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❘és✉♠é

❈❡tt❡ t❤ès❡ ♣♦rt❡ s✉r ♣❧✉s✐❡✉rs ♣r♦❜❧è♠❡s r❡❧❛t✐❢s ❛✉① s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✳ ◆♦✉s ❝♦♠✲
♠❡♥ç♦♥s ♣❛r ét✉❞✐❡r ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞❡s ❝♦✉r❜❡s ❢❡r♠é❡s s✉r ❝❡s s✉r❢❛❝❡s✱ ❡t ♣❧✉s
♣ré❝✐sé♠❡♥t ❧❛ q✉❡st✐♦♥ ❞✉ ♥♦♠❜r❡ ♠❛①✐♠❛❧ ❞✬✐♥t❡rs❡❝t✐♦♥s ❞❡ ❞❡✉① ❝♦✉r❜❡s ❢❡r♠é❡s ❡♥ ❢♦♥❝✲
t✐♦♥ ❞❡ ❧❡✉r ❧♦♥❣✉❡✉r✳ P♦✉r ❝❡❧❛✱ ♦♥ ét✉❞✐❡ ❧❛ q✉❛♥t✐té ❑❱♦❧ ❞é✜♥✐❡ ♣❛r ✿

❑❱♦❧(X) = ❱♦❧(X) · sup
α,β

■♥t(α, β)
l(α)l(β)

,

❧❡ s✉♣r❡♠✉♠ ♣♦rt❛♥t s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣❛✐r❡s ❞❡ ❝♦✉r❜❡s ❢❡r♠é❡s s✉r X✳ ❖♥ ❞é♠♦♥tr❡ ❡♥
♣❛rt✐❝✉❧✐❡r q✉❡ ❑❱♦❧ ❡st ré❛❧✐sé ♣❛r ❞❡✉① s②st♦❧❡s q✉✐ s✬✐♥t❡rs❡❝t❡♥t ✉♥❡ ❢♦✐s s✉r ❝❤❛❝✉♥❡
❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r ❛②❛♥t ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✳ P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ♦♥ ét✉❞✐❡ ❝❡tt❡
q✉❛♥t✐té ♣♦✉r ❞❡s s✉r❢❛❝❡s ❝♦♥str✉✐t❡s à ♣❛rt✐r ❞✬✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ ♣♦❧②❣♦♥❡s ❝♦♥✈❡①❡s à
❛♥❣❧❡s ♦❜t✉s ❡♥ r❡❝♦❧❧❛♥t ❞❡✉① à ❞❡✉① ❧❡✉rs ❝ôtés✱ ❡t ♦♥ ♦❜t✐❡♥t ✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡ s✉r
❑❱♦❧ q✉✐ ❡st ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✉ ♣❧✉s ♣❡t✐t ❝ôté ❞❡s ♣♦❧②❣♦♥❡s✳

❖♥ ét✉❞✐❡ ❡♥s✉✐t❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❑❱♦❧ ❧♦rsq✉✬♦♥ ❞é❢♦r♠❡ ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥
❡♥ ❛❣✐ss❛♥t ♣❛r ✉♥❡ ♠❛tr✐❝❡ ❞❡ SL2(R)✳ ◆♦✉s ♦❜t❡♥♦♥s ✉♥❡ ❢♦r♠✉❧❡ ❝❧♦s❡ ♣♦✉r ❑❱♦❧ ❞❛♥s
❝❤❛❝✉♥ ❞❡s ❞✐sq✉❡s ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❛ss♦❝✐és ❛✉① s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r à ✉♥❡ s❡✉❧❡ s✐♥❣✉✲
❧❛r✐té✳ P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ♦♥ ❞♦♥♥❡ ✉♥ ❝r✐tèr❡ q✉✐ ♣❡r♠❡t ❞❡ s❛✈♦✐r s✐ ❑❱♦❧ ❡st ❜♦r♥é s✉r ❧❡
❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤✳

❊♥✜♥✱ ♦♥ ❛❜♦r❞❡r❛ ❧❛ q✉❡st✐♦♥ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❑❱♦❧ ♥♦♥ ♣❛s s✉r ❞❡s ❞✐sq✉❡s ❞❡
❚❡✐❝❤♠ü❧❧❡r✱ ♠❛✐s s✉r t♦✉t❡ ❧❛ str❛t❡ ♠✐♥✐♠❛❧❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s✲
❧❛t✐♦♥✱ ❞❛♥s ❧❛q✉❡❧❧❡ ♥♦✉s ❝♦♥❥❡❝t✉r♦♥s q✉❡ ❑❱♦❧ ❡st t♦✉❥♦✉rs ♣❧✉s ❣r❛♥❞ q✉❡ ❧❡ ❣❡♥r❡ ❞❡
❧❛ s✉r❢❛❝❡✳ ❉❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥✱ ♦♥ ❡①❤✐❜❡ ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ s✉r❢❛❝❡s ❞❛♥s ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡
❝♦♥♥❡①❡ ❞❡ ❧❛ str❛t❡ ♠✐♥✐♠❛❧❡ ✭❡t ♣♦✉r t♦✉t ❣❡♥r❡ ❛✉ ♠♦✐♥s ❞❡✉①✮ ♣♦✉r ❧❛q✉❡❧❧❡ ❑❱♦❧ ❡st
❛r❜✐tr❛✐r❡♠❡♥t ♣r♦❝❤❡ ❞✉ ❣❡♥r❡ ❞❡ ❧❛ s✉r❢❛❝❡✳

❉❛♥s ✉♥ s❡❝♦♥❞ t❡♠♣s✱ ♦♥ s✬✐♥tér❡ss❡ à ❧❛ q✉❡st✐♦♥ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞❡ ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥s
s✉r ❧❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡✱ ❡t ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ❧❡ ❞♦✉❜❧❡ n✲❣♦♥❡ ♣♦✉r n ≥ 7 ✐♠♣❛✐r✳ ❖♥
❞é♠♦♥tr❡ q✉❡ ❧❡s ❝❡♥tr❡s ❞❡s ❤❡♣t❛❣♦♥❡s ♥❡ s♦♥t ♣❛s ❞❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥ ❞✉ ❞♦✉❜❧❡
❤❡♣t❛❣♦♥❡✱ ❝❡ q✉✐ ré♣♦♥❞ à ✉♥❡ q✉❡st✐♦♥ ❞❡ P✳ ❍✉❜❡rt ❡t ❚✳ ❙❝❤♠✐❞t✳

❊♥✜♥✱ ♦♥ ❛❜♦r❞❡r❛ ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❞❛♥s ✉♥❡ s♦✉s✲
✈❛r✐été ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❡♥ ❣❡♥r❡ tr♦✐s✱ ❧❡ ❧✐❡✉ ❞❡s s✉r❢❛❝❡s
❞❡ tr❛♥s❧❛t✐♦♥ ❛②❛♥t ✉♥❡ ✐♥✈♦❧✉t✐♦♥ ♣r②♠✳ ❖♥ ❞é♠♦♥tr❡ q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤
❣é♦♠étr✐q✉❡♠❡♥t ♣r✐♠✐t✐✈❡ ❞❛♥s Pr②♠(2, 2)✳ ❈❡ rés✉❧t❛t✱ ❞♦♥t ❧❛ ❞é♠♦♥str❛t✐♦♥ s✬❛♣♣✉✐❡ ❡♥
♣❛rt✐❡ s✉r ✉♥ ♣r♦❣r❛♠♠❡ ✉t✐❧✐s❛♥t ❧❡ ♣❛❝❦❛❣❡ ❋❧❛ts✉r❢ ❞❡ ❙❛❣❡✱ ❛❝❤è✈❡ ✉♥ tr❛✈❛✐❧ ✐♥✐t✐é ♣❛r
❊✳ ▲❛♥♥❡❛✉ ❡t ▼✳ ▼ö❧❧❡r✳

✶



❆❜str❛❝t

❚❤✐s t❤❡s✐s ❞❡❛❧s ✇✐t❤ s❡✈❡r❛❧ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✳ ❲❡ ❜❡❣✐♥ ❜②
st✉❞②✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❝❧♦s❡❞ ❝✉r✈❡s ♦♥ t❤❡s❡ s✉r❢❛❝❡s✱ ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡❧② t❤❡
q✉❡st✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✐♥t❡rs❡❝t✐♦♥s ♦❢ t✇♦ ❝❧♦s❡❞ ❝✉r✈❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡✐r
❧❡♥❣t❤✳ ■♥ t❤✐s ♣✉r♣♦s❡✱ ✇❡ st✉❞② t❤❡ q✉❛♥t✐t② ❑❱♦❧ ❞❡✜♥❡❞ ❜② ✿

❑❱♦❧(X) = ❱♦❧(X) sup
α,β

■♥t(α, β)
l(α)l(β)

,

✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ♣❛✐rs ♦❢ ❝❧♦s❡❞ ❝✉r✈❡s ♦♥ X✳ ❲❡ s❤♦✇ t❤❛t ❑❱♦❧ ✐s
r❡❛❧✐③❡❞ ❜② t✇♦ s②st♦❧❡s t❤❛t ✐♥t❡rs❡❝t ♦♥❝❡ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ❇♦✉✇✲▼ö❧❧❡r s✉r❢❛❝❡s ❤❛✈✐♥❣ ❛
s✐♥❣❧❡ s✐♥❣✉❧❛r✐t② ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ❢♦r n ♠✉❧t✐♣❧❡ ♦❢ ❢♦✉r✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡
st✉❞② t❤✐s q✉❛♥t✐t② ❢♦r s✉r❢❛❝❡s ❜✉✐❧t ❢r♦♠ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❝♦♥✈❡① ♣♦❧②❣♦♥s ✇✐t❤ ♦❜t✉s❡ ❛♥❣❧❡s
❜② ✐❞❡♥t✐❢②✐♥❣ t❤❡✐r s✐❞❡s ❜② ♣❛✐rs✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ❑❱♦❧ ✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s♠❛❧❧❡st s✐❞❡ ♦❢ t❤❡ ♣♦❧②❣♦♥s✳

❲❡ t❤❡♥ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❑❱♦❧ ✇❤❡♥ ✇❡ ❞❡❢♦r♠ ❛ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ❜② t❤❡ ❛❝t✐♦♥
♦❢ ❛ ♠❛tr✐① ♦❢ SL2(R)✳ ❲❡ ❣✐✈❡ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ❢♦r ❑❱♦❧ ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝s
❛ss♦❝✐❛t❡❞ t♦ ❇♦✉✇✲▼ö❧❧❡r s✉r❢❛❝❡s ✇✐t❤ ❛ s✐♥❣❧❡ s✐♥❣✉❧❛r✐t②✱ ❛s ✇❡❧❧ ❛s t❤❡ r❡❣✉❧❛r n✲❣♦♥s ❢♦r
n ♠✉❧t✐♣❧❡ ♦❢ ❢♦✉r✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ♣r♦✈❡ ❛ ❝r✐t❡r✐♦♥ ✇❤✐❝❤ ❡♥s✉r❡s ❜♦✉♥❞❡❞♥❡ss ♦❢ ❑❱♦❧
♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ ❛ ❱❡❡❝❤ s✉r❢❛❝❡✳

❋✐♥❛❧❧②✱ ✇❡ ❞✐s❝✉ss t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❑❱♦❧ ♦♥ t❤❡ ♠✐♥✐♠❛❧ str❛t✉♠ ♦❢ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢
tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✱ ✐♥ ✇❤✐❝❤ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ❑❱♦❧ ✐s ❛❧✇❛②s ❣r❡❛t❡r t❤❛♥ t❤❡ ❣❡♥✉s ♦❢
t❤❡ s✉r❢❛❝❡✳ ■♥ t❤✐s ❞✐r❡❝t✐♦♥✱ ✇❡ ❡①❤✐❜✐t ❛ ❢❛♠✐❧② ♦❢ s✉r❢❛❝❡s ✐♥ ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t
♦❢ t❤❡ ♠✐♥✐♠❛❧ str❛t✉♠ ✭❛♥❞ ❢♦r ❛♥② ❣❡♥✉s ❛t ❧❡❛st t✇♦✮ ❢♦r ✇❤✐❝❤ ❑❱♦❧ ✐s ❛r❜✐tr❛r✐❧② ❝❧♦s❡
t♦ t❤❡ ❣❡♥✉s✳

❖♥ ❛ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts
♦♥ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧② t❤❡ ❞♦✉❜❧❡ n✲❣♦♥ ❢♦r n ≥ 7 ♦❞❞✳ ■t ✐s s❤♦✇♥
t❤❛t t❤❡ ❝❡♥t❡rs ♦❢ t❤❡ ❤❡♣t❛❣♦♥s ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥✱ ✇❤✐❝❤
❛♥s✇❡rs ❛ q✉❡st✐♦♥ ♦❢ P✳ ❍✉❜❡rt ❛♥❞ ❚✳ ❙❝❤♠✐❞t✳

❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❛❞❞r❡ss t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❱❡❡❝❤ s✉r❢❛❝❡s ✐♥ ❛ s✉❜✲✈❛r✐❡t②
♦❢ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✐♥ ❣❡♥✉s 3✱ ♥❛♠❡❧② t❤❡ ❧♦❝✉s ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s
❤❛✈✐♥❣ ❛ ♣r②♠ ✐♥✈♦❧✉t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ✐s ♥♦ ❣❡♦♠❡tr✐❝❛❧❧② ♣r✐♠✐t✐✈❡
❱❡❡❝❤ s✉r❢❛❝❡ ✐♥ Pr②♠(2, 2)✳ ❚❤✐s r❡s✉❧t✱ ✇❤♦s❡ ♣r♦♦❢ r❡❧② ♦♥ ❛ ❝♦♠♣✉t❡r ♣r♦❣r❛♠ ✉s✐♥❣ t❤❡
❋❧❛ts✉r❢ ♣❛❝❦❛❣❡ ♦❢ ❙❛❣❡✱ ❝♦♠♣❧❡t❡s ❛ ✇♦r❦ ✐♥✐t✐❛t❡❞ ❜② ❊✳ ▲❛♥♥❡❛✉ ❛♥❞ ▼✳ ▼ö❧❧❡r✳

✷



❘❡♠❡r❝✐❡♠❡♥ts

❚♦✉t ❞✬❛❜♦r❞✱ ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r ♠❡s ❞✐r❡❝t❡✉rs ❞❡ t❤ès❡ ❊r✇❛♥ ▲❛♥♥❡❛✉ ❡t ❉❛♥✐❡❧
▼❛ss❛rt✱ s❛♥s q✉✐ ❝❡tt❡ t❤ès❡ ♥✬❛✉r❛✐t ♣✉ êtr❡✱ ♣♦✉r ♠✬❛✈♦✐r ❡♥❝❛❞ré ❛✈❡❝ ❡♥t❤♦✉s✐❛st♠❡
❡t ❜✐❡♥✈❡✐❧❧❛♥❝❡✳ ❱♦✉s ❛✈♦✐r ❝♦♠♠❡ ❞✐r❡❝t❡✉rs ❞❡ t❤ès❡ ❛ été ✉♥❡ ❣r❛♥❞❡ ❝❤❛♥❝❡ ♣♦✉r ♠♦✐✳
▼❡r❝✐ ♣♦✉r ✈♦tr❡ ❛✐❞❡ ❡t ✈♦tr❡ ❞✐s♣♦♥✐❜✐❧✐té✱ ❡t ♣♦✉r ✈♦s ♥♦♠❜r❡✉s❡s ❡①♣❧✐❝❛t✐♦♥s ✭❡t ré✲
❡①♣❧✐❝❛t✐♦♥s✮✳ ❊r✇❛♥✱ t❛ ❝✉r✐♦s✐té ❡t t♦♥ ❡♥t❤♦✉s✐❛s♠❡ s♦♥t ✐♥s♣✐r❛♥ts ❡t ♦♥t ❣r❛♥❞❡♠❡♥t
❝♦♥tr✐❜✉é à ♠❛ ♠♦t✐✈❛t✐♦♥ à tr❛✈❛✐❧❧❡r s✉r ❝❡s q✉❡st✐♦♥s✳ ❉❛♥✐❡❧✱ ❥✬❛✐ ❜❡❛✉❝♦✉♣ ♣r♦❣r❡ssé
❣râ❝❡ à ♥♦s ✭❧♦♥❣✉❡s✮ ❞✐s❝✉ss✐♦♥s ❡t à t❡s r❡❧❡❝t✉r❡s ♣♦✐♥t✉❡s✳ ▼❡r❝✐ à t♦✉s ❧❡s ❞❡✉① ♣♦✉r ✈♦s
❝♦♥s❡✐❧s ❛✈✐sés t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❧❛ t❤ès❡✳

❉✉r❛♥t ♠❛ t❤ès❡ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ ♣❛rt✐❝✐♣❡r à ❞❡ ♥♦♠❜r❡✉s❡s ❝♦♥❢ér❡♥❝❡s✱ ❞❡ ♣rés❡♥t❡r
♠❡s tr❛✈❛✉① ❡t ❞✬é❝❤❛♥❣❡r ❛✈❡❝ ❞❡ ♥♦♠❜r❡✉① s♣é❝✐❛❧✐st❡s✳ ❏✬❛✐ été é❝♦✉té ❛✈❡❝ ❜❡❛✉❝♦✉♣ ❞❡
❜✐❡♥✈❡✐❧❧❛♥❝❡ ❡t ❞✬❡♥t❤♦✉s✐❛s♠❡✱ ❡t ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r ❧❡s ♣❡rs♦♥♥❡s q✉✐ ❝♦♥tr✐❜✉❡♥t à ❧❛
❞✐✛✉s✐♦♥ ❞❡ ❝❡s ✈❛❧❡✉rs ❞❛♥s ❧❛ ❝♦♠♠✉♥❛✉té✳ ❏❡ r❡♠❡r❝✐❡ t♦✉t ❞✬❛❜♦r❞ P❛s❝❛❧ ❍✉❜❡rt ♣♦✉r
❛✈♦✐r ❛❝❝❡♣té ❞❡ ❢❛✐r❡ ♣❛rt✐❡ ❞❡ ♠♦♥ ❝♦♠✐té ❞❡ s✉✐✈✐ ❞❡ t❤ès❡ ♣✉✐s ❞❡ ♠♦♥ ❥✉r②✱ ♠❛✐s ❛✉ss✐ ♣♦✉r
s♦♥ ❡♥t❤♦✉s✐❛s♠❡ ❡t s❡s q✉❡st✐♦♥s q✉✐ ♠✬♦♥t ♣❡r♠✐s ❞❡ ♣r❡♥❞r❡ ❞✉ r❡❝✉❧ s✉r ♠♦♥ tr❛✈❛✐❧✳ ❏❡
r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t ❏❛②❛❞❡✈ ❆t❤r❡②❛ ❡t ❙té♣❤❛♥❡ ❙❛❜♦✉r❛✉ ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té ❞❡ r❛♣♣♦rt❡r
♠♦♥ tr❛✈❛✐❧ ❞❡ t❤ès❡✱ ❡t ❊❧✐s❡ ●♦✉❥❛r❞✱ ❆♥❛ ❘❡❝❤t♠❛♥✱ ❡t ❈♦r✐♥♥❛ ❯❧❝✐❣r❛✐ ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té
❞❡ ❢❛✐r❡ ♣❛rt✐❡ ❞❡ ♠♦♥ ❥✉r② ❞❡ t❤ès❡✳

❊♥ ♣❧✉s ❞❡s ♠❡♠❜r❡s ❞✉ ❥✉r②✱ ❥❡ ✈♦✉❞r❛✐s s♣é❝✐✜q✉❡♠❡♥t r❡♠❡r❝✐❡r ❙❛♠✉❡❧ ▲❡❧✐è✈r❡✱ q✉✐ ❛
❡♥tr❡ ❛✉tr❡s ✐♥st❛❧❧é ❙❛❣❡ s✉r ♠♦♥ ♦r❞✐♥❛t❡✉r ❞❡✉① ♦✉ tr♦✐s ❢♦✐s✱ ❛✐♥s✐ q✉❡ ❱✐♥❝❡♥t ❉❡❧❡❝r♦✐①✱
❚❤✐❡rr② ▼♦♥t❡✐❧ ❡t ❏✉❧✐❛♥ ❘✉t❤ ♣♦✉r ❧❡✉r ❛✐❞❡ ♣ré❝✐❡✉s❡ ♣♦✉r ❙❛❣❡✱ ❡t ♣❧✉s ❣é♥ér❛❧❡♠❡♥t
❙❛♠❛♥t❤❛ ❋❛✐r❝❤✐❧❞✱ ●❛❜r✐❡❧❧❛ ❙❝❤♠✐❞❤✉s❡♥✱ ❙❡❧✐♠ ●❤❛③♦✉❛♥✐✱ ❈❤❛r❧❡s ❋♦✉❣❡r♦♥✱ ❆❞r✐❡♥
❇♦✉❧❛♥❣❡r✱ P✐❡rr❡ ❆r♥♦✉①✱ ▼❛rt✐♥ ▼ö❧❧❡r✱ P✐❡rr❡ ❉❡❤♦r♥♦②✱ ❋ré❞ér✐❝ ❋❛✉r❡ ❡t ❈✉rt✐s ▼❝✲
▼✉❧❧❡♥✳ ❏❡ s✉✐s ♣❛rt✐❝✉❧✐èr❡♠❡♥t r❡❝♦♥❛✐ss❛♥t à t♦✉t✳❡✳s ❧❡s ❞♦❝t♦r❛♥t✳❡✳s ✭♦✉ q✉✐ ❧✬ét❛✐❡♥t✮
❛✈❡❝ q✉✐ ❥✬❛✐ ♣✉ é❝❤❛♥❣❡r ❡t ❞✐s❝✉t❡r ❞❡ ♠❛t❤s✱ ♥♦t❛♠♠❡♥t P❛❜❧♦ ▼♦♥t❡❛❧❡❣r❡✱ ▼❛❣❛❧✐ ❏❛②✱
▼✐♥❣❦✉♥ ▲✐✉ ❡t ❏ér♦♠❡ ❈❛rr❛♥❞✳ ❯♥ ❣r❛♥❞ ♠❡r❝✐ à ❙❛♠ ❋r❡❡❞♠❛♥ ♣♦✉r ♠✬❛✈♦✐r ♠♦t✐✈é à
tr❛✈❛✐❧❧❡r s✉r ❧❡s s✉r❢❛❝❡s Pr②♠ ❡t à ■r❡♥❡ P❛sq✉✐♥❡❧❧✐ ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té ❛✈❡❝ ❡♥t❤♦✉s✐❛s♠❡
❞❡ tr❛✈❛✐❧❧❡r ❡♥s❡♠❜❧❡ s✉r ❑❱♦❧ ❡t ❧❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r✳

❏❡ ✈♦✉❞r❛✐s é❣❛❧❡♠❡♥t r❡♠❡r❝✐❡r ❧✬éq✉✐♣❡ ❛❞♠✐♥✐str❛t✐✈❡ ❡t t❡❝❤♥✐q✉❡ ❞✉ ❧❛❜♦r❛t♦✐r❡ ❞❡
●r❡♥♦❜❧❡ q✉✐ ♠✬❛ ♣❡r♠✐s ❞❡ ❢❛✐r❡ ♠❛ t❤ès❡ ❞❛♥s ❞❡ ❜♦♥♥❡s ❝♦♥❞✐t✐♦♥s✳ ❏❡ r❡♠❡r❝✐❡ ❧❡s
♠❡♠❜r❡s ❡t ❧❡s ♦r❣❛♥✐s❛t❡✉rs ❞❡s ❣r♦✉♣❡s ❞❡ tr❛✈❛✐❧ ❡♥ ❣é♦♠étr✐❡ ❛✉①q✉❡❧s ❥✬❛✐ ♣❛rt✐❝✐♣é✳
❙✉rt♦✉t✱ ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r ❧❡s ❞♦❝t♦r❛♥t✳❡✳s ❞❡ ❧✬✐♥st✐t✉t ❋♦✉r✐❡r ✭❡t ▼❛r✐❡✮ ♣♦✉r ❧❛ s✉♣❡r
❛♠❜✐❛♥❝❡✱ s❛♥s q✉✐ ❧❛ t❤ès❡ ♥✬❛✉r❛✐t ❝❧❛✐r❡♠❡♥t ♣❛s ❡✉ ❧❛ ♠ê♠❡ s❛✈❡✉r ✭❡t ❥❡ ♥❡ ♣❛r❧❡ ♣❛s
q✉❡ ❞❡s ❣❛t❡❛✉①✮✳ ❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ ❧❡s ❞♦❝t♦r❛♥ts ❞❡ ❧✬■▼❆● q✉✐ ♠✬♦♥t t♦✉❥♦✉rs ❛❝❝❡✉✐❧❧✐ à
▼♦♥t♣❡❧❧✐❡r ❞❛♥s ❧❛ ❜♦♥♥❡ ❤✉♠❡✉r✳

✸



❊♥✜♥✱ ❥❡ s♦✉❤❛✐t❡ r❡♠❡r❝✐❡r t♦✉✳t❡✳s ♠❡s ❛♠✐✳❡✳s q✉✐ ♠✬❛❝♦♠♣❛❣♥❡♥t ❞❡ ♣rès ♦✉ ❞❡ ❧♦✐♥✱ ❡t
❞♦♥t ❧❛ ♣rés❡♥❝❡ ❛ ♣❛rt✐❝✐♣é ❡t ♣❛rt✐❝✐♣❡ ❣r❛♥❞❡♠❡♥t à ♠♦♥ é♣❛♥♦✉✐ss❡♠❡♥t✳ ▼❡r❝✐ à ◆✐♥♦♥
♣♦✉r ❧✬❤é❜❡r❣❡♠❡♥t à ▼♦♥t♣❡❧❧✐❡r✱ ❡♥tr❡ ❛✉tr❡s✳

❏❡ t❡r♠✐♥❡ ♣❛r ❞❡s r❡♠❡r❝✐❡♠❡♥ts à ♠❛ ❢❛♠✐❧❧❡ ❡♥ ❣é♥ér❛❧ ❡t ♣❧✉s s♣é❝✐✜q✉❡♠❡♥t à ♠❡s
♣❛r❡♥ts q✉✐ ♠✬♦♥t ❡♥❝♦✉r❛❣é t♦✉t ❛✉ ❧♦♥❣ ❞❡ ♠❛ s❝♦❧❛r✐té✱ ❡t q✉✐ s♦♥t ❧❛ r❛✐s♦♥ ♣r✐♥❝✐♣❛❧❡
♣♦✉r ❧❛q✉❡❧❧❡ ❥✬❡♥ s✉✐s ❧à ❛✉❥♦✉r❞✬❤✉✐✳

✹



❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

❘és✉♠é ✶

❆❜str❛❝t ✸

❘❡♠❡r❝✐❡♠❡♥ts ✺

■♥tr♦❞✉❝t✐♦♥ ✾

✶ Prés❡♥t❛t✐♦♥ ❣é♥ér❛❧❡ ✶✺
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✷ ❑❱♦❧ ♦♥ ❞♦✉❜❧❡ r❡❣✉❧❛r n✲❣♦♥s ✻✵

✸ ❑❱♦❧ ♦♥ r❡❣✉❧❛r n✲❣♦♥s ✾✶

✹ ❙✉r❢❛❝❡s ♠❛❞❡ ✇✐t❤ ❝♦♥✈❡① ♣♦❧②❣♦♥s ❤❛✈✐♥❣ ♦❜t✉s❡ ♦r r✐❣❤t ❛♥❣❧❡s ✶✸✸

✺ ❚❤❡ ❝❛s❡ ♦❢ ❇♦✉✇✲▼ö❧❧❡r s✉r❢❛❝❡s ✶✼✻

✻ ▲♦✇❡r ❜♦✉♥❞ ❢♦r ❑❱♦❧ ♦♥ t❤❡ ♠✐♥✐♠❛❧ str❛t✉♠ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✷✶✻

✺



✼ ❈♦♥♥❡❝t✐♦♥ ♣♦✐♥ts ♦♥ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ✷✸✶

✽ ❚❤❡r❡ ❛r❡ ♥♦ ♣r✐♠✐t✐✈❡ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s ♦♥ Pr②♠✭✷✱✷✮ ✷✹✻

✻



■♥tr♦❞✉❝t✐♦♥

▲❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ s♦♥t ❞❡s ❡①❡♠♣❧❡s ❞❡ s✉r❢❛❝❡s ♣❧❛t❡s à s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s à
❧❛ ❝r♦✐sé❡ ❞❡ ❝❤❡♠✐♥s ❡♥tr❡ ❣é♦♠étr✐❡ ❞✐✛ér❡♥t✐❡❧❧❡✱ ❣é♦♠étr✐❡ ❛❧❣é❜r✐q✉❡✱ ❞②♥❛♠✐q✉❡✱ t❤é♦r✐❡
❞❡s ♥♦♠❜r❡s✱ ❡t t❤é♦r✐❡ ❣é♦♠étr✐q✉❡ ❞❡s ❣r♦✉♣❡s✳ ▲❛ ♠♦t✐✈❛t✐♦♥ ♦r✐❣✐♥❛❧❡ à ❧❡✉r ét✉❞❡ ♣r♦✲
✈✐❡♥t ❞✉ ❢❛✐t q✉✬❡❧❧❡s ♣❡r♠❡tt❡♥t ❞✬ét✉❞✐❡r ❧❡s tr❛❥❡❝t♦✐r❡s s✉r ✉♥ ❜✐❧❧❛r❞ ♣♦❧②❣♦♥❛❧ ❞♦♥t ❧❡s
❛♥❣❧❡s s♦♥t ❞❡s ♠✉❧t✐♣❧❡s r❛t✐♦♥♥❡❧s ❞❡ π✱ ❣râ❝❡ à ✉♥❡ ♣r♦❝é❞✉r❡ ❞❡ ✧❞é♣❧✐❡♠❡♥t✧ ❞✉ ❜✐❧❧❛r❞
❞é❝r✐t❡ ♣❛r ❆✳❇✳ ❑❛t♦❦ ❡t ❆✳◆✳ ❩❡♠❧②❛❦♦✈ ❞❛♥s ❬❩❑✼✻❪✳ ❈❡tt❡ ♠ét❤♦❞❡ ❡st ♥♦t❛♠♠❡♥t ✉t✐✲
❧✐sé❡ ♣❛r ❑❡r❝❤♦✛✱ ▼❛s✉r ❡t ❙♠✐❧❧✐❡ ♣♦✉r ❞é♠♦♥tr❡r q✉❡ ♣r❡sq✉❡ t♦✉t❡ tr❛❥❡❝t♦✐r❡ ❞❛♥s ✉♥
❜✐❧❧❛r❞ r❛t✐♦♥♥❡❧ ❡st ✉♥✐q✉❡♠❡♥t ❡r❣♦❞✐q✉❡✱ ✈♦✐r ❬●▲✵✽❪✳ ▲✬ét✉❞❡ ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❛
♣r✐s ❞❡ ❧✬❛♠♣❧❡✉r ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ❛✈❡❝ ♥♦t❛♠♠❡♥t ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡s ❧✐❡♥s ❛✈❡❝ ❧❛ t❤é♦r✐❡
❞❡ ❚❡✐❝❤♠ü❧❧❡r ♦✉ ❛✈❡❝ ❞❡s q✉❡st✐♦♥s ❞②♥❛♠✐q✉❡s ❛✉t♦✉r ❞✉ ✢♦t ❣é♦❞és✐q✉❡ ♦✉ ❞❡s é❝❤❛♥❣❡s
❞✬✐♥t❡r✈❛❧❧❡s✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ❝✐t❡r ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞✉ ✧❚❤é♦rè♠❡ ❞❡ ❧❛ ❜❛❣✉❡tt❡ ♠❛✲
❣✐q✉❡✧ ♣❛r ❆✳ ❊s❦✐♥✱ ▼✳ ▼✐r③❛❦❤❛♥✐ ❡t ❆✳ ▼♦❤❛♠♠❛❞✐ ❬❊▼▼✶✺❪ q✉✐ ❝❧❛ss✐✜❡ ❧❡s ❛❞❤ér❡♥❝❡s
❞✬♦r❜✐t❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✱ ♦✉ ❡♥❝♦r❡ ❞✬❛✉tr❡s rés✉❧t❛ts
ré❝❡♥ts ❬❊❋❲✶✽❪✱ ❬❊▼▼❲✷✵❪ r❡❧❛t✐❢s à ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ❝♦✉r❜❡s ❞❡ ❚❡✐❝❤♠ü❧❧❡r✳

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❛❜♦r❞♦♥s ♣❧✉s✐❡✉rs ♣r♦❜❧è♠❡s r❡❧❛t✐❢s ❛✉① s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✳
▲❡ ♣r❡♠✐❡r✱ ❞❡ ♥❛t✉r❡ ♣❧✉tôt ❣é♦♠étr✐q✉❡✱ ❝♦♥❝❡r♥❡ ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞❡s ❝♦✉r❜❡s
❢❡r♠é❡s✳ ❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ♦♥ s✬✐♥tér❡ss❡ à ❧❛ ♥♦t✐♦♥ ❞❡ ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥ s✉r
❝❡rt❛✐♥❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣❛rt✐❝✉❧✐èr❡♠❡♥t s②♠étr✐q✉❡s✱ ❝❡ q✉✐ s❡r❛ ❧✬♦❝❝❛s✐♦♥ ❞✬❡①♣❧♦r❡r
❝❡rt❛✐♥s ❧✐❡♥s ❡♥tr❡ s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✱ ❞②♥❛♠✐q✉❡ ❡t t❤é♦r✐❡ ❞❡s ♥♦♠❜r❡s✳ ❊♥✜♥✱ ❧❛
❞❡r♥✐èr❡ ♣❛rt✐❡ ❛❜♦r❞❡ ❧❛ q✉❡st✐♦♥ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ❝♦✉r❜❡s ❞❡ ❚❡✐❝❤♠ü❧❧❡r✱ ❡t ♣❧✉s s♣é✲
❝✐✜q✉❡♠❡♥t ❧✬ét✉❞❡ ❞❡ ❝❡rt❛✐♥❡s s✉r❢❛❝❡s ❞❡ ❣❡♥r❡ tr♦✐s ♣♦ssé❞❛♥t ✉♥❡ ✐♥✈♦❧✉t✐♦♥ Pr②♠✳

■♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❡t ❑❱♦❧✳ ❉❛♥s ✉♥❡ ♣r❡♠✐èr❡ ♣❛rt✐❡✱ ♦♥ ét✉❞✐❡ ❧✬✐♥t❡rs❡❝t✐♦♥
❛❧❣é❜r✐q✉❡ ❞❡ ❝♦✉r❜❡s ❢❡r♠é❡s s✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ s✬✐♥tér❡ss❡
à ❧❛ q✉❡st✐♦♥ s✉✐✈❛♥t❡ ✿

❈♦♠❜✐❡♥ ❞❡ ❢♦✐s ❞❡✉① ❝♦✉r❜❡s ❢❡r♠é❡s ❞❡ ❧♦♥❣✉❡✉r ❞♦♥♥é❡ ♣❡✉✈❡♥t✲❡❧❧❡s
s✬✐♥t❡rs❡❝t❡r ❄

❈❡tt❡ q✉❡st✐♦♥✱ q✉✐ ❢❛✐t s❡♥s ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ s✉r❢❛❝❡ ♦r✐❡♥t❛❜❧❡ X s✉r ❧❛q✉❡❧❧❡ ♦♥ ♣❡✉t
♠❡s✉r❡r ❧❡s ❧♦♥❣✉❡✉rs ❞❡s ❝♦✉r❜❡s ❢❡r♠é❡s ✭♦♥ s✉♣♣♦s❡r❛ ✐❝✐ q✉❡ ❧❛ s✉r❢❛❝❡ ❡st ♠✉♥✐❡ ❞✬✉♥❡
♠étr✐q✉❡ r✐❡♠❛♥♥✐❡♥♥❡ à s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s✮✱ ♣❡✉t êtr❡ q✉❛♥t✐✜é❡ ❡♥ ❞é✜♥✐ss❛♥t ✿

❑❱♦❧(X) := ❱♦❧(X) · sup
α,β

■♥t(α, β)
l(α)l(β)

❧❡ s✉♣r❡♠✉♠ ♣♦rt❛♥t s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣❛✐r❡s ❞❡ ❝♦✉r❜❡s ❢❡r♠é❡s s✉r X✳ ▲❛ ♥♦r♠❛❧✐s❛t✐♦♥
♣❛r ❧❡ ✈♦❧✉♠❡ ♣❡r♠❡t ❞❡ r❡♥❞r❡ ❧❛ q✉❛♥t✐té ✐♥✈❛r✐❛♥t❡ ♣❛r ❞✐❧❛t❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡✳ ❉❛♥s ❝❡

✼



t❡①t❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ❝❛s ❞❡ ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡✱ ❞é✜♥✐❡ ❡♥ ❛ss✐❣♥❛♥t ✉♥ s✐❣♥❡ à ❝❤❛q✉❡
♣♦✐♥t ❞✬✐♥t❡rs❡❝t✐♦♥✳ ▲✬ét✉❞❡ ❞❡ ❑❱♦❧ r❡♠♦♥t❡ ❛✉① tr❛✈❛✉① ❞❡ ❉✳ ▼❛ss❛rt ❞❛♥s ❬▼❛s✾✼❪✱ ♦ù
❝❡tt❡ q✉❛♥t✐té ❛♣♣❛r❛ît ✭✐♥❞✐r❡❝t❡♠❡♥t✮ ❝♦♠♠❡ ❝♦♥st❛♥t❡ ❞❡ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧❛ ♥♦r♠❡
st❛❜❧❡ ❡t ❧❛ ♥♦r♠❡ ❞❡ ❍♦❞❣❡✳ ▲✬ét✉❞❡ ❞❡ ❑❱♦❧ ❛ ❞❡♣✉✐s été ❛♣♣r♦❢♦♥❞✐❡ ♣❛r ❉✳ ▼❛ss❛rt ❡t
❇✳ ▼✉❡t③❡❧ ❬▼▼✶✹❪✱ ♠❛✐s ❞❡ ♥♦♠❜r❡✉s❡s q✉❡st✐♦♥s r❡st❡♥t ❡♥ s✉s♣❡♥s✱ à ❝♦♠♠❡♥❝❡r ♣❛r ❧❛
q✉❡st✐♦♥ ❞✉ ❝❛❧❝✉❧ ❡①♣❧✐❝✐t❡ ❞❡ ❑❱♦❧ s✉r ❞❡s ❡①❡♠♣❧❡s s✐♠♣❧❡s ❞❡ s✉r❢❛❝❡s✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱
❙✳ ❈❤❡❜♦✉✐✱ ❆✳ ❑❡ss✐ ❡t ❉✳ ▼❛ss❛rt ♦♥t ✐♥✐t✐é ❧✬ét✉❞❡ ❞❡ ❑❱♦❧ s✉r ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥
❡♥ ❝❛❧❝✉❧❛♥t ♣ré❝✐sé♠❡♥t ❑❱♦❧ s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞❡ ❝❡rt❛✐♥❡s s✉r❢❛❝❡s à ♣❡t✐ts
❝❛rr❡❛✉①✱ ✈♦✐r ❬❈❑▼✷✶❛❪✳

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❝♦♥t✐♥✉♦♥s ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥ ❡♥ ❡①♣♦s❛♥t ✉♥❡ ♠ét❤♦❞❡ q✉✐
♣❡r♠❡t ❞❡ ❝❛❧❝✉❧❡r ♣ré❝✐sé♠❡♥t ❑❱♦❧ s✉r ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❝♦♠♣r❡♥❛♥t
❧❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r à ✉♥❡ s✐♥❣✉❧❛r✐té✳ ❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞✬♦❜t❡♥✐r
✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡ s✉r ❑❱♦❧ ♣♦✉r ❞❡s s✉r❢❛❝❡s ❝♦♥str✉✐t❡s à ♣❛rt✐r ❞❡ ♣♦❧②❣♦♥❡s ❝♦♥✈❡①❡s
à ❛♥❣❧❡s ♦❜t✉s t❡❧s q✉❡ ❧❡s ❝ôtés ❞✬✉♥ ♠ê♠❡ ♣♦❧②❣♦♥❡ ♥❡ s♦♥t ♣❛s r❡❝♦❧❧és ❡♥tr❡ ❡✉①✳ P❧✉s
♣ré❝✐sé♠❡♥t✱ ♦♥ ❛ ✿

❚❤é♦rè♠❡ ❆✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞✬✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ ♣♦❧②❣♦♥❡s (Pi)i∈I
❞♦♥t ♦♥ ❛ r❡❝♦❧❧é ❧❡s ❝ôtés ❞❡✉① à ❞❡✉①✳ ❖♥ s✉♣♣♦s❡ ✿

✭❍✶✮ ▲❡s ♣♦❧②❣♦♥❡s s♦♥t ❝♦♥✈❡①❡s à ❛♥❣❧❡s ♦❜t✉s✳
✭❍✷✮ ▲❡s ❝ôtés ❞✬✉♥ ♠ê♠❡ ♣♦❧②❣♦♥❡ ♥❡ s♦♥t ♣❛s r❡❝♦❧❧és ❡♥tr❡ ❡✉①✳

❆❧♦rs✱ ♣♦✉r t♦✉t❡ ♣❛✐r❡ ❞❡ ❝♦✉r❜❡s ❢❡r♠é❡s (α, β) s✉r ❧❛ s✉r❢❛❝❡ X✱ ♦♥ ❛ ✿

■♥t(α, β)
l(α)l(β)

≤ 1

l20

♦ù l0 ❞és✐❣♥❡ ❧❛ ❧♦♥❣✉❡✉r ❞✉ ♣❧✉s ♣❡t✐t ❞❡s ❝ôtés ❞❡s ♣♦❧②❣♦♥❡s Pi✳

❈❡ rés✉❧t❛t ❞♦♥♥❡ ✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡ s✉r ❑❱♦❧ ✭❧♦rsq✉❡ ❧✬❛✐r❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❡st ✜♥✐❡✮✳
❖♥ ❞é♠♦♥tr❡ q✉❡ ❝❡tt❡ ❜♦r♥❡ ❡st ❛tt❡✐♥t❡ ♣♦✉r ❧❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r à ✉♥❡ s❡✉❧❡
s✐♥❣✉❧❛r✐té✳

❚❤é♦rè♠❡ ❇✳ ❙♦✐t m,n ≥ 2 ❛✈❡❝ mn ≥ 6✳ ➱t❛♥t ❞♦♥♥é❡s ❞❡✉① ❝♦✉r❜❡s ❢❡r♠é❡s α ❡t β s✉r
❧❛ s✉r❢❛❝❡ ❞❡ ❇♦✉✇✲▼ö❧❧❡r Sm,n✱ ♦♥ ❛ ✿

■♥t(α, β)
l(α)l(β)

≤ 1

sin( π
m
)2
.

❉❡ ♣❧✉s✱ ❧✬é❣❛❧✐té ❡st ré❛❧✐sé❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ m ❡t n s♦♥t ♣r❡♠✐❡rs ❡♥tr❡ ❡✉①✱ ❡t s✐ α ❡t β
s♦♥t ❞❡✉① s②st♦❧❡s q✉✐ s✬✐♥t❡rs❡❝t❡♥t✱ ♦✉ ❜✐❡♥ ❧♦rsq✉❡ n = 4 ❡t m ≡ 3 mod 4 ❡t α ❡t β s♦♥t
❧❡s ❞❡✉① ❞✐❛❣♦♥❛❧❡s ❞✉ ❝❛rré P (0) ✭r❡s♣✳ P (m− 1)✮✳

❯♥ rés✉❧t❛t s✐♠✐❧❛✐r❡ ❡st é❣❛❧❡♠❡♥t ✈❛❧❛❜❧❡ ♣♦✉r ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❝♦♥str✉✐t❡s à
♣❛rt✐r ❞✬✉♥ s❡✉❧ ♣♦❧②❣♦♥❡ ré❣✉❧✐❡r ❛②❛♥t ✉♥ ♥♦♠❜r❡ ♣❛✐r ❞❡ ❝ôtés ✭✈♦✐r ❚❤é♦rè♠❡s ✶✳✸✳✸ ❡t
✶✳✸✳✹✮✳

✽



❯♥❡ ❢♦✐s ❑❱♦❧ ❝❛❧❝✉❧é s✉r ❞❡s ❡①❡♠♣❧❡s ❞❡ s✉r❢❛❝❡s✱ ♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r ❝♦♠♠❡♥t ❝❡tt❡
q✉❛♥t✐té ✈❛r✐❡ ❧♦rsq✉✬♦♥ ❞é❢♦r♠❡ ❧é❣èr❡♠❡♥t ❧❛ s✉r❢❛❝❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛✲
t✐♦♥✱ ♦♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ét✉❞✐❡r ❧❡s ✈❛r✐❛t✐♦♥s ❞❡ ❑❱♦❧ s♦✉s ❧✬❛❝t✐♦♥ ❞❡ SL2(R)✳ ❋♦r♠✉❧é❡
❛✉tr❡♠❡♥t✱ ❧❛ q✉❡st✐♦♥ ❡st ❞❡ s❛✈♦✐r s✐ ❧✬♦♥ ♣❡✉t ❞♦♥♥❡r ✉♥❡ ❢♦r♠✉❧❡ ❡①♣❧✐❝✐t❡ ♣♦✉r ❑❱♦❧ s✉r
❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❞♦♥♥é❡✳ ❈❡tt❡ q✉❡st✐♦♥ ❛ ♥♦t❛♠♠❡♥t
été ét✉❞✐é❡ ❞❛♥s ❬❈❑▼✷✶❛❪ ♣♦✉r ❝❡rt❛✐♥❡s s✉r❢❛❝❡s à ♣❡t✐ts ❝❛rr❡❛✉①✳ ■❝✐✱ ♦♥ s✬✐♥tér❡ss❡r❛
s♣é❝✐✜q✉❡♠❡♥t ❛✉① s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤✱ ❡t ♥♦✉s ♣rés❡♥t❡r♦♥s ✉♥❡ ♠ét❤♦❞❡ q✉✐ ♣❡r♠❡t ♥♦t❛♠✲
♠❡♥t ❞✬ét❡♥❞r❡ ❧❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ ❞❡ ❝❡rt❛✐♥❡s s✉r❢❛❝❡s ❛②❛♥t ✉♥❡ ✉♥✐q✉❡ s✐♥❣✉❧❛r✐té à t♦✉t
❧❡✉r ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ✭✈♦✐r ❚❤é♦rè♠❡ ✶✳✸✳✶✵✮✳ ◆♦✉s ✐❧❧✉str♦♥s ❝❡tt❡ ♠ét❤♦❞❡ ❞❛♥s ❧❡ ❝❛s
❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r ❛②❛♥t ✉♥❡ ✉♥✐q✉❡ s✐♥❣✉❧❛r✐té ❡♥ ❞é♠♦♥tr❛♥t ✿

❚❤é♦rè♠❡ ❈✳ ❙♦✐❡♥t m,n ≥ 2 ♣r❡♠✐❡rs ❡♥tr❡ ❡✉①✳ ➱t❛♥t ❞♦♥♥és d, d′ ∈ R ∪ {∞} ≃ ∂H2✱
♥♦t♦♥s γd,d′ ❧❛ ❣é♦❞és✐q✉❡ ❞✉ ❞❡♠✐✲♣❧❛♥ ❤②♣❡r❜♦❧✐q✉❡ H2 ❞♦♥t ❧❡s ❡①tré♠✐tés s♦♥t ❡♥ d ❡t d′✳
❙♦✐t X = M ·Sm,n ✉♥❡ s✉r❢❛❝❡ ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❇♦✉✇✲▼ö❧❧❡r Sm,n✱

♦❜t❡♥✉❡ à ♣❛rt✐r ❞❡ Sm,n ❡♥ ❛❣✐ss❛♥t ♣❛r ✉♥❡ ♠❛tr✐❝❡ M =

(
a b
c d

)
∈ SL2(R)✳ ❆❧♦rs✱ ♦♥ ❛ ✿

❑❱♦❧(X) = K0 ·
1

cosh(distH2(di+b
ci+a

,Γm,n · γ∞,± cot π
n
))

♦ù K0 > 0 ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❡①♣❧✐❝✐t❡ q✉✐ ❞é♣❡♥❞ s❡✉❧❡♠❡♥t ❞❡ m ❡t n✱ Γm,n ❞és✐❣♥❡ ❧❡ ❣r♦✉♣❡
❞❡ ❱❡❡❝❤ ❞❡ Sm,n ❡t distH2 ❞és✐❣♥❡ ❧❛ ❞✐st❛♥❝❡ ❤②♣❡r❜♦❧✐q✉❡✳

◆♦✉s ❝❛❧❝✉❧♦♥s é❣❛❧❡♠❡♥t ❑❱♦❧ s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r ♣♦✉r n ≡ 0
mod 4✱ ✈♦✐r ❚❤é♦rè♠❡ ✶✳✸✳✾✳ ➚ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r✱ ❧❡ ♠❛①✐♠✉♠ ❞❡
❑❱♦❧ s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r ❝♦rr❡s♣♦♥❞ ✭à ❧✬❛❝t✐♦♥ ❞✉ ❣r♦✉♣❡ ❞❡
❱❡❡❝❤ ♣rès✮ à ✉♥❡ ✐♥✜♥✐té ❞❡ ❣é♦❞és✐q✉❡s✳

P♦✉r ❧❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❛②❛♥t ♣❧✉s✐❡✉rs s✐♥❣✉❧❛r✐tés✱ ❧❛ ♠ét❤♦❞❡ ❞✬❡①t❡♥s✐♦♥ ❛✉ ❞✐sq✉❡
❞❡ ❚❡✐❝❤♠ü❧❧❡r ♥✬❡st ♣❧✉s ✈❛❧❛❜❧❡✳ ❚♦✉t❡❢♦✐s✱ ♥♦✉s ❞♦♥♥♦♥s ✉♥ ❝r✐tèr❡ q✉✐ ♣❡r♠❡t ❞❡ s❛✈♦✐r s✐
❑❱♦❧ ❡st ❜♦r♥é ♦✉ ♥♦♥ s✉r ✉♥ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤✳

❚❤é♦rè♠❡ ❉✳ ❑❱♦❧ ❡st ❜♦r♥é s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ s✐ ❡t
s❡✉❧❡♠❡♥t s✐ ♣♦✉r t♦✉t❡ ❞✐r❡❝t✐♦♥ ♣ér✐♦❞✐q✉❡✱ ❞❡✉① ❣é♦❞és✐q✉❡s ❢❡r♠é❡s ❝♦♥str✉✐t❡s à ♣❛rt✐r ❞❡
❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥ ♥❡ s✬✐♥t❡rs❡❝t❡♥t ❥❛♠❛✐s✳ ❈✬❡st ❧❡ ❝❛s s✐ ❡t s❡✉❧❡♠❡♥t
s✐ ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡s sé♣❛r❛tr✐❝❡s ❛ss♦❝✐é à ❧❛ ❞✐r❡❝t✐♦♥ ♣ér✐♦❞✐q✉❡ ❡st ♣❧❛♥❛✐r❡ ✭❡♥ t❛♥t q✉❡
❣r❛♣❤❡ ❡♥r✉❜❛♥♥é✮✳

❈❡ ❝r✐tèr❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ❊✳ P♦✉r t♦✉s m,n ≥ 2 ❛✈❡❝ mn ≥ 6✱ ❑❱♦❧ ❡st ❜♦r♥é s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r
❞❡ Sm,n✳

❯♥ rés✉❧t❛t s✐♠✐❧❛✐r❡ ❡st ✈❛❧❛❜❧❡ ♣♦✉r ❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r ✭n ♣❛✐r✮✱ ✈♦✐r ❚❤é♦rè♠❡ ✶✳✸✳✶✶✳
▲❡ ❚❤é♦rè♠❡ ✺ ❡st à ♠❡ttr❡ ❡♥ ♣❡rs♣❡❝t✐✈❡ ❛✈❡❝ ❧❡s rés✉❧t❛ts ❞❡ ❬❈❑▼✷✶❛❪✱ ♦ù ✐❧ ❡st ❞é✲
♠♦♥tré q✉❡ ❑❱♦❧ ♥✬❡st ♣❛s ❜♦r♥é s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞❡s s✉r❢❛❝❡s à ♣❡t✐ts ❝❛rr❡❛✉①
❝♦♥s✐❞érés✳

✾



❊♥✜♥✱ ♣❧✉tôt q✉❡ ❞❡ s❡ r❡str❡✐♥❞r❡ à ❧✬ét✉❞❡ ❞❡ ❑❱♦❧ s✉r ✉♥ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞♦♥♥é✱
♦♥ ♣❡✉t é❣❛❧❡♠❡♥t ❝❤❡r❝❤❡r à ét✉❞✐❡r ❑❱♦❧ s✉r ❝❤❛❝✉♥❡ ❞❡s str❛t❡s ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s
❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✳ ❊♥ ❣❡♥r❡ ✉♥✱ ❝❡tt❡ q✉❡st✐♦♥ ❡st r❡❧❛t✐✈❡♠❡♥t é❧é♠❡♥t❛✐r❡ ❡t ❑❱♦❧
❡st ❝♦♥st❛♥t é❣❛❧ à ✉♥✳ ❊♥ ❣❡♥r❡ s✉♣ér✐❡✉r ♦✉ é❣❛❧ à ❞❡✉①✱ ❑❱♦❧ ♥✬❡st ♣❧✉s ❝♦♥st❛♥t ❡t ✐❧
❡st ❢❛❝✐❧❡ ❞❡ ❢❛✐r❡ t❡♥❞r❡ ❑❱♦❧ ✈❡rs ❧✬✐♥✜♥✐ ❡♥ ♣✐♥ç❛♥t ✉♥❡ ❝♦✉r❜❡ ♥♦♥✲sé♣❛r❛♥t❡ ✭♠❛✐s ❡♥
❣❛r❞❛♥t ❧❡ ❞✐❛♠ètr❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❜♦r♥é✮✳ ▲❡s s✉r❢❛❝❡s ✐♥tér❡ss❛♥t❡s s♦♥t ❛❧♦rs ❧❡s s✉r❢❛❝❡s
♣♦✉r ❧❡sq✉❡❧❧❡s ❑❱♦❧ ❡st ✧♣❡t✐t✧✳ ❉❛♥s ❝❡ ❝❛❞r❡✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ❝❛s s♣é❝✐✜q✉❡ ❞❡ ❧❛ str❛t❡
♠✐♥✐♠❛❧❡H(2g−2) ❡t ❣é♥ér❛❧✐s♦♥s ✉♥❡ ❝♦♥str✉❝t✐♦♥ ❞❡ ❈❤❡❜♦✉✐✱ ❑❡ss✐ ❡t ▼❛ss❛rt ❬❈❑▼✷✶❜❪✱
❝❡ q✉✐ ♥♦✉s ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ à ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té
❞❛♥s ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ❝♦♥♥❡①❡ ❞❡ ❧❛ str❛t❡ ♠✐♥✐♠❛❧❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s s✉r❢❛❝❡s
❞❡ tr❛♥s❧❛t✐♦♥ ❞♦♥t ❑❱♦❧ ❡st ❛r❜✐tr❛✐r❡♠❡♥t ♣r♦❝❤❡ ❞✉ ❣❡♥r❡ ❞❡ ❧❛ s✉r❢❛❝❡✳

❚❤é♦rè♠❡ ❋✳ ❙♦✐t g ≥ 2✳ P♦✉r ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ❝♦♥♥❡①❡ C ❞❡ H(2g − 2)✱ ♦♥ ❛ ✿

inf
X∈C

❑❱♦❧(X) ≤ g.

❖♥ ❝♦♥❥❡❝t✉r❡ q✉❡ ❝❡tt❡ ✐♥é❣❛❧✐té ❡st ♦♣t✐♠❛❧❡ ✭❡t q✉❡✱ ❞❡ ♣❧✉s✱ ❧✬✐♥✜♠✉♠ ♥✬❡st ❥❛♠❛✐s
❛tt❡✐♥t✮✳

P♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥ ❞✉ ❞♦✉❜❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r✳ ❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ♦♥ s✬✐♥té✲
r❡ss❡ à ❧❛ ♥♦t✐♦♥ ❞❡ ♣♦✐♥t ❞❡ ❝♦♥♥❡①✐♦♥ ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥✱ ✐♥tr♦❞✉✐t❡ ♣❛r P✳ ❍✉❜❡rt
❡t ❚✳❆✳ ❙❝❤♠✐❞t ❬❍❙✵✹❪✱ ❡t q✉✐ ♣❡r♠❡t ♥♦t❛♠♠❡♥t ❞❡ ❝♦♥str✉✐r❡ ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥
❞♦♥t ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❡st ✐♥✜♥✐♠❡♥t ❡♥❣❡♥❞ré✳ ❉❛♥s ❬❇♦✉❪✱ ♣✉❜❧✐é ❛✉ ❇✉❧❧❡t✐♥ ❞❡ ❧❛ ❙▼❋ ❡t
q✉✐ ❝♦rr❡s♣♦♥❞ ❛✉ ❈❤❛♣✐tr❡ ✼✱ ♦♥ s✬✐♥tér❡ss❡ s♣é❝✐✜q✉❡♠❡♥t ❛✉ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡✱ ❝♦♥str✉✐t
à ♣❛rt✐r ❞❡ ❞❡✉① ❝♦♣✐❡s ❞✬✉♥ ❤❡♣t❛❣♦♥❡ ré❣✉❧✐❡r à r❡❝♦❧❧é ❧❡s ❝ôtés ❞❡✉① à ❞❡✉①✱ ❡t ♣❧✉s ❣é♥é✲
r❛❧❡♠❡♥t ❛✉ ❞♦✉❜❧❡ n✲❣♦♥❡ ♣♦✉r n ≥ 7 ✐♠♣❛✐r✳ ❈❡s s✉r❢❛❝❡s s♦♥t✱ ❛✈❡❝ ❧❡s n✲❣♦♥❡s ré❣✉❧✐❡rs
♣♦✉r n ♣❛✐r✱ ❧❡s s✉r❢❛❝❡s ♦r✐❣✐♥❛❧❡s ét✉❞✐é❡s ♣❛r ❱❡❡❝❤ ❞❛♥s s♦♥ ❛rt✐❝❧❡ ❢♦♥❞❛t❡✉r ❬❱❡❡✽✾❪✳
❊❧❧❡s ❥♦✉✐ss❡♥t ❞❡ ♣r♦♣r✐étés ❞②♥❛♠✐q✉❡s ❡t ❣é♦♠étr✐q✉❡s ♣❛rt✐❝✉❧✐èr❡s✳ ❈❡♣❡♥❞❛♥t✱ ♦♥ ♥❡
❝♦♥♥❛ît ❛✉❝✉♥ ♣♦✐♥t ❞❡ ❝♦♥♥❡①✐♦♥ ♥♦♥✲♣ér✐♦❞✐q✉❡ s✉r ❝❡s s✉r❢❛❝❡s ✭❡t ♣❧✉s ❣é♥ér❛❧❡♠❡♥t s✉r
t♦✉t❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❞♦♥t ❧❡ ❞❡❣ré s✉r Q ❝♦r♣s ❞❡ tr❛❝❡ ❡st 3 ♦✉ ♣❧✉s✮✳ ▲❡s ❝❡♥tr❡s ❞❡s
n✲❣♦♥❡s✱ q✉✐ ♥❡ s♦♥t ♣❛s ❞❡s ♣♦✐♥ts ♣ér✐♦❞✐q✉❡s✱ s♦♥t ❞❡s ❝❛♥❞✐❞❛ts ♥❛t✉r❡❧s ♣♦✉r êtr❡ ❞❡s
♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥✳ P♦✉r n = 7 ❡t n = 9✱ ♥♦✉s ❞é♠♦♥tr♦♥s q✉✬❡♥ ❢❛✐t✱ ❝❡ ♥✬❡st ♣❛s ❧❡ ❝❛s ✿

❚❤é♦rè♠❡ ●✳ ▲❡s ♣♦✐♥ts ❝❡♥tr❛✉① ❞✉ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡ ❡t ❞✉ ❞♦✉❜❧❡ ♥♦♥❛❣♦♥❡ ♥❡ s♦♥t ♣❛s
❞❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥✳

◆♦✉s ❝♦♥❥❡❝t✉r♦♥s q✉❡ ❝❡ rés✉❧t❛t s✬ét❡♥❞ à ❝❤❛❝✉♥ ❞❡s ❞♦✉❜❧❡ n✲❣♦♥❡s ♣♦✉r n ≥ 7 ✐♠♣❛✐r✳

P♦✉r ❞é♠♦♥tr❡r ❧❡ ❚❤é♦rè♠❡ ✼✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ♥♦t✐♦♥ ❞❡ ❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡ ❍❡❝❦❡✱
✐♥tr♦❞✉✐t❡ ♣❛r ❉✳ ❘♦s❡♥ ❞❛♥s ❬❘♦s✺✹❪✳ ■❧ ❞é❝♦✉❧❡ ❞✬✉♥ rés✉❧t❛t ❞❡ ❚✳ ❙❝❤♠✐❞t ❡t ▼✳ ❙❤❡✐♥❣♦r♥
❬❙❙✾✺❪ ✭❛✐♥s✐ q✉❡ ❞❡ ❧❛ ❞✐❝❤♦t♦♠✐❡ ❞❡ ❱❡❡❝❤ ❬❱❡❡✽✾❪✮ q✉❡ ❝❡s ❢r❛❝t✐♦♥s ❝♦♥t✐♥✉❡s ♣❡r♠❡tt❡♥t
❞❡ ❝❛r❛❝tér✐s❡r ❧❡s ❞✐r❡❝t✐♦♥s ♣ér✐♦❞✐q✉❡s s✉r ❧❡ ❞♦✉❜❧❡ n✲❣♦♥❡ ✿ ✉♥❡ ❞✐r❡❝t✐♦♥ s✉r ❧❡ ❞♦✉❜❧❡
n✲❣♦♥❡ ❡st ♣ér✐♦❞✐q✉❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡ ❍❡❝❦❡ ❞❡
s❛ ♣❡♥t❡ ✭♦❜t❡♥✉ à ♣❛rt✐r ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡ ✧à ❧✬❡♥t✐❡r s✉♣ér✐❡✉r ♦✉ é❣❛❧✧✮
❡st ✜♥✐✳

✶✵



❙✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❛②❛♥t ✉♥❡ ✐♥✈♦❧✉t✐♦♥ Pr②♠✳ ❉❛♥s ❧❛ ❞❡r♥✐èr❡ ♣❛rt✐❡✱ ♦♥ s✬✐♥tér❡ss❡
à ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❣é♦♠étr✐q✉❡♠❡♥t ♣r✐♠✐t✐✈❡s✳ ▼❛❧❣ré
♣❧✉s✐❡✉rs ❛✈❛♥❝é❡s ♠❛❥❡✉r❡s ré❝❡♥t❡s ❬❊❋❲✶✽❪ ❡t ❬❊▼▼❲✷✵❪✱ ❝❡tt❡ q✉❡st✐♦♥ s❡♠❜❧❡ ❧♦✐♥
❞✬êtr❡ rés♦❧✉❡✳ ❊♥ ❣❡♥r❡ ❞❡✉①✱ ❧❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣r✐♠✐t✐✈❡s ♦♥t été ❝❧❛ss✐✜é❡s ❞❛♥s ✉♥❡ sér✐❡
❞✬❛rt✐❝❧❡s ❞❡ ❈✳ ▼❝▼✉❧❧❡♥ ❬▼❝▼✵✺❜❪✱ ❬▼❝▼✵✺❛❪ ❡t ❬▼❝▼✵✻❛❪✳ ❊♥ ❣❡♥r❡ tr♦✐s✱ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥
♥✬❡st ♣❛s ❝♦♠♣❧èt❡ ♠❛✐s ❈✳ ▼❝▼✉❧❧❡♥ ❬▼❝▼✵✻❜❪ ❛ ❡①❤✐❜é ✉♥❡ ❢❛♠✐❧❧❡ ✐♥✜♥✐❡ ❞❡ s✉r❢❛❝❡s
❞❡ ❱❡❡❝❤ ♣r✐♠✐t✐✈❡s✳ ▲❡s tr❛✈❛✉① ❞❡ ♣❧✉s✐❡✉rs ♣❡rs♦♥♥❡s ♦♥t ❞❡♣✉✐s ♠♦♥tré q✉❡✱ ❡♥ ❞❡❤♦rs
❞❡ ❝❡tt❡ ❢❛♠✐❧❧❡✱ ✐❧ ♥✬② ❛ q✉✬✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣r✐♠✐t✐✈❡s ✭à ❧✬❛❝t✐♦♥ ❞❡
GL+

2 (R) ♣rès✮✱ ✈♦✐r ❬▼❝▼✷✶✱ ❚❤❡♦r❡♠ ✺✳✺❪✳ ❈❡tt❡ ❢❛♠✐❧❧❡ ✐♥✜♥✐❡ ❡st ❝♦♥st✐t✉é❡ ❞❡ s✉r❢❛❝❡s
♠✉♥✐❡s ❞✬✉♥❡ ✐♥✈♦❧✉t✐♦♥ Pr②♠ ❡t ❛②❛♥t ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✳ ❯♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥
♠✉♥✐❡ ❞✬✉♥❡ ✐♥✈♦❧✉t✐♦♥ Pr②♠ ♣❡✉t êtr❡ ❝♦♥str✉✐t❡ ❝♦♠♠❡ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ ❞✬✉♥❡ s✉r❢❛❝❡
❞❡ ❞❡♠✐✲tr❛♥s❧❛t✐♦♥ ✭r❛♠✐✜é ❡♥ ❧❡s s✐♥❣✉❧❛r✐tés✮✱ ✈♦✐r ❬▼❝▼✵✻❜❪ ♦✉ ❬▲◆✶✸❪✳ P♦✉r r❡❝❤❡r❝❤❡r
❞✬❛✉tr❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣r✐♠✐t✐✈❡s✱ ✉♥❡ ✐❞é❡ ♥❛t✉r❡❧❧❡ ❡st ❞❡ s✬✐♥tér❡ss❡r ❛✉① s✉r❢❛❝❡s
❞❡ tr❛♥s❧❛t✐♦♥ ♠✉♥✐❡s ❞✬✉♥❡ ✐♥✈♦❧✉t✐♦♥ Pr②♠✱ ♠❛✐s ❛②❛♥t ♣❧✉s✐❡✉rs s✐♥❣✉❧❛r✐tés✳ ❉❛♥s ❝❡
❝♦♥t❡①t❡✱ ❊✳ ▲❛♥♥❡❛✉ ❡t ▼✳ ▼ö❧❧❡r ❬▲▼✶✾❪ ♦♥t ❝❤❡r❝❤é ❧❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣r✐♠✐t✐✈❡s ❞❛♥s
❧❡s ❧✐❡✉① Prym(2, 1, 1) ❡t Prym(2, 2)✳ ■❧s ❞é♠♦♥tr❡♥t q✉✬✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤
♣r✐♠✐t✐✈❡ ❞❛♥s Prym(2, 1, 1) ❡t ✐❞❡♥t✐✜❡♥t ✾✷ ❝❛♥❞✐❞❛ts ❞❛♥s Prym(2, 2)✳ ❉❛♥s ✉♥ tr❛✈❛✐❧
❡♥ ❝♦♠♠✉♥ ❛✈❡❝ ❙❛♠ ❋r❡❡❞♠❛♥ ♣rés❡♥té ❛✉ ❈❤❛♣✐tr❡ ✽✱ ❡t ❛❝❝❡♣té ♣♦✉r ♣✉❜❧✐❝❛t✐♦♥ ❛✉①
❈♦♠♣t❡s r❡♥❞✉s ❞❡ ❧✬❛❝❛❞é♠✐❡ ❞❡s s❝✐❡♥❝❡s✱ ♦♥ s✬✐♥tér❡ss❡ s♣é❝✐✜q✉❡♠❡♥t à ❝❡s ✾✷ ❝❛♥❞✐❞❛ts
❡t ♥♦✉s ❞é♠♦♥tr♦♥s q✉✬❛✉❝✉♥ ❞✬❡♥tr❡ ❡✉① ♥✬❡st ✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤✳ ❆✉tr❡♠❡♥t ❞✐t ✿

❚❤é♦rè♠❡ ❍✳ ■❧ ♥✬② ❛ ♣❛s ❞❡ s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❣é♦♠étr✐q✉❡♠❡♥t ♣r✐♠✐t✐✈❡s ❞❛♥s ❧❛ s♦✉s✲
✈❛r✐été Prym(2, 2)✳

▲❛ ❞é♠♦♥str❛t✐♦♥ s✬❛♣♣✉✐❡ ♥♦t❛♠♠❡♥t s✉r ✉♥ ♣r♦❣r❛♠♠❡ ✐♥❢♦r♠❛t✐q✉❡ q✉✐ ✉t✐❧✐s❡ ❧❡
♣❛❝❦❛❣❡ ❋❧❛ts✉r❢ ❞❡ ❙❛❣❡✳

✶✶



P✉❜❧✐❝❛t✐♦♥s ❡t ♣ré✲♣✉❜❧✐❝❛t✐♦♥s ❞❡ ❧✬❛✉t❡✉r

▲❡s tr❛✈❛✉① ♣rés❡♥tés ❞❛♥s ❝❡tt❡ t❤ès❡ s♦♥t ❡♥ ♣❛rt✐❡ ✐ss✉s ❞❡s tr❛✈❛✉① s✉✐✈❛♥ts✱ ♣✉❜❧✐és
♦✉ s♦✉♠✐s ♣♦✉r ♣✉❜❧✐❝❛t✐♦♥ ✿

❬✶❪ ❇♦✉❧❛♥❣❡r✱ ❏✳ ✧❚❤❡ ❝❡♥tr❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳✧
❇✉❧❧❡t✐♥ ❞❡ ❧❛ ❙▼❋ ✶✺✵✱ ✷ ✿✹✺✾✲✹✼✷✱ ✭✷✵✷✸✮✳

❬✷❪ ❇♦✉❧❛♥❣❡r✱ ❏✳ ❛♥❞ ❋r❡❡❞♠❛♥✱ ❙✳ ✧❚❤❡r❡ ❛r❡ ♥♦ ♣r✐♠✐t✐✈❡ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s ✐♥ Prym(2, 2)✳✧
❛❝❝❡♣t❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥ ❛t t❤❡ ❈♦♠♣t❡s r❡♥❞✉s ❞❡ ❧✬❛❝❛❞é♠✐❡ ❞❡s s❝✐❡♥❝❡s ✭✷✵✷✷✮✳

❬✸❪ ❇♦✉❧❛♥❣❡r✱ ❏✳✱ ▲❛♥♥❡❛✉✱ ❊✳ ❛♥❞ ▼❛ss❛rt✱ ❉✳ ✧❆❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ✐♥ r❡❣✉❧❛r ♣♦❧②✲
❣♦♥s✳✧ ❛r❳✐✈ ✷✶✶✵✳✶✹✷✸✺ ✭✷✵✷✷✮✳

❬✹❪ ❇♦✉❧❛♥❣❡r✱ ❏✳ ✧❆❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥✱ ❧❡♥❣t❤s ❛♥❞ ❱❡❡❝❤ s✉r❢❛❝❡s✳✧ ❛r❳✐✈ ✿✷✸✵✾✳✶✼✶✻✺
✭✷✵✷✸✮✳

❬✺❪ ❇♦✉❧❛♥❣❡r✱ ❏✳ ✧▲♦✇❡r ❜♦✉♥❞ ❢♦r ❑❱♦❧ ♦♥ t❤❡ ♠✐♥✐♠❛❧ str❛t✉♠ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✳✧
❛r❳✐✈ ✿✷✸✶✵✳✵✵✶✸✵ ✭✷✵✷✸✮✳

❉❡ ♣❧✉s✱ ✉♥ ❛rt✐❝❧❡ ❡st ❡♥ ♣ré♣❛r❛t✐♦♥ ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ■✳ P❛sq✉✐♥❡❧❧✐ ❝♦♥❝❡r♥❛♥t ❧❡
tr❛✈❛✐❧ ♣rés❡♥té ❛✉① ❈❤❛♣✐tr❡s ✹ ❡t ✺✳

✶✷



❈❤❛♣✐tr❡ ✶

Prés❡♥t❛t✐♦♥ ❣é♥ér❛❧❡

❈❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡✱ ❡♥ ❢r❛♥ç❛✐s✱ ❡st ✈♦✉❧✉ ❝♦♠♠❡ ✉♥ s✉r✈♦❧ ✐♥❢♦r♠❡❧ ❞❡ ❧❛ t❤ès❡ ❞❛♥s
❧❡q✉❡❧ ♥♦✉s ♣rés❡♥t♦♥s ❧❡s ♠♦t✐✈❛t✐♦♥s✱ ❧❡s rés✉❧t❛ts ❛✐♥s✐ q✉❡ q✉❡❧q✉❡s ✐❞é❡s ❝❧és✳ ❖♥ ❝♦♠✲
♠❡♥❝❡ ♣❛r ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ ❣é♥ér❛❧❡ s✉r ❧❛ q✉❛♥t✐té ❑❱♦❧ q✉✐ s❡r❛ ❛✉ ❝♦❡✉r ❞❡s ❈❤❛♣✐tr❡s ✷
à ✻✳ ❉❛♥s ✉♥ s❡❝♦♥❞ t❡♠♣s✱ ♦♥ ✐♥tr♦❞✉✐t ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❡t ♣rés❡♥t♦♥s q✉❡❧q✉❡s
♣r♦♣r✐étés q✉✐ ♥♦✉s s❡r♦♥t ✉t✐❧❡s ❞❛♥s t♦✉s ❧❡s ❝❤❛♣✐tr❡s s✉✐✈❛♥ts✱ ❡t q✉✐ ♥❡ s❡r♦♥t ♣❛s ❢♦r✲
❝é♠❡♥t r❛♣♣❡❧é❡s✳ ▲❛ tr♦✐s✐è♠❡ ♣❛rt✐❡ ❡st ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞❡ ❑❱♦❧ s♣é❝✐✜q✉❡♠❡♥t s✉r
❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✱ ❡t✱ ❛♣rès ❛✈♦✐r ❞♦♥♥é q✉❡❧q✉❡s ♠♦t✐✈❛t✐♦♥s ❡t ❡①♣❧✐q✉é q✉❡❧q✉❡s
✐❞é❡s ♣ré❧✐♠✐♥❛✐r❡s✱ ♥♦✉s ♣rés❡♥t♦♥s s♣é❝✐✜q✉❡♠❡♥t ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❡t ❞é✈❡❧♦♣♣és ❞❛♥s
❧❡s ❈❤❛♣✐tr❡s ✷ à ✻✱ ❡♥ ✐♥s✐st❛♥t s✉r ❝❡rt❛✐♥❡s ✐❞é❡s q✉✐ ♥♦✉s ♦♥t ♣❛r✉ ✐♠♣♦rt❛♥t❡s✳ ❉❛♥s ❧❛
q✉❛tr✐è♠❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ ✐♥tr♦❞✉❝t✐♦♥✱ ♥♦✉s ❞é✜♥✐ss♦♥s ❧❛ ♥♦t✐♦♥ ❞❡ ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥
❡t ❛❜♦r❞♦♥s ❧❛ q✉❡st✐♦♥ ❞❡ ❧❡✉r ❝❛r❛❝tér✐s❛t✐♦♥✱ q✉✐ ❡st ét✉❞✐é❡ ❞❛♥s ❧❡ ❈❤❛♣✐tr❡ ✼✳ ◆♦✉s
t❡r♠✐♥♦♥s ❝❡ ❝❤❛♣✐tr❡ ❡♥ ❞✐s❝✉t❛♥t ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❣é♦✲
♠étr✐q✉❡♠❡♥t ♣r✐♠✐t✐✈❡s ❛②❛♥t ✉♥❡ ✐♥✈♦❧✉t✐♦♥ ♣r②♠ ❡♥ ❣❡♥r❡ tr♦✐s✱ q✉✐ s❡r❛ ❛❜♦r❞é❡ ❞❛♥s ❧❡
❈❤❛♣✐tr❡ ✽✳

✶✳✶ ■♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❡t ❑❱♦❧

▲✬✉♥❡ ❞❡s q✉❡st✐♦♥s ♣r✐♥❝✐♣❛❧❡s ❛❜♦r❞é❡s ❞❛♥s ❝❡ t❡①t❡ ❝♦♥❝❡r♥❡ ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡
❞❡s ❝♦✉r❜❡s ❢❡r♠é❡s s✉r ❞❡s s✉r❢❛❝❡s✳ P❧✉s s♣é❝✐✜q✉❡♠❡♥t✱ s✐ ❧❛ s✉r❢❛❝❡ ❡st ♠✉♥✐❡ ❞✬✉♥❡ ♠é✲
tr✐q✉❡ q✉✐ ♣❡r♠❡t ❞❡ ♠❡s✉r❡r ❧❛ ❧♦♥❣✉❡✉r ❞❡s ❝♦✉r❜❡s✱ ♦♥ ♣❡✉t s❡ ♣♦s❡r ❧❛ q✉❡st✐♦♥ s✉✐✈❛♥t❡ ✿

❈♦♠❜✐❡♥ ❞❡ ❢♦✐s ❞❡✉① ❝♦✉r❜❡s ❢❡r♠é❡s ❞❡ ❧♦♥❣✉❡✉r ❞♦♥♥é❡ ♣❡✉✈❡♥t✲❡❧❧❡s
s✬✐♥t❡rs❡❝t❡r ❄

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❢♦r♠✉❧♦♥s ❧❛ q✉❡st✐♦♥ ❞❡ ♠❛♥✐èr❡ ♣❧✉s ♣ré❝✐s❡ ❡♥ ❝♦♠♠❡♥ç❛♥t ♣❛r
❞é✜♥✐r ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞❡ ❞❡✉① ❝♦✉r❜❡s s✉r ✉♥❡ s✉r❢❛❝❡ ❛✐♥s✐ q✉❡ ❧❛ q✉❛♥t✐té ❑❱♦❧
❛✉ ❝♦❡✉r ❞❡ ❝❡tt❡ t❤ès❡ q✉✐ ❞é❝r✐t ❧✬✐♥t❡rs❡❝t✐♦♥ ♠❛①✐♠❛❧❡ ❞❡ ❞❡✉① ❝♦✉r❜❡s ❞✬✉♥❡ ❧♦♥❣✉❡✉r
❞♦♥♥é❡✳ ◆♦✉s ♣rés❡♥t❡r♦♥s ❡♥s✉✐t❡ ❧❡s ♠♦t✐✈❛t✐♦♥s ❡t ❧❡s q✉❡st✐♦♥s ♣r✐♥❝✐♣❛❧❡s r❡❧✐é❡s à ❑❱♦❧✳

✶✳✶✳✶ ■♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❡t ❑❱♦❧

➱t❛♥t ❞♦♥♥é ❞❡✉① ❝♦✉r❜❡s ❢❡r♠é❡s ✭❡t ❧✐ss❡s✮ α ❡t β s✉r ✉♥❡ s✉r❢❛❝❡ ♦r✐❡♥t❛❜❧❡ X✱ ♦♥
♣❡✉t s❡ ❞❡♠❛♥❞❡r ❝♦♠♠❡♥t ❝♦♠♣t❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❢♦✐s q✉❡ ❧❡s ❞❡✉① ❝♦✉r❜❡s s✬✐♥t❡rs❡❝t❡♥t✳

✶✸



❖♥ ♣♦✉rr❛✐t ❢❛✐r❡ ✉♥ ❞é❝♦♠♣t❡ ♥❛ï❢ ❡♥ ❝♦♠♣t❛♥t ✉♥ ♣❛r ✉♥ ❧❡s ♣♦✐♥ts ❞✬✐♥t❡rs❡❝t✐♦♥✱ ♠❛✐s ✐❧
♣♦✉rr❛✐t ② ❛✈♦✐r ✉♥ ♥♦♠❜r❡ ✐♥✜♥✐ ❞❡ ♣♦✐♥ts ❞✬✐♥t❡rs❡❝t✐♦♥ s✐ ❧❡s ❝♦✉r❜❡s ♥❡ s♦♥t ♣❛s ❡♥ ♣♦s✐t✐♦♥
tr❛♥s✈❡rs❡✱ ❝♦♠♠❡ s✉r ❧❛ ♣❛rt✐❡ ❣❛✉❝❤❡ ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✶✳ ❉❛♥s ❝❡ ❝❛s✱ ✉♥❡ ✐❞é❡ ♣♦✉rr❛✐t êtr❡
❞❡ ❞é❢♦r♠❡r ❧é❣èr❡♠❡♥t ❧✬✉♥❡ ❞❡s ❞❡✉① ❝♦✉r❜❡s ♣♦✉r r❡♥❞r❡ ❧✬✐♥t❡rs❡❝t✐♦♥ tr❛♥s✈❡rs❡ ❝♦♠♠❡
s✉r ❧❛ ♣❛rt✐❡ ❞r♦✐t❡ ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✶✱ ❡t ❛✐♥s✐ ♦❜t❡♥✐r ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♣♦✐♥ts ❞✬✐♥t❡rs❡❝t✐♦♥✳
❖♥ ❛rr✐✈❡ ❛❧♦rs à ❧❛ ❝♦♥❝❧✉s✐♦♥ q✉✬✉♥❡ ❜♦♥♥❡ ♥♦t✐♦♥ ❞✬✐♥t❡rs❡❝t✐♦♥ ❞♦✐t êtr❡ ♣rés❡r✈é❡ ♣❛r
♣❡t✐t❡ ❞é❢♦r♠❛t✐♦♥ ❞❡s ❝♦✉r❜❡s ❡♥ q✉❡st✐♦♥✳

α

β

α

β

❋✐❣✉r❡ ✶✳✶ ✕ ▲♦rsq✉❡ ❧✬✐♥t❡rs❡❝t✐♦♥ ♥✬❡st ♣❛s tr❛♥s✈❡rs❡✱ ♦♥ ♣❡✉t ❞é❢♦r♠❡r ❧é❣èr❡♠❡♥t ❧❡s
❝♦✉r❜❡s ♣♦✉r ❧❛ r❡♥❞r❡ tr❛♥s✈❡rs❡✳

❉ès ❧♦rs✱ ♦♥ ♣❡✉t ❞é✜♥✐r ❞❡✉① ♥♦t✐♦♥s ❞✐st✐♥❝t❡s ❞✬✐♥t❡rs❡❝t✐♦♥ ✿

✖ ▲✬✐♥t❡rs❡❝t✐♦♥ ❣é♦♠étr✐q✉❡ ❡st ❞é✜♥✐❡ ❝♦♠♠❡ ❧❡ ♥♦♠❜r❡ ♠✐♥✐♠❛❧ ❞❡ ♣♦✐♥ts ❞✬✐♥t❡rs❡❝✲
t✐♦♥ s✉r t♦✉s ❧❡s r❡♣rés❡♥t❛♥ts ❞❡ ❧❛ ❝❧❛ss❡ ❞✬❤♦♠♦t♦♣✐❡ ❧✐❜r❡ ❞❡ α ❡t β ❡♥ ♣♦s✐t✐♦♥
tr❛♥s✈❡rs❡✳

✖ ▲✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❡st ❞é✜♥✐❡ ♣♦✉r ❞❡✉① ❝♦✉r❜❡s α ❡t β ❡♥ ♣♦s✐t✐♦♥ tr❛♥s✈❡rs❡
❡♥ ♦r✐❡♥t❛♥t ❝❤❛❝✉♥❡ ❞❡s ❝♦✉r❜❡s ❡t ❡♥ ❝♦♠♣t❛♥t ❝❤❛q✉❡ ✐♥t❡rs❡❝t✐♦♥ ❛✈❡❝ ✉♥ s✐❣♥❡ +1
♦✉ −1 ❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✷✳ ❖♥ ❞é✜♥✐t ❡♥s✉✐t❡ ✿

■♥t(α, β) =
∑

P

■♥tP (α, β).

❉❡ ❝❡tt❡ ♠❛♥✐èr❡✱ ♦♥ é✈✐t❡ ❞❡ ❝♦♠♣t❡r ❧✬✐♥t❡rs❡❝t✐♦♥ ❧♦rsq✉❡ ❞❡✉① ❝♦✉r❜❡s ✧③✐❣③❛❣✉❡♥t✧
❡♥tr❡ ❡❧❧❡s✳ ❊♥ ❢❛✐t✱ ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞❡ ❞❡✉① ❝♦✉r❜❡s ❡st ✐♥✈❛r✐❛♥t❡ ♣❛r ❞é❢♦r✲
♠❛t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡s ❝♦✉r❜❡s✳ ▼✐❡✉①✱ ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞❡ ❞❡✉① ❝♦✉r❜❡s ❡st ✐♥✲
✈❛r✐❛♥t❡ s✐ ❧✬♦♥ r❡♠♣❧❛❝❡ ❧❡s ❝♦✉r❜❡s ♣❛r ❞❡s ❝♦✉r❜❡s ❞❛♥s ❧❛ ♠ê♠❡ ❝❧❛ss❡ ❞✬❤♦♠♦❧♦❣✐❡✳
❆✐♥s✐✱ ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞é✜♥✐t ✉♥❡ ❢♦r♠❡ ❜✐❧✐♥é❛✐r❡ s②♠♣❧❡❝t✐q✉❡ ✭✐✳❡✳ ❛♥t✐s②✲
♠étr✐q✉❡ ❡t ♥♦♥✲❞é❣é♥éré❡✮ s✉r ❧❡ ❣r♦✉♣❡ ❞✬❤♦♠♦❧♦❣✐❡ H1(X,Z)✱ q✉❡ ❧✬♦♥ ♣❡✉t ❛❧♦rs
ét❡♥❞r❡ ❞✐r❡❝t❡♠❡♥t à H1(X,R)✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ❛ t♦✉❥♦✉rs ■♥t(α, α) = 0✳ ❈❡ ♥✬❡st
♣❛s ❧❡ ❝❛s ♣♦✉r ❧✬✐♥t❡rs❡❝t✐♦♥ ❣é♦♠étr✐q✉❡ ✿ ❧❛ ❝♦✉r❜❡ α ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✸ s✬❛✉t♦✲✐♥t❡rs❡❝t❡
✉♥❡ ❢♦✐s✳

❉❛♥s t♦✉t❡ ❧❛ s✉✐t❡✱ ♦♥ s✬✐♥tér❡ss❡r❛ à ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡✱ ❡t ♦♥ ✉t✐❧✐s❡r❛ ❧❛ ♥♦t❛t✐♦♥
■♥t(α, β) ♣♦✉r ❞és✐❣♥❡r ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞❡ ❞❡✉① ❝♦✉r❜❡s α ❡t β✳ ❯♥❡ ❞é✜♥✐t✐♦♥ ♣❧✉s
r✐❣♦✉r❡✉s❡ ❞❡ ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❝♦♥s✐st❡ à ❛ss♦❝✐❡r à ❝❤❛q✉❡ ❝♦✉r❜❡ ❢❡r♠é❡ α ✉♥❡ 1✲
❢♦r♠❡ ❞✐✛ér❡♥t✐❡❧❧❡ ωα ♣❛r ❞✉❛❧✐té ❞❡ P♦✐♥❝❛ré✳ ▲✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞❡ α ❡t β s❡ ❞é✜♥✐t
❛❧♦rs ❝♦♠♠❡ ■♥t(α, β) =

∫
X
ωα ∧ ωβ✳ ❋♦r♠✉❧é ❛✉tr❡♠❡♥t✱ ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ❡♥ ❤♦♠♦✲

❧♦❣✐❡ ❡st P♦✐♥❝❛ré ❞✉❛❧❡ ❛✉ ♣r♦❞✉✐t ❡①tér✐❡✉r ❡♥ ❝♦❤♦♠♦❧♦❣✐❡✳ ❈❡tt❡ ❞é✜♥✐t✐♦♥ s✬ét❡♥❞ ❛✉①

✶✹



α

β

α

β

IntP (α, β) = +1 IntP (α, β) = −1

PP

❋✐❣✉r❡ ✶✳✷ ✕ ❙✐❣♥❡ ❡♥ ✉♥ ♣♦✐♥t ❞✬✐♥t❡rs❡❝t✐♦♥✳

❋✐❣✉r❡ ✶✳✸ ✕ ❉❛♥s ❝❡t ❡①❡♠♣❧❡ ■♥tgeom(α, α) = 1✳

✈❛r✐étés ❞❡ ❞✐♠❡♥s✐♦♥ ♣❛✐r❡ ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ❢♦r♠❡ ❞✬✐♥t❡rs❡❝t✐♦♥ s✉r ❧❡ ❣r♦✉♣❡ ❞✬❤♦♠♦❧♦❣✐❡
❞✬♦r❞r❡ ❧❛ ♠♦✐t✐é ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥✳ ❚♦✉t❡❢♦✐s✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ❞❛♥s ❝❡ t❡①t❡ s❡✉❧❡♠❡♥t
❛✉ ❝❛s ❞❡s s✉r❢❛❝❡s✱ ❡t ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧✬✐♥t❡rs❡❝t✐♦♥ ❛❧❣é❜r✐q✉❡ ♣♦✉r ❞❡s ❝♦✉r❜❡s ❡♥ ♣♦s✐t✐♦♥
tr❛♥s✈❡rs❡ ❡♥ ❝♦♠♣t❛♥t ❝❤❛q✉❡ ♣♦✐♥t ❞✬✐♥t❡rs❡❝t✐♦♥ ❛✈❡❝ ✉♥ s✐❣♥❡ ♥♦✉s s✉✣r❛✳

❆✈❡❝ ✉♥❡ t❡❧❧❡ ❞é✜♥✐t✐♦♥✱ ♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r s✬✐❧ ❡st ♣♦ss✐❜❧❡ ♣♦✉r ❞❡✉① ❝♦✉r❜❡s ❞❡ ❧♦♥✲
❣✉❡✉r ❞♦♥♥é❡ ❞✬❛✈♦✐r ✉♥❡ ✐♥t❡rs❡❝t✐♦♥ ❛r❜✐tr❛✐r❡♠❡♥t ❣r❛♥❞❡✳ ❈❡❧❛ ♥é❝❡ss✐t❡ ❜✐❡♥ sûr ❞✬❛✈♦✐r
❞é✜♥✐ ✉♥ ♠♦②❡♥ ❞❡ ♠❡s✉r❡r ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❝♦✉r❜❡s✳ ❖♥ s✉♣♣♦s❡ ❞♦♥❝ ✐❝✐ q✉✬♦♥ ❛ ✉♥❡ ♠é✲
tr✐q✉❡ ✭✐❝✐✱ r✐❡♠❛♥♥✐❡♥♥❡ ❛✈❡❝ é✈❡♥t✉❡❧❧❡♠❡♥t ❞❡s s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s ✐s♦❧é❡s✮ q✉✐ ♥♦✉s ❧❡
♣❡r♠❡tt❡✳

Pr❡♥♦♥s ♣❛r ❡①❡♠♣❧❡ ❧❡ ❝❛s ♦ù ❧❛ s✉r❢❛❝❡ X ❡st ✉♥ t♦r❡ ❛✈❡❝ ❧❛ ♠étr✐q✉❡ ✐♥❞✉✐t❡ s✉r ❧❛
s✉r❢❛❝❡ ♣❛r r❡str✐❝t✐♦♥ ❞❡ ❧❛ ♠étr✐q✉❡ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ R3✱ ❡t ❝♦♥s✐❞ér♦♥s ❧❛ ❝♦✉r❜❡ ❢❡r♠é❡ α
❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✹✳ P♦✉r q✉✬✉♥❡ ❝♦✉r❜❡ ❢❡r♠é❡ ✐♥t❡rs❡❝t❡ ♥♦♥✲tr✐✈✐❛❧❡♠❡♥t ❧❛ ❝♦✉r❜❡
α✱ ❡❧❧❡ ❞♦✐t ❛❧♦rs ❢❛✐r❡ t♦✉t ❧❡ t♦✉r ❞❡ ❧✬❛♥s❡✱ ❞❛♥s ❧❡ s❡♥s tr❛♥s✈❡rs❡✳ P❧✉s ❣é♥ér❛❧❡♠❡♥t✱
❝❤❛q✉❡ ✐♥t❡rs❡❝t✐♦♥ ❞✬✉♥❡ ❝♦✉r❜❡ ❢❡r♠é❡ β ❛✈❡❝ α ♥é❝❡ss✐t❡ ❞❡ ❢❛✐r❡ ✉♥ t♦✉r ❞❡ ❧✬❛♥s❡✱ à
♠♦✐♥s ❞❡ r❡✈❡♥✐r ❡♥ ❛rr✐èr❡✱ ❝❡ q✉✐ r❡✈✐❡♥❞r❛✐t à ❝♦♠♣t❡r ✉♥❡ ✐♥t❡rs❡❝t✐♦♥ ♥é❣❛t✐✈❡ ✦ ❆✐♥s✐✱
♦♥ ❛ ❜❡s♦✐♥ ❞✬✉♥❡ ❝❡rt❛✐♥❡ ❧♦♥❣✉❡✉r ♣♦✉r ✐♥t❡rs❡❝t❡r ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ❢♦✐s ❧❛ ❝♦✉r❜❡ α✳
P❛r ❝♦♥tr❛♣♦sé❡✱ ✉♥❡ ❝♦✉r❜❡ β ❞✬✉♥❡ ❧♦♥❣✉❡✉r ❞♦♥♥é❡ ♥❡ ♣❡✉t ✐♥t❡rs❡❝t❡r α q✉✬✉♥ ♥♦♠❜r❡
❞❡ ❢♦✐s ♣r♦♣♦rt✐♦♥♥❡❧ à s❛ ❧♦♥❣✉❡✉r✳

P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ s✐ X ❡st ✉♥❡ s✉r❢❛❝❡ ❝♦♠♣❛❝t❡✱ ✉♥ ❛r❣✉♠❡♥t ❞❡ ❝♦♠♣❛❝✐té ❞❡ ❧❛ ❜♦✉❧❡
✉♥✐té ❞❡ ❧✬❡s♣❛❝❡ ♣r♦❥❡❝t✐❢ s✉r H1(X,R) ✭q✉✐ ❡st ❛❧♦rs ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✮
♠♦♥tr❡ q✉❡ ❞❡✉① ❝♦✉r❜❡s ❞❡ ❧♦♥❣✉❡✉r ❞♦♥♥é❡ ♥❡ ♣❡✉✈❡♥t ♣❛s s✬✐♥t❡rs❡❝t❡r ♣❧✉s ❞✬✉♥ ❝❡rt❛✐♥
♥♦♠❜r❡ ❞❡ ❢♦✐s✳ ❯♥❡ ♠❛♥✐èr❡ ❞❡ q✉❛♥t✐✜❡r ❝❡ ♣❤é♥♦♠è♥❡ ❡st ❛❧♦rs ❞❡ ❞é✜♥✐r ❧❛ q✉❛♥t✐té
s✉✐✈❛♥t❡ ✿

✶✺



α

β

❋✐❣✉r❡ ✶✳✹ ✕ ❊①❡♠♣❧❡ ❞✬✉♥ t♦r❡✳ ❈❤❛q✉❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦s✐t✐✈❡ ❛✈❡❝ α ♥é❝éss✐t❡ ❞❡ ❢❛✐r❡ t♦✉t
❧❡ t♦✉r ❞✉ t♦r❡ ❞❛♥s ❧❡ s❡♥s tr❛♥s✈❡rs❡✳

K(X) = sup
α,β

■♥t(α, β)
l(α)l(β)

♦ù ❧❡ s✉♣r❡♠✉♠ ❡st ♣r✐s s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦✉r❜❡s ❢❡r♠é❡s s✉r X✱ ❡t l(α) ✭r❡s♣✳ l(β)✮
❞és✐❣♥❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ α ✭r❡s♣✳ β✮ ♣♦✉r ❧❛ ♠étr✐q✉❡ ❝♦♥s✐❞éré❡✳ ❊♥ ♣r❛t✐q✉❡✱ ♣✉✐sq✉✬♦♥ ✈❡✉t
♠❛①✐♠✐s❡r ❧✬✐♥t❡rs❡❝t✐♦♥ ♣❛r ✉♥✐té ❞❡ ❧♦♥❣✉❡✉r✱ ♦♥ ♣❡✉t s❡ r❡str❡✐♥❞r❡ ❛✉ ❝❛s ♦ù α ❡t β
s♦♥t ❞❡s ❣é♦❞és✐q✉❡s ❢❡r♠é❡s✱ ❡t ♠ê♠❡ ❞❡s ❣é♦❞és✐q✉❡s ❢❡r♠é❡s s✐♠♣❧❡s ♣❛r ✉♥ ❛r❣✉♠❡♥t ❞❡
✧❝♦♥✈❡①✐té✧✱ ✈♦✐r ❬▼▼✶✹✱ ▲❡♠♠❡ ✸✳✶❪✳

■❧ ❡st à ♥♦t❡r q✉✬✉♥❡ t❡❧❧❡ q✉❛♥t✐té ❛ é❣❛❧❡♠❡♥t été ré❝❡♠♠❡♥t ét✉❞✐é❡ ❞❛♥s ❧❡ ❝❛s ❞❡
❧✬✐♥t❡rs❡❝t✐♦♥ ❣é♦♠étr✐q✉❡✱ ✈♦✐r ❬❚♦r✷✸❪✳ ❖♥ ✈❡rr❛ ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ s✉✐✈❛♥t q✉❡❧q✉❡s ♠♦t✐✲
✈❛t✐♦♥s q✉✐ ♥♦✉s ❢♦♥t ❝♦♥s✐❞ér❡r ❝❡tt❡ q✉❛♥t✐té ♣❧✉tôt q✉✬✉♥❡ ❛✉tr❡✱ ♥♦t❛♠♠❡♥t ❧❡ ❧✐❡♥ ❛✈❡❝
❧❛ ♥♦r♠❡ st❛❜❧❡✱ ♠❛✐s ♦♥ ♣❡✉t ❞✬♦r❡s ❡t ❞é❥à ♥♦t❡r ✉♥ r❛♣♣♦rt ❞❡ ♣r♦♣♦rt✐♦♥♥❛❧✐té ❡♥tr❡
❧✬✐♥t❡rs❡❝t✐♦♥ ❛✈❡❝ α ❡t ❧❛ ❧♦♥❣✉❡✉r ❞❡ β ✭♣♦✉r α ✜①é✮✱ ❝♦♠♠❡ ✐❧❧✉stré ❞❛♥s ❧✬❡①❡♠♣❧❡ ❞✉
t♦r❡✳

❊♥ ♣r❛t✐q✉❡✱ ♣♦✉r ❝♦♠♣❛r❡r ❧❛ ✈❛❧❡✉r ❞❡ ❑ ♣♦✉r ❞❡✉① s✉r❢❛❝❡s ❞✐✛ér❡♥t❡s✱ ✐❧ ❡st ✉t✐❧❡ ❞❡
♥♦r♠❛❧✐s❡r ❝❡tt❡ q✉❛♥t✐té ❡♥ ♠✉❧t✐♣❧✐❛♥t ♣❛r ❧❡ ✈♦❧✉♠❡ ❞❡ ❧❛ s✉r❢❛❝❡✱ ❧♦rsq✉❡ ❝❡ ❞❡r♥✐❡r ❡st
❜✐❡♥ ❞é✜♥✐ ❡t ✜♥✐✳ ❖♥ ❞é✜♥✐t ❛❧♦rs ✿

❑❱♦❧(X) = ❱♦❧(X) · sup
α,β

■♥t(α, β)
l(α)l(β)

❞❡ s♦rt❡ q✉❡ ❑❱♦❧ s♦✐t ✐♥✈❛r✐❛♥t ♣❛r ❞✐❧❛t❛t✐♦♥ ❞❡ ❧❛ s✉r❢❛❝❡✳

✶✳✶✳✷ ▼♦t✐✈❛t✐♦♥s ❡t ❤✐st♦r✐q✉❡

❈♦♠♣❛r❛✐s♦♥ ❞❡ ♥♦r♠❡s ❡♥ ❤♦♠♦❧♦❣✐❡

▲❛ ♣r❡♠✐èr❡ ♦❝❝✉rr❡♥❝❡ ❝♦♥♥✉❡ ❞❡ ❧✬❛✉t❡✉r ❞❡ ❑ ♦✉ ❞❡ ❑❱♦❧ r❡♠♦♥t❡ à ❧✬ét✉❞❡ ❞❡ ❧❛
♥♦r♠❡ st❛❜❧❡ ❞✬✉♥❡ s✉r❢❛❝❡ ❢❡r♠é❡ ♠✉♥✐❡ ❞✬✉♥❡ ♠étr✐q✉❡ ❘✐❡♠❛♥✐❡♥♥❡ ♣❛r ❉✳ ▼❛ss❛rt ❞❛♥s
s❛ t❤ès❡ ❬▼❛s✾✼❪✳ ❑ ❛♣♣❛r❛ît ❛❧♦rs ❝♦♠♠❡ ❝♦♥st❛♥t❡ ❞❡ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❧❛ ♥♦r♠❡ st❛❜❧❡
∥ · ∥s ❡t ❧❛ ♥♦r♠❡ L2 ∥ · ∥2✱ ❞❡✉① ♥♦r♠❡s ❞é✜♥✐❡s s✉r H1(X,R)✳ P✉✐sq✉❡ H1(X,R) ❡st ✉♥
R✲❡s♣❛❝❡ ✈❡❝t♦r✐❡❧ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✱ ❧❡s ❞❡✉① ♥♦r♠❡s s♦♥t éq✉✐✈❛❧❡♥t❡s✳ ▲❛ r❡❧❛t✐♦♥ ❡♥tr❡
❧❡s ❞❡✉① ♥♦r♠❡s s✬é♥♦♥❝❡ ❛❧♦rs ❝♦♠♠❡ s✉✐t ✿

✶✻



❚❤é♦rè♠❡ ✶✳✶✳✶ ✭❬▼❛s✾✼❪ ❡t ❬▼▼✶✹❪✮✳ ❖♥ s✉♣♣♦s❡ q✉❡ X ❡st ✉♥❡ s✉r❢❛❝❡ ❢❡r♠é❡ ♠✉♥✐❡
❞✬✉♥❡ ♠étr✐q✉❡ ❘✐❡♠❛♥✐❡♥♥❡✳ ❆❧♦rs ♣♦✉r t♦✉t h ∈ H1(X,R)✱ ♦♥ ❛

∥h∥s ≤
√
❱♦❧(X)∥h∥2 ≤ ❑❱♦❧(X)∥h∥s

❉❡ ♣❧✉s✱ ❝❡s ❜♦r♥❡s s♦♥t ♦♣t✐♠❛❧❡s✳

❆✈❛♥t ❞❡ ❞♦♥♥❡r ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡ ❝❡ rés✉❧t❛t✱ ❝♦♠♠❡♥ç♦♥s ♣❛r ❞♦♥♥❡r
✉♥❡ ❞é✜♥✐t✐♦♥ ✐♥❢♦r♠❡❧❧❡ ❞❡s ❞❡✉① ♥♦r♠❡s ❡♥ q✉❡st✐♦♥✳

▲❛ ♥♦r♠❡ st❛❜❧❡✳ ▲❛ ♥♦r♠❡ st❛❜❧❡ ♣❡✉t s❡ ❞é✜♥✐r ❞❡ ♣❧✉s✐❡✉rs ♠❛♥✐èr❡s✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡
s✉r❢❛❝❡ ❝♦♠♣❛❝t❡ ♦r✐❡♥t❛❜❧❡ s❛♥s ❜♦r❞ ❞❡ ❣❡♥r❡ g ≥ 1 ♠✉♥✐ ❞✬✉♥❡ ♠étr✐q✉❡ r✐❡♠❛♥♥✐❡♥♥❡✱
♦♥ ♣❡✉t ✉t✐❧✐s❡r ❧❛ ❞é✜♥✐t✐♦♥ s✉✐✈❛♥t❡✱ ✈♦✐r ❬▼❛s✾✼❪ ✿

❉é✜♥✐t✐♦♥ ✶✳✶✳✷ ✭◆♦r♠❡ st❛❜❧❡ s✉rH1(X,Z)✮✳ ➱t❛♥t ❞♦♥♥é❡ ✉♥❡ ❝♦✉r❜❡ ❢❡r♠é❡ γ✱ ♦♥ ❞é✜♥✐t
∥γ∥ ❝♦♠♠❡ ❧❛ ♣❧✉s ♣❡t✐t❡ ❧♦♥❣✉❡✉r ❞❡s r❡♣rés❡♥t❛♥ts ❞❡ ❧❛ ❝❧❛ss❡ γ✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r ✉♥❡
s✉r❢❛❝❡ à ❝♦✉r❜✉r❡ ♥é❣❛t✐✈❡ ♦✉ ♥✉❧❧❡✱ ❧❛ ♥♦r♠❡ st❛❜❧❡ ❞✬✉♥❡ ❝❧❛ss❡ ❞✬❤♦♠♦❧♦❣✐❡ ❡♥t✐èr❡ ❡st
❥✉st❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬✉♥ r❡♣rés❡♥t❛♥t ❣é♦❞és✐q✉❡✳
P♦✉r ✉♥❡ ❝❧❛ss❡ ❞✬❤♦♠♦❧♦❣✐❡ ❡♥t✐èr❡ γ =

∑
ri[γi] ✭❧❡s ❝♦❡✣❝✐❡♥ts ri ét❛♥t ❞❡s ❡♥t✐❡rs r❡❧❛t✐❢s

❡t ❧❡s γi ❞❡s ❝♦✉r❜❡s ❢❡r♠é❡s✮✱ ♦♥ ❞é✜♥✐t ∥γ∥s :=
∑

ri∥γi∥s✳

❖♥ ét❡♥❞ ❛❧♦rs ❝❡tt❡ ❞é✜♥✐t✐♦♥ àH1(X,R) ♣❛r ❞❡♥s✐té ❞❡s ❝❧❛ss❡s ❞✬❤♦♠♦❧♦❣✐❡ r❛t✐♦♥♥❡❧❧❡s✳

▲❛ ♥♦r♠❡ L2✳ ❉❡ s♦♥ ❝ôté✱ ❧❛ ♥♦r♠❡ L2 ❡st ♣❧✉s ♥❛t✉r❡❧❧❡ à ❞é✜♥✐r ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❝❧❛ss❡s
❞❡ ❝♦❤♦♠♦❧♦❣✐❡✳ ➱t❛♥t ❞♦♥♥é ✉♥❡ ✶✲❢♦r♠❡ ❞✐✛ér❡♥t✐❡❧❧❡ ω✱ ♦♥ ❞é✜♥✐t ✿

∥ω∥2 =
∫

X

∥ωx∥2dVol(x)

❖♥ ét❡♥❞ ❛❧♦rs ❝❡tt❡ ❞é✜♥✐t✐♦♥ ❛✉① ❝❧❛ss❡s ❞❡ ❝♦❤♦♠♦❧♦❣✐❡ ❡♥ ♣♦s❛♥t✱ ♣♦✉r c ∈ H1(X,R)✱
∥c∥2 := inf [ω]=c ∥ω∥2✳ ❈❡tt❡ ♥♦r♠❡ ❡st ❛✉ss✐ ❛♣♣❡❧é❡ ♥♦r♠❡ ❞❡ ❍♦❞❣❡✱ ❝❛r ❧✬✐♥✜♠✉♠ ❞❛♥s ❧❛
❞é✜♥✐t✐♦♥ ❡st ❡♥ ❢❛✐t ✉♥ ♠✐♥✐♠✉♠✱ ❡t ✐❧ ❡st ré❛❧✐sé ♣❛r ❧✬✉♥✐q✉❡ 1✲❢♦r♠❡ ❤❛r♠♦♥✐q✉❡ ❞❡ ❧❛
❝❧❛ss❡ ❞❡ ❝♦❤♦♠♦❧♦❣✐❡ ❬●❍✾✹❪✳ ▲❛ ♥♦r♠❡ L2 ❡♥ ❝♦❤♦♠♦❧♦❣✐❡ ✐♥❞✉✐t ✉♥❡ ♥♦r♠❡ ❡♥ ❤♦♠♦❧♦❣✐❡
♣❛r ❞✉❛❧✐té ❞❡ P♦✐♥❝❛ré ✭é❣❛❧❡♠❡♥t ❛♣♣❡❧é❡ ♥♦r♠❡ L2✮✳

P♦✉r ✐♥t❡r♣rét❡r ❑❱♦❧ ❡♥ t❛♥t q✉❡ ❝♦♥st❛♥t❡ ❞❡ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ♥♦r♠❡s st❛❜❧❡s ❡t L2✱ ♦♥
♣❡✉t s✬✐♥tér❡ss❡r à ❧❛ ❜♦✉❧❡ ✉♥✐té ❞❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡s ♥♦r♠❡s✳ ▲❛ ♥♦r♠❡ L2 ét❛♥t ❡✉❝❧✐❞✐❡♥♥❡✱
❧❛ ❜♦✉❧❡ ✉♥✐té ❡st str✐❝t❡♠❡♥t ❝♦♥✈❡①❡✳ ➚ ❧✬✐♥✈❡rs❡✱ ❧❛ ❜♦✉❧❡ ✉♥✐té ❞❡ ❧❛ ♥♦r♠❡ st❛❜❧❡ ❡st
❣é♥ér❛❧❡♠❡♥t ❜✐❡♥ ♣❧✉s s❛✉✈❛❣❡✱ ✈♦✐r ❬▼❛s✾✼❪✳ ◆♦t♦♥s q✉❡ ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ❜♦✉❧❡ ✉♥✐té ❞❡ ❧❛
♥♦r♠❡ st❛❜❧❡ ❞❡ t♦r❡s ♣❧❛ts ❢❡♥❞✉s ❛ ré❝❡♠♠❡♥t été ét✉❞✐é❡ ♣❛r P✳ ▼♦♥t❡❛❧❡❣r❡✳

▲✬❡①❡♠♣❧❡ ❞✉ t♦r❡ ♣❧❛t

▲♦rsq✉❡ ❧❛ s✉r❢❛❝❡ ❡st ✉♥ t♦r❡ ♣❧❛t✱ ♦♥ ♣❡✉t ❢❛❝✐❧❡♠❡♥t ❝❛❧❝✉❧❡r ❑❱♦❧ ✿ ✉♥ t❡❧ t♦r❡ ♣❡✉t êtr❡
r❡♣rés❡♥té ❝♦♠♠❡ ✉♥ ❝②❧✐♥❞r❡ ❞❛♥s R3 ❞♦♥t ♦♥ ✐❞❡♥t✐✜❡ ❧❡s ❞❡✉① ❡①tré♠✐tés ✭é✈❡♥t✉❡❧❧❡♠❡♥t
❛✈❡❝ ✉♥❡ r♦t❛t✐♦♥✱ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ✧t✇✐st✧✮✳ ❊♥ ♣r❡♥❛♥t α ❝♦♠♠❡ ❧✬✉♥ ❞❡s ❝❡r❝❧❡s tr❛♥s✈❡rs❡s

✶✼



❛✉ ❝②❧✐♥❞r❡ ❡t β ✉♥❡ ❝♦✉r❜❡ tr❛✈❡rs❛♥t ✉♥❡ ❢♦✐s ❧❡ ❝②❧✐♥❞r❡ ✭❞❛♥s ❧❡ ❝❛s ♦ù ✐❧ ♥✬② ❛ ♣❛s ❞❡ t✇✐st✱
✉♥❡ t❡❧❧❡ ❝♦✉r❜❡ ❡st ❢❡r♠é❡✮✱ ♦♥ ❛ ❡①❛❝t❡♠❡♥t ✉♥❡ ✐♥t❡rs❡❝t✐♦♥ ❡t l(α)l(β) ❡st ❡①❛❝t❡♠❡♥t
❧✬❛✐r❡ ❞✉ t♦r❡✱ ❞❡ s♦rt❡ q✉❡✱ s✐ X ❞és✐❣♥❡ ♥♦tr❡ t♦r❡ ♣❧❛t✱ ♦♥ ❛

■♥t(α, β)
l(α)l(β)

=
1

Aire(X)

❊♥ ❢❛✐t✱ ❝❡❝✐ ❡st ❛✉ss✐ ✈r❛✐ ❧♦rsq✉❡ ❧❡ t♦r❡ ♣♦ssè❞❡ ✉♥ t✇✐st ♥♦♥ ♥✉❧ ✿ s✐ ❧❡ t✇✐st ❡st r❛t✐♦♥♥❡❧✱
♦♥ ♣❡✉t ❝♦♥t✐♥✉❡r à tr❛✈❡rs❡r ❧❡ ❝②❧✐♥❞r❡ ❥✉sq✉✬à ❝❡ q✉❡ ❧❛ ❝♦✉r❜❡ s❡ r❡❢❡r♠❡ ❀ ❡t s✐ ❧❡ t✇✐st
❡st ✐rr❛t✐♦♥♥❡❧✱ ♦♥ ♣❡✉t ❝♦♥t✐♥✉❡r à ❢❛✐r❡ ❞❡s tr❛✈❡rsé❡s ❞✉ ❝②❧✐♥❞r❡ ❥✉sq✉✬à ❝❡ q✉❡ ❧❛ ❝♦✉r❜❡
❞❡✈✐❡♥♥❡ très ♣r♦❝❤❡ ❞❡ s❡ r❡❢❡r♠❡r ✭❞❡ s♦rt❡ q✉✬♦♥ ♣❡✉t ❧❛ r❡❢❡r♠❡r ❛✈❡❝ ✉♥❡ t♦✉t❡ ♣❡t✐t❡
❧♦♥❣✉❡✉r✮✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ✉♥❡ s✉✐t❡ βn ❞❡ ❝♦✉r❜❡s ❢❡r♠é❡s ✭❡♥ r❡❢❡r♠❛♥t ❧❛ ❝♦✉r❜❡ ❛♣rès n
t♦✉rs✮ t❡❧❧❡ q✉❡ ✿

■♥t(α, βn)

l(α)l(βn)
−−−→
n→∞

1

Aire(tore)
.

α
β

α
β

❋✐❣✉r❡ ✶✳✺ ✕ ❊①❡♠♣❧❡s ❞❡ ♣❛✐r❡s ❞❡ ❝♦✉r❜❡s ♠❛①✐♠✐s❛♥t ❧❡ r❛♣♣♦rt ❞✬✐♥t❡rs❡❝t✐♦♥ ❞✐✈✐sé
♣❛r ❧❡ ♣r♦❞✉✐t ❞❡s ❧♦♥❣✉❡✉rs ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ t♦r❡ ❝❛rré ✭à ❣❛✉❝❤❡✮ ❡t ❞✬✉♥ t♦r❡ ❛✈❡❝ t✇✐st
r❛t✐♦♥♥❡❧ ✭à ❞r♦✐t❡✮✳

P♦✉r ❝❡ ❝❤♦✐① ❞❡ α✱ ✐❧ ❡st ❝❧❛✐r q✉✬♦♥ ♥❡ ♣❡✉t ♣❛s ♦❜t❡♥✐r ❞❡ ♣❧✉s ❣r❛♥❞s r❛♣♣♦rts✳ ❊♥
❢❛✐t✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ❝✬❡st ❧❡ ♠❡✐❧❧❡✉r r❛♣♣♦rt q✉❡ ❧✬♦♥ ♣✉✐ss❡ ♦❜t❡♥✐r✱ q✉❡❧❧❡s q✉❡ s♦✐❡♥t
❧❡s ❝♦✉r❜❡s α ❡t β ❝❤♦✐s✐❡s✳ ❯♥❡ ♣❡rs♦♥♥❡ ❢❛♠✐❧✐èr❡ ❛✈❡❝ ❧❛ ❣é♦♠étr✐❡ ❞❡s t♦r❡s ♣❧❛ts ♣♦✉rr❛✐t
r❡♠❛rq✉❡r q✉✬✐❧ s✉✣t✱ ét❛♥t ❞♦♥♥é ✉♥❡ ❣é♦❞és✐q✉❡ α✱ ❞❡ ❞é❝♦✉♣❡r ❧❡ t♦r❡ ❧❡ ❧♦♥❣ ❞❡ α ♣♦✉r
♦❜t❡♥✐r ✉♥ ❝②❧✐♥❞r❡ ♣❧❛t✱ ❝❡ q✉✐ ♥♦✉s ♣❡r♠❡t ❞✬❛♣♣❧✐q✉❡r ❧❡ ♠ê♠❡ ❛r❣✉♠❡♥t✳ ❈❡❝✐ ♥♦✉s ♣❡r♠❡t
❞❡ ❝♦♥❝❧✉r❡ q✉❡

❑❱♦❧(X) = 1.

❈❡ rés✉❧t❛t ♥✬❛ r✐❡♥ ❞✬❛♥♦❞✐♥✱ ❝❛r ❞❛♥s ❧❡ ❝❛s ❞❡s t♦r❡s ♣❧❛ts ❧❛ ♥♦r♠❡ st❛❜❧❡ ❝♦ï♥❝✐❞❡
❛✈❡❝ ❧❛ ♥♦r♠❡ L2 ✭à ♥♦r♠❛❧✐s❛t✐♦♥ ♣rès✮✳ ❊♥ ❢❛✐t✱ ❝✬❡st ❧❡ s❡✉❧ ❝❛s ♦ù ❝❡❧❛ ❛rr✐✈❡ ✿
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❚❤é♦rè♠❡ ✶✳✶✳✸ ✭❬▼▼✶✹❪✮✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ❝♦♠♣❛❝t❡✱ ♦r✐❡♥t❛❜❧❡✱ s❛♥s ❜♦r❞ ❞❡ ❣❡♥r❡
g ≥ 1 ❡t ♠✉♥✐ ❞✬✉♥❡ ♠étr✐q✉❡ r✐❡♠❛♥♥✐❡♥♥❡✳ ❆❧♦rs

❑❱♦❧(X) ≥ 1

❛✈❡❝ é❣❛❧✐té s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❳ ❡st ✉♥ t♦r❡ ❡t ❧❛ ♠étr✐q✉❡ ❡st ♣❧❛t❡✳

❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ ❧✬✐♥é❣❛❧✐té s✉r ❑❱♦❧ ❞é❝♦✉❧❡ ❞✐r❡❝t❡♠❡♥t ❞✉ ❚❤é♦rè♠❡ ✶✳✶✳✶✳
▲✬❛♣♣♦rt ❞✉ ❚❤é♦rè♠❡ ✶✳✶✳✸ ❡st ❞❡ ❞✐r❡ q✉❡ ❧❛ ♥♦r♠❡ st❛❜❧❡ ❡t ❧❛ ♥♦r♠❡ L2 ❝♦ï♥❝✐❞❡♥t s✐ ❡t
s❡✉❧❡♠❡♥t s✐ ❧❛ s✉r❢❛❝❡ ❡st ✉♥ t♦r❡ ♣❧❛t✳ ❈❡ rés✉❧t❛t ❞é❝♦✉❧❡ ❞✉ ❢❛✐t q✉❡ ❧❡s ❢♦r♠❡s ❤❛r♠♦♥✐q✉❡s
s♦♥t ❞❡ ♥♦r♠❡ ❝♦♥st❛♥t❡ ✉♥✐q✉❡♠❡♥t ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ t♦r❡ ♣❧❛t✱ ✈♦✐r ❬❇❑✵✹❪✳

✶✳✶✳✸ ◗✉❡❧q✉❡s q✉❡st✐♦♥s

▲❡s ♣❛r❛❣r❛♣❤❡s ♣ré❝é❞❡♥ts✱ ❡t ♥♦t❛♠♠❡♥t ❧✬❡①❡♠♣❧❡ ❞✉ t♦r❡ ♣❧❛t✱ s✉s❝✐t❡♥t ✉♥ ❝❡rt❛✐♥
♥♦♠❜r❡ ❞❡ q✉❡st✐♦♥s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r ✿

◗✉❡st✐♦♥ ✶✳✶✳✹✳ P❡✉t✲♦♥ ❝❛❧❝✉❧❡r ❡①♣❧✐❝✐t❡♠❡♥t ❑❱♦❧ ♣♦✉r ❞✬❛✉tr❡s ❢❛♠✐❧❧❡s ❞❡ s✉r❢❛❝❡s ❄

❊♥ ❣é♥ér❛❧✱ ❧❡ s✉♣r❡♠✉♠ ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❑❱♦❧ r❡♥❞ ❧❡ ❝❛❧❝✉❧ ❡①♣❧✐❝✐t❡ ❞✐✣❝✐❧❡✱ ❝❛r
♦♥ ♣♦✉rr❛✐t ✐♠❛❣✐♥❡r q✉❡ ❧❡ s✉♣r❡♠✉♠ ♥✬❡st ♣❛s ✉♥ ♠❛①✐♠✉♠✱ ❝✬❡st✲à✲❞✐r❡ q✉❡ ❧❡s ♣❛✐r❡s ❞❡
❝♦✉r❜❡s q✉✐ ♣❡r♠❡tt❡♥t ❞❡ s✬❛♣♣r♦❝❤❡r ❞❡ ❑❱♦❧ s♦♥t ❞❡s ❝♦✉r❜❡s ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❧♦♥❣✉❡s
♠❛✐s q✉✐ s✬✐♥t❡rs❡❝t❡♥t ❜❡❛✉❝♦✉♣✳

❊♥ ❢❛✐t✱ ❧✬❛r❣✉♠❡♥t ❡sq✉✐ssé ❞❛♥s ❧✬❡①❡♠♣❧❡ ❞✉ t♦r❡ ♣❧❛t ♣❡r♠❡t ❞❡ ❝❛❧❝✉❧❡r ❑❱♦❧ s✉r
❝❡rt❛✐♥❡s s✉r❢❛❝❡s✱ à s❛✈♦✐r ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❛②❛♥t ✉♥ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r ♣❛r✲
t✐❝✉❧✐èr❡♠❡♥t s②♠étr✐q✉❡✳ ▲❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ s♦♥t ❞❡s s✉r❢❛❝❡s ♣❧❛t❡s à s✐♥❣✉❧❛r✐tés
❝♦♥✐q✉❡s✱ ❡❧❧❡s s❡r♦♥t ❞é✜♥✐❡s à ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✳ ◆♦✉s ✈❡rr♦♥s q✉❡ ❧❛ ❣é♦♠étr✐❡ ❞❡s s✉r❢❛❝❡s
❞❡ tr❛♥s❧❛t✐♦♥ r❡ss❡♠❜❧❡ à ❝❡❧❧❡ ❞❡s t♦r❡s ♣❧❛ts ❛✈❡❝ ♥♦t❛♠♠❡♥t ✉♥❡ ♥♦t✐♦♥ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥
❡♥ ❝②❧✐♥❞r❡s✳ ❈✬❡st ❝❡tt❡ q✉❡st✐♦♥ ❞✉ ❝❛❧❝✉❧ ❡①♣❧✐❝✐t❡ ❞❡ ❑❱♦❧ q✉✐ ❛ ♦r✐❡♥té ❧❡s tr❛✈❛✉① ❞❡
❙✳ ❈❤❡❜♦✉✐✱ ❆✳ ❑❡ss✐ ❡t ❉✳ ▼❛ss❛rt ❞❛♥s ❬❈❑▼✷✶❛❪ ❡t ❬❈❑▼✷✶❜❪✱ ❛✐♥s✐ q✉❡ ❧❡ tr❛✈❛✐❧ ❞❡ ❝❡tt❡
t❤ès❡ ❞❛♥s ❧❡s ❈❤❛♣✐tr❡s ✷✱ ✸✱ ✹ ❡t ✺✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ ♠ét❤♦❞❡ q✉✐ ♣❡r♠❡t
❞❡ ❝❛❧❝✉❧❡r ❑❱♦❧ s✉r ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞❡ ♣♦❧②❣♦♥❡s
s❡♠✐✲ré❣✉❧✐❡rs✱ ❧❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r ✭à ✉♥❡ s✐♥❣✉❧❛r✐té✮✳ ❖♥ ✈❡rr❛ é❣❛❧❡♠❡♥t ❝♦♠♠❡♥t
ét❡♥❞r❡ ❧❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ à ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r ❡♥ ✉t✐❧✐s❛♥t ❧❡✉rs
s②♠étr✐❡s✳

❯♥❡ ❛✉tr❡ q✉❡st✐♦♥ ✐♥tér❡ss❛♥t❡ ❡st ❧❛ s✉✐✈❛♥t❡ ✿

◗✉❡st✐♦♥ ✶✳✶✳✺✳ ➚ q✉❡❧❧❡✭s✮ ❝♦♥❞✐t✐♦♥✭s✮ ❧❡ s✉♣r❡♠✉♠ ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❑❱♦❧ ❡st✲✐❧ ✉♥
♠❛①✐♠✉♠❄

❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r q✉❡❧s s♦♥t ❧❡s ❝❛s ♦ù ❑❱♦❧ ❡st ♣❧✉tôt ré❛❧✐sé
♣❛r ❞❡s ♣❛✐r❡s ❞❡ ❝♦✉r❜❡s r❡❧❛t✐✈❡♠❡♥t ❝♦✉rt❡s s✬✐♥t❡rs❡❝t❛♥t ♣❡✉ ♦✉ ❜✐❡♥ ♣❛r ❞❡s ♣❛✐r❡s ❞❡
❝♦✉r❜❡s ❛✈❡❝ ❧✬✉♥❡ ❛✉ ♠♦✐♥s ❞♦♥t ❧❛ ❧♦♥❣✉❡✉r t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐ ♠❛✐s q✉✐ s✬✐♥t❡rs❡❝t❡♥t ❜❡❛✉✲
❝♦✉♣ ❞❡ ❢♦✐s✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥ t♦r❡ ♣❧❛t✱ ♦♥ ❛ ✈✉ q✉❡ ❑❱♦❧ ❡st ré❛❧✐sé ♣❛r ✉♥❡ ♣❛✐r❡ ❞❡ ❝♦✉r❜❡s
❡①♣❧✐❝✐t❡ ❧♦rsq✉❡ ❧❡ t✇✐st ❡st r❛t✐♦♥♥❡❧✱ ❛❧♦rs q✉❡ ❧❡ s✉♣r❡♠✉♠ ♥✬❡st ♣❛s ✉♥ ♠❛①✐♠✉♠ ❧♦rsq✉❡
❧❡ t✇✐st ❡st ✐rr❛t✐♦♥♥❡❧✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ♣❧✉s ❣r❛♥❞ ❣❡♥r❡✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❝❡
♣❤é♥♦♠è♥❡ ♥❡ s❡ ♣r♦❞✉✐s❡ ♣❧✉s✱ ❝❛r ✉♥❡ ❣é♦❞és✐q✉❡ ❧♦♥❣✉❡ tr❛✈❡rs❛♥t ✉♥ ❝②❧✐♥❞r❡ ❛✉r❛ t❡♥✲
❞❛♥❝❡ à s♦rt✐r ❞✉ ❝②❧✐♥❞r❡ ❡t à ❛❧❧❡r s❡ ♣r♦♠❡♥❡r ❞❛♥s ❞✬❛✉tr❡s ♣❛rt✐❡s ❞❡ ❧❛ s✉r❢❛❝❡✱ ♣❡r❞❛♥t

✶✾



❜❡❛✉❝♦✉♣ ❞❡ ❧♦♥❣✉❡✉r s❛♥s ❣❛❣♥❡r ❞✬✐♥t❡rs❡❝t✐♦♥✳ ❈✬❡st ♥♦t❛♠♠❡♥t ❧❡ ❝❛s ♣♦✉r ❧❡s s✉r❢❛❝❡s
❞✐t❡s ❞❡ ❱❡❡❝❤✱ ♣♦✉r ❧❡sq✉❡❧❧❡s ✉♥ ❢❡✉✐❧❧❡t❛❣❡ ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ♥♦♥✲♣ér✐♦❞✐q✉❡ ❡st t♦✉❥♦✉rs
✉♥✐q✉❡♠❡♥t ❡r❣♦❞✐q✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❑❱♦❧ ❡st t♦✉❥♦✉rs ✉♥ ♠❛①✐♠✉♠ ♣♦✉r ✉♥❡ s✉r❢❛❝❡ ❞❡
❱❡❡❝❤ ❞❡ ❣❡♥r❡ ❛✉ ♠♦✐♥s ❞❡✉①✳ ❖♥ ✈❡rr❛ ♣❛r ❡①❡♠♣❧❡ q✉❡ ♣♦✉r ❧❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r
à ✉♥❡ s✐♥❣✉❧❛r✐té✱ ❑❱♦❧ ❡st t♦✉❥♦✉rs ré❛❧✐sé ♣❛r ✉♥❡ ♣❛✐r❡ ❞❡ s②st♦❧❡s q✉✐ s✬✐♥t❡rs❡❝t❡♥t ✉♥❡ ❢♦✐s✳

❉❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ♦♥ ♣❡✉t ❝❤❡r❝❤❡r à ❝♦♠♣❛r❡r ❑❱♦❧ ❡t ❧❡ ✈♦❧✉♠❡ s②st♦❧✐q✉❡ ❞é✜♥✐
♣❛r ✿

Volsys(X) = ❱♦❧(X) · sup
α

1

l(α)2

❧❡ s✉♣r❡♠✉♠ ♣♦rt❛♥t s✉r t♦✉t❡s ❧❡s ❝♦✉r❜❡s ❢❡r♠é❡s ❡t ❤♦♠♦❧♦❣✐q✉❡♠❡♥t ♥♦♥✲tr✐✈✐❛❧❡s✳ ❯♥❡
❝♦✉r❜❡ α ♠❛①✐♠✐s❛♥t ❧❡ s✉♣r❡♠✉♠ ❡st ❛♣♣❡❧é❡ ✉♥❡ s②st♦❧❡ ✭❤♦♠♦❧♦❣✐q✉❡✮ ❡t ♦♥ ♥♦t❡ sys(X)
❧❛ ❧♦♥❣✉❡✉r ❞✬✉♥❡ t❡❧❧❡ s②st♦❧❡✳ ❯♥ ♣r❡♠✐❡r é❧é♠❡♥t ❞❡ ré♣♦♥s❡ à ❝❡tt❡ q✉❡st✐♦♥ ❡st ❞♦♥♥é
♣❛r ❉✳ ▼❛ss❛rt ❡t ❇✳ ▼✉❡t③❡❧✱ q✉✐ ❞é♠♦♥tr❡♥t ❞❛♥s ❬▼▼✶✹❪ ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✶✳✶✳✻✳ ➱t❛♥t ❞♦♥♥é ✉♥❡ s✉r❢❛❝❡ ❢❡r♠é❡ ❞❡ ❣❡♥r❡ g ≥ 1 ♠✉♥✐❡ ❞✬✉♥❡ ♠étr✐q✉❡
r✐❡♠❛♥♥✐❡♥♥❡✱ ♦♥ ❛

❱♦❧(X)

2sys(X)diam(X)
≤ ❑❱♦❧(X) ≤ 9 · Volsys(X). ✭✶✳✶✮

♦ù diam(X) ❞és✐❣♥❡ ❧❡ ❞✐❛♠ètr❡ ❞❡ X✳

❈❡ rés✉❧t❛t✱ très ❣é♥ér❛❧ ❡t ❞♦♥t ❧❛ ❞é♠♦♥str❛t✐♦♥ ❡st é❧é♠❡♥t❛✐r❡✱ ♥✬❛ ♣❛s ❞❡ r❛✐s♦♥ ❞✬êtr❡
♦♣t✐♠❛❧✳ ❈❡♣❡♥❞❛♥t✱ ❝✬❡st ✉♥ rés✉❧t❛t ✐♥tér❡ss❛♥t ❝❛r ❧❡ ✈♦❧✉♠❡ s②st♦❧✐q✉❡ ❛ été ❧❛r❣❡♠❡♥t
ét✉❞✐é ✭✈♦✐r✱ ❡♥tr❡ ❛✉tr❡s✱ ❬●r♦✽✸❪✱ ❬❑❛♣✵✵❪✱ ❬❙❝❤✾✸❪✱ ❬❇❙✾✹❪✱ ❬❇P❙✶✷❪✱ ❬❇❛❧❪✮ P❛r ❡①❡♠♣❧❡✱
❞❡✉① s②st♦❧❡s s✉r ✉♥❡ s✉r❢❛❝❡ ❤②♣❡r❜♦❧✐q✉❡ ❢❡r♠é❡ ♥❡ s✬✐♥t❡rs❡❝t❡♥t q✉✬✉♥❡ s❡✉❧❡ ❢♦✐s ✭✈♦✐r
❬❋P✶✺❪✮✳ ▲❡ rés✉❧t❛t ❡st ❧❡ ♠ê♠❡ s✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ à ✉♥❡ s✐♥❣✉❧❛r✐té✱ ❡♥ ✉t✐❧✐s❛♥t
❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❉❡❧❛✉♥❛② ✭✈♦✐r ❬❇●✷✶❪✮✳

❉❛♥s ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s ❤②♣❡r❜♦❧✐q✉❡s ✭à ❝♦✉r❜✉r❡ ❝♦♥st❛♥t❡ ✲✶✮✱ ▼❛ss❛rt ❡t ▼✉❡t③❡❧
❞é♠♦♥tr❡♥t ✿

❚❤é♦rè♠❡ ✶✳✶✳✼ ✭❬▼▼✶✹❪✮✳ ■❧ ❡①✐st❡ ❞❡s ❝♦♥st❛♥t❡s A(g), B(g) > 0 ❞é♣❡♥❞❛♥t ✉♥✐q✉❡♠❡♥t
❞✉ ❣❡♥r❡ g ❞❡ ❧❛ s✉r❢❛❝❡ X✱ ❡t t❡❧❧❡ q✉❡✱ ❞ès q✉❡ sys(X) ❡st s✉✣s❛♠♠❡♥t ♣❡t✐t✱ ♦♥ ❛ ✿

A(g) · ❱♦❧(X)

sys(X)| log(sys(X))| ≤ ❑❱♦❧(X) ≤ B(g) · ❱♦❧(X)

sys(X)| log(sys(X))|

❈❡ rés✉❧t❛t ♣❡✉t êtr❡ ✈✉ ❝♦♠♠❡ ✉♥ rés✉❧t❛t ✧❛s②♠♣t♦t✐q✉❡✧ ♣♦✉r ❑❱♦❧ ❧♦rsq✉❡ ❧❛ s✉r✲
❢❛❝❡ X s✬❛♣♣r♦❝❤❡ ❞✉ ❜♦r❞ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s s✉r❢❛❝❡s ❤②♣❡r❜♦❧✐q✉❡s✳ ■❧ ❡st à ♥♦t❡r
q✉✬✉♥ rés✉❧t❛t s✐♠✐❧❛✐r❡ ❛ été ré❝❡♠♠❡♥t ♦❜t❡♥✉ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬✐♥t❡rs❡❝t✐♦♥ ❣é♦♠étr✐q✉❡✱ ✈♦✐r
❬❚♦r✷✸❪✳ P❛r ❛✐❧❧❡✉rs✱ ♠ê♠❡ s✐ ♣❧✉s✐❡✉rs ♣r♦❜❧è♠❡s ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ❧✬✐♥t❡rs❡❝t✐♦♥ ✭♥♦t❛♠✲
♠❡♥t ❣é♦♠étr✐q✉❡✮ ♦♥t été ét✉❞✐és ❞❛♥s ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s ❤②♣❡r❜♦❧✐q✉❡s ✭❛✈❡❝ ♣❛r ❡①❡♠♣❧❡
❬▼✐r✵✽❪✱ ❬▲❛❧✶✹❪ ❡t ❬❈❤❛✷✶❪ ❛✉t♦✉r ❞❡ q✉❡st✐♦♥s ❞❡ ❝♦♠♣t❛❣❡ ❞❡ ❣é♦❞és✐q✉❡s s♦✉s ❝♦♥tr❛✐♥t❡
❞✬❛✉t♦✲✐♥t❡rs❡❝t✐♦♥ ✕ ❣é♦♠étr✐q✉❡ ❞♦♥❝ ✕✮✱ ♦♥ ♥❡ s❛✐t ♣❛s ❣r❛♥❞ ❝❤♦s❡ ❞❡ ♣❧✉s ♣♦✉r ❑❱♦❧ s✉r
❧❡s s✉r❢❛❝❡s ❤②♣❡r❜♦❧✐q✉❡s✳ ■❧ ❡st ♥♦t❛♠♠❡♥t ❞✐✣❝✐❧❡ ❞❡ ❝❛❧❝✉❧❡r ♣ré❝✐sé♠❡♥t ❑❱♦❧ s✉r ✉♥❡

✷✵



s✉r❢❛❝❡ ❤②♣❡r❜♦❧✐q✉❡ ❞♦♥♥é❡✳

❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss❡r♦♥s ♣❧✉tôt ❛✉ ❝❛s ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✳ ❖♥
♣❡✉t ❛❧♦rs s❡ ❞❡♠❛♥❞❡r s✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛♠é❧✐♦r❡r ❧❛ ❝♦♥st❛♥t❡ ❞❛♥s ❧❛ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ❞❡
❧✬éq✉❛t✐♦♥ ✶✳✶ ♣♦✉r ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✳ ◆♦✉s ✈❡rr♦♥s ♥♦t❛♠♠❡♥t ❝♦♠♠❡♥t ♦❜t❡♥✐r ✉♥
rés✉❧t❛t ❞❡ ❝♦♠♣❛r❛✐s♦♥ ❞❛♥s ❧❡ ❝❛s ❞❡ s✉r❢❛❝❡s ❝♦♥str✉✐t❡s à ♣❛rt✐r ❞❡ ♣♦❧②❣♦♥❡s ❝♦♥✈❡①❡s à
❛♥❣❧❡s ♦❜t✉s✳

P♦✉r t❡r♠✐♥❡r✱ r❡♠❛rq✉♦♥s q✉✬✐❧ ❡st ❢❛❝✐❧❡ ❞❡ ❢❛✐r❡ t❡♥❞r❡ ❑❱♦❧ ✈❡rs ❧✬✐♥✜♥✐ ❡♥ ♣✐♥ç❛♥t
✉♥❡ ❝♦✉r❜❡ ♥♦♥✲sé♣❛r❛♥t❡ ♠❛✐s ❡♥ ❣❛r❞❛♥t ❧❡ ❞✐❛♠ètr❡ ❡t ❧❡ ✈♦❧✉♠❡ ❜♦r♥é ✭✈♦✐r ➱q✉❛t✐♦♥
✶✳✶✮✱ ♠❛✐s q✉❡✱ ❝♦♠♠❡ ✐♥❞✐q✉é ❞❛♥s ❧✬é♥♦♥❝é ❞✉ ❚❤é♦rè♠❡ ✶✳✶✳✸✱ ❑❱♦❧ ♥❡ ♣❡✉t ♣❛s êtr❡
❛r❜✐tr❛✐r❡♠❡♥t ♣❡t✐t✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ❚❤é♦rè♠❡ ✶✳✶✳✸ ❞♦♥♥❡ ✉♥❡ ❜♦r♥❡ ❣é♥ér❛❧❡ s✉r ❑❱♦❧
❛tt❡✐♥t❡ ✉♥✐q✉❡♠❡♥t ❡♥ ❣❡♥r❡ ✉♥✱ ❡t ✐❧ ❡st ♥❛t✉r❡❧ ❞❡ s❡ ❞❡♠❛♥❞❡r s✐ ❧✬♦♥ ♣❡✉t ❛♠é❧✐♦r❡r ❝❡tt❡
❜♦r♥❡ s✐ ❧✬♦♥ s❡ r❡str❡✐♥t ❛✉① s✉r❢❛❝❡s ❞❡ ❣❡♥r❡ g ≥ 2✳ P❧✉s ♣ré❝✐sé♠❡♥t ✿

◗✉❡st✐♦♥ ✶✳✶✳✽✳
◗✉❡ ✈❛✉t K(g) := inf

X ❞❡ ❣❡♥r❡ g
❑❱♦❧(X) ❄

▲✬✐♥✜♠✉♠ ❡st✲✐❧ ré❛❧✐sé ❄ ❙✐ ♦✉✐✱ q✉❡❧❧❡s s♦♥t ❧❡s ♣r♦♣r✐étés ❞❡s s✉r❢❛❝❡s q✉✐ ré❛❧✐s❡♥t ❧✬é❣❛❧✐té ❄

❆✉tr❡♠❡♥t ❞✐t✱ ❡①✐st❡✲t✲✐❧ ✉♥❡ ♦❜str✉❝t✐♦♥ t♦♣♦❧♦❣✐q✉❡ q✉✐ ❡♠♣ê❝❤❡ ❑❱♦❧ ❞❡ s❡ r❛♣♣r♦❝❤❡r
❞❡ 1 ♣♦✉r ❞❡s s✉r❢❛❝❡s ❞❡ ❣❡♥r❡ ♣❧✉s ❣r❛♥❞ ❄ P♦✉r ❝❡tt❡ q✉❡st✐♦♥✱ ♥♦✉s s✉♣♣♦s❡r♦♥s q✉❡ ❧❛
♠étr✐q✉❡ ❡st r✐❡♠❛♥♥✐❡♥♥❡ ❛✈❡❝ é✈❡♥t✉❡❧❧❡♠❡♥t ❞❡s s✐♥❣✉❧❛r✐tés ✐s♦❧é❡s✳ ❯♥❡ ✐♥t✉✐t✐♦♥ ♥❛ï✈❡
❡st q✉❡ ♣♦✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ ❣❡♥r❡ g✱ ❧❛ ♠❡✐❧❧❡✉r r❛♣♣♦rt Intersection/produit des longueurs
❡st ❛tt❡✐♥t ❧♦rsq✉❡ ❧✬✉♥❡ ❞❡s ❝♦✉r❜❡s t♦✉r♥❡ ❛✉t♦✉r ❞❡ ❧❛ ♣❧✉s ♣❡t✐t❡ ❛♥s❡✱ ❡t ❧✬❛✉tr❡ t♦✉r♥❡
❛✉t♦✉r ❞❡ ❝❡tt❡ ❛♥s❡ ✉♥❡ ❢♦✐s ❞❛♥s ❧❡ s❡♥s tr❛♥s✈❡rs❡ ♣❛r ❧❡ ♣❧✉s ❝♦✉rt ❝❤❡♠✐♥✳ P♦✉r ❞✐♠✐♥✉❡r
❑❱♦❧ ✐❧ ❢❛✉❞r❛✐t ❛❧♦rs ❛✈♦✐r ✉♥❡ s✉r❢❛❝❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t s②♠étr✐q✉❡ ❡t ♦♥ ❛✉r❛✐t ❑❱♦❧(X) ≥
g ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ s✉r❢❛❝❡ ❞❡ ❣❡♥r❡ g✳ ❚♦✉t❡❢♦✐s✱ ❝❡tt❡ ✐❞é❡ ♥✬❡st ♣❛s s✉✣s❛♠♠❡♥t
♣ré❝✐s❡✱ ❝❛r✱ ❞✬✉♥❡ ♣❛rt ❧❡s ❝②❧✐♥❞r❡s ♥❡ s♦♥t ♣❛s t♦✉❥♦✉rs ♣❧❛ts ❡♥ ❣é♥ér❛❧ ❡t ❞♦♥❝ ❧❡ r❛♣♣♦rt
Intersection/produit des longueurs ♥✬❡st ♣❛s ❢♦r❝é♠❡♥t é❣❛❧ à ❧✬❛✐r❡ ❞✉ ❝②❧✐♥❞r❡ ♣♦✉r ✉♥❡
❝♦♥✜❣✉r❛t✐♦♥ ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞✉ t♦r❡✱ ❡t ❞✬❛✉tr❡ ♣❛rt ❧❛ ♣rés❡♥❝❡ ❞❡ s✐♥❣✉❧❛r✐tés ♠♦❞✐✜❡
❧❛ ❣é♦♠étr✐❡ ❞❡ ❧❛ s✉r❢❛❝❡✳ P❛r ❡①❡♠♣❧❡✱ P✳ ❇✉s❡r ❡t P✳ ❙❛r♥❛❦ ❞❛♥s ❬❇❙✾✹❪ ♦♥t ❡①❤✐❜é ✉♥❡
❢❛♠✐❧❧❡ ❞❡ s✉r❢❛❝❡s ❤②♣❡r❜♦❧✐q✉❡s (Xg)g∈N∗ ✭✉♥❡ s✉r❢❛❝❡ ♣♦✉r ❝❤❛q✉❡ ❣❡♥r❡ g✮ t❡❧❧❡ q✉✬✐❧ ❡①✐st❡
C > 0 ❛✈❡❝ ✿

VolSys(Xg) ≤ C · g

log(g)2
.

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ❚❤é♦rè♠❡ ✶✳✶✳✻ ✐♠♣❧✐q✉❡ q✉❡ ✿

❑❱♦❧(Xg) ≤ C ′ · g

log(g)2

❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ✿

K(g) ≤ C ′ · g

log(g)2
.

❈♦♥❝❡r♥❛♥t ❧❛ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡✱ ❧❡ ❚❤é♦rè♠❡ ✸✳✶✷ ❞❡ ❬❇❑P✶✽❪ ♣❡r♠❡t ❞❡ ❞é♠♦♥tr❡r q✉❡ ✿
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❚❤é♦rè♠❡ ✶✳✶✳✾✳ ■❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ c > 0 t❡❧❧❡ q✉❡ ♣♦✉r t♦✉t g ≥ 2 ❡t t♦✉t❡ s✉r❢❛❝❡
❤②♣❡r❜♦❧✐q✉❡ X ❞❡ ❣❡♥r❡ g✱ ♦♥ ❛ ✿

❑❱♦❧(X) ≥ c
g

log(g)2

◆♦t♦♥s q✉✬✉♥ rés✉❧t❛t s✐♠✐❧❛✐r❡ ❡st ✈❛❧❛❜❧❡ ♣♦✉r ❧✬✐♥t❡rs❡❝t✐♦♥ ❣é♦♠étr✐q✉❡ ✭✈♦✐r ❬❚♦r✷✸❪✮✱
❡t ♦♥ ♣❡✉t ♦❜t❡♥✐r ❧❛ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❡♥ ❞é♠♦♥tr❛♥t q✉❡ s✉r ✉♥❡ s✉r❢❛❝❡ ❤②♣❡r❜♦❧✐q✉❡ ♦♥
♣❡✉t t♦✉❥♦✉rs tr♦✉✈❡r ✉♥❡ ❝♦✉r❜❡ α ❡♥ ❢♦r♠❡ ❞❡ ❤✉✐t ❞❡ ❧♦♥❣✉❡✉r ❛✉ ♣❧✉s c′ log(g)✳ ■❧ s❡r❛✐t
✐♥tér❡ss❛♥t ❞❡ s❛✈♦✐r s✐ ❝❡tt❡ ❝r♦✐ss❛♥❝❡ ❡♥ g

(log(g)2
❡st t♦✉❥♦✉rs ✈❛❧❛❜❧❡ ♣♦✉r ❧❡s s✉r❢❛❝❡s à

❝♦✉r❜✉r❡ ♥é❣❛t✐✈❡ ✭♦✉ ♥✉❧❧❡✮ ✈❛r✐❛❜❧❡✳

❯♥❡ ❛✉tr❡ ❞✐r❡❝t✐♦♥ ♣♦✉r ❛❜♦r❞❡r ❝❡tt❡ q✉❡st✐♦♥ ❡st ❞❡ s✬✐♥tér❡ss❡r ❛✉① s✉r❢❛❝❡s ♣❧❛t❡s✳ ❊♥
❡✛❡t✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❧✬✐♥✜♠✉♠ ❞❡ ❑❱♦❧ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s s✉r❢❛❝❡s ❛②❛♥t ✉♥❡ ♠étr✐q✉❡
❘✐❡♠❛♥✐❡♥♥❡ à ❝♦✉r❜✉r❡ ♥é❣❛t✐✈❡ ♦✉ ♥✉❧❧❡ ❡t ❛✈❡❝ ✭é✈❡♥t✉❡❧❧❡♠♥t✮ ❞❡s s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s
s♦✐t ré❛❧✐sé ❡♥ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ❞❡s s✉r❢❛❝❡s ♣❧❛t❡s ♣❛r ♠♦r❝❡❛✉① à s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s✱
❝❛r ♦♥ ♣❡✉t ❝♦♥❝❡♥tr❡r ❧❛ ❝♦✉r❜✉r❡ ❡♥ ❞❡s s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s t♦✉t ❡♥ ❢❛✐s❛♥t ❞✐♠✐♥✉❡r
❑❱♦❧✱ ✈♦✐r ❬❑❙✷✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶❪ ❞❛♥s ❧❡ ❝❛s ♦ù ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❛ s②st♦❧❡ ♣❧✉tôt q✉❡ ❑❱♦❧✳
◆♦t♦♥s t♦✉t❡❢♦✐s q✉❡ ❧❡ ♣r♦❝é❞é ❞❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞❡ ❧❛ ❝♦✉r❜✉r❡ ❡♥ ❞❡s s✐♥❣✉❧❛r✐tés ❞❡ ❬❑❙✷✶✱
Pr♦♣♦s✐t✐♦♥ ✸✳✶❪ ❢❛✐t ❛♣♣❛r❛îtr❡ ❜❡❛✉❝♦✉♣ ❞❡ s✐♥❣✉❧❛r✐tés✱ ❡t ✐❧ ② ❛ très ♣❡✉ ❞❡ ❝❤❛♥❝❡s ❞✬♦❜t❡♥✐r
❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✱ q✉✐ ♦♥t ♣❡✉ ❞❡ s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s ❡t ❞♦♥t ❧❡s ❛♥❣❧❡s s♦♥t ❞❡s
♠✉❧t✐♣❧❡s ❞❡ 2π✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❡st ♣♦ss✐❜❧❡ q✉❡ ❧✬❛s②♠♣t♦t✐q✉❡ ❡♥ g
log(g)2

♥❡ s♦✐t ♣❛s ❛tt❡✐♥t❡ ♣♦✉r ❞❡s
s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✱ ♥♦t❛♠♠❡♥t ❝❡❧❧❡s ❛②❛♥t ♣❡✉ ❞❡ s✐♥❣✉❧❛r✐tés ❡♥ ❝♦♠♣❛r❛✐s♦♥ ❞✉ ❣❡♥r❡✳
❉❛♥s ❬❇♦✉✷✸❜❪ ✭❈❤❛♣✐tr❡ ✻✮✱ ♥♦✉s ét✉❞✐♦♥s ❧❡ ❝❛s s♣é❝✐✜q✉❡ ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ à ✉♥❡
s❡✉❧❡ s✐♥❣✉❧❛r✐té✱ ❡♥ ❞♦♥♥❛♥t ❞❡s ❡①❡♠♣❧❡s ❞❡ ❢❛♠✐❧❧❡s ❞❡ s✉r❢❛❝❡s ❞♦♥t ❧✬❛s②♠♣t♦t✐q✉❡ ❞❡
❑❱♦❧ ❡st ❡♥ g✳ ▲❛ ♠ét❤♦❞❡ ❞❡ ❝♦♥str✉❝t✐♦♥ ❞❡ ❝❡s s✉r❢❛❝❡s ❣é♥ér❛❧✐s❡ ✉♥❡ ❝♦♥str✉❝t✐♦♥ ❞❡
❈❤❡❜♦✉✐✱ ❑❡ss✐ ❡t ▼❛ss❛rt ❢❛✐t❡ ❡♥ ❣❡♥r❡ ❞❡✉①✱ ✈♦✐r ❬❈❑▼✷✶❜❪✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❝♦♥❥❡❝t✉r♦♥s
q✉❡ ❝❡tt❡ ❛s②♠♣t♦t✐q✉❡ ❡♥ g ❡st ❡♥ ❢❛✐t ♦♣t✐♠❛❧❡✱ ❡t ♣❧✉s ♣ré❝✐sé♠❡♥t ✿

❈♦♥❥❡❝t✉r❡ ✶✳✶✳✶✵✳ P♦✉r t♦✉t❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ X ❞❡ ❣❡♥r❡ g à ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✱
♦♥ ❛ ✿

❑❱♦❧(X) > g.

✶✳✷ ❙✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥

❆✈❛♥t ❞❡ ♣♦✉rs✉✐✈r❡✱ ♥♦✉s ❞é✜♥✐ss♦♥s ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❡t ❡♥ ❞♦♥♥♦♥s q✉❡❧q✉❡s
♣r♦♣r✐étés✳ ❈❡❧❛ ♥♦✉s ♣❡r♠❡ttr❛ ❞✬é♥♦♥❝❡r ♣ré❝✐sé♠❡♥t ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✉ ❝♦✉rs ❞❡ ❧❛
t❤ès❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✳ ❈❡tt❡ s❡❝t✐♦♥ ❝♦♥st✐t✉❡ ✉♥ s✉r✈♦❧ ✐♥❢♦r♠❡❧ ❛✉t♦✉r ❞❡ ❧❛ ♥♦t✐♦♥
❞❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ✿ ♥♦✉s ♥♦✉s ❝♦♥t❡♥t♦♥s ❞❡ ❞♦♥♥❡r ❧❡s ❞é✜♥✐t✐♦♥s q✉✐ ♥♦✉s s❡r♦♥t
✉t✐❧❡s ❛✐♥s✐ q✉❡ q✉❡❧q✉❡s ✐❞é❡s ❣é♦♠étr✐q✉❡s✳ P♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✱ ✐❧ ❡①✐st❡ ❞❡ ♥♦♠❜r❡✉①
s✉r✈♦❧s✱ ♥♦t❛♠♠❡♥t ❬▼❛s✵✵❪✱ ❬❍❙✵✻❪✱ ❬▼❛s✷✷❪✱ ❬❲r✐✶✻❪ ♦✉ ❡♥❝♦r❡ ❬❩♦r✵✻❪✳

✷✷



✶✳✷✳✶ ❉é✜♥✐t✐♦♥ ❡t ♠♦t✐✈❛t✐♦♥s

❯♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❡st ✉♥❡ s✉r❢❛❝❡ t♦♣♦❧♦❣✐q✉❡ X ❞❡ ❣❡♥r❡ g ♠✉♥✐ ❞✬✉♥ ❛t❧❛s ❞❡
❝❛rt❡s ❞é✜♥✐ ❡♥ ❞❡❤♦rs ❞✬✉♥ ❡♥s❡♠❜❧❡ ✜♥✐ ❞❡ s✐♥❣✉❧❛r✐tés Σ✱ ❡t t❡❧❧❡ q✉❡ ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡
❝❤❛♥❣❡♠❡♥t ❞❡ ❝❛rt❡s s♦♥t ❞❡s tr❛♥s❧❛t✐♦♥s ❞✉ ♣❧❛♥✳ ❖♥ ♠✉♥✐t é❣❛❧❡♠❡♥t ❧❛ s✉r❢❛❝❡ ❞✬✉♥❡
❞✐r❡❝t✐♦♥ ♣r✐✈✐❧é❣✐é❡✱ ❜✐❡♥ ❞é✜♥✐❡ ❣râ❝❡ à ❧❛ str✉❝t✉r❡ ❞❡ tr❛♥s❧❛t✐♦♥✳ ❯♥❡ t❡❧❧❡ str✉❝t✉r❡ ❡st
❛ss❡③ s♣é❝✐✜q✉❡ ❝❛r✱ ♣✉✐sq✉❡ ❧❡s tr❛♥s❧❛t✐♦♥s ♣rés❡r✈❡♥t ❧❛ ♠étr✐q✉❡ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ R2✱ ❧❛
s✉r❢❛❝❡ ❤ér✐t❡ ❛✉t♦♠❛t✐q✉❡♠❡♥t ❞❡ ❧❛ ♠étr✐q✉❡ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ R2✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ♣❡✉t
♠❡s✉r❡r ❧❛ ❧♦♥❣✉❡✉r ❞❡s ❝♦✉r❜❡s ❡t ❞é✜♥✐r ❞❡s ❣é♦❞és✐q✉❡s✱ q✉✐ s♦♥t ❛❧♦rs ❞❡s ❧✐❣♥❡s ❞r♦✐t❡s
♣❛r ♠♦r❝❡❛✉①✱ ❝❤❛♥❣❡❛♥t é✈❡♥t✉❡❧❧❡♠❡♥t ❞❡ ❞✐r❡❝t✐♦♥ ❡♥ ♣❛ss❛♥t ♣❛r ✉♥❡ s✐♥❣✉❧❛r✐té✳ ❉❡
♣❧✉s✱ ❧❡s s✐♥❣✉❧❛r✐tés ✭é❧é♠❡♥ts ❞❡ Σ✮ s♦♥t ❞❡s s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s ❞✬❛♥❣❧❡ ♠✉❧t✐♣❧❡ ❞❡ 2π✳

❯♥❡ ❛✉tr❡ ♠❛♥✐èr❡ ❞✬❛♣♣ré❤❡♥❞❡r ❝❡s s✉r❢❛❝❡s ❡st ❞❡ ❧❡s ✈♦✐r ❝♦♠♠❡ ❧❡s s✉r❢❛❝❡s ♦❜t❡♥✉❡s à
♣❛rt✐r ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣♦❧②❣♦♥❡s t❡❧ q✉❡ ❝❤❛q✉❡ ❝ôté ❡st ❛♣♣❛r✐é ❛✈❡❝ ✉♥ ❛✉tr❡ ❝ôté✱ ♣❛r❛❧❧è❧❡
❡t ❞❡ ♠ê♠❡ ❧♦♥❣✉❡✉r✳ P❛r ❡①❡♠♣❧❡✱ ❧❡ t♦r❡ ♦❜t❡♥✉ à ♣❛rt✐r ❞✬✉♥ ❝❛rré ❛❞♦♥t ♦♥ ❛ r❡❝♦❧❧é ❧❡s
❝ôtés ♦♣♣♦sés ❡st ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥✱ ❡t ♥✬❛ ♣❛s ❞❡ s✐♥❣✉❧❛r✐tés✳ ◆♦✉s ♣rés❡♥t♦♥s
❞✬❛✉tr❡s ❡①❡♠♣❧❡s ❝❧❛ss✐q✉❡s ❞❡ s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❞❛♥s ❧❡ ♣r♦❝❤❛✐♥ ♣❛r❛❣r❛♣❤❡✳ ■❧ ❡st à
♥♦t❡r q✉❡ ❧❡s s✐♥❣✉❧❛r✐tés s♦♥t ❢♦r❝é♠❡♥t ❞❡s s♦♠♠❡ts ❞❡s ♣♦❧②❣♦♥❡s ❝❛r ♦♥ ♣❡✉t ❞é✜♥✐r ✉♥❡
❝❛rt❡ ❧♦❝❛❧❡ ❛✉t♦✉r ❞❡ ❝❤❛q✉❡ ♣♦✐♥t à ❧✬✐♥tér✐❡✉r ❞✬✉♥ ♣♦❧②❣♦♥❡ ♦✉ à ❧✬✐♥tér✐❡✉r ❞✬✉♥❡ ❛rêt❡
✭❧❡ ✈♦✐s✐♥❛❣❡ ét❛♥t ❞❛♥s ❝❡ ❞❡r♥✐❡r ❝❛s ♦❜t❡♥✉ ❝♦♠♠❡ ❧❡ r❡❝♦❧❧❡♠❡♥t ❞❡ ❞❡✉① ❞❡♠✐✲❞✐sq✉❡s✮✳
❈♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ♣♦✉r ❧❡ t♦r❡✱ ❧❡s s♦♠♠❡ts ♥❡ s♦♥t ♣❛s ❢♦r❝é♠❡♥t t♦✉s ❞❡s s✐♥❣✉❧❛r✐tés s✉r
❧❛ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ✐♥❞✉✐t❡ ♣❛r r❡❝♦❧❧❡♠❡♥t ❞❡s ❛rêt❡s✳

❯♥❡ tr♦✐s✐è♠❡ ♣♦ss✐❜✐❧✐té éq✉✐✈❛❧❡♥t❡ ❝♦♥s✐st❡ à ❞é✜♥✐r ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❝♦♠♠❡
✉♥❡ s✉r❢❛❝❡ ❞❡ ❘✐❡♠❛♥♥ ♠✉♥✐❡ ❞✬✉♥❡ 1✲❢♦r♠❡ ❤♦❧♦♠♦r♣❤❡ ω✳ ❖♥ ❞✐t q✉❡ ω ❡st ❛❧♦rs ✉♥❡ ❞✐❢✲
❢ér❡♥t✐❡❧❧❡ ❛❜é❧✐❡♥♥❡ ❡t s❡s ③ér♦s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① s✐♥❣✉❧❛r✐tés ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥✳
❉❡ ♣❧✉s✱ ❧❡s ❝❛rt❡s ❧♦❝❛❧❡s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ♣♦✐♥ts ré❣✉❧✐❡rs ♣❡✉✈❡♥t êtr❡ ♦❜t❡♥✉❡s ❡♥ ✐♥té❣r❛♥t
ω✳

▲❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ✐♥t❡r✈✐❡♥♥❡♥t ♥♦t❛♠♠❡♥t ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧✬ét✉❞❡ ❞❡s tr❛✲
❥❡❝t♦✐r❡s s✉r ✉♥❡ t❛❜❧❡ ❞❡ ❜✐❧❧❛r❞ ♣♦❧②❣♦♥❛❧❡ ✶ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❑❛t♦❦✲❩❡♠❧②❛❦♦✈
❬❩❑✼✻❪ q✉✐ ❝♦♥s✐st❡ à ✧❞é♣❧✐❡r✧ ❧❡ ❜✐❧❧❛r❞ ♣♦✉r r❛♠❡♥❡r ❧✬ét✉❞❡ ❞❡s tr❛❥❡❝t♦✐r❡s à ❧✬ét✉❞❡ ❞✉
✢♦t ❞✐r❡❝t✐♦♥♥❡❧ s✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥✱ ❡t s♦♥t étr♦✐t❡♠❡♥t ❧✐é❡s à ❧❛ ❞②♥❛♠✐q✉❡
❞❡s é❝❤❛♥❣❡s ❞✬✐♥t❡r✈❛❧❧❡s✱ q✉✐ ❣é♥ér❛❧✐s❡♥t ❧❡s r♦t❛t✐♦♥s s✉r ❧❡ ❝❡r❝❧❡✳ ▲❡s s✉r❢❛❝❡s ❞❡ tr❛♥s✲
❧❛t✐♦♥ s♦♥t à ❧❛ ❝r♦✐sé❡ ❞❡s ❝❤❡♠✐♥s ❡♥tr❡ ❞②♥❛♠✐q✉❡✱ ❣é♦♠étr✐❡ ❡t t❤é♦r✐❡ ❞❡s ♥♦♠❜r❡s ❡t
s♦♥t ❡♥❝♦r❡ ❧❛r❣❡♠❡♥t ét✉❞✐é❡s ❛✉❥♦✉r❞✬❤✉✐✱ ❛✈❡❝ ♣❛r ❡①❡♠♣❧❡ ❞❡ ré❝❡♥ts rés✉❧t❛ts ✐♠♣♦rt❛♥ts
❝♦♠♠❡ ❬❊▼▼✶✺❪✱ ❬❊❋❲✶✽❪ ♦r ❬❊▼▼❲✷✵❪✳

✶✳✷✳✷ ◗✉❡❧q✉❡s ❡①❡♠♣❧❡s

❈♦♠♠❡♥ç♦♥s ♣❛r ❧✬❡①❡♠♣❧❡ ❞✬✉♥ ♣♦❧②❣♦♥❡ ❡♥ ❢♦r♠❡ ❞❡ L ❞♦♥t ♦♥ ❛ ✐❞❡♥t✐✜é ❧❡s ❝ôtés
♣❛r❛❧❧è❧❡s ❡t ❞❡ ♠ê♠❡ ❧♦♥❣✉❡✉r ❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✻✳ ❈♦♠♠❡ ♦♥ ♣❡✉t ❧❡ ✈♦✐r✱ ❧❛ s✉r❢❛❝❡
❝♦rr❡s♣♦♥❞❛♥t❡ ❡st ❞❡ ❣❡♥r❡ ❞❡✉①✳ ❉❡ ♣❧✉s✱ t♦✉s ❧❡s s♦♠♠❡ts ❞✉ ♣♦❧②❣♦♥❡ s♦♥t ✐❞❡♥t✐✜és ❡♥
✉♥ s❡✉❧ ♣♦✐♥t s✉r ❧❛ s✉r❢❛❝❡ ❝♦rr❡s♣♦♥❞❛♥t❡✱ ❡t ♦♥ ♣❡✉t ✈♦✐r q✉❡ t♦✉r♥❡r ❛✉t♦✉r ❞❡ ❧❛ s✐♥❣✉✲
❧❛r✐té ♥é❝❡ss✐t❡ ❞❡ ♣❛r❝♦✉r✐r ✉♥ ❛♥❣❧❡ 6π✳ ◆♦t♦♥s é❣❛❧❡♠❡♥t q✉❡ r❡♣❧✐❡r ❧❛ s✉r❢❛❝❡ ♣❡r♠❡t ❞❡

✶✳ ❛✈❡❝ ❞❡s ❛♥❣❧❡s ♠✉❧t✐♣❧❡s r❛t✐♦♥♥❡❧s ❞❡ π

✷✸



❝❛❧❝✉❧❡r ❧✬✐♥t❡rs❡❝t✐♦♥ ❞❡s ❝♦✉r❜❡s A✱ B✱ C ❡t D ❡♥ ❧❛ s✐♥❣✉❧❛r✐té✳

❋✐❣✉r❡ ✶✳✻ ✕ ❯♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❡♥ ❢♦r♠❡ ❞❡ L ❞❡ ❣❡♥r❡ ❞❡✉①✳

▲❡ n✲❣♦♥❡ ré❣✉❧✐❡r✳ ❯♥ ❛✉tr❡ ❡①❡♠♣❧❡ ❞❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❡st ❞♦♥♥é ♣❛r ❧❡s ♣♦✲
❧②❣♦♥❡s ré❣✉❧✐❡rs ❛②❛♥t ✉♥ ♥♦♠❜r❡ ♣❛✐r ❞❡ ❝ôtés✳ ❖♥ r❡❝♦❧❧❡ ❛❧♦rs ❞❡✉① à ❞❡✉① ❧❡s ❝ôtés
♣❛r❛❧❧è❧❡s✳ P♦✉r ❧✬♦❝t♦❣♦♥❡✱ ❧❛ s✉r❢❛❝❡ ♦❜t❡♥✉❡ ❡st ❞❡ ❣❡♥r❡ ❞❡✉① ❡t ♥✬❛ q✉✬✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛✲
r✐té ❞✬❛♥❣❧❡ 6π t❛♥❞✐s q✉❡ ♣♦✉r ❧❡ ❞é❝❛❣♦♥❡ ❧❛ s✉r❢❛❝❡ ♣♦ssè❞❡ ❞❡✉① s✐♥❣✉❧❛r✐tés ❞✐st✐♥❝t❡s✱
❝❤❛❝✉♥❡ ❞✬❛♥❣❧❡ 4π ✭❧❛ s✉r❢❛❝❡ ❡st ❡♥❝♦r❡ ❞❡ ❣❡♥r❡ ❞❡✉①✮✳ P❧✉s ❣é♥ér❛❧❡♠❡♥t ✿

✖ ❙✐ n = 4m✱ ❧❛ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ♦❜t❡♥✉❡ à ♣❛rt✐r ❞✬✉♥ n✲❣♦♥❡ ré❣✉❧✐❡r ❡st ❞❡ ❣❡♥r❡
m ❛✈❡❝ ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té ❞✬❛♥❣❧❡ (4m− 2)π✳

✖ ❙✐ n = 4m+ 2 ❧❛ s✉r❢❛❝❡ ♦❜t❡♥✉❡ ❡st ❛✉ss✐ ❞❡ ❣❡♥r❡ m ♠❛✐s ♣♦ssè❞❡ ❞❡✉① s✐♥❣✉❧❛r✐tés✱
❝❤❛❝✉♥❡ ❞✬❛♥❣❧❡ 2mπ✳

❋✐❣✉r❡ ✶✳✼ ✕ ▲✬♦❝t♦❣♦♥❡ ❞♦♥t ♦♥ ❛ ✐❞❡♥t✐✜é ❧❡s ❝ôtés ♣❛r❛❧❧è❧❡s ❡st ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥
❞❡ ❣❡♥r❡ ✷ ❛✈❡❝ ✉♥❡ s✐♥❣✉❧❛r✐té ❞✬❛♥❣❧❡ 6π✳

❉❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ♦♥ ♣❡✉t ❛♣♣❧✐q✉❡r ❧❛ ❢♦r♠✉❧❡ ❞❡ ❘✐❡♠❛♥♥✲❘♦❝❤ ♣♦✉r ♦❜t❡♥✐r ✉♥❡
r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❣❡♥r❡ ❡t ❧❛ s♦♠♠❡ ❞❡s ♦r❞r❡s ❞❡s s✐♥❣✉❧❛r✐tés ✿ ♣♦✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥

✷✹



❞❡ ❣❡♥r❡ g ❛②❛♥t N s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s ❞✬❛♥❣❧❡s r❡s♣❡❝t✐❢s 2(ki + 1)π✱ 1 ≤ i ≤ N ✱ ♦♥ ❛ ✿

∑

i

ki = 2g − 2.

▲✬❡♥t✐❡r ki ❡st ❛♣♣❡❧é ❧✬♦r❞r❡ ❞❡ ❧❛ s✐♥❣✉❧❛r✐té i✳ ◆♦t♦♥s q✉✬✐❧ ❡st ♣❛r❢♦✐s ✉t✐❧❡ ❞❡ r❛❥♦✉t❡r
❞❡s s✐♥❣✉❧❛r✐tés ❢❛❝t✐❝❡s ❞❛♥s ❧✬❡♥s❡♠❜❧❡ Σ✱ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ s✐♥❣✉❧❛r✐té ❞✬♦r❞r❡ ③ér♦✳ ❈✬❡st
t②♣✐q✉❡♠❡♥t ❧❡ ❝❛s ♣♦✉r ❧❡s t♦r❡s ♣❧❛ts ♦ù ❧✬♦♥ ♣❡✉t r❛❥♦✉t❡r ✉♥❡ s✐♥❣✉❧❛r✐té ❢❛❝t✐❝❡ q✉✐ ❢❛✐t
♦✣❝❡ ❞❡ ✧♣♦✐♥t ❞❡ ré❢ér❡♥❝❡✧ ♣♦✉r ❝♦♥str✉✐r❡ ❞❡s ❝♦✉r❜❡s ❢❡r♠é❡s✳

▲❡ ❞♦✉❜❧❡ n✲❣♦♥❡✳ ▲♦rsq✉✬♦♥ ♣❛rt ❞✬✉♥ ♣♦❧②❣♦♥❡ ré❣✉❧✐❡r ❛②❛♥t ✉♥ ♥♦♠❜r❡ ✐♠♣❛✐r ❞❡
❝ôtés✱ ✉♥❡ ♠❛♥✐èr❡ ❞❡ ❝♦♥str✉✐r❡ ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❡st ❞✬✉t✐❧✐s❡r ❞❡✉① ❝♦♣✐❡s ❞✉
♣♦❧②❣♦♥❡ ❞♦♥t ❧✬✉♥❡ ❡st ✉♥❡ ❝♦♣✐❡ ♠✐r♦✐r ❞❡ ❧✬❛✉tr❡✳ ❖♥ r❡❝♦❧❧❡ ❡♥s✉✐t❡ ❧❡s ❝ôtés ♣❛r❛❧❧è❧❡s
❞❡✉① à ❞❡✉①✱ ❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✽✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ✉♥❡ s✉r❢❛❝❡ ❛♣♣❡❧é❡ ❞♦✉❜❧❡ n✲❣♦♥❡
✭ré❣✉❧✐❡r✮✱ ❞❡ ❣❡♥r❡ m := n−1

2
❡t ❛✈❡❝ ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té ❝♦♥✐q✉❡ ❞✬❛♥❣❧❡ (2n − 4)π =

(4m−2)π✳ ❈❡tt❡ ❢❛♠✐❧❧❡ ❞❡ s✉r❢❛❝❡s✱ ❝♦♥str✉✐t❡ ♣❛r ❱❡❡❝❤ ❬❱❡❡✽✾❪✱ ❝♦♥st✐t✉❡ ❛✈❡❝ ❧❡s n✲❣♦♥❡s
ré❣✉❧✐❡rs ✭n ♣❛✐r✮ ❧❡s ♣r❡♠✐❡rs ❡①❡♠♣❧❡s ❞❡ ❝❡ q✉✐ s✬❛♣♣❡❧❧❡ ♠❛✐♥t❡♥❛♥t ❧❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤
❡t q✉✐ ♣♦ssè❞❡♥t ♥♦t❛♠♠❡♥t ❞❡s ♣r♦♣r✐étés ❞②♥❛♠✐q✉❡s ✐♥tér❡ss❛♥t❡s✳

❋✐❣✉r❡ ✶✳✽ ✕ ▲❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡✳

❙✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r✳ ▲❛ ❢❛♠✐❧❧❡ ❞❡s ❞♦✉❜❧❡s n✲❣♦♥❡s ré❣✉❧✐❡rs ✭n ≥ 3 ✐♠♣❛✐r✮ ❢❛✐t
♣❛rt✐❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ s✉r❢❛❝❡s ♣❧✉s ❣é♥ér❛❧❡✱ ❧❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r ❬❇▼✶✵❪✱ ❬❍♦♦✶✷❪✱
❬❉P❯✶✾❪✳ ➱t❛♥t ❞♦♥♥é ❞❡✉① ❡♥t✐❡rs m,n ≥ 2 ❛✈❡❝ mn ≥ 6✱ ♦♥ ❛ss♦❝✐❡ ✉♥❡ s✉r❢❛❝❡ ❞❡ ❇♦✉✇✲
▼ö❧❧❡r Sm,n ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞❡ m ♣♦❧②❣♦♥❡s s❡♠✐✲ré❣✉❧✐❡rs ❛②❛♥t n ♦✉ 2n ❝ôtés ❬❍♦♦✶✷❪✱ ❡t
❛②❛♥t pgcd(m,n) s✐♥❣✉❧❛r✐tés✳ ▲❡ ❞♦✉❜❧❡ n✲❣♦♥❡ ✭n ✐♠♣❛✐r✮ ❝♦rr❡s♣♦♥❞ à ❧❛ s✉r❢❛❝❡ S2,n ❡t ❧❡s
s✉r❢❛❝❡s S3,4 ❡t S4,3 s♦♥t r❡♣rés❡♥té❡s ❋✐❣✉r❡ ✶✳✾✳ ❈❡s s✉r❢❛❝❡s ♦♥t ❧❛ ♣❛rt✐❝✉❧❛r✐té ❞✬❛✈♦✐r ✉♥
❣r❛♥❞ ❣r♦✉♣❡ ❞❡ s②♠étr✐❡ ✿ ❝♦♠♠❡ ♦♥ ✈❛ ❧❡ ✈♦✐r✱ ❧❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r s♦♥t ❡①❛❝t❡♠❡♥t
❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❞♦♥t ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❡st ✉♥ ❣r♦✉♣❡ tr✐❛♥❣✉❧❛✐r❡ ❬❇▼✶✵❪✳

✶✳✷✳✸ ▲✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥

▲✬❡♥s❡♠❜❧❡ ❞❡ t♦✉t❡s ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ♣❡✉t êtr❡ ♠✉♥✐ ❞✬✉♥❡ str✉❝t✉r❡ ❣é♦♠é✲
tr✐q✉❡✳ P♦✉r ❝❡❧❛✱ ❝♦♠♠❡♥ç♦♥s ♣❛r ❞✐r❡ q✉❡ ❞❡✉① s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ♦❜t❡♥✉❡s à ♣❛rt✐r
❞❡ ♣♦❧②❣♦♥❡s s♦♥t éq✉✐✈❛❧❡♥t❡s s✐ ❧✬✉♥❡ ♣❡✉t êtr❡ ♦❜t❡♥✉❡ à ♣❛rt✐r ❞❡ ❧✬❛✉tr❡ ❡♥ ❞é❝♦✉♣❛♥t ❧❡s
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❋✐❣✉r❡ ✶✳✾ ✕ ▲❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r S3,4 ❡t S4,3✳

♣♦❧②❣♦♥❡s q✉✐ ❧❛ ❝♦♠♣♦s❡♥t ❡t ❡♥ r❡❝♦❧❧❛♥t ❝❡rt❛✐♥❡s ❛rêt❡s ♣♦✉r ♦❜t❡♥✐r ✉♥❡ ♥♦✉✈❡❧❧❡ ❢❛♠✐❧❧❡
❞❡ ♣♦❧②❣♦♥❡s✳ ❖♥ ❞é✜♥✐t ❛❧♦rs ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s s✉r❢❛❝❡s ❞❡ ❣❡♥r❡ g ❝♦♠♠❡ ✿

Hg = {❙✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❞❡ ❣❡♥r❡ g}/ ❞é❝♦✉♣❛❣❡✲❝♦❧❧❛❣❡

❈❡ ❞❡r♥✐❡r ❡s♣❛❝❡ ❡st ✉♥❡ ✈❛r✐été ❞✐✛ér❡♥t✐❡❧❧❡ ✿ ♦♥ ♣❡✉t ❞é❢♦r♠❡r ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s✲
❧❛t✐♦♥ ❞é✜♥✐❡ à ♣❛rt✐r ❞❡ ♣♦❧②❣♦♥❡s ❡♥ ♠♦❞✐✜❛♥t ❧é❣èr❡♠❡♥t ❧❡s ♣♦❧②❣♦♥❡s q✉✐ ❧❛ ❞é✜♥✐ss❡♥t✱
t♦✉t ❡♥ ❣❛r❞❛♥t ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♣❛r❛❧❧é❧✐s♠❡ ❡t ❧❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❡s ❧♦♥❣✉❡✉rs✳ ❯♥ ❝❤♦✐①
❞❡ ✈❡❝t❡✉rs ♣❛r❛♠étr❛♥t ❧❡s ♣♦❧②❣♦♥❡s ❢♦✉r♥✐t ❞❡s ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s s✉r Hg✱ ♦♥ ♣❛r❧❡ ❞❡
❝♦♦r❞♦♥♥é❡s ❞❡s ♣ér✐♦❞❡s✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬❲r✐✶✻❪✳ ❉❡ ❧❛ s♦rt❡✱ ❧❡ ❣❡♥r❡ r❡st❡ ✜①❡ ♠❛✐s ❛✉ss✐
❧❡ ♥♦♠❜r❡ ❞❡ s✐♥❣✉❧❛r✐tés ❡t ❧✬❡s♣❛❝❡ ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❡st ♥❛t✉r❡❧❧❡♠❡♥t str❛t✐✜é ✿
ét❛♥t ❞♦♥♥és ❞❡s ❡♥t✐❡rs str✐❝t❡♠❡♥t ♣♦s✐t✐❢s g ❡t k1, . . . , kN ✈ér✐✜❛♥t

∑

i

ki = 2g − 2

♦♥ ❞é✜♥✐t ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s H(k1, . . . , kN) ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❛②❛♥t N s✐♥❣✉❧❛r✐tés
❞✬♦r❞r❡s r❡s♣❡❝t✐❢s k1, . . . , kN ✱ ❡t ♦♥ ❛

Hg = ⊔H(k1, . . . , kN).

❈❡tt❡ ❞é✜♥✐t✐♦♥ ✐♥❢♦r♠❡❧❧❡ ♥❡ ❞♦✐t r✐❡♥ ❛✉ ❤❛s❛r❞ ❡t ♣r♦✈✐❡♥t ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡
❞❡ ♠♦❞✉❧❡s ❞❡s s✉r❢❛❝❡s ❞❡ ❘✐❡♠❛♥♥Mg✱ ❞é✜♥✐ ♣♦✉r g ≥ 1 ❝♦♠♠❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s s✉r❢❛❝❡s ❞❡
❘✐❡♠❛♥♥ à ❜✐❤♦❧♦♠♦r♣❤✐s♠❡ ♣rès✳ ❊♥ ✈♦②❛♥t ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❝♦♠♠❡ ✉♥❡ s✉r❢❛❝❡ ❞❡
❘✐❡♠❛♥♥ ♠✉♥✐❡ ❞✬✉♥❡ 1✲❢♦r♠❡ ❤♦❧♦♠♦r♣❤❡✱ ❞❡✉① s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ (X1, ω1) ❡t (X2, ω2)
s♦♥t éq✉✐✈❛❧❡♥t❡s s✐ ❡t s❡✉❧❡♠❡♥t s✐ ✐❧ ❡①✐st❡ ✉♥ ❜✐❤♦❧♦♠♦r♣❤✐s♠❡ f ❞❡ X1\{s✐♥❣✉❧❛r✐tés ❞❡
X1} ✈❡rs X2\{s✐♥❣✉❧❛r✐tés ❞❡ X2} ❡t t❡❧❧❡ q✉❡ f ∗ω2 = ω1✳ ▲✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ❞❡s s✉r❢❛❝❡s
❞❡ tr❛♥s❧❛t✐♦♥ Hg ❡st ❞♦♥❝ ✉♥ ✜❜ré ❛✉✲❞❡ss✉s ❞❡Mg✳ ❉❡ ♣❧✉s✱ ❧❡s ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s s♦♥t
❞♦♥♥é❡s ❡♥ ✐♥té❣r❛♥t ❧❛ 1✲❢♦r♠❡ s✉r ✉♥❡ ❜❛s❡ ❞❡ ❧✬❤♦♠♦❧♦❣✐❡ ✭r❡❧❛t✐✈❡ ❛✉① s✐♥❣✉❧❛r✐tés✮✳

▼✳ ❑♦♥ts❡✈✐❝❤ ❡t ❆✳ ❩♦r✐❝❤ ❬❑❩✵✸❪ ♦♥t ❝❧❛ss✐✜é ❧❡s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞❡ ❝❤❛q✉❡ str❛t❡
H(k1, · · · , kn)✳ ❯♥ ❝❛s q✉✐ ♥♦✉s ✐♥tér❡ss❡r❛ t♦✉t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❡st ❧❡ ❝❛s ❞❡ H(2g− 2) q✉✐
♣♦ssè❞❡ tr♦✐s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❧♦rsq✉❡ g ≥ 4 ✿ ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❤②♣❡r❡❧❧✐♣t✐q✉❡ ❡t ❞❡✉①
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❛✉tr❡s ❝♦♠♣♦s❛♥t❡s ❞✐st✐♥❣✉é❡s ♣❛r ❧✬✐♥✈❛r✐❛♥t ❞❡ ❆r❢ q✉✐ ❝♦rr❡s♣♦♥❞ ❛✉ss✐ à ❧❛ ♣❛r✐té ❞❡ ❧❛
str✉❝t✉r❡ s♣✐♥ ❛ss♦❝✐é❡ à ❧❛ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥✳ ◆♦t♦♥s ❡♥✜♥ q✉❡ H(2) ❡st ❝♦♥♥❡①❡ ✭t♦✉t❡s
❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❞❡ H(2) s♦♥t ❤②♣❡r❡❧❧✐♣t✐q✉❡s✮ ❡t H(4) ♣♦ssè❞❡ ❞❡✉① ❝♦♠♣♦s❛♥t❡s
❝♦♥♥❡①❡s✱ ❧✬✉♥❡ ❤②♣❡r❡❧❧✐♣t✐q✉❡ ❡t ❧✬❛✉tr❡ ❝♦♠♣♦sé❡ ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❛②❛♥t ✉♥❡
str✉❝t✉r❡ s♣✐♥ ✐♠♣❛✐r❡✳

✶✳✷✳✹ ❆❝t✐♦♥ ❞❡ SL2(R) ❡t ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤

▲✬✐♥t❡r♣rét❛t✐♦♥ ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❝♦♠♠❡ ❡♥s❡♠❜❧❡ ❞❡ ♣♦❧②❣♦♥❡s ❛②❛♥t ❞❡s
❝ôtés ♣❛r❛❧❧è❧❡s ✐❞❡♥t✐✜és ♣❡r♠❡t ❞❡ ✈♦✐r q✉❡ ❧✬❡s♣❛❝❡ ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❡st ♠✉♥✐
❞✬✉♥❡ ❛❝t✐♦♥ ❞❡ GL+

2 (R)✱ ♣r♦✈❡♥❛♥t ❞❡ ❧✬❛❝t✐♦♥ ❧✐♥é❛✐r❡ ❞❡ GL+
2 (R) s✉r R

2✳ ➱t❛♥t ❞♦♥♥é ✉♥
❡♥s❡♠❜❧❡ ❞❡ ♣♦❧②❣♦♥❡s ❞✉ ♣❧❛♥ ❡✉❝❧✐❞✐❡♥ ❛②❛♥t ❞❡s ❝ôtés ♣❛r❛❧❧è❧❡s ❡t ❞❡ ♠ê♠❡ ❧♦♥❣✉❡✉r ✐❞❡♥✲
t✐✜és ❞❡✉① à ❞❡✉①✱ ❧✬❛❝t✐♦♥ ❞❡ GL+

2 (R) ♣rés❡r✈❡ ❧✬é❣❛❧✐té ❞❡s ❧♦♥❣✉❡✉rs ❡t ❧❡ ♣❛r❛❧❧é❧✐s♠❡ ♠❛✐s
❛✉ss✐ ❧✬♦r✐❡♥t❛t✐♦♥✳ ❆✐♥s✐✱ ❧✬❛❝t✐♦♥ ❞✬✉♥❡ ♠❛tr✐❝❡ ♣r♦❞✉✐t ✉♥❡ ♥♦✉✈❡❧❧❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥✳
❙✉r ❧✬❛t❧❛s ❞❡ ❝❛rt❡s✱ ❝❡❧❛ ❝♦rr❡s♣♦♥❞ à ♣♦st✲❝♦♠♣♦s❡r ❝❤❛q✉❡ ❝❛rt❡ ♣❛r ❧✬❛❝t✐♦♥ ✐♥❞✉✐t❡ s✉r R2

♣❛r ❧❛ ♠❛tr✐❝❡ A ∈ GL2(R)✳ ❉❡✉① s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ s♦♥t ❞✐t❡s ❛✣♥❡♠❡♥t éq✉✐✈❛❧❡♥t❡s
s✐ ❡❧❧❡s s♦♥t ❞❛♥s ❧❛ ♠ê♠❡ ♦r❜✐t❡✳

❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ ❝♦♥s✐❞ér❡r❛ é❣❛❧❡♠❡♥t ❧✬❛❝t✐♦♥ r❡str❡✐♥t❡ à SL2(R)✱ ❝❛r ❡❧❧❡ ❛ ❧✬❛✈❛♥t❛❣❡
❞❡ ♣rés❡r✈❡r ❧✬❛✐r❡ ❞❡ ❧❛ s✉r❢❛❝❡✳ ❊♥✜♥✱ ❞❡✉① s♦✉s✲❣r♦✉♣❡s à ✉♥ ♣❛r❛♠ètr❡ ♠ér✐t❡♥t ❞✬êtr❡

❞✐st✐♥❣✉és ✿ ❧❡ s♦✉s✲❣r♦✉♣❡ {gt =
(
et 0
0 e−t

)
, t ∈ R} ✐♥❞✉✐t ❧❡ ✢♦t ❣é♦❞és✐q✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✱

❡t {hs =

(
1 s
0 1

)
, s ∈ R} ✐♥❞✉✐t ❧❡ ✢♦t ❤♦r♦❝②❝❧✐q✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✳

●r♦✉♣❡ ❞❡ ❱❡❡❝❤✳ ❈♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ♣ré❝é❞❡♥t✱ ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s✲
❧❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s ♣❡✉t ❛✈♦✐r ♣❧✉s✐❡✉rs r❡♣rés❡♥t❛t✐♦♥s s♦✉s ❢♦r♠❡ ❞✬✉♥❡ ❝♦❧❧❡❝✲
t✐♦♥ ❞❡ ♣♦❧②❣♦♥❡s ❞♦♥t ❧❡s ❝ôtés s♦♥t ✐❞❡♥t✐✜és✱ ❞❡ s♦rt❡ q✉❡ ❧❡ st❛❜✐❧✐s❛t❡✉r ✭s♦✉s ❧✬❛❝t✐♦♥ ❞❡
SL2(R)✮ ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ X ❞♦♥♥é❡ ❡st ♣❛r❢♦✐s ♥♦♥ tr✐✈✐❛❧✳ ▲❡ st❛❜✐❧✐s❛t❡✉r ❞❡ ❧❛
s✉r❢❛❝❡ X s♦✉s ❧✬❛❝t✐♦♥ ❞❡ SL2(R) ❡st ❛♣♣❡❧é ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❞❡ X✱ ❡t s❡r❛ ♥♦té SL(X)✳
P❛r ❡①❡♠♣❧❡ ✿

✖ ▲❛ ♠❛tr✐❝❡

(
1 1
0 1

)
❛♣♣❛rt✐❡♥t ❛✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❞✉ t♦r❡ ❝❛rré✱ ✈♦✐r ❋✐❣✉r❡ ✶✳✶✵✳

✖ ▲❛ ♠❛tr✐❝❡

(
cos(2π

5
) sin(2π

5
)

sin(2π
5
) cos(2π

5
)

)
✱ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ r♦t❛t✐♦♥ ❞✬❛♥❣❧❡ 2π

5
✱ ❛♣♣❛rt✐❡♥t ❛✉

❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❞✉ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡✳

■❧ ❡st à ♥♦t❡r q✉❡ ❧✬❛❝t✐♦♥ ❞✬✉♥ é❧é♠❡♥t ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ✐♥❞✉✐t ✉♥ ❞✐✛é♦♠♦r♣❤✐s♠❡ ❛✣♥❡
❞❡ ❧❛ s✉r❢❛❝❡ ✷✱ ❝✬❡st✲à✲❞✐r❡ ✉♥ ❞✐✛é♦♠♦r♣❤✐s♠❡ q✉✐ s✬❡①♣r✐♠❡ ❞❡ ♠❛♥✐èr❡ ❛✣♥❡ ❞❛♥s ❧❡s ❝❛rt❡s
✭❧❛ ♣❛rt✐❡ ❧✐♥é❛✐r❡ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♠❛tr✐❝❡ ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❡♥ q✉❡st✐♦♥✮✳

❯♥❡ ♠❛tr✐❝❡ st❛❜✐❧✐s❛♥t ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❞❡✈❛♥t ♣rés❡r✈❡r ❧✬❛✐r❡✱ ♦♥ ❛ SL(X) ⊂
SL2(R)✳ ❊♥ ❢❛✐t✱ ❱❡❡❝❤ ❛ ♠♦♥tré q✉❡ ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ SL(X) ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s✲
❧❛t✐♦♥ X ❡st ✉♥ s♦✉s✲❣r♦✉♣❡ ❞✐s❝r❡t ❞❡ SL2(R)✱ ❛✉tr❡♠❡♥t ❞✐t ✉♥ ❣r♦✉♣❡ ❋✉❝❤s✐❡♥✱ ✈♦✐r

✷✳ ❡t ♣❛r❢♦✐s ♣❧✉s✐❡✉rs ❧♦rsq✉✬✐❧ ② ❛ ♣❧✉s✐❡✉rs ♠♦②❡♥s ❞❡ ❞é❝♦✉♣❡r ❡t r❡❝♦❧❧❡r ❧❛ s✉r❢❛❝❡ ♣♦✉r r❡✈❡♥✐r à ❧❛

s✉r❢❛❝❡ ✐♥✐t✐❛❧❡✳

✷✼



❋✐❣✉r❡ ✶✳✶✵ ✕ ▲✬❛❝t✐♦♥ ❞❡ ❧❛ ♠❛tr✐❝❡

(
1 1
0 1

)
s✉r ❧❡ t♦r❡ ❝❛rré ✐♥❞✉✐t ✉♥ ❞✐✛é♦♠♦r♣❤✐s♠❡

❛✣♥❡ ❞✉ t♦r❡✳

❬❱❡❡✽✾❪✳ P❛r ❡①❡♠♣❧❡✱ ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❞✉ t♦r❡ ❝❛rré ❡st SL2(Z) ❡t ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❞✉
❞♦✉❜❧❡ n✲❣♦♥❡ ❡st ❝♦♥❥✉❣✉é ❛✉ ❣r♦✉♣❡ ❞❡ ❍❡❝❦❡ ❞✬♦r❞r❡ n ❞é✜♥✐ ♣♦✉r n ≥ 3 ♣❛r Hn :=<(
1 Φn

0 1

)
,

(
0 1
−1 0

)
>✱ ❛✈❡❝ Φn = 2 cos(π

n
)✱ ✈♦✐r ❬❱❡❡✽✾❪✱ ❬▼♦♥✵✺❪✳ ❘❡♠❛rq✉♦♥s q✉❡ H3 =

SL2(Z) ❡st ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❞✬✉♥ t♦r❡ ✭❝♦♥str✉✐t à ♣❛rt✐r ❞❡ ❞❡✉① tr✐❛♥❣❧❡s✮✳

❉✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✳ ❆✈❡❝ ❝❡tt❡ ❞é✜♥✐t✐♦♥ ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤✱ ❧✬♦r❜✐t❡ ❞✬✉♥❡ s✉r❢❛❝❡
❞❡ tr❛♥s❧❛t✐♦♥ s♦✉s ❧✬❛❝t✐♦♥ ❞❡ SL2(R) s✬✐❞❡♥t✐✜❡ à SL(X)\SL2(R)✳ ❊♥ q✉♦t✐❡♥t❛♥t à ❞r♦✐t❡
♣❛r ❧✬❛❝t✐♦♥ ❞❡ SO(2)✱ ❝✬❡st✲à✲❞✐r❡ ❡♥ ♦✉❜❧✐❛♥t ❧❛ ❞✐r❡❝t✐♦♥ ♣r✐✈✐❧é❣✐é❡✱ ♦♥ ♦❜t✐❡♥t ❧❡ ❞✐sq✉❡ ❞❡
❚❡✐❝❤♠ü❧❧❡r ❞❡ ❧❛ s✉r❢❛❝❡ X✱ ✐❞❡♥t✐✜é à SL(X)\H2 ❡t q✉✐ ❡st ❛❧♦rs ✉♥❡ s✉r❢❛❝❡ ❤②♣❡r❜♦❧✐q✉❡
✭❛✈❡❝ ❞❡ ♣♦ss✐❜❧❡s ♣♦✐♥ts ❝♦♥✐q✉❡s✮✳ ❯♥❡ ❝❧❛ss❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✐♥tér❡ss❛♥t❡ ❞❡ s✉r❢❛❝❡s ❞❡
tr❛♥s❧❛t✐♦♥ ❡st ❝❡❧❧❡ ❞❡s s✉r❢❛❝❡s ❞♦♥t ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❡st ✉♥ rés❡❛✉ ❞❛♥s SL2(R)✱ ❝✬❡st✲à✲
❞✐r❡ q✉❡ ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❝♦rr❡s♣♦♥❞❛♥t ❡st ❞❡ ✈♦❧✉♠❡ ✜♥✐✳ ▲❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r
s❡ ♣r♦❥❡tt❡ ❛❧♦rs ❡♥ ✉♥❡ ❝♦✉r❜❡ ❝♦♠♣❧❡①❡ ❢❡r♠é❡ ❞❛♥sMg✳ ❉❡ t❡❧❧❡s s✉r❢❛❝❡s s♦♥t ❛♣♣❡❧é❡s ❞❡s
s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❡t✱ ❝♦♠♠❡ ♦♥ ✈❛ ❧❡ ✈♦✐r✱ ♦♥t ❞❡s ♣r♦♣r✐étés ❞②♥❛♠✐q✉❡s ✐♥tér❡ss❛♥t❡s✳ P❛r
❡①❡♠♣❧❡✱ ❧❡ ❞♦✉❜❧❡ n✲❣♦♥❡ ❡st ✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ ❡t s♦♥ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r s✬✐❞❡♥t✐✜❡
❛✉ q✉♦t✐❡♥t ❞❡ H2 ♣❛r ❧❡ ❣r♦✉♣❡ ❞❡ ❍❡❝❦❡ Hn✱ ✈♦✐r ❋✐❣✉r❡ ✶✳✶✶✳ P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ❧❡ ❞✐sq✉❡
❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❇♦✉✇✲▼ö❧❧❡r Sm,n s✬✐❞❡♥t✐✜❡ ❛✉ q✉♦t✐❡♥t ❞❡ H2 ♣❛r ✉♥ ❣r♦✉♣❡
tr✐❛♥❣✉❧❛✐r❡ ∆(m,n,∞) ❡t ♦♥ ♣❡✉t r❡♣rés❡♥t❡r ✉♥ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ❞❡ Sm,n ❝♦♠♠❡ s✉r
❧❛ ❋✐❣✉r❡ ✶✳✶✷✳ ❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉❡ Sm,n ❡t Sn,m s♦♥t ❞❛♥s ❧❡ ♠ê♠❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r
✭à ♥♦r♠❛❧✐s❛t✐♦♥ ♣rès✮✱ ✈♦✐r ❬❍♦♦✶✷❪✳ ❊♥✜♥✱ ❧♦rsq✉❡ n ❡st ♣❛✐r ❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r ❡st é❣❛❧❡♠❡♥t
✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤✱ ❞♦♥t ♥♦✉s ❛✈♦♥s r❡♣rés❡♥té ✉♥ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ❡♥ ❋✐❣✉r❡ ✶✳✶✸✳
◆♦t♦♥s q✉❡ ❝❡s ❢❛♠✐❧❧❡s ❞❡ s✉r❢❛❝❡s s♦♥t ❧❡s s❡✉❧❡s ❢❛♠✐❧❧❡s ❝♦♥♥✉❡s ❞❡ s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤
♣r✐♠✐t✐✈❡s ❡♥ ❣r❛♥❞ ❣❡♥r❡✳ ◆♦✉s r❡✈✐❡♥❞r♦♥s ♣❧✉s ❡♥ ❞ét❛✐❧ s✉r ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥
❞❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣r✐♠✐t✐✈❡s ❡♥ ✶✳✺✳

✶✳✷✳✺ ❈♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ❡t ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s

❖♥ ❛ ✈✉ q✉✬✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❡st ♠✉♥✐❡ ❞✬✉♥❡ ♠étr✐q✉❡ ♣❧❛t❡✱ ❤ér✐té❡ ❞❡ ❧❛
str✉❝t✉r❡ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ R2✱ ❡t q✉❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡s ❣é♦❞és✐q✉❡s s♦♥t ❞❡s ❧✐❣♥❡s ❞r♦✐t❡s
✭♣❛r ♠♦r❝❡❛✉①✮✳ ▲❡ s❡✉❧ ♠♦②❡♥ ♣♦✉r ✉♥❡ ❣é♦❞és✐q✉❡ ❞❡ ❝❤❛♥❣❡r ❞❡ ❞✐r❡❝t✐♦♥ ❡st ❞❡ ♣❛ss❡r
♣❛r ✉♥❡ s✐♥❣✉❧❛r✐té✳ ❖♥ ❞é✜♥✐t ❛❧♦rs ✉♥❡ sé♣❛r❛tr✐❝❡ ❝♦♠♠❡ ✉♥ s❡❣♠❡♥t ❣é♦❞és✐q✉❡ q✉✐ ♣❛rt

✷✽



−Φ
2

Φ
2

0 1−1

Φ = 2 cos(π
5
)

(
1 Φ
0 1

)

(
0 1
−1 0

)

❋✐❣✉r❡ ✶✳✶✶ ✕ ❯♥ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡✳
▲❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡ ❝♦rr❡s♣♦♥❞ ❛✉① ❞❡✉① ❝♦✐♥s ✐❞❡♥t✐✜és t❛♥❞✐s q✉❡ ❧❡ ♣♦✐♥t ❞✬❛✣①❡ i
❝♦rr❡s♣♦♥❞ à ✉♥❡ s✉r❢❛❝❡ ❡♥ L ❛♣♣❡❧é❡ ❧❡ L ❞✬♦r✳

❞✬✉♥❡ s✐♥❣✉❧❛r✐té✱ ❡t ✉♥❡ ❝♦♥♥❡①✐♦♥ ❞❡ s❡❧❧❡s ❝♦♠♠❡ ✉♥ s❡❣♠❡♥t ❣é♦❞és✐q✉❡ q✉✐ ✈❛ ❞✬✉♥❡
s✐♥❣✉❧❛r✐té à ✉♥❡ ❛✉tr❡ ✭❡t ❞♦♥❝ ❝♦♥♥❡❝t❡ ❧❡s s✐♥❣✉❧❛r✐tés✮✳ ❈♦♥❝rèt❡♠❡♥t✱ s✉r ✉♥❡ s✉r❢❛❝❡
❞♦♥♥é❡ ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣♦❧②❣♦♥❡s✱ ✉♥❡ ❝♦♥♥❡①✐♦♥ ❞❡ s❡❧❧❡s ❡st ✉♥❡ tr❛❥❡❝t♦✐r❡ ❣é♦❞és✐q✉❡
❡♥tr❡ ❞❡✉① s♦♠♠❡ts q✉✐ r❡♣rés❡♥t❡♥t ✉♥❡ s✐♥❣✉❧❛r✐té✳ ▲❛ tr❛❥❡❝t♦✐r❡ ❣é♦❞és✐q✉❡ ❡st ❝♦♥st✐t✉é❡
❞❡ s❡❣♠❡♥ts ❞❛♥s ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥✱ ✐❞❡♥t✐✜és ❡♥tr❡ ❡✉① ✈✐❛ ❧❡s r❡❝♦❧❧❡♠❡♥ts ❞❡s ❝ôtés ❞❡s
♣♦❧②❣♦♥❡s✳ ❊♥ ♠❡tt❛♥t ❜♦✉t à ❜♦✉t ❝❡s s❡❣♠❡♥ts ♦♥ ♦❜t✐❡♥t ✉♥ ✈❡❝t❡✉r ❞❡ R2 ❛♣♣❡❧é ✈❡❝t❡✉r
❞✬❤♦❧♦♥♦♠✐❡ ❛ss♦❝✐é à ❧❛ ❝♦♥♥❡①✐♦♥ ❞❡ s❡❧❧❡s✳

❯♥❡ s♣é❝✐✜❝✐té ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❡st q✉❡ t♦✉t❡ ❣é♦❞és✐q✉❡ ❢❡r♠é❡ ❡st ❤♦♠♦❧♦❣✉❡
à ✉♥❡ ✉♥✐♦♥ ❞❡ ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ✸✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❝❤❛q✉❡ ❣é♦❞és✐q✉❡
❢❡r♠é❡ q✉✐ ♥✬❡st ♣❛s ✉♥❡ ✉♥✐♦♥ ❞❡ ❝♦♥♥❡①✐♦♥ ❞❡ s❡❧❧❡s✱ ♦♥ ❛ ✉♥ ❝②❧✐♥❞r❡ ❞❡ ❣é♦❞és✐q✉❡s ❢❡r♠é❡s
❞❛♥s ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥✱ ❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✶✹✳ ❖♥ ♣❡✉t ❛❧♦rs ét❡♥❞r❡ ❧❡ ❝②❧✐♥❞r❡ ❡♥ ✉♥
❝②❧✐♥❞r❡ ♠❛①✐♠❛❧ q✉✐ ❡st ❜♦r❞é ❞❡ ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s✱ ❞❡ s♦rt❡ q✉❡ ❧❛ ❣é♦❞és✐q✉❡ ❢❡r♠é❡
✐♥✐t✐❛❧❡ ❡st ❤♦♠♦❧♦❣✉❡ à ❧✬✉♥✐♦♥ ❞❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ❜♦r❞❛♥t ❧❡ ❝②❧✐♥❞r❡✳

❯♥ ❝❛s q✉✐ ♥♦✉s ✐♥tér❡ss❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❡st ❝❡❧✉✐ ♦ù t♦✉t❡s ❧❡s ❣é♦❞és✐q✉❡s ❞❛♥s ✉♥❡
❞✐r❡❝t✐♦♥ s♦♥t ❞❡s ❣é♦❞és✐q✉❡s ❢❡r♠é❡s✳ ▲❛ s✉r❢❛❝❡ ❡st ❛❧♦rs ❞é❝♦♠♣♦s❛❜❧❡ ❡♥ ❝②❧✐♥❞r❡s ❞❛♥s
❧❛ ❞✐r❡❝t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡✱ ❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✶✺✳ ❉✬❛♣rès ✉♥ rés✉❧t❛t ❞❡ ❱❡❡❝❤✱ ❝✬❡st
♥♦t❛♠♠❡♥t ❧❡ ❝❛s ♣♦✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❞✐r❡❝t✐♦♥ q✉✐ ♣♦ssè❞❡
✉♥❡ ❣é♦❞és✐q✉❡ ♣ér✐♦❞✐q✉❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❛ ❧❡ rés✉❧t❛t s✉✐✈❛♥t✱ ❝♦♥♥✉ s♦✉s ❧❡ ♥♦♠

✸✳ ▼✐s à ♣❛rt ❧❡ ❝❛s ❞✉ ❣❡♥r❡ ✉♥ ♦ù ✐❧ ♥✬② ❛ ♣❛s ❞❡ s✐♥❣✉❧❛r✐tés✱ ❞♦♥❝ ♣❛s ❞❡ ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s✱ ❛✉q✉❡❧

❝❛s ♦♥ ♣❡✉t ♠❛rq✉❡r ✉♥ ♣♦✐♥t ❡♥ ❧❡ ❝♦♥s✐❞ér❛♥t ❝♦♠♠❡ ✉♥❡ s✐♥❣✉❧❛r✐té ❢❛❝t✐❝❡✱ ❞✬♦r❞r❡ ③ér♦✳

✷✾
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cot(π
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) cos(π
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)+cos( π
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)

sin(π
n
)

❋✐❣✉r❡ ✶✳✶✷ ✕ ❯♥ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞❡ Sm,n✳

❞✬❛❧t❡r♥❛t✐✈❡ ❞❡ ❱❡❡❝❤ ✿

❚❤é♦rè♠❡ ✶✳✷✳✶ ✭❬❱❡❡✽✾❪✮✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤✳ P♦✉r t♦✉t❡ ❞✐r❡❝t✐♦♥ θ ∈ S1 ❧❡ ✢♦t
❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ θ s✉r ❧❛ s✉r❢❛❝❡ X ❡st ♦✉ ❜✐❡♥ ♣ér✐♦❞✐q✉❡ ♦✉ ❜✐❡♥ ✉♥✐q✉❡♠❡♥t ❡r❣♦❞✐q✉❡✳
❉❡ ♣❧✉s✱ ❞❛♥s ❧❡ ♣r❡♠✐❡r ❝❛s✱ ❧❛ s✉r❢❛❝❡ ❡st ❞é❝♦♠♣♦s❛❜❧❡ ❡♥ ❝②❧✐♥❞r❡s ❡t ❧❡s ♠♦❞✉❧❡s ✹ ❞❡s
❝②❧✐♥❞r❡s s♦♥t ❝♦♠♠❡♥s✉r❛❜❧❡s✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ s♦♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛❞❛♣té❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡
❑❱♦❧✱ ❝❛r ♦♥ ♣❡✉t ❡s♣ér❡r ❛❞❛♣t❡r ❧✬❛r❣✉♠❡♥t ✉t✐❧✐sé ♣♦✉r ❝❛❧❝✉❧❡r ❑❱♦❧ s✉r ❧❡ t♦r❡✳

❯♥❡ ❛✉tr❡ ♣r♦♣r✐été q✉✐ ♠ér✐t❡ ❞✬êtr❡ ♠❡♥t✐♦♥♥é❡ ❡st ❧❡ ❢❛✐t q✉❡ ❧❡s ❞✐r❡❝t✐♦♥s ♣ér✐♦❞✐q✉❡s
❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ s♦♥t ❡♥❝♦❞é❡s ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❛ ✿

❚❤é♦rè♠❡ ✶✳✷✳✷ ✭❬❱❡❡✽✾❪✱ ✈♦✐r ❛✉ss✐ ❬❍❙✵✻❪✮✳ ▲❡s ❞✐r❡❝t✐♦♥s ♣ér✐♦❞✐q✉❡s s♦♥t ❡①❛❝t❡♠❡♥t
❧❡s ❞✐r❡❝t✐♦♥s ♣r♦♣r❡s ❞❡s ♠❛tr✐❝❡s ♣❛r❛❜♦❧✐q✉❡s ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡s ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛✐s♦♥ ❞✬é❧é♠❡♥ts ♣❛r❛❜♦❧✐q✉❡s ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❝♦r✲
r❡s♣♦♥❞❡♥t ❡①❛❝t❡♠❡♥t ❛✉① ❝♦♠❜✐♥❛t♦✐r❡s ♣♦ss✐❜❧❡s ❞❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❡♥ ❝②❧✐♥❞r❡s✳ ❈❡❧❛
♣❡r♠❡t ❞❡ ❞é❞✉✐r❡ q✉✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ ♣♦ssè❞❡ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥s ❡♥
❝②❧✐♥❞r❡s à ❧✬❛❝t✐♦♥ ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ♣rès✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡s ❝❧❛ss❡s ❞✬éq✉✐✈❛❧❡♥❝❡s ❞❡
❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s s♦♥t ❡♥ ❜✐❥❡❝t✐♦♥ ❛✈❡❝ ❧❡s ❝✉s♣s ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❛ss♦❝✐é
à ❧❛ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤✳

✹✳ ▲❡ ♠♦❞✉❧❡ ❞✬✉♥ ❝②❧✐♥❞r❡ ❡st ❧❡ r❛♣♣♦rt hauteur/longueur✳

✸✵
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X

❋✐❣✉r❡ ✶✳✶✸ ✕ ❯♥ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r✱
n ♣❛✐r✳

❋✐❣✉r❡ ✶✳✶✹ ✕ ❯♥ ❝②❧✐♥❞r❡ ♠❛①✐♠❛❧ ❛✉t♦✉r ❞❡ ❧❛ ❣é♦❞és✐q✉❡ ❢❡r♠é❡ γ✳ ▲❛ ❣é♦❞és✐q✉❡ γ ❡st
❤♦♠♦❧♦❣✉❡ à ❧✬✉♥✐♦♥ ❞❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s A ∪ B ∪ C ∪D✳

❯♥❡ q✉❡st✐♦♥ ✐♥tér❡ss❛♥t❡ ❡st ❝❡❧❧❡ ❞❡ ❝❛r❛❝tér✐s❡r ❛❧❣é❜r✐q✉❡♠❡♥t ❧❡s ❞✐r❡❝t✐♦♥s ♣ér✐♦✲
❞✐q✉❡s✳ ❑❡♥②♦♥ ❡t ❙♠✐❧❧✐❡ ❬❑❙✵✵❪ ♦♥t ❞é♠♦♥tré q✉❡ ♣♦✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ ❝♦♥✈❡♥❛✲
❜❧❡♠❡♥t ♥♦r♠❛❧✐sé❡✱ ❧❡s ♣❡♥t❡s ❞❡s ❞✐r❡❝t✐♦♥s ♣ér✐♦❞✐q✉❡s ❛♣♣❛rt✐❡♥♥❡♥t à ✉♥❡ ❡①t❡♥s✐♦♥
❛❧❣é❜r✐q✉❡ ❞❡ Q✱ ❧❡ ❝♦r♣s ❞❡ tr❛❝❡✳ ▲❡ ❝♦r♣s ❞❡ tr❛❝❡ ❡st ❧❡ ❝♦r♣s ❡♥❣❡♥❞ré ♣❛r ❧❡s tr❛❝❡s ❞❡s
é❧é♠❡♥ts ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ✭❞❡ ❧❛ s✉r❢❛❝❡ ♥♦r♠❛❧✐sé❡✮✳ ■❧ ❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❡ ❝♦r♣s ❞✬❤♦❧♦♥♦✲
♠✐❡ ❡♥❣❡♥❞ré ♣❛r ❝♦♦r❞♦♥♥é❡s ❞❡s ✈❡❝t❡✉rs ❤♦❧♦♥♦♠✐❡ ❞❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ❞❡ ❧❛ s✉r❢❛❝❡
♥♦r♠❛❧✐sé❡✱ ❡t ❡st ✉♥❡ ❡①t❡♥s✐♦♥ ❛❧❣é❜r✐q✉❡ s✉r Q ❞❡ ❞❡❣ré ❛✉ ♣❧✉s ❧❡ ❣❡♥r❡ ❞❡ ❧❛ s✉r❢❛❝❡✳

▲♦rsq✉❡ ❧❡ ❝♦r♣s ❞❡ tr❛❝❡ ❡st Q ♦✉ ✉♥❡ ❡①t❡♥s✐♦♥ q✉❛❞r❛t✐q✉❡ ❞❡ Q✱ ❧❡s ❞✐r❡❝t✐♦♥s ♣ér✐♦✲
❞✐q✉❡s s♦♥t ❡①❛❝t❡♠❡♥t ❝❡❧❧❡s ❞♦♥t ❧❡s ♣❡♥t❡s ❛♣♣❛rt✐❡♥♥❡♥t ❛✉ ❝♦r♣s ❞❡ tr❛❝❡ ✭✈♦✐r ❬▼❝▼✵✺❜❪
♦✉ ❬❇♦s✽✽❪✮✱ ♠❛✐s ❧✬✐♥❝❧✉s✐♦♥ ♣❡✉t êtr❡ str✐❝t❡ ❧♦rsq✉❡ ❧❡ ❝♦r♣s ❞❡ tr❛❝❡ ❡st ❞❡ ❞❡❣ré ❛✉ ♠♦✐♥s
3 s✉r Q✱ ✈♦✐r ❬❆❙✵✾❪✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❞❛♥s ❧❡ ❝❛s s♣é❝✐✜q✉❡ ❞✉ ❞♦✉❜❧❡ n✲❣♦♥❡ ❧❛ q✉❡st✐♦♥ ❞❡
❝❛r❛❝tér✐s❡r ❛❧❣é❜r✐q✉❡♠❡♥t ❧❡s ❞✐r❡❝t✐♦♥s ♣ér✐♦❞✐q✉❡s ❡st t♦✉❥♦✉rs ♦✉✈❡rt❡ à ♣❛rt✐r ❞❡ n = 7✳
◆♦✉s r❡✈✐❡♥❞r♦♥s s✉r ❝❡tt❡ q✉❡st✐♦♥ ❡♥ ✶✳✹✳

❯♥ ❡①❡♠♣❧❡ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s ✿ ❧❡ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r ❞✉ ❞♦✉❜❧❡
n✲❣♦♥❡✳ ▲♦rsq✉❡ n ❡st ✐♠♣❛✐r✱ ❧❡ ❞♦✉❜❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r✱ ❣râ❝❡ à s❡s ♣r♦♣r✐étés ❞❡ s②♠é✲

✸✶



❋✐❣✉r❡ ✶✳✶✺ ✕ ❊①❡♠♣❧❡ ❞❡ s✉r❢❛❝❡ ❞é❝♦♠♣♦sé❡ ❡♥ ❝②❧✐♥❞r❡s ❤♦r✐③♦♥t❛✉①✳

tr✐❡✱ ❡st ❛✣♥❡♠❡♥t éq✉✐✈❛❧❡♥t à ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❡♥ ❡s❝❛❧✐❡r ❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡
✶✳✶✻✳ ❈❡ ♠♦❞è❧❡✱ ❞é❝r✐t ❞❛♥s ❬❱❡❡✽✾❪ ✭✈♦✐r ❛✉ss✐ ❬▼♦♥✵✺❪ ❡t ❬❇♦✉❪✮✱ ♣♦ssè❞❡ n−1

2
❝②❧✐♥❞r❡s

❤♦r✐③♦♥t❛✉① ❡t n−1
2

❝②❧✐♥❞r❡s ✈❡rt✐❝❛✉①✱ q✉✐ ♦♥t t♦✉s ❧❡ ♠ê♠❡ ♠♦❞✉❧❡ é❣❛❧ à 1
Φn

✳ ❊♥ ❢❛✐t✱ à
❧✬❛❝t✐♦♥ ❞❡ SL2(R) ♣rès✱ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❞✐r❡❝t✐♦♥ ❡st
❡①❛❝t❡♠❡♥t ❝❡❧❧❡ ❞✉ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r✳ ◆♦t♦♥s q✉❡ ♣♦✉r n = 5✱ ❧❡ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r ❝♦r✲
r❡s♣♦♥❞❛♥t ❛✉ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡ ❡st ✉♥ L ❞♦♥t ❧❡s ♣r♦♣♦rt✐♦♥s s♦♥t ❞♦♥♥é❡s ♣❛r ❧❡ ♥♦♠❜r❡
❞✬♦r Φ5 = 2 cos(π/5) ✿ ❝❡tt❡ s✉r❢❛❝❡ ❡st ♣❛r❢♦✐s ❛♣♣❡❧é❡ ❧❡ ✧L ❞✬♦r✧✳

❉❡ ♠❛♥✐èr❡ s✐♠✐❧❛✐r❡✱ ❧♦rsq✉❡ n ❡st ♣❛✐r ❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r ♣♦ssè❞❡ ✉♥ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r✱
♠❛✐s ❝❡tt❡ ❢♦✐s ❧❡s ❞✐r❡❝t✐♦♥s ❤♦r✐③♦♥t❛❧❡s ❡t ✈❡rt✐❝❛❧❡s ♥❡ s♦♥t ♣❛s éq✉✐✈❛❧❡♥t❡s ✿ t♦✉s ❧❡s
❝②❧✐♥❞r❡s ❤♦r✐③♦♥t❛✉① ❡t ✈❡rt✐❝❛✉① ♦♥t ❧❡ ♠ê♠❡ ♠♦❞✉❧❡ é❣❛❧ à 1

Φn
s❛✉❢ ✉♥ ❝②❧✐♥❞r❡ ✭❤♦r✐③♦♥t❛❧

♦✉ ✈❡rt✐❝❛❧ s❡❧♦♥ q✉❡ n ❡st ❝♦♥❣r✉ à 0 ♦✉ 2♠♦❞✉❧♦ 4✮ q✉✐ ❛ ✉♥ ♠♦❞✉❧❡ ❞❡ 2
Φn

✳ ❖♥ ♣❡✉t ♠♦♥tr❡r
q✉❡✱ à ❧✬❛❝t✐♦♥ ❞❡ SL2(R) ♣rès✱ t♦✉t❡s ❧❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❡♥ ❝②❧✐♥❞r❡s ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r s♦♥t
éq✉✐✈❛❧❡♥t❡s ♦✉ ❜✐❡♥ à ❧❛ ❞✐r❡❝t✐♦♥ ❤♦r✐③♦♥t❛❧❡ ♦✉ ❜✐❡♥ ❧❛ ✈❡rt✐❝❛❧❡ ✭❡♥ r❡♠❛rq✉❛♥t ♣❛r ❡①❡♠♣❧❡
q✉❡ ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r ♣♦ssè❞❡ ❡①❛❝t❡♠❡♥t ❞❡✉① ❝✉s♣s✮✳

✶✳✸ ❑❱♦❧ s✉r ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ t❤ès❡ ❛✐♥s✐ q✉❡ ❧❡✉r ♦r❣❛♥✐s❛t✐♦♥✳
❖♥ ❝♦♠♠❡♥❝❡r❛ ♣❛r ✈♦✐r ♣❧✉s ❡♥ ❞ét❛✐❧ q✉❡❧q✉❡s ♠♦t✐✈❛t✐♦♥s s♣é❝✐✜q✉❡s ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❑❱♦❧
s✉r ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❛✐♥s✐ q✉❡ q✉❡❧q✉❡s ✐❞é❡s ❝❧és ❞é❥à ♣rés❡♥t❡s ❞❛♥s ❧❡s tr❛✈❛✉①
❞❡ ❙✳ ❈❤❡❜♦✉✐✱ ❆✳ ❑❡ss✐ ❡t ❉✳ ▼❛ss❛rt✱ ❬❈❑▼✷✶❛❪ ❡t ❬❈❑▼✷✶❜❪✳

✶✳✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ❡t ♠♦t✐✈❛t✐♦♥s

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❡♥ ✶✳✶✳✷✱ ❜✐❡♥ q✉❡ ❧❛ q✉❡st✐♦♥ à ❧✬♦r✐❣✐♥❡ ❞❡ ❑❱♦❧ s✬é♥♦♥❝❡ s✐♠✲
♣❧❡♠❡♥t✱ ✐❧ ❡st ❞✐✣❝✐❧❡ ❞✬② ❛♣♣♦rt❡r ✉♥❡ ré♣♦♥s❡ q✉❛♥t✐t❛t✐✈❡ ♣ré❝✐s❡✳ ▲❛ ♣r❡♠✐èr❡ ♠♦t✐✈❛t✐♦♥
♣♦✉r r❡❣❛r❞❡r ❑❱♦❧ s✉r ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❡st ❛❧♦rs ❞❡ tr♦✉✈❡r ❞❡s ❡①❡♠♣❧❡s ❞❡ s✉r✲
❢❛❝❡s s✉r ❧❡sq✉❡❧❧❡s ♦♥ ♣❡✉t ❝❛❧❝✉❧❡r ♣ré❝✐sé♠❡♥t ❑❱♦❧✳ ▲❡ ♣r❡♠✐❡r ❛✈❛♥t❛❣❡ ❡st q✉✬♦♥ ♣❡✉t
❡s♣ér❡r ♣♦✉✈♦✐r s✬✐♥s♣✐r❡r ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ s✉r ❧❡ t♦r❡ ♣❧❛t✳ ❯♥ ❞❡✉①✐è♠❡
❛✈❛♥t❛❣❡ ❡st q✉❡ ❧❡s ❣é♦❞és✐q✉❡s ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ s♦♥t ❞❡s ♠♦r❝❡❛✉① ❞❡ ❧✐❣♥❡s

✸✷



❞é❝♦✉♣❛❣❡ ✫ ❝♦❧❧❛❣❡

(
cos(π/7) sin(π/7) + 1

sin(π/7) + 1 cos(π/7)

)

❋✐❣✉r❡ ✶✳✶✻ ✕ P❛ss❛❣❡ ❞✉ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡ à s♦♥ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r✳

❞r♦✐t❡s✱ ❞♦♥t ❧❛ ❧♦♥❣✉❡✉r ❡st ❢❛❝✐❧❡♠❡♥t ❝❛❧❝✉❧❛❜❧❡✳ ❈❡❧❛ ♣❡r♠❡t ♣❛r ❡①❡♠♣❧❡ ❞✬♦❜t❡♥✐r ❞❡s
rés✉❧t❛ts ♣ré❝✐s ❝♦♥❝❡r♥❛♥t ❧❛ s②st♦❧❡✱ ♥♦t❛♠♠❡♥t ❧♦rsq✉✬✐❧ ♥✬② ❛ q✉✬✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✱ ✈♦✐r
❬❇●✷✶❪✱ ❬❏P✶✾❪ ♦✉ ❬❈❍▼❲❙✷✷❪✳

❈♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ t♦✉t❡ ❣é♦❞és✐q✉❡ ❢❡r♠é❡ s✉r ✉♥❡ s✉r❢❛❝❡
❞❡ tr❛♥s❧❛t✐♦♥ ❡st ❤♦♠♦❧♦❣✉❡ à ✉♥❡ ✉♥✐♦♥ ❞❡ ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s✳ ❖♥ ♣❡✉t ❛❧♦rs r❡♠♣❧❛❝❡r
❧❡ s✉♣r❡♠✉♠ ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❑❱♦❧ ♣❛r ✉♥ s✉♣r❡♠✉♠ s✉r t♦✉t❡s ❧❡s ♣❛✐r❡s ❞❡ ❝♦✉r❜❡s
❢❡r♠é❡s (α, β) q✉✐ s✬é❝r✐✈❡♥t ❝♦♠♠❡ ✉♥✐♦♥ ❞❡ ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s✳

❯♥ ❝❛s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛❞❛♣té ❡st ❧♦rsq✉❡ ❧❛ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❝♦♥s✐❞éré❡ ♥✬❛ q✉✬✉♥❡
s❡✉❧❡ s✐♥❣✉❧❛r✐té✱ ❞❡ s♦rt❡ q✉❡ t♦✉t❡s ❧❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s s♦♥t ❛✉t♦♠❛t✐q✉❡♠❡♥t ❞❡s
❝♦✉r❜❡s ❢❡r♠é❡s✳ ❖♥ ♣❡✉t ❛❧♦rs é❝r✐r❡ ✿

❑❱♦❧(X) = ❱♦❧(X) · sup
α,β

■♥t(α, β)
l(α)l(β)

,

❧❡ s✉♣r❡♠✉♠ ét❛♥t ❝❡tt❡ ❢♦✐s ♣r✐s ✉♥✐q✉❡♠❡♥t s✉r ❧❡s ♣❛✐r❡s ❞❡ ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ ❧❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ét❛♥t ❞❡s ❧✐❣♥❡s ❞r♦✐t❡s✱ t♦✉t❡s ❧❡s ✐♥t❡rs❡❝t✐♦♥s ♦♥t ❧❡
♠ê♠❡ s✐❣♥❡ ❤♦r♠✐s ✉♥❡ ♣♦ss✐❜❧❡ ✐♥t❡rs❡❝t✐♦♥ ❡♥ ❧❛ s✐♥❣✉❧❛r✐té ✭q✉❡ ❧✬♦♥ ♣❡✉t ❝❛❧❝✉❧❡r ❡♥
r❡❣❛r❞❛♥t ❧✬♦r❞r❡ ❝②❝❧✐q✉❡ ❞❡s ❝♦✉r❜❡s ❛✉t♦✉r ❞❡ ❧❛ s✐♥❣✉❧❛r✐té✱ ❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ❛✉
♣❛r❛❣r❛♣❤❡ s✉✐✈❛♥t✮✳

❊♥ ❢❛✐t✱ t♦✉s ❧❡s ❡①❡♠♣❧❡s ❝♦♥♥✉s ❞❡ ❝❛❧❝✉❧s ❡①♣❧✐❝✐t❡s ❞❡ ❑❱♦❧ s♦♥t ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛✲
t✐♦♥ à ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✳ ❉ès q✉✬✐❧ ② ❛ ♣❧✉s✐❡✉rs s✐♥❣✉❧❛r✐tés✱ ❝❡rt❛✐♥❡s ❣é♦❞és✐q✉❡s ❢❡r♠é❡s
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(
sin(π

n
) − sin( (n/2−1)π

n
)

0 1

)

❉é❝♦✉♣❛❣❡ ✫ ❝♦❧❧❛❣❡

❋✐❣✉r❡ ✶✳✶✼ ✕ P❛ss❛❣❡ ❞❡ ❧✬♦❝t♦❣♦♥❡ ré❣✉❧✐❡r à s♦♥ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r✳

s✐♠♣❧❡s ♣❡✉✈❡♥t êtr❡ ❞❡s ✉♥✐♦♥s ❞❡ ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ❞❛♥s ❞❡s ❞✐r❡❝t✐♦♥s ❞✐✛ér❡♥t❡s✱ ❡t
❝❡❧❛ s✉✣t à r❡♥❞r❡ ❧❡ ❝❛❧❝✉❧ ❜✐❡♥ ♣❧✉s ❞✐✣❝✐❧❡✳

▲✬ét✉❞❡ ❞❡ ❑❱♦❧ s✉r ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❛ été ✐♥✐t✐é❡ ♣❛r ❙✳ ❈❤❡❜♦✉✐✱ ❆✳ ❑❡ss✐
❡t ❉✳ ▼❛ss❛rt ❬❈❑▼✷✶❛❪ ❡t ❬❈❑▼✷✶❜❪✳ P♦✉r ét❡♥❞r❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ s✉r ❧❡
t♦r❡✱ ✐❧ ❢❛✉t ♥♦♥ ♣❛s ❝❤❡r❝❤❡r à ❝❛❧❝✉❧❡r ❑❱♦❧ s✉r ✉♥❡ s✉r❢❛❝❡ ♣❛rt✐❝✉❧✐èr❡✱ ♠❛✐s ♣❧✉tôt s✉r
t♦✉t ✉♥ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉✬✉♥❡ s✉r❢❛❝❡ ❞❡
❱❡❡❝❤ ❡st ❞é❝♦♠♣♦s❛❜❧❡ ❡♥ ❝②❧✐♥❞r❡s ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❞✐r❡❝t✐♦♥ ♣ér✐♦❞✐q✉❡✳ ❉❛♥s ❧❛
s❡❝t✐♦♥ s✉✐✈❛♥t❡✱ ♥♦✉s ♣rés❡♥t♦♥s ❜r✐è✈❡♠❡♥t ❧❡s ✐❞é❡s q✉✐ ♦♥t ♣❡r♠✐s à ❙✳❈❤❡❜♦✉✐✱ ❆✳❑❡ss✐
❡t ❉✳▼❛ss❛rt ❞❡ ❝❛❧❝✉❧❡r ❑❱♦❧ s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞❡ ❝❡rt❛✐♥❡s s✉r❢❛❝❡s à ♣❡t✐ts
❝❛rr❡❛✉①✳ ❯♥❡ q✉❡st✐♦♥ ♥❛t✉r❡❧❧❡ ❡st ❛❧♦rs ❞❡ s❡ ❞❡♠❛♥❞❡r s✐ ❧✬♦♥ ♣❡✉t ét❡♥❞r❡ ❧❛ ♠ét❤♦❞❡
♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ s✉r ❞✬❛✉tr❡s s✉r❢❛❝❡s✳

❉❛♥s ❧❡s ❈❤❛♣✐tr❡s ✷✱ ✸ ❡t ✺✱ ♥♦✉s ❡①♣❧♦r♦♥s ❧❡ ❝❛s ❞❡ s✉r❢❛❝❡s ❝♦♥str✉✐t❡s à ♣❛rt✐r ❞❡ ♣♦✲
❧②❣♦♥❡s ✭s❡♠✐✲✮ré❣✉❧✐❡rs✱ ❡t ♦♥ ❞é✈❡❧♦♣♣❡ ❞❡✉① ✐❞é❡s ❞♦♥t ❧❛ ♣r❡♠✐èr❡ ♣❡r♠❡t ❞✬❡st✐♠❡r ❑❱♦❧
s✉r ✉♥❡ ❧❛r❣❡ ❝❧❛ss❡ ❞❡ s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ✭✐♥❞é♣❡♥❞❛♠♠❡♥t ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✮✱
❡t ❧❛ s❡❝♦♥❞❡ ♣❡r♠❡t ❞✬ét❡♥❞r❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ s✉r ❧❡s ❞✐sq✉❡s ❞❡ ❚❡✐❝❤♠ü❧❧❡r
✐♥tr♦❞✉✐t❡ ❞❛♥s ❬❈❑▼✷✶❛❪✳ P❛r ❛✐❧❧❡✉rs✱ ♦♥ ❞é♠♦♥tr❡ ✉♥ ❝r✐tèr❡ ♣♦✉r q✉❡ ❑❱♦❧ s♦✐t ❜♦r♥é
❞❛♥s ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤✱ ❡t ❝❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞✉ ♥♦♠❜r❡ ❞❡
s✐♥❣✉❧❛r✐tés✳ ❊♥✜♥✱ ♥♦✉s ét✉❞✐♦♥s ❛✉ ❈❤❛♣✐tr❡ ✻ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞❡ ❑❱♦❧ s✉r ❧❡s s✉r❢❛❝❡s
❞❡ tr❛♥s❧❛t✐♦♥ à ✉♥❡ s✐♥❣✉❧❛r✐té ❧♦rsq✉❡ ❧❡ ❣❡♥r❡ ❣r❛♥❞✐t✳

✶✳✸✳✷ ◗✉❡❧q✉❡s ✐❞é❡s ♣ré❧✐♠✐♥❛✐r❡s

❈❛❧❝✉❧s ❞✬✐♥t❡rs❡❝t✐♦♥s s✐♥❣✉❧✐èr❡s✳ ❈♦♠♠❡ ♦♥ ❧✬❛ ✈✉✱ ❤♦r♠✐s ❞❛♥s ❧❡ ❝❛s ❞❡s t♦r❡s✱
❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ♣rés❡♥t❡♥t ❞❡s s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s✳ ❉❡ ♣❧✉s✱ ❜✐❡♥ q✉❡ t♦✉t❡s ❧❡s
✐♥t❡rs❡❝t✐♦♥s ♥♦♥✲s✐♥❣✉❧✐èr❡s ❡♥tr❡ ❞❡✉① ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ❛✐❡♥t ❧❡ ♠ê♠❡ s✐❣♥❡✱ ❝❡ ♥✬❡st ♣❛s
❢♦r❝é♠❡♥t ❧❡ ❝❛s ❞❡s ✐♥t❡rs❡❝t✐♦♥s ❡♥ ✉♥❡ s✐♥❣✉❧❛r✐té✳ ❯♥❡ ♠❛♥✐èr❡ ❞❡ ❝❛❧❝✉❧❡r ❧✬✐♥t❡rs❡❝t✐♦♥
❞❡ ❞❡✉① ❝♦✉r❜❡s ❡♥ ✉♥❡ s✐♥❣✉❧❛r✐té ❡st ❞❡ ❞❡ss✐♥❡r ❧❛ ✜❣✉r❡ ❧♦❝❛❧❡ ♦❜t❡♥✉❡ ❡♥ t♦✉r♥❛♥t ❛✉t♦✉r
❞❡ ❧❛ s✐♥❣✉❧❛r✐té✱ ❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✶✽✳ ❉❡ ❧❛ s♦rt❡✱ ♦♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ♠♦♥tr❡r q✉❡
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■♥tP (α, β) = −1

P

❋✐❣✉r❡ ✶✳✶✽ ✕ ❉❛♥s ❝❡t ❡①❡♠♣❧❡✱ ❧❡s ❝♦✉r❜❡s α ❡t β s✬✐♥t❡rs❡❝t❡♥t ❡♥ ❧❛ s✐♥❣✉❧❛r✐té✱ ❧❡ s✐❣♥❡
❡st ❞♦♥♥é ♣❛r ■♥tP (α, β) = −1✳

❞❡✉① ❝ôtés ❞✉ ❞♦✉❜❧❡ n✲❣♦♥❡ s✬✐♥t❡rs❡❝t❡♥t t♦✉❥♦✉rs✱ ♦✉ q✉✬✐❧ ❡①✐st❡ ❛✉ ♠♦✐♥s ❞❡✉① s②st♦❧❡s
❞❡ Sm,n q✉✐ s✬✐♥t❡rs❡❝t❡♥t ❧♦rsq✉❡ m ❡t n s♦♥t ♣r❡♠✐❡rs ❡♥tr❡ ❡✉①✱ ✈♦✐r ❈❤❛♣✐tr❡ ✺✳

❉é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ♣ér✐♦❞✐q✉❡✳ P♦✉r ❝❛❧❝✉❧❡r ❑❱♦❧
s✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥✱ ✉♥❡ ♣r❡♠✐èr❡ ✐❞é❡ ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❬❈❑▼✷✶❛❪ ♣❡✉t êtr❡ ❞❡
s✬✐♥s♣✐r❡r ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ s✉r ❧❡ t♦r❡✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞✬✉♥❡
s✉r❢❛❝❡ ✭❞❡ ❱❡❡❝❤✮ ❡♥ ❝②❧✐♥❞r❡s ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ♣ér✐♦❞✐q✉❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ét❛♥t ❞♦♥♥é
✉♥❡ ❝♦✉r❜❡ α s✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ X✱ ♦♥ ♣❡✉t ❞é❝♦♠♣♦s❡r ❧❛ s✉r❢❛❝❡ ❡♥ ❝②❧✐♥❞r❡s ❞❛♥s ❧❛
❞✐r❡❝t✐♦♥ ❞❡ α✳ ❯♥ ❡①❡♠♣❧❡ ❡st ❞♦♥♥é à ❧❛ ❋✐❣✉r❡ ✶✳✶✾ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❣❡♥r❡ ❞❡✉①
❞é❝♦♠♣♦sé❡ ❡♥ ❞❡✉① ❝②❧✐♥❞r❡s✳ ❙✉r ❝❡t ❡①❡♠♣❧❡✱ ❧❛ s✉r❢❛❝❡ ❡st ❞é❥à ❞é❝♦♠♣♦sé❡ ❡♥ ❝②❧✐♥❞r❡s
❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧❛ ❝♦✉r❜❡ α ❞❡ss✐♥é❡✱ ❡t ♦♥ ✈♦✐t ❢❛❝✐❧❡♠❡♥t q✉❡ ❝❤❛q✉❡ ✐♥t❡rs❡❝t✐♦♥ ✭♥♦♥✲
s✐♥❣✉❧✐èr❡✮ ❛✈❡❝ α r❡q✉✐❡rt ✉♥❡ ❧♦♥❣✉❡✉r ❛✉ ♠♦✐♥s h(C2)✱ ❧❛ ❤❛✉t❡✉r ❞✉ ❝②❧✐♥❞r❡ ❞✉ ❜❛s✳ ❈❡❧❛
♣❡r♠❡t ❞❡ ❞✐r❡ q✉❡ ♣♦✉r t♦✉t❡ ❝♦♥♥❡①✐♦♥ ❞❡ s❡❧❧❡s β✱ ♦♥ ❛ ✿

■♥t(α, β)
l(α)l(β)

≤ 1

l(α)h(C2)
.

❊♥ ❢❛✐t✱ ❡♥ r❛✐s♦♥ ❞✬✉♥❡ ♣♦ss✐❜❧❡ ✐♥t❡rs❡❝t✐♦♥ s✐♥❣✉❧✐èr❡✱ ❝❡tt❡ ❝♦♥❝❧✉s✐♦♥ ♥❡ t✐❡♥t q✉❡
❧♦rsq✉❡ ❧❛ ❝♦✉r❜❡ β ✐♥t❡rs❡❝t❡ α ♥♦♥✲s✐♥❣✉❧✐èr❡♠❡♥t ❛✉ ♠♦✐♥s ✉♥❡ ❢♦✐s✱ ♦✉ ❧♦rsq✉❡ h(C2) ≤
h(C1)✳ ❉✬❛✉tr❡ ♣❛rt✱ ✐❧ ♣♦✉rr❛✐t ❛rr✐✈❡r q✉❡ ❞❡✉① ❝♦✉r❜❡s ❢❡r♠é❡s ❞❛♥s ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥
s✬✐♥t❡rs❡❝t❡♥t ❡♥ ❧❛ s✐♥❣✉❧❛r✐té ✭♦♥ ✈❡rr❛ q✉❡ ❝✬❡st ❧❡ ❝❛s ♣❛r ❡①❡♠♣❧❡ ♣♦✉r ❧❛ s✉r❢❛❝❡ à tr♦✐s
❝❛rr❡❛✉① ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✸✵✮✳ ❈❡♣❡♥❞❛♥t✱ ♠✐s à ♣❛rt ❝❡s q✉❡❧q✉❡s r❡str✐❝t✐♦♥s✱ ❝❡❧❛ ♣❡r♠❡t
❞✬♦❜t❡♥✐r ✉♥❡ ❜♦r♥❡ q✉✐ ❞é♣❡♥❞ ✉♥✐q✉❡♠❡♥t ❞❡ ❧❛ ❣é♦♠étr✐❡ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②✲
❧✐♥❞r❡s✳ ◆♦t♦♥s ❡♥✜♥ q✉❡ ❧❛ q✉❛♥t✐té h(C2)l(α) ❝♦rr❡s♣♦♥❞ à ❧✬❛✐r❡ ❞✬✉♥ r❡❝t❛♥❣❧❡ ❡t ❡st ❞♦♥❝
✐♥✈❛r✐❛♥t❡ ♣❛r ❧✬❛❝t✐♦♥ ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤✳ ▲❛ ❜♦r♥❡ ♦❜t❡♥✉❡ ❞é♣❡♥❞ ❞♦♥❝ ✉♥✐q✉❡♠❡♥t ❞❡
❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s à ❧✬❛❝t✐♦♥ ❞❡ SL2(R) ♣rès✳

P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s ♦❜t❡♥✉❡ ❡♥ ❞é❝♦✉✲
♣❛♥t ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❧❛ ❝♦✉r❜❡ α s✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ X✱ ♦♥ ♣❡✉t tr♦✉✈❡r C0 > 0
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α

β h(C2)

h(C1)

❋✐❣✉r❡ ✶✳✶✾ ✕ ❉❛♥s ❝❡t ❡①❡♠♣❧❡✱ ❝❤❛q✉❡ ✐♥t❡rs❡❝t✐♦♥ ♥♦♥✲s✐♥❣✉❧✐èr❡ ❞✬✉♥❡ ❝♦✉r❜❡ β ❛✈❡❝ α
♥é❝❡ss✐t❡ ❞✬❛✈♦✐r tr❛✈❡rsé ✈❡rt✐❝❛❧❡♠❡♥t ❧❡ ❝②❧✐♥❞r❡ ❛✈❛♥t ❧✬✐♥t❡rs❡❝t✐♦♥ ❡t ❞❡ tr❛✈❡rs❡r ✈❡rt✐✲
❝❛❧❡♠❡♥t ❧❡ ❝②❧✐♥❞r❡ ❛♣rès ❧✬✐♥t❡rs❡❝t✐♦♥✳

q✉✐ ❞é♣❡♥❞ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s ❡t t❡❧ q✉❡ ♣♦✉r t♦✉t β q✉✐ ♥✬❡st ♣❛s ❞❛♥s ❧❛
❞✐r❡❝t✐♦♥ ❞❡ α✱ ♦♥ ❛

■♥t(α, β)
l(α)l(β)

≤ C0.

➱t❛♥t ❞♦♥♥é q✉✬✐❧ ♥✬② ❛ q✉✬✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❞é❝♦♠♣♦s✐t✐♦♥s ❡♥ ❝②❧✐♥❞r❡s ♣♦ss✐❜❧❡s ❞❛♥s ❧❡
❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ ✭à ❛❝t✐♦♥ ❞❡ SL2(R) ♣rès✮✱ ❝❡tt❡ ♣r❡♠✐èr❡ ✐❞é❡
♣❡r♠❡t ❞é❥à ❞❡ ❞♦♥♥❡r ✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ♣♦✉r ❑❱♦❧ ❞❛♥s t♦✉t ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r
❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ à ✉♥❡ s✐♥❣✉❧❛r✐té ❞♦♥t ❧❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ♣❛r❛❧❧è❧❡s ♥❡ s✬✐♥t❡r✲
s❡❝t❡♥t ♣❛s✳ ❖♥ ✈❡rr❛ q✉❡ ❧✬♦♥ ♣❡✉t ét❡♥❞r❡ ❝❡t ❛r❣✉♠❡♥t ❞❛♥s ❧❡ ❝❛s ♦ù ✐❧ ② ❛ ♣❧✉s✐❡✉rs
s✐♥❣✉❧❛r✐tés✳

❊t ❧♦rsq✉✬✐❧ ② ❛ ❞✉ t✇✐st ❄ ▲✬❛r❣✉♠❡♥t ♣ré❝é❞❡♥t ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥❡ ♠❛❥♦r❛t✐♦♥ ❞✉

r❛♣♣♦rt ■♥t(α,β)
l(α)l(β)

♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧ ❝❤♦✐① ❞❡ β✳ ❈❡♣❡♥❞❛♥t✱ ❝❡tt❡ ♠❛❥♦r❛t✐♦♥ ♥✬❡st ♦♣t✐♠❛❧❡
q✉❡ ❧♦rsq✉❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s ♦❜t❡♥✉❡ ♥❡ ♣♦ssè❞❡ ♣❛s ❞❡ t✇✐st✳ ❊♥ ❡✛❡t✱ à ❧❛
❞✐✛ér❡♥❝❡ ❞✉ t♦r❡ ♣♦✉r ❧❡q✉❡❧ ✐❧ s✉✣s❛✐t ❞❡ ♣r❡♥❞r❡ ✉♥❡ ❣é♦❞és✐q✉❡ ✈❡rt✐❝❛❧❡ s❛♥s ❝❡ s♦✉❝✐❡r
❞✉ ❢❛✐t q✉✬❡❧❧❡ s♦✐t ❢❡r♠é❡ ♦✉ ♠✐♥✐♠❛❧❡✱ ✉♥❡ ❝♦✉r❜❡ ✈❡rt✐❝❛❧❡ s✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥
❞❡ ❣❡♥r❡ s✉♣ér✐❡✉r ❛✈❡❝ ✉♥ t✇✐st ♥♦♥ ♥✉❧ ❛✉r❛ t❡♥❞❛♥❝❡ à s♦rt✐r ❞✉ ❝②❧✐♥❞r❡ ❞♦♥t ❢❛✐t ♣❛rt✐❡
❧❛ ❝♦✉r❜❡ α✳ ❖r✱ s✐ ❡❧❧❡ s♦rt ❞✉ ❝②❧✐♥❞r❡✱ ♦♥ ♣❡r❞ ❞❡ ❧❛ ❧♦♥❣✉❡✉r s❛♥s ❣❛❣♥❡r ❞✬✐♥t❡rs❡❝t✐♦♥✱
❡t ❧❡ r❛♣♣♦rt Intersection/produit des longueurs ❛✉r❛ t❡♥❞❛♥❝❡ à ❞✐♠✐♥✉❡r ❢♦rt❡♠❡♥t✳ ❊♥
❢❛✐t✱ ♦♥ ❝♦♥❥❡❝t✉r❡ ✿

❈♦♥❥❡❝t✉r❡ ✶✳✸✳✶✳ ❙✐ X ❡st ✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ ❞❡ ❣❡♥r❡ ❛✉ ♠♦✐♥s ❞❡✉①✱ ❛❧♦rs ❧❡ s✉♣r❡♠✉♠
❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❑❱♦❧ ❡st ❡♥ ❢❛✐t ✉♥ ♠❛①✐♠✉♠✳

❉ès ❧♦rs✱ ♣❧✉tôt q✉❡ ❞❡ ❝❤❡r❝❤❡r à ♠❛①✐♠✐s❡r ❑❱♦❧ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❝♦✉r❜❡s ✈❡rt✐❝❛❧❡s✱ ✉♥❡
✐❞é❡ ❡st ♣❧✉tôt ❞❡ s✉✐✈r❡ ❧❡s ❝♦✉r❜❡s q✉✐ ré❛❧✐s❡♥t ❧❡ ♠❛①✐♠✉♠ ❞❡ ❑❱♦❧ s✉r ❧❛ s✉r❢❛❝❡ s❛♥s
t✇✐st ❡t ❞✬❡s♣ér❡r q✉✬❛♣rès ✉♥ ♣❡t✐t t✇✐st ❝❡ s❡r❛ t♦✉❥♦✉rs ❧❛ ♠ê♠❡ ♣❛✐r❡ ❞❡ ❝♦✉r❜❡s q✉✐ ré❛❧✐s❡
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α

β h

α′

β′

θ

(
1 t
0 1

)X X ′

❋✐❣✉r❡ ✶✳✷✵ ✕ ❆♣rès ✉♥ t✇✐st ❤♦r✐③♦♥t❛❧✱ ❧❛ ❧♦♥❣✉❡✉r ❞❡ β ❛ été ♠✉❧t✐♣❧✐é❡ ♣❛r
√
1 + t2 =

1
sin θ

✳

❧❡ ♠❛①✐♠✉♠ ❞❡ ❑❱♦❧✳ ❖♥ ♣❡✉t q✉❛♥t✐✜❡r ❧❛ ✈❛r✐❛t✐♦♥ ❞✉ r❛♣♣♦rt Intersection/produit des
longueurs à ❧❛ s✉✐t❡ ❞✬✉♥ t✇✐st ✿ ét❛♥t ❞♦♥♥é❡ ✉♥❡ s✉r❢❛❝❡ X à ❛♥❣❧❡s ❞r♦✐ts ❝♦♠♠❡ s✉r ❧❛
❋✐❣✉r❡ ✶✳✷✵✱ ♥♦✉s ♣♦✉✈♦♥s ❛♣♣❧✐q✉❡r ✉♥ t✇✐st ❤♦r✐③♦♥t❛❧ r❡♣rés❡♥té ♣❛r ❧✬❛❝t✐♦♥ ❞✬✉♥❡ ♠❛tr✐❝❡

❞❡ ❧❛ ❢♦r♠❡

(
1 t
0 1

)
♣♦✉r ♦❜t❡♥✐r ✉♥❡ ♥♦✉✈❡❧❧❡ s✉r❢❛❝❡ X ′✳ ❈♦♥s✐❞ér♦♥s ❞❡✉① ❝♦♥♥❡①✐♦♥s ❞❡

s❡❧❧❡s α ❡t β s✉r X✱ α ét❛♥t ❤♦r✐③♦♥t❛❧❡✱ ❡t ♥♦t♦♥s α′ ❡t β′ ❧❡s ✐♠❛❣❡s r❡s♣❡❝t✐✈❡s ❞❡ α ❡t β
♣❛r ❧✬❛❝t✐♦♥ ❞✉ t✇✐st✱ ❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✷✵✳ ▲❛ ❧♦♥❣✉❡✉r ❞❡ α′ ❡st ❧❛ ♠ê♠❡ q✉❡ ❝❡❧❧❡ ❞❡
α✱ t❛♥❞✐s q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ β′ ❡st l(β′) = h

√
1 + t2 = h

sin θ
✳ P✉✐sq✉❡ ❧✬❛❝t✐♦♥ ❛✣♥❡ ♣rés❡r✈❡

❧❛ ❢♦r♠❡ s②♠♣❧❡❝t✐q✉❡ ❞✬✐♥t❡rs❡❝t✐♦♥✱ ❝❡❧❧❡✲❝✐ ❡st ✐♥❝❤❛♥❣é❡ ❡t ♦♥ ❛ ✿

■♥t(α′, β′)

l(α′)l(β′)
=

1

hl(α)
sin θ.

❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ ❧❡ ♠❛①✐♠✉♠ ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❑❱♦❧(X) ❡st ré❛❧✐sé ✉♥✐q✉❡♠❡♥t ♣❛r
❧❛ ♣❛✐r❡ ❞❡ ❝♦✉r❜❡s (α, β)✱ ❛❧♦rs ♣❛r ❝♦♥t✐♥✉✐té ❞❡ ❑❱♦❧ ❛♣rès ✉♥ t✇✐st s✉✣s❛♠♠❡♥t ♣❡t✐t ❝❡
s❡r❛ ❧❛ ♣❛✐r❡ ❞❡ ❝♦✉r❜❡s (α′, β′) ✐♠❛❣❡ ❞❡ (α, β) q✉✐ ré❛❧✐s❡r❛ ❧❡ ♠❛①✐♠✉♠ ♣♦✉r ❑❱♦❧(X ′)✱
❡t ♦♥ ❛✉r❛ ❑❱♦❧(X ′) = ❑❱♦❧(X) sin θ✳ ▲✬✐❞é❡ ❢♦♥❞❛♠❡♥t❛❧❡ à r❡t❡♥✐r ❡st q✉❡✱ ♣♦✉r ❝❛❧❝✉❧❡r
❑❱♦❧ ❞❛♥s ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤✱ ✐❧ ❢❛✉t ❝♦♥s✐❞ér❡r ❧❡s ❝♦✉r❜❡s α
❡t β ♥♦♥ ♣❛s s✉r ✉♥❡ s✉r❢❛❝❡ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ♠❛✐s s✬✐♥tér❡ss❡r é❣❛❧❡♠❡♥t à ❧❡✉rs ✐♠❛❣❡s ❞❛♥s
❝❤❛❝✉♥❡ ❞❡s s✉r❢❛❝❡s ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✳

❯♥❡ ♠❛♥✐èr❡ ❞❡ r❡♥❞r❡ ❝❡tt❡ ❛♣♣r♦❝❤❡ ❡①♣❧✐❝✐t❡ ❡st ❞✬é❝r✐r❡✱ ♣♦✉r ❞❡✉① ❝♦♥♥❡①✐♦♥s ❞❡
s❡❧❧❡s α ❡t β ♥♦♥✲♣❛r❛❧❧è❧❡s ✿

■♥t(α, β)
l(α)l(β)

=
■♥t(α, β)
α ∧ β

· sin θ(X,α, β) ✭✶✳✷✮

♦ù θ(X,α, β) ❡st ❧✬❛♥❣❧❡ q✉❡ ❢♦r♠❡♥t ❧❡s ❞✐r❡❝t✐♦♥s ❞❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s α ❡t β s✉r
❧❛ s✉r❢❛❝❡ X✱ ❡t α ∧ β ❡st ❧❡ ♣r♦❞✉✐t ✈❡❝t♦r✐❡❧ ❞❡s ✈❡❝t❡✉rs ❞✬❤♦❧♦♥♦♠✐❡✱ q✉✐ ✈❛✉t é❣❛❧❡✲

♠❡♥t l(α)l(β) sin θ(X,α, β)✳ ▲✬✐♥térêt ❡st q✉❡ ❧❡ r❛♣♣♦rt ■♥t(α,β)
α∧β ❡st ✐♥✈❛r✐❛♥t ♣❛r ❧✬❛❝t✐♦♥ ❞❡

SL2(R)✳ ❚♦✉t ❧❡ tr❛✈❛✐❧ ❡st ❛❧♦rs ❞✬✉♥❡ ♣❛rt ❞✬❡st✐♠❡r ❝❡tt❡ q✉❛♥t✐té ♣♦✉r α ❡t β ❞♦♥♥é❡s✱
❡t ❞✬❛✉tr❡ ♣❛rt ❞✬♦❜t❡♥✐r ❧✬❡①♣r❡ss✐♦♥ ❞❡ sin θ(X,α, β) ❧♦rsq✉❡ ❧❛ s✉r❢❛❝❡ X ✭❡t ❧❡s ❝♦✉r❜❡s α
❡t β✮ ✈❛r✐❡♥t s♦✉s ❧✬❛❝t✐♦♥ ❞❡ SL2(R)✳ ❚❛♥❞✐s q✉❡ ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❡st s♣é❝✐✜q✉❡ à ❝❤❛q✉❡
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❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❝♦♥s✐❞éré✱ ♥♦✉s ✈❡rr♦♥s q✉❡ sin θ(X,α, β) s✬❡①♣r✐♠❡ ❞❡ ♠❛♥✐èr❡ é❧é✲
❣❛♥t❡✱ ✈♦✐r é❣❛❧❡♠❡♥t ❬❈❑▼✷✶❛✱ ▲❡♠♠❡ ✷✳✺❪✳ ❘❡♠❛rq✉♦♥s q✉❡ ❧✬❡①♣r❡ss✐♦♥ ❝✐✲❞❡ss✉s ♥✬❡st
é✈✐❞❡♠♠❡♥t ♣❛s ✈❛❧❛❜❧❡ ❧♦rsq✉❡ α ❡t β s♦♥t ♣❛r❛❧❧è❧❡s ❡t s✬✐♥t❡rs❡❝t❡♥t ✿ ❝❡ ❝❛s ♣r♦❜❧é♠❛✲
t✐q✉❡ ❞♦✐t êtr❡ tr❛✐té à ♣❛rt ❡♥ r❡❣❛r❞❛♥t ❝❤❛q✉❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s q✉✐ ✐♥❞✉✐t ❞❡s
❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ♣❛r❛❧❧è❧❡s q✉✐ s✬✐♥t❡rs❡❝t❡♥t✳ ◆♦✉s r❡✈✐❡♥❞r♦♥s ♣❧✉s ❡♥ ❞ét❛✐❧ s✉r ❝❡tt❡
✐❞é❡ ❡t s✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ s✉r ❝❡rt❛✐♥s ❞✐sq✉❡s ❞❡ ❚❡✐❝❤♠ü❧❧❡r s♣é❝✐✜q✉❡s✳

❈❡s ❞❡✉① ✐❞é❡s ♣ré❧✐♠✐♥❛✐r❡s ♦♥t ♣❡r♠✐s à ❙✳ ❈❤❡❜♦✉✐✱ ❆✳ ❑❡ss✐ ❡t ❉✳ ▼❛ss❛rt ❬❈❑▼✷✶❛❪
❞❡ ❝❛❧❝✉❧❡r ❑❱♦❧ ❞❛♥s ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞❡s s✉r❢❛❝❡s à ♣❡t✐ts ❝❛rr❡❛✉① ❤②♣❡r❡❧❧✐♣t✐q✉❡s
❡♥ ❢♦r♠❡ ❞✬❡s❝❛❧✐❡r✳ ◆♦✉s r❡♣r❡♥♦♥s ❝❡s ✐❞é❡s ♣♦✉r ❝❛❧❝✉❧❡r ❑❱♦❧ s✉r ❞✬❛✉tr❡s ❡①❡♠♣❧❡s ❞❡
s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✳

✶✳✸✳✸ Prés❡♥t❛t✐♦♥ ❞❡s rés✉❧t❛ts

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♥♦✉s ♣rés❡♥t♦♥s ❧❡s rés✉❧t❛ts ❞❡ ❧❛ t❤ès❡ r❡❧❛t✐❢s à ❑❱♦❧✱ q✉✐ ♣❡✉✈❡♥t
s❡ ❣r♦✉♣❡r ❡♥ tr♦✐s ♣❛rt✐❡s ✿

✶✳ Pr❡♠✐èr❡♠❡♥t✱ ♥♦✉s ❝❛❧❝✉❧♦♥s ❑❱♦❧ s✉r ❞❡s s✉r❢❛❝❡s s♣é❝✐✜q✉❡s ✭✐♥❞é♣❡♥❞❛♠♠❡♥t ❞✉
❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✮ ❡♥ ❞é❝♦✉♣❛♥t ❧❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ❞❡ s♦rt❡ à ♣♦✉✈♦✐r ❡st✐♠❡r
s✐♠✉❧t❛♥é♠❡♥t ✐♥t❡rs❡❝t✐♦♥ ❡t ❧♦♥❣✉❡✉rs✳ ❈❡tt❡ ♠ét❤♦❞❡ ❞❡ ❞é❝♦✉♣❛❣❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r
✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ♣♦✉r ❑❱♦❧ ♣♦✉r ✉♥❡ ❧❛r❣❡ ❝❧❛ss❡ ❞❡ s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✱ ❡t
❧✬é❣❛❧✐té ♣❧✉s s♣é❝✐✜q✉❡♠❡♥t ❞❛♥s ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r à ✉♥❡ s✐♥❣✉❧❛r✐té✳
❖♥ ✈❡rr❛ q✉❡ ❧❛ t❡❝❤♥✐q✉❡ s✬ét❡♥❞ é❣❛❧❡♠❡♥t ❛✉ 2m✲❣♦♥❡ ré❣✉❧✐❡r✱ m ≥ 4✳

✷✳ ◆♦✉s ❝❛❧❝✉❧♦♥s ❡♥s✉✐t❡ ♣ré❝✐sé♠❡♥t ❑❱♦❧ s✉r ❝❡rt❛✐♥s ❞✐sq✉❡s ❞❡ ❚❡✐❝❤♠ü❧❧❡r✳ ❉❛♥s
❝❡tt❡ ♣❛rt✐❡✱ ❧✬✐❞é❡ ♣r✐♥❝✐♣❛❧❡ ❡st ❞✬✉t✐❧✐s❡r à ❧❛ ❢♦✐s ❧❡s ✐❞é❡s ♣ré❧✐♠✐♥❛✐r❡s ❡t ❧❡s rés✉❧t❛ts
s✉r ❝❡rt❛✐♥❡s s✉r❢❛❝❡s s♣é❝✐✜q✉❡s ♣♦✉r ♣♦✉✈♦✐r ❝❛❧❝✉❧❡r ❑❱♦❧ s✉r t♦✉t ❧❡ ❞✐sq✉❡ ❞❡
❚❡✐❝❤♠ü❧❧❡r ❡♥ ❞é♠♦♥tr❛♥t ✉♥ rés✉❧t❛t ❞❡ ✧❝♦♠♣❛r❛✐s♦♥ ❞❡s s✐♥✉s✧✳ ◆♦✉s tr❛✐t♦♥s ❧❡
❝❛s ❞✉ ❞♦✉❜❧❡ (2m+1)✲❣♦♥❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♣✉✐s ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ❞❡s s✉r❢❛❝❡s
❞❡ ❇♦✉✇✲▼ö❧❧❡r ❛✐♥s✐ q✉❡ ❞✉ 2m✲❣♦♥❡ ré❣✉❧✐❡r✳ ❇✐❡♥ q✉❡ ❧❡ ❝❛❧❝✉❧ ❡①♣❧✐❝✐t❡ ❞❡ ❑❱♦❧ ♥❡
s♦✐t ♣♦ss✐❜❧❡ ❛✈❡❝ ❝❡tt❡ ♠ét❤♦❞❡ q✉❡ ❞❛♥s ❧❡ ❝❛s ❞❡ s✉r❢❛❝❡s à ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✱
♥♦✉s ❞♦♥♥♦♥s ✉♥ ❝r✐tèr❡ ♣♦✉r q✉❡ ❑❱♦❧ s♦✐t ❜♦r♥é ❞❛♥s ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡
s✉r❢❛❝❡ à ♣❧✉s✐❡✉rs s✐♥❣✉❧❛r✐tés✳

✸✳ ❊♥✜♥✱ ♥♦✉s ❛❜♦r❞❡r♦♥s ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞❡ ❑❱♦❧ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡
t♦✉t❡s ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❞❡ H(2g − 2)✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❞é❝r✐t ♣❧✉s✐❡✉rs
❢❛♠✐❧❧❡s ❞❡ s✉r❢❛❝❡s ♣♦✉r ❝❤❛q✉❡ ❣❡♥r❡ g ≥ 3 ❡t ❞♦♥t ❑❱♦❧ ❡st ❛r❜✐tr❛✐r❡♠❡♥t ♣r♦❝❤❡
❞❡ g✱ ❧✬✐♥✜♠✉♠ ❝♦♥❥❡❝t✉r❛❧ ❞❡ ❑❱♦❧ s✉r H(2g−2)✳ ❈❡❧❛ ❣é♥ér❛❧✐s❡ ✉♥❡ ❝♦♥str✉❝t✐♦♥ ❞❡
❙✳ ❈❤❡❜♦✉✐✱ ❆✳ ❑❡ss✐ ❡t ❉✳ ▼❛ss❛rt ❬❈❑▼✷✶❜❪✳

❈❛❧❝✉❧ ❞❡ ❑❱♦❧ s✉r ❝❡rt❛✐♥❡s s✉r❢❛❝❡s ♣❛rt✐❝✉❧✐èr❡s

❯♥❡ ❞❡s ♣r❡♠✐èr❡s ♠♦t✐✈❛t✐♦♥s ❞❡ ❝❡ tr❛✈❛✐❧ ❞❡ t❤ès❡ ❛ été ❞❡ tr♦✉✈❡r ❞❡s ❡①❡♠♣❧❡s ❞❡
s✉r❢❛❝❡s s✉r ❧❡sq✉❡❧❧❡s ♦♥ ♣♦✉✈❛✐t ❝❛❧❝✉❧❡r ❑❱♦❧ ❡①♣❧✐❝✐t❡♠❡♥t✳ ◆♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés
s♣é❝✐✜q✉❡♠❡♥t ❛✉① s✉r❢❛❝❡s ♦r✐❣✐♥❛❧❡s ❞❡ ❱❡❡❝❤✱ ❧❡ ❞♦✉❜❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r ♣♦✉r n ✐♠♣❛✐r ❡t ❧❡
n✲❣♦♥❡ ré❣✉❧✐❡r ♣♦✉r n ♣❛✐r✱ ♣♦✉r ❧❡sq✉❡❧❧❡s ♥♦✉s ❝❛❧❝✉❧♦♥s ❑❱♦❧ ❞❛♥s ❬❇▲▼✷✷❪ ♣♦✉r ❧❡ ❞♦✉❜❧❡
n✲❣♦♥❡ ré❣✉❧✐❡r✱ ♣✉✐s ❞❛♥s ❬❇♦✉✷✸❛❪ ♣♦✉r ❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r ✭❞❛♥s ❧❡ ❝❛s à ❞❡✉① s✐♥❣✉❧❛r✐tés

✸✽



♥♦✉s ♥❡ ❞♦♥♥♦♥s q✉✬✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ♣♦✉r ❑❱♦❧✱ ♥♦♥✲♦♣t✐♠❛❧❡✮✳ ❊♥✜♥✱ ♥♦✉s ét❡♥❞♦♥s
❧❡s ♠ét❤♦❞❡s ✉t✐❧✐sé❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ ❞❛♥s ✉♥ ❝❛❞r❡ ♣❧✉s ❣é♥ér❛❧ q✉✐ ❝♦♠♣r❡♥❞ ❧❡
❝❛s ❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r✱ ✈♦✐r ❈❤❛♣✐tr❡s ✹ ❡t ✺✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❡♥ ♥♦t❛♥t Xn ❧❡
❞♦✉❜❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r ❧♦rsq✉❡ n ≥ 5 ✐♠♣❛✐r ❡t ❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r ❧♦rsq✉❡ n ≥ 8 ❡st ♣❛✐r✱ ♦♥
❛ ❧❡s rés✉❧t❛ts s✉✐✈❛♥ts ✿

❚❤é♦rè♠❡ ✶✳✸✳✷ ✭❈❛s ❞✉ ❞♦✉❜❧❡ n✲❣♦♥❡✮✳ ▲♦rsq✉❡ n ≥ 5 ❡st ✐♠♣❛✐r✱ ❧❡ ❞♦✉❜❧❡ n✲❣♦♥❡
ré❣✉❧✐❡r Xn ✈ér✐✜❡ ✿

❑❱♦❧(Xn) =
n

2
cot

π

n

❉❡ ♣❧✉s✱ ❑❱♦❧ ❡st ré❛❧✐sé ✉♥✐q✉❡♠❡♥t ♣❛r ❧❡s ♣❛✐r❡s ❞❡ ❝ôtés ❞❡s n✲❣♦♥❡s✱ q✉✐ s✬✐♥t❡rs❡❝t❡♥t
❞❡✉① à ❞❡✉① ❡♥ ❧❛ s✐♥❣✉❧❛r✐té✳

❚❤é♦rè♠❡ ✶✳✸✳✸ ✭❈❛s ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r✱ n ♠✉❧t✐♣❧❡ ❞❡ 4✮✳ ▲♦rsq✉❡ n = 4m ≥ 8 ❡st ✉♥
♠✉❧t✐♣❧❡ ❞❡ 4✱ ❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r ✈ér✐✜❡ ✿

❑❱♦❧(Xn) =
n

4
cot

π

n

❉❡ ♣❧✉s✱ ❑❱♦❧ ❡st ré❛❧✐sé ✉♥✐q✉❡♠❡♥t ♣❛r ❧❡s ♣❛✐r❡s ❞❡ ❝ôtés ❞✉ 4m✲❣♦♥❡✱ q✉✐ s✬✐♥t❡rs❡❝t❡♥t
❞❡✉① à ❞❡✉① ❡♥ ❧❛ s✐♥❣✉❧❛r✐té✳

❚❤é♦rè♠❡ ✶✳✸✳✹ ✭❈❛s ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r✱ n ♥♦♥✲♠✉❧t✐♣❧❡ ❞❡ 4✮✳ ▲♦rsq✉❡ n = 4m + 2 ❡st
♣❛✐r ♠❛✐s ♥✬❡st ♣❛s ✉♥ ♠✉❧t✐♣❧❡ ❞❡ 4✱ ♦♥ ❛ ✿

❑❱♦❧(Xn) <
n

4
cot

π

n
.

❘❡♠❛rq✉♦♥s q✉❡ ❞❛♥s ❝❡ ❞❡r♥✐❡r ❝❛s✱ ❧❛ s✉r❢❛❝❡ ♣♦ssè❞❡ ❞❡✉① s✐♥❣✉❧❛r✐tés ❞✐st✐♥❝t❡s✱ ❡t ❧❛
❜♦r♥❡ q✉❡ ♥♦✉s ♦❜t❡♥♦♥s ♥❡ ❝♦rr❡s♣♦♥❞ ♣❛s à ✉♥❡ ♣❛✐r❡ ❞❡ ❣é♦❞és✐q✉❡s ❢❡r♠é❡s s✉r ❧❛ s✉r❢❛❝❡✱
❝✬❡st ♣♦✉rq✉♦✐ ♦♥ ♦❜t✐❡♥t ✉♥❡ ✐♥é❣❛❧✐té str✐❝t❡✳ P♦✉r ♦❜t❡♥✐r ❝❡s rés✉❧t❛ts✱ ❧✬✐❞é❡ ♣r✐♥❝✐♣❛❧❡
❡st ❞❡ ❞é❝♦✉♣❡r ❧❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ❡♥ ♣❧✉s ♣❡t✐ts ♠♦r❝❡❛✉① ✭♥♦♥ ❢❡r♠és✮ ❞♦♥t ♦♥ ♣❡✉t
❡st✐♠❡r à ❧❛ ❢♦✐s ❧❡s ❧♦♥❣✉❡✉rs ❡t ❧❡s ✐♥t❡rs❡❝t✐♦♥s✱ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ♠❛❥♦r❡r ❑❱♦❧✳ ❉❛♥s ❧❡s
❞❡✉① ♣r❡♠✐❡rs ❝❛s✱ ♦♥ ♠♦♥tr❡ ❡♥s✉✐t❡ q✉❡ ❧❡s ♠❛❥♦r❛t✐♦♥s ♦❜t❡♥✉❡s s♦♥t ♦♣t✐♠❛❧❡s ❡♥ ét✉❞✐❛♥t
s♣é❝✐✜q✉❡♠❡♥t ❧✬✐♥t❡rs❡❝t✐♦♥ ❞❡s s②st♦❧❡s✳ ❈❡tt❡ ♠ét❤♦❞❡ s❡ ❣é♥ér❛❧✐s❡ ❛✉ ❝❛s ❞❡ s✉r❢❛❝❡s ❞❡
tr❛♥s❧❛t✐♦♥ ❝♦♥str✉✐t❡s à ♣❛rt✐r ❞❡ ♣♦❧②❣♦♥❡s ❝♦♥✈❡①❡s✱ s♦✉s ❝❡rt❛✐♥❡s ❤②♣♦t❤ès❡s ✿

❚❤é♦rè♠❡ ❆✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞✬✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡
♣♦❧②❣♦♥❡s Pi✳ ❖♥ s✉♣♣♦s❡ q✉❡ ✿

✭❍✶✮ ❈❤❛q✉❡ ♣♦❧②❣♦♥❡ ❡st ❝♦♥✈❡①❡ à ❛♥❣❧❡s ♦❜t✉s ♦✉ ❞r♦✐ts✱
✭❍✷✮ ▲❡s ❝ôtés ❞✬✉♥ ♠ê♠❡ ♣♦❧②❣♦♥❡ ♥❡ s♦♥t ♣❛s r❡❝♦❧❧és ❡♥s❡♠❜❧❡✳

❆❧♦rs

❑❱♦❧(X) ≤ ❱♦❧(X)

l20
,

♦ù l0 ❞és✐❣♥❡ ❧❛ ❧♦♥❣✉❡✉r ❞✉ ♣❧✉s ♣❡t✐t ❝ôté ❞❡s ♣♦❧②❣♦♥❡s✳

✸✾



❊♥ ❢❛✐t✱ ❝❡ rés✉❧t❛t ♥❡ s❡ r❡str❡✐♥t ♣❛s ✉♥✐q✉❡♠❡♥t ❛✉ ❝❛❞r❡ ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✱
♠❛✐s ❡st ❡♥ ❢❛✐t ✈r❛✐ ♣♦✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ s✉r❢❛❝❡ ♣❧❛t❡ ✈ér✐✜❛♥t ❧❡s ❤②♣♦t❤ès❡s ✭❍✶✮ ❡t ✭❍✷✮✱
❛✈❡❝ s❡✉❧❡♠❡♥t q✉❡❧q✉❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❛♥s ❧❛ ♣❛rt✐❡ t❡❝❤♥✐q✉❡ ❞❡ ❧❛ ❞é♠♦♥str❛t✐♦♥✳ ❉❡ ♣❧✉s✱
❧✬✐♥é❣❛❧✐té ❡st ♦♣t✐♠❛❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r à ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té ✿

❚❤é♦rè♠❡ ❇✳ ❙♦✐t m,n ≥ 2 ❛✈❡❝ mn ≥ 6✳ ❖♥ ❛ ✿

❑❱♦❧(Sm,n) ≤
❱♦❧(Sm,n)

sin(π/m)2

❉❡ ♣❧✉s✱ ❧✬é❣❛❧✐té ❡st ré❛❧✐sé❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ pgcd(m,n) = 1 ✭❝✬❡st✲à✲❞✐r❡ q✉❡ Sm,n ♣♦ssè❞❡
✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✮✳ ❉❛♥s ❝❡ ❝❛s✱ ❑❱♦❧ ❡st ❛❧♦rs ❛tt❡✐♥t ✉♥✐q✉❡♠❡♥t ♣❛r ❧❡s ♣❛✐r❡s ❞❡
s②st♦❧❡s q✉✐ s✬✐♥t❡rs❡❝t❡♥t ✉♥❡ ❢♦✐s✳

❘❛♣♣❡❧♦♥s q✉❡ ❧♦rsq✉❡ n ❡st ✐♠♣❛✐r✱ Xn = S2,n ❞❡ s♦rt❡ q✉❡ ❧❡ ❚❤é♦rè♠❡ ✶✳✸✳✷ ❡st ✉♥❡
❝♦♥séq✉❡♥❝❡ ❞✐r❡❝t❡ ❞✉ ❚❤é♦rè♠❡ ❇✳ ❚♦✉t❡❢♦✐s✱ ♥♦✉s ❛✈♦♥s é♥♦♥❝é ❝❡ rés✉❧t❛t sé♣❛ré♠❡♥t ❝❛r
❧❛ ❞é♠♦♥str❛t✐♦♥ ❡st ♣❧✉s s✐♠♣❧❡ ❞❛♥s ❝❡ ❝❛s ♣❛rt✐❝✉❧✐❡r✳ ◆♦t♦♥s ♣❛r ❛✐❧❧❡✉rs q✉❡ ❧❡ n✲❣♦♥❡
ré❣✉❧✐❡r ✭♣♦✉r n ♣❛✐r✮ ♥❡ ✈ér✐✜❡ ♣❛s ❧❡s ❤②♣♦t❤ès❡s ❞✉ ❚❤é♦rè♠❡ ❆✱ ❡t ❞❡ ❢❛✐t ❧✬❤②♣♦t❤ès❡
q✉✬✐❧ ♥✬② ❛ ♣❛s ❞✬✐❞❡♥t✐✜❝❛t✐♦♥s ❡♥tr❡ ❧❡s ❛rêt❡s ❞✬✉♥ ♠ê♠❡ ♣♦❧②❣♦♥❡ ❡st ♥é❝❡ss❛✐r❡ à ❧❛
♣r❡✉✈❡ q✉❡ ♥♦✉s ❞♦♥♥♦♥s✳ ◆♦✉s ❞✐s❝✉t❡r♦♥s ❞❡s ❤②♣♦t❤ès❡s ❞✉ ❚❤é♦rè♠❡ ❆ ❞❛♥s ✉♥ ♣r♦❝❤❛✐♥
♣❛r❛❣r❛♣❤❡✳

▲✬✐❞é❡ ❞✉ ❞é❝♦✉♣❛❣❡✳ ➱t❛♥t ❞♦♥♥é❡ ✉♥❡ s✉r❢❛❝❡ ❞é❝r✐t❡ à ❧✬❛✐❞❡ ❞✬✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ ♣♦❧②✲
❣♦♥❡s ❛✈❡❝ ❞❡s ✐❞❡♥t✐✜❝❛t✐♦♥s ❡t ❞❡✉① ❣é♦❞és✐q✉❡s ❢❡r♠é❡s α ❡t β s✉r ❝❡tt❡ s✉r❢❛❝❡ ✭q✉✐ s♦♥t
❛❧♦rs ❞❡s ❧✐❣♥❡s ❞r♦✐t❡s ♣❛r ♠♦r❝❡❛✉①✱ ♣❛ss❛♥t ♣♦ss✐❜❧❡♠❡♥t ♣❛r ✉♥❡ ♦✉ ♣❧✉s✐❡✉rs s✐♥❣✉❧❛r✐✲
tés✮✱ ♦♥ ♣❡✉t ❞é❝✐❞❡r ❞❡ ❞é❝♦♠♣♦s❡r ❝❤❛❝✉♥❡ ❞❡s ❞❡✉① ❣é♦❞és✐q✉❡s ❡♥ s❡❣♠❡♥ts ♣❧✉s ❝♦✉rts
✭♥♦♥ ❢❡r♠és✮ ❡♥ ❞é❝♦✉♣❛♥t à ❝❤❛q✉❡ ❢♦✐s q✉❡ ❧❛ ❣é♦❞és✐q✉❡ tr❛✈❡rs❡ ✉♥❡ ❛rêt❡ ❞✬✉♥ ♣♦❧②❣♦♥❡✳
❈❡❧❛ ❞♦♥♥❡ ✉♥❡ s✉❜❞✐✈✐s✐♦♥ α = α1 ∪ · · · ∪αk ✭r❡s♣✳ β = β1 ∪ · · · ∪ βl✮✱ q✉❡ ❧✬♦♥ ♣❡✉t ❛♣♣❡❧❡r
❧❛ s✉❜❞✐✈✐s✐♦♥ ♣♦❧②❣♦♥❛❧❡✳

❈❡ ❞é❝♦✉♣❛❣❡ ♥❛ï❢ ♣❡r♠❡t ❞✬❛✈♦✐r ✉♥ ❝♦♥trô❧❡ s✉r ❧✬✐♥t❡rs❡❝t✐♦♥ ❡♥tr❡ α ❡t β ❝❛r ❛❧♦rs
❞❡✉① s❡❣♠❡♥ts ♥❡ ♣❡✉✈❡♥t s✬✐♥t❡rs❡❝t❡r q✉✬✉♥❡ ❢♦✐s ❛✉ ♣❧✉s✱ ❡t ❝❡❧❛ ✉♥✐q✉❡♠❡♥t s✬✐❧s s♦♥t
❞❛♥s ❧❡ ♠ê♠❡ ♣♦❧②❣♦♥❡✳ ❈♦♥❝❡r♥❛♥t ❧❡s ❧♦♥❣✉❡✉rs✱ ❝❡❧❛ ❞é♣❡♥❞ très ❢♦rt❡♠❡♥t ❞❡ ❧❛ ❢♦r♠❡
❞✉ ♣♦❧②❣♦♥❡✱ ♠❛✐s ❞❛♥s ❧✬❡①❡♠♣❧❡ ❞✬✉♥ ♣♦❧②❣♦♥❡ ❝♦♥✈❡①❡ à ❛♥❣❧❡s ♦❜t✉s ✭♦✉ ❞r♦✐ts✮✱ ♦♥ ♣❡✉t
♦❜t❡♥✐r ✉♥❡ ❜♦♥♥❡ ❡st✐♠❛t✐♦♥ ❞❡s ❧♦♥❣✉❡✉rs✳ P♦✉r ❝❡❧❛✱ ♦♥ ❞✐st✐♥❣✉❡ ❞❡✉① t②♣❡s ❞❡ s❡❣♠❡♥ts ✿

✖ ▲❡s s❡❣♠❡♥ts ♥♦♥✲❛❞❥❛❝❡♥ts q✉✐ ✈♦♥t ❞✬✉♥ ❝ôté ❞✉ ♣♦❧②❣♦♥❡ à ✉♥ ❝ôté ♥♦♥✲❛❞❥❛❝❡♥t ❞✉
♣♦❧②❣♦♥❡✳

✖ ▲❡s s❡❣♠❡♥t ❛❞❥❛❝❡♥ts q✉✐ ✈♦♥t ❞✬✉♥ ❝ôté ❞✉ ♣♦❧②❣♦♥❡ à ✉♥ ❝ôté ❛❞❥❛❝❡♥t ❞✉ ♣♦❧②❣♦♥❡✳

▲♦rsq✉❡ ❧✬✉♥❡ ❞❡s ❡①tré♠✐tés ❞✉ s❡❣♠❡♥t ❡st ✉♥❡ s✐♥❣✉❧❛r✐té✱ ♦♥ ❝♦♠♣t❡r❛ ❧❡ s❡❣♠❡♥t ❝♦♠♠❡
✉♥ s❡❣♠❡♥t ♥♦♥✲❛❞❥❛❝❡♥t✳ P❛r ❡①❡♠♣❧❡✱ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✷✶ ❧❡s s❡❣♠❡♥ts α2 ❡t α4 s♦♥t ❞❡s
s❡❣♠❡♥ts ❛❞❥❛❝❡♥ts t❛♥❞✐s q✉❡ α1✱ α3 ❡t α5 s♦♥t ♥♦♥✲❛❞❥❛❝❡♥ts✳

❖♥ ♣❡✉t s❡ ❝♦♥✈❛✐♥❝r❡ q✉❡ ❧❡s s❡❣♠❡♥ts ♥♦♥✲❛❞❥❛❝❡♥ts ♦♥t ✉♥❡ ❧♦♥❣✉❡✉r s✉♣ér✐❡✉r❡ à ❧❛
❧♦♥❣✉❡✉r ❞✉ ♣❧✉s ♣❡t✐t ❝ôté ❞✉ ♣♦❧②❣♦♥❡ ✭❝♦♥✈❡①❡ à ❛♥❣❧❡s ♦❜t✉s✮✳ ❈♦♥❝❡r♥❛♥t ❧❡s s❡❣♠❡♥ts
❛❞❥❛❝❡♥ts✱ ❧✬✐❞é❡ ❡st ❞❡ ❧❡s ❣r♦✉♣❡r ♣❛r ❞❡✉① ✿ ❝♦♠♠❡ ♦♥ ♣❡✉t ❧❡ ✈♦✐r ❣râ❝❡ à ❧❛ ❋✐❣✉r❡ ✶✳✷✷✱ ❧❛
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α1

α3

α5

α2

α4

D

B

A

D

B

A

C
C

E

E

F

F

❋✐❣✉r❡ ✶✳✷✶ ✕ ❊①❡♠♣❧❡ ❞✬✉♥❡ ❝♦♥♥❡①✐♦♥ ❞❡ s❡❧❧❡ α ❞é❝♦♠♣♦sé❡ ❡♥ 5 s❡❣♠❡♥ts α1, α2, α3, α4

❡t α5✳ ▲❡s s❡❣♠❡♥ts α2 ❡t α4 s♦♥t ❞❡s s❡❣♠❡♥ts ❛❞❥❛❝❡♥ts t❛♥❞✐s q✉❡ α1✱ α3 ❡t α5 s♦♥t ♥♦♥✲
❛❞❥❛❝❡♥ts✳

❧♦♥❣✉❡✉r t♦t❛❧❡ ❞❡ ❞❡✉① s❡❣♠❡♥ts ❛❞❥❛❝❡♥ts ❝♦♥sé❝✉t✐❢s ❡st ❛✉ ♠♦✐♥s é❣❛❧❡ à ❧❛ ❧♦♥❣✉❡✉r ❞✉
❝ôté ❞❡s ♣♦❧②❣♦♥❡s q✉✬✐❧s ♣❛rt❛❣❡♥t ✭❣râ❝❡ à ❧✬❤②♣♦t❤ès❡ s✉r ❧❡s ❛♥❣❧❡s✮✳ ❇✐❡♥ q✉❡ ❧❡s s❡❣♠❡♥ts
❛❞❥❛❝❡♥ts ♥❡ ✈✐❡♥♥❡♥t ♣❛s t♦✉❥♦✉rs ♣❛r ♣❛✐r❡✱ ♦♥ ✈❡rr❛ q✉❡ ❝✬❡st ❧❡ ❝❛s ♣♦✉r ❧❡ ❞♦✉❜❧❡ n✲❣♦♥❡
❡t ❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r✱ ❝❡ q✉✐ ♥♦✉s ♣❡r♠❡t ❞❡ ❢❛✐r❡ ❞❡s ❝❛❧❝✉❧s ❡①♣❧✐❝✐t❡s✳

αi

αi+1

βj

βj+1

P

P ′

❋✐❣✉r❡ ✶✳✷✷ ✕ ▲❛ ❧♦♥❣❡✉r ❞❡ ❞❡✉① s❡❣♠❡♥ts ❛❞❥❛❝❡♥ts ❝♦♥sé❝✉t✐❢s ❡st ❛✉ ♠♦✐♥s é❣❛❧❡ à ❧❛
❧♦♥❣✉❡✉r ❞✉ ❝ôté q✉✬✐❧s tr❛✈❡rs❡♥t✳ ❉❡ ♣❧✉s ❧✬✐♥t❡rs❡❝t✐♦♥ ❡♥tr❡ αi ❡t βj ♣❡r♠❡t ❞❡ ❞é❞✉✐r❡
q✉✬✐❧ ♥✬② ❛ ♣❛s ❞✬✐♥t❡rs❡❝t✐♦♥ ❡♥tr❡ αi+1 ❡t βj+1✱ q✉✐ s♦♥t ♣♦✉rt❛♥t ❞❛♥s ❧❡ ♠ê♠❡ ♣♦❧②❣♦♥❡✳

❘❡✈❡♥♦♥s ♠❛✐♥t❡♥❛♥t ❛✉① ✐♥t❡rs❡❝t✐♦♥s✳ ❖♥ ❛ ✈✉ q✉❡ ❞❡✉① s❡❣♠❡♥ts q✉❡❧❝♦♥q✉❡s ♥❡
♣❡✉✈❡♥t s✬✐♥t❡rs❡❝t❡r q✉✬✉♥❡ ❢♦✐s✱ ❡t ❝❡ à ❧❛ ❝♦♥❞✐t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ ❞✬êtr❡ ❞❛♥s ❧❡ ♠ê♠❡
♣♦❧②❣♦♥❡ ✭♥♦✉s s✉♣♣♦s♦♥s ✐❝✐ q✉✬✐❧ ♥✬② ❛ ♣❛s ❞✬✐♥t❡rs❡❝t✐♦♥s s✉r ❧❡s ❛rêt❡s ❞❡s ♣♦❧②❣♦♥❡s✱
❝❡ q✉❡ ❧✬♦♥ ♣❡✉t s✉♣♣♦s❡r q✉✐tt❡ à ❞é❢♦r♠❡r ❧é❣èr❡♠❡♥t α ♦✉ β à ❝♦♥❞✐t✐♦♥ q✉❡ ♥✐ α ♥✐ β
♥❡ s♦✐t ✉♥❡ ❛rêt❡ ❞✬✉♥ ♣♦❧②❣♦♥❡✱ ❝❡ ❞❡r♥✐❡r ❝❛s ♣♦✉✈❛♥t êtr❡ tr❛✐té à ♣❛rt✮✳ ❖♥ ♣❡✉t ❛❧❧❡r
♣❧✉s ❧♦✐♥ ❡♥ r❡♠❛rq✉❛♥t q✉❡ s✐ ✉♥ s❡❣♠❡♥t ❛❞❥❛❝❡♥t αi ✐♥t❡rs❡❝t❡ ✉♥ s❡❣♠❡♥t βj✱ ✐❧ ❡①✐st❡
✉♥❡ ❛rêt❡ ❞✉ ♣♦❧②❣♦♥❡ ❝♦♥t❡♥❛♥t ✉♥❡ ❡①tré♠✐té ❞❡ αi ❡t ✉♥❡ ❡①tré♠✐té ❞❡ βj✱ ❡t ❛❧♦rs ♦♥

✹✶



s❡ r❡♥❞ ❝♦♠♣t❡ q✉❡ ❧❡s s❡❣♠❡♥ts αi′ ❡t βj′ ❝♦♥sé❝✉t✐❢s ❧❡ ❧♦♥❣ ❞❡ ❝❡tt❡ ❛rêt❡ ♥❡ ♣❡✉✈❡♥t ♣❛s
s✬✐♥t❡rs❡❝t❡r ❛❧♦rs ♠ê♠❡ q✉✬✐❧s s♦♥t ❞❛♥s ❧❡ ♠ê♠❡ ♣♦❧②❣♦♥❡✳ P❛r ❡①❡♠♣❧❡✱ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✷✷✱
αi ❡t βj s✬✐♥t❡rs❡❝t❡♥t ❡t ♣❛rt❛❣❡♥t ✉♥❡ ❛rêt❡ ❡①tré♠❛❧❡✱ ❞❡ s♦rt❡ q✉❡ αi+1 ❡t βj+1 ♥❡ ♣❡✉✈❡♥t
♣❛s s✬✐♥t❡rs❡❝t❡r ❛❧♦rs q✉✬✐❧s s♦♥t t♦✉s ❞❡✉① ❝♦♥t❡♥✉s ❞❛♥s ❧❡ ♠ê♠❡ ♣♦❧②❣♦♥❡ P ′✳ ❘❡♠❛r✲
q✉♦♥s ❝❡♣❡♥❞❛♥t q✉❡ ❝❡t ❛r❣✉♠❡♥t ♥✬❡st ♣❛s ✈❛❧❛❜❧❡ ❧♦rsq✉❡ ❧❡ s❡❣♠❡♥t βj ❡st ✉♥ s❡❣♠❡♥t
❞♦♥t ❧✬✉♥❡ ❞❡s ❡①tré♠✐tés ❡st ✉♥ s♦♠♠❡t ❞✬✉♥ ♣♦❧②❣♦♥❡✱ ♠❛✐s ♠❛❧❣ré ❝❡ ❝❛s ♣❛rt✐❝✉❧✐❡r✱ ❧❛
♣❤✐❧♦s♦♣❤✐❡ ❣é♥ér❛❧❡ ❡st q✉✬✉♥❡ ✐♥t❡rs❡❝t✐♦♥ ❛✈❡❝ ✉♥ s❡❣♠❡♥t ❛❞❥❛❝❡♥t r❡t✐r❡ ✉♥❡ ✐♥t❡rs❡❝t✐♦♥
♣♦t❡♥t✐❡❧❧❡ ❡t ♣❡r♠❡t ❞❡ ❝♦♠♣❡♥s❡r ❧❛ ♣❡t✐t❡ ❧♦♥❣✉❡✉r ❞❡s s❡❣♠❡♥ts ❛❞❥❛❝❡♥ts ❡♥ r❡t✐r❛♥t ❞❡s
✐♥t❡rs❡❝t✐♦♥s✳

P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧♦rsq✉❡ ❧❡s ❝ôtés ❞✬✉♥ ♠ê♠❡ ♣♦❧②❣♦♥❡ ♥❡ s♦♥t ♣❛s r❡❝♦❧❧és ♣♦✉r ❝♦♥str✉✐r❡
❧❛ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥✱ ♦♥ ♣❡✉t ❞é♠♦♥tr❡r ✿

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✺✳ ◆♦t♦♥s

✖ pα ✭r❡s♣✳ pβ✮ ❧❡ ♥♦♠❜r❡ ❞❡ s❡❣♠❡♥ts ♥♦♥✲❛❞❥❛❝❡♥ts ❞❡ α ✭r❡s♣✳ β✮✱

✖ qα ✭r❡s♣✳ qβ✮ ❧❡ ♥♦♠❜r❡ ♠❛①✐♠❛❧ ❞❡ ♣❛✐r❡s ❞❡ s❡❣♠❡♥ts ❛❞❥❛❝❡♥ts ❝♦♥sé❝✉t✐❢s ❞❛♥s ❧❛
❞é❝♦♠♣♦s✐t✐♦♥ ♣♦❧②❣♦♥❛❧❡ ❞❡ α ✭r❡s♣✳ β✮✳

❆❧♦rs ❧❡ ♥♦♠❜r❡ ❞✬✐♥t❡rs❡❝t✐♦♥s ♥♦♥✲s✐♥❣✉❧✐èr❡s |α∩β| ❞❡s ❣é♦❞és✐q✉❡s ❢❡r♠é❡s α ❡t β ✈ér✐✜❡ ✿

|α ∩ β| ≤ (pα + qα)(pβ + qβ)

❈❡tt❡ ♣r♦♣♦s✐t✐♦♥✱ ❝♦♠❜✐♥é❡ à ✉♥❡ ❜♦♥♥❡ ❡st✐♠❛t✐♦♥ ❞❡s ❧♦♥❣✉❡✉rs✱ ♣❡r♠❡t ❡ss❡♥t✐❡❧❧❡✲
♠❡♥t ❞❡ ❞é♠♦♥tr❡r ❧❡ ❚❤é♦rè♠❡ ❆✳

❈♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❑❱♦❧ ❡t ❧❡ ✈♦❧✉♠❡ s②st♦❧✐q✉❡✳ ❉❛♥s ❧❡ ❝❛s ♦ù X ❡st ✉♥❡ s✉r❢❛❝❡
q✉✐ ✈ér✐✜❡ ❧❡s ❤②♣♦t❤ès❡s ❞✉ ❚❤é♦rè♠❡ ❆✱ ❡t s✐ ❧✬♦♥ s✉♣♣♦s❡ ❞❡ ♣❧✉s q✉❡ t♦✉s ❧❡s s♦♠♠❡ts
❞❡s ♣♦❧②❣♦♥❡s s♦♥t ✐❞❡♥t✐✜és ❡♥ ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✱ ❧❡ ♣❧✉s ♣❡t✐t ❝ôté ❞❡s ♣♦❧②❣♦♥❡s ❡st
❛❧♦rs ✉♥❡ ❝♦✉r❜❡ ❢❡r♠é❡ s✐♠♣❧❡✱ q✉✐ ❡st ❞❡ ♣❧✉s ✉♥❡ s②st♦❧❡✱ ❡t ♦♥ ❛

❑❱♦❧(X) ≤ Volsys(X).

❈❡ rés✉❧t❛t ❡st à ❝♦♠♣❛r❡r ❛✈❡❝ ❧❡ rés✉❧t❛t ❞✉ ❚❤é♦rè♠❡ ✶✳✶✳✻✱ q✉✐ ❞♦♥♥❛✐t ❧✬❡st✐♠é❡ ❑❱♦❧(X) ≤
9Volsys(X)✳ ❖♥ ♣❡✉t ❛❧♦rs s❡ ♣♦s❡r ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ♠❡✐❧❧❡✉r❡ ❝♦♥st❛♥t❡ ♣♦ss✐❜❧❡ ❞❛♥s ❝❡tt❡
✐♥é❣❛❧✐té ❞❛♥s ❧❡ ❝❛s s♣é❝✐✜q✉❡ ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥✳ ❯♥❡ ♣r❡♠✐èr❡ ❝❤♦s❡ à r❡♠❛r✲
q✉❡r ❡st q✉❡ ❧❛ ❝♦♥st❛♥t❡ 1 ✈❛❧❛❜❧❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ♣♦❧②❣♦♥❡s ❝♦♥✈❡①❡s à ❛♥❣❧❡s ♦❜t✉s s❛♥s
✐❞❡♥t✐✜❝❛t✐♦♥s ❞❡s ❛rêt❡s ❞✬✉♥ ♠ê♠❡ ♣♦❧②❣♦♥❡ ♥✬❡st ♣❛s ✈❛❧❛❜❧❡ ❡♥ ❣é♥ér❛❧ ✿ ❧❛ s✉r❢❛❝❡ ❡♥
▲ ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞❡ ✻ tr✐❛♥❣❧❡s éq✉✐❧❛tér❛✉① ✭✈♦✐r ❋✐❣✉r❡ ✶✳✷✸✮ ❢♦✉r♥✐t ✉♥ ❡①❡♠♣❧❡ ❞❡
s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ X à ✉♥❡ s✐♥❣✉❧❛r✐té t❡❧❧❡ q✉❡ ✿

❑❱♦❧(X) = 3 =
2√
3
Volsys(X).

◆♦✉s ❝♦♥❥❡❝t✉r♦♥s q✉❡ ❧❛ s✉r❢❛❝❡ ❡♥ ▲ éq✉✐❧❛tér❛❧ ré❛❧✐s❡ ❧❛ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ❞❡ ❧❛ ❝♦♠✲
♣❛r❛✐s♦♥ ❡♥tr❡ ❑❱♦❧ ❡t ❧❡ ✈♦❧✉♠❡ s②st♦❧✐q✉❡✱ ♣❧✉s ♣ré❝✐sé♠❡♥t ✿
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A B

C

B
D

A

D

C

❋✐❣✉r❡ ✶✳✷✸ ✕ ▲❡ L éq✉✐❧❛tér❛❧✳

❈♦♥❥❡❝t✉r❡ ✶✳✸✳✻✳ P♦✉r t♦✉t❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ X à ✉♥❡ s✐♥❣✉❧❛r✐té✱ ♦♥ ❛

❑❱♦❧(X) ≤ 2√
3
Volsys(X).

❉❡ ♣❧✉s✱ ❧✬✐♥é❣❛❧✐té ❡st ♦♣t✐♠❛❧❡ ♣♦✉r t♦✉t ❣❡♥r❡ g✱ ❡t ❧❡ ❝❛s ❞✬é❣❛❧✐té ❝♦♠♣r❡♥❞ ❧❡s s✉r❢❛❝❡s
éq✉✐❧❛tér❛❧❡s St(2g − 1)✳

❯♥❡ ✐❞é❡ ♣♦✉r ❞é♠♦♥tr❡r ❝❡ rés✉❧t❛t ♣♦✉rr❛✐t êtr❡ ❞✬❛❞❛♣t❡r ❧❛ ♠ét❤♦❞❡ ❞❡ ❞é❝♦✉♣❛❣❡
❞❛♥s ❧❡s ❝❛s ♦ù ❧❡s ❤②♣♦t❤ès❡s ❞✉ ❚❤é♦rè♠❡ ❆ ♥❡ s♦♥t ♣❛s ✈ér✐✜é❡s✳ ❚♦✉t❡❢♦✐s✱ ❧❛ ♠ét❤♦❞❡ ❞❡
❞é❝♦✉♣❛❣❡ s❡✉❧❡ ♥❡ s❡♠❜❧❡ ♣❛s s✉✣s❛♥t❡ ♣♦✉r ❞é♠♦♥tr❡r ❧❛ ❈♦♥❥❡❝t✉r❡ ✶✳✸✳✻✱ ♣♦✉r ♣❧✉s✐❡✉rs
r❛✐s♦♥s ✿

• ❉✬✉♥❡ ♣❛rt✱ ✐❧ ❢❛✉t ♣♦✉✈♦✐r tr❛✐t❡r ❧❡ ❝❛s ❞❡ s✉r❢❛❝❡s ❝♦♥str✉✐t❡s à ♣❛rt✐r ❞❡ ♣♦❧②❣♦♥❡s
❝♦♥✈❡①❡s ❞♦♥t ❧❡s ❛♥❣❧❡s ♥❡ s♦♥t ♣❛s ♦❜t✉s✳ ▼❛✐s s✐ ❧❡s ❛♥❣❧❡s ♥❡ s♦♥t ♣❛s s✉♣♣♦sés
♦❜t✉s ♦✉ ❞r♦✐ts✱ ❧❛ ❧♦♥❣✉❡✉r ❞✬✉♥❡ ♣❛✐r❡ ❞❡ s❡❣♠❡♥ts ❛❞❥❛❝❡♥ts ❝♦♥sé❝✉t✐❢s ♣❡✉t êtr❡
❛r❜✐tr❛✐r❡♠❡♥t ♣❡t✐t❡✱ ❝♦♠♠❡ s✉r ❧✬❡①❡♠♣❧❡ ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✷✹✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦tr❡
♠ét❤♦❞❡ ♥✬❛ ❛✉❝✉♥❡ ❝❤❛♥❝❡ ❞❡ s✬❛❞❛♣t❡r à ♠♦✐♥s ❞❡ s✉♣♣♦s❡r ✿

✭❍✶✬✮ ▲❛ s♦♠♠❡ ❞❡ ❞❡✉① ❛♥❣❧❡s ❝♦♥sé❝✉t✐❢s ❛✉t♦✉r ❞✬✉♥ s♦♠♠❡t ❞♦♥♥é ❡st t♦✉❥♦✉rs
s✉♣ér✐❡✉r❡ ♦✉ é❣❛❧❡ à π✳

❊♥ s✉♣♣♦s❛♥t ✭❍✶✬✮✱ ❧❡ ❢❛✐t ❞✬❛✈♦✐r ❞❡s ❛♥❣❧❡s ♦❜t✉s ♥✬✐♥t❡r✈✐❡♥t q✉❡ ❞❛♥s ❧✬ét✉❞❡ ❞❡s
❧♦♥❣✉❡✉rs ❡t ❧✬❡st✐♠❛t✐♦♥ ❞❡s ✐♥t❡rs❡❝t✐♦♥s r❡st❡ ✐♥❝❤❛♥❣é❡✳ ❆✐♥s✐✱ ✐❧ s✉✣t ❞✬❛❞❛♣t❡r
❧❛ ♣❛rt✐❡ s✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡s ❧♦♥❣✉❡✉rs ❞❛♥s ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞✉ ❚❤é♦rè♠❡ ❆ ♣♦✉r
♦❜t❡♥✐r ✉♥ rés✉❧t❛t s✐♠✐❧❛✐r❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❛ ✿

❚❤é♦rè♠❡ ✶✳✸✳✼✳ ❙♦✐t X ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞✬✉♥❡ ❝♦❧❧❡❝t✐♦♥
❞❡ ♣♦❧②❣♦♥❡s (Pi)i∈I ✈ér✐✜❛♥t ✭❍✶✬✮ ❡t ✭❍✷✮✳ ◆♦t♦♥s θ0 ❧✬❛♥❣❧❡ ♠✐♥✐♠❛❧ ❡♥tr❡ ❧❡s ❝ôtés
❞❡s ♣♦❧②❣♦♥❡s Pi✱ ❡t l0 ❧❛ ❧♦♥❣✉❡✉r ❞✉ ♣❧✉s ♣❡t✐t ❝ôté ❞❡s ♣♦❧②❣♦♥❡s✳ ❖♥ s✉♣♣♦s❡ θ0 ≥
1
2
arccos 8

9
✳ ❆❧♦rs

❑❱♦❧(X) ≤ ❱♦❧(X)

sin(θ0)2l20

❇✐❡♥ q✉✬é♥♦♥❝é s♦✉s ❧❛ ❝♦♥tr❛✐♥t❡ θ0 ≥ 1
2
arccos 8

9
≃ 0.076π✱ ♥♦✉s ♣❡♥s♦♥s q✉❡ ❝❡

rés✉❧t❛t ❡st ✈r❛✐ ♣♦✉r t♦✉t θ0 > 0✳
❊♥✜♥✱ r❡♠❛rq✉♦♥s q✉❡ ❧❡ ❚❤é♦rè♠❡ ✶✳✸✳✼ ♥✬❡st ♣❛s s✉✣s❛♥t ♣♦✉r rés♦✉❞r❡ ❧❛ ❈♦♥❥❡❝t✉r❡
✶✳✸✳✻✱ ❝❛r✱ ❡♥ ❧❛✐ss❛♥t ❞❡ ❝ôté ❧✬❤②♣♦t❤ès❡ s✉r ❧❡s ✐❞❡♥t✐✜❝❛t✐♦♥s ❞✬❛rêt❡s✱ ♦♥ ♦❜t✐❡♥t
❑❱♦❧(X) ≤ 4

3
Volsys(X) ❞❛♥s ❧❡ ❝❛s ❞✉ ▲ éq✉✐❧❛tér❛❧✳
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P

P ′

❋✐❣✉r❡ ✶✳✷✹ ✕ ❙✐ ♦♥ ♥❡ s✉♣♣♦s❡ ♣❛s q✉❡ ❧❡s ❛♥❣❧❡s ❞❡s ♣♦❧②❣♦♥❡s s♦♥t ♦❜t✉s ♦✉ ❞r♦✐ts✱ ❧❛
❧♦♥❣✉❡✉r t♦t❛❧❡ ❞❡ ❞❡✉① s❡❣♠❡♥ts ❛❞❥❛❝❡♥ts ❝♦♥sé❝✉t✐❢s ♣❡✉t êtr❡ ❛r❜✐tr❛✐r❡♠❡♥t ♣❡t✐t❡✳

• ❈♦♥❝❡r♥❛♥t ❧❡s ✐❞❡♥t✐✜❝❛t✐♦♥s ❞✬❛rêt❡s ❞✬✉♥ ♠ê♠❡ ♣♦❧②❣♦♥❡✱ ♥♦✉s ❛✈♦♥s ✈✉ ❞❛♥s ❧❡ ❝❛s
❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r ♣♦✉r n ♣❛✐r ✭❚❤é♦rè♠❡s ✶✳✸✳✸ ❡t ✶✳✸✳✹✮ q✉❡ ❧❛ ❝♦♥❝❧✉s✐♦♥ ❞❡s ❚❤é♦✲
rè♠❡s ❆ ❡t ✶✳✸✳✼ ♣❡✉t r❡st❡r ✈❛❧❛❜❧❡✳ ❊♥ ❢❛✐t✱ ♥♦✉s ❝♦♥❥❡❝t✉r♦♥s q✉❡ ❝❡s ❞❡✉① t❤é♦rè♠❡s
r❡st❡♥t ✈❛❧❛❜❧❡s s❛♥s ❧✬❤②♣♦t❤ès❡ s✉r ❧❡s ✐❞❡♥t✐✜❝❛t✐♦♥s ❞❡s ❛rêt❡s✳ ❚♦✉t❡❢♦✐s✱ ✉♥❡ ♣r❡✉✈❡
✉t✐❧✐s❛♥t ❧❛ ♠ét❤♦❞❡ ❞❡ ❞é❝♦✉♣❛❣❡ t❡❧❧❡ q✉❡❧❧❡ ♥é❝❡ss✐t❡r❛✐t ✉♥❡ ❡st✐♠❛t✐♦♥ ❜✐❡♥ ♣❧✉s
✜♥❡ ❞❡s ❧♦♥❣✉❡✉rs ❡t ✉♥❡ ét✉❞❡ s♣é❝✐✜q✉❡ ❞❡ ❝❡rt❛✐♥❡s ❝♦♥✜❣✉r❛t✐♦♥s ♣r♦❜❧é♠❛t✐q✉❡s✳
❘❡♠❛rq✉♦♥s t♦✉t❡❢♦✐s q✉❡ ❧✬❛r❣✉♠❡♥t ❞❡ ❞é❝♦✉♣❛❣❡ ♣❡r♠❡t ❢❛❝✐❧❡♠❡♥t ❞❡ ❞é♠♦♥tr❡r
q✉❡ ♣♦✉r ✉♥❡ s✉r❢❛❝❡ X ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞✬✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞❡ ♣♦❧②❣♦♥❡s (Pi) ✈ér✐✜❛♥t
✭❍✶✮ ♠❛✐s ♣❛s ✭❍✷✮✱ ♦♥ ❛ ✿

❑❱♦❧(X) ≤ 4
❱♦❧(X)

l20
,

♦ù l0 ❞és✐❣♥❡ ❧❛ ❧♦♥❣✉❡✉r ❞✉ ♣❧✉s ♣❡t✐t ❝ôté ❞❡s ♣♦❧②❣♦♥❡s✳

• ❊♥✜♥✱ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s s♦♠♠❡ts ♥❡ s♦♥t ♣❛s t♦✉s ✐❞❡♥t✐✜és ❛✉ ♠ê♠❡ ♣♦✐♥t s✉r ❧❛
s✉r❢❛❝❡✱ ✐❧ ♣♦✉rr❛✐t ♥❡ ♣❛s ② ❛✈♦✐r ❞❡ ❝♦✉r❜❡ ❢❡r♠é❡ ❞❡ ❧♦♥❣✉❡✉r l0✳ ❈❡tt❡ ❞❡r♥✐èr❡
❤②♣♦t❤ès❡ s❡♠❜❧❡ ❞✐✣❝✐❧❡ à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❡♥ ✉t✐❧✐s❛♥t ❧✬❛r❣✉♠❡♥t ❞❡ ❞é❝♦✉♣❛❣❡✳
❯♥❡ ❝♦♥❥❡❝t✉r❡ ♦♣t✐♠✐st❡ s❡r❛✐t q✉❡ ❧❡ ❚❤é♦rè♠❡ ❆ r❡st❡ ✈r❛✐ ❡♥ r❡♠♣❧❛ç❛♥t ❧❛ ❧♦♥✲
❣✉❡✉r ❞✉ ♣❧✉s ♣❡t✐t ❝ôté ❞❡s ♣♦❧②❣♦♥❡s ♣❛r ❧❛ s②st♦❧❡✱ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞✉ ♥♦♠❜r❡ ❞❡
s✐♥❣✉❧❛r✐tés✳

❊t s✐ ❧❛ s✉r❢❛❝❡ ♥✬❡st ♣❛s ♣❧❛t❡ ❄ ❘❡♠❛rq✉♦♥s ♣♦✉r t❡r♠✐♥❡r q✉❡ ❝❡tt❡ ♠ét❤♦❞❡ ❡st
❡ss❡♥t✐❡❧❧❡♠❡♥t ❝♦♠❜✐♥❛t♦✐r❡ ❡t ♥✬❛ ♣❛s ❞❡ r❛✐s♦♥ ❞✬êtr❡ s♣é❝✐✜q✉❡ ❛✉① s✉r❢❛❝❡s ♣❧❛t❡s✳ ❖♥
♣♦✉rr❛✐t ♣❛r ❡①❡♠♣❧❡ ✐♠❛❣✐♥❡r ❡st✐♠❡r ❑❱♦❧ s✉r ❝❡rt❛✐♥❡s s✉r❢❛❝❡s ❤②♣❡r❜♦❧✐q✉❡s ✭❛②❛♥t
♣♦t❡♥t✐❡❧❧❡♠❡♥t ❞❡s s✐♥❣✉❧❛r✐tés ❝♦♥✐q✉❡s✮ ❡♥ ✉t✐❧✐s❛♥t ❝❡s rés✉❧t❛ts✳ ❚♦✉t❡❢♦✐s✱ ❧❛ ❝♦♥❞✐t✐♦♥
❞✬❛✈♦✐r t♦✉s ❧❡s ❛♥❣❧❡s ♦❜t✉s ♦✉ ❞r♦✐ts ❡st ❣é♥ér❛❧❡♠❡♥t ❞✐✣❝✐❧❡ à ♦❜t❡♥✐r ♣♦✉r ✉♥❡ s✉r❢❛❝❡
❤②♣❡r❜♦❧✐q✉❡ ♥✬❛②❛♥t ♣❛s ❞❡ s✐♥❣✉❧❛r✐tés ✭❧❡s ❛♥❣❧❡s ❛②❛♥t ♣❧✉tôt t❡♥❞❛♥❝❡ à êtr❡ ♣❡t✐ts✮✳

▲✬❡①t❡♥s✐♦♥ ❛✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r

❯♥❡ ❢♦✐s ❑❱♦❧ ❝❛❧❝✉❧é s✉r ✉♥❡ s✉r❢❛❝❡ ♣❛rt✐❝✉❧✐èr❡ ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✱ ♦♥ ♣❡✉t
✉t✐❧✐s❡r ❧❛ ❝♦♥t✐♥✉✐té ❞❡ ❑❱♦❧ ♣♦✉r ❡st✐♠❡r ❑❱♦❧ ♣♦✉r ❞❡s s✉r❢❛❝❡s ♣r♦❝❤❡s✱ ♠❛✐s s❛♥s ❛✉✲
❝✉♥ ❝♦♥trô❧❡ s✉r ❧❛ t❛✐❧❧❡ ❞✉ ✈♦✐s✐♥❛❣❡✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❡①♣❧✐q✉♦♥s ❝♦♠♠❡♥t ✉t✐❧✐s❡r
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❧✬❡st✐♠❛t✐♦♥ ❞❡ ❑❱♦❧ s✉r ✉♥❡ s✉r❢❛❝❡ ♣❛rt✐❝✉❧✐èr❡ ✭q✉✐ ❞❛♥s ♥♦s ❡①❡♠♣❧❡s ❝♦rr❡s♣♦♥❞ ❡①❛❝t❡✲
♠❡♥t à ✉♥ ❝♦✐♥ ❞✉ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧✮ ❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ s✉r ❧❡ ❞✐sq✉❡
❞❡ ❚❡✐❝❤♠ü❧❧❡r ✈✉❡ ❡♥ ➓✶✳✸✳✷✱ ♣♦✉r ❝❛❧❝✉❧❡r ♣ré❝✐sé♠❡♥t ❑❱♦❧ s✉r ❧❡s ❞✐sq✉❡s ❞❡ ❚❡✐❝❤♠ü❧❧❡r
❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r ❞✬✉♥❡ ♣❛rt✱ ❡t ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r ♣♦✉r n = 4m ❞✬❛✉tr❡ ♣❛rt✳
P♦✉r ❢♦r♠❛❧✐s❡r ❧❡s rés✉❧t❛ts✱ ♦♥ ✉t✐❧✐s❡ ❧❛ ♣❛r❛♠étr✐s❛t✐♦♥ ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞❡ ❝❡s
s✉r❢❛❝❡s ♦❜t❡♥✉❡s ❡♥ ➓✶✳✷✳✹✳ ❈❡s rés✉❧t❛ts ♣❡✉✈❡♥t s❡ rés✉♠❡r à ❧✬❛✐❞❡ ❞❡s ❋✐❣✉r❡s ✶✳✷✺✱ ✶✳✷✻
❡t ✶✳✷✼✳ ❊ss❡♥t✐❡❧❧❡♠❡♥t✱ ♦♥ ❞é♠♦♥tr❡ q✉❡ ❑❱♦❧ ♣❡✉t s❡ ❝❛❧❝✉❧❡r s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r
❞❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡s s✉r❢❛❝❡s s✐♠♣❧❡♠❡♥t ❡♥ r❡❣❛r❞❛♥t ❧❛ ❞✐st❛♥❝❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❝♦♥s✐❞éré❡ ♣❛r
r❛♣♣♦rt à ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ❣é♦❞és✐q✉❡s ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✳

❚❤é♦rè♠❡ ✶✳✸✳✽ ✭❈❛s ❞✉ ❞♦✉❜❧❡ n✲❣♦♥❡✮✳ ❙♦✐t n ≥ 5 ✐♠♣❛✐r✳ P♦✉r t♦✉t❡ s✉r❢❛❝❡ X ❞❛♥s ❧❡
❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉ ❞♦✉❜❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r✱ r❡♣rés❡♥té❡ ♣❛r ✉♥ ♣♦✐♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡
❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✷✺✱ ♦♥ ❛

❑❱♦❧(X) = K0 ·
1

cosh(dH2(X, γ0,∞))

♦ù K0 > 0 ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❡①♣❧✐❝✐t❡ q✉✐ ❞é♣❡♥❞ ❞❡ n✱ γ0,∞ ❞és✐❣♥❡ ❧❛ ❣é♦❞és✐q✉❡ ❞✬❡①tré♠✐tés
0 ❡t ∞ ❡t dH2 ❞és✐❣♥❡ ❧❛ ❞✐st❛♥❝❡ ❤②♣❡r❜♦❧✐q✉❡✳
❈❡tt❡ q✉❛♥t✐té s✬❡①♣r✐♠❡ ❛✉ss✐ s♦✉s ❧❛ ❢♦r♠❡

❑❱♦❧(X) = K0 sin θ(X, 0,∞),

♦ù θ(X, 0,∞) ❡st ❧✬❛♥❣❧❡ q✉✐ ❞é✜♥✐t ❧❡ ✈♦✐s✐♥❛❣❡ ❜❛♥❛♥❡ ❞❡ ❧❛ ❣é♦❞és✐q✉❡ γ0,∞ q✉✐ ♣❛ss❡ ♣❛r
X✱ ❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✷✺✳ ✭➱t❛♥t ❞♦♥♥és d, d′ ∈ R ∪ {∞} ❞✐st✐♥❝ts✱ ❧❡ ✈♦✐s✐♥❛❣❡ ❜❛♥❛♥❡
❞❡ ❧❛ ❣é♦❞és✐q✉❡ γd,d′ q✉✐ ♣❛ss❡ ♣❛r X ❡st ❧✬❡♥s❡♠❜❧❡ {z ∈ H2, d(z, γd,d′) = d(X, γd,d′)}✳✮

❆✈❛♥t ❞❡ ♣♦✉rs✉✐✈r❡✱ r❡♠❛rq✉♦♥s q✉❡ ❧✬é❣❛❧✐té sin θ(X, 0,∞) =
1

cosh(dH2(X, γ0,∞))
❡st

✈r❛✐❡ ❡♥ t♦✉t❡ ❣é♥ér❛❧✐té ❡t s❡ ❞é♠♦♥tr❡ ♣❛r ✉♥ s✐♠♣❧❡ ❝❛❧❝✉❧ ❞❡ ❣é♦♠étr✐❡ ❤②♣❡r❜♦❧✐q✉❡✳
P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ét❛♥t ❞♦♥♥é ❞❡✉① ❞✐r❡❝t✐♦♥s d, d′ ∈ R ∪ {∞} ≃ ∂H2 ❞✐st✐♥❝t❡s✱ ♦♥ ❛

sin θ(X, d, d′) =
1

cosh(dH2(X, γd,d′))
♦ù γd,d′ ❞és✐❣♥❡ ❧❛ ❣é♦❞és✐q✉❡ ❤②♣❡r❜♦❧✐q✉❡ ❞✬❡①tré♠✐tés

d ❡t d′ ❡t sin θ(X, d, d′) ❞és✐❣♥❡ ❧✬❛♥❣❧❡ ❞é✜♥✐ ♣❛r ❧❡ ✈♦✐s✐♥❛❣❡ ❜❛♥❛♥❡ ❞❡ γd,d′ ♣❛ss❛♥t ♣❛r X✱
❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✷✽✳

❚❤é♦rè♠❡ ✶✳✸✳✾ ✭❈❛s ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r à ✉♥❡ s✐♥❣✉❧❛r✐té✮✳ ❙♦✐t n = 4m ≥ 8✳ P♦✉r t♦✉t❡
s✉r❢❛❝❡ X ❞❛♥s ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r✱ r❡♣rés❡♥té❡ ♣❛r ✉♥ ♣♦✐♥t ❞❛♥s
❧❡ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✷✻✱ ♦♥ ❛

❑❱♦❧(X) = K0 ·
1

cosh(dH2(X,G))
♦ù K0 ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❡①♣❧✐❝✐t❡ q✉✐ ❞é♣❡♥❞ ❞❡ n ❡t

G =
⋃

k∈N∗∪{∞}
Γ · γ∞,1/kΦ

■❝✐✱ Γ ❞és✐❣♥❡ ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❞✉ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r ❛ss♦❝✐é ❛✉ n✲❣♦♥❡ ré❣✉❧✐❡r✱ ❡t Φ =
Φn := 2 cos(π/n)✳
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dH2(X, γ0,∞)

❋✐❣✉r❡ ✶✳✷✺ ✕ ❉❛♥s ❧❡ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉ ❞♦✉❜❧❡ ♣❡♥t❛✲
❣♦♥❡✱ ♦♥ ❛ ❑❱♦❧(X) = K0 sin θ = K0

1
cosh(d

H2 (X,γ0,∞))
✳

❚❤é♦rè♠❡ ❈ ✭❈❛s ❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r✮✳ P♦✉r t♦✉s m,n ≥ 3 ❛✈❡❝ m ∧ n = 1 ❡t
t♦✉t❡ s✉r❢❛❝❡ X ❞❛♥s ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❇♦✉✇✲▼ö❧❧❡r Sm,n✱ r❡♣rés❡♥té❡
♣❛r ✉♥ ♣♦✐♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✷✼✱ ♦♥ ❛

❑❱♦❧(X) = K0 ·
1

cosh(dH2(X, γcot(π/n),∞ ∪ γ− cot(π/n),∞))

♦ù K0 > 0 ❡st ✉♥❡ ❝♦♥st❛♥t❡ ❡①♣❧✐❝✐t❡ q✉✐ ❞é♣❡♥❞ ❞❡ m ❡t n✳

❘❡♠❛rq✉♦♥s q✉❡ ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s à ♣❧✉s✐❡✉rs s✐♥❣✉❧❛r✐tés ♥❡ ♣❡✉t êtr❡ tr❛✐té ✐❝✐✱ t❛♥t
à ❝❛✉s❡ ❞✉ ❢❛✐t q✉❡ ♥♦✉s ♥✬❛✈♦♥s ♣❛s ❞❡ ❝❛❧❝✉❧ ♣ré❝✐s ♣♦✉r ❑❱♦❧ s✉r ❧❡s s✉r❢❛❝❡s s♣é❝✐✲
✜q✉❡s ✭✉♥✐q✉❡♠❡♥t ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡✮ q✉❡ ♣❛r❝❡ q✉❡ ❧❛ ♠ét❤♦❞❡ ❞✬❡①t❡♥s✐♦♥ ❛✉ ❞✐sq✉❡ ❞❡
❚❡✐❝❤♠ü❧❧❡r ♥✬❡st ✈❛❧❛❜❧❡ q✉❡ ♣♦✉r ❞❡s s✉r❢❛❝❡s ❛✈❡❝ ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✳

❯♥❡ q✉❡st✐♦♥ ❞✬✐♥t❡r♣♦❧❛t✐♦♥✳ ▲❡s ❞é♠♦♥str❛t✐♦♥s ❞❡s ❚❤é♦rè♠❡s ✶✳✸✳✽✱ ✶✳✸✳✾ ❡t ❈
s✉✐✈❡♥t ❧❛ ♠ê♠❡ ❧♦❣✐q✉❡ ✿ ♣r❡♥♦♥s ❧✬❡①❡♠♣❧❡ ❞✉ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡ ♣♦✉r ❡♥ ❡①♣❧✐q✉❡r ❧✬✐❞é❡✳
❈♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ❡♥ ➓✶✳✷✳✹✱ ✉♥ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉
❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡ ♣❡✉t êtr❡ r❡♣rés❡♥té ♣❛r ✉♥ tr✐❛♥❣❧❡ ❤②♣❡r❜♦❧✐q✉❡ ❛✈❡❝ ✉♥ ❝✉s♣ ❞♦♥t ❧❡s
❞❡✉① ❛♥❣❧❡s ♥♦♥ ♥✉❧s s♦♥t π

5
✳ ▲❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡ ❡st r❡♣rés❡♥té ♣❛r ❧❡ ❝♦✐♥ ❞✉ ❞♦♠❛✐♥❡

❢♦♥❞❛♠❡♥t❛❧ ✭❧❡s ❞❡✉① ❝♦✐♥s ét❛♥t ✐❞❡♥t✐✜és✮✳ ❆✉ ✈✉ ❞❡s rés✉❧t❛ts ♣ré❝é❞❡♥ts✱ ♥♦✉s ❞✐s♣♦s♦♥s
❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉✐✈❛♥t❡s ✿

✖ ▲❡ ❝❛❧❝✉❧ ❞❡ ❑❱♦❧ s✉r ❧❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡ ✭❚❤é♦rè♠❡ ✶✳✸✳✷✮✱ ❡♥ ♣❧✉s ❞❡ ♥♦✉s ❞♦♥✲
♥❡r ❧✬❡①♣r❡ss✐♦♥ ❡①❛❝t❡ ❞❡ ❑❱♦❧✱ ♥♦✉s ❞♦♥♥❡ ♣ré❝✐sé♠❡♥t ❧❡s ❝♦✉r❜❡s q✉✐ ré❛❧✐s❡♥t ❧❡
♠❛①✐♠✉♠ ✭❝❡ s♦♥t ❧❡s ♣❛✐r❡s ❞❡ ❝ôtés ❞❡s ♣❡♥t❛❣♦♥❡s✮✳

✹✻



0 Φ
2

2
Φ1

1
Φ

1
2Φ

1
3Φ

X

❋✐❣✉r❡ ✶✳✷✻ ✕ ▲❡s ❣é♦❞és✐q✉❡s γ∞, 1
kΦ

♣♦✉r k = 1, 2, 3 ❡t ❧❡✉rs ✐♠❛❣❡s ♣❛r ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤
q✉✐ ✐♥t❡rs❡❝t❡♥t ❧❡ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧✳ ❆ ❞r♦✐t❡✱ ❧❡s ♠ê♠❡s ❣é♦❞és✐q✉❡s s✉r ❧❛ s✉r❢❛❝❡
q✉♦t✐❡♥t H2/Γ✳

✖ ❉❡ ♣❧✉s✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ ❞❛♥s ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❞✐r❡❝t✐♦♥ ♣ér✐♦❞✐q✉❡✱ ❧❛ ❞é❝♦♠✲
♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s ❡st ❝❡❧❧❡ ❞✉ ▲ ❞✬♦r à ❛❝t✐♦♥ ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ♣rès✱ ♦♥ ♣❡✉t
♠♦♥tr❡r q✉❡ ❑❱♦❧(X) ≤ 2Φ−1

(Φ−1)2
s✉r t♦✉t ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✳ ▲✬é❣❛❧✐té ❡st é✈✐❞❡♠✲

♠❡♥t ré❛❧✐sé❡ ❞❛♥s ❧❡ ❝❛s ❞✉ ▲ ❞✬♦r ✭♣❧❛❝é❡ ❛✉ ♣♦✐♥t i ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧✮✱
♠❛✐s ❛✉ss✐ ♣♦✉r ❧❡s ✐♠❛❣❡s ❞✉ ▲ ❞✬♦r ♣❛r ❧❡ ✢♦t ❣é♦❞és✐q✉❡ ✈❡rt✐❝❛❧ ✭♣❧❛❝é❡s ❡♥ ai ♣♦✉r
a ≥ 1✮✳ ❉❡ ♣❧✉s✱ ♣♦✉r t♦✉t❡s ❝❡s s✉r❢❛❝❡s✱ ❑❱♦❧ ❡st ré❛❧✐sé ♣❛r ❧✬✐♠❛❣❡ ❞❡s ❝♦✉r❜❡s α ❡t
β ❞❡ ❧❛ ❋✐❣✉r❡ ✶✳✷✾✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡ s♦♥t ❧❡s ♠ê♠❡s ❝♦✉r❜❡s q✉✐ ré❛❧✐s❡♥t ❧❡ ♠❛①✐♠✉♠ ❞❛♥s ❧❛ ❞é✜♥✐t✐♦♥
❑❱♦❧ ❞❛♥s ❧❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡ ❡t ❞❛♥s ❧❡s s✉r❢❛❝❡s ❡♥ L s✐t✉é❡s s✉r ❧❛ ❣é♦❞és✐q✉❡ γ0,∞✳
▲✬✐❞é❡ ❢♦♥❞❛tr✐❝❡ ❡st ❛❧♦rs ❞❡ ❞é♠♦♥tr❡r q✉❡ ❝✬❡st ❧❡ ❝❛s s✉r t♦✉t ❧❡ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ❡♥
✐♥t❡r♣♦❧❛♥t s✉r t♦✉t ❧❡ r❡st❡ ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✳

P♦✉r ❝❡❧❛✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛r ❝❤♦✐s✐r ✉♥❡ s✉r❢❛❝❡ ❞❡ ❜❛s❡ S0 ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ✭♣❛r
❡①❡♠♣❧❡✱ ❞❛♥s ❧❡ ❝❛s ❞❡s ❞♦✉❜❧❡s n✲❣♦♥❡s ♦♥ ❝❤♦✐s✐t ❧❡ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r ❛ss♦❝✐é✮ ♣✉✐s ♦♥
❞é✜♥✐t✱ ét❛♥t ❞♦♥♥é ❞❡✉① ❞✐r❡❝t✐♦♥s ♣ér✐♦❞✐q✉❡s ❞✐st✐♥❝t❡s d ❡t d′ s✉r S0✱ ❧❛ q✉❛♥t✐té ✿

K(d, d′) = max
α,β

■♥t(α, β)
α ∧ β

❧❡ ♠❛①✐♠✉♠ ♣♦rt❛♥t s✉r ❧✬❡♥s❡♠❜❧❡ ✭✜♥✐✮ ❞❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s s✉r S0 ❞❡ ❞✐r❡❝t✐♦♥s r❡s♣❡❝✲
t✐✈❡s d ❡t d′✳ ❊♥s✉✐t❡✱ ♦♥ ❞é♠♦♥tr❡ q✉❡ ♣♦✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❞♦♥t ❧❡s ❣é♦❞és✐q✉❡s
♣❛r❛❧❧è❧❡s ♥❡ s✬✐♥t❡rs❡❝t❡♥t ♣❛s✱ ♦♥ ❛ ✿

❑❱♦❧(X) = sup
d,d′∈P,d ̸=d′

K(d, d′) · sin θ(X, d, d′).
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0

Sm,n

Sn,mSn,m

cot(π
n
)− cot(π

n
) cos(π

n
)+cos( π

m
)

sin(π
n
)

θ

X

❋✐❣✉r❡ ✶✳✷✼ ✕ ▲❡ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r Sm,n ❡t ❧❡s ❣é♦❞és✐q✉❡s
γ∞,± cot(π/n)✳ ▲✬❛♥❣❧❡ θ ♠❡s✉r❡ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ X ❡t ❧❛ ❣é♦❞és✐q✉❡ γ∞,cot(π/n)

♦ù θ(X, d, d′) ❡st ❧✬❛♥❣❧❡ ❞é✜♥✐ ♣❛r ❧❡ ✈♦✐s✐♥❛❣❡ ❜❛♥❛♥❡ ❞❡ ❧❛ ❣é♦❞és✐q✉❡ ❤②♣❡r❜♦❧✐q✉❡ γd,d′
♣❛ss❛♥t ♣❛r X ❝♦♠♠❡ s✉r ❧❛ ❋✐❣✉r❡ ✶✳✷✽✱ ❡t P ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞✐r❡❝t✐♦♥s ♣ér✐♦❞✐q✉❡s s✉r
❧❛ s✉r❢❛❝❡ S0✳ ❊♥✜♥✱ ♥♦✉s ❞é♠♦♥tr♦♥s ✉♥ rés✉❧t❛t ❞❡ ✧❝♦♠♣❛r❛✐s♦♥ ❞❡s s✐♥✉s✧ ❡♥ ❣é♦♠étr✐❡
❤②♣❡r❜♦❧✐q✉❡✱ q✉✐ ♣❡✉t s✬é♥♦♥❝❡r ❝♦♠♠❡ s✉✐t ✿

❚❤é♦rè♠❡ ✶✳✸✳✶✵✳ ❙♦✐❡♥t a, b, c ∈ R ❛✈❡❝ |b| ≤ |c|✳ ◆♦t♦♥s D ❧❡ ♣♦❧②❣♦♥❡ ❤②♣❡r❜♦❧✐q✉❡ ❞é✲
✜♥✐ ♣❛r ❧❡s ❣é♦❞és✐q✉❡s γa,∞✱ γa+b,∞ ❛♥❞ γa−c,a+c✱ ❡t X0 ❧❡ ♣♦✐♥t ❞✬✐♥t❡rs❡❝t✐♦♥ ❞❡ γa+b,∞ ❡t
γa−c,a+c ✭q✉✐ ❡①✐st❡ ❣râ❝❡ à ❧✬❤②♣♦t❤ès❡ |b| ≤ |c|✮✳ ❙✉♣♣♦s♦♥s ❞❡ ♣❧✉s q✉❡ ❧✬❛♥❣❧❡ ❡♥tr❡ ❧❡s ❣é♦✲
❞és✐q✉❡s γa+b,∞ ❡t γa+c,a−c ❡st ❞❡ ❧❛ ❢♦r♠❡ π

n
♣♦✉r n ≥ 2✱ ❞❡ s♦rt❡ q✉❡ ❧❡ ❣r♦✉♣❡ G ❡♥❣❡♥❞ré

♣❛r ❧❡s ré✢❡①✐♦♥s ♣❛r r❛♣♣♦rt ❛✉① ❣é♦❞és✐q✉❡s γa+b,∞ ❡t γa−c,a+c ❡st ✉♥ ❣r♦✉♣❡ ❞✐❤é❞r❛❧✳ ❙♦✐t
P ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ ∂H2 st❛❜❧❡ ♣❛r ❧✬❛❝t✐♦♥ ❞❡ G ❡t ❝♦♥t❡♥❛♥t ❛✉ ♠♦✐♥s ∞, a ❡t a + 2b✳
❙♦✐t K(·, ·) : P × P\∆ → R ✉♥❡ ❢♦♥❝t✐♦♥ s②♠étr✐q✉❡ ❡♥ s❡s ❞❡✉① ❝♦♦r❞♦♥♥é❡s ✭∆ ❡st ❧❛
❞✐❛❣♦♥❛❧❡ {(x, x), x ∈ P}✮ ❡t ✐♥✈❛r✐❛♥t❡ s♦✉s ❧✬❛❝t✐♦♥ ❞✐❛❣♦♥❛❧❡ ❞❡ G✳

❙✉♣♣♦s♦♥s ❞❡ ♣❧✉s q✉❡ ✿

✭❍✶✮ P♦✉r t♦✉s d, d′ ∈ P ❞✐st✐♥❝ts✱

K(d, d′) sin(X0, d, d
′) ≤ K(∞, a) sin θ(X0,∞, a)

✭❍✷✮ P♦✉r t♦✉s d, d′ ∈ P ❞✐st✐♥❝ts✱

K(d, d′) ≤ K(∞, a)

✭❍✸✮ P♦✉r t♦✉s d, d′ ∈ P ❞✐st✐♥❝ts t❡❧s q✉❡ γd,d′ ✐♥t❡rs❡❝t❡ D ❡t (d, d′) ̸= (∞, a)✱

K(d, d′) ≤ sin(
π

4
)K(∞, a)

✹✽



γd,d′

X

θ

❋✐❣✉r❡ ✶✳✷✽ ✕ ❉é✜♥✐t✐♦♥ ❞❡ ❧✬❛♥❣❧❡ θ(X, d, d′)✳

α

β

α

β

❋✐❣✉r❡ ✶✳✷✾ ✕ ❈❡ s♦♥t ❧❡s ♠ê♠❡s ❝♦✉r❜❡s q✉✐ ré❛❧✐s❡♥t ❑❱♦❧ s✉r ❧❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥❡ ❡t s✉r
s♦♥ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r✳

✭❍✹✮ P♦✉r t♦✉s d, d′ ∈ P ❞✐st✐♥❝ts t❡❧s q✉❡ γd,d′ ✐♥t❡rs❡❝t❡ D ❡t (d, d′) ̸= (∞, a)✱

K(d, d′) ≤ sin θ(X0,∞, a)

sin θ(X0, a, a+ 2b)
K(∞, a)

❆❧♦rs✱ ♣♦✉r t♦✉t X ∈ D ❡t t♦✉s d, d′ ∈ P ❞✐st✐♥❝ts ✿

K(d, d′) sin(X, d, d′) ≤ K(∞, a) sin θ(X,∞, a).

❉❛♥s ♥♦tr❡ ❝❛❞r❡✱ P s❡r❛ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞✐r❡❝t✐♦♥s ♣ér✐♦❞✐q✉❡s ❞❡ ❧❛ s✉r❢❛❝❡ S0✳ ▲✬♦❜❥❡❝t✐❢
❡st ❛❧♦rs ❞✬ét✉❞✐❡r K(·, ·) ♣♦✉r ♠♦♥tr❡r q✉❡ ❧❡s ❤②♣♦t❤ès❡s ❞✉ ❚❤é♦rè♠❡ ✶✳✸✳✶✵ s♦♥t ✈ér✐✜é❡s
♣♦✉r ❧❡s ♣❛r❛♠ètr❡s a✱ b ❡t c ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ❞♦♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r
❝♦♥s✐❞éré✱ ❧❛ s✉r❢❛❝❡ S0 ét❛♥t ♣❧❛❝é❡ ❡♥ i✳

▲❡ ❝❛s ❞❡s s✉r❢❛❝❡s à ♣❧✉s✐❡✉rs s✐♥❣✉❧❛r✐tés✳ ❉❛♥s ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥
à ♣❧✉s✐❡✉rs s✐♥❣✉❧❛r✐tés✱ ❧❡s ❣é♦❞és✐q✉❡s ❢❡r♠é❡s s✐♠♣❧❡s ♥✬♦♥t ♣❛s t♦✉❥♦✉rs ❞❡ ❞✐r❡❝t✐♦♥ ❜✐❡♥

✹✾



❞é✜♥✐❡ ❝❛r ❡❧❧❡s ♣♦✉rr❛✐❡♥t êtr❡ ✉♥✐♦♥ ❞❡ ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ✭♥♦♥ ❢❡r♠é❡s✮ ❞❛♥s ❞❡s ❞✐✲
r❡❝t✐♦♥s ❞✐✛ér❡♥t❡s✱ ❡t ❧❛ ♠ét❤♦❞❡ ❞✬❡①t❡♥s✐♦♥ ❛✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ♥❡ ❢♦♥❝t✐♦♥♥❡ ♣❧✉s✳
❚♦✉t❡❢♦✐s✱ ♦♥ ♣❡✉t q✉❛♥❞ ♠ê♠❡ ✉t✐❧✐s❡r ❧❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❡♥ ❝②❧✐♥❞r❡s ♣♦✉r ❞♦♥♥❡r ✉♥ ❝r✐✲
tèr❡ ♣♦✉r q✉❡ ❑❱♦❧ r❡st❡ ❜♦r♥é s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤✳ P❧✉s
♣ré❝✐sé♠❡♥t ✿

❚❤é♦rè♠❡ ❉ ✭❬❇♦✉✷✸❛❪✮✳ ❑❱♦❧ ❡st ❜♦r♥é s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡
❱❡❡❝❤ X s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❞❡✉① ❝♦✉r❜❡s ❢❡r♠é❡s q✉✐ s✬❡①♣r✐♠❡♥t ❝♦♠♠❡ ✉♥✐♦♥ ❞❡ ❝♦♥♥❡①✐♦♥
❞❡ s❡❧❧❡s ♣❛r❛❧❧è❧❡s ♥❡ s✬✐♥t❡rs❡❝t❡♥t ❥❛♠❛✐s✳

■❧ ❡st à ♥♦t❡r q✉❡ ❧❛ ♣r❡✉✈❡ ❞❡ ❝❡ rés✉❧t❛t ♣❡r♠❡t ❞❡ ❞♦♥♥❡r ✉♥❡ ❜♦r♥❡ ❡①♣❧✐❝✐t❡ ✭♠❛✐s ♥♦♥
♦♣t✐♠❛❧❡✮ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❝♦♥s✐❞éré ✭à ❝♦♥❞✐t✐♦♥ ❞✬❛✈♦✐r ✉♥❡ ❞❡s❝r✐♣t✐♦♥
❡①♣❧✐❝✐t❡ ❞❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❡♥ ❝②❧✐♥❞r❡s✮✳ ◆♦t❛♠♠❡♥t✱ ♥♦✉s ❞♦♥♥♦♥s ✉♥❡ ❜♦r♥❡ ❡①♣❧✐❝✐t❡
♣♦✉r ❑❱♦❧ s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r ❛✈❡❝ ❞❡✉① s✐♥❣✉❧❛r✐tés ✭n ≡ 2
mod 4✮ ❞❛♥s ❬❇♦✉✷✸❛❪✳

❚❤é♦rè♠❡ ✶✳✸✳✶✶✳ ❙♦✐t n ≡ 2 mod 4✱ n ≥ 10✳ P♦✉r t♦✉t❡ s✉r❢❛❝❡ X ❞❛♥s ❧❡ ❞✐sq✉❡ ❞❡
❚❡✐❝❤♠ü❧❧❡r ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r✱ ♦♥ ❛ ✿

❑❱♦❧(X) ≤ n

4
cot(

π

n
).

❚❤é♦rè♠❡ ❊✳ P♦✉r t♦✉s m,n ≥ 2 ❛✈❡❝ mn ≥ 6✱ ❑❱♦❧ ❡st ❜♦r♥é s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r
❞❡ Sm,n✳

❇✐❡♥ q✉❡ ❧❡ ❝r✐tèr❡ ❞✉ ❚❤é♦rè♠❡ ❉ s♦✐t ❛ss❡③ ❢❛❝✐❧❡ à ✈ér✐✜❡r ❞❛♥s ❧❡ ❝❛s ❞✉ n✲❣♦♥❡ ré✲
❣✉❧✐❡r✱ ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r r❡q✉✐❡rt ✉♥ ♣❡✉ ♣❧✉s ❞✬❛tt❡♥t✐♦♥✳ P♦✉r ét✉❞✐❡r
❧❡s ✐♥t❡rs❡❝t✐♦♥s ❞❡s ❝♦✉r❜❡s ♣❛r❛❧❧è❧❡s ✭❡t ❞♦♥❝ ♣♦✉✈♦✐r ❛♣♣❧✐q✉❡r ❧❡ ❝r✐tèr❡ ❝✐✲❞❡ss✉s✮✱ ✉♥❡
♠ét❤♦❞❡ ❡st ❞✬✉t✐❧✐s❡r ❧❡s ❞✐❛❣r❛♠♠❡s ❞❡ sé♣❛r❛tr✐❝❡s ✐♥tr♦❞✉✐ts ♣❛r ▼✳ ❑♦♥ts❡✈✐❝❤ ❡t ❆✳ ❩♦✲
r✐❝❤ ❬❑❩✵✸❪✱ q✉✐ s♦♥t ❞❡s ❣r❛♣❤❡s ♠✉♥✐s ❞✬✉♥ ♦r❞r❡ ❝②❝❧✐q✉❡ à ❝❤❛q✉❡ ❛rêt❡ ✭❛✉ss✐ ❛♣♣❡❧és
❣r❛♣❤❡s ❡♥r✉❜❛♥♥és✱ ✈♦✐r ❬❊▼▼✶✸❪✮ q✉✐ ❡♥❝♦❞❡♥t ❥✉st❡♠❡♥t ❧✬♦r❞r❡ ❝②❝❧✐q✉❡ ❞❡s ❝♦♥♥❡①✐♦♥s
❞❡ s❡❧❧❡s ❤♦r✐③♦♥t❛❧❡s ❡♥ ❧❡s s✐♥❣✉❧❛r✐tés✳ P❛r ❡①❡♠♣❧❡✱ ❧❡ ❞✐❛❣r❛♠♠❡ ❛ss♦❝✐é à ❧❛ ❞é❝♦♠♣♦s✐✲
t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s ❤♦r✐③♦♥t❛❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ à tr♦✐s ❝❛rr❡❛✉① ❡st r❡♣rés❡♥té ❡♥ ❋✐❣✉r❡ ✶✳✸✵✳ ❖♥
♣❡✉t ❞é❞✉✐r❡ ❞✬✉♥ t❡❧ ❣r❛♣❤❡ ❧❡s ✐♥t❡rs❡❝t✐♦♥s ❡♥tr❡ ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s✱ ♦✉ ❡♥tr❡ ❝♦✉r❜❡s
❢❡r♠é❡s q✉✐ s♦♥t ❞❡s ✉♥✐♦♥ ❞❡ ♣❧✉s✐❡✉rs ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ✭❞❛♥s ❧❡ ❝❛s ♦ù ✐❧ ② ❛ ♣❧✉s✐❡✉rs
s✐♥❣✉❧❛r✐tés✮✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❛ ✿

❚❤é♦rè♠❡ ✶✳✸✳✶✷✳ ▲❡s ❝♦✉r❜❡s ❢❡r♠é❡s ♣❛r❛❧❧è❧❡s ♥❡ s✬✐♥t❡rs❡❝t❡♥t ♣❛s s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❧❡
❞✐❛❣r❛♠♠❡ ❞❡ sé♣❛r❛tr✐❝❡s ❛ss♦❝✐é à ❝❤❛❝✉♥❡ ❞❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❡♥ ❝②❧✐♥❞r❡s ❡st ♣❧❛♥❛✐r❡✳

◆♦✉s ✉t✐❧✐s♦♥s ❝❡ rés✉❧t❛t ❞❛♥s ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s ❞❡ ❇♦✉✇✲▼ö❧❧❡r ♣♦✉r ❞é♠♦♥tr❡r ❧❡
❚❤é♦rè♠❡ ❊✳ ✭P♦✉r êtr❡ t♦✉t à ❢❛✐t ❡①❛❝t✱ ♥♦✉s ✉t✐❧✐s♦♥s ❡♥ ❢❛✐t ❧❛ ✈❡rs✐♦♥ ❞✉❛❧❡ ❞✉ ❞✐❛❣r❛♠♠❡
❞❡ sé♣❛r❛tr✐❝❡s✱ q✉✐ ❡st ♣❧❛♥❛✐r❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ sé♣❛r❛tr✐❝❡s ❧✬❡st✱ ❡t q✉✐
❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ s❡ ❞é❞✉✐r❡ ♣❧✉s ❞✐r❡❝t❡♠❡♥t ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❝②❧✐♥❞r❡s✳✮ ❯♥ ❝♦r♦❧❧❛✐r❡
❝♦♠❜✐♥❛t♦✐r❡ ❞✉ ❚❤é♦rè♠❡ ✶✳✸✳✶✷ ❡st q✉✬✐❧ ❡①✐st❡ t♦✉❥♦✉rs ❞❡s ❝♦✉r❜❡s ❢❡r♠é❡s ♣❛r❛❧❧è❧❡s q✉✐
s✬✐♥t❡rs❡❝t❡♥t s✐ ✉♥❡ s✉r❢❛❝❡ ❞❡ ❣❡♥r❡ g ♣♦ssè❞❡ ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ g − 1 ❝②❧✐♥❞r❡s ♦✉
♠♦✐♥s✳ ❉❡ ♣❧✉s✱ ❧❛ ré❝✐♣r♦q✉❡ ❡st ✈r❛✐❡ s✬✐❧ ♥✬② ❛ q✉✬✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s
H(2)✱ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❞♦♥♥é❡ ♣❛r ▼❝▼✉❧❧❡♥ ❬▼❝▼✵✺❛❪ ✐♠♣❧✐q✉❡ q✉❡ ✿
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A B C

C B A

❋✐❣✉r❡ ✶✳✸✵ ✕ ▲❛ s✉r❢❛❝❡ à tr♦✐s ❝❛rr❡❛✉① ❡t s♦♥ ❞✐❛❣r❛♠♠❡ ❞❡ sé♣❛r❛tr✐❝❡s ❤♦r✐③♦♥t❛❧❡s✳

❚❤é♦rè♠❡ ✶✳✸✳✶✸✳ ❉❛♥s H(2)✱ ❑❱♦❧ ❡st ❜♦r♥é s✉r ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡
❞❡ ❱❡❡❝❤ X s✐ ❡t s❡✉❧❡♠❡♥t s✐ X ❡st ♥♦♥ ❛r✐t❤♠ét✐q✉❡✳

P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ❝❡ ❝r✐tèr❡ ♣❡r♠❡t ❞❡ ❞é♠♦♥tr❡r q✉❡ ❑❱♦❧ ❡st ❜♦r♥é s✉r ❧❡ ❞✐sq✉❡ ❞❡
❚❡✐❝❤♠ü❧❧❡r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ ❛❧❣é❜r✐q✉❡♠❡♥t ♣r✐♠✐t✐✈❡ ❛②❛♥t ✉♥❡ s❡✉❧❡
s✐♥❣✉❧❛r✐té✱ ❝❛r ❛❧♦rs t♦✉t❡s ❧❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❡♥ ❝②❧✐♥❞r❡s ♦♥t ❡①❛❝t❡♠❡♥t g ❝②❧✐♥❞r❡s✳
◆♦t♦♥s ♣❛r ❛✐❧❧❡✉rs q✉❡✱ ❞ès q✉✬✐❧ ② ❛ ♣❧✉s✐❡✉rs s✐♥❣✉❧❛r✐tés✱ ♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ❞❡s s✉r❢❛❝❡s
❛r✐t❤♠ét✐q✉❡s ❛②❛♥t ✉♥ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r s✉r ❧❡q✉❡❧ ❑❱♦❧ ❡st ❜♦r♥é ✿ ❧❛ s✉r❢❛❝❡ ♣rés❡♥té❡
❡♥ ❋✐❣✉r❡ ✶✳✸✶ ♣♦ssè❞❡✱ à ❧✬❛❝t✐♦♥ ❞❡ SL2(R) ♣rès✱ ❞❡✉① ❞é❝♦♠♣♦s✐t✐♦♥s ❡♥ ❝②❧✐♥❞r❡s✱ ❡t ❧❡s
❞✐❛❣r❛♠♠❡s ❞❡ sé♣❛r❛tr✐❝❡s ❛ss♦❝✐és s♦♥t ♣❧❛♥❛✐r❡s✳ ❖♥ ♣❡✉t tr♦✉✈❡r ❞❡s ❡①❡♠♣❧❡s s✐♠✐❧❛✐r❡s
❡♥ ❣❡♥r❡ tr♦✐s ❡t q✉❛tr❡✱ ♠❛✐s ❝❡s ❡①❡♠♣❧❡s s♦♥t t♦✉❥♦✉rs ❞❛♥s ❧❛ str❛t❡ ♣r✐♥❝✐♣❛❧❡✳ ❆✐♥s✐✱ ♦♥
♣❡✉t s❡ ♣♦s❡r ❧❛ q✉❡st✐♦♥ s✉✐✈❛♥t❡ ✿

◗✉❡st✐♦♥ ✶✳✸✳✶✹✳ ❊st ❝❡ q✉❡ t♦✉t❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ ❛r✐t❤♠ét✐q✉❡ ❞❡ H(2g − 2) ♣♦ssè❞❡ ❛✉
♠♦✐♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ❛②❛♥t g− 1 ❝②❧✐♥❞r❡s ♦✉ ♠♦✐♥s ❄ ❘é❝✐♣r♦q✉❡♠❡♥t✱ ❡st✲❝❡ q✉✬✐❧ ❡①✐st❡ ❞❡s
s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♥♦♥✲❛r✐t❤♠ét✐q✉❡s ❞❡ H(2g − 2) ❛✈❡❝ ✉♥❡ ❞✐r❡❝t✐♦♥ ❛②❛♥t g − 1 ❝②❧✐♥❞r❡s
♦✉ ♠♦✐♥s ❄

A

A B

BC

C

1 1

2 2

❋✐❣✉r❡ ✶✳✸✶ ✕ ❯♥ ❡①❡♠♣❧❡ ❞❡ s✉r❢❛❝❡ à ♣❡t✐t ❝❛rr❡❛✉① ❛②❛♥t ✉♥ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r s✉r
❧❡q✉❡❧ ❑❱♦❧ ❡st ❜♦r♥é✳

❯♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ♣♦✉r ❑❱♦❧ ❡♥ ❣❡♥r❡ g ❄

❉❛♥s ❝❡tt❡ ♣❛rt✐❡✱ ♦♥ s✬✐♥tér❡ss❡ à ❧✬✐♥✜♠✉♠ ❞❡ ❑❱♦❧ s✉r ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❞❡
❣❡♥r❡ g✳ ❈♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✐♥tr♦❞✉❝t✐✈❡✱ ❧✬❛s②♠♣t♦t✐q✉❡ ❞❡ ❧✬✐♥✜♠✉♠ ❞❡ ❑❱♦❧

✺✶



s✉r t♦✉t❡s ❧❡s s✉r❢❛❝❡s r✐❡♠❛♥♥✐❡♥♥❡s ❞❡ ❝♦✉r❜✉r❡ ♥é❣❛t✐✈❡ ♦✉ ♥✉❧❧❡ ❞❡ ❣❡♥r❡ g ❡st ❞❡ ❧✬♦r❞r❡
❞❡ g

log(g)2
✳ ❚♦✉t❡❢♦✐s✱ ❞❛♥s ❧❡ ❝❛s s♣é❝✐✜q✉❡ ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ à ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✱

♦♥ ❝♦♥❥❡❝t✉r❡ q✉❡
inf

X∈H(2g−2)
❑❱♦❧(X) = g.

❉❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥✱ ♥♦✉s ❝♦♥str✉✐s♦♥s ❞❡s ❢❛♠✐❧❧❡s (Lg,n) ❞❡ s✉r❢❛❝❡s ❞❡ H(2g − 2) ♣♦✉r
❝❤❛q✉❡ ❣❡♥r❡ g ≥ 3 ❞♦♥t ❑❱♦❧(Lg,n) t❡♥❞ ✈❡rs g ❧♦rsq✉❡ n t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✱ ♣♦✉r g ✜①é✳
❈❡tt❡ ❝♦♥str✉❝t✐♦♥ ❣é♥ér❛❧✐s❡ ✉♥ rés✉❧t❛t ❞❡ ❬❈❑▼✷✶❜❪ ♦❜t❡♥✉ ❡♥ ❣❡♥r❡ ❞❡✉①✳ ◆♦✉s ❛❞❛♣✲
t♦♥s é❣❛❧❡♠❡♥t ❧❛ ❝♦♥str✉❝t✐♦♥ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞❡ H(2g − 2)✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ ♦♥ ❞é♠♦♥tr❡ ✿

❚❤é♦rè♠❡ ❋ ✭❬❇♦✉✷✸❜❪✮✳ P♦✉r ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ❝♦♥♥❡①❡ C ❞❡ H(2g − 2)✱ ♦♥ ❛ ✿

inf
X∈C

❑❱♦❧(X) ≤ g.

▲❡s s✉r❢❛❝❡s Lg,n s♦♥t ❞❡s s✉r❢❛❝❡s à ♣❡t✐ts ❝❛rr❡❛✉① ❞♦♥t ❧❡ ♥♦♠❜r❡ ❞❡ ❝❛rr❡❛✉① t❡♥❞
✈❡rs ❧✬✐♥✜♥✐ ❛✈❡❝ n ❡t g✳ ❯♥ ♠♦❞è❧❡ ❞❡ L3,4 ❡t L4,3 ❡st ❞♦♥♥é à ❧❛ ❋✐❣✉r❡ ✶✳✸✷✳

n

n

n
n = 4
g = 3

n

n
n

n

n = 3
g = 4

❋✐❣✉r❡ ✶✳✸✷ ✕ ▲❛ s✉r❢❛❝❡ L3,4 à ❣❛✉❝❤❡✱ ❡t L4,3 à ❞r♦✐t❡✳ ▲❡s ✐❞❡♥t✐✜❝❛t✐♦♥s s♦♥t t❡❧❧❡s q✉❡
❧❛ s✉r❢❛❝❡ ❡st ❞é❝♦♠♣♦sé❡ ❡♥ ❝②❧✐♥❞r❡s ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s ❤♦r✐③♦♥t❛❧❡ ❡t ✈❡rt✐❝❛❧❡✳

◗✉❡st✐♦♥s ❡t P❡rs♣❡❝t✐✈❡s

P♦✉r t❡r♠✐♥❡r ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ♠❡♥t✐♦♥♥♦♥s q✉❡❧q✉❡s q✉❡st✐♦♥s q✉✐ ♥♦✉s ♣❛r❛✐ss❡♥t
✐♥tér❡ss❛♥t❡s ❡t q✉✐ ♥✬♦♥t ♣❛s ❢♦r❝é♠❡♥t été ❛❜♦r❞é❡s ❞❛♥s ❧❡s ♣❛rt✐❡s ♣ré❝é❞❡♥t❡s✳

❑❱♦❧ s✉r H(2)✳ ❉❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ♣ré❝é❞❡♥t✱ ♥♦✉s ❛✈♦♥s ❡①❤✐❜é ❞❡s ❢❛♠✐❧❧❡s ❞❡ s✉r❢❛❝❡s
❞❡ H(2g − 2) ✭♣♦✉r ❝❤❛q✉❡ g ≥ 2 ❡t ❝❤❛q✉❡ ❝♦♠♣♦s❛♥t❡ ❝♦♥♥❡①❡ ❞❡ H(2g − 2)✮ ❛②❛♥t ✉♥
❑❱♦❧ ❛r❜✐tr❛✐r❡♠❡♥t ♣r♦❝❤❡ ❞❡ g✱ ❡t ❝♦♥❥❡❝t✉r♦♥s q✉❡ ❝❡tt❡ ❜♦r♥❡ ❡st ♦♣t✐♠❛❧❡✳ ❈❡♣❡♥❞❛♥t✱
❞é♠♦♥tr❡r q✉❡ ❝❡tt❡ ❜♦r♥❡ ❡st ♦♣t✐♠❛❧❡ ❡st ❞✐✣❝✐❧❡✱ ❡t ❝❡ ♠ê♠❡ ❡♥ ❣❡♥r❡ ❞❡✉①✳ ❯♥❡ ✐❞é❡
♣❛r♠✐ ❞✬❛✉tr❡s ♣♦✉rr❛✐t êtr❡ ❞✬✉t✐❧✐s❡r ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❡♥ ❣❡♥r❡ ❞❡✉①
❡t ❧❡s ♠ét❤♦❞❡s ❞✬❡①t❡♥s✐♦♥ ❛✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ♣♦✉r ♠♦♥tr❡r q✉❡ ❑❱♦❧ ❡st s✉♣ér✐❡✉r à
✷ s✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤ ❡t ❝♦♥❝❧✉r❡ ♣❛r ❞❡♥s✐té✳ ❯♥❡ ❛✉tr❡ ✐❞é❡ ♣♦✉rr❛✐t êtr❡
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α
β β

α

❋✐❣✉r❡ ✶✳✸✸ ✕ ❉❛♥s ❝❡t ❡①❡♠♣❧❡✱ ❧❡s ❝♦✉r❜❡s α ❛♥❞ β ✭♦r✐❡♥té❡s ❞❡ s♦rt❡ à ❝❡ q✉❡ ❧❡s ❝♦✉r❜❡s
❛✐❡♥t ✉♥❡ ♦r✐❡♥t❛t✐♦♥ ❜✐❡♥ ❞é✜♥✐❡✮ s✬✐♥t❡rs❡❝t❡♥t ❞❡✉① ❢♦✐s✳

♣❛r ❡①❡♠♣❧❡ ❞✬❡st✐♠❡r ❑❱♦❧ s✉r ❞❡s ♠♦❞è❧❡s ❡♥ L ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❣é♥ér❛✉①✳ P❛r ❡①❡♠♣❧❡✱ ✐❧
❡st ❢❛❝✐❧❡ ❞❡ ❞é♠♦♥tr❡r q✉❡ ❑❱♦❧ ❡st str✐❝t❡♠❡♥t ♣❧✉s ❣r❛♥❞ q✉❡ ❞❡✉① ♣♦✉r ✉♥❡ s✉r❢❛❝❡ ❡♥ L
à ❜❛s❡ ❝❛rré❡✳

❑❱♦❧ ♣♦✉r ❧❡ ❞é❝❛❣♦♥❡✳ ❉❛♥s ❧❡s ♣❛r❛❣r❛♣❤❡s ♣ré❝é❞❡♥ts✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉✬✐❧ ét❛✐t
❞✐✣❝✐❧❡ ❞❡ ❝❛❧❝✉❧❡r ❑❱♦❧ ♣♦✉r ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ à ♣❧✉s✐❡✉rs s✐♥❣✉❧❛r✐tés✳ P❧✉s ♣ré❝✐✲
sé♠❡♥t✱ ✐❧ ♥✬❡①✐st❡ ❛✉❝✉♥ ❡①❡♠♣❧❡ ❞❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❛②❛♥t ❛✉ ♠♦✐♥s ❞❡✉① s✐♥❣✉❧❛r✐tés
❞♦♥t ♦♥ s❛✐t ❝❛❧❝✉❧❡r ♣ré❝✐sé♠❡♥t ❑❱♦❧✳ ❯♥ ♣r❡♠✐❡r ❝❛♥❞✐❞❛t ♣♦✉rr❛✐t êtr❡ ❧❡ ❞é❝❛❣♦♥❡✱ q✉✐
♣♦ssè❞❡ ❞❡✉① s✐♥❣✉❧❛r✐tés ❡t ♣♦✉r ❧❡q✉❡❧ ✉♥❡ ♠ét❤♦❞❡ ❞❡ ❞é❝♦✉♣❛❣❡ ♣❧✉s s♦♣❤✐st✐q✉é❡ ♣♦✉rr❛✐t
♣❡r♠❡ttr❡ ❞❡ ❝❛❧❝✉❧❡r ❑❱♦❧✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❝♦♥❥❡❝t✉r♦♥s q✉❡ ❑❱♦❧ ♣♦✉r ❧❡ ❞é❝❛❣♦♥❡
❡st ré❛❧✐sé ♣❛r ❞❡✉① ♣❛✐r❡s ❞❡ ❝ôtés ❞✉ ❞é❝❛❣♦♥❡ q✉✐ ❢♦r♠❡♥t ❞❡✉① ❝♦✉r❜❡s ❢❡r♠é❡s✱ ❝♦♠♠❡
s✉r ❧❛ ❋✐❣✉r❡ ✶✳✸✸✳ ❘❡♠❛rq✉♦♥s t♦✉t❡❢♦✐s q✉❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❞é❝♦✉♣❛❣❡ t❡❧❧❡ q✉❡❧❧❡ ♥✬❡st
♣❛s s✉✣s❛♥t❡✱ ❡t ✐❧ ❢❛✉❞r❛✐t r❛✣♥❡r à ❧❛ ❢♦✐s ❧❡ ❞é❝♦♠♣t❡ ❞❡s ✐♥t❡rs❡❝t✐♦♥s ❡t ❞❡s ❧♦♥❣✉❡✉rs✳
❯♥❡ ✐❞é❡ s❡r❛✐t ❞✬✉t✐❧✐s❡r ❧❡s ❞✐❛❣r❛♠♠❡s ❞❡ tr❛♥s✐t✐♦♥ ❡t ❞✬❛❧❧❡r ✉♥❡ ét❛♣❡ ♣❧✉s ❧♦✐♥ ❞❛♥s ❧❛
❝♦♥❝❛té♥❛t✐♦♥ ✿ ❛✉ ❧✐❡✉ ❞❡ s❡✉❧❡♠❡♥t r❡❣r♦✉♣❡r ❧❡s s❡❣♠❡♥ts ❛❞❥❛❝❡♥ts ♣❛r ❞❡✉①✱ ♦♥ ♣♦✉rr❛✐t
r❡❣r♦✉♣❡r ❧❡s s❡❣♠❡♥ts ❡♥ ♣❧✉s ❣r❛♥❞s ♥♦♠❜r❡s ❡t ❞❛♥s ❝❤❛❝✉♥ ❞❡s ✭très ♥♦♠❜r❡✉①✮ ❝❛s ♦❜✲
t❡♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥ ♣❧✉s ♣ré❝✐s❡ ❞❡s ❧♦♥❣✉❡✉rs ❡t ❞❡s ✐♥t❡rs❡❝t✐♦♥s✳ P❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ♦♥
♣❡✉t ✐♠❛❣✐♥❡r ❞é❞✉✐r❡ ❞✬✉♥❡ s✉✐t❡ ❞❡ ❝ôtés ✐♥t❡rs❡❝tés ✉♥❡ ❡st✐♠❛t✐♦♥ ♣ré❝✐s❡ s✉r ❧❛ ❧♦♥❣✉❡✉r✳

➱t✉❞❡ ❞❡ ❑❱♦❧ s✉r ❧❡ ❢❡✉✐❧❧❡t❛❣❡ ❞✉ ♥♦②❛✉✳ ❈♦♠♠❡ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❑❱♦❧ s✉r
❧❡s ❞✐sq✉❡s ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞❡ s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤✱ ♦♥ ♣♦✉rr❛✐t s❡ ❞❡♠❛♥❞❡r ❝❡ q✉✬✐❧ s❡ ♣❛ss❡
❧♦rsq✉✬♦♥ s❡ r❡str❡✐♥t à ✉♥ ❛✉tr❡ s♦✉s ❡s♣❛❝❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♠♦❞✉❧❡s ✿ ❧❡ ❢❡✉✐❧❧❡t❛❣❡ ❞✉ ♥♦②❛✉✳
P❛r ❡①❡♠♣❧❡✱ ét❛♥t ❞♦♥♥é ✉♥❡ s✉r❢❛❝❡ ❞❡ H(1, 1) r❡♣rés❡♥té❡ ♣❛r ❞❡✉① t♦r❡s ❢❡♥❞✉s r❡❝♦❧❧és
❧❡ ❧♦♥❣ ❞✬✉♥❡ ❢❡♥t❡ ✿ ♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r ❝♦♠♠❡♥t ✈❛r✐❡ ❑❱♦❧ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❛r✐❛t✐♦♥s ❞❡
❧❛ t❛✐❧❧❡ ❞❡ ❧❛ ❢❡♥t❡✳

▲❛ ❞✐str✐❜✉t✐♦♥ ❞❡s r❛♣♣♦rts✳ ❊♥ ♥♦✉s ✐♥tér❡ss❛♥t à ❑❱♦❧✱ ♦♥ ❝❤❡r❝❤❡ à ♠❛①✐♠✐s❡r
❧❡ r❛♣♣♦rt ■♥t❡rs❡❝t✐♦♥✴♣r♦❞✉✐t ❞❡s ❧♦♥❣✉❡✉rs✳ ❯♥❡ q✉❡st✐♦♥ ❛❧t❡r♥❛t✐✈❡ ♣♦✉rr❛✐t êtr❡ ❞❡ s❡
❞❡♠❛♥❞❡r q✉❡❧❧❡ ❡st ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ r❛♣♣♦rt ■♥t❡rs❡❝t✐♦♥✴♣r♦❞✉✐t ❞❡s ❧♦♥❣✉❡✉rs ❝❤♦✐s✐ s✉r
t♦✉t❡s ❧❡s ♣❛✐r❡s ❞❡ ❣é♦❞és✐q✉❡s ❢❡r♠é❡s✳
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❆♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡✳ ❊♥ ❝♦♥t✐♥✉❛♥t ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥✱ ♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r ❧❡ r❛♣✲
♣♦rt ■♥t❡rs❡❝t✐♦♥✴♣r♦❞✉✐t ❞❡s ❧♦♥❣✉❡✉rs ♦❜t❡♥✉ ❡♥ ❝❤♦✐s✐ss❛♥t ❞❡✉① ❣é♦❞és✐q✉❡s ✧❛✉ ❤❛s❛r❞✧
s✉r ❧❛ s✉r❢❛❝❡✳ ❖♥ ♣♦✉rr❛✐t ♣❛r ❡①❡♠♣❧❡ ❡s♣ér❡r ♦❜t❡♥✐r ✉♥ rés✉❧t❛t ❛s②♠♣t♦t✐q✉❡ s✉r ❧❡ r❛♣✲
♣♦rt ■♥t❡rs❡❝t✐♦♥ ✴ ♣r♦❞✉✐t ❞❡s ❧♦♥❣✉❡✉rs ❧♦rsq✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡s ❝♦✉r❜❡s ❛✉❣♠❡♥t❡✱ ❞❛♥s
❧✬❡s♣r✐t ❞❡ ❬▲❛❧✶✹❪ ♣♦✉r ❧❡s ❛✉t♦✲✐♥t❡rs❡❝t✐♦♥s s✉r ❧❡s s✉r❢❛❝❡s ❤②♣❡r❜♦❧✐q✉❡s✳

✶✳✹ P♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥ ❞✉ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡

◆♦✉s t❡r♠✐♥♦♥s ❝❡tt❡ ✐♥tr♦❞✉❝t✐♦♥ ❡♥ ♣rés❡♥t❛♥t ❞❡✉① tr❛✈❛✉① ❛✉t♦✉r ❞❡s s✉r❢❛❝❡s ❞❡
tr❛♥s❧❛t✐♦♥ q✉✐ ♥❡ ❢♦♥t ♣❛s ✐♥t❡r✈❡♥✐r ❑❱♦❧✳ ❉❛♥s ❧❡ ♣r❡♠✐❡r✱ ❬❇♦✉❪✱ ✐ss✉ ❞❡ ❧✬❛rt✐❝❧❡ ❈❡♥tr❛❧
♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts ♣✉❜❧✐é ❛✉ ❇✉❧❧❡t✐♥ ❞❡ ❧❛ ❙▼❋✱ ♦♥
s✬✐♥tér❡ss❡ ❛✉① ❞✐r❡❝t✐♦♥s ❞❡s ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s ❞❛♥s ❧❡ ❞♦✉❜❧❡ n✲❣♦♥❡ ♣♦✉r n ✐♠♣❛✐r ❡t à
❧❛ q✉❡st✐♦♥ r❡❧✐é❡ ❞❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥s✳

➱t❛♥t ❞♦♥♥é ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥✱ ♦♥ ❛ ❞é❥à ✈✉ q✉✬✉♥❡ sé♣❛r❛tr✐❝❡ ❡st ✉♥ s❡❣♠❡♥t
❣é♦❞és✐q✉❡ q✉✐ ♣❛rt ❞✬✉♥❡ s✐♥❣✉❧❛r✐té ❡t q✉✬✉♥❡ ❝♦♥♥❡①✐♦♥ ❞❡ s❡❧❧❡s ❡st ✉♥ s❡❣♠❡♥t ❣é♦❞é✲
s✐q✉❡ q✉✐ ✈❛ ❞✬✉♥❡ s✐♥❣✉❧❛r✐té à ✉♥❡ ❛✉tr❡✳ ❯♥ ♣♦✐♥t ❞❡ ❝♦♥♥❡①✐♦♥ ❡st ✉♥ ♣♦✐♥t ✭♥♦♥✲s✐♥❣✉❧✐❡r✮
❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ t❡❧❧❡ q✉❡ t♦✉t❡ sé♣❛r❛tr✐❝❡ ♣❛ss❛♥t ♣❛r ❝❡ ♣♦✐♥t s✬ét❡♥❞ ❡♥ ✉♥❡
❝♦♥♥❡①✐♦♥ ❞❡ s❡❧❧❡s✳ P❛r ❡①❡♠♣❧❡✱ ❧❡s ♣♦✐♥ts ❛②❛♥t ✉♥❡ ♦r❜✐t❡ ✜♥✐❡ s♦✉s ❧✬❛❝t✐♦♥ ❞✉ ❣r♦✉♣❡
❛✣♥❡ ✭❛♣♣❡❧és ♣♦✐♥ts ♣ér✐♦❞✐q✉❡s✮ s♦♥t ❞❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥✱ ❞✐ts tr✐✈✐❛✉①✳ ❯♥❡ ♠♦t✐✈❛t✐♦♥
♣♦✉r ❧✬ét✉❞❡ ❞❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥s ✭♥♦♥✲♣ér✐♦❞✐q✉❡s✮ ❡st q✉✬✐❧s ♣❡r♠❡tt❡♥t ❞❡ ❝♦♥str✉✐r❡
❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❞♦♥t ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❡st ✐♥✜♥✐♠❡♥t ❡♥❣❡♥❞ré✱ ✈♦✐r ❬❍❙✵✹❪✳

▲❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥s ❞✬✉♥❡ s✉r❢❛❝❡ à ♣❡t✐ts ❝❛rr❡❛✉① ✭♦❜t❡♥✉❡ à ♣❛rt✐r ❞✬✉♥ r❡✈êt❡♠❡♥t
r❛♠✐✜é ❡♥ ✉♥ ♣♦✐♥t ❞✉ t♦r❡ ❝❛rré✮ s♦♥t ❡①❛❝t❡♠❡♥t ❧❡s ♣♦✐♥ts à ❝♦♦r❞♦♥♥é❡s r❛t✐♦♥♥❡❧❧❡s ✭❡t
❝♦ï♥❝✐❞❡♥t ❞♦♥❝ ❛✈❡❝ ❧❡s ♣♦✐♥ts ♣ér✐♦❞✐q✉❡s✮✳ P♦✉r ✉♥❡ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❞♦♥t ❧❡ ❝♦r♣s
❞❡ tr❛❝❡ ❡st ❞❡ ❞❡❣ré 2 s✉r Q✱ ✐❧ ♥✬② ❛ q✉✬✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♣♦✐♥ts ♣ér✐♦❞✐q✉❡s ❡t ❧❡s ♣♦✐♥ts ❞❡
❝♦♥♥❡①✐♦♥ ♥❡ s♦♥t ♣❧✉s ♥é❝❡ss❛✐r❡♠❡♥t ♣ér✐♦❞✐q✉❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧✬ét✉❞❡ ❞❡s ❞✐r❡❝t✐♦♥s
♣ér✐♦❞✐q✉❡s ❞❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❛②❛♥t ✉♥ ❝♦r♣s ❞❡ tr❛❝❡ q✉❛❞r❛t✐q✉❡ ✐♠♣❧✐q✉❡ q✉❡ ❧❡s ♣♦✐♥ts
❞❡ ❝♦♥♥❡①✐♦♥ s♦♥t ❡①❛❝t❡♠❡♥t ❧❡s ♣♦✐♥ts à ❝♦♦r❞♦♥♥é❡s ❞❛♥s ❧❡ ❝♦r♣s ❞❡ tr❛❝❡ s✉r ❧❛ s✉r❢❛❝❡
♥♦r♠❛❧✐sé❡✳ ❈❡♣❡♥❞❛♥t✱ ❞ès q✉❡ ❧❡ ❝♦r♣s ❞❡ tr❛❝❡ ❡st ❞❡ ❞é❣ré 3 ♦✉ ♣❧✉s s✉r Q✱ ❝❡ rés✉❧t❛t
♥❡ t✐❡♥t ♣❧✉s ✭✈♦✐r ❬❆❙✵✾❪✮ ❡t ♦♥ ♥❡ ❝♦♥♥❛ît ❛✉❝✉♥ ❡①❡♠♣❧❡ ❞❡ ♣♦✐♥t ❞❡ ❝♦♥♥❡①✐♦♥ ♥♦♥✲
♣ér✐♦❞✐q✉❡✳ ❉❛♥s ❬❇♦✉❪✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ ❝❛s ❞✉ ♣♦✐♥t ❝❡♥tr❛❧ ❞✉ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡✱
❡t ♥♦✉s ❞é♠♦♥tr♦♥s ✿

❚❤é♦rè♠❡ ●✳ ❉❛♥s ❧❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡✱ ❧❡s ❝❡♥tr❡s ❞❡s ❤❡♣t❛❣♦♥❡s ♥❡ s♦♥t ♣❛s ❞❡s ♣♦✐♥ts
❞❡ ❝♦♥♥❡①✐♦♥✳

❈❡ rés✉❧t❛t ❡st s✉r♣r❡♥❛♥t ❝❛r ❧❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡ ❡st ❧✬❡①❡♠♣❧❡ ❧❡ ♣❧✉s ♥❛t✉r❡❧ ❞❡ s✉r❢❛❝❡
❞❡ ❱❡❡❝❤ ❞♦♥t ❧❡ ❝♦r♣s ❞❡ tr❛❝❡ ❡st ❝✉❜✐q✉❡ ❡t ❧❡s ❝❡♥tr❡s ❞❡s ❤❡♣t❛❣♦♥❡s s♦♥t ❞❡s ♣♦✐♥ts
♥♦♥✲♣ér✐♦❞✐q✉❡s ❡t ♣♦✉rt❛♥t ❣é♦♠étr✐q✉❡♠❡♥t ♣❛rt✐❝✉❧✐❡rs ✿ ❝❡ s♦♥t ❞♦♥❝ ❞❡ ❜♦♥s ❝❛♥❞✐❞❛ts
à êtr❡ ❞❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥ ♥♦♥✲♣ér✐♦❞✐q✉❡s ✭❡♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ♣♦✉✈❛✐t ❡s♣ér❡r ❛rr✐✈❡r
à ❞é♠♦♥tr❡r ❣é♦♠étr✐q✉❡♠❡♥t q✉❡ ❝✬ét❛✐❡♥t ❞❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥✮✳ ❈❡❧❛ ré♣♦♥❞ ✭♣❛r ❧❛
♥é❣❛t✐✈❡✮ à ✉♥❡ q✉❡st✐♦♥ ❞❡ P✳ ❍✉❜❡rt ❡t ❚✳ ❙❝❤♠✐❞t✳

✺✹



P♦✉r ❞é♠♦♥tr❡r ❧❡ ❚❤é♦rè♠❡ ●✱ ✐❧ s✉✣t ❞✬❡①❤✐❜❡r ✉♥❡ sé♣❛r❛tr✐❝❡ q✉✐ ♣❛ss❡ ♣❛r ❧✬✉♥ ❞❡s
♣♦✐♥ts ❝❡♥tr❛✉① ❡t q✉✐ ♥❡ s✬ét❡♥❞ ♣❛s ❡♥ ✉♥❡ ❝♦♥♥❡①✐♦♥ ❞❡ s❡❧❧❡s✳ ❆✉ ✈✉ ❞✉ ❚❤é♦rè♠❡ ✶✳✷✳✷✱
✉♥❡ ♠❛♥✐èr❡ ❞❡ ❣❛r❛♥t✐r q✉✬✉♥❡ sé♣❛r❛tr✐❝❡ ♥❡ s✬ét❡♥❞ ♣❛s ❡♥ ✉♥❡ ❝♦♥♥❡①✐♦♥ ❞❡ s❡❧❧❡s ❝♦♥s✐st❡
à ♠♦♥tr❡r q✉❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ❝❡tt❡ sé♣❛r❛tr✐❝❡ ♥❡ ❝♦rr❡s♣♦♥❞ ♣❛s à ✉♥❡ ❞✐r❡❝t✐♦♥ ❞✬✉♥ ♣♦✐♥t
✜①❡ ♣❛r❛❜♦❧✐q✉❡ ❞✬✉♥ é❧é♠❡♥t ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤✳ ■❝✐✱ ♥♦✉s ❡①❤✐❜♦♥s ✉♥❡ sé♣❛r❛tr✐❝❡ ❞♦♥t
❧❛ ❞✐r❡❝t✐♦♥ ❡st ✉♥❡ ❞✐r❡❝t✐♦♥ ♣r♦♣r❡ ❞✬✉♥ é❧é♠❡♥t ❤②♣❡r❜♦❧✐q✉❡ ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤✳ ▲❡s
❞✐r❡❝t✐♦♥s ♣r♦♣r❡s ❤②♣❡r❜♦❧✐q✉❡s ❡t ♣❛r❛❜♦❧✐q✉❡s ❞✬✉♥ ❣r♦✉♣❡ ❋✉❝❤s✐❡♥ ét❛♥t ❞✐st✐♥❝t❡s✱ ❝❡❧❛
❞é♠♦♥tr❡ ❧❡ rés✉❧t❛t✳

P♦✉r ❝❡ ❢❛✐r❡✱ ♦♥ tr❛❞✉✐t ❧❛ ♥♦t✐♦♥ ❞❡ ❞✐r❡❝t✐♦♥ ♣r♦♣r❡ ❤②♣❡r❜♦❧✐q✉❡ ❡t ♣❛r❛❜♦❧✐q✉❡ à ❧✬❛✐❞❡
❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ❢r❛❝t✐♦♥s ❝♦♥t✐♥✉❡s ❞❡ ❍❡❝❦❡✳ ▲❡s ❢r❛❝t✐♦♥s ❝♦♥t✐♥✉❡s ❞❡ ❍❡❝❦❡ ♦♥t été
✐♥tr♦❞✉✐t❡s ❞❛♥s ❧❡s ❛♥♥é❡s ❝✐♥q✉❛♥t❡ ♣❛r ❘♦s❡♥ ❬❘♦s✺✹❪✳

❖♥ ❛ ✈✉ q✉❡ ❧❡ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤ ❞✉ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡ ❡st ❝♦♥❥✉❣✉é ❛✉ ❣r♦✉♣❡ ❞❡ ❍❡❝❦❡

❞✬♦r❞r❡ 7✱ ❡♥❣❡♥❞ré ♣❛r ❧❡s ♠❛tr✐❝❡s T =

(
1 Φ7

0 1

)
❡t S =

(
0 −1
1 0

)
✳ ❉❡ ♣❧✉s✱ t♦✉t ♥♦♠❜r❡

ré❡❧ ♣❡✉t s✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡ ✭♥é❣❛t✐✈❡✮ ❞❡ ❍❡❝❦❡ ✿

x = a0Φ7 −
1

a1Φ7 − 1
a2Φ7−···

❯♥ ♥♦♠❜r❡ ré❡❧ ♣❡✉t ❛✈♦✐r ♣❧✉s✐❡✉rs ❞é✈❡❧♦♣♣❡♠❡♥ts ❡♥ ❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡ s♦✉s ❝❡tt❡ ❢♦r♠❡
♠❛✐s ♥♦✉s ❝❤♦✐s✐r♦♥s ✐❝✐ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ♦❜t❡♥✉ à ♣❛rt✐r ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡
❛✉ ♠✉❧t✐♣❧❡ ❞❡ Φ7 s✉♣ér✐❡✉r✱ ❞é❝r✐t ❞❛♥s ❬❙❙✾✺❪✳ ❖♥ ❛ ❛❧♦rs ✿

❚❤é♦rè♠❡ ✶✳✹✳✶ ✭❬❙❙✾✺❪✮✳ ✖ ▲❡s ❞✐r❡❝t✐♦♥s ♣❛r❛❜♦❧✐q✉❡s s♦♥t ❡①❛❝t❡♠❡♥t ❧❡s ❞✐r❡❝t✐♦♥s
❞♦♥t ❧❛ ♣❡♥t❡ d s✬é❝r✐t s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡ ❍❡❝❦❡ ✜♥✐❡✳

✖ ▲❡s ❞✐r❡❝t✐♦♥s ❤②♣❡r❜♦❧✐q✉❡s s♦♥t ❡①❛❝t❡♠❡♥t ❧❡s ❞✐r❡❝t✐♦♥s ❞♦♥t ❧❛ ♣❡♥t❡ d s✬é❝r✐t s♦✉s
❧❛ ❢♦r♠❡ ❞✬✉♥❡ ❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡ ❍❡❝❦❡ ✐♥✜♥✐❡ ♣ér✐♦❞✐q✉❡ à ♣❛rt✐r ❞✬✉♥ ❝❡rt❛✐♥ r❛♥❣✳

▲❛ ♣❛rt✐❡ ❞❡ ❧✬é♥♦♥❝é ❝♦rr❡s♣♦♥❞❛♥t ❛✉① é❧é♠❡♥ts ♣❛r❛❜♦❧✐q✉❡s s✬♦❜t✐❡♥t ❡♥ r❡♠❛rq✉❛♥t
q✉❡ ✿

a0Φ7 −
1

a1Φ7 − 1
···− 1

anΦ7

= T a0ST a1S · · ·ST aNS(∞),

❞❡ s♦rt❡ q✉✬✉♥❡ ❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡ ✜♥✐❡ ❝♦rr❡s♣♦♥❞ ❡①❛❝t❡♠❡♥t à ❧✬✐♠❛❣❡ ❞❡∞ ♣❛r ✉♥ é❧é♠❡♥t
❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤✱ ❡t ❞♦♥❝ à ✉♥❡ ❞✐r❡❝t✐♦♥ ♣❛r❛❜♦❧✐q✉❡✳ ❘é❝✐♣r♦q✉❡♠❡♥t✱ ♣✉✐sq✉❡ ❧❡ ❞♦✲
♠❛✐♥❡ ❢♦♥❞❛♠❡♥t❛❧ ❛ss♦❝✐é ❛✉ ❣r♦✉♣❡ ❞❡ ❍❡❝❦❡ ❞✬♦r❞r❡ n ♥❡ ♣♦ssè❞❡ q✉✬✉♥ s❡✉❧ ❝✉s♣✱ t♦✉t❡s
❧❡s ❞✐r❡❝t✐♦♥s ♣❛r❛❜♦❧✐q✉❡s s♦♥t ✐♠❛❣❡s ❞❡ ∞ ♣❛r ✉♥ é❧é♠❡♥t ❞❡ Hn ❡t ❞♦♥❝ s✬é❝r✐t s♦✉s ❧❛
❢♦r♠❡ ❞✬✉♥❡ ❢r❛❝t✐♦♥ ❝♦♥t✐♥✉❡ ✜♥✐❡✳ ❉❛♥s ❬❇♦✉❪✱ ♥♦✉s ✉t✐❧✐s♦♥s ❡♥ ❢❛✐t ✉♥❡ ✈❡rs✐♦♥ ❛❝❝é❧éré❡
❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❢r❛❝t✐♦♥s ❝♦♥t✐♥✉❡s ❞é❝r✐t❡ ❞❛♥s ❬❉▲✶✽❪✳

◗✉❡st✐♦♥s ❡t ♣❡rs♣❡❝t✐✈❡s✳ ❯♥❡ ♣r❡♠✐èr❡ q✉❡st✐♦♥ s❡r❛✐t ❞❡ s❛✈♦✐r s✐ ❧❡s ♣♦✐♥ts ❝❡♥tr❛✉①
❞✉ ❞♦✉❜❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r s♦♥t ❞❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥ ♣♦✉r n ≥ 11 ✐♠♣❛✐r✳ ◆♦✉s ❝♦♥❥❡❝t✉✲
r♦♥s q✉❡✱ ❝♦♠♠❡ ♣♦✉r ❧❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡ ❡t ❧❡ ❞♦✉❜❧❡ ♥♦♥❛❣♦♥❡✱ ❝❡ ♥❡ s♦♥t ♣❛s ❞❡s ♣♦✐♥ts
❞❡ ❝♦♥♥❡①✐♦♥✳

P❛r ❛✐❧❧❡✉rs✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ tr♦✉✈❡r ❞❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥ s✉r ❧❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡
✭❡t ♣❧✉s ❣é♥ér❛❧❡♠❡♥t s✉r ❧❡ ❞♦✉❜❧❡ n✲❣♦♥❡ ♣♦✉r n ≥ 7 ✐♠♣❛✐r✮ ❡st étr♦✐t❡♠❡♥t r❡❧✐é à ❧❛

✺✺



q✉❡st✐♦♥ ❞❡ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ❞✐r❡❝t✐♦♥s ♣ér✐♦❞✐q✉❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❛✐♠❡r❛✐t ❛✈♦✐r
✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❛❧❣é❜r✐q✉❡ ❞❡ ❝❡s ❞✐r❡❝t✐♦♥s✳ ❈❡tt❡ q✉❡st✐♦♥ ❛ été ét✉❞✐é❡ ❞ès ❧❡s ❛♥♥é❡s ✶✾✼✵
❬▲❡✉✻✼❪✱ ❬❇♦r✼✸❪ ❡t ❬❇❘✼✸❪ ♣✉✐s ♣❧✉s ré❝❡♠♠❡♥t ❬❍▼❚❨✵✽❪✱ ❬❆❙✵✾❪✱ ❬❈❙✶✷❪✱ ❬❈❙✶✸❪✳ ❖♥ ❛ ♣❛r
❡①❡♠♣❧❡ ❧❡ rés✉❧t❛t s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✶✳✹✳✷ ✭❬❆❙✵✾❪✮✳ ❚♦✉s ❧❡s é❧é♠❡♥ts ❞❡ Q[Φn] ♦♥t ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ❢r❛❝t✐♦♥s
❝♦♥t✐♥✉❡s ❞❡ ❍❡❝❦❡ ✜♥✐ s✐ ❡t s❡✉❧❡♠❡♥t s✐ n ∈ {3, 4, 5, 6, 8, 10, 12}✳

❉❛♥s ❧❡s ❛✉tr❡s ❝❛s✱ ♦♥ ♥❡ s❛✐t ♣❛s ❝❛r❛❝tér✐s❡r ❛❧❣é❜r✐q✉❡♠❡♥t ❧❡s ❞✐r❡❝t✐♦♥s ♣❛r❛❜♦❧✐q✉❡s✳

✶✳✺ ❙✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣r✐♠✐t✐✈❡s ❞❛♥s Prym(2, 2)

P♦✉r t❡r♠✐♥❡r ❝❡tt❡ ✐♥tr♦❞✉❝t✐♦♥✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥ tr❛✈❛✐❧ é❝r✐t ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝
❙❛♠ ❋r❡❡❞♠❛♥ ❡t ❛❝❝❡♣té ♣♦✉r ♣✉❜❧✐❝❛t✐♦♥ ❞❛♥s ❧❡s ❈♦♠♣t❡s r❡♥❞✉s ❞❡ ❧✬❆❝❛❞é♠✐❡ ❞❡s
s❝✐❡♥❝❡s✳ ✈♦✐r ❬❇❋✷✷❪✳ ❖♥ s✬✐♥tér❡ss❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤
♣r✐♠✐t✐✈❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡ ♣❛❝❦❛❣❡ ❋❧❛ts✉r❢ ❞é✈❡❧♦♣♣é s✉r ❙❛❣❡ ♣♦✉r
❞é♠♦♥tr❡r q✉✬✐❧ ♥✬② ❛ ♣❛s ❞❡ s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣r✐♠✐t✐✈❡s ❞❛♥s ❧❡ ❧✐❡✉ Prym(2, 2) ❞❡ H(2, 2)
❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❛②❛♥t ✉♥❡ ✐♥✈♦❧✉t✐♦♥ Pr②♠✱ ❝❡ q✉✐ ❛❝❤è✈❡ ✉♥ tr❛✈❛✐❧ ✐♥✐t✐é ♣❛r
❊✳ ▲❛♥♥❡❛✉ ❡t ▼✳ ▼ö❧❧❡r ❬▲▼✶✾❪✳

■♥tr♦❞✉❝t✐♦♥ ❡t ♠♦t✐✈❛t✐♦♥s✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✶✳✷✱ ♣❛r♠✐ t♦✉t❡s
❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❝❡rt❛✐♥❡s ❥♦✉✐ss❡♥t ❞❡ ♣r♦♣r✐étés ❞②♥❛♠✐q✉❡s ❡t ❣é♦♠étr✐q✉❡s ♣❛r✲
t✐❝✉❧✐èr❡s ✿ ❧❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤✳ ▲❛ q✉❡st✐♦♥ ❞❡ ❝❧❛ss✐✜❡r ❝❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❡st ❝❡♥tr❛❧❡
❡♥ ❞②♥❛♠✐q✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✳ ❯♥❡ ♠ét❤♦❞❡ ♣♦✉r ❝❧❛ss✐✜❡r ❧❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣❡✉t✲êtr❡
❞❡ ❝♦♠♠❡♥❝❡r ♣❛r ❝❤❡r❝❤❡r ❝❡❧❧❡s q✉✐ s♦♥t ❣é♦♠étr✐q✉❡♠❡♥t ♣r✐♠✐t✐✈❡s✱ ❝✬❡st✲à✲❞✐r❡ q✉✐ ♥❡
♣r♦✈✐❡♥♥❡♥t ♣❛s ❞✬✉♥ r❡✈êt❡♠❡♥t ❞✬✉♥❡ ❛✉tr❡ s✉r❢❛❝❡ ❞❡ ❱❡❡❝❤✳

❊♥ ❢❛✐t✱ ♦♥ ❝♦♥♥❛ît ❛ss❡③ ♣❡✉ ❞❡ t❡❧❧❡s s✉r❢❛❝❡s ✿ ♦♥ ❛ ❞é❥à r❡♥❝♦♥tré ❧❡s s✉r❢❛❝❡s ❞❡
❇♦✉✇✲▼ö❧❧❡r ❡t ❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r✱ ♠❛✐s ❝❡ s♦♥t ❧❡s s❡✉❧❡s ❢❛♠✐❧❧❡s ✐♥✜♥✐❡s q✉❡ ❧✬♦♥ ❝♦♥♥❛ît
❡♥ ❞❡❤♦rs ❞❡ ❢❛♠✐❧❧❡s s♣é❝✐✜q✉❡s ❡♥ ❣❡♥r❡ 2✱ 3 ♦✉ 4✳ P♦✉r ✉♥❡ ♣rés❡♥t❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❞❡
❱❡❡❝❤ ❝♦♥♥✉❡s✱ ♦♥ ♣♦✉rr❛ ❝♦♥s✉❧t❡r ❧❡ s✉r✈♦❧ ré❝❡♥t ❬▼❝▼✷✶❪ ✭✈♦✐r ❛✉ss✐ ❬▼ö❧✶✽❪ ❡t ❬▲▼✶✾❪✮✳

▲❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣r✐♠✐t✐✈❡s ❡♥ ❣❡♥r❡ 2 ♦♥t été ❝❧❛ss✐✜é❡s ❞❛♥s ✉♥❡ sér✐❡ ❞✬❛rt✐❝❧❡s ❞❡
❈✳ ▼❝▼✉❧❧❡♥ ❬▼❝▼✵✺❜❪✱ ❬▼❝▼✵✺❛❪ ❡t ❬▼❝▼✵✻❛❪✳ ❊♥ ❣❡♥r❡ ✸✱ à ♣❛rt ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❞✐sq✉❡s
❞❡ ❚❡✐❝❤♠ü❧❧❡r✱ t♦✉t❡s ❧❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❣é♦♠étr✐q✉❡♠❡♥t ♣r✐♠✐t✐✈❡s s♦♥t ❝♦♥t❡♥✉❡s ❞❛♥s
✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ♠♦❞✉❧❡s✱ ✈♦✐r ❬▼❝▼✷✶✱ ❚❤❡♦r❡♠ ✺✳✺❪✳ ❈❡ s♦✉s✲❡♥s❡♠❜❧❡ ❡st
❝♦♥st✐t✉é ❞❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ q✉✐ ♣♦ssè❞❡♥t ✉♥❡ ✐♥✈♦❧✉t✐♦♥ Pr②♠ ❡t q✉✐ ♥✬♦♥t q✉✬✉♥❡
s❡✉❧❡ s✐♥❣✉❧❛r✐té✳ ❊♥ ❝♦♥s✐❞ér❛♥t ❧❛ s✉r❢❛❝❡ ❞❡ tr❛♥s❧❛t✐♦♥ ❝♦♠♠❡ ✉♥❡ s✉r❢❛❝❡ ❞❡ ❘✐❡♠❛♥♥
X ❞❡ ❣❡♥r❡ g ♠✉♥✐❡ ❞✬✉♥❡ 1✲❢♦r♠❡ ❤♦❧♦♠♦r♣❤❡ ω✱ ✉♥❡ ✐♥✈♦❧✉t✐♦♥ Pr②♠ ❡st ✉♥❡ ✐♥✈♦❧✉t✐♦♥
ρ ∈ Aut(X) t❡❧❧❡ q✉❡ ρ∗(ω) = −ω ✭♦♥ ❞✐t q✉❡ ω ❡st ❛♥t✐✲✐♥✈❛r✐❛♥t❡ ♣❛r ρ✮ ❡t t❡❧❧❡ q✉❡ ❧❡
q✉♦t✐❡♥t X/ρ ❡st ❞❡ ❣❡♥r❡ g−2✳ ❈❡s s✉r❢❛❝❡s ♣❡✉✈❡♥t é❣❛❧❡♠❡♥t s✬♦❜t❡♥✐r à ♣❛rt✐r ❞❡ s✉r❢❛❝❡s
❞❡ ❞❡♠✐✲tr❛♥s❧❛t✐♦♥ ❡♥ ♣r❡♥❛♥t ✉♥ r❡✈êt❡♠❡♥t ❞♦✉❜❧❡ r❛♠✐✜é ❡♥ ❧❡s s✐♥❣✉❧❛r✐tés✳

❙✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❛②❛♥t ✉♥❡ ✐♥✈♦❧✉t✐♦♥ ♣r②♠✳ P❛r♠✐ ❧❡s s✉r❢❛❝❡s ♠✉♥✐❡s ❞✬✉♥❡ ✐♥✲
✈♦❧✉t✐♦♥ Pr②♠✱ ♦♥ s❛✐t ✭❬▼❝▼✵✻❜✱ ❚❤❡♦r❡♠ ✸✳✶❪✮ q✉❡ ❝❡❧❧❡s q✉✐ s♦♥t ❞❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤
s♦♥t ♣❛r♠✐ ❧❡s s✉r❢❛❝❡s ♠✉♥✐❡s ❞✬✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ré❡❧❧❡ ♣❛r OD := Z[

√
D]✱ ❛✈❡❝ D ∈ N✳

✺✻



P❧✉s ♣ré❝✐sé♠❡♥t✱ ✐❧ ❡①✐st❡ ✉♥ ❡♥❞♦♠♦r♣❤✐s♠❡ ❞❡ ❧❛ ✈❛r✐été ❥❛❝♦❜✐❡♥♥❡ T ✱ ❛✉t♦✲❛❞❥♦✐♥t ✭♣♦✉r
❧❛ ❢♦r♠❡ ❞✬✐♥t❡rs❡❝t✐♦♥ s✉r ❧❛ ❥❛❝♦❜✐❡♥♥❡✮ ❡t C✲❧✐♥é❛✐r❡✳ ◆♦t♦♥s q✉✬✉♥ ❡♥❞♦♠♦r♣❤✐s♠❡ ❞❡ ❧❛
❥❛❝♦❜✐❡♥♥❡ ❡st ❛✉t♦♠❛t✐q✉❡♠❡♥t R✲❧✐♥é❛✐r❡✱ ♠❛✐s êtr❡ C✲❧✐♥é❛✐r❡ ✐♠♣♦s❡ ✉♥❡ ✈r❛✐❡ r❡str✐❝t✐♦♥✳
❉❛♥s ❧❡ ❝❛s ❞❡s s✉r❢❛❝❡s Pr②♠✱ ♦♥ ❞❡♠❛♥❞❡ é❣❛❧❡♠❡♥t q✉❡ T ♣rés❡r✈❡ ❧❡s ❢♦r♠❡s ❤♦❧♦♠♦r♣❤❡s
❛♥t✐✲✐♥✈❛r✐❛♥t❡s ♣❛r ❧✬✐♥✈♦❧✉t✐♦♥ Pr②♠ ρ✳ ▲❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛❧ ❞❡ T ❡st ❛❧♦rs ❞❡ ❞❡❣ré ❞❡✉①
❡t s♦♥ ❞✐s❝r✐♠✐♥❛♥t D ❡st ❛♣♣❡❧é ❧❡ ❞✐s❝r✐♠✐♥❛♥t ❛ss♦❝✐é à ❧❛ s✉r❢❛❝❡ (X,ω)✳ ❯♥❡ ❢❛♠✐❧❧❡
✐♥✜♥✐❡ ❞❡ s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❛ été ❛✐♥s✐ ✐❞❡♥t✐✜é❡ ❞❛♥s ❧❛ str❛t❡ ♠✐♥✐♠❛❧❡ H(4)✱ q✉✐ ❣é♥ér❛❧✐s❡
❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ▼❝▼✉❧❧❡♥ ❡♥ ❣❡♥r❡ ❞❡✉①✱ ✈♦✐r ❬▼❝▼✵✻❜❪✳ ❉❡ ♣❧✉s✱ ❡♥ ❣❡♥r❡ tr♦✐s✱ ♦♥ s❛✐t
q✉✬✐❧ ♥✬❡①✐st❡ q✉✬✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ✭à ❧✬❛❝t✐♦♥ ❞❡ GL+

2 (R) ♣rès✮ ❡♥ ❞❡❤♦rs
❞❡ ❝❡tt❡ ❢❛♠✐❧❧❡✱ ✈♦✐r ❬▼❝▼✷✶✱ ❚❤é♦rè♠❡ ✺✳✺❪✳

❉❛♥s ❧✬❡s♣♦✐r ❞❡ tr♦✉✈❡r ❞✬❛✉tr❡s s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤✱ ♦♥ ♣❡✉t ❝♦♠♠❡♥❝❡r ♣❛r ❡♥ ❝❤❡r❝❤❡r
♣❛r♠✐ ❧❡s s✉r❢❛❝❡s ❛②❛♥t ✉♥❡ ✐♥✈♦❧✉t✐♦♥ Pr②♠ ❡t ✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ré❡❧❧❡✱ ♠❛✐s ❛✈❡❝ ♣❧✉s✐❡✉rs
s✐♥❣✉❧❛r✐tés✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❊✳ ▲❛♥♥❡❛✉ ❡t ▼✳ ▼ö❧❧❡r ❬▲▼✶✾❪ s❡ s♦♥t ❛tt❡❧és à ❧❛ r❡❝❤❡r❝❤❡
❞❡s ❝♦✉r❜❡s ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❝♦♥t❡♥✉❡s ❞❛♥s Prym(2, 1, 1) ❡t Prym(2, 2)✳ ❊♥ ❞✐st✐♥❣✉❛♥t s❡❧♦♥
❧❡ ❞✐s❝r✐♠❛♥t ❡t ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞❡ t♦rs✐♦♥ ❞é♠♦♥tré❡ ♣❛r ▼✳ ▼ö❧❧❡r ❬▼ö❧✵✹❪✱ ✐❧s
❞é♠♦♥tr❡♥t q✉✬✐❧ ♥✬② ❛ ♣❛s ❞❡ s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ♣r✐♠✐t✐✈❡s ❞❛♥s Prym(2, 1, 1) ❡t ✐❞❡♥t✐✜❡♥t
✾✷ ❝❛♥❞✐❞❛ts ❞❛♥s Prym(2, 2)✳ ❊♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❙❛♠ ❋r❡❡❞♠❛♥✱ ♥♦✉s ❛✈♦♥s ✐♠♣❧é♠❡♥té
❝❡s ✾✷ s✉r❢❛❝❡s ❡t ✉t✐❧✐sé ❧❡ ♣❛❝❦❛❣❡ ❋❧❛ts✉r❢ ❞é✈❡❧♦♣♣é ❞❛♥s s❛❣❡ ✭✈♦✐r ❬❉❘❲✷✶✱ ❆♥♥❡①❡ ❇❪✮
♣♦✉r ❞é♠♦♥tr❡r ✿

❚❤é♦rè♠❡ ❍✳ ■❧ ♥✬② ❛ ♣❛s ❞❡ s✉r❢❛❝❡s ❞❡ ❱❡❡❝❤ ❣é♦♠étr✐q✉❡♠❡♥t ♣r✐♠✐t✐✈❡s ❞❛♥s Prym(2, 2)✳

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ s❡✉❧ ❝❛s q✉✐ ♥✬❛ ♣❛s ❡♥❝♦r❡ été r❡❣❛r❞é ❡st ❧❡ ❝❛s ❞❡ Prym(1, 1, 1, 1)✱ q✉✐
s❡♠❜❧❡ ♣❧✉s t❡❝❤♥✐q✉❡✳ P❛r ❛✐❧❧❡✉rs✱ ✐❧ ❡st à ♥♦t❡r q✉❡✱ ❡♥ ❞❡❤♦rs ❞✉ ❧✐❡✉ Pr②♠✱ ❑✳ ❲✐♥s♦r
❬❲✐♥✷✷❪ à ❞é♠♦♥tré ré❝❡♠♠❡♥t q✉❡ ❧❡ 14✲❣♦♥❡ ré❣✉❧✐❡r ❡♥❣❡♥❞r❡ ❧❡ s❡✉❧ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r
❛❧❣é❜r✐q✉❡♠❡♥t ♣r✐♠✐t✐❢ ❞❛♥s ❧❛ ❝♦♠♣♦s❛♥t❡ ❤②♣❡r❡❧❧✐♣t✐q✉❡ ❞❡ H(2, 2)✳

✺✼



❈❤❛♣✐tr❡ ✷

❑❱♦❧ ♦♥ ❞♦✉❜❧❡ r❡❣✉❧❛r n✲❣♦♥s

❘és✉♠é ❡♥ ❢r❛♥ç❛✐s✳ ❈❡ ❝❤❛♣✐tr❡ ❝♦rr❡s♣♦♥❞ à ❧✬❛rt✐❝❧❡ ❬❇▲▼✷✷❪✱ é❝r✐t ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥
❛✈❡❝ ❊✳ ▲❛♥♥❡❛✉ ❡t ❉✳ ▼❛ss❛rt ❡t s♦✉♠✐s ♣♦✉r ♣✉❜❧✐❝❛t✐♦♥✱ ❞❛♥s ❧❡q✉❡❧ ♥♦✉s ❝❛❧❝✉❧♦♥s ❑❱♦❧
♣♦✉r ❧❡s ❞♦✉❜❧❡s n✲❣♦♥❡s ✭n ≥ 5 ✐♠♣❛✐r✮✳ ◆♦✉s ❞é✈❡❧♦♣♣♦♥s ❡♥s✉✐t❡ ❧❛ ♠ét❤♦❞❡ ❞✬❡①t❡♥s✐♦♥
❛✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r q✉✐ ♣❡r♠❡t ❞❡ ❝❛❧❝✉❧❡r ❑❱♦❧ s✉r t♦✉t ❧❡ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉
❞♦✉❜❧❡ n✲❣♦♥❡ ♣♦✉r n ≥ 5 ✐♠♣❛✐r✳ ❈✬❡st ❝❡tt❡ ♠ét❤♦❞❡ q✉❡ ❧✬♦♥ ❣é♥ér❛❧✐s❡r❛ ❛✉ ❈❤❛♣✐tr❡ ✺✳

▲❡s ❞❡✉① ♣r❡♠✐èr❡s s❡❝t✐♦♥s ❝♦♥st✐t✉❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ à ❑❱♦❧ ❡t ❛✉①
s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ✭❛✈❡❝ ✉♥ ♣♦✐♥t s♣é❝✐✜q✉❡ s✉r ❧❡ ❞♦✉❜❧❡ n✲❣♦♥❡✮✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✸✱ ♦♥
♣rés❡♥t❡ ✉♥ ♣r❡♠✐❡r ❝r✐tèr❡ ♣♦✉r ❜♦r♥❡r ❑❱♦❧ s✉r ✉♥ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✬✉♥❡ s✉r❢❛❝❡ ❞❡
tr❛♥s❧❛t✐♦♥ à ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✱ ❝❡ q✉✐ ❝♦♥st✐t✉❡ ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡ ♣♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥
❞✉ ❚❤é♦rè♠❡ ❉✱ q✉✐ s❡r❛ ❞é♠♦♥tré ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ s✉✐✈❛♥t✳ ❉❛♥s ❧❛ ❙❡❝t✐♦♥ 4✱ ♦♥ ❞é♠♦♥tr❡
❧❡ ❚❤é♦rè♠❡ ✶✳✸✳✷✳ ❉❛♥s ❧❡s ❙❡❝t✐♦♥s 5 ❡t 6✱ ♦♥ ✐♥tr♦❞✉✐t ❧❡ ♠❛tér✐❡❧ ♥é❝❡ss❛✐r❡ à ❧✬ét✉❞❡
❞❡ ❑❱♦❧ s✉r ❧❡s ❞✐sq✉❡s ❞❡ ❚❡✐❝❤♠ü❧❧❡r✱ q✉✐ s❡r❛ ré✉t✐❧✐sé ❛✉① ❝❤❛♣✐tr❡s s✉✐✈❛♥ts ❞❛♥s ❞❡s
❝♦♥t❡①t❡s ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥ts✳ ▲❛ ❙❡❝t✐♦♥ 6 ❡st é❣❛❧❡♠❡♥t ❞é❞✐é❡ ❛✉ ❝❛❧❝✉❧ ❞✬❡st✐♠é❡s q✉✐
♣❡r♠❡ttr♦♥t ❞❡ ❞é♠♦♥tr❡r ❧❡ ❚❤é♦rè♠❡ ✶✳✸✳✽✳ ❊♥✜♥✱ ♥♦✉s ❞é♠♦♥tr♦♥s ❞❛♥s ❧❛ ❙❡❝t✐♦♥ 7 ✉♥❡
✈❡rs✐♦♥ ❢❛✐❜❧❡ ❞✉ ❚❤é♦rè♠❡ ✶✳✸✳✶✵ s♣é❝✐✜q✉❡ ❛✉ ❞♦✉❜❧❡ n✲❣♦♥❡✳ ▲❡s ❛r❣✉♠❡♥ts ❞❡ ❧❛ ❙❡❝t✐♦♥
7 s❡r♦♥t ré✉t✐❧✐sés ❛✉ ❈❤❛♣✐tr❡ ✺ ♣♦✉r ❞é♠♦♥tr❡r ❧❡ ❚❤é♦rè♠❡ ✶✳✸✳✶✵ ❡♥ t♦✉t❡ ❣é♥ér❛❧✐té✳
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❙❯❘❋❆❈❊❙

❏❯▲■❊◆ ❇❖❯▲❆◆●❊❘✱ ❊❘❲❆◆ ▲❆◆◆❊❆❯✱ ❆◆❉ ❉❆◆■❊▲ ▼❆❙❙❆❘❚

✶✳ ■♥tr♦❞✉❝t✐♦♥

❖✉r ♦❜❥❡❝ts ♦❢ st✉❞② ❛r❡ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ❛♥❞ t❤❡✐r ❣❡♦❞❡s✐❝s✳ ❚❤❡s❡
str✉❝t✉r❡s ❛r✐s❡ ✐♥ t❤❡ st✉❞② ♦❢ r❛t✐♦♥❛❧ ♣♦❧②❣♦♥❛❧ ❜✐❧❧✐❛r❞s ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧❧②
✐♥ ❚❡✐❝❤♠ü❧❧❡r ❞②♥❛♠✐❝s✳ ❚❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ ❝♦♠♣✉t✐♥❣ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥
❧❡♥❣t❤s ♦❢ ❣❡♦❞❡s✐❝s ❛♥❞ t❤❡✐r ✐♥t❡rs❡❝t✐♦♥s ♦♥ t❤♦s❡ s✉r❢❛❝❡s✳

✶✳✶✳ ▼♦t✐✈❛t✐♦♥ ❛♥❞ r❡s✉❧ts✳ ❋♦r ❛♥② ❝❧♦s❡❞ ✭♠❡❛♥✐♥❣ ❝♦♠♣❛❝t✱ ❝♦♥♥❡❝t❡❞✱
✇✐t❤♦✉t ❜♦✉♥❞❛r②✮ ♦r✐❡♥t❡❞ s✉r❢❛❝❡ X✱ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ❡♥❞♦✇s t❤❡
✜rst ❤♦♠♦❧♦❣② ❣r♦✉♣ H1(X,R) ✇✐t❤ ❛ s②♠♣❧❡❝t✐❝ ❜✐❧✐♥❡❛r ❢♦r♠ ❞❡♥♦t❡❞ ■♥t(·, ·)✳
❲❤❡♥ X ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ g ✭♣♦ss✐❜❧② ✇✐t❤ s✐♥❣✉❧❛r✐t✐❡s✮✱
♦♥❡ ❝❛♥ ❛s❦ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✿ ❤♦✇ ♠✉❝❤ ❝❛♥ t✇♦ ❝✉r✈❡s ♦❢ ❛ ❣✐✈❡♥ ❧❡♥❣t❤
✐♥t❡rs❡❝t❄ ◆❛♠❡❧②✱ ✇❤❛t ✐s

✭✶✮ ❑❱♦❧(X) := ❱♦❧(X, g) · sup
α,β

■♥t(α, β)

lg(α)lg(β)
,

✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ r❛♥❣❡s ♦✈❡r ❛❧❧ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❝❧♦s❡❞ ❝✉r✈❡s α ❛♥❞ β ✐♥
X✱ ❛♥❞ lg(·) ❞❡♥♦t❡s t❤❡ ❧❡♥❣t❤ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝✳ ■t ✐s
r❡❛❞✐❧② s❡❡♥ t❤❛t ♠✉❧t✐♣❧②✐♥❣ ❜② t❤❡ ✈♦❧✉♠❡ ❱♦❧(X, g) ♠❛❦❡s t❤❡ q✉❛♥t✐t② ✐♥✈❛r✐✲
❛♥t ❜② r❡s❝❛❧✐♥❣ t❤❡ ♠❡tr✐❝ g✳ ❚❤✐s ❢✉♥❝t✐♦♥ ✐s ✇❡❧❧ ❞❡✜♥❡❞✱ ✜♥✐t❡ ✭s❡❡ ❬▼▼✶✹❪✮
❛♥❞ ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡ ♠❡tr✐❝✳

❘❡❝❡♥t ✇♦r❦ ❬❈❑▼✷✶❛✱ ❈❑▼✷✶❜❪ ♣r♦✈✐❞❡s ♥❡✇ ❡st✐♠❛t❡s ♦❢ ❑❱♦❧ ♦♥ t❤❡
❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡ ♦❢ s♦♠❡ ❛r✐t❤♠❡t✐❝ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s (X,ω)✳ ■♥ t❤✐s ♣❛♣❡r
✇❡ st✉❞② t❤❡ ♠♦st ♥❛t✉r❛❧ ❢❛♠✐❧② ♦❢ ♥♦♥✲❛r✐t❤♠❡t✐❝ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s (Tn)n≥5✱
❣❡♥❡r❛t❡❞ ❢♦r n ≥ 5 ❜② t❤❡ ♦r✐❣✐♥❛❧ ❱❡❡❝❤ s✉r❢❛❝❡ ❞❡s❝r✐❜❡❞ ✐♥ ❬❱❡❡✽✾❪✱ ♥❛♠❡❧②
t❤❡ s✉r❢❛❝❡ ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ✉♥❢♦❧❞✐♥❣ ♦❢ ❛ r✐❣❤t✲❛♥❣❧❡❞ tr✐❛♥❣❧❡ ✇✐t❤ ❛♥❣❧❡s
(π/2, π/n, (n − 2) · π/2n)✳ ❋♦r ♦❞❞ n✱ Tn ✐s ❝❛♥♦♥✐❝❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ H2/Γn

✇❤❡r❡ Γn ✐s t❤❡ ❍❡❝❦❡ tr✐❛♥❣❧❡ ❣r♦✉♣ ♦❢ s✐❣♥❛t✉r❡ (2, n,∞) ✭s❡❡ ➓✷✳✶ ❛♥❞ ➓✹✮✳
■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ✜rst ❦♥♦✇♥ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ❢♦r ❑❱♦❧ ✭❜❡②♦♥❞
t❤❡ ❝❛s❡ ♦❢ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ✢❛t t♦r✐✱ s❡❡ ❬▼▼✶✹❪✮✿

❚❤❡♦r❡♠ ✶✳✶✳ ❋♦r ♦❞❞ ✐♥t❡❣❡r n ≥ 5✱ ❛♥❞ ❛♥② (X,ω) ∈ Tn✱ ✇❡ ❤❛✈❡

❑❱♦❧(X,ω) =

n
2 cot

π
n · 1

sin π
n

cosh dhyp(X, γ0,∞)
,

✇❤❡r❡ γ0,∞ ✐s t❤❡ ❤②♣❡r❜♦❧✐❝ ❣❡♦❞❡s✐❝ ✐♥ H2 ✇✐t❤ ❡♥❞♣♦✐♥ts 0 ❛♥❞ ∞✳

✷✵✷✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ Pr✐♠❛r②✿ ✸✼❊✵✺✳ ❙❡❝♦♥❞❛r②✿ ✸✼❉✹✵✳
❑❡② ✇♦r❞s ❛♥❞ ♣❤r❛s❡s✳ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts✳

✶



✷ ❏❯▲■❊◆ ❇❖❯▲❆◆●❊❘✱ ❊❘❲❆◆ ▲❆◆◆❊❆❯✱ ❆◆❉ ❉❆◆■❊▲ ▼❆❙❙❆❘❚

■♥ ♣❛rt✐❝✉❧❛r ❑❱♦❧ ✐s r❡❛❧ ❛♥❛❧②t✐❝ ♦♥ Tn ❡①❝❡♣t ❛❧♦♥❣ t❤❡ ❣❡♦❞❡s✐❝ ✇✐t❤ ❡♥❞✲
♣♦✐♥ts cos π

n ❛♥❞ ∞✳

✶✳✷✳ ❈♦♥t❡①t ❛♥❞ ❤✐st♦r②✳ ❲❤✐❧❡ ❑❱♦❧ ✐s ❛ ❝❧♦s❡ ❝♦✉s✐♥ ♦❢ t❤❡ s②st♦❧✐❝ r❛t✐♦

supα
❱♦❧(X,g)
lg(α)2

✱ ✈❡r② ❧✐tt❧❡ ✐s ❦♥♦✇♥ ♦♥ t❤❡ ❢✉♥❝t✐♦♥ ❑❱♦❧✳ ❋♦r ❛♥② ❘✐❡♠❛♥♥✐❛♥

s✉r❢❛❝❡ (X, g)✱ ✇❡ ❤❛✈❡ ❑❱♦❧(X, g) ≥ 1✱ ❛♥❞ ❡q✉❛❧✐t② ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ (X, g)
✐s ❛ ✢❛t t♦r✉s ❬▼▼✶✹❪✳ ❆❧♠♦st ❛❧❧ ♦❢ t❤❡ ♦❜✈✐♦✉s q✉❡st✐♦♥s ❛❜♦✉t ❑❱♦❧ ♦♥
❤②♣❡r❜♦❧✐❝ s✉r❢❛❝❡s ❛r❡ ❝✉rr❡♥t❧② ♦♣❡♥✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r♦♣♦s❡ t♦ ❝♦♥t✐♥✉❡ t❤❡
st✉❞② ♦❢ ❑❱♦❧ ❛s ❛ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✱ ♦r✐❣✐♥❛❧❧②
✐♥✐t✐❛t❡❞ ❜② t❤❡ t❤✐r❞ ♥❛♠❡❞ ❛✉t❤♦r ✐♥ ❬❈❑▼✷✶❛✱ ❈❑▼✷✶❜❪✳ ❚❤❡ s✉r❢❛❝❡ X ✐s
❝❛❧❧❡❞ ❛ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ✐❢ ✐t ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ tr❛♥s❧❛t✐♦♥ str✉❝t✉r❡✱ t❤❛t ✐s✱
❛♥ ❛t❧❛s ♦❢ ❝❤❛rts s✉❝❤ t❤❛t ❛❧❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ tr❛♥s❧❛t✐♦♥s ✐♥ R2✳ ❲❡
❛ss✉♠❡ t❤❛t t❤❡ ❝❤❛rt ❞♦♠❛✐♥s ❝♦✈❡r ❛❧❧ t❤❡ s✉r❢❛❝❡ X ❡①❝❡♣t ❢♦r ✜♥✐t❡❧② ♠❛♥②
♣♦✐♥ts ❝❛❧❧❡❞ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤❡ tr❛♥s❧❛t✐♦♥ str✉❝t✉r❡ ✐♥❞✉❝❡s t❤❡ str✉❝t✉r❡ ♦❢ ❛
s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ❛♥❞ ❛ ✢❛t ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ♦♥ X ♣✉♥❝t✉r❡❞ ❛t t❤❡ s✐♥❣✉❧❛r
♣♦✐♥ts✳ ❲❡ r❡q✉✐r❡ t❤❛t t❤❡ ♠❡tr✐❝ ❤❛✈❡ ❛ ❝♦♥❡ t②♣❡ s✐♥❣✉❧❛r✐t② ❛t ❡❛❝❤ s✐♥❣✉❧❛r
♣♦✐♥t✳ ❆❧t❤♦✉❣❤ ❣❡♦❞❡s✐❝s ♦♥ X ❛r❡ ♣✐❡❝❡✇✐s❡ str❛✐❣❤t ❧✐♥❡s✱ t❤❡② ❝❛♥ ❜❡ q✉✐t❡
❝♦♠♣❧✐❝❛t❡❞✿ t❤❡② ♠❛② ❜❡ ✉♥✐♦♥s ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ✇✐t❤ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✳

▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✐♥ ❬❈❑▼✷✶❛❪✱ ❑❱♦❧ ✐s st✉❞✐❡❞ ❢♦r r❛♠✐✜❡❞ ❝♦✈❡rs ♦❢ t❤❡ t♦r✉s
✭♦r ❛r✐t❤♠❡t✐❝ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s✮✳ ■t ✐s ♣r♦✈❡❞ ✐♥ ❬❈❑▼✷✶❛❪ t❤❛t ❑❱♦❧✱ ❞❡✜♥❡❞
♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝ ♦❢ t❤❡ s✉r❢❛❝❡ t✐❧❡❞ ✇✐t❤ t❤r❡❡ sq✉❛r❡s✱ ✐s ✉♥❜♦✉♥❞❡❞✱
❜✉t ✐t ❞♦❡s ❤❛✈❡ ❛ ♠✐♥✐♠✉♠✱ ❛❝❤✐❡✈❡❞ ❛t ❛ s✉r❢❛❝❡✱ ✉♥✐q✉❡ ♠♦❞✉❧♦ s②♠♠❡tr✐❡s✱
❛♥❞ ♦t❤❡r✇✐s❡ ❢❛✐r❧② ✉♥❞✐st✐♥❣✉✐s❤❡❞✳ ❚❤❡ ✐♥t❡r❡st✐♥❣ s✉r❢❛❝❡s✱ ✐✳❡✳ t❤❡ t❤r❡❡
sq✉❛r❡ s✉r❢❛❝❡s✱ ❛♥❞ t❤❡ s✉r❢❛❝❡ t✐❧❡❞ ✇✐t❤ s✐① ❡q✉✐❧❛t❡r❛❧ tr✐❛♥❣❧❡s✱ ❛r❡ ❧♦❝❛❧
♠❛①✐♠❛✱ ✇✐t❤ ❑❱♦❧ = 3✱ ✇❤❡r❡ 3 s❤♦✉❧❞ ❜❡ t❤♦✉❣❤t ♦❢ ❛s t❤❡ r❛t✐♦ ♦❢ t❤❡ t♦t❛❧
❛r❡❛ ♦❢ t❤❡ s✉r❢❛❝❡✱ t♦ t❤❡ ❛r❡❛ ♦❢ t❤❡ s♠❛❧❧❡st ❝②❧✐♥❞❡r ♦❢ ❝❧♦s❡❞ ❣❡♦❞❡s✐❝s✳ ❚❤❡
❧♦❝❛❧ ♠❛①✐♠❛ ❛r❡ ♥♦t ❧♦❝❛❧❧② ✉♥✐q✉❡✱ t❤❡② ❝♦♠❡ ✐♥ ❤②♣❡r❜♦❧✐❝ ❣❡♦❞❡s✐❝s✱ ✐♥ t❤❡
❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡ ✈✐❡✇❡❞ ❛s ❛ q✉♦t✐❡♥t ♦❢ t❤❡ ❤②♣❡r❜♦❧✐❝ ♣❧❛♥❡ ❜② ❛ ❋✉❝❤s✐❛♥
❣r♦✉♣✳

■♥ t❤❡ ❝✉rr❡♥t ♣❛♣❡r✱ ✇❡ ❡①t❡♥❞ t❤❡ st✉❞② t♦ ♥♦♥ ❛r✐t❤♠❡t✐❝ ❚❡✐❝❤♠ü❧❧❡r
❝✉r✈❡s✳

✶✳✸✳ ❑❱♦❧ ♦♥ ♥♦♥ ❛r✐t❤♠❡t✐❝ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s✳ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s ❛r❡
✐s♦♠❡tr✐❝❛❧❧② ✐♠♠❡rs❡❞ ❛❧❣❡❜r❛✐❝ ❝✉r✈❡s ✐♥ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ❘✐❡♠❛♥♥ s✉r✲
❢❛❝❡s✳ ❚❤❡s❡ ❛r✐s❡ ❛s SL(2,R)✲♦r❜✐t ✭♦r ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝✮ ♦❢ s♣❡❝✐❛❧ ✢❛t s✉r✲
❢❛❝❡s t❤❛t ❛r❡ ❝❛❧❧❡❞ ❱❡❡❝❤ s✉r❢❛❝❡s✳ ❋♦r n = 2m + 1 ≥ 5 ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜②
X0 t❤❡ ♦r✐❣✐♥❛❧ ❱❡❡❝❤ s✉r❢❛❝❡ ❬❱❡❡✽✾❪ ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ✉♥❢♦❧❞✐♥❣ ❛ r✐❣❤t✲❛♥❣❧❡❞
tr✐❛♥❣❧❡ ✇✐t❤ ❛♥❣❧❡s (π/2, π/n, (n − 2) · π/2n)✱ ❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❞♦✉❜❧❡
r❡❣✉❧❛r n−❣♦♥✳ ❚❤❡ s✉r❢❛❝❡ X0 ❧✐❡s ✐♥ t❤❡ str❛t✉♠ H(n − 3) ❛♥❞ ✐ts ❣❡♥✉s ✐s
genus(X0) = (n− 1)/2✳ ❋r♦♠ ❚❤❡♦r❡♠ ✶✳✶✱ ✇❡ ❞❡❞✉❝❡ t❤❡

❈♦r♦❧❧❛r② ✶✳✷✳ ❋♦r ❛♥② X ∈ Tn t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s

n

2
cot

π

n
≤ ❑❱♦❧(X) ≤ n

2
cot

π

n
· 1

sin π
n

.

▼♦r❡♦✈❡r t❤❡ ❜♦✉♥❞s ❛r❡ s❤❛r♣ ❛♥❞✿
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✭✶✮ ❚❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❑❱♦❧ ♦♥ Tn ✐s ❛❝❤✐❡✈❡❞✱ ♣r❡❝✐s❡❧②✱ ❛❧♦♥❣
γ0,∞✱ t❤❛t ✐s✱ ❜② ✐♠❛❣❡s ♦❢ t❤❡ r✐❣❤t✲❛♥❣❧❡❞ st❛✐r❝❛s❡s ✉♥❞❡r t❤❡ ❚❡✐❝❤✲
♠ü❧❧❡r ❣❡♦❞❡s✐❝ ✢♦✇ ✭s❡❡ ❋✐❣✉r❡ ✶✮✳

✭✷✮ ❚❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ❑❱♦❧ ♦♥ Tn ✐s ❛❝❤✐❡✈❡❞✱ ✉♥✐q✉❡❧②✱ ❛t X0✳

❋✐♥❛❧❧②✱ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❑❱♦❧✱ t❤❡ s✉♣r❡♠✉♠ ✐s ❛❝❤✐❡✈❡❞ ❜② ♣❛✐rs ♦❢ ❝✉r✈❡s
t❤❛t ❛r❡ ✭✐♠❛❣❡s ♦❢✮ ♣❛✐rs ♦❢ s✐❞❡s ♦❢ t❤❡ ❞♦✉❜❧❡ r❡❣✉❧❛r n−❣♦♥✳
❘❡♠❛r❦ ✶✳✸✳ ❚❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❣✉❧❛r 4m✲❣♦♥ ✐s ❞❡❛❧t ✇✐t❤ ✐♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r
♦❢ t❤❡ ✜rst ❛✉t❤♦r✳ ❲❤❡♥ n ≡ 2 mod 4✱ t❤❡ s✉r❢❛❝❡ Xn ❜❡❧♦♥❣s t♦ ❛ str❛t✉♠
✇✐t❤ t✇♦ ❝♦♥✐❝❛❧ ♣♦✐♥ts✳ ❚❤✐s ❝❛s❡ ✐s ❝♦♠❜✐♥❛t♦r✐❛❧❧② ❛ ❜✐t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞
❛♥❞ ✇❡ s❡t ✐t ❛s✐❞❡ ❢♦r ❢✉t✉r❡ ✇♦r❦✳

❯♥❧✐❦❡ t❤❡ t❤r❡❡✲sq✉❛r❡ s✉r❢❛❝❡ ❝❛s❡ ❬❈❑▼✷✶❛❪✱ ❑❱♦❧ ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✲
✐❝❤♠ü❧❧❡r ❞✐s❝s ♦❢ t❤❡ ❞♦✉❜❧❡ r❡❣✉❧❛r n−❣♦♥✳ ▼♦r❡ ❣❡♥❡r❛❧❧② ✇❡ s❤♦✇

❚❤❡♦r❡♠ ✶✳✹✳ ❚❤❡ ❢✉♥❝t✐♦♥ ❑❱♦❧ ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝ ♦❢ X ∈
H(2) ✐❢ ❛♥❞ ♦♥❧② ✐❢ X ✐s ❛ ♣r✐♠✐t✐✈❡ ❱❡❡❝❤ s✉r❢❛❝❡ ✐✳❡✳ X ✐s ♥♦t ❛r✐t❤♠❡t✐❝✳

❚❤❡ s❛♠❡ ❞✐s❝✉ss✐♦♥ ❛♣♣❧✐❡s t♦ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝ ♦❢ s✉r❢❛❝❡s ✐♥ t❤❡ Pr②♠
❡✐❣❡♥❢♦r♠ ❧♦❝✐ ✐♥ H(4) ❛♥❞ H(6) ✭s❡❡ ❬▲◆✶✹❪✮ ❜② ❧♦♦❦✐♥❣ ❛t ♣♦ss✐❜❧❡ ❝②❧✐♥❞❡r
❞✐❛❣r❛♠s✳ ❲❡ s✉s♣❡❝t t❤❛t ❑❱♦❧ ✐s ♥❡✈❡r ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ♦♥ t❤❡ ❚❡✐❝❤✲
♠ü❧❧❡r ❞✐s❝ ♦❢ ❛r✐t❤♠❡t✐❝ ❱❡❡❝❤ s✉r❢❛❝❡s✳ ❚❤❡ ✜rst ❛✉t❤♦r r❡❝❡♥t❧② ♦❜t❛✐♥❡❞ ❛♥
❡①❛♠♣❧❡ ♦❢ ❛ ♥♦♥ ❛r✐t❤♠❡t✐❝ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝ ✇❤❡r❡ ❑❱♦❧ ✐s ✉♥❜♦✉♥❞❡❞✳

❘❡♠❛r❦ ✶✳✺✳ ❆♥♦t❤❡r ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❬❈❑▼✷✶❛❪ ✐s t❤❛t t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❑❱♦❧ ♦♥
Tn ✐s ❛❝❤✐❡✈❡❞✱ ✉♥✐q✉❡❧②✱ ❜② t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ s✉r❢❛❝❡ ✐♥ t❤❡ ❞✐s❝✱ ♥❛♠❡❧② t❤❡
❞♦✉❜❧❡ n−❣♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♠✐❧❛r❧② t♦ t❤❡ t❤r❡❡✲sq✉❛r❡ ❝❛s❡✱ t❤❡ ❧♦❝❛❧
♠❛①✐♠❛✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ ❣❧♦❜❛❧ ♠❛①✐♠❛ ❛r❡ ❛❝❤✐❡✈❡❞ ❛❧♦♥❣ ❤②♣❡r❜♦❧✐❝ ❣❡♦❞❡s✐❝s
✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ s✉r❢❛❝❡s ✇✐t❤ ❛ r✐❣❤t✲❛♥❣❧❡❞ t❡♠✲
♣❧❛t❡✱ s❡❡ ❋✐❣✉r❡ ✶✳

✶✳✹✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ♥♦r♠s✳ ❚❤❡ q✉❛♥t✐t② ❑❱♦❧ ❛♣♣❡❛rs ♥❛t✉r❛❧❧② ✐♥ t❤❡ ❝♦♠✲
♣❛r✐s♦♥s ❜❡t✇❡❡♥ t❤❡ st❛❜❧❡ ♥♦r♠ || · ||s ❛♥❞ t❤❡ ❍♦❞❣❡ ♥♦r♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②
✭s❡❡ ❬▼❛s✾✼✱ ▼▼✶✹❪✮✿

|| · ||s ≤
√
Vol(M, g)|| · ||Hodge ≤ ❑❱♦❧(M, g)|| · ||s

❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐s s❤❛r♣✳ ▼♦r❡ r❡❝❡♥t❧②✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ q✉❛❞r❛t✐❝ ❞✐❢✲
❢❡r❡♥t✐❛❧s✱ ❛ ♥❡✇ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❍♦❞❣❡ ❛♥❞ ❚❡✐❝❤♠ü❧❧❡r ♥♦r♠s ❤❛s ❜❡❡♥
❡st❛❜❧✐s❤❡❞ ✐♥ ❬❑❲✷✷❪✳ ❚❤❡ ❧❛tt❡r ✐s ✉s❡❢✉❧ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❡✛❡❝t✐✈❡ ✈❡rs✐♦♥s ♦❢
r❡s✉❧ts ♦♥ ❞②♥❛♠✐❝s ♦❢ ♠❛♣♣✐♥❣ ❝❧❛ss ❣r♦✉♣s ✭s❡❡ t❤❡ ✇♦r❦ ❬❆❍✷✷❪✮✳ ■t ✇♦✉❧❞
❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❡st❛❜❧✐s❤ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✶ ❢♦r t❤❡ ❍♦❞❣❡ ❛♥❞ ❚❡✐❝❤✲
♠ü❧❧❡r ♥♦r♠s ❛♥❞ s❡❡ ✇❡t❤❡r ✐t ❣✐✈❡s ❜❡tt❡r ❡✛❡❝t✐✈❡ r❡s✉❧ts ♦♥ ♠❛♣♣✐♥❣ ❝❧❛ss
❣r♦✉♣s✳

✶✳✺✳ ❖r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✳ ■♥ ➓✷✳✶ ✇❡ r❡❝❛❧❧ ♣r❡r❡q✉✐s✐t❡s ♦♥ tr❛♥s❧❛✲
t✐♦♥ s✉r❢❛❝❡s✱ ❱❡❡❝❤ ❣r♦✉♣s✱ ❱❡❡❝❤ s✉r❢❛❝❡s✱ ❛♥❞ ✇❡ ❞❡s❝r✐❜❡ t❤❡ r✐❣❤t✲❛♥❣❧❡❞
st❛✐r❝❛s❡ ♠♦❞❡❧s ❢♦r ♦✉r s✉r❢❛❝❡s✳ ■♥ ➓✸ ✇❡ ❡①♣❧❛✐♥ ✇❤② ❑❱♦❧ ✐s ❜♦✉♥❞❡❞ ♦♥
s♦♠❡ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s✳ ■♥ ➓✹ ❛♥❞ ➓✺ ✇❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ✐♥t❡r♣r❡t ❑❱♦❧ ❣❡♦✲
♠❡tr✐❝❛❧❧②✱ ✐♥ t❡r♠s ♦❢ ❤②♣❡r❜♦❧✐❝ ❞✐st❛♥❝❡ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡ ✭✐❞❡♥t✐✜❡❞
✇✐t❤ ❛ q✉♦t✐❡♥t ♦❢ H2 ❜② ❛ ❋✉❝❤s✐❛♥ ❣r♦✉♣✮✱ ❛♥❞ ✇❡ ❣✐✈❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r
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❑❱♦❧ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r t❤✐s ♣r♦✈❡s t❤❛t t❤❡ ♠❛①✐♠✉♠ ✐s
❛❝❤✐❡✈❡❞ ❜② t❤❡ st❛✐r❝❛s❡ s✉r❢❛❝❡s✳

■♥ ➓✻ ✇❡ ♣❡r❢♦r♠ t❤❡ ✜rst ♠❛✐♥ st❡♣ ♦❢ t❤❡ ♣r♦♦❢✿ ✇❡ ❝♦♠♣✉t❡ ❑❱♦❧ ❢♦r t❤❡
❞♦✉❜❧❡ n✲❣♦♥✱ ❜② ❛ ❣❡♦♠❡tr✐❝ ♠❡t❤♦❞✱ ❝❛r❡❢✉❧❧② ❧♦♦❦✐♥❣ ❛t ❤♦✇ s❛❞❞❧❡ ❝♦♥♥❡❝✲
t✐♦♥s ✐♥t❡rs❡❝t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r ❞✐r❡❝t✐♦♥s✳

■♥ ➓✼ ✇❡ ♣❡r❢♦r♠ t❤❡ s❡❝♦♥❞ ♠❛✐♥ st❡♣ ♦❢ t❤❡ ♣r♦♦❢✿ ✇❡ ✐♥t❡r♣♦❧❛t❡✱ ❜②
❛♥❛❧②t✐❝❛❧ ♠❡t❤♦❞s✱ ❜❡t✇❡❡♥ t❤❡ ❞♦✉❜❧❡ n✲❣♦♥ ❛♥❞ t❤❡ st❛✐r❝❛s❡ s✉r❢❛❝❡s✱ t❤✉s
♣r♦✈✐♥❣ t❤❛t t❤❡ ♠✐♥✐♠✉♠ ✐s ❛❝❤✐❡✈❡❞✱ ✉♥✐q✉❡❧②✱ ❜② t❤❡ ❢♦r♠❡r✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ▲❛❜❊①
P❊❘❙❨❱❆▲✲▲❛❜ ✭❆◆❘✲✶✶✲▲❆❇❳✲✵✵✷✺✲✵✶✮ ❢✉♥❞❡❞ ❜② t❤❡ ❋r❡♥❝❤ ♣r♦❣r❛♠ ■♥✲
✈❡st✐ss❡♠❡♥t ❞✬❛✈❡♥✐r✳

✷✳ ❇❛❝❦❣r♦✉♥❞

✷✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s✳ ❲❡ r❡✈✐❡✇ ✉s❡❢✉❧ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ✢❛t s✉r❢❛❝❡s✱ ❱❡❡❝❤
❣r♦✉♣s ❛♥❞ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s✳ ❋♦r ❛ ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ t♦ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s
❛♥❞ t❤❡✐r ♠♦❞✉❧✐ s♣❛❝❡s✱ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡ s✉r✈❡②s ❬❩♦r✵✻✱ ❲r✐✶✻✱ ▼❛s✷✷❪
❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ H(k1, . . . , kr) ✇✐❧❧ ❞❡♥♦t❡ t❤❡
str❛t✉♠ ♦❢ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ❆❜❡❧✐❛♥ ❞✐✛❡r❡♥t✐❛❧s ω ♦♥ ❘✐❡♠❛♥♥ s✉r❢❛❝❡s X ♦❢
❣❡♥✉s g ≥ 1✱ ❤❛✈✐♥❣ r ③❡r♦s✱ ♦❢ ♦r❞❡rs ki ❢♦r i = 1, . . . , r✱ ♦r ❡q✉✐✈❛❧❡♥t❧② ♦❢
❛♥❣❧❡s 2π(ki + 1)✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✇✐❧❧ s✐♠♣❧② ❞❡♥♦t❡ X ❢♦r t❤❡ ♣❛✐r (X,ω) ✐❢
t❤❡ ❝♦♥t❡①t ✐s ❝❧❡❛r✳

❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ ❣❡♦❞❡s✐❝s ♦♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ❝❛♥ ❜❡ ❝♦♠♣❧✐✲
❝❛t❡❞✳ ❍♦✇❡✈❡r ❢♦r X ✐♥ t❤❡ ♠✐♥✐♠❛❧ str❛t✉♠ H(2g − 2)✱ ❛♥② ❣❡♦❞❡s✐❝ ✐s ❤♦✲
♠♦❧♦❣♦✉s t♦ ❛ ✉♥✐♦♥ ♦❢ ❝❧♦s❡❞ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s✳ ❍❡♥❝❡ t❤❡ s✉♣r❡♠✉♠ ✐♥
❊q✉❛t✐♦♥ ✭✶✮ ❝❛♥ ❜❡ t❛❦❡♥ ♦✈❡r ❛❧❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ♦❢ t❤❡ s✉r❢❛❝❡✳

❲❡ ❞❡♥♦t❡ t❤❡ ❤♦❧♦♥♦♠② ✈❡❝t♦r ♦❢ ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ α ❜② −→α =
∫
α ω ∈ R2✳

❇② ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ ✇❡ ✇✐❧❧ ♦❢t❡♥ ❝♦♥❢✉s❡ −→α ✇✐t❤ α✳ ❲❡ ❤❛✈❡ l(α) = ||−→α ||✳
❆ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡ ✐s ❛♥ ✐s♦♠❡tr✐❝❛❧❧② ✐♠♠❡rs❡❞ ❝♦♠♣❧❡① ❝✉r✈❡ ✐♥ t❤❡ ♠♦❞✉❧✐

s♣❛❝❡ ♦❢ ❘✐❡♠❛♥♥ s✉r❢❛❝❡s✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ ❛ ❝❧♦s❡❞ GL2(R)✲♦r❜✐t t♦ t❤❡
♠♦❞✉❧✐ s♣❛❝❡ ♦❢ ❘✐❡♠❛♥♥ s✉r❢❛❝❡s ✐s ❛ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡✱ s♦ ❛s ✐s ❝♦♠♠♦♥ ✇❡
✇✐❧❧ ❛❧s♦ r❡❢❡r t♦ ❝❧♦s❡❞ GL2(R)✲♦r❜✐ts ❛s ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s ✐♥ H(k1, . . . , kr)✳
❆ ♣♦✐♥t ♦♥ ❛ ❝❧♦s❡❞ GL2(R)✲♦r❜✐t ✐s ❝❛❧❧❡❞ ❛ ❱❡❡❝❤ s✉r❢❛❝❡✳ ❊q✉✐✈❛❧❡♥t❧② ❛
tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ✐s ❛ ❱❡❡❝❤ s✉r❢❛❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ❱❡❡❝❤ ❣r♦✉♣ ✐s ❛ ❧❛tt✐❝❡
✐♥ SL2(R)✳ ❚❤❡ ❡❛s✐❡st ❡①❛♠♣❧❡s ♦❢ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s ❛r❡ ♦r❜✐ts ♦❢ ❛r✐t❤♠❡t✐❝
s✉r❢❛❝❡s ✭♥❛♠❡❧② r❛♠✐✜❡❞ ❝♦✈❡rs ♦❢ t❤❡ t✇♦✲t♦r✉s✮✳ ❱❡❡❝❤ ❬❱❡❡✽✾❪ ❞✐s❝♦✈❡r❡❞ ❛
❢❛♠✐❧② ♦❢ ♥♦♥ ❛r✐t❤♠❡t✐❝ s✉r❢❛❝❡s ❛r✐s✐♥❣ ❢r♦♠ ❛ r✐❣❤t✲❛♥❣❧❡❞ tr✐❛♥❣❧❡ ✇✐t❤ ❛♥❣❧❡s
(π/2, π/n, (n−2) ·π/2n) ❜② t❤❡ ✉♥❢♦❧❞✐♥❣ ❝♦♥str✉❝t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❬❩❑✼✻❪✳ ❲❡
❣✐✈❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ s✉r❢❛❝❡s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✷✳✷✳ ❚❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❢♦r t❤❡ ❞♦✉❜❧❡ n−❣♦♥✳ ❋♦r n ≥ 3✱ t❤❡ s✉r❢❛❝❡
X0 ✭❛r✐s✐♥❣ ❢r♦♠ t❤❡ ✉♥❢♦❧❞✐♥❣ ♦❢ ❛ r✐❣❤t tr✐❛♥❣❧❡ ✇✐t❤ ❛♥❣❧❡s (π/2, π/n, (n −
2)π/2n)✮ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s ✭s❡❡ ❬❩❑✼✻✱ ❱❡❡✽✾❪✮

• ■❢ n ≥ 8 ✐s ❡✈❡♥ t❤❡♥ X0 ✐s t❤❡ q✉♦t✐❡♥t ♦❢ t❤❡ r❡❣✉❧❛r n−❣♦♥ ✭✇✐t❤
r❛❞✐✉s 1✮ ❜② ❣❧✉✐♥❣ ♦♣♣♦s✐t❡ s✐❞❡s ❜② tr❛♥s❧❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✐❢ n = 4m ❢♦r
m ≥ 2 t❤❡ s✉r❢❛❝❡ ❜❡❧♦♥❣s t♦ t❤❡ str❛t✉♠ H(2m−2)✱ ✇❤✐❧❡ ✐❢ n = 4m+2
✐t ❜❡❧♦♥❣s t♦ t❤❡ str❛t✉♠ H(m− 1,m− 1)✳
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• ■❢ n ≥ 5 ✐s ♦❞❞✱ t❤❡♥ X0 ✐s t❤❡ q✉♦t✐❡♥t ♦❢ t❤❡ ❞♦✉❜❧❡ ♦❢ t❤❡ r❡❣✉❧❛r
n−❣♦♥ ✭✇✐t❤ r❛❞✐✉s 1✮ ❜② ❣❧✉✐♥❣ ♦♣♣♦s✐t❡ s✐❞❡s ❜② tr❛♥s❧❛t✐♦♥✳ ■t ❜❡❧♦♥❣s
t♦ t❤❡ str❛t✉♠ H(n− 3)✳

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❧❛tt❡r ❝❛s❡ ❛♥❞ ✐♥ t❤❡
s❡q✉❡❧ ✇❡ ✇✐❧❧ ❛ss✉♠❡ n = 2m+ 1 ✐s ❛♥ ♦❞❞ ✐♥t❡❣❡r✳

❚❤❡ ❞♦✉❜❧❡ n✲❣♦♥ X0 ❤❛s ❛ st❛✐r❝❛s❡ ♠♦❞❡❧ S0 ✐♥ ✐ts GL2(R)✲♦r❜✐t✱ ❞r❛✇♥ ✐♥
❋✐❣✉r❡ ✶ ❛♥❞ ❞❡s❝r✐❜❡❞ ✐♥ ❬▼♦♥✵✺❪✱ ✇❤✐❝❤ ✇❡ s❤❛❧❧ ✉s❡ ✇✐t❤ ❛ ❢❡✇ ♠♦❞✐✜❝❛t✐♦♥s
✭s❡❡ ❛❧s♦ ❬❱❡❡✽✾✱ ➓✺❪✮✳ ■♥ ♦r❞❡r t♦ ❡①❤✐❜✐t t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ❛♥❞ ❛ ❢✉♥❞❛♠❡♥t❛❧
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r♦t❛t❡ ❜② 3π/2
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β1

2

❋✐❣✉r❡ ✶✳ ❆❜♦✈❡✱ t❤❡ ❞♦✉❜❧❡ (2m + 1)−❣♦♥ X0 ✐s ❝✉t ✐♥t♦
2(2m − 1) tr✐❛♥❣❧❡s✱ ✇❤✐❝❤ ❛r❡ r❡✲❛rr❛♥❣❡❞ ✐♥t♦ ❛ s❧❛♥t❡❞ st❛✐r✲
s❤❛♣❡✱ ✇❤♦s❡ s❧❛♥t❡❞ s✐❞❡s ❛r❡ t❤❡♥ r♦t❛t❡❞ ❛♥❞ s❤❡❛r❡❞ t♦ ❝r❡❛t❡
t❤❡ r✐❣❤t✲❛♥❣❧❡❞ st❛✐r✲s❤❛♣❡ S0✳ ❇❡❧♦✇✱ ❛ st❛✐r❝❛s❡ ♠♦❞❡❧ S0 ❢♦r
X0 ✭n = 2m+1✮✱ ❢♦rm = 2, 3, 4✱ ✇✐t❤ ♣❛r❛♠❡t❡rs (αi, βi)i=1,...,m✳
❚❤❡ s✉r❢❛❝❡ S0 ❢♦r m = 2 ✐s ✉s✉❛❧❧② s❤♦✇♥ r♦t❛t❡❞ ❜② 180 ❞❡✲
❣r❡❡s✱ ❛s t❤❡ ❣♦❧❞❡♥ ▲ ✭s❡❡ ❬❉❋❚✶✶❪✱ ❬❉▲✶✾❪✮✳

❞♦♠❛✐♥✱ ♦♥❡ ♥❡❡❞s t♦ ❝♦♠♣✉t❡ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ m ❤♦r✐③♦♥t❛❧ ❝②❧✐♥❞❡rs ♦❢
S0✳ ❚❤✐s ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ❢r♦♠ ❬❱❡❡✽✾✱ ➓✺❪✿ ❢♦r k = 1, . . . ,m✱ t❤❡ ❝♦r❡ ❝✉r✈❡
♦❢ t❤❡ ❦t❤ ❝②❧✐♥❞❡r ♦❢ S0 ✐s ❣✐✈❡♥ ❜② αk−1 + αk ✭✇✐t❤ t❤❡ ❞✉♠♠② ❝♦♥❞✐t✐♦♥
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α0 := 0✮✱ ❛♥❞ ✐ts ❤❡✐❣❤t ✐s βm−k+1✳ ❋r♦♠ ❬❱❡❡✽✾✱ ➓✺❪ ✇❡ ❞r❛✇✿

✭✷✮ l(αk) = l(βk) = sin
2kπ

n
, ❢♦r ❛♥② k = 1, . . . ,m, and ❱♦❧(S0) =

n

2
cos

π

n
.

■♥ ♣❛rt✐❝✉❧❛r ❛❧❧ ♠♦❞✉❧✐ ❛r❡ t❤❡ s❛♠❡ ❛♥❞ ❡q✉❛❧ t♦

height

width
=

sin 2(m−k+1)π
n

sin 2(k−1)π
n + sin 2kπ

n

=
sin (2k−1)π

n

2 sin 2(k−1+k)π
2n cos 2(k−1−k)π

2n

=
1

2 cosπ/n
.

❋r♦♠ t❤✐s ❦♥♦✇❧❡❞❣❡✱ ✐t ✐s ❡❛s② t♦ ❝♦♥str✉❝t ❛✣♥❡ ❤♦♠❡♦♠♦r♣❤✐s♠s ♦❢ S0 ✇❤♦s❡
❞❡r✐✈❛t✐✈❡ ♠❛♣s ✭♦✉ts✐❞❡ t❤❡ s✐♥❣✉❧❛r✐t②✮ ❛r❡ ♣❛r❛❜♦❧✐❝ ❡❧❡♠❡♥ts✳ ❲❡ ❞❡s❝r✐❜❡
t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ S0 ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✷✳✸✳ ❱❡❡❝❤ ❣r♦✉♣ ❛♥❞ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥✳ ❋♦r n ≥ 3✱ ✇❡ ❞❡♥♦t❡ ❜② Γn

t❤❡ ❍❡❝❦❡ tr✐❛♥❣❧❡ ❣r♦✉♣ ♦❢ ❧❡✈❡❧ n ✭♦r s✐❣♥❛t✉r❡ (2, n,∞)✮ ❣❡♥❡r❛t❡❞ ❜②

T =

(
1 Φn

0 1

)
❛♥❞ R =

(
0 −1
1 0

)
, s❡tt✐♥❣ Φn = 2 cos

π

n
.

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ s✐♠♣❧② ✉s❡ t❤❡ ♥♦t❛t✐♦♥ Φ ❢♦r Φn✳ ❚❤❡ ❣r♦✉♣ Γn✱ ❛❝t✐♥❣
♦♥ t❤❡ ❤②♣❡r❜♦❧✐❝ ♣❧❛♥❡ H2✱ ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ D ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳
■t ✐s ❝♦♠♣r✐s❡❞ ❜❡t✇❡❡♥ t❤❡ ✈❡rt✐❝❛❧ ❣❡♦❞❡s✐❝s ✇✐t❤ ❛❜s❝✐ss❛❡ −Φ/2 ❛♥❞ Φ/2✱
❛♥❞ t❤❡ ❣❡♦❞❡s✐❝ ✇✐t❤ ❡♥❞♣♦✐♥ts ±1✳ ❚❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ S0 ❝♦✐♥❝✐❞❡s ✇✐t❤ Γn✳
■♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ S0 ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♣♦✐♥t
i✱ ✇❤✐❧❡ X0 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧♦✇❡r ❝♦r♥❡rs ♦❢ D ✭t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ ❛
✈❡rt✐❝❛❧ ❜♦✉♥❞❛r② ❛♥❞ t❤❡ ❝✐r❝✉❧❛r ❜♦✉♥❞❛r②✮✳

D

X0

S0

0
−

Φ
2

Φ
2

❋✐❣✉r❡ ✷✳ ❆ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ D ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ t❤❡
st❛✐r❝❛s❡ ♠♦❞❡❧ ♦❢ t❤❡ ❞♦✉❜❧❡ r❡❣✉❧❛r (2m + 1)✲❣♦♥✱ ❛❧♦♥❣ ✇✐t❤
✐ts r❡✢❡❝t✐♦♥ ✐♥ t❤❡ ❣❡♦❞❡s✐❝ (−1, 1)✳
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✸✳ ❇♦✉♥❞❡❞♥❡ss ♦❢ ❑❱♦❧ ♦♥ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝s

❇❡❢♦r❡ st✉❞②✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♦❢ ❑❱♦❧ ♦♥ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝s✱ ✇❡ ❣✐✈❡ ❛ ❝r✐t❡✲
r✐♦♥ t♦ ❡♥s✉r❡ t❤❛t ✐t ✐s ✐♥❞❡❡❞ ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥
✇✐t❤ ❛ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✹✳

❲❡ ❝❛♥ ✜rst ♥♦t✐❝❡ t❤❛t ✐❢ t❤❡r❡ ❛r❡ t✇♦ ♣❛r❛❧❧❡❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α, β ♦♥
X ∈ H(n − 3) = H(2m − 2) ❤❛✈✐♥❣ ♥♦♥ tr✐✈✐❛❧ ✐♥t❡rs❡❝t✐♦♥ t❤❡♥ ❛♣♣❧②✐♥❣ t❤❡
❚❡✐❝❤♠ü❧❧❡r ❣❡♦❞❡s✐❝ ✢♦✇ ✐♥ t❤❡ ♦rt❤♦❣♦♥❛❧ ❞✐r❡❝t✐♦♥ ♦❢ α, β✱ ✇❡ ❣❡t ❢♦r ❛❧❧ t > 0

❑❱♦❧(gtX) ≥ 1

e−2t|α||β| .

❚❤✉s ❑❱♦❧ ✐s ♥♦t ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝ ♦❢ X✳ ❆❝t✉❛❧❧②✱ t❤✐s r❡♠❛r❦
❛♣♣❧✐❡s t♦ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✭♦❢ ❣❡♥✉s ❛t ❧❡❛st t✇♦✮✿ t❤♦s❡
❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ ♠❡tr✐❝ ❝②❧✐♥❞❡r✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ❜❡❧♦✇✳

❇❡❢♦r❡ ♣r♦✈✐♥❣ ▲❡♠♠❛ ✸✳✶ ✇❡ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ t❤❡ ❛♥❣❧❡ ♦❢ ❛ ❤♦r✐③♦♥t❛❧
s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ ♦♥ ❛ s✉r❢❛❝❡ ✇❤♦s❡ ❤♦r✐③♦♥t❛❧ ❢♦❧✐❛t✐♦♥ ❤❛s ♦♥❧② ❝❧♦s❡❞ ❧❡❛✈❡s✳
❚❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ ✭❤♦r✐③♦♥t❛❧✮ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛♥❞ t❤❡ s✐♥❣✉❧❛r✐t② ❞❡✜♥❡s ❛
✜♥✐t❡ ♦r✐❡♥t❡❞ ❣r❛♣❤ Γ✳ ❖r✐❡♥t❛t✐♦♥ ♦♥ t❤❡ ❡❞❣❡s ❝♦♠❡s ❢r♦♠ t❤❡ ❝❛♥♦♥✐❝❛❧
♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ❢♦❧✐❛t✐♦♥✳ ❆t t❤❡ s✐♥❣✉❧❛r✐t② p t❤❡ ❞✐r❡❝t✐♦♥ ♦❢
s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛tt❛❝❤❡❞ t♦ p ❛❧t❡r♥❛t❡s ✭❜❡t✇❡❡♥ ❞✐r❡❝t✐♦♥s t♦✇❛r❞ p ❛♥❞
❢r♦♠ p✮ ❛s ✇❡ ❢♦❧❧♦✇ t❤❡ ❝❧♦❝❦✇✐s❡ ♦r❞❡r✳ ❋♦r ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ γ ♦♥❡ ❝❛♥
❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ ❞✐✛❡r❡♥t s❡❝t♦rs ❜❡t✇❡❡♥ t❤❡ t✇♦ ❞✐r❡❝t✐♦♥s ✐t ❞❡t❡r♠✐♥❡s✳
❚❤✐s ❣✐✈❡s ❛♥ ❛♥❣❧❡ (2k + 1)π ✇❡❧❧ ❞❡✜♥❡❞ ♠♦❞✉❧♦ 2(2m− 1)π✳ ❖❜s❡r✈❡ t❤❛t ✐❢
γ ❤❛s ❛♥❣❧❡ π t❤❡♥ ✐t ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ ❛ ♠❡tr✐❝ ❝②❧✐♥❞❡r ❡♠❜❡❞❞❡❞ ✐♥t♦ t❤❡
s✉r❢❛❝❡✳

▲❡♠♠❛ ✸✳✶✳ ■❢ X ❤❛s ❛ ❝②❧✐♥❞❡r ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❧ ♦❢ ✇❤♦s❡ ❜♦✉♥❞❛r② s❛❞❞❧❡
❝♦♥♥❡❝t✐♦♥s ❤❛✈❡ tr✐✈✐❛❧ ✐♥t❡rs❡❝t✐♦♥ ♣❛✐r✇✐s❡✱ t❤❡♥ t❤❡r❡ ✐s ❛ s❛❞❞❧❡ ❝♦♥♥❡❝✲
t✐♦♥ ✇✐t❤ ❛♥❣❧❡ π✳ ■♥ ♣❛rt✐❝✉❧❛r ✐❢ X ❤❛s ❛ ♦♥❡ ❝②❧✐♥❞❡r ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞
genus(X) > 1 t❤❡♥ t❤❡r❡ ❛r❡ t✇♦ ♣❛r❛❧❧❡❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ✐♥t❡rs❡❝t✐♥❣ ♥♦♥
tr✐✈✐❛❧❧②✳

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ γ ❤❛✈✐♥❣ t❤❡ s♠❛❧❧❡st ❛♥❣❧❡ (2k+1)π
❛t p ✭s❡❡ ❋✐❣✉r❡ ✸✮✳ ❆ss✉♠❡ k > 0✳ ❚❤❡♥ γ ❞❡t❡r♠✐♥❡s 2k+1 s❡❝t♦rs ❛♥❞ s♦ 2k
s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s β1, . . . , β2k✳ ❙✐♥❝❡ t❤❡ ❛♥❣❧❡ ♦❢ γ ✐s ♠✐♥✐♠❛❧✱ ♥♦ βi ❝❛♥ ❜❡❣✐♥
❛♥❞ ❡♥❞ ✐♥s✐❞❡ t❤❡ s❡❝t♦r ♦❢ ❛♥❣❧❡ (2k+1)π ❝✉t ❜② γ✳ ❚❤❡r❡❢♦r❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥
♦❢ βi ✇✐t❤ γ ✐s ♥♦♥ tr✐✈✐❛❧ ❢♦r ❡✈❡r② i = 1, . . . , k✳ □

❋r♦♠ t❤✐s ♦❜s❡r✈❛t✐♦♥ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ♦♥❡✲❝②❧✐♥❞❡r s✉r❢❛❝❡s ❛r❡ ❞❡♥s❡✱ ✇❡
✐♠♠❡❞✐❛t❡❧② ❞❡❞✉❝❡ t❤❛t ❑❱♦❧ ✐s ♥♦t ❜♦✉♥❞❡❞ ♦♥ ❛♥② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢
H(2m − 2) ❢♦r m ≥ 2✳ ❙✐♠✐❧❛r❧②✱ s✐♥❝❡ ❑❱♦❧ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ✐t ✐s ♥♦t
❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝ ♦❢ ❛ ❣❡♥❡r✐❝ ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▼❛s✉r✕❱❡❡❝❤
♠❡❛s✉r❡✮ s✉r❢❛❝❡ X✳ ❱❡❡❝❤ s✉r❢❛❝❡s ❛r❡ ❡①❝❡♣t✐♦♥❛❧❧② s②♠♠❡tr✐❝ tr❛♥s❧❛t✐♦♥
s✉r❢❛❝❡s ❛♥❞ ❛r❡ ♥♦t ❣❡♥❡r✐❝ ✐❢ m ≥ 2✳ ❋♦r t❤♦s❡ s✉r❢❛❝❡s ♦♥❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥✈❡rs❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ❑❱♦❧ ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝ ♦❢ ❛ ❱❡❡❝❤ s✉r❢❛❝❡ ✐♥
H(2m− 2) ✐❢ t❤❡r❡ ❛r❡ ♥♦ ♣❛r❛❧❧❡❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ✐♥t❡rs❡❝t✐♥❣ ♥♦♥ tr✐✈✐❛❧❧②✳
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γ
β1

β2

❋✐❣✉r❡ ✸✳ ❆ s❡♣❛r❛tr✐① ❞✐❛❣r❛♠ ✐♥ H(6)✳ ❚❤❡ s✐♥❣✉❧❛r✐t② p ❤❛s
❝♦♥✐❝❛❧ ❛♥❣❧❡ 10π ❛♥❞ α ❤❛s ❛♥❣❧❡ 3π ✭♦r 7π ♠♦❞✉❧♦ 10π✮

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ▲❡t ✉s ❝♦♥s✐❞❡r ♦♥❧② s✉r❢❛❝❡s ✇❤✐❝❤ ❤❛✈❡ t♦t❛❧ ❛r❡❛
1✳ ▲❡t X ❜❡ ❛ ❱❡❡❝❤ s✉r❢❛❝❡✳ ▲❡t θ ❜❡ t❤❡ ❛♥❣❧❡ ❛ss♦❝✐❛t❡❞ t♦ t✇♦ ♣❡r✐♦❞✐❝
❞✐r❡❝t✐♦♥s (d, d′) ❤❛✈✐♥❣ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α, β ✇✐t❤ ♥♦♥tr✐✈✐❛❧ ✐♥t❡rs❡❝t✐♦♥s✳
❚❤❡ ❤②♣♦t❤❡s✐s ❡♥s✉r❡s t❤❛t d ̸= d′✱ s♦ t❤❛t ✉♣ t♦ s✇❛♣♣✐♥❣ d ❛♥❞ d′ ✇❡ ♠❛②
❛ss✉♠❡ θ ∈]0, π[✳ ❚❤❡♥✱ ❛♥② ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ α ✇✐t❤
❞✐r❡❝t✐♦♥ d✱ ❛♥❞ ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ β ✇✐t❤ ❞✐r❡❝t✐♦♥ d′✱ ✐❢ ✐t ♦❝❝✉rs ♦✉ts✐❞❡ t❤❡
s✐♥❣✉❧❛r✐t②✱ ✐s ♣♦s✐t✐✈❡✳ ❚❤❡r❡❢♦r❡✱ ❣✐✈❡♥ t✇♦ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β✱ ✇✐t❤
r❡s♣❡❝t✐✈❡ ❞✐r❡❝t✐♦♥s d ❛♥❞ d′✱ ❡✐t❤❡r ■♥t(α, β) = −1✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ α ❛♥❞ β
✐♥t❡rs❡❝t ♦♥❧② ♦♥❝❡✱ ❛t t❤❡ s✐♥❣✉❧❛r✐t②✱ ♦r ■♥t(α, β) ≥ 0✳

❇② ❱❡❡❝❤ ❞✐❝❤♦t♦♠②✱ X ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❝②❧✐♥❞❡rs C1, . . . , Cr ✭♦❢ ❤❡✐❣❤ts
h1(d), . . . , hr(d)✮ ✇✐t❤ ❞✐r❡❝t✐♦♥ d ❛♥❞ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s αi✳ ❖❜s❡r✈❡ t❤❛t ✐♥
t❤❡ ♠✐♥✐♠❛❧ str❛t✉♠ H(2m − 2) t❤❡ ♥✉♠❜❡r ♦❢ ❝②❧✐♥❞❡rs r ✐s ❜♦✉♥❞❡❞ ❜② t❤❡
❣❡♥✉s m ♦❢ t❤❡ s✉r❢❛❝❡✳ ❲❡ ❝❛♥ s✉❜❞✐✈✐❞❡ β ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥s
■♥t(αk, β)✳ ❚❤✐s ❣✐✈❡s✿

✭✸✮ l(β) · sin θ =
r∑

k=1

hk(d)■♥t(αk, β) =
r∑

k=1

ck(d)
■♥t(αk, β)

l(αk)
,

✇❤❡r❡ ck(d) = hk(d) · l(αk) r❡♣r❡s❡♥ts t❤❡ ❛r❡❛ ♦❢ ❛♥ ❡♠❜❡❞❞❡❞ ♣❛r❛❧❧❡❧♦❣r❛♠
s✉♣♣♦rt❡❞ ♦♥ αk✳ ❲❡ ✇r✐t❡ l(αk)l(β) = αk ∧ β/ sin θ✱ s♦

1 =

r∑

k=1

ck(d)
■♥t(αk, β)

αk ∧ β
.

❲r✐t✐♥❣ ✐♥ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✇❛②✿

1 =
∑

■♥t>0

ck(d)
■♥t(αk, β)

αk ∧ β
−

∑

■♥t=−1

ck(d)

αk ∧ β
.
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❇② ❬❱♦r✾✻❪✱ t❤❡r❡ ❛r❡ ♥♦ s♠❛❧❧ tr✐❛♥❣❧❡s ✐♥ X ✐✳❡✳ t❤❡r❡ ❡①✐sts M > 0✱ ❞❡♣❡♥❞✐♥❣
♦♥❧② ♦♥X✱ s✉❝❤ t❤❛t |αk∧β| > M ✭t❤✐s ✐s ❛❝t✉❛❧❧② t❤❡ ❡❛s② ♣❛rt ♦❢ t❤❡ ❝❤❛r❛❝t❡r✲
✐③❛t✐♦♥ ♦❢ ❱❡❡❝❤ s✉r❢❛❝❡s ✐♥ ❬❙❲✶✵❪✮✳ ■♥ ♣❛rt✐❝✉❧❛r s✐♥❝❡ ck(d) ≤ Area(X) = 1✱
✇❡ ❤❛✈❡

∑

■♥t=−1

ck(d)

αk ∧ β
< r · 1

M
< C

❢♦r s♦♠❡ ✉♥✐❢♦r♠ ❝♦♥st❛♥t C = C(X) ✭r❡❝❛❧❧✐♥❣ r ≤ m)✳ ❚❤✉s

■♥t(αk, β)

αk ∧ β
<

1 + C

ck(d)
<

1 + C

M
.

❍❡♥❝❡
■♥t(αk, β)

l(αk)l(β)
✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝ ♦❢ X✳ ❙✐♥❝❡

Area(X) = 1✱ ❑❱♦❧ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛s ✇❡❧❧✳ □

■♥ H(2) ✇❡ ❤❛✈❡ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❞❡s❝r✐♣t✐♦♥✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✹✳ ❇② ❬▼❝▼✵✼❪ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝s ❛r❡ ❡✐t❤❡r ❞❡♥s❡ ♦r ❝❧♦s❡❞✳
❙♦ ✐❢X ✐s ♥♦t ❛ ❱❡❡❝❤ s✉r❢❛❝❡✱ ❑❱♦❧ ✐s ♥♦t ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ♦♥ ✐ts ❚❡✐❝❤♠ü❧❧❡r
❞✐s❝✳ ❋♦r ❱❡❡❝❤ s✉r❢❛❝❡s✱ ❛ q✉✐❝❦ ✐♥s♣❡❝t✐♦♥ ♦❢ ♣♦ss✐❜❧❡ ❝②❧✐♥❞❡r ❞✐❛❣r❛♠s ❧❡❛❞s t♦
t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✿ ❢♦r t✇♦✲❝②❧✐♥❞❡r ❞❡❝♦♠♣♦s✐t✐♦♥s✱ t❤❡r❡ ❛r❡ ♥♦ ♣❛r❛❧❧❡❧
s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ✇✐t❤ ♥♦♥ tr✐✈✐❛❧ ✐♥t❡rs❡❝t✐♦♥s✳ ◆♦✇ ❛ ❱❡❡❝❤ s✉r❢❛❝❡ ✐♥ ❣❡♥✉s
t✇♦ ✐s ❡✐t❤❡r ♣r✐♠✐t✐✈❡ ♦r sq✉❛r❡✲t✐❧❡❞✳ ❇② ❬▼❝▼✵✺✱ ❈♦r♦❧❧❛r② ❆✳✷❪✱ sq✉❛r❡✲t✐❧❡❞
s✉r❢❛❝❡s ❛❧❧ ❛❞♠✐t ♦♥❡✲❝②❧✐♥❞❡r ❞❡❝♦♠♣♦s✐t✐♦♥s✳ ❙✐♥❝❡ ♣r✐♠✐t✐✈❡ ❱❡❡❝❤ s✉r❢❛❝❡s
✐♥ H(2) ❞♦ ♥♦t ❤❛✈❡ ♦♥❡✲❝②❧✐♥❞❡r ❞❡❝♦♠♣♦s✐t✐♦♥s✱ ✇❡ ❣❡t t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳ □

✹✳ SL2(R)−❛❝t✐♦♥ ❛♥❞ ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝

❚❤❡ ❛❝t✐♦♥ ♦❢ SL2(R) ♦♥ ♠♦❞✉❧✐ s♣❛❝❡s ♣r♦✈✐❞❡s ❛ ♣♦✇❡r❢✉❧ t♦♦❧ t♦ st✉❞② t❤❡
❞②♥❛♠✐❝s ♦❢ t❤❡ tr❛♥s❧❛t✐♦♥ ✢♦✇ ♦♥ X✳ ❚❤✐s ❣r♦✉♣ ✐s ❛❧s♦ ❛❝t✐♥❣ ❛✣♥❡❧② ♦♥ s✉r✲
❢❛❝❡s✱ ♣r❡s❡r✈✐♥❣ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❢♦r♠✳ ❙❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛r❡ ♠❛♣♣❡❞ t♦ s❛❞❞❧❡
❝♦♥♥❡❝t✐♦♥s✱ ❜✉t ❧❡♥❣t❤s ❛r❡ ♥♦t ♣r❡s❡r✈❡❞ ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡ r✐❣❤t q✉❛♥t✐t② t♦ ❝♦♥✲

s✐❞❡r ✐s ♥♦t t❤❡ ❧❡♥❣t❤ ♦❢ α ♦r β ❜✉t r❛t❤❡r t❤❡ q✉❛♥t✐t② −→α ∧−→β = l(α)l(β) sin θ✱

✇❤❡r❡ θ ✐s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❤♦❧♦♥♦♠② ✈❡❝t♦rs −→α ,
−→
β ❛ss♦❝✐❛t❡❞ t♦ α, β✳

❚❤❡ ✇❡❞❣❡ ♣r♦❞✉❝t ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r SL2(R) ❛♥❞ ✐s t✇✐❝❡ t❤❡ ❛r❡❛ ♦❢ ❛ ✭✈✐r✲
t✉❛❧✮ tr✐❛♥❣❧❡ ❞❡❧✐♠✐t❡❞ ❜② α ❛♥❞ β✳

❚❤✐s ♦❜s❡r✈❛t✐♦♥ ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✹✳✶✳ ❋♦r d ∈ RP 1✱ ✇❡ s❛② t❤❛t ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ ✐♥ S0 ❤❛s
❞✐r❡❝t✐♦♥ d ✐❢ ✐t ❤❛s ❞✐r❡❝t✐♦♥ d ✐♥ t❤❡ ♣❧❛♥❡ t❡♠♣❧❛t❡ ♦❢ ❋✐❣✉r❡ ✶✳ ❋♦r M ∈
GL+

2 (R) ✇❡ s❛② t❤❛t ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ α ✐♥ M · S0 ❤❛s ❞✐r❡❝t✐♦♥ d ✐❢ M−1 · α
❤❛s ❞✐r❡❝t✐♦♥ d ✐♥ S0✳

❚❤✐s ✐s ❛ ❜✐t ❝♦✉♥t❡r✲✐♥t✉✐t✐✈❡ ❜❡❝❛✉s❡ α ♠❛② ♥♦t ❤❛✈❡ ❞✐r❡❝t✐♦♥ d ✐♥ ❛ ♣❧❛♥❡
t❡♠♣❧❛t❡ ❢♦r M · S0✱ ❜✉t ✐t ♠❛❦❡s s❡♥s❡ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣



✶✵ ❏❯▲■❊◆ ❇❖❯▲❆◆●❊❘✱ ❊❘❲❆◆ ▲❆◆◆❊❆❯✱ ❆◆❉ ❉❆◆■❊▲ ▼❆❙❙❆❘❚

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❯s✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s ✶

Ψ : d = [x : y] ∈ RP 1 7→ −x

y
∈ R ∪ {∞} ≡ ∂H2

❛♥❞✱ ❢♦r M =

(
a b
c d

)
∈ SO2(R)\GL+

2 (R)✱

χ : M · S0 ∈ Tn 7→
di+ b

ci+ a
∈ H2,

t❤❡ ❧♦❝✉s ♦❢ s✉r❢❛❝❡s ✐♥ Tn ✇❤❡r❡ t❤❡ ❞✐r❡❝t✐♦♥s d ❛♥❞ d′ ♠❛❦❡ ❛♥ ✭✉♥♦r✐❡♥t❡❞✮
❛♥❣❧❡ θ ∈]0, π2 ] ✐s t❤❡ ❜❛♥❛♥❛ ♥❡✐❣❤❜♦✉r❤♦♦❞

γd,d′,r = {z ∈ H2 : dhyp(z, γd,d′) = r}

✇❤❡r❡ cosh r =
1

sin θ
✱ γd,d′ ❞❡♥♦t❡s t❤❡ ❤②♣❡r❜♦❧✐❝ ❣❡♦❞❡s✐❝ ✇✐t❤ ❡♥❞♣♦✐♥ts Ψ(d)

❛♥❞ Ψ(d′)✱ ❛♥❞ dhyp ✐s t❤❡ ❤②♣❡r❜♦❧✐❝ ❞✐st❛♥❝❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧♦❝✉s ♦❢ s✉r❢❛❝❡s ✐♥ Tn ✇❤❡r❡ t❤❡ ❞✐r❡❝t✐♦♥s d ❛♥❞ d′ ❛r❡
♦rt❤♦❣♦♥❛❧ ✐s t❤❡ ❤②♣❡r❜♦❧✐❝ ❣❡♦❞❡s✐❝ ✇✐t❤ ❡♥❞♣♦✐♥ts Ψ(d) ❛♥❞ Ψ(d′)✳

◆♦t❛t✐♦♥ ✹✳✸✳ ■♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ❞❡♥♦t❡ ❜② θ(X, d, d′) t❤❡ ❛♥❣❧❡ ❜❡✲
t✇❡❡♥ t❤❡ ❞✐r❡❝t✐♦♥s d ❛♥❞ d′ ✐♥ t❤❡ s✉r❢❛❝❡ X = M ·S0✳ ◆♦t✐❝❡ t❤❛t Pr♦♣♦s✐t✐♦♥
✹✳✷ ❣✐✈❡s

cosh dhyp(X, γd,d′) =
1

sin θ(X, d, d′)
.

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❋♦r θ ∈]0, π2 ] ❛♥❞ u, v ∈ R2 ✇✐t❤ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s
d ̸= d′ ✇❡ ❞❡✜♥❡

M(d, d′, θ) = {M ∈ GL+
2 (R) : ♠✐♥(❛♥❣❧❡(±Mu,±Mv), ❛♥❣❧❡(±Mv,±Mu)) = θ}.

❖❜s❡r✈❡ t❤❛t M(d, d′, θ) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✭✐t ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡
❝❧❛ss❡s d, d′ ❜❡❝❛✉s❡ t❤❡ ❛♥❣❧❡s ❛r❡ t❛❦❡♥ ♠♦❞✉❧♦ π✮ ❛♥❞ ❡q✉✐✈❛r✐❛♥t ❜② r✐❣❤t
♠✉❧t✐♣❧✐❝❛t✐♦♥✿ ✐❢ G ∈ GL+

2 (R) t❤❡♥

✭✹✮ M(d, d′, θ).G =M(G−1d,G−1d′, θ).

❉❡♥♦t❡ M̄(d, d′, θ) t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢M(d, d′, θ) t♦ H2✳ ❖❜s❡r✈❡ t❤❛tM(d, d′, θ)
✐s ✐♥✈❛r✐❛♥t ❜② ❧❡❢t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② SO2(R)✱ s♦ ❛♥② ♠❛tr✐① ✐♥ GL+

2 (R) t❤❛t
♣r♦❥❡❝ts t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ M̄(d, d′, θ)✱ ✐s ❛❝t✉❛❧❧② ✐♥M(d, d′, θ)✳

▲❡t ✉s ❧♦♦❦ ❛t t❤❡ ❝❛s❡ d = ¯( 10 ) =∞ ❛♥❞ d′ = ¯( 01 ) = 0✳ ❖❜s❡r✈❡ t❤❛t ✐♥ t❤❛t
❝❛s❡ M̄(d, d′, θ) ✐s ✐♥✈❛r✐❛♥t ❜② z 7→ λz✱ ❢♦r ❛♥② λ > 0✳ ■♥❞❡❡❞✱ t❛❦❡ λ > 0 ❛♥❞
z ∈ M̄(d, d′, θ)✱ ❛♥❞ ❧❡t

M =

(
a b
c d

)

✶◆♦t❡ t❤❛t χ ❞❡✜♥❡s ❛ r✐❣❤t ❛❝t✐♦♥ ♦❢ GL+
2 (R)✳ ❙❡❡ ❬▼❛s✷✷✱ ❙❡❝t✐♦♥ ✻✳✶❪✱ ❛s t♦ ✇❤② ✇❡

s❤♦✉❧❞ q✉♦t✐❡♥t ❜② SO2(R) ♦♥ t❤❡ ❧❡❢t✱ ❛♥❞ ❛❝t ❜② GL+
2 (R) ♦♥ t❤❡ r✐❣❤t✳
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❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢M(d, d′, θ) ⊂ GL+
2 (R) ✇❤✐❝❤ ♣r♦❥❡❝ts t♦ z✳ ❚❤❡♥ t❤❡ ♠❛tr✐①

M ′ =

(
a b
c d

)(
1 0
0 λ

)
∈ GL+

2 (R)

♣r♦❥❡❝ts t♦ λz✳ ❇✉t t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✱ ✐♥ RP 1✱ ♦❢
(
1 0
0 λ

)
( 10 ) ✭r❡s♣✳

(
1 0
0 λ

)
( 01 )✮✱

✐s d ✭r❡s♣✳ d′✮✱ ❛♥❞ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛tM(d, d′, θ) ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡
❝❧❛ss❡s d, d′✱ s♦ M ∈ M(d, d′, θ) ❡♥t❛✐❧s M ′ ∈ M(d, d′, θ)✳ ❚❤❡r❡❢♦r❡ λz ∈
M̄(d, d′, θ)✳

γd,d′ = γ0,∞γd,d′,r

γd,d′,rγd,d′,ri

z = eiθ

θ θ

γd,d′

γd,d′,r

γd,d′,r

θ θ

❋✐❣✉r❡ ✹✳ ❚❤❡ s❡t γd,d′,r ❢♦r cosh r = 1
sin θ ✳

❚❤✉s✱ t♦ ❞❡t❡r♠✐♥❡ M̄(d, d′, θ)✱ ✐t s✉✣❝❡s t♦ ❞❡t❡r♠✐♥❡ ✐ts ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤
t❤❡ ❤♦r✐③♦♥t❛❧ str❛✐❣❤t ❧✐♥❡ {y = 1}✱ ✇❤✐❝❤ ✇❡ ♣❛r❛♠❡tr✐③❡ ❛s

{
i+ cotα : α ∈ ]0, π[

}

❆ ❝♦rr❡s♣♦♥❞✐♥❣ s❡t ♦❢ ♠❛tr✐❝❡s ✐♥ GL+
2 (R) ✐s ❣✐✈❡♥ ❜②

{(
1 cotα
0 1

)
: α ∈ ]0, π[

}

✇❤✐❝❤ s❡♥❞s ( 10 ) ❛♥❞ ( 01 ) t♦✱ r❡s♣❡❝t✐✈❡❧②✱ (
1
0 ) ❛♥❞ ( cotα1 )✳ ❚❤❡ ❛♥❣❧❡ ♦❢ t❤❡ ❧❛tt❡r

✈❡❝t♦rs ✐s α✱ s♦ M̄(d, d′, θ) ∩ {y = 1} = {
(
cot θ
1

)
}✳ ❚❤❡r❡❢♦r❡✱ M̄(d, d′, θ) ✐s t❤❡

❤❛❧❢✲❧✐♥❡ ✇❤✐❝❤ st❛rts ❛t t❤❡ ♦r✐❣✐♥✱ ✇✐t❤ ❝♦✲s❧♦♣❡ cot θ✳ ❚❤✐s ✐s ♣r❡❝✐s❡❧② γd,d′,r
✇✐t❤ cosh r = 1

sin θ ✱ s✐♥❝❡ t❤❡ ❤②♣❡r❜♦❧✐❝ ❞✐st❛♥❝❡ ❢r♦♠ z = eiθ t♦ t❤❡ ❣❡♦❞❡s✐❝

γ0,∞ ✐s r❡❛❧✐③❡❞ ❜② t❤❡ ❣❡♦❞❡s✐❝ η ♣❛r❛♠❡t❡r✐③❡❞ ❜② η(t) = eit ❢♦r t ∈ [θ, π/2]✱
s♦ t❤❛t ❜② ❞❡✜♥✐t✐♦♥

r = dhyp(z, γd,d′) = lhyp(η) =

∫ π/2

θ

dt

sin t
=

1

2
log

1 + cos θ

1− cos θ
,

t❤✉s cos θ = e2r−1
e2r+1

✱ ❛♥❞

sin θ =
√

1− cos2 θ =

√

1−
(
e2r − 1

e2r + 1

)2

=
2er

e2r + 1
=

1

cosh r
.

◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ P✐❝❦ G ∈ GL+
2 (R) t❛❦✐♥❣ ❞✐r❡❝✲

t✐♦♥s d, d′ t♦ ¯( 10 ) = ∞ ❛♥❞ ¯( 01 ) = 0 r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ ❜② ❊q✉❛t✐♦♥ ✹✱



✶✷ ❏❯▲■❊◆ ❇❖❯▲❆◆●❊❘✱ ❊❘❲❆◆ ▲❆◆◆❊❆❯✱ ❆◆❉ ❉❆◆■❊▲ ▼❆❙❙❆❘❚

M(∞, 0, θ).G = M(d, d′, θ)✱ s♦ M̄(d, d′, θ) ✐s t❤❡ ✐♠❛❣❡ ♦❢ M̄(∞, 0, θ) ❜② t❤❡
♦r✐❡♥t❛t✐♦♥✲♣r❡s❡r✈✐♥❣ ✐s♦♠❡tr② ♦❢ H2 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ G✳ ❖♥❡
✈❡r✐✜❡s t❤❛t t❤✐s ✐s♦♠❡tr② s❡♥❞s ∞ ❛♥❞ 0 t♦ t❤❡ ✐♠❛❣❡s ♦❢ t❤❡ ❞✐r❡❝t✐♦♥s d ❛♥❞
d′ ❜② t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ RP 1 ≃ ∂H2 ✈✐❛ t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡ ❝♦✲s❧♦♣❡✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳ □

✺✳ ❆♥♦t❤❡r ❧♦♦❦ ❛t ❑❱♦❧

❘❡❝❛❧❧ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ❑❱♦❧ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ s✉♣r❡♠✉♠ ♦✈❡r s❛❞❞❧❡
❝♦♥♥❡❝t✐♦♥s α, β ✐♥ ✭✶✮✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ Int(·, ·) ❢♦r t❤❡ ❛✣♥❡ ❛❝t✐♦♥
♦❢ SL2(R) ♦♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ❛♥❞ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ ∧ ❢♦r t❤❡ ❧✐♥❡❛r ❛❝t✐♦♥
♦❢ SL2(R) ♦♥ R2 ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ♠♦r❡ s✉✐t❛❜❧❡ ❢♦r♠✉❧❛ t♦ ✇♦r❦ ✇✐t❤✳ ■♥ t❤❡
s❡q✉❡❧ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ K(X)✿

❑❱♦❧(X) = ❱♦❧(X) ·K(X).

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ▲❡t P ❜❡ t❤❡ s❡t ♦❢ ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s ✐♥ X = M · S0 ❢♦r
s♦♠❡ M ∈ SL2(R)✳ ❚❤❡♥

K(X) = sup
d, d′ ∈ P
d ̸= d′

K(d, d′) · sin θ(X, d, d′),

✇❤❡r❡ K(d, d′) = sup α ⊂ S0 in direction d

β ⊂ S0 in direction d′

Int(α,β)
α∧β ❛♥❞ θ(X, d, d′) ✐s t❤❡ ❛♥❣❧❡

❣✐✈❡♥ ✐♥ ◆♦t❛t✐♦♥ ✹✳✸✳

❖❜s❡r✈❡ t❤❛t t❤❡ q✉❛♥t✐t② K(d, d′) ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❞✐❛❣♦♥❛❧ ❛❝t✐♦♥ ♦❢
t❤❡ ❱❡❡❝❤ ❣r♦✉♣ Γ✳ ▼♦r❡♦✈❡r sin θ(X, d, d′) = 1/ cosh r✱ ✇❤❡r❡ r ✐s t❤❡ ❤②♣❡r✲
❜♦❧✐❝ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ X ❛♥❞ t❤❡ ❣❡♦❞❡s✐❝ γd,d′ ✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ●✐✈❡♥ t✇♦ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α, β ⊂ X ❤❛✈✐♥❣ ❞✐r❡❝✲
t✐♦♥s d, d′ ✭✐♥ X✮ ❛♥❞ ♠❛❦✐♥❣ ❛♥ ❛♥❣❧❡ θ✱ ♦♥❡ ❤❛s α∧ β = l(α)l(β) sin θ✳ ◆♦t✐❝❡
t❤❛t ♣❛r❛❧❧❡❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❞♦ ♥♦t ✐♥t❡rs❡❝t ✐♥ X✱ s♦ ✇❡ ✇✐❧❧ ❛ss✉♠❡ d ̸= d′✳
❇② ❞❡✜♥✐t✐♦♥ t❤❡s❡ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛r❡ t❤❡ ✐♠❛❣❡s ❜②M ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s
α′, β′ ⊂ S0 ❤❛✈✐♥❣ ❞✐r❡❝t✐♦♥s d, d′ ✭✐♥ S0✮✱ ❛♥❞ t❤✉s M ∈ M(d, d′, θ)✳ ■♥ ♣❛rt✐❝✲
✉❧❛r t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ M t♦ H2✱ t❤❛t ✐s X ∈ M̄(d, d′, θ)✱ ❣✐✈❡s θ = θ(X, d, d′)✳
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◆♦✇✱ ❜② ❞❡✜♥✐t✐♦♥ ✭s❡❡ ✭✶✮✮✱

sup
α,β

■♥t(α, β)

l(α)l(β)
= sup

d, d′ ∈ P
d ̸= d′

sup
α ⊂ X in direction d

β ⊂ X in direction d′

Int(α, β)

l(α)l(β)

= sup
d, d′ ∈ P
d ̸= d′

sup
α ⊂ X in direction d
β ⊂ X in direction d′

Int(α, β)

α ∧ β
· sin ❛♥❣❧❡(α, β)

= sup
d, d′ ∈ P
d ̸= d′

sup
M−1α ⊂ S0 in direction d

M−1β ⊂ S0 in direction d′

Int(M−1α,M−1β)

M−1α ∧M−1β
· sin θ(X, d, d′)

= sup
d, d′ ∈ P
d ̸= d′

K(d, d′) · sin θ(X, d, d′)

❛s ❞❡s✐r❡❞✳ □

❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ♦❢ K(0,∞) ❛♥❞ K(0,Φ)✱
❢♦r ❧❛t❡r ✉s❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿

✭✐✮ K(0,∞) = 1
l(αm)2

❛♥❞ K(0,Φ) = 1
Φ ·K(0,∞)✳

✭✐✐✮ ∀(d, d′) /∈ Γn · (0,∞)✱ K(d, d′) ≤ K(0,Φ)✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ (i) ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❋✐❣✉r❡ ✶✳ ❚❤❡ ❞✐r❡❝t✐♦♥s
d = 0 ❛♥❞ d′ = ∞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✈❡rt✐❝❛❧ ❛♥❞ t❤❡ ❤♦r✐③♦♥t❛❧✱ r❡s♣❡❝t✐✈❡❧②✳
❇② ❞❡✜♥✐t✐♦♥

K(0,∞) = sup
α ⊂ S0 horizontal
β ⊂ S0 vertical

Int(α, β)

l(α)l(β)
= sup

i,j=1,...,m

Int(αi, βj)

l(αi)l(βj)

❆ q✉✐❝❦ ❧♦♦❦ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥s s❤♦✇s t❤❛t Int(αi, βj) ∈ {0,±1}✳ ▼♦r❡♦✈❡r✱
l(αk) = l(βk) = sin 2kπ/(2m + 1) ≥ sinπ/(2m + 1) ❛♥❞ ❡q✉❛❧✐t② ✐s r❡❛❧✐③❡❞ ❢♦r

k = m✳ ❙✐♥❝❡ Int(αm, βm) ̸= 0✱ ✇❡ ❞r❛✇ K(0,∞) =
1

l(αm)l(βm)
=

1

l(αm)2
✳

❚❤❡ ❞✐s❝✉ss✐♦♥ ❢♦r t❤❡ ❞✐r❡❝t✐♦♥s d = 0 ❛♥❞ d′ = Φ ✐s s✐♠✐❧❛r✳ ❚❤❡② ❝♦rr❡s♣♦♥❞
t♦ t❤❡ ✈❡rt✐❝❛❧ ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ ❤♦r✐③♦♥t❛❧ ❝②❧✐♥❞❡rs✳ ■t ✐s
❝❧❡❛r t❤❛t

K(0,Φ) = sup
α ⊂ S0 vertical

β ⊂ S0 diagonal of a horizontal cylinder

Int(α, β)

l(α)l(β)

✐s ♠❛①✐♠❛❧ ❢♦r α = βm ❛♥❞ β = α1 + βm✳ ❆♥❞ ✇❡ ❤❛✈❡ K(0,Φ) = Int(α,β)
α∧β =

1
l(α1)l(βm) =

1
ΦK(0,∞)✳

(ii) ▲❡t (d, d′) /∈ Γ · (0,∞)✳ ❙✐♥❝❡ K(d, d′) ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❞✐❛❣♦♥❛❧
❛❝t✐♦♥ ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ❛♥❞ d ✐s ❛ ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥✱ ✇❡ ❝❛♥ ❛ss✉♠❡ d =∞✱
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❛♥❞✱ ✉♣ t♦ ❛ ❤♦r✐③♦♥t❛❧ s❤❡❛r✱ d′ ∈]0,Φ[✳ ◆♦t✐❝❡ t❤❛t ❣✐✈❡♥ ❛ ❣❡♦❞❡s✐❝ β ✐♥
❞✐r❡❝t✐♦♥ d′✱ ❡✈❡r② ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ ❛♥② ♦❢ t❤❡ αi r❡q✉✐r❡s ❛ ✈❡rt✐❝❛❧ ❧❡♥❣t❤
l(α1) ✭t❤✐s ✐s ✇❤❡r❡ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t d′ ✐s ♥♦t ✈❡rt✐❝❛❧✮✱ t❤❛t ✐s

∀i ∈ {1, · · · ,m}, l(β) sin θ(S0, d, d
′) ≥ l(α1)Int(αi, β).

❍❡♥❝❡

∀i ∈ {1, · · · ,m}, Int(αi, β)

l(αi)l(β) sin θ(S0, d, d′)
≤ 1

l(α1)l(αi)

❇✉t l(αi)l(β) sin θ(S0, d, d
′) = αi∧β✱ ❛♥❞ l(αi) ≥ l(αm)✱ s♦ t❤❛t t❤❡ ❧❛st ❡q✉❛t✐♦♥

r❡❞✉❝❡s t♦

∀i ∈ {1, · · · ,m}, Int(αi, β)

αi ∧ β
≤ 1

l(α1)l(αm)
=

1

Φ
K(0,∞),

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ (i)✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐✲
t✐♦♥ ✺✳✷✳ □

✻✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ❑❱♦❧ ❢♦r t❤❡ ❞♦✉❜❧❡ (2m+ 1)✲❣♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t ❑❱♦❧(X0) ✐s r❡❛❧✐s❡❞ ❜② ♣❛✐rs ♦❢ s✐❞❡s ♦❢ t❤❡
❞♦✉❜❧❡ (2m+ 1)✲❣♦♥✿

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ❋♦r ❡✈❡r② ♣❛✐r ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β ♦♥ X0✱ ✇❡
❤❛✈❡✿

Int(α, β)

l(α)l(β)
≤ 1

l20
✇❤❡r❡ l0 ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s✐❞❡ ♦❢ t❤❡ (2m+ 1)✲❣♦♥✳
▼♦r❡♦✈❡r✱ ❡q✉❛❧✐t② ✐s ❛❝❤✐❡✈❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ❛♥❞ β ❛r❡ t✇♦ ❞✐st✐♥❝t s✐❞❡s ♦❢
t❤❡ r❡❣✉❧❛r (2m+ 1)✲❣♦♥✳

■♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ t❤❡ ❞✐r❡❝t✐♦♥s d = 0 ❛♥❞ d′ = ∞ r❡♣r❡s❡♥t s✐❞❡s ♦❢ t❤❡
❞♦✉❜❧❡ (2m+ 1)✲❣♦♥✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❈♦r♦❧❧❛r② ✻✳✷✳ ❋♦r X = X0 t❤❡ ❞♦✉❜❧❡ (2m+ 1)✲❣♦♥✱ ✇❡ ❤❛✈❡✿

K(X0) = K(0,∞) · sin θ(X0, 0,∞)

❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶ ✐s t♦ s✉❜❞✐✈✐❞❡ ❜♦t❤ s❛❞❞❧❡ ❝♦♥✲
♥❡❝t✐♦♥s α ❛♥❞ β ✐♥t♦ s❡❣♠❡♥ts ♦❢ ❧❡♥❣t❤ ❛t ❧❡❛st l0 s✉❝❤ t❤❛t ❡❛❝❤ s❡❣♠❡♥t ♦❢
α ✐♥t❡rs❡❝t ❡❛❝❤ s❡❣♠❡♥t ♦❢ β ❛t ♠♦st ♦♥❝❡✳ ❲❤✐❧❡✱ str✐❝t❧② s♣❡❛❦✐♥❣✱ ✇❡ ❞♦ ♥♦t
❛❝❤✐❡✈❡ t❤❛t✱ ✇❡ st✐❧❧ ❣❡t ❡st✐♠❛t❡s ❣♦♦❞ ❡♥♦✉❣❤ ❢♦r ♦✉r ♣✉r♣♦s❡✱ s❡❡ ▲❡♠♠❛ ✻✳✼✳

✻✳✶✳ ❙❡❝t♦rs ❛♥❞ tr❛♥s✐t✐♦♥ ❞✐❛❣r❛♠s✳ ▲❡t α ❛♥❞ β ❜❡ t✇♦ s❛❞❞❧❡ ❝♦♥♥❡❝✲
t✐♦♥s ♦♥ t❤❡ ❞♦✉❜❧❡ (2m + 1)✲❣♦♥✳ ❲❡ ♣❛rt✐t✐♦♥ t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ❞✐r❡❝t✐♦♥s
✐♥t♦ 2m+ 1 s❡❝t♦rs ♦❢ ❛♥❣❧❡ π

2m+1 ✱ ❛s ✐♥ ❋✐❣✉r❡ ✺ ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥✳

❚♦ ❡❛❝❤ s❡❝t♦r Σi t❤❡r❡ ✐s ❛ss♦❝✐❛t❡❞ ❛ tr❛♥s✐t✐♦♥ ❞✐❛❣r❛♠ ✇❤✐❝❤ ❡♥❝♦❞❡s t❤❡
❛❞♠✐ss✐❜❧❡ s❡q✉❡♥❝❡s ♦❢ ✐♥t❡rs❡❝t✐♦♥s ✇✐t❤ t❤❡ s✐❞❡s ♦❢ t❤❡ ❞♦✉❜❧❡ (2m+1)✲❣♦♥✱
❛s ✐♥ ❬❉▲✶✾✱ ➓✸❪✳ ❙✉❝❤ ❛ ❞✐❛❣r❛♠ ❧♦♦❦s ❧✐❦❡✿

eσi(1) ⇋ eσi(2) ⇋ · · ·⇋ eσi(2n) ⇋ eσi(2m+1)
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❋✐❣✉r❡ ✺✳ ❚❤❡ s❡✈❡♥ s❡❝t♦rs ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥✳

✇✐t❤ σi ∈ S2m+1✱ ❛♥❞ ✐t ♠❡❛♥s t❤❛t ❢♦r ❛♥② ❝✉r✈❡ α ✐♥ s❡❝t♦r Σi✱ ❡❛❝❤ ✐♥t❡r✲
s❡❝t✐♦♥ ♦❢ α ✇✐t❤ eσi(j) ✐s ♣r❡❝❡❞❡❞ ❛♥❞ ❢♦❧❧♦✇❡❞ ❜② ❛♥ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ ❡✐t❤❡r

eσi(j−1) ♦r eσi(j+1)
✷✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡❛❝❤ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ eσi(1) ✭r❡s♣✳ eσi(2m+1)✮

✐s ♣r❡❝❡❞❡❞ ✭❛♥❞ ❢♦❧❧♦✇❡❞✮ ❜② ❛♥ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ eσi(2) ✭r❡s♣✳ eσi(2m)✮✳ ❲❡ s❛②
t❤❛t t❤❡ s✐❞❡ eσi(1) ✭r❡s♣✳ eσi(2m+1)✮ ✐s s❛♥❞✇✐❝❤❡❞ ❜② eσi(2) ✭r❡s♣✳ eσi(2m)✮ ✐♥
t❤❡ s❡❝t♦r Σi✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ♣r♦✈✐❞❡ t❤❡ s❡✈❡♥ ♣♦ss✐❜❧❡ tr❛♥s✐t✐♦♥ ❞✐❛✲
❣r❛♠s ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥✳

✭✺✮

Σ0 : e1 ⇋ e2 ⇋ e0 ⇋ e3 ⇋ e6 ⇋ e4 ⇋ e5
Σ1 : e5 ⇋ e6 ⇋ e4 ⇋ e0 ⇋ e3 ⇋ e1 ⇋ e2
Σ2 : e2 ⇋ e3 ⇋ e1 ⇋ e4 ⇋ e0 ⇋ e5 ⇋ e6
Σ3 : e6 ⇋ e0 ⇋ e5 ⇋ e1 ⇋ e4 ⇋ e2 ⇋ e3
Σ4 : e3 ⇋ e4 ⇋ e2 ⇋ e5 ⇋ e1 ⇋ e6 ⇋ e0
Σ5 : e0 ⇋ e1 ⇋ e6 ⇋ e2 ⇋ e5 ⇋ e3 ⇋ e4
Σ6 : e4 ⇋ e5 ⇋ e3 ⇋ e6 ⇋ e2 ⇋ e0 ⇋ e1

✻✳✷✳ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s✉❜❞✐✈✐s✐♦♥✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Σα ✭r❡s♣✳ Σβ✮ t❤❡
s❡❝t♦r ♦❢ α ✭r❡s♣✳ β✮✱ ❛♥❞ σα ✭r❡s♣✳ σβ✮ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❡r♠✉t❛t✐♦♥✳ ◆♦✇✱
✇❡ ❝✉t α ✭r❡s♣✳ β✮ ❛t ❡❛❝❤ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ ❛ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s✐❞❡ ✐♥ t❤❡ s❡❝t♦r
Σα ✭r❡s♣✳ Σβ✮✳ ❲❡ ❣❡t ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ α = α1 ∪ · · · ∪ αk ❛♥❞ β = β1 ∪ · · · ∪ βl
✇✐t❤ k, l ≥ 1 ❛♥❞ ❡❛❝❤ s❡❣♠❡♥t ✐s ❡✐t❤❡r ✭s❡❡ ❋✐❣✉r❡ ✻✮✿

• ❆ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ✇❤✐❝❤ ❣♦❡s ❢r♦♠ ♦♥❡ s✐❞❡ t♦ ❛♥♦t❤❡r ♥♦♥✲
❛❞❥❛❝❡♥t s✐❞❡ ♦❢ ♦♥❡ ♦❢ t❤❡ (2m+ 1)✲❣♦♥s✳
• ❆ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ✇❤✐❝❤ ✐♥t❡rs❡❝ts ❛ s❛♥❞✇✐❝❤❡❞ s✐❞❡ ✐♥ ✐ts ✐♥t❡r✐♦r✳
❙✉❝❤ s❡❣♠❡♥ts ❣♦ t❤r♦✉❣❤ ❜♦t❤ (2m+ 1)✲❣♦♥s ✭s❡❡ ❋✐❣✉r❡ ✼✮✳
• ❛♥ ✐♥✐t✐❛❧ ♦r ✜♥❛❧ s❡❣♠❡♥t α1✱ αk✱ β1✱ βl✳ ❲❡ ❛❧s♦ ❝❛❧❧ s✉❝❤ s❡❣♠❡♥ts
♥♦♥✲s❛♥❞✇✐❝❤❡❞✳

◆♦t❛t✐♦♥ ✻✳✸✳ ❲❤❡♥ ❛ s❡❣♠❡♥t αi ✭♦r βj✮ ✐♥t❡rs❡❝ts t❤❡ s✐❞❡ e ✇❤✐❝❤ ✐s s❛♥❞✲
✇✐❝❤❡❞ ❜② e′ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡❝t♦r✱ ✇❡ s❛② t❤❛t αi ✐s ♦❢ t②♣❡ e′ → e→ e′✳

❘❡♠❛r❦ ✻✳✹✳ ❋♦r ❛ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t αi ♦❢ t②♣❡ e′ → e → e′✱ t❤❡r❡ ✐s ❛
♣❛r❛❧❧❡❧♦❣r❛♠ P (e′, e) ⊂ X0 ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿ ♦♥❡ ♦❢ ✐ts s✐❞❡s ✐s
e′ ❛♥❞ ♦♥❡ ♦❢ ✐ts ❞✐❛❣♦♥❛❧s ✐s e✳ ❚❤❡ s❡❣♠❡♥t αi ❣♦❡s ❢r♦♠ ♦♥❡ e′✲s✐❞❡ t♦ t❤❡
♦♣♣♦s✐t❡ s✐❞❡✳ ❚❤❡ ❝❧♦s✉r❡ ♦❢ P (e′, e) ✐s ❛ ❝②❧✐♥❞❡r✳

✷❯♥❧❡ss ✐t r❡❛❝❤❡s ❛ s✐♥❣✉❧❛r✐t②✳
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◆♦t✐❝❡ t❤❛t ❢♦r ❡❛❝❤ s❡❝t♦r Σi✱ t❤❡ s✐❞❡s ♦❢ t❤❡ (2m+ 1)✲❣♦♥ ✇❤✐❝❤ ❛r❡ s❛♥❞✲
✇✐❝❤❡❞ ✐♥ Σi ❛r❡ t❤♦s❡ ❤❛✈✐♥❣ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ Σi✳ ❋♦r ✐♥st❛♥❝❡✱
t❤❡ s✐❞❡s ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ✇❤✐❝❤ ❛r❡ s❛♥❞✇✐❝❤❡❞ ✐♥ t❤❡ s❡❝t♦r Σ0 ❛r❡ e1
❛♥❞ e5 ✭s❡❡ ❋✐❣✉r❡ ✺✮✳

▼♦r❡♦✈❡r✱ t❤❡ s✐❞❡ ♦❢ t❤❡ (2m + 1)✲❣♦♥ ✇✐t❤ ❞✐r❡❝t✐♦♥ ✐♥ Σi ∩ Σi−1 ✐s s❛♥❞✲
✇✐❝❤❡❞ ✐♥ ❜♦t❤ s❡❝t♦rs Σi ❛♥❞ Σi−1✱ ❜✉t ✐♥ Σi ✐t ✐s s❛♥❞✇✐❝❤❡❞ ❜② ✐ts s✉❝❝❡ss♦r
✐♥ t❤❡ ❝②❝❧✐❝ ♦r❞❡r ✭♠♦❞✉❧♦ 2m+ 1✮✱ ✇❤✐❧❡ ✐♥ Σi−1 ✐t ✐s s❛♥❞✇✐❝❤❡❞ ❜② ✐ts ♣r❡✲
❞❡❝❡ss♦r✳ ❋♦r ✐♥st❛♥❝❡✱ e1 ✐s s❛♥❞✇✐❝❤❡❞ ❜② e2 ✐♥ Σ0✱ ✇❤✐❧❡ ✐t ✐s s❛♥❞✇✐❝❤❡❞ ❜②
e0 ✐♥ Σ2m ✭Σ6 ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥✮✳

❙✐♥❝❡ ♥♦ t✇♦ s❡❝t♦rs ❤❛✈❡ t❤❡ s❛♠❡ ♣❛✐r ✭s❛♥❞✇✐❝❤❡❞ s✐❞❡✱ s❛♥❞✇✐❝❤✐♥❣ s✐❞❡✮✱
♣r❡s❝r✐❜✐♥❣ t❤❡ t②♣❡ ♦❢ αi ❛✉t♦♠❛t✐❝❛❧❧② t❡❧❧s ✇❤✐❝❤ s❡❝t♦r t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ α
❜❡❧♦♥❣s t♦✳

❘❡♠❛r❦ ✻✳✺✳ ■❢ α ✐s ❛ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ❞♦✉❜❧❡ (2m + 1)✲❣♦♥✱ t❤❡ s❡❝t♦r ✐s ♥♦t
✉♥✐q✉❡❧② ❞❡✜♥❡❞✳ ❍♦✇❡✈❡r✱ ✐♥ s✉❝❤ ❝❛s❡s α ✐s ♥♦t ❞✐✈✐❞❡❞ ✐♥t♦ ♣✐❡❝❡s ❛♥❞ k = 1✳

❋✐❣✉r❡ ✻✳ ❊①❛♠♣❧❡s ♦❢ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥ts ✐♥ ❣r❡❡♥ ❛♥❞
❛ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ✐♥ r❡❞✳ ❚❤❡ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ✐s ♦❢ t②♣❡
e2 → e1 → e2✳ ❘❡♠❛r❦ t❤❛t t❤❡ ♣♦✐♥ts ⃝ ❛♥❞ △ ♦♥ t❤❡ s✐❞❡ e2
❛r❡ ♥♦t t❤❡ s❛♠❡✳

❚❤❡ ♥❡①t t✇♦ ❧❡♠♠❛s ❛r❡ t❤❡ r❡❛s♦♥ ❢♦r t❤✐s ♣❡❝✉❧✐❛r ✇❛② ♦❢ s✉❜❞✐✈✐s✐♥❣
s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s✳

▲❡♠♠❛ ✻✳✻✳ ❊✈❡r② s❡❣♠❡♥t ♦❢ α ✭r❡s♣✳ β✮ ❤❛s ❧❡♥❣t❤ ❛t ❧❡❛st l0✱ ✇✐t❤ ❡q✉❛❧✐t②
✐❢ ❛♥❞ ♦♥❧② ✐❢ α ✭r❡s♣✳ β✮ ✐s ❛ s✐❞❡ ♦❢ t❤❡ ❞♦✉❜❧❡ (2m+ 1)✲❣♦♥✳

Pr♦♦❢✳ ❆ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ❣♦❡s ❢r♦♠ ♦♥❡ s✐❞❡ ✭♦r ✈❡rt❡①✮ ♦❢ ❛ (2m+1)✲
❣♦♥ t♦ ❛ ♥♦♥✲❛❞❥❛❝❡♥t s✐❞❡ ✐♥ t❤❡ s❛♠❡ (2m + 1)✲❣♦♥✳ ❙♦ ✐ts ❧❡♥❣t❤ ✐s ❛ ❧❡❛st
l0✳

◆♦✇ t❛❦❡ ❛ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t αi ✇❤✐❝❤ ✐♥t❡rs❡❝ts ❛ s❛♥❞✇✐❝❤❡❞ s✐❞❡ e ✐♥
✐ts ✐♥t❡r✐♦r✳ ■❢ t❤❡ t②♣❡ ♦❢ αi ✐s e

′ → e→ e′✱ t❤❡♥ ❜② ❘❡♠❛r❦ ✻✳✹✱ αi ❣♦❡s ❢r♦♠
t❤❡ s✐❞❡ e′ ♦❢ P (e′, e) t♦ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡ ♦❢ P (e′, e)✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❧❡♥❣t❤ ♦❢
αi ✐s ♥♦ ❧❡ss t❤❛♥ t❤❛t ♦❢ e′ ✇❤✐❝❤ ✐s l0✳ □
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✻✳✸✳ ❙t✉❞② ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣♦ss✐❜❧❡
✐♥t❡rs❡❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ s❡❣♠❡♥ts ♦❢ α ❛♥❞ β✳ ❋✐rst ♦❜s❡r✈❡ t❤❛t αi ❛♥❞ βj ❝❛♥
❤❛✈❡ ♥♦♥tr✐✈✐❛❧ ✐♥t❡rs❡❝t✐♦♥s ♦♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ s✐❞❡s ♦❢ ❛ s❡❝t♦r Σα✳ ❍♦✇❡✈❡r
✐❢ t❤✐s ❤❛♣♣❡♥✱ ✇❡ ❝❛♥ s❧✐❣❤t❧② ❞❡❢♦r♠ α ❛s ❢♦❧❧♦✇s✳ ❲❡ ❝❤❛♥❣❡ t❤❡ s❧♦♣❡ ♦❢ αi

❛♥❞ αi+1 s♦ t❤❛t t❤❡ ♥❡✇ s❡❣♠❡♥t α′
i ✐♥t❡rs❡❝ts βj ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ Σα t❤❡ s❛♠❡

♥✉♠❜❡r ♦❢ t✐♠❡s αi ✐♥t❡rs❡❝ts βj ✳ ❲❡ ❝❤♦♦s❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ s♠❛❧❧ ❡♥♦✉❣❤ s♦
t❤❛t ✇❡ ❞♦ ♥♦t ❝r❡❛t❡ ♥❡✇ ✐♥t❡rs❡❝t✐♦♥s ✇✐t❤ t❤❡ ♦t❤❡rs s❡❣♠❡♥ts✳ ❚❤❡ ♥❡✇ ♣❛t❤
α′ = α1 ∪ · · · ∪ α′

i ∪ α′
i+1 ∪ · · · ∪ αk ✐s ❤♦♠♦❧♦❣♦✉s t♦ α ❜② ❝♦♥str✉❝t✐♦♥✳ ■♥ t❤❡

s❡q✉❡❧ ✇❡ ✇✐❧❧ s✐♠♣❧② ✉s❡ α ✐♥st❡❛❞ ♦❢ α′✳
◆♦✇✱ s✐♥❝❡ β ✐s ♠❛❞❡ ♦❢ s❡❣♠❡♥ts ♦❢ str❛✐❣❤t ❧✐♥❡s ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✱

❛♥❞ α ✐s ♠❛❞❡ ♦❢ s❡❣♠❡♥ts ✇❤♦s❡ ❞✐r❡❝t✐♦♥s ❛r❡ ❝❧♦s❡ t♦ ❛ ❣✐✈❡♥ ❞✐r❡❝t✐♦♥✱ ❛❧❧
♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥s ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛❞❞✐♥❣ t❤❡ ♣♦ss✐❜❧❡
s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✱ ✐t ❣✐✈❡s✿

✭✻✮ Int(α, β) ≤
∑

i,j

|Int(αi, βj)|+ 1

✇❤❡r❡ |Int(αi, βj)| ✐s t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ αi ❛♥❞ βj ✳

▲❡♠♠❛ ✻✳✼✳ ■❢ α ❛♥❞ β ❛r❡ ♥♦t ❜♦t❤ ❞✐❛❣♦♥❛❧s✱ t❤❡♥ ■♥t(α, β) ≤ kl✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✼✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t
∑

i,j |Int(αi, βj)| ≤ kl−1✳ ▲❡t ✉s ✜① i, j✳
❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t ✐❢ ❡✐t❤❡r αi ♦r βj ✐s ❛ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t✱ t❤❡♥ αi ❛♥❞
βj ✐♥t❡rs❡❝t ❛t ♠♦st ♦♥❝❡ ✭♣♦ss✐❜❧② ♦♥ ❛ s✐❞❡✮✳ ■♥❞❡❡❞ ❛ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t
❣♦❡s ❢r♦♠ ♦♥❡ s✐❞❡ t♦ ❛♥♦t❤❡r ♥♦♥✲❛❞❥❛❝❡♥t s✐❞❡ ♦❢ ♦♥❡ ♦❢ t❤❡ (2m+1)✲❣♦♥s✳ ■♥
♣❛rt✐❝✉❧❛r ✐t ✐s ❛ s❡❣♠❡♥t t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ❡♥t✐r❡❧② ✐♥ ♦♥❡ ♦❢ t❤❡ (2m+1)✲❣♦♥s✳
❆ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ❝♦♥s✐sts ♦❢ t✇♦ str❛✐❣❤t ❧✐♥❡s✱ ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡
(2m+ 1)✲❣♦♥✳ ❍❡♥❝❡ ✐♥ t♦t❛❧ t❤❡② ✐♥t❡rs❡❝t ❛t ♠♦st ♦♥❝❡✳

❚❤✉s ✐t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ αi ❛♥❞ βj ❛r❡ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥ts✳
❯♣ t♦ ❛ r♦t❛t✐♦♥ ❛♥❞ ❛ s②♠♠❡tr②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ αi ✐s ♦❢ t②♣❡ e2 → e1 → e2
✭s❡❡ ❋✐❣✉r❡ ✺✮✳ ❚❤❡ s❡❝t♦r ❞❡t❡r♠✐♥❡❞ ❜② α ✐s ♥❡❝❡ss❛r✐❧② Σ0✳

◆♦✇ ✐❢ βj ✐s s❛♥❞✇✐❝❤❡❞ ❜✉t ♥❡✐t❤❡r e1 ♥♦r e2 ❛♣♣❡❛r ✐♥ t❤❡ t②♣❡ ♦❢ βj ✱ t❤❡♥
αj ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❛r❛❧❧❡❧♦❣r❛♠ P (ek, el) ✭❞❡✜♥❡❞ ✐♥ ❘❡♠❛r❦ ✻✳✹✮ ❢♦r s♦♠❡
ek, el ̸∈ {e1, e2}✳ ■♥ ♣❛rt✐❝✉❧❛r αi ❞♦❡s ♥♦t ✐♥t❡rs❡❝t t❤✐s ♣❛r❛❧❧❡❧♦❣r❛♠✱ ❛♥❞ s♦
♥♦t βj ❡✐t❤❡r✳

❊✈❡♥t✉❛❧❧② ✐t r❡♠❛✐♥s t♦ tr❡❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ✇❤❡r❡ βj ✐s ♦❢ t②♣❡✿

(1) e0 → e1 → e0 (2) e1 → e0 → e1
(3) e1 → e2 → e1 (4) e2 → e1 → e2
(5) e2 → e3 → e2 (6) e3 → e2 → e3

■♥ ❛❧❧ s✐t✉❛t✐♦♥s ❜✉t ✭✸✮✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t αi ❛♥❞ βj ✐♥t❡rs❡❝ts ❛t ♠♦st ♦♥❝❡✳
❲❡ ♣r♦❝❡❡❞ ❝❛s❡ ❜② ❝❛s❡✳

❈❛s❡ ✭✶✮✿ ❘❡❝❛❧❧ t❤❛t αi ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❛r❛❧❧❡❧♦❣r❛♠ P (e2, e1) ❛♥❞
❣♦❡s ❢r♦♠ ♦♥❡ e2✲s✐❞❡ t♦ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② e, e′ t❤❡ t✇♦ ♦t❤❡r
s✐❞❡s ♦❢ P (e2, e1)✳ ❙✐♠✐❧❛r❧② βj ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥♦t❤❡r ♣❛r❛❧❧❡❧♦❣r❛♠ P (e0, e1)
s❤❛r✐♥❣ t❤❡ s❛♠❡ ❞✐❛❣♦♥❛❧✱ ❛♥❞ βj ❣♦❡s ❢r♦♠ ♦♥❡ s✐❞❡ e0 t♦ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡✳
❲❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ P (e2, e1) ✇✐t❤ P (e0, e1) ✐s ❝♦♥♥❡❝t❡❞✿ ✐t ✐s ❛
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❋✐❣✉r❡ ✼✳ ❚❤❡ s✐① ❞✐✛❡r❡♥t ❝❛s❡s ✇❤❡r❡ αi ✭✐♥ r❡❞✮ ❛♥❞ βj ✭✐♥
❣r❡❡♥✮ ❛r❡ s❛♥❞✇✐❝❤❡❞ ❛♥❞ ✐♥t❡rs❡❝t✳

♣❛r❛❧❧❡❧♦❣r❛♠✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ βj ✇✐t❤ P (e2, e1) ❣♦❡s ❢r♦♠ t❤❡
s✐❞❡ e t♦ t❤❡ s✐❞❡ e′ ❛♥❞ t❤✉s ✐♥t❡rs❡❝ts αi ❡①❛❝t❧② ♦♥❝❡ ✭s❡❡ ❋✐❣✉r❡ ✽✮✳

❈❛s❡ ✭✹✮✿ ❇② ❘❡♠❛r❦ ✻✳✹ αi ❛♥❞ βj ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ P (e2, e1)✳
❚❤❡② ❜♦t❤ ❣♦ ❢r♦♠ ♦♥❡ s✐❞❡ e2 t♦ t❤❡ ♦♣♣♦s✐t❡✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡② ✐♥t❡rs❡❝t ❛t
♠♦st ♦♥❝❡✳

❈❛s❡ ✭✷✮✿ ❇② ✭✺✮✱ s✐♥❝❡ e0 ✐s s❛♥❞✇✐❝❤❡❞ ❜② e1✱ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ β ❧✐❡s ✐♥ t❤❡
s❡❝t♦r Σ5✳ ▼♦r❡♦✈❡r βj ❧✐❡s ✐♥ t❤❡ ♣❛r❛❧❧❡❧♦❣r❛♠ P (e1, e0) ❛♥❞ ❣♦❡s ❢r♦♠ t❤❡ s✐❞❡
e1 t♦ t❤❡ ♦♣♣♦s✐t❡ ✭s❡❡ ❋✐❣✉r❡ ✾✮✳ ❚❤❡ s❡❣♠❡♥ts αi ❛♥❞ βj ✐♥t❡rs❡❝t ❡❛❝❤ ♦t❤❡r ❛t
♠♦st t✇✐❝❡✳ ❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ αi ∩ βj = {p, q} ✇✐t❤ p ̸= q ∈ X0✳ ❙✐♥❝❡ p
❛♥❞ q ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ s❡❣♠❡♥t αi✱ t❤❡② ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t ❝♦♣✐❡s
♦❢ t❤❡ (2m+1)✲❣♦♥✳ ❚❤❡ s❧♦♣❡ s ♦❢ t❤❡ ❤♦❧♦♥♦♠② ✈❡❝t♦r ❞❡✜♥❡❞ ❜② pq ❝♦✐♥❝✐❞❡
✇✐t❤ t❤❡ s❧♦♣❡ ♦❢ β ❛♥❞ t❤✉s ❜❡❧♦♥❣s t♦ t❤❡ s❡❝t♦r Σ5 ✐✳❡✳ slope(e4) ≤ s ≤ 0
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e1

e2

e2

e0

e0

❋✐❣✉r❡ ✽✳ ❈❛s❡ ✶ r❡✲❞r❛✇♥

✭✇✐t❤ ❡q✉❛❧✐t② ✐✛ β ✐s ❛ ❞✐❛❣♦♥❛❧✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ αi

✇✐t❤ t❤❡ t✇♦ s✐❞❡s e1 ♦♥ t❤❡ ♣❧❛♥❡ t❡♠♣❧❛t❡ ♦❢ ❋✐❣✉r❡ ✾ ❞❡t❡r♠✐♥❡s t✇♦ ♣♦✐♥ts
c ❛♥❞ d✳

❇② ❝♦♥str✉❝t✐♦♥ t❤❡ s❧♦♣❡ s s❛t✐s✜❡s s ≤ slope(cd)✳ ❙✐♥❝❡ slope(cd) = slope(e4)
✇❡ ❣❡t t❤❛t β ✐s ❛ ❞✐❛❣♦♥❛❧✳ ❲❡ r✉♥ ✐♥t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❜❡❝❛✉s❡ βj = β ✐s ♥♦t
s❛♥❞✇✐❝❤❡❞ ✭s❡❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✻✳✷✮✱ ❛♥❞ t❤❡r❡❢♦r❡ Int(αi, βj) ≤ 1✳

p

qc

d

e0

e6

e1

e4

e5

e2

e3

❋✐❣✉r❡ ✾✳ ❚❤❡ ♣❛r❛❧❧❡❧♦❣r❛♠ P (e1, e0) ❛♥❞ t✇♦ ✐♥t❡rs❡❝t✐♦♥s ✐♥
❈❛s❡ ✭✷✮✿ β ̸∈ Σ5

❈❛s❡ ✭✻✮✿ ❚❤✐s ❝❛s❡ ✐s t❤❡ s❛♠❡ ❛s ❈❛s❡ ✭✷✮ r♦t❛t✐♥❣ ❜② ❛♥ ❛♥❣❧❡ 2π
2m+1 ❛♥❞

s✇❛♣♣✐♥❣ αi ❛♥❞ βj ✳

❈❛s❡ ✭✺✮✿ ❇② ✭✺✮✱ s✐♥❝❡ e3 ✐s s❛♥❞✇✐❝❤❡❞ ❜② e2✱ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ β ❧✐❡s ✐♥
t❤❡ s❡❝t♦r Σ3 ❛♥❞ β ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❛r❛❧❧❡❧♦❣r❛♠ P (e2, e3)✳ ■♥ ♣❛rt✐❝✉❧❛r
✐ts s❧♦♣❡ ✈❡r✐✜❡s s ≥ slope(e6)✳ ❚❤❡ s❡❣♠❡♥t αi ✐♥t❡rs❡❝ts P (e2, e3) ✇✐t❤ t✇♦
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❖♥❡ s✉❝❤ ❝♦♠♣♦♥❡♥t ✐♥t❡rs❡❝ts ♦♥❡ s✐❞❡ e2 ❛t ❛ ♣♦✐♥t a
✇❤✐❧❡ t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥t ✐♥t❡rs❡❝ts t❤❡ ♦t❤❡r s✐❞❡ e2 ❛t ❛ ♣♦✐♥t b ✭✇❤✐❝❤ ♣r♦❥❡❝t
✐♥ t❤❡ ❞♦✉❜❧❡ (2m+1)✲❣♦♥ t♦ t❤❡ r❡❞ ❜✉❧❧❡t ❛♥❞ t❤❡ r❡❞ tr✐❛♥❣❧❡ ✐♥ ❋✐❣✉r❡ ✼ ❈❛s❡
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✭✺✮✮✳ ❆s ✐♥ ❈❛s❡ ✭✷✮ t❤❡ s❡❣♠❡♥ts αi ❛♥❞ βj ✐♥t❡rs❡❝t ❡❛❝❤ ♦t❤❡r ❛t ♠♦st t✇✐❝❡✳
❆ss✉♠❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ αi ∩ βj = {p, q} ✇✐t❤ p ̸= q ∈ P (e2, e3)✳ ◆❡❝❡ss❛r✐❧②
slope(ab) ≥ slope(pq) = s✳ ❙✐♥❝❡ α ∈ Σ0 ✇❡ ❝❛♥ ❝❤❡❝❦ t❤❛t slope(ab) ≤ slope(e6)
✭r❡❝❛❧❧ t❤❛t t❤❡ s❧♦♣❡ ♦❢ α′

i ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ s❧♦♣❡ ♦❢ αi✮✳
❚❤✉s s = slope(e6) ❛♥❞ β ✐s ❛ ❞✐❛❣♦♥❛❧✿ ✇❡ ❛❣❛✐♥ r✉♥ ✐♥t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥

❜❡❝❛✉s❡ βj = β ✐s ♥♦t s❛♥❞✇✐❝❤❡❞✳ ❚❤❡r❡❢♦r❡ Int(αi, βj) ≤ 1 ❛s ❞❡s✐r❡❞✳

❈♦♥❝❧✉s✐♦♥✿ ❙❡tt✐♥❣ ❛s✐❞❡ ❝❛s❡ ✭✸✮ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❜❡❧♦✇✱ ✇❡ ❤❛✈❡
❢♦r ❡✈❡r② i, j✱ |Int(αi, βj)| ≤ 1✳ ■♥ ♣❛rt✐❝✉❧❛r

∑
i,j |Int(αi, βj)| ≤ kl✳ ❘❡❝❛❧❧ t❤❛t

✇❡ ✇❛♥t t❤❡ ❧❡❢t q✉❛♥t✐t② t♦ ❜❡ ❧❡ss t❤❛♥ kl− 1 ✐♥st❡❛❞ ♦❢ kl❀ t❤❡ ❞❡s✐r❡❞ ❜♦✉♥❞
❝♦♠❡s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥✿ ✉♣ t♦ ♣❡r♠✉t✐♥❣ α ❛♥❞ β✱ ✇❡ ♠❛② ❛ss✉♠❡
α ✐s ♥♦t ❛ ❞✐❛❣♦♥❛❧✳ ❚❤❡♥ α1 ✐s ♥♦♥✲s❛♥❞✇✐❝❤❡❞ ❛♥❞ ❧✐❡s ✐♥ ♦♥❡ ♦❢ t❤❡ (2m+1)✲
❣♦♥s ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ αi ❧✐❡s ✐♥ t❤❡ ♦t❤❡r (2m + 1)✲❣♦♥✸✳ ■♥
♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ β1 ✐s ♥♦♥ s❛♥❞✇✐❝❤❡❞✱ ✐t ❧✐❡s ✐♥ ♦♥❡ ♦❢ t❤❡ t✇♦ (2m + 1)✲❣♦♥s
❛♥❞ ✐t ❝❛♥♥♦t ✐♥t❡rs❡❝t ❜♦t❤ α1 ❛♥❞ t❤❡ ♥❡①t ♥♦♥✲s❛♥❞✇✐❝❤❡❞ αi✳

■♥ ♣❛rt✐❝✉❧❛r✱
∑

i,j |Int(αi, βj)| ≤ kl − 1✳ ❍❡♥❝❡✱ ❜② ❋♦r♠✉❧❛ ✻✱ ✇❡ ❣❡t t❤❛t

Int(α, β) ≤ kl✳

❚r❡❛t✐♥❣ ❝❛s❡ ✭✸✮✳ ■♥ t❤✐s ♣❛r❛❣r❛♣❤ ✇❡ ❛ss✉♠❡ t❤❡r❡ ❛r❡ ✐♥❞✐❝❡s i, j s✉❝❤
t❤❛t αi ✐s s❛♥❞✇✐❝❤❡❞ ♦❢ t②♣❡ e2 → e1 → e2 ❛♥❞ βj ✐s s❛♥❞✇✐❝❤❡❞ ♦❢ t②♣❡
e1 → e2 → e1✳ ■♥ t❤✐s ❝❛s❡✱ αi ❛♥❞ βj ❝♦✉❧❞ ✐♥t❡rs❡❝t t✇✐❝❡✱ ❜✉t ✇❡ ✇✐❧❧ s❤♦✇
t❤❛t ✐❢ t❤✐s ❤❛♣♣❡♥s t❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥❞❡① j′ s✉❝❤ t❤❛t αi ❛♥❞ βj′ ❞♦♥✬t ✐♥t❡r✲
s❡❝t✳ ❍❡♥❝❡ t❤❡ ❝♦♥❝❧✉s✐♦♥

∑
i,j |Int(αi, βj)| ≤ kl ✇✐❧❧ st✐❧❧ ❤♦❧❞ ✭❛♥❞ ✐♥ ❢❛❝t t❤❡

✐♥❡q✉❛❧✐t② ✇✐❧❧ ❜❡ str✐❝t✱ ❛s ✇❡ r❡q✉✐r❡✮✳

❚♦ ❞♦ t❤❛t ❧❡t ✉s ❛ss✉♠❡ αi0 , . . . , αi0+p ✭r❡s♣✳ βj0 , . . . , βj0+q✮ ❛r❡ ❝♦♥s❡❝✉✲
t✐✈❡❧② s❛♥❞✇✐❝❤❡❞ ♦❢ t②♣❡ e2 → e1 → e2 ✭r❡s♣✳ e1 → e2 → e1✮✱ t❤✐s s❡q✉❡♥❝❡
❜❡✐♥❣ ♠❛①✐♠❛❧ ✭✐✳❡ αi0−1 ❛♥❞ αi0+p+1 ✕ r❡s♣✳ βj0−1 ❛♥❞ βj0+q+1 ✕ ❛r❡ ♥♦t
s❛♥❞✇✐❝❤❡❞✮✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✶ ❢♦r
p = q = 0 ❛♥❞ ✐♥ ❋✐❣✉r❡ ✶✷ ❢♦r p = q = 3✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❛r❡ ❛t
♠♦st (p+3)(q+2) ✐♥t❡rs❡❝t✐♦♥s ❜❡t✇❡❡♥ αi0−1 ∪αi0 ∪ · · · ∪αi0+p ∪αi0+p+1 ❛♥❞
βj0−1∪βj0∪· · ·∪βj0+q∪βj0+q+1✱ ✇❤✐❧❡ t❤❡r❡ ❛r❡ (p+3)(q+3) ♣❛✐rs ♦❢ s❡❣♠❡♥ts✳

■♥❞❡❡❞✱ ✐♥ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ αi0−1 ∪ αi0 ∪ · · · ∪ αi0+p ∪ αi0+p+1 ❛♥❞ βj0−1 ∪
βj0 ∪· · ·∪βj0+q∪βj0+q+1 ❣♦ t❤r♦✉❣❤ t❤❡ ❝②❧✐♥❞❡r P (e2, e1) ❞❡✜♥❡❞ ❜② e1 ❛♥❞ e2✱
❛s ✐♥ ❋✐❣✉r❡ ✶✶✳ ◆♦✇✱ ✐♥st❡❛❞ ♦❢ ❝✉tt✐♥❣ β ❡❛❝❤ t✐♠❡ ✐t ❝r♦ss❡s e1 ✇❡ ❝❛♥ ❝✉t β
❡❛❝❤ t✐♠❡ ✐t ❝r♦ss❡s e2✳ ◆♦t✐❝❡ t❤❛t β ❝r♦ss❡s e1 ♦♥❝❡ ♠♦r❡ t❤❛♥ ✐t ❝r♦ss❡s e2✱ s♦
✐t ❣✐✈❡s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ βj0−1∪· · ·∪βj0+q∪βj0+q+1 = β̃j0 ∪· · ·∪ β̃j0+q∪ β̃j0+q+1

✇✐t❤ ♦♥❧② q + 2 s❡❣♠❡♥ts ✇❤✐❧❡ ❡❛❝❤ β̃j ❢♦r j ∈ Jj0, j0 + q + 1K ❝❛♥ ✐♥t❡rs❡❝t
❡❛❝❤ ♦❢ t❤❡ αi ❢♦r i ∈ Ji0 − 1, i0 + p + 1K ❛t ♠♦st ♦♥❝❡✱ ✇❤✐❝❤ ❧❡❛✈❡s ❛t ♠♦st
(p+ 3)(q + 2) ✐♥t❡rs❡❝t✐♦♥s✳

✸◆♦t✐❝❡ t❤❛t t❤❡ ❧❛st ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ❜❡❢♦r❡ ❛ s❡q✉❡♥❝❡ ♦❢ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥ts
❛♥❞ t❤❡ ♥❡①t ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ❛❢t❡r s✉❝❤ ❛ s❡q✉❡♥❝❡ ❧✐❡ ✐♥ ❞✐✛❡r❡♥t (2m+ 1)✲❣♦♥s✱ ❛s
✐♥ ❋✐❣✉r❡s ✶✶ ❛♥❞ ✶✷✳
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❋✐❣✉r❡ ✶✵✳ αi ❛♥❞ βj ❝♦✉❧❞ ✐♥t❡rs❡❝t t✇✐❝❡ ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥
♦❢ ❝❛s❡ 3✳ ❇❡❧♦✇✱ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ❝②❧✐♥❞❡r P (e2, e1)✳ ■♥ t❤❡
❡①❛♠♣❧❡ ♦❢ t❤✐s ♣✐❝t✉r❡✱ αi ❞♦❡s ♥♦t ✐♥t❡rs❡❝t βj−1✳

❋✐❣✉r❡ ✶✶✳ αi0−1∪αi0∪· · ·∪αi0+p∪αi0+p+1 ❛♥❞ βj0−1∪βj0−1∪
· · ·∪βj0+q∪βj0+q+1 ❢♦r p = q = 0✳ ❚❤❡r❡ ❛r❡ ♦♥❧② s✐① ✐♥t❡rs❡❝t✐♦♥s
❜✉t ♥✐♥❡ ♣❛✐rs ♦❢ s❡❣♠❡♥ts✳

❋✐❣✉r❡ ✶✷✳ αi0−1∪αi0∪· · ·∪αi0+p∪αi0+p+1 ❛♥❞ βj0−1∪βj0−1∪
· · · ∪ βj0+q ∪ βj0+q+1 ❢♦r p = q = 3✳ ❚❤❡r❡ ❛r❡ ♦♥❧② t❡♥ ✐♥t❡rs❡❝✲
t✐♦♥s ❜✉t t❤✐rt②✲s✐① ♣❛✐rs ♦❢ s❡❣♠❡♥ts✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ s✉♠♠✐♥❣ ✇✐t❤ ❛❧❧ ♦t❤❡r s❡❣♠❡♥ts ②✐❡❧❞s
∑

i,j |Int(αi, βj)| <
kl✳ ❆❞❞✐♥❣ t❤❡ ♣♦ss✐❜❧❡ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✱ ✇❡ ❣❡t t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳ ❚❤✐s
❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳✼ □
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✻✳✹✳ ❈♦♥❝❧✉s✐♦♥✳ ❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ ♣r♦♣♦s✐t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ■❢ ❡✐t❤❡r α ♦r β ✐s ♥♦t ❛ ❞✐❛❣♦♥❛❧✱ t❤❡♥✿

• l(α)l(β) > kl · l20 ❜② ▲❡♠♠❛ ✻✳✻✱
• Int(α, β) ≤ kl ❜② ▲❡♠♠❛ ✻✳✼✱

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡✿
Int(α, β)

l(α)l(β)
<

1

l20
❛s ❞❡s✐r❡❞✳
❖t❤❡r✇✐s❡✱ ❜♦t❤ α ❛♥❞ β ❛r❡ ❞✐❛❣♦♥❛❧s✳ ❚❤❡♥✿

✭✶✮ ❡✐t❤❡r ♥♦♥❡ ♦❢ t❤❡♠ ✐s ❛ s✐❞❡ ♦❢ ❛ (2m+ 1)✲❣♦♥ ❛♥❞ t❤❡♥✿
✭❛✮ l(α)l(β) ≥ 4 cos2( π

2m+1)l
2
0 > 2l20 ❜❡❝❛✉s❡ t❤❡ s❤♦rt❡st ❞✐❛❣♦♥❛❧s ♦❢

t❤❡ (2m+ 1)✲❣♦♥ ✇❤✐❝❤ ❛r❡ ♥♦t s✐❞❡s ❤❛✈❡ ❧❡♥❣t❤ 2 cos( π
2m+1)l0✳

✭❜✮ Int(α, β) ≤ 2 ❜❡❝❛✉s❡ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥
❛♥❞ ♦♥❡ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✳

■♥ ♣❛rt✐❝✉❧❛r✱ Int(α,β)
l(α)l(β) < 1

l20
✳

✭✷✮ ♦r α ✭✉♣ t♦ ❛ ❝❤❛♥❣❡ ✐♥ ♥❛♠❡s✮ ✐s ❛ s✐❞❡✱ ❛♥❞ t❤❡♥✿
✭❛✮ Int(α, β) ≤ 1 ❛s t❤❡r❡ ✐s ♥♦ ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✱
✭❜✮ l(α)l(β) ≥ l20 ✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤ α ❛♥❞ β ❛r❡ s✐❞❡s ♦❢

❛ (2m+ 1)✲❣♦♥✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ Int(α,β)
l(α)l(β) ≤

1
l20

✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤ α

❛♥❞ β ❛r❡ s✐❞❡s ♦❢ ❛ (2m+ 1)✲❣♦♥✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ □

✼✳ ❊①t❡♥s✐♦♥ t♦ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜♥❛❧❧② s❤♦✇ ♦✉r ♠❛✐♥ r❡s✉❧t✿

❚❤❡♦r❡♠ ✼✳✶✳ ❋♦r ❛♥② s✉r❢❛❝❡ X ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❝ ♦❢ t❤❡ ❞♦✉❜❧❡ (2m+1)✲
❣♦♥✱ ✇❡ ❤❛✈❡✿

✭✼✮ K(X) = K(0,∞) sin θ(X, 0,∞).

❚❤❡♦r❡♠ ✶✳✶ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❛s sin θ(X, 0,∞) =
1

cosh dhyp(X, γ0,∞)
❜② Pr♦♣♦✲

s✐t✐♦♥ ✹✳✷✳ ❇❡❢♦r❡ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✼✳✶✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ❞❡❞✉❝❡ ❈♦r♦❧❧❛r② ✶✳✷✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳✷✳ ❙✐♥❝❡ ❱♦❧(S0) =
n
2 cos

π
n ❜② ✷ ❛♥❞ t❤❡ ❢✉rt❤❡st ♣♦✐♥t ♦❢

D ❢r♦♠ γ0,∞ ✐s X0✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥❣❧❡ sin θ(X0, 0,∞) ❜❡✐♥❣ ❡q✉❛❧ t♦ sin π
n ✱

❊q✉❛t✐♦♥ ✭✼✮ ✐♠♣❧✐❡s
n

2
cos

π

n
·K(0,∞) · sin π

n
≤ ❑❱♦❧(X) ≤ n

2
cos

π

n
·K(0,∞).

❲❡ ❝♦♥❝❧✉❞❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✺✳✷ ❛♥❞ ❊q✉❛t✐♦♥ ✭✷✮✿ K(0,∞) = 1
l(αm)2

= 1
sin2 π

n

✳

❚❤❡ ♠❛①✐♠✉♠ ✐s ❛❝❤✐❡✈❡❞ ♣r❡❝✐s❡❧② ✇❤❡♥ sin θ(X, 0,∞) = 1 ✐✳❡✳ X ❜❡❧♦♥❣s
t♦ t❤❡ ❣❡♦❞❡s✐❝ γ0,∞✱ ♥❛♠❡❧② X ✐s t❤❡ ✐♠❛❣❡ ♦❢ S0 ❜② ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ♦❢
SL2(R)✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ t❤❡ ♠✐♥✐♠✉♠ ✐s ❛❝❤✐❡✈❡❞ ✉♥✐q✉❡❧② ❛t X0✳ ❋✐♥❛❧❧② ❜②
Pr♦♣♦s✐t✐♦♥ ✻✳✶✱ t❤❡ s✉♣r❡♠✉♠ ✐s ❛❝❤✐❡✈❡❞ ❜② ♣❛✐rs ♦❢ ❝✉r✈❡s t❤❛t ❛r❡ ✭✐♠❛❣❡s
♦❢✮ ♣❛✐rs ♦❢ s✐❞❡s ♦❢ X0✳ □
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✼✳✶✳ ■♥t❡r♣♦❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡❣✉❧❛r ♥✲❣♦♥ ❛♥❞ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧✳
❘❡❝❛❧❧ t❤❛t Pr♦♣♦s✐t✐♦♥ ✺✳✶ ♣r♦✈✐❞❡s ❛♥♦t❤❡r ❡①♣r❡ss✐♦♥ ♦❢ ❑❱♦❧✿

✭✽✮ K(X) = sup
(d,d′)

K(d, d′) sin θ(X, d, d′),

✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ ♣❛✐rs (d, d′) ♦❢ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s✳
❚❤❡ q✉❛♥t✐t② K(d, d′) ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❞✐❛❣♦♥❛❧ ❛❝t✐♦♥ ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✳
▼♦r❡♦✈❡r✱ ✇❡ ❦♥♦✇ t❤❛t ❊q✉❛t✐♦♥ ✭✼✮ ❤♦❧❞s✿

• ❢♦r X ✐♥ t❤❡ ❣❡♦❞❡s✐❝ γ0,∞ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷
• ❢♦r X = X0 t❤❡ ❞♦✉❜❧❡ (2m+ 1)✲❣♦♥ ❜② ❈♦r♦❧❧❛r② ✻✳✷✳

❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶ ✐s t♦ ✉s❡ t❤❡s❡ t✇♦ r❡s✉❧ts ❛♥❞
✐♥t❡r♣♦❧❛t❡ ❜❡t✇❡❡♥ t❤❡♠ t♦ s❤♦✇ t❤❛t ❊q✉❛t✐♦♥ ✭✼✮ ❤♦❧❞s ✐♥ ❢❛❝t ❢♦r t❤❡ ✇❤♦❧❡
❚❡✐❝❤♠ü❧❧❡r ❞✐s❝✳ ❇② s②♠♠❡tr②✱ ✇❡ ❝❛♥ r❡str✐❝t t♦ t❤❡ s✉r❢❛❝❡s X ♦♥ t❤❡ r✐❣❤t
❤❛❧❢ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥✱ t❤❛t ✐s ♦♥ D+ = {x+ iy ⑤ 0 ≤ x ≤ Φ

2 ❛♥❞ x2 +

y2 ≥ 1}✳ ❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✽✮✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ❢♦r ❛♥② ♣❛✐r ♦❢ ❞✐st✐♥❝t
♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s (d, d′) ♦♥❡ ❤❛s✿

✭♣✮ ∀X ∈ D+, K(d, d′) sin θ(X, d, d′) ≤ K(0,∞) sin θ(X, 0,∞)

❚❤❡ ♣r♦♦❢ ✐s ❞✐✈✐❞❡❞ ✐♥ t✇♦ st❡♣s✿

✭✶✮ ❙❤♦✇ t❤❛t ✐t s✉✣❝❡s t♦ ♣r♦✈❡ ✭♣✮ ❢♦r 0 ≤ d < Φ
2 < d′✳

✭✷✮ ❙❤♦✇ t❤❛t ✭♣✮ ❤♦❧❞s ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ 0 ≤ d < Φ
2 < d′✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst st❡♣ ✭❙❡❝t✐♦♥ ✼✳✷✮ ✐♥✈♦❧✈❡s ❤②♣❡r❜♦❧✐❝ ❣❡♦♠❡tr② ❛♥❞ ❱❡❡❝❤
❣r♦✉♣ ❛❝t✐♦♥✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ st❡♣ ✭❙❡❝t✐♦♥ ✼✳✸✮ ✇✐❧❧ ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ st✉❞②
♦❢ t❤❡ ❢✉♥❝t✐♦♥

X 7→ sin θ(X, 0,∞)

sin θ(X, d, d′)
.

✼✳✷✳ ❘❡❞✉❝t✐♦♥ t♦ ❝♦♥✈❡♥✐❡♥t ❣❡♦❞❡s✐❝s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t ✐t
s✉✣❝❡s t♦ ✈❡r✐❢② ✭♣✮ ❢♦r ♣❛✐rs (d, d′) ✇✐t❤ 0 ≤ d < Φ

2 < d′✳ ❚❤❡ ♠❛✐♥ st❡♣ ♦❢
t❤❡ ♣r♦♦❢ ✐s ▲❡♠♠❛ ✼✳✻✳

❉❡✜♥✐t✐♦♥ ✼✳✷✳ ●✐✈❡♥ ❛ ♣❛✐r ♦❢ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s (d, d′) ❛♥❞ ✐ts ❛ss♦✲
❝✐❛t❡❞ ❣❡♦❞❡s✐❝ γd,d′ ♦♥ H2✱ ✇❡ ❞❡♥♦t❡ ❜② V (d, d′) ❜❡ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t
♦❢ H2\(Γn.γd,d′) ❝♦♥t❛✐♥✐♥❣ X0✳

❘❡♠❛r❦ ✼✳✸✳ ■❢ ♦♥❡ ♦❢ t❤❡ ✐♠❛❣❡s ♦❢ γd,d′ ❜② t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ Γn

♣❛ss❡s t❤r♦✉❣❤ X0✱ t❤❡♥ V (d, d′) ✐s ♥♦t ✇❡❧❧ ❞❡✜♥❡❞✳ ■t ✐s ❝♦♥✈❡♥✐❡♥t✱ ✐♥ t❤✐s
❝❛s❡✱ t♦ s❡t V (d, d′) = {X0}✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ t❤❡r❡ ❡①✐sts G ∈ Γn s✉❝❤
t❤❛t sin θ(X0, G.d,G.d′) = 1✱ s♦ ❜② ❊q✉❛t✐♦♥ ✭♣✮ ❢♦r X = X0 ✇❡ ❤❛✈❡

K(d, d′) sin θ(X, d, d′) ≤ K(d, d′) = K(G.d,G.d′) sin θ(X0, G.d,G.d′) ≤
≤ K(0,∞) sin θ(X0, 0,∞) ≤ K(0,∞) sin θ(X, 0,∞),

t❤❡r❡❢♦r❡✱ ✭♣✮ ❤♦❧❞s ❢♦r ❛♥② X ∈ D+✳

❘❡♠❛r❦ ✼✳✹✳ ◆♦t✐❝❡ t❤❛t✱ ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡ ❜♦✉♥❞❛r② ♦❢ V (d, d′) ✐s ♠❛❞❡ ♦❢
❣❡♦❞❡s✐❝ s❡❣♠❡♥ts ✐♥ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦r❜✐t ♦❢ γd,d′ ✳ ❙✐♥❝❡ d ❛♥❞ d′ ❝♦rr❡s♣♦♥❞
t♦ ❞✐r❡❝t✐♦♥s ♦❢ ❝✉s♣s✱ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ s✉❝❤ s❡❣♠❡♥ts✳
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X

(0, 0)

X0

K

M

V (d,d′)∩D+

❋✐❣✉r❡ ✶✸✳ ❚❤❡ ❤✐❣❤❡st K ♣♦✐♥t ♦❢ V (d, d′) ∩ γΦ/2,∞ ✐s ❢✉rt❤❡r
❛✇❛② ❢r♦♠ γ0,∞ t❤❛♥ M ✱ ✇❤✐❝❤ ✐s ✐ts❡❧❢ ❢✉rt❤❡r ❛✇❛② ❢r♦♠ γ0,∞
t❤❛♥ X✳

▲❡♠♠❛ ✼✳✺✳ ❋♦r ❛♥② ♣❛✐r ♦❢ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s (d, d′)✱ t❤❡ ❢✉rt❤❡st
♣♦✐♥t X1 ❢r♦♠ γ0,∞ ✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ V (d, d′) ∩D+ ✐s ❢✉rt❤❡r ❛✇❛② ❢r♦♠ γ0,∞
t❤❛♥ ❛♥② ♣♦✐♥t X ∈ D+ ♦✉ts✐❞❡ V (d, d′)✳ ❊q✉✐✈❛❧❡♥t❧②

sin θ(X1, 0,∞) ≤ sin θ(X, 0,∞).

Pr♦♦❢✳ ❚❛❦❡ X ∈ D+ \ V (d, d′) ❛♥❞ ❝❛❧❧ g t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ γ0,∞ ✇❤✐❝❤
❝♦♥t❛✐♥s X✳ ■❢ g ✐♥t❡rs❡❝ts V (d, d′) t❤❡♥ t❤❡r❡ ✐s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t ✐♥ t❤❡
❜♦✉♥❞❛r② ♦❢ V (d, d′)✱ ❛♥❞ t❤✐s ♣♦✐♥t ✐s ❢✉rt❤❡r ❛✇❛② ❢r♦♠ γ0,∞ t❤❛♥ X ✭s❡❡
❋✐❣✉r❡ ✶✸✮✳ ■❢ g ❞♦❡s ♥♦t ♠❡❡t V (d, d′)✱ t❤❡♥ g ✐♥t❡rs❡❝ts t❤❡ ❣❡♦❞❡s✐❝ γΦ/2,∞
❛❜♦✈❡ V (d, d′) ❛t M ✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ❤✐❣❤❡st ♣♦✐♥t K ♦❢

V (d, d′) ∩ γΦ/2,∞

✐s ❢✉rt❤❡r ❛✇❛② ❢r♦♠ γ0,∞ t❤❛♥M ✳ ■♥❞❡❡❞ ❜② ❝♦♥str✉❝t✐♦♥ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②

sin θ(M, 0,∞) ≥ sin θ(K, 0,∞).

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✱ ♦♥❡ ❤❛s cosh dhyp(M,γ0,∞) = sin−1 θ(M, 0,∞)✳ ❙✐♥❝❡ cosh
✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ dhyp(M,γ0,∞) ≤ dhyp(K, γ0,∞)✳ ◆♦✇ s✐♥❝❡
M ✐s ❜② ❝♦♥str✉❝t✐♦♥ ❢✉rt❤❡r ❛✇❛② ❢r♦♠ γ0,∞ t❤❛♥X✱ t❤✐s ♣r♦✈❡s t❤❡ ❧❡♠♠❛✳ □

▲❡♠♠❛ ✼✳✻✳ ▲❡t (d1, d
′
1) ❛♥❞ (d2, d

′
2) ❜❡ t✇♦ ♣❛✐rs ♦❢ ❞✐r❡❝t✐♦♥s s✉❝❤ t❤❛t t❤❡

❛ss♦❝✐❛t❡❞ ❣❡♦❞❡s✐❝s γd1,d′1 ❛♥❞ γd2,d′2 ❝r♦ss t❤❡ ❤❛❧❢ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ D+✳ ❲❡
❛ss✉♠❡ t❤❛t✿

✭✐✮ K(d1, d
′
1) ≥ K(d2, d

′
2)✳

✭✐✐✮ ❚❤❡ ❣❡♦❞❡s✐❝ γd2,d′2 ❧✐❡s ♦✉ts✐❞❡ V (d1, d
′
1)✳

✭✐✐✐✮ ✭♣✮ ❤♦❧❞s ❢♦r ❛♥② ♣❛✐r ♦❢ ❞✐r❡❝t✐♦♥s ✇❤♦s❡ ❛ss♦❝✐❛t❡❞ ❣❡♦❞❡s✐❝ ✐s ✐♥ t❤❡
❜♦✉♥❞❛r② ♦❢ V (d1, d

′
1)✳

❚❤❡♥ ✭♣✮ ❤♦❧❞s ❢♦r (d2, d
′
2)✳
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Pr♦♦❢✳ P✐❝❦ ❛ ♣♦✐♥t X ∈ D+✳ ❲❡ s✉❜❞✐✈✐❞❡ t❤❡ ♣r♦♦❢ ✐♥ t✇♦ ❝❛s❡s✳
❋✐rst ❝❛s❡✿ X ̸∈ V (d1, d

′
1)✳ ❚❤❡♥✱ ▲❡♠♠❛ ✼✳✺ ❣✐✈❡s ✉s ❛ ♣♦✐♥t X1 ♦♥ t❤❡

❜♦✉♥❞❛r② ♦❢ V (d1, d
′
1) s✉❝❤ t❤❛t

✭✾✮ sin θ(X1, 0,∞) ≤ sin θ(X, 0,∞).

◆♦t❡ t❤❛t ✉♣ t♦ ❛❝t✐♥❣ ❜② t❤❡ ❱❡❡❝❤ ❣r♦✉♣✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❝♦♥❝❧✉s✐♦♥✱
✇❡ ♠❛② ❛ss✉♠❡ t❤❛t X1 ❧✐❡s ♦♥ γd1,d′1 ✐ts❡❧❢✱ s♦ sin θ(X1, d1, d

′
1) = 1✳ ❚❤❡♥

K(d2, d
′
2) sin θ(X, d2, d

′
2) ≤ K(d2, d

′
2)

≤ K(d1, d
′
1) ❜② ❛ss✉♠♣t✐♦♥ ✭✐✮

= K(d1, d
′
1) sin θ(X1, d1, d

′
1) ❜❡❝❛✉s❡ sin θ(X1, d1, d

′
1) = 1

≤ K(0,∞) · sin θ(X1, 0,∞) ❜② ❛ss✉♠♣t✐♦♥ ✭✐✐✐✮

≤ K(0,∞) · sin θ(X, 0,∞) ❜② ✭✾✮.

❙❡❝♦♥❞ ❝❛s❡✿ X ∈ V (d1, d
′
1)✳ ❚❤❡♥✱ ❜② ❛ss✉♠♣t✐♦♥ ✭✐✐✮✱ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦

γd2,d′2 t❤r♦✉❣❤ X ❝r♦ss❡s t❤❡ ❜♦✉♥❞❛r② ♦❢ V (d1, d
′
1) ❜❡❢♦r❡ ✐t r❡❛❝❤❡s γd2,d′2 ✱ ❛♥❞

❛❣❛✐♥✱ ✉♣ t♦ ❛❝t✐♥❣ ❜② t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ✇❡ ♠❛② ❛ss✉♠❡ t❤❡ ❝r♦ss✐♥❣ ♦❝❝✉rs ❛t
γd1,d′1 s♦ t❤❛t sin θ(X, d1, d

′
1) ≥ sin θ(X, d2, d

′
2)✳ ❚❤❡r❡❢♦r❡

K(d2, d
′
2) sin θ(X, d2, d

′
2) ≤ K(d1, d

′
1) sin θ(X, d2, d

′
2) ❜② ❛ss✉♠♣t✐♦♥ ✭✐✮

≤ K(d1, d
′
1) sin θ(X, d1, d

′
1)

≤ K(0,∞) · sin θ(X, 0,∞) ❜② ❛ss✉♠♣t✐♦♥ ✭✐✐✐✮✱

✇❤✐❝❤ ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳ □

■♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ ✇❡ ❝❛♥ ❛♣♣❧② ▲❡♠♠❛ ✼✳✻ ✇❤❡♥ (d2, d
′
2) ✐s ✐♥ t❤❡ ♦r❜✐t ♦❢

(d1, d
′
1) ✉♥❞❡r t❤❡ ❞✐❛❣♦♥❛❧ ❛❝t✐♦♥ ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ ✭♣✮

❢♦r ♣❛✐rs ♦❢ ❞✐r❡❝t✐♦♥s (d, d′) s✉❝❤ t❤❛t s♦♠❡ s❡❣♠❡♥t ♦❢ γd,d′ ✐s ✐♥ t❤❡ ❜♦✉♥❞❛r②
♦❢ V (d1, d

′
1)✳ ❙✐♥❝❡ V (d1, d

′
1) ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❞✐❤❡❞r❛❧ ❣r♦✉♣ ♣r❡s❡r✈✐♥❣

X0✱ ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r s❡❣♠❡♥ts ♦❢ t❤❡ ❜♦✉♥❞❛r② ✇❤✐❝❤ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ D+✳
❚❤❡s❡ ❣❡♦❞❡s✐❝s s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✳

▲❡♠♠❛ ✼✳✼✳ ■❢ γd,d′ ✐s ❛ ❣❡♦❞❡s✐❝ ✇❤♦s❡ ❝❧♦s❡st ♣♦✐♥t t♦ X0 ❧✐❡s ✐♥ D+✱ t❤❡♥

γd,d′ ✐♥t❡rs❡❝ts t❤❡ ❣❡♦❞❡s✐❝ γΦ/2,∞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❛ss✉♠❡ d < Φ
2 < d′✳

▼♦r❡♦✈❡r✱ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r ♦❢ γd,d′ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t
❧✐❡s ✐♥ t❤❡ ✜rst q✉❛❞r❛♥t✱ ✐♥ ♣❛rt✐❝✉❧❛r d+ d′ > Φ✳

Pr♦♦❢✳ ■❢ γd,d′ ❞♦❡s ♥♦t ✐♥t❡rs❡❝t t❤❡ ❣❡♦❞❡s✐❝ γΦ/2,∞✱ t❤❡♥ t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r
♣r♦❥❡❝t✐♦♥ ♦❢ X0 t♦ γd,d′ ❧✐❡s ❜❡❧♦✇ X0✱ ❤❡♥❝❡ ♥♦t ✐♥ D✱ s❡❡ ❋✐❣✉r❡ ✶✹ ✭❧❡❢t ♣❛rt✮✳
❚❤❡ st❛t❡♠❡♥t ❛❜♦✉t t❤❡ t❛♥❣❡♥t ✈❡❝t♦r ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡
❝♦♥✈❡①✐t② ♦❢ V (d, d′) ❛♥❞ ✐ts s②♠♠❡tr② ✇✐t❤ r❡s♣❡❝t t♦ γΦ/2,∞✳ ❙❡❡ ❋✐❣✉r❡ ✶✹
✭r✐❣❤t ♣❛rt✮✳ □

■♥ ♣❛rt✐❝✉❧❛r✱ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✼✳✶ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ✭♣✮ ❤♦❧❞s ❢♦r ♣❛✐rs
(d, d′) ✇✐t❤ d < Φ

2 < d′ ❛♥❞ d+ d′ > Φ✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿

✭✶✮ d ≥ 0
✭✷✮ d < 0
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(0, 0)

X0

(a/2, 0)

P

(d′, 0)

D+

X0

❋✐❣✉r❡ ✶✹✳ ▲❡❢t✿ ✇❤❡♥ d′ < Φ/2✱ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢
X0 t♦ γd,d′ ❞♦❡s ♥♦t ❧✐❡ ✐♥ D✳ ❘✐❣❤t✿ ✇❤❡♥ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r t♦
γd,d′ ❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ t❤❡ r✐❣❤t ❜♦✉♥❞❛r② ♦❢ D ❞♦❡s ♥♦t
❧✐❡ ✐♥ t❤❡ ✜rst q✉❛❞r❛♥t✱ V (X0, d, d

′) ✐s ♥♦t ❝♦♥✈❡①✳

■♥ ❢❛❝t✱ ❝❛s❡ ✶ ✐s ♠♦r❡ ❞✐✣❝✉❧t ❛♥❞ ✇✐❧❧ ❜❡ ♣r♦✈❡♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱
❝❛s❡ ✷ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❞❡❞✉❝❡❞ ❢r♦♠ ❝❛s❡ ✶✳ ■♥❞❡❡❞✱ ❜② ▲❡♠♠❛ ✼✳✼✱ ✐❢ d < 0 t❤❡♥
d′ ≥ Φ−d > Φ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ γd,d′ ❧✐❡s ♦✉ts✐❞❡ V (0,Φ)✱ ✇❤♦s❡ ❜♦✉♥❞❛r② ✐s ♠❛❞❡
♦❢ t❤❡ ❣❡♦❞❡s✐❝ s❡❣♠❡♥ts t❤❛t ❛r❡ ✐♠❛❣❡s ♦❢ γ0,Φ ❜② t❤❡ r♦t❛t✐♦♥ ❛r♦✉♥❞ X0✱ ✐♥
♣❛rt✐❝✉❧❛r γ0,Φ ∩D ✐s t❤❡ ♦♥❧② ❜♦✉♥❞❛r② ♦❢ V (0,Φ) ✐♥t❡rs❡❝t✐♥❣ D+❀ s❡❡ ❋✐❣✉r❡
✶✺ ❢♦r t❤❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥✳ ❙✐♥❝❡ K(d, d′) ≤ K(0,Φ) ✭❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✮ ❛♥❞
t❤❡ ♣❛✐r (0,Φ) s❛t✐s✜❡s ✭♣✮ ❜② ❝❛s❡ ✶✱ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ▲❡♠♠❛ ✼✳✻ t❤❛t (d, d′)
s❛t✐s✜❡s ✭♣✮✳ ❚❤✐s s❤♦✇s t❤❛t ❝❛s❡ ✶ ✐♠♣❧✐❡s ❝❛s❡ ✷✳

✼✳✸✳ ❙t✉❞② ♦❢ t❤❡ r❛t✐♦ ♦❢ s✐♥❡s✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ t❤❛t ❛♥② ♣❛✐r ♦❢
♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s (d, d′) ✐♥ ❝❛s❡ ✶ ✭✐✳❡ 0 ≤ d < Φ

2 < d′✮ s❛t✐s✜❡s ✭♣✮✳ ❖✉r ♣r♦♦❢
r❡❧✐❡s ♦♥ t❤❡ st✉❞② ♦❢ t❤❡ ❢✉♥❝t✐♦♥

F(d,d′) : X 7→
sin θ(X, 0,∞)

sin θ(X, d, d′)
.

▼♦r❡ ♣r❡❝✐s❡❧②✿

Pr♦♣♦s✐t✐♦♥ ✼✳✽✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ 0 ≤ d < Φ
2 < d′✱ t❤❡ ❢✉♥❝t✐♦♥ F(d,d′)

♦♥ D+ ✐s ♠✐♥✐♠❛❧ ❛t X0✳

❇❡❢♦r❡ ❣✐✈✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ♣r♦♣♦s✐t✐♦♥✱ ❧❡t ✉s ✜rst st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✱ ✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✶✿

❈♦r♦❧❧❛r② ✼✳✾✳ ❋♦r ❛♥② (d, d′) s✉❝❤ t❤❛t 0 ≤ d < Φ
2 < d′✱ ✭♣✮ ❤♦❧❞s✳



❆▲●❊❇❘❆■❈ ■◆❚❊❘❙❊❈❚■❖◆ ❋❖❘ ❆ ❋❆▼■▲❨ ❖❋ ❱❊❊❈❍ ❙❯❘❋❆❈❊❙ ✷✼

0 1
Φ

Φ
2

1 Φ2
Φ

Φ2−2
Φ

X0

S0

❋✐❣✉r❡ ✶✺✳ ❚❤❡ ❞♦♠❛✐♥ V (0,Φ) ❢♦r t❤❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✼✳✾✳ ▲❡t (d, d′) ❜❡ s✉❝❤ t❤❛t 0 ≤ d < Φ
2 < d′✱ ❛♥❞ X ∈ D+✳

❲❡ ❦♥♦✇ ❢r♦♠ ❈♦r♦❧❧❛r② ✻✳✷ t❤❛t

K(d, d′) sin θ(X0, d, d
′) ≤ K(0,∞) sin θ(X0, 0,∞).

■♥ ♣❛rt✐❝✉❧❛r✱ ❜② ♠✐♥✐♠❛❧✐t② ♦❢ F(d,d′) ❛t X0

K(d, d′) ≤ K(0,∞)F(d,d′)(X0) ≤ K(0,∞)F(d,d′)(X)

❍❡♥❝❡

K(d, d′) sin θ(X, d, d′) ≤ K(0,∞) sin θ(X, 0,∞)

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳ □

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✽✳ ❲❡ ❞✐✈✐❞❡ t❤❡ ♣r♦♦❢ ✐♥ ✺ st❡♣s✿

✭✶✮ ❲❡ r❡♠❛r❦ t❤❛t F(d,d′) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ H2✱ ❛♥❞ ❤❛s
❛ ✇❡❧❧ ❞❡✜♥❡❞ ♠✐♥✐♠✉♠ ♦♥ D+✳

✭✷✮ ❲❡ st✉❞② t❤❡ ❣r❛❞✐❡♥t ♦❢ F(d,d′) ✐♥ D+ ❛♥❞ s❤♦✇ t❤❛t ✐t ❞♦❡s♥✬t ✈❛♥✐s❤
✐♥s✐❞❡ D+✳

✭✸✮ ❲❡ r❡♠❛r❦ t❤❛t F(d,d′) ✐s ♥♦t ♠✐♥✐♠❛❧ ❛t t❤❡ ❧❡❢t ❜♦✉♥❞❛r② ♦❢ D+✳
✭✹✮ ❲❡ st✉❞② t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ F(d,d′) ♦♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞❛r② ♦❢ D+✱ ✇❤✐❝❤

✇❡ ♣❛r❛♠❡tr✐③❡ ❛s
{
(cos θ, sin θ) : θ ∈

[
π
n ,

π
2

]}
✱ ❛♥❞ s❤♦✇ t❤❛t F(d,d′) ✐♥✲

❝r❡❛s❡s ✇✐t❤ θ✳
✭✺✮ ❲❡ st✉❞② t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ F(d,d′) ♦♥ t❤❡ ❧✐♥❡ x = Φ

2 ❛♥❞ s❤♦✇ t❤❛t ✐t
✐♥❝r❡❛s❡s str✐❝t❧② ✇✐t❤ y✳

Pr♦♦❢ ♦❢ st❡♣ ✶✳
◆♦t❡ t❤❛t ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷

F(d,d′)(X) =
cosh ❞hyp(X, γd,d′)

cosh ❞hyp(X, γ0,∞)
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✇❤❡r❡ ❞hyp(X, γd,d′) ✐s t❤❡ ❤②♣❡r❜♦❧✐❝ ❞✐st❛♥❝❡ ❢r♦♠ X t♦ t❤❡ ❣❡♦❞❡s✐❝ γd,d′ ✳
❉✐st❛♥❝❡ ❢✉♥❝t✐♦♥s ❛r❡ ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❜✉t t❤❡✐r cosh✬s ❛r❡✳

▼♦r❡♦✈❡r✱ F(d,d′)(x+ iy)→ +∞ ✇❤❡♥ y → +∞ ✭❛♥❞ x ∈ [0, Φ2 ]✮✱ s♦ ✐❢ A > 0
✐s s✉✣❝✐❡♥t❧② ❜✐❣✱ ✇❡ ❤❛✈❡ F(d,d′)(X) > F(d,d′)(X0) ❢♦r ❛♥② X = x + iy ∈ D+

✇✐t❤ y > A✳ ■♥ ♣❛rt✐❝✉❧❛r✱ F(d,d′) r❡❛❝❤❡s ✐ts ♠✐♥✐♠✉♠ ♦♥ t❤❡ ❝♦♠♣❛❝t s❡t
K = D+ ∩ {x+ iy|y ≤ A}✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ st❡♣ ✶✳

Pr♦♦❢ ♦❢ st❡♣ ✷✳
◆♦t❡ t❤❛t s✐♥❝❡ t❤❡ ♥❛t✉r❛❧ ❧♦❣❛r✐t❤♠ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❞✐✛❡♦♠♦r♣❤✐s♠✱ ✇❡ ♠❛②
❛s ✇❡❧❧ ❧♦♦❦ ❢♦r t❤❡ ♠✐♥✐♠✉♠ ♦❢ logF(d,d′)(X) ♦✈❡r D+✳ ◆♦✇

∇ logF(d,d′)(X) =
∇ cosh ❞hyp(X, γd,d′)

cosh ❞hyp(X, γd,d′)
− ∇ cosh ❞hyp(X, γ0,∞)

cosh ❞hyp(X, γ0,∞)

= tanh ❞hyp(X, γd,d′)∇❞hyp(X, γd,d′)− tanh ❞hyp(X, γ0,∞)∇❞hyp(X, γ0,∞).

◆♦✇ t❤❡ ❞✐st❛♥❝❡ ❣r❛❞✐❡♥ts ❛r❡ ✉♥✐t ✈❡❝t♦rs✱ ❛♥❞ t❤❡② ❛r❡ ♣❛r❛❧❧❡❧ ♦♥❧② ❛❧♦♥❣
t❤❡ ❝♦♠♠♦♥ ♣❡r♣❡♥❞✐❝✉❧❛r ✭✐❢ ✐t ❡①✐sts✮ t♦ γ0,∞ ❛♥❞ γd,d′ ✱ ♦r ♥❡✈❡r ✭♦t❤❡r✇✐s❡✮✱
s♦ t❤❡ ❣r❛❞✐❡♥t ♦❢ F(d,d′) ❝❛♥♥♦t ✈❛♥✐s❤ ♦✉ts✐❞❡ ♦❢ t❤❡ ❝♦♠♠♦♥ ♣❡r♣❡♥❞✐❝✉✲
❧❛r✳ ❆❧♦♥❣ t❤❡ ❝♦♠♠♦♥ ♣❡r♣❡♥❞✐❝✉❧❛r✱ t❤❡ ♥✉♠❜❡rs tanh ❞hyp(X, γd,d′) ❛♥❞
tanh ❞hyp(X, γ0,∞) ❛r❡ ❡q✉❛❧ ♦♥❧② ❛t t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❝♦♠♠♦♥ ♣❡r♣❡♥❞✐❝✉✲
❧❛r s❡❣♠❡♥t ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧✐♥❡s✱ ❛♥❞ t❤❡r❡ t❤❡ ❞✐st❛♥❝❡ ❣r❛❞✐❡♥ts ♣♦✐♥t ✐♥
♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s✳ ❙♦ t❤❡ ❣r❛❞✐❡♥t ♦❢ F(d,d′) ❝❛♥♥♦t ✈❛♥✐s❤ ❛t ❛❧❧✳ ❚❤✉s F(d,d′)

❞♦❡s ♥♦t ❤❛✈❡ ❛ ♠✐♥✐♠✉♠ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ D+✳

Pr♦♦❢ ♦❢ st❡♣ ✸✳
❖♥ t❤❡ ❧❡❢t ❜♦✉♥❞❛r② ♦❢D+✱ ✇❤✐❝❤ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ γ0,∞✱ ✇❡ ❤❛✈❡∇❞hyp(X, γ0,∞) =
0✱ ❛♥❞ ∇❞hyp(X, γd,d′) ♣♦✐♥ts t♦ t❤❡ ❧❡❢t ❜❡❝❛✉s❡ d ≥ 0✳ ❚❤❡r❡❢♦r❡ ♥♦ ♣♦✐♥t ♦♥
t❤❡ ❧❡❢t ❜♦✉♥❞❛r② ✐s ❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❢♦r F(d,d′)✳

Pr♦♦❢ ♦❢ st❡♣ ✹✳
◆♦✇ ❧❡t ✉s st✉❞② t❤❡ ❢✉♥❝t✐♦♥ F(d,d′)(X) r❡str✐❝t❡❞ t♦ t❤❡ ❧♦✇❡r ❜♦✉♥❞❛r② ♦❢ D+✳

❲❡ ✜rst ❣✐✈❡ ❛ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❡①♣r❡ss✐♦♥ ♦❢ F(d,d′)✳ ▲❡t X = x + iy ❜❡ ❛
♣♦✐♥t ✐♥ t❤❡ ❞♦♠❛✐♥ D+✳ ❲❡ ❤❛✈❡✿

sin θ(X, 0,∞) =
y√

x2 + y2

❆♥❞ s✐♥❝❡ t❤❡ ♠❛tr✐①

( −1 d
1

d′−d
−d′

d′−d

)
∈ SL2(R) ❛❝ts ♦♥ H2 ❜② ✐s♦♠❡tr② ❛♥❞ s❡♥❞s

t❤❡ ❣❡♦❞❡s✐❝ γd,d′ t♦ γ0,∞ ❛♥❞ x+ iy t♦

x̃+iỹ =
(−x− iy + d)(d′ − d)

x+ iy − d′
=

d− d′

(x− d′)2 + y2
·(−(x−d)(x−d′)−y2+iy(d′−d))

✇❡ ❤❛✈❡✿

sin θ(X, d, d′) =
ỹ√

x̃2 + ỹ2
=

y(d′ − d)√
((x− d)(x− d′) + y2)2 + y2(d′ − d)2
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❍❡♥❝❡✿

✭✶✵✮ F(d,d′)(X) =
1

d′ − d

√
((x− d)(x− d′) + y2)2 + y2(d′ − d)2

x2 + y2

❚♦ st✉❞② t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ F(d,d′)(X)✱ ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r ✇❤❛t ✐s ✐♥s✐❞❡ t❤❡
sq✉❛r❡ r♦♦t ✐♥ ✭✶✵✮✿

G : (x, y) 7→ ((x− d)(x− d′) + y2)2 + y2(d′ − d)2

x2 + y2

❖♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞❛r② ♦❢ D+✱ t❤✐s r❡❞✉❝❡s t♦

(1+dd′−(d+d′) cos θ)2+(d′−d)2 sin2 θ = (1+dd′)2−2(1+dd′)(d+d′) cos θ+2dd′ cos 2θ−1
✇❤♦s❡ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ θ ✐s

−4dd′ sin 2θ + 2(1 + dd′)(d+ d′) sin θ = 2 sin θ
[
(1 + dd′)(d+ d′)− 4dd′ cos θ

]
.

❲❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t G ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ θ✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠
(1+dd′)(d+d′) ≥ 4dd′✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❢♦❧❧♦✇s ❢r♦♠ d+d′ ≥ 2

√
dd′✱ ❛♥❞ t❤❡ ❢❛❝t

t❤❛t x2 − 2x+ 1 ≥ 0 ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r x✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r x =
√
dd′✳

Pr♦♦❢ ♦❢ st❡♣ ✺✳
❲❡ ❝♦♠♣✉t❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ G ✇✐t❤ r❡s♣❡❝t t♦ y✳ ■t ❣✐✈❡s

∂G

∂y
(x, y) =

2y

(x2 + y2)2
· (y4 + 2x2y2 + x4 − dd′(2x− d)(2x− d′)).

❚❤❡ s✐❣♥ ♦❢ ∂G
∂y (x, y) ✐s t❤❡ s✐❣♥ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ P (X) = X2 + 2x2X + x4 −

dd′(2x− d)(2x− d′)✱ ✇❤✐❝❤ ❤❛s ❞✐s❝r✐♠✐♥❛♥t

∆ = 4dd′(2x− d)(2x− d′).

❙❡tt✐♥❣ x = Φ
2 ②✐❡❧❞s✿

∆ = 4dd′(Φ− d)(Φ− d′).

■♥ ♣❛rt✐❝✉❧❛r✿

• ■❢ d′ > Φ✱ t❤❡♥ ∆ < 0 ❛♥❞ P ❤❛s ♥♦ r❡❛❧ r♦♦ts✳

• ■❢ d′ = Φ t❤❡♥ ∆ = 0 ❛♥❞ t❤❡ ♦♥❧② r❡❛❧ r♦♦t ♦❢ P ✐s −Φ2

4 < 0✳

• ❊❧s❡✱ Φ
2 < d′ < Φ ❛♥❞ P ❤❛s t✇♦ r❡❛❧ r♦♦ts✿

λ− = −Φ2

4
−
√

dd′(Φ− d)(Φ− d′) < 0 ❛♥❞ λ+ = −Φ2

4
+
√
dd′(Φ− d)(Φ− d′).

❇✉t d(Φ − d) ≤ Φ2

4 ❛♥❞ d′(Φ − d′) ≤ Φ2

4 s♦
√
dd′(Φ− d)(Φ− d′) ≤ Φ2

4
❛♥❞ λ+ ≤ 0✳

■♥ ❝♦♥❝❧✉s✐♦♥✱ P ❤❛s ♥♦ r❡❛❧ ♣♦s✐t✐✈❡ r♦♦ts✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐t ✐s ♣♦s✐t✐✈❡ ♦♥ R∗
+✱

❛♥❞ s♦ ✐s ∂G
∂y (

Φ
2 , y)✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❛st st❡♣✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ♠✐♥✐♠✉♠ ❢♦r F(d,d′) ♦♥ D+ ✐s X0✳ ❚❤✐s ♣r♦✈❡s
Pr♦♣♦s✐t✐♦♥ ✼✳✽✳ □
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❬❱♦r✾✻❪ ❨❛✳ ❇✳ ❱♦r♦❜❡ts✳ P❧❛♥❛r str✉❝t✉r❡s ❛♥❞ ❜✐❧❧✐❛r❞s ✐♥ r❛t✐♦♥❛❧ ♣♦❧②❣♦♥s✳ ❘✉ss✳ ▼❛t❤✳
❙✉r✈✳✱ ✺✶✭✶✮✿✶✼✼✕✶✼✽✱ ✶✾✾✻✳

❬❲r✐✶✻❪ ❆❧❡① ❲r✐❣❤t✳ ❋r♦♠ r❛t✐♦♥❛❧ ❜✐❧❧✐❛r❞s t♦ ❞②♥❛♠✐❝s ♦♥ ♠♦❞✉❧✐ s♣❛❝❡s✳ ❇✉❧❧✳ ❆♠❡r✳
▼❛t❤✳ ❙♦❝✳ ✭◆✳❙✳✮✱ ✺✸✭✶✮✿✹✶✕✺✻✱ ✷✵✶✻✳

❬❩❑✼✻❪ ❆✳ ◆✳ ❩❡♠❧②❛❦♦✈ ❛♥❞ ❆✳ ❇✳ ❑❛t♦❦✳ ❚♦♣♦❧♦❣✐❝❛❧ tr❛♥s✐t✐✈✐t② ♦❢ ❜✐❧❧✐❛r❞s ✐♥ ♣♦❧②❣♦♥s✳
▼❛t❤✳ ◆♦t❡s✱ ✶✽✿✼✻✵✕✼✻✹✱ ✶✾✼✻✳

❬❩♦r✵✻❪ ❆♥t♦♥ ❩♦r✐❝❤✳ ❋❧❛t s✉r❢❛❝❡s✳ ■♥ ❋r♦♥t✐❡rs ✐♥ ♥✉♠❜❡r t❤❡♦r②✱ ♣❤②s✐❝s✱ ❛♥❞ ❣❡♦♠❡tr②✳
■✱ ♣❛❣❡s ✹✸✼✕✺✽✸✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✷✵✵✻✳

❯▼❘ ❈◆❘❙ ✺✺✽✷✱ ❯♥✐✈✳ ●r❡♥♦❜❧❡ ❆❧♣❡s✱ ❈◆❘❙✱ ■♥st✐t✉t ❋♦✉r✐❡r✱ ❋✲✸✽✵✵✵

●r❡♥♦❜❧❡✱ ❋r❛♥❝❡

❊♠❛✐❧ ❛❞❞r❡ss✿ ❥✉❧✐❡♥✳❜♦✉❧❛♥❣❡r❅✉♥✐✈✲❣r❡♥♦❜❧❡✲❛❧♣❡s✳❢r

❯▼❘ ❈◆❘❙ ✺✺✽✷✱ ❯♥✐✈✳ ●r❡♥♦❜❧❡ ❆❧♣❡s✱ ❈◆❘❙✱ ■♥st✐t✉t ❋♦✉r✐❡r✱ ❋✲✸✽✵✵✵

●r❡♥♦❜❧❡✱ ❋r❛♥❝❡

❊♠❛✐❧ ❛❞❞r❡ss✿ ❡r✇❛♥✳❧❛♥♥❡❛✉❅✉♥✐✈✲❣r❡♥♦❜❧❡✲❛❧♣❡s✳❢r

■▼❆●✱ ❈◆❘❙✱ ❯♥✐✈ ▼♦♥t♣❡❧❧✐❡r✱ ❋r❛♥❝❡

❊♠❛✐❧ ❛❞❞r❡ss✿ ❞❛♥✐❡❧✳♠❛ss❛rt❅✉♠♦♥t♣❡❧❧✐❡r✳❢r



❈❤❛♣✐tr❡ ✸

❑❱♦❧ ♦♥ r❡❣✉❧❛r n✲❣♦♥s

❘és✉♠é ❡♥ ❢r❛♥ç❛✐s✳ ❈❡ ❝❤❛♣✐tr❡ ❝♦rr❡s♣♦♥❞ à ❧✬❛rt✐❝❧❡ ❬❇♦✉✷✸❛❪ ✭s♦✉♠✐s ♣♦✉r ♣✉❜❧✐❝❛✲
t✐♦♥✮✱ ❞❛♥s ❧❡q✉❡❧ ♥♦✉s ét❡♥❞♦♥s ❧❡s ♠ét❤♦❞❡s ❞✉ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t ♣♦✉r ❝❛❧❝✉❧❡r ❑❱♦❧ s✉r
❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r✳ ❇✐❡♥ q✉❡ ❧❡s ✐❞é❡s s♦✐❡♥t ✐❞❡♥t✐q✉❡s✱ tr♦✐s s♣é❝✐✜❝✐tés ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r
r❡♥❞❡♥t ❝❡ ❝❛s ♣❧✉s ❞✐✣❝✐❧❡✳ ❊♥ ♣r❡♠✐❡r✱ ❧❡s ❝ôtés ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r s♦♥t ✐❞❡♥t✐✜és ❞❡✉① à
❞❡✉①✱ ❞❡ s♦rt❡ q✉❡ ❞❡✉① s❡❣♠❡♥ts ❛❞❥❛❝❡♥ts ❝♦♥sé❝✉t✐❢s ♣❡✉✈❡♥t ✐♥t❡rs❡❝t❡r ❞❡✉① ❢♦✐s ✉♥ s❡❣✲
♠❡♥t ♥♦♥✲❛❞❥❛❝❡♥t✱ ❝❡ q✉✐ ♥é❝❡ss✐t❡ ❞❡ r❛✣♥❡r ❧✬❡st✐♠❛t✐♦♥ s✉r ❧❡s ❧♦♥❣✉❡✉rs ❞❛♥s ❝❡rt❛✐♥s
❝❛s✳ P❛r ❛✐❧❧❡✉rs✱ ❧♦rsq✉❡ n ≡ 2 mod 4✱ ❧❡ n✲❣♦♥❡ ré❣✉❧✐❡r ♣♦ssè❞❡ ❞❡✉① s✐♥❣✉❧❛r✐tés ❞✐s✲
t✐♥❝t❡s ✿ ❞❛♥s ❝❡ ❝❛s✱ ❧❛ ♠ét❤♦❞❡ ❞❡ ❞é❝♦✉♣❛❣❡✱ ❛❞❛♣té❡ ❛✉① ❝♦♥♥❡①✐♦♥s ❞❡ s❡❧❧❡s✱ ♥❡ ♣❡r♠❡t
♣❛s ❞❡ ❝❛❧❝✉❧❡r ♣ré❝✐sé♠❡♥t ❑❱♦❧ ♠❛✐s s❡✉❧❡♠❡♥t ❞✬♦❜t❡♥✐r ✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡✳ P♦✉r ❝❡tt❡
♠ê♠❡ r❛✐s♦♥✱ ❧✬❛r❣✉♠❡♥t ❞✬❡①t❡♥s✐♦♥ ❛✉ ❞✐sq✉❡ ❞❡ ❚❡✐❝❤♠ü❧❧❡r ♥❡ s❡ ❣é♥ér❛❧✐s❡ ♣❛s ❧♦rsq✉❡
n ≡ 2 mod 4 ❡t ♦♥ ♣❡✉t s❡✉❧❡♠❡♥t ♦❜t❡♥✐r ✉♥❡ ❜♦r♥❡ s✉♣ér✐❡✉r❡ s✉r ❑❱♦❧ ♣♦✉r t♦✉t ❧❡ ❞✐sq✉❡
❞❡ ❚❡✐❝❤♠ü❧❧❡r ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r ❡♥ r❡❣❛r❞❛♥t ❧❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❡♥ ❝②❧✐♥❞r❡s✳ ❊♥✜♥✱ ❛❧♦rs
q✉❡ ❑❱♦❧ ét❛✐t ré❛❧✐sé ♣❛r ✉♥❡ ♣❛✐r❡ ❞❡ s②st♦❧❡s ♣♦✉r ❧❡ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r ❞✉ ❞♦✉❜❧❡ n✲❣♦♥❡✱
❝❡ ♥✬❡st ♣❛s ❧❡ ❝❛s ♣♦✉r ❧❡ ♠♦❞è❧❡ ❡♥ ❡s❝❛❧✐❡r ❞✉ n✲❣♦♥❡ ré❣✉❧✐❡r ✭n ≡ 0 mod 4✮✳ ❈❡❧❛ ❛ ♣♦✉r
❝♦♥séq✉❡♥❝❡ q✉❡✱ à ❧❛ ♣❧❛❝❡ ❞✬❛✈♦✐r ✉♥❡ s❡✉❧❡ ❣é♦❞és✐q✉❡ ♠❛①✐♠✐s❛♥t ❑❱♦❧ s✉r ❧❡ ❞✐sq✉❡ ❞❡
❚❡✐❝❤♠ü❧❧❡r✱ ✐❧ ② ❡♥ ❛ ✉♥❡ ✐♥✜♥✐té ❡t ✐❧ ❢❛✉t êtr❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ✜♥ ❞❛♥s ❧❡s ❝❛❧❝✉❧s✳ ❈❡❧❛
❝♦♥st✐t✉❡ ❧❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✣❝✉❧té ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ❡t ❝♦rr❡s♣♦♥❞ à ❧❛ ❙❡❝t✐♦♥ 6✳

◆♦✉s ❞é♠♦♥tr♦♥s ❧❡s ❚❤é♦rè♠❡s ✶✳✸✳✸ ❡t ✶✳✸✳✹ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✸✱ ♣✉✐s ❧❡ ❚❤é♦rè♠❡ ✶✳✸✳✾
❞❛♥s ❧❛ ❙❡❝t✐♦♥ ✻✳ ❊♥✜♥✱ ♥♦✉s ❞é♠♦♥tr♦♥s ❧❡s ❚❤é♦rè♠❡s ❉ ❡t ✶✳✸✳✶✶ ❞❛♥s ❧❛ ❙❡❝t✐♦♥ 7✳

✽✾
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❏❯▲■❊◆ ❇❖❯▲❆◆●❊❘

❆❜str❛❝t✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥t✐♥✉❡ t❤❡ st✉❞② ♦❢ ✐♥t❡rs❡❝t✐♦♥s ♦❢ ❝❧♦s❡❞
❝✉r✈❡s ♦♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✱ ✐♥✐t✐❛t❡❞ ✐♥ ❬✷❪ ❛♥❞ ❬✸❪ ❢♦r ❛ ❢❛♠✐❧② ♦❢ ❛r✐t❤♠❡t✐❝
❱❡❡❝❤ s✉r❢❛❝❡s ❛♥❞ ❬✶❪ ❢♦r ❛ ❢❛♠✐❧② ♦❢ ♥♦♥✲❛r✐t❤♠❡t✐❝ ❱❡❡❝❤ s✉r❢❛❝❡s✳ ◆❛♠❡❧②✱
✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ q✉❡st✐♦♥ ♦❢ ♠❛①✐♠✐③✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥
t✇♦ ❝✉r✈❡s ♦❢ ❣✐✈❡♥ ❧❡♥❣t❤s✱ ❛♥❞ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✐♥
t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥s ❢♦r ❡✈❡♥ n✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

❲❡ st✉❞② t❤❡ q✉❡st✐♦♥ ♦❢ ♠❛①✐♠✐③✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ❜❡t✇❡❡♥ t✇♦
❝❧♦s❡❞ ❝✉r✈❡s ♦❢ ❣✐✈❡♥ ❧❡♥❣t❤s ♦♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✳ ❆ s✉✐t❛❜❧❡ ✇❛② ♦❢ q✉❛♥t✐❢②✲
✐♥❣ t❤✐s ✐s t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t②✱ ✇❤✐❝❤ ✐s ✐♥ ❢❛❝t ❞❡✜♥❡❞ ❢♦r ❛♥② ❝❧♦s❡❞
♦r✐❡♥t❡❞ s✉r❢❛❝❡ X ✇✐t❤ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ g ✭♣♦ss✐❜❧② ✇✐t❤ s✐♥❣✉❧❛r✐t✐❡s✮✿

✭✶✮ KVol(X) := Vol(X, g) · sup
α,β

Int(α, β)

lg(α)lg(β)
,

✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ r❛♥❣❡s ♦✈❡r ❛❧❧ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❝❧♦s❡❞ ❝✉r✈❡s α ❛♥❞ β ✐♥ X✱
Int ❞❡♥♦t❡s t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥✱ ❛♥❞ lg(·) ❞❡♥♦t❡s t❤❡ ❧❡♥❣t❤ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ✭✐t ✐s r❡❛❞✐❧② s❡❡♥ t❤❛t ♠✉❧t✐♣❧②✐♥❣ ❜② t❤❡ ✈♦❧✉♠❡
❱♦❧(X, g) ♠❛❦❡s t❤❡ q✉❛♥t✐t② ✐♥✈❛r✐❛♥t ❜② r❡s❝❛❧✐♥❣ t❤❡ ♠❡tr✐❝ g✮✳ ❆s s❤♦✇♥ ❜②
▼❛ss❛rt✲▼ü❡t③❡❧ ❬✺❪✱ t❤✐s ❢✉♥❝t✐♦♥ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ✜♥✐t❡✳

❚❤♦✉❣❤ ❑❱♦❧ ✐s ❛ ❝❧♦s❡ ❝♦✉s✐♥ ♦❢ t❤❡ s②st♦❧✐❝ ✈♦❧✉♠❡ SysVol(X) = supα
Vol(X)
lg(α)2

✱

✐t ✐s ❞✐✣❝✉❧t t♦ ❝♦♠♣✉t❡ ♦♥ ❛ ❣✐✈❡♥ s✉r❢❛❝❡ ♦✉ts✐❞❡ t❤❡ ❝❛s❡ ♦❢ ❛ ✢❛t t♦r✉s ✭✇❤❡r❡
❑❱♦❧ = 1✮✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❈❤❡❜♦✉✐✱ ❑❡ss✐ ❛♥❞ ▼❛ss❛rt ❬✷✱ ✸❪ ✐♥✐t✐❛t❡❞ t❤❡
st✉❞② ♦❢ ❑❱♦❧ ♦♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✱ ✇❤✐❝❤ ❛r❡ ✐♥st❛♥❝❡s ♦❢ ✢❛t s✉r❢❛❝❡s ✇✐t❤
❝♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❬✷❪ ♣r♦✈✐❞❡s ❡st✐♠❛t❡s ♦❢ ❑❱♦❧ ♦♥ t❤❡ ❚❡✐❝❤✲
♠ü❧❧❡r ❝✉r✈❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢ ❛r✐t❤♠❡t✐❝ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s (X,ω)✳
■♥ ❇♦✉❧❛♥❣❡r✕▲❛♥♥❡❛✉✕▼❛ss❛rt ❬✶❪✱ ✇❡ ❣✐✈❡ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ❢♦r ❑❱♦❧ ♦♥ t❤❡ ❚❡✲
✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ ❞♦✉❜❧❡ r❡❣✉❧❛r n✲❣♦♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ❢♦r n ≥ 5 ♦❞❞✳ ■♥
t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥t✐♥✉❡ t❤❡ st✉❞② ♦❢ ❑❱♦❧ ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ tr❛♥s❧❛t✐♦♥
s✉r❢❛❝❡s ❝♦♠✐♥❣ ❢r♦♠ r❡❣✉❧❛r ♣♦❧②❣♦♥s✳ ◆❛♠❡❧②✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ t❤❡
r❡❣✉❧❛r n✲❣♦♥ ❢♦r n ≥ 8 ❡✈❡♥✳ ❆❧t❤♦✉❣❤ s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞♦✉❜❧❡ r❡❣✉❧❛r
n✲❣♦♥ ❢♦r ♦❞❞ n✱ t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ❢♦r ❡✈❡♥ n r❡q✉✐r❡s ❛ ♠♦r❡ ❝❛r❡❢✉❧
st✉❞②✳

✶
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●✐✈❡♥ ❛♥ ❡✈❡♥ ✐♥t❡❣❡r n ≥ 8✱ ✇❡ ❞❡♥♦t❡ ❜② Xn t❤❡ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ♠❛❞❡
❢r♦♠ ❛ r❡❣✉❧❛r n✲❣♦♥ ❜② ✐❞❡♥t✐❢②✐♥❣ ✐ts ♣❛r❛❧❧❡❧ ♦♣♣♦s✐t❡ s✐❞❡s ❜② tr❛♥s❧❛t✐♦♥s✳
❚❤❡ r❡s✉❧t✐♥❣ s✉r❢❛❝❡ ❤❛s ❛ ✉♥✐q✉❡ ❝♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t② ✐❢ n ≡ 0 mod 4 ❛♥❞ t✇♦
❞✐st✐♥❝t ❝♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s ✐❢ n ≡ 2 mod 4✳ ❚❤✐s s✉r❢❛❝❡ ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞
❜② t❤❡ ✉♥❢♦❧❞✐♥❣ ❝♦♥str✉❝t✐♦♥ ♦❢ ❑❛t♦❦✕❩❡♠❧②❛❦♦✈ ❬✶✷❪ ❢r♦♠ ❛ tr✐❛♥❣❧❡ ♦❢ ❛♥❣❧❡s

(π
2
, π
n
, (n/2−1)π

n
) ❛♥❞ ✐s ♦♥❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❱❡❡❝❤ s✉r❢❛❝❡s ✭s❡❡ ❬✾❪✮✳ ❆s ✐t ✇✐❧❧

❜❡ r❡❝❛❧❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ Xn ❤❛s ❛ st❛✐r❝❛s❡ ♠♦❞❡❧ S ✐♥ ✐ts
❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ✇❤♦s❡ ❱❡❡❝❤ ❣r♦✉♣ Γn ✐s ❛♥ ✐♥❞❡① t✇♦ s✉❜❣r♦✉♣ ♦❢ t❤❡ ❍❡❝❦❡
❣r♦✉♣ ♦❢ ♦r❞❡r n✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡ ❛ss♦❝✐❛t❡❞ t♦ Xn ❝❛♥ ❜❡
✐❞❡♥t✐✜❡❞ ✇✐t❤ H2/Γn ❛♥❞ ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ Tn ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✱
✇❤❡r❡ Φ := Φn = 2 cos(π

n
)✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② ❑❱♦❧ ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ Xn✱ ❛♥❞ ✇❡ ❣✐✈❡ ❛
❢♦r♠✉❧❛ t♦ ❝♦♠♣✉t❡ ❑❱♦❧ ♦♥ ❛♥② s✉r❢❛❝❡ ♦❢ Tn ❢♦r n ≡ 0 mod 4✳ ■❢ n ≡ 2
mod 4✱ t❤❡ ❢❛❝t t❤❛t Xn ❤❛s t✇♦ s✐♥❣✉❧❛r✐t✐❡s ♠❛❦❡s ✐t ♠♦r❡ ❞✐✣❝✉❧t t♦ ❝♦♠♣✉t❡
❑❱♦❧✳ ■♥ t❤✐s ❧❛tt❡r ❝❛s❡✱ ♦✉r ♠❡t❤♦❞s ♣r♦✈✐❞❡ ✉♣♣❡r ❜♦✉♥❞s ♦♥ ❑❱♦❧ ✐♥ t❤❡
❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ Xn✳
❚❤❡ ❝❛s❡ n ≡ 0 mod 4✳ ❖✉r ♠❛✐♥ r❡s✉❧t ❤♦❧❞s ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ n ≡ 0

mod 4✱ s♦ t❤❛t t❤❡ r❡❣✉❧❛r n✲❣♦♥ ❛s ❛ s✐♥❣❧❡ s✐♥❣✉❧❛r✐t②✱ ❛♥❞ ❝❛♥ ❜❡ st❛t❡❞ ❛s✿

❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t n ≥ 8 s✉❝❤ t❤❛t n ≡ 0 mod 4✳ ●✐✈❡♥ d, d′ ∈ R ∪ {∞} ≃
∂H2✱ ❧❡t γd,d′ ❞❡♥♦t❡ t❤❡ ❣❡♦❞❡s✐❝ ✐♥ t❤❡ ❤②♣❡r❜♦❧✐❝ ♣❧❛♥❡ H2 ❤❛✈✐♥❣ d ❛♥❞ d′ ❛s
❡♥❞♣♦✐♥ts✱ ❛♥❞ ❞❡✜♥❡✿

Gmax =
⋃

k∈N∗∪{∞}
γ∞,± 1

kΦ

✭✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ 1
∞ = 0✮✳

▲❡t X = M · Sn ❜❡ ❛ s✉r❢❛❝❡ ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ Xn✱ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡

st❛✐r❝❛s❡ ♠♦❞❡❧ S ❜② ❛♣♣❧②✐♥❣ ❛ ♠❛tr✐① M =

(
a b
c d

)
∈ SL2(R)✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡✿

✭✷✮ KVol(X) = K0 ·
1

cosh(distH2(di+b
ci+a

,Γn · Gmax))

❲❤❡r❡ K0 > 0 ✐s ❛♥ ❡①♣❧✐❝✐t ❝♦♥str❛♥t ✇❤✐❝❤ ♦♥❧② ❞❡♣❡♥❞s ♦♥ n ❛♥❞ distH2 ❞❡✲
♥♦t❡s t❤❡ ❤②♣❡r❜♦❧✐❝ ❞✐st❛♥❝❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❑❱♦❧ ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✱
❛♥❞

✭✐✮ t❤❡ ♠❛①✐♠✉♠ ♦❢ ❑❱♦❧ ✐s ❛❝❤✐❡✈❡❞ ❢♦r s✉r❢❛❝❡s r❡♣r❡s❡♥t❡❞ ❜② ✐♠❛❣❡s ♦❢
❡❧❡♠❡♥ts ♦❢ Gmax ✉♥❞❡r t❤❡ ❣r♦✉♣ Γn✱

✭✐✐✮ t❤❡ ♠✐♥✐♠✉♠ ♦❢ ❑❱♦❧ ✐s ❛❝❤✐❡✈❡❞✱ ✉♥✐q✉❡❧②✱ ❛t Xn✳
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0 Φ
2

2
Φ1

1
Φ

1
2Φ

1
3Φ

Xn

❋✐❣✉r❡ ✶✳ ❚❤❡ ❣❡♦❞❡s✐❝s γ∞, 1
kΦ

❢♦r k = 1, 2, 3 ❛♥❞ t❤❡✐r ✐♠❛❣❡s ❜②

t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ✐♥t❡rs❡❝t✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ Tnn✳ ❖♥ t❤❡
r✐❣❤t✱ t❤❡ s❛♠❡ ❣❡♦❞❡s✐❝s ♦♥ t❤❡ s✉r❢❛❝❡ H2/Γn✳

❙♣❡❝✐✜❝❛❧❧② ✇❤❡♥ X = Xn ✐s t❤❡ r❡❣✉❧❛r n✲❣♦♥✱ t❤❡ r❡s✉❧t ♦❢ ❚❤❡♦r❡♠ ✶✳✶ ❝❛♥
❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✶✿

❚❤❡♦r❡♠ ✶✳✷✳ ▲❡t n ≥ 8✱ n ≡ 0 mod 4✳ ▲❡t l0 ❜❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s✐❞❡ ♦❢ t❤❡
n✲❣♦♥✷✳ ❋♦r ❛♥② ♣❛✐r ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α, β✱ ✇❡ ❤❛✈❡

✭✸✮
Int(α, β)

l(α)l(β)
≤ 1

l20
.

▼♦r❡♦✈❡r✱ ❡q✉❛❧✐t② ✐s ❛❝❤✐❡✈❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ❛♥❞ β ❛r❡ ❞✐st✐♥❝t s✐❞❡s ♦❢ t❤❡
n✲❣♦♥✳

❯s✐♥❣ t❤❛t t❤❡ ✈♦❧✉♠❡ ♦❢ ❛ r❡❣✉❧❛r n✲❣♦♥ ♦❢ ✉♥✐t s✐❞❡ ✐s n
4 tan π

n
✱ ✇❡ ❣❡t✿

❈♦r♦❧❧❛r② ✶✳✸✳ ❋♦r ❛♥② n ≥ 8 s✉❝❤ t❤❛t n ≡ 0 mod 4✱ ✇❡ ❤❛✈❡✿

KVol(Xn) =
n

4 tan(π
n
)
.

◆♦t✐❝❡ t❤❛t ❛❧t❤♦✉❣❤ Xn ❤❛s ♠✐♥✐♠❛❧ ❑❱♦❧ ✐♥ ✐ts ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦✱ ✐t ✐s ♥♦t
❛ ❧♦❝❛❧ ♠✐♥✐♠✉♠ ❢♦r ❑❱♦❧ ✐♥ ✐ts str❛t✉♠ H(2g − 2)✳ ■♥❞❡❡❞✱ t❤❡ r❡❣✉❧❛r n✲❣♦♥
✐s t❤❡ ♣♦❧②❣♦♥ ✇✐t❤ n s✐❞❡s ♦❢ t❤❡ s❛♠❡ ❧❡♥❣t❤ t❤❛t ❤❛✈❡ ♠❛①✐♠❛❧ ✈♦❧✉♠❡✳ ■♥

✶❆❧t❤♦✉❣❤ st❛t❡❞ ✐♥ t❤✐s ♦r❞❡r✱ ✇❡ ✜rst ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳✷ ❛♥❞ t❤❡♥ ✉s❡ ✐t t♦ ♣r♦✈❡ ❚❤❡♦r❡♠
✶✳✶

✷❲❤✐❝❤ ✐s ❛❧s♦ t❤❡ s②st♦❧✐❝ ❧❡♥❣t❤ ♦❢ t❤❡ r❡s✉❧t✐♥❣ s✉r❢❛❝❡ Xn✳
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♣❛rt✐❝✉❧❛r✱ ❛♥② ♦t❤❡r s✉❝❤ ♣♦❧②❣♦♥ ❝❧♦s❡ t♦ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ✇✐❧❧ ❤❛✈❡ ❛ s♠❛❧❧❡r
✈♦❧✉♠❡✱ ❛♥❞ ❑❱♦❧ ✇✐❧❧ st✐❧❧ ❜❡ r❡❛❧✐③❡❞ ❜② ♣❛✐rs ♦❢ s✐❞❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
n✲❣♦♥✱ ❤❡♥❝❡ ✇✐❧❧ ❜❡ s♠❛❧❧❡r✳
❚❤❡ ❝❛s❡ n ≡ 2 mod 4✳ ■❢ n ≡ 2 mod 4✱ t❤❡ r❡s✉❧t✐♥❣ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡

Xn ❤❛s t✇♦ ❝♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✱ s♦ t❤❛t s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ♠❛② ♥♦t ❜❡ ❝❧♦s❡❞
❝✉r✈❡s ❛♥②♠♦r❡✱ ❛♥❞ s✐♠♣❧❡ ❝❧♦s❡❞ ❣❡♦❞❡s✐❝s ❝♦✉❧❞ ❜❡ ❤♦♠♦❧♦❣♦✉s t♦ t❤❡ ✉♥✐♦♥
♦❢ s❡✈❡r❛❧ ♥♦♥✲❝❧♦s❡❞ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✳ ❋♦r t❤✐s r❡❛s♦♥✱
✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ ❝❧♦s❡❞ ❢♦r♠✉❧❛ ❢♦r ❑❱♦❧ ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ r❡❣✉❧❛r
n✲❣♦♥✳ ❍♦✇❡✈❡r✱ ✇❡ s❤♦✇✿

❚❤❡♦r❡♠ ✶✳✹✳ ❋♦r n ≥ 10 ✇✐t❤ n ≡ 2 mod 4✱ ❑❱♦❧ ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤✲
♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳

❆♥ ❡①♣❧✐❝✐t ❜♦✉♥❞ ✐s ❣✐✈❡♥ ✐♥ ❈♦r♦❧❧❛r② ✻✳✸✳ ❚❤✐s r❡s✉❧t ❝♦♥tr❛sts ✇✐t❤ ❡①❛♠♣❧❡s
♦❢ sq✉❛r❡❞ t✐❧❡❞ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✇✐t❤ ♠✉❧t✐♣❧❡ s✐♥❣✉❧❛r✐t✐❡s ❤❛✈✐♥❣ ✉♥❜♦✉♥❞❡❞
❑❱♦❧ ♦♥ t❤❡✐r ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦✳ ■t ✐s t❤❡ ✜rst ❡①❛♠♣❧❡ ♦❢ ❛ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ✇✐t❤
♠♦r❡ t❤❛♥ ♦♥❡ s✐♥❣✉❧❛r✐t② ✇❤❡r❡ ✇❡ ❝❛♥ s❤♦✇ ❜♦✉♥❞❡❞♥❡ss ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r
❞✐s❦✳ ■♥ ❢❛❝t✱ ✇❡ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❜♦✉♥❞❡❞♥❡ss ❝r✐t❡r✐♦♥ ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢
❛ ❱❡❡❝❤ s✉r❢❛❝❡✿

❚❤❡♦r❡♠ ✶✳✺✳ KVol ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ ❛ ❱❡❡❝❤ s✉r❢❛❝❡ X
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❛r❡ ♥♦ ✐♥t❡rs❡❝t✐♥❣ ❝❧♦s❡❞ ❝✉r✈❡s η ❛♥❞ ξ ♦♥ X s✉❝❤ t❤❛t
η = η1 ∪ · · · ∪ ηk ❛♥❞ ξ = ξ1 ∪ · · · ∪ ξl ❛r❡ ✉♥✐♦♥s ♦❢ ♣❛r❛❧❧❡❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s
✭t❤❛t ✐s ❛❧❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s η1, . . . , ηk, ξ1, . . . , ξl ❤❛✈❡ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✮✳

❚❤✐s ❝r✐t❡r✐♦♥ ❣❡♥❡r❛❧✐s❡s Pr♦♣♦s✐t✐♦♥ ✸✳✷ ♦❢ ❬✶❪ t♦ t❤❡ ❝❛s❡ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r✲
❢❛❝❡s ✇✐t❤ s❡✈❡r❛❧ s✐♥❣✉❧❛r✐t✐❡s✳

❋✐♥❛❧❧②✱ ❝♦♥❝❡r♥✐♥❣ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ✐ts❡❧❢✱ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷ ❡①t❡♥❞s
❛♥❞ ❣✐✈❡s✿

❚❤❡♦r❡♠ ✶✳✻✳ ▲❡t n ≥ 10 ✇✐t❤ n ≡ 2 mod 4✳ ▲❡t l0 ❜❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s✐❞❡ ♦❢
t❤❡ n✲❣♦♥✳ ❋♦r ❛♥② ♣❛✐r ♦❢ ❝❧♦s❡❞ ❝✉r✈❡s α, β ♦♥ Xn✱ ✇❡ ❤❛✈❡

Int(α, β)

l(α)l(β)
<

1

l20
.

◆♦t✐❝❡ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ✐♥❡q✉❛❧✐t② ✐s str✐❝t✳ ■♥ ❢❛❝t✱ ✐t ✐s
✉♥❝❧❡❛r ✇❤❡t❤❡r t❤❡ ❜❡st ♣♦ss✐❜❧❡ r❛t✐♦ ✐s ❛❝❤✐❡✈❡❞ ❛♥❞✱ ✐❢ s♦✱ ❜② ✇❤✐❝❤ ❝❧♦s❡❞
❝✉r✈❡s✳ ❖✉r ❣✉❡ss ✇♦✉❧❞ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❈♦♥❥❡❝t✉r❡ ✶✳✼✳ ▲❡t n ≥ 10 ✇✐t❤ n ≡ 2 mod 4✳ ❋♦r ❛♥② ♣❛✐r ♦❢ ❝❧♦s❡❞ ❝✉r✈❡s
α, β ♦♥ Xn✱ ✇❡ ❤❛✈❡

Int(α, β)

l(α)l(β)
≤ 1

2l20
,

✇❤❡r❡ l0 ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s✐❞❡ ♦❢ t❤❡ n✲❣♦♥✳ ▼♦r❡♦✈❡r✱ ❡q✉❛❧✐t② ✐s ❛❝❤✐❡✈❡❞ ✐❢
❛♥❞ ♦♥❧② ✐❢ α ❛♥❞ β ❛r❡ t✇✐❝❡ ✐♥t❡rs❡❝t✐♥❣ ♣❛✐rs ♦❢ s✐❞❡s ♦❢ t❤❡ n✲❣♦♥✱ ❛s ✐♥ ❋✐❣✉r❡



❆▲●❊❇❘❆■❈ ■◆❚❊❘❙❊❈❚■❖◆✱ ▲❊◆●❚❍❙ ❆◆❉ ❱❊❊❈❍ ❙❯❘❋❆❈❊❙ ✺

α
β β

α

❋✐❣✉r❡ ✷✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ❝✉r✈❡s α ❛♥❞ β ✭♦r✐❡♥t❡❞ s✉❝❤ t❤❛t
t❤❡ r❡s✉❧t✐♥❣ ❝✉r✈❡ ❤❛s ❛ ✇❡❧❧ ❞❡✜♥❡❞ ♦r✐❡♥t❛t✐♦♥✮ ✐♥t❡rs❡❝t t✇✐❝❡✳

✷ ❢♦r t❤❡ ❞❡❝❛❣♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✿

KVol(Xn) =
n

8 tan(π
n
)

❙tr❛t❡❣② ♦❢ ♣r♦♦❢✳ ❆❧t❤♦✉❣❤ st❛t❡❞ ✐♥ t❤❡ r❡✈❡rs❡❞ ♦r❞❡r✱ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡✲
♦r❡♠ ✶✳✶ r❡❧② ♦♥ ❚❤❡♦r❡♠ ✶✳✷✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❜♦t❤ ❚❤❡♦r❡♠ ✶✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✻
✉s❡s ❛ s✉❜❞✐✈✐s✐♦♥ ♠❡t❤♦❞ ❞❡✈❡❧♦♣♣❡❞ ✐♥ ❬✶❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞♦✉❜❧❡ n✲❣♦♥ ❢♦r
♦❞❞ n✱ ✇❤✐❝❤ ✇❡ ❡①t❡♥❞ t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥s ❢♦r ❡✈❡♥ n✿ ❣✐✈❡♥ t✇♦
s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s✱ ✇❡ ❝❛♥ ❡st✐♠❛t❡ s✐♠✉❧t❡♥❡♦✉s❧② t❤❡✐r ❧❡♥❣t❤s ❛♥❞ t❤❡✐r ✐♥t❡r✲
s❡❝t✐♦♥ ❜② s✉❜❞✐✈✐s✐♥❣ ❡❛❝❤ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ ✐♥t♦ s♠❛❧❧❡r ✇❡❧❧✲❝❤♦s❡♥ s❡❣♠❡♥ts✳

❚❤❡♥✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳✶ ❜② st✉❞②✐♥❣ ❤♦✇ t❤❡ r❛t✐♦ Int(α,β)
l(α)l(β)

✈❛r✐❡s ❛s t❤❡

s✉r❢❛❝❡ X ❛♥❞ t❤❡ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β ♠♦✈❡s ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ♠❛tr✐①
♦❢ SL2(R)✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❜♦t❤ ❚❤❡♦r❡♠ ✶✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✹ ✉s❡s t❤❡ ❢❛❝t t❤❛t
t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ❝②❧✐♥❞❡r ❞❡❝♦♠♣♦s✐t✐♦♥s ✉♣ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ SL2(R) ♦♥ ❡❛❝❤
s✉r❢❛❝❡ ♦❢ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳

❋✉rt❤❡r✱ ❛❧t❤♦✉❣❤ ❚❤❡♦r❡♠ ✶✳✶ ✐s s✐♠✐❧❛r t♦ ❚❤❡♦r❡♠ ✶✳✶ ♦❢ ❬✶❪ st❛t❡❞ ❢♦r t❤❡
❞♦✉❜❧❡ n✲❣♦♥ ✇❤❡♥ n ✐s ♦❞❞✱ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ ❑❱♦❧
♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ✐s ❛❝❤✐❡✈❡❞ ❛❧♦♥❣ ❛♥ ✐♥✜♥✐t❡ s❡t
♦❢ ❣❡♦❞❡s✐❝s ✐♥st❡❛❞ ♦❢ ❛ s✐♥❣❧❡ ❣❡♦❞❡s✐❝ ❢♦r t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ ❞♦✉❜❧❡
r❡❣✉❧❛r n✲❣♦♥✳ ❚❤✐s ❤❛s t♦ ❞♦ ✇✐t❤ t❤❡ ❢❛❝t t❤❛t t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❞♦✉❜❧❡ r❡❣✉❧❛r n✲❣♦♥ ❤❛s ❛ ♣❛✐r ♦❢ ✐♥t❡rs❡❝t✐♥❣ s②st♦❧❡s✱ ❣✐✈✐♥❣ ❛ ❜✐❣ ❑❱♦❧✱
✇❤✐❧❡ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s②st♦❧❡ ❢♦r t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡❣✉❧❛r
n✲❣♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s✉♣r❡♠✉♠ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❑❱♦❧ ♦♥ t❤❡ st❛✐r❝❛s❡
♠♦❞❡❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ✭n ≥ 8✱ n ≡ 0 mod 4✮ ✐s ❛❝❤✐❡✈❡❞ ✇❤❡♥
α ❛♥❞ β ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ s②st♦❧❡ ❛♥❞ t❤❡ s❡❝♦♥❞ s❤♦rt❡st ❝❧♦s❡❞ ❝✉r✈❡ ✭✇❤✐❝❤
✐s ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ s②st♦❧❡✱ s❡❡ ❋✐❣✉r❡ ✹✮✱ ❜✉t ✐t ✐s ❛❧s♦ r❡❛❧✐s❡❞ ❛s t❤❡ ❧✐♠✐t

✇❤❡♥ k ❣♦❡s t♦ ✐♥✜♥✐t② ♦❢ t❤❡ r❛t✐♦ Int(α,βk)
l(α)l(βk)

✱ ✇❤❡r❡ α ✐s t❤❡ s②st♦❧❡ ❛♥❞ βk ✐s ❛

s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ ✇✐♥❞✐♥❣ k t✐♠❡s ❛r♦✉♥❞ t❤❡ s♠❛❧❧❡st ✈❡rt✐❝❛❧ ❝②❧✐♥❞❡r ♦❢ Sn
✭❛♥❞ ❤❡♥❝❡ ✐♥t❡rs❡❝t✐♥❣ k + 1 t✐♠❡s α✱ ❝♦✉♥t✐♥❣ ♦♥❡ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✮✳
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❖r❣❛♥✐③❛t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r✳ ❲❡ r❡❝❛❧❧ ✐♥ ❙❡❝t✐♦♥ ✷ ✉s❡❢✉❧ r❡s✉❧ts ❛❜♦✉t
tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ❛♥❞ t❤❡✐r ❱❡❡❝❤ ❣r♦✉♣s✱ ❛♥❞ ✇❡ ❞❡s❝r✐❜❡ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❝♦♠♣✉t❡ ❡①♣❧✐❝✐t❧② ❑❱♦❧ ♦♥
t❤❡ r❡❣✉❧❛r n✲❣♦♥ ✉s✐♥❣ ❡❧❡♠❡♥t❛r② ❣❡♦♠❡tr②✱ s❤♦✇✐♥❣ ❜♦t❤ ❚❤❡♦r❡♠ ✶✳✷ ❛♥❞
❚❤❡♦r❡♠ ✶✳✻✳ ◆❡①t✱ ✇❡ ♣r♦✈✐❞❡ ✐♥ ❙❡❝t✐♦♥ ✹ ❦❡② ❡st✐♠❛t❡s t❤❛t ❛❧❧♦✇s t♦ ✉♥❞❡r✲
st❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ ❑❱♦❧ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦✳ ❯s✐♥❣ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❑❱♦❧
♦♥ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ✭n ≡ 0 mod 4✮✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳✶ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❋✐♥❛❧❧②✱
✇❡ s❤♦✇ t❤❡ ❜♦✉♥❞❡❞♥❡ss ❝r✐t❡r✐♦♥ ❢♦r ❑❱♦❧ ♦♥ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦s ✭❚❤❡♦r❡♠ ✶✳✺✮
✐♥ ❙❡❝t✐♦♥ ✻ ❛♥❞ ✇❡ ❛♣♣❧② t❤✐s ❝r✐t❡r✐♦♥ t♦ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ✭n ≡ 2 mod 4✮ ✐♥
♦r❞❡r t♦ ❞❡❞✉❝❡ ❚❤❡♦r❡♠ ✶✳✹✳
❆❝❦♦✇❧❡❞❣❡♠❡♥ts✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❊r✇❛♥ ▲❛♥♥❡❛✉ ❛♥❞ ❉❛♥✐❡❧ ▼❛ss❛rt

❢♦r t❤❡✐r ❝♦♥st❛♥t s✉♣♣♦rt ❛♥❞ ❢♦r ❡♥❧✐❣❤t❡♥✐♥❣ ❞✐s❝✉ss✐♦♥s✱ ❛s ✇❡❧❧ ❛s ❤❡❧♣❢✉❧
❝♦♠♠❡♥ts ♦♥ ♣r❡❧✐♠✐♥❛r② ✈❡rs✐♦♥s ♦❢ t❤✐s ❞♦❝✉♠❡♥t✳

✷✳ ❇❛❝❦❣r♦✉♥❞

✷✳✶✳ ❚r❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ❛♥❞ t❤❡✐r ❱❡❡❝❤ ❣r♦✉♣s✳ ❲❡ st❛rt ✇✐t❤ ❛ q✉✐❝❦
r❡✈✐❡✇ ♦❢ ✉s❡❢✉❧ ♥♦t✐♦♥s✳ ❲❡ ❡♥❝♦✉r❛❣❡ t❤❡ r❡❛❞❡r t♦ ❝❤❡❝❦ ♦✉t t❤❡ s✉r✈❡②s ❬✶✸❪✱
❬✶✶❪ ❛♥❞ ❬✹❪ ❢♦r ❛ ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ t♦ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✳
❆ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ (X,ω) ✐s ❛ r❡❛❧ ❝♦♠♣❛❝t ❣❡♥✉s g s✉r❢❛❝❡ X ✇✐t❤ ❛♥

❛t❧❛s ω s✉❝❤ t❤❛t ❛❧❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ tr❛♥s❧❛t✐♦♥s ❡①❝❡♣t ♦♥ ❛ ✜♥✐t❡ s❡t
♦❢ s✐♥❣✉❧❛r✐t✐❡s Σ✱ ❛❧♦♥❣ ✇✐t❤ ❛ ❞✐st✐♥❣✉✐s❤❡❞ ❞✐r❡❝t✐♦♥✳ ■♥ ❢❛❝t✱ ✐t ❝❛♥ ❛❧s♦ ❜❡
s❡❡♥ ❛s ❛ s✉r❢❛❝❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ✜♥✐t❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣♦❧②❣♦♥s ❡♠❜❡❞❞❡❞ ✐♥ C ❜②
❣❧✉✐♥❣ ♣❛✐rs ♦❢ ♣❛r❛❧❧❡❧ ♦♣♣♦s✐t❡ s✐❞❡s ❜② tr❛♥s❧❛t✐♦♥✳ ❚❤❡ r❡s✉❧t✐♥❣ s✉r❢❛❝❡ ❤❛s
❛ ✢❛t ♠❡tr✐❝ ❛♥❞ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♥✐❝❛❧ s✐♥❣✉❧❛r✐t✐❡s✳ ❲✐t❤ t❤✐s ❞❡s❝r✐♣t✐♦♥✱
t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❛s t❤❡ s♣❛❝❡ ♦❢ ❛❧❧
tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✉♣ t♦ ❝✉t ❛♥❞ ♣❛st❡✳
❚❤❡ ❛❝t✐♦♥ ♦❢ GL+

2 (R) ♦♥ ♣♦❧②❣♦♥s ✐♥❞✉❝❡s ❛♥ ❛❝t✐♦♥ ♦♥ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢
tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✳ ❚❤❡ ♦r❜✐t ♦❢ ❛ ❣✐✈❡♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ✐s ❝❛❧❧❡❞ ✐ts ❚❡✲
✐❝❤♠ü❧❧❡r ❞✐s❦ ❛♥❞ ✐ts st❛❜✐❧✐③❡r ✐s ❝❛❧❧❡❞ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ❛♥❞ ✐s ♦❢t❡♥ ❞❡♥♦t❡❞
SL(X)✳ ❲✳❆✳ ❱❡❡❝❤ s❤♦✇❡❞ ✐♥ ❬✾❪ t❤❛t t❤❡ ❧❛tt❡r ❛r❡ ❞✐s❝r❡t❡ s✉❜❣r♦✉♣s ♦❢
SL2(R)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ ❛ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ❝❛♥ ❜❡ ✐❞❡♥✲
t✐✜❡❞ ✇✐t❤ H2/SL(X)✳

✷✳✷✳ ❚❤❡ r❡❣✉❧❛r n✲❣♦♥ ❛♥❞ ✐ts st❛✐r❝❛s❡ ♠♦❞❡❧✳ ●✐✈❡♥ n ≥ 4 ❡✈❡♥✱ ♦♥❡ ❝❛♥
❝♦♥tr✉❝t ❛ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ❜② ✐❞❡♥t✐❢②✐♥❣ ♣❛r❛❧❧❡❧ ♦♣♣♦s✐t❡ s✐❞❡s ♦❢ ❛ r❡❣✉❧❛r
n✲❣♦♥✳ ■❢ n ≡ 0 mod 4 ✭❛♥❞ n ≥ 8✮✱ t❤❡ r❡s✉❧t✐♥❣ s✉r❢❛❝❡ ❤❛s ❛ s✐♥❣❧❡ s✐♥❣✉❧❛r✐t②✱
❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❡✈❡r② ❡❞❣❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝❧♦s❡❞ ❝✉r✈❡ ♦♥ t❤❡ s✉r❢❛❝❡✳ ❍♦✇✲
❡✈❡r✱ ✐❢ n ≡ 2 ♠♦❞ 4 ✭❛♥❞ n ≥ 10✮✱ t❤❡ r❡s✉❧t✐♥❣ s✉r❢❛❝❡ ❤❛s t✇♦ s✐♥❣✉❧❛r✐t✐❡s✱ s♦
t❤❛t s✐❞❡s ❛r❡ ♥♦ ❧♦♥❣❡r ❝❧♦s❡❞ ❝✉r✈❡s✳
❆s ❞❡s❝r✐❜❡❞ ✐♥ ❬✻❪ ❛♥❞ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡s ✸ ❛♥❞ ✹✱ t❤❡ r❡❣✉❧❛r n✲❣♦♥ Xn ❤❛s

❛ st❛✐r❝❛s❡ s❤❛♣❡❞ ♠♦❞❡❧ Sn ✐♥ ✐ts ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦✳
❲✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❋✐❣✉r❡ ✹✱ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ s✐❞❡s ❛r❡ ❣✐✈❡♥ ❜②✿
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(
sin(π

n
) − sin( (n/2−1)π

n
)

0 1

)

❈✉t ❛♥❞ ♣❛st❡

❋✐❣✉r❡ ✸✳ ❋r♦♠ t❤❡ r❡❣✉❧❛r ♦❝t❛❣♦♥ t♦ ✐ts st❛✐r❝❛s❡ ♠♦❞❡❧✳

α2

α1

β2

β1

α3

β3C3

C2

C1

α3

α2

β2

β1

α4

β3Z3

Z2

Z1

α1

❋✐❣✉r❡ ✹✳ ❚❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❡❣✉❧❛r n✲❣♦♥
❢♦r n = 12 ♦♥ t❤❡ ❧❡❢t ❛♥❞ n = 14 ♦♥ t❤❡ r✐❣❤t✳

l(αi) = sin(
(n/2− 2i+ 1)π

n
) ❛♥❞ l(βj) = sin(

(n/2− 2j + 2)π

n
)

❲❤❡r❡ i, j ∈ J1, n
4
K ❢♦r n ≡ 0 mod 4✱ ❛♥❞ i ∈ J1, n−2

4
+ 1K ✇❤✐❧❡ j ∈ J1, n−2

4
K

❢♦r n ≡ 2 mod 4✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♠♦❞✉❧✉s ♦❢ ❡❛❝❤ ✈❡rt✐❝❛❧ ❝②❧✐♥❞❡r Ci ✐s
Φ = 2 cos(π

n
) ❛s ✇❡❧❧ ❛s t❤❡ ♠♦❞✉❧✉s ♦❢ ❡❛❝❤ ❤♦r✐③♦♥t❛❧ ❝②❧✐♥❞❡r Zj✱ ❡①❝❡♣t t❤❡

❤♦r✐③♦♥t❛❧ ❝②❧✐♥❞❡r Z1 ✐❢ n ≡ 0 mod 4 ✭r❡s♣✳ t❤❡ ✈❡rt✐❝❛❧ ❝②❧✐♥❞❡r C1 ✐❢ n ≡ 2
mod 4✮ ❤❛✈✐♥❣ ❛ ♠♦❞✉❧✉s ♦❢ Φ/2✳



✽ ❏❯▲■❊◆ ❇❖❯▲❆◆●❊❘

■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ Γn ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❝♦♥t❛✐♥s

t❤❡ ❤♦r✐③♦♥t❛❧ t✇✐st TH =

(
1 Φ
0 1

)
❛♥❞ t❤❡ ✈❡rt✐❝❛❧ t✇✐st TV =

(
1 0
Φ 1

)
✳ ■♥

❢❛❝t✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬✾❪ t❤❛t Γn ✐s ❣❡♥❡r❛t❡❞ ❜② TH ❛♥❞ TV ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✱ ✐❞❡♥t✐✜❡❞ ✇✐t❤ H2/Γn ❤❛s ❛ ❢✉♥❞❛♠❡♥t❛❧
❞♦♠❛✐♥ Tn ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳

■t ✇✐❧❧ s♦♠❡t✐♠❡s ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ✐♥❝❧✉❞❡ ♦r✐❡♥t❛t✐♦♥✲r❡✈❡rs✐♥❣ ❡❧❡♠❡♥ts ✐♥

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✳ ❚❤❡ ♠❛tr✐① R =

(
1 0
0 −1

)
❣✐✈❡s ❛♥ ❛✣♥❡

♦r✐❡♥t❛t✐♦♥✲r❡✈❡rs✐♥❣ ❞✐✛❡♦♠♦r♣❤✐s♠ ♦❢ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧✱ ❛♥❞ ✐♥ ❢❛❝t TH , TV

❛♥❞ R ❣❡♥❡r❛t❡ t❤❡ ✧♥♦♥✲♦r✐❡♥t❡❞✧ ❱❡❡❝❤ ❣r♦✉♣✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② Γ±
n ✳

−1 1Φ
2

2
Φ

0

i

Sn

Xn

❋✐❣✉r❡ ✺✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ ♦❢ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ Xn✳

✸✳ ❑❱♦❧ ♦♥ t❤❡ r❡❣✉❧❛r n✲❣♦♥✱ n ≡ 0 mod 4✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ❡❧❡♠❡♥t❛r② ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷ ❛♥❞ ❚❤❡♦r❡♠
✶✳✻✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s t♦ s✉❜❞✐✈✐❞❡ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β ✐♥t♦
s♠❛❧❧❡r ✭♥♦♥✲❝❧♦s❡❞✮ s❡❣♠❡♥ts ✇❤❡r❡ ✇❡ ❝❛♥ ❝♦♥tr♦❧ ❜♦t❤ t❤❡ ❧❡♥❣t❤s ❛♥❞ t❤❡
✐♥t❡rs❡❝t✐♦♥s✳

●✐✈❡♥ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β✱ ✇❡ st❛rt ❜② ❞❡✜♥✐♥❣ ❛ ♥♦t✐♦♥ ♦❢ s❡❝t♦r ❢♦r
t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ α ✭r❡s♣✳ β✮ ✇❤✐❝❤ t❡❧❧s ❤♦✇ t♦ s✉❜❞✐✈✐❞❡ t❤❡ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ α
✭r❡s♣✳ β✮ ✐♥t♦ s❡❣♠❡♥ts ✭➓➓✸✳✶ ✫ ✸✳✷✮✳ ❚❤❡♥✱ ✇❡ st✉❞② t❤❡s❡ s❡❣♠❡♥ts s❡♣❛r❛t❡❧②
❛♥❞ s❤♦✇ t❤❛t t❤❡② ❛r❡ ❛❧❧ ❧♦♥❣❡r t❤❛♥ t❤❡ s✐❞❡ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ✭➓✸✳✷✮✳ ❋✐♥❛❧❧②✱
✇❡ st✉❞② t❤❡ ♣♦ss✐❜❧❡ ✐♥t❡rs❡❝t✐♦♥ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ s❡❣♠❡♥ts ✭➓✸✳✸✮✳ ❙❡tt✐♥❣ ❛s✐❞❡
t✇♦ ♣❛rt✐❝✉❧❛r ❝❛s❡s t❤❛t ❛r❡ st✉❞✐❡❞ s❡♣❛r❛t❡❧②✱ ❡❛❝❤ ♣❛✐r ♦❢ s❡❣♠❡♥ts (αi, βj)
✐♥t❡rs❡❝t ❛t ♠♦st ♦♥❝❡✱ ❣✐✈✐♥❣ t❤❡ ❞❡s✐r❡❞ r❛t✐♦✳ ❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ✐t r❡♠❛✐♥s
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t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣♦ss✐❜❧❡ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥s✳ ❚❤✐s ❝❛♥ ❜❡ ❛❝♦♠♣❧✐s❤❡❞
❜② ♣❛②✐♥❣ ❝❧♦s❡r ❛tt❡♥t✐♦♥ t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥s ❛♥❞ t❤❡ ❧❡♥❣t❤s✳

✸✳✶✳ ❙❡❝t♦rs ❛♥❞ s❡♣❛r❛tr✐① ❞✐❛❣r❛♠s✳ ❚❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❞✐❛❣♦♥❛❧s ♦❢ t❤❡
r❡❣✉❧❛r n✲❣♦♥ s✉❜❞✐✈✐❞❡ t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ ❞✐r❡❝t✐♦♥s ✐♥t♦ n s❡❝t♦rs ♦❢ ❛♥❣❧❡ π

n
✱

❛s ✐♥ ❋✐❣✉r❡ ✻ ❢♦r t❤❡ ♦❝t❛❣♦♥✳
■♥ ❡❛❝❤ s❡❝t♦r t❤❡r❡ ✐s ❛♥ ❛ss♦❝✐❛t❡❞ tr❛♥s✐t✐♦♥ ❞✐❛❣r❛♠ ✇❤✐❝❤ ❡♥❝♦❞❡s t❤❡

♣♦ss✐❜❧❡ s❡q✉❡♥❝❡ ♦❢ ✐♥t❡rs❡❝t✐♦♥s ♦❢ s✐❞❡s ❢♦r ❛ ❧✐♥❡ ✇❤♦s❡ ❞✐r❡❝t✐♦♥ ❧✐❡s ✐♥ t❤✐s
s❡❝t♦r✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ❣❡♦❞❡s✐❝ ✇✐t❤ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ s❡❝t♦r Σ0 ♦❢ ❋✐❣✉r❡ ✻ ❤❛s t♦
✐♥t❡rs❡❝t e2 ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ❡❛❝❤ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ e1 ✇❤✐❧❡ ✐t ❝❛♥ ✐♥t❡rs❡❝t ❡✐t❤❡r
e2 ♦r e3 ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r ❡❛❝❤ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ e0✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ s❡❝t♦r Σ0

❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✐t✐♦♥ ❞✐❛❣r❛♠✿

e1 ⇆ e2 ⇆ e0 ⇆ e3 ⟲

e3

e2

e1

e0

e1

e2

e3

Σ0

Σ1

Σ2
Σ3Σ4Σ5

Σ6

Σ7

Σ0 e2

e1
e0

e3

e2

e3

e0
e1

❋✐❣✉r❡ ✻✳ ❚❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❞✐❛❣♦♥❛❧s ♦❢ t❤❡ ♦❝t❛❣♦♥ ❞✐✈✐❞❡
t❤❡ s❡t ♦❢ ❞✐r❡❝t✐♦♥s ✐♥t♦ 8 s❡❝t♦rs✳ ❖♥ t❤❡ r✐❣❤t✱ ❞✐❛❣♦♥❛❧s ❝♦rr❡✲
s♣♦♥❞✐♥❣ t♦ t❤❡ s❡❝t♦r Σ0✳

■♥ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ✇❡ s❛② t❤❛t e1 ✐s s❛♥❞✇✐❝❤❡❞✳ ❚❤❡ s✐❞❡ e1 ❝❛♥ ♦♥❧② ❜❡
♣r❡❝❡❞❡❞ ❛♥❞ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ✭❛❞❥❛❝❡♥t✮ s✐❞❡ e2✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r ❛ ❣✐✈❡♥ s❡❝t♦r
Σ ♦♥ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ✇❡ ❤❛✈❡ ❛ s❡♣❛r❛tr✐① ❞✐❛❣r❛♠ ♦❢ t❤❡ ❢♦r♠

eσ(0) ⇆ eσ(1) ⇆ · · ·⇆ eσ(n/2−2) ⇆ eσ(n/2−1) ⟲

✇❤❡r❡ σ = σΣ ∈ Sn/2 ✐s ❛ ❣✐✈❡♥ ♣❡r♠✉t❛t✐♦♥✳ ❲❡ s❛② t❤❛t t❤❡ s✐❞❡ eσ(0) ✐s
s❛♥❞✇✐❝❤❡❞ ❜② t❤❡ s✐❞❡ eσ(1) ✐♥ s❡❝t♦r Σ✳ ◆♦t❡ t❤❛t ✐t ✐s s✉✣❝✐❡♥t t♦ ❦♥♦✇ σ(0)
❛♥❞ σ(1) t♦ t❡❧❧ t❤❡ s❡❝t♦r✱ ❛s t❤❡ s❡❝t♦r ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ s✐❞❡ eσ(0)
❛♥❞ t❤❡ ❞✐❛❣♦♥❛❧ eσ(0) + eσ(1)✳ ❙❡❡ ❬✼❪ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ tr❛♥s✐t✐♦♥ ❞✐❛❣r❛♠s
♦❢ r❡❣✉❧❛r n✲❣♦♥s✳
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✸✳✷✳ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s✉❜❞✐✈✐s✐♦♥✳ ▲❡t α ❜❡ ❛♥ ♦r✐❡♥t❡❞ s❛❞❞❧❡ ❝♦♥♥❡❝✲
t✐♦♥s ♦♥ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳ ❆ss✉♠❡ α ✐s ♥♦t ❛ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ n✲❣♦♥✱ s♦ t❤❛t ✐t
❤❛s ❛ ✇❡❧❧ ❞❡✜♥❡❞ s❡❝t♦r Σα ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ tr❛♥s✐t✐♦♥ ❞✐❛❣r❛♠ ❣✐✈❡♥ ❜②
t❤❡ ♣❡r♠✉t❛t✐♦♥ σα✳ ❲❡ ❝✉t α ❡❛❝❤ t✐♠❡ ✐t ✐♥t❡rs❡❝ts ❛ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s✐❞❡ ♦❢
t❤❡ n✲❣♦♥✳ ❚❤✐s ❣✐✈❡s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ♥♦♥✲❝❧♦s❡❞ s❡❣♠❡♥ts α = α1∪· · ·∪αk

✇❤❡r❡ ❡❛❝❤ s❡❣♠❡♥t ✐s ❡✐t❤❡r ✭s❡❡ ❋✐❣✉r❡ ✼✮✿

• ❆ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ✇❤✐❝❤ ❣♦❡s ❢r♦♠ ❛ s✐❞❡ ♦❢ t❤❡ n✲❣♦♥ t♦ ❛♥♦t❤❡r
♥♦♥✲❛❞❥❛❝❡♥t s✐❞❡ ♦❢ t❤❡ n✲❣♦♥✳
• ❆ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t✱ ✇✐t❤ ❡①tr❡♠✐t✐❡s ♦♥ t❤❡ s✐❞❡ e′ = eσα(1)✱ ✐♥t❡rs❡❝t✲
✐♥❣ t❤❡ s❛♥❞✇✐❝❤❡❞ s✐❞❡ e = eσα(0) ♦♥ ✐ts ✐♥t❡r✐♦r✳ ❙✉❝❤ s❡❣♠❡♥ts ❛r❡ ♠❛❞❡
♦❢ ♦♥❡ ♣✐❡❝❡ ❣♦✐♥❣ ❢r♦♠ e′ t♦ e ❛♥❞ ❛♥♦t❤❡r ♣✐❡❝❡ ❣♦✐♥❣ ❢r♦♠ e t♦ e′✳ ❲❡
s❛② t❤❛t s✉❝❤ ❛ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ❤❛s t②♣❡ e′ → e→ e′✳
• ❆♥ ✐♥✐t✐❛❧ ♦r t❡r♠✐♥❛❧ s❡❣♠❡♥t α1 ♦r αk✳ ❙✉❝❤ s❡❣♠❡♥ts ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥ts✳

■❢ α ✐s ❛ ❞✐❛❣♦♥❛❧ ♦r ❛ s✐❞❡ ♦❢ t❤❡ n✲❣♦♥✱ ✇❡ s❡t k = 1 ❛♥❞ α = α1✳

e1

e2

e1

e2 e0

e3

e0

e3

❋✐❣✉r❡ ✼✳ ❊①❛♠♣❧❡ ♦❢ ❛ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ✭✐♥ ❞❛s❤❡❞ r❡❞✮
❛♥❞ ❛ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ✭✐♥ ❜♦❧❞ ❣r❡❡♥✮✳ ❚❤❡ s❛♥❞✇✐❝❤❡❞ s❡❣✲
♠❡♥t ✐s ♦❢ t②♣❡ e2 → e1 → e2✳

❇② ❝♦♥str✉❝t✐♦♥✱ ✇❡ ❤❛✈❡✿

▲❡♠♠❛ ✸✳✶✳ ❋♦r ❡✈❡r② i✱ ✇❡ ❤❛✈❡ l(αi) ≥ l0 ❛♥❞ ❡q✉❛❧✐t② ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢
k = 1 ❛♥❞ α ✐s ❛ s✐❞❡ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳

Pr♦♦❢✳ ❆ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ❤❛s ❧❡♥❣t❤ ❛t ❧❡❛st l0 s✐♥❝❡ ❡❛❝❤ s❡❣♠❡♥t ❣♦✐♥❣
❢r♦♠ ❛ s✐❞❡ t♦ ❛♥♦t❤❡r ♥♦♥✲❛❞❥❛❝❡♥t s✐❞❡ ❤❛s ❧❡♥❣t❤ ❛t ❧❡❛st l0 ✐♥ t❤❡ r❡❣✉❧❛r
n✲❣♦♥✳
◆♦✇✱ t❛❦❡ ❛ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ❛♥❞ ❛ss✉♠❡ ✉♣ t♦ ❛ r♦t❛t✐♦♥ t❤❛t ✐t ✐s ♦❢ t②♣❡
e2 → e1 → e2✱ ❛s ✐♥ ❋✐❣✉r❡ ✼✳ ❙✐♥❝❡ ❛♥❣❧❡s ❜❡t✇❡❡♥ t❤❡ s✐❞❡s e1 ❛♥❞ e2 ❛r❡ ♦❜t✉s❡✱
t❤❡ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ❤❛s ❛ ❧❡♥❣t❤ ❜✐❣❣❡r t❤❛♥ t❤❡ ❧❡♥❣t❤ ♦❢ e1✱ t❤❛t ✐s l0✳ □
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✸✳✸✳ ❙t✉❞② ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ♣♦ss✐❜❧❡
✐♥t❡rs❡❝t✐♦♥s ❜❡t✇❡❡♥ t✇♦ ❞✐st✐♥❝t s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β✱ ❛♥❞ s❤♦✇✿

✭✹✮
|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20

✇❤❡r❡ |α ∩ β| ✐s t❤❡ ❝❛r❞✐♥❛❧ ♦❢ t❤❡ s❡t ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ✇✐t❤♦✉t ❝♦✉♥t✐♥❣
t❤❡ s✐♥❣✉❧❛r✐t✐❡s✳ ❚❤✐s s❡t ✐s ✜♥✐t❡ ❛s α ❛♥❞ β ❛r❡ ❞✐st✐♥❝t s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s✳

❆s ❜❡❢♦r❡✱ ✇❡ ❞❡❝♦♠♣♦s❡ ❜♦t❤ α = α1 ∪ · · · ∪ αk ❛♥❞ β = β1 ∪ · · · ∪ βl ✐♥t♦
s❛♥❞✇✐❝❤❡❞ ❛♥❞ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥ts✳ ❲❡ st❛rt ✇✐t❤ t❤❡ ❝❛s❡ ✇❤❡r❡ ❡✐t❤❡r
α ♦r β ❛r❡ s✐❞❡s ♦❢ t❤❡ n✲❣♦♥✳
■❢ α ✭r❡s♣✳ β✮ ✐s ❛ s✐❞❡ ♦❢ t❤❡ n✲❣♦♥✳ ■♥ t❤✐s ❝❛s❡✱ ♥♦t✐❝❡ t❤❛t✿

✭✶✮ ❇❡t✇❡❡♥ ❡❛❝❤ ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ α✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ s❛♥❞✲
✇✐❝❤❡❞ s❡❣♠❡♥t ♦r ♦♥❡ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ♦❢ β✱ ❣✐✈✐♥❣ ❛ ❧❡♥❣t❤
❣r❡❛t❡r t❤❛♥ l0✳

✭✷✮ ❋✉rt❤❡r✱ ❛❢t❡r t❤❡ ❧❛st ♥♦♥ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ α✱ t❤❡r❡ ✐s ❛ ❧❡❛st
♦♥❡ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t✱ ❣✐✈✐♥❣ ❛ ❧❡♥❣t❤ ❣r❡❛t❡r t❤❛♥ l0✳

✭✸✮ ■❢ t❤❡r❡ ❛r❡ ♥♦ ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ α✱ t❤❡♥ β ❤❛s ❧❡♥❣t❤ ❛t ❧❡❛st
l0 ❛♥②✇❛② ✭✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ β ✐s ❛♥♦t❤❡r s✐❞❡ ♦❢ t❤❡ r❡❣✉❧❛r
n✲❣♦♥✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ l(β) ≥ (|α ∩ β|+ 1)l0 ❛♥❞ ❤❡♥❝❡✿

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20

✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤ α ❛♥❞ β ❛r❡ s✐❞❡s ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳
❚❤❡ ♦t❤❡r ❝❛s❡s✳ ■♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t α ❛♥❞ β ❛r❡ ♥♦t

❜♦t❤ s✐❞❡s ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳ ❆s s✉❝❤✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ s❡❣♠❡♥t αi ♦❢ α ❢♦r
✇❤✐❝❤ t❤❡ ✐♥❡q✉❛❧t✐t② l(αi) > l0 ✐s str✐❝t✱ ❛♥❞ ❤❡♥❝❡ l(α)l(β) > kl · l20✳ ❋✉rt❤❡r✱
✉♣ t♦ ❛ s♠❛❧❧ ❞❡❢♦r♠❛t✐♦♥ ♦❢ α✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❡r❡ ❛r❡ ♥♦ ✐♥t❡rs❡❝t✐♦♥ ♦♥ t❤❡
s✐❞❡s ♦❢ t❤❡ n✲❣♦♥ ✭✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞♦ ✐t ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❡❛❝❤ αi str❛✐❣❤t ❛♥❞ ✐♥
t❤❡ s❛♠❡ s❡❝t♦r✮✳ ■♥ t❤✐s s❡tt✐♥❣✱ ❛❧❧ ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥s ❜❡t✇❡❡♥ α ❛♥❞ β
❝♦rr❡s♣♦♥❞ t♦ ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ s❡❣♠❡♥ts αi ❛♥❞ βj ❛♥❞ ✇❡ ❤❛✈❡✿

|α ∩ β| ≤
∑

i,j

|αi ∩ βj|

✇❤❡r❡ |αi ∩ βj| ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ❜❡t✇❡❡♥ t❤❡ ✭♥♦♥✲❝❧♦s❡❞✮
❝✉r✈❡s αi ❛♥❞ βj✳ ❚❤❡ ❧❛tt❡r q✉❛♥t✐t② ✐s ✜♥✐t❡ ❛s ❧♦♥❣ ❛s α ❛♥❞ β ❛r❡ ❛ss✉♠❡❞ t♦
❜❡ ❞✐st✐♥❝t✳ ◆♦t✐❝❡ t❤❛t ✐❢ n ≡ 0 mod 4✱ t❤❡r❡ ✐s ❛ s✐♥❣❧❡ s✐♥❣✉❧❛r✐t② s♦ t❤❛t α ❛♥❞
β ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② ❝❧♦s❡❞ ❝✉r✈❡s ❛♥❞ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡✐r ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥✱
❛♥❞ ❤❡♥❝❡✿

✭✺✮ Int(α, β) ≤ (
∑

i,j

|αi ∩ βj|) + 1
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✇❤❡r❡ t❤❡ ❛❞❞❡❞ +1 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦ss✐❜❧❡ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✳

◆♦✇✱ r❡♠❛r❦ t❤❛t ✐❢ ❜♦t❤ αi ❛♥❞ βj ❛r❡ ♥♦t s❛♥❞✇✐❝❤❡❞✱ t❤❡♥ |αi ∩ βj| ≤ 1✳
▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ❤❛✈❡✿

▲❡♠♠❛ ✸✳✷✳ ❋♦r ❛♥② i, j✱ |αi ∩ βj| ≤ 2✳ ❋✉rt❤❡r✱ t❤❡ ❝❛s❡ |αi ∩ βj| = 2 ✐s
♣♦ss✐❜❧❡ ♦♥❧② ✐❢✿

✭✐✮ ❊✐t❤❡r αi ✐s ❛ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ♦❢ t②♣❡ e′ → e → e′ ❛♥❞ βj ✐s ❛ s❛♥❞✲
✇✐❝❤❡❞ s❡❣♠❡♥t ♦❢ t②♣❡ e→ e′ → e✳

✭✐✐✮ ❖r✱ ✉♣ t♦ ♣❡r♠✉t❛t✐♦♥ ♦❢ α ❛♥❞ β✱ αi ✐s ❛ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ♦❢ t②♣❡
e′ → e → e′✱ ❛♥❞ βj ✐s ❛ ❧♦♥❣ s❡❣♠❡♥t✱ t❤❛t ✐s t❤❡ ❡♥❞♣♦✐♥ts ♦❢ βj ❧✐❡ ✐♥
eσβ(2m−1) ♦r eσβ(2m−2) ♦r ❛t t❤❡ t✇♦ ✈❡rt✐❝❡s ❝♦♥t❛✐♥❡❞ ✐♥ ❜♦t❤ eσβ(n/2−1)

❛♥❞ eσβ(n/2−2)✳ ❋✉rt❤❡r✱ {e, e′} = {eσβ(n/2−1), eσβ(n/2−2)}✳
❚❤❡s❡ t✇♦ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✽✳

αi

αi

βj

βj
e′

e

e

e′

αi

αi

βj

e′

e

e

e′

❋✐❣✉r❡ ✽✳ ❚❤❡ t✇♦ ❝❛s❡s ✇❤❡r❡ |αi ∩ βj| = 2✳

❘❡♠❛r❦ ✸✳✸✳ ◆♦t✐❝❡ t❤❛t t❤❡ t✇♦ ❝❛s❡s ❝❛♥♥♦t ❤❛♣♣❡♥ s✐♠✉❧t❛♥❡♦✉s❧② s✐♥❝❡ ✐♥
❝❛s❡ (i) ✇❡ ❤❛✈❡ {e, e′} = {eσβ(1), eσβ(0)} ✇❤✐❧❡ ✐♥ ❝❛s❡ (ii) ✇❡ ❤❛✈❡ {e, e′} =
{eσβ(n/2−1), eσβ(n/2−2)}✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✷✳ 1st ❝❛s❡✿ ❆ss✉♠❡ t❤❛t ❜♦t❤ αi ❛♥❞ βj ❛r❡ s❛♥❞✇✐❝❤❡❞ s❡❣✲
♠❡♥ts✳ ❚❤❡♥✱ t❤❡ st✉❞② ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥s ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s t❤❡ st✉❞② ♦❢
t❤❡ ✐♥t❡rs❡❝t✐♦♥s ♦❢ ♣❛✐rs ♦❢ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥ts ✐♥ t❤❡ ❞♦✉❜❧❡ n✲❣♦♥ ❢♦r ♦❞❞ n✱
s❡❡ ❬✶✱ ➓✻✳✸❪✳ ❯♣ t♦ ❛ r♦t❛t✐♦♥ ♦r ❛ s②♠♠❡tr②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ αi ✐s s❛♥❞✇✐❝❤❡❞ ♦❢
t②♣❡ e2 → e1 → e2✳
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■♥ ♣❛rt✐❝✉❧❛r✱ |αi ∩ βj| = 0 ✉♥❧❡ss βj ❤❛s ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡✿

(1) e0 → e1 → e0 (2) e1 → e0 → e1
(3) e1 → e2 → e1 (4) e2 → e1 → e2
(5) e2 → e3 → e2 (6) e3 → e2 → e3

✭❚❤✐s ✐s ❜❡❝❛✉s❡ αi ❛♥❞ βj ❤❛✈❡ t♦ s❤❛r❡ ❛t ❧❡❛st ❛ ❝♦♠♠♦♥ s✐❞❡ ♦❢ t❤❡ n✲❣♦♥ t♦
✐♥t❡rs❡❝t✮✳

❙✐♠✐❧❛r❧② t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞♦✉❜❧❡ n✲❣♦♥ ❢♦r ♦❞❞ n✱ ✇❡ ❝❛♥ s❤♦✇ ✭s❡❡ ❋✐❣✉r❡ ✾✮
t❤❛t ✐♥ ❛❧❧ ❝❛s❡s ❜✉t (3) ✇❡ ❤❛✈❡ |αi ∩ βj| ≤ 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝❛s❡ (3) ✐s t❤❡
♦♥❧② ❝❛s❡ ✇❤❡r❡ ✇❡ ♣♦ss✐❜❧② ❤❛✈❡ |αi ∩ βj| = 2 ✭❛s ✐♥ t❤❡ ❧❡❢t ♦❢ ❋✐❣✉r❡ ✽✮✳
2nd ❝❛s❡✿ ❯♣ t♦ ♣❡r♠✉t❛t✐♦♥ ♦❢ α ❛♥❞ β✱ αi ✐s s❛♥❞✇✐❝❤❡❞ ✭s❛② ♦❢ t②♣❡ e′ → e→
e′✮ ✇❤✐❧❡ βj ✐s ♥♦t✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ s❡❡ ❡❛s✐❧② t❤❛t βj ❤❛s t♦ ❜❡ ❛ ❧♦♥❣ s❡❣♠❡♥t
✇❤♦s❡ ❡①tr❡♠✐t✐❡s ❧✐❡ ♦♥ t❤❡ s✐❞❡s e ♦r e′ ✐♥ ♦r❞❡r t♦ ❣❡t t✇♦ ✐♥t❡rs❡❝t✐♦♥s✱ ❛s ✐♥
t❤❡ r✐❣❤t ♦❢ ❋✐❣✉r❡ ✽✳ □

■♥ ❧✐❣❤t ♦❢ ▲❡♠♠❛ ✸✳✷ ❛♥❞ ❘❡♠❛r❦ ✸✳✸✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤r❡❡ ♠✉t✉❛❧❧② ❡①❝❧✉s✐✈❡
❝❛s❡s✿

✭✵✮ ❚❤❡r❡ ✐s ♥♦ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t②♣❡ (i) ♦r (ii)✳
✭✐✮ ❚❤❡r❡ ❡①✐sts i, j s✉❝❤ t❤❛t αi ❛♥❞ βj ❛r❡ ✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t②♣❡ (i)✳
✭✐✐✮ ❚❤❡r❡ ❡①✐sts i, j s✉❝❤ t❤❛t αi ❛♥❞ βj ❛r❡ ✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t②♣❡ (ii)✳

❈❛s❡ (0)✿ ❚❤❡r❡ ✐s ♥♦ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t②♣❡ (i) ♦r (ii)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡

❞❡❞✉❝❡ ❢r♦♠ ❊q✉❛t✐♦♥ ✭✺✮ ❛♥❞ ▲❡♠♠❛ ✸✳✷ t❤❛t✿

✭✻✮ |α ∩ β| ≤ kl.

■♥ ♦r❞❡r t♦ ❣❡t ❊q✉❛t✐♦♥ ✭✹✮✱ ✇❡ ❡✐t❤❡r ✐♠♣r♦✈❡ t❤❡ ✐♥❡q✉❛❧✐t② ♦♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥s
✭❊q✉❛t✐♦♥ ✭✻✮✮ ♦r t❤❡ ✐♥❡q✉❛❧✐t② ♦♥ t❤❡ ❧❡♥❣t❤s l(α)l(β) > kl ·l20✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱
✇❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿

✭✶✮ ■❢ α ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝②❧✐♥❞❡r ❞❡✜♥❡❞ ❜② eσα(0), eσα(1) ❛s ✐♥ ❋✐❣✉r❡
✶✵ ✭✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ♦❝t❛❣♦♥✮✱ t❤❡♥ ✇❡ ❝❛♥ ✜♥❞ t✇♦ ❝♦♥s❡❝✉t✐✈❡ s❡❣✲
♠❡♥ts αi ❛♥❞ αi+1 ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝②❧✐♥❞❡r✳ ❆s ❡①♣❧❛✐♥❡❞
✐♥ ❋✐❣✉r❡ ✶✵✱ t❤❡ ❧❡♥❣t❤ l(αi) + l(αi+1) s❤♦✉❧❞ ❜❡ ❛t ❧❡❛st Φ2l0✳ ❙✐♥❝❡
Φ2 > 3✱ ✇❡ ❤❛✈❡ l(αi) + l(αi+1) > 3l0✱ s♦ t❤❛t l(α) > (k + 1)l0✱ ❛♥❞

l(α)l(β) > (kl + 1)l20.

❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✻✮ ✇❡ ❤❛✈❡ ❞✐r❡❝t❧② t❤❛t ❊q✉❛t✐♦♥ ✭✹✮ ❤♦❧❞s ✭t❤❡ ✐♥✲
❡q✉❛❧✐t② ❜❡✐♥❣ str✐❝t ✐♥ t❤✐s ❝❛s❡✮✳ ❇② s②♠♠❡tr②✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❤♦❧❞s
✐❢ β ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝②❧✐♥❞❡r ❞❡✜♥❡❞ ❜② eσβ(0), eσβ(1)✳

✭✷✮ ❖t❤❡r✇✐s❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t α ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝②❧✐♥❞❡r ❞❡✜♥❡❞ ❜②
eσα(0) ❛♥❞ eσα(1) ✇❤✐❧❡ β ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝②❧✐♥❞❡r ❞❡✜♥❡❞ ❜② eσβ(0) ❛♥❞
eσβ(1)✳ ■♥ t❤✐s ❝❛s❡✱ ✉♥❧❡ss β ✐s ❛ ❞✐❛❣♦♥❛❧✱ ✇❡ s❡❡ t❤❛t α1 ❝❛♥♥♦t ✐♥t❡rs❡❝t
❜♦t❤ β1 ✭✇❤✐❝❤ ❧✐❡s ✐♥ ❛ r❡❣✐♦♥ S0 ❛s ✐♥ ❋✐❣✉r❡ ✶✶✮ ❛♥❞ βl ✭✇❤✐❝❤ ❧✐❡ ✐♥ ❛
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· · ·

· · ·

e2
e1

e0

e0

e3

e2

e3

αi

(1) e0 → e1 → e0

βj

· · ·

· · ·

e2
e1

e0

e0

e3

e2

e3

αi

(2) e1 → e0 → e1

βj

· · ·

· · ·

e2
e1

e0

e0

e3

e2

e3

αi

(3) e1 → e2 → e1

βj

· · ·

· · ·

e2
e1

e0

e0

e3

e2

e3

αi

(4) e2 → e1 → e2

βj

· · ·

· · ·

e2
e1

e0

e0

e3

e2

e3

αi

(5) e2 → e3 → e2

βj

· · ·

· · ·

e2
e1

e0

e0

e3

e2

e3

αi

(6) e3 → e2 → e3

βj

❋✐❣✉r❡ ✾✳ ❚❤❡ s✐① ❝❛s❡s ✐♥ ▲❡♠♠❛ ✸✳✷✱ (i)✳
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Φ2l0 > 3l0

e0

e1
αi+1

αi

❋✐❣✉r❡ ✶✵✳ ■❢ α ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝②❧✐♥❞❡r ❞❡✜♥❡❞ ❜② e0
❛♥❞ e1✱ t❤❡♥ t❤❡r❡ ❛r❡ t✇♦ ❝♦♥s❡❝✉t✐✈❡ s❡❣♠❡♥ts αi ❛♥❞ αi+1 ✇✐t❤
l(αi) + l(αi+1) > 3l0✳

s②♠♠❡tr✐❝ r❡❣✐♦♥ S1✮✱ s♦ t❤❛t

|α ∩ β| ≤ kl − 1.

■♥ ♣❛rt✐❝✉❧❛r |α ∩ β|+ 1 ≤ kl ❛♥❞ ✉s✐♥❣ t❤❛t l(α)l(β) > kl · l20✱ ✇❡ ❞❡❞✉❝❡
t❤❛t ❊q✉❛t✐♦♥ ✭✹✮ ❤♦❧❞s ✭❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t② ✐s str✐❝t ✐♥ t❤✐s ❝❛s❡✮✳

✭✸✮ ❋✐♥❛❧❧②✱ ✐❢ ❜♦t❤ α ❛♥❞ β ❛r❡ ❞✐❛❣♦♥❛❧s✱ ✇❡ ❤❛✈❡ l(α), l(β) ≥ Φl0 ❛♥❞
❤❡♥❝❡ l(α)l(β) ≥ Φ2l20 > 2l20✱ s♦ t❤❛t ❊q✉❛t✐♦♥ ✭✹✮ ❤♦❧❞s ❛s ✇❡❧❧ ❛♥❞ t❤❡
✐♥❡q✉❛❧✐t② ✐s str✐❝t✳

■t r❡♠❛✐♥s t♦ ✐♥✈❡st✐❣❛t❡ ❝❛s❡s (i) ❛♥❞ (ii)✳
❈❛s❡ (i)✿ ∃i, j✱ αi ❛♥❞ βj ❛r❡ ✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t②♣❡ (i)✱ t❤❛t ✐s αi ✐s

❛ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ♦❢ t②♣❡ e′ → e → e′ ❛♥❞ βj ✐s ❛ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t ♦❢
t②♣❡ e → e′ → e✳ ❚❤✐s ❝❛s❡ ❝♦rr❡s♣♦♥❞s t♦ ❝❛s❡ (3) ♦❢ ❬✶✱ ➓✻✳✸❪✳ ❙✐♠✐❧❛r❧②✱ ✇❡
❝♦♥s✐❞❡r t❤❡ ♠❛①✐♠❛❧ s❡q✉❡♥❝❡ ♦❢ s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥ts αi0 ∪ · · · ∪ αi0+p ✭r❡s♣✳
βj0 ∪ · · · ∪ βj0+q✮ ❝♦♥t❛✐♥✐♥❣ αi ✭r❡s♣✳ βj✮✱ ✇❤✐❝❤ ✐s ♠❛①✐♠❛❧ ✐♥ t❤❡ s❡♥s❡ t❤❛t
❜♦t❤ αi0−1 ❛♥❞ αi0+p+1 ✭r❡s♣✳ βj0−1 ❛♥❞ βj0+q+1✮ ❛r❡ ♥♦♥✲s❛♥❞✇✐❝❤❡❞✱ ❛♥❞ ✇❡ ❝❛♥
s❤♦✇✿

▲❡♠♠❛ ✸✳✹✳ αi0 ∪ · · · ∪ αi0+p ∪ αi0+p+1 ❛♥❞ βj0 ∪ · · · ∪ βj0+q ∪ βj0+q+1 ✐♥t❡rs❡❝t
❛t ♠♦st (p+ 3)(q + 2) t✐♠❡s ✇❤✐❧❡ t❤❡r❡ ❛r❡ (p+ 3)(q + 3) ♣❛✐rs ♦❢ s❡❣♠❡♥ts✳

■♥ ♣❛rt✐❝✉❧❛r✱ s✉♠♠✐♥❣ t❤❡ ✐♥t❡rs❡❝t✐♦♥s ♦❢ ♣❛✐rs ♦❢ ♠❛①✐♠❛❧ s❡q✉❡♥❝❡s ♦❢ s❛♥❞✲
✇✐❝❤❡❞ s❡❣♠❡♥ts ❛♥❞ ✐♥t❡rs❡❝t✐♦♥s ♦❢ ♣❛✐rs ♦❢ s❡❣♠❡♥ts ✇❤✐❝❤ ❛r❡ ♥♦t ❛❧r❡❛❞②
❝♦✉♥t❡❞ ✐♥ s✉❝❤ ♠❛①✐♠❛❧ s❡q✉❡♥❝❡s ✭❛♥❞ ❛s s✉❝❤ ✐♥t❡rs❡❝t ❛t ♠♦st ♦♥❝❡✮✱ ✇❡ ❣❡t✿

∑

i,j

|αi ∩ βj| < kl
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α1

S0

S1

❋✐❣✉r❡ ✶✶✳ ■♥ ❝❛s❡ ✷✱ α1 ❝❛♥♥♦t ✐♥t❡rs❡❝t ❜♦t❤ β1 ✭✇❤✐❝❤ ❧✐❡s ✐♥
❛ r❡❣✐♦♥ S0✮ ❛♥❞ βl ✭✇❤✐❝❤ ❧✐❡s ✐♥ t❤❡ s②♠❡tr✐❝ r❡❣✐♦♥ S1✮✳ ■♥ t❤✐s
❡①❛♠♣❧❡ β ❤❛s ❞✐r❡❝t✐♦♥ ✐♥ Σ2✳

α

β

❋✐❣✉r❡ ✶✷✳ ❊①❡♠♣❧❡ ♦❢ ♠❛①✐♠❛❧ s❡q✉❡♥❝❡s ♦❢ s❛♥❞✇✐❝❤❡❞ s❡❣✲
♠❡♥ts✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ p = 1 ❛♥❞ q = 1✳ ❚❤❡r❡ ❛r❡ 5 ✐♥t❡rs❡❝t✐♦♥s✳

s♦ t❤❛t |α ∩ β|+ 1 ≤ kl ❛♥❞
|α ∩ β|+ 1

l(α)l(β)
<

1

l20
✱ ❛s r❡q✉✐r❡❞✳

❈❛s❡ (ii)✿ ∃i, j✱ αi ❛♥❞ βj ❛r❡ ✐♥ ❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t②♣❡ (ii)✳ ■♥ t❤✐s ❝❛s❡✱
✇❡ ❝♦✉♥t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ α ✇✐t❤ t❤❡ ♠❛①✐♠❛❧ s❡q✉❡♥❝❡ ♦❢ ♥♦♥✲❛❞❥❛❝❡♥t s❡❣✲
♠❡♥ts βj ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❜✐❣ ❝②❧✐♥❞❡r s♣❛♥♥❡❞ ❜② eσβ(n/2−1) ❛♥❞ eσβ(n/2−2)✳ ❊①✲
❛♠♣❧❡s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✸ ❛♥❞ ❋✐❣✉r❡ ✶✹ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♦❝t❛❣♦♥✳
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❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿ ♦♥❡ ✇❤❡r❡ ✇❡ ❝❛♥ ❣❡t ❛ ❜❡tt❡r ❡st✐♠❛t✐♦♥ ♦❢ t❤❡
❧❡♥❣t❤ ♦❢ β ✇❤✐❧❡ ✐♥ t❤❡ ♦t❤❡r ✇❡ ❝❛♥ ❣❡t ❛ ❜❡tt❡r ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢
✐♥t❡rs❡❝t✐♦♥s ❜❡t✇❡❡♥ α ❛♥❞ β✳

✭✶✮ ■❢ β ❝♦♥t❛✐♥s ♦♥❧② ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥ts ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❜✐❣ ❝②❧✐♥❞❡r✱
t❤❡♥ ✐♥ ♣❛rt✐❝✉❧❛r β st❛rt ❛♥❞ ❡♥❞ ❛t t❤❡ ✈❡rt✐❝❡s ✇❤✐❝❤ ❛r❡ t❤❡ ❝♦♠♠♦♥
❡♥❞♣♦✐♥ts t♦ t❤❡ s✐❞❡s ♦❢ ❧❛❜❡❧ eσβ(n/2−1) ❛♥❞ eσβ(n/2−2)✱ s❡❡ ❋✐❣✉r❡ ✶✸✮✳ ■♥
t❤✐s ❝❛s❡✱ β = β1∪· · ·∪βl ❝♦✉❧❞ ❤❛✈❡ l+1 ✐♥t❡rs❡❝t✐♦♥s ✇✐t❤ αi ✭✐♥st❡❛❞ ♦❢
l✮✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❝♦♠♣❡♥s❛t❡ ✇✐t❤ ❛ ❜❡tt❡r ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤s✳
❆ ❝♦♥✈❡♥✐❡♥t ✇❛② t♦ ❡st✐♠❛t❡ t❤❡ ❧❡♥❣t❤ ✐s t♦ ✉♥❢♦❧❞ t❤❡ ❜✐❣ ❝②❧✐♥❞❡r ❛s
✐♥ ❋✐❣✉r❡ ✶✸ ❛♥❞ ❣❡t✿
• ■❢ l ✐s ♦❞❞✱ t❤❡♥ l(β) ≥ ( l+1

2
Φ2 − 1)l0✳

• ■❢ l ✐s ❡✈❡♥✱ t❤❡♥ l(β) ≥ l
2
Φ2l0✳

❍❡♥❝❡✱ ✐♥ ❜♦t❤ ❝❛s❡s✱ ✇❡ ❤❛✈❡
|αi ∩ β|
l(αi)l(β)

<
1

l20
✳ ❋✉rt❤❡r✱ t❤❡ s❛♠❡ ❤♦❧❞s

✐❢ αi ✐s ❛ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥t✿ ✐♥ t❤✐s ❝❛s❡ αi ✐♥t❡rs❡❝t β ❛t ♠♦st l

t✐♠❡s✱ s♦ t❤❛t
|αi ∩ β|+ 1

l(αi)l(β)
<

1

l20
✳ ❙✐♥❝❡ α1 ✐s ♥♦♥✲s❛♥❞✇✐❝❤❡❞✱ t❤✐s ❛❧❧♦✇s

t♦ ❝♦✉♥t t❤❡ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✱ s♦ t❤❛t✿

(
∑

i |αi ∩ β|) + 1

(
∑

i l(αi))l(β)
<

1

l20
.

❆s r❡q✉✐r❡❞✳
✭✷✮ ❊❧s❡✱ t❤❡ ♠❛①✐♠❛❧ s❡q✉❡♥❝❡ B = βj0 ∪ · · · ∪ βj0+p−1 ♦❢ ♥♦♥✲s❛♥❞✇✐❝❤❡❞

s❡❣♠❡♥ts ✐♥ t❤❡ ❜✐❣ ❝②❧✐♥❞❡r ❝♦♥t❛✐♥✐♥❣ βj ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ❜✐❣ ❝②❧✐♥❞❡r✱
❛s ✐♥ ❋✐❣✉r❡ ✶✹✳ ■♥ t❤✐s ❝❛s❡✱ ❣✐✈❡♥ t❤❛t p ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲s❛♥❞✇✐❝❤❡❞
s❡❣♠❡♥ts ✐♥ t❤❡ ♠❛①✐♠❛❧ s❡q✉❡♥❝❡✱ t❤❡r❡ ❛r❡ ❛t ♠♦st
• p ✐♥t❡rs❡❝t✐♦♥s✱ ✐❢ β ❡✐t❤❡r st❛rt ♦r ❡♥❞ ❛t t❤❡ ❝❡♥tr❛❧ s✐♥❣✉❧❛r✐t②✳ ❚❤❛t
✐s ✇❡ ❝❛♥ ❛ss✉♠❡ ✉♣ t♦ ❝❤❛♥❣✐♥❣ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ β t❤❛t t❤❡ ♠❛①✐♠❛❧
s❡q✉❡♥❝❡ ♦❢ ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥ts ❝♦♥t❛✐♥✐♥❣ βj ✐s β1 ∪ · · · ∪ βp✱
❛♥❞ ❤❡♥❝❡ ✇❡ ❤❛✈❡

|αi ∩ B|
l(αi)l(B)

<
p

pl20
=

1

l20
.

❋✉rt❤❡r✱ ✉s✐♥❣ t❤❛t ✐♥ t❤✐s ❝❛s❡✱ l(β1) ≥ (Φ2 − 1)l0 > 2l0✱ ✇❡ ❞❡❞✉❝❡
t❤❛t ✐♥ ❢❛❝t l(B) = l(β1) + · · ·+ l(βp) > 2l0 + (p− 1)l0 = (p+1)l0✱ s♦
t❤❛t

|αi ∩ B|+ 1

l(α1)l(B)
<

p+ 1

(p+ 1)l20
=

1

l20
.

❙✉♠♠✐♥❣ ❛❧❧ ✐♥t❡rs❡❝t✐♦♥s ♦❢ t❤✐s ❦✐♥❞ ✇✐t❤ t❤❡ ♦t❤❡r ✐♥t❡rs❡❝t✐♦♥s✱

✇❡ ✜♥❛❧❧② ❣❡t
Int(α, β)

l(α)l(β)
<

1

l20
❛s r❡q✉✐r❡❞✳
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• (p − 1) ✐♥t❡rs❡❝t✐♦♥s✱ ✐❢ β ❞♦❡s ♥♦t st❛rt ❛♥❞ ❞♦❡s ♥♦t ❡♥❞ ❛t t❤❡
❝❡♥tr❛❧ s✐♥❣✉❧❛r✐t②✱ s♦ t❤❛t

|αi ∩B|+ 1

l(αi)l(B)
<

(p− 1) + 1

pl20
=

1

l20
.

❙✐♠✐❧❛r❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
Int(α, β)

l(α)l(β)
<

1

l20
❛s r❡q✉✐r❡❞✳

αi

αi

β

l ≥ Φl0

l ≥ (Φ2 − 1)l0

❋✐❣✉r❡ ✶✸✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❝✉r✈❡ β st❛②s ✐♥ t❤❡ ❜✐❣ ❝②❧✐♥❞❡r✱
t❤❡r❡ ❝♦✉❧❞ ❜❡ ♦♥❡ ✐♥t❡rs❡❝t✐♦♥ ♠♦r❡ ✭❤❡r❡ 5✮ t❤❛♥ ♥♦♥ s❛♥❞✇✐❝❤❡❞
s❡❣♠❡♥ts ✐♥ β ✭❤❡r❡ 4✮✳ ❍♦✇❡✈❡r✱ ✉♥❢♦❧❞✐♥❣ t❤❡ tr❛❥❡❝t♦r② ♦❢ t❤❡
❝✉r✈❡ β ❛❧❧♦✇s t♦ ❡st✐♠❛t❡ ♣r❡❝✐s❡❧② ✐ts ❧❡♥❣t❤✱ ❣✐✈❡♥ t❤❡ ❧❡♥❣t❤s ♦❢
t❤❡ ❧♦♥❣ ❞✐❛❣♦♥❛❧s ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✉s✐♥❣ Φ✳

✸✳✹✳ ❈♦♥❝❧✉s✐♦♥✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❢♦r ❛♥② t✇♦ ❞✐st✐♥❝t s❛❞❞❧❡
❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β✱ ✇❡ ❤❛✈❡

✭4✮
|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20

❛♥❞ ❡q✉❛❧✐t② ♦❝❝✉rs ✐❢ ❛♥❞ ♦♥❧② ✐❢ α ❛♥❞ β ❛r❡ s✐❞❡s ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳
◆♦✇✱ ❛♥② ❝❧♦s❡❞ ❝✉r✈❡ η ✭r❡s♣✳ ξ✮ ♦♥ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ✐s ❤♦♠♦❧♦❣♦✉s t♦ ❛

✉♥✐♦♥ ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s η = η1∪ · · ·∪ ηk ✭r❡s♣✳ ξ = ξ1∪ · · ·∪ ξl)✳ ■♥ t❤✐s ❝❛s❡✱
✇❡ ❤❛✈❡

Int(η, ξ) ≤ (
∑

i,j

|ηi ∩ ξj|) + s
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❋✐❣✉r❡ ✶✹✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❝✉r✈❡ β ❧❡❛✈❡s t❤❡ ❜✐❣ ❝②❧✐♥❞❡r✱
t❤❡r❡ ❛r❡ ❛t ♠♦st ❛s ♠❛♥② ♥♦♥✲s❛♥❞✇✐❝❤❡❞ s❡❣♠❡♥ts ❛s ✐♥t❡rs❡❝✲
t✐♦♥s ✇✐t❤ t❤❡ s❡❣♠❡♥t αi✳

✇❤❡r❡ s ✐s t❤❡ ♥✉♠❜❡r s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✇❡
s❡t |ηi ∩ ξj| = 0 ✐❢ ηi = ξj✳ ❋✉rt❤❡r✱ ✇❡ ❝❛♥ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②
t❤❛t η ❛♥❞ ξ ❛r❡ s✐♠♣❧❡ ❝❧♦s❡❞ ❝✉r✈❡s ✭s❡❡ ▲❡♠♠❛ ✸✳✶ ♦❢ ❬✺❪✮ s♦ t❤❛t t❤❡r❡ ❛r❡
♥♦ ♠✉❧t✐♣❧❡ ✐♥t❡rs❡❝t✐♦♥s ❛t t❤❡ s✐♥❣✉❧❛r✐t✐❡s✱ ❛♥❞ ❤❡♥❝❡ s ≤ min(k, l)✳ ❋✉rt❤❡r✱
s ≤ 1 ❢♦r n ≡ 0 mod 4 ❛♥❞ s ≤ 2 ❢♦r n ≡ 2 mod 4✳ ❯s✐♥❣ ❊q✉❛t✐♦♥ ✭4✮✱ ✇❡ ❣❡t✿

Int(η, ξ) ≤ (
∑

i,j

l(ηi)l(ξj))×
1

l20
+ s− kl =

l(η)l(ξ)

l20
+ s− kl

✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡❛❝❤ ηi ✭r❡s♣✳ ξj✮ ✐s ❛ s✐❞❡ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳ ■♥
♣❛rt✐❝✉❧❛r✿

• ❋♦r n ≡ 0 mod 4✱ s ≤ 1 ❛♥❞ ✇❡ ❣❡t ❞✐r❡❝t❧② ❚❤❡♦r❡♠ ✶✳✷✱ ❜② ♥♦t✐❝✐♥❣ t❤❛t
❞✐st✐♥❝t s✐❞❡s ♦❢ t❤❡ n✲❣♦♥ ❛r❡ ✐♥❞❡❡❞ ✐♥t❡rs❡❝t✐♥❣ ♦♥❝❡ ❛t t❤❡ s✐♥❣✉❧❛r✐t②✳
• ❋♦r n ≡ 2 mod 4✱ ✐❢ s ≤ 1 t❤❡♥ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ηi ✭♦r ξj✮ ✐s ♥♦t ❛ s✐❞❡
♦❢ t❤❡ n✲❣♦♥ s♦ t❤❛t l(ηi) > l0 ✭♦r l(ξj) > l0✮ ❛♥❞

Int(η, ξ) <
l(η)l(ξ)

l20
❊❧s❡✱ ✐❢ s = 2 t❤❡♥ k, l ≥ 2 s♦ t❤❛t kl ≥ 4 ❛♥❞

Int(η, ξ) ≤ l(η)l(ξ)

l20
− 2 <

l(η)l(ξ)

l20
❚❤✐s ❣✐✈❡s ❚❤❡♦r❡♠ ✶✳✻✳

✹✳ ❑❱♦❧ ❛s ❛ s✉♣r❡♠✉♠ ♦✈❡r ♣❛✐rs ♦❢ ❞✐r❡❝t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①t❡♥❞ t❤❡ st✉❞② ♦❢ ❑❱♦❧ ❛s ❛ ❢✉♥❝t✐♦♥ ♦✈❡r t❤❡ ❚❡✐❝❤♠ü❧❧❡r
❞✐s❦✳ ❲❡ ❛ss✉♠❡ n ≡ 0 mod 4 s♦ t❤❛t Xn ❤❛s ❛ s✐♥❣❧❡ s✐♥❣✉❧❛r✐t② ✭❛s ✇❡❧❧ ❛s ❛❧❧
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t❤❡ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✐♥ ✐ts ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦✮✳ ❚❤❡ st✉❞② ❢♦❧❧♦✇s t❤❡ ♠❡t❤♦❞
♦❢ ❬✶❪✱ ❜✉t t❤❡ ❝❛s❡ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥ r❡q✉✐r❡s ♠♦r❡ ♣r❡❝✐s❡ ❡st✐♠❛t❡s✳
❲❡ ✜rst ❣✐✈❡ ❛ ❝♦♥s✐st❡♥t ♥❛♠❡ ❢♦r s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛s t❤❡ s✉r❢❛❝❡ ✈❛r✐❡s ✐♥

t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦✱ ❛s ✇❡❧❧ ❛s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ s✉❝❤ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s✳ ❚❤✐s ✐s
❞♦♥❡ ✐♥ ➓✹✳✶ ❜② ❝❤♦♦s✐♥❣ ❛ ❜❛s❡ s✉r❢❛❝❡ ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦✱ ♥❛♠❡❧② Sn✱ t❤❡
st❛✐r❝❛s❡ ♠♦❞❡❧✳ ◆❡①t✱ ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s ✇❡ ❞❡✜♥❡ ❛
q✉❛♥t✐t② K(d, d′) ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❜❛s❡ s✉r❢❛❝❡ Sn✱ ❛♥❞ ❛❧❧♦✇s ❢♦r
❛ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❡①♣r❡ss✐♦♥ ♦❢ ❑❱♦❧ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✹✮✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈✐❞❡
✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✼ ♣r❡❝✐s❡ ❡st✐♠❛t❡s ♦♥ K(d, d′)✳ ❚❤❡s❡ ❡st✐♠❛t❡s ❛r❡ ♦♥❡ ♦❢ t❤❡
♠❛✐♥ ✐♥❣r❡❞✐❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✱ ❛♥❞ t❤❡② ❞✐✛❡r ❢r♦♠ t❤❡ ❝❛s❡ ♦❢
t❤❡ ❞♦✉❜❧❡ n✲❣♦♥✳

✹✳✶✳ ❉✐r❡❝t✐♦♥s ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦✳ ❋♦❧❧♦✇✐♥❣ ❬✶✱ ➓✹❪✱ ✇❡ ❝♦♥s✐❞❡r t❤❡
♣❧❛♥❡ t❡♠♣❧❛t❡ ♦❢ Sn ❛s ♦✉r ❜❛s❡ s✉r❢❛❝❡ ❛♥❞ ❞❡✜♥❡ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❛ s❛❞❞❧❡
❝♦♥♥❡❝t✐♦♥ α ✐♥ X = M · Sn ❛s t❤❡ ❞✐r❡❝t✐♦♥ ✭✐♥ RP 1✮ ♦❢ t❤❡ ♣r❡✐♠❛❣❡ s❛❞❞❧❡
❝♦♥♥❡❝t✐♦♥ M−1 · α ✐♥ Sn ✐t ❝♦rr❡s♣♦♥❞s t♦✳ ▼♦r❡ ♣r❡❝✐s❡❧②✿

❉❡✜♥✐t✐♦♥ ✹✳✶✳ ❋♦r d ∈ RP 1✱ ✇❡ s❛② t❤❛t ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ ✐♥ Sn ❤❛s ❞✐r❡❝t✐♦♥
d ✐❢ ✐t ❤❛s ❞✐r❡❝t✐♦♥ d ✐♥ t❤❡ ♣❧❛♥❡ t❡♠♣❧❛t❡ ♦❢ ❋✐❣✉r❡ ✶✺✳ ❋♦r M ∈ GL+

2 (R) ✇❡
s❛② t❤❛t ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ α ✐♥ M · Sn ❤❛s ❞✐r❡❝t✐♦♥ d ✐❢ M−1 · α ❤❛s ❞✐r❡❝t✐♦♥
d ✐♥ Sn✳
❚❤✐s ✐s ❛ ❜✐t ❝♦✉♥t❡r✲✐♥t✉✐t✐✈❡ ❜❡❝❛✉s❡ α ♠❛② ♥♦t ❤❛✈❡ ❞✐r❡❝t✐♦♥ d ✐♥ ❛ ♣❧❛♥❡

t❡♠♣❧❛t❡ ❢♦r M ·Sn✱ ❜✉t ✐t ❛❧❧♦✇s ❢♦r ❛ ❝♦♥s✐st❡♥t ❝❤♦✐❝❡ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❞✐r❡❝t✐♦♥
❛❧♦♥❣ t❤❡ ❚❡✐❝❤♠ü❧❧❡r s♣❛❝❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡✿

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❬✶✱ ➓✹❪ ❯s✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s

d = [x : y] ∈ RP 1 7→ −x

y
∈ R ∪ {∞} ≡ ∂H2

❛♥❞ ❢♦r M =

(
a b
c d

)
∈ SL2(R)

M · Sn ∈ Tn 7→
di+ b

ci+ a
∈ H2,

t❤❡ ❧♦❝✉s ♦❢ s✉r❢❛❝❡s ✐♥ Tn ✇❤❡r❡ t❤❡ ❞✐r❡❝t✐♦♥s d ❛♥❞ d′ ♠❛❦❡ ❛♥ ✭✉♥♦r✐❡♥t❡❞✮
❛♥❣❧❡ θ ∈]0, π

2
] ✐s t❤❡ ❜❛♥❛♥❛ ♥❡✐❣❤❜♦r♦♦❞

γd,d′,r = {z ∈ H2 : distH2(z, γd,d′) = r}

✇❤❡r❡ cosh r =
1

sin θ
✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧♦❝✉s ♦❢ s✉r❢❛❝❡s ✐♥ Tn ✇❤❡r❡ t❤❡ ❞✐r❡❝t✐♦♥s d ❛♥❞ d′ ❛r❡ ♦r✲
t❤♦❣♦♥❛❧ ✐s t❤❡ ❤②♣❡r❜♦❧✐❝ ❣❡♦❞❡s✐❝ ✇✐t❤ ❡♥❞♣♦✐♥ts d ❛♥❞ d′✳
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■♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣

◆♦t❛t✐♦♥ ✹✳✸✳ ●✐✈❡♥ X = M · Sn ∈ Tn✱ ❛♥❞ d, d′ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s✱ ✇❡
❞❡✜♥❡ θ(X, d, d′) ∈]0, π

2
] ❛s t❤❡ ✭✉♥♦r✐❡♥t❡❞✮ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❞✐r❡❝t✐♦♥s d ❛♥❞

d′ ✐♥ t❤❡ s✉r❢❛❝❡ X✳ ❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✷✿

✭✼✮ sin θ(X, d, d′) =
1

cosh(distH2(X, γd,d′))
.

✹✳✷✳ ❑❱♦❧ ❛s ❛ s✉♣r❡♠✉♠ ♦✈❡r ♣❛✐rs ♦❢ ❞✐r❡❝t✐♦♥s✳ ❲✐t❤ t❤❡ ❛❜♦✈❡ ❝❤♦✐❝❡
♦❢ ❛ ❝♦♥s✐st❡♥t ♥❛♠❡ ❢♦r s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛♥❞ ❞✐r❡❝t✐♦♥s ❛❧♦♥❣ t❤❡ ❚❡✐❝❤♠ü❧❧❡r
❞✐s❦✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ✐s ❛❧r❡❛❞② st❛t❡❞ ✐♥ ❬✶❪ ✐♥ t❤❡ ❝❛s❡
♦❢ t❤❡ ❞♦✉❜❧❡ n✲❣♦♥ ❜✉t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♦❢ t♦ t❤❡ ❝❛s❡ ♦❢
tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s S ❢♦r ✇❤✐❝❤ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❞♦ ♥♦t
✐♥t❡rs❡❝t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ ❬✶✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶❪ ▲❡t S ❜❡ ❛ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ✇✐t❤ ❛
s✐♥❣❧❡ s✐♥❣✉❧❛r✐t② s✉❝❤ t❤❛t s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❛r❡ ♥♦♥✲
✐♥t❡rs❡❝t✐♥❣✳ ▲❡t P ❜❡ t❤❡ s❡t ♦❢ ❞✐r❡❝t✐♦♥s ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ♦❢ S✳ ❉❡✜♥❡
t❤❡ ♥♦t✐♦♥ ♦❢ ❞✐r❡❝t✐♦♥ ❢♦r X ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ S ✉s✐♥❣ ❉❡✜♥✐t✐♦♥ ✹✳✶✳
❚❤❡♥✱ ❢♦r ❛♥② s✉r❢❛❝❡ X ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ S✱ ✇❡ ❤❛✈❡✿

✭✽✮ KVol(X) = Vol(X) · sup
d, d′ ∈ P

d ̸= d′

K(d, d′) · sin θ(X, d, d′),

✇❤❡r❡ K(d, d′) = sup α ⊂ Sn saddle connection in direction d

β ⊂ Sn saddle connection in direction d′

Int(α,β)
α∧β ❛♥❞ θ(X, d, d′) ✐s

t❤❡ ❛♥❣❧❡ ❣✐✈❡♥ ❜② ◆♦t❛t✐♦♥ ✹✳✸✳

❚❤❡ ❢❛❝t t❤❛t s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ♦♥ t❤❡ r❡❣✉❧❛r n✲❣♦♥
❛r❡ ♥♦♥✲✐♥t❡rs❡❝t✐♥❣ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✉s✐♥❣ t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❝②❧✐♥❞❡r
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧✳

❘❡♠❛r❦ ✹✳✺✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❱❡❡❝❤ ❣r♦✉♣ Γ±
n ♦❢ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ Sn ❛❝ts ♦♥ Sn

✇❤✐❧❡ ♣r❡s❡r✈✐♥❣ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❢♦r♠✱ ❛♥❞ ❛❝ts ❧✐♥❡❛r❧② ♦♥ R2✱ ❤❡♥❝❡ ♣r❡s❡r✈✐♥❣
t❤❡ ✇❡❞❣❡ ♣r♦❞✉❝t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ K(d, d′) = K(g ·d, g ·d′) ❢♦r ❛♥② ❡❧❡♠❡♥t g ∈ Γ±

n ✳

❋r♦♠ t❤✐s r❡s✉❧t ❛♥❞ ❚❤❡♦r❡♠ ✶✳✷✱ ✇❡ ❞❡❞✉❝❡

❈♦r♦❧❧❛r② ✹✳✻✳ ❋♦r n ≥ 8, n ≡ 0 mod 4✱ ✇❡ ❤❛✈❡✿

KVol(Xn) = Vol(X) ·K(∞,
1

Φ
) · sin θ(Xn,∞,

1

Φ
)

■♥ ♣❛rt✐❝✉❧❛r✱

∀(d, d′)✱ K(d, d′) · sin θ(Xn, d, d
′) ≤ K(∞,

1

Φ
) · sin θ(Xn,∞,

1

Φ
).
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Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✶✳✷✱ KVol ✐s ❛❝❤✐❡✈❡❞ ♦♥ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ❜② ♣❛✐rs ♦❢ ❞✐st✐♥❝t
s✐❞❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ s✐❞❡s ♦❢ t❤❡ n✲❣♦♥ α ❛♥❞ β ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❞✐r❡❝t✐♦♥s
∞ ❛♥❞ 1

Φ
❛❝❤✐❡✈❡ t❤❡ s✉♣r❡♠✉♠✿

KVol(Xn) =
Int(α, β)

l(α)l(β)
❜② ❚❤❡♦r❡♠ ✶✳✷✳

=
Int(α, β)

α ∧ β
sin angle(α, β)

= K(∞,
1

Φ
) sin θ(Xn,∞,

1

Φ
) ❜② ❞❡✜♥✐t✐♦♥ ♦❢ K(d, d′) ❛♥❞ θ(X, d, d′).

□

◆❡①t✱ ✇❡ ♣r♦✈✐❞❡ ♣r❡❝✐s❡ ❡st✐♠❛t❡s ♦♥K(d, d′) ✉s✐♥❣ ✐ts ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r t❤❡ ❞✐✲
❛❣♦♥❛❧ ❛❝t✐♦♥ ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✳ ❚❤❡s❡ ❡st✐♠❛t❡s ❛r❡ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐♥❣r❡❞✐❡♥ts
✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✳

Pr♦♣♦s✐t✐♦♥ ✹✳✼✳ ❋♦r ❛♥② ♣❛✐r ♦❢ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s (d, d′)✱ ✇❡ ❤❛✈❡✱
✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❋✐❣✉r❡ ✶✺✿

♠ ■❢ t❤❡r❡ ❡①✐st k ∈ N∗∪{∞} ❛♥❞ g ∈ Γ±
n s✉❝❤ t❤❛t (d, d′) = (g ·∞,±g · 1

kΦ
)✱

✇❡ ❤❛✈❡

K(d, d′) =
1

l(α1)l(αm)
=

1

Φl2m
✇✐t❤ lm := l(αm)✳

♦ ■❢ t❤❡r❡ ❡①✐st g ∈ Γ±
n s✉❝❤ t❤❛t (d, d′) = (g · ∞,±g · Φ2−1

Φ3−2Φ
)✱ t❤❡♥

K(d, d′) =
1

(Φ3 − 2Φ)l2m
=

1

Φ2 − 2
K(∞,

1

Φ
).

❚❤✐s ✐s t❤❡ ❝❛s❡ ♦❢ (d, d′) = ( 1
Φ
,Φ− 1

Φ
)✱ ✐♠❛❣❡ ♦❢ (∞, Φ2−1

Φ3−2Φ
) ❜② t❤❡ ❡❧❡♠❡♥t

g = TVR ∈ Γ±✳
• ■♥ t❤❡ ♦t❤❡r ❝❛s❡s✱

K(d, d′) <
1

(Φ3 − 2Φ)l2m
.

❘❡❝❛❧❧ t❤❛t t❤❡ αi ✭r❡s♣✳ βj✮ ❛r❡ t❤❡ ❤♦r✐③♦♥t❛❧ ✭r❡s♣✳ ✈❡rt✐❝❛❧✮ s❛❞❞❧❡ ❝♦♥✲
♥❡❝t✐♦♥ s♦rt❡❞ ❜② ❞❡❝r❡❛s✐♥❣ ❧❡♥❣t❤✱ ❛♥❞ ❞❡✜♥❡ li := l(αi) ❛♥❞ hj := l(βj) ❢♦r
1 ≤ i, j ≤ m✳ ❋✉rt❤❡r✱ ✇❡ ❞❡♥♦t❡ C1, . . . , Cm ✭r❡s♣✳ Z1, . . . , Zm✮ t❤❡ ✈❡rt✐❝❛❧
✭r❡s♣✳ ❤♦r✐③♦♥t❛❧✮ ❝②❧✐♥❞❡rs✱ ❛s ✐♥ ❋✐❣✉r❡ ✶✺✳ ❯s✐♥❣ t❤❛t t❤❡ ♠♦❞✉❧✐ ♦❢ ❜♦t❤ ❤♦r✐✲
③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❝②❧✐♥❞❡rs ❛r❡ ❛❧❧ 1/Φ ✭❡①❝❡♣t t❤❡ ❤♦r✐③♦♥t❛❧ ❝②❧✐♥❞❡r Z1✮✱ ♦♥❡
❝❛♥ ❝♦♠♣❛r❡ t❤❡ ❧❡♥❣t❤s hm, hm−1 ❛♥❞ lm−1 t♦ lm✱ ❛s ✐♥ ❋✐❣✉r❡ ✶✻✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❣♦❡s ❛s ❢♦❧❧♦✇✿ ❣✐✈❡♥ ❛ ♣❛✐r ♦❢ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s (d, d′)
❛♥❞ ❛ ♣❛✐r ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s (α, β) ✐♥ r❡s♣❡❝t✐✈❡ ❞✐r❡❝t✐♦♥s d, d′✱ ✇❡ ✜rst ♥♦✲
t✐❝❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛ss✉♠❡ t❤❛t α ✐s ❡✐t❤❡r ❤♦r✐③♦♥t❛❧ ✭d = ∞✱ ✐✳❡ α = αi

❢♦r i ∈ J1,mK✮ ♦r ✈❡rt✐❝❛❧ ✭d = 0✱ ✐✳❡ α = βj ❢♦r j ∈ J1,mK✮✳ ❚❤✐s ✐s ❜❡❝❛✉s❡
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α2α1

β2

β1

C2

C1

α2

α1

β2

β1

α3

β3Z3

Z2

Z1

❋✐❣✉r❡ ✶✺✳ ❚❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧s ❛ss♦❝✐❛t❡❞ t♦ t❤❡ n✲❣♦♥ ❢♦r n = 8
♦♥ t❤❡ ❧❡❢t ❛♥❞ n = 12 ♦♥ t❤❡ r✐❣❤t✱ ❛♥❞ t❤❡ ❝②❧✐♥❞❡rs✳

hm−1 = (Φ3 − 2Φ)lm

hm = Φlm

lm
lm−1 = (Φ2 − 1)lm

γ
γ′

γ′′

❋✐❣✉r❡ ✶✻✳ ❚❤❡ ❧❡♥❣t❤s hm, hm−1 ❛♥❞ lm−1 ❡①♣r❡ss❡❞ ✉s✐♥❣ lm✳
❚❤❡ ❞✐❛❣♦♥❛❧ ❝✉r✈❡s γ, γ′ ❛♥❞ γ′′ ❤❛✈❡ r❡s♣❡❝t✐✈❡ ❝♦✲s❧♦♣❡ Φ − 1

Φ
✱

1
Φ
✱ ❛♥❞ Φ2−1

Φ3−2Φ
✳

K(d, d′) ✐s ❜② ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ❛♥❞ ❛♥② ♣❡r✐♦❞✐❝
❞✐r❡❝t✐♦♥ ✐s ❡✐t❤❡r t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ♦r t❤❡ ✈❡rt✐❝❛❧ ❜② ❛♥ ❡❧❡♠❡♥t ♦❢
t❤❡ ❱❡❡❝❤ ❣r♦✉♣✳ ❲❡ st✉❞② t❤❡ ❝❛s❡s d = ∞ ❛♥❞ d = 0 s❡♣❛r❛t❡❧②✱ ✐❞❡♥t✐❢② t❤❡
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αi

β

hi

hi+1

❋✐❣✉r❡ ✶✼✳ ❆ ♥♦♥ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ αi✱ i < m✱ r❡q✉✐r❡s ❛
✈❡rt✐❝❛❧ ❧❡♥❣t❤ ❛t ❧❡❛st hi + hi+1✳

❝♦♥✜❣✉r❛t✐♦♥s ♠ ❛♥❞ ♦ ❛♥❞ s❤♦✇ t❤❛t K(d, d′) ✐s s♠❛❧❧❡r ✐♥ t❤❡ ♦t❤❡r ❝❛s❡s✳

❈❛s❡ ✶✿ d r❡♣r❡s❡♥ts t❤❡ ❤♦r✐③♦♥t❛❧ ❝✉s♣✳ ❯♣ t♦ t❤❡ ❛❝t✐♦♥ ❜② ❛♥ ❡❧❡♠❡♥t
♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✱ ✇❡ ❝❛♥ ❛ss✉♠❡ α ✐s ♦♥❡ ♦❢ t❤❡ αi✳ ▲❡t ✉s ✜rst st✉❞② t❤❡
✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ αi ❢♦r i < m✳ ❈❛s❡ ✶✳✶✿ α = αi ❢♦r i < m✳

▲❡♠♠❛ ✹✳✽✳ ❋♦r ❛♥② i < m✱ ❛♥❞ ❛♥② s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ β✱ ✇❡ ❤❛✈❡

Int(αi, β)

αi ∧ β
<

1

Φ3 − 2Φ
· 1
l2m

.

Pr♦♦❢✳ ❋✐rst ♥♦t✐❝❡ t❤❛t ✐❢ ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ β ❞♦❡s ♥♦t ✐♥t❡rs❡❝t t❤❡ ❝♦r❡ ❝✉r✈❡s
♦❢ t❤❡ ❝②❧✐♥❞❡rs Z1, . . . , Zm✱ ✇❡ ❤❛✈❡ Int(αi, β) = 0 s✐♥❝❡ t❤❡ ❝♦r❡ ❝✉r✈❡s ❛r❡
r❡s♣❡❝t✐✈❡❧② ❤♦♠♦❧♦❣♦✉s t♦ α1, α1 + α2, · · · , αi−1 + αi✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ s❛❞❞❧❡
❝♦♥♥❡❝t✐♦♥ β ❤❛✈✐♥❣ ♥♦♥✲③❡r♦ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ α ❤❛s ❛ ✈❡rt✐❝❛❧ ❧❡♥❣t❤ ❛t ❧❡❛st hi✳
❋✉rt❤❡r✱ ❛♥② ♥♦♥ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ♦❢ β ✇✐t❤ αi ❢♦r i < m r❡q✉✐r❡s ❛ ✈❡rt✐❝❛❧
❧❡♥❣t❤ ❛t ❧❡❛st hi + hi+1 ✭s❡❡ ❋✐❣✉r❡ ✶✼✮✳ ❚❤✐s ❣✐✈❡s✿

αi ∧ β ≥ limax((hi + hi+1)(Int(αi, β)− 1), hi)

■♥ ♣❛rt✐❝✉❧❛r✱

✭✐✮ ■❢ Int(αi, β) ≤ 1✱ ✇❡ ✉s❡ αi ∧ β ≥ lihi t♦ ❣❡t

Int(αi, β)

αi ∧ β
≤ 1

lihi

,

❛♥❞✱ s✐♥❝❡ i < m✱ ✇❡ ❣❡t

1

lihi

≤ 1

lm−1hm−1

≤ 1

(Φ2 − 1)(Φ3 − 2Φ)l2m
<

1

(Φ3 − 2Φ)l2m
.
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αm−1

Zm

Zm−1

✳ ✳ ✳

αm

βm

βm−1

β

❋✐❣✉r❡ ✶✽✳ ❊①❛♠♣❧❡ ♦❢ β ✇✐t❤ ❝♦✲s❧♦♣❡ 1
3Φ
✳ ❍❡r❡✱ Int(αm, β) = 3

✇✐t❤ ❛♥ ✐♥t❡rs❡❝t✐♦♥ ❛t t❤❡ s✐♥❣✉❧❛r✐t②✳

✭✐✐✮ ❖t❤❡r✇✐s❡✱ ✇❡ ✉s❡ αi ∧ β ≥ li(hi + hi+1)(Int(αi, β)− 1) ❛♥❞ ♦❜t❛✐♥

Int(αi, β)

αi ∧ β
≤ 2

li(hi + hi+1)
.

❇✉t✱ s✐♥❝❡ i < m✱ ✇❡ ❤❛✈❡ li ≥ lm−1 = (Φ2 − 1)lm ❛♥❞ hi + hi+1 ≥
hm−1 + hm = (Φ3 − Φ)lm ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r

2

li(hi + hi+1)
≤ 2

(Φ3 − Φ)(Φ2 − 1)l2m
<

1

(Φ3 − 2Φ)l2m
,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ Φ3 − Φ > Φ3 − 2Φ ❛♥❞ Φ2 − 1 > 2✳

□

❈❛s❡ ✶✳✷✿ α = αm✳ ■♥ t❤✐s ❝❛s❡✱ ♥♦t✐❝❡ t❤❛t ❡✐t❤❡r β ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❤♦r✲
✐③♦♥t❛❧ ❝②❧✐♥❞❡r Zm ✭s❡❡ ❋✐❣✉r❡ ✶✺✮ ❛♥❞✱ ✉♣ t♦ ❛ ❤♦r✐③♦♥t❛❧ t✇✐st✱ ✐ts ❝♦✲s❧♦♣❡ ✐s
± 1

kΦ
❢♦r k ∈ N∗ ∪ {∞} s♦ t❤❛t ✐t ❝♦rr❡s♣♦♥❞s t♦ ❛ ❣❡♦❞❡s✐❝ ♦❢ ❝❛s❡ ♠✱ ♦r β ✐s ♥♦t

❝♦♥t❛✐♥❡❞ ✐♥ Zm✳

❈❛s❡ ✶✳✷✳✐✳ ■❢ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ β ✐s✱ ✉♣ t♦ ❛♥ ❤♦r✐③♦♥t❛❧ t✇✐st✱ d′ = ± 1
kΦ

❛s
✐♥ ♠✱ ❛♥❞ β ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Zm✱ ✇❡ s❡❡ t❤❛t α ❛♥❞ β ✐♥t❡rs❡❝t k + 1 t✐♠❡s ❛♥❞
α ∧ β = (k + 1)l(βm)l(αm) = (k + 1)Φl2m ✭s❡❡ ❋✐❣✉r❡ ✶✽ ❢♦r t❤❡ ❝❛s❡ k = 3✮✳ ❚❤✐s
❣✐✈❡s ❞✐r❡❝t❧② t❤❛t

Int(αm, β)

l(α)l(β)
=

k + 1

(k + 1)Φl2m
=

1

Φl2m
.

■♥ ♣❛rt✐❝✉❧❛r✱ K(∞, 1
kΦ
) ≥ 1

Φl2m
✱ ❛♥❞ t❤❡ r❡✈❡rs❡❞ ✐♥❡q✉❛❧✐t② ❤♦❧❞s s✐♥❝❡ t❤❡ ♦t❤❡r

s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ♦❢ ❞✐r❡❝t✐♦♥ d′ = 1
kΦ

❞♦ ♥♦t ✐♥t❡rs❡❝t αm✱ ❛♥❞ ❛s s❡❡♥ ✐♥ ❈❛s❡
✶✳✶ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛♥② β ✇✐t❤ αi✱ i < m✱ ❣✐✈❡s ❛ ❧♦✇❡r r❛t✐♦✳ ❈♦♥s❡q✉❡♥t❧②✱

✭♠✮ ∀k ∈ N∗ ∪ {∞}, K(∞,
1

kΦ
) =

1

Φl2m
.
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❈❛s❡ ✶✳✷✳✐✐✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ t❤❡ ❣❡♦❞❡s✐❝ β ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❤♦r✐✲
③♦♥t❛❧ ❝②❧✐♥❞❡r Zm✳ ❆s s✉❝❤✱ β ❤❛s ❛ ✈❡rt✐❝❛❧ ❧❡♥❣t❤ ❛t ❧❡❛st t❤❡ ❧❡♥❣t❤ ♦❢ βm−1✱
t❤❛t ✐s hm−1 = (Φ3 − 2Φ)lm✳

✭✶✳✷✳✐✐✳❛✮ ■❢ Int(αm, β) = 0 ♦r 1✱ ✇❡ ❞✐r❡❝t❧② ❤❛✈❡

Int(αm, β)

αm ∧ β
≤ 1

(Φ3 − 2Φ)l2m
,

✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ Int(αm, β) = 1 ❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ❧❡♥❣t❤ ♦❢ β ✐s
❡①❛❝t❧② hm−1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ β ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❝②❧✐♥❞❡r Zm−1

❛♥❞ ✉♣ t♦ ❛♥ ❤♦r✐③♦♥t❛❧ t✇✐st✱ ✐ts ❞✐r❡❝t✐♦♥ ✐s d′ = 0 ♦r d′ = ± Φ2−1
Φ3−2Φ

✭s❡❡
❋✐❣✉r❡ ✶✻✮✳ ❚❤❡ ❝❛s❡ d′ = 0 ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ ❝❛s❡ ♠ ❛♥❞ ❤❛s ❛❧r❡❛❞② ❜❡❡♥

❞❡❛❧t ✇✐t❤✳ ❚❤❡ ❝❛s❡ d′ = ± Φ2−1
Φ3−2Φ

✐s ❡①❛❝t❧② ❝❛s❡ ♦✳ ❋✉rt❤❡r✱ t❛❦✐♥❣ t❤❡
❞✐❛❣♦♥❛❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s γ ❛♥❞ γ′ ♦❢ ❋✐❣✉r❡ ✶✻ ♦❢ r❡s♣❡❝t✐✈❡ ❤♦❧♦♥♦♠②

✈❡❝t♦rs

(
Φ2 − 1

Φ

)
lm ❛♥❞

(
1
Φ

)
lm ✇❤✐❝❤ ✐♥t❡rs❡❝t ♦♥❝❡ ❛t t❤❡ s✐♥❣✉❧❛r✐t②✱

✇❡ ❣❡t✿

Int(γ, γ′)

γ ∧ γ′ =
1

(Φ3 − 2Φ)l2m
= K(∞,

Φ2 − 1

Φ3 − 2Φ
),

❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣❛✐r ♦❢ ❞✐r❡❝t✐♦♥s ( 1
Φ
,Φ− 1

Φ
) ✐s t❤❡ ✐♠❛❣❡

♦❢ t❤❡ ♣❛✐r (∞, Φ2−1
Φ3−2Φ

) ❜② t❤❡ ❞✐❛❣♦♥❛❧ ❛❝t✐♦♥ ♦❢ t❤❡ ♠❛tr✐① TVR ✇❤✐❝❤
❜❡❧♦♥❣s t♦ t❤❡ ✭✉♥♦r✐❡♥t❡❞✮ ❱❡❡❝❤ ❣r♦✉♣✳ ■♥ ♣❛rt✐❝✉❧❛r✿

K(
1

Φ
,Φ− 1

Φ
) = K(∞,

Φ2 − 1

Φ3 − 2Φ
).

✭✶✳✷✳✐✐✳❜✮ ❖t❤❡r✇✐s❡✱ β ✐♥t❡rs❡❝ts αm ♦✉ts✐❞❡ t❤❡ s✐♥❣✉❧❛r✐t② ❛♥❞ ✐s ♥♦t ❝♦♥t❛✐♥❡❞ ✐♥
t❤❡ ❤♦r✐③♦♥t❛❧ ❝②❧✐♥❞❡r Zm✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ s❤♦✇✿

▲❡♠♠❛ ✹✳✾✳ ❆ss✉♠❡ β ✐♥t❡rs❡❝ts αm ♦✉ts✐❞❡ t❤❡ s✐♥❣✉❧❛r✐t② ❛♥❞ ✐s ♥♦t ❝♦♥t❛✐♥❡❞
✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❝②❧✐♥❞❡r Zm✳ ❚❤❡♥

Int(αm, β)

αm ∧ β
<

1

(Φ3 − 2Φ)l2m
.

Pr♦♦❢✳ ▲❡t c ❞❡♥♦t❡ t❤❡ ❝♦✲s❧♦♣❡ ♦❢ β✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ❡♥s✉r❡s t❤❛t c ̸= 1
kΦ

✳ ❯♣
t♦ ❛♥ ❤♦r✐③♦♥t❛❧ t✇✐st✱ ✇❡ ❝❛♥ ❛❧s♦ ❛ss✉♠❡ t❤❛t c ∈]− 1

Φ
,Φ− 1

Φ
[✳ ❋✐♥❛❧❧②✱ ✉♣ t♦ ❛

s②♠♠❡tr② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s✱ ✇❡ ❝❛♥ ❢✉rt❤❡r ❛ss✉♠❡ c > 0✱ ❣✐✈✐♥❣✿

c ∈]0,Φ− 1

Φ
[\{ 1

kΦ
, k ∈ N∗ ∪ {∞}}

✭✶✮ ▲❡t ✉s ✜rst st✉❞② t❤❡ ❝❛s❡ 1
Φ
< c < Φ− 1

Φ
✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✱ β ❤❛s

t♦ ✈❡rt✐❝❛❧❧② ❣♦ t❤r♦✉❣❤ t❤❡ s♠❛❧❧ ❤♦r✐③♦♥t❛❧ ❝②❧✐♥❞❡r Zm ❜❡❢♦r❡ ❛♥② ♥♦♥
s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ αm ❛♥❞ ✈❡rt✐❝❛❧❧② ❣♦ t❤r♦✉❣❤ Zm−1 ❛❢t❡r ❡❛❝❤
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αm−1 αm

βm

β

❋✐❣✉r❡ ✶✾✳ ■❢ t❤❡ ❝♦✲s❧♦♣❡ ♦❢ β ❧✐❡s ❜❡t✇❡❡♥ 1
Φ
❛♥❞ Φ− 1

Φ
✱ t❤❡♥ ❛

♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ αm r❡q✉✐r❡s ❛ ✈❡rt✐❝❛❧ ❧❡♥❣t❤ ❛t ❧❡❛st
hm + (hm + hm−1)✳

♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ αm ✭s❡❡ ❋✐❣✉r❡ ✶✾✮✱ s♦ t❤❛t ✐❢ ✇❡ ❞❡♥♦t❡ ❜②
p t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥s ❜❡t✇❡❡♥ αm ❛♥❞ β ✇❡ ❣❡t

l(β) sin θ ≥ p(hm + (hm + hm−1))

✇❤❡r❡ θ ✐s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ β✱ s♦ t❤❛t
l(β) sin θ ✐s t❤❡ ✈❡rt✐❝❛❧ ❧❡♥❣t❤ ♦❢ β✳
◆♦✇✱ ❛❞❞✐♥❣ t❤❡ ♣♦ss✐❜❧❡ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

Int(αm, β)

αm ∧ β
≤ p+ 1

p(hm + (hm + hm−1))lm

=
p+ 1

pΦ3
· 1
l2m

.

✭❘❡❝❛❧❧ t❤❛t hm = Φlm ❛♥❞ hm−1 = (Φ3 − 2Φ)lm✳✮
❚❤❡ ❧❛st q✉❛♥t✐t② ✐s ♠❛①✐♠❛❧ ❢♦r p = 1✱ s♦ t❤❛t

Int(αm, β)

αm ∧ β
≤ 2

Φ3
· 1
l2m

<
1

Φ3 − 2Φ
· 1
l2m

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ Φ < 2✳
✭✷✮ ◆♦✇✱ ❛ss✉♠❡ 0 < c < 1

Φ
❛♥❞ ❧❡t k ≥ 0 ❜❡ s✉❝❤ t❤❛t 1

(k+1)Φ
< c < 1

kΦ
✳ ▲❡t

p ≥ 1 ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❡ ❝✉r✈❡ β ❝r♦ss❡s t❤❡ s♠❛❧❧ ✈❡rt✐❝❛❧
❝②❧✐♥❞❡r Cm✱ t❤❛t ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ β ∩ Cm✳
❚❤❡♥ β ❝r♦ss❡s Cm−1 ❛t ♠♦st ♦♥❝❡ ❢❡✇❡r✱ s❛② p′ ≥ 1 t✐♠❡s ✇✐t❤ p′ ≥ p−1✳
▼♦r❡♦✈❡r✱ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❝♦✲s❧♦♣❡ ❣✐✈❡s t❤❛t ❢♦r ❡❛❝❤ ❝r♦ss✐♥❣ ♦❢
Cm t❤❡ ❝✉r✈❡ β ✐♥t❡rs❡❝ts ❛t ♠♦st k+1 t✐♠❡s αm ❛♥❞ ❢♦r ❡❛❝❤ ❝r♦ss✐♥❣ ♦❢
Cm−1 ✐t ✐♥t❡rs❡❝ts ❛t ❧❡❛st k t✐♠❡s αm−1 ✭s❡❡ ❋✐❣✉r❡ ✷✵✮✳ ❚❤✐s ❣✐✈❡s t❤❛t ✿

Int(αm, β) ≤ s◦max := p(k + 1) + 1
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αm−1 αm

βm

Cm−1

Cm
β

❋✐❣✉r❡ ✷✵✳ ❆ ♣♦rt✐♦♥ ♦❢ t❤❡ ❝✉r✈❡ β ✇✐t❤ ❝♦✲s❧♦♣❡ 1
3Φ

< c < 1
2Φ
✳

❊❛❝❤ t✐♠❡ β ❝r♦ss❡s t❤❡ ❝②❧✐♥❞❡r Cm✱ ✐t ❣✐✈❡s ❛t ♠♦st k + 1 = 3
✐♥t❡rs❡❝t✐♦♥s ✇✐t❤ αm ❛♥❞ ✐t ✐s ❢♦❧❧♦✇❡❞ ❜② ❛ ❝r♦ss✐♥❣ ♦❢ Cm−1✱
❣✐✈✐♥❣ ❛t ❧❡❛st k = 2 ✐♥t❡rs❡❝t✐♦♥s ✇✐t❤ αm−1✳

✭✇❤❡r❡ t❤❡ ❛❞❞❡❞ ✐♥t❡rs❡❝t✐♦♥ st❛♥❞s ❢♦r t❤❡ ♣♦ss✐❜❧❡ s✐♥❣✉❧❛r ✐♥t❡rs❡❝✲
t✐♦♥✮✳ ■♥ ❢❛❝t✱ t❤✐s ❡st✐♠❛t❡ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✐♥ t❤❡ ❝❛s❡s p′ = p ❛♥❞
p′ = p− 1 ❛s ❢♦❧❧♦✇s✿
⋆ ■❢ p′ = p✱ t❤❡ ❝✉r✈❡ β ❤❛s t♦ ❡✐t❤❡r st❛rt ♦r ❡♥❞ ❛t ❛ ✈❡rt❡① ♦❢ Cm✱ s♦

t❤❛t ❡✐t❤❡r t❤❡ ✜rst ♦r t❤❡ ❧❛st ❝r♦ss✐♥❣ ♦❢ Cm ❤❛s ♦♥❧② k ✐♥t❡rs❡❝t✐♦♥s
✇✐t❤ αm ✐♥st❡❛❞ ♦❢ k + 1✳ ❍❡♥❝❡✱

Int(αm, β) ≤ s⋆max := k(p+ 1) = (k + 1)p− 1 + 1.

▲ ■❢ p′ = p− 1 ✭s♦ t❤❛t p ≥ 2✮✱ t❤❡ ❝✉r✈❡ β ❤❛s t♦ ❜♦t❤ st❛rt ❛♥❞ ❡♥❞
❛t ❛ ✈❡rt❡① ♦❢ Cm✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥t s❤♦✇s✿

Int(αm, β) ≤ s∆max := (k + 1)p− 1 = (k + 1)p− 2 + 1.

❈♦♥❝❡r♥✐♥❣ t❤❡ ❧❡♥❣t❤s✱ ❝✉tt✐♥❣ β ❛t ❡❛❝❤ ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ αm ❛♥❞
αm−1 ❤❡❧♣s ✉s ♥♦t✐❝❡ t❤❛t✿
(i) ❇❡❢♦r❡ ❛♥② ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ αm✱ t❤❡r❡ ✐s ❛ ✈❡rt✐❝❛❧

❧❡♥❣t❤ ❛t ❧❡❛st hm✳
(ii) ❇❡❢♦r❡ ❛♥② ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ αm−1✱ t❤❡r❡ ✐s ❛ ✈❡rt✐❝❛❧

❧❡♥❣t❤ ❛t ❧❡❛st hm + hm−1✱ ❡①❝❡♣t ♠❛②❜❡ t❤❡ ✜rst ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤
αm−1 ❢♦r ✇❤✐❝❤ t❤❡r❡ ✐s ❛ ✈❡rt✐❝❛❧ ❧❡♥❣t❤ ❛ ❧❡❛st hm−1 ✭❜✉t ♥♦t❡ t❤❛t
t❤✐s ❝❛s❡ ❛r✐s❡s ♦♥❧② ✐❢ α st❛rts ❛t ❛ ❜♦tt♦♠ ✈❡rt❡① ♦❢ Zm−1✱ ✐♥ ♣❛r✲
t✐❝✉❧❛r t❤✐s ❝❛♥♥♦t ❤❛♣♣❡♥ ❢♦r p′ = p− 1✮✳

(iii) ❲❡ ❢✉rt❤❡r ❤❛✈❡ t♦ ❝♦✉♥t ❛ ✈❡rt✐❝❛❧ ❧❡♥❣t❤ hm ❢♦r β t♦ r❡❛❝❤ t❤❡
s✐♥❣✉❧❛r✐t② ❛❢t❡r t❤❡ ❧❛st ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ ❡✐t❤❡r αm ♦r αm−1✳
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■♥ ♣❛rt✐❝✉❧❛r✱ ❧❡tt✐♥❣ s := Int(αm, β) ≥ 2 ✭s♦ t❤❛t t❤❡r❡ ❛r❡ ❛t ❧❡❛st
s− 1 ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥s✮✱ ✇❡ ❤❛✈❡ ✿

l(β) sin θ ≥ (s− 1)hm + (kp′ − 1)(hm + hm−1) + hm−1 + hm

= kp′(hm + hm−1) + (s− 1)hm,

❛♥❞ ❢♦r p′ = p− 1✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ kp′ − 1 ❜② kp′ ❛s r❡♠❛r❦❡❞ ✐♥ (ii)✳

l(β) sin θ ≥ (s− 1)hm + kp′(hm + hm−1) + hm

= k(p− 1)(hm + hm−1) + shm.

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞s✿

■❢ p′ ≥ p✱ t❤❡♥
Int(αm, β)

αm ∧ β
≤ s

p′k(hm + hm−1) + (s− 1)hm

· 1
lm

(▲) ■❢ p′ = p− 1✱ t❤❡♥
Int(αm, β)

αm ∧ β
≤ s

(p− 1)k(hm + hm−1) + shm

· 1
lm

.

◆♦✇✱ s✐♥❝❡ k(hm + hm−1) > hm✱ ❢♦r ✜①❡❞ k ❛♥❞ p✱ t❤❡ r✐❣❤t ♣❛rt ✐s
♠❛①✐♠❛❧ ✇❤❡♥ s ✐s ♠❛①✐♠❛❧✳ ❉✐st✐♥❣✉✐s❤✐♥❣ ❝❛s❡s ● ✭p′ ≥ p + 1✮✱ ⋆
✭p′ = p✮ ❛♥❞ ▲ ✭p′ = p− 1✮✱ ✇❡ ❤❛✈❡✿

● ■❢ p′ ≥ p+ 1✱ t❤❡♥ smax = s◦max = p(k + 1) + 1 ❛♥❞

Int(αm, β)

αm ∧ β
≤ p(k + 1) + 1

p′k(Φ3 − Φ) + p(k + 1)Φ
· 1
l2m

≤ p(k + 1) + 1

(p+ 1)k(Φ3 − Φ) + p(k + 1)Φ
· 1
l2m

=
pk + p+ 1

k((p+ 1)Φ3 − Φ) + pΦ
· 1
l2m

✭❣✐✈❡♥ t❤❛t hm = Φlm ❛♥❞ hm−1 = (Φ3 − 2Φ)lm✳✮

❚♦ ❣✐✈❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤✐s ❧❛st q✉❛♥t✐t②✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✉s❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ s❡✈❡r❛❧ t✐♠❡s ❛❧♦♥❣ t❤❡ ♣r♦♦❢✿

▲❡♠♠❛ ✹✳✶✵✳ ▲❡t a, b, c, d ∈ R✳ ❆ss✉♠❡ t❤❡ ♠ö❜✐✉s tr❛♥s❢♦r♠❛t✐♦♥
f : x 7→ ax+b

cx+d
✐s ❞❡✜♥❡❞ ❢♦r ❛♥② x ≥ 1✳ ❚❤❡♥✱

✕ ✐❢ ad− bc ≥ 0✱ t❤❡♥ ∀x ≥ 1✱ f(x) ≤ limx→∞ f(x) = a
c
✳

✕ ❖t❤❡r✇✐s❡✱ ∀x ≥ 1✱ f(x) ≤ f(1) = a+b
c+d

✳

Pr♦♦❢✳ f ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ♦❢ ❞❡r✐✈❛t✐✈❡ ♠❛♣ f ′(x) = ad−bc
(cx+d)2

✳ □

❙✐♥❝❡ ❢♦r ❛♥② ✜①❡❞ p ≥ 1 ✇❡ ❤❛✈❡ p2Φ − (p + 1)((p + 1)Φ3 − Φ) <
(p + 1)2(Φ − Φ3) < 0✱ ✇❡ ❝❛♥ ✉s❡ ▲❡♠♠❛ ✹✳✶✵ t♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡
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❧❛st q✉❛♥t✐t② ✐s ♠❛①✐♠❛❧ ❢♦r k = 1✱ ❛♥❞ ✐t ❣✐✈❡s

Int(αm, β)

αm ∧ β
≤ 2p+ 1

(p+ 1)(Φ3 − Φ) + 2pΦ
· 1
l2m

=
2p+ 1

p(Φ3 + Φ) + (Φ3 − Φ)
· 1
l2m

❙✐♠✐❧❛r❧②✱ ❣✐✈❡♥ t❤❡ ✐♥❡q✉❛❧✐t② 2(Φ3 − Φ) − (Φ3 + Φ) < 0✱ ❝♦♠✐♥❣
❢r♦♠ Φ > 2 cos(π

6
) =
√
3✱ ▲❡♠♠❛ ✹✳✶✵ s❤♦✇s t❤❛t t❤❡ ❧❛st q✉❛♥t✐t②

✐s ♠❛①✐♠❛❧ ❢♦r p→∞✱ ❛♥❞ ✇❡ ❤❛✈❡

Int(αm, β)

αm ∧ β
=

2

Φ3 + Φ
· 1
l2m

<
1

Φ3 − 2Φ
· 1
l2m

,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ Φ < 2✳
⋆ ■❢ p′ = p✱ t❤❡♥ smax = s⋆max = p(k + 1) ❛♥❞✿

Int(αm, β)

αm ∧ β
≤ p(k + 1)

pk(Φ3 − Φ) + (p(k + 1)− 1)Φ
· 1
l2m

=
p(k + 1)

p(kΦ3 + Φ)− Φ
· 1
l2m

❙✐♠✐❧❛r❧②✱ ❢♦r ✜①❡❞ k t❤❡ ❧❛st q✉❛♥t✐t② ✐s ♠❛①✐♠❛❧ ❢♦r p = 1✱ ❣✐✈✐♥❣

Int(αm, β)

αm ∧ β
≤ k + 1

k(Φ3 − Φ) + kΦ
· 1
l2m

=
k + 1

kΦ3
· 1
l2m

<
2

Φ3
· 1
l2m

<
1

Φ3 − 2Φ
· 1
l2m

.

▲ ❋✐♥❛❧❧②✱ ✐❢ p′ = p− 1✱ ✇❡ ❤❛✈❡ smax = s∆max = p(k + 1)− 1 ❛♥❞✿

Int(αm, β)

αm ∧ β
≤ p(k + 1)− 1

(p− 1)k(Φ3 − Φ) + (p(k + 1)− 1)Φ
· 1
l2m

=
p(k + 1)− 1

p(kΦ3 + Φ)− kΦ3 + (k − 1)Φ
· 1
l2m

❯s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② (k+1)((k−1)Φ−kΦ3)+kΦ3+Φ = k2(Φ−Φ3) < 0
❛♥❞ ▲❡♠♠❛ ✹✳✶✵✱ ✇❡ s❡❡ t❤❛t ❢♦r ✜①❡❞ k ≥ 1✱ t❤❡ ❧❛st q✉❛♥t✐t② ✐s
♠❛①✐♠❛❧ ❢♦r p ♠✐♥✐♠❛❧✱ t❤❛t ✐s p = 2 s✐♥❝❡ p′ = p − 1 s❤♦✉❧❞ ❜❡ ❛t
❧❡❛st ♦♥❡✳ ■♥ ♣❛rt✐❝✉❧❛r

Int(αm, β)

αm ∧ β
≤ 2k + 1

k(Φ3 − Φ) + (2k + 1)Φ
· 1
l2m

=
2k + 1

k(Φ3 + Φ) + Φ
· 1
l2m
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✇❤✐❝❤✱ ✉s✐♥❣ ❛❣❛✐♥ ▲❡♠♠❛ ✹✳✶✵✱ ✐s s❤♦✇♥ t♦ ❜❡ ♠✐♥✐♠❛❧ ❢♦r k = 1✱
s♦ t❤❛t

Int(αm, β)

αm ∧ β
<

3

Φ3 + 2Φ
· 1
l2m

<
1

Φ3 − 2Φ
· 1
l2m

,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ Φ < 2✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✾✳ □

❈❛s❡ ✷✿ d r❡♣r❡s❡♥ts t❤❡ ✈❡rt✐❝❛❧ ❝✉s♣✳ ❯♣ t♦ t❤❡ ❛❝t✐♦♥ ❜② ❛♥ ❡❧❡♠❡♥t ♦❢
t❤❡ ❱❡❡❝❤ ❣r♦✉♣✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t α ✐s ♦♥❡ ♦❢ t❤❡ βj✱ j ∈ J1,mK✳ ❲❡ ✜rst
st✉❞② t❤❡ ❝❛s❡ α = βj ❢♦r j < m✳ ❈❛s❡ ✷✳✶✿ α = βj ❢♦r j < m✳

▲❡♠♠❛ ✹✳✶✶✳ ❆ss✉♠❡ d′ /∈ { 1
kΦ
, k ∈ N ∪ {∞}}✳ ❋♦r ❛♥② j < m✱

Int(βj, β)

βj ∧ β
<

1

(Φ3 − 2Φ)
· 1
l2m

Pr♦♦❢✳ ❋✐rst ♥♦t✐❝❡ t❤❛t ✐❢ β ❤❛s ❤♦r✐③♦♥t❛❧ ❧❡♥❣t❤ lm✱ t❤❡♥ ✐ts ❞✐r❡❝t✐♦♥ ✐s 1
kΦ

❢♦r ❛
❣✐✈❡♥ k✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ d′ ❡♥s✉r❡s t❤❛t β ❤❛s ❤♦r✐③♦♥t❛❧ ❧❡♥❣t❤
❛t ❧❡❛st t❤❛♥ lm−1✳ ❋✉rt❤❡r✱ ❛♥② ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ βj ❢♦r j < m
r❡q✉✐r❡s ❛♥ ❤♦r✐③♦♥t❛❧ ❧❡♥❣t❤ lj + lj−1 ✭s❡❡ ❋✐❣✉r❡ ✷✶✮✳ ❚❤✐s ❣✐✈❡s✱ ❢♦r j < m✱

βj ∧ β ≥ hjmax((lj + lj−1)(Int(βj, β)− 1), lm−1).

■♥ ♣❛rt✐❝✉❧❛r✱

✭✐✮ ■❢ Int(βj, β) ≤ 1✱ ✇❡ ✉s❡ βj ∧ β ≥ hjlm−1 t♦ ❣❡t

Int(βj, β)

βj ∧ β
≤ 1

lm−1hj

≤ 1

lm−1hm−1

.

❚❤❡♥✱ ❣✐✈❡♥ t❤❛t lm−1 = (Φ2 − 1)lm ❛♥❞ hm−1 = (Φ3 − 2Φ)lm✱ ✇❡ ❞r❛✇✿

Int(βj, β)

βj ∧ β
≤ 1

(Φ3 − 2Φ)(Φ2 − 1)l2m
<

1

(Φ3 − 2Φ)
· 1
l2m

✭✐✐✮ ❖t❤❡r✇✐s❡✱ ✇❡ ✉s❡ βj ∧ β ≥ hj(lj + lj−1)(Int(βj, β)− 1) t♦ ♦❜t❛✐♥✿

Int(βj, β)

βj ∧ β
≤ 2

hj(lj + lj−1)
.

❙✐♥❝❡ 2lm−1 ≤ 2lj < (Φ2 − 1)lj = lj−1✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

Int(βj, β)

βj ∧ β
≤ 1

hjlm−1

≤ 1

lm−1hm−1

<
1

(Φ3 − 2Φ)
· 1
l2m

.

□

❈❛s❡ ✷✳✷✿ α = βm✳ ■♥ t❤✐s ❝❛s❡ α ✐s ❤♦♠♦❧♦❣♦✉s t♦ ❛ ♥♦♥ s✐♥❣✉❧❛r ❣❡♦❞❡s✐❝ s♦
t❤❡r❡ ✐s ♥♦ ♥♦♥ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✳ ❚❤❡ ✜rst ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ βm r❡q✉✐r❡s ❛
❤♦r✐③♦♥t❛❧ ❧❡♥❣t❤ ❛t ❧❡❛st lm ✇❤✐❧❡ ❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡rs❡❝t✐♦♥s r❡q✉✐r❡ ❛ ❧❡♥❣t❤
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βj β

lj lj+1

❋✐❣✉r❡ ✷✶✳ ❆♥② ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ βj r❡q✉✐r❡s ❛ ❤♦r✲
✐③♦♥t❛❧ ❧❡♥❣t❤ ❛t ❧❡❛st lj + lj+1✳

lm−1+lm✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡✐t❤❡r β st❛②s ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❝②❧✐♥❞❡r Cm ❛♥❞ t❤❡ ❝♦✲s❧♦♣❡
✐s 1

kΦ
❢♦r k ∈ N ∪ {∞} ✭❝❛s❡ ♠✮✱ ♦r t❤❡r❡ ❛r❡ ❛t ❧❡❛st t✇♦ ✐♥t❡rs❡❝t✐♦♥s ❛♥❞

Int(βm, β)

βm ∧ β
≤ 2

hm(2lm + lm−1)
=

2

Φ(Φ2 + 1)
· 1
l2m

<
1

Φ3 − 2Φ
· 1
l2m

.

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ Φ < 2✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦✲
s✐t✐♦♥ ✹✳✼✳

□

✺✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜♥❛❧❧② ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧t✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ s❤♦✇

❚❤❡♦r❡♠ ✺✳✶✳ ❋♦r ❛♥② X ∈ Tn✱ ✇❡ ❤❛✈❡

✭✾✮ KVol(X) = Vol(X)K(∞,
1

Φ
) · 1

cosh(distH2(X,Γn · Gmax))

❘❡❝❛❧❧ t❤❛t Gmax =
⋃

k∈N∗∪{∞} γ∞,± 1
kΦ
✱ ❛♥❞ ♥♦t✐❝❡ t❤❛t t❤❡ ❝♦♥st❛♥tK0 ❣✐✈❡♥ ✐♥

t❤❡ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✶✳✶ ✐s ♥♦✇ ❡①♣❧✐❝✐t❡❧② ❞❡t❡r♠✐♥❡❞ ❜②K0 = ❱♦❧(X)K(∞, 1
Φ
)✳

❲❡ ❜❡❣✐♥ t❤✐s s❡❝t✐♦♥ ❜② ❣✐✈✐♥❣ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ✐❞❡❛s ❜❡❤✐♥❞ t❤❡
♣r♦♦❢✳

✺✳✶✳ ●❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ ❋♦❧❧♦✇✐♥❣ ➓✼✳✷ ♦❢ ❬✶❪✱ ✇❡
✜rst ❣✐✈❡ ❛ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✽✮ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✹✮✱ ✇❤✐❝❤
✇❡ r❡st❛t❡ ❤❡r❡ ❢♦r t❤❡ r❡❛❞❡r✬s ❝♦♥✈❡♥✐❡♥❝❡✿

KVol(X) = Vol(X) · sup
d, d′ ∈ P

d ̸= d′

K(d, d′) · sin θ(X, d, d′).

❘❡❝❛❧❧ t❤❛t P ✐s t❤❡ s❡t ♦❢ ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s ♦♥ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ Sn✳
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●✐✈❡♥ ❛ ♣❛✐r ♦❢ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s (d, d′)✱ ✐ts ❛ss♦❝✐❛t❡❞ ❣❡♦❞❡s✐❝ γd,d′
♦♥ H2 ❣✐✈❡s ❛ ♣r♦❥❡❝t❡❞ ❣❡♦❞❡s✐❝ ♦♥ t❤❡ ❤②♣❡r❜♦❧✐❝ s✉r❢❛❝❡ H2/Γn✳ ■♥ t❤❡ ❢✉♥❞❛✲
♠❡♥t❛❧ ❞♦♠❛✐♥ Tn✱ ✐t ❣✐✈❡s ❛ s❡t ♦❢ ❣❡♦❞❡s✐❝s ❢♦r♠❡❞ ❜② ❛❧❧ t❤❡ ✐♠❛❣❡s ♦❢ γd,d′ ❜②
❛♥ ❡❧❡♠❡♥t ♦❢ Γn✳ ❇② ❘❡♠❛r❦ ✹✳✺✱ ❛❧❧ ♣❛✐rs ♦❢ ❞✐r❡❝t✐♦♥s ✐♥ Γ±

n · (d, d′) ❣✐✈❡ t❤❡
s❛♠❡ ✈❛❧✉❡ ❢♦r K(·, ·)✳ ❚❤✐s ❛♠♦✉♥ts t♦ s❛②✐♥❣ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣❡♦❞❡s✐❝
tr❛❥❡❝t♦r② ♦♥ t❤❡ s✉r❢❛❝❡ H2/Γn ❤❛s ❛ ✇❡❧❧ ❞❡✜♥❡❞ ❛ss♦❝✐❛t❡❞ ❝♦♥st❛♥t✱ K(d, d′)✳
◆♦✇✱ ❣✐✈❡♥ ❛ ♣♦✐♥t X ∈ H2/Γn✱ ✇❡ ❝❛♥ ❧♦♦❦ ❛t t❤❡ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡ r ❢r♦♠ X
t♦ t❤❡ ❣❡♦❞❡s✐❝ tr❛❥❡❝t♦r② ❛ss♦❝✐❛t❡❞ ✇✐t❤ (d, d′)✳ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ❣✐✈❡s t❤❛t ❢♦r
❛ ♣❛✐r ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β ♦♥ X ♦❢ r❡s♣❡❝t✐✈❡ ❞✐r❡❝t✐♦♥s d ❛♥❞ d′ ✭✐♥
t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✳✶✮✱ ✇❡ ❤❛✈❡ t❤❡ s❤❛r♣ ✐♥❡q✉❛❧✐t②✿

Int(α, β)

l(α)l(β)
≤ K(d, d′)× 1

cosh r
.

❊①❛♠♣❧❡s ♦❢ ❣❡♦❞❡s✐❝ tr❛❥❡❝t♦r✐❡s ❢♦r d =∞ ❛♥❞ d′ = 1
Φ
, 1
2Φ

❛♥❞ 1
3Φ

❛r❡ ❞❡♣✐❝t❡❞

✐♥ ❋✐❣✉r❡ ✶ ♦❢ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❛s ✇❡❧❧ ❛s ✐♥ ❋✐❣✉r❡ ✷✷ ❢♦r d′ = Φ
2Φ2−1

✳

❯s✐♥❣ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥✱ ✇❡ ❝❛♥ ♣r♦✈❡ ❚❤❡♦r❡♠ ✺✳✶ ❜② s❤♦✇✐♥❣ t❤❛t ❢♦r ❡✈❡r②
♣❛✐r ♦❢ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s (d, d′) ❛♥❞ ❛♥② X ∈ Tn ✭♦r✱ ❜② s②♠♠❡tr②✱ ❢♦r
❛♥② X ∈ Tn+ = {X = x+ iy ∈ Tn, x ≥ 0}✮ ✇❡ ❤❛✈❡✿

✭♣✮ K(d, d′) sin θ(X, d, d′) ≤ max
k∈N∗

{K(∞,
1

kΦ
) sin θ(X,∞,

1

kΦ
)}

❚❤❡ ❝♦♥st❛♥t K(∞, 1
kΦ
) ❜❡✐♥❣ ♠❛①✐♠❛❧ ❛♠♦♥❣ ❛❧❧ ♣♦ss✐❜❧❡ ❝♦♥st❛♥ts K(d, d′)✱

❊q✉❛t✐♦♥ ✭♣✮ ❤♦❧❞s ❢♦r s✉r❢❛❝❡s X ❝❧♦s❡ t♦ Γn · Gmax✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ ➓✺✳✷✱ ✇❡
✉s❡ Pr♦♣♦s✐t✐♦♥ ✹✳✼ t♦ s❤♦✇ t❤❛t ✭♣✮ ❤♦❧❞s ✐♥ t❤❡ ❞♦♠❛✐♥ R+ = {X = x + iy ∈
Tn+, y ≥ x− 1

Φ
} ✭▲❡♠♠❛ ✺✳✷ ❛♥❞ ❋✐❣✉r❡ ✷✸✮✳

❚❤❡♥✱ ✐t r❡♠❛✐♥s t♦ ❞❡❛❧ ✇✐t❤ s✉r❢❛❝❡s ♦✉ts✐❞❡ R+ ✭✇❤✐❝❤ ❛r❡✱ ✐♥ s♦♠❡ s❡♥s❡✱
s✉r❢❛❝❡s ❝❧♦s❡ t♦ t❤❡ r❡❣✉❧❛r n✲❣♦♥ Xn✮✳ ❚❤✐s ❧❛tt❡r ❝❛s❡ ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ➓✺✳✸ ❛♥❞
r❡q✉✐r❡s ✉s❡ ♦❢ t❤❡ ♠❛❝❤✐♥❡r② ♦❢ ❬✶✱ ➓✼❪✱ ❛❧♦♥❣ ✇✐t❤ ❈♦r♦❧❧❛r② ✹✳✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥
✹✳✼✳

✺✳✷✳ ❚❤❡ ❝❛s❡ ♦❢ s✉r❢❛❝❡s ❝❧♦s❡ t♦ Γn · Gmax✳ ❲✐t❤ t❤❡ ❛❜♦✈❡ ❣❡♦♠❡tr✐❝ ✐♥✲
t❡r♣r❡t❛t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r s✉r❢❛❝❡s ❝❧♦s❡ t♦ t❤❡ ❣❡♦❞❡s✐❝ tr❛❥❡❝t♦r✐❡s ❛ss♦✲
❝✐❛t❡❞ t♦ t❤❡ ❞✐r❡❝t✐♦♥s (∞, 1

kΦ
)✱ k ∈ N∗ ∪ {∞} ✭❤❛✈✐♥❣ ♠❛①✐♠❛❧ K(·, ·)✮✱ ❑❱♦❧

✐s ❛❝❤✐❡✈❡❞ ❜② ♣❛✐rs ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ✐♥ ❞✐r❡❝t✐♦♥s d = ∞ ❛♥❞ d′ = 1
kΦ
✱ ❛♥❞

❊q✉❛t✐♦♥ ✭♣✮ ❤♦❧❞s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡✿

▲❡♠♠❛ ✺✳✷✳ ❋♦r ❛♥② X ∈ R+ = {X = x+ iy ∈ Tn+ ✇✐t❤ y ≥ x− 1
Φ
}✱ ❊q✉❛t✐♦♥

✭♣✮ ❤♦❧❞s✳

❘❡❝❛❧❧ t❤❛t ❜❡❝❛✉s❡ ♦❢ t❤❡ s②♠♠❡tr② ♦❢ ❑❱♦❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ r❡✢❡❝t✐♦♥ ♦♥
t❤❡ ✈❡rt✐❝❛❧ ❛①✐s✱ ✇❡ ❝❛♥ ❛ss✉♠❡ X ∈ Tn+ := {X = x+ iy ∈ Tn, x ≥ 0}✳
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d′ = Φ
2Φ2−1

❋✐❣✉r❡ ✷✷✳ ❚❤❡ ❣❡♦❞❡s✐❝ γ∞, Φ
2Φ2

−1
✐ts ✐♠❛❣❡s ❜② t❤❡ ❱❡❡❝❤ ❣r♦✉♣

✐♥t❡rs❡❝t✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ Tn✳ ❖♥ t❤❡ r✐❣❤t✱ t❤❡ s❛♠❡
❣❡♦❞❡s✐❝s ♦♥ t❤❡ s✉r❢❛❝❡ H2/Γn✳

1
Φ

1
2Φ

1
3Φ

Φ
2

2
Φ

Φ− 1
Φ

γ 1
Φ
,Φ− 1

Φ

R+

0

θ = π
4

Sn

Xn

❋✐❣✉r❡ ✷✸✳ ❚❤❡ r❡❣✐♦♥ R+ ✐♥ t❤❡ r✐❣❤t ♣❛rt ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
❞♦♠❛✐♥ Tn+ ❛♥❞ t❤❡ ❣❡♦❞❡s✐❝ ( 1

Φ
,Φ− 1

Φ
) ❢♦r t❤❡ ❝❛s❡ n = 12✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✼✱ ❊q✉❛t✐♦♥ ✭♣✮ ❤♦❧❞s ❢♦r ❛♥② X ∈ Tn+ s✉❝❤ t❤❛t t❤❡r❡
✐s ❛ k ∈ N∗ ∪ {∞} ✇✐t❤

✭✶✵✮ sin θ(X,∞,
1

kΦ
) ≥ 1

Φ2 − 2
.
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❙✐♥❝❡
1

Φ2 − 2
≤ 1

Φ2
8 − 2

=

√
2

2
= sin

π

4
✱ ✇❡ ❞✐r❡❝t❧② ❤❛✈❡ t❤❛t t❤❡ ❛❜♦✈❡ ❝♦♥❞✐✲

t✐♦♥ ✐s ✈❡r✐✜❡❞ ❢♦r X ∈ {Y ∈ Tn+, ∃k ∈ N∗ ∪{∞}, θ(Y,∞, 1
kΦ
) ≥ π

4
}✳ ❖♥❡ ✈❡r✐✜❡s

t❤❛t t❤✐s s❡t ✐s ❡①❛❝t❧② R+✳ □

❘❡♠❛r❦ ✺✳✸✳ ■♥ ❢❛❝t✱ R+ = Tn+ ❢♦r m = 2✱ ✇❤✐❝❤ ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡
♦❢ t❤❡ ♦❝t❛❣♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s ♥♦ ❧♦♥❣❡r t❤❡ ❝❛s❡ ❢♦r m ≥ 3✳

✺✳✸✳ ❚❤❡ ❝❛s❡ ♦❢ s✉r❢❛❝❡s ❝❧♦s❡ t♦ Xn✳ ■t r❡♠❛✐♥s t♦ ❞❡❛❧ ✇✐t❤ s✉r❢❛❝❡s ❛✇❛②
❢r♦♠ ❣❡♦❞❡s✐❝s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞✐r❡❝t✐♦♥s ∞ ❛♥❞ 1

kΦ
✳ ■♥ ❛ ✇❛②✱ t❤❡s❡ s✉r❢❛❝❡s

❛r❡ ❝❧♦s❡ t♦ t❤❡ r❡❣✉❧❛r n✲❣♦♥ Xn✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥
✭✇❤✐❝❤ ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✱ ➓✼✳✷❪✮✿

❉❡✜♥✐t✐♦♥ ✺✳✹✳ ●✐✈❡♥ ❛ ♣❛✐r ♦❢ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s (d, d′) ❛♥❞ ✐ts ❛ss♦✲
❝✐❛t❡❞ ❣❡♦❞❡s✐❝ γd,d′ ♦♥ H2✱ ✇❡ ❞❡♥♦t❡ ❜② V (d, d′) t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢
H2\(Γ±

n · γd,d′) ❝♦♥t❛✐♥✐♥❣ Xn✳

❆s ❛♥ ❡①❛♠♣❧❡✱ t❤❡ ❞♦♠❛✐♥ V (∞, d′) ✇✐t❤ d′ = Φ
2Φ2−1

✐s ❞r❛✇♥ ✐♥ ❋✐❣✉r❡ ✷✹✳

❘❡♠❛r❦ ✺✳✺✳ ■❢ ❛ ❣❡♦❞❡s✐❝ ♦❢ Γ±
n ·γd,d′ ♣❛ss❡s t❤r♦✉❣❤ Xn✱ t❤❡♥ V (d, d′) ✐s ♥♦t ✇❡❧❧

❞❡✜♥❡❞✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ s❡t V (d, d′) = {Xn} ❛s ✐♥ t❤✐s ❝❛s❡ ✇❡ ❛✉t♦♠❛t✐❝❛❧❧②
❤❛✈❡✿

K(d, d′) ≤ K(∞,
1

Φ
) sin θ(Xn,∞,

1

Φ
)

❛♥❞ s✐♥❝❡ Xn ✐s t❤❡ ❢✉rt❤❡st ♣♦✐♥t ❛✇❛② ❢r♦♠ t❤❡ s❡t ♦❢ ❣❡♦❞❡s✐❝s Gmax✱ ✇❡ ❤❛✈❡
❢♦r ❛♥② s✉r❢❛❝❡ X ∈ Tn✿

K(d, d′) sin θ(X, d, d′) ≤ K(d, d′) ≤ K(∞,
1

Φ
) sin θ(Xn,∞,

1

Φ
).

❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥✱ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛s ✼✳✻ ❛♥❞ ✼✳✼ ♦❢ ❬✶✱ ➓✼✳✷❪ ❣❡♥❡r❛❧✐③❡s
t♦ ♦✉r s❡tt✐♥❣ ❛♥❞ ❣✐✈❡s✿

▲❡♠♠❛ ✺✳✻✳ ▲❡t (d0, d
′
0) ❜❡ ❛ ♣❛✐r ♦❢ ❞✐st✐♥❝t ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s✳ ❆ss✉♠❡ t❤❛t

❊q✉❛t✐♦♥ ✭♣✮ ❤♦❧❞s ❢♦r ❛♥② ♣❛✐r ♦❢ ❞✐r❡❝t✐♦♥s (d, d′) ✇❤♦s❡ ❛ss♦❝✐❛t❡❞ ❣❡♦❞❡s✐❝ ❧✐❡
✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥ V (d0, d

′
0)✳ ❚❤❡♥ t❤❡ s❛♠❡ ✐♥❡q✉❛❧✐t② ✐s tr✉❡ ❢♦r

(d0, d
′
0)✳

❋✉rt❤❡r♠♦r❡✱ ❛ ♣❛✐r ♦❢ ❞✐r❡❝t✐♦♥s (d, d′)✱ d < d′ ✇❤♦s❡ ❛ss♦❝✐❛t❡❞ ❣❡♦❞❡s✐❝ ❧✐❡s ✐♥
t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥ V (d0, d

′
0) ∩ Tn+ ❤❛s t♦ s❛t✐s❢② d′ + d ≥ Φ✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ ❊q✉❛t✐♦♥ ✭♣✮ ❢♦r ♣❛✐rs ♦❢ ❞✐r❡❝t✐♦♥s (d, d′)
✇✐t❤ d+ d′ ≥ Φ✳ ❚❤✐s r❡❧✐❡s ♦♥ t❤❡ s✐♥✉s ❝♦♠♣❛r✐s♦♥ t❡❝❤♥✐q✉❡s ♦❢ ❬✶✱ ➓✼✳✸❪✳

Pr♦♣♦s✐t✐♦♥ ✺✳✼✳ ▲❡t (d, d′) ✇✐t❤ d + d′ ≥ Φ ❛♥❞ X = x + iy ∈ Tn ✐♥s✐❞❡ t❤❡
❤❛❧❢ ❞✐s❦ ❞❡✜♥❡❞ ❜② t❤❡ ❣❡♦❞❡s✐❝ γ 1

Φ
,Φ− 1

Φ
✳ ❲❡ ❤❛✈❡

K(d, d′) sin θ(X, d, d′) ≤ K(∞,
1

Φ
) sin θ(X,∞,

1

Φ
).

❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ✈❡r✐✜❡❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r X ∈ Tn\R+✳
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d′ = Φ
2Φ2−1

Sn

Xn

0 Φ
2

−Φ
2

V (∞, Φ
2Φ2−1

) ∩ Tn

❋✐❣✉r❡ ✷✹✳ ❚❤❡ ❣❡♦❞❡s✐❝s ♦❢ Γ±
n · γ∞, Φ

2Φ2
−1

✐♥t❡rs❡❝t✐♥❣ t❤❡ ❢✉♥❞❛✲

♠❡♥t❛❧ ❞♦♠❛✐♥ Tn✱ ❛♥❞ t❤❡ ❞♦♠❛✐♥ V (∞, Φ
2Φ2−1

) ∩ Tn✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✼✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿

✭✶✮ ■♥ t❤❡ ❝❛s❡ d ≥ 1
Φ
✱ ✇❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✼✳✽ ♦❢ ❬✶❪ ✇❤✐❝❤ ❝❛♥ ❜❡ st❛t❡❞ ♠♦r❡

❣❡♥❡r❛❧❧② ❛s✿

Pr♦♣♦s✐t✐♦♥ ✺✳✽✳ ▲❡t a ∈ R✱ b > 0✱ ❛♥❞ c ≥ b✳ ▲❡t D ⊂ H2 ❜❡ t❤❡
❞♦♠❛✐♥ ❡♥❝❧♦s❡❞ ❜② t❤❡ ❣❡♦❞❡s✐❝s γa,∞✱ γa+b,∞ ❛♥❞ γa−c,a+c✱ ❛♥❞ X0 ❜❡ t❤❡
r✐❣❤t ❝♦r♥❡r ♦❢ t❤❡ ❞♦♠❛✐♥ D✱ ❛s ✐♥ ❋✐❣✉r❡ ✷✺✳ ❚❤❡♥ ❢♦r ❛♥② (d, d′) ✇✐t❤
a ≤ d ≤ a+ b ≤ d′ s✉❝❤ t❤❛t γd,d′ ✐♥t❡rs❡❝t t❤❡ ❞♦♠❛✐♥ D✱ t❤❡ ❢✉♥❝t✐♦♥

F(d,d′) : X ∈ D 7→
sin θ(X,∞, a)

sin θ(X, d, d′)

✐s ♠✐♥✐♠❛❧ ❛t X0 ♦♥ t❤❡ ❞♦♠❛✐♥ D✳
■♥ ♦✉r s❡tt✐♥❣✱ ✇❡ s❡t a = 1

Φ
✱ b = Φ

2
− 1

Φ
❛♥❞ c = 1

Φ
❛♥❞ ✐t ❣✐✈❡s t❤❛t ❢♦r

❛♥② (d, d′) ✇✐t❤ 1
Φ
≤ d ≤ Φ

2
≤ d′✱ t❤❡ ❢✉♥❝t✐♦♥

F(d,d′) : X 7→
sin θ(X,∞, 1

Φ
)

sin θ(X, d, d′)

✐s ♠✐♥✐♠❛❧ ❛t Xn ♦♥ t❤❡ ❞♦♠❛✐♥ D = {X = x+ iy ∈ Tn ✇✐t❤ x ≥ 1
Φ
}✳

■♥ ♣❛rt✐❝✉❧❛r✱ s✐♥❝❡ ❜② ❈♦r♦❧❧❛r② ✹✳✻

∀(d, d′), K(d, d′) sin θ(Xn, d, d
′) ≤ K(∞,

1

Φ
) sin θ(Xn,∞,

1

Φ
)

✇❡ ❞❡❞✉❝❡ t❤❛t ❢♦r ❛❧❧ X ∈ {X = x + iy ∈ Tn ✇✐t❤ x ≥ 1
Φ
} ❛♥❞ (d, d′)

✇✐t❤ 1
Φ
≤ d ≤ Φ

2
≤ d′✱ ✇❡ ❤❛✈❡

K(d, d′) sin θ(X, d, d′) ≤ K(∞,
1

Φ
) sin θ(X, d, d′).
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a a+ b
a+ c

a− c d d′

X0

γd,d′

D

❋✐❣✉r❡ ✷✺✳ ❚❤❡ ❞♦♠❛✐♥ D ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✽✳

✭✷✮ ❊❧s❡✱ d < 1
Φ

s♦ t❤❛t d′ > Φ − 1
Φ
✳ ■♥ t❤✐s ❝❛s❡✱ ❢♦r ❛♥② ♣❛✐r ♦❢ ❞✐r❡❝t✐♦♥s

(d, d′) ♥♦t ✐♥ Γ · Gmax ❛♥❞ s✉❝❤ t❤❛t d ≤ 1
Φ

❛♥❞ d′ ≥ Φ − 1
Φ
✱ ❛♥❞ ❢♦r ❛❧❧

X ∈ R+✱ ✇❡ ❤❛✈❡ sin θ(X, d, d′) ≤ sin θ(X, 1
Φ
,Φ− 1

Φ
) s♦ t❤❛t

K(d, d′) sin θ(X, d, d′) ≤ K(d, d′) sin θ(X,
1

Φ
,Φ− 1

Φ
)

≤ K(
1

Φ
,Φ− 1

Φ
) sin θ(X,

1

Φ
,Φ− 1

Φ
) ✭❜② Pr♦♣♦s✐t✐♦♥ ✹✳✼✮

≤ K(∞,
1

Φ
) sin θ(X,∞,

1

Φ
) ✭❜② ❝❛s❡ ✶✳✮

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

□

✻✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✹

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ n ≡ 2 mod 4✱ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ❝❧♦s❡❞
❛♥②♠♦r❡✱ ❛♥❞ ✐t ✐s ♥♦ ❧♦♥❣❡r ♣♦ss✐❜❧❡ t♦ ✉s❡ t❡❝❤♥✐q✉❡s ❢r♦♠ ❙❡❝t✐♦♥s ✹ ❛♥❞ ✺✳
❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ st✐❧❧ s❤♦✇ t❤❛t KVol ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢
Xn✳ ■♥ ➓✻✳✶✱ ✇❡ ❡①t❡♥❞ ❛ ❜♦✉♥❞❡❞♥❡ss ❝r✐t❡r✐♦♥ ♦❢ ❬✶✱ ➓✸❪ t♦ t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐♣❧❡
s✐♥❣✉❧❛r✐t✐❡s✳ ■♥ ➓✻✳✷✱ ✇❡ ✉s❡ t❤✐s ❝r✐t❡r✐♦♥ t♦ s❤♦✇ t❤❛t ❑❱♦❧ ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡
❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳

✻✳✶✳ ❇♦✉♥❞❡❞♥❡ss ❝r✐t❡r✐♦♥ ❢♦r ♠✉❧t✐♣❧❡ s✐♥❣✉❧❛r✐t✐❡s✳ ■♥ t❤✐s ♣❛r❛❣r❛♣❤✱
✇❡ s❤♦✇ ❚❤❡♦r❡♠ ✶✳✺ ✇❤✐❝❤ ❡①t❡♥❞s t❤❡ ❜♦✉♥❞❡❞♥❡ss ❝r✐t❡r✐♦♥ ♦❢ ❬✶❪ t♦ t❤❡ ❝❛s❡
♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✇✐t❤ ♠✉❧t✐♣❧❡ s✐♥❣✉❧❛r✐t✐❡s✳
❚❤❡♦r❡♠ ✶✳✺✳ KVol ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ ❛ ❱❡❡❝❤ s✉r❢❛❝❡ X
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❛r❡ ♥♦ ✐♥t❡rs❡❝t✐♥❣ ❝❧♦s❡❞ ❝✉r✈❡s α ❛♥❞ β ♦♥ X s✉❝❤ t❤❛t
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α = α1 ∪ · · · ∪ αk ❛♥❞ β = β1 ∪ · · · ∪ βl ❛r❡ ✉♥✐♦♥s ♦❢ ♣❛r❛❧❧❡❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s
✭t❤❛t ✐s ❛❧❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α1, . . . , αk, β1, . . . , βl ❤❛✈❡ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✮✳

Pr♦♦❢✳ ❋✐rst✱ ♥♦t✐❝❡ t❤❛t ✐❢ t❤❡r❡ ❡①✐st ❛ ♣❛✐r (α, β) ♦❢ ♣❛rr❛❧❡❧ ❝❧♦s❡❞ ❝✉r✈❡s✱
t❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❣❡♦❞❡s✐❝ ✢♦✇ ✐♥ t❤❡✐r ❝♦♠♠♦♥ ❞✐r❡❝t✐♦♥ ♠❛❦❡ t❤❡
❧❡♥❣t❤ ♦❢ ❜♦t❤ α ❛♥❞ β ❣♦ t♦ ③❡r♦✱ ✇❤✐❧❡ t❤❡ ✐♥t❡rs❡r❝t✐♦♥ r❡♠❛✐♥ ✉♥❝❤❛♥❣❡❞✳ ■♥
♣❛rt✐❝✉❧❛r

KVol(gt ·X)→ +∞ ❛s t→ +∞.

❈♦♥✈❡rs❡❧②✱ ❧❡t X ❜❡ ❛ ❱❡❡❝❤ s✉r❢❛❝❡✱ ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ t♦ ❜❡ ♦❢ ✉♥✐t ❛r❡❛✳
❘❡❝❛❧❧ t❤❛t ❢♦r s✉❝❤ ❛ s✉r❢❛❝❡✱ t❤❡ ✧♥♦ s♠❛❧❧ tr✐❛♥❣❧❡ ❝♦♥❞✐t✐♦♥✧ ♦❢ ❬✶✵❪ ✭s❡❡ ❛❧s♦
❬✽❪✮ ❣✐✈❡s ❛ ❝♦♥st❛♥t A > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② t✇♦ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β✱
t❤❡ ✐♥❡q✉❛❧✐t② |α ∧ β| ≥ A ❤♦❧❞s✳ ❋✉rt❤❡r✱ t❤❡ ❝♦♥st❛♥t A ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥
t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s✉r❢❛❝❡ ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ X✳

◆♦✇✱ ❧❡t α ❜❡ ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ ✐♥ ❛ ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❱❡❡❝❤ s✉r❢❛❝❡
X ❞❡❝♦♠♣♦s❡s ✐♥t♦ ❝②❧✐♥❞❡rs ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ α✳ ▲❡t h ❜❡ t❤❡ s♠❛❧❧❡st ❤❡✐❣❤t
♦❢ t❤❡ ❝②❧✐♥❞❡rs✳ ❋♦r ❛♥② s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ β ✇❤✐❝❤ ✐s ♥♦t ♣❛r❛❧❧❡❧ t♦ α✱ β ❤❛s
❛t ❧❡❛st ❛ ✈❡rt✐❝❛❧ ❧❡♥❣t❤ h ❜❡t✇❡❡♥ ❡❛❝❤ ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ α✱ ♣❧✉s ❛
✈❡rt✐❝❛❧ ❧❡♥❣t❤ ❛t ❧❡❛st h ❜❡❢♦r❡ t❤❡ ✜rst ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✱ ❛♥❞ ❛❢t❡r t❤❡
❧❛st ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ α✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ β
❤❛✈✐♥❣ ❛t ❧❡❛st ♦♥❡ ♥♦♥✲s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤ α✱ ✇❡ ❤❛✈❡✿

h(β) ≥ h(|α ∩ β|+ 1)

✇❤❡r❡ h(β) = l(β) sin angle(α, β)✳ ■♥ ❢❛❝t✱ ✐❢ β ❞♦❡s ♥♦t ✐♥t❡rs❡❝t α ♥♦♥✲s✐♥❣✉❧❛r❧②
t❤❡♥ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② st✐❧❧ ❤♦❧❞s✱ ❛s ✐t ❜❡❝♦♠❡s h(β) ≥ h ✇❤✐❝❤ ✐s tr✉❡ ❛s ❧♦♥❣
❛s β ✐s ♥♦t ♣❛r❛❧❧❡❧ t♦ α✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ h(β) ≤ l(β)✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✿

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l(α)h
≤ 1

A
.

❚❤❡ ❧❛st ✐♥❡q✉❛❧t② ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t l(α)h = α ∧ β0 ≥ A ❢♦r ❛ s❛❞❞❧❡
❝♦♥♥❡❝t✐♦♥ β0 ✇❤✐❝❤ st❛②s ✐♥s✐❞❡ t❤❡ ❝②❧✐♥❞❡r ♦❢ ❤❡✐❣❤t h✳

◆❡①t✱ t❛❦❡ α ❛♥❞ β t✇♦ s✐♠♣❧❡ ❝❧♦s❡❞ ❝✉r✈❡s ❞❡❝♦♠♣♦s❡❞ ❛s ❛♥ ✉♥✐♦♥ ♦❢ s❛❞✲
❞❧❡ ❝♦♥♥❡❝t✐♦♥s α = α1 ∪ · · · ∪ αk ❛♥❞ β = β1 ∪ · · · ∪ βl✱ ❛♥❞ ❛ss✉♠❡ t❤❛t
α1, . . . , αk, β1, . . . , βl ❛r❡ ♥♦t ❛❧❧ ♣❛r❛❧❧❡❧✳ ❚❤❡♥✱

Int(α, β) ≤ (
∑

1 ≤ i ≤ k

1 ≤ j ≤ l

|αi ∩ βj|) + s

✇❤❡r❡ s ≤ min(k, l) ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♠♦♥ s✐♥❣✉❧❛r✐t✐❡s ❜❡t✇❡❡♥ α ❛♥❞
β✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐❢ αi = βj✱ ✇❡ s❡t |αi ∩ βj| = 0✳
◆♦✇✱ s✐♥❝❡ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛r❡ ♥♦t ❛❧❧ ♣❛r❛❧❧❡❧✱ t❤❡r❡ ✐s ❛t ❧❡❛st min(k, l) ♣❛✐rs
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(i, j) s✉❝❤ t❤❛t αi ❛♥❞ βj ❛r❡ ♥♦t ♣❛r❛❧❧❡❧✱ ❛♥❞ ✇❡ ❣❡t

Int(α, β) ≤ (
∑

1 ≤ i ≤ k

1 ≤ j ≤ l

|αi ∩ βj|) + s

≤
∑

i, j

αi ❛♥❞ βj ♥♦♥✲♣❛r❛❧❧❡❧

(|αi ∩ βj|+ 1)

≤
∑

i, j

αi ❛♥❞ βj ♥♦♥✲♣❛r❛❧❧❡❧

1

A
× l(αi)l(βj)

≤ 1

A
l(α)l(β).

❚❤✐s ❣✐✈❡s t❤❡ r❡q✉✐r❡❞ ❜♦✉♥❞❡❞♥❡ss r❡s✉❧t

KVol(X) ≤ 1

A
.

□

✻✳✷✳ ■♥t❡rs❡❝t✐♦♥ ♦❢ ♣❛r❛❧❧❡❧ ❝✉r✈❡s ♦♥ Xn✱ n ≡ 2 mod 4✳ ■♥ t❤✐s ♣❛r❛❣r❛♣❤✱
✇❡ ❣♦ ❜❛❝❦ t♦ t❤❡ r❡❣✉❧❛r n✲❣♦♥ ❢♦r n ≡ 2 mod 4 ❛♥❞ ✇❡ st✉❞② t❤❡ ✐♥t❡rs❡❝t✐♦♥
Int(α, β) ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ α ❛♥❞ β ❛r❡ ✉♥✐♦♥ ♦❢ ♣❛r❛❧❧❡❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s✳
❯♣ t♦ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t α ❛♥❞ β ❛r❡ ❡✐t❤❡r
❜♦t❤ ❤♦r✐③♦♥t❛❧ ♦r ❜♦t❤ ✈❡rt✐❝❛❧✳ ❲❡ ✇✐❧❧ ✇♦r❦ ✐♥ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ S✱ ❛s ✐♥
❋✐❣✉r❡ ✷✻✳ ◆♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥✱ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❣♦ ❢r♦♠ ♦♥❡
s✐♥❣✉❧❛r✐t② t♦ t❤❡ ♦t❤❡r ✇❤✐❧❡ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛r❡ ❝❧♦s❡❞ ❝✉r✈❡s ✐♥ t❤❡ ✈❡rt✐❝❛❧
❞✐r❡❝t✐♦♥✳ ■♥ t❤✐s ❧❛tt❡r ❝❛s❡✱ ✐t ✐s ❡❛s② t♦ s❤♦✇✿

▲❡♠♠❛ ✻✳✶ ✭❱❡rt✐❝❛❧ ❝✉r✈❡s✮✳ ❋♦r ❡✈❡r② i, j✱ Int(βi, βj) = 0

Pr♦♦❢✳ ❋✐rst✱ s✐♥❝❡ βm ✐s ❤♦♠♦❧♦❣♦✉s t♦ ❛ ♥♦♥✲s✐♥❣✉❧❛r ❝✉r✈❡ ✇❤✐❝❤ ❞♦ ♥♦t ✐♥t❡r✲
s❡❝t ❛♥② ♦❢ t❤❡ βj ❢♦r j < m✱ ✇❡ ❤❛✈❡ Int(βm, βj) = 0✳
◆❡①t✱ ❢♦r ❛♥② j < m t❤❡ ❝✉r✈❡ βj + βj+1 ✐s ❤♦♠♦❧♦❣♦✉s t♦ ❛ ♥♦♥✲s✐♥❣✉❧❛r ❝✉r✈❡
❛♥❞ ❢♦r ❛❧❧ i✱ Int(βj + βj+1, βi) = 0 ❛♥❞ ❤❡♥❝❡ Int(βj, βi) = −Int(βj+1, βi) ❛♥❞ ❜②
✐♥❞✉❝t✐♦♥ Int(βj, βi) = ±Int(βm, βi) = 0✳ □

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ α ✭r❡s♣✳ β✮ ✐s ❛♥ ❤♦r✐③♦♥t❛❧ ❝✉r✈❡ ♠❛❞❡ ♦❢ t✇♦ ❤♦r✐③♦♥t❛❧
s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s αi1 ❛♥❞ αi2 ✭r❡s♣✳ αj1 ❛♥❞ αj2✮ ❣♦✐♥❣ ❢r♦♠ ♦♥❡ s✐♥❣✉❧❛r✐t② t♦
t❤❡ ♦t❤❡r ❛♥❞ ♦r✐❡♥t❡❞ s✉❝❤ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❝✉r✈❡ α = αi1 ± αi2 ❤❛s ❛ ✇❡❧❧
❞❡✜♥❡❞ ♦r✐❡♥t❛t✐♦♥✱ ✇❡ ❤❛✈❡✿

▲❡♠♠❛ ✻✳✷ ✭❍♦r✐③♦♥t❛❧ ❝✉r✈❡s✮✳ ■♥ t❤✐s s❡tt✐♥❣✱ Int(α, β) = 0✳

Pr♦♦❢✳ ❋✐rst ♥♦t✐❝❡ t❤❛t✱ ❣✐✈❡♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s αi ✐s ❢r♦♠
❧❡❢t t♦ r✐❣❤t ❛s ✐♥ ❋✐❣✉r❡ ✷✻✱ t❤❡ ❝✉r✈❡ α ❤❛s ❛ ✇❡❧❧ ❞❡✜♥❡❞ ♦r✐❡♥t❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧②
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α3

α2

β2

β1

α4

β3

α1

①

①

①

①

①

①

①

①

❋✐❣✉r❡ ✷✻✳ ❚❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ 14✲❣♦♥✳ ❚❤❡
❤♦r✐③♦♥t❛❧ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥ r❡♣r❡s❡♥t t❤❡ t✇♦ ❝✉s♣✐❞❛❧ ❞✐✲
r❡❝t✐♦♥s✳ ◆♦t✐❝❡ t❤❛t ✈❡rt✐❝❛❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛r❡ ❝❧♦s❡❞ ✇❤✐❧❡
❤♦r✐③♦♥t❛❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛r❡ ♥♦t✳

✐❢ α = ±[αi1 + (−1)i2−i1−1αi2 ]✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ✇r✐t❡ ✭❛ss✉♠✐♥❣ i1 < i2 ❢♦r
❝♦♥✈❡♥✐❡♥❝❡✮

α = ±[(αi1 + αi1+1)− (αi1+1 + αi1+2) + · · ·+ (−1)i2−i1−1(αi2−1 + αi2)]

= ±
i2−i1−1∑

k=0

(−1)k(αi1+k + αi1+k+1).

◆♦✇✱ s✐♥❝❡ t❤❡ ❝✉r✈❡s αi + αi+1 ❛r❡ ❝❧♦s❡❞ ❝✉r✈❡s ❤♦♠♦❧♦❣♦✉s t♦ ❝♦r❡ ❝✉r✈❡ ♦❢
❤♦r✐③♦♥t❛❧ ❝②❧✐♥❞❡r✱ t❤❡② ❛r❡ ♣❛✐r✇✐s❡ ♥♦♥✲✐♥t❡rs❡❝t✐♥❣✳ ▼❛❦✐♥❣ t❤❡ s❛♠❡ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ❢♦r β ❣✐✈❡s ❞✐r❡❝t❧② Int(α, β) = 0✳ □

❆s ❛ ❝♦r♦❧❧❛r②✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❝r✐t❡r✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✶✳✺ t♦ ❞❡❞✉❝❡ t❤❛t ❑❱♦❧
✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✳ ■♥ ❢❛❝t✱ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t
t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✺ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧✐❝✐t ❜♦✉♥❞✿

❈♦r♦❧❧❛r② ✻✳✸✳ ▲❡t n ≥ 10✱ n ≡ 2 mod 4✳ ❋♦r ❛♥② s✉r❢❛❝❡ X ✐♥ t❤❡ ❚❡✐❝❤♠ü❧❧❡r
❞✐s❦ ♦❢ t❤❡ r❡❣✉❧❛r n✲❣♦♥✱ ❛♥❞ ❛♥② ❝❧♦s❡❞ ❝✉r✈❡s α ❛♥❞ β ♦♥ X✱ ✇❡ ❤❛✈❡✿

Int(α, β)

l(α)l(β)
≤ 1

Φl2m
.

❘❡❢❡r❡♥❝❡s

❬✶❪ ❏✉❧✐❡♥ ❇♦✉❧❛♥❣❡r✱ ❊r✇❛♥ ▲❛♥♥❡❛✉✱ ❛♥❞ ❉❛♥✐❡❧ ▼❛ss❛rt✳ ❆❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ✐♥ ❛ ❢❛♠✐❧②
♦❢ ✈❡❡❝❤ s✉r❢❛❝❡s✳ ❛r❳✐✈✿✷✶✶✵✳✶✹✷✸✺✱ ✷✵✷✷✳

❬✷❪ ❙♠❛✐❧ ❈❤❡❜♦✉✐✱ ❆r❡③❦✐ ❑❡ss✐✱ ❛♥❞ ❉❛♥✐❡❧ ▼❛ss❛rt✳ ❆❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ❢♦r tr❛♥s❧❛t✐♦♥
s✉r❢❛❝❡s ✐♥ ❛ ❢❛♠✐❧② ♦❢ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦s✳ ❇✉❧❧✳ ❙♦❝✳ ▼❛t❤✳ ❋r❛♥❝❡✱ ✶✹✾✭✹✮✿✻✶✸✕✻✹✵✱ ✷✵✷✶✳
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❬✸❪ ❙♠❛✐❧ ❈❤❡❜♦✉✐✱ ❆r❡③❦✐ ❑❡ss✐✱ ❛♥❞ ❉❛♥✐❡❧ ▼❛ss❛rt✳ ❆❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ❢♦r tr❛♥s❧❛t✐♦♥
s✉r❢❛❝❡s ✐♥ t❤❡ str❛t✉♠ H(2)✳ ❈✳ ❘✳ ▼❛t❤✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✱ ✸✺✾✿✻✺✕✼✵✱ ✷✵✷✶✳

❬✹❪ ❉❛♥✐❡❧ ▼❛ss❛rt✳ ❆ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ t♦ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✱ ❱❡❡❝❤ s✉r❢❛❝❡s✱ ❛♥❞ ❚❡✐❝❤✲
♠ü❧❧❡r ❞②♥❛♠✐❝s✳ ■♥ ❙✉r✈❡②s ✐♥ ❣❡♦♠❡tr② ■✱ ♣❛❣❡s ✸✹✸✕✸✽✽✳ ❙♣r✐♥❣❡r✱ ❈❤❛♠✱ ❬✷✵✷✷❪➞✷✵✷✷✳

❬✺❪ ❉❛♥✐❡❧ ▼❛ss❛rt ❛♥❞ ❇❥♦❡r♥ ▼✉❡t③❡❧✳ ❖♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❢♦r♠ ♦❢ s✉r❢❛❝❡s✳ ▼❛♥✉s❝r✳ ▼❛t❤✳✱
✶✹✸✭✶✲✷✮✿✶✾✕✹✾✱ ✷✵✶✹✳

❬✻❪ ❚❤✐❡rr② ▼♦♥t❡✐❧✳ ❖♥ t❤❡ ✜♥✐t❡ ❜❧♦❝❦✐♥❣ ♣r♦♣❡rt②✳ ❆♥♥✳ ■♥st✳ ❋♦✉r✐❡r✱ ✺✺✭✹✮✿✶✶✾✺✕✶✷✶✼✱
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In this chapter and the following chapter, we present a work carried out in
collaboration with I. Pasquinelli, in which we extend the methods developed in
Chapter 2. to a large class of flat surfaces, built from convex polygons with obtuse
angles. We begin by generalizing the subdivision method using combinatorial and
geometric arguments that allow to count finely the intersections, and we prove
Theorem A. In the next chapter, we will use these results in the specific framework
of Bouw-Möller surfaces.

4.1 Introduction

Let X be a translation surface constructed from a (finite) collection (Pi)i∈I whose
pairs of parallel sides of the same length are glued together by translations. We
assume that:

(H1) Each polygon is convex with obtuse or right angles,

(H2) Sides of the same polygon are not identified together.

We denote by l0 the length of the smallest sides of the polygons. We show:

Theorem 4.1.1. Under the hypotheses (H1) and (H2), for any two closed curves
γ and δ on X, we have:

Int(γ, δ)

l(γ)l(δ)
≤ 1

l20
.

Further, if the angles are all strictly obtuse, equality holds if and only if γ and
δ are sides of the polygons of length l0 intersecting once. If there are right angles,
equality may also hold only in the following cases:

• γ and δ are sides or also diagonals of the polygons, both of length l0 and
intersecting once at a singularity,

• γ and δ are both diagonals of length
√
2l0 intersecting twice (once at a

singularity and once outside the singularities, with the same sign),

• up to symmetry, γ is a side or a diagonal of length l0 and δ is a geodesic
of length 2l0, contained the union of exactly two polygons, and intersecting
twice.

The initial motivation for proving this result was to be able to deal with the
case of Bouw-Möller surfaces. The Bouw-Möller surface Sm,n satisfies hypotheses
(H1) and (H2) as soon as n ≥ 4. For n = 2 and m ≥ 3, the Bouw-Möller surface
Sm,2, which is also called the staircase model associated to the regular m-gon
does not satisfy (H2), but similar techniques allow to show that Theorem 4.1.1
still holds (see [BLM22]).
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Finally, if n = 3 and m ≥ 3, the surface Sm,n does not satisfy (H1). We can
still show that the same result holds and it uses a similar proof, but it requires
more precise estimates on the length of saddle connections which we will give in
the next chapter.

Before going on any further, let us make several comments on this result.

KVol and the systolic volume. Recall that the (homological) systolic length
of a Riemannian surface X is the length of a shortest non-homotopically trivial
loop on X. The systolic volume is then the volume of X divided by the square
of the systolic length. In other words:

SysVol(X) := Vol(X) · sup
α closed curve,

[α] ̸= 0

1

l(α)2
.

In particular, KVol can be thought of as a cousin of the systolic volume,
twisted by the algebraic intersection, and it is natural to compare them.

An interesting corollary of Theorem 4.1.1 is when all the vertices of the poly-
gons are identified to the same point. It is for example the case on the Bouw-
Möller surface Sm,n when m and n are coprime. In this case there is only one
singularity and the sides of the polygons represent closed curves on the surface.
In particular, l0 is also the systolic length and we have (if the surface has finite
volume):

KVol(X) ≤ SysVol(X).

This result can be compared with Theorem 1.1 of [MM14], which states that
in the general setting of Riemannian surfaces, one has KVol(X) ≤ 9Volsys(X).
In fact, we conjecture that:

Conjecture 4.1.2. For any translation surface X,

KVol(X) ≤ 2√
3
SysVol(X).

Notice that equality holds for equilateral staircases (see [BLM22]), but these
should not be the only equality cases.

General flat surfaces. Although Theorem 4.1.1 is stated for translation sur-
faces, the proof should extend to any surface constructed from flat polygons
satisfying (H1) and (H2) and such that the resulting surface is flat with finitely
many conical singularities, but is not necessarily a translation surface. This is
discussed in Section 4.5.4.
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What about polygons having acute angles? In light of Theorem 4.1.1, one
may wonder what happens if we remove hypothesis (H1), that is we allow some
of the angles to be acute. In this case, we will see that our methods have no
chance to extend unless we assume:

(H1’) The sum of two consecutive angles at a vertex is at least π.

Assuming both (H1’) and (H2), the result of Theorem 4.1.1 hold if we replace
l0 by l0 sin θ0, where θ0 is the minimal angle of all the polygons. Namely:

Theorem 4.1.3. Let X be a flat surface constructed from a collection of convex
polygons by gluing pairs of sides satisfying (H1’) and (H2). Let θ0 be the smallest
angle of the polygons, and l0 be the length of the smallest side of the polygons.
Assume θ0 ≥ 1

2
arccos 8

9
. We have:

Int(α, β)

l(α)l(β)
≤ 1

(l0 sin θ0)2
.

At the moment, we are only able to prove this result if θ0 ≥ 1
2
arccos 8

9
≃

0, 076π, but it should hold for any θ0 > 0.

What if we remove hypothesis (H2)? For surfaces satisfying (H1) but not
(H2), we will see that our methods allows to prove:

Theorem 4.1.4. Let X be a surface constructed from a collection of euclidean
polygons by identifying pairs of sides of the polygons satisfying hypothesis (H1).
Then, for any two closed curves γ and δ on X, we have

Int(α, β)

l(α)l(β)
≤ 4

l20
.

In fact, we believe that Theorem 4.1.1 holds without hypothesis (H2), as it
is the case for example for the regular n-gon (see Chapter 3). However, proving
this would require much more precise estimates on both the intersections and the
lengths of the segments, as we have seen in Chapter 3.

Outline of the proof. Our proof of Theorem 4.1.1 relies on a subdivision
method which generalises that of [BLM22] (Chapter 2) and [Bou23] (Chapter 3).
More precisely, given two closed geodesics γ and δ on X (which are then piecewise
straight lines), we define the polygonal decomposition of γ (resp. δ) by cutting γ
(resp. δ) each time it goes from a polygon to another. This gives a decomposition
γ = γ1 ∪ · · · ∪ γk (resp. δ = δ1 ∪ · · · ∪ δl) into smaller (non-closed) segments,
which are chords of the polygons. We will see that this decomposition allows to
estimate simultaneously the intersections and the lengths of the segments.
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Notice that the case of closed curves which are union of saddle connections (i.e
vertex-to-vertex trajectories) should be treated as a particular case, as then there
could be singular intersections. In fact, on a translation surface any closed curve
is homologous to a union of saddle connections. More precisely, any homology
class has a representative which is a union of saddle connections and such that this
representative minimizes the length among closed curves in the same homology
class. In particular, it is easy to see that in the definition of KVol we can assume
that the curves γ and δ are union of saddle connections. In the following, we
show:

Theorem 4.1.5. Under the hypotheses (H1) and (H2), for any two saddle con-
nections α and β on X, we have:

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20

where |α ∩ β| denotes the number of non-singular intersections points if α ̸= β,
and is set as 0 if α = β.

Further, if the angles are all strictly obtuse, equality holds if and only if α
and β are sides of the polygons both having length l0. If there are right angles,
equality holds if and only if:

• α and β are sides or also diagonals of the polygons, having both length l0,

• α and β are both diagonals of length
√
2l0 and such that α ∩ β| = 1,

• up to symmetry, α is a side or a diagonal of length l0 and β is a geodesic
of length 2l0, contained the union of exactly two polygons, and |α ∩ β| = 2.

Proof of Theorem 4.1.1 using Theorem 4.1.5. Let γ = γ1 ∪ · · · ∪ γk and δ = δ1 ∪
· · · ∪ δl be two closed curves decomposed as a union of saddle connections. Note
that k (resp. l) is also the number of singularities that γ (resp. δ) crosses.
Denote by |γi ∩ δj| the number of intersections of the two saddle connections γi
and δj outside of the singularity. Then the intersection number of γ and δ at the
singularities can be at most min(k, l) and

Int(γ, δ) ≤
∑

1≤i≤k
1≤j≤l

|γi ∩ δj|+min(k, l) (4.1)

≤
∑

1≤i≤k
1≤j≤l

|γi ∩ δj|+ kl =
∑

1≤i≤k
1≤j≤l

(|γi ∩ δj|+ 1) . (4.2)

with equality only if k = l = 1. Hence, by Theorem 4.1.5,

Int(γ, δ) ≤
∑

1≤i≤k
1≤j≤l

l(γi)l(δj)

l20
=

1

l20

(
∑

1≤i≤k

l(γi)

)(
∑

1≤j≤l

l(δj)

)
=

l(γ)l(δ)

l20
.
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Further, equality holds only if we have equality in both (4.2) and in Theorem
4.1.5. The condition k = l = 1 just tells us that γ and δ need to be saddle
connections. Moreover, γ and δ both must have length l0 and intersect once
at a singularity, or be two diagonals of the polygons, both of length

√
2l0 and

intersecting twice.

We are now left to prove Theorem 4.1.5. Given two saddle connections α
and β on X, we define the polygonal decomposition of α (resp. β) by cutting
α (resp. β) each time it goes from a polygon to another. This gives a decom-
position α = α1 ∪ · · · ∪ αk (resp. β = β1 ∪ · · · ∪ βl) into smaller (non-closed)
segments. We will see that this decomposition allows to estimate simultaneously
the number of intersections and the lengths of the segments. To estimate the
length of the segments we will distinguish two kinds of segments in the polygonal
decomposition:

Definition 4.1.6. (i) a non-adjacent segment is a segment going from a side
of a polygon P to a non-adjacent side of P , or a segment having one of its
endpoints as a vertex of a polygon.

(ii) an adjacent segment is a segment going from the interior of a side e of a
polygon P to the interior of a side of P adjacent to e.

Remark that, by definition, the segments α1 and αk (resp. β1 and βl) are
non-adjacent segments. Let us also notice that if k = 1, then α is either a side
or a diagonal of a polygon: in this case we have a single non-adjacent segment
according to the definition, and we will deal with this case separately.

Organisation of the chapter. In Section 4.2, we give a lower bound on the
length of a saddle connection using its polygonal decomposition, and as an appli-
cation we prove Theorem 4.1.4. Then, in Section 4.3 we study some properties
of sequences of consecutive adjacent segments, as this will allow us to study the
intersections of pieces of saddle connections using its polygonal decomposition in
Section 4.4. Finally, in Section 4.5 we conclude the proof of Theorem 4.1.5 and
we deal with the case where one of the saddle connections is a side or a diagonal
of a polygon (Section 4.5.3).

From now on and until Section 4.5.4, we consider a translation surface X
satisfying hypotheses (H1) and (H2). We consider two saddle connections α and
β on X and denote by α1∪· · ·∪αk (resp. β1∪·∪βl) the polygonal decomposition
of α (resp. β).

We use the following:

Notation 4.1.7. Given a segment αi in the polygonal decomposition of the
(oriented) saddle connection α, we will denote α−

i and α+
i the endpoints of αi, so

that the orientation of α takes us from α−
i to α+

i .
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θ

A

B

B

A

A⋆

B⋆

Figure 4.1: The pushing process of Lemma 4.2.2.

4.2 Study of the lengths

4.2.1 Length of adjacent and non-adjacent segments

In this paragraph, we use the hypothesis on the polygons (which are convex with
obtuse or right angles) to obtain a first estimate on the length of the segments,
namely:

Lemma 4.2.1 (Length of adjacent and non-adjacent segments). We have:

1. The length of a non-adjacent segment is at least l0.

2. The length of a pair of consecutive adjacent segments is greater than l0.

The Lemma will follow from elementary convex geometry. More precisely, we
start by showing:

Lemma 4.2.2. Let P be a convex polygon whose angles are all obtuse or right
and denote by l0 the length of the smallest side of P . Let A and B be two points
on the boundary of the polygon which do not lie on the same side of the polygon
or on adjacent sides. Then the distance between A and B is at least l0.

Proof of Lemma 4.2.2. (i) Let us start with the case where one of the points
(say A) is a vertex of the polygon and the other point B lies on one of the
sides adjacent to the sides containing A. This means that there is a side e
which has A as an endpoint and is adjacent to the side e′ containing B in
its interior (see the left hand side of Figure 4.1). As the angle θ between
e and e′ is obtuse or right, the distance between A and B is at least the
length of the side e. By definition, that is at least l0.
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(ii) In the general case, given two points A and B on the boundary of the
polygon which do not lie in the same side of the polygon or in adjacent
sides, we get back to case (i) by “pushing” the points while decreasing the
length. One way to do this is to draw the parallel lines to AB. Since the
polygon is convex, there is at least one ”pushing” direction for which we
decrease the length, as in the right of Figure 4.1. This process allows to get
points A⋆ and B⋆ in the configuration of case (i) such that:

d(A,B) ≥ d(A⋆, B⋆) ≥ l0.

Proof of Lemma 4.2.1. The first part of the Lemma follows directly from Lemma
4.2.2 applied to the polygon containing the non-adjacent segment.

For the second part of Lemma 4.2.1, consider two consecutive adjacent seg-
ments αi and αi+1 connected on a side e shared by two polygons P and P ′. Since
all the internal angles of polygons forming the surface X are obtuse or right
by hypothesis, we are in a configuration as in Figure 4.2, and hence the length
l(αi ∪ αi+1) will be greater than the length of the side e, which must be at least
l0.

αi

αi+1

P

P ′

Figure 4.2: Two consecutive adjacent segment have length at least l0.

4.2.2 Lengths of saddle connections

Now that, in the previous section, we studied the length of pieces of the polygonal
decomposition, we want to use these results to estimate the length of the whole
saddle connection. As suggested by Lemma 4.2.1, we will do this by grouping
consecutive adjacent segment by pairs. This motivates the following

Notation 4.2.3. Given a saddle connection α, we denote by pα the number of
non-adjacent segments in the decomposition of α and qα the maximal number of
pairs of consecutive adjacent segments we can form in the decomposition of α
(see Figure 4.3)
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α1α2

α3
α4

α5

α8

α6

α7

β1
β2

β3

β4

β5

A

B

B

C

C

D
D

E

E

F

F

A

Figure 4.3: Examples of saddle connections and their polygonal decomposition.
Here, the segments α2, α3, α4, β2 and β4 are adjacent segments while all other
segments are non-adjacent, and hence pα = 5, qα = 1, pβ = 3 and qβ = 0.

Using this notation, it follows directly from Lemma 4.2.1 that

l(α) ≥ (pα + qα)l0. (4.3)

Further, one notices that the cases where this estimate is far from being sharp
are the cases where there are odd sequences of consecutive adjacent segments, as
then it is not possible to group all adjacent segments by pairs.

In fact, we can slightly improve the estimate of the length in this case:

Lemma 4.2.4. 1. The total length of three consecutive adjacent segments is
more than

√
2l0 = (1 + (

√
2− 1))l0.

2. The total length of three consecutive segments αi−1, αi and αi+1, being re-
spectively non-adjacent, adjacent and non-adjacent, is more than (1+

√
2)l0.

We will need the following elementary geometry lemma:

Lemma 4.2.5. Let ∆ and ∆′ be two half lines from a point S and making an
angle θ ∈]0, π[. Let B be the point at distance l0 > 0 from both ∆ and ∆′. Then,
for any P ∈ ∆ and Q ∈ ∆′ such that the segment [PQ] passes through B, we
have l(PQ) ≥ 2l0 sin

θ
2
.

Proof. Let H∆ (resp. H∆′) be the orthogonal projection of B on ∆ (resp. ∆′)
and let θ1 (resp. θ2) be the angle at B between the segments [PB] and [BH∆]
(resp. [QB] and [BH∆′ ]), see Figure 4.2.5.
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∆

∆′

Q

P H∆

H∆′

S

B

θ

θ1

θ2

Figure 4.4: The setting of Lemma 4.2.5.

Elementary geometry entails θ1+ θ2 = θ. Further, l(PQ) = l(PB)+ l(BQ) =
l0 sin θ1 + l0 sin θ2. Given that θ2 = θ − θ1, one easily checks that this quantity is
minimal for θ1 = θ2 =

θ
2
.

θ1
θ2

θ3

αi−1

αi

αi+1

A B

C

θ
αi−1

αi αi+1
A

B

C

DD′

D′′

E ′

E

E ′′

P

Q

Figure 4.5: The two cases in Lemma 4.2.4.

Proof. 1. Given three consecutive adjacent segments αi−1, αi and αi+1, we can
unfold the trajectory to get a picture like Figure 4.5. Since the angles θ1, θ2
and θ3 are comprised between π

2
and π, we directly deduce that the length

of αi−1 ∪ αi ∪ αi+1 is greater than the length of the segment AC, which is
at least

√
2l0.

2. Similarly, we can draw a picture like the right part of Figure 4.5. By Lemma
4.2.2, any point on a side which is non-adjacent to the segment AB (resp.
BC) must be at a distance at least l0 away from the side AB (resp. BC). In
particular, the endpoints α−

i−1 and α+
i+1 are outside the gray zone of Figure

9



4.5, which is the set of points of the polygon containing αi−1 (resp. αi+1)
at distance less than l0 from AC (resp. BC). The boundary of this region
is made of a segment [D,D′] (resp. [E,E ′]) parallel to AB (resp. BC) at
a distance l0, and and two arcs of circles at B and A (resp. B and C).
Specifically, we denote by D′′ (resp. E ′′) the point on the side adjacent to
AB having A as an endpoint (resp. the side adjacent to BC having C as
an endpoint), which is at distance l0 of AB (resp. BC).

Now, let P (resp. Q) be the point of αi−1 (resp. αi+1) at the boundary
of the gray zone. We have l(αi−1 ∪ αi ∪ αi+1) ≥ l(PQ). Further, we can
push the segment PQ while keeping it in the same direction until it passes
through B. It is easily checked that the length of PQ decreases by this
process, and hence we can assume that PQ passes through B. Now,

(a) If P lies in the arc of circle [D′, D′′], then the length of the segment
PB is at least

√
2l0. Since the length of BQ is by construction at least

l0, we conclude that

l(PQ) = l(PB) + l(BQ) ≥ (
√
2 + 1)l0.

By symmetry, the same holds if Q lies in the arc of circle [E ′, E ′′]. (In
fact, we can even show that l(PQ) ≥ 2

√
2l0 but it won’t be needed

here.)

(b) Else, P ∈ [D,D′] and Q ∈ [E,E ′], then PQ has minimal length when
it goes through B, and we can use Lemma 4.2.5 to conclude that
l(PQ) ≥ 2

√
2l0.

Remark 4.2.6. In fact, we can combine the proofs of 1. and 2. in Lemma 4.2.4 to
show that the total length of 2q+ 1 consecutive segments such that the first and
the last are non-adjacent while all the other are adjacent is at least (q + 2)

√
2l0.

In the remaining part of this section, we will use the following

Definition 4.2.7 (Odd saddle connection). Given a finite sequence of elements
of {1, 2}, we will say that the sequence is odd if it starts and ends with 1, the 1s
are isolated and the blocks of 2s contain an odd number of elements. Similarly,
given a saddle connection with its polygonal decomposition, we will say that α
is odd if the non-adjacent segments are isolated (i.e. there are no consecutive
pairs of pieces of non-adjacent segments) and between two isolated non-adjacent
segments there is an odd number of adjacent segments. In other words, α is odd
if the sequence given by the types of the pieces of its polygonal decomposition is
odd with the rule 1 = non-adjacent and 2 = adjacent. Note also that the number
of pieces in the polygonal decomposition of an odd saddle connection is odd.
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The first reason for this definition is that for an odd saddle connection (recall
that we are excluding sides and diagonals), there is always either three consecutive
adjacent segments or a sequence of three consecutive segment being respectively
non-adjacent, adjacent and non-adjacent, so that we deduce from Lemma 4.2.4
that:

Lemma 4.2.8. If α is an odd saddle connection, then:

l(α) ≥ (pα + qα +
√
2− 1)l0.

In fact, the notion of odd saddle connection will also turn out to be particularly
useful in the study of the intersections. The main reason for this is because they
form the equality case in the following

Lemma 4.2.9. Given a saddle connection with its polygonal decomposition α =
α1 ∪ · · · ∪ αk, we have ⌈

k

2

⌉
≤ pα + qα

with equality if and only if α is odd.

Proof. Let N = pα and ki, 1 ≤ i ≤ N−1 be the number (possibly zero) of adjacent
segments between the ith and the (i+ 1)th non-adjacent segment. Remembering
that α1 and αk are non-adjacent, we then have

k = 1 + k1 + 1 + · · ·+ 1 + kN−1 + 1 = N +
N−1∑

i=1

ki

so that

k

2
=

N +
∑N−1

i=1 ki
2

=
2N − 1 +

∑N−1
i=1 (ki − 1)

2
= N − 1

2
+

N−1∑

i=1

ki − 1

2
.

Hence

⌈
k

2

⌉
≤ N +

N−1∑

i=1

ki − 1

2

≤ N +
N−1∑

i=1

⌊
ki
2

⌋
= pα + qα.

The first inequality is actually strict when k is even and an equality when k is
odd. The second inequality is an equality if and only if for all i, ki−1

2
=
⌊
ki
2

⌋
, that

is ki is odd and so α is odd. Since for odd saddle connections k is necessarily
odd, equality overall is achieved exactly on odd saddle connections.
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4.3 Properties of (consecutive) adjacent segments

In this section, we give several properties of adjacent segments which we will use
for the estimation of the intersections between two saddle connections. We start
with a few definitions.

Definition 4.3.1 (Type of a segment). Let αi be a segment going from the
interior of a side e to the interior of a side e′. We will say that αi is of type
e→ e′. If it goes from a vertex to the interior of a side e′ (resp. from the interior
of a side e to a vertex), we will say that αi is of type ∗ → e′ (resp. e→ ∗).

4.3.1 Sector of adjacency

In this paragraph, we consider a convex polygon P whose sides are labeled in
cyclic (clockwise) order e1, · · · , eN , and a direction θ ∈ [0, 2π[ which represent
the direction of a saddle connection.

Lemma 4.3.2. [and Definition] There exist two sides eu−
and eu+ such that for

any adjacent segment αi contained in P and having direction θ, the type of αi is
either:

• eu+ → eu++1,

• or eu−
→ eu−−1.

In the first case, we say that αi has positive sign and in the second case we say
that the segment is of type has negative sign.

Roughly speaking, we are saying that if we fix a direction, then an adjacent
segment in that direction has only two possibilities for the edges that it can start
from and end into. Moreover, the cyclic ordering of the sides of the polygon
determine which pair of adjacent sides the segment touches.

Proof. Fixing two sides eu and eu+1, an (oriented) adjacent segment from eu to
eu+1 must have a direction within an angular sector determined by the directions
of eu and eu+1. We will call this the admissible sector for eu and eu+1. For
a convex polygon, the admissible sectors for each pair of adjacent sides form a
partition of [0, 2π[. In particular, (if the direction of θ is not the direction of a
side) there is only one pair of sides eu+ and eu++1 such that the direction θ lie in
the admissible sector for eu+ and eu++1 (in this order).

Similarly, there is only one pair of sides eu−
and eu−−1 such that the direction

θ lie in the admissible sector for eu−
and eu−−1 (in this order).

12



e0 e1

e2

e3e4

e5

Σ0

Σ1

Σ2
Σ3

Σ4

Σ5

Figure 4.6: An adjacent segment from ei to ei+1 has direction in the sector Σi

defined by the directions of the sides ei and ei+1.

4.3.2 Sequences of consecutive adjacent segments

We now describe several properties of sequences of adjacent segments that will
be used in the next section to estimate the intersections between two saddle
connections using their polygonal decomposition.

Remark 4.3.3. In a sequence of consecutive adjacent segments, the sign of adja-
cent segments alternate. This is because two consecutive adjacent segments are
as in Figure 4.7, so they must have opposite signs.

αi

αi+1

P

P ′

Figure 4.7: Two consecutive adjacent segment have opposite signs.

We can then use this remark to show:

Lemma 4.3.4. We consider a maximal sequence of adjacent segments, and we
assume that there are two adjacent segments inside the same polygon having the
same sign. Then there is an even number of adjacent segments in the sequence.

Proof. Let αi and αi′ be two segments of the sequence inside the same polygon
and having the same sign. Up to a change of orientation of α, we can assume
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that they both have positive sign, and that we chose the indices i and i′ so that
we are in the configuration in Figure 4.8 (i.e. that αi is closer than αi′ to the
corner of P ). We distinguish the cases i < i′ and i′ < i.

αi

αi+1

αi′

αi′+1

P

P ′

Figure 4.8: The segments αi and αi′ are positive adjacent segments of the same
type.

• Assume i < i′. All the segments between αi and αi′ are adjacent segments.
First, we will show that the last adjacent segment of a sequence has negative
sign. Since αi+1 is an adjacent segment parallel to αi′+1, we directly deduce
from Figure 4.8 that αi′+1 must be an adjacent segment (and has negative
sign). Now, if αi′+2 is non-adjacent, then αi′+1 is the last adjacent segment
and we saw it has negative sign. Otherwise, if αi′+2 is also adjacent, then
αi+2 and αi′+2 have the same type and are in the same configuration as αi

and αi′ , and hence αi′+3 is also adjacent. Repeating this argument, we ob-
tain that the last adjacent segment of the sequence must be of negative sign.

Now, we will prove that the first segment of the sequence has positive sign.
Either αi is the first adjacent segment and we have assumed it has positive
sign, or αi−1 is an adjacent segment and then it must have negative sign
and share its type with αi′−1. Next, αi′−2 is also an adjacent segment, and
we deduce from Figure 4.9 that the segment αi−2, parallel to αi′−2, must
also be an adjacent segment (which then has positive sign). Then, αi−2

and αi′−2 are in the same configuration as αi and αi′ and hence we can
repeat the argument until we reach a non-adjacent segment. From this we
conclude that the first segment of the sequence must be of positive sign.

As a conclusion, the sequence starts with a positive adjacent segment and
ends with a negative adjacent segment. Since the signs are alternating,
there must be an even number of segments.

• Similarly, if i′ < i, the above arguments give that the first segment of the
sequence of consecutive adjacent segment must have negative sign while the
last segment of the sequence has positive sign. Hence, there is also an even
number of segments.
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αi−2

αi−1

αi′−2

αi′−1

αi

αi′

P

Figure 4.9: If αi−1 is adjacent, then the segments αi−2 and αi′−2 are positive
adjacent segments of the same type.

To study the intersections, we distinguish three types of sequences of consec-
utive adjacent segments:

• (Isolated adjacent segments) An adjacent segment which is preceded
and followed by non-adjacent segments will be called an isolated adjacent
segment.

• (Sequence of consecutive adjacent segments contained inside a
short cylinder) A sequence of consecutive adjacent segments containing
at least two segments, and such that for each segment αi of the sequence,
αi+2 is either non-adjacent or have the same type as αi.
Formally, we are in this case if there exist two sides of the polygons e and
e′ such that the first segment of the sequence has type e → e′, then the
second segment has type e′ → e, and so on. A sequence of adjacent segments
inside a short cylinder is represented in the left of Figure 4.10. Following the
terminology of [BLM22], we say that the starting side e of the sequence is
the sandwiching side of the sequence of adjacent segments while the side e′

is the sandwiched side. By Lemma 4.3.4, a sequence of consecutive adjacent
segments contained inside a short cylinder must contain an even number of
segments. Further, if we decompose the segment by pairs, each pair αi∪αi+1

goes from e to e, and the direction of α must lie in the sector defined by
the direction of e′ and the direction of the diagonal of the cylinder.

• (Sequence of consecutive adjacent segments not contained inside
a short cylinder) The other sequences of consecutive adjacent segments
are those which are not contained in a short cylinder. For those sequences,
we have from Lemma 4.3.2 and Remark 4.3.3 that:

Corollary 4.3.5. Given three consecutive segments in a sequence of con-
secutive adjacent segments which is not contained in a short cylinder, no
two segment lie inside the same polygon.
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e

e′

e

e

e′

e

∆

Figure 4.10: A sequence of adjacent segments contained inside a short cylinder.
On the right, we show a single pair of adjacent segments in the sequence. Its
direction is contained in the sector defined by the direction of e′ and the direction
of the diagonal ∆.

Proof. The second segment cannot lie in the same polygon than either the
first or the third segment because by hypothesis (H2) consecutive adjacent
segments do not lie in the same polygon. By Lemma 4.3.2 and Remark
4.3.3, the first and the third segment cannot lie in the same polygon unless
they have the same type, but this is not the case by assumption of not being
in a small cylinder.

4.4 Study of the intersections

We now study the intersections of two saddle connections α = α1 ∪ · · · ∪ αk and
β = β1 ∪ · · · ∪ βl depending on their polygonal decomposition. Namely, we show:

Proposition 4.4.1. Let α and β be two saddle connections. We have:

|α ∩ β| ≤ (pα + qα)(pβ + qβ)

Further, if equality holds then between each non-adjacent segment there is an odd
number of adjacent segments (that is, both α and β are odd saddle connections).

The proof of the proposition relies on the notion of configuration ⋆, which is
defined in the next subsections and essentially states that an intersection involving
an adjacent segment allows to remove one to the count of potential intersections.

Remark 4.4.2. The inequality of Proposition 4.4.1 is optimal, as given in the
example of Figure 4.11.
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α

βB

C

C

D
D

E

E

B

F

F

A A

Figure 4.11: Example of odd saddle connections such that |α∩β| = (pα+qα)(pβ+
qβ).

4.4.1 Configurations ⋆

Roughly speaking, a configuration ⋆ gives two pieces αi and βj which intersect
and have one endpoint on a shared side. Recall that we have α = α1 ∪ · · · ∪ αk

and β = β1 ∪ · · · ∪ βl the polygonal decompositions of the saddle connection α
and β.

Definition 4.4.3. A configuration ⋆ is given by the ordered data of two pairs
of indexes ((i, j), (i′, j′)) ∈ ({1, · · · , k} × {1, · · · , l})2 such that :

(i) The segments αi and βj intersect

(ii) There is a side e of the polygon containing both αi and βj such that on the
interior of e there is one endpoint of αi and one endpoint of βj.

(iii) αi′ and βj′ are respectively the segments consecutive to αi and βj continued
after this endpoint.

If ((i, j), (i′, j′)) are in a configuration ⋆, we will use the notation (i, j)
⋆−→ (i′, j′).

Moreover, we will say that (i, j) induces a configuration ⋆ if there exists (i′, j′)
such that ((i, j), (i′, j′)) are in a configuration ⋆.

Note that i′ and j′ cannot just be any element of {1, · · · , k} and {1, · · · , l},
but given i and j, we have i′ ∈ {i− 1, i+ 1} and j ∈ {j − 1, j + 1}.
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αi′

αi

βj′

βj

αi′

αi

βj′

βj

Figure 4.12: Examples of configuration (i, j)
⋆−→ (i′, j′).

The picture to have in mind is given by Figure 4.12. Let us now state several
properties related to configurations ⋆ which will turn out to be useful to count
intersections.

Lemma 4.4.4. 1. If (i, j)
⋆−→ (i′, j′), then the segments αi′ and βj′ lie in the

same polygon but do not intersect.

2. If given (i′, j′), we have (i, j)
⋆−→ (i′, j′) and (i′′, j′′)

⋆−→ (i′, j′), then i =
i′′ and j = j′′. In other words, the data of (i′, j′) in a configuration ⋆

determines uniquely i and j.

3. Assume αi is an adjacent segment and j ̸= 1, l be such that αi ∩ βj ̸= ∅.
Then (i, j) induces a configuration ⋆.

4. Assume αi is an adjacent segment, αi∩β1 ̸= ∅ and αi∩βl ̸= ∅, then either
(i, 1) or (i, l) induce a configuration ⋆.

Proof. 1. Looking at the two polygons glued along the side which contains an
endpoint of αi and βj, the two lines defined by α and β can only intersect
once, so if αi and βj intersect, then αi′ and βj′ will not (see Figure 4.12).

2. If we have (i, j)
⋆−→ (i′, j′) and (i′′, j′′)

⋆−→ (i′, j′), with i ̸= i′′ and j ̸= j′′,
then there exist two sides e and e′ such that the interior of e contains one
endpoint of αi′ and one endpoint of βj′ , while e′ contains the other endpoints
of αi′ and βj′ . Moreover, αi and βj are segments across e, while αi′′ and
βj′′ are segments across e′. Now, the straight lines defined by α and β can
either be parallel or intersect once, so we cannot have both αi and βj and
also αi′′ and βj′′ to intersect, as required by the first part of the definition.

3. and 4. If αi is an adjacent segment, then any segment βj intersecting it must have
one endpoint on one of the side containing and endpoint of αi. The only
case where it does not induce a configuration ⋆ is when the endpoint lies on
the vertex of the polygon which is between the two adjacent sides containing
an endpoint of αi; this case cannot happen if j ̸= 1, l and cannot happen
simultaneously for j = 1 and j = l.
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4.4.2 Counting the intersections

We are now ready to prove Proposition 4.4.1. For this purpose, we distinguish the
intersections involving non-adjacent segments and adjacent segments. Namely,
we define:

I1 := {(i, j), αi ∩ βj ̸= ∅, αi non-adjacent}
I2 := {(i, j), αi ∩ βj ̸= ∅, αi adjacent}

Further, since intersecting segments must lie in the same polygon, we have:

I1 ⊂ Ĩ1 := {(i, j), αi and βj lie in the same polygon , αi non-adjacent}

Next, we partition I2 by distinguishing pairs of indexes of I2 which induce
configurations ⋆ and pairs of I2 which do not. We also distinguish pairs of
indexes in I2 inducing a configuration ⋆ involving another adjacent segment or
a non-adjacent segment, namely:

I
(0)
2 := {(i, j) ∈ I2 which do not induce a configuration ⋆}
I
(1)
2 := {(i, j) ∈ I2, with (i, j)

⋆−→ (i′, j′) and αi′ is non-adjacent}
I
(2)
2 := {(i, j) ∈ I2\I(1)2 , such that (i, j)

⋆−→ (i′, j′) and αi′ is adjacent}

It should be noted that a pair of indexes may induce two configurations ⋆ if
they intersect and the endpoints of the segments on the interior of the same two
sides. This is the reason why we do not take elements of I

(1)
2 in the definition of

I
(2)
2 , as it avoids counting an intersection twice. In this way, the three sets form

a partition of I2.

The main advantage of this partition is that by construction we have

#I2 = #I
(0)
2 +#I

(1)
2 +#I

(2)
2 .

Moreover, given a pair (i, j) ∈ I
(1)
2 , the configuration ⋆ determines (at least)

one pair (i′, j′) ∈ Ĩ1\I1 since by part 1. of Lemma 4.4.4 αi′ and βj′ do not
intersect. The pairs (i′, j′) do not overlap by part 2. of Lemma 4.4.4 and hence

#I
(1)
2 ≤ #

(
Ĩ1 \ I1

)
, hence #I1 ≤ #Ĩ1 −#I

(1)
2 .

Then,

|α ∩ β| = #I1 +#I2 ≤ #Ĩ1 −#I
(1)
2 +#I

(0)
2 +#I

(1)
2 +#I

(2)
2

so that:
|α ∩ β| ≤ #Ĩ1 +#I

(0)
2 +#I

(2)
2 (4.4)
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There is an easy estimate for #Ĩ1, as by hypothesis (H2) two consecutive
segments cannot lie in the same polygon, thus for any non-adjacent segment αi,
there is at most

⌈
l
2

⌉
segments of β in the polygon containing αi, so that

#Ĩ1 ≤ pα

⌈
l

2

⌉
. (4.5)

Next, we study I
(0)
2 and I

(2)
2 . For this purpose, we distinguish isolated ad-

jacent segments (i.e. adjacent segments which are preceded and followed by
non-adjacent segments) and sequences of (at least two) consecutive adjacent seg-
ments. The reason for this distinction is that isolated adjacent segments do not
contribute to I

(2)
2 , since αi ans αi′ in a ⋆ configuration are consecutive. Then,

an intersection involving an isolated adjacent segment αi must be either in I
(1)
2

or in I
(0)
2 .

To compute #I
(0)
2 , we will split it further into two according to whether the

adjacent segment is isolated or a sequence of consecutive ones and define

I
(0,i)
2 := {(i, j) ∈ I

(0)
2 , αi is an isolated adjacent segment},

I
(0,c)
2 := I

(0)
2 \I

(0,i)
2 = {(i, j) ∈ I

(0)
2 , αi is not an isolated adjacent segment}.

Lemma 4.4.5. We have:

#I
(0,i)
2 ≤ #{i, αi is an isolated adjacent segment}.

Proof. The quantity #I
(0,i)
2 counts the number of pairs (i, j) such that αi∩βj ̸= ∅,

αi is adjacent and isolated and (i, j) do not induce a configuration ⋆. Now, by
part 3. of Lemma 4.4.4 we necessarily have that j = 1 or j = l, so for each i, the
set contains at most two pairs. Now, from part 4. of Lemma 4.4.4, we cannot
have both pairs (i, 1) and (i, l) because one of them must induce a configuration
⋆. In other words, we are counting the number of i’s such that αi is adjacent
and isolated and αi intersects one of β1 and βl, which is certainly smaller than
the number of i such that αi is adjacent and isolated.

We are left to study the intersections of β with sequences of at least two
consecutive adjacent segments, i.e. we want to estimate #I

(0,c)
2 . This is the

purpose of the next section.

4.4.3 Intersections in sequences of consecutive adjacent seg-

ments

In this section we consider a maximal sequence of q consecutive adjacent segments
αi0+1 ∪ · · · ∪ αi0+q with q ≥ 1, that is αi0 and αi0+q+1 are non-adjacent segments
while all the in-between segments are adjacent. We show:
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Lemma 4.4.6. There are at most
⌊
q
2

⌋ ⌊
l
2
+ 1
⌋

intersections between αi0+1∪ · · ·∪
αi0+q and β which are not in I

(1)
2 .

Note that this counts the number of intersections for the sequence of adjacent
segments both in I

(2)
2 and in I

(0)
2 . Hence this gives:

Corollary 4.4.7.

#I
(2)
2 +#I

(0,c)
2 ≤ qα

⌊
l

2
+ 1

⌋
.

Proof of Lemma 4.4.6. We distinguish 4 cases:

(i) The sequence of adjacent segments is contained inside a short cylinder.

(ii) q is even but the sequence of adjacent segment is not contained in a short
cylinder.

(iii) q = 3,

(iv) q ≥ 5 is odd.

Note that when q is odd, then the sequence cannot be contained in a small
cylinder by Lemma 4.3.4.

For each of the cases, the idea is as follows: we first partition the sequence
of maximal segments in pairs (with one triple if q is odd), and then show that
for each of the

⌊
q
2

⌋
pairs αi ∪ αi+1 (or triple αi ∪ αi+1 ∪ αi+2), we can pair

consecutive pieces of β in such a way that each pair of pieces of β intersects
αi∪αi+1 (or αi∪αi+1∪αi+2) only once. We do this by associating to every piece
βj intersecting αi ∪ αi+1 (or αi ∪ αi+1 ∪ αi+2) a consecutive piece βj′ which does
not. Up to potentially add an extra intersection with β1 and βl, we get at most⌊
l
2
+ 1
⌋

intersections.

More precisely, for each pair αi ∪ αi+1 (resp. triple αi ∪ αi+1 ∪ αi+2):

• β1 (resp. βl) intersect the pair (resp. triple) at most once (this is because
of hypothesis (H2) – and Corollary 4.3.5 for the triple –), and

• given j such that βj intersects one of the segments of the pair (resp.

triple), and such that the intersection belongs to I
(2)
2 , we can find j′ ∈

{j − 1, j + 1} such that #
(
{i, i+ 1} × {j, j′} ∩

(
I
(0
2 ∪ I

(2)
2

))
≤ 1 (resp.

#
(
{i, i+ 1, i+ 2} × {j, j′} ∩

(
I
(0
2 ∪ I

(2)
2

))
≤ 1). Further, we can construct

the (unordered) pairs {j, j′} such that they do not overlap.

Here, β1 and βl may or may not be paired. In total,
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- If neither β1 nor βl are paired, there are at most
⌊
l−2
2

⌋
pairs, so that adding

the intersections with β1 and βl, this implies that among all intersections
between αi ∪ αi+1 and β, at most

⌊
l−2
2

⌋
+ 2 =

⌊
l
2
+ 1
⌋

intersections in

I
(0)
2 ∪ I

(2)
2 .

- If β1 (resp. βl) is paired but βl (resp. β1) is not, then we can construct
at most

⌊
l−1
2

⌋
pairs. Since β1 (resp. βl) is already paired, we only need to

add the possible intersection with βl (resp. β1), and thus we get at most⌊
l−1
2

⌋
+ 1 =

⌊
l+1
2

⌋
intersections for this pair.

- Finally, if both β1 and βl are paired, this gives
⌊
l
2

⌋
intersections.

As a conclusion, we get at most
⌊
l
2
+ 1
⌋

intersections.

Although the intersections with pairs in I
(2)
2 induce a configuration ⋆, this

is not sufficient to construct the pairs {j, j′}, because some pairs might overlap.
Here, we will investigate all possible configurations in each case to construct the
pairs and to make sure that the pairs do not overlap.

Case (i). Assume the sequence of adjacent segments is contained in-
side a short cylinder. Then q is even by Lemma 4.3.4, and we can group the
adjacent segments by pairs. Say each pair form a sandwiched segment of type
e → e′ → e. As explained in §4.3.2, we have a picture like Figure 4.10. In the
following, we will denote by αi and αi+1 the two adjacent segments of the pair,
respectively of type e→ e′ and of type e′ → e.

Now, notice that a segment βj intersecting αi ∪ αi+1 must have an endpoint
either on the side e or on e′ (or on both). The corresponding endpoint is not on
a vertex except maybe for j = 1 or j = l. We then define the index j′ = j ± 1
which will be paired to j as follows.

1. If βj has one of its endpoints on e′, we take j′ such that βj and βj′ have
this endpoint in common.

2. Else, βj has one of its endpoints on e but no endpoint on e′, and we take j′

such that βj and βj′ have this endpoint in common.

With this construction, we have:

Lemma 4.4.8. (a) If j ∈ {1, · · · , l} is such that βj intersect αi ∪ αi+1, then
the segment βj′ constructed as above does not intersect αi ∪ αi+1.

(b) Given j1 and j2 two distinct indices such that βj1 and βj2 intersect αi∪αi+1

and such that the intersections belong to I
(2)
2 , the pairs {j1, j′1} and {j2, j′2}

constructed as above satisfy:

{j1, j′1} ∩ {j2, j′2} = ∅.
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Proof. (a) Let us assume up to a symmetry that βj intersects the segment αi.
That means in particular that βj′ does not lie in the same polygon as αi,
so these segments cannot intersect. Further,

1. if βj has one of its endpoints on e′, then it means that we have (i, j)
⋆−→

(i+1, j′) and hence βj′ do not intersect αi∪αi+1 by part 1. of Lemma
4.4.4.

2. Else, βj has one of its endpoints on e but no endpoint on e′, and that
means we have a configuration like Figure 4.13. In particular, since
the direction of α is contained in the sector defined by the direction
of e′ and the direction of the diagonal ∆, we directly deduce that βj′

cannot intersect αi+1.

(b) As in the proof of (a), we will assume that βj1 intersects the segment αi.
Since j1 and j2 are assumed to be distinct and both intersect the pair, we
have by (a) that j2 ̸= j′1 and j1 ̸= j′2. It remains to show that j′1 ̸= j′2.

1&1. If βj1 and βj2 both have one endpoint on e′ (case 1.), then this endpoint
must be shared respectively with βj′1

and βj′2
. In particular we cannot

have j′1 = j′2 as it would then imply j1 = j2.

1&2. Now, if βj1 has an endpoint on e′ (case 1.) but not βj2 (which is then in
case 2.), the condition j′1 = j′2 would imply that βj1 , βj′1

= βj′2
and βj2

are consecutive segments of β, and that βj′1
= βj′2

has an endpoint on
e′ (shared with βj1) and an endpoint on e (shared with βj2). Further,
since we assumed by symmetry that βj1 intersects αi, βj1 lies in the
polygon containing αi, we have that βj′1

lies in the polygon containing
αi+1, and βj2 lies in the polygon containing αi. This means that βj2

intersects αi, and, combined with the fact that it has an endpoint on
e and that its direction is comprised between the direction of αi and
the direction of e, it is easily seen to imply that βj2 have an endpoint
on e′, which is not the case by assumption. This gives a contradiction.

By symmetry, this is the same if βj2 has an endpoint on e′ but βj1 has
not.

2&2. Else, both βj1 and βj2 have no endpoint on e′ but one endpoint on e.
That means that this endpoint must be shared with βj′1

(resp. βj′2
) so

that we cannot have j′1 = j′2 unless j1 = j2.

Hence, in all cases we have {j1, j′1} ∩ {j2, j′2} = ∅.

From Lemma 4.4.8 we obtain that for each pair αi ∪ αi+1, we can group
segments of β by pairs which are not overlapping and such that such that each
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e

e′

e

∆

βj

βj′

αi+1

αi

Figure 4.13: Example of pair of adjacent segments αi ∪ αi+1 in case (i), with
βj having an endpoint on e but not on e′. We recall that the direction of α is
contained in the sector defined by the direction of e′ and the direction of the
diagonal ∆. In particular, the segment βj′ cannot intersect αi+1.

pair intersects αi ∪ αi+1 at most once. As already explained, β1 and βl could
remain unpaired and we conclude that β can intersect αi ∪ αi+1 at most

⌊
l
2
+ 1
⌋

times. Since the sequence of consecutive adjacent segments is made of q
2

pairs,
we get that β intersects the sequence of adjacent segment at most q

2

⌊
l
2
+ 1
⌋
, as

required.

Case (ii). Now, assume q is even but the sequence of consecutive ad-
jacent segments is not contained in a small cylinder, that is two adjacent
segment of the sequence αi and αi+2 are never contained in the same polygon (see
Corollary 4.3.5). Since q is even we can group adjacent segments by pairs. Let
αi ∪ αi+1 be such a pair, as in Figure 4.14. We denote by e the side containing
α−
i , by e′ the side containing α+

i = α−
i+1 and by e′′ the side containing α+

i+1. The
sides e, e′ and e′′ are different or the sequence of consecutive adjacent segments
would be contained in a short cylinder.

Similarly to the first case, each segment βj intersecting the sequence of ad-
jacent segments must have an endpoint on at least one of the sides e, e′ or e′′.
Assuming j ̸= 1, l, the corresponding endpoint is not a vertex, and hence we
define an index j′ = j ± 1 which will be paired to j as follows:

1. If βj has an endpoint on e′, then we choose j′ such that βj and βj′ share
their common endpoint on e′.

2. If βj lies in the same polygon as αi and has no endpoint on e′ but an
endpoint on e, then we choose j′ such that βj and βj′ share their common
endpoint on e.
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e′′

e′

e

βj

β′
j

αi+1

αi

αi+2

e′′

e′

e

βj

β′
j

αi+1

αi

αi+2

Figure 4.14: A pair of adjacent segments αi ∪ αi+1 in case (ii). If a segment βj

intersect αi+1 and has one endpoint end e′′ but no endpoint on e′, we perform
a small deformation of β so that the intersection of βj with αi+1 moves to an
intersection of βj′ with αi+2. This deformation does not change the type of the
segments.

3. Else, βj lies in the same polygon as αi+1 and has no endpoint on e′ but one
endpoint on e′′. In this case, βj intersects αi+1 and we have a configuration

⋆ given by (i+ 1, j)
⋆−→ (i+ 2, j′). Then,

• either αi+2 is non-adjacent and so (i + 1, j) ∈ I
(1)
2 , so that we do not

have to count this intersection.

• Or αi+2 is adjacent, and in this case we can perform a continuous de-
formation of β which will move the intersection of βj and αi+1 to an
intersection of αi+2 with βj′ , see Figure 4.14. This does not change the
total number of intersections. In other words, instead of counting the
intersection as an intersection between βj and αi+1, we count it as an
intersection between βj′ and αi+2 instead. Notice that this intersection
would then become an intersection in case 1 for the pair αi+2 ∪ αi+3.

The reason why we use this argument to move the intersection to the
next pair is that otherwise there could be a segment βj intersecting
αi+1 and having an endpoint on e′′, and then βj+1 could then have an
endpoint on e and βj+2 intersect αi. Following the rules, j + 1 would
appear in a pair with both j and j + 2. Another way to understand
this deformation argument is to notice that in the case where j + 1 is
paired with both j and j + 2, none of the segments βj, βj+1 and βj+2

intersect αi+2 ∪ αi+3, and so we "lose" an intersection of β with the
pair αi+2 ∪ αi+3.
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Lemma 4.4.9. (a) If j ∈ {1, · · · , l} is such that βj is either in case 1 or 2,
then the segment βj′ constructed as above does not intersect αi ∪ αi+1.

(b) Given j1 and j2 two distinct indices such that βj1 and βj2 are either in case
1 or 2, the pairs {j1, j′1} and {j2, j′2} constructed as above satisfy:

{j1, j′1} ∩ {j2, j′2} = ∅.

Proof. (a) We distinguish two cases depending whether βj has an endpoint on
e′ or not.

1. If βj has an endpoint on e′, then we have either (i, j)
⋆−→ (i+ 1, j′) or

(i + 1, j)
⋆−→ (i, j′) depending on whether αi or αi+1 intersects βj and

the result holds by 1. of Lemma 4.4.4.

2. If βj has no endpoint on e′ but an endpoint on e, then in particular

βj intersects αi, and (i, j)
⋆−→ (i − 1, j′). Then, either αi−1 is non-

adjacent and in this case (i, j) ∈ I
(1)
2 and we do not have to count this

intersection, or αi−1 is adjacent but by Corollary 4.3.5 the segments
αi−1 and αi+1 must lie in two different polygons. In particular, βj′ and
αi+1 also lie in different polygons and hence do not intersect.

(b) Similarly to the proof of (a), we distinguish two cases depending whether
βj1 has an endpoint on e′ or not. Further, as in the proof of Lemma 4.4.8,
we know that j1 ̸= j′2 and j′1 ̸= j2 so that we only have to prove that j1 ̸= j2.
We will proceed by contradiction:

1&1. If βj1 and βj2 both have an endpoint on e′, then by definition this
endpoint must be shared respectively with βj′1

and βj′2
, so that j′1 = j′2

implies that j1 = j2.

1&2. If βj1 has an endpoint on e′ but not βj2 (which is then in case (ii).2,
that is it intersects αi and has an endpoint on e, shared with βj′2

), the
condition j′1 = j′2 implies that βj′1

= βj′2
has one endpoint on e′ and

one endpoint on e, but does not belong to the polygon containing αi

since βj2 already belongs to this polygon. In particular, both βj1 and
βj2 belong to the polygon containing αi while βj′1

= βj′2
belongs to the

polygon containing αi+1 (so that the side e is also identified to a side
of the polygon containing αi+1). Further, since βj′1

has its endpoints
on e′ and e, the direction of β is between the direction of e′ and the
direction of e, and hence the fact that βj2 has an endpoint on e com-
bined with the fact that it intersect αi implies that it must have an
endpoint on e′, see Figure 4.15. This gives a contradiction.

By symmetry, this is the same if βj2 has an endpoint on e′.
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αi+1

αiβj1

βj′1

βj2

e

e

e′

Figure 4.15: Illustration of the proof of Lemma 4.4.9 (b).2.

2&2. Else, βj1 (resp. βj2) have no endpoint on e′ but one endpoint on e.
That means this endpoint must be shared with βj′1

(resp. βj′2
), and

hence j′1 = j′2 implies j1 = j2.

Hence, in both cases we have {j1, j′1} ∩ {j2, j′2} = ∅.

Similarly to case (i), Lemma 4.4.9 together with the explanation in case (ii),
part 3., imply that we can group segments of β by pairs (except β1 and βl which
may remain alone) such that for each pair of β and each pair αi∪αi+1, there is at

most one intersection which does not belong to I
(1)
2 . In total, this gives at most

q
2

⌊
l
2
+ 1
⌋

intersections, as required.

Case (iii). Let us now deal with the case q = 3. As stated in Corollary 4.3.5,
this means the sequence of adjacent segments is of the form αi ∪ αi+1 ∪ αi+2 and
the segments lie in three different polygons. Let e, e′, e′′ and e′′′ be respectively
the sides of the polygons containing α−

i , α−
i+1, α

−
i+2 and α+

i+2. Since q = 3 is odd,
the four sides are distinct by Lemma 4.3.4.

A segment βj intersecting αi ∪ αi+1 ∪ αi+2, must have at least one of its
endpoints on e, e′, e′′ or e′′′, which is not a vertex if j ̸= 1, l. Given j ̸= 1, l, we
then define an index j′ which will be paired to j as follows:

1. If βj has an endpoint on e′, then we choose j′ such that βj and βj′ share
their common endpoint on e′.

2. If βj has an endpoint on e′′ (but no endpoint on e′), then we choose j′ such
that βj and βj′ share their common endpoint on e′′.
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3. Else, βj has no endpoint on e′ or e′′ but an endpoint on e (resp. e′′′). Since
by assumption αi−1 (resp. αi+3) is a non-adjacent segment, that means

(i, j) ∈ I
(1)
2 (resp. (i+ 2, j) ∈ I

(1)
2 ) and we do not count the intersection.

With this construction, we have:

Lemma 4.4.10. (a) If j ∈ {1, · · · , l} is such that βj intersects αi ∪ αi+1 ∪
αi+2 and such that the intersection belongs to I

(2)
2 , then the segment βj′

constructed as above does not intersect αi ∪ αi+1 ∪ αi+2.

(b) Given j1 and j2 two distinct indices such that βj1 (resp. βj2) intersects

αi ∪ αi+1 ∪ αi+2 and such that the intersection belongs to I
(2)
2 , the pairs

{j1, j′1} and {j2, j′2} constructed as above satisfy:

{j1, j′1} ∩ {j2, j′2} = ∅.

Proof. Since we assume that the intersections belong to I
(2)
2 , we are either in the

setting of case 1. or case 2.

(a) If βj has an endpoint on the side e′. Then βj intersects either αi or αi+1, so

that we have either (i, j)
⋆−→ (i+ 1, j′) or (i+ 1, j)

⋆−→ (i, j′). In particular,
βj′ lies in the same polygon than αi+1 (resp. αi) but these segments do not
intersect. The other segments cannot intersect βj′ since they do not lie in
the same polygon.

By symmetry, the same argument holds if βj has an endpoint on the side
e′′.

(b) We first deduce from (a) that j1 ̸= j′2 and j′1 ̸= j2, hence we only have to
show that j′1 ̸= j′2. Now, since q = 3 for every βj intersecting αi∪αi+1∪αi+2

and such that the intersection belongs to I
(2)
2 , the chosen index j′ to be

paired with j is such that either (i, j)
⋆−→ (i + 1, j′), (i + 1, j)

⋆−→ (i, j′),

(i+ 1, j)
⋆−→ (i+ 2, j′) or (i+ 2, j)

⋆−→ (i+ 1, j′) and since αi, αi+1 and αi+2

do not belong to the same polygon, the data of j′ determines uniquely the
corresponding index i′ in the configuration ⋆, and hence the configuration
⋆ by 2. of Lemma 4.4.4. This exactly means that if j′1 = j′2, then j1 = j2,
and hence the pairs do not overlap.

As a conclusion, we get that among the intersections of β with αi∪αi+1∪αi+2,

at most
⌊
l
2
+ 1
⌋

contribute to I
(2)
2 ∪ I

(0)
2 , as required.
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Case (iv). The remaining case is when q is odd, q ≥ 3. In this case, we make
one triple with the first three adjacent segment, and then we group the remaining
adjacent segment by pairs. By the arguments of cases (ii) and (iii) and using to
the deformation argument as in case (ii), we can directly conclude:

Lemma 4.4.11. For each pair of adjacent segment, and any segment βj inter-
secting this pair which is not as in configuration 3. of case (ii), we can choose
j′ = j + 1 such that:

• βj′ does not intersect the pair

• The pairs {j, j′} constructed this way do not overlap.

Proof. The construction of j′ and the proof is exactly the same as in Lemma
4.4.9.

Lemma 4.4.12. For the triple αi0+1 ∪ αi0+2 ∪ αi0+3, and for any segment βj

intersecting this triple which is not in the configuration 3. of case (iii), we can
choose j′ = j + 1 such that:

• βj′ does not intersect the pair

• The pairs {j, j′} constructed this way do not overlap.

The proof is exactly the same as the proof of Lemma 4.4.10. However, there is
in fact a small difference for the reason why we do not have to consider intersec-
tions in case 3. With the notations of case (iii), we still have that if βj intersects
αi0+1 and has not endpoint on e′ but an endpoint of e, then the intersection

belongs to I
(1)
2 so that we do not have to count this intersection. However, if

βj intersects the triple and has an endpoint on e′′′, the intersection is not in I
(1)
2

anymore if q > 3. In this case, we can again perform a small deformation of β in
order to move the intersection on the next pair αi0+3 ∪ αi0+4.

As a conclusion, we get as required that among all intersections of β with the
sequence of adjacent segment, at most

⌊
q
2

⌋ ⌊
l
2
+ 1
⌋

account for I
(2)
2 ∪ I

(0)
2 .

4.4.4 End of the proof of Proposition 4.4.1

The count of the intersections made in the last section allows us to conclude the
proof of Proposition 4.4.1. We will start with the case where β is not an odd
saddle connection, as when β is an odd saddle connection we need an additional
argument.

Lemma 4.4.13. Assume β is not an odd saddle connection. Then

|α ∩ β| < (pα + qα)(pβ + qβ).
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Proof. By Equation (4.4), we have

|α ∩ β| ≤ #Ĩ1 +#I
(0)
2 +#I

(2)
2

≤ #Ĩ1 +#I
(0,i)
2 +#I

(0,c)
2 +#I

(2)
2

Using Equation (4.5), Lemma 4.4.5 and Corollary 4.4.7, we have

|α ∩ β| ≤ pα

⌈
l

2

⌉
+#{i, αi is an isolated adjacent segment}+ qα

⌊
l

2
+ 1

⌋

≤ pα

⌈
l

2

⌉
+ pα − 1 + qα

⌊
l

2
+ 1

⌋

where we used that #{i, αi is an isolated adjacent segment} ≤ pα − 1, which
holds because the isolated adjacent segments are separated by the pα non-adjacent
ones. Using Lemma 4.2.9, we deduce that if β is not an odd saddle connection,
then

⌈
l
2

⌉
≤ pβ + qβ − 1 and

⌊
l
2
+ 1
⌋
≤ pβ + qβ and hence

|α ∩ β| ≤ pα(pβ + qβ − 1) + pα − 1 + qα(pβ + qβ)

≤ (pα + qα)(pβ + qβ)− 1

< (pα + qα)(pβ + qβ)

as required.

By symmetry, the same result holds if α is not an odd saddle connection.
Thus, we are left to prove:

Lemma 4.4.14. Assume that both α and β are odd saddle connections, then:

|α ∩ β| ≤ (pα + qα)(pβ + qβ).

Proof. In this case, we need to make an additional remark in order to show the
required result:

Assume the (isolated adjacent) segment αi intersects β1 (resp. βl), then the
(non-adjacent) segments αi−1 and αi+1 do not lie in the same polygon as β1

(resp. βl). In particular, there are at most
⌈
l−1
2

⌉
segments of β in the same

polygon as αi−1, because αi−1 can intersect at most half of the l − 1 segments
β2 · · · βl. Similarly, there are at most

⌈
l−1
2

⌉
segments of β in the same polygon

as αi+1.

If β is an odd saddle connection, then l is an odd integer and
⌈
l−1
2

⌉
=
⌈
l
2

⌉
−1.

In particular, for each intersection in I
(0,i)
2 (corresponding to the intersection of an

isolated adjacent segment αi with either β1 or βl) we can remove one in the count
of #Ĩ1 (and more precisely in the count of intersections of αi−1 with β). Further,
for the index imax = max{i, αi is an isolated adjacent segment intersecting either
β1 or βl}, we can remove one more intersection in the count of #Ĩ1 (and more
precisely in the count of intersections of αimax+1 with β). Hence, we have shown:
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Lemma 4.4.15. Assume β is odd and #I
(0,i)
2 ̸= 0, then:

#Ĩ1 ≤ pα

⌈
l

2

⌉
−#I

(0,i)
2 − 1

As a corollary, we get that:

|α ∩ β| ≤ #Ĩ1 +#I
(0,i)
2 +#I

(0,c)
2 +#I

(2)
2

≤ pα

⌈
l

2

⌉
+ qα

⌈
l

2

⌉

≤ (pα + qα)(pβ + qβ)

with equality only if #I
(0,i)
2 = 0.

Remark 4.4.16. Notice that having an equality above thus requires that #Ĩ1 =
pα
⌈
l
2

⌉
, and that any element of Ĩ1 appears either as an intersection or as pair

(i′, j′) of a configuration ⋆.

This concludes the proof of Proposition 4.4.1.

4.5 Proof of Theorem 4.1.5

Having studied both the length of the segments and the intersections of sad-
dle connections according to their polygonal decomposition, we can now prove
Theorem 4.1.5, which will follow from Equation (4.3), Lemma 4.2.8 and Propo-
sition 4.4.1. We will deal with the cases where one of the saddle connections is
either a side or a diagonal separately. In fact, an additional argument is required
in the case where one of the saddle connections is a diagonal.

4.5.1 Non diagonals

Proposition 4.5.1. Assume that neither α nor β is a side or a diagonal of the
polygons. Then:

|α ∩ β|+ 1

l(α)l(β)
<

1

l20
.

Proof. 1. If either α or β is not an odd saddle connection, we have by Propo-
sition 4.4.1,

|α ∩ β| < (pα + qα)(pβ + qβ)

and by Equation (4.3),

l(α)l(β) ≥ (pα + qα)(pβ + qβ)l
2
0 (4.6)

Hence we have:
|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20
. (4.7)

Let us show that the above inequality is strict. This is because:
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• If there is at least one adjacent segment, then the inequality of Equa-
tion (4.6) is strict, and hence it is also the case for Equation (4.7)

• Else, there are no adjacent segments, and k = pα and l = pβ. We
easily deduce from hypothesis (H2) that as soon as k, l ≥ 2, we have

|α ∩ β| ≤
⌈
kl

2

⌉
≤ kl − 2 ≤ pαpβ − 2,

and this allows to conclude that the inequality of equation (4.7) is
strict.

2. Else, both α and β are odd, but neither sides or diagonals of the polygons.
From Lemma 4.2.8, we know that:

l(α) ≥ (pα + qα +
√
2− 1)l0

and similarly

l(β) ≥ (pβ + qβ +
√
2− 1)l0

Thus

l(α)l(β) ≥ [(pα + qα)(pβ + qβ) + (
√
2− 1)(pα + qα + pβ + qβ) + (

√
2− 1)2]l20

But pα ≥ 2 as well as pβ, so that

l(α)l(β) ≥ [(pα + qα)(pβ + qβ) + 4(
√
2− 1) + (

√
2− 1)2]l20

> [(pα + qα)(pβ + qβ) + 1]l20

This gives the required inequality.

4.5.2 The case of sides

We now turn to the case where one of the saddle connections is a side of a polygon.
We can assume up to permutation that it is α. We show:

Lemma 4.5.2. Assume α is a side of a polygon. Then

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20
.

Further, equality holds if and only if l(α) = l0 and:

1. either |α∩ β| = 0 and β has length l0. In particular it is either is a side or
a diagonal.
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2. or |α ∩ β| = 1 and β is the union of two non adjacent segments, of total
length 2l0, and intersecting α once on its interior.

Proof. Each non-singular intersection between α and β corresponds to the union
of two consecutive segments βj ∪βj+1 which share their common endpoint on the
side α, and since by (H2) pairs of segments cannot overlap, we directly obtain:

|α ∩ β| ≤
⌊
l

2

⌋
≤ (pβ + qβ)− 1, (4.8)

Further, l(β) ≥ (pβ + qβ)l0 by Lemma 4.2.1. Hence, we conclude that

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20
. (4.9)

Notice that a necessary condition to have an equality above is that l(α) = l0.
Further,

1. If β is either a side or a diagonal, then |α ∩ β| = 0 and we have equality in
(4.9) if and only if l(β) = l0.

2. Else, β is neither a side nor a diagonal and:

• either there is an adjacent segment in the polygonal decomposition of
β and, since the length of two consecutive adjacent segments is greater
than l0 by Lemma 4.2.1, and since we do not take into account the
presence of isolated adjacent segments in the estimation of Equation
(4.3), we obtain l(β) > (pβ + qβ)l0 and hence we cannot have equality
in (4.9)

• or there are no adjacent segments in the polygonal decomposition of
β and l = pβ. In particular, as soon as l ≥ 3, we have

⌊
l
2

⌋
≤ pβ − 2

and hence

l(β) ≥ pβl0 >

(⌊
l

2

⌋
+ 1

)
l0

so that by Equation (4.8) we conclude that we cannot have equality
in (4.9).

In particular, we cannot have equality in (4.9) unless β is the union of two
non-adjacent segments and |α ∩ β| = 1. In that case the length of β must
be 2l0.
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4.5.3 The case of diagonals

It remains to deal with the case where either α or β is the diagonal of a polygon.
Up to permutation we will assume it is α. Namely, we show

Lemma 4.5.3. . Assume α is a diagonal of a polygon (and β is not a side of a
polygon). Then

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20
.

Further, equality holds if and only if:

1. either l(α) = l0, |α∩β| = 1 and β is the union of two non adjacent segments,
of total length 2l0, and intersecting α once on its interior.

2. or α and β are two diagonals, of length
√
2l0, and intersecting once on their

interior.

We will proceed to the proof as follows. First, we investigate the case where β
is not an odd saddle connection. Then we continue with the case where β is also
a diagonal, and finally we deal with the case where β is an odd saddle connection.

A diagonal and a non-odd saddle connection. Given a saddle connection
β, it is easily shown that

|α ∩ β| ≤ ⌊ l
2
⌋

with equality only if β is either a diagonal or an odd saddle connection. In
particular, if β is neither a diagonal nor an odd saddle connection, we directly
deduce from Equation (4.3) that:

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20
,

and, as before, the inequality is strict unless l(α) = l0 and β is the union of
two non-adjacent segments such that |α ∩ β| = 1 and l(β) = 2l0 (recall that we
assumed β not to be a side or a diagonal).

Intersections of diagonals. We now investigate the case where both α and β
are diagonals. Namely, we show:

Lemma 4.5.4. Let α and β be two distinct diagonals of a convex polygon P with
obtuse or right angles. Let l0 be the length of the shortest side of the polygon.
Then, if α and β intersect on their interior, we have l(α)l(β) ≥ 2l20. Further,
equality holds if and only if both diagonals have length

√
2l0.
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Proof. First, if min(l(α), l(β)) ≥
√
2l0, then we obviously have l(α)l(β) ≥ 2l20. In

the rest of the proof, we will assume, up to permuting α and β, that l(α) ≤
√
2l0.

Let P be the polygon containing α and θmin be the minimal angle between α and
the sides of P having a common endpoint with α. Since the polygon has obtuse
or right angles, we know from Lemma 4.2.2 that the distance from any vertex
of P to a point in a side which does not have this vertex as an endpoint is at
least l0. In particular, we must have sin θmin ≥ l0

l(α)
, otherwise by convexity there

would be an endpoint of α and a point of P in a segment which does not contain
this endpoint at a distance less than l0, as in Figure 4.16.

θmin

α

l = l(α) sin θmin ≥ l0

Figure 4.16: The distance from the bottom vertex of α to a non-adjacent side of
the polygon is at least l0.

In particular, no vertex of P lie inside the hexagon having as sides the four
segments making an angle θmin with α at one of its vertex and having length l0
(this hexagon degenerates to a square when l(α) =

√
2l0). Adding this to the

fact that no side of P lies at a distance less than l0 from the two endpoints of
α (except the sides adjacent to the endpoints of α), we get that no vertex of P
which is not a vertex of α lies inside the gray zone of Figure 4.17. In particular,
the length of β has to be at least 2l0 sin θmin, and we get

l(α)l(β) ≥ l(α)× 2l0 sin θmin ≥ 2l20.

In fact, one can easily show that l(β) > 2 sin θminl0 unless l(α) = l(β) =
√
2l0.

• If min(l(α), l(β)) >
√
2l0, then we directly have that l(α)l(β) > 2l20.

• Else, we can assume that l(α) ≤
√
2l0. Of course, if sin θmin > l0

l(α)
then

we have l(α)l(β) > 2l20. Otherwise, sin θmin = l0
l(α)

, and one can check
that the two angles between α and the sides of P at a vertex of α cannot
be simultaneously equal to θmin (unless l(α) =

√
2), and hence we have

l(β) > 2 l0
l(α)

.
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l0 sin θmin
α

β

θmin

l0

Figure 4.17: No point on a side of the polygon which is not adjacent to one of the
two endpoints of α lies inside the hexagon or inside the disks of radius l0 centered
at the endpoints of α. In particular, the length of β is at least 2 sin θminl0.
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As a direct corollary of Lemma 4.5.4, we get:

Corollary 4.5.5. If α and β are both diagonals, then:

|α ∩ β|+ 1

l(α)l(β)
≤ 1

l20
.

Further, the inequality is strict unless l(α) = l(β) =
√
2l0 and |α ∩ β| = 1.

Proof. Either α and β do not intersect on their interior and the result comes
from the fact that l(α)l(β) ≥ l20, or they do intersect once in their interior and
the result comes from Lemma 4.5.4.

A diagonal and an odd saddle connection. In fact, the above argument
can be easily generalised to the case where, α is a diagonal but β is an odd saddle
connection which is not a diagonal. In this case, recall that:

|α ∩ β| ≤
⌊
l

2

⌋
≤ (pβ + qβ),

and
l(β) > (pα + qα).

(Notice that from Lemma 4.2.8 the inequality is strict.). Hence:

1. if |α ∩ β| < pβ + qβ, we directly deduce that

|α ∩ β|+ 1

l(α)l(β)
<

1

l20
.

2. Else, |α∩β| = pβ+qβ and in particular β1 must intersect α. Then similarly
to the proof of Lemma 4.5.4, we construct the region of Figure 4.17, and
the endpoints β−

1 and β+
2 cannot lie inside this region, giving:

l(β1 ∪ β2)l(α) > 2l20.

Since β is odd, we can group the other adjacent segments after β2 by pairs
to obtain

l(α)l(β) > (pβ + qβ + 1)l20.

Using Proposition 4.4.1, we conclude that

|α ∩ β|+ 1

l(α)l(β)
<

1

l20
,

as required.

In fact, it is also possible to make this argument if both α and β are odd saddle
connections (this means we do not need to use Lemma 4.2.8 and Lemma 4.2.4),
but this argument does not seem to generalize to the case where the angles are
no longer assumed to be obtuse.

This completes the proof of Lemma 4.5.3.
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Conclusion. Combining Proposition 4.5.1, Lemma 4.5.2 and Lemma 4.5.3, we
finally obtain Theorem 4.1.5, and thus Theorem 4.1.1.

4.5.4 Additional remarks

Before moving to the specific case of Bouw-Möller surfaces, let us make a few
remarks on the proof of Theorem 4.1.1, and in particular discuss the hypotheses
of this result.

General flat surfaces. The first thing that has to be noted is that although
we deal here with translation surfaces, we specifically use properties of polygons
(namely the fact that they are convex with obtuse angles) and gluings (which is
only combinatorial). In particular, Theorem 4.1.1 should still hold is the surface
is no longer assumed to be a translation surface, namely it should generalize to
any flat surface constructed from a collection of polygons by gluing pairs of sides
(without assuming that the sides which are paired are parallel and of the same
length).

Notice that in this general setting there are two main issues:

• Since the resulting flat surface does not necessarily have trivial holonomy,
closed geodesics do not have a well defined direction. However, the polygo-
nal decomposition still makes sense and Equation (4.3) is still valid as well
as Lemma 4.2.8 and Lemma 4.2.9. Further, we can still define the posi-
tive and negative endpoints of a segment as well as the sign of an adjacent
segment. In particular, Lemma 4.3.4 still holds.

The main issue is that Lemma 4.3.2 is not true anymore as well as Corollary
4.3.5. In fact, it is believed that one can modify the proof of Lemma 4.4.6
using deformation processes as we did in the proof of case (ii) (Lemma 4.4.9)
as well as a case by case analysis (in the bad cases) to take into account
these changes.

Notice that Lemma Lemma 4.4.6 is the key lemma here and the rest of
section 3. does not change (as well as section 4).

• Further, in this general setting it may not be true that closed geodesics
are always homologous to union of vertex-to-vertex trajectories having the
same length, and as such we also have to show that if either α or β is a
closed geodesic which does not go through a singularity, we still have

|α ∩ β|
l(α)l(β)

≤ 1

l20
.

This case is in fact simpler as then we do not have to count additional
intersections at the singularities. The only change is that for saddle con-
nections, the first and the last segments in the polygonal decomposition
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were both non-adjacent segments, whereas in general this may not be true
(for example, there may be no non-adjacent segments at all). Nevertheless,
one can check that only small changes are required to deal with these cases.
Namely:

– The inequality of Lemma 4.2.9 still holds, but the equality case also
includes closed geodesics having either no non-adjacent segments in
their polygonal decomposition 1, or closed geodesics for which, cycli-
cally speaking, between two non-adjacent segment there is an odd
number of adjacent segments.

– Now the inequality of Proposition 4.4.1 is still valid, but as before
the equality cases must include closed geodesics having either no non-
adjacent segments in their polygonal decomposition or closed geodesics
for which, cyclically speaking, between two non-adjacent segment there
is an odd number of adjacent segments. The modifications in the proof
are that:

∗ I
(0)
2 = ∅ if β is not a vertex-to-vertex trajectory.

∗ In Equation (4.5), we should replace ⌈ l
2
⌉ by ⌊ l

2
⌋ if β is not a

vertex-to-vertex trajectory.

∗ In Lemma 4.4.6, we should replace ⌊ l
2
+ 1⌋ by ⌊ l

2
⌋ if β is not a

vertex-to-vertex trajectory.

In particular, if β is not a vertex-to-vertex trajectory, we have:

|α ∩ β| ≤ #Ĩ1 +#I
(2)
2

≤ pα⌊
l

2
⌋+ qα⌊

l

2
⌋

≤ (pα + qα)(pβ + qβ)

Since the estimates on the length of the segments given in Equa-
tion (4.3) is left unchanged, this implies that if β is not a vertex-
to-vertex trajectory, we have:

|α ∩ β|
l(α)l(β)

≤ 1

l20
.

This argument is still valid if α is a diagonal of a polygon. If α is a
side of a polygon, we have |α ∩ β| ≤ ⌊ l

2
⌋ ≤ (pβ + qβ) and hence

|α ∩ β|
l(α)l(β)

≤ 1

l20
,

and in fact, the inequality is strict.
1Recall from Lemma 4.3.4 that in this case there would be an even number of adjacent

segments
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Surfaces made of polygons with acute angles. In light of Theorem 4.1.1,
one may wonder what happens if the angles are no longer assumed to be obtuse
or right (that is we remove hypothesis (H1)). The main issue in this case is that
two consecutive adjacent segment may have very small length, as in the example
of Figure 4.18. However, it is possible to avoid this issue by making the following
assumption:

(H1’) The sum of two consecutive angles is at least π.

P

P ′

Figure 4.18: If we do not assume the angles of the polygons to be obtuse or right,
pairs of adjacent segments can have arbitrarily small length.

Now, given a translation surface X constructed from a collection of convex
polygons and satisfying hypothesis (H1’) and (H2), we can denote by θ0 the
smallest internal angle of the polygons defining X 2. Although Theorem 4.1.1
deals with the case θ0 ≥ π

2
, we can make similar estimates on the lengths of saddle

connections in this more general setting if we replace l0 by l0 sin θ0, namely:

• The length of a saddle connection α is at least (pα + qα)l0 sin θ0.

• The length of an odd saddle connection α which is neither a side or a

diagonal of a polygon is at least

(
pα + qα + 2

sin( θ0
2
)

sin θ0
− 1

)
l0 sin θ0.

• The product of the length of two intersecting diagonals is at least 2l20(sin θ0)
2.

• If α is a diagonal and β is an odd saddle connection such that β1 intersects
α, we have l(α)l(β1 ∪ β2) ≥ 2l20(sin θ0)

2 and in particular l(α)l(β) ≥ (pα +
qα + 1)l20(sin θ0)

2.

We do not prove these properties as the proof is exactly the same as in Lem-
mas 4.2.1, 4.2.2, 4.2.4 and 4.5.4. Further, the count of the intersections is only
combinatorial and does not depend on the angles of the sides of the polygons.

2This kind of hypothesis is for example satisfied for some twisted origamis.
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In particular, assuming 4

(
2 cos θ0

2

sin θ0
− 1

)
≥ 1 (which is needed in our proof, see

the second bullet of the proof of Proposition 4.5.1), we conclude that for any two
closed curves α and β on X, we have:

Int(α, β)

l(α)l(β)
≤ 1

(sin(θ0)l0)2
.

Notice that the inequality 4

(
2 sin θ0

2

sin θ0
− 1

)
≥ 1 is true for θ0 ≥ 2 arccos(4

5
) ≃

0.409π. We believe that this inequality is in fact not needed an that the same
result holds for any θ0 > 0.
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■✳ P❛sq✉✐♥❡❧❧✐✳
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In this chapter, we are interested in Bouw-Möller surfaces, which are sur-
faces built from semi-regular polygons. I. Bouw and M. Möller [BM10] proved
that these are exactly the translation surfaces whose Veech group is a triangular
group, and P. Hooper [Hoo13] gave a polygonal model of these surfaces. After in-
troducing the Bouw-Möller surfaces as well as some of their properties, we prove
Theorem B which gives an upper bound for KVol on each Bouw-Möller surface,
and equality specifically in the case where the surface has a unique singularity.

We then generalize the method used in Chapters 2 and 3 to extend the com-
putation of KVol on Teichmüller disks of Veech surfaces by proving Theorem
1.3.10. In order to apply the method, it must be shown that closed curves made
of horizontal saddle connections do not intersect: for this purpose we rely on the
notion of separatrix diagram introducted by M. Kontsevich and A. Zorich [KZ02],
and we show Theorem 1.3.12. This will allow to use the boundedness criterion
given in Theorem D and obtained in Chapter 3, from which we will deduce The-
orem E. We end this chapter by proving Theorem C, which gives a close formula
for KVol on the Teichmüller disks associated with Bouw-Möller surfaces having
a single singularity. As in the preceding chapter, the work presented here is joint
with I. Pasquinelli.

5.1 Introduction

The first goal of this chapter is to calculate the value of KVol for Bouw-Möller
surfaces. More precisely, we show:

Theorem 5.1.1. Let m,n ≥ 2 with nm ≥ 6 and let Sm,n be the corresponding
Bouw-Möller surface. Then, for any pair (α, β) of closed curves on Sm,n, we have

Int(α, β)

l(α)l(β)
≤ 1

l20

where l0 = sin(π/m) is the length of the smallest side of the polygons forming
Sm,n. Moreover, equality holds if and only if

• m and n are coprime and α and β are intersecting systoles (of length l0),

• or n = 4 and m ≡ 3 mod 4 and α and β are diagonals of P (0) (resp.
P (m− 1)), intersecting twice and having length

√
2l0.

From this result we deduce:

Corollary 5.1.2. Let m,n ≥ 2, mn ≥ 6. Then :

KV ol(Sm,n) ≤
Vol(Sm,n)

sin(π/m)2

with equality if and only if m and n are coprime.
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In fact, Theorem 5.1.1 is a direct consequence of Theorem 4.1.1 (obtained in
the preceding chapter) for Bouw-Möller surfaces Sm,n with n ≥ 4. In this paper
we will deal specifically with the case n = 3 and extend the proof of Theorem
4.1.1 to this case. Namely, we assume both closed curves are geodesics and sub-
divide them into smaller segments whose length, as well as the intersection of two
pairs of segments, can be controlled. In the case where the resulting Bouw-Möller
has a single singularity (i.e. for Sm,n with m and n coprime), we show that the
obtained inequality is in fact an equality by showing that there are intersecting
systoles, thus obtaining Corollary 5.1.2. On the contrary, if the surface has sev-
eral singularities, the inequality of Theorem 5.1.1 is in fact strict.

In light of the above result, it is interesting to wonder how KVol varies in the
Teichmüller disk Tm,n of Sm,n. This question has been investigated in the case
of the double regular n-gon for odd n in [BLM22] (Chapter 2) and in the case
of the regular n-gon for even n in [Bou23] (Chapter 3), and the second goal of
this paper is to calculate how KVol varies in the Teichmüller disc of Bouw-Möller
surfaces. More precisely, we give an explicit expression for KVol on Tm,n in the
case where Sm,n has a unique singularity:

Theorem 5.1.3. Let m,n ≥ 2 coprime. Then for any X ∈ Tm,n, we have:

KVol(X) = K0 ·
1

cosh dH2(X, γ∞,± cot(π/n))

where dH2 denotes the hyperbolic distance and γ∞,± cot(π/n) is the union of the two
hyperbolic geodesics of respective endpoints (∞, cot(π/n)), and (∞,− cot(π/n))
1, and K0 > 0 is an explicit constant.

The case where m and n are not coprime is much more complicated, as there
are several distinct singularities. In this case we do not obtain an explicit formula
for KVol on the Teichmüller disk of Sm,n, but we can still show that KVol is
bounded on the Teichmüller disk. This is done using Theorem 1.5 of [Bou23].
The following result is also stated as Corollary 5.4.4:

Theorem 5.1.4. KVol is bounded on the Teichmüller disk of Sm,n.

Further, we describe a general approach for showing boundedness on Teich-
müller disk of Veech surfaces by investigating horizontal separatrix diagrams in
every periodic direction. Namely, we show in Section 5.4 that;

Theorem 5.1.5. Closed curves made with horizontal saddle connections are pair-
wise non-intersecting if and only if the associated horizontal separatrix diagram
is planar.

1The geodesics of endpoints (∞, cot(π/n)) and (∞,− cot(π/n)) are the same if n = 2.
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The notion of separatrix diagram has been introduced by M. Kontsevich and
A. Zorich in [KZ02]. It is a ribbon graph which represents the cyclic ordering
of the horizontal saddle connections while turning around the singularities. As
explained in [EMM13], a ribbon graph is planar if and only if it can be embedded
into a sphere.

Organisation of the chapter. We first define Bouw-Möller surfaces in Section
5.2 and give some properties which will be used in the next sections. Then, we
show Theorem 5.1.1 and Corollary 5.1.2 in Section 5.3. In Section 5.4, we intro-
duce horizontal separatrix diagrams and show Theorem 5.1.5 as well as bounded-
ness of KVol on Teichmüller disks (Theorem 5.1.4). Then, in sections 5.5.1 and
5.2.2 we show Theorem 5.1.3. The proof uses Theorem 5.5.8 (see Theorem I in
the first chapter), which will be proven in Section 5.7.

5.2 Bouw-Möller surfaces

In this section we will define Bouw-Möller surfaces, which are examples of trans-
lation surfaces and the main setting of our discussion. For more details on trans-
lation surfaces, see [Mas06] and for more details on Bouw-Möller surfaces see
[?].

5.2.1 Generalities on Bouw-Möller surfaces

Given m,n ≥ 2 with mn ≥ 6, the Bouw-Möller surface Sm,n is a translation
surface made with m semi-regular polygons, each having a symmetry of order n.
In this section we will explain how to describe the surface Sm,n using polygons,
following [Hoo13], and we will mention some useful facts that will be needed later
on.

Definition of Bouw-Möller surfaces. Given m,n ≥ 2 with mn ≥ 6, the
Bouw-Möller surface Sm,n is a translation surface obtained by identifying the sides
of a collection of m semi-regular polygons P (0), . . . , P (m − 1). More precisely,
for n ≥ 2 and a, b ∈ R+, let Pn(a, b) be the semi regular polygon having all angles

equal to (n−1)π
n

and sides of length alternating between a and b, as in Figure 5.1.
The edges (vj)j=0,...,2n−1 of Pn(a, b) are given by the vectors:

vj =

{
a(cos( jπ

n
), sin( jπ

n
)) if j is even

b(cos( jπ
n
), sin( jπ

n
)) if j is odd

In the case where a = 0 (resp. b = 0), Pn(a, b) is a regular n-gon of side length b
(resp. a).

3



b

a

b

a

a

b

Figure 5.1: The polygon P6(a, b)

Now, if n is odd, then define

P (i) = Pn(sin(
(i+ 1)π

m
), sin(

iπ

m
)).

If n is even, define

P (i) =

{
Pn(sin(

(i+1)π
m

), sin( iπ
m
)) if i is even,

Pn(sin(
iπ
m
), sin( (i+1)π

m
)) if i is odd,

Finally, the Bouw-Möller surface Sm,n is obtained by identifying the even sides
of P (i), i = 1, . . .m− 2, with the parallel (odd) sides of P (i− 1) while odd sides
of P (i) are identified with parallel (even) sides of P (i + 1). Note that P (0) and
P (m − 1) are regular n-gons and hence for them, this means that the sides are
glued to the parallel sides of P (1) and P (m − 2) respectively. The examples of
S3,4 and S4,3 are represented in Figure 5.2.

Remark 5.2.1. Note that given two adjacent sides of the polygon P (i), 0 < i <
m − 1, one is paired to a side in P (i − 1) while the other is paired to a side in
P (i+ 1).

Remark 5.2.2. With this construction, the side v0 of P (0) is always horizontal.
This convention will be used later.

Properties of Bouw-Möller surfaces. Given m,n ≥ 2, with mn ≥ 6, the
surface Sm,n is a translation surface of genus (mn −m − n − γ)/2 + 1 and γ =
gcd(m,n) singularities. More precisely, one has

Proposition 5.2.3 (Proposition 24 of [Hoo13]). Let γ = gcd(m,n). There are γ
equivalence classes of vertices in the decomposition into polygons. In particular,
Sm,n will have γ cone singularities. Each of these singularities has cone angle
2π(mn−m− n)/γ.
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Figure 5.2: The surfaces S3,4 and S4,3.

In particular Sm,n has only one singularity if and only if m and n are coprime.
Notice that in this case saddle connections are closed curves, and hence we have

Proposition 5.2.4. If m and n are coprime, then the systoles of Sm,n are exactly
the sides of P (0) and P (m− 1).

Proof. Any closed curve on Sm,n has length at least the length of the shortest
side of the polygons defining Sm,n. Since the sides have length sin kπ

m
, the shortest

sides are for the case k = 1 or k = m− 1, which corresponds to the length of the
sides of P (0) and P (m− 1).

5.2.2 Veech group and Fundamental domain

In this section, we recall results about the Veech group of Sm,n and give a model
for the Teichmüller curve associated to Sm,n.

Definition 5.2.5 (Parametrization of the Teichmüller curve Tm,n). Given M =(
a b
c d

)
∈ SL2(R), we send the surface M ·Sm,n ∈ Tm,n to an element of H2 using

the identification:

M · Sm,n ∈ Tm,n 7→
di+ b

ci+ a
∈ H2,

We can describe precisely the shape of the fundamental domain of Sm,n when
n and m are coprime using the following results:

Theorem 5.2.6 ([BM10], [Hoo13]). Let m,n coprime. The Veech group of Sm,n

is the triangle group ∆+(m,n,∞). Further, Sm,n and Sn,m are affinely equivalent.

Then, the Teichmüller disk of Sm,n can be identified with two copies of a
hyperbolic triangle of angles (0, π

n
, π
m
).
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Theorem 5.2.7 ([Hoo13], [DPU19]). The horizontal cylinders of Sm,n have all
the same moduli, namely:

s := 2 cot(
π

n
) +

2 cos(π/m)

sin(π/n)
=

2(cos(π/n) + cos(π/m))

sin(π/n)
.

In particular, the element

(
1 s
0 1

)
belongs to the Veech group of Sm,n and the

fundamental domain looks like Figure 5.3, where Sm,n corresponds to the point of
coordinates (0, i) and is stabilised by the action of the rotation of angle 2π

n
while

the other corners (which are identified) correspond to the surface Sn,m, which lies
in the same Teichmüller disk (up to normalizing the area) and is stabilised by
the action of the rotation of angle 2π

m
.

0

Sm,n

Sn,mSn,m

x = cot(π
n
) s

2
− cot(π

n
)− s

2

π
m

π
n

π
m

π
m

π
n

π
n

π
m

π
n

r = 1
sin(π/n)

Figure 5.3: The fundamental domain Tm,n of the Teichmüller disk of Sm,n.

Next, we compute the parameters x and r (which are respectively the abscissa
of the center and the radius of the circle which defines the fundamental domain,
see Figure 5.3) and the coordinates of Sn,m using the data of Figure 5.3 on the

angles, giving x = cot(π
n
), r = 1

sin(π/n)
and that Sn,m has coordinates ± s

2
+ sin(π/m)

sin(π/n)
.

Finally, notice that since Sm,n and Sn,m belong to the same Teichmüller disk
(up to normalising the area), this gives two distinct parametrisations of Tm,n. In
the following, we will use the parametrisation given by Sm,n with n < m.
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5.3 KVol on Bouw-Möller surfaces

In this section, we study KVol specifically on Bouw-Möller surfaces, and we prove
Theorem 5.1.1. By construction, the Bouw-Möller surface Sm,n satisfies the hy-
potheses (H1) and (H2) of Theorem 4.1.1 as soon as n = 4, and as such the
conclusion of Theorem 4.1.1 holds. Further:

• On Bouw-Möller surfaces for n = 2, the hypothesis (H1) holds but not (H2).
In fact it is still possible to show that Theorem 5.1.1 holds using cylinder
decompositions, as done in Chapter 2 for the staircase model of the double
m-gon, m odd. The case where m is even is similar.

• On Bouw-Möller surfaces for n = 3, the hypothesis (H2) holds but not (H1)
because there are two triangles among the polygons defining Sm,3. However,
notice that it satisfies the hypothesis (H1’), and in fact it will be possible
to adapt the proof of Theorem 5.1.1 to this case. Namely:

– Although Lemma 4.2.1 does not hold anymore, we show below that:

Lemma 5.3.1. Let m ≥ 3 and let α be a saddle connection on Sm,3,
then

l(α) ≥ (pα + qα)l0.

Further, if α is odd but it is not a side or a diagonal of a polygon, then

l(α) ≥ (pα + qα +
√
2− 1)l0.

– The count of the intersections does not change, and Proposition 4.4.1
still holds (this is because Sm,3 satisfies (H1’)).

– The case of sides and diagonals do not change (as there are no diago-
nals on a triangle).

Hence, we have:

Corollary 5.3.2. Let γ and δ be two closed curves on Sm,n, then:

Int(γ, δ)

l(γ)l(δ)
≤ 1

l20
.

Further, equality holds if and only m and n are coprime and γ and δ are sides of
length l0 intersecting at the singularity, or diagonals of length

√
2l0 intersecting

once at the singularity, and once outside the singularity with the same sign.

Before proving Lemma 5.3.1, let us explain specifically the equality case for
Bouw-Möller surfaces. First, we can deduce from Equation (4.1) that equality
may hold only if γ and δ are both closed saddle connections. If m and n are not
coprime, there are several distinct singularities, and in fact there are no closed

7



saddle connections of length l0. Further, there are closed diagonals of length√
2l0 only if n = 4 and m ≡ 2 mod 4, but in this case the two diagonals of P (0)

intersect only once (outside the singularities), giving a ratio of 1
2l20

instead of 1
l20

.

Next, if m and n are coprime then saddle connections are automatically closed
and from Theorem 4.1.6 we deduce that equality holds only if α and β are sides
of length l0 intersecting at the singularity (diagonals of the polygons defining
Bouw-Möller surfaces have length greater than l0), or if α and β are diagonals
of length

√
2l0 and intersecting twice. We will see (Proposition 5.3.6) that this

latter case can only arise if n = 4 and m ≡ 3 mod 4.

5.3.1 Proof of Lemma 5.3.1

The Bouw-Möller surface Sm,3 is made of two equilateral triangles of side l0
(namely P (0) and P (m− 1)) and m− 2 hexagons which are convex with obtuse
angles. In particular, non-adjacent segments which do not lie inside P (0) or
P (m−1) have length least l0. Furthermore, only the initial and terminal segments
α1 and αk can be non-adjacent on one of the triangles P (0) and P (m − 1).
Similarly, the length of two adjacent segments can be smaller than l0, but this
can only happen if one of the adjacent segments is contained in P (0) or in P (m−
1). One way to compensate is then to take into account the next non-adjacent
segment. More precisely, we have:

Lemma 5.3.3. Assume α is not a side nor a diagonal of the polygons defining
Sm,n. Then

1. If α1 (resp. αk) lies in either P (0) or P (m− 1), then α2 (resp. αk−1) is a
non-adjacent segment and l(α1 ∪ α2) > 2l0 (resp. l(αk−1 ∪ αk) > 2l0).

2. Assume αi and αi+1 are two adjacent segments, being respectively contained
in P (0) and P (1). Then the segment αi+2 is non-adjacent and the total
length of αi ∪ αi+1 ∪ αi+2 is at least 2l0.

Proof. 1. By symmetry, we can consider the case of α1 and assume it lies
inside P (0). Then we have a configuration like the left of Figure 5.4 and
the length of α1∪α2 is at least min(H0, L) (and in fact, if the minimum is L,
the inequality must be strict). Recall that, by definition, the length of the
sides of P (0) and P (1) is at least l0 and the internal angles of P (1) are 2π

3
. In

particular, H0 = (
√
3+
√
3 cos(π/m))l0) > 2l0 and L = (1+2 cos(π/m))l0 ≥

2l0, with equality when m = 3. Hence we deduce that the length of α1 ∪α2

must be greater than 2l0.

2. The segments αi, αi+1 and αi+2 can be represented as in the right of Fig-
ure 5.4. The segment αi+2 is non-adjacent because for αi and αi+1 to be
adjacent, the angle between the direction of α and the vertical must be
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less than π
6
. In particular, the total length of αi ∪ αi+1 ∪ αi+2 is at least

min(H0, L) ≥ 2l0. Further, as in 1. the bound 2l0 cannot be achieved.

Now, the first part of Lemma 5.3.1 is a direct corollary of Lemma 5.3.3.

L α1

α2

αi+1

αi+2

H0

αi

Figure 5.4: On the left, the case where α1 belongs to the triangle P (0). On
the right, the case where αi and αi+1 are two consecutive adjacent segments and
one of them lies in P (0) (here, αi+1). Further, we have L = (1 + 2 cos π

m
)l0 and

H0 = (2
√
3
2
+ 2 cos π

m
)l0.

Concerning the length of odd saddle connections, we have:

Lemma 5.3.4. (i) The total length of three consecutive adjacent segments is
at least

√
2l0.

(ii) Given three consecutive segments in the polygonal decomposition of α such
that the first and the third segments are non-adjacent while the second seg-
ment is adjacent, the total length of the three segments is at least 2

√
2l0.

Proof. Let us first notice that if none of the adjacent segment are contained in
P (0) or P (m−1), then the result is a direct corollary of Lemma 4.2.4. Hence, we
can assume by symmetry that at least one of the adjacent segments is contained
in P (0).

(i) Given three consecutive adjacent segments such that one is contained in
P (0), the geometry of Bouw-Möller surfaces imply that the other two seg-
ments must be contained respectively in P (1) and P (2). Then, we are in
the setting of Figure 5.5 and hence the total length of the three adjacent
segments is at least H1 =

√
3
2
(1 + 2 cos(π/m))l0 ≥

√
3l0, which is greater

than
√
2l0.
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(ii) As in (i), we can assume by symmetry that the adjacent segment is con-
tained in P (0). The preceding and following non-adjacent segment are then
both contained in P (1). We can see from Figure 5.6 that the total length
of the three segments must be at least

min((1 + 4 cos
π

m
)l0, (2 + 4 cos

π

m
)

√
3

2
l0),

which is greater than 2
√
2l0, as required. (In fact, it is even greater than

3l0).

Putting together Lemma 5.3.3 and Lemma 5.3.4 allows to conclude that the
length of an odd saddle connection α which is not a side or a diagonal of a polygon
is at least (pα + qα +

√
2− 1)l0. This concludes the proof of Lemma 5.3.1.

H1 = (
√
3
2
+
√
3 cos π

m
)l0αi+1

αi

αi+2

P (0)

P (1)

P (2)

Figure 5.5: The total length of three consecutive adjacent segments, one being in
P (0), is at least H1. Note that in this configuration αi−1 cannot be an adjacent
segment.

5.3.2 Intersection of systoles and diagonals

We now show that if m and n are coprime, there are indeed intersecting systoles.
Specifically if n = 4 and m ≡ 3 mod 4, we also show that the diagonals of the
square P (0) (resp. P (m − 1)), which projects to closed curves on the surface,
intersect twice: once at the singularity, and once outside the singularity with the
same sign. Combined with Theorem 5.1.1, this will show Corollary 5.1.2. We first
recall how to compute the intersection of two closed curves at a singular point.
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αi+1

αi+2

αi

(1 + 4 cos π
m
)l0

(2 + 4 cos π
m
)
√
3
2
l0

copy of P (1)

P (1) e

e′

Figure 5.6: Example of three consecutive segments, the first and the third (αi

and αi+2) being non-adjacent, while the second (αi+1) is adjacent and contained
in P (0). (Since either αi has an endpoint on e or αi+1 as an endpoint on e′, we
assumed by symmetry that αi has an endpoint on e.) The total length of the

three segments is at least min((1 + 4 cos π
m
)l0, (2 + 4 cos π

m
)
√
3
2
l0) > (1 +

√
2)l0.
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αβ

Int(α, β) = −1

Figure 5.7: In the example of this picture, the curves α and β intersect once at
the singularity. Furthermore, the sign is given by Int(α, β) = −1.

Intersection at singular points. Given two (simple) closed oriented curves
α and β on a translation surface, the algebraic intersection is given by the sum
of each intersection point with its sign. Recall that for a transverse intersection
point P , we have IntP (α, β) = +1 if the tangent vectors at P of α and β form
an ordered basis with the normal to the sheet of paper, and IntP (α, β) = −1
otherwise.

For closed saddle connections, one looks at the incoming and outgoing pieces
of α and β in a neighbourhood of the singularity, as in Figure 5.7. Then, the
intersection will be determined by the circular order of these, in the sense that
two saddle connections will intersect if and only if the two entries of one saddle
connection alternate with the two entries of the other saddle connection. Intu-
itively, this means that one cannot pull the two curves apart at the singularity
to obtain two curves that do not intersect.

Intersection of systoles. In the case of Bouw-Möller surfaces, this method
allows to prove useful results about how some saddle connections intersect.

Proposition 5.3.5. Assume m and n are coprime. Then there is a pair of in-
tersecting systoles in Sm,n. More precisely, the horizontal systole α corresponding
to the side v0 of P (0) intersects at least one systole having a direction making an
angle π

n
with the horizontal.

Proof. As mentioned, the systoles of Sm,n are exactly the sides of P (0) and P (m−
1) (Proposition 5.2.4). Since they cannot intersect outside the singularity, we only

12



need to show that we can find two systoles that intersect at the singularity whose
directions make an angle of π

n
. In order to compute the algebraic intersection of

systoles at the singularity, we need to understand in which order we encounter
the sides of P (0) and P (m− 1) while turning around the singularity.

The strategy of the proof is the following. Denote as α the side v0 of the poly-
gon P (0), which is horizontal by Remark 5.2.2 and it is a systole. Since there is
only one singularity, when looking at all the sides of polygons in a neighbourhood
of the singularity, we will see two occurrences of each side corresponding to the
two extremities of the side. Now choose the extreme of α on the left and start
turning around the singularity counter-clockwise. If we look at the two occur-
rences of α, they will be separated by a certain number of other sides and we will
define a certain β to be the side that we encounter when we are in some sense
half way from meeting α again. In the following we will prove that α and β are
two systoles which intersect and which form an angle of π

n
.

Recall that the polygons P (i) for i ̸= 0,m − 1 are semi-regular 2n-gons, so

their internal angles are all equal to (n−1)π
n

, while P (0) and P (m − 1) are both

regular n-gons so their internal angles are all (n−2)π
n

. From Remark 5.2.1, one
deduces that going around the singularity and starting from a sector of P (0) we
will encounter one sector in each polygon P (i) for i = 1 to m−2, then one sector
in P (m − 1) and then again one sector in each P (i) for i = m − 2 to 1 until
getting back to P (0).

Now start turning counter-clockwise around the singularity from the left end-
point of the horizontal systole α. We want to understand what happens in the
neighbourhood of the singularity before we get back to α. The next side we en-
counter is the consecutive side in P (0) (which is also a side in P (1)) having the
left endpoint of α as an endpoint, which we encounter after having turned by an
angle (n−2)π

n
. Then, by Remark 5.2.1, we cross an angular sector in P (1), then

one in P (2), and so on until P (m − 2). In the sector contained in P (m − 2),
if we start from a common side of P (m − 2) and P (m − 3), then the next side
we encounter going around the singularity is a common side of P (m − 2) and
P (m− 1). This side is also a systole and we encounter it after having turned by

a total angle (n−2)π
n

+ (m− 2) (n−1)π
n

, where the first term comes from the sector
in P (0) and the second term comes from the m− 2 sectors in P (1) to P (m− 2).
Next, following the same reasoning, we encounter a second side of P (m−1) after

having turned by an angle (m − 2) (n−1)π
n

+ 2 (n−2)π
n

in total (so, an extra (n−2)π
n

from the first systole we encounter in P (m− 1)). We can then continue turning
around the singularity and meeting sectors in P (m−2) to P (1) until we are back

in P (0) after an angle of 2(n−2)π
n

+ 2(m− 2) (n−1)π
n

.

Repeating this argument, we can see that every time we turn around the
singularity by 2l (n−2)π

n
+2l(m− 2) (n−1)π

n
, with l integer, we are back on a systole

which is a side of P (0) and if we add one more sector, so after an angle (2l +

13



1) (n−2)π
n

+ 2l(m− 2) (n−1)π
n

we encounter another systole which is a side of P (0).

Moreover, when we are halfway and we turn by l (n−2)π
n

+ l(m − 2) (n−1)π
n

, we
encounter a systole (which is either a side of P (0) or a side of P (m−1) depending
on the parity of l). Now, the next occurrence of α in the neighbourhood of
the singularity must be at the end of a sector in P (0), when turning counter-
clockwise around the singularity. This means that we will be encountering α
again after an angle of (2l0 + 1) (n−2)π

n
+ 2l0(m− 2) (n−1)π

n
for a certain integer l0.

We now define β to be the systole that we will be encountering after an angle of
l0

(n−2)π
n

+ l0(m−2) (n−1)π
n

. To find the correct value of l0, we need the new systole
we found to be parallel to α and this is enough because if the systole was another
systole parallel to α but not α, then it would be at the beginning of a sector in
P (0) because of the structure of Bouw-Möller surfaces. In other words, l0 is the
smallest integer such that

2l0(m− 2)
(n− 1)π

n
+ (2l0 + 1)

(n− 2)π

n
≡ π mod 2π.

This implies that

2l0(m− 2)
(n− 1)π

n
+ 2l0

(n− 2)π

n
≡ π − (n− 2)π

n
mod 2π.

and hence

l0(m− 2)
(n− 1)π

n
+ l0

(n− 2)π

n
≡ π

n
mod π.

Now, the left hand side is exactly the angle after which we encounter β and
hence it makes an angle π

n
with the horizontal.

Furthermore, the above argument applied to β tells by symmetry that the
two occurences of β in the neighbourhood of the singularity are separated by an
angle 2l0(m − 2) (n−1)π

n
+ (2l0 + 1) (n−2)π

n
. This implies that turning around the

singularity, we first see α, then β (after an angle l0(m− 2) (n−1)π
n

+ l0
(n−2)π

n
), then

α (after an angle 2l0(m − 2) (n−1)π
n

+ (2l0 + 1) (n−2)π
n

) and finally again β (after

an angle 3l0(m − 2) (n−1)π
n

+ (3l0 + 1) (n−2)π
n

). We conclude that Int(α, β) = ±1
(depending on the choice of the orientation of both α and β).

Intersection of diagonals. Similarly, we can compute the algebraic intersec-
tion of the closed saddle connections given by the diagonals of the square P (0)
in the surfaces Sm,4 for m odd.

Proposition 5.3.6. Let m ≥ 3 odd. On the surface Sm,4, the diagonals of the
square P (0) have algebraic intersection 2 if m ≡ 3 mod 4 and 0 otherwise.

Proof. As in Figure 5.8, we denote the two diagonals as α (positive slope) and
β (negative slope) and four sectors Σi for i = 1, 2, 3, 4 as being a neighbourhood
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Σ1Σ2

Σ3

Σ4

β
α

P (1) · · ·

Figure 5.8: If n = 4 and m odd, the cyclic ordering of Σ1,Σ2,Σ3 and Σ4 deter-
mines the intersection at the singularity between the diagonals α and β of P (0).

of the singularity intersecting the square P (0) in the corners, moving counter-
clockwise starting from the top-right corner. In order to compute the algebraic
intersection number at the singularity, we need to understand in which order one
would encounter the sectors Σi around the singularity. This would determine the
order of occurrences of α and β and hence their intersection at the singularity.
One would then just need to add the (positive) intersection in the centre of the
square.

The polygons P (i) for i ̸= 0,m− 1 are semi-regular octagons, so the internal
angles are all equal to 3π

4
, while P (m−1) is a square, so its internal angles are π

2
.

In order to detect in which order we would see the Σis around the singularity, we
need to determine what is the angle of a sector sitting in between two of them.
This, plus the gluing rules of translation surfaces, will tell us uniquely which
sector follows a given Σi. Recalling Remark 5.2.1, one can easily see that going
around the singularity and starting from P (0), we will encounter one vertex in
each polygon P (i) for i = 1 to m−2, then one vertex in P (m−1) and then again
one vertex in each P (i) for i = m−2 to 1 until getting back to P (0). This means
that between each pair Σ1, Σj, there is a cone angle of 2(m− 2) · 3π

4
+ π

2
.

In particular, writing m = 4k+ r, we turn around the singularity by an angle
2(4k+ r− 2) · 3π

4
+ π

2
= (3k− 2) · 2π+ (3r+3)π

2
. Recalling that r ̸= 0, 2 because

m is odd, this gives an integer number of turns for r = 3, and a half turn for
r = 1. Hence the order of the sectors is:

Σ1,Σ2,Σ3,Σ4 for r = 3,

Σ1,Σ4,Σ3,Σ2 for r = 1.

This would then give a positive intersection at the singularity in the first case
and a negative intersection at the singularity in the second case.
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5.4 Intersection of horizontal saddle connections

In this section, we move back to the general case of translation surfaces. Namely,
we consider a translation surface X which is completely periodic in the horizon-
tal direction. As such, we have a horizontal cylinder decomposition. Following
Kontsevich-Zorich [KZ02, Section 4.1], we define the separatrix diagram associ-
ated to the horizontal saddle connections of X. This diagram is in fact a graph
with a cyclic orientation of the edges incident to each vertex (a ribbon graph).
Further, the separatrix diagram allows to understand the intersection of horizon-
tal closed curves on X, that is closed curves which are union of horizontal saddle
connections. More precisely:

Proposition 5.4.1. Horizontal closed curves are pairwise non-intersecting if and
only if the separatrix diagram is planar.

Remark 5.4.2. Let us insist on the fact that the separatrix diagram comes with
a cylic orientation of the edges at each vertex. As such, a separatrix diagram is
planar if there exist a planar representation of the separatrix diagram respecting
the cyclic orientation at each vertex. In general, given a ribbon graph one can
define its genus as the minimal genus of surfaces onto which it can be embedded
(respecting the cyclic orientation at each vertex). Equivalently, a ribbon graph
of genus g can be seen as a cell complex in a surface of genus g, see [EMM13]. In
particular, a ribbon graph is planar if and only if it has genus zero.

Next, we define a dual separatrix diagram, which is planar if and only if the
separatrix diagram is. We give an alternative definition of the dual separatrix
diagram using the horizontal cylinder decomposition, which is easily understood
in the case of Bouw-Möller surfaces and allows to show:

Proposition 5.4.3. Horizontal closed curves on Bouw-Möller surfaces are pair-
wise non-intersecting.

Using Theorem 1.5 of [Bou23], we deduce that:

Corollary 5.4.4. KVol is bounded on the Teichmüller disk of Bouw-Möller sur-
faces.

An introduction to graphs on surfaces and ribbon graphs is presented in
[EMM13].

5.4.1 The horizontal separatrix diagram

Following [KZ02], we define the horizontal separatrix diagram associated to a
translation surface which is completely periodic in the horizontal direction as the
graph whose edges are the horizontal saddle connections and the vertices are the
singularities. The edge corresponding to the saddle connection A connects the
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vertices corresponding to the singularities represented by the endpoints of A. The
orientation on the edges at a vertex comes from the circular orientation at the
corresponding singularity.

In particular, a horizontal closed curve correspond to a closed path on the
horizontal separatrix diagram. Further, the algebraic intersection of such closed
curves on X is exactly the intersection of the paths on the horizontal separatrix
diagram. In particular, if the horizontal separatrix diagram is planar then closed
paths on the horizontal separatrix diagram are pairwise non-intersecting since
the plane is simply connected.

Conversely, if the horizontal separatrix diagram is not planar, we can construct
two closed paths on the separatrix diagram having non-zero intersection. Indeed,
the fact that the graph is not planar implies that we have a configuration like
Figure 5.9. We then choose the curves α and β, corresponding to horizontal closed
curves on the surface X and intersecting once. We have proven Proposition 5.4.1.

β

α

Figure 5.9: A configuration in a non-planar ribbon graph (the two vertices could
also be collapsed as one). From this configuration, one constructs curves α and
β intersecting once.

5.4.2 The dual separatrix diagram

The dual graph. As we have seen, ribbon graphs are equivalent to cell com-
plexes on a surface. In particular, there is a well defined notion of faces and it
is possible to define the dual of a ribbon graph: replace each face by a vertex,
and each edge would then become an edge connecting the two faces it separates
(it could be the same face, and in this case we just get a loop around the vertex)
and the orientation of the vertex at each edge is just the circular orientation of
the edges of the corresponding face. Finally, the vertices of the ribbon graph give
the faces of the dual ribbon graph. The dual ribbon graph is then just the dual
cell complex and it can be embedded on the same surface. In particular, the dual
graph of a planar ribbon graph is planar, and conversely. Hence, we have:
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Proposition 5.4.5. Horizontal closed curves are pairwise non-intersecting if and
only if the dual separatrix diagram is planar.

In the next paragraph we give an alternative definition of the dual separatrix
diagrams which comes directly from the cylinder decomposition.

An alternative definition. Let X be a translation surface which is completely
periodic in the horizontal direction. As such, it is decomposed into cylinders: let
C1, . . . , Cn be the horizontal cylinders. We define the dual separatrix diagram
G(X) having 2n vertices as follows:

• Vertices. For every horizontal cylinder C, we define two vertices of the
graph, denoted C+ and C−.

• Edges. For a horizontal saddle connection A connecting the top of a cylin-
der Ci to the bottom of a cylinder Ci′ , we define an edge between the vertices
of label C+i and C−i′ .

• Cyclic orientation on the vertices. Given a vertex C+, corresponding
to the top of the cylinder C, define the cyclic orientation on the edges from
C+ as the left to right order on the horizontal saddle connections on the top
of C+.
Given a vertex C−, corresponding to the bottom of the cylinder C, define
the cyclic orientation on the edges from C− as the right to left order on the
horizontal saddle connections on the bottom of C−. See Figure 5.10.

An example of such graph is depicted in Figure 5.11. We explain in the next
paragraph why it is the dual graph of the horizontal separatrix diagram.

A B C D

G F E

A

D

C

B

E

G

F

C

C+

C−

Figure 5.10: The two vertices C+ and C− from a cylinder C and the emanating
edges in cyclic order.
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A B C

A′BC

D

DA

A A′

B

C
D

Figure 5.11: Example of decomposition into cylinders and its associated graph.

5.4.3 Turning aroung the singularity

Let us make clear how to tell the cyclic sequence of horizontal saddle connections
crossed while turning around the singularity, as it will explain how to recover the
separatrix diagram from the dual separatrix diagram.

Assume we turn around the singularity in the trigonometric order. Then:

• After crossing the side top A, we cross the side top B, following the top
order from left to right.

• After crossing the bottom side A, we cross the bottom side C, following the
bottom order from right to left.

A B

CD

C
AB

D

C

C+

C−

Figure 5.12: Turning around the singularity on the surface X and on the graph
G(X).

In particular, turning around the singularity reduces to follow the edges of
the graph, and at each vertex follow the trigonometric order. The sequence of
encountered edges determines the separatrix diagram at the singularity, as in
Figure 5.13. Each edge is crossed twice, once in each direction. Furthermore,
it gives that the number of cycles determine the number of singularities. In
particular, when X has a single singularity, the associated graph is automatically
connected.
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B

B
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A
A

C

B

C1

C2

C+1 C−1

C+2C−2

A

B

C
C+1

C−1
C+2
C−2

Figure 5.13: From the dual separatrix diagram to the separatrix diagram.

5.4.4 Saddle connections on Bouw-Möller surfaces

In this paragraph we use the criterion of Proposition 5.4.5 to show that horizontal
closed curves are pairwise non-intersecting on Bouw-Möller surfaces.

Let m,n ≥ 2, mn ≥ 3. We consider the Bouw-Möller surface Sm,n, which
has gcd(m,n) singularities. Sm,n is a Veech surface and as such it is completely
periodic in every saddle connection direction. Furthermore, the cylinder decom-
position in every periodic direction look the same and we have:

Lemma 5.4.6. Sm,n is decomposed into (m−1)×(n−1)
2

cylinders, and every cylin-
der has either one or two top saddle connections and one or two bottom saddle
connections.

Proof of Lemma 5.4.6. This is just because all cylinders are by construction con-
tained in two polygons, and there is at most one horizontal top or bottom saddle
connection of a cylinder in each polygon.

From this lemma we draw that each vertex of the dual separatrix diagram
G(Sm,n) of Sm,n has either one or two incident edges. Thus, every connected
component of G(Sm,n) is either a tree or a cycle, and G(Sm,n) is planar. Hence,
Proposition 5.4.3 follows from Proposition 5.4.5.

5.4.5 Additional comments

It is easily shown that for translation surfaces having a single singularity, having
a planar separatrix diagram is equivalent to having exactly g cylinders. This is
for example the case for periodic directions in any algebraically primitive Veech
surface which has a single singularity (see [HL06]). In particular Proposition 5.4.5
and [Bou23, Theorem 1.5] imply that KVol is always bounded on the Teichmüller
disk of an algebraically primitive Veech surface. As stated in [BLM22, Theorem
1.4], the converse is true in H(2): KVol is bounded on the Teichmüller disk of a
Veech surface if and only if the Veech surface is non-arithmetic.
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A B

BC

C

1 1

2 2

Figure 5.14: Example of squared tiled surface having bounded KVol on its Te-
ichmüller disk.

In fact, this result is not true in H(1, 1): the squared-tiled surface of Figure
5.14 decomposes into two cylinders in each periodic direction and we can check
easily that the associated separatrix diagrams are planar. In particular, KVol is
bounded on the Teichmüller disk of the squared-tiled surface of Figure 5.14.

5.5 Extension to the Teichmüller disk

In the rest of the paper we study KVol as a function on the Teichmüller disk of
Sm,n, with m,n coprime. More precisely, we extend the techniques of [BLM22]
developed in the case of the double regular n-gon. This section is devoted to
introduce the preliminary material from [BLM22]. We will then study the cylinder
decompositions of Sm,n in Section 5.6 in order to derive estimates which allows
to compute KVol on the Teichmüller disk.

5.5.1 Preliminaries : Direction decomposition

In this paragraph, we follow Sections 4 and 5 of [BLM22] and give another conve-
nient expression for KVol on the Teichmüller disk of Sm,n. Recall that we have a
parametrization of the Teichmüller disk given by Definition 5.2.5. We start with
a few definitions.

Definition 5.5.1 (Direction of a saddle connection on X ∈ Tm,n). (i) Given a

saddle connection α on Sm,n, of holonomy vector α⃗ =

(
αx

αy

)
, we define the

direction of α as dα := −
αx

αy

∈ R ∪ {∞}, that is minus the co-slope of the

holonomy vector α⃗. If α is horizontal, the co-slope is defined as ∞.
Using the classical identification R ∪ {∞} ≡ ∂H2, it means that to each
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saddle connection on Sm,n we associate a direction in ∂H2.

(ii) Further, for any M ∈ GL+
2 (R), the direction of the saddle connection α ⊂

M · Sm,n is defined as the direction of the preimage M−1 · α, which is a
saddle connection on the surface Sm,n.

This definition allows to make a consitent choice for the direction of a saddle
connection in Sm,n and all its images when transforming the surface Sm,n by a
matrix M . Using Definitions 5.2.5 and 5.5.1, the locus of surfaces X ∈ Tm,n

where saddle connections of respective direction d and d′ make an angle θ on X
has a nice expression:

Proposition 5.5.2. [BLM22, §4] The locus of surfaces X ∈ Tm,n where the
directions d and d′ make an (unoriented) angle θ ∈]0, π

2
] is the banana neighborood

γd,d′,r = {z ∈ H2 : distH2(z, γd,d′) = r}

where cosh r =
1

sin θ
, and γd,d′ is the hyperbolic geodesic having endpoints d, d′ ∈

∂H2 (see Figure 5.15).

In particular, the locus of surfaces in Tm,n where the directions d and d′ are
orthogonal is the hyperbolic geodesic γd,d′.

γd,d′ = γ0,∞γd,d′,r

γd,d′,rγd,d′,ri

z = eiθ

θ θ

γd,d′

γd,d′,r

γd,d′,r

θ θ

Figure 5.15: The set γd,d′,r for cosh r = 1
sin θ

.

In the rest of the paper, we use the following

Notation 5.5.3. Given X = M ·S ∈ Tm,n, and d, d′ distinct directions, we define
θ(X, d, d′) ∈]0, π

2
] as the (unoriented) angle between the directions d and d′ in the

surface X. With this notation, we have by Proposition 5.5.2:

sin θ(X, d, d′) =
1

cosh(dH2(X, γd,d′))
. (5.1)
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5.5.2 Another look at KVol

The above geometric interpretation allows to rewrite KVol as a supremum over
pairs of directions instead of saddle connections by grouping together all pairs of
saddle connections (α, β) having directions (d, d′). More precisely, we have:

Proposition 5.5.4. [BLM22, Proposition 5.1] Let P be the set of periodic direc-
tions in Sm,n. Then for any surface X ∈ Tm,n we have:

KVol(X) = Vol(X) · sup
d, d′ ∈ P
d ̸= d′

K(d, d′) · sin θ(X, d, d′), (5.2)

where K(d, d′) = sup α ⊂ S saddle connection in direction d
β ⊂ S saddle connection in direction d′

Int(α,β)
α∧β .

Although stated in the Teichmüller disk of the double regular n-gon in [BLM22],
the proof is obvious and extends to the case of all Teichmüller disks of Veech sur-
faces having a single singularity and no pairs of intersecting saddle connections
in the same direction, which is the case in Sm,n as seen in Section 5.4.

Remark 5.5.5. • The Veech group Γ of Sm,n acts on Sm,n while preserving
the intersection form, and acts linearly on R2, hence preserving the wedge
product. In particular, K(d, d′) = K(g · d, g · d′) for any element g ∈ Γ.

• Further, notice that by invariance under the action of SL2(R), the quantity
K(d, d′) can be computed on any surface of the Teichmüller disk, giving the
same result. In the following we will compute K(d, d′) on the base surface
Sm,n, n < m.

From Proposition 5.5.4 and Equation (5.1), the statement of Theorem 5.1.3
can be formulated again as:

Theorem 5.5.6. For any X ∈ Tm,n, we have

KVol(X) = Vol(X)·K(∞,± cot
π

n
)·max(sin θ(X,∞,+cot

π

n
), sin θ(X,∞,− cot

π

n
)).

Further, as seen in Section 5.3 and Proposition 5.3.5, the supremum in the
definition of KVol(Sm,n) is achieved (for m,n ≥ 3 coprime) by the horizontal
systole of P (0) and another systole of P (m− 1) of direction ± cot(π

n
), and hence

we deduce from Proposition 5.5.4 that:

Corollary 5.5.7.

KVol(Sm,n) = Vol(Sm,n) ·K(∞,± cot
π

n
) · sin θ(Sm,n,∞,± cot

π

n
)

Notice that in this case θ(Sm,n,∞, cot π
n
) = θ(Sm,n,∞,− cot π

n
) = π

n
.
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5.5.3 Strategy for the proof of Theorem 5.5.6

In order to show Theorem 5.5.6, we use the following result, proven in Section
5.7, which states in a general setting what has been proven in [BLM22, Section
7] in the case of the double regular n-gon.

Theorem 5.5.8. Let a, b, c ∈ R with |b| ≤ |c|. Let D be the hyperbolic domain
delimited by the geodesics γa,∞, γa+b,∞ and γa−c,a+c, and X0 be the intersection
point of γa+b,∞ and γa−c,a+c, which exist by the assumption |b| ≤ |c|. Assume that
the angle between the geodesics γa+b,∞ and γa+c,a−c is of the form π

n
, for n ≥ 2 so

that the group generated by the reflections along the geodesics γa+b,∞ and γa−c,a+c

is a dihedral group. Let P ⊂ ∂H2 containing at least ∞, a, and a + 2b, and
K(·, ·) : P × P\∆ → R be a map which is symmetric with respect to its two
coordinates (∆ is the diagonal {(x, x), x ∈ P}.) and invariant under the diagonal
action of the dihedra group generated by the reflections along the geodesics γa+b,∞
and γa−c,a+c.

Assume that

(H1) For any distinct d, d′ ∈ P,

K(d, d′) sin(X0, d, d
′) ≤ K(∞, a) sin θ(X0,∞, a)

(H2) For any distinct d, d′ ∈ P,

K(d, d′) ≤ K(∞, a)

(H3) For any distinct d, d′ ∈ P such that γd,d′ intersects D and (d, d′) ̸= (∞, a),

K(d, d′) ≤ sin(
π

4
)K(∞, a)

(H4) For any distinct d, d′ ∈ P such that γd,d′ intersects D and (d, d′) ̸= (∞, a),

K(d, d′) ≤ sin θ(X0,∞, a)

sin θ(X0, a, a+ 2b)
K(∞, a)

Then, for any X ∈ D and any distinct d, d′ ∈ P

K(d, d′) sin(X, d, d′) ≤ K(∞, a) sin θ(X,∞, a).

In particular, it suffices to show that the function K(·, ·) defined over the set
P of periodic directions satisfy the hypotheses of Theorem 5.5.8 in each of the
domains D1, D2, D3 and D4 of Figure 5.16. Notice that (H1) comes directly from
Corollary 5.5.7. We show (H2), (H3) and (H4) in the next section.
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cot(π
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)+cos( π

m
)

sin(π
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)

D1 D2 D3 D4

Figure 5.16: The fundamental domain Tm,n of the Teichmüller disk of Sm,n and
the four domains D1, D2, D3 and D4.

Remark 5.5.9. It is clear that the same result holds under the following modified
hypotheses:

(H2) For any distinct d, d′ ∈ P ,

K(d, d′) ≤ K(∞, a)

(H3) For any distinct d, d′ ∈ P such that γd,d′ intersects D and (d, d′) ̸= (∞, a),

K(d, d′) ≤ sin(
π

4
)K(∞, a)

(H⋆) θ(X0,∞, a) ≥ π
4
.

This is because (H⋆) and (H3) automatically imply (H1) and (H4). In general,
(H⋆) do not hold but we can see from §5.2.2 that it is the case on D2 and D3 if
n ≤ 4 and on D1 and D4 if m ≤ 4.

5.6 Study of K(d, d′)

In this section we give estimates on K(d, d′) which ensures that hypotheses (H2),
(H3) and (H4) are satisfied on each of the domains D1 to D4. More precisely:
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Proposition 5.6.1. Let m,n coprime, with 3 ≤ n < m. Then,

(i) K(∞,± cot(π/n)) =
1

sin(π/n)l20

(ii) K(∞,± cot(2π/n)) ≤ 1

2 cos(π/n) sin(π/n)l20

(iii) K(∞,±
1 + 2 cos(π/n) cos(π/m)

2 sin(π/n) cos(π/m)
) ≤ 1

2 cos(π/m) sin(π/n)l20

Moreover, for every pair of distinct periodic directions (d, d′) which is not the
image of one of the preceeding pairs of directions by the diagonal action of the
Veech group,

K(d, d′) ≤ 1

2 cos(π/m) sin(π/n)l20
.

Remark 5.6.2. • Notice that for n = 3 we have cot(2π/3) = − cot(π/3) and
2 cos(π/3) = 1. In fact, Cases (i) and (ii) are merged.

• For n = 4, notice that cot(2π/n) = 0. Interestingly, K(∞, cot(2π/n)) is
realised by horizontal and vertical sides of P (0) if m ≡ 1 mod 4, while
such sides do not intersect if m ≡ 3 mod 4. In the latter case, it is the
diagonals of P (m − 1), which are intersecting twice by Proposition 5.3.6,
that achieve the best ratio for K(∞, cot(2π/n)).

• In cases (ii) and (iii), instead of having an equality we only give an up-
per bound. This is because the equality does not hold in general. More
precisely, equality holds in case (ii) if and only if a horizontal side of P (0)
intersects a side of P (0) (or P (m − 1)) in direction d′ = ± cot(2π/n).
Similarly, equality holds in case (iii) if and only if a horizontal side of
P (0) intersects a small diagonal of P (1) (or P (m − 2)) in direction d′ =
1 + 2 cos(π/n) cos(π/m)

2 sin(π/n) cos(π/m)
. However, the upper bounds are sufficient to show

that the hypotheses of Theorem 5.5.8 are satisfied.

Before proving the proposition, we start with a few preliminaries about the
horizontal cylinder decomposition of Sm,n.

5.6.1 Length and height of horizontal cylinders

Lemma 5.6.3 (Length of horizontal saddle connections). Let m,n coprime, with
3 ≤ n < m. The three shortest length of horizontal saddle connections of Sm,n

are

l0 = sin
π

m
, l1 := 2 cos(π/n)l0 and l2 := 2 cos(π/m)l0.

Further,
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- l0 is the length of the systole of Sm,n which is realised by sides of P (0) and
P (m − 1). There are two horizontal saddle connections of length l0, and
both lie in P (0)∩P (1) if n is even while if n is odd there is one such saddle
connection in P (0) ∩ P (1) and one in P (m− 1) ∩ P (m− 2).

- l1 is the length of the smallest diagonal of P (0) and P (m − 1). If n = 3,
there are no such diagonals but then l0 = l1. If n = 4 (then m is odd) and
there is only one horizontal saddle connection of length l1, the diagonal of
P (m − 1). Else, there are two horizontal saddle connections of length l1:
both lie in P (m− 1) if n is odd while if n is even then one lie inside P (0)
and the other in P (m− 1).

- l2 is the length of the long sides of P (1) and P (m− 2). There are two such
horizontal sides: both are sides of P (m − 2) if n is even while if n is odd
then there is one such side in P (m− 2) and another in P (1).

Proof. First, the saddle horizontal saddle connections contained in P (0) or P (m−
1) correspond by construction to sides or diagonals of a regular n-gon of side
length sin( π

m
), and hence have length sin( π

m
), 2 cos(π

n
) sin( π

m
) (if n ≥ 3), 1 +

2 cos(2π
n
) sin( π

m
) (if n ≥ 7), and so on. Notice that 1 + 2 cos(2π

n
) sin( π

m
) is already

greater than l2.
Next, apart from the small sides which correspond to sides of P (0) or P (m −
1) and have already been counted, the smallest horizontal saddle connections
contained in P (1) or P (m − 1) are the long sides having length l2 = sin(2π

m
) =

2 cos( π
m
) sin( π

m
).

Finally, all other horizontal saddle connections (which are not contained in P (0),
P (1), P (m− 2) or P (m− 1)) are longer.

Similarly, we can compute the height of the smallest horizontal cylinders:

Lemma 5.6.4 (Height of horizontal cylinders). Let m,n coprime, with 3 ≤ n <
m. The three smallest height of horizontal cylinders of Sm,n are

h0 := sin(π/n)l0, h1 := 2 cos(π/n)h0 and h2 := 2 cos(π/m)h0.

Further,

- There are two horizontal cylinders of height h0. If m is odd and n is even
then both are contained in P (m− 1)∪P (m− 2) and otherwise there is one
such cylinder inside P (m−1)∪(m−2) and another contained in P (0)∪P (1).

- If n ≥ 5, there are two horizontal cylinders of height h1: if m is odd and
n is even then both are contained in P (0) ∪ P (1) and otherwise there is
one such cylinder inside P (m − 1) ∪ P (m − 2) and another contained in
P (0) ∪ P (1). Else, if n = 3 then h0 = h1 and this case is the same as
the preeceding, and if for n = 4 there is a single such horizontal cylinder,
contained in P (0) ∪ P (1).
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Figure 5.17: Lengths of horizontal saddle connections and height of the cylinders
for n = 4 and m = 5.
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Figure 5.18: Lengths of horizontal saddle connections and height of the cylinders
for n = 5 and m = 4.
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- h2 is the height of the smallest horizontal cylinder which does not not in-
tersect P (0) ∪ P (m − 1). There are two such cylinders: if n is even then
both cylinders are contained in P (1)∪P (2) and otherwise there is one such
cylinder inside P (1) ∪ P (2) and the other inside P (m− 2) ∪ P (m− 3).

Proof. First, the horizontal cylinders intersecting P (0) or P (m− 1) have height
among sin(kπ

n
) sin( π

m
) for 1 ≤ k ≤ n − 1. For k ≥ 3, this is already higher than

h2.
Next, the horizontal cylinders intersecting P (1) (resp. P (m − 2)) but not P (0)
(resp. P (m− 1)) have height among sin(kπ

n
) sin(2π

m
). The smallest such cylinder

(k = 1) have height h2, and all other cylinders are bigger.
Finally, all other horizontal cylinders, which are not intersecting P (0), P (1),
P (m−2) or P (m−1), have height greater than sin(kπ

n
) sin(3π

m
) and hence greater

than h2.

We are now able to prove Proposition 5.6.1.

5.6.2 Proof of Proposition 5.6.1

Recall from Remark 5.5.5 that we can assume d = ∞ and compute K(d, d′) on
Sm,n directly. Let d′ ̸=∞ and let α and β be two saddle connections on Sm,n in
respective directions d =∞ and d′.

Case 1. If there are no non singular intersection. In this case Int(α, β) ≤ 1
with at most a single singular intersection. In particular:

Int(α, β)

α ∧ β
≤ 1

lv(β)l(α)

where lv(β) denotes the vertical length of β. This length is minimal if β crosses
once a horizontal cylinder with small height. From Lemma 5.6.4, we deduce:

• If β is contained in a cylinder of height h0, then

Int(α, β)

α ∧ β
≤ 1

l0h0

=
1

sin(π/n)l0l(α)

with equality if Int(α, β) = 1. The only such saddle connections β are, up
to an horizontal twist, saddle connections in directions d′ = ± cot(π/n).
As seen in Proposition 5.3.5, choosing α a horizontal side of P (0) (hence
of minimal possible length, l0) and β a convenient side of either P (m− 1)
or P (0) in direction d′ = cot(π/n) (resp. d′ = − cot(π/n)), and hence of
length l0, we obtain Int(α, β) = 1 so that

Int(α, β)

α ∧ β
=

1

l0h0

=
1

sin(π/n)l20
.
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• If β is contained in a cylinder of height h1, and n ̸= 3, then

Int(α, β)

α ∧ β
≤ 1

l0h1

=
1

2 cos(π/n) sin(π/n)l0l(α)

with equality if Int(α, β) = 1. Outside the case d′ = ± cot(π/n), the only
such β are saddle connections in direction d′ = ± cot(2π/n), corresponding
to directions of sides of P (0) (and P (m− 1) if n is odd).

• If β is contained in a cylinder of height h2, then

Int(α, β)

α ∧ β
≤ 1

l0h2

=
1

2 cos(π/m) sin(π/n)l20

with equality if Int(α, β) = 1. Outside the case d′ = ± cot(π/n), the only

such β are saddle connections in direction d′ = ±
1 + 2 cos(π/n) cos(π/m)

2 sin(π/n) cos(π/m)
.

In all other cases, the vertical length of β is greater2 so that we have:

Int(α, β)

α ∧ β
≤ 1

l0h2

=
1

2 cos(π/m) sin(π/n)l20
.

Case 2 If there is at least one non-singular intersection, we distinguish two
cases.

Case 2.1 If α has length l0, we can assume by symmetry that α is a horizontal
side of P (0). Then,

(i) for every non singular intersection with α, β has to cross both cylinders ad-
jacent to alpha, see Figure 5.19, hence a non-singular intersection with α ac-
counts for a vertical length at least h1+h2 = (2 cos(π/m)+2 cos(π/n)) sin(π/n)l0,

(ii) further, there are no simple curve contained in C1 and C ′
1 which intersect α

once outside the singularity, because such a saddle connection would have
direction both smaller and greater than cot(π/n) (assuming the direction
lie on the first quadrant, or − cot(π/n) if the direction lie on the second
quadrant) . In particular, if there is exactly one non singular intersection,
then β has to cross vertically another cylinder C ′, and hence the vertical
length of β must be at least h1 + h2 + h0 = (2 cos(π/m) + 2 cos(π/n) +
1) sin(π/n)l0.

From the first remark we deduce that if there are p ≥ 2 non singular intersec-
tions, then Int(α, β) ≤ p+ 1 and

2Notice that crossing at least two horizontal cylinders gives a vertical lenght at least

2 sin(π/n)l0, which is greater than 2 cos(π/m) sin(π/n)l2
0
.
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α

C0

C1

P (1)

P (0)

e

h1

h2

Figure 5.19: The two cylinders adjacent to α have height h1 and h2. Further, the
direction of the side e of P (1) is the same as the direction of the dashed diagonal
of P (0).

Int(α, β)

α ∧ β
≤ p+ 1

p(2 cos(π/m) + 2 cos(π/n)) sin(π/n)l20

≤ 3

2(2 cos(π/m) + 2 cos(π/n)) sin(π/n)l20
,

which is easily shown to be less than
1

2 cos(π/m) sin(π/n)l20
for 3 ≤ n < m.

From the second remark we deduce that if there is a single non singular
intersection, then Int(α, β) ≤ 2 and

Int(α, β)

α ∧ β
≤ 2

(2 cos(π/m) + 2 cos(π/n) + 1) sin(π/n)l20
.

which is again less than
1

2 cos(π/m) sin(π/n)l20
.

Case 2.2 if α is not a systole, we have by Lemma 5.6.3

• If n = 3, l(α) ≥ l2 = 2 cos(π/m)l0.

• If n ̸= 3, l(α) ≥ l1 = 2 cos(π/n)l0

Further, similarly to Case 2.1, β has to cross vertically a horizontal cylinder
C before any non singular intersection with α, and another horizontal cylinder
C ′ after any non-singular intersection with α (the two cylinders are not the same
as no cylinder is glued to itself on Sm,n). In particular, if there are p non-singular
intersections, then

lv(β) ≥ p× (h(C) + h(C ′)).
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Now, h(C) + h(C ′) ≥ 2h0, and equality can occur only if the two cylinders
of height h0 are adjacent, which is possible if and only if either n = 4 or by
symmetry m = 4 (and hence n = 3 since we assumed n < m). Further,

(a) If n = 3, given that l(α) ≥ l2 the inequality h(C)+h(C ′) ≥ 2h0 is sufficient
to obtain

Int(α, β)

α ∧ β
≤ p+ 1

2ph0l2
≤ 2

2h0l2
=

1

2 cos(π/m) sin(π/n)l20

as required.

(b) If n = 4, then m is odd and the two cylinders of height h0 are the two
cylinders intersecting P (m− 1), so that we have equality above only when
α and β are the two diagonals of P (m−1) (up to a horizontal twist). As we
have seen in Proposition 5.3.6, these diagonals intersect twice if and only if
m ≡ 3 mod 4, giving

Int(α, β)

α ∧ β
=

2

2h0l(α)
=

1

2 cos(π/n) sin(π/n)l20
.

The second possible case is h(C) + h(C ′) = h0 + h1, giving:

Int(α, β)

α ∧ β
≤ p+ 1

p(h0 + h1)l1

≤ 2

(h0 + h1)l1
=

2

(2 cos(π/n) + 1)× 2 cos(π/n) sin(π/n)l20

For n ≥ 5, this last quantity is easily shown to be less than
1

2 cos(π/m) sin(π/n)l20
.

However, this is not the case for n = 4, and one has to further notice that if
4 = n < m and if we are not in the setting of (b), then the two cylinders of
height h0 (which are contained in P (m − 1) ∪ P (m − 2)) are not adjacent to
the (single) cylinder of height h0 which is contained in P (0) ∪ P (1), so that
h(C) + h(C ′) ≥ h0 + h2 and we get:

Int(α, β)

α ∧ β
≤ p+ 1

p(h0 + h2)l1

≤ 2

(h0 + h2)l1
=

2

(2 cos(π/m) + 1)× 2 cos(π/n) sin(π/n)l20

<
1

2 cos(π/m) sin(π/n)l20

as required.
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End of the proof. According to the above study, we have

Int(α, β)

α ∧ β
≤ 1

2 cos(π/m) sin(π/n)l20

unless:

• α is a systole and β is, up to a horizontal twist, a side of P (m − 1) (or
P (0)), having direction ± cot(π/n) and intersecting α once, and then

Int(α, β)

α ∧ β
≤ 1

sin(π/n)l20
.

Further, by Proposition 5.3.5, one can always find such intersecting sides,
giving

K(∞,± cot(π/n)) =
1

sin(π/n)l20

• α is a systole and, up to a horizontal twist, β has direction ± cot(2π
n
), and

then:
Int(α, β)

α ∧ β
≤ 1

2 cos(π/n) sin(π/n)l20
.

5.6.3 Verifying (H2), (H3) and (H4)

Using Proposition 5.6.1, we directly deduce that (H2) and (H3) are satisfied
on each of the domains Di. To show that (H4) holds as well (for m,n ≤ 4, see
Remark 5.5.9), we first draw the images of the geodesics γ∞,± cot(π/n), γ∞,± cot(2π/n)

and γ

∞,±
1 + 2 cos(π/n) cos(π/m)

2 sin(π/n) cos(π/m)
)

by the action the Veech group which intersect

the fundamental domain Tm,n. Those geodesics are represented in Figure 5.20.
Next,

1. On D1, the setting is a = − cot(π/n), b = − cos(π/m)
sin(π/n)

, c = sin(π/n) and
X0 = Sn,m so that

• θ(X0,∞, a) = θ(X0,∞,− cot(π/n)) = π
n

• θ(X0, a, a+ 2b) = θ(X0,− cot(π/n),− cot(π/n)− 2 sin(π/n)) = 2π
n

And hence

sin θ(X0,∞, a)

sin θ(X0, a, a+ 2b)
=

sin(π/n)

sin(2π/n)
=

1

2 cos(π/n)
.

But since by Proposition 5.6.1, for any (d, d′) which is not the image of the
pair (∞,± cot(π/n)),

K(d, d′) ≤ 1

2 cos(π/n)
K(∞,± cot(π/n))

we directly have that (H4) is satisfied.
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Figure 5.20: The geodesics γ∞,± cot(π/n), γ∞,± cot(2π/n) and γ∞,± 1+2 cos(π/n) cos(π/m)
2 sin(π/n) cos(π/m)

and

their images by the Veech group intersecting the fundamental domain.

2. On D2, the setting is a = − cot(π/n), b = cos(π/m)
sin(π/n)

, c = sin(π/n) and
X0 = Sm,n so that

• θ(X0,∞, a) = θ(X0,∞,− cot(π/n)) = π
m

• θ(X0, a, a+ 2b) = θ(X0,− cot(π/n),− cot(π/n)− 2 sin(π/n)) = 2π
m

And hence

sin θ(X0,∞, a)

sin θ(X0, a, a+ 2b)
=

sin(π/m)

sin(2π/m)
=

1

2 cos(π/m)
.

But since by Proposition 5.6.1, for any (d, d′) which is not the image of the
pairs (∞,± cot(π/n)), and (∞,± cot(2π/n))

K(d, d′) ≤ 1

2 cos(π/m)
K(∞,± cot(π/n)),

we directly have that (H4) is satisfied.

By symmetry, we also deduce that (H4) holds in the domains D3 and D4.

Conclusion. The hypotheses (H1), (H2), (H3) and (H4) are satisfied on any of
the domains D1 to D4. Using Theorem 5.5.8, we conclude that

K(d, d′) sin θ(X, d, d′) ≤ K(∞,± cot
π

n
) sin θ(X,∞,± cot πn)

is satisfied on the whole fundamental domain associated to the surface Sm,n. As
a conclusion, we obtain Theorem 5.1.3.
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5.7 Proof of Theorem 5.5.8

Although the ideas of the proof of Theorem 5.5.8 are already explained in [BLM22,
Section 7], we provide a proof in this section. Let X ∈ D and (d, d′) and admis-
sible pair of directions. Recall that we want to show

K(d, d′) sin θ(X, d, d′) ≤ K(∞, a) sin θ(X,∞, a) (♣)

By convenience we will assume that b > 0, which is possible by symmetry. We
start with the following Proposition, which is a direct generalisation of Proposi-
tion 7.8 of [BLM22] and hence which we will not prove (see also Proposition 5.7
of [Bou23]).

Proposition 5.7.1. Let a ∈ R, and 0 < b < c. Let D ⊂ H2 be the domain
delimited by the geodesics γa,∞, γa+b,∞ and γa−c,a+c and X0 be the intersection
point of γa+b,∞ and γa−c,a+c. Then for any (d, d′) with a ≤ d ≤ a + b ≤ d′, and
such that γd,d′ intersect the domain D, the function

F(d,d′) : X ∈ D 7→
sin θ(X,∞, a)

sin θ(X, d, d′)

is minimal at X0 on the domain D.

Case 1: γd,d′ ∩ D ≠ ∅. In this case, let us first remark that if X ∈ R := {X ∈
D, θ(X, a,∞) ≥ π

4
}, then we can directly deduce (♣) from (H3). In the following

we will then assume that X /∈ R, see Figure 5.21.

X0

R

θ = π
4

a a+ b
a+ c

Figure 5.21: The domain R.

Then, notice that we are in one of the three following cases:
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(i) a ≤ d < a+ b < d′

(ii) d < a < a+ b < d′

(iii) d < a < d′ ≤ a+ b

Case 1.i: If a ≤ d < a+ b < d′, we deduce from (H1) and Proposition 5.7.1
that

K(d, d′) sin θ(X, d, d′) ≤ K(d, d′)
sin θ(X, d, d′)

sin θ(X,∞, a)
× sin θ(X,∞, a)

≤ K(d, d′)
sin θ(X0, d, d

′)

sin θ(X0,∞, a)
× sin θ(X,∞, a) by Proposition 5.7.1

≤ K(d, d′) sin θ(X0, d, d
′)× sin θ(X,∞, a)

sin θ(X0,∞, a)

≤ K(d, d′) sin θ(X0, a,∞)× sin θ(X,∞, a)

sin θ(X0,∞, a)
by (H1)

≤ K(d, d′) sin θ(X, a,∞).

Case 1.ii: If d < a < a+ 2b < d′, then for all X /∈ R, we have

sin θ(X, d, d′) ≤ sin(θ,X, a, a+ 2b)

so that by (H4), we have

K(d, d′) sin θ(X, d, d′) ≤ K(d, d′) sin θ(X, a, a+ 2b)

≤ K(∞, a)
sin θ(X0,∞, a)

sin θ(X0, a, a+ 2b)
× sin θ(X, a, a+ 2b) by (H4)

≤ K(∞, a) sin θ(X0,∞, a)× sin θ(X, a, a+ 2b)

sin θ(X0, a, a+ 2b)

≤ K(∞, a) sin θ(X,∞, a) by Proposition 5.7.1

Case 1.iii: If d < a < d′ ≤ a + b, let gc be the reflection along the geodesic
γa+c,a−c and (e, e′) = (gc · d, gc · d′). The hypotheses on d and d′ entails e′ ≥ a+ b
so that (e, e′) correspond to a pair of direction in Case 1.i or Case 1.ii, and in
particular for any X ∈ D

K(e, e′) sin θ(X, e, e′) ≤ K(∞, a) sin θ(X,∞, a) (5.3)

Further,

• For any X inside the domain delimited by the geodesics γa+c,a−c, γ∞,a+b

and γe,e′ , we have
sin θ(X, d, d′) ≤ sin θ(X, e, e′).

By (5.3), we directly deduce (♣).
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• If X lies outside this domain, we can find X∗ ∈ γe,e′ ∩ D such that:

θ(X∗,∞, a) ≤ θ(X,∞, a)

(see Figure 5.22). Using (5.3), we deduce:

K(d, d′)︸ ︷︷ ︸
=K(e,e′)

sin θ(X, d, d′) ≤ K(e, e′) sin θ(X∗, e, e′)︸ ︷︷ ︸
=1

≤ K(∞, a) sin θ(X∗,∞, a)

≤ K(∞, a) sin θ(X,∞, a)

as required.

X0

X
X∗

1

X∗
2

e←− d a− c e′d′a a+ b
a+ c

Figure 5.22: If X ∈ D lies outside the domain delimited by the geodesics γa+c,a−c,
γ∞,a+b and γe,e′ , then min(θ(X⋆

1 , a,∞), θ(X⋆
2 , a,∞)) ≤ θ(X, a,∞).

Case 2: γd,d′ ∩ D = ∅. Let us distinguish two cases.

Case 2.1: If γd,d′ does not intersect one of images of the domain D adjacent
to X0, then for all X ∈ D,

sin θ(X, d, d′) ≤ sin θ(X, a,∞)

so that (♣) holds by (H1).

Case 2.2: Else, for every X ∈ D, we can always find an element g of the
dihedral group generated by the reflections along γ∞,a+b and γa+c,a−c

3 such that:

3which may depend on X.
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• γg·d,g·d′ ∩ D ≠ ∅

• sin θ(X, d, d′) ≤ sin θ(X, g · d, g · d′).

Hence, we deduce from Case 1 that

K(d, d′) sin θ(X, d, d′) ≤ K(g · d, g · d′) sin θ(X, g · d, g · d′)
≤ K(∞, a) sin θ(X,∞, a)

as required.
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❈❤❛♣✐tr❡ ✻

▲♦✇❡r ❜♦✉♥❞ ❢♦r ❑❱♦❧ ♦♥ t❤❡ ♠✐♥✐♠❛❧
str❛t✉♠ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s

❘és✉♠é ❡♥ ❢r❛♥ç❛✐s✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ❝♦rr❡s♣♦♥❞❛♥t à ❧✬❛rt✐❝❧❡ ❬❇♦✉✷✸❜❪ ✭s♦✉♠✐s ♣♦✉r
♣✉❜❧✐❝❛t✐♦♥✮✱ ♦♥ s✬✐♥tér❡ss❡ à ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞❡ ❑❱♦❧ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s
s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ❞❡ ❣❡♥r❡ g à ✉♥❡ s❡✉❧❡ s✐♥❣✉❧❛r✐té✳ ❖♥ ❞é♠♦♥tr❡ ❧❡ ❚❤é♦rè♠❡ ❋✱ ❛✈❡❝
✉♥❡ ❞✐s❝✉ss✐♦♥ ❝♦♥❝❡r♥❛♥t ❝❤❛❝✉♥❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s ❞❡ H(2g − 2)✳

✷✶✹



▲♦✇❡r ❜♦✉♥❞ ❢♦r ❑❱♦❧ ♦♥ t❤❡ ♠✐♥✐♠❛❧ str❛t✉♠

♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s

❏✉❧✐❡♥ ❇♦✉❧❛♥❣❡r

❆❜str❛❝t

■♥ t❤✐s ♣❛♣❡r ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❝❧♦s❡❞ ❝✉r✈❡s
♦❢ ❛ ❣✐✈❡♥ ❧❡♥❣t❤ ♦♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✳ ❲❡ st✉❞② t❤❡ q✉❛♥t✐t② ❑❱♦❧✱ ❞❡✲
✜♥❡❞ ✐♥ ❬✻❪ ❛♥❞ st✉❞✐❡❞ ✐♥ ❬✻✱ ✼✱ ✷✱ ✸❪✱ ❛♥❞ ✇❡ ❝♦♥str✉❝t ❢❛♠✐❧✐❡s ♦❢ tr❛♥s❧❛t✐♦♥
s✉r❢❛❝❡s ✐♥ ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠✐♥✐♠❛❧ str❛t✉♠ H(2g − 2)
♦❢ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ♦❢ ❣❡♥✉s g ≥ 2 s✉❝❤ t❤❛t ❑❱♦❧
✐s ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ t❤❡ ❣❡♥✉s ♦❢ t❤❡ s✉r❢❛❝❡✱ ✇❤✐❝❤ ✐s ❝♦♥❥❡❝t✉r❡❞ t♦ ❜❡
t❤❡ ✐♥✜♠✉♠ ♦❢ ❑❱♦❧ ♦♥ H(2g − 2)✳

✶ ■♥tr♦❞✉❝t✐♦♥

●✐✈❡♥ ❛ ❝❧♦s❡❞ ♦r✐❡♥t❡❞ s✉r❢❛❝❡ X✱ t❤❡ ❛❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ■♥t(·, ·) ❞❡✜♥❡s ❛
s②♠♣❧❡❝t✐❝ ❜✐❧✐♥❡❛r ❢♦r♠ ♦♥ t❤❡ ✜rst ❤♦♠♦❧♦❣② ❣r♦✉♣ H1(X,R)✳ ❲❤❡♥ X ✐s
❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ q✉❛♥t✐t②

❑❱♦❧(X) := ❱♦❧(X) sup
α,β

■♥t(α, β)

lg(α)lg(β)

✇❤❡r❡ t❤❡ s✉♣r❡♠✉♠ r❛♥❣❡s ♦✈❡r ❛❧❧ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤ ❝❧♦s❡❞ ❝✉r✈❡s α ❛♥❞ β ✐♥
X✳ ❍❡r❡✱ ❱♦❧(X) ❞❡♥♦t❡s t❤❡ ❘✐❡♠❛♥♥✐❛♥ ✈♦❧✉♠❡✱ ❛♥❞ lg(α) ✭r❡s♣✳ lg(β)✮ ❞❡♥♦t❡s
t❤❡ ❧❡♥❣t❤ ♦❢ α ✭r❡s♣✳ β✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡tr✐❝✳

❚❤❡ st✉❞② ♦❢ ❑❱♦❧ ♦r✐❣✐♥❛t❡s ✐♥ t❤❡ ✇♦r❦ ♦❢ ▼❛ss❛rt ❬✶✵❪ ❛♥❞ ▼❛ss❛rt✲▼✉❡t③❡❧
❬✶✷❪✳ ■♥ ❢❛❝t✱ ❑❱♦❧ ✐s ❛❧s♦ ✇❡❧❧ ❞❡✜♥❡❞ ✐❢ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ❤❛s ✐s♦❧❛t❡❞
s✐♥❣✉❧❛r✐t✐❡s✱ ❛♥❞ ✐t ❤❛s ❜❡❡♥ st✉❞✐❡❞ r❡❝❡♥t❧② s♣❡❝✐✜❝❛❧❧② ✐♥ t❤❡ ❝❛s❡ ♦❢ tr❛♥s❧❛t✐♦♥
s✉r❢❛❝❡s ✭s❡❡ ❬✻❪✱ ❬✼❪✱ ❬✷❪✱ ❬✸❪✮ ❢♦r ✇❤✐❝❤ ♦♥❡ ❝♦✉❧❞ ❤♦♣❡ t♦ ❣❡t ❡①♣❧✐❝✐t ❝♦♠♣✉t❛t✐♦♥s
♦❢ ❑❱♦❧✳

❆❧t❤♦✉❣❤ ✐t ✐s ❡❛s② t♦ ♠❛❦❡ ❑❱♦❧ ❣♦ t♦ ✐♥✜♥✐t② ❜② ♣✐♥❝❤✐♥❣ ❛ ♥♦♥✲s❡♣❛r❛t✐♥❣
❝✉r✈❡✱ ✐t ❝❛♥♥♦t ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② s♠❛❧❧✿ ▼❛ss❛rt ❛♥❞ ▼✉❡t③❡❧ ❬✶✷❪ s❤♦✇❡❞ t❤❛t
❢♦r ❛♥② ❝❧♦s❡❞ ♦r✐❡♥t❡❞ s✉r❢❛❝❡ X ✇✐t❤ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝✱ ✇❡ ❤❛✈❡ ❑❱♦❧(X) ≥
1 ✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ X ✐s ❛ t♦r✉s ❛♥❞ t❤❡ ♠❡tr✐❝ ✐s ✢❛t✳ ■♥ ❧✐❣❤t ♦❢ t❤✐s
r❡s✉❧t✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ✇♦♥❞❡r ✇❤❛t ❛r❡ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ✭r❡s♣✳ ❤②♣❡r❜♦❧✐❝✱
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✢❛t✮ s✉r❢❛❝❡s ♦❢ ✜①❡❞ ❣❡♥✉s g ❤❛✈✐♥❣ s♠❛❧❧ ❑❱♦❧✳ ❚❤✐s q✉❡st✐♦♥ t✉r♥s ♦✉t t♦ ❜❡
❞✐✣❝✉❧t t♦ ❛♥s✇❡r✳ ■♥ ❬✶✷❪✱ ❑❱♦❧ ✐s st✉❞✐❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦✈❡r t❤❡ ♠♦❞✉❧✐ s♣❛❝❡
♦❢ ❤②♣❡r❜♦❧✐❝ s✉r❢❛❝❡s ♦❢ ✜①❡❞ ❣❡♥✉s✿ t❤❡② ♣r♦✈✐❞❡ ❛s②♠♣t♦t✐❝ ❜♦✉♥❞s ✇❤❡♥ t❤❡
s②st♦❧✐❝ ❧❡♥❣t❤ ❣♦❡s t♦ ③❡r♦✳ ■♥ ❬✼❪ ❈❤❡❜♦✉✐✱ ❑❡ss✐ ❛♥❞ ▼❛ss❛rt ❡①t❡♥❞ t❤❡ st✉❞②
♦❢ ❑❱♦❧ t♦ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ♦❢ ❣❡♥✉s 2 ❤❛✈✐♥❣ ❛ s✐♥❣❧❡
s✐♥❣✉❧❛r✐t②✳ ◆❛♠❡❧②✱ t❤❡② ✐♥✈❡st✐❣❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐t②✿

K(H(2)) := inf
X∈H(2)

❑❱♦❧(X)

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② ❝♦♥❥❡❝t✉r❡ t❤❛t K(H(2)) = 2 ❛♥❞ s❤♦✇ t❤❛t K(H(2)) ≤ 2 ❜②
❡①❤✐❜✐t✐♥❣ ❛ ❢❛♠✐❧② ♦❢ ✭sq✉❛r❡✲t✐❧❡❞✮ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s L(n + 1, n + 1) ❤❛✈✐♥❣
❑❱♦❧ ❝♦♥✈❡r❣✐♥❣ t♦ 2 ❛s n ❣♦❡s t♦ ✐♥✜♥✐t②✳

■♥ t❤✐s ♥♦t❡✱ ✇❡ t❛❝❦❧❡ t❤❡ s❛♠❡ q✉❡st✐♦♥ ✐♥ ❛♥② ❣❡♥✉s g ≥ 2✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t✿

K(H(2g − 2)) := inf
X∈H(2g−2)

❑❱♦❧(X) = g

❛♥❞ ✇❡ ❝♦♥str✉❝t s✉r❢❛❝❡s ✐♥ H(2g − 2) ❤❛✈✐♥❣ t❤❡✐r ❑❱♦❧ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ g✱
s❤♦✇✐♥❣✿

❚❤❡♦r❡♠ ✶✳ ❋♦r ❛❧❧ g ≥ 2✱

K(H(2g − 2)) ≤ g.

■t ❤❛s t♦ ❜❡ r❡♠❛r❦❡❞ t❤❛t tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✇✐t❤ ❛ s✐♥❣❧❡ s✐♥❣✉❧❛r✐t② ❛r❡
✈❡r② s♣❡❝✐✜❝ s✉r❢❛❝❡s ❛♥❞ t❤❛t t❤❡ ✐♥✜♠✉♠ ♦❢ ❑❱♦❧ ♦✈❡r ❛❧❧ ❘✐❡♠❛♥♥✐❛♥ s✉r❢❛❝❡s
♦❢ ❣❡♥✉s g ❞♦❡s ♥♦t ❣r♦✇ ❧✐♥❡❛r❧② ✇✐t❤ t❤❡ ❣❡♥✉s ❛s ✐t ✐s ❡①♣❡❝t❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢
H(2g− 2)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛s s✉❣❣❡st❡❞ ❜② ❙❛❜♦✉r❛✉ t♦ t❤❡ ❛✉t❤♦r✱ ❛ ❝♦♥str✉❝t✐♦♥
♦❢ ❬✺❪ ❣✐✈❡s ❛ s✉r❢❛❝❡ Xg ❢♦r ❡❛❝❤ ❣❡♥✉s g ≥ 1 s✉❝❤ t❤❛t

❑❱♦❧(X) ≤ C
g

log(g + 1)2

❢♦r ❛ ❣✐✈❡♥ ❝♦♥st❛♥t C > 0✳ ❚❤✐s ❜♦✉♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❚❤❡♦r❡♠ ✶✳✺ ♦❢ ❬✶✷❪✱
✇❤✐❝❤ ❝♦♠♣❛r❡s ❑❱♦❧ ❛♥❞ t❤❡ s②st♦❧✐❝ ✈♦❧✉♠❡✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ✭❤♦♠♦❧♦❣✐❝❛❧✮

s②st♦❧✐❝ ✈♦❧✉♠❡ ♦❢ t❤❡ s✉r❢❛❝❡s ❝♦♥str✉❝t❡❞ ✐♥ ❬✺❪ ❣r♦✇s ❛s C ′ g

log(g + 1)2
✳

❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ❤❛✈✐♥❣ ❛ s✐♥❣❧❡ s✐♥❣✉❧❛r✐t②✱ ✐t ✐s
♥♦t ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t s✐♠✐❧❛r s✉r❢❛❝❡s✱ ❛s ❇♦✐ss② ❛♥❞ ●❡♥✐♥s❦❛ ❬✶❪ ✭❛♥❞ ✐♥❞❡✲
♣❡♥❞❛♥t❧② ❏✉❞❣❡ ❛♥❞ P❛r❧✐❡r ❬✽❪✮ s❤♦✇❡❞ t❤❛t ✐♥ t❤✐s s❡tt✐♥❣ t❤❡ s②st♦❧✐❝ ✈♦❧✉♠❡
❤❛s ❛ ❧✐♥❡❛r ❜♦✉♥❞ ✐♥ t❤❡ ❣❡♥✉s✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ✇❡ ❡①♣❡❝t t❤❡ ✐♥✜♠✉♠
♦❢ ❑❱♦❧ ♦✈❡r H(2g − 2) t♦ ❣r♦✇ ❧✐♥❡❛r❧② ✇✐t❤ g✳

✷



❘❡♠❛r❦ ✶✳✵✳✶✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦♥ ❑❱♦❧✱ ❚❤❡♦r❡♠ ✶✳✶ ♦❢ ❬✹❪ ❣✐✈❡s
❞✐r❡❝t❧② t❤❛t ❢♦r ❛♥② ❝♦♥st❛♥t A > 0✱ t❤❡r❡ ❡①✐st cA > 0 s✉❝❤ t❤❛t ❢♦r ❛♥②
❘✐❡♠❛♥♥✐❛♥ s✉r❢❛❝❡ X ♦❢ ❣❡♥✉s g ❛♥❞ s✉❝❤ t❤❛t SysVol(X) < A✱ ✇❡ ❤❛✈❡✿

cA
g

log(g + 1)2
≤ ❑❱♦❧(X).

■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❦♥♦✇ ✇❤❡t❤❡r t❤❡ s❛♠❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✇✐t❤ ❛ ✉♥✐✈❡rs❛❧
❝♦♥st❛♥t c > 0 ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ A✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t s✉❝❤ ❛ r❡s✉❧t
❤❛s r❡❝❡♥t❧② ❜❡❡♥ s❤♦✇♥ ❢♦r ❤②♣❡r❜♦❧✐❝ s✉r❢❛❝❡s ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❛❧❣❡❜r❛✐❝
✐♥t❡rs❡❝t✐♦♥ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ❣❡♦♠❡tr✐❝ ✐♥t❡rs❡❝t✐♦♥✱ s❡❡ ❬✶✸❪✳ ❚❤❡ ♣r♦♦❢ ✐♥ t❤✐s
❧❛t❡r ❝❛s❡ r❡❧✐❡s ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s❤♦rt ✜❣✉r❡ ❡✐❣t❤ ❣❡♦❞❡s✐❝✳

❈♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ H(2g−2)✳ ❲✐t❤ ❚❤❡♦r❡♠ ✶ ✐♥ ♠✐♥❞✱ ✐t ✐s ✐♥t❡r❡st✲
✐♥❣ t♦ ✇♦♥❞❡r ✇❤❡t❤❡r t❤❡ ❜♦✉♥❞ g ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ ❛♥② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t
♦❢ H(2g − 2)✳ ❑♦♥ts❡✈✐❝❤ ❛♥❞ ❩♦r✐❝❤ ❬✾❪ ❝❧❛ss✐✜❡❞ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts
♦❢ ❛♥② str❛t✉♠ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✱ ❛♥❞ s❤♦✇❡❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ❢♦r ❛♥②
g ≥ 4✱ H(2g − 2) ❤❛s t❤r❡❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✿ t❤❡ ❤②♣❡r❡❧❧✐♣t✐❝ ❝♦♠♣♦♥❡♥t
Hhyp(2g−2)✱ ❛♥❞ t✇♦ ♦t❤❡r ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥tsHeven(2g−2) ❛♥❞Hodd(2g−2)
❞✐st✐♥❣✉✐s❤❡❞ ❜② t❤❡ s♣✐♥ ✐♥✈❛r✐❛♥t✳ ■♥ ❣❡♥✉s 2✱ t❤❡ ♦♥❧② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t
✐s ❤②♣❡r❡❧❧✐♣t✐❝ ✇❤✐❧❡ ✐♥ ❣❡♥✉s 3 t❤❡r❡ ❛r❡ t✇♦ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✿ ♦❞❞ s♣✐♥
❛♥❞ ❤②♣❡r❡❧❧✐♣t✐❝✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ s✉r❢❛❝❡s ✇❡ ❝♦♥str✉❝t ✐♥ ❙❡❝t✐♦♥
✷ ❜❡❧♦♥❣s t♦ ♦❞❞ s♣✐♥ ❢♦r ❛♥② g ≥ 2✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ❣✐✈❡ ❛ ❢❛♠✐❧② ♦❢ ❤②♣❡r❡❧❧✐♣t✐❝
s✉r❢❛❝❡s Hn

g ❛♥❞ ❡✈❡♥ s♣✐♥ Mn
g s✉r❢❛❝❡s s✉❝❤ t❤❛t ❜♦t❤ ❑❱♦❧(Hn

g ) ❛♥❞ ❑❱♦❧(Mn
g )

❝♦♥✈❡r❣❡ t♦ g ❛s n ❣♦❡s t♦ ✐♥✜♥✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ s❤♦✇✿

❚❤❡♦r❡♠ ✷✳ ❼ K(Hhyp(2g − 2)) ≤ g ❢♦r ❛♥② g ≥ 2✳

❼ K(Hodd(2g − 2)) ≤ g ❢♦r ❛♥② g ≥ 3✳

❼ K(Heven(2g − 2)) ≤ g ❢♦r ❛♥② g ≥ 4✳

❲❡ ❛ss✉♠❡ ❢❛♠✐❧✐❛r✐t② ✇✐t❤ t❤❡ ❣❡♦♠❡tr② ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✱ ❛♥❞ ❡♥❝♦✉r✲
❛❣❡ t❤❡ r❡❛❞❡r t♦ ❝❤❡❝❦ ♦✉t t❤❡ s✉r✈❡②s ❬✶✺❪✱ ❬✶✹❪ ❛♥❞ ❬✶✶❪✳

❆❝❦♥♦❧❡❞❣♠❡♥ts✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❊✳ ▲❛♥♥❡❛✉✱ ❉✳ ▼❛ss❛rt ❛♥❞ ❙✳ ❙❛❜♦✉r❛✉
❢♦r ✉s❡❢✉❧ ❛♥❞ ❡♥❧✐❣❤t❡♥✐♥❣ ❞✐s❝✉ss✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ❤❡r❡✳

✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶ ❜② ❡①❤✐t✐❜✐♥❣ ❛ ❢❛♠✐❧② ♦❢ s✉r❢❛❝❡s Ln
g ❢♦r

g, n ≥ 2✱ ✭❤❛✈✐♥❣ ♦❞❞ s♣✐♥ ♣❛r✐t② ❛♥❞✮ s✉❝❤ t❤❛t Ln
g ❤❛s ❣❡♥✉s g ❢♦r ❡❛❝❤ n ≥ 2

❛♥❞
lim
n→∞

❑❱♦❧(Ln
g ) = g.

✸



✷✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s✉r❢❛❝❡ Ln
g ✳

●✐✈❡♥ g ≥ 2 ❛♥❞ n ≥ 2✱ ❞❡✜♥❡ Ln
g ❛s t❤❡ (g(n+1)− 1)✲sq✉❛r❡ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡

♦❢ ❣❡♥✉s g ✇✐t❤ ❛ s✐♥❣❧❡ ❝♦♥✐❝❛❧ ♣♦✐♥t ✇❤✐❝❤ ❢♦r♠s ❛ st❛✐r❝❛s❡ ✇✐t❤ st❡♣s ♦❢ ❧❡♥❣t❤s
❛♥❞ ❤❡✐❣❤t n✱ ❛s ✐♥ ❋✐❣✉r❡ ✶✳

n

n

n
n = 4
g = 3

n

n
n

n

n = 3
g = 4

❋✐❣✉r❡ ✶✿ ❚❤❡ s✉r❢❛❝❡ L4
3 ♦♥ t❤❡ ❧❡❢t✱ ❛♥❞ L3

4 ♦♥ t❤❡ r✐❣❤t✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥s ❛r❡
s✉❝❤ t❤❛t ❡❛❝❤ ❤♦r✐③♦♥t❛❧ ✭r❡s♣✳ ✈❡rt✐❝❛❧✮ r❡❝t❛♥❣❧❡ ✐s ❛ ❝②❧✐♥❞❡r✳

❆ ❜❛s✐s ♦❢ t❤❡ ❤♦♠♦❧♦❣②✳ ▲❡t e1, · · · , eg ✭r❡s♣✳ f1, · · · fg✮ ❜❡ t❤❡ ❤♦r✐③♦♥t❛❧
✭r❡s♣✳ ✈❡rt✐❝❛❧✮ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ✭s❡❡ ❋✐❣✉r❡ ✷✮✱ s❡❡♥ ❛s ❤♦♠♦❧♦❣② ❝❧❛ss❡s✳ ◆♦✲
t✐❝❡ t❤❛t ❢♦r ♦❞❞ i✱ ei ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❝❧♦s❡❞ ❣❡♦❞❡s✐❝ ✇❤✐❝❤ ❞♦ ♥♦t ♣❛ss
t❤r♦✉❣❤ t❤❡ s✐♥❣✉❧❛r✐t②✳ ❲❡ ✇✐❧❧ r❡❢❡r t♦ s✉❝❤ ❤♦♠♦❧♦❣② ❝❧❛ss❡s ❛s ♥♦♥ s✐♥❣✉❧❛r

❤♦♠♦❧♦❣② ❝❧❛ss❡s✳ ❚❤✐s ✐s ❛❧s♦ t❤❡ ❝❛s❡ ♦❢ fj ❢♦r ❡✈❡♥ j✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❢♦r ❡✈❡♥
i ✭r❡s♣✳ ♦❞❞ j✮✱ t❤❡ ❝❧❛ss ei ✭r❡s♣✳ fj✮ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ s✐♥❣✉❧❛r ❛s ✐t ❝❛♥ ♦♥❧② ❜❡
r❡♣r❡s❡♥t❡❞ ❜② ❝❧♦s❡❞ ❣❡♦❞❡s✐❝s ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ s✐♥❣✉❧❛r✐t②✳

❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♠❛tr✐① ♦❢ t❤❡ ei ❛♥❞ fj ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✿

■♥t(ei, fj) e1 e2 e3 e4 e5 · · · eg

f1 ✶ ✲✶ ✵ ✵ ✵ · · · ✵
f2 ✵ ✶ ✵ ✵ ✵ ✵
f3 ✵ ✲✶ ✶ ✲✶ ✵ ✵
f4 ✵ ✵ ✵ ✶ ✵ ✵
f5 ✵ ✵ ✵ ✲✶ ✶ · · · ✵
· · · · · · · · ·
fg ✵ ✵ ✵ ✵ ✵ · · · ✶

❚♦ s❡❡ t❤✐s✱ ♥♦t✐❝❡ t❤❛t ❢♦r ♦❞❞ i✱ t❤❡ ❢❛❝t t❤❛t ei ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②
❛ ♥♦♥✲s✐♥❣✉❧❛r ❝❧♦s❡❞ ❝✉r✈❡ ❣✐✈❡s ■♥t(ei, fj) = δi,j✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r fj ❢♦r

✹



e1

e2

f2

f1
e3

f3

egeg−1

fg

fg−1

fg−2

❋✐❣✉r❡ ✷✿ ❚❤❡ ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s e1, · · · , eg✱ r❡s♣✳
f1, · · · , fg✳

❡✈❡♥ j✳ ◆❡①t✱ ❣✐✈❡♥ i ❡✈❡♥✱ t❤❡ ❤♦❧♦♠♦❣② ❝❧❛ss ei−1 + ei + ei+1 ❝♦rr❡s♣♦♥❞s t♦ ❛
♥♦♥✲s✐♥❣✉❧❛r ❝✉r✈❡ ✐♥ Ln

g ✇❤✐❝❤ ✐♥t❡rs❡❝ts fj ✐❢ ❛♥❞ ♦♥❧② ✐❢ j = i✳ ■♥ ♣❛rt✐❝✉❧❛r✱

■♥t(ei−1, fj) + ■♥t(ei, fj) + ■♥t(ei+1, fj) = δi,j

❇✉t t❤❡ ❢❛❝t t❤❛t ❜♦t❤ i − 1 ❛♥❞ i + 1 ❛r❡ ♦❞❞ ❣✐✈❡s ■♥t(ei−1, fj) = δi−1,j ❛♥❞
■♥t(ei+1, fj) = δi+1,j✱ s♦ t❤❛t

■♥t(ei, fj) = δi,j − δi−1,j − δi+1,j

❋✉rt❤❡r✱ ❛s ■♥t(ei−1+ei+ei+1, ei) = 0 ❢♦r ❡✈❡♥ i ✭r❡s♣✳ ■♥t(fj−1+fj+fj+1, fj) =
0 ❢♦r ♦❞❞ j✮✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❣✐✈❡s t❤❛t t❤❡ ei✬s ✭r❡s♣✳ t❤❡ fj✬s✮ ❞♦ ♥♦t ✐♥t❡r✲
s❡❝t ❡❛❝❤ ♦t❤❡r✳

❆s ❛ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦✱ ♥♦t✐❝❡ t❤❛t ❝❧♦s❡❞ ❣❡♦❞❡s✐❝s r❡♣r❡s❡♥t✐♥❣ e1 ❛♥❞ f1
❛r❡ ✐♥t❡rs❡❝t✐♥❣ ♦♥❝❡ ❛♥❞ ❤❛✈❡ r❡s♣❡❝t✐✈❡ ❧❡♥❣t❤ 1 ❛♥❞ n✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✿

❑❱♦❧(Ln
g ) ≥ ❱♦❧(Ln

g ) ·
■♥t(e1, f1)

l(e1)l(f1)
= (g(n+ 1)− 1) · 1

n
.

❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s♣✐♥✳ ❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✾✱ ❙❡❝t✐♦♥ ✸❪✱ ✐t ✐s ❡❛s② t♦ ❝♦♠♣✉t❡
t❤❡ s♣✐♥ ♣❛r✐t② ♦❢ ❛♥ ❛❜❡❧✐❛♥ ❞✐✛❡r❡♥t✐❛❧ ω ❣✐✈❡♥ ❛ s②♠♣❧❡❝t✐❝ ❜❛s✐s ♦❢ t❤❡ ✜rst
❤♦♠♦❧♦❣② ❣r♦✉♣ (ai, bi)1≤i≤g r❡♣r❡s❡♥t❡❞ ❜② s♠♦♦t❤ ❝✉r✈❡s✱ ❛♥❞ ✇❡ ❤❛✈❡✿

φ(ω) =

g∑

i=1

Ω(ai)Ω(bi) mod 2.

✺



✇❤❡r❡ Ω(ai) = indai + 1 ❛♥❞ 2π · indai ✐s t❤❡ t♦t❛❧ ❝❤❛♥❣❡ ♦❢ ❛♥❣❧❡ ❜❡t✇❡❡♥
t❤❡ t❛♥❣❡♥t ✈❡❝t♦r t♦ t❤❡ ❝✉r✈❡s ❛♥❞ t❤❡ ❤♦r✐③♦♥t❛❧ ❢♦❧✐❛t✐♦♥✳ ❋✉rt❤❡r✱ ❢♦r ❛♥②
a, b ∈ H1(X,ω)✱ ✇❡ ❤❛✈❡✿

Ω(a+ b) = Ω(a) + Ω(b) + ■♥t(a, b). ✭✶✮

■♥ t❤❡ ❝❛s❡ ♦❢ Ln
g ✱ ✇❡ ✉s❡ t❤❡ ❜❛s✐s (ai, bi)1≤i≤g ❞❡✜♥❡❞ ❜②✿

ai =

{
ei ✐❢ i ✐s ❡✈❡♥

ei−1 + ei + ei+1 ✐❢ i ✐s ♦❞❞
❛♥❞ bi = fi.

❚❤❡ ✐♥❞❡① ♦❢ ❡❛❝❤ ai ✐s 0 ❛s ✇❡❧❧ ❛s t❤❡ ✐♥❞❡① ♦❢ ❡❛❝❤ bi ❢♦r ❡✈❡♥ i ❜❡❝❛✉s❡ t❤❡②
❝♦rr❡s♣♦♥❞ t♦ ♥♦♥✲s✐♥❣✉❧❛r ❤♦♠♦❧♦❣② ❝❧❛ss❡s✳ ❋✉rt❤❡r✱ ✉s✐♥❣ ✭✶✮ ✇❡ s❤♦✇ t❤❛t
Ω(b1) = 0✱ ❛s ✇❡❧❧ ❛s Ω(bg) = 0 ✐❢ g ✐s ♦❞❞✱ ✇❤✐❧❡ Ω(bi) = 1 ❢♦r ♦❞❞ i✱ 1 < i < g✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ s♣✐♥ str✉❝t✉r❡ ♦❢ Ln

g ❤❛s ♦❞❞ ♣❛r✐t②✳

❋✉rt❤❡r✱ ✐t s❤♦✉❧❞ ❜❡ r❡♠❛r❦❡❞ t❤❛t ❛❧t❤♦✉❣❤ Ln
2 ✐s ❤②♣❡r❡❧❧✐♣t✐❝ ❢♦r ❛♥② n ≥ 2✱

Ln
g ✐s ♥♦t ❤②♣❡r❡❧❧✐♣t✐❝ ✐❢ g ≥ 3✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛♥ ❤②♣❡r❡❧❧✐♣t✐❝ ✐♥✈♦❧✉t✐♦♥ ✇♦✉❧❞

❤❛✈❡ t♦ ✜① ❡❛❝❤ ❝②❧✐♥❞❡r✱ ❛♥❞ ❤❡♥❝❡ ♠✉st ❛❝t ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦❢ R1 ∪ C1 ✭✇✐t❤
t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❋✐❣✉r❡ ✸✮ s♦ t❤❛t ✐t ♠✉st ❛❝t ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦♥ C1✱ ❜✉t ✐t ♠✉st
❛❧s♦ ❛❝t ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦❢ C1 ∪R2 ∪ C2✱ ✇❤✐❝❤ ✐s t❤❡♥ ✐♠♣♦ss✐❜❧❡✳

❆ ✉s❡❢✉❧ ♠♦❞❡❧ ❢♦r t❤❡ s✉r❢❛❝❡s Ln
g ✳ ▲❡t ✉s ✜♥✐s❤ t❤✐s s❡❝t✐♦♥ ❜② ❣✐✈✐♥❣

❛♥♦t❤❡r ♠♦❞❡❧ ❢♦r Ln
g ✱ ✇❤✐❝❤✱ ❛❧t❤♦✉❣❤ ❧❡ss ✐♥t✉✐t✐✈❡ ❛t ✜rst s✐❣❤t✱ t✉r♥s ♦✉t t♦

❜❡ ❤❡❧♣❢✉❧ ❢♦r t❤❡ st✉❞② ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥s ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ♦♥ Ln
g ✳ ❚❤✐s

♠♦❞❡❧ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❝✉t ❛♥❞ ♣❛st❡ ♣r♦❝❡❞✉r❡ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✉r❡
✸ ✐♥ t❤❡ ❡①❛♠♣❧❡ ♦❢ L3

4✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ❣❧✉❡ t♦❣❡t❤❡r ❛❧❧ t❤❡ sq✉❛r❡s ❛t t❤❡
❝♦r♥❡rs ♦❢ Ln

g t♦ ❢♦r♠ ❛ ❝♦r❡ st❛✐r❝❛s❡ t♦ ✇❤✐❝❤ ❛r❡ ❛tt❛❝❤❡❞ t❤❡ ❧♦♥❣ r❡❝t❛♥❣❧❡s✳
❆ ❣❡♥❡r❛❧ ♣✐❝t✉r❡ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✹✳

✷✳✷ ❆♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ KV ol(Ln
g )

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈✐❞❡ ❡st✐♠❛t❡s ❢♦r ❑❱♦❧ ♦♥ t❤❡ s✉r❢❛❝❡ Ln
g ✳ ❘❡❝❛❧❧ ❢r♦♠ ❬✶✷✱

❙❡❝t✐♦♥ ✸❪ t❤❛t t❤❡ s✉♣r❡♠✉♠ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❑❱♦❧ ❝❛♥ ❜❡ t❛❦❡♥ ♦✈❡r ♣❛✐rs ♦❢
s✐♠♣❧❡ ❝❧♦s❡❞ ❣❡♦❞❡s✐❝s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✱ ❝❧♦s❡❞ ❣❡♦❞❡s✐❝s ❛r❡
❤♦♠♦❧♦❣♦✉s t♦ ✉♥✐♦♥s ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s✳ ❙✐♥❝❡ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ❛r❡ ❝❧♦s❡❞
❝✉r✈❡s ♦♥ Ln

g ✭✇❤✐❝❤ ❤❛s ❛ s✐♥❣❧❡ s✐♥❣✉❧❛r✐t②✮✱ ✇❡ ❤❛✈❡✿

❑❱♦❧(Ln
g ) = sup

α,β s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s

■♥t(α, β)

l(α)l(β)

■♥ t❤✐s s❡tt✐♥❣✱ ✇❡ s❤♦✇✿

❚❤❡♦r❡♠ ✷✳✷✳✶✳ ❋♦r ❛♥② ♣❛✐r ♦❢ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α, β ♦♥ Ln
g ✱ ✇❡ ❤❛✈❡

■♥t(α, β)

l(α)l(β)
≤ 1

n
(
n+ 1

n
)2 +

6

n2
✭✷✮

✻



F4

F2

E3

E1

F4

F2

E3 E1

R1

R2

R3

R4

R1

R2

R3

R4

C1 C2

C3

C1C2

C3

❋✐❣✉r❡ ✸✿ L3
4 ❛♥❞ ✐ts ❛❧t❡r♥❛t✐✈❡ ♠♦❞❡❧✳

❋r♦♠ t❤✐s r❡s✉❧t✱ ✇❡ ❞❡❞✉❝❡ ❞✐r❡❝t❧② t❤❛t

❑❱♦❧(Ln
g ) ≤ (g(n+ 1)− 1)(

(n+ 1)2

n3
+

6

n2
).

❋✉rt❤❡r✱ ❛s r❡♠❛r❦❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✱

g(n+ 1)− 1

n
≤ KV ol(Ln

g ),

s♦ t❤❛t✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❑❱♦❧(Ln
g ) −→ g ❛s n ❣♦❡s t♦ ✐♥✜♥✐t②✱ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✶✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶✳ ▲❡t α ❛♥❞ β ❜❡ t✇♦ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s ♦♥ Ln
g ✳ ❲❡ ❞❡✲

❝♦♠♣♦s❡ t❤❡ ❤♦♠♦❧❣② ❝❧❛ss ♦❢ α ✭r❡s♣✳ β✮ ✐♥ t❤❡ ❜❛s✐s (e1, · · · , eg, f1, · · · , fg) ♦❢
t❤❡ ❤♦♠♦❧♦❣②✳ ❚❤❡ ✜rst ❝❛s❡ ✇❡ ❞❡❛❧ ✇✐t❤ ✐s ❛s ❢♦❧❧♦✇s✿

▲❡♠♠❛ ✷✳✷✳✷✳ ❋♦r ❛♥② s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ α ✐♥ Lg,n ❜❡✐♥❣ ✐♥ ❤♦♠♦❧♦❣② ❛♥ ✐♥t❡❣❡r

❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ei✱ i ♦❞❞✱ ❛♥❞ t❤❡ fj✱ j ❡✈❡♥✱ ❛♥❞ ❛♥② s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ β✱ ✇❡
❤❛✈❡

l(β) ≥ n|■♥t(α, β)|
■♥ ♣❛rt✐❝✉❧❛r

■♥t(α, β)

l(α)l(β)
≤ 1

n
.

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✷✳ ❆s s❡❡♥ ✐♥ t❤❡ t❛❜❧❡ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥s✱ t❤❡ ♥♦♥✲s✐♥❣✉❧❛r
ei ♦r fj ❞♦ ♥♦t ✐♥t❡rs❡❝t ❡❛❝❤ ♦t❤❡r✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❞♦ ♥♦t ✐♥t❡rs❡❝t α✳ ■t

✼



E1E3

Eg−3

Eg−1

Eg−1

Eg−3

Fg

Fg−2

F2

F4

Fg−2

Fg

E2

E4

Eg−2

Eg

F1F3

Fg−3

Fg−1

R1R3

Rg−3

Rg−1

R2

R4

Rg−2

Rg

❋✐❣✉r❡ ✹✿ ❚❤❡ ❛❧t❡r♥❛t✐✈❡ ♠♦❞❡❧ ❢♦r Ln
g ✐s ♠❛❞❡ ♦❢ ❛ ❝♦r❡ st❛✐r❝❛s❡ t♦ ✇❤✐❝❤ ❛r❡

❛tt❛❝❤❡❞ t❤❡ ❧♦♥❣ r❡❝t❛♥❣❧❡s Ri✳ ❚❤❡ ❝✉r✈❡ Ei ✭r❡s♣✳ Fj✮ r❡♣r❡s❡♥ts t❤❡ ❤♦♠♦❧♦❣②
❝❧❛ss ei ✭r❡s♣✳ fj✮✳

❢♦❧❧♦✇s t❤❛t ✐❢ ✇❡ ❞❡❝♦♠♣♦s❡ β ✐♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❤♦♠♦❧♦❣② ✭e1, f1, · · · , eg, fg)✱
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ■♥t(α, β) ✇✐❧❧ ❜❡ ❛t ♠♦st t❤❡ ♥✉♠❜❡r ♦❢ s✐♥❣✉❧❛r ei ❛♥❞ fj ✐♥ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥✳ ❇✉t ❡❛❝❤ s✐♥❣✉❧❛r ei ♦r fj ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ β ❝♦rr❡s♣♦♥❞s
t♦ ❛ tr✐♣ t❤r♦✉❣❤ ❛ ❧♦♥❣ r❡❝t❛♥❣❧❡ Ri ❛♥❞ ❛❝❝♦✉♥ts ❢♦r ❛ ❧❡♥❣t❤ ❛t ❧❡❛st n✱ s♦ t❤❛t✿

l(β) ≥ n|■♥t(α, β)|.

●✐✈❡♥ t❤❛t l(α) ≥ 1✱ ✇❡ ❣❡t
■♥t(α, β)

l(α)l(β)
≤ 1

n
.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ▲❡♠♠❛ ✷✳✷✳✷ t❤❛t ❊q✉❛t✐♦♥ ✭✷✮ ❤♦❧❞s ✐❢ ❡✐t❤❡r α
♦r β ✐s ❛♥ ✐♥t❡❣❡r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲s✐♥❣✉❧❛r ei ❛♥❞ fj ♦♥❧②✳ ■♥ t❤❡ r❡st ♦❢ t❤❡
♣r♦♦❢✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ♥❡✐t❤❡r α ♥♦r β ❝♦rr❡s♣♦♥❞ t♦ s✉❝❤ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s✳
■♥ t❤❡ ❛❧t❡r♥❛t✐✈❡ ♠♦❞❡❧ ❢♦r Ln

g ✱ t❤✐s s❛②s ❡①❛❝t❧② t❤❛t α ❛♥❞ β ❤❛✈❡ t♦ ❝r♦ss ❛
❧♦♥❣ r❡❝t❛♥❣❧❡ Ri✳

✽



■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ t❤❡ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β ❜② ❝✉tt✐♥❣
t❤❡♠ ❡❛❝❤ t✐♠❡ t❤❡② ❡♥t❡rs ♦r ❧❡❛✈❡s ❛ r❡❝t❛♥❣❧❡ Ri ✭❧❡♥❣t❤✇✐s❡✮✳ ❚❤✐s ❣✐✈❡s
❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ s♠❛❧❧❡r ✭♥♦♥✲❝❧♦s❡❞✮ s❡❣♠❡♥ts α = α1 ∪ · · · ∪ αk ✭r❡s♣✳
β = β1 ∪ · · · ∪ βl✮ ❛❧t❡r♥❛t✐♥❣ ❜❡t✇❡❡♥✿

✭✐✮ ❧♦♥❣ s❡❣♠❡♥ts ✭♦❢ ❧❡♥❣t❤ ❛t ❧❡❛st n✮ ✐♥s✐❞❡ ❛ ❧♦♥❣ r❡❝t❛♥❣❧❡ Ri✱

✭✐✐✮ s❤♦rt s❡❣♠❡♥ts ✇❤✐❝❤ st❛② ✐♥s✐❞❡ t❤❡ ❝♦r❡ st❛✐r❝❛s❡ ♦❢ ❋✐❣✉r❡ ✹✳

❇② ❝♦♥✈❡♥t✐♦♥✱ ✇❡ ✇✐❧❧ ✐♥❝❧✉❞❡ t❤❡ ❡♥❞♦✐♥ts ✐♥ t❤❡ s❤♦rt s❡❣♠❡♥ts✱ ❛♣❛rt ❢r♦♠ t❤❡
s✐♥❣✉❧❛r✐t✐❡s ✭t❤❡ ♣♦ss✐❜❧❡ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥ ✇✐❧❧ ❜❡ ❝♦✉♥t❡❞ s❡♣❛r❛t❡❧②✮✳ ❙✐♥❝❡
❧♦♥❣ s❡❣♠❡♥ts ❛♥❞ s❤♦rt s❡❣♠❡♥ts ❛r❡ ❛❧t❡r♥❛t✐♥❣✱ t❤❡r❡ ❛r❡ ❛t ❧❡❛stmax(⌊k/2⌋, 1)
❧♦♥❣ s❡❣♠❡♥ts ❛♥❞ t❤❡r❡ ❛r❡ ❛t ♠♦st ⌈k/2⌉ s❤♦rt s❡❣♠❡♥ts ❢♦r α✳ ◆♦t✐❝❡ t❤❛t✿

❼ ▲♦♥❣ s❡❣♠❡♥ts ❛♥❞ s❤♦rt s❡❣♠❡♥ts ❞♦ ♥♦t ❧✐❡ ✐♥ t❤❡ s❛♠❡ ♣❛rt ♦❢ t❤❡ s✉r❢❛❝❡✱
❤❡♥❝❡ t❤❡② ❝❛♥♥♦t ✐♥t❡rs❡❝t✳

❼ ❆♥② t✇♦ s❤♦rt s❡❣♠❡♥ts αi ❛♥❞ βj ✐♥t❡rs❡❝t ❛t ♠♦st ♦♥❝❡✱ ❛s ♥♦ s✐❞❡ ♦❢ t❤❡
❝♦r❡ st❛✐r❝❛s❡ ✐s ✐❞❡♥t✐✜❡❞ t♦ ❛♥♦t❤❡r s✐❞❡ ♦❢ t❤❡ ❝♦r❡ st❛✐r❝❛s❡✳

❼ ❈♦♥❝❡r♥✐♥❣ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❧♦♥❣ s❡❣♠❡♥ts✱ ✇❡ ❤❛✈❡✿

▲❡♠♠❛ ✷✳✷✳✸✳ ●✐✈❡♥ t✇♦ ❧♦♥❣ s❡❣♠❡♥ts αi ❛♥❞ βj ✐♥ t❤❡ s❛♠❡ r❡❝t❛♥❣❧❡ R✱ ✇❡

❤❛✈❡
#αi ∩ βj

l(αi)l(βj)
≤ 1

n
(
n+ 1

n
)2 +

1

n2

✇❤❡r❡ #αi ∩ βj ❞❡♥♦t❡s t❤❡ ❝❛r❞✐♥❛❧ ♦❢ t❤❡ s❡t ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ▲❡♠♠❛ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✺ ✐♥ ❬✼❪✳
❲❡ ✜rst ✐❞❡♥t✐❢② t❤❡ s✐❞❡s ♦❢ ❡❛❝❤ ❧♦♥❣ r❡❝t❛♥❣❧❡ R t♦ ❢♦r♠ ❛ t♦r✉s T ✳ ❚❤❡♥✱ ❢♦r
❡❛❝❤ ❧♦♥❣ s❡❣♠❡♥t αi ✭r❡s♣✳ βj✮ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❧♦♥❣ r❡❝t❛♥❣❧❡ R✱ ✇❡ ❝♦♥str✉❝t
❛ ❝❧♦s❡❞ ❝✉r✈❡ α̃i ✭r❡s♣✳ β̃j✮ ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦r✉s T ✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ❝❛♥
❜❡ ❞♦♥❡ ❜② ❛❞❞✐♥❣ t♦ αi ✭r❡s♣✳ βj✮ ❛ s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ ❝✉r✈❡ ♦❢ ❧❡♥❣t❤ ❛t ♠♦st
♦♥❡✱ ❛♥❞ r❡♠♦✈❡s ❛t ♠♦st ♦♥❡ ✐♥t❡rs❡❝t✐♦♥✱ s♦ t❤❛t

✭❛✮ ■♥t(α̃i, β̃j) ≥ #αi ∩ βj − 1✳

✭❜✮ l(α̃i) ≤ l(αi) + 1 ❛♥❞ l(β̃j) ≤ l(βj) + 1.

▼♦r❡♦✈❡r✱ l(αi) ≥ n ❛♥❞ l(βj) ≥ n s♦ t❤❛t✿

✭❝✮ l(αi) + 1 ≤ l(αi)(1 + 1/n) ✭❛♥❞ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r βj✮✱

✭❞✮ 1 ≤
l(αi)l(βj)

n2
✳

✾



◆♦✇✱ s✐♥❝❡ ❑❱♦❧(T ) = 1 ♦♥ t❤❡ ✢❛t t♦r✉s T ✱ ❛♥❞ ❣✐✈❡♥ t❤❛t t❤❡ r❡❝t❛♥❣❧❡ R ❤❛s
❛r❡❛ n ✭❛♥❞ s♦ ❞♦❡s t❤❡ t♦r✉s T ✮✱ ✇❡ ❣❡t✿

■♥t(α̃i, β̃j)

l(α̃i)l(β̃j)
≤ 1

n
.

■♥ ♣❛rt✐❝✉❧❛r

#αi ∩ βj ≤ ■♥t(α̃i, β̃j) + 1 ❜② ✭❛✮

≤ 1

n
(l(α̃i)l(β̃j)) + 1

≤ 1

n
(l(αi) + 1)(l(βj) + 1) + 1 ❜② ✭❜✮

≤ 1

n
l(αi)(1 +

1

n
)l(βj)(1 +

1

n
) +

l(αi)l(βj)

n2
❜② ✭❝✮ ❛♥❞ ✭❞✮✳

❚❤✐s ❣✐✈❡s ❚❤❡♦r❡♠ ✷✳✷✳✶✳

❊♥❞ ♦❢ t❤❡ ♣r♦♦❢✳ ❈♦✉♥t✐♥❣ ❛❧❧ ✐♥t❡rs❡❝t✐♦♥s✱ ✇❡ ❤❛✈❡✿

■♥t(α, β) ≤ (
∑

i,j

#αi ∩ βj) + 1

✇❤❡r❡ t❤❡ ❛❞❞❡❞ ✐♥t❡rs❡❝t✐♦♥ ❛❝❝♦✉♥ts ❢♦r t❤❡ ♣♦ss✐❜❧❡ s✐♥❣✉❧❛r ✐♥t❡rs❡❝t✐♦♥✳ ❯s✐♥❣
t❤❡ ♣r❡❝❡❡❞✐♥❣ ❡st✐♠❛t❡s✱ ✇❡ ❤❛✈❡✿

■♥t(α, β) ≤


 ∑

αi,βj ❧♦♥❣ s❡❣♠❡♥ts

#αi ∩ βj


+


 ∑

αi,βj s❤♦rt s❡❣♠❡♥ts

#αi ∩ βj


+ 1

≤


 ∑

αi,βj ❧♦♥❣ s❡❣♠❡♥ts

(
1

n
(
n+ 1

n
)2 +

1

n2
)l(αi)l(βj)


+


 ∑

αi,βj s❤♦rt s❡❣♠❡♥ts

1


+ 1

≤ (
1

n
(
n+ 1

n
)2 +

1

n2
)


 ∑

αi,βj ❧♦♥❣ s❡❣♠❡♥ts

l(αi)l(βj)


+ ⌈k

2
⌉⌈ l
2
⌉+ 1

≤ (
1

n
(
n+ 1

n
)2 +

1

n2
)l(α)l(β) + ⌈k

2
⌉⌈ l
2
⌉+ 1

◆♦✇✱ s✐♥❝❡ t❤❡r❡ ❛r❡ ❛t ❧❡❛st max(⌊k/2⌋, 1) ❧♦♥❣ s❡❣♠❡♥ts ♦❢ α✱ ❡❛❝❤ ❧♦♥❣ s❡❣♠❡♥t

❤❛✈✐♥❣ ❧❡♥❣t❤ ❛t ❧❡❛st n✱ ✇❡ ❣❡t l(α) ≥ max(⌊k/2⌋, 1)n✱ s♦ t❤❛t k−1
2
≤ l(α)

n
✱ ❛♥❞

⌈k
2
⌉ ≤ k + 1

2
≤ l(α)

n
+ 1 ≤ 2l(α)

n

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ l(α) ≥ n✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡

⌈ l
2
⌉ ≤

l + 1

2
≤

2l(β)

n

✶✵



s♦ t❤❛t

■♥t(α, β) ≤ (
1

n
(
n+ 1

n
)2 +

1

n2
)l(α)l(β) +

4

n2
l(α)l(β) + 1

≤ (
1

n
(
n+ 1

n
)2 +

5

n2
)l(α)l(β) +

l(α)l(β)

n2

❛❣❛✐♥ ✉s✐♥❣ t❤❛t l(α) ≥ n ❛♥❞ l(β) ≥ n✳

✸ ❊✈❡♥ s♣✐♥ ❛♥❞ ❤②♣❡r❡❧❧✐♣t✐❝ ❢❛♠✐❧✐❡s

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s ♣❛♣❡r ❜② ❣✐✈✐♥❣ ❛ ❤②♣❡r❡❧❧✐♣t✐❝ ❢❛♠✐❧② ♦❢ s✉r❢❛❝❡s Hn
g ❢♦r g ≥ 3

❛♥❞ ❛♥ ❡✈❡♥ s♣✐♥ ❢❛♠✐❧② ♦❢ s✉r❢❛❝❡sMn
g ✭❢♦r g ≥ 4✮ s✉❝❤ t❤❛t ❢♦r ✜①❡❞ g✱ ❑❱♦❧(Hn

g )
❛♥❞ ❑❱♦❧(Mn

g ) ❝♦♥✈❡r❣❡ t♦ g ❛s n ❣♦❡s t♦ ✐♥✜♥✐t②✳
❚❤❡ ♣r♦♦❢ ✐s ✐♥ ❢❛❝t s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ♦❢ Ln

g ✱ ❛s ❡❛❝❤ s✉r❢❛❝❡ ❝❛♥ ❜❡ ❞❡✲
❝♦♠♣♦s❡❞ ✐♥t♦ ❝♦r❡ ♣♦❧②❣♦♥s ✭❣✐✈✐♥❣ r✐s❡ t♦ s❤♦rt s❡❣♠❡♥ts✮ ❛♥❞ ❧♦♥❣ r❡❝t❛♥❣❧❡s
✭❣✐✈✐♥❣ r✐s❡ t♦ ❧♦♥❣ s❡❣♠❡♥ts✮✳ ❚❤❡s❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢ s✉r❢❛❝❡s ❤❛✈❡ t❤❡ ♣r♦♣❡rt②
t❤❛t ❡❛❝❤ ❡❞❣❡ ♦❢ ❛ ❝♦r❡ ♣♦❧②❣♦♥ ✐s ❣❧✉❡❞ t♦ ❛♥ ❡❞❣❡ ♦❢ ❛ ❧♦♥❣ r❡❝t❛♥❣❧❡✱ ✇❤✐❝❤ ❛❧✲
❧♦✇s t♦ ❣❡♥❡r❛❧✐③❡ ▲❡♠♠❛ ✷✳✷✳✸✳ ❋✉rt❤❡r✱ t❤❡ ❝✉r✈❡s st❛②✐♥❣ ✐♥ t❤❡ ❝♦r❡ ♣♦❧②❣♦♥s
❞♦ ♥♦t ✐♥t❡rs❡❝t ❡❛❝❤ ♦t❤❡r ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✷✳✷ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✲
✐③❡❞ t♦ t❤❡s❡ ❢❛♠✐❧✐❡s ♦❢ s✉r❢❛❝❡s✳ ❚❤✐s ❛❧❧♦✇s t♦ ❣✐✈❡ ❜♦✉♥❞s ❢♦r ❑❱♦❧(Hn

g ) ❛♥❞
❑❱♦❧(Mn

g ) ✇❤✐❝❤ ❛r❡ ❡❛s✐❧② s❤♦✇♥ t♦ ❝♦♥✈❡r❣❡ t♦ g ❛s g ✐s ✜①❡❞ ❛♥❞ n ❣♦❡s t♦
✐♥✜♥✐t②✳

✸✳✶ ❚❤❡ ❢❛♠✐❧② Hn
g

❆ ❝♦♥✈❡♥✐❡♥t ✇❛② t♦ ❝♦♥str✉❝t ❛ ❢❛♠✐❧② ♦❢ ❤②♣❡r❡❧❧✐♣t✐❝ s✉r❢❛❝❡s ✐s t♦ ❝♦♣② t❤❡
st❛✐r❝❛s❡ ♠♦❞❡❧ ♦❢ t❤❡ ❞♦✉❜❧❡ r❡❣✉❧❛r (2g + 1)✲❣♦♥✳ ❍♦✇❡✈❡r✱ ✇❡ ♥❡❡❞ ❡❛❝❤ ❧♦♥❣

r❡❝t❛♥❣❧❡ t♦ ❤❛✈❡ ❛r❡❛ n✳ ❖♥❡ ✇❛② t♦ ❞♦ t❤✐s ✐s t♦ s❡t t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧
❛♥❞ ✈❡rt✐❝❛❧ ❝✉r✈❡s ei ❛♥❞ fj ❞r❛✇♥ ✐♥ t❤❡ ❧❡❢t ♦❢ ❋✐❣✉r❡ ✺ ❛s

l(ei) = n
g−i−1
g−1 ❛♥❞ l(fj) = n

j−1
g−1 .

◆❡①t✱ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤❡ ❝♦r❡ ♣♦❧②❣♦♥s Ci ❛♥❞ t❤❡ ❜✐❣ r❡❝t❛♥❣❧❡s Ri ❛♥❞
♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ♣r♦♦❢ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ Ln

g ✳ ◆♦t✐❝❡ t❤❛t t❤❡ ei✬s ✭r❡s♣✳ t❤❡ fj✬s✮
❛r❡ ♣❛✐r✇✐s❡ ♥♦♥✲✐♥t❡rs❡❝t✐♥❣ ❛♥❞ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ei ❛♥❞ t❤❡ fj ✐s
❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✿

■♥t(ei, fj) e1 e2 e3 e4 e5 · · ·
f1 ✶ ✵ ✵ ✵ ✵ · · ·
f2 ✲✶ ✶ ✵ ✵ ✵ · · ·
f3 ✶ ✲✶ ✶ ✵ ✵ · · ·
f4 ✲✶ ✶ ✲✶ ✶ ✵ · · ·
f5 ✶ ✲✶ ✶ ✲✶ ✶ · · ·
· · · · · · · · · · · · · · · · · · · · ·

✶✶



e1 e2

e3

eg−1

eg

f1

f2

fg−1

fg

R1 C1

R2 C2

✳ ✳ ✳

Rg−2 Cg−2

Rg−1 Cg−1

Rg

R1

R2 C2

R3

C1

n
√
n

11

√
n

n

❋✐❣✉r❡ ✺✿ ❖♥ t❤❡ ❧❡❢t✱ ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ♠♦❞❡❧ ❢♦r Hn
g ✳ ❖♥ t❤❡ r✐❣❤t✱ t❤❡ ❡①❛♠♣❧❡

♦❢ Hn
3 ✳

❚❤✐s ❛❧❧♦✇s t♦ ❣❡t ❛♥ ❛❞❛♣t❡❞ ✈❡rs✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✷✳✷✿

▲❡♠♠❛ ✸✳✶✳✶✳ ❚❤❡ ❝❧♦s❡❞ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s γ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❝♦r❡ ♣♦❧②❣♦♥s

❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❤♦♠♦❧♦❣② ❝❧❛ss❡s ei✱ fi−1 ❛♥❞ ei + fi−1 ❢♦r 2 ≤ i ≤ g✳
❋♦r ❛♥② s✉❝❤ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ γ ❛♥❞ ❛♥② ♦t❤❡r s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ g✱ ✇❡ ❤❛✈❡✿

■♥t(γ, g)

l(γ)l(g)
≤ 1

n
.

❋✉rt❤❡r✱ s✐♠✐❧❛r❧② t♦ ▲❡♠♠❛ ✷✳✷✳✸✱ ✇❡ ❤❛✈❡✿

▲❡♠♠❛ ✸✳✶✳✷✳ ❋♦r ❛♥② t✇♦ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥s α ❛♥❞ β ✇❤✐❝❤ ❛r❡ ♥♦t ❝♦♥t❛✐♥❡❞

✐♥ t❤❡ ❝♦r❡ ♣♦❧②❣♦♥s Ci✱ ✇❡ ❤❛✈❡

■♥t(α, β)

l(α)l(β)
≤ 1

n
(1 + n− 1

g )2 +
6

n2
.

❯s✐♥❣ t❤❛t t❤❡ ❛r❡❛ ♦❢ Hn
g ✐s gn+ (g − 1)n

g−1
g ✱ ✇❡ ❣❡t t❤❛t

g + (g − 1)n
−1
g ≤ KV ol(Hn

g ) ≤ (g + (g − 1)n
−1
g )((1 + n− 1

g )2 +
6

n
),

✇❤❡r❡ t❤❡ ❧♦✈❡r ❜♦✉♥❞ ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t e1 ❛♥❞ f1 ❛r❡ ✐♥t❡rs❡❝t✐♥❣ ♦♥❝❡✱
❛♥❞ l(e1)l(f1) = n✳ ❍❡♥❝❡✱ ❢♦r ✜①❡❞ g✱ ❑❱♦❧(Hn

g ) ❣♦❡s t♦ g ❛s n ❣♦❡s t♦ ✐♥✜♥✐t②✳

✶✷



1

n

n

n
√
n

√
n

1

n

1

1

R1 C1

R2

C2 R3 C3

R4 C4

R5

❋✐❣✉r❡ ✻✿ ❚❤❡ s✉r❢❛❝❡ Mn
5 ✳

✸✳✷ ❚❤❡ ❢❛♠✐❧② Mn
g

❙✐♠✐❧❛r❧② t♦ Ln
g ❛♥❞ Hn

g ✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t ❛♥ ❡✈❡♥ s♣✐♥ ❢❛♠✐❧② ♦❢ tr❛♥s✲
❧❛t✐♦♥ s✉r❢❛❝❡s Mn

g ✱ s✉❝❤ t❤❛t ❢♦r ❛♥② ✜①❡❞ g ≥ 4✱ ❑❱♦❧(Mn
g ) ❣♦❡s t♦ g ❛s n

❣♦❡s t♦ ✐♥✜♥✐t②✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥str✉❝t ❡❛❝❤ Mn
g ❢r♦♠ Hn

3 ❜② ❛❞❞✐♥❣ st❡♣s ❛s
✐♥ Ln

g ✱ s❡❡ ❋✐❣✉r❡ ✻✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ Ln
g ✱ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ ❛❞❞✐♥❣

st❡♣s ❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡ ♣❛r✐t② ♦❢ t❤❡ s♣✐♥ str✉❝t✉r❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣❛r✐t② ♦❢
t❤❡ s♣✐♥ str✉❝t✉r❡ ♦❢ Mn

g ✐s t❤❡ s❛♠❡ ❛s Hn
3 ✱ t❤❛t ✐s ❡✈❡♥✳ ❋✉rt❤❡r✱ s✐♠✐❧❛r❧② t♦

Ln
g ✱ t❤❡ s✉r❢❛❝❡ Mn

g ✐s ♥♦t ❤②♣❡r❡❧❧✐♣t✐❝ ❛s ❛♥ ❤②♣❡r❡❧❧✐♣t✐❝ ✐♥✈♦❧✉t✐♦♥ ✇♦✉❧❞ ❤❛✈❡
t♦ ✜① ❡❛❝❤ ❝②❧✐♥❞❡r✱ ❛♥❞ ❤❡♥❝❡ ❛❝t ❛s ❛♥ ✐♥✈♦❧✉t✐♦♥ ♦❢ C2✱ R3 ❛♥❞ C3 ❜✉t ❛❧s♦
C2 ∪R3 ∪C3✱ ✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ Mn

g ✱ ❛♥ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤❡
♣r❡✈✐♦✉s ❝❛s❡s s❤♦✇✿

gn+ 2
√
n+ (g − 3)

n
≤ ❑❱♦❧(Mn

g ) ≤
gn+ 2

√
n+ (g − 3)

n
((1 +

1√
n
)2 +

6

n
).

❘❡❢❡r❡♥❝❡s

❬✶❪ ❇♦✐ss②✱ ❈✳ ❛♥❞ ●❡♥✐♥s❦❛✱ ❙✳ ✧❙②st♦❧❡s ✐♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✳✧ ❇✉❧❧✳ ❞❡ ❧❛ ❙▼❋

✶✹✾✱ ♥♦✳ ✷ ✭✷✵✷✶✮✿ ✹✶✼✲✹✸✽✳

✶✸



❬✷❪ ❇♦✉❧❛♥❣❡r✱ ❏✳ ❛♥❞ ▲❛♥♥❡❛✉✱ ❊✳ ❛♥❞ ▼❛ss❛rt✱ ❉✳ ✧❆❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ✐♥
r❡❣✉❧❛r ♣♦❧②❣♦♥s✳✧ ❛r❳✐✈ ✷✶✶✵✳✶✹✷✸✺ ✭✷✵✷✷✮✳

❬✸❪ ❇♦✉❧❛♥❣❡r✱ ❏✳ ✧❆❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥✱ ❧❡♥❣t❤s ❛♥❞ ❱❡❡❝❤ s✉r❢❛❝❡s✳✧ ❛r❳✐✈

✭✷✵✷✸✮✳

❬✹❪ ✱ ❇❛❧❛❝❤❡✛✱ ❋✳ ❛♥❞ P❛r❧✐❡r✱ ❍✳ ❛♥❞ ❙❛❜♦✉r❛✉✱ ❙✳ ✧❙❤♦rt ❧♦♦♣ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢
s✉r❢❛❝❡s ❛♥❞ t❤❡ ❣❡♦♠❡tr② ♦❢ ❥❛❝♦❜✐❛♥s✳✧ ●❡♦♠❡tr✐❝ ❆♥❞ ❋✉♥❝t✐♦♥♥❛❧ ❆♥❛❧②s✐s

✷✷ ✭✷✵✶✷✮✿ ✸✼✲✼✸✳

❬✺❪ ❇✉s❡r✱ P✳ ❛♥❞ ❙❛r♥❛❦✱ P✱ ✧❖♥ t❤❡ ♣❡r✐♦❞ ♠❛tr✐① ♦❢ ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ♦❢ ❧❛r❣❡
❣❡♥✉s ✭✇✐t❤ ❛♥ ❆♣♣❡♥❞✐① ❜② ❏✳❍✳ ❈♦♥✇❛② ❛♥❞ ◆✳❏✳❆✳ ❙❧♦❛♥❡✮✳✧ ■♥✈❡♥t✳ ▼❛t❤✳

✶✶✼ ✭✶✾✾✹✮✿ ✷✼✕✺✻✳

❬✻❪ ❈❤❡❜♦✉✐✱ ❙✳ ❛♥❞ ❑❡ss✐✱ ❆✳ ❛♥❞ ▼❛ss❛rt✱ ❉✳ ✧❆❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ❢♦r tr❛♥s✲
❧❛t✐♦♥ s✉r❢❛❝❡s ✐♥ ❛ ❢❛♠✐❧② ♦❢ ❚❡✐❝❤♠ü❧❧❡r ❞✐s❦s✳✧ ❇✉❧❧✳ ❙♦❝✳ ▼❛t❤✳ ❋r❛♥❝❡ ✶✹✾✱
♥♦✳ ✹ ✭✷✵✷✶✮✿ ✻✶✸✕✻✹✵✳

❬✼❪ ❈❤❡❜♦✉✐✱ ❙✳ ❛♥❞ ❑❡ss✐✱ ❆✳ ❛♥❞ ▼❛ss❛rt✱ ❉✳ ✧❆❧❣❡❜r❛✐❝ ✐♥t❡rs❡❝t✐♦♥ ❢♦r tr❛♥s❧❛✲
t✐♦♥ s✉r❢❛❝❡s ✐♥ t❤❡ str❛t✉♠ H(2)✳✧ ❈✳ ❘✳ ▼❛t❤✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✱ ✸✺✾ ✭✷✵✷✶✮✿
✻✺✕✼✵✳

❬✽❪ ❏✉❞❣❡✱ ❈✳ ❛♥❞ P❛r❧✐❡r✱ ❍✳ ✧❚❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ s②st♦❧❡s ❢♦r ❣❡♥✉s t✇♦
❘✐❡♠❛♥♥ s✉r❢❛❝❡s ✇✐t❤ ❛❜❡❧✐❛♥ ❞✐✛❡r❡♥t✐❛❧s✳✧ ❈♦♠♠❡♥t✳ ▼❛t❤✳ ❍❡❧✈✳ ✾✹✱ ♥♦✳
✷ ✭✷✵✶✾✮✿ ✸✾✾✲✹✸✼✳

❬✾❪ ✱ ❑♦♥ts❡✈✐❝❤✱ ▼✳ ❛♥❞ ❩♦r✐❝❤✱ ❆✳ ✧❈♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♠♦❞✉❧✐
s♣❛❝❡s ♦❢ ❆❜❡❧✐❛♥ ❞✐✛❡r❡♥t✐❛❧s ✇✐t❤ ♣r❡s❝r✐❜❡❞ s✐♥❣✉❧❛r✐t✐❡s✳✧ ■♥✈❡♥t✳ ▼❛t❤✳

✶✺✸ ✭✷✵✵✸✮✿ ✻✸✶✕✻✼✽✳

❬✶✵❪ ▼❛ss❛rt✱ ❉✳ ✧◆♦r♠❡s st❛❜❧❡s ❞❡s s✉r❢❛❝❡s✳✧ ❈♦♠♣t❡s ❘❡♥❞✉s ❞❡ ❧✬❆❝❛❞é♠✐❡

❞❡s ❙❝✐❡♥❝❡s ✲ ❙❡r✐❡s ■ ✲ ▼❛t❤❡♠❛t✐❝s ✸✷✹✱ ♥♦✳ ✷ ✭✶✾✾✼✮✿ ✷✷✶✲✷✷✹✳

❬✶✶❪ ▼❛ss❛rt✱ ❉✳ ✧❆ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥ t♦ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s✱ ❱❡❡❝❤ s✉r❢❛❝❡s✱
❛♥❞ ❚❡✐❝❤♠ü❧❧❡r ❞②♥❛♠✐❝s✳✧ ❙✉r✈❡②s ✐♥ ❣❡♦♠❡tr② ■✱ ❙♣r✐♥❣❡r✱ ✭✷✵✷✷✮✿ ✸✹✸✕
✸✽✽✳

❬✶✷❪ ▼❛ss❛rt✱ ❉✳ ❛♥❞ ▼✉❡t③❡❧✱ ❇✳ ✧❖♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❢♦r♠ ♦❢ s✉r❢❛❝❡s✳✧
▼❛♥✉s❝r✳ ▼❛t❤✳ ✶✹✸✱ ♥♦✳ ✶✲✷ ✭✷✵✶✹✮✿ ✶✾✕✹✾✳

❬✶✸❪ ❚♦r❦❛♠❛♥✱ ❚✳ ✧■♥t❡rs❡❝t✐♦♥ ♥✉♠❜❡r✱ ❧❡♥❣t❤ ❛♥❞ s②st♦❧❡ ♦♥ ❝♦♠♣❛❝t ❤②♣❡r✲
❜♦❧✐❝ s✉r❢❛❝❡s✳✧ ❛r❳✐✈✿✷✸✵✻✳✵✾✷✹✾ ✭✷✵✷✸✮✳

❬✶✹❪ ❲r✐❣❤t✱ ❆✳ ✧❋r♦♠ r❛t✐♦♥❛❧ ❜✐❧❧❛r❞s t♦ ❞②♥❛♠✐❝s ♦♥ ♠♦❞✉❧✐ s♣❛❝❡s✳✧ ❇✉❧❧✳

❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✺✸✱ ♥♦✳ ✶ ✭✷✵✶✻✮✿ ✹✶✲✺✻✳

❬✶✺❪ ❩♦r✐❝❤✱ ❆✳ ✧❋❧❛t s✉r❢❛❝❡s✳✧ ❋r♦♥t✐❡rs ✐♥ ♥✉♠❜❡r t❤❡♦r②✱ ♣❤②s✐❝s✱ ❛♥❞ ❣❡♦♠❡✲

tr②✳ ■✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✷✵✵✻✿ ✹✸✼✕✺✽✸✳

✶✹



❈❤❛♣✐tr❡ ✼

❈♦♥♥❡❝t✐♦♥ ♣♦✐♥ts ♦♥ t❤❡ ❞♦✉❜❧❡
❤❡♣t❛❣♦♥

❘és✉♠é ❡♥ ❢r❛♥ç❛✐s✳ ❈❡ ❝❤❛♣✐tr❡ ❝♦rr❡s♣♦♥❞ à ❧✬❛rt✐❝❧❡ ❬❇♦✉❪✱ ♣✉❜❧✐é ❛✉ ❇✉❧❧❡t✐♥ ❞❡ ❧❛
❙▼❋✳ ❖♥ s✬✐♥tér❡ss❡ ❛✉ ✢♦t ❞✐r❡❝t✐♦♥♥❡❧ s✉r ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ♦❜t❡♥✉❡s à ♣❛rt✐r ❞❡
❞❡✉① (2n+ 1)✲❣♦♥❡s ❞♦♥t ♦♥ ❛ r❡❝♦❧❧é ❧❡s ❝ôtés ♣❛r❛❧❧è❧❡s✳ ❖♥ ❞♦♥♥❡ ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡
♣♦✉r q✉✬✉♥❡ ❞✐r❡❝t✐♦♥ s♦✐t ❤②♣❡r❜♦❧✐q✉❡✱ ❝✬❡st✲à✲❞✐r❡ ✜①é❡ ♣❛r ✉♥❡ ❞✐r❡❝t✐♦♥ ❤②♣❡r❜♦❧✐q✉❡ ❞✉
❣r♦✉♣❡ ❞❡ ❱❡❡❝❤✱ ❡♥ t❡r♠❡s ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ❢r❛❝t✐♦♥s ❝♦♥t✐♥✉❡s ♥❛t✉r❡❧ s✉r ❧❡s ❞✐r❡❝t✐♦♥s
❞❡ ❧❛ s✉r❢❛❝❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡❧❛ ♥♦✉s ♣❡r♠❡t ❞✬❡①❤✐❜❡r ❞❡s ♣♦✐♥ts s✉r ❧❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡ à
❝♦♦r❞♦♥♥é❡s ❞❛♥s ❧❡ ❝♦r♣s ❞❡ tr❛❝❡ q✉✐ ♥❡ s♦♥t ♣❛s ❞❡s ♣♦✐♥ts ❞❡ ❝♦♥♥❡①✐♦♥✳ P❛r♠✐ ❝❡s ♣♦✐♥ts
♦♥ ♣❡✉t ♥♦t❛♠♠❡♥t tr♦✉✈❡r ❧❡s ♣♦✐♥ts ❝❡♥tr❛✉① ❞❡s ❤❡♣t❛❣♦♥❡s✱ ❝❡ q✉✐ ❞♦♥♥❡ ✉♥❡ ré♣♦♥s❡
♥é❣❛t✐✈❡ à ✉♥❡ q✉❡st✐♦♥ ❞❡ P✳ ❍✉❜❡rt ❡t ❚✳ ❙❝❤♠✐❞t✳

✷✷✾



❈❡♥tr❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥

tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳
▲❡s ♣♦✐♥ts ❝❡♥tr❛✉① ❞✉ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥❡ ♥❡ s♦♥t ♣❛s ❞❡s ♣♦✐♥ts ❞❡

❝♦♥♥❡①✐♦♥✳

❏✉❧✐❡♥ ❇♦✉❧❛♥❣❡r ✯

◆♦✈❡♠❜❡r ✸✱ ✷✵✷✶

❆❜str❛❝t

❲❡ ❝♦♥s✐❞❡r ✢♦✇ ❞✐r❡❝t✐♦♥s ♦♥ t❤❡ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ❢♦r♠❡❞ ❢r♦♠ ❞♦✉✲
❜❧❡ (2n+ 1)✲❣♦♥s✱ ❛♥❞ ❣✐✈❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛ ♥❛t✉r❛❧ ❣❝❞
❛❧❣♦r✐t❤♠ ❢♦r ❛ ❞✐r❡❝t✐♦♥ t♦ ❜❡ ❤②♣❡r❜♦❧✐❝ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✐s t❤❡ ✜①❡❞
❞✐r❡❝t✐♦♥ ❢♦r s♦♠❡ ❤②♣❡r❜♦❧✐❝ ❡❧❡♠❡♥t ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ t❤❡ s✉r❢❛❝❡✳ ■♥
♣❛rt✐❝✉❧❛r✱ ✇❡ ❣✐✈❡ ❡①♣❧✐❝✐t ♣♦✐♥ts ✐♥ t❤❡ ❤♦❧♦♥♦♠② ✜❡❧❞ ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣✲
t❛❣♦♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ✇❤✐❝❤ ❛r❡ ♥♦t s♦✲❝❛❧❧❡❞ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳ ❆♠♦♥❣
t❤❡s❡ ❛r❡ t❤❡ ❝❡♥tr❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❤❡♣t❛❣♦♥s✱ ❣✐✈✐♥❣ ❛ ♥❡❣❛t✐✈❡ ❛♥s✇❡r t♦
❛ q✉❡st✐♦♥ ❜② P✳ ❍✉❜❡rt ❛♥❞ ❚✳ ❙❝❤♠✐❞t ❬❍❙❪✳

❘és✉♠é

❖♥ s✬✐♥tér❡ss❡ ❛✉ ✢♦t ❞✐r❡❝t✐♦♥♥❡❧ s✉r ❧❡s s✉r❢❛❝❡s ❞❡ tr❛♥s❧❛t✐♦♥ ♦❜t❡✲
♥✉❡s à ♣❛rt✐r ❞❡ ❞❡✉① (2n+ 1)✲❣♦♥❡s ❞♦♥t ♦♥ ❛ r❡❝♦❧❧é ❧❡s ❝ôtés ♣❛r❛❧❧è❧❡s✱
❡t ♦♥ ❞♦♥♥❡ ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r q✉✬✉♥❡ ❞✐r❡❝t✐♦♥ s♦✐t ❤②♣❡r❜♦✲
❧✐q✉❡✱ ❝✬❡st à ❞✐r❡ ✜①é❡ ♣❛r ✉♥❡ ❞✐r❡❝t✐♦♥ ❤②♣❡r❜♦❧✐q✉❡ ❞✉ ❣r♦✉♣❡ ❞❡ ❱❡❡❝❤✱
❡♥ t❡r♠❡s ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ♣❣❝❞ ♥❛t✉r❡❧ s✉r ❧❡s ❞✐r❡❝t✐♦♥s ❞❡ ❧❛ s✉r❢❛❝❡✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝❡❧❛ ♥♦✉s ♣❡r♠❡t ❞✬❡①❤✐❜❡r ❞❡s ♣♦✐♥ts s✉r ❧❡ ❞♦✉❜❧❡ ❤❡♣t❛✲
❣♦♥❡ à ❝♦♦r❞♦♥♥é❡s ❞❛♥s ❧❡ ❝♦r♣s ❞✬❤♦❧♦♥♦♠✐❡ q✉✐ ♥❡ s♦♥t ♣❛s ❞❡s ♣♦✐♥ts
❞❡ ❝♦♥♥❡①✐♦♥✳ P❛r♠✐ ❝❡s ♣♦✐♥ts ♦♥ ♣❡✉t ♥♦t❛♠♠❡♥t tr♦✉✈❡r ❧❡s ♣♦✐♥ts ❝❡♥✲
tr❛✉① ❞❡s ❤❡♣t❛❣♦♥❡s✱ ❝❡ q✉✐ ❞♦♥♥❡ ✉♥❡ ré♣♦♥s❡ ♥é❣❛t✐✈❡ à ✉♥❡ q✉❡st✐♦♥ ❞❡
P✳ ❍✉❜❡rt ❡t ❚✳ ❙❝❤♠✐❞t ❬❍❙❪✳

✯❥✉❧✐❡♥✳❜♦✉❧❛♥❣❡r❅✉♥✐✈✲❣r❡♥♦❜❧❡✲❛❧♣❡s✳❢r
■♥st✐t✉t ❢♦✉r✐❡r✱ ❯▼❘ ✺✺✽✷✱ ▲❛❜♦r❛t♦✐r❡ ❞❡ ▼❛t❤é♠❛t✐q✉❡s✳
❯♥✐✈❡rs✐té ●r❡♥♦❜❧❡ ❛❧♣❡s✱ ❈❙ ✹✵✼✵✵✱ ✸✽✵✺✽ ●r❡♥♦❜❧❡ ❝❡❞❡① ✾✱ ❋r❛♥❝❡✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥ ❛♥❞ st❛t❡♠❡♥t ♦❢ t❤❡ r❡s✉❧ts✳

❆ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ✐s ❛ ❣❡♥✉s g t♦♣♦❧♦❣✐❝❛❧ s✉r❢❛❝❡ ✇✐t❤ ❛♥ ❛t❧❛s ♦❢ ❝❤❛rts
♦♥ t❤❡ s✉r❢❛❝❡ ♠✐♥✉s ❛ ✜♥✐t❡ s❡t ♦❢ ♣♦✐♥ts s✉❝❤ t❤❛t ❛❧❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡
tr❛♥s❧❛t✐♦♥s✳ ❚❤❡s❡ s✉r❢❛❝❡s ❝❛♥ ❛❧s♦ ❜❡ ❞❡s❝r✐❜❡❞ ❛s t❤❡ s✉r❢❛❝❡s ♦❜t❛✐♥❡❞ ❜②
❣❧✉✐♥❣ ♣❛✐rs ♦❢ ♦♣♣♦s✐t❡ ♣❛r❛❧❧❡❧ s✐❞❡s ♦❢ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡✉❝❧✐❞❡❛♥ ♣♦❧②❣♦♥ ❜② tr❛♥s✲
❧❛t✐♦♥s✳ ❙✉❝❤ s✉r❢❛❝❡s ❛r✐s❡ ♥❛t✉r❛❧❧② ✐♥ t❤❡ st✉❞② ♦❢ ❜✐❧❧✐❛r❞ t❛❜❧❡ ❞②♥❛♠✐❝s ✿ t❤❡
❑❛t♦❦✲❩❡♠❧②❛❦♦✈ ✉♥❢♦❧❞✐♥❣ ♣r♦❝❡❞✉r❡✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ r❡✢❡❝t✐♥❣ t❤❡ ❜✐❧❧✐❛r❞ ❡✈✲
❡r② t✐♠❡ t❤❡ tr❛❥❡❝t♦r② ❤✐ts ❛♥ ❡❞❣❡ ✐♥st❡❛❞ ♦❢ r❡✢❡❝t✐♥❣ t❤❡ tr❛❥❡❝t♦r②✱ r❡♣❧❛❝❡s
t❤❡ ❜✐❧❧✐❛r❞ ✢♦✇ ♦♥ ❛ ♣♦❧②❣♦♥ ❜② ❛ ❞✐r❡❝t✐♦♥❛❧ ✢♦✇ ♦♥ ✐s♦♠❡tr✐❝ tr❛♥s❧❛t✐♦♥ s✉r✲
❢❛❝❡s✳ ❚❤❡ st✉❞② ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ❤❛s ❜❡❡♥ ✢♦✉r✐s❤✐♥❣✱ ✇✐t❤ ♠❛❥♦r r❡❝❡♥t
❛❞✈❛♥❝❡s s✉❝❤ ❛s t❤❡ r❡s✉❧ts ✐♥ ❬❊▼▼✶✺❪✱ ❬❊❋❲✶✽❪ ♦r ❬❊▼▼❲✷✵❪ ❜✉t t❤❡r❡ st✐❧❧
r❡♠❛✐♥s ✈❛r✐♦✉s ♦♣❡♥ q✉❡st✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡ ✐♥ t❤❡ ❛r❡❛ ♦❢ ❱❡❡❝❤ ❣r♦✉♣s✳ ❖♥❡
♦❢ t❤❡s❡ q✉❡st✐♦♥s ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ s♦✲❝❛❧❧❡❞ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✱ ❢♦r ✇❤✐❝❤ ❧✐tt❧❡
✐s ❦♥♦✇♥ ❢♦r tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✇❤♦s❡ tr❛❝❡ ✜❡❧❞ ✐s ♦❢ ❞❡❣r❡❡ 3 ♦r ♠♦r❡ ♦✈❡r Q✳
■♥ t❤✐s ♣❛♣❡r ✇❡ ❧♦♦❦ ❛t t✇♦ ♣❛rt✐❝✉❧❛r ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ s✉r❢❛❝❡✱
✇❤♦s❡ tr❛❝❡ ✜❡❧❞ ✐s ❝✉❜✐❝ ♦✈❡r Q✱ ❛♥❞ s❤♦✇ t❤❛t t❤❡② ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳
❋♦r s✉r✈❡②s ❛❜♦✉t tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s s❡❡ ❬❩♦r✵✻❪✱ ❬❲r✐✶✹❪✱ ❛♥❞ ❢♦r ❱❡❡❝❤ ❣r♦✉♣s
s❡❡ ❬❍❙✵✻❪✳

❇❡❢♦r❡ ❧♦♦❦✐♥❣ ❛t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✱ ♦♥❡ ♥❡❡❞s t♦ ✉♥❞❡rst❛♥❞ ❜❡tt❡r ♣❛r❛❜♦❧✐❝
✭r❡s♣✳ ❤②♣❡r❜♦❧✐❝✮ ❞✐r❡❝t✐♦♥s✱ t❤❛t ✐s ❞✐r❡❝t✐♦♥s ✜①❡❞ ❜② ❛ ♣❛r❛❜♦❧✐❝ ✭r❡s♣✳ ❤②✲
♣❡r❜♦❧✐❝✮ ❡❧❡♠❡♥t ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✳ ❋♦r ❱❡❡❝❤ s✉r❢❛❝❡s✱ ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s✱
s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ ❞✐r❡❝t✐♦♥s ❛♥❞ ❞✐r❡❝t✐♦♥s ✜①❡❞ ❜② ♣❛r❛❜♦❧✐❝ ❡❧❡♠❡♥ts ♦❢ t❤❡
❱❡❡❝❤ ❣r♦✉♣ ❝♦✐♥❝✐❞❡✳ ❋♦r t❤❡s❡ t❡r♠s✱ s❡❡ t❤❡ ❜❛❝❦❣r♦✉♥❞ ❛♥❞ ❬❍❙✵✻❪✳ ❋♦r
tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✇❤♦s❡ tr❛❝❡ ✜❡❧❞ ✐s q✉❛❞r❛t✐❝ ♦r Q✱ ❈✳ ▼❝▼✉❧❧❡♥ s❤♦✇❡❞ ✐♥
❬▼❝▼✵✸❪ t❤❛t ✭❛❢t❡r ❛ ♥❛t✉r❛❧ ♥♦r♠❛❧✐③❛t✐♦♥✮ t❤❡ ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s ❛r❡ ❡①❛❝t❧②
t❤♦s❡ ✇✐t❤ s❧♦♣❡s ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞✳ ❲❤❡♥ t❤❡ tr❛❝❡ ✜❡❧❞ ✐s ♦❢ ❤✐❣❤❡r ❞❡❣r❡❡✱ ✐t ✐s
♥♦ ❧♦♥❣❡r tr✉❡ ❛♥❞ t❤❡ ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s ✐♥ ❣❡♥❡r❛❧ ❢♦r♠ ❛ ♣r♦♣❡r s✉❜s❡t ♦❢ t❤❡
❞✐r❡❝t✐♦♥s ✇❤♦s❡ s❧♦♣❡ ❜❡❧♦♥❣ t♦ t❤❡ tr❛❝❡ ✜❡❧❞✳ ❉✳ ❉❛✈✐s ❛♥❞ ❙✳ ▲❡❧✐è✈r❡ ❬❉▲✶✾❪
❝❤❛r❛❝t❡r✐③❡❞ t❤❡ ♣❛r❛❜♦❧✐❝ ❞✐r❡❝t✐♦♥s ❢♦r t❤❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥ s✉r❢❛❝❡ ✉s✐♥❣ ❛
❣❝❞ ❛❧❣♦r✐t❤♠✳ ❚❤❡✐r r❡s✉❧ts ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❡①t❡♥❞❡❞ t♦ t❤❡ (2n+ 1)✲❣♦♥ ✇❤✐❝❤
❤❛s ❛ ❤♦❧♦♥♦♠② ✜❡❧❞ ♦❢ ❞❡❣r❡❡ n ♦✈❡r Q✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ✉s❡ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❝❤❛r❛❝t❡r✐③❡ ❤②♣❡r❜♦❧✐❝ ❞✐r❡❝t✐♦♥s ✇❤♦s❡
s❧♦♣❡ ❜❡❧♦♥❣ t♦ t❤❡ tr❛❝❡ ✜❡❧❞ ❢♦r ❡❛❝❤ ❞♦✉❜❧❡ (2n + 1)✲❣♦♥ s✉r❢❛❝❡✱ ✇❤✐❝❤ ❛r❡
♠❛❞❡ ♦❢ t✇♦ ❝♦♣✐❡s ♦❢ ❛ (2n+ 1)✲❣♦♥ ✇✐t❤ ♣❛r❛❧❧❡❧ ♦♣♣♦s✐t❡ s✐❞❡s ❣❧✉❡❞ t♦❣❡t❤❡r✳
❲❡ ✜♥❞ ❡①♣❧✐❝✐t ❡①❛♠♣❧❡s ♦❢ s✉❝❤ ❞✐r❡❝t✐♦♥s ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥✳ ❚❤✐s ❛❧✲
❧♦✇s ✉s t♦ ♣r♦✈❡ t❤❛t ❝❡♥tr❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥
♣♦✐♥ts✱ s❡❡ ❚❤❡♦r❡♠ ✶✳✸✳ ❚❤✐s ❛♥s✇❡rs ♥❡❣❛t✐✈❡❧② ❛ q✉❡st✐♦♥ ♦❢ P✳ ❍✉❜❡rt ❛♥❞
❚✳ ❙❝❤♠✐❞t✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❝❡♥tr❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ❛r❡ t❤❡ ❝❡♥t❡rs
♦❢ t❤❡ ❤❡♣t❛❣♦♥s✳ ❆ ♥♦♥s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ ❛ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ✐s ❝❛❧❧❡❞ ❛ ❝♦♥✲
♥❡❝t✐♦♥ ♣♦✐♥t ✐❢ ❡✈❡r② s❡♣❛r❛tr✐① ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤✐s ♣♦✐♥t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛
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s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥✳ ■♥ ❢❛❝t✱ t❤❡ ❛✉t❤♦r ❞♦ ♥♦t ❦♥♦✇ ❛♥② ❡①❛♠♣❧❡ ♦❢ ♥♦♥ ♣❡r✐♦❞✐❝
❝♦♥♥❡❝t✐♦♥ ♣♦✐♥t ✶ ❢♦r ❛ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ✇❤♦s❡ tr❛❝❡ ✜❡❧❞ ✐s ♦❢ ❞❡❣r❡❡ 3 ♦✈❡r
Q ♦r ❤✐❣❤❡r✳

❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t n ≥ 2✱ ❢♦r t❤❡ ❞♦✉❜❧❡ (2n + 1)✲❣♦♥ s✉r❢❛❝❡✱ ❞✐r❡❝t✐♦♥s ✇❤✐❝❤
❡♥❞s ✐♥ ❛ ♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡ ✭♦❢ ♣❡r✐♦❞ ≥ 2✮ ❢♦r t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠ ❛r❡ ❤②♣❡r❜♦❧✐❝
❞✐r❡❝t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷ ✭❉♦✉❜❧❡ ❤❡♣t❛❣♦♥ ❝❛s❡✮✳ ❋♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ s✉r❢❛❝❡✱ t❤❡r❡
❛r❡ ❤②♣❡r❜♦❧✐❝ ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞✳

❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✐s ❛❧r❡❛❞② ❦♥♦✇♥ ❢r♦♠ ❬❆❙✵✾❪ ❛♥❞ ❬❍▼❚❨✵✽❪✱ ✇❤❡r❡ t❤❡②
✉s❡ ❛ ❞✐✛❡r❡♥t ♠❡t❤♦❞✳ ❖✉r ♠❡t❤♦❞ ♣r♦✈✐❞❡s ❛♥ ❛♥s✇❡r t♦ t❤❡ q✉❡st✐♦♥ ♦❢ ❝❡♥tr❛❧
♣♦✐♥ts ❛s ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✱ ✇❤✐❝❤ ✇❛s ♥♦t ❦♥♦✇♥✳

❚❤❡♦r❡♠ ✶✳✸✳ ❈❡♥tr❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳

▼♦r❡♦✈❡r✱ ♦♥❡ ❝❛♥ ❧♦♦❦ ❛t ❞♦✉❜❧❡ (2n+1)✲❣♦♥s ✇✐t❤ ♠♦r❡ s✐❞❡s✳ ❋♦r ❡①❛♠♣❧❡✱
t❤❡ s❛♠❡ r❡s✉❧t ❤♦❧❞s ❢♦r t❤❡ ❞♦✉❜❧❡ ♥♦♥❛❣♦♥ ✿

❚❤❡♦r❡♠ ✶✳✹✳ ❈❡♥tr❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ♥♦♥❛❣♦♥ ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳

▼♦r❡♦✈❡r✱ ❞✐✛❡r❡♥t t❡sts ✇❡ ❝♦♥❞✉❝t❡❞ s✉❣❣❡sts t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝t✉r❡✱ ✇❤✐❝❤
✐s ♥♦t ♥❡✇ s✐♥❝❡ ✇❡ ❢♦✉♥❞ t❤❡ s❛♠❡ ✐❞❡❛s ✐♥ ❬❍▼❚❨✵✽❪✳

❈♦♥❥❡❝t✉r❡ ✶✳✺✳ ❋♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ❛♥❞ t❤❡ ❞♦✉❜❧❡ ♥♦♥❛❣♦♥✱ ❛❧❧ t❤❡ ❞✐r❡❝✲
t✐♦♥s ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ ❛r❡ ❡✐t❤❡r ♣❛r❛❜♦❧✐❝ ♦r ❤②♣❡r❜♦❧✐❝✳

❲❤❛t ✐s ✐♥t❡r❡st✐♥❣ ✐s t❤❛t t❤❡s❡ r❡s✉❧ts ❞♦♥✬t s❡❡♠ t♦ ❣❡♥r❛❧✐③❡ t♦ t❤❡ ❞♦✉❜❧❡
❤❡♥❞❡❝❛❣♦♥ ❢♦r ❡①❛♠♣❧❡✳ ■♥ ❢❛❝t✱ ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♥❞❡❝❛❣♦♥ ✇❡ ❝♦✉❧❞♥✬t ✜♥❞ ❛♥②
❞✐r❡❝t✐♦♥ ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ ✇❤✐❝❤ ❡♥❞s ✐♥ ❛ ♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡✳ ❚❤❡s❡ q✉❡st✐♦♥s
✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ■✬♠ ❣r❛t❡❢✉❧ t♦ ❊r✇❛♥ ▲❛♥♥❡❛✉ ❢♦r ❛❧❧ t❤❡ ❡①♣❧❛♥❛t✐♦♥s ❛♥❞ t❤❡
❞✐s❝✉ss✐♦♥s ❛♥❞ ❢♦r t❤❡ ♠❛♥② r❡♠❛r❦s ❛❜♦✉t ♣r❡❧✐♠✐♥❛r② ✈❡rs✐♦♥s ♦❢ t❤✐s ♣❛♣❡r✳
■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❙❛♠✉❡❧ ▲❡❧✐è✈r❡ ❢♦r t❤❡ ❞✐s❝✉ss✐♦♥s ❛♥❞ ❤✐s ❤❡❧♣ ❛❜♦✉t
❙❛❣❡✱ ❈✉rt ▼❝▼✉❧❧❡♥ ❢♦r ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥s ❛♥❞ r❡♠❛r❦s✱ ❛♥❞ t❤❡ ❛♥♦♥②♠♦✉s
r❡✈✐❡✇❡r ❛s ✇❡❧❧ ❢♦r ❝❛r❡❢✉❧ r❡❛❞✐♥❣ ❛♥❞ ❤❡❧♣❢✉❧ s✉❣❣❡st✐♦♥s✳

✶✳ ❆ ♣♦✐♥t ✐s ♣❡r✐♦❞✐❝ ✐❢ ✐ts ♦r❜✐t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❛✣♥❡ ❣r♦✉♣ ✐s ✜♥✐t❡✱ ♦t❤❡r✇✐s❡ ✐t ✐s
♥♦♥✲♣❡r✐♦❞✐❝✱ s❡❡ ❬❍❙✵✹❪✳
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✷ ❇❛❝❦❣r♦✉♥❞✳

❆ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ (X,ω) ✐s ❛ r❡❛❧ ❝♦♠♣❛❝t ❣❡♥✉s g s✉r❢❛❝❡ X ✇✐t❤ ❛♥
❛t❧❛s ω s✉❝❤ t❤❛t ❛❧❧ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ❛r❡ tr❛♥s❧❛t✐♦♥s ❡①❝❡♣t ♦♥ ❛ ✜♥✐t❡ s❡t
♦❢ s✐♥❣✉❧❛r✐t✐❡s Σ✱ ❛❧♦♥❣ ✇✐t❤ ❛ ❞✐st✐♥❣✉✐s❤❡❞ ❞✐r❡❝t✐♦♥✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✐t ❝❛♥ ❜❡
s❡❡♥ ❛s ❛ s✉r❢❛❝❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ✜♥✐t❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♣♦❧②❣♦♥s ❡♠❜❡❞❞❡❞ ✐♥ C ❜②
❣❧✉✐♥❣ ♣❛✐rs ♦❢ ♣❛r❛❧❧❡❧ ♦♣♣♦s✐t❡ s✐❞❡s ❜② tr❛♥s❧❛t✐♦♥✳ ❲❡ ❣❡t ❛ s✉r❢❛❝❡ X ✇✐t❤ ❛
✢❛t ♠❡tr✐❝ ❛♥❞ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ s✐♥❣✉❧❛r✐t✐❡s✳ ❲❡ ❞❡✜♥❡ X ′ = X − Σ✱ ✇❤✐❝❤
✐♥❤❡r✐ts t❤❡ tr❛♥s❧❛t✐♦♥ str✉❝t✉r❡ ♦❢ X ❛♥❞ ❞❡✜♥❡s ❛ ❘✐❡♠❛♥♥✐❛♥ str✉❝t✉r❡ ♦♥ X ′✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ ♥♦t✐♦♥s ♦❢ ❣❡♦❞❡s✐❝s✱ ❧❡♥❣t❤✱ ❛♥❣❧❡✱ ❛♥❞ ❣❡♦❞❡s✐❝ ✢♦✇ ✭❝❛❧❧❡❞
❞✐r❡❝t✐♦♥❛❧ ✢♦✇✮✳ ❚❤✐s ❛❧❧♦✇s ✉s ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡
✉s❡❢✉❧ ✐♥ ❙❡❝t✐♦♥ ✹✳

❉❡✜♥✐t✐♦♥s ✷✳✶✳ ✭✐✮ ❆ s❡♣❛r❛tr✐① ✐s ❛ ❣❡♦❞❡s✐❝ ❧✐♥❡ ❡♠❛♥❛t✐♥❣ ❢r♦♠ ❛ s✐♥❣✉❧❛r✐t②✳
✭✐✐✮ ❆ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥ ✐s ❛ s❡♣❛r❛tr✐① ❝♦♥♥❡❝t✐♥❣ s✐♥❣✉❧❛r✐t✐❡s ✇✐t❤♦✉t ❛♥② s✐♥✲
❣✉❧❛r✐t✐❡s ♦♥ ✐ts ✐♥t❡r✐♦r✳
✭✐✐✐✮ ❆ ♥♦♥s✐♥❣✉❧❛r ♣♦✐♥t ♦❢ t❤❡ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ✐s ❝❛❧❧❡❞ ❛ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥t ✐❢
❡✈❡r② s❡♣❛r❛tr✐① ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤✐s ♣♦✐♥t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ s❛❞❞❧❡ ❝♦♥♥❡❝✲
t✐♦♥✳

❚❤❡ ❛❝t✐♦♥ ♦❢ GL+
2 (R) ♦♥ ♣♦❧②❣♦♥s ✐♥❞✉❝❡s ❛♥ ❛❝t✐♦♥ ♦♥ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡ ♦❢

tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❩♦r✵✻❪✮✳ ❚✇♦ s✉r❢❛❝❡s ❛r❡ ❛✣♥❡❧② ❡q✉✐✈❛❧❡♥t
✐❢ t❤❡② ❧✐❡ ✐♥ t❤❡ s❛♠❡ ♦r❜✐t✳ ❚❤❡ st❛❜✐❧✐③❡r ♦❢ ❛ ❣✐✈❡♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡ ❳ ✐s ❝❛❧❧❡❞
t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ ❳✱ ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② SL(X)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛✣♥❡❧② ❡q✉✐✈❛❧❡♥t
s✉r❢❛❝❡s ❤❛✈❡ ❝♦♥❥✉❣❛t❡❞ ❱❡❡❝❤ ❣r♦✉♣✳ ❆s ✇❡❧❧ ❛s ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦t✐♦♥ ✭❛❧t♦✉❣❤
♥♦t t❤❡ ♥❛♠❡✮ ❲✳❆✳ ❱❡❡❝❤ s❤♦✇❡❞ ✐♥ ❬❱❡❡✽✾❪ t❤❛t t❤❡② ❛r❡ ❞✐s❝r❡t❡ s✉❜❣r♦✉♣s
♦❢ SL2(R)✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❝❧❛ss✐❢② ❡❧❡♠❡♥ts ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ✐♥t♦ t❤r❡❡ t②♣❡s
✿ ❡❧❧✐♣t✐❝ ✭|tr(M)| < 2✮✱ ♣❛r❛❜♦❧✐❝ ✭|tr(M)| = 2✮ ❛♥❞ ❤②♣❡r❜♦❧✐❝ ✭|tr(M)| > 2✮✳
❆♥② ❡❧❡♠❡♥t ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ✐♥❞✉❝❡s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ♦❢ t❤❡ s✉r❢❛❝❡✳ ❙✉❝❤
❞✐✛❡♦♠♦r♣❤✐s♠s ❛r❡ ❝❛❧❧❡❞ ❛✣♥❡ ❞✐✛❡♦♠♦r♣❤✐s♠s✳

❚r❛❝❡ ✜❡❧❞ ❚❤❡ tr❛❝❡ ✜❡❧❞ ♦❢ ❛ ❣r♦✉♣ Γ ⊂ SL2(R) ✐s t❤❡ s✉❜✜❡❧❞ ♦❢ R ❣❡♥✲
❡r❛t❡❞ ♦✈❡r Q ❜② {tr(M),M ∈ Γ}✳ ❖♥❡ ❞❡✜♥❡s t❤❡ tr❛❝❡ ✜❡❧❞ ♦❢ ❛ tr❛♥s❧❛t✐♦♥
s✉r❢❛❝❡ t♦ ❜❡ t❤❡ tr❛❝❡ ✜❡❧❞ ♦❢ ✐ts ❱❡❡❝❤ ❣r♦✉♣✳

▲❡t X ❜❡ ❛ ❣❡♥✉s g tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠s ✿

❚❤❡♦r❡♠ ✷✳✷ ✭s❡❡ ❬❑❙✵✵❪✮✳ ❚❤❡ tr❛❝❡ ✜❡❧❞ ♦❢ X ❤❛s ❞❡❣r❡❡ ❛t ♠♦st g ♦✈❡r Q✳
❆ss✉♠❡ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ X ❝♦♥t❛✐♥s ❛ ❤②♣❡r❜♦❧✐❝ ❡❧❡♠❡♥t M ✳ ❚❤❡♥ t❤❡ tr❛❝❡
✜❡❧❞ ✐s ❡①❛❝t❧② Q[tr(M)]✳

■t ✐s ❛ ❝❧❛ss✐❝❛❧ r❡s✉❧t ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬❚❤✉✽✽❪✮ t❤❛t ❛❢t❡r ❛ ♥♦r♠❛❧✐③❛t✐♦♥✱
t❤❡r❡ ❡①✐sts ❛♥ ❛t❧❛s s✉❝❤ t❤❛t ❡✈❡r② ♣❛r❛❜♦❧✐❝ ❞✐r❡❝t✐♦♥ ❤❛s ✐ts s❧♦♣❡ ✐♥ t❤❡ tr❛❝❡
✜❡❧❞ ❛♥❞ ❡✈❡r② ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥t ❤❛s ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞✳ ❙♣❡❝✐✜❝❛❧❧② ✐♥
t❤❡ q✉❛❞r❛t✐❝ ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✿

✹



❚❤❡♦r❡♠ ✷✳✸ ✭❬▼❝▼✵✸❪✱ ❚❤❡♦r❡♠ ✺✳✶✱ s❡❡ ❛❧s♦ ❬❇♦s✽✽❪✮✳ ■❢ t❤❡ tr❛❝❡ ✜❡❧❞ ✐s
q✉❛❞r❛t✐❝ ♦✈❡r Q t❤❡♥ ❡✈❡r② ❞✐r❡❝t✐♦♥ ✇❤♦s❡ s❧♦♣❡ ❧✐❡s ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ ✐s ♣❛r❛❜♦❧✐❝✳

✸ ❍②♣❡r❜♦❧✐❝ ❞✐r❡❝t✐♦♥s ❢♦r t❤❡ ❞♦✉❜❧❡ (2n+1)✲❣♦♥✳

■✳ ❇♦✉✇ ❛♥❞ ▼✳ ▼ö❧❧❡r ✐♥ ❬❇▼✶✵❪ ❣❛✈❡ ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❱❡❡❝❤ s✉r❢❛❝❡s✳ ❲✳ P✳ ❍♦♦♣❡r
❣❛✈❡ ❛ ❣❡♦♠❡tr✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡s❡ s✉r❢❛❝❡s ✐♥ ❬❍♦♦✶✷❪ ❛♥❞ ♣r♦✈❡❞ ✐♥ ♣❛rt✐❝✲
✉❧❛r t❤❛t t❤❡ ❞♦✉❜❧❡ (2n + 1)✲❣♦♥ ✐s ❛✣♥❡❧② ❡q✉✐✈❛❧❡♥t t♦ ❛ st❛✐r❝❛s❡ ♣♦❧②❣♦♥❛❧
♠♦❞❡❧✳ ❙❡❡ ❛❧s♦ ❬❉❛✈✶✹❪✱ ❬❉P❯✶✾❪ ❛♥❞ ❬▼♦♥✵✺❪✳ ❙❡❡ ❋✐❣✉r❡ ✶ ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣✲
t❛❣♦♥✬s st❛✐r❝❛s❡ ♠♦❞❡❧✳ ❲❡ ✇✐❧❧ ✉s❡ t❤✐s ♠♦❞❡❧ t♦ ❝♦♥str✉❝t t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠
❛t t❤❡ ❤❡❛rt ♦❢ t❤✐s ♣❛♣❡r ✇❤✐❝❤ ✐s ❛ ❞✐r❡❝t ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❛t ❞❡s❝r✐❜❡❞ ✐♥
❬❉▲✶✾❪ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ t❤❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥✳ ❋♦r ♠♦r❡ r❡s✉❧ts ♦♥ t❤❡ ❞♦✉❜❧❡
♣❡♥t❛❣♦♥✱ s❡❡ ❛❧s♦ ❬❉❋❚✶✶❪✳

❋✐❣✉r❡ ✶ ✕ ❚❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ✭✐♥ r❡❞ ✇❡ s❤♦✇ ♦♥❡ ♦❢
t❤❡ t✇♦ ❤❡♣t❛❣♦♥s✮✳

❚❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s ✿ ▲❡t ❡❛❝❤ Ri, i = 1, ..., 2n−
1 ❜❡ t❤❡ r❡❝t❛♥❣❧❡ ♦❢ s✐❞❡ sin( iπ

2n+1
) ❛♥❞ sin( (i+1)π

2n+1
)✳ ●❧✉❡ Ri ❛♥❞ Ri+1 s✉❝❤ t❤❛t

❡❞❣❡s ♦❢ t❤❡ s❛♠❡ s✐③❡ ❛r❡ ❣❧✉❡❞ t♦❣❡t❤❡r✱ ❡❛❝❤ s✐❞❡ ❜❡✐♥❣ ❣❧✉❡❞ t♦ t❤❡ ♦♣♣♦s✐t❡
s✐❞❡ ♦❢ t❤❡ ♦t❤❡r r❡❝t❛♥❣❧❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳ P❛r❛❧❧❡❧ ❡❞❣❡s ♦❢ R1 ✭r❡s♣✳
R2n−1✮ t❤❛t ❛r❡ ♥♦t ❣❧✉❡❞ t♦ ❛♥ ❡❞❣❡ ♦❢ ❛♥♦t❤❡r r❡❝t❛♥❣❧❡ ❛r❡ ❣❧✉❡❞ t♦❣❡t❤❡r✳

■t ✐s t❤❡♥ ❛♥ ❡❛s② ❝❛❧❝✉❧❛t✐♦♥ t♦ ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❤✐❝❤ ✐♥ ❢❛❝t
✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ▲❡♠♠❛ ✻✳✻ ❢r♦♠ ❬❉❛✈✶✹❪ ✭s❡❡ ❛❧s♦ ❬❱❡❡✽✾❪✮✳

▲❡♠♠❛ ✸✳✶✳ ▲❡t n ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥ ✐♥ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❢♦r t❤❡
❞♦✉❜❧❡ (2n + 1)✲❣♦♥ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡✱ t❤❡r❡ ✐s ❛ ❤♦r✐③♦♥t❛❧ ✭r❡s♣✳ ✈❡rt✐❝❛❧✮
❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❝②❧✐♥❞❡rs s✉❝❤ t❤❛t ❛❧❧ ❝②❧✐♥❞❡rs ❤❛✈❡ ♠♦❞✉❧✉s ❡q✉❛❧ t♦ an =
2 cos( π

2n+1
)✳

■♥ ❢❛❝t✱ ❢♦r ❝♦♠♣✉t❛t✐♦♥♥❛❧ r❡❛s♦♥s ✐t ✇✐❧❧ ❜❡ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ r❡s❝❛❧❡ t❤❡
st❛✐r❝❛s❡ ❜② ❛ ❢❛❝t♦r 1

sin( nπ
2n+1

)
s♦ t❤❛t ❡❛❝❤ s✐❞❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞

❛♥❞ t❤❡ ❧♦♥❣❡r s✐❞❡ ❤❛s ❧❡♥❣❤ 1✳

✺



❋✐❣✉r❡ ✷ ✕ ❍♦✇ t♦ ❣❧✉❡ t❤❡ r❡❝t❛♥❣❧❡s Ri✳ ❊❛❝❤ ❡❞❣❡ ♦❢ Ri ✐s ❣❧✉❡❞ t♦ t❤❡ ♦♥❡
✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ✐♥ Ri−1 ♦r Ri+1✳

▲❡t ✉s ♥♦✇ ❧♦♦❦ ❛t t❤❡ s❤♦rt ❞✐❛❣♦♥❛❧s ♦❢ t❤❡ st❛✐r❝❛s❡✳ ❲❡ ❣❡t 2n− 1 s❤♦rt
❞✐❛❣♦♥❛❧ ✈❡❝t♦rs ❞❡♥♦t❡❞ ❜② Di, i ∈ J1, 2n − 1K✳ ❲❡ s❡t D0 t♦ ❜❡ t❤❡ s❤♦rt❡st
❤♦r✐③♦♥t❛❧ ✈❡❝t♦r ❛♥❞ D2n t❤❡ s❤♦rt❡st ✈❡rt✐❝❛❧ ✈❡❝t♦r✳ ❲❡ r❡s❝❛❧❡ s✉❝❤ t❤❛t D0

❛♥❞ D2n ❛r❡ ❧❡♥❣t❤ 1 ✈❡❝t♦rs✳ ❲❡ ❞r❡✇ t❤❡ ❞✐❛❣♦♥❛❧s ✐♥ ❛ ❣r❛♣❤ ❛s s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✸ ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ✭n = 3✮✳ ❆❧❧ t❤❡ Di✬s ❤❛✈❡ ❡✉❝❧✐❞❡❛♥ ♥♦r♠
❜✐❣❣❡r t❤❛♥ ✶ ✭❡①❝❡♣t D0 ❛♥❞ D2n ✇✐t❤ ♥♦r♠ ❡q✉❛❧ t♦ 1✮✳

❋✐❣✉r❡ ✸ ✕ ❚❤❡ ❞✐❛❣♦♥❛❧s ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ st❛✐r❝❛s❡ ❞✐✈✐❞❡s t❤❡ ♣♦s✐t✐✈❡
❝♦♥❡ ✐♥t♦ ✻ s✉❜❝♦♥❡s✳ ❚❤❡ ❞✐❛❣♦♥❛❧s ❛r❡ r❡s❝❛❧❡❞ s♦ t❤❛t D0 ❛♥❞ D2n ❛r❡ ❧❡♥❣t❤ 1
✈❡❝t♦rs✳ ❲❡ ❤❛✈❡D0 = (1, 0)✱ D1 = (a3, 1)✱ D2 = (a23−1, a3)✱ D3 = (a23−1, a23−1)✱
❛♥❞ t❤❡ ♦t❤❡r ❞✐❛❣♦♥❛❧s ❛r❡ s②♠❡tr✐❝❛❧ ❛❜♦✉t t❤❡ ✜rst ❜✐s❡❝t♦r✳

▲❡t Mi✱ i ∈ J0, 2n − 1K ❜❡ t❤❡ ♠❛tr✐① t❤❛t ♠❛♣s D0 = (1, 0) t♦ Di ❛♥❞
D2n = (0, 1) t♦ Di+1✳ ▲❡t Σ ❞❡♥♦t❡ t❤❡ ✜rst q✉❛❞r❛♥t✱ ❛♥❞ Σi ✐ts ✐♠❛❣❡ ✉♥❞❡r
Mi ✭✇❡ ✐♥❝❧✉❞❡ Di ✐♥ Mi✮✳ ❚❤❡ ♠❛tr✐① Mi ✐s ✐♥ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ t❤❡ st❛✐r✲
❝❛s❡ ❛♥❞ ✐s ❛ss♦❝✐❛t❡❞ t♦ ❛♥ ❛✣♥❡ ❤♦♠❡♦♠♦r♣❤✐s♠ ♦❢ t❤❡ st❛✐r❝❛s❡ s✉r❢❛❝❡ ✇❤✐❝❤
✇❡ st✐❧❧ ❞❡♥♦t❡ ❜② Mi✳ ❚❤✐s ❤♦♠❡♦♠♦r♣❤✐s♠ s❡♥❞s ♣❛r❛❜♦❧✐❝ ✭r❡s♣✳ ❤②♣❡r❜♦❧✐❝✮
❞✐r❡❝t✐♦♥s ✷ t♦ ♣❛r❛❜♦❧✐❝ ✭r❡s♣✳ ❤②♣❡r❜♦❧✐❝✮ ❞✐r❡❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ✐♥ t❤❡ ith ❝♦♥❡✳
■t❡r❛t✐♥❣ t❤✐s ♣r♦❝❡ss✱ ✇❡ ♦❜t❛✐♥ ❛ ✇❛② t♦ ❝♦♥str✉❝t ♥❡✇ ♣❛r❛❜♦❧✐❝ ✭r❡s♣✳ ❤②♣❡r✲
❜♦❧✐❝✮ ❞✐r❡❝t✐♦♥s ♦♥❝❡ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ♦♥❡✳ ❈♦♥✈❡rs❡❧②✱ ✇❡ ❤❛✈❡ ❛ ❣❝❞ ❛❧❣♦r✐t❤♠
❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

✷✳ ❍❡r❡ ❛♥❞ t❤♦✉❣❤♦✉t✱ ✇❡ ♠❡❛♥ ❜② ❞✐r❡❝t✐♦♥ ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ♣r♦❥❡❝t✐✈❡ ❧✐♥❡ P(R2)✳

✻



❉❡✜♥✐t✐♦♥ ✸✳✷ ✭❣❝❞ ❛❧❣♦r✐t❤♠ ✸ ❢♦r t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧✮✳ ●✐✈❡♥ ❛ ❞✐r❡❝t✐♦♥ ✐♥
t❤❡ ✜rst q✉❛❞r❛♥t ❛s ❡♥tr②✱ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❝❡❞✉r❡ ✿
✶✮ ■❢ t❤❡ ❞✐r❡❝t✐♦♥ ❧✐❡s ✐♥ t❤❡ ith ❝♦♥❡✱ ❛♣♣❧② M−1

i ✳
✷✮ ■❢ t❤❡ ❞✐r❡❝t✐♦♥ ✐s ♥❡✐t❤❡r ❤♦r✐③♦♥t❛❧ ♥♦r ✈❡rt✐❝❛❧✱ ❣♦ ❜❛❝❦ t♦ st❡♣ ✶✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s ❞✉❡ t♦ ❉✳❉❛✈✐s ❛♥❞ ❙✳▲❡❧✐è✈r❡✳ ■t ✐s st❛t❡❞ ✐♥ ❬❉▲✶✾❪
✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞♦✉❜❧❡ ♣❡♥t❛❣♦♥ ❜✉t t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❡①✲
t❡♥❞❡❞ t♦ t❤❡ ❞♦✉❜❧❡ (2n+ 1)✲❣♦♥✳

❚❤❡♦r❡♠ ✸✳✸ ✭❬❉▲✶✾❪✮✳ ❆ ❞✐r❡❝t✐♦♥ ♦♥ t❤❡ ❞♦✉❜❧❡ (2n + 1)−❣♦♥ ✐s ♣❛r❛❜♦❧✐❝ ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ❛t t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥✳

❚❤✐s t❤❡♦r❡♠ ❣✐✈❡s t❤❡ ✜rst ♣♦ss✐❜✐❧✐t② ❢♦r t❤✐s ❛❧❣♦r✐t❤♠ t♦ ❡♥❞✳ ❚❤❡ ♦t❤❡r
♣♦ss✐❜✐❧✐t② ✇♦✉❧❞ ❜❡ ❛♥ ❡✈❡♥t✉❛❧❧② ♣❡r✐♦❞✐❝ ❡♥❞✐♥❣✱ ✐✳❡ ✐❢ ✇❡ ❛♣♣❧② t❤❡ ❛❧❣♦r✐t❤♠
❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ t✐♠❡s t❤❡ ❞✐r❡❝t✐♦♥ ✇❡ ❣❡t ✐s ❛ ❞✐r❡❝t✐♦♥ ✇❡ ❛❧r❡❛❞② ❣♦t ✐♥
❛ ♣r❡✈✐♦✉s st❡♣✳ ❍❡r❡ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡s❡ ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ ❛♥❞ ✇❡
♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳✶✱ ✇❤✐❝❤ ❝❛♥ ❜❡ st❛t❡❞ ♠♦r❡ ❢♦r♠❛❧❧② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ✿

❚❤❡♦r❡♠ ✸✳✹✳ ❚❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠ ✐s ❡✈❡♥t✉❛❧❧② ♣❡r✐♦❞✐❝ ❢♦r ❛ ❞✐r❡❝t✐♦♥ θ ✭✇❤✐❝❤
✐s ♥❡✐t❤❡r ❤♦r✐③♦♥t❛❧ ♥♦r ✈❡rt✐❝❛❧✮ ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ θ ✐s t❤❡ ✐♠❛❣❡
❜② ❛ ♠❛tr✐① Mik ...Mi1 ♦❢ ❛♥ ❡✐❣❡♥❞✐r❡❝t✐♦♥ ❢♦r ❛ ❤②♣❡r❜♦❧✐❝ ♠❛tr✐① ♦❢ t❤❡ ❢♦r♠
Mj1 ...Mjl✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡✈❡r② ❡✈❡♥t✉❛❧❧② ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠
✐s ❛♥ ❡✐❣❡♥❞✐r❡❝t✐♦♥ ❢♦r ❛ ❤②♣❡r❜♦❧✐❝ ♠❛tr✐① ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✳

Pr♦♦❢✳ ■❢ θ ✐s ❡✈❡♥t✉❛❧❧② ♣❡r✐♦❞✐❝ ❢♦r t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠✱ ❧❡t k ❞❡♥♦t❡ t❤❡ ❧❡♥❣t❤
♦❢ t❤❡ ♣r❡♣❡r✐♦❞ ♦❢ θ✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ♠❛tr✐❝❡s Mi1 , ...,Mik s✉❝❤ t❤❛t θ′ =
(Mik ...Mi1)

−1(θ) ✐s ♣❡r✐♦❞✐❝ ❢♦r t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❛t ✐s✱ t❤❡r❡ ❡①✐st Mj1 , ...,Mjl

s✉❝❤ t❤❛t Mj1 ...Mjl(θ
′) = θ′✳ ❚❤❡♥ M = Mj1 ...Mjl ✐s ✐♥❞❡❡❞ ❛ ❤②♣❡r❜♦❧✐❝ ♠❛tr✐①

s✐♥❝❡ ❛❧❧ Mjs ❞✐❧❛t❡s ❧❡♥❣t❤s ✐♥ t❤❡ ✜rst q✉❛❞r❛♥t✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❡✐❣❡♥✲
✈❛❧✉❡ ♦❢ Mj1 ...Mjl ❢♦r t❤❡ ❞✐r❡❝t✐♦♥ θ′ ❤❛s t♦ ❜❡ str✐❝t❧② ❜✐❣❣❡r t❤❛♥ 1✳ ▼♦r❡♦✈❡r✱
M ❜❡❧♦♥❣s t♦ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✱ ❜❡✐♥❣ ❛ ♣r♦❞✉❝t ♦❢ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✳

❈♦♥✈❡rs❡❧②✱ ❧❡t ✉s s✉♣♣♦s❡ t❤❡r❡ ✐s i1, ..., ik, j1, ..., jl s✉❝❤ t❤❛t Mj1 ...Mjl(θ
′) =

θ′✱ ✇❤❡r❡ M = Mj1 ...Mjl ✐s ❤②♣❡r❜♦❧✐❝ ❛♥❞ θ = Mik ...Mi1(θ
′)✳ ❋✐rst✱ ✐t ✐s ❝❧❡❛r

t❤❛t θ′ ❜❡❧♦♥❣s t♦ t❤❡ ✜rst q✉❛❞r❛♥t ❜② t❤❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s t❤❡♦r❡♠ s✐♥❝❡ ❛❧❧
t❤❡ ♠❛tr✐❝❡s Mi ❤❛✈❡ ♣♦s✐t✐✈❡ ❡♥tr✐❡s✱ ❛♥❞ t❤❛t t❤❡ ♦♥❧② s❡q✉❡♥❝❡s j1, ...jl s✉❝❤
t❤❛t M = Mj1 ...Mjl ❤❛✈❡ ♣♦ss✐❜❧❡ ③❡r♦ ❡♥tr✐❡s ❛r❡ ✐❢ j1 = ... = jl = 0 ♦r j1 =
... = jl = 2n✱ ✇❤✐❝❤ ❣✐✈❡s ❛ ♠❛tr✐① M t❤❛t ✐s ♣❛r❛❜♦❧✐❝ ❛♥❞ ♥♦t ❤②♣❡r❜♦❧✐❝✳
❚❤✉s✱ θ ❜❡❧♦♥❣s t♦ t❤❡ ✜rst q✉❛❞r❛♥t ❛s ✇❡❧❧ ❜❡❝❛✉s❡ t❤❡ Mi✬s ❛r❡ ❝♦♥tr❛❝t✐♦♥s
♦❢ t❤❡ ✜rst q✉❛❞r❛♥t✳ ▼♦r❡♦✈❡r✱ ❛t ❡✈❡r② st❡♣ q✱ Miq ...Mi1(θ

′) ❜❡❧♦♥❣s t♦ t❤❡ ✜rst
q✉❛❞r❛♥t✳ ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛♣♣❧②✐♥❣ t❤❡ ❣❝❞
❛❧❣♦r✐t❤♠ t♦ t❤❡ ❞✐r❡❝t✐♦♥ θ ❧❡❛❞s t♦ θ′ ❛❢t❡r k st❡♣s✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t✱
s✐♥❝❡ Mj1 ...Mjl(θ

′) = θ′ ❛♥❞ θ′ ❜❡❧♦♥❣s t♦ t❤❡ ✜rst q✉❛❞r❛♥t✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
t❤❡ s❡q✉❡♥❝❡ jl, ..., j1 ✐s ❡①❛❝t❧② t❤❡ s❡q✉❡♥❝❡s ♦❢ ✐♥❞✐❝❡s ✇❡ ✇♦✉❧❞ ❤❛✈❡ ❣♦t ✐❢

✸✳ ❚❤❡ ♥❛♠❡ ❝♦♠❡s ❢r♦♠ t❤❡ ❣❡♦♠❡tr✐❝ ✈❡rs✐♦♥ ♦❢ ❊✉❝❧✐❞❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ t♦r✉s✳

✼



✇❡ ✇♦✉❧❞ ❤❛✈❡ ❛♣♣❧✐❡❞ t❤❡ ❛❧❣♦r✐t❤♠ t♦ θ′✱ ❛♥❞ t❤❛t θ′ ✐s ❛ ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥
❢♦r t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠✳ ❍❡♥❝❡✱ θ ✐s ❛♥ ❡✈❡♥t✉❛❧❧② ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ❣❝❞
❛❧❣♦r✐t❤♠✳

❘❡♠❛r❦ ✸✳✺✳ ❆ ♣♦✐♥t ✇♦rt❤ ♥♦t✐♥❣ ✐s t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ s❡❝t♦rs ❛❧♦♥❣ t❤❡ ❛❧❣♦✲
r✐t❤♠ ❛❧❧♦✇s ✉s t♦ ❝♦♥str✉❝t t❤❡ ♠❛tr✐① M ✇❤✐❝❤ st❛❜✐❧✐③❡s t❤❡ ♦r✐❣✐♥❛❧ ❞✐r❡❝t✐♦♥✳
❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s✱ ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥✱ t♦ ✜♥❞ ❛ s❡♣❛r❛tr✐① ✇❤♦s❡ ❞✐r❡❝t✐♦♥
✐s ❡✈❡♥t✉❛❧❧② ♣❡r✐♦❞✐❝ ❢♦r t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠ ❛♥❞ ❤❡♥❝❡ ✐s ♥♦t ♣❛r❛❜♦❧✐❝✱ ✇❤✐❝❤
♠❡❛♥s t❤❛t t❤❡ s❡♣❛r❛tr✐① ❞♦❡s ♥♦t ❡①t❡♥❞ t♦ ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥✳

❘❡♠❛r❦ ✸✳✻✳ ❚❤✐s t❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t ❡✈❡♥t✉❛❧❧② ♣❡r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s ❢♦r t❤❡
❣❝❞ ❛❧❣♦r✐t❤♠ ❛r❡ ❤②♣❡r❜♦❧✐❝ ❞✐r❡❝t✐♦♥s✱ ❜✉t t❤❡ ❝♦♥✈❡rs❡ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② tr✉❡✳
❍♦✇❡✈❡r✱ ✇❡ ❣✉❡ss t❤❛t ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ s✉r❢❛❝❡ t❤✐s ❣✐✈❡s ❛❧❧ ❤②♣❡r❜♦❧✐❝
❞✐r❡❝t✐♦♥s ❛♥❞✱ ♠♦r❡♦✈❡r✱ ❛❧❧ ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ ❛r❡ ❡✐t❤❡r ❤②♣❡r❜♦❧✐❝ ♦r
♣❛r❛❜♦❧✐❝✳

❊①❡♠♣❧❡ ✸✳✼✳ ❋♦r t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ✿
✲ ❚❤❡ ❞✐r❡❝t✐♦♥ ♦❢ s❧♦♣❡ a23 + 1 ✐s 2✲♣❡r✐♦❞✐❝ ❛♥❞ ✜①❡❞ ❜② t❤❡ ❤②♣❡r❜♦❧✐❝ ♠❛tr✐①
M5M0✳
✲ ❚❤❡ ❞✐r❡❝t✐♦♥ ♦❢ s❧♦♣❡ −33

29
a23 +

3
29
a3 +

103
29

✐s 28✲♣❡r✐♦❞✐❝ ❛♥❞ ✜①❡❞ ❜② t❤❡ ❤②♣❡r✲
❜♦❧✐❝ ♠❛tr✐① M12

5 M2
4M

12
0 M2M0✳

✹ ❈♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜♥❛❧❧② s❤♦✇ t❤❛t ❝❡♥tr❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ❛r❡
♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳ ❲❡ ✜rst ❣✐✈❡ s♦♠❡ ♠♦t✐✈❛t✐♦♥ t♦ t❤❡✐r st✉❞②✳

❈♦♥♥❡❝t✐♦♥ ♣♦✐♥ts ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬❍❙✵✹❪ ❜② P✳ ❍✉❜❡rt ❛♥❞ ❚✳ ❙❝❤♠✐❞t
✇❤♦ ❣❛✈❡ ❛ ❝♦♥str✉❝t✐♦♥ ♦❢ tr❛♥s❧❛t✐♦♥ s✉r❢❛❝❡s ✇✐t❤ ✐♥✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❱❡❡❝❤
❣r♦✉♣s ❛s ❜r❛♥❝❤❡❞ ❝♦✈❡rs ♦✈❡r ♥♦♥✲♣❡r✐♦❞✐❝ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳ ❈✳ ▼❝▼✉❧❧❡♥
♣r♦✈❡❞ ✐♥ ❬▼❝▼✵✻❪ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡s❡ ♣♦✐♥ts ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ q✉❛❞r❛t✐❝ tr❛❝❡
✜❡❧❞✱ ❛♥❞ ✐♠♣❧✐❝✐t❡❧② s❤♦✇❡❞ t❤❛t t❤❡ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts ❛r❡ ❡①❛❝t❧② t❤❡ ♣♦✐♥ts
✇✐t❤ ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞✳ ❇✉t ✐♥ ❤✐❣❤❡r ❞❡❣r❡❡ t❤❡r❡ ✐s ♥♦ s✉❝❤ r❡✲
s✉❧t✱ ♥❡✐t❤❡r ❝♦♥❝❡r♥✐♥❣ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts ♥♦r ❛❜♦✉t ✐♥✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❱❡❡❝❤
❣r♦✉♣s✳ ❖♥❡ ♦❢ t❤❡ ❡❛s✐❡st ♥♦♥✲q✉❛❞r❛t✐❝ s✉r❢❛❝❡s ✐s t❤❡ ❞♦✉❜❧❡✲❤❡♣t❛❣♦♥ ✇❤♦s❡
tr❛❝❡ ✜❡❧❞ ✐s ♦❢ ❞❡❣r❡❡ ✸ ♦✈❡r Q✳ P✳❆r♥♦✉① ❛♥❞ ❚✳❙❝❤♠✐❞t ✐♠♣❧✐❝✐t❡❧② s❤♦✇❡❞ ✭s❡❡
❬❆❙✵✾❪✮ t❤❛t ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ s✉r❢❛❝❡ t❤❡r❡ ❛r❡ ♣♦✐♥ts ✇✐t❤ ❝♦♦r❞✐♥❛t❡s
✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ t❤❛t ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳ ❙t✐❧❧✱ ✐t ✇❛s ♥♦t ❦♥♦✇♥ ✇❤❡t❤❡r
♦r ♥♦t ❝❡♥tr❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ✇❡r❡ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳ ❲❡ ♣r♦✈✐❞❡
❤❡r❡ ❛ ♥❡❣❛t✐✈❡ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥✳

❇② ❞❡✜♥✐t✐♦♥✱ ❢♦r ♣r♦✈✐♥❣ t❤❛t ❛ ♣♦✐♥t ✐s ♥♦t ❛ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥t✱ ✐t s✉✣❝❡s
t♦ ✜♥❞ ❛ s❡♣❛r❛tr✐① ♣❛ss✐♥❣ t❤r♦✉❣❤t ✐t ✇❤✐❝❤ ❝❛♥♥♦t ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ s❛❞❞❧❡

✽



❝♦♥♥❡❝t✐♦♥✱ ❢♦r ✐♥st❛♥❝❡ ❜❡❝❛✉s❡ t❤❡ s❡♣❛r❛tr✐① ❧✐❡s ✐♥ ❛ ❤②♣❡r❜♦❧✐❝ ❞✐r❡❝t✐♦♥✳ ❲❡
♠❛♥❛❣❡❞ t♦ ✜♥❞ s✉❝❤ ❛ s❡♣❛r❛tr✐① ❢♦r ❛ ❝❡♥tr❛❧ ♣♦✐♥t✱ ✇❤✐❝❤ ✐s ❞r❛✇♥ ✐♥ ❋✐❣✉r❡
✹✳ ❖❢ ❝♦✉rs❡✱ ❜♦t❤ ❝❡♥tr❛❧ ♣♦✐♥ts ♣❧❛②s ❛ s②♠❡tr✐❝ r♦❧❡✱ s♦ ✐t s✉✣❝❡s t♦ ❝♦♥s✐❞❡r
❡✐t❤❡r ♦♥❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ♣♦✐♥ts✳

❋✐❣✉r❡ ✹ ✕ ❚❤❡ ❣r❡❡♥ s❡♣❛r❛tr✐①✱ ♣❛ss✐♥❣ t❤r♦✉❣❤ ♦♥❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ♣♦✐♥ts ✇✐t❤
s❧♦♣❡ sin(π

7
)(−8

3
cos(π

7
)2 + 4 cos(π

7
)− 4

3
)✱ ❞♦❡s ♥♦t ❡①t❡♥❞ t♦ ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥✳

❲❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❚❤❡ ❣r❡❡♥ s❡♣❛r❛tr✐① ✐♥ ❋✐❣✉r❡ ✹ ❤❛s ❛ ❤②♣❡r❜♦❧✐❝ ❞✐r❡❝t✐♦♥✳

Pr♦♦❢✳ ▲❡t ✉s ✇♦r❦ ✇✐t❤ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧✳ ❘❡❝❛❧❧ t❤❛t ✐t ✐s ❛✣♥❡❧② ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ♠♦❞❡❧✳ ❚❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐① ✐s ❣✐✈❡♥ ❜②

T =

(
cos(π

7
) + 1 cos(π

7
) + 1

− sin(π
7
) sin(π

7
)

)
.

■♥ t❤✐s s❡tt✐♥❣✱ ✇❡ ❣❡t ❋✐❣✉r❡ ✺ ❛♥❞ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ♥❡✇ ❣r❡❡♥ ❞✐r❡❝t✐♦♥ ✐s
3
13
a2 + 6

13
a− 1

13
✱ ✇❤❡r❡ a = a3 = 2cos(π

7
)✳

❋✐❣✉r❡ ✺ ✕ ❚❤❡ s❛♠❡ ❣r❡❡♥ s❡♣❛r❛tr✐① ✐♥ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❞♦❡s ♥♦t ❡①t❡♥❞ t♦
❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥✳

❲❡ ❛♣♣❧② t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠ t♦ t❤❡ ❣r❡❡♥ ❞✐r❡❝t✐♦♥ ❛♥❞ ♥♦t✐❝❡ t❤❛t ✐t ❡♥❞s ✐♥
❛ ♣❡r✐♦❞✐❝ s❡q✉❡♥❝❡ ♦❢ ❞✐r❡❝t✐♦♥s✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡ ❣r❡❡♥ ❞✐r❡❝t✐♦♥ ✐s ✜①❡❞ ❜② ❛

✾



❤②♣❡r❜♦❧✐❝ ♠❛tr✐① ♦❢ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ✱ ♥❛♠❡❧②

M = M2
4M5M1(M

−1
4 )2 =

(
−34a2 − 26a+ 19 22a2 + 21a− 14
−50a2 − 41a+ 28 35a2 + 26a− 17

)
.

■t ❢♦❧❧♦✇s t❤❛t M ✐s ❤②♣❡r❜♦❧✐❝ ✭♦❢ tr❛❝❡ 2 + a2✮ ❛♥❞ ❜❡❧♦♥❣s t♦ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✳
❊①♣❧✐❝✐t❡❧②✱

M =

(
a 1

a2 − 1 a

)(
a 1

a2 − 1 a

)(
1 0
a 1

)(
1 a
0 1

)(
a −1

−a2 + 1 a

)(
a −1

−a2 + 1 a

)
.

❋✐♥❛❧❧②✱ ❣♦✐♥❣ ❜❛❝❦ t♦ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ♠♦❞❡❧✱ ✇❡ ❣❡t
t❤❛t TMT−1 ✜①❡s t❤❡ ❣r❡❡♥ ❞✐r❡❝t✐♦♥ ♦❢ ❋✐❣✉r❡ ✹✱ ✇❤✐❝❤ ✐s t❤❡♥ ❛ ❤②♣❡r❜♦❧✐❝
❞✐r❡❝t✐♦♥✳

■t ❢♦❧❧♦✇s ❢r♦♠ t❤✐s ♣r♦♦❢ t❤❛t t❤❡ ❝❡♥tr❛❧ ♣♦✐♥ts ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✱
s✐♥❝❡ t❤❡ ❣r❡❡♥ s❡♣❛r❛tr✐① ♦❢ ❋✐❣✉r❡ ✹✱ ❤❛✈✐♥❣ ❛ ❤②♣❡r❜♦❧✐❝ ❞✐r❡❝t✐♦♥✱ ❝❛♥♥♦t ❜❡
❡①t❡♥❞❡❞ t♦ ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥✳ ❚❤✐s ♣r♦✈❡s ❚❤❡♦r❡♠ ✶✳✸✳

❘❡♠❛r❦ ✹✳✷✳ ❚❤❡ ❣r❡❡♥ s❡♣❛r❛tr✐① ✉s❡❞ ❢♦r t❤❡ ♣r♦♦❢ ✐s ♥♦t t❤❡ ♦♥❧② s❡♣❛r❛tr✐①
♣❛ss✐♥❣ t❤r♦✉❣❤ ♦♥❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ♣♦✐♥ts ✇❤♦s❡ ❞✐r❡❝t✐♦♥ ✐s ❤②♣❡r❜♦❧✐❝✳ ❋♦r
❡①❛♠♣❧❡✱ ♦♥❡ ❝♦✉❧❞ ❤❛✈❡ t❛❦❡♥ t❤❡ s❡♣❛r❛tr✐① ♦❢ ❋✐❣✉r❡ ✻ ✇❤✐❝❤ ✐s ❤②♣❡r❜♦❧✐❝ ❛♥❞
✜①❡❞ ✭✐♥ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧✮ ❜② t❤❡ ♠❛tr✐① SM3

5M0M
−2
5 S−1✳ ❍❡r❡ S ✐s t❤❡ ❤❛❧❢

t✉r♥

(
0 −1
1 0

)
✐♥ t❤❡ ❱❡❡❝❤ ❣r♦✉♣✳

❋✐❣✉r❡ ✻ ✕ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ ❛ s❡♣❛r❛tr✐① ✇❤♦s❡ ❞✐r❡❝t✐♦♥ ✐s ❤②♣❡r❜♦❧✐❝ ❛♥❞ ✐♥
t❤❡ tr❛❝❡ ✜❡❧❞✳

✺ ❋✉rt❤❡r ❞✐r❡❝t✐♦♥s✳

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✇❡ ❧♦♦❦❡❞ ❛t ❛♥ ❛❧❣♦r✐t❤♠ ❞❡✜♥❡❞ ❢♦r ❛❧❧ (2n + 1)✲
❣♦♥s ❛♥❞ ✉s❡❞ ✐t ❢♦r t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ t♦ s❤♦✇ t❤❛t t❤❡ ❝❡♥tr❛❧
♣♦✐♥ts ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳ ❖♥❡ ❝❛♥ ❛s❦ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ❧♦♦❦ ❛t ❞♦✉❜❧❡
(2n + 1)✲❣♦♥s ✇✐t❤ ♠♦r❡ s✐❞❡s✳ ■t ❛♣♣❡❛rs t❤❛t t❤❡ s❛♠❡ r❡s✉❧t ❤♦❧❞s ❢♦r t❤❡
❞♦✉❜❧❡ ♥♦♥❛❣♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✿

✶✵



Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❚❤❡ ❣r❡❡♥ ❞✐r❡❝t✐♦♥ ♦❢ ❋✐❣✉r❡ ✼ ✐s ❤②♣❡r❜♦❧✐❝✳ ❍❡♥❝❡ t❤❡ ❝❡♥tr❛❧
♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡ ♥♦♥❛❣♦♥ ❛r❡ ♥♦t ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥✳ ❲❡ ✇♦r❦ ✇✐t❤ t❤❡
st❛✐r❝❛s❡ ♠♦❞❡❧ ❛♥❞ ✉s❡ t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠ t♦ ✜♥❞ ❛ s❡♣❛r❛tr✐① ♣❛ss✐♥❣ t❤r♦✉❣❤
♦♥❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ♣♦✐♥ts ✇❤♦s❡ ❞✐r❡❝t✐♦♥ ✐s ❤②♣❡r❜♦❧✐❝✳ ■t ❛♣♣❡❛rs t❤❛t t❤❡ ❣r❡❡♥
❞✐r❡❝t✐♦♥ ♦❢ ❋✐❣✉r❡ ✼✱ st❛rt✐♥❣ ❛t ❛ s✐♥❣✉❧❛r✐t② ✇✐t❤ s❧♦♣❡ a24+2a4+1 ❛♥❞ r❡❛❝❤✐♥❣
♦♥❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ♣♦✐♥t ✐s ❤②♣❡r❜♦❧✐❝ ❛♥❞ ✜①❡❞ ❜② t❤❡ ♠❛tr✐① ✿

M = M4
0M5M

2
7 =

(
23a24 + 12a4 − 1 9a4 + 4

5a4 + 3 a24 − 1

)

❲❤❡r❡ a4 = 2 cos(π
9
) ❛♥❞ t❤❡ Mi✬s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠❛tr✐① ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r

t❤❡ ❞♦✉❜❧❡ ♥♦♥❛❣♦♥ st❛✐r❝❛s❡✳ ◆❛♠❡❧② ✿

M0 =

(
1 a4
0 1

)
✱ M5 =

(
a24 − 1 a4
a4 + 1 a24 − 1

)
✱ M7 =

(
1 0
a4 1

)

❋✐❣✉r❡ ✼ ✕ ❚❤❡ ❣r❡❡♥ s❡♣❛r❛tr✐① ✐♥ t❤❡ st❛✐r❝❛s❡ ♠♦❞❡❧ ❢♦r t❤❡ ❞♦✉❜❧❡ ♥♦♥❛❣♦♥
❞♦❡s ♥♦t ❡①t❡♥❞ t♦ ❛ s❛❞❞❧❡ ❝♦♥♥❡❝t✐♦♥✳

❈♦♥✈❡rs❡❧②✱ ✇❡ ❝♦♥❞✉❝t❡❞ t❡sts ❢♦r t❤❡ ❞♦✉❜❧❡ ❤❡♥❞❡❝❛❣♦♥ ❜✉t ❢♦✉♥❞ ♥♦ ❞✐✲
r❡❝t✐♦♥s ✇✐t❤ ♣❡r✐♦❞✐❝ ❡♥❞✐♥❣✳ ❚❤✐s ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❘❡♠❛r❦ ✾ ♦❢ ❬❍▼❚❨✵✽❪
♠❛❞❡ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ λ✲❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s ❢♦r ❍❡❝❦❡ ❣r♦✉♣s✱ s❛②✐♥❣ t❤❡ ❛✉t❤♦rs
❞✐❞♥✬t ✜♥❞ ❛♥② ❤②♣❡r❜♦❧✐❝ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ ❢♦r 11 ≤ 2n + 1 ≤ 29✳
❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ ♦✉r s❡tt✐♥❣ r❡❧✐❡s ♦♥ ❱❡❡❝❤ ❤❛✈✐♥❣ s❤♦✇♥ ✐♥ ❬❱❡❡✽✾❪ t❤❛t
t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ t❤❡ ❞♦✉❜❧❡ (2n + 1)✲❣♦♥ ✐s ❝♦♥❥✉❣❛t❡❞ t♦ t❤❡ ❍❡❝❦❡ ❣r♦✉♣
H2n+1

✹ ✺✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤❡t❤❡r ❝❡♥tr❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❞♦✉❜❧❡

✹✳ ❢♦r k ≥ 3✱ Hk =<

(
0 −1
1 0

)
;

(
1 λk

0 1

)
>✱ ✇❤❡r❡ λk = 2 cos(π

k
)

✺✳ ❲❤✐❧❡ t❤❡ ❱❡❡❝❤ ❣r♦✉♣ ♦❢ t❤❡ 2n✲❣♦♥ ✐s ❝♦♥❥✉❣❛t❡❞ t♦ ❛ s✉❜❣r♦✉♣ ♦❢ ♦r❞❡r 2 ♦❢ t❤❡ ❍❡❝❦❡
❣r♦✉♣ H2n✳

✶✶



❤❡♥❞❡❝❛❣♦♥ ❛r❡ ❝♦♥♥❡❝t✐♦♥ ♣♦✐♥ts ♦r ♥♦t✳ ❙❡❡ ❛❧s♦ ❬❆❙✵✾❪ ❛♥❞ ❬❈❙✶✸❪ ❢♦r r❡❧❛t❡❞
r❡s✉❧ts✳

▼♦r❡♦✈❡r✱ t❤❡ st✉❞② ♦❢ ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ❛♥❞ t❤❡ ❞♦✉❜❧❡
♥♦♥❛❣♦♥ ❤❛❞ s❤♦✇♥ t❤❛t t❤❡r❡ ❛r❡ ❡✐t❤❡r ♣❛r❛❜♦❧✐❝ ♦r ❤②♣❡r❜♦❧✐❝ ❞✐r❡❝t✐♦♥s ✐♥
t❤❡ tr❛❝❡ ✜❡❧❞✳ ❇✉t ❝♦✉❧❞ t❤❡r❡ ❜❡ s♦♠❡t❤✐♥❣ ❡❧s❡ ❄ ■t ✐s ❛ ♣r✐♦r✐ ♣♦ss✐❜❧❡ t❤❛t
t❤❡ ❛❧❣♦r✐t❤♠ ❞♦❡s♥✬t t❡r♠✐♥❛t❡ ❢♦r ❛ ❣✐✈❡♥ ❞✐r❡❝t✐♦♥✳ ■♥ ❢❛❝t✱ ♦✉r t❡sts s✉❣❣❡sts
t❤✐s ❞♦❡s♥✬t ❤❛♣♣❡♥ ✐♥ t❤♦s❡ ❝❛s❡s✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ♣r❡❝✐s❡❞ ✈❡rs✐♦♥ ♦❢ ❝♦♥❥❡❝t✉r❡
✶✳✺ ✿

❈♦♥❥❡❝t✉r❡ ✺✳✷✳ ❋♦r t❤❡ ❞♦✉❜❧❡ ❤❡♣t❛❣♦♥ ❛♥❞ t❤❡ ❞♦✉❜❧❡ ♥♦♥❛❣♦♥✱ ❡✈❡r② ❞✐✲
r❡❝t✐♦♥ ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ t❡r♠✐♥❛t❡s ❢♦r t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡✈❡r②
❞✐r❡❝t✐♦♥ ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ ✇♦✉❧❞ ❜❡ ❡✐t❤❡r ♣❛r❛❜♦❧✐❝ ♦r ❤②♣❡r❜♦❧✐❝✳

■♥ ❢❛❝t✱ t❤✐s ❝♦♥❥❡❝t✉r❡ ✐s ❛❧s♦ r❡❧❛t❡❞ t♦ ❛ ❝♦♥❥❡❝t✉r❡ ✐♥ ❬❍▼❚❨✵✽❪ ❛❜♦✉t t❤❡

♣♦ss✐❜❧❡ ♦r❜✐ts ♦♥ Q̂(cos( π
2n+1

)) ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐✈❡ ❛❝t✐♦♥ ♦❢ t❤❡ ❍❡❝❦❡ tr✐❛♥❣❧❡
❣r♦✉♣ H2n+1✳ ❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ❜❡❤❛✈✐♦✉r ❛♣♣❡❛rs t♦ ❜❡ ✈❡r② ❞✐✛❡r❡♥t ❢♦r t❤❡
❞♦✉❜❧❡ ❤❡♥❞❡❝❛❣♦♥ ✿ t❤❡r❡ s❡❡♠s t♦ ❜❡ ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞ ✇❤✐❝❤ ♥❡✈❡r
t❡r♠✐♥❛t❡s ❢♦r t❤❡ ❣❝❞ ❛❧❣♦r✐t❤♠✳

❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❝♦r♦❧❧❛r② ♦❢ t❤✐s r❡s✉❧t ✐s r❡❧❛t❡❞ t♦ ❜✐❧❧✐❛r❞s tr❛❥❡❝t♦r✐❡s
❛♥❞ ❤❛s ❜❡❡♥ s✉❣❣❡st❡❞ t♦ t❤❡ ❛✉t❤♦r ❜② ❈✳ ▼❝▼✉❧❧❡♥✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❞♦✉❜❧❡
❤❡♣t❛❣♦♥ s✉r❢❛❝❡ ❛r✐s❡s ❢r♦♠ t❤❡ ✉♥❢♦❧❞✐♥❣ ♦❢ t❤❡ tr✐❛♥❣✉❧❛r ❜✐❧❧✐❛r❞ ✇✐t❤ ❛♥❣❧❡s
(π
2
, π
7
, 5π
14
)✳ ❚❤❡ ❣r❡❡♥ s❡♣❛r❛tr✐① ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶ ✐s t❤❡ ❧✐❢t ♦❢ ❛

✈❡rt❡①✲t♦✲✈❡rt❡① tr❛❥❡❝t♦r②✱ ❞r❛✇♥ ✐♥ ❋✐❣✉r❡ ✽✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ❡①✐sts ✈❡rt❡①✲
t♦✲✈❡rt❡① tr❛❥❡❝t♦r✐❡s ✇❤♦s❡ ❞✐r❡❝t✐♦♥ ❛r❡ ♥♦t ♣❛r❛❜♦❧✐❝ ✭✇❤✐❝❤ ♠❡❛♥s t❤❡r❡ ❛❧s♦
❡①✐sts ❛ ❜✐❧❧✐❛r❞ tr❛❥❡❝t♦r② ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✇❤✐❝❤ ❡q✉✐❞✐str✐❜✉t❡s✮✳

❋✐❣✉r❡ ✽ ✕ ❚❤❡ ❣r❡❡♥ ✈❡rt❡①✲t♦✲✈❡rt❡① tr❛❥❡❝t♦r② ♦♥ t❤❡ tr✐❛♥❣✉❧❛r ❜✐❧❧✐❛r❞ ✉♥❢♦❧❞s
t♦ ❛ ❞✐r❡❝t✐♦♥♥❛❧ tr❛❥❡❝t♦r② ✇❤♦s❡ ❞✐r❡❝t✐♦♥ ✐s ❤②♣❡r❜♦❧✐❝ ❛❝❝♦r❞✐♥❣ t♦ ❙❡❝t✐♦♥ ✹✳

❘❡❢❡r❡♥❝❡s

❬❆❙✵✾❪ P✐❡rr❡ ❆r♥♦✉① ❛♥❞ ❚❤♦♠❛s ❙❝❤♠✐❞t✳ ❱❡❡❝❤ s✉r❢❛❝❡s ✇✐t❤ ♥♦♥ ♣❡✲
r✐♦❞✐❝ ❞✐r❡❝t✐♦♥s ✐♥ t❤❡ tr❛❝❡ ✜❡❧❞✳ ❏✳ ▼♦❞✳ ❉②♥✳ ✸✱ ♣❛❣❡s ✻✶✶✕✻✷✾✱
✷✵✵✾✳
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❛♥❞ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts✳ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✶✼✷✱ ♥♦✳ ✶✱ ♣❛❣❡s
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❬❈❙✶✸❪ ❑❛r✐❛♥❡ ❈❛❧t❛ ❛♥❞ ❚❤♦♠❛s ❙❝❤♠✐❞t✳ ■♥✜♥✐t❡❧② ♠❛♥② ❧❛tt✐❝❡ s✉r❢❛❝❡s
✇✐t❤ s♣❡❝✐❛❧ ♣s❡✉❞♦✲❆♥♦s♦✈ ♠❛♣s✳ ❏✳ ▼♦❞✳ ❉②♥✱ ✼✱ ♣❛❣❡s ✷✸✾✕✷✺✹✱
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❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❱♦❧✳ ✷✵✱ ♣❛❣❡s ✸✾✾✕✹✷✾✱ ✷✵✶✹✳
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❥❡❝t♦r✐❡s ✐♥ t❤❡ r❡❣✉❧❛r ♣❡♥t❛❣♦♥✳ ▼♦s❝♦✇ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✱
❱♦❧✳ ✸✱ ✷✵✶✶✳

❬❉▲✶✾❪ ❉✐❛♥❛ ❉❛✈✐s ❛♥❞ ❙❛♠✉❡❧ ▲❡❧✐è✈r❡✳ P❡r✐♦❞✐❝ ♣❛t❤s ♦♥ t❤❡ ♣❡♥t❛❣♦♥✱
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❬❉P❯✶✾❪ ❉✐❛♥❛ ❉❛✈✐s✱ ■r❡♥❡ P❛sq✉✐♥❡❧❧✐✱ ❛♥❞ ❈♦r✐♥♥❛ ❯❧❝✐❣r❛✐✳ ❈✉tt✐♥❣ s❡✲
q✉❡♥❝❡s ♦♥ ❇♦✉✇✲▼ö❧❧❡r s✉r❢❛❝❡s ✿ ❛♥ s✲❛❞✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✳ ❆♥✲
♥❛❧❡s s❝✐❡♥t✐✜q✉❡s ❞❡ ❧✬❊◆❙✱ ✷✵✶✾✳

❬❊❋❲✶✽❪ ❆❧❡① ❊s❦✐♥✱ ❙✐♠✐♦♥ ❋✐❧✐♣✱ ❛♥❞ ❆❧❡① ❲r✐❣❤t✳ ❚❤❡ ❛❧❣❡❜r❛✐❝ ❤✉❧❧ ♦❢
t❤❡ ❑♦♥ts❡✈✐❝❤✲❩♦r✐❝❤ ❝♦❝②❝❧❡✳ ❆♥♥✳ ♦❢ ▼❛t❤✳✱ ✷✵✶✽✳

❬❊▼▼✶✺❪ ❆❧❡① ❊s❦✐♥✱ ▼❛r②❛♠ ▼✐r③❛❦❤❛♥✐✱ ❛♥❞ ❆♠✐r ▼♦❤❛♠♠❛❞✐✳ ■s♦❧❛t✐♦♥✱
❡q✉✐❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ♦r❜✐t ❝❧♦s✉r❡s ❢♦r t❤❡ Sl(2,R) ❛❝t✐♦♥ ♦♥ ♠♦❞✉❧✐
s♣❛❝❡✳ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✶✽✷✱ ♣❛❣❡s ✶✕✹✾✱ ✷✵✶✺✳

❬❊▼▼❲✷✵❪ ❆❧❡① ❊s❦✐♥✱ ❈✉rt✐s ▼❝▼✉❧❧❡♥✱ ❘♦♥❡♥ ▼✉❦❛♠❡❧✱ ❛♥❞ ❆❧❡① ❲r✐❣❤t✳
❇✐❧❧✐❛r❞s✱ q✉❛❞r✐❧❛t❡r❛❧s ❛♥❞ ♠♦❞✉❧✐ s♣❛❝❡s✳ ❏✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱
✷✵✷✵✳

❬❍▼❚❨✵✽❪ ❊❧✐s❡ ❍❛♥s♦♥✱ ❆❞❛♠ ▼❡r❜❡r❣✱ ❈❤r✐st♦♣❤❡r ❚♦✇s❡✱ ❛♥❞ ❊❧❡♥❛ ❨✉✲
❞♦✈✐♥❛✳ ●❡♥❡r❛❧✐③❡❞ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s ❛♥❞ ♦r❜✐ts ✉♥❞❡r t❤❡ ❛❝t✐♦♥
♦❢ ❍❡❝❦❡ tr✐❛♥❣❧❡ ❣r♦✉♣s✳ ❆❝t❛ ❆r✐t❤♠❡t✐❝❛✱ ✶✸✹✳✹✱ ✷✵✵✽✳

❬❍♦♦✶✷❪ ❲✳P❛tr✐❝❦ ❍♦♦♣❡r✳ ●r✐❞ ❣r❛♣❤s ❛♥❞ ❧❛tt✐❝❡ s✉r❢❛❝❡s✳ ■♥t❡r♥❛t✐♦♥❛❧
▼❛t❤❡♠❛t✐❝s ❘❡s❡❛r❝❤ ◆♦t✐❝❡s✱ ❱♦❧✳ ✷✵✶✸✱ ◆♦✳ ✶✷✱ ♣❛❣❡s ✷✻✺✼✕✷✻✾✽✱
✷✵✶✷✳

❬❍❙✵✹❪ P❛s❝❛❧ ❍✉❜❡rt ❛♥❞ ❚❤♦♠❛s ❙❝❤♠✐❞t✳ ■♥✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❱❡❡❝❤
❣r♦✉♣s✳ ❉✉❦❡ ♠❛t❤❡♠❛t✐❝❛❧ ❥♦✉r♥❛❧✱ ✶✷✸✱ ♣❛❣❡s ✹✾✕✻✾✱ ✷✵✵✹✳

❬❍❙✵✻❪ P❛s❝❛❧ ❍✉❜❡rt ❛♥❞ ❚❤♦♠❛s ❙❝❤♠✐❞t✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❱❡❡❝❤ s✉r✲
❢❛❝❡s✳ ❱♦❧✉♠❡ ✶ ♦❢ ❍❛♥❞❜♦♦❦ ♦❢ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ♣❛❣❡s ✺✵✶✕✺✷✻✳
✷✵✵✻✳
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There are no primitive Teichmüller curves in

Prym(2, 2)

Julien Boulanger and Sam Freedman
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Abstract

We complete the work of Lanneau–Möller [4] to show that there are no
primitive Teichmüller curves in Prym(2, 2).

1 Introduction

Teichmüller curves are closed GL(2,R)-orbits in the moduli space of translation
surfaces ΩMg that descend to isometrically-immersed algebraic curves in the
moduli space of genus g Riemann surfacesMg. Lanneau–Möller [4] searched for
geometrically primitive Teichmüller curves, i.e., those not arising from a covering
construction, in a certain locus Prym(2, 2) of genus 3 translation surfaces with
two cone-points called Prym eigenforms. In the spirit of McMullen’s proof that
the decagon is the unique primitive Teichmüller curve in ΩM2(1, 1) (see [6, The-
orem 6.3]), they reduced their search to considering whether any of 92 candidate
Prym eigenforms generate a Teichmüller curve. In this note, we analyze those 92
candidates and show:

Theorem 1.1. The Prym locus Prym(2, 2) ⊂ ΩM3 contains no primitive Teich-
müller curves.

Our main tool is the newly-available SageMath package Flatsurf which par-
tially computes the GL(2,R)-orbit closure of an input translation surface. (See
Appendix B of Delecroix–Rüth–Wright [2] for an introduction to Flatsurf.) Us-
ing Flatsurf, we construct the 92 candidates Prym eigenforms and find a periodic
direction that violates the Veech dichotomy. See §§2.2 for details.

We thank Erwan Lanneau for his assistance with this project.

Background

Classifying the translation surfaces that generate Teichmüller curves, called Veech
surfaces, is a central problem in Teichmüller dynamics. See Hubert–Schmidt [3]
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for an introduction to Veech surfaces, Möller [8] for a list of known examples of
Teichmüller curves, Lanneau–Möller [4] for a history of classification results, and
McMullen [7] for a general survey.

While McMullen [5] classified all primitive Teichmüller curves in genus two,
we do not have a complete classification of primitive Teichmüller curves in all
other genera. In genus three, Bainbridge–Habegger–Möller [1] found a numerical
bound on the number of algebraically primitive Teichmüller curves, yet the bound
is too large for a complete classification. (An algebraically primitive Teichmüller
curve is one for which the trace field of the generating Veech surface has maximal
degree, i.e., degree the genus of the Veech surface. We remark that algebraically
primitive Teichmüller curves are automatically geometrically primitive, yet the
converse does not hold.) In fact, all but finitely many geometrically primitive
Teichmüller curves in genus 3 lie in the Prym loci (see McMullen [7, Theorem
5.5]).

At another level, Lanneau–Möller [4] began searching for Teichmüller curves
among translation surfaces having a certain Prym involution that generalizes the
hyperelliptic involution in genus 2. (See Lanneau–Möller [4] for the definition.)
They showed that there are no geometrically primitive Teichmüller curves in
Prym(2, 1, 1) and initiated the proof for Prym(2, 2) that we finish in this note.
The remaining case of whether there are primitive Teichmüller curves in the locus
Prym(1, 1, 1, 1) is still open and seems interesting. Outside the Prym loci, Winsor
[9] showed that the Veech 14-gon generates the unique algebraically primitive
Teichmüller curve in the hyperelliptic component of the stratum ΩM3(2, 2).

2 Proof of Theorem 1.1.

2.1 Candidate surfaces

In this section we review, following Lanneau–Möller [4], how to construct the 92
candidate surfaces that could generate a Teichmüller curve.

Every surface in Prym(2, 2) decomposes into horizontal cylinders (after pos-
sibly rotating the surface). The combinatorics of the horizontal separatrices
matches one of the eight polygonal models in Figure 1. (See also Figure 3 in
Lanneau–Möller [4].) In each underlying polygonal model, the Prym involution
fixes one cylinder, called C2, and permutes the other two, called C1 and C3. The
surface is then determined by choices of the widths, heights and twists of the
cylinders C1 and C2, as well as of the length of a relative period called the slit
parameter s. See Proposition 8.1 in Lanneau–Möller [4] for an example of one of
the eight possible separatrix diagrams.

In this respect, Lanneau–Möller [4] determine a finite list of possible values
for the width and the height of C2, the surface being normalized with w(C1) =
h(C1) = 1. More precisely, they first show (see their Theorem 4.5 and §6.2) that
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Trace field
Reduced

w(C2) h(C2)intersection matrix

Q[
√
2]

(
72 48
24 18

) √
2
2

2
√
2

Q[
√
3]

(
72 24
12 6

)
−1+

√
3

2
−2 + 2

√
3

Q[
√
3]

(
72 24
48 18

)
1+

√
3

2
2 + 2

√
3

Q[
√
3]

(
36 12
30 12

) √
3 2

√
3

3

Q[
√
33]

(
6 24
12 54

)
3+

√
33

2
3+

√
33

6

Table 1: The list of trace fields and reduced matrices that could give rise to
Teichmüller curves2, and the corresponding width and height of the cylinder C2.

the only possible trace fields are Q[
√
D] for D ∈ {2, 3, 33}. They then encode

the data of the widths and the heights of the horizontal and vertical cylinders in
a reduced intersection matrix. In Proposition 5.5 and §§6.3–6.5, they compute a
finite list of such matrices that could give rise to Teichmüller curves; we recall
this list in Table 1 along with the associated width and height of C2.

Having established the width and height parameters of the cylinders, it re-
mains to control the length of the slit parameter and the twists of the cylinders.
In §8.2 of Lanneau–Möller [4] and the corresponding code, they explicitly enu-
merate the finite list of possible values for such parameters that would lead to
one of each admissible reduced intersection matrix. This amounts to a finite list
of candidate surfaces (see Table 2 of Lanneau–Möller [4]). In the code joint to
this note, we list all those candidate surfaces and construct them using Flatsurf.

2.2 Cylinder decompositions

Given a translation surface M , Flatsurf can efficiently generates many saddle
connections on M . For each such saddle connection, it can compute the de-
composition of the straight-line flow on M in that direction into cylinders and
minimal components. Observe that if Flatsurf finds a direction for which M de-
composes completely into cylinders, yet those cylinders have incommensurable
moduli, then this direction witness that M does not satisfy the Veech dichotomy
(See Hubert—Schmidt [3, Theorem 1]). Our code analyzes each of the 92 can-
didates and in each case finds a direction that is not completely parabolic. We
conclude that none of the candidates is Veech, proving Theorem 1.1.

2The last two reduced matrices of Lanneau–Möller[4] do not generate Teichmüller curves
according to Table 2 of [4], so we do not consider them.
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Figure 1: The 8 polygonal models. The slit parameter encodes the length of the
bold red relative period.
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❬❍❙✵✹❪ P❛s❝❛❧ ❍✉❜❡rt ❛♥❞ ❚❤♦♠❛s ❙❝❤♠✐❞t✳ ■♥✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❱❡❡❝❤ ❣r♦✉♣s✳ ❉✉❦❡
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❬❍❙✵✻❪ P❛s❝❛❧ ❍✉❜❡rt ❛♥❞ ❚❤♦♠❛s ❙❝❤♠✐❞t✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❱❡❡❝❤ s✉r❢❛❝❡s✳ ✈♦✲
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❬❏P✶✾❪ ❈❤r✐s ❏✉❞❣❡ ❛♥❞ ❍✉❣♦ P❛r❧✐❡r✳ ❚❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ s②st♦❧❡s ❢♦r ❣❡✲
♥✉s t✇♦ ❘✐❡♠❛♥♥ s✉r❢❛❝❡s ✇✐t❤ ❛❜❡❧✐❛♥ ❞✐✛❡r❡♥t✐❛❧s✳ ❈♦♠♠❡♥t✳ ▼❛t❤✳ ❍❡❧✈✳✱
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❬❑❛♣✵✵❪ ▼✐❝❤❛❡❧ ❑❛♣♦✈✐❝❤✳ ❍②♣❡r❜♦❧✐❝ ♠❛♥✐❢♦❧❞s ❛♥❞ ❞✐s❝r❡t❡ ❣r♦✉♣s✳ ✷✵✵✵✳

❬❑❙✵✵❪ ❘✐❝❤❛r❞ ❑❡♥②♦♥ ❛♥❞ ❏♦❤♥ ❙♠✐❧❧✐❡✳ ❇✐❧❧✐❛r❞s ♦♥ r❛t✐♦♥❛❧✲❛♥❣❧❡❞ tr✐❛♥❣❧❡s✳ ❈♦♠✲
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❬❑❙✷✶❪ ▼✐❦❤❛✐❧ ●✳ ❑❛t③ ❛♥❞ ❙té♣❤❛♥❡ ❙❛❜♦✉r❛✉✳ ❙②st♦❧✐❝❛❧❧② ❡①tr❡♠❛❧ ♥♦♥♣♦s✐t✐✲
✈❡❧② ❝✉r✈❡❞ s✉r❢❛❝❡s ❛r❡ ✢❛t ✇✐t❤ ✜♥✐t❡❧② ♠❛♥② s✐♥❣✉❧❛r✐t✐❡s✳ ❏✳ ❚♦♣♦❧✳ ❆♥❛❧✳✱
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❬❑❩✵✸❪ ▼❛①✐♠ ❑♦♥ts❡✈✐❝❤ ❛♥❞ ❆♥t♦♥ ❩♦r✐❝❤✳ ❈♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♠♦❞✉❧✐
s♣❛❝❡s ♦❢ ❛❜❡❧✐❛♥ ❞✐✛❡r❡♥t✐❛❧s ✇✐t❤ ♣r❡s❝r✐❜❡❞ s✐♥❣✉❧❛r✐t✐❡s✳ ■♥✈❡♥t✳ ▼❛t❤✳✱
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❬▲❛❧✶✹❪ ❙t❡✈❡♥ P✳ ▲❛❧❧❡②✳ ❙t❛t✐st✐❝❛❧ r❡❣✉❧❛r✐t✐❡s ♦❢ s❡❧❢✲✐♥t❡rs❡❝t✐♦♥ ❝♦✉♥ts ❢♦r ❣❡♦❞❡s✐❝s
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❬▲▼✶✾❪ ❊r✇❛♥ ▲❛♥♥❡❛✉ ❛♥❞ ▼❛rt✐♥ ▼♦❡❧❧❡r✳ ◆♦♥✲❡①✐st❡♥❝❡ ❛♥❞ ✜♥✐t❡♥❡ss r❡s✉❧ts ❢♦r
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❬▲◆✶✸❪ ❊r✇❛♥ ▲❛♥♥❡❛✉ ❛♥❞ ❉✉❝✲▼❛♥❤ ◆❣✉②❡♥✳ GL+
2 (R)✕♦r❜✐ts ✐♥ Pr②♠ ❡✐❣❡♥❢♦r♠
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❬▼❛s✾✼❪ ❉❛♥✐❡❧ ▼❛ss❛rt✳ ◆♦r♠❡s st❛❜❧❡s ❞❡s s✉r❢❛❝❡s✳ ❈♦♠♣t❡s ❘❡♥❞✉s ❞❡ ❧✬❆❝❛❞é♠✐❡
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❬▼❝▼✵✺❛❪ ❈✉rt ▼❝▼✉❧❧❡♥✳ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s ✐♥ ❣❡♥✉s t✇♦ ✿ t❤❡ ❞❡❝❛❣♦♥ ❛♥❞ ❜❡②♦♥❞✳
❏♦✉♥❛❧ ❢ür ❞✐❡ r❡✐♥❡ ✉♥❞ ❛♥❣❡✇❛♥❞t❡ ▼❛t❤❡♠❛t✐❦✱ ✷✵✵✺✳

❬▼❝▼✵✺❜❪ ❈✉rt✐s ❚✳ ▼❝▼✉❧❧❡♥✳ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s ✐♥ ❣❡♥✉s t✇♦ ✿ ❉✐s❝r✐♠✐♥❛♥t ❛♥❞ s♣✐♥✳
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❬▼❝▼✵✻❛❪ ❈✉rt ▼❝▼✉❧❧❡♥✳ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s ✐♥ ❣❡♥✉s t✇♦ ✿ t♦rs✐♦♥ ❞✐✈✐s♦rs ❛♥❞ t❤❡
r❛t✐♦ ♦❢ s✐♥❡s✳ ■♥✈❡♥t✐♦♥♥❡s ▼❛t❤❡♠❛t✐❝❛❡✱ ✶✻✺✱ ♣❛❣❡s ✻✺✶✕✻✼✷✱ ✷✵✵✻✳

❬▼❝▼✵✻❜❪ ❈✉rt✐s ❚✳ ▼❝▼✉❧❧❡♥✳ Pr②♠ ✈❛r✐❡t✐❡s ❛♥❞ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s✳ ❉✉❦❡ ▼❛t❤❡♠❛✲
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❬▼✐r✵✽❪ ▼❛r②❛♠ ▼✐r③❛❦❤❛♥✐✳ ●r♦✇t❤ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ s✐♠♣❧❡ ❝❧♦s❡❞ ❣❡♦❞❡s✐❝s ♦♥
❤②♣❡r❜♦❧✐❝ s✉r❢❛❝❡s✳ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✶✻✽ ✿✾✼✕✶✷✺✱ ✷✵✵✽✳

❬▼▼✶✹❪ ❉❛♥✐❡❧ ▼❛ss❛rt ❛♥❞ ❇❥♦❡r♥ ▼✉❡t③❡❧✳ ❖♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❢♦r♠ ♦❢ s✉r❢❛❝❡s✳
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❬▼ö❧✵✹❪ ▼❛rt✐♥ ▼ö❧❧❡r✳ P❡r✐♦❞✐❝ ♣♦✐♥ts ♦♥ ❱❡❡❝❤ s✉r❢❛❝❡s ❛♥❞ t❤❡ ▼♦r❞❡❧❧✲❲❡✐❧ ❣r♦✉♣
♦✈❡r ❛ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡✳ ■♥✈❡♥t✐♦♥❡s ♠❛t❤❡♠❛t✐❝❛❡✱ ✶✻✺ ✿✻✸✸✕✻✹✾✱ ✷✵✵✹✳

❬▼ö❧✶✽❪ ▼❛rt✐♥ ▼ö❧❧❡r✳ ●❡♦♠❡tr② ♦❢ ❚❡✐❝❤♠ü❧❧❡r ❝✉r✈❡s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥t❡r✲
♥❛t✐♦♥❛❧ ❈♦♥❣r❡ss ♦❢ ▼❛t❤❡♠❛t✐❝✐❛♥s✖❘✐♦ ❞❡ ❏❛♥❡✐r♦ ✷✵✶✽✳ ❱♦❧✳ ■■■✳ ■♥✈✐t❡❞
❧❡❝t✉r❡s✱ ♣❛❣❡s ✷✵✶✼✕✷✵✸✹✳ ❲♦r❧❞ ❙❝✐✳ P✉❜❧✳✱ ❍❛❝❦❡♥s❛❝❦✱ ◆❏✱ ✷✵✶✽✳
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❬❘♦s✺✹❪ ❉❛✈✐❞ ❘♦s❡♥✳ ❆ ❝❧❛ss ♦❢ ❝♦♥t✐♥✉❡❞ ❢r❛❝t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝❡rt❛✐♥ ♣r♦♣❡r❧②
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❬❙❝❤✾✸❪ P✳ ❙❝❤♠✉t③✳ ❘✐❡♠❛♥♥ s✉r❢❛❝❡s ✇✐t❤ s❤♦rt❡st ❣❡♦❞❡s✐❝ ♦❢ ♠❛①✐♠❛❧ ❧❡♥❣t❤✳ ●❡♦✲
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