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Résumé \%

CONTRIBUTIONS AUTOUR DE L’EQUATION DE BOLTZMANN ET CERTAINES DE SES VARIANTES
Résumé

Nous étudions certaines variantes de I’équation de Boltzmann, cette derniere décrivant via une approche classique les
gaz raréfiés simples et monoatomiques a 1’échelle mésoscopique. Dans un premier temps, nous proposons un cadre
général de modélisation de Boltzmann des gaz polyatomiques, englobant une large classe de modeles pré-existants
et permettant d’en construire de nouveaux. D’abord présenté pour un gaz simple, ce cadre est ensuite étendu aux
mélanges gazeux, pour lesquels on autorise des réactions chimiques binaires. Dans un deuxiéme temps, nous nous
intéressons a un type de gaz polyatomique singulier, au sein duquel les collisions sont résonantes. Nous prouvons une
propriété de compacité pour I’opérateur linéarisé 1ié a ce modele. Afin de rendre plus flexible le cadre résonant, nous
proposons ensuite un formalisme de Boltzmann pour des collisions quasi-résonantes, étudions ses propriétés-clés et
menons des expériences numériques pour étayer notre compréhension de celles-ci. Enfin, dans un troisiéme temps,
nous nous tournons vers une équation de Boltzmann incluant le principe d’exclusion de Pauli, utile notamment pour
la description de la distribution d’électrons dans les semi-conducteurs. Nous développons une méthode permettant de
transférer certaines inégalités fonctionnelles, liées a 1’entropie, connues dans le cas classique, vers ce cas quantique.
Par suite, grace a 1’obtention de ces nouvelles inégalités, nous obtenons un taux explicite de relaxation a 1’équilibre
pour les solutions de I’équation de Boltzmann-Fermi-Dirac homogene pour les potentiels durs avec cut-off.

Mots clés : théorie cinétique, équation de Boltzmann, gaz polyatomiques, collisions résonantes, méthodes entro-
piques, équation de Nordheim, équation de Boltzmann-Fermi-Dirac

Abstract

We study some variants of the Boltzmann equation, the latter describing, via a classical approach, single and
monatomic rarefied gases at the mesoscopic scale. First, we propose a general framework for Boltzmann modelling
of polyatomic gases, encompassing a wide class of pre-existing models and allowing to build new ones. Primarily
presented for a single gas, the framework is then extended to mixtures, within which we allow binary chemical reac-
tions. Second, we focus on a singular type of polyatomic gas, the molecules of which undergo resonant collisions,
and prove a compactness property of the linearized operator related to this model. In order to make the latter resonant
framework more flexible, we then propose a Boltzmann formalism with quasi-resonant collisions, study its key prop-
erties and conduct numerical experiences to support our understanding of them. Third, we turn our attention towards
a Boltzmann equation which includes Pauli’s exclusion principle, notably used in the study of electron distributions in
semi-conductors. We develop a method that allows to transfer some functional inequalities, related to entropy, which
are known in the classical case, to this quantum case. As a consequence, we use these new inequalities to obtain
an explicit rate of relaxation to equilibrium for solutions to the homogeneous Boltzmann-Fermi-Dirac equation with
cut-off hard potentials.

Keywords: kinetic theory, Boltzmann equation, polyatomic gases, resonant collisions, entropy methods, Nordheim
equation, Boltzmann-Fermi-Dirac equation

Laboratoire Jacques-Louis Lions
Sorbonne Université — Boite courrier 187 — 75252 Paris Cedex 05 France
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Préambule

Cette these s’articule autour de 1’équation de Boltzmann. Cette dernieére naquit au XIX® siecle dans
I’optique de fournir un modele de description des gaz raréfiés, a I’échelle mésoscopique.

L’échelle mésoscopique se place en intermédiaire entre les visions microscopique (pour un gaz, descrip-
tion a 1’échelle de la molécule) et macroscopique (description a I’échelle fluide). Considérant qu'un gaz
est un systeme composé d’un « tres grand » nombre de molécules, 1’étude porte alors sur la répartition
statistique de celles-ci. Cette approche présente 1’intérét formidable de pouvoir décrire un phénomene
dans son ensemble en se basant sur les éléments le constituant.

Notons que cette approche statistique se trouve étre pertinente dans bien d’autres situations que 1’étude
des gaz et plasmas, par exemple en neurosciences ou en dynamique des populations (phénomenes de
foules). Les équations utilisées pour modéliser ces phénomenes sont couramment nommées équations
cinétiques.

Je tiens a souligner qu’a mon sens, 1’échelle mésoscopique peut étre vue, non comme une échelle en soi,
mais bien comme la description du changement d’échelle. Ces approches tentent en fait d’expliquer des
comportements macroscopiques — évolution d’un fluide ou mouvements d’un banc de poissons — a partir
des caractéristiques individuelles des éléments microscopiques le composant — molécules ou poissons —
ainsi que des interactions entre ces éléments.

Le modele de Boltzmann originel est bien adapté aux gaz classiques dits simples et monoatomiques, c’est-
a-dire composés d’une seule espece, et dont les molécules sont composées d’un seul atome — par exemple
de I’hélium He. Plusieurs variantes ont depuis été développées pour couvrir plus de cas, par exemple en
incluant des principes de relativité restreinte ou de mécanique quantique, en étendant le modele a des gaz
dits polyatomiques (molécules composées de plusieurs atomes comme le dioxyde de carbone CO3) et a
des mélanges.

Cette these se compose de trois parties. Dans la premiére, nous proposons un cadre général, non relati-
viste, de modélisation de Boltzmann pour les gaz polyatomiques, avec une extension aux mélanges. Dans
la seconde partie, nous étudions des propriétés d’un modele de gaz polyatomique dit résonant, et dévelop-
pons la notion de quasi-résonance. Enfin, la troisieme et derniere partie sera dédiée a 1’étude d’un modele
de Boltzmann pour les fermions incluant le principe d’exclusion de Pauli.

D’une partie a 1’autre, certaines notations peuvent varier; en particulier, la notation € a un sens différent
dans chacune d’elles.

Dans ce chapitre introductif, nous présentons d’abord 1’équation de Boltzmann originelle, puis les di-
verses parties de cette these.
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6 CHAPITRE 1. Introduction

1.1 Présentation de I’équation de Boltzmann

Dans cette premiere section, nous présentons le modele de Boltzmann pour un gaz dit simple et
monoatomique. Les premiers travaux sur cette approche remontent a Maxwell [[277] puis Boltzmann [34].
Bien qu’il y ait eu, sur le plan de la modélisation, de 1’analyse mathématique, et des implémentations
numériques, des avancées significatives depuis ces travaux, maintes questions restent ouvertes sur ce
modele, et ses variantes.

1.1.1 Construction de I’équation de Boltzmann

Ici, nous reconstruisons le modele de description de Boltzmann, afin d’en présenter les divers acteurs.
On décrit un gaz simple, c’est-a-dire composé d’une seule espece de molécules, et monoatomique, c’est-
a-dire que les molécules du gaz considéré ne sont composées que d’un seul atome — on peut penser par
exemple a I’hélium He. En partie I de cette thése, nous étudierons les gaz dits polyatomiques, dont les
molécules sont composées de plusieurs atomes — par exemple I’eau HoO ou le dioxyde de carbone CO9
—, et nous verrons aussi les mélanges gazeux — par exemple un mélange de diazote No et de dioxyde de
carbone CO2. Nous y reviendrons en section 2 de cette introduction.

1.1.1.1 Mise en place du modéle

Nous considérons le gaz étudié comme un ensemble composé d’une infinité de molécules, avec un
point de vue statistique : nous étudions alors une densité de molécules.

Supposons que le gaz occupe I’espace R3 (on pourrait aussi se restreindre 2 un sous-domaine).
On caractérise, & un temps t, les molécules du gaz par leur position z € R3 et

" l/, leur vitesse v € R3. En particulier, elles sont supposées étre des points matériels.
Il est possible de généraliser I’étude a v € R%, d > 2 (le cas uni-dimensionnel

o étant singulier), mais nous nous focaliserons, dans cette thése, sur le cas physique
d=3.

Notre objet d’étude est la densité de molécules du gaz f = f(¢,z,v) > 0, dépendant donc du temps ¢,
de la position dans I’espace 2 € R3 et de la vitesse v € R3. En particulier, pour deux ouverts X C R? et
V C R3, la quantité de molécules du gaz ayant une position appartenant & X’ et une vitesse appartenant a

V est donnée, a I’instant ¢, par
// f(t,z,v)dzdo.
X xV

Le gaz sera supposé raréfié et isolé, ainsi ses molécules pourront :
1. soit se déplacer librement en ligne droite a leur propre vitesse,
2. soit entrer en collision avec une autre molécule du gaz.

Nous représentons en figure [Tl ces deux aspects. L’ advection d’une molécule (sous-figure [Td) aura pour
effet de modifier sa position x en gardant constante sa vitesse v, et une collision entre deux molécules
(sous-figure [IR) a lieu a position x fixée, et aura pour effet de modifier leurs vitesses.

Ces considérations se traduisent sur la densité f comme suit. La variation temporelle de la densité, 0, f,
est liée a un terme traduisant leffet de I’advection, v -V, f, et un terme traduisant I’effet des collisions,

Q. 1)
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(a) Advection dans 1’espace des molécules a leur
propre vitesse. (b) Une collision entre deux molécules.

FIGURE 1.1 — Une représentation de I’advection et d’une collision.

La densité f satisfait donc a I’équation de Boltzmann, pour tout (¢,2,v) € Ry X R3 x R3,

O f(t,z,v)+v-Vaf(t,z,v)=Q(f(t,z,), f(t,z,))(v). (1.1

Remarquons des a présent que, puisque les collisions sont supposées survenir a temps et position fixées,
I’opérateur ), rendant compte de 1’effet des collisions, agit sur des fonctions ne dépendant que de la
variable de vitesse v.

L’équation () n’est complete qu’avec la donnée d’une densité initiale :
f(O,I','U):fin(l','U), (l’,U)GRSXRS.

De plus, si le domaine d’espace considéré n’était pas R® mais un domaine i bord, on ajouterait une
condition au bord — les plus courantes étant la réflexion spéculaire, le rebond et la diffusion de Maxwell.

Equation de Boltzmann homogene en espace 1’équation de Boltzmann (II) est plus communément
appelée équation inhomogene en espace, puisqu’elle contient par construction une dépendance en la va-
riable d’espace z. L’étude de cette équation sous cette forme, via la présence du terme de transport v-V f,
est mathématiquement difficile (lemmes de moyenne, voir Bouchut [&7], solutions renormalisées de Di-
Perna et Lions [[79]). Ainsi, il est courant de se ramener au probleme dit « homogene en espace », ou I’on
retire la dépendance de f en la variable d’espace x.

On obtient dans ce cas 1’équation de Boltzmann homogéne en espace, qui s’écrit alors, pour une densité
de molécules f = f(¢,v) > 0 dépendant uniquement du temps ¢ et de la vitesse v, et avec donnée initiale

fin = fin(v) =0,

Ouf (t,0) = QUf () f(E))(v),  (tv) € Ry xR, (1.2)
f (Oa ) = f in-

Bien que I’équation homogene soit a premiere vue seulement une simplification de 1’équation inhomo-
gene, elle présente tout de méme un fort intérét en soi. On peut la voir comme focalisée sur [’effet des
interactions, et son étude permet déja une certaine compréhension des comportements attendus pour les
solutions de 1’équation inhomogene, I’opérateur de collision ) n’agissant que sur la variable de vitesse
v. De plus, on s’attend a ce qu’une solution de I’équation inhomogene qui serait presque homogene en
espace conserve cette propriété dans le temps.
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La théorie mathématique autour de 1’équation de Boltzmann homogene en espace est aujourd’hui tres
avancée, en particulier dans le cas des potentiels durs avec cut-off (ces termes seront précisés plus loin)
avec par exemple Arkeryd, Desvillettes, Pulvirenti, Mischler, Wennberg [[I'Z, [72, 143, '31].

1.1.1.2 L’opérateur de collision

Dans cette sous-section, nous présentons la construction de I’opérateur de collision (). Il a pour rdle
de quantifier la variation instantanée de la répartition des vitesses due aux collisions. Comme mentionné
plus tot, puisque les collisions sont supposées localisées en temps et espace, cet opérateur agit a temps
et position fixés; ainsi, nous considérerons abusivement, dans le but de simplifier les notations, que la
densité f ne dépend que de la variable v, ¢’est-a-dire f = f(v).

Conservations lors d’une collision Considérons une collision entre deux molécules, dont les vitesses
pré- et post-collisionnelles sont respectivement v, v, et v', vl,.

Nous supposons le systeme a deux molécules isolé lors de la collision; il

0 vient alors que la quantité de mouvement totale ainsi que [’énergie totale

Q v /‘ o du systeme a deux molécules doivent étre conservés. Ici, dans le cas de mo-
\ lécules monoatomiques, 1’énergie totale du systeéme correspond a 1’énergie
/v * , cinétique totale du systeme (dans le cas polyatomique, que nous verrons plus
Q .. \ Uy tard, s’y ajoutera une énergie interne). Nous concluons que les couples de vi-
0 tesses pré- et post-collisionnelles doivent satisfaire aux lois de conservations

microscopiques suivantes :

VF v = v + vi

1.3)
2 2 12 42 (1.
0]+ Jva|* = [0 + [0l
ou, dans (3), la premiere équation correspond a la conservation de la quantité de mouvement et la
seconde a la conservation de 1’énergie cinétique.

Paramétrisation sur la sphere. Nous constatons qu’au couple de vitesses pré-collisionnelles (v,v,) €
R3 x R3 fixé, I’équation (I3) décrit une sphére de dimension 2 dans I’espace R3 x R3. En effet, un couple
(v',v.) € R? x R3 satisfera (I3) si et seulement s’il existe un angle o € S? (ot S? désigne la sphere de
dimension 2) tel que

, vFue v —uy
V=4 —

2 2 (1.4)
R N
BT Ty T T

Remarque 1.1. La paramétrisation (ICA) est communément appelée la « représentation en o ». Il est
aussi possible de paramétrer les vitesses post-collisionnelles via la « représentation en w », par

V=0 —((v—vs) w)w, 9
vl = v+ (v —4) - w)w, we s (1.5)

Dans la suite de cette section, nous conservons la représentation en o.
Noyau de collision Les lois de conservation (I3) entrainent que 1’on peut décrire les collisions grice a

une fonction
B: (v,v4,0) ER?xR*xS? — B(v,vs,0) € Ry,
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appelée noyau de collision : ainsi, pour tous V, V,, V' et V., boréliens de R3, la quantité de collisions
possibles (v,v,) — (v, 0),) telles que (v,v.) €V x Vs et (v/,v),) € V' x V; est donnée par

///RS - 821[(U,v*)€V><V*] X ]l[(v’,vi)EV’XVﬂ B(v,v*,a)dvdv* dCT,
xR x

ol dans I’intégrale ci-dessus, v’ et v/, sont fonctions de v, v, et o, donnés par (IC4).

Symétrie et micro-réversibilité Le modele de Boltzmann contient parmi ses hypothéses fondamen-
tales, celle dite de symétrie et celle dite de micro-réversibilité. La premiere découle du fait que les mo-
lécules du gaz sont supposées étre parfaitement indiscernables entre elles, et la deuxieme de la symétrie
temporelle des lois de la mécanique.

o o
QU* Ufk v O O v o'
\*/ 0\ / o \*\/

/\v’ * ‘/\v;
¥ e of\;@ - e

(a) Collision apres échange des (c) Collision apres inversion du
molécules. (b) Une collision de référence. temps.

FIGURE 1.2 — Symétrie et micro-réversibilité des collisions.

Nous illustrons en figure [ ci-dessus les principes annoncés de symétrie et de micro-réversibilité. Du
point de vue des collisions,

1. le principe de symétrie indique que la collision (v, v) — (v,v) est tout aussi « probable » que
(v,v4) = (v',v}) (équivalence apres échange des molécules),

2. le principe de micro-réversibilité indique que la collision (v',v}) + (v,vs) est aussi « probable »
que la collision (v,vy) — (v',v) (équivalence apres inversion du temps)

Cela se traduit sur le noyau B comme suit : pour (v,vs,0) € R3 x R3 x §2,

(sym.) B(v,vs,0) = B(vs,v,—0) (1.6a)
(rev.) B(v,vs,0) = B(v,,v',0’), (1.6b)

— Uy

ot dans (ICBH), v’ et v/, sont définis par () et 0’ = . En particulier, introduisant § 1’angle de

v —v4]
déviation de la collision, satisfaisant

!
cosl =o0-0,

on observe que (IC6d)—(C6H) implique que B ne dépend en fait que de
|v — vyl et cosb.

Remarque 1.2. Avec la représentation en w (voir (I3)), on considérera un noyau B=B (v,v4,w) tel
que

B(v,vs,w) =B <v,v*, T, {v—m]) , (1.7)

|v — vyl
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oit T,[V] =V —2(V -w)w est la symétrie par rapport & {w}*, et pour lequel les équations (I-6a)—(IBH)
deviennent, pour (v,v,,w) € R3 x R? x §2,

(sym.) B(v,v*,w) :B(v*m,w)

(rev.) B(v,vs,w) = B(v],v",w),

o v' et v, sont donnés par (I3). Dans (D), nous ne prenons pas la peine de spécifier le cas v = vy,
puisque B est tout de méme bien défini presque partout.

Types d’interaction Il n’est pas toujours possible d’expliciter la forme exacte du noyau de collision B.
Néanmoins, Maxwell a montré dans [[27] que, lorsque les molécules exercent entre elles une répulsion
dont la force est proportionnelle a I’inverse de la distance les séparant a la puissance s > 1, il est possible
d’écrire B sous la forme suivante :

B(v,v4,0) = [v — v4]7 b(cosh), (1.8)
ol cosf = o - == et
[v—v«]
s—95
v = . (1.9)
s—1

Le cas limite v = 1 (correspondant formellement a s = +00) et b constant est appelé sphéres dures, ou
I’on décrit I’interaction entre les molécules comme des collisions élastiques entre des boules de billard.
Le cas vy € (0,1) est celui des potentiels durs, quand v € (—3,0) sera qualifié de potentiels mous — et
méme potentiels 7rés mous quand v € (—3,—2). Le cas particulier v = 0 est appelé cas des molécules de
Maxwell, et présente un intérét avant tout mathématique : il permet de mener certains calculs de maniere
explicite. Enfin, le cas limite du potentiel de Coulomb, tres intéressant du point de vue de la modélisation
physique, correspondrait & 7 = —3 et b(cosf) proportionnel a |sin(f/2)|~%, mais n’est cependant pas
atteignable via la modélisation de Boltzmann. Pour traiter ce dernier cas, on passera par une équation
cousine de Boltzmann : celle de Landau.

On trouve une discussion sur les noyaux de collision associés a des potentiels d’interaction plus généraux
dans [I56].

Le chaos moléculaire Le dernier ingrédient fondamental dans la construction du modele de Boltzmann
est I’hypothese de chaos moléculaire (Stosszahlansatz). Cette notion est délicate et je tenterai dans les
prochaines lignes de donner un apercu de ce concept.

Imaginons, 4 un instant ¢ fixé, un gaz dont on suppose que les molécules sont toutes indépendantes. A
I’instant t+dt, les molécules ayant collisionné entre elles deviennent corrélées. L hypotheése de chaos mo-
léculaire stipule que, bien qu’il y ait techniquement corrélation, de par le trés grand nombre de molécules
présentes, on peut toujours supposer, dans son ensemble, que les molécules du gaz, a I’instant ¢ + d¢, sont
indépendantes. Mathématiquement, cela implique que la distribution a deux molécules s’écrit comme le
produit tensoriel de la distribution a une molécule f avec elle-méme, c’est-a-dire, pour (v,vy) € R3 x R3,

F(0) f(ve)-

A premigre vue, cette hypothése peut sembler forcer 1’indépendance de maniére factice. Elle est en fait
trés raisonnable ; cela constitue 1’objet de I’étude de la propagation du chaos, pour laquelle nous citons
ici pour le.a lecteur.rice curieux.se une revue de 1’état de I’art (en deux parties) par Chaintron et Diez [b3,
6d]. Les travaux de ce domaine de recherche permettent d’observer, moralement, que le principe de chaos
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moléculaire tend a étre « de plus en plus vrai » a mesure que le nombre de molécules du systeme tend vers
I’infini — bien qu’il soit techniquement incorrect a nombre fini de molécules. Le nombre de molécules du
gaz étant effectivement supposé infini dans le cadre de la théorie cinétique, I’hypothese du chaos est alors
tout a fait raisonnable d’un point de vue de la modélisation physique.

Nous soulignons ici que cette hypothese est responsable de 1’apparition dans le modele de la fleche
du temps — rappelons qu’au niveau microscopique, tout est réversible en temps — et elle impliquera le
deuxiéme principe de la thermodynamique, énongant que dans un systéme isolé, I’entropie du systeme
est une fonction croissante du temps. Cette notion d’entropie est un outil mathématique clé de notre étude,
intimement lié a celle d’équilibre thermodynamique. Ce sera en particulier 1’objet du chapitre B.

L’opérateur de collision de Boltzmann Nous concluons que la variation de la densité f de molécules
ayant pour vitesse v € R3, due aux collisions binaires, est, en ne considérant ci-dessous pour f que sa
dépendance en v,

Q@ = [ L) = F0) ()} Bloveo) dodu, (1.10)

avec, dans I’intégrale ci-dessus, v’ et v} fonctions de v, vy et o, définis par (). En effet, les collisions
de molécules ayant pour vitesses pré- et post-collisionnelles respectivement v’, v/, et v, v, (voir la sous-
figure Zd) nous font gagner des molécules a vitesse v, et les collisions de molécules ayant pour vitesses
pré- et post-collisionnelles respectivement v, v, et v/, v, (voir la sous-figure [Z2H) nous font perdre des
molécules a vitesse v. Apres avoir intégré sur toutes les collisions impliquant la vitesse v (donc en v, et
en o), le principe de micro-réversibilité (figure [, équation (IC6H)) permet alors d’obtenir (IIO).

La notion de cut-off Comme I’opérateur de collision de Boltzmann (I_I0) contient une partie de gain
et une partie de perte, on a envie de le décomposer, au moins formellement, comme

Q=Q"-Q7,

avec, pour f une densité et v € R3, notant pour simplifier B = B(v,vs,0),

Q= [ ) Bdedn, QN =10 [ o) Bdrdu.

Cette décomposition présente de nombreux avantages dans 1’étude mathématique de I’ opérateur de Boltz-
mann. On mentionne en particulier que QT aura, pour certains noyaux de collision, des propriétés assimi-
lables a une convolution [(7], de gain d’intégrabilité [U] et de diffusion [[43]. D’un autre cté, puisque
Q (f, f) s’écrit comme le produit de f avec un opérateur linéaire appliqué en f, on pourra dans certaines
situations appliquer la formule de Duhamel [T43].

Toutefois, cette décomposition n’a de sens que si pour presque tous v, vy,
/ B(v,vx,0)do < 0. (1.11)
SQ

On appelle (II) 1’ hypothése de cut-off angulaire, et elle fut introduite initialement par Grad dans [94].
Néanmoins, (ICTl) n’est vérifiée que lorsque le potentiel d’interaction entre les molécules est supposé
a portée finie — typiquement dans le cas des spheres dures —, voir [I56, équation (15)]. En pratique, les
potentiels d’interaction a distance sont a portée infinie, et faire I’hypothese de cut-off (ICIT) revient alors
a « couper » les interactions a tres longue portée.



12 CHAPITRE 1. Introduction

Dans le cas dit sans cut-off, c’est-a-dire lorsque 1’on considere des interactions a portée infinie, le noyau

B présente une singularité non intégrable en 0 ~ 0 — ou 1’on rappelle que cosf = o - ﬂ:g:‘. Dans

ce cas ol la décomposition de Q en QT — Q™ n’est pas possible, on peut tout de méme donner un
sens a (), défini par (CI0), pour des densités f assez régulieres et des singularités angulaires modérées.
L’étude mathématique est dans ce cas en général plus complexe; néanmoins, 1’opérateur devient alors
régularisant, avec un comportement qu’on peut lier a celui d’un laplacien fractionnaire.

1.1.2 Conservations, entropie et équilibre thermodynamique
1.1.2.1 Forme faible et invariants de collision

Forme faible de ’opérateur de collision de Boltzmann Soit une fonction test 1) : R? — R. Formelle-
ment (quand cela a un sens), intégrant Q(f, f), dont la forme est donnée dans (ICIU), contre v, il vient,
pour une densité f = f(v), grdce aux propriétés de symétrie et de réversibilité du noyau de collision B
données dans (ICed)—(CHRH), que

1 Iet / I
Latnwemae=— Il g r= R =) Bavdvado, (112

ol nous avons, pour simplifier, utilisé ci-dessus les raccourcis f = f(v), f« = f(vs), f/ = f(V'), fl =
f(v.), de méme pour 1), et B = B(v,vs,0). Aussi, v’ et v/, sont ci-dessus fonctions de v, v, et o, données
par (IC4). L’ équation (IT2) est appelée forme faible de I’opérateur de collision.

Invariants de collision On observe avec (II2) que si ¢ vérifie

P +(vl) = P(v) + ¥ (vi) (1.13)

pour presque tout (v, v4,0) € R3 x R3 x §2, avec v’ et v/, définis par (), on a alors, au moins formelle-
ment,

L nwetdo=o. (114

Une fonction v vérifiant (CI3) est appelée invariant de collision, et on constate que satisfaire (I”T4)
signifie &tre une quantité conservée par I’opérateur de collision.

Par construction, la masse, la quantité de mouvement et 1’énergie sont conservées durant les collisions, et
on vérifie aisément que les fonctions

Yo(v) =1, i(v) =v;, 1=1,2,3, et w4(v):\v|2

satisfont bien (I”I3). Il est alors naturel de chercher a caractériser les invariants de collision, afin de
s’assurer que le modele ne conserve pas a priori (involontairement) d’autres quantités. On peut montrer —
sous des hypotheses de régularité trés faibles et moralement uniquement techniques — que tout invariant
de collision est combinaison linéaire de la masse, de la quantité de mouvement et de 1’énergie, c’est-a-dire

¢ invariant de collision <= 1) € Vect {t;}o¢;<4- (1.15)
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Conservations Les considérations précédentes concernant la masse, la quantité de mouvement et 1’éner-
gie se traduisent par

1
/Q(f,f)(v) v | dv=o0.
]R?’

o]

On en conclut que si f = f(¢,v) est solution de 1’équation homogene (I22), on aura pour tout temps ¢ que

1 1
ftv) | v dv:/ fin@) | v | do, (1.16)
o) T e
v v

c’est-a-dire que la masse, la quantité de mouvement et 1I’énergie du systéme a un temps ¢ quelconque sont
égaux a ceux du systeéme au temps initial.

1.1.2.2 DP’entropie de Boltzmann

La dissipation d’entropie Nous introduisons ici la notion d’entropie de maniére rétrograde, en partant
de la dissipation d’entropie. On choisit cette approche car elle permet de comprendre en quoi la forme
de la fonctionnelle d’entropie est déterminée par celle de I’opérateur de collision — cela nous sera utile
plus tard lorsque nous étudierons des variantes de 1’équation de Boltzmann. Considérons, toujours for-
mellement et pour une densité strictement positive f = f(v) > 0, la fonction test ¢ = log f dans la forme
faible de I’opérateur de collision, équation (I'T2). Nous avons alors, par la propriété de morphisme du
log,

[, QU 10g o) dv = ~Do(),

ot I’on a introduit la fonctionnelle de dissipation d’entropie Dy, définie par

1 o 1! 4
Do(f) '_4///RsxR3xs2{f i ff*}log<ff*>ded .do, (1.17)

avec, pour alléger les notations, f = f(v), f« = f(vs), f' = f(V), fi = f(v)), v, v} donnés par (I2)
et B = B(v,vs,0). Par (stricte) croissance du log et positivité de B, nous constatons deux propriétés
fondamentales que sont

1. la positivité de Dy,
Do(f) =0, (1.18)

2. le lien avec les invariants de collision (supposant B strictement positif presque partout)
Do(f)=0 <= logf estun invariant de collision. (1.19)
Considérons alors une solution de I’équation de Boltzmann homogéne en espace (I2), que 1’on suppose

strictement positive, notée f = f(v) > 0 (dépendant donc du temps ¢ et de la vitesse v). Nous avons
alors, a tout temps ¢ fixé,

/8tft(v)logft(v)dv:/ Q(ft, fr)(v) log fi(v)dv = =Dy ( ft)-
R3 R3
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Par suite, si ’on considere une primitive du log notée @y, on obtient, au moins formellement, que pour

tout temps ¢,
d
5 L @ote)dv = =Dah.

L’entropie de Boltzmann Des considérations précédentes émerge donc naturellement, puisque = +—>
zlogx — x est une primitive du log, la fonctionnelle d’entropie de Boltzmann H définie par, pour toute
densité g = g(v) > 0 telle que cela ait un sens,

Ho(g) := /R3 {glogg — g} dv. (1.20)

Remarque 1.3. Puisque la masse est conservée durant la dynamique, on peut de maniére équivalente se
baser sur la définition suivante de I’entropie :

g /glogg do,

qui est en fait plus communément utilisée. Dans une optique de généralité et de cohérence, il est toutefois
plus judicieux dans notre étude de garder en mémoire, dans la définition de [’entropie, la notion de
primitive du log.

1.1.2.3 Le théoreme H et I’équilibre thermodynamique

Nous venons de conclure que, pour f solution de I’équation de Boltzmann homogene en espace (I2),
on a pour tout temps ¢,

d
aHo(ft) = —Do(f)- (1.21)

Notons p, u et T  respectivement les masse, vitesse globale et température du systeme (identiques en tout
temps par (CT8H)), définies par

1 p
/R , fin(v) v dv=| pu |. (1.22)
v —ul? 3pT

La combinaison de (I”Zl) avec (ICIR)—(C19) donne le résultat suivant, appelé « théoréme H ». Il contient
deux parties ; la premiere correspond au second principe de la thermodynamique, et le second a la carac-
térisation de I’équilibre thermodynamique.

Théoreme 1.1

Théoréme H de Boltzmann.

1. Formellement, le long d’une solution de 1’équation de Boltzmann (I2), I’entropie du systéme est
dissipée.

2. La dissipation d’entropie d’une densité f s’annule si et seulement si f = My, ou My est donnée
par, pour tous v € R3,

2
My(v) = p(27TT)7% exp (— [v 2;” ) ) (1.23)



1.1. Présentation de I’équation de Boltzmann 15

avec p, u et T respectivement la densité, la vitesse globale et la température associées a f et définies
comme dans (C22).

Le théoreme ci-dessus suggere que, durant la dynamique de Boltzmann, le syst¢me devrait avoir ten-
dance a tendre vers un équilibre, qui aura la forme donnée par (I"Z3). Ces distributions sont appelées
maxwelliennes, et il est a noter qu’il s’agit en réalité de distributions de Gibbs — c’est-a-dire des densités
proportionnelles a I’exponentielle de 1’opposé de 1’énergie divisée par la température. On peut aussi les
comprendre comme des gaussiennes en la vitesse v, de masse p, centrées en u et de variance 7.

Il est alors naturel de se demander s’il est possible de quantifier le taux de cette supposée convergence vers
I’équilibre : cela sera le role des méthodes entropiques, qu’on verra un peu plus loin en sous-section 13,
et un aspect de la théorie proche équilibre, voir sous-section [CT4.

1.1.2.4 Interlude : considérations générales sur les entropies et équilibres thermodynamiques

Je tiens a souligner dés maintenant que, dans le cadre de I’équation de Boltzmann monoatomique, bien
que (C23) soit I’écriture usuelle des distributions d’équilibre, car pertinente d’un point de vue physique,
il convient de remarquer qu’elle peut s’écrire sous la forme plus générale

4
My = (05) (Y it |,
i=0

ou les a;, 7 = 0,1,2,3 sont des réels et oy < 0. Nous rappelons que (@6)’1 = exp puisque Pg est une
primitive du log, et que les 1; sont les fonctions v — 1, v = v;, @ = 1,2,3 et v — |v|2 — ce sont les
invariants de collision. L’ avantage de I’écriture ci-dessus réside en sa généralité et le fait qu’elle lie de
maniere claire les équilibres thermodynamiques, [’entropie et les invariants de collision.

Entropie, quantités conservées et équilibre thermodynamique dans un cadre général Pour alléger
9

la lecture et ne pas introduire de notations utilisées ici uniquement, nous ne spécifierons ici ni les espaces

ni les mesures d’intégration — ce qui est avancé tient en fait dans un cadre tres général. Pour plus de

précision, je renvois a 1’annexe BB du chapitre B. Considérons une fonction réelle ® définie sur un

intervalle, deux fois dérivable et strictement convexe. On définit la fonctionnelle d’entropie associée a @,

pour une densité f définie sur un certain espace mesuré et telle que cela ait un sens, par

H(f) ::/(D(f). (1.24)

Considérons une famille (finie) de fonctions ();), que nous appelons quantités conservées, définies sur
le méme espace que f, et supposons qu’il existe une famille («;) de réels tels que, pour un f fixé

M= @) i (1.25)

est une densité bien définie et telle que, pour tout ¢,

[l wi= [ 1o (1.26)
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Alors M/ est ’'unique minimiseur de H sous les contraintes imposées par les quantités / f; (au
sens de (28)).
Cet énoncé, apparemment purement théorique (et peut-&tre un peu obscur) a néanmoins la claire interpré-

tation physique suivante, que je tiens a souligner, dans lequel H et M7in correspondent aux définitions
ci-dessus :

Pour un syst¢me en interaction libre, lors desquelles les quantités (1;)
sont conservées, avec donnée initiale fj, et ou ’entropie associée est H,
on s’attend a une relaxation du systéme vers I’équilibre M fin,

L’intérét de la généralisation présentée ici réside en deux points. Dans un premier temps, nous avons vu
que la forme de I’entropie naturelle associée a un probleme physique dépend de la nature des interactions;
nous verrons en particulier que, lors d’interactions entre fermions, 1’entropie a considérer differe de celle
de Boltzmann. Dans un second temps, les quantités conservées peuvent varier : en se plagant par exemple
dans un cadre relativiste, ou en considérant, comme nous le verrons plus tard, des molécules possédant
une énergie interne. La forme de la distribution d’équilibre (I”23) permet donc une unification vis-a-vis
de possibles variantes.

Représentation de Taylor de I’entropie relative a ’équilibre La raison pour laquelle la distribu-
tion (I”Z3) minimise la fonctionnelle (I"24)) sous les contraintes (C2A) vient de ce qui suit. Nous in-
troduisons la notion d’entropie relative entre deux densités f et g comme

H[flg] = H(f)— H(g)-

Pour deux densités quelconques, cette quantité n’est pas particulierement signée ; toutefois, on verra dans
la proposition B3 du chapitre B que, pour une densité f quelconque, en supposant que la densité M/
satisfaisant (I”2Z9) et (I"28) existe bien, on a

HIf|M] = /01(17){/(fo)2<1>” ((IT)Mf+Tf)}dT. (1.27)

Cette écriture de ’entropie relative a 1’équilibre sera nommée représentation de Taylor de [’entropie
relative a [’équilibre — tout simplement car elle provient d’un développement de Taylor de © a I’ordre
1 avec reste intégral. Cette forme avait déja été observée, notamment par Lu [T21] dans le cadre d’une
entropie bosonique, Jiingel [IT1] et Villani dans le cas de 1’entropie classique.

Puisque 1’on a supposé @ strictement convexe, (CZA) implique immédiatement que H[f|M f ] >0, et
donc que M/ minimise H sous les contraintes imposées par f.

L’ entropie relative sera 1’outil principal des méthodes entropiques, auxquelles nous revenons un peu plus
loin.

Inégalités de Csiszar-Kullback-Pinsker généralisées Les inégalités de Csiszar-Kullback-Pinsker per-
mettent, dans leur forme originelle, de lier la distance en norme 1 entre une densité et son équilibre
associé et I’entropie de Boltzmann relative a 1’équilibre de cette densité — plus précisément la variation
totale et la divergence Kullback de deux probabilités a densité. Elles permettent alors de transformer une
« convergence » en entropie relative en une vraie convergence en norme 1.

Plusieurs extensions de ces inégalités ont été proposées [B3, T1T, 55]. Nous en donnons une généralisation
a toute entropie de la forme (IZ24), et aux normes LP a poids, 1 < p < 2, un peu plus générale et
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optimale que les précédentes. Dans la proposition suivante, pour alléger les notations, nous ne spécifions
pas les espaces et mesures d’intégration, qui sont libres. Pour sa formulation précise, nous renvoyons a la
proposition bT8.

Proposition 1.2

Inégalité de Csiszar-Kullback-Pinsker généralisée. Soit f une densité et un poids positif co défini
sur le méme espace mesuré que f, on a pour tout p € [1,2], en supposant que ce qui suit ait un sens,

1 _ —1
||f—Mf||%gz<</o (1—7) HCD”((l—T)Mf—&—Tf)_l‘L% dT> H[fIMT),  (1.28)

ou I’on a supposé I’existence de M f satisfaisant (I23) et (TZA), et les normes LY, sont définies
en (I38).

2 . N . . . .
Dans le cas p = 2, L2-7 s’interpréte comme L°°. Je mentionne que ce résultat tient pour n’importe quel
espace mesuré (sur lequel serait définie f), sous réserve que toutes les quantités soient bien définies et
aient un sens.

Dans le cas de ’entropie de Boltzmann A titre d’exemple significatif, nous présentons la forme que
prennent ces inégalités (en fait, une forme simplifiée sous-optimale, voir I’annexe pour un résultat
optimisé) dans le cas de I’entropie usuelle de Boltzmann. Nous rappelons que nous notons Hj la fonc-
tionnelle d’entropie de Boltzmann, et qu’elle est associée a la fonction g : = — xlogx — x; ainsi, dans

1
ce cas, D : x> —.
x

Considérons une densité 0 < f € L%(Rg) N Llog L(R3) (ces espaces sont définis par (I33) et (I-37)), et
notons My sa maxwellienne associée (distribution de la forme (I_Z3)). Alors pour tout poids o : R3 — R
etpe[l,2]ona

If = Mo 7p <2max <||f| 2 [ Mol 23) Holf|Mo]. (1.29)
w L 21’ I p

=2

L’inégalité de Csiszar-Kullback-Pinsker originelle correspond au cas w =1, p = 1.

1.1.3 Méthodes entropiques pour un taux de relaxation vers I’équilibre

Les méthodes entropiques ont pour objectif de fournir un taux explicite de convergence des solutions
de I’équation de Boltzmann (homogene en espace) () vers leur équilibre thermodynamique associé —
les maxwelliennes (I"Z3). Cette méthode a notamment été appliquée par Toscani et Villani dans [[53]. Le
point de départ est le suivant. Pour f = f;(v) une solution de (I=2), rappelant que I’on a nommé Hy la
fonctionnelle d’entropie de Boltzmann et Dy la fonctionnelle de dissipation d’entropie de Boltzmann, on

a, par (ICZI) et puisque HO(M({“‘) ne dépend pas du temps,
d

aHo[fthéci“] = —Do(f). (1.30)
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La quantité Hy| ft|M({i“} est positive et représente (mais n’est pas au sens strict) une distance entre la
distribution du systeme au temps ¢ et son équilibre associé. Elle nous permettra de quantifier la conver-
gence vers I’équilibre ; par suite, nous utiliserons les inégalités de Csiszar-Kullback-Pinsker présentées
plus haut pour obtenir une réelle convergence en norme dans un espace de Lebesgue.

La méthode d’obtention du taux de décroissance de 1’entropie relative a 1’équilibre Hp| ft\M({i"] est la
suivante :

1. on prouve une inégalité fonctionnelle entre I’entropie relative et la dissipation d’entropie, de la

forme
Do(f) Z Holf|MJ]'*, (131)

2. on combine (I3T) avec (IC30), ce qui fournit, par un argument de type Gronwall, une décroissance
3 1
de t— Hp [ft|Mg‘“] avec taux explicite, en O(t~ 3 ) si § > 0 et exponentiel si § = 0,

3. on utilise une inégalité de Csiszar-Kullback-Pinsker pour obtenir un taux de décroissance tempo-
relle d’une distance (liée a un espace de Lebesgue) entre la solution et son équilibre associé.

La force de cette méthode réside en ce qu’elle fournit un taux explicite de convergence, méme en partant
loin de I’équilibre; ce taux n’est néanmoins généralement pas optimal, et I’on obtient une estimation
plus précise du réel taux de convergence (toutefois, pas toujours explicite) via une étude dite « proche
équilibre », que nous présentons dans les grandes lignes dans la sous-section suivante.

Des inégalités fonctionnelles du type conjecture de Cercignani Les premiers résultats d’inégalités
de type (I-31) on en fait été obtenus pour 1’équation de Landau (équation cousine de Boltzmann) par
Desvillettes et Villani, voir [[Z8, 56, [7] avec encore récemment de nouvelles avancées [[Z1, [/3].

En ce qui concerne I’équation de Boltzmann, il fut émis par Cercignani la conjecture que, pour la plupart
des noyaux de collision B, on ait pour une large classe de fonctions f

Do(f) > As Holf|M]],

avec Ay > 0 dépendant uniquement des masses et température associées a f et d’une borne supérieure sur
son entropie. Ainsi, les inégalités fonctionnelles du type (I311) sous couramment appelées conjectures de
Cercignani. Divers contre-exemples ont depuis été obtenus, par exemple dans [B1]. Toutefois, Villani a
montré dans [[[57] que cette conjecture est « parfois vraie et toujours presque vraie » ; ainsi, pour certains
noyaux de collision B (non physiques), la conjecture de Cercignani est effectivement vérifiée, et pour une
classe tres générale de noyaux de collision B elle est presque vérifiée, au sens ou 1’on a plutot

Do(f) > Cs(f) Holf| M),
avec § > 0 et Cy(f) dépendant de diverses quantités associées a f — typiquement des normes LP a poids

et H”.

1.1.4 Théorie proche équilibre et opérateur de Boltzmann linéarisé

Nous présentons dans cette derniere sous-section 1’idée de I’étude dite proche équilibre. Considérons
une densité f = f(v) et son équilibre maxwellien associé M. Nous décomposons f comme

f=M+VMy, (1.32)

ou g représente alors une perturbation de 1’équilibre. Nous avons défini plus haut (dans (II0)) 1’ opérateur
de collision Q(f, f) appliqué a une densité f, mais I’on peut étendre naturellement sa définition a des
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couples de densités (f1, f2) par

Q(f1, f2)(v) = //R3 o { A fa(vl) = fi(v) f2(vs) } B(v,v4,0) dodo,
Ainsi, @) est un opérateur bilinéaire et il vient de (I32) que

QUf.f)=Q(M,M)+Q(VMg,M)+Q(M,VMg)+Q(~M g,vMg).

On définit alors I’opérateur linéarisé de Boltzmann L, sur un ensemble de fonctions h sur R3 adaptées,

par

1
vM

qui est lui linéaire, par bilinéarité de (). Puisque M est une distribution d’équilibre, on a Q(M, M) =0,
ainsi

Lh: QWM h,M)+Q(M,VMh)|,

QUf.f)=vVM Lg + QVMg,vMg). (1.33)

Une approche perturbative L’idée centrale de I’approche dite perturbative ou proche-équilibre est la
suivante. Affirmer que f est proche de 1’équilibre M est équivalent a affirmer que la fonction g, introduite
dans (I32), soit petite — dans des sens que 1’on peut rendre rigoureux.

Ainsi, pour g petite, (IT33) implique moralement que
Q(f.£)=VM Lg +O(|gll*).

On comprend donc que, proche de 1’équilibre, la dynamique est majoritairement pilotée par 1’opérateur
linéarisé L. En conséquence, 1’étude de £ permettra notamment d’apprécier

1. T’existence et unicité de solutions a I’équation de Boltzmann lorsque la condition initiale est proche
de I’équilibre,
2. larelaxation du systéme vers son équilibre associé, via I’étude du spectre de L.

L’élément crucial, pour ces deux points, est de montrer la compacité d’un opérateur lié a L.

1.1.4.1 Etude du linéarisé

Nous faisons a présent I’hypothése de cut-off angulaire (), qui, rappelons-nous, permet de scinder
I’opérateur de collision.

Décomposition de £ 1l est possible de décomposer 1’opérateur £ de la maniere suivante :
L=K-7ld,

ol Id représente 1’opérateur identité, 7 = 7(v) est appelée fréquence de collision, donnée par
7(v) ::// M (vy) B(v,v4,0)dvs do, v e R,
R3xS2
et pour toute fonction h de R? telle que ce qui suit ait un sens, K h est donné pour tous v € R3 par

Kh(v) := M%(U)//Raxy ([M—%h](v') FM2R)(W) — [M-%h](v*)) M (vy) B(v,vs,0) dvs do.
(1.34)
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En montrant la compacité de 1’opérateur K, on pourra appliquer I’alternative de Fredholm pour obtenir
un résultat d’existence et unicité de solutions a 1I’équation de Boltzmann proche de 1’équilibre. Avec de
plus une étude de la fréquence de collision 7, il sera possible d’en déduire des propriétés sur le spectre
de I’opérateur L. Des travaux a ce sujet pour le cas monoatomique, des mélanges, et polyatomique ont
notamment été effectués dans [93, &6, 52, 20, 2T]. Nous mentionnons aussi [K7] qui traite un cas général.

Compacité de X' La preuve de la compacité de 1’opérateur K, relativement a un espace de fonctions
adapté et pour une certaine famille de noyaux de collision B, fut initialement obtenue par Grad [93]
(voir aussi [97]). Nous proposons, dans 1’annexe E-Al du chapitre 8, une variante de cette preuve faisant
intervenir un changement de variables 1égeérement différent, ayant une claire interprétation géométrique.
Cela nous permet d’étendre le résultat de compacité a une famille de noyaux de collisions un peu plus
large et, la ou la preuve dans [93] est spécifique au cas monoatomique, la variante que nous proposons
semble s’étendre naturellement a d’autres cas (comme le cas polyatomique).

La clé de la preuve réside en le changement de variables, bien défini presque partout, et représenté géo-
métriquement en figure I3 ci-dessous,

(01,02) €S2 xS? = (2,A) € Bgs(0,1) x St,

olt Bgs(0,1) désigne la boule unité de R3 et I’angle A € S! ne sera pas directement explicité.

A
(a) Représentation dans la boule unité de R3. (b) Projection sur le plan {z}l

FIGURE 1.3 — Configuration géométrique de o1, o3, z et A.
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Quelques notations

Nous introduisons ici nos notations d’espaces fonctionnels en nous basant sur R3; elles s’étendent
naturellement a tout espace mesuré.

Espaces de Lebesgue. Pour p > 1, on note LP(R3) ’espace de Lebesgue défini par

LP(R3) := {f:R3—>R mesurable ‘/ |f(v)|pdv<oo},
R3

= ([ o)’

On note L>®(R?) I’espace des fonctions de R3 essentiellement bornées (relativement 2 la mesure de
Lebesgue sur R3), avec

muni de sa norme naturelle

[[flloc :=sup ess f.
R3

Crochet japonais. Pour tout v € R3, on note (v) le crochet japonais de v, défini par
1
(v) = (1 +]vf*)z.

Espace de Lebesgue a poids. Pour tout p > 1 et k € R, on note L (R?) I'espace de Lebesgue a poids
défini par

LY (R?) = {f : R — R mesurable

[P ar <o},
]R3
muni de sa norme naturelle

g = ([ 15 v aw)”. (139

Pour un poids w : R?> — R mesurable, on notera aussi
1
P
s = ( [, 0P oras)”. (136

Espace LPlog L. Pour p > 1, nous noterons LPlog L(R3) I’espace défini par

LPlog L(R?) := {f :R3 — R mesurable

/ F0)Plog £ (1)) dv < 00 } a3
R3
Nous noterons aussi la quantité (qui n’est pas une norme),

lriogs 1= [ |0 1og )]

Dans le cas p = 1, nous notons cet espace simplement Llog L.

Remarque 1.4. La définition (C31) de LP log L n’est pas exactement celle usuelle.
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1.2 Un cadre général de modeles de Boltzmann pour les gaz poly-
atomiques

Le modele de Boltzmann que nous avons présenté dans la section [l est, comme mentionné, bien
adapté a la description des gaz simples composés de molécules monoatomiques (c’est-a-dire n’étant
composées que d’un seul atome). Nous présentons ici une variante de ce modele, dont 1’objectif est de
I’étendre a la description de gaz composés de molécules polyatomiques (composées de plusieurs atomes).
La différence entre mono- et polyatomique réside en la présence, pour les molécules polyatomiques,
d’une structure interne que nous souhaitons prendre en compte : typiquement, la structure géométrique
de la molécule induira un moment angulaire ainsi que des modes de vibration intra-moléculaires non
négligeables.

L’extension du modele de Boltzmann aux molécules polyatomiques remonte aux années 1950 avec des
travaux de Wang Chang et Uhlenbeck [[61], décrivant la structure interne par une variable d’énergie
discrete, relative aux modes de vibration. Le modele dit « a énergie discréte » a été extensivement étu-
dié par Spiga, Groppi et Bisi [[00, 25, 29] autour des années 2000. D’un autre c6té, Taxman proposa
dans [150] une modélisation classique, reprise plus tard par Borgnakke et Larsen [35] avec une approche
orientée vers la simulation numérique, ol dans cette derniere la structure interne est décrite par une va-
riable d’énergie continue I € R.. Ce cadre fut complété par Desvillettes [[/5, [/6], nous apprenant que la
structure interne est en fait précisée par le choix de la mesure sur R (associée a la variable I).

En collaboration avec M. Bisi et M. Groppi, nous avons alors proposé un cadre de modélisation plus
général, permettant de

1. généraliser les approches existantes,

2. créer des modeles « ab initio » avec sens physique clair,

3. pouvoir naviguer entre différentes approches selon les besoins,
4. combiner des modeles.

Cela a donné lieu aux deux articles [37, 24] figurant dans la partie I de cette these, correspondant aux
chapitres D et B, et dont nous donnons ci-apres les idées principales.

1.2.1 Présentation du cadre général pour un gaz simple

Cette sous-section est dédiée a I’introduction du chapitre D, dans lequel nous proposons un cadre de
modélisation pour un gaz polyatomique simple (c’est-a-dire composé d’une seule espece).

1.2.1.1 Niveau microscopique

Nous considérons que les molécules du gaz, ayant pour masse m > 0, sont décrites, a tout instant, par
leur position = € R3, leur vitesse v € R3 et leur état interne, que nous nommons ¢. En toute généralité, ¢
appartient a ’espace des états internes, que nous appelons &, et qui est déterminé par I’espéce ainsi que
le modele moléculaire considéré. Nous supposons que I’espace £ est muni d’une tribu, et d’une mesure
positive, appelée L.

Nous considérons de plus une application mesurable ! (mesurabilité associée a la tribu sur £ et aux boré-
liens sur R)
e: &£ =R,

1. Dans cette section, la notation € désigne la fonction d’énergie interne.
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que nous appelons fonction d’énergie interne, qui, a chaque état interne ¢ associe une énergie €(¢). Nous
faisons I’hypothése que € est essentiellement minorée et appelons £° son infimum essentiel > (relativement
a la mesure p), soit

% :=infess, ¢,
correspondant au niveau d’énergie fondamental de la molécule (une énergie potentielle de configuration).
Nous appelons par suite fonction d’énergie ajustée 1’ application

é::z-:—eo,

qui est donc telle que infess,, € = 0. Enfin, nous supposons la finitude de la fonction de partition,

VB>0,  Z():= /g exp (~B()) du(€) < . (1.38)

Ce cadre est tres général, et les hypotheses (existence d’un niveau d’énergie fondamental, finitude de la
fonction de partition) sont pertinentes d’un point de vue physique.

Exemple 1.1. Nous donnons ici deux exemples pertinents afin de fixer les idées.

1. On peut, pour décrire la rotation de maniere classique (non quantique), considérer comme états in-
ternes la vitesse angulaire z € R®, (ou R? si la molécule est linéaire) avec comme énergie associée
I’énergie cinétique de rotation. On aurait alors, avec ( = z,

1
(&, 1) = (R?, Lebesgue), e(z) = Z 5% 22,

ot J; > 0 est le moment d’inertie dans la direction i. Ici, on aurait alors €° = 0.

2. Pour une molécule dont on souhaite décrire une vibration entre deux atomes, on peut utiliser par
exemple le modéle de I’oscillateur harmonique quantique, ce qui donnerait, avec ( =n € N le
mode de la vibration, le modéle

(€, 1) = (N, comptage), e(n) = <n+ ;) AE,

oiu AE > 0 est le gap entre deux niveaux d’énergie consécutifs. Ici, le niveau fondamental vaut
0= %AE.
On remarquera en particulier que notre cadre permet le traitement autant de modeéles continus que de
modeles discrets.

Remarque 1.5. Soulignons que le cas de la molécule monoatomique (sans structure interne) est bien
inclus dans le cadre général : il suffit pour cela de considérer [’espace des états réduit a un seul élément

(par exemple {0}) muni de la mesure de comptage, et une valeur d’énergie interne fixée €0,

Finalement, une molécule ayant pour vitesse v et pour état interne ( aura pour énergie totale la somme
son énergie cinétique de translation et de son énergie interne, c’est-a-dire

1 2
§m|v| +e(().

2. Je tiens a faire remarquer dés a présent que la valeur de €0 n’interviendra que dans 1étude de réactions chimiques, que nous
verrons plus loin.
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Concentrons nous a présent sur une collision entre deux molécules, re-
présentée sur le schéma ci contre. Etant localisée en temps et espace, la
/ v',¢" collision n’affecte que les variables dites microscopiques, v et (. Notons
((v,€), (vs,¢x)) le couple d’états pré-collisionnels et ((v/,¢'), (v},¢L)) le
\ ol ¢! couple d’états post-collisionnels. Supposant isolé le systeme a deux molé-
cules, nous avons donc, par conservation de la quantité de mouvement et de
I’énergie totale,

U*aC*

/ /
UV + Uy = U+ Vs,

1.39
Ll o(C) + Sml P+ () = smp P +e(Q) + gl rec).

Si I’on note alors
A (v,v4,¢,6, ¢ CL) = |v—v*\ + 1( () +e(Co) —e(¢) —e(¢h), (1.40)

on peut remarquer que la collision n’est possible que lorsque A > 0. Dans ce cas, il existe un angle w € S?
tel que

2

P — Ux
= — VAT, .
v= g VA “Lv—v*]

)
v — vy
(1.41)

Remarque 1.6. Nous prenons ici la convention de la représentation en w, qui est celle considérée au

V—Ux
[v—vs

chapitre . Il est aussi possible d’utiliser la représentation en o, dans laquelle T, [ ] deviendrait 0.

1.2.1.2 Niveau mésoscopique

Au niveau mésoscopique, nous étudierons la densité de molécules du gaz f = f(¢,2z,v,¢) > 0, qui
dépend du temps ¢, de la position z, la vitesse v et I’état interne {. On retrouve en particulier les quantités
macroscopiques que sont la densité massique p, la vitesse globale u et 1a température T' via les formules
suivantes

p(t,z) = //Rgxgmf(t,x,v,g)dvdu(g“), (1.42)

1
utr)i= s [ (. dvdi(0). (1.43)

T(t,z) =0~ (p(;x) //RM (% v —u? +g—(g)) F(t,z,0,0) dvdu(g)) , (1.44)

ott © 1 est la réciproque de © définie pour tout T > 0 par

348(1) .

o(T) := 5 :

et 0, appelé le nombre de degrés de liberté internes, est donné, pour tout 7' > 0, par

(1) = 2.2 (;)1 [z (-2 ) auto) (1.45)
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Modele de Boltzmann On suppose a présent que la densité f satisfait a I’équation de Boltzmann sui-
vante, pour presque tous t > 0, x € R3, v € R3 et Ceg&,

8tf(t,$71)7<) +v- vxf(t7xav7<) = Q(f(t,$7-,~),f(t7$,',-))(’l),<)7 (1.46)

ou I’opérateur de collision @ agit toujours a temps et positions fixées, donc uniquement sur les variables
v et (. Formellement, ) s’écrit sous une forme similaire au cas monoatomique, avec cette fois 1’ajout de
I'intégration sur les variables internes, pour une densité f = f(v,{) > 0 et tous v € R3, Ceg,

QU )(v,€):

L) F (W, Cl) = F(0,0) f(0,6) } B(0,04,¢, 6o, ¢ G w) dwdo, dpn®3 (G, ¢, L),
£3 IR5><S2
(1.47)

ol B est le noyau de collision, tel que, rappelant que A est défini dans (I40),

('U U*»C C*?C C*) <0 g B(’U ’U*vc C*?C C*v ): 9

et (v',v}) sont définis par (ZT). On suppose de plus que le noyau B satisfait des propriétés de symé-
trie et micro-réversibilité adaptées a ce cadre, que nous ne détaillons pas plus ici. Définissons enfin la
fonctionnelle d’entropie, pour des densités f = f(v,() > 0,

o= [, rtoss - 1} dvdu(o). (148)

Si la densité dépend aussi de la position dans 1’espace x, on intégrera aussi en .

La validité, du point de vue de la modélisation, de notre cadre pour le modele de Boltzmann est assurée
par le théoréme suivant (voir théoreme 3 au chapitre D).

Théoreme 1.3

Théoreme H.

1. Formellement, le long d’une solution de I’équation de Boltzmann (ICZ8) (ou homogene), 1’entro-
pie est dissipée.

2. Ladissipation d’entropie d’une densité f = f(v,() > 0 s’annule si et seulement si f = M|[p,u, T},
ou p, u et T sont respectivement la densité, la vitesse globale et la température associées a f définis
comme dans (I42)—(I44) et, pour tout (v,¢) € R3 x &,

-3/2 -1 2 =
Mip,uT)(v.0) = £ (%mT> Z G) exp <—m'”2T“' - E(TO> . (149

Nous soulignons que les distributions d’équilibre de la forme (I'49), nommées « maxwelliennes générali-
sées », sont ici encore des distributions de Gibbs.

Equations d’Euler Nous retrouvons formellement les équations d’Euler, pour un gaz parfait dont le
nombre de degrés de liberté est 3+ 6(7'), en insérant la maxwellienne (I”Z9) dans 1’équation de Boltz-
mann (C48). Ces équations sont données en (Z32) dans le chapitre D
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1.2.2 Réduction de modéele : approches basées sur I’énergie

Dans cette sous-section, nous tentons de fournir des clarifications et intuitions pour comprendre les
possibilités de modélisation, et comment choisir parmi celles-ci. Bien que n’étant pas associées a un
chapitre en particulier, ces réflexions sont initiées en section 8 du chapitre [, et sous-jacentes dans toute
la partie [ de cette these.

L’idée de réduction de modele est de construire, pour un modele donné, un modele équivalent plus simple
que le premier. Nous verrons plus loin cette réduction, dont I’idée est de ne garder que I’information de
I’énergie interne en oubliant les états.

Il émerge que 1’on peut adopter trois points de vue principaux pour la description de la structure interne,
dont nous donnons une représentation schématique dans la figure 4.

Etat Niveau d’énergie / Quantile d’énergie ¢

Y

I

0

FIGURE 1.4 — Représentation schématique des trois points de vue principaux pour la description de la
structure interne d’une molécule polyatomique, dans un contexte cinétique.

Le premier point de vue est de considérer 1’état interne ( comme variable de description de la structure in-
terne, en considérant qu’a chaque état est associé une énergie, comme dans le cadre général. Le deuxieme
consiste a oublier les états internes pour ne considérer que le niveau d’énergie I, en prenant en compte,
via une mesure sur R, la répartition des niveaux d’énergie — il y a donc moins d’information dans cette
approche que dans la premiere. Le troisieme point de vue se base sur la notion de quantiles d’énergie,
et, d’interprétation plus délicate, ne sera détaillé qu’un peu plus loin. L’approche basée sur les états étant
exactement I’interprétation physique de notre cadre général présenté plus tot, nous nous focalisons dans
ce qui suit sur les deux approches liées a 1’énergie.

Soulignons que les points de vue basés sur les niveaux ou les quantiles d’énergie sont des cas particuliers
du cadre général.

1.2.2.1 Approche basée sur les niveaux d’énergie

Nous présentons ici I’approche basée sur I’énergie interne en la construisant depuis un modele géné-
ral. Considérons donc un modele dont I’espace des états est £, muni d’une mesure 4 et d’une fonction
d’énergie interne ¢, satisfaisant aux hypotheses du cadre général.

ous allons construire un nouveau modele a partir du premier, d’une forme adaptée au cadre général,
N 11 t del tir d d fi dapt d 1
pour lequel I’espace des états sera unidimensionnel, et qui décrit le méme modele moléculaire que le
premier — avec toutefois une perte d’information au niveau de la molécule.
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Puisque la fonction d’énergie interne ajustée € est mesurable, relativement a la tribu de £ et aux boréliens
de R, on peut définir la loi d’énergie comme la mesure image, sur R, de p par € :

pus(A):=p(Ee A, A € Bor(Ry4). (1.50)

On a alors, pour toute fonction mesurable ¢ : R — R,

/g b0 du(Q) = [ oI+ duf(D).

Ry

Cette simple égalité, provenant de la définition méme de la mesure image, nous permet, par identification,
de conclure immédiatement que le modele dit « basé sur I’énergie interne » dans lequel

1. on considere la variable I, le niveau d’énergie interne, dans I’espace des états (R, uz),
2. I’énergie interne de la molécule ayant pour niveau d’énergie I est I + ¢©,
décrit bien le méme modele moléculaire que le modele initial — a une perte d’information pres.

Remarque 1.7. Nous remarquons que, lorsque Lz est une mesure a densité (que ’on appelle alors p) par
rapport a la mesure de Lebesgue, on retrouve le modele avec énergie continue [0, 7, 79, /6]. Nous
mentionnons en particulier que (IX0) indique trés simplement comment calculer ¢ a partir du modéle
moléculaire ; nous y reviendrons plus tard avec des exemples. Dans le cas ou Lz est une mesure discréte
(typiquement, une somme de mesures de Dirac), on retrouve alors les modeles a énergie discrete de [I[6],
roaj.

L’intérét majeur de cette approche réside en ce que I’espace de la variable considérée est unidimen-
sionnel, donc tres simple, et que la fonction d’énergie interne est (presque) triviale. Nous avons résumé
toute I’information sur la structure interne de la molécule dans la mesure 5.

1.2.2.2 Approche basée sur les quantiles d’énergie

La derniere approche, basée sur les quantiles d’énergie, étant moins intuitive d’un point de vue de son
interprétation immédiate, nous proposons pour la comprendre, dans le tableau [T ci-dessous, un parallele
entre notre cadre polyatomique général et un cadre général en théorie des probabilités. La notation Leb y
désigne la mesure de Lebesgue.

On comprend qu’en réalité, la seule différence entre notre cadre et un cadre d’étude probabiliste réside
en le fait qu’ici, la mesure p n’est pas contrainte a étre une probabilité ; elle ne le sera d’ailleurs pas en
général, pouvant étre typiquement la mesure de Lebesgue sur R?. Ceci mis 2 part, le paralléle est flagrant :
I’espace des états internes (&, i) peut étre interprété comme un espace d’événements, la fonction d’énergie
interne ¢ interprétée comme une variable aléatoire sur cet espace, et pz comme la loi de € (I’énergie
interne ajustée), de manire a ce qu’on interpréte (R, uz) comme un espace de réalisations.

De la méme maniere que 1’on peut définir un espace de guantiles en probabilités, on comprend par ana-
logie qu’il est possible de faire de méme dans notre cas. Néanmoins, puisque x4 ne somme pas nécessai-
rement a 1, il se peut que nos quantiles soient définis sur |0, +oc[, rendant le terme quantile inexact, bien
que donnant une bonne intuition.

Par analogie, définissons la fonction de répartition d’énergie F),. par
F#§<I):ILL§([O,I]), I€R+7 (151)
et la fonction quantile d’énergie comme I’inverse généralisé a gauche de F),., c’est-a-dire

Fi_(q) =inf{I € Ry tel que F},_(I) > q}, g€ (0,u(&)), (1.52)
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Cadre polyatomique général En théorie des probabilités
(€, 1) espace des états internes (Q,P) espace des événements
¢ fonction d’énergie interne X variable aléatoire réelle
(R, uz) espace des niveaux d’énergie (R, Px) espace des réalisations
ue loi d’énergie Px loide X
((0, u(€)), Leb) espace des quantiles d’énergie ((0,1), Leb) espace des quantiles
F;_ fonction quantile d’énergie Fy fonction quantile

TABLEAU 1.1 — Parallele entre le cadre général polyatomique un cadre général en probabilités

ol I'on a remarqué que 1(€) = pz(R+.). Bien str, lorsque ), est inversible, F)j~ = FM’E}.

Alors, pour toute fonction mesurable ¢ : R — R4, on a

_ €)
o1 +°) dpt(1) = /O (R (0) +°) dg

Ry

On peut par suite définir le modele annoncé, ot
1. on considere la variable g, le quantile d’énergie interne, dans I’espace des états ((0,1(£)), Leb),
2. I’énergie interne d’une molécule du quantile g est F;_(q) + e",

et conclure qu’il est completement équivalent (et avec la méme quantité d’information) que 1’approche
basée sur les niveaux d’énergie.

L’intérét de cette approche réside en le fait que, comme précédemment, I’espace de la variable considé-
rée est unidimensionnel, mais cette fois la mesure sur ’espace des états est uniforme. Ici, a I’inverse
de I’approche basée sur les niveaux d’énergie, on a résumé toute 1’information sur la structure interne de
la molécule dans la fonction quantile d’énergie Ft,, et rendu triviale la mesure d’intégration.

Ce modele est pertinent dans le cadre de simulations numériques particulaires — typiquement, les simula-
tions de type Monte Carlo (DSMC) — par I’ unidimensionnalité de I’espace d’états et le fait qu’il soit muni
d’une mesure uniforme. En effet, imaginons un modele dans lequel la mesure sur 1’espace des états ne
serait pas uniforme. Alors, lors d’une simulation, changer 1’état d’une particule impliquerait, involontaire-
ment, un changement de son poids numérique : ainsi, les conservations seraient perdues (et la simulation
invalide). Ce probleme est donc évité uniquement lorsque I’espace d’états est muni d’une mesure uni-
forme. Dans les simulations que nous avons menées, dans le chapitre B de cette these, nous nous sommes
effectivement basés sur cette approche.

1.2.2.3 Résumé et comparaison des différentes approches

Résumons dans le tableau [ les caractéristiques de chaque approche, et donnons dans quels cas il
nous semble judicieux d’utiliser I’'une ou I’autre.
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Etat ¢ Niveau / Quantile ¢
. dérive directement de espace 1-D, fonction espace 1-D, mesure
Points forts . L S, L .
la physique, général d’énergie triviale uniforme
« gros » espace,
. 2 mesure et fonction . fonction d’énergie
Difficultés e mesure non uniforme > CHeIE
d’énergie non non triviale
triviales
Information complate réduite a I’énergie réduite a Iénergie
microscopique P interne interne
Adapté A Modélisation et Calculs et preuves Simulations
P preuves générales techniques particulaires

TABLEAU 1.2 — Un résumé des divers points de vue.

1.2.2.4 Combinaison de modéles

Présentons & présent comment construire un modele par combinaison de modeles simples, de maniere
indépendante, et les propriétés immédiates qui découlent de cette combinaison, via un exemple, a partir
duquel on déduit aisément le procédé pour le cas général.

Exemple pour une molécule diatomique Considérons, comme dans le schéma qui suit, une molécule
composée de deux atomes, pour laquelle on souhaite prendre en compte la rotation de la molécule ainsi
que la vibration entre les deux atomes.

Dans cet exemple, nous choisissons (mais d’autres choix sont possibles)

de décrire la rotation via une approche classique, en considérant la vi-

o [ tesse angulaire z € R? (qui ici n’a que deux composantes car la molé-

Q cule est linéaire, voir la discussion dans « Semi-classical description of

the internal structure » en sous-section 73 du chapitre D), et la vibra-

tion par le modele de 1’oscillateur quantiqgue harmonique, avec n € N

le mode de vibration. Si I’on suppose la rotation et la vibration indépen-

dantes, I’énergie interne associée a I’état (z,n) s’écrit alors comme la
somme de 1’énergie cinétique de rotation et de 1’énergie de vibration :

n

1 1

ou J est le moment d’inertie et AE le gap d’énergie entre deux modes de vibration.

On a alors construit un modele qui prend en compte la rotation et la vibration en combinant un modele
décrivant la rotation et un modele décrivant la vibration. Nous donnons dans le tableau la configuration
de ces modeles dans le cadre général ainsi que certaines propriétés typiques.

Dans le tableau I3 ci-dessus, Leb désigne la mesure de Lebesgue, compt la mesure de comptage, d,, la
mesure de Dirac en z et [-] la partie entiere supérieure. De plus, dans la derniere ligne, T > 0 désigne
une température, et nous rappelons que le nombre de degrés de liberté internes est défini par (I"43).
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Rotation Vibration Rotation et vibration
Espace détats (R2, Lebgo) (N, compt) (R? x N, Lebg2 ® compt)
internes P ER ’ P VPR
Fonction 1 2 1 1 2 1
= n+ - |AFE —Jlz|“+(n+= |AE
d’énergie interne 2 JIA < 2 2 Tl 2
Niveau d’énergie 0 \g N>
fondamental
Loi d’énergie 27 5 2n [ 1
—Leb kAE — | —=dI
interne J PR keZN J | AE
Nb. de degrés de AE)T AE/T
liberté interne 2 2 eAE/T 2+ 2357T 1

TABLEAU 1.3 — Un exemple de modele combinant rotation et vibration.

1.2.2.5 Modéle basé sur les états et modéle réduit : y a-t-il équivalence au niveau mésoscopique ?

Cette question se reformule de la maniere suivante : est-ce que la perte d’information au niveau
microscopique lors du processus de réduction — le fait d’oublier les états internes pour ne garder que la
répartition des niveaux d’énergie — a une répercussion sur le modele au niveau mésoscopique ? La réponse
courte est : cela dépend.

Pour y répondre, nous devons nous tourner vers I’élément-clé du modele que sont les collisions.

Rappelons que lors d’une collision, représentée sur le schéma ci-contre, les

v a . . P
&’\C\ / o’,¢  lois de conservation s’écrivent
* I —
V' + Uy = U+ Uk,

/ ’o
A \:ag* SR 4 e(¢) 4 Sl 4 e(¢h) = Smlof? +£(Q) + gl +<(G).

Dans 1’équation ci-dessus, on remarque que I’état interne ¢ n’intervient que via son énergie €(¢). Ainsi, en
ce qui concerne les lois de conservation, on peut oublier I’état interne et garder uniquement 1’énergie sans
perte d’information. De plus, comme les distributions d’équilibre (maxwelliennes) sont complétement
déterminées par les quantités conservées, il n’y a pas non plus de perte d’information les concernant.
Ainsi, du point de vue de 1’équilibre thermodynamique, il est absolument équivalent de considérer un
modele complet, basé sur les états internes, ou un modele réduit, basé uniquement sur I’énergie.

Toutefois, pour qu’il y ait équivalence des deux approches sur la description compléte de Boltzmann
(et pas uniquement au niveau de 1’équilibre thermodynamique), il faudrait que la section efficace, ca-
ractérisant la répartition des états post-collisionnels en fonction des états pré-collisionnels, ne dépende
elle-méme des états internes que via leur énergie. Si tel est le cas, alors tous les éléments du modele de
Boltzmann ne dépendent des états internes que via leur énergie, et donc considérer directement 1’énergie
ne représente pas de perte d’information.

Dans le cas contraire, il n’y a pas équivalence des approches car ne considérer que I’énergie représente
une réelle perte d’information au niveau du modele de Boltzmann.
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Enfin, reprenons a titre d’exemple le modele décrivant la rotation et la vibration d’une molécule diato-
mique présenté plus haut, et considérons le modele de Boltzmann associé a ce modele moléculaire. Ima-
ginons que la section efficace dépende, en ce qui concerne les états internes, distinctement de 1’énergie
de rotation et de 1’énergie de vibration. Alors, I’information interne ne pouvant étre réduite a 1’énergie
interne totale, il n’est pas possible (au sens ou 1’on perdrait de 1I’information au niveau des collisions) de
réduire completement ce modele. Cependant, on peut réduire séparément la partie du modele associée
a la rotation et la partie associée a la vibration, puisque, au niveau des collisions, toute 1’information de
la rotation peut €tre réduite a son énergie, et de méme pour la vibration. Le modele correspondant serait
donc a deux énergies internes (Irot, Iy ), dont U'espace des états serait R x Ry, et sur lequel la me-
sure serait le produit tensoriel entre la loi d’énergie associée a la rotation et la loi d’énergie associée a la
vibration.

1.2.3 Extension aux mélanges avec réactions chimiques

Dans ce qui précede, nous avons construit un cadre de Boltzmann général pour 1’étude de gaz poly-
atomiques simples. Il convient d’étendre a présent la modélisation aux mélanges de gaz avec (ou non)
réactions chimiques : c’est I’objet du chapitre B, correspondant a la publication [24].

1.2.3.1 Présentation du cadre microscopique

On considere un gaz composé de N € N* especes. Pour chaque espéce i = 1,..., N, on note m; > 0
la masse d’une molécule, (&;, ;) ’espace des états internes et ; la fonction d’énergie internes. Notons
en particulier que 5? désigne 1’énergie fondamentale d’une molécule de ’espece ¢ et que Z; désigne la
fonction de partition associée a 1’espece ¢, toujours définie par (I38).

Nous ne considérons dans ce qui suit que les interactions binaires, mais il est possible d’étendre assez
naturellement ce cadre pour qu’il prenne en compte des interactions entre un nombre arbitraire de mo-
lécules (voir [B9]). S’il y a réaction de I’espece i avec j pour donner k et £, on notera cette réaction
{(#,5) = (k,£)}. On appelle Q I’ensemble des réactions possibles. En toute généralité, il n’est pas né-
cessaire, dans notre approche, de distinguer les collisions mécaniques et les réactions chimiques. Le
terme « réaction » sera donc employé pour désigner ou une collision ou une réaction chimique. Puisque,
a minima, les molécules peuvent entrer en collision entre elles, on a par défaut que

{(i,§) = (1,7)} € Q, v1<i,j<N.
De plus, les molécules étant supposées indiscernables au sein d’une méme espéce on a
{(i,5) = (k,0)} € Q =  {U) =R} eQ.

Pour assurer la réversibilité des interactions au niveau microscopique, on suppose que les réactions chi-
miques sont a double sens, ¢’est-a-dire

{(i,5) = (k,0)} € Q = {(k,0) = (i,5)} € Q.
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i
& v, 91;’ % Intéressons nous a présent él.une réactic.m. {(i,7) = (k,£)} € Q, représentée
/ "> sur le schéma ci-contre. Soulignons qu’ici, ¢ € &, ¢« € &;, (' € Epet () € &;.
* En supposant isolé le systeme a deux molécules, nous avons donc conserva-
/ \ ol ¢ tion de la masse (I’équation ci-dessus), de la quantité de mouvement et de

Q Usey G I’énergie totale, donc
Y

mkv’ —|—m1gv; =MV + My Vs,
1 1 1 1 (1.53)
§mk|v'|2 +ex(¢) + §me|vi|2 +e(C) = §milv|2 +ei(Q) + §mj|v*|2 +€5(C)-
On peut paramétrer (I23) de maniére similaire au cas du gaz simple (IC4T), et obtenir que (IX3) implique
qu’il existe un angle w € S? tel que v’ et v/, sont des fonctions (explicites) de v,vy,C,Cx, ', . et w. La
formule étant un peu plus technique que précédemment, nous ne la détaillons pas ici et renvoyons au
chapitre B, équation (B14).

Energie de réaction Dans le cas des réactions chimiques, nous n’avons pas présupposé I’existence
d’une énergie de réaction. En effet, ce n’est pas un parametre du modele, mais elle apparait naturellement.
Reconsidérons la réaction décrite précédemment, mais en nous basant cette fois sur les modeles réduits
(basés sur les niveaux d’énergie).

k

e Ici, (I,1,) € ]R2 sont les niveaux d’énergie interne du couple de molécules
/ pré- colhslonnel dont I’énergie interne totale est I 4 I, —|—5? —|—59. De la méme
fagon, (I’, I,) sont les niveaux d’énergie interne du couple de molécules post-
\, v., I collisionnel, dont I’énergie totale est I "+ I, 4% +&Y. Ainsi, la conservation
Q Vs, L. de I’énergie du systeme a deux molécules s’écrit ici

1 1 1 1
§mk\v/|2 +1'+ 5m4|v;\2 + I, = §mi\v|2 +1+ imj|v*|2 + I, — (A° )zw (1.54)

0\kl .__ 0 0 0 0
(A€ )” .—Ek‘i'gg_c‘fi_gj

peut donc s’interpréter comme 1’énergie consommée par la réaction : cette derniere est dite endother-
mique si (Aso)ff > 0 et exothermique si (Aso)ff <0.

Dans notre cadre de modélisation, 1’énergie de réaction n’est pas un parametre du modele mais appa-
rait a partir des modeles moléculaires.

Je souligne que (I33) et (I24) décrivent strictement la méme information, mais différent dans leur écri-
ture : en particulier,

1. (I33) a la méme forme pour les collisions mécaniques que pour les réactions chimiques (on peut
voir une collision comme un cas particulier de réaction chimique),

2. ([33) est completement microscopique et 1’on considere bien que le systeme est isolé, a I’inverse
de (I34)) qui inclut un échange avec 1’environnement, une notion non microscopique,



1.2. Un cadre général de modeles de Boltzmann pour les gaz polyatomiques 33

3. (X3) est symétrique.

Etat de transition et énergie d’activation Afin de reproduire fidélement la cinétique des réactions
chimiques, nous incluons au modele la notion d’état de transition, introduite dans les années 1930 [R3,
R7]. On peut comprendre 1’état de transition de la réaction chimique {(¢,5) — (k,£)} comme une confi-
guration particuliere des atomes du systéme durant la transformation de (4, ) en (k,¥), et dont I’énergie
potentielle associée est maximale, relativement a la coordonnée de réaction. Une représentation schéma-
tique clarifiant ce propos est donnée en figure 3.

L’état de transition ayant une durée de vie extrémement courte, il n’est pas nécessaire, au niveau ci-
nétique, de le prendre directement en compte. Son existence se traduira simplement par 1’introduction
d’une barriere d’énergie potentielle. Ainsi, pour chaque réaction {(z,7) — (k,£)} € Q, nous supposons
la donnée d’une quantité, mf-ﬁ € R, qui représente 1’énergie potentielle de configuration associée a l’état
de transition de la réaction {7(i,j) — (k,0)}.

On définit alors 1’énergie d’activation E, de la réaction chimique {(¢,7) — (k,¢)} comme la différence
entre 1’énergie potentielle de configuration de 1’état de transition et 1’énergie potentielle de configuration
des réactifs. Dans notre formalisme, cela s’écrit

ke _0_ 0

E(Z = K,,L‘j —&; 75]‘.

La cinétique de la réaction dépend fortement de la valeur de cette énergie F, : moralement, plus E, est
grand, plus la réaction sera lente. Mentionnons la loi d’Arrhenius, principe proposé empiriquement a la
fin du XIX€ siecle, établissant une dépendance entre la cinétique de la réaction, 1’énergie d’activation
et la température du systéme ; nous retrouvons théoriquement sur un cas-test une forme proche de la loi
d’ Arrhenius, voir la section BZ2 du chapitre B.

énergie
potentielle
it état de transition
e e
énergie d’activation E,
R e e e ST
réactifs
énergie de réaction (Aso)fjz
T
k l K
produits
coordonnée

de réaction

FIGURE 1.5 — Diagramme d’une réaction chimique {(¢,7) — (k,¢)}

Sur la figure [3, on retrouve que 1’énergie potentielle des réactifs s’écrit comme la somme des énergies
fondamentales des deux especes réactives, et similairement pour les produits. L’ énergie consommée par la
réaction correspond a la différence d’énergie potentielle entre les produits et les réactifs (sur cet exemple,
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la réaction est exothermique), et I’énergie d’activation est bien la différence entre 1’énergie potentielle de
I’état de transition et de celle des réactifs.

Afin de préserver la réversibilité des interactions au niveau microscopique, nous supposons que 1’éner-
gie potentielle de I’état de transition de la réaction {(,7) — (k,¢)} est identique a celle de la réaction
{(k,€) — (i,7)}, c’est-a-dire
ke ij
Rij = Fke:
Notons t01.1tef0is que .l’énergie.d’activation associée a {(k,¢) — (i,7)} vaut /{ff — &) — £9 et differe donc
de I’énergie d’activation associée a {(¢,7) — (k,¢)}.

Enfin, puisqu’il n’y a pas d’état de transition pour les collisions, on prend la convention Iiz j 5 + 5

1.2.3.2 Niveau mésoscopique

Au niveau mésoscopique, nous étudierons la famille des densités de molécules de chaque espece,
f = (fi(t,z,v;,¢)), qui dépend du temps ¢, de la position x, la vitesse v; et 1’état interne (; € &;. On
note p; et n;, u; et T; respectivement la densité massique et densité molaire, la vitesse moyenne molaire
(d’autres types de moyenne pourraient étre considérées) et la température associées a 1’espece i, données
comme précédemment par

pito)= [ it Ododi(©, ni= 2 (155)
R3><57; mi
wilt) = s [t O dvdn(o), (1.56)
: —o-1(_1L mi 2 s . .
Ti(t,z) == ©; (w IR{%_(2 o — w2 +(0)) fz<t,a:,v,<>dvdul<<>), (157)
ou, pour tout 7' > 0,
ou(1) = 2100

avec 0; le nombre de degrés de liberté internes associ€ a I’espece 4, défini dans (I-23). On définit de plus
p et n, u et T respectivement la densité massique, la densité molaire, 1a vitesse globale et la température
du mélange, donnés par

N N N ng
ﬁ=;mﬁ:§ ZE (1.58)
et
_ N
T(t2)=6 (%)) 1(;;//R%(szv—uz|2+sz<<>) fi(v odvduz(c)), (1.59)
avec

Modéle de Boltzmann Construisons a présent le modele de Boltzmann. On suppose alors que pour tout
i, chaque densité f; satisfait I’équation suivante, pour presque tout t > 0, z, v € R3 et ¢ € &,

atfi(t7xav7C) +v- vxfi(taxv"}?C) = Qi(f(t,l‘,y-),f(t,l‘,-y))(%(), (1.60)
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ou "opérateur (); prend en compte toutes les réactions binaires — collisions mécaniques et réactions
chimiques — qui impliquent I’espece i, et est défini, pour une famille de densités f = (fj(v;,(;)); et
(v,¢) € R x & tels que ce qui suit ait un sens, par

Qi(f,f)(v,0)
> ///gx‘g . //R - L fifdo= fify,) Bl dv.do dp (G) dpue(¢) dpe (). (1.61)

7.k,
{(6,4)=(k,0)}eQ

Dans I’intégrale (&), on utilise les notations contractées fl/c = frL(v', (), fii = fe(l, &0), fi = fi(v,Q),
f]* = fj(v*ag*), et
BY = B (0,0,¢,6 ¢/ (Lw)

est le noyau de collision associé a la réaction {(¢,7) — (k,£)}. De plus, dans (IC&T), v’ et v} sont des
fonctions de v, vy, (, x, (', L et w (définies par (B14) au chapitre B).

Le noyau B est supposé satisfaire aux propriétés de symétrie et micro-réversibilité (donnés en (B223)
et (3224) au chapitre B). L’information des réactions possibles étant donnée par le support du noyau B,
on inclut dans le modele la notion d’état de transition et d’énergie d’activation détaillée plus haut via une
condition sur ce support, traduisant ’idée d’une barriere de potentiel.

1.2.3.3 Equilibre réactionnel

Définissons enfin la fonctionnelle d’entropie, pour des familles de densités f = (f;(vi,)),

N .
H(I)nélange(f) — ;//Rsxg. {filog% — fz} dvdp;(Q).

Si la densité dépend aussi de la position dans I’espace x, on intégrera aussi en x.

La validité, du point de vue de la modélisation, de notre cadre pour le modele de Boltzmann est assurée
par le théoréme suivant (voir théoreme Bl au chapitre B).

Théoreme 1.4

Théoréme H et loi d’action de masse.

1. Formellement, le long d’une solution de I’équation de Boltzmann (I"6d) (ou homogene), I’entro-
pie est dissipée.

2. La dissipation d’entropie de f = (fi(v;,¢;)) s’annule si et seulement si f; = M;[n;, u, T) pour
tout ¢ = 1,..., N, ot n; est la densité associée a I’espece ¢ définie comme dans (IRY), u et T’

respectivement la vitesse globale et la température du mélange, définis respectivement dans (I38)
et (I39), avec pour tout i = 1,..., N et (v,¢) €R3 x &,

=\ —3/2 -1 2 _
R _ (2T (1L ~ milv—u _Ei(C))
M;[ni,u, T)(v,¢) =n; < o ) Z; <T> exp< T 7 ) (1.62)
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et ot les (n;) satisfont la loi d’action de masse, pour tout 7, j, k, £ tels que {(¢,7) — (k,0)} € Q,

nEny ke
= Kk 1.63
nin; i (T), (1.63)

oll Kff est la constante de réaction de {(¢,5) — (k,£)}, donnée par

9p Ae0)kL
/CZ.E(T) = H {(QFmpT)SUp/2 Z, <;> }exp _% , (1.64)

- T
pe{i,g,k,L}

avec o, =0y =—0; =—0; = 1.

Soulignons qu’a I’équilibre réactionnel, décrit ci-dessus, la vitesse globale est la méme pour toutes les
especes, et de méme pour la température. Les densités molaires sont toutefois différentes.

1.2.3.4 Equilibre mécanique et réactions relativement lentes

Un cadre d’étude intéressant est celui d’un mélange pour lequel les réactions chimiques sont dites
relativement lentes. Dans ce cas, on considere que la relaxation vers I’équilibre induite par les collisions
mécaniques est beaucoup plus rapide que celle induite par les réactions chimiques. On choisit alors de
distinguer les collisions mécaniques et les réactions chimiques en partitionnant I’ensemble des réactions :

Q= Qméca U Qchim~

Sans rentrer dans plus de détails ici, on peut alors écrire la dissipation d’entropie comme la somme d’une
dissipation reliée aux collisions mécaniques et une dissipation reliée aux réactions chimiques :

mélange méca chim
ppelange _ pméca_y pychim.

Ainsi, il nous est possible de considérer un « équilibre » intermédiaire, pour lequel seule la dissipation
d’entropie liée aux collisions mécaniques s’annule : nous parlerons donc d’équilibre mécanique.

Théoréme 1.5

Equilibre mécanique.

La dissipation d’entropie associée aux collisions mécaniques de f = (f;(v;,(;)) s’annule si et
seulement si f; = M;[n;,u;,T;] pour tout ¢ = 1,..., N, ou p;, u; et T; sont respectivement la
densité, la vitesse globale et la température associées a I’espece ¢, définis dans (I33)—(CX2), et M;
est la maxwellienne généralisée associée a I’espece ¢, définie dans (ICR2).

Je souligne qu’a I’équilibre mécanique, les vitesses globales et températures associées a chaque espece
ne sont pas identiques. De plus, la loi d’action de masse ne tient pas.

Equations d’Euler Nous retrouvons formellement les équations d’Euler, pour un mélange de gaz par-
faits dont le nombre de degrés de liberté de chaque espéce i est 3+ 9;(7") et faisant intervenir les réactions
chimiques caractérisées par (, en insérant la famille de maxwelliennes (M;[n;,u;,T;]) dans I’équation
de Boltzmann (IC60). Ces équations sont données dans le théoreme B3 au chapitre B.
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1.3 Autour d’un modéele singulier : collisions résonantes et quasi-
résonantes

Cette section est dédiée a I’introduction de la partie I de cette these, ayant trait a I’étude d’un gaz
polyatomique au sein duquel les collisions sont résonantes ou quasi-résonantes. En chapitre B, qui est une
amélioration de [BY], nous montrons une propriété de compacité de 1’opérateur de Boltzmann linéarisé
associé au modele polyatomique résonant; le chapitre B est quant a lui consacré a la modélisation de
la notion de quasi-résonance, une étude qualitative des propriétés attendues, et quelques expériences
numériques.

1.3.1 Propriété de compacité du linéarisé pour un gaz polyatomique avec colli-
sions résonantes

Dans cette sous-section, nous introduisons le chapitre B, dont 1’objet est la preuve de la compacité de
la partie non-multiplicative du linéarisé de 1’ opérateur de Boltzmann associé. Nous présentons ci-apres le
modele résonant, explicitons notre théoreme et discutons 1’approche de notre démonstration.

1.3.1.1 Modéle polyatomique résonant

Le modele de Boltzmann pour un gaz simple polyatomique résonant a été proposé pour la premicre
fois dans [24]. Dans ce qui suit, nous le présentons en nous basant sur 1’approche des niveaux d’énergie
présentée en sous-section 2. Le formalisme utilisé dans [44] fait intervenir un parametre r € [0,1] ala
place de la variable I’ € R dans notre formalisme : les deux sont en fait équivalents (lorsque la mesure
sur I’espace des niveaux d’énergie est absolument continue par rapport a la mesure de Lebesgue) via un
changement de variable.

On considere donc un gaz polyatomique simple. On choisit le modele moléculaire des niveaux d’énergie :
ainsi (mettant de coté la variable macroscopique de la position x), I’état d’une molécule sera décrit par
sa vitesse v € R3 et son niveau d’énergie interne I € R . Puisque la valeur de I’énergie fondamentale
n’a pas d’importance dans le cas du gaz simple (voir la section précédente), nous la fixons a zéro; ainsi,
I’énergie d’une molécule dans I’état (v, 1) est

1
2
—mlv]“+1,
2
ou m > 0 est la masse d’une molécule.
La mesure d’intégration sur Ry — la loi d’énergie — sera dénommée p. Aussi, nous la supposerons

absolument continue par rapport a la mesure de Lebesgue, de telle sorte qu’il existe une fonction ¢ :
Ry — R, mesurable (et strictement positive presque partout), telle que

du(l) = p(I)dI, I€eR,.

Collisions résonantes Il a été constaté que certaines molécules exhibent un comportement collisionnel
singulier ; nous renvoyons a [I20] explicitant ce phénomene pour les molécules de COa.
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Lors d’une collision entre deux molécules polyatomiques, représentée ci-

contre, dont les états pré- et post-collisionnels sont respectivement désignés

par (v, 1), (v, L) et (v, ), (v, I,), la quantité de mouvement et 1’énergie

* totale du systeme a deux molécules sont conservés. La collision est dite

\v’ I résonante lorsque, de surcroit, 1’énergie cinétique et 1I’énergie interne du

Q Vs, Iy é ’ systeme a deux molécules sont séparément conservées. Cela se traduit alors
par les lois de conservation suivantes :

v'—i—v; =V + Uy,
V'[P + [0 * = [v]? + |, (1.65)
I'+1I,=1+1.,.

On observe dans (IT63) une décorrélation compleéte entre la vitesse et I’énergie interne. Elle se retrouvera
plus tard sur les distributions d’équilibre. En particulier, les équations sur les variables de vitesses sont
identiques au cas monoatomique. On peut en déduire, en utilisant la représentation en o, que v, v, v', v/,
satisfont aux équations de conservation (ICB3) si et seulement s’il existe un angle o € S? tel que

;o vt v v— vy , UFve |u—
v = +——o, vy, = -—o.
2 2 2 2

D’un autre c6té, I’équation de conservation de 1’énergie interne est trivialement équivalente a

I'el0,I+1,), I.=I+I,-T. (1.66)

Mesure d’intégration associée a la variable post-collisionnelle Dans ce cadre, a la différence du
modele polyatomique usuel, dans lequel, dans 1’opérateur de Boltzmann, I’intégration porte notamment
sur les deux variables internes post-collisionnelles I’ et I, (voir (ICZR)), I’intégration ne porte, dans le
cas résonant, que sur une seule variable post-collisionnelle, disons I’ pour la suite, puisque 1’autre est,
par (IC6A), completement déterminée par la premiere et les variables internes pré-collisionnelles. Toute-
fois, il faut prendre en compte les deux molécules. Ainsi la mesure d’intégration associée a la variable
interne post-collisionnelle I’ doit étre une loi d’énergie relative a deux molécules : elle aura la forme
d’une convolution de y avec elle-méme — p étant la loi d’énergie d’une molécule. Pour I, I, > 0 nous
définissons alors la mesure pa[I + I,] définie sur [0, I + I,] par

dpo[I + LI = (I + 1, — I p(I'\dI',  I'€0,1+1]. (1.67)

Dans [24], ou le modele résonant a été proposé, I'utilisation de la paramétrisation permet de contourner
cette difficulté. Je mentionne par ailleurs que le chapitre 8 est une version mise a jour de [38], qui prend
en compte la bonne mesure p2. Une justification de (IC&7) peut étre apportée via un passage a la limite
depuis le modele quasi-résonant — voir la sous-section B3 du chapitre B.

Opérateur de collision Boltzmann Définissons a présent 1I’opérateur de Boltzmann associé a ce cadre.
Puisque la singularité du modele n’est présente que dans les collisions, 1’équation de Boltzmann corres-
pondante aura la méme forme que décrit précédemment dans le cadre polyatomique usuel — voir (I"48)
— ainsi nous ne la détaillerons pas de nouveau.

On définit ’opérateur de Boltzmann résonant, pour une densité f = f(v,I) > O et tout v € R3, TRy,
par

apwn= [ el - s n s )
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X B (v,v4, I, I, I' ;o) dodve dpe[I + L] (I') du(Ly), (1.68)

ol v/ et v/, sont donnés par (IF) (comme dans le cas monoatomique), I, = I + I, — I’ et B™ > 0
est le noyau de collision. Ce dernier satisfait les propriétés de symétrie et micro-réversibilité (données
explicitement dans (E12)—(E13) au chapitre B), ainsi que la condition d’étre non nul uniquement lorsque
la collision est possible, ¢’est-a-dire, pour tout (v,v«,I, I, I',0) € R3 x R3 x Ry xRy xRy x 2,

B (v,v,,1,1,,I',0) > 0 — 0<I'<I+1,,

permettant d’assurer que (ICAR) ait bien un sens — rappelons que dyz (I + I,.](I’) n’a de sens que quand
0<I'<T+1..

Températures cinétique et interne Soit une densité de molécules f = f(v,I). Dans ce cadre, il est
pertinent d’étudier, non pas la température globale 7" (donnée par [C44), mais les températures cinétique
et interne Ty, et T;, définies par

T ::3//, "y~ f(o, ) dodu(I), (1.69)
3p JJr3xr, 2

T;:=0; ! <1 // If(v,I) dvdu(l)) : (1.70)
p R3XR+

avec p la densité associée a f, u sa vitesse moyenne et ©; défini par, pour tout 7' > 0,

ou § est le nombre de degrés de liberté internes, donné dans ([Z3).

Equilibre thermodynamique et maxwellienne a deux températures Considérons a présent la fonc-
tionnelle d’entropie, définie comme dans (I”ZR), ou 1’on remplace £ par R et ¢ par I. Nous avons, grice
a [44], le théoréme suivant.

Théoreme 1.6

Théoreme H. [Polyatomique résonant]
1. Formellement, le long d’une solution de I’équation de Boltzmann polyatomique résonante, I’en-
tropie est dissipée.

2. La dissipation d’entropie résonante d’une densité f = f(v,I) > 0 s’annule si et seulement si f =
M(p,u,T;,Tx], ou p, u, T; et T}, sont respectivement la densité, la vitesse globale, la température
interne et la température cinétique associées a f définis dans (IC42)—(C43) et (C6Y)—(Z0) et, pour
tout (v, 1) €R3 x R,

27T —3/2 1\ ! mlv — ul? I
M[P,U,E’,Tk](va])zg <mk) Z<T> exp <_|2Tk|_T>’ (1.71)
1 1

ou nous rappelons que Z est la fonction de partition, définie en (I38).

On retrouve dans le théoreme ci-dessus la particularité fondamentale du modele résonant : a 1’équilibre
thermodynamique, les températures cinétique et interne sont a priori distinctes. En effet, comme il n’y
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a pas d’échange entre les énergies cinétique et interne, les températures correspondantes n’ont aucune
raison d’étre confondues.

1.3.1.2 Etude du linéarisé et théoréme de compacité

Une étude au voisinage de 1’équilibre peut étre conduite ici en considérant 1’opérateur de Boltzmann
polyatomique résonant /inéarisé. De maniere similaire au cas monoatomique (voir sous-section [T4),
considérant une distribution d’équilibre M (ici, une maxwellienne a deux températures), on peut définir
L I’opérateur linéarisé de 1’opérateur de Boltzmann polyatomique résonant, associé a M et au noyau de
collision B, par

L=K-7Id,

ou 7 = 7(v,I) est la fréquence de collision, 1d 1’opérateur identité et K s’écrit, pour toute fonction
g = g(v,1) telle que ce qui suit ait un sens, et tout (v,I) € R3 x R,

Kg(v,I) :M(m)l/?/

R3x (R4 )2 xS?
X M(vi, L) B** (v, 04, I, I, I' ) o) dve d o [T + L) (I') dpu(L) do.  (1.72)

(IM72g) 0! 1) + M), 1) = M) (04, 1))

Compacité de X Comme expliqué en sous-section T4, la propriété clé a obtenir dans 1’étude du
linéarisé est la compacité de K. Ainsi, au chapitre B, nous montrons le théoréme suivant.

Théoreme 1.7

Compacité de K. On suppose que la densité ¢ de la mesure p se comporte comme une fonction
puissance aux voisinages de 0 et de I’infini (voir (E2)—(E3)) et que le noyau de collision B™* satis-
fait certaines hypotheses de bornes supérieures (voir (E13)—(ET1)). Alors K est compact comme
opérateur de L (R® x Ry, dvdy(I)) dans lui-méme.

Soulignons que 1’espace L? que ’on considere dans le théoreme est effectivement celui qui a du sens
dans notre cadre, puisque la mesure associée a R est bien p.

Eléments de preuve du théoréme IZZ Donnons un rapide apercu de la preuve de ce théoréme, faisant
I’objet du chapitre Bl. La spécificité du modele résonant, dans lequel on observe, au niveau des lois de
conservation, la séparation entre les variables v et I, nous permet, dans la preuve de la compacité de K
de scinder de la mé&me maniere [’étude en deux parties, une portant sur la variable de vitesse v et I’autre
sur celle du niveau d’énergie interne 1.

D’un coté, la partie en la variable de vitesse v se ramene exactement au cas monoatomique. Ainsi, nous
utilisons majoritairement des résultats existants [93, &6]. D’un autre c6té, la partie en la variable de niveau
d’énergie interne I requiert un traitement spécifique, faisant 1’objet principal de 1la démonstration. Enfin,
la structure de la preuve du théoréme [ suit la méthode proposée dans [26], en montrant la compacité
via des propriétés de décroissance a I’infini et d’équicontinuité.

Nous proposons de plus en annexe une variante a la preuve originale de Grad, apportant une interprétation
géométrique et une extension du résultat a une classe un peu plus large de noyaux de collision (et qui
pourrait se généraliser au cas polyatomique non résonant).
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1.3.2 Un modele de gaz polyatomique avec collisions quasi-résonantes

Le chapitre B de cette these est dédié a la construction d’un modele pour un gaz polyatomique dans
lequel les collisions sont quasi-résonantes. On discutera aussi qualitativement certaines propriétés atten-
dues, en appuyant nos arguments par des expériences numériques. Ce faisant, nous avons proposé une
approche pour obtenir, depuis Boltzmann, des équations de type « Landau-Teller » sur la relaxation des
températures.

1.3.2.1 Le modéele

On se place dans le méme cadre que dans la sous-section précédente (traitant du modele polyatomique
résonant), et utilisons les mémes notations — en particulier, la mesure p désigne la loi d’énergie. L’idée
du modele quasi-résonant est de rendre un peu plus flexible le modele résonant, de la maniere suivante.

Notion de quasi-résonance

Reprenons une collision entre deux molécules polyatomiques, représentée
9 o ] Q c'i—co,ntre, dont les états pré- et/po/st—col/lisi/cmnels sont 1.re/spectivement dé-
’\‘ /v’,I’ signés par (v,1), (v*,I*)\et (v I, (v*,{*). La quantité de fnouvemer{t
et I’énergie totale du systtme a deux molécules sont conservés. La colli-
/, \ ) sion sera dite quasi-résonante lorsque, de surcroit, I’énergie cinétique et
Q ve, I Vs L I’énergie interne du systeme a deux molécules sont a peu pres séparément
0 conservées. Cela se traduit donc par les lois de conservation polyatomiques

usuelles

v + v; =V + Vx,
1 12 / 1 112 ! _ 1 2 1 2
§m|v |“+T +§m\v*| +I*—§m\v\ +71+ §m|v*| + L, (1.73)
ainsi qu’une condition de quasi-résonance de la collision, demandant moralement que
[0 4 s | = o 4 o 2,
ou de maniere équivalente (d’apres (ICZ3)),
I'+ I ~T+1I..

1l s’agit donc de donner un sens mathématique rigoureux a cet a peu pres, et d’en traduire un comporte-
ment physique interprétable.

La résonance comme singularité, approximation du Dirac Pour commencer, nous allons représenter
le cas résonant comme une variante singuliere du cas polyatomique usuel. Rappelons les mesures d’in-
tégration intervenant dans 1’opérateur de Boltzmann dans chaque cas. Dans le cas polyatomique usuel,
cette mesure s’écrit — on rappelle que ¢ est la densité de la mesure . par rapport a la mesure de Lebesgue

sur Ry —
B(v,v, I, I, I' I, o) do dvs (L) o(I') p(I.)d 1. dI' d 1, (1.74)

tandis que dans le cas résonant, cette mesure s’ écrit

B (v,vy, I, I, I',0)dodv. (L) o(I") (I + I — L) dI.dT’, (1.75)
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ou I’on a considéré deux noyaux de collision, B dans le cas polyatomique usuel et B™ dans le cas
résonant. Supposons a présent, pour fixer les idées, que B est continu et que B = B sur ’ensemble
{I, =TI +1,—1'}, dans le sens ou

Bw,ve, [, L, I' I+ I, — I',0) = B (v,v., I, L, I, 0). (1.76)
On constate qu’alors, on peut formellement réécrire (I"Z3) comme
B(’U,’U*,I,I*,I/,IL,U) X 6{[4»[*}([/_'_[;) X dO'dU* QO(I*)QO(I/) gO(Ii)dI* dI/dIia

ou & {z} désigne la mesure de Dirac en = € R. On retrouve alors (I”74), multiplié par une mesure de
Dirac. On conclut que le cas résonant s’ interpréte comme un cas polyatomique dans lequel le noyau
de collision est supporté sur un ensemble de dimension inférieure a I’ensemble usuel.

Bien que cette interprétation soit formelle, il en découle un moyen tres naturel de définir la notion de quasi-
résonance, via I’ approximation de la mesure de Dirac § (I+ I*}(I '+ 1I). Ainsi, dans le cas quasi-résonant,
on considérera un noyau de collision supporté sur un ensemble de méme dimension que dans le cas
polyatomique usuel, mais qui est « proche » (dans un certain sens) d’un noyau concentré sur I’ensemble
correspondant au cas résonant, de dimension inférieure.

Une proposition de modélisation de la quasi-résonance Dans notre approche, nous considérerons un
noyau de collision polyatomique usuel

B= B(’U,’U*,I,I*yllali7a)7

que nous appellerons noyau de référence. Rappelons que le cas résonant revient moralement a considérer
le noyau B x 0747,y (I' + I).

Soit (xc)es0 une famille de fonctions sur R? positives et non totalement nulles 3, permettant d’approcher
0741,y (I" + I). Nous définissions la famille de noyaux (B )c>0 par

B. = B X xe, (1.77)

ou nous détaillerons plus loin les arguments de la fonction .. Le parametre € > 0 est ici appelé paramétre
de quasi-résonance.

Il semble alors que 1’on a bien modélisé la notion de guasi-résonance : en effet, dans la limite € — 0 on
retrouve formellement le cas résonant, et pour tout € > 0, le noyau B, autorise bien (au moins un peu)
des échanges d’énergie entre les parties cinétique et interne.

Un choix de modélisation Il convient a présent de faire un choix de modélisation : quelle famille
(Xe)e>0 serait-il le plus judicieux de considérer ?

Dans ce qui suit, on utilisera les notations usuelles £, R, R’, ainsi que les notations Ey, Ej_ et E;, E,
définies par, pour tous v,v, € R3, 0 € S% et I, I, I, I, € R tels que I' + I, < Zlo — v, 2+ T + L,

Ek::%|v—v*|2, Ei:=1+1,, E;C::%|v'—v;|2, El:=I'+I., E:=E,+E,

3. Dans cette section, la notation € désigne le parametre de quasi-résonance.
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ol v’ et v/, sont définis comme dans (I"ZT) (mais en représentation en o), et

_ B

R:= R = %

: 1.78
= - (1.78)
On remarque qu’avec ces notations, la collision est résonante si et seulement si

R=R.

Ainsi, nous allons approcher le Dirac en { R = R’} par une famille de fonctions indicatrices d’un « petit »
ensemble de (0,1)? autour de { R = R'}, lesquelles seront convenablement normalisées.

Nous choisissons la famille de fonctions suivante, pour e > 0 et R, R’ € (0,1),

cn(R, R
Xe(R,R') = ”(275) Ln(R)—n(Rr)|<e]> (1.79)

ol 77 est un C!-difféomorphisme de (0, 1) dans R et cy estune fonction de normalisation (continue)
pouvant étre choisie librement, du moment qu’elle vérifie
(R, R)=cy(R,R), R,R €(0,1), (1.80)
en(R,R) =1'(R), Re(0,1). (1.81)

Ci-dessus, nous avons introduit la fonction 7, C*-difféomorphisme de (0,1) dans R. La raison de ce choix
— au lieu de considérer simplement 1}z _ g/|<.) — est double :

1. en passant dans R, nous éviterons des effets de bord,
2. cela offre une plus grande flexibilité de modélisation.

La condition de symétrie (I80) sur la constante de normalisation permettra d’assurer la micro-réversibilité
du noyau de collision quasi-résonant défini par (I"Z1), et la condition diagonale (ICXT) permet d’assurer
la validité de I’approximation.

Opérateur de Boltzmann et théoreme H On définit I’opérateur de Boltzmann correspondant au mo-
dele quasi-résonant, pour un certain £ > 0, une densité f = f(v,I) et (v,I) € R3 x R, par

i nwn= [l [ ASCLIS0L I~ s DL
Be(v,v4, I, I, I, T, ,0)dodve dp (L) dp(I") dp(IL),  (1.82)

ol dans I'intégrale, v’ et v/, sont définis comme dans (I”ZT) (mais en représentation en o),
BE(U7U*7IaI*7I,>I;7U) = B(’U,’U*,I7I*,I,,Ii,0') X XE(R7 Rl)v

et les notations R et R’ étaient introduites en (I_ZR).

Puisqu’on autorise (méme si c’est en faible quantité) des échanges entre 1’énergie cinétique et 1’énergie
interne, on obtient sans surprise le théoréme suivant, donnant un résultat identique au cas polyatomique
usuel (ou tous les échanges possibles sont autorisés) :
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Théoreme 1.8

Théoréme H. [Polyatomique quasi-résonant]

1. Formellement, le long d’une solution de 1’équation de Boltzmann polyatomique quasi-résonante,
I’entropie est dissipée.

2. La dissipation d’entropie polyatomique quasi-résonante d’une densité f = f(v,I) > 0 s’annule
si et seulement si f = M|p,u,T], ol p, u et T sont respectivement la densité, la vitesse globale et
la température associées a f définis comme dans (C42)—(IC44) et, pour tous (v,]) € R3 xRy,

_p (2T (N (o=l T
M[p,u,T](v,I)—m ( - ) Z T exp 5T T (1.83)

Soulignons qu’a I’équilibre (ICX3), il y a, contrairement au cas résonant, une seule température.

Discussion qualitative sur les propriétés attendues du modele Dans ce paragraphe, nous discutons
de maniere informelle les propriétés qu’il semble raisonnable d’attendre du modele.

Moralement, on peut comprendre I’opérateur de Boltzmann quasi-résonant (C82) comme la somme
de I’opérateur résonant correspondant — dont le noyau associé serait B™* que I’on définirait comme
dans (IZ7A) — et qui serait « d’ordre 1 », et une partie autorisant les échanges entre énergies, et qui elle
serait « d’ordre € » (nous n’avangons rien ici sur I’ordre précis). Ainsi, la dynamique devrait étre tres
largement conduite par la partie résonante, et faiblement altérée par la partie contenant les échanges.

Ainsi, on peut s’attendre a ce que la dynamique quasi-résonante se déroule en deux temps :
1. en temps court, la dynamique se rapproche d’une maxwellienne a deux températures,

2. une fois ce temps passé, en temps long, la dynamique reste proche de la forme maxwellienne a deux
températures, et les deux températures T}, et T; relaxent I’une vers 1’autre.

Nous soulignons que le premier temps « court » ne devrait pas (en premiere approximation) dépendre du
parametre de quasi-résonance ¢, mais uniquement du noyau résonant B"*. Nous soulignons aussi que
dans le cas polyatomique usuel, il n’y a aucune raison que, pour une donnée initiale maxwellienne a
deux températures, la dynamique reste proche de cette forme ; c’est faux en général. Cette propriété peut
apparaitre dans le cas quasi-résonant car le « dérangement de la forme de la distribution » causé par la
partie non-résonante est tres faible comparé a I’effet de retour vers la maxwellienne a deux températures
causé par la partie résonante.

1.3.2.2 Dérivation d’équations de type Landau-Teller

De la discussion précédente émerge une question : étant proche de 1’équilibre de temps court intermé-
diaire (la maxwellienne a deux températures), sachant que la dynamique reste approximativement proche
de cette forme et que seules les températures T}, et T; évolueront dans le temps, peut-on obtenir une
équation simple décrivant la relaxation de ces températures 1’une vers 1’autre ? Dans la littérature, ce type
d’équation est communément appelé « équation de Landau-Teller », voir [I37].

La forme maxwellienne permettant de mener des calculs explicites, a un instant ¢ > 0 ou la distribution
est exactement une maxwellienne a deux températures, on peut trouver, pour une large classe de noyaux
de collision, des équations différentielles ordinaires simples que vérifient localement les températures ci-
nétiques et internes — de la forme des équations de Landau-Teller. On obtient alors la proposition suivante.
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Proposition 1.9

Equation de Landau-Teller locale pour certains noyaux. Considérons un noyau de collision
quasi-résonant B, d’une forme spécifique donnée dans (B30), et considérons Q. 1’opérateur de
Boltzmann associé (IC82). Soient p > 0, u € R3, TiO,T,? > 0, considérons f = f(t,v,I) une solu-
tion de 1’équation de Boltzmann homogene associée, avec comme condition initiale une maxwel-
lienne a deux températures,

0ef = Qe(f.6), F(t=0) = Mlp,u, 77, T})] (1.84)
Alors, en notant T;(t) la température interne associée a f(¢,-, -), définie dans (I"Z0), on a

dT;(t)

5| = O T (T =T) + O(eY), (1.85)
t=0

ot C(+,-) ne dépend, outre ses arguments, que de 7 et du noyau de collision de référence associé

B, etest tel que
C(T,T)>0, T>0.

Dans la proposition ci-dessus, I’équation de Landau-Teller (I"83) est obtenue a un temps ot la distribution
est exactement maxwellienne a deux températures. Il est attendu que la distribution ne reste pas de cette
forme durant la dynamique, néanmoins, comme expliqué plus tot, il est aussi attendu dans le cas quasi-
résonant que la distribution reste proche de cette forme durant la dynamique (plus ¢ est petit, plus cela
sera vérifi€). Ainsi, cela nous conduit a émettre la conjecture suivante.

Conjecture. Si f est solution de (IC84), alors on a, pour € assez petit, que pour tout ¢ > 0,

(Ti(8), T (t)) = (Ti(t), Tk (2))-

ou
T _
dd =2 C(T;,Ty) (Ty —T), T;(t=0) =T,
7}6:—77 T T = = 0
= o (©:(T5)), T(t=0)=T

ou § est le nombre de degrés de liberté internes, donné dans (I43).

1.3.2.3 Expériences numériques et discussions finales

Enfin, nous menons des expériences numériques pour tester la validité de la conjecture annoncée
ci dessus (ICBA). D’une part, nous simulons 1’équation de Boltzmann homogene 3D associée a certains
noyaux de collision quasi-résonants et une condition initiale maxwellienne a deux températures, et com-
parons la température interne 7; de la solution en fonction du temps avec la solution 7'; du systéme
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d’EDO (I¥6), que nous résolvons numériquement. Cela nous fournit alors une validation numérique
de la conjecture — dans le sens ou 1’on pourra affirmer non qu’elle est vraie mais qu’elle est au moins
raisonnable.

Simulation de Boltzmann homogeéne par méthode DSMC  Une approche standard pour simuler I’ équa-
tion de Boltzmann est la méthode DSMC (Direct Simulation Monte Carlo). Nous renvoyons aux écrits

de Bird a ce sujet, notamment a [2Z]. Il s’agit d’une approche stochastique ou 1’on simule un systéme de

particules représentatives, avec une interprétation physique immédiate : on peut par ailleurs comprendre

cette méthode non comme une approximation de I’équation de Boltzmann, mais comme une modélisa-

tion différente du méme phénomeéne. L’ avantage formidable de cette méthode réside en son faible cofit

d’un point de vue numérique. Sa limite réside en son aspect stochastique, pouvant amener, dans certaines

situations, a devoir considérer un grand nombre de particules pour pallier au bruit di a I’aléa.

Implémentation Nous avons implémenté la méthode DSMC en python, ce langage étant simple d’uti-
lisation et flexible, notamment grace aux librairies disponibles comme numpy, matplotlib, scipy et
numba, cette derniere palliant a la lenteur de python lors de I’ utilisation de boucles, via la possibilité de
compiler des fonctions et de paralléliser les calculs. D’un autre c6té, on résout le systeme d’EDO (I[CXH)
avec le solveur solve_ivp implémenté dans la librairie scipy. Tout cela considéré, des résultats si-
gnificatifs peuvent étre obtenus en quelques minutes sur mon propre ordinateur.

Résultats numériques et discussion Nous donnons en figure A un résultat numérique que nous avons
obtenu. Les températures initiales sont T,? =1let TZ.O = 50, la température d’équilibre associée est T,q =
20.6, et I’ensemble des autres parametres est donné en sous-section B3 2.

_________ — T, - DSMC
~ T; - Landau-Teller

45 N —- T
A & 103 4

N
o
!

107 4

Temperature
w
o
|
Relative error

w
S}
!

1075 4

N
v
L

20 A

O.dOO 0.[;05 0.610 0,615 0.620 00‘25 0.630 0.000 0.005 0.010 0.015 0.020 0.025 0.030

Time Time
(a) Tracé des courbes de température interne via la simula- (b) Tracé de Ierreur relative |T; — T';|/T; en fonc-
tion DSMC, Tj, et la résolution de (ICE8), T';. tion du temps.

FIGURE 1.6 — Résultats numériques : test de la conjecture.

On constate sur la figure A que le systeme d’EDO ([C88) reproduit tres fidelement le comportement des
températures internes et cinétiques (on montre ici seulement la température interne), validant la conjecture
avancée pour notre ensemble de parametres.
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1.4 Meéthodes entropiques et relaxation vers I’équilibre pour I’équa-
tion de Boltzmann-Fermi-Dirac

Dans cette derniere section, nous introduisons la partie I de cette these, dont 1’objet d’étude est
I’équation de Boltzmann-Fermi-Dirac, en particulier le comportement en temps long de ses solutions.
Dans le chapitre B, qui est une reproduction de [Bf], nous dresserons, via 1’obtention d’une inégalité
fonctionnelle, un pont entre les cas de Boltzmann classique et quantique (fermionique). Grace a ce dernier,
nous montrerons, dans le chapitre [, reproduction de [B9], la convergence des solutions de Boltzmann-
Fermi-Dirac homogene (potentiels durs avec cut-off) vers leur équilibre associé, avec un taux algébrique
explicite.

1.4.1 L’équation de Boltzmann-Fermi-Dirac

L’équation de Boltzmann-Fermi-Dirac, aussi appelée équation de Nordheim pour les fermions, pro-
posée dans les années 1930 par Nordheim [38], Uehling et Uhlenbeck [154], se retrouve en physique
notamment dans 1’étude de la distribution d’électrons au sein de semi-conducteurs. Pour reprendre les
termes de Villani [156, chapitre 5.3] (ici, en frangais), ce modele « ne repose pas sur le formalisme quan-
tique traditionnel, [...] il s’agit plutot d’une description classique de particules en interaction avec des
caractéristiques quantiques ». Nous modélisons le comportement de la distribution des fermions comme
celui d’un gaz raréfié simple, composé de particules ayant une spécificité de nature quantique. Pour étre
plus précis, nous ajoutons au modele de Boltzmann classique, présenté en section [l de ce chapitre, le
principe d’exclusion de Pauli, satisfait par les fermions.

1.4.1.1 Modélisation

Dans ce qui suit, une particule (un fermion) sera décrite, a un instant ¢, par sa position = € R3 et sa
vitesse v € R3. Notant 7 > 0 sa masse, les quantité de mouvement et énergie cinétique d’une particule
ayant pour vitesse v seront donnés respectivement par

1 2
mv et —m]v|*.
2
Il est d’intérét d’étudier la densité de fermions f = f(t,z,v) > 0, dépendant donc du temps ¢, de la
position x et de la vitesse v. Nous laissons dans la suite de c6té la variable d’espace « — nous placant
ainsi dans le cas homogéne — et étudions donc une densité f = f(¢,v). Il sera courant, lorsque nous nous
concentrerons sur les opérateurs en jeu, que nous laissions aussi de coté la variable temporelle ¢.

Principe d’exclusion de Pauli Le principe d’exclusion de Pauli, énoncé a la fin des années 1930, af-
firme que deux fermions ne peuvent pas se trouver simultanément dans le méme état quantique. Dans
notre cadre, cela implique que la densité de fermions f est bornée supérieurement. La densité maximale

sera donnée par la constante
1

£

oll £ > 0 est appelé le paramétre quantique,* et dépend en particulier de la constante de Planck et de
I’espece de fermions considérés. Dans le cas des électrons, ¢ est de ’ordre de 10710, voir [3, @]. On
considérera alors généralement que ¢ est petit.

4. Dans cette section, la notation € désigne le parametre quantique.
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On propose en figure 2 ci-dessous une représentation de ce principe. Considérant un certain état v € R3,
la densité f(v) de fermions en v sera comprise entre 0 — I’état est inoccupé — et 1 /e —1"état est dit saturé.
Ainsi, la proportion d’occupation de v vaut € f(v), et la proportion d’états encore disponibles (au niveau
microscopique) est 1 — e f(v).

0 f) 1/e

ef(v) 1—gf(v)

FIGURE 1.7 — Représentation de I’occupation de I’état v € R3.

Collision entre fermions Considérons une collision entre deux particules devant satisfaire au principe
de Pauli.

On note comme précédemment (v, v,) et (v/,v7,) les couples de vitesses pré-
et post-collisionnels. Les principes de conservation de la quantité de mouve-
ment et de I’énergie sont toujours vérifiés ici, menant, comme dans le cas de
Boltzmann classique monoatomique, a

\) v /‘ v
*
/ / ’_
\ UV F U, =V + Vs
/

v 2 2 2 2

N o [P+ P = ol + o
Ici, néanmoins, on doit préciser que la probabilité d’une collision dépend aussi du taux de disponibi-
lité de chaque état. A titre d’illustration, avec les notations ci-dessus, on voudra implémenter que plus

v’, v, sont occupés, moins la collision (v,v,) — (v',v7) sera probable — car plus faible sera la proportion
d’états (microscopiques) disponibles.

1.4.1.2 Lopérateur de collision de Boltzmann-Fermi-Dirac

Considérons un noyau de collision B, satisfaisant aux hypotheéses de symétrie (ICod) et de micro-
réversibilité (CBH). On définit alors ’opérateur de Boltzmann-Fermi-Dirac ), pour tout f = f(v) €
[0,1/¢] tel que ce qui suit ait un sens et tout v € R3, par

Qa(f,f)(v)Z//Rg o BN =efe) = ff(1—ef )1 ~ef)} B(v,vx,0) dodve, (187)
olt Pon a utilisé les raccourcis f = f(v), fu = f(vi), f' = f(V') et fl = f(v}), et ou v/ et v} sont
fonctions de v, v, et o, définis dans (IC4).

Nous soulignons que la différence entre ). et I’opérateur de Boltzmann monoatomique classique (g
réside en la présence des termes en (1 —¢ f). Comme expliqué plus tot, ceux-ci rendent compte du principe
d’exclusion de Pauli, et quantifient le nombre d’états (microscopiques) encore disponibles. Choisissant
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formellement € = 0 (correspondant a prendre la constante de Planck égale a 0) dans (IS2), on retrouve
exactement 1’opérateur de Boltzmann classique, d’ou 1’appellation Qg de ce dernier.

On observe la forme faible de I’opérateur Q. : pour tout f = f(v) € [0,1/¢] et vb = 1)(v) une fonction
test telle que ce qui suit ait un sens, on a

/ Q-(f, £)(v) ¥(v) dv =
]R3

_1/// {ffid—ef)(1—cf)— ffQ—ef YA —efl)} (¥ + ¢} — ¢ — ) Bdvdu,do,
R3 xR3 xS2

4
(1.88)
qui nous sera utile plus loin.

Equation homogene de Boltzmann-Fermi-Dirac Dans ce qui suit, nous nous placons dans le cadre
homogeéne en espace, c’est-a-dire que 1’équation a laquelle nous nous intéressons est

Afe(t,0) = Q=(f°(), fF(t)(v), () ERy xR?,
fs(o) = fiI‘H
ol fin = fin(v) > 0 est une condition initiale adaptée. Afin d’éviter les confusions dans ce qui suit, nous

noterons f¢ = f¢(t,v) > 0 une solution de (I8Y), et f = f(v) > 0 des fonctions génériques sur R? (non
lies a I’équation (CX9)).

(1.89)

Conservation de la masse, de la quantité de mouvement et de I’énergie De maniére similaire a
I’opérateur de Boltzmann classique (g, I’opérateur quantique (). satisfait bien les propriétés attendues
de conservation de la masse, de la quantité de mouvement et de I’énergie, au sens ou, en utilisant (I"88),

1
/ QU )w) | v |do=0.
R3

o]
Ainsi, les solutions f¢ de (I89) sont telles que pour tout temps ¢, les masse, quantité de mouvement et
énergie de f€(¢) sont identiques a celles de la condition initiale fjj.

Equilibres a la dynamique de Boltzmann-Fermi-Dirac Les distributions dites « d’équilibre » de la
dynamique (homogene en espace) de Boltzmann-Fermi-Dirac se décomposent en deux familles, selon
la température du systéeme. Fixons une masse p > 0 et un € > 0. On définit la température de Fermi
associée a p et ¢ par

2

1 /3cp)\3
T =—(—) . 1.90
(0.€) = 5 (47T) (1.90)

On trouve dans [123] que, pour tout f = f(v) > 0 tel que
1 p
/ f(v) v dv=1| pu [, (1.91)
R3

v —ul? 3pT
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on a

f<= = T3>ZT(oe), (1.92)

™ | =
ol N

et
f<

m | =

2 1
1
ot B(u, R?) désigne la boule ouverte de R? centrée en u et de rayon R? := (%) ? . On déduit de (T92)-

(CA) que F, appelé état saturé, est, a p et € fixés, la distribution la plus froide possible. C’est un
équilibre de la dynamique de Boltzmann-Fermi-Dirac, au sens ou

QE(FE:‘)FE) =0.

D’un autre coté, lorsque 7' > %T(g,s), il existe une unique (voir [I23]) statistique de Fermi-Dirac
associée 2 ¢, p, u et T, notée M, donnée pour tous v € R3 par

ea5+b€|v—u\2

M (v) =

T 4 ceoetbe—ul (1.94)

et az € R, b: < 0 sont uniquement déterminés (de maniere implicite) de telle sorte a ce que M puisse
satisfaire a la méme normalisation que f, équation (I"I). Ces statistiques sont des équilibres de la dyna-
mique de Boltzmann-Fermi-Dirac, au sens ou

QE(MsyME) =0.

Notons que, pour une solution f¢ de (IC89), puisque les masse, quantité de mouvement et énergie sont
conservées durant la dynamique, on sait que pour tout temps ¢, la distribution M. associée a f¢(t) est la
méme que celle associée a la condition initiale fj;,.

Entropie de Fermi-Dirac Nous donnons a présent la définition de I’entropie de Fermi-Dirac. Pour tous
€ > 0, on pose

D, (z) := /Ox log <1y€y) dy, x €1[0,1/e]. (1.95)

Notons que . est bien définie et continue sur [0, 1/¢], strictement convexe et C2 sur (0,1/¢). On définit
alors la fonctionnelle d’entropie de Fermi-Dirac H., pour tout f = f(v) € [0,1/¢] telle que ce qui suit
ait un sens, par

Ho(f) = /R3 . (f(v)) dv. (1.96)

Explicitement,

Hg(f):/RB{flogf+s_1(1—5f)log(1—sf)}dv.

Remarque 1.8. En prenant € = 0 dans (C9), on retrouve g : x € Ry — xlogx — , ainsi Hy corres-
pond effectivement a I’entropie classique.

Remarque 1.9. Je souligne que I’on retrouve bien en la statistique de Fermi-Dirac la forme d’équilibre
générale (CXA) discutée en sous-section ! remarquant que

(@)~

_exp
"~ l4ceexp’
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il vient, pour un certain (o, 3,7) € R x R3 X R, que I’on a, pour tout v € R3,
Me(v) = (@) (a 14 B-v+7- o),

qui, rappelons nous, est le fruit direct de la fonctionnelle d’entropie et des quantités conservées. Cette
remarque permettra en fait d’aboutir naturellement au théoréme [[I4.
1.4.1.3 Relaxation a I’équilibre et méthodes entropiques

Dissipation d’entropie Formellement, pour une solution f¢ = f¢(¢,v) € (0,1/¢) de (IZX9), on a pour
tout temps ¢

d € — &€
THAL®) = ~Dos (1),

ou D, est la fonctionnelle de dissipation d’entropie de Fermi-Dirac — explicitée en (B29). Il a été obtenu
dans [T23] le théoréme suivant :

Théoreme 1.10

Théoreme H. [Boltzmann-Fermi-Dirac]

1. Formellement, le long d’une solution de I’équation de Boltzmann-Fermi-Dirac (I89), I’entropie
de Fermi-Dirac est dissipée.

2. La dissipation d’entropie d’une densité f = f(v) € (0,1/¢) s’annule si et seulement si f est une
statistique de Fermi-Dirac (associée au parametre €), dont la forme est donnée en (I°94).

On remarquera que dans le point 2. du théoréme ci-dessus, la condition 0 < f(v) < 1/ implique en
particulier que f n’est pas la distribution d’équilibre saturée.

Entropie relative a I’équilibre  On notera dans ce qui suit, pour une densité f = f(v) adaptée,
H.[f|M{]):= He(f) - H-(M{)

I’entropie de Fermi-Dirac de f relative a son équilibre associé. Cette quantité est positive, car Mg mini-
mise H. sous les contraintes de masse, quantité de mouvement et énergie cinétique imposée par f —nous
renvoyons a la discussion générale de la sous-section [CIT-274.

1.4.2 Transfert d’inégalités entropiques depuis le cas classique vers le cas quan-
tique

Dans le chapitre B de la partie I, nous obtiendrons des inégalités de type conjecture de Cercignani
(comme dans [[Z8, 153, 157, B, @]) dans le cas Fermi-Dirac — c¢’est-a-dire une minoration de la dissipation
d’entropie de Fermi-Dirac par une puissance de I’entropie de Fermi-Dirac relative a I’équilibre.

1.4.2.1 Stratégie générale et théoreme principal

Au lieu d’essayer de montrer directement ces inégalités, nous basons notre approche sur une idée de
« transfert ». Ainsi, nous prouverons en fait que si une inégalité de type conjecture de Cercignani
tient dans le cas classique, la méme inégalité (avec une constante 1égérement différente) tient dans le
cas Fermi-Dirac. Ayant obtenu cette méthode de transfert, on déduira des résultats obtenus dans le cas
classique [[/8, 153, 157, [73, [/T] toute une famille d’inégalités dans le cas Fermi-Dirac.
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Un lien entre les dissipations d’entropie classique et quantique Etablissons a présent le lien entre
les cas quantique et classique au niveau de la dissipation d’entropie. Rappelons que nous notons D; la
dissipation d’entropie de Fermi-Dirac (associée au noyau B fixé et a €) et Dy la dissipation d’entropie
classique (associée au méme noyau).

On peut en fait aisément observer que, pour tout kg € (0,1) et f = f(v) €[0,1/¢),0na

1—cf > ko = Dg(f)>méD0<1_fEf>. (1.97)

Cela établit un premier lien entre les cas quantique et classique.

Principe de transfert Le point clé de notre stratégie est le suivant — nous le donnons ici de maniere
informelle. Supposons connue une inégalité dans le cas classique, par exemple

Do(g) 2 HolglMG)' . (1.98)
Nous voulons obtenir la méme inégalité dans le cas quantique, c’est-a-dire
De(f) 2 He[fIMI]H. (1.99)

L’idée est de transiter par le cas classique : on passe de la dissipation d’entropie quantique a la classique
en appliquant (IC97), puis on passe de la dissipation d’entropie classique a I’entropie classique relative
a I’équilibre avec (ICYR), et pour conclure, on cherchera alors a passer de I’entropie classique relative a
I’équilibre a I’entropie de Fermi-Dirac relative a 1’équilibre. Pour clarifier,

f f _f 140
pn) 2 2o(125) 2 o[ M| 2y

On constate que (IT99) se déduit alors immédiatement de (I”9R) si la derniere inégalité ci-dessus est vraie.
Nous affirmons qu’elle tient effectivement, via le théoreme principal de ce chapitre :

Théoréeme 1.11

Comparaison des entropies relatives a I’équilibre.

Pour tous € > O et f = f(v) € [0,1/¢) tels que tous les termes suivants aient un sens, on a

/
l—ef

_f
Ho[ ‘Mgsf} > H.[fiM]I]. (1.100)

Cette inégalité fonctionnelle nous permet donc de transférer toutes les inégalités reliant entropie et dissi-
pation d’entropie du cas de Boltzmann classique a Boltzmann quantique. Nous mentionnons aussi qu’il
en est alors de méme pour I’équation de Landau (équation cousine a celle de Boltzmann) — bien que
des inégalités entropie/dissipation d’entropie étaient déja connues dans le cas de Landau-Fermi-Dirac [B,
4], notre méthode de transfert en offre de nouvelles, avec une preuve simple. Nous donnons ci-dessous
un corollaire majeur au théoréme [T, adaptant (via la méthode de transfert) le résultat de Villani [T57,
théoréme 4.1], donné pour Boltzmann classique, au cas Boltzmann-Fermi-Dirac. Certaines dépendances
ne sont pas explicitées ici, nous renvoyons au corollaire B3 du chapitre B pour le résultat détaillé.
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Corollaire 1.12

Inégalité entropique dans le cas Fermi-Dirac pour des noyaux généraux. Supposons I’existence
de By > 0O et f4,5- > 0 tels que pour tous v, v, € R3eto e S?,

B(v,v4,0) = By min (|v — v, |, \v—v*rﬁ*) ,

et B satisfait les hypothéses de symétrie (I"Ba) et micro-réversibilité (ITBH). Soit g € (0,1), 0 <
f e Li(R3)\ {0} ete > 0tels que 1 —ef > kg et f soit minorée par une gaussienne en vitesse.
Alors pour tout o € (0,1) il existe un K (f) > 0 explicite, dépendant de o, By, B+ et diverses
quantités liées a f, tel que

D(f) > Ko(f) H| fIMI] T (1.101)

1.4.2.2 Comparaison des entropies relatives a I’équilibre

Présentons a présent les éléments clés de la preuve du théoreme [T, dont certains ont leur propre
intérét en soi. Puisque notre attention se porte sur une comparaison de différentes entropies relatives a
I’équilibre, nous commengons par réécrire ces dernieres sous une forme plus facilement manipulable. En
effet, si I’on partait directement des formules explicites, nous devrions comparer

. f FN
HO[ ’M ] /3{1€f10g<1 f) 1ef}d“
Ml z-:f Ml Ef Ml Ef
—/ — log — | — — dv
R3 Ml fery ./\/ll T—ef ng T—cf
et

HAFIMI) = [ {7logf +&7(1—log(l —ef)}do
— / {MglogMg +e (1 —eMl)log(1— gMgf)} dv
R3

qui apparait, & premiere vue, €tre une tache bien ardue. Il se trouve qu’a I’inverse de 1’entropie relative
a une densité quelconque, 1’entropie relative a I’équilibre peut s’écrire sous une forme tres simple, que
nous avons explicitée dans un cadre général en sous-sous-section T4,

Représentation de Taylor de I’entropie relative a I’équilibre Définissons, pour tout € > 0, la fonction

X

pe(z) := T ea’ €10,1/e), (1.102)

ou I’on prend la convention que g soit I’identité sur R . Alors, pour tout € > 0 (donc aussi dans le cas
classique), et tout f = f(v) € [0,1/¢),0n a

@)
H.[fIM]] = // f L ol () dzdo. (1.103)
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Nous dénommons (ICT03) la « représentation de Taylor de 1’entropie relative a 1’équilibre » en raison
de sa provenance d’un développement de Taylor de @, a I'ordre 1 avec reste intégral. Il est clair que
cette formulation, outre présenter des avantages en soi, comme son évidente positivité et son utilité dans
la preuve d’inégalités de type Csiszar-Kullback, est bien plus aisément manipulable que les formules
explicites données plus haut. Elle fournit de plus une uniformité entre les cas classique et quantique, qui
simplifiera notre étude.

Proposition centrale de la preuve Donnons la proposition centrale a la preuve du théoreme [T, dont
cette fois nous explicitons les hypotheses précisément.

Proposition 1.13

Monotonicité d’une fonctionnelle d’entropie relative a I’équilibre.

Soit 0 < g € L3(R3) N Llog L(R3). On définit, pour tout € € R,
-1
Ry(e) == H. [gogl(g) ’Mfs (g)} (1.104)
Alors la fonction R est décroissante sur R .

Voyons en quoi la proposition I3 fournit bien le résultat annoncé par le théoréme Tl Prenons € > 0

et 0 < f = f(v) telle que

i € LA(R3) N Llog L(R?) — il s’agit bien 12 des hypotheses minimales
—e

pour que tous les termes du théoreme [TTl aient un sens — et posons g =

/ . Puisque, par la proposi-
1—¢f

tion I3, R, est décroissante sur R, on a en particulier que
Ry(0) = Ry(e).

Comme wgl(g) =g = 1_f€f et p-'(g) = f, I'inégalité ci-dessus est bien celle annoncée au théo-

reme [T

Arguments Notre méthode consiste a montrer la négativité de la dérivée de R4 sur R . Sans rentrer
dans trop de détails, les arguments principaux utilisés pour prouver la proposition T3 sont de nature tres
générale :

1. la représentation de Taylor de 1’entropie relative (ITJ),

2. le fait que I’équilibre s’écrive sous la forme (D/) ~1 d’une combinaison linéaire de quantités conser-
vées, donnée dans le cas général en (IC23),

3. le fait que pour tout € > 0, =+ J:p. () soit décroissante.
Les spécificités du cas Fermi-Dirac ne seront utilisées, outre le point 3 ci-dessus, que pour les points
techniques que sont :

4. la dérivabilité de R, sur R,

5. la continuité de R, en e = 0.

Notre méthode est donc formellement directement généralisable a d’autres cas (a la preuve de dérivabilité
et de continuité pres), si le besoin d’un tel résultat venait a se manifester.
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1.4.2.3 Quelques autres résultats

Du quantique au classique, ou résultats négatifs Via la méthode présentée précédemment, on peut en
fait aussi obtenir des inégalités « dans 1’autre sens ». En effet, on trouve aisément que

p.n<m (1),

On prouve aussi en Proposition B2 du le chapitre B, que pour tout kg € (0,1),e >0et0< f € L%(R3)
telleque 1 —ef > kg, on a

/
l—ef

Ainsi, la méthodologie peut aussi étre appliquée pour obtenir que si une inégalité d’entropie / dissipation
d’entropie est vraie dans le cas quantique, elle le sera aussi dans le cas classique. Cela implique que 1’on
peut aussi étendre les contre-exemples du cas classique (par exemple de [31]) : si une inégalité présente
des contre-exemples, dans le cas classique, alors la méme inégalité en présentera dans le cas quantique.

I
o \M&ﬂ < exp(16(s5" — 1)) H.IfIML].

Equation de Boltzmann-Bose-Einstein L2 ou le formalisme de Boltzmann-Fermi-Dirac ajoute 2 celui
de Boltzmann une propriété quantique satisfaite par les fermions, celui de Boltzmann-Bose-Einstein y
ajoute une propriété quantique satisfaite par les bosons. Elle a une forme trés similaire a I’équation de
Boltzmann-Fermi-Dirac : c’est en fait la méme, mais en changeant ¢ en —¢. Les propriétés des solutions,
dans le cas Bose-Einstein, sont cependant bien différentes que dans le cas Fermi-Dirac; 1a ou dans ce
dernier, elles sont bornées a priori, il survient dans le cas Bose-Einstein des phénomenes de condensation,
concentrant certaines (parties de) solutions en un Dirac. Ainsi, des inégalités impliquant des bornes L>°
semblent bien moins pertinentes dans le cas bosonique que dans le cas fermionique.

On peut toutefois aussi obtenir une comparaison entre 1’entropie classique relative a I’équilibre et 1’entro-
pie bosonique relative a 1’équilibre — voir annexe BAl

Inégalités de Csiszar-Kullback-Pinsker Nous avons présenté ces inégalités en premiere partie de cette
introduction et en avons proposé une généralisation a une large famille d’entropies et faisant intervenir
des normes LP, 1 < p < 2, a poids. Nous donnons ci-dessous la forme de ces inégalités dans le cas
de I’entropie de Fermi-Dirac relative a I’équilibre — simplifiée non optimale, voir proposition B10 au
chapitre B pour une version optimisée.

Soit @ : R3 — R mesurable et p € [1,2]. Pour toute > 0et 0 < f € L3(R3)\ {0} tel que 1 —ef >0 et
f n’est pas I’état saturé (voir (I'3)), supposant que toutes les normes ci-dessous sont finies, on a

o

2 !
v < 2max H./\/l8

oz I 2 H[f|M{], (1.105)
w2 w2

_Db_
ol M&f est la statistique de Fermi-Dirac associée a € et f. Pour p = 2, on interpréte L2-» comme L°°, et
on a défini les espaces LE, en (I38).

Les inégalités de CKP nous permettront dans la suite de passer d’une convergence au sens de [’entropie
relative a I’équilibre (qui n’est pas une norme), a une réelle convergence en norme — typiquement, une
norme L1, L% oul?a poids.
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1.4.3 Relaxation vers I’équilibre avec un taux algébrique explicite

Dans le chapitre [, qui est une reproduction de [BY], en collaboration avec B. Lods, nous utilisons
les résultats du chapitre B pour obtenir, pour les solutions de 1’équation de Boltzmann-Fermi-Dirac avec
cut-off et potentiels durs (voir plus bas les hypotheses du théoreme [T4) un taux de convergence vers
Péquilibre algébrique, explicite et, pour un certain €™ > 0 fixé dépendant uniquement de la condition
initiale fi, et du noyau de collision considéré, uniforme en ¢ < €.

1.4.3.1 Résultats principaux

Donnons directement le théoreme central de ce chapitre, avec ses hypotheses précises. L’existence et
unicité des solutions de (IL8Y) sous les hypotheses considérées ont été prouvées dans [T23].

Théoreme 1.14

Un taux explicite de relaxation vers I’équilibre. Soit B un noyau de collision de la forme poten-

tiels durs avec cut-off, ¢’ est-a-dire, pour v,v, € R3, o € S? et avec 0’ = \Z_Z*| ,
—Ux

B(v,v4,0) =b(o-0') |v— 0|7,

ot v € (0,1], et b est appelé noyau angulaire, satisfaisant 1’hypothése de cut-off b € L' ((—1,1)),
et tel que b > by pour un certain by > 0. Soit 0 < fin € LI(R3) N L>°(R3). Alors il existe des
constantes explicites Cyr > 0 et e™ > 0, dépendant uniquement de 7, b, pin, Uins Tin, || finll Ll et

|| fin || so» telles que pour tout & € (0,£'"], la solution unique f¢ de (I_8Y) associée a ¢ et la donnée
initiale fi, satisfait, pour tout temps ¢ > 0,

HA[f5(t) |[Mfn) < Cpr (1+1)77. (1.106)

De plus, pour tout p > 1 et k > 0, il existe Cy p, > 0, avec les mémes propriétés que Cyy, telles
que pour tout temps ¢ > 0,

| £ty = o

1
1p SCH,p,k(l—Ft)i%. (1.107)
k

Le résultat que nous proposons donne, via (I_T07), un taux de convergence a I’équilibre explicite dans
tout LZ, avec 1 < p < et k > 0. Rappelons que la norme Li a été définie en (IC33).

Pour obtenir le théoreme T4, nous avons montré le résultat suivant, qui présente un intérét en soi :

Théoréme 1.15

Une borne supérieure uniforme en ¢ > 0. Sous les mémes hypothéses et notations que le théo-
réme T4, il existe une constante C, > 0, dépendant uniquement de -, b, pin, Win»> Lins || finll L et
Il finllco» telle que pour tout & > 0, la solution unique f¢ de (CXY) associée a ¢ et la donnée initiale
fin satisfait

iggllfs(t)Iloo < Cxo. (1.108)

Remarque 1.10. En réalité, les hypothéses du théoreme [LI3 sont un peu moins restrictives que celles
du théoréme [[I4, et ne requierent pas de borne inférieure uniforme sur b (la condition b > by).
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Le théoreme précédent TS donne pour les solutions une borne L™ uniforme en ¢ > 0. Cette uniformité
est cruciale, car elle permet alors de déduire, avec les mémes notations que dans le théoréme, que pour
tout 1o € (0,1) ete € (0,(1 — xo)Cxl],ona

1—ef® > ko.

Ainsi, nous pouvons reconnecter avec les résultats obtenus au chapitre B.

1.4.3.2 Stratégies de preuve

Nous donnons ici de maniere succincte les stratégies employées dans les preuves des deux théorémes
énoncés plus haut.

Stratégie de preuve du théoreme LId 1’idée est d’obtenir en premier lieu la décroissance de I’en-
tropie relative a I’équilibre (ITUOA), puis d’en déduire (CIU7) grace aux inégalités de Csiszdar-Kullback-
Pinsker (TOY).

On obtient (IT0OA) grace a la méthode entropique :

1. on part d’une inégalité fonctionnelle reliant I’entropie a la dissipation d’entropie obtenue dans le cas
Fermi-Dirac depuis une inégalité connue du cas classique, grace a la méthode de transfert présentée
au chapitre B, donnant pour une fonction f adaptée, et sous [’hypothése 1 — e f > ko,

D.(f) > C(e, f, ko) He[f | ML,

ot d > 0etC(e, f,kp) > 0 est une quantité dépendant de ¢, f a travers certaines normes, et kg,

2. ayant fixé une donnée initiale fi,, on utilise le théoréeme [T pour assurer, uniformément en ¢ €
(0, (1 — k)CZl], et pour f€ solution de (IXY), la validité de I’hypothese 1 — & f¢ > kg et une borne
inférieure ¢ > 0 a C(e, f°(t), ko), uniforme en tempst > 0 et en e € (0,(1 — x)C}]

s

3. alors on a pour tout temps ¢

LB () | MEn) < — L[ () | Mn] 9,

et on obtient le résultat en appliquant un argument de type Gronwall a I’équation ci-dessus.

Les deux points clés de cette preuve résident donc en 1. une inégalité entropique, obtenue grace au cha-
pitre B, et 2. la borne L°° donnée par le théoreme [CTH.

Stratégie de preuve du théoreme LT3 La preuve de la borne L uniforme en € > 0 donnée par le
théoréme LT représente la majeure partie du travail effectué au chapitre [. Nous obtiendrons ce théoreme
en nous ramenant encore une fois au cas classique déja étudié, puis en adaptant la méthode de [8] :

1. pour tout € > 0, on remarque que si f© est solution de ’équation de Boltzmann-Fermi-Dirac (ho-
mogene) avec cut-off, alors on a pour tout temps ¢ que

ef (1) < QF (f2(£), £7(0) + QF (F°(0), (1)) — Qy (£ (1), f°(2)),

ol Qg et g sont les opérateurs de gain et de perte de I’équation de Boltzmann classique, et Qar
est un opérateur satisfaisant une propriété d’adjonction a Qa' ; en particulier, le terme de droite ne
dépend pas du paramétre quantique € et ressemble fortement a I’ opérateur de Boltzmann classique,
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2. on adapte la preuve de [B], prouvant un résultat de borne L pour les solutions de Boltzmann
classique; cela est rendu possible grace a I’équation précédente et le fait que par adjonction, on
récupere pour Qar des propriétés similaires a celles de QO+ :

— on obtiendra d’abord une borne L,QY grice notamment a une propriété connue de gain de régula-
rité pour Qar (donc aussi pour @3),
— on en déduira la borne L*° annoncée, qui est en particulier indépendante du parametre ¢.

Cela conclut la preuve de la convergence avec taux explicite annoncée. Ayant adapté une preuve du cas
classique, nous aurons néanmoins considéré des noyaux de collision du cas classique. Les noyaux quan-
tiques présentant une forme différente, on discute alors en annexe [Al la possible extension des résultats
énoncés aux cas des noyaux de collisions plus raisonnables d’un point de vue physique (voir [T05]).
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Part I

A general framework for Boltzmann
models for polyatomic gases






Overview

In this part, composed of Chapters I and B, we provide a general framework for the modelling of
polyatomic gases, in the Boltzmann context. This work was conducted in collaboration with M. Bisi and
M. Groppi. Chapter @ is the reproduction of [37], and Chapter B of [24]. In this part, the notation ¢ stands
for the internal energy function.

This work is concerned with modelling.

ABSTRACT OF CHAPTER D. A general framework for the kinetic modelling of non-relativistic poly-
atomic gases is proposed, where each particle is characterized by both its velocity and its internal state,
and the Boltzmann collision operator involves suitably weighted integrals over the space of internal en-
ergies. The description of the internal structure of a molecule is kept highly general, and this allows
classical and semi-classical models, such as the monoatomic gas description, the continuous internal en-
ergy structure, and the description with discrete internal energy levels, to fit our framework. We prove the
H-Theorem for the proposed kinetic equation of Boltzmann type in this general setting, and characterize
the equilibrium Maxwellian distribution and the thermodynamic number of degrees of freedom. Euler
equations are derived, as zeroth-order approximation in a suitable asymptotic expansion. In addition,
within this general framework, it is possible to build up new models, highly desirable for physical ap-
plications, where rotation and vibration are precisely described. Examples of models for the Hydrogen
Fluoride gas are presented.

ABSTRACT OF CHAPTER B. We propose a general kinetic framework for the description of a mix-
ture of non-relativistic mono- or polyatomic gases undergoing any number of bimolecular reactions. The
description of the internal structure of the molecules is kept general, in order to model it according to the
physical properties of the considered species. The possibility of keeping separate rotational and vibra-
tional energies of polyatomic particles is thus included in the present framework. Moreover, activation
energy for chemical reactions is taken into account, allowing us to accurately describe the kinetics of the
chemical process. We prove the validity of the H-Theorem, we recover the expected Maxwellian equi-
librium distributions jointly with the mass-action laws of chemical reactions, and we obtain an explicit
formula for the rate constant of a given chemical reaction. The system of Euler equations in the case of
moderately slow chemical reactions is also derived.

Articles reproduced in this chapter

[24] M. Bisi, T. Borsoni, and M. Groppi. « An internal state kinetic model for chemically reacting
mixtures of monatomic and polyatomic gases ». In: Kinet. Rel. Models 17.2 (2024), pp. 276-311.
DOIL: [[0.3934/krm.2023023.

[37] T. Borsoni, M. Bisi, and M. Groppi. « A general framework for the kinetic modelling of poly-
atomic gases ». In: Commun. Math. Phys. (2022), pp. 1-52. DOI: LU . 1007/ /s00220-022~
0436 7-0.
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2.1 Introduction

The purpose of this paper is to propose a consistent general Boltzmann—type model for a polyatomic
gas, able to include the kinetic models already exploited in the pertinent literature, but also to give rise to
more accurate descriptions of internal energies of polyatomic molecules. The construction of a reliable
mathematical model for polyatomic gaseous particles is highly desirable in view of physical applications,
since the main constituents of the atmosphere are polyatomic. A review of possible problems involving
monoatomic and polyatomic species, possibly undergoing also chemical reactions, may be found in [36,
[64]. For this reason, in last decades the investigation of polyatomic particles has gained interest not
only in the frame of kinetic theory, but also in Extended Thermodynamics [[45] and in the derivation of
accurate schemes for fluid-dynamics equations [I63, I5T].

In kinetic theory, non—translational degrees of freedom of polyatomic particles are usually described
by means of an internal energy variable, that may be assumed discrete or continuous. The basic features
of the model with a finite set of discrete energy levels may be found in [00, B9]; the gas is considered
as a sort of mixture of monatomic components, each one characterized by its energy level, and particles
interact by binary collisions preserving total energy, but with possible exchange of energy between its
kinetic and internal (excitation) forms, allowing thus particle transitions from one energy component to
another. The kinetic model based on a continuous internal energy parameter I has been proposed by
Borgnakke and Larsen in [BS] and then extensively investigated in [[/9, [76]; the gas distribution function
turns out to depend also on this energy variable, and macroscopic fields and Boltzmann operators involve
integrations in d with an associated integration weight (7). This measure ¢ (I)dI is a parameter of the
model, and different options for it allow to reproduce any desired number of internal degrees of freedom.
With the commonly adopted choice ¢(I) = I?, this number of internal degrees of freedom is independent
of the temperature of the gas (describing thus polytropic gases). On the other hand, the set of discrete
internal energy levels proposed in [T61, T0O0] allows to obtain a temperature-dependent number of degrees
of freedom [29], with a specific heat at constant volume which resembles the physical laws of statistical
mechanics [[T7]. Both formulations with discrete and continuous energy turn out to be well suited also
in presence of simple chemical reactions (see for instance [0, [/6]) and discrete energy levels are also
well adapted to problems involving complex chemistry since real molecules actually have discrete energy
levels [RY].

Since Boltzmann equations are quite complicated to deal with, simpler kinetic models have been
proposed, mainly of BGK or ES-BGK type, both for gases or mixtures with discrete energies [99, P, B0]
and for the continuous energy description [T48, 12, 51, 7]. Hydrodynamic limits of kinetic equations
have been performed, at Euler or Navier—Stokes accuracy, in order to build up consistent fluid—dynamic
equations for the main macroscopic fields, focusing the attention on the transport coefficients, especially
on the bulk viscosity or, equivalently, on the so-called dynamical pressure, a correction to the classical
scalar pressure due to the polyatomic structure of molecules [[41, 9, Z¥]. Such kinetic or hydrodynamic
equations have been applied to simple physical problems, as the existence of shock-wave profiles [[[T3,
114, T49, [T40], the Poiseuille and thermal creep flows [BY, [67], and suitable boundary conditions have
been derived in order to allow the investigation of flow problems with solid boundaries [T03].

The main drawback of these kinetic models is the fact that they wish to describe all internal features
of polyatomic molecules by means of a single internal energy parameter (discrete or continuous). In order
to improve the applicability of Boltzmann equations to real problems, more accurate models would be
needed, able to separate the vibrational degrees of freedom from the rotational ones. More precisely, since
the gap between two subsequent discrete levels is much lower for rotational energy than for vibrational
energy [[08], a reasonable way of modeling could approximate the rotational part by means of a con-
tinuous variable, keeping the vibrational part discrete. This is the main motivation for the present work;
indeed, we would like to merge the existing discrete and continuous energy models in a general (abstract)
framework, in order to combine their strength and obtain a full description of both rotation and vibra-



2.1. Introduction 69

tion. Models with discrete vibrational degrees of freedom and continuous rotational states have long been
used in the literature in order to analyse vibrational state-to-state non-equilibrium phenomena [[36, [[T6].
Some attempts to distinguish vibrational from rotational energy have been performed also at kinetic level:
in the discrete energy formulation, this aim could be achieved by choosing discrete energies depending on
several discrete indices [RY], but also other models have been proposed, of BGK or Fokker-Planck—type
[26, BY] or in the frame of Extended Thermodynamics [T6] (involving two continuous energy variables).
The idea of introducing two different temperatures (translational and internal) in the kinetic model for
a polyatomic gas, investigating then their influence on volume viscosity and other transport coefficients,
has been developed in [[[36, 53, [4]. Moreover, a proper rovibrational collision model has been built up
in order to study the internal energy excitation and dissociation processes behind a strong shockwave in
a nitrogen flow [139].

We propose here a general kinetic framework for the description of a single polyatomic gas, in which
each particle is characterized, in addition to its position and velocity, also by a suitable internal state
(. The space of all admissible internal states £ is endowed with a measure . In other words, instead
of considering a continuous or a discrete variable to describe the internal state of a given molecule, we
use a single parameter (, and integration over the continuous variable or summation over the discrete
one are replaced by a single integration over ¢ against the given proper measure y. Moreover, we clearly
distinguish the state of a molecule ¢ and the energy function £(¢), which associates to each state a suitable
energy value.

The continuous and the discrete energy models may be included into this framework by choosing
£ = Ry and £ = N, respectively. We prove that, even keeping the space &, the measure p and the
energy function £(¢) generic (not explicit), the collision rule determining post-collision velocities may
be defined, and the corresponding Boltzmann equation fulfills the expected consistency properties. More
precisely, the Boltzmann H theorem holds in the generic framework, and collision equilibria turn out to
be provided by Maxwellian distributions depending on the internal energy function €(¢). The technical
steps of the proofs rely essentially on the conservation of momentum and of total energy, therefore there
is no need of fixing from the beginning the microscopic energy structure of particles. We remark that
our framework describes isotropic gases, where polarization effects due to external fields acting on (non
ionized) polyatomic gases may be neglected [I29].

In more detail, the content of the paper is organized as follows. In section I, we introduce the frame-
work and its assumptions, and we make the collision rules explicit. Our method is inspired by [[/3, [76, 23],
with some necessary modifications, since the procedure in such references is specifically designed for a
continuous or discrete internal variable. Section 3 focuses then on the Boltzmann collision operator and
on some of its main properties, as the weak formulation and the characterisation of collision invariants.
In section 4 we prove the validity of the Boltzmann H-theorem, and we investigate the equilibrium
Maxwellian distribution and the thermodynamic number of internal degrees of freedom. In section I3,
the hydrodynamic Euler equations corresponding to our general model are derived. Sections '8 and 1
are devoted to modelling: we explain how to recover the monoatomic, continuous and discrete formu-
lations, and we give insights on how to build consistent new models within our framework, including a
description able to separate rotation and vibrations of polyatomic particles; examples of possible models
are provided and commented on, with reference to the pertinent gas—dynamics literature. In Section 8§,
we show how is possible to reduce models fitting the general setting to a one-real-variable description
with a suitable measure, similar to the continuous model with integration weight. We address the prob-
lem of computing this measure from the general setting, and show that the combination of a continuous
model with weight and a discrete model reduces to a continuous model with a different weight that can
be made explicit, allowing an easier treatment for numerical applications. Finally, section -9 contains
some concluding remarks and perspectives.



70 CHAPTER 2. A general framework for the kinetic modelling of polyatomic cases

2.2 General setting and collision rules

We consider a gas composed of one species of molecules, which mass we denote by m € R’ . Each
molecule is microscopically described by its velocity, denoted by v, and its internal state, denoted by (.
The latter is usually related to rotation or vibration that occurs inside the molecule. We assume that there
exists a set of all possible internal states £, and that this set is a measure space. All molecules, being
of the same species, are related to the same space £. Secondly, we assume that to each internal state
¢ € &€ corresponds an energy, that is, there exists an internal energy function € : £ — R. The energy of

a molecule with velocity v and internal state ( is then equal to 5 |v|* + £(¢), the sum of its kinetic and

internal parts.

Definition 2.1. We call space of internal states a non-empty measure space (€, A, ), with u(€) = 0.

To clarify here, £ is the space of internal states, A is a o-algebra on &, and y is a (non-negative) measure
on (€, A). In the following definition, Bor(R) is the set of Borelians of R.

Definition 2.2. We call internal energy function a (A,Bor(R))-measurable function € : £ — R.

In our framework, we only require two assumptions on (£, A, 1) and &, which both physically make sense.
The first is to assume that € admits an infimum.

Definition and assumption 2.1. We denote by £ the essential infimum of € in R on £ under the measure
1, that is

¥ :=infess,{c} = sup{R €R, st pule <R)= 0}, 2.1
and assume that €9 € R.

Definition 2.3. We define the grounded internal energy function € by
gi=e—e. 2.2)
Note that by definition of €°, inf ess, {z} = 0.

Remark 2.1. The reader shall remark that in this paper, the value of €° has no importance. Indeed,
0 represents the fundamental energy of configuration of the molecule, and it plays a role only when
chemical reactions are involved.

The second assumption is the well-definedness of the partition function.

Definition and assumption 2.2. We define the partition function Z, for all 3 > 0, as

2(8) = [ P du(o). 23)

and assume that for all 5 > 0, Z(3) < oo.

The choice of € instead of simply ¢ in the definition of Z is explained in Remark 4. Assumptions 1

and P2 imply that VR € R, pu(e < R) < oo, which itself implies that p is o-finite.

Proposition 2.1. Z is C*° on R, and for all k € N and 3 > 0 and, denoting its derivatives by Z®) (B) =
d~z
dgk’

we have

20)() = /5 (—2(0)* 55O dp(0). 2.4)
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x k x
Proof. Remarking that for all z € R4 and k € N, ez > (i,) , we get the inequality 2% e~ < 2Fkle™ 2.
Since £ > 0 p-a.e., we get forall k € Nand 3 > 0, [ £(¢)* e~ dpu(¢) < +oo and the result comes
by dominated convergence.

O

We consider a binary collision and define the collision rule. The states (velocity and internal state) of the
pre-collision molecules are denoted by (v,({) and (v«, (), and the states of the post-collision molecules
are denoted by (v/,¢’) and (v, (.). In each collision momentum and total energy are conserved

mu +muy = mv’ +mu), @5)
m m m m .
S 0P +e(Q) + S ol +e(G) = S|P +e(¢) + L +2(C)-
The parallelogram identity yields
o= 0a2 =2 (o + fou ) — [+ a2
4
= [0/ = vl + —(e(¢) +e(¢) — Q) — (¢))-
We set 1 1
A (0,04,G,Ger €', ) 1= 70 =0l + — () +2(6) — () — (), 26)
we then have )
Z|vliv=/k|2 :A(U7/U*7Cac*agl7ci)' (27)

We deduce that the collision can occur only when A is non-negative, and in this case, by a classical
argument, there exists w € S? (two-dimensional unit sphere) such that

v R +VAT, [v—v*}

2 |v — vy

o =" VAT, |
* 2 Yo — v

2.8)

where T}, is the symmetry with respect to (Rw)",
VVeS?, T,[V]:=V-2w-V)w eS2.

It is not required to extend formula (Z8) to the set {(v, v)s.t.v € R3}, since it is negligible.

From the previous computation, it is clear that not any collision is possible. If, before collision, two
molecules are in low energy internal states with close velocities, they cannot reach too much high energy
internal states after collision. For this reason, we fix at first the pre- and post-collision internal states,
and then we consider the space of pre-collision velocity pairs that make the collision possible. In the
following definition, E[(,(«,¢’,(.] is the set of pre-collision velocity pairs (v,v,) so that a collision

(Uv C)? (v*vC*) - (',C/)a ('7 Ci) is allowed.
Definition 2.4. For all {, (., (', € &, we define

B¢, ¢ (= {(U,v*) ER3 X R3 5., A (0,04, Cer ¢ (L) > 0}, 2.9)

where A is defined by (Z8).
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It can be proved that for all ¢,(y,¢’, (L € &, the interior of E[(,(x,¢’,(.] is non-empty, unbounded
and arcwise connected.

Now we can define the transformation linking the pre and post-collision velocities.

Definition 2.5. We define for all ¢,(x, ¢, (. € € and w € S?,

E[(, ¢ ¢, ¢ — B[, ¢4 €5 Gl
Swl¢, ¢, ¢ ¢ (0, 2) = <U+U*—|—\/KT [v—v*} U+U*—\/ET {v—v*})
o 2 “llo—uv]” 2 o= ]/
2.10)

Lemma 2.2. S,,[(,Cx, ¢, (L] is well-defined and a bijection, with

(SW[C7C*aCI7C:<])_1 = SW[CI7C>£7€aC*]-
Proof. Let (,(y,¢',¢. € €, w € S%. First, we show that the transformation is well-defined. We fix
(v,v4) € E[(, s, (', CL]. We have that A(v, v, C, G, (', CL) = 0. We define (v/,v)) = Sw[C, G, ¢, Co) (v, v4).
Then
AW, 6 G = gl =l (e(¢) + o(¢h) — e(0) —e(60)
1 2 1
= 1 (2VA@u GG T0D) + () +2(6) —=(0) —=(¢)
= A0, 00,G, G € €L (0 + £(¢1) — £(0) —e(G0)

1
= Z|v7v*|2 >0.

Thus (v',v}) € E[(’,{,, ¢, (). The application is well-defined.
Let us now prove that the transformation S,,[¢,(x,¢’,¢.] is a bijection. We fix (v/,v}) € E[¢', L, ¢, ¢
and define (v,vs) = Sy, [¢’, ¢}, ¢, ¢ (v, v)). First, we just proved (with inverted notations) that (v, v,) €

1
E[¢, ¢, ¢ and A(v,v4,C, G, ¢, CL) = Z'U/ —v/|?. Now we also remark that

/ /
V+ UV =0 F U,

T, v — Uy _7 |, v =) :UI—’U;7
o=l ] | Rl vy

and

1
because T}, is a symmetry. Since A(v,vs,(, (i, ¢ L) = 1 [v" — v, |2, we deduce that
v+ vy UV — Uy ool o1, v =1 ,
2 +¢A(v’v*’€’<"’c’g)T“’[h}_v*] =Ty Tl el T
Analogously,
v+ Uy vV — Uy o+l 1, v = ,
2 VA(”’”*’C’C*’CI’C‘)T“Lv—v*]_ 2 ol Ty =
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so that S,,[C, Cs, (', CL] (v, vi) = (v/,v),), which ends the proof.

O
Lemma 2.3. The Jacobian of the transformation S, [, C«, (', (L] is given by the formula
ot v — vy
J[S0[¢, ¢, ¢ G (0,0s) = p— @2.11)

where (U/,Ui) = Sw[C,C*,CI,Ci](’U,U*)-

Proof. This proof is based on that one of Lemma 1 in [[76]. We decompose the transformation in a chain
of elementary changes of variable. For the sake of clarity, we fix ¢,(x,¢’,¢. € € and w € S?, and denote
the transformation S, [(, («,¢’,¢L] by simply writing

(v,v4) = (v, 0)).

First, we pass to the center-of-mass reference frame. The transformations A; : (v,v.) — (g,G) where
g=v—0vs, G=(v+us)/2,and By : (¢',G") — (v/,v}) have both Jacobian equal to 1. Since G = G’,
we are led to study the transformation C4 : g — ¢’. Now, we pass to spherical coordinates for g and ¢’
We perform the transformations As : g — (|g/,9/|g]) and Bs : (|¢'|,4’/|4’]) — ¢', and finally we study
the transformation C5 : (|g|,g/|g]) — (I¢'|,¢’/|¢’|) taking into account the determinant |¢’|%/|g|? of the
Jacobian coming from Ag and Bs. Since T, is a symmetry, we have

Klg 2 <\/ 9+ -((0) +e6) —e(¢) - <<;>>,Tw[j|]>]

= llgl H2\/ lg1? + —(e(C) +e(G) —e(¢) — (Ci))]
_ §|9| _ M
Va2 + 5 Q) +eG) —e(¢) —e(¢)) 19
Multiplying by |¢’|?/|g|?, we finally obtain
1ot |g| v — vl
J[Sw[C»C*»C;C*H (’U,’U*)— ‘ |U—U*|

where (v, v},) = Su[(, G+, ¢, (L] (v, v4).

2.3 Boltzmann model

We consider a distribution function f that represents the density of molecules of the studied gas. This
density depends on 4 parameters:

— 2 macroscopic parameters: the time ¢ € R, and the position in space z, typically z € R3 or T3

— 2 microscopic parameters: the velocity v € R? and the internal state ¢ € £
As a distribution function, f is non-negative, so that we study f(¢,z,v,() € Ry. Moreover, we assume
that for all (¢,x), f(t,z,-,-) € L*(R3 x £ dvdu(¢)). The evolution of this distribution function is
governed by the Boltzmann equation
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8tf(t,$,’l),<) —|—U~wa(t,x,v,C) = B(f,f)(t,l”,v,(:), (212)

where B is the Boltzmann collision operator we define in a following subsection.

If ¢ defined on R3 x £ is a microscopic extensive quantity (test function, often called molecular property),
then the associated macroscopic quantity is

/S/R3 ¢(v,€) f(t,x,0,¢)dvdu(C).

Typical choice for the molecular properties are ¢ = m, ¢ = mv and ¢ = % [v]? + (C), giving the mass
density p, velocity u and total energy density e, respectively, namely

ptte)= [ [ mpt..0.0dvau)

1
u(t,z) _P(Tiﬁ)/g Rsmvf(t,$7U7C)dUdN(<)
1 2
elt.a) = s [ [ (G +20) ftr.0.0dvduc).
We can also define the temperature by

1
p(t,x)

T@xy=®1( (AA;(?W—UF+JQ)ﬂumuOdmm@o, (2.13)

where we recall that by definition (equation (Z22)) € = ¢ — €0, while © : R4 — R, is a suitable function

related to the integral of the specific heat at constant volume (the precise definition will be given later, in
equation (Z3T) in Section ).

2.3.1 Boltzmann collision operator

The Boltzmann operator, representing the effect of collisions on the change of velocities and internal
states of each molecule, is composed by a loss and a gain term

B=B,-B_.

We focus on the microscopic aspect and put temporarily aside the variables ¢t and z. When two molecules
collide, not all possible post-collision states are equiprobable. This idea is translated in the concept of
the collision (or scattering) kernel B, which encapsulates the information on the interaction potential
(for example a hard sphere or Lennard-Jones one). As well known, the collision kernel is related to the
differential cross section X through the formula B = |v — v, |X.

In this paper, for a purpose of generality, following the line of [97] we make as few assumptions as
possible on the collision kernel B.

Definition 2.6. The collision kernel B is a measurable function

RIXRIXEXEXEXEXS? 5 Ry

: 2.14
{(U,U*,C,C*,C/,CL,LU)HB(’U,U*,C,C*,C/,CL,W). ( )
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Assumption 2.1. Symmetry. For a.e. v,v, € R3, for p-a.e. ¢,(,¢',¢L € £ and ace. w € S,

B(U,U*,C,C*,CI,C:‘,LU) = B(v*ﬂvac*ac,givclaw)' (215)

Assumption 2.2. Micro-reversibility. For a.e. v,v, € R3, for p-a.e. ¢,(, (', ¢ € Eand ae. w € S?,
|U —U*lB(’U,’U*,C,C*,Cl,Ci,W) = |’U/ - v>/k| B(’Ul7v>,k7</7<ﬂ/s)<7c*7w)' (2]6)

where (v',v},) = Su[(, G, ¢, (L] (v, v4).

Definition and assumption 2.3. We denote by S%[v,v.,(,(s,¢’,(.] the subset of S? such that for all
weS?,
we SQ[“?”*vCaC*vcl7C>{<] <~ B(U7U*a<7<‘*7</ugiaw) > 0

We assume that for a.e. v,v, € R3 and p-a.e. ¢, (i, ¢, CL €€,

(’U, U*) € E[Cv C*? Clv Cﬂ/ﬂ] — S2 [U7 Uses Ca C*vclv Ci] has positive measure,
s? \82 [v,v4,(, ¢, (, (] has zero measure. (2.17)

This assumption I3 has the following meaning: if a collision is possible, then there exists a non-
negligible set of angles w for which the kernel is positive; if, on the other hand, a collision is not allowed,
then the corresponding kernel is zero. Finally, if the collision is elastic, then the set of angles w for
which the kernel is positive is the whole sphere S? (minus a negligible set). We thus allow, for inelastic
collisions, the kernel to be zero for a non-negligible set of angles. This is an important feature, already
present for example in [U7] for the case of reacting spheres.

Note that the symmetry and micro-reversibility assumptions are not in contradiction with the positivity as-
sumption, due to the fact the the function 1,3 also has symmetry and reversibility properties. Moreover,
setting (v',v}) = S, [¢, x, ¢, ¢4 (v,v4), the symmetry and micro-reversibility assumptions imply

S2[v*7va<*7<7<ivcl] = Sz[vvv*7<7c*,cla<>{<] = SQ[UI,’UL,C/,C;,C,C*].

We are now ready to define the Boltzmann collision operator. The loss term of the collision operator
expresses the fact that a collision involving a molecule with state (v, () causes a change of the state. Thus
for all states (v,() € R3 x &, and recalling that B is null for not admissible collisions, the loss term reads
as

B—(fmf)(”uC) = ///83 /R3 2 f(v,C)f(v*,(*)B(v,v*,C,Q@',Ci,w)dwdwdu®3(C*,<’7§i). (218)

The gain term of the collision operator expresses the production of the state (v, () by collisions. Thus the
gain term is obtained by considering all collisions for which (v, () is a post-collision state. We have al-
ready proved in Lemma 72 that if (v/,v}) = Sw[(, ¢, (', L] (v,v4) then (v,vs) = Sw[(, (L, ¢, G (V) v)),
therefore the gain term will be symmetric to the loss one as expected. In more detail, denoting by y the
Dirac mass on R3, the gain term is defined by

Bo(ppw 0= [l Jl [ xE=n O B g it )

dw d’U/ d'Ui d,u®3(</a Cia (*)7

where just for convenience we define (9,7.) = S, [¢’, (L, ¢, ¢ (v, vY), in order to be able to perform the
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change of variables (7,7 ) = S, [¢’,CL, ¢, ] (v, v) (recalling that S, [¢, ¢4, ¢, C«] is a C!-diffeomorphism
on E[¢’, (L, ¢, ¢4, except on a negligible set) leading to

()0 C) = ///E/R/S FLLC) T [(Sul¢ ¢, ™

B(U/’U>/k7 </7<:<7 Ca C*,W) deU* dp“®3(C/7<>/k7<*)a

where we went back to the original notation, changing v, to v,. The Jacobian of

(Sw[</7 Civ ¢, C*])il = Su [Ca C*»Cla Cﬂ

is given by equation (TTl), and it provides

000 = [ [ 160 B )

x dwdu, du®3 (¢, ¢, G-

Using now the micro-reversibility condition on B, Assumption I, we finally get

N = [ [ 0 B0 Gt ) s i ),
(2.19)

where we recall that (v/,v}) = S, [¢, ¢, ', ¢L](v,v4). Since f and B are non-negative measurable func-
tions, the gain and loss terms are always defined. In order to define the full collision term, we impose the
following assumption on f.

Assumption 2.3. For a.e. v € R? and for p-a.e. ¢ € &,

B_(f, )0, Q) +B+(f, f)(v,¢) <00

Writing B(-) = B(v,v4,¢,(,¢’, (., w) to lighten the notations, the full Boltzmann collision operator
writes, for all v € R3 and Ceé,

5.Nw= [ [ [ (1050 = 10.0F(00.6)) B i di(c.¢'.C).

(2.20)
where (v',v]) = S, [C, G, ¢, (v, v4).

Remark 2.2. Alternatively, one can define the Boltzmann collision operator using transition probabilities
instead of B, see [8Y].

2.3.2 Note about degeneracy

The concept of degeneracy appears when the internal description is done through the direct consid-
eration of energy levels. For instance, in a quantum description, different proper states can sometimes
have the same energy. The number of proper states sharing the same energy level is called the degen-
eracy of this energy level. When degeneracy is considered in kinetic theory, it usually appears in the
micro-reversibility condition of the collision kernel (see for example Section 4.2.4 in Giovangigli [B90],
equations (4.2.7) and (4.2.8)), and ultimately in the formulation of the Boltzmann integral. We show
in this subsection that, without loss of generality, it is possible to assume no degeneracy in the micro-
reversibility condition and take this into account through the measure ;1. Note also that if the internal
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description is done through the proper states instead of directly through the energy levels, there is no
degeneracy to consider.

The degeneracy is a measurable positive function on the space of internal states
. *
a:&— R,

The micro-reversibility condition taking degeneracy into account writes (see Section 4.2.4 in Giovangigli
[90], equation (4.2.8))

[0 = vs| B(0,04,¢, G, ¢, Gow) alQ)a(Ge) = v = vl B, v, ¢, G €, Gow) al(alCy). 2:21)

Classical symmetry condition for cross-sections should be valid only if the molecular states are non-
degenerate [R4]. However, Waldmann [159] has shown that semi-classical Boltzmann modelling is indeed
admissible for all molecules, even with degeneracy properties, provided the quantum mechanical cross-
sections are replaced by suitably degeneracy averaged cross-sections [[59, B1]. Symmetry property (ZZ21I)
may be obtained owing to the invariance of the Hamiltonian under the combined operation of space
inversion and time reversal [159, T28]. We remark that in the classical model with a continuous internal
energy variable I [B3, (73, [76], the weight function ¢ (/) in the Boltzmann kernel plays the role of the
degeneracy function a(-).

With the same reasoning as in the previous subsection 371, the collision term writes in this case

5000 = [[[, [ [, (G 6.6 = 10006
X

B(-) dwdv, dp®? (G, ', ¢L)-

Let us now define

~ B *959 5% /7 iu ~ 9
B0, Ghe) = TG G ) —a@)ante), o) = LS,
Then B verifies the assumptions of our framework. Now let us set
(£ ~ r3 r3 ®, . ~®3 vl
BP0 = I [ [, (FOOF000) = F0.0 i) BO) dwdndi® (6.0’

Then

8000 =75 [IL, L [ (G 1686 = 0006

B() dwdu dﬂ®3(C*,§',(i),
hence B(f, f)(v,¢) = % (f, /) (v,Q). It follows that

B(F, F)(w,0)di(¢) = (103(1“, H@.0a(Q)du(¢) = BU. )@, C)du(<)
and

F0,Qdl¢) = —= f(v,Q)a(¢)dnu(¢) = f(v,0)dpu(C)-

b
a(¢)

Thus it is equivalent to study the model (£,.4, 1) with the kernel B and degeneracy a, and the model
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(€,A, 1) with the kernel B and no degeneracy. In our framework, degeneracy can be simply included in
the measure on the space of internal states, and does not appear in the micro-reversibility condition.

2.3.3 Weak formulation

In this section, we study the weak formulation of the collision integral that will later enable us to
deduce the conservation laws and collision invariants.

Proposition 2.4. Let 1) : R3 x £ — R be a measurable function such that

[ [ B 0.000.0dvan@)+ [ [ B 0)0:0 100l dvdn(c) <

Then

[ BU D00 dvantc Z—////g4//R3)2/SQ )~ F 0.0 F(02.62))

[0, + (010 C0) — (01€) — (00, o) BO) dwdd, duH(C, o' C)
where (v, v}) = Su[(, G, ¢ Gl (v, v4).

Proof. First we have, thanks to the symmetry conditions on B and Fubini’s Theorem,

/ / B_ (£, F)(v,O)(v,¢) dvdpu()
£ JR3

- F(0,0) f(vs,6) (0, C) B(0,04,C, i, ¢ &y w) dwdv dv du® (¢, G, ¢, L)
////84 //(]R3)2 /Sz

= F0ay G F(0,0) (04, ) B(04,0, 6, ¢, €L, s w) dwdws do dp® (G, €, L ()
g4 (m3)2 Js2

= F@,0) (04, G) (04, G) B(0,04, ¢, G, ¢ G w) dw do da dp®(C, G, L CL),

thus

[ [ B-5)0.00(0.0 dvdn0
£ JR3

=3l //<R3>z L, £ 000G 0.0) + (02, €L BO) derdudin dn® (€. ).

Now by renaming all the variables, we get

/R33 (£ )@, Q)9 (v, () dvdp() ////g//R)/S FOLC) ) + ()]

x B(v',v},¢ .)€ Geyw) dwdv'dvl, dp® (¢ ¢ G, G).

We now perform the change of variables (v,v.) = S,,[¢’, (L, ¢, ] (v, v7,), use the formula for the Jacobian
(1) and the micro-reversibility condition and obtain
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/R3’3 (£ 1), (v, ¢) dudpu(C) WS//R)/S o ) F ) [, ) + (0, ¢L)]

X B(U?U*a<7c*7< ’g*a )deUd’U* du®4(€"<*a</7<>/k)'
where (v',v}) = S,[¢, ¢k, ¢, CL](v,v4). We deduce that

// B_(f,1)(,¢)¢(v,¢)dvdp(q)
-1 //w /S (PG + 900G+ £, (006 [0+ (00, )

B(-)dwdvdv, dp®((, ¢, ¢, CL).

where (v, v},) = Su[(, G, ¢, L] (v, vs).

On the other hand, since

N0 = I [ [ 0 B0 Gt ) dd i ).

where (v',v]) = S,[¢,x, ¢, (L] (v,vs), we have

/ / By (£, £)(v,Q)b(v,¢) dvdp(C)
£ JR3

:////54//@&3)2/82 FO N FL, )Y (0,¢) B(v,vs,¢, 6, ¢y CLyw) dwdvdu, dp® (¢, G, ¢, CL).

Applying the change of variables (v',v}) = S,[¢,(x, ¢, (4] (v,vs) using the formula for the Jacobian,
equation (ZI), together with the micro-reversibility condition on B, Assumption 2, we obtain

/ / B (f.£)(w.0)(v,¢) dvdp(C)
£ JR3

= ////5 \ //( qop /S T ) (0,Q) B, ¢ ¢ Gow) dwdd' dul dp®H (¢ LG G

where v in the last integral is defined by (v,v.) = S,,[¢’, ¢, ¢, ¢ (v, v)). By simply renaming the vari-
ables (exchange of prime and non-prime), we get

/ / B (f, £)(0,)b(v,¢) dudp(C)

////£4 //(R3)2 /S2 F0a, G (0',¢") B(v,04,¢, G, ¢ G w) dwdvdus dp® (¢, G, ¢, CL)

where v’ is defined by (v/,v},) = S,[¢, k. ¢, (4] (v,vs). By using the same arguments as previously, we
get

/ / By (. )(0,0)(v,¢) dvdu(C)

////54//R3)2/SQ ¢ *74*)[w(v,C)+w(v*7<*)]+f(v,<)f(v*7<*)[w(v’,g’)+w(u;,g)])
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B()dwdvdv, du®*(¢, ¢, ¢, ).

where (v',v}) = S, [, Cx, (', ¢L](v,vs). Putting the previous results together yields

| Lo neaveosdng =3 Il I (50005000 - 100 s06)

X I:'(/)(v/?c/) +’L/)(’U;<a<->{<) - ¢(U7C) - ’L/)(’U*’C*):| B()dw d’UdU* dM®4(C7C*7C/aC:<)'

O

2.3.4 Collision invariants

Definition 2.7. v is a collision invariant if and only if for p-a.e. ¢, G, ¢, (. € &, ae. (v,vi) €
E[C,C*’CI,C;] anda.e. w e SQ[U,’U*,Q-,C*’C/’CL],

Q/J(UI,CI)‘FUJ(UL»CL) :'l/J(’U,C)-F’l/J(’U*,C*), (222)

where (’U/?’Ufk) = Sw[c:<*7</aCi](v7U*)'

First, we immediately deduce from the conservation laws (Z3) that if there exists o € R, 5 € R? and
v € R such that for a.e. v € R? and p-ae. ¢ € &,

b0 =a+ 8oty (Z P +e),

then 1 is a collision invariant. In this subsection, we prove that all collision invariants verifying a certain
integrability assumption have this form.

Lemma 2.5. Forall ( € £ and w € S?,

B R3 x R3 — R3 x R3
Su[€: ¢, ¢, ¢ =8 vtvs v — vy v—vs | v |v— v v — vy
X T , f T
(0, 0) = 3 T Yo —va 2 2 Yo —vs

Proof. For any v,v, € R3,

Aw,00,6:6,6,0) = 7lo = v+ < (e(0) +e(0) —e(0) ~ () = glo — w2 > 0

so that
Bl¢.6,¢.¢) = { (v,1) €RP X R st A(®,04,6,,6,0) > 0} =R x R,

Now let (v,v,) € R x R3. We set (v/,v.) = S,,[¢,¢,¢,¢](v,vs). Then

v/—erv*Jr\/MTw[vv*}

2 |v — vy
vt v vV — Uy
2 2 Yo —wvsl ]’

and analogously

U;:v—;v* |U—2v*|Tw{v—v* ]

- v = v4|
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Thus we indeed have

R*xR®  — R® x R?
Swl€: ¢, ¢, Vvl Uy Vs | VU JU— U — Uy
— T, - T, .
(v, ) 2 + 2 I ) 2 Yo — v

O
The following Theorem 1l is the well-known characterization of collision invariants in the elastic case.

Theorem 2.1. Let g > 0 and ¢ € L' (]R3, e~ Iv1?/ro dv) such that for a.e. (v,v.) € R3xR3 and w € S?,

SV (v,04,w)) + SV (v,04,w)) = B(v) + S(v4).-

with (v (v,04,w), Vs (v,v4,w)) = Sy (v,vs). Then there exists (o, 3,7) € R x R? x R such that for a.e.
v € R?,
6(v) = a+ 8- v+ 2|l

Proof. For the proof, we refer the reader to Bouchut and Golse [23], Chapter 2.

The following Theorem 22 characterises collision invariants in the general setting.

Theorem 2.2. Let 4) be a collision invariant, such that for p-a.e. ¢ € & there exists v¢ > 0 such that
P(-,¢) e L (R3, e~ ol /re dv). Then there exists (a, 3,7) € R x R? x R such that for p-a.e. ¢ € £ and
a.e. v RS,

b0 =a+ 8oty (PP +e0).

Proof. Let us denote by € the set such that u(£\ ) = 0, and for all ¢ € &, there exists r¢ > 0 such
that ¥(-,¢) € L (R3, e"”P/TCdv) and for all ¢,,¢’,C. € &, ae. (v,0.) € B[C,¢¢',¢'] and ae. w €

SZ[’U,’U*,C,C*,C/,CH,
1/J(U,7C/) + ¢(U;7 gi) = 1/’(”7 C) + ¢(U*7C*)7

where (v',v7,) are defined by (v/,v},) = S, [(,Cx, ¢, L] (v, v4).

First, we consider the equality for { = ¢, = ¢/ = ¢, € £. From Lemma I3, Assumption I3 (in our
framework, all angles are allowed in elastic collisions) and Theorem T, there exists (o, 3¢,v¢) € R x
R3 x R such that for a.e. v € R3,

Y(v,Q) = a¢+ B v +¢ (;N). (2.23)

Let us now consider again the equation (22, using formula (C23), ( =, € Eand (' =¢L € & 1t
writes, for a.e. (v,v:) € E[(,(,¢',¢'] and ae. w € S?[v,v4,¢, ¢, ¢, ¢,

1 1 1 1
20[( +/8< . (erv*) +’}/< <2’U2 4 2|v*|2) = 204(/ +ﬂ</ . (’U/ +U;) +"y</ <2|v/|2 + 2|vi|2>

where (v/,v}) = Sw[(,(, ¢, ('] (v,vs). By assumption I3, at fixed v,vy,(,(’, the set of angles w for
which the above equation holds, S?[v,v,¢,,¢’, ('], is not negligible. Using the conservation equations
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(e(¢") —&(Q)).

1 2
(I3), we thus get for a.e. v, v, such that Z'U —ur > =
m

2 (a¢ - ag = 2L ((¢) ~ (Q)) ) + (B = Ber) - (v v) + (3¢ = ) (;|v|2+§v*|2) =0,

m

The above is a polynomial in (v,v,) vanishing on a non-empty open set of R, hence

Ve =
Be = Ber
e(¢!
Oé(*"yc/ ):a /7’)/(/&.

We conclude that there exists (a, 3,7) € R x R? x R such that for a.e. v € R? and for all ¢ € £ (thus
p-a.e.  €8),

$(0.0) = a+ 8- v+7 (Gl +(0).-

2.4 H Theorem and collision equilibria

Theorem 2.3. H Theorem. Let f : R? x £ — R be a measurable function such that for a.e. v € R? and
p-a.e. ¢ €&, f(v,¢) > 0. We assume that

LB ne.0 a0l dvaut@) + [ [ B0 (.0l dvdi(O) < .

Then
/ / B/, £)(0,0)In(f)(v, ) dvdu(¢) <0, (2.24)
£ JR3

and

/ / B(f, £)(0,O)In(f)(0, ) dvdp(¢) =0
£ JR3

(i
B(f,f)(v,¢) =0 fora.e. v e R and p-a.e. ¢ € €

)

In(f) is a collision invariant.

Proof. This proof is highly inspired by a proof which can be found in [#3], Chapter 2. First we define,
for p-ae. (,Cx, (', ¢l € £, ae. (v,vi) € E[¢, (s, ¢ ¢L] and ace. w € S2,

P10, 05, ¢ 6 ¢ Cow) 1= i(f(vxc’)f(v;,c;) — f(0,0)f (s, 6))In (JWM) )

f(U»C)f(U*aC*)
where (v/,v}) = Su[¢, ¢k, ¢, L] (v,v4). Now by remarking that

V>0, (z—1)ln(x)>0,
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GRS NICAS)
f(’UvC)f(’U*v C*)

we have, since f > 0 and considering x = >0,

PLI0,0€, o€ Cot) = § F0,0)f(00,G2) (2= lnz) 0.

Using Proposition I with ¢ = In(f),

[ [ B0 (). dvdu(0
EJR3

- JIIL. //<R3>2 [ PUI0.02.C.0 €' ) B oo ™ (G )

Now from b > 0 and P[f] > 0,

/ / B(f. ) (0.0)In(f)(v,¢) dvdpu(¢) <.
£ JR3

Let us now focus on the case of equality. Since the integrand P|[f]b is non-negative, it must be equal to
zero.

/ / B, £)(0,0)In(f) (v, ¢) dvdpu(¢) = 0
EJR3

= ////54//]3[474*74,& S2P[f](v,v*,c,c*,c’,ciwB(~>dwdvdv*du®4(g,g*,ggg;):0

= P[f](v7v*7<-7<*a</7§;7w)B(U7U*>C7C*7<,7C>/k7w) = 0 for a.c. U’U*’<7C*’<,7C:‘7w
= U066 o) =0 forprac: (6,006 €L, ae. (1,00 € B G (G
and a.e. w € S*[v,v4,¢, G, ¢, ¢,

where we recall that the set S?[v, vy, (, Cx, ¢, C.] is defined by Definition Z3. Now since f > 0 and
Ve>0, (r—1ln(z)=0= z=1,
we finally obtain, writing - in place of v, vy, (,(x, ¢, Ch to lighten the notations,

Pf](-,w) =0 for p-ae. ¢, (i, ¢ CL €&, ae. (v,vs) € E[C, (¢ ¢L] and ace. w € S?[]

- f,fi = ff* fOl" /j"a'e' Cac*,claé-i € 57 a.e. (U7U*) € EK,C*,CI,CL], ae we 82[}
= In(f) is a collision invariant.

Note also that

In(f) is a collision invariant

= f,fi = ff* for p-a.e. CaC*vClvglk € 57 a.c. (U7U*) € E[C,C*,§/7Ci]7 ae. we S2H
— B(f,f)(v,¢) =0 forae. veR>and p-ae. (€&

= /C./RgB(f’f)(v’C)ln(f)(vvod”dﬂ(@:0,
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which ends the proof.

Let us assume that there exists f € L'(R? x &, dvdp(¢)) such that f verifies assumptions of Theorem
I3 and In(f) verifies the hypotheses of Theorem I2. From Theorem 2, 3 (v, 3,7) € R x R? x R such
that for a.e. v € R3 and p-a.e. ¢ € €,

In(f)(w,¢) =a+ 8- v+ (Sl +e(0).

Since f € LY(R3 x &, dvdu(¢)), we have v < 0. Let us now set

where kg is the Boltzmann constant. Then

_ mlv—ul?  £(C)
f<“’<)_AeXp<_ UepT _kBT>'

and it can be easily checked that u is the average velocity of f, while 7" will provide its temperature (see
below). Note that indeed f € L'(R3 x &, dvdu(¢)) thanks to Assumption I, We define the density p

pi= /g /R o f(0,0)dudp(c).

f:./\/l[p,u,T],

Then, almost everywhere,

where, for all (v,¢) € R? x &,

o (mul? =(Q)
P %pT kT

u,T|(v, =L |
MipuT)(0,0) == £ (mnfT>3/2[€exp(_zf¥>du(c*>

which we can rewrite

-1 2 —
_ 1/2 —3/2 1 _m|v—u| . (¢)
M{p,u,T)(v,¢) = pm'*(2nkpT) Z <k‘BT> exp < kT T ) (2.25)

where € and Z are defined by equations (Z2) and (Z3).
First, note that by definition of p,

L mMipT10.0 dvduc) = 0> .

Also,

> Mg, )0, dvdn(q) = m? (2mkepT) 2 [
£ JR3

]2
vexp (_m|vu|) dv = u.
p R3

2%kpT
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The total energy density at collision equilibrium writes

[u, T) = o2 +e(¢)) Mlp,u.T)(v,¢) dvdpu(C)
p JeJrs \ 2

)
£(C)exp (—) du(¢)
_ m3/2(27TkBT)_3/2 / %"UlZGXP <_m2'l];_;2> dv+ /; kBT
R3 B

and is finite thanks to Assumption 72 and Proposition . The term associated with the velocity is
well-known, and a classical computation gives

2
md/2(2mk g T) /2 / %MQQXP (_m|vu|) dv = %|u|2 + ngT.
R3

2kpT
Remark that B ’ )
/SE(C) exp (—;S;) dp(¢) o /EE(C) exp (—222) dp(¢)
/geXp (Zig,) du(¢) /gexp (Zf}) dp(¢) 7

0

where we recall that e = inf ess,{c} and £ = ¢ — ¢, see equation (Z2).

Definition 2.8. We define the (thermodynamic) number of internal degrees of freedom & by

o [ [©ew (159 ) auto

(2.26)

We notice that, since £ > 0 p-a.e., § > 0.

The total energy density at collision equilibrium finally writes

3+ 6(T)

kgT.
5 B

m
eu, T) = + 5 lu| +

3+ 4(T) is the rotal (thermodynamic) number of degrees of freedom at temperature 7', provided by the
sum of the 3 translational degrees of freedom and of the number of internal ones 6(7T").

Definition 2.9. We define the specific heat at constant volume cy, for all T > 0,

ey (T) = ?)JFTD(T), 2.27)
where
D(T) = d(];d}T))

Remark 2.3. We recall that, from Proposition U1, the partition function Z defined by equation (Z3) is
C®°. Remarking that
2

75(1) = -2 (@) (17 ).
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then the function T +— T'6(T') is C*° on R’ and D is thus well-defined.

In the following propositions we show various mathematical properties of the function 6(7").

Proposition 2.6. If p(s = <°) > 0, then

5(T) — 0 and D(T) — 0.
T—0t T—0t

Proof. First, note that p(s =) >0 = u(&=0) > 0. Since p-a.e., & > 0, we then have for k € N

/g <k;—T>k exp (—ZE%) dp(¢) = 1p—o x p(=0)+ /E_>0 (k;_T)k exp (-if}) dp(¢).

Now remark that for all y > 0, e¥/2 >1+ % + %. Thus
ye ¥ < 2¢ Y/ and y2efy < 8e~Y/2,

Thus it comes

implies

£\’ £(¢)
0< D(T) < 2/a>0 <kBT>u(e:Iig)_kB<T> du(c) .16 5 /E>OeXp (_ £(¢) )dM(Q

S pE= 2kpT

Now for all ¢ € {& > 0}, e~ #¢(9) — 0. Since ((— e~%(0)) .~ is a non-decreasing family of positive
x o0

functions, we get by monotone convergence

T—r00

/ e 2 Odu(¢) — 0.
e>0

It follows that />Oexp (—22(]2,) du(Q) T$>+ 0, and thus, since p(€ =0) > 0,

5

4 £(¢)
<o)< w(E=0) /5>0 P <_ QkBT> du(c) oo+ 0
and

16 £(¢)
0<0m < 2y [ e ()0 o
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so that finally
0(Ty — 0 and D(T) — 0.
T—0+t T—0t
O
Proposition 2.7. Forall T > 0,
1 (T
== D(THdT'.
7 o
Ts
Proof. We have for T1,T5 > 0, D(T')dT' = T»86(Ty) — T16(Ty). We thus want to prove that
T
T6(T) — 0. We proceed by disjunction of case. First, if u(e = €°) > 0, then from Proposition

T—0+t
I8, 6(T) — 0, so we also have T6(T) — 0. If on the other hand p(c = £°) = 0, then since
T—0t T—0t+

€% =infess,{c}, we have (0 < ¢ < r) = p(e” <& <e®+r) > 0 forall 7 > 0. Then from Lemma 219
in Appendix, for all » > 0,

[ Oaue) = [ s<<>e”<<>du<<>+o( / s<<>e“<<>du<c>),
& L0 Jegr exsr
wd [0 2 [ Odu +o (/ e (o))

Since u({0 <& <r}) >0and & >0 p-ae., [, £(¢Q)e 5O dp(¢) > 0, so that

/ Qe O du(¢) ~ / £ dpu(0).
& <r

T—00 5

Also, p({£< r}) > 0 implies [._, e~ (9 dyu(¢) > 0, so that

[ 0auo x| e O
£ T—00 éér

Je£@Qe ™ Odu(g) Jeer 8OO dR()
f e xs(C)du(C) T—00 fégweimé(odﬂ(o

Thus there exists x;, > 0 such that for all z > z,,

S5O Odu(0) ) Jee, 5O du(0)
fg —:cs(C) dM(C) = fs‘ér e—7&(¢) du(()

Since it is true for all » > 0, we finally get

Je&(Q)e > du(()
fge xE(C)dM(C) :v;)oo

Hence

<27
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It follows that in any case

O

Remark 2.4. This Proposition IZ4 along with Remark 23 justify our choice to define the partition func-
tion by /eiﬂé(@ du(C) (with ) instead of simply /eiﬁE(O du(C) (with ). Indeed, if the second
E E

definition were taken, and § were still defined by _kBLT (ln(Z))/ (,CB%) then €0 = 0 would imply
0
o(T)

~ —— which is non-physical. On the other hand, choosing € in the definition always yields
T—0 kgT
1 T
T6(T) P 0, and thus the formula 6(T) = T/ D(T")dT', which is physically coherent.
- 0

As a consequence of Proposition 272, the total energy at the equilibrium may be cast as

T
afy, 7] :50+%|u\2+/ oy (T") kpdT".
0

A probabilistic interpretation may also be provided for the functions 6(7") and D(T'). Indeed, for T' > 0,
we define the Gibbs (probability) measure v on (£,.4) by

dvp .. 1 \ ! £(¢)
du“>2<w> p<m> (228)

where Z is the partition function defined by equation (Z3); then for all ' > 0, (£,.A, vp) is a probability
space. Since ¢ : £ — Ris (A, Bor(R))-measurable, it is a real random variable on (€, A, vr).

Proposition 2.8. Forall T > 0,

5(T) =2E,, [k;_T} : (2.29)

and

D(T) =2 Var,,,. [ (2.30)

g
kgT |’
where E,,,. and Var,.,. are respectively the expectation and the variance under the probability vr.

Proof. The following computations are possible thanks to Assumption . The first part of the proposi-
tion comes from

fgf eX;XE’ ((g)d) " /5 £(¢)Z (/{;T) -1 exp (_252> du(¢) = /5§(<)dVT(C) =E,,[é].

For equation (Z30), we remark that from Proposition 1],

5, o (“igh)du©) -7 (,i;T)

fgexp( ké))dM(C) Z(m) ,
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Eyp, [52] = =
f,s exp (— ZéCT du(¢) Z (?)
It follows that
2
1 1 1
a (-7 (mr) 2 (7' (mr) (7 (mr)
b =257 1 = (kpT)? L) 1
B Z (kBT b Z (ﬁ) Z (kBT
=2 (B[]~ (Bupld)?) = s Var,, [E] = 2Var,, |
(kpT)2 V"7 T (kgT)2 "7 T kT
O
Corollary 2.9. Forall T >0, D(T) > 0.
Proof. 1t is an immediate consequence of Proposition 8.
O
Corollary 2.10. [f there exists R € R such that € < R p-a.e., then
5(T) — 0, and D(T) — 0.
T—o0 T—o00
Proof. Necessarily R > <°, and from Proposition I8
£ 1 _ 2R-£Y
0<(T)=2E < — 0,
( ) vr |:ijT_ kT T—oo
and ~ )
3 g 2(R —e%)?
0< D(T)=2V: <2E, o 0.
(T) =2Vary, {k T} T <k3T> (k5T)2 T
O
We define now the function ©, for all T' € R* , as
T
o(T) := / ey (T kpdT’, (2.31)
0

such that m
e“u,T) = + 5\u|2 +0(T).

Proposition 2.11. © is continuous on R*., can be extended by continuity to R, setting ©(0) = 0,

increasing on Ry, with © (T o 0% and thus a bijection from R to R..
—o0

Proof. The result is immediate, since from Corollary 9 we have ¢y >

N W
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-1 (”;/E/R3 (%\v—u\2+§(C)) f(v,c)dvdu(é))

which explains and rigorously justifies the definition of temperature stated in equation (I_13).

We then have

2.5 Euler limit

Let us assume that there exists f solution to the Boltzmann equation (ZI2) such that for all ¢, z,
f(t,z,-,-) is a Maxwellian, that is

f(tvraUaC) = ./\/l[p(t,:z:),u(t,:z:),T(t,x)](v,g).

Since

atf(t7x7/u7<) +v ) vmf(t7x71]’<) = B(f?f)(t7x7/u7<)
and

m
LLL o [Bunteeodeduo o
£ JR3
Zo|* + ()

we have

9, (// m £ (t,2,v,0) dvdu(§)> + div, </g Rgmvf(t,a:,v,()dvdu(()) —0

O (// muf(t,z,v C)dvdu(<)> +divg (// muv@uf(tav C)dvdu(()) =0
(//RS o2 +e(¢ )) f(t,z,v,Q)dvdp(¢ >+d1vr<// ‘v|2+€ C)) f(t,x,mé)dvdu(()) o

Since f(t,z,v,() = Mp(t,z),u(t,z),T(¢t,z)](v,(), we have from the definitions of mass, momentum,
and total energy

Op+divy (pu) =0
O (pu) + divg (/ mv@vM|p,u,T)(v, C)dvdu(§)> 0

o (o= + gotul?+ 2 2 T)+chvx< L] |v|2+eo)M[p,u,T]<v7<>dvdu<o>:o.

We are left with two terms to compute. First, by a classical argument (see [43], Chapter 2),

2
/ mo®@vM|p,u,T)(v,¢)dvdu(¢) = pm'/? 2rkpT)3/? muv ® vexp <m|vu|) dv
& JR3 R3 2I€BT

:pu®u+£kBTId7
m
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where 14 is the identity matrix. Also by a classical argument,
my 2
v (Gl +(0)) Mlp,u, T)(v, ) dvdpu(<)
EJR3

2
=gt apt) S [ Boexp (<Rt Y avs [ et Ml TI0.0) dvantc)
R3 R3

é(¢)
1 Jee(Q)exp dp(C)
:fp|u\2u—|—£k:BTu+£§k‘BTu+ﬁ £ ( )
2 m m 2

u
Jeexp (_ sz)“) dp(¢)
|u\2u—|——kz Tu —|—£L5()kBTU+£€Ou
2 m
We set 51 8T
plt2) = L kpT(t2) and 0(t,2) = kaT(t,x).

Remarking that 9;(pe) +div, (pe® u) = % (dyp+diva (pu)) = 0, we obtain the compressible Euler set
of equations, with p the density, u the velocity, p the pressure and 6 the specific internal energy density.

Orp +divg (pu) =0
Ot (pu) +divy (pu®@u) +Vep=0 (2.32)

O ( plul® + m@) +div, (pu|2u+9u+pu) =0.

2.6 Equipartition Theorem

In this section we show how is possible to combine different measure spaces of internal states into a
unique kinetic model for the considered polyatomic gas.

Theorem 2.4. Equipartition Theorem. Let L € N*. Consider (£, A}, 1u)1<i<r, and for all 1 <1< L,
er: (&,A4;) = (R,Bor(R)) measurable such that Assumptions T4 and 22 hold for all (p;,e;). Let us
define

5:81><~~~><5L, AZAI@@AL, U= Q- ® ur,

and

L
VC=(Croeo ) €E, Q)= alQ).
=1

Then Assumptions U1 and 024 hold for (u,e), and for all T > 0, the Gibbs measure defined in (28) turns
out to be
VT:V’%"®'®V%

and moreover one has

L L
=) a(T), D(T)=> DT
=1 =1

Proof. Let T > 0. Let us first prove that vp = vk ® -+ ® vk. We first remark that £(¢) = Zle g1(Q)-
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Let A= (Ay,...,Ar) € Ay x--- x Ar. Then

/Aexp< © T) /A /A (exp( Ti 15[“”)) 4yt (G1) -dpr (C)
:/Al,_,/AL <1£[exp (—Z&g})) dMl(Cl)--~dﬂL(CL)

=1

12[1/ ( ;(QT)> du(G)-

Since this also holds for A =& = &1 x --- x £, we then have

B L fAleXP( sk(lT>d/~Lz Q)
= zl_[lfglexp< 21 )) d(Q)

L
!
=[Tvr(a).

=1

thatis vp = vk ® - @ vk,
Each ¢; (thus also £;) can also be seen as a real random variable on (£,.A, vr), by setting £;(¢) = €;({;).
It follows that

L 5 L
Zk =2) E.r [kBT] =Y &(T)
=1 =1

Finally, since €1, ...,er, are independent under vr (v is tensorized and they each depend on a different
variable),

R A

&
kpT

= 2Var,,,

L _ L
=2 Var,, {k T} =Y _Dy(T).

D(T) =2Var,,, [
=1 =1

is

We show now the results relevant to some particular options.

Proposition 2.12. Let C1,Cy > 0, 8 > 0 and o > —1. Denoting by Bor(R) the set Borelians of R, we
consider

(£, A,dpu(¢)) = (R,Bor(R),C1[2(*dz), e(z) = Co|2|”.
Then for all T > 0,

2 1
5(T) = D(T) = 2Aat+1)
B
Proof. Set T > 0 and o > —1. Performing the change of variables x = =z/(kgT),
we get
a—1

B 00
8 2|Z| a _20102 / _ x % %
/Cg|z\ exp( >C| |*dz —5 xexp T xBx B dx
1

2C1 C’j /OO atl < x )
=2"-"2 z B exp| ———|dz
B 0 P\ ks
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a—1
_ 1Y9 (k‘ T) B +1/ y 3 e_ydy
B 0
a—1
2 atl o atil
_ C1C, (kT 141 a+1)/ y + le‘ydy.
B B 0

Analogously, performing the same changes of variables

a—1
02|z|/3> 201Cy ° /00 < x) a 1-8
exp | — Ci|z|%dz = ——=— exp| ———= | zfz P dx
/Rp( bt ) 1 5 Jo Pk
a—1
201026 X atl_y x
= B8 _—
B /0 x exp KaT dx
a—1
2 s atl [ at1
=%(1@T> ﬁ/ y 7 ey,
We deduce that 5
Calz a
5(7) = 9 fRCQ\zWexp (7 kQ]‘BT‘>Cl|Z| dz_2(a+1)
= 5 = )
kT Jrexp (—C;f‘l}z:lp ) Cilz|*dz B
_2(a+1)

Since ¢ does not depend on 7', we have D(T') = §(T) 3

Corollary 2.13. We consider a1,...,aq > 0 and

d
(&, A,du(¢)) = (Rd,Bor(Rd),dz) L @)=
=1

Then for all T > 0,
o(T)=D(T)=d.

Proof. This Corollary is a consequence of Proposition T2 with o = 0, 8 = 2, and Proposition 4 with
(&,A;,dy) = (R,Bor(R),dz) and &;(2) = a; 22 for 1 <1 < d.
O

2.7 Models within the framework

2.7.1 Existing models

In this subsection, we show that our framework encapsulates various existing models. The parameters
to choose in order to build the model are (£,.4, 1) and &.
The monoatomic gas

The model for the monoatomic gas is the classical Boltzmann model, which considers elastic col-
lisions only. We refer the reader to [43]. To recover this model in our framework, simply set £ = {0},
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A="P(&), u({0}) = 1and £(0) = £” € R. Then the state of a molecule is described by (v,¢) € R3 x {0},
thus simply by v € R3. The conservation laws become

mv + muy, = mv’ +mu),
m m m m
5\v|2+€0+5|v*\2+50 = §|v’\2+60+5|v;|2+60,

which simplify into the conservation laws of an elastic collision

VF Uy = U’Jrv;
0] + [vu]? = [V + v 2.

From there, the classical post-collision velocities

P I v — Vs
VoS “ v — sl
o R U — Uy

2 2 “ v — v

are recovered. The number of internal degrees of freedom and heat capacity at constant volume associated
with this model are, as expected,

0=0 and cvzg,

reproducing that fact that an atom has only the three translational degrees of freedom.

The weighted model with one continuous variable

This model was originally proposed by Borgnakke et al. in [33] and completed with the introduction
of a weight ¢ of integration by Desvillettes et al. in [[/5, [/6] in order to accurately describe polyatomic
gases with the introduction of a single parameter I related to the internal energy of the molecule. The

state of a molecule is described by (v, 1) € R? x R, and the associated withtal energy is % o2 + 1.

To recover this model in our framework, set £ = R, A the set of Borelians of Ry, du(I) = ¢(I)dI, and
for I € Ry, e(I) = I. The conservation laws of a collision write, when the collision is possible, as

mo +mu, = muv’ +mul,
m m m m
S P4 T+ ol + L= TP+ 1+ ol + L

Since I is a continuous parameter, in [[Z6], Desvillettes et al. introduce e = Z|U — v*|2 + I+ 1,

!

Y
formulation

2o’ — o2

r and R = . Using these parameters, the post-collision velocities write in their

o :U+v*+\/§Tw U — Ux
2 |v— vy

vl _ Ut —VReT, LT
2 |v — v
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Our formula for post-collision velocities is equivalent and writes, for allowed collisions,

Ak \/1 ST S (5 A (N (37 O il
Vo= 4|v V| +m( + I 0T, P
/ :”+”*—\/1 S ) S S T 13T O i3
Uy 2 4|U ’U*‘ +m( + * *) w |’U—U*|

The main technical difference between the two approaches is that the authors in [[Z6] fix all the pre—
collision parameters (velocities, internal energies, r and R) and study then the transformation

S, (v,v4, I, Ly, R) — (V' 0l I I 7 R

defined on R3 x R? x R} x Ry x [0,1] x [0,1], while, in our framework, we fix pre—collision velocities
and all pre— and post—interaction internal energies and we study the transformation

Sw[Iaj*vjlei] : (U,U*) — (IU/?/U;)
defined on E[I,I,,I',I,].

We are able to prove that the two methods are equivalent. Indeed, we denote by @ the bijection

. Q-Q
. (’U,/U*7[7I*7T7R)’_>(U”U*’I7I*a1/7[i)a

where Q = (R%)?x (R4+)?x[0,1]? and Q = {(v,vs, 1, I, I', IL) € (R3)? x (R1)%, (v,v,) € E[I, L, I', I/]}.
Its Jacobian can be computed and is equal to

J[®@](v,v4,1,I,,r,R) = (1 — R)e?,
where we recall that e = %h} — 0P T+ 1 = %W —vl|?4+ I+ I, =¢" Then
Sull Lo, T IL) (v,04) = (V1))
®oS,od Y(v,v,, 1,1, I.)= (v ., I' I, ,1,1,),
and we remark that (see Lemma 1. in [[/6] and equation (1))

% _ 1—R)|v —v}] 1
10} ” 10} 1 B I I* I/ II —(1— / / 2( *
J[ OS © ](’U,’U, 9 9 9 *) ( R)(e) (1—R,)|’U—U*| (1—R)€2

A

J[Sull, L, I', I,]] (v, vs).

v = vs
The authors in [76] consider a kernel B : Q x §? — R with the micro-reversibility conditions
B(v,vs, 1,1, R,7,w) = B(vs,v, L, [, R,1 — 1,w)
B’(v,v*,LI*,R,nw) = B(v',v;,l'7I;7R'7r’,w).
We define on Q x S?

1 T B(-,w)o® Y(v,vs, 1,1, I', 1)

BlownLLI, Lw) = 2 P D)ool
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and set B to zero elsewhere. Then, since e = ¢/,

B(v,v*,LI*,II,Ii,w) = B(v*,vJ*,I,Ii,I’,w)
|U—’U*|B(’U,U*,I7I*,I/7I;,W) = UI_U>/k|B(/U,)U:dllajiylal*aw)a
which are the symmetry and micro-reversibility conditions in our framework. It follows that the difference

of approach is purely technical, and does not lead to theoretical discrepancies. The same distribution f
and macroscopic quantities are recovered. Indeed, in this case, with { = 1,

BN = [ [ [ (00 = 10.0700.6)) BE) durdon (')
B ///umw /R?’ /gz (PO TP = F0. D) f (0 1)) BC) dwdvs (L) o(T) (1) AL AT AT,

_ Y - ~ _1, dv.dl, dr'dr dw

- /S 2 /Q » (1010 = F0 D) (00, 1)) By o071 () S S

_ 1ot - 15 J[®](-) dv.dl.dRdrdw
o A L R B L O R

= L L ) = oD s 1)) o 1 ) ) ST

where we recall that J[®](v,v.,1, L., 7, R) = (1 — R)e? is the Jacobian of ®. We denoted by Q[v, ]
the set of (vs, Iy, I’,I,) such that (v,v., I, I, I’,I,) € Q and the same for (). We recover the same
macroscopic quantities as well, for example the density

p(t,x):/g R3mf(rf,gc,v,ﬁ)dvd/dL(C):/R mf(t,x,v,I)dvp(l)dl.

+/R3

Remark 2.5. The approach in [B5, 76] consists in distributing the energy of the incoming molecules
simultaneously to the post-collision relative kinetic energy and to the internal states, whereas, in our
framework, we fix the pre and post-collision internal states and consider afterwards the set of pre-collision
velocity pairs for which this collision is possible.

This model is generally used with o(I) = I, with « > —1. From Proposition -T2, we recover that
in this case (8 = 1 in the proposition), the number of internal degrees of freedom and heat capacity at
constant volume are

0=2(a+1) and cvzg—i-a.

The model with discrete energy levels

In order to accurately describe the vibration inside molecules, a model with a discrete-energy levels
description is proposed by Groppi and Spiga in [[[00]. The authors consider a finite set of internal energy
levels (en)nefo,n] € RNF1. The state of a molecule is then (v,n) € R3 x [0, N], and the associated
withtal energy is %|v\2+5n. The authors define 52@1 = %(Sk«kglfgi—gj)’ g=|v—vi|and ¢’ = |[v/ —v’]|.
A collision is allowed when g2 — 61@1 > 0, with then ¢ = /g2 — 62.’3?.

To recover this model in our framework, we set £ = [0, N], A = P([0,N]), u the counting measure on
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[0, N] and for n € [0, N], e(n) = &, Indeed, note that
ki 1 2, 1 .
—0;; 20 = Z|v—v*\ +a(si+sj—5k—51) >0 <= A(v,v4,1,5,k,1) >0,

where A is defined in equation (Z8). Moreover, the authors give (formula 2.6 in [T00])
!

do/ dv,dQ’ =1 - g L dvdo, dQ,
9285 ¢

which corresponds in our framework to the Jacobian of the transformation (v, v ) — (v,v}), see formula
(ZZ1). The authors in [00] give the following post-collision velocities

vt 1 2 il
v = 5 +72 g _5ijQ
; vtue 1 2 il
vy, = 5 "3 g —5ij()

where Q) € S?. Now remark that % g% — 5l’.fjl = /A(v,vy,1,7,k,1) and there exists (assuming v # v,)

w € $2 such that Q =T, [|3:5i| ] . We then have, like in our framework,

U,:v—i-v*_’_\/ A(v,vs,1,7,k,1) T,
2 —v*|
v+v
Ufk: . \/ U’U*,Z,], 7 T |: v— |:|
*

2

kl

The authors in [T00] define the cross-section o iz

with the symmetry and micro-reversibility conditions

Ufjl(v,v*,w) = aé-k(v*,v w)

UZZ(U,U*, ) = o) — oL Pef (W vl w).

‘2
ij

[v— vy
By defining the collision kernel

B(U,U*,i,j,k,l,W) = 19226?} |’U - U*‘O'zkjl(vav*aw)v

B verifies the positivity assumption (if afjl is properly defined) and from the properties assumed for o

)
W€ recover

B(va*vivjvkvlaw) :B(’U*,’U,j,i,l,k,W)
|’U7/U*‘B(’U7/U*’/L7]7k7l?w) = |UI7v>lk|B(U/7U>Ik?k?l77’7]7w)

Finally, with (¢, ¢+, ¢, ¢) = (i,4, k,1),

B(f, f)(v,¢) ///53 /]RS /§2 ’C *aCi)*f(’UaOf('U*,C*)) B(:) de”*dﬂ(gg((*aC/,Ci)
= Z / /82 (' k) f(ul, 1) — f(v, )f(v*,j)) B(v,v4,1,j,k,l,w) dwdv,

4.k,1€[0,N]
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= 5[ L sl B (A0OA0D - £ () ded

J:k,l€[0,N]

with the notation f;(v) = f(v,%). The same macroscopic quantities are recovered as well, for instance the
density

N
p(t,x):/g Rsmf(t,x,v,()dvdu(():Z/Rgmfi(t,x,v)dv.
=0

2.7.2 Combination of the continuous and discrete models

The continuous and discrete models can be combined in our framework. Let us consider a finite set of
internal energy levels (E”)HG[[O, N] € RN*1 and a weight function ¢ on R ;. We can build the following
model

(€,A,du(€)) = (Ry x [0,N], Bor(R4) @ P([0,N]), p(I)dI x 1), e(I,n)=I+e€,, (2.33)
where 1 stands for the counting measure. The Boltzmann operator writes

spwri= 3l (R~ he D 1)

7,k,1€[0,N]
x B(-) dwdv. o(I)d L. o(I")dI' o(I.)dI..

Let us set €0 = . <migzv{€n}' From Theorem 74, the Maxwellian writes

INX

Mlp,u,T)(v,1,i) =

12 (kg T) 32 2, 1 \! 7 1 \! mlv — ul? I € — €
m s — — exp | — - — ,
P B \ kpT I\ kpT P %kpT kgl kT
where Z. and Z; are the partition functions respectively associated with the continuous and discrete parts,
forall 3 >0

al 0
29 = [ ePendr, zup) =Y e,
+ n=0

Finally, again from Theorem 24, the number of internal degrees of freedom writes

61’1,760
N BP0 L. G0 KA L 0t G 9
= 0¢ d = en—e0
FeT fR+ exXp (_kéT) p(ndr ksl > n_oexp (_(kBT))

As seen previously, if (1) = I® with « > —1, then d. = 2(« + 1). This model with internal energy
described by two different variables, a continuous and a discrete one, may be used to separate the vibra-
tional energy of a molecule from the rotational part. As suggested in [[[0&], the rotational energy may be
modelled by means of a continuous variable, while for the vibrational energy a discrete approximation is
more suitable. Note that the number of internal degrees of freedom turns out to be, as expected, the sum
of the vibrational and the rotational ones.
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2.7.3 Building a model within the framework

In this subsection, we explain how to build a model for a polyatomic gas within our framework, with
an example. Building an accurate model corresponds to giving an accurate description of the internal
states of a given molecule. On this subject, the main field to rely on is Molecular Mechanics/Quantum
Chemistry, see for example [[07]. There are various phenomena to be taken into account, typically
rotation, vibration, electronic excitation and nuclei spin, that could also be correlated. For the sake of
simplicity of the mathematical model, it could be enough to take only rotation and vibration into account,
and assume them to be uncorrelated, but there are physical problems where this kind of description is too
simplistic. The most appropriate model in a given situation typically depends on the considered regime
and the desired degree of complexity and accuracy. This is the reason why we wish not to propose one
model, but to give examples and insights on how to build realistic models inside our framework.

Quantum description of the internal structure

To our knowledge, the currently best internal description of a molecule is given by quantum mechan-
ics. Suppose to have a Hamiltonian operator H. Let {Aq}qeq be the set of its (real) eigenvalues, where Q
is a discrete set (e.g. N,N2_...). We denote by r4 the dimension of the eigenvector space associated with
the eigenvalue )\;. The values )\, are the possible measurable energy levels associated with the operator
H, and rq s the so—called degeneracy of the q™ energy level. We then consider a subset Q C @, the set of
energy levels of the bound states (the physically admissible energy levels), and build the following model

(gaAnu') :(va(QN)v(rq)q)7 E(Q) :>‘¢1a

where the notation p = (r4), means that u({g}) = r4. As we explained in subsection 372, degeneracy
is indeed included in the model via the measure .

We remark that if the set of bound states Q = @ and inf{\g}4e@ = 0, then we recover the formula of
statistical mechanics for the partition function (see [IT0], Chapter 9)

Z(B) = Ze‘m‘q rg= Tr(e_ﬁﬁ),
qeqQ

where Tr(e_fBH ) is the trace of the operator e~ f,

Remark 2.6. The framework we present in this paper, with the Boltzmann equation II2 is "at most"
semi-classical, in the sense that the velocity part is described by classical mechanics. A full quantum
mechanical Boltzmann equation was derived by Waldmann [[58] and Snider [[47]. In our framework,
we assume that the gas is isotropic (no polarization effects), and other quantum considerations would
only appear in the internal structure (€, A, ), € of the molecule.

Semi-classical description of the internal structure

A possible approach is to consider only rotation and vibration, describing independently rotation with
classical mechanics and vibration with quantum mechanics. The description of vibration is thus exactly
the model of the previous paragraph, with a Hamiltonian describing only vibration,

(gvibaAvibanib) = (Q7P(Q)7 (rq)q)a 5vib(Q) = )‘Q'

We assume the molecule to be a rigid rotor, that is, in the description of rotation we assume that no
deformation is induced in the molecule. The rotation-related internal state we consider is thus the angular
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velocity of the molecule in a coordinate system attached to the molecule. In general, this angular velocity
lives in R3, however when the molecule is linear, being symmetric by rotation around its own axis,
the contribution of the angular momentum’s coordinate along this axis can be assumed to be O (this
approximation can be found for example in [[53], section 7). Thus, in the case of a linear molecule, the
angular momentum, in a coordinate system attached to the molecule with one axis being the molecule’s
axis, would live in R?. Moreover, in the linear case, the moment of inertia is the same in both directions.
This way of modelling leads to the following framework for the description of rotation

d
1
(Erots Avots dptror(2)) = (RY,Bor(RY)dz ), eror(z) = 5 > Tis?,
i=1

where Z; is the moment of inertia along the ¢-th axis, z is the angular velocity in a coordinate system
attached to the molecule, d = 2 and 7; = Zo = 7 if the molecule is linear, d = 3 if the molecule is
non-linear. The model taking rotation and vibration into account then writes

d
(£, 4,du(Q)) = (R x Q. Bor(®) @ P(Q), dzry),  <(2,0) = 3 D Tz + A,
=1

From Theorem 24, for all T" > 0,

Ii 2’22 _
¢ ib 4 P (_%BT> xp (_ (A’I;B%O))
dvr(z,q) = dvt (2) dvy’(¢q) = H dz > Tq.

1/2 A, —)\O
- 2nkpT . (Agr—A9)
i=1 (711_ ) Zq’GQ exp < T ) e

Moreover, setting A\ = inf {\;} (€ R by assumption) and using Theorem -4 and Proposition T3, the
qe@
number of internal degrees of freedom turns out to be

Ag—A0 Ag—A0
quQ( IZBT )EXP (_( IZBT )) Tq

Ag—AY
T aee ()

O0(T) = ot (T) + 0yip(T) =d+2

Example: the 'H'7F gas

As an example, we propose four models within our framework for the Hydrogen Fluoride (*H '°F) gas.
We focus only on rotation and vibration. We propose two semi-classical models and two quantum models.
For the formulas of eigenvalues presented hereafter, we refer to the Chapter Spectroscopy Constants of
Diatomic Molecules in [104].

1. Harmonic semi-classical model. We describe the internal states of 'H'?F with a semi-classical
approach. Since this molecule is diatomic, it is linear, so that d = 2 and Z1 = Z5 in the description of
rotation, and has only one mode of vibration. In this simplified model, the Hamiltonian is assumed to
include the harmonic potential (model of the quantum harmonic oscillator). This leads to the model

(€,A,du(Q)) = (R2 x N, Bor(R?) @ P(N), dz x 1), e(z,n) = %Z|z|2—|—hcue <n—|— ;),
- 4

—_

rotation vibration

where 7 is the moment of inertia associated with 'H9F, h is the Planck constant (expressed in SI units),
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c the speed of light (expressed in cm.s’l) and v, the wavenumber (expressed in cm™1). Defining T, =
heve /kp, the number of internal degrees of freedom writes
Tvib/ T

_ grot vib — _—
51(T) =4 (T) + 07 (T) =2+2 eXp(T'uib/T) -1

2. Anharmonic semi-classical model. Instead of using the harmonic potential, the Morse potential is
a useful approximation of the actual internuclear potential, since it allows anharmonicity and an explicit
computation of the eigenvalues of the Hamiltonian. The family of eigenvalues is, up to a constant (see

Morse [133]),
h +1 —h Jr1 i
cle | mn > ClUeZe [ M >
neN

where z. represents anharmonicity. Not all eigenvalues correspond to bound states. We thus restrict the

1
family to the set [0, Njaz], where Npyaz = {

5 J — 1. With this potential, the model becomes
Te

(£,4,du(€)) = (R? x [0, Nymaz], Bor(R?) @ P([0, Nag]), dz x 1),

1 1 1\?
e(z,n) = §I|z|2 + heve (n—i— 2) — hevexe (n+ 2) .

anharmonicity

The number of internal degrees of freedom writes

6o(T) = 65°H(T) + 05%°(T) = 24 65(T).

3. Simplified quantum model. Here we use a quantum description for both rotation and vibration. To
simplify, we describe independently rotation and vibration, using the rigid-rotor assumption for rotation
and the harmonic potential for vibration. Since "H'F is a diatomic molecule, there is only one mode of
vibration. This leads to the model

2

vibration

1
(&, A ) = (N x N, P(N) @ P(N), (2J + 1)(J,n)€N2) . e(Jn) =B, J(J+1)+heve (n+ )
S —
e — |

rotation

where B, is the rotational constant associated with '"H'?F. Defining T,;;, = hcve/kp, the number of
internal degrees of freedom writes

Tvib/T

__ srot vib __ srot R e A—
83(T) = 85°H(T) + 83°(T) = o4 (T)+2exp(Tmb/T)71‘

4. Improved quantum model. For a better description, we can also take into account the correlation
of rotation and vibration, considering non-rigid rotation, and using the Morse potential for vibration to
allow for anharmonicity. This would lead to the model

(€A1 = (@, PQ), (2T +1) g eq)
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e(J,n) = <Br — <n+ ;)) J(J+1)— D[J(J+1)]? +heve <n+ ;) — hevee (n+ ;)2

- - centrifugal distortion —
rot-vib coupling anharmonicity

where @ is the set of bound states, defined by
Q= {(J,n) € N2, e(J,n) >e(J—1,n) and e(J,n—1) > e(J,n)} C [0, Jmaz] % [0, Nmaz].

We denote by d4 the number of internal degrees of freedom in this improved case, which cannot be written
as the sum of rotational and vibrational parts due to the coupling.

From [M04] we know that reasonable data for 'H®F are v, = 4138.39cm™ !, vex, = 89.94cm™1,
B,./hc = 20.95cm™!, a/hc = 0.793cm~! and D/hc = 0.00215cm™!. The value of Z does not mat-
ter in the computation of the number of internal degrees of freedom. Just for the sake of comparison of
our proposed models, we plot on Fig. I the various numbers of internal degrees of freedom d1, d2, 03
and d4 corresponding to these data, as functions of the temperature (in log-scale), expressed in Kelvin
(K). The temperature ranges from 10 to 10 000 K. We see that in this example vibration is negligible
for T < 1000K, and becomes important around 2000 ~ 3000/ . The direct computation of § from the
choice of the model can be useful to quickly check the validity of an approximation in a given regime.

T T T T
10! 102 10° 104
T(K)

Figure 2.1 — Number of internal degrees of freedom in the various models as functions of temperature,
with log-scale x-axis.

We plot on Fig. 2 the same numbers of internal degrees of freedom as on Fig. I, for temperature
ranging from 103 to 106K. The decrease of 3 and d4 after T ~ 10*K corresponds to the result of
Corollary I'T0. While the number of internal degrees of freedom is expected to increase with temperature,
this plot is an illustration of possible limits of validity of the framework. Indeed, high-temperatures
considerations such as bond-breaking are not taken into account in our setting.
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T T T T
103 104 10° 106
T (K)

Figure 2.2 — Number of internal degrees of freedom in the various models at high temperatures.

2.8 Reduction to one real variable and comparison with Borgnakke-
Larsen

In the previous section, we saw that our general framework allows to build a whole range of models
that can be of great complexity. This possibility can be a strength in regards of the precision it allows in
the description of the internal structure. However, too much complexity can be a weakness in regards of
numerical aspects. Notably, the strength of the model proposed by Borgnakke and Larsen [33] is that the
internal structure is described by a single real parameter I € R, which is highly desirable for numerical
simulations. In this section, we show that any model fitting our framework can, under a condition on the
collision kernel, be reduced to a one-real-parameter model. This means that all the complexity can be
concentrated in a suitable measure on R_.. If this measure has a density, then it can be written as (1) d]
and we recover the model with one continuous variable proposed by Desvillettes et al. [[75, [76], which is
suited for numerical applications. While this weight ¢ in the original approach in [[75, [7/6] is a parameter
chosen a posteriori in order to recover desired macroscopic properties (e.g. the number of internal degrees
of freedom), in our case it is computed from the physical structure of the molecule, through the reduction
process that we present in this section.

Definition 2.10. We define 1i° as the image measure of ju by & on Ry, for all A € Bor(R ),

i (A) = (e71(A)).

Theorem 2.5. [f the collision kernel B depends on the internal states only through their associated
energy (see Remark 4 below), then the general model

(67 A7 ,LL) ) €
can be reduced to the model with one non-negative variable

(R4, Bor(Ry), ), I T+£°.



104 CHAPTER 2. A general framework for the kinetic modelling of polyatomic cases

Proof. First, remark that the set F[(,(x,(’,¢.] and the transformation S, [¢,(x,¢’,¢.] depend on the
internal states C,(y,¢’, ¢, only through their energy, cf. equations (Z9) and (ZI0). It follows that if
B and f depend on the internal states only through their energy, the same holds for B(f, f). Thus, in the
deep structure of our framework, all dependence on ( is in fact a dependence on £({) when it is the case
for B. From the change of variable formula, for any measurable function ¢ : R — R such that one of the
following integrals makes sense,

/(g 6(c(0)) du(C) = /g (6042 08)(Q)du() = [ S+ du(D).

Ry

Applying this change of variable to all integrals in this paper ends the proof.

Remark 2.7. We say that B depends on the internal states only through their energy if

B(v,04,¢, 6, (', ¢y w) = B(v,v4,2(€),6(Ce),6(¢), (), w).

This trivially holds true for all existing kernels constructed within the existing models presented in Sub-
section IZZ1l, since for the discrete model there is a bijection between the set of indexes and the set of
energy levels, and for the continuous model with weight, the internal state is the energy: in this case
¢ =1=¢((). To the knowledge of the authors, all existing kernel for polyatomic gases considered up to
now have this property.

Theorem 3 establishes a link between two points of view. The first, the one of the present paper, is
state-based, considering a space of internal (physical) states £. The second, the one of the reduced model,
which is an extension of the model with continuous energy I and weight ¢ proposed by Desvillettes et al.
[75, 78] (when 1€ is absolutely continuous with respect to the Lebesgue measure, there exists ¢ € L' (R )
such that du® (1) = @(I)dlI), is energy-based, since the variable of interest is directly the internal energy
of the molecule. Theorem 3 shows that to any states-based model corresponds an energy-based one (that
is, a model with one continuous variable I and measure 1/ weight ). Since the measure 1/ weight
corresponds to the image measure of i by &, it can easily be computed from the state-based model of the
molecule, which is a major difference of approach of that can be found in [[75, [76] where ¢ is computed
with a posteriori knowledge of the number of degrees of freedom of the gas, moreover usually assuming
it to be temperature-independant. In the following propositions we show some examples of this reduction
for some physically meaningful models presented in the previous section, the link with existing models
known to be accurate at describing rotation, and the computation of a weight ¢ describing rotation and
vibration, which is, as expected, not of the form 7.

Proposition 2.14. Let d € N*. The model
1
(Rd,Bor(Rd),dz), e(z) = §I\z|2

can be reduced to .
(R+,Bor(R+), Cy(T) 157} dI) . I,

d d
with Cg(T) =22 1772 Leby_1(S* 1), where Leby_ is the Lebesgue measure of dimension d — 1.

Proof. We compute €. Let A € Bor(R.).

d
e (4) :/ llllzPeAdz:Lebdfl(Sd_l)/ 1lIr2eArd_1dr:/ 1reaCy(Z)1271dI,
R 2 Ry 3 R,
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with Cy(Z) = 28717~ % Leby_1 (S 1). It follows that
duf(I) = Cy(2) T2 1dI.

O

Remark 2.8. We saw in subsection Z2Z3 that the value of the moment of inertia of the molecule T has no
importance at equilibrium, however Proposition shows that it should be taken into account outside
equilibrium.

We also remark that the reduced version of classical model for the rotation of a linear molecule presented
in subsection 73 is, with C2(T) = 27”,

(R4, Bor(Ry),Co(Z)dI), I 1.

This model, being the the model with continuous variable I and weight p(I) = Co(Z), that is the one
of Borgnakke-Larsen [B3], is indeed well-known to be accurate in describing rotation for diatomic
molecules. On the other hand, the reduction of the classical model for the rotation of a non-linear
molecule presented in subsection ZZ3 can be harder in general, because the computation of the mea-
sure relies on the computation of the surface of a triaxial ellipsoid. Nevertheless in this case, assuming

Z; =7; =T and with C3(1) = 41{/5; , the model reduces to

(R+,Bor(R+), Os(Z) \ﬁd]) L I,

which is the model with continuous variable I and weight o(I) = C3(Z)\/I, well-known for the descrip-
tion of rotation for non-linear molecules.
Proposition 2.15. Let Q be a discrete set, (¢q)qeq € R and (r¢)4eq € (RY)%. We denote by ¥ =

inf{eq},e and we assume ® € R and that for all B > 0 one has > 4cQ e=Blea—<") rq < co. Then the
model

(QaP(Q)7 (Tq)qu)v £(g) =¢q

can be reduced to

R—HBOI(R—F%ZT(]XE,J*GO ) IHI"‘GO’
9eq
0

where X, _co is the Dirac mass at € — €".
Proof. For A € Bor(R. ), we have
/’[’g(A) = ‘u(g_l(A)) = Z Tq 1§(q)€A = Z Tq 1eq—eO€A = Z Tq Xeq—eo (A)
q€Q q€@ acQ
O

Proposition 2.16. Reduction of a combination. Let (£1,A1,11), €1 and (2, A2, u2), €2 be two general
models. Then the combined model

(&, A ) = (&1 x E, A1 @ Ao, 1 @ p2),  e(C1,C2) =e1(C1) +e2(C2)

can be reduced to B B
<R+,Bor(R+),u? x M;??) . I T+e0+€,
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where x stands for the convolution of measures and we recall that ufi, 1 = 1,2 is the image measure of
i by &;.

Proof. First of all, note that £(¢1,(2) = £1((1) + £2(C2). Thus, denoting by 1 the image measure of u
by &, we have for A € Bor(Ry)

p(A) = / / L (¢)+ea(co)ea dpa () dp2(C2)
&1 /&
= / / 11, ipea dpst (1) dpg? () = pit = p5? (A).
O
Corollary 2.17. The Harmonic semi-classical model for the "H'9F gas presented in Subsection 223,

(€, A,du(Q)) = (]R2 x N, Bor(R?) @ P(N), dz x 1), e(z,n) = %I|z|2 + heve <n—|— ;) ,

can be reduced to 1
(Ry,Bor(Ry),ppr(l)dl), I— 1+ ihcue,

with

erp(l)=Ca(I) [ ! W ~ (2.34)

heve

Proof. This is a consequence of Proposition T4 with d = 2, Proposition I3 with @ = N, r,, = 1 and
€n = heve (n+ 3), and Proposition T8 with (€1,.41,dpu1(¢1)) = (R%, Bor(R?), d2), £1(2) = 37 |2|?
and (€, A2,dp2(¢2)) = (N, P(N), 1), e2(n) = heve (n+ %)

O

This Corollary ZT7 illustrates the use of the reduction process: the model with continuous variable I and
weight o corresponds to the model (classical for rotation, Harmonic quantum for vibration) for the
'H'9F gas. The reader shall note that ¢ 7  is not of the form I — I®. As a matter of illustration, we plot
on Fig. I3 the function g p.

Corollary 2.18. Reduction of the combination of the continuous and discrete models. More generally,
let o € L}, (R4, dI) be non-negative and non identically zero, Q a discrete set and (r¢)qeq) € (]Rj_)Q.

We denote by ¥ = inf{e,} 4o and we assume €° € R and that for all 3 > 0 one has > 4cQ e=Blea—<") re <
00. Then the model

(R+ ><Q,Bor(R+)®’P(Q)7goo(I)dIrq), e(l,q)=1+¢

can be reduced to
(Ry,Bor(Ry), p(I)dI), I~ I+¢,

with
(1) = Lo, <rreo g0 (I+€—eg). (2.35)
q€Q
Proof. Again, this result directly follows from Propositions T3 and I-T8. O

Remark 2.9. Still from Proposition I18, the model with two continuous variables with weights

(R_;,_ xRy, BOf(R+) ®BOI‘(R+), w1(11)d (pg(]g)d]g), 5(11,12) =1+ I,
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74 — oue)

Figure 2.3 — Plot of @7, re-scaled with C2(Z) =1 and hcve = 1.

1
can be reduced to the continuous model with weight p1pa, where p1%xpa(I) = / o1(I') oo (I-1")dr.
0

Remark 2.10. [fwe denote by ¢, the number of internal degrees of freedom associated with the general
model (€, A, 1), €, we get§ =, =z, =0 = +0 =, from the Equipartition Theorem UA. Thus ;i€ 0, is
Hq™ ¥y Hq Ho

a morphism.

A comment on numerical aspects

Not only the process of model reduction links the state-based and energy-based points of view, it is also
useful for numerical considerations. For instance, the space of internal states of the semi-classical model
for TH19F is R? x N, whereas it is R for any reduced model, which is far more efficient to be used for
numerical simulations. In order to construct an approximate model suited and efficient for simulation,

one wishes to approximate the measure ;i by a discrete measure, a finite sum of Diracs, of the form
N

Z Tk Xz, Then the numerically-suited approximation of the general model
k=1

(&, A1), €

is thus the discrete model

([L, NI PLND, (re)1<k<n)s (e +e")1<hen,

At fixed N, we suggest to choose the (ry,€;)1<r<n that minimizes a distance (for instance the 1 or 2-

Wassertein distance, explicit in 1D) between the Gibbs probability measures associated with the measures
N

u€ and Z T} Xe, at a temperature coherent with the considered problem. In [T25], Magin et al. propose

k=1
to simplify a discrete model for dinitrogen (N2) composed of 9390 rotation-vibration energy-levels by
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creating energy bins, and replace the first model with an approximate discrete one composed of only 500
energy levels, which corresponds to approximating a sum a 9390 Diracs by a sum of 500 Diracs. This
binning method can be extended to the general case. Like in section 2.3. of [I75], consider a family of
disjoint compact intervals of R, (Rj)1<r<n, and define the average energy of the k-th bin by

1 _
e =+ — [ Idpf(I), (2.36)
Tk JRy

where 7, := uf(R},) is the degeneracy associated with this energy level, with Rj, such that r, is not equal
to zero. The choice of (R}, )1<k< N can be arbitrary, or made by minimizing a distance, like we suggested
earlier.

2.9 Conclusions

In this paper we have built up a general framework for the kinetic modelling of non-relativistic mono
and polyatomic gases. It is based on a set of allowed internal states £ endowed with a suitable measure
w. Each particle is characterized by a proper state ( € £ with associated energy (¢). Owing only to
conservation of momentum and total energy, we are able to define the collision rule and the correspond-
ing Boltzmann operator leaving &, p and £(¢) generic (not explicit). The Boltzmann H-Theorem has
been proved in this general setting, and Maxwellian equilibria (depending also on internal energy) have
been explicitly recovered. Also the number of internal degrees of freedom has been investigated, and
the fluid—dynamic Euler equations have been derived. We have shown that usual models such as the
monoatomic gas, the continuous internal energy description with weights [[/6], and the discrete energy
levels description [T00, 8Y] fit into our framework. Moreover, several different models may be built within
the present general framework, as semi-classical models and quantum description (as main example, we
have proposed four models for the hydrogen fluoride).

The main advantage of this general setting is to be able to construct a model from direct physical
considerations, since we consider internal states and no longer directly energy. For instance, instead of
considering from the beginning the rotational energy of a molecule, we may start from the angular velocity
and construct the energy by the laws of classical mechanics (owing to inertia tensor). Moreover, thanks to
the Equipartition Theorem, we are allowed to combine any pair of different internal states spaces £1 x &2
and the corresponding measures as ;1 ® uo thus, as an important consequence, we have the possibility
to keep separate the vibrational and the rotational parts of the internal energy of polyatomic molecules.
Indeed, setting the space of internal states as £ = Ry x N and e(I,n) = I + e,, we are able to describe
the rotational energy by means of a continuous variable, and the vibrational one by a discrete energy
variable, as suggested in [[08]. Analogously, also the options of keeping both kinds of internal energies
continuous (as in Extended Thermodynamics) or discrete are admissible.

Finally we have also shown that, generically, all models that fit our framework can be reduced to a
one-real-parameter model, similar to the continuous internal energy model with weights, at the price of
suitably changing, in a rigorous way, the integration measure. In this reduction procedure the consid-
erations on states turn out to be summed up into the energy (the reduced model considers the internal
energy directly). From theory to simulation, given a molecule to study, we suggest to first construct the
state-based (general) model of the molecule from its physical description, then compute the associated
energy law 1€ by performing the reduction process and finally define the numerically-suited approximate
discrete model as detailed in Section 8. Also for the investigation of other interesting mathematical
properties of the Boltzmann operator in this general frame, as the validity of the Fredholm alternative
for the linearized operator, and the corresponding rigorous Chapman-Enskog asymptotic expansion up
to Navier-Stokes equations, the original internal states formulation could be more intuitive to use. We
finally remark that even the combination of the continuous and the discrete energy model finally turns out
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to be, after the reduction, a continuous model with a weight explicitly computed in the paper, and this is
a quite surprising result.

Of course it would be desirable to include in the kinetic model even more physical features of poly-
atomic particles. For instance, the quantum mechanical Boltzmann equation derived by Waldmann [[58]
and Snider [[47] is able to describe also the polarization resulting from the effect of external fields on
polyatomic gases [[29]. Such model admits two vectorial collision invariants, corresponding to momen-
tum and angular momentum, bearing in mind that polyatomic particles are generally non spherical, and
also the corresponding macroscopic equations include a proper angular momentum conservation equation
[28, 84, T29]. It is well known [[[Z¥] that in absence of polarization effects, namely for isotropic gases,
the quantum mechanical theory yields the same formal results as classical or semi-classical approaches
considered in this paper, but a general kinetic framework able to include also possible polarization (and
therefore additional collision invariants) could be an interesting further step in kinetic investigation of
polyatomic gases.

We aim also at extending our general way of modelling to mixtures of polyatomic gases, possibly
undergoing chemical reactions. Of course collision rules, and consequently some technical parts of the
proofs, would be much more complicated due to the presence of mass ratios and of the amount of energy
produced or consumed by chemical reactions. The investigation of a suitable general framework for gas
mixtures will be the subject of a future work.

Lemma 2.19. Let r > 0, assume that ({0 < £ <r}) > 0. Then

T—r00

ad [ 040 < [ e”E(C)du(C)+0( | e““)du(o).

[0 9a <[ QO du() +o (/ _ Qe au(o))

Proof. First, we have that

/ E(Q)e O dpu(¢) = / E(Q)e O dpu(¢) + / £ dp((),
€ <

EXT e>r

nd [ Oau@) = [ a0+ [ e Oau).

e>r

Thus we must prove

T—r00

[ e O0au0 5 o [ e 0auo).
E>r T—00 e<r

/ e dp(¢) > p({E<r}) e,
egr

[ 0O 5 o [ 0 0au0)

First, note that

Since p({€ < r}) > 0, we deduce that [, e dyu(¢) > 0 and

f_> efxE(C) dM(C) et —eE(0) 1 e
0 2E2r _ < - ze(6) 4 — _ z(£(¢) T)d .
S J e 0 du(0) S nlE<r) L= ey L ¢ o
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Now note that, on the set {& > 1},

e—2EO-r) .
T—r00

Also, (¢ — e~*(E(Q=7)) ¢ is a non-increasing family of non-negative functions on the set { > r}. By
monotone convergence theorem,

T—r00

/ e~ EO) dp(¢) —s 0.
e>r

We deduce that

o Odp0
fégT e—E(Q) dp(¢) z—o0 ’

[ e 0aue) = o [ e 0auo)).
e>r =00 e<r

Concerning the other goal, it obviously holds

that is our goal

[ Qe O dp(¢) > e / £(C)du(0),
EXr

e<r
and, since ({0 < € < r}) > 0, we deduce that f§<r £(¢)du(¢) > 0. Moreover,
| & aute) <rutie <y <o
eXr

(last inequality has been shown in Section ). It follows that

Jou E(QeEO= dp(¢)
Jecr 8O dp(Q)

(e~ %E() o
o< Jeur E(Q)e du(¢) € ) /_> £(Q)e ™ du(¢) =

X - = < —
Now note that, on the set {& > 1},
g(()efﬁﬂ(é(C)*T) — 0.

T—00

Also, (¢ — &(¢)e=(E(©)=7)), ¢ is a non-increasing family of nonnegative functions on the set {& > r}.
By dominated convergence theorem,

| e O au0) — o
E>Tr

T—00
We deduce that B ~
Josr f(C)B_IE_(O du(¢) N
Jecr E(Qe 5O dp(() w0
that is

[ 00 < o [ q0e0au).
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3.1 Introduction

The kinetic approach to the description of gas mixtures has a long tradition, and in the literature
integro-differential models of Boltzmann type [I12, 6], or suitable simpler BGK approximations [T,
37] have been proposed and investigated. Many of the models for inert mixtures have been generalized to
gas species undergoing chemical reactions; however, the major part of existing kinetic descriptions of re-
active frames assumes the presence of only one bimolecular and reversible reaction, involving monatomic
gases [[[44, B9, 97, 37, 50]. These models are thus too simplistic, since it is well known that each real
bimolecular reaction involves at least a polyatomic species; even in simpler transitions of dissociation or
recombination type, one needs to model polyatomic molecules. For this reason, the kinetic approach has
been extended also to polyatomic gases, modelling the non—translational degrees of freedom by means
of an internal energy variable, that could be assumed discrete or continuous. The Boltzmann model with
discrete energy levels may be found for instance in [RY, [00], while the model with a continuous inter-
nal energy has been proposed and investigated in [[/3, [/6]. In case of continuous internal energy, the
Boltzmann collision operator involves an integral over the energy variable, with a suitable weight func-
tion related to the number of degrees of freedom of the considered species, that diverges in case of a
monatomic gas; consequently, the kinetic description of mixtures of monatomic and polyatomic species
needs to model collisions involving atoms separately, by means of classical Boltzmann operators [[/6]. A
Chapman-Enskog closure and a BGK approximation of this model have been recently investigated [19,
49]. On the other hand, in the discrete energy frame a monatomic gas could be easily recovered as a
species having only one energy level, but even in this simpler case a BGK model allowing to involve
mixtures of monatomic and polyatomic species (namely, with each gas characterized by its own number
of energy levels) has been only recently built up [B0].

As concerns reacting mixtures, it is well known that a collision may change the nature of the molecules
only if the total energy of the impinging particles exceeds the activation energy which characterizes the
considered chemical reaction [I8], but this threshold is taken into account only in some of the existing
kinetic models [96, [T9, T47]. Moreover, the generalization of the kinetic approach to mixtures involv-
ing chains of chemical reactions is not straightforward, even if the possible presence of several reacting
species is already taken into account in some classical references [[[46, 8Y]. In this respect, some spe-
cific problems have been faced at Boltzmann level for monatomic gases in [BS, 7] and macroscopic
equations have been constructed owing to suitable entropy principles [21]; moreover, as concerns poly-
atomic species, dissociation and recombination processes affecting a diatomic gas have been investigated
[30, 98], and a general kinetic model for an arbitrary number of reactions on crystal surfaces involving
monatomic or polyatomic species has been dealt with in [I3].

In order to improve the generality of the kinetic description of polyatomic gases, we have recently
proposed [B7] a kinetic Boltzmann model where the internal structure of a molecule is described by a
single internal state parameter, belonging to a suitable space. Proper options for such a space of internal
states and for the measure defined on it allow to reproduce some models commonly used in kinetic
theory for polyatomic particles: the description based on a set of discrete internal energy levels [T00,
®9], and the one involving a continuous internal energy variable [[Z6]. Moreover, it has been shown that
within this general framework it is possible to build up new models desirable in physical applications,
including the possibility to separate the internal energy into two different components, the rotational and
the vibrational ones. We are able to recover the existing attempts of separating these two internal energies
using different discrete indices [89] or two continuous energy variables [hY, [[f]], and also to approximate
rotational energy by means of a continuous variable keeping the vibrational one discrete; this way of
modelling turns out to be physically reasonable, since the gap between two subsequent discrete levels is
much lower for rotational than for vibrational energy [I0R]. The consistency of our kinetic Boltzmann
model for polyatomic gases has been proved, together with the validity of the H-theorem for each choice
of the space of internal states and of its measure. We have also shown that, under suitable assumptions on
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the Boltzmann cross sections, it is possible to reduce the models fitting our general internal state setting
to a one-real-variable description with a suitable measure, similar to the classical continuous model with
integration weight.

The aim of this work is to extend the Boltzmann model proposed in [37] to a mixture of monatomic
and polyatomic gases, possibly undergoing bimolecular and reversible chemical reactions. Each gas is
characterized by its own space of internal states, endowed with a suitable measure; in this way we could
manage simultaneously monatomic species (with a fixed internal energy) and polyatomic constituents
with discrete or continuous internal energy structure (or even both, if rotational and vibrational energies
are kept separate). Unlike many existing kinetic models described above, in our general framework an
arbitrary number of bimolecular reactions could be taken into account, and each species could be involved
in more than one reaction; even the activation energy of each chemical reaction is included in the relevant
Boltzmann cross section. Of course collision rules are more complicated than for a single polyatomic gas
investigated in [B77], due to the presence of mass ratios and of the amount of energy produced or consumed
by chemical reactions. After the presentation of our setting and of the Boltzmann operators for elastic
and chemical interactions, the collision invariants of mechanical scattering and of global (mechanical
plus chemical) Boltzmann operators are determined and the Boltzmann H-theorem is proved, leading to
the expected Maxwellian equilibria depending also on the internal energy, with suitable mass action laws
relating number densities of gases involved in the admissible chemical reactions with temperature of the
mixture. Euler equations in case of moderately slow chemical reactions (namely, in an elastic dominated
regime) are also derived.

In more detail, the article is organized as follows. In Section 2, the general setting considered in this
paper is described, as well as the admissible collisions. Section 3 is devoted to the collision rules and
to their properties, while Section 4 deals with the Boltzmann equations; specifically, after introducing
main macroscopic fields and elastic and chemical Boltzmann operators together with the assumptions
on the cross sections, mechanical and global collision invariants are determined and the H-theorem is
proved. In Section 5, the equilibrium configurations are discussed, focusing the attention at first on the
mechanical equilibria and on the corresponding thermodynamic properties (internal degrees of freedom,
specific heat at constant volume, and macroscopic fields of each species), and then on the global collision
equilibria, involving the mass action laws relevant to the admissible chemical reactions. The Euler limit
in a mechanical dominated regime is then investigated in Section 6. The following short sections are
devoted to possible applications of our framework: Section 7 shows an example of a computation of a
rate of reaction, in Section 8 we discuss the possibility of reducing our general description to a model
with only one continuous variable (at the price of complicating the measure space), and in Section 9
we provide an explicit realistic example involving three gas species undergoing a bimolecular reversible
reaction. Section 10 contains some concluding remarks and perspectives. We have collected in two
appendices a technical result (in Appendix A) and, for readers’ convenience, some tables summarizing
all physical and chemical quantities used in this paper (in Appendix B).

3.2 Setting

We describe our non-relativistic kinetic framework for the study of mixture of gases (mono- or poly-
atomic), with or without chemical reactions. We consider a gas mixture composed of IV species. Each
molecule of the gas is described by its species label ¢ and its state, namely its velocity v and internal
state (, representing for instance rotation and vibration. The species or state of a molecule is assumed to
possibly change only because of a binary interaction, which can be a mechanical collision or a chemical
reaction.

While it is common to consider from the beginning the energy of reaction in the study of chemical
reactions, we decide not to adopt this point of view in this paper. Indeed, our approach consists in con-
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sidering that the reacting molecules form an isolated system, with no exchange of matter or energy with
the environment, in contrast with the option that the reacting molecules form a closed system, possibly
exchanging energy with its environment. This choice is motivated by a wish of simplicity and generality
of the formulation. As can be seen in [[[(07, Chapter 1], the energy of reaction is the difference between
the fundamental potential energy of the products and of the reactants, that is of the two local minima in
Fig. B, and this is how the energy of reaction appears in our framework. Figure Bl is borrowed from
[0, Chapter 1] and illustrates the evolution of the potential energy during an exothermic chemical reac-
tion. Here, some of the potential energy of the reactants is converted into kinetic, or rotational, vibrational,
etc., energy for the products, so that the chemical reaction induces an overall growth of temperature. In
our framework, the potential energy of configuration is taken into account in the internal description, so
that there is no need to a priori introduce any energy of reaction. The equivalence of our formulation with
others used in kinetic theory regarding this consideration will be investigated in Section BS.

potential

energy

transition state

reactants

reaction coordinate

Figure 3.1 — Reaction coordinate diagram

Another feature appearing in Figure Bl is the existence of a transition state. It is a state of maximum
potential energy, and the chemical reaction may occur only if the reactants have enough energy to get to
this state [T07, Chapter 1]. In the Boltzmann framework, collisions are considered instantaneous, so that
species transition state does not have to be studied and does not appear in the conservation laws. This
feature is taken into account here as a potential barrier, linked to the activation energy, to overcome for a
chemical reaction to be possible, as it will be explained in Section B33.

Following [B7], we associate to each species of the gas, labelled by i € [1,N] (the set of integer
numbers such that 1 < ¢ < N), a measured space of internal states (&;,.A;, 11;), with &; the set of internal
states, A; a o-algebra on &; and u; a measure on &; adapted to A;, an A;-measurable internal energy
function ¢; : & — R, and we denote by m; the mass of a molecule of this species. Hence each species
can be described with its own adapted model. For instance, we may study a mixture of three gases,
the first one described by the monatomic model, the second by the weighted continuous internal energy
model [BY, 75, [76] and the third by a discrete internal energy model [0, I5].

Following [B7], we assume that €; admits a finite essential infimum under x; denoted by 5?, and define
the grounded internal energy function

Ei=ei—e). (3.1



120 CHAPTER 3. An internal state kinetic model for chemically reacting mixtures polyatomic

We define Z;, the partition function of the species i, by

Z:(8) = /5 59 4y (0, (3.2)

i

and assume that Z;(8) < oo for any 3 > 0. The choice of &; in the definition of the partition function Z;
is motivated by physical considerations, as explained in [37, Remark 4.2].

The quantity 5? corresponds to the fundamental energy of the molecule, hence to its potential energy
of configuration. It plays a role in chemical reactions.

The way we handle an arbitrary number of chemical reactions is the following. We consider a space
of allowed collisions, denoted by (). When the collision of particles of species ¢ and j transforming them
into particles k and [ is possible, we write {(i,5) — (k,l)} € Q. We assume that

— mechanical collisions are allowed collisions, that is, for any 1 <i,5 < N,

{(i,4) = (i,5)} € (3.3)
— collisions are symmetric and can happen in both directions, that is
{G.5) = (k,D} eQ <= {(ji)) > (Lk)} eQ <= {(k,) = (i,j)} €Q;  (3.4)

— aredundant symmetry property, implying that every collision is accounting for exactly once when
k =1l and twice when k = [

{G.5) = (k,1D)} €Q <= {(i,§) = (Lk)} € (3.5)
— collisions are mass conserving, that is for any {(¢,5) — (k,1)} € Q,

m; +m; = my +my. 3.6)

For any allowed collision {(i,j) — (k,1)} € Q, we denote by /@f} € R the energy of the transition

state of the collision. We make the following assumptions on /@fjl
— Forany {(i,5) — (k,1)} € Q,

lﬁ% > max (59 + €?, 62 + 6?) 3.7
— Forany {(i,j) = (k,1)} € Q,
b1 =l = = 39

— We assume no transition states for mechanical collisions, that is, for any (i, ) € [1, N]?,

K = el +e). (3.9)
We illustrate in Figure B the role of the quantities 5?,52,52,5? and mfjl in the case of a chemical
reaction; we highlight in particular that the potential energy of configuration of the system of the two

molecules labelled by i and j is €9 + 59.

3.3 Collision model

We consider a collision {(z, j) — (k, l)} € Q). The states of the pre-collision molecules are denoted
by (v,¢) € R3 x &; and (vs,Cx) € R3 x &;, and the states of the post-collision molecules are denoted



3.3. Collision model 121

potential

energy

kl
Kij

reaction coordinate

Figure 3.2 — Reaction coordinate diagram with reference energy thresholds

by (v/,¢") € R? x & and (v],¢]) € R3 x &. Writing the conservation of momentum and energy of the
isolated system yields

miv + mjvs = myv' +myvl,

1 1 1 1
577%'|U|2 +¢i(¢) + §mj\v*|2 +e5(¢) = §mk|vl|2 +er(¢) + §mz|vi|2 +e1(¢)-

(3.10)

Notice that in this state—based formulation no energy of chemical reaction appears in (B10). An
explanation and link with the usual Borgnakke—Larsen formulation of the energy conservation law for
chemical reactions [[/f] is provided in Section BH.

Collision rules and transformation

MM .
We setmfj:%and M;j = m; +m;. Notice that
m; 1My
1 1 i M;; | mgv+mjvs |?
2 2 1) 2 1) (2 g Ux
M |[U|7 + oM |vk | = v —vk|” + EE—
gmilvl+ gmiluid g [0l 2 | mi+m,

Using the conservation laws (B-fl) and (B10), we have

2
My

2

Mij
2

miv +m;vs 2 mypv' +myvl,

m; +m j my +my
from which we deduce that

*
ij

2

o= va 4 £:(0) 4 25(G) = TE — vl P+ ek(C) +&(CL).
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Let us set

A (004,66, ¢ C) = %w—v*ﬁ + mQ (£4(Q) +2(¢) —er() —&(C)) (3.11)

kl kl

which satisfies the symmetry property

A (0,04,C,G, ¢ ) = A (04,0,60,¢,C, () (3.12)

We then have
W' = vl)? = AF (0,04,(,6,¢, G (3.13)

and by a classical argument we conclude that there exists w € S? such that

, m;v+m;ive My ﬁ U — Uy
=——J "4 " JAMT,
Mi‘ Mkl o ‘U—U*|

v =
(3.14)
. MGV + M Vs —ﬂ\/ET UV — Uy
Vy = Mz Mkl i Tw ‘U—U*l )
where T}, is the symmetry with respect to (Rw)",
YV eS?, T,[V]:=V-2w-V)weS2. (3.15)

Note that (31d) makes sense if and only if Af} (v,v4,(, ¢, ¢, L) = 0.

For any allowed collision {(i,5) — (k,1)} € Q and ({, ¢, (', ¢)) € & % Ej x &, x &, we define the
set of pre-collision velocities (v, vy) such that the collision

(ch)ERgxgiv (U*7<*)€R3X€j — ('7CI)GR3XE"]C7 ('aCi)ERg)Xgl

is possible, namely
EZI [<7 C*v </7 Ci]

m*. (3.16)
= {@,v*) ERI X R? | Lo — 0.2 +6i(0) +55(G) > max (e(C)) +sl<<;>,n§;)}.

Notice that /ﬁf} appears in the definition of Efjl [¢, ¢k, ¢, CL] as a potential barrier.

Definition 3.1. For any allowed collision {(i,j) — (k,1)} € Q, (¢, ¢, ¢ L) € & x & x & x & and
w € S?, we define the transformation

Sgkl [Cv C*a Claci] :

EFC. Gl - B¢ ¢l 6,6
MU + M Us my Kl U — Uy
» A Rl il | — |, 3.17
(U,v)'—>< M;; +Mkl\/E [|1’”*|} o

MGV + 1M Vs mi ﬁ V— Vs
I R JART
M;; My V797 o=l ] )

where Af and T, are defined in (B10l) and (B13), respectively.

!
J
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The transformation S7! [¢, ¢k, ¢, CL] links, at fixed angle w and internal states ¢,Cy,(’, (L, the pre-
and post-collision velocities.

Lemma 3.1. For any allowed collision {(i,j) — (k,1)} € Q, (¢, ¢',¢L) € & x & x & x & and
w e S?, Skl [C, ¢, (', CL] is well-defined and is a bijection, with

(S7M1¢,¢n ) oS¢

Lemma 3.2. The Jacobian of the transformation S M (¢, Cx, (', CL] is given by the formula

mimj % |v' — U;|

T[S ¢ ] = (3.18)

mpmy v —vs]

The proofs are similar to those of [37, Lemmas 2.1 and 2.2].

3.4 The Boltzmann model

Distribution function and Kinetic equation

We study the function F' describing the density of molecules of every species. For i € [1, N], the
density associated with the species 7 is denoted by F;. It depends on four variables:

— 2 macroscopic variables: the time ¢ € R or R and the position in space = € R3 or T?;

— 2 kinetic variables: the velocity v € R3 and the internal state ¢ € &;.
As a distribution function, F; is non-negative, so that we study F;(¢,z,v,() € Ry. Moreover, we assume
that for any (¢,z), Fi(t,z,-,-) € L'(R3? x &, dvdu;(¢)). The evolution of this distribution function is
governed by the Boltzmann equation

O F;(t,x,v,0) +v -V Fi(t,x,v,0) = B(F,F);(t,z,v,(), (3.19)

where B is the Boltzmann collision operator we define in the following subsection.

Macroscopic quantities

From the density function we can compute the macroscopic quantities. Let ¢ € [1, N]. If ¢ defined
on R3 x &; is a molecular property, then the associated macroscopic quantity for the species i is

// 6(0,0) Fi(t,2,0,¢) dudps (C).

Typically, ¢ =m;, $ = m;v and ¢ = 5m1|v| + €;(¢) give the macroscopic mass density p; (and macro-

scopic number density n;), velocity u; and specific energy density e; of the species ¢, respectively, as

pi(t,x)

my

pz(t,l’) :/5 RS miFi(t7x7v7C) dvdﬂl(g) and nl(t7x) =

1
7p t,x)

cits) = s //R( o+ 51(0) ) Fltr,0.0) dodi(0)

ui(t, ) / mlvF(t x,v,¢)dvdp;(¢)
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The total (number and mass) density, average velocity and specific energy density are given by

Finally, one can define the temperature of the species ¢ by

T, -0 (1 [/ (lmm—uﬁm(o) Fi(v,Odvdui(o), (3.20)
n; & R3 2
3 1
B

r=e ()] (i S [ G-+ 20) m<v7<>dvdm<c>> . e
=17 ¢t

N
where © {(@)} (T) = @@i(T). Justifications for the definitions (320) and (BZZ0) and a proof
n L~

) , as well as the temperature of the whole gas

1=
that they coincide with the species and global temperatures defined in classical kinetic models will be
provided in Section BS.
3.4.1 Boltzmann operator

The Boltzmann operator acts as a source term in Equation (B-19) and represents the fact that collisions
between molecules change their velocities and internal states.
Collision kernel

When two molecules collide, not all possible post-collision states are equiprobable. This idea is
translated in the concept of the collision kernel, linked with the cross-section. This kernel encapsulates
the information on the interaction potential, for example a hard sphere or Lennard-Jones one [h1]. The
collision kernel B is a family of measurable functions

kl.{R3xR3x5ix5jx5kx51><SQ—>R+ (3.22)

T @,00,6, G ¢ CLw) Hr BE (004,66, Clw),
for any 4, j,k,l € [1,N].

Assumption 3.1. Symmetry. The kernel B is symmetric in the following sense: if {(z, J)— (k1 )} € Q,
then for a.e. v,v, € R3, for p; ® i @ pug @ pi-ace. ((, G, ¢, (L) €& xEjxE, xEandae. we S2,

BZZ(U”U*a C)C*7C/? Ci)w) = Bélic(v*av7 C*’ C) Ci?c/?w) = Bf’f(”)“*?(7 C*a Ci’ CI,W). (323)
When k # [, due to the redundancy (B3), one should think of ijl as half the physical collision kernel.

Assumption 3.2. Micro-reversibility. For {(i,j) — (k,1)} € Q, fora.e. v,v, € R3, for p1; ® p1; ® pp, ®
pae. (C,Ce, (', ¢L) €E X Ej x E x & and ae. w € S,

2,2 kl 2, 2 iJ
mzmj |U _U*|B'L] (’U,’U*,C,C*,C/,CL,W) =mEmy ‘Ul —Ufk|B;‘?(U/,U;7</7C;,C,€*,W), (324)
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where (v/,v]) = ST [¢, ¢, ¢ ¢ (0.

The kernel B is positive when a collision is possible, and equal to zero when it is not admissible. The
following positivity requirement, namely Assumption B3, also links our way of dealing with transition
states with the approach used in [99, D6, IT5], where the energy of the transition state is taken into account
in the kernel through the introduction of a step function relative to the activation energy.

Definition 3.2. For {(i,j) — (k,1)} € Q, for a.e. v,v, € R3, for p; ® pj @ py @ p-a.e. (¢, ¢, ¢, ¢L) €
Ei x & x & x &, we define S?jkl [v,04,C, Cx, ¢, CL] as the subset of S such that for any w € S?,

wE S?jkl [U7U*’ C’ C*?C/a Cﬂ — szjl(v7v*7 Ca C*a Clv Ciaw) >0
Assumption 3.3. We assume that

(v,v4) € Eikjl [ PRSN A R=S S?jkl [v,04,C, Cx, ¢, ¢] contains a neighbourhood of

V— Vs

Pk and S?\ S2,,[v,v4, ¢, C, ¢, ] has zero measure.
*

Modified density and kernel

The density F; and kernel B are physically meaningful, however, in order to lighten the calculations
later on, it is useful to define the following modified density f; and modified kernel b.

1
Definition 3.3. Fori € [1,N], let c; = —5. We define
m;
Bkl
fi=aF;,  bl=—L (3.25)
Ci Cj
We notice that b satisfies the same positivity and symmetry conditions as B, Assumptions B3 and
BT. Moreover, b satisfies the following micro-reversibility condition: for {(z, Jj)— (k:,l)} € (), for ae.
V, Vs € Rg, for p; ® i & pg @ py-a.e. (C,C*,CI,CL) €& x gj x & x & and ae. w € SZ,
lv—v

« kl rot |UI*U>I«|
b (’va*aC7<*7C ’C*vw) =
mim; mgmy

b;gé(’l}//l};?C/’Ci’C?C*’w), (326)
where (v/,v]) = S5*¢, ¢ur ¢, CL (0, 04).

Boltzmann collision operator

Writing Bkl Bkl(v,v*,c .G, ¢’ (L, w) for brevity, we define the Boltzmann collision operator for
the species ¢ by, for any v € R? and ¢ € &;,

B(F, F)'(v ¢)

o 1/5/5 /g /ﬂQg,/SQ((Z;ZJZ) Fp(v',¢") (vl L) — Fi(v,Q) F, (m,@)) (3.27)
3, 1/ Ex

x BYY dw dv. dprj (Go) dpag (¢") dpua (L)
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Recall that collisions with k = [ are redundantly accounted for twice here see (BE3), but in this case the
kernel Bkl equals half the physical collision kernel. In terms of f; and b¥!, (B2Z2) writes more symmetri-
cally

’L]’

BP0 = 3 //g/ L L 0 A = £ O (02.6)

7.k, l1=1
x 0! dw du, dpej (o) dpg (¢ dpg(CL),

where we write bf} = bf} (v,04,¢,Cx, ', CL,w) for brevity. We finally denote

By (F, F)i(v,()

/gl/gk/ /Rs ng’“ ) (vl G b dw dovdpaj (o) dpag (¢ dpag (CF)

7,k l=1

and
B_(F, F)-(v )

LL;/A;yﬂvCMm@M%MMJM@N%@Nm@)

7.k, 1=1

the gain and loss parts of the operator, respectively, so that formally,

B=B,—B_.

Mechanical and chemical collision operators

In our framework, there is no need to clearly distinguish chemical reactions from mechanical colli-
sions. However, it can be useful to make this distinction, notably for the derivation of the Euler equations
and the study of moderately slow chemical reactions, for which mechanical equilibrium is reached way
before chemical equilibrium.

We define the set of mechanical collisions (,,,.. and the set of chemical collisions Q ¢, by

Qmech:{{ Zj } {Zj J5t }a ('L ])E[[l N]] } chem—Q\Qmech (3.28)

Definition 34. We define the mechanical collision Boltzmann operator
Bueen(F, F), forany i € [1,N], v € R? and ¢ € &;, by

Bme(‘h(F F)(U C)

—Z/SQ/ /R MECRSEICHORS (O ATNS)

Xb]deUdMJ (Ge)dpi C)dﬂj(@)

/g/g/ /]R ICCROVICROEFHOXSNATHE)

{ ('LvJ)_)(kJ } GQnLech
x by dwdvdpe; (G) dug (') dpa(CL),
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and the chemical collision Boltzmann operator Bepep (F, F), for any i € [1,N], v € R3 and { € &, by

Bchem F F

jikl /5l/5k/ /1R3 52 (kv (5 €)= fi(0, Q) £ (04, G4))

{ (i.3)—(k,0) } €Qchem
x bt dwdvd e (G) dpe(¢) dpu (CL).-

Since {Qech, Qehem | 18 a partition of Q,
B(F,F)i(U,C) = mech(F F) (U C) + Bchem(F F) ( C)
A weak formulation of the collision operator holds with the following proposition.

Proposition 3.3. For all i € [1,N], let 1; : R? x & — R be a measurable function such that

L. [ [B- w05 B8 ). O] (0. 0) dvdi(€) < o

then

N
Z/g R3B(F’F)i(UaC)wi(U,C)dvdﬂi(C)

-1 Z ////é//(R)/S (01,1 — Fi(0,C) £ (04, C2)) (3.29)

z Jokl=1
x [0r(0, )+ (0,6 = wi(0,0) = ij*,c*)]
x by dewdv dv, dpsi (€) g (Go) dpai(¢') dpaa (CL).
The proof, relying on the symmetry and micro-reversibility of the kernel b, is analogous to the one in

[B7, Proposition 3.1].

3.4.2 Mechanical and global collision invariants

In this subsection, we study the mechanical and collision invariants. Mechanical invariants are related
to the equilibrium of mechanical collisions only, whereas global collision invariants are related to the
equilibrium of both mechanical collisions and chemical reactions.

Definition 3.5. We say that v = (v;), where 1; : R3 x & — R, is a mechanical invariant if for any
iaj € [[LNﬂv fOi" Mg ®/”'] ®M1 ®uj—a.e. (QC*,C/aCi) € gZ X 5] X g’L X g]: a.e. (U,’U*) € E:; [<7C*v<,?<:<]
and a.e. w € S?jij [0, 04,C, Cer ¢, CLL

iV, ¢) 45 (0 €)= i (0, €) + 5 (04, G4), (3.30)
where (V' ,v.) are defined by (v',v}) = S (€, ¢, ¢, Gl (0, 04).

Definition 3.6. We say that 1) = (1;), where ¥; : R x & — R, is a global collision invariant if for any
allowed collision {(i,j) — (k,1)} € Q, for p1; @ p; @ pu, @ p-a.e. (¢, e, ¢ ¢L) € Ex & x E X &, ae.
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(v,v4) € Ei’f]l[g,g*,g',g;] and a.e. w € S%jkl[vm*,g,g,g’,(ﬁ,
,(/Jk(vlﬂcl) + 1/”(“17(;) = w’b(vag) +¢] <U*7C*)7 (331)

where (U/a ,U>/k) are deﬁned by (Ulv Ufk) = Sgkl [Cv C*a Clv Ci] (Uv U*)'

Since () contains all collisions, a collision invariant is also a mechanical invariant.
Let (o) € RN and (3,7) € R? x R. Let us define ¢ such that for any ¢ € & and v € R3

»i(v,¢) =0 + B-miv+7y (;mi|v|2 +Ei(C)> -

Then the conservation laws (B10) straightforwardly imply that v/ is a mechanical invariant. If moreover,
for any {(i,j) — (k,l)} € Qchem» @ + aj = oy + oy, then ) is a collision invariant.

Proposition 3.4. Let 1) be a mechanical invariant, such that for any i € [1, N] and pi-a.e. ¢ € &; there
exists r¢ > 0 such that 1;(-,¢) € L (R?’, e_‘”|2/ridv). Then there exists (a;) € RN and (B,7) € R3xR
such that for any i € [1, N], for p;-a.e. ¢ € & and a.e. v € R3,

Pi(v,¢) =0 +B-miv+7y (;mi|v|2+5i(<)> : (3.32)

Proof. First, we consider Equation (B30) for i = j = k = [ (since by hypothesis {(i,i) — (i,)} € Q).

The assumption on the potential barrier for mechanical collisions (B9) yields xi¢ = €Y 4 ¥, hence we

obtain from [B7, Theorem 3.2] that there exists (ay, 3;,7;) € R x R3 x R such that for any i € [1, N] and
pi-ae. ( € E andae. v € R3,

0.0 =i+ i (gl P+ 4(0) ). 6.3

Let us now consider again Equation (B30), using formula (B333), with ¢ = k, 7 = [ (since by hypoth-
esis {(i,5) = (i,5)} € Q), ¢ = €&, ¢ = ¢, € &, with ¢ and ¢, such that equality (333) holds. By
definition, the set of allowed pre-collision velocities writes in this case

. m¥. .
EZ;[QC*,(:,(*] = {(’U,’U*) eR? x R? sit. TZ]\U—U*F > /@Z —&;(Q) —5]-((*)}.
Using the assumption on the potential barrier for mechanical collisions (B9) thus yields
EJC,CerC, G = RE xR (3.34)

Moreover, we have

\/Ag(vav*vcvc*vcac*) = |1) 7U*|v

so that
;MU Miue My

My M;;

T [V —v4],

hence v’ is a continuous function of v, v,,w. The same applies for v’,.
Now combining (B733) with (B330), we get

1 1
ity Bieot By-ot (bl +a(0)) o (malon P+ e,(6))
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1 1
=a; +q; +ﬁi'vl+5j 4+ <2mﬂ/|2 +€i(C)> + ;5 <2mj|v;|2 +5j(C*)> )

simplifying into

2

1 1 1
- (2mz‘|vl|2> +; (2mjv*|2) —; (2mj|vi|2) =0.

By hypothesis and from Equation (334), the above expression holds for a.e. (v,vs) € R3 x R3 and
ae. w € Szzjij [v,04,(,Cx,C, (). Since it is continuous in v,vs,w, and Assumption B3 ensures that

1
Bi-v—Bi v+ Bj v — B v+ (mi|'U|2)
(3.35)

S?ji [v,v4, ¢, G, ¢, G contains a neighbourhood of ﬂ:g:‘ , Equation (B333) actually holds for all (v, v,) €
R3 x R3 and w in some neighbourhood of |Z:Z:|' We can thus consider w = ‘g:g:‘ in the equation, so
that
T, { VU — Uy } v 7
v — vyl v — vyl
implying
;MU MU My m; — My 2m;
= V—vy) = v v
M;; Mi‘( ) M;; +Mi' "
and
;MU +mjvy m; (0 —v.) Zmiv m; fmiv
v, = ——— — V) = — .
" M; M;; VM My
Equation (333) becomes

. g (MM 2my
g ﬂ’( M; HM--”*)

The above equality holds for all (v,v,) € R3 x R3. Since it is a polynomial in v and v,, all coefficients
must be equal to 0. Focusing on the coefficient in front of v yields

Bi — (m2]\41m]> Bi — ?\Zjﬂj =0 < (m,‘-i-mj —(mi—mj))ﬁi = 2m;f3;

We deduce that there exists 3 € R3 such that for any 1 < i < N, 5; = m;8. Now focusing on the
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coefficient in front of |v|? yields

mi o omi(mi—mg\Eomy(2mi\®
2% 2% M, 2'7] M;; =

S ((mz erj')Q — (mz — mj)Q) Yi = 4mimj’yj

— Vi =7
We conclude that there exists v € R such that for any 1 <7 < N, 7; = 7, ending the proof. O
Corollary 3.5. Let 1) be a collision invariant, such that for any i € [1, N] and p;-a.e. ¢ € E; there exists

r¢ > 0 such that 1);(-,¢) € rt (RS, 6"”‘2/7’<dv>. Then there exists (c;) € RN such that o; + aj =

ay, + o for any {(i,j) — (k:,l)} € Quhem and (B,7) € R? x R, such that for any i € [1,N], p;-a.e.
(e andae v e R3,

wi(v,g) =a; +06-miv+7 <;mz|v|2 —I—EZ(C)) . (3.36)

Proof. Since 1) is a collision invariant, it is also a mechanical invariant. From Proposition B4, there exists
(o) € RN and (3,7) € R? x R such that for any i € [1, N], for y;-a.e. ¢ € & and a.e. v € R,

Pi(v,¢) = +B-miv+y <;mi|v|2 +€i(C)> -

We have to prove that functions of this form are collision invariants also of the non-mechanical collisions
if and only if, for any {(,7) — (k,1)} € Qcpem, We have

Qi +aj = o+ q.

Let {(i,5) = (k,0)} € Qcpem. There exists (¢, (x, (', (L) € EixE;jxEx & and (v,v,) € Efjl[g,g*’g’,gi]
such that Equation (BZ31) holds, because for any &,&,,& &L, Efjl [£,&x,&,€L] has non-zero Lebesgue
measure. Equation (B331l) now writes

1 1
;4o + B - (mv +mjus) + (2mi|v|2 +ei(¢) + §mj\1’*|2 +€j(4*))

1 1
=t o B g+ (Gl (€ + gl P (<) ).

and from the conservation laws (BI0), we get a; + o = ag, + ay. O

3.4.3 H-Theorem

The collision equilibrium can be characterized with the following theorem.

Theorem 3.1. Let F' € Hf\il LY(R3 x &, dvdy;(C)) such that for any i € [1,N], a.e. v € R3 and p;-a.e.
¢ €&, Fi(v,¢) > 0. We assume that for any i € [1,N],

/ / B (F, F)i(0,C) + B (F, F)i(0,0)] log(Fy) (v, )| dvdpai(¢) < oo,
& JR3
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1
We have, recalling that ¢; = —,
m;

N
S [ [ BP0 os(e ) (.0) v ) <0, (337)
i=1" <t

Moreover, the following statements are equivalent

N
0 X [ [ BEP@O oseR) .0 dodtc) =0
i=1"¢i
) B(F,F);(v,¢) =0 foranyi € [1,N], for a.e. v € R? and p;-a.e. ¢ € &
(4i1) (log(ciFy)) <IN is a collision invariant.

The proof is similar to the one of [37, Theorem 4.1].
Moreover, the mechanical equilibrium can be characterized with the following theorem.

Corollary 3.6. Let F' € Hfil LY(R3 x &, dvdu;(C)) such that for any i € [1,N], a.e. v € R3 and
wi-a.e. ¢ € &;, F;(v,¢) > 0. We assume that for any i € [1,N],

/é:- /R3 [Bmecmf(FvF)’i(vvC) +Bmech,+(Fa F)z(U,C)} |10g(E)(v,C)| dUdILLl(C) < 0Q0.

1
We have, recalling that ¢; = —,
m;

N
Z/g /Rg Binech(F, F)i(v,¢) log(ci ) (v,¢) dvdp;i(¢) < 0. (3.38)
i=1 i

Moreover, the following statements are equivalent

N
(Z) ;/& /]R3 Bmech(F7F)i(U7<) 1Og(ciFi)(U7<) dvdﬂz(() =0

(i) Bineen(F,F)i(v,¢) =0 foranyi€ [1,N], fora.e. v e R3
and pi-a.e. ¢ € &;
(#i1) (log(ci Fy)) <IN is a mechanical invariant.

Since Q¢ satisfies the assumptions of our framework, Theorem Bl is still valid when Q) is replaced
by Q,ecn. In this case, the invariants involved are the mechanical invariants.

3.5 Equilibrium

The H-theorem along with the characterization of invariants allow to obtain the form of the equi-
librium distribution, and to compute usual thermodynamic quantities, such as the number of degrees of
freedom or the specific heat at constant volume.

Definition 3.7. We define the extended Maxwellian family  of  distributions
(M) 1<icn associated with densities (n;)1<i<N € RiN (where R* = Ry —{0}), velocity u € R3
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and temperature T > 0 by, forany 1 <i < N, v € R3 and ( € &;,

3/2 2 =
T . mi 1 ~mglv—ul*  &(Q)
Mini,uw, T)(v,C) = n; (27rkBT) Z; (kBT> eXP< hpT el ) (3.39)

where kp stands for the Boltzmann constant and Z; is the partition function of the species i defined in

(B2).

3.5.1 Mechanical equilibrium

We consider at first mechanical equilibrium configurations, namely suitable sets of distributions F’
such that B,,,c., (F, F') = 0. We have the following proposition.

Proposition 3.7. When  mechanical equilibrium is  reached, that is  when
Bieen(F, F) = 0, there exists (n;)1<i<N € Rj_N, w € R3 and T > 0 such that, for any 1 <i < N,
a.e. v € R® and pi-a.e. ¢ € E;,

E(Uac) = Mi[nhﬂ,T](UaC)'

This result is quite classical and the proof is similar to the one shown in [37, Section 4].

Definition 3.8. We define d;, the thermodynamic number of internal degrees of freedom of the species i,
and ¢, the specific heat at constant volume of the species i, for any T' > 0, by

y ([ a©en(=553 ) an

5(T) = . , (3.40)
kT &i(¢) ,
/& exp (— kBT) dpi(C)
and
, 3+ D;i(T
() = 2200, (3.41)
ith
" Di(T) = d(Toi(1)) (3.42)
“Adr :

Recall that the partition function Z; defined by Equation (B2) is C*°. Remarking that, from (B-20),

130) =~ 2 (os(20) (o7 )

B

the function 7"+ T'6;(T") is C°*° on R’} and D; is indeed well-defined.
We recall in the following propositions and corollaries various mathematical properties of §; and D;
studied in [37].

Proposition 3.8. If 1i;(s; =€) > 0, then

5Z(T) — 0 and DZ(T) — 0.
T—0t+ T—0+

Proposition 3.9. Forany T > 0,
1 /T
0;(T) = —/ D;(T"dT".
T Jo
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A probabilistic interpretation may also be provided for the functions 6;(7") and D;(T'). For T' > 0,
define the Gibbs probability measure /. on (&;,.A;) by

dvg (1 N\ &i(¢)
du; €)=2; (M) €xXp <— kBT> ) (3.43)

where Z; is the partition function defined by Equation (32). Then for any T' > 0, (&;,.A;, zﬂT) is a proba-
bility space. Since &; : & — Ry is (A;, Bor(R))-measurable, it is a real random variable on (&;, A;, v7).

Proposition 3.10. For any T > 0,

g

if(T) =2E,; : 44

0(T) =2E,; {kBT} (3.44)
and ~
=

Di(T) = 2Var,;, {sz } (3.45)

where IEV%-F and Varu% are the expectation and the variance under the probability 1/%, respectively.
Corollary 3.11. Forany T > 0, we have 6;(T') > 0 and D;(T") > 0.

Corollary 3.12. If there exists R € R such that ¢; < R p;-a.e., then

§i(T) — 0, and Dy(T) —> 0.

T—o00 T—o00

We set p; = m; n;. We easily verify that

/ m; Mi[ng,u,T)(v,¢)dvdu;(¢) = pi,
& JR3

and

/ v Mifng, . T)(v, €) dvdi (€) = i
E; R3

Definition 3.9. We define ©;, the microscopic energy function of the species i, for any T' > 0, by

3 1
(T) = SkpT —1log(Z) [ — ). 4
0;(T) 2kB 0g(Zi) (kBT) (3.46)
. 3+6;(T)
By definition (B0), we also have ©;(T) = — kT, and from (B-Z0)-(BZ2),

T
0:(T) = / ¢, (T kg dT.
0
We now define the specific energy density associated with the species ¢ at equilibrium as
eq 1 1 9
e u, T = — —m;|v]* +¢&;(¢) | M;ni,u, T](v,¢)dvdu;(€). (3.47)
ni Je, Jrs \ 2
A straightforward computation leads to

1
i u, T) =€ + M lu? +©;(T). (3.48)
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Notice that ®; is continuous on R*, can be extended by continuity to R, setting ©;(0) = 0, is
increasing on R, with ©;(T) o 0% and thus is a bijection from R to R..
—00

We then have for any 1,

n=0; (o [ [ (Gmio—u+40 ) Ao dndu(c).

justifying (B220), the definition of temperature of the species i, noticing that here, at mechanical equilib-
rium, F; = M; and (u;, T;) = (u,T).

Letting a; = — be the density fraction of the species i, we define the average specific energy at
n
equilibrium by

N
é(ai),u, T) =Y a;ef[u, T). (3.49)
=1

We have

N N N

_ 1

e“(a;),u,T] = E azfg + E CLZEW |H|2ﬂL E a; ©;(T),
i=1 i=1 i=1

potential bulk micro

where we notice the separation of the potential energy, bulk kinetic energy and “microscopic” energy
(coming from the contribution of both kinetic and internal contributions at microscopic level). We define

N
O[(a))(T) = ai®i(T). (3.50)
=1

The function ©[(a;)] is continuous on R* , can be extended by continuity to R+, setting ©[(a;)](0) =
0, is increasing on R, with @[(a;)](T) o 0% and thus it is a bijection from R to R
— 00

‘We then have

r=6[(")]" (; é/g /]R (;mi|v—u|2+s¢<o> ﬂ(v,c)dvdui(o),

justifying the definition of the mean temperature in (3221) when noticing that here, at mechanical equilib-
rium, F; = M; and u; = u.

3.5.2 Mechanical and chemical equilibrium
We now consider global steady states, namely mechanical and chemical equilibria. Obviously, every

proposition of the previous subsection still holds. We now obtain in addition the mass-action law for each
admissible reaction.

Definition 3.10. We define CZQ, the chemical constant of the species 1, for any T > 0, by

0
CY(T) = (2rmikT)>? Z; (k;BlT) ¢ FBT. (3.51)
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We also define, for any chemical reaction {(2, J) = (k, l)} € Qchems the equilibrium constant

K35 (T)
(T CY(T) { sy (1 (A 62
=00 o = 11§ @empkpT)>7/? Z, exp | — ;
Ci (T) C]‘ (T) peliikl} kT kT
with stoichiometric coefficients oy, = 0 = —0; = —0; = 1 and we recall that (Aao)fj = 82 —I-E? —5? —E?

is interpreted as the energy consumed by the chemical reaction.
We now state the mass-action law of chemistry.

Theorem 3.2. Mass-action law. When collision equilibrium is reached, that is when B(F, F) = 0, there
exists (nfq)lgigN € Rj_N, w € R? and T > 0 such that, for any 1 <i < N, a.e. v € R3 and p;-a.e.
Ce&

Fi(v,¢) = Mi[ng*,u, T(v, (),

with M; given in (839), and for any chemical reaction {(z’,j) — (k:,l)} € Qchem, the following mass-

action law holds
”anfq ki
cq—eq = Kij (T). (3.53)

Proof. Theorem B ensures that (log(ciFi)) 1<i< 18 a collision invariant and Corollary B3 yields the
existence of (a;) € RY, 3 € R? and v € R such that a4y = a;+a; for any {(i,j) — (k,l)} € Qchems

and for any i € [1, N], for a.e. v € R? and p;-ae. ¢ €&,

log(c; F3)(v,¢) = o + B-miv 4y <;mi|v|2 +€i(C)> .

1 1 2
Setting T = ———,u=——F and A; = exp (ai + m2|ﬂ|> for any i, we get
kv Y 2y
1 milv —ul*  &i(C)
Fi(v,¢) = — A - - .
(0.0 = Ao (- - 24
eq _ CL(T) . 1 eq o
We set n; " = 0 and recover, recalling that ¢; = —5, Fj = M;[n;?,u,T], where M, is given in
) ms
(E39). '

We consider a chemical reaction { (i,7) — (k,1)} € Qepem- Since ay+a; = o +aj and my, +my =
m; +m,, we obtain A; A; = Ay A;, leading to

npm! _ CR(T) C(T)
nfqnjq C’? (1) C;-)

G

which ends the proof. O
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3.5.3 Rate of reaction

Assumption 3.4. From now on, we assume that the dependence on (v, v ) in the kernel is through v — vy,
i.e. there exists Bikjl such that

Ezkjl(v - U*vCaC*?C/aCiaw) = BE‘I(U,U*7C,C*,§I7CL,W). (354)

We assume the chemical reaction to be moderately slow compared to the effect of mechanical col-
lisions, which leads us to investigate the case where mechanical equilibrium has already been reached,
implying F; = M;[n;,u, T for any ¢, but not chemical equilibrium. Since in this case By,ecn (F, F) =0,
the Boltzmann equation for the species i writes, for (¢,z,v,() € Ry X R3 x R3 x &,

atFi(t,lL',U,C) +U'VzFi(t,£L',’U,<) :Bchem(F(tvxv'a')vF(taxv'f))i(v?C)'

For brevity, we do not write the variables ¢, x in the following. Recall that, using the notation f; = ¢; F;
kl
bkl

and Cl_cj ,

Bchem (F F

jikol /51/5k/ /RS s2 (kv (5 €)= fi(0, Q) £ (04, G4))

{(%J)ﬁ(kvl)} €Qchem
x bl dodus dpg (G2 dpi(¢) dpn(CL):

Definition 3.11. We define r*, the rate of the reaction {(,5) = (k, 1)}, by

Z]’

/Sl /Ek /5] /l /]R3)2 /S2 (vl ¢ = fi(”aC)fj(U*vC*))
X B (0,00,6,6 ¢ o) dwdudu. dp(€) dpaj (G) due(C) dp(C). - (355)

We also define r;, the reaction rate of the species i by

= [ [ BaenE RN Odvdm = X0 o (3:56)

gkl
{@n—-ED}eQenem

Lemma 3.13. For any {(i,5) = (k,1)} € Qchem.

rf]l réf = ré’f = —r;c]l (3.57)
Proof. The symmetry assumption (3223) on B, and thus on b, straightforwardly implies r rZ“ = ré’j ,
while the Jacobian formula of S&* ¢, G, ¢’,¢.] along with the micro-reversibility condltlon B28) on b
also straightforwardly implies rkjl frzjl O

We define Blkjl, the average kernel relevant to the reaction {(i,j) — (k,I)}, for any g € R and
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(C?C*)eglxgjv
kl kl / /
BH(g,¢.¢.) /g/ / BE(g,¢,Gur ¢ (o) dwodpin(¢) dpn (1), (3.58)

with BE! defined in (B3).
Define the relative kinetic Gibbs probability of the species i and j at temperature 7' > 0 on R? by

* 3/2 *l 2
1, mz mi‘ g‘
d\7(g) = (%k;T) exp <— %JBT ) dg, (3.59)

where mfj is the reduced mass. Then, for any 7" > 0, Bikjl is a real random variable on the space R3 x
& x &j endowed with the probability \7. ® v @ v/,

Definition 3.12. We define KX, the rate constant of the chemical reaction {(i,j) — (k,1)}, for any

l]’

T >0, by
kl _ ) kl
K (D) =Eyisgus 0, [B ] (3.60)
where E N @i @i, stands for the expectation under the probability )\ ' ® V% ® V%.

The rate constant only depends on the considered species, the collision kernel and the temperature.

Definition 3.13. We say that ijl is energy-non-decreasing (resp. energy-non-increasing) if for a.e.
9.9 €R3, pi-ace. (,¢' € &; and pj-a.e. (i, (L €Ej,

m;j 2 m;j 12 / /
TGP 4 ei(0) +25(6) < 21 +ei(¢) + (<L)
= Bj(9,6.6) < B¢
(resp. = Bi(9.¢.¢) = BY(4.¢.¢))).
Proposition 3.14. [If Bkl is energy-non- decreasing and Lebgs ® p; ® pij-non-constant, then KW is an

increasing functton of temperature. If B is Lebgs ® 11; ® puj-constant, then Kkl is a constant functzon of

temperature. If B is energy-non- mcreasmg and Lebgs ® 1; ® pu5-non- consmnt then Kkl is a decreasing
Sfunction of tempemture

This is a straightforward consequence of Lemma BI8 in Appendix A, with X = R3 x & x &,
1= Lebgs ® p; @ pj, ¢ = B

00661 = 1 (“R1oP + &0+ 5,0 )

Proposition 3.15. The rate of reaction writes

= K5 (T)ngny — KE(T) nin;, (3.61)
and the following relation holds
ij H(r)
K (T) , (3.62)
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where /Ckl has been defined in (332).

Proof. Let us fix j,k,[ such that {(i,j) — (k,l)} € Qchem- We denote

H(0,0) = /g/g/ /]R [ (B R0 = £, 0 (01.C)

b devdvdpe (G dpp (¢ (<L),
Since we assumed mechanical equilibrium, I has a Maxwellian form, and we deduce from the conserva-

tion laws (BI1) that
nEny 1

nin; ICZZ (T)

[ ) il ¢) = fi(v,Q) £ (s, Gi)-

We set
ngny

—ning.
KH(T)

kl
RE(T) =
Then, recalling that f; f; bf} =FF; Bikjl and the assumption (854 on B, we have
I (v,0)

kl
i o Jo foreomses

X Bf]l(v - U*vCaC*aC 7C*7w) dwdu, d:u](g*)d,uk(c/) dﬂl(g%

simplifying into
TH (v kl BM dov, dy;
ij( nmg 3 Fj(vs, Ce) ij (v =04, (, G ) dvwdpj (Gs).

The rate of the reaction {(i,5) — (k,l)} then writes

/ / TH(0,¢) dvdpus(O)

Rkl
ninj / / /R3 Mi[ni,u, T] Mjnj,u, T) B (0 =04,
dode. 4yt () ().
Applying the change of variables (v, v) — (v + u, vy +u) yields
Rkl
i = nin; / / /Rs)zM’ ni,0,T] M;[n,0,T] B (v = v, €.C)

dvdwv, dpe; (¢) dpi(Q)

3/2 3/2
ity (e N N (LY (L
i o2nkpT 21kgT i \kgT )7 \kgT

£i(Q) e (¢x) _mgloPmglo®
/ / kBT // € kBT Bik]'l(v_v*7<a<*)
(R3)2
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dvdwv,dp; (¢)dp;(Cs)-

In the integral in (v, vy ), we perform the change of variables

(0,0,) <v—v*, =(9,G)

M4V + M Vs
m; +my;

of unitary Jacobian. Recalling that m;*j = r:Ln :_"Tl,fb and M;; = m; +m;, we have
i J

I w2, 1 2 1 9, 1 2
§mij|g| +§sz|G| =§mz‘|v| +§mj|v*| ;

and we obtain that the previous integral in (v, v ) rewrites as

2kt gl
5 / ¢ ToT BH(g.¢,¢,)dg.
mw R3

It follows that

* 3/2 —1 —1
kl _ pkl i (L (L
Tij —Rz‘j (T) <27T/€BT) ZZ </€BT) Z] (kBT>
_mfj|g|2 G0 +Ei(6) \ pu A .
X/si /Ej /RgeXP< hpT e ) By (9,¢,¢)dgdpi(Q)dp;(Cs),

which rewrites as

Kl okl - (sl [ Mk o\ ek
rig = B (D Eyig g i, [Bij} = < KH(T) —mm) K3 (T)-

Finally, since rf; = 77’?[ and the above expression is a polynomial in n;,n;,n,n;, we obtain (B62) by

identification and (BZ&1l) follows. O

Corollary 3.16. The reaction rate of the species i writes

T, = Z Kz(T) neny — K%(T) nmj.
Gkl
{(i7j)_>(k7l)}eochem
This corollary is a straightforward consequence of Proposition B-T3.
Redundancy-free quantities. Let us recall that since the reaction {(z, Jj)— (k,l)} is technically the

same as {(i,j) — (I, k)}, the physical rate of this reaction actually writes, when k # [,

i =i grlk (3.63)
Similarly, the physical rate constant of this reaction actually writes, when k = [,

KM =KF -+ Kk (3.64)

We highlight that this is coherent, as we already pointed out that in the case k = [ the kernel Bikjl may be
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thought of as half the physical one, and both the rate of reaction and the rate constant linearly depend on

it.

3.6 Euler limit

In this section we derive the system of Euler equations in the case of moderately slow chemical reac-
tions, that is, when mechanical equilibrium is assumed. Then Corollary B8 ensures that B,,,¢.p, (F, F)) = 0

N],allt € Ry, z € R3 ae. v € R3 and p-ace. ( €&,

)] (v,¢).

a.e., and for any ¢ € [1,

Fi(t,x,v, C) =M; [ni(t7x)7ﬂ(tvz)vT(tv

We define (A<Y)KL, the energy consumed by the chemical reaction { (i, 5) — (k,l) }, by

l]’

0

(A° )” = 4 el —50—5]

Now we define the set of families of chemical reactions
chem:{{{l i} Sk, l}} s.t. { (,9)
accounting exactly once for each different chemical reaction, in the sense that

{{27]} = {kvl}} = {{j,l} s {l’k}} = {{kvl} = {Za]}} = {{l’k} s {j,Z}}

= (k,1)} € Qenem |

={ligt s{Le ={{i sk} ={k1} s (it} = {{L.k} S {i}}

The symmetry properties of (Ac” ) and of r¥!, (B32), straightforwardly imply

Z]’

(AO) 7kt = (A=)l = (A = (a) o

Tij i g
0\lk Uk N 0
= (A5 iy = (A)firi = (A kg = (M)

allowing the following (B~Z1l) to make sense.

Theorem 3.3. We set
N o N
_:Z;ni; Zmznw 6:%2 5( )a p=nkgT.
1= = 1=

The Euler system of equations at mechanical equilibrium is given by

Vi€ [1,N],0in; 4+ dive(nu) = r;,
I(pu) +dive(pu®u) + Vap =0,

1 340 1 3+6
o) (2ﬁlu2 +ﬁ;—kBT> +div, (2/5|U|2U+7_1;—k’BTU+pU)

0Nkl -kl
= Z (Ae )ij Tij>

{{ivj}:{kvl}}eochem

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)
(3.70)

3.71)
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where, recalling that 7" and Rf are the redundancy-free quantities defined in (B:63)—(B84),

; !
ij J

kl _

T = k4 rﬁ? = K (T)nyn; — KE(T)nin;, and v = Z rf]l

i J
j7k7l
{(i:j)%(kvl)}egchem

Proof. Since By,ecn(F, F') = 0, the Boltzmann equation now writes, for any 1 <i < N,
8tF7;(t,I’,U,C) +v- szi(t,l’,U7C) = Bchem(F(t,l', %y ')a F(t,l’, %y ))l(vvc) (372)
By definition of 7, given in (338), integrating (B-72) in v € R? and ¢ € &; straightforwardly yields (369).

Now let ¢ be such that for any i € [1,N], v € R? and ¢ € &, v;(v,¢) = m;v. Since 1 is a collision
invariant, we have for any ¢ and x

N
Z/E /Rg Behem(F(t, ), F(t,x,-,-))i(v,¢) i (v,¢) dvdp (¢) = 0. (3.73)
=171

Combining (BZ72) and (B7Z3) yields

N N
0 i U div, M; ng,u, T (v, i dvdy; -0

By a standard computation (see [23, Chapter 2]),

/ M [y, T) (v,¢) mav @ vdvdps (C)
E; R3

) 3/2 Ty 0r]2
e [ /exp _milo—ulP\ o e
U\ 2nkpT R3 2kpT

=piu®@u+n;kpTly,
where I4 stands for the identity matrix of dimension 3, which allows to conclude for (BZ70).

Finally, let ¢ be such that for any i € [1,N], v € R3 and ¢ € &;, 1;(v,¢) = $m; [v]? +&;(¢). Again,
1) is a collision invariant, so that

N
D [, fo B (0. Fltn o€ i dti ) = 374

We recall (B28), for any i € [[1, N],

3+6;(T)

> kpT +n;e). (3.75)

| [ Mol 10,00 (0.6) dvdin (€)= Sl 1,
& JR3

On the other hand, again by a standard computation for the velocity-related term (see [43, Chapter 2]),
for any i € [1, N,

/ / i (0,) Mifg, . T)(0, ) dvd g (€)
& JR3
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_ / / vlmi|v|2Mi[ni,g,T](uC)dUsz‘(O
/ / vei(€) Mg, u, T)(v,¢) dod i (C)

. 3/2 1 . 2
I L /U,m.mzexp _mau -ty
"\ 2nkgT rR3 2 2kgT

Sz, () exp (— 749 ) dmi(©)
fgi exp ( kqu) dpi(¢)

1 3 0;(T
= 5P lul*u+n; kpTu+n; §kBTu+ n; (s? + % kBT) U

+ni

Therefore we get

/ / U’(/JZ'(MC)MZ'[TLZ',Q,T](U,C)dUsz’(C)
& Jr3

3+6;(T)

1
= <2Pi |g|2+nikBT+ni 5

kBT+ni€?> u.

(3.76)

From the definition of § given in (B8) we note that it depends on (n;) and 7. Now notice that, for any

i€ [1,N],
O (n@ ) + div, (nz 50 u) =¢; (amZ +div, (nl u)) — 5? Ty

Combining (B72) and (B=Z4)—(B=1) while summing over i € [1, N] yields

1 B 1 5
O <2pu|2 +n3;kBT> +div, (2p|u|2u+pu+n3;kBTu> = —ngri.

Using the symmetry property of the rate constant, Lemma B3, we notice that

Sdn-y AT - YA

] kl {(ivj)%(krl)}eochcm
{ 27] _>(k:7l)}chhem

= X = Tl
{(jvl)%(hk }chhem {(ivj)_)(k’l)}egchem
and similarly
N
ZE?HZ— Z agrfjl =— Z E?Tfjl
=1 {()=»tkD}eQenem  { @) =ED }eQenem

It follows from these symmetry arguments that

N
Y= Y

=1 {{ivj}:{kvl}}eochem

(3.77)

(3.78)

(3.79)
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where the sum is taken now over the set Qper, defined in (ZBH). Combining (BZZ8) with (B9), we
obtain (BZZ1). O

Notice that, since Rf}, 0; and (Aeo)f; are known, the system (B-89)—(B—1) is composed of N +3 + 1
equations for N + 3 4 1 unknowns (namely (n,—)lgig ~>w and T'), hence it is a closed system.

3.7 Example of a computation of the rate of reaction

The purpose of this section is to show how to introduce the potential barriers mff (explained in Section
ki 20
i [

and assume £, > 0. We assume that the species 4 and j are monatomic, implying & = £; = {0} and ijl

2) in the framework. Define FE, = & 5? the activation energy of the reaction {(i,j) — (k,1)},

depends only on g € R3. The quantities in this subsection are redundancy-free.

Proposition 3.17. We consider the kernel used in [95, 96]. Let 3 > 0, define for any g € R3,

L (3.80)

Bkl \ _ _
Biw)=p{1 mTZ|g|2 ;j‘g|2>Ea.

Then the rate constant is given, for any T' > 0, by the formula

My _ 28 [ (3 Ea\  Ea (1 E,
&”T"v%[r<TkBT> kBTr(TkBT)y 38D

where I stands for the upper incomplete Gamma function.

The kernel (BX0), that takes into account that a reaction can occur only if the in-going kinetic energy
is greater than the activation energy, does satisfy the assumptions of our framework because of how we

took the transition state energy K;f]l into account in (B1d). If we had not, the kernel would not have
satisfied the positivity requirement, namely Assumption B3, and could not have been considered.

Proof. We recall the definition (B-60) of the rate constant. Let o > —3 and set, for g € R3,

m*. .
%‘9|2>Ea

Then, for any 7" > 0,

* 2
™5 NP e -
Eyis [xal = 191" L. e 8T dg
2

27T]€BT

* 3/2 m* 22

Mij a — 5T 2

=47 2l e BT z*dz
27TkB/l—’ R+ 21] 22>Ea

T oo
:% <2k€T> /E 2 e 4y,
T m a

j EpT

Denoting by I the upper incomplete Gamma function, defined as

oo
F(a,y):/ e % dn,
Yy
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we deduce that

2 3 E, 2 m;; 1 E,
E.[xo] = —=T( =, ,and E i [x_o] = —— r(-, .
xi Dol = 7= (2 kBT> and By Ix-2] = 7= <2kBT> (2 kBT>

It comes that
2E, _ 28 [ (3 Ea Eu (1 B
X7\ )X T VAR L \2ksT) T kpT \27k5T )|

We plot Kf]l given in (BXT) in Fig. B3, as well as the rate constant provided by Arrhenius’ law

Ki(T) = BEAQZ

O

_ Ea_
Kar(T) = Be *BT as a matter of comparison. We observe that both provide similar trends. Since
Arrhenius’ law is empirical, Fig. B3 shows a good agreement of our theoretical result with respect to
experimental ones.

107! 10° 10! 10 103
kgT/E,

kT
Figure 3.3 — Plot of Kf} given in (B=XTl) and K 4, as functions of EB

a

, with 5 =1.

Remark 3.1. The kernel (BX0) is energy-non-decreasing and non-constant. We verify in Fig. B3 that
KZ@ is indeed increasing with temperature, as stated in Proposition BI4.

3.8 Reduced models and energy of reaction

As explained in [B7Z, Section 8] for a single polyatomic gas, to any state-based model it can be associ-
ated an energy-based one, corresponding typically to the Borgnakke-Larsen description with integration
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weight [B3, I3, [Z6] when the initial description is not totally discrete [23, TO0]. This kind of reduction
may be extended also to inert or reactive gas mixtures. Let 1 < ¢ < N, and consider u? the image mea-
sure on Ry of u; by &;. Using the change of variables formula, one then easily concludes that the two
following descriptions are equivalent in the kinetic framework:

— State-based. The molecule of the species i is described by its velocity v € R3 and internal state
¢ € &;, where the space &; is endowed with the measure ;. The associated energy of the molecule
is gmilv]? +€i(¢).

— Energy-based. The molecule of the species 7 is described by its velocity v € R37and non-potential
internal energy I € R4, where the space R is endowed with the measure £;. The associated
energy of the molecule is %mi|v|2 +I1+ 6?. The quantity 5? corresponds to the fundamental
potential energy of configuration of the molecule.

Recall the law of conservation of energy (BI0) for a collision { (i,5) — (k,l) }
L 2 ) L 12 ) _ 1 12 / 1 12 /
Smilol? +<i(Q) + gmilu? 4 5(6) = il P ex(C) + gl P e (682
Rewriting this equation with the reduced models gives
Lo e o, L 2 o_1 2 po.0, 1 12 g, 0
§mz|v| +14+e + imj|v*\ +Lite;= §mk.|v |[“+I"+e, + 5m1|v*| + 1, +¢f,

that is

1 1 1 1
5rm-|v|2 +I+ imjm\? + I, = 5m,g|v’|2 +I'+ iml\vu? + I+ (A (3.83)

where (Aeo)g = 52 + E? — 5? — 5? is thus interpreted as the energy consumed by the chemical reaction
((AEO)Z- = 0 in the case of a mechanical collision). The formulation (B=83) coincides with the one
considered in [[76], and we highlight the fact that it is, from the reduction process, indeed equivalent to
(BEX2). Further details on the equivalence of these formulations for a single gas may be found in [B7,

Theorem 8.1].

However, the formulations (B=82) and (B=83)) do differ in two aspects. First, (BX2) is completely
microscopic, in the sense that it describes the system of the two colliding molecules as an isolated one,
that is neither exchanging mass nor energy with its environment. On the other hand, in (BX3), some
energy, namely (AEO)%I , is exchanged with the environment. This means that the system of the two
colliding molecules is not considered to be isolated, and this point of view is not completely microscopic.
The second aspect is that (3X2) has the same form for both mechanical collisions and chemical reactions,
which allows not to distinguish them for the main part of this work, while in the formulation (3=X3), used

in [[76], one has to separate mechanical and reactive Boltzmann operators.

3.9 Example of a three species gas mixture undergoing one chemi-
cal reaction

This section has the purpose of explaining to the reader how a model may be built on a toy example in
our general framework. We consider a gas composed of dihydrogen Ho, diiodine I, and hydrogen iodine
HI, undergoing the reaction

Hs +1; = 2HIL (3.84)
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State-based model

We choose, for this example, to describe those three molecules with a semi-classical model, with
harmonic potential in the description of vibration. For the complete and detailed setting of this model,
the authors refer the reader to [37, Subsection 7.3]. We report here, for completeness, some insights into
its construction.

We assume the molecule to be a rigid rotor, that is, in the description of rotation we assume that no
deformation is induced in the molecule. The rotation-related internal state we consider is thus the angular
velocity of the molecule in a coordinate system attached to it. In general, this angular velocity is in R3,
however when the molecule is linear, being symmetric by rotation around its own axis, the contribution of
the angular momentum’s coordinate along this axis can be assumed to be 0. Since dihydrogen, diiodine
and hydrogen iodine are diatomic (hence linear) molecules, we consider their angular velocities to be in
R2, and there exists, for each A € {Hz,I2,HI}, a moment of inertia Z4 such that the kinetic energy of
rotation associated with the molecule A with angular velocity z writes

1

Due again to the diatomic nature of the involved molecules, there is for each of them only one type of
vibration, which we describe with the model of the quantum harmonic oscillator. Letting i be the Planck
constant, ¢ the speed of light and v4 the wavenumber associated with the molecule A € {Ha, I, HI}, the
energy associated with the mode of vibration [ € N (the I energy level) writes

1
h I+=).
CVA ( + 2)
We hence consider the internal state to be { = (z,!), so that each model writes, for A € {Hy,I2,HI}, as

(s Aa,dpa(Q)) = (R* x N, Bor(R*) @ P(N),dz x 1),

1 1 (3.85)
ea(z,l) = §IA |z|? + hevy (l+ 2) ,

with dz x 1 denoting the tensor product of the Lebesgue measure on R? and the counting measure on N.

Corresponding energy-based model

Applying the process of reduction explained above, that is computing the image measure ;LZA, the
energy-based model corresponding to (B=83) is the Borgnakke-Larsen model with weight ¢ 4 and funda-

mental energy 3 hcvy,

1
(Ry, Bor(Ry), pa(I)dI), I—1+ §hCVA’ (3.86)
with, for I €e Ry,
=21t (3.87)
AL = Ta | hevg |’ '

where [-] is the ceiling function (upper integer part).
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Quantities of interest

We immediately deduce from the model (B=83) that

1
0
eq=—-h ,
A 2 CVA

implying that the energy consumed by the reaction Hy 4+ 12 — 2HI is

VH, + VI, )

Ae® = 25%1 — 51012 — 5?2 =hc (Z/H[ — 5

The partition function of the species A € {Ha,I2,HI} writes, for any 5 > 0, as

Z _ 7ﬁIA|Z‘2 d o 7ﬂthVA - 27'[' 1
A(B) = o€ zdz )| D e T BTa 1= e Bhova
=0

:2—7r e_ﬂl[ d —‘dl.
Za Jr, hcv g

(3.88)

Also, one easily proves that, letting Tg = hcv4/kp, the number of internal degrees of freedom writes,
forany T' > 0, as

%)T
exp(T9/T)—1"
At mechanical equilibrium there exists n, ,n1,,7H1, %, such that the state-based equilibrium distribu-
tion writes, for (v, z,1) € R? x R? x N, as

SA(T)=2+2

M‘ztate [nAvﬂvT] (U,Z,l)
o (ma VP (LY o (_mal—u Tale +thevy (3.89)
AN onkpT A \ggr ) P %pT kT ’

for which the integrations are performed in the space (R3 xR? x N, dvdz x 1). On the other hand, the
energy-based equilibrium distribution writes, for (v,1) € R3 x R, as

M;n”gy [na,u,T)(v,I)

_ ma_ 3/2271 LN oo malv—u? T (3.90)
~ AN\ OrkpT A \jgr ) P %pT  kgT)’

for which the integrations are performed in the space (R3 xRy, dvpa(I)dI ) At chemical equilibrium,
we obtain in this example the mass-action law

hcuH2 }LCVI2
T kgT T kT VHy V1
9 3 1—e B 1—e B he | vy — 22 2
M ME Iy, 11, « e T FpT
NHo M,  y3/2,,3/2 72 hevpy \ 2 L 1
Ho"'la  mit™m HI - T
Hy """ —_ 1—e *BT chemical
| | :
- rotation
translation

vibration
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. hevy, . hevyy
m}s_ﬂ Tn, T, sinh ( g1 ) sinh (2kBT
= X X . 3.91)
m3/2m3/2 II%H inh hevyr 2
Ha 72 SIS R T

We notably remark that

v v
hC(l/HI— H22 12)

2 3
H1 My I,y - 5T
Sov 3232 X Tz X€ b ’
"2 My =0T myy “my) HI (3.92)
2 3
Lz My IHQ Ilz VH, VI,
3/2 3/2 2 2 :
NHy Ny T—o0 mH/2 mIQ/ Iy YHn

As expected from the fact that vibration activates with increasing temperature, we observe that, at low
temperatures, the effect of vibration vanishes, whereas it does appear in the high temperature limit.

3.10 Conclusion

In this paper we extended the internal states general framework for polyatomic gases [37] to a mixture
of monatomic or polyatomic gases, undergoing an arbitrary number of bimolecular chemical reactions.
The proposed setting is general and it allows to describe the internal structure of each species of the
mixture with its own adapted model, that may be monatomic, semi-classical, or any other model for the
microscopic structure of a given molecule. In this way one is able to manage simultaneously monatomic
gases, polyatomic constituents with a set of discrete energy levels or with continuous internal energy, poly-
atomic gases with two different internal variables to keep separate vibrational and rotational energies, and
so on. The approach is completely microscopic, even when dealing with chemical reactions, and has been
shown to be in complete agreement with previously known formulations, see Section B8. An important
feature of our model is the inclusion in the general formulation of the notion of activation energy, which
is of importance when studying the kinetics of chemical reactions, and for which an example is provided
in Section B72.

We have defined the collision rules, Equations (BI) and (B—I1), studied the related collision invari-
ants (Proposition B4 and Corollary B3), proved the H-Theorem (Theorem Bl and Corollary B6) and
obtained the Maxwellian form related to the (mechanical) equilibrium, Equation (B339), as well as mass
action laws of chemical reactions, Theorem B2. As a hydrodynamic limit, we have formally recovered
the Euler system of equations in presence of moderately slow chemical reactions, namely in an elastic
dominated regime, Equations (B-69)—(B=Z1l). We have derived a general formula for the rate constant of a
given reaction, depending only on the global temperature of the gas and on the cross-section, see Equa-
tion (BX60), and proved it to be increasing with temperature whenever the latter increases with energy
(Proposition BT4).

The investigation of further mathematical properties of our system of Boltzmann equations could be
an interesting and challenging future research line. At first, the compactness properties of linearized
Boltzmann operators have gained much interest in recent literature, both for polyatomic gases [38, 52,
211] and for gas mixtures [49, 0], and it could be interesting to look for general conditions (on the space
of internal states and on its measure) guaranteeing such compactness results. An additional topic worth to
be investigated, in view of applications to physical problems, is the consistent derivation from our kinetic
system of hydrodynamic equations beyond the Euler level. Specifically, a suitable Chapman—Enskog
asymptotic procedure should allow to establish the relationships between Boltzmann and Navier—Stokes
equations, with transport coefficients depending also on suitable averages of the Boltzmann microscopic
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cross sections. Such coefficients could be made explicit in some specific situations, including the case
of Maxwell molecules. A survey on the mathematical techniques for fluid—dynamic limits of kinetic
models, with both formal and rigorous proofs, may be found in [@1], and the formal Chapman—Enskog
asymptotics for an inert mixture of monatomic and polyatomic gases, the latter ones having continuous
internal energy, has been investigated in [T9]. Analogous achievements for our general internal states
Boltzmann framework, even in presence of chemical reactions, will be matter of future research.

3.A Auxiliary lemma

We prove here a technical lemma, needed in Proposition B14.

Lemma 3.18. Let (X, T,n) be a measured space such that n(X) > 0. Let ¥, ¢ : X — R be measurable
applications, in the sense of T on X and the Borelians on R, such that 1) is non-constant n-a.e. and ¢
is n-non-constant, in the sense that

17®7]({(:c,3:') EXXXsty(r)= w(x’)}) =0,

nen({(z,2") € X x X s.t. p(z) = p(z')}) > 0. (353)
We assume that for any T > 0, defining ¥r(x) = ¢¥)’
/X (14 ¢(x)) e V7@ dn(z) < o0, (3.94)
and for n-a.e. x,2' € X,
Y(@) <Pa’) = o(z) <p(). (3.95)

Then the function K : R, — R, defined by

(/’wcwefwT@”dncu
X

T>0,
/ () 4y ()
X

K(T) = ’
is increasing on R .

Proof. First, for n-a.e. x € X', we have

d / _yr@) _ Y@ g
@(@ o )):We br(e),

From the integrability assumption (394), the bound ye ¥ < 2e~Y/2 for any y > 0 and the Cauchy-
Schwarz inequality, K is C! on R* , with

1 (fX P(z) e~ ¥r(@) dn(x)) (fX () e~ ¥r(@) dn(m))

K/(T) = 7T2 (IX e—¥r(z) dn(x))Z

1 L) 9l@)e @ dnte)
T2 Jx e~¥1(@) dn(z)

_|_
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We deduce that, for any 7' > 0,
K(T)>0 < / / Qg(x)qp(x)e*wT(l)e*wT(w/)dn(w)dn(x/)
xJx
—Yr(z) N o= (2') /
> [ [ w0 e e dn o) dnta)
= / / (plx) — p(a)) ¥(x) e~ T@HTE) dy () dn(a’) > 0.
xJx

We set
I= z) — p(a’ z) e~ Wr@+vr(a) gp (g 2.
/X/X(SO( ) — (7)) (x) dn(z)dn(z")

Simply exchanging the indices,we have
o */ / () = o)) (o) e UT@HTED di(ar) d(a),
xXJx

so that

1= % /X /;y(‘P($> — o(2) (W(z) — (2')) e~ P @) g (2) dip(2).

Hence, for any 7' > 0,
K'(T) >0
= // (p(z) —p(a")) (¥(z) — P(a’)) e PT@HTEN d(n @ p) (2,27) > 0.
XQ

Assumptions (B293) and (B93) imply that the right-hand side integral is indeed positive for any 7' > 0,
ending the proof. O
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3.B Physical and chemical quantities reminder

The purpose of this appendix is to sum up all the useful quantities defined in this paper, which have

been collected in the following Tables 1, 2, 3.

function of the species %

Fundamental energy of the g9 =infess, {62}
. . 2 T
species 4
Grounded internal energy gGi=egi—eV: &Ry
7

Energy law of the species ¢

,uf’ is the image measure of p; by &;

Parti.tioq function of the Zi(B) = / e—BEi(
species i &

V(@)= [ e aut )

R

Gibbs measure on the space

; 1\ 5
of 1'nter'nal states of the dVT(C)_Z<ﬁ> (_Zz(?) dpi(€)
species ¢ at temperature 7" > B B
0
Gibbs measure on the space 1 \-!
of ir.lterr'lal energies of the ()= 2Z (ﬁ) exp( ﬁ) dusi(I)
species ¢ at temperature 7' > B
0
Number of internal degrees 9 L1 &
of freedom of the species % 0;(T) _7T( g(ZZ-)) (k T) =B & LT
at temperature 1" > 0 B B
3+ D;(T)
R
Heat capacity at constant
volume of the species ¢ at A(T5,(T)) 5 1 B
i &i
temperature 7' > 0 Dy(T) = d:[ _ P (log(Zi))" (H) _ 2VarViT kaT

Table 3.1 — Quantities related to internal energy modelling of a single species
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Reduced and total mass of
species ¢ and j

mt. — m;m;

= mimye Mg =mitmy

Energy consumed by the
chemical reaction {(i,7) —

(k,01)}

OVKl — 0 L 0_ .0_ .0
(Ae)ij—€k+slfsifej

Activation energy of

{(i,5) = (k,1)}

_ Kkl _ _0__0
Ea—Kij —&; —€;

Averaged collision kernel

gkl _ b ' (¢!
Bio.cr= [ [ B0.6.6¢ e dudnl@) (<)

Ezkjl(viu*7<-7c*7cl7<->/k7w) = BZZZ-[(/U,U*,Q,C*,<-/7<-L,M)

Table 3.2 — Fundamental quantities involved in interactions between different species

Relative kinetic Gibbs prob-
ability measure on R3, of the
species ¢ and j at tempera-
ture T > 0

* 3/2 *‘ 2
A7 (9) = (27rkZT> P <_ 2;]BT > dg

Rate constant of the chemi-
cal reaction {(¢,7) — (k,l)}
at temperature 7' > 0

kl — . | Rk
KE(T) =Bt o0, [ B

Rate of the chemical reac-
tion {(¢,7) — (k,1)} at tem-
perature 7" > 0 and with re-
spective densities n;,n;,ng
and n;

kl kl
rij = K;CJl(T) nen; — K,;j (T) nin;

Reaction rate of the species Ty = Z rfjl
i Gkl
{(i.) (kD }eQchem
a
Equilibrium_ constant 'of Iijl(T) _ H {(27777% kBT)so—p/g Z, (le) P}
the  chemical reaction pe{ij,kl} B
{(,5) = (k,0)} at  tem- (A0
perature 7' > 0, with X exp| — Y
_ =g =—0g;=1 kBT
Op =0]= —0j=—05=

Table 3.3 — Quantities related to mechanical or global collision equilibrium
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Part 11

Around a singular polyatomic model:
resonant and quasi-resonant collisions






Overview

In this part, composed of Chapters @ and B, we study polyatomic gases undergoing resonant or quasi-
resonant collisions. Chapter B is an improvement of [38]: the result and main proof presented here thus
differ from the ones of the publication. Chapter 8 is not based on a publication. In this part, the notation
¢ stands for the quasi-resonance parameter.

This work deals with functional analysis, modelling and numerical simulations.

ABSTRACT OF CHAPTER B. In this paper, we investigate a compactness property of the linearized
Boltzmann operator in the context of a polyatomic gas, the molecules of which undergo resonant colli-
sions. The peculiar structure of resonant collision rules allows to tensorize the problem into a velocity-
related one, neighbouring the monatomic case, and an internal energy-related one. Our analysis is based
on a specific treatment of the contributions due to the internal energy of the molecules. We also propose
a geometric variant of Grad’s proof of the same compactness property in the monatomic case.

ABSTRACT OF CHAPTER B. In this chapter, we provide a Boltzmann model for a single polyatomic
gas, the molecules of which undergo quasi-resonant collisions. We propose a rigorous characterization
of the notion of quasi-resonance, obtain the H-Theorem associated with the model and a resonant asymp-
totics. We discuss the expected behaviour of solutions to the homogeneous quasi-resonant Boltzmann
equation and claim that the kinetic and internal temperatures of such a solution should approximately
satisfy an ODE system, of Landau-Teller type, which we make explicit from the Boltzmann level for a
wide family of collision kernels. We perform a numerical experiment on the matter to somehow validate
our claim.

Article reproduced in this chapter
[38] T. Borsoni, L. Boudin, and F. Salvarani. « Compactness property of the linearized Boltzmann op-

erator for a polyatomic gas undergoing resonant collisions ». In: J. Math. Anal. Appl. 517 (2023),
p. 126579. DOI: 10.1016/7.Jmaa.2022.126579.
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4.1 Introduction

The study of linearized collisional operators in kinetic theory has been addressed in the literature long
after the introduction of the corresponding quadratic operators [60]. In fact, taking as an initial reference
point Boltzmann’s article [B4], the first questions about the linearized Boltzmann operator were studied
several years later by Hilbert in [T0Y]. Hilbert wrote the linearized operator in an integral form, in the
case of a hard-sphere cross section in three spatial dimensions, and proved its compactness. Subsequently,
Hecke [M0A] and Carleman [56] extended Hilbert’s results and proved that the linearized Boltzmann
operator is of Hilbert-Schmidt type.

A substantial improvement in the understanding of those compactness properties was given in [93] by
Grad who, using an ingenious geometrical argument, proved the compactness of the linearized operator
for a wide range of cross sections satisfying the so-called angular cut-off condition, which he previously
introduced in [97]. He adapted Hecke’s proof by stating that the linearized Boltzmann operator was still
of Hilbert-Schmidt type in a weighted L? space.

For a long time, no further significant steps related to the problem were proposed. However, many
natural questions remained open, such as, for example, the extension of Grad’s result to linearized Boltz-
mann operators without imposing the angular cut-off condition, or the study of compactness properties
for gaseous mixtures, described by systems of coupled Boltzmann equations. Regarding the weakening
of assumptions about the cross section, we highlight that an important result of compactness, which does
not suppose any small deflection cut-off assumption on the cross sections, is due to Mouhot and Strain
[33].

When dealing with gaseous mixtures, the Grad geometric argument may fail. Indeed, if the species
involved in the mixture have different molar masses, the symmetry between pre- and post-collisional
velocities is lost. This symmetry was crucial in Grad’s strategy. A new argument to recover the compact-
ness property for gaseous monatomic mixtures with different masses has been proposed in [26], where the
mono- and multi-species cases are treated in two different ways: Grad’s method still applies in the case
of mono-species collisions or when the masses of the colliding particles are equal, whereas a pre/post-
collisional velocity-crossing argument is used to deal with collisions between particles with different
masses. Note that, however, it degenerates when the masses of the colliding particles are equal. We refer
to [45] for a more complete state-of-the-art on the compactness of the linearized Boltzmann operator and
on the linearized operator for mixtures of monatomic gases.

The internal structure of polyatomic molecules influences the energy transfer during collisions, so that
variables describing the internal state of a given molecule, such as its angular velocity or vibration mode,
must be taken into account in the model, and appear in the energy conservation law during a collision.
The corresponding kinetic models are based on various approaches. The first one consists of introducing
a set of discrete internal energy variables and considering a set of particle densities satisfying a system
of coupled kinetic equations. The compactness of the linearized collision operator in that case has been
studied very recently in [20].

Another approach is based on the introduction of a continuous internal energy variable I € R and the
model describes the evolution of the particle density in an extended phase space, the variables then being
time, position, velocity and internal energy. A mechanistic procedure for binary encounters in polyatomic
gases was provided by Borgnakke and Larsen [33], and the corresponding linearized collisional operator
was recently studied in [T, 52].

In both approaches, one considers the molecule’s internal energy as the variable encapsulating its
internal structure. A generalization was proposed in [37], where the internal variable is rather the internal
state of the molecule, for instance, its angular velocity and vibrational modes. It was proven that this
consideration of the states is equivalent to a model considering directly a continuous internal energy
variable [ in the set R} endowed with some measure p, called energy law, computable from the model
of the molecule and fully characterizing it in the kinetic context, as soon as the interaction kernel itself
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depends only on the internal states only through their energy. The case when p is a discrete measure
corresponds to the model with discrete energy levels, and the case when p has a density with respect to
the Lebesgue measure corresponds to the Borgnakke-Larsen models [33, &7, 75, [76].

In this paper, we place ourselves in this latter setting, considering the internal energy [ in R endowed
with the measure p. The underlying model on the molecule is assumed to be semi-classical, in the sense
that rotation should be described using classical mechanics, and vibration using quantum mechanics.
Recalling that p is explicitly computable from the model of the molecule, the semi-classical setting allows
us to ensure that p has a density with respect to the Lebesgue measure, which can be upper- and lower-
bounded by power laws around O and infinity, which is helpful in the proof of our main theorem.

The specific and singular case we study is when the molecules of the gas undergo resonant collisions.
This means that the microscopic internal and kinetic energies are separately conserved and cannot be
handled by using the Borgnakke-Larsen procedure. This behaviour has been observed in some physical
situations, such as in the collisions between selectively excited CO2 molecules [I20].

A kinetic operator describing resonant collisions has recently been proposed in [24], but the study of
the compactness of the corresponding linearized operator has not yet been carried out. The purpose of
this article is hence to fill in this gap and therefore to study the compactness property of the associated
linearized operator.

Although our approach to the problem is consistent with the traditional strategy and consists of the
rewriting of the linearized operator in a kernel form, its practical realization required to face specific
difficulties and allowed to introduce a new viewpoint, mainly in the treatment of the internal energy
variables. In the process, we also propose a variant change of variables, alternative to the one proposed
by Grad in [93], which may be of further interest, in the polyatomic mixture case.

Besides, it is clear that the properties of the cross section may heavily influence the proof strategies.
However, the precise form of the cross section for resonant collisions cannot be completely deduced from
purely mechanical arguments and the corresponding conservation laws. Several forms of cross-sections
have been proposed in the literature for the Borgnakke-Larsen model, in both elastic and inelastic cases,
see, for example, [63, h2]. Nevertheless, since, up to our knowledge, the cross sections for resonant
collisions have not been explicitly derived yet, we therefore aim to be as general as possible, by assuming
that the cross section can be upper-bounded by a product of terms depending, separately, on the velocity
and the internal energy variables. It allows to deal on the one hand with the velocity terms, and on the
other hand, with the internal energy ones.

The article is organized as follows. In Section B2, we describe the details of the model introduced
in [44], the hypotheses on the measure p characterizing the internal structure of the molecules, and
the assumptions on the cross sections made for our analysis. Next, in Section B3, we state our main
compactness result, which is proven in Section E-4. The non-multiplicative part of the linearized operator
is split into several contributions, whose compactness are proven separately. Eventually, in the appendix,
we propose our alternative to Grad’s change of variables and provide its related geometric interpretation.

4.2 Resonant collision model

We consider a gas composed of one species of polyatomic molecules with mass m > 0. These
molecules evolve in the three-dimensional Euclidean space R3, and are associated with a distribution
function f, which depends on time ¢ € R, position in space = € R3, molecular velocity v € R3 and
internal energy I € Ry. Though, as this study only focuses on the Boltzmann collision operator, we
discard the time and position variables ¢ and x, and consider distribution functions depending only on v
and [.
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Molecule model

In regards with the general framework defined in [37], and where internal states are considered, any
state-based model can be reduced into a simpler energy-based one, where the internal variable is simply
the internal energy, through reduction process. To be more accurate, we work in a semi-classical setting:
we choose to describe the rotation of the molecule by using the standard approach of classical mechanics
and the vibration part within the quantum mechanics framework, and we adopt an energy-based view-
point. Therefore, we consider a measure ;4 on the set of internal energies R, called the energy law,
which encapsulates the internal structure of the molecule, and is absolutely continuous with respect to the
Lebesgue measure. In the semi-classical case, the density of p is typically a scale function, or a sum of
pieces of square-roots, so that it behaves like a power law around 0, typically a constant or the square-root
function, and behaves like another power law around infinity.

Hence, the previous considerations justify our choice about the following properties of p, which will
be supposed from now on.

Definition 4.1. The measure  is said admissible it has a density @ against the Lebesgue measure on R,

du(l
o) :z%, IRy, @.1)

such that there exist 31, B2 = 0 and C, C' > 0 such that
CIP' <p(I)<C' 1P, forae I€]0,1), (4.2)

and

CI% < p(I) < C' 1%, fora.e I>1. (4.3)

Remark 4.1. Assumption (B3) could be relaxed into: for any a > 0, there exists Cy > 0 such that
Ca[ﬁ2_a<gp(l)§0/1ﬁ2, forae I>1,

and the result of the present paper would still hold; though for a purpose of clarity we opted to rather
consider assumption (B3). An example of a function satisfying the above but not (83) is the application

Note that Definition Bl is coherent with the hypotheses of the continuous-energy model proposed by
Borgnakke and Larsen [33], see also [[6, [73]. Moreover, the standard assumption dy(I) = C I*dI with
a > 0, which allows to recover a temperature-independent heat capacity at constant volume and number
of internal degrees of freedom, is of course covered by (E2)—(E3).

We moreover define the internal partition function associated with the molecule model, for any tem-

perature T' > 0, by
Z(T)= / exp <—I> du(T). 4.4
Ry T

Assumptions (E22)—(E3) on 4 straightforwardly imply that g is well-defined and C>° on R, .

In order to describe the model, we first consider the microscopic dynamics, then we introduce our
hypotheses on the cross section and, finally, we write the kinetic model which governs the time evolution
of the density f.

Microscopic dynamics

At fixed time and position, a given molecule is described by its velocity v and its internal energy I.
The couple (v, T) is called the state of the molecule.
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Let us consider the collision between two molecules. The pre-collision states are denoted by (v, I)
and (vs, ), and the post-collision ones by (v/, 1) and (v}, I}). The system of molecules being isolated,
the total momentum and energy of the system are conserved during the collision, i.e.

v+ v =0 4+ 0, 4.5)
1 1 1 1
§m|v|2 +1+ §m|v*|2 +1I,.= §m|v/\2 + I+ §m|v;|2 + 1. 4.6)

Following [24], we suppose that the collisions are resonant, which means that (&8) is a consequence of
the two separate conservation laws

[0 + fou? = "2 + ol ?, @.7)
I+1I,=1+1I, (4.8)
ensuring that both kinetic and internal energy are separately conserved. In the resonant case, collision

rules involving the velocities are the same as in the monatomic case. Consequently, Equations (£3) and
(B72) imply the existence of o € S? such that

Vv |U— vk VA ve v — vy
U/:T*+T*U7 'Ui:T*—T*U (49)
Besides, (BR) straightforwardly implies that
I'e[0,I+1], IL=T+1I1,-T. (4.10)

Assumptions on the cross section

We consider, in what follows, a cross section B depending on (v,vs, I, L., o) € R3 x R3 x R4 X
R, x R, x S?. Note that, because of (21I0), the dependence with respect to I/, would be redundant. We
emphasize that B is positive if and only if a collision is possible. Hence, (B10) implies that, for almost
every (v,vs, [, I, I',0) € R3 x R3 x Ry x Ry x Ry x S2,

B(v,vy,1,1,,I',0) >0 — I'<T+1.. 4.11)

Moreover, B should satisfy the symmetry and micro-reversibility conditions: for almost every v, vy, I, Iy,
I' and o,
Bvs,v, I, 1,I + I, —I' —0) = B(v,vs, 1, I, I' o),
4.12)

- I'I+1,—1.1 2%
2 2 b 2 2 0-) bl + b b

B<U+U*+|U—U*U U+ Vs "U—'U*| >:B<’U,’U*,I,I*,I,,O').

4.13)

o =]

In the case of resonant collisions, something peculiar happens for the measure of integration associated
with the post-collisional energy I’. Indeed, since I, = I+ I, —I’, there is only one post-collisional energy
variable, however it must contain the information of both outgoing molecules. In this event, the measure
of integration associated with the variable I’ is not simply u but a measure related to the convolution of
w with itself. We define, for any E; > 0, the measure us[E;] on [0, E;] by

duz[Ei](I/) = (p(Ei — I’) (p(I/) dI/, I S [(LEZ'}. (4.14)
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We claim that this family of measures is the correct one to consider for the variable I’ in the definition
of the Boltzmann operator (see Remark B72). This is pointed out in [A0] where, defining the notion of
quasi-resonance, the resonant model comes as a limit model and the latter measure naturally appears.

In order to obtain our main result, we moreover need B to satisfy several assumptions:
— there exist functions By, by, and b; such that, for almost every v, vy, I, I, I’ and o,

—_—
cos (v — vy, 0

< by <|v — Vgl ‘cos (vﬂ*\,o’) D bi(I, L) 1p<rir,; (4.15)

B(v,ve, 1,1, I',0) = Bo (|v —

L1

— there exist & € [0,1), 2 € [0,3) and C' > 0 such that, for almost every p > 0 and § € [0, 27],
bi(p, | cosd]) < C <|sin9| (PP +p ) +p+p % + |sin0|—<‘2) : (4.16)
— there exist vy € (—2 — 21,2+ 202) and C > 0 such that, for almost every I, I, > 0,

(I+41,)7/?

b;(I,I,)<C , 4.17
L) SO T 0T+ 1)) @17
where we recall that, by definition of u9 (see (E14)), it holds for
E;
ol B0 B = [ olEi - Dp(s)d @.18)
0

We also define the averaged cross sections B and By by
B(v,v*,f,f*)Z/ / B(v,vi, 1,1, I’ o) dps[I + L] (I') do, fora.e. (v,v4,1,1,),
s2 JR,
Bo(p,|cosb|, I, 1) :/ Bo(p,|cosO|, I, L, I"Ydus[I + L)(I"),  forae. (p,0,1,1).
Ry

Assumptions (E13)—(ET12) on B imply that, almost everywhere,
B(v,04,1,1,) < C(Jv = v 2+ o —vs|7Y) (T +1)/2, (4.19)
Bo(p,|cosb|,I1,I,) < C <|sin9| (p2 —&—p*l) +p4+p 0+ |Sin9|752) (I+ 1) (4.20)

The reader may notice that, by linearity, the result proven in this paper also holds when the cross section
B is a linear combination of cross sections satisfying assumptions (B213)—(E—I1). Since the case v =0 is
covered by Assumption (BEI), it holds in particular when

14 (I+1,)/2
polI + L([0, I + L])°

Possible cross sections in the polyatomic case have been discussed in [Rf] for the Borgnakke-Larsen
collisions. Since, for all v € (—1,2) C (=2 — 201,24+ 20),

o —v 7+ (T+ L2 < C(Jo—val>+ v —va] 7Y [1 + (IH*)W} ,
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we do cover here the general form of the cross section proposed in [86, Equation (3.1)], with the inclusion
of negative powers, and the critical case v = 2 whenever 2 > 0. Finally, the reader shall notice that the
renormalization by pa[l + I]([0,I + I,]) in (BXI2) is a consequence of our choice of not parametrizing
the internal energies. More precisely, in the case ¢(I) = I?, if one chooses to parameterize the outgoing
energy with 7 € [0,1], such that I’ = (I + ), then (&) would become b;(I,I..) < C (I + I.)/?,
and the measure associated with the variable r would be, up to a multiplicative constant, r*(1 —r)®dr.
We choose in this work to adopt the viewpoint of the general framework defined in [37], and not to
parametrize the internal energy part, as, if I’ is kept as an integration variable, the forthcoming computa-
tions may be simplified. We highlight that, from a modeling point of view, this choice is equivalent to the
one of parametrizing the allocation of the internal energy towards I’ and I, which is made in [&4], due
to the adaptation of the integration measure associated with I’. Hence, the results of the latter paper can
be applied here.

Kinetic operator, 7/ theorem

We can now define the Boltzmann collision operator associated with the resonant model, which writes,
for any measurable function f such that the following makes sense, and almost every (v,I) € R3 x R,

QU ) (w.T) = / (F@ )W) — F(0. 1) f(0r L) X

R3xR4 xR4 xS?

X B(v,vs, I, L, I' ;o) dve dpa[I + L] (I")du(L)do, (4.21)
where v, v}, and I, in the integral are defined by (E29)—(E10).

Remark 4.2. We point out that choosing ua[I + I.] as the integration measure associated with the vari-
able I' in (B2Z1)) is necessary (under the reversibility assumption (E13) on B), as the measure

B(v,vi, I, I, I' ,o)do dvdv, dps[I + L] (I') du(I) du(1y),
defined on
{(v,v5, 1,1, I',0) € R¥* x R* x Ry x Ry x Ry x S such that I' <I+1.},
is indeed reversible. This comes by noticing that the above rewrites as
B(v,vi, 1,1, I o)dodvdv. o(I) (L) o(I') (I + I, — I')dIdI.dI’.

The H-theorem proved in [44] guarantees the existence of equilibrium states. In particular, the following
result holds:

Proposition 4.1. For any positive function g = g(v,I) such that the following quantity is defined, we
have

I, @0 ndodnn <o,
RS XR+
Moreover, the three following properties are equivalent:
(i) QM, M) =0,
i) [[, QUMD IogM)(o. ) dodu(D) =0,
RS XR+
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(#it) There existn > 0, u € R®, and T, T; > 0 such that, for almost every (v,I) € R3 x Ry,
3/2 2
n m m|v — ul I
M, I) = —— [ U -] 422
w.1)= 77 (QWTk) P ( 2T}, n) (422)
where we recall that 7 is the partition function defined by (E4).

The equilibrium state given by (EZX2) writes as a product of two Gibbs distributions (which we also
call Maxwellian functions by analogy to the monatomic case) with different temperatures 7}, and 7;.
This is a consequence of the specific conservation laws of resonant collisions, which allow no exchange
between the kinetic and internal parts.

4.3 Main result

The standard perturbation setting for the Boltzmann equation combined with Proposition Bl allows
us to consider, for some Maxwellian M of the form (BE222), to define the linearized Boltzmann operator
L in the following way

L=K-rld, (4.23)

where the collision frequency v, appearing in the multiplicative operator, is given by
E(U,I)z/ M (i, L) B(v,vs, I, L) dvs d (L),
R3 XR+
and K reads

Kg(o,T) = M(v,1)V/2 /

R3Xx(Ry)ZxS?
XM (v, I)) B(v,vi, I, L, I' o) v dpo[I + L] (I') d (1) do,

(M 200! 1) M0l 20) — M2 0, 1))

where
v,:U+v*+|v—v*|U v,:U+v*_\v—v*|U

2 2 ’ * 2 2

Let us now state our main theorem.
Theorem 4.1. The operator K is compact from L? (R3 x Ry, dv du(I)) to itself.

The interest of the above theorem lies in its implications on the linearized Boltzmann operator £. It
proves, by (B223), that £ writes as a sum of a compact and a multiplicative operator. This allows to use
Fredholm’s alternative, which itself may provide existence and uniqueness of a solution to the Boltzmann
equation, in a close-to-equilibrium setting. Moreover, Theorem Bl along with (B=23) greatly simplifies
the study of the spectrum of L, as it reduces the study to one on 7.

4.4 Proof of the main result

Without loss of generality, we can assume that the Maxwellian M has zero mean velocity, so that there
exist T, T; > 0 and ¢ > 0 such that, for (v,I) € R3 xR,

m|1;|2 _ I

I
M, I)=ce Tk e Ti.
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m|v|2 I
We define M (v) = ce_% the velocity part of M, so that we can write M(v,I) = M(v)e Ti. For
the sake of simplicity, we assume m = 1 in the following, without loss of generality. Indeed, m only
appears in M through the constant %, so that proving our result with m = 1 for all T}, > 0 is equivalent
with proving it for all m, Ty > 0.

The main idea in the proof of Theorem BTl is to use the specific structure of the resonant collision case in
order to separate the variables v and I, and to be able to use the known results on the monatomic case.
We decompose K as a sum of three operators, K = K7 + Ko + K3, where

Klg(v7l):_/]\§3 R g*Ml/zM}k/QB(U7U*717]*)dU*d/J’(I*)v

xRy

KQg(vvl):/l‘g?) (R4 )2xS2 [Mil/Qg],Ml/ZM*B(va*vIvI*7I/70)dv*d/1'2[I""—I*}(Il)d:u'(]'*)daﬂ
X + )X

K3g(U7I) :/R?’ (]R )2 2 [M_l/Qg]iMl/zM*B(’va*aI7I*7I/70') dv*du2[1+j*](ll) d:U’(I*>dO'7
X(R4 )X

where we used the shorthands f = f(v,I), f« = f(vs, Li), f = f(v',I') and f = f(v),I.), and

;o vt vl v — vy , UFve |u—wy
vV=——+——o0, V= ——
2 2 2 2

Applying the change of variable o — —o and I’ — I + I, — I’ in K3 allows to recover the same form as
K>, so that it is enough to prove that K1 and K9 are compact.

4.4.1 Compactness of /|

In order to prove the compactness of K7, we observe that it is in fact a Hilbert-Schmidt operator. We
define the kernel, for almost every v, I, vy, I,

k1(v, 1, vs, L) = —M(’U,I)l/QM(U*,[*)l/QB(U,U*,I,I*),

and write K as a kernel operator as follows, for suitable functions ¢ and (v, ) € R3 x Ry,
KigwD)= [ gl L)rs(e,d o) dv.dp(1.).
R?’ XR+

The following proposition ensures that K; is a well-defined and compact operator on
L*(R3 x Ry, dvdu(I)).

Proposition 4.2. The kernel k1 belongs to L? ((R3 X R+)2 , dvdp(I) do, du(I*)).

Proof. Applying the change of variables (v,vs) = (v — vs,v + vi) = (V&) and recalling the bound
(E19) on B, we have

// // w1 (v, I,vs, L) 2 dodp(T) dv. dp(1,)
R3xRy JJR3 xR
TGRS N R 5 A
=c //// 2Ty, e T B(U,’U*,I,I*)Qdﬂd/i(f)du*d#(j*)
R3><]R+)2

_IvePrie? 9 _ItL
// T (il + Vel 7)™ dvide // e T (I+1)7dp®%(1,1) |,
@) (R4)?
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where both previous integrals in the parentheses are finite. We first focus on the case v € [0,2 + 2/33).
Assumptions (E22)—(83) and the fact that 31 > 0 imply in particular that (1) < C(1 4 I)?2, leading to

T4y T4
// e (I+I*)7dp®2(I,I*)<C// e n (I+1)(1+1)%201+1,)%d1dlL,,
R4) R4)

which is clearly finite. On the other hand in the case v € (—2 — 2/31,0), we split the integral into two
parts as follows:

I+

_I41s
/ e T (I+L)dp®*(I, L)+ / e T (I+L)"du®*(I,L).
I+1.<1 I+I.>1

Again using ¢(I) < C(1+ I)%2, the right-hand side is smaller than
_Itle
c// e T (14+0%(1+1,)%dIdL.,
(R4)?

which is finite. For the left-hand side integral, we use the fact that both [ and I, are smaller than 1, so
that assumption (B3) implies du®?(I,I,) < CI% If ' dIdI,, leading to this integral being smaller than

C// (I+ 1) 1% 12 drdl,.
I+1.<1

Changing variables I, — X =1+ I,

1 1-1
// (I+ 1)1 1 dIdI*:/ (/ (I+ 1)1 12 dl*) dr
I1+1.<1 0 0
1 1 1 X
=/ (/ Xwﬁl(X—I)BldX>d1:/ X7 </ IBI(X—J)ﬁldI)dX
0 I 0 0
1 1
= (/ (1—2)Prgh dm)/ X2t x,
0 0

Since 81 > 0 and v+ 251 + 1 > —1, we obtain the announced result. O

The compactness of K is then a straightforward consequence of Proposition B2, as it proves that K7,
being a kernel operator with kernel «1, is a Hilbert-Schmidt operator.

4.4.2 Compactness of K>

With the same strategy as in [26], we prove the compactness of K, using the fact that K> is compact
if it satisfies

— auniform decay at infinity, proven in Proposition B0,

— an equicontinuity property, proven in Proposition ETTI.
The consideration of resonant collision rules (BZ4)—(BE=X) along with the assumption (B213) on the cross
section allows us to deal separately with a term in v and another in /. While the term in the internal
energy requires a specific treatment, the one in v corresponds to the well-known monatomic case, whose
compactness has already been proved (see [93]). In our analysis though, we use an alternative change of
variable, whose properties have been detailed in Appendix EZAL
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4.4.2.1 Writing K5 in kernel form

The first step consists in writing K9 as a kernel operator. For the sake of clarity, to emphasize that
it is an integration variable, we change the notation J = I’. Recall that, for suitable functions g and
(v,1) ER3 xRy,

KZQ(vaj) -

/3 (R4 )2 xS2 g(v’,J)M(’U’,J)_l/QMl/QM*B(U,’U*,I,I*,J,(T)dv*d‘u(]*)d,ug[]Jr[*](J)do.'
R x ]R+ X

We clearly have

J—I—-21x

M@, D)2 M, DYV M (v,, L) = M) V2M ) 2 M (v,) e 2T
Thus Kag(v,I) reads
J—I—2TI4

Kgg(ul):/ g, ) M@)V2M ()2 M (v) e 2T
R3x(R4)2xS?

B(v,vi, 1,1, J,0) dve dp( L) dpa[I + 1] (J) do.

We then perform several changes of variable in order to write K2 as a kernel operator. With that purpose
in mind, we recall the definition of the modified Bessel function of first kind of order 0, which we denote
Iy throughout this paper,

1 27
Ip(X) = %/0 eXcesfdp X eR. (4.24)

We have the following proposition.

Proposition 4.3. We define, forv, pc R3 and I, I, J € R,

exp (T PIsn@R)Y | (ol [sin(ep)]|
+ 2T, ’ T,

2 2
XBO( r2+p|27|{r2_|p|2aIaI*7J> Ldn
v r2+1p] NEarE

as well as, for v, n € R3and I, I., J € Ry,

vlo.pd L d)=sme [

R

KZQ (7‘}’ I?n? J) =

JoI—2l, _|n—v® __1 (n%~]v%?
/ ¢ e T ¢ TR =y — o (o,n— v, 1L, J) (I + L — J) dp(L).
Ry
(4.25)

Then we have, for almost every (v,I) € R3 xRy,

Koo = [ gl Tyma(wTonT)dne( ),

Proof. The proof is completely similar to the one presented in Appendix E-A|, with I, I, and J treated as
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parameters. Indeed, noticing that for any E; > 0
dpo[Ei](J) = o(Ei = J)du(J),  J€[0,E],

we get

J—I—21Ix
Kog(v,I)= // e 2T {// g, J) M (")~ M (0) 2 M (v,)
(R+)2 R3 xS2
By ( ,|cos (v%a)

In the integral in v, and o, the variables I, I, and J are fixed parameters, hence it can be written as

// h) M)~ M () 20 () B™
R3 xS2

which corresponds to the monatomic operator K3* defined in (B-Z0), with

,I,I*,J) dv, do} o(I+ 1, — J)du®2(L,, J).

,|cos (vfzzo) D dv,do,

h:g(a'])7 Bm:BO('a'7[7I*7J)'

Applying Proposition ET3 yields the required result. O

4.4.2.2 Separation of the study into a Kinetic and an internal parts

The following lemma allows to upper-bound the kernel 2 by a tensorized product of two kernels, one
dealing with the velocities, one with the internal energies.

Lemma 4.4. Let us define for v, p, n € R>

o (_ r2 4 v|2|Sin(@)2> I, <rlvlsm(v/7o)l)
.

I

R 2T}, Ty
/ Ir2 —Ipl?| r
x by ( r2+|p|?, dr, (4.26)
r2+pl2 ) /r2+p|?
L G I (1 e R e
kr(v) =€ Tk e Sk = p— o TH(v,n —v), (4.27)
and, for I, J € Ry,
J—IT—214
Ki(I,J):/ 1J<[+[*6 2T bl(I,I*)gO(I—i—I*—J)d/J(I*) (4.28)
Ry
Then
/{/2(’0715777‘]) §Hk(vv7l)’<«'i(17<])~ (4’29)

Proof. From (B13), we have

2 2
1) <3 | (- sl
Ry

r? = Ip[?| r
by, (\/7“2—1— p|?, ) (1, 1)1y g, dr
P ) !
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<Y (v,p) bi(L, 1) 1 y<ryr, -

Then, applying Proposition B3, we recover (B29). O

As already stated, (E29) allows to separate the velocity part from the internal energy one. While a specific
focus on the velocity part, corresponding to the monatomic case, is performed in Appendix EAl, we deal
in the following with k;, the kernel dedicated to the internal energy part.

4.4.2.3 Study of the kernel related to the internal part

We provide in the following lemma a convenient upper-bound on ;.

Lemma 4.5. Forany v € (—2— 201, 2+ 202), we have, forany I,J > 0,

_ |J—1I|
ri(1,J) < Ce” T (1+max(I,.J)) ¢ P2, max(I,J) > 1 (4.30)
2 7
ri(1,J) < C B2l dE, max(I,J) < 1, @31)
max(/,J)

where ( =14 2 — 3 > 0.

Proof. Denoting E; = I + I, we have, using (E117),

J—I—-21Ix

S = [ Aseri e TR L - ) oL
Ry

J+I-2E; E7/2
<[ lycpe T — i (B - J)p(L)dL.
/M B (0, B FE ) ed)

For convenience, we denote in the following, for any E; > 0,
2(E;) = pelE3] ([0, E4]).

We now make the change of variable I, — E; = I + I, leading to

00 J+I1—2E; E7/2
ki(I,J) < / e 2T L o(E; —J)p(E; —I)dE;. (4.32)
max(1,J) n2(E;)

We split the above integral into two terms R and Ra, as

o sri-2m; /2

RF/ e i — E;—J)p(E; —I)dE;,
max(I,J)+1 MQ(Ei) 90( ¢ )90( v ) ¢
max(I,J)+1 J+I-2E; Ev/Z

Rg:/ L — o(E; — J)o(E; — 1)dE;.
max(1,J) i2(E;) (E: = J) p(Ei — 1) dE;

Study of R;. We first focus on R;. We deduce from (EZ72) in Lemma BETX in the appendix that for any
E; >max([,J)+1>1,

2

K J_ _
B oppet
m2(E;)
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leading to, letting ¢ = 14 2 — 3 > 0, for any E; > max(I,J) +1,

E)/?
2(E;)

as ( + B2 = 0. Also, it comes from the assumption (B=3) on ¢ that for any E; > max(I,J) +1,

< CE; S < O (max(I,J) + 1)< %,

e(Ei—1)<C(E-D%,  o(BE—J)<C(E—J)%,

which leads to, for all E; > max([,J) + 1,

J+I-2E;

(B -I) _(B—J)
¢ so(Ei—Jm(Ei—I)—(e i so(Ez-—n) ( = so(Ei—J>)

_(E-D (Bi—J) J+I-2E;

_(Bi—D) _(Bi=D)
<C(e 2T (Ei—I)@) (e 2T (Ei—J)ﬁz)éC’e AT, o7 AT, — (e 4T,

where we used the fact that there exist a constant C' > 0 such that e=%22 < Ce™ % for any x > 0. We

conclude that
J+I—2E;

oo
Ry < C(max(I,J)+ 1)7<752/ e 4 dE;.
max(I,J)+1
Changing variables E; — X = F; —max(I,J), we get

00 J+I—2E; _J=I] poo  x _J=1]
/ e i dE;=e 47T / e lidX <Ce 4% .
max(I,J)+1 1

All in all, we have proven that

[J—1]

Ry <Ce T (max(I,J)+1)"¢"2,

Notice in particular that if max (I, J) < 1, then

2 a_
ng()gc’/ B2 dE;.
max(I,J)

Study of R>. We now focus on Ra, for which we consider three cases. We first change variables X =
E; —max(1,J),

_l-1 ol x v/2
Ry=e 2T / e T (i(—i—max(LJ))

0 fiz(X +max([,J))

<o /1 (X +max(1, )72

o M2(X +max(I,J))

(X +max(I,J)—J)p(X +max(I,J)—1)dX

e(X)p(X +[J —1])dX,

S

where the last inequality comes with the bound ¢ Ti < 1 and the fact that

(X +max(I,J)—J)p(X +max(I,J) —I) = o(X) (X +|J —I)).
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Case 1. If max(I,J) > 1 and |J — I| > 1, then the property (E-72) in Lemma ET8 on 73 and the
assumptions (E2)—(#3) imply that for any X € (0,1),

(X 4+ max(1,.J))"/?

2(X +max(I,J))

P(X)<CXP, p(X+|T—I))<CX +|T-1I)".

< C(X +max(I,J))2 2021,

It thus comes that

1 max /2
/O(“ LI () (X 4] — Iy dx

2(X +max(I,.J))

1
< c/ (X +max(I,.J)) 72 XA (X 4 |J —I|)*2dX
0
1
<cmax(z,J)—C—ﬁQ(1+|J_1\)52/ XA dX = Cmax(I,J)~ P2 (1+|J — 1)),
0

because 31 > 0. Again, there is a constant C' > 0 such that

|J—1I| |J—1

e T (14|J—1)" <Ce T .

Moreover, as max(1,J) > 1, we have max(I,.J) <2 < C(1+max(I,J)) <52, leading, in this case,
to

[J—1]

Ry <Ce T (max(I,J)+1)"¢"2,

Case 2. f max([,J) > 1 and |J — I| < 1, then, still from (ZZ2) in Lemma BT8R and (Z2),

(X +max(1,.J))/?
’ X) (X +]J—I))dX
| s e eX + 11 1)
1
go/ (X +max(I,.J)) P2 X (X 4+|J—1))P dXx
0
< Cmax(I,.J)~¢ P2,

since 31 > 0. Hence, also in this case,

[J—1]

Ry<Ce i (max(I,J)+1)"¢"2,

Case 3. Finally, if max(I,J) < 1 then we also have |J — I| < 1, and, using (B21)) in Lemma ET8
and (B2), we get

1 max /2
/O(X+ LI () (X 4] — 1)) dx

T2(X +max(1,]))

1 XX 4| — )P
<[ (x DR |
/0 (X +max(I,J))2 (X + max(I,J))25%
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. . XO1 (X +]J-1)PL
Since 61 2 O, it holds that (X+max(I,J))2ﬂ1

max(I,J),

2 2
Ry < c’/ B2 dE;
max(I,J)

Putting the previous bounds together yields the result.
From the previous lemma, we deduce the following corollary.
Corollary 4.6. e For any v € (—2 — 201,24 202), there exists C > 0 such that
/ ri(1,J)du(J) < C(1+1)7¢, forae I>0,
Ry
/ k(L D) dp(I) < CA+J)S,  forae J>0,
Ry

where ( =1+ 2 — 3 > 0.

Proof. Let I > 0. We split the integral into two parts,

/R ) du() = /m TN ¢ / (1, T)dpu(T).

max(l,J)<1

< 1, and we obtain, after changing variables F; = X +

(4.33)

(4.34)

For the first part, we use the fact that on the set {max(/,J) > 1}, we have from (E30) in Lemma B3,

and as ( >0 and 2 > 0,

=1
ki(1,J) < Ce T (1+max(1,J)) ¢ 5
|[J—I]

<Ce T (14+0)"S(1+J)" ",

Then, using the assumptions on ¢, namely (E2)-(E3), we get

[J—1]

/ m(I,J)du(J)<C(1+I)*</ e T (14+J) P2p())dJ
max(I,J)>1 Ry

1 +oo  |J-1]
<O(+1)~¢ </ Jodg+ / e T (14J) P2 g0 dJ)
0 1
<O'(1+1)°C.
On the other hand, using (E31) in Lemma B, we obtain, for all 7 > 0,

1 2
/ ki (1,7)du(J) < Clrq / / B dE g0 4T
max(/,J)<1 0 Jmax(l,J)

1 p2
<011<1/ / B dE I d.
0o JJ
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We distinguish two cases. If v = 0, the double integral in F; and J becomes

1 1
log(2) /O Jhrdg — /0 log(.J).JP1 dJ,

which is finite because 51 > 0. Else, it equals

1
%/ (2% —J3)J% dJ,
0

1 1
c(/ JﬁldJ+/ J¥+ﬂ1dj>,
0 0

which is itself finite as 51 > 0 and % + 81 > —1. A symmetry argument in [ and J ends the proof. [

which is less than

We are now in a position to deduce integrability properties of r; in L.
Lemma 4.7. The kernel r; belongs to L?, (R4, du(I); L? (Ry, du(J))).

Proof. The proof is similar to the one of Corollary BA. For I > 1, we have, using (E30) in Lemma £
and (E2)—(E3) that

1 -1 oo |J—I]
/ ni(I,J)Zdu(J)gC(/ e T (1+J)‘f52j51dJ+/ e T (1+J)‘52Jf52dj)
Ry 0 1
_
gc/e TidJ =C.
R
Else, if I < 1, we split

1 00 1
K 2 = KL, 2 Kildl, 2 I Ki\L, 2 ;
4+ALﬂdMﬂ 1;<IﬂdMﬂ+[ (IﬂdMﬂ<A (1,72 dp(J) +C

where the fact that the integral from 1 to infinity is less than a constant is proven in the same manner as
in the previous computation. Now using (E31)) in Lemma B and again (B2)—(BE3) we get

1 1/ 2 1, 2
/ ri(1,0)2du(J) < C / / EZ dE; | J%dJ
0 0 max(I,J)

If v =0, then

/Ollii(l, J)2dp(J) < 0/01 (/jE;ldEi>

which is finite as 81 > 0. Else, we split

2 1
Jhdg = C/ (log2 —log J)? JPr dJ,
0

1 I 1
| a2 < [P+ [ wlra?du)
0 0 I
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On the one hand,

1 2 4 2 /
/ (/ Eiz 1dEi) Jb dJ<0(1+[7)/ Jb ngC(l—I—I’H'@l‘H)_
0 1 0
On the other hand,
1 2 4 2 1
/ ( E? dEZ) Jhrdg < C/ (1+J7)JdJ < C(1L+ 17+,
I J ;

hence all in all,

1
/ ri(1, )2 dp(J) < C(1+DHAFL,
0

We conclude by observing that the function I +— 14 I7+#1+1 belongs to L} (Ry,du(l)),as B1 =0
and Y+ 261 +1> —1. O

4.4.2.4 Proof of uniform decay at infinity and equicontinuity property

We now combine the results on «; with the ones on xy, obtained from the monatomic case studied in
Appendix E7Al

Lemma 4.8. Fory € (=2 — 21,2+ 2032), we have

C

3
A 1q oy Jorae D) ERIxRy, (435

I, e tn ) dnantn) <

]R3><R+

// ka(v,I,n,J)dvdp(I) < C, forae. (n,J) € R3 x Ry, (4.36)
]R3><R+

where(zl+ﬂg—%>0.

Proof. From the bounds (B68) and (E33), we get

//RBXIR+ K2 (v,I,n, J)dndu(J) < (/RB Hk(vﬂ))dn) (/R+ Hi([ﬂ])d;d(]))

C C
< TR
L+ o)) (T+1)S ~ (14 |v] 4 I)min(1.<)

<
(

where ( = 1+ 82 — 3 > 0. A symmetry argument along with the fact that 1 + 5|+ J > 1 allows to
obtain (A38). O

The following lemma is then a straightforward consequence of Lemmas B4, E77 and BT

Lemma 4.9. The kernel k2 belongs to LY (R* x Ry, dvdu(I); L? (R x Ry, dndpu(J))).

All norms being equivalent in finite dimension, we can choose, on the space R® x R, the norm
|(v,I)|ga = |v] + |I|, where |v| is the Euclidean norm of v in R3. In the following, Bp is defined
forany R > 0by B = {(v,I) € R3 x R, s.t. |v|+ I < R}. In the following Proposition EI0, we prove
the property of uniform decay at infinity.
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Proposition 4.10. There exists C' > 0 such that, for all g € L? (R3 xRy, dndu(J)) and any R > 0,

C

2 2
HKQQHLQ(B%,dUdp(I)) S (11 Rymn(.0 9172 R xR, ,dndpu(s)- (4.37)

Proof. Let R > 0. Using the Cauchy-Schwarz inequality and (BE35)—(E38), we get

||K29||L2(Bc dvdu(T //|v|+I>R <[/R3><]R+ g(n, J) ko (v, I,n, J)dndu(J )) dvdu(I)
//MDR (/Rdng(n,J) ko(v,I,n,J)dndu(J ) <//R3XR+ (v, I,n,J)dndu(J )) dvdp(I)
2 C
< //MDR (//Rsx&g(n,ﬁ m(uLmJ)dnd,u(J)) 5o 3 0 dvdu(I)

I,n,J)dvdu(l) | dndu(J
(1+R mm(lg) //R3><R+ (//RSXR+/€2(71, n,J)dvdu( )) ndpu(J)

S (1+R)—mm<1<> l91Z2 w3 xRy cnducr):

where C' depends neither on R nor on g. O

From now on, we denote by 7(,, ) the operator of translation by (w,H) € R3 x Ry. In the following
Proposition BT, we prove the property of equicontinuity.

Proposition 4.11. For any € > 0, there exists s > 0 such that, for any g € L* (R3 x Ry, dndpu(J)),

| (i - 100¢2)

Proof. Let R > 0. We have, for almost every (w,H) € B,

<ellgllp2msxry,dyducry:  forae (w,H) € Bs.

L2(R3 ><R+,dvdu(]))

H( Tlw,H) ~ )K2>g‘ iQ(R3xR+,dde(1))

(4.38)
/ (Kag(v+w, I+ H) — Kag(v,1))* dvdpu(l / Kog(v,I)?>dvdp(I).
Bar

Equation (E37) ensures that the second integral is bounded by

¢ 2
(11 R)min(L) 9172 m3 .1 dn )

N

c €
We ChOOSC R SUCh that W < 5

Let us conclude, now that R is fixed. We notice that the first integral in (B38) can be upper-bounded by

||g||%2(R3XR+7dndu(J)) //BzR //R%dlh (HZ(U+’LU,I+H,77,J)*HQ(’U,IJ],J))Q dndu(J)dvdu(l).
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Thanks to Lemma B9, we know that ko € L7 (R3 x Ry, dvdp(I); L? (R? x Ry, dndu(J))), conse-
quently, there exists s € (0, R) such that, if |w| + H < s, then

62

I L trato s Ho ) = rafo o) dnda() dodun) < 5
BQR RSXR+ 2
which allows to conclude. O

4.4.2.5 Conclusion to the compactness of K>

As K> satisfies the properties of uniform decay at infinity, proven in Proposition B0, and equicon-
tinuity, proven in Proposition BT, both relatively to the space L?(R3 x R, dvdu(I)), we conclude to
the compactness of K5 as an operator on L?(R3 x R, dvdu(I)).

4.4.3 Conclusion to the proof of Theorem 4.1

We now know that both K and K are compact on L?(R3 x R, dvdpu(I)), and then so does K3,
as stated in the beginning of this Subsection. As a sum of three compact operators, K is also compact on
this space, and this concludes the proof of Theorem Bl

4.A Grad’s proof revisited

In this appendix, we aim to present a variant proof of Grad’s, involving a geometric interpretation of
the change of variables to obtain the kernel form, which allows to recover the compactness property.

Let us briefly recall the monatomic case. In this context, no internal energies are involved, and the
collision rules are given by (E9). We assume that the cross section B™ only depends on |v — v,| and

‘cos (vﬁa) , in the same way as in (BI8), i.e. there exist 6; € [0,1), d2 € [0, %) and a constant C'
such that for almost every p > 0 and 6 € [0,27],

B™(p,|cosf]) < C <|Sin9| (p2 +p_1) +p+p 0+ \sin@|_52) . (4.39)

The difficult part of the compactness proof in the monatomic case mainly lies in the study of the operator
K3 defined, for all measurable function h for which it makes sense and for almost every v € R3, by

VU U — VU v — g —1/2 1/2
K;”h(v):/[/ h( T a> M(2+2a) M)Y2M (v,)
R3 JS2

B™ (|va*|,

(4.40)

cos (vﬁa) D do duy,

2
[v]

where we recall that M (v) = ce 2Tk for some constant ¢ > 0.

It is worth noting that, thanks to an interpolation argument, the cross section |sin 6% pHa, a€10,1],
is also covered by Assumption (BE39). Indeed,

|sinf|® plte = (|sint9\p2)a P < alsind|p? + (1 —a)p < |sind|p® + p.

Similarly, for any o € (0,1), 71 € (-, and 2 € [0, 1*70‘), the cross section |siné| ™72 p7 is also
covered.
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4.A.1 Alternative change of variables

Let us first discuss the crucial change of variables which is used later on to obtain the kernel form of
the operator K3". The idea is to change a couple of angles in the two-dimensional sphere (©,0) into a
couple composed of an element of the three-dimensional open ball and an angle in the one-dimensional
circle (z, A).

On the one hand, if we take ©® € S? and o € S?\ {©, —O}, setting z = %, we remark that
0 < |z| < 1, and that z is orthogonal to ® — z, see Fig. BT4.

On the other hand, for any z € R? such that 0 < |z| < 1, the set of all (©,0) € (S?)? such that
z= % is a (double) circle (represented on Fig. BTd) of center z, radius /1 — \z|2, and inside in the
plane {z}+, which can be parametrized by A € S!, see Fig. EIH. We denote by 24 the projection on
{2} of the vector of this circle corresponding to the parameter A € S'. Then (z+ 214,z — 214) defines
a unique couple (©,0) € (S%)%\ ({(©,0) |©® €S?} U{(©,-0©) | © € §%}).

A
*
0
*/
—A
(a) Representation in the 3D ball of radius 1. (b) Projection on plane {z}J' providing A.

Figure 4.1 — Geometric configuration between o, © and z.

It is worth noting that, for all z € R3 such that 0 < |z| < 1, the parametrization of the associated circle
represented on Fig. ETB by A € S! is defined up to the choice of an additive constant. Without being ex-
plicit about this choice, we simply state that there is a consistent choice of angle such that the transforma-
tion (©,0) — (z,A) is a C!-diffeomorphism from (S%)?\ ({(©,0) |© € S} U{(©,-0) | © € §?})
to {z € R?|0 < |z| <1} xS, that is almost everywhere from (S?)? to B(0,1) x S!, where (0, 1) stands
for the open ball of R3 of center 0 and radius 1.

Proposition 4.12. The Jacobian of the (z, A) change of variables equals 4|z| 1.

Proof. The (z,A) change of variables is geometrically natural, but tricky to write explicitly. Hence, we
compute its Jacobian 7 by studying the image measure associated with it and not by direct computation.
Since a rotation induces no deformation, we can state that 7 depends neither on A nor on ﬁ Thus

J (2, A) can be written as 7 (|z]).
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://(82)21‘@_50’<rd®d0'.

Applying the (z, A) change of variables, we have, on the one hand,

S(r) 7/ / 1< I (2 A)dAdzf/ / l‘z‘grj(|z|)dAdz:27r><47r/ J(p)p*dp,
B(0,1) Jst B(0,1) Jst 0

where we passed in spherical coordinates to obtain the last equality. On the other hand, we can explicitly
compute S(r). Indeed, we can write
C]
|}

Sr_//gz)z 2

=|{(©,0) € (S) st @ +0]?+20 -0 <4?}| =]{(©,0) € (§*)*s.t. @ -0 < 2r* — 1}
0

=dr|{oeS*st. [0 -o<2r? —1 3| =dr (47 —4r(1—1?))
1

Define, for all r € (0,1),

| <r dedo = H(@,U) € (S?)?

= 167272
where the penultimate equality comes from the fact that the area of the spherical cap

0
oeS?sit. 0 o>2r2 -1 ,
1

corresponding to the cap above the black circle on Fig. B2, equals 27 x (2 — 2r2).

Figure 4.2 — Representation of the considered spherical cap.
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We conclude that, for all ~ € (0,1),
T ~
/0 J(p)p*dp=2r>.

Differentiating both sides with respect to r provides the required value. O

4.A.2 Study of the kernel form of K3"

Recalling that, for almost every v € R3,

DR N VU v — —1/2 1/2
Kgnh(v):/,/ h( o U>M<2+ d 0> M) 2 M (v,)
R3 JS2

B™ (|v — Vgl | cos(v*/f-v\,aﬂ) do do,,

we focus on the integration with respect to v, and perform the change of variable V, = v, — v to obtain

~1/2
Kﬁ“h(v):/ / h(v—l—v*+|v*|a> M(v—l—v*—l—“qa) M()'2M(V, +v)
R3 .JSs2 2 2 2 2

B™(|Val,|cos(Vi,0)]) dodVi.

With the spherical coordinates, V,, = p®, (p,0) € Ri x S2, with Jacobian ,02, it becomes

v [ (ooo (55 (oo (55) e

B™(p,| cos(é,\a)|) dode p?dp.

We now perform the (z, A) change of variables detailed in Subsection EA T with Jacobian 4|z| 1. Notic-
ing that z = €42, cos(©,0) = 2|22 — 1 and © = z + 24, we thus obtain

KJ'h(v) = / / h(v+ pz) M (v+ p2) /2 M@)Y2M(p (2 + 244) + v)
+ JB0,) Jst
B™(p,|2]z]> — 1|)dA4|z|"tdzp?dp. (4.41)

Note that, in his proof [972, 93], Grad wrote
vV=v+p and vi.=v+p+gq.
By identification to our case, we have in fact

p=pz and q:sz‘A.
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Proposition 4.13. Setting, for almost every v, p, n € R?,

- <_r2 - |v|2|sin<m|2>  (ZLAsn wa
. 2T}, T

me( 2 4 |p|?, T2_|p|2> . dr,
r2+1pl? ) 2+ p]?
L G S (1] el ) 0

o) =e 5Tk e ST = p—o|T " (0,0 —v), (4.43)

Y™ (v,p) = 87T0/

R

where I stands for the modified Bessel function of the first kind of order 0, defined in (B24), then K3'h
can be written as

K5 h(v) = /]R3 h(n) ™ (v,n)dn, fora.e. v € R3. (4.44)

Proof. From (E4Tl), we immediately get

[vtpzl> J]? ot pztpztal
4c/ / / (v+pz) exp( —_———
ze Js01) Jor AT, 4T, 2T},

" (p,[2022 ~ 1)) 2| p>dAdzdp.  (4.45)
In the following, let us denote by w the orthogonal projection of v on { z}L, ie
(5) ¢
w=v—|v-— | —.
|21/ 2]
Then, following the idea of [46], we can successively write
2

142 = IpZI2

R U IS T 5 1 zZ\ z

5P
1 1, 1 1 2\?

S 21,2 = A 2_ - - L c
P 12" = glpz™4 +wl 2(<v+2pZ) Z|> ,

since both w and 24 are orthogonal to z. Thus (E-43) becomes

2
_p2lz? _((”2”) I=] ) _lpztAd4w)?
:4c/ / h(v+pz)e 8Tk e 2Ty |z|71/ e Ty dA
* JB(0,1)

"(p,12]z> = 1])dzp’dp. (4.46)

1 1
szA—i—v—&— oP?

P+ gl pel? = Sl ozt
i glvtpz 5[Vt pztpz

2

We now focus on the integral in the variable A. We have

[ 4wl = g2 A 4 fuwf? + 2p]2 4 ] cos(=14, w)

— P2 (L= [2?) + [wl? + 2p\/1 = 22 w] cos(=14,w).
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Moreover, since w is the projection of v on the plane {2}, |w| = |v||sin(@, 2)|. Thus
lpzta +w|? = p?(1 —|2|?) + v sin(,2)% + 2p /1 — | 2|2 |v] | sin(7, 2)| cos(z+4,w).

For the sake of simplicity, let us momentarily denote

= PV L= 2P [o][sin(o,2)|

T,

which does not depend on A. Consequently, we can write

A wlY (P e ol lsin(52) —
/Sl exp < 5T, dA =exp o, N exp ( X cos(z A,w)) dA.
4.47)

Since the integration is performed on the whole unit circle S, and because w and z+4 belong to the same
plane {2} (see Fig. E13),

e 27
/ exp (—X COS(ZJ‘A7’UJ)) dA= / eX 0049 — 27 1y(X). (4.48)
St 0

Consequently, thanks to (E-47)—(E-48), (E248) becomes

2
bl ((U+2pz) [z \) 2 2 2 i =\2
K3'h(v) 87Tc/ / h(v+pz)e ¥k e 2T}, exp (_P |pz|* + |v]® sin(v, 2) )
= JB,1)

2T,
2 ol lsin(5>
p? — |pz|? |v]|sin(0; 2 _
m(v | 'T'k" ( ")Bm<p,|2|z|2—1|>z| 12 dzdp.

We now make the change of variable p = pz, dp = p® dz, and use Fubini’s theorem to get

w2 ((rd) )’

Kﬁ”h(v)z&rc/ h(v+p)e 3Tk e 2T, |p|*1><
R3
2
/Ooexp< P = |p|> + v sin(v,p)? ) Vo= [pPlel[sn@p)]\ pm M‘p ~1] ) dp| dp.
Il 2Ty, iy p

(4.49)

When performing the change of variable r = \/p? — |p|? of Jacobian
to p in (E2Z9) becomes

/ exp (_7‘2 + |’U‘2 sin(@)2> I, (’/‘U |Sln(@)|> B™ ( /7”2 + ‘p|2 "/‘2 — |p|2> r dr
R, 2Ty, Tk T2 pl? ) /24 [p]?

Hence, using (E-22), (B-49) can be written as

the integral with respect

PR A
V22

Ip|? ((v+30)- \i|)2

Ky(o) = [ hp) e eI i ) d
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Finally, noticing that, for all v, n € R3,

(Inf* = Iof*).

DN | =

1 1
(v+2(n—v)) (n—v)=5m+v)-(n—v)=
the change of variable = v + p allows to obtain (&-44). O

Now that we have obtained a kernel form of the operator K71*, we study its kernel x™, for which we
intend to find upper bounds. We start by focusing on the function ¢™.

Lemma 4.14. Let us denote, for all A > 0 and o € (—1,1],

(7’—)\)2> re
L) = _ dr, 4.50
Pal /R+6Xp( T ) 14V *50)

Then there exists C > 0 such that, for almost every v, p € R3, we have, setting A = |v| |sin(v,p)

i

¥"(0,p) O((L+ NP1 (V) + 1+ -5, () + ol 205, (1)) @51)

Proof. Using the notation A = |v| |sin(v,p)|, (B22) becomes

r2 4+ 22 rA |72 — |p|?| r
"™ (v,p :87rc/ exp( >]10 (> B™ (\/r2+ p|2, > dr
(v.) Ry 2T, Ty Pl 2+ ) /r2+p?

(4.52)
We know from [, Section 9.7.1, p. 377], that
X
To(X ~ 4.53
O( ) X—+4o00 /21X ( )
It is moreover obvious that, for any X > 0,
1 2
Io(X) = —/ eXeosfqp <X, (4.54)
2 0
Combining estimates (B33)—(E324), we conclude that there exists C' > 0 such that, for any X > 0,
BX
Ih(X)<C . 4.55

We then inject estimate (E33) into (E32) to obtain
2 2 2 2
re 4+ —=2r\ 1 7% — |p|*| r
P (v,p) < C exp(— ) B™ («/r2+ p|2, dr
v.9) Ry 2T, L+ VrA Ip r2+1pl? ) /r2+[p]?
(r— A)2) 1 / r? = |p|?| r
<C exp (— B™ (/72 +|p|?, dr
R 2Ty, 1+VrA i r2 + |p|? /r2 + [p|2
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2 112
Now, note that, if |cos | = |T2 ‘pIQ‘ , then
r24+|p|

2
(sind] = 1/1— P2 —[plPI\"_ [ 4r%p*  _ 2r|p|
= 21 pR = 2 22 24 p|z’
re+ip (r2+pl?) p

Thus it comes from the assumption (B39) on the cross section that

Bm< [y 24 |pl2, r 2 |p2|) r < Ip| + 7|p| 4401402 |p_52),
2+ |p[2 \/7"2+\p|2 (r2 +[p])3/2

(4.56)
because 0 < 41 < 1,0< do < 2 , and using the fact that r < /72 + |p|2. Injecting (E38) in (EX2) ensures
that

m (r—\)? (r—\)? r|p|
"™ (v,p) <C(1+|p|)/R+exp <— o7, )1+\ﬁdr+6’ exp (— 5T > 2t P dr

(r—)\)2> P01 C / ( (r—)\)2> ro2
+C ex <— dr+ exp | — dr. (4.57)
r, P\TT2m )i T e, TP\ 2 ) 1 v

Finally, we notice that, for any A > 0 and p € R?\ {0},

(7"—)\)2> r|p| r 2 2172
- dr < T _dr=1p|[- —1.
/Rf’(p< ) T <, grrpEE = [t e

Plugging that previous estimate in (E34) implies (B31). O

Lemma 4.15. There exists C > 0 such that, for almost every v, p € R3
¥"(0,0) <C (Ipl + 1ol ™). (4.58)

Proof. We first focus on the functions ¢, defined by (B30) and prove that for any o € (—1,1], there
exists C, > 0 such that, for any A > 0,
Pa(A) < Ca. (4.59)

Let us first consider the case when a € (—1,0]. Then, for any A > 0

> [ (252
a(A g/ r%ex ( dr < rdr + exp | — dr
Pa(A) o P o7, ; 1 p o7,

(4.60)
1 n 2 d
S1ta Tor, )"
which does not depend on A\. We now focus on the case 0 < « < 1. First, note that
—\)? oo 2
/ ™ exp _r=X dré/ (r+X)%exp ~ I )dr
2Tk A 2T},
4.61)

2
/|r|aexp< )dr+ )\a/exp< >dr Co (L+ 7).
R 2T},
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Consequently, we deduce, for any A > 0, that

— )2
va(A) < / Y exp (— (T2T ) ) dr < Cy (14 X%). (4.62)
Ry k
Besides, we have, for any A > 0,
1 _1 (r—\)?
< — @ - . .
va(N) < Dz, %72 exp ( 5T, ) dr (4.63)

When « € (0, %], applying (E80) for v — % € (—%, 0] in (E63) implies that, for any A > 0,

va(N) < 3’% (4.64)
Combining (E62) and (B64) thus yields, when 0 < o < 3, that, for any A > 0,
Pa(A) < Ca.
When % < a < 1, applying (E61) in (E63) implies that, for any A > 0,
/ ro—3 exp <— (r— )\)2> dr < C, (1 +Xk%) ;
Ry 2T},
so that
Ya(N) < Cu (\% + Aal) . (4.65)

Combining (B267) and (E6Y) allows to obtain (E29) when % <a<l.
Eventually, using jointly Lemma B4, and (E39) with o € {1,—61,02} C (—1,1], we obtain (B38). O

The bound (E3X) obtained on 1" allows us to obtain both following propositions, implying the compact-
ness of K3, and also used in the main body of this paper for the proof of the compactness of the operator
K.

Proposition 4.16. There exists C' > 0 such that

C
/]RS K™ (v,n)dn < T fora.e. v eR3, (4.66)

/ k"™ (v,n)dv < C, fora.e.neR3. (4.67)
R3

Proof. By definition (E43)) of ™ and from (E3X), we have

2 2,2
w1 (nlP =2

ij(’{_)7’[’]) <Ce 8Tk e 3Tk In—vf? (1 + |7) — ’U‘_l_éz). (4.68)
Integrating (BE-68) with respect to 1 and making the change of variable n — 17 — v = p yield

5 —~\2
P2 (Ip1+210] cos(o.)

/ K" (v,m)dn < C e 3Tk e 8Ty (1+ |p|71762)dp.
R3 R3
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Passing to spherical coordinates, the integral in p on the right-hand side writes

2 pw P2 (p+2]v] cos6)?
/ / / (P> +p7%2)e ¥Th e 8T}, sinfdfd+ dp
Ry Jo Jo

o 1gon e [T _(ex2lvlcose)®
ZQW/ (p"+p)e " / e Tk sinfdd |dp.
Ry 0

Performing the change of variable s = cos, we obtain
™ 7(p+2|v|0050)2 1 7(p+2\'u|s)2
/ e 8Tk, sin6df < / e 8Ty ds < 2. (4.69)
0 -1

Besides, performing the change of variable r = p + 2|v| s, we obtain

L _(pt2]vls)? 1 )
/ e Tk ds= 3l p—2v|PT2le” STk dr < <o / e STk dr = —l (4.70)
-1 v

Combining estimates (E269)—(E_10) together yields

T (pt+2]v] 0050)2 C
/ e 8T}, sinfdf < .
0 L+ [v]

Hence )

C _
/”m(vm)dné (p*+p'702) e 5Tk
R3 1+ o] Jr,

2

_ 0
Since 1 —d9 > 0, we have / (p2 +p1_52) e 8Tk dp < 00, and we can conclude for (266). On the other
R

+
hand, integrating (B-68) with respect to v and making the change of variable v — v — 1 = p yields

_—\2
Ip|? \PI+2\p+n| COS(ern,P))

forrwnavse [ o (1 [pl ) dp
R3

C/ e STk (1+1p|™ 1ﬂsg)dp.

Ip|2
Since —1—0d9 > —3, we have/ e 5Tk (1+|p|~17%2)dp < oo, which allows to conclude for (E&Z). [
R3

Proposition 4.17. The kernel k™ belongs to leoc (R?’, dv; L? (R3, dr])).

The proof is similar to the one of Proposition B8, also remarking that —2 — 2d9 > —3.

4.B A technical lemma

Lemma 4.18. Under the assumptions (BE2)—(BE3), namely

@(1)201’81, forae I<1,
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cp(I)}CIﬁQ, forae I>1,

the function i3 defined by
X
im0 = [ e(X-De)dl X0,
0

satisfies, for some constant C’,

m(X) > ! X+l forae X <1,
m2(X) > ! x2P2H1 fora.e X >1.

Proof. Let X < 1. Asmax(X — J,J) < 1forall J € (0,X), we have
X X
ma(X) = / o(X —J)p(J)dJ > c/ (X — )P gbd.
0 0
Applying the change of variable z = %, we get
1
m(X) > Ccx¥tt / (1—z)Przfrde = ¢/ X2 +L,

0

Consider now X > 3. As min(X — J,J) > 1 forall J € (1, X — 1), we have in this case

X X—-1
m(X):/O <p(X—J)<p(J)dJ>O/1 (X —)P2J%2dJ

> X2l ( / ‘- x)BQxBde> > O/ x¥2HT

1

3
Finally, for 1 < X < 3, we have

X 2B2+1

1

ending the proof.

@71
(4.72)
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Introduction

In this chapter, we propose a Boltzmann model for a single polyatomic gas, the molecules of which
undergo quasi-resonant collisions. The previous Chapter B was concerned with exactly resonant colli-
sions, and we intend to give more flexibility to the latter model, as an expected physical behaviour of the
kind of considered collisions would rather be quasi-resonant than exactly resonant.

In Section B, we build the model and propose a rigorous characterization of quasi-resonance, thanks
to a quasi-resonance parameter € > 0. After obtaining an H-theorem for this model, we prove some
resonant asymptotics as € goes to 0, confirming that the presented model characterizes quasi-resonance
when ¢ is small.

In Section B2, from the obtained results, we informally deduce some expected properties of the model.
We argue that a homogeneous quasi-resonant Boltzmann dynamics should be composed of two phases.
In short time, the distribution may behave almost like in the resonant case and relax towards a two-
temperature Maxwellian. After this phase, we expect the distribution to approximately stay in the form
of a two-temperature Maxwellian. In long time, the two temperatures (kinetic and internal) should relax
to each other.

Assuming that the above behaviour indeed holds, we explicitly provide, for the second phase of the
dynamics and for a wide family of collision kernels, an ODE system (approximately) satisfied by the
kinetic and internal temperatures of the system, which is of Landau-Teller type (see for instance [[C37]).

Finally, in Section B3, we conduct a numerical experiment allowing to verify our claim on the kinetic
and internal temperatures approximately satisfying the derived Landau-Teller type ODE system. Some
technical lemmas are recast in Appendix B-Al

5.1 A Boltzmann model with quasi-resonant collisions

We consider a single gas composed of polyatomic molecules, which are described, at the microscopic
level, by their mass m > 0, velocity v € R? and energy level I € R, (we use the energy-level based
description). The energy law of the molecules is provided by a measure  on R, which is assumed to
have a positive and continuous density ¢ with respect to the Lebesgue measure, i.e.

du(I) = (I)dI, IeR,.

g v, 1 Q , We consider two colliding molecules with respective incoming velocities v,
\ / v, 1 vy € R3 and internal energies I, I, € R, and their outgoing counterparts

v/, v, I', I,. As the momentum and total energy of the two-particle (iso-

lated) system are conserved during the collision, we have the microscopic

*
/ !
/ \U* , I* .
Vs, Ly ’ conservation laws

v+v, =0 + 0, (5.1a)
1 1 1 1
§m\v|2 + §m|v*|2 +I+1.= §m|v'|2 + §m|v;\2 +I'+ 1. (5.1b)
Then (BTd)—(BEIH) ensure the existence, as soon as

I'+1 <%|v—v*|2+1+f* — B,
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of o € S? such that

1 1
o= B (T, =" BT+ o (5.2)

Up to now, the setting is identical to the one of a usual polyatomic gas. We wish to implement, in a
rigorous sense, the idea for the collision to be quasi-resonant, meaning that the kinetic and internal
energies should be almost separately conserved. Morally, we are asking

CARCAREAER S A

or equivalently,
I'+I.~T1+1,.

To reach this goal, our approach, which we present in the next subsection, is to consider some reference
polyatomic collisions, and to remove the ones that are “too far” from being resonant.

5.1.1 Quasi-resonance by collision truncation

In the Boltzmann model, the properties of collisions are embedded in the collision kernel. 1t is a
positive function whose support (more precisely, domain of definition) is provided by the microscopic
conservation laws (momentum and energy), and whose values correspond (formally) to some density of
probability of possible collisions. Therefore, it is equivalent to saying that a collision is possible or that
the collision kernel takes a positive value on the variables involved in the latter. In the following, in order
to implement the idea of quasi-resonance, we shall consider a quasi-resonance parameter € > 0, and as
our quasi-resonant collision kernel B, the multiplication of some reference polyatomic kernel B with a
characteristic function ., the latter allowing to remove collisions that are too far from being resonant.

Reference collision kernel We introduce B := B(v, vy, I, I, I',I,,0) > 0 a reference polyatomic col-
lision kernel, in the sense that it satisfies, for almost every v, v, € R3, I, I, I, I.LeRy, 0 € S? a
symmetry property

B(w,vi, 1,1, I' I,,0) = B(vs,v, I, I, I, I' —0), (5.3)

a micro-reversibility one
|v —vs| Bv,vs, I, I, I', IL,0) = |/ =L | B(W' 0L, I’ IL,1,1,0"), (5.4)
and a positivity condition to authorize (only) physical collisions,
I't+I.<E <= B(v,vusI,L,I,1I,,0) >0, (5.5)

with ¥ = %|v — v4|? + I + I,. These assumptions may be found for instance in [37] and are compatible
with other standard formulations as in [[/5, K], as soon as the corresponding Boltzmann operator is
defined accordingly.

Truncation function and quasi-resonant collision kernel We now construct a quasi-resonant collision
kernel B; associated with the reference B. We introduce the following notations

m\v’—vfk|2:1_l’+li R,:m|v—v*|2:1_I+I*

R=—"1F E AE E

(5.6)
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as in the Borgnakke-Larsen model, see [[/5] for instance. At the microscopic level, resonant collisions
can thus be characterized by the property
R=R.

Consequently, quasi-resonant collisions can be obtained by ensuring that R and R’ are close to each other.
We therefore consider the family of truncation functions (¢ )->0, defined for any € > 0 by

/
xe(B,R) = 0

50— Lin(m)-n(R)|<e)> R, R €(0,1), 5.7

where
n:(0,1) >R (5.8)

is a C!-diffeomorphism, and ¢y is a normalizing factor, satisfying a symmetry property (to later preserve
micro-reversibility)
en(R,R') =c,(R,R), R,R' €(0,1), (5.9)

and a diagonal one,
ey(R,R) =1'(R), Re(0,1), (5.10)

which later allows to recover the resonant asymptotics as € goes to 0.

Remark 5.1. Possible choices of ¢, could be c,(R,R') = \/n/(R)y/(R') or c;(R,R') = (0 (R) +
/ /
' (R)).

We can now define the family of quasi-resonant collision kernels (Bg)e>q associated with the reference
kernel B and the truncation family (x:)e>0, by, forany € > 0, v, v4 € R3, 0 € S2and I, I, I, I, € R,

Be(v,v4, I, L, T, I,,0) = B(v,vs, I, I, I' T,,,0) x x:(R, R), (5.11)

where we used the notation (88) for R and R’. Thanks to (89), for any & > 0, the kernel B satisfies the
symmetry and micro-reversibility properties, for any v,vs, o, I, I, I', I,

Be(v,vs, 1, L, I I.,,0) = Be(vs,v, L, I, I, I', —0), (5.12a)
|v — | Be (v, 04, I, L, I' I, 0) = |v' — v, | B- (v, v, I’ 1., 1, I,0"), (5.12b)

and thanks to (B3), B, satisfies the following positivity property, which differs from (B3) through the
use of np and ¢,

(I'+I.<E and [p(R)—n(R)|<e} <= Be(v,v.,1,L,1',1.,0) >0, (5.13)

with B = 2o — v, > + I + L.

Remark 5.2. In the truncation function (8), we have introduced a C*-diffeomorphism 1 : (0,1) — R.
This choice is made to provide flexibility to the model and to avoid boundary issues. In fact, it would not
be precise to consider 1||p_g/|<c) in (BD), as, for some fixed R’ < ¢, their is an asymmetry in the set
{R € (0,1), |[R— R'| < e} because of the requirement R > 0. Using 1, p)—y(r')|<c] instead avoids
this issue. A typical choice of 1 (the one we later use in our explicit computations) would be

7:(0,1) >R, R+ log [1_]%},
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which is an increasing smooth diffeomorphism from (0,1) to R. The quasi-resonance is measured through
the quantity n(R) — n(R'), which in this case corresponds to

n(R) —n(R') = [log(E},) —log(E;)] — [log(Ey,) —log(E;)],

with Ey, = J|v — vy 2 E; = I + I, and a similar definition, with prime variables, holds for E,’C and E.
The difference n(R) —n(R') hence allows to simultaneously quantify the discrepancy between prime and
non-prime energies, but also between kinetic and internal ones. Moreover, due to the presence of the log,
the comparison is made through ratios instead of differences.

5.1.2 Quasi-resonant Boltzmann operator and H-theorem

Let us consider a family of quasi-resonant collision kernels (B ).~ defined as in the previous sub-
section. We set (Q¢)s>0 to be the family of Boltzmann quasi-resonant collision operators, defined for
any density f = f(v,I) > 0 for which it makes sense, and v € R3, I € R, by

Qe(f. v, 1) =
/R?) ///(;R )3 2 {f/fi_ff*}BE(U?U*ajvl*allvji’U)dO'QD(I/)dllw(li)dli@(l*)dl*dv*a (514)
+

where in the above equation, we used the standard short-hands f = f(v,I), f« = f(vi, L), f = f(V', ),
f=fh,1I,),and v/, v} are functions of the other variables, defined by ().

Weak form of the operator Since the kernel B, satisfies the usual polyatomic symmetry and micro-
reversibility conditions, we immediately obtain (see for instance [B7]) that for any test function ¢ =
¢(v,I) such that the following makes sense, we have, for any £ > 0,

L[ swne.nwnenard -
rR3 JR

1

- ¢+ ¢ — b — o] Bedoo(I') AT o(I1)dI. o(I)dI p(1,)d I, dvdu,,

2//(R3)2////(R+)4 Ssz [¢+¢ ¢ ¢] ocp(I)dl ¢(I) (1) dI (1) vdv
(5.15)

where, to simplify notations, we used the same short-hands as in (514) and did not write the arguments
of the kernel B;. We deduce from the weak form (B19) that, as usual, the operators (). do conserve (at
least formally) the mass, momentum and fotal energy: for any € > 0 and f = f(v,I) such that it makes
sense,

1
/RB . Qe(f, f)(v,I) v dvp(I)dI =0. (5.16)
’ %m\v\Q—l—I

Remark that the conservation properties of the quasi-resonant operators are the ones of the usual poly-
atomic case, and not of the resonant case (where moreover, kinetic and internal energy are separately
conserved).
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Collision invariants For some ¢ > 0 fixed, we say that 1) : R3 xR — R is an e-quasi-resonant collision
invariant if it is measurable and satisfies, for any v, v, € R3,0eS%and I, I, I, I, e Ry,

{('+I,<E and [n(R)—n(R)|<e} = {0 1)+, 1) =¢(v,I)+ (v, L)},
5.17)
where in the above, we used the notation E = v — v, | + I + I, v/, v}, are given by (52) and R, R’
by (58).

Note that the definition of the e-quasi-resonant collision invariants is slightly different from the one of the
usual polyatomic collision invariants: there is the addition of the condition |n(R) — n(R’)| < €. There-
fore, the set of collisions on which the invariance property is assumed to hold is smaller than in the usual
polyatomic case. As a result, we cannot apply directly the known results of characterization of the colli-
sion invariants in the generic case; we provide this characterization in the following proposition, which is
mostly based on [24, Lemma 3].

Proposition 5.1. Characterization of the invariants. Let ¢ > 0 and assume 1) to be a continuous &-
quasi-resonant collision invariant, then there exists a1 € R, p € R3 and as € R such that Sorall (v,I) €
R3 x Ry, we have

W(w,I) = a1 +p-v+as (%WH). (5.18)

Notice that the collision invariants are here the same as in the usual polyatomic case (and not the ones of
the resonant case). This is understandable, as (even if only very few) exchanges are allowed between the
kinetic and internal energies.

Proof. As a collision invariant in the quasi-resonant case, 1) satisfies

U+ Uy E-I-1 U+ Uy E-I-1
w( 5+ — a,l’>+w< R — a,I;>=w(v,I)+w(v*,I*) (5.19)

for any (v,v«, I, I, I’ I.,0) such that B:(v,vs,I, I, I', I, o) is non-zero. In particular, (819) holds
whenever R = R/, using the notations defined in (&8), i.e. in the resonant case. Using [44], there exist
a1, az, az € R and p € R? such that, for any (v,1),

m
Y, I)=a +p~v+a25|v\2—|—a31.

Replacing % by its previous expression in (519), we obtain

a2

p- (v +0l)+ 5

(m[o' > +m[vi?) +asg(I' + 1) = p- (v +0s) + 6;—2 (mlo? +m|v.f?) + az(I + L.).

Thanks to the microscopic conservations (E1d)—(BTH) of momentum and total energy, we get
(a2 —ag)(],—‘rfi -I-1,)=0.

Finally, we can choose (v, vy, I, I, I’ I, o) such that Be(v,v«, I, I, I',I,,0) # 0 and R # R’ simultane-
ously, so that I’ + I, = I + I, and subsequently obtain as = as. O

Having derived the weak form of the Boltzmann collision operator and characterized the collision invari-
ants, we are now in a position to provide the H-Theorem associated with this model.
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Theorem 5.1. H-Theorem for quasi-resonant Boltzmann model. For any density f = f(v,I) > 0, it
holds, at least formally, that

/ / log f(0,1) Q= (£, ) (v, I) dvo(I)dI <0 (5.20)
R3 JR,

and

/ / log £(u.1) Q=(f. f)(v, 1) dvo(I)dI = 0
R3 JR
(3 (5.21)

—3/2 o
Fo0) = M= 2 (20 gy e (200 1Y,

where Z is the partition function (see (B4) in Chapter B) and p, u and T' are respectively the mass
density, average velocity and average temperature associated with f (see (I13) and the above equations
in Chapter D).

Notice that the equilibrium distributions in the quasi-resonant case are, as in the usual polyatomic case,
Maxwellians with one temperature. We highlight the fact that in the resonant case, these distributions
have two distinct temperatures (one kinetic and one internal).

The proof of Theorem Bl is straightforward once collision invariants are characterized (here, thanks to
Proposition B1) and very standard, see for instance the proof of Theorem I3 in chapter .

5.1.3 Resonant asymptotics

In this subsection, we investigate the consistency of the quasi-resonant modeling by studying the
behaviour of the collision kernel family (B;) as e goes to 0. In order for us to ensure that our approach
indeed describes the notion of quasi-resonance, we provide in the following a result of convergence
towards resonance as € goes to 0.

Proposition 5.2. Consider a family of quasi-resonant collision kernels (Bg)s, and assume that their
reference collision kernel B is continuous. Let € > 0, and let 1) := (I’ I..) be a continuous test-function
with a compact support in (R1.)2. The tuple of variables (v,vi,I,1.,0) € (R3)? x (Ry)? x S? being
fixed, we set

ja:// BE(U7U*7I’I*7I/aI:"O—)¢(I/’LIﬁ)SD(II)SD(Ii)dI/dIL_
(R4)?

Then (J:) converges, as € goes to 0, towards
Jo :/ B (v,ve, L, I, o) (I T+ L — I o(I') (I + I, — I')dT’, (5.22)
Ry

where the resonant collision kernel B"¢® associated with the reference kernel B is defined by
B (v, v, I, I, I',0) := B(v,vs, [, L, ', T+ I, — I',0) E Lir<rins (5.23)

with E = 2|y — v, |2 4+ T + L.

In (R222), we recover the resonant integration measure p(I') (I + I, — I')dI’ discussed in the previous
chapter 8. This proposition confirms that, from a modeling point of view, considering a “small” € in our
approach indeed allows to describe the phenomenon of quasi-resonance.
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Proof. Since, in the definition of J,, the variables v, vy, I, I, and o are fixed, we set, in the following,
for the sake of clarity,

‘P(I/u-[;) = B(’U,'U*7I,I*,I,,I;,O')l[J(I/,Ii)QO(I/)QD(Ii).

Using (B10)—(B2), we get
1
J: = % //.(.O +o0)? Cn(R, R/) ]l[|”7(R)*77(R/)‘<5] \I’(I/,Ii) dI/dIi

Remembering that R’ only depends on some of the fixed variables, and not on I’ nor I/, a convenient way
to proceed is to use the Borgnakke-Larsen representation, that is to change variables (I’,I}) into (R,r)
with
I'+1, I

E Ty

R=1-— (5.24)

whose Jacobian equals (1 — R)E?. Then we have

‘75 =
1
ng //(0 2 Cn(R,R/) ]l[m(R)_n(R/)lgs] \II(T'(]. - R)E, (]. - 7”)(]. - R)E) (1 - R)E2 dRdr. (525)

Since, in the integral in R, both r and E are then considered to be fixed, let us set, for the sake of
simplicity, for any R,

W(R)=W(r(1—R)E,(1-7)(1—R)E) (1— R)E?,
which, with our assumptions, is clearly continuous. Let us focus, in (R223), on the integral in R, that is

1 1

5z | BB Ljyr—nryi<a) ¥ (R)dR.

We perform the change of variable z = 7(R), so that the above becomes, as 7 is a C'-diffeomorphism
from (0,1) to R,

1 f T — —1\/
% ch(nil(ZLR)]l[lz—n(R’)lge]\y(n Y(2) (") (2)dz
1 n(Rl)+€ —1 /\N\T —1 —1\7
=% en(n (2), R)W(n~"(2)) (n” ") (2)dz. (5.26)
n(R')—e

Letting € go to 0 in (R228) and using the diagonal property of ¢,, Equation (RI0), we get, at the limit,

en( BB x W(R) x (07 (1(R) = e (R R') x W(R) %~ = W(R).

n ()

Hence, by dominated convergence, (7z) converges, as € goes to 0, towards
1
/ ¥(r(1—RYE,(1-r)(1-R)E)(1 - R)E*dr,
0

which we denote Jy. Remembering that (1 — R')E = I + I,., we finally perform the change of variable r
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to I’ with I’ = r(I + I,), leading to

I+1,
50:/ w(I' I+1,—I')EdI,
0

and thus to (E222). O

5.2 Expected properties of the model, Landau-Teller equations

In this section, we discuss what we can deduce from the H-Theorem 51 and the resonant asymptotics,
Proposition BT3. We consider from now on the homogeneous quasi-resonant Boltzmann equation, for
some € > 0,

8tf(t7v>l):Qe(f(t)vf(t))(vvj)v f(O>UaI):fin(U7I)7 (5.27)

fort}O,v€R3andI€R+.

5.2.1 Expected properties

Let us first discuss informally the properties of the quasi-resonant model we may expect, based on the
results proven earlier. The H-Theorem Bl ensures that the equilibrium distributions of the quasi-resonant
dynamics are of Maxwellian form, with one temperature. On the other hand, the resonant asymptotics,
Proposition B3, ensures that, at least formally, when ¢ is very small, the quasi-resonant dynamics
should behave almost like its associated resonant one. But we recall that equilibrium distributions of the
resonant dynamics are of Maxwellian form with two temperatures like in (E222).

Therefore, we expect the quasi-resonant dynamics to be composed of two phases, which we schematically
represent in Figure B

1. First, in “short” time, the quasi-resonant dynamics behaves almost like its associated resonant
dynamics. We should observe a relaxation towards a two-temperature Maxwellian.

2. Second, in “long” time, as the distribution is close to a two-temperature Maxwellian, its two tem-
peratures should converge to each other. Moreover, we expect the distribution to stay in the form
of a two-temperature Maxwellian, as the “resonant part” of the quasi-resonant collision operator is
much stronger than its “mixing part”.

convergence towards a relaxation of the two temperatures

two-temperature Maxwellian towards each other

|
|
|
|
!
!
|
|
|
1

short time long time time

Figure 5.1 — Schematic representation of the expected behaviour of a quasi-resonant dynamics.

Let us highlight that we expect, during the quasi-resonant dynamics (8221), that if the initial distribution
is approximately in the form of a two-temperature Maxwellian, it stays approximately of this form.
This is not the case in the generic polyatomic case, and is a specific feature of the present model. In
particular, it allows to observe simple ODEs on the kinetic and internal temperatures (of the type of the
so-called Landau-Teller equations, see for instance [[37]).
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Finally, we emphasize that the statements of this subsection are not rigorous. Nevertheless, we later
perform numerical experiments, in Section B3, the results of which support the presented point of view.

5.2.2 Derivation of Landau-Teller type equations

In this subsection, we derive ODEs of Landau-Teller type on the kinetic and internal temperatures,
which are locally satisfied (at time ¢t = 0) by solutions to the quasi-resonant dynamics (E24) with a
two-temperature Maxwellian initial distribution.

In order to obtain an explicit result, we choose for the following
o(I)=1°771  I>0, (5.28)

with § > 2. This choice of energy law density corresponds to a polytropic gas with a number of internal
degrees of freedom equal to d, and is common in the literature, see [[Z, &7].

Moreover, we take

n(R) = log L—R] , Re(0,1), (5.29)

which is indeed, as required in our model, an increasing C'-diffeomorphism from (0,1) to R. This
peculiar choice is motivated by the following properties:

1. the difference n(R) — n(R’) is the log of the ratio between the post- and pre-collisional ratios
between kinetic and internal energies,

2. the quantity |n(R) —n(R')| is invariant by the change (R, R') — (1—- R, 1— R'),
3. it seems to be one of the simplest ones for the explicit computations conducted in this subsection.

The considered quasi-resonant collision kernel We consider, for our upcoming computations, the

family of quasi-resonant collision kernel (Bg)esq, defined, for any € > 0, v,v4 € R3, ¢ € S? and
LI, I' I, e Ry, by

/oy _ '/ Be=3 1 B B 1Bi 1y
Be(v,v4, I, I, I, I},,0) = Cg b(o - o) E}, ESCPETETE

Yrvn<s | Um@w)—n@w)i<e]

i, (E) 9 , (5:30)
where we recall the notations
Ek:%\%mz, Ei=I+1,, E=E,+E,
Ej =l — P, Bl =T+1I.,
E; E! E E;

the velocities v’ and v/, are functions of the other variables given by (82), (%, (3; and y are real exponents,
Cp > 01is a constant, b is an angular kernel satisfying, for w € S,

/SQb(crw)dJ:l, (5.31)

the function 7 is given by (B229), the notation 1 x is used for the characteristic function of the set X,
and m,(E) is the average value of 17/, ;<) on (R.)? with respect to the internal energy distribution
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measure, that is

(R4)?2
Explicitly, as we chose (B2X), we have
I'(5/2)?
my,(E) = r((éi)l) ES, (5.33)

where I stands for the Gamma function.

One straightforwardly checks that the kernels B, defined by (B30) satisfy all the required properties of
quasi-resonant collision kernels (E124)—-(B13).

Remark 5.3. Let us link the family of kernels defined by (830) with the general form of quasi-resonant
kernels (BI0). Choose for instance

en(RR) = /i R (R) = !

VRA-R)R(1-R')’

which indeed satisfies (B59)—(B10). Then, for any € > 0, the kernel B; defined by (830) has indeed the
Sform (BEIN), with the reference collision kernel B being equal to

Ly r<m)

1 g1 1
B(v,vs, 1,1, T, I.,0) = Cp b(o - o) B B3 gF2 pfits o= ,
m(E)

using the same notations as in (830).

Local Landau-Teller equation We provide, in the next proposition, the first term in the expansion in €
of the derivative at time ¢ = 0 of the internal temperature of a solution to the homogeneous quasi-resonant
Boltzmann equation (521) with a two-temperature Maxwellian initial condition.

Proposition 5.3. For ¢ > 0, consider f a solution to the homogeneous quasi-resonant Boltzmann equa-
tion (R2X2) associated with p, 1 and B. defined in (B28)—(B30), with v = § + 3. Assume the initial
condition fi, to be a two-temperature Maxwellian distribution (which form is given in (B222)) associated
with the mass density p > 0, the average velocity u € R? and the kinetic and internal temperatures T,? >0
and TiO > 0. Fort > 0, we denote

_ 1 ol = L
10 =g, [, FevPseenaendn no=g [l aseendvenar,

respectively the kinetic and internal temperatures of the solution f at time t. Then 30
T =G AP AP @10 1 0, 639

with, recalling that T stands for the Gamma function,
Cp o I' (26, +4) 1"(2&—%25—1—2)' (5.36)

C = -
RSP r(3)T()
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Proof. Let us first notice that, as f solves (224), we have

// (fins fin) (0. 1) dvp(D)dI.
=0 RSXRJr

The whole proof therefore consists in evaluating the above integral. It comes from the weak form (E13)
of the operator Q). and the choice ¢(I) =1 571 that

3p //RR (fin: fin) (v, 1) dvg(D)dI =

QM)//(RW ////UR o i G 1 — I~ L]B.()(ILI'L,)s ' dodIdL.dI'dI, dvdu,
+

where we used the short-hands fin = fin(v,1), (fin)x = fin(vs, L) and B:(+) = Be(v,vs, [, L., I', I, 0).
The above integral can be rewritten as

25p//R3)2//R+)2fm fin)+ {//R+ /S2 [I'+1I.—I—1I]B. ()(I’Ii)g‘ldadf’dfi}

x (I1,)3~1dIdI, dvdv,. (5.37)

dT

Let us now focus on the term inside the braces. Using the explicit form of B., Equation (B310), as well
as (B30, it equals

_1
o Eﬁk 2 gl B
1Bi 21
25mgo // L B B (B E; D% B L gy <y Ln(ry—n(ryi<e) (11271 dI"d L
+
with the same notations as in (830), and since F} = F — E; For R’ € (0,1) and E > 0 fixed, we set
= —R)E)(E - E))Px EPi
L= o) B O~ OB B B B

s_
X ]l[l’+Ii<E] ]l[\n(R)—n(R’)Iée] (I/Ii)2 1dI’dL:. (5.38)

By definition (832) of m,, we thus have (changing « = I’ + I,)

1 E _
= T /0 (z— (1= R)E)(E — )" 25 11, () (v <e) Mp(2) da,
with the notation R =1— %. Using the explicit form (833) of m, and performing the change of variable
r—R=1—%,we obtam
PRTTINE I N Bi+o-1
I.=—0F X % ; (R—R)R"* (1—-R) 1[|77(R)—17(R’)|§e] dR. (5.39)

Applying (538) of Lemma 54 in Appendix EA with the choice ¢)(R) = R (1— R)% %=1, and 5 given
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by (B29), we obtain

Ig - _(5E5k+57‘+1><

e—0

% (R (1= RFHH [2(B(1 = BY) = (Bi +6 — DR) = 3(R' — (1= R)] + O(<"),

where we used

) =g =T e - U - m - G- o)

Simplifying, and using the notations E), = R'E, E; = (1 — R')E, it becomes

é ,
L = ¢ G E-073 g2 BT (98, 4 95 4 1) By — (281 + 3) Ei] + O(e*).
&€
Therefore, using (5372), we have

= // // B2t G20cH1 (95, 196 4 1) By — (264 + 3) ]
=0 £~>0 12p JJ(®r3)2 J) (R )2

dTi(t)
dt

% fin (fin)e (I1,)3 1 dIdI, dvdu, + O(%).

We highlight that the term E7~9=3 disappeared as we assumed v = § + 3. Since fi, is a two-temperature
Maxwellian distribution (with associated mass density p and kinetic and internal temperatures respec-
tively T,g and Tio), the above right-hand-side expression may be recast as

€ Pg ((251+25+1) m,, +5(Tk)m26 von [01(T) = (28¢ +3)m 25 +3(Tk)m25,+d+2[5}(T0))
+0(e ), (5.40)

where m* and m’ denote moments of the two-particle Maxwellian distribution and are defined, for 7' > 0
and 3 > 0 by

-3
mh(T) := (%mT> //RB Rse—%(lv\2+\v*|2> (m\u—qu)ﬂdvdv*, (5.41a)
X
m}, [6](T) := <// —5 (11,)3-1 dIdl, ) // ~5 (14 1L)P(11,)5 L dIdLL.
(R+)2 (R+)2
(5.41b)

Using their explicit expression given in (B38)—(B39) in Lemma B3, we deduce that (5-40) can be rewrit-
ten as
. p@ (2B +4)T(26;+6+2)
T(3)T(8)

X (TO)2t5 (TP (10 _10) L O(eh),  (5.42)

ending the proof. O
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Global Landau-Teller equations in the quasi-resonant case In the previous Proposition B3, we ob-
tained an explicit formula, for small €, of the derivative around time ¢ = 0 of the internal temperature
of a solution to the homogeneous quasi-resonant Boltzmann equation (827) with a two-temperature
Maxwellian initial condition. Following the discussion on the expected properties of solutions to the
homogeneous quasi-resonant Boltzmann equation in Subsection B2, such a solution is expected to stay
close to the two-temperature Maxwellian form.

Therefore, one can extrapolate, from the expected properties of the quasi-resonant model and Proposi-
tion B3 that, if f is a solution to (E2X1) associated with the kernel B, defined in (B30), for a small ¢, and
with an initial condition close to a two-temperature Maxwellian, we have for any time ¢ > 0,

dTi(t)

3 .
o X0 Capp Te)?F2 T2 (T4(1) - Ti(t)). (5.43)

where the notations are the same as in Proposition B73.

We emphasize that we have not proven (543) rigorously (it is in itself a non-rigorous statement). The
goal of the next section is to verify, via numerical experiments, the validity of (E243).

5.3 Numerical experiments

In this section, we conduct a first numerical experiment to check the validity of our statement (5-43),
providing an equation on the relaxation of the kinetic and internal temperatures towards each other, in a
quasi-resonant context.

In order to achieve this goal, we do the following.

1. We simulate the 3D homogeneous Boltzmann equation (B2217) associated with the collision ker-
nel (B30), with a two-temperature Maxwellian initial condition. We denote the kinetic and internal
temperatures of the solution at time ¢ by T} (¢) and T;(t).

2. We numerically solve the ODE system (with the same notations as in Proposition B3)

Ti(t) = pCygp 5 Tw()?PH5 T+ (Ty(t) ~Tu(t)), 20, (5440
g Ty(t) + g T;(t) =0, t>0,  (5.44b)
(T'(0),Tx(0)) = (T;(0), T3(0)). (5.44¢)

3. We compare t — Tj(t) with ¢ — T;(t): if the two curves globally coincide, we can conclude, from
an experimental point of view, to the validity of (E243).

Numerically solving (5444d)—(8444) is straightforward with the solver solve_ivp from the python
package scipy.integrate. We present, in the next subsection, the method we use to simulate the
3D homogeneous Boltzmann equation.

5.3.1 The DSMC method

The DSMC (Direct Simulation Monte Carlo) method is a probabilistic and particle-based approach
for the simulation of the Boltzmann equation, created by Bird in the 1960s, see [22, P3]. It consists in the
simulation of a system of representative particles. Each particle is endowed with its internal state, here
its velocity v € R? and internal energy level I € R, (actually, we rather use its energy quantile ¢ € R,
see Subsubsection [2727).
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At each time step, a set of particle couples is selected randomly and uniformly (corresponding to the chaos
property of the Boltzmann equation). The time step is linked to an upper-bound on the collision kernel,
denoted here by Byax > 0. These particle couples are potential candidates for binary collision. Each
couple is then selected for collision with a probability linked to a ratio between a kernel related to both
particle states and Bp,,x. When a couple is selected for collision, we update the states of the two selected
molecules randomly, according to a probability law given by the collision kernel, ending the time step.

In our simulations, we consider the functions ¢, 1 and for some € > 0, a kernel B, of the form (B28)-
(B330), with v = § + 3, as in Proposition BE3. We moreover assume

1
26+ 5 >0, Bi+6>0. (5.45)

We simulate the homogeneous quasi-resonant Boltzmann equation (8277), the solution of which is denoted
f = f(t,v,I). The mass density, average velocity, average temperature, kinetic and internal temperatures
of f(t) are respectively denoted p > 0, u € R3, T, > 0 (these quantities are constant in time) and T} (t)
and T;(t) (these depend on time). In particular, for all ¢ > 0,

3T} (t) + 0T (t) = (3+6)T

We consider, for the following, N > 1 numerical particles.

Collision frequency As the kernel B; satisfies the angular cut-off assumption (831), the Boltzmann
operator (. can be split into gain Q7 and loss Q- terms. The latter, applied to f, writes, for any ¢ > 0,
veR3and I € R,

Qe (f(0), f(t) (v, 1) = v (t,0, 1) f(t,0,1),

where I/Ji is called the collision frequency

S _
(0,1 / F(t,0,1) Be(v,0s, I, 1) dv, 12 dIL,
R, JR3

and B, is the averaged kernel, defined by

B.(v,v,,1,1,) == // / (0,00, 1,1, ', 1. ,0)do (I'T/) 31 d I’ d .
(R4)2J8?
In particular, combining (830) with (E231) and v = § + 3, we have

_ _1
Be(v,v.,1,1,) = Cp EYF 2 B o3

1 B rtBi 1S =1 371 377
- —E Piq ,
X mo(E) 22 //P+I;<E(E B3R BT L (R)—n(rY)| <o) (L' 1)2 7 Al dU,

with the same notations as in (830). Changing « = I’ 4 I, thanks to the definition of my, using its
explicit expression (833) and then performing the change of variable R = 1 — ., we obtain

)

B.(v,v.,1,1,) =Cp Eﬂk 2EﬂzE6k+ﬁL+5+3 .
9

RT
/ RPk(1— R)AHI-14R, (5.46)
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where we denoted
RI
R;t =
R +eTe(1—-R')

Expanding (848) in € > 0, we obtain
B.(v,v04,1,1,) = By(v,vs,1,1,) + O(?), (5.47)

with

1
Bo(v, v, I,1,) = C 6 B, K2 2Bt 2, (5.48)

In our simulations, we approximate the collision frequency V? by
— s_
Wt 0,1) = /R g F(t,vs, 1) Bo(v,ve, I, 1) dv, 12 dIL, (5.49)
+

as vg > 0 and, by (B417),
vy = V? +0O(?).

Selecting the pairs of particles to collide Let us consider some time ¢ and a time step At > 0. A
numerically efficient way of drawing pairs of numerical particles to collide between ¢ and ¢+ At according
to the collision frequency 1/]9 consists in first over-estimating the number of colliding pairs and then go
through an accept or reject process.

We denote, for any numerical particle labelled by n € [1, N], by v™ € R3 its velocity and I™ € R its
internal energy, and we consider the upper-bounds

Avmax(t) = max _[v" — "2 17 Imax(t) = max I".
1<ny,ng <N 1<n<N

We thus have, from (E28)—(5-49), that

with o
Vmax(t) =p Bmax(t) (5.50)

and

2Bk+3

Brnax(t) = Cp o (%(Avmax(t))Q) (2 nax (1)) 2570 (% (Avmax ()2 + QImaX(t)) (55D

We are now ready for the selection of pairs of numerical particles to collide.

e We uniformly draw

{At X Vmax (t) X ];J

pairs of numerical particles as potential candidates to collide between times ¢ and ¢+ At, where |- | stands
for the integer part. >

1. In practice, we consider a cheaper-to-compute upper-bound.
2. In practice, we rather choose the number of pairs of potential candidates, typically | N/2], and deduce the corresponding
time step At.
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o AS Unmax(t) is an over-estimation of the collision frequency, we go through an accept or reject pro-
cess. For each pair of drawn numerical particles, we uniformly draw a number U € (0,1). Denoting
respectively by (v, I) and (v, I,) their states,
— we accept the collision if
U< Bo(j,v*,l,l*)
BmaX (t)

)

— otherwise we reject the collision.

Updating the states of the colliding particles We consider a pair of numerical particles that we have

selected for collision, which pre-collisional states are respectively denoted by (v,I) and (v, ). We up-

date their states to the post-collisional ones (v, I") and (v}, IL) by drawing the post-collisional quantities
I'+1, I’

R — 1 _ * —

B ,r—manda.

o We first draw R = 1 — 2t The law of the post-collisional total internal energy I' + I, (seen as a

random variable) on (R+)2 conditionally to v, vy, I and I, and drawn according to the collision kernel
B is
Be(v,vs, I, L, I, I,,0)do 5
2 (I'r))2=tdrdr.
BE(U7U*7[7I*)
Remembering (848), it explicitly rewrites

-1
N L1 <) Lin(R)n(R)I<e] oy
5—1 k 7 / Rﬁk 1—R* Bl+6_1dR* [ +1. < ] 7 n € III/ 7—1d1/ dI/

EBetB ( o 1R m,(E) (I'L)? -

where we recall the notation RZ :
x=1I'+1, on Ry is thus

= R’-s-e%/(l—}%’)' By definition (832) of m,,, the law of the quantity

+ —1
1 (B—x)Prabi B Bi+6-1 lw<) Ynmr)-nr)I<e]

Therefore, the ratio R = 1 — 4 is associated with the probability measure, on (RZ, RY),

RPk (1 — R)Pito-1

- dR, (5.52)
[H RPx(1— R,)Pi+0-14R,

In order to draw R according to (B32), one may compute the inverse of the corresponding cumulative
function, which is defined for any y € (RZ, RY) by

Yy
/_ RBk (1,R)ﬂi+5—1 dR
FF (y) = =

&€ Rg» °
/ RB% (1_R)Bi+5—1 dRr
Re

We then uniformly draw U € (0,1) and set R = (F)=1(U).

o We uniformly draw r € (0,1).
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e We draw o € S? according to the probability density b, the angular kernel. 3

We finally set

I'=rl-R)E, I,=(1-r)(1-R)E, (5.53)
o=ty (1_R)Em o = 2 (1_R)Ea, (5.54)
2 m 2 m

and this ends the state-updating phase.

Remark 5.4. In our simulations, for the sake of simplicity, we choose B, =0, 8; = —1 and § = 2, so
/
that the inverse function of FER writes, for any U € (0,1),

(FF)~Y(U)= Rz +U (R¥ — RD). (5.55)

Implementation We implemented the DSMC algorithm in python, using the libraries numpy, scipy,
matplotlib and numba, the latter allowing to speed up the simulations, also by parallelizing the com-
putations. Significant results can be obtained within a few minutes on my personal computer.

5.3.2 Result of the experiment and discussion

We perform a numerical experiment with the following physical parameters
(:’B:Z7 b:—7 m:]_’ p:]_7 5:2’ Bk_:O’ BZ:_]-

We take N = 10° numerical particles, and set the initial temperatures * to be
TP =1, T =50.

In particular, the equilibrium temperature is T¢q = 20.6.

Quasi-resonant experiment We first conduct a numerical experiment in a quasi-resonant setting, tak-
inge = 107!, and with 4-10° time steps (the final time is approximately 3.3-10~2). We show in Figure 52
the result of the simulation, which took approximately 40 minutes to run on my personal computer.

The black curve describes the time evolution of the internal temperature 7; of the system simulated
through the DSMC algorithm, while the white dashed curve is obtained by solving the ODE system (E-444)—
(B244) with the solver solve_1ivp from the python package scipy.integrate. The grey dashed-
dotted line is set at the equilibrium temperature Te,.

3. In our simulations, we take a constant b.
4. There are no restrictions (for instance, of closeness) on the initial temperatures to consider.
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Figure 5.2 — Graph of the internal temperature of the system simulated through the DSMC algorithm and
of the one obtained by solving (5-444)—(5-44d), with e = 1071

We have plotted on Figure B3 the graph of |T; — T;|/T; in semi-log scale, the relative error between
T; (DSMC) and T'; (Landau-Teller), with respect to time. The total L? relative error is approximately
2.2-1073.

1073 5

1074

Relative error

107> 5

0.000 0.005 0.010 0.015 0.020 0.025 0.030
Time

Figure 5.3 — Graph of the relative error |T; — T;|/T; related to Figure 52 in semi-log scale with respect
to time.

Far-from-resonance experiment We conduct another experiment in a far-from-resonance setting, con-
sidering £ = 10, with in this case only 4 - 103 time steps (the final time is approximately 10~°). We show
the result of the simulation in Figure B4, which took 3 seconds to run on my personal computer.
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Figure 5.4 — Graph of the temperature associated with the internal energy with respect to time with ¢ = 10.

Again, the black curve describes the time evolution of the internal temperature 7; of the system simu-

lated through the DSMC algorithm, while the green dashed curve is obtained by solving the ODE sys-
tem (E-44d)—(E444).

Discussion on the result We observe on Figures B2 and B3 a firm agreement of the two curves of
T; (DSMC) and T'; (Landau-Teller) in a quasi-resonant setting (with ¢ = 10~1), while it is clear on
Figure B4 that, as expected, the curves do not match at all in a far-from-resonant setting (with £ = 10).

This seems to numerically confirm, at least for our chosen set of parameters, our statement of Subsec-
tion B2 the kinetic and internal temperatures of a solution to the homogeneous quasi-resonant Boltz-
mann equation, associated with the kernel B. defined in (B2R), for some ¢ small and two-temperature
Maxwellian initial condition, do approximately satisfy the Landau-Teller ODE system (5-44a)—(5-44qd).

This moreover somehow provides a numerical validation on the expected behaviour of the quasi-resonant
dynamics detailed in Subsection B211: it does appear reasonable to understand the latter as composed of
two parts, a resonant-like dynamics in short-time making the distribution relax towards a two-temperature

Maxwellian, and then a relaxation of the two temperatures towards each other driven by a Landau-Teller
type ODE system.

5.A Technical lemmas

The following lemma is key in the derivation of Landau-Teller equations at small quasi-resonance
parameter .

Lemma 5.4. Let ) € C'((0,1)) and n: (0,1) — R a smooth diffeomorphism with ' > 0. Then, for any
Ry € (0,1), we have

1 1
% J, (B~ Bo)U(R) L(r)—n(ro)i<e 47
2

& / _ 77”(R0) 4
S0 617(Ro)? 2¢'(Ro) — 3¢ (Ro) 7 (Ro) +0(e?). (5.56)
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Proof. Let Ry € (0,1), denote by W an antiderivative of R — (R — Ro)%(R), and set, for any « € R,

g(x)=n""(n(Ro) + ),

and notice that g is as smooth as 17 (as 17’ > 0). Then we can write, for any £ > 0,

1 g(e)
% (R Ro)Y(R) Ljjn(Rr)—n(Ro)|<e] A2 = */ (R—Ro)y(R)dR.
< 2e Jg(~e)
Straightforward Taylor expansions of W o g near 0 yield
1 (9 ’ g2 m 4
2/, )(R—Ro)w(R)dR 5o W) (0)+ 5 (Wog)™(0) +O(7). (5.57)
g(—¢

The zeroth-order (in ¢) term in (837) is null as (W o g)’ (0) = W/(Ry)g’(0) = 0. The second-order term
involves
(Wog)" (0) ="' (Ro)g"(0) +3%"(Ro)g'(0)g"(0) + W (Ro) g'(0)°.

By direct computations,
V' (Ry) =0, W (Ro) =¥ (Rp), V" (Ry) = 2¢'(Ro).

Moreover, we also have, remembering that 7]' >0,

1 1" (Ro)
/ 0) = _ " 0) = —
TO=wmy 0T Ry
Putting everything together, we finally obtain (E38). O

The second result required in the derivation of the Landau-Teller equations concerns moments of the
Maxwellian distribution and is provided in the following lemma.

Lemma 5.5. For any 8 > —3 and T}, > 0, we have

27TT 1)2 Vx B
mg(Tk)::< k) //R3 R3 o (oo f? )(4 |v—v*|2> dvdos
X

r(3+3)
r(3)

On the other hand for any § > 0, > —6 and T; > 0, we have

_I+TIx _I+TIx
// T (I11,)3 1 dIdl, // T (I+1,)°(IL)% "t dIdI,
R+)2 R+)2

L(B+9) .5
= i) L

(5.58)
TP+,

(5.59)

Proof. We start by proving (B38). One easily checks that, through the change of variables (v,vy)

(9,G) = (v— vy, 52=), we have
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21T -3 __m 2 |2 B8
(ﬂ k) // e 21y, (Vo) (ﬂ|v7v*|2) dvdv, =
m R3 xR3 4
—3/2 _mjg|?
(“T’“) / e 1T (Tlg\Q)ﬁdg
m R3 4
Changing to polar coordinates, the above right-hand-side integral becomes
73/2 o0 mr2
(47er) |S2|/ e Tk (@r2>ﬁ r2dr.
m 0 4
Changing variables r — z = 4T , we thus obtain

AT, 4T, Ty dx
k _ k 2 k Lk
my(T}) = ( - ) IS \/ T(xTy) (m )x "

—Tﬁ/ - 5+2dx

allowing to recover the announced (B38).

As for m%, we have by definition of m, (with x = I + I,), and using its explicit form (B33),

I+l 00 . 2 oo 4
// e T (I+1,)° (II*)%_1 drdr, :/ e TizPm (z)de = re/2) / e T gP 014y,
(R4 )2 0 4 0

Applying the change of variable y = %, the above transforms into

L(6/2) p1s [ _y o1 ~ T(6/2)? 5 75+
o n /0 ey v="T T+, (5.60)

Then (B339) comes by taking the quotient of the right-hand-side of (B60) with its value at 5 = 0. O
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Part I11

On relaxation towards equilibrium for
the Boltzmann-Fermi-Dirac equation






Overview

In this part, composed of Chapters B and [, we study the long-time behaviour of solutions to the
homogeneous Boltzmann-Fermi-Dirac equation. Chapter B is the reproduction of [36] and Chapter [
of [BY]. In this part, the notation ¢ stands for the quantum parameter.

This work deals with functional analysis and analysis of PDEs.

ABSTRACT OF CHAPTER B. We establish a connection between the relative classical entropy and
the relative Fermi-Dirac entropy, allowing us to transpose, in the context of the Boltzmann or Landau
equations, any entropy-entropy production inequality from one case to the other, therefore providing
entropy-entropy production inequalities for the Boltzmann-Fermi-Dirac operator, similar to the ones of
the classical Boltzmann operator. We also provide a generalized version of the Csiszar-Kullback-Pinsker
inequality to weighted L? norms, 1 < p < 2, and a wide class of entropies.

ABSTRACT OF CHAPTER [1. We provide the first quantitative result of convergence to equilibrium in
the context of the spatially homogeneous Boltzmann-Fermi-Dirac equation associated with hard potential
interactions under the angular cutoff assumption, providing an explicit-algebraic-rate of convergence to
Fermi-Dirac steady solutions. This result complements the quantitative convergence result of Liu and
Lu [118] and is based upon new L>° bounds on the solutions uniformly with respect to time and ¢.

Articles reproduced in this chapter
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6.1 Introduction

In the study of quantum dilute gases, Nordheim [[38], Uehling and Uhlenbeck [[54] proposed in the early
1930s a kinetic approach, with a modified Boltzmann equation - bearing the names Nordheim equation,
quantum Boltzmann equation, or Boltzmann-Fermi-Dirac equation (for fermions). Quoting Villani [56,
Chapter 5.3], this description "does not rest on the traditional quantum formalism, [...] it is rather a
classical description of interacting particles with quantum features", which nevertheless allows to recover
the expected Fermi-Dirac statistics (in the context of fermions) and Bose-Einstein statistics (in the context
of bosons). In this paper, we focus on the case of fermions in which Pauli’s exclusion principle is taken
into account.

In the context of the study of trend to equilibrium, the use of entropy-entropy production inequalities,
allowing to obtain explicit rates of convergence, has been increasing in the recent years. We mention
the results of Villani [I57] for the Classical Boltzmann operator, Desvillettes [[Z1]], Desvillettes and Vil-
lani [[Z8], Carrapatoso, Desvillettes and He [58] for the Landau operator, Alonso, Bagland, Desvillettes
and Lods [4, B] and Alonso, Bagland, and Lods [] for the Landau-Fermi-Dirac (LFD) operator. We also
refer the reader to the reviews [56, [77]. Up to now, no such results were known for the Boltzmann-
Fermi-Dirac (BFD) operator, and the initial goal of this work was to fill this gap. In doing so, we
actually established a connection between the Classical and Fermi-Dirac cases, allowing to transpose
any entropy-entropy production result from one setting to the other under suitable conditions. Entropy-
entropy production estimates for the BFD operator then directly follow from the ones of Villani [I57]
for the Classical Boltzmann operator - the same procedure can be applied to transpose entropy-entropy
production estimates for the Landau operator to ones for the LFD operator.

This paper is constructed as follows. In the rest of this section, we introduce our mathematical setting, use-
ful definitions and further discuss our motivations. In Section B2, we state our main results, which are the
connection between the Fermi-Dirac and Classical relative entropies (Theorem b1l and Proposition B72),
the entropy-entropy production estimates for the BFD operator (Corollary B3), and a generalization of
the Csiszar-Kullback-Pinsker inequality (Proposition B4). We provide the proof of Theorem Bl in Sec-
tion B3, of Corollary B3 in Section B4, discuss the case of the Landau / LFD equation in Section B3 and
provide the proof of Proposition b4 (along with a more precise result and discussions) in Section Bf. We
very briefly discuss the case of bosons in Appendix BAl. Considerations about a wider class of entropies
(with a generalization of Proposition B4) are provided in Appendix BH. In particular, we provide in
Proposition BT3 a general formula for the minimizer of a general entropy under the constraints given by
general conserved quantities, under a sole condition of existence. There are links with the results of [4¥]
where equilibria of collision kernels of type two particles give two particles appearing in weak turbulence
theory are rigorously obtained. In fact, Proposition B T3 does not replace a rigorous study of equilibria,
such as in [AX], but gives insights, in a general setting, on to which distributions we should be expected
to be equilibria. Finally, technical results relevant to our study are proven in Appendix bQ.

6.1.1 The Boltzmann-Fermi-Dirac operator

The spatially homogeneous Boltzmann-Fermi-Dirac (BFD) equation writes

8tf:Q€(f7f)ﬂ f(07) :finu 6.1

where f = f(t,v) > 0 represents a density of fermions (quantum particles of half-integer spin, e.g. elec-
trons), depending on time ¢ > 0 and velocity v € R3, f = f"(v) > 0is an initial distribution and Q.
stands for the BFD operator. We refer the reader to [67, 80, T23, I24] for results on the Cauchy problem
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associated with (B). In this paper, we focus on the operator (). and, if not specified otherwise, discard
the time variable ¢, considering f = f(v) > 0.

In dimension 3, the BFD operator writes, for € > 0 and measurable f : R3? — [0, 6_1] .

QU@ = [ [FR0=en(=cf) = L0 =er)1=ef)] Bovo)dodu., 62

where we used the standard shorthands f = f(v), f« = f(vs), f' = f(V), fL = f(v)) and

1},:1)Jr1j*_|_|11—v*|6r U,:v+v*_\v—v*|

5 5 x 5 5 (6.3)

We insist that any physically meaningful solution f to (B1l) should be such that 1 —ef > 0. As a
consequence of time micro-reversibility and Galilean invariance properties, the collision kernel B > 0 is
assumed to satisfy, for (v,v,) € R3 x R3 and o € S2,

B(v,vs,0) = B(Jv — vy],cos8), (6.4)

. U — Uy
with cos = o-
lv—v

*
€ = 0 in (B2) yields the Classical Boltzmann operator

. At this level of generality, no other assumption is made on B. Formally choosing

Q.= [[ 1= £1] B dodu., 6.5)
R3xS2
with the same shorthands as in (B2). Now for € > 0, define
T
we(x) = T en’ fore e Ry st 1—exz>0. (6.6)

Remark that when ¢ = 0, corresponding to the classical case, we have ¢o = Idg, . Moreover, . is a
C'-diffeomorphism from [0,e 1) to R, with p. ! = ¢ _..

Then, when f is such that 1 —e f > 0 almost everywhere, Equation (B22) can be rewritten in the following
form resembling the Classical Boltzmann operator (b3),

QW = [ et o0 = e Do D] B v o) dodun, 6)
R3xS2
using the same shorthands as in (B2), and
Bl (v,0.,0) = (1= f(0))(1 =& f(0:)) (1 —£f (') (1 = £ f (v))) B(v,vs,0), (6.8)
f

The collision kernel B¢ straightforwardly satisfies the usual assumptions of symmetry and micro-reversibility
which imply the weak form of the classical Boltzmann operator, (see for instance [67]), so that for any
test function 1 : R3 — R,

/ﬂ¥3¢(v)Q5(f7f)(U)dv _
: % ///R”R%sz [%(f)'%(f); - %(f)%(f)*} (W + =1 — 1/J*>Bgdadvdv*, (6.9)

still using the same shorthands as in (B2) for ¢ (f) and . Formally taking ¢(v) = 1, ¢ (v) = v; for
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1
i=1,2,3and ¢¥(v) = 5 |v]? in (B3) yields the conservation of mass, momentum and energy

Ll v |ewnee=o (6.10)

In the following, we define, for p > 1 and s € R, the weighted L® norm of some function g by

gup=</|mwwu+wﬁ?d0p, 6.11)
]R3

and its essential supremum by || g|| co-

6.1.2 Macroscopic quantities and equilibrium distribution

Throughout this paper, for any nonnegative f € L3(R3) \ {0}, we denote (p,u,T’) € R} x R3 x R%.
respectively the density, mean velocity and temperature associated with f, in the sense that

1 p
o f(’l)) v dv = pU . (612)
v]? 3pT + plul®

We also define the minimal directional temperature of f,

1 )2
T.(f) := P elélsg o f)(v-e)*dw, (6.13)

as well as the so-called Fermi temperature associated with p and € > 0,

2
1/ 3ep\3
T = — 6.14
wpe)i= 5 (52) . (6.14)
and the ratio
— L (6.15)
T TF(P,€)’ .

with the convention v = 400 when € = 0. The adimensional number -y is thus the ratio between the
actual temperature of the system and its Fermi temperature. In [T23], Lu proved that

(S0 )

l—ef>0 = v> =, (6.16)

as well as, for any fixed € > 0,

2
(1—6f>0andfy:5> <:>sz5'”::5_11 (6.17)

1,
3ep\ 3
‘7u‘<( 4ﬂ-)
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2
(1 —ef>0and~ > 5) <= there exists a unique e-Fermi-Dirac distribution M &f such that (6.18)

1 p
3/\/lg(v) v |dv= pu )
R
[v]? 3pT + plul®

where we recall that the e-Fermi-Dirac distributions are the ones which are such that @a(/\/tg ) is a
Maxwellian distribution. Equivalently, e-Fermi-Dirac distributions are the distributions defined by

ea5+bs|v—ug|2

ML (v) a: €R, us € R3, b <0. (6.19)

T 1 eeuetbl—ul?

In particular, a characterisation of the Fermi-Dirac (or of the Maxwellian, when € = 0) distribution MZ;C

is that logogas(/\/lg) is a linear combination of v — 1, v + v and v + |v|? (that is, of the conserved
quantities). The interested reader shall find further discussions on this matter in Appendix bH.

As proven in [I23], F¥ and Mg are the only two possible equilibria of the (spatially homogeneous) BFD
dynamic (&). Contrary to Mg (called first equilibrium in [T23]), which is an attractor, the distribution
F? (called second equilibrium in [I23]) is not, and corresponds to a degenerate state, which can actually
occur for very cold gases (note that (BIH)—(BI2) imply that FY is of “lowest” temperature).

From now on, we denote by M9 the Maxwellian distribution associated with a distribution g, in the sense
that
9= rY
M9 = Mj.
6.1.3 Fermi-Dirac entropy

We now define the e-entropy of the distribution f.

Definition 6.1. We define, for any € > 0 and x € R such that 1 —ex > 0,
xT
O (z) = /O log e (y) dy, (6.20)

where . is defined in (B8). The function ®. is well-defined as log € L} (R..). For any nonnegative

loc

f.g € LA(R3) such that 1 —ef > 0 and 1 — eg > 0, we define the e-entropy of f by

H.(f):= /R3 D (f)(v)dw, (6.21)
as well as the relative c-entropy of [ and g by

Hc[f|g] := H:(f) — H:(g)- (6.22)

Remark 6.1. Our definition of entropy slightly differs from the usual ones, but is actually equivalent in
the problems that we consider. We choose to define the entropy with (B20)—(6Xl) because, our study
relying on a Taylor expansion, it is here the more natural definition. Let us detail the link between the
e-entropy and usual definitions.
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— Classical entropy. If e = 0, then @y(x) = xlogx—x with the convention 0log0 = 0, the condition
1—ef > 0is always satisfied, and

()= [ (Flog s~ )dv

Note that often (consider for instance [[57]), the classical entropy is defined by
:/ flog fdv 5/ CI~30(f)dU,
R3 R3

with &)o(x) = zlogx.

— Fermi-Dirac entropy. If ¢ > 0, then () = zlogz+e~ ! (1—ex)log(1—cx) with the convention
0log0 = 0, and the condition 1 — e f > 0 is satisfied if and only if f <=, In this case, we have

P= [, flog s+ (1=eflog(1 —<f) do

Note that for instance in [4] (up to a minus sign, which is just a choice of convention), the Fermi-
Dirac entropy is defined by

) ==t [ (eog(es) + (1 =c)og(1—ef)dv= [ Bu()dv.

with &35(1’) =& (exlog(ex) + (1 — ex)log(1 — ex)).
As we are only interested in the relative (Classical of Fermi-Dirac) entropy between f and its associated
equilibrium distribution M! (defined in (RIR)), we see in the following Proposition B that only @/ is

actually relevant to the definition. From ®! = @/, we then obtain H, [fIML] = H.[f|IML], ensuring
the announced equivalence.

Proposmon 6.1. For any € > 0 and nonnegative f € Ly(R3)\ {0} such that 1 —ef > 0 and either
> S ife >0o0r f € Llog L(R3) if ¢ = 0, denoting by MZ the Fermi-Dirac (or Maxwellian if € = 0)

distribution associated with f, we have the following representation of the relative c-entropy between f
and M£ ,

HIfIM]] = /1(1 1) [/ (- M@ (1-rmL +71) dv} dr 6.23)
:/ /f(v) fo) - /E(x)dxdv. (6.24)
R3 ML (v) PelT
It holds that
H[fIMI]>0 and (H[fIMI]=0 < f=M]). (6.25)

The reader will find the proof of (B223) and (B23) in Appendix BRI - see Proposition BT3. We just point
out here that this comes straightforwardly from a Taylor expansion of the function @, and that (B23) is a

direct consequence of (B23) because @7 > 0 on (0, ). Equation (B24) comes directly from @/ = i—lz
and the change of variable, for fixed v, z = (1 — 1) Mg(v) + 7 f(v) inside (B23).
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Remark 6.2. We point out that for any 0 < x < ¢!, we have

(D!(.%‘) _ ‘Pé(x) 1

ve(z)  z(l—ex)

Hence for any 7 € (0,1), (1 - 7)ML +7f € (0,e71), and D! ((1 —yML+ Tf) is thus well-defined.

Moreover, with ¢ = 0 (Classical case), Equations (623)—(624) write

Hy [f\Mf} _/1(1_7) [/ﬂ@%dv} dr (6.26)

f(v) f
:// d:vdv. (6.27)
RS

6.1.4 Entropy production
We finally define the entropy production D, of the BFD operator by

D)= = [ lome(£)Qe(7. o) dv. (628)

We get, taking ¢ = log - (f) in (B9),

N N P e S

(6.29)
Formally, a solution f to the BFD equation (B) satisfies
d
SHAI (1) = =D-(J(t,)),
or, using the relative entropy,
aHa[f(ta')lMs | ==D(f(t,"))- (6.30)

The nonnegativity of D, then ensures the second principle of thermodynamics.

6.1.5 Trend to equilibrium and Cercignani’s conjecture

The relative entropy between a solution at a given time ¢ and its associated equilibrium is a very
useful quantity to estimate how close to equilibrium the system is, and (B23) in Proposition Bl makes it
a suitable tool into proving convergence towards equilibrium. Indeed, if one shows for some solution f
that )

He[f(t’)lMgm] — 0,
t—00

then the Csiszar-Kullback-Pinsker (CKP) inequalities, discussed below in Proposition b4 and Section b
yield
£ M ”L% t—>oo> 0,
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with a rate of convergence related to the one of the relative entropy. In the study of large-time behaviour
of the solutions to the (Classical of Fermi-Dirac) Boltzmann equation, the relative entropy is thus a major
tool. The idea of entropy-entropy production methods is to prove an inequality of the type

De(f) > O (Hc[f|M]]),

for some suitable function © (typically, a linear or power law function), allowing to obtain, combined
with (B30) and using a Gronwall-type argument, an explicit rate of the convergence towards 0 of the
relative entropy - thus of the L% distance, using the CKP inequality.

In the early 80’s, Cercignani conjectured in [8Y], in the context of the Classical Boltzmann equation
with suitable collision kernels, that for any distribution f, there exists some A > 0 depending only on
density, temperature and upper bound on the entropy of f (this is called the strong form of Cercignani’s
conjecture) such that

Do(f) = Ap Holf|M],

where we recall that p is the density associated with f, Dy is the entropy production in the classical case,
Hy the classical entropy and M/ the Maxwellian associated with f. It is now known that this is false
in general (see the negative result of Bobylev and Cercignani [31]), however Villani proved in [[57] the
strong form of this conjecture when the collision kernel B is "super-quadratic”, as well as a weak form
Do(f) = C(f) Ho[f|M7F]'*9, holding for all § > 0, for general collision kernels (and C(f) depending
on various quantities related to f). We mention the cornerstone papers of Toscani and Villani [I53, 157]
on this topic, and refer the reader to [[Z7] for a review of Cercignani’s conjecture results for the Boltzmann
and Landau equations.

Similar ideas hold in the study of the Landau equation (we shall talk about Cercignani’s conjecture for
the Landau equation), this topic is further addressed in Section B3.

The motivation of this work is to provide Cercignani’s conjecture type results in the case of the
Boltzmann-Fermi-Dirac equation, uniformly with respect to ¢ > 0.

The simple yet fundamental idea which is at the root of this work is the fact that, whenever ¢ > 0,
assuming 1 — e f > kg for some kg € (0,1) straightforwardly implies

B(v,v+,0) > B (v,v4,0) > ki B(v,v04,0),

so that, as log in nonincreasing,

Do (¢(f)) = D=(f) = K6 Do (< (f))- (6.31)

Therefore, relatively to kg, the quantity D.(f) (the Fermi-Dirac entropy production associated with f)
behaves like Dy (pe(f)) (the Classical entropy production associated with . (f)). Our main results,
Theorem B and Proposition B2, allow to state a similar property for the relative entropies. We find
that, relatively to kg, the quantity H.[f |M£ ] (the Fermi-Dirac relative-entropy between f and M)
behaves like Ho[g.(f)|M¥<(F)] (the Classical relative entropy between . (f) and M¥<(f)). This en-
tails that any entropy-entropy production inequality in the Classical case yields the same inequality
(with an almost identical constant) in the Fermi-Dirac case; this corresponds to Corollary B3 (and
Proposition B for the Landau/Landau-Fermi-Dirac adaptation). The same holds for counter-examples
to entropy-entropy production inequalities.
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6.2 Main results

In this section, we state our main results.

6.2.1 Comparison of the Fermi-Dirac and Classical relative entropies

Theorem Bl is the main contribution of this work, as it establishes a strong link between the dif-
ferent entropies, allowing to transfer “positive” Cercignani’s conjecture results from the classical to the
fermionic case.

Theorem 6.1. Lower-bound inequality. For any € > 0 and nonnegative f € L3(R3)\ {0} such that

f

1—¢ef>0 d
ef an -

e L3(R®) N Llog L(R?),

we have

f = !
Ho[l_gf‘M f] > H.[f|MY]. (6.32)

The hypotheses of Theorem Bl are actually the minimal ones to ensure that every term in (b32) makes
sense. The following Proposition B2 allows to transfer “negative” Cercignani’s conjecture results from
the classical to the fermionic case.

Proposition 6.2. Upper-bound inequality. For any g € (0,1), any ¢ > 0 and nonnegative f € L3(R3)\
{0} such that
1—ef > ko, (6.33)

we have

f
l1—¢f

Ho { ‘lef] < Colko) He| fIMY], (6.34)

with Co(ro) = exp (16 (kg ! — 1)).

Remark 6.3. Inequality (B32) becomes reversed in the Bose-Einstein case. We refer the interested reader
to Proposition BI2 in Appendix BA. In fact, we expect that both inequalities, but reversed (and probably
with a different constant Cy), hold in the Bose-Einstein case, as the core of the proof would be the exact
same in this case, only changing € into —e (hence the reversal of the inequalities).

6.2.2 Entropy-entropy production inequalities for the Boltzmann-Fermi-Dirac
(BFD) equation

As a corollary to Theorem Bl and Proposition B2, adapting the main results found in Villani [157],
we obtain the following entropy-entropy production estimates.

Corollary 6.3. e Cercignani’s conjecture result for the BFD operator with super-quadratic kernels
(adaptation of [157, Theorem 2.1]). Assume that B satisfies (64) and

B(v,vs,0) > 1+ v — v, |2

Then, for any g € (0,1), & > 0 and nonnegative f € Ly(R3)\ {0} such that 1 — f > rq, we have
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D(f) > K(f) H[fIM]], (6.35)
with 5
K(f) = Z-sjmin(1, T) p (), (6.36)

where p, T, Ty (f) are defined in (6BI2)—~(613), D., H. and Mg are given respectively in (B2R8)—(629),
(BXM)—~(622) and (BIR) (note that Ty (f) can be bounded below using the entropy or an L bound [I/8,
Proposition 2]).

o Super-linear Cercignani’s conjecture result for the BFD operator with general kernels (adapta-
tion of [[574, Theorem 4.1]). Assume the existence of By > 0 and B+, 5— > 0 such that

B(v,v4,0) = By min (|v—v*|ﬂ+,\v—v*|fﬁ—>, (6.37)

and B satisfies (64). We consider ko € (0,1), 0 < f € L(R3)\ {0} and & > 0 such that 1 —cf > k
and
VoeR?,  f(v) = Kge Aol® (Ko>0, Ag>0, qo=2). (6.38)

Then for any o € (0,1) there exists an explicit constant K (f) depending on «, By, an upper bound
of € and on f only through p, T', qo, and upper bounds on Ao, 1/Ko, 1/ko, || f|| 1 and || f| g, where
§= S(a7QOaB*76+) and k = k(a"%ﬁ*)ﬁ‘l’)’ such that

D(f) > Ko(f) H [ fIMI] T (6.39)

o Counter-example to Cercignani’s conjecture for the BFD operator with sub-quadratic kernels
(weak adaptation of [B1] and [[57, Theorem 1.1]). Assume that B satisfies (54) and that there exists
By > 0and 0 < <2 such that

B(v,v4,0)do < Bo (1+ v —v.|P).
S2

Then for any ¢ € (0, %) we have

nf{D(f) f€Cipyand f(v)21(27r)_3/26_‘”‘2, ’UGRS}O,
H[f|MI] 2
with
€ 1/m3 1
feCio <= 0K fELy(R?), 1-ef>0, 1<p<1+2, |ul<4V3e, —— <T<1+2.

1+2¢

We recall that p,u and T are defined in (B12). The last part of the corollary (the counter- example) is a
weak version of [B1, Theorem 1], due to the presence of Cf , ; instead of the more expected cd 0,1 (the set
of normalized functions) and the lack of a condition on the ||-{| 1 and [|- || ;7+ norms. One could probably

replace C§  ; by CLO’1 and add the || - || ;1 and [| - || ;7» conditions with further technical work.

6.2.3 About the Csiszar-Kullback-Pinsker inequality

The Csiszar-Kullback-Pinsker (CKP) inequality is a well-known link between the total variation distance
of two probability measures and their relative entropy, which is often used to transform a convergence
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in relative entropy into a convergence in an actual norm, such as L' or L. In conducting our study, we
were led to prove Proposition B4l (or the optimal Proposition BT0), which are generalizations of the CKP
inequality.

A generalization of the CKP inequality allowing for a weight in the total variation distance, called
"weighted Csiszdr-Kullback-Pinsker inequalities” was already provided by Bolley and Villani in [B3,
Theorem 2.1]. However our inequality does differ from theirs. On the one hand, as far as drawbacks
are concerned, we need the reference measure to be an equilibrium distribution while it is not the case
in [B3], and our constant depends on f while it doesn’t in the inequality in [B3]. On the other hand,
for the improvements, our constant seems more precise and a great deal smaller (possibly the constant
in Proposition B0 is optimal), in the sense that choosing a weight equal to |v|* with o > 2 yields a
finite constant in our case but an infinite one in [33, Theorem 2.1]. In particular, remark that by Jensen’s
inequality, || M @2|| ;1 < log [ M dv.

In another direction, in the study of the Vlasov-Poisson system, Caceres et al. provided a generalization
of the CKP inequality to L” norms with 1 < p < 2 in [55, Proposition 3.1] (specifically in the note [54])
for various different entropies, which formulation and proof is quite close to our result. However, as far as
the standard entropy is concerned, their result works only for p = 1, is without weights, and their constant
is not optimal. I am not aware of other such generalizations of the CKP inequality in the literature.

Finally, the main idea of our proof of this inequality was already present in Jiingel’s [IL1, proof of
Theorem A.2], and he also proposed a generalization in [T, Theorem A.3], which differs from ours and
holds for the L' norm.

In the following Proposition B4 (and in Proposition BT in Section B-f), we propose an extension the
CKP inequality to weighted LP distances for p € [1,2], as well as to other entropies than the Classical
entropy (typically, the Fermi-Dirac and the Bose-Einstein entropies), which could be seen as a extension
of the previously mentioned three generalizations. We denote this extension by L!-L? weighted Csiszar-
Kullback-Pinsker inequality.

We moreover wish to highlight the fact that the proof of these inequalities, which is the same as in [ITT,
Theorem A.2], but with the addition of weights and of considering L?, 1 < p < 2, relies on a Holder
inequality. In particular, our proof of the original CKP inequality relies on a Taylor expansion and a
Cauchy-Schwarz argument, instead of the tricky inequality (see for instance [88]) xlogx —z +1 >
3 (x—1)2

— X —.

2 T+ 2

For the sake of readability, we present hereafter a simplified non-optimal version of the proposition, and
refer the reader to Section B8 for the refined and more general version of it, where it is also extended to
the Bose-Einstein case and further discussed. We also extend it to a broader class of general entropies
(®-entropies in the text) in Proposition T8 of Appendix BH.

Proposition 6.4. L'-1? weighted Csiszdr-Kullback-Pinsker inequality related to the Classical and
Fermi-Dirac relative entropies. [simplified]

Let w : R? — R be measurable, and r € [1,2].

e Classical CKP inequality. For any 0 < f € L3(R3) N Llog L(R3)\ {0}, assuming that the norms
below are finite, it holds

2
el o=
H(f M)wHLT\QmaX(M w e

12|,y ) Holf 1M, (6.40)

2—r

where M7 is the Maxwellian associated with f.
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e Fermi-Dirac CKP inequality. For any ¢ > 0 and 0 < f € L3(R?)\ {0} such that 1 — ¢ f > 0 and
¥ > % assuming that the norms below are finite,

H(ffMg)wH; <zmax(|ME=?| ol g ) HLAIMI, (6.41)

2—7r 2—r
where Mg is the e-Fermi-Dirac distribution associated with f.

In the above proposition, when r = 2, Lﬁ should be understood as L°°.

6.2.4 Convergence towards equilibrium

A result like Corollary B3 constitutes the core of the proof of convergence towards equilibrium of so-
lutions to the Boltzmann-Fermi-Dirac equation, based on an entropy method. The proof is then complete
provided that the solution satisfies a variety of bounds. This is addressed in Chapter 0. !

Proposition 6.5. Let ¢ > 0 and f™ € LI(R3)\ {0} such that 0 < f™ < =1, We consider a collision
kernel B satisfying the symmetry and micro-reversibility assumptions, thus having the form (B34), as well
as, for some By > 0 and 3,3~ >0,

B(|v — v4|,cos0) > By min <|v — 0%, o 711*|_B*) .

We assume the existence of a solution f = f(t,v) to the spatially homogeneous Boltzmann-Fermi-Dirac
equation (B) associated with the quantum parameter €, the collision kernel B and the initial distribution
f™. Assume that there exists an explicit time to > 0 depending only on €, B and f*™ such that
— Tk € (0,1) depending only on €, B and f™ such that 1 — ef(t,v) > kg for any (t,v) €
[to, +00) X R3,
— 3K, Ay > 0 depending only on ¢, B and f™ such that f(t,v) > Koe—Aolvl? for any (t,v) €
[to, +00) X R3,
— Vk,l €N, there exist Cj,,C; > 0 depending only on &, B and f™" such that supy>q, I (¢, )”Li <

Cy, and sup;>y, N f ) g < Cr
Then for any p 2 1, 1 > 0 and o > 0 there exists an explicit constant C,, | o, > 0 depending only on p,1, ¢,
B and ¥ such that for any t > tg,

| £ty = MmL”

< Cpiall +t) e, (6.42)
l

Proof. The assumptions on the solution f allow to apply Corollary B3, more specifically Equation (B39),
yielding the fact that for any ¢ > ¢o and « > 0, there is an explicit constant K, (f(t,-)) depending only
on «, By, an upper bound of € and on f(¢,-) only through p, T (its density and temperature, defined
by (612)), and upper bounds on Ag, 1/ Ko, 1/ko, || f(t,-)ll 1 and || f(2,-)[| g, where s = s(ev, o, B, B+)
and k = k(a, s,6—, B+ ), such that

Do(f(t,-) = Ka(f(t,) Ho f(2,)| ML) e (6.43)

From our assumptions, we observe that Ko (f(t, -)) can be upper-bounded by a constant K, depending
only on €, B and f*" (in particular not on time t). Moreover, since f solves (B1l), we have for all ¢t > 0

1. Cette phrase a été modifiée par rapport a [B].
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that M ) = M " and, at least formally, that

d in
g HelF (1) IMET] = =D (f(t,).

Then (B43) implies

d in 2, in
g Helf () IMET] < =Ko He[ £ (1) | M7

Integrating this equation between tg and t > tg yields

HLF()IME) < (el (to, )M+ okt 1))

We then conclude that for any ¢ > tg, (even if H.[f (to, )\Mgm] =0, in which case H.[f(t, )|M£m] =
0)
Hef (8 )IMET ] < Ca 107, (6.44)

where C, > 0 is explicit and depends only on a, €, B and f". Finally, we recall the CKP inequalities
provided in Proposition B4, Equation (EZ1) in the Fermi-Dirac context, for weighted L' norms, implying
that for any k& > 0 we have for any ¢ > tg

fZ’VL
|-t

< 2 max (HM;”"

150y, ) el

10
L2k

Since by assumption || f(¢,-)|| L, < Cyi, we conclude that there exists an explicit Cj, depending only on
e, B and £ such that

[#ey = M| < Crpipe ) mET < Cpa 1+ 1)1,

Then (B-42) for the L,lg norm is finally obtained with Cy ;, , = ,/C’,’C C‘a /2 and Lf norms follow, as
ML™ € L®(R3) and f € Lo (R x R3). O

6.3 Proof of Theorem 6.1 and Proposition

This section is devoted to the proof of Theorem B and Proposition B2. We make use of Proposition BT,
which is later proven in Appendix BB - see Proposition b13.

6.3.1 Key element of the proof

The main argument in the proofs of Theorem Bl and Proposition B2 lies in the following proposition.

Proposition 6.6. Let 0 < g € L3(R3) N Llog L(R3)\ {0} and define, for ¢ > 0,

Ry(e) = H. {w; Y(9) ’Mf g 1(”} . (6.45)
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Then € — Rgy(e) is Clon R%, with, for any € > 0,

R (e _/ /g(” D(g(v) = d-(ez M) () dydu (6.46)
’3 J M. (v) Y ’

-1
where we used the shorthand M. = ¢ (ME* (9))_

The striking point of (B4f) lies in the fact that it immediately proves that, for any ¢ > 0, the global
monotonicity of = — d-(¢=!)(z) translates into the same monotonicity of Ry at the point €, as the
integral in ¥ in (648) is automatically nonnegative if = — (= !)(z) is nondecreasing, or nonpositive
if z — 85(905_1)(30) is nonincreasing. Moreover, this proposition generalises to any family of entropies
and any conserved quantities (provided a suitable differentiability property for I2y), as all key arguments
rely only the generic framework we present in Appendix BB, and the specificity of the Fermi-Dirac case
is used only for the study of the differentiability of 2.

Proof. Using the relative entropy representation (E24)) in Proposition Bl, we have, for any € > 0,

e ((v ! (x
moer= [ [7 o 6 ) -0 S ava

v (@) (v) Pe (gj)

Changing variables y = ¢, (), with then dy = ¢.(x)dx and = = - ! (y), we obtain

Rg(E)Z/RS/g(U e z/ vely )dydv.

—1
where we denoted M. = . (ME* (g )) for convenience of notations. We fix v € R? and set, for (¢,2) €
(R%)?,

g(v) ,—1 _ 1
K(e,2) — / pe (9(v)) = () dy. (6.47)
z Yy
Note that if g(v) = 0 then K(e,z) = e~ 'log(1 + £z). The application K is clearly C! on (R )?, and
straightforward computations can provide that differentiation in € under the integral in y is valid. We find

that

DK (e.7) = /M as<sog1<g<v>>; —0:e W) g

0K (e,2) = — @21(9(1)))2— o)

As a result of Lemma BZ21 in Appendix BQ, the application € — M (v) is C' on R’ (as a composition
of C! applications), hence so is & — K (g, M:(v)), and we have, for any € > 0 and v € R3,

d 7 0N (9(v) = O ) ez (9(v) — o N (Me(v))
g (M) = /Mg(v) y Gy = (O ) M. (v) '
(6.48)
Now note that
Ry(e)= | K(e,M(v))d (6.49)
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Then R, is indeed C! on R% , and differentiation under the integral is valid, if we can prove that for any
g >0, thereis a § € (0,¢) such that

/ sup
R3 e, €(e—0,6+9)

For the sake of clarity, we continue our computations assuming (b30) for now, and show (b30) after we
have obtained our claimed result (BZ8).

d(i K (g4, M;, (v))|dv < o0. (6.50)

Differentiating (549) in € under the integral in v, using (B4X), yields for any € > 0 (omitting to write the
dependence in v for clarity)

R;(E):/Rg/g 9=(p=")(9) = 0=(p2)(v) dydv_/Rg(asM€>x e (9) =T (Me) 4 651y

Yy M,

Now remark that

0:-M, -1
e . (10go<p5 (Mff (9)>). (6.52)
M.

-1
Since MZ° (9) is a Fermi-Dirac statistics, we have, denoting its coefficients by a., u. and b, (as
in (B19)), that for any v € R3,

-1
logo . (Mfs (g)> (0) = ae + Be - v + be |v]2, (6.53)

where o = ac + b€|u5\2 and ;. = —2b;u.. Lemma BZ0 in Appendix B0 ensures that the application
£ + (ae,us,be) is Ct on R% , hence so is the above expression pointwise in v, and we conclude that
0: M,

—_"% is a linear combination of the functions v + 1, v ++ v and v ~ |v|2. By construction, - *(g) and
€

—1
oY (ML) = ME= 9) share the same normalization in v~ 1, v~ v and v |v|2, hence

0= M

€

L (7 @)=t 0m) S do =0,

and (B31) becomes the announced (BZ8).

We now show (B30), ensuring the validity of the differentiation in £ under the integral in Equation (629),
by dominated convergence. The previous computations imply that for any € > 0,

/9 O(z1)(9) = 00z (W) 4

M. Y

0: M.
M.

’dK(g,Me(v))’ <

i (0= (g) — ot (M2))] -

o]+

On the one hand, using (B32)—(b33), we get, for any v € R3,

0= M,
M

(o= (9) - @El(Ms))‘ < (|0-0e| 41022+ [0:be]) (14 0]) [z (g(v) — 0= H (M (v))]
< (|0=ae| + [0 Be | + |0ebe ) (1 + |U|2) {9(v) + Mc(v)},

where for the last inequality, we used the inequalities |z —y| < z +v and p- ' (2) <  for 2,y > 0.
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On the other hand, remarking that

2
V>0, 65(¢;1>(x>=85<1f5x>=—(1f€x) =~ (@), (6.54)

we obtain, as z — ¢ ! (x)?

‘/9 (") (9) — 0:(v2)(v) dy’:/g e l(9) e )y
. Y M: Yy '

is increasing,

In the last equation, as well as in the four following ones, we omit writing the dependence of g and M,
in v for clarity. From the identity |2? — y?| = (z + y)|x — y|, for 2,y > 0, the fact that ||¢ !||ec =71
and that ¢! is increasing, we get

g —1/\2  —1/.3\2 9 -1 _ -1
/ oz (9)" =" (y) dy < 2:-1 / v (9) — vz (y) dy,
g Yy 2 Yy

which, using the bound |- () — - (y)| < |z — y| for 2,y > 0 and £ > 0, is less than
9 g
26_1/ udy.
. Y

2¢7 1 (glogg — glog M. — g+ M),

By direct integration, the latter equals

which, recalling that M. (v) = exp (az + |[v — uc|?) and g > 0, is itself less than
2! (glogg —a: g+ Ms) .

Allin all, as —a.g < |ac|g, we have for any £ > 0 and v € R? that

(iK(aMa(v))‘ <

27! {glogg(v) + |ac|g(v) + Mc(v)} + (|Oz0e| + 0e Be| + 0be ) (1 + |U|2) {9(v) + Mc(v)}. (6.55)

Let us now fix € > 0 and an arbitrary § € (0,¢). Since the application € — (a, e, be) is C* on R, there
exists ¢g > 0 such that

Sup (|a€*a5*‘+|a€*ﬁ€*|+|a€*b€*|) <CO~
ex€(e—0d,e+9)

Moreover, as € — a, is continuous on R, there is a ¢y > 0 such that

sup lae, | < c1.
exE€(e—d,e+9)

Finally, from Lemma B2 in Appendix B0 (with € = € 4 ¢ in the lemma), there exist ca > 0 and > 0
such that for any v € R3,

2
sup M., (v) <cgeMVF,
5*6[076"1‘6]
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Then (B33) implies that for any v € R3,

sup
ex€(e—0,e+9)

d
A K M) <

2(e =671 (glogg(v) +erg(v) + eae M) o1+ [of?) {g(0) + cpe .

Since g € L3(R3)N Llog L(R?), the right-hand side of the above equation is integrable, and we conclude,
by dominated convergence, to the differentiability of 124 and the validity of the differentiation in € under
the integral, ending the proof. O

6.3.2 Continuity at zero

The second and last argument required in the proofs of Theorem b1 and Proposition B2 is the conti-
nuity of € — Ry(¢) at the point € = 0, which is given in the following lemma.

Lemma 6.7. Let 0 < g € L3(R?) N Llog L(R?) \ {0}. Then the function € € Ry + Ry(e) defined
in (B43) is continuous at the point € = Q.

_ 9\ _ Ties
Rg(a)_H5(1+€g) HE( E ) (6.56)

We show that both terms, in the right-hand-side, are continuous at the point € = 0. Firstly, by definition
of the Fermi-Dirac entropy, it holds for any € > 0 that

g g g 1 g g
H - 1 1— log (1— d
5<1+69> /RS{HEQ Og<1+69)+5 ( E1+<€9> Og( 51+€g>} !

g -1
= I — log(1 do.
/Rs{l—kag ogg —e " log( +5g)} v

As g > 0, we have for any € > 0 that

Proof. We write Ry(c) as

‘ g

L toug| <olloggl |- og(1 +29)] <o

Since by hypothesis 0 < g € L1(R3) N Llog L(R?), the function g|logg| + g is integrable, and, by
dominated convergence, we then conclude to the limit

g e—0
H £20, log g — — Hy(q).
- <1+€g> /R3 {glogg — g} dv = Ho(g)

Secondly, going through the same computations as for the first term, we have, for any € > 0,

g M
H€< §+59> :/RB {H;Mlong—e_llog(l—&—eMg)}dv,

9
where we denoted M, = ¢, ( ot ) Lemma B2 in Appendix B (with € = 1 in the lemma)

provides the existence of C,7 > 0 such that for all 0 < e < 1,

llog M (v)| < C(1 + |v]?) and  M.(v) <Ce M.
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Hence, forany0 <e < landv € R3,

M (v)

T ear (o) e M)

< 02l (1+]v|?), and |z—:_llog(1 +eM(v))| < Me(v) < Cell?,

By dominated convergence, it thus comes that

e M.
. 1+eg _ . -1
;%Hg( c >/Rsah—r>%<1+5M log M, — ¢ 10g(1+5M))dv.

As Lemma ensures that lir% M. (v) = M(v) for all v € R3, the above limit becomes
E—

/ M8 log M — M3 dv,
R3

that is Ho(M$), ending the proof. O

We can finally conclude to the announced inequalities of Theorem B and Proposition B2.

6.3.3 Final proof of Theorem b.1
Lete > 0and 0 < f € LI(R?)\ {0} such that

f
l—ef

Proposition B ensures that the application R, defined by (B43) is C L on R%, and combining (B-48)
with (B34) yields, for any €, > 0,

R/ (e4) = /]R3 /M Lpe* _905* (y) dydv.

As, for any €, > 0, the application x — ¢, !(x)? is increasing, the integral in y is nonnegative, hence so
is the integral in y and v, therefore

€ L3R N Llog L(R?)\ {0}.

g:=

Vey >0, Ry(ex) <0.

Combining this result with Lemma B, which states that €, — R(ex) is continuous at the point £, = 0,
R, is then nonincreasing on Ry, which implies in particular that

Ry(0) > Ry(e),

that is
-1
Holg|M?)> H. [sogl(m ’M‘:E (9)} :

or the announced inequality (632),

f
Ho[l—sf

lesfFHE[f‘Mg}.
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6.3.4 Final proof of Proposition b.2

Letus fixe >0, ko € (0,1) and 0 < f € L3(R3)\ {0} such that 1 —ef > ro. We let

/
1—ef

Then 0 < g € L3(R3) N L>°(R3) \ {0}, which is in particular included in Llog L(R3). We apply the
results of Proposition B8 and Lemma B2 with the function g, ensuring that the application R, defined
by (B43), is continuous on R and C! on R% with, combining (6-48) with (B34),

2
Ve, >0, Ry(ex) = / / vel( %*( ) dydw.
R3 J M.,

For e, > 0, v € R3 and any y between M., (v) and g(v), one has (omitting the dependencies in v for
clarity)

g9:=

loz(9)? — o W) = (02 g) + e W)lez (9) — oot ()| < cqlen) |02t (9) — w2t (W),

where we denoted

¢o(er) =197 (9)lloo + max (w; (9)loos IME= (‘”noo) .

Asboth z — ¢ (2)? and 2 — ¢! (z) are increasing, we thus have

R (5* > —cy(ex /R5 /M QOE* @5*( )dydv——cg(e*)Rg(E*).

Noticing that
@E*()
eo(es) < ||g||oo+max(|g||oo+|w ||oo)7

we conclude to the relationship, for any €, > 0,

-1
Rie)> - <|g|oo T max (||g||oo+ ME= <g’oo)> Ry(er). (6.57)

By hypothesis, it holds that 1 — e f > k¢, hence

lglloo <& (kg = 1), (6.58)
and we have for any ¢, > 0 that
. €49 1 -1 e 4 .\t
Expe, (9) = T < (1+€*”9”m) < (H&(no —1) ) : (6.59)
Let us use the notation T,
Vex =

Tr(ps,ex)’
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where p. and T are respectively the density and temperature associated with the distribution <pg*1 (9)
1

defined as in (B12), and Tr(px,c4) = 5

2/3

3ps«e . : i

( [Z * ) is the corresponding ¢,-Fermi temperature.
™

—1 —1
Using Equation (B1T4) in Proposition BT in Appendix b0 and the fact that MEe @ < Pe (Mff ’ (g)> ’

wlot

we have, whenever ., > 7T = (%)% ()3,

. 9 ~3/2
e ME D)o < 2 <%*> . (6.60)
3 ’yT

We now notice that [[”23, Proposition 4] actually implies

2 _ —-2/3
%o > £ (elez (9)ls0) 7,

which, combined with (B39), yields

9 e\

We define

3 —1
e — ((2@ i 1) kgt —1)e. (6.62)

Then, for any €, € (O,eJr ], combining (A&1) with (BR2) yields

2/3

2 € —1_1y-1 t
75*25(1+€T(K0 —-1) ) =~

Applying (B60), along with (B6T) and the fact that
3 3

2(2.1\*_2(3

3 27 ) T3\2

-1
IME D)0 < <1 (gt - 1),

N
Y
SN
N————
(NI
7N\
W | ot
N———
e
N
—_
v)—‘

gives, for any ¢, € (O,ET],

Therefore, recalling (538), we have for any &, € (0, £'] that

-1
9lloe + max (ngnw JME “”oo) <o g )1 eyt - 1) = 1257 (s - 1),

implying, with the relationship (A1), that for any ¢, € (0, et ),

R (e) > —12e (kg — 1) Ry(es). (6.63)

Applying a Gronwall argument over (5:63) and using the continuity of e, — Ry (&) at the point e, = 0
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provided by Lemma b7, we obtain

Ve, € (0,ef], Ry (0) < exp (122—*(/§61—1)) Ry(e4).
(6.64)
On the one hand, if € < ET, we take £, = ¢ in (B6d) to get
Ry(0) < exp (12(rg* — 1)) Ry(e). (6.65)
On the other hand, if e > ', we apply (B63) with ¢, = T to get
et 4
Ry(0) < exp (12 —(sg' = 1)) Ry(eh). (6.66)

-1
ff* (9) Iloo 1 we have in particular that, for any ¢, € [ET,E],

Since it holds for any &, > 0 that || M <ey

-1
IME D < ()7,

which, combined with (B34) and (B3R), leads to

Ve, €[l e], Ry (ex) > —e1 (("551 —1) + max (mal -1, g)) Ry(e4).
(6.67)
By a Gronwall argument over (B-@1), we obtain
_ gt
Ry(e") <exp <65€ (/{61 — 1+ max (/{61 -1, ;))) Ry(e). (6.68)
Recalling that el is defined by (B82), we have
5
€ -1
=i ((2“) ‘1> (5" = 1)
1 5 3
As~T=(2)3(5)3, we have (547)2 — 1 < 15, therefore
(551 — 1+ max (ngl 1, %)) <16(kg! —1). (6.69)
€
Combining (A6X) with (AY9), we get
_ et
Ry(eh) <exp (E; 16 (kg — 1)) Ry(e). (6.70)

Finally, combining (h566) with (B“Z0), we obtain, in this case where we assumed € > e,

E—ET

ot
R,(0) < exp ({126 +16 } (ko' — 1)) Ry(e) <exp (16 (kg t — 1)) Ry(e).

3

We thus conclude, with (B83), that in any case, we have

R,(0) < exp (16 (551 - 1)) Ry(e),
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_f
yielding the required result as R, (0) = Hy [1f€f M1-=F } and Ry(e) = H, [f ’Mﬂ

6.4 Proof of Corollary

This section is devoted to the proof of Corollary B3. Throughout this section, we use the notation

Pe 1 p 1
pe | = [0 | v | o o =[] v |
R3 R3
3pETE+pE|u8|2 ‘U|2 3pT—|—p|u\2 |U|2

In the following, we use the bound
1—ef>2ryg = T: > koT. (6.72)

This comes by first remarking that, if 1 — e f > ko,

3%:/ sos(f)(v)lvwEIde>/ f(v)lv*ue\de:/ @) —u— (ue —u)[2do
R3 R3 R3
= 3pT + plue —uf?,

implying p:1: > pT’, and the fact that

N

pe = /R pe(Nv)dv <rg ! /]R Sy dv=rgp. (6.73)

6.4.1 Super quadratic kernels
Proof. Let kg € (0,1),e>0and 0 < f € L3(R3)\ {0} such that 1 —ef > ko. We have from (53T) that

De(f) = Ko Dolp=(f))- (6.74)

We apply [[37, Theorem 2.1] to the function ¢, (f), adapted (since it is written for normalized functions)
with the change of variable w = /I v + u., and obtain

. $?
Do(i(1)) 2 min(1, 1) S (3.7 — (e (1)) Ho [ (9]
sup [p3 g(v) (v-e)?dv
where 7™ (g) stands for the maximal directional temperature of g, defined by ces? a9 . Since
R

in particular,
3peTe — pT™ (pe(f)) = 2pTi(0=(f)),

where T (g) stands for the minimal directional temperature of g, defined in (BI3), we obtain

Dolipe(f)) > min(L,T2) 7 p.T. (o2l ) Ho [ie(1) [pr79)]. (675)
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Applying Theorem BI’s lower-bound inequality (E32), we obtain
Ho [pe(5)| M2 0)] > He[f ML) (6.76)
Combining (b74)—(b7Z6) yields

D.(f) > 2 R win(1,72) peTe o= (1)) Helf1 M)

The required result is obtained after remarking that, from (B“12), T, > Ko7', and

pe Ti(p=(f)) = inf /R3 p=(f)(v) (v-e)*dv > inf Agf(v)(v'6)2d0=ﬂT*(f)~

ecS? ecS?

6.4.2 General kernels
Proof. Let rg € (0,1),e >0and 0 < f € LI(R?)\ {0} such that 1 —ef > k. Again, (B31) yields

D:(f) 2 Ko Po(we(f))-

Remarking that @, (f)(v) > f(v) > Kge~A0lY1" we apply [157, Theorem 4.1] to the function o, (f)
and obtain for any o € (0,1) the existence of some K, (o-(f)) depending only on «, upper and lower
bounds on pe, T: (see Remark B4 below), g and upper bounds on Ag, 1/ Ko, [0 ()| 11 and [l@=(f) || g»
where s = s(«, qo, 8+, 6-) and k = k(«, s, 8+, 5—) such that

Do(pe(f)) = Ka (pe(f)) Ho [%(f)‘M%(f)} o )

Again, Theorem BI’s lower-bound inequality (B32) implies
Ho [pe(5)| M9 0] > He[f1M{),

so that o
De(f) > kg Ko (e (f)) He[f|MITHTe.

Moreover, we can upper-bound ||%08(f)||[,§ by mal||fHLé, and ||o< (f)|| g+ by a polynomial in (|| f|| 71 )1<ks

Kq L and an upper bound on ¢, since for [ > 1, and x such that 1 — ex > ko,

-1
lle | -1

! _
|¢£)($)|:m<lﬂo elh.

We end the proof by using
— Equations (6Z2)—(B73) stating that p < kg ! pand Tz > ko T,

— the fact that p < p., coming from
f
dv < do,
/Rs fdv /Rs 1—e¢f v
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— the fact that T, < kg 1 T, coming from
3pe T + pelue — uf* = /3<p€(f)(v) |v —ul?dv < 1161/3]“(1)) lv—u[*dv = Kyt 3pT.
R R

implying p-T- < ' pT hence Tz < kg ' LT < g ' T

O

Remark 6.4. In [57, Theorem 4.1], the constant K, (¢e(f)) is said to depend on pe, T,. Having a look
at the proof there, this dependence can be relaxed into a dependence on upper and lower bounds of those
quantities.

6.4.3 Inverse result

Lete € (0,1), By > 0and 0 < 8 < 2. We assume that

B(v,v4,0)do < By (1+ v —v.]P).
S2
Relying on Bobylev and Cercignani’s [B1, Theorem 1], and the nice formulation of this theorem by
Villani [T57, Theorem 1.1], we know that there exists a family of normalized functions (g;), in the sense
that for any [,

1 1
L@ ]| v [dv=]of. ©77)
o) s

such that (taking 6 =1 — % > 0 in [[574, Theorem 1.1])

> 14 2¢

. (2m)3/2 10 (6.78)

YweR?  2>g(v)

and
Do(g1)

— — — (. 6.79
Holg[ MO ok ©7
‘We now consider 4
€ _ = —1 )
fl 1teg Pe (gl)

As o Lis increasing, and from (BZZX), we have

) ) o gl _ 1+2 (2m)3/2 =l _

i z o) ~3/2 10
Ltegi(v) ” 1+2e 7 2(1+2¢) (2m) ™

1
2
We denote
1 Pt
L] v |a=| g |
[o]? 3pLTY + pLlul|?
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We have, from ff = -2 and g; < 2,

1+eg;
o Laes [ fods [ awd
v VX v (URSS v v,
1+2¢ R:&gl R3 ! R3gl
that is
LI L <1
Tt2e SPes™
Secondly,

3T <34l = [ fE@Pav< [ ao)lofdo=3,

that is pZETEl < 1, hence

1
T!< - <1+2.
Pe

On the other hand, since g; is normalized by (B=Z1), we have

3+ |ub]? 3
/gl(v)|v—ug|2dv: +luel”
R3

142 7 142¢

1

SEEE hence

that is pL 7! >

1 1 1
— >

X > .
pb 142 7 142

2
Finally, since ff =g, —¢ %ém, g1 is normalized by (B717) and g; < 2, we have

Ll — c gi(v)? . / gi(v)? . /
Pelug| = ‘/Rgfl (v)vdo /R?’ Tt ear(0) vdv‘ <e s Tt egi(0) |v|dv < 2¢ Rggl(v)|v|dv

<2 (/RB gl(v)dv) v (/Rg a() |v|2dv) o,

where the last inequality is a Cauchy-Schwarz argument. We then conclude, since € € (0, %), that

=&

1
lul] < ;12\/55 <2V3(1+2¢)e < 4V3e.
€

Allin all, we proved that for any [, ff € Cio,r

We now apply Equation (B73) to get
D:(f7) < Do(q1),

and Proposition B2’s upper-bound inequality, Equation (B34), which gives, for any € € (0, %), and denot-
ing kG =1 —2¢ (so that 1 — £ f} > k),

i
M lfsfle

H. [f7

s L It
€ }/co(ng)H‘)Leff




6.5. About the Landau-Fermi-Dirac equation 247

We finally obtain that, for any € € (0, %),

D: (ff) s 1 Do(g1)

— < x — (6.80)
. [77 [ M| = Colsd) ™ Hol M) 5

6.5 About the Landau-Fermi-Dirac equation

A study of the entropy-entropy production relationship for the Landau-Fermi-Dirac equation for various
cross sections was recently conducted by Alonso, Bagland, Desvillettes and Lods in [8, 3] (see also
Desvillettes [[73] and Alonso, Bagland, Lods [?]) and we do not (intend to) provide here any new result
on this side. We refer the interested reader to these papers and the references therein for a detailed
study of the Landau-Fermi-Dirac equation. Nevertheless, using the exact same strategy of transposing
results from the Classical towards the Fermi-Dirac case that we used in the Boltzmann-Fermi-Dirac case
(Corollary B3), we obtain an original proof of inequalities reminiscent of the ones stated in [4, B] and [[73],
namely [@, Theorem 1.4], the first inequality in the proof of [B, Proposition 5.8] and [[73, Proposition 2].
Let us first briefly introduce the Landau-Fermi-Dirac equation.

In dimension 3, the Landau-Fermi-Dirac operator writes, for € > 0 and nonnegative f € L% (R3) such
that 1 —ef >0,

QL()(v) =V, - /R (o)~ ) [fo(1~ef)Vf ~ F(—cf)VE] dow (63D

The case € = 0 corresponds to the classical Landau operator. In (B=&1l), we used the common short-hands
f = f(v)and f. = f(vs«), T1(2) denotes the orthogonal projection on (Rz)~, whose components are
ZiZj
Ii5(2) = 645 — (P
and W is sometimes called the kinetic potential. The entropy production associated with the Landau-
Fermi-Dirac operator writes

Lipy— L vf Vi \F
DHN = [y g Wb ia=en=2p 1 o0 (7 = s ) d<6dsz>
We notice that (B82) can be rewritten (where (. is defined in (b)) .
L 1 2 2
DEP =5 [ W= ul e Dee (=<1 =<1.)
Ve (f) wsm*) ?
IT(v — vy — dvdw,.
x| ) ( ve(f) @e(f)x

This directly implies that for any g € (0,1), & > 0 and nonnegative f € L3(R3)\ {0} such that 1 —¢f >
Ko,

D§(pe(f)) = DE(f) = 6§ DE (- (1)) (6.83)

This inequality, similar to (B31), allows to apply the same strategy as in the Boltzmann-Fermi-Dirac case.
Adapting the entropy-entropy production inequalities known for the Landau equation [I56, Chapter 3,
Theorem 14] and [[73, Remark 1], we get the following proposition.



248 CHAPTER 6. Cercignani’s conjecture from Boltzmann to Boltzmann-Fermi-Dirac

Proposition 6.8. Entropy-entropy production inequalities for the Landau-Fermi-Dirac operator (adap-
tation of [56, Chapter 3, Theorem 14] and [73, Remark 1]). We recall that DY, H. and T, (f) are defined
respectively in (B&2), (B221)—(622) and (B13).

e Over-Maxwellian case [Adaptation of [I56, Chapter 3, Theorem 14, (i)]]. Assume W (|z|) > |z|%
Then, for any g € (0,1), € > 0and 0 < f € LE(R3)\ {0} such that 1 — e f > kg, we have

DE(f) = 4k pTo(f) Ho[fIML], (6.84)

e Soft potentials [Adaptation of [I56, Chapter 3, Theorem 14, (ii)]]. Assume W(|z|) > |z|>(1 +
|2|) =7 with B > 0. Then, for any rqo € (0,1), e > 0and 0 < f € LY(R?)\ {0} such that 1 — e f > ky, for
any s > 0, there exists a constant CSL (f), explicit and depending on f only via p, T, ko, an upper bound
on € and an upper bound on H.(f) such that

2

_B
DI(f) = CE(f) (llfL;+2+|Vﬁlli§+g> M5 (6.85)

e Hard potentials [Adaptation of [73, Remark 1]). Assume V(|z|) > |z|*18 with B € (0,1]. Then,
for any ko € (0,1), e > 0 and 0 < f € LY(R3)\ {0} such that 1 — ef > ko, there exist two explicit
constants K¥(f) and K%(f) which depend on B, on f only via p, T, ko and on an upper bound on
||fH2L2 such that

6

DE(f) < K{(f) = DE(f) > K3 (f) He[ fIM]]. (6.86)

We briefly discuss here the qualitative difference of our results with respect to the ones in [8, 3] and [[73].
The inequality we obtain in the over-Maxwellian case (B=84) is almost identical to the one in [8, Theorem
1.4], with however an extra quantity in the constant in their inequality. As for the soft potentials case, the
inequality in the proof of [B, Proposition 5.8] involves the hard potential of order 1 > 0 entropy production
(for some chosen 7 > 0), which relates in (B83) with the || V/f ||f:2 norm (for some chosen s > 0). We
1+3
also point out that, while [3, Proposition 5.8] holds for soft potentials of order at most —%, there is no such
restriction in (BX3). As far as hard potentials are concerned, the result we obtain (which could actually
be more precise, but somewhat more complicated, by using [[/3, Theorem 1] instead of [[/3, Remark 1])
is very similar to the one obtained by Desvillettes in [[/3, Proposition 2], with the difference that his result
involves the relative Fisher information instead of the relative entropy (hence yielding a stronger result);
our methodology only gives another proof to obtain it. Also, the inequality obtained in [8, Theorem 1.4]
comes with a more complicated constant than in [[73, Proposition 2] (similarly, than (B=X8)), but holds
without any assumption of smallness on Dé: (f). We mention that a statement of the type (AX6) entails an
exponential decay with explicit constants (if K7 (f) and KZ(f) are controlled below) as shown in [73,
Lemma 1]. Finally, we can also obtain inequalities for hard potentials of order 5 > 1 by adapting [[[56,
Chapter 3, Theorem 14, (iii)].

Remark 6.5. We want to mention [[71] which bounds below the entropy production with a weighted
version of the Fisher information, which would lead to a weighted relative entropy with power one in the
right-hand-side of (B83). A similar result for hard potentials was proven in [B8]. We refer the interested
reader to [I/4] (in french) for a discussion on the entropic structure of the Landau operator. However
our method of adapting results from the Classical to the Fermi-Dirac situation breaks here, as we did not
prove any link between weighted entropies.

Convergence towards equilibrium. As an example of application of Proposition B8, we provide a
convergence to equilibrium proposition in the hard potential case. We remind that this type of result was
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already obtained in [@] (and in [3] for soft potentials), although the constants that we obtain do differ, and
our proof is shorter.

Proposition 6.9. Hard potentials case. Assume W(|z|) = |z|?T? with 8 € (0,1]. Consider 0 < fi" €
L;ﬁ (R3) N L>®(R?) with sg = max (%,4 - 5). Then there exists €™ > 0 depending only on [ such

that for any € € (0,£™], there exists a solution f¢ to the homogeneous Landau-Fermi-Dirac equation
(associated with the collision operator QL defined in (BX1) and the initial distribution f") and two
constants C1,Co > 0 such that for any t > 0,

1£2(t) = ML |y < Cre @t (6.87)

Proof. The proof is similar to the one of Proposition b, to which we refer the reader, and we only outline
here the crucial points. First, we rely on [2, Corollary 3.7] to obtain the existence of £ > 0 depending
only on f*™ such that for any & € (0,£"], the solution f* associated with LFD, satisfies

sup (1€l F2(1, 1) > 5.
t>1

We are now able to use (B8A). In order for the proof to be complete, we must ensure that the coefficient
that multiplies the relative entropy can be lower bounded uniformly in time. It amounts to upper bound
the L% norm of f¢(¢,-) uniformly in time. This is possible as we have a uniform-in-time L bound
and [4, Theorem 1.3] ensures the generation and uniform-in-time boundedness of all moments at some
explicit time. Then the same argument as in [[/3, Lemma 1] provides the announced exponential decay to
equilibrium. O

6.6 L'-L? weighted Csiszar-Kullback-Pinsker inequality

In this section, we discuss an optimized version of the L!'-L? weighted Csiszar-Kullback-Pinsker (CKP)
inequality presented in Proposition B4. For a discussion on the CKP inequality and its previous general-
izations, we refer the reader to the paragraph preceding Proposition 64 in Subsection B3

We highlight that the idea of the proof of (B90) in the case » = 1, w = 1, can be found in [[23], and
the proof of (B104) (Bose-Einstein case) for »r = 1, ww = 1 was also done with the same approach by
Lu [[272]. Notice moreover that we consider here the case when f is defined on R3, but (E89)—(A90) and
(B104) do hold in the broader setting where f and w are defined on an arbitrary measured set, as long as
the equilibrium distribution is well-defined. This is further detailed in Appendix BR. Finally, we inform
the reader that the Bose-Einstein case is briefly discussed in Appendix BAl, where useful definitions may
be found.

Proposition 6.10. L'-1.? weighted Csiszdr-Kullback-Pinsker inequality. [optimal]
Let w : R? — Ry be measurable, and r € [1,2]. Denote
2 ifa=1,

AN ={ (=12 (6.88)
Mogr—ag1 TAERLLE

e Classical CKP inequality. For any 0 < f € L3(R3) N Llog L(R3)\ {0}, assuming that the norms
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below are finite,

I(f = M)wlir < [M@?||, -

2—r

[Efc e
A o E2 ) Ho[f1M), (6.89)

||Mw2|| r_
L2-7r

where we denoted M = M/ the Maxwellian distribution associated with f and Hy is defined in (B220)—
(B22) (withe =0).

e Fermi-Dirac CKP inequality. For any ¢ > 0 and 0 < f € L3(R3)\ {0} such that 1 —ef > 0 and
2
¥ > 5 assuming that the norms below are finite,

=l 5=

L2—7
M= e )Hg[fM], (6.90)

2—r

1= Myl < M2 e A (

where we denoted M = ./\/lg the e-Fermi-Dirac distribution associated with f and H. is defined in
(EZI)—(B22).

The announced inequalities (B-40)—(B-4l) of Proposition B4 are then consequence of Proposition BT0
and the fact that for any a > 0 and b > 0,

bA (%) < 2 max(a,b). (6.91)

The latter inequality can be deduced from the following ones. We claim that in fact,

A(N) <1423, Ae0,1], (6.92)
A < g(z + ), e (1,10) 6.93)
A
AN < ey =T" A > 10. (6.94)
1

Notice the improvement of (694 over (6=91) by a factor when A = % is large, which,

2(loga —logb—1)
even if slowly, converges towards 0 as a goes to infinity. The second inequality (693) is well-known, and
is actually the one used in the standard proof of the usual CKP inequality (see for instance [KX]). As for

the third one (594, we have for A > 10,

(A=1)2 A-1 A

AN = = < .
() AMogA—A+1  Alogh—1  log(A) -1

Finally, the proof of the first inequality (B92) is trickier and was suggested to me by Matthieu Dolbeault.
Changing variables 2 = A\1/3, it is enough to show that for any z € [0, 1],

(1+2?) (323 logz — 23 +1) — (1 —23)? > 0.
Developing, the above term actually equals 22 (), where

g(z) =14z —2%— 2%+ 3(x+2°)log .
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We can then conclude once we prove that g is nonnegative on (0,1). We compute its first four derivatives,

d(z) =4 — 423 + (34 92%)log z, g (z)= 3 + 92 — 122 + 18z log x,
x

3
" 4 3 1
g (x) ——27——$2 —24x—|—1810gx, g( )(I)—G(—4+$ +3x )

The function g(¥) is clearly nonnegative on (0,1), hence ¢”” is nondecreasing on (0,1). But g"’(1) = 0,
hence ¢"” is nonpositive on (0,1), thus ¢” is nonincreasing on (0,1). Again, ¢”(1) = 0 hence ¢” is
nonnegative, thus ¢’ is nondecreasing. Again, g’(1) = 0 hence ¢’ is nonpositive, thus g is nonincreasing
on (0,1). Finally, g(1) = 0, so that g is nonnegative on (0, 1).

Let us now prove Proposition BT0.
Proof. This proposition is a consequence of the general inequality (B11d) in Corollary BT in Ap-

pendix BB. We prove both inequalities (B89)—(B-90) simultaneously, as the first one corresponds to the
limit case ¢ = 0 of the second. Let us then consider € > 0.

We apply Corollary 517 with ®(z) = O (z) = [ log:(y)dy, J = (0,e!) and

1 p
F={0<geLiR®}|1-eg>0, /g(v) v |dv= pu ,
R3
o]? 3pT + pul?

2
with p, T and € such that v > 3 (ensuring the existence of /\/lg ). Then (BIT4) writes, since Hg_ = H,

the e-Fermi (or Classical in the case € = 0) entropy, and o7
€

() =z(l—ex) <z,

-styal < ([ a-n a-matt +rne] e, dT)_l {1 ME).

T

We focus on the integral in the variable 7. From Minkowski’s inequality, we have

1 —1
/1 1—7 d < /1 1—7 d
T < T
o Ja-nMlerp . e e L
K
] ).
HMEWQHLTTT

where A is defined in (B8R). Indeed, this last equality comes from the Taylor expansion of A — Alog A— A\
around 1,

L 1—71
I —A=—-1+(A—-1)logl —1)? —d
Alog +O-Dlogl+ (-1 [ =T
that is . L % iFA=1, .
—————dr=<¢ AlogA—A+1 | = —.
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Finally, as a corollary to Proposition BT come the standard Csiszar-Kullback-Pinsker inequalities.

Corollary 6.11. Standard Csiszdr-Kullback-Pinsker inequalities.
For any real number x: € R, we denote in the following x4 = max(0,x).

e Standard Classical CKP inequalities. For any o > 0 and 0 < f € L3(R®) N Llog L(R?) \ {0},

If = M7 <2|M|p Holf|M], (6.95)
1M = F) 17, <20M |y HolfIM], (6.96)
If=MIZy  <S[Mllgy Holf|M], (6.97)

where we denoted M = MY the Maxwellian distribution associated with f.

e Standard Fermi-Dirac CKP inequalities. For any ¢ >0, a > 0and 0 < f € LY(R3)\ {0} such
that1 —ef > 0and v > %,

If=MlT <2(Mlp HelfIM], (6.98)
IM = )7y <2Mlly HelfIM), (6.99)
If =Ml7y  <8IMlL HelfIM), (6.100)

where we denoted M = Mg the e-Fermi-Dirac distribution associated with f.

Proof. We only prove (B9R)—(BT00) as (B-93)—(B94) can be seen as a limit case of the previous ones
when € — 0.

e Proof of (B9R). Applying Proposition b0, specifically Equation (B90), with r = 1 and w = 1, we
obtain
(AR

~M|2, <M 1A< )H M.

Since || f||;1 = ||M|| ;1 and A(1) = 2, we obtain (B9R).

e Proof of (BE99). Applying Proposition B0, specifically Equation (6590), with the choices w(v) =
(14 [v|2)*/21 < pq and 7 = 1, we obtain

1fremliy,

1M = )+l < |M1f<M|L%aA< )Hs[fl/\/l]~

[MIrcmlipy,

Since ||f1f</\/l||L1 [IM 1f<M||L1 and, from (E92), A < 2 on [0,1], we obtain (B99) after upper
bounding ||M1f</vt||L1 by ||M||L1 .

e Proof of (B10). We remark that |f — M| = f — M +2(M — f)4, and

/RS(f—M)(v)(l—&-\v\Q)dv:O,

so that
If =M =4[(M = f)e]3:.
2 2

We apply (B-99) with oo = 2 and obtain (BT00). O
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6.A Similar results in the Bose-Einstein case

An upper-bound inequality similar to (B34) can also be obtained in the Bose-Einstein case. This latter
case formally corresponds to taking —¢ instead of € in our formulas. First define for any x € R and
e>0,

BE T BE ’ BE
= (D = 1 d
EP@)= e, O [ logePE () dy,

and the Bose-Einstein entropy of 0 < f € L1(R?):

BE - BE v.
PR ()= [ @PP(p)a

Lu proved in [T21]] that, under the condition

2/3
E ;TC, T, = % (C@)) , (6.101)

where ( is the Riemann Zeta function and T, is called the critical temperature, there exists a unique &-

Bose-Einstein statistics /\/l‘E T associated with f - that is a distribution such that loggo ( EB EJ )isa
linear combination of v + 1, v + v and v ~ |v|? and sharing the same normalization in v ~ 1, v + v and

v+ |v|? as f. We can obtain from Proposition 513 in Appendix BB that, denoting HEZP[f \Mf Bt =
HBE(f) - HEBE(MfE’f), we have

memen = [Ca-n /R 5 (f( )= MEP)) 0" (1= PMEPS () +5(0)) do ) ar

Ca:
rojot

T>

(VY]

)

BE'
w7 (x)dzdo, (6.102)
/R?» / BES () 9B ( )¢
BE// B BE,f
where the last equality comes from @2 %" = (p and the change of variables x = M7 ™" (v)+7(f(v)—

MBET,

In the following Proposition, we provide a link between the relative entropies to equilibrium of the Bose-
Einstein and the classical cases. Although I believe that both inequalities could be obtained, we only
present here the “upper-bound” inequality as its proof is rather short. Further work may allow to obtain
the lower-bound inequality, with a constant that probably depends on an L bound on f. This constitutes
another reason why we did not investigate this other inequality, as, although L bounds are natural to
use in the Fermi-Dirac context, due to Pauli’s exclusion principle, they are not in the Bose-Einstein one,
due to the phenomenon of condensation.

Proposition 6.12. Upper-bound in the Bose-Einstein case. For any € > 0 and nonnegative f € L% (R3N
Llog L(R3)\ {0} which density and temperature satisfy (5I0I), we have

/ - BE BE.f
HO{H_Ef M1+f}<HE [IMEEL). (6.103)

Proof. The starting point of the proof are Equation (BI02) and the inequality |y — z| > 0P (y) —
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©BE(2)| for all (y,2) € R?, yielding

f f—z /
a2 (125 = [ g o2 e

BF (z)
f BE _ BE
> /R3 /MBE,f : W?E(ZZS v (x)dzdo.

Applying the change of variables y = 2 (z) and using formula (B222), we obtain

BE
Mee () BE
BE fl—y
HgBE |:f|MgBE,f] > H {CPEBE(f”MS% (f)] _|_/RS/BE(MBE f) Pe (y) dydv
(PE £ ’

Remark that, as log M w2 E(f) —log @f B f EJ ) is a linear combination of conserved quantities (namely,
v+ 1, v vand v — |[v]?), we have by definition of M#ZP () that

eBE(f) eBE(f)
/ ‘Pe:BE(f) log <M> dv = MPPE) log <M> do,
R3 R3

BE, BE,
PBE(MEET) pBE(MPET)
so that
BE BE
MeEE W) BE Mee () BE(f)
_ MPe _
R JpBE(MEPP Ty Y R3 JoBE(MEPT) Y
ending the proof. O

Proposition 6.13. Bose-Einstein CKP inequality. Let @ : R? — R, be measurable, and r € [1,2]. We
recall the definition (B2R) of the function A,

2 iFA=1,

A(N) = ()\—1)2 ]
Mogh—ag1 TAEReAE

Then for any ¢ > 0and 0 < f € L3(R3)N Llog L(R?)\ {0} which density and temperature satisfy (EI01),
assuming that the norms below are finite,

fA+ef)@?|| o
||L(1+8M)WHL )HEBE[fIM}, (6.104)

T

I(f = M) wI7 < ||M<1+6M>w2|!L2:A< 2
L2—r

where we denoted M = ./\/lgB ES the e-Bose-Einstein distribution associated with f, and HfE is the
Bose-Einstein entropy. When r = 2, L2=7 shall be understood as L*°.

Proof. The proof is similar to the one of Proposition BI0. Let ¢ > 0.
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We apply Corollary 612 with @ (z) = P (z) = [ log 1, dy, J =R, and

1 p
F = OggeL%(Rg) /Sg(v) v |dv= pu ,
R
o] 3pT + plul?

with p,T" and € such that (BTT) is satisfied, ensuring the existence of M?E’f . In the rest of this proof,
we denote for the sake of clarity M = MEB E.J Then (BTT4) writes, since Hg, BE = H EBE the e-Bose-

oo 1 .
Einstein entropy, and @ (x) = x(1+ex) is convex,

1 -1
17— M)l < ( [ a-nl@-nma+erriaren= ) HEP (7| M),

We focus on the term with the integral in 7. From Minkowski’s inequality, it is smaller than

1 1—7 !
</0 I-n M +eM)m (R e e dT)

2

= [[M(1+eM) 2” _A ||f(1+€f 2||L2 v
B MO +eM=l e )
where A is defined in (B=8R) and appears thanks to a Taylor expansion of A — Alog A — A around 1 like
in the proof of Proposition B0, allowing to conclude. O

From the previous proposition, we easily deduce the following standard inequalities.

Corollary 6.14. Standard Bose-Einstein CKP inequalities. For any s >0, a > 0and 0 < f € LI(R®)N
Llog L(R3)\ {0} satisfying (6I0),

I = 1412y <2 (M +e MU ) HEP(f M), (6.105)
If=Ml7 <8 (IMlp+elMlzz) HEF[FIMI, (6.106)
1= MIBs <8 (IMlgy+elMI3) HEE[fIM], (6.107)

BE.f

where we denoted for clarity M = Mg the e-Bose-Einstein distribution associated with f.

We prove the above inequalities similarly as we did for Corollary BT. For (B103) we apply Propo-
sition B3 with » = 1 and w(v) = (1 + \0\2)% 1¢< and notice that A < 2 on [0,1]. We then ob-
tain (B10A)—(6107) by decomposing |f — M| = f — M +2(M — f), using the fact that f and M share
ization i 2 and (BI0H) with respectively o = 0 and o = 2.

6.B A general discussion about entropies and equilibria

In this section we intend to provide general considerations on the entropy, which are much more general
than the scope of this paper, but give a good understanding of the notions we used, and could also be
helpful in the study of weak turbulence, where various kinds of unusual entropies can emerge (see [48]).
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Our setting is laid down quite generally, and is similar to the one of Chafai [64] (in terms of relative
@-entropy). Consider a measured space (£,.4, 1), an open interval J C R which closure we denote by J,
and a function @ € C?(J) N C%(J) such that ®” > 0 on J. Remark that @’ is then a C!-diffeomorphism
from J onto ®'(.J).

Entropy. We define the ®-entropy, for any (A, Bor(.J))-measurable f : £ — .J such that the following
integral makes sense and is finite, by

Ho(f):= [ @((€)dn(c), (6.108)
and we denote by Eg the set of such f. We let the relative @-entropy of f and g to be

Hoflg] = Ho(f) — Ho(g)- (6.109)

We also define, for (A, Bor(.J))-measurable f,g : £ — .J, the ®-relative-entropy (which in general differs
from the relative ®-entropy) of f and g by

1
Holflg] = /0 1-7) ( / (=P o=+ du(C)) dr. (6.110)
g

Note that Hq [ f|g] is possibly infinite, but always well-defined, as
geJ = Vre(0,1), 1—T)g+7f€J,

and that He[f|g] is always nonnegative. The following Proposition BT gives a quite simple but gen-
eral result linking entropies, conserved quantities and equilibrium distributions, under a sole existence
assumption.

Proposition 6.15. Let I be a countable set, (¢;);cy a family of measurable real functions, (w;);cr a
family of real numbers, and

f{fGEcp stviel, /g FON16:(O)]du(C) < oo and /g f<<>¢z-(odu<<>wi}.

Assume that ®'(.J) =R, and that there exists (a;(w)) € R such that M, € F, where

M = (@) (Zaz—(w)@) : 6.111)

el
Then the following four propositions are equivalent. Let g € F.
(i)geJ p-ae and VfeF, Holflg] =Halflg],

(i) g€ pae and VfEF, Holflg<ooand [ (fg)®'(g)du(c) =0,
&
i11) H. =min Hg (h
(i1i) Ho (g) = min Ho (h),
(iv) g= Mg p-ae.
In particular, qu is the unique minimizer of Hg under the constraints of the set F.

The above proposition actually proves the following (under the assumptions @’(.J) = R and of existence
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of Mq],: ). An admissible distribution g is an equilibrium relative to the conserved quantities ¢;, in the sense
of the minimization of the ®-entropy [(i74)], if and only if ®’(g) is a linear combination of the functions ¢;
[(iv)], if and only if the relative ®-entropy between any admissible distribution f and ¢ is given by (B-T10)
[(4)], if and only if the quantity @’(g) is conserved amongst all admissible distributions [(7)] - indeed,
(#4) is equivalent, assuming the following integrals make sense, to V f1, fo € F, [¢ f1®'(g)du(¢) =
Je 129" (g)dp(Q).-

The reader may notice that the Classical case corresponds to the choice ®(z) = Py(z) = zlogz —
x, for which ((D(’))_1 = exp, hence M(f is in this case a Maxwellian, since the conserved quantities

(corresponding to the functions ¢; in the proposition) are v + 1, v+ v and v + |v|%.
xX
Moreover, the Fermi-Dirac case corresponds to the choice @ (z) = O.(z) = / log . Y dy, for which
0 -y

X

(@] Y Hx) = T oot hence qu is in this case a Fermi-Dirac distribution, since again, the conserved
ee

quantities (corresponding to the functions ¢; in the proposition) are v ~ 1, v +— v and v > |v|2. Proposi-
tion Bl then comes as a corollary to Proposition EI3 with £ = R3 endowed with the Lebesgue measure,
x

J= 0.7, 0(@) = 0.(2) = [ logpn(w)dy. M = ML and
0

1 p
F=0<feliR})|[1-cf >0, f | v [dv= pu ,
R3
[v]? 3pT + plul?

2
with p,T" and ¢ such that v > E (ensuring the existence of ./\/l;! , as proven in [T23]).

Y
1+ey

X
Remark 6.6. The Bose-Einstein case is also recovered with ®(z) = ®P¥(z) = / log dy, for
0

xT

which (@' ) (z) hence M is in this case a Bose-Einstein distribution (when it exists).

T 1w
Proof. We start by proving (i) <= (ii). Let f,g € F such that g € J p-almost everywhere and
Holf|lg] < oo. Using a Taylor expansion followed by Fubini’s Theorem, we get

Halflg) = /g (@(f) — D(g))du(() = / (@(f) — (9)) dpu(<)

ged
1
[ (=00 +7-9? [ a-no"@-rg+rdr)auo
ge
— [ (7= 9)%(9)dulO) + Hal )
geJ
thus proving the announced equivalence. Remark that in the last equality we used the fact that He [f|g] <

oo to ensure that fge](f—g)@’(g) dyu(¢) is well-defined. We now show (iv) = (ii). Since Im(®’ 1) =
J, we do have M(f;: € J p-almost everywhere, and

/MgeJ(quf)qy(qu) 0= [~ M) i) 4u0)

= Zai(wi) (/;f@-du(C) —/quf@du(C)) =0,
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where the last equality comes from the fact that both f and qu belong to F. We now focus on (ii) =
(iv). Assume the existence of g € F such that g € J p-almost everywhere and

VfeF, (f —9)@'(9)du(¢) =0.
geJ

Since we also have Mq]; € F, then qu € J p-almost everywhere and we just proved that
| o= MO0 du(¢) 0.
MeJ

allowing to deduce that
[ (0= 3@ (9) = @ (M) du(c) = 0.

Since @’ is increasing, this implies that g = qu p-almost everywhere. We now focus on (iv) = (i4i).
Since we already proved (iv) = (ii) == (i), we have for any f € F,

Ho[fIMg] = HolfIMT] >0,

thus
Ho(f) > Ho(Mg).
Finally, we prove (iii) = (iv). Assume Hg(g) = 2111}_1 Hg(h). We just proved that He(MZ) =
€

}lni}_; Hg(h), hence Ho(g) = Ho (M) and Hg[g|MZ] = 0. Since we also proved (iv) = (i), we
€
know that

HolglME] = Holgl M),
hence Hq[g| Mg ] = 0, that is

1
/ (1-7) (/ - (9— MF)?"((1 —T)M+Tg)du(()> dr=0.
0 MTes

This implies, since M € J and (1 — )M + 7g € J p-almost everywhere for any 7 € (0,1), and
®” >0 on J, that g = Mg yu almost everywhere. O

General Csiszar-Kullback-Pinsker inequality. The famous Csiszar-Kullback-Pinsker inequality, link-
ing the squared L' distance of two probabilities with their relative Classical entropy can in fact be gen-
eralized to the whole family of ®-entropies, and for weighted L", 1 < r < 2 distances, by the following
Proposition BTA, and more specifically, in the context of convergence towards equilibrium, by Corol-
lary BT4. Again, such inequalities may be useful in the study of weak turbulence [48].

Proposition 6.16. Let some (A, Bor(J))-measurable w : € — J andr € [1,2]. Then for any (A, Bor(J))-
measurable f,qg:E — J such that all terms below are finite, we have

-1
w2

‘q’”((l —7)g+7f)

-1
dT) Holflgl,  (6.112)

1
I(f = 9) @ 7r(ges) < (/0 (I-7)

r
L2=7(gelJ)

where Hq is the O-relative-entropy defined in (BT10).
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Proof. Let us recall the definition of He[f|g], that is

Holflg) = /01(1 —7) (/gej(f —9)20"((1 T)g+7f)du(g)> dr.

1 1
We fix 7 € (0,1). Let p= 2 € [1,2] and ¢ = 52~ € [2,+00], so that — + — = 1. By Holder’s inequality,
p q

we have

3 =

s 0
[®”«1—ijg+ffﬂp

/ |f—g|%w%du<<>=/ f— gl " (1 —T)g+7f)
geJ eJ

g

=

<( / _(F=aren(@ =g+ 1) du(o))

Li(geJ)

Raising the above inequality to the power p, we obtain
2

(/gle—g|5w5du<c>)p <
( [ u=aren -+ 7040 | g7

1
where we used the fact that || -» H’iq =" ”L

. (6.113)

q
L?(geJ)

¢.Since 2 =rand ¢ = 21 , (B13) actually writes
P P P r

w02

L—7)g+7f)

r_
L2=r(geJ)

106 =)l ges < [ u-arer N+ 7080 | g

If @ is zero p-almost everywhere on {g € J}, then the proposition is trivial. Else, since ®” > 0 on {g €
J}and (1-7)g+7f € Jon{g € J} forany 7 € (0,1), we know that ||®"((1—7)g + 7 f) =*||

L7 (ge)

is non zero. Since we assumed that the quantity
1 2 -1 -1
w
(1-7) ‘ . dr
</0 Q"((L=7)g+7/) |77 (geu)
(0,1) =
is finite, we also know that for almost every 7 € (0,1) we have , < 0.
Q"((1=7)g+7) || L75 (ge)

For these values of 7, we then have

1—7
I(f =9 @lr e =
H D"((1-7)g+7f) ‘

<t-n /g (0P () ).

LT (ge)
Integrating in 7 yields

-1
CUQ

’QWO—TM+Tﬁ

1
1(f = ) @7+ (gey </o (I-7) dT) < Holflg-

_r
L2-7(gelJ)
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Since, again by hypothesis, the integral in 7 is nonzero (its inverse is finite), we obtain (BTT2). O

Remarking that {MZ € J} = € and that for any f € F, Ho[f|MZ] = Ho[f|MZ] (see Proposi-
tion B13), we straightforwardly obtain the following corollary.

Corollary 6.17. Let some (A, Bor(J))-measurable @ : £ — J and r € [1,2]. With the same notations
as in Proposition B13, assuming Mq})— exists, we have for any f € F such that the integral term below is
finite,

1 -1
dr | HolfIMZ],  (6.114)

r

L2—-r

wo?

D7((1— T)M£+Tf)

[o-mr=], <[ [ a-n

where Hg is defined in (BI08)—(BT09) and qu is the equilibrium associated with © and the set F,
defined in (BII1).

6.C Technical results

In this section, we consider Mg , the Fermi-Dirac distribution associated with some ¢ > 0and 0 < f €
2
L% (R3) such that 1 — ¢ f > 0. The existence of MZ is provided by assuming y > 5 (see [C23]), where

we recall the notation

(6.115)

where Tr(p,e) = is the Fermi temperature associated with p and €; and p, T" are respectively

1(3p=\*
2\ 4m
the density and temperature associated with the distribution f, defined in (BI2). We also recall the

notation, for x € [O,e_l),
x

e(2) = 1—ex’

6.C.1 L°° bound for the Fermi-Dirac statistics

In this subsection, we provide an L°° bound on the Fermi-Dirac statistics. The following result is
very similar to [2, Lemma A.1].

Proposition 6.18. Let ¢ > 0 and f € Li(R3) be a nonnegative distribution such that 1 —ef > 0 and
v > 'yT, where vy is given by (B113) and
NS
A= () () . (6.116)
T 3
Then the quantity €||pe(MI) || satisfies

—3/2
! 20
ellpe(M2) oo < 5 (7T> . 6.117)

Proof. Our proof is based on [T23, proof of Proposition 3]. We introduce, for s > 0,

Js(t):z/owlf;rzdr, P(t) := Li(t)[I2(H)) %3, t>0.
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It is proven in [T23, proof of Proposition 3] that P is continuous and increasing on R, and that

1 35/3
P 7)@ :Sp_2/3T(47T€_1)2/3ET’Y.
ellpe (M) lloo

Let a > 0 and
t=a 1 x M73/2_
4
As, for any r > 0, it holds that
_7,2 _7,2
e 1 e
< < )
1+t~ 1+4te™ t
we have
1 [ 1 [ A3 1 5\ (1. 3))
Py (e (2 [Trertar) S G (L (3)) (1 (3))
tJo 1+t Jo t 2\ 2 27\ 2
that is 5/3 1/
(1+1) 3% 2
< .
P(t) < " X Y
We define
2/3
a
T <3f )
Then, whenever v > v“, we have ¢t > POT TR ,sothat 1 +t < « 2/5 t, implying
a2/5 —
1/3 .2/3 2/3 1/3 ,2/3 5/3
Pty <235 3XEOTT o <3\/7T> NIV LA A SOOI (R S
ml/3 4 /3 2 ellipe (ML) oo
Since P is increasing, we deduce that, whenever v > v“, we have
- 3\f B2 1
€||s05( Dllso
that is 4
ellpe(M) oo < @x gy~ (6.118)
By computing the derivative of o — 2/%1, we can minimize o — v and find that the minimum
a2/ —

value is
1 5
. 4\3 (5\3
7= (2)'(3)"

reached for af = (%) 5/2, and, combined with (B-IIR), this proves (B1L7).
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6.C.2 Regularity in ¢ of the coefficients of the Fermi-Dirac statistics

In this last subsection, for any ¢ > 0 and 0 < g € L}(R3) N Llog L(R?), we denote by M. =

-1
MEe ) the e-Fermi distribution associated with ©=1(g). In particular, in the limit case ¢ = 0, M is
the Maxwellian distribution associated with g. We also denote ac, b¢,ue and p.,u., T the quantities such
that, letting

_g M
= M2t M, =—-— 6.119
ME g 9 € 1 _ 5M5, ( )

we have, for any v € R3,
M. (v) = exp (ac + belv — uc|*) (6.120)

and
1 Pe
/ J v |dv= Pell . (6.121)
R3 1+Eg ere
|U‘2 3pT +P5|U5|2

Lemma 6.19. Let 0 < g € Li(R3) N Llog L(R3). Using the notation (6I21), the application &
(pe,ue,T:) is continuous on R and C* on R%.

Proof. The continuity of € — (pz,us,T:) on Ry comes by dominated convergence, as it holds for any

£ > 0and v € R3 that
g

1+4+e€g

(1+[0f*) <g(1+l?),

and by hypothesis 0 < g € L3(R3). Similarly, for any £ > 0 and v € R? we have

2
g 2 g 2 -1 2
— 1 (1+ = 1+ < 1+ .
Oe 1 Eg‘( [ol?) (1 89)( o) <eTtg(1+1ul?)

Therefore, for any € > 0, we have

g

9. ——| (1 y<2:e"1g01 2y,
a*1+€*g(+\v|) e g(1+v]%)

sup
e«€(e/2,32/2)

The differentiability of € — (pz,uc,T:) on R% then comes by dominated convergence, as g € L}(R?).
O

The following lemmas provide the continuity of € — (ac, bs, 1) at the point ¢ = 0 and its differentiability
on R* .
+

Lemma 6.20. Let 0 < g € L3(R3) N Llog L(R3). Using the notations (EIT9)—(6120), the application
e > (ae,be,ue) is continuous at the point € = 0.

Proof. Using the notations (B1T9) and (BTZT), we have

1 1 ) 1 1
eM
M dv — dv| = —c dv| <€l M, d
/RS e | do /RSME o | dv /WH&ME o | do| <el Enoo/Rng | | dv
uf? uf? uf? ]2

<EHMaHoo(pe+3P6Te+pe|ue|2)~ (6.122)
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Recall the notation, in this case,

’YE TF (ps, E) )
2/3
1 (3pce . . L .
where Tr(pz,€) = o\ . By continuity at the point € = 0 of the application £ — (p,T;), given

by Lemma BTY, we have

e—0
Ye —> +00.

Thereby, there exists £* > 0 such that v, > ' for any € € (0,£*), where 41 is a universal constant defined
in Proposition BIR. Then, from (BIT3) in Proposition IR, for any € € (0,e*),

2 /()
fIMlw<Z () 7,
Ml < 5 (2)

[SI°Y

which vanishes as € — 0, since 7, tends to +oo in this limit. Combining this result, the continuity of
e (pe,ue, Te) at e = 0, given by Lemma BT9, and Equation (B122), we obtain

1 1
/Ms v dvf/ M| o [do] Z=%0
R3 R3

Els v[?

1 1
/ M| o |do =% [ My| v [do,
R3 R3
[of? [o]?
we finally conclude that
1 1
/ M| v dv =29 Mo| v |do.
R3 R3
0] [o]?

Both M. and M are gaussian distributions, which coefficients are continuously defined by the above
moments, allowing to conclude to the continuity of these coefficients at the point € = 0. O

Lemma 6.21. Let 0 < g € L}(R3) N Llog L(R3). Using the notations (BIT9)—~(BI20), the application
€ (ag,be,tie) is Ct on RY.

Proof. Since the distribution M (- + u.) is radially symmetric, so is M (- + @), hence 4z = u,, which,
by Lemma BTY, is Clon R*+. ‘We then define

-1
ge = g(-+ue),  Nei=Mo(-+u)=ME ) and N = M(-+u.),

so that, for any € > 0, it holds that
N: =exp (ae + b5|v|2) )
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As in (BT20), we let p.,T: > 0 be such that

1 Pe
e
d =
/Rs 1+4+¢€g9: v v 0
‘U|2 3pTx

Let us now show that € — (ag,bs) is C L on R% . Tt is proven in [I23, proof of Proposition 3] that, letting
oo TS
I(7) ;:/ —dr,  P(r):=L(n)L@)™B,  reR:,
o l+r7e”

. . . . . 5/3 . .
the function P is an increasing C! function from R% to (%, +oo> , with P’ > 0 on R*. . Therefore it is

invertible, and P! is also C1. All the more, a dominated convergence argument ensures that I is C Lon
R% . Tt is moreover shown in [T23, proof of Proposition 3] that

2
2/3 3
(i) / P 1 - 3PSTE’ be = — 4771—[2 ! .
47 gede pg/ 3 Epe gele

By Lemma BI9, the application ¢ — (p.,7%) is C* on R* , hence so is the application € — (ac,b:), as a
composition of C! applications. U

Lemma 6.22. Let 0 < g € Lé (R3) N Llog L(R3). Using the notation (6119), for any € > 0, there exist
C > 0and 1 > 0 such that for any ¢ € [0,2] and v € R>, we have

M.(v) < Ce P, (6.123)
and
[log M. (v)] < C(1+[v]?). (6.124)
Proof. We denote
a= sup lagl, b=— sup |bc], b=— inf |b|] and w= sup |ug|.
e€[0,g] £€[0,2] €[0] £€[0,2]

Combining the results of Lemmas 620 and BT, the application & — (ag,be,ue) is continuous on R,
from which we deduce that a, b and w are finite.

Moreover, as M. € L' (R3) for all € € [0,], the application & ~ b, is (strictly) negative on [0,Z], so that,

as € — b, is continuous on [0,Z], we have b < 0.

Therefore, for any 0 < ¢ < £ and v € R?, we have
|log Me (v)] = |ac +be|v — uel?| < a+2[b|u® +20b| [v]?,
and, since |v — u.|? > %|v|2 —|uc|? > 4|v[? —u? and b < 0,

2 N 2 .20 177,12
ME(U) :ea5+b5|v—u5| < eg+b|v—u5\ < eg+‘b|g +§b|v| )

Letting 7 = —5b and C' = max (g +2|b|u?, eQHB'yQ) yields the result. O
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7.1 Introduction and main results

7.1.1 The Boltzmann-Fermi-Dirac equation

The scope of the present paper is to derive the first explicit rate of convergence to equilibrium for
solutions to the spatially homogeneous Boltzmann-Fermi-Dirac equation (1) for hard potentials under
the Grad cutoff assumption. The Boltzmann-Fermi-Dirac equation (BFD Eq.) in the rest of the paper)
is a modification of the classical Boltzmann equation and describes the interactions between quantum
particles satisfying Pauli’s exclusion principle (fermions). In the spatially homogeneous setting we are
considering here, it takes the form

f=0%(f.f),  f0,)=f", (7.1)

where f = f(t,v) > 0 represents a density of fermions (quantum particles of half-integer spin, e.g. elec-
trons), depending on time ¢ > 0 and velocity v € R? while the initial datum " is a given nonnegative
distribution density. The Boltzmann-Fermi-Dirac collision operator Q% is modelling the interactions
between particles and is given, for € > 0 and a suitably integrable f > 0 such that 1 —ef > 0, by

(r.NW = [ [FRa=en=cf) = fr0-er)1-ef)]x
X B(v,vx,0)dodvs, (7.2)
where we used the standard shorthands f = f(v), f« = f(vs), f' = f(V), f. = f(v)) and

U,:v+v*+|v—v*|a U,_v+v*_\v—v*|

2
B) D) ) S 5 o, oES”. (7.3)

The collision kernel B(v,vs,0) is providing the rate at which a given combination of in-going velocities
results in a given set of outgoing velocities. In the classical case (for which all quantum effects are ne-
glected), the exact form of the collision kernel can be derived explicitly in the case of interaction driven
by inverse power laws repulsive forces and hard-spheres particles [67]. For Fermi-Dirac particles, the
situation is much more involved and several models co-exist. In particular, for semi-conductor applica-
tions, the velocity range is restricted to a subset of R3 (periodically repeated Brillouin zones) whereas,
in the so-called “parabolic band” approximation in semi-conductor, the velocity range is indeed R>. For
the sake of simplicity, we choose to present our results in the present form for collision kernels B which
assumes the same form for both classical and quantum particles. Considering hard-potential interactions,
this corresponds to the choice

B(v,v4,0) = b(cos8) |[v — vy, for (v,v4) € R3 xR3 and o € S, (7.4a)
with cosf =0 - |z — Z*‘ and the mapping b : (—1,1) — R™ is assumed to satisfy the cutoff assumption
- Ux
7r 1
16l = [l 1 s2) = QW/ b(cosd) sinfdf — 271'/ b(s)ds < oo, (7.4b)
0 -1

With a slight abuse of notation, in the above (4B), we identify the function b (defined over (—1,1)) to
a function defined over the sphere S? through the identification o — cos# here above. We consider hard

potential interactions for which
€ (0,1]. (7.4¢)
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For collision kernel B of the form (IZ4d), we will use the shorthand notation

C o f) = Q51 1)

We are aware that restricting ourselves to the case of collision kernel B defined by ([ZZ4) (valid for both
classical and quantum particles) is an important restriction of our analysis and we are confident that most
of the results of the present paper can be extended to more physically relevant collision kernels of the
form described in [I09, T60]. We refer to Appendix Al for more details about this.

As readily seen, the main difference between the classical Boltzmann equation and its quantum coun-
terpart (BFD Eq.) lies in the presence of the quantum parameter

(27h)?

= - >0
€ 35

which depends on the reduced Planck constant 2 & 1.054x 10~3*m?kg s ™", the mass m and the statistical
weight 0 of the particles species, see [67, Chapter 17]. For instance, in the case of electrons € ~ 1.93 X
10710 <« 1. The parameter ¢ quantifies the quantum effects of the model and more precisely ensures the
Pauli exclusion principle from which solution f = f(¢,v) to (BFD Eq.) satisfies the a priori bound

1—¢ef(t,v) 2 0.

Formally choosing € = 0 in ([I2) yields the classical Boltzmann operator

Qu(f.f) = Q)@ = [[ | [£1=12]B0n ) dodo, 15)

with the same shorthands as in (). In particular, for collision kernel of the form ([Zd), we will use for
classical Boltzmann operator the shorthand notation

Q (£, )= QY4 (f, f) = QB(f. ).

We refer the reader to [123] for results about the Cauchy problem associated to (IZl) for hard potentials
with cutoff, as well as [B7, BU] for more results the Cauchy problem associated with (BFD Eq.) . We
briefly recall in Appendix the results of the Cauchy problem we use in this paper.

7.1.2 Notations

In the following, we define, for p > 1 and k € R, the Lebesgue space LY = Lg(ﬂ@) through the norm

1llzg = ( L, yf<v>|p<v>’fpdv)", LYRY) = {f ;R SR | fllp <o}, (7.6)

where (v) := /1 + [v]2, v € R3. For k = 0, we simply denote | - ||,, the LP-norm. For p = oo, || - oo
will denote the usual essential supremum of a given measurable function. We also define, for & € R, the
Orlicz space L} log L(R?) as

Lilog L(R3) = {f :R?’%R;/ngkﬁ(v)\10g+\f(v)|dv <oo},
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as well as the quantity
1 cg1osr = [, 04170 1og |0 o
R3

which we highlight is not a norm on the Orlicz space, but is finite as soon as there is an s > 0 such

that f € L} (R3) N L}log L(R?). As usual, for k = 0, we simply write || - || 1057, = || - ”LélogL and

Llog L(R?) = L{log L(R3).

7.1.3 Relaxation to equilibrium

In contrast to what occurs for classical gases, quantum gases of fermions exhibit two distinct families
of steady states. First, Q% (M.) = 0 when M. is the following Fermi-Dirac statistics:

Definition 7.1 (Fermi-Dirac statistics). Given o> 0,u € R3, E > 0 and € > 0 satisfying

2

3

5E > (359> : 1.7
47

we denote by M the unique Fermi-Dirac statistics

M. (v) = exp(ae + be|v —ul?) _ M(v)

= =: 7.8
1+ceexp(ac+belv—ul?2) "~ 1+eM(v)’ (7:8)

with as € R and b; < 0 defined in such a way that

1 0
o Me(v) v dv = ou
v —ul? 30F

The existence and uniqueness of Fermi-Dirac statistics satisfying (1) has been established in [T23,
Proposition 3]. Note that M, is here a suitable Maxwellian distribution that allows to recover in the
classical limit € — 0 the Maxwellian equilibrium.

Besides the Fermi-Dirac statistics ([Z8), the distribution
3 1
. €\3
et if ju—ul< (Q> ,
T

1
. 30e\3
f _ oes
0 it o u|><47r> ’

can also be a stationary state, as QEB (Fz) = 0. Such a degenerate state, referred to as a saturated Fermi-
Dirac stationary state, can occur for very cold gases (with an explicit condition on the gas temperature).
More precisely, for any € > 0, one can define the Fermi temperature associated to o > 0, € > 0, as

2
1 /3ep)\3
T(o.¢):= 9 (47r> :

F.(v) = (7.9)
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Then, given 0 < f € L3(R3)\ {0} with

1 0
Rsf(v) v [ dv= ou (7.10)
Els 30E + olul?

and € > 0, the ratio g between the actual temperature of f and its Fermi temperature defined as

E
T(o,¢)

is an a-dimensional number which plays a crucial role in the dynamic of (BFD Eq.). Indeed, it has been
shown in [23] that, given € > 0, the following holds

rg =

ot Do

l—cf>0 = rg>

with moreover the following dichotomy:
I.1—e¢f>0andrg = % if and only if f = F; as defined in (Z9);

2. 1—ef >0and rg > % if and only if there exists a unique Fermi-Dirac statistics M, = ./\/l,;f with
same mass, momentum and energy that f.

Observe here that s
2 dr (b E)2
rpm 2 e e m ey = BB (7.11)
5 30
whereas the inequality (IZ2) exactly means that £ € (0,£5,¢). In all the sequel, for given o, E > 0, we will
always implicitly assume that £ € (0, &gat).

As we will see in the next section, the fact that an initial distribution close to such degenerate state
makes 1 — ¢ f arbitrarily small in non-negligible sets affects drastically the speed of convergence and one
of the crucial points of our analysis will be to show that, for suitable initial datum f'?, there exist ¢ € (0,1)
and o (depending on c) such that solutions f¢ to (BFD Eq.) satisfy

1—ef%(t,v) > Ko, Ve € (0, cesar)-

In all the sequel, we will always consider solutions to (LT)) associated to the operator Q5 = Q,gy b €.
considering kernels B of the form (ILA). We also always consider nonnegative initial datum f in ¢ L% (]R?’)
and (conservative) solutions f¢ to (BFD Egq.) associated to f'™ whose existence and uniqueness are
recalled in Appendix IZR. In particular,

1 1 Qin
€(t,v v dv = in(,, v dv = in , in YVt >0
Y
R3 R3
‘viuin|2 |U7uin|2 3QinEin

with gi“ >0, ui™ € R3 and E™ > 0. We will also, unless otherwise stated, consider the associated
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in .
Fermi-Dirac statistics Mg = M£ sharing the same mass, momentum and kinetic energy as f", i.e.

1 Qin
/I‘QB) Mgm (’U) v dv = Qin uil’l
|v_uin|2 BQinEin

For such solutions, non-quantitative results about the long-time behaviour of solutions to (BFD Eq.)
have already been obtained in the literature. In particular, we have the following recent result from [TT9]:

Theorem 7.1 (Liu & Lu (2023)). Assume that the collision kernel B = B(v,vy,0) satisfies (CA) with

moreover

b(cosh) > Z an cos?™ (), 6 € (0,m), an =0 vn € N. (7.12)
n=0

For any initial datum ™™ € L%(Rg) with 0 < fi* < e the unique conservative (mild) solution f& =
fé(t,v) to (BFD Egq.) with initial datum f™ is such that

P
Jim [[5(0) = Me |y =0

where M_ is the unique Fermi-Dirac statistics with the same mass, momentum and kinetic energy as f™.

Remark 7.1. The additional assumption (L12) on the angular kernel b = b(cos®) in the above theorem
means that, as a function of cos?(0), b(cos#) is completely positive. It is of course satisfied for instance if
b(cos ) is bounded by below away from zero (corresponding to ag = infg b(cosf) and a,, =0 forn > 1)
which is the simplified setting in which our main result (see Theorem [Z2) will hold.

As mentioned earlier, up to our knowledge, no quantitative estimates for the rate of convergence
towards M exist in the literature and it is the purpose of our work to fill this blank.

7.1.4 The role of relative entropy

As very well documented, the main tool to provide quantitative rate of relaxation to equilibrium is
related to entropy/entropy production. For € > 0, we introduce the Fermi-Dirac entropy:

H(f) = /RS [flog f+e (1 —ef)log(l—cf)] dv, (7.13)

well-defined for any 0 < f < ¢~1. One can then show that He(f) is a Lyapunov function for (), i.e.

for any suitable solution to (IZ1l) where the entropy production is defined, assuming 1 — ¢f > 0 almost
everywhere, by

@s(f) = %./R3><R3><SQ [Soe(f/)@e(fi) - (Pe(f)ﬁoe(f*)] log (W) X

x(1—ef)A—ef ) (1 —ef)(1 —efl) B(v,vs,0)dvdu.do, (7.14)

where
ze0,et). (7.15)
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In particular, introducing the relative entropy
He (f |Ms) =He(f) — He(Me)

which is nonnegative if f and M. share the same mass, momentum and kinetic energy, one has, for any
suitable solution to (BFD Eq.),

d
3 e (F(OIMe) = =2:(F(1)) <. (7.16)
According to Csiszar-Kullback-Pinsker inequality (see Appendix [B), the relative entropy controls the
L}C—norm of the difference f(t) — M. and this is what makes entropy/entropy production estimate a
powerful tool for proving the convergence towards equilibrium. Indeed, if one can prove a functional
inequality of the form

98(f)>®(7-l5 (f|Mg)), vfeC

where C is a suitable class of functions 0 < f € L% (R3) with 0 < f < ¢ 1anda superlinear mapping
® : Rt — RT, Eq. (ZI8) implies

d

g M (FO[Me) < -0 (He (£ M.)

provided solutions to (BFD Eq.) belong to the class C. Then, a Gronwall-type argument provides a rate
of convergence to equilibrium of the relative entropy. For instance, if the entropy production controls the
relative entropy in a linear way, corresponding to © (u) = Au, for some A > 0 and any u > 0, then one
would get the exponential relaxation to equilibrium

He (f(t)|M5) <exp (—At) He (f(0)|Ma) ) vt > 0.

provided one is able to show that solutions to (BFD Eq.) belong to the class C. Such a decay, combined
with Csiszér-Kullback-Pinsker inequality, yields an explicit rate of convergence of f(¢) towards M. in Ll,lC
(oreven L¥, p > 1) topology. Other kinds of functional ® can of course be considered and such a strategy
has been efficiently applied to the study of the long-time behavior for classical gases, corresponding to
¢ = 0, for which suitable functional inequalities linking the Boltzmann relative entropy

Ho (f|Mo) :/ flogfdv—/ Molog Modv
R3 R3
and the entropy production

P20(f) = i/Rsst . [f/fi _ff*] log (J;JJ::) B(v,vx,0)dvdvsdo,

have been obtained, starting with the pioneering works [89, 57, T53] and culminating with a celebrated
result in [I57]. An improvement of the result of [I57] (reducing the required regularity of f, up to the
mere LP or even Llog L estimate) has been derived in [I] and can be formulated as

Theorem 7.2. Assume the existence of bg > 0 and S+ > 0 such that

B(v,vs,0) = bpmin <|v — v, o —U*|_B_) , B(v,v4,0) = B(|v — v4],cos6).
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Given Ko > 0, Ag > 0, qo = 2, we consider the class of functions
Co= {g € L3(R3) such that g(v) > Koexp (—Ag|v|%?), Vv e R3} .
Then, given 1 < p < oo and § > 0, defining s = 2 + %,for any

ge PR3N L og LR} NCoNLL,, (R3)

s+4o0
it holds
P0(9) = Asp(9)Ho (9| MF)” (7.17)
where oo = (1+9)(1+ %) and As ,( f) depend on the parameters Ko, qo, Ao, f+,p, upper and lower

bounds 10 gl and g1y as well as upper bounds for gl 1105 1) ol 9l -

Remark 7.2. Notice that the above assumption on B is satisfied for collision kernel of the form (ILA) with
B+ =7, 8- = 0 provided that b(cos8) > by. We also wish to point out that we will apply the above result

to
t
g=p:(f(1)) = 1_f£_}(t) f(t) solution to (),
and we can check easily that, in such a case, if 1 —e f(t) > ko, then As,(:(f(t)) can be bounded away
from zero uniformly with respect to time (and €). See the proof of Theorem [Z4.

Such a result has been recently adapted by the first author in [Bf] to the case of the Fermi-Dirac
entropy thanks to a suitable link between the Boltzmann relative entropy Ho(we(f )|M%( f)) and the
Fermi-Dirac relative entropy Hc(f|M.). Typically,

Proposition 7.1. Given kg € (0,1), there is a positive constant C (ko) > 0, that could be made explicit,
such that, for any € > 0 and nonnegative f € L3(R3)\ {0} such that

1—ef > ko,

it holds
Ho(f|MD) < Ho (- (NIMEY) < Clio)Ho 1| M)

and

k6. Z0 (¢e(f)) < Z:(1) < Do (p=(1)).,
where we recall that we defined . (x) = = for x € [0,e™1) in (TT3).

The comparison provided in Proposition [l is the key point of our analysis as it allows us to deduce
suitable entropy/entropy production estimates in the Fermi-Dirac case. To that purpose, for any € > 0,
and ko >0, Ko >0, A9 >0,q0 >2, E>0,0>0, u € R3, we introduce the class

C.= {f c L%(R?’) satisfying (I0) and such that

f(v) = Koexp(—Ag|v|?) and 1 —e f(v) > ko, VUERS}. (7.18)
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One can easily deduce from Theorem [I2 that, for any €,0 > 0 and 1 < p < 0o, an estimate of the type
De(f) = Asp(f)He (fIM)®  VfECNLP(R®)N Lilog L(R?)

where Ajs,(f) depends explicitly on o, Ko, Ao, 4o, 0, E and upper bounds on 1l Lr0g o | fllp with s
defined in Theorem 1. As in the classical case, the key point to apply such a functional inequality to
solutions to (BFD Eq.) is then to determine suitable conditions on the initial distribution f'™ ensuring
that the unique solution f€ = f¢(¢,v) to () satisfies

fE(t, ) eC-NIP(RYNLLog L(R?) Wt >0.

The main technical difficulty, which explains as already mentioned why the quantitative rate of conver-
gence for (BFD Eq.) has not been obtained yet, is of course to create or propagate the lower bound

1—eff(t,v) >kg  Vt>0, veR> (7.19)

In the study of the Landau-Fermi-Dirac equation, such pointwise lower bounds have been obtained by
improving the mere L bounds thanks to the regularisation mechanism induced by the diffusive nature
of the collision operator. This allows to prove the appearance of some L bound, independent of € for
the solution to the Landau-Fermi-Dirac equation and, up to reducing slightly the parameter ¢, to obtain
the lower bound ((Z19).

When trying to adapt such a strategy to (BFD Eq.), the major difficulty lies in the fact that, for cut-
off interactions (see (IZ4H)), no smoothing effect of the solution is expected and a new route has to be
followed to deduce the non-saturation estimate. | We insist on the fact that, as already observed in [124,
IT9], such a non-saturation estimate is the crucial argument to provide a quantitative rate of convergence
to equilibrium for the quantum Boltzmann equation.

We now describe in more detail our main results in the next subsection.

7.1.5 Main results

Recall that we are dealing with solutions to (BFD Eq.) as constructed in Theorem [ in Appendix [R.
As mentioned earlier, one of the main aspects of our strategy is to derive L bounds for solutions to (BFD
Eq.) which are independent of €. Besides its fundamental role in the long-time behaviour of solutions to
(BFD Eq.), such a result has its own independent interest and is one of the main results of our contribution

Theorem 7.3 (Uniform-in-¢ L>° bound). Let v € (0,1] and an angular kernel b satisfying the cutoff
assumption (I4B). Let 0 < fin € LI(R3) N Lo®(R3). Then there exists an explicit Coo > 0, depending
only on 7y, b and f™ only through o™, E™ and upper-bounds on its L and Lé norms, such that for any
e € (0,]|f||<L), the unique solution f¢ to (L) associated to €, the collision kernel defined by (IA) and
initial datum ™ satisfies

iglg”fs(t)”oo < Co. (7.20)

Remark 7.3. The assumption of f™ belonging to Lzl)) in Theorem [Z3 could be actually recast into f™
belonging to Li for some arbitrary s such that s > 2 and s > 3. In this case, Coo would also depend on
S.

1. We mention that a result of uniform-in-time L°° bound was already proposed in [[60] (with € = 1 and different kinds of
collision kernels), however it seems to us that counter-examples to that result can be constructed. In particular, choosing a = b, 5 =
0 in [I6{, Theorem 1.7], one could consider an initial distribution f with L°° norm equal to 1, and [[&0, Theorem 1.7] would
imply that solutions f(t) to (BFD Eq.) are such that || f(¢)]|co < % for all time ¢ > 0.
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The peculiarity of the result presented in Theorem [Z3 lies in the fact that the bound is independent of
€. This is one of the main points of the strategy we adopt here, reminiscent of a similar one in [] (see
also [B]). The clear advantage of such a bound is that, for a given fixed fi™ € L> (R3), one can always
choose a small enough ¢ such that the non-saturation condition (ZT9) holds for any time ¢ > 0:

Corollary 7.2. Consider the assumptions of Theorem [Z3 along with the same notations. Then for any
ko € (0,1) and e € (O, (1- Hg)Cgol], the mentioned solution f€ to (A) is such that

1—efe(t,v) > ko,  V(t,v) eRy xR3, (7.21)

This non-saturation property allows to greatly simplify various studies on the equation: in this event,
and especially in the cutoff case (that is, when (IZ4H) holds), very large parts of the study of solutions to the
Boltzmann-Fermi-Dirac equation can be recast into the study of the classical Boltzmann equation thanks
to a suitable comparison argument (see Proposition [Z1l). To name two examples particularly important
for our analysis, this allows to transfer the entropy inequalities from the classical to the fermionic case
thanks to Proposition [l and also to deduce straightforwardly a Maxwellian lower bound on the solutions
to (BFD Eq.) by simply resuming the proof of [[43] valid in the classical case (see Subsection [3).

We insist here on the fact that our approach consists in choosing first an initial datum f® and sub-
sequently pick ¢™ > 0 small enough for the rest of our analysis to apply uniformly with respect to
€€ (0,51“}. It seems possible to adopt a similar viewpoint by choosing first € > 0 and then determine
the class of all initial data for which the results of the paper do hold. We did not pursue this line of
investigation.

With this at hand, we can easily deduce the main result for the long-time behaviour of the solutions, where
we recall that we consider solutions to () as constructed in [[23] (see Appendix [R):

Theorem 7.4 (Explicit rate of convergence to equilibrium). Let B be a collision kernel of the form (IL4)
with v € (0,1] and an angular kernel b satisfying the cutoff assumption (CAB) and such that b > by for
some bg > 0. Let 0 < fi“. € Lé(Rg) N L‘?O(R3). Then there exist some explicit Cqy > 0 and eln > 0,
depending only on v, b, o™, u'™, E™, fm||L:13 and || f™|co, such that for any € € (0,e™), the unique

solution f¢ to (D)) associated to € and the initial datum f™ satisfies, for all t > 0,

He(fE(t) |M£i“) <Cy(1 +t)*%. (7.22)

In particular, for any p > 1 and k > 0, there exist Cyy 4, 1, > 0, with the same properties as Cyy, such that
forallt >0,

Remark 7.4. Notice that (L2Z2) holds true with the choice

__1
v < C?—[,,p,k (1 + t) 2py (7.23)

e . fin
o - M,

e = (1 - ko) C!

and the same choice applies to (LX) in the case p = 1,k = 0. In the case k > 0 or p > 1, addi-
in
tional smallness restriction is required on the parameter ¢ since an additional control of ||M£ loo OF
in .
||M£ |1 is actually needed. For the same reason, the constants actually depend on u'™ only in the
2k

case of the Li norm with k > 0. We refer to Section L3 for more details.

Remark 7.5. We point out right away that the rate of convergence to equilibrium established in Theo-
rem is clearly not the optimal rate of convergence. As well-known for kinetic equations associated
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with hard-potentials (recall here v € (0,1]), such a rate of convergence can be upgraded into an expo-
nential relaxation governed by the spectral gap of the linearized collision operator. To implement such
an upgrade, one would need to adopt the following strategy

1. Show a quantitative exponential rate of convergence to M. for close-to-equilibrium initial state.
This means that one can construct A > 0 and an explicit § > 0 such that

1~ M <6 = 1£5(0) - ML 1y < Cexp (A1)

for some k > 0 large enough and some explicit C > 0 (depending on f™).
2. Second, using Theorem L4, one can explicit the time T' > 0 needed for general solutions f¢ to

in
enter the neighbourhood of MJ determined by 0. Then, restarting the evolution from time T > 0,
we get that the rate of convergence to equilibrium is exponential.

A full analysis of the close-to-equilibrium solutions to (BFD Eq.) (i.e. full proof of the above point (a))
is still missing and is based upon a careful spectral analysis of the linearized operator associated with

% around M;f". We are confident that it can be implemented, deriving first a spectral gap estimate
in a Hilbert setting and extending then this spectral analysis to the L}{ by factorization and enlargement
techniques following the line of [I[(J1, [34]. Notice that such an approach has been successfully applied
in the study of the Landau-Fermi-Dirac equation in [?].

As mentioned already, such a Theorem is, to our knowledge, the first result providing an explicit and
quantitative rate of convergence to equilibrium for solutions to (BFD Eq.) whereas several qualitative
results were available in the literature. As said before, the crucial ideas of our strategy are the following:

— First, thanks to the L°°-bound independent of the quantum parameter ¢, one can, for a given initial

datum f", determine a whole family of ¢ for which the non-saturation estimate (Z19) holds true
uniformly in time.

— Second, taking profit of this non-saturation condition, we can exploit several new and insightful

comparison arguments — specially tailored for our analysis and with their own independent interest

— which allow to deduce results regarding (BFD Eq.) from the analog ones already obtained in

the classical case as exposed in the comprehensive survey [B] (see also [I0]).
Not only does such an approach allow, in some sense, to treat in the same formalism the quantum and
classical Boltzmann equations, but it also appears quite straightforward and elegant, fully exploiting the
tools developed in [8] for the study of kinetic equations with hard potentials and cut-off assumptions.
As mentioned in the last remark, we decided to focus on the main mathematical challenge for the rate
of convergence, which is the control of the relative entropy, discarding in our analysis the optimality of
the rate of convergence which should be easy to deduce from our result thanks to the recent methods
developed in [TOT].

7.1.6 Organization of the paper

The paper is organized as follows: after this Introduction, we present in Section [ the full proof of
the main estimates for solutions to () culminating with the proof of Theorem [I3. It is obtained from
the representation of solutions to (BFD Eq.) as suitable “sub-solutions” (in the sense of (30)) to an
equation very similar to the classical Boltzmann equation. We first describe such a representation in Sub-
section 211, then deduce suitable Young’s type estimates for the collision operator associated with such
an equation, in the spirit of the fundamental results in [5, 6] (following the more recent exposition in [0,
R]). In particular, L% bounds for solutions to (BFD Eq.) are deduced, uniformly with respect to ¢ > 0 and
time, in Proposition [ T8 and, as in [E], this allows us to derive the full proof of Theorem 3. We then
provide, in Section [I3, the complete proof of our main convergence result, Theorem [4. It is deduced
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from the results of Section [2 combined with suitable pointwise lower bounds, well-known for the classi-
cal Boltzmann equation [I43] and easily adapted to (BFD Eq.) in Proposition [ T74. In Appendix [ A, we
present examples of physically relevant collision kernels for quantum kinetic equations and describe how
the results of the paper could be adapted to such general collision models. In Appendix [[H, we briefly
recall results regarding existence and uniqueness of solutions to (Il) as well as several important prop-
erties (moment estimates and entropy dissipation). The results of this Appendix are extracted from [TY,
73, [74]. In a final Appendix [, we provide explicit and uniform-in-¢ upper-bounds on quantities
related to the Fermi-Dirac statistics relevant to our study.

7.2 Uniform-in-¢ L° bound: proof of Theorem [Z.3

This section is devoted to the derivation of L°°-bounds for solutions to (BFD Eq.) which are uniform
in time and independent of €, proving Theorem [3. Our study is largely inspired from [8] in which
very similar bounds are obtained in the context of the classical Boltzmann equation. The strategy we
employ in this paper is to use the fact that a solution to the Boltzmann-Fermi-Dirac equation (1) for
some parameter € is a “sub-solution” (in the sense of (30)) to an equation very much resembling the
Boltzmann equation (with a modified gain operator), and in particular, free of any dependence in ¢. This
observation allows to completely transpose the estimates and techniques present in [R] to our problem
and obtain without much trouble an L bound on the solution to (1) which is independent of <.

7.2.1 A link between the Fermi-Dirac and the classical cases

We present in this section the crucial simplification that allows us to pass from a study on the
Boltzmann-Fermi-Dirac operator to a study on the classical Boltzmann operator. This is made possi-
ble thanks to the Grad cutoff assumption (Z4H). Recall that, under such an assumption, the classical
Boltzmann operator Q,, ; can be split into two parts

Q'y7b = Q+

-9 (7.24a)

7,0
where
o, (o)) = /  FeB(o—v..0)dudo,
R3xS2
(7.24b)
o, (f9)(v) = f(v) / 3 B0 — vy, 0)dvs.

R3 xS?

A similar splitting can be made for Q.. Indeed, for any ¢ > 0 and 0 < f € LI(R?) such that 1 —ef >0,
defining

AL = //]R s F=ef)A—cf) Bdv.do
(7.25a)
(£ 1) :f//RS L f(1=ef)(1=ef) Bdv.do.

the cutoff assumption (ZZH) imply that Qi’; (f, f) < o0, Qi’;( fyf) <ooand

o) = Q5 (F.) = Q5 (£, 1) (7.25b)
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Moreover, for any measurable and nonngegative g,h : R? — R, and f € L>°(R?), we define

L, 4(g,h)(v) ::/ gx (' +1h.)B(v—vs,0)dv,do, (7.26)
R3xS2
and ;
O [f1(g:h) == QF (9. h) + TH Drola:)- (727)

Under the hypothesis that g, h are such that Q;b( g,h) < 0o, we can then define

Q. b[f1(g: 1) := QT4 [f1(g. 1) — Q7 4 (g, 1) (7.28)

One then has the fundamental proposition where we recall that, in all the paper, assumption (4B) is in
force:

Proposition 7.3. Lete > 0and 0 < f € LY(R3) such that 1 —ef > 0. Then

Q= ,(f.£) < Qyulf1(f. 1)- (7.29)

Remark 7.6. Proposition Z3 implies that any suitable solution to (L) is such that

hf < Ol fI(fo 1) (7.30)

Equation (L30) is close to the classical Boltzmann equation, with the difference that the gain part of the
collision operator is now Q:;b in place of Q":b, and that it is an inequation. Interestingly, the arguments
and techniques present in [S], where the classical Boltzmann equation is studied, work even with the
differences we mentioned, which will allow us to conclude. The most notable point is of course that (L30)
is free from any dependence on e.

Proof. Lete >0and0< f € L% (R3) such that 1 — £ f > 0. We use the splitting (ZZZ38) and also set
Y, = 52// ffeof fLBdv,do
R3xS?

where we notice that Y appears in both ny’j; and Q:,g' Namely, expanding the term (1 —ef)(1 —ef)
in Qi’;(f, /) one has, using that f > 0sothat 1 —ef —ef, <1,

Qy (f.1) = //]H ffi(l=ef—ef) Bdvedo+ Y. < Q7 (£, )+

whereas
0= [, ttBdvdo—c [l pr(r i) Bdvdo+ T,
" RS xS2 R3 xS2
= Q;b(fmf) - Efr'y,b(faf) +T€
Taking the difference and noticing that € f < W yields the result. O

The crucial property on which our estimates will rely is the fact that the operator I, ;, defined in (IZ28)
is adjoint to the (symmetrized version) of Qj; , in the following sense:
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Lemma 7.4. For any measurable nonnegative functions f,g,h on R3, we have

/ 4 dv_/ah[Qﬁtb(f’g)JrQ;b(g’f)} dv

Proof. Using first the micro-reversibility property of B and then its symmetry property, we get

/ f ga dv_/// fg*(hl+h/)BdUdU*dU
R3 xR3 xS2

:/// f'g.(h+hy) Bdvdv.do
R3 xR3 xS2

=/// f/githvdv*do+/// fighBdvdv,do
R3 xR3xS2 R3 xR3 xS2
= /Rd hQEy(f9)+ Q%4 (9. /)] dv

which is the desired result. O

Lemma [I4 allows to transfer well-known estimates on Q+ directly to I, , and hence to Q+ The reader
may now see how the combination of Proposition [Z3 and Lemma 7| allows to easily transfer techniques
on the classical Boltzmann operator to the Boltzmann-Fermi-Dirac operator.

7.2.2 General estimates on QJr

In this subsection, we recall the already known estimates on Q+b that we later use in our study. First
comes the following proposition, extracted from [8, Theorem 2] (see also [8, Theorem 28]) which deals
with collision kernel only depending on b(cos®), i.e. associated to v = 0.

Proposition 7.5 (Young’s type inequality). Consider an angular kernel b satisfying (L3H). Let r €
[1,+00] and p,q € [1,7] such that

1 1 1
—+-=1+-.
p g r
Then
|ista.m)]|, < Cotwa) gy Il (7:31)

where, with ', ¢, respectively the conjugates to p,q and r and e; = (1 0 0)T,

/!

Cb(p,q):</ (Hzl'”ywb(el-a)da)p (/ (1_;’1'“>_2”b(el.a)da> . (132)
S2 S2

In the case p = q = r =1, the constant Cy(1,1) is understood as

U

Co1.1) = [ bler-0)do = B2,
and in the cases thatp = 1 or ¢ = 1, one interprets (- )7’ =1land (-)a" = 1respectively. As a consequence,
for any p € [1,+00] and f € L'(R3) N LP(R3), we have

3
H%(ﬂf)Hp < 227 (ol (LAl 1 F1lp- (7.33)
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Remark 7.7. Inequality (IL33) has been derived in [8, Equation (6.11)] (we point out a misprint in [8,
Eq. (6.11)] where the parameter s should be replaced with s').

One deduces easily the following estimate from Proposition [3:

Corollary 7.6. Consider a bounded angular kernel b € L™ ((—1,1)). Then for (f,g) € L' (R3) x L?(R3),
we have

|29, < 8lbllo 1711 g (734)
Proof. We use Young’s inequality (Z31) with p = 1, ¢ = 2 to obtain, for any f € L'(R3),g € L*(R?)

|59, < o2 1710 lgle:

Lr1—s\~
C2(1,2) < [|bfloo A ds =8|,

we obtain ([ 34). O

Since

wlw

The last crucial estimate on Q+ is the following “gain of integrability” property, mostly extracted
from [8, Equation (6.19)] and adapted to hard potentials.

Proposition 7.7. (Gain of integrability). Consider~y € (0,1), a bounded angular kernel b € L*°((—1,1)),
feLYR?) and g € L} (R?) N L?(R?). Then

N 2y g2y
o7, (£:9)||,) <161l 11 gl llglly ™ - (7.35)

w001,

Proof. Let § > 0, notice that for any u € R3,

[l = Ju|" Ly zs + |ul" Ly <5 < 51 = s +07 Ly < 51 +47,
so that
Qatb(fag)g(;’y_lgib(f7g)+6’yg(4):b(f7g)
Applying [B, Equation (6.19)] (in dimension 3), we have
197 4(f:9)ll2 < Cs [blloo 1 £l 19l (7.36)

where C'5 comes from a Hardy-Littlewood-Sobolev inequality (see the last lines of the proof of [, Propo-
sition 30]). Using [I1X, Theorem 3.1, Equation (3.2)] with here C's = N 1.3» We have in fact
5o

rgob (1) () s
r2— 1) \TB3) T\t ) ey

where, only in the above equation, I' stands for the Gamma function. In particular, it holds that C3 < 3
Moreover, by interpolation,

Nl

Cy=m

1
3
2

2
lglle < llgl Nl
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therefore ([38) implies
2 1
197, (£:9)ll2 < 3lIblloo [1£111 lglIF Nlgl13 - (1.37)
On the other hand, it comes from Equation (34) in Corollary [/ that

|2gut.9)], <8l8lso 111 ligl-

All in all, we obtain, for any d > 0,
|etutra)|, <oty + o7 20|

1 2 2
< bllooll fl11 NIl (57_1 3lgllf +5”8|923> :

2
3 3
Choosing § = H9H12 and noting that 37 x 8'=7 < 8 for any v € (0, 1] yields (Z33) with ||Q;rb(fag)H2

8llgll3
in place of the left-hand-side. Let us show now the bound for ||Q;rb(g7 f)ll2. The change of variable
o — —o directly proves that

Q;b(gvf) = Q;g(fﬂg)

with b(cos#) = b(— cosh). Since ||b]|oo = ||b]| o> We deduce the estimate for || Qj/“b(g, f)|2 from the first
part of the proof. O

7.2.3 Key estimates on Q;”’ ps Iy,p and Q;’b
7.2.3.1 Estimates on nyr b

Relying on the general estimates on Qi , stated above, we provide here two useful bounds that we
later use in order to obtain Lg bounds on the solutions to (IZI).

Proposition 7.8. Consider a bounded angular kernel b € L*°((—1,1)) and v € (0,1]. Then for any
fe L%W(Rza) N L>(R3), we have

2y

L QDI 0 do <16l [0 F 1L 160 F 1155 (7138)

Proof. First, by Cauchy-Schwarz inequality, we have

3y ol
QLN @) ) o < IV flls||[(0F QL0
Rd s v 2
Now notice that for any (v,v,,0) € R3 x R3 x S? we have (v)2 < (1/)3 (v])2
notation (Z3) for v’ and v,. From this we deduce that for any v € R3, we have

()2 QT (£, 1)) < QF((VFF, (D N)(w).

Lastly, we use the gain of integrability property (Z33) to obtain that

, where we recall the

2y

D, <3610l 11T 100115

X
2

[[>AIOEIAC:
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Since H<>%f||2 < ||<>3%f\\2 and 1 — 2% > 0, we indeed obtain (Z38). O

We consider in the next result an estimate for Q;r p» Similar to Young’s convolution inequality, under
the mere cutoff assumption ((4H):

Proposition 7.9. Consider an angular kernel b satisfying the cutoff assumption (LAB) and v € (0,1].
Then for any [ € L%’ﬂ/(RP’) N L>®(R3), we have

3 3y 3
L, Qe 0 dv < 2 O F 7110 ¥ 113 (739
Proof. We follow the same steps as in the proof of the previous Proposition [8 and recall that
3y 2
QDI @ A< F flz [0 QL0
R3S " g 2

Second, notice that for any (v,vs,0) € R x R? x §2 it holds that

v —va]" = " =T < (W) (L),

X
2

[N/

X
2

and (v)2 < (V') , where we recall the notation (Z3) for v’ and v’.. Then, for any v € R3,

(vs)

(0)F QF(£.1)(0) < ()T QL ()1, (T F)(0) < QF ()T £, () F ().
Since (33) in Proposition [[3 gives

|t 102 n, <2 IO T 116 F £l

we can conclude to (Z39). O

Finally, we provide the following proposition, which is a straightforward consequence of [B, Corollary
35].

Proposition 7.10. Consider angular kernels bg and br satisfying the cutoff assumption (IL2B) and such
that bg vanishes in the vicinity of {—1,1}. Then for any v € (0,1] and f € L%,Y(R3) N L>®(R3), we have

|t || <210 1B, 7.40)
where C,(2,2) is defined by (I32), and for any v € R?,

O, (£./)(w) <4llbrll 17111 1 fllso ). (7.41)

Proof. The only difference with [B, Corollary 35] is that we explicit the constant 4 ||bg||1 in (ZZT) and

that we have added up the two last equations of [, Corollary 35, (7.29)]. The 4 is not explicitly given

in [8, Corollary 35] but can be obtained by noting that the constant is there given by 23 (Cy(00,1) +
R

C,-(1,00)) (where b, and b, are defined there), that one can obtain from (Z32), with
R

3 3=
Cb;(ooal)<22||b;5\|1a Cy- (1,00) <22 |[bg 1,

R

+3
hence allowing to bound the constant by 272 |[br||1. We then conclude as v < 1. O
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7.2.3.2 Estimateson[, ,

In this subsection, we make use of the estimates on Q;“b obtained in the previous subsection as well
as Lemma [ to simply obtain crucial estimates on I, .

Propositions LTT-7T2 and [LT3-7T4 are the analogues to Propositions L8739 and [ZT0 for I, 4,

Proposition 7.11. Consider a bounded angular kernel b € L>°((—1,1)). Then for any v € (0,1] and
0< fe L%W(R3) N L% (R3), we have

[ it dn <2l 17T 10E AR g
Proof. First, notice that applying the Cauchy-Schwarz inequality yields
[ 00 o < IR IO |0 rEurn), 0

Clearly, by Riesz representation theorem,

H<->% ST f)H2 = sup /RS g() Ty o (£, £)F(v) ()2 dv.

llgll2=1
Applying Lemma [4, this gives

X
2

[0F ], = sw [ r@{Qf(0F fa.0)+ 05, 0F fa) fan

llgll2=1

<Ifle s {| Qi@ ra.|, + | et 00}

llgll2=1

where we used Cauchy-Schwarz inequality for the last estimate. Using the gain of integrability prop-
erty (33) in Proposition [, we deduce that

2y

[0 st n], <l sup {200l 02 s 10 15157 .

llglla=1

Using again Cauchy-Schwarz inequality, we obtain

H<'>%fr%b(fvf)H2 <IIfll2 lgsEpl{?)QbHoo H<.>%fH2 lglla ||f||12% Ifllé{?}

Zy ¥ 92y
= 820bleo 17117 | Y3 1] 1057 -

Recalling (IZ43), we then conclude that

2y

LA ranseean < sl 02 o o o], i
R

s [1flloo

The result comes after noticing that

£l < IFIZIAIZ,  1CO2 Fllz < ICYTFIE IFIE
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while || fllx < [[(-)7f]lx and [| fll; < H<'>3%fH2' -

For b satisfying the cutoff assumption (ZZB), we have the following version of Young’s convolution
inequality

Proposition 7.12. Consider v € (0,1], an angular kernel b satisfying the cutoff assumption (LAB) and
f € LY R3)NL>®(R3). Then

[ TR Bl ) @ o < 200 167 1 1) 113 (.44

Proof. We first note that, since |v — v,|7 < (v)7(v,)7, where we recall that (v) = (1 + |v|2)%, we have

L T Tl DI WP do < IR [ Toall7 ) £ 0) ) o
R3 00 R3

(7.45)
— 3y
<A1 oGV f )l oo 116) 2 F13-
As before, thanks to Riesz representation theorem together with Lemma [4, we have
[Bou (177 Dllao = sup [ g0)Toal() 7)o
lglli=1/R3
= swp [ 70 (00,071 + Q) ) o
lglli=1/R3
Clearly, this implies that
[T06(C) 7, H)loe < flle sup (119549, ()Y Hll + 1195, () f.9)lI ) -
0,b ) 0o X oo ol p1 0,6\9> 1 0, y9)l1
gllhi=
We apply Young’s inequality (Z31)) from Proposition I3 with (p,q,r) = (1,1,1) to deduce that
1To,6(C)VFo )| oo < £ lloo ||s‘ﬁlpl(2llblllllgll1 1) F 1) =200l flloo )7 £l
glh=
Combining this estimate with (IZ43) yields ([Z44). O

Proposition 7.13. Consider an angular kernel b satisfying the cutoff assumption (IL2R) and such that b
vanishes in the vicinity of {—1,1}. Then for any v € (0,1] and f € L%(R?’) N L>®(R3), we have for any

v e RS,
P L (7,00 < €12+ G2, ) 1672 111 (0 (1.46)

where Cy(1,2) and Cy(2,1) are defined in (I32).

Proof. For g € L?(R3), writing the L norm in weak form yields

Moso. Sl = sup [ h)Tas(a. f)(0)dv.

Ihll1=1
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Applying Lemma [T4, the above right-hand-side becomes
sup [ 70){Qf,(h.9)(0) + Q.m0 o
[All1=1/R3

which, by a Cauchy-Schwarz argument, is lower than

172 sup (195, (h9)lla+ 195, (g D)

[IRll1=1

We apply Young’s inequality (Z31]) from Proposition I3 respectively with (p,q,r) = (1,2,2) and (p,q,r) =
(2,1,2) to obtain that the above term is lower than

1 £1l2 H:\Fp 1(01)(172) +Cp(2,1)) llgll2 (121,
=

so that
1T0,6(9, )lloo < (Cp(1,2) + Cb(2,1)) [|gll2 | f]]2-

Finally, we recall that, for any (v,v,,0) € R? x R? x §2, we have |v — v.|7 < (v)7(v4)7, so that

Lyp(g. 1)) <Top(()7 9, f)(v) (v)7,

ending the proof, after noticing that # <1 O

s3]

Proposition 7.14. Consider an angular kernel b satisfying the cutoff assumption (ILAR). Then for any
v € (0,1 and f € L}Y(R3) N L (R3), we have for any v € R3,

fv)
[[£lloo

Lo (f; £)(0) < 2[bllu[[ £l f(v) (0) ™ (7.47)
Proof. For g € L'(R3), we showed in the first lines of the proof of the previous proposition that

1059, oo < sup /R @) {Q5,(h9) () + Qg m)(v) | dv.

lIRlli=1

Therefore,

R (1195, (h. )l + 195 9. W) 1) -

We apply Young’s inequality (Z31) from Proposition I3 with (p,q,r) = (1,1,1) to obtain that

To.6(95 f)lloo < 21[bll2 llgll1 [].flloo-

Finally, we recall that, for any (v,v,,0) € R? x R? x S§2, we have |v — v.|7 < (v)7(v4)7, so that

L9, ) (v) <Top(()7g,)(v) (v)7,

ending the proof. O

7.2.3.3 Estimateon Q_,

Lastly, we use a standard lower-bound estimate on the loss operator Q; b
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Proposition 7.15. Consider v € (0,1] and an angular kernel b satisfying the cutoff assumption (IZB).
Then for any 0 < f € Lé (R3), there exists an explicit constant ¢ y > 0 depending on -y and on f only
through its L' and L% norms and an upper-bound on its Lé norm, such that

- 3y
/R3 Q (L 1) F(0) () dv > ey p bl 1) = f13- (7.48)
Proof. First note that the loss operator may be written as, for any v € R?,

QL () = F) bl (f *[-[V)(v).

Then [8, Lemma 8] provides the existence of an explicit ¢, s > 0 depending on <y and on f only through
111, ||f||L% and an upper bound on Hf||L§ such that for any v € R3,

(F*[-1M)(0) Z ey 5 (0)7. (7.49)

Combining those two fact, it then comes that

QL (f ) f(0) ()P dv = ey pllblly | f(v)*(v)*7 do,
RS R3
concluding the proof. O

7.2.4 Derivation of L% bounds

In this subsection, we provide, in Proposition [T8, a uniform-in-time and uniform-in-¢ Lg/ bound
on the solutions to (). We only recall that, according to the results in Appendix B, assuming that
fine LA(R3) N L>®(R3), for any 0 < & < || f1| <!, the unique solution ¢ to (BFD Eq.) is such that

supl| f*(t, )l 11 < Cu3, (7.50)
t=>0

with Cy 3 > 0 explicit and depending only on v, b, ¢, ", E™™ and an upper-bound on || 7| Ll - in
particular, not on €.

We now have all the tools we need to obtain the following proposition.

Proposition 7.16. ( L% bound.) Consider a collision kernel B of the form (ICA) with v € (0,1]. Given an
initial datum 0 < fine LY(R3) N L (R3) there exists an explicit constant C2 -, depending only on vy, b,
o™, u™, E™ and upper-bounds on ||fm||Lé and || f™||oo Such that for any € € (0, | f*||52], the unique
solution f¢ to (L) satisfies
sup || f<(¢)|| 2 < Capy. (7.51)
t>0 v

Proof. For the sake of clarity, since we are working here with fixed ¢ and fixed initial datum, we simply
denote in the following f(t) = f¢(t,-) for any ¢ > 0 as the unique solution to

O f()(v) = Q@ 4 (f (1), F(1))(v), f(t=0)=f"

Using Proposition we get, as pointed out in Remark [Cf together with the definition of @%b (see
Eq. (28)), we deduce that, for any ¢ > 0,

f@t)

0ef (1) < Qyp(f(), F(1) = QT4 (F (), (1)) + mfmb(f(t%f(t)) —Q (1), f(1))-
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Multiplying both sides by f(#)(v) (v)2" and integrating on v € R?, it comes that

f(O)

170 e O FO)@)

53l < [ (oo + L
- QL FO)0) ) FO0) 1) o

In the rest of the proof, we follow the ideas developed in [B, Section 7] (see also [[0]) and split the kernel
binto b = b> +b!, with b € L>°((—1,1)). Since b+ ij and b+ I, 5, are linear applications, we can
split the above right-hand-side as

SO < [ Qe (O.SO)6) 1O ) o (1.52)
+ [ Qa0 FO)0) SO0 (07 do (7.53)

+/Rg ”J;ff))(ﬁ’jo L (F(0), F(0)(0) J(1)(0) ()7 o (7.54)

+ [ (@00 500 0 o 1.55)

- [ @100 00 0?7 do, (1.56)

All of these terms have been studied and bouned from above in Subsection [Z23. Namely:

— Equation (Z3R) in Proposition [ allows to bound from above (I32)
— Equation (39) in Proposition 79 allows to bound from above (I33)
— Equation (IZ42) in Proposition [Tl allows to bound from above (54)
— Equation (IZ44) in Proposition T2 allows to bound from above (33)
— Equation ([Z4R) in Proposition LT3 allows to bound from above (I38).

Putting everything together, (32)- (38) implies

X
2

S SN2 + g I IO F FOIE <1616 |V FOIT 10 E £
+ 24 O F F O I E 5 ot
£3200% IS 10 F PO
L2067 SO 160 E £

‘We observe now that 2% < 2 and, since v € (0, 1],

162 FOl < IO < YT F@ I < 1FOllg =177

since mass and energy are conserved during the evolution, we deduce that

2 . 3y 2 o in 1+2% . Eal 272%
NI + ey B IO F FOIE < 815 oo [ 7227 100 FOI
+4Hb1||1|\fm||L1||<>% ®N3- 7.57)
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We now recall that c., ;(;), coming from Proposition TS only depends on f(t) through [/ f||1, || ]| L
and an upper bound on || f|| L Using now (I30), we conclude to the existence of a constant €, sin > 0

that depends only on y and f, which is explicit and independent of ¢, such that for any ¢ > 0, we have
Cy,f(t) = C,pin. Therefore, (37) may be recast into

1+2J 3~ 2y

T (I (O Ml

A ™ 10 F £

3y
2

F(8)13 < 48016 oo

2dtllf( 72+, ginllbll1 1€

We can choose b>° € L*°((—1,1)) such that

Sy pin l1Bll1

bl = ||b— b
671 = |l 1< 8||fm||

R
For such a choice of 5>, we set 5 A1 = 48 ||fm||LJlr 3 ]|6%°|co and deduce that
2

~ 3y
S ST, + &, DI 10 F S0 <

3
2

1 3y ~2Zr 1
LAOF O + Lo bl 10 F0)13

that is

> >
2 2

SN <A IOF FOI 2400 F 0B, 1.58)

where we denoted Ay := %E%fin |Ib]]1. Notice that A; > 0 and Ay > 0 do not depend on time, nor on ¢.
2
A study of X — A1X2_% — A5 X2 leads to, for any X >0,

3

2y 5
A1X2_2'%7A2X2< 3 3 = | X Iél ,
2= ) a4

The term inside the parentheses on the right-hand side is actually increasing in +, thus can be bounded by
its value at v = 1, and we conclude that for any X > 0,

5
141)(2_%7Ag)(2<i X Al =: As.
T2t 2
A2

Noticing that ||<>37vf(t)||2 > ||f(t)||Lgy, this leads us to

3y
2

d
a\\f(t)llig <Az = A2 ()7 FO)13 <A37A2||f(t)\|%g, Vt20.

A straightforward ODE integration and the fact that f(t =0) = f inthen yields, for any ¢ > 0,

A
1013 < max (177125, 52)-
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We conclude by taking the supremum in time. Finally, note that || f® ||2 2 is bounded by || fi* ||L§ 17"l oos

and 3 is explicit and depends only on ~, b and ™ through its L' and L norms and an upper-bound on
its L norm in particular, not on €. O

7.2.5 Conclusion to the proof of Theorem 7.3

We assume that the assumptions of Theorem [3 are in force and adopt the notations introduced
therein. We provide in this subsection the conclusion of the proof of this Theorem. As in the proof of
Proposition [ITA, we denote in the following f(t) = f¢(t,-) for any ¢ > 0 to avoid ambiguity and for
clarity, and we have for any v € R3,

£(t)(v)
17Ol ™

Following the ideas of [B, Subsection 7.3], we split b = bg + br with bg vanishing in the vicinity of
{-1,1}. Since ij' , and I, ;, depend linearly on the kernel b, we observe that, for any (¢,v) € R4 x R3,

e f(t)(v) < QT (F(1), f(£))(v) + b(f(8), F(1))(v) = Q7 (f(8), f(#))(v), =0

DL (1)(0) + Q. (F(0), F()(0) < OF,_(F(0), F(B)() + QF,_(F(8), F())(v)
ﬂﬁﬁ”ﬂﬁ@ﬂm@ 759

J;((t))(|“) T, (1), F(1))(0).

Here again, all the above terms have been studied and estimated in Subsection 273. Namely, Equa-
tion (IZ40) in Proposition 10 allows to bound Q;r bs from above, Equation (IZ&1) in Proposition [10

allows to estimate Q;r bR while ((C28) and (ICZ7) provide the estimates for I, 5, and I, . respectively.
Finally, Q; , is bounded from below thanks to (Z49). With all these estimates, (39) becomes

+

Of () (V) + x50y bl F(E)(0) (0)7 < Cog (2,2) [ F ()17
+4[brll1F Ol 1 B)lloo (v)
+ (Cog(1,2) + Cog (2,1)) ()7 1F ()l 22 £ (2)]2
+2brll[LF @ L2 F(E)(0) ()7

As already explained in the lines following (LX17), there exists an explicit E’y, #in > 0 depending only on
and f in guch that for any ¢t > 0, Cy f(t) 2 ACV% fin- Moreover we have for any ¢ > 0 that

LA < IOl g2 <@l =17 13-

Moreover remarking that || f(¢)[|2 < || f(¢ )HL%, F@®) W) < ||f(t)]loo and 1 < (v)7, we then obtain

S (t0) < (Cg(2,2) + Chg (1,2) + Cog (2,1)) I F ()73 (v)
+ /[l Ly 1 (@)l (0) = € pin [1Bll1 £ (1) (0) (0).
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We now apply Proposition [ZT8, providing the uniform-in-time L% bound
sup||f(t)]|%. < C3
supll7(0)1F; < G,

We choose the kernel bg close enough (in the L! sense) to b, to ensure that

E in b”
gin (101
bRl < 2

1277,

In this event, we obtain that for any (¢,v) € Ry x R3 we have

0uf (t,0) < A1 ()" + A | £ (1) lloo (v)" — 242 f(£)(v) ()7,

where 1
Al = (Cyg(2,2) + Cyg (1,2) + Cpg (2,1)) C5,  and A2:§E%fin||b||1

are explicit and depend only on v, b and f™ through its L' and L% norms and upper-bounds on its L% and
L norms - in particular, neither on time ¢ nor on . Fixing ¢ > 0, we then have for any s € [0, ] that, at
fixed v € R3,

05 (s,0) +242 f(5,0) ()7 < (A1 + A2_sup [[f(t)]oo)(v)"-

Multiplying the above inequation by e242 ®)7s and integrating for s € [0,¢], while keeping v fixed,

yields, as the right-hand-side does not depend on s,

/
Fto) < frye e @ty (AL L Gy py ) (- ezt
24 ' 20

In particular,

A/
flt0) < max<||fm|oo, AT >|oo>.

As a consequence

/ mn AI ]‘
sup ||f(t)||00\max<||f oo 5= .3 e Hf( )|oo>,

o<t/ <t 29

and, since supg<y < [|f (') [loo < e~! < +oo, we easily deduce the bound

in A
sup | £(t')]|oo < max (f oo A;)

o<t/ <t

Theorem [I3 follows as the right-hand side does not depend on time ¢, and 1s explicit and depends only

on 7, b and fI" through its L' and L} norms and upper-bounds on its L3 and L norms - in particular,
not on .
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7.3 Explicit rate of convergence to equilibrium: proof of Theorem 7.4

To deduce from the above result the proof of Theorem [I4, it remains to obtain some suitable condi-
tions on the initial datum ™ ensuring that the solution f¢ to (ZI) belongs to the class C. as described
in the introduction. In particular, we first need to prove the existence of pointwise lower bounds of expo-
nential type. This is the object of the next section which, once again, fully exploits known results for the
classical Boltzmann equation as well as a comparison principle between Q% and Qp,

7.3.1 Maxwellian pointwise lower bound

The following Proposition [I17 is the equivalent to [T43, Theorem 1.1] for the fermionic case, the
latter being stated for the classical Boltzmann equation.

Proposition 7.17. Consider the assumptions of Theorem [3 along with the same notations. Then for
any ko € (0,1), € € (0,(1 — ko)Cxl] and positive time to > 0, there exist two positive constants Ko and
Ag depending only on to, ko, 7y, b and f™ only through its L* and L% norms and an upper bound on its
entropy, such that the solution f¢ to (L) is such that, for all t > t,

Fe(t,v) = Kge ol v e RS, (7.60)
Remark 7.8. We insist on the fact that, as in the previous results, the positive constants K, Ag in (IL60)
do not depend on .

Proof. We do not provide a full proof of this result since it is, actually, exactly the same proof as the one
valid for the classical Boltzmann equation. Indeed, the key point here is that the solution f¢ satisfies

Oufe(1,0) > K3 Q1 (F2 (1), (D) (0) — Q5 (SO, (0)(v)  W(t,o) €Rp xBE.  (761)

This is easily seen recalling the splittings (-244)—([_25H) and observing that, under the assumption kg <
1—¢ef <1, it holds

QN () 2 meQF (£ ), QT (f, 1) < Q,(f. 1)

Since 0 f° = Qi’; £, f)— Qf/,;( f,f), we deduce readily from Corollary [I2 that € satisfies (IZ6).
With this, one sees that f€ is a “supersolution” (in the sense of (Z61))) of an equation very similar to the
classical Boltzmann equation, the only difference being that the Q+b operator is multiplied by m%. This
allows to resume the whole proof of [[[43, Theorem 1.1] (the fact that we are dealing with “supersolution”
and not solution to (&) plays no role since we consider lower bounds for f¢). We notice that, although
the conservation of mass and energy and the decrease of the entropy are not embedded in (IZ&1), they do
hold as f¢ solves () and this allows to copycat the proof of [[43, Theorem 1.1]. O

7.3.2 Conclusion to the proof of Theorem 7.4

In this last Subsection, we provide the core of the proof of Theorem [I4 and conclude. We recall
that we assume here that B is a collision kernel of the form () with y € (0, 1] and an angular kernel b
satisfying the cutoff assumption (ZZH). We fix an initial datum 0 < fi* € Lé (R3) N L>®(R3).

According to Theorem I3 (more precisely Corollary [I2), there is an explicit Co, > 0 such that for
any g € (0,1) and € € (0,(1— ko) Cx!], the associated solution f¢ to (ZT) with f¢(t = 0) = fI™ is such
that

1—ef%(t,v) > ko (t,v) € Ry x R3. (7.62)
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From now on, we fix kg and ¢ such that (Z262) holds true and denote for simplicity f(t) = f°(¢,).

We arbitrarily choose a positive time ¢g > 0 (one could for instance take ¢g = 1). Using the result of [[23,
Theorem 2. (I)]z we deduce that, for any s > 2, there exists an explicit constant Cy s > 0 (depending on
s, By || ™1, HmeL% and tp but not ¢) such that

sup || f ()l 1 < Cus. (7.63)
t>to )
Moreover, a simple interpolation together with Theorem [ yields

1

I S P &
Sgg”f(t)ﬂp <P C® Vp>1 (7.64)
(24

Moreover, we recall the notation (it is not a norm), for any measurable h : R3 — R4 and s >0,
It = [ (0)° h(o) llogh(o)] do

When h € LL, | (R¥) N L>(R3), the above can be bounded as follows,

I, < 108 (lblloc) Wil + Wil + [ e (0} do
Therefore, combining the above (with h = f(¢)) with (ZZ63) and the L> bound on f, it holds that

Sup [|f (1)l 11051, < 1087 (Coc) s+ Crs + / et d, (7.65)
t=>to R

Equations ([84) and ([63) can be reformulated as the fact that, for all p > 1 and s > 0, there exist
explicit C, > 0 and ClsOg > 0 such that

sup [ f()lp <Cp,  and  sup [ f(t)ll1110g7 < CE- (7.66)

t>to t>to

In particular, both C,, and C}gog only depend on ~, b and f® through its L' and L% norms and upper-
bounds on its L%) and L> norms, and respectively on p and s. Moreover, from Proposition [T, there
exist K > 0 and Ay > 0 depending only on tg, sq, v, b and f* through its L' and L% norms and an

upper bound on its entropy, such that for any (¢,v) € [t, +00) x R3, we have
F(t,v) = Kge ol (7.67)

Let us now define, for any ¢ > 0

f(t)
t) = t) = ——-":1—.
Since, forany t € Ry, 0< f(t) € L3(R3) and 1 — ef > ko, we also have 0 < g(t) € L(R3), as well
as, from ([L62)—(Z6AH), that for any p > 1 and s > 0, it holds that

sup g(t)lp < k5" Cp,  and  sup [lg(t)l|110s s < Kg CE+ g Hog(kg ') Crs. (7.68)

t>tg t>to
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Moreover, since g > f, Equation (Z61) implies

g(t,v) > Koe 0P wi >4, veR3.

We are now able to apply the functional inequality in Theorem 2 to the function g(t), for ¢ > to, which,
with the choices

4
b_ =0, B+ =7, p=3, s=4+ —, and g =2 sothata=1+",
Y
provides the existence of a positive constant Ag > 0 such that
14y
Zo(g(t)) > Ao Ho (9| M) . (7.69)

We point out that the positive constant A can be defined as Ag = inf;>, A(t) where, according to
Theorem [, A (¢) is depending on Ag, Ky, upper and lower bounds to ||g(¢)||1 and ||g(?)| Ll and upper

bounds to ||g(t)]|s, ||g(t)||L1+2 and [|g(¢)[| 1116 - This shows in particular that the positive constant Ao
depends only on tg, o™, u'®, E™, kg, Ko, Ag, C3, C8 and Ci 542
We now apply Proposition [ to get that
H(F (MDY <Ho (9| MEY)  and - 2.(F(1) > K3 Fo (9(1))

which, combined with (Z89) yields

P-(f(1)) > g Ao H(f ()| ML)+, (7.70)
Now notice that for any ¢ > 0, we have, since f solves (BFD Eq.),

MO = ml"

According to the entropy identity (Z2) (see Theorem [L8), for all ¢ > 0, we have

d
dt

d

He(FOI ML) = ZHF() = ~Ze(£(1)).

In particular, according to (_Z0),

d in in
G HFOIMIT) < —w§ AH(FOIMIT)T et

Integrating this inequality on the interval [to,¢] and using, as the entropy decreases with time, that
He (F(to)| ML) <He (ML),

we easily deduce that

1

HS(O)IME) < (M ME) T 4 amb Ao (b= t0)) 7, W= to.

Finally, using again that the mapping ¢t — H(f(t) \Mf“) is nonincreasing, we deduce that for all ¢ > 0,
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it holds that A )
He(F(B)MIT) KB (14 (t—to)1) 7,

with
: in _1
B = max (’Hg(fm|/\/l£ ),(’méAO) v) }

1
The latter then implies (22) for all € € (0, (1 — xo) Cxl], with Cy = (1419)~ B.
While for (ZZ22), one could take £ = (1 — xo) C3!, we choose for the following
£ = min ((1 —r0)C, siat> ,

where 5Iat is defined in Lemma in Appendix [ZQ, is explicit and (as we apply the lemma to f = fi*)
depends only on o™ an E'™ (it is approximately 0.06 £gat).

We finally show (ZZ23) for all € € (0,£™]. We make use of the weighted P Cszisar-Kullback-Pinsker
inequality recalled in Proposition 19 in Appendix B, with p = 1 and @ = (-)* for some k > 0, giving

for any ¢ > 0, as MI® = Mﬁfin,

| £ —mL"

2 in
< 2max (HM;
Ly,

o 10l ) e (s,

; T
Since € < g4,

Lemma 20 in Appendix [0 provides the existence of C 4 1 2%, explicit and depending
only on o™ and E™ (in particular, not on ) such that H/\/lg " I i, S C .12k Then, letting
2 Iy

Cuap= \/QmaX (Cat1,2 - C12) Cot, (7.71)

we obtain, using the proven (L.22),

[HOENS

_ L
I < C'H,l,k (1+t) 27, (7.72)

k
Finally, let p > 1. As

1-1 1
g p
-l < - lloo ™ II- ||L;17k,

and since, as € < €T

sat» Lemma in Appendix [0 provides the existence of Cay o, explicit and

depending only on o™ and E'™™ (in particular, not on ) such that ||./\/lg " loo < C M, 00, We deduce (23)
from (_2), with

11 1
Copr =max (Cagoos Coo) P Cop1pk?s

where we used the fact that || f(¢) — ML ||eo < max (||M£i“||oo, I f(t)Hoo), which holds as both f(t)

in
and ./\/lg are nonnegative.

Since every presented constant is explicit and depends only (at most) on 7, b, o', u'®, E'™ and upper-
bounds to || || ;1 and || f™||s0, in particular not on ¢, the proof of Theorem [Z4 is complete.
3
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7.A  More physically relevant models

We briefly discuss here the possibility of recovering the results established in the core of the text
when dealing with more realistic collision kernels. We begin with briefly recalling some facts about such
physically relevant kernels.

7.A.1 Quantum collision kernels

While collision kernels B are fully explicit for classical particles, the situation is much more involved
for quantum (pseudo)-particles. In this case, (BFD Eq.) has been derived from the Schrédinger equation
in the weak-coupling regime and the derived kernel B takes the form

() -3(m ()

and where (;AS is the (generalized) Fourier transform of the particle interaction potential ¢ = ¢(|z|), z € R3.
As in [TY], we make the general assumption on B:

B(v,v.,0) = |2| F(

Z =1 — Uy, cOsl = |—Z|-o’, (7.73)
z

Assumption 7.1. The collision kernel B(v,vs,0) = B(|v — vi|,0) = B(|v — v4|,cos0) is assumed to be
such that
|2|7 @y (]2]) bs(cosB) < B(|z|,co80) = B(v,vs,0) < (1+ |z])7b*(cosh)

for v € (0,1] and some Borel even functions b (-),b*() defined on (—1,1) and a Borel function ®, :
R4+ — Ry such that

0 < by(cosf) < b*(cosh), 6¢e (—m,m); / b*(cosf)sinfdfh < co (7.74)
0
and
D (r)>0 vr >0, inf . (r) =1, sup®D.(r) < co. (7.75)
r>1 r>0

Example 7.1. It has been observed in [[[1Y9, Appendix A] that, for potential interactions of the type
o(x) = |z|7%, 0<a<3
the kernel B defined by (IL”3) is such that
B(z,0) = |z|"b(cos), y=2a-5

with
2 -
b(cost) = Cq ((1—0089)_6—(1+C039)B> , B = 3Ta

for some positive constant C. One can check that b actually meets the cutoff assumption (LZR). In
particular, it satisfies Assumption [l as soon as o € (%,3) . Notice that such a kernel is of the form of
kernels studied in the core of our work here.

Example 7.2. Choosing a potential of the form

¢<\x|>=#(ﬁ> /0 Gt<|x>tﬂlexp(—§)dt, reRh  0<p<t
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where T'(-) is the Gamma function and Gy(|z|) is the heat kernel

[

Gy(jal) = <2mf>-3exp< a

) ., zeR3t>0
one can check that B defined by (IL_3) is such that

By 2
?] ‘25 <(1_a(|z|)0059)_ﬂ—(1-|—ot(|z\)cos€)5)27 a(|z]) = ||

B(z,0) = — 121 B
(=9) = G R R

It has been then observed in [[19] that B satisfies then Assumptions D with v =1 — 44 € (0,1],

272

26+2
1+7"2> ) by (cosf) = cgcos? 0, b*(cosf) = Cgcos? 6 sin=*7(0)

D (r)= (

Sfor some positive constants Cg,cg > 0.

Example 7.3. A general subclass of kernels B satisfying Assumptions [l has been considered in [I[60]
and corresponds to the choice v =1 and

’r’ﬂ
CD*(T):21+T@7 B =0,
and 1
by (cosB) > 51)0 >0, b*(cosf) < by < oo.
This means in particular that
v — v, !

S < B(v,0,0) <bifo v,
"1 o—app < Peme) il

7.A.2 Main mathematical changes induced by quantum collision kernels

For simplicity of presentation, let us assume that the collision kernel is of a type generalizing the
above example and assume that there exist by > by > 0 and 7,3 € (0,1) with v+ § € (0,1) such that

—ul™ g <bilv—v]? ER3 x R? x §2 (1.76
om\ (0,04,0) < by|v —vi|7, V, Vs, O . .76)
We briefly explain here what should be the main changes/obstacles for the derivation of the results ob-
tained in the core of the paper for kernels of the type (IZ4).

Notice that, for such collision kernels, as pointed out already in [IT1Y], the construction and properties
of solutions as described in the above Appendix are easy to adapt (see the discussion hereafter).

We can check without too much difficulty that the whole set of results in Section [I2 are still valid
under the above assumption ([76) culminating in the following version of Theorem [I3

Theorem 7.5. Let v € (0,1] and B > 0 and let B be a collision kernel satisfying (I_IB) with by > by > 0.
For any 0 < fi" € LY(R3) N L>=(R3), there exists an explicit Coo(B) > 0, depending only on B and
™ only through its L' and L% norms and upper-bounds on its L*>° and Lzl,, norms, such that for any
£ € (0, f ™|, the unique solution f¢ to (TX) associated to ¢, the collision kernel defined by (I3) and
initial datum f™ satisfies

sup|| f*(t)[[oc < Coo(B).

>0
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Indeed, the representation formula for QE allows again to define I'p as in (IL28) and, as in Section [[2,
we can define

G 1/1(g.h) := Qs (g.h) + ”JfrB<g,h>,

and Qp|[f](g,h) := éjg, [f1(g,h) — Q5(g,h). With this, Proposition I3 and Lemma [Z4 still hold with
obvious change of notations. Since the results in Section [ are obtained through estimates involving
somehow the weak form of Q7;, one checks easily that Proposition -2 (with ||b||« replaced with by) can
be deduced from Prop. 3. All the results, up to Prop. 14 remain then valid. The only change to be
made lies in the proof of Proposition LT3 but the proof of [, Lemma 4] can be adapted to deduce the
same result. All these results would yield Theorem [I3.

Of course, the results recalled in the Introduction regarding the entropy production and entropy esti-
mates remain valid for this class of collision kernel. The only result which does not seem to be directly
deduced from existing results is the one in Section [31l. Typically, it would be very interesting to check
whether Proposition [ZT7 (or a variant of it) still holds for collision kernels satisfying (_Zd). Notice that
the obstacle has nothing to do here with the quantum nature of the Boltzmann operator and one should
rather check if the classical Boltzmann operator Q;g, is satisfying the estimates derived in the original

proof of [I43]. It seems to us that the key point to be checked is the spreading properties of the collision
rator QF, when B( )—bM
operator Q5 whe V,0%,0) = bo g, = E

such that

namely, can we still prove that there exist n > 0,7 > 1

QE(18(00750) J ]13(00,50)) 2 N1LB(wg,ré0)

holds true for any 8o > 0, vg € R3 ? Here above, B(v,d) denotes the closed ball of R? centered at v € R3
with radius § > 0. Such a result, obtained usually through the Carleman representation of the gain part
operator, allows to initiate the iterative procedure yielding the derivation of pointwise bounds. To keep
the paper simple enough, we did not elaborate on this point but are confident that Proposition T3 is
still true for general kernels B of the form (IZ8). If this were the case, which is highly expected as,
on a finite ball, the kernel B behaves like |[v — v*|7+5 , for which we know the result holds, it would be
straightforward then to resume the proof derived in Section 372 and obtain an analogue of Theorem [4.

7.B  Known results about (BFD Eq.) and the Fermi-Dirac entropy

We collect in this section some knwon facts about (BFD Eq.) obtained in [I273, 124] as well as some

, L

recent results regarding the relative Fermi-Dirac entropy obtained by the first author.

7.B.1 Cauchy problem and moment estimates

We briefly recall here the notion of solutions we consider in the present paper, the Cauchy result
established in [[23] as well as moment estimates.

We adopt the following framework and recall here that we always assume B to be a collision kernel
satisfying (I4).

Definition 7.2. Let ¢ > 0 and 0 < ™ € LL(R3) satisfying 1 — ef™ > 0. We say that a Lebesgue
measurable function

I [0,00) xRZ = [0,671)

such that sup;> || f () ||L% < o0 is a weak solution to (BFD Eq.) if there is A € R3 with zero Lebesgue
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measure such that
T
/ dt/ B(v,v*,U)Gi(t,v,v*,U)dv*da<oo, V0 < T < oo, Yo e R3\ A
0 R3xS2

where

G+(t,’l},1j*,0') = [f/fa/:(l _Ef)(l - Ef*)] ) Gi(tavvvwon) = [ff*(l - Ef,>(1 - Efai)]
and .
fE(t,0) = f(v) +/ Q% (f5, f%)(r,v)dr, t>0.
0
For that class of solutions, existence of solutions have been established in [K0, Theorem 1] and stabil-
ity, uniqueness of solutions as well as the entropy identity have been established in [IT23, 124]]:

Theorem 7.6. Given e > 0and 0 < fi" € L3(R3) satisfying 1 — efin > 0, there exists a unique solution
€ = fé(t,v) to (IA) in the sense of Definition ZA. Moreover, such a solution satisfies the entropy identity

) t
Ho(f5(8) = He(f™) — /0 7. (f5(r)dr, Vi .77)

We also recall that moments are created for solutions to ([Zl) associated to a collision kernel of the
form (IZ4) where we recall that v € (0,1] :

Proposition 7.18. Given ¢ > 0 and 0 < fi" € L§(R3) satisfying 1 — e fi" > 0, let f¢ = f(t,v) be the
unique conservative solution to (L) in the sense of Definition 2. For any s > 2, one has

s—2

>
} , vt >0

al

e e

where a1 > 0,a2 > 0 are constants depending only on B,

0, ||fin||L% and not on €. Moreover, given
s > 2, there exists Cp(f™) > 0 depending only on B, || f™||1, ||fm||L% and Hfin”Lg but not on ¢ such

that

sup | f*(t)l| 2 < Cp(f™). (7.78)
t=0

Remark 7.9. Such a result is a simple consequence of [[23, Theorem 2. (I)] where the creation of an
Li bound has been derived. We point out that,if one assumes the initial datum f™ Lé (R3), then the
uniform-in-time bound provided in ((C'IR) can be easily deduced from the equation just preceeding [II73,
proof of Thorem 2, Equation (3.8)], which has a similar form as (L3R), and easily provides a short-time
bound that satisfies the above-mentioned properties.

Remark 7.10. As explained in the Introduction of [[19], the above properties (existence, uniqueness,
moment estimates and entropy dissipation) of solutions to (L), obtained for collision kernel of the form
(ZA) are easily extended to more general — and physically relevant — interaction kernels of the form
described in Section [A. We refer to [LT9] as well as [I[1)5] for more details about this question.

7.B.2 Csiszar-Kullback-Pinsker inequalities

We here state a recent improvement of the usual Csiszdr-Kullback-Pinsker inequality (CKP inequal-
ity). We only recall here that the usual, original CKP inequality asserts that

=M} < 207040 (£1000)
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for any f € L% (R3) where ./\/l{; is the Maxwellian state with the same mass, momentum and energy as f.
Such a result has been extended recently by the first author and generalized to Fermi-Dirac relative
entropy yielding the following weighted LP-version of the CKP inequality

Proposition 7.19. For any ¢ > 0 and 0 < f € LI(R?)\ {0} satisfying (TI0) and such that 1 —cf >0
andrg > % we have

If = MET, <8I Mell g He (£ M)

and, for any weight function w : R3 — R, and any p € [1,2], it holds

Hw (f*M,!)Hi < 2max <Hw2/\4£ = wa”Qpp) 1 (f|M§),

where M{ is the Fermi-Dirac distribution associated to f.

Remark 7.11. Recall that, as observed in the Introduction, the assumption rp > % is equivalent to
€ < €sat Where egyt is defined in (L) and this implies that f = F. where F. is the saturated steady
state defined in (ILC9), and the existence of M&f . Of course, in the above result, for p = 2, we adopt the
convention || - ”ﬁ =" lloo-

7.C Explicit and uniform-in-c bounds for Fermi-Dirac statistics

In this last Appendix section, we provide, in the following Lemma [Z20, explicit uniform-in-¢ bounds
on the L°° and L}g, k > 0, norms of the Fermi-Dirac Statistics.

Lemma 7.20. Consider a nonnegative f € L% (R3), which density, average velocity and temperature we
denote respectively by o, u and E. We let

$ 5 3 .5 3 1.3
Egqt 1= 22-32-572-m29 " E2.

Then there exist Cpq,o00 > 0 and, Cpq1 1 > 0, for any k > 0, which are explicit and depend only on o, u
and E, such that for any € € (0, E;rat], we have

IML]loo € Cpto0s (1.79)

and, for any k > 0,
IME]lpy < Caaae (7.80)

. . 1 .5 1
Notice in particular that siat =23.32-5%. 13 g5 ~ 0.06 £gat.

Proof. For the sake of simplicity, we prove the lemma with the extra assumption v = 0 and briefly discuss
the case u = 0 at the end of the proof. Let us recall the notation, for any v € R3,

ea5+b5\v|2
ML (v)

14 eeastbelvl?

2
E 1 /3ep)\3
= T = = J— .

as well as
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It is proven in [B6, Proposition 18] that for any & € (0,54t ), as soon as

1
4\3 /5\3
TR 2> rT, rfi= () () , (7.81)
T 3
we have )
et < 2 (TE)—%
e - | — .
3\t
The above can be reformulated as ,
2 .3 3 (30
Qag < - T2 E ) _<=
€ 3 " (471') ’
which, by direct computation, gives in particular
et < pE3. (7.82)
We notice that, letting
1 5 3 __5 3 _1..3
=22.32.5 2.2 E2’ (783)

Esat =
the condition (LX) is equivalent to assuming € € (O,elat]. In this event, we have proven (”9) with
3 .
Cm,00 = 0E" 2, since
1M ||oo < €%,

Moving on to the proof of (LX), and still assuming ¢ € (0,52at], we have by definition, for any k > 0,

MUy = [ ML) e,

so that
[ML]|;1 < e“f/ eb=lvl® (1)F dy. (7.84)
k R3

Passing to spherical coordinates v € R3\ {0} — (r,0) € R% x S? and then performing the change of

variables 7 € RY +— x = \/—b.r € R} (recall that b. is negative), we get

e~ 22(1+22)3 du, (7.85)

3 . -1
Mgy < 1821 (el minr o)~ [
+

2
where we used the fact that 1 + (\/fT) < min(1, |be]) 7 (14 22). Letting

0 _3
CM,L]{::Q‘E 247 =
+

which is explicit and has the same properties as C ., Equation (IL&3) yields, as we just proved e <

(7.86)

e 22(1+ x2)§ dz,

0B~ 3,
3 .
M1y < e (162 min(1, [b))")

Let us now provide an explicit lower bound for |b.|. We follow a similar reasoning to the one of [36,
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proof of Proposition 18] It is proven in [T23, proof of Proposition 3] that, letting

Is(7) ::/ Tiﬁdr, P(r):= .[4(’7')]2(’7')75/3, TeRY,
o l+7e

. .. . 25/3
the function P is increasing from R’j_ to (%, +oo), and we have

2
€\2/3 1 30F 47 1 3
— P = — be=— — I . 7.87
(471’) <5ea5> 95/37 e <EQ 2(56‘15)) ( )
3
As by definition of P, I(7) = (’;((:)) ) ® for any 7 > 0, we deduce that, using both equations in ((ZX1),

3\ 3
4 1 £\2/3 g°/3 | ®
A E T ERYEN i
€0 gede 4 30F

which, raised to the power §, rewrites

5 47 1
|be|2 = (369E> Iy (56“5> . (7.88)

we have for any 7 > 0 that

where the constant on the right-hand-side was computed from %1" (%) , with I standing (here only) for the
Gamma function. It thus comes that

Qg
I 1 > 3 ce .
gefe 8/ 1+ eete
Since ¢ < eT

sat» W€ can again make use of the result of [36, Proposition 18] (as, with their notation,

v/~% > 1) to obtain that

2
ge < 3’

implying 1 +ee® <1+ % = %, so that, also recalling (L¥R), we have

5 a7 9
P ) el :
ool > (39E) 8 By (7:59)

The last part of the proof consists in proving a lower bound for e*s. We use a similar reasoning as
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previously. As it holds for any > 0 and 7 > 0 that
e 1 e’
> >
T T l47e? T 147

we deduce that, for any 7 > 0,

1—&—7" W%

_s
where the constant on the right-hand-side comes from 4T (3) (3T (3)) 3. Setting 7 = (ce%)~! in the
previous inequality, and using (L84), we obtain

30E [(4n\*? _ (ee%)"F 3.23
> . % .

o3\ e T l4eete

Again, since 1+ e < g, we thus have obtained, for any € € (0,5Iat],

3
3 2
ot > (w) 02,

Defining finally
—1 3
Clevk :C.(/)\/llk (b% mln(Lb)k) ) b= 2 E_l’
Y 1075
this concludes the proof of ([ZX0). O
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CONTRIBUTIONS AUTOUR DE L’EQUATION DE BOLTZMANN ET CERTAINES DE SES VARIANTES
Résumé

Nous étudions certaines variantes de 1’équation de Boltzmann, cette derniere décrivant via une approche classique les
gaz raréfiés simples et monoatomiques a 1’échelle mésoscopique. Dans un premier temps, nous proposons un cadre
général de modélisation de Boltzmann des gaz polyatomiques, englobant une large classe de modeles pré-existants
et permettant d’en construire de nouveaux. D’abord présenté pour un gaz simple, ce cadre est ensuite étendu aux
mélanges gazeux, pour lesquels on autorise des réactions chimiques binaires. Dans un deuxiéme temps, nous nous
intéressons a un type de gaz polyatomique singulier, au sein duquel les collisions sont résonantes. Nous prouvons une
propriété de compacité pour I’opérateur linéarisé li€ a ce modele. Afin de rendre plus flexible le cadre résonant, nous
proposons ensuite un formalisme de Boltzmann pour des collisions quasi-résonantes, étudions ses propriétés-clés et
menons des expériences numériques pour étayer notre compréhension de celles-ci. Enfin, dans un troisieme temps,
nous nous tournons vers une équation de Boltzmann incluant le principe d’exclusion de Pauli, utile notamment pour
la description de la distribution d’électrons dans les semi-conducteurs. Nous développons une méthode permettant de
transférer certaines inégalités fonctionnelles, liées a 1’entropie, connues dans le cas classique, vers ce cas quantique.
Par suite, grace a I’obtention de ces nouvelles inégalités, nous obtenons un taux explicite de relaxation a 1’équilibre
pour les solutions de I’équation de Boltzmann-Fermi-Dirac homogene pour les potentiels durs avec cut-off.

Mots clés : théorie cinétique, équation de Boltzmann, gaz polyatomiques, collisions résonantes, méthodes entro-
piques, équation de Nordheim, équation de Boltzmann-Fermi-Dirac

Abstract

We study some variants of the Boltzmann equation, the latter describing, via a classical approach, single and
monatomic rarefied gases at the mesoscopic scale. First, we propose a general framework for Boltzmann modelling
of polyatomic gases, encompassing a wide class of pre-existing models and allowing to build new ones. Primarily
presented for a single gas, the framework is then extended to mixtures, within which we allow binary chemical reac-
tions. Second, we focus on a singular type of polyatomic gas, the molecules of which undergo resonant collisions,
and prove a compactness property of the linearized operator related to this model. In order to make the latter resonant
framework more flexible, we then propose a Boltzmann formalism with quasi-resonant collisions, study its key prop-
erties and conduct numerical experiences to support our understanding of them. Third, we turn our attention towards
a Boltzmann equation which includes Pauli’s exclusion principle, notably used in the study of electron distributions in
semi-conductors. We develop a method that allows to transfer some functional inequalities, related to entropy, which
are known in the classical case, to this quantum case. As a consequence, we use these new inequalities to obtain
an explicit rate of relaxation to equilibrium for solutions to the homogeneous Boltzmann-Fermi-Dirac equation with
cut-off hard potentials.

Keywords: kinetic theory, Boltzmann equation, polyatomic gases, resonant collisions, entropy methods, Nordheim
equation, Boltzmann-Fermi-Dirac equation
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