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Introduction

In this thesis, we present the work done towards building a highly efficient single microwave photon
detector. Photon detection has been a fruitful area of research ever since the discovery of pho-
toelectric effect in the late nineteenth century. Over one hundred years of improvement has lead
to developments in numerous different areas, including biomedical imaging, scattering experiments
and single molecule detection. Especially, optical photon detectors are indispensable tools in various
quantum technologies and applications, from fundamental tests of quantum mechanics, to quantum
communication and computation. The first optical photon detectors were based on photomultiplier
tubes [1]. In these devices, a single electron expelled from a photocathode due to photoelectric
effect, is multiplied through secondary emission, resulting in measurable current. Over time, the
photomultiplier tubes have been replaced by solid-state detectors, such as avalanche photodiodes
[2] due to better quantum efficiency, especially at infrared wavelengths, culminating in detectors
sensitive enough to detect single photons — single-photon avalanche diodes [3, 4, 5]. SPADs are
semiconductor based devices that rely on reversely biased p-n junctions. The bias voltage is greater
than the junction breakdown voltage. Thus, even a single charge carrier entering the junction de-
pletion layer can trigger an avalanche effect leading to a sustained macroscopic current. However,
the energy of the photons that can be detected using these detectors is fundamentally limited by
the value of the semiconducting gap, which is 1.1 eV for silicon, corresponding to the wavelength of
1100 nm, or the frequency of 300THz, although narrower gap semiconductors such as HgCdTe are
used for infrared photon detection [6].

A possible way to extend the detection range of photon detectors is to substitute the semicon-
ductors with superconductors, as the superconducting gap of a material such as aluminium is 104

times smaller than a typical semiconductor gap. Many single photon detectors, such as transition
edge sensors [7], or tunnel junction based optical photon detectors [8] are based on superconduc-
tors. The most widely used superconducting detectors are the nanowire single photon detectors
[9, 10], and microwave kinetic inductance detectors [11]. In SNSPDs, the absorbed photon breaks
the Cooper pairs, and creates local normal state hotspots in the nanowire. These hotspots are then
identified by measuring the voltage drop across the nanowire. The SNSPDs are characterized by
low dark counts, quantum efficiency close to unity, and an excellent time resolution [12].

On the other hand, the MKIDs rely on monitoring the resonance frequency of a microwave
cavity. When the incident photons of energy ℏω > 2∆ are absorbed by the resonator, they break
the Cooper pairs, leading to changes in the kinetic inductance of the resonator, and its impedance.
These changes are then reflected in the resonance frequency and width. In addition to their high
quantum efficiency, and low dark counts, the main advantage of MKIDs is their scalability, and they
are widely used in astronomy from optical and near-IR range [13], down to millimeter wavelengths
[14].

What is common for all these superconducting photon detectors is that they rely on the energy
of the detected photon to overcome the superconducting gap ∆. Thus, the energy of detected
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photons is determined by the material used to fabricate the device. Frequency range of these
detectors typically starts at 100GHz, and extends up to several THz, but practical continuous
single microwave photon detectors, in the 1 - 30GHz range, are still lacking. Extending the same
detection principle to the microwave frequency range fails due to absence of materials with gap
corresponding to microwave photons, which carry 105 times less energy compared to visible ones.
However, an efficient microwave detector would be of substantial utility in microwave quantum
optics [15], quantum cryptography [16], sensing [17, 18], and axion search [19, 20, 21]. Therefore,
the fabrication of microwave photon detectors remains an intense area of research. There have been
several recent efforts exploiting superconducting quantum circuits [22] in different ways — whether
by entangling the microwave photon with a qubit [23, 24], utilizing quantum criticality [25] or a
Josephson mixer [26, 27].

In this work, we build on the idea of a microwave photon detector based on the photoelectric
effect. Rather than relying solely on the energy of the incident photon to break the Cooper pairs
in a superconductor, our detector is based on photo-assisted tunneling through a superconducting
tunnel junction biased just below the superconducting gap. Thus, the difference in energy between
the microwave photon, and the gap, is provided by the voltage source. Due to their nonlinearity,
superconducting tunnel junctions, or Josephson junctions, have been an essential component of
superconducting quantum circuits since the inception of the field [28]. Examples of devices built
using Josephson junctions include qubits such as transmons [29], quantum limited amplifiers [30],
and more. When coupled to microwave resonators, Josephson junctions can be used as sources of
non-classical light [31, 32, 33] and entangled microwave beams [34]. Similar devices can be operated
as photomultipliers, and show promise for microwave photon counting [35].

In recent years, realizing single microwave photon detectors based on inelastic tunneling has been
an active area of research, and noticeable progress has been made, particularly using photo-assisted
tunneling through double quantum dots [36, 37, 38]. Although the experiments are promising, these
devices suffer from low quantum efficiency, caused by the mismatch between the photo-assisted
tunneling rate and the photon input rate.

Elastic Quasiparticle Tunneling

In contrast to the Josephson junction devices listed above, which exploit Cooper pair transport for
their operation, our detector is based on quasiparticle tunneling through a superconducting junction.
Quasiparticle tunneling across an SIS junction is depicted in figure 1a. The two superconducting
electrodes are represented by their density of states, with the tunneling barrier shown in grey. When
the junction bias voltage is lower than the superconducting gap, there are no available states for the
quasiparticle to tunnel into, and no current flows. At high bias, the ohmic behaviour is recovered.
The quasiparticle tunneling is described by the Hamiltonian

HT = T
∑
k,q

c†R,qcL,k + h.c. (1)

where cL and cR are electronic annihilation operators for left and right junction electrodes respec-
tively and T is tunneling amplitude inversely proportional to the junction resistance. By consider-
ing the tunneling as a weak perturbation, current through the junction can be calculated using the
Fermi’s golden rule. The resulting current-voltage characteristic, shown in figure 1b, is non-linear
due to the gap in the density of states.
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Figure 1: a) Illustration of quasiparticle tunneling through an SIS junction b) Quasiparticle branch
of the I(V ) characteristic for an SIS junction of tunneling resistance RT calculated from the Hamil-
tonian 1.

Inelastic Quasiparticle Tunneling

When the junction is irradiated by photons, the current-voltage characteristic of the junction is
modified by an onset of inelastic processes, in which a quasiparticle gains the energy to tunnel
across the junction by absorbing photons [39]. This process is shown in figure 2a. To include the
inelastic processes into the quasiparticle tunneling description we modify the Hamiltonian 1 [40]:

HT = T
∑
k,q

c†R,qcL,ke
i eℏΦJ + h.c. (2)

with ΦJ being the flux at the junction. By using the commutation relation for the charge and flux
[ΦJ , QJ ] = iℏ we note that

ei
e
ℏΦJQJe

−i eℏΦJ = QJ − e (3)

and we recognize ei
e
ℏΦJ as the charge translation operator. This operator changes the charge on

the junction by e for every tunneling event, and its dynamics depends on the circuit in which the
junction is embedded. We assume that the tunnel junction is coupled to a single electromagnetic
mode of frequency ω1. The flux ΦJ can then be rewritten in terms of its ladder operators a and a†,
resulting in

HT = T
∑
k,q

c†R,qcL,ke
iλ(a+a†) + h.c. (4)

where λ is the coupling parameter. If we model the mode as a lumped element LC-circuit, the flux
threading the inductor is

√
ℏZc/2(a+ a†). Comparing this with the previous equation, we have for

the coupling parameter

λ =

√
π
Zc

RK

(5)

where RK = h/e2 = 25.813 kΩ is the quantum of resistance and Zc =
√
L/C is the characteristic

impedance of the resonator mode. Knowing the Hamiltonian, we can calculate the current through
the junction, with the inelastic tunneling included. A typical current-voltage characteristic of a
junction irradiated by light is shown in figure 2b. Compared to the I(V ) in absence of radiation,
there is a subgap current step in bias voltage range eV ∈ [2∆−ℏω1, 2∆], corresponding to the photo-
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Figure 2: a) Photo-assisted quasiparticle tunneling across an SIS junction b) Calculated current-
voltage characteristics of an SIS junction of resistance RT: current in absence of electromagnetic
radiation is shown in blue. Current through the junction irradiated by light of frequency ω1 is in
orange

assisted tunneling. Additionally, there is a step of the same width above the superconducting gap.
This reduction in tunneling current is known as dynamical Coulomb blockade, and appears due to
quantum vacuum fluctuations [40]. Heights of the steps in current depend on the coupling between
the resonator and the junction. To highlight this dependence, we assume that the resonator was
initially in state |1⟩, and look at the rate of the inelastic process corresponding to photon absorption.
This rate is proportional to the overlap between wave functions ψ1(QJ) and ψ0(QJ − e), shown in
figure 3. Resonators fabricated using conventional superconductors such as aluminium or niobium
have characteristic impedances of ∼ 100Ω, corresponding to λ ≪ 1. In this case, the rates of the
inelastic processes are small, and the system stays close to equilibrium. In contrast, if characteristic

(a) (b)

Figure 3: Matrix element corresponding to the single photon inelastic process. The matrix element
is calculated as overlap of a wave function of state |1⟩ (shown in red), and the ground state wave
function displaced in x-axis by λ (shown in light blue with dashed red outline). This overlap is
shown in weak coupling limit λ≪ 1 in a), and in strong coupling case in b).

impedance is increased the inelastic tunneling rate rises, and for λ ∼ 1 prevails over the elastic one.
Additionally, this picture holds for processes involving multiple photons per tunneling event.
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While they can be safely neglected in weak coupling case, they play a prominent role in the dynamics
of the system for λ ∼ 1.

Photon Detector design

In figure 2b, we observe that the current below the superconducting gap appears only if the elec-
tromagnetic radiation is present. We exploit this fact by utilizing the tunneling current for photon
detection. Photo-assisted tunneling through a tunnel junction has already been harnessed for de-
tecting electromagnetic radiation, e.g. through the use of SIS mixers in astronomy, at frequencies
on the order of 100GHz [41], or for noise measurements at microwave frequencies [42]. In this work,
we lower the operation frequency of quasiparticle tunneling based detectors to the 4 - 8GHz band,
and design the detector with the eventual goal of single microwave photon detection in mind.

The scheme of our proposed detector is shown in figure 4. It consists of a resonator galvanically

Figure 4: Photon to electron converter scheme. To detect photons of wavelength w, a w/4 resonator,
shown in red, is terminated on one side by a voltage biased superconducting tunnel junction. Char-
acteristic impedance Zc of the resonator is comparable to the quantum of resistance. The resonator
is galvanically coupled to the rest of the circuit through a 50Ω line

coupled to a Z0 = 50Ω transmission line, which is then connected to the rest of the experimental
setup. To detect photons of wavelength w, the resonator length is set to w/4. It is terminated by a
voltage biased superconducting tunnel junction of tunneling resistance RT. The junction is biased
such that the absorption of the incident photons through photo-assisted tunneling is energetically
permitted, but no current flows in absence of microwaves. These conditions are fulfilled for bias
voltages eV ∈ [2∆ − ℏω1, 2∆]. The characteristic impedance Zc of the resonator is comparable to
the quantum of resistance, so that the coupling parameter satisfies λ ∼ 1, in order to increase the
inelastic tunneling rate. Fabricating these high characteristic impedance resonators has been an
important avenue of research recently, and several different directions have been taken: utilizing
Josephson junction chains [43], spiral resonators [31], or different high kinetic inductance materials
such as NbN [44]. In this work, we use granular aluminium. Thin films fabricated in grAl are
characterized by resistivity several orders of magnitude higher compared to pure aluminium. The
high resistivity translates into low Cooper pair density when grAl is in the superconducting state
at low temperature. Consequently, grAl has high kinetic inductance in the superconducting state.
It has already been shown that grAl is suitable for making high quality factor resonators [45], and
it allows us to produce resonators of characteristic impedance Zc > 5 kΩ.

Thesis Overview

The quasiparticle tunneling in junctions coupled to the electromagnetic environment, such as a
resonator mode is usually described by P (E) theory [40]. In this theory, the environment influence
is calculated from quantum fluctuations of the phase at junction electrodes. P (E) has been widely
successful in predicting inelastic tunneling rates [46, 47]. However, one of the core assumptions in
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P (E) theory is that the electromagnetic modes stay in thermal equilibrium. As we consider strong
coupling to the modes of high quality factor, this assumption cannot be made. In this case, rates of
different processes start to depend on the state of the resonator, and the comprehensive description
of the system must take this fact into account. Therefore, we treat the junction electrodes as
equilibrium bath for the cavity mode, and derive the Lindblad master equation and use the obtained
resonator reduced density matrix to calculate the transport through the junction. This theoretical
description of the junction-resonator system is the topic of Chapter 1. Particularly, we discuss the
conditions needed to achieve high photon to electron conversion quantum efficiency in these devices.
These considerations are then used to propose a photon detector design.

In Chapter 2, we experimentally characterize our photon detector. We measure the photo-
assisted current for different microwave pumping powers to obtain the efficiency of the detector.
The calibration method based on the theoretical description of the device is devised, and used to
extract the quantum efficiency of 0.83, significantly better than the highest obtained so far in similar
devices. Other detector figures of merit, such as dark count and noise equivalent power, are also
discussed.

The third chapter is devoted to the technical details of the microwave photon detection exper-
iments. Firstly, the sample parameters are given in more detail. Then, the setup that allows us
to conduct both microwave and dc measurements is shown. The dc chain calibration, allowing for
precise photo-assisted current measurement is also specified.

In Chapter 4, the behaviour of our photo detector in response to thermal radiation is discussed.
We show that the thermal photo-assisted current measurements are in agreement with the estimated
near-ideal quantum efficiency of our detector. Additionally, we show how the same device can be
used to effectively cool down the resonator mode. By measuring the emission at resonator frequency,
we calculate the mean resonator population as function of temperature and junction bias, and show
that our theory adequately explains the data at all temperatures without any free parameters.

Chapter 5 is dedicated to the preliminary work on extending the photon detector described in
chapters 1 and 2 to the single microwave photon detection regime. To detect individual tunnel-
ing events, we switch from measuring the photo-assisted current to counting charge. We use a
radio-frequency single-electron transistor (RF-SET) for charge detection [48]. RF-SETs have been
commonly widely used charge detection experiments, with bandwidths on the order of 100MHz
and sensitivity reaching 0.9 · 10−6 e/

√
Hz [49]. For the tunnelled quasiparticle to be detected by the

RF-SET, it needs to be confined to a small island. Thus, we propose a single microwave photon
detector design based on two capacitively coupled RF-SETs, shown in figure 5. One RF-SET is

Figure 5: Single microwave photon detector design based on two capacitively couple RF-SETs. One
RF-SET, shown in red, is used as a photon-to-electron converter, relying on inelastic quasiparticle
tunneling. When the incident photon enters the converter resonator, it is absorbed by the junction,
resulting in the change of the SET island charge. This change is detected by the capacitively coupled
readout RF-SET shown in blue.
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used as a photon-to-electron converter. When the incident photon enters the converter resonator,
it is absorbed by the junction, resulting in the change of the SET island charge. The characteristic
impedance of the converter SET resonator is on the order of resistance quantum, in order to boost
the inelastic tunneling. The detector SET is coupled to a readout RF-SET through a capacitor Cc,
so that the change in the island charge, and hence the microwave photon, is detected.

We start by describing the fabricated sample, and the experimental setup. We then use the
reflectometry measurements to characterize the two RF-SETs. We measure the charge noise of the
readout RF-SET and show that it is as low as 5 · 10−5 e/

√
Hz. We demonstrate the coupling of

the two RF-SETs by measuring the tunneling through the photon-to-electron converter with the
readout RF-SET. However, the lifetime of the tunnelled quasiparticles on the converter SET island
was too short to detect individual tunneling events. We also measure the microwave emission of the
RF-SET, and show that unlike for the single junction coupled to the resonator, the emission does
not monotonically increase with increasing bias voltage. We develop a classical master equation
model, and succeed in reproducing the emission data.
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In this chapter, we give the theoretical description of the quasiparticle tunneling in a supercon-
ducting junction coupled to a single microwave mode. We start by considering a tunnel junction
coupled to a transmission line resonator, and derive the expression for the coupling parameter. We
then discuss the tunneling rates corresponding to different inelastic processes, and the Lindblad
master equation for a resonator coupled to an SIS junction described as a bath in equilibrium. The
steady state solution of this equation is used to calculate the photo-assisted current, and show that
there is a bias voltage range below the superconducting gap where this current is proportional to
resonator population. We then derive the formula for quantum efficiency of photon to electron
conversion. Finally, we present the proposed design of a highly efficient microwave photon detector
based on photo-assisted quasiparticle tunneling.



1.1 Resonator - junction Coupling

In contrast to the lumped element case presented in the Introduction, the resonators that we consider
consist of transmission lines of finite length (see figure 4). To rewrite the tunneling Hamiltonian
2 in terms of mode ladder operators for a distributed cavity, we start from the Lagrangian of a
transmission line of length L, characterized by the inductance per unit length l, and capacitance
per unit length c [50]:

L =

∫ L

0

dx

(
c

2
∂2tΦ−

1

2l
∂2xΦ

)
(1.1)

where Φ(x, t) is the magnetic flux. The Euler-Lagrange equation corresponding to this Lagrangian
is

v2p∂
2
xΦ− ∂2tΦ = 0 (1.2)

where vp = 1/
√
lc is the phase velocity. To look for solutions, we separate the temporal and spatial

dependence:
Φ(x, t) = ϕ(t)φ(x) (1.3)

If we assume for the time dependence ϕn(t) = e−iωt, the equation 1.2 becomes

−∂2xφ(x) = k2φ(x) (1.4)

where k = ω/vp In our experiments, the resonators are galvanically coupled to the feedline (figure
4). Therefore the appropriate boundary conditions are

φ(0) = 0, ∂xφ(x = L) = 0. (1.5)

The boundary condition at x = 0 reflects the coupling of the mode to the 50Ω line, while the one at
x = L is the open circuit boundary condition, and corresponds to maximum voltage. The equation
1.4, and the boundary conditions above, define an eigenvalue problem. The solutions are the normal
modes of the system ϕn, φn:

Φ(x, t) =
∑
n

ϕn(t)φn(x). (1.6)

The time dependent solutions are ϕn(t) = e−iωnt, while the spatial normal modes for a quarter-
wavelength resonator are:

φn(x) = cos
(
knx− (2n+ 1)

π

2

)
, n ∈ N (1.7)

where the amplitude of all the modes at x = xj is 1, and kn = ωn

√
lc = (2n+ 1)π/2L. The normal

modes satisfy the following orthogonality relations:∫ L

0

dxφn(x)φm(x) =
L

2
δnm (1.8)∫ L

0

dx(∂xφn(x))(∂xφm(x)) =
kn
2
δnm. (1.9)
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In terms of normal modes, the Lagrangian 1.1 is

L =
C̃

2

∑
n

(
∂tϕ

2
n − ω2

nϕ
2
n

)
(1.10)

where C̃ = cL/2. The conjugate momentum to the mode amplitude ϕn is Qn = C̃∂tϕn, and the
Hamiltonian is then

H =
∑
n

Q2
n

2C̃
+
C̃

2
ω2
nϕ

2
n. (1.11)

It represents a sum of independent harmonic oscillators. We quantize it by introducing the ladder
operators an for each mode:

H =
∑
n

ℏωn

(
a†nan +

1

2

)
(1.12)

where

Qn = i

√
ℏC̃ωn

2
(a†n − an), ϕn = i

√
ℏ

2C̃ωn

(a†n + an). (1.13)

The flux at the junction position due to mode n is then

ϕnφ(xj) =

√
2ℏZ

(2n+ 1)π
(a†n + an) (1.14)

with Z =
√
l/c being the impedance of the transmission line. Comparing this with equation 2, we

can write
ei

e
ℏΦJ,n = eiλ(an+a†n) (1.15)

with the coupling parameter λ =
√
πZc/RK, and the characteristic impedance of the n-th mode,

for the λ/4 resonator case, is

Zc =
4Z

(2n+ 1)π
. (1.16)

Impact of the Junction Capacitance on the Resonator Modes

The junction connected at the end of the resonator changes the mode frequencies, as well as their
characteristic impedances Zc, compared to the case considered above. The resonance frequencies ωn

are obtained by including the junction in transfer matrix calculations (see appendix C) as a lumped
capacitor Cj.

To determine the characteristic impedance of mode ωn, we repeat the calculation presented
above, generalized to the case where transmission line capacitance or inductance are not constant,
but rather depend on position (see e.g. [51]). Mode characteristic impedance in this general case is
given by

Zc =
1

ωnC̃n

(1.17)
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where C̃n is proportional to the distributed line capacitance:

Zc =
1

ωn

(∫ L

0

dx c(x)|φn(x)|2
)−1

(1.18)

This value depends on the normalization of mode amplitudes φn. We fix the normalization by
comparing equation 1.18 to the case discussed above. To recover the quarter-wavelength resonator
formula, normalization |φn(xj)| = 1 is required.

For the case of a junction Cj connected to the end of a transmission line characterized by lineic
capacitance c, the equation 1.18 results in

Zc =
1

ωn

(
c

∫ L

0

dx |φn(x)|2 + Cj

)−1

. (1.19)

Thus, connecting the junction to the resonator reduces the characteristic impedance of its modes.

1.2 Quasiparticle Tunneling Rates
In the previous section, we have derived the coupling parameter expression for a transmission line
resonator coupled to a junction, and showed that the tunneling Hamiltonian can be written as

HT = T
∑
k,q

c†R,qcL,ke
iλ(a+a†) + h.c. (1.20)

with λ =
√
πZc/RK. We now use the Fermi’s golden rule to calculate the tunneling rates from this

Hamiltonian.

1.2.1 Elastic Tunneling

First, let us consider the Hamiltonian 1, describing the tunneling through the junction in absence of
any high impedance environment. The forward tunneling rate calculated using the Fermi’s golden
rule is

−→γ (V ) =
1

e2RT

∫ ∞

−∞
dE nL(E)nR(E + eV )f(E)(1− f(E + eV )) (1.21)

where nL and nR are the densities of states of the left and right junction electrodes, and f(E) is
the Fermi-Dirac distribution. To get the net current flowing through the junction, we need to take
into account the tunneling in both directions:

I(V ) = e(−→γ (V )−←−γ (V )). (1.22)

The tunneling rate ←−γ (V ) can be calculated using the same procedure as the one presented above,
resulting in

←−γ (V ) = −→γ (−V ). (1.23)

The current voltage characteristic is then

I(V ) =
1

eRT

∫ ∞

−∞
dE nL(E)nR(E + eV )(f(E)− f(E + eV )). (1.24)

11



where the superconducting density of states in both junction electrodes is given by (see e.g. [52])

n(E) = Re

(
E + iΓ√

(E + iΓ)2 −∆2

)
(1.25)

with ∆ being the superconducting gap, and Γ the Dynes parameter, describing the tail of the I(V )
below the superconducting gap. For aluminium, the superconducting gap is ∆ ≈ 200 µeV. Typical
values of Dynes parameter for aluminium are Γ/∆ = 10−4 − 10−6 [53], and reported values are as
low as Γ/∆ = 1.6 · 10−7 [54]. Unless otherwise noted, in calculations presented in this thesis, the
Dynes parameter is set to Γ = 10 neV, corresponding to Γ/∆ = 5 ·10−5. Restricting the bias voltage
to positive values close to the superconducting gap, we can neglect the reverse tunneling, and the
approximation

I(V ) ≈ e−→γ (V ) (1.26)

is valid for all practical purposes.

1.2.2 Inelastic Tunneling

To calculate the inelastic tunneling rates mediated by photon absorption or emission into the res-
onator mode, we start by writing the charge translation operator in terms of quantum jump oper-
ators Al:

eiλ(a+a†) =
∑
l

Al (1.27)

The jump operator Al creates l photons in the resonator for l > 0, or removes −l photons from the
resonator if l < 0. In the Fock state basis we have [55]

Al =
∑
n≥0

|n+ l⟩ ⟨n+ l| eiλ(a+a†) |n⟩ ⟨n| , l ≥ 0 (1.28)

For l < 0, the quantum jump operators are defined through A−l = (−1)lA†
l . Matrix elements of

these operators can be calculated from [56]

⟨n+ l|Al |n⟩ =
(

n!

(n+ l)!

)1/2

(iλ)le−λ2/2L(l)
n (λ2), l ≥ 0 (1.29)

where L(l)
n are generalized Laguerre polynomials.

Following the same calculation as in the elastic case, we can calculate the tunneling rates corre-
sponding to different inelastic processes. If we assume that the initial state of the resonator is |n⟩,
and the final state is |n+ l⟩, the tunneling rate corresponding to this process given by the Fermi
golden rule is

κn,n+l =
∣∣∣⟨n+ l| eiλ(a+a†) |n⟩

∣∣∣2−→γ (V − lℏω1/e) (1.30)

where ω1 is the frequency of the resonator mode coupled to the junction.
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Single Photon Tunneling Rates

Tunneling rates κn,n−1 corresponding to single photon absorption, for two values of λ, are shown in
figure 1.1. Firstly, we consider the weak coupling case shown in 1.1a. For a given junction voltage
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Figure 1.1: Inelastic tunneling rates corresponding to single photon absorption as functions of
bias for different initial resonator states. Superconducting gap is ∆ = 200µeV, while the photon
frequency is ω = 2π × 6GHz. (a) λ = 0.05 corresponding to conventional resonator characteristic
impedance (b) λ = 0.8, corresponding to our experiment. Note the difference in y-axis.

bias, rate κn,n−1 grows linearly with n, in a manner similar to a standard loss channel. This linear
growth can be derived from equations 1.29 and 1.30. The tunneling rate κn,n−1 calculated from
these equations is

κn,n−1 =
1

n
λ2e−λ2 (

L1
n−1(λ

2)
)2−→γ (V + ℏω1/e) (1.31)

where the first few associated Laguerre polynomials are

L1
0(λ

2) = 1

L1
1(λ

2) = 2− λ2

L1
2(λ

2) =
1

2
(6− 6λ+ λ2).

(1.32)

In the limit λ≪ 1, we have
L1
n(0) = n+ 1 (1.33)

and the single-photon absorption tunneling rate is

κn,n−1 = nλ2e−λ2−→γ (V + ℏω1/e) (1.34)

For λ ∼ 1, the picture is markedly different. The inelastic rates are two orders of magnitude higher
compared to the λ ≪ 1 case. Additionally, L1

n(λ
2) decreases with increasing n for λ ∼ 1, thus

decreasing the tunneling rates (figure 1.1b).
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Multi-photon Process Rates

To further highlight the differences between the two regimes, we consider the inelastic tunneling
rates involving multiple photons. Rates corresponding to transitions |n⟩ → |0⟩ are

κn,0 =
1

n!
λ2ne−λ2−→γ (V + lℏω1/e) (1.35)

Tunneling rates κn,0, n = 1, 2, 3 for two values of λ are shown in figure 1.2. The sharp increase in
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Figure 1.2: Inelastic tunneling rates corresponding to transitions |n⟩ → |0⟩ as function of bias for
different initial resonator states. Superconducting gap is ∆ = 200µeV, while the photon frequency
is ω = 2π× 6GHz. (a) λ = 0.05 corresponding to conventional resonator characteristic impedance
(b) λ = 0.8, corresponding to our experiment.

rates happens at the bias voltage eV = 2∆− nℏω1. Below this value, the tunneling rates are very
small, and mostly set by the Dynes parameter (Γ/∆ = 5 ·10−5 in our case). For λ≪ 1 (figure 1.2a),
the multiphoton processes can be safely neglected due to the exponential dependence on n (equation
1.35). On the other hand, for λ ∼ 1, the multi-photon inelastic tunneling rates are comparable to
the single photon process ones. Thus, they need to be taken into account to accurately calculate
steady state of the resonator, and the current flowing through the junction.

1.3 Photo-Assisted Current

The inelastic tunneling rates, and therefore the current flowing through the junction, depend on the
number of photons in the resonator. To calculate the photo-assisted current, one has to determine
the resonator state first. To do so, we use a quantum master equation. Detailed quantum master
equation derivation is given in [55].

1.3.1 Resonator-junction Quantum Master Equation

In Markov approximation, the evolution of the reduced density matrix of an open quantum system
coupled to a bath is [57]:

ρ̇ = − 1

ℏ2

∫ ∞

0

dτTrB [HI(t)HI(t− τ)ρ(t)⊗ ρB −HI(t)ρ(t)⊗ ρBHI(t− τ) + h.c.] (1.36)
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where TrB[. . .] is the trace over bath degrees of freedom. In our case, the system is the resonator
mode, while the superconducting tunnel junction leads represent the bath. The resonator and the
junction are coupled by the tunneling Hamiltonian, which in the interaction frame reads

HI(t) = T
∑
k,q

c†R,q(t)cL,k(t)e
iλ(a(t)+a†(t))eieV t/ℏ + h.c. (1.37)

where the summation goes over the quasiparticle energies in the two junction electrodes. In terms
of the quantum jump operators, we have

HI(t) =
∑
l

Ale
ilω1tBl(t) (1.38)

where Bl(t) are bath operators, and ω1 is the resonator mode frequency. If we assume that the bath
is stationary, and apply the rotating wave approximation to eliminate rapidly oscillating terms, the
quantum master equation can be written as

ρ̇ = − 1

ℏ2

∫ ∞

0

dτ
∑
l

T 2
[
AlA

†
lρ(t)K(τ)eilω1τ − Alρ(t)A

†
lK(τ)eilω1τ + h.c.

]
(1.39)

where K(τ) is the bath memory function

K(τ) =
∑
k,q

⟨c†R,qcR,qcL,kc
†
L,k⟩eiτ(ωq−ωk)eieV τ/ℏ + h.c.. (1.40)

Averaging ⟨. . .⟩ is performed over the equilibrium bath state. We define the real and imaginary part
of the single sided bath memory function Fourier transform at lω1 as

T 2

ℏ2

∫ ∞

0

dτK(τ)eilω1τ = γl + iϵl. (1.41)

Using the identity ∫ ∞

0

dτeiστ = πδ(σ) + iP 1

σ
(1.42)

with P being the Cauchy principal value, we recognize the real part of the bath memory function
Fourier transform as the shifted current-voltage characteristic of the junction:

γl =
1

e
I(V + lℏω1/e) (1.43)

where we have neglected the reverse tunneling. Then, due to causality, ϵl is proportional to the
Kramers-Kronig transform IKK of the junction current-voltage characteristic. The master equation
is then

ρ̇ =
∑
l

− i

2e
IKK(V + lℏω1/e)[AlA

†
l , ρ] +

1

e
I(V + lℏω1/e)(2A

†
lρAl − {AlA

†
l , ρ}). (1.44)

The first term in the equation amounts to shifting of resonator eigenstates, and can be absorbed
into the system Hamiltonian. This shift due to coupling to the junction bath is called Lamb shift
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in analogy with atomic physics. It is described in detail in [58, 59].
To finalize the description of our system, the microwave drive is added. Together with the Lamb

shift, it constitutes the Hamiltonian part of the dynamics of the resonator:

H = HD +HLS (1.45)
HD = iη(a− a†)− δa†a (1.46)

HLS =
1

2e

l=∞∑
l=−∞

IKK(V + lℏω1/e)AlA
†
l , (1.47)

where HD is the microwave drive, with η being the pumping strength and δ drive detuning. HLS

describes the Lamb shift of the resonator. The master equation governing the time evolution of the
reduced resonator density matrix ρ is then

ρ̇ = −i[H, ρ] + 1

e

∞∑
l=−∞

I(V + lℏω1/e)D[A†
l ](ρ) + κD[a](ρ) (1.48)

where D[F ](ρ) = FρF † − 1
2
{F †F, ρ}. The first term in the master equation describes the usual

unitary dynamics. The second term corresponds to the photon exchange with the junction, and the
final term is the coupling to the thermal bath, characterized by the damping rate κ. To find the
stationary resonator density matrix, we solve the equation

ρ̇ = 0. (1.49)

After obtaining the steady state density matrix, the photo-assisted current is given by

IPAT =
∑
l ̸=0

I(V − lℏω1/e)Tr
(
A†

lAlρ
)
. (1.50)

To obtain the total current, we add the elastic tunneling contribution:

I =
∑
l

I(V − lℏω1/e)Tr
(
A†

lAlρ
)
. (1.51)

We will use this equation to compare the calculated tunneling current to the experimental data.

1.3.2 Low Power Limit: Photon Detection

In general, the equation 1.49 needs to be solved numerically. However, in the limit of interest for
single photon detection, a concise analytical solution exists. We assume the microwave drive is
weak, so that the mean resonator population satisfies ⟨nres⟩ ≪ 1. Additionally, the Lamb shift is
neglected, and the bias voltage is fixed to eV = 2∆ − ℏω1/2. At this voltage bias, the dominant
inelastic process is the single photon absorption. To solve the master equation, the resonator Hilbert
space is truncated to two states. The reduced density matrix ρ is

ρ =

(
ρ00 ρ01
ρ10 ρ11

)
. (1.52)
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The annihilation operator a is given by

a =

(
0 1
0 0

)
. (1.53)

From equation 1.29, and the identity Lk
0(x) = 1, the single photon junction loss operator is

A1 = iλe−λ2/2a (1.54)

where a is the annihilation operator. The quantum master equation reduces to

0 = −[HD, ρ] + (κ
(1)
j + κ)D[a](ρ) (1.55)

where κ(1)j = λ2e−λ2
I(2∆+ ℏω1/2e) is the one photon junction loss rate, and κ is the damping rate.

The resonator excited state population is given by the density matrix element ρ11. To leading order
in η, the solution of master equation is:

ρ11 =
4η2

4δ2 + κ2tot
(1.56)

where κtot = κ
(1)
j + κ is the total resonator loss. From equation 1.50, the photo-assisted current is

IPAT = eρ11κ
(1)
j =

4η2κ
(1)
j e

4δ2 + (κ+ κ
(1)
j )2

(1.57)

or in terms of resonator population
IPAT = e⟨nres⟩κ(1)j . (1.58)

Providing that the resonator population satisfies ⟨nres⟩ ≪ 1, the photo-assisted current through the
junction is proportional to the number of photons in the resonator. Thus, by measuring current, we
monitor the number of photons in the cavity, and our device acts as a microwave photon detector.

1.3.3 Multi-photon Processes and Detector Saturation

When the microwave drive power is increased, the photo-assisted current due to multi-photon tun-
neling processes cannot be neglected, leading to saturation in the detector. We demonstrate the
saturation effect by estimating the current stemming from two-photon losses in the weak pumping
limit. The calculation involving higher order processes is analogous.

We restrict the resonator Hilbert space to the three lowest levels, and fix the bias voltage to
V = (2∆− 3ℏω1/2)/e, such that one-photon losses are negligible. The resonator density matrix is

ρ =

ρ00 ρ01 ρ02
ρ10 ρ11 ρ12
ρ20 ρ21 ρ22

 (1.59)
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and the annihilation operator is

a =

0 1 0

0 0
√
2

0 0 0

 . (1.60)

The junction voltage bias is set such that single photon absorption is not allowed, so we only consider
the two photon loss proportional to

A2 = −
λ2√
2
e−λ2/2

0 0 1
0 0 0
0 0 0

 . (1.61)

The master equation is then:

0 = −[HD, ρ] + I(2∆/e+ 3ℏω1/2e)D[A†
2](ρ) + κD[a](ρ) (1.62)

where κ is the damping rate. Solving this equation, we get for the probability to find the resonator
in the second excited state to the leading power in η:

ρ22 =
32η4

(4δ2 + κ2)(16δ2 + (κ
(2)
j + 2κ)2)

(1.63)

where
κ
(2)
j =

λ4

2
e−λ2

I(2∆/e+ 3ℏω1/2e)/e (1.64)

is the two-photon junction loss rate. Knowing the density matrix element ρ22, we can calculate the
photo-assisted tunneling current through the junction:

I
(2)
PAT = eρ22κ

(2)
j . (1.65)

The current is no longer proportional to the square of the pumping strength η, but rather IPAT ∝ η4.
In case of zero drive detuning, and assuming κ(2)j ≪ κ, the photo assisted current is

I
(2)
PAT ≈

⟨nres⟩2
2

κ
(2)
j e. (1.66)

Thus, when I
(1)
PAT and I

(2)
PAT are of the same order of magnitude, monitoring the current flowing

through the junction no longer corresponds to measuring the number of photons in the resonator.
To obtain a quantitative estimation of this saturation effect, we need to solve the master equation
1.49 numerically, which is done later. However, from

κ
(2)
j

κ
(1)
j

≈ λ2

2
(1.67)

we note that the detector saturates at lower photon flux for higher λ. For λ ∼ 1, we expect to
observe saturation effects when ⟨nres⟩ is on the order of unity.

Similar calculation to the one shown above, for bias voltage eV = 2∆ − 5ℏω1/2, results in the
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three-photon absorption current of:

I
(3)
PAT =

96η6κ
(3)
j e

(4δ2 + κ2)2(36δ2 + (κ
(3)
j + 3κ)2)

(1.68)

where the junction loss rate is

κ
(3)
j =

λ6

6
e−λ2

I(2∆/e+ 5ℏω1/2e)/e. (1.69)

As expected, the photo-assisted current is proportional to ϕ3.

1.4 Towards a Practical Photon Detector: Device Parameters

In the previous section, we have shown that the resonator-junction system acts as a photodetector.
Now, we are going to use the formalism developed above to estimate the performance of such a
device. For the detector to be of practical use, it is necessary to combine high detection efficiency
with low dark counts. These requirements put constraints on device parameters. Below, we show
the conditions that need to be satisfied for these requirements to be fulfilled. Firstly, we calculate
the quantum efficiency of photon to electron conversion in a resonator-junction system coupled to
a transmission line. Then, we discuss how to minimize the detector dark current.

1.4.1 Quantum efficiency: Rate Matching

Photoelectric conversion quantum efficiency χ is defined as the ratio of the resulting electron flux
ϕe to the incident photon flux ϕ:

χ =
ϕe

ϕ
=
IPAT
eϕ

. (1.70)

The proposed photon detector is shown in figure 1.3. The photons are fed into the resonator with the
rate κc, set by the mismatch between the impedances of the feedline Z0 = 50Ω, and the resonator,
and converted into electrons through inelastic tunneling, characterized by rate κj. In an ideal

Figure 1.3: Proposed detector scheme. Incident photons, characterized by the field bin are fed into
the resonator with rate κc set by the mismatch between the impedances of the feedline Z0 = 50Ω,
and the the resonator. The reflected signal is given by the field bout. Inelastic tunneling rate is κj.

case, each incident photon is absorbed by the junction, and converted into an electron resulting in
quantum efficiency of unity.

The power absorbed by the device is given by 1−|S11(ω)|2, where S11 is the reflection coefficient
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defined as the ratio of ingoing and outgoing electromagnetic fields:

S11 =
bout
bin

. (1.71)

For a single mode resonator, the reflection coefficient is given by (see appendix A)

S11(δ) = 1− κc
κtot

2
+ iδ

(1.72)

where κc is the coupling rate, κtot are total resonator losses, and δ = ω−ω1 is the detuning compared
to resonance frequency. Aside from the coupling to the experimental setup, additional losses present
in the system are due to tunneling through the junction, κj, and spurious resonator losses κi:

κtot = κc + κj + κi (1.73)

In the rest of this chapter, we discuss the linear regime described in section 1.3.2, and consider that
the junction loss rate is due to single-photon loss κj = κ

(1)
j , dropping the superscript.

Absorption is highest for zero detuning, and writes:

1− |S11(0)|2 =
4(κi + κj)κc

(κi + κj + κc)2
(1.74)

This expression has a maximum at
κi + κj = κc, (1.75)

when the coupling rate equals the sum of junction and intrinsic loss rates. This condition is equiv-
alent to impedance matching for maximizing power transfer.

However, only the photons absorbed by the junction are converted to electrons. Thus, the pres-
ence of spurious losses κi reduces the conversion quantum efficiency compared to total absorption.
To estimate the efficiency of the photon to electron conversion process, we assume the photo-assisted
tunneling current to be

IPAT = e⟨nres⟩κj (1.76)

The current is related to the incident photon flux ϕ by IPAT = χeϕ, where χ is quantum efficiency.
By taking the resonator population to be

⟨nres⟩ = 4η2/(κi + κj + κc)
2 (1.77)

where η =
√
ϕκc is the microwave pumping strength, we get

χ =
4κjκc

(κi + κj + κc)2
(1.78)

Quantum efficiency has a maximum at

κj = κc + κi, (1.79)

which is slightly different from the maximum of absorption given by the rate matching condition
due to the presence of spurious losses κi.

20



1.4.2 Minimizing the Dark Current: Strong Coupling Regime

In the previous section we have shown that high photon-to-electron conversion can be achieved by
tuning the junction loss rate to the value of the coupling between the resonator and the feedline.
A priori, this matching condition can be satisfied regardless of the value of the coupling parameter
λ. We now include the consideration of dark current in the device design, and show that by using
strong coupling regime λ ∼ 1 we reduce the potential dark rate of our detector.

The dark rate set by the current flowing through the junction biased at the operating voltage
eV = 2∆− ℏω1/2 when no microwave drive is applied. This current is determined by the junction
Dynes parameter Γ and its tunneling resistanceRT. The current-voltage characteristic in the vicinity
of the detector operating point calculated using equation 1.24 is shown in figure 1.4 for two different
values of Dynes parameter. The junction tunneling resistance is fixed to RT = 1.6MΩ. The subgap
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Γ = 10 neV

Γ = 1 neV

Figure 1.4: Junction current-voltage characteristic below the superconducting gap calculated from
equation 1.24 for junction tunnel resistance RT = 1.6MΩ (blue) and two value of Dynes parameter
— 10 neV (blue curve) and 1 neV (orange curve). The temperature of both junction electrodes is
set to 30mK. Red dashed line represents the operating voltage bias of the detector.

current is inversely proportional to the Dynes parameter. Thus, by minimizing it, e.g. through
careful shielding of the sample [54], and the proper choice of the material (e.g. choosing aluminium
instead of niobium), we minimize the detector dark rate.

Additionally, the current flowing through the junction scales inversely with the resistance, thus
making high resistance junctions desirable for minimization of subgap current. To demonstrate
how junction resistance can be maximized by choosing high coupling parameter λ, we consider the
single-photon absorption rate

κj = λ2e−λ2

I(V + ℏω1). (1.80)

For a fixed junction resistance, this rate is set by the resonator-junction coupling parameter through
the matrix element λ2e−λ2 . Its evolution with λ is shown in figure 1.5. It reaches the maximum for
λ = 1, and at values more than two orders of magnitude higher than for commonly used resonators
with characteristic impedances ZC ∼ 100Ω. Therefore, for strong coupling λ ∼ 1, junctions fulfilling
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the rate matching condition κj = κc for a given coupling rate are 100 times more resistive compared
to the standard weak coupling case, making the use of strong coupling crucial for minimizing dark
current in our detector.
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Figure 1.5: Matrix element
∣∣∣⟨0| eiλ(a+a†) |1⟩

∣∣∣2 as function of coupling parameter λ. Red shaded area
corresponds to conventionally used resonators, while green dashed line is our experiment.

1.5 Sample Design
We have shown the requirements that our device needs to satisfy to be utilized as a practical
photon detector: rate matching to achieve high quantum efficiency, and high coupling in order
to minimize dark counts. Now we discuss the design of such a device. We start by designing
the resonator. In order to achieve high characteristic impedance, we fabricate the resonator using
granular aluminium. Granular aluminium (grAl for short) is a material that consists of aluminium
islands surrounded by amorphous aluminium–oxide, and is a promising material for high impedance,
high quality factor resonators [60, 45]. GrAl is fabricated by evaporating aluminium in oxygen
atmosphere. Resistivity of grAl films increases with increasing oxygen content, which we control
by tuning the oxygen pressure during evaporation. Fabrication details can be found in appendix
B. Room temperature resistivity of fabricated grAl films are ρgrAl = 800 − 2000µΩcm and sheet
resistance R□ = 400 − 1000Ω/□, which is orders of magnitude higher than for pure aluminium.
When its resistivity is low enough, grAl is a superconductor at low temperatures, and exhibits a
superconductor to insulator transition at a resistivity on the order of 10 000µΩcm [61].

According to Mattis-Bardeen theory in the dirty limit and at zero temperature, the kinetic
inductance of a superconducting film is [62]

L□ =
ℏR□

π∆
, (1.81)

where ∆ is the superconducting gap, and R□ is the sheet resistance in the normal state. The
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kinetic inductance in the superconducting state is directly proportional to the resistance in the
normal state. This is a consequence of small Cooper pair density when the normal state resistivity
is high. For fixed supercurrent, if Cooper pair density is small, their velocity, and thus their kinetic
energy, needs to be higher, resulting in high kinetic inductance. GrAl superconducting gap was
measured from tunneling spectroscopy to be ∆grAl = 330 µeV (significantly higher compared to the
pure aluminium superconducting gap of approximately 200µeV). Hence, the kinetic inductance of
typical grAl films with R□ = 400 − 1000Ω/□ is 250 - 650 pH/□. The full study of achievable kinetic
inductance in grAl films is in progress in the group, and the highest value reached so far is 5 nH/□
close to the SIT.

1.5.1 Resonator Design

The resonator is made in microstrip geometry. We target the coupling rate κc/2π = 50 − 100MHz
and fundamental resonance frequency in the 4 - 8GHz band. The coupling rate is set by the
impedance mismatch between the resonator and the 50Ω feedline. Thus, the κc requirement trans-
lates into the the target characteristic impedance close to 5 kΩ, and the coupling parameter λ ≈ 0.8.

To determine the resonator properties we perform electromagnetic simulations with Sonnet soft-
ware, as well as analytic calculations using transfer matrix method (appendix C). Comparison of a
quarter wavelength resonator reflection spectrum simulated using Sonnet and the transfer matrix
method is shown in figure 1.6. In Sonnet simulations, grAl kinetic inductance is the only free param-
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Figure 1.6: (a) Image of the Sonnet circuit used for simulating the resonator. The 50Ω feedline is
in red, while the grAl cavity is green. (b) Reflection spectrum of a quarter-wavelength resonator
simulated using Sonnet software (blue) and transfer matrix model (orange). We note the discrepancy
between the resonance widths.

eter, and we choose it so that it corresponds to a typical fabricated grAl nanowire L□ = 600 pH/□.
The same kinetic inductance value is used for the transfer matrix calculations. Geometric contri-
bution to the total inductance is negligible. Capacitance per unit length is chosen such that the
phase velocity matches the Sonnet simulation. Therefore, resonance frequency will be identical for
both methods. From figure 1.6b, we see that the frequency of the fundamental resonator mode is
ω1 = 2π × 7.4GHz. A value close to the upper limit of the measurement band is chosen, because
we expect the resonance frequency to decrease significantly in the presence of the tunnel junction.

We fit the resonance spectrum to equation 1.72, assuming that the only loss in the system is
due to coupling to the transmission line, and extract the coupling rate. Fit results are given in
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Method κc/2π (MHz)
Sonnet 52

T matrix 95

Table 1.1: Comparison of resonator coupling rates calculated from Sonnet simulations and transfer
matrix method

table 1.1. There is a disagreement between the two methods. One possible explanation for the
discrepancy is the width mismatch between the aluminium feedline (220µm wide) and the grAl
resonator (∼ 700 nm wide), which is not captured by the 1D transfer matrix method. Therefore,
we cannot rely solely on the 1D model calculations to estimate the coupling rate.

The typical junction size in our devices is on the order of 150 nm× 150 nm. Using the standard
value of capacitance per unit area 100 fF µm−2, we expect junction capacitance Cj ∼ 2 fF. The
fundamental mode resonance frequency and characteristic impedance of a resonator discussed above
as functions of junction capacitance are shown in figure 1.7.
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Figure 1.7: Effect of the junction on resonator properties in transfer matrix method. (a) Resonance
frequency of the fundamental resonator mode function of junction capacitance. (b) Characteristic
impedance of the fundamental resonator mode as function of junction capacitance.

1.5.2 Rate Matching: Setting the Junction Resistance

As discussed in section 1.4.1, for the detector to have high photon-to-electron conversion efficiency,
the rate matching condition (equation 1.79) needs to be fulfilled. The coupling rates measured in
previous experiments with similar devices are κc = 2π × 70 − 80MHz, and we tune the junction
loss rate to satisfy the rate matching condition.

We set the operating bias to the middle of voltage range eV ∈ [2∆ − ℏω1, 2∆]. From equation
1.80, the rate corresponding to single photon loss is

κj = λ2e−λ2

I(2∆/e+ ℏω1/2e). (1.82)

The current flowing through the junction is inversely proportional to its tunneling resistance RT.
Thus, by choosing the suitable resistance, junction loss can be matched to the coupling rate. This
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rate is approximately

κj = λ2e−λ2 2∆ + ℏω1/2

eRT

(1.83)

For κc in the middle of the range cited above, and resonance frequency ω1 = 2π× 6GHz, we obtain
the target tunnel resistance RT ≈ 1.5MΩ.

We illustrate the rate matching condition, and the quantum efficiency of our proposed photon-
to-electron converter estimated from equation 1.78 in figure 1.8. For bias voltages satisfying eV >
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Figure 1.8: Single-photon absorption loss rate (equation 1.80) in blue, and the conversion efficiency
estimated from equation 1.78 as functions of bias voltages for the resonator described in section
1.5.1 coupled to a 1.5MΩ junction. For bias voltages satisfying eV > 2∆ − ℏω1 rates are closely
matched, and we notice a plateau where detection efficiency is close to unity. We have neglected
intrinsic losses in this calculation.

2∆ − ℏω1 rates are closely matched, and we notice a plateau where detection efficiency is close to
unity, meaning that we can operate our detector anywhere in this bias range, reducing the sensitivity
to small shifts in loss rates and voltage noise.

1.5.3 Conclusion

To conclude on the sample design, we summarize the parameters of our proposed device in table
1.2. We target the fundamental mode resonance frequency of ω1 = 2π × 6GHz, to be in the
middle of our 4 - 8GHz measurement band, and the detector bandwidth in the 50 - 100MHz range.
To enhance the inelastic tunneling rate κj, and minimize the dark detector current, we propose a
high characteristic impedance resonator of Zc ≈ 5 kΩ, resulting in the strong coupling between the
resonator and the junction (λ ≈ 0.8). The coupling rate between this resonator and the feedline,
setting the detector bandwidth, is estimated to be κc ≈ 2π× 75MHz. To satisfy the rate matching
condition (equation 1.79), we target the junction resistance close to 1.5MΩ. The proposed device
should have conversion efficiency near unity, and low dark counts (104 s−1) in the whole bias range
eV ∈ [2∆− ℏω1, 2∆].
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Device Parameter Value
ω1 2π× 6GHz
κc 2π× 75MHz
Zc 5 kΩ
λ 0.8
RT 1.5MΩ

Table 1.2: Target sample parameters for the proposed microwave photon-to-electron converter.

1.6 Conclusion
We have outlined the theoretical description of the junction-resonator system — we treat the junc-
tion as a Markovian bath at equilibrium, and derive the quantum master equation governing the
time evolution of the reduced density operator of the resonator. The obtained steady state resonator
density matrix is then used to calculate the current flowing through the junction in presence of a
coherent microwave drive. When the mean number of photons in the resonator is significantly less
than one, and for junction bias voltages in range eV ∈ [2∆ − ℏω1, 2∆], the photo-assisted current
is proportional to the resonator population, and the device can be used for photon detection.

For a photon-detector to be used in measurements it needs to have high quantum efficiency,
and minimal dark counts. We have shown that these constraints can be satisfied in our sample: by
tuning the junction resistance one can match the one photon inelastic tunneling rate to the coupling
rate of the resonator to the feedline, resulting in quantum efficiency nearing unity, and utilizing high
coupling between the resonator and the junction to increase the inelastic tunneling, allows the use
of high resistance junctions, minimizing the subgap current, and therefore the dark count.

Finally, we have proposed a design fulfilling the conditions listed above. The resonator is designed
with the help of electromagnetic field simulations. The target parameters are frequency ω1 =
2π× 6GHz, and characteristic impedance Zc = 5kΩ. Impedance mismatch between the resonator
and the 50Ω feedline results in the coupling rate κc ≈ 2π × 75MHz. We then determine the
junction resistance needed to match the junction loss rate to the coupling rate. The resulting
tunneling resistance is RT ≈ 1.5MΩ. Such a device should have photon to electron conversion
efficiency approaching one, as well as low dark current (on the order of 104 s−1).
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In this chapter we implement a photon detector device proposed in Chapter 1, and present the
results of the experiments characterizing its performance. We start with reflection spectroscopy
measurements, presented in section 2.1. Close to the superconducting gap, we observe a sharp
increase in absorption close to resonance frequency. This additional photon absorption is attributed
to the inelastic tunneling through the junction. By fitting the measured reflection spectra, we
estimate different resonator loss rates, allowing us to obtain a quantum efficiency estimate for the
photon-to-electron conversion. The assessed quantum efficiency is 0.85, significantly higher than
the highest reported number for photodetectors based on inelastic tunneling [36].

To confirm that the absorbed photons result in charge flow, we apply the microwave drive and
measure the current flowing through the junction as function of bias voltage and drive power. The
photo-assisted current measurements are presented in section 2.2. We observe a photo-assisted
current strictly proportional to the resonator population, in agreement with the predictions. Addi-
tionally, photo-assisted current due to multi-photon absorption is measured, and it is shown that it
aligns with the theoretical calculations.

The detector quantum efficiency estimated from spectroscopy measurements is verified by care-
fully calibrating the microwave circuit, and measuring the dependence of photo-assisted current



on incident microwave power. The calibration procedure is discussed in setion 2.3. It relies on
measuring the photo-assisted current due to multi-photon processes as function of applied drive
power, and fitting it to the quantum master equation model outlined in chapter 1 with attenu-
ation between the microwave source and the sample as the only free parameter. The quantum
efficiency obtained through this calibration procedure is in agreement with the estimate based on
the measured resonator loss rates.

Finally, we estimate other figures of merit for the detector, namely the dark current and 1 dB
and 3 dB compression points. These results are presented in section 2.4. The measured detector
dark count is on the order of 105 s−1. We discuss its origin, and show that it can be explained by a
residual photon population in the resonator.

2.1 Reflection Spectroscopy

The first experiments we discuss are the spectroscopy measurements of the fundamental resonator
mode. The simplified measurement setup is shown in figure 2.1. The microwave measurements
are performed in a reflection setup, using a VNA (see Chapter 3 for detailed experimental setup).
Measuring the resonator spectra allows us to obtain the resonator loss rates. and estimate the

Figure 2.1: Simplified scheme of the measurement setup. The microwave measurements are done in
a reflection setup. The current flowing through the junction is measured by monitoring the voltage
drop across the resistor Rmeas connected in series with the sample at low temperature. The VNA
is used as a room temperature microwave source. The microwave excitation is attenuated by factor
A before reaching the sample.

expected photon-to-electron conversion quantum efficiency.

2.1.1 Reflection Evolution with Junction Bias Voltage

Firstly, we measure the reflection spectra at different junction biases close to the superconducting
gap. The measurements are shown in figure 2.2. In the phase of the reflected signal (figure 2.2a), we
observe a resonance at ω1 = 2π×5.5GHz, corresponding to the fundamental mode of the resonator.
In the modulus (figure 2.2b), at low bias we observe a slight dip in the reflected signal, meaning
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Figure 2.2: (a) Phase of reflected signal as function of junction bias and frequency. (b) Same
dependence for the absolute value of reflection. Microwave excitation power is P = −142 dBm.

that the losses are small. As the junction bias approaches the superconducting gap, there is a sharp
drop in reflection at resonance, and for bias voltages V > (2∆− ℏω1)/e = 379 µV, we have almost
perfect absorption. Two vertical cuts of the bias-spectra map are shown in figure 2.3, highlighting
the increase in absorption close to the superconducting gap.

In addition to the increase in absorption, we notice a shift in resonance frequency in the vicinity
of the superconducting gap. This is the Lamb shift predicted by the quantum master equation (see
section 1.3.1), and measured in detail in e.g. [59].

Fitting the resonator spectra

To estimate the loss rates κc, κj and κi, we fit each reflection spectrum to the formula

S11(ω) = aeiα
(
1− 2(Ql/|Qc|)eiϕ

1 + 2iQl(ω/ω1 − 1)

)
(2.1)

where ω1 is the resonance frequency, Ql is the loaded quality factor, and Qc is the coupling quality
factor. Expression in parentheses describes the resonator itself, and is equivalent to equation 1.72
with complex κc, while the prefactor appears due to imperfections in measurement setup — a
describes the losses in microwave chain, while α describes the phase shift. The parameter ϕ is set
by impedance mismatches in the circuit. The fitting procedure follows [63], and we will outline it
here on the example of the cavity reflection spectrum taken at Vbias = 300µV shown in figure 2.3.

In order to correct for the distortion due to imperfect microwave lines, all measured VNA spectra
are normalized to a reference trace. The reference trace is taken using the same experimental
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Figure 2.3: Two reflection spectra at different junction biases. Well below the superconducting
gap (V = 300µV) we see a small dip at resonance, while for V = 390µV there is nearly perfect
absorption at resonance — |S11|2 ≈ −30 dB.

configuration, at temperature T ≈ 1.5K. Due to grAl kinetic inductance being significantly higher
at this temperature, the resonator frequency is low enough so that close to the base experiment
temperature resonance frequency, all the power is reflected, and we measure only the microwave
chain. This normalized trace, shown in figure 2.4 for junction bias voltage V = 300 µeV, is described
by equation 2.1.
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Figure 2.4: (a) Real and imaginary parts of the resonator spectrum measured at junction bias
voltage Vbias = 300 µV. Solid black lines represent the fit to equation 2.1. (b) Reflection spectrum
close to resonance frequency shown in complex plane. The off-resonant point P is shown in red.

The resonance data outline a circle in the complex plane (figure 2.4). The radius r of the
resonance circle is set by the ratio of the loaded quality factor to the coupling quality factor:

r =
Ql

|Qc|
. (2.2)

However, before obtaining the two quality factors, the rescaling of the data due to the measurement
setup needs to be taken into account. Rescaling parameters a and α are determined from the
position of the off-resonant point P . As seen from equation 2.1, the point P = 1 is the invariant
of the resonator model. When the frequency is far from resonance, it falls on the resonance circle
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regardless of the parameters Qc, Ql or ϕ. Thus, its position in the complex plane is fixed by a and
α.

To find the off-resonant point, a circle is fitted to the data. The data is then translated so that
the centre of the resonance circle is at the origin, and the unwrapped phase of the translated data
is fitted to

θ(ω) = θ0 + 2arctan

(
2Ql

(
1− ω

ω1

))
(2.3)

From the fit, we extract the resonance frequency ω1, loaded quality factor Ql, and the offset phase
θ0. The off-resonant point P is then determined from:

P = xc + r0 cos(β) + i(yc + r0 sin(β)) (2.4)

where xc, yc, and r0 are resonance circle parameters, and β = ((θ0 − π) mod 2π) − π. The
environment loss and phase shift are given by a = |P | and α = arg(P ). This procedure is done
once, and parameters a, and α are fixed for all the measurements, as they depend only on the
microwave measurement chain.

After the off-resonant point is determined, the data are rescaled so that P = 1, and another
circle fit is performed. Now that the data is in its canonical form, the coupling quality factor is
given by the radius of the fitted circle r0:

Qc =
Ql

r0
(2.5)

and the internal quality factor is
Q−1 = Q−1

l −Q−1
c (2.6)

The coupling loss rate κc is given by κc = ω1/Qc, while the other losses are given by κ = ω1/Q. A
typical fit is shown in figure 2.4a.

Loss rates bias dependence

The loss rates extracted using the fitting procedure outlined above on the data shown in figure 2.2
are shown in figure 2.5. In terms of the extracted loss rates, the equation 1.72 can be rewritten as:

S11 = 1− κc
κ+κc

2
+ i(ω − ω1)

(2.7)

where κc is the coupling loss, while κ describes all the other losses present in the system. The
coupling loss rate is weakly dependent on the junction bias, and its value is κc = 2π×71MHz. The
other loss rate κ is constant below the gap. At bias voltage eV = 2∆−ℏω1 it rises from 2π×9.5MHz
to 2π × 75MHz, and then stays constant in the bias range 2∆ − ℏω1 < eV < 2∆. This loss rate
has two contributions — junction induced losses κj, and internal losses of the resonator κi:

κ = κi + κj. (2.8)

We expect κj to be negligible well below the superconducting gap. Thus, we attribute this loss rate
to voltage independent internal resonator losses κi. The bias voltage dependence of these loss rates
are shown in figure 2.5b. The internal resonator loss rate is κi = 2π× 9.5MHz, and corresponds to
the internal quality factor Qi = ω1/κi = 579.
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Figure 2.5: (a) Coupling rate κc and other losses κ as functions of junction bias voltage (b) The
loss rate κ can be separated into internal loss rate of the resonator κi independent of bias voltage,
and junction loss rate κj

Microwave absorption and conversion quantum efficiency

After obtaining the three resonator loss rates κc, κj and κi, we calculate the microwave absorption

1− |S11(0)|2 =
4(κi + κj)κc

(κi + κj + κc)2
(2.9)

and the expected quantum efficiency of microwave photon-to-electron conversion

χ =
4κjκc

(κi + κj + κc)2
. (2.10)

The absorption probability and quantum efficiency for different junction biases are shown in figure
2.6. Inside the gap, the absorption is approximately 0.4 due to the internal resonator losses. For
voltages eV > 2∆ − ℏω1, where the photo-assisted quasiparticle tunneling is allowed, absorption
increases to unity. At the same bias voltage, the quantum efficiency rises from 0 to 0.85. Especially,
over the whole bias voltage range eV ∈ [2∆ − ℏω1, 2∆], we expect quantum efficiency χ > 0.85.
Above eV = 2∆, the conversion efficiency stays high, however the large current flowing though the
junction due to the elastic process makes this range unusable for photon-detection.
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Figure 2.6: Absorption given by equation 1.74 (blue) and expected quantum efficiency given by
1.78 (black) as functions of junction bias. The range of voltage biases suitable for photon detection
experiments, characterized by high quantum efficiency and low dark count, is shaded in red.

2.1.2 Resonator Loss Rates at High Excitation Power

The cavity reflection spectra change when the applied microwave power is increased due to the
appearance of multi-photon processes. To highlight the multi-photon absorption, we compare the
reflection spectra as function of junction bias voltage for two different powers: P = −138 dBm and
P = −118 dBm in figure 2.7, These two powers correspond to mean resonator populations ⟨nres⟩ =
0.016 and ⟨nres⟩ = 1.6 respectively when the junction is biased well below the superconducting gap.
At higher resonator population, additional absorption is present below the gap.

The bias voltage threshold for a process where n photons are absorbed per tunneling event is

eV > 2∆− nℏω1 (2.11)

Therefore, we expect the subgap absorption to appear as a series of steps. The junction loss rate and
coupling rate as function of bias voltage for the two excitation powers cited above, extracted from
the reflection spectra fits, are presented in figure 2.8. The dashed lines in the figures correspond
to junction voltages eV = 2∆ − nℏω1, n = 0, 1, 2, 3. When the mean resonator population is on
the order of unity, tunneling processes involving several photons are distinguishable in the junction
loss rates. These processes cause reduction of detection efficiency as the incident microwave power
increases, and lead to the saturation of the detector. Additionally, a small change in the coupling
rate is observed close to the superconducting gap.

2.2 Photo-assisted Tunneling Current
With the help of spectroscopy measurements, we have demonstrated the high photon absorption
when the junction is biased just below the superconducting gap. The quantum efficiency of photon-
to-electron conversion is predicted to be high in this bias voltage range.
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Figure 2.7: Resonator spectra as function of junction bias for two different microwave excitation
powers. (a) P = −138 dBm (b) P = −118 dBm
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Figure 2.8: (a) Junction loss rate (b) Coupling rate as function of junction bias voltage for different
microwave excitation power. Grey dashed lines correspond to voltages eV = 2∆−nℏω1, n = 0, 1, 2, 3

We now turn to measuring the current response of our detector to coherent excitation, in order to
confirm that the photon absorption results in charge flowing through the junction. We present the
photo-assisted current measurements as function of microwave pumping strength and frequency, and
devise a calibration method that relies on these measurements. We use the calibration procedure
to verify the detector quantum efficiency estimate obtained from reflection spectroscopy.

The current flowing though the junction is measured by monitoring the voltage drop across a
Rmeas = 51 kΩ resistor connected in series with the sample (see figure 2.1). We keep the microwave
setup fixed across all our measurements, and use the VNA as a room temperature microwave
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source. The VNA calibration is verified by measuring its output power (see Chapter 3). Unless
otherwise mentioned, the pump frequency corresponds to the resonator frequency well below the
superconducting gap. The microwave power cited is always the one at the sample, and is estimated
using the calibration presented in section 2.3.1.

The current flowing through the junction as a function of voltage bias below the superconducting
gap for different microwave pumping powers is shown in figure 2.9. We notice a plateau in subgap

Figure 2.9: Current through the junction as function of bias voltage for different microwave pumping
powers. Grey dashed lines represent bias voltages eV = 2∆ − nℏω1, n = 1, 2, 3, and represent the
energy thresholds for processes involving the absorption of n photons per tunneling event.

current (blue curve in figure 2.9). The width of the plateau is ℏω1/e, as expected for a photo-assisted
tunneling process. As the pumping strength rises further (figure 2.9), one notices two steps, and
eventually three steps in the current below the superconducting gap. As discussed earlier, these
steps correspond to multiphoton tunneling processes. We will use their non-linear evolution with
power to calibrate our photodetector. But firstly, we discuss the single photon process in more
detail.

2.2.1 Single Photon Process

For low microwave power, the photons absorbed by the junction result in an inelastic tunneling
current in voltage bias span eV > 2∆− ℏω1. The evolution of the current with applied microwave
power and frequency, and bias voltage in low power range is shown in figure 2.10. We show the
photo-assisted current, i.e. the difference in current with pumping, and with no microwave drive
applied:

IPAT = I(η)− I(η = 0), (2.12)

where η is the pumping strength. A peak in photo-assisted current at resonance frequency ω1 (figure
2.10a) is observed. A line-cut at ω = 2π × 5.5GHz is shown in figure 2.11. Above eV = 2∆, the
photo-assisted current is negative— the rise in current due to the photon absorption is negated by
the suppression of the elastic process for the excited resonator states. This phenomenon can be
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Figure 2.10: (a) Photo-assisted tunneling current as function of junction bias voltage and frequency
of applied microwave drive. The excitation power is fixed to P = −131.5 dBm = 71 aW (b) Photo-
assisted tunneling current as function of junction bias voltage and applied microwave power. The
excitation frequency is fixed to ω1 = 5.5GHz

demonstrated using the formalism derived in Chapter 1: we assume that the drive is weak, so that
the state of the resonator can be described by a mixture of vacuum and the one photon Fock state.
Photo-assisted current at eV = 2∆+ ℏω1/2 is then:

IPAT(2∆ + ℏω1/2) = ⟨nres⟩κ1,0e+ (1− ⟨nres⟩)κ0,0e+ ⟨nres⟩κ1,1e− κ0,0e. (2.13)

The first term represents the photo-assisted process, while the next two terms are the elastic pro-
cesses corresponding to two lowest resonator states. The last term represents the current without
any microwave drive. The emission processes are energetically forbidden. Inserting the correspond-
ing rates (equation 1.30), and assuming that I(2∆ + 3ℏω1/2) ≈ I(2∆ + ℏω1/2), where I(V ) is the
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Figure 2.11: Photo-assisted current as function of junction bias for excitation power P =
−131.5 dBm and frequency ω = 2π × 5.5GHz. PAT current is maximal for eV ∈ [2∆ − ℏω1, 2∆].
Above the superconducting gap, the photo-assisted current is negative.

current-voltage characteristic of the junction in absence of the environment, we get

IPAT(2∆ + ℏω1/2) = ⟨nres⟩λ2e−λ/2(λ2 − 1)I(2∆ + ℏω1/2) (2.14)

where λ is the coupling parameter. Indeed, for λ < 1, corresponding to our experiment, IPAT < 0
holds. To get the quantitative agreement with the experimental data, the PAT current needs to be
calculated from the quantum master equation 1.49.

For fixed drive frequency, the photo-assisted current rises with microwave power (figure 2.10b).
The measured photo-assisted current junction bias dependence has a step-like structure, in agree-
ment with the expectations.

To probe the subgap current in more detail, we set the junction bias voltage to V = (2∆ −
ℏω1/2)/e = 391.6µV and measure the current as function of applied power and frequency.

PAT Current frequency dependence

The drive frequency dependence is shown in figure 2.12. For the presented microwave powers, the
resonator population is low enough so that the multi-photon processes are negligible. Therefore,
the photo-assisted current is proportional to the resonator population, and we expect its frequency
dependence to have a Lorentzian shape. We fit the trace taken at the lowest drive strength (red
points in figure 2.12) to the equation:

I = Idark + Imax
(κ/2)2

(ω − ω1)2 + (κ/2)2
(2.15)

where Idark is the dark current, Imax is the current at resonance frequency and κ specifies the width.
The fit is shown in figure 2.12 (black solid line). The fit results are Idark = (44.9 ± 0.8) fA, Imax =
(0.274±0.003) pA and κ/2π = (146±3)MHz. The fit is good and the loss rate κ = κtot = κc+κi+κj
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Figure 2.12: Current through the junction at eV = 2∆ − ℏω1/2 as function of microwave drive
frequency for different applied powers. A Lorentzian shape is observed, with peak current value
increasing with rising drive power. The data corresponding to the lowest power (red points) is fitted
to a Lorentzian, and the fit is shown in black solid line.

is in agreement with the VNA measurements.

PAT Current versus microwave power

To measure the evolution of current with applied power, we fix the drive frequency to resonance.
The current - power data is shown in figure 2.13. For low excitation power, the current saturates
at Idark = 55 fA. This value is slightly different when compared to the one extracted from the
Lorentzian fit of the photo-assisted current frequency dependence. This is due to systematic uncer-
tainties. The value of dark current is discussed in detail in section 2.4.1. When the photon flux rises,
the current starts increasing linearly with power. This linear regime extends up to P ≈ −119 dBm,
corresponding to the 1 dB compression point of the detector. At high pump power, the current
deviates from the linear behaviour as a consequence of multi-photon absorption.

2.2.2 Higher Order Processes

At ⟨nres⟩ ∼ 1, the multiphoton absorption processes lead to saturation of the detector, and reduced
quantum efficiency. However, multiphoton processes are a useful resource for calibrating the detec-
tor. In this section, we explore these processes in more detail. Firstly, we show the measurement of
photo-assisted current as function of drive frequency at different bias voltages below the gap.

Multi-photon tunneling current as function of detuning

The current is measured at four junction bias voltages given in table 2.1. These voltages correspond
to values

eV = 2∆− (2n− 1)ℏω1/2, n = 1, 2, 3, 4 (2.16)
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Figure 2.13: The total current flowing through the junction as a function of microwave power
measured at junction bias eV = 2∆ − ℏω1/2, and resonant drive. Solid black line represents the
linear detector behaviour. The saturation at low excitation power is due to the dark current. At
high enough pump power, the current deviates from linear behaviour due to multi-photon processes.
This deviation is characterized by the 1 dB compression point (grey dashed line).

n V (µV)
1 388
2 366
3 343
4 321

Table 2.1: Junction bias voltages corresponding to values eV = 2∆− (2n− 1)ℏω1/2, n = 1, 2, 3, 4.
Current measured at these values of bias voltage is shown in figures 2.14 and 2.15.

and they are chosen such that at least n photons are absorbed per tunnelling event. For each
measurement, the drive power is fixed such that the current at resonance is approximately 2 pA,
well below the saturation current, and higher order processes than the one considered have negligible
contribution. The measurements are shown in figure 2.14. As the number of photons absorbed per
tunneling event rises, the width of the current peak decreases. To estimate this width, we fit the
current - frequency data to equation 2.15. Extracted widths are given in table 2.2. As discussed
in the previous section, the single photon process width aligns with the resonance width at the
specified voltage bias. However, for the multi-photon absorption, this is not the case. The current
peak width is significantly smaller, as expected for a nonlinear process.

Additionally, we can see that for multiphoton processes, especially for three and four photon cases
(figures 2.14c and 2.14d respectively), the current spectra are not Lorentzian. The fit overestimates
the current at the sides of the peak. As the absorption at origin of tunneling current is due to
multi-photon loss, the deviation from Lorentzian shape is expected. Instead, to accurately describe
these processes, we use the master equation formalism presented in section 1.3.1.

As discussed in section 1.3, the detuning dependence of the photo-assisted tunneling current due
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Figure 2.14: Total current flowing through the junction as function of drive frequency for junction
bias voltages eV = 2∆−(2n−1)ℏω1/2, n = 1, 2, 3, 4. The Lorentzian fits for each dataset are shown
in black solid lines, while the weak pumping limit solutions for n = 2 (equation 1.65), and n = 3
(equation 1.68) are shown in red solid lines in the corresponding panels.

to different absorption processes is

I
(1)
PAT =

4η2κ
(1)
j e

4δ2 + (κ+ κ
(1)
j )2

I
(2)
PAT =

32η4κ
(2)
j e

(4δ2 + κ2)(16δ2 + (κ
(2)
j + 2κ)2)

I
(3)
PAT =

96η6κ
(3)
j e

(4δ2 + κ2)2(36δ2 + (κ
(3)
j + 3κ)2)

with κ(n)j =
e−λ2

λ2n

n!

I(2∆/e+ (2n− 1)ℏω/2e)
e

(2.17)

where I(V ) is the bare current-voltage characteristic of the junction, and κ = κi+κc is the resonator
damping.

The comparison of the quantum master equation prediction and the experimental data for the
detuning dependence of the current is shown in figures 2.14b and 2.14c, for the two-photon, and
the three-photon absorption respectively. We have not computed the current-frequency dependence
for n = 4, as it was too computationally intensive. The data is better described by the quantum
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n κ/2π (MHz)
1 146
2 48
3 34
4 27

Table 2.2: Current versus frequency Lorentzian fit widths (figure 2.14) for different junction bias
voltages

master equation theory (solid red lines) than by the Lorentzian fits shown in solid black lines.

Evolution of photo-assisted current with microwave power

We now turn to the photo-assisted current evolution with drive power. We set the detuning to
δ = 0 and measure the current at four junction bias voltages given in table 2.1. The photo-assisted
current as function of microwave drive power is shown in figure 2.15. For low excitation power,
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Figure 2.15: Photo-assisted tunneling current as a function of microwave power measured at junction
bias eV = 2∆− (2n− 1)ℏω1/2, n = 1, 2, 3, 4, and resonant drive. Dashed black lines represent the
weak pumping limit quantum master equation solutions (equations 2.18 - 2.21), while the solid
black lines are the predictions obtained by solving the quantum master equation numerically. The
red dashed line represents the ideal photon to electron conversion, with quantum efficiency equal
to one. The sample parameters are set to their ab initio values, and it is assumed that the incident
power at the sample stage is known.

the photo-assisted current has a constant slope in a log-log plot, corresponding to a power law
behaviour, with the exponent depending on the particular process. The power law dependence is
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observed in weak pumping limit quantum master equation solutions for zero detuning:

I
(1)
PAT =

4η2κ
(1)
j e

(κ+ κ
(1)
j )2

(2.18)

I
(2)
PAT =

32η4κ
(2)
j e

κ2(2κ+ κ
(2)
j )2

(2.19)

I
(3)
PAT =

96η6κ
(3)
j e

κ4(3κ+ κ
(3)
j )2

(2.20)

I
(4)
PAT =

512η8κ
(4)
j e

3κ6(4κ+ κ
(4)
j )2

(2.21)

We have added the solution for bias voltage eV = 2∆−7ℏω1/2, which was calculated only for δ = 0.
By examining the master equation solutions, we note that I(n)PAT ∝ η2n ∝ ϕn, where ϕ is the incident
photon flux, reproducing the power law behaviour.

The weak pumping limit quantum master equation solutions are shown in black dashed lines in
figure 2.15. The sample parameters are fixed to their ab initio values. Detailed calculation of these
parameters is given in Chapter 3. Junction-resonator coupling parameter λ = 0.785 is calculated
using the transfer matrix method. Resonator damping rate κ = κc + κi = 2π × 80.5MHz is taken
from the microwave spectroscopy measurements. The effective junction resistance is RT = 1.75MΩ,
and the pumping strength η is calculated based on the calibration procedure presented in section 2.3.
Comparing them to the experimental data, we note that the weak pumping limit is experimentally
accessible only for the first-order process (red points). Thus, if we want to reproduce the current
due to multiphoton absorption, we need to solve the master equation 1.49 numerically.

To solve the master equation 1.49 for an arbitrary microwave drive power, we use the python
QuTiP library [64, 65]. Resulting calculations for the ab initio sample parameters are shown in
solid black lines in figure 2.15. There is an excellent agreement between the data and theory over
the whole range of applied drive power, confirming the good understanding of photon-to-electron
conversion in our system.

In the calculations presented in this section, the incident power at the sample stage is treated as
a free parameter, and a fit to the experimental data is performed. Fitting the four photo-assisted
current measurements over the wide pump power range allows us to determine the incident power at
the sample with low uncertainty. We discuss this fitting procedure in detail in the following section.

2.3 Power Calibration

Until now, we have assumed that the incident microwave power at the sample is known. In this
section, we present the calibration procedure used to determine the attenuation between the room
temperature microwave source and the sample, which is then used to calculate the pumping strength.
The calibration is based on fitting the photo-assisted current to the master equation model. We
then compare the results to other calibration methods commonly used throughout the literature.
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2.3.1 Current-Power Dependence Calibration

As mentioned in the previous section, after fixing the sample parameters, the remaining quantity
needed to be determined to solve the master equation is the pumping strength η =

√
ϕ/κc, where

ϕ is the photon flux. The flux is reduced by an unknown factor A, representing the attenuation
between the microwave source and the sample. One possible method of obtaining A is fitting the
photo-assisted current calculated from the quantum master equation 1.49 to the experimental data.
From the weak pumping limit solutions (equations 2.18–2.21), the photo-assisted current at junction
bias voltage eV = 2∆ − (2n − 1)ℏω1/2 is proportional to η2n. As A ∝ η2, fitting the four current
versus microwave power traces is equivalent to fitting A, A2, A3 and A4 simultaneously with only
one free parameter, allowing us to precisely determine A. In all calculations, the resonator Hilbert
space is truncated to 20 photons, and the microwave power range used in fitting is restricted such
that the mean resonator population is ⟨nres⟩ < 5. The resulting fit is shown in figure 2.15 (solid
black lines). There is excellent agreement between the measured data and the quantum master
equation fit with attenuation A being the lone free parameter in this fitting procedure. The result
of the fit is A = 106.97 dB. Once the attenuation between the microwave source and the sample is
determined, the quantum efficiency can be directly obtained from the linear increase of the photo-
assisted tunneling current with photon flux. The obtained quantum efficiency is χ = 0.83. This
quantum efficiency is in agreement with our predictions based on spectroscopy measurements.

Quantum Efficiency Error Estimation

The statistical error in the attenuation estimated using the fitting procedure outlined in the preced-
ing section is negligible. The main source of error are the systematic errors that enter the calibration
procedure. Especially, it is not possible for us to determine the effective tunneling resistance RT

with high precision, as it includes the dynamical Coulomb blockade effects of the higher modes. The
properties of higher resonator modes cannot be determined experimentally, and we have to rely on
the transfer matrix model calculations.

In order to estimate the uncertainty in quantum efficiency, we let the coupling parameter λ and
effective resistance RT be free parameters in the calibration procedure. For each value of λ and RT,
we calculate the photo-assisted current, and repeat the fitting procedure described in the previous
section to obtain the optimal attenuation. Then, we calculate the reduced residual sum

χ2
r(λ,RT) =

∑
(IexpPAT − IPAT(Aopt, λ, RT))

2

NDOF

(2.22)

for each fit. The number of degrees of freedom NDOF is calculated by subtracting the number of
free parameters in the fitting procedure from the number of points in the experimental dataset. The
optimal parameters are chosen by minimizing the residual sum. By using this fitting procedure, we
obtain λ = 0.76, RT = 1.90MΩ and A = 106.7 dB resulting in quantum efficiency χ = 0.79. The
reduced residual sum as function of λ and RT is shown in figure 2.16. With the three free parameters,
the reduced residual sum is below 2, indicating that it can be used to estimate the error bar on the
fit parameters. The standard deviation of attenuation results in the region satisfying

χ2
r < 2min(χ2

r) (2.23)

(red ellipse in figure 2.16) determines the 1σ error bar. Finally, we get for the attenuation between
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Figure 2.16: Reduced residual sum as function of junction-resonator coupling and junction resis-
tance. The red ellipse encircles the region where χ2

r stays below two times its minimal value, and is
used to determine the standard error in attenuation.

the microwave source and the sample

A = (107.0± 0.3) dB (2.24)

resulting in quantum efficiency
χ = (0.83± 0.05). (2.25)

2.3.2 Other Calibration Methods

We now compare the calibration method presented in the previous section to other commonly used
methods.

Cable attenuation estimate

A crude calibration method consists of estimating the attenuation of every microwave component
and cable in the RF chain to obtain the total attenuation. This means directly measuring the
attenuation or gain of all room temperature components, such as cables and amplifiers. Gain of
the low temperature amplifier is also directly measured. Attenuators are considered to be at their
nominal value. Circulator insertion loss is taken from the datasheet, while the diplexer loss was
measured at room temperature. All this, together with a reference VNA trace away from resonance,
can be used to determine the total attenuation of microwave cables inside the fridge. This includes
the total attenuation of input and measurement lines. We suppose that input and output lines are
identical, and assume for the attenuation of the input line half of this measured value. Putting
together all the measurements, we obtain A = 106 dB. The value is only 1 dB lower than the value
extracted using the quantum master equation fit. This method relies on many assumptions, and
cannot be considered reliable. Additionally, the uncertainty in the determined attenuation is not
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easy to quantify.

Shot noise calibration

Another calibration method relies on measuring the junction current shot noise power spectral
density. At voltage bias values high above the superconducting gap, the junction exhibits ohmic
behaviour, meaning that the current through the junction is proportional to bias voltage. In this
regime, the shot noise power emitted by the junction in a bandwidth BW centered around the
resonance frequency is [33]

P =
4λ2κcℏω1

e(κc + ω1λ2RN/πRK)
I(V − ℏω1/e)×BW (2.26)

where RN is the normal state resistance of the junction. This is also predicted by the master
equation calculations (see section 4.3.2).

We measure the emitted power in a 5MHz bandwidth around resonance for junction bias voltages
between 1.3mV and 1.8mV. As expected, the emitted power is directly proportional to bias voltage,
and by extracting the slope of this linear dependence and comparing it to equation 2.26, we extract
the attenuation

A = (107± 1) dB (2.27)

This is compatible with the results obtained using two previously discussed calibration methods.
During the measurement, it was noticed that a very high junction bias is needed for the junction
to exhibit linear behaviour. In this bias range, the sample properties may be altered by heating,
or other out-of-equilibrium effects. Therefore, although more trustworthy than just the microwave
components estimate, this method is not as reliable as the current-power measurement based cali-
bration presented above.

2.4 Detector figures of merit
We have measured the photo-assisted current and shown that our photo-detector has quantum
efficiency near unity, limited by the internal quality factor of the grAl cavity. However, in order for
the detector to be of practical use, there are additional properties that need to be considered. In
this section, we show the measurements of these detector figures of merit.

2.4.1 Dark current

To determine the dark current, we measure the current flowing through the junction as function
of bias voltage at base temperature of the experiment, and without any microwave drive. The
measurements are shown in figure 2.17 The measured dark current in the bias voltage range eV ∈
[2∆− ℏω1, 2∆] is

Idark = (55± 5) fA (2.28)

resulting in the dark count rate of 340 ks−1 for the bandwidth of 150MHz. The origin of the
dark current is not fully understood. However, its step-like voltage dependence indicates that the
dark current is not caused by the rounding of the junction I(V ), but is due to a non-equilibrium
population of the two lowest resonator modes corresponding to ⟨nres⟩ = 1 ·10−3 and ⟨nres⟩ = 2 ·10−4

at ω1 and ω2 respectively. Several different steps can be taken to reduce the photon population, such
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Figure 2.17: Current as function of junction bias without the microwave drive. The solid black
line is the measurement taken in the same cooldown and setup as all the results presented in this
chapter. Solid red line represents the measurement taken in a subsequent cooldown after sealing
the sample holder with indium. The vertical lines correspond to bias voltages 2∆− ℏωn, n = 1, 2

as using more shielding and filtering the lines. We show in figure 2.17 the dark current measurement
using the same setup, but performed in a subsequent cooldown, after sealing the sample holder box
using indium wire (red trace).

We measure a reduction in dark current to be

Idark = (26± 4) fA. (2.29)

The dark current data was taken using the lock-in measurement setup outlined in section 3.1.2.
To achieve the precision needed, the data was averaged over several days, and it is sensitive to
fluctuations in gain, and especially voltage amplifier input impedance, for which we correct. As a
confirmation of low dark current, we show the measurement taken with a high impedance voltage
amplifier. The resulting data, without any corrections for amplifier impedance is shown in figure
2.18. The current just below the gap is I ≈ 300 fA. However, a linear current - voltage dependence
can be seen below the gap. The resistance corresponding to the slope of the subgap current is
greater than 2GΩ. At impedances this high, leakage currents cannot be neglected. Due to high
current noise of the amplifier, the subgap impedance cannot be determined with required precision,
and we use these measurements only to estimate the upper limit on the dark current.

2.4.2 Noise Equivalent Power

In addition to quantum efficiency, and dark current, noise equivalent power, as a measure of pho-
todetector sensitivity, represents a key figure of merit. The noise equivalent power (NEP) is the
incident power that can be detected with signal to noise ratio equal to unity in a bandwidth of 1Hz.
We estimate the NEP from the noise of our current measurements. The current noise for the lock-in
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Figure 2.18: Current as function of junction bias without the microwave drive measured using the
high impedance voltage amplifier. The vertical lines correspond to bias voltages 2∆− ℏωn, n = 1, 2

measurement setup, is approximately 120 fA/
√
Hz. The corresponding NEP is then calculated from

NEP =
in
e
ℏω1 (2.30)

resulting in 2.7 aW/
√
Hz. This NEP is four orders of magnitude above the current state of the art

detectors [27]. However, our experiment was not designed with the purpose of reaching low NEP.
One could readily reduce the NEP by adapting the setup to use a low temperature HEMT amplifier
[66], instead of measuring the current by monitoring the voltage drop across the resistor connected
in series with the sample using a room temperature voltage amplifier. This would result in a current
noise of 1 fA/

√
Hz, with the equivalent NEP of 2.3 · 10−20W/

√
Hz, thus approaching the state of

the art.

2.4.3 Detector Saturation

All the detector properties are calculated in the low microwave drive limit. As the microwave power
increases, the detector saturates when ⟨nres⟩ is on the order of unity, and multiphoton processes can
no longer be neglected (see figure 2.15). This saturation is quantified by 1 dB and 3 dB compression
points. For our detector, these compression points are P1 dB = 340Mph/s and P3 dB = 1Gph/s.

2.5 Conclusion

We have presented the measurements characterising our photon-to-electron converter. The resonator
properties were determined through microwave spectroscopy. From the resonator loss rates, we
estimated the photon to electron conversion quantum efficiency to be χ > 0.85, which is an order
of magnitude greater than in other detectors based on inelastic tunneling.
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To confirm the quantum efficiency estimate, we measure the evolution of photo-assisted current
with junction bias voltage and microwave drive power and frequency. These measurements are
well explained by the quantum master equation formalism presented in Chapter 1, indicating good
understanding of the photon to electron conversion mechanism in our device. The same formalism
is used to devise the calibration procedure relying on fitting the photo-assisted current measured
as function of applied microwave power to the theoretical model. This calibration yields the quan-
tum efficiency χ = (0.83 ± 0.05), confirming the assessment based on the microwave spectroscopy
measurement.

The other detector figures of merit are also estimated. In particular, the dark electron rate is
shown to be 160 ks−1.
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In the previous chapters, we have described the working mechanism behind our photon detector,
and then experimentally characterized it through radio-frequency and DC measurements. We now
give the technical details of the experiment, as well as the calculations used to extract the sample
parameters given in Chapters 1 and 2.

3.1 Experimental Setup

The sample is fabricated on a silicon wafer (the fabrication details are in appendix B), and consists
of a 5.5GHz resonator terminated by a superconducting tunnel junction. The wafer is glued using
PMMA to a sample holder box containing a printed circuit board. The chip is bonded to the printed
circuit board using AlSi wires. The sample holder box is then tightly closed, and fixed to the mixing
chamber plate of a Bluefors SD dilution refrigerator with the base temperature 20mK. The 50Ω
microstrip transmission lines on the PCB are connected to the experimental setup through SMA
ports. Images of the experimental setup are shown in figure 3.2.

The detailed schematic of the setup is in figure 3.3. It combines the dc and microwave measure-
ment lines. Firstly, we will describe the setup used for high frequency measurements allowing us
to perform reflection measurements in the 4 - 8GHz band. Secondly, we will outline the dc setup,
which we use to bias the tunnel junction, as well as to measure the current flowing through the
sample.



Figure 3.1: The sample holder box with the sample in the centre. The sample is bonded to the
transmission lines on the printed circuit board using AlSi wires.

(a) (b)

Figure 3.2: Low temperature experimental (a) Tightly closed sample holder box is in the bottom
of the image. Above it, the plate containing the printed circuit board with the surface mounted
biasing circuit components is visible. The biasing circuit is connected to the rest of the setup with
SMPX cables. The two double circulators connected in series are fixed to the upper part of the
mixing chamber plate (b) A diplexer and an attenuator are fixed to the back side of the mixing
plate.

3.1.1 Microwave Setup

In figure 3.3, the microwave setup is shown in red. Both the input and detection lines are 50Ω
coaxial cables. To eliminate the unwanted thermal photons, the input line is strongly attenuated.
The total attenuation of the line is −90 dB. We can compute the expected photon population at low
temperature from the following [67]: if the attenuation at stage Ti is ATi

, then the photon number
nth,i at this stage is given by the photon number at the previous stage nth,i−1 attenuated by ATi

,
and the photons emitted by the attenuator, which is the black body radiation at temperature Ti
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Figure 3.3: Detailed measurement setup used for photon-to-electron conversion experiments. Mi-
crowave part of the setup is shown in red, while the DC setup is in blue

scaled by (1− ATi
). We then have

nth,i = ATi
nth,i−1 + (1− ATi

)nBE(Ti, ω) (3.1)

where nBE(T, ω) is the Bose-Einstein factor at temperature T , and frequency ω. By performing this
calculation, we note that the majority of unwanted thermal photons come from the 1K stage. For
this reason the attenuation at 20mK stage is −50 dB. This is realized by fixing three attenuators
to the mixing chamber plate, and making sure they are properly anchored for good thermalization.
From equation 3.1, we get the thermal population at resonance frequency of nth = 1.2 · 10−4, and
an equivalent temperature close to 29mK.

After the microwave excitation is reflected from the sample, it is directed to the output line
through a series of circulators. It is first amplified by a Low Noise Factory LNF-LNC4_8C cryogenic
HEMT amplifier. The gain of the amplifier was independently measured in a separate cooldown to
be 37 dB, while the noise temperature is 1.5K. To prevent the amplifier noise from reaching the
sample, we stack two double circulators in series: looking from the sample we have LNF 4 - 8GHz
double-junction circulator, with a typical isolation of 40 dB, in series with an LNF 4 - 12GHz double-
junction circulator, with 30 dB of isolation. Taking the amplifier noise as black body radiation at
1.5K, and 70 dB of isolation, the photon number at resonator frequency at the sample stage due to
the amplifier is 2.4 · 10−6, which should have negligible impact on our measurements. Two −3 dB
attenuators are added on the input line — at 3K stage, and 40K stage to eliminate standing waves in
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the line. At room temperature, the signal is further amplified by two Mini-Circuits ZX60-83LN-S+
low noise amplifiers in series.

Microwave spectra are measured using a Rohde&Schwarz ZVA vector network analyzer con-
nected to RF in and RF out ports in figure 3.3. The same VNA is also used as the microwave
source for photo-assisted current measurements. In these experiments we vary the microwave power
by more than three orders of magnitude. We use Rohde&Schwarz FSV3000 spectrum analyzer to
calibrate the VNA power over this range. This is done by connecting the output port of the VNA
directly to the spectrum analyzer, and measuring the power. The results of this measurement are
shown in figure 3.4. The VNA is well calibrated, but there are several jumps in power (circled in
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Figure 3.4: VNA power calibration measurement. The jumps in power circled in red are due to
change in the internal VNA attenuators

red in the figure). These jumps correspond to the change of the physical attenuation inside the
VNA. By carrying out a calibration relying on data in figure 3.4, we correct for these jumps in our
measurements.

3.1.2 Low-frequency measurement setup

Low-frequency part of the setup is shown in blue in figure 3.3. It allows us to voltage bias the
junction, and measure the DC current flowing through it. The junction is biased using a voltage
divider, which consists of a 1.009MΩ resistor at room temperature, and a resistor at 20mK. Its
resistance at low temperature is measured to be 109.3Ω by fixing the width of current steps in figure
2.9 to Vstep = ℏω1/e, allowing us to precisely determine the junction bias voltage. To filter the high
frequency voltage noise, we add a 10 nF capacitor in parallel with the divider resistor, making a
low-pass filter with a 150 kHz cut-off.

Current through the sample is determined by measuring the voltage drop across a Rmeas =
51 kΩ resistor placed in series with the sample. Together with the other low temperature circuit
components, this resistor is soldered to a printed circuit board, which is then anchored to the
fridge by using a metal plate (see figure 3.2a). The circuit is connected to the room temperature
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setup using thermocoax cables. Each cable has a capacitance of CTC = 1.5 nF, and resistance
RTC = 170Ω. At room temperature, the voltage signal is first amplified with a differential voltage

Figure 3.5: Room temperature circuit used for measuring the current flowing through the sample.
The voltage Vout across the resistor connected in series with the sample at low temperature is first
amplified by a differential amplifier. We have used two different amplifiers in our experiments: the
first is based on the Analog Devices AD8421 chip, while the second one is the NF Corporation
LI-75A. The signal is then further amplified by an SR560 filter with a gain of 100, and measured
with a SR830 lock-in amplifier.

amplifier, then further amplified and filtered using a Stanford Research Systems SR560 filter, and
measured with a Stanford Research Systems SR830 lock-in amplifier (see figure 3.5). We have used
two differential voltage amplifiers in our experiments. The first is a home-made device based on
an Analog Devices AD8421 chip. It was chosen for its low voltage noise density of 3 nV/

√
Hz and

its high input impedance greater than 1GΩ. The drawback of this amplifier is its high current
noise density 200 fA/

√
Hz. When both sources of noise are taken into account, we expect δI =√

(200 fA/
√
Hz)2 + (3 nV/

√
Hz/Rmeas)2 = 210 fA/

√
Hz.

We also use an NF corporation LI-75A preamplifier. Both its current and voltage noise density
are low, and according to the datasheet, we expect current noise density of δI = 40 fA/

√
Hz, which

is 5 times lower compared to the AD amplifier. For this reason we choose to use the NF LI-75A
differential amplifier for all our measurements unless otherwise noted. However, its nominal input
impedance is 100MΩ, and must be taken into account, especially when measuring the dark current.

3.1.3 Current Measurement Chain Calibration

Measuring the amplifier impedance

Below the superconducting gap, the current flowing through the junction is small, and the LI-75A
amplifier input impedance is lower than the resistance of our sample. For this reason, we measure the
input impedance in a separate cooldown by replacing the sample with an open circuit, and take this
impedance into account when calculating the current flowing through the sample. The measured
input impedance is Zin = (94.8 ± 0.2)MΩ. This amplifier input impedance fluctuates during the
measurements, with a time scale of several days. To correct for this during the cooldowns with the
sample, we measure a current voltage characteristic well below the gap, and use these measurements
to extract the amplifier impedance.
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Low frequency circuit gain calibration

The gain of the room temperature dc measurement chain shown in figure 3.5, with the LI-75A
differential amplifier characterized by the nominal gain of 100, and the resistance Rmeas at low
temperature were independently calibrated. For calibrating the dc gain, we short the measurement
circuit at low temperature, in place of the sample. The temperature dependence of the voltage
measurement gain Gdc is shown in figure 3.6. The gain is close to its nominal value of 10 000, and
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Figure 3.6: Gain of the dc measurement chain as function of temperature

shows good temperature stability.
To measure Rmeas, we measure the current through the measurement circuit using a room tem-

perature current amplifier. The current amplifier is connected to the low temperature circuit using
another thermocoax cable. Using this procedure, we get Rmeas = (51.63 ± 0.01) kΩ. Thus, if the
voltage measured with the lock-in amplifier is Vmeas, the current flowing through the sample is

I =
Vmeas

GdcRmeas

. (3.2)

3.1.4 Low Frequency Circuit Bandwidth

We use two types of components that allow us to combine dc and microwave signals. First one is
bias-tee, as shown in figure 3.3. Bias-tees separate the frequency bands by using an inductor in the
low frequency branch, and a capacitor in the high frequency one. Bias-tees have capacitors in the
range of 0.1 - 1µF. Combined with the measurement resistor Rmeas, this restricts the bandwidth
of the circuit to ∼ 10Hz, which is low. Therefore, instead of a bias tee, we use a diplexer. The
diplexer used in the experiments combines signals coming from two ports: a dc to 1GHz port,
and a 1 - 8GHz port into a single dc – 8GHz band. The capacitance of the low frequency diplexer
port is measured to be 0.1 nF. Thus, the measurement bandwidth is limited by the thermocoax
capacitance CTC to 2 kHz.
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3.1.5 Subgap Current Measurement

The dc measurement chain characterization presented above is performed to ensure that the current
measurements, especially below the superconducting gap, are precise. When no microwave drive is
applied, the subgap current is expected to be small — on the order of 10 - 100 fA from the theoretical
calculations. Thus, to increase the signal to noise ratio, the measurements are done in lock-in
configuration. To measure the current at Vbias, the sample is biased by a square wave of maximum
voltage Vbias, and the minimum value is Vref = 220 µV. The same waveform is used as the lock-in
amplifier reference. Its frequency is 12Hz. The current at the same frequency is then measured
using a lock-in amplifier (see figure 3.5). By constantly switching between the measurement bias
value, and the reference value Vref , we eliminate the influence of amplifier gain drifts over the course
of a measurement. The lock-in measures the response to a sine wave, and we account for the
square wave excitation. Such a measurement using the LI-75A differential amplifier is shown in
blue in figure 3.7. The sharp rise in current is observed, corresponding to the superconducting gap
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Figure 3.7: Current-voltage characteristic of the junction below the superconducting gap. The data
measured with the LI-75A differential amplifier is shown in blue, while the data measured with the
AD8421 based differential amplifier is shown in green. LI-75A data (blue curve) corrected for input
impedance of the voltage amplifier is shown in orange.

∆ = 201 µeV. Below the gap, the current rises linearly with bias voltage. This current is attributed
to a leakage through the voltage amplifier, due to its low value of input impedance when compared
to the junction resistance. To correct for the presence of the amplifier, we fit the current-voltage
dependence between 200 and 300µV to a linear function and extract the input impedance under
the assumption that no current flows though the sample. The obtained input impedance is then
fixed for all the subsequent measurements. All photo-assisted current measurements presented in
Chapter 2 are subjected to this correction. The corrected I(V ) measurement is shown in figure 3.7
in orange.

To confirm that the subgap current is due to the leakage to the amplifier, we switch to the
high impedance AD8421 based device, and measure the subgap current (green curve in figure 3.7).
Indeed, the subgap current is greatly reduced.
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3.2 Sample Characterisation

We now turn our attention from the experimental setup to the measurements used to evaluate the
sample parameters. The sample is shown in figure 3.8. The grAl microstrip resonator is 180µm
long and 720 nm wide. It is galvanically coupled to the 50Ω line, which can be seen in orange in
the left of the picture. On the right, we see the tunnel junction, and the patch used to connect the
junction to the resonator. The junction dimensions are 120 nm× 140 nm.

GrAl
Al

20 μm

Figure 3.8: Picture of the sample. Optical picture showing the grAl resonator in red and aluminium
in orange. The grAl microstrip resonator is 180µm long and 720 nm wide. A scanning electron
micrograph of the junction is shown on the right. The junction dimensions are 120 nm× 140 nm

Firstly, the mode structure of the sample is calculated using the experimental measurements
and the transfer matrix model simulations. We then further characterize the fundamental resonator
mode. Finally, we determine the junction parameters from dc current measurements. All the
measurements were done using the setup presented in the previous section, and at 20mK unless
otherwise mentioned.

3.2.1 Mode structure

We use grAl sheet resistance measurements to evaluate the characteristic impedance of the resonator
modes. To obtain the grAl sheet resistance, we measure the total resistance of the sample as
function of temperature, shown in figure 3.9. The resistance of the sample is the sum of grAl
nanowire and junction resistances. During the measurement, the junction was biased at 1mV, far
above the superconducting gap. At this bias, the junction behaves as a normal tunnel junction of
resistance RT at all temperatures, so we observe only the superconducting transition of grAl, close
to T = 2K. We take the resistance of the resonator to be the difference in total sample resistances
just before this transition (labelled in blue in figure 3.9), and just after (labelled in orange). The
grAl wire resistance is then (243±3) kΩ. Combined with the wire dimensions, the sheet resistance is
R□ = (970± 20)Ω/□. From equation 1.81, we obtain kinetic inductance of L□ = (618± 10) pH/□.
Granular aluminium superconducting gap is ∆grAl = 330µeV, measured from tunnel spectra of
grAl/AlOx/Al tunnel junctions. We use this value in transfer matrix simulations.

To determine the junction capacitance, we vary it in the simulations until the model reproduces
the frequencies of the two lowest modes. The fundamental mode frequency ω = 5.50GHz is extracted
from microwave measurements (section 2.1). The frequency of the second lowest mode is determined
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Figure 3.9: Total Sample resistance as function of temperature. We observe the superconducting
transition of grAl close to Tc,grAl ≈ 2K, followed by the aluminium superconducting transition at
1.4K characterized by a kink in sample resistance
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Figure 3.10: (a) Inelastic Cooper pair tunneling principle. The excess Cooper pair energy provided
by the voltage bias is emitted to the resonator (b) Current - voltage characteristic of the junction
close to zero voltage bias. Peaks in current due to inelastic Cooper pair tunneling are visible.

from inelastic Cooper pair tunneling. This process is depicted in figure 3.10a. The inelastic tunneling
is only possible when the energy provided by the voltage bias can be emitted into resonator modes
(see e.g. [47]). In figure 3.10b, we identify several peaks in current, to which we attribute the
resonant conditions indicated by the dashed lines. We conclude that the frequency of the second
resonator mode is ω2 = 2π× 17.87GHz. Capacitance needed in the transfer matrix calculations to
reproduce the two mode frequencies is Cj = 2.6 fF. It is compatible with the junction size, and the
size of the pad used for patching the junction to the resonator.

The parameters given above are then used to calculate the resonance frequencies and spatial
dependence of the modes (see appendix C). When the spatial dependence of the modes is known, the
corresponding characteristic impedance is calculated from the equation 1.19. The mode structure
of the sample is shown in table 3.1.
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.

Mode ω/2π (GHz) Zc (kΩ) λ
1 5.52 5.09 0.79
2 17.86 0.77 0.31
3 31.56 0.20 0.16
4 45.84 0.07 0.09
5 60.37 0.03 0.06
6 75.01 0.02 0.05
7 89.71 0.01 0.04

Table 3.1: Sample modes, their characteristic impedances and coupling parameters

3.2.2 Determining the Junction Resistance

To obtain the normal state tunnel resistance of the junction, its current-voltage characteristic is
measured at bias voltages V = 1 − 2mV, far above the superconducting gap. In this bias voltage
range, the ohmic behaviour of the tunnel junction is recovered, and the extracted resistance is
1.53MΩ.

Effective junction resistance in the single mode model

In the master equation description presented in chapters 1 and 2, we have considered a single mode
resonator. However, the fabricated resonator has several modes, the properties of which are given
in table 3.1. As we consider only the experiments in which the fundamental resonator mode is
pumped, and the junction is biased below the superconducting gap so that the tunneling processes
involving photon emission are forbidden, we may assume that the higher modes stay in vacuum.
The presence of these spectator modes renormalizes the tunneling rates:

κn,n+l =
∏
m̸=1

∣∣∣⟨0| eiλm(am+a†m) |0⟩
∣∣∣2∣∣∣⟨n+ l| eiλ(a+a†) |n⟩

∣∣∣2−→γ (V − lℏω/e) (3.3)

As the renormalization factor is common for all the rates, it amounts to an effective junction
resistance

RT =
∏
m ̸=1

| ⟨0| eiλm(am+a†m) |0⟩ |2 × 1.53MΩ = e−(λ2
2+λ2

3+...) × 1.53MΩ (3.4)

The effective resistance is RT = 1.75MΩ, and this value is used in all photo-assisted current
calculations unless noted otherwise.

3.3 Conclusion

In this chapter we have discussed the setup of the experiment used to characterize our photon
detector. The experiment is designed to allow measuring the microwave properties of the resonator
and the dc current flowing through the junction simultaneously. Both the microwave source, and the
dc measurement chain are calibrated, to ensure the precision in photo-assisted current measurements
required for accurate estimation of the detector quantum efficiency and dark current.

The device parameters used for theoretical calculations in Chapter 2 were also presented. The
two lowest mode frequencies of the resonator are extracted form the inelastic Cooper pair tunneling

58



current measurements. These results are then used to determine the parameters for transfer matrix
calculations, and the mode structure up to the resonator superconducting gap is obtained. The
junction properties, such as the superconducting gap ∆, and normal state tunneling resistance RT

are deduced from its current - voltage characteristic.
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In this chapter, we present the response of the photon detector device described in previous
chapters to thermal radiation. When the temperature is increased, the mean population of the
resonator rises, resulting in a thermal photo-assisted current flowing through the junction. We
measure this current, and confirm the high photon to electron conversion efficiency estimated in
Chapter 2. We use the rate equation formalism to describe the current flowing through the junction,
and show good agreement with the experimental data.

As a consequence of the photon absorption by the junction, the mean resonator population is
expected to be lower than in thermal equilibrium when the junction is biased below the supercon-
ducting gap. Thus, the junction effectively cools down the resonator. The use of similar systems for
active cooling has already been demonstrated both in theory [68], and experimentally [69, 70, 71],
and it is claimed that these devices could find widespread applications in quantum technologies,
e.g. in qubit initialization or reset. We probe this effect by measuring the power emitted by the
sample close to resonance frequency. This allows us to calculate the evolution of mean resonator
population with temperature and junction bias voltage, and quantify the effective cooling for the
junction bias voltages satisfying eV < 2∆ + ℏω1.

Above the superconducting gap, the inelastic processes where the quasiparticle tunnels while
emitting energy into the resonator become possible. The effect of photon emission on the conduc-
tance of a junction coupled to an electromagnetic mode has been studied in numerous experiments,



starting with [46], and the emitted power in such systems has also been studied in case of a normal
tunnel junction [72]. We extend this to the case of the superconducting junction, and high coupling
λ ∼ 1, taking the junction far from equilibrium. Through input-output theory, we show that the
quantity probed by measuring emission in such experiments is the population of the resonator.
The mean resonator population measurements are in quantitative agreement with the rate equation
predictions. Additionally, we show, theoretically and experimentally, that non thermal states in the
resonator are created by the inelastic tunneling processes. We also identify a narrow bias region
where emission spectrum displays a peculiar non-Lorentzian lineshape.

4.1 Thermal Photo-assisted Tunneling Current

At a temperature T , all dissipative elements of the circuit (see figure 3.3), such as attenuators, emit
black body radiation. At the fundamental frequency ω1 of the resonator, this radiation is charac-
terized by the Bose-Einstein occupation factor nBE(ω1, T ). Hence, by changing the temperature of
the fridge, we can tune the incident thermal radiation on the sample. We then measure the current
flowing through the junction at different temperatures. Resulting current-voltage characteristics are
shown in figure 4.1. As the temperature is increased, a photo-assisted current appears below the

Figure 4.1: Current through the junction as a function of bias voltage for different fridge tempera-
tures. The subgap steps correspond to the processes where different number of photons are absorbed
per tunneling event. Voltage threshold for each process is marked by a dashed grey line. Red and
blue dashed lines mark the voltages where one and two photon tunneling currents were measured

gap. At low enough temperature, there is only one step in bias voltage span V ∈ [2∆ − ℏω1, 2∆],
corresponding to the one photon inelastic tunneling process. When the temperature is raised fur-
ther, more steps emerge, and above 300mK, inelastic current due to two and three photon processes
is visible.
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4.1.1 Single photon tunneling current

We compare the measured current to a simple model, making several assumptions. The multi-photon
processes are neglected, and only the ground state and the first excited state of the resonator are
considered. Additionally, we assume the probability for the excited state to be occupied is small:
p(1) = ⟨nres⟩ ≪ 1. It is also supposed that both the coupling loss and intrinsic loss channels of the
resonator couple to a thermal bath at temperature Tfridge. Junction is presumed to be a bath at
zero temperature. These assumptions are summarized in the model illustration in figure 4.2.

Figure 4.2: Schematic of the model used to explain the thermal photo-assisted current. Junction
is presumed to be a zero temperature bath. The coupling loss and intrinsic loss channels of the
resonator are assumed to be coupled to a thermal bath at temperature Tfridge.

The evolution of the mean resonator population is then given by

d

dt
⟨nres⟩ = −(κc+κi)(nBE(ω1, Tfridge)+1)⟨nres⟩−κj⟨nres⟩+(κc+κi)nBE(ω1, Tfridge)(1−⟨nres⟩). (4.1)

The steady state solution of the equation 4.1 is:

⟨nres⟩ =
κc + κi

κc + κi + κj
nBE(ω1, Tfridge). (4.2)

The resulting photo-assisted tunneling current is:

IPAT = e
κj(κc + κi)

κc + κi + κj
nBE(ω1, Tfridge) = e

ξ

2
nBE(ω1, Tfridge) (4.3)

where ξ = 2κj(κc + κi)/(κc + κi + κj) is the thermal photo-assisted tunneling current rate.
We expect this prediction to hold for temperatures satisfying nBE(ω1, Tfridge) ≪ 1. If we take

the nBE(ω1, Tfridge) < 0.1, the rate equation solution 4.3 should agree with the experiment up to
110mK.

The theoretical prediction, together with the current through the junction measured at junction
bias eV = 2∆− ℏω1/2 (red dashed line in figure 4.1) is shown in figure 4.3. Above 40mK there is
good agreement between the data and the rate equation solution, once again confirming the highly
efficient photon to electron conversion in our circuit. The measured current is slightly above the
theoretical prediction. This discrepancy could be due to the sample temperature being higher than
the thermometer reading. A temperature increase of 3mK eliminates the difference between the
measured current and the calculation. As the temperature is lowered, the current saturates at 55 fA,
corresponding to the detector dark current discussed in section 2.4.1.
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Figure 4.3: (a) Current at junction bias voltage eV = 2∆− ℏω1/2 (red dashed line in figure 4.1) as
a function of temperature. The black dashed line is the low temperature rate equation prediction
(equation 4.3). (b) Same measurement as in (a) plotted in terms of the Bose–Einstein occupation
number and current in logarithmic scale. The black dashed line is the low temperature rate equation
prediction, while the solid line is the fit to equation 4.7.

Thermal photo-assisted current calibration

The current versus temperature measurement can be used as an alternative method to calibrate the
photon detector. From equation 2.7, we can write at zero detuning:

1− |S11| =
2κc
κtot

(4.4)

where κtot = κc + κi + κj is the total resonator loss. The quantum efficiency is then

χ =
2κj
κtot

(1− |S11|). (4.5)
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The previous equation can be rewritten in terms of thermal photo-assisted current rate as:

χ =
(
1−

√
1− 2ξ/κtot

)
(1− |S11|) (4.6)

The thermal current rate can be determined from fitting the current - temperature data to
equation 4.3, with added dark current:

I = Idark + e
ξ

2
nBE(ω1, Tfridge) (4.7)

The fit is shown in figure 4.3b. The fit results are Idark = (52± 2) fA and ξ = 2π× (80± 2)MHz.
Total resonator loss κtot can be determined either from microwave measurements, or by measuring
the current at the bias voltage eV = 2∆− ℏω1/2 as function of the frequency of a microwave pump
tone (section 2.2.1). Absolute value of the reflected signal |S11| is estimated directly by measuring
the reflected power at resonance frequency.

The measured values ξ = 2π × (80 ± 2)MHz and κtot = 2π × (146 ± 3)MHz are compatible
with χ ≈ 1. However, there is large uncertainty due to not precisely knowing the temperature of
the sample, which can be different from the thermometer reading.

4.1.2 Classical Master Equation Model

The simple rate equation model detailed above correctly describes the tunneling through the junction
only for ⟨nres⟩ ≪ 1. To extend the description to all temperatures we must take multiple photon
processes into account. In the experiments discussed in this chapter, the coherent microwave drive is
substituted for an incoherent thermal excitation. The absence of coherence simplifies the description
of the system, as the resonator state is fully described by a diagonal density matrix in the Fock
basis. This makes finding the resonator steady state significantly less computationally intensive,
allowing us to extend the model to include multiple resonator modes. Including higher modes is
crucial to accurately describe the current through the junction above the superconducting gap, or
at higher temperatures, as in these conditions, these modes cannot be assumed to be in vacuum.

For the sake of clarity, we will detail the single-mode model, and then expand it to the multimode
case. The probability p(n) corresponds to the probability to find the resonator in state n. The
equation governing the time evolution of this probability is

ṗ(n) = −
∞∑

l=−n,l ̸=0

κn,n+lp(n) +
∞∑

l=−n,l ̸=0

κn+l,np(n+ l)

+(κc + κi)nthp(n− 1) + (κc + κi)(nth + 1)p(n+ 1)− (κc + κi)(2nth + 1)p(n)

(4.8)

The first two terms in the equation represent the photon exchange between the resonator and the
junction. The rate κn,n+l describes the transition from state |n⟩ to state |n+ l⟩. For the single mode
case, it is given by equation 1.30. Terms in the second row of equation 4.8 couple the resonator to
the thermal bath. As mentioned previously, we assume that the intrinsic loss channel couples to
the bath at fridge temperature. The state of the resonator is described by the probability vector
P⃗ =

(
p(0) p(1) . . . p(n) . . .

)
. Its time evolution is given by the equation 4.8, which can be
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written in matrix form as:

dP⃗

dt
= KP⃗ (4.9)

where K is the rate matrix. Off-diagonal elements of the rate matrix (K)ij, i ̸= j are given by the
total transition rates from state |j⟩ to state |i⟩. Diagonal elements (K)ii are given by the negative
sum of all transition rates away from state |i⟩. We are interested in the stationary solutions of the
master equation. Therefore, we look for the non-trivial solutions of the equation

KP⃗ = 0 (4.10)

We consider 20 lowest resonator states and calculate the rate matrix K. It is shown in figure 4.4 for
one junction bias below (390µeV) and one bias voltage above the superconducting gap (800µeV).
We note that the rates corresponding to processes involving photon emission (these rates are given
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Figure 4.4: Rate matrix K for junction bias voltage (a) 390µV (b5) 800µV

by the elements below the main diagonal of the rate matrix shown in figure 4.4) are non-zero only
for the junction biased above the superconducting gap. To find the solution of the equation 4.10
we solve

(K + ϵΣ)P⃗ =
(
ϵ 0 0 . . .

)T (4.11)

where

Σ =

1 1 1 . . .
0 0 0 . . .
...

...
... . . .

 (4.12)

and ϵ is a parameter chosen to be significantly smaller than the transition rates (in the calculations
we set ϵ = 103 s−1).

When the stationary state of the resonator is known, the mean resonator population is calculated
through

⟨nres⟩ =
∑
n

np(n) (4.13)
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and the tunneling current through the junction is

I = e
∑
n

p(n)

(∑
l ̸=0

κn,n+l +
∣∣∣⟨n| eiλ(a+a†) |n⟩

∣∣∣2I(V )

)
(4.14)

The second term represents the elastic process contribution, which does not appear in the master
equation.

This master equation description can be extended to a multimode resonator in a straightforward
manner. Let us consider a system consisting of two modes of frequencies ω1, and ω2. The resonator
state is P⃗ =

(
p(0, 0) p(0, 1) . . . p(1, 0) p2(1, 1) . . .

)
. As an example, we calculate the transition

rate for the two photon process |0, 0⟩ → |1, 1⟩: as the two modes are independent, the displacement
operator matrix element corresponding to the this process is the product of the two matrix elements
associated with single mode processes:∣∣∣⟨1, 1| eiλ1(a1+a†1)+iλ2(a2+a†2) |0, 0⟩

∣∣∣2 = ∣∣∣⟨1| eiλ1(a1+a†1) |0⟩
∣∣∣2∣∣∣⟨1| eiλ2(a2+a†2) |0⟩

∣∣∣2. (4.15)

The tunneling rate is then∣∣∣⟨1, 1| eiλ1(a1+a†1)+iλ2(a2+a†2) |0, 0⟩
∣∣∣2I(V − ℏω1/e− ℏω2/e)/e. (4.16)

Analogously, for the case of several independent modes, the inelastic tunneling rate from state
|n1, n2, . . .⟩ to |n1 + l1, n2 + l2, . . .⟩ is then

κ
(nk+lk)
(nk)

=
∏
k

∣∣∣⟨nk + lk| eiλ(ak+a†k) |nk⟩
∣∣∣2I(V −∑

k

lkℏωk/e)/e (4.17)

where k is the index counting the resonator modes. Knowing the tunneling rates, we can calculate
the resonator population and the tunneling current by generalizing the equations 4.13 and 4.14 in
a straightforward manner.

Reproducing the base temperature I(V)

To check the validity of this model, we compare the I(V ) calculated for the base temperature of
the fridge to the experimental data. In figure 4.5, we compare the experiment to the one-mode and
two-mode master equation models. Sample parameters are fixed to the ab initio values (see Chapter
2 for details) in both calculations. The junction normal state resistance RT used is not the effective
resistance, but rather the one directly measured. We see that the one mode calculation overestimates
the tunneling current close to the superconducting gap. As the blockade effects of higher resonator
modes are not included, this discrepancy between the data and the theory is expected. In the
case of the quantum master equation calculation, we corrected for it by renormalizing the junction
resistance. In contrast, the agreement between the two-mode model and the experiment is good at
all voltage biases.

Temperature dependence of the photo-assisted current

We now focus on the subgap behaviour of the tunneling current with temperature. One and two pho-
ton processes are considered, corresponding to the current measured at eV = 2∆−(2n+1)ℏω1/2, n =
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Figure 4.5: Comparison of the junction I(V ) measured at base temperature of the experiment and
the classical rate equation calculations for a single mode (shown in orange) case, and two-mode
(shown in green) model.

0, 1 (red and blue dashed lines in figure 4.1). In figure 4.6, we compare the experimental data to
the rate equation model presented in section 4.1.1 and the two-mode classical master equation. As
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Figure 4.6: Current through the junction at bias voltage eV = 2∆ − ℏω1/2 (red) and eV =
2∆− ℏω1/2 (blue). Dashed line represents the rate equation prediction (equation 4.3), while solid
lines are master equation calculations taking the two lowest frequency modes from table 3.1. Dynes
parameter is fixed to 10 neV in all calculations.

expected, for temperatures above 200mK, the low temperature rate equation model overestimates
the current. At the same temperatures, the two-photon process starts to contribute significantly
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to the total tunneling current, leading to a saturation effect. On the other hand, the two-mode
master equation reproduces these effects very well. The classical master equation predictions are
given in solid black lines. We again see an excellent agreement with the experiments without any
free parameters.
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Figure 4.7: (a) Subgap junction current-voltage characteristics for different temperatures. The two-
mode master equation calculation is in black. In calculations represented by dash-dotted lines, Dynes
parameter is fixed to Γ0 = 10 neV, while for the dotted lines, the Dynes parameter is considered to
be temperature dependent (see equation 4.18). (b) Current through the junction for a wider span
of bias voltages and different temperatures. The two-mode master equation prediction is shown
in black. The experiment is well reproduced by the theory for all bias voltages and temperatures
simultaneously.

The current flowing through the junction is shown in figure 4.7a for the whole subgap voltage
bias range. Experimental data is in solid coloured lines, while the master equation calculations are
shown in black. The dash-dotted black lines correspond to current calculated with Dynes parameter
fixed to Γ0 = 10 neV (dash-dotted black lines in figure 4.7a). We observe good agreement with the
experimental data.

However, it can be further improved by including the temperature dependence of the Dynes
parameter (dotted lines in figure 4.7a):

Γ = Γ0

(
1 +

T

T0

)
(4.18)

where T0 = 20mK is the base temperature of the fridge. Especially, the slope of photo-assisted
current steps is better reproduced when the Dynes parameter is considered to be temperature
dependent. This slope in current steps is absent in current-voltage characteristics measured while
at base temperature for similar values of photo-assisted current (see figure 2.9), confirming that it
comes from additional subgap states, rather than out-of-equilibrium effects.

4.1.3 Conclusion

To conclude our discussion on the tunneling current, we present the current-voltage characteristics
over a wide range of junction bias values in figure 4.7b for several different temperatures. The
experimental data is compared to the two-mode master equation calculation. The theory aligns with
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the experiment at all junction biases and temperatures simultaneously, without any free parameters,
reaffirming our understanding of the photon-to-electron conversion in the resonator-junction system.

4.2 Out-of-equilibrium Emission: A Measure of Resonator
Population

We now shift our focus to out-of-equilibrium noise measurements. We measure the power emitted by
the sample close to the fundamental resonance frequency. By measuring the emission at resonance,
we directly probe the resonator population, as shown in section 4.2.1. This allows us to study
several phenomena, such as the cooling of the resonator mode by the junction through photo-
assisted tunneling, or the dynamical Coulomb blockade of shot noise. These measurements are
compared to the theoretical calculation based on the classical master equation model outlined in
the previous section.

4.2.1 Input-Output Theory for a Harmonic Oscillator: Correlation Func-
tions

The power spectral density measured by a spectrum analyzer is given by the Fourier transform
of the squared outgoing field |bout(t)|2 (see figure 1.3). We relate this quantity to the resonator
population ⟨nres⟩ = ⟨a†a⟩ with the help of input-output theory, starting from the equation A.14
relating the ingoing and outgoing electromagnetic fields:

bout(t) = bin(t) +
√
κca(t). (4.19)

where κc is the resonator coupling rate. We assume the input field bin(t) to be in thermal state
characterized by fridge temperature Tfridge. The equation 4.19 is true regardless of the character of
ingoing and outgoing fields.

We are interested in the outgoing field correlation function ⟨b†out(t)bout(t′)⟩, assuming that the
input field bin(t) is in a thermal state. Detailed derivation of this correlation function is given in
[57], resulting in

⟨b†out(t)bout(t′)⟩ = κc(nBE + 1)⟨a†(t)a(t′)⟩ − κcnBE⟨a(t′)a†(t)⟩+ nBEδ(t− t′) (4.20)

where nBE is the Bose-Einstein occupation number at the resonance frequency, and κc is the res-
onator coupling rate. The output spectrum in the frame rotating at resonator frequency is then
given by

Sout(δ) = κc(nBE + 1)Sa†a(δ)− κc(nBE)Saa†(−δ) + nBE (4.21)

where δ is the detuning compared to the resonator frequency. The power spectral density SAB(δ)
is defined as

SAB(δ) =

∫ ∞

−∞
dτ⟨A(t+ τ)B(t)⟩e−iδτ = 2

∫ ∞

0

Re
{
⟨A(τ)B(0)⟩e−iδτ

}
dτ. (4.22)

We have assumed that all processes are stationary.
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Power spectral density P (δ) measured using a spectrum analyzer is given by

P (δ) = ℏω1 ×G× Sout(δ), (4.23)

where G is the gain of the microwave measurement chain, determined from the photon detector
calibration procedure described in section 2.3.

To extract the mean resonator population, we integrate the power spectral density:∫ ∞

−∞
dδSout(δ) = κc(nBE + 1)⟨nres⟩ − κcnBE(⟨nres⟩+ 1) + Sth (4.24)

where Sth =
∫
dδ nBE is the thermal radiation corresponding to the last term in equation 4.21. The

integrated power spectral density is then∫ ∞

−∞
dδSout(δ) = κc(⟨nres⟩ − nBE) + Sth. (4.25)

Therefore, by measuring the integrated power spectral density, we obtain the mean resonator pop-
ulation ⟨nres⟩ from ∫ ∞

−∞
dδP (δ) = ℏω1 ×G× (κc(⟨nres⟩ − nBE) + Sth) (4.26)

Additionally, if the resonator state is assumed to be thermal, the detailed balance is satisfied:

Sa†a(δ) =
⟨nres⟩
⟨nres⟩+ 1

Saa†(−δ) (4.27)

and the output spectrum is

Sout(δ) = κc(⟨nres⟩ − nBE)f(δ) + nBE (4.28)

where f(δ) is defined as f(δ) = Sa†a(δ)/⟨nres⟩. For a thermal state, f(δ) is a Lorentzian function
given by

f(δ) =
4κtot

4δ2 + κtot
(4.29)

where κtot are the total resonator losses.

4.3 Out-of-Equilibrium Emission as Function of Temperature

In the previous section, we have shown that measuring the power emitted by the sample at resonance
frequency allows us to probe the mean population of the resonator ⟨nres⟩. Now we show the results
of these experiments. We measure the evolution of emission spectra with junction bias at different
temperatures. The measurements are performed in a lock-in configuration - similar to the one
described in 3.1.2 for measuring the photo-assisted current. The junction is biased by a square wave
with reference value set at Vref = 220µV, and frequency 12Hz. A continuous wave measurement over
10 periods of the bias signal is carried out, and the measurement result is obtained by multiplying
the trace by a sine wave at the bias frequency. Thus, we effectively measure the excess emitted
power spectral density ∆P compared to the reference voltage bias well bellow the superconducting
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gap. This procedure corrects for the imperfections in microwave lines and eliminates the noise added
by the amplification chain. We assume that the resonator is in equilibrium when the junction is
biased far below the superconducting gap. Consequently, by performing the lock-in measurement,
the thermal background Sth is subtracted, and the integrated excess power spectral density ∆P is
related to the mean resonator population ⟨nres⟩ through∫ ∞

−∞
dδ∆P (δ) = ℏω1 ×G× (κc(⟨nres⟩ − nBE)). (4.30)

Thus, zero excess emitted power results in ⟨nres⟩ = nBE, and ∆P < 0 corresponds to ⟨nres⟩ < nBE.
The gain G is calculated by subtracting the VNA trace baseline value at resonance frequency from
the attenuation given by 2.24, resulting in G = 69.1 dB.

The measured spectra as function of junction bias at different temperatures are shown in figure
4.8. Above the superconducting gap, we observe the increase in emission with rising junction
bias. This increase is weakly dependent on temperature. However, just below the superconducting
gap, we observe negative excess emission corresponding to photon absorption due to photo-assisted
tunneling, amounting to an effective cooling of the resonator mode, as demonstrated in [69, 71]
using SIN junctions.

We use the emission data presented in figure 4.8 to calculate the mean population of the resonator
using equation 4.30. The evolution of the resonator population with junction bias and temperature is
shown in figure 4.9. At low junction bias, the resonator is at thermal equilibrium. When the junction
bias approaches eV = 2∆ − ℏω1, we observe a dip in resonator population. The dip corresponds
to photon absorption through inelastic quasiparticle tunneling, and it gets more pronounced with
rising temperature. For temperatures above 200mK we also observe absorption due to multi-photon
processes at voltages eV < 2∆− ℏω1. Above eV = 2∆+ ℏω1, the resonator population rises above
the equilibrium value nBE due to photon emission by the junction.

To describe the bias dependence of the emitted spectra, we use the two-mode classical master
equation described in section 4.1.2. Predicted resonator population for ab initio sample parameters
is shown in dashed lines in figure 4.9. As with the photo-assisted current, we observe good agreement
between the experiment and theory, validating our theoretical description of the experiments (section
4.2.1). The resonator population is reproduced in the whole junction bias range without any free
parameters.

4.3.1 Effective Cooling of the Resonator Mode

First, we focus on the resonator population for junction bias values below the superconducting
gap, and explore the resonator cooling effect in more detail. Active cooling in superconducting
circuits is a dynamic area of research, and several protocols have been recently developed, e.g.
using beam-splitter interaction [73] or photo-assisted tunneling through SIN junctions [71].

We fix the junction bias to eV = 2∆ − ℏω1/2, where the effective cooling power is maximal
and measure the evolution of the resonator population with temperature. The experimental data is
shown in figure 4.10. The mean resonator population is reduced to approximately half its equilibrium
value. The experimental data is compared to the two level model outlined in section 4.1.1 (solid
black line in figure 4.10). The resonator population just below the superconducting gap is given
by equation 4.2. Unlike for photo-assisted current, the low temperature approximation aligns well
with the experimental data even in presence of multiphoton losses, up to 330mK.

We define an effective temperature based on the resonator mean population. For the highest
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Figure 4.8: Excess emitted power spectral density ∆P as function of frequency and junction bias
voltage for different temperatures. Zero excess power corresponds to equilibrium black-body radia-
tion nBE and ∆P < 0 to ⟨nres⟩ < nBE.

measured fridge temperature 330mK, the effective resonator temperature when the junction is
biased at eV = 2∆ − ℏω1/2 is approximately 100mK lower than the fridge temperature. This
effective cooling power can be improved by tuning the device parameters. From equation 4.2, we
note that the mean resonator population is inversely proportional to the junction loss rate κj,
and conversely, directly proportional to the junction resistance. Thus, by coupling the identical
resonator to a ten times more transparent junction, the cooling power could be greatly increased.
The effective resonator population as function of environment temperature in this case is presented
in blue in figure 4.10. In this case, the effective resonator temperature is kept below 100mK, or
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Figure 4.10: Mean resonator population at voltage bias eV = 2∆−ℏω1/2 as function of equilibrium
occupation number nBE(ω1, T ) represented by the dashed black line. Solid black line represents the
rate equation model prediction (equation 4.2), while the blue line is the prediction for the mean
population of the same resonator coupled to a 150 kΩ superconducting tunnel junction (ten times
less resistive than the junction in our device).

⟨nres⟩ ≪ 1, even if the environment temperature is above 300mK. A similar effect has already been
demonstrated in a device using SIN junction in [71], where not only the mean resonator population
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was measured, but also the occupation probability of different Fock states.

Effective Temperature of the Junction

As we have shown above, by further reducing the κc/κj ratio, one could additionally decrease the
resonator population when the junction is biased just below the gap. However, at some point
the junction can no longer be approximated as a zero-temperature bath. A priori, the effective
temperature of an SIS junction biased below eV = 2∆ is very low due to absence of the excitations
in the system. To estimate it, we modify the rate equation model from section 4.1.1 to include the
junction as a bath with finite effective temperature Tj. An analogous calculation for mean resonator
population results in

⟨nres⟩ =
(κc + κi)nBE(ω1, T ) + κjnj

κc + κi + κj
(4.31)

where nj = nBE(ω1, Tj) is the effective population due to the junction. We compare the mean
resonator population at junction bias eV = 2∆ − ℏω1/2 as function of temperature to this model
in figure 4.11. Despite the long averaging times, the signal is too noisy to reliably determine the
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Figure 4.11: Mean resonator population at eV = 2∆ − ℏω1/2 as function of fridge temperature.
Solid lines represent the rate equation model with finite effective junction temperature (equation
4.31) for nj = 8 · 10−4 corresponding to Tj = 37mK (black) and nj = 4 · 10−5 corresponding to
Tj = 26mK (black). Based on this calculation we estimate the junction temperature to satisfy
nj < 8 · 10−4.

effective junction temperature. However, based on the equation 4.31, we claim nj < 8 · 10−4. This
temperature is lower than the normal metal junction temperatures reported in [71]. Thus, use of
these devices for active cooling of superconducting circuits seems promising.

4.3.2 Emission Above the Superconducting Gap

We now shift our focus to voltage bias values above the superconducting gap. We measure the
evolution of the resonator population with junction bias at base temperature of the experiment,
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and compare the data with the two-mode classical master equation prediction. We highlight the
difference in our approach compared to the description in terms of the junction tunneling shot noise
used for calibrating microwave circuits. [72, 31, 33].

The power spectral density as function of frequency and junction bias measured at T = 20mK is
shown in figure 4.12. For junction biases satisfying eV < 2∆+ℏω1 there is no discernable emission.

Figure 4.12: Excess PSD at T = 20mK as function of frequency and junction bias.

When the bias is increased above this value, the emission rises in series of steps, corresponding to
different emission processes being energetically allowed. We fit each spectrum to the Lorentzian
function

∆P (ω) = ∆Pmax
κ2/4

κ2/4 + (ω − ω1)2
(4.32)

where Pmax is the excess PSD at resonance, κ is the resonance width, and ω1 is the resonance
frequency. Several spectra, and the corresponding Lorentzian fits are shown in figure 4.13. With
the exception of a small frequency range centered around 5.65GHz, the spectra are well described
by equation 4.32 for all bias voltages. The small deviation from Lorentzian shape is probably due to
the resonator itself not being Lorentzian. The emission linewidth and peak emitted power extracted
through fitting the spectra to the Lorentzian function for bias voltages eV > 2∆ + ℏω1 are shown
in figure 4.14. As the bias voltage is increased, the resonance width decreases in series of steps of
width ℏω1/e, before saturating close to κ = 2π × 90MHz for high bias voltages. Conversely, just
above the superconducting gap, the peak emitted power increases in a step-like manner. Each step
occurs at a voltage bias where an additional inelastic tunneling process involving photon emission
becomes energetically allowed.

At high bias, the peak emitted power, and thus the mean population of the resonator (see
equation 4.28) rises linearly with junction bias, similarly to the current flowing through the junction.
We compare the evolution of resonator population and current with junction bias in figure 4.15a
At sufficiently high junction bias, the resonator population is proportional to the shifted junction
current-voltage characteristic I(V − ℏω1/e). However, there is noticeable deviation in the 400 -
600µeV bias range. We explore this discrepancy in more detail below. As we will see, it is a result
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Figure 4.14: (a) Width of emission spectra as function of junction bias voltage (b) Excess PSD at
resonance frequency as function of junction bias voltage

of multi-photon processes.

Resonator population at high bias: recovering the shot noise picture

For weak resonator-junction coupling λ ≪ 1, and zero temperature, the resonator population can
be calculated analytically at high junction bias. We start from the classical master equation 4.8,
and neglect multi-photon processes. The inelastic tunneling rate corresponding to the transition
|n⟩ → |n− 1⟩ is

κn,n−1 = nλ2I(V + ℏω1/e)/e (4.33)

where we have used the identity L1
k(0) = k + 1. Similarly, the photon emission rate |n⟩ → |n+ 1⟩

is given by
κn,n+1 = (n+ 1)λ2I(V − ℏω1/e)/e. (4.34)
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Figure 4.15: (a) Mean resonator population (blue) and current flowing through the junction shifted
by ℏω1/e (red) as functions of bias voltage (b) Mean resonator population at T = 20mK as a
function of junction bias. Experimental data is shown in solid blue line, classical master equation
calculation is in dashed red line, and the shot noise prediction (equation 4.39) is given by the black
dashed line. At high bias, all three curves converge, and the shot noise picture is recovered.

Including the resonator damping κc, we can write:

κn,n+1

κn+1,n

=
λ2I(V − ℏω1/e)

λ2I(V + ℏω1/e) + κc
(4.35)

At high bias, we assume that the junction acts as an ohmic element, meaning that

I(V + ℏω1/e) = I(V − ℏω1/e) +
2ℏω1

eRN

(4.36)

where RN is the normal state junction tunnel resistance. By inputting this result into equation 4.35
we recover the detailed balance

κn,n+1

κn+1,n

=
1

1 + e(κc+Zcω1/RN )
λ2I(V−ℏω1/e)

. (4.37)

Therefore, at high bias, the resonator state is described by a Gibbs distribution

p(n) = ⟨nres⟩n/(⟨nres⟩+ 1)n+1 (4.38)

with the mean resonator population

⟨nres⟩ =
λ2I(V − ℏω1/e)

e (κc + Zcω1/RN)
(4.39)

where Zc is the characteristic impedance of the resonator. Expression 4.39 exactly corresponds
to the picture of the tunneling current shot noise being filtered by a resonator of characteristic
impedance Zc used for calibrating microwave circuits (see e.g. [31] or [72]).

In strong coupling case λ ∼ 1, where multiphoton processes play a significant role, it is not
possible to check the expression 4.39 analytically. Therefore, to verify its validity, we compare it
to the experimental data, and the master equation calculation. The comparison is shown in figure
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4.15b. At high junction bias, equation 4.39 aligns with the experimental data, confirming that
the shot-noise prediction is recovered even for strong coupling. Therefore, we can use the tunnel
junction as a calibrated source of shot noise to estimate the gain of our microwave circuit. The
shot-noise based calibration is presented in section 2.3.2. However, as the high voltage bias needed
to overcome the superconducting gap, and the high resulting current, combined with the strong
coupling, bring the device far from equilibrium, we need to go to voltage biases eV ≈ 10∆ to
recover the shot noise picture with precision required for accurate calibration. However, just above
the superconducting gap, in the 400 - 600µeV range, the shot noise formula does not reproduce the
experimental data, unlike the classical master equation model. As we will show in section 4.4, the
resonator state is not thermal when the junction is biased in this voltage range.

4.3.3 Non-Lorentzian spectra at zero excess emission

As we have shown above, most of the measured spectra have a Lorentzian lineshape (equation
4.32). However, we have found that there is a very narrow bias voltage range where the spectrum
deviates from a Lorentzian. This point is in the vicinity of eV = 2∆+ ℏω1, and corresponds to the
crossover to the bias range where more power is emitted than absorbed by the junction. As shown
in figure (4.16), the non-Lorentzian spectra appear more clearly at high temperature but remain
visible at low temperature. With changing junction bias, we observe that the absorption dip, which
is observed when eV < 2∆ + ℏω1, is centered at a higher frequency than the emission peak, which
is observed when eV > 2∆+ ℏω1. At the intermediate voltage, we observe a mixture of absorption
and emission with slightly different centre frequencies, resulting in the non-Lorentzian lineshape.
Figure 4.17 present the results of a Lorentzian fit of the spectra over a wider voltage range. When
the mean excess emission crosses zero, the centre frequency diverges, similar to an avoided crossing,
and the width drops. The variation of the centre frequency is responsible for the non-Lorentzian
shape.

Reproducing the non-Lorentzian spectra

In order to compute the power spectral density Sout(δ), we have to determine the first order corre-
lation functions ⟨a†(τ)a(0)⟩ and ⟨a(0)a†(τ)⟩, which are defined as [57]:

Ce(τ) = ⟨a†(τ)a(0)⟩ = Tr
[
a†Vτ{aρss}

]
(4.40)

Ca(τ) = ⟨a(0)a†(τ)⟩ = Tr
[
a†Vτ{ρssa}

]
(4.41)

where Vτ is the evolution operator for the density matrix for a duration τ . The e and a subscripts
respectively stand for emission and absorption. The action of Vτ can be expressed as a Kraus map
through Vτ{·} =

∑
lEτ,l · E†

τ,l, where the index l labels different quantum jump histories during
the evolution. The steady state density matrix being diagonal, we can rewrite the two correlation
functions as

Ce(τ) =
∞∑
n=1

p(n)
√
n ⟨n|a†τ |n− 1⟩ (4.42)

Ca(τ) =
∞∑
n=1

p(n− 1)
√
n ⟨n|a†τ |n− 1⟩ (4.43)
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Figure 4.16: Excess PSD ∆P as function of frequency for three voltage biases close to eV = 2∆+ℏω1

and three temperatures. Dashed lines correspond to Lorentzian fits. (a) T = 90 mK (b) T = 150
mK (c) T = 210 mK. The green trace corresponds to the spectrum where the integrated excess PSD
nearly vanishes. The spectrum is then a mixture of absorption and emission which are centered a
slightly different frequencies.

where a†τ =
∑

lE
†
τ,la

†Eτ,l. We introduce Sn(δ) = 2
√
n
∫∞
0

Re{⟨n|a†τ |n− 1⟩e−iδτ} dτ , which allows us
to write the Fourier transform of the absorption and emission correlation functions as

Se(δ) =

∫ ∞

−∞
Ce(τ)e

−iδτ dτ =
∞∑
n=1

p(n)Sn(δ) (4.44)

Sa(δ) =

∫ ∞

−∞
Ca(τ)e

−iδτ dτ =
∞∑
n=1

p(n− 1)Sn(δ) (4.45)

The output spectrum of the resonator (equation 4.21) is then given by

Sout(δ) = nBE + κc [(nBE + 1)Se(δ)− nBE Sa(δ)] (4.46)

= nBE + κc

∞∑
n=1

[(nBE + 1) p(n)− nBE p(n− 1)]Sn(δ) (4.47)

This expression is expected to be valid at any bias voltage, whether the steady state is close to a
thermal state or not. In the specific case of a thermal state, for which p(n) = e−βnℏω1/(eβℏω1 − 1),
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Figure 4.17: Lorentzian fit parameters for emission spectra measured at 210mK. Top panel shows
the centre frequency, middle panel the resonance width κ, and the bottom panel the excess PSD at
the centre frequency ∆Pmax. The red dashed line corresponds to zero peak excess emission. When
∆Pmax crosses zero, the peak frequency diverges and the spectra become non Lorentzian.

we recover the Kubo formula

Se(δ) = e−βℏω1Sa(δ) =
⟨nres⟩
⟨nres⟩+ 1

Sa(δ) (4.48)

And the output spectrum simplifies to

Sout(δ) = nBE + κc
⟨nres⟩ − nBE

⟨nres⟩
Se(δ) (4.49)
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The previous formulae show that two criteria must be fulfilled in order to obtain non-Lorentzian
spectra when the junction starts emitting more power than it absorbs. First, the steady state
must be non thermal, otherwise (4.49) predicts a flat spectrum when ⟨nres ⟩ = nBE. Second, the
resonator spectrum must be non-linear. In the case where the resonator spectrum is linear, the
master equation in the rotating frame only contains jump terms and the function ⟨n|a†τ |n− 1⟩ is a
real function of τ , which decays with τ . If the only jump terms are the usual one photon absorption
and emission processes, then ⟨n|a†τ |n − 1⟩ is given by n exp(−κτ), where κ = κc + κi. We have
numerically checked that this remains a very good approximation when we include the junction
absorption and emission terms. Equation (4.47) then implies that the spectrum is Lorentzian with
an amplitude given by ⟨nres⟩(nBE+1)− (⟨nres⟩+1)nBE. Therefore, we conclude that the Lamb shift
plays an essential role to explain the non-Lorentzian spectra by introducing a non-linearity in the
spectrum as we have already observed in [59].
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Figure 4.18: Power spectral density at T = 210mK with subtracted thermal radiation for bias
voltage values in vicinity of emission zero-crossing. (a) Calculation with Lamb Shift neglected.
There is a continuous change from absorption to emission and spectra are Lorentzian at all bias
voltages. (b) Multi-photon Lamb shift is included. In this case, the shape of the spectra measured
in the experiment are reproduced.

Including the Lamb shift and computing Sn(δ) from the Fourier transform of ⟨n|a†τ |n−1⟩, which
we compute numerically using the quantum regression theorem, we obtain the curves shown in figure
4.18 for the expected spectrum at T = 210mK. The figure also shows the results of a simulation
without the Lamb shift, in which case the Lorentzian spectra are recovered. Our simulation also
indicates that the state is close to thermal but not exactly thermal (see figure 4.19). The deviation
of p(n) from a thermal ensemble seems to be larger in the experiment than in our simulation, which
results in a larger amplitude of the non-Lorentzian spectrum when ⟨nres⟩ ≈ nBE. In order to explain
our data, we have to multiply the simulated power spectrum by roughly a factor 8.

To demonstrate that the cavity state at zero mean emission is not thermal, we compute its
Wigner function, and compare it to the Wigner function

WT (α, α
∗) =

2

π
(1− ⟨nres⟩)e−2|α|2

(
1

1 + ⟨nres⟩
e4|α|

2 ⟨nres⟩
1+⟨nres⟩

)
(4.50)

of a thermal state with the same resonator population. As seen from equation 4.50, the thermal
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Wigner function WT is Gaussian. The difference in Wigner functions

W =
Wres −WT

Wres(0, 0)
(4.51)

is shown in figure 4.19. Although the state is not exactly thermal, it is nearly thermal. The
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Figure 4.19: Difference between the Wigner function of the cavity state corresponding to the non-
Lorentzian spectrum at 210mK, and the Wigner function of a thermal state at fridge temperature.
The maximum deviation is approximately 3%.

maximum deviation is approximately 3%.

4.4 Generating Non-thermal States in the Resonator

In the previous section, we have shown that the resonator state is non-thermal, when the junction
crosses from absorbing more power to emitting. We now extend this analysis to the wider range of
junction bias voltages. From the equation 4.38, we note that a thermal state satisfies

p(n+ 1)

p(n)
= const (4.52)

where the constant on the right side of the equation depends on the mean resonator population, and
hence the junction bias. In figure 4.20, we plot the expression 4.52 for several junction bias voltages
and two different coupling parameters — λ = 0.1 and λ = 0.785. For λ = 0.1 (dashed lines), the
resonator distribution resembles a thermal state for all three bias voltage values, as expected from
the analytical calculations presented above. However, for λ = 0.785 (solid lines), corresponding to
our experiment, for the junction bias 430µeV, slightly above eV = 2∆+ ℏω1, the resonator state is
far from satisfying the equation 4.52. The resonator state matches a thermal distribution only at
high junction bias.

To show the non-thermal nature of the cavity state above the superconducting gap, we compare
the Wigner function of the cavity state to the Wigner function of the thermal state with the
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Figure 4.20: Population ratio p(n+1)/p(n), for three different junction biases. Solid lines correspond
to λ = 0.785, matching our experiment, while the dashed lines represent the weak coupling case
λ = 0.1. For small coupling, the resonator distribution resembles a thermal state even just above
the superconducting gap, while for λ ∼ 1, the thermal distribution is recovered only at high bias.

identical mean resonator population. The normalized difference between the cavity and thermal
Wigner functions (equation 4.51) is shown in figure 4.21 for different junction bias voltages, and
the two coupling parameters discussed above. Well below the superconducting gap (panels (a) and
(d)) the cavity is in a thermal state. Just above the gap, for λ = 0.1 (panel (e)) the cavity stays
in a thermal state. However, for λ = 0.785, the cavity state deviates from the equivalent thermal
state by more than 20%. Far above the gap (panels (c) and (f)), the cavity is again in a thermal
state regardless of λ.

The non-thermal states appear in the resonator due to different voltage bias thresholds cor-
responding to absorption and emission tunneling processes. Thus, when the junction is biased
just above the superconducting gap, the multi-photon absorption is allowed, while the multi-photon
emission is not, and the detailed balance cannot be established. When the junction bias is increased
far above the gap, all inelastic processes become allowed, and the shot noise picture is recovered
(equation 4.39).

In our experiment, we only measure the mean population of the resonator, but not the occupation
probability of particular states. However, measuring the probability distribution of a resonator state
is possible, e.g. by probing it with a qubit [71].

4.5 Conclusion

In this chapter, we have have presented the response of the sample to thermal radiation. We
measured the thermal photo-assisted current and confirmed the high photon to electron conversion
quantum efficiency estimated in Chapter 2. Due to the absence of coherence in the experiments, the
quantum master equation model can be simplified to a classical rate equation description, allowing
us to include multiple modes in calculation. The multi-mode rate equation model enables us to
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Figure 4.21: Difference between the cavity state Wigner function and the Wigner function of a
thermal state with the same resonator population ⟨nres⟩ for different junction bias voltages and
coupling parameters. Well below the superconducting gap (panels (a) and (d)) the cavity is in a
thermal state. Just above the gap, for λ = 0.1 (panel (e)) the cavity stays in a thermal state.
However, for λ = 0.785, the cavity state deviates from the equivalent thermal state by more than
20%. Far above the gap (panels (c) and (f)), the cavity is again in a thermal state regardless of λ.
Note the differences in color scale.

accurately estimate current for an arbitrary bias voltage. The theory is in quantitative agreement
with the experimental data without any free parameters.

We also measure the out-of-equilibrium emission as function of temperature and junction bias.
Through input-output theory, we show that measuring the power emitted by the sample allows us to
estimate the mean resonator population. Below the superconducting gap, we measure the resonator
population lower than in equilibrium, corresponding to the effective cooling of the resonator mode
via photo-assisted tunneling. When junction bias crosses the gap, the resonator population rises with
junction bias due to junction emission. With the help of classical master equation, we demonstrate
that the resonator state in the bias range just above the superconducting gap is non-thermal when
λ ∼ 1 due to the imbalance between multi-photon absorption and emission rates. For high junction
bias, the cavity state can again be described by an effective temperature directly proportional to
current flowing through the junction even in the strong coupling case, and we show that the emission
corresponds to the tunneling current shot noise. Therefore, the junction can be used as a calibrated
source of microwaves, allowing for calibration of the microwave measurement chain gain.

For the bias voltage values close to eV = 2∆ + ℏω1, the emission spectra are non-Lorentzian,
indicating the non-thermal state of the resonator. To calculate the emission spectra, we use the
quantum master equation formalism already outlined in Chapter 1, and apply the quantum regres-
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sion theorem. The theory reproduces the shape of the spectra only if the multi-processes are allowed,
and the cavity Lamb shift is taken into account, pointing to their crucial role in the dynamics of
the system.
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We now turn to the experiments performed with the aim of making the photon detector pre-
sented in Chapters 1 and 2 compatible with charge counting techniques needed to resolve individual
tunneling events. To this purpose, we realize a sample consisting of two capacitively coupled radio-
frequency single-electron transistors (see figure 5). One RF-SET is used as a photon-to-electron
converter, while the second one serves as a readout. Microwave photons are absorbed by the con-
verter SET through inelastic quasiparticle tunneling, changing the charge of the transistor island.
This change is detected by the capacitively coupled readout RF-SET, thus detecting the photon in
real time.

We first perform reflection spectroscopy measurements, probing the photo-assisted processes in
the two single-electron transistors independently. Regions in bias and gate voltages corresponding
to high absorption are identified, similarly to the critical coupling case for the single tunnel junction.



The reflectometry measurements are used to extract the charging energies, as well as the junction
asymmetry.

Since their first realization by Schoelkopf et al. [48], due to high bandwidth and sensitivity as
low as 0.9·10−6 e/

√
Hz [49], RF-SETs have been widely used as electrometers, including for real time

measurement of electron tunneling in quantum dots (e.g. [74]), and monitoring the quasiparticle
number in superconductors [75]. By measuring the evolution of reflected power with gate and bias
voltages, we estimate the charge sensitivity of the readout RF-SET to be close to 5 · 10−5 e/

√
Hz,

and discuss further improvements that could be made.
To understand the tunneling in a SET strongly coupled to a single-mode resonator, we monitor

the microwave emission as a function of gate and bias voltages. As in the single junction case, by
probing the emitted power, we probe the mean resonator population. However, in the RF-SET,
we observe a non-monotonic increase in resonator population with rising junction bias observed
in experimental data. To explain these measurements, we develop a model based on the classical
rate equation, analogous to the one presented in section 4.1.2 for a resonator coupled to an SIS
junction. In addition to the resonator state, the quasiparticle tunneling rates through the junctions
also depend on the excess charge of the SET island. Thus the state of the system is described by
the number of photons in the resonator, and the number of excess electrons on the island: (nph, ne).
Inelastic tunneling rates between these states are calculated in a similar manner to the single junction
instance, and including the electrostatic energy considerations. We show good agreement between
the experimental data and the rate equation model.

5.1 Quasiparticle Tunneling Through an RF-SET
We start by discussing the quasiparticle tunneling through a single SET. The SET equivalent
circuit is shown in figure 5.1. It consists of two superconducting tunnel junctions separated by a

Figure 5.1: Equivalent circuit of a SET. The two junctions are separated by a small superconducting
island of charging energy EC ≪ kBT . The chemical potential of the island can be tuned through a
capacitively coupled gate electrode.

small superconducting island. The central island is isolated from the rest of the circuit, except
through the junction capacitors, and a capacitively coupled gate. Thus, the charge of the island is
quantized: Qi = nee, and adding or subtracting an electron from the island is followed by a change
in its electrostatic energy. For ne excess electrons on the island, its electrostatic energy is [40]:

Ene = EC(ng − ne)
2 (5.1)

where ng = CgVg/e is a continuous variable representing the coupled gate charge (see figure 5.1),
and EC is the island charging energy:

EC =
e2

2CΣ

(5.2)
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with CΣ being the total island capacitance. For the circuit shown in figure 5.1, the total island
capacitance is CΣ = Cj1 +Cj2 +Cg. The electrostatic charging energy represents the energy needed
to add one additional electron to the island. When it satisfies EC ≫ kBT , the electrostatic effects
are no longer washed out by the thermal fluctuations, and need to be taken into account when
calculating the current flowing through the SET. We present these calculations below, first only for
the elastic process (section 5.1.1), and then including the photo-assisted tunneling (section 5.1.2).
We only consider the sequential tunneling model, in which the tunneling events through the two
junctions are independent of each other [40].

5.1.1 Elastic Tunneling

When we calculated the tunneling rates through a single superconducting junction (section 1.2), we
showed that the tunneling is possible as soon as the junction bias voltage crosses the superconducting
gap. In case of the SET, this is not the case. To demonstrate this, we consider the change in
electrostatic energy corresponding to an addition of a quasiparticle to the island. From equation
5.1, we have

∆Eel = Ene+1 − Ene . (5.3)

Tunneling through a junction occurs only if, in addition to the energy 2∆ needed to split a Cooper
pair, the energy supplied by the voltage source is sufficient to overcome the change in electrostatic
energy. Therefore, quasiparticles tunnel into the island through junction i for bias voltages satisfying

αieV ≥ 2∆ + Ene+1 − Ene . (5.4)

Coefficients α1 and α2 describe how the source voltage V is divided between the two junctions. For
the asymmetric biasing scheme shown in figure 5.1, where one side of the SET is kept grounded,
these coefficients are [40]:

α1 =
Cj2 + Cg

CΣ

α2 =
Cj1

CΣ

.

(5.5)

In terms of the island charging energy, the tunneling conditions 5.4 are:

αieV ≥ 2∆ + EC(2ne − 2ng + 1). (5.6)

Conditions for a quasiparticle tunneling off the island can be derived in a similar manner starting
from ∆Eel = Ene − Ene+1. These tunneling thresholds for a symmetric SET (α1 = α2 = 0.5)
and EC = 1.4∆ are shown in figure 5.2a. The structures seen in white are referred to as Coulomb
diamonds. In these regions, the quasiparticle tunneling is prohibited and no current can flow through
the junction. Each Coulomb diamond corresponds to a stable state island charge ne. Outside of
these regions, there are no stable charge configurations, and there is non-zero tunneling current.
Solid black lines outlining the limits of Coulomb diamonds match the resonant tunneling through
junction one, while the blue lines coincide with resonant tunneling through junction two. The ratio
of their slopes is given by α1/α2. Quasiparticle tunneling energy diagram corresponding to three
different points along these lines is shown in figure 5.2.

To quantify the tunneling rates in the SET, we can repeat the Fermi’s golden rule calculation
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Figure 5.2: (a)Tunneling through a single electron transistor in a superconducting state for
α1 = α2 = 0.5 and EC = 1.4∆. In the white region, known as Coulomb diamonds, the tun-
neling is prohibited, and no current can flow through the SET. Black solid lines represent resonant
tunneling through junction one, and blue solid lines through junction two. Quasiparticle tunneling
corresponding to points A, B and C is shown in panels (b), (c) and (d) respectively.

presented in section 1.2.1, now including the electrostatic energy gain. Defining

δE± = 2EC(1/2± (ne − ng)), (5.7)

where δE+ corresponds to the energy gain associated with adding a quasiparticle to the SET island
and δE− to removing it, the resulting forward tunneling rates through the two junctions are

−→κ1(V ) = γ1(α1V − δE+) (5.8)
−→κ2(V ) = γ2(α2V − δE−) (5.9)

where α1 and α2 are given by the equation 5.5, and

γi(V ) =
1

e2RTi

∫ ∞

−∞
dE nL(E)nR(E + eV )f(E)(1− f(E + eV )) (5.10)

is the single junction forward tunneling rate discussed in section 1.2.1. Resistance RTi
is the re-

sistance of the particular junctions in the SET (see figure 5.1). The Fermi-Dirac distributions
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correspond to the two junction electrodes. In all the discussions in this thesis, we assume that all
three SET electrodes are identical.

The tunneling rates depend on the number of excess electrons on the island ne, and the gate
charge ng. Note that the forward tunneling through junction one (see figure 5.1) increases the
number of quasiparticles on the island, while the forward tunneling through junction two decreases
it. The reverse tunneling rates can be derived similarly, resulting in

←−κ1(V ) = γ1(−α1V + δE−) (5.11)
←−κ2(V ) = γ2(−α2V + δE+). (5.12)

The net current through junction i is then

Ii(V ) = e(−→κi (V )−←−κi (V )). (5.13)

However, we again restrict ourselves to positive bias voltages close to 4∆/e. At these voltages, the
reverse tunneling can be safely neglected, and the current is

Ii(V ) = eκi(V ) (5.14)

where κi = −→κi and we drop the superscript. We apply this approximation throughout this chapter.
The tunneling through the SET, and particularly its dependence on gate charge has been mea-

sured in many experiments, starting with Fulton and Dolan [76]. At bias voltage eV = 4∆, for
a symmetric superconducting SET, tunneling is allowed only when the gate offset charge satisfies
ng = n/2, n ∈ N (see figure 5.2). Thus, by fixing the junction bias voltage and gate charge to these
values, and monitoring the current flowing it, one can measure very small changes in the charge
surrounding the SET.

SET-based electrometers are widely utilized for single charge counting. However, these devices
are limited by their slow operation speed, usually in the kHz range. To overcome this, a double
junction is coupled to a resonator, resulting in a radio-frequency single-electron transistor (see figure
5). Instead of observing the DC current through the SET, reflected power at resonator frequency
is measured, amounting to monitoring the differential conductance of the junction. In addition to
allowing for faster detection, the high frequency measurements improve the charge sensitivity due
to a reduction in 1/f noise. The RF-SET was first realized by Schoelkopf et al. [48], and has
been commonly used in charge detection experiments, with bandwidths on the order of 100MHz
and sensitivity reaching 0.9 · 10−6 e/

√
Hz [49], due to exceedingly large charging energy. However,

the inelastic processes in RF-SETs have not gotten much attention. We give a brief theoretical
description of these processes below, and explore them experimentally in more detail later in this
chapter.

5.1.2 Inelastic Tunneling

To calculate the inelastic tunneling rates, we follow a similar procedure to the one presented in
section 1.2.2. We assume that the single-electron transistor is coupled to a resonator of frequency
ω, and characteristic impedance Zc. The tunneling thresholds 5.6 become:

αieV ≥ 2∆ + EC(2ne − 2ng + 1) + lℏω (5.15)
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where l is the number of photons emitted into the resonator per tunnelled quasiparticle. These
thresholds are shown in figure 5.3a. For the sake of simplicity, we only consider single-photon
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Figure 5.3: (a)Tunneling thresholds, including single-photon inelastic processes, for a single electron
transistor in a superconducting state for α1 = α2 = 0.5, EC = 1.4∆, and ω/∆ = 0.2. Quasiparticle
tunneling corresponding to points A, B and C is shown in panels (b), (c) and (d) respectively.

processes. The discussion involving multiple photons is analogous. We see a series of steps that are
2ℏω/e wide in bias voltage. These steps correspond to the inelastic processes, where the quasiparticle
tunneling is followed by single-photon emission or absorption. The prefactor 2 appears due to voltage
division between the two junctions. The quasiparticle tunneling corresponding to three different
bias and gate voltage combinations is shown in figures 5.3b-5.3d. At bias voltage eV = 4∆ − 2ℏω
(figure 5.3c), the tunneling is only possible at ng = n/2, n ∈ N, and only if both junctions absorb
a photon. At eV = 4∆ − ℏω, the processes where tunneling involving photo-assisted tunneling
through one junction, and elastic tunneling through the other are allowed (figures 5.3b and 5.3a).

The Fermi’s golden rule calculation for the inelastic tunneling rates is analogous to the single
junction case. For example, the forward tunneling rate through junction one, corresponding to a
change in resonator state |nph⟩ → |nph + l⟩ is:

−→κ nph,nph+l
1 (V ) =

∣∣∣⟨nph + l| eiλ1(a+a†) |nph⟩
∣∣∣2−→κ 1(V − lℏω/e) (5.16)

where κ1 is the elastic forward tunneling rate given by the equation 5.11, a and a† are the resonator
mode ladder operators, and λ1 is the coupling parameter, which describes the coupling between the
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resonator and junction one. Using equation 5.11, the rate −→κ nph,nph+l
1 can be rewritten in terms of

the single junction forward tunneling rate γ1(V ):

−→κ nph,nph+l
1 (V ) =

∣∣∣⟨nph + l| eiλ1(a+a†) |nph⟩
∣∣∣2γ1(α1V − δE+ − lℏω/e). (5.17)

Similarly, the forward tunneling rate through the second junction is

−→κ nph,nph+l
2 (V ) =

∣∣∣⟨nph + l| eiλ2(a+a†) |nph⟩
∣∣∣2γ2(α2V − δE− − lℏω/e). (5.18)

We again neglect reverse tunneling, and restrict the SET bias to positive values. Hence, we will
drop the arrow superscript in −→κ nph,nph+l

1 and −→κ nph,nph+l
2 , and write

κ
nph,nph+l
1 (V ) =

∣∣∣⟨nph + l| eiλ1(a+a†) |nph⟩
∣∣∣2I1(α1V − δE+ − lℏω/e)/e (5.19)

κ
nph,nph+l
2 (V ) =

∣∣∣⟨nph + l| eiλ2(a+a†) |nph⟩
∣∣∣2I2(α2V − δE− − lℏω/e)/e (5.20)

where Ii(V ) = eγi(V ) is the single junction current-voltage characteristic in absence of the electro-
magnetic environment.

As described in detail in Chapter 1, the resonator-junction coupling parameter λ is proportional
to the zero-point fluctuations of flux, and thus the ac voltage drop across the junction. Therefore,
we expect the total SET-resonator coupling to be distributed across the two junctions of the SET
in a manner analogous to the dc voltage:

λi = αiλ (5.21)

where λ is the total resonator-SET coupling parameter given by λ =
√
πZc/RK , with Zc being the

characteristic impedance of the resonator mode.

The discussion comparing the weak and strong coupling regime, detailed in section 1.2.2 also
holds for the SET. As we are considering the junctions coupled to high-impedance resonators, the
rates depend on the resonator state, and we have to take multi-photon processes into account when
describing the dynamics of the system. Additionally, now we have to include the number of excess
electrons on the SET island into the tunneling rate calculations. We do so to model the microwave
emission of an RF-SET with the help of a classical master equation. The results are shown in
section 5.5.1.

5.2 Sample and the Experimental Setup

In the previous section we have given a concise overview of quasiparticle tunneling in an RF-SET. We
now turn to describing the device we have fabricated to study it, as well as the experimental setup.
Firstly we describe the sample in 5.2.1. We then briefly outline the low temperature experimental
setup in section 5.2.2, and extract the resonance frequencies, junction-SET coupling parameters,
and the SET tunneling resistances in section 5.2.3.
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Figure 5.4: (a) A simplified scheme of the experimental setup for the double RF-SET experiment
with an optical image of the sample. Photon-to-electron converter and the circuit connected to it are
in red, while the readout RF-SET, and the corresponding circuit are in blue. Horizontal waveguides
incoming from the left and the right are 50Ω transmission lines connecting the RF-SETs to the
rest of the setup. Gate electrodes, one for each transistor, commence from the bottom right and
bottom left hand corners. Ground plane is visible in the top and the bottom of the picture, colored
grey. (b) Area outlined by the red dashed rectangle in panel (a). Photon to electron converter
RF-SET is shown in the left of the picture, with the grAl resonator terminated by a SISIS double
junction. In contrast, in the readout RF-SET seen on the right, the junction is placed close to the
end of the resonator coupled to the feedline, in order to reduce the junction-resonator coupling. Red
dashed rectangle represents the area of the sample shown in panel (c). Scanning electron micrograph
corresponding to the area outlined by the red dashed rectangle in panel (b).

5.2.1 Sample Description

The sample is fabricated an oxidised silicone chip using standard electron-beam lithography and
evaporation techniques. Fabrication details can be found in Appendix B. The image of the sample
is shown in figure 5.4(a).

The sample consists of two capacitively coupled RF-SETs. The converter SET (on the left), and
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the readout SET (on the right). To detect photons of energy ℏωc, a SET is coupled to a quarter-
wavelength resonator with fundamental mode ωc, constituting the photon to electron converter
shown in red in figure 5.4(b). The resonance frequency is chosen to be in the upper end of 4 - 12GHz
band, where the microwave measurements are possible. Higher frequency enables us to operate the
detector at bias voltages further away from the superconducting gap, thus reducing the potential
dark current. The SET is connected to the end of the resonator with the help of an aluminium patch.
The converter RF-SET is capacitively coupled to the readout RF-SET, colored blue. In contrast
to the photon to electron converter, the junction is placed 30 µm from the beginning of the 255µm
resonator, reducing the impedance seen by the junction, and thus decreasing the coupling between
the SET and the resonator. The readout resonator is designed so that the fundamental frequency
is slightly above 4GHz, to be in range suitable for reflection measurements, and to increase the
distance from the converter RF-SET resonance frequency as much as possible.

All transmission lines are fabricated in a microstrip geometry. Two horizontal waveguides, on
either side of the picture, correspond to the 50Ω waveguides connecting the RF-SET resonators to
the rest of the experimental setup. Leads commencing from the bottom right and bottom left corners
are the gate electrodes of the readout and the converter respectively. The ground plane, colored
grey, is visible in the top and the bottom. Zoom of the area outlined by a red dashed rectangle is
shown in figure 5.4(b). Two grAl nanowires are visible. The shorter horizontal nanowire on the left
hand side, colored red, is the converter resonator, while the Π shaped resonator, on the right, in
blue, is a part of the readout RF-SET. The resonators are galvanically coupled to the transmission
lines, enabling voltage biasing of the single-electron transistors. Granular aluminium is used in
fabrication of both resonators. Using a high kinetic inductance material, such as grAl, for resonator
fabrication in an RF-SET eliminates the need for lumped-element resonant circuits used in the
first RF-SETs [48, 77], or separate fabrication of tank circuits (see e.g. [75]). In addition to more
straightforward fabrication, higher quality factors are achievable, leading to potential improvements
in charge sensitivity. The characteristic impedance seen by the SET can also be easily controlled
by choosing the position of the junction along the resonator. This enables us to balance between
the higher impedance needed for better power transfer between the junction and the resonator,
and lower impedance needed to reduce the influence of inelastic processes on charge detection. We
exploit this tunability by placing the junction close to the beginning of the resonator in the readout
RF-SET. As outlined in detail in section 5.2.3, this reduces the characteristic impedance seen by
the SET compared to the photon-to-electron converter, while using the grAl is of approximately
the same sheet resistance.

Scanning electron micrograph of the two SETs, seen in the centre of the picture, is shown in
figure 5.4(c). Circuit coloured blue corresponds to the readout single-electron transistor, consisting
of two junctions. The junctions share one electrode — a superconducting island 7 µm long and
approximately 120 nm wide. The left junction is grounded on one side, while the right one is
connected to the resonator via an aluminium patch. Gate electrode is visible to the right of the
island. The SET utilized for photon to electron conversion is shown in red. Its central island is
shaped as a tuning fork, in order to increase the coupling to the readout circuit. Right hand side
junction of the converter transistor is grounded, while the left is attached to the high impedance
resonator.

The equivalent circuit of the sample described above, with the relevant parameters highlighted
is shown in figure 5.5. We characterize the sample below, starting by determining the resonance
frequencies ωc and ωro, and resonator-SET coupling parameters λc and λro in sectioin 5.2.3.

94



Figure 5.5: Scheme of the double RF-SET sample, with relevant parameters highlighted.

5.2.2 Experimental Setup

The sample described in the preceding section is glued to a sample holder (figure 5.6), which is
then tightly closed, anchored to the mixing chamber plate of a dilution refrigerator with base
temperature of 20mK, and connected to the rest of the experimental setup. The low temperature

Figure 5.6: Sample holder containing the coupled RF-SET device. The two transmission lines at the
top of the picture are used for biasing the RF-SETs, while the two lines in the bottom are bonded
to the two gate electrodes. The box is connected to the rest of the setup through SMA ports.

part of the experimental setup is shown in figure 5.7. It is similar to the single junction experiment
setup described in Chapter 3. The circuits for readout and photon-to-electron converter RF-SETs
are analogous. Both the input and output RF lines consist of 50Ω coaxial cables, with the total
attenuation of −70 dB per line. Upon the reflection of the RF-SET, the microwave excitation is
directed to the detection line via Low Noise Factory double-junction circulators. The signal is then
amplified by HEMT amplifiers anchored at the 3K stage of the dilution fridge, and then amplified
again at room temperature. The measurement frequency bands are set by the choice of circulators
and low noise amplifiers. The converter circuit is connected to the 4 - 12GHz circulator, and the
LNF-LNC0.3_14B amplifier, while the readout RF-SET is connected to the 4 - 8GHz circulator and
LNF-LNC4_8F amplifier.

The dc circuit consists of four voltage dividers for setting the two gate and two bias voltages.
Additionally, a 10 kΩ resistor is placed in series with the converter RF-SET voltage divider. The
current flowing through the photon-to-electron converter is measured by monitoring the voltage
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(a) (b)

Figure 5.7: (a) Mixing chamber of the dilution fridge. The sample holder box is anchored to the
bottom of the plate. Above, two bias-tees are visible. Blue Mini-Circuits coaxial cables are used
for the high-frequency circuit, while the copper wire cables are used to connect the dc components.
(b) The plate with low temperature dc components circled in red in panel (a). The circuit consists
of four resistors used for voltage division, with capacitors added in parallel for filtering the high-
frequency noise. A 10 kΩ resistor is soldered in series with one of the dividers. The current flowing
through the photon-to-electron converter is monitored by measuring the voltage drop across this
resistor

drop across this resistor. All dc components placed at low temperature are soldered to a metal
plate shown in figure 5.7b. The plate is then fixed to the fridge mixing chamber. The dc and
microwave excitations are combined before reaching the sample using bias-tees anchored to the
mixing chamber plate of the fridge,

5.2.3 RF-SET Characterization

We now turn to characterizing the two RF-SETs independently. To begin with, we determine
the junction-resonator coupling parameters using the transfer matrix model. Then, we show the
evolution of reflection spectra with junction bias for the two resonators, and extract the loss rates
in the readout circuit.

Determining junction-resonator coupling

The coupling parameters for the two transistors are extracted from 1D model simulation of the
resonators. The grAl kinetic inductance used in simulations is obtained from measuring the sheet
resistance of nanowires placed next to the sample. The grAl sheet resistance is R□ = 620Ω/□.
From equation 1.81, we calculate the kinetic inductance to be L□ ≈ 400 pH/□. The same value is
used for both resonators. The capacitance per unit length is deduced from Sonnet simulations.

Converter RF-SET — The converter RF-SET resonator is 62.5 µm long and 350 nm wide.
To simplify the calculations, the nanowire is terminated by a single capacitor representing the
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capacitance of the pad used for patching, as well as the total equivalent capacitance of the single-
electron transistor. The capacitance needed to reproduce the resonance frequency ωc = 2π ×
10.86GHz of the fundamental resonator mode determined from reflection spectra (see figures 5.9a
and 5.10a) is 2.2 fF, in agreement with the expectations based on patch size, as well as anticipated
junction capacitance. The spatial dependence of the fundamental resonator mode is shown in figure
5.8a. Characteristic impedance of the mode seen by the junction, calculated from equation 1.19 is
4.7 kΩ. The total coupling between the transistor-circuit and the resonator is λc = 0.76.

Readout RF-SET — The readout resonator consists of two grAl nanowires, 350 nm wide and
30 µm and 185µm long, separated by a layer of aluminium 40µm long and 5 µm wide (see the right
hand side of figure 5.4(b)). Although the resonator structure is not one-dimensional, we neglect
the geometric effects and use the same transfer matrix model to calculate the mode properties. As
noted above, the grAl inductance is calculated from the nanowire resistivity measurements, while the
aluminium inductance and all capacitances are extracted from Sonnet simulations. In contrast to
the photon-to-electron converter, the readout SET is not placed at the end of the resonator. Rather,
the SET is connected to the aluminium layer, at the end of the first grAl portion of the structure.
As the junction-mode coupling is proportional to the voltage seen by the junction, placing the SET
close to the 50Ω feedline effectively reduces λ. For the fundamental mode resonance frequency and
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Figure 5.8: Spatial dependence of fundamental resonator modes normalized such that |φ(xj)| = 1
(a) Photon-to-electron converter resonator (b) Readout resonator

characteristic impedance, we obtain ωro = 2π×4.88GHz and Zro = 0.4 kΩ, resulting in the coupling
parameter value of λro = 0.21. This weak coupling between the mode and the transistor is desirable
to reduce the impact of photo-assisted processes on the charge detection The extracted resonance
frequency is very close to the experimentally measured value of ωro = 2π × 4.815GHz (see figures
5.9b and 5.10b). The minor disagreement can be assigned to the systematic uncertainty in sample
parameters. However, the coupling rate cannot be estimated using the transfer matrix model. It is
measured to be 2π× 16MHz, several times lower than the model estimate of sπ× 88MHz. Again,
it is believed that this disagreement stems from the width mismatch between the feedline and the
grAl nanowire (220µm compared to 350 nm), especially since the resonator is placed close to the
corner of the feedline (see figure 5.4(b)).

Estimating SET tunneling resistance

The tunneling resistance of the photon-to-electron converter SET at low temperature is Rc =
980 kΩ.The measurement configuration did not allow dc-measurement of the readout SET at 20mK.
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However, based on the room temperature resistance measurements (800 kΩ compared to the 610 kΩ
for the converter SET) we expect it to be in the 1.1 - 1.2MΩ range.

RF-SET Reflection Spectra

To further characterize the sample, we rely on high-frequency measurements. We start by showing,
in figure 5.9, the reflection spectra of the two resonators as functions of junction bias. The gate
voltage is fixed to Vg,c = Vg,ro = 0 for the duration of the measurement.
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Figure 5.9: Reflection spectra as function of SET bias voltage for zero gate voltage. (a) Converter
resonator. (b) Readout resonator

Converter RF-SET — First, let us consider the converter RF-SET (figure 5.9a). Similarly
to the single junction case, we observe in the bias range close to the superconducting gap where
microwave reflection is low. We find a resonance at ωc = 2π × 10.86GHz well below the super-
conducting gap. The resonance slightly shifts lower in frequency when approaching the gap, as
expected due to the Lamb shift. The bias voltage values corresponding to this range should vary
periodically with gate charge between eV = 4∆ − 2ℏωc and eV = 4∆ − 2ℏωc + 2ECc , where ECc

is the charging energy of the SET. Resonance spectra for two different bias voltages — one well
below the superconducting gap, and one close to eV = 4∆ are shown in figure 5.10a. The drop in
reflection between the two bias voltages is greater than 20 dB. The spectra do not conform to the
expected Lorentzian shape, and the fit to the equation 1.72 does not converge, meaning that we are
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unable to determine the loss rates precisely. However, rough estimates are κc,c ≈ 2π× 40MHz, and
κi,c ≈ 2π× 15MHz.

Readout RF-SET — We now direct our attention to the readout resonator (figure 5.9b). We
notice the resonance at ωro = 2π × 4.815GHz. There is no discernable Lamb shift, in agreement
with smaller coupling parameter λro. The area of increased microwave absorption close to the
superconducting gap is still noticeable. From the two spectra shown in figure 5.10b, we conclude
that the absorption is not as high as in the photon-to-electron converter SET. To obtain the resonator
loss rates, we fit the resonance spectra to equation 1.72. The coupling to the transmission line is
given by κc,ro = 2π× 16MHz, and stays constant with changing junction bias. The intrinsic losses
well below the gap are estimated to be κi,ro = 2π×0.6MHz, resulting in the intrinsic quality factor
of Qi ≈ 8 · 103. Total junction loss rate κj stays below 2π× 6MHz in the full bias range.
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Figure 5.10: Reflection spectra for two different bias voltages. (a) Converter RF-SET, showing
critical coupling (b) Readout RF-SET. Black solid lines represent the circle fits to equation 1.72.

5.2.4 Conclusion

To recapitulate, we have fabricated a device consisting of two capacitively coupled RF-SETs, a
photon-to-electron converter RF-SET where the resonator is strongly coupled to the junction to
boost the inelastic tunneling, and a readout RF-SET with lower resonator-SET coupling to optimize
charge detection. The resonator parameters are summarized in table 5.1.

Parameter Converter Readout
ω/2π (GHz) 10.86 4.815
κc/2π (MHz) ≈ 40 16
κi/2π (MHz) ≈ 15 0.6

λ 0.76 0.21
RT (MΩ) 0.98 ≈ 1.1

Table 5.1: Parameters of the two RF-SETs.

To further characterize the sample, and determine the parameters such as charging energies,
coupling capacitance between the two SETs or asymmetry in the transistor junctions, we measure
the evolution of microwave absorption and emission with gate voltage. To avoid low frequency gate
noise due to movement of background charges, we fix the microwave frequency to resonance, and
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perform the measurements in the continuous wave mode, while constantly sweeping the gate and
bias voltages.

5.3 Reflection Spectroscopy

In this section, we present the reflection measurements carried out on the two RF-SETs. The shown
measurements are performed at the base fridge temperature of 20mK, and in continuous wave mode
at resonance frequency unless otherwise noted. First, we present the reflectometry measurements
on the readout (section 5.3.1), and the converter (section 5.3.2) separately. We then show how the
readout RF-SET can be used to measure the tunneling through the converter SET, and extract
the coupling capacitance between the two SETs, Cc (section 5.3.3). We are able to detect charge
flow through the converter SET, but not the individual tunneling events, because the converter
tunneling rates are too high.

5.3.1 Spectroscopy of the Readout RF-SET

First, we consider the readout RF-SET. The reflected power at resonance frequency ωro = 2π ×
4.816GHz as function of SET bias and gate voltages is shown in figure 5.11. The applied microwave
pump power is P = −119 dBm, which is equivalent to the resonator population of ⟨nres⟩ ≈ 16 well
below the superconducting gap. We observe several copies of Coulomb diamonds due to different
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Figure 5.11: Reflection at resonance as function of gate and bias voltages for the readout RF-SET.
Several copies of Coulomb diamonds are visible, corresponding to inelastic tunneling processes.
Green dashed lines are the Coulomb diamonds delimiting elastic tunneling thresholds. From the
slope of these lines we extract the SET asymmetry: α1,ro = 0.58, α2,ro = 0.42. The black dashed lines
represent the inelastic tunneling thresholds fo the first junction, and they are offset by ±ℏωro/α1,ro

in bias compared to the elastic tunneling threshold. Similarly, the red dashed lines correspond to
inelastic tunneling through the second junction, and are offset by ±ℏωro/α2,ro compared to the
green line.
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inelastic processes outlined in section 5.1.2. The structure is periodic in gate voltage, with the period
of ∆Vg,ro = 5.8mV, indicating that the gate capacitance is Cg,ro = e/∆Vg,ro ≈ 30 aF. The elastic
Coulomb diamonds are outlined by the green dashed lines. The charging energy of the readout
SET, obtained from estimating the height of the Coulomb diamond is

EC,ro ≈ 65 µeV, (5.22)

corresponding to the total island capacitance of

CΣ,ro =
e2

2EC,ro

= 1.2 fF (5.23)

From the slopes of elastic Coulomb diamonds, we extract the SET asymmetry described by

α1,ro = 0.58 (5.24)
α2,ro = 0.42. (5.25)

From the equation 5.5, the junction capacitance is C1,ro = 0.5 fF. Based on the SEM images of the
sample (see figure 5.4), we assume that the two junctions are equal in size, and that the asymmetry
is present due to the island ground capacitance, which is included only in α2,ro, but not in α1,ro.
Thus, C2,ro = C1,ro = 0.5 fF, and the ground capacitance of the island is Cgr,ro = 0.2 fF. The size of
the two junctions is similar, and it is approximately 100 × 120 nm2. Thus, we get for the junction
capacitance Cj = 40 fF/µm2.

Based on the equation 5.21, the resonator coupling parameters for the individual junctions in
the readout SET are

λ1,ro = α1λro = 0.12 (5.26)
λ2,ro = α2λro = 0.09. (5.27)

This small variation in the coupling parameters is responsible for the difference in absorption ob-
served between the two slopes of the Coulomb diamonds corresponding to the inelastic tunneling
through the first or the second junction.

In addition to the quasiparticle current, other processes involving tunneling of Cooper pairs, such
as Josephson-quasiparticle (JQP) and double Josephson-quasiparticle cycles (DJQP) [78, 79, 80, 81],
are possible in a superconducting single-electron transistor. However these processes were not
observed in our sample due to the charging energy being too low.

5.3.2 Spectroscopy of the Converter RF-SET

We now move on to the photon-to-electron converter circuit. We use the reflectometry data to
determine the charging energy, and discuss photo-assisted processes in the strong coupling regime.

Measurements on the converter RF-SET are performed off-resonance, at the frequency of 10.73GHz
to better resolve the different processes, and avoid the areas where absorption is close to zero due to
the intrinsic losses of the resonator. Reflection as function of the transistor bias and gate voltages
is shown in figure 5.12. As expected, several Coulomb diamond structures are visible. Similarly
to the readout case, from the period in gate voltage, we extract the converter gate capacitance of
Cg,c ≈ 80 aF. However, the asymmetry in Coulomb diamond slopes (black dashed lines) is much
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Figure 5.12: Reflection as function of gate and bias voltages for the converter RF-SET at 10.73GHz,
and P = −109 dBm. As in the readout circuit, several copies of Coulomb diamonds are visible,
corresponding to inelastic tunneling processes. The elastic Coulomb diamonds are shown in green
dashed lines, and the SET asymmetry determined from their slope is α1,c = 0.75, α2,c = 0.25. The
red lines are offset by ℏωc/α1,c corresponding to the width of the photo-assisted step for the first
junction.

more pronounced, due to higher capacitance of the SET island to ground. The island capacitance
is increased compared to the readout circuit due to its bigger size (see figure 5.4). From the data
in figure 5.12, we have

α1,c = 0.75 (5.28)
α2,c = 0.25, (5.29)

and the charging energy is
EC,c ≈ 40 µeV (5.30)

corresponding to the total capacitance of the readout SET island:

CΣ,c =
e2

2EC,c

= 2 fF (5.31)

Assuming that the additional capacitance compared to the readout RF-SET is due to the ground
capacitance, we obtain the same value for the junction capacitance of 0.5 fF, and the ground capac-
itance of the converter SET island of Cgr,c = 1 fF.

The SET asymmetry is pronounced in the photo-assisted processes as well. From equation 5.21,
we get

λ1,c = 0.8λc = 0.57

λ2.c = 0.2λc = 0.19
(5.32)

Hence, we expect the asymmetry to be reflected in subgap absorption.
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We indeed conclude that there is high absorption for bias voltages corresponding to values just
below the resonant tunneling condition for the first junction in figure 5.12. This area in junction and
bias voltages (green rectangle in figure 5.12) is the potential operating point for photon-to-electron
detection.

5.3.3 Converter-readout Coupling

In the previous sections, we have discussed the two RF-SETs independently, not exploiting the fact
that they are capacitively coupled. Furthermore, we have tried to suppress the mutual influence
of the SET-s by biasing the non-measured SET well below the superconducting gap, to reduce the
charge noise. Now we explore the coupling between the two circuits in more detail. We bias the
readout SET at Vro = 785 µV, where it is charge sensitive, and measure the reflection. At this bias
value, the reflected signal is very sensitive to changes in gate charge (see figure 5.11). We then
sweep the two SET gates. The results are shown in figure 5.13. For Vc = 22 µeV (panel (a)), we
observe a series of dips in reflection, corresponding to a change in the charge of the readout SET
island, similarly to the measurement presented in section 5.3.1. However, no response is observed
when the charge on the converter SET island changes. In contrast, when the converter SET is
biased close to the superconducting gap (panel (b)), we observe a change in the readout reflection
when the tunneling through the detector SET is allowed. The dip in reflected signal traces a series
of hexagons, with each hexagon corresponding to a stable charge configuration ne,c, ne,ro. From the
position in the (Vg,ro, Vg,c) plane of the points where three charge states are stable — triple points
(red and green dots in figure 5.13b), we determine the coupling capacitance between the two SETs:

Cc =
∆Vtriple
∆Vg,ro

CΣ,ro = 0.09CΣ,ro = 110 aF. (5.33)

Thus, the coupling capacitance Cc is approximately 10% of the total readout capacitance, making
it very sensitive to changes in the converter SET island. However, this is achieved at the expense
of the converter charging energy due to the increase in the size of the island.

5.3.4 Discussion: Towards Photon Detection

We have shown above the reflectometry measurements of the converter and readout RF-SETs.
These measurements were used to obtain several SET parameters such as charging energies, gate
capacitances, as well as the coupling capacitance between the two SETs. These parameters are
summarized in table 5.2.

We have detected the current flowing through the converter SET by measuring the readout
reflection. However, the individual tunneling events were not observed, because the lifetime of the
quasiparticle on the converter island too short. To increase it, the charging energy of the converter
SET needs to be increased, especially above 2ℏωc = 90 µeV, so that the quasiparticle cannot be
removed from the island by absorbing a photon. This could allow us to observe single photo-assisted
tunneling events in these devices. Additionally, the coupling rate of the converter resonator needs
to be decreased, in order to reduce the dark photon rate below our measurement bandwidth set by
the readout charge noise discussed below (see discussion on dark current in our photon-to-electron
converter in section 2.4.1). This work is in progress in the group.
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Figure 5.13: Charge stability diagrams for two different converter bias voltages: (a) Vc = 22 µeV
(b) Vro = 800 µeV. For low detector bias we detect only the tunneling through the readout SET,
while for the bias at the superconducting gap (panel (b)), we see a response in the readout reflection
when the tunneling through the converter SET is allowed. The distance in gate voltage between
the two triple points (red and green dots in panel (b)) is used to measure the coupling capacitance
between the two SETs.

5.4 Readout Charge Noise

In the previous section we have shown how the charge flowing through the converter SET can be
detected with the readout SET. We now estimate the charge noise of the readout, and vary the
applied microwave drive power, and the SET bias to find the optimal operation working point.
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Parameter Converter Readout
EC (µeV) 40 65
CΣ (fF) 2 1.2
Cg (aF) 80 30
α1 0.75 0.58
α2 0.25 0.42
λ1 0.12 0.57
λ2 0.09 0.16

Cc (aF) 110

Table 5.2: SET charging energies, capacitances ans individual junction-resonator coupling parame-
ters.

5.4.1 Gate Charge Susceptibility

The charge sensitivity is estimated from the reflection measurements versus junction bias and gate
voltages, analogous to those shown in the previous section. We discuss an example of such a
measurement below, and extract the detection sensitivity. The applied microwave drive power is
fixed to −116 dBm, the frequency to 4.816GHz, and the measurement bandwidth to BW = 100 kHz.
The two gate sweeps of the readout reflection corresponding to the SET bias values of 600µeV, well
below eV = 4∆, and 800µeV, close to eV = 4∆, are shown in the complex plane in figure 5.14.
The data is rotated to maximize the information in the real quadrature. At 600µeV (blue dots),
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Figure 5.14: Evolution of the readout reflection with gate voltage in the complex plane for SET
bias values of 600µeV (blue dots) and 800µeV (red dots). The applied microwave drive power is
fixed to −116 dBm, and frequency to 4.816GHz. At 600µeV, the reflection shows no dependence
on gate voltage. In contrast, at 800µeV — just below eV = 4∆, there is a clear shift in reflection
when the tunneling through the junction is allowed. At this bias voltage, the SET can be operated
as a charge detector.

the reflection shows no dependence on gate voltage. In contrast, at 800µeV (red dots), there is a
clear shift in reflection, corresponding to the gate voltages where the tunneling is allowed. We show
this data as function of gate voltage in figure 5.15. We extract the change in the reflection with
gate voltage by fitting a Lorentzian (solid black line) to the real quadrature data (blue trace), and
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Figure 5.15: Real and imaginary parts of reflected signal as function of gate charge for SET bias
of 800µeV (red dots in figure 5.14). The peaks in real part of the reflected signal are fitted to a
Lorentzian (black solid line), and the derivative of this curve (green solid line) represents the photon
detection signal. The operating point of the detector is at the signal maximum highlighted by the
red dashed line.

taking its derivative d(Real(S11))/ dng, representing the gate charge susceptibility of our detector
shown in green in figure 5.15. The operating point of the detector is at the maximum of charge
susceptibility, highlighted by the red dashed line. The noise N is given by the Fourier transform of
the trace. The charge noise is then determined from the equation

δq =
N

d(Real(S11))/ dng ×BW
(5.34)

where BW is the measurement bandwidth. The same procedure is repeated for different SET bias
voltages. The evolution of charge noise with bias voltage is for three different measurement tone
powers shown in figure 5.16. The charge noise is lowest close to eV = 4∆− ℏωro. Above this value,
we observe a periodic structure, with the period of 2EC,ro. As the power is increased, the optimal
detector working point moves to lower bias voltage due to multi-photon absorption. Additionally,
the minimal charge noise rises with rising power.

5.4.2 Power Dependence of the Charge Noise

To measure the power dependence of the charge noise, we fix the SET bias voltage to eV = 4∆−ℏωro,
where we expect the detector to have best overall charge noise. The evolution of charge noise with
applied power is shown in figure 5.17. First, when the power is increased, the charge noise decreases
due to better signal to noise ratio. However, close to −114 dBm, the charge noise saturates, and
starts rising rapidly when the power is above −110 dBm. At high powers, the optimal working point
shifts to lower bias voltage. However, even at the optimal SET bias, the charge noise rises with
rising power (see figure 5.16).
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Figure 5.16: Charge sensitivity of the readout RF-SET as function of voltage for drive frequency
of 4.816GHz and three different microwave tone powers. The charge sensitivity is maximal close
to eV = 4∆− ℏωro, represented by the red dashed line, and shows periodicity in bias voltage, with
the period set by the charging energy. As the power is increased, the optimal working point of the
detector moves to lower bias voltage due to multi-photon absorption, and the charge noise increases.
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Figure 5.17: Charge sensitivity as a function of the applied power. The readout bias is fixed to
790µeV, and the frequency of the tone to 4.816GHz. The optimal working point of the detector
−113 dBm.

The minimal charge noise measured in this experiment is 5 · 10−5 e/
√
Hz, corresponding to the

SET bias of 790µeV, and the applied microwave power of −113 dBm. This charge noise is an order
of magnitude higher than what is achievable with an RF-SET. However, there are several ways in
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which the readout could be improved. Increasing charging energy beyond 2∆/3 ≈ 135 µeV would
enable observation of processes involving Cooper-pair tunneling, including the the DJQP process.
Operating the superconducting RF-SET at DJQP point shows superior properties compared to the
quasiparticle current [82, 81]. The dominant contribution to SET charging energy is due to the
junction capacitance. This capacitance can be reduced by decreasing junction size through better
controlling the evaporation angle (see Appendix B for fabrication details). Parametric amplifiers
could also be used to reduce the measurement noise, as the detector operating point is below the
parametric amplifier saturation power [83, 84, 85]. A JPA has already been used to improve the
RF-SET readout, increasing the charge sensitivity by a factor of 20 [75].

The role of high characteristic impedance for readout is not yet fully understood. As discussed at
length in Chapter 1, the use of strong coupling allows for impedance matching at higher bandwidth,
which is beneficial for charge detection. However, the strong coupling also induces multi-photon
absorption, which limits the power that can be applied to the SET, before the charge noise increases
due to inferior matching. We have shown in figure 5.16 that multi-photon processes displace the
optimal junction bias, and increase charge noise. Thus, a more systematic study is needed before
concluding on the optimal device parameters for charge detection.

5.5 Microwave Emission
To gain more understanding of the tunneling through a SET in a high impedance environment, we
measure the power emitted by the RF-SET as a function of gate and bias voltages. This experiment
is simpler compared to measuring the microwave reflection with a VNA, as we are able to observe
the photon emission only, but not the photo-assisted tunneling. We present the results for the
readout circuit only. Data for the photon-to-electron converter are not shown because the amplifier
noise washes out the significant features in the emission.

As shown in Chapter 4, provided that the resonator loss rates are known, and assuming that
the emission is Lorentzian, measuring the power emitted at resonance allows us to calculate the
mean resonator population. Using the loss rates estimated in the previous section, and calculate
the resonator population from

⟨nres⟩ =
κtotPem

4κcℏωro ×BW ×G
(5.35)

where BW is the measurement bandwidth, and G is the gain of the microwave chain taken to be
the same as in single junction experiments presented in the previous chapters.

The evolution of resonator population with bias and gate voltages is shown in figure 5.18. As in
the reflectometry data presented in section 5.3.1, we observe the Coulomb diamonds, together with
the several steps in bias voltage due to the inelastic emission. However, unlike in the single junction
case, the resonator population does not rise monotonically with increasing bias voltage. Rather,
when additional island charge states become available, the resonator population drops slightly, as
seen in additional diamond-like structures in figure 5.18. To reproduce this phenomenon, we rely
on a classical rate equation model, similar to one outlined in section 4.1.2.

5.5.1 RF-SET Classical Master Equation

We have seen in Chapter 4 that the emission experiments can be explained by a classical master
equation model, in which the tunneling rates depend on the resonator state. We now apply analogous
reasoning to the case of inelastic tunneling through a single-electron transistor. In addition to the
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Figure 5.18: Readout resonator population as function of the junction bias voltage and gate voltages
(a) Population calculated from the measured emission at resonance frequency using equation 5.35.
Green dashed current lines represent the Coulomb diamonds corresponding to the elastic tunneling.
Black dashed lines represent the inelastic tunneling through junction one, and the blue through
junction two. (b) Classical master equation calculation result. Dashed lines are same as in panel
(a). Magenta and blue solid lines represent the linecuts shown in figure 5.20.

resonator state, the tunneling rates through the SET junctions depend on the central island charge.
Thus, we describe the state of the system by a tuple (nph, ne), where nph is number of photons in
the single resonator mode that we consider, and ne is the number of excess electrons on the SET
island. The tunneling rates are derived in detail in section 5.1.2. For the forward tunneling, they
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are given by

κ
nph,nph+l
1 (V ) =

∣∣∣⟨nph + l| eiλ1(a+a†) |nph⟩
∣∣∣2I1(α1V − δE+ − lℏω/e)/e (5.36)

κ
nph,nph+l
2 (V ) =

∣∣∣⟨nph + l| eiλ2(a+a†) |nph⟩
∣∣∣2I2(α2V − δE− − lℏω/e)/e (5.37)

with
δE± = 2EC(1/2± (ne − ng)) (5.38)

where ng is the gate charge, and Ii = eγi(V ) is the single junction current-voltage characteristic. We
present the calculations for the readout SET only, so we will drop the subscript ro in this section to
simplify the notation. For the sample parameters, we take the values extracted in sections 5.2.3 and
5.3.1. The remaining two parameters to determine are the junction resistances. We assume that
the junctions are equal, and set the tunneling resistance to R1 = R2 = 550 kΩ. The single junction
voltage characteristic I1(V ) = I2(V ) is then calculated using equation 1.24 with ∆ = 202 µeV and
Γ = 10 neV.

After fixing all the parameters, we calculate the rates and construct the rate matrix. We consider
the 9 lowest resonator states, and set the island charge states ne = −4, . . . , 4. Only the transitions
between the neighbouring island charge states are allowed. The tunneling through junction one
(equation 5.36) increases the number of excess quasiparticles on the island by one, while the tun-
neling through junction two (equation 5.37) decreases it by one. Thus, for example, the transition
from state (0, 0) to (2, 1), corresponding to adding the quasiparticle to the island, while two photons
are emitted into the resonator mode, is given by

κ0,21 (V ) =
∣∣∣⟨2| eiλ1(a+a†) |0⟩

∣∣∣2I1(α1V − δE+ − 2ℏω/e)/e. (5.39)

The full master equation is then given by

ṗ(nph, ne) =
∑
l

κ
nph+l,nph

1 (V )p(nph + l, ne − 1) + κ
nph+l,nph

2 (V )p(nph + l, ne + 1)

−
∑
l

(
κ
nph,nph+l
1 (V ) + κ

nph,nph+l
2 (V )

)
p(nph, ne)

+κcnthp(nph − 1, ne) + κc(nth + 1)p(nph + 1, ne)− κc(2nth + 1)p(nph, ne)

(5.40)

The steady state master equation solutions for four different gate and bias voltage combinations
(minimal and maximal bias voltage at the magenta and blue vertical lines in figure 5.18b) are given
in figure 5.19. As expected, below the superconducting gap (Vbias = 770 µeV), the resonator is
empty, and there is a well defined charge state of the SET island. For the higher bias voltage, there
is no stable charge configuration, and the current can flow through the SET.

After obtaining the steady state master equation solution, the mean photon number in the
resonator is calculated from

⟨nres⟩ =
∑
nph

nph

∑
ne

p(nph, ne). (5.41)

The evolution of the resonator population with gate and bias voltages is shown in figure 5.18b. Two
linecuts, corresponding to the two solid vertical lines in the figure 5.18b are shown in figure 5.20.
The classical master equation model reproduces well the non-monotonic increase in the resonator
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Figure 5.19: Probability distributions for resonator state and island states in the steady state for
different combinations of junction bias and gate voltages.
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Figure 5.20: Two linecuts of maps shown in figure 5.18 for fixed gate voltages. Solid lines are the
experimental data, while the dashed lines are classical master equation solutions.

population with rising junction bias observed in the experimental data. This phenomenon arises
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due to the mismatch in tunneling thresholds for photon emission and photon absorption: when
the absorption processes through excited charge states of the island become allowed, the resonator
population drops, before rising again, when the emission through the excited states is also allowed.

To achieve better agreement between the theory and the experimental data, one would need to
thoroughly measure the sample parameters, such as the junction resistance and junction loss rate,
as well as perform a precise calibration of the microwave measurement chain.

5.6 Conclusion
In this chapter, we have presented the preliminary experiments performed with the aim of building
a detector based on inelastic quasiparticle tunneling able to resolve single microwave photons. The
implemented sample consists of two capacitively coupled radio-frequency single-electron transistors
— a photon-to-electron converter RF-SET, and a readout RF-SET. Resonators in both RF-SETs
are fabricated in grAl, allowing for compact design. The converter circuit is designed to achieve
strong coupling between the resonator and the junction to boost the inelastic tunneling, while the
readout resonator-SET coupling is reduced, to decrease the back-action of photo-assisted processes
on charge detection.

When measuring reflection as a function of SET bias and gate voltages, several copies of Coulomb
diamond structure are observed, corresponding to the inelastic processes. We discuss the differences
between the converter and the readout due to the variation in the coupling parameter λ, and show
that for suitable gate and bias voltages, there are areas of high absorption. Thus we can expect
high photon-to-electron conversion efficiency. Additionally, we have demonstrated that the charge
flow through the converter SET could be detected by measuring the reflectometry of the readout.
However, we were unable to detect single tunneling events due to high barrier transparency.

The spectroscopy measurements were used to determine the readout RF-SET charge noise as
well. We varied SET bias voltage and the power of the applied microwave tone to find the optimal
operating point for the charge detector. Obtained charge noise is as low as δq = 5 · 10−5 e/

√
Hz.

Different possible approaches to improving the charge sensitivity such as increasing the charging
energy, decreasing the SET resistance, or utilizing parametric amplifiers are also considered.

The power emitted by the readout RF-SET was measured to gain more insight into the inelastic
tunneling through cavity coupled islands. The Coulomb diamonds periodic in gate charge were
observed. Furthermore, step-like structure due to dynamical Coulomb blockade was identified.
To explain the experimental data, we have developed a master equation model analogous to one
described in detail in Chapter 4 for tunneling through a single junction. The state of the system is
characterized by the number of photons in the resonator, and the number of excess quasiparticles on
the SET island. The transition rate matrix was constructed from tunneling rates between different
states, and the resulting master equation steady state solution is used to determine the resonator
population. This model aligns well with the data, and reproduces the observed non-monotonic
increase in resonator population with rising junction bias due to a mismatch in absorption and
emission tunneling through excited island charge states.
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Conclusion and Perspective

This thesis covers the work done towards building a single microwave photon detector relying on
inelastic quasiparticle tunneling. As a step towards detecting individual photons, we have designed
and implemented a microwave photon-to-electron converter based on tunneling through a single SIS
junction. We have then conducted the preliminary experiments towards detecting single charges on
a device consisting of two coupled RF-SETs, showing promising results.

To convert the photons of energy ℏω1 to electrons, we couple the junction to the resonator with
the fundamental mode frequency ω1, and bias the junction at eV = 2∆ − ℏω1/2, where ∆ is the
superconducting gap. As the junction is biased below the superconducting gap, there is virtually
no current flowing through it as long as the resonator is empty. When the photons are present in
the resonator, they supply the energy needed to overcome the gap, inducing photo-assisted current.
By monitoring this photo-current, we detect the incident microwave photons. The photo assisted
current has been widely used to detect electromagnetic radiation. However, in this work, we push
the limits in frequency of detected radiation, and quantum efficiency of the conversion thanks to
strong coupling between the junction and the resonator.

The resonator is fabricated using granular aluminium, a high kinetic inductance disordered super-
conductor, resulting in a characteristic impedance close to 5 kΩ, an order of magnitude higher com-
pared to conventional resonators made of aluminium or niobium. The high characteristic impedance
increases the coupling between the junction and the resonator, boosting the inelastic tunneling rates.

In high coupling regime, multi-photon processes, and in particular the dependence of their rates
on the resonator state need to be taken into account to accurately describe the dynamics of the
resonator-junction system. Under these circumstances, the P (E) theory, usually used to calculate
the tunneling current through a junction embedded in an electromagnetic environment fails. Instead,
we have treated the junction electrodes as equilibrium baths for the resonator mode, and derived a
quantum master equation describing the resonator evolution (Chapter 1).

We have then used the quantum master equation framework to design a microwave photon
detector. The design is described in Chapter 1. We have pointed out the crucial role of the ratio
of the coupling rate — the rate at which the photons enter the resonator, to the rate at which the
photons are absorbed by the junction in determining the photon-to-electron conversion quantum
efficiency. When these two rates are equal, the quantum efficiency is equal to one, if the internal
losses of the resonator are small. This rate matching condition is equivalent to impedance matching
maximizing the power transfer to a load in electric circuits. The coupling rate is fixed by the
sample geometry. Thus, to satisfy the rate matching condition, we tune the photon absorption rate
by choosing the suitable target junction resistance. The tunneling resistance needed to fulfil the
matching condition is two orders of magnitude higher in strong coupling regime, when compared
to the junctions coupled to conventional resonators. The high junction resistance is beneficial for
reducing the dark electron rate, given by the subgap current flowing through the junction in absence
of any incoming photons.
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In Chapter 2, we have presented the experiments evaluating the figures of merit of the imple-
mented photon detector. From reflection spectroscopy measurements, we estimate the quantum
efficiency of 0.87 — significantly higher than in other photon detectors based on inelastic tunnel-
ing [36]. This value was confirmed by measuring the evolution of photo-assisted current with the
power of the applied microwave drive. We have measured the photo-assisted current due to two,
three, and four-photon processes. By fitting all four current-power curves to the quantum master
equation model, with the attenuation between the sample and the room temperature microwave
source being the lone free parameter, we have determined the incident power at the sample stage.
There is an excellent agreement between the experimental data and the model, allowing for the
precise calibration of the measurement chain, and thus the precise knowledge of quantum efficiency
of χ = (0.83± 0.05).

The lowest measured dark current of the detector is 26 fA, corresponding to the electron rate
of 160 ks−1. The origin of the dark current is not fully understood. However it is not due to the
rounding of the current-voltage characteristic of the junction, but rather can be explained by the
residual resonator population of 5 · 10−4.

In Chapter 4, by varying the fridge temperature, we have measured the photo-assisted tunneling
current due to the thermal radiation in the resonator. The current-temperature dependence reaffirms
high quantum efficiency of photon-to-electron conversion. Concomitantly, as a consequence of the
photon absorption by the junction, the resonator population is expected to be lower than the
equilibrium value given by the Bose-Einstein occupation factor, giving rise to effective cooling.
We have measured the power radiated by the sample as a function of junction bias and fridge
temperature, and deduced the resonator population from input-output theory. When the junction
is biased below the superconducting gap, we observe the effective cooling of the resonator mode, as
expected. The resonator population is approximately half its equilibrium value. The cooling power
could be further improved by decreasing the junction resistance. However, this would lower the
photon-to-electron conversion efficiency, negatively impacting the photon detection, which was the
main interest when designing the sample.

Above the superconducting gap, the population of the resonator rises due to photon emission
by the junction. Far above the superconducting gap, we measure the tunneling current shot noise
filtered by the resonator. Measuring the photon emission in this regime is widely used for calibrating
the microwave chain in circuit QED experiments [31, 33]. We have shown that this approach
is remains valid for λ ∼ 1. However, in the intermediate junction bias range, just above the
superconducting gap, we observe a significant deviation from the shot noise picture presented in
[72]. The disagreement arises due to high bias voltages needed to overcome the superconducting
gap, coupled with the long photon lifetime in the cavity, as well as the strong resonator-junction
coupling boosting the multi-photon process rates, bringing the system far from equilibrium. At these
intermediate bias voltages, the detailed balance condition for the transition rates between different
resonator states is not satisfied, and thus the effective temperature of the system cannot be defined.
In contrast to the shot noise model [86], the master equation calculation is in quantitative agreement
with the experimental data for all bias voltages and temperatures. We have calculated the Wigner
functions of the resonator state, and show that the resonator states just above the superconducting
gap are not thermal. Combining the non-thermal states with the resonator Lamb shifts caused by
the junction results in non-Lorentzian spectra in a narrow voltage bias range around eV = 2∆+ℏω1.
The non-Lorentzian spectra were directly observed. The Wigner function was however not evaluated
experimentally.

The transition to photon counting requires detecting single electrons resulting from microwave
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photon-to-electron conversion. Thus, we propose and implement a device consisting of two ca-
pacitively RF-SETs. One RF-SET acts as a photon-to-electron converter, and the second one is
used for the readout. The incident photons are absorbed by the junction, changing the charge of
the converter island by e. This change is then detected by the readout. Preliminary experiments
performed on a double RF-SET sample are presented in Chapter 5. We have performed the spec-
troscopy measurements on both RF-SETs, and shown that for suitable gate and bias voltages, there
is high photon-absorption due to inelastic tunneling, pointing to high photon-to-electron conversion
quantum efficiency. We have demonstrated that the readout RF-SET is sensitive to charge flow
through the converter. However, the single tunneling events were not detected due to the tunneling
rates being too high. To better understand the SET behaviour in a high impedance environment,
we have measured the power emitted by the readout as function of gate and bias voltages. Unlike
the single junction case (Chapter 4), the power emitted by the SET does not increase monotonically
with rising junction bias due to a mismatch in the tunneling rates through excited island states cor-
responding to photon absorption and emission. We compare the data to a classical master equation
model, finding good agreement.

Further perspective

In this work, we have demonstrated efficient microwave photon-to-electron conversion, and built
a photon detector based on inelastic quasiparticle tunneling that is able to measure a sustained
microwave photon flux with high efficiency (83%), and low dark counts (160 ks−1). In the future,
it would be interesting to extend this detection mechanism to single photon detection. We have
performed preliminary experiments with this aim by pairing the photon-to-electron converter with
an RF-SET used for charge readout. The readout charge noise is 5 · 10−5 e/

√
Hz. Even though

the charge noise is low, there is still room for improvement compared to state-of-the-art RF-SET
charge noise of 0.9 · 10−6 e/

√
Hz [49]. The overall performance of the detector could be improved

by reducing the charging energy of both the readout and the converter. The charging energies are
limited by the junction capacitance. Hence, reducing their size is a straightforward way towards
increasing the charging energy, and thus better controlling the tunneling rates through the SET, or
moving to tunneling through quantum dots [36].

The readout was fabricated using high impedance resonators, enabling a compact design, and
easier fabrication compared to separate tank circuits commonly used in RF-SETs. High impedance
allows us to realize impedance matching at higher bandwidths, speeding up the charge measurement,
but it also limits the power used for the readout before the appearance of multi-photon processes
which reduce the detector performance. Thus, a more systematic study is needed before concluding
on the optimal resonator characteristic impedance for charge detection.

However, based on the charge noise in state of the art RF-SETs, and the coupling achieved
between the converter and the readout, we are confident that the single photons could be measured
at a rate of 100 kHz. Therefore, the dark count of the detector needs to be significantly lower than
this rate. The obvious way to reduce the dark count would be to decrease the resonance width. The
recent work in [27] shows that dark count rates as low as 100 s−1 can be reached in a narrow band
detector. The resonator width can be reduced by using a Bragg structure [59] to keep the galvanic
contact for biasing the junction, and controlling the coupling rate through a separate capacitively
coupled feedline. To keep the high quantum efficiency in a narrow band resonator, the intrinsic
losses need to be reduced compared to the device presented in the thesis. High quality granular
aluminium resonators (Qi = 105) have already been fabricated [60], and we do not consider this
requirement to be a fundamental limiting factor for transition to single photon detection. As the
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resonator width is reduced, the dark rate due to subgap current will make a significant share of the
total dark counts. Thus, the scaling of the dark count with resonator width needs to be checked
experimentally. High kinetic inductance materials, such as granular aluminium will play a crucial
role in building these narrow band detectors, as they enable use of more resistive junctions while
keeping high quantum efficiency, thus limiting the subgap dark current. We envision that such
detectors will have a crucial role in advancing microwave quantum optics, sensing, and many more
areas of research, such as axion detection.
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Appendix A

Resonator Coupled to a Bath: Input-Ouput
Theory

To measure its properties, the system under consideration needs to be coupled to a measurement
setup. The measurement setup is usually modelled as a bath of harmonic oscillators, and the derived
formalism is called input-output theory. We consider the harmonic oscillator as the system under
test, and derive some of the formulas used in the main text. The derivation shown here is standard
in literature and largely follows [57] and the supplementary information of [87].

The total Hamiltonian we consider is

H = Hsys +HB +Hint (A.1)

where
Hsys = ℏω0a

†a (A.2)

is the system hamiltonian,

HB = ℏ
∫ ∞

−∞
dωωb†(ω)b(ω) (A.3)

is the bath Hamiltonian, and the interaction Hamiltonian is

Hint = iℏ
∫ ∞

−∞
dωγ(ω)(b†(ω)a− a†b(ω)). (A.4)

Bath operators satisfy bosonic commutation relation [b(ω), b†(ω′)] = δ(ω − ω′). We have applied
the rotating wave approximation in the interaction Hamiltonian. Additionally, this approximation
allows us to extend the integration to negative frequencies for bath and interaction Hamiltonians,
as there are no resonant terms in this frequency range, but the calculations are greatly simplified.
The equations of motion for bath and system operators are then

ḃ(ω) = −iωb(ω) + γ(ω)a (A.5)

ȧ = −iω0a−
∫ ∞

−∞
dωγ(ω)b(ω) (A.6)
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By solving the equation of motion for the bath operator, we get

b(ω) = e−iω(t−t0)b0ω + γ(ω)

∫ t

t0

e−iω(t−t′)a(t′) dt′ (A.7)

where b0(ω) is b(ω) evaluated at t = t0 in the past. By substituting this solution in A.6, we get for
the resonator operator

ȧ = −iω0a−
∫ ∞

−∞
dωγ(ω)e−iω(t−t0)b0(ω)−

∫ t

t0

dω(γ(ω))2e−iω(t−t′)a(t′). (A.8)

Now we apply the Markov approximation

γ(ω) =
√
κ/2π (A.9)

and define an input field bin(t) as

bin(t) =
1√
2π

∫ ∞

−∞
dωe−iω(t−t0)b0(ω). (A.10)

The equation of motion then becomes

ȧ = −iω0a−
κ

2
a−√κbin(t). (A.11)

If we consider some future time t1 such that t1 > t analogously to the input field, we can define
the output field as

bout(t) =
1√
2π

∫ ∞

−∞
dωe−iω(t−t1)b1(ω) (A.12)

where b1(ω) is the bath operator evaluated at time t1. Now we can write the equation of motion
A.6 in terms of the output field as

ȧ = −iω0a+
κ

2
a−√κbout(t). (A.13)

By combining A.11 and A.13 we get the relation between the input and output fields:

bout(t) = bin(t) +
√
κa(t). (A.14)

We can easily extend the equation A.11 to the case where there are several inputs and outputs:

ȧ = −iω0a−
∑
l

(
κl
2
a+
√
κlbin(l, t)). (A.15)

We identify κl as different loss rates, e.g. the coupling rate which describes the leakage of the
photons between the resonator and the measurement setup, or the intrinsic loss rate which accounts
for the finite quality factor of the resonator. We will now use the equation of motion A.11 to derive
different quantities we measure.
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Reflection Spectrum of the Resonator

To experimentally characterize the resonator, we measure the reflection coefficient

S11(ω) =
bout(ω)

bin(ω)
(A.16)

To derive the reflection coefficient formula, we Fourier transform the equation A.15. We assume
that the resonator is coupled to two baths. One corresponds to the transmission line leading to
the rest of the experimental setup, and the corresponding coupling rate is κc. The second bath
represents the intrinsic losses in the resonator. It is described by loss rate κ, and we consider the
corresponding input field to always be in vacuum. The equation A.15 is then

−iωa(ω) = −iω0a(ω)−
κc + κ

2
a(ω)−√κcbin(ω) (A.17)

By substituting A.14 we get

bout(ω)− bin(ω)√
κc

= −
√
κc

κc+κ
2

+ i(ω0 − ω)
(A.18)

The reflection coefficient is then
S11(ω) = 1− κc

κtot

2
+ iδ

(A.19)

where κtot = κc + κ are total resonator losses, and δ is detuning.

Mean Resonator Population

We now calculate the mean population of a resonator driven at a frequency ωD = ω0 + δ. The
equation of motion in the frame rotating at ωD becomes

ȧ = iδa− κtot
2
a−√κcbin (A.20)

Mean values ā and b̄in in the steady state satisfy the equation

ā = −
√
κc

κtot

2
− iδ b̄in (A.21)

The input field is
b̄in =

√
ϕ (A.22)

where ϕ is the incident photon flux. The mean resonator population n = |ā|2 is then

n =
4η2

κ2tot + 4δ2
(A.23)

where η =
√
ϕκc is the microwave pumping strength. We note that this is equivalent to setting the

system Hamiltonian to
HD = iη(a− a†)− δa†a (A.24)

This Hamiltonian is used in the main text to describe the microwave drive.
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Appendix B

Sample fabrication

Both samples presented in this thesis are fabricated using the standard e-beam lithography and
evaporation techniques.

Resonator-SIS Sample

First we describe the fabrication process for the photon detector sample discussed in chapters 1–4.
The process is divided into several steps shown in figure B.1:

Figure B.1: Different fabrication steps. (a) Deposition of the grAl resonator (red). (b) Deposition
of the Al/AlOx/Al tunnel junction (orange). (c) Argon etching to remove the oxide (pink). (d)
Depositing aluminium (grey) for transmission lines, ground plane, and the patch connecting the
junction and the resonator. See the text for details.

(a) The sample is fabricated on an oxidised silicone wafer. The first step is fabricating the grAl
resonator with e-beam lithography. The chip is spin-coated with three layers of the electron-
sensitive resist: the bottom layer is PMMA 495 A6, while the top two layers are PMMA 950
A6. Each layer is spin-coated at 4000 RPM for 60 s, and then baked for 2min at 180 ◦C. The
mask shown in figure B.1(a) is patterned with a dose of 450µC/cm2. The resonator is 180µm
long and 700 nm wide. At both ends of the resonator, there is a 10 µm× 10 µm square, used
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for connecting the resonator to the rest of the circuit. The mask is then developed in 1:3
MIBK/IPA solution at ≈ 20 ◦C. The deposition is done in two layers:

• 20 nm of grAl is deposited at 0◦ angle. The oxygen pressure during the evaporation was
pO2 = 1.15 · 10−5mbar.

• 25 nm of Al is deposited at 45◦ angle.

Due to the high angle, aluminium is only deposited at the patches (blue squares in figure
B.1(a)). After the deposition, the lift-off is done in DMSO at 80 ◦C for 45 minutes.

(b) The junction is fabricated using Manhattan technique in a separate lithography and deposition
(figure B.1(b)). The chip is spin-coated with a PMMA 495 A6/ PMMA 950 A3 resist bi-layer
(bottom to top). The spin-coating was done at 4000 RPM for 60 s, and followed by baking for
2min at 180 ◦C for each layer. The mask shown in orange in figure B.1(b) was patterned using
a dose of 400µC/cm2, and developed using the same procedure as in step (a). To achieve high
resistance, triple oxidation is performed. The deposition and oxidation steps are as follows:

• 25 nm of Al is deposited at 45◦ angle.

• Oxidation 15min at pO2 = 10mbar.

• 0.2 nm of Al is deposited at 45◦ angle.

• Oxidation 15min at pO2 = 10mbar.

• 0.2 nm of Al is deposited at 45◦ angle.

• Oxidation 15min at pO2 = 10mbar.

• Sample holder is rotated by 90◦.

• 50 nm of Al is deposited at 45◦ angle.

The lift-off is done in DMSO at 80 ◦C for 45 minutes.

(c) We connect the junction and the resonator by etching the oxide layer using an Ar gun, and
an Al patch. The 50Ω transmission lines are fabricated in the same step. The patch and
transmission line mask is patterned using optical lithography. The sample is spin-coated with
a layer of AZ514 resist, baked for 1min at 110 ◦C, and exposed using the dose of 110mJ/cm2.
The sample is then placed in vacuum, and a layer of oxide is removed from the areas colored
in pink in figure B.1(c) using the Ar gun.

(d) Without exposing to air, the 100 nm of Al is deposited after the Ar etching was performed for
transmission lines, the ground plane, and the patch connecting the resonator and the junction
(grey area in figure B.1(d)). The lift-off is again done in DMSO at 80 ◦C for one hour.

The sample is shown in figure 3.8 in the main text.

Double RF-SET Sample
We now switch to the Double RF-SET sample presented in Chapter 5. Similarly to the previous
sample, the sample is fabricated in two e-beam lithographies — the first for the grAl resonators, and
the second for the two SETs. The lithography mask is shown in figure B.2. The detailed dimensions
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(a) (b)

Figure B.2: (a) E-beam lithography mask. Transmission lines extending beyond the shown area are
shown in green. GrAl resonators are in pink, and the two SETs are shown in red. (b) Zoom on the
central area of the sample showing the two SETs. The two patches connecting the resonator and
the junctions are in grey.

of the sample are given in section 5.2. In the first lithography, we pattern the grAl resonators shown
in pink, and the transmission lines shown in green. The sample is spin coated with a PMMA 495
A6/ PMMA 950 A6/ PMMA 950 A6 resist triple layer (bottom to top). Each layer is spin-coated
at 4000 RPM for 60 s, and then baked for 2min at 180 ◦C. The mask is then patterned with a dose
of 460µC/cm2, and developed in a 1:3 MIBK/IPA solution for 1min. The deposition is as follows:

• 20 nm of grAl is deposited at 0◦ angle. The oxygen pressure during the evaporation was
pO2 = 1.2 · 10−5mbar.

• 25 nm of Al is deposited at 45◦ angle.

After the deposition, the lift-off is performed in hot DMSO, at 80 ◦C for one hour.
To fabricate the junctions, we spin coat a resist bi-layer. The bottom layer is PMMA/MAA

copolymer, spin-coated at 2000 RPM for 60 s and then baked for 2min at 180 ◦C. The top layer is
PMMA 950 A3 spin-coated at 4000 RPM for 60 s and then baked for 2min at 180 ◦C. The patterned
mask is shown in red in figure B.2. The dose was 350µC/cm2. The mask was developed in a 1:3
MIBK/IPA solution for 45 s. The deposition and oxidation steps are following:

• 25 nm of Al is deposited at −14◦ angle.

• Oxidation 20min at pO2 = 20mbar.

• 50 nm of Al is deposited at 14◦ angle.

The lift-off was done in DMSO at 80 ◦C for 45min.
The last step is the deposition of the transmission lines, the ground plane, and the patching of

the resonators and the junctions. The procedure is identical to the previous sample. An optical
lithography is performed to pattern the lines, the ground plane, and the patches. The two patches
are shown in grey in figure B.2b. The sample is then placed under vacuum, and the surface layer
of oxide is removed using the Ar gun to ensure good contact. A 100 nm thick layer of Al is then
deposited at zero angle for the patch and the transmission lines. The sample is shown in figure 5.4
of the main text.
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Appendix C

Transfer Matrix Method

The simulated circuits consist of lossless transmission lines and tunnel junctions. Assuming the
electromagnetic field in each section of the circuit occupies the fundamental transverse mode which
can be described analytically, greatly simplifying and speeding up the circuit design. We represent
the circuit we want to simulate as a cascade of two-port networks, and use the transfer matrix
method. Each circuit component is characterized by transfer matrix T . Voltage and current at two
component nodes are then given by: [

V2
I2

]
= T

[
V1
I1

]
(C.1)

The transfer matrix T that describes a circuit consisting of several components in a cascade is given
by the product of transfer matrices Tl of individual components:

T =
∏
l

Tl (C.2)

For a transmission line of length L, and characteristic impedance Z, the transfer matrix is given by:

T =

[
cos(kL) iZ sin(kL)
iY sin(kL) cos(kL)

]
(C.3)

where k = ω/vp, and vp = 1/
√
lc is the phase velocity of light.

The junction is modelled as a capacitance Cj, described by the transfer matrix Tj

Tj =

[
1 0

iωCj 1

]
(C.4)

We place one port at x = 0, and the other port at the position of the junction x = xj. After calcu-
lating the transfer matrix T of our system, and eliminating the junction port using the boundary
condition: [

V (xj)
I(xj)

]
=

[
1
0

]
(C.5)

which corresponds to an open circuit, we have:[
V (0)
I(0)

]
= T

[
V (xj)
I(xj)

]
. (C.6)
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We can now calculate the reflection spectrum at x = 0:

S11 =
V (0)− Z0I(0)

V (0) + Z0I(0)
(C.7)

The excitation frequency f is swept, and resonant mode frequencies are determined by finding
the local minima of S11(f). The spatial dependence of the mode ωn is then calculated from equation
1.7. If the simulated system consists of several different transmission lines, the spatial dependence
of the mode is a piecewise function analogous to equation 1.7 (see [51] for details).

When the spatial dependence of the mode is known, its characteristic impedance is calculated
from the equation 1.19.
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Appendix D

Summary in English

In the optical domain, the photoelectric effect is the method of choice to build single photon detectors
covering a wide frequency spectrum with large quantum efficiency and low dark current. Reducing
the photon energy down to microwave frequencies (∼ 10GHz), while fulfilling the requirements for
single photon detection, is experimentally challenging because of the absence of semiconducting
or superconducting materials with a sufficiently low energy gap. However, an efficient microwave
detector would be of substantial utility in microwave quantum optics [15], quantum cryptography
[16], sensing [17, 18], and axion search [19, 20, 21]. Therefore, realizing microwave photon detectors
remains an intense area of research. There have been several recent efforts exploiting superconduct-
ing quantum circuits [22] in different ways — whether by entangling the microwave photon with a
qubit [23, 24], utilizing quantum criticality [25] or a Josephson mixer [26, 27].

Photon-to-Electron Conversion via Inelastic Tunneling

In recent years, realizing single microwave photon detectors based on inelastic tunneling has been
an active area of research, and noticeable progress has been made, particularly using photo-assisted
tunneling through double quantum dots [36, 37, 38]. Although the experiments are promising, these
devices suffer from low quantum efficiency, caused by the mismatch between the photo-assisted
tunneling rate and the photon input rate.

In this work, we build on the idea of a microwave photon detector based on the photoelectric
effect. Rather than relying solely on the energy of the incident photon to break the Cooper pairs
in a superconductor, our detector is based on photo-assisted tunneling through a superconducting
tunnel junction biased just below the superconducting gap. Thus, the difference in energy between
the microwave photon, and the gap, is provided by the voltage source.

When the junction is irradiated by photons, the current-voltage characteristic of the junction is
modified by an onset of inelastic processes, in which a quasiparticle gains the energy to tunnel across
the junction by absorbing photons [39]. This process, and the resulting current voltage characteristic
are shown in figure D.1. We observe that the current below the superconducting gap appears only if
the electromagnetic radiation is present. We exploit this fact by utilizing the tunneling current for
photon detection. Photo-assisted tunneling through a tunnel junction has already been harnessed for
detecting electromagnetic radiation, e.g. through the use of SIS mixers in astronomy, at frequencies
on the order of 100GHz [41], or for noise measurements at microwave frequencies [42]. In this
work, we lower the operation frequency of quasiparticle tunneling based detectors to the 4 - 8GHz
band, and design the detector with the eventual goal of single microwave photon detection in mind.
The scheme of our proposed detector is shown in figure D.2. It consists of a resonator galvanically
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Figure D.1: (a) Photo-assisted quasiparticle tunneling across an SIS junction (b) Calculated current-
voltage characteristics of an SIS junction of resistance RT: current in absence of electromagnetic
radiation is shown in blue. Current through the junction irradiated by light of frequency ω1 is in
orange

Figure D.2: Photon to electron converter scheme. To detect photons of wavelength w, a w/4
resonator, shown in red, is terminated on one side by a voltage biased superconducting tunnel
junction. Characteristic impedance Zc of the resonator is comparable to the quantum of resistance.
The resonator is galvanically coupled to the rest of the circuit through a 50Ω line

coupled to a Z0 = 50Ω transmission line, which is then connected to the rest of the experimental
setup. To detect photons of wavelength w, the resonator length is set to w/4. It is terminated
by a voltage biased superconducting tunnel junction of tunneling resistance RT. The junction is
biased such that the absorption of incident photons through photo-assisted tunneling is energetically
permitted, but no current flows in absence of microwaves. These conditions are fulfilled for bias
voltages eV ∈ [2∆ − ℏω1, 2∆]. The characteristic impedance Zc of the resonator is comparable to
the quantum of resistance, so that the coupling parameter satisfies λ =

√
πZc/RK ∼ 1, in order

to increase the inelastic tunneling rate. To achieve high characteristic impedance, the resonator is
fabricated using granular aluminium, a high kinetic inductance disordered superconductor.

The quasiparticle tunneling in junctions coupled to an electromagnetic environment, such as a
resonator mode is usually described by P (E) theory [40]. In this theory, the environment influence
is calculated from quantum fluctuations of the phase at junction electrodes. P (E) has been widely
successful in predicting inelastic tunneling rates [46, 47]. However, one of the core assumptions in
P (E) theory is that electromagnetic modes stays in thermal equilibrium. As we consider strong
coupling to modes of high quality factor, this assumption cannot be made. In this case, rates of
different processes start to depend on the state of the resonator, and a comprehensive description
of the system must take this fact into account. If we assume that the initial state of the resonator
is |n⟩, and the final state is |n+ l⟩, the tunneling rate corresponding to this process given by the
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Fermi’s golden rule is

κn,n+l =
∣∣∣⟨n+ l| eiλ(a+a†) |n⟩

∣∣∣2I(V − lℏω1/e)/e (D.1)

where λ =
√
πZc/RK is the resonator-junction coupling constant, I(V ) is the current-voltage

characteristic of the junction in absence of the high impedance environment, and ω1 is the frequency
of the resonator mode coupled to the junction. Photon absorption corresponds to l < 0, while the
emission corresponds to l > 0.

To calculate the net current flowing through the junction, we treat it as a Markovian bath at
equilibrium, and derive the quantum master equation governing the time evolution of the reduced
density operator of the resonator. The obtained steady state resonator density matrix is then
used to calculate the current in presence of a coherent microwave drive. When the mean number
of photons in the resonator is significantly less than one, and for junction bias voltages in range
eV ∈ [2∆−ℏωr, 2∆], photo-assisted current is proportional to resonator population, and the device
can be used for photon detection.

The quantum efficiency of the photon-to-electron conversion is given by the ratio of the resulting
electron flux ϕe to the incident photon flux ϕ:

χ =
ϕe

ϕ
=
IPAT
eϕ

. (D.2)

In our detector, it writes

χ =
4κjκc

(κi + κj + κc)2
, (D.3)

where
κj = λ2e−λ2

I(V + ℏω1/e) (D.4)

is the single-photon junction absorption rate, κc is the coupling rate between the resonator and the
feedline, and κi describes the spurious losses in the resonator. Quantum efficiency has a maximum
at κj = κc + κi, which is equivalent to an impedance matching condition for maximizing the power
transfer to the load in electric circuits. The coupling rate κc is fixed by the sample geometry, so
the rate matching condition is satisfied by tuning the junction resistance, and the detector bias
voltage. The use of high coupling enables using higher junction resistance, while fulfilling the rate
matching condition, thus minimizing the dark electron rate set by the subgap current at the detector
operating bias.

Experimental Characterisation of the Photon-to-Electron Converter

After fabricating the device described in the previous section, we cool it down to 20mK in a dilution
fridge. Firstly, we perform spectroscopy of the cavity by measuring the reflection spectra at different
junction biases close to the superconducting gap. The measurements are shown in figure D.3a. We
observe a resonance at ω1 = 2π×5.5GHz, corresponding to the fundamental mode of the resonator.
At low bias there is a slight dip in the reflected signal, meaning that the losses are small. As the
junction bias approaches the superconducting gap, there is a sharp drop in reflection at resonance,
and for bias voltages V > (2∆ − ℏω1)/e = 379 µV, we have almost perfect absorption. To extract
the different loss rates, we fit each spectrum to

S11 = 1− κc
κ+κc

2
+ i(ω − ωr)

(D.5)
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Figure D.3: (a) Absolute value of reflected signal as function of junction bias and frequency. Mi-
crowave excitation power is P = −142 dBm. (b) The loss rates κc, κj and κi as functions of bias
voltage.

where κc is the coupling loss, while κ describes all the other losses present in the system. The
coupling loss rate is weakly dependent on the junction bias, and its value is κc = 2π×71MHz. The
other loss rate κ is constant below the gap. At bias voltage eV = 2∆−ℏω1 it rises from 2π×9.5MHz
to 2π × 75MHz, and then stays constant in the bias range 2∆ − ℏω1 < eV < 2∆. This loss rate
has two contributions — junction induced losses κj, and internal losses of the resonator κi:

κ = κi + κj. (D.6)

We expect κj to be negligible well below the superconducting gap. Thus, we attribute this loss rate
to voltage independent internal resonator losses κi. The bias voltage dependence of these loss rates
are shown in figure D.3b. After obtaining the three resonator loss rates κc, κj and κi, we calculate
the microwave absorption

1− |S11(0)|2 =
4(κi + κj)κc

(κi + κj + κc)2
(D.7)

and the expected quantum efficiency of microwave photon-to-electron conversion

χ =
4κjκc

(κi + κj + κc)2
. (D.8)
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The absorption probability and quantum efficiency for different junction biases are shown in figure
D.4. Inside the gap, the absorption is approximately 0.4 due to the internal resonator losses. For
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Figure D.4: Absorption (blue) and expected quantum efficiency (black) as functions of junction
bias. The range of voltage biases suitable for photon detection experiments, characterized by high
quantum efficiency and low dark count, are shaded in red.

voltages eV > 2∆ − ℏω1, where the photo-assisted quasiparticle tunneling is allowed, absorption
increases to unity. At the same bias voltage, quantum efficiency rises from 0 to 0.85. Especially,
over the whole bias voltage range eV ∈ [2∆− ℏω1, 2∆], we expect quantum efficiency χ > 0.85 and
low dark counts.

To verify the quantum efficiency estimate, we measure the photo-assisted current as function
of applied microwave drive power at bias voltages eV = 2∆ − (2n − 1)ℏω1/2, b = 1, 2, 3, 4, corre-
sponding to one, two, three and four-photon absorption processes (figure D.5) When the resonator
population is low, the photo-assisted current due to single-photon absorption rises linearly with
applied power. At high power the photo-assisted current saturates due to multi-photon absorp-
tion. This saturation is quantified by 1 dB and 3 dB compression points. For our detector, these
compression points are P1 dB = 340Mph/s and P3 dB = 1Gph/s. By fitting all four current-power
curves to the quantum master equation model at the same time, with the attenuation between
the sample and the microwave source as the lone free parameter, we calibrate the incident power
at the sample stage. In the theoretical calculations, the sample parameters are fixed to their ab
initio values. The junction-resonator coupling parameter is λ = 0.785. Resonator damping rate
κc + κi = 2π × 80.5MHz is taken from the microwave spectroscopy measurements, and the junc-
tion resistance is RT = 1.75MΩ. After the incident power is calibrated, the quantum efficiency is
calculated from the variation of single-photon absorption current with power. The obtained result
is

χ = (0.83± 0.05) (D.9)

In addition to the response to coherent excitation, the current due to thermal radiation in the
resonator is measured by changing the temperature of the fridge, and the quantum efficiency result
is verified.
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Figure D.5: Photo-assisted tunneling current as function of microwave power measured at junction
bias eV = 2∆ − (2n − 1)ℏω1/2, n = 1, 2, 3, 4, and resonant drive. Dashed black lines represent
the weak pumping limit quantum master equation solutions, while the solid black lines are the
predictions obtained by solving the quantum master equation numerically. The dashed red line
represents the ideal photon to electron conversion, with quantum efficiency equal to one. The
sample parameters are set to their ab initio values, and it is assumed that the incident power at the
sample stage is known.

To determine the dark current, we measure the current flowing through the junction at the
detector operating point without any microwave drive. The measured dark current is Idark =
(26 ± 4) fA. Although the precise origin of the dark current is not known, it is not caused by
the rounding of the junction I(V ), but is due to a non-equilibrium population of the resonator
corresponding to ⟨nres⟩ = 5 · 10−4.

Out-of-Equilibrium Noise Spectroscopy

Furthermore, we measure the power emitted by the sample as a function of junction bias and fridge
temperature. Measuring the emission gives us access to resonator population. Its evolution with
junction bias for different temperatures is given in figure D.6. Full lines are the experimental data,
while the dashed lines are master equation predictions taking into account the two lowest resonator
modes. We observe an excellent agreement between the theory and the data.

Below the superconducting gap, we measure the resonator population lower than in equilibrium,
corresponding to effective cooling of the resonator mode via photo-assisted tunneling. In the junction
bias range eV ∈ [2∆−ℏω1, 2∆] corresponding to maximum cooling power, the resonator population
is approximately half its equilibrium value. When junction bias crosses the gap, the resonator
population rises with junction bias due to junction emission. With the help of a classical master
equation, we demonstrate that the resonator state in the bias range just above the superconducting
gap is non-thermal when λ ∼ 1 due to the imbalance between multi-photon absorption and emission
rates. For high junction bias, the cavity state can again be described by an effective temperature
directly proportional to the current flowing through the junction even in the strong coupling case,
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Figure D.6: Mean resonator population as function of junction bias voltage for different tempera-
tures. The solid lines represent the experimental data, while the dashed lines are master equation
predictions for ab initio sample parameters. Subgap voltage bias span eV ∈ [2∆ − ℏω1, 2∆] corre-
sponding to maximum cooling power is highlighted in red.

and we show that the emission corresponds to the tunneling current shot noise. Therefore, the
junction can be used as a calibrated source of microwaves, allowing for calibration of the microwave
measurement chain gain [31, 33]. For the bias voltage values close to eV = 2∆+ ℏω1, the emission
spectra are non-Lorentzian. To compare the measured spectra with theory, we use the quantum
master equation formalism, and apply the quantum regression theorem. The theory reproduces the
shape of the spectra only if the multi-processes are allowed, and the cavity Lamb shift is taken into
account, pointing to their crucial role in the dynamics of the system.

Towards the single photon detection: RF-SET in a High Impedance Environment

The work on photon detection presented above is devised as a step towards fabricating a single
photon detector. The transition to photon counting requires shifting away from measuring the
photo-assisted current to detecting single electrons resulting from microwave photon-to-electron
conversion. Thus, we propose and implement a device consisting of two capacitively RF-SETs. One
RF-SET acts as a photon-to-electron converter, and the second one is used for the readout. The
incident photons are absorbed by the junction, changing the charge of the central SET island by e.
This change is then detected by the readout. The device scheme is shown in figure D.7.

When measuring the reflection as function of SET bias and gate voltages, several copies of the
Coulomb diamond structure are observed, corresponding to inelastic processes, both in the readout
(figure D.8), and the converter (figure D.9). Similarly to the photon-to-electron converter shown
above, there are areas of high absorption corresponding to suitable gate and bias voltages. Thus we
can expect high photon-to-electron conversion efficiency. However, the dc measurements were too
noisy to compare the expectations with experimental data.

The reflection measurements were used to determine the readout RF-SET charge noise as well.
The readout charge noise is 5 · 10−5 e/

√
Hz. Even though the charge noise is low, there is still room
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Figure D.7: Single microwave photon detector design based on two capacitively couple RF-SETs.
One RF-SET, shown in red, is used as a photon to electron converter relying on inelastic quasiparticle
tunneling. When the incident photon enters the converter resonator, it is absorbed by the junction,
resulting in the change of the SET island charge. This change is detected by the capacitively coupled
readout RF-SET shown in blue.
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Figure D.8: Reflection at resonance frequency ωro = 2π × 4.816GHz as function of gate and bias
voltages for the readout RF-SET. Several copies of Coulomb diamonds are visible, corresponding
to inelastic tunneling processes. Green dashed lines are the Coulomb diamonds delimiting elastic
tunneling thresholds. The black dashed lines represent the inelastic tunneling thresholds fo the
first junction. Similarly,the red dashed lines correspond to inelastic tunneling through the second
junction.

for improvement compared to state-of-the-art RF-SET charge noise of 0.9 · 10−6 e/
√
Hz[49]. The

overall performance of the detector could be improved by increasing the charging energy of both the
readout and the converter. The charging energies are limited by the junction capacitance. Hence,
reducing their size is a straightforward way towards increasing the charging energy, and thus better
controlling the tunneling rates through the SET.

The readout was fabricated using a high impedance resonator, enabling a compact design, and
easier fabrication compared to separate tank circuits commonly used in RF-SETs. High impedance
allows us to realize impedance matching at higher bandwidths, speeding up the charge measurement,
but it also limits the power used for the readout before the appearance of multi-photon processes
limits the detector performance. Thus, a more systematic study is needed before concluding on the
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Figure D.9: Reflection as function of gate and bias voltages for the converter RF-SET at 2π ×
10.73GHz, and P = −109 dBm. As in the readout circuit, several copies of Coulomb diamonds
are visible, corresponding to the inelastic tunneling processes. The elastic Coulomb diamonds are
shown in green dashed lines. The red lines correspond to the width of the photo-assisted step for
the first junction. Photo-assisted tunneling through the second junction is not visible due to low
charging energy

optimal resonator characteristic impedance for charge detection.
The power emitted by the readout RF-SET is also measured and the Coulomb diamonds periodic

in gate charge are observed (figure D.10). Furthermore, a step-like structure due to the dynamical
Coulomb blockade is identified. To explain the experimental data, we develop a master equation
model for tunneling through a single junction. The state of the system is characterized by the
number of photons in the resonator, and the number of excess quasiparticles on the SET island.
The transition rate matrix was constructed from the tunneling rates between different states, and the
resulting master equation steady state solution is used to determine the resonator population. This
model aligns well with the data, and reproduces the observed non-monotonic increase in resonator
population with rising junction bias.

We have demonstrated that the charge flow through the converter SET could be detected by
through the reflectometry of the readout. However, we were unable to detect single tunneling events
due to low charging energy and resistance of the converter SET. In the future, the charging energies
can be increased by better controlling the junction size.

We are confident that the single photons could be measured at a rate of 100 kHz. Therefore,
the dark count of the detector needs to be significantly lower than this value. The obvious way to
reduce the dark count would be to decrease the resonator width. The recent work in [27] shows that
dark count rates as low as 100 s−1 can be reached in a narrow band detector. The resonator width
can be reduced by using a Brag structure [59] to keep the galvanic contact for biasing the junction,
and controlling the coupling rate through a separate capacitively coupled feedline. To keep the high
quantum efficiency in a narrow band resonator, the intrinsic losses need to be reduced compared
to the device presented in the thesis. High quality granular aluminium resonators (Qi = 105)
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Figure D.10: Readout resonator population as function of the junction bias voltage and gate voltages
(a) Experimental data. Green dashed current lines represent the Coulomb diamonds corresponding
to elastic tunneling. Black dashed lines represent the inelastic tunneling through junction one, and
the black through junction two. (b) Classical master equation calculation result. Dashed lines are
same as in panel (a).

have already been fabricated [60], and we do not consider this requirement to be a fundamental
limiting factor for transition to single photon detection. As the resonator width is reduced, the dark
rate due to the subgap current will make a significant share of the total dark counts. Thus, the
scaling of the dark count with resonator width needs to be checked experimentally. High kinetic
inductance materials, such as granular aluminium will play a crucial role in building these narrow
band detectors, as they enable use of more resistive junctions while keeping high quantum efficiency,
thus limiting the subgap dark current. We envision that such detectors will have a crucial role in
advancing microwave quantum optics, sensing, and many more areas of research, such as axion
detection.
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Appendix E

Résumé en français

Dans le domaine optique, l’effet photoélectrique est la méthode de choix pour construire des dé-
tecteurs de photons uniques couvrant un large spectre de fréquences avec une grande efficacité
quantique et un faible courant d’obscurité. La réduction de l’énergie des photons aux fréquences
micro-ondes (∼ 10GHz) répondant aux exigences de la détection de photons uniques, est un défi
expérimental important en raison de l’absence de matériaux semi-conducteurs ou supraconducteurs
de bande interdite suffisamment faible. Un détecteur micro-ondes efficace aurait cependant une util-
ité importante en optique quantique micro-ondes [15], en cryptographie quantique [16], détection de
spin [17, 18]ou encore pour la recherche d’axion [19, 20, 21]. Par conséquent, le développement de
détecteurs de photons micro-ondes reste un domaine de recherche intense. Plusieurs efforts récents
ont exploité les circuits quantiques supraconducteurs [22] de différentes manières — que ce soit en
intriquant le photon hyperfréquence avec un qubit [23, 24], en utilisant la criticalité quantique [25]
ou encore en utilisant l’effet Josephson dans les mélangeurs supraconducteurs [26, 27].

Conception d’un convertisseur photon-électron

Dans cette thèse, nous développons l’idée d’un détecteur de photons à micro-ondes basé sur l’effet
photoélectrique. Plutôt que de compter uniquement sur l’énergie du photon incident pour briser
les paires de Cooper du supraconducteur, notre détecteur est basé sur l’effet tunnel photo-assisté
à travers une jonction tunnel supraconductrice polarisée juste en dessous du gap supraconducteur.
Ainsi, la différence d’énergie entre le photon micro-onde et le gap est fournie par une source de
tension. Ces dernières années, la réalisation de détecteurs de photons micro-ondes uniques basés
sur l’effet tunnel inélastique a été un domaine de recherche actif, et des progrès notables ont été
réalisés, notamment en utilisant l’effet tunnel photo-assisté au travers des doubles boites quantiques
semi-conductrices [36, 37, 38]. Bien que ces expériences soient prometteuses, ces dispositifs souffrent
d’une faible efficacité quantique, due à l’inadéquation entre le taux d’effet tunnel photo-assisté et
le taux d’arrivée des photons.

Dans notre approche, lorsque la jonction tunnel supraconductrice est irradiée par des photons,
la caractéristique courant-tension de la jonction est modifiée par le processus tunnel inélastique, au
cours duquel une quasiparticule acquiert l’énergie nécessaire pour traverser la jonction en absorbant
un photon [39]. Ce processus est illustré dans la figure E.1 ensemble avec la modification de
la caractéristique courant-tension. Nous observons que le courant sous le gap supraconducteur
n’apparaît que si le rayonnement électromagnétique est présent. C’est cet effet que nous avons
exploité pour la détection de photons. L’effet tunnel photo-assisté à travers les jonctions a déjà
été exploité dans le passé pour détecter des rayonnements électromagnétiques, par exemple grâce à
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Figure E.1: (a) Tunnel de quasiparticules photo-assisté à travers une jonction SIS (b) Caractéris-
tiques courant-tension calculées d’une jonction SIS de résistance RT : le courant en l’absence de
rayonnement électromagnétique est représenté en bleu. Le courant à travers la jonction irradiée par
une lumière de fréquence ω1 est en orange.

l’utilisation de mélangeurs SIS en astronomie, à des fréquences de l’ordre de 100GHz. [41], ou pour
les mesures de bruit à des fréquences micro-ondes [42]. Dans ce travail, nous abaissons la fréquence
de fonctionnement des détecteurs basés sur l’effet tunnel des quasiparticules à la bande 4 - 8GHz, et
repoussons les limites de l’efficacité grâce à l’utilisation de matériaux supraconducteurs désordonnés
qui amplifie le couplage lumière matière de manière significative. L’objectif final étant la détection
de photons micro-ondes uniques avec la meilleure efficacité. Le schéma du détecteur que nous
proposons est illustré par la figure E.2. Il se compose d’un résonateur couplé galvaniquement à une

Figure E.2: Schéma d’un convertisseur de photons en électrons. Pour détecter les photons de
longueur d’onde w, un résonateur w/4, représenté en rouge, est terminé d’un côté par une jonction
tunnel supraconductrice polarisée en tension. L’impédance caractéristique Zc du résonateur est
comparable au quantum de la résistance. Le résonateur est couplé galvaniquement au reste du
circuit par une ligne de transmission d’impédance caractéristique 50Ω.

ligne de transmission Z0 = 50Ω, qui est ensuite connectée au reste du dispositif expérimental. Pour
détecter les photons de longueur d’onde w, la longueur du résonateur est fixée à w/4. Il est terminé
par une jonction tunnel supraconductrice polarisée en tension dont la résistance tunnel est RT. La
jonction est polarisée de telle sorte que l’absorption des photons incidents par effet tunnel photo-
assisté est énergétiquement permise, mais qu’aucun courant ne circule en l’absence de micro-ondes.
Ces conditions sont remplies pour des tensions de polarisation eV ∈ [2∆ − ℏω1, 2∆]. L’impédance
caractéristique Zc du résonateur est comparable au quantum de résistance, de sorte que le paramètre
de couplage satisfait λ =

√
πZc/RK ∼ 1, afin d’augmenter le taux d’effet tunnel inélastique. Pour

obtenir une impédance caractéristique élevée, le résonateur est fabriqué en aluminium granulaire,
un supraconducteur désordonné à inductance cinétique élevée.

L’effet tunnel de quasiparticules dans les jonctions couplées à un environnement électromag-
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nétique comme le mode d’un résonateur, est généralement décrit par la théorie P (E) [40]. Dans
cette théorie, l’influence de l’environnement est calculée à partir des fluctuations quantiques de la
phase aux électrodes de jonction. Le modèle P (E) s’est avéré très efficace pour prédire les taux
d’effet tunnel inélastique [46, 47]. Cependant, l’une des hypothèses fondamentales de la théorie
standard P (E) est que les modes électromagnétiques restent à l’équilibre thermique. Comme nous
considérons un couplage fort avec des modes à facteur de qualité élevé, cette hypothèse ne peut
pas être satisfaite. Dans ce cas, les taux des différents processus dépendent de l’état du résonateur,
et la description complète du système doit tenir compte de ce fait. Si nous supposons que l’état
initial du résonateur est |n⟩, et que l’état final est |n+ l⟩, le taux d’effet tunnel correspondant à ce
processus, donné par la règle d’or de Fermi, est:

κn,n+l =
∣∣∣⟨n+ l| eiλ(a+a†) |n⟩

∣∣∣2I(V − lℏω1/e)/e (E.1)

où λ =
√
πZc/RK est la constante de couplage résonateur-jonction, I(V ) est la caractéristique

courant-tension de la jonction en l’absence d’environnement, et ω1 est la fréquence du mode de
résonateur couplé à la jonction.

Pour calculer le courant net circulant à travers la jonction, nous la traitons comme un bain
markovien à l’équilibre et dérivons l’équation maîtresse quantique régissant l’évolution temporelle
de l’opérateur de densité réduite du résonateur. La matrice de densité du résonateur obtenue à
l’état d’équilibre est ensuite utilisée pour calculer le courant en présence d’une impulsion micro-
onde cohérente. Lorsque le nombre moyen de photons dans le résonateur est significativement
inférieur à un, et pour des tensions de polarisation de la jonction eV ∈ [2∆ − ℏωr, 2∆], le courant
photo-assisté est proportionnel à la population du résonateur, et le dispositif peut être utilisé pour
la détection de photons.

L’efficacité quantique de la conversion photon-électron est donnée par le rapport entre le flux
d’électrons résultant ϕe et le flux de photons incident ϕ:

χ =
ϕe

ϕ
=
IPAT
eϕ

. (E.2)

Dans notre expérience, il s’écrit comme

χ =
4κjκc

(κi + κj + κc)2
, (E.3)

où
κj = λ2e−λ2

I(V + ℏω1/e) (E.4)

est le taux d’absorption de la jonction à photon unique, κc est le taux de couplage entre le résonateur
et la ligne de transmission, et κi décrit les pertes parasites dans le résonateur. L’efficacité quantique
est maximale à κj = κc + κi, ce qui équivaut à une condition d’adaptation de l’impédance pour
maximiser le transfert de puissance vers la charge dans les circuits électriques. Le taux de couplage
κc est fixé par la géométrie de l’échantillon, de sorte que la condition d’adaptation du taux est
satisfaite en ajustant la résistance de jonction. L’utilisation d’un taux de couplage élevé permet
d’utiliser une résistance de jonction plus élevée, tout en remplissant la condition d’adaptation du
taux, minimisant ainsi le taux d’électrons sombres fixé.
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Caractérisation expérimentale du convertisseur photon-électron

Après avoir fabriqué le dispositif décrit dans la section précédente, nous le refroidissons à 20mK
dans un réfrigérateur à dilution. Tout d’abord, nous mesurons les spectres de réflection à différentes
polarisations de jonction proches du gap supraconducteur. Les mesures sont présentées dans la figure
E.3a. Nous observons une résonance à ω1 = 2π × 5.5GHz, correspondant au mode fondamental
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Figure E.3: (a) Valeur absolue du signal réfléchi en fonction de la polarisation de la jonction et de
la fréquence. La puissance d’excitation micro-ondes est P = −142 dBm. (b) Taux de perte κc, κj
et κi en fonction de la tension de polarisation.

du résonateur. A faible polarisation, il y a un léger creux dans le signal réfléchi, ce qui signifie que
les pertes sont faibles. Lorsque la polarisation de la jonction s’approche du gap supraconducteur,
on observe une chute brutale de la réflexion à la résonance, et pour des tensions de polarisation
V > (2∆−ℏω1)/e = 379 µV, nous avons une absorption presque parfaite. Pour extraire les différents
taux de perte, nous ajustons chaque spectre à l’équation

S11 = 1− κc
κ+κc

2
+ i(ω − ωr)

(E.5)

où κc est la perte de couplage, tandis que κ décrit toutes les autres pertes présentes dans le système.
Le taux de perte de couplage dépend faiblement de la polarisation de la jonction, et sa valeur est
κc = 2π × 71MHz. L’autre taux de perte κ est constant en dessous du gap. À la tension de
polarisation eV = 2∆− ℏω1, il passe de 2π× 9.5MHz à 2π× 75MHz, puis reste constant dans la
plage de polarisation 2∆ − ℏω1 < eV < 2∆. Ce taux de perte a deux contributions — les pertes
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induites par la jonction κj, et les pertes internes du résonateur κi:

κ = κi + κj. (E.6)

Nous nous attendons à ce que κj soit négligeable bien en dessous du gap supraconducteur. Nous
attribuons donc ce taux de perte aux pertes du résonateur interne indépendantes de la tension κi.
La figure D.3b montre la dépendance en tension de ces taux de perte. Après avoir obtenu les trois
taux κc, κj et κi, nous calculons l’absorption des micro-ondes

1− |S11(0)|2 =
4(κi + κj)κc

(κi + κj + κc)2
(E.7)

et l’efficacité quantique attendue de la conversion des photons en électrons

χ =
4κjκc

(κi + κj + κc)2
. (E.8)

La probabilité d’absorption et l’efficacité quantique sont présentées dans la figure E.4 pour différentes
polarisations de jonction. À l’intérieur du gap, l’absorption est d’environ 0.4 en raison des pertes
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Figure E.4: Absorption (bleu) et efficacité quantique attendue (noir) en fonction de la polarisation
de la jonction. La gamme des polarisations de tension adaptées aux expériences de détection de
photons, caractérisées par une efficacité quantique élevée et un faible taux d’obscurité, est ombrée
en rouge.

internes du résonateur. Pour des tensions eV > 2∆ − ℏω1, où l’effet tunnel des quasiparticules
photo-assisté est autorisé, l’absorption augmente jusqu’à atteindre l’unité. À la même tension de
polarisation, l’efficacité quantique passe de 0 à 0.85. En particulier, sur l’ensemble de la plage de
tension de polarisation eV ∈ [2∆ − ℏω1, 2∆], nous prévoyons une efficacité quantique χ > 0.85 et
de faibles comptes d’obscurité.

Pour vérifier cette estimation de l’efficacité quantique, nous mesurons le courant photo-assisté
en fonction de la puissance micro-ondes appliquée à des tensions de polarisation eV = 2∆− (2n−
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1)ℏω1/2, b = 1, 2, 3, 4, correspondant à des processus d’absorption à 1, 2, 3 et 4 photons (figure
E.5). Lorsque la population du résonateur est faible, le courant photo-assisté dû à l’absorption de
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Figure E.5: Courant photo-assisté en fonction de la puissance des micro-ondes mesurée aux tensions
eV = 2∆ − (2n − 1)ℏω1/2, n = 1, 2, 3, 4, à résonance. Les lignes noires en pointillé représentent
les solutions de l’équation maîtresse quantique dans la limite de pompage faible, tandis que les
lignes noires pleines sont les prévisions obtenues en résolvant numériquement l’équation maîtresse
quantique. La ligne rouge en pointillés représente la conversion idéale du photon en électron, avec
une efficacité quantique égale à un. Les paramètres de l’échantillon sont fixés à leurs valeurs ab
initio, et l’on suppose que la puissance incidente à l’étage de l’échantillon est connue.

photons uniques augmente linéairement avec la puissance appliquée. À puissance élevée, le courant
photo-assisté sature en raison de l’absorption multiphotonique. Cette saturation est quantifiée
par des points de compression à 1 dB et 3 dB. Pour notre détecteur, ces points de compression
sont P1 dB = 340Mph/s et P3 dB = 1040Mph/s. En ajustant les quatre courbes courant-puissance
au modèle d’équation maîtresse quantique en même temps, avec l’atténuation entre l’échantillon
et la source de micro-ondes comme seul paramètre libre, nous calibrons la puissance incidente à
l’entrée de l’échantillon. Dans les calculs théoriques, les paramètres de l’échantillon sont fixés à
leurs valeurs ab initio. Le paramètre de couplage jonction-résonateur est λ = 0.785. Le taux
d’amortissement du résonateur κc + κi = 2π × 80.5MHz est tiré des mesures de spectroscopie
micro-ondes, et la résistance de jonction est RT = 1.75MΩ. Une fois la puissance incidente calibrée,
l’efficacité quantique est calculée à partir de la variation du courant d’absorption du photon unique
en fonction de la puissance. Le résultat obtenu est

χ = (0.83± 0.05) (E.9)

En plus de la réponse à une excitation cohérente, le courant dû au rayonnement thermique dans le
résonateur a aussi été mesuré en changeant la température du réfrigérateur. Les résultats obtenus
confirment l’efficacité quantique obtenue par pompage.

Pour déterminer le courant d’obscurité, nous avons mesuré le courant traversant la jonction au
point de fonctionnement du détecteur sans aucune irradiation micro-onde. Le courant d’obscurité
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mesuré est Idark = (26±4) fA. Bien que l’origine précise du courant d’obscurité ne soit pas connue, il
n’est pas causé par l’arrondissement de la jonction I(V ), mais est dû à une population hors-équilibre
du résonateur correspondant à ⟨nres⟩ = 5 · 10−4.

Spectroscopie du bruit hors d’équilibre

Nous avons mesuré la puissance émise par l’échantillon en fonction de la polarisation de la jonction
et de la température du réfrigérateur. La mesure de l’émission nous donne accès à la population du
résonateur. Son évolution en fonction de la polarisation de la jonction pour différentes températures
est donnée en figure E.6. Les lignes pleines sont les données expérimentales, tandis que les lignes
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Figure E.6: Population moyenne du résonateur en fonction de la tension de polarisation de la
jonction pour différentes températures. Les lignes pleines représentent les données expérimentales,
tandis que les lignes pointillées sont des prédictions de l’équation maîtresse pour les paramètres de
l’échantillon ab initio. La gamme de tension de polarisation eV ∈ [2∆− ℏω1, 2∆] correspondant à
la puissance de refroidissement maximale est surlignée en rouge.

pointillées sont les prédictions de l’équation maîtresse prenant en compte les deux modes les plus
bas du résonateur. Nous observons un excellent accord entre la théorie et les données.

En dessous du gap supraconducteur, nous mesurons la population du résonateur plus basse qu’à
l’équilibre, ce qui correspond à un refroidissement effectif du mode du résonateur par effet tunnel
photo-assisté. Dans la plage de polarisation de la jonction eV ∈ [2∆ − ℏω1, 2∆] correspondant à
la puissance de refroidissement maximale, la population du résonateur est approximativement la
moitié de sa valeur d’équilibre. Lorsque la polarisation de la jonction traverse le gap, la population
du résonateur augmente avec la polarisation de la jonction en raison de l’émission de la jonction.
À l’aide de l’équation maîtresse classique, nous démontrons que l’état du résonateur dans la plage
de polarisation juste au-dessus du gap supraconducteur est non thermique lorsque λ ∼ 1 en raison
du déséquilibre entre les taux d’absorption et d’émission multiphotonique. Pour une polarisation
élevée de la jonction, l’état de la cavité peut à nouveau être décrit par une température effective
directement proportionnelle au courant traversant la jonction, même dans le cas d’un couplage fort,
et nous montrons que l’émission correspond au bruit de grenaille du courant d’effet tunnel. Par
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conséquent, la jonction peut être utilisée comme une source calibrée de micro-ondes, permettant
l’étalonnage du gain de la chaîne de mesure des micro-ondes [31, 33]. Pour les valeurs de tension de
polarisation proches de eV = 2∆+ℏω1, les spectres d’émission sont non-lorentziens. Pour comparer
les spectres mesurés avec la théorie, nous utilisons le formalisme de l’équation maîtresse quantique
et appliquons le théorème de régression quantique. La théorie ne reproduit la forme des spectres
que si les processus multiphotoniques sont autorisés, et si le décalage de Lamb de la cavité est pris
en compte, ce qui met en évidence leur rôle crucial dans la dynamique du système.

Vers la détection d’un photon unique : RF-SET dans un environnement à haute im-
pédance

Les travaux sur la détection des photons présentés ci-dessus sont conçus comme une étape vers
la fabrication d’un détecteur à photon unique. La transition vers le comptage de photons néces-
site de passer de la mesure du courant photo-assisté à la détection d’électrons uniques résultant
de la conversion photon-électron par micro-ondes. Nous proposons ici, et mettons en œuvre, un
dispositif composé de deux RF-SET couplés capacitivement. Un RF-SET sert de convertisseur
photon-électron et le second est utilisé pour la lecture. Les photons incidents sont absorbés par la
jonction, ce qui modifie la charge de l’îlot du SET convertisseur de e. Ce changement est ensuite
détecté par le SET détecteur de charge. Le schéma du dispositif est illustré dans la figure E.7.

Figure E.7: Conception d’un détecteur de photons à micro-ondes unique basé sur deux RF-SET
haute impédance couplé capacitivement. Un RF-SET, représenté en rouge, est utilisé comme con-
vertisseur de photons en électrons en s’appuyant sur l’effet tunnel inélastique de quasiparticules.
Lorsque le photon incident pénètre dans le résonateur du convertisseur, il est absorbé par la jonc-
tion, ce qui entraîne une modification de la charge de l’îlot du SET. Ce changement est détecté par
le lecteur de charge couplé capacitivement et représenté en bleu.

En mesurant la réflexion micro-ondes en fonction de la polarisation en tension et des tensions de
grille des SETs, on observe plusieurs copies de la structure en diamant de Coulomb, correspondant
à des processus inélastiques, à la fois pour le SET de lecture (figure E.8) et le convertisseur (figure
E.9). Comme dans le cas du convertisseur photon-électron illustré ci-dessus, il existe des zones
de forte absorption correspondant à des tensions de grille et de polarisation appropriées. On peut
donc s’attendre à une efficacité élevée de la conversion photon-électron.

Les mesures de réflexion ont également été utilisées pour déterminer le bruit de charge du RF-
SET de lecture. Le bruit de charge est de 5 · 10−5 e/

√
Hz. Même si le bruit de charge est faible, il

peut encore être amélioré par rapport au bruit de charge RF-SET de pointe de 0.9 ·10−6 e/
√
Hz[49].

Les performances globales du détecteur pourraient être améliorées en augmentant l’énergie de charge
de la lecture et du convertisseur. Les énergies de charge sont limitées par la capacité de jonction.
Par conséquent, la réduction de leur taille est un moyen direct d’augmenter l’énergie de charge, et
donc de mieux contrôler les taux d’effet tunnel à travers le SET.
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Figure E.8: Réflexion micro-onde à la fréquence de résonance ωro = 2π × 4.816GHz en fonction
des tensions de grille et de polarisation source-drain pour le RF-SET de lecture. Plusieurs copies
de diamants de Coulomb sont visibles, correspondant à des processus d’effet tunnel inélastique. Les
lignes pointillées vertes sont les diamants de Coulomb délimitant les seuils d’effet tunnel élastique.
Les lignes pointillées noires représentent les seuils d’effet tunnel inélastique de la première jonction.
De même, les lignes pointillées rouges correspondent à l’effet tunnel inélastique à travers la deuxième
jonction.

Le RF-SET de lecture a été fabriqué à l’aide de résonateurs à haute impédance, ce qui permet
une conception compacte et une fabrication plus facile par rapport aux circuits bouchons couram-
ment utilisés dans les RF-SET. Une impédance caractéristique élevée nous permet de réaliser une
adaptation d’impédance pour des résistances tunnels plus élevées, ce qui accélère la mesure de
la charge. En revanche, elle limite la puissance utilisée pour la lecture avant que l’apparition de
processus multiphotoniques ne limite les performances du détecteur.

Afin de mieux cerner la physique du SET couplé à un résonateur haute impédance, nous avons
mesuré la puissance émise par le RF-SET de lecture. Des diamants de Coulomb périodiques en
tension de grille sont observés (figure E.10). Des structures en escalier dues à un blocage de Coulomb
dynamique sont identifiées. Afin d’expliquer les données expérimentales, nous développons un
modèle d’équation maîtresse pour l’effet tunnel à travers une jonction unique. L’état du système est
caractérisé par le nombre de photons dans le résonateur et le nombre de quasiparticules en excès sur
l’îlot métallique. La matrice des taux de transition a été construite à partir des taux d’effet tunnel
entre les différents états, et la solution d’état stable de l’équation maîtresse qui en résulte est utilisée
pour déterminer la population du résonateur. Ce modèle correspond bien aux données et reproduit
l’augmentation non monotone observée de la population du résonateur avec l’augmentation de la
polarisation de la jonction.

Nous avons démontré que le flux de charge à travers le convertisseur SET pouvait être détecté
par la réflectométrie de la lecture. Cependant, nous n’avons pas été en mesure de détecter des
événements tunnel unique en raison de la faible énergie de charge et de la résistance du convertisseur
SET. À l’avenir, les énergies de charge pourront être augmentées en contrôlant mieux la taille de la
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Figure E.9: Réflexion micro-onde en fonction des tensions de grille et de polarisation source-drain
pour le convertisseur RF-SET à 2π × 10.73GHz, et P = −109 dBm. Comme dans le circuit de
lecture, plusieurs copies de diamants de Coulomb sont visibles, correspondant à des processus d’effet
tunnel inélastique. Les diamants de Coulomb élastiques sont représentés par des lignes pointillées
vertes. Les lignes rouges correspondent à la largeur de l’étape photo-assistée pour la première
jonction. L’effet tunnel photo-assisté à travers la deuxième jonction n’est pas visible en raison de
la faible énergie de charge.

jonction.
Nous sommes convaincus que les photons uniques pourraient être mesurés à un taux de 100 kHz.

Par conséquent, le taux d’obscurité du détecteur doit être nettement inférieur à cette valeur. La
façon la plus évidente de réduire le taux d’obscurité serait de diminuer la largeur de bande du
résonateur. Les travaux récents de [27] montrent que des taux de comptage d’obscurité aussi bas que
100 s−1 peuvent être atteints dans un détecteur à bande étroite. La largeur du résonateur peut être
réduite en utilisant une structure de miroir de Bragg [59] pour conserver le contact galvanique afin
de polariser la jonction, et en contrôlant le taux de couplage par le biais d’une ligne d’alimentation
séparée à couplage capacitif. Pour conserver le rendement quantique élevé d’un résonateur à bande
étroite, les pertes intrinsèques doivent être réduites par rapport au dispositif présenté dans la thèse.
Des résonateurs en aluminium granulaire de haute qualité (Qi = 105) ont déjà été fabriqués [60], et
nous ne considérons pas cette exigence comme un facteur limitant fondamental pour la transition
vers la détection de photons uniques. Au fur et à mesure que la largeur du résonateur est réduite,
le taux d’obscurité constituera une part importante des comptes d’obscurité totaux. Il convient
donc de vérifier expérimentalement l’évolution du taux d’obscurité en fonction de la largeur du
résonateur. Les matériaux à haute inductance cinétique, tels que l’aluminium granulaire, joueront
un rôle crucial dans la construction de ces détecteurs à bande étroite, car ils permettent d’utiliser
des jonctions plus résistives tout en conservant une efficacité quantique élevée, limitant ainsi le
courant d’obscurité.
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Figure E.10: Population du résonateur couplé au SET de lecture en fonction de la tension de
polarisation de la jonction et de la tensions de grille (a) Données expérimentales. Les lignes de
courant en pointillés verts représentent les diamants de Coulomb correspondant à l’effet tunnel
élastique. Les lignes pointillées noires représentent l’effet tunnel inélastique à travers la jonction
un, et les lignes noires à travers la jonction deux. (b) Résultat du calcul de l’équation maîtresse
classique. Les lignes en pointillé sont les mêmes que dans le panneau (a).
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Titre: Un détecteur à haute inductance cinétique de photon micro-onde

Mots clés: Supraconducteur desordonnee, Physique quantique, Jonction tunnel, Hyperfre-
quences

Résumé: Les détecteurs de photons uniques
à des fréquences visibles ont été des outils
essentiels dans de nombreux domaines de la
technologie quantique, tels que la distribu-
tion de clés quantiques ou l’optique quan-
tique. Cependant, la réalisation de détecteurs
de photons uniques micro-ondes continus et
hautement efficaces reste un défi. Dans cette
thèse, nous proposons et mettons en œuvre
un détecteur de photons micro-ondes basé sur
une jonction tunnel supraconductrice couplée
à une cavité micro-ondes. Les photons inci-
dents à la fréquence du résonateur sont ab-
sorbés par la jonction via un effet tunnel in-
élastique des quasiparticules, ce qui entraîne
un courant de tunnel photo-assisté mesurable.
Pour augmenter le taux d’effet tunnel inélas-
tique, le résonateur est fabriqué en aluminium
granulaire, ce qui conduit à une impédance
caractéristique du mode de l’ordre du quantum
de résistance. En mesurant le courant dû aux
processus d’ordre supérieur, nous calibrons le
détecteur et estimons l’efficacité quantique à
0,83 — un ordre de grandeur plus élevé que

celui rapporté dans la littérature pour les dé-
tecteurs basés sur l’effet tunnel photo-assisté.
En plus du courant photo-assisté, la puissance
émise par l’échantillon est mesurée, et il est
démontré que le même dispositif pourrait être
utilisé pour refroidir efficacement les circuits
supraconducteurs. Nous discutons de la com-
patibilité du détecteur de photons mis en œu-
vre avec les techniques de comptage de charge
nécessaires pour discerner les électrons indi-
viduels, tels que les RF-SET. Nous réalisons un
RF-SET à l’aide d’un résonateur granulaire en
aluminium à haute impédance, et nous mon-
trons une forte absorption de photons pour
des tensions de polarisation et de grille appro-
priées. En outre, nous mesurons la sensibilité
à la charge de ce dispositif à un niveau aussi
bas que 5e-5 e/sqrt(Hz). Ainsi, les expéri-
ences de ce travail montrent que la combinai-
son d’un transistor radiofréquence à électron
unique avec un convertisseur photon-électron
à haute efficacité basé sur l’effet tunnel inélas-
tique pourrait conduire à un compteur de pho-
tons micro-ondes unique pratique.



Title: High kinetic inductance-based microwave photon detection

Keywords: Disordered superconductors, Quantum physics, Tunnel junctions, Microwaves

Abstract: Single photon detectors at visible
frequencies have been essential tools in many
areas of quantum technology, such as quan-
tum key distribution or quantum optics. How-
ever, realizing highly efficient continuous sin-
gle microwave photon detectors remains chal-
lenging. In this thesis, we propose and im-
plement a microwave photon detector based
on a superconducting tunnel junction coupled
to a microwave cavity. Incident photons at
resonator frquency are absorbed by the junc-
tion via inelastic quasiparticle tunneling, re-
sulting in measurable photo-assisted tunnel-
ing current. To increase the inealstic tunnel-
ing rate, the resonator is fabricated in granular
aluminium, leading to the mode characteristic
impedance on the order of quantum of resis-
tance. By measuring the current due to higher
order processes, we calibrate the detector and
estimate the quantum efficiency to be 0.83 —
an order of magnitude higher than reported in

literature for detectors based on photo-assisted
tunneling. In addition to the photo-assisted
current, the power emitted by the sample is
measured, and it is shown that the same de-
vice could be utilized to effectively cool su-
perconducting circuits. We discuss the com-
patibility of the implemented photon detector-
with charge counting techniques required for
discerning individual electrons, such as RF-
SETs. We relize an RF-SET using a high-
impedance granular aluminum resonator, and
show high photon absorption for suitable bias
and gate voltages. Additionally, we measure
the charge sensitivity of this device as low as
5e-5 e/sqrt(Hz). Thus, the experiments in this
work show that combining a radio-frequency
single-electron transistor with a high efficiency
photon to electron converter based on inelastic
tunneling could lead to a practical single mi-
crowave photon counter.
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