +0).
The output layer is an exception, as hy, is only composed of a linear map, i.e.
Vo € RVe=1 hp(z) = Wha 4+ bl

By abuse of language, sometimes the ‘layer I’ denotes the space R, and sometimes
it denotes the map h; : RNM-1 — RM and its weights and bias (W, ).

The function implemented by the neural networks depends on its weights and
biases. Together, all the weights and biases form the parameterization of the network

0= ... o wkt . .. bl) eRp,

where p = NgN1+...Np_1N+ Ny +---+ Np. We sometimes refer to the parame-
terization @ simply as ‘parameter’ of the network, as is often done in the literature,
although it is in fact a vector of p parameters. It should always be clear from the
context whether the word ‘parameter’ refers to # or to one component of 6. In
particular, the expression ‘number of parameters’ of the network, often used in this
thesis and in the literature, refers to the number p.

In many settings, and in all the settings considered in this thesis, for any [ €
[1, L —1], the activation o; corresponds to the same real-valued activation o applied
component-wise, that is

V(x1,. .., xn) €ERNL oy, ) = (0(21), ..., 0(zN,)).
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There exist several classical activation functions o: sigmoid, hyperbolic tangent
(tanh), Rectified Linear Unit (ReLU)... In this thesis, we focus on ReLU: it is
defined as o(t) = max(t,0) for any ¢t € R. By default, o will refer to ReLU. It will
be explicitly stated when it is not the case.

1.1.4 Neural networks as graphs

In this section, we present an equivalent formalism to neural networks, which
gives them their name. It is a presentation of neural networks as graphs between
nodes that are called neurons.

We first consider a set of neurons V. This set of neurons is divided into L + 1
layers, with L > 2: V = UlL:o V;. The layer Vj is the input layer, Vi, is the output
layer and the layers V; with 1 <[ < L — 1 are the hidden layers. We denote, for all
1 € [0,L], Ny = |Vj| the size of the layer V.

The neurons in consecutive layers are connected by oriented edges: for any
l € [0,L — 1], if we consider two neurons v € V; and v" € Vj;1, then we denote by
v — v’ the oriented edge from v to v'. We denote by E the set of all such oriented
edges:

E={v—=v | veV,v eVy,forle[0,L-1]}.

Every edge v — v/ € E of the network is parameterized by a weight w,_,,» € R.
Furthermore, we denote by

the set of all neurons except the input neurons. Each neuron v € B is parameterized
by a bias b, € R. A network is parameterized by all its weights and biases, gathered
in the parameterization 6, with

0= ((wv—>v’)v—>v’eE7 (bv)veB) € RE X RB ~ Rp7

where p = |E| + |B| = NoN1 + ...N_1Np + N1 + --- + N, is the number of
parameters.

As mentioned in previous section, the activation function, denoted o, is most
of the time ReLLU in our case; otherwise, it will always be explicitly specified. It is
defined as o(t) = max(t,0) for any t € R.

ReLU network prediction For a given 6, we define recursively fé :R% — RY,
for I € [0, L] and z € R, by

(1)) = Ty, for v € Vp,
(f5@)o = 0 (Cpev, womo(fi (@) +by), forve Vi, when e [1,L—1],
(fGL(ﬂj) v = Zv’eVL,l wv’—w(feL_l(x))U’ + by, for v € Vi.
(1.1.1)
We define the function f5 : R0 — RVZ implemented by the network of parameter
0 as fy = fQL We sometimes call it the prediction or the inference.
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Equivalence between formalisms The two presented formalisms are equivalent:
by simply numbering the neural networks in each layer, we obtain a bijection V; —
[1, N;], which yields an isomorphism R" — R¥. Using these isomorphisms, one
can gather the weights between two layers (wv—m’)(v,v')evl,lxvl in a matrix W' and
the biases (by)ycy; of a layer in a vector b!, which allows switching from one notation
to another.

1.1.5 Optimization

In this section we provide a very succinct explanation of gradient descent and
stochastic gradient descent, that are key for neural network optimization. For a
more detailed overview of gradient methods, see [160]. As evoked in Section 1.1.1,
the goal of learning is to find a parameter 6 such that the corresponding function
fo best fits some expected behavior. For neural networks, the parameters are real
vectors 0 € RP, and the common way of searching for the best parameter is through
gradient-based optimization methods.

To do so, a positive differentiable function L : RP — R, is constructed. L
takes parameters of the network as inputs, and outputs positive values. The goal is
to minimize it, i.e. to find a parameter 6 such that L(0) is as small as possible (the
ideal being to find the global minimum of L). L is named the objective function, or
sometimes the loss (but it should not be confused with the loss ¢ of section 1.1.2).

Gradient descent is a very classical family of optimization techniques that roughly
works as follows: one chooses an initial parameter 6y. Then, the parameter is in-
crementally modified, progressively constructing a sequence of parameters (6;)en.
At step t, the current parameter 6; is modified following the direction of steepest
descent of L at the point 6y, i.e. so that the step 6,11 — 0; is proportional to the
opposite of the gradient VL(6;). Such techniques require to compute the gradient
of L at each point #;. This can be done with an explicit expression of the gradient
when possible, or with numerical methods.

As mentioned in Section 1.1.2, loss functions ¢ are used to construct a risk
R(6) = E[4(fo(X),Y)], which we would like to minimize. In practice, what we
we are able to compute and what we thus consider instead is the empirical risk
ﬁ(ﬂ) = % Sl (f9($(i)), y(i)), where (2, y(i))ie[[l,n]] is a learning sample obtained
from (X,Y). It is thus natural to use the empirical risk as objective function:
L(9) = ]%(9) Training a neural network using the empirical risk as loss is standard
and called empirical risk minimization. One can also add a regularization term
P(0) representing additional constraints that we want the final parameter to satisfy,

~

leading to an objective function of the form L(0) = R(0) + P(0).

In practice, the objective L is minimized using a variant of the classical gradient
descent, called stochastic gradient descent. Instead of computing the gradient of the
empirical risk for the full training set, we randomly subdivide the training set into
k mini-batches I, ..., I} of size ny, such that U§:1 I, = [1,n], and each gradient
step is performed for a mini-batch. At a given step, we thus consider the gradient
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of the following quantity :

3 e (fala )0

i€l

Such an algorithm has been shown to be computationally more efficient (since it is
easier to compute the gradient for a mini-batch than for the full training set), and
to still yield good performances |29, 69].

To compute the empirical risk, whether it is for the whole training set or for
a sub-batch of the training set, one needs to be able to compute the individual
gradients of the quantities ¢ ( fo (a:(i)), y(i)) with respect to 6, for each example z(9).
Provided one chooses appropriately ¢ (it should at least be differentiable), neural
networks are equipped with an efficient way of computing these gradients, which is
called backpropagation, and on which we do not expand here.

1.1.6 The piecewise-affine geometry of ReLU

In this section, we expand a bit on the geometric properties of neural networks
with ReLU activation function. The functions implemented by neural networks
inherit properties from the activation function they use. ReLU is a continuous,
piecewise-affine function:

ot max(0,1).

As a consequence, a layer of a neural network, which combines an affine function
x — Wazx+band the ReLU activation, implements a continuous piecewise-affine func-
tion. Since the composition of continuous piecewise-affine functions is continuous
piecewise-affine, the function implemented by a ReLU network is itself continuous
piecewise-affine (sometimes also called, although improperly, piecewise-linear).

The affine regions of ReLLU networks As continuous piecewise-affine functions,
ReLU networks divide their input space in polyhedral regions over which the function
implemented by the network coincides with an affine function. These regions are
called the affine regions, or sometimes linear regions, of the network. The affine
regions are polyhedral and their boundaries are made of pieces of hyperplanes.

This property of ReLU networks allows to see them as approximators, that
combine simple (affine) blocks to represent more complex functions. It is intuitive
to think that the more complex the function we are trying to approximate is, the
more blocks will be needed. Further, it is intuitive to think that these blocks will
concentrate in the more complex areas of the function, with more curvature, more
irregularities, whereas the areas where the function is less complex will need less
blocks. Following this intuition, the number and the density of affine regions have
been considered as measures of complexity for ReL.U networks [125, 150, 86]. To
finish with, the total number of affine regions is always finite. The reason for that
is that there are a finite number of activation patterns (see the Activation patterns
paragraph below).
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Separating hyperplanes are crucial for identifiability Two adjacent affine
regions are separated by a hyperplane. It appears that these separating hyperplanes
are very informative on the parameters of a network. To understand that, let us
consider a network made of a single hidden neuron, L = 2, No = d, N1 = Ny = 1,
of the form

fo(z) = ao(wlz +b) + ¢,

where 2 € R a,b,c € R. By definition of o, we have fy(z) = a (w"z + b) + ¢ if
wlz +b >0 and fy(z) = c otherwise. There are thus two affine regions, which are
separated by the hyperplane of equation w”z+b = 0. If w'" 2+’ is another equation
defining the same hyperplane, then there exists a # 0 such that (w’,b") = a(w,b).
Thus, identifying the hyperplane separating the two linear regions defined by a
neuron allows identifying the weights and bias of the hidden neuron, up to a scaling
factor. This key property is at the core of most works on identifiability or stable
recovery of the parameters of ReLU networks (see Section 1.3.5 for the related
works).

Activation patterns For all [ € [1,L — 1], we now define s'(z,6) € {0,1}V as
follows:

1t S W (£ e ))j+b§zo

0 otherwise.

Vie[1,N], si(z,0) =

For a fixed parameter § € RF x R?, and a given input 2 € R0, the list
(s'(2,0),....s" H(2,0)) € {0, 1} x - x {0, 1}

is called an activation pattern.
We thus have

Nll Nll

(fi@), =0 zwz(“ ), + 0k ) = si.0) Z G @) )

or written differently

fi(x) = Diag(s'(z,0)) (W' f5~ (x) +1')
= Diag(s'(z,0))W'f} "' (z) + Diag(s' (z,0))". (1.1.2)

For a given § € R x RP, suppose we consider a contiguous region D c RN
over which the activation pattern is fixed, i.e. for all I € [1,L — 1] there exists
8t € {0, 1} such that for all x € D, s!(x,0) = 6'. Then, (1.1.2) shows that for any
[ € [1,L — 1], the relation between féfl(x) and fi(z) is affine. Since the relation
between feLfl(m) and fy(z) is always affine, we can thus easily prove by induction
over | € [1, L] that fp is affine over D.

This shows that there is a relationship between activation patterns and linear
regions. A region over which the activation pattern is fixed is included in an affine
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region of fy. The reciprocal inclusion is not always true: a given affine region can
have several activation patterns. A trivial example is when all the output weights
and biases of the network are zero. In this case, the function fy is constantly equal
to zero, so the whole input space R¢ is a unique affine region, regardless of the
different activation patterns that can exist.

ReLU networks as universal representations of piecewise-affine functions
Since ReLU networks represent continuous piecewise-affine functions with a finite
number of pieces, another natural question is about the reciprocal. Is any continuous
piecewise-affine function with a finite number of pieces representable by a ReLLU
network? The answer is positive, as is shown in [7].

1.2 Neural networks possess intrinsic symmetries

Neural networks are known for generally possessing symmetries, meaning oper-
ations on the parameters that do not affect the function they implement. This is
a fundamental aspect to consider before being able to discuss the identifiability of
neural network parameters, as we will do in Section 1.3. In general, the question of
the symmetries and the one of identifiability are closely connected.

Let us clarify immediately a terminology point: various terms are used in the
literature to refer to the same phenomenon. We sometimes read about symmetries,
invariants, or parameter equivalence of neural networks. Generally, in this thesis,
we will say that a parameter 6 is equivalent to a parameter #’. However, when
emphasizing the transformations that take a parameter 6 to an equivalent parameter
¢, especially when discussing the group structure of this set of transformations, as
is the case in this whole section, we use the term symmetries.

In this whole section, we consider the neural network architecture and the no-
tations defined in Sections 1.1.3 and 1.1.4, except that o is not ReLU but a generic
activation function. The contributions contained in this thesis only consider neural
networks with ReLU activation function, but the more general viewpoint of this
section will allows us to discuss how the symmetries of a neural network depend
on the chosen activation. We hope that this will allow us to better emphasize the
role of ReLLU in the symmetries possessed by the neural networks considered in this
thesis.

1.2.1 The permutation symmetry

A very general symmetry is the permutation symmetry. Indeed, for classical
fully-connected feedforward neural networks, in a given hidden layer, no particular
role is given to any neuron: they are all interchangeable. Let us consider a neural
network architecture such as in Section 1.1.4, with a given (not necessarily ReL.U)
activation function o, and with parameter § € R¥ x RE. Consider a hidden layer
V,, for I € [1, L — 1] and two neurons vy, vy € V;. We are going to exchange the role
of v1 and vs in the network in order to show that they are interchangeable.
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To begin with, suppose we exchange all the incoming weights of v; and vy as
well as their biases: for any neuron v € V;_1, we define

1
Wy—ypy = Wo—uy

and

/ —
Wy, = Wo—wva,

and similarly for the biases,

b, = bu,

and

by, = Do,

Now assume we define 6’ as the parameter obtained from 6 by doing the changes
described above. Let 2 € RN, Since we do not change any weights in the previous
layers, we would have fi, !(z) = f(z). The function o here denotes any activation
function. Recalling (1.1.1), one would have

fo@)o =o | Y wis, (f @)+,

veVi_1

=o| D w7 @)+ by | = fi@)s,

veV_1

and

for@ey =0 | D wis,(fy @)y + b,

veVi_1

=o | D w5 @e +buy | = Fi@h,.

veV_1

In a quite obvious way, the contents of the neurons vy and vy are swapped when
changing 6 to #. Now suppose we match this change by changing similarly the
outward weights of the two neurons, defining, for each neuron v € vy, 1:

/ _
wv1 =y = Wya—wv

and

! —
wy2 —Sv w”Ul —V

and suppose these changes are also implemented into 6. If we consider a neuron
v € Vi1, the contribution of the neuron v; to fé“(x)v will be wy,y fo(2)y, and
the contribution of the neuron ve will be wy,—, fé (2)y,. Now the contribution of the
neuron vy to f4(x), will be Wl o f4(2)0; = Wey—sv f3(2)v, and the contribution
of the neuron vy will be w, _,, ff (2)v, = Wy, 0 fh(x)e,. Thus, in the case of ¢,
the neuron v receives the same information that in the case of 6, although the
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roles of v1 and vy are swapped. It is clear that the contribution of the rest of the
neurons in Vj is the same for 6 as for #’. This shows that swapping the (inward and
outward) weights and biases of two neurons of a same hidden layer does not change
the function implemented by the network. By combining such transpositions, we see
that any permutation of neurons in a same hidden layer leaves the global function
implemented by the network unchanged.

This permutation invariance comes from the structure of fully-connected feed-
forward neural networks, where two neurons in a same layer are interchangeable.
As such, it is generic and is shared among a wide range of neural architectures.

1.2.2 Activation-dependent symmetries

Other types of symmetries possessed by the parameters of neural networks are
the activation-dependent ones. These symmetries indeed reflect the symmetries of
the activation function itself. To see that, let ¢ : R — R denote an arbitrary
activation function. Assume that o satisfies a generic relation of the form

vVt € R, o(At + p) =~o(t), (1.2.1)

for some given A,y € R*, u € R. This type of relations accounts for the symmetries
of many classical activation functions as we will see later in this section.

Considering a neuron vy in a hidden layer V;, suppose we change the inward
weights to vy as follows:

/
Vv € ‘/l—la Wy gy = )\wvﬁvo

and suppose we change the bias as
b;o = by, + 1.

Now assume we define 6’ as the parameter obtained from 6 by doing the changes
described above. Let € RN, Since we do not change any weights in the previous
layers, we would have fi1(z) = ffl,_l(:z:). Recalling (1.1.1), one would have

fé’ (1:)?)0 =0 Z w;;—moféil(x)v + beo (1'2'2)
veV;
=0 Z )\wvﬁvoféfl(sv) + Aby, + 1 (1.2.3)
veV_1
=70 | D W fy (@) + by, (1.2.4)
veEV 1
= L3 (@) (1.2.5)

As we can see, the change from 6 to 6’ multiplies the content of neuron vy by 7.
Now, in addition to the previous changes, if we multiply all the outward weights of
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the neuron vy by %, this will compensate the change of the content of neuron vg: if

we let wy, _,, = %wvo_w, then we have

Wy o for (2)ep = (iwwxvfé(x)vo) = Wagsof()ue-

As a consequence, the content of the layer Vj4; is unchanged, fiH(z) = é“(:c),
and the output of the network is the same: fy (z) = fo(z).

vo

To summarize, let us denote the transformation we just performed by Tyt -
RExRB — REXRE. For any § € RF xRE the transformed parameter ¢’ = Tf\’f’%M(H)
is defined by:

Wy g = MUy, forall v e Vi

Wy Ly = %wvo_w for all v € Vi1

bl = Ny, + (1.2.6)
Wl =Wy  forall (v,0') € E, v,v" #v

bl = by for all v € B, v # vp.

\

We just showed that for any A,y € R*, u € R such that the activation o satisfies
the relation (1.2.1), then for any hidden neuron vy € V;, [ € [1,L — 1], the trans-
formation ’7’;\}’0% u RE x RE — RE x RP leaves the function unchanged. For any
6 € RF x R, for any z € RYo, we have

Jrvo (9)(95) = fo(x).

Ay

Declining this generic result to classical activation functions, we find some well-

known invariants.

— For uneven activation functions such as tanh, the relation (1.2.1) is true with
A=~ = —1and g = 0. The corresponding invariant transformations 7'30177170
are the well-known ‘sign-flips’ that have been studied in the literature [181,
4, 61].

— For even activation functions such as the Gaussian activation o(t) = E_TtQ,
the relation (1.2.1) is true with A = —1,v = 1 and . = 0. The corresponding
invariant transformations 7'3017170 are another form of sign-flips that have also
been studied in the literature [96].

— For periodic activation functions, such as a sines [171], if T' is the period, the
relation (1.2.1) holds for A =~y =1, u = kT for any k € Z. For each hidden
neuron v, the transformation 7, ., simply shifts the bias by k times the
period: b, = by, + kT. B

— For monomial activations o(t) = tP, for p € N*, the relation (1.2.1) holds for
any A € R*) with v = AP and p = 0. For each hidden neuron vy, we thus
have an infinity of invariant transformations 7,°, ,, A € R*.

— For the heaviside activation function (or ‘step’), the relation (1.2.1) is satisfied
for any A > 0, with v = 1 and g = 0. Similarly, for each hidden neuron vy,
we thus have an infinity of invariant transformations 7,° ;. A € (0, +00) [95].
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— Finally, for the piecewise-affine functions ReLU and leaky-ReLU, the rela-
tion (1.2.1) is satisfied for any A > 0, with v = A and p = 0. For each
hidden neuron vy, we thus have an infinity of invariant transformations
T;\J?)\’O, A € (0,400). These transformations are well-known (see for instance,
amongst many others, {149, 145, 147, 179]), and we refer to them as ‘pos-
itive rescalings’. Since we focus on ReL.U networks, the positive rescalings
interests us in particular, and are at the core of a substantial part of the
thesis.

The purpose of this synthetic presentation of a whole class of activation-dependent
symmetries is to show that there is a common structure to the symmetries of dif-
ferent neural architectures, and to show that there is a direct link between the
symmetries of the activation function and the symmetries or redundancies of the
parameters of the network. Even though in this thesis we focus on ReLLU that is
one of the most used nowadays, this similar structure may allow some of the results
to transfer to other activation functions.

1.2.3 Group structure of the symmetries

The permutation operations mentioned in Section 1.2.1 above are linear opera-
tions on the space of parameters R” x RB, they are invertible (by the inverse per-
mutation), so they correspond in fact to elements of the linear group GL(R” x R?).
In the case i = 0, the rescaling operations T;\}?%O are also linear operations, and one
can check that the inverse operation of T;\]f)%o is T?) 1o We can thus consider the
subgroup G of GL(RF x R?) generated by all the ;)ermutation and rescaling op-
erations. Since G is generated by transformations that do not change the function
implemented by the network, the same applies to any transformation in G. The
observation that equivalent transformations of the parameters of neural networks
are equipped with a group structure is not new [88|.

Some natural questions then arise, amongst which:

— Is there a bigger subgroup G’ of GL(RF x RB), G/ O G that leaves the

functions fy invariant for any § € RF x RB?

— We know that G transforms the parameters 6 while leaving the functions fy

invariant. Do we have the reciprocal? If fy = fy, does there exist ¢ € G
such that 0’ = g - 67

— What is the structure of G?

— What are the orbits of parameters in R¥ x RE under the action of G?

— How are the different features of a network modified under the action of G?

— Can we exhibit an interesting subset of parameters H C RF x RP that

represents all orbits, that is G - H = RF x RB?

Fully answering these questions goes well beyond the scope of this thesis. Nev-
ertheless, in the case of ReL U networks, we can mention that the first two questions
are directly related to the question of identifiability - we refer to the corresponding
section. Furthermore, regarding the fourth question about the nature of the orbits,
we can mention that the local geometric structure of these orbits is related to the
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question of the local structure of the ’pre-image’ set we study in Chapter 5.

Finally, regarding the third question, without developing a complete characteri-
zation of G and its group structure, we can at least write down what the elements of
G are. To do so, it is easier to adopt the formalism of the layers. We can infer from
Chapter 3, Section 3.3.3 and notably (3.3.6) that if g € G is such a transformation,
then there exist

— permutation matrices (P%, P!, ..., PF) € RNoXNo ... x RNLXNL with PY =
Idy, and PL =1dy,,
— diagonal matrices (D°, D',..., D¥) € RNoxNo » ... RNLXNL yith positive

diagonal coefficients and such that D° = Idy, and D* = Idy, ,
such that for any 0 € RP, is § = g - 0, then for all [ € [1, L], we have

{Wl = PID'W!(D=) L (P (1.2.7)

El _ Pllel

where W', b denote the weights and biases corresponding to 6 and W' b those
corresponding to 6.

Therefore, choosing an element of G is equivalent to choosing L — 1 diagonal
matrices with positive diagonal coefficients and L — 1 permutation matrices. We
can remark that G is infinite due to the infinite number of positive rescaling factors
(the diagonal elements of the matrices). This is in contrast, for instance, to the
sign-flips in the tanh case, whose number is finite.

A group action always defines an equivalence relation. We can thus define the
following relation: for all 0,0 ¢ RP, we say that 6 and 6 are equivalent modulo
permutation and positive rescaling, or simply equivalent, and we write 6 ~ 6,
if there exists g € G such that g-0 = 6, or in other words, if § and 8 satisfy relation
(2.2.7). The equivalence classes modulo ~ are the orbits under the action of G on
RP.

1.3 Identifiability: from linear models to neural net-
works

1.3.1 Introduction to identifiability: the linear model in finite di-
mension

Identifiability is a classical notion in statistics [143|. Broadly speaking, it means,
given a parametric model {Py,0 € P}, where for all § € P, Py is a probability
distribution, that whenever 6y # 05, we have Py, # Pp,. It is generally desired as it
is necessary in order to estimate the parameter 6. This form of identifiability is the
general, theoretical form of identifiability. It means that if we had total knowledge
of Py, we could identify 6.

In particular, let us consider a linear model of the form

Y=XB+e,
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where X € R™*P is deterministic, 5 € RP is the parameter of the model, and e
is a random vector, following a centered Gaussian distribution. Here typically the
lines of X will be examples M), ... 2 In this model, if the matrix X does not
have full column rank, then there exist infinitely many choices for S that lead to
the same distribution for Y. In particular, if X has more columns than rows, that
is if n < p, by definition the model cannot be identifiable. In the classical setting
of linear regression, we have n > p. However, even in the case n > p, the lack of
identifiability can still arise from the redundancy of two or more variables. One way
of enforcing identifiability is thus removing the redundant variables, which means
removing redundant columns of X one by one until identifiability is reached.

1.3.2 Identifiability in high dimension
1.3.2.1 The linear model in high dimension

More recently, with the development of high-dimensional data, the linear model
has been considered in a different setting, in which the dimension p greatly exceeds
the number n of examples that we have: we have p > n. This is often the case, for
instance, with genomic data. As mentioned in the previous section, when p > n,
identifiability cannot hold. However we would still like to find the ‘true’ 5. A
classical assumption that is then made is sparsity: we assume that [ only has a
few nonzero coefficients. This means that only a few variables actually impact Y,
and finding which ones is a task referred to as ‘variable selection’. The sparsity of
a vector can be measured with the ¢y ‘norm’, which simply counts the number of
nonzero entries:

1Bllo = {s € [1,p] | B; # O}

1.3.2.2 Compressed sensing

In the 2000’s, the field of compressed sensing received a fair amount of attention,
following the pioneering work [54, 38|. The setting is very similar to the linear model
above: we consider an unknown signal « € RP, which is accessed to through a series
of linear measurements, that is a list of n vectors a;, for which we observe the
quantity y; = (a;, z). If we denote by A € R"*P the matrix whose i'"" line is a! and
by y the vector (y1,...,9,)", this can be rewritten as

y = Azx.

This is the same linear inverse problem as before, with A instead of X and the
unknown vector being z instead of 5. Here we do not consider a noise vector e,
although it could be added to take into account the measurement errors. The setting
of compressed sensing focuses on problems for which the number n of measurements
is limited, for which we have n < p. As a consequence, A cannot be injective and
identifiability does not hold by definition. To obtain identifiability one must add
additional constraints on x that reduce the set of solutions to one element.
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Again, the standard assumption is sparsity, and we can reformulate the problem
as a £y minimization problem:
min ||z||o
x

(1.3.1)
s.t. y= Ax.

Interestingly, theory shows that in many cases this problem admits a unique mini-
mizer, and identifiability is thus guaranteed. In that case, if we denote k the minimal
sparsity value, and if the true vector xq is k-sparse, solving this problem actually
TeCcovers .

However, the ¢y norm is hard to optimize. In fact, the problem (1.3.1) has been
shown to be NP-hard. A very interesting finding is that it is possible to use the ¢,
norm as a convex surrogate of the £y norm. The problem then becomes

min |z}

(1.3.2)
s.t. y=Ax

It has been shown that in many settings, the solution to (1.3.2) is the same as the
solution to (1.3.1), meaning that solving (1.3.2) exactly recovers the k-sparse vector
xo. Contrary to (1.3.1), the problem (1.3.2) is practically solvable in polynomial
time with classical optimization tools [101].

1.3.3 Identifiability for ReLU Neural networks
1.3.3.1 Several definitions of identifiability

The question of identifiability can be formulated for neural networks: as seen
previously, neural networks admit parameters in the form of weights and biases,
and given a parameter choice § € RP, a network implements a function fy. The
difference with the linear model is that fy is not linear with respect to € in general.
The motivations also differ; they are discussed in the next section.

Let us consider a ReLU network (fp)gere. Naively, the general question of
identifiability is: if fg, = fg,, do we have 61 = 627 In fact, as we have seen in
Section 1.2, it is possible to transform the parameters of a ReLLU network, without
changing the function it implements. Indeed, recalling the equivalence relation ~
defined at the end of Section 1.2.3, for any # € RP = R¥ x RP, we know that if
0" € RY x RE satisfies § ~ ¢/, then we have fy = f). We must thus loosen the
definition of identifiability if we want it to be meaningful for ReLU networks.

Definition 1. We say that a parameter § € RF x R? of a ReLU network is iden-
tifiable if for any 6’ € R¥ x R?, then

fg = fg/ — 0 ~ 9/.

Definition 2. We say that a parameter § € R x RP of a ReLU network is locally
identifiable if there exists ey > 0 such that, for any ¢/ € RF x RE, then

|0 —0|| <epg and fg= fo = 6~0.
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These definition assume that the functions fy and fs implemented by the net-
works of parameters € and 6’ are equal, which means that they coincide on the
entirety of the input space. However the distribution of the inputs may have a sup-
port smaller than the entire set RN0, which means that in practice we only get to
consider fp(x) and fy(z) in a subset  C RN, In that case, if f and fp coincide
on €, it is as if they were equal to us. Taking this into account, we can consider the
following definition.

Definition 3. We say that a parameter § € RF x R of a ReLU network is iden-
tifiable from Q if for any §’ € RF x R?, then

Va € €, f@(x) = fgl($) — 0~0.
The same adaptation can be made for local identifiability.

Definition 4. We say that a parameter § € R¥ x RP of a ReLU network is locally
identifiable from () if there exists ¢ > 0 such that, for any § € RF x RE, then

||9 — 9,” <€ and Vx €, f@(ZL‘) = fg/(x) — 0~0.

A particular case is when 2 is finite. In that case we have a finite list of examples
2@, 1 < i < n for some integer n. The question is thus, if f5 and fp coincide on
these n inputs, do we have 6 ~ ¢’? This declination of identifiability is interesting
because it corresponds to practical settings. Of course, identifiability from a subset
) and especially identifiability from a finite list of inputs are harder to achieve since
they do not assume full knowledge of fj.

1.3.3.2 Inverse stability and stable recovery

We explicit in this section two notions that are close to identifiability and some-
times referred to as identifiability themselves.

The first notion is inverse stability. The general idea is to extend the definition
of identifiability to small perturbations. Suppose that the functions fy and fg are
not perfectly equal, but they are close in some sense. The parameters 6 and 6" will
not be equal, but one can wonder if they are close for some notion of distance. This
is an interesting extension to the notion of identifiability, to begin with, because in
practice we are generally subject to all sorts of errors which prevent perfect equality.
Further, inverse stability can have a lot of theoretical and practical benefits, for
instance in terms of optimization [58]. We give here an informal definition of inverse
stability

Definition 5. We say that inverse stability holds if there exists a > 0 such that for
any 6,0 € RF x RB, then

10 — 9,||par <alfe— f€/||fct'
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In this definition, many elements must be specified. First, one must determine
a meaningful ‘norm’ (here we put quote marks since we consider norms in a loose
sense) || - ||par on the set of parameters. Such a ‘norm’ must take into account the
equivalences of parameters. Indeed, as we have discussed before, any parameter in
a same equivalence class has the same function, so the quantity [|0 — 0’|/, should
not depend on the chosen member of the class. For instance, any classical norm on
the space of parameters R¥” x RP such as the euclidean norm || - || would fail for
ReLU networks since we can use the positive rescaling operation on a parameter
6 to construct a sequence 6, € RF x RP such that, for all n € N, § ~ 6, but
|0 — 0,||]2 — oo, which would prevent any kind of bound such as the one in the
definition to hold. As an example, [117] propose a norm on the space of parameters
for deep structured matrix factorization problems which takes this into account.

Another element that must be specified is the ‘norm’ || - ||+ on the space of
functions of the network. This is even more complex since the range of norms on
such a functional space is very wide. The authors of [58] propose a discussion on the
subject, and show some counter-examples for which inverse stability does not hold
They show that norms which take the gradients into account such as Sobolev norms,
are better suited to characterize the distance between two network realizations.

Finally, distinctly from identifiability and inverse stability, stable recovery
denotes the search for algorithms which are practically able to recover the parameter
f of a neural network, or an equivalent one, up to a certain error.

1.3.4 Motivations

The motivations for studying identifiability in the case of neural networks are
not the same as in the statistical settings presented in Sections 1.3.1 and 1.3.2. In
statistics, one of the motivations for estimating the parameters of a model is because
they have a physical meaning. In that case, identifiability is necessary in order to
estimate the exact value of a particular parameter. In deep learning, it is possible to
find in the literature some specific settings where part of the parameters of a neural
network have a physical meaning [60, 197|, which can in that case be a reason for
seeking identifiability. However, most of the time, the parameters of neural networks
do not have a physical meaning, and the motivations for studying identifiability are
different. We describe some of the motivations in the present section. They are
diverse and range from the most practical to the most theoretical ones.

1.3.4.1 Model inversion attacks

Machine Learning models, and notably neural networks, are vastly used nowa-
days in a wide range of tasks. This development is accompanied by a need for
guarantees regarding safety, robustness and privacy of the models used. It is fre-
quent that the user of the model is not the same as the provider [158]. In such
a framework, users can query models that are already trained, provided by cloud
services, either freely or with a cost associated to each query. The users generally do
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not have full access to the model. In particular they do not necessarily know which
architecture is used, which optimizer or hyperparameters were used during training,
and above all, what the trained parameters are. It can indeed be important for the
model providers to keep this information confidential, for reasons we explain below.
However, model extraction attacks have been a growing topic over the last years
[139]: attacks that are able to uncover some or all the hidden information thanks to
the queries. In particular, for neural networks, some algorithms are able to recover
in practice the parameters of a neural network or the function implemented by the
neural network from queries [39, 159].

A problem for privacy The extraction of the parameters of a neural network
by attackers can be a major issue for privacy. Indeed, it is now well known that
neural networks memorize some elements of their training databases, storing this
information in their parameters. For instance, in 2015, the authors of [67] showed
how they were able to reconstruct some pictures of the database used to train a
facial recognition system. The technique takes advantage of a confidence indicator
returned by the system. It necessitates to compute the gradient V fy(z) of 0 — fp(x),
for any input x. As the authors show, this can be done with numerical methods,
but it is very costly and works only when the dimension is small enough. In the
majority of the experiments, the authors assume knowledge of §. More recently, the
authors of [85] use the implicit bias of neural networks (see Section 1.4.4) to recover
several images from the training database of a neural network. The algorithm is
different but the method also assumes knowledge of the trained parameters 0. It
thus becomes clear that preventing users from inferring the trained parameters 6 is
essential for privacy.

A problem for robustness Another major concern is that a network whose pa-
rameters are accessible may be less robust against adversarial attacks. Indeed, neural
networks are well-known to be vulnerable to such attacks, and extensive work has
been done in the past decade to understand better and prevent this phenomenon.
The ability of malicious users to trick a neural network based computer vision sys-
tem can be a major problem, for instance in the case of autonomous vehicles and
road signs recognition. Having access to the trained parameters of the network can
make a difference in such attacks. Indeed, if some black-box adversarial attacks
do exist [180, 165, 49], that is, attacks that work when being only able to query a
network, many attacks use the knowledge of the parameters of the network, at least
to compute the gradients [183, 79, 104, 142, 41, 127, 126, 13|.

A problem for intellectual property Finally, the parameters of a trained neu-
ral network can be valuable as they can be the result of costly trainings. Being
able to extract the trained parameters of a network allows to replicate it which
can thus be a problem for intellectual property of the network or of the training
database [196]. Extracting the parameters can also help extracting other valuable
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information. For example, the authors of [191] exhibit a hyperparameter extraction
attack, which is able to recover a hyperparameter used to train a model (which can
be a neural network), by solving a system of equations. This attack assumes the
knowledge of the parameterization 6, which shows again that the ability to extract
the parameters of a network is crucial.

Model inversion attacks need identifiability The problem of model extrac-
tion attacks and specially of parameter extraction is directly linked to the question
of identifiability. Indeed, studying theoretically when the function implemented by
a network uniquely characterizes its parameters, and what attributes of the function
makes the parameters identifiable helps to understand which networks are vulner-
able to parameter extraction and how to prevent it. For ReLU networks, existing
works on identifiability, including ours, show how the boundaries between linear
regions, which take the form of pieces of hyperplanes, convey the most information
on the parameters of a network. Building on this knowledge, the authors of [43]
developed a method of preventing parameters extraction by artificially complexify-
ing the network without changing its global behavior. This method adds layers to
the original network that do not change the global behavior of the function, but
that increase significantly the number of linear regions and separating boundaries,
in order to make parameter recovery intractable.

Another way of leveraging the knowledge on identifiability to understand better
the model inversion attacks is to provide practical conditions allowing to test iden-
tifiability. Indeed, the user of a network has access to a list of inputs (the queries)
and the corresponding outputs of the network (the responses to the queries). The
question is then if this information uniquely characterizes the parameters: it is the
question of identifiability from a finite list of inputs (see Section 1.3.3). It is clear
that if the number of queries is small (for instance one single query), the informa-
tion obtained will not suffice to characterize the parameters of the network. For the
provider, a way of preventing the recovery of the parameters can then be by guar-
anteeing that identifiability does not hold, which means checking that a necessary
condition of identifiability is not met. In that case, the parameters are not uniquely
characterized by the information available, without more prior it is impossible to
infer the parameters. An easy way of guaranteeing this can simply be by limiting
the number of queries accessible to the user. On the opposite side, guaranteeing
that identifiability holds is interesting in the position of an attacker. If the attacker
knows the inputs X, to the corresponding outputs fy(X), and is able to compute
a 0 such that J3(X) = fo(X), the question then becomes: does this guarantee that
@ = 0 or shall the attacker expand X with new queries? The attacker needs a
sufficient condition of identifiability.

1.3.4.2 Theoretical guarantees

A frequently mentioned shortcoming of neural networks is that they work as
black-box models over which we have little understanding and control. This issue
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has been the motivation for a great amount of work in the past decade, which has
helped to bring a better light over neural networks and their complex behavior. In
spite of this progress, the need for theoretical guarantees and for a better grasp of
neural networks behavior persists. Identifiability can also play a role in this effort.

For instance, one line of investigation to understand the training and generaliza-
tion properties of neural networks is the student-teacher framework, in which one
assumes that we train a network -the student- with data that are generated by an
unknown network -the teacher. In such a setting, a natural question is in which case
training the student actually implies the recovery of the parameters of the teacher
network [62]. In that case, the training can be seen as a classical estimation task:
finding the true parameters of the model. In particular, if the parameters of the
teacher network are identifiable from the training data, then training the student
to perfectly fit the training examples is rigorously equivalent to recovering the pa-
rameters of the teacher. Numerous articles have followed this framework, see for
instance [93, 32, 109, 174, 200].

In this framework, one consequence of identifiability from the training data is
that the global minimizer of the empirical risk is unique. As a consequence, provided
the training process is able to reach the global minimizer, there is no variability due
to the optimization parameters (choice of the algorithm, step, number of epochs...)
and to stochasticity (for stochastic optimizers). This guarantees more control on
neural network training, in the form of what we could call the reproducibility of
the training process. Even if recent works on double descent phenomena, e.g. [24],
highlight a benefit of overparameterization (in which we typically will not be able
to guarantee identifiability) for increasing prediction performances, a user may be
interested in having a number of parameters small enough to retain identifiability,
if the loss of performance is mild compared to overparameterization.

The link between the space of parameters and the space of functions imple-
mented by a neural network is complex. As shown by [144], the set of functions
(fo)oerr implemented by a neural network with classical activation functions (in-
cluding ReLlU) is neither globally nor locally convex. Furthermore, this set is not
closed in any of the LP spaces. One consequence of this non closedness is for in-
stance the explosion of weights when a sequence of functions fg, converges to a limit
f that is not in the space of functions of the network. Even worse, the authors show
that the sequence fy, can converge to a function fp« that does belong to the set of
functions realized by the network, while the sequence (6,,) diverges to infinity. This
is due to the fact that a function implemented by a network can have an infinite
number of parameterizations.

To solve the issues posed by [144], the authors of [58] show that by appropriately
choosing the norms on the functions space, and by restricting the set of parame-
ters to prevent degenerate parameterizations, one can guarantee inverse stability.
As shown by the authors, inverse stability alongside with appropriate regulariza-
tion constraints allows to guarantee good optimization properties, such as quasi-
optimality of local minima of the objective function.
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1.3.4.3 Identifiability as a measure of the diversity of a sample

Identifiability can inform us on a neural network, but it can also be a useful
information to characterize the diversity or the representativity of a sample. Suppose
for instance that we have a trained neural network with a given parameter § € RP,
which we would like to test, and to do so, we observe the outputs fg(.%'(i)) of the
network for a list of inputs (9,4 € [1,n]. Then, identifiability of 6 from the testing
sample can serve as a measure of if the sample is rich enough. If  is not identifiable,
it is not fully characterized by the sample, meaning that one could add new testing
examples to characterize better the function fy implemented by the neural network.

1.3.5 Related works
1.3.5.1 Identifiability

Identifiability of the parameters of neural networks has been the topic of a fair
amount of work. For smooth activation functions, some results were already es-
tablished in the 1990s. For shallow networks, results exist for activation functions
amongst which tanh [181, 4], the logistic sigmoid [105], or the Gaussian and rational
functions [96]. For deep networks, [61] shows that with tanh as activation function,
with only a few generic conditions on the parameters, two networks that implement
the same function have the same architecture and the same parameters up to some
permutations and sign-flip operations.

In the case of ReLU networks, we have seen that two operations are well known
to preserve the function implemented by the network: permutation and positive
rescaling. These operations define equivalence classes on the set of parameters, and
we can at best identify the parameters of a network up to these equivalences. It is
shown in [147] that these operations are the only generic operations of this kind for
ReLU networks with nonincreasing number of neurons per layer. Indeed, they show
that for any fully-connected ReLLU network architecture with nonincreasing number
of neurons per layer, for any nonempty open set €2, there exists a parameterization 6
such that for any other parameterization @ satisfying some generic assumption, if I3
coincides with fg on €, then 6 is in the equivalence class of # modulo permutation
and positive rescaling.

In the case of shallow ReLU networks, [145] establishes a sufficient condition on
the parameters for identifiability. If the condition is satisfied by two two-layer fully-
connected feedforward ReLU networks whose functions coincide on all the input
space, then the parameters of one network can be obtained from the parameters of
the other network by permutation and positive rescaling.

In the case of deep ReLU networks, [159] gives a sufficient condition to be able to
reconstruct the architecture, weights and biases of a deep ReLLU network by knowing
its input-output map on all the input space.

Another kind of property is local identifiability, which is identifiability of a pa-
rameter 6 amongst a set of parameters that are close to 6, as defined in Section
1.3.3.1. [179] studies this property for shallow and deep networks. For a deep ReLLU



22 Chapter 1. Introduction

network, it first shows that under a trivial assumption, general identifiability up to
permutation and positive rescaling implies local identifiability up to positive rescal-
ing, and that the non-existence of ‘twin’ neurons is necessary to identifiability and
local identifiability. Then, [179] gives an abstract necessary and sufficient condition
on @ such that there exists a well-chosen finite set €2 from which local identifiability
holds up to positive rescalings, and it gives a bound on the size of the set.

Finally, another line of work that can be linked to identifiability is the field of
lossless compression of neural networks [169, 170].

1.3.5.2 Inverse stability and stable recovery

Establishing identifiability properties is a first step towards establishing inverse
stability properties and studying stable recovery algorithms, as defined in Section
1.3.3.2.

Inverse stability does not hold in general with the uniform norm for fully-
connected feedforward neural networks. Indeed, [144] shows that for any depth,
for any architecture with at least 3 neurons in the first hidden layer and any prac-
tically used activation function, there exists a sequence of networks whose function
tends uniformly to 0 while any parameterization of these networks tends to infinity.

Many inverse stability and stable recovery results already exist for shallow net-
works. [58] studies inverse stability directly up to functional equivalence classes. The
authors show that inverse stability has interesting implications in terms of optimiza-
tion. Referring to the counter-example given by [144], the authors of [58] argue that
the Sobolev norm is more suited than the uniform norm to the problem of inverse
stability. With this norm, they concretely establish an inverse stability result on
shallow ReLU networks without bias, under a few conditions on the parameters.

When it comes to stable recovery algorithms, [68| provides a sample complexity
under which one can recover the parameters of a shallow network with sigmoid
activation function using cross-entropy as a loss. For shallow fully-connected ReLLU
networks, without bias and with Gaussian input, [70, 200, 201, 203| study the stable
recovery of the parameters of a teacher network. They give a sample complexity
under which minimizing the empirical risk allows to recover the parameters of the
network. [109] studies the same configuration but with an identity mapping that
skips one layer. ReLU networks can also be used to recover a network with absolute
value as activation function [108]. In fact, a neuron with absolute value can be seen
as a sum of two ReLU neurons.

Some results also exist in the case of shallow convolutional networks. [32, 199,
198, 56| establish stable recovery results for convolutional ReLU networks with no
overlapping. [93] gives a result in the case of a sigmoidal activation function. The
case of convolutional ReLU networks with overlapping is studied in [76].

Stability and stable recovery for deep networks is a more complicated question.
A few results exist on the subject, but it stays mostly unexplored.

Among them, for deep structured linear networks, [119, 117, 115] use a tensorial
lifting technique to establish inverse stability properties. [119, 117| establish nec-



1.3. Identifiability: from linear models to neural networks 23

essary and sufficient conditions of inverse stability for a general constraint on the
parameters defining the network. [115] specializes the analysis to the sparsity con-
straint on the parameters, and obtains necessary and sufficient conditions of inverse
stability.

The authors of [8] consider deep feed-forward networks with Heavyside activation
function which are very sparse and randomly generated. They show that these can
be learned with high probability one layer after another.

The authors of [168] consider a deep feed-forward neural network, with an acti-
vation function that can be, inter alia, ReLLU, sigmoid or softmax. They show that,
if the input is Gaussian or its distribution is known, and if the weight matrix of the
first layer is sparse, then a method based on moments and sparse dictionary learning
can retrieve it exactly. Nothing is said about the stability or the estimation of the
other layers.

For deep ReLLU networks, in the case where one has full access to the function im-
plemented by the network [159] provides a practical algorithm able to approximately
recover the parameters modulo permutation and rescaling, and [39] reconstructs a
functionally equivalent network, formulating it as a cryptanalytic problem.

1.3.6 Our contributions : Chapters 3 and 4

We present here two contributions of this thesis on the question of identifiability
of deep ReLU networks.

Chapter 3: parameter identifiability from a domain () The first contribu-
tion, described in Chapter 3, is a result establishing sufficient conditions of identifi-
ability for deep feedforward ReLU neural networks. We suppose that the function
fo implemented by the network is known over a subdomain € of the input space R.
By analyzing the piecewise-affine structure of ReLU networks, and in particular the
structure of the singularities of fy and of functions implemented by subnetworks,
we derive a set of sufficient conditions, named P and defined in Section 3.4.1, un-
der which identifiability holds. The main theorem can be found as Theorem 17 in
Section 3.4.2.1.

Chapter 4: local identifiability from a finite sample The second contribu-
tion, described in Chapter 4, focuses on local identifiability of a deep ReLU network
from a finite sample X. It provides two conditions, a necessary condition C'y and
a sufficient condition Cg of local identifiability. Since local identifiability is neces-
sary for global identifiability, the necessary condition is also a necessary condition
of global identifiability. Both conditions Cy and Cg apply on the ranks of two oper-
ators constructed from €. The main results can be found in Section 4.4 as Theorem
78 for the necessary condition and Theorem 79 for the sufficient condition.
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1.4 Complexity, regularization of neural networks

1.4.1 Some elements of Statistical Learning Theory

The development of machine learning has led to a need of theoretical tools for
a better understanding and a better control of the algorithms. We focus here on
training strategies that rely on empirical risk minimization. We consider a machine
learning model (fg)pep, where P is a set of parameters that can be other than
RP. Recall the definition of the risk R(#) and the empirical risk ﬁ(@) given in
Section 1.1.2. Empirical risk minimization denotes strategies in which we choose
0 by trying to minimize the empirical risk R(Q) Naively, one could hope that the
empirical risk ﬁ(&) of the obtained parameter # € P is not far from the true risk
R(#) simply because of the law of large numbers. This would be true if 6 (and
thus the function fp) was independent of the training sample. However, since 6 is
obtained by minimizing the empirical risk, which depends on the training sample, ¢
heavily depends on the sample.

To bound the gap between R(6) and R(6), an idea is then to show that the set
of functions (fg)gep is not too rich, meaning that in some sense 6 cannot depend
‘too much’ on the training sample. For instance considering a very simple example
where there are only two parameters, P = {61,602}, one could apply the law of large
numbers twice to bound the generalization error for 61 and 5, and then use an union
bound to bound the generalization error over P. This would allow to guarantee that
even after choosing 8 according to the training sample, the generalization error could
be bounded. Now imagine we add more parameters #; in P. The more choices there
are for 8, the more quantities we have to bound simultaneously in the union bound,
and the less we are able to bound the gap between E(G) and R(f). We see here the
intuition that the richer the set of functions (fp) is, the less we can expect to bound
the generalization error.

In general, the sets of functions (fyp)gep considered are infinite, so the above
approach needs to be improved. We need tools to quantify how rich and diverse the
set of functions (fy) is. This is where a tool such as VC-dimension, first introduced
by Vladimir Vapnik and Alexey Chervonenkis, intervenes. In a binary classification
setting, VC-dimension allows to quantify the complexity of a family of classifiers.
If we consider a set of examples 2V, i € [1,n], we say that the set {z(1) ... (™}
is shattered by the family (fg)gep if for any binary label assignment €1, . .. €™ ¢
{0,1}, there exists a classifier f, that classifies perfectly the points, i.e. fy(z(?)) =
€@, for all i € [1,n]. The VC-dimension of a model (fg)gep is then the biggest
n € N such that there exists a set of examples z(*), i € [1,n] that is shattered by
(fo)oer. This notion is extensible to multiclass classification. It is intuitive that the
bigger the sets of examples we are able to shatter with (fg)gep, the richer the model
(fo)oep is.

VC-dimension is an efficient complexity measure that allows to derive general-
ization bounds for many machine learning models. Again, the general idea is that
the more simple a class of functions is (i.e. the lowest its VC-dimension), the more
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we are able to bound the generalization error. The choice of the complexity of a
model is thus important, as we discuss in the next section.

1.4.2 The bias-variance trade-off

When trying to choose the best model (fg)gep for a learning task, a key compo-
nent is the complexity of the model. A model too simple, with not enough functions,
would adapt difficultly to the given task. It may be hard to fit the training data
and to make the empirical risk ﬁ(@) low, and there may not exist a function fy such
that the risk R(#) is low.

On the other side of the spectrum, a complex model may be rich enough to
contain a function fy such that the empirical risk ﬁ(@) is low. However in that case,
the complexity of the model makes it more difficult to bound the generalization gap,
and indeed, the empirical risk R(f) and the true risk R(f) may dramatically differ.
By fitting too closely the training data, one may fit its noise, which would make the
0 obtained by empirical risk minimization too dependent on the training data. This
problem is known under the name of overfitting.

In the classical machine learning paradigm, one must thus find a sweet spot be-
tween these two phenomenons: choosing the right complexity for the right problem.
This is known as the bias-variance trade-off.

For feedforward neural networks, the complexity depends on the architecture
of the network: the activation function used, and the size of the network, i.e. the
number of layers (depth) and the number of neurons for each layer (width). The
choice of the activation is indeed relevant, as for some activation functions, even
small networks have infinite VC-dimension. This size of the network is reflected in
the number of parameters: the more layers and neurons in the network, the higher
the number of parameters.

Extensive work has been done to bound the VC-dimension of neural networks,
for smooth activation functions in the first place [19, 6], as well as piecewise-linear
activation such as ReLU [16]. The existing bounds for ReLU networks scale at least
linearly with the number of parameters [16, 21|, which confirms that the number of
parameters represent the complexity of a network.

1.4.3 The paradox of deep learning

Since VC-dimension scales at least linearly with the number of parameters, to
bound the generalization error, one should make sure that the size of the training
sample is large compared to the number of parameters. However, this is at odds
with the modern setting of Deep Learning, in which highly overparameterized neu-
ral networks have shown great performance in a wide range of situations. Even
worse, in many settings, increasing the number of parameters of the network im-
prove generalization performances! In such settings, the existing bounds based on
VC-dimension are vacuous.

One could try to find tighter bounds for neural networks, however the existing
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bounds are close to being tight [16]. One could also try to find better tools than
VC-dimension to account for the complexity of the function classes induced by
neural networks. Indeed, it is for instance possible to change the VC-dimension of a
network from finite to infinite by adding an arbitrarily small perturbation to ReLLU
[21]. Such a perturbation would not change the global behavior of the network,
however VC-dimension captures fine-grained properties of models, so it is affected
by such a change. Other measures might be more robust and more efficient to reflect
the complexity of the class of functions implemented by a neural network.

Nevertheless, the problem appears to be more general. Indeed, as shown by
[134, 195], neural networks that generalize well on some classification tasks (such as
MNIST) are powerful enough to perfectly fit data with random labels. This shows
that overparameterized neural networks are indeed very powerful and represent very
rich class of functions. In that respect, there exist many parameterizations 6 such
that the corresponding fy is able to fit the training data. The set of minimizers
of the objective functions minimized by the optimization algorithms such as SGD
are large [51, 106] and contain elements that generalize poorly [192, 134]. Despite
this, the optimizers are able to choose functions that generalize well in practice.
This shows that global analysis, which considers worst-case bounds on (fp)gcre,
with the worst possible network that fits the data, will inevitably fail to explain
generalization. Instead, there is a need for local complexity measures, that describe
the complexity of the functions actually implemented by neural networks optimized
via gradient descent.

1.4.4 Implicit regularization and local complexity measures

A substantial research effort has been made to obtain new complexity measures
and new generalization bounds for neural networks. The complexity measures serve
either as a descriptive tool showing that the optimizers such as SGD are implicitly
biased towards functions that are simple in some sense and that are able to general-
ize, or the measures can be explicitly added as a regularization during optimization.

One can list desiderata that an ideal complexity measure should satisfy [186].
An ideal complexity measure should apply to networks used in practice, and should
be able to account for the prediction performances of the different architectures. In
particular, it should not grow with the number of parameters, since as explained
above, adding parameters even after fitting perfectly the training dataset does not
hurt prediction, or in some cases even improves it. The complexity measure should
also have the right dependency to the number of training examples [129]. The
measure should also account for the complexity of the datasets. For instance, clas-
sification on CIFARI10 is harder than on MNIST, and classification on CIFAR100
is harder than classification on CIFAR10. When corrupting part of the labels of
the training dataset, as is done in many experiments, one should see the complexity
measure grow. Apart from the dataset, the complexity measure should reflect the
performances of different optimization methods: optimizer, choice of hyperparame-
ters, regularization techniques... To improve our understanding of neural networks,
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a complexity measure should also have a theoretical explanation and ideally come
with a generalization bound being able to predict generalization. Such a bound
would ideally be close to the true generalization error, but at least, it should be
non-vacuous (i.e. it should predict an error rate smaller than 100%, otherwise it
is uninformative). Last but not least, a complexity measure should be practically
computable in an efficient way. As far as we know, there exist measures satisfying
some of the aforementioned desiderata, but none that is able to satisfy, if not all,
even just a majority of them.

Many bounds involve the norm of the weights of neural networks, either directly,
or measured as a distance to the weights at initialization [137, 134, 15, 77, 128].
Another type of complexity measure that has been investigated is the flatness of
the minimum of the objective function output by the optimization algorithm. The
idea that flat minima may generalize better than sharp ones is indeed not new [90],
and has been explored for neural networks [44, 100]. However, this measure of
generalization has limits, as explained in [53]. A notable limit for ReLU networks is
that one can use rescalings to change the parameters of the network without affecting
the function it implements (thus not changing the generalization performance). Such
rescalings can arbitrarily make a minimum of the objective function sharper or wider.

As mentioned in Section 1.1.6, for ReLU networks, the number and the density
of affine regions have also been proposed as measures of complexity for ReLLU net-
works. In contrast to norm-based complexity measures, there is no direct way to
obtain these measures, but different methods have been proposed to compute these
measures with some efficiency [125, 150, 86].

1.4.5 Implicit regularization during optimization

Since the goal of complexity measures is to show that some functions imple-
mented by neural networks have low complexity, and as a consequence have good
generalization properties, part of the study should focus on the optimization process,
and notably why the optimization algorithms used in practice are biased towards
these low-complexity functions. Since this bias exists even without explicitly im-
plementing a regularization term in the objective function, such a phenomenon is
studied under the name of implicit bias or implicit regularization.

Implicit regularization is a well understood phenomenon for linear networks and
matrix factorization. Existing results show indeed that the optimization implicitly
constrains the rank of the prediction matrix [9, 155, 167, 73, 74, 2].

Optimization is less well-understood in the case of non-linear neural networks,
such as ReLU networks [10]. The fact that optimization is biased towards low-rank
parameters seems less clear for non-linear networks than for linear networks [185].

Some articles show that the optimization process tends to minimize some norm-
based quantities [136, 30]. In particular, a line of work studies gradient flow and
gradient descent for neural networks in classification, showing that although the
logistic loss makes the parameters tend to infinity, the parameters converge in di-
rection, towards max-margin classifiers for some norms [48, 112, 94].
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Following other hypotheses, the authors of [151] use Fourier analysis to show
that ReLU neural networks are biased towards learning low-frequency functions,
and in another fashion the authors of [161] argue that neural networks are biased
towards minimization of the number of affine regions.

The properties coming from the stochastic nature of stochastic gradient descent
SGD, with respect to gradient descent or to gradient flow, have also drawn inter-
est. It has been shown that stochastic gradient descent introduces noise in the
optimization process, compared to classical gradient descent or to gradient flow.
In particular, the smaller the batch size, and the bigger the optimization step, the
more noise there is. This would explain why neural networks tend to converge to

flat minima, as the noise tends to make the optimizer escape of sharp minima [44,
100].

Some authors have tried to explicit the implicit bias of SGD. In particular [172,
14, 71| have shown that under some hypotheses, on average, following stochastic
gradient descent on a loss L is equivalent to following a modified gradient flow,
including an additionnal bias term taking the form of the squared norm of the
gradient of L.

1.4.6 Other work on generalization of neural networks

In this paragraph, we briefly describe some other lines of research around the
generalization behavior of neural networks worth mentioning.

First, some authors have tried to better capture the fact that neural networks
that perfectly fit noisy data are able to generalize. Indeed, exactly fitting the training
data, especially when the data is noisy, is classically considered as overfitting and
normally avoided in classical machine learning. These authors have thus tried to
understand the settings in which overfitting does not harm prediction, a situation
called benign overfitting [18].

Other authors have tried to reconcile the classical machine learning paradigm
with modern Deep Learning. In particular, studying the risk as a function of the
number of parameters, they have shown the existence of two regimes. In the first
regime, when the number of parameters is smaller than the size of the data, the
curve has a ‘U’ shape: when there are few parameters, the bias is predominant.
Adding parameters improves the approximation abilities and thus allows the risk
to decrease. Then, at some point, the variance takes over and adding parameters
makes the risk increase. This is the classical bias-variance trade-off. However, this
behavior changes when the number of parameters reaches the size of the training
set. After this point (sometimes called interpolation), adding parameters makes the
risk decrease again. This particular form of the risk curve has been named ‘double
descent’, and has been explored theoretically and observed empirically [23, 131].
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1.4.7 Our contribution: local geometric complexity measures (Chap-
ter 5)

We present here one contribution of this thesis to the topic of complexity and
implicit regularization of deep ReLLU networks, which corresponds to Chapter 5.

The chapter investigates properties and computational aspects of local com-
plexity measures of deep ReLU neural networks, recently introduced in [82]. The
considered complexity measures are linked to the local geometry of the image set as
defined by {fo(X) | 0 varies} and the pre-image set {0’ | fo(X) = fo(X)}, where
fo(X) is the prediction, for an input sample X, made by the neural network of
parameter 6.

The local geometry of the pre-image set and of the image set are linked through
the differential D fg(X) of 6 — fy(X), and through its rank. The pre-image set
represents the redundancies in the parameters of a network. Intuitively, the more
there are redundancies in the parameters, the less the space of function represented
by the network is rich and complex. Amongst other properties, we notably try to
understand how these objects behave during optimization.

The investigation done in this chapter is directly linked to the question of iden-
tifiability. Studying identifiability from a finite sample X exactly corresponds to
studying the pre-image set. As we know, this set will at least contain the equiva-
lence class of 6 modulo permutation and positive rescalings. Identifiability modulo
permutation and positive rescaling holds if it only contains this equivalence class. In
contrast, the bigger the pre-image set, the more the redundancies in the parameters
and the farthest we are from identifiability.

It is thus not surprising that the differential D fy(X) appears in a slightly dif-
ferent form in Chapter 4, Section 4.4, in the form of the operator I'(X, ), and that
the rank of this differential also appears in Chapter 4 in the form of the quantity
Rr.






CHAPITRE 2

Introduction en francais

2.1 Introduction au deep learning

A Tére de I'apprentissage automatique, le domaine du deep learning s’est imposé
comme une pierre angulaire du progrés technologique, révolutionnant notre capa-
cité a traiter, comprendre et extraire des informations précieuses d’ensembles de
données vastes et complexes. Les réseaux de neurones profonds, avec leurs architec-
tures multicouches, ont joué un réle central dans cette transformation, démontrant
des capacités sans précédent dans diverses applications, allant de la reconnaissance
d’images et de la parole a la au traitement du langage. Alors que nous continuons
d’assister & la prolifération de ces puissantes machines d’apprentissage, des questions
cruciales concernant leur fonctionnement interne et leur comportement se posent.
Cette thése de doctorat entreprend un voyage dans le monde de la théorie de I'ap-
prentissage profond, en se concentrant spécifiquement sur 'identifiabilité des para-
métres des réseaux de neurones - un aspect qui a suscité peu d’attention malgré
son importance potentielle. La motivation de cette étude réside dans la résolution
de problémes critiques liés & la préservation de la vie privée, a la robustesse et
aux capacités de généralisation. A une époque ol la confidentialité des données est
primordiale, il est essentiel de comprendre dans quelle mesure les paramétres des
réseaux de neurones peuvent étre déduits des données observées pour protéger les
informations sensibles.

En outre, une compréhension approfondie de I'identifiabilité des paramétres des
réseaux de neurones peut contribuer a ’amélioration de la robustesse de ces modéles
face aux attaques adversariales et ’amélioration de leur performance de générali-
sation dans divers scénarios du monde réel. Reconnaissant I'importance éthique et
pratique de la protection de la confidentialité des données, du renforcement de la
résilience des modéles et de I’amélioration des performances de généralisation, cette
recherche vise & contribuer modestement & notre compréhension de ces questions.

Cette introduction est structurée comme suit : dans la section 2.1, nous rappelons
quelques bases du machine learning, du deep learning et de la géométrie ReLLU, afin
d’établir quelques notations et de donner un contexte a la thése. Dans la section 2.2,
nous discutons les symétries que possédent les paramétres des réseaux de neurones et
la relation entre une fonction d’activation et les symétries d’'un réseau correspondant.
Dans la section 2.3, nous présentons la notion d’identifiabilité et nous formalisons ce
qu’elle signifie pour les réseaux de neurones ReLLU ainsi que ses motivations. Enfin,
dans la section 2.4, nous donnons un apercu de la question de la complexité des
réseaux de neurones et de son lien avec la question de la généralisation.
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2.1.1 Apprentissage supervisé, classification, régression

Dans cette section et les suivantes, nous rappelons succinctement quelques prin-
cipes de base du machine learning. L’objectif n’est pas d’étre exhaustif mais simple-
ment de donner un cadre & notre étude des réseaux de neurones.

Dans le probléme standard de ’apprentissage supervisé, nous considérons deux
variables aléatoires : une variable d’entrée X et une cible Y. L’objectif est, compte
tenu de la connaissance de X, de prédire le comportement de Y.

Nous considérerons deux contextes d’apprentissage classiques : la régression et
la classification. Dans le cadre de la régression, nous observons X € R? pour un
entier d € N* donné, et nous essayons de prédire une valeur réelle ou un vecteur de
valeurs réelles : nous avons Y € R™, ott m € N*. La relation entre X et Y n’est pas
nécessairement déterministe. Dans ce cas, il est impossible de prédire exactement
Y en fonction de X. Plutét que de prédire la valeur exacte de Y, l'objectif est
généralement de prédire E[Y]X].

En classification, nous considérons un ensemble fini de K classes Ci,...,Ck,
pour K € N*. Nous observons X € R? et nous voulons prédire la classe de X,
représentée par la variable Y € {C1,...,Ck}. Encore une fois, la relation entre X

et Y n’est pas nécessairement déterministe, et nous voudrons généralement obtenir
une estimation de la probabilité P(Y € C; | X), ou au moins un score pour chaque
classe Cj, de sorte que pour tous i € [1, K] plus le score que nous attribuons a la
classe C; est élevé, plus la probabilité P(Y € C; | X) est élevée.

Dans les deux cas, nous voulons trouver une fonction qui prend X € R% comme
entrée et produit un vecteur réel (comme le vecteur prédit E[Y|X] € R™ en ré-
gression, ou le vecteur de probabilités prédites P(Y € C; | X)ep k) € [0,1]F
ou vecteur de score A € RX en classification). Pour ce faire, nous disposons d’une
famille de fonctions (fy)gep, ot P désigne un ensemble de paramétres donné. La
plupart du temps, pour nous, P correspondra a l’espace RP, pour un certain p € N*.
L’objectif est de trouver le paramétre 6 tel que la fonction fy corresponde le mieux
au comportement attendu.

2.1.2 Vrai risque, risque empirique

Pour mesurer 'efficacité d’une fonction donnée fy dans notre tache, nous considé-
rons une fonction de perte (également appelée fonction de coiit ou fonction d’erreur)
¢:R™xR™ — R,. La fonction de perte permet de comparer notre prédiction fp(X)
avec la vraie Y : plus la valeur de la perte est élevée, plus nous considérons que fy(X)
est ¢loigné de Y. En général, la seule fagcon de ramener ¢(fp(X),Y) & zéro est de
prédire la valeur exacte fp(X) =Y. Un exemple typique de perte en régression est
la perte quadratique : £(y,y') = >_1%, (yi — yh)2.

Notre objectif sera de choisir la fonction fy afin de minimiser la perte en moyenne
sur la distribution de (X,Y’). Nous définissons donc le risque, également appelé
risque en population, comme suit

R(G) = [g(ftheta(X)v Y)} .
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Bien que notre objectif soit de minimiser R(#), nous n’avons généralement pas accés
a la véritable distribution de (X,Y’), ce qui rend impossible le calcul de R(f) pour
un parameétre donné 6. En revanche, si Pon nous donne n exemples (), ... (")
qui ont été échantillonnés a partir de (X, Y’), pour un entier n donné, nous pouvons

considérer le risque empirique

. 1 & A .
RO)= =S "0(fo(z®),4yD),
6) = ; (fo(x),y@)
qui est la perte moyenne sur les n exemples plutdét que sur 'ensemble de la distri-
bution, et que nous sommes en mesure de calculer.

Trouver des conditions garantissant que le risque empirique ]:Z(H) est proche du
vrai risque R(f) est un vaste sujet dans le domaine du machine learning. Nous ne
nous étendrons pas sur le sujet ici, mais une discussion plus approfondie peut étre
trouvée dans [190, 21]. Voir également la section 2.4 pour une discussion sur le sujet
dans le cas des réseaux de neurones.

2.1.3 Les réseaux de neurones : premiére introduction

Un réseau de neurones est une famille de fonctions (fg)pere, telle que chaque
fonction fy : R4 — R™ est construite comme une succession de couches. En effet,
on peut écrire la fonction fy comme une succession de compositions entre L > 2
fonctions plus élémentaires :

fo=hrohp_10---0hy,

ou pour tout [ € [1, L], la fonction h; correspond & une couche du réseau, la couche
l. La fonction hy; réalise un mapping entre deux espaces vectoriels RV-1 — RN Ici,
RNo et RVL sont respectivement 1'espace d’entrée et I'espace de sortie de fg; nous
avons donc Nop =d et N, = m.

Typiquement, et comme ce sera le cas dans ce travail, une couche est composée
d’une fonction affine & — Wiz + b, avec W' € RN>*Ni-1 et bt € RN, suivie d’une
fonction d’activation o; : R — R!. Mathématiquement, cela s’écrit donc

Vo e RN y(x) = oy (Wa +0).

La couche de sortie est une exception, car hy n’est composé que d’une application
linéaire, c’est-a-dire

Ve e RVi-1 hp(2) = Wha + bF.

Par abus de langage, la "couche " désigne parfois 'espace R, et parfois la fonction
hy : RNi=1 — RM ainsi que ses poids et biais (W', d').

La fonction implémentée par le réseau de neurones dépend de ses poids et de ses
biais. L’ensemble des poids et des biais forme la paramétrisation du réseau

0= ..., wkt . .. bl)eRp,
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avec p = NgN1+...Nr_1Np+ N1 +---+ Nr. On désigne parfois la paramétrisation
0 par le terme ‘paramétre’comme il est courant de le faire dans la littérature, bien
qu’il s’agisse en fait d’un vecteur de p paramétres. Lorsque le mot paramétre est
employé, le contexte devrait clarifier si on fait référence a 6 ou & un des coefficients
de 6. En particulier, I’expression ‘nombre de paramétres’, souvent employée dans la
littérature et dans cette thése, désigne le nombre p.

Dans de nombreux contextes, et dans tous les contextes considérés dans cette
theése, pour tout [ € [1,L — 1], lactivation o; correspond a la méme activation a
valeur réelle o appliquée composante par composante, c’est-a-dire

V(:Ul,... ,le) S RNZ, Ul($1,... ,J}Nl) = (U(]Il),...,d(x]vl)).

11 existe plusieurs fonctions d’activation classiques o : sigmoide, tangente hyper-
bolique (tanh), Rectified Linear Unit (ReLU)... Dans cette thése, nous nous concen-
trons sur la fonction d’activation ReLU : elle est définie comme o(t) = max(t,0)
pour tout ¢t € R. Par défaut, o fera référence a la ReLU. Dans le cas contraire, ce
sera explicité.

2.1.4 Les réseaux de neurones : représentation en graphes

Dans cette section, nous présentons un formalisme équivalent & celui de la section
2.1.3 aux réseaux de neurones, qui leur donne leur nom. Il s’agit d’une présentation
des réseaux de neurones sous forme de graphes entre des noeuds appelés neurones.

Nous commengons par considérer un ensemble de neurones V. Cet ensemble de
neurones est divisé en L + 1 couches, avec L > 2 : V = UZL: o Vi. La couche Vj est
la couche d’entrée, Vi, est la couche de sortie et les couches V; avec 1 <[ < L —1
sont les couches cachées. Nous notons, pour tout ! € [0, L], N; = |V}] la taille de la
couche V.

Les neurones des couches consécutives sont connectés par des arétes orientées :
pour tout [ € [0, L — 1], si nous considérons deux neurones v € V; et v' € Vi1, alors
nous désignons par v — v’ laréte orientée de v vers v’. Nous notons E l’ensemble
de toutes ces arétes orientées :

E={v—=v| veV,v €Vy,pourle[0,L—1]}.

Chaque aréte v — v’ € E du réseau est paramétrée par un poids w,_,,» € R. De
plus, on note

=

B={JV

~

1

I’ensemble de tous les neurones sauf les neurones d’entrée. Chaque neurone v € B
est paramétré par un biais b, € R. Un réseau est paramétré par tous ses poids et
biais, regroupés dans la paramétrisation 6, avec

0= ((wv%v’)vﬁv/eE, (bv)UEB) € RF x RE ~ R?,

oup=|E|+|B|=NoN1+...Np_1Np+ Ni+---+ N est le nombre de paramétres.
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Comme mentionné dans la section précédente, la fonction d’activation, notée o,
est le plus souvent ReLLU dans notre cas; sinon, ce sera toujours spécifié explicite-
ment. Elle est définie comme o(t) = max(t,0) pour tout t € R.

Prédiction du réseau Pour un 6 donné, nous définissons de maniére récursive
fh: R - R pourl € [0,L] et x € RV, par

(fg(x)o = m0, pour v € Vj,
(fi(x)y =0 (Ev/evl,l W o (fy7H () + bv) , pour v € V}, lorsque [ € [1,L — 1],
(fgL(HT))v = ZvlevLil wv/%v(fgL_l(:c))Ur + by, pour v € V.
(2.1.1)
Nous définissons la fonction fy : R — RYZ implémentée par le réseau de
paramétres  comme fy = fGL . Nous l'appelons parfois la prédiction ou l'inférence.

Equivalence entre les formalismes Les deux formalismes présentés dans les
sections 2.1.3 et 2.1.4 sont équivalents : en numérotant simplement les réseaux de
neurones dans chaque couche, nous obtenons une bijection V; — [1, V], ce qui donne
un isomorphisme RY" — RN En utilisant ces isomorphismes, on peut regrouper les
poids entre deux couches (wvﬁv/)(v,v/)evl_lxvl dans une matrice W' et les biais
(by)vey; d'une couche dans un vecteur b, ce qui permet de passer d’une notation a
I'autre.

2.1.5 Optimisation

Dans cette section, nous fournissons une explication trés succincte de la descente
de gradient et de la descente de gradient stochastique, qui sont essentielles pour
I'optimisation des réseaux de neurones. Pour une vue d’ensemble plus détaillée des
méthodes de gradient, voir [160]. Comme évoqué dans la Section 2.1.1, 'objectif de
I’apprentissage est de trouver un paramétre 6 tel que la fonction correspondante fy
s’adapte au mieux a un comportement souhaité. Pour les réseaux de neurones, les
paramétres sont des vecteurs réels 6 € RP| et la méthode courante pour rechercher
le meilleur parameétre consiste a utiliser des méthodes d’optimisation basées sur le
gradient.

Pour ce faire, une fonction positive différentiable L : RP — R est construite. L
prend les paramétres du réseau en entrée et renvoie des valeurs positives. L’objectif
est de la minimiser, c’est-a-dire de trouver un paramétre 6 tel que L(6) soit aussi
petit que possible (I'idéal étant de trouver le minimum global de L). L est appelée
la fonction objectif, ou parfois la loss (mais il ne faut pas la confondre avec la perte
¢ de la Section 2.1.2).

La descente de gradient est une famille trés classique de techniques d’optimisa-
tion qui fonctionne approximativement comme suit : on choisit un paramétre initial
0. Ensuite, le paramétre est modifié de maniére progressive, construisant progres-
sivement une suite de paramétres (6;);en. A l'étape t, le paramétre actuel 6; est
modifié suivant la direction de plus forte descente de L au point ;, c’est-a-dire de
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maniére a ce que le pas 0,11 — 6; soit proportionnel a 'opposé du gradient VL(6;).
Un telle technique nécessite de calculer le gradient de L & chaque point 6;. Cela peut
étre fait avec une expression explicite du gradient lorsque c’est possible, ou avec des
méthodes numériques.

Comme mentionné dans la Section 2.1.2; les fonctions de perte ¢ sont utilisées
pour construire un risque R(0) = E [¢(fg(X),Y)], que nous aimerions minimiser. En
pratique, ce que nous sommes en mesure de calculer et ce que nous considérons donc
a la place est le risque empirique ]TZ(G) = % Sl (fg(x(i)), y(i)), ot (z, y(i))ie[[lﬁn]]
est un échantillon d’apprentissage obtenu a partir de (X,Y). Il est donc naturel
d’utiliser le risque empirique comme fonction objectif : L() = R(6). Entrainer
un réseau de neurones en utilisant le risque empirique comme fonction objectif est
courant et appelé minimisation du risque empirique. On peut également ajouter un
terme de régularisation P(6) représentant des contraintes supplémentaires que nous
voulons que le paramétre final satisfasse, ce qui conduit & une fonction objectif de
la forme L(6) = R(0) + P(0).

En pratique, 'objectif L est minimisé en utilisant une variante de la descente de
gradient classique, appelée descente de gradient stochastique. Au lieu de calculer le
gradient du risque empirique pour ’ensemble complet d’apprentissage, nous subdi-
visons de maniére aléatoire ’ensemble d’apprentissage en k mini-batches I, ..., I
de taille ny, de sorte que U§:1 I, = [1,n], et chaque étape de gradient est effectuée
pour un mini-batch. A une étape donnée, nous considérons donc le gradient de la

> e (Aol 0.

i€ly,

quantité suivante :

Il a été montré qu’'un tel algorithme est plus efficace du point de vue computationnel
(car il est plus facile de calculer le gradient pour un mini-batch que pour ’ensemble
complet d’apprentissage) et permet toujours d’obtenir de bonnes performances |29,
69].

Pour calculer le risque empirique, que ce soit pour I’ensemble complet d’appren-
tissage ou pour un sous-ensemble de ’ensemble d’apprentissage, il est nécessaire de
pouvoir calculer les gradients individuels des quantités £ ( fg(az(i)), y(i)) par rapport

a 0, pour chaque exemple (. A condition de choisir ¢ de maniére appropriée (elle
doit au moins étre différentiable), les réseaux de neurones sont équipés d’une ma-
niére efficace de calculer ces gradients, appelée backpropagation ou rétro-propagation
en francgais, que nous n’approfondissons pas ici.

2.1.6 La géométrie affine par morceaux de ReLU

Dans cette section, nous approfondissons un peu les propriétés géométriques des
réseaux de neurones avec fonction d’activation ReLU. Les fonctions implémentées
par les réseaux de neurones héritent des propriétés de la fonction d’activation qu’ils
utilisent. ReLLU est une fonction continue et affine par morceaux :

o :t— max(0,1).
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Par conséquent, une couche d’un réseau de neurones, qui combine une fonction
affine x — Wax 4 b et activation ReLU, implémente une fonction continue affine
par morceaux. Etant donné que la composition de fonctions continues affines par
morceaux est continue affine par morceaux, la fonction implémentée par un réseau
ReLU est elle-méme continue affine par morceaux (parfois également appelée, bien
que de maniére impropre, linéaire par morceaux).

Les régions affines des réseaux ReLU En tant que fonctions continues affines
par morceaux, les réseaux ReLU divisent leur espace d’entrée en régions polyhédrales
ou la fonction implémentée par le réseau coincide avec une fonction affine. Ces
régions sont appelées les régions affines, ou parfois régions linéaires, du réseau. Les
régions affines sont polyhédrales et leurs frontiéres sont composées de morceaux
d’hyperplans.

Cette propriété des réseaux ReLLU permet de les voir comme des approximateurs,
combinant des blocs simples (affines) pour représenter des fonctions plus complexes.
Il est intuitif de penser que plus la fonction que nous essayons d’approximer est
complexe, plus il y aura besoin de blocs. De plus, il est intuitif de penser que ces
blocs se concentreront dans les zones plus complexes de la fonction, avec plus de
courbure, plus d’irrégularités, tandis que les zones ot la fonction est moins complexe
auront besoin de moins de blocs. Suivant cette intuition, le nombre et la densité des
régions affines ont été considérés comme des mesures de complexité pour les réseaux
ReLU [125, 150, 86]. Pour conclure, le nombre total de régions affines est toujours
fini. La raison en est qu’il existe un nombre fini de patterns d’activation (voir le
paragraphe sur les patterns d’activation ci-dessous).

Les hyperplans séparateurs sont cruciaux pour ’identifiabilité Deux ré-
gions affines adjacentes sont séparées par un hyperplan. Il s’avére que ces hyperplans
séparateurs sont trés informatifs sur les paramétres d’un réseau. Pour comprendre
cela, considérons un réseau constitué d’'un seul neurone caché, L = 2, Ny = d,
N1 = Ny =1, de la forme

fo(z) = ao(wlz +b) + ¢,

ot x € R% a,b,c € R. Par définition de o, nous avons fy(z) = a (wT:L" + b) + ¢ si
wlz+b > 0et fo(x) = csinon. Il y a donc deux régions affines, séparées par 'hyper-
plan d’équation w’z+b = 0. Si w'T x4 b est une autre équation définissant le méme
hyperplan, alors il existe a # 0 tel que (w’, ") = a(w,b). Ainsi, identifier I’hyper-
plan séparant les deux régions linéaires définies par un neurone permet d’identifier
les poids et le biais du neurone caché, a un facteur pres. Cette propriété clé est au
coeur de la plupart des travaux sur l'identifiabilité ou la reconstruction stable des
paramétres des réseaux ReLU (voir la Section 2.3.5 pour les travaux connexes).

Patterns d’activation Pour tout | € [1,L — 1], nous définissons maintenant
sl(x,0) € {0,1}™ comme suit :
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1osi ol ( g—l(x))j +5 >0

0 sinon.

Vi € [1, N, sé(az,@) =

Pour un paramétre fixe § € RF x RE, et une entrée donnée z € RN, la liste
(s(2,0),...,s" H(2,0)) € {0,1}M x - x {0, 1}

est appelée un pattern d’activation.
Nous avons donc

N1 N1

(fo(@), = | Do Wi, (F5 1 @), + 0 | = sita.0) | Do Wi (S5 (@), +0k )
j=1 j=1

ou écrit différemment

fi(w) = Diag(s' (z,0)) (W' f3 " (z) + V')
= Diag(s'(z,0))W'fi ! (x) + Diag(s'(z, 0))b". (2.1.2)

Pour un 6 donné dans R¥ x R, supposons que nous considérons une région
connexe D C R sur laquelle le pattern d’activation est fixe, c’est-a-dire que pour
tout [ € [1,L—1], il existe &' € {0, 1} tel que pour tout = € D, s'(z, ) = &'. Alors,
(2.1.2) montre que pour tout ! € [1,L — 1], la relation entre fé_l(m) et fi(x) est
affine. Comme la relation entre feLfl(:C) et fop(x) est toujours affine, nous pouvons
donc facilement prouver par récurrence sur [ € [1, L] que fy est affine sur D.

Cela montre qu’il y a une relation entre les patterns d’activation et les régions
linéaires. Une région sur laquelle le pattern d’activation est fixe est incluse dans une
région affine de fy. L’inclusion réciproque n’est pas toujours vraie : une région affine
donnée peut avoir plusieurs patterns d’activation. Un exemple trivial est lorsque
tous les poids de sortie et les biais du réseau sont nuls. Dans ce cas, la fonction fy
est constamment égale & zéro, de sorte que tout espace d’entrée R? est une unique
région affine, indépendamment des différents patterns d’activation qui peuvent exis-
ter.

Les réseaux ReLU comme représentations universelles des fonctions af-
fines par morceaux Etant donné que les réseaux ReL U représentent des fonctions
continues affines par morceaux avec un nombre fini de morceaux, une autre question
naturelle concerne la réciproque. Est-ce que n’importe quelle fonction continue affine
par morceaux avec un nombre fini de morceaux peut étre représentée par un réseau
ReLU ? La réponse est positive, comme le montre [7].

2.2 Les réseaux de neurones ont une symétrie intrin-
seque

Les réseaux de neurones sont connus pour avoir généralement des symétries,
c’est-a-dire des opérations sur les paramétres qui n’affectent pas la fonction qu’ils
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implémentent. C’est un aspect fondamental & prendre en compte avant de pou-
voir parler d’identifiabilité des paramétres des réseaux de neurones, comme on le
fera dans la Section 2.3. De maniére générale, la question des symétries et celle de
Iidentifiabilité sont trés liées.

Clarifions tout de suite un point de vocabulaire : plusieurs noms sont utilisés
dans la littérature pour désigner le méme phénomeéne. On parle tantét de symétries,
d’invariants, ou d’équivalence de paramétres. En général, dans cette thése, on parle
plutot d’un parameétre 6 qui est équivalent & un parameétre 6’. Cependant, lorsqu’on
met I'accent sur les transformations qui font passer d’'un parameétre 6 & un paramétre
équivalent @', et en particulier lorsqu’on veut parler de la structure de groupe de cet
ensemble de transformations, comme c’est le cas dans cette section, on parle plutot
de symétries.

Ces symétries dépendent de I'architecture et des fonctions d’activation utilisées.
Dans toute cette section, nous considérons ’architecture des réseaux de neurones
et les notations définies dans les sections 2.1.3 et 2.1.4, & I'exception de o qui n’est
pas ReLU mais une fonction d’activation générique. Les travaux dans cette thése
considérent uniquement des réseaux avec fonction d’activation ReLLU, mais le point
de vue plus général de cette section nous permettra de discuter de la maniére dont
les symétries d’un réseau de neurones dépendent de la fonction d’activation choisie.
On espére que cela permettra de mieux mettre en valeur le role de ReLLU dans les
symétries possédées par les réseaux considérés dans cette thése.

2.2.1 La symétrie par permutation

Une symétrie trés générale pour les réseaux de neurones est la symétrie par
permutation. En effet, pour les réseaux de neurones classiques d’architecture feed-
forward fully-connected, dans une couche cachée donnée, aucun réle particulier n’est
attribué & un neurone spécifique : ils sont tous interchangeables. Considérons une
architecture de réseau de neurones telle que dans la section 2.1.4, mais avec une
fonction d’activation o quelconque (pas nécessairement ReLU) et un paramétre
6 € RF x RE. Considérons une couche cachée V;, pour I € [1,L — 1] et deux
neurones v, v2 € V;. Nous allons échanger le réle de v et de vy dans le réseau, pour
montrer qu’ils sont interchangeables.

Pour commencer, supposons que nous échangeons tous les poids entrants de v;
et v9 ainsi que leurs biais : pour n’importe quel neurone v € V;_1, nous définissons

/ —
Wy—spy = Wo—vy

et

v—v, — Wu—vg,

et de méme pour les biais,
bl = by

v2

et
o= by, -
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Supposons maintenant que nous définissons 6’ comme le paramétre obtenu & partir
de 6 en effectuant les modifications décrites ci-dessus. Soit z € RV, Comme on ne
change pas les poids dans les couches précédentes, on a fi,1(z) = f(x). La fonction
o ici désigne n’importe quelle fonction d’activation. En rappelant (2.1.1), on aurait

Y W, (5 (@))e + by,

veV 1

fé’ (x)vl =

)

=0 D W (f @) + by | = S

veVi_1

et

(@), =0 | Y W, (f5 @)y + b,
veV_1

=0 Z wv—wl( é_l(x))v + bvl = fé(x>7)1

veV

On voit que le contenu des neurones vy et vo est échangé en passant de 6 & 6'. Sup-
posons maintenant que ’on échange également les poids sortants des deux neurones
de facon correspondante, en définissant, pour chaque neurone v € vj4q :

/ _
wv1 —p = Wyy—o

et

/ —
wfuz —v w’Ul —V)

et supposons que ces changements sont également implémentés dans €. Si on consi-
fé+1($)v sera w'Ul_VUfé(‘r)Ul
et la contribution du neurone vy sera ww%vfé(m)w. Ainsi, la contribution du neu-
rone vy a féfrl(:r)v sera wffjl_mfé, (x)y, = ’u)m_wfé(ﬂrz)v2 et la contribution du neurone
vy sera W, [5(2)uy = Wy, -0 fH(2)y, . De cette fagon, dans le cas de ¢’, le neurone

v regoit les mémes informations que dans le cas de 6, bien que les roles de vy et v

dére un neurone v € V)1, la contribution du neurone v; a

soient inversés. Il est clair que la contribution du reste des neurones dans V; est la
méme pour 6 que pour #'. Cela montre que 1’échange des poids (entrants et sortants)
et des biais de deux neurones d’une méme couche cachée ne modifie pas la fonction
implémentée par le réseau. En combinant de telles transpositions, on constate que
toute permutation de neurones dans une méme couche laisse inchangée la fonction
globale implémentée par le réseau.

Cette invariance par permutation découle de la structure des réseaux de neu-
rones, ou deux neurones dans une méme couche cachée sont interchangeables. En
tant que telle, la symétrie par permutation est générique et est partagée par un large
éventail d’architectures neuronales.
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2.2.2 Symeétries dépendant de I’activation

D’autres types de symétries des paramétres des réseaux de neurones sont liés au
choix de 'activation en elle-méme. Ces symétries reflétent en effet les symétries de
la fonction d’activation elle-méme. Pour le voir, considérons o : R — R une fonction
d’activation arbitraire. Supposons simplement que o satisfait une relation générique
de la forme

vVt € R, o(At + p) = yo(t), (2.2.1)

pour certains A,y € R*, u € R donnés. Ce type de relations tient compte des symé-
tries de nombreuses fonctions d’activation classiques, comme nous le verrons plus
tard dans cette section.

En considérant un neurone vy dans une couche cachée V;, supposons que l'on
change les poids entrants vers vy comme suit :

VU € ‘/l—lu w;)ﬁ’vo = A/LU’U—YU()
et supposons que I’on modifie le biais comme
bgo = Aby, + p.

Supposons maintenant que 1’on définit ' comme le paramétre obtenu a partir de
6 en effectuant les changements décrits ci-dessus. Soit € RN, Comme nous ne
changeons pas les poids dans les couches précédentes, nous avons f4 1 (z) = fé_l(az).
En rappelant (2.1.1), on a

fo@ =0 | D wisufy @)+, (2.2.2)
veV; 1
=a | D A fy (@) + Aby, + (2.2.3)
veEVi_1
= o Z wvﬁvofé_l(x) + by, (2.2.4)
veV_1
= 74 (2)p.- (2.2.5)

Comme nous pouvons le voir, le passage de 6 & 6’ multiplie le contenu du neurone vg
)

par v. En plus des changements précédents, si on multiplie tous les poids sortants

du neurone vg par %, cela va compenser le changement du contenu du neurone vy :

si on fixe w’

_1
vo—sv = 5 Wog—u; alors on a

Wy for (2 = (,lywvow)(vfé(w)vo) = wagso S ().

En conséquence, le contenu de la couche Vi, reste inchangé, f4!(z) = fé“ (z), et
la sortie du réseau est la méme : fy (z) = fo(z).
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Pour résumer, désignons la transformation que nous venons de réaliser par

vo .
T :
AV o

RE xRE — RE xRB. Pour tout # € R¥ xRB le paramétre transformé ¢’ = oo u(0)
est défini par :

Wy sy = MUy—sy, pour tout v € Vi_y

Wy sy = %wvoﬁ\v pour tout v € V41

b, = Abyg + 1 (2.2.6)
W), =Wy  pour tout (v,v') € E, v,v" # vy

bl = by pour tout v € B, v # 1.

\

Nous venons de montrer que pour tout A,y € R*, u € R tels que l'activation o

satisfait la relation (2.2.1), alors pour tout neurone caché vy € V;, I € [1,L — 1], la

transformation 7'}\’07 u RE x RE — RF x RP ne modifie pas la fonction implémentée

par le réseau. Pour tout # € R¥ x RB, pour tout z € RV, nous avons en effet

frvo

AV

(9)(95) = fo(z).

En appliquant ce résultat générique aux fonctions d’activation classiques, on

retrouve des invariants bien connus.

Pour une fonction d’activation impaire telle que tanh, la relation (2.2.1) est
vraie avec A = v = —1 et p = 0. Les transformations invariantes correspon-
dantes 7 _; ; sont les "sign-flips" bien connus qui ont été étudiés dans la
littérature [181, 4, 61].

Pour les fonctions d’activation paires telles que 'activation gaussienne o(t) =
2

e%, la relation (2.2.1) est vraie avec A = —1,vy = 1 et 4 = 0. Les transforma-
tions invariantes correspondantes 7‘30171’0 sont une autre forme de "sign-flips"
qui ont également été étudiés dans la littérature [96].

Pour les fonctions d’activation périodiques, telles que les sinus [171], si T
est la période, la relation (2.2.1) est vraie pour A = v = 1, u = kT pour
tout & € Z. Pour chaque neurone caché vy, la transformation 779 ., déplace
simplement le biais de k fois la période : bgo = by, + kT o

Pour les activations polynomiales o(t) = tP, pour p € N*, la relation (2.2.1)
est vraie pour tout A € R*, avec v = A et u = 0. Pour chaque neurone
caché vg, nous avons donc une infinité de transformations invariantes T;’?)\p’o,
A e R

Pour la fonction d’activation de Heaviside (ou ‘échelon’), la relation (2.2.1)
est satisfaite pour tout A > 0, avec v = 1 et u = 0. De méme, pour chaque
neurone caché vg, nous avons donc une infinité de transformations invariantes
7';”0170, A € (0,400) [95].

Enfin, pour les fonctions d’activation affines par morceaux ReLU et leaky-
ReLU, la relation (2.2.1) est satisfaite pour tout A > 0, avec v = X et pn = 0.
Pour chaque neurone caché vg, nous avons donc une infinité de transforma-
tions invariantes T;?)\,O, A € (0,+00). Ces transformations sont bien connues
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(voir entre autres [149, 145, 147, 179]), et nous les appelons ‘positive re-
scalings’. Etant donné que nous nous concentrons sur les réseaux ReLU, les
positive rescalings nous intéressent particuliérement et sont au coeur d’une
partie substantielle de la thése.

Le but de cette présentation synthétique d’une classe entiére de symétries dépen-
dant de 'activation est de montrer qu’il existe une structure commune aux symétries
de différentes architectures neuronales, et de montrer qu’il existe un lien direct entre
les symétries de la fonction d’activation et les symétries ou redondances des para-
métres du réseau. Méme si dans cette thése, nous nous concentrons sur ReLLU, I'une
des plus utilisées de nos jours, cette structure similaire peut permettre d’envisager
le transfert de certains résultats vers d’autres fonctions d’activation.

2.2.3 La structure de groupe des symétries d’un réseau

Les opérations de permutation mentionnées dans la Section 2.2.1 ci-dessus sont
des opérations linéaires sur I'espace des parameétres R x RP | elles sont inversibles
(par la permutation inverse), elles correspondent en fait a des éléments du groupe
linéaire GL(R” x R?Z) (et méme, du groupe orthogonal O(R¥ x R?)). Dans le cas
ou u = 0, les opérations de rescaling T;\}?%O sont également des opérations linéaires,
et on peut vérifier que I'opération inverse de 7';\’70%0 est 7'20 Lo Nous pouvons donc
considérer le sous-groupe G de GL(R” x RP) engendré par toutes les opérations de
permutation et de rescaling. Etant donné que G est engendré par des transforma-
tions qui ne modifient pas la fonction implémentée par le réseau, il en va de méme
pour toute transformation de G. L’observation selon laquelle les transformations
équivalentes des paramétres des réseaux de neurones sont équipées d’une structure
de groupe n’est pas nouvelle [88].

Cela souléve alors certaines questions naturelles, parmi lesquelles :

— Y a-t-il un sous-groupe plus grand G’ de GL(R¥ x RB), G’ > G, qui laisse

les fonctions fy invariantes pour tout # € RF x RE?

— On sait que G agit sur les paramétres 6 en laissant les fonctions fy invariantes.

A-t-on la réciproque : si fy = fy existe-t-il g € G tel que &/ =¢g-607?

— Quelle est la structure de G ?

— Quels sont les orbites des paramétres dans R x RE sous I'action de G'?

— Comment les différentes caractéristiques d’un réseau sont-elles modifiées sous

I’action de G 7
— Pouvons-nous exposer un sous-ensemble intéressant de paramétres H ¢ RE x
R qui représente toutes les orbites, c’est-a-dire G- H = RF x RB?

Répondre a ces questions de maniére générale dépasse largement le cadre de cette
thése. Néanmoins, dans le cas de ReLU, nous pouvons mentionner que les deux
premiéres questions sont directement liées & la question de l'identifiabilité - nous
renvoyons & la section correspondante. Par ailleurs, concernant la quatriéme question
sur la nature des orbites, nous pouvons mentionner que la structure géométrique
locale de ces orbites est liée a la question de la structure locale de ’ensemble ‘de
pré-image’que nous étudions dans le chapitre 5.
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Enfin, concernant la troisiéme question, sans développer une caractérisation com-
pléte de G et de sa structure de groupe, nous pouvons au moins écrire ce que sont les
éléments de G. Pour ce faire, il est plus facile d’adopter le formalisme de la section
2.1.3. Nous pouvons déduire du Chapitre 3, Section 3.3.3 et notamment de (3.3.6)
que si g € G est une telle transformation, alors il existe

— des matrices de permutation (P, P! ... PL) ¢ RNoxNo » ... x RNLXNL,
avec PO = Idpn, et pPL = Idy,,
— des matrices diagonales (D%, D', ... D) € RNoxNo » ... x RNLXNL  avec

des coefficients diagonaux positifs et telles que D? = Idy, et DI =1d Ny
telles que pour tout 6 € RP, si 6 = g - 0, alors pour tous [ € [1, L], nous avons
Wl PlDlwl Dl 1 Plfl -1
( ) ) (2.2.7)
b = P'DWY,

ot W', bt désignent les poids et biais associés a 6 et Wi, b ceux associés a 6.

Par conséquent, choisir un élément de G revient & choisir L — 1 matrices diago-
nales avec des coefficients diagonaux positifs et L — 1 matrices de permutation. Nous
pouvons remarquer que G est infini en raison du nombre infini de facteurs de re-
scaling positifs (les éléments diagonaux des matrices). Cela contraste, par exemple,
avec les 'sign-flips’ dans le cas de tanh, qui sont en nombre fini.

Une action de groupe définit toujours une relation d’équivalence. Nous pouvons
donc définir la relation suivante : pour tout #,6 € RP, nous disons que 6 et 6
sont équivalents modulo permutatlon et rescaling positif, ou simplement
équivalents, et nous écrivons 6 ~ 0, sil existe geGtelqueg-60= 6, ou autrement
dit, si 6 et  satisfont la relation (2.2.7). Les classes d’équivalence modulo ~ sont
les orbites sous 'action de G sur RP.

2.3 L’identifiabilité : du modéle linéaire aux réseaux de
neurones

2.3.1 Introduction a l’identifiabilité : le modéle linéaire en dimen-
sion finie

L’identifiabilité est une notion classique en statistiques [143]. En termes géné-
raux, elle signifie que, étant donné un modéle paramétrique {FPy,0 € P}, ou pour
tout 6 € P, Py est une distribution de probabilité, chaque fois que 6; # 62, on a
Py, # Py,. Elle est généralement souhaitée car elle est nécessaire pour pouvoir esti-
mer le paramétre . Cette forme d’identifiabilité est la forme générale et théorique
de l'identifiabilité. Cela signifie que si nous avions une connaissance totale de Py,
nous pourrions identifier 6.

Comme premier exemple, considérons un modéle linéaire de la forme

Y =XB+e,
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ol X € R"*P est déterministe, S € RP est le paramétre du modéle, et € est un vecteur
aléatoire, suivant une distribution gaussienne centrée. Ici, les lignes de X seront
généralement des exemples zW ... 2" Dans ce modele, si le rang des colonnes de
la matrice X n’est pas plein, alors il existe une infinité de choix pour 8 qui conduisent
4 la méme distribution pour Y. En particulier, si X a plus de colonnes que de lignes,
c’est-a-dire si n < p, par définition le modéle ne peut pas étre identifiable. Dans le
cadre classique de la régression linéaire, nous avons n > p. Cependant, dans le cas
n > p, le manque d’identifiabilité peut encore découler de la redondance de deux
variables ou plus. Une maniére d’imposer l'identifiabilité est alors de supprimer les
variables redondantes, ce qui signifie supprimer les colonnes redondantes de X une
par une jusqu’a atteindre 'identifiabilité.

2.3.2 Identifiabilité en grande dimension
2.3.2.1 Le modéle linéaire en grande dimension

Plus récemment, avec le développement des données de grande dimension, le
modéle linéaire a été considéré dans un contexte différent, dans lequel la dimension
p dépasse largement le nombre n d’exemples dont nous disposons : nous avons p > n.
C’est souvent le cas, par exemple, avec les données génomiques. Comme mentionné
dans la section précédente, lorsque p > n, il n’y a pas d’identifiabilité. Cependant,
nous aimerions toujours trouver le ‘vrai’ 5. Une hypothése classique qui est alors
formulée est la parcimonie : on suppose que 8 n’a que quelques coefficients non nuls.
Cela signifie que seules quelques variables ont réellement un impact sur Y, et trouver
lesquelles est une tache appelée ‘sélection de variables’. La parcimonie d’un vecteur
peut étre mesurée avec la norme £y, qui compte simplement le nombre d’entrées non
nulles :

1Bllo = {5 € [1,p] | B; # O}I.

2.3.2.2 Compressed sensing

Dans les années 2000, le domaine du compressed sensing a recu une certaine
attention, suite aux travaux pionniers [54, 38|. Le cadre est trés similaire au modéle
linéaire mentionné précédemment : nous considérons un signal inconnu x € RP,
auquel nous accédons par le biais d’une série de mesures linéaires, c’est-a-dire une
liste de n vecteurs a;, pour lesquels nous observons la quantité y; = (a;,x). Si 'on
note A € R™*P la matrice dont la i*2° ligne est a! et y le vecteur (yi1,...,y,)7, cela
peut étre réécrit comme

y = Ax.

Il s’agit du méme probléme inverse linéaire que précédemment, avec A au lieu de X
et le vecteur inconnu étant z au lieu de 3. Ici, nous ne considérons pas de vecteur
de bruit €, bien que cela puisse étre ajouté pour prendre en compte les erreurs de
mesure. Le cadre du compressed sensing se concentre sur des problémes pour lesquels
le nombre n de mesures est limité, pour lesquels nous avons n < p. Par conséquent,
A ne peut pas étre injective et 'identifiabilité n’est pas vérifiée par définition. Pour
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obtenir l'identifiabilité, il faut ajouter des contraintes supplémentaires sur x qui
réduisent I’ensemble des solutions a un seul élément.

Encore une fois, une hypothése standard est la parcimonie, et nous pouvons
reformuler le probléme comme un probléme de minimisation de la norme ¢ :

min ||z||o
@ (2.3.1)
s.t. y= Ax.

De maniére intéressante, la théorie montre que dans de nombreux cas, ce probléme
admet un minimiseur unique, ce qui garantit I'identifiabilité dans ce nouveau cadre.
Dans ce cas, si ’on note k la valeur minimale de parcimonie, et si le vecteur réel g
est k-parsimonieux, résoudre ce probléme permet en réalité de récupérer xg.

Cependant, la norme £y est difficile & optimiser. En fait, il a été démontré que
le probléme (2.3.1) est NP-difficile. Une découverte trés intéressante est qu’il est
possible d’utiliser la norme 1 comme substitut convexe de la norme £j. Le probléme
devient alors

min ||z[
v (2.3.2)
st. y= Ax.

Il a été démontré que dans de nombreux contextes, la solution de (2.3.2) est la méme
que celle de (2.3.1), ce qui signifie que résoudre (2.3.2) permet de récupérer exacte-
ment le vecteur k-parsimonieux xg. Contrairement & (2.3.1), le probléme (2.3.2) est
pratiquement soluble en temps polynomial avec des outils d’optimisation classiques
[101].

2.3.3 L’identifiabilité pour les réseaux de neurones ReLU
2.3.3.1 Plusieurs définitions de ’identifiabilité

La question de l'identifiabilité peut étre formulée pour les réseaux de neurones :
comme vu précédemment, les réseaux de neurones admettent des paramétres sous
forme de poids et de biais, et étant donné un choix de parameétres 8 € RP, un réseau
implémente une fonction fy. La différence avec le modéle linéaire est que fy n’est
généralement pas linéaire par rapport a 6. Les motivations différent également ; elles
sont discutées dans la section suivante.

Considérons un réseau ReLU (fp)gerr. De maniére naive, la question générale
de l'identifiabilité est : si fp, = fg,, a-t-on 6; = 627 En fait, comme nous l’avons
vu dans la Section 2.2, il est possible de transformer les paramétres d’un réseau
ReLU sans modifier la fonction qu’il implémente. En effet, si on rappelle la relation
d’équivalence ~ définie a la fin de la Section 2.2.3, alors pour tout § € R? = RF xRE,
on sait que si ¢ € RE xRP satisfait 0 ~ ¢’, on a fp = f;. Nous devons donc assouplir
la définition de I'identifiabilité si nous voulons qu’elle ait un sens pour les réseaux
de neurones ReLU.
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Definition 6. On dit qu'un paramétre § € R¥ x R® d’un réseau ReLU est iden-
tifiable si pour tout §’ € RF x RB, alors

fo = for = 0~6.

Definition 7. On dit qu'un paramétre # € R¥ x RP d’un réseau ReLU est locale-
ment identifiable s'il existe g > 0 tel que, pour tout & € RE x RE, alors

H9—9/H<69 et fo = fo — 0~0.

Ces définitions supposent que les fonctions fy et for implémentées par les réseaux
de parameétres 6 et 6" sont égales, ce qui signifie qu’elles coincident sur I'intégralité de
I’espace de départ. Cependant, la distribution des entrées peut avoir un support plus
petit que I’ensemble complet R0, ce qui signifie qu’en pratique, nous ne considérons
que fa(r) et fo(x) dans un sous-ensemble Q@ C RM. Dans ce cas, si fy et fo
coincident sur {2, c’est comme si elles étaient égales pour nous. En tenant compte
de cela, nous pouvons considérer la définition suivante.

Definition 8. On dit qu'un paramétre § € R¥ x R® d’un réseau ReLU est iden-
tifiable & partir de  si pour tout ' € R¥ x RP, alors

YV €, f@(x) = fel(l‘) - 0~0.
La méme adaptation peut étre faite pour 'identifiabilité locale.

Definition 9. On dit qu’un paramétre # € RF x RP d’un réseau ReLU est locale-
ment identifiable a partir de Q s'il existe ey > 0 tel que, pour tout ' € RF xRE,

alors
10 —0'|| <ep et VzeQ, fo(z)= fo(x) — O~0.

Un cas particulier est lorsque €2 est fini. Dans ce cas, on a une liste finie d’exemples
¥ 1 < i < n pour un entier n. La question est donc de savoir si fy et for coincident
sur ces n entrées, a-t-on 0 ~ 6’ ? Cette déclinaison de 'identifiabilité est intéressante
car elle correspond aux situations rencontrées en pratique. L’identifiabilité & par-
tir d’un sous-ensemble ) et en particulier 'identifiabilité a partir d’une liste finie
d’entrées sont plus difficiles & garantir car elles ne supposent pas une connaissance
compléte de fy.

2.3.3.2 Stabilité inverse et reconstruction stable

Nous explicitons dans cette section deux notions proches de l'identifiabilité et
parfois désignées elles-mémes comme identifiabilité.

La premiére notion est la stabilité inverse. L’idée générale est d’étendre la
définition de l'identifiabilité aux petites perturbations. Supposons que les fonctions
fo et for ne soient pas parfaitement égales, mais qu’elles soient proches en un certain
sens. Les parameétres 6 et ' ne seront pas égaux, mais on peut se demander s’ils
sont proches pour une certaine distance. C’est une extension intéressante de la no-
tion d’identifiabilité, car en pratique, nous sommes généralement confrontés & toutes
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sortes d’incertitudes et d’erreurs qui empéchent une égalité parfaite. De plus, la sta-
bilité inverse peut avoir de nombreux avantages théoriques et pratiques, notamment
en termes d’optimisation [58|. Voici une définition informelle de la stabilité inverse :

Definition 10. Nous disons que la stabilité inverse est vérifiée s’il existe o > 0 tel
que, pour tout 0,8 € R x RE alors

10 — 6’/Hpar <alfe— fG’cht'

Dans cette définition informelle, de nombreux éléments doivent étre spécifiés.
Tout d’abord, il faut déterminer une ‘norme’ significative (ici, nous mettons des
guillemets car nous considérons les normes dans un sens large) || - ||par sur en-
semble des paramétres. Une telle ‘norme’ doit prendre en compte les équivalences
des paramétres. En effet, comme nous ’avons dit précédemment, tous les paramétres
appartenant & une méme classe d’équivalence pour ~ implémentent la méme fonc-
tion, de sorte que la quantité |0 — 0'||pqr ne doit pas dépendre du membre choisi de
la classe. Par exemple, toute norme classique sur l’espace des paramétres RY x RB,
telle que la norme euclidienne || - ||2, échouerait pour les réseaux ReLU car nous pou-
vons utiliser 'opération de rescalings positifs sur un parameétre 6 pour construire
une séquence 0,, € RF x R? telle que, pour tout n € N, § ~ 6,, mais ||0 —0,||2 — oo,
ce qui empécherait toute forme de borne comme celle de la définition informelle de
tenir. A titre d’exemple, [117] proposent une norme sur I’espace des paramétres pour
les problémes de factorisation matricielle structurée profonde qui tient compte de
cela.

Un autre élément qui doit étre spécifié est la ‘norme’ || - ||t sur I'espace des
fonctions du réseau. Cela est encore plus complexe, car la gamme des normes sur
un tel espace fonctionnel est trés large. Les auteurs de [58] proposent une discussion
sur le sujet et présentent quelques contre-exemples pour lesquels la stabilité inverse
n’est pas vérifiée. Ils montrent que les normes qui tiennent compte des gradients,
telles que les normes de Sobolev, sont mieux adaptées pour caractériser la distance
entre deux fonctions implémentées par un réseau.

Pour finir, contrairement & l'identifiabilité et & la stabilité inverse, la recons-
truction stable désigne la recherche d’algorithmes capables de reconstruire en pra-
tique le paramétre # d’un réseau de neurones, ou d’'un équivalent, avec une certaine
marge d’erreur.

2.3.4 Les motivations de l’identifiabilité

Les motivations pour étudier I'identifiabilité dans le cas des réseaux de neurones
ne sont pas les mémes que dans les contextes statistiques présentés dans les Sections
1.3.1 et 1.3.2. En statistiques, 'une des motivations pour estimer les paramétres d’un
modéle est parce qu’ils ont une signification physique. Dans ce cas, I'identifiabilité est
nécessaire pour estimer la valeur exacte d’'un paramétre particulier. En deep learning,
il est possible de trouver dans la littérature des configurations spécifiques ot une
partie des parameétres d’un réseau de neurones a une signification physique [60, 197],
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ce qui peut étre une raison de rechercher I'identifiabilité. Cependant, la plupart du
temps, les paramétres des réseaux de neurones n’ont pas de signification physique, et
les motivations pour étudier I'identifiabilité sont différentes. Nous décrivons certaines
des motivations dans la présente section. Elles sont diverses et vont des plus pratiques
aux plus théoriques.

2.3.4.1 Les attaques par inversion de modéle

Les modéles de machine learning, et notamment les réseaux de neurones, sont
largement utilisés de nos jours dans une grande variété de taches. Ce développement
s’accompagne d’'un besoin de garanties en ce qui concerne la sécurité, la robustesse
et la confidentialité des modeéles utilisés. 11 est fréquent que 'utilisateur du modéle
ne soit pas le méme que le fournisseur [158]. Dans un tel cadre, les utilisateurs
peuvent utiliser des modéles déja entrainés, fournis par des services cloud, soit gra-
tuitement, soit moyennant des frais associés & chaque requéte. Les utilisateurs n’ont
généralement pas un accés complet au modéle. En particulier, ils ne connaissent pas
nécessairement l’architecture utilisée, I'optimiseur ou les hyperparamétres utilisés
lors du training, et surtout, quels sont les parameétres obtenus a l'issue du trai-
ning. Il peut en effet étre important pour les fournisseurs de modéles de garder ces
informations confidentielles, pour des raisons que nous expliquons ci-dessous. Ce-
pendant, les attaques par extraction de modéle ont été un sujet croissant au cours
des derniéres années [139] : il s’agit d’attaques qui sont capables de récupérer au
moins partiellement les informations cachées du modeéle & 'aide des requétes en-
voyées au modéle. En particulier, pour les réseaux de neurones, certaines attaques
sont capables de récupérer en pratique les parameétres d’un réseau ou la fonction
implémentée par celui-ci & partir de requétes envoyées au réseau [39, 159].

Un probléme de confidentialité L’extraction des paramétres d'un réseau de
neurones par des attaquants peut poser un probléme majeur en matiére de confiden-
tialité. En effet, il est désormais bien connu que les réseaux de neurones mémorisent
certains éléments de leurs bases de données d’entrainement, stockant ces informa-
tions dans leurs parameétres. Par exemple, en 2015, les auteurs de [67] ont montré
qu’ils étaient capables de reconstruire certaines images de la base de données utili-
sée pour entrainer un systéme de reconnaissance faciale. La technique exploite un
indicateur de confiance renvoyé par le systéme. La technique nécessite le calcul du
gradient V fy(x) de 6 — fg(x), pour n’importe quelle entrée x. Comme le montrent
les auteurs, cela peut étre fait avec des méthodes numériques, mais c’est trés cotiteux
et ne fonctionne que lorsque la dimension est suffisamment petite. Dans la plupart
de leurs expériences, les auteurs supposent la connaissance de 6. Plus récemment,
les auteurs de [85] ont utilisé le biais implicite des réseaux de neurones (voir Section
2.4.4) pour reconstruire plusieurs images de la base de données d’entrainement d’un
réseau de neurones. L’algorithme est différent, mais la méthode suppose a nouveau
la connaissance des paramétres entrainés 6. Il devient donc clair qu’empécher les
utilisateurs de récupérer les parameétres du réseau est essentiel pour la confidentia-
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lité.

Un probléme de robustesse Une autre préoccupation majeure est qu’'un ré-
seau dont les paramétres sont accessibles peut étre moins robuste face aux attaques
adversariales. En effet, il est bien connu que les réseaux de neurones sont vulné-
rables & de telles attaques, et des travaux considérables ont été réalisés au cours
de la derniére décennie pour mieux comprendre ce phénomeéne et le prévenir. La
capacité d’utilisateurs malveillants & tromper un systéme de vision par ordinateur
basé sur un réseau de neurones peut poser des problémes majeurs de sécurité, par
exemple dans le cas des véhicules autonomes et de la reconnaissance des panneaux
de signalisation. Avoir accés aux paramétres entrainés du réseau peut faire la diffé-
rence dans de telles attaques. En effet, si certaines attaques adversariales de type
‘boite noire’ existent [180, 165, 49|, c’est-a-dire des attaques qui fonctionnent en se
contentant d’interroger un réseau, de nombreuses attaques utilisent la connaissance
des parameétres du réseau, au moins pour calculer les gradients [183, 79, 104, 142,
41, 127, 126, 13].

Un probléme de propriété intellectuelle Enfin, les paramétres d’un réseau de
neurones entrainé peuvent avoir de la valeur, car ils peuvent étre le résultat d’en-
trainements cotiteux. Pouvoir extraire les paramétres entrainés d’un réseau permet
de le reproduire, ce qui peut donc poser un probléme en matiére de propriété in-
tellectuelle du réseau ou des bases de données d’apprentissage [196]. L’extraction
des paramétres peut également aider & extraire d’autres informations précieuses.
Par exemple, les auteurs de [191] présentent une attaque d’extraction d’hyperpara-
meétres, qui est capable de récupérer un hyperparamétre utilisé pour entrainer un
modéle (qui peut étre un réseau de neurones), en résolvant un systéme d’équations.
Cette attaque suppose la connaissance de la paramétrisation 8, donc & nouveau, la
capacité d’extraire les paramétres d’un réseau est cruciale.

Le lien avec l’identifiabilité Le probléme des attaques par extraction de modéle
et en particulier de I’extraction de parameétres est directement lié a la question de
I'identifiabilité. En effet, ’étude théorique de quand la fonction implémentée par un
réseau caractérise de maniére unique ses paramétres, et quelles sont les attributs
de la fonction qui rendent les paramétres identifiables, permet de comprendre quels
réseaux sont vulnérables a ’extraction de paramétres et comment I’empécher. Pour
les réseaux ReLU, les travaux existants sur l'identifiabilité, y compris les notres,
montrent comment les frontiéres entre les régions affines, qui prennent la forme de
morceaux d’hyperplans, transmettent le plus d’informations sur les paramétres d’'un
réseau. En s’appuyant sur cette connaissance, les auteurs de [43] ont développé une
méthode pour empécher 'extraction de paramétres en complexifiant artificiellement
le réseau sans changer son comportement global. Cette méthode ajoute des couches
au réseau d’origine qui ne modifient pas le comportement global de la fonction,
mais qui augmentent significativement le nombre de régions affines et de frontiéres
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de séparation, afin de rendre la récupération des paramétres inextricable.

Une autre maniére de tirer parti de la connaissance de I'identifiabilité pour mieux
comprendre les attaques d’inversion de modéle consiste a fournir des conditions pra-
tiques permettant de tester 'identifiabilité. En effet, 'utilisateur d’un réseau a accés
a une liste d’entrées (les requétes) et aux sorties correspondantes du réseau (les ré-
ponses aux requétes). La question est alors de savoir si ces informations caractérisent
de maniére unique les parameétres : il s’agit de la question de I'identifiabilité & partir
d’un échantillon fini (voir la Section 2.3.3). Il est clair que si le nombre de requétes
est faible (par exemple une seule requéte), les informations obtenues ne suffiront pas
& caractériser les paramétres du réseau. Pour le fournisseur, un moyen d’empécher
la récupération des paramétres peut alors étre de garantir que 'identifiabilité ne
s’applique pas, c’est-a-dire de vérifier qu'une condition nécessaire d’identifiabilité
n’est pas satisfaite. Dans ce cas, les paramétres ne sont pas caractérisés de maniére
unique par les informations disponibles, et sans informations supplémentaires, il est
impossible d’inférer les paramétres du réseau. Un moyen simple de garantir cela
peut simplement étre de limiter le nombre de requétes accessibles a 'utilisateur.
Du c6té opposé, s’assurer de l'identifiabilité est intéressant du point de vue d’un
attaquant. Si l'attaquant connait les entrées X, les sorties correspondantes fp(X),
et est capable de calculer un 6 tel que [3(X) = fo(X), la question devient alors :
cela garantit-il que § = 6 ou 'attaquant doit-il élargir X avec de nouvelles requétes ?
L’attaquant a besoin d’une condition suffisante d’identifiabilité.

2.3.4.2 Garanties théoriques

Un inconvénient fréquemment mentionné des réseaux de neurones est qu’ils fonc-
tionnent comme des modéles de type ‘boite noire’ sur lesquels nous avons peu de
compréhension et de controle. Ce probléme a été la motivation d’'un grand nombre
de travaux au cours de la derniére décennie, qui ont contribué & éclairer davantage
les réseaux de neurones et leur comportement complexe. Malgré ces progres, le be-
soin de garanties théoriques et d’une meilleure compréhension du comportement des
réseaux de neurones persiste. La question de I'identifiabilité peut jouer un réle dans
cet effort.

Par exemple, une ligne de recherche pour comprendre les propriétés d’entrai-
nement et de généralisation des réseaux de neurones est le cadre ‘éléve-enseignant’,
dans lequel on suppose qu’on entraine un réseau - I’éléve - avec des données générées
par un réseau inconnu - l’enseignant. Dans un tel cadre, une question naturelle est
de savoir dans quel cas la formation du réseau éléve implique réellement la récupé-
ration des parameétres du réseau enseignant [62]. Dans ce cas, 'apprentissage peut
étre considérée comme une tache d’estimation classique : retrouver les vrais para-
métres du modéle. En particulier, si les paramétres du réseau enseignant sont iden-
tifiables & partir des données d’apprentissage, alors ’entrainement de 1’éléve pour
coller parfaitement aux exemples d’apprentissage est rigoureusement équivalent &
la récupération des paramétres de l’enseignant. De nombreux articles ont suivi ce
cadre, voir par exemple [93, 32, 109, 174, 200].
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Dans ce cadre, une conséquence de 'identifiabilité & partir des données d’entrai-
nement est que le minimiseur global du risque empirique est unique. Par conséquent,
a condition que le processus d’optimisation soit capable d’atteindre le minimiseur
global, il n’y a pas de variabilité des paramétres appris venant des réglages de ’opti-
misation (choix de I’algorithme, taille du pas, nombre d’epochs...) ou de la stochas-
ticité (pour les optimiseurs stochastiques). Cela garantit davantage de controle sur
I’entrainement des réseaux de neurones, sous la forme de ce que nous pourrions ap-
peler la reproductibilité du processus d’entrainement. Méme si des travaux récents
sur les phénomeénes de double descente, par exemple [24|, mettent en évidence un
avantage du surparamétrage (dans laquelle nous ne pourrons généralement pas ga-
rantir I'identifiabilité) pour améliorer les performances de prédiction, un utilisateur
peut étre intéressé par le fait d’avoir un nombre de paramétres suffisamment petit
pour conserver 'identifiabilité, si la perte de performance est limitée par rapport au
cadre surparamétré.

Le lien entre I’espace des paramétres et 'espace des fonctions implémentées par
un réseau de neurones est complexe. Comme le montre [144], 'ensemble des fonctions
(fo)ocrr implémentées par un réseau de neurones avec des fonctions d’activation
classiques (y compris ReLU) n’est ni globalement ni localement convexe. De plus,
cet ensemble n’est pas fermé dans aucun des espaces LP. Une conséquence de cette
non-fermeture est par exemple ’explosion des poids lorsqu’une suite de fonctions
fo,, converge vers une limite f qui n’est pas dans l’espace des fonctions du réseau.
Encore pire, les auteurs montrent que la suite fg, peut converger vers une fonction
fo= qui appartient a ’ensemble des fonctions réalisées par le réseau, tandis que la
séquence (6,,) diverge vers l'infini. Cela est da au fait qu'une fonction implémentée
par un réseau peut avoir un nombre infini de paramétrisations.

Pour résoudre les problémes posés par [144], les auteurs de [58] montrent qu’en
choisissant les normes sur ’espace des fonctions de facon adéquate, et en restrei-
gnant ’ensemble des paramétres pour éviter les paramétrisations dégénérées, on
peut garantir la stabilité inverse. Comme le montrent les auteurs, la stabilité inverse,
associée a des contraintes de régularisation appropriées, permet alors de garantir de
bonnes propriétés d’optimisation, telles que la quasi-optimalité des minima locaux
de la fonction objectif.

2.3.4.3 L’identifiabilité comme mesure de la diversité d’un échantillon

L’identifiabilité peut nous renseigner sur un réseau de neurones, mais elle peut
aussi étre une information utile pour caractériser la diversité ou la représentati-
vité d’un échantillon donné. Supposons par exemple que nous ayons un réseau
de neurones entrainé de parameétre § € RP donné, que nous aimerions tester, et
pour ce faire, nous observons les sorties fp(x() du réseau pour une liste d’entrées
PAQNP NS [1,n]. Alors, 'identifiabilité de 6 & partir de I’échantillon de test peut ser-
vir de mesure de la richesse de I’échantillon. Si # n’est pas identifiable, il n’est pas
entiérement caractérisé par I’échantillon, ce qui signifie que ’on pourrait ajouter de
nouveaux exemples de test pour mieux caractériser la fonction fy implémentée par
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le réseau de neurones.

2.3.5 Travaux existants
2.3.5.1 Identifiabilité

L’identifiabilité des paramétres des réseaux de neurones a été le sujet de nom-
breux travaux. Pour les fonctions d’activation lisses, certains résultats ont déja été
établis dans les années 1990. Pour les réseaux peu profonds, des résultats existent
pour des fonctions d’activation telles que tanh [181, 4], la sigmoide logistique [105],
ou les fonctions gaussiennes et rationnelles [96]. Pour les réseaux profonds, [61]
montre qu’avec tanh comme fonction d’activation, avec seulement quelques condi-
tions génériques sur les paramétres, deux réseaux qui implémentent la méme fonction
ont la méme architecture et les mémes paramétres jusqu’a certaines permutations
et opérations de changement de signe (‘sign-flips’).

Dans le cas des réseaux ReLU, nous avons vu dans la Section 2.2 que deux
opérations sont bien connues pour préserver la fonction implémentée par le réseau :
les permutations et les rescalings positifs. Ces opérations définissent des classes
d’équivalence sur ’ensemble des paramétres, et nous pouvons au mieux identifier
les paramétres d’'un réseau modulo ces équivalences. Il est démontré dans [147] que
ces opérations sont les seules opérations génériques de ce type pour les réseaux
ReLU avec un nombre décroissant de neurones par couche. En effet, les auteurs
montrent que pour n’importe quelle architecture de réseau ReLLU fully-connected
avec un nombre décroissant de neurones par couche, pour tout ensemble ouvert non
vide (), il existe une paramétrisation 6 telle que pour toute autre paramétrisation 6
satisfaisant une hypothése générique, si f; coincide avec fp sur {2, alors 0 est dans
la classe d’équivalence de # modulo permutations et rescalings positifs.

Dans le cas des réseaux ReLLU peu profonds, [145] établit une condition suffisante
sur les paramétres pour l'identifiabilité. Si la condition est satisfaite par deux réseaux
de type feedforward fully-connected a deux couches avec des fonctions ReLLU, dont
les fonctions coincident sur tout ’espace d’entrée, alors les parameétres d’un réseau
peuvent étre obtenus & partir des paramétres de 'autre réseau par permutation et
rescalings positifs.

Dans le cas des réseaux ReLU profonds, [159] donne une condition suffisante pour
étre capable de reconstruire ’architecture, les poids et les biais d’un réseau ReLLU
profond en connaissant sa correspondance entrée-sortie sur tout I’espace d’entrée.

Une autre propriété est l'identifiabilité locale, qui est I'identifiabilité d’un para-
meétre # parmi un ensemble de parameétres qui sont proches de 0, telle que définie
dans la section 2.3.3.1. [179] étudie cette propriété pour les réseaux peu profonds
et profonds. Pour un réseau ReLU profond, il montre d’abord que sous une hy-
pothése triviale, I'identifiabilité générale modulo permutation et rescalings positifs
implique l'identifiabilité locale modulo rescalings positifs, et que la non-existence
de "neurones jumeaux" est nécessaire pour 'identifiabilité et 'identifiabilité locale.
Ensuite, les auteurs de [179] donnent une condition abstraite nécessaire et suffisante
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sur # telle qu’il existe un ensemble 2 bien choisi et fini a partir duquel 'identifia-
bilité locale est garantie modulo rescalings positifs, et ils donnent une borne sur la
taille de 1’ensemble.

Enfin, une autre ligne de recherche qui peut étre liée a I'identifiabilité est le
domaine de la compression sans perte de réseaux de neurones [169, 170].

2.3.5.2 Stabilité inverse and reconstruction stable

Etablir des propriétés d’identifiabilité est une premiére étape vers I’établissement
de propriétés de stabilité inverse et I’étude d’algorithmes de reconstruction stable,
telle que décrites dans la Section 2.3.3.2.

En général, la stabilité inverse n’est pas vérifiée avec la norme uniforme pour les
réseaux de neurones fully-connected feedforward. En effet, [144] montre que, pour
n’importe quelle profondeur, pour n’importe quelle architecture avec au moins 3
neurones dans la premiére couche cachée et n’importe quelle fonction d’activation
couramment utilisée, il existe une séquence de réseaux dont la fonction tend unifor-
mément vers 0 tandis que n’importe quelle paramétrisation de ce réseau tend vers
I'infini.

De nombreux résultats sur la stabilité inverse et la reconstruction stable existent
déja pour les réseaux peu profonds. [58] étudie directement la stabilité inverse jus-
qu’aux classes d’équivalence fonctionnelle. Les auteurs montrent que la stabilité
inverse a des implications intéressantes en termes d’optimisation. En se référant a
I’exemple donné par [144], les auteurs de [58] soutiennent que la norme de Sobolev
est plus adaptée que la norme uniforme pour le probléme de la stabilité inverse.
Avec cette norme, ils établissent concrétement un résultat de stabilité inverse sur les
réseaux ReLLU peu profonds sans biais, sous quelques conditions sur les paramétres.

En ce qui concerne les algorithmes de reconstruction stables, [68] fournit une
complexité d’échantillonnage sous laquelle on peut récupérer les paramétres d’un
réseau peu profond avec une fonction d’activation sigmoide en utilisant 1’entropie
croisée comme perte. Pour les réseaux ReLLU peu profonds fully-connected, sans biais
et avec une entrée gaussienne, [70, 200, 201, 203] étudient la reconstruction stable
des paramétres d’un réseau enseignant. Ils donnent une complexité d’échantillonnage
sous laquelle la minimisation du risque empirique permet de récupérer les paramétres
du réseau. [109] étudie la méme configuration mais avec une mise en correspondance
par identité qui saute une couche. Les réseaux ReLLU peuvent également étre utilisés
pour récupérer un réseau avec une fonction d’activation de valeur absolue [108|. En
fait, un neurone avec une valeur absolue peut étre vu comme une somme de deux
neurones ReLU.

Certains résultats existent également dans le cas de réseaux de convolution peu
profonds. [32, 199, 198, 56| établissent des résultats de reconstruction stable pour
les réseaux de convolution ReLU sans chevauchement. [93| donne un résultat dans
le cas d’une fonction d’activation sigmoide. Le cas des réseaux de convolution ReLLU
avec chevauchement est étudié dans [76].

La stabilité et la reconstruction stable pour les réseaux profonds sont une ques-
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tion plus complexe. Quelques résultats existent sur le sujet, mais il reste en grande
partie inexploré.

Parmi eux, pour les réseaux linéaires structurés profonds, [119, 117, 115] utilisent
une technique de lifting tensoriel pour établir des propriétés de stabilité inverse. [119,
117] établissent des conditions nécessaires et suffisantes de stabilité inverse pour une
contrainte générale sur les paramétres définissant le réseau. [115] spécialise 'analyse
a la contrainte de parcimonie sur les paramétres et obtient des conditions nécessaires
et suffisantes de stabilité inverse.

Les auteurs de [8] considérent des réseaux de neurones profonds feedforward
avec une fonction d’activation de Heavyside qui sont trés parcimonieux et générés
de maniére aléatoire. Ils montrent que ces réseaux peuvent étre appris avec une
probabilité élevée couche par couche.

Les auteurs de [168] considérent un réseau de neurones feedforward profond, avec
une fonction d’activation qui peut étre, entre autres, ReLU, sigmoide ou softmax.
Ils montrent que, si 'entrée est gaussienne ou si sa distribution est connue, et si la
matrice de poids de la premiére couche est parcimonieuse, alors une méthode basée
sur les moments et I’apprentissage de dictionnaires parcimonieux peut la récupérer
exactement. Rien n’est dit sur la stabilité ou ’estimation des autres couches.

Pour les réseaux ReLU profonds, dans le cas ol 'on a un accés complet a la
fonction implémentée par le réseau, [159] fournit un algorithme pratique capable de
récupérer approximativement les paramétres modulo permutation et rescaling, et
[39] reconstruit un réseau équivalent en termes de fonction, en le formulat comme
un probléme cryptanalytique.

2.3.6 Nos contributions

Nous présentons ici deux contributions de cette thése sur la question de l'iden-
tifiabilité des réseaux ReLU profonds.

Chapitre 3 : identifiabilité des paramétres a partir d’'un domaine () La
premiére contribution, décrite au Chapitre 3, est un résultat établissant des condi-
tions suffisantes d’identifiabilité pour les réseaux de neurones ReLU feedforward
profonds. Nous supposons que la fonction fy implémentée par le réseau est connue
sur un sous-domaine  de Pespace d’entrée R?. En analysant la structure affine par
morceaux des réseaux ReLU, et en particulier la structure des singularités de fy
et des fonctions implémentées par les sous-réseaux, nous dérivons un ensemble de
conditions suffisantes, nommeées P et définies dans la Section 3.4.1, qui permettent
de garantir I'identifiabilité. Le théoréme principal peut étre trouvé en tant que Théo-
réme 17 dans la Section 3.4.2.1.

Chapitre 4 : identifiabilité locale a partir d’un échantillon fini La deuxiéme
contribution, décrite au Chapitre 4, se concentre sur l'identifiabilité locale d’un
réseau ReLLU profond & partir d’'un échantillon fini X. Elle fournit deux conditions,
une condition nécessaire C'y et une condition suffisante Cg d’identifiabilité locale.
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Etant donné que identifiabilité locale est nécessaire pour Iidentifiabilité globale,
la condition nécessaire est également une condition nécessaire pour l'identifiabilité
globale. Les deux conditions C'y et C'g s’appliquent aux rangs de deux opérateurs
construits & partir de #. La particularité de ces conditions est d’étre calculables en
pratique. Les principaux résultats peuvent étre trouvés dans la Section 4.4 en tant
que Théoréme 78 pour la condition nécessaire et Théoréeme 79 pour la condition
suffisante.

2.4 Complexité et régularisation des réseaux de neu-
rones

2.4.1 Quelques éléments de théorie du machine learning

Le développement du machine learning a conduit & la nécessité d’outils théo-
riques pour une meilleure compréhension et maitrise des algorithmes. Nous nous
concentrons ici sur les stratégies d’apprentissage qui reposent sur la minimisation
du risque empirique. Nous considérons un modele de machine learning (fy)gep, ot
P est un ensemble de paramétres qui peut étre autre que RP. Rappelons la définition
du risque R(#) et du risque empirique R(#) donnée dans la Section 2.1.2. La mini-
misation du risque empirique désigne les stratégies dans lesquelles on choisit 8 en
essayant de minimiser le risque empirique R(Q) Naivement, on pourrait espérer que
le risque empirique ]/%(9) du paramétre obtenu 6 € P n’est pas trés éloigné du risque
réel R(#) simplement en raison de la loi des grands nombres. Cela serait vrai si 6 (et
donc la fonction fy) était indépendant de ’échantillon d’apprentissage. Cependant,
puisque 6 est obtenu en minimisant le risque empirique, qui dépend de 1’échantillon
d’apprentissage, 8 dépend fortement de 1’échantillon.

Pour borner I'écart entre R(6) et R(6), une idée est alors de montrer que l'en-
semble de fonctions (fp)gep n'est pas trop riche, c’est-a-dire qu’en quelque sorte 6
ne peut pas dépendre ‘trop’ de I’échantillon d’apprentissage. Par exemple, en consi-
dérant un exemple trés simple ou il n’y a que deux paramétres, P = {61,602}, on
pourrait appliquer la loi des grands nombres deux fois pour borner I'erreur de gé-
néralisation pour 0y et 6, puis simplement utiliser I'inégalité de Boole pour borner
Perreur de généralisation sur P. Cela nous permettrait de garantir que méme aprés
avoir choisi 6 en fonction de ’échantillon d’apprentissage, 'erreur de généralisation
peut étre bornée. Maintenant, imaginons que nous ajoutions plus de paramétres 6;
dans P. Plus il y a de choix pour 8, plus nous avons de quantités & borner simul-
tanément, et moins nous sommes capables de borner I’écart entre ]:’,(9) et R(6).
Nous voyons ici 'intuition que plus I'ensemble de fonctions (fy) est riche, plus il est
difficile de borner I'erreur de généralisation.

En général, les ensembles de fonctions (fy)gep considérés sont infinis, donc I'ap-
proche précédente doit étre améliorée. Nous avons besoin d’outils pour quantifier
a quel point ’ensemble de fonctions (fy) est riche et divers. C’est 1a qu’intervient
un outil tel que la VC-dimension, introduite pour la premiére fois par Vladimir



2.4. Complexité et régularisation des réseaux de neurones 57

Vapnik et Alexey Chervonenkis. Dans un cadre de classification binaire, la VC-
dimension permet de quantifier la complexité d'une famille de classificateurs. Si
nous considérons un ensemble d’exemples 29, i € [1,n], nous disons que ’ensemble
{2 .. 2™} est éclaté par la famille (fy)gep si, pour toute attribution binaire
d’étiquettes €M, ... e e {0,1}, il existe un classificateur fy qui classe parfaite-
ment les points, c’est-a-dire fo(z(?) = €@, pour tous i € [1,n]. La VC-dimension
d’un modeéle (fp)gep est alors le plus grand n € N tel qu'il existe un ensemble
d’exemples z() i € [1,n] qui est éclaté par (fy)gep. Cette notion est extensible & la
classification multiclasse. Il est intuitif que plus les ensembles d’exemples que nous
sommes en mesure d’éclater avec (fy)gep sont grands, plus le modéle (fy)gep est
riche.

La VC-dimension est une mesure de complexité efficace qui permet de déduire
des bornes de généralisation pour de nombreux modéles de machine learning. Encore
une fois, I'idée générale est que plus une classe de fonctions est simple (c’est-a-dire
plus sa VC-dimension est faible), plus nous sommes en mesure de borner l’erreur de
généralisation. Le choix de la complexité d’'un modéle est donc important, comme
nous le discutons dans la section suivante.

2.4.2 Le compromis biais-variance

Lorsque 'on essaie de choisir le meilleur modeéle (fp)gep pour une tache d’ap-
prentissage, un élément clé est la complexité du modéle. Un modéle trop simple,
avec trop peu de fonctions, s’adapterait difficilement & la tadche donnée. Il risque en
effet d’étre difficile de s’ajuster aux données d’apprentissage et de réduire le risque
empirique }?3(9), et il risque de ne pas exister de fonction fy telle que le risque R(0)
soit faible.

D’un autre c6té, un modéle complexe peut étre assez riche pour contenir une
fonction fy telle que le risque empirique fi(@) soit faible. Cependant, dans ce cas,
la complexité du modéle rend plus difficile de borner 'erreur de généralisation, et
en effet, le risque empirique ﬁ(@) et le risque réel R(0) risquent de différer considé-
rablement. En ajustant trop étroitement le modéle aux données d’apprentissage, on
risque d’apprendre le bruit, ce qui risque de rendre le 6 obtenu par la minimisation
du risque empirique trop dépendant des données d’apprentissage. Ce probléme est
connu sous le nom d’overfitting (ou surajustement).

Dans le paradigme classique du machine learning, il est donc nécessaire de trou-
ver un juste équilibre entre ces deux phénoménes : choisir la bonne complexité pour
le bon probléme. C’est ce que I'on appelle le compromis biais-variance.

Pour les réseaux de neurones feedforward, la complexité dépend de l’architec-
ture du réseau : la fonction d’activation utilisée et la taille du réseau, c’est-a-dire le
nombre de couches (profondeur) et le nombre de neurones de chaque couche (lar-
geur). Le choix de la fonction d’activation est en effet important, car pour certaines
fonctions d’activation, méme les petits réseaux ont une dimension VC infinie. La
taille du réseau, elle, se refléte dans le nombre de paramétres : plus il y a de couches
et de neurones dans le réseau, plus le nombre de paramétres est élevé.
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Un travail considérable a été réalisé pour borner la dimension VC des réseaux de
neurones, en particulier pour les fonctions d’activation lisses [19, 6], ainsi que pour
les activations linéaires par morceaux telles que ReLU [16]. Les bornes existantes
pour les réseaux ReLU augmentent de fagon au moins linéaire avec le nombre de
parameétres [16, 21|, ce qui confirme que le nombre de paramétres représente la
complexité d’un réseau.

2.4.3 Le paradoxe du deep learning

Etant donné que la dimension VC augmente au moins linéairement avec le
nombre de paramétres, pour borner 'erreur de généralisation, il faudrait s’assurer
que la taille de I’échantillon d’apprentissage est grande par rapport au nombre de
paramétres. Cependant, cela entre en contradiction avec le cadre moderne du deep
learning, dans lequel les réseaux de neurones fortement surparamétrés ont montré
d’excellentes performances dans un large éventail de situations. Pire encore, dans
certaines de ces situations, augmenter le nombre de paramétres du réseau améliore
encore les performances de généralisation! Dans de tels cadres, les bornes existantes
basées sur la dimension VC sont non informatives.

On pourrait essayer de trouver des bornes plus fines pour les réseaux de neurones,
cependant, les bornes existantes sont proches d’étre optimales [16]. On pourrait
également essayer de trouver de meilleurs outils que la dimension VC pour rendre
compte de la complexité des classes de fonctions induites par les réseaux de neurones.
En effet, il est par exemple possible de changer la dimension VC d’un réseau de finie
a infinie en ajoutant une perturbation arbitrairement petite & ReLU [21]. Une telle
perturbation ne changerait pas le comportement global du réseau, mais la dimension
VC est sensible aux propriétés fines des modeéles, donc elle est affectée par un tel
changement. D’autres mesures pourraient étre plus robustes et plus efficaces pour
refléter la complexité de la classe de fonctions implémentées par un réseau neuronal.

Néanmoins, le probléme semble plus général. En effet, comme le montrent [134,
195], les réseaux de neurones qui généralisent bien sur certaines taches de classifi-
cation (comme MNIST) sont suffisamment puissants pour fitter parfaitement des
données avec des labels aléatoires. Cela montre que les réseaux de neurones forte-
ment surparamétrés sont en réalité trés puissants et représentent une classe de fonc-
tions trés riches. A cet égard, il existe de nombreuses paramétrisations € telles que
le fy correspondant est capable de fitter parfaitement les données d’apprentissage.
L’ensemble des minimiseurs des fonctions objectives minimisées par les algorithmes
d’optimisation tels que SGD est large [51, 106] et contient certains éléments qui
généralisent mal [192, 134]. Malgré cela, les optimiseurs sont capables de trouver
des fonctions qui généralisent bien en pratique. Cela montre que ’analyse globale,
qui prend en compte des bornes dans le pire des cas sur (fy)gerr, avec le pire réseau
possible qui fitte les données, échouera inévitablement a expliquer la généralisation.
Au lieu de cela, il faut des mesures de complexité locales, qui décrivent la com-
plexité des fonctions réellement implémentées par les réseaux de neurones optimisés
par descente de gradient.



2.4. Complexité et régularisation des réseaux de neurones 59

2.4.4 Reégularisation implicite et mesures de complexité locales

Un effort de recherche substantiel a été fait pour obtenir de nouvelles mesures de
complexité et de nouvelles bornes de généralisation pour les réseaux de neurones. Les
mesures de complexité servent soit d’outil descriptif montrant que les optimiseurs
tels que SGD sont implicitement biaisés en faveur de fonctions qui sont simples
en un certain sens et qui généralisent bien, soit les mesures peuvent étre ajoutées
explicitement comme terme de régularisation pendant 1’optimisation.

On peut énumérer les desiderata qu’'une mesure de complexité idéale devrait
satisfaire [186]. Une mesure de complexité idéale devrait s’appliquer aux réseaux
utilisés en pratique et étre capable de rendre compte des performances de prédiction
des différentes architectures. En particulier, elle ne devrait pas augmenter avec le
nombre de paramétres, car comme expliqué ci-dessus, I'ajout de paramétres méme
aprés un fitting parfait de ’échantillon d’apprentissage n’affecte pas la prédiction,
voire ’améliore dans certains cas. La mesure de complexité devrait également avoir
la bonne dépendance par rapport au nombre d’exemples d’apprentissage [129]. La
mesure devrait également rendre compte de la complexité des ensembles de don-
nées. Par exemple, la classification sur CIFAR10 est plus difficile que sur MNIST,
et la classification sur CIFAR100 est plus difficile que la classification sur CIFAR10.
Lorsque 'on corrompt une partie des étiquettes de ’ensemble de données d’ap-
prentissage, comme cela se fait dans de nombreuses expériences, on devrait voir la
mesure de complexité augmenter. Outre la difficulté ou complexité d’'un dataset,
la mesure de complexité devrait refléter les performances de différentes méthodes
d’optimisation : optimiseur, choix des hyperparamétres, techniques de régularisa-
tion, etc. Pour améliorer notre compréhension des réseaux de neurones, une mesure
de complexité devrait également avoir une explication théorique et idéalement étre
accompagnée d’une borne de généralisation capable de prédire la généralisation. Une
telle borne devrait idéalement étre proche de la véritable erreur de généralisation,
mais a minima, elle ne devrait pas étre vide (c’est-a-dire qu’elle devrait prédire un
taux d’erreur inférieur & 100 %, sans quoi elle est non informative). Enfin, une me-
sure de complexité devrait étre calculable de maniére pratique et efficace. Dans la
mesure de nos connaissances, il existe des mesures de complexité satisfaisant cer-
tains des desiderata susmentionnés, mais aucune n’est capable de satisfaire, sinon
tous, ne serait-ce qu'une majorité d’entre eux.

De nombreuses bornes impliquent la norme des poids des réseaux de neurones,
soit directement, soit mesurée comme une distance par rapport aux poids a 1’ini-
tialisation [137, 134, 15, 77, 128]. Un autre type de mesure de complexité qui a été
étudié est la platitude (‘flatness’) du minimum de la fonction objectif obtenu par
I’algorithme d’optimisation. L’idée que les minima plats peuvent généraliser mieux
que les minima abrupts (‘sharp’) n’est en effet pas nouvelle [90], et a été explorée
pour les réseaux de neurones [44, 100|. Cependant, cette mesure de généralisation
a des limites, comme expliqué dans [53]. Une limite notable pour les réseaux ReL.U
est que 'on peut utiliser des rescalings pour changer les paramétres du réseau sans
affecter la fonction qu’il implémente (et donc sans changer les performances de gé-
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néralisation). De tels rescalings peuvent arbitrairement rendre un minimum de la
fonction objectif plus abrupt ou plus plat.

Comme mentionné dans la section 2.1.6, pour les réseaux ReLLU, le nombre et la
densité des régions affines ont également été proposés comme mesures de complexité
pour les réseaux ReLU. Contrairement aux mesures de complexité basées sur la
norme, il n’y a pas de moyen direct d’obtenir ces mesures, mais différentes méthodes
ont été proposées pour calculer ces mesures avec une certaine efficacité [125, 150,

86).

2.4.5 Reégularisation implicite lors de ’optimisation

Puisque 'objectif des mesures de complexité est de montrer que certaines fonc-
tions implémentées par les réseaux de neurones ont une faible complexité, et par
conséquent de bonnes propriétés de généralisation, une partie de I’étude devrait se
concentrer sur le processus d’optimisation, et notamment sur la raison pour laquelle
les algorithmes d’optimisation utilisés en pratique sont orientés vers ces fonctions a
faible complexité. Etant donné que ce biais existe méme sans implémenter explici-
tement un terme de régularisation dans la fonction objectif, un tel phénoméne est
étudié sous le nom de biais implicite ou de régularisation implicite.

La régularisation implicite est un phénoméne bien compris pour les réseaux li-
néaires et la factorisation de matrices. Les résultats existants montrent en effet que
Poptimisation contraint implicitement le rang de la matrice de prédiction [9, 155,
167, 73, 74, 2].

L’optimisation est moins bien comprise dans le cas des réseaux non linéaires,
tels que les réseaux ReLU [10]|. Le fait que loptimisation soit orientée vers des
parameétres de faible rang semble moins clair pour les réseaux non linéaires que pour
les réseaux linéaires [185].

Certains articles montrent que le processus d’optimisation a tendance & mini-
miser certaines quantités basées sur les normes [136, 30]. En particulier, une série
de travaux étudie le flot de gradient et la descente de gradient pour les réseaux
de neurones en classification, montrant que bien que la fonction de perte logistique
fasse tendre naturellement les parameétres vers l'infini, les paramétres convergent en
direction, vers des classificateurs & marge maximale pour certaines normes [48, 112,
94].

Suivant d’autres hypothéses, les auteurs de [151] utilisent P’analyse de Fourier
pour montrer que les réseaux de neurones RelLU sont orientés vers 'apprentissage de
fonctions de basse fréquence, et d’une autre maniére les auteurs de [161] affirment
que les réseaux de neurones sont biaisés vers la minimisation du nombre de régions
affines.

Les propriétés découlant de la nature stochastique de la descente de gradient
stochastique SGD, par rapport a la descente de gradient classique ou au flot de gra-
dient, ont également suscité de 'intérét. Il a été montré que la descente de gradient
stochastique introduit du bruit dans le processus d’optimisation, par rapport a la
descente de gradient classique ou au flot de gradient. En particulier, plus la taille
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du mini-batch est petite et plus le pas d’optimisation est grand, plus il y a de bruit.
Cela expliquerait pourquoi les réseaux de neurones ont tendance & converger vers
des minima plats, car le bruit tend & faire sortir I'optimiseur des minima abrupts
[44, 100].

Certains auteurs ont essayé de rendre explicite le biais implicite du gradient
stochastique. En particulier, [172, 14, 71| ont montré que sous certaines hypothéses,
en moyenne, suivre la descente de gradient stochastique sur une perte L équivaut
& suivre un flot de gradient modifié, comprenant un terme de biais supplémentaire
prenant la forme de la norme au carré du gradient de L.

2.4.6 Autres travaux sur la généralisation des réseaux de neurones

Dans ce paragraphe, nous décrivons briévement quelques autres lignes de re-
cherche autour du comportement de généralisation des réseaux de neurones qui
méritent d’étre mentionnées.

Tout d’abord, certains auteurs ont cherché & mieux capturer le fait que les ré-
seaux de neurones qui fittent parfaitement des données bruitées sont capables de
généraliser. En effet, fitter exactement les données d’apprentissage, surtout lorsque
les données sont bruitées, est classiquement considéré comme de 'overfitting et nor-
malement évité en machine learning classique. Ces auteurs ont donc cherché a com-
prendre les situations ot le surajustement n’impacte pas négativement la prédiction,
une situation appelée ‘benign overfitting’ [18].

D’autres auteurs ont cherché a réconcilier le paradigme classique du machine
learning avec 'apprentissage profond moderne. En particulier, en étudiant le risque
en fonction du nombre de paramétres, ils ont montré ’existence de deux régimes.
Dans le premier régime, lorsque le nombre de paramétres est inférieur a la taille
des données, la courbe a une forme en 'U’ : lorsque le nombre de paramétres est
faible, le biais est prédominant, et donc ajouter des paramétres améliore les capacités
d’approximation et permet ainsi de réduire le risque. En augmentant le nombre de
parameétres, a un certain point, la variance prend le dessus et 'ajout de paramétres
fait augmenter le risque & nouveau. Il s’agit du compromis classique biais-variance.
Cependant, ce comportement change lorsque le nombre de paramétres atteint la
taille de I’ensemble d’apprentissage. Aprés ce point (parfois appelé interpolation),
I’ajout de paramétres fait & nouveau diminuer le risque. Cette forme particuliére de
la courbe de risque a été appelée ’double descente’ et a été explorée théoriquement
et observée empiriquement [23, 131].

2.4.7 Notre contribution : une mesure géomeétrique de la com-
plexité locale (Chapitre 5)

Nous présentons ici une contribution de cette thése au sujet de la complexité et
de la régularisation implicite des réseaux ReLLU profonds, qui correspond au Chapitre

5.

Le chapitre explore les propriétés et les aspects computationnels des mesures
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de complexité locale des réseaux neuronaux ReLU profonds récemment introduites
dans [82|. Les mesures de complexité considérées sont liées a la géométrie locale de
I’ensemble image tel que défini par {fy(X) | 6 varie} et de ’ensemble de pré-image
{0" | for(X) = fo(X)}, ou fo(X) est la prédiction, pour un échantillon d’entrée X,
réalisée par le réseau de neurones de paramétre 6.

La géométrie locale de ’ensemble de pré-image et de I’ensemble image est liée
par la différentielle D fy(X) de 6 — fp(X), et par le rang de celle-ci. L’ensemble
de pré-image représente les redondances dans les paramétres d’un réseau. Intuitive-
ment, plus il y a de redondances dans les paramétres, moins ’espace des fonctions
représentées par le réseau est riche et complexe. Parmi d’autres propriétés, nous
cherchons notamment & comprendre comment ces objets se comportent pendant
I'optimisation.

Le travail décrit dans ce chapitre est directement lié & la question de I'identifiabi-
lité. Etudier Iidentifiabilité & partir d’un échantillon fini X correspond exactement
a étudier I’ensemble de pré-image. Comme nous le savons, cet ensemble contien-
dra au moins la classe d’équivalence de # modulo permutation et rescaling positifs.
L’identifiabilité modulo permutation et rescalings positifs n’est vérifiée que si cet
ensemble ne contient que cette classe d’équivalence. En revanche, plus ’ensemble
de pré-image est grand, plus il y a de redondances dans les paramétres et plus nous
nous éloignons de I'identifiabilité.

Il n’est donc pas surprenant que la différentielle D fy(X) apparaisse sous une
forme légérement différente au Chapitre 4, Section 4.4, sous la forme de 'opérateur
I'(X,0), et que le rang de cette différentielle apparaisse également au Chapitre 4
sous la forme de la quantité Rr.



CHAPTER 3
Parameter identifiability of a deep
feedforward RelLU neural network

This chapter consists in the article [26], which is a joint work with Frangois
Bachoc and Francois Malgouyres and was published in Machine Learning.

We point out to the reader that although the neural architectures considered
are the same as presented in the introduction, the notations of this chapter differ.
We mention here the two biggest ones. First, the parameterization of a network is
denoted (M, b) instead of 6, where M represents all the weights and b all the biases
of the network. The second difference that should be paid attention to in order not
to get confused, is that the indexation of the layers is here done in reverse order:
the input layer is denoted layer K, and the output layer is layer 0. These differences
are specific to Chapter 3, and not present in the subsequent chapters.

Abstract

The possibility for one to recover the parameters —weights and biases— of a neural
network thanks to the knowledge of its function on a subset of the input space can
be, depending on the situation, a curse or a blessing. On one hand, recovering the
parameters allows for better adversarial attacks and could also disclose sensitive
information from the dataset used to construct the network. On the other hand,
if the parameters of a network can be recovered, it guarantees the user that the
features in the latent spaces can be interpreted. It also provides foundations to
obtain formal guarantees on the performances of the network.

It is therefore important to characterize the networks whose parameters can be
identified and those whose parameters cannot.

In this article, we provide a set of conditions on a deep fully-connected feedfor-
ward ReLLU neural network under which the parameters of the network are uniquely
identified —modulo permutation and positive rescaling— from the function it imple-
ments on a subset of the input space.
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3.1 Introduction

The development of Machine Learning and in particular of Deep Learning in
the last decade has led to many breakthroughs in fields such as image classification
[103], object recognition [156, 157], speech recognition [89, 164, 87|, natural language
processing [124, 123, 97|, anomaly detection [148] or climate sciences [3]. Deep
neural networks are now widely used in real-life tasks stemming from those fields and
beyond. This development and the diversity of contexts in which neural networks
are used require to investigate theoretical properties that permit to guarantee that
they can be used safely, are robust to attack, and can be used widely without giving
access to sensitive information.

One key problem in these regards is the relation between the parameters and the
function implemented by the network. If a parameterization of a network uniquely
defines a function, the reverse is not true. Which other parameterizations define
the same function, and what do they have in common? Which information on the
parameters of a network are we able to infer from the knowledge of its function
on a given domain? Addressing these questions is important for different reasons:
industrial property, privacy, robustness and efficiency guarantee (see Section 3.2 for
further discussions and references).
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In this article, we consider fully-connected feedforward neural networks with
K layers, K > 2, with the ReLU activation function (see Section 3.3 for details).
The weights and bias parameterizing a neural network are gathered in a list M of
matrices and a list b of vectors. The corresponding function is denoted fmp
R"< — R, We say that two parameterizations (M, b) and (M, b) are equivalent
if they can be deduced from each other by the permutation of neurons in each
hidden layer and by positive rescaling between the inward and outward weights of
every neuron of every hidden layer. These two operations, that are precisely defined
in Definition 13, are well-known in the literature [149, 145, 147, 159, 178| and will be
referred to as ‘permutation and positive rescaling’. As is well known and restated
for completeness in Proposition 14, if two parameterizations (M,b) and (M, b)
are equivalent, then the corresponding networks implement the same function: for
all x € R"8, fmp(x) = fM,B(x)' In other words, parameter equivalence implies
functional equivalence of the networks.

The main contribution of this article is an identifiablity statement (see Theorem
17) which establishes a ‘weak’ converse of this statement. We consider a set  C
R"< and two parameterizations (M, b) and (M, b) sharing the same architecture
(number of layers and of neurons per layer). We establish a sufficient condition P
such that, if for all z € Q, fmp(z) = fM7B(£L') and the condition P is met, then

the two parameterizations (M, b) and (M, b) are equivalent. The motivation for
the introduction of the set €2 is that, in practice, we may only test the values of
fm,p and fM,B on a subset of R™&. Typically, ) is a subset of the support of the
input distribution law. Such a setting also allows to show that two networks which
coincide on a given domain actually coincide on the whole input space R"%. Indeed,
if the functions implemented by the networks coincide on  and if the sufficient
condition P is satisfied, then the parameters are equivalent and thus by Proposition
14 the functions also coincide on the rest of the input space R™%. This can be useful
to bound the generalization error.

We also reformulate this identifiability statement (see Corollary 18) in a way that
illustrates its interest with regard to risk minimization. The corollary considers a
random variable X generating the input and an output of the form Y = fap(X),
for some parameters (M, b). It states that, when the condition P is met, any
estimated neural network (1\71, f)) for which the population risk equals 0 belongs to
the equivalence class of (M, b). In words, the only way to have a perfect prediction
is to perfectly recover (M, b), up to permutation and positive rescaling.

We describe the related works in Section 3.2. In addition to the works provid-
ing identifiability, stability or stable recovery statements, we give a few pointers on
privacy, robustness and guarantees of efficiency that motivate our study from an
applied perspective. We define in Section 3.3 the considered neural networks and
provide the (known) properties that are useful in our context. The sufficient con-
dition P and the main theorems are in Section 3.4. The sketch of the proofs is in

1. For clarity of the proofs, we index the layers from K (input) to 0 (output). The input layer
is not counted hence the ‘K layers’.
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Section 3.5 and the details are in the Appendix.

3.2 Related work

3.2.1 Identifiability, stability and stable recovery
3.2.1.1 Identifiability

Identifiability of the parameters of neural networks has been the topic of a fair
amount of work. For smooth activation functions, some results were already es-
tablished in the 1990s. For shallow networks, results exist for activation functions
amongst which tanh [181, 4], the logistic sigmoid [105], or the Gaussian and rational
functions |96]. For deep networks, [61] shows that with tanh as activation function,
with only a few generic conditions on the parameters, two networks that implement
the same function have the same architecture and the same parameters up to some
permutations and sign-flip operations.

In the case of ReLU networks, we have seen that two operations are well known
to preserve the function implemented by the network: permutation and positive
rescaling. These operations define equivalence classes on the set of parameters, and
we can at best identify the parameters of a network up to these equivalences. It is
shown in [147] that these operations are the only generic operations of this kind for
ReLU networks with nonincreasing number of neurons per layer. Indeed, they show
that for any fully-connected ReLU network architecture with nonincreasing number
of neurons per layer, for any nonempty open set €2, there exists a parameterization
(M, b) such that for any other parameterization (M,b) satisfying some generic
assumption, if fM,B coincides with fayp on €2, then (1\71, B) in the equivalence class
of (M, b).

In this work, in order to establish identifiability, we take advantage of the piece-
wise linear geometry of the functions implemented by ReLLU networks to identify the
parameters. Indeed, it is well known that the function defined by a deep ReLU net-
work is continuous piecewise-linear, i.e. we can partition the input space into poly-
hedral regions, sometimes called ‘linear regions’, over which the function is affine.
These regions are separated by boundaries that are made of pieces of hyperplanes
and that correspond to the non differentiabilities of the function. One crosses such
a boundary when the pre-activation value of a neuron (before applying the ReL.U
function) changes sign. By observing the boundary, one can infer information about
the weights and bias of the said neuron.

Other articles adopt similar strategies for shallow [145] or deep networks [159,
147,178, 179]. The specificity of our proof is to proceed by induction, identifying the
weights and bias layer after layer. We discuss the differences between our condition
P and the sufficient conditions given in [147, 159, 179] in detail in Section 3.4.3.3.

In the case of shallow ReLU networks, [145] establishes a sufficient condition on
the parameters for identifiability. If the condition is satisfied by two two-layer fully-
connected feedforward ReLU networks whose functions coincide on all the input
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space, then the parameters of one network can be obtained from the parameters of
the other network by permutation and positive rescaling.

In the case of deep ReLU networks, [159] gives a sufficient condition to be able
to reconstruct the architecture, weights and biases of a deep ReLU network by
knowing its input-output map on all the input space. The condition concerns the
boundaries mentioned above: for each neuron in a hidden layer, the authors define
the boundary associated to the neuron as the points at which the pre-activation
value of the neuron is zero. Then, the condition requires each boundary associated
to a neuron in a layer k to intersect the boundaries associated to all the neurons in
layer k 4+ 1 and k — 1 (see Section 3.4.3.3 for more details).

Another kind of property is local identifiability, which is identifiability of a pa-
rameter (M, b) amongst a set of parameters that are close to (M, b). [179] studies
this property for shallow and deep networks. For a deep ReLU network, it first
shows that under a trivial assumption, general identifiability up to permutation and
positive rescaling implies local identifiability up to positive rescaling, and that the
non-existence of ‘twin’ neurons is necessary to identifiability and local identifiabil-
ity. Then, [179] makes a breakthrough by giving an abstract necessary and sufficient
condition on (M, b) such that there exists a well-chosen finite set Q from which local
identifiability holds up to positive rescalings, and it gives a bound on the size of the
set. Furthermore, more recently, [28] provided a numerically testable condition for
local identifiability also from a finite set 2.

Finally, another line of work that can be linked to identifiability is the field of
lossless compression of neural networks [169, 170].

3.2.1.2 Inverse stability and stable recovery

Establishing identifiability properties is a first step towards establishing inverse
stability properties and studying stable recovery algorithms. Given a norm between
functions, we say that inverse stability holds when the proximity of the functions
implemented by two networks with the same architecture implies the proximity of
the corresponding parameters -up to equivalences of parameters, for instance per-
mutations and positive rescalings in the case of ReLU networks. Inverse stability
is a stronger property than identifiability, and is necessary for stable recovery al-
gorithms, which goal is to practically recover the parameters of a network from its
function.

Inverse stability does not hold in general with the uniform norm for fully-
connected feedforward neural networks. Indeed, [144| shows that for any depth,
for any architecture with at least 3 neurons in the first hidden layer and any prac-
tically used activation function, there exists a sequence of networks whose function
tends uniformly to 0 while any parameterization of these networks tends to infinity.

Many inverse stability and stable recovery results already exist for shallow net-
works. [58] studies inverse stability directly up to functional equivalence classes,
without specifying the nature of these classes in terms of parameters -which in-
terests us in this paper. The authors show that inverse stability has interesting
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implications in terms of optimization, allowing to link the minima in the param-
eter space to minima in the realization space (the space of all the functions that
can be implemented by a network) and to estimate the quality of local minima in
the parameter space based on their radii. Referring to the counter-example given
by [144], the authors of [58| argue that the Sobolev norm is more suited than the
uniform norm to the problem of inverse stability. With this norm, they concretely
establish an inverse stability result on shallow ReLLU networks without bias, under
a few conditions on the parameters.

When it comes to stable recovery algorithms, [68] provides a sample complexity
under which one can recover the parameters of a shallow network with sigmoid
activation function using cross-entropy as a loss. For shallow fully-connected ReLLU
networks, without bias and with Gaussian input, [70, 200, 201, 203] study the stable
recovery of the parameters of a teacher network. They give a sample complexity
under which minimizing the empirical risk allows to recover the parameters of the
network. [109] studies the same configuration but with an identity mapping that
skips one layer. ReLU networks can also be used to recover a network with absolute
value as activation function [108]. In fact, a neuron with absolute value can be seen
as a sum of two ReLLU neurons.

Some results also exist in the case of shallow convolutional networks. [32, 199,
198, 56| establish stable recovery results for convolutional ReLU networks with no
overlapping. [93] gives a result in the case of a sigmoidal activation function. The
case of convolutional ReLU networks with overlapping is studied in [76].

Stability and stable recovery for deep networks is a more complicated question.
A few results exist on the subject, but it stays mostly unexplored.

Among them, for deep structured linear networks, [119, 117, 115] use a tensorial
lifting technique to establish inverse stability properties. [119, 117| establish nec-
essary and sufficient conditions of inverse stability for a general constraint on the
parameters defining the network. [115] specializes the analysis to the sparsity con-
straint on the parameters, and obtains necessary and sufficient conditions of inverse
stability.

The authors of [8] consider deep feed-forward networks with Heavyside activation
function which are very sparse and randomly generated. They show that these can
be learned with high probability one layer after another.

The authors of [168] consider a deep feed-forward neural network, with an acti-
vation function that can be, inter alia, ReLLU, sigmoid or softmax. They show that,
if the input is Gaussian or its distribution is known, and if the weight matrix of the
first layer is sparse, then a method based on moments and sparse dictionary learning
can retrieve it exactly. Nothing is said about the stability or the estimation of the
other layers.

For deep ReLLU networks, in the case where one has full access to the function im-
plemented by the network [159] provides a practical algorithm able to approximately
recover the parameters modulo permutation and rescaling, and [39] reconstructs a
functionally equivalent network, formulating it as a cryptanalytic problem.

Further inverse stability and stable recovery results for deep ReLLU networks are
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still to be established. Studying identifiability for these networks, as we do in this
article, is a first step towards this goal.

3.2.2 Motivations: privacy, robustness and interpretability

The generalization of deep networks in various applications such as life style
choices or medical diagnosis has raised new concerns about privacy and security.
Indeed, to perform well, neural networks need to be trained with many examples.
The training of some models can take up to several weeks, and need huge datasets
such as ImageNet, which contains millions of images. For instance, the training of
the giant GPT-3 neural network costed an estimated 12 millions of dollars [31]. For
this reason, trained models are valuable and their owners may want to protect them
from replication.

In many applications, the training dataset also contains sensitive information
that could be uncovered [132, 111, 40, 67, 46]. It is crucial, to the deployment of
the solutions relying on deep networks, to guarantee that this cannot occur. For
example, when the system returns a confidence indicator in the prediction or a notion
of margin, the Model Inversion Attack described in [67] uncovers learning examples
x by maximizing the confidence/margin, under a constraint that || fpp(z) — y|| <
€, where y is a target output. In moderate dimension, this can be achieved by
simply applying fmp several times. In large dimension, the complexity of the
computation is too large unless the adversary can compute V fapp(z), for any «.
To perform this computation, the adversary needs to know (M, b). Guaranteeing
that the parameters cannot be recovered prevents this. With a slightly different
objective, (differential) privacy deep learning also assumes that the adversary has
the knowledge of the network parameters [1].

Furthermore, knowing the architecture and parameters of a network could make
easier for a malicious user to attack it, for instance with adversarial attacks. Indeed,
if some black-box adversarial attacks do exist [180, 165, 49|, many of them use the
knowledge of the parameters of the network, at least to compute the gradients [183,
79, 104, 142, 41, 127, 126, 13|.

For all these reasons, the authors of [43] developed a method of preventing
parameters extraction by artificially complexifying the network without changing
its global behavior. This method builds on previous works on stable recovery of the
parameters of the ReLU networks, and in particular on the fact that the piecewise-
linear structure of the functions implemented by such networks can be used to
recover the parameters. Further understanding of stable recovery for deep networks
could help improve protection methods.

Another interest of our work is interpretability of deep neural networks. In some
uses of deep networks we want to understand what happens at a layer level and
how we can interpret the feature spaces defined by the different layers. But such an
interpretation is more meaningful if we know that, for a given function implemented
by the network, the parameterization is unique -up to elementary operations such
as permutations and positive rescalings for ReLLU networks.
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3.3 Neural networks

In this section, we provide known definitions and properties of neural networks
with ReLLU activation functions. For a self-contained reading, all the corresponding
proofs are provided in the appendix.

3.3.1 Parameterization of neural networks

We consider deep feedforward ReLLU networks with K > 2 layers. To clarify any
ambiguity, note that the input layer is not actually counted, as it does not gather
any weights. As evoked in the introduction, we index the layers of a deep neural
network in reverse order, from K to 0, for some K > 2. The input layer is the layer
K, the output layer is the layer 0, and between them are K — 1 hidden layers. We
denote by n; € N* the number of neurons of the layer k. The information contained
at the layer k is a ni-dimensional vector.

Let k € [0, K — 1]. We denote the weights between the layer k£ + 1 and the layer
k with a matrix M* € R™*™+1_ We also consider a bias vector b¥ € R at the
layer k, and the ReLU activation function, that is o(z) = max(z,0). By extension,
for a vector x = (x1,...,2,)T € R? we also write o(z) = (o(x1),...,0(x,))T. We
denote by hj; the mapping implemented by the network between the layer £ + 1
and the layer k. If x € R™+1 is the information contained at the layer k + 1, the
information contained at the layer k is:

o(MFz +bF) ifk#0
hi(z) = {

3.3.1
MFg + bk if k=0. ( )

The parameters of the network can be summarized in the couple (M, b), where
M = (MO, MY, ,ME-1) ¢ RroXm x ... x RPE-1X"K and b = (b9,b1,..., 051 €
R™ x ... x R"™¢-1. The function implemented by the network is then fymp =
hpohjo---ohg_1, from R"¥ to R™. We refer to Figure 3.1 for a representation of
a neural network and its parameters.

3.3.2 Continuous piecewise linear functions and neural networks

We will actively use the fact that the function implemented by a deep ReL.U
network as well as the intermediate functions between layers are continuous piece-
wise linear, which means that we can partition their domain of definition in closed
polyhedral subsets such that they are linear on each subset. In this paper we use
indifferently ‘linear’ or ‘affine’ to describe functions of the form z — Az + b, with
A € R™™ ™ gsome matrix and b € R™ some vector.

More precisely, for m € N, a subset D C R™ is a closed polyhedron iif there exist
qg€N, a,...,a; € R™ and by,...b; € R such that for all x € R™,

alz+b <0
reD <= : (3.3.2)

a?:c—&—btz <0.
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Figure 3.1 — The parameters M and b of a neural network.

By convention, if ¢ = 0, we obtain an empty system of equations which is satisfied
for any x € R™, meaning the set R™ is a closed polyhedron.

We say that a function g : R™ — R"™ is continuous piecewise linear if there exists
a finite set of closed polyhedra whose union is R™ and such that ¢ is linear over
each polyhedron.

It is easy to show (see Proposition 29 in the appendix) that this definition implies
the continuity of the function, hence the ‘continuous’ in the name. We do not
require here the polyhedra to be disjoint and in fact, there are always some overlaps
between the borders of adjacent polyhedra. For a given continuous piecewise linear
function g, there are infinitely many possible sets of closed polyhedra that match
the definition. Among them, we can always find one such that all the polyhedra D
have nonempty interior D (see Proposition 32 in the appendix). We call such a set
admissible, as in the following definition.

Definition 11. Let g : R™ — R” be a continuous piecewise linear function. Let II
be a set of closed polyhedra of R™. We say that Il is admissible with respect to g
if and only if:

UDeH D =R™,

for all D € TI, g is linear on D, (3.3.3)

for all D € I, D # 0.

We now define additional functions associated to a network. Recall the layer
functions hy defined in (3.3.1), that represent the actions of the network between
successive layers. Let k € [0, K]. We define the following functions:

fe =hgohgpro---ohg_1;

(3.3.4)
gk =hgohio---ohy_q.
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Above, by convention, we let fx = idgnx and gg = idrno, Where idgm denotes the
identity function on R™. The function f; : R"% +— R™ represents the mapping
implemented by the network between the input layer and the layer k. The function
gr : R™ — R™ represents the mapping implemented by the network between the
layer k and the output layer. Hence, for all k € [0, K] we have gy o fr, = fm,p, and
in particular fo = gx = fmb-

For any © C R we also denote for all k € [0, K],

QU = £u(Q). (3.3.5)

In particular, Qx = fr(Q2) = Q.

The following proposition is easy to show by induction and using the fact that the
composition of two continuous piecewise linear functions is also continuous piecewise
linear (see Proposition 42 in the appendix).

Proposition 12. For all k € [0, K], fr and g are continuous piecewise linear.

In particular, fymp is continuous piecewise linear.

We say that a list of sets of closed polyhedra IT = (Ily,...,IIx_1) is admissible
with respect to (M, b) iif for all k£ € [[1, K — 1], the set of closed polyhedra IIj is
admissible with respect to gi. Since there always exist such II; (from Proposition
12 and Proposition 32 in Appendix 3.A), there always exists an admissible list IT.

3.3.3 Equivalence between two parameterizations

We are interested in sufficient conditions to identify the parameters of a network
from its function. As mentioned in the introduction, some elementary operations
on the parameters are well known to preserve the function of a network, so what
we shall actually identify is the equivalence class of the parameters modulo these
operations. There are two such operations:

— the permutation of neurons of a hidden layer;

— the positive rescalings, that is, multiplying all the outward weights of a hidden
neuron by a strictly positive number and dividing the inward weights by the
same number.

The invariance to permutation is classical and common to many feedforward ar-
chitectures. It is described in the foundational articles [88, 45|. The invariance to
positive rescalings is more specific to ReLU (and homogeneous activation functions),
and is also well-studied, as for instance in [149, 145, 147, 159, 178].

We give in Definition 13 below the formalization we use for the equivalence
relation modulo these operations, after introducing some notations. For all m € N*,
we denote by &,,, the set of all permutations of [1, m]. For any permutation ¢ € &,,,,
we denote by P, the m x m permutation matrix associated to ¢, whose coefficients

(P = {1 ols) =7

are defined as

0 otherwise.
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We also denote by 1,, the vector (1,1,...,1)T € R™, by R* the set of strictly
positive real numbers and by Id,, the m x m identity matrix.

Definition 13 (Equivalence between parameters). If (M, b) and (M, b) are two
parameterizations of a network, we say that (M, b) is equivalent to (M, b), and we
write (M, b) ~ (M, b), if and only if there exist:
— a family of permutations ¢ = (¢o,...,¢K) € Gpy X -+ X Gy, With Py =
Id,, and P, = Id;,.,
— a family of vectors A = (A%, AL, AE) € (R%)™0 x ... x (R%)"K, with
N =1,, and N\ =1,,,
such that for all k£ € [0, K — 1],

{\Zk — P,, Diag(\¥)M* Diag()\(k+1))_lpsz»_zc1+1 (3.3.6)
bk = P,, Diag(AF)bk,

The relation (M,b) ~ (M,b) is an equivalence relation [149, 145, 147]. We
include a proof of this fact for completeness in Appendix 3.A (see Proposition 48).
We denote by [M, b] the equivalence class of (M, b).

We can now formalize in Proposition 14 the fact discussed at the beginning
of the section: two equivalent parameterizations modulo permutation and positive
rescaling implement the same function. As mentioned, this result is well-known
[149, 145, 147, 159, 178|, but we prove it for completeness in Appendix 3.A (see
Proposition 49 and Corollary 50).

Proposition 14. If (M, b) ~ (M, b), then Impb = fyip

In this article we give a set of conditions under which we have a reciprocal, i.e. if
two parameterizations (M, b) and (M, b) satisfying the conditions lead to the same
function on a set , i.e. fmb(z) = fy () for all z € Q, then they are equivalent:

(M, b) ~ (M, b).

3.4 Main result

The core of our work is exposed in this section. It is structured as follows.
In Section 3.4.1, we expose the conditions P and in Section 3.4.2 we state our
main theorems of identifiability. Then, Section 3.4.3 is dedicated to an extensive
discussion of the conditions P, with motivating examples and comparison to the
state of the art.

3.4.1 Conditions

We expose in this section the conditions under which the main theorem holds.
They are formalized in Definition 15 and referred to as conditions P.

First, we introduce a few notations. We consider a network with K > 2 layers
and with parameters (M, b), a list of sets of closed polyhedra IT = (IIy, ..., x_1)
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admissible with respect to (M, b) and a domain 2 C R"%. Recall the definitions
(3.3.1) and (3.3.4) of the functions hg, fr and g associated to the network. For
all £ € [1,K — 1], g is continuous piecewise linear, and since IT is admissible
with respect to (M, b), by definition, the set of closed polyhedra IIj is admissible
with respect to g, in the sense of Definition 11. For all D € Ilj, the function g
thus coincides with a linear function on D. Since by definition the interior of D
is nonempty, we define V*(D) € R™*™ and c¥(D) € R™ as the unique couple
satisfying, for all z € D:

gr(z) = VE(D)x + F(D). (3.4.1)

For 2 C R™¥ | recall the definition (39) of Qy, for all k € [0, K]. For any m,n € N*,
for any m x n matrix ¥, for any i € [1,m],j € [1,n], we denote by X;  the i*! row
vector of ¥ and by X ; the 7 column vector of ¥. We denote Ef ={z eR™, x; =
0}, and hli"(z) = M*z + b*. For any m € N* and any subset A C R™, we denote
by 0A the topological boundary with respect to the standard topology of R™.

Definition 15. We say that (M, b, Q, IT) satisfies the conditions P iif for all k €
[1, K —1]:

P.a) MP* is full row rank;

P.b) for all i € [1,ng], there exists x € QkH such that

Mzkx + bf =0,

or equivalently
Ef N R (1) # 0;
P.c) for all D €Iy, for all i € [1,n:], if EF N DNy # O then VE(D) # 0;
P.d) for any affine hyperplane H C R™+1,

Hn Qe ¢ | J o' (D).
Delly
The conditions P are invariant modulo equivalences of parameters. Indeed, as
shown by the following proposition, if some parameters (M, b) satisfy the conditions
P, then all the parameters in their equivalence class satisfy them too.

Proposition 16. Suppose (M, b) and (M,B) are two equivalent network parame-
terizations, and suppose that there exists a list II admissible with respect to (M, b)
such that (M, b, Q,II) satisfies the conditions P.

Then, there exists a list II that is admissible with respect to (1\7[,13), and such
that (M, b, Q,II) satisfies the conditions P.

Proposition 16 is proven as Proposition 60 in Appendix 3.B.

3.4.2 Main theorems

We have now introduced all the necessary material to expose our main result,
Theorem 17, as well as an application in terms of risk minimization in Section
3.4.2.2.
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3.4.2.1 Identifiability statement

Our main theorem is the following one. We provide a sketch of the proof in
Section 3.5. For the complete proof, see Theorem 61 in Appendix 3.B and its proof
in Section 3.B.4.

Theorem 17. Let K € N, K > 2. Suppose we are given two networks with K layers,
identical number of neurons per layer, and with respective parameters (M,b) and
(1\71, B) Assume IT and I are two lists of sets of closed polyhedra that are admissible
with respect to (M, b) and (M, B) respectively. Denote by ni the number of neurons
of the input layer, and suppose we are given a set Q C R™8 such that (M, b, Q,II)
and (1\7[, b, Q, 1:1) satisfy the conditions P, and such that, for all x € Q:

v (@) = fyp(@)-
Then:
(M, b) ~ (M, b).

As mentioned before, this theorem can be seen as a partial reciprocal to Propo-
sition 14. Indeed, the latter shows that two networks with equivalent parameters
modulo permutation and positive rescaling implement the same function. In other
words, parameter equivalence implies functional equivalence of the networks. In
Theorem 17, we state that under the conditions P, functional equivalence (on a
given domain ) implies parameter equivalence modulo permutation and positive
rescaling.

3.4.2.2 An application to risk minimization

Assume we are given a couple of input-output variables (X,Y’) generated by a
ground truth network with parameters (M, b):

Y = fmp(X).

We can use Theorem 17 to show that the only way to bring the population
risk to 0 is to find the ground truth parameters -modulo permutation and positive
rescaling.

Indeed, let Q C R™K be a domain that is contained in the support of X, and
suppose L : R™ x R™ — R, is a loss function such that L(y,y') =0 =y = v
Consider the population risk:

We have the following result.

Corollary 18. Suppose there exists a list of sets of closed polyhedra I1 admissible
with respect to (M, b) such that (M, b, Q,II) satisfies the conditions P. 3
If (M, b) is such that there exists a list IT admissible with respect to (M, b) such
that (M, b, Q,II) satisfies the conditions P, and if (M, b) 4 (M, b), then:
R(M,b) > 0.

For the proof, see Corollary 62 in Appendix 3.B and its proof in Section 3.B.5.
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3.4.3 Discussion on the conditions

This section is dedicated to discussing the conditions P. We start by explaining
the different conditions P.a) — P.d) and their purpose in Section 3.4.3.1. Then,
in Section 3.4.3.2, we provide counter-examples illustrating how non-identifiability
arises when they are not satisfied. Finally, we compare the conditions P to the state
of the art in Sections 3.4.3.3 and 3.4.3.4.

3.4.3.1 The conditions explained

Let us explain the conditions P. The first condition, P.a), requires the matrix
MP¥ € R™X"k+1 to have full row rank. This implies that for all k € [1, K — 1], the
layer k has no more neurons than its predecessor, the layer k + 1:

ng < N1

Once this is satisfied, the condition is mild in the sense that it is satisfied for all
matrices except a set of matrices of empty Lebesgue measure.

As a first remark about P.b), notice that by taking k£ = K —1, it implies that Q=
Qx # (). Thus, in the main result, the set  over which the function implemented by
the network is assumed to be known needs to have nonempty interior. In particular,
Q) cannot be a finite sample set. This limitation is already present in [159], which
assumes an access to the function on the whole input space and [147] which considers
the function of the network on a bounded open nonempty domain. However, as we
discuss in the conclusion, it seems possible to establish a result for a finite 2, and
the conditions formulated here should be a basis for future work.

The conditions P.b), P.c) and P.d) must be satisfied for all k € [1, K — 1], but
to give a sense of them, let us see what they mean for k = K — 1.

As explained in Section 3.3.2, the function implemented by a ReLU network
is continuous piecewise linear: we can divide the input space R"X into polyhedral
regions, over each of which the function is linear. We take advantage of this structure
to acquire information about the parameters of the network. The boundaries of the
polyhedral regions are of particular interest. They are made of pieces of hyperplanes,
and they roughly correspond to the points where the function implemented by the
network is not differentiable. We use this non differentiability property to identify
the boundaries. We go from one linear region to another when there is a change of
sign in the pre-activation value (input of o) of one hidden neuron. The boundary
between two linear regions is thus associated to a particular neuron of a particular
hidden layer.

We separate the function implemented by the first layer of the network and the
function implemented by the rest of the layers thanks to the functions defined in
(3.3.1) and (3.3.4), writing

fmpb =9k = gx-10°hk_1,

R7K hr—1 RPE-1 9K -1 R70.
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R

RnK—l

Figure 3.2 — Top. In R™& the inverse image by hx_1 of the polyhedra D € IIx_;.
To make the figure lighter we write h instead of hx_1. The grey zone represents €.
For i € {1,2}, H; is the hyperplane defined by the equation MZK ey bf “1=0. As
a direct consequence, we have h(H;) C EF~'. Bottom. In R"%-1 the admissible
polyhedra D € Ilx_1 with respect to gx—1. The grey zone corresponds to the image
hlin(Q) — MK_19—|-bK_1.
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The goal is first to identify the weights and bias of the first layer, M%~1 and
bE=1. To do so, we focus on the boundaries associated to the neurons in the first
hidden layer. These ‘first-order’ boundaries are hyperplanes defined by the equations
Mz{f_lx + 0571 =0, for all i € [1,nx_1]. The conditions P.b), P.c) and P.d) are
made to ensure that we are able to identify the hyperplanes, and consequently, the

parameters MX~1 and pK—1

. The two relevant spaces to visualize the conditions
are the input space, R"¥ and the first hidden space, R"5-1 which are represented
in Figure 3.2. Let us explain the conditions P. b) P.c) and P.d).

P.b) The condition P.b) in the case k = K — 1 requlres the hyperplane defined
by the equation M, K1y 4 pE=1 = 0 to intersect € K= Q. Indeed, we only
consider the functlon implemented by the network over §2, so the hyperplane
must intersect Qg in order to be detectable as a non differentiability. In the
example of Figure 3.2, we see that the two such hyperplanes, which are H;
and Ho, intersect €2, so the condition is satisfied.

P.c) Consider a polyhedron D € IIx_;. The function gx_; is linear over D,
and using the notations defined in (3.4.1), we have for all u € D,

gre—1(u) = VETYD)u + £ 1(D). (3.4.2)

For all z € R™% such that hx(x) € D, using (3.4.2) we obtain:

nK-1

fmp(@) =gk10hk_1(x) = > VE (D)o (Mf*lx + bf“) + 7 Y(D).
=1

In particular, at the points z such that MZ{.(_la: + biK_1 = 0, the function
O'(MZ{.( 12 4+0571) is not differentiable, and this non differentiability can only
be reflected in the function fap if Vlf ~1(D) # 0. The condition P.c) en-
sures that. In the example of Figure 3.2 (right part), we see that D, intersects
Ef(_l so to satisfy P.c), we must have Vfl{_l(Dl) = 0. Similarly, Dy inter-
sects B! and EF ! so we must have Vﬁ(_l(Dg) # 0 and V_g_l(Dg) # 0,
and the polyhedron Dy intersects E2K ~! so we must have Vg “H(Dy) # 0.

P.d) For the last condition, P.d), we consider the inverse images hy " (D), for
all the polyhedra D € IIx_1. Since hx 1 is piecewise linear and D is a closed
polyhedron, hf}l_l(D) is a finite union of closed polyhedra (see the first point
of Proposition 33 in the appendix). In particular, its boundary ahf(l_l(D)
is made of pieces of hyperplanes. We require the union of these boundaries
not to contain any full hyperplane (within the domain €2). In the example of
Figure 3.2, the condition is satisfied.

3.4.3.2 Illustrative counter-examples

To illustrate the necessity for the conditions in P, we give for each of the condi-
tions P.a) — P.d) a simple example of a parameterization (M, b) and a set 2 which
do not satisfy it, and we show that (M, b) is not identifiable by constructing a pa-
rameterization (M, b) that is not equivalent to (M, b), but such that fyrp coincides
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with fymp over . These four examples illustrate the behaviors we want to prevent
with the conditions P.

Example 19. We consider an architecture with one hidden layer, i.e. K =2, with
ng =2, n; = 3, ng = 1. We consider the parameterization (M, b) defined as follows.

0 2 0
M=(1 -1 v=10],
-1 -1 0

M°=(1 1 1) =0

For this example, we consider 2 = R.
The condition P.a) is not satisfied: the matrix M cannot have full row rank
since its dimension is 3 x 2, and more specifically we have the relation

M{ + M, + M3 =0. (3.4.3)

Let us define M' = —M*' and M = (M, M°). Let us show that fyg;,, = fMb-
Let z € R?. We have

fmp(x) =0 (Mllfc) +o (M%a:) +o (Mg}x) .
There exist activations €1, €2, €3 € {0, 1}, depending on z, such that

fM7b(.T> = €1M117.33 + 62M217.x + 63M3},'x. (3.4.4)

Since M' = —M" and b' = 0, the signs of the activations are switched in Iéib
and thus ~ ~ ~
fyp(@) = (1—e) M| o+ (1 —e2) My x+ (1 — e3) M3 @

3
= (1—e)(-M )
i=1

3 3
i=1

i=1
= fM,b (l‘)u
where we obtain the last equality thanks to (3.4.3) and (3.4.4).
Now since only the positive rescalings are authorized, (M, b) is not equivalent

to (M, b), which shows that (M,b) is not identifiable modulo permutation and
rescaling.

Example 20. Let us consider a very simple architecture with one hidden layer and
only one neuron per layer, i.e. no =n; = ng = 1. We consider the parameterization
(M, by), for a > 0, defined by

M =1, b(ll:a, MY=1, 0 =—a.

a
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The function implemented by the network satisfies, for all z € R,

Faib, (@) = oz +a) —a = {_a ifo<-a (3.4.5)

T if x> —a.

Let us consider ©Q = [1, +oo[. With such a choice of €2, none of the parameteri-
zations (M, b,) satisfy P.b), because for all z € Q, Mz + bl =z +a > 0.

For any a > 0, for any € Q, we have z > 1 > —a, so (3.4.5) shows that
fmpb, () = x, i.e. the functions implemented by the parameterizations (M, bg)
all coincide over 2. However, since (3.4.5) shows they do not implement the same
function over R, Proposition 14 shows they are not equivalent.

Example 21. We consider an architecture with 2 hidden layers, that is K = 3,
and again one neuron per layer: m3 = ny = n; = ng = 1. Let us consider the
parameterizations (M, b, ), defined for a > 0 by

M?=1, b2 =a,
M=1, bl=-1-uq,
MY=1, =0
We consider €2 = R. Let us show that for any ¢ > 0 and any admissible II, the
condition P.c¢) is not satisfied by (M, b, 2, II) in the case k = 2.

Indeed, we have hy o(z) = o(M?x+b2) = o(z+a), and thus Qs = ha ,(Q) = R,
Further, the expression of go, is

0 fz<l+a

92.0(2) :MOU(Mlx—l—bcll)-i-bg:U(x—l—a) =
z—1—a ifz>1+a.

For any set of closed polyhedra IIs admissible with respect to g2 4, a polyhedron
D € Iy intersecting E? = {0} must satisfy V?(D) = 0 since gaq(x) = 0 for
x €] — 00,1+ a]. This contradicts P.c) for k = 2.

To exhibit functionally equivalent parameterizations, we now show that for all
a>0and z € R,

fM,ba (1‘) = U(x - 1). (3.4.6)
Indeed, let z € R.
— if 2 €] — 00, —al, we have o(M?z +b2) = o(z +a) =0, so
b, () = MOo(M* -0+ b) + 0
= (bg)
=0=o0(x—1).

— if # € [~a, +oo], we have o(M?*x +b2) =o(z +a) =z +a, so

b, (2) = MO0 (M'(z + a) + b)) + b)
=o(x+a—1-—a)
=o(x—1).
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This shows (3.4.6). The function fap, is therefore independent of a > 0, but if
a#d, (M,b,) % (M,bg).

The lack of identifiability comes here from the fact that we do not ‘observe’ the
non differentiability induced by the first hidden neuron, because V(D) = 0 for D
containing 0. Indeed, if P.c) was satisfied, we would observe a non differentiability
at the point at which the sign of M2z + b2 changes, which is © = —a, and we thus
would have fyvp, # fmp,, for a #d'.

We remark that here, even if P.c) was satisfied, the condition P.d) would not
be satisfied, as we see next in Example 22.

Example 22. We consider again the architecture of Example 21, wih two hidden
layers and one neuron per layer. This time, we consider the parameterizations
(M, b) and (M, b), defined by

M? =1, b2 =0,

M =1, bt =1,

MO =1, W =0,
and

M? = —1, v =1,

M= —1, bl =1,

MO =1, 0 =—1.

We can remark without waiting further that (M, b) o (M, b), for instance because
b0 =0, and b° = —1, and the rescalings do not permit such a transformation.

Let Q = R. Let us consider the sets IIs = {] — 00, 1], [1,+00[}, II; = {R} and
the list IT = (II;, II5). After showing that IT is admissible with respect to (M, b),
we will first show that (M, b) does not satisfy the condition P.d) and we will then
show that favp = fM,B'

Let us show that IT is admissible with respect to (M, b). Indeed, for all z € R,
we have

g2(z) = MPa(M'z +b') + 0 = —o(—z + 1).
The function g2 is linear over both the intervals | — oo, 1] and [1,+o0], so IIg is
admissible with respect to go. The function g; is linear, so II; is admissible with
respect to g;.

Let us now show that (M, b,Q,IT) does not satisfy the condition P.d). Let
us first determine Jpcry, Ohy'(D). Since hy(x) = o(x), we have hy (] — 00, 1[) =
] — 00,1] and hy *([1, +00]) = [1, +oo[. Hence,

J ony'(D) = {1}.
Delly

Now, since Q23 = Q = R, we have

Qsnf{1yc | on'(D),
Delly
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and since {1} is an affine hyperplane of R, this shows that P.d) is not satisfied for
k=2.
Let us now show that for all x € Q = R, we have

olx)—1 ifz<1

3.4.7
0 if x > 1. ( )

(@) = fg (@) = {

Let us first determine fypp(x), for £ € R. We have
fvp(x) = Mo (Mo (M?z +b%) + ') +1° = —o(—o(z) +1).

— If z <1, then o(z) <1 and thus —o(x) +1 > 0. Thus, —o(—0o(x)+1) =
o(z) —1, and fmp(z) =0o(z) — 1.
— If x > 1, then —o(x) + 1 < 0 and thus —o(—o(xz) + 1) = 0. We thus have
fM,b(x) =0.
Let us now determine fMI)(m), for x € R. We have

faip(@) = Moo (Mo (M + 1) + ') +8° = o(—o(-z+1) + 1) - 1.

— Ifx <1, then —z 41> 0 and thus fy(z) =0((z—1)+1) -1=0o(x) - 1.
— If x > 1, then —z + 1 < 0 and thus fM’B(:U) =o(l)—1=0.
This shows (3.4.7), and as a consequence, (M:b) is not identifiable.

In this example, the lack of identifiability comes from the fact that the sets of
non differentiabilities induced by the first and the second layer are indistinguishable:
they are both reduced to a point. This will always be the case for networks with
only one neuron per layer and more than one hidden layer. When the input di-
mension is 2 or higher and the condition P.d) is satisfied, the non differentiabilities
induced by neurons in the first hidden layer are the only ones that correspond to
full hyperplanes, and this is how they can be identified, as illustrated for instance
in the example of Section 3.4.3.4.

3.4.3.3 Comparison with the existing work

To our knowledge, there are only two existing results on global identifiability
of deep ReLU networks (with bias), as we consider here, exposed in the recent
contributions [147] and [159]. Let us compare our hypotheses with theirs.

The authors of [147| introduce two notions: the notion of general network and
the notion of transparent network. They note the fact that some boundaries of non
differentiablity bend over some others to build a graph of dependency. The main
result in [147] applies to networks whose number of neurons per layer nj is non-
increasing, as is the case in the present paper, that are transparent and general, and
for which the graphs of dependency of the functions g satisfy additional technical
conditions.

It can be verified that these hypotheses imply our conditions P.a), P.b) and
P.c), which makes P.a), P.b) and P.c) more applicable.
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When it comes to our last condition P.d), it can be compared to the techni-
cal conditions on the graph of dependency. These conditions address the way the
boundaries associated to some neurons bend over the boundaries associated to neu-
rons in previous layers. P.d) and this set of conditions are different, and neither
implies the other.

The result exposed in [159] has a main strength compared to [147] and to us: it
does not require the number of neurons per layer to be non-increasing. However,
when it comes to the intersection of boundaries of linear regions, it requires each
boundary, associated to some neuron, to intersect the boundaries associated to all
the neurons in the previous layer, which appears to be a strong hypothesis to us.
In comparison, we ask each boundary to intersect at least one of the boundaries
associated to a neuron in a previous layer. Also, in [159], the function is supposed
to be known on the whole input space, while [147] as well as us propose conditions
on a domain 2 such that the knowledge of the function on 2 is enough. In both
cases () has nonempty interior. [179, 28] open the way for considering a finite Q2
by giving conditions of local identifiability in that case. To our knowledge global
identifiability from a finite set has not been tackled yet for deep ReLU networks.

3.4.3.4 A simple comparative example

To shed a better light on the interest of the conditions P, we describe in this
section a simple network parameterization for which the conditions P apply, in
contrast to the conditions described in [147, 159].

Let us consider a network architecture with 2 hidden layers (i.e. K = 3) and 2
neurons per layer, except the output layer containing 1 neuron: ng = ng =nj; = 2
and ng = 1. Let us consider the parameterization (M, b) defined by

M2—((:; (1))7 M1—<_11 _21>7 M0:(1 ]-)7
b = <8), b = (_21) b’ =0.

The network implements a function fayp : R? — R. Here we simply consider
O =R2

First, we are going to show that there exists a list II that is admissible with
respect to (M, b), and such that (M, b, Q, IT) satisfies the conditions P. Then, we
shall discuss why this network parameterization does not satisfy the conditions in
[147, 159].

Let us define the list IT as follows. For €1,e2 € {—1,1}, we denote by D, ., the
closed polyhedron satisfying, for all z € R?:

€1 (Mllx + b%) >0

€2 (M%’x + b%) > 0. (3.48)

TE€EDee, & {
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These 4 polyhedra are displayed in Figure 3.3. In other words, the polyhedron to
which z belongs depends on the sign of both components of the vector Mz +b'. We
define the set Ily = {D1 1, D1 1, D_11,D_1 _1}. We also define the set I1; = {R?},
containing the single polyhedron R?, and we denote IT = (II1, II5). Let us show that
IT is admissible with respect to (M, b). Indeed, the closed polyhedra of Ils cover
R?2. Furthermore, their interior is nonempty. Finally, for all z € R?, we have

g2(x) = Mo (M'z +b') +8°
=0 (Mllx + b%) +o (M21$ + b%) . (3.4.9)
We derive from (3.4.9), (3.4.8) and the definition of the ReLU activation that for all

D¢, ¢, € I, the function gs is affine over D, , of the form go(x) = VZ(D¢y , )7 +
(D, ¢,), with the following values

V3(Dyg) =M! + M) =(0 1) ?(Dy1) = b} + by =1
VD ) =M =(1 -1 A(Dy_1)=b = -1
2( 1-1) b ( ) 2( 1.-1) 1 (3.4.10)
V (Dfl,l) = M27~ = (—1 2) C (Dfl,l) = b2 =2
V3D_1,-1)= (0 0) (D1 _1) = 0.

This shows that the set of closed polyhedra Il is admissible with respect to g2, and
the values in (3.4.10) correspond to those of the definition (3.4.1). Moreover, since
g1 is affine, the set II; is trivially admissible with respect to g;. We conclude that
the list IT is admissible with respect to (M, b).
Let us show that (M, b, Q, IT) satisfies the conditions P.
The conditions P must hold for k € [1, K — 1], so in our case, for k = 2 and
k = 1. To check them, we will need to compute 23 and 25. Recalling the definition
in (3.3.5), we have Q3 = Q = R?. Then, since hy(z) = o (M?z +b*) = o(z), we
have Qs = 0(R?) = (R4)?%.
Let us now check the conditions one by one.
P.a) The matrices M? and M are both full row rank, so P.a) is satisfied for
k=2and k=1.
P.b) Let us first show the condition for k¥ = 2. We have Q5 = O = R?, so taking
21 = (0,1)7 € Q3 and 5 = (1,0)7 € Q3, we find

M2z +b3= (1 0) ((1)) —0
M3z +63=(0 1) (;) = 0.

Let us now show the condition for k = 1. We have Q1 = 2y = (R%)?. Let
us choose z3 = (2,1)T € Q9 and z4 = (4,1)T € Q3. We have

M} x5 +b=(1 -1) (?) ~1=0

M} zq+by= (-1 2) (j) +2=0.
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Figure 3.3 — Left. The closed polyhedra of II5. Right. The reciprocal images by hs
of the closed polyhedra of Il,.

This shows that P.b) is satisfied for k = 2 and k = 1.

P.c) For k = 2, let us recall from (3.4.10) the values of V2(D) for all D € Il,.
In the case of V2(Dy 1) and V2(D_11), P.c) is clearly satisfied. When it
comes to Dy 1, we have V21 (D11) =0, but Dy does not intersect EZ in Q.
Finally, we have V?I(D—L—l) = V.,22(D—17—1) =0, but D_17_1 Ny = 0.

We thus conclude that P.c) is satisfied for k = 2.
The case k = 1 is easier, II; = {R?} and for all z € R?, we have g;(z) =
MO 41", so we have VI(R?) = M° = (1 1), and P.c) is clearly satisfied.

P.d) Here, the case k = 1 is trivial since II; = {R?}, and h;'(R?) = R?, and
thus 0h; H(R?) = (.

We thus only need to study the case k = 2. Let us first determine the
sets hy '(D), for D € M. We remind that for all 2 € R?, hy(z) = o(z).

For this, let us divide R? in 3 regions. Let z = (z1,72) € R2.
— If 21 <0, then ho(z) = (0,0(x2))". We thus have

[ —1(o(z2) + 1)
M'hy(z) +b' = ( 2o(an) 4 1) ) :

Since o(x2) > 0, we see that ha(x) € D_q ;.
— If 21 > 0 and 29 < 0, then ho(x) = (21,0)”7. We thus have

1 1 .’1}'1—1
M h2(l‘)+b = (_$1+2>.

There are 3 possibilities: if 1 < 1, then ho(z) € D_11, if 1 < 27 < 2,
hg(:ﬂ) € Dl,la and if 2 < zq, hQ(ZE) S D17,1.
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— If 21,29 > 0, then hp(z) = x and for all D, ¢, € Iz, ha(x) € D¢, e, <=
T € D¢, e,. There are 3 possibilities, x € D_1 1,2 € D11 and x € Dy
since D_1 1 N (R4)%? = 0.

Summarizing, we find (see also Figure 3.3):

ho'(D_11)=R_xR U [0,1]xR. U (Ry)*ND_q;

hol(Di1) =[1,2) xR- U (Ry)>N Dy
hy'(D1_1) = [2,+00[xR_ U (Ry)>N Dy
hy ' (D_1,-1) = 0.
To express the boundaries of these regions, we define the following pieces
of hyperplanes:

Hf ={x = (z1,20) €R? 21 >0,29 > 0,M117'x+ bl =0}
Hf = {x = (z1,20) €R? 21 >0,29 > 0,M217_l‘+ b =0}

Hy ={z = (z1,20) € R?, 21 =1,12 <0}

Hy ={z = (v1,22) €R? z1=2,25 <0}

We have
Ohy'(D_11) = Hy UH
Ohy'(D1y1) = Hy UHS UH; UHS
8h2_1(D17_1) = H4_ U HZ_
OhyH(D_1.-1) = 0,
and thus,
U ony'(p)=H; UHS UH; UH]. (3.4.11)
Dells

Let us check the condition P.d) for k = 2. Since Q3 = R?, here Qg NH =
H. The condition is thus satisfied if and only if Jpcyy, Ohy 1(D) does not
contain any full hyperplane H, and (3.4.11) shows that it is the case. The
condition P.d) is satisfied.
Let us now discuss the conditions given in [147, 159] for this example. Let us
first define the following hyperplanes:

Hy = {z € R*, M{ x + b} = 0}

Hy = {z € R?, M3 x + b3 = 0}.

To discuss the conditions in [147], we will refer to their concepts of fold-set,
of piece-wise linear surface, of canonical representation and dependency graph of a
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piece-wise linear surface, as well as to their Lemma 4. We also use their notations
;S and [2S. Let us now consider the set S as the fold-set of the function fnp
implemented by the network. Here, it corresponds to the points x satisfying one of
the following equations

M} x 407 =0

M3 x+b5 =0

Mll’.hg(l') +bl=0

M3 ho(x) + by = 0.

In other words, S = HiUH U Hy U ng UH, U HI. The canonical representation
of S is the following

S=(HiUHy)U (Hy UH UH; UH}),

where [0S = (H; U Hy) and (055 = S. Further, it can be checked that the depen-
dency graph of S only contains the edges: Hy — Hy , Hy — H;, Hy — H, and
Hy — Hj .

The identifiable networks considered in [147] must satisfy the conditions of
Lemma 4 in [147]. In particular, the dependency graph of S must contain at least
2 directed paths of length 1 with distinct starting vertices, which is not the case
here since all the paths of length 1 start from Hy. Hence, this network does not fall
under the conditions of [147].

Now if we use the concepts and notations of [159], let us denote by z; the
first neuron of the first hidden layer, whose associated parameters are M12 and
b2. Following the definition in [159], the boundary associated to z; is B,, = Hj.
Let us denote by z3 the first neuron of the second hidden layer, whose associated
parameters are Mll and bl. Its boundary is B,, = Hy U H;“ . Since z; and z3
belong to two consecutive layers and are thus linked by an edge of the network, the
conditions in [159] (see Theorem 2) require that B, and B,, intersect. It is however
clear that they do not (see Figure 3.3).

3.5 Sketch of proof of Theorem 17

Our main result, Theorem 17, is proven in details in Appendix 3.B.4, and we
give a sketch of the proof in this section. It is proven by induction. We are given
two parameterizations (M, b) and (M, b), two lists IT and IT that are admissible
with respect to (M, b) and (M, b) respectively, and a domain  that satisfy the
hypotheses of Theorem 17 and we want to show that the two parameterizations
are equivalent. For this, we identify the layers one after the other. To facilitate
identification at a layer level, we begin with a normalisation step.

3.5.1 Normalisation step

Two equivalent parameterizations do not necessarily have equal weights on their
layers. Indeed, the neuron permutations but more importantly the rescalings can
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change the structure of the intermediate layers. We are going to assume the following
normalisation property: for all k € [1, K — 1], for all i € [1,ng], we have

1M || =15

) 3.5.1
M| = 1. (351

Indeed, we show in the appendix that for a parameterization satisfying the con-
ditions P, there always exists an equivalent parameterization that is normalised and
that satisfies the conditions P (see Propositions 52 and 60). We can thus replace
each parameterization (M, b) and (M, b) by an equivalent normalised parameteri-
zation. If we are able to show the normalised parameterizations are equivalent, then
the original parameterizations are equivalent too.

3.5.2 Induction

The induction proof relies on Lemma 24 below. Let K be the number of layers
of the network, and suppose the theorem is true for the networks with K — 1 layers.
As explained in section 3.4.1, to identify the parameters M5 ~1 and p5—1
arate the function implemented by the first layer of the network and the function

implemented by the rest of the layers. For each network:

, We sep-

gk = grk—1°hg_1,

dx = gr—10hx_1.

We know that g1 and g1 are continuous piecewise linear, and this will allow
us to apply Lemma 24. Before stating it, we introduce a set of conditions, called
C, that need to be satisfied in order to apply it. These conditions come immedi-
ately from P, and one can easily check that (gx_1, M5~ 65— Qg g 1) and
(Gr—1, MK_l, l;K_l, Ok, ﬁK,l) satisfy C, as a direct consequence of the conditions
P being satisfied by (M, b, Q,II) and (M, b,Q, II).

Definition 23. Let [,m,n be integers, M € R™*! b € R™, Q C R! be an open
domain, let g : R™ — R"™ a continuous piecewise linear function, and let IT be an
admissible set of polyhedra with respect to g.

Let D € II. The function g coincides with a linear function on D. Since the
interior of D is nonempty, we define V(D) € R"™™ and ¢(D) € R" as the unique
couple satisfying, for all x € D:

We denote E; = {x € R™, z; = 0}.

We say that (g, M, b, Q,II) satisfies the conditions C iif
C.a) M is full row rank;

C.b) for all i € [1,m], there exists z € () such that

Ml’“l‘ +b; =0,
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or equivalently, if we denote by h¥" the function x — Mz + b, then
E; N RE(Q) £ 0

C.c) for all D €11, for all i € [1,m], if E; N DN h(2) # 0 then V. ;(D) # 0;
C.d) for any affine hyperplane H C R/,

HnQ ¢ | ) on (D).
Dell

We can now state the lemma.

Lemma 24. Let I,m,n € N*. Suppose g,g : R™ — R" are continuous piecewise
linear functions, Q@ C R! is a subset and let M,M € R™! b b e R™. Denote
h:xzw— o(Mz+b) and h : x — o(Mxz +b). Assume I1 and T are two sets of
polyhedra admissible with respect to g and g.

Suppose (g, M,b,Q, 1) and (§, M,b,Q,1I) satisfy the conditions C, and for all
i€ [1m], [[M; || = |M.[ =1.

Suppose for all x € Q)

goh(x)=go fNL(:E)

Then, there exists a permutation ¢ € &,y,, such that:
— M = P,M;

— b= Pub;

— g and y — g(P,y) coincide on h(2).

Lemma 24 is restated in Appendix 3.B as Lemma 63 and proven in Appendix
3.C.

Applying this lemma to the objects (gx_1, ME1, 05~ Qp TIx 1) and
(gr -1, ME=L pE=1 Qpe Tg_1), we conclude that there exists a permutation ¢g_;
such that

TK—1 _ K—1
M7= Foa M (3.5.2)
bel — PL‘DKilefl,

and that gx—1 and y — §(P,,_,y) coincide on hg_1(£2).

The functions gx_1 and y — §(P,,_,y) are the functions implemented by the
networks (M, b) and (M, b) once we have removed the first layer, with a permuta-
tion of the input for the second one. Since they coincide on Qi1 = hx_1(Q2) and
they satisfy the conditions P, we can apply the induction hypothesis to conclude the
proof of Theorem 17. The complete proof is detailed in the appendices, as discussed
above.

3.6 Conclusion

We established a set of conditions P under which the function implemented by
a deep feedforward ReLLU neural network on a subset 2 of the input space uniquely
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characterizes its parameters, up to permutation and positive rescaling. This con-
tributes to the understanding of identifiability and stable recovery for deep ReLLU
networks, which is still largely unexplored. The conditions under which our result
holds differ from the conditions of the results established in [147] and [159], which
allows us to cover new situations. To be satisfied the conditions P need €2 to have
nonempty interior, which prevents it from being a sample set. The authors of [179,
28] are able to give a result with a finite set €, but for local identifiability only.
Obtaining the best of both worlds, that is establishing a global identifiability result
for deep ReLLU networks with a finite set €2, would be a major step forward.
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Appendices

In the appendices, we restate all the notations, definitions and results of the
main text, for clarity of reading. The appendices are then organized as follows.
In Appendix 3.A, we give the complete definitions and basic properties necessary
to state and prove the main theorem. In Appendix 3.B, we state the main result,
Theorem 61 (Theorem 17 in the main text), and we prove it. Finally, we prove the
fundamental lemma used in the proof of the main theorem, Lemma 63 (Lemma 24
in the main text), in Appendix 3.C.

3.A Definitions, notations and preliminary results

Appendix 3.A is structured as follows: after giving some notations in Section
3.A.1, we recall the definition of a continuous piecewise linear function and some
corresponding basic properties in Section 3.A.2 and we give our formalization of
deep ReLLU networks as well as some well-known properties in Section 3.A.3.

3.A.1 Basic notations and definitions

We denote by
c: R — R

t — max(¢,0)

the ReLU activation function. If z = (z1,...,2,)7 € R™ is a vector, we denote
o(x) = (o(x1),...,0(zm))T. ) B

If A C R™, we denote by A the interior of A and A the closure of A with respect
to the standard topology of R™. We denote by 0A = Z\A the topological boundary
of A.

For m,n € N*, we denote by R™ the vector space of n-dimensional real vectors
and R™*™ the vector space of real matrices with m lines and n columns. On the
space of vectors, we use the norm |jz|| = /> " ;2% For x € R" and r > 0, we
denote B(z,r) ={y € R", ||y — z|| < r}.

For any vector x € R™ whose coefﬁcignts x; are all different from zero, we denote
R TEE i) :

For any matrix M € R™ " for all i € [1,m], we denote by M; the i*} line
of M. The vector M;_ is a line vector whose j'' component is M; ;. Similarly, for

by 7! or % the vector (

j € [1,n], we denote by M. ; the j* column of M, which is the column vector whose
it" component is M; ;. For any matrix M € R™*" we denote by MT € R™™ the
transpose matrix of M.

To avoid any confusion, we will denote by (M7); the i'! line of the matrix
MT and by MZT the transpose of the line vector M; , which is a column vector.
Similarly, we will denote by (MT).J the j* column of M7 and M.JT the transpose
of the column vector M ;.

For n € N*, we denote by Id,, the n x n identity matrix and by 1, the vector
(1,1,...,1)T e R™,
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If A € R™ is a vector of size n, for some n € N*, we denote by Diag(\) the n x n
matrix defined by:
N ifi=j

0 otherwise.

Diag(A);j = {

For any integer m € N*, we denote by &,, the set of all permutations of [1, m].
We denote by id[; ,,,j and idgm the identity functions on [1,m] and R™ respectively.

For any permutation ¢ € &,,, we denote by P, the m x m permutation matrix
associated to (:

1 ifo(i) — i
Vi,j € [1,m], (Pp)ij= 1 SD(]). ' (3.A.1)
0 otherwise.
For all z € R™, we have:
(P<p$)z = x(p—l(i). (3A2)

Using (3.A.2) we see that P,-1 Pyx = x, which shows, since P, is orthogonal, that
we have

pP'=P,. =P]. (3.A.3)

Let I,m,n € N*. For any matrix M € R™*! and any function f : R™ — R”, we
denote with a slight abuse of notation f o M the function z — f(Mx).

If X and Y are two sets and h : X — Y is a function, for a subset A C Y, we
denote by h=1(A) the following set:

{z € X,h(z) € A}.

Note that this does not require the function h to be injective.

3.A.2 Continuous piecewise linear functions

We now introduce a few definitions and properties around the notion of contin-
uous piecewise linear function.

Definition 25. Let m € N*. A subset D C R™ is a closed polyhedron iif there
exist ¢ € N*, a1,...,a, € R™ and by,...b; € R such that for all z € R™,

alz+b, <0
reD <+
alz+b, <0.
Remarks. — A closed polyhedron is convex as an intersection of convex sets.

— Since we can fuse the inequation systems of several closed polyhedrons into
one system, we see that an intersection of closed polyhedrons is a closed
polyhedron.

— For ¢ = 1 and a; = 0, taking b; > 0 and b; < 0 respectively we can show
that () and R™ are both closed polyhedra.
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Proposition 26. Let m,l € N*. If h : Rl — R™ s linear and C is a closed
polyhedron of R™, then h=(C) is a closed polyhedron of RL.

Proof. The function h is linear so there exist M € R™*! and b € R™ such that for
all z € R,
h(z) = Mz +b.

The set C' is a closed polyhedron so there exist ag,...,a, € R™ and by,...b, € R
such that y € C if and only if

alTy+61§0

agy + by <0.
For all z € R,

reh(C) < hx)ecC

(o7 (Mz4b)+b; <0
(al (Mz+b)+b,<0
(a7 M)z + (aTb+by) <0
(X M)z + (alb+by) < 0.
This shows that h=1(C) is a closed polyhedron. O

Definition 27. We say that a function g : R™ — R is continuous piecewise linear
if there exists a finite set of closed polyhedra whose union is R™ and such that g is
linear over each polyhedron.

Ezxample. Since R™ is a closed polyhedron, we see in particular that an affine func-
tion x — Az + b, with A € R™™ and b € R™, is continuous piecewise linear from
R™ to R™.

Example 28. The vectorial ReLU function o : R”™ — R™ is continuous piecewise
linear. Indeed, each of the 2™ closed orthants is a closed polyhedron, defined by a
system of the form

€11 Z 0

EmTm = 0,

with ¢; € {—1,1}, and over such an orthant, the ReLU coincides with the affine
function

1+¢€ 1+e€,
(T1,.. ., Tm) — 5 Tl Ty Tm )
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In this definition the continuity is not obvious. We show it in the following
proposition.

Proposition 29. A continuous piecewise linear function is continuous.

Proof. Let g : R™ — R" be a continuous piecewise linear function. There exists a
finite family of closed polyhedra C1, ..., C, such that |J;_, C; = R™ and g is linear
on each closed polyhedron Cj.
Let x € R™. Let € > 0.
Let us denote I = {i € [1,n], x € C;}. Since the polyhedrons are closed, there
exists ro > 0 such that for all i ¢ I, B(z,79) N C; = (. We thus have
m
B(x,ro) = | J(B(a,r0) n Ci) = | J (B(z,70) N Ci) .
i=1 icl
For all ¢ € I, g is linear -therefore continuous- on C; so there exists r; > 0, such
that
yeCinB(x,ri) = [lg(y) —g(@)]| <e

Let 7 = min(rg, min;e(r;)). For all y € B(z,r) there exists ¢ € I such that
y € C;, and since r < r;, we have

lg(y) —g(zx)|| < e

Summarizing, for any x € R™ and for any € > 0, there exists » > 0 such that
y € Blx,r) = lgly) —g@)ll <e
This shows g is continuous. O

Proposition 30. If h: R! = R™ and g : R™ — R"™ are two continuous piecewise
linear functions, then g o h is continuous piecewise linear.

Proof. By definition there exist a family Cj, ..., C, of closed polyhedra of R! such
that U§:1 C; = R! and h is linear on each C; and a family Dq,...,Ds of closed
polyhedra of R™ such that J;_; D; = R™ and g is linear on each D;. Let i € [1,7]
and j € [1,s]. The function h coincides with a linear map h : R® — R™ on C;
and the inverse image of a closed polyhedron by a linear map is a closed polyhedron
(Proposition 26) so h~'(D;) is a closed polyhedron. Thus h~1(D;)NC; = h=1(D;)N
C; is a closed polyhedron as an intersection of closed polyhedra. The function h is
linear on C; and g is linear on D; so g o h is linear on h=1(D;) N C;. We have a
family of closed polyhedra,

(hil(Dj) NCi)iefi »
S
each of which g o h is linear over. Given that
U U h_l(Dj) NnNC; = U C; = Rl,
i=1j=1 i=1

we can conclude that g o h is continuous piecewise linear. O
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Definition 31. Let g : R™ — R” be a continuous piecewise linear function. Let II
be a set of closed polyhedra of R™. We say that II is admissible with respect to the
function g if and only if:

— Upen D=E".

— for all D €11, g is linear on D,

— forall D eI, D+ 0.

Proposition 32. For all g : R™ — R" continuous piecewise linear, there exists a
set of closed polyhedra 11 admissible with respect to g.

Proof. Let g : R™ — R™ be a continuous piecewise linear function. By definition
there exists a finite set of closed polyhedra Dy, ..., Dy such that | J;_; D; = R™ and
g is linear on each D;.

Let I = {i € [1,s],D; # 0}. Let us show that Uicr Di = R™.

We first show that if a polyhedron D; has empty interior, then it is contained
in an affine hyperplane. Indeed, if it is not contained in an affine hyperplane, then
there exist m + 1 affinely independent points x1,...,Zy,+1 € D;. Since a closed
polyhedron is convex, the convex hull of the points Conv(zy, ..., Zm11), which is a
m-simplex, is contained in D;, and thus D; has nonempty interior.

Let z € R™. For all i ¢ I, D; is contained in an affine hyperplane, and a finite
union of affine hyperplanes does not contain any nontrivial ball. As a consequence,
for all n € N, the ball B(z, 1) is not contained in Uigs Di and thus there exists
in € I such that D;, N B(z, 1) # 0. Since I is finite, there exists i € I such that
in, = 4 for infinitely many n, and thus x € D;.

We have shown that for all z € R™ there exists i € I such that z € D; = D;,
which means that

Di=r™

Hence, the set II := {D;,i € I} is admissible with respect to g. O

Proposition 33. Let h : R — R™ be a continuous piecewise linear function and
let P be a finite set of closed polyhedra of R™. Then

— for all D € P, h~Y(D) is a finite union of closed polyhedra;
— Upep O™ 1(D) is contained in a finite union of hyperplanes | J;_; Ay

Proof. Consider II an admissible set of closed polyhedra with respect to h. Let
D € P. Since Jpoep C = R, we can write

YD) =hr"YD)N (U C’) =J ' (D)nc).
Cell Cell

For all C' € II, h is linear over C, so h~'(D) N C is a polyhedron (see Proposition
26). This shows the first point of the proposition.
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Since (D) N C is a polyhedron, d (h~(D) N C) is contained in a finite union
of hyperplanes. In topology, we have

U @ '(p)nc)

Cell

which shows that d [Uger (R™H(D) N C)] ie. dh~1(D) is contained in a finite union
of hyperplanes too. This is true for any D € P, and since P is finite, this is also
true of the union |J,.p O~ H(D). O

9 c Jom ' (D)nc),

Cell

3.A.3 Neural networks

We consider fully connected feedforward neural networks, with ReLLU activation
function. We index the layers in reverse order, from K to 0, for some K > 2. The
input layer is the layer K, the output layer is the layer 0, and between them are
K — 1 hidden layers. For k € [0, K], we denote by n; € N the number of neurons of
the layer k. This means the information contained at the layer k is a ng-dimensional
vector.

Let k € [0, K — 1]. We denote the weights between the layer k 4+ 1 and the
layer k with a matrix M* € R™>7+1 and we consider a bias b* € R™ in the layer
k. If K # 0, we add a ReLU activation function. If x € R™+1 is the information
contained at the layer k + 1, the layer k contains:

o(MFx +bF) if k#0
MOz + b0 if k= 0.

The parameters of the network can be summarized in the couple (M, b), where
M = (MO M"Y, ..., ME=1) ¢ Rroxm x ... x RM-1X1k and b = (0,0!,...,0571) ¢
R™ x ... x R™ -1 We formalize the transformation implemented by one layer of
the network with the following definition.

Definition 34. For a network with parameters (M, b), we define the family of
functions (ho, ..., hx—1) such that for all k € [0, K — 1], hy : R™+1 — R™ and for
all x € R™,

() o(MFz +bF) ifk#0
xTr) =
; MOz +10 i k=0.
The function implemented by the network is then
fM,b:hOOhlo"'th—l : R"6 — R™, (3A4)

The network with its parameters are represented in Figure 3.1 in the main part.
For all [ € [0, K — 1], we denote

M-St = (MO M MY

and
bt = (0,01, ..., b)),
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Remark 35. Since the vectorial ReLLU function is continuous piecewise linear, Propo-
sition 30 guarantees that the functions hj are continuous piecewise linear.

We now define a few more functions associated to a network.

Definition 36. For a network with parameters (M, b), we define the family of
functions (h§™, ..., R |) such that for all k € [0, K — 1], hbin : R™+1 — R™ and
for all x € R™+1,

hin(z) = MP*z + b*,

The functions hf,f" correspond to the linear part of the transformation imple-
mented by the network between two layers, before applying the activation o.

Definition 37. For a network with parameters (M, b), we define the family of
functions (fx, fx—1,---, fo) as follows:

— [k =idrnk,

—forallkze[[O,K—l]], fx=hgohgyio0---ohg_q.

Remark. In particular we have fo = fmb-

The function f; : R™% — R™ represents the transformation implemented by the
network between the input layer and the layer k.

Definition 38. For a network with parameters (M, b), we define the sequence
(90,---,9K) as follows:

— go = idgno,

— forall k € [1,K], gr=hoohio---0hg_1.

Remark. We have in particular

— 9k = m,b;

— for all k € [0, K], fmpb = 9k © fr-

The function g : R™ — R"™ represents the transformation implemented by the
network between the layer k and the output layer.

In this paper the functions implemented by the networks are considered on a
subset (2 C R™%. The successive layers of a network project this subset onto the
spaces R™  inducing a subset € of R™ for all k, as in the following definition.

Definition 39. For a network with parameters (M, b), for any Q C R"¥ | we denote
for all k € [0, K,

Q. = fe(52).

Definition 40. For a network with parameters (M, b), for all k£ € [2, K], for all
i € [[1,nk-1], we define

Hf ={z e R™, M 'z +bf~" =0}

Remark. When Mikfl % 0, the set HZ’g is a hyperplane.
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Remark 41. The objects defined in Definitions 34, 36, 37, 38, 39 and 40 all depend on
(M, b), but to simplify the notation we do not write it explicitly. To disambiguate
when manipulating a second network, whose parameters we will denote by (1\7[, f)),
we will denote by hy,, hLm, fk, G, Q and E’Zk the corresponding objects.

Proposition 42. For all k € [0, K], fx and g are continuous piecewise linear.

Proof. We show this by induction: for the initialisation we have fx = idrrnkx which
is continuous piecewise linear. Now let k£ € [0, K — 1] and assume fi 1 is continuous
piecewise linear. By definition, we have fr = hio fi11. The function hy is continuous
piecewise linear as noted in Remark 35. By Proposition 30, the composition of
two continuous piecewise linear functions is continuous piecewise linear, so fi is
continuous piecewise linear. The conclusion follows by induction.

We do the same for (go, ..., gr) starting with go: first we have gy = idgrno which
is continuous piecewise linear, then for all k£ € [1, K], we have g = gx—10hg_1, and
we conclude by composition of two continuous piecewise linear functions. O

Corollary 43. The function fmp s continuous piecewise linear.
Proof. It comes immediately from fyvp = fo and Proposition 42. O

Recall the definition of an admissible set with respect to a continuous piecewise
linear function (Definition 31). Proposition 42 allows the following definition.

Definition 44. Consider a network parameterization (M, b), and the functions g
associated to it. We say that a list of sets of closed polyhedra IT = (IIy, ..., Ix_1)
is admissible with respect to (M, b) iif for all k£ € [1, K —1], the set II, is admissible
with respect to gg.

Remark. For a list IT = (ITy,...,Ix_4), for all I € [1, K — 1], we denote TIS! =
(IIy,...,II;). If IT is admissible with respect to (M, b), then ITI= is admissible with
respect to (M=, b0,

Proposition 45. For any network parameterization (M, b), there always ezists a
list of sets of closed polyhedra 11 that is admissible with respect to (M, b).

Proof. For all k € [1, K — 1], since g, is continuous piecewise linear, Proposition 32
guarantees that there exists an admissible set of polyhedra II; with respect to g.
We simply define IT = (IIy, ..., [Ix_1). O

Definition 46. For a parameterization (M, b) and a list IT admissible with respect

o (M,b), for all k € [1, K — 1], for all D € IIj, since gy, is linear over D and D has
nonempty interior, we can define V(D) € R and ¢*(D) € R™ as the unique
couple that satisfies:

Ve e D, gi(z)=V*D)x+FD).

We now introduce the equivalence relation between parameterizations, often
referred to as equivalence modulo permutation and positive rescaling.
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Definition 47 (Equivalent parameterizations). If (M, b) and (M, b) are two net-
work parameterizations, we say that (M, b) is equivalent modulo permutation and
positive rescaling, or simply equivalent, to (1\7[, f)), and we write (M, b) ~ (1\71, 15), if
and only if there exist:
— a family of permutations ¢ = (¢0,...,¢K) € Gpy X -+ X &y, With g =
id1,no] ad @r = i1 ],
— a family of vectors A = (A%, AL, AK) € (R%)™ x - x (R%)"K, with
A = 1,, and NE = 1.,
such that for all k£ € [0, K — 1],

{\zk = Py, Diag(\*)M* Diag(A\**1) 1P L (3.A.5)
bF = P, Diag(\*)bF.

Remarks.

1. Recall that we denote by ﬁ the vector whose components are ﬁ Note

that Diag(\F+1)=1 = Diag(ﬁ). Using (3.A.2), for all k € [[6,K— 1],
(3.A.5) means that for all (z,7) € [1,ng] x [1,ng+1],

k
Vi )\90;:1(1') k
0, )\k+} R ORESN6)
)
and
Tk _ \k k
b= Aoty

2. We go from a parameterization to an equivalent one by:
— permuting the neurons of each hidden layer k with a permutation y;
— for each hidden layer k, multiplying all the weights of the edges arriving
(from the layer k 4+ 1) to the neuron j, as well as the bias b?, by some
positive number )\;? , and multiplying all the weights of the edges leaving
(towards the layer k — 1) the neuron j by %

Proposition 48. The relation ~ is an equivalence relation.

Proof. Let us first show the following equality, that we are going to use in the proof.
For any n e N*, A€ R" and ¢ € G,,,

Diag(\) P, = P, Diag(P, ' \). (3.A.6)

Indeed, Diag(\) P, is the matrix obtained by multiplying each line i of P, by A;, so
recalling (3.A.1), for all 4, j € [1,m], we have

N i o)) =i
0 otherwise.

(Diag(A) Py)ij = {
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At the same time, P, Diag(P; 1)) is the matrix obtained by multiplying each column
j of P, by (P;lA)j = Ay(j) (see (3.A.2) and (3.A.3)), so for all i, j € [1,m], we have

(P, Ding(P; X)), = {A*"“) o) =
0 otherwise.
The two matrices are clearly equal.
We can now show the proposition.
— To show reflexivity we can take \F = 1, and @y = id[y p,] for all k € [0, K.
— Let us show symmetry. Assume a parameterization (M, b) is equivalent to
another parameterization (1\71, B) Let us denote by ¢ and A the correspond-
ing families of permutations and vectors, as in Definition 47. Inverting the
expression of M* in Definition 47 and using (3.A.6) twice, we have for all
kelo, K —1]:

M* = P, Diag(\*")M* Diag(A\**")"' P |
< Diag(\*)"'P,'M"P,, ,, Diag(\**") = M*
<= P! Diag(P, \*)"'M"* Diag(P,,, , \*T")P,,,, = M,
so denoting @ = go,;l and \F = (Py AF)~1, and recalling that P%j = P;kl,
we have, for all k € [0, K — 1],
M* = Pj, Diag(\¥)M* Diag(A\F+1)~1 p2!

Ph+1"

We show similarly that for all k € [0, K — 1],
b* = P, Diag(\,)b".

We naturally have ¢g = id[1 no) and ¢x = id[1 ], as well as A0 = 1,, and
MNEC=1,,.
This proves the symmetry of the relation.
— Let us show transitivity. Assume (M,b), (M,b) and (M, b) are three pa-
rameterizations such that (M, b) ~ (M, b) and (M, b) ~ (M, b).
As in Definition 47, we denote by ¢, @, A and X the families of permu-
tations and vectors such that, for all k € [0, K — 1],

M* = P,, Diag(\*)M* Diag(A*+1)~1 P 1
bF = P, Diag(\F)b",

and

Mk = P, DiagN(S\RN)Mk Diag(S\kJrl)’1]:’5;4_1
b* = P, Diag(\*)bE.
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Combining these and using (3.A.6), we have
M* = Pj, Diag(A\*) P,, Diag(X*)M"* Diag(\**1) 7' P! Diag(A**!)~'P;! |
= P;, (Dlag()\k) ) Diag(A\*)M*

-1 _1

}3ﬁk+1

- Diag(A\*H1)~ (Dlag AP s0k+1)
=P, (Pgok Diag(Pso_klj\k)) Diag(\¥) M*

- Diag(\F1)~ (Pgé,,c+1
= Py, P,, Diag(P,'\) Diag(\")M

- Diag(A**1)~! Diag(P; L AFH)=1ps1l pol

PEk+1 Pr+1" Pr+1’

Diag(P;! )\’““)) Pt

Phk+1 Pk+1

and 1k Yk k\pk
b" = P, Diag(A\")P,, Diag(A")b

= P;, P,, Diag(P,'\*) Diag(A\")b".

Hence denoting ¢, = Propr, and \F = Diag(ng_klj\k))\k, for all k£ € [0, K7,
we see that, for k € [0, K — 1],

M* = Py, Diag(\*)M* Diag(A\*+1)~!p;!

Pk+1

and
V" = Py, Diag(\")b".
Naturally, we also have ¢ = id[y ,,,] and ¢x = ldﬂl nx]> as well as A\ = 1.,

and \¥ = 1,,,., which shows that (M, b) ~ (M, b).
O

Recall the objects hk,fk,gk,ﬂk,Hk associated to a parameterization (M, b)
defined in Definitions 34, 37, 38, 39 and 40, and recall that we denote by hy, fk, Gk Qk
and H k the corresponding objects with respect to another parameterization (M b)
We give in the following proposition the relations that link these objects when the
two parameterizations (M, b) and (M, b) are equivalent.

Proposition 49. Assume (M,b) ~ (M,b) and consider ¢ and A as in Definition

47. Let II be a list of sets of closed polyhedra that is admissible with respect to
(M, b). Then:

1. for all k € [0, K — 1],

hiy = P,, Diag(\*) o hy, o Diag(\F+1)~1p !

Pr+17

2. for all k € 0, K], i
fr = P,, Diag(X*) o fi, (3.A.7)
Jk = gk o Diag(\¥) "' P L,
Qi = P,, Diag(\*)Qy,
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3. for all k € [2,K], for alli € [1,nk_1],

HF = P,, Diag(\*)H*_,

Sokfl(i) ’

4. for all k € [1, K — 1], the set of closed polyhedra Ty, = {P,, Diag(\*)D, D €
11} is admissible for gy, i.e. the list IL = (111, ..., Ix_1) is admissible with
respect to (M, b).

Proof. 1. Let k € [0, K — 1]. If k # 0, we have from Definition 34:

hi(z) = o (M2 + %)
= o (P,, Diag(\*) M" Diag \**1) "' P! 2

Pk+1
+P,, Diag(\")b")
= o (P,, Diag(\") [M* Diag(\F*1) 71 P! 2 +5"]) .

Denote y := [Mk Diag(/\kﬂ)*lP@irl:U—Fbk}. Let i € [1,ng]. Using
(3.A.2) and the fact that )\’;,1
k

1S

0 is nonnegative, the i™ coordinate of hy(z)

hi(z); = [0 (ch Diag()\k)y)L =0 ([P@k Diag()\k)yL)

Finally, we find the expression of hy(z):

hi(w) = Py, Diag(\")o (y)
= P,, Diag(\")o (M" Diag \*t1) "' P! 2 +0F)
= P,, Diag(\*)hy, (Diag \*") 1P, L (2)).
This concludes the proof when k # 0.
The case k = 0 is proven similarly but replacing the ReLLU function o by
the identity.
2. — We prove by induction the expression of fk
For k = K, we have fK = fx = tdrrk, and since P, = Id
ME =1, the equality fx = P,, Diag(AX)fx holds.
Now let k € [0, K — 1]. Suppose the induction hypothesis is true for
fr+1. Using the expression of Ay we just proved in 1 and the induction

ng and
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hypothesis, we have

fk: = Bk ° fk+1
= (P,, Diag(\) o by o Diag( A1) 71 PJL Yo (P, ,, Diag(A*™) o frs1 )
= Py, Diag()\k) 0 hi © fr1
= P, Diag(\¥) o fy.

This concludes the induction.

— We prove similarly the expression of g, but starting from k = 0: first we
have gy = go = idgno, and then, for k € [0, K —1], we write gx11 = Grohg
and we use the induction hypothesis and the expression of h.

— Using the relation (3.A.7), that we just proved, we obtain

O = fu(Q) = P, Diag(A\*) fi(Q) = P, Diag(A\¥)Qy..
3. Let k € [2,K] and i € [1,ng_1]. For all z € R™ using (3.A.5) and (3.A.2),

ve it NF e+ B =0

1.

<
= |[P,,_, Diag(\* ")M" ! Diag(\*) "' P, }| i

+ [Py, Diag( X 1)pF 1] =0

k—1 k—1 : kEN—1p—1 k—1 k—1 _
= X oM o, D) TR e+ Xn b ) =0
k—1 k—1 : kN—1p—1 k—1 _
= e (Mso;_ll(i),- Diag(\")™ Fp, 'z + bw,;ﬂ(i)) =0
M1 Diae(Ne)—1p-1 k-1 _
— oL (), lag(A") Py, x + b%il(i) 0
: ky—1p—1 k
< Diag(\")" Pz € H

@kfl(i).
Thus, Hf = P,, Diag(\*)H*_, .
90)6,1(1)
4. For all D € II}, denote D = P,, Diag(\*)D. We have o, = {]_N), D e 11 }.
Let D € M. The matrix P,, Diag(A¥) is invertible so, according to
Proposition 26, D = P, Diag(A¥)D is a closed polyhedron, and since D # ()
we also have D # 0.

Now recall from Item 2 that:
gk = g © Dlag()\k)_lp(p_kl

For all z € D, we have Diag()\k)*lP;klx € D. Since II; is admissible with

respect to gx (by definition of IT), g is linear on D, and thus the function
gr, is linear on D.
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Again, since IIj, is admissible with respect to g, we have |J per, D = R™,
and thus

U D= |J P, Diag(\*)D
Deﬁk Dell,

= P, Diag(\*) | |J D
Delly

= P,, Diag(\") (R™)

pu— Rm’

which shows that IIj; is admissible with respect to G-

This being true for any k € [1, K — 1], we conclude that IT is admissible
with respect to (M, b).
O

Corollary 50. If (M,b) ~ (M, B), then fmpb = frri:

Proof. Consider ¢ and A as in Definition 47. Looking at (3.A.7) for k¥ = 0, and
using the fact that fo = fmp and fo = fg;, we obtain from Proposition 49

fxt = Poo Diag(\°) farp-

By definition of ¢ and A, we have P,, = Id,, and A’ = 1,,,, so we can finally
conclude:

Jsig = fMb-

)

O

Definition 51. We say that (M, b) is normalized if for all k£ € [1, K — 1], for all
i € [1,ng], we have:
1M || = 1.

Proposition 52. If (M,b) satisfies, for all k € [1,K — 1], for all i € [1,nx],
Mlk # 0, then there exists an equivalent parameterization (M, b) that is normalized.

Proof. We define recursively the family (A%, A!,... AK) € (RE)™0 x -+ x (RE)"K
by:
— for all k € [1, K — 1], for all ¢ € [1,ng],

" ||ME Diag(AH) 71|
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Consider the parameterization (M, b) defined by, for all k € [0, K — 1]:

MF* = Diag(\*)M* Diag(\F+1)~1
b* = Diag(\F)bF.

The parameterization is, by definition, equivalent to (M, b), and, for all k£ €
[1, K — 1], for all i € [1, ng]:
425 ]| = || [Diag(\*)M* Diag(X*+1) 1] |
— |tk Diag )|

1
= . M} Diag(AFH)~!
IV Diag(AF+H1) =1

=1
O

Proposition 53. If (M, b) and (1\71, 1t~)) are both normalized, then they are equivalent
if and only if there exists a family of permutations (o, ..., 0K) € Gpy X -+ X &y,
with o = id]y py) and @i = id[y p, ], such that for all k € [0, K —1]:

Tk kp—1

M* =P, M*P; (3.A8)

W= P, b o
I R

Proof. Assume (M, b) and (M,b) are equivalent. Then there exist a family of
permutations (o, . .., ¢x) € Spy X -+ X &y, and a family (A, ..., AK) € (R%)™0 x
-+ x (R%)™ as in Definition 47.

Let us prove by induction that \* = 1,,, for all k € [0, K].

For k = K it is true by Definition 47.

Let k € [1, K —1], and suppose A*™! = 1, ... This means Diag(\*™) = Id,, ,, .
Let i € [1,ng]. Since (M, b) is normalized, HMZ’“H = 1. Since P! is a permutation

Pk+1

matrix, it is orthogonal so ]\MfP;lirl|| = ||M,ITH = 1. Recalling (3.A.5) and using

the fact that (M, b) is normalized, that Diag(A\¥+1) = Id
we have:

ness and that AP is positive,

L= |[Mg, ), || = MM Diag(A*F) 1R |

PE+1
k k p—
- )‘i HMi,.Pgok,l_H H
=\

This shows \F = 1,,.
The case k = 0 is also true by Definition 47.
Equation (3.A.5) with \¥ = 1,,, for all k € [0, K] is precisely equation (3.A.8).
The reciprocal is clear: (3.A.8) is a particular case of (3.A.5) with \¥ =1,,. O



106 Chapter 3. Parameter identifiability of a deep ReLU network

3.B Main theorem

In Appendix 3.B, we prove the main theorem using the notations and results of
Appendix 3.A, and admitting Lemma 63, which is proven in Appendix 3.C.

More precisely, we begin by stating the conditions C and P in Section 3.B.1, we
then state our main result, which is Theorem 61, in Section 3.B.2, and we give a
consequence of this result in terms of risk minimization, which is Corollary 62, in
Section 3.B.3. Finally we prove Theorem 61 and Corollary 62 in Sections 3.B.4 and
3.B.5 respectively.

3.B.1 Conditions

Assume g : R™ — R"™ is a continuous piecewise linear function, II is a set of
closed polyhedra admissible with respect to g, and let @ C R!, M € R™*! and
beR™

We define

h: Rl — Rm™
x — o(Mz+0D)
and
plin: RY — R™
x +— Mx+b.

Definition 54. For all i € [1,m], we denote E; = {z € R™, z; = 0}.

Definition 55. Let D € II. The function g coincides with a linear function on D.
Since the interior of D is nonempty, we define V(D) € R™™ and ¢(D) € R" as the
unique couple satisfying, for all z € D:

g(z) =V(D)x + ¢(D).

Definition 56. We say that (g, M, b, Q, II) satisfies the conditions C iif:
C.a) M is full row rank;
C.b) for all i € [1,m], there exists = € € such that

M; x4+ b; =0,

or equivalently,
E; N hhn(Q) ?é @;

C.c) for all D €11, for all i € [1,m], if E; N DN h(Q) # 0 then V_;(D) # 0;
C.d) for any affine hyperplane H C R/,

HnQ ¢ | ) on (D).

Dell

Definition 57. For all k € [1, K — 1], for all i € [1,n;], we denote EF = {z €
Rnk,ﬂfi = 0}
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We now state the conditions P (already stated in the main text in Definition
15).

Definition 58. We say that (M, b, Q, IT) satisfies the conditions P iif for all k €
[, K —1], (gr, M*,b*, Q. 1, 1I;) satisfies the conditions C.

Explicitly, for all k& € [1, K — 1], the conditions are the following:

P.a) MF is full row rank;

P.b) for all i € [1,n;], there exists € Q41 such that

Mz +bf =0,

or equivalently

EF N h%”(ﬁkﬂ) # 0

P.c) for all D € Iy, for all i € [1,ng], if E¥ N DN Qy # () then VkZ(D) # 0;
P.d) for any affine hyperplane H C R™+1,

Hnwa ¢ | ong' (D).
DEI_[]C

Remark 59. The condition P.b) implies that for all k € [1, K — 1], Q41 # 0, and
in particular for £k = K — 1, the set ) = Qx has nonempty interior.

The following proposition shows that the conditions P are stable modulo per-
mutation and positive rescaling, as defined in Definition 47.

Proposition 60. Suppose (M,b) and (M, b) are two equivalent network parame-
terizations, and suppose (M, b, Q,II) satisfies the conditions P. Then, if we define
IT as in Item 4 of Proposition 49, (M, b, Q,II) satisfies the conditions P.

Proof. Since (M, b) and (M, b) are equivalent, by Definition 47 there exist
— a family of permutations (o, ..., pK) € Gpy X -+ X Gy, With o = id[y 5]
and YK = id[ﬂmxﬂ’
— afamily (A%, AL, . A E) € (R%)™0 x -+« x (R%)"F, with A = 1,,, and A\F =
Loy,
such that
Tk _ : k k 1); k+1\-1p—1
{\J = Py, Diag(\") M" Diag(\*)~' P2 L | (3B.1)
v* = P, Diag(\F)bF.

Let £ € [1,K —1]. We know the conditions P.a) — P.d) are satisfied by
(gr, M* 0% Q1 1,111), let us show they are satisfied by (g, M*, v, Qir1, y).

P.a) Since M* satisfies P.a), it is full row rank, and using (3.B.1) and the fact
that the matrices P,,, Diag(A¥), Diag(A\¥+1)~! and P;;H are invertible, we
see that MF is full row rank.

P.b) Leti € [1,n4]. Since (g, M*, b, Qp41,10;) satisfies the condition P.b), we
can choose x € Qkﬂ such that

MF

b (i)“x—&—bk,l = 0. (3.B.2)

P (7')
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Recall from Proposition 49 that

Qkr1 = Py, Diag(A Q1.
Since Py, Diag(/\kH) is an invertible matrix, it induces an homeomorphism

on R™+1 and thus this identity also holds for the interiors:

Qut1 = Py, ,, Diag(\F ) Q4.

Pr+1

Given that 2 € Q4 1, defining y = P,, ., Diag(A\*1)z, we have y € Q1.

Using (3.B.1), (3.A.2) and (3.B.2), we have

MYy +bf = [Py, Diag(\*)M* Diag (A1) 7' P, L Li,y + [Py, Diag(\*)b"];

Pk+1
= [Diag(\¥)M* Diag(/\kJ“l)_lPS;lirl](p;l i)Y+ [Diag(Ak)b’“]%l(i)
__ 1k k : k+1\—-1p—1 k k
= Aot Mep o, DiasN) TPl A b
__ 1k k k k
=Moo T Aol
~o.

We showed that there exists y € Qk+1 such that
Mikf.y + l;f =0,

which concludes the proof of P.b).
P.c) Let Delandie [1,ng]]. Suppose Ezk NnDN ﬁk(QkH) # (), and let us
show fflk’ (D) #0.
Let © € Qpyq such that y(z) € EF N D. Inverting the equalities of
Proposition 49 we get

o hj, = Diag(A\¥)"1P 1hy 0 P, ., Diag(AF+1),
k+1 k+1\—1p—-1 frk+1

o ngl(i) = Diag(\"") cht1Hi ,

o Qpy1 = Diag(W )R Q.

Denote D = Diag(/\k)*lPs;le. Since IIj, has been defined as in Item 4
of Proposition 49, we know that D € II;. Let y = Diag()\k“)_lPS;lex. Let
us prove that hy(y) € Egk(z')*l N D N hk(Qgy1).

Since x € Q1, we see that y € Qxy1, so hx(y) € hr(Qxy1).

We also have

hi(y) = Diag(\*) ' P 'hy, o P,
= Diag(\") ' P, 'y, (@)

Diag(\*11) (Diag()\k+1)_1P_1 x)

k+1 P41

which shows, since hi(z) € D, that hy(y) € D.
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Since, by hypothesis, hy(z) € EF, using (3.A.2) and (3.A.3), we have

(W) = [DiagV) Py (@)]

k Pk =1
Aot 0
1 -

= \E ( k(x)%
0

=0.

This proves that hy(y) € EZ,l(i).
We proved that *
hk(y) € E:Z_l(i) NnDN hk(Qk+1),

k

which shows this intersection is not empty. Since (gg, M*, b, Qp 1 1,1I;) sat-
isfies P.c), we have V’fp_l(i)(D) #0.
Pr
Since, according to proposition 49,
g = gi o Diag(\*) "' P,
we deduce:
V¥(D) = V¥(D) Diag(\") ' P . (3.B.3)
For a matrix A and a permutation ¢, we have [P,Al;. = A -1(;,, so by
taking the transpose, we see that [ATPJI]_,i = (AT)-,sO‘l(i)'
Taking the i*" column of (3.B.3), we thus obtain

1 k

P Vet
Pr (Z)

VE(D) = [V¥(D) Diag(\*) "' P} (D),

which shows that f/kZ(D) # 0.
P.d) Let H C R™+! be an affine hyperplane. Denote H = Diag(AFt1)~1P1 F.

Pk+1
Since P.d) holds for (gg, M*,b* Qpyq,111), using Item 2 of Proposition 49,
we have
~ 2 . . k+1 o
HN Qe = P, Diag(\¥*) (H N Q)

¢ P, Diag WY | ] on, (D)

Delly
= |J Py, Diag(\"*!)on, (D). (3.B.4)
Delly,
For all k, P,, ., Diag(A**1!) is an invertible matrix, so it induces an homeo-
morphism of R™+1, We thus have
P,,,, Diag(\*t1)oh 1 (D) = 0 (P,,,, Diag(\* )R, 1(D)).  (3.B.5)



110 Chapter 3. Parameter identifiability of a deep ReLU network

Furthermore, by Item 1 of Proposition 49, we have hy = Py, Diag()\k)hlyC o
Diag(\F1)~1P1 50

Prk+1"

h,'=P

Pk+1

Diag(A\"1)h; ! o Diag(A\F) 1P 1,

and since D = P, Diag(\*)D,

h,'(D) =P

Ph+1

Diag(\** 1A, (D). (3.B.6)
Combining (3.B.5) and (3.B.6), we obtain

P,

Pr+1

Diag(\**1)oh 1 (D) = oh; ' (D),
and we can thus reformulate (3.B.4) as

HnQ ¢ |J ok (D).
DGﬁk

3.B.2 Identifiability statement

We restate here the main theorem, already stated as Theorem 17 in the main
part of the article.

Theorem 61. Let K € N, K > 2. Suppose we are given two networks with K layers,
identical number of neurons per layer, and with respective parameters (M,b) and
(M, f)) Assume II and II are two lists of sets of closed polyhedra that are admissible
with respect to (M, b) and (1\71, B) respectively. Denote by ng the number of neurons
of the input layer, and suppose we are given a set Q@ C R™5 such that (M, b, Q, IT)
and (1\7[, b, Q, I:I) satisfy the conditions P, and such that, for all x € Q:

Svp (@) = fyp(@).

Then:
(M,b) ~ (M, b).

3.B.3 An application to risk minimization

We restate here the consequence of the main result in terms of minimization of
the population risk, already stated as Corollary 18 in the main part.

Assume we are given a couple of input-output variables (X,Y’) generated by a
ground truth network with parameters (M, b):

Y = famp(X).

We can use Theorem 61 to show that the only way to bring the population
risk to 0 is to find the ground truth parameters -modulo permutation and positive
rescaling.
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Indeed, let Q C R™K be a domain that is contained in the support of X, and
suppose L : R™ x R™ — R, is a loss function such that L(y,y') =0 =y = v
Consider the population risk:

R(M. b) = E[L(fg 5(X),Y)]-

)

We have the following result.

Corollary 62. Suppose there exists a list of sets of closed polyhedra II admissible
with respect to (M, b) such that (M, b, Q,II) satisfies the conditions P.

If (1\7[, f)) s also such that there exists a list of sets of closed polyhedra II admis-
sible with respect to (M,f)) such that (1\71, b, Q,l:I) satisfies the conditions P, and if
(M, b) & (M, b), then:

R(M,b) > 0.

3.B.4 Proof of Theorem 61

To prove Theorem 61, we can assume the parameterizations (M, b) and (M, b)
are normalized. Indeed, if they are not, by Proposition 52 there exist a normalized
parameterization (M', b’) equivalent to (M, b) and a normalized parameterization
(M’ b/ ) equivalent to (1\7[, 15) Note that we can apply Proposition 52 because M*
and M* are full row rank (condition P.a)) for all k € [1, K — 1] so their lines are
always nonzero. We derive IT" from IT and IT from IT as in Item 4 of Proposition
49. By Proposition 60, (M/,b’,Q,II') and (M, b/, €, I:I/) also satisfy the conditions
P. By Corollary 50, fmrp = fm,p and fl\?[QB’ = f1\7[,13> so we have, for all x € (2:

Sy () = fyp (%)

(M, b/, Q,IT) and (M, b, Q, IT’) satisfy the hypotheses of Theorem 61. If we
are able to show that (M’, b’) ~ (M, b’), then (M, b) ~ (M, b) follows immediately
from the transitivity of the equivalence relation, proven in Proposition 48.

Thus in the proof (M, b) and (M, b) will be assumed to be normalized.

To prove the theorem, we need the following fundamental lemma (already stated
as Lemma 24 in the main text), that is proven in Appendix 3.C.

Lemma 63. Let I,m,n € N*. Suppose g,g : R™ — R™ are continuous piecewise
linear functions, Q@ C R! is a subset and let M,M € R™! b b € R™. Denote
h:xzw— o(Mz+b) and h : x — o(Mxz +b). Assume I and 1 are two sets of
polyhedra admissible with respect to g and g respectively as in Definition 31.

Suppose (g, M,b,Q,1I) and (g, M,b,Q,1I) satisfy the conditions C, and for all
(S Hlvm]]7 HMZ,H = HMZ,” =1

Suppose for all x € Q)

goh(x) = Goh(z).

Then, there exists a permutation ¢ € G,y,, such that:
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— M = P,M;

— b= PF,b;

— g and go P, coincide on h(2).

Proof of Theorem 61. We prove the theorem by induction on K.

Initialization. Assume here K = 2. We are going to apply Lemma 63.
Since (M, b, Q,IT) and (M, b, 2, II) satisfy the conditions P, by definition, both
(g1, M*, b1, Qo, T11) and (g1, M*, b, Qo, 111 ) satisfy the conditions C (note that s =
Qs = Q). The network is normalized, so we have, for all i € [1,n4],

1M = ||V || = 1.
By the assumptions of Theorem 61, for all x € §,

g1ohi(x) = fan (@) = fg (@) = §i o hu(z).

We can thus apply Lemma 63, which shows that there exists a permutation ¢ € &,
such that

— M'=P,MY

— bl = Pyl

— g1 and gy o P, coincide on hy(£2).

Recall from Definition 40 that for all ¢ € [1,n;], we denote

H} ={x € R™, M} x+b; =0}.
Let (v1,...,vn,) be the canonical basis of R™. Let us show that for all ¢ € [1,n;],
Movi = MOPWUZ-.

Let i € [1,n1]. By P.b), H? nQ # (). Since M is full row rank by P.a), none of the
hyperplanes H ]2 , with j # 4, is parallel to H2. As a consequence, the intersections
HZ2 NnH ]2 have Hausdorff dimension smaller than no — 2, so there exists x € Qn
H2\ (U#i H]2), and € > 0 such that B(z,e) N Hj2 = for all j # 4. Let u be a unit
vector such that Mjlu = 0 for all j # i and leu = a > 0 (this is possible again
since M is full row rank).

For all j € [1,n1]\{i}, we have

U(Mjl,,(x + eu) + bjl) —o(Mj x+bj) = o(M; x+bj) — U(Mjl’.l' + bjl) = 0.
At the same time, we have
o(M} (x4 eu) + b)) — o(M} x4+ b)) = M} (x+ eu) + bj — M} z + b}
- €MZ:EU
= ea.
Summarizing,
hi(z 4 eu) — hy(x) = o(MY(z + eu) + b)) — o(M'z + b)

= eau;.
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Let us denote ya = hi(x +eu) € h1 () and y1 = hi(x) € hi1 (). We have shown
Y2 — Y1 = eawy, and since g1 and g1 o P, coincide on hq(€2), we have

91(y2) — g1(y1) = g1 0 Po(y2) — g1 0 Po(v1)
= M°(y2— 1) = M°Py(y2 — 1)
— eaM; = eaMOPwvi
<~ MOUZ' = ]\ZfOP@vi.

Since this last equality holds for any i € [1,n1], we conclude that
M° = M°P,,
and using one last time that g; and g; o P, coincide on h(£2), we obtain
B =30,

i.e. we have shown
MO — pop-1
©
0 =10,

Defining P,, = P,, P,, = Id,, and P,, = Id,,, we can use Proposition 53 to
conclude that
(M, b) ~ (M, b).

Induction step. Let K > 3 be an integer. Suppose Theorem 61 is true for all
networks with K — 1 layers.

Consider two networks with parameters (M, b) and (1\~/I, B), with K layers and,
for all k& € [0, K], same number nj, of neurons per layer. Let IT and IT be two list of
sets of closed polyhedra that are admissible with respect to (M, b) and (M, b) re-
spectively (Definition 44), and let Q C R™¥ such that (M, b, Q, IT) and (1\~/I7 b, 0, l:I)
satisfy the conditions P and fyp and f1\7[,5 coincide on ).

Recall the functions hj and gj associated to (M, b), defined in Definition 34 and
Definition 38 respectively, and the corresponding functions hy, and Ji. associated to
(M, b).

We have two matrices ME~1 and ME-1 ¢ R -1X"K  two vectors b1 and
pE-1 ¢ R™s -1 two functions gx_1 and §g_1 : R"6-1 — R™  two sets [Ix_1 and
IZIK,l such that:

— Vo € Q, gk-10hg-1(z) = gr(z) = fmp(@) = fyp@) = gx(z) =

gr—10hrx_1(x), .

— g1 and gg_1 are continuous piecewise linear, and IIx_q and Ilgx_q are

admissible with respect to gx—1 and g1 respectively,

— (9K—1, ]\4K717 bKil, Q, HK—l) and (QK_l, MKil, i)Kﬁl, Q, ﬁK—l) satisfy the

conditions C,
— Vi€ [Lnga], [ME = IMET =1
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The third point comes from the fact that the conditions P hold for (M, b, Q, IT)
and (M, b, Q, IT), and the fourth point comes from the fact that (M, b) and (M, b)
are normalized.

Thus, the objects gr_1, Gr—1, ME=L pE=1 ME-1 pE-1 11, | and Ix_; sat-

isfy the hypotheses of Lemma 63 and hence there exists ¢ € &,,,. , such that
MK—I - p MK_l,
- ? (3.B.7)
bel — P[pbel,

and gx_1 and gg_1 o P, coincide on Q.

Let us denote M* = (MY, ..., ME=3, MK*ZPSZI). The functions gK_longl and
Jix—1 are implemented by two networks with K —1 layers, indexed from K —1 up to
0, with parameters (M*, bSX~2) and (MSK—Q,BSK_Q) respectively. The previous
paragraph shows these functions coincide on P,{x_1. Recalling the definition of
Qx_1 and since, by (3.B.7), fK_l =hyg_1 = Pyhg 1, we have

Qr-1 = fr-1(Q) = Pohx_1(Q) = P,.Qx 1,

i.e. the functions g1 o Pgl = fM*7b§K—2 and gx_1 = fMSK*Z,BSK*2 coincide on
QK—L

Since (M, b, Q,II) and (1\7[,5,(2,1:[) satisfy the conditions P, we know that
(gi, M* 0% Qi 1, 11;) and (Gg, MF, v, Qi I1;,) satisfy the conditions C for all k €
[1, K — 1] so in particular these conditions are satisfied for k € [1, K — 2], so
(MSEK=2 b=K=2 Qp | TISE=2) and (1\~/I§K_2,B§K_2,QK_l,l:ISK_Z)) satisfy the
conditions P.

Let us verify that (M*, bSK—2 QK_l,HSK_g) also satisfies the conditions P.
Indeed, the only thing that differs from (MSK=2 b<K-2 Q| TIS52) is Qp_,
and the weights M*5~2 between the layer K — 1 and the layer K — 2. Writing
that M*K=2 = ME=2p>1 hy ) = hg_p0 Pl Q1 = PQg_1 and H* 7! =
PgoHinl, let us check, one by one, that the conditions C.a) — C.d) also hold for
(9 —2, MFE=2 052 Qpe 1 Tl o).

Indeed P ! is invertible, so M*5~2 is full row rank and C.a) holds.

If 2 € ) satisfies Mff_zaf +b572 = 0, we define W™, (z) = M*K =22 4 bK2 we

lin

*lin —1
have hp'", = hy 5 0 PSO , SO

B i Q1) = Ei 0 R o(Qc1) # 0,

and C.b) is satisfied.

Similarly, the observation h*K_Q(QK_l) = hg_2(Qx_1) yields C.c).

Finally, assume H* C R"%-1 is an affine hyperplane. Let H = P;lﬂ*. We have
by hypothesis

HnQxa ¢ ) ohg,(D),
Dellg_o
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thus i
H* HQK_l = ng (Hﬂ QK—l)

7P, |J ohglu(D)

Dellg o

= |J a(Phgl,(D)).

Dellg_o
For all D € IIx_5 we have
Pohico(D) = Pply, hix—-2(y) € D}
= S0{]3(;1:13, hyg_90 P@_l(x) € D}
={z, hi_o(x) € D}
= h?j2(D)-

Therefore,

H*NQx1= ] ohyly(D),
Dellg_o

which proves C.d).

Since the rest stays unchanged, we can conclude.

The induction hypothesis can thus be applied to (M*,bSK*Z,QK_l,HSK_Q)
and (MSK-2 psK-2 O | I:ISK_z), to obtain:

(M* bSK*Q) ~ (MSK*2 B§K72)‘
Since we also have
Vk € [[17K— 3]]7 Vi€ Hl,nk]], HM:kH = HMZk,:H =1 and HlefH =1,

Vi€ [Lnk-o], IM;E72 = IMETPP = [MET?[ =1 and |IMS7?) =1,

Proposition 53 shows that there exists a family of permutations (¢g,...,px-1) €
Gpy X -+ X Bpype,, With ¢ = id[[l,no]] and pr_1 = z'd[[17nK71]], such that:

MF =P, M*P;l =P, MFP!

VEe[0.K —3], - Prt1 Prt1 3.B.8
ool {350 355)
and:
MK—Q — PSOK_2M*K—2P¢—;71 — PADK—2 (MK_QPgo_l)Pgo_;,l — P¢K_2MK_2P<;1
K2 = p,, bK2,
(3.B.9)

We can define (¢, ..., Yx) € Gp, X -+ X &y by:

— Yo = W1 o]y YK = U1 ng]s

— Yr_1 =¥
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and using (3.B.8), (3.B.9) and (3.B.7) altogether, we then have, for all £ €
[0, K —1]:
Tk _ kp—1
{W o PwkM P¢k+1
b = Py, b".

It follows from Proposition 53 that (M,b) ~ (M, b).

3.B.5 Proof of Corollary 62

Theorem 62 is an immediate consequence of Theorem 61.

Since (M, b, Q,II) and (1\7[, b, Q, ﬁ) satisfy the conditions P and (M,b) #
(M, b), the contrapositive of Theorem 61 shows that there exists z € € such that
fmb(x) # fMﬁ(x). The function fyvp — fM,B is continuous so there exists r > 0
such that for all u € B(z,r), fmp(w) # fypp(w) so L(fvb(w), fypp(w) > 0. Since
Q) is included in the support of X and x € (), denoting Px the law of X we have
Px(B(x,r)) > 0 and thus

R(M, b) = E[L(fg 5(X), fmp(X))]
(

L(fvp(w), fypp(w)dPx (u)

Y

B(z,r)

Vv
o

3.C Proof of Lemma 63

In this section we prove Lemma 63.

Let (g, M,b,Q,1I) and (g,M,l;,Q,fI) be as in the lemma. In particular, we
assume they satisfy the conditions C all along Appendix 3.C.

We denote, for all z € R:

f(x) =g (o(Mz +0)).

Recall that, for all z € R!, h(z) = o(Mx + b) and h(z) = o(Mz + b).

Recall that, as in Definition 40, we define for all i € [1,m] the sets H; = {x €
R! M; x +b; =0} and H, = {z e RV, ML.JJ + b = 0}. By condition C.a), for all
ie[l,m], M; # 0 and ]\;[Z # 0 so H; and H; are hyperplanes.

Recall that for all D € II, we define V(D) € R™™ and ¢(D) € R" as in
Definition 55, and similarly for all D € II, we define V(D) € R™*™ and &D) € R™
associated to g.

We now define s : R! — {0,1}™ as follows:

Vi € [1,m], (3.C.1)

() 1 if M; x+b;>0
si(x) ==
’ 0 otherwise.
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We define similarly 3 for (M, b). We thus have, for all i € [1,m],
o(Mi.x +b;) = si(x)(M;,.x + b;)
and
U(Mz‘”x + bz) = §Z($)(Mz,x + bz)
Let D € II. For all y € D, we have, by definition,
9(y) =V (D)y + (D),
thus, for all z € h=(D),
fle) =V
=V

—~

D)h(z) + ¢(D)
D)o(Mz +b) + ¢(D)

I
Mz =

V k(D)Sk(:E)(Mk,ZL‘ + b) + (D). (3.C.2)

2]

B
Il

1
Similarly, for all D € I, for all z € h~ (D),
F@) =YV (D)ér(z)(My,x + by) + &(D). (3.C.3)
k=1

o

—_——
Proposition 64. Let D € II. For all i € [1,m], for all x € H; N h~ (D) N

Q\ (Uk#l Hk), f is not differentiable at the point x.
f—,OH °
Proof. Let i € [1,m] and suppose € H;Nh~1(D)NQ\ (Uk;,£Z Hk> Let us consider
the function ¢ — f(x + tMZT) Since x € H; and || M;_|| =1 by hypothesis,
M; (z+tM; 7))+ by = tM; M; T+ Mz + b =t| M; ||* =t. (3.C.4)
Given the definition of s in (3.C.1), we thus have

1 ift>0
si(z+tM; 1) = Sh=
b 0 ift<0.

[¢]

—_——
Since # € h™!(D) which is an open set, for ¢ small enough we have z + tMi“T €

o

——
h~1(D) and thus, using (3.C.2) and (3.C.4),

fla+tm, T ka Jsu(@ +tM; T) (My, (v +tM; T) + by ) + (D)

D hti Vor(D)sg(x + M, T) (Mkz(JU +tM; 7)) + bk)
+¢(D) + tV_4(D) ift>0
Y ks Var(D)si(@ +tM; T) (My, (w + M, T) + by, )
+c¢(D) ift <0.
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Since x does not belong to any of the hyperplanes Hy, for k # ¢, which are closed,
there exists € > 0 such that for all t € | — ¢, ¢[ and for all k¥ # i, x + tMi’.T ¢ Hjy.
Therefore, for all t € | — €, ¢[, for all k € [1,m]\{i}, sx(z + tMlT) = s(x) and

> ti Vo (D)si(@) (M, (2 + tM; T) + by) + ¢(D)
fla+tM;T) = § +tVi(D) it >0
S ki Vok(D)sp(@) (My, (x + tM; T) + b)) + (D) if £ <0.

The right derivative of t — f(z + tMi’.T) at 0 is:

> Voe(D)sp(x) My, M; T+ V(D).
k#i
The left derivative of t — f(z + tMifF) at 0 is:

> Voe(D)sp(x) My, M; T
k#i
Since z € H; Nh~1(D) N, we have h(x) € E; N D N () so the condition C.c)
implies that V. ;(D) # 0. We conclude that the left and right derivatives at z do not
coincide and thus f is not differentiable at x. O

o

——
Lemma 65. Let D € TI. For all x € h™'(D) \ (UI", H;), there exists r > 0 such

that f is differentiable on B(x,r).

[¢]

—_—
Proof. Consider z € h~Y(D) \ (U, H;). Since the hyperplanes H; are closed,

——
there exists a ball B(z,r) C h~!(D) such that for all i € [1,m], B(z,r) N H; = 0.
As a consequence, for all y € B(z,r), s(y) = s(z). Using (3.C.2) we get, for all
y € B(z,m),

Zv (M;, y + b;) + ¢(D).

The right side of this equahty is affine in the variable y, so f is differentiable on
B(z,r). O

Lemma 66. Let v : Rl — R™ be a continuous piecewise linear function. Let P
be a finite set of polyhedra of R™ such that \Jpep D = R™. Let Ay,...As be a
set of hyperplanes such that |Jpcp Oy YD) C Up_y Ak (Proposition 33 shows the
existence of such hyperplanes). Let H be an affine hyperplane and a € R, b € R
such that H = {x € R, aTx +b=0}. Denote I = {k € [1,s],A, = H}. Letx € H
such that for all k € [1,s]\I, © ¢ Ay. Then there exists r > 0, D_ and Dy € P
(not necessarily distinct) such that

B(x,r)ﬁ{yeRl,aTy+b<0} C 7_1(D,)
B(z,r)n{yeRaly+b>0} < ~y7Y(Dy).
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Proof. Let r > 0 such that

B(z,r)N (U Ak) =0.

kel

B(z,7)\H has two connected components: B_ = B(x,r) N {y € R, aTy + b < 0}
and By = B(z,7) N {y € R, a”y +b > 0}. The set B_ (resp. B,) is convex as an
intersection of two convex sets.

Since (Jpep D = R™, there exists D_ € P such that v~ 1 (D_)NB_ # (. Let us
show that

B_ c v (D).

Indeed, B_ N (ngﬂ Ag) =0 and B_NH =0 so B_N (Uges Ar) = 0, therefore

we have
S
B_nN ( U 87_1(D)) c B_n (U Ak> = 0.
DeP k=1
In particular, B_Ndy~H(D_) =0. Let Y =~y~1(D_)NB_. Let us denote by dp_Y
the topological boundary of Y with respect to the topology of B_. Let us show the
following inclusion:

oY C oy ' (D_)nB_.

Indeed, let y € dp_Y. By definition, there exist two sequences (u,) and (vy)
such that v, € Y, v, € B_\Y, and both w, and v, tend to y. In particular,
u, € y"YD_) and v, € R\y"1(D_), so y € 9y"1(D_). Since y € B_, we have
yeoy (D)NB_.
This shows dg_Y = (), and as a consequence Y is open and closed in B_. Since
B_ is connex and Y is not empty, we conclude that Y = B_,ie. B_ C v Y(D_).
We show similarly that there exists D, € IT such that By C v~ 1(Dy). O

Proposition 67. There exists a bijection ¢ € &, such that for all i € [1,m],
H’Z - H 71(1').

Proof. We denote by X the set of all points of Q at which f is not differentiable.
We denote by G the set of all hyperplanes of R'. We denote H = {H € G, HN O =+
P and HNQ C X}. We want to show H = {H;,i € [1,m]}.

Indeed, once this established, since H only depends on € and f, we also have
H = {H;,i € [1,m]}, and thus {H;,i € [1,m]} = {H;,i € [1,m]}. Since, using
C.a), for all i,7, i # j, we have H; # H; and H; =+ flj, we can conclude that there
exists a permutation ¢ € &, such that, for all ¢ € [1,m], H; = H-1().

— Let us show H C {H;,i € [1,m]}.

To begin, let us show that X NQ C Upen 0h H(D)UUL, H;. Let z € XN Q.
Let D e II such that h(x) € D. Since z € X, there does not exist any r > 0
such that f is differentiable on B(z,7). The contrapositive of Lemma 65 shows that
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o o

— —
z ¢ h 1 (D)\ (U, Hi), so either x € U" H; or z ¢ h™'(D). In the latter case,
——

since € h~1(D) by definition of D, we have 2 € h=*(D)\h~1(D) c dh~Y(D).
This shows:

Xna c |Joni(pyulJH: (3.C.5)
Dell =1

Let H € H. We are going to show that there exists ¢ € [1, m] such that H = H;.
We know by condition C.d that H N Q ¢ Jpey O '(D). Let z € (H N
O\ (Upen 0 1(D)). The set pe @h (D) is closed, so there exists a ball

Bz, r) C O\ < U ahl(D>> . (3.C.6)

Dell
By definition of H, ] )
HNnQ Cc XNQ,
so using the fact that B(z,r) C £ we have:
B(z,r)NH = B(z,r)NHNQ C B(z,r)NX N
Thus, using (3.C.5),

B(z,r)NH C B(z,r)NX NN

c B(z,r)N < J on~'(D)u 6 H)
=1

Dell
= (B(x,r) n U 8h1(D)> U (B(w) n GH> )
Dell =1

and since by (3.C.6) the first set of the last equality is empty, we have

B(z,r)NH C B(z,r)N U H;.
i=1

Therefore,

B(zx,r)NH = (B(z,7)NH)N (B(J:,r) N GH’>

=1

m
= B(z,r)NHN UHZ
i=1

m
=B(z,r)n|JHNH).
i=1
Assume, by contradiction, that for all i« € [1,m] we have H # H;. Then
H N H; is an affine space of dimension less or equal to [ — 2 so it has Hausdorff
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dimension smaller or equal to [ — 2. A finite union of sets of Hausdorfl dimension
smaller or equal to [ — 2 has Hausdorff dimension smaller or equal to [ — 2. Thus,
B(z,r)NH = B(z,r)NJ", (H N H;) has Hausdorfl dimension smaller or equal to
[ — 2, which is absurd since x € H so B(z,r) N H has Hausdorff dimension | — 1.
Hence there exists ¢ € [1, m] such that H = H;.

We have shown

M {H,ie[1,m]). (3.C.7)

— Let us show {H;,i € [1,m]} C H.

Let i € [1,m]. Let us prove H; € H.

First, by condition C.b) we know that E; N h!" () # 0, so there exists # €
such that h'""(z) € E;. Since h'(z) = Mx +b and F; is the space of vectors whose

ith coordinate is 0, this is equivalent to

Mi“l‘ +b; =0,

or said otherwise x € H;. This proves that H; N O # (). We still need to prove
H; N Q c X.

Let x € H; N Q. Let us prove € X.

Since M is full row rank, the line vectors My, ..., My,  are linearly independent,
and thus for all k£ € [1,m]\{i}, Hr N H; has Hausdorff dimension smaller or equal
tol — 2.

Proposition 33 shows that Jpc; Oh~'(D) is contained in a finite union of hy-
perplanes (J;_; Ag. Let I ={k € [1,s] , Ay = H;}. For all k € [1,s]\I, A N H; is
either empty, or an intersection of two non parallel hyperplanes, in both cases it is
an affine space of dimension smaller than [ — 2.

Thus,

Hin | (U H) w4
ki kgl

has Hausdorff dimension strictly smaller than { — 1, so for any r > 0 there exists

y € Bz, )nH;NO\ [ (| H)u (A |- (3.C.8)
k#i keI

In the rest of the proof, we show that such a y is an element of X. Once this
is established, since it is true for all » > 0, we conclude that € X and therefore
H;, e H.

o

—_——
If there exists D € IT such that y € h~ (D), then

[¢]

,—/A .
y € Hinh™'(D)nQ\ | | Hs
ki

therefore we can use Proposition 64 to conclude that f is not differentiable at y.
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Otherwise we can use Lemma 66 to find Ry > 0, D_ and D € II such that

B(y,R)N{zeR M; z+b;<0} < h YD)
B(y,R)N{zeR M; 24+b; >0} < h YDy).

Since for all j # i, y ¢ H; and since these hyperplanes are closed, there exists
Ry > 0 such that for all j # i, B(y, R2) N Hj = (. Let R = min(R1, R2) and denote
B_ = B(y,R)N{z € R, M; z+b; < 0} and By = B(y, R)N{z € R}, M; z+b; > 0}.

For all z € B_, using (3.C.2) with the fact that s;(z) = 0 and sg(z) = s (y) for
all k # 4, we have

=Y Vor(D)si(y) (M, z + by) + c(D-). (3.C.9)
k#i
For all z € B, using this time that s;(z) = 1, we have
= Ve(D)se() (M, 2+ bg) + e(Dy) + V.i(Dy) (M, 2+ b;).  (3.C.10)
k#i

If f was differentiable at y, we would derive from (3.C.9) the expression of the
Jacobian matrix

ka y) Mg, , (3.C.11)
k#i
but we would also derive from (3.C.10) the expression
=> V.e(Dy)sk(y)Me, + V(D) M, (3.C.12)
k#i

hence subtracting (3.C.11) to (3.C.12) we would find

> (Voe(Dy) = Vou(Do))si(y) My, + V. i(Dy)M;, = 0.
ki
Since M is full row rank, this would imply that V ;(D;) = 0.

However since h~(D.) is closed and contains By, we have y € By C h™Y(Dy).
Recalling (3.C.8) we thus have

ye Hinh™ Y (Dy) N,
thus
h(y) € E; N Dy N h(S),

which shows the latter intersection is not empty. By assumption C.c) this implies
that V ;(Dy) # 0, which is a contradiction. Therefore f is not differentiable at y.
As a conclusion, we have showed that for all » > 0, there exists y € B(x,r) such
that f is not differentiable at y and y € Q. In other words, z € X.
Since x is arbitrary in H; N €2, we have shown that for all i € [1,m],

Hiﬂé C Y,
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i.e., since we have already shown that H; N O # 0,
H;eH.
Finally {H;,7 € [1,m]} C H, and, using (3.C.7),
H={H;,i€[l,m]}.

Proposition 68. For all i € [1,m], there exists e,-1(;) € {—1,1} such that

M;,. = e -1 Mp—10 and bi = €p-1(3)bp=1(s)-

Proof. Let i € [1,m]. We know that H; = H 1), so the equations sz +b;=0
and M-1(;), +by-1(; = 0 define the same hyperplanes. This is only possible if the
parameters of the equation are proportional (but nonzero): there exists €o-1(;) €
R* such that Mi“ = 680_1(i)M80_1(i)7- and i)z = ew_l(i)bw_l(i)‘ But since ||M17H =

[My-1(3, Il = 1 by hypothesis, we necessarily have e,-1¢;y € {—1,1}. O
Proposition 69. For alli € [1,m],

— Mi. =My, ;

b = Db

Proof. By Proposition 68, we know that there exists (€;)1<i<m € {—1,1}" such that
for all i € [[1,m],

Mi,. = 6@71(2-)M —1(4),. and bi = 6¢*1(i)b<p*1(i)- (3.0.13)
We need to prove that for all i € [1,m], €,-1(; = 1.

Let i € [1,m].

Applying Proposition 33 to h and II, we see that |Jpcpy Oh~Y(D) is contained
in a finite union of hyperplanes (J;_, Ax. Applying it to h and II, we see similarly
that Upep Oh~1(D) is contained in a finite union of hyperplanes (J;_, Bg.

Let I ={ke|l,s], Ax =H;}and J ={k € [1,r] , By = H;}. Forallk € [1, s]\1,
since Ay # H;, Ax N H; is either empty, or an intersection of two non parallel hy-
perplanes, in both cases it is an affine space of dimension smaller than [ — 2. The
same applies for all k € [1,r]\J to By N H;. For all j # i, H; # H; so H; N H; is
also an affine space of dimension smaller than | — 2. Since H; N QO is nonempty by
C.b), we can thus find a vector

z € QN H\ (JA4n v BrudJH))

k¢l k] ji
Applying Lemma 66 with IT, h, H; and (M;_,b;), we find r; > 0, D_ and D, € II
such that
B(z,r)N{ye R, M; y+b; <0} < hY(D-)
B(z,r)N{y e R M; y+b; >0y < h7Y(Dy). (3.C.14)
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Applying the same lemma with II, », H; and (M;,.,b;) we find 7o > 0, D_ and
D, € 1I such that

B(z,r) N {y e R My y+b; <0} < h7Y(D-)
B(z,r) N {y e R, M; y+b; >0} < h™HDy). (3.C.15)

Since the hyperplanes H; are closed, we can also find r3 > 0 such that for all
Jj #1, B(xz,r3) N Hj = (. Taking r = min(r1, 2, r3) and denoting

By = B(z,r)n{y € R, M; y + b; > 0},
we derive from (3.C.14) and (3.C.15) that
B+ C hil(D_A,_) N ilil(D_}_).

Since r < r3, we have By N (U#i Hj) = (), and by definition By N {y €
R M; y+b; =0} =0, so By N H; = (). We have B, N (U;nzl Hj) = (), so for all
J € [1,m], there exist §; € {0,1} such that for all y € B, s;(y) = ¢;. We have
Uiz, H; = UL, Hj so similarly, By N7, Hj = () and there exists §; € {0, 1} such
that for all j € [1,m], for all y € B, 5;(y) = ¢;.

For all y € B, we thus have, using (3.C.2),

m

Z V(D)3 (Mj y +by) + e(Dy) = > V. ;(D1)d; (Mj,y + bj) + &(Dy).

Jj=1 J=1

B, is a nonempty open set so we have the equality

V-,j(DJr)(stj,-

NE

S Vi(Do)eM;, =

J=1 1

<.
Il

Li(D)djeq1 My ().,

Il
<t

<
Il
—

07 (D+)04 (7)€ Mj,.. (3.C.16)

[
NE

1

.
Il

The condition C.a) states that M is full row rank, so the vectors M; are linearly
independent. Applied to (3.C.16), this information yields, for all j € [1,m],

V(D)8 = V. oy (D)o)€

and in particular, )
Vz(D+)(SZ = Vgo(z)(D-i-)(Sgo(z)Q (3.0.17)

. AN

Since h~'(D,) and h='(D,) are closed, we have

By ¢ h'(Dy)nh i (Dy),
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and since z € By, we have h™' (D4 )N H; # @ and k= (D, )N H; # 0. The condition
C.c) implies that V ;(Dy) # 0 and V_ ,;)(D+) # 0 (recall that H; = H,;). We
also have €; # 0, so from (3.C.17) we obtain

0 :O<:>5ap(i) =0.

By definition, the coefficient ¢; depends on the sign of M; y + b;: if M; y + b;
is positive, §; = 1 and if M; y + b; is negative then ¢; = 0 (M; y + b; cannot be
equal to zero since y ¢ H;). The coefficient Sw(i) depends similarly on the sign of
M@(i),.y + Ew(i). Thus, M; y + b; and ]\wa(l-)y.y + i)v(i) have same sign.

Since ¢; € {—1,1} and

Mw(i),.y + l~7<p(i) =i M; y+ ebi =€ (M; .y +b;),

we conclude that ¢; = 1.

We can now finish the proof of Lemma 63. It results from the above that:
M = P,M
b= Pb.
We have by hypothesis, for all z € €,
3o (Nlx +)) = g(o(Ma + b)),
but since M = P,M and b= P,b we also have:
G(o(Mz +b)) = glo(P,Mx + Pyb)) = §(Pyo(Mz +b)).
Combining these, we have for all z € Q,
30 Py(h()) = g(h(x)),

i.e. go P, and g coincide on h(2).






CHAPTER 4

Local identifiability of deep ReLU
neural networks: the theory

This chapter consists in the article [28], which is a joint work with Frangois
Bachoc and Francgois Malgouyres, and which was published at Neurips 2022.

Abstract

Is a sample rich enough to determine, at least locally, the parameters of a neural
network? To answer this question, we introduce a new local parameterization of a
given deep ReLU neural network by fixing the values of some of its weights. This
allows us to define local lifting operators whose inverses are charts of a smooth
manifold of a high dimensional space. The function implemented by the deep ReLU
neural network composes the local lifting with a linear operator which depends on
the sample. We derive from this convenient representation a geometric necessary and
sufficient condition of local identifiability. Looking at tangent spaces, the geometric
condition provides: 1/ a sharp and testable necessary condition of identifiability
and 2/ a sharp and testable sufficient condition of local identifiability. The validity
of the conditions can be tested numerically using backpropagation and matrix rank

computations.
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4.1 Introduction

4.1.1 Context and motivations

Neural networks are famous for their capacity to perform complex tasks in a
wide variety of domains such as image classification [103], object recognition [156,
157], speech recognition [89, 164, 87], natural language processing [124, 123, 97],
anomaly detection [148] or climate sciences [3].

The following properties of the parameters of neural networks have recently
drawn attention: identifiability, inverse stability and stable recovery; from weaker
to stronger. Let fy(X) be the outputs of a network parameterized by the parameters
0, for given inputs X. Global identifiability means that if fo(X) = f;(X) then 6 = 0,
up to identified invariances, for instance neuron permutation and rescaling for ReLLU
networks. Local identifiability restricts this analysis for # and 6 sufficiently close.
Then, inverse stability means that the distance between 6 and 6 (up to invariances)
is bounded by a function of the distance between fg(X) and f;(X). Finally, stable
recovery consists in obtaining an algorithm to approximately recover 6 from a noisy
version of fp(X), with quantitative guarantees. In all cases, we must distinguish
between statements for X being a finite list of inputs, in which case we would like
X to be small, and for infinite X (for instance determining 6 from the entire function
fo).

Identifiability from finite X, which is the focus of this paper, is important for
different reasons. In the first place, model extraction attacks for neural networks
have been a growing topic over the last years. Indeed, some algorithms are able to
recover in practice the parameters of a neural network from queries [39, 159]. This
can be a concern since neural network providers may wish to keep these parameters
secret, for security [104], for privacy |67, 40|, or for intellectual property [196].

A way of preventing such a recovery can be by guaranteeing that identifiability
does not hold, that is to check that a necessary condition of identifiability is not
met. On the opposite side, guaranteeing that identifiability holds is interesting
in the position of an attacker. If the attacker has access to X, to fp(X), and is
able to compute a # such that J35(X) = fo(X), the question then becomes: does
this guarantee that 6 = 6 or shall the attacker expand X with new queries? The
attacker needs a sufficient condition of identifiability.
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Another important motivation for identifiability is having a better understand-
ing and control of neural networks. Indeed, if the learning sample has the form
(X, fo(X)), with 8 the parameters of a teaching network, global identifiability from
X means that the global minimizer of the empirical risk is unique. In this case, if the
global minimizer is reached, there will typically be no variability due to the optimiza-
tion parameters (choice of the algorithm, number of epochs,...) and to stochasticity
(for stochastic optimizers). Even if very recent works on double descent phenomena,
e.g. [24], highlight a benefit of overparameterization (thus absence of identifiability)
for increasing prediction performances, a user may be interested in a small enough
number of parameters to retain identifiability, if the loss of performance is mild
compared to overparameterization.

Note that, of course, global identifiability is more relevant than local identifiabil-
ity to the above motivations. This work nevertheless focuses on local identifiability,
which is a necessary condition for global identifiability, and which analysis can be
a first step to analyzing global identifiability. Local identifiability is also arguably
insightful on the geometry of the relationship between the parameter space of # and
its image {fo(X), 0 varies}. Note that most existing identifiability, inverse stability
and stable recovery results (see the next section) are also local.

4.1.2 Existing work on identifiability, inverse stability, stable re-
covery and attacks

Identifiability: Even though it has regained interest recently, the question of
identifiability for neural networks is not new. Indeed, in the 1990s, some positive
results of identifiability for networks with smooth activation functions (tanh, logistic
sigmoid or Gaussian for instance) have been established [181, 4, 105, 96, 61]. These
results are mainly theoretical, they concern activation functions which are not the
most used nowadays (in particular, they do not apply to ReLU networks), and
assume full knowledge of the function fy implemented by the network, which is
impossible in practice.

When it comes to ReLU, for shallow [145, 178] as well as deep [147, 26] neu-
ral networks, some positive results of identifiability have been recently established.
They show that under some conditions on the architecture and parameters of the
network, the function implemented by the network uniquely characterizes its param-
eters, up to neuron permutation and rescaling operations. Although they apply to
ReLU networks, these results share a limitation with those of previous paragraph:
they assume the function implemented by the network to be known on the whole
input space, or at least on an open subset of it.

As far as we know, there exists only one identifiability result for deep ReLU net-
works assuming the knowledge of fy on a finite sample only. [179] give a theoretical
condition for the existence of a finite set which locally identifies the parameters of
a deep neural network. It is an existence result: it does not concretely provide such
a finite set, nor does it allow to test local identifiability for any finite sample, as
we propose in this work. The construction in [179] shares similarities with previous
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works on deep structured matrix factorization [119, 117, 115]. The present article
also lies in this line of research.

Inverse stability and stable recovery: Closely related to identifiability are
the topics of inverse stability and stable recovery of the parameters of a network.
Some negative [144] as well as positive [58, 119, 117, 115] results of inverse stability
exist. The articles [119, 117, 115| examine the case of structured networks with
the identity as activation function. Only [115] considers a finite X. The authors
of [58] consider a general class of networks amongst which ReLU networks, but the
result only holds for one-hidden-layer neural networks. Furthermore this result also
requires the knowledge of fy on a whole domain.

Several stable recovery algorithms have also been proposed, for one-hidden-layer
neural networks in a first place, for smooth activation function [68], as well as ReLU
in the fully-connected case [70, 200, 201, 203] or in the convolutional case |32, 199].
These references consider a finite X but provide a large sample complexity under
which a smartly constructed initialization followed by a first order algorithm allows
to stably recover the parameters of the network.

For deep networks, some stable recovery algorithms also exist, for instance for
Heavyside activation function [8], or for only recovering the first layer with sparsity
assumptions [168| in the ReLU case, but to the best of our knowledge there does
not exist any algorithm recovering fully a deep ReLU network from a finite sample.

Model inversion attacks: For deep ReLLU networks, when one has full access
to the function implemented by the network, a practical algorithm [159] sequen-
tially constructs a sample X and approximately recovers the architecture and the
parameters modulo permutation and rescaling. Similarly, formulating the problem
as a cryptanalytic problem, [39] reconstructs a functionally equivalent network with
fewer requests. As mentioned in Section 4.1.1, these two references are related to
identifiability, but consider a different setting. In this article we consider an arbi-
trary given X, while they work mostly on its construction.

4.1.3 Contributions

1/ We establish a necessary and sufficient geometric condition of local identifiabil-
ity from a finite sample X for deep fully-connected ReLLU networks. The condition
is that the intersection between an affine space and a smooth manifold is reduced
to a single point. See Figure 4.1 for an illustration.

2/ Considering tangent spaces, we then provide a computable necessary condition
of local identifiability from a finite sample X. Since global identifiability implies local
identifiability, it is also a computable necessary condition of global identifiability.

3/ We also establish a computable sufficient condition of local identifiability, which
is close to the necessary condition. To the best of our knowledge, these are the first
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Figure 4.1 — The local intersection between the affine space N(X,0) (in green) and
the smooth manifold X7 (color gradient). We also represent in red the tangent space
to Xj at ¢(0). Left: The identifiable case. The intersection is reduced to {4(0)}.
Right: The non identifiable case. The intersection, represented with a dashed white
line, is not reduced to {¢(0)}.

testable conditions of local identifiability for any finite input sample. In particular,
[179] provides a theoretical condition equivalent to the existence of a finite sample
for which local identifiability holds, but does not provide the sample explicitly, nor
does it characterize local identifiability for any arbitrary sample.

4/ To prove these results, we develop geometric tools which can be of independent
interest for theoretically understanding deep ReLLU networks as well as for possible
applications. Namely, we introduce local reparameterizations py of the network by
fixing some weight values as constants. Building on these local parameterizations, we
introduce local lifting operators 9 and we decompose the function implemented by
the network fy(z) as a composition of ¥?, which only depends on the parameters,
and a piecewise constant operator a which depends on 6 and the inputs z*. For
almost any parameterization 6, the operator « is constant in a neighborhood of
and consists in applying a linear function to 1»?. We show that in fact, the operators
Y? are the inverses of coordinate charts of a smooth manifold ¥*, contained in a
high dimensional space. We find X7 to be of particular interest in representing
geometrically some properties of the network parameters (in particular to establish
1/, 2/ and 3/ above).

4.1.4 Overview of the article

This work is structured as follows. We start by introducing basic tools and
already known results, and we state the definition of local identifiability in Section
4.2. We then introduce the local parameterizations py and the set X7, and we show
that the latter is a smooth manifold in Section 4.3. This allows us to state our main
results in Section 4.4, that is the geometric and the numerically testable conditions
of local identifiability. Finally we discuss in Section 4.5 the numerical computations
needed to test the latter conditions. All the proofs are provided in the appendices.
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4.2 ReLU networks, lifting operator and rescaling of the
parameters

4.2.1 ReLU networks

Let us introduce our notations for deep fully-connected ReLLU networks. In this
paper, a network is a graph (F, V) of the following form.

— V is a set of neurons, which is divided in L + 1 layers, with L > 2: V =

(Viefo,r1-
Vb is the input layer, Vi, the output layer and the layers V; with 1 <[ <

L —1 are the hidden layers. Using the notation |C| for the cardinal of a finite
set C, we denote, for all [ € [0, L], N; = |Vj| the size of the layer V.

— F is the set of all oriented edges v — v’ between neurons in consecutive
layers, that is

E={v—=v, veV,v eV, forlel0,L—-1]}.

A network is parameterized by weights and biases, gathered in its parameterization
0, with
0 = (Wysv' )vsveEs (bv)veB) € RE x RB,

where B = UZL: 1 Vi. It is also convenient to consider the weights and biases in
matrix/vector form: for a given 6, we denote, for [ € [1, L],

NyxN;_ N,
W, = (wv—w’)v’EVl,UEVl_l € R M and by = (bfu)vEVl € R™.

When dealing with two parameterizations 8 and 6 € RE x RP , we take as a conven-
tion that w,_,, and b, as well as W; and b; denote the weights and biases associated
to 0, and wW,_,, and 51, as well as Wl and 51 denote those associated to 6.

The activation function, denoted o, is always ReLU: for any p € N* and any
vector = (71,...,2p)] € RP, it is defined as o(z) = (max(x1,0), ..., max(xp,0))T.

For a given 6, we define recursively f; : R — RY (we omit the dependency in
6 in the notation for simplicity), for I € [0, L], by

— Yz € R, folx) == ;

—Vie[l,L-1],Yz eRY,  fi(x) = o (Wifi_i(z) + by);

— Vz € RY, fr(z) =Wrfr_i(x) +br .

We define the function f5 : RY0 — RYZ implemented by the network of parameter
0 as fo = fL.

4.2.2 The lifting operator ¢ and the activation operator «

For a fixed # € RY?, the value of fy(z) is a non-linear function of #. The goal of
this section is to obtain a higher-dimensional representation of 6, that will be written
¢(0), and such that fy(z) is locally a linear function of ¢(#). This will be achieved
with Proposition 70. The function ¢ is called a lifting operator, a wording borrowed
from category theory and commonly used in compressed sensing and dictionary
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learning, for instance in [36]. The components of ¢(6) will be associated to paths
in the neural network. Linearity in Proposition 70 will correspond to summing over
these paths.

We now introduce the paths notations. For all [ € [0, L — 1], we define

Pr=Vix- - xVi_q,

which is the set of all paths in the network starting from layer [ and ending in layer
L — 1. We consider an additional element 8 which can be interpreted as an empty
path and whose role will be clear once ¢ has been defined and Proposition 70 stated.

We define
L—1
P = <U Pl) U {8}

=0

In a similar way to [179], we can now define the above-mentioned ‘lifting operator’

¢: REXRE — RPWVL

0 — (dpo(9)pepwery (4.2.1)

by:
— foralll € [0,L — 1] and all p = (v;,...,vr—1) € P, and for all vy, € V,

L-1 .
'=0 wvl/—>vl/+l if =0

L—1 .
bUl Hl’:l Woy =y ifl>1;

Ppor, (0) = {

— forp=pFand vy € Vi,, ¢4, (0) = by, .
To define the activation operator, we first define, for all [ € [1,L —1], all v € V],
all # € RE x RP and = € R",

(1, 0) = L if (Wifima(z) +bi)y >0
B 0 otherwise,

which is the activation indicator of neuron v. We then define the ‘activation opera-

Y

tor
. Vo E B 1xP
a: R x (RExRP) — R (42.9)
(1’,9) L (Ckp(l‘, 9))10673
by:
— foralll € [0,L — 1] and all p = (v;,...,v5—1) € Pp:

ap(z,0) = N y, (7,0) ifl=0
ACS) ll;;l1 Ay, (IE,Q) if [ > 17

— forp=03, ag(z,0)=1.
We then have the announced linear representation of the function fy imple-
mented by the network.

Proposition 70. For all § € R x RP and all x € RV,  fo(x)T = a(x,0)¢(0).



134 Chapter 4. Local identifiability of deep ReLU networks

This result, which is proven in Appendix 4.A.2, is for instance also stated in [179,
Sec. 4] with slightly different notations. Note that each component of the vector
fo(x) above is written as a sum over a (very large) number of paths.

Let us reformulate Proposition 70 with several inputs. We consider, for some
n € N*, some given inputs x° € RY, with i € [1,n]. We denote by X € R"*V
the matrix whose lines are the transpose (z%)7 of the inputs. For all § € RF x R?,
we denote by fp(X) € R™VZ the matrix whose lines are the transpose fp(x?)? of
the corresponding outputs. We also denote by a(X,6) € R™*? the matrix whose
lines are the line vectors a(z*,6). Using Proposition 70 for all the 2%, we have the
relation

fo(X) = a(X,0)0(0). (4.2.3)

We prove in Appendix 4.A.2 the next proposition, which states that § — «(X,6)
is piecewise constant.

Proposition 71. For all n € N*, for all X € R™Y0 the mapping

axy: RExRE — R#¥P
0 — «X,0)

is piecewise-constant, with a finite number of pieces. Furthermore, the boundary of
each piece has Lebesgue measure zero. We call Ax the union of all these boundaries.
The set Ax C RF x RE is closed and has Lebesque measure zero.

As discussed before, for a given X € R™*Y, when studying the function 6
fo(X), Proposition 71 alongside (4.2.3) shows that on a piece over which ax is
constant, fp(X) depends linearly on ¢(6). Since Ay is closed with measure zero, for
almost all § € RE x RP, there exists a neighborhood of 6 over which ax is constant.
As noted for instance by [179, Sec. 2|, for any # in such a neighborhood, we thus
have

Fo(X) = f3(X) = (X, 0) (6(8) — 6(0)) - (4.2.4)
Hence, studying ¢ will allow us to understand better how fy(X) locally depends on
6.

4.2.3 Invariant rescaling operations on ¢

Some well-known rescaling operations on the parameters 6 do not affect the value
of ¢(0). Before detailing them, let us define, for all t € R, the sign indicator sign(t)
as 1,0 or —1 depending on whether £ > 0, ¢t = 0 or ¢ < 0 respectively. For any
0 € RF x RE, we then define

sign(0) = ((sign(wo)o e, (sign(bu)ven ) € {=1,0, 17 x {-1,0,1}%,
We can now describe the rescaling operations.

Definition 72. Let § € RF x RB and § € RF x RB,
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— We say that 6 is equivalent to # modulo rescaling, and we write 6 2 0 iff there
exists a family of vectors (AY, ..., AF) € (R*)V0 x ... x (R*)V2 | with A0 = 1y,
and A\F = 1y, , such that, for all [ € [1, L],

W, = Diag(\)WW; Diag(\=1)~1
{ | = Diag(X)W, Diag(X™") (4.2.5)

b; = Diag(\)b;.

— We say that 6 is equivalent to 6 modulo positive rescaling, and we write 6 ~ 0
iff
026 and sign(h) = sign(d).
For all [ € [1, L], to satisfy (4.2.5) is equivalent to satisfy, for all (v;_1,v;) €

‘/271 X V7
_ M s
w’l)l_l—>’l}l - )\l—l w’t}l_l—H)l

M (4.2.6)
by, = )\i)l by, -

The relations < and ~ are equivalence relations on the set of parameters R x RE.
The equivalence modulo positive rescaling ~ is a well-known invariant for ReLLU
networks [178, 179, 26, 135, 194|. We have indeed the following property: if 6 ~ 0,
for all z € R"0,

fo(z) = f3(=). (4.2.7)

One of the interests of the operator ¢ is that it captures this invariant, as de-
scribed by [179, Sec. 2.4|. Propositions 73 and 74 are similar to their results and are
restated here and proven in Appendix 4.A.2 for completeness. Indeed, combining
the definition of ¢ with (4.2.6), we have the following property.

Proposition 73. For all 0,0 € RE x RE we have

and thus in particular

The reciprocal of Proposition 73 holds provided we exclude some degenerate
cases. Let us denote, for any [ € [1,L — 1] and any v € Vj, by we_s, the vector
(W —)orevi_, € RVi=1 and by w,_e the vector (Wysor)oreviy, € R"i+1. We define
the following set, which is close to the notion of ‘non admissible parameter’ in [179]:

S:{GEIR{EXRB,EIUGV1U~--UVL_1, Wy—se =0 or (Wesy,by) =(0,0)}.

When w,_,e = 0, all the outward weights of v are zero. When (we—, b,) = (0,0), all
the inward weights as well as the bias of v are zero, so for any input the information
flowing through neuron v is always zero. In both cases, the neuron v does not
contribute to the output and could be removed from the network without changing
the function fy. Since the set S is a finite union of linear subspaces of codimension
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larger than 1, it is closed and has Lebesgue measure zero. We can thus exclude
the degenerate cases in S without loss of generality. Proposition 74 states that the
reciprocal of Proposition 73 holds over (RE x RB ) \S.

Proposition 74. For all 6 € (]RE X ]RB) \S, for all 6 c RE x RB,
R ~
o(0)=o(0) — 620

4.2.4 Local identifiability

We have now introduced all the concepts used in the formal definition of ‘local
identifiability’.

Definition 75. Let X € R™Y0 and § € RF xRE. We say that 0 is locally identifiable
from X if there exists ¢ > 0 such that for all § € RF x RB | if ||§ — 0] < e,

fo(X) = f5(X) = 0~0.

4.3 The smooth manifold X}

We explained in the previous section that studying ¢ allows to better understand
how the output fy(X) locally depends on 6. The image of ¢ is of particular interest
in this study and is the subject of this section. We define

St = {6(0), 0 € (R” x RP)\S}.

The main result of this section, Theorem 76, states that ¥7 is a smooth manifold.
This result is a key element of the article. Indeed, it allows to consider tangent
spaces to X7, and by doing so, to linearize the geometric characterization of Theo-
rem 77 illustrated in Figure 4.1. Instead of considering the intersection between a
smooth manifold and an affine space as in Theorem 77, this indeed allows to con-
sider the intersection between two affine spaces, which can be characterized with
rank computations as in Theorems 78 and 79.

To show this result, we need local injectivity. In this aim, let us consider a fixed
0 and analyze the functions u — fpi(X) and u — ¢(6 + u) for u around 0. We
can select Ny + - - -+ Np_1 scalar scaling parameters (each in a neighborhood of 1),
and use them to “rescale” 6 + u as in Definition 72, leaving fpi,(X) and ¢(0 + u)
unchanged ((4.2.7) and Proposition 73). Locally, at first order, this means that there
are Ny + --- 4+ Np_; linear combinations of u which leave fy ., (X) and ¢(6 + u)
invariant. In order to obtain injectivity with respect to u, locally around 0, we will
fix Ny + -+ + Ny_1 components of u as follows.

For each neuron v in a hidden layer, we choose the outward edge v — v’ whose

weight w,_,,s has largest (absolute) value (if there are several such edges, we choose
0

b ax(v) such a neuron v’. For each neuron v in

one arbitrarily). We denote by s
a hidden layer V}, there is exactly one neuron s?_ (v) in the layer Vj,;, and one

corresponding edge v — s% . (v). See Figure 4.2 for an illustration. We will set
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/ \
U1
Wy—vq °
v
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Tv—vg
\Uz
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Input Output
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.3 Hldden layers

Figure 4.2 — Left: The outward edges of a hidden neuron v and their weights. In
this example, v| = sgﬂax(v), so the weight of the edge in red, v — w1, has its value
fixed as wy—y,. The weights of the remaining edges, 7,_y, and 7,_,,, are free to
vary. Right: In red, all the edges whose weights are fixed. The remaining edges, in
black, constitute the set Fy.

to 0 the components of u corresponding to all the edges of the form v — 5% (v).
Intuitively, it will not limit the set of functions fjz, in the vicinity of fp; but will
permit to obtain a one-to-one correspondence between u and fyi,,.

More precisely, let us denote by Fy C E the set of remaining edges, which is

formally defined as!

L—-1
Fy=E\ (U {(v,sfnax(v)),v e Vl}> . (4.3.1)

=1

The mapping from the space of restricted parameters Rf? x RE to the parameter
space RF x RE locally around 6 is simply given by the following application

po: RFfxRE — REFxRB
V(v,v") € Fy, Wyser = Tyser
r — 6 such that V(v,0") € E\Fy, Wy_ypy = Wy_ypy
VYo € B, by, =Ty
(4.3.2)
In particular, if we define 7y € R0 x RE by (79)y_0r = Wy_sr and (19), = by, we
have py(19) = 6. The function py is affine and injective. We define

Up=py" (R xRP)\S), (4.3.3)

which is an open set of Rf¢ x RE. We define, for all § € (RE X RB) \\S, the local
lifting operator
w@ . Ug , R’PXVL

T b0 (). (4.3.4)

1. Note, in the definition of Fy, the index [ starting at [ = 1 and not [ = 0.
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One can show that ¢? is C* and that it is a homeomorphism from Uy onto its
image (see the proofs in Appendix 4.A.3), which we denote Vp and is thus an open
subset of X% (with the topology induced on % by the standard topology on R”*Vz).
In particular, since py(79) = 0, we have ¢(0) = ¢?(y) € V5. We have the following
fundamental result that will allow us to consider and make use the tangent spaces
of 7.

Theorem 76. X} is a smooth manifold of RP*VL of dimension
|Fy| +|B| = NoN1 + N1Na + -+ + N1 N + N,
and the family (Vp, (we)_l)GE(RExRB)\S is an atlas.

Theorem 76 is proven in Appendix 4.A.3. Besides being key in Section 4.4, Theo-
rem 76 (both the smooth manifold nature of ¥j and the explicit atlas
(Va, (we)_l)ee(RngB)\S) may also be considered of more general independent in-
terest. To our knowledge, such a result has not been established elsewhere in the
literature. Notice that, as announced, despite the use of restricted parameters in
R0 x RP, we can represent the whole tangent space at any point of 1. The only
consequence of the restriction is the uniqueness of the representation of the elements
of tangent spaces.

4.4 Main results: necessary and sufficient conditions for
local identifiability

The main results of this paper rely on the decomposition (4.2.4) introduced in
Section 4.2. To reformulate (4.2.4), let us introduce the linear operator A(X,#),
which simply corresponds to the matrix product with a(X,#):

A(X,0): RP*Vi 5 RV
n — a(X,0)n,

where a(X,0)n is the matrix product between a(X,6) € R™*? and n € RP*Vr,
The operator A(X, ) inherits the properties of a(X, 6), in particular those stated in
Proposition 71. Using A(X, 6), the relation (4.2.4) satisfied by 6 in the neighborhood
of 6 becomes

Fo(X) = [3(X) = A(X,0) - (6(8) — 6(0)) . (4.4.1)

Let us also define the affine space (set-sum of a fixed point and a vector space)
N(X,0) = ¢(0) + Ker A(X, 0).

If a parameterization § € RP x RP is such that f3(X) = fo(X) and (4.4.1) holds,
then ¢(0) — ¢(0) € Ker A(X,0), so by definition ¢(f) € N(X,0). Since for 6 in the
neighborhood of 6, we also have qﬁ(é) € X7, we see that local identifiability is closely
related to the nature of the intersection between the smooth manifold X7 and the
affine subspace N(X,6).
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A similar observation is already present in [179, Theorem 5|. In fact, their result
can be adapted to the case of a given finite sample X to show, translated in our
notations, that a parameterization 6 is locally identifiable from X if and only if for
any 6 close enough to 6, we have ¢(8) — #(6) € Ker A(X,0) = ¢(0) = ¢(6).

Our work in Section 4.3 in which we prove that X7 is a smooth manifold and in
which we construct the charts (¢)~1, allows us to obtain a variant of this result
where we consider a ball around ¢(f) instead of §. We can thus formulate the
condition as a purely geometric criterion, corresponding to the nature of the local
intersection between a smooth manifold, ¥j, and an affine space, N(X,6).

Indeed, let us denote by Bao(6(6),€) = {n € RP*VL ||¢(0) — 1|l < €} the ball
of center ¢(0) and of radius € > 0. We have the following geometric necessary and
sufficient condition of local identifiability, which states that local identifiability of 6
holds if and only if the intersection between 337 and N(X,0) is locally reduced to
the single point {¢(6)}.

Theorem 77. For any X € R™Y and § € (RF x RP)\(SUAX), the two following
statements are equivalent.

i) 0 is locally identifiable from X .

i) There exists € > 0 such that Boo(¢(0),e) N X7 NN (X, 0) = {4(0)}.

Theorem 77 is proven in Appendix 4.A.4, and is illustrated in Figure 4.1. This
geometric condition is crucial for showing the next two results which give testable
conditions of identifiability. Theorems 78 and 79 rely on the rank of A(X,0) and of
another linear operator I'(X, #), which we now define. Since, as we said, the function
¥ is C™, let us denote by Dyf () : RFo x RE — RP*VL its differential at the point
7, for any 7 € Uy. We define the linear operator I'(X, 0) : Rfo x RE — R™*VL by

I'(X,0) = A(X,0) o DY (1p). (4.4.2)

We denote Ry = rank(A(X,0)) and Rp = rank(I'(X,0)). Since I'(X,0) is
defined on R¥s x RE we have 0 < Rp < |Fy|+|B|, and the expression (4.4.2) shows
that we also have 0 < Rr < R4. We can now define the two following conditions.

Condition Cy. Condition Cy is satisfied by (6, X) iif Rr < R4 or Rr = |Fy|+|B].
Condition Cg. Condition Cg is satisfied by (0, X) iif Rpr = |Fy| + |B.

The following result states that C is necessary for local and therefore global
identifiability.

Theorem 78 (Necessary condition of identifiability). Let X € R™Y0 and 6 ¢
(RE X RB) \(SUAXx). If Cy is not satisfied, then 0 is not locally identifiable from
X (thus not globally identifiable).

The following result states that Cyg is a sufficient condition of local identifiability.

Theorem 79 (Sufficient condition of local identifiability). Let X € R™*Yo and
0 e (RE X RB) \(SUAXx). If Cg is satisfied, then 6 is locally identifiable from X.
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Both theorems are proven in Appendix 4.A.4. To discuss these two results, let us
point out that the output spaces of I'(X, #) and A(X,0) have the same dimension,
equal to nNy. Each new input adds Ny to this dimension. One can verify that
R4 — Rr is initially 0 and cannot decrease when new inputs are added. If a new
input leads to R4 > Rp, it can be discarded to preserve R4 = Rpr. Moreover,
such an input seems unlikely when Ry < |Fyp| + |B|. If the equality Rr = R4 is
enforced, the condition Ry = |Fy| + | B| is both necessary and sufficient. Finally, to
satisfy Rp = |Fy|+ |B|, the dimensions must satisfy nNy, > |Fy| + |B|. The general
belief is that the latter is the condition of identifiability since nNy, is the number of
scalar measurements and |Fy| + | B| is the number of independent free parameters,
see Theorem 76.

4.5 Checking the conditions numerically

The key benefit of the conditions C'y and Cg, compared to the existing literature,
is that they can be numerically tested for any fixed finite sample. They need the
computation of the rank of two linear operators, namely I'(X, #) and A(X,60). The
operator I'(X, 0) satisfies the following:

Proposition 80. Let X € R™Y and 0 € (RF x RP)\(SU Ax). The function
T = fop(r)(X), for T € Uy is differentiable in a neighborhood of 19, and we denote
by Dr f () (X) its differential at 7. We have

D f oy (X) = T(X, 6). (4.5.1)

The proof of Proposition 80 is in Appendix 4.A.5. Since the reparameterization
with pp simply consists in fixing the weights of the edges v — s (v) to the value
Wy_s0 (), (4.5.1) shows that the coefficients of I'(X,6) can be computed by a
classic backpropagation algorithm Ny times for each input z', simply omitting the
derivatives with respect to the edges of the form v — s% _(v). An explicit expression
of the coefficients of I'(X, 6) is given in the Appendix 4.A.5.

To be satisfied, C's needs the dimensions of I'(X, #) to satisfy nNy, > |Fp| + |B|.
One then needs to compute the rank Rp of T'(X,#), which means computing the
rank of a nNy, x (|Fp| + |B|) matrix. Existing algorithms allow to do this with a
complexity O(nNp(|Fp| + |B|)*~!) (up to polylog terms), where w is the matrix
multiplication exponent and satisfies w < 2.38 [47].

When it comes to Cy, one needs in addition to know the rank R4 of A(X,0),

which, as Proposition 81 states, requires to compute the rank of a(X, ).
Proposition 81. Let X € R™"0 and § € RExRE. We have Ry = Nyrank (a(X,6)).

The dimensions of a(X, 6) are sensibly larger, with |P| columns and n lines, and
typically |P| >> n. However it may have some sparsity properties, as its entries
consist in products of activation indicators (with possibly one input xfjo), any one
of them being zero causing many entries to vanish. The question of the efficient
computation of R4 still needs to be explored and is left as open for future work.
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4.6 Conclusion

This paper is the first to characterize local identifiability for deep ReLLU networks
for any given finite sample, with testable conditions. The practical use of these
conditions deserves follow-up research, and so does an extension of our approach
to inverse stability. The role of ReLLU is crucial in our approach, especially for
the necessary condition of local identifiability and with the linear representation
(Proposition 70). In the end, from Theorem 79 and Proposition 80, the sufficient
condition for local indentifiability is expressed from the Jacobian matrix of the neural
network function with respect to its parameters. Extending this to other activation
functions than ReLU is an interesting perspective.
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4.A Appendix

4.A.1 Notations

In this section, we define notations, many of which are standard, that are useful
in the proofs.

We denote by N the set of all natural numbers, including 0, and by N* the set
N without 0. We denote by Z the set of all integers. For any a,b € Z, we denote
by [a,b] the set of all integers k € Z satisfying a < k < b. For any finite set A, we
denote by |A| the cardinal of A.

For n, N € N*, we denote by RY the N-dimensional real vector space and by
R™*N the vector space of real matrices with n lines and N columns. For a vector

z=(z1,...,2on5)" € RY, we use the norm [|z]|oc = max;ep n |2i]. For € RY and
r > 0, we denote Boo(z,7) = {y € RV, ||y — 2[|0o < 7}
For any vector x = (z1,...,2x5)7 € RV, we define

sign(z) = (sign(z1),...,sign(zy))? € {~1,0, 1}V

th

as the vector whose " component is equal to

1 if z; >0
sign(z;) =< 0 ifz; =0
-1 ifx; <O.

For any matrix M € R™¥ | for all i € [1,n], we denote by M;.. the ith line
of M. The vector M;. is a line vector whose j*® component is M; ;. Similarly,
for j € [1, N], we denote by M. ; the j*' column of M, which is the column vector
whose i component is M; ;. For any matrix M € R™N we denote by M1 € RV*n
the transpose matrix of M.

We denote by Idy the N x N identity matrix and by 1y the vector (1,...,1)T € RV,
If A € RY is a vector of size N, for some N € N*, we denote by Diag()\) the N x N
matrix defined by:

N ifi=j
0  otherwise.

Diag()\)iyj = {

If X and Y are two sets and h : X — Y is a function, for a subset A C Y, we
denote by h=1(A) the preimage of A under f, that is

h™HA) = {z € X,h(x) € A}.

Note that this does not require the function A to be injective.

For any n, N € N* and any differentiable function f : R® — RY, for all z €
R™, we denote by Df(x) its differential at the point z, i.e. the linear application
Df(x) : R™ — R¥ satisfying, for all h € R",

fx+h)=f(x)+ Df(x) h+ o(h).
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If we denote by z; and h; the components of z and h, for j € [1,n], we have

Df(z)-h= Y ﬁ

where for all j, 887’;(37) e RN, If f: R® — RY is a linear application, we denote by
Ker f the set {z € R", f(z) = 0}, which is a linear subset of R".

4.A.2 The lifting operator ¢

Let us introduce the notion of ‘path’, extending the definition in Section 4.2.2.
A path is a sequence of neurons (v, Vg1, ...,0;) € Vi X Vg X -+ - x V], for integers
k,l satisfying 0 < k <1 < L. In particular, for all [ € [0, L — 1], the set P; defined
in Section 4.2.2 contains all the paths starting from layer [ and ending in layer L —1.

We recall L
P = (U Pl> U {B}.
=0

If k,I,m € N are three integers satisfying 0 < k <[l < m < L, and p =
(Vky v oyvj—1) € Ve x -+-x Vi_y and p’ = (vy,...,0p) € V; X - -+ X V,,, are two paths
such that p ends in the layer preceding the starting layer of p/, we define the union
of the paths by

pUP = (Vky- V1,05 V) € Vi X -+ X V.

Before proving Proposition 70, let us compare briefly our construction to [179].
The lifting operator ¢ introduced in Section 4.2.2 is similar to the operator ® in
[179], except that ® does not take a matrix form. The operator a(x, #) introduced in
Section 4.2.2 corresponds partly to the object @(6, x) in [179]|. One of the differences
is that @(#, z) does not include any product with z,, in its entries, as does a(z, 6).
Finally, a similar statement to Proposition 70 and a similar proof can be found in
[179]. However, one of the present contributions is to simplify the construction.

Let us now prove Proposition 70, which we restate here.

Proposition 82. For all § € R¥ x RP and all z € R",
fo(x)" = a(z,0)4(0).

Proof. Let us prove first the following expression, for all vy, € Vi

L-1
fo(x)v, = < Z Log Wog—v1 H Gy (x7e>wvl_>vl+1>

voEVY =1

v 1€V 1

L—-1 L—-1
+ (Z > by [] aw (x,e)wvl,%l,+1> +by. (4.A1)

=1 v EV] =l

vp1€VL 1
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We prove this by induction on the number L of layers of the network.

Initialization (L = 2). Let ve € V5.

fG(x)w - (WQ)U%: g (Wlx + bl) + bvz

= ( Z Wy —so [0 (Wll‘ + bl)]vl + by,

v1EV]

= ( Z Wy -0 0 ((Wl)vl,: T+ b’U1) + bv2

v1€VY

v1E€V] vo€VD

- ( Z wv1—>’u2av1 (33', 0) Z w’UO—>U1 xUO + b’Ul + bU2

Z Wy —vg Aoy (l’, Q)wvoﬁvl Lo + Z Wy —v Gvy (J:a e)bvl + bv2

vo€eVY v1€EV]
v1 €V

vo€VH v1eEV]
v1€VL

= < Z !Tvowvo—wl a’Ul (CC, 0)wv1_>1}2 + Z b’U1 a’Ul (.’E, a)wvl—)’uz + b'UQ
which proves (4.A.1), when L = 2.

Now let L > 3 and suppose (4.A.1) holds for all ReLU networks with L — 1
layers. Let us consider a network with L layers.

Let us denote by gg(z) the output of the L — 1 first layers of the network pre-
activation (before applying the ReLUs of the layer L — 1). The function gy is that
of a ReLLU network with L — 1 layers, and we have

fo(x) = Wro(ge(x)) + br.
Let vy, € Vi,. We thus have

fo(@)o, = Z Wy —v;0(96(2)vp 1) + bog - (4.A.2)

vp-1€VL 1

By the induction hypothesis, for all v, € Vi_1, gg(x),,_, can be expressed
with (4.A.1). Considering that o(gs(z)v,_,) = av,_,(z,0)gs(x)y,_, and replacing
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9o(x)y,_, by its expression using (4.A.1), (4.A.2) becomes

L-2
fe(x)'UL = Z Wyy, 1 —vr Qg (xv 0) [( Z Lo Wyg—v1 H Ay, (x7 g)wvz—wu-l)

v 1€VL_1 vo€EVD =1

vp—2€VL 2

L-2 L—2
+ ( Z bvl H Ay, (x7 g)wvllavl/_H) + bUL—l
1

= v EV] "=l

+ by,

vp—2€VL_2

L-2
= E , Wop,_y—vp Qg1 (25 0)ZugWog—v, H Qo (z, a)wvl—ﬂ)z-p-l

vo€Vo =1
vL—1€EVL_1
L-2 L-2
+ E E w’L)L,1—>”L)La'vL,1(x79)bvl H avl/ (xae)wvl/—}’vl/+1
=1

v eV, =l

vp—1€VL -1

+ < Z w'ULl_>'ULa’UL1(x76)bUL1> + va

vp1€VL 1

L—-1
= E Ty Wog—vq H ay, (7, e)wvz%vul

o€V =1

vp_1€VL_1

L-1 L-1
+ < Z b’l)l H a/Ul/ (x7 e)wvl/—wl/+1> + bUL7
1

= v EV] I'=l

v—1€VL 1

which proves (4.A.1) holds for ReLU networks with L layers. This ends the induc-
tion, and we conclude that (4.A.1) holds for all ReLU networks.

We can now use this expression to prove Proposition 82. The first sum in (4.A.1)
is taken over all the paths p = (vg,...,vr—1) € Py, and each summand can be
written as

L-1 L-1 L-1
Lo Wup—v1 H Qo (mv H)wvl_)UlJrl = | Two H Ay, (x7 9) H Wy —vp41
=1 =0

=1
= O‘p(*”% 9)¢p,vL (9) .

For all | € [1,L — 1], the inner sum of the double sum in (4.A.1) is taken over all
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the paths p = (v, ...,vr—1) € P;, and each summand can be written as

L—-1 L—-1 L—-1
bvl H a’l)l/ (ﬁ, ‘9)wvl/—>vl/+1 = (H avl/ (1177 9)) (b’vl H w’l)l/—>’l}l/+1> = Oép(x, 0)¢p,’UL (0)

I'=l I'=l =l

And finally, we can also write

by, = ag(@,0)dp,0,(0).
Joining all these sums and denoting ¢.,, (6) = (¢p.v, (0))pepr € R, we have
f@(x)UL = Z Oép(SC, 0)¢p,vL (0) = O[(SC, 0)¢:,UL (0)7
peEP

so in other words,

fo (x)T = a(z,0)p(0).

We restate here and prove Proposition 71.
Proposition 83. For all n € N*, for all X € R™Y0, the mapping

ax: RExRB — RnxP
0 — «X,0)

appearing in (4.2.3) is piecewise-constant, with a finite number of pieces. Further-
more, the boundary of each piece has Lebesqgue measure zero. We call Ax the union
of all the boundaries. The set Ax is closed and has Lebesque measure zero.

Proof. Let us first notice that for any ¢ € [1,n], for any I € [1, L — 1],
(av(mive))vevlu-.-uw,l € {0,111V Wi

takes at most 21 FNi-1 distinct values, so the mapping 6 — (a, (", 6))
is piecewise constant, with a finite number of pieces.

Let i € [1,n]. Let I € [1,L — 1] and v € V;. Recall the definition of f;_1, as
given in Section 4.2.1. The function § — a,(z¢, #) takes only two values, 1 or 0, and
its values are determined by the sign of

Z wv’ﬁ\vfl—l(xi)v’ + bv- (4A3>

veV

veV1U---UVi_

For all v/ € Vj_1, the value of f;_1(2%),, depends on §. On a piece P C R¥ x R?
such that (@, (", 0))v"ev1umuvl_1
on P, the value of (4.A.3) is a polynomial function of #, and since the coefficient

is constant, this dependence is polynomial. Thus,

applied to b, is equal to 1, the corresponding polynomial is non constant. Since the
values of a,(z%,0) are determined by the sign of (4.A.3), inside P, the boundary
between {§ € RE x RP a, (2%, 0) =0} and {# € RY x RB a,(z%,0) = 1} is included
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in the set of # for which (4.A.3) equals 0. This piece of boundary is thus contained
in a level set of a non constant polynomial, whose Lebesgue measure is zero.

Since there is a finite number of pieces P, the Lebesgue measure of the boundary
between {# € R¥ x RB a,(z%,0) = 0} and {# € R¥ x RB a,(z%,0) = 1}, which is
contained in the union of the boundaries on all the pieces P, is thus equal to 0.

Since this is true for all [ € [1,L — 1] and all v € V}, the boundary of a piece
over which (ay(a", 0))UEV1U-~UVL_1

Now since, for all ¢, the value of (7, #) only depends on (av(:ni, 9))

is constant also has Lebesgue measure zero.

veViU---UVp 1
and since ax () is a matrix whose lines are the vectors a(z*,6), we can conclude
ax: RExRE — R™P
0 — «a(X,0)
pieces, and that the boundary of each piece has Lebesgue measure zero.

that is piecewise-constant, with a finite number of

A boundary is, by definition, closed. Finally, a finite union of closed sets with
Lebesgue measure 0, as Ax is, is closed and has Lebesgue measure 0. ]

For convenience, we introduce the two following notations. Let [ € [0, L]. For

any I’ € [0,1] and any path p; = (vy,...,v) € Vi x -+ XV, we denote
-1 .
0,, = k:(;_ul)vk%vkﬂ ?f l: =0 (4.A.4)
bl/ k=l ka‘)vlﬂ»l if [ Z 1,

where as a classic convention, an empty product is equal to 1. In particular, if [ = 0,
for any p; = (vg) € Vo, we have 0, = 1. For any path p, = (v;,...,vr) € Vix---xV,
we denote

L—-1
epo = H wUk‘)’Uk{,l’ (4.A.5)
k=l

with again the convention that an empty product is equal to 1, soif l = L, 0,, = 1.
Some attention must be paid to the fact that for any I € [1, L], if we take p; in
the case | = L and p, in the case [ = I, it is possible to have

pi = (vr,...,vL) = Do,

but in that case we DO NOT have 6,, = ,,, since 0. = by [[F=p We, o, 4, and
Op, = Hé;ll, Wy, —vy,,, - We will always denote the paths p; and p, with an 4 (as in
‘input’) or an o (as in ‘output’) to clarify which definition is used.

When considering another parameterization § € RE x RE, we denote by épi and
épo the corresponding objects.

We establish different characterizations of the set S defined in Section 4.2.3 that
will be useful in the proofs. As mentioned in Section 4.2.3, the subset of parameters
(RE x RP ) \ 'S is close to the notion of ‘admissible’ parameter in [179], but is slightly
larger since the condition we—, # 0 is replaced by (we—w,by) # (0,0), for each
hidden neuron v.

Proposition 84. Let § € RF x RE. The following statements are equivalent.
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i) 0 € (RE x RE)\S.
ii) Foralll € [1, L—1] and allv; € V}, there existl' € [0,1], a path p; = (vy,...,v) €
Vir x -+ x Vi and a path po = (vy,...,vp) € Vi X -+ x VL, such that

Op, #0 and 6, #0.

iii) For all | € [1,L — 1] and all v; € V;, there exist ' € [0,l], a path p =
(vpy .oy y0p—1) € Ppoand vy, € Vi, such that

¢pﬂJL (0) # 0'
Proof. Let us show successively that i) = i), 4i) = 4ii) and i) = 7).
i) — ii) Let 6 € (RF x RP)\S. Let us show ii) holds.
Let I € [1, L] and v; € V;. To form a path p; satisfying the condition, we follow

the procedure:

pi + (u)

k<+1

while £ > 1 and b, = 0 do

Elvk—l € Vk‘—lvka,lﬁ’vk 7& 0
pi < (Vk—1,Di)

k+—k-1
end while
'k
The existence of vg_1 in the loop is guaranteed by the fact that ¢ S and b = 0 in
the condition of the while loop. In the end, we obtain a path p; = (vy,...,v;) with
either I’ > 0 and by # 0, or I’ = 0. In both cases, we have by construction

Oy, #0.

We do similarly the other way to form a path p, = (v;,...,vr). We follow the
procedure:
Po + (1)
k<+1
while £t <L —1do
Jugy1 € Vk+17ka—>vk+1 #0
Po < (pmvk—i-l)
k+—k+1
end while

The existence of v in the loop is guaranteed by the fact that 6 ¢ S. In the end,

we obtain a path p, = (vy,...,vr) satisfying by construction
Op, # 0.
it) —i1i) Let | € [1,L — 1] and v; € V;. There exist I’ € [0,1], a path p; =
(vpy...,v) € Vip x --- x Vj and a path p, = (vy,...,vr) € Vi X -+ x V, such that

0p, #0 and 6, #0.
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Denoting p = (vy, ..., v, ..., v5—1), we have

(Z)P,UL (9) = Hpiepo # 0.

i7i) — i) Let us show the contrapositive: let § € S, and let us show the statement
i41) is not true. Indeed, if 6 € S, there exist [ € [1,L — 1] and v; € V; such that
(We—s;, by,) = (0,0) or wy,—se = 0. Consider a path p = (vy,...,v;,...,vr—1) and
vy, € V. We have

¢p7UL (9) =

7/
{bvl/wvl/%vl/+1 e wvl,lﬁvlwvl—le e va_IHvL lf l Z 1

.
Wyg—vy -+ - Woy_ g —0y Woy vy -+ - Wop_y—vp, if I =0.

If (We—su;, bu,) = (0,0), either I =1 and by, = 0 50 ¢4, (#) =0, or I’ < I and since
Wy, -y, = 0, we have ¢, ,, (0) = 0.
If wy, e = 0, Wy, s, = 050 ¢p oy, (0) = 0. Thus 4ii) is not satisfied. O

We restate and prove Proposition 73.

Proposition 85. For all 0,0 € RE x RE, we have

050 —  ¢0) = o6(0),

and thus in particular

0 —  6(0) = o(0).

Proof. Let 0,0 € RE x RE such that 6 L 0. There exists a family (\°,...,\l) €
(R*)Vo x ... x (R*)VE | with A° = 1y, and AY = 1y, , such that for all I € [1, L], for all
(vi—1,v;) € Vi1 XV}, (4.2.6) holds. We consider first a path p = (vg,...,vr-1) € Po
and vz, € V. Using (4.2.6) and the fact that X, = /\SL =1, we have

L Ly L L
0) = T oy = 22 T ooy = By (6
¢p,UL( ) - Hw’ulfl—)l)l - H )\l*l wvl,l—wl - )\0 val,1—>’l}l - ¢p,vL( )
=1 =1 7\Vi-1 V0 —1

Similarly, for [ € [1, L — 1] and a path p = (v, ...,v—1) € P;, and for all vy, € V7,
we have, using (4.2.6) and the fact that AL =1,

L L )\l’ L
6) = b =Alb 4 =ALp 7
¢p7'UL( )_ vy wvl/_1—>vl/ — Y -1 wvz/_1—>vz/ - Tlvp YU wvz/—1_’vz/
U'=l+1 U'=l4+1 "V -1 U'=l+1

= Op,us (é) .

Finally, for p = 8 and vy, € Vi, we have
Gpw, (0) = by, = AgLBUL = BUL = Ppor (é)
This shows ¢(0) = ¢(0).
For the second implication, we simply use the fact that if § ~ 6, in particular,

024 O
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Corollary 86. The set (]RE X ]RB) \S is stable by rescaling equivalence: if 6 €
(RE X RB) \S, and 0 € RE x RE satisfies 0 L 0, then 0 € (RE X RB) \S.

Proof. Let 6 € (RE x RP)\S and f € RE x RE such that 0 £ 4. Proposition 85
shows that ¢(0) = ¢(0).
Let [ € [1,L] and v € V;. Since # € (RF x RF)\S, according to Proposition
84 there exists I’ € [0,1], a path p = (vy,...,v;,...,v—1) and vy € V, such that
Gpwy, (0) # 0. We have
Ppp (0) = Ppp, (0) # 0,

and since this is true for any [ € [1,L] and v € Vj, Proposition 84 shows that
g € (R x RP)\S. O

We restate and prove Proposition 74.

Proposition 87. For all § € (IR{E X RB) \S, for all 6 € RE x RB,
R ~
o0) =0 — 0%4,

Proof. Let us choose (A°,...,AF) € (R*)Y0 x ... x (R*)VZ as follows. For all | €
[1,L — 1] and all v; € V}, since 6 € (RE X RB) \\S, Proposition 84 shows that there
exists a path po(v) = (vi,...,vr) € Vi x -+ x V[, such that 0, (,,) # 0. Let us define
A =1y, Al =1y, and for all I € [1,L — 1],

5= Do)
(U] 0 *

po(”l)

The value of )\ﬁjl a priori depends on the choice of the path p,(v;), but the first of

the two following facts, that we are going to prove, shows it only depends on vy,

since in (4.A.6), p; does not depend on p,(v;).

— For all I € [0, L], for all v; € V, for any I’ € [0,(] and any p; = (vy,...,v;) €
‘/2, X oo X ‘/27
Op, = AL, Op,. (4.A.6)
— For all [ € [0, L], for all v; € Vi, A, #0.
Indeed, let I € [0, L] and let us consider I’ € [0,{] and a path p; = (vy,...,v;) €
Virx - x V. Let vigq,...,vp € Viyq X - -+ x V, such that p,(v;) = (v, vi41,...,01).
Let p = (vpy... v, ...,vp—1) € Py so that p; U py(v)) = pU (vp). We have by
hypothesis
epigpo(vz) = ¢P,vL (9) = ¢P70L (9) - apiepo(vz%
thus ~
Opo(w) 5 15
9171' = 0 epi = /\vlepm
po(vl)

which proves the first point. To prove the second point, we simply use Proposition
84 to consider a path p; such that 6,, # 0, and (4.A.6) shows that )\Ll # 0.
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Let us now prove the rescaling equivalence. Let [ € [1, L], and let (v;_1,v;) €
Vi1 x Vj. Let us consider, thanks to Proposition 84, I’ € [0,I — 1] and a path
pi = (vy,...,u_1) € Vi X -+ x Vj_1 such that 6, # 0. The relation (4.A.6) shows
we also have 6, # 0. Let p} = p; U (v;). Using (4.A.6) with 0, we have

Op; Woy_y v, = ep; = Aélep; = /\i)l Op, Woy_y —v; -
At the same time, using (4.A.6) with 6, we have,

__\I—-1p
Hpiwvl—l—”}l - )‘vg,lapiwvz—l—wn

so combining both equalities, we have

l ~ _\I\-17
/\vl Opi Wy _y—vy = )\Ul_l‘gpiwvlfl‘)vl‘

Using the fact that 6,, # 0 and )\f;_ll # 0, we finally obtain, for all I € [1, L] and
all (v—1,v) € Vi1 x V:
AL

w’l}l_l—M}l = —1 wvl_1—>’ul‘
V-1

For all [ € [1, L] and all v; € V}, using (4.A.6) with p; = (v;), we obtain
by, = AL by,
This shows that (4.2.6) is satisfied for all (v;_1,v;) € Vi_1 x V}, and thus 0 £6. O

The following proposition is useful in the proof of Theorem 95 and allows to
improve identifiability modulo rescaling into identifiability modulo positive rescaling.

Proposition 88. For all 6 € (RE X ]RB) \S, there exists € > 0 such that for all
9 € RE x RB,

10 —0lloc <€eand 026 = 0~0.

Proof. Let § € (RF x RP)\S. We define

€ = min ({\wvﬁvr], v —= v € E and wy_sy 7&0} U {]bv\, v € B and b, #0})

Let 6 € RP x RP such that ||§ — 0o < € and 6 6. To prove 6 ~ 6, we simply have
to prove sign(f) = sign(f). There exists (A%, ..., AL) € (R*)0 x ... x (R*)VZ, with
AV =1y, and AL = 1y,, such that, for all I € [1, L], for all (v,_1,v;) € Vi_1 x V],
(4.2.6) holds. Let us show that sign(f) = sign(6).

Indeed, let I € [1,L], and let (v,v") € Vi1 x Vj. If wy_y # 0, then since
[Wy—ypr — Wy—syr| < € and by definition € < |wy, .|, We have sign(wy,_y,) = sign(wy ).
Otherwise, if w,_y,» = 0, (4.2.6) shows that we have

Alfl

Wy—y! = i Wy—y! = 07
,U/
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so we still have sign(wy_,) = sign(wy,_).
Now let [ € [1, L] and let v € V. Similarly, if b, # 0, we have |b, —b,| < € < |by|,

so sign(b,) = sign(b,), and if b, = 0, we have

so again sign(b,) = sign(b,).
This shows sign(f) = sign(), so 0 ~ 6. O

4.A.3 The smooth manifold structure of X

In this section, we prove Theorem 76, which is restated as Theorem 94. Before
doing so, we establish intermediary results, some of which are evoked in Section 4.3.
Let us discuss the cardinal of Fy defined in Section 4.3. The set Fy is obtained
by removing the edges of the form v — s . (v) for v € ViU---UVy_1. Note that we

do not remove the edges of the form v — s% . (v) for v € Vi. For all [ € [1,L — 1],

max

there are precisely N; edges of the form (v, s% . (v)) with v € V}, so

? “max

[Fy| = |E| = (N1 + -+ Np-1)
=NoNi+---+ N 1N, — Ny —---— Np_1.

As a consequence, since |B| = Ny + --- 4+ Np, we have in particular

|Fyp| + |B] = NoN1+---+ N,_1Np, — Ny —---—= N1+ Ny +---+ Np,
= NogNy+---+ Ny_1Np + Nyp. (4A7)

The following proposition is a first step towards Proposition 90, which states
that /Y is a homeomorphism.

Proposition 89. For all 6 € (}RE X RB) \S, the function ¢? : Uy — RP*VL s
njective.

Proof. Let 7,7 € Uy such that ¢?(r) = %(#). Let us show 7 = 7. We have
d(po(1)) = ¢(pe(7)) and by definition of Uy, pg(7) € (RF x RF)\S, so by Proposi-
tion 87 we have the rescaling equivalence

po() % po(7).

By definition of the rescaling equivalence, in its formulation (4.2.6), there exists
A% AE) € (R x - x (R*)VE, with A\° = 1y, and A = 1y,, such that, for
all I € [1, L], for all (vj_1,v) € Vi1 X V],

AD)y -
pt‘)(T)vl—1—>Uz = ﬁfm(T)vza%vl

) (4.A.8)
by, = )\ﬁ)l by,
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Let [ € [2,L] and let v;_y € Vi_;. Let v; = 8% (v;_1). According to (4.A.8) we

have ( l)
Ay .
pG(T)v_ v = %PG(T) - :
-1 ()\l 1)111_1 V-1

But since v; = 5% (v;_1) and v;_1 € Vj_; with [ —1 € [1, L — 1], we have v;_; —
vy € E\Fy, so by definition of py in (4.3.2),

pQ(T)Uzq%Ul = Wy = = :09(71)0171HUL #0,

(A,

S0 B,

=1.
vi—1
We have shown that for all [ € [2, L], for all v;_; € Vj_q, there exists v; € V
such that
A Doy = (WD

V-1

As a consequence, if [ is such that A\l = 1y;, then A1 = 1y, ..
Starting from A = 1y, , this shows by induction that for all [ € [1, L],

AN=1y,.
By hypothesis we also have \Y = 1y,. Using (4.A.8), this shows that
po(T) = po(7).-
The injectivity of py allows us to conclude that
T=T.
O

The following proposition shows, as mentioned in Section 4.3, that ¥? is a homeo-
morphism. This is a necessary step to prove that (Vp, (wg)*l)ge(RExRB)\S is an atlas
of 7.

Proposition 90. For all § € (RE X RB) \S, ¢? is a homeomorphism from Uy onto
its image Vy.

Proof. We already know from Proposition 89 that ¢ is injective, so we need to
prove that 1Y is continuous and its inverse is continuous. The function py is affine
and ¢ is a polynomial function, so the function ¥ = ¢o py is a polynomial function,
and in particular it is continuous.

To prove that (¢?)~! is continuous, we consider a sequence (7,,) taking values in
Up and 7 € Uy such that 1?(r,) — ?(7), and we want to show that 7, — 7.

Let us first show that for all v € B, (7,)y — 7. Indeed, let [ € [1, L] and let
v; € Vj, so that v; is an arbitrary element of B. Let us define v = sfnax(vl), then
Vg = 8% (v41) and so on up to vy = s? (vr_1). Since for all I' € [I, L — 1],
vpy1 = 8%, (vy), by definition of Fj and py (see (4.3.1) and (4.3.2)), we have

p@(Tn)vl/ﬁ\vl/_'_l = Woy—vp 1o (4.A.9)
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and
pe(T)Ul/*)’Ul/_'_l = wvllﬁvl/_,_l . (4A10)

In particular, since 6 ¢ S, for all I" € [I, L — 1] we have Wy, —e 7 0, so by definition
of ana)u wvl/—>vl/+1 # 0. We thus have

Wy =4y - - Wop_1—vp 7 0. (4.A.11)

If we denote p = (vy,...,vp—1), we have, using the definition of ¢ and (4.A.9),

[4
wp,vL (Tn) = (Tn)vlwvl_ﬂjl+l co Wy —up

and using (4.A.10),

[%
wp,UL (T) = (T)vzwvz—wl-u <o Wy —vp-

Using (4.A.11) and the fact that
W0 () = (7,

we conclude that
(Tn)v, = T,

Let us now prove that for all (v,v") € E, (7n)y—v = To—w. Let us show by
induction on ! € [1, L] the following hypothesis

vl e [[1,[]], V(U,U’) € (V}/,l X V/) N Fy, (Tn)vﬁv/ —> To—!- (Hl)

Initialization. Let (v, v1) € (Vo x V1) N Fy. We define vy = s% _ (v1), then we
define v = 5% ._(v2), and so on up to vy, = s% . (vr_1). Let p = (vg,...,vp_1) € P.
As above, using the definition of pg, Fy and ¢, we have

1/’2,% (Tn) = (Tn)vo—>v1wv1—>vz <o Wy =g

and

Iﬁg,vL (T) = (T)”Uo—wlwm—wz <o Wop g —ups

and since 0 € S, we also have , as above,

Wy —svg - - - Wy _q—v;, 7 0. (4.A.12)

Since
W0 () — 47 (7)
we conclude using (4.A.12) that

(Tn)voavl — Tvg—v1 -

We have shown Hj.
Induction step. Let [ € [2, L] and let us assume that H;_; holds.
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Let (vi—1,v;) € (Vi1 x V) N Fp. We define vy = S?nax(vl)vvl+2 = anax(vl+1),
and so on up to vy = s (vr_1). Let us denote p, = (vy,...,vr). Recalling the
notation defined in (4.A.5), we have

po(Tn)p, = Woy—svpyy -+ Wop_1—svp = po(T)p, # 0. (4.A.13)

At the same time, since 7 € Uy, Proposition 84 shows there exist I’ € [0,] — 1]
and a path p; = (vy,...,v_2,v;_1) such that

po(7)p; # 0. (4.A.14)

If I’ > 1, we have shown in the first part of the proof that (T )y — Tv, - Moreover,
whatever the value of I is, for k € [I',1 — 2], if (vk, vk+1) € E\Fy,

pG(Tn)vkakarl = ka%UkJFl = p@(T)UkHvk+17

and if (vg, vg41) € Fy, according to Hy_q,

pG(Tn)vkﬁkarl = (Tn)vk%v;wrl — Topg—vpp1 — pQ(T)vkaka-

We therefore have
pG(Tn)pi — p@(T)piv (4.A.15)

and in particular, since pg(7)p, # 0, there exists ng € N such that for all n > ny,

Po(Tn)p; # 0. (4.A.16)

We can write
Vpos (Tn) = 90 (), (Ta)urr—ur 6 (),
and
Yo, (1) = P6(T)p, (T)ur_y v P(T)pos
so using (4.A.13), (4.A.16) and (4.A.15), we have

¢2,UL (Tn) N ¢g,vL (1)
P0(Tn)p; Po (Tn) po Po(T)piPo(T)p,

(Tn)vz_l—wz =

= Tvl_l—ﬂ)l .

We have shown H;, which concludes the induction step.
In particular, Hy, is satisfied, and finally 7, — 7.
This shows that ¢? is a homeomophism. ]

The following lemma is necessary for the proof of Proposition 92.

Lemma 91. Let § € (RF x RP)\S. Let (v,v') € E (resp. v € B). If wyyy # 0
(resp. b, # 0), then there exists € > 0 such that for all & € RF x RB, if ||(0) —
(0 )loo < €, then Wy # 0 (resp. by #0).
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Proof. Let 0 € (]RE X ]RB) \S and (v,v') € E such that w,_,, # 0. Denote [ €
[0,L — 1] such that v € V. If [ = 0, we take p; = (v) so that by convention
0,, =1 # 0, and if [ > 1, we use Proposition 84 which states that there exists

! € [0,l — 1] and a path p; = (vp,...,v_2,v) such that 6, # 0. Similarly, if
=L —1, we take p, = (v") so that by convention §,, =1# 0 and if | < L — 1, we
use Proposition 84 which states that there exists a path p, = (v, vj41,...,vr) such

that 6,, # 0. If we denote

/ .
(v, V149, ..., v—1) ifl=0
p=19 (vy,...,v_1,0,0") ifl=L—-1
/ .
(vpy...,v—1,0,0 ,vp49,...,vp—1) otherwise,

we have
QSP:UL (9) = epiwv—)v’gpo 7£ 0.

We define € = |¢p., (0)] > 0. For all § € RF x RE such that ||¢(0) — ¢(0) ]| < € we
have

(Zsp:/UL (é) 7é 0'
Since (bvaL(é) = épiwwv,épo, this implies in particular that
Wy 7é 0.
The proof is similar in the case v € B and b, # 0. O

The following proposition, which states that for any 6 € (RE x RP ) \S, Vp =
1% (Uy) is open with respect to the topology induced on % by the standard topology
of RP*VL is necessary to show that (Vj, (we)_l)ge(REXRB)\S is an atlas of X7.

Proposition 92. For any 0 € (RE X RB) \S, for any T € Uy, there exists € > 0
such that
21N Boo(¥7(7),€) C V.

Proof. Let us first construct € and then consider an element of the set on the left of
the inclusion and prove it belongs to V. Let 6 € (]RE X ]RB) \S and 7 € Up. For all
l € [1,L —1], for all v € V}, by definition of Fy and pg, we have pp(7), 50 () =
Wy_ys0 (1), and since § ¢ S, by definition of 89 s Wy () 7 0, s0 according to
Lemma 91 there exists €, > 0 such that for all § € RE x R5,

[6(po(7)) = ¢(O)llco <€ = Wys0 () # O-

max

Let € = minyey,u..uv;,_, €o-

_Let us now show the inclusion: let f ¢ (RE x RP)\S such that [|¢(ps(T)) —
#(0)]|oo < €, and let us show that ¢(#) € Vp. Notice first that for all [ € [1,L — 1]
and v € V, by definition of €, w,_,0 () # 0 and W, . () # 0. We are going to

define 7 € Uy such that pg(7) g 0, so that using Proposition 85, ¢¥?(7) = ¢(f).
Let us define recursively a family (\°, ..., AF) € (R*)Y0 x ... x (R*)VZ as follows:
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— we define A\l = 1y, ;
— for all l € [1,L — 1], for all v € V}, we define

)\l _ wU%S?nax(U) )\H-l
v 59
w,

o (4.A.17)
vl (v)

— we define finally A0 = 1.
Note that for all I € [0, L] and for all v € Vj, Al # 0. Also note that for all [ € [2, L],
for all v € Vj_1, reformulating (4.A.17) in a way that will be useful later, we have

AL

Smax(v) — wU%S?}lax(U) (4A18)
)\51_1 U}v%sﬂ]ax(v) '
We then define 7 € R x RE by:
— for all [ € [1, L], for all (v,v") € (Vj_1 x V}) N Fy,
Al/
Ty—y! = Tilﬁ/vﬁvl; (4.A.19)
— forall l € [1, L], for all v € V],
7o = Ab,. (4.A.20)

Let us show py(7) L 6. Indeed, let I € [1,L] and let (v,v") € V-1 x V. If v € 1
orveViU---UVy_y and v # s, (v), then by definition (4.3.1) of Fp, we have

max

v — v € Fy, so using (4.3.2) and (4.A.19) we have
pQ(%)U—w’ = Tys! = )\livllﬁ)v—wh (4.A.21)

IfveViu---UVp g and o' = s, (v), then by definition (4.3.1) of Fy, we have

max

v — v € E\Fy, and since in that case, [ > 2, using (4.3.2) and (4.A.18), we see that

- A,
pG(T)vﬁ'u/ = Wy = Tqilwvﬁv" (4A22)
If v € B, using (4.3.2) and (4.A.20), we have
po(F)y = 7o = AL by, (4.A.23)

Equations (4.A.21), (4.A.22) and (4.A.23) prove that
pol(7) % 6.

Using Corollary 86, since 0 € (RE x RB)\S and py(7) g 0, we also have pg(7) €
(RE x RP)\S. Since, by definition, Uy = p,' ((RF x RP)\S), we have 7 € Uj.
We have shown

1N B (W0 (7),€) C V.
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The following proposition is necessary in order to show that (Vjp, (’(/19)_1)96(RE XRB)\S
is an atlas of 7.

Proposition 93. For all 6 € (RE X RB) \S, the function ¢? is C> and its differ-
ential DY? (1) is injective for all T € Up.

Proof. Let 0 € (IR{E x RB ) \S. First of all, ¢ is a polynomial function as a compo-
sition of ¢ and py which are both polynomial functions. So, ¢ is C*°.

In order to show the injectivity of the differential Dy?(7) for all 7 € Uy, let us
compute the partial derivatives of wgﬂm (7). Let p € P and vy, € Vi. Using the
definition of ¥ and ¢, three cases are possible.

Case 1. The path p is of the form (vg,v1,...,vr—1). We have

wg,UL (T) = p@(T)Uo—Hq et p@(T)vL,1—>vL-
Case 2. The path p is of the form (v;,...,vr—1) with I € [1,L — 1]. We have,
for all 7 € Uy,
¢z,vL (T) - TUUOH(T)W—VUHl s p9(7)0L71—>UL'
Case 3. For p = (8, we have, for all 7 € Uy,

(7
1/1;;,% (T) = Tup,-

ol

Let (v,v) € Fy, and let us compute 8;%’%/ (7).
Case 1. We have p = (vo,...,vr—1) € Po. If {v,v'} C {vo,...,vr}, there exists
l € [0, L — 1] such that (v,v") = (v;,v;41), in which case, since (v,v’) € Fp,

90(7—)vzﬁvl+1 = Ty —v41 and

ol

P (r) = I re)vson- (4.A.24)
v ke[0,L—1]
k#l

Otherwise if {v,v'} Z {vg,...,vL},
aqzjg’vL T
aTv—w’

Case 2. We have p = (v;,...,vp—1) € Py, for I € [1,L —1]. If {v,0'} C

{vi,...,vr}, there exists I" € [I,L — 1] such that (v,v") = (vy,vp41), in

which case, since (v,v') € Fy, pg(T)fUl,_wl,+1 = Tuy—vy,, and

) = 0.

ol
aﬂ(ﬂ:nl T re(™ oo (4.A.25)
To—/ ke[l,L—1]

kAl

Otherwise if {v,v'} Z {v;,...,vL},
O

aTv%v’

(1) =0.
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Case 3. We have p = . In that case, we have
ol

K
— L (1) = 0.
8Tv—>v’

p) 0
Now let v € B, and let us compute 12%’?(7).

Case 1. We have p = (v, ...,vr—1) € Pp and

Op

Case 2. We have p = (v;,...,vp—1) € Py for [ € [1,L — 1]. If v = v;, then

ol
%(T) = H pa(T)Uk_VquLl :
v ke[l,L—1]
If v 7& vy, 5 0
wpa'UL _

Case 3. We have p = 8 and

awgm( ) 1 ifo=ug
— T =
0Ty 0 ifv#wvg.

Now that we know the partial derivatives, let us show Di?(7) is injective for all
7 € Up. Let 7 € Uy and let h € Rfo x RE such that

DYY(r) - h=0.

We need to prove that h = 0.

Let us show first that for all v € B, h, = 0. Let [ € [1,L — 1], and let v; € V] so
that v; is arbitrary in B\Vz. Let us define vj,1 = s ,.(v;), then v, o = 8% . (vi41),
and so on up to vz, = s% .. (vy_1). Let us denote p = (v;,...,v;_1). We have

%
Tzz)p,fuL (T) = Ty Wy vy - - - Wop_1—vp»

SO

0 _ 8¢3,UL _
[Dyf(r) - h}m = P (1) huy, = o - Wop sy
’ vy

Since [DwH(T) . h]p’vL = 0 and wy, v, - - Wop_; 0, 7 0, we conclude that h,, = 0.

Now let v, € V. We consider p = 8 and we have

[DyP(r) - h] =y,

p,vL

Since [Dy?(7) - h]p v, =0, we also conclude in that case that h,, = 0.
Let us now show that for all (v,v") € Fy, hy_y = 0. Let I € [1,L] and let
(vi—1,v1) € (Vi1 x Vi) N Fy so that (v;_1,v;) is arbitrary in Fy. If [ = 1, we define
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pi = (vi—1) and we have by convention #,, = 1 # 0. If [ > 1, using Proposition
84 there exist I’ € [0,l — 1] and a path p; = (vp,...,v_1) such that pg(7),, # 0.
If I < L, we define vy = s, (), then vyyo = %, (vi41), and so on up to
v, = 8% . (vr_1), and we denote p = p; U (vj_1,vy,...,vr_1). If | = L, we denote
p = p;. Let us show the following expression.

0
[D¢9(T) . h] = Z 81##(7.);%]6_)%+1 (4.A.26)

PUL or,
kel 1—1] Uk k41

(vk,Vi41)EFg

Indeed, if I’ > 1, we have

-1 L-1
0
7/’ UL (7-) = 7—Ul/ H pH(T)kakarl H ka%’vk+17
k=l k=l

with the classical convention that if [ = L, the product on the right is empty thus
equal to 1. We thus have

ol oo
Dy?(r)-h| =L (7)hy,, + P (7)h
Dv'()-h],, = G r WZZH o (s
(v, vk41)EFD
oY
= Z #(T)hvk%wgﬂ’
ke[l 1—1] Uk TV
(Vk,Vk+1)EFY
since we have already shown that h,, = 0.
If I’ = 0, we have
-1 L-1
0
%,UL (T) = H pO(T)vk—WkH H Wy —vg415
k=0 k=l

with the same convention that when I = L the product on the right is equal to 1,
So again

(7
[DQ;Z)H(T) : h} = Z M(T)hvkﬁvkﬂ'

UL o,
kelo,l—1] Uk Vk+1

(Vi vk y1)EFD

This concludes the proof of (4.A.26).
We can now show by induction the following statement, for [ € [0, L].

vl € [[1,[]], V(’U,U/) S (VE/,1 X W/) N Fy, hy_y = 0. (Hl)

Since [1,0] = 0, Hy is trivially true. Now let [ € [1, L] and suppose H;_; is true.
We consider (v;_1,v;) € (Vi1 X V}) N Fy, and ' € [0,1], p; and p just as before.
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Since for all k € [0, — 2], the induction hypothesis guarantees that hy, ., ., = 0,
(4.A.26) becomes

[Dy?(r)-n] = %mm_m.

p,vL 87—1”71_)1”

Using (4.A.24) and (4.A.25), we obtain

[D¢9(T) : h] = P6(T)pi Wy —svpyy -+ Wor_y—svop oy HT<L
pvL pG(T)pihvl,lavl lf l == L

Since pg(7)p, # 0, and for I < L, wy s, - Wy, _ 50, # 0, we conclude that
hy, v, = 0 and that H; holds.
This induction leads to the conclusion that h = 0 and D+?(7) is injective. [

We are now equipped to prove Theorem 76, which we restate here.

Theorem 94. X! is a smooth manifold of RP*VL of dimension
|Fy| + |B| = NoN1 + NiNg + -+ N1 N, + N,
and the family (Vp, (we)*l)GG(RExRB)\S is an atlas.

Proof. Our goal is to show that the family (Vj, (¢9)_1)96(REX]RB)\S is a smooth
atlas, which will show that ¥j is a smooth manifold.

We already know from Proposition 92 that for any 6 € (]RE x RB ) \S, Vp is an
open subset of X% and from Proposition 90 that (1)%)~! is a homeomorphism from
Vp onto Up. Since for any 0 € (RF x RB)\S, 1 € Uy, we have ¢(0) = ¢%(rp) € Vp
which shows that (Vp)geme xrB) g covers X7,

Let 6,0 € (RE x RP ) \\S, let us show that the transition map

@) oy? - W)V V) = @) N (VenVy)

is smooth. i

Let 79 € Uj; such that 79 € (¢%)~1(VyNVj;). We are going to show that the
function (?)~! o W is C® in a neighborhood of 7.

For ease of reading, let us denote 1?(ry) by 79. By definition, ny € Vo N V;.
In particular, since g € Vp, we can define 71 = (¢?)7(1). See Figure 4.3 for a
representation.

Let T = Im Dv?(r1), and let us consider a linear subspace G such that T @ G =
RP*VL Let N¢ = |P|Nf — |Fy| — |B| = dim(G). Let i : RN¢ — G be linear and
invertible. Let us consider the function

wo - UQXRNC — RPXVL
(r,2) — PP(r) +i().
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Figure 4.3 — The points ng, 70, 71 and the inverse charts ¢ and 17[)5.

We are going to show that there exist an open neighborhood U of (7, 0) in (R® x
RP) x RV and an open neighborhood V of 7y in RPXVL such that ¢y is a C™
diffeomorphism from U onto V satisfying

@9( [(RFO x RP) x {O}NC} N ﬁ) =xinvV.

Let us first show that ¢y is a C*°-diffeomorphism from a neighborhood of (71,0) in
(RFe x RP) x RNe onto a neighborhood of 79 in RP*VZ. As shown in Proposition 93,
Y is O and i is a linear function, so g is C°. Let us prove that the differential
Dy(71,0) is injective. For all (1,z) € (RF? x RF) x RNc,

Dey(71,0) - (7,2) = Dy’ (1) - 7 +i(x).
Since Dy (11)-7 € T, i(x) € G, and T and G are in direct sum, if Diy(71,0)-(7,9) =

0, then we have

Dyf(ry) - 7=0

i(x) =0.
Since as shown in Proposition 93 Dv?(7) is injective, and since i is invertible, we
have

(r,2) = (0,0).

Hence, Diy(71,0) is injective. Since dim((R? x RP) x RN¢) = |Fy| + |B| + N¢ =
|P| N, the differential Dyg(71,0) is bijective. Using the inverse function theorem,
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there exists an open set U C Uy x RN¢ containing (71, 0), an open set V' C RP*Vz
containing 79 such that ¢y is a C*°-diffeomorphism from U onto V.
We have

we([(RFGXRB)X{O}Nc}OU) c VynV.

In fact, if V' is small enough, this inclusion is an equality. We are going to construct
open subsets U C U and V C V so that it is the case. Let us define

O = {1 €Uy, (r,0) € U}.

Since U is an open set containing (1, 0), O is an open set containing 71 = (?) (o).
Since, according to Proposition 90, ¥? is a homeomorphism, we(O) is an open subset
of V so there exists € > 0 such that

Vo N Bao(mo,€) < %(0). (4.A.27)

We can now define V =V N By (10, €), and U = {(7,z) € U, @g(r,2) € V}, which
are open sets such that (71,0) € U, no € V, and ¢y is a C*°-diffeomorphism from
U onto V. Let us show that

¢9< (R x RP) x {0}"¢] U) —VpnV. (4.A.28)

The direct inclusion is immediate: if (7,0) € [(RF? x RF) x {0}Y¢] N U, then
o(1,0) =¢’(1) € Vo V.

For the reciprocal inclusion, if 7 € Uy is such that ¢?(7) € Vj NV, then by definition
of € and V, (4.A.27) guarantees, since 1? is injective, that 7 € O. By definition of
O, we have (7,0) € U, and since

wp(T,0) = wo(T) ev,

this shows (7,0) € U. This shows the reciprocal inclusion, and thus (4.A.28) holds.
Let us now define

Py: Rfo xRE xRNe — RFv xRP
(r,x) — T

the restriction to the first component, and let us observe that over VN ‘7, we have
Pyo(pg)~t = (")~ L (4.A.29)

Indeed, if n € Vy NV, then by (4.A.28) there exists 7 € Uy such that (,0) € U and
©a(T,0) = 1. Since wy(7,0) = ¥?(7), this shows that 7 = (¢?)~!(n) and thus

(¥%) " (n) = Py(7,0) = Pyo (gg) " (n).
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Now recall that 7y = wé(ro). By continuity of wé, there exists € > 0 such that
Boo(10,€) € (W)™ 1 (Vg N V) and

wa(Boo(TOa ‘5/)) cV.

For any 7 € Boo (70, €), we have ¢?() € VpN V 5o, as we just proved with (4.A.29),
()"t opf () = Pyo (pg) L op?(7). Since the functions ¢, (pp) 1 and Py are all
C®°, we conclude that the transition map (W) 1o ¢9 is C°° over Bu (19, €'), for all
70 € ()71 (Vo N V). We conclude that (%)~ o ¢ is C> over (¢%)~1(Vy N Vj).
We have showed that (Vp, (we)_l)ge(RExRB)\S is a smooth atlas, and thus that
Y% is a smooth submanifold of RP*VZ. As computed in (4.A.7), its dimension is

|Fy| +|B| = NoN1 + Ni1No+ -+ Np_1N + Np.

4.A.4 Conditions of local identifiability

Let us restate (using Definition 75) and prove Theorem 77.

Theorem 95. For any X € R™Y° and 6 € (R¥ x RP)\(SUAY), the two following
statements are equivalent.

i) 0 is locally identifiable from X .

ii) There exists € > 0 such that Boo(¢(0),e) N X3 N N(X,0) = {4(0)}.

Proof.

i) = 4i) Suppose i) is satisfied for some €; > 0. We first construct ¢ > 0 and then
consider 1 € Boo(¢(0),€') N X1 N N(X,0), and we prove that n = ¢(#). Since
0 € (]RE X RB) \(SUAx) and since, according to Proposition 83, Ay is closed,
there exists €2 > 0 such that for any 6 € By (0, €2),

a(X,0) = a(X,0),

B A(X,0) = A(X, ).

Consider € = min(e, e2). Since, according to Proposition 90, pg o (¢?)~! is contin-
uous at ¢(0) € ¢?(Uy), and since pg o (%) ~1(p(0)) = po(7p) = 0, there exists ¢ > 0
such that for all 7 € Uy,

1% (7) = ¢(O)llso < € = llpo(T) = Olloc = llpo o (¥°) (4" (7)) — po © (V)" (#(9)) oo

< €.
(4.A.30)
Since ¢(#) = ¢ (1y), Proposition 92 guarantees that, modulo a decrease of €, we
can assume that
Boo(6(6),€) Nt c 40 (Up). (4.A.31)
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Now let 7 € Boo(¢p(6),€') N 37 N N(X,0). Let us prove that n = ¢(0). Using
(4.A.31), there exists 7 € Uy such that n = (7). Since ||¢(0) —n|/oo < €, we have
using (4.A.30)

lpo(T) — 0|0 < €. (4.A.32)

Since € < €3, we have

A(X,0) = A(X, po(T)). (4.A.33)

Since ¥?(1) = n € N(X, ), we have by definition of N(X,#) that ¢?(7) — ¢(0) €
Ker A(X,6), so
A(X,0) -0 (r) = A(X,0) - (6) (4.A.31)

Using successively (4.2.3), (4.A.33), (4.A.34) and (4.2.3) again, we have

fpg(T) (X)

A(X, po(T)) - d(po(7))
A(X,0) - ¢(po(T))
A(X,0) - ¢(0)
fo(X).

"
"¢

Since the hypothesis i) holds for €;, using (4.A.32) and the fact that € < €1, we have

0 ~ po(T).

We conclude using Proposition 85 that

n=¢(pe(7)) = &(0),

which shows
Buol(6(6),¢) N ;A N(X.6) C {6(6)}.

The converse inclusion trivially holds and therefore i) holds.

i1) = i) Suppose ii) is satisfied for some € > 0.
We first construct e and prove i) holds. Since § € (R¥ x RP)\(SUAx), using
Proposition 83, there exists €; > 0 such that for all § € By (0, ¢€1),

o(X,0) = a(X,0),

i.e.

A(X,0) = A(X, ). (4.A.35)
Since ¢ is continuous, there exists €2 > 0 such that
16 —bllc <2 = [[&(8) = $(B)lloc < €.

Using Proposition 88, there exists €3 > 0 such that

0L Gand |0 — 0o <e5 = 6~0.
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Since 8 ¢ S and S is closed, there exists ¢4 > 0 such that for all 6 € RE x RB , if
10 = 0]|oc < €4, then
6¢S.

Let € = min(ey, €2, €3, €4). Let 0 € By (6, ¢€), and suppose
fo(X) = f3(X).

Let us prove that @ ~ . Reformulating the above equality using (4.2.3) for both
sides, and using the definition of A given in the beginning of Section 4.4, we have

A(X,0) - ¢(8) = A(X.0) - 6(6).

Since [|0 — 0]|oo < € < €1, we have the equality (4.A.35) and thus

A(X,0) - 6(0) = A(X,0) - 6(0).

In other words, ¢(8) — ¢(#) € Ker A(X,6). Since € < €4, ¢(f) € £}. Since € < ey,

#(0) € Boo(9(0),€'). Summarizing,

$(0) € Boo(9(0), €) NET N N(X, 0),

and using the hypothesis ii), we conclude that

O]

We are now going to prove Theorems 78 and 79, which we restate as Theorems
96 and 97 respectively (using Definition 75).

Theorem 96 (Necessary condition). Let X € R0 and § € (RF x RP)\(SUAY).
If Cn is not satisfied, then 6 is not locally identifiable from X (thus not globally
identifiable).

Theorem 97 (Sufficient condition). Let X € R™*Y0 and § € (RF x RP)\(SUAx).
If Cg s satisfied, then 0 is locally identifiable from X.

To prove the theorems, we need to prove first the following lemmas.

Lemma 98. Let us denote by T = Im Dy?(1y) the direction of the tangent plane to
Y1 at ¢(0). Let us denote by H the intersection Ker A(X,0) NT. We have

dim(H) = |Fg| + | B] — Rr. (4.A.36)
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Proof. Let n € T. There exists h € Rf% x RP such that n = D1?(1y) - h. We have
the following equivalence:

n € Ker A(X,0) A(X,0)-n =0
A(X,0) o DY?(19)-h = 0
I(X,0)-h =0

h € KerI'( X, 0).

reee

This shows that Dy?(rp) ™! (Ker A(X,0) N T) = KerI'(X, 0) c R x RB.
Since Dv?(7y) is injective, we thus have

dim(H) = dim(Ker (X, 0)) = | Fp| + | B| — Rr.

Lemma 99. Let G be a supplementary subspace of Ker A(X,0) such that
H& G =KerA(X,0). (4.A.37)

If Rr = Ry, there exist an open set O C Uy X G containing (19,0) and an open set
V C RP*VL containing ¢(6) such that

& 0O — Vv
(1,9) = ¥(1)+g

s a diffeomorphism from O onto V.
Proof. Let us first show that
T®G =R\, (4.A.38)

Indeed, since Ker A(X,0) = H® G and TNKer A(X,0) = H, we have TNG = {0}.
We of course have
T®Gc R, (4.A.39)

Let us show that dim(G) = dim(R”*Y2) — dim(7T). First note that we have
dim(Ker A(X, 0)) = dim(R”*V2) — rank(A(X,6)) = [P|NL, — Ra.  (4.A.40)
Using (4.A.37) and (4.A.40), we have
dim(G) = dim(Ker A(X,0)) — dim(H)
= |P|NL — R4 — dim(H).
Using (4.A.36) and the hypothesis Rr = R4 we thus have
dim(G) = |P|N — Ra + Rr — |Fy| — |B|
= |PINL — |Fy| — | B]
= |P|Np — dim(T),
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where the last equality comes from the injectivity of D1)?(y), shown in Proposition
93. Together with (4.A.39), this proves (4.A.38).
Let us now consider the function

£: UpyxG — RPN
(r.9) — (1) +g.

For all (h,g) € (R x R®) x G, we have

D¢ (75,0) - (h, g) = Dy’ (o) + g.
The differential D&(7y,0) is injective. Indeed, if
Df(T@,O) ' (hﬂg) = 07
then since Dy?(19)h € T and g € G, we have
Dy (rg)h = 0
9=0,
and since D1)?(1g) is injective, h = 0 and D&(7y, 0) is injective. Since, using (4.A.38),
dim(R* x RP) 4 dim(G) = |P|Ny,

DE(79,0) is bijective.

We can thus apply the inverse function theorem: there exists an open set O C
Uy x G containing (7p,0), an open set V C RP*VL containing ¢(6) such that ¢ is a
diffeomorphism from O into V. O

We can now prove the theorems.

Proof of Theorem 96. If Cy is not satisfied, then we have Rpr = Ry < |Fy| + |B].
We can thus apply Lemma 99: there exist an open set O C Uy x G containing (7, 0)
and an open set ¥V C RP*VZ containing ¢(6) such that

& 0O — Vv
(r,9) = (1) +g

is a diffeomorphism from O onto V.
Consider ¢ > 0. We define the open set O = O N (V)" B(4(0), ¢) x G and its
image V = £(0).

Using the computation of dim(H) shown in Lemma 98, we have
dlm(H) = ‘Fg’ + ’B‘ — Rr >0,

so there exists a nonzero w € H such that ¢(f) + w € V. Since £ induces a
diffeomorphism from O onto V, there exists (7, g) € O such that

$(0) +w =19(7) + g
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V(7) = $(0) =w —g. (4.A.41)

Let us denote § = po(7) and let us show that Theorem 95.ii) does not hold.
By definition, ¢() = °(7) and since (1,9) € O, ||¢(0) — ¢(0)|l« < €. Since
HNG={0},we H, ge G and w # 0, (4.A.41) shows that

¢(6) — ¢(0) # 0.

Furthermore, since w € H C Ker A(X,0) and g € G C Ker A(X,0), (4.A.41)
shows that

#(0) — ¢(0) € Ker A(X,0),

SO

»(0) € N(X,0).

Summarizing, for any e > 0 there exists 6 € (]RE X RB) \S such that ¢(f) €

B (0(0),e) NE3 N N(X,0)\{¢(#)}. The second item of Theorem 95 does not hold.
Since it is equivalent, the first item of Theorem 95 does not hold either. In other
words, the conclusion of Theorem 96 holds. ]

Proof of Theorem 97. Suppose that Cyg is satisfied. Using Lemma 98 and using Cg,
we obtain

dim(T' N Ker A(X,0)) = |Fy| + |B| — Rr = 0.

We thus have
T NKer A(X,0) = {0}. (4.A.42)

In order to apply Theorem 95, let us show by contradiction that there exists
€ > 0 such that

Boo(¢(6),€) N X7 NN (X, 0) = {6(0)}. (4.A.43)
More precisely, we suppose that for all n € N*, there exists ¢,, € N(X,6) N X} such
that ¢, # ¢(0) and [|¢(0) — ¢nlls < L and prove that it leads to T'NKer A(X, 0) #
{0}, which contradicts (4.A.42).

Using Proposition 92, there exists ng € N* such that for all n > ng, there exists
7w € Uy such that ¢, = ¢?(7,). Since ¥? is a homeomorphism and % () = ¢(6),

bn — ¢(0)

implies that
Tn — T9.

Moreover, for all n > ng, 7, # 9.
When n tends to infinity, we can thus write

b — 3(0) = ¢¥ (1) — 1% (19) = DY (19) - (70 — 79) + 0(70n — T9).
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Let us apply A(X,#0) and divide by ||7, — 79]|.

Tt A, 0) - (60— 6(0)) = A(X,0)0 DY (ry) - (22T
17 — 7ol 7 = 7ol
4 ]TimA(X’ 0)o(mn —719). (4.A.44)

Since ¢, € N(X,0) for all n € N*,
1

170 — 9]

A(X,0) - (pn — ¢(0)) = 0.

Since H:":Z” belongs to the unit sphere, we can extract a subsequence that

converges to a limit A with norm equal to 1. Taking the limit in (4.A.44) according

to this subsequence, we obtain
0= A(X,0) 0 DY?(ry) - h,

which shows that D1 (1) - h € Ker A(X, ). Since h # 0 and Dy?(7p) is injective,
Dy?(9)h # 0 and
T NnKer A(X,0) # {0}.

This is in contradiction with (4.A.42).
We have proven (4.A.43). We can now conclude thanks to Lemma 95: there
exists € > 0 such that for any § € RE x RE_if ||§ — || < ¢, then

fo(X)=f3(X) = 0~0.

4.A.5 Checking the conditions numerically
We restate and prove Proposition 81.
Proposition 100. Let X € R™Y and 6§ € RE x RE. We have
R4 = Nprank (a(X,0)) .
Proof. Let n € RP*VL. We have
A(X,0)-n=a(X,0)n.

If we denote by n', ..., nV € R” the Ny columns of 7, the columns of A(X,)-n are
a(X,0)n', ..., a(X,0)n™Ne. If we consider the matrix 1 as a family of Ny, vectors of
R” and the matrix A(X,#)-n as a family of Ny, vectors of R™, the operator A(X, @)
can then be equivalently described as

A(X,0) : (RPYNe s (RM)NE
(..., — (X, 00, ..., a(X,0)nNr).

The rank of such an operator is Nyrank(a(X,6)). O
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We restate and prove Proposition 80.
Proposition 101. Let X € R™*Y0 and 0 € (RP x RP)\(SU Ax). The function

Uy —> R VL
T fpe(T)(X)

is differentiable in a neighborhood of 19, and we denote by D f,,(
ential at 79. We have

(X) its differ-

)
D7 f () (X) = T(X, 0). (4.A.45)
Proof. Using (4.2.3) at pp(7) and the definition of Y% in (4.3.4), we have

fpg(T)(X) = A(Xv 0) : wG(T)-

Taking the differential of

Uy —> R VL
T fpe(T)(X)

at 7p, and using (4.4.2), we obtain

DTfpg(Tg)(X) = A(Xv 9) o D¢0(TQ) = F(Xv 0)

To finish with, the following proposition gives explicit expressions of the coef-
ficients of I'(X,0). These expressions are given for the sake of theoretical com-
pleteness. Note that when it comes to computing I'(X, #) in practice (in order to
compute Rr), the correct approach is using backpropagation as described in Section
4.5 rather than evaluating the expressions in Proposition 102 which involve sums
with very large numbers of summands.

Proposition 102. If we decompose it in the canonical bases of Rf x RE and
RILAIXVE (X, 6) is a (nNL) x (|Fg| + |B|) matriz. For lighter notations, let us
drop the dependency in (X,0) and denote by v*VL the lines of I'(X, ), fori € [1,n]
and vy, € Vi, which satisfy (v"'2)T € R¥e x RB. For any (i,vr) € [1,n] x Vg, let
us express the coefficients of YL, i.e. express ’yf;lv_%vlﬂ for any vy — vi11 € Fy and
erpress yf,’le for any v; € B.
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— Foranyl € [0, L—1] and any (v;, vi11) € Vi X Viy1 such that v; — vj4q € Fy,

1,07, _ 2 : P — % i
7vl—>vl+1 - $v0wvoﬁv1avz (l’ 39) H Quy, (:E 79)ka*>’0k+l
vo€EVh 1§]§€§é[l/—l
v—1€VI_1

Vi42€V 42

vp—1€VL -1

L
+3 Y a0 [ an @ 0w, (4.A.46)

=1 wvyeVy I'<k<L-1
] kAL
v_1EVi_y
Vj42€V42
V1€V

where Wyy—yy; = Wyg—sv, aNd Gy, (2%, 0) = Ay, (2%, 0) except when I = 0 in which
case Wyy—yy, = 1 and @y, (2%, 0) = 1.
— For any l € [1,L] and any v; € V],

’y'li}}vL = Z H aUk (xia Q)ka—karl . (4A47)

Vi+1€Vi41 ISE<L-1

vL-1€VL_1

Proof. Let (i,vr) € [1,n] x VL.

Let us compute 75}1%1,”1, for [ € [0,L — 1] and (v, vi41) € V; X V41 such that
v = vy € Fp. ’yf,’lv_%vl .1 1s the coefficient corresponding to the line (7,v7) and the
column (v; — vy41) of T'(X,0). Let us denote by A" 7%+ € RFo x RE the vector
whose component indexed by v; — v;41 is equal to 1 and whose other components
are zero. Let us denote by d“VL € R"*VL the element whose component indexed
by (i,vr) is equal to 1 and whose other components are zero. Let us denote by
(-, )gnxv, the scalar product of the euclidean space R"™VZ. We have

f%’lv—L)vlJrl = <di7vL ) P(X79) - RO >Rn><VL
= (""", A(X,0) 0 Dy (rg) - h"17"1+1)
] 0
B <d A0 <m>>
87—’014)1}[4,1 ]R”XVL

) 0
= (@, a(x.0) =2 (x)
aT’Ul —V14+1 R X% \%7

0
—[a(Xﬁ) i <m>] ,

87—’01 —)’UH_l iy'UL

RXVL

where [a(X, 0)671/’6(7'9)} denotes the coefficient (i,vz) of the product

87—1ll—>1}l+1 ivr

a(X, 6)871/’0(79). Let us remind the dimensions in this product. For the left

o —vy 41
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factor, recalling the definition given in the beginning of Section 4.A.4, we have
a(X,0) € R™P. Concerning the right factor, since for any 7 € U, we have

0 (1) € RP*VL, the partial derivative satisfies o7, 31/} (19) € RP*VL. Hence, the
+
dimension of the product is

o

87—vl—>’ul+1

a(X,0) (19) € R™*VE,

To obtain the coefficient (i,vr,) of this product, we keep the i*” line of the left factor,
which is equal to a(z*,6), and the column vy, of the right factor, which is equal to

0
JL(TQ). We thus have
v U4
o %02 )] = a0 () = 3 et ) 20y
’ 87—vl—>vl+1 ivL 7 8Tvz—>vl+1 eP P 87—vl—>vl+1

Let p € P. If p = (vg,...,vr) € Po, looking at the case 1 in the proof of
Proposition 93, we have

oy,

P (79) = 1{vlavl+1€p} H Wy, —vg 41 -
Top—=vi41

ke[o,L—1]
k#l

Recalling the definition of a,(z¢,6) in the case p € Py, given in (4.2.2), we also
have

Havkx 0),

and thus

oy Ll .
O‘p(xz’ 6)#(7-9) = 1{Ul—>vl+1€P} xi’o H Aoy, (mz’ 9) H Wop—vg41-

37'1”%1;1“ k=1 ke[0,L—1]
kot
(4.A.48)
Now if p = (vy,...,vp) € Py, for I’ € [1,...,L — 1}, looking at the case 2 in the
proof of Proposition 93, we have
o8
87’ Ldles (TQ) = 1{Ul~>vl+1€p} bUl/ H ka—>vk+1~
VIV kell!,L—1]
kAl

Recalling the definition of a,(z¢,6) in the case p € Py, given in (4.2.2), we also

L—-1 ,
L0) =T av(2",0),

k=l

have



174 Chapter 4. Local identifiability of deep ReLU networks

and thus

awe L—1

i b,vL i

O‘P(‘Tlﬂ 9) 87’7 (7—9) = 1{U14)vl+1 €p} bvl/ H (2 (x 9 9) H ka—>vk+1 .
Ranalisl k=l ke[l’,L—1]

kAl
(4.A.49)

Finally, if p = (3, looking at the case 3 in the proof of Proposition 93, we have

o %
() o,
aTvl%le
and thus
. ol
ap(z’, Q)M(Tg) =0. (4.A.50)
aT’l}l—>1}l+1

Assembling (4.A.48), (4.A.49) and (4.A.50), we can sum over all p € P, and
obtain

L—1
2,0 _ 7 i
7”l+L1_>”l - Z 1{vz—>vz+1€p} Lo H Quy, (z",0) H Wop—vp41
pEPo k=1 ke[0,L—1]
p=(v0,---,v1,—1) k#l
L L—1
i
+ Z Z 1{vl—>vz+16p} by, H ay, (2, 0) H W —vp41
v=L Py k= kell',L-1]
p=(vy .. vL—1) k#l

which can be reformulated, getting rid of the zero sums when v; — v € p, as

1,0 _ § : i — i )
’YvHLl—)vl - xvowvoﬁvlavz(x 7‘9) H Aoy, (:C 76)ka—>vk+1
voEVY kEIIl,Lfl]]
. k#l
v_1€Vi1

V4 2€V 42

v 1€VL 1

L
—I—Z Z avl($i,9)bvz H avk(:vi,H)kaﬁka,

=1 wvpyeVy kell’,L—1]
. k£l
v_1€Vi_q

vi42€V 42

v 1€V 1

which shows (4.A.46).
The proof of (4.A.47) is similar to the one of (4.A.46). O
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5.1 Introduction

On the importance of local complexity measures for neural networks
Deep neural networks has a huge impact on many practical aspects of our lives.
Training a neural network requires optimizing a non-convex function, in a large di-
mensional space. Surprisingly, in many cases, although the number of parameters
defining the neural network exceeds by far the amount of training data, the learned
neural network generalizes and performs well with unseen data [195|. This is sur-
prising because in this setting the set of global minimizers is large [51, 106] and
contains elements that generalize poorly [192, 134].

Not surprisingly, the good generalization behavior is not explained by the clas-
sical statistical learning theory (e.g., [6, 83|) that considers the worst possible pa-
rameters in the parameter set. For instance, the Vapnik-Chervonenkis dimension
of feedforward neural networks of depth L, with W parameters, with the ReLU

activation function is'! O(LW) [16, 20, 113], leading to an upper bound on the
generalization gap of order! 5( @), where n is the sample size. This worst-
case analysis is not accurate enough to explain the success of deep learning, when
W > n.

This leads to the conclusion that a global analysis, that applies to all global
minima and the worst possible neural network that fits the data, will not permit to
explain the success of deep learning. A local analysis is needed.

Despite tremendous research efforts in this direction (see, e.g., [83] and references
below) an explanation for the good generalization behavior in deep learning is still
lacking. The attempts of explanation suggest that stochastic algorithms discover
‘good minima’ . These are minima having special properties that authors would
like to model using local complexity measures that are pivotal in the mathematical
explanation. Authors aim to establish that stochastic algorithms prioritize outputs
(parameterizations at convergence) with low local complexity and to demonstrate
that low local complexity explains the good generalization to unseen data [18, 44,
34, 99]. This is sometimes also expressed as some form of implicit regularization
[92, 22, 134].

In this spirit, many authors contend that the excellent generalization behavior
can be attributed to the fulfillment of conditions regarding the flatness of the land-
scape in the proximity of the algorithm’s output [99, 63, 42, 90|. This is known
however not to fully capture the good generalization phenomenon [53]. Other stud-
ies explain the good generalization performances by constraints involving norms of
the neural network weights [18, 137, 77, 15]. Despite being supported by partial
arguments, none of the aforementioned local complexity measures fully explain the
experimentally observed behaviors.

This is in sharp contrast with linear networks for which implicit regularization
is better understood. The consensus is that implicit regularization constrains the
rank of the prediction matrix, the matrix obtained when multiplying all the factors

1. The notation 5() ignores logarithmic factors.
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of the linear network [9, 155, 167, 73, 74, 2|.

Local dimensions of the image and pre-image sets This article investigates
properties and computational aspects of local complexity measures of deep ReLLU
neural networks, recently introduced in [82]. The considered complexity measures
relate to the local geometry of the image set as defined by {fp(X) | 6 varies} and
the pre-image set {0' | fo(X) = fo(X)}, where fyo(X) is the prediction, for an
input sample X, made by the neural network of parameter . When the differential
Dfy(X) of 8 — fyp(X) is appropriately defined, these concepts of complexity are
associated with the local dimension of these sets, see Corollary 105, and related
to the rank of the aforementioned differential, denoted rank(D fy(X)) and called
batch functional dimension in [82]. Notice that, before [82], the batch functional
dimension already appeared in an identifiability condition in [28].

Main contributions and organization of the paper
— In Theorem 103 (Section 5.3), up to a negligible set, we decompose the pa-
rameter space as a finite union of open sets. On each set, the batch functional
dimension
rank(D fy(X))

is well defined and constant. The construction of the sets shows that almost
everywhere, the activation pattern (defined in Section 5.2) determines the
batch functional dimension. We also establish in Proposition 104 (Section
5.3) that the batch functional dimension is invariant under classical invari-
ants of ReLU neural networks, positive rescaling, and neuron permutation as
defined in Section 5.2. We also provide examples in Section 5.3.

— In Section 5.4, we illustrate the consequences of the statements of Section
5.3 when learning a deep ReLU network. In particular, we explain the links
between the batch functional dimension, and the local dimensions of the
image and pre-image sets, see Corollary 105 and Figure 5.1. We also illustrate
in this figure how the described geometry impacts the iterates trajectory
for small learning rates, see Figure 5.1, and describe the geometry induced
implicit regularization (Section 5.4).

— 1In Section 5.5, we study the computable full functional dimension' defined
by

r*(0) = max rank(D fp(X)).

The first result of the section states that the achicvable activation patterns for
0 determine 7*(0), see Theorem 108. It also shows that when more activation
patterns can be achieved, r* increases. As for the batch functional dimension,
we establish that the computable full functional dimension is invariant under
positive rescalings and neuron permutations. We finish the section with a

1. As its name indicates, the computable full functional dimension is a variant of the full func-
tional dimension defined in [82], that we can compute.
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connection between the computable full functional dimension and the fat-
shattering dimension of neural networks.

— In Section 5.6 we provide the details on the practical computation of
rank(D fg(X)), for given X and 0. We also establish in Theorem 113 that,
for a given 6, a random X of sufficient size can be used to compute 7*(0).
Indeed, we upper bound the probability of not reaching r*(6), as a vanishing
function of the number of columns of X. The upper bound depends on two
natural quantities p and n*(0) (see Theorem 113 for details).

— Finally, we provide experiments on the MNIST dataset in Section 5.7. In
Section 5.7.2, we analyze the behavior of the local complexity measures when
the width of the network increases. We also describe their behavior during
the learning phase. We also show how they behave when the distribution of
(X,Y) is artificially complexified.

All the proofs are in the Appendices and the codes are available at [27].

Related works To the best of our knowledge, the functional dimensions of deep
ReLU neural networks has only been explicitly studied by [82, 80]. The article
[82] is very rich and it is difficult to summarize it in a few lines?. The authors
establish sufficient conditions guaranteeing that § — fp(X) is differentiable. The
conditions are comparable but weaker than the one presented here. The benefit
of the difference is that our conditions guarantee the value of the batch functional
dimension, allowing us to make the connection between the activation patterns and
the batch functional dimension. They define and provide examples to illustrate that
the batch functional dimension and the computable full functional dimension vary.
They also prove that for all narrowing architectures?, the functional dimension as
defined by maxg maxx rank(D fp(X)) reaches its upper-bound W — W' where W’
is the number of positive rescalings. They finish their article with several examples
showing that the global structure of the pre-image set {6 | for(X) = fo(X)} can vary
in several regards. Grigsby, Lindsey, and Rolnick prove that when the input size
lower-bounds the other widths there exist parameters for which the batch functional
dimension reaches the upper-bound W — W’. They also numerically estimate, for
several neural network architectures, the size of the sets of parameters that reach
this upper bound.

Geometric properties of the pre-image set of a global minimizer have been studied
in [51]. Topological properties of a variant of the image set included in function
spaces, { fp | 0 varies}, have been established in [144].

There are many articles devoted to the identifiability of neural networks [145,
39, 159, 179, 28, 26|. For a given 0, they study conditions guaranteeing that the
pre-image set of* f5(X) coincides with the set obtained when considering all the

2. A weakness of [82] is that it considers neural networks whose last layer undergoes a ReLU
activation.

3. Narrowing architectures are such that widths decrease.

4. In these articles X sometimes contains infinitely many examples, in which case we let fo(X)
denote the function fp restricted to X.
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positive rescalings of 6. Of particular interest in our context, the authors of 28]
establish that the condition rank(Dfy(X)) = W — W’ is sufficient to guarantee
local identifiability. The same condition is also involved in a necessary condition of
local identifiability.

Other local complexity measures, not related to the geometry of neural networks,
have been considered. In [125, 150, 86|, the authors measure complexity using the
number of achievable activation patterns.

The objects studied in this article are also related to the properties of the land-
scape of the empirical risk. Studies of these properties for instance permit to guar-
antee that first-order algorithms find a global minimizer [176, 138, 162, 55|, focus
on the shape at the bottom of the empirical risk [72, 163, 84| and on flatness |99,
63, 42, 90].

The local properties studied in the present article also have an impact on the
iterates trajectory and therefore the biases induced by the optimization as studied
in |18, 44, 34, 99].

Finally, [11, 182] establish generalization bounds of compressed neural networks.
This might provide hints for the construction of upper-bounds of the generalization
gap based on the local geometric complexity measures considered in this article.

5.2 ReLU networks and notations

ReLU network architecture Let us introduce our notations for deep fully-
connected ReLU networks. In this paper, a network is a graph (E, V') of the following
form.

— V is a set of neurons, which is divided into L + 1 layers, with L > 2: V =
UinVg. Throughout the paper, for a,b € N, a < b, [a,b] is the set of
consecutive integers {a,a + 1,...,b}. The layer Vj is the input layer, V7, is
the output layer and the layers V; with 1 < ¢ < L — 1 are the hidden layers.
Using the notation |C| for the cardinal of a finite set C, we denote, for all
¢ € [0,L], Ny = |Vp| the size of the layer V.

— F is the set of all oriented edges v — v' between neurons in consecutive
layers, that is

E={—uv]| v eV,q,veV,forlel,L]}.

A network is parameterized by weights and biases, gathered in its parameterization
0, with

0= ((wv’—W)v’—wEE) (bv)veB) S RE X ]RB,

where B = Ué::l Vi. We have W = |E| + |B|

The activation function, denoted o, is always ReLLU: for any p € N* and any vec-
tor
= (x1,...,72p)1 € RP, it is defined as o(z) = (max(z1,0),...,max(zy,0))T. Here
and in the sequel, the symbol N* denotes the set of natural numbers without 0.
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ReLU network prediction For a given 6, we define recursively fg ‘R% 5 RV,
for £ € [0, L] and = € R, by

(fg(x))v = Lo, for v € Vj,
5 @) =0 (Twev, , woso(f§ (@) +by), for v € Vi, when £ € [1,L—1],
(f@L(x))’U = Zv/€VL71 wv’—}v( gL_l(x))fU’ + bv, for RS VL.

(5.2.1)
We define the function f5 : RY9 — RVZ implemented by the network of parameter
0 as fgp = faL. We call it the prediction or the inference. For all n € N*, we usually
write an input set of size n for a neural network as a matrix X = (iU(i))ie[[l,n]] €
RNoxn where (%) is the i-th column of X and the 4-th input of the network. We also
allow to write fy as operating on an input set X, that is we may write fp : RNox" —
RN2X" and we define fp(X) as the matrix gathering the outputs (fg(x(i)))ie[[lmﬂ.
Among other quantities, we study in this article the set

{fo(X) | 0 € RE x RP},

for X € RNo*X" fixed, which we call an image set. When it is differentiable at 6, we
denote by D fy(X) the differential of the mapping

R” x RP — RNX?

0 —  fo(X)
at the point §. We recall that the differential at 6 is the linear map
Dfy(X) : RE x RE — RNexn (5.2.2)
such that, for #’ € RF x RP in a neighborhood of zero,
foror(X) = fo(X) + D (X)() + o(10']). (5.2.3)

Invariance by positive rescaling and neuron permutations Consider two
parameters 0,0 € REXB with 0 = (({Bv—w’)v—)v’eEa (bv)veg). Then we say that

0 and 0 are equivalent modulo positive rescaling, and we write 6 ~; 5, when the
following holds. There are (\)vevou-uv, € (0,00)Y0Y "YUV guch that A\, = 1 for
veVyUVpand for £ € [1,L], v e Vy_q,0v €V,

Ayt~
Wy—! = iwvav’a (524>
v

by = Ay/byr. (5.2.5)

Then it is a well-known property of ReLU networks [26, 28, 135, 178, 179, 194]| that
if O ~, 0 then Jo = f5 that is, positive rescalings are a invariant transformations of
the network parameterization.

Another classic invariant consists in swapping neurons, and their corresponding
weights, within each hidden layer. If 9 stands for the permuted weights, we denote
the corresponding equivalence relation 0 ~p 8. Again, when 7] ~p 0, we have fz = fo.

We say that 6 ~ 6 if there exists 6 such that 6 ~p 0 and 0" ~; 6. Again, if
6 ~ 0, then fp = f;.
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Activation patterns For any £ € [1,L —1],v € V,, € RF x RB and z € RN,
we define the activation indicator at neuron v by

] {—1
ay(z,0) = {1 if 3 e,y Wormo(fy™ (2))or + by 2 0

0 otherwise.

Using (5.2.1), we have for the ReLU activation function o, any ¢ € [1,L — 1] and
v €V,

(@) = au(z,0) [ Y wysu(f5 (@) +by |- (5.2.6)

v EVE_1

We then define the activation pattern as the mapping

a:RY x (RF xRP) — {0, 1}
(5(3,0) — (av(xve))’L)EVlU---UVL_l-

For X € RMX" as considered above, we let a(X,0) € {0,1}(Nit-+No—1)xn e
defined by, for i € [1,n] and v € Vi U--- UV 1, api(X,0) = a,(z®,0). We also
call activation patterns the elements of {0,1}M++Ne—1 op {0, 1} (Mt +NL1)xn

Further notation We use the notation rank(-) for the rank of linear maps and
matrices. The determinant of a square matrix M is denoted det(M). If the matrix
M € R¥® for a,b € N*, then for i € [1,a], we write M; . for the row i of M.

All vector spaces are endowed with the standard Euclidean topology. For two
sets C' C D of a topological space, we denote Int(C') the topological interior of C,
0C' its boundary and C¢ = D \ C the complement of C' in D. When D is the
whole space containing C', we just refer to this last set as ‘the complement of C".
For all Euclidean space V, all element x € V', and all real number r» > 0, the open
Euclidean ball of radius r centered at x is denoted by B(x,r).

5.3 Rank properties

In this section, we give the key technical theorem on which the remaining of the
article relies. We then illustrate the theorem with examples showing the diversity
of situations that might occur.

For n € N*, the function

RN()XTL % (RE % RB) N {O, 1}(N1+--~+NL,1)><TL
(X,0) — a(X,0)

takes a finite set of values, that we write Ay,...,A,. Let us write, for j € [1, ],

OF = Int {(X,60) € R x (R x RP) | a(X,0) = A;} | (5.3.1)

and let us only keep the non-empty 5;‘ If m,, € [1,4q] is the number of such non-

empty sets, up to a re-ordering, we can assume that we keep 5?, e ,5;%. As will



182 Chapter 5. Geometry induced implicit regularization

be formally established in Lemma 115, on the sets 5;1, the function 6§ — fp(X) is
differentiable. We can therefore define, for n € N* and j € [1,m,],

ri = max_ rank(Dfy(X)). (5.3.2)
(X,0)e0?

We then define the subset of E’)V? on which the rank is maximal. For n € N* and
j e [[17 mn]]a

OF = {(X,0) € OF | rank(D f5(X)) = 17} (5.3.3)

Similarly, for n € N* and X € RMX" the function 6 +— a(X,0) takes a finite
number of values Af ... ,Aé(x, and we define, for j € [1,¢¥],

UX =nt{h € RE x RP | a(X,0) = AX}. (5.3.4)

Similarly, we keep only the nonempty such sets, and if px € [1,¢X] is the

number of such sets, we can assume up to a re-ordering that we keep U5, ... ,Z/{Zf;.

Again, as we will establish in Lemma 115, on the sets Z%X, the function 6 — fy(X)
is differentiable. We can therefore define, for n € N*, X € RNo*" and j € [1, px],

¥ = max rank(D fy(X)). (5.3.5)
USZhe

We finally define the subset of Z/~{jX on which the rank is maximal. For n € N*,
X € RNoX™ and 5 € [1,px],

U =10 €U | rank(Dfp(X)) = r}. (5.3.6)

The following theorem is composed of two parts. In the first one, we study
(X,0) — fo(X) over RNox? x (RF x RP), and we provide properties of the sets
Ty, O, . In the second one, we study 6 — fp(X) over RE x RE, for X fixed,
and we provide properties of the sets Z/lf( yon ,Z/{Ifg(.
Note that for both parts (i) and (i7), Items 1, 2 and 3 hold trivially by definition,
while Items 4, 5 and 6 require detailed proofs.

Theorem 103. Consider any deep fully-connected ReLU network (E,V).
(i) For all n € N*, by definition,
— the sets OF, ..., Oy, are non-empty and disjoint,
— for all j € [1,my,], the function (X,0) — a(X,0) is constant on O} and
takes m,, distinct values on U;”Z"IO?;
— forall j € [1,my], (X,0) — rank(D fp(X)) is constant on O} and equal

mn
to Ty
Furthermore,
— the sets OF,..., Oy, are open,

— (U;’Z‘l(’)?)c 1s a closed set with Lebesgue measure zero;
— forall j € [1,my], (X,0) — fo(X) is a polynomial function with degree
less than or equal to L +1 on OF.
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(ii) For allm € N*, for all X € RNoX" by definition,

— the sets Ui~ , ... ,M;; are non-empty and disjoint,

— for all j € [1,px], the function 0 — a(X,0) is constant on each Z/le and
takes px distinct values on U?ﬁll/{jx;

— for all j € [1,px], 6 — rank(Dfy(X)) is constant on qu and equal to
3

Furthermore,

— the sets Z/{lX, e ,L{;; are open,

— (UpXIZ/{X) s a closed set with Lebesgue measure zero;

— for all j € [1,px], 6 — fo(X) is a polynomial function with degree less
than or equal to L on Z/le.

The proof of the theorem is in Appendix 5.A.1.

This theorem formalizes that the sets (O7)je[1,m,] (resp (uj'x)jé[[l,px]]) almost
cover the spaces RMoX" x (RE x RB) (resp. REF x RP). Moreover, on each set
O} (resp. L{JX) the activation pattern is constant, and the function (X, 6) — fo(X)
(resp. 0 — fg(X)) is polynomial. We only state that it is a polynomial but we would
like to emphasize here that the structure of the polynomials is very particular. For
instance, every variable appears with a degree at most one, and all monomials have
the same degree. A more complete description of the polynomial structure is, for
instance, given in [28, 179|. Also, looking at the definition of O” (resp Z/{X ) and O}

(resp Z/{]-X), using that ( jle;?) (resp (UpXIL{X) ) is a closed set with Lebesgue
measure zero, we find that,

O;-l is open and dense in (’)}1 and qu is open and dense in qu .

In other words, modulo negligible sets, the activation pattern determines
rank(D fp(X)). Finally, the conclusions concerning rank(D fy(X)) have direct con-
sequences on the dimensions of the image {fp(X) | ' € B(0,¢)} and the pre-image
{0/ € B(0,¢) | for(X) = fo(X)}, where € > 0 is small enough. The consequences and
their implications in machine learning applications are described in greater detail in
the next sections.

When compared to the existing similar statements in [179, 82, 28, 81|, the par-
ticularity of Theorem 103 is that the construction of the sets O} and Z/{]-X permits
to include, in the third item of (¢) and (ii), a statement on rank(D fy(X)). To the
best of our knowledge, this quantity appears for the first time in conditions of local
parameter identifiability, in [28]. It appears independently a few months later, as the
core quantity of a study dedicated to the geometric analysis of neural networks, in
[82]. In the latter article, this quantity is called the ‘batch functional dimension’ and
we will use this name in this article.

Because the input space of D fy(X) is always R” xRZ, the quantity rank(D fy(X))
is upper bounded by the number of parameters |E| + |B|. Furthermore, as for-
malized in [82], because of the invariance by positive rescaling, see the definition
and discussion of the relation ~ in Section 5.2, we even have rank(Dfy(X)) <
|E|+|B|—Ni—---—Np_1. In fact, when rank(D fy(X)) = |E|+|B|—-N1—---—Np_1,
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under mild conditions on 6, the network function is locally identifiable around 6, see
[28]. That is, fg(X) = for(X) and ||@ — ¢’|| small enough imply 6 ~ #’. Beyond the
case of maximal rank value, rank(D fp(X)) = |E|+|B|— N1 —---— Nr_1, leading to
local identifiability, examples of non-identifiable neural networks and rank deficient
parameters are already given in 82, 26, 175, 80].

Let us emphasize a simple example illustrating that several rank values can be
achieved.

Ezamples 1. Consider L > 3, any neuron v € Vj, for [ € {2,...,L — 1}, and
6 € RF x RE such that

by, <0 and Wy < 0, for all v/ € Vi_;. (5.3.7)

Since, because of the ReLU activation function, for all z € RNo and all o' € Vj_;, we
have (fé_l(x))v/ > 0, (5.2.1) guarantees that (f}(x)), = 0. This holds for all § in the
open set defined by the equations (5.3.7). In this set, the parameters (wy—y)vrev;_,
and b, have no impact on fy(X), which leads to a rank deficiency of D fp(X).
Going further, consider any 6 € RF x RB. According to the above remark, we can
change the weights arriving to a given neuron v, and assign them negative values so
that (5.3.7) holds, to diminish rank(D fy(X)). We can redo this operation to many
neurons to diminish the rank further. As a conclusion to the example, many values
of rank(D fy(X)) are reached at different places in the parameter/input space.

Let us conclude the section by showing that the quantity rank(D fy(X)), as well
as the sets OF, ..., Oy, and Uy, ... ,Z/{;;, are invariant with respect to the positive
rescaling and/or neuron permutation relations defined in Section 5.2.

Proposition 104. Consider any deep fully-connected ReLU network (E, V).
For any n € N*, X € RNoxm ¢ [1,px], and § € U]-X we have:
— for any 6 € RE x RB such that 0 ~ 0, Df5(X) is well defined and we have

rank (D f;(X)) = rank(D fp(X)).

— for any @' € R x RB such that 0 ~, 6, we have 0 € ZIJX and if there is
j' € [1,my] such that (X,0) € 5?,, then (X,0") € 5?,

The proof of the proposition is in Appendix 5.A.2.

This invariance is a benefit of the complexity measure rank(D fy(X)). For in-
stance, it does not hold for the local flatness of the empirical risk function studied
in [42, 63, 90, 99]. This leads to undesired behaviors [53|. Similarly, complexity
measures defined by norms [15, 18, 77, 137| are not invariant to positive rescalings®.

Consider X € RM*" and j € [1,px]. Note that Z/IJX corresponds to full-rank

cases (for Dfyg(X) and in Z:l;X ) and Z:lvjx \MJX corresponds to deficient-rank cases.

5. For both flatness and norms, it is, of course, possible to consider the minimum of the com-
plexity criterion over the equivalence class of a 6 element. However, this is an additional burden
that is not necessary for criteria based on the functional dimension.
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Thus, Proposition 104 shows that the rank is stable by the relation ~, and therefore
~g, when it is full and when it is deficient. As a consequence, not only the set L{]-X

is stable by the relation ~g, but also the sets Z/IJX and &JX \Z/IJX . For instance if
RS Z/IjX and 0’ ~ 6, then ¢ € ijx and rank(D fg (X)) = rank(D fp(X)) = r]X, thus
0 U)X

Similarly, the sets O} and O} \ O} are stable by the relation ~s, for j € [1,my].

For instance, by the same arguments as above, if (X,0) € O} and 0" ~s 0, then
(X,0') € OF.

5.4 (Geometric interpretation when X is fixed

The statement of Theorem 103, (7) is used in Section 5.5. In this section, we
mostly describe the consequences of Theorem 103, (i¢). The next corollary is a
straightforward consequence of the constant rank theorem and Theorem 103, (7).

Corollary 105. Consider any deep fully-connected ReLU network (E, V).

For anyn € N*, X ¢ RNox" i ¢ [1,px] and 6 € Z/{]-X, there exists ex 9 > 0 such
that

— the local image set

{for(X) € RYX™ [ |0 — 0]| < ex}

is a smooth manifold of dimension rank(D fp(X));
— the local pre-image set

{0/ € RE X RP | fo(X) = fo(X) and ||0' — 0] < ex}
is a smooth manifold of dimension |E|+ |B| — rank(D fp(X)).

The corollary is illustrated in Figure 5.1. There we consider a regression problem
with a fixed target data matrix Y € RMX" corresponding to the input matrix
X € RNoxn We consider the square loss ||[Y — fp(X)||?, for # € R x RP where
|| - || is the Euclidean (Frobenius) norm. We also consider §* minimizing the square
loss.

Geometry induced implicit regularization In the figure, we display a (fictive)
illustrative case, that can be considered as representative of the practice of deep
neural networks, and of our numerical experiments in Section 5.7. We consider
here that in Corollary 105, px = 7. Hence, there are 7 sets Z/I1X, e ,LI7X forming a
partition of R x RE. On the figure, for j € [1,7], the image of Z/{]-X, {fo(X) |0 €
L{]-X }, is drawn with the same color as Z/{]-X . Locally has the structure of a smooth
manifold of dimension ’I“JX. The rank values are ri¥ = 1, r& =2, 715 =1, rff =0,
r& =1, r{ =1, 72X = 1 and thus the full image set {fs(X) | § € R x RB} is
a two-dimensional object. In the figure, this full image set is mainly covered by
the two-dimensional image set {fs(X) | & € Us'}, and the six other image sets
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fo(X)

QEREXRB RNLXn

Figure 5.1 — Schematic representation of the sets qu (left) and the corresponding
local image sets {fp(X) | 0 € L{jX}, j € [1,7] (right). We have ri¥ = 1, r& = 2,
rg( =1, rf =0, rg( =1, rg( =1, rg( = 1. The image of UQX is the curved
diamond-shaped area, hatched in cyan (right). The images of the sets Z/{]‘-X with
’I”]X = 1 are represented with lines of their respective colors (right). The image of
Z/{;f( with rf = 0 is represented by a magenta bullet point (right). We consider the
square loss in RVZX" The target Y € RVZX" and the global solution f«(X) of the
regression problem are represented (right). The pre-image of fy«(X) is displayed in
brown (left). A minimizing sequence is represented by gray stars, in the parameter
space (left) and the image space (right).

{fo(X) |0 € Z/{J‘-X}, J € [1,7]\ {2}, of dimension one or zero, are at the boundary of
{fo(X) | 8 € RF xRB}. Hence, intuitively they are ‘exposed’, meaning in particular
that if Y does not belong to the full image set, then the optimal prediction fp-(X)
is in one of the smaller dimensional {fp(X) | 0 € ij}, Jj € [1,7]\ {2}. This is an
illustration of the geometry induced implicit regularization phenomenon put
to evidence in this article. In practice, parameters found by minimizing the empirical
risk numerically tend to have a small complexity as measured by rank(D fp(X)),
where X is the learning sample. This illustrative situation in Figure 5.1 corresponds
to the empirical observations made in Section 5.7.2. In this section, we will even see
that, consistently in our experiments, a larger optimal loss leads to a smaller batch
functional dimension. We will also see empirically in Section 5.7.2 that for large
parameter complexities (W large), the batch functional dimension computed on the
learning sample remains moderate. There are two complementary explanations.
First, even though the training error is null, because of the soft-max activation
on the last layer, the cross-entropy loss slightly differs from zero. Secondly, there
may exist 6 for which the loss is exactly zero, but this 6 is apparently not in the
convergence basin in which the local search algorithm optimizes.
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Influence of the geometry on the optimization trajectory In Figure 5.1,
we also display a (fictive) minimizing sequence, that is a set of pairs (6, fg, (X))nen
obtained by a numerical gradient-descent-based optimization procedure. This se-
quence is initialized in UQX , then passes in Z/{g( and then Z/{g( , where the optimal so-
lution lies. This illustrative example is an illustration of the experimental results of
Section 5.7.3. There, during the learning phase, the sequence (rank(D fy, (X)))nen
typically decreases. According to Corollary 105, this corresponds to an objective
landscape that becomes flatter and flatter, in the sense that the local dimension of
the pre-image of fp, (X) increases. Locally in the parameter space, the objective
function is constant along a smooth manifold of a larger dimension. This resembles
but slightly differs from the notion of ‘flat minima’ usually considered to explain the
good generalization properties of deep learning [99, 53, 63, 42, 90].

5.5 Rank saturating X, when 0 is fixed

In this section, we define dense subset of R” x RE and for @ in this subset, we
analyze the maximum value of rank(D fy(X)), for any X of any size, in a dense
set. This is a natural notion of complexity, that we call ‘computable full functional
dimension’. In particular, it is independent of X and measures the expressive poten-
tial of the neural network defined by 6. It is linked to the full functional dimension
in [82], but can be computed (see Section 5.6.2), thus the name.

After giving the main definitions and establishing the first properties of the
considered mathematical objects, we give the main result of this section (Theorem
108), which states that the computable full functional dimension depends only on
the attainable activation patterns for the considered 8, when X varies. We also show
the invariance of the computable full functional dimension with respect to neural
permutation and positive rescaling. We finally establish a simple link with the (local
and global) fat-shattering dimensions of the neural networks of architecture (E, V).

For a fixed # € R” x R® and any activation pattern § € {0, 1}Vi++Ne-1 e
denote

Ds(0) = {x € RN | a(x,0) = §}. (5.5.1)

It is well known (among many others, see [26]) that the restriction of the function
x — fo(x) to Ds(0) is affine. It is therefore smooth in Int(Ds(6)) but, generically,
the function is not differentiable at the boundary of Ds(6). For any 6 € RF x RB,
following [179], we also define the achievable activation patterns

A(9) = {0 € {0, 1} N1 FNe—1 | Int(Ds(6)) # 0} (5.5.2)

and

Xy = U Int(Ds(6)).
5€A(6)

Before going further, let us establish that Ap is dense in R™. Consider the
partial neural network functions x +— f§(z), £ € [0, L], see (5.2.1). These functions
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are continuous piecewise linear from [26, Proposition 32| (among other references
stating this well-known result). Hence the complement set Xy is contained in a finite
union of hyperplanes. Hence, the set Xj is dense (and open) in R™o.

We extend this definition to samples and set, for n € N* and 6 € RF x RB,

X ={X e RN | v e [1,n], 29 € Ay}. (5.5.3)

The set X' is the nth order tensor product of the set Xy with itself. By construction,
the set X' is open and dense in RNox™ for all n and 6.

The results of this section will apply to all # € RF x RP except those in a subset
Z, which will turn out to be of Lebesgue measure zero — see Proposition 106. To
define the set Z, we first define, for all n € N* and all § € RF x RE,

m(0) = {X e RV | (X,0) € (Ummor)} (5.5.4)

where OF,..., 0}

mn

are defined in (5.3.3) and described in Theorem 103. The set
2n(0) is closed and therefore Lebesgue measurable. We write, for all n € N*,

Z, = {9 € R x RB | 2,(0) has positive Lebesgue measure in ]RNOX”} (5.5.5)

and Z = Upen+ Z,. We state in the following proposition the most important
properties of Z, used in the remaining of the article.

Proposition 106. Consider any deep fully-connected ReLU network (E, V).

(i) For all n € N*, the set Z, is Lebesque measurable and has zero Lebesgue
measure on RF x RB.

(ii) The set Z is Lebesgue measurable and has zero Lebesgue measure on RY x
RE.

(iii) For all § € (RF x RP)\ Z, alln € N*, and all X € X', the function
0" — for(X) is a polynomial function in a neighborhood of 6 and it is therefore
differentiable at the point 6.

The proof of the proposition is in Appendix 5.B.1.
Using Proposition 106, (i), we can define, for all n € N* and all § € (R x
RB)\ Z, the main objects studied in this section
rr(0) = max, rank(D fp(X)), (5.5.6)

ex;
and the computable full functional dimension

r*(0) = max (). (5.5.7)

Notice that, although X' is open and dense in RNoxn and the rank is lower
semi-continuous, the existence of X € RMX"\ X7 such that D fp(X) is well defined
and rank(D fy(X)) > 7 () is not excluded. The computable full functional dimen-
sion 7*(0) therefore may slightly differ from the full functional dimension defined
in [82]. It lower bounds the full functional dimension. We will see in Section 5.6.2
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that its advantage is that it can be computed with a random X. Notice finally that
in Example 1 the rank deficiency caused by negative weights is independent of X.
Therefore, r*(0) achieves several values, as 0 varies.

Notice also that, although we take the maximum over all n € N*, we know that
since, for all n € N* and all X € RNoX" g s Dfy(X) always has the same input
dimension |E|+ |B|, see (5.2.2), the maximum is reached for n < |E|+ |B| (see also
Proposition 111 below).

The following proposition states that 7 (6) equals the largest of all the 7’?, as
defined in (5.3.2), that are reachable when X varies, for the given 6.

Proposition 107. Consider any deep fully-connected ReLU network (E, V).
For any 6 € (RE x RB)\ Z and n € N¥,

rn(6) jmas 1y
where
In(0) = {j € [1,my] | 3X € RY*" (X,0) € O}}. (5.5.8)

The proposition is proved in Appendix 5.B.2.

The following theorem states that the achievable activation patterns, contained
in A(0), determine r*(#). It also states that when the prediction has more affine
areas, that is for a fixed 0, X — fp(X) is piece-wise affine with with more pieces,
then this prediction is more complex, in the sense of r*.

Theorem 108. Consider any deep fully-connected ReLU network (E,V).
For any 0 and 0" in (RF x RP)\ Z,

if A(9) C A) then r*(0) <r*(0);
as a consequence,
if A(9) = A(0') then 1*(0) =r"(¢).

The proof of the theorem is in Appendix 5.B.3.
Next, we show that 7} (6), 7*(#) and Z are invariant by neuron permutation and
positive rescaling (recall the relations ~, ~4 and ~,, presented in Section 5.2).

Proposition 109. Let § € RE x RB and 6 ~ 0. Then 6 € Z « 0§ € Z. Also, if

0 € (RE x RB)\ Z, r2(0) = r(0) for n € N* and r*(0) = r*(0).

The proof of the proposition is in Appendix 5.B.4.

Let us conclude this section by showing that r*(6) provides a lower-bound on the
(local and global) fat-shattering dimensions for neural networks. The fat-shattering
dimension of a family of regression functions is a well-known measure of complexity,
see for instance [6, Chapter 11]|. In the rest of the section, we let N, = 1 and, for a
subset A C RF x R, for v > 0, the fat-shattering dimension of the family {fy | 6 €
A}, that we write fS4 5, is defined as follows. It is the largest n € N* such that
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there exist (), ..., 2(® € RNo and ty,...,t, € R such that for all I C [1,n], there
is @ € A such that for i € I, fo(z?) > t; +~ and for i € [1,n]\ I, fo(z®) < t; —~.
If this property holds for all n then we let 54, = oo.

The intuition is that S 4 5 is the largest number n of input points for which all 2"
combinations of being above or below the threshold ¢; by a margin ~, i € [1,n], can
be reached by the functions {fy | 0 € A}, see [6]. When A is a small ball centered
at a parameter of interest we shall call £S4, a local fat-shattering dimension, and
when A = RF x R, we shall call fS A~ a global fat-shattering dimension. The next
proposition shows the announced lower bound.

Proposition 110. Consider any deep fully-connected ReLU network (E, V). Let
Np =1 and 6 € (RF x RB)\ Z. Then for any € > 0, there is v > 0 such that we
have the following lower bound on the local fat-shattering dimension,

fSB(Q,e),'y > 7“*(9) (5.5.9)

As a consequence, there is ' > 0 such that the global fat-shattering dimension is
lower bounded as follows,

fSRE xRB ~/ > ee(Rglfﬂé(B)\Z r* (0) .

The proof of the proposition is in Appendix 5.B.5.

It consists first in obtaining local continuous differentiability, with an invertible
square Jacobian matrix and second in applying the inverse function theorem. Vari-
ations of this second step were already carried out in the literature, in particular in
[59].

Remark that the same proof would also apply to other measures of complexity,
for instance the Vapnik—Chervonenkis (VC) dimension |6, Chapter 3| of the binary
classifiers indexed by 6 and obtained by taking the sign of fy — fp, for any fixed
0o € (RE x RB)\ Z.

Our motivation, for studying the fat-shattering dimension (or the VC-dimension),
is their relationships with notions of generalization errors in machine learning, and
with uniform convergence in probability and statistics, see in particular [5, 17, 50,
187] and references therein. In particular, Proposition 110 indicates that the com-
putable full functional dimension 7*(f) can be seen as relevant for studying the
generalization error of neural networks in machine learning. This is argued in Sec-
tion 5.1 and confirmed numerically in Section 5.7.

Finally, remark that [16, 20, 113] relate the global VC dimension of neural
networks to their number of parameters (and their depths) while in Proposition 110
we consider local or global dimensions and relate them to the (smaller) computable
full functional dimension.
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5.6 Computational considerations

5.6.1 How to compute rank(D fy(X))

For a given X € RMoX" and a given § € R¥ x RZ, rank(Dfp(X)) is computed
using the backpropagation and numerical linear tools computing the rank of a ma-
trix. To justify the computations, let us first recall the classical backpropagation
algorithm for computing the gradients with respect to the parameters of the net-
work, for a given loss Lo : RN2 x RV — R. We will then describe how to use
the backpropagation to compute rank(D fp(X)). We conclude with implementation
recommendations.

For a given input « € R™ and a given output y € RMZ, backpropagation
computes the gradient VLo(fg(x),y) of the function 6 — Lo(fp(z),y). To do so,
it first computes fy(z) and stores the intermediate values y* = f5(z) € RMe, for
¢ € [[0,L]. This is known as the ‘forward pass’. Then, backpropagation computes
the vector of errors % defined by

L 8LO

an ——(fo(x),y),

n
where %—z’(fg(:z:),y) € RN is the gradient of y; — Lo(y1,y), at the point fy(z).
This vector is then backpropagated, from ¢ = L to £ = 1 thanks to the equation

Yo e Vi el =o' (y- Z Wy (5.6.1)
v'eVy

where o/(t) =1 if t > 0 and ¢/(t) = 0 if ¢ < 0. This allows to recursively obtain the
error vectors ' € RV¢, for all £ € [1,L]. This yields the gradients thanks to the
formulas
oL
el eV eV, Ay e,

awv—)v’ !

and
dLo(fo(x).y) _
abv 77”0'

This allows computing the gradients for one example (z,y). For a batch, the algo-
rithm is repeated for each example (z(?,y(®), and the average of the so obtained

Ve € [1,L], Vv € Vi,

gradients is computed.

Let us now make the connection between backpropagation and the computation
of rank(D fy(X)). Vectorizing both the input and output spaces of 8 — fp(X),
we first notice that rank(Dfp(X)) = rank(Jfp(X)), where the Jacobian matrix
Jfo(X) € RMNex(EHIBD) takes the form

J fo(zV)
Jfo(X) = :
J fo(z™)
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and, for all i € [1,n], Jfa(z®) € RNeXUEHIB]) is the Jacobian matrix of 6 —
fo(z™). We construct the matrix Jfy(X) by successively computing each of its
lines, i.e. computing each line of J fy(z?) for all i € [1,n].

For a given i € [1,n] and v € V7, the line corresponding to v of .J fo(x(?)) is indeed
simply obtained as the transpose of VLo, ( fg(z(?),3®) for the function Lo, : RVE x
RN — R defined by Lo, (y1,%2) = (y1)v, for all (y1,2) € RV x RV2. We indeed
have Loy, (for(x®),y®) = fo(x®), for all @'. The gradient VLo, (fo(z®),y®) is
obtained using the backpropagation algorithm described above. Notice that for a
given v € V7, using the definition of Lo,, we always have % = 1 and 775, = 0 for
all v/ # v. We need however to compute the forward pass in order to compute the
vectors y', for £ € [0, L—1]. Finally, once J fg(z()) is computed its rank is obtained
using standard linear algebra algorithms.

Our implementation uses existing the automatic differentiation of Tensorflow. It
is possible to call the method GradientTape.gradients, which can compute J fy(z)
for a single example z, and to repeat it for each example 2. However, it is more
efficient to use GradientTape.jacobian which allows to compute directly Jfg(X).
We do not report the details of the experiments here but we found even more
efficient to cut X in sub-batches and repeatedly call GradientTape.jacobian, when
appropriately choosing the size of the sub-batches.

Once Jfg(X) built, the value of rank(Jfyp(X)) can be computed with the
np.linalg.rank function of Numpy, or using the accelerated rank computation of
Pytorch with a GPU, which improves the speed by some factors. Note that the
limiting factor when computing rank(J fg(X)) for large networks and for n large is
the computation of the rank and not the construction of J fg(X).

The codes are available at [27].

5.6.2 How to compute r*

In this section, our goal is to estimate the maximal rank 7*(6) from rank(D f(X)),
where X € RNoX" ig a random dataset composed of n i.i.d samples. Such an estimate
is already considered in [80]. Intuitively, the bigger n is, the better the estimation.
Indeed, we provide an upper bound on the probability that rank(D fy(X)) < r*(6)
as a function of n, see Theorem 113. This probability also depends on the prob-
ability of generating an example in the least probable linear region of x — fp(x).
This result can be compared to the smallest possible sample size n*(#) obtained if
an optimal X € RNox7"(9) was provided by an oracle, see Proposition 111.

The following proposition proves that the smallest possible sample size has the
order of magnitude of 7*(0). Before stating the proposition, we remind that, since
the input space of D fy(X) is always R x RP we always have® r*(0) < |E| + |B.

Proposition 111. Consider any deep fully-connected ReLU network (E, V).

6. A tighter upper-bound taking into account the positive rescaling invariance of ReLU networks
is given in [82].
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Let § € (RE x RB)\ Z. Consider the sequence (r(0))nen+. There exists (a
unique) n*(0) € N* such that this sequence is increasing on [1,n*(0)] and stationary

(constant) on N*\ [1,n*(0)]. We also have

¥
7“]\55) < n*(0) <r*(0).

The proof of the proposition is in Appendix 5.C.1. As its proof shows, the
following proposition is a direct consequence of the proposition 107. It already
gurantees that, without any knowledge of the problem, a random X following a
sufficiently spread distribution can be used to calculate 7} (0) and therefore r*(6).
Its purpose is to illustrate how the statements in the previous sections can be used
to calculate r*(0). A better statement is given in Theorem 113.

Proposition 112. Consider any deep fully-connected ReLU network (E, V).
Let 0 € (RExRP)\ Z. Let n € N*. The set {X € X} | rank(Dfy(X)) = (0)}
has non-zero Lebesgue measure (on RNoX™ ),

Proof of Proposition 112. From Proposition 107, there exists j € I,,(6) such that

= r}(6). We then have the inclusion

{Xe&y | (X,0)¢ (’);1} C{X € X | rank(Dfp(X)) =1r(0)}.

Since OF is open, the left-hand set above is an open set, which is non-empty by def-
inition of 1,,(6), in (5.5.8). Hence, the right-hand set above has a non-zero Lebesgue
measure. O

Theorem 113. Consider any deep fully-connected ReLU network (E,V).

Let us consider a distribution G over ]RNO, that is absolutely continuous with
respect to Lebesque measure, with strictly positive density. Assume we sample ran-
domly and independently the vectors (V) € RNo i e [1,n], following the distribution
G, for some n € N*. Let 0 € (RF x RP)\ Z.

Let

. 1
p= 62}4}&)1@ (a:( ) € Int D(;(@)) ,
where A(0) and Dgs(0) are defined in (5.5.2) and (5.5.1). Note that we have p > 0,
because A(0) is finite and, for all § € A(0), Ds(6) has nonempty interior.
Then the following holds.

1. Consider i.i.d. Bernoulli random variables By, ..., By, with P(By =1) =p
and P(By =0) =1 —p. We have

P (rank(D fy ((z@)1<i<n) ) < 7(0)) < P(By + -+ + By < n*(0)).

2. As a consequence, if n > 2n*(0)/p,

P (rank(D sy (e V)scien)) < 1°(0)) < -
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The proof of the proposition is in Appendix 5.C.2.

A first consequence of the theorem is that if one simply adds columns to an input
matrix X randomly and independently, the corresponding value of rank(D fp (X))
will reach the computable full functional dimension, almost surely (this consequence
alone could be seen/proved more simply). This can for instance help understand
the experimental results of [80].

The proposition then provides two upper bounds (Items 1 and 2) on the prob-
ability of not reaching the computable full functional dimension, as a vanishing
function of the number of columns n.

A beneficial feature of these upper bounds is that they are based on p, the small-
est probability of reaching a given region Int Ds(0), relative to a given activation
pattern d, for a single column sample. Importantly, the probabilities of reaching sev-
eral given activation patterns simultaneously over multiple samplings of the columns,
which would be typically much smaller than p, are not involved.

Also, the upper bounds are based on n*(6), the smallest number of columns for X
such that we can have rank(D fy (X)) = r*(#). This is natural since the larger n*(6),
the more samples we need to have a non-zero probability of reaching the computable
full functional dimension. Typically, for n of the order of magnitude of n*(6) (for
instance such that np 2 2n*(0)), since n* () is usually large, we already have a high
probability that the lower-bound rank(D fo ( (a:(i))lgign)) coincides with r*(8).

The first upper bound (Item 1) is the tighter and most general. The second one
(Item 2) simply follows from Chebyshev’s inequality and is provided for the sake of
obtaining a straightforward compact bound. Other upper bounds could be obtained
simply from Item 1, using for instance the Hoeffding inequality.

5.7 Experiments

When finalizing the Ph.D. report, we realized there was a small discrepancy be-
tween the network considered in the experiments and the networks studied in the
article but did not have time to correct it. In all the experiments, the last layer
includes a softmax activation function that is taken into account by the backprop-
agation and therefore affects the functional dimensions.

The setting of the experiments is described in Section 5.7.1. In Section 5.7.2, we
describe the results of an experiment in which we compute the functional dimensions
when the number of parameters of the network grows. In Section 5.7.3, we compute
functional dimensions during the learning phase, emphasizing the geometry induced
implicit reqularization illustrated in Figure 5.1. In Section 5.7.4, we investigate
the impact of the corruption of the inputs of the learning sample on functional
dimensions. In Section 5.7.5, we do the same experiment but corrupt the outputs
of the learning sample.

The Python codes implementing the experiments described in this section are
available at [27].
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5.7.1 Experiments description

In the experiments of Section 5.7.2, 5.7.3, 5.7.4 and 5.7.5, we evaluate the behav-
ior of different complexity measures for the classification of a subpart of the MNIST
dataset increases.

We consider a fully-connected feed-forward network of depth L = 4, of width
(No, N1, Na, N3, Ny) = (784, w,w,w, 10), for different values of w € [1,60]. The
tested values of w depend on the experiment/section. The total number of param-
eters of the network is equal to 784w + 2w? + 10w + 3w + 10. The hidden layers
(1, 2, 3) include a ReLU activation function. The last layer includes a soft-max
activation function. We randomly extract a training sample (Xtrain, Yirain) and a
test sample (Xtest, Yiest) from MNIST. The sizes of the samples depend on the ex-
periment /section. They are tuned so that the computing time of each experiment
remains reasonable.

For given w and (Xtyain, Yirain), We tune the parameters of the network to mini-
mize the cross-entropy on the training set Xi;ain. This is achieved using the Glorot
uniform initialization for the weights while the biases are initialized to 0, and using
the stochastic gradient descent ‘sgd’ as optimizer with a learning rate of 0.1 and a
batch size of 256. The number of epochs depends on the experiment/section.

In the figures presenting the results of the experiments, we display the following
quantities:

— Max rank: the maximal theoretically possible value of rank(D fy(X)) for any
sample X and parameter 0. It is equal to |E|+ |[B| = Ny — -+ — Np_1 =
NoN1+NiNo+---+Np_1Nr+ Ny, (see the bound provided in [82], Theorem
7.1). With the architecture described above, for a given w, the Max rank is
equal to 2w?+794w+10. This is very close to the number of parameters 2w?+
797w + 10. With the values of w considered in the forthcoming experiments,
the predominant term is 794w.

— Rank X random: an evaluation of the computable full functional dimension,
according to the statement of Section 5.6.2, by computing rank(D fp( X andom))
with a random iid sample X,andom, Where each example of the sample is a
Gaussian random vector. The number of examples in the sample depends on
the experiment /section.

— Rank X _test: It corresponds to rank(D fp(Xiest)), where Xiest is the test
sample introduced above. It is meant to provide an estimation of the func-
tional dimension over the distribution of the inputs (the MNIST images), in
contrast with X;andom which samples images outside the distribution of the
inputs.

— Rank X _train: It corresponds to rank(D fy(Xirain)), where Xiyain is the train-
ing sample mentioned above. It is the batch functional dimension.

— Train loss: the final value of the training loss at the end of the training.

— Test error: the proportion of images of Xiet that are misclassified by the
network.

— Train error: the proportion of images of Xi;ain that are misclassified by the
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Figure 5.2 — Behavior of different complexity measures as the size of the network
increases. The values of the several ranks are to be read on the left axis, titled
‘functional dimension’. The values for the test and train errors and the train loss
are to be read on the right axis.

network.

5.7.2 Behavior of the functional dimensions as the network width
increases

In this experiment, we evaluate the functional dimensions when the width w
varies between 1 and 60. More precisely, we consider all w € [1,30] and all w €
{35,40, 45, 50,55,60}. The number of parameters of the network varies between 809
and 55030

We randomly extract a training sample (Xirain, Yirain) of size n = 4000 and a
test sample (Xtest, Yiest) Of size 10000 from MNIST. The size of the random sample
Xiandom 18 40000. We optimize the network parameters during 1000 epochs.

The results of the experiment are in Figure 5.2. Except for w = 6, when in-
creasing the number of parameters, the train loss, the train error and the test error
decrease. For w > 9, i.e. when the number of parameters is superior or equal to
7345, the train error is equal to 0: the network is able to fit perfectly the training
images. However, the test error continues to decrease even after the train error
reaches 0: from 0.117 when w = 9 to 0.078 when w = 60.

As we can see, the quantity rank(D fg(X andom)) in the case of the 40000 images
generated as Gaussian vectors is nearly equal to its maximum theoretical value
Max _rank, when the number of parameters is smaller than 25000. Then, it saturates
close to 30000.

The ranks rank(D fp(Xirain)) and rank(D fy(Xiest)) are nearly equal when the
number of parameters is smaller than 15000 (w = 19). For these sizes, it seems to
indicate that rank(D fy(Xtest)) is indeed equal to the functional dimension over the
distribution of inputs, and that rank(D fp(Xirain)) already attains it, which means
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that adding MNIST images to Xirain would not increase rank(D fo(Xtrain)). Then,
for higher numbers of parameters, a gap appears between the two ranks, which
seems to indicate that, in contrast to the previous case, the number of images in
Xirain limits rank(D fp(Xirain)). Furthermore, while both ranks are not far from
the maximum rank for small numbers of parameters, the gap increases with the
number of parameters, to the point where the shape of the curves seem to diverge:
while the maximum rank is close to proportional to the number of parameters, the
ranks rank(D fp(Xirain)) and rank(D fg(Xiest)) seem to increase less and less with
the number of parameters.

5.7.3 Behavior of the functional dimensions during training

We consider the setting described in Section 5.7.1, with a train set Xipai, of size
4000, a test set Xiest and a random set X,.andom both of size 20000. We fix the
value of w to 30. The architecture is (784,30, 30, 30, 10), which corresponds to a
total number of parameters equal to 25720. The previous experiment only computes
quantities after the training is done. This time, we fix a total number of epoch to
1400 and we consider what happens during training, throughout the epochs.

We compute repeatedly the rank Dfy(X) for X = Xiain X = Xiest and
X = Xiandom- These computations are performed during a single training, at epochs
{40, 80, 120, 160, 200, 240, 280, 320, 360,

400} U {600, 800, 1000, 1200, 1400} .

The quantities Max rank, Rank X random, Rank X test, Rank X train, Train
loss, Test error and Train error are the same as in the previous experiment, except
they are considered at different times of the training rather than after the training.
We plot these quantities in Figure 5.3.

The rank rank(D fp(X andom)) is always equal to the maximum rank, here equal
to 25630, up to a small error of 1 or 2.

We plot the train loss which decreases throughout the epochs, and the train
error which decreases and reaches 0 at epoch 120, after what all training images are
always correctly classified. The test error decreases the most in the first 80 epochs,
after what it continues to decrease, although really slowly.

We observe that the rank rank(D fy(Xirain)) consistently decreases during train-
ing. Such a behavior is consistent with the geometric interpretation of Section 5.4.
The rank rank(D fp(Xiest)) also decreases, with a more gentle slope. This indicates
that not only the batch functional dimension with respect to Xi;ain decreases, but
also the functional dimension with respect to the distribution of inputs.

5.7.4 Behavior of the functional dimensions when X is corrupted

We consider the same setting as the experiments of Section 5.7.1, with w = 30,
which corresponds to a total number of parameters equal to 25720. The size of the
test sample is 20000.

The network is trained, during 3000 epochs, repeatedly over different train sets
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Figure 5.4 — Effect of the noise on a MNIST image for different amplitudes. From left
to right, a MNIST image to which has been added a Gaussian noise, of amplitude
1072,1071,5 x 107! and 10° respectively.

of size 6000 made of MNIST images. We add to the train images a Gaussian noise,
before clipping the values of the pixels between 0 and 1, to stay consistent with
black and white images. We do the same for the test images. For each training, we
use a different noise amplitude, which overall varies between 0 and 1. We represent
visually an image with different levels of noise in Figure 5.4. The network is trained
to the point it is able to interpolate the training examples: for all the settings, the
final train error is equal to 0.

Once the training done, we compute the quantities Max rank, Rank X test,
Rank X train, Test error and Train error described in Section 5.7.1, for the different
noise levels. We plot these quantities in Figure 5.5.

As already said, the expressiveness of the network permits to fit the learning
data perfectly. The training error is zero for all noise levels. However, the noise
has two effects: an effect on the distribution of inputs which becomes more complex
and an effect on the difficulty of the problem. Indeed, as is reflected by the in-
crease of the test error, the problem becomes more difficult. The curve representing
rank(D fp(Xirain)) also tends to increase. This phenomenon is coherent with the
fact that the batch functional dimension is linked to activation patterns, which are
linked to the distribution of the inputs, which —as already said— are made more com-
plex by the noise. The quantity rank(D fy(Xiest)) seems quite stable. Interestingly,
the batch functional dimensions rank(D fy(Xirain)) and rank(D fg(Xiest)) seem to
converge with increase of the noise.

5.7.5 Behavior of the functional dimensions when Y is corrupted

We consider the setting described in Section 5.7.1. We take w = 25, which
corresponds to a number of parameters equal to 21185. The size of the test set Xiest
and of the random Gaussian images X,andom are both equal to 15000. The learning
performs 3000 epochs.

Following [134, 195|, we study what happens when part of the labels of the
training set are corrupted with random labels. The network is trained repeatedly
over different train sets of size 4000 made of MNIST images. A varying number of
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Figure 5.5 — Behavior of different complexity measures when noise is added to the
input images. The values of rank(D fy(Xrain)) are to be read on the left axis, titled
‘functional dimension’. The values of the test and train errors are to be read on the
right axis.

the labels associated to the training images are set to a random value, according
to the uniform distribution over {0,1,...,9}. The quantity of images with random
labels varies from 0 to 3500. Each time, the network is trained to the point it is
able to interpolate the training set, even with the random labels.

Intuitively, the more corrupted labels there are, the more complex the function
interpolating the training data should be. The distribution of the inputs is however
the same and it is not clear if the linear regions, defined by the activation patterns,
and used to describe the interpolating function need to change much when corruption
increases. The purpose of this experiment is to see if the functional dimension
increases with the proportion of corrupted labels.

The quantities Max rank, Rank X random, Rank X test, Rank X train,
Train loss, Test error and Train error are described in Section 5.7.1. We plot these
quantities as a function of the number of corrupted labels in Figure 5.6.

As expected, the test error (the proportion of images in Xiest that are misclas-
sified) increases with the number of corrupted labels: from 0.08 when no label is
corrupted to 0.83 when 3500 images out of 4000 have random labels.

In this experiment, again, we observe that rank(D fp(X;andom)) is always nearly
equal to the maximum rank, which is here equal to 21110.

The ranks rank(D fy(Xirain)) and rank(D fy(Xiest)) do not seem to increase with
the corruption of the labels. Beside when 250 labels are corrupted, they remain
stable.
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5.8 Conclusion and perspectives

In this article, we describe the geometry of deep ReLU neural networks. The
study shows that the image of a sample X by deep ReLLU neural networks of a fixed
architecture is a set whose local dimension varies. The local dimension is called the
batch functional dimension in [82]. Empirically, the pieces of small dimensions are
on the outside of the ones of large dimensions. They are favored by the optimization.
We call this phenomenon geometry induced implicit reqularization. We also study the
maximal dimension, when X is allowed to vary. We call it the computable full func-
tional dimension. Both notions of local complexity are determined by the activation
patterns. We investigate the practical computation of the functional dimensions and
provide experiments emphasizing the geometry induced implicit regularization and
the link between functional dimensions and the distribution of the inputs.

This opens many perspectives in deep learning theory. The formal connection
between the notions of local complexity and the generalization gap is still lacking. It
would permit us to obtain a theory explaining the good performance of deep learning.
It would be interesting to study more systematically how the functional dimensions
of the learned parameters depend on the distribution of the learned phenomenon.
To do so, it would be interesting to study instances in large dimensions. Algorithms
of a better complexity for computing the functional dimensions are needed.
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Appendices

5.A Proofs of Section 5.3

5.A.1 Proof of Theorem 103

Let us define, for £ € [1, L — 1] and v € V} the set

Ty = {(:U,Q) c RN « (]RE X RB) | Z W/ —syy (fg—l(:p))vl + b, = 0}, (5.A.1)

veVy g

and let
T =U;Z! Usey, To. (5.A.2)

Similarly, for any € RNo, ¢ € [1, L — 1] and v € V;, we define the set

7;x _ {9 € RE « RB ’ Z Way —sp (fg_l(l‘))v, + by = 0}7

veVy g

and let
T" = U£;11 UveVg 7:1

Lemma 114. (i) Over RN x (RF x RP), the function (z,0) — a(z,0) €
{0, 1} N+ +NL—1 egactly takes 2N T+ NL—1 distinct values.
For 6 € {0, 1} +Ne—1 e write

As = {(z,0) € RN x (RE x RB) | a(z,0) = §}. (5.A.3)

Then: On As, the function (x,0) — fg(x) is polynomial with degree less than
or equal to L + 1.

The set T has Lebesque measure zero and U5€{071}N1+~~+NL718A5 =T.
Therefore, for any § € {0,1}N1++NL—1 "9 A is a closed set of zero Lebesque
measure in RN0 x (RF x RP).

(ii) For any fived x € RNo the function 0 v a(x,0) ezactly takes 2N1+TNL—1
distinct values. For x € RNo and § € {0, 1}V +Ne-1 we write

A% = {0 e RF x RP | a(z,0) = 5}.

Then: On A§, the function 6 — fo(x) is polynomial with a degree less than
or equal to L.
The set T* has Lebesgue measure zero and U56{071}N1+M+NL718A§ =7T".
For any § € {0,1}M++Ne—1 9A%Z is a closed set with zero Lebesgue
measure in RY x RB.

Proof of Lemma 114. To avoid repetitions, we only detail the proof of (7). The
proof of (ii) is very similar, considering functions of € only (with z fixed) rather
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than (z,0), and noting that since z is not a variable, the polynomial functions of 6,
similar to the one of (x, ) considered below, have one degree less.

We first prove that all activation patterns are reached.

The set {0, 1}V1++N2-1 s finite and its cardinal is 21+ +Ni—1. Observe that
for any § € {0,1}V1++Ni—1 by taking # € R x R such that w,_,, = 0 for any
(v—=1")€E, b,=0forveV,and b, = (—1)'% for any v € V;U---UVp_1, then,
for any x € RN and any v € Vi U---UVy_1, we have a,(z,0) = &, i.e. a(z,0) = 6.
We recall the notations As, 6 € {0, 1}V +Ne-1 in (5.A.3).

In order to prove that the function (x,0) — fg(x) is polynomial, we remind the
definition of f}, in (5.2.1), define

(av(z,0))veviv-uy, if€>1,

a<p(x,0) =
<e(@,9) {1 if =0,

and prove by induction that the assertion

i, VD C RM x (RE x RB), if (z,0) — a<y(x,0) is constant on D, then
¢ (z,0) — fi(z) is polynomial on D with degree less than or equal to £+ 1,

holds, for all £ € [0, L — 1].

The assertion Hy indeed holds because f§(z) = x is polynomial in (z, ) of degree
1 on any subset of RV x (RF x RB). Assume now that for some ¢ € [1,L — 1],
Hy_1 holds, and let us prove Hy.

Let D C RM x (RF x RP) such that a</(z,) is constant on D. For (z,0) € D
and v € Vp, using (5.2.6), we have

(ftg(x))v :av(l've) Z Wy v (fgil(fn))v, + bv

VeV

The quantity a<¢—1(z, ) is constant on D and thus from Hy_q, for all v’ € V,_q,
(z,0) — (fg_l(a:))v/ is a polynomial function of (x,6) on D with degree less than
or equal to £. Since a,(z,0) is constant on D, (fg(x))v is a polynomial function of
(x,0) of degree less than or equal to £+ 1. This concludes the proof by induction
that Hy holds for all ¢ € [0, L — 1].

Let v € V.. We have

(f@(x»i} = Z wv’—)v(feLil(l‘))v’ + by.

v eV _4

For § € {0, 1}t +Ne—1 ;1 (2,0) = a(x,0) is constant on As and thus from
Hp 4, (z,0) — eL_l(x) is polynomial of degree less than or equal to L on As, and
thus (z,0) — fg(z) is polynomial of degree less than or equal to L + 1 on As. This
proves the second statement of Lemma 114, (7).

Let us now show that 7 has Lebesgue measure zero. For that, let us show that for
all ¢ € [1,L — 1] and v € Vp, T, has Lebesgue measure zero. To do so, since UsAs =
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RN x (RF x RP), we consider, ¢ € [1,L — 1] and v € V;, and prove that, for all
§ € {0, 1}Vi++Ne—1 Ti N Ag has zero Lebesgue measure. Let § € {0, 1}V +No—1,
a<¢—1(z, ) is constant on A; and thus from H,_q, (z,0) — fg_l(x) is a polynomial
function of (z,0) on As and thus > /oy, | Wy (fg_l(x))v/ + b, also is. Since b, is
not present in fgil (x), it only appears in a single monomial of degree and coefficient
{—1
1 of Zvlew_l W/ —syy (fe (:L‘))U
non-constant. Hence the set 7, N As, constituted by the zeros of this polynomial
function, has zero Lebesgue measure. Since UsAs = RN x (RF x RP), we finally

conclude that, for any ¢ € [1,L — 1] and v € Vp, T, has Lebesgue measure zero.
The set

.+ by. The latter polynomial function is therefore

T = Ut%;ll Uvev; To

is thus also of zero Lebesgue measure.
Let us now prove the set equality:

Joas=T. (5.A.4)
4

We first show the inclusion |Js dAs C 7. Consider 6 € {0, 1}V1++Ni—1 and let
us now show that 9As C T. To do so, consider (z,0) € dAs. Since (x,60) & Int(As),
for any e there exists d. # 0 such that B((x,0),e) N As. # 0. Since the set of all
possible 4. is finite, we are sure that there exists 6’ # & such that (z,6) € Ags. Let
¢ e [1,L —1] and v € V; such that §, # J,. We assume without loss of generality
that §, = 0. The proof is indeed similar when §, = 1. There exists (zy,6,) € A?ﬁ
such that (z5,,6,) — (2,0) as n — oo and there exists (2/,,6),) € Ay such that

n»’n

(x},,60),) — (x,0) as n — oco. We have a,(zy, 6,) = 0 and a,(z},,6),) = 1 for all n.

Using that (z,0) — >, cy, | Wo—w (fgil(x))v, + b, is continuous and tak-
ing the limit of this function at (z,,6,), as n goes to infinity, we obtain that
Zv,ew_l Wl sy (fgil(q:))vl—i—bv < 0. Reasoning similarly with the sequence (27, 0}, )nen=
we obtain the reverse inequality and conclude that 3 /cy, Wy ( fg_l(a:))vl +
b, = 0. This shows that (x,0) € T, C T. This finishes the proof of 945 C T.

Let us now show the reciprocal inclusion 7 C |J; 0As. Indeed, let (z,6) € T.
There exists v € V3 U --- U Vp_1 such that (x,6) € T,. There also exists § €

{0, 1}M++Ni—1 guch that (z,0) € As. In particular, since

Z Wy s (fgfl(x))vl +b, =0,

VeV

we have §, = a,(x,0) = 1. For any € > 0, by replacing b, by b, — &, we obtain a 6.
satisfying |0 —6.|| < e and a,(x,0:;) = 0 # d,, which shows (z,6.) ¢ As. This shows
(x,0) € 0A; C |JsOAs. This shows the desired inclusion, and thus the equality
(5.A.4).

For all § € {0,1}M1++N—1 9 A5 is closed by definition of a boundary. Since
T has been shown to have Lebesgue measure zero, then dAs has Lebesgue measure
zero and thus the proof of the part (i) is concluded. O
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We state and prove another lemma before proving Theorem 103. The lemma
resembles Theorem 103 but does not include the statements on rank(D fg(X)).
For n € N*, reminding the definition 7 in (5.A.2), let us now define

Tn=Ur, { (X,0) € RNoxn x (RF x RP) ‘ («®,0) e T} . (5.A.5)
Similarly, for n € N* and X € RNoX" we define
TX =UL, {0 e R xRP | (2,0) e T}

Lemma 115. (i) For all n € N*, the sets (7)/{‘, . ,5;‘% defined in (5.3.1) are
non-empty, open and disjoint, and they satisfy
— (u;?":l@;)c = T,, and in particular the complement (u;?":lc?g)c 18 a closed
set with zero Lebesgue measure;
— for all j € [1,my], the function (X,0) — a(X,0) is constant on each 5;1
and takes m,, distinct values on U?L“l(A’)/;‘;
— forallj € [1,m,], (X,0) — fo(X) is a polynomial function of degree less
than or equal to L + 1 on @
(ii) For all n € N*, for all X € RNo*" the sets UX, ... ,LN{I;); defined in (5.3.4)
are non-empty, open and disjoint, and they satisfy
— (ufj?;&jf)c = TX, and in particular the complement (U?’:(IZ;{]-X)C s a
closed set with zero Lebesgue measure;
— for all j € [1,px], the function 0 — a(X,0) is constant on each ZJJX and
takes px distinct values on U?ﬁli{va;
— forallj € [1,px], 0 — fo(X) is a polynomial function of degree less than
or equal to L on L~IJX

Proof of Lemma 115. As in the proof of Lemma 114, the proofs of (i) and (ii) are
very similar. To avoid repetitions, we only detail the proof of ().

By definition, see (5.3.1), the sets 5711, e 521
Let us establish that 7, is of Lebesgue measure zero, before proving the first point
of (7).

The characterization of 7 in Lemma 114 (7) shows that we have

 are non-empty, open and disjoint.

T = Uiy Usepopmir—+nio {(X,0) € RV x (RP < RP) | (21),0) € 945} .

Then one can check that since, for all §, 0Aj is of Lebesgue measure zero, T, is
a finite union of such sets and is, therefore, a set of Lebesgue measure zero in
RNoxn » (RF x RB).

Let us now show the first point of (). Let us prove that (U;-n:’ll(??)c =Tp.

To do so, let us first show that (U;@l@)c C Tn. Let (X,0) € (U;":’ll(’j;‘)c
Consider the Ay, ..., A, defined just before (5.3.1). There exists j € [1, ¢] such that
a(X,0) = Aj. Since (X,0) ¢ 5?, there exists a sequence (X, 0 )ren+ such that
(Xk,0r) = (X, 0), as k — oo and a(Xy, 0,) # Ay, for all k. Modulo the extraction of

a sub-sequence, we can assume that there exist i € [1,n] and & € {0,1}V1+ TN



5.A. Proofs of Section 5.3 207

such that a(q:,(j),ﬁk) = 0’ # ¢, where x,(j) is the i*" column of X}, and where we
denote 6 = (Aj);. Thus, we have (a:,(;),Gk) € Ag, for all k, and (2(),0) € dA;.
Finally, (X,0) € 7,. This shows (U;@l(’j;?)c C Tn.

Let us now show that (7, C u;”;l@)é If (X,0) € Ty, there exists ¢ € [1,n]
and 0 € {0,1}M++Ne—1 guch that (z(9,0) € dAs. Thus, for any € > 0, (z,6') —
a(z,0') is not constant over B((z(),0),¢). As a consequence, (X, ) does not belong
to any of the open sets 5;3

This shows (U}n:”l@)c = Tp, and thus, since 7, is of Lebesgue measure zero,
(U;'”L:"1 5;‘)0 has zero Lebesgue measure. Adding that the complement of an open set
is closed, (UT;‘I@)C is closed, which ends the proof of the first point of (7).

The second point of (i) holds by definition of 5?, ce 5;1171

Let us now show the third point of (7). Let j € [1,m,]. The function (X, 0) —
a(X,0) is constant on 5? The set 5;1 is associated to A in (5.3.1) and the latter
is of the form (6%,...,8™) with ¢* € {0, 1}V1++Ne—1 for i € [1,n]. Fix i’ € [1,n].
Then for X = (x(i))ie[[l,n]] with (X, 0) € 5?, (#(),0) € Azs. Hence, Lemma 114
(i) shows that fy(2(*)) is a polynomial function of (z("),0) and thus of (X,8), of
degree less than or equal to L + 1. The quantity fp(X) is a matrix which columns
are fo(z®), i € [1,n]. Hence (X,0) — fo(X) is a polynomial function of degree

less than or equal to L + 1 on OF, which concludes the proof of (7). O

Proof of Theorem 103. Again, the proofs of (i) and (ii) are very similar and we only
detail the proof of (7).
Consider n € N*. The sets OF,...,0y, are non-empty by definition of the

quantities r{,...,ry, . and they are disjoint because of the inclusion O} C 5;‘ for
all 7, and because the sets 5?, e ,5&n are disjoint as shown in Lemma 115. Hence

the first item holds. The second item is a direct consequence of the definition of (9}1,
in (5.3.3). The third item holds by definition.

To see that (’)}1 is open, first recall that 5? is open, then note that since the
function (X, 0) — fo(X) is polynomial over 5;-1, the function (X,6) — Dfp(X) is
continuous over 5? Since the rank is lower semicontinuous, if rank(D fy(X)) =
7, then there exists € > 0 such that for any (X',0") € B((X,0),¢), we have
rank(D fp(X')) > 77, which by maximality of 7}/, is equivalent to rank(D fp (X)) =
7} and to (X',0) € OF. This shows that O is open. Hence Item 4 holds.

Item 6 come directly from Lemma 115 and from the inclusion O;-l - 5;‘

To finish the proof, we need to prove Item 5, stating that (Ugnz”l (’);‘)C is a closed
set with Lebesgue measure zero. Let us consider a basis (e, ..., e‘E|+|B|) of RF x
RB and a basis (1,...,enn,) of RVEX? For all X, let us write My(X) for the
matrix of the differential D fy(X) of the function 6 — fy(X) in these two bases.

Then (X,0) — My(X) is a polynomial function on OF. Recall the notation rj =

MaX x 5)c G rank(D fg(X)), and let (X’,0") € 5;1 such that rank(D fp (X')) = 7.

We thus have rank(My (X')) = 7, and thus there exists a sub-matrix Np (X') of
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My (X"), of size r7 x ]}, such that det No/(X') # 0. The function (X, 0) — My(X)
is a polynomial function on 5? and thus (X, 0) — det(NNp(X)) also is. This latter
function is not uniformly zero on 5;" and thus the set of its zeroes, that we write

Y;, is a closed set of zero Lebesgue measure.

For all (X,0) € 5? \ Vj, we have det Ng(X) # 0 and thus rank(Ny(X)) = 7
and thus rank(My(X)) > . We also have rank(My(X)) = rank(D fp(X)) < r} by
definition of 7. Hence rank(D fy(X)) = %. This shows O7 \ ; C OF.

Finally,

(U 0p)" =i (05)°
i (07\ )"
=iy ((0F) vy)
<y ((07) v (Upm )
= (N (07)") L (U )

We know from Lemma 115 that (Ugn:nl 5?)0 has zero Lebesgue measure. Also each
YV; has zero Lebesgue measure, thus U;-”;lyj has zero Lebesgue measure. Hence,

(U;”znl(’)?)c has zero Lebesgue measure, which concludes the proof of (i) in the
theorem. O

5.A.2 Proof of Proposition 104

Let 6 ~ 6 as described in Proposition 104. Let us prove the first item.

By definition of the relation ~, in Section 5.2, there is an invertible linear map
M : RE x RB — RE x RB such that § = M#@. Note that when expressed in the
canonical basis of R¥ x R?, the matrix corresponding to M is the product of a per-
mutation matrix and a diagonal matrix, with strictly positive diagonal components
whose values are given by (5.2.4) and (5.2.5). Notice that since M corresponds to
positive rescalings and neuron permutations, as discussed after (5.2.5), we have,

for any ¢ € RE xRE, o (X) = fare(X). (5.A.6)

For all v € R¥ x R, the following calculation holds because M is invertible,
because of (5.A.6) and because, using Item 6 of Theorem 103 (ii), 6’ — fg(X) is
differentiable at # and we can use (5.2.3),

f:00(X) = Fra04u(X) =Faro4ar-10)(X)
=forrr-14(X)
=fo(X) +Dfo(X)(M ™ u) + o|| M~ ul])
=fo(X) + D fo(X)(M ') + o([|ul))-
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Hence, ' — fo(X) is differentiable at 0 and for all u € RE x RE,

D f5(X)(u) = D fo(X) (M ").

Since M~ is invertible, it follows that rank (D f5(X)) = rank(Dfy(X)). This con-
cludes the proof of the first item.

Let 6 ~ 6 as described in Proposition 104. It is well-known, see for instance [26,
Proposition 39|, that since 8’ ~4 6, the activations of the networks parameterized
by 6 and ¢, for the input X, are the same, i.e. a(X,6) = a(X,0). Since 6 € ij(,
using (5.3.4), we obtain

0 € {0 e RF xRP | a(X,0") = A}

By definition Z/~{JX is the interior of the above set. It contains €. Using again that
0" = M@ and that M is invertible, we obtain §' € Z/~{JX Similarly, if (X,6) € 5?,,
then (X,0) € 0.

This concludes the proof.

5.B Proofs of Section 5.5

5.B.1 Proof of Proposition 106

Before proving Proposition 106, we state and prove a lemma connecting the sets

O7, defined in (5.3.1), and X}, defined in (5.5.3).

Lemma 116. Let 6 € (RF x RP)\ Z, and let n € N*. We have
Ap = {X e RNoX" | (X,0) UO”}
Proof. Consider 6 € (R¥ x RP)\ Z and n € N* and let us first prove that

{X e RNoX" | (X,0) UO”}CX9

Let X = (m(i))ie[[l,n]] € RNox™ and let j € [1,m,] such that (X, 0) € 5}7’ Denote
§t, ..., 6" € {0,113 FNL-1 guch that X € [, Dys:(0). Using Lemma 115, (i),
Item 2, we have

X e {X' eRN*™ | (X',0) € O7} C [[ Dsi(6)

Moreover, {X’ € RNoxn | (X' 9) € 5?} is open, since (A’)/;‘ is open, and therefore

X € Int (ﬁ Déi(9)> = ﬁlnt(D(;i 0))
=1

i=1
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Using the definition of Ay, in (5.5.3), we conclude that X € &j'. This concludes
the proof of the first inclusion.

Before proving the converse inclusion, let us establish that 7; (Um" (’)”)
where the open sets OF, ... 702% are as in Theorem 103. To do S0, since using
Lemma 115, (i), Item 1, (Um” C’)”) , it suffices to prove that for all j €

[1,m,], there exists j' € [[1, mn]] such that OF C 5?, Let j € [1,my]. Theorem 103
states that (X, 6) — a(X, 0) is constant over O7. If we denote A this constant value,
since OF is open, we have OF C Int { (X, 6) € RNoxn x (RE x RP) | a(X,0) = A}.
Using that O? is non-empty and recalling the definition of (9 % in (5.3.1), there exists
j" € [1,my] such that O} C (’);‘,. This being true for any j € [1,m,], it shows that
(Ui 07) < (U (’)") This concludes the proof of the inclusion

c c

Tn = Un@? - Unoy (5.B.1)

Let us now prove the inclusion XJ' C {X € RNoxn | (X 9) € Um" (9”}

Let X = (20 ))zeﬂl,n]] € Xg. Since, using Lemma 115, (i), (Um" (’)”) = Tn,
where 7;, is defined in (5.A.5), proving that (X,0) € U (’)” is equivalent to
proving that (X, 0) & T,.

Assume by contradiction that (X,0) € T,. There exists i € [1,n] and v €
ViU---UVr_y such that (:L'(i), 0) € Ty, which means that

Z Wy -y (fg_l(x(z)))v, +by, =0.

VeV
Since X € &}, we have () € X}, and there exists § € A(f) such that (¥ €
Int(Ds(0)). Let us show that this implies Int(Ds(0)) x {0} C T,. Indeed, the
function

Tr— Z Wy -y (fggil(l’))v, + by

v'eVy_1

is affine over the open set Int(Ds(f)). If it is not constantly equal to zero over
this set, then since its value at z() is zero, it takes both positive and negative
values over Int(Ds(6)), and thus a,(x,0) is not constant over Int(Ds(#)). This
contradicts the definition of Dg(#). Thus, the function is constantly equal to zero
on Int(Ds(#)) and, using the definition of 7, in (5.A.1), Int(Ds(8)) x {6} C Ty.
Therefore, Int(Ds(6)) x {#} C T and, using the definition of 7, in (5.A.5) and
(5.B.1)

c

({X’ RNox | (/)@)€ Int(Dg(8 } {9}) Lj(’);‘
j=1

Therefore, { X' € RNX" | (/)@ € Int(D5(0))} C 2n(6), where 2,(6) is defined in
(5.5.4). Since Int(Ds(6)) is non-empty, the Lebesgue measure of

{X/ c RNoxn ’ (x/)(i) c Int(D(;(@))}
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is not zero and therefore § € Z,,, as defined in (5.5.5). This contradicts the hypoth-
esis on # and finishes the proof of the statement (X, 0) & Ty,.

This concludes the proof of the inclusion AJ C {X € RNo*" | (X,0) € Uiy 5;‘}
and finishes the proof of Lemma 116. ]

Proof of Proposition 106. We remind that for all n € N* and all # € RF x RB,

2(0) = { X e R | (X,0) € (Upmop) )

and
Z, = {9 e RE x RP ’ zn(0) has strictly positive Lebesgue measure}

and Z = Upen+Zn.

Let us first prove (7).

Let us write A for Lebesgue measure on RNoX" x (R” x RB), and A! for Lebesgue
measure on RN0*" Note that (UT:’HC’)?)C is measurable in RVo*™ x (RF x RP), as
a closed set, and thus for all § € R¥ x R, z,(0) is measurable in RM*"  With
similar arguments, the function 6 + A(2,()) is measurable on R¥ x R? as the
integral with respect to X of a measurable function of X and 6. Hence, Z,, as the
set where this function is strictly positive, is indeed measurable.

Let n € N*. We first prove that Z,, has zero Lebesgue measure on R¥ x RB. Let
us assume by contradiction that Z,, has strictly positive Lebesgue measure.

Let us write C = Ugez, (2,(0) x {0}). For all 0, for all X € z,(0), (X,0) €
(Ugnzl(’)?)c. Hence, we have, for all 6, z,(6) x {0} C (U;»”ZIO?)C, and thus C C

(Ur,02)". We have

AC) = / / 1o(X,0)dX do
RExRB RNoxn
- / / 1dX df
Zn Jzn(0)
)\1

_ /Z RGO

>0,

as the integral of the strictly positive function A\ (2,(0)), on the set Z, with non-
zero Lebesgue measure, is strictly positive (note that since all the functions in the
above display are non-negative and measurable, their integrability is guaranteed).
This is in contradiction with the fact that C C (U;-"Zl(’)?)c, since (u;.":loy)c has
zero Lebesgue measure from Theorem 103 (7).

This concludes the proof of the statement Z,, has zero Lebesgue measure on
R x R and concludes the proof of ().

The item (i7) is an immediate consequence of (i), since Z is a countable union
of measurable sets of measure 0.

Let us now prove (7i7).
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For any 6 € (R x RB)\ Z, n € N*, and X € &y, Lemma 116 shows that
there exists j € [1,m,] such that (X,0) € O}. Lemma 115 (i) Item 3 shows that
(X',0") = fo(X') is a polynomial function on the open set OF. Its restriction to
the open neighborhood {¢/ € RF x RP | (X,¢') € O}'} of 0 is also a polynomial
function. In particular, 8’ — fo (X) is differentiable at 6. O

5.B.2 Proof of Proposition 107

Consider § € (RF x RB)\ Z and n € N* and let us first prove that r(6) >
maxjer, o) 77

Consider j € I,,(f) such that r] = maxjcr, 9 r7. Because of the definition
of I,(0), in (5.5.8), there exists X € RNo*" guch that (X,6) € OF. As a first
consequence, using Theorem 103, (i) third item, we know that r7 = rank(D fp(X)).
As a second consequence, since § € (R” x RB)\ Z and 07 C 5;‘ we can use Lemma
116, at the beginning of Section 5.B.1, and we have X € Aj'.

This leads to the conclusion that

j’IGHI?:}E{@) ri =1} =rank(Dfp(X)) < leea):é1 rank (D fp(X")) = %(6).

Let us now prove that r;,(0) < maxjer, o) 77

Because the rank can only take a finite number of values and considering the
definition of 7} (#) in (5.5.6), we know there exists X = (x(i))ie[[lmﬂ € Xy such that

rank(D fy(X)) = 3(6).

Notice that if we were certain that (X, ) € OF, for some j € [1,m,], the conclusion
would be immediate. It might however occur that (X,0) € (UT;‘lC’)?)C. In the
remaining of the proof, we use X to construct j and X’ such that (X’,0) € O;L and
rank(D fo(X")) = r7,(6).

Since § ¢ Z and X € XG”,Nwe know thanks to Lemma 116 that there exists
j € [1,my] such that (X,0) € OF. Lemma 115 shows that (X’,¢) — fp(X') is
polynomial over O}. Hence, (X',0") = D fp(X') is well defined and polynomial
over O}, and in particular, X" —— Dfy(X') is polynomial over the set {X' €
RNox? | (X',0) € O}

Since by definition we have O} C @, we have the inclusion
(X' e RV | (X', 9) e 0"} C {X eRM"[(X,0)eOr}.  (5B2)

Let us prove that the set on the left of this inclusion is open and non-empty. First,
both sets are open since (9]” and 5;‘ are open, and the set on the right is non-empty
since it contains X. Assume by contradiction that the set on the left is empty. Since
for all j" € [1,m,]\{j}, we have OF N 5;1 = (), this means, recalling the definition
of z,(0) in (5.5.4), that we have

(X' eRV " [(X'0)e O} C {X eRY™ | (X',0) € (UrnOn)} = 2.(6).
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Since, as we have just shown, the set {X’ € RNox" | (X' 0) € 5;1} is open and
non-empty, this means that z,(#) has positive Lebesgue measure, and thus, using
(5.5.5), that § € Z,. This contradicts the hypothesis § € (R¥ x RP)\ Z. This
concludes the proof establishing that the open set {X’ € RNox™ | (X' ) € O} is
non-empty.

Similarly to what was done in the proof of Theorem 103, we consider a basis
(e1,---,em4B|) of RE x RP and a basis (1, ...,enn, ) of RVEX". For all § and all
X" € RNoxn guch that D fg(X') is well defined, we write J fo(X’) for the matrix of
D fo(X') in these two bases. Since rank(D fp(X)) = % (0), there exists a sub-matrix
Ny(X) of Jfg(X), of size r’(0) x r7(0), such that det(Nyp(X)) # 0. Since X' —
D fy(X') is polynomial over the set {X’ € RNox" | (X' 6) € 5;‘}, we conclude that
X' det(Ng(X")) coincides with a polynomial over the set {X’ € RNoxm | (X' 9) €
5;‘} Since this set contains X, for which we have det(Ng(X)) # 0, the polynomial
is non-zero and the set containing all its roots is therefore closed and of Lebesgue
measure zero in RNoX" The set of the roots cannot contain the non-empty open
subset {X' € RNox™ | (X’,0) € O}, which shows that there exists X’ € RNox»
such that (X', 0) € O} and det(Ny(X')) # 0.

We conclude, using Theorem 103 (i), that

7 = rank (D fo(X')) > rank(Ng(X")) = 5,(6).

Finally, we obtain
r*(0) < max r?
n(0) < JELL(0)

which concludes the proof.

5.B.3 Proof of Theorem 108

We begin the proof with a lemma. To state the lemma, we define a new notation.
For any n € N* and any j € [1,my;], Theorem 103 (i), second item, ensures that
the mapping (X,0) — a(X,0), is constant on OF. We denote its value 5 =

(67")ief1,n)- We therefore have, for all (X,0) = ((z7);c1,),0) € OF,
a(z®,0) = 67" € {0,1}M1F+Nes for all i € [1,n].
Lemma 117. For anyn € N*, 0 € RF x RE, and j € [1,m,], we have
jel,(0) =  Vie[l,n], & e A®).
Conversely, for anyn € N*, § € (RE x RB)\ Z, and j € [1,m,], we have
j € I,(0) —  Vie[l,n], & e A®).

Proof. Consider n € N*, § € RE x RP and j € [1,m,].

Let us first prove that if j € I,,(0) then, for all i € [1,n], 53-"" € A(#). To do so,
assume j € I,,(0) and consider i € [1,n]. We want to prove that (55” € A(f). Given
the definition of A(#), in (5.5.2), it is sufficient to prove Int(Dég,n 0)) #0.
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Due to Theorem 103, (), second item and the above definition of (5f7n)i€[1’nﬂ,
we have for all (X', 0') = (((m’)(i))ie[[lm]]ﬁ’) €07,

a((z)D, 0" = 6" (5.B.3)

Since j € I,(0) and i € [1,n], there exists (X,0) = ((w(i))ieﬂl,nﬂﬂ) € 07.

Moreover, since OF is open
{X' e RN*" | (X',0) € OF}
is open and, since it contains X, non-empty. We also have using (5.B.3)
{X' e RM*" | (X',0) € O} C Dy (0)

and conclude that Int(Dy;n(6)) # () and therefore (55” € A(0). This finishes the

proof of the first implicatizon.

Consider n € N*, § € (RF x RB)\ Z and j € [1,m,].

Let us now prove that if, for all i € [1,n], 55” € A(0), then j € I,(6). To do
so, assume that for all ¢ € [1,n], (55” € A(f). Considering the definition of I,,(6),
in (5.5.8), it suffices to put to evidence X € RNo*" such that (X, 0) € O% to prove
that j € 1,,(6).

Since, for all 4 € [1,n], 67" € A(6), using the definition of A(f) in (5.5.2),
Int(Dég,n (0)) # 0. Therefore, IT" , Int(Déf_;n (6)) € RNoX" is a non-empty open set.

Moreover, since 6 & Z,
(X € R | (X,0) € (U 00)°)

has zero Lebesgue measure in RNo*". Therefore, since I Int(Dy;. (6)) is a non-

empty open set, there exists j' € [1,m,] such that
Ly Int(Dyn (6) N {X € RN | (X,0) € O} # 0.
Consider X in this set, we have
a(X,0) = 0" = 7',

Using Theorem 103, (i), second item, we conclude that j = j'. Finally, (X,6) € o7
and j € I,(0). This concludes the proof.
]

We deduce from Lemma 117 the following result.

Lemma 118. For any 6 and ' in (RF x RB)\ Z

AB) = A(0)) <« VYneN, I,00)=1I1,9).
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Proof. Consider # and ¢’ in (R x RP)\ Z.

Let us first prove the implication =-.

Assume A(0) = A(#') and consider n € N*. We want to prove that I,,(6) =
I,(0"). Let j € I,,(0), using Lemma 117, we know that for all i € [1,n], 55” € A(0).
Therefore, for all i € [1,n], 5{’" € A(#') and using Lemma 117 again, we obtain
that j € I,,(0). As a conclusion, I,,(0) C I,,(6"). We finish the proof using the fact
that # and 6’ are interchangeable in the statement of Lemma 118.

Let us now prove the implication <.

Assume that for all n € N*, ,,(8) = I,(¢'). We prove below that A() C A(¢').
The conclusion then follows by remarking that # and 6’ are interchangeable in the
statement of Lemma 118.

Let 0 € A(0), using the definition of A(0), in (5.5.2), we know that there exists
r € Int(Ds(0)) € RN such that a(x,0) = §. Since 6 ¢ Z1, we know that {x €
R>No | (2,0) € (U}EIO})C} is of Lebesgue measure zero. Its intersection with
the non-empty open set Int(Dy(0)) is therefore of Lebesgue measure zero and there
exists j/ € I1(A) and 2’ € Int(Dg(0)) such that (2/,0) € (’)]1-,. We therefore have
§ = a(z’,0) = 67" Using I;(0) = I,(¢’) and Lemma 117, we conclude that § € A(6').
As a conclusion A(f) C A(#').

This concludes the proof of the lemma. O

Proof of Theorem 108. Consider # and ¢’ in (RF xRP)\ Z and assume A(6) C A(¢').

Let n € N* and j € I,,(f). Using Lemma 117, we know that for all i € [1,n],
5?’" € A(0), and therefore for all i € [1,n], 53’” € A(#"). Using Lemma 117 again,
we obtain that j € I,(6'). As a conclusion, for all n € N*, I,,(0) C I,,(8").

Using Proposition 107, we obtain that for all n € N* r*(0) < r:(6'). We
conclude, using the definition of 7*, in (5.5.6), that r*(6) < r*(¢’).

This concludes the proof of the first statement of Theorem 108.

The second statement follows by applying the first statement twice. Once with
the hypothesis A(f) C A(6’) and a second time with the hypothesis A(0") C A(6).
This concludes the proof of the theorem. O

5.B.4 Proof of Proposition 109

Let 6 € RE x RB and let  ~ 6. For n € N*, let us show that 2, (f) = zn(6). For
that, let us consider #' € RE x R such that 6 ~; 6 and 0 ~, 0.
Let X & 2,,(0). Then, there is j € [1,m,] such that (X,0) € O}. Then from

Proposition 104 and Theorem 103, we have rank(D fo/ (X)) = rank(D fy(X)) = r}

and (X,0') € 5;‘ Hence (X,0') € OF from (5.3.3) and thus X ¢ 2,(¢'). Hence
2n(0) C 2,(6).

Now, let X ¢ 2,(0'). There exists j € [1,my] such that (X,0") € OF. The
function (X”,0") — a(X",0") is locally constant at (X,6), since (X,0) € O7.
Hence this function is also locally constant at (X, 5) Indeed, permuting the neurons
yields the same permutation of the activation values. Hence (X, 5) € 5?, for some

j' € [1,my]. Next, the function (X”,60”) — rank(D fp(X")) is locally constant
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at (X,0'), because O} is open. Hence the function (X", 0") — rank(D fp(X")) is

also locally constant at (X, 0), with the same constant value as the previous function,
from Proposition 104. Thus, rank (D f3(X )) = 7“;7”, because 7“;‘, is the only value that

can be taken on a subset of 5;5 of non-zero Lebesgue measure. Hence (X, 5) €0}

and thus X ¢ z,(0). Hence z,(0) C z,(0"), and thus z,(0) C 2,(0).

Finally, swapping the roles of # and 5, we have z,(6) = zn(g) for  ~ 6. From
this, it follows directly that 0 € Z <— 6 € Z. This concludes the proof of the first
statement of Proposition 109.

We now prove the second statement. Consider § € (RF x RB)\ Z and 6 ~ 6.

Let us fix n € N* and show that 77} (6) = 7} (). We have, using Proposition 107, for
any 0" € (RF x RB)\ Z

ri(0") = jEI[?[qan}"f : T
EXERNOX"i(Xﬁ”)GO;‘
= max max _ rank(D fyr (X)), (5.B.4)
Je[l,mn] (X,0M)eor

IXERNOX|(X,0")€O?

where we have used also (5.3.2) for the last equality. Consider jo and X that reach
the aboveNmaXimum when 0" = 0, with (X,0) € O} and rank(Dig(X)) =rk(6).
Since 6 ~ 0, there exists 8/ € RF x RP such that §' ~4 6 and 6 ~,, 0.
From Proposition 104, we have (X, 0') € O} and rank(D fy/ (X)) = rank(D fp(X)) =
7% (0). Hence, from (5.B.4), 7 (0) < r’(¢)

From similar arguments as above, (X, 5) € 5;1, for some j' € [1,m,]. Since also
rank (D f5(X)) = rank(D for (X)) = r(¢’) from Proposition 104, then from (5.B.4),
rh(0) < 7(0).

This shows r(0) < r;(§)7 and by swapping the roles of # and 5, we obtain
ri(0) =73 (0).

Finally, since for § ~ 6, %(6) = 7%(6) for all n € N*, then (5.5.7) guarantees
that r*(6) = r*(d). This concludes the proof of Proposition 109.

5.B.5 Proof of Proposition 110

Similarly to what was done in the proof of Theorem 103, all along the proof of
Proposition 110, we consider the canonical basis (eq, ... ,e|E|+|B|) of RF x RE and
the canonical basis (1, ...,&,) of R® (recall N = 1). For all ¢ € RF x R” and all
X' € R™ for which 0" — fp(X') is differentiable at 6, we write J for(X') for the
n x (|E| + |B|) matrix of D fy(X’) in these two bases.

Consider N;, = 1, § € (RF x RP)\ Z and ¢ > 0 as in the proposition first state-
ment. From Proposition 107, there is n € N*, j € [1,m,] and X = (z), ... z(")
such that (X,0) € O} and rank(D fp(X)) = r*(6). Also, from Theorem 103 (i),
there is € > 0 such that ¢ — fg(X) is continuously differentiable on B(6,€"). We
consider such an ¢ satisfying ¢ < e.
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Then, 7*(#) = rank(Dfy(X)) = rank(Jfp(X)). Hence we can extract r*(6)
rows from J fy(X) such that, up to reordering, we have, with X = (z(1), ... 2" (@),
rank(D fy(X)) = r*(0). Furthermore, still, #’ — fyp/(X) is continuously differen-
tiable on B(6,¢€').

Then, we can extract 7*(6) columns from J fy(X) for which the resulting 7*(6) x
7*(#) matrix is invertible. These 7*() columns are associated to a subset of EU B,
that we write S. For ¢ € S, we define 6(¢) € R x RE by 0(¢), = 6, for
w € (EUB)\ S and by 0(¢)w = ¢ for w € S. We also let 05 = (0u)wes. Then we
consider the function g : RS — R""(?) defined by the row vector g(¢) = fo(g)(X).

The differential of g at g is defined by the invertible r*(6) x 7*(f) matrix
extracted from Jfs(X), discussed above, in the canonical bases of RS and R"" (9.
In addition, g is continuously differentiable on B(f)g,¢').

Hence we can apply the inverse function theorem. There is an open set U C
B(0)s,¢') containing 0|g and an open set V' containing g(f)s) = fg(g‘s)(X) = fo(X)
such that g is bijective from U to V. We let ¢! be the inverse of g. Then, there
is v > 0 small enough such that fp(X) 4+ ~v{—1,1}""® C V, where “+” denotes the
Minkowski sum.

Let t = (t1,...,tm=(9)) = fo(X). Then, for each I C [1,7*(0)], define t' € R
by t) =t; +vyifi € Tand t|, = t; —y if i ¢ I. Since t' € t +{-1,1}7 0 C V,
we can define § = (g1 (¢')) with ¢ € 0(U) C B(f,¢') C B(#,¢). This yields,
for(X) = fog-1w)(X) = g(g7!(t)) = t'. Hence, for i € I, fo(a®) =t = t; +
and fori ¢ I, for(z() =t} = t;—~. By definition, this implies that fSp(9,e),y = 7(0).
This shows the first part of the proposition.

The second part of the proposition is a consequence of the first part. In-
deed, let us fix some &€ > 0, let us take # € (R® x RB)\ Z such that r*(0) =
MAXG R EyRE)) 2 7*(6), and let us take 4/ > 0 such that (5.5.9) holds with ~ there
replaced by 7/ here. Then we have

fS]REXRB,'y’ Z fSB(H,a),'y’ 2 7"*(9)

Hence the proof is concluded.

5.C Proofs of Section 5.6

5.C.1 Proof of Proposition 111

Before proving Proposition 111, we state and prove two lemmas.

Lemma 119. Let 6 € (RF x RP)\ Z.

Let n,n' € N*, let X € X and let X' € X} Let us write X" € XgnJr"/
the matriz obtained by concatenating the columns of X and X'. We then have the
following inequalities

rank(D fp(X)) < rank (D fo(X")),
rank (D fp(X')) < rank(D fp(X")),
rank (D fp(X")) < rank(D fp(X)) + rank (D fp(X")),
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where using Proposition 106, (iii), all the differentials are well defined.

Proof of Lemma 119. Let us consider the canonical basis B of R x RB. Also, for
any m € R*, let us consider the canonical basis B,, of RVLX™  With the bases B
and B, the linear operator D fy(X) : RF x RE — RN.X" corresponds to a Jacobian
matrix that we write Jfy(X). We define Jfp(X') similarly with the bases B and
B, and J fp(X") similarly with the bases B and B,,1,s. Writing Vg the gradient of
a scalar quantity depending on § € R x RE, then the matrix J fo(X) is composed
of the nNj, rows

. T
T fo(X)ing—1y+5: = (Vo [fo@D);]) for all i € [1,n] and j € [1, NL],

the matrix Jfy(X') is composed of the n’ Ny, rows

1 T . X
T fo(X )iy —1y+5: = (Vo [fola'D);]) for all i € [1,n'] and j € [1,N],

and the matrix Jfp(X") is the concatenation of Jfp(X) and Jfp(X’). Well-known
properties of the matrix rank yield

rank(J fo(X)) < rank(Jfg(X”)),
rank (J fp(X")) < rank(J fp(X")),
rank( f5(X")) < rank(J fo(X)) + rank(J fo(X")).

These three inequalities are equivalent to the three inequalities of the lemma. [

Lemma 120. Let0 € (RExRP)\Z. Letn € N* and let X € XJ. Ifrank(Dfp(X)) <
r*(0), then there exists x € Xy such that, writing X, € Xé”’l for the matriz obtained
by adding x as an additional last column to X, we have

rank(D fp(X;)) > rank(D fo(X)) + 1.

Furthermore, the set of such x’s has non-zero Lebesque measure on RNO.

Proof of Lemma 120. Let 6 € (REF x RB)\ Z, n € N* and X € A} such that
rank(D fp(X)) < r*(f). Let ' € N* and X’ € X} such that rank(D fp(X")) = r*(0)
(the existence being guaranteed by definition of r*(6)). Let X" € XQ’H”I be obtained
by concatenating the columns of X and X’. From Lemma 119, we have

rank (D fy(X")) > rank(D fo(X")) = 7*(0) > rank(D fp(X)) + 1.

Using the matrix notations defined in the proof of Lemma 119, there exists a row of
Jfo(X'), written (Vg [fg(a:/(i))j})T for i € [1,n'] and j € [1, Nz], with 2'® € &y,
that does not belong to the range of Jfp(X). Recall that for x € Ay, we write X,
for the matrix of Xg”rl obtained by concatenating X and x. From the above, we
have rank(D fp(X /(;))) > rank(D fp(X)) + 1.

This proves the first statement of the lemma and we still need to prove that the
set of such z’s has non-zero Lebesgue measure on R0,
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Consider z'() € Xy as constructed in the first part of the proof. By continuity of
x = Dfy(X,) at 2 and since the rank is a lower semi-continuous function and X}
is open, then there exists ¢ > 0 such that B(z'® ) C Xy and for all z € B(z'® ¢),

rank(D fy(X)) > rank(D fp(X /(;))) > rank(D fp(X)) + 1.
The ball B(wl(i), ¢) has a non-zero Lebesgue measure, which concludes the proof. [

We can now prove Proposition 111.

Proof of Proposition 111. Let us first show that the sequence (77 (0))nen+ is non-
decreasing. Let n € N* and X € &} such that rank(Dfy(X)) = r};(#). For any
x € Xy, using the notation X, of Lemma 120, Lemma 119 shows that r}(0) =
rank(D fp(X)) < rank(D fo(X,)), and thus r;(6) < r;;_;(0). Hence, the sequence
(r}(0))nen+ is non-decreasing.

Since the input space of D fy(X) is RE x RE for all X, the sequence is also upper
bounded by 7*(0) < |E| 4 |B|. Therefore, since it only takes integer values, there
exists n such that 7} (6) = r*(0) and we can write n*(6) € N* for the smallest of these
n. Let n € [1,n*(0) — 1] and X € & such that rank(D fp(X)) = 77,(6). We have
75 (0) < r*(0) and using Lemma 120, there exists x € Xy such that rank(D fp(X;)) >
rank(D fp(X)) + 1. Hence we have

v (0) > 1(0) + 1. (5.C.1)

The sequence is therefore increasing on [1,n*(6)]. Because of the definition n*(6),
it is also stationary (constant) on N*\ [1,n*(9)].

Let us now prove the upper and lower bounds on n*(#).

Now, consider n € [1,n*(f) — 1] and X € X;"*! such that rank(Dfy(X)) =
rrq1(0). Let us write X, € A for the matrix obtained by removing the last
column z("*1) from X. Lemma 119 shows that

rank(D fy(X)) < rank(Dfs(X,)) + rank(D fy(z"*1)).
Hence
T'nt1(0) = rank(D fy (X)) <rank(D fo(Xy)) + N
<r(6) + Np. (5.C.2)
Grouping (5.C.1) and (5.C.2), we have
r(0) +1 <71 (0) <7n(0) + Ni. (5.C.3)

Furthermore, for x € Xy, we have 1 < rank(D fp(x)) < Npr. Indeed, the upper bound
is due to the size of output space of D fy(z) and the lower bound holds for instance
because for any v € Vi, 9(fo(x))y/0by = 1. Hence 1 < rj(#) < Np. Using (5.C.3)
we can show by induction that for all n € [1,n*(0)], we have n < r3(0) < nNy.
Applying these latter inequalities to n = n*(0) yields

"9 v <o)
and the proof is concluded. O
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5.C.2 Proof of Theorem 113

Lemma 121. Fizp € (0,1) and k € N*. Consider random variables X1, . . ., Xy val-
ued in {0,1} such that P(X1 = 1) > p and for any i € [2,k], for any x1,...,x;—1 €
{0,1}, P(X; = 1|X1 = z1,..., X1 = x—1) > p. Consider By,...,By inde-
pendent Bernoulli random variables such that for i € [1,k], P(B; = 1) = p and
]P’(BZZO): 1—p.

Then there exists a finite probability space (Q, Px) and random variables Y1, ..., Y%,
C,...,C from Q to {0,1} such that

(1) Fori € [1,k] and w € Q, Yi(w) > Ci(w);

(2) (X1,...,Xg) and (Y1,...,Yx) have the same distribution;

(8) (Bi,...,Bg) and (C4,...,Ck) have the same distribution.

As a consequence, for each t >0,
P(Xi+- 4+ X, <t) <P(Bi+--- 4 By < t). (5.C.4)

Proof of Lemma 121. We prove the first part of the lemma by induction. Let Ly
correspond to the statements (1) to (3) for a given k € N*.

Let us first show that £ is true. Let 1 = {1,2,3} and P;(1) = p, P1(2) =
P(X;=1)—pand P1(3) =1 —P(X; =1). Let then Yi(1) = Y1(2) =1, Y1(3) =0,
Ci(1) =1, C1(2) = C1(3) = 0. With this choice of ; , Py , Y7 and C1, £ indeed
holds.

Assume now that £ holds for some £ € N* and let us show that £z, holds.
We thus consider Q, Py, Y1,...,Y; and C1, ..., C) as in the statements (1) to (3).
We define Qx11 = Q x {1,2,3}. For w € Q, i € [1,k] and 5 € {1,2,3}, let us
define Y;(w,j) = Yi(w) and Cj(w,j) = C;(w). Note that we use the convenient
abuse of notation of defining Y7,...,Y, and Ci,...,C) as both functions on
and Q1. For w € Qy, let us define Vi1 (w,1) = Vi1 (w,2) =1, Yir1(w,3) =0,
Ci+1(w,1) =1 and Ciy1(w,2) = Crt1(w,3) = 0. Then Item (1) of Ly is satisfied.

In order to define P11, we denote, for w € Q,

P, =P (Xpr1 =11 X1 =Yi(w),..., Xk = Yi(w)).
Then, for w € Q, we define Py 1 (w,1) = Pr(w)p, Pri1(w,2) = Py (w) (P, — p) and
Pry1(w,3) = Pr(w)(1 — P,). Using that P is a probability measure on 2, it is
simple to see that Py, is a probability measure on Q1.
Consider now z1,...,x € {0,1}. If P(Y1 =x1,...,Yr = x;) = 0 then, from
Item (2) of Ly, P (X1 = x1,..., Xk = x) = 0. In this case, for all z;41 € {0,1}, we
have

0=P(Y1=m1,..., Y =24, Vi1 = 22p1) =P (X1 = 21,..., X = 23, Xpy1 = 2241) -

Consider then the case where P (Y] = x1,...,Y, = x;) > 0. We have

2
P(Yi=a2p,. .. .Yi=aYia =)= > Peawj)= Y  Pyw)P,.
7=1 wey, s.t. weNy s.t.
Y (w)=z; Y (w)=z;
for i€[[1,k] for i€[1,k]
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Using now Item (2) of L, we have

PYi=z1,.... Yk =21, Y31 = 1)

1
=P(X;, = o Xy = P P,
Kr=a1, o X =2) gm0 GQZt k(W)
wey, s.t.
Yi(w)=x;
for i€[[1,k]

1
=P(X; = e, X = P
( 1 I, y Ak xk)P(le.Q?l,...,Yk:[Ek) weg:st k((,d)
Yi(w];:;:{
for i€[1,k]

X1 :x‘l,...,Xk:l‘k)P(Xk+1 = 1‘X1 :$1,...,Xk :.Z‘k)
X

We treat the case Yy 11 = 0 similarly, writing the details for the sake of completeness.
We have

P(}/l:l'l,..-,Yk:l'k,Yk_}_l:O)
1
P(Yy =z1,...,Ys = %)

=P(X1=m1,..., Xy = x) > Pr(w,3)

wENy s.t.
Yi(w)=z;
for i€[[1,k]

> Piw)(1—Py)
wEN s.t.
Yi(w)=z;
for i€[1,k]

1
=P(X; = o, X = P
( ! o ok xk)]p(yl :xlv"'vyk‘:xk) wGQZk:S‘t. k(w)
Yi(w)=z;
for i€[[1,k]

1

:P(Xlzl‘l,---anzxk)P(Yi:x1 Yy, = w)

P(Xpq1 = 0| X1 = 21,..., X} = 2)
]P)( xl)"'an:xk)P(Xk+1:O|Xl:xlv"'ka:xk)
:P(Xl :xl,...,Xk:wk,Xk+1 :0).

Hence Item (2) of L;41 holds.

Let us now show Item (3) of Ly11. The method is similar as above, but we give
the details for completeness. Consider ¢y, ..., ck, ck+1 € {0,1}. Using the definition
of C} and Cjy1, we have

P(Cr=c1,...,Ch =k, Chg1 = 1) =Ppgr (Ae, X -+ x A

Ck+1) )

where for i € [1,k+ 1], Ae, = {1} if ¢; =1 and A, = {2,3} if ¢; = 0. If cp41 = 1,
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then
Prg1 (Aey X oo X Ay ) =Prya (Aey X - X Ag, x {1})
= Z Pk-f—l ((ih ey Uy 1))
i1€Acl
= > Pr((ir,...,ix)p
i1€Ac1
ix€A,
=Pp(Cr=c1,...,Cr = ci)p
= ]P)k(Bl =C1,.. .,Bk = Ck)p
=Py(B1=c1,..., B = ¢k, Bry1 = cr1),
where we have used Item 3 of L for the second equality before last above and the

definition of By, ..., Bxi1, in the lemma statement, for the last equality. Similarly,
we have, if ¢y =0,

Pry1 (Aey X oo X Agy ) =Prgq (Aey X -+ x Ag, x {2,3})
= Z (Pk-i-l ((il, ey U, 2)) + Pry1 ((ilv ey U 3)))

ileAcl
= Y Py((ir,....ix) (1 - p)

’i1€Acl

ik€A,
=Pr(C1=c1,...,Cr = cx)(1 —p)
=Py(B1=c1,...,Br =c)(1 —p)
=Pr(B1 =c1,..., By = &, Bry1 = Cry1).

Hence in all cases,
P(Ci=ci1,...,Cp = ¢k, Chy1 = cp1) =P (B1 =c1,...,Br = ¢, Biy1 = 1)

and L1 is proved. This finishes the proof by induction that £y holds for all £ € N*.
Let us now show (5.C.4). We have from Items (2) and (3) of Ly,
PXi+- - +Xpg<t)—P(B1+---+ B, <t)
Vit o4 Vi <t) = P(Cit oo+ Cy <1)

=P (
=E (1{y1+...+Yk§t} - 1{Cl+---+0k§t})
<0

Y

because from Item (1) of Ly, the random variable

Lyittvi<ty = Lo o<y

takes the values —1 or 0. OJ
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Proof of Theorem 113. Let us first show that, almost surely, for all £ € [1,n], there
exists j € [1,mg] such that ((z)1<;<(, ) € Of. Indeed, for any ¢ € [1,n], since
0 ¢ Z, the set {X € RNox! | (X,0) € (U;-n:él(’)f)c} has Lebesgue measure zero. Since
the vectors (") are independent, the matrix (z());<;<, € RNo*! follows the product

distribution G¢, which is absolutely continuous with respect to Lebesgue measure of
RNoxt Therefore, we have

P (((2D)1<i<e, 0) € (UJ4,09)°) =0,
and since this is true for all £ € [1,n], we thus have
P (3¢ € [1,n] such that ((zV)1<i<0,0) € (UJ4,0%)) = 0.

As a consequence, for the rest of the proof, up to intersecting with an event of
probability one, we will assume that for all £ € [1,n], there exists j € [1,my] such
that ((x(i))lsisg,g) € Of

To ease the reading, let us denote N = n*(f) in this proof. By definition of N,
we have r3(8) = 7*(6), and Proposition 107 shows that there exists j € Iy (6) such
that

ry(0) = rj-v.
Consequently, there exist deterministic T 7)) e RN such that if X =
(™)1 <i<n, we have (X,0) € Ojv and
rank(ng(X)) =r*(6).
For 6 € A(), let us define the deterministic integer
¢t = Card{i e [1,N] | % e Int D5(0)}.

We have

Z cs = N.

SEA(0)

Let us also define, for £ € [1,n] and § € A(f), the random integers
¢s(f) = min (Card {ie[1,0] | 29 € Int Ds(0)} , cg) ,

and

c(t)y=>" cs(0).

SEA(O)

We have ¢5(¢) < cj, for all 6 € A(6), thus ¢({) < N. The sequence c(¢) is
nondecreasing, and at each step, the increment ¢(¢ + 1) — ¢(¢) is either 0 or 1.
Let us first show that, almost surely, for ¢ € [1,n],

{c(0) =N} = {rank(Dfy ((2D)1<i<t)) =77(0)} . (5.C.5)
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Suppose indeed that, for some ¢ € [1,n], ¢(¢) = N. Then for all 6 € A(f), we
have ¢5(¢) = ¢;. Up to a re-ordering, we can assume that for all ¢ € [1, N],

a(z®,0) = a9, 9). (5.C.6)

As assumed earlier, there exists 5’ € [1,my] such that ((z(?)1<i<n,0) € O;Y. The
equality (5.C.6) and Item 2 of Theorem 103 (7) show that j' = j. Item 3 of Theorem
103 (z) shows that the rank is constant over O;-V, and thus rank(ng((x(i))lgiSN)) =
r*(0). This shows (5.C.5) as desired.

Define now ¢(¢) by ¢(f) = c¢(f) if ¢(¢) < N and by ¢(¢) = N + (¢ — M) if
c(f) = N, where M is the smallest index ¢ such that c¢(i) = N. Then, for all
e [1,n], c(f) = N <= ¢(¢) > N. Hence, we have

P (rank(ng ((ZE(i))lgign)) = r*(O)) >P(c(n) = N)

Thus
P (vank(Dfs ((2)1<i<n)) < 77(0)) < P(e(n) < N). (5.C.7)

Define X = ¢(1) and X = ¢é(k) — ¢(k — 1) for k € [2,n]. Notice that X; +
-+ Xj = é(k) for all k£ > 2. Consider also the i.i.d. Bernoulli variables By, ..., B,
from the first item of the theorem statement. We will apply Lemma 121 to p, as
defined in Theorem 113, (X1,...,X,) and (By,..., By,). To do so we need to prove
that (X1,...,X,,) satisfies the hypotheses of Lemma 121. First, P(X; = 1) is the
probability that 2() falls into Int Ds(6) for some § € A(6). This probability is thus
equal to p, and therefore lower bounded by p. Now let us show that, for k& € [1,n—1],
X1,...,Tk € {0,1},

P(Xpy1 =1|1X1 =21,..., X = 23) > p.

Let us work conditionnally to X1 = x1,..., Xy = xp. If z1 +--- + 2 > N, then
¢(k) =x1 4 -+ x> N and thus, by definition of ¢(k + 1) and Xy 1, Xp41 = 1.
So ]P)(XkJrl = 1|X1 = T1y.-. ,Xk = xk) =1 Zp.

Consider now the case z1 + --- 4+ x; < N. Conditionally to =M, ... 2®) for
which X7 = x1,..., X =z with z1 + -+ 4+ 2, < N, there is at least one 6 € A(f)
such that cs(k) < &, and if 2*+1) falls into Int Ds(6), then Xj11 = 1 because
c(k+1) = ¢(k)+1 and thus ¢(k+1) = é(k)+1. Hence P (Xk+1 =1z, ... ,x(k)> >p
and thus

P(Xk+1 - 1|X1 =T1y.-. 7Xk - ﬂ?k)

1
P(Xl :mhan:l’k;) ( 1 ':Ul’ ’ k xk’? k+1 )

1

:P(Xl =x1,..., X = wk)E [E [1{X1:9€17-~~7Xk:$k}1{Xk+1:1}) :L‘(l), o ,.Z'(k)”
1

:P(X1 =71,...,X = xk)E [1{X1=z1,...,Xk:xk}P (Xk.+1 = 1,37(1)’ o 73;(19))}

>p.
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Hence we can apply Lemma 121. From this lemma and (5.C.7), for all n € N,

P(rank(DJy ((o@)1cizn)) < 7*(8)) <P(e(n) < N)
=P(X; + -+ X, < N)
<P(By+---+ B, < N).

Hence Item 1 of Theorem 113 holds. Let us now consider Item 2. The expectation
of By +---+ By, is np and the variance is np(1 — p) < np. Hence using Chebyshev’s
inequality, for np > 2N

P (rank(Dfy ((27)1<i<n)) <7°(0)) <P(B1+ -+ + By < N)

=P(By1+:--+ B, —np <N —np)
np
P
~(np—N)?
4
<=,
np

This concludes the proof. ]






CHAPTER 6

Conclusion

This thesis focuses on the question of identifiability for fully-connected ReL.U
networks. While identifiability is a classical concern in statistics, its application
to neural networks is less studied, these models being often assumed to be non
identifiable because of their large number of parameters, and the question of iden-
tifying their parameter values being less considered because the meaning of these
parameters is less understood.

However, the question of identifiability is at the intersection of several fundamen-
tal issues. As described in the introduction, it relates to the issues of robustness and
privacy, which are fundamental in regard to the large-scale deployment of real-world
systems based on neural network models. Furthermore, the study of identifiability
questions the relationship between the parameter space and the functional space
associated to a neural network. This relationship is far from trivial, yet understand-
ing it carries significant theoretical and practical implications. Understanding the
redundancy of neural network parameters is indeed crucial to fully understand the
nature and complexity of the aforementioned functional space, as well as the nature
of the trajectories followed by the optimizers in the parameter space; two questions
that are deeply linked to the performances of neural networks.

In Chapter 3, we establish a condition (or in fact, a set of conditions) that is
sufficient for global identifiability modulo permutation and positive rescaling. The
nature of these conditions allows to better understand the piecewise-affine structure
or ReLU networks, and in particular, it shows that the singularities of a ReLU net-
work are very informative about its parameters. We also provide in this chapter
a toy example of a network satisfying the conditions, showing that the set of pa-
rameters satisfying the condition (and thus being identifiable) is nonempty. These
conditions are however theoretical: they assume that the network is known on an
input set with nonempty interior, which is far from what we can expect to know
in practice, i.e. the values of the function on a finite list of inputs. The following
chapter corresponds to an attempt to go towards more practical settings.

Indeed in Chapter 4, we establish two conditions of local identifiability from any
finite sample: a necessary condition on one side and a sufficient condition on the
other side. The form of identifiability that is tested is weaker since it is only local, but
it allows us on the other hand to obtain conditions than can be of practical use: for
any (fully-connected ReLLU) network, and any finite input sample, the conditions can
be tested via the rank computation of two linear operators. This work thus provides
a tool whose use in a wide range of situations could help understand better the
big picture regarding the parameter redundancy in fully-connected ReLLU networks:
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which architectures, and which parameters tend to permit local identifiability? For
a specific parameter, how to choose the inputs to have identifiability?

In Chapter 5, we develop this study further by focusing on one of the quantities
presented in Chapter 4, viewed as a local complexity measure and called batch func-
tional dimension. When the batch functional dimension is maximal, it corresponds
to the (locally) identifiable case studied in Chapter 5, but when it is not, it is also in-
formative, by giving us an indication on the local complexity of the neural network.
More precisely, we show that this measure has a geometric nature: it represents
the dimension of the local image set of the network, for a fixed list of inputs. We
show that the parameter space is divided into pieces over which the batch functional
dimension is fixed. We observe empirically that the batch functional dimension de-
creases throughout training, which indicates an implicit regularization phenomenon.
Furthermore, our experiments indicate that the batch functional dimension reached
at the end of training is positively correlated to the complexity of the learning prob-
lem: the more complex the task, the higher the batch functional dimension. Finally,
our experiments also indicate that the choice of the inputs is crucial, and that often,
for some choices, it is possible to reach the maximal value, leading to local iden-
tifiability, as described in Chapter 4. To consolidate these empirical observations,
we also show a theoretical link between this complexity measure and the (local)
fat-shattering dimension of the neural network.

Overall, this thesis shows the relevance and the fruitfulness of the question of
identifiability for neural networks. It first shows that it is possible to establish -
theoretical as well as practical- conditions of identifiability for fully-connected deep
ReLU neural networks, and to put to evidence some networks that satisfy them,
which can be of practical interest for robustness or privacy. But this thesis also
shows how, by measuring the parameter redundancy, the question of identifiability
is also linked to the question of implicit regularization, which is fundamental to
better understand the performances of neural networks.
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L’identifiabilité des réseaux de neurones profonds ReLU

Résumeé: Cette thése étudie la question de I'identifiabilité des réseaux de neurones profonds ReLU. Les
réseaux de neurones admettent des paramétres sous forme de poids et de biais, et avec un choix de paramétres
donné, un réseau implémente une fonction. La question générale de l'identifiabilité est la suivante : si les
fonctions implémentées par deux réseaux sont égales, ou si elles coincident sur un ensemble donné, ont-elles
les mémes paramétres 7 Dans cette thése, nous proposons trois contributions qui tournent autour de ce
sujet.

Premiére contribution : La possibilité de récupérer les paramétres — poids et biais — d’un réseau de
neurones grace a la connaissance de sa fonction sur un sous-ensemble de 1’espace d’entrée peut étre, selon
la situation, une malédiction ou une bénédiction. D’un cété, récupérer les paramétres facilite les attaques
adversariales et pourrait également révéler des informations sensibles du jeu de données utilisé pour entrainer
le réseau. D’un autre coté, si les paramétres d’un réseau peuvent étre récupérés, cela garantit a I'utilisateur
que les caractéristiques dans les espaces latents peuvent étre interprétées. Cela fournit également les bases
pour obtenir des garanties formelles sur les performances du réseau. Il est donc important de caractériser
les réseaux dont les paramétres peuvent étre identifiés et ceux dont les parameétres ne le peuvent pas. Dans
ce travail, nous fournissons un ensemble de conditions sur un réseau de neurones profond feedforward fully-
connected ReLU, garantissant que les parameétres du réseau sont identifiables de maniére unique — modulo
permutation et rescalings positifs— & partir de la fonction que le réseau implémente sur un sous-ensemble de
I’espace d’entrée.

Deuxiéme contribution : Un échantillon est-il suffisamment riche pour déterminer, au moins localement,
les paramétres d’un réseau de neurones 7 Pour répondre & cette question, nous introduisons une nouvelle
paramétrisation locale d’un réseau de neurones ReLU profond donné en fixant les valeurs de certains de
ses poids. Cela nous permet de définir des opérateurs de lifting locaux dont les inverses sont des cartes
d’une variété lisse d'un espace de grande dimension. La fonction implémentée par le réseau de neurones
ReLU profond compose le lifting local avec un opérateur linéaire qui dépend de I’échantillon. Nous dérivons
de cette représentation pratique une condition géométrique nécessaire et suffisante d’identifiabilité locale.
En examinant les espaces tangents, la condition géométrique fournit : 1/ une condition nécessaire sharp et
testable d’identifiabilité et 2/ une condition suffisante sharp et testable d’identifiabilité locale. La validité
des conditions peut étre testée numériquement a ’aide de la rétropropagation et du calcul du rang des
matrices.

Troisiéme contribution : Nous examinons les propriétés et les aspects computationnels des mesures
de complexité locale des réseaux de neurones ReLU profonds, récemment introduites dans (Grigsby et al.
2022). Les mesures de complexité considérées sont lies a la géométrie locale d’un ensemble d’images et d’un
ensemble de pré-images de la fonction implémentée par le réseau, pour un échantillon donné. La géométrie
locale de ’ensemble de pré-images et de I’ensemble d’images est liée par la différentielle des sorties du
réseau par rapport aux paramétres, pour un échantillon fini X. En particulier, nous considérons le rang de
cette différentielle. I’ensemble de pré-images représente les redondances dans les paramétres d’un réseau.
Intuitivement, plus il y a de redondances dans les paramétres, moins ’espace des fonctions représentées par le
réseau est riche et complexe. Parmi d’autres propriétés, nous cherchons notamment & comprendre comment
ces objets se comportent pendant ’optimisation. Le travail mené dans cette contribution est directement
liée a la question de l'identifiabilité, I’ensemble de pré-images représentant les redondances des paramétres
du réseau.



On identifiability of deep ReLU neural networks

Abstract: This thesis is focused on the question of identifiability for deep ReLU neural networks. Neural
networks admit parameters in the form of weights and biases, and given a parameter choice, a network
implements a function. The general question of identifiability is: if the functions implemented by two
networks are equal, or if they coincide on a given set, do they have the same parameters? In this thesis, we
propose three contributions revolving around this subject.

First contribution: The possibility for one to recover the parameters —weights and biases— of a neural
network thanks to the knowledge of its function on a subset of the input space can be, depending on
the situation, a curse or a blessing. On one hand, recovering the parameters allows for better adversarial
attacks and could also disclose sensitive information from the dataset used to construct the network. On
the other hand, if the parameters of a network can be recovered, it guarantees the user that the features
in the latent spaces can be interpreted. It also provides foundations to obtain formal guarantees on the
performances of the network. It is therefore important to characterize the networks whose parameters can
be identified and those whose parameters cannot. In this work, we provide a set of conditions on a deep
fully-connected feedforward ReLU neural network under which the parameters of the network are uniquely
identified -modulo permutation and positive rescaling— from the function it implements on a subset of the
input space.

Second contribution: Is a sample rich enough to determine, at least locally, the parameters of a neural
network? To answer this question, we introduce a new local parameterization of a given deep ReLU neural
network by fixing the values of some of its weights. This allows us to define local lifting operators whose
inverses are charts of a smooth manifold of a high dimensional space. The function implemented by the deep
ReLU neural network composes the local lifting with a linear operator which depends on the sample. We de-
rive from this convenient representation a geometric necessary and sufficient condition of local identifiability.
Looking at tangent spaces, the geometric condition provides: 1/ a sharp and testable necessary condition
of identifiability and 2/ a sharp and testable sufficient condition of local identifiability. The validity of the
conditions can be tested numerically using backpropagation and matrix rank computations.

Third contribution: We investigate properties and computational aspects of local complexity measures
of deep ReLU neural networks, recently introduced in (Grigsby et. al 2022). The considered complexity
measures are linked to the local geometry of an image set and a pre-image set of the function implemented
by the network, for a given sample. The local geometry of the pre-image set and of the image set are linked
through the differential of the outputs of the network with respect to the parameters, for a given finite sample
X. In particular, we consider the rank of this differential. The pre-image set represents the redundancies in
the parameters of a network. Intuitively, the more there are redundancies in the parameters, the less the
space of function represented by the network is rich and complex. Amongst other properties, we notably try
to understand how these objects behave during optimization. The investigation done in this contribution
is directly linked to the question of identifiability, as the pre-image set represents the redundancies of the

parameters of the network.
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