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Chapter 1

Introduction

This document presents a survey of my research work on numerical schemes for backward stochas-
tic differential equations (BSDEs) since I defended my PhD in 2007. This thesis was supervised by
Emmanuel Gobet at CMAP (Ecole Polytechnique) and dealt with the study of some numerical meth-
ods for BSDEs and American options. Initially recruited at LPSM (Sorbonne University) and then at
LAMA (Savoie Mont Blanc University), I have continued to work on numerical methods for BSDEs.
I have also worked on numerical methods for mean reflected SDEs. It is within this context that I
co-supervised a PhD thesis with Philippe Briand on Mean reflected SDEs with jumps from 2016 to
2019. I also had the opportunity to co-supervise a PhD thesis on times series anomaly detection using
machine learning from 2020 to 2023. In order to present a coherent manuscript, despite having pub-
lished around twenty articles, I have chosen to focus on my articles related to numerical methods for
BSDEs. As such, it is centered around 8 specific articles written with several co-authors. Before pre-
senting my contributions, I briefly introduce BSDEs and present a survey on the different numerical
methods introduced so far to approximate solutions to BSDE:s.

1.1 Preliminaries

The aim of this section is to briefly review the basic theory of BSDEs (Section [I.1.1) and forward
BSDEs (Section [[.1.2). In particular, we give the standard sufficient conditions that ensure existence
and uniqueness of their solutions. Let (2, F,F, P) be a given filtered probability space which satisfies
the usual conditions of completeness and right continuity. On this space, we define a d-dimensional
standard Brownian motion (W?)¢[o,7) Whose natural filtration, augmented by the class of P-null sets
of Fr,is F = (]:t)te[[],T]- T denotes a strictly positive constant which represents a fixed terminal
time. We define the following probability spaces and sets.

* P: the o-field of predictable sets in 2 x [0, T']

o L,(Fr) = L,(Q, Fr,P), p € N*, the space of all Fr-measurable random variables (r.v. in the
following) satisfying || X ||} := E(| X |P) < oo.

E:(X) denotes E(X|F;) for any X in L (Fr).

S.(RY), p € N, p > 2, the space of all cadlag predictable processes ¢ : €2 x [0, 7] — R? such
that [|8]'s, = E(supsejo.r) [6:[7) < oo

HY.(RY), p € N, p > 2, the space of all predictable processes ¢ : 2 x [0, 7] — R% such that
T
191, = Ji lonpt < oo.
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s Ly([0, T]; R?), the space of all square integrable functions on [0, 7] taking values in R,

» Ck!, the set of continuously differentiable functions ¢ : (¢,2) € [0,T] x R? with continuous
derivatives w.r.t. ¢ (resp. w.r.t. x) up to order k (resp. up to order 7).

. C’f . the set of continuously differentiable bounded functions ¢ : (t,z) € [0,7] x R% with
continuous and uniformly bounded derivatives w.r.t. ¢ (resp. w.r.t. =) up to order k (resp. up to
order [).

o C’k+°‘, Q E]O, 1] is the set of C* functions whose k-th derivative is Holder continuous of order
Q.

. C’f+o‘, a €]0, 1] is the set of C* bounded functions whose k-th derivative is Hlder continuous
of order av with bounded derivatives.

* W,, p > 1, stands for the L,-Wasserstein distance: let X and X’ be two r.v. and let us denote
by u the law of X and by p’ the law of X’. With the usual abuse of notation, the Wassertein
distance is defined by

Wo(ti, 1) = Wo(X, X') = inf {E(|Y — Y'|P)7 : law(Y) = 1, law(Y") = '}

The infimum is taken over all the couplings p and y/. Notice that if X and X’ are random
variables of order p with values in R?, then by definition we have

r/p. (1.1)

W,(X, X') < [E\X X'

* P2(RY) is the set of probability measures with a finite second-order moment, endowed with the
Lo-Wasserstein distance.

1.1.1 Backward stochastic differential equations

Backward Stochastic Differential Equations (BSDEs) were first introduced by Jean-Michel Bismut in
1973 ([Bis73]]). They were generalized by Etienne Pardoux and Shige Peng in 1990 ([PP90]) to an
equation of the following form

T T
YtZC—F/ f(s,YS,ZS)ds—/ Zs-dWs, 0Zt<T, (1.2)
t t

where (Y, 7)o 1) takes values in R™ x R™*4, The function f : Q x [0,T] x R™ x R™*4 — R™
is called the generator or driver. The r.v.  is a Fp-measurable random variable taking values in R™.
The pair (f, ¢) are called the parameters of the BSDE. Solving such an equation consists in finding a
pair of processes (Y:, Z;)o<t<7 adapted to the filtration {F; }o<;<7 and satisfying (1.2).

Definition 1.1.1 A solution to the BSDE (1.2)) is a pair of processes (Y,Z) taking values in
R™ x R™*4 sych that Y is an adapted and continuous process, Z is a predictable process such
that fOT Z2ds < +oo P-a.s. and (Y, Z) satisfy

T T
Yt=<+/ f(s,YS,ZS)ds—/ Zo-dW., 0<t<T.
t t

The following theorem identifies the standard sufficient conditions imposed to ensure the existence
and uniqueness of a solution to the BSDE (T.2) in S2(R™) x HZ(R™*4).

13



Hypothesis 1.1 We assume

o frOx[0,T] x R™ x R™*4 5 R™is P @ B(R™) @ B(R™*?)-measurable

* the generator f is uniformly Lipschitz continuous in (y, z): there exists a constant L ¢
such that for all 41,72 € R™ and 21, 2o € R™*¢

1f (@t y1,21) = fws b y2, 20) | < Ly (lyr = w2ll + 210 = 22l)) dt @ dP — a.e.

* the terminal condition ¢ and the generator f satisfy E(|¢|* + fOT |f(s,0,0)]?ds) < +o0.

Theorem 1.1.2 ([PP90]) Under Hypothesis there exists a unique solution (Y, Z) € S&(R™) x
H2,(R™*4) which solves (T.2).

The proof of this result is based on Picard’s iterations. A fixed point argument can also be used to
prove the result (see [EKKP97]).

Before introducing Markovian BSDEs, we present some intuition regarding the solution (Y, Z) to
(I.2). If we consider the simple case f = 0 in (I.2]) we obtain the following BSDE

{ dYy = ZydWy, t € 0,7 (1.3)

Yr=¢

If ( € Lo(Fr), f and ( satisfy Hypothesis [1.1] then Theorem ensures that (1.3) admits a
unique solution in S2(R™) x HZ(R™*4). Then Y satisfies

Y; = E(Yr|F:) = E(¢C|F)

and thus Y is an (F¢)¢[o,r)-martingale. From (I.3) we can also write

t t t
Y; =E((|F) =Y +/O ZsdWs = E(¢|Fo) +/0 ZsdWs =E(Q) +/0 ZsdWs.

Since Y is a martingale, the martingale representation theorem ensures that there exists a unique
process I' € H2,(R™*?) satisfying Y; = Yy + fot I'sdWs for all t € [0, T]. Hence, we obtain

T t T T
C =Yr= }/0 + / Fdes = Yb + / Fdes + / Fdes =Y+ / FdeSa
0 0 t t

which shows that (Y, T") solves (I.3). By the uniqueness of the solution to the BSDE we get Z = T'.
We see in this simple case that an adapted solution to the BSDE can only be a pair of processes (Y, Z)
such that Z is the component needed to ensure that Y is adapted.

1.1.2 Markovian BSDEs

Markovian BSDEs (called FBSDE:s in the following) are made of a BSDE coupled with a forward
Stochastic Differential Equation (SDE) in the sense that the driver may depend on the solution to the
SDE and the terminal condition of the BSDE is a function of the terminal value of the SDE:

T T
Yt:g(XT)+/ f(s,Xs,Ys,Zsms—/ Zy-dW,, 0<t<T, (1.4)
t t

14



where f : [0, T] xRIxR™xR™*4 — R™ and g : RY — R™ are deterministic functions, (Y, Z )eelo,1]
takes values in R™ x R™*9 and X is the R9-valued diffusion process solving the following standard
SDE

t t
Xt:x—l—/ b(s,XS)ds+/ o(s,Xs)-dWs, 0<t<T, (1.5)
0 0

where b : [0,7] x R? — R% and o : [0, 7] x R — R9%% are given functions and 2 € RY. We recall
that under the following hypothesis, there exists a unique strong solution to the SDE.

Hypothesis 1.2 We assume

e band o are Lipschitz functions in space
* there exists a constant M/ > 0 such that ||b(¢,0)|| + ||o(¢,0)|| < M forall t € [0, T].

FBSDEs widely appear in the literature, especially in regards to numerical methods, since FB-
SDEs can be linked to partial differential equations (PDE). This equivalence is exploited in many
numerical methods. In many cases the dimension of Y is set to one (i.e. m = 1), particularly when
dealing with deterministic PDEs. Let us consider the following parabolic PDE

{ u(t,z) + Lu(t,z) + f(t, z,u(t, x), (Opuo)(t, z)) = 0,
(1.6)
w(T,z) = g(z),
where L is defined by
L ayu(t,z) = % Z[aa*]ij(t, x)@%ixju(t, x) + Z bi(t, )0y, u(t, x). (1.7)
(V) i

If this PDE has a sufficiently smooth solution u, Pardoux and Peng proved in [PP92] Theorem 3.1]
that, by applying It6’s formula, (u(t, X;), Oyuo(t, X¢))o<i<7 is a solution to the BSDE (I.4). This
generalizes the Feynman-Kac formula to semi-linear parabolic PDEs. If X%% denotes the solution
to (T.3) starting from z at time £, then we have (Yi*, Z4®) = (u(s, X™), dyuo (s, X2")) for all s
in [¢,T]. Yf’m is deterministic and equals u(¢,x). Conversely, Pardoux and Peng proved in [PP92]
that when b, o, f and g are Lipschitz w.r.t. (z,y, z) uniformly in ¢, the FBSDE provides the unique
viscosity solution to the semilinear parabolic PDE (I.6). We also refer to [EKPQ97b| Proposition 4.3
and Theorem 4.2] for a proof of these results.

1.1.3 Applications of BSDE

BSDEs find extensive applications across various domains within the social and natural sciences.
Notably, the challenge of pricing and hedging a European option can be articulated in terms of a
BSDE. The seminal work by El Karoui, Peng, and Quenez ([EKPQ97b]) illustrates this concept,
wherein BSDEs accommodate portfolio constraints in pricing problems (see also [CK96], [BEM18]],
[BCS98], [CKS9SI)).

These equations have been instrumental in valuing numerous financial derivatives within both
complete and incomplete or constrained markets, encompassing European and American options
(see [EKKP™97|], [EKPQ97al]). BSDEs can also provide necessary and sufficient conditions for
optimality in optimal control problems such as utility maximization control problems with
constraints and risk-sensitive control problems (see [HHI™ 14]], [EKHO3], [HIMO3]], [REKO0O]).

15



Because of the intricate nature of BSDEs, obtaining analytical solutions for these equations is
seldom feasible. Consequently, resorting to numerical methods becomes imperative to approximate
the exact solution. To address this challenge, various numerical techniques has been developed, and
research in this domain remains highly active. In the following sections, we present a chronolog-
ical survey of the different methods to solve BSDEs (Sections [I.2.1] [I.2.2)). In Section [[.2.3] we
present other numerical methods to solve standard BSDEs. Since our contributions also deal with
non standard BSDEs (reflected BSDEs, BSDEs with jumps, Mc-Kean Vlasov BSDEs) we dedicate
Section [I.2.4]to the presentation of different existing algorithms to solve these types of BSDEs. Our
overview emphasizes methods close to our contributions and is by no means exhaustive. We refer to
[CKSY23] for a complete survey on numerical methods for BSDEs. Finally Section [I.2.5] presents
our contributions to the numerical methods to solve standard and non-standard BSDEs.

1.2 Numerical simulation of BSDEs

1.2.1 Random walk approximation

The first results on the numerical approximation of (I.2)) go back to the end of the 90’s. They were
dealing with the case of a generator f independent of z (see [Che97] and [CMM99]). The authors
proposed a temporal and spatial discretization approach for the BSDE, a methodology that bears
some resemblance to the dynamic programming equation, which was introduced a few years later
(see (I.TI)). The case of a generator dependent of z was first treated in [Bal97], where the author
introduced a random discretization. We also refer to the work of [MPSMTO02]]. In [BDMOI], the
authors generalized the scheme proposed in [Che97] to the case of f depending on z and proved the
weak convergence of their scheme. The idea was to approximate the Brownian motion by a random
walk, i.e. by considering an i.i.d. Rademacher symmetric sequence {j; }1<x<p and

[t/h]
WP =vhY & 0<t<T

k=1

Then, they considered the following discretization of (1.2), where f does not depend on time

Yk = Yk+1 + hf(ylmzk) - \/Ezkgk—l-h k=n— 17 o 707 Yn = Cn (18)

and ¢" is a square integrable random variable measurable w.r.t. G,, where G, = o(&1,- -+ ,&k). A
solution is a process {yx, 2 fo<k<n—1 adapted w.r.t. Gy. To solve (L.8), first choose

1
2 = ﬁE(yk+1§k+1|Qk)

and take yy, as the solution to (I.8)): if f is a Lipschitz function and if & is sufficiently small, a fix point
argument ensures the existence and uniqueness of the solution. Moreover yy, is Gi-measurable since it
is Gr41-measurable and orthogonal to £x1. We get the following fully implementable scheme, since
in this case the computation of the conditional expectation can be done easily (yx1 is a function of

(&1, &ry1)

Yn = ("
2k = 7Bk 18k4119%) (1.9)

Yk = E(Yr+11Gk) + hf (Y, 21)
ensues from (I.8)) by taking the conditional expectation w.r.t. Gy.
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Remark 1.2.1 The equation (1.9) is implicit in y. If f is a Lipschitz function and if the time step of
the grid is sufficiently small, a fix point argument ensures the existence and uniqueness of the solution.
We can replace y, by yi+1 in f to make (I.9) explicit.

By defining the following two continuous time processes
Y =Yy 2t = 2n) Yt € [0,T]

the authors prove the convergence of (Y, Z") to (Y, Z) in probability. In addition, [AKHOO],
[CMM99] and [CMSO1] analysed the convergence of the discretized filtration. Using these results,
[BDMO2] proved the convergence of a sequence of solutions to a BSDE driven by a martingale to
the exact solution (I.2)). It was generalized to BSDEs with random terminal time in [Tol06]. [PX11]
presented an algorithm based on random walk and proved its convergence in the case of a one dimen-
sional Brownian motion. The rate of the convergence of this method was left as an open problem. To
deal with this question, an approach based on the dynamic programming equation was introduced by
Bouchard and Touzi in [BT04] and Zhang in [Zha04]].

1.2.2 First backward Euler method and computation of the conditional expectations
1.2.2.1 Dynamic programming equation

The idea of the dynamic programming equation introduced in [BT04]] and [Zha0O4] is the following.
Instead of approximating W' by a random walk, we can approximate the solution to (I.2)) in a back-
ward way by setting Y;" = ( and (Y;’Z, Z[L) is a couple of adapted processes such that for all k£ in
{0,--,n—1}
tht1
Y= Vi 4 bt Y Z0) — /t ZrdW, k€0, n— 1 (1.10)
k

where (Z{) (0,77 is @ process ensuing from the martingale representation theorem. Since Z;* has to
be F;, -measurable, we take the best approximation 3, -measurable of Z" in the L? sense. We get

n 1 s 7n 1 n
zy =5 ([ 2k, ) = GEOT, Wiy - Wi)IF)
k
Taking conditional expectation in (I.10) leads to the following scheme

Y = C;
Zp, = 3B (W = Wi )l ) (1.11)
Yir = E(Y, [Fe,) + Rf(te, Y0, Z1).

Unlike (1.9), (I.T1) is not directly implementable, the computation of the conditional expectation
is the main issue. To be fully implementable, this algorithm requires to have a good approximation
of its associated conditional expectation. To address this issue, Bouchard and Touzi in [BTO4] and
Zhang in [Zha04] dealt with the Markovian case, i.e. they assumed that ( = g(X7) where X is a
solution to a stochastic differential equation (see (I.4) and (L.5))).

X is approximated by its Euler scheme on the regular grid 0 =ty <t; <--- <t, =T with n
time steps. We set h := % A time discretization of X is

{X%:”C’n . . (1.12)
X] = th + b(tk, th)(t — tk) + O'(tk, th)(Wt - Wtk),Vt E]tk7tk+l]
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This scheme enables to simulate X" easily at each time step of the grid. If b and o satisfy Hypothesis
we get a rate of convergence in L, for X" — X:

z C
Vp>1, | E|(sup|X]— Xi|P < —.
b= tég‘ ! 4 Vn

[BT04] and [Zha04] proved that the convergence in Ly of the backward Euler scheme (I.1T)) is of
order % under standard Lipschitz assumptions and with Lipschitz terminal condition

C

n .

T
sup (i~ v P) +E ([ 12— z0)Par) <
te[0,T] 0

The scheme has a convergence rate of 1 if the forward scheme can be simulated perfectly on the grid
or if it is approximated by a higher order scheme and if the coefficients are sufficiently smooth (see
[L-18]). The convergence may also depend on the regularity of the terminal condition through the
Lo-regularity of Z (see [GGGI12])). The numerical stability analysis of (I.11)) was studied in [CR13].

1.2.2.2 Computation of conditional expectations

In case of Markovian BSDEs, the computation of the conditional expectation can be well approxi-
mated. Various methods have been developed:

* Least-squares regression methods were first introduced in [LGWO03]] and [GLWO06], [BS12]
and [Zhal’/l]. Additionally, we point to [[GT16]], where the authors devise a numerical scheme
intended for solving the multi-step forward dynamic programming equation derived from dis-
cretizing FBSDEs. Their approach involved computing the resulting sequence of conditional
expectations by employing empirical least-squares regressions. Furthermore, in [GLSTV16],
the authors introduced an alternative algorithm based on least-squares Monte Carlo, specifically
designed to facilitate extensive parallelization of computations on highly multicore processors
like GPUs.

¢ Quantization technics were introduced in [BP03al], [BPO3b]] and [BPJO1]] to solve multidimen-
sional optimal stopping problems and then applied to develop discretization schemes for re-
flected BSDEs (see [PS18]]). Some improvements can be found in [[CGG23], [ENP21] and in
[PS18]).

* Malliavin calculus is used in two different ways to compute conditional expectations: by us-
ing integration by parts (see [BTO4], [BETO4], [FLLLO1] and [CMT10]]) or by introducing
Malliavin weights in the Z representation (see [GT16] inspired by the representation given in
[MZ02]).

¢ Cubature methods (see [CM12]], [CM14]], [NS19] and [[CGT20]). These methods construct
explicit finitely supported measures, along a partition of [0, 7'], that approximate the law of the
forward diffusion.

Remark 1.2.2 The random walk approximation can also be seen as a method to compute conditional

expectations. It is however more general than the methods mentioned above since it also includes the
non Markovian case.
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1.2.3 Other numerical methods to solve standard BSDEs

* High order schemes generalizing (I.11)) have also been proposed. First introduced in [ZCPO6]],
the f-scheme is proved to have a rate of convergence of order 2 when the driver does not
depend on Z (see [ZWPQ9]]). This result is generalized to the case of a driver depending on
the control process by introducing more parameters (see [ZLZ12]]). To achieve higher orders of
convergence, a multi-step scheme was developed in [[££J10]]. The error analysis of linear multi-
step schemes was done in [[Chal4] in case where the driver depends on Z. Runge-Kutta schemes
for BSDEs are studied in [[CC14]. We refer to [YZZ20] to get a general framework where
the stability, consistency and convergence of different discretization schemes for FBSDEs are
studied (backward Euler method, #-scheme and different types of multi-step schemes).

* Forward methods solve the BSDE in a forward way and thus usually avoid the computation of
conditional expectations. We list some of them

— Picard iteration methods construct an approximation of the solution to (I.2)) in an iterative
way: it incorporates in the driver the solution computed at step £k — 1 to compute the
solution at step k: we set (Y°, Z%) = (0,0) and (Y'*, Z¥) is the solution to the following
BSDE

T T
v} :g+/ f(s, Yt ZF"1ds —/ Zkaw,.
t t

These methods were introduced in [BDQO7]]. This work was extended in [BM10] and in
[Mos10]] where the authors used a variance reduction technique based on importance sam-
pling. In [L-14], we proposed to solve the equivalent PDE by using Picard iterations and
a control variate technique. A parallel version of this algorithm was proposed in [L-12].

— Branching diffusion methods are used to solve non linear PDEs and corresponding BSDEs
(see [HL12] and [HLTT14]). The concept of branching diffusion system can also be
employed for constructing backward numerical methods where the driver depends on Z
(see [BTW17]) or not (see [BTZW17]]).

— Asymptotic expansion consists in expanding a nonlinear BSDE into a sequence of linear
BSDEs (see [TY15]]). The case of non smooth drivers was studied in [[GP15]].

— Multi-level Picard methods consist in three steps (see [EHJ20]): reformulate the PDE as
a stochastic fixed point problem, approximate the unique fixed point by Picard iteration
and then approximate the iterations by multilevel Monte Carlo methods. The idea was
initiated in [EHJK19] in which Picard iterations and multilevel Monte-Carlo methods are
used to solve high dimensional nonlinear PDEs coming from physics and finance. In
[HKN22]|, Picard iterations for backward stochastic differential equations with globally
Lipschitz continuous nonlinearity were shown to converge. An extension of multilevel
Picard approximation was applied to general forward diffusion in [HN22].

* Machine learning techniques, particularly deep learning methods, have emerged as a highly
dynamic and actively researched category within the realm of numerical methods for BSDEs.
These methods demonstrate remarkable capabilities in tackling high-dimensional nonlinear BS-
DEs and their associated nonlinear PDEs. This is accomplished through the use of neural net-
work approximations, enabling the estimation of nested high-dimensional expectations and gra-
dients.
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While the overall complexity of deep learning methods remains challenging to comprehen-
sively analyze presently, a handful of theoretical outcomes documented in the literature illus-
trate that the complexity tends to increase at most polynomially concerning the PDE dimension
and inversely proportional to the approximation accuracy (see [BHIK23] and [HIKN23|] among
others).

— The Deep BSDE method, initially proposed in [EHJ17] and subsequently discussed in
[HJE18]], revolves around utilizing the solution’s gradient concerning the control process
Z as the policy function. This gradient is approximated using a neural network, akin to
the approach employed in standard deep reinforcement learning methodologies.

In the work outlined in [HL20], an error analysis was undertaken for deep BSDE methods.
This analysis specifically involves deriving a posteriori estimates for coupled FBSDE:s,
establishing a connection between the quadratic terminal loss and the approximation error
inherent in the numerical solution to the FBSDE.

— Deep backward dynamic programming was proposed in [HPW19|] and improved in
[GPW22]. Unlike deep BSDE methods, deep backward dynamic programming is con-
structed based on the backward resolution technique employing an implicit backward Eu-
ler scheme. This approach incorporates machine learning techniques to estimate both the
solution and its gradient. This estimation is achieved by minimizing a loss function at
each time step. Subsequently, these localized problems are recursively addressed using a
stochastic gradient algorithm, progressing backward in time.

— The Deep Splitting method, detailed in [BBC21], draws upon the Feynman-Kac repre-
sentation of the solution for a nonlinear parabolic PDE. This method involves creating
a recursive approximation of the solution derived from the Feynman-Kac formula, sys-
tematically progressing backward in time. To achieve this, the recursion is approximated
using a continuous function across the support of the marginal distribution.

1.2.4 The case of non standard BSDEs

To address problems in stochastic control, finance and partial differential equations, different exten-
sions of (I.2)) have to be considered. We list some of them in the following.

* Reflected BSDEs (RBSDEs) were introduced in [EKKPT97]. Indeed, these equations are used
in numerous practical scenarios such as optimal stopping problems, pricing of American op-
tions, stochastic optimal control, and differential games. Their solutions are influenced by a
stochastic process known as the obstacle, against which they are reflected. A variety of methods
have been employed to tackle and solve these equations: quantization technique (see [BP03a],
[BPO3bf], [PS18]), random walk (see [MSMTT11], [PX11]]) and least-squares Monte-Carlo re-
gression with Malliavin approach (see [BT04]]). The stability analysis was done in [MZ03]
and [BCOS|]. Other types of RBSDEs have also been studied as discrete RBSDEs, RBSDEs
with multiple obstacles and RBSDEs with jumps. The use of the penalization method provides
efficient numerical schemes (see [MPXO08])). It has been applied to RBSDEs with oblique re-
flections (see [CEK12] and [HT10]), doubly RBSDEs (see [Xulll]]) and double RBSDE with
jumps (see [L-9]).

¢ Fully-coupled BSDEs are FBSDEs where the coefficients of the forward SDE can depend on
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the backward components (Y, Z):

Xy =a+ [ b(s, Xy, Y, Zs)ds + [ (s, Xs, Y)W,
Y =g(Xr) + [ f(s, X, Ys, Zo)ds — [} ZadW,

for t € [0,T]. Numerically, the first scheme was proposed in the 1990s in [MPY94]. A im-

plementable numerical method was developed in [DMP96]. We also refer to [BZ08] (Picard

iterations), multi-step schemes (see [LSZ20] and [ZEZ14]) and deep learning methods (see

[HL20], [JPPZ20]] and [JPPZ22]])

BSDEs with generators of quadratic growth (i.e. such that |f (¢, z,y, 2)| < C(1+||y|| +[|z]?))
play an important role in mathematical finance. They were introduced in [Kob0O]. In contrast
to standard BSDEs, dealing with the quadratic driver is not trivial. In the development of nu-
merical methdos this issue is addressed by truncating the quadratic driver. Time-discretization
schemes are developed in [Ricl1]] and in [CR16].

BSDEs with jumps contain jumps in their backward component
—dYy = f(t,Ys, Zy, Uy)dt — Z dWy — Upd Ny

with a suitable jump process (Nt)te[O7T] and a control process (Ut)te[O,T]- The presence of
jumps increases the complexity of numerical implementation. Discretization schemes were
developed based on Malliavin calculus (see [BEOS]]). A numerical algorithm was developed
in [[Aaz13] to approximate the solution to a decoupled FBSDE driven by a pure Lévy process.
An explicit prediction-correction scheme was developed for solving decoupled FBSDEs with
jumps in [FYZ18]. In [LMTI13], Brownian and Poissonian components were independently
approximated by random walks. An asymptotic expansion was proposed in [FT19]. We also
refer to [GPP22] for a method based on deep learning.

McKean-Vlasov BSDEs are BSDEs where the laws of Y and Z are involved in the driver ([0]
is the notation for the law of a random variable 6)

T T
Yt=<+/ f(s,Ys,Zs,m],[Zsts—/ Zy.dW,, 0<t<T. (L3
t t

They were introduced in [BDLPQ9]] and [BLLP09]. The study of numerical methods for McKean-
Vlasov BSDEs was done by using tree method in [CCD19], first-order and Crank-Nicolson
schemes in [ZM23]], higher order discretization method for decoupled cases in [CARGT15]] and
deep learning (see [CCSJ21]], [EZ20], [GMW22] and [HHL23]).

1.2.5 Contributions of this manuscript

In this document, we explore two distinct approaches for approximating BSDEs. The initial approach
relies on Random Walk Approximation (as detailed in Section [I.2.1), while the second approach
involves a forward method that integrates Picard iterations (we refer to Section [1.2.3)) along with
Wiener chaos expansion.

Our contribution regarding random walk approximation encompasses two main aspects. The first

pertains to establishing a convergence rate for the random walk approximation, achieved in
collaboration with Philippe Briand, Christel Geiss, Stefan Geiss, and Antti Luoto. This convergence
rate was established in Lo for a Forward-Backward Stochastic Differential Equation (FBSDE) whose
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diffusion is a Brownian motion and with a Holder terminal condition (we refer to [L-6]]).
Additionally, in the case of a general FBSDE, albeit with stronger assumptions on f and g, another
convergence rate was determined in [L-3l]. Subsequently, a Donsker-type result was proved in [L-1]]
for a FBSDE whose diffusion is a Brownian motion and with a Holder terminal condition. The
second contribution focusing on random walk approximation involves Doubly Reflected Backward
Stochastic Differential Equations (RBSDEs) with jumps and Right-Continuous with Left Limits
(RCLL) obstacles. This work was conducted in collaboration with Roxana Dumitrescu. In [L-8] and
[L-9]], two distinct schemes have been proposed to approximate RBSDEs with jumps and RCLL
obstacles. The first scheme is based on penalization, while the second relies on reflection.
Convergence of the numerical scheme has been rigorously established for both approaches.

Our collaborative contribution, alongside Céline Acary-Robert, Philippe Briand, Christel Geiss,
and Abir Ghannoum, centers on employing Picard iterations and Wiener chaos expansion to devise
a novel method for approximating standard BSDEs. This forward method involves initially applying
Picard iterations, followed by Wiener chaos expansion to approximate conditional expectations. Un-
like most methods outlined in Section[I.2] the primary advantage of this approach is its applicability
to non-Markovian BSDEs. Additionally, Wiener chaos expansion provides an approximation of Z
without incurring any additional costs. The convergence of this algorithm was rigorously established
in [L-10]. Subsequently, this method was extended to encompass BSDEs with jumps in [L-7]] and to
the realm of McKean-Vlasov BSDEs as detailed in [L-25]].

1.3 Plan

This manuscript is divided into two chapters. Chapter [2] deals with random walk approximation and
Chapter [3| deals with the method based on Picard iterations and Wiener chaos expansion.

Chapter [2is divided into three sections. Section[2.1| presents the strong error results on the rate of
convergence of a random walk approximation, in the case of a FBSDE driven by a Brownian motion
with an Holder terminal condition (Section[2.1.4] based on [L-6]]) and in the case of a FBSDE driven
by a diffusion with more regular coefficients (Section [2.1.5] based on [L-3]]). Section [2.2] presents a
Donsker type result in the case of a FBSDE driven by a Brownian motion with an Holder terminal
condition ([L-1]). Section [2.3] presents two schemes to approximate doubly reflected BSDEs with
jumps and RCLL obstacles and prove their convergence ([[L-8l], [L-9I]).

Chapter [3]is divided into four sections. The first one (Section[3.1]) is a general introduction giving
the common notations and the intuition of the method. Section [3.2] presents the algorithm and its
convergence in the standard case, ensuing from [L-10]. Section deals with the case with jumps
([L=7]) and Section [3.4] deals with the case of a McKean-Vlasov BSDE ([L-25])).

22



Chapter 2

Random walk

This Chapter deals with the study of a numerical scheme based on random walk to approximate
BSDEs as introduced in Section [I.2.1] Section [2.1] presents the strong error results on the rate of
convergence of a random walk approximation, in the case of a FBSDE driven by a Brownian motion
with an Holder terminal condition (see Section [2.1.4] based on [L-6]) and in the case of a FBSDE
driven by a diffusion with more regular coefficients (see Section [2.1.5] based on [L-3]). Section [2.2]
presents a Donsker type result in the case of a FBSDE driven by a Brownian motion with an Holder
terminal condition (see [L-1]). Section [2.3] presents two schemes to approximate doubly reflected
BSDEs with jumps and RCLL obstacles and prove their convergence (see [L-8] and [L-9]).

2.1 Strong error approximation

2.1.1 Introduction

In this section we present results [L-6] and [L-3]] written with Christel Geiss and Antti Luoto. We are
concerned with the discretization of solutions to BSDEs of the following form

T T
Y = g(Xr) +/ f(s, X5, Y5, Zs) ds —/ ZsdWs, 0<t<T, 2.1
t t

where X is either equals to W (i.e. a standard Brownian motion), f is Lipschitz continuous and g
is a Holder continuous function (see Section or X is a diffusion and f and g are more regular
functions (see Section [2.1.5). In one of the first studies on this topic, in the case X = W and the
generator f may depend on z as well, Philippe Briand, Bernard Delyon and Jean Mémin in [BDMOT]|
proposed an approximation based on Donsker’s theorem. They showed that the solution (Y, Z) to the
previous BSDE can be approximated by the solution (Y, Z™) to the following discretized BSDE

n—1 n—1
Yoo = gWE) +h Y fltmer, W Y0 Z0) = VR Y 20 Emer, 0Sk<n—1  (22)
m=k m=k
where W" is the scaled random walk
[t/h]
Wr=vVhY & 0<t<T, (2.3)
k=1
and where [z] := max{r € Z : r < z} for any real number z, h := L and (£)>1 is an iid.
sequence of Rademacher random variables. In this section we denote G, := o(& : 1 < i < k)
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and Go = {0,Q}. The associated discrete-time random walk (W)} is (Gr)j_o-adapted. They
proved that, in the case of a terminal condition of type G(W') (where G(W) is only required to be
a square integrable random variable), (Y™, Z™) converges to (Y, Z). However, the question of the
rate of convergence was left open. In Section [2.1.4] we deal with the Markovian case, meaning that
G(W) = g(Wr). The case G(X) = g(X7) is studied in Section The question on the rate
of convergence seems to be tractable, in particular due to the PDE structure behind. Indeed, in the
diffusion case, (Y, Z) is related to the semilinear equation

Opu(t, z) + @Au(t, x) + b(t, x)Veu(t,x) + f(t, z,u(t,z),o(t,z)Vyu(t,z)) =0,
te0,T),z €R,
u(T,z) =g(x), xzeR
24)

where, under certain regularity conditions, we can choose
Ys = u(s, Xs) and Zs = V,u(s, Xy).

The convergence of this scheme was already proved in [BDMO2, Proposition 13] for a general ter-
minal condition and a generator that is Lipschitz in its spatial coordinates but without any rate of
convergence. Even though the link with PDEs was pointed out in [BDMO1], the rate of convergence
of the approximation of BSDEs given by scaled random walks was completely open. In [L-6]] we give
a first answer to this question in the case X = W (see Section[2.1.4). We show that the error between
(Y™, Z") and (Y, Z) is of order n~%/* when g is assumed to be e-Hélder continuous and f(t,-) is
Lipschitz continuous. In [L-3]] we answer to this question in the general case of a diffusion (see Sec-
tion [2.1.5). Compared to the case X = W, we need rather strong conditions on the smoothness and
boundedness on f and g. We show that the error between (Y, Z") and (Y, Z) is of order n=il%
provided that ¢” is locally a-Holder.

One of the main arguments of Section [2.1] consists in constructing the random walk from the
Brownian motion W using the Skorohod embedding (see [WalO3]]) together with generalizations of
the pioneering work of Jin Ma and Jianfeng Zhang [MZ02] on representation theorems for BSDEs.
This approach allows to work with convergence in the La-sense even if the problem naturally arises
in the weak sense. The drawback is that the rate of convergence n </ obtained in Sectionis not
optimal as one can expect n~¢/2. This will be discussed in Section Before presenting our results,
we present Skorokhod embedding in Section [2.1.2] and some properties of solutions to BSDEs and
associated PDEs in Section2.1.3]

2.1.2 Skorokhod embedding
The rate of the La-convergence of (Y, Z™) to (Y, Z) will rely on the fact that the random walk W™
can be constructed from the Brownian motion W by Skorohod embedding. This enables to work on
the same probability space. Let 7y := 0 and define

o= inf{t >y (Wi = Wo | =Vh}, k>1
Then (W, — W,,_ )72, is a sequence of i.i.d. random variables with

P(Wy, — Wr, , = +Vh) =1,
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which means that /A&, 4 W, — W-

., - We use this random walk for our approximation, i.e. we
require

[t/h]
W = Z(Wm —Wr ) 0<t<T. (2.5)
k=1
Properties satisfied by 75, and W, are stated in the following Lemma. We denote by E,, the condi-
tional expectation w.r.t. F, .

Lemma 2.1.1 Forall0 < k <m < nandp >0, it holds for h = % that
1. E1, = kh,

2. Eln P < C(p)h?,
3. E|W,,, — Wr|? = tm — tr,
4. B|W,, — Wy, |20 < C(p)E|m — tx]? < C(p)(tih)2.
Remark 2.1.2 Note that for p > 0 there exists a C(p) > 0 such that forall k = 1,. .., n it holds

I

oty (th) < (B[W, — Wi, P)7 < C(p)(th)

The upper estimate is given in Lemma For p € [4, 00) the lower estimate follows from [AKU21],
Proposition 5.3]. We get the lower estimate for p € (0,4) by choosing 0 < # < 1land 0 < p < p;

such that % = 1]'%9 + p%. Then it holds by the log-convexity of L, norms (see, for example [Taol0,
Lemma 1.11.5]) that

NI

_ |WT - W ||4 C4)-1 tkh)
W = W 30 2 i il > CEOI U,
T tr llpy (C(pl)(tkhF)

Since for t € [ty, ty4+1) itholds W/* = W, and ||Wy — Wy, ||, < C(p)h%, we have for any p > 0 that

> (cw)mnt)

1
sup [} — Wi, = O(hi).
0<t<T

2.1.3 Some properties of solutions to BSDEs and associated PDEs

In the following we recall and prove results for FBSDEs with a general forward process. Let us
consider the following SDE started in (¢, z),

S S
XbT =g+ / b(r, XL*)dr +/ o(r, Xt"Yaw,, 0<t<s<T, (2.6)
t t

where b and o satisfy
Hypothesis 2.1

i. boe C,? ’2( [0,7] x R), in the sense that the derivatives of order k& = 0, 1,2 w.r.t. the
space variable are continuous and bounded on [0, 7] x R,

ii. the first and second derivatives of b and o w.r.t. the space variable are assumed to be ~y-
Holder continuous (for some v € (0, 1], w.r.t. the parabolic metric d((z,t), (2/,t')) =

(Jo — 2]+ |t — t’\)% on all compact subsets of [0, 7] x R),
iii. b,0 are %—Ht’)lder continuous in time, uniformly in space,
. o(t,x) >0 > 0forall (¢,x).
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2.1.3.1 Malliavin weights

In this section we recall the Malliavin weights and some of their properties (see [GGG12, Subsection
1.1 and Remark 3]). We denote VX® = (VX0") c(; ) the variational process of X' i.e. it solves

VXET =14 / by (r, X )V X dr + / o (1, Xp ")V X dW,, 2.7)
t t

with (X0%) s 1) given in 2:6).

Lemma 2.1.3 Let H : R — R be a polynomially bounded Borel function. If Assumption 2.1 holds
and X% is given by (2.6), then setting

G(t,z) := EH(X}")
implies that G € CY2([0, R) x R). Especially it holds for 0 <t < r < R < T that
0uG(r, X1") = EIH(XG" NG “O\Fl], and - 92G(r, X17) = EIH (X" )N\ F),

where (F})cii,r) is the augmented natural filtration of(Wf’O)re[tyT},

R R—r

1 b K 717 I’ =y ?
b _ 1 /R VX v ana w2~ Vi g xte Ny ) g Npt )
_ : _
r 0'(

s, XPP)vXb” VXhT

with p := “5E. Moreover, for g € (0, 00) it holds a.s.

Kq

r.4,(t,x 1
(B[ N9 F)ya < - 2.8)

(R—1)
and E[N}T%’i’(t’x) |FL] = 0 a.s. for i = 1,2. Finally, we have

1H (XE") — EH (X)L, @)

t.x
10:G(r, X, )HLP(IP)) < Kq JR—r

and t,x t,x
I1H(XE") — E[H(XE)|F ]l L, @)

R—r

107G (r, X2 )| 1,8y < Ko

f0r1<q,p<oowith%+%:1.

2.1.3.2 Regularity of solutions to BSDEs
Let us now consider the FBSDE

T T
Yhe = g(X;l’) +/ flr, XE® Yb* 755 dr — / ZErdW,, 0<t<s<T, (2.9)
S

S

where X% is the process satisfying (2.6)) and the following hypothesis on f and g.
Hypothesis 2.2

i. g is locally Holder continuous with order ¢ € (0, 1] and polynomially bounded (py >
0,Cy > 0) in the following sense

V(z,y) € R%  g(x) — g(y)| < CglL + |z + [y) ]z — y|°. (2.10)
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ii. The function [0,T] x R3 : (¢, 2,9, 2) = f(t,z,y, 2) satisfies
f(t 2y, 2) = f(t 2y 2 S Lp(VE—t + |z — 2| + |y — ¢/ + |2 = 2]). @11
Notice that (2.10) implies
l9(z)| < K(1 + |zPotY) = W(z), z€R, (2.12)
for some K > 0. From the continuity of f we conclude that

Ky := sup |f(t,0,0,0)| < oo.
0<t<T

The following result is taken from [GGG12, Theorem 1]. We reformulate it here for the simple
situation where we need it. On the other hand, we will use P; ;. and are interested in an estimate for
all (t,x) € [0,T) x R.

Theorem 2.1.4 Let Assumption and hold. Then for any p € [2,00) the following assertions
are true.

1. There exists a constant qyﬂﬂ > 0 such that for 0 <t < s<Tandx € R,

1
s 2
Vs = Vil ) < (o) ([ (=)
t

2. There exists a constant qZZE > 0 such that for 0 <t < s <Tandx € R,

2

122 — Zillo o1 < Cirg¥(a) ( [- r>€2dr)
t

The constants % and Gz depend on Ky, Ly, Cy, CI%SP T, po, b, 0, kq and p.

2.1.3.3 Properties of the associated PDE

We collect in the theorem below properties of the solution to the PDE which are mainly known. The
new part concerns Awu. For Lipschitz continuous function g, the behavior of Aw has been studied in
[ZhaO1l]. General results related to this topic can be found in [CD12].

Theorem 2.1.5 Consider the FBSDE (2.9) and let Assumptions 2.1 and 2.2 hold. Then for the solu-
tion u to the associated PDE

Opu(t, ) + 702(5’90) Au(t,z) +b(t, z)Vyult, ) + f(t, z,u(t, z),o(t, 2)Vyu(t, x)) = 0,
tel0,T),z €R,
U(T,l’):g(l'), reR

we have (using the notations of Lemma[2.1.3)

1Yy = ult, Xy) where u(t,x) = B (g(X3") + [T f(r, XF*, Y%, 20%)dr ) and Ju(t, @) <

qm\ll(x) with ¥ given in (2.12), where qlm_—ﬂ depends on Cy, T, po, L, Ky and on the bounds
and Lipschitz constants of b and o.
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2. V. u exists,
1 T
Vou(t,z) = E <g(X;w)N;’ () / f(r, Xﬁ’I,Yf‘”,Zﬁ"”)Nﬁ’l’(t’x)dr>, (2.13)
t

and

(a) Vyu is continuous in [0,T)
(b) Z5* = Vuls, X””) (5, X5),
)

(©) [Vout,2)] < EEE

where q%:m depends on Cy, T, po, k2, Ly, Ky and on the bounds and Lipschitz constants of b
and o.

3. Ugy exists,

T
Au(t’ 1;) =E <g(X§i$)th_:27(t7I) + / [f(T, Xﬁm, }/rt,I’ ijm) - f(T’, z, Y;tﬂ:" Z:,Z‘)}N??,(t,w)dT) ,
t
(2.14)
and

(a) Au is continuous in [0,T) x R,

(b) |Au(t,z)] < 312;:;1@

where q%aﬂ depends on Cy, T, po, k2, Ly, Cﬂm, (g1 and on the bounds and Lipschitz con-
stants of b and o.

In the following represents (q%:m, q%:m, q%:m) and CIZZJ_‘IE (i # j) represents (qm, C’é:‘lﬁ])
(1,7) € {1,2,3}.

2.1.4 Case of Markovian BSDE with Holder terminal condition

2.1.4.1 Introduction

This Section presents the results established in [L-6]. We are concerned with the discretization of
solutions to BSDEs of the following form

T T
Y, = (W) + f(s,Ws,Ys,Zs>ds—/ Z,dW, 0<t<T, 2.15)
t t

where W is a standard Brownian motion, f is Lipschitz continuous and g is a Holder continuous
function. We are interested in studying the rate of convergence of (Y, Z"), defined by

n—1 n—1
Vi = gW) +h Y e, WYL ZE ) = VR Y 2 &, 0<k<n—1 (2.16)
m=k m=k

to (Y, Z), defined by (2.13). To do this, we construct the random walk from the Brownian motion W
by using the Skorohod embedding (see Section 2.1.2)). In this case, ({); and WV are defined on the
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same probability space and the convergence of (Y, Z") to (Y,Z) can be studied in Lo (see
Theorem . Basically, we get that the Lo-norm of the error on Y is of order n~1 and the
\7%. The proof of this result is based on several ingredients.
In particular, we need some estimates on the bound of the first and second derivatives of the solution

to the PDE associated to the BSDE (2.15]). We use the bounds established in Section[2.1.3.3

Lo-norm of the error on 7 is of order

In this section the study of the error (Y™ — Y, Z" — Z) either relies on (2.16) or on its integral
version:

Y=g+ [ fe WY Ziydwn e [ ziawr o<es<T @
1.7 1.7

where the backward equation (2.17) arises from (2.16)) by setting Y, := Y;" and Z := Z} for

re [tm;tm+l)-

Remark 2.1.6 It was shown in [BDMOI] that, as soon as & || f||rip < 1, the BSDE (2.17) has a unique

square integrable solution (Y, Z"), and (Y;" , me)ﬁ;:lo is adapted to the filtration G.

Let us now introduce the Malliavin representations for Z and Z"™. They are the cornerstone of our
study of the error on Z.

2.1.4.2 Representations for Z and Z"

As recalled in Theorem [2.1.5]and applied in our special case X = W, we have the following repre-
sentation for Z (see Ma and Zhang [MZ02, Theorem 4.2] or Theorem [2.1.5)

T
Zy=E <g(WT)N; +/ f(s, W, Y5, ZS)Ngdsyft> , 0<t<T, (2.18)
t

where for all s € (¢, 7] we have
Ws — W,
s—t
Lemma 2.1.7 Suppose that Assumption 2.2] holds. Then the process Z™ given by [2.16) has the
following representation

Nt .=

s

n n Wt":VLL B th
Zi, =E <g(WT)tn—tkk

n—1
wpr — Wy
gk) +E (h Z f(tm—‘,-laWt?naY;t?naZ?m)M gk)

m=k-+1 tm o tk
2.19)

fork=0,1,...,n— 1

2.1.4.3 Main result

Theorem 2.1.8 Let Assumption 2.2 hold. If W™ is built by using the Skorokhod embedding (i.e. it
satisfies (2.5))) then we have, for sufficiently large n, that

E|Y, — Y2 < Coh2 for wvel0,T),
h C h 1 ti,t k=0 1
T — 1, + lm v#Et for wve [ k> k‘+1)7 =Y..,n—=1

where we have the dependencies Co = C(T,po,Ly,Cy, %, Gtz Ky agrme), C1 =
C(T7 Do, CE:@], E) and Kf = SupOStST |f(t7 07 07 O)‘

E|Z, — Z})* < Cy
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A detailed proof of this result can be found in [L-6]. We give here an intuition of it.
Proof. The proof of Theorem is based on the following inequalities. Let v € [tg, tx+1), we have

1Yo = Y2 < [[Yo — Yo [l2 + Y2, — Y722,
1Zo = Z5ll2 <120 = Zill2 + 1 2y, — Zi, ]2

IY, — Yy |l2 and ||Z, — Z;,||2 are bounded by using Theorem and Yz, — Y;?||2 is bounded
by studying the difference between the conditional expectation of (2.15) at time ¢ = ¢; and the
conditional expectation of (2.16)) :

Ve, = Yl <[[Be, (9(Wr)) — Er (9(W7)) |2

T n—1
+ HEtk f(87 WS7 )/:97 Zs)ds - hETk Z f(tm+1? WtZ? )/;‘/’:7;17 Ztnm)H2
tk m=k

IEs, (9(Wr)) —Er (9(W3))]|2 is bounded by using the properties of the Skorokhod embedding (see
Lemma[]2.1.1) and ||E,, ftf f(s,Ws,Ys, Zs)ds — hEE,, an_zlk J(tmyr, WY Z] )2 is bounded

by using Lemma [2.1.1} Theorem and the properties of F'(s,x) = f(s,z,u(s,x),uy(s,x))
which satisfies

|21 — @]
(T—t)'"2
thanks to Theorem [2.1.5] Computing the difference between (2.18) at time ¢ = t;, and (2.19) enables

to bound [|Z,, — Z}, ||2 by using again Lemma 2.1.1} Theorem and the properties of F'(s,x). A
Gronwall Lemma ends the proof. |

|[F(t,21) = F(t,22)] < C(1+ [arP™ + |zoP0H)

Remark 2.1.9 Theorem [2.1.8]implies that

T
sup E|Y, — Y2 < Coh  and 1[«:/ |Z, — Z0Pdv < C(Co,Cr, B)RP  for B € (0, 5).
v€E[0,T) 0

2.1.5 Case of a decoupled FBSDE
2.1.5.1 Introduction

This Section presents the results established in [L-3]. The aim is to study the rate of the Lo-
approximation of (Y™, Z™) to (Y, Z) when X is a diffusion. This means that we consider the fol-
lowing FBSDE

{ Xy =a+ [ b(r,Xp)dr + [ o(r, X, )dW,,

2.20
Yy = g(X7) + [T f(r, X0, Ve, Z)dr — [T ZodW,,  0<s<T. (2.20)

For this, as in the previous section, we generate the random walk W™ by Skorohod embedding
from the Brownian motion W (see Section and Equation (2.3))). Let (Y™, Z™) be the solution to
the FBSDE when the Brownian motion W is replaced by W". We consider the following discretized
BSDE:

{ XP =+ [0 00 X[ )AW") + fig g o (r, X[ )dWE,

" 221
VI = X + [y (s XIY 22 AW, — fi oy Z0awy, 0<s<T. 2D
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The special case X = W has already been studied in the previous section, assuming a locally
e-Holder continuous terminal function g and a Lipschitz continuous generator. In this case the rate

of convergence is of order hi for the Ly-norm of Y — Y}, and of order for the Lo-norm of
4y — Zy.

Here we assume that X is a solution to the SDE in (2.20), rather strong conditions on the smooth-
ness and boundedness on f and g and also on b and o are needed. In Theorem [2.1.22] the maln
result of the paper we show that the convergence rate for (Y}, Z}") to (Y3, Z;) in L is of order Bt

provided that ¢” exists and is locally a-Holder continuous.

h4
VIT—t

Remark 2.1.10 For the diffusion setting — in contrast to the case X = W — we can derive the conver-
gence rate for (Y;"*, Z}') to (Y%, Z;) in Ly only under strong smoothness conditions on the coefficients
which include also that ¢” is locally a-Holder continuous (see Assumption below). These re-
quirements appear to be necessary. This becomes visible in Subsection [2.1.5.3| where we introduce
a discretized Malliavin weight to obtain a representation Z" for Z™. While it holds that Z" = Z"
when X = W, in our case Z™ does not coincide with Z™. However, one can show that the difference
Zf — Z} converges to 0 in Ly as n — oo using a Holder continuity property for the space derivative of
the generator in (2.21)) (see Proposition [2.1.21)). For this Holder continuity property to hold one needs
enough smoothness in space from the solution u™ to the finite difference equation associated to the
discretized FBSDE (2.21). Provided that Assumption [2.3] holds we show the smoothness properties

for «™ in Proposition [2.1.25]
2.1.5.2 Preliminaries

Let X be a diffusion given by
t t
Xt—a?—i—/ b(s,XS)ds—i—/ o(s, Xs)dWs, 0<t<T
0 0

and its discretized counterpart

k
Xp=z+hY b(t;, X]' | +\/HZ o(ty, X )&,  k=1,..n, (2.22)
Jj=1 Jj=1
where (&;);=12.... is a sequence of i.i.d. Rademacher random variables. G, still denotes o(&; : 1 <
i < k) with Gy := {0}, Q}. If we extend the sequence (X}’ );>0 to a process in continuous time by

defining X' := X fort € [ty,t)41), it is the solution to the forward SDE of (2.2T). We introduce
the notation X7, := X forall k =0,...,n, so that (2.22) turns into

k k
Xy =2+ bty Xy Db+ > oty Xe ) (We, = W), 0<Ek<n.
j=1

j=1

Lemma 2.1.11 Under Assumption on b and o it holds for p > 2 that there exists a constant
C =C(b,o,T,p) > 0 such that

L E|X5Y - X2PP < C(ly— 2P + s —t|2), z,y€R, s,te0,T],

tr,T ty,x b
2. Esuprns<r<nintm | Xptr — Xipbmatn P < Ch1, 0<k<n, 0<1<n-k-10<
m<n-—k,

(ly —zP +|s — t]3), x,y €R,s,te0,T),

3. EVX5Y — VX"
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4. Esupoélgm‘Vch’fftﬂp <O, 0<k<n,0<m<n-—k,

5. E|X{RE AR P <C(lz—ylP+hi), 0<k<n 0<m<n-—k,

Tk+Tm

6. E[VX[F), — VXY P<C(lz—ylP+hi), 0<k<n 0<m<n-—*k

Tk+Tm

2.1.5.3 The FBSDE and its approximation scheme

Recall the FBSDE (2.20) and its approximation (2.21)). The backward equation in (2.21)) can equiva-
lently be written in the form

n—1 n—1
Vi =g(XE) +h Y flme, XPLY 20 )=V 2P &mpr, 0<k<n,  (223)
m=k m=k

if one puts X" := X7 , V" :=Y" and Z}! := Z forr € [ty tmi1).

r

One can derive an equation for Z" = (Z&)Z;ﬂg if one multiplies (2.23) by &1 and takes the
conditional expectation w.r.t. G, so that

n—1
1
ARES ﬁE(g(X%)ék-Fﬂgk’) +E (ﬁ Z f(tm+1,Xﬁb,KZ,,Zﬁn)€k+1lgk> ,0<k<n-1.
m=k+1

(2.24)
Remark 2.1.12 For n large enough, the BSDE (2.23)) has a unique solution (Y™, Z") (see [Tol06,
Proposition 1.2]), and (Y;?, Z&)Z;(l) is adapted to the filtration (Gy,)}—,.

Representation for 7 We will use the following representation for Z, due to Ma and Zhang (see
[MZ02| Theorem 4.2] or Theorem [2.1.5))

T
Z;=F <g(XT)N} +/ f(s, X, Y, ZS)Ngds)ft> o(t,Xy), 0<t<T (2.25)
t
where
1 s VX
N! = L dW,. 2.26
s s — t/t o(r, X, )VX, ( )

Remark 2.1.13 In the following we will assume that ¢” exists. In such a case we have the following
representation for Z:

T
Z, = <g/(XT)VXT +/ f(s, Xs, Y, ZS)Ngds’ft) o(t,Xy), 0<t<T. (2.27)
t

Approximation for Z"  Let us state the discrete counterpart to (2.23), which, in the general case of
a forward process X, does not coincide with Z" (given by (2.24)). In contrast to the continuous-time
case, where the variational process and the Malliavin derivative are connected by g?ﬁ = U@ﬁi)
(s < t), we can not expect equality for the corresponding expressions if we use the discretized
version of the processes (V.X;); and (D, X;)s<; introduced in (Z.28). This counterpart Z" to Z is a
key tool in the proof of the convergence of Z" to Z. As we will see in the proof of Theorem [2.1.22]

the study of || Z}, — Zi,||2 goes through the study of || Z};, — Z&Hg and HZAIZc — Zy, ||2-

Before defining the discretized version of (VX;); and (DsX})s<¢, we shortly introduce the dis-
cretized Malliavin derivative.
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Definition 2.1.14 (Definition of T, , T, _ and Dy) For any function F : {-1,1}" — R, the

mappings T, . andT _ are defined by

Tm,:I:F(é.lv"' 75”) = F(éh 7£m—11i17§m+17"' 75”)7 1<m<n.

Forany ¢ = F(&1,...,&), the discretized Malliavin derivative is defined by

prg.— ElC&m|o((€iefr,..n\omy)] _ Tm,+C—Tm,_C7 l<m<n

vh 2vh

Definition 2.1.15 (Definition of ¢p(*V)) Let ¢ be a C%([0,T) x R) function. We denote

Dio(t, X3, ) 1
Wnl = /0 bo(t1, 0T, , X{  + (1 —=9)T, _ X

ti—1
ti—1

Pk .= )do.

IfDR X[, | # 0the second’ :=" holds as an identity.

We are now able to define the discretized version of (V.X;); and (DsX;)s<¢.

Definition 2.1.16 (Discretized processes (VX?,;tk’w)me{k,...,n} and (DR X[ )mefk,....n}) For
allmin{k,...,n} we define

m m
VXS =14 h Y bt X)X VRN ot X[V 0< k<,

ti—1 ti—1 ti—1 ti—1
1=k+1 I=k+1

DpXP =o(t, X ) +h Y bdFIDRxy +vVh > oPI(DRXE Vg, 0<k<n.

Il=k+1 1=k+1
(2.28)

Remark 2.1.17

Note, Xy . DR XD .
1. Although VX, "7 s not equal to %, we can show that the difference of these terms
m Aty

converges in L, (see Lemma|2.1.18).

2. With the notation introduced above, (2.24) rewrites to

n—1
7y = E(Dz+1g<X%>rgk)+E(h 3 Dz+1f<tm+1,Xfm,n’;,me>|gk>. (2.29)
m=k-+1

Lemma 2.1.18 Under Assumption2.1] and for p > 2, we have
1. E|X} T, . XPP<CboTpht 1<lm<n,

5 E VXn,tk,X{L B D,ZHXfm
. o —_—
U(tk-l—l?XZZ)

[NJiS)

P
< C(byo,T,p)hz, 0<k<m<n.

3. E|DpXI P <C(b,o,T,p), 0<k<m<n.
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In order to define the discrete counterpart to (2.25)), we first define the discrete counterpart to
(N2)sefe.r) given in 2:26):

¢ n,te, X¢

\V g
N =/} tm—1 m k< t<n. 2.30
" fmzk:—i-l U(tm’ thm—l) te — tk7 =" ( .

Notice that there is some constant kK > 0 depending on b, o, T', 6 such that

K2
(te — ty)?

Definition 2.1.19 (Discrete counterpart to (2.27)) Let the process 2" = (ZZZ)Z;(% be defined by

1
(E(|N[;’tk|ﬁygk)) 2 < . 0<k<(l<n. 2.31)

n—1

ZZZ =K (Dg—i-lg(X%)’gk) +E <h E f(tm-i-l) thm7 }/Z,lna Ztnm)N;:;Ltﬂgk) U(tk+17 XtT;C)v
m=k-+1
(2.32)

Remark 2.1.20 In  @2.32) we could have wused also the approximate expression
E(g(X%)NﬁL’t’“a(tkH, X7 )|Gr), but since we will assume that g" exists, we work with the correct
term.

The study of the convergence Ef MYV ZAt’;c
assumptions on the coefficients b, o, f and g.

2, where Eg@ := E(:|Go, Xo = z), requires stronger

Hypothesis 2.3 Assumptions and 2.2/ hold. Additionally, we assume that all first and second
derivatives w.r.t. the variables x, y, z of b(t, z),o(t,z) and f(t,x,y, z) exist and are bounded
Lipschitz functions w.r.t. these variables, uniformly in time. Moreover, ¢g” exists and satisfies

2.10).
Proposition 2.1.21 If Assumption 2.3 holds, then
Ef |28 — Z1* < Cxam¥®(x)h®,
where the function \il(x) =1+ |z|%*8 and Ggxzydepends on b, o, f, g, T, po and 4.

Proof. The proof of Proposition|2.1.21|is based on the following representations (see [BDMO1,, Propo-
sition 5.1])
}/tan = u"(tm,Xt”m), and me = D:Ln+1un(tm+1,Xg,L+l),

where u™ is the solution of the finite difference equation (2.33)) with terminal condition u" (¢, x) =

g(z), on Proposition [2.1.25/and Lemma |2.1.18 [

2.1.5.4 Main result

Theorem 2.1.22 Let Assumption be satisfied. Then for all v € [0,T) and large enough n, we
have

Eo.o|Yy = ¥;'* + ool 2, — 2" < G (2)*h
with Ggzza = C(b, 0, f,9,T,po, ) and U is given in Proposition|2.1.21
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Remark 2.1.23 As noticed above, the filtration Gy, coincides with F,, for all k = 0,...,n. The
expectation [ , appearing in Theorem [2.1.22|is defined on the probability space (€2, F, P).

Proof. As for the case X = W, we give an overview of the proof of Theorem 2.1.22] It is based on
the following inequalities. Let v € [t, tx+1), we have

1Yo =Y l2 < (1Yo = Y ll2 + [1Ye, — Yigllo,
120 = Z3 |2 < 120 = Zill2 + 1 2, — 23, ll2-

I|Y, — Yy, |2 and || Z,, — Zt, ||2 are bounded by using Theorem and Proposition[2.1.24|and ||Y;, —
Y;"||2 is bounded by studying the difference between the conditional expectation of (2.20) at time

t = tx and the conditional expectation of (2.23) :

1Y, = Y2 <|Ee, (9(X7)) — Er, (9(X7)) |2
T n—1
By, [ f(s, X, Ys, Zo)ds — hEr, > fltmyr, X7 YL Z0 ) o
m=k

tk

IEs, (9(X7)) — Er (9(X7}))||2 is bounded by using the properties of the Skorokhod embedding
(see Lemma [2.1.11) and |E,, ftff(s,Xs,Ys,Zs)ds — hE,, Zz;lk f(th,Xt"m,)Q’;,me)Hg is

bounded by using Lemma 2.1.11} Theorem [2.1.4] Proposition [2.1.24|and the properties of F'(s,z) :=
f(s,z,u(s, x),us (s, x)) which satisfies the following inequality under Assumption From Theo-

rem we get that for all (z1,72) € R? there exists (a1, az) in [min(z1, z2), max(z1, z2)] s.t.

po+1
|F(t,ZL‘1) — F(t,:l?g)’ <C (1 + ‘011|p0+1 + (|;i2|)1> |f)§1 — 1‘2|.
— 1)z

Computing the difference between (2.27) at time ¢ = t;, and (2.29) enables to bound || Z;, — Z}! ||2.

First we introduce j:ZZZ Then we bound ||ZZZ — Z}'||2 by using Proposition 2.1.21|and we bound

||Zg€ — Z{"||2 by using Lemma|2.1.11} Theorem 2.1.4, Proposition [2.1.24{and the properties satisfied
by F(s,z). A Gronwall Lemma ends the proof. [

2.1.5.5 Some properties of solutions to BSDEs and finite difference equations

Properties on Z Under Assumption we are in the position to improve the bound on ||Z; —
Zi|| 1, (P, ) given in Theorem

Proposition 2.1.24 If Assumption [2.3| holds, then there exists a constant Gy > 0 such that for
0<t<s<Tandx € R,

1
1Zs — Zill L, (pr0) < Czxza¥(z)(s — )2,

where U has been introduced in Assumption G137 depends on céjgzﬂ (see Theorem ,
b0, f,9,T,po, p, and hence Cgrom = Ggxza(b, o, f, 9, T’ po, p, 6).
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Properties on the solution to the finite difference equation Recall the definition of D]}, given in

(2.1.14). By (2.22),

XPIT = 2 4 hb(tmi, ) + Vo (bmy1, ©)émi1, (2.33)
so that
Ty st (b1, XP007) = 0™ (b1, @ + Db (g1, @) £ Vho (b1, ). (2.34)

Even though g is only Holder continuous, one can observe in Theorem [2.1.5]the well-known smooth-
ing property which implies that u, the solution to the PDE (2.4), is differentiable on [0, T") x R. In the
following proposition, for the solution u" to the finite difference equation, we have to require from g
the same regularity as we want for u".

Proposition 2.1.25 Let Assumption[2.3|hold and assume that u™ is a solution to
un (tm, l’) - hf(tm+17 x, uTL (tma $)7 Dgi—l-lun(tWH*l? Xtr:f:;’x))

U (1, XY 4Ty (b1, X00), m=0,...,n—1,  (2.35)

tm+1 tm+1

_

2 m+1,+

with terminal condition u"™(t,,,x) = g(x). Then, for sufficiently small h, the map x — u"(t,,x) is
C? and it holds

" (tm, )| + [l (b )| < Cuny U(2), Uy (tm, )| < Cyna V()
and
Uty (b @) — Uy (b, T)| < Cyng (14 []%P0F7 4 |2]0P0F7) | — 2|, (2.36)

uniformlyinm = 0, ...,n—1. The constants Cyn 1, Cyn2 and Cyn 3 depend on the bounds of f, g,b, o
and their derivatives and on T and py.

2.2 Donsker type result
This Section presents the results established in [L-1] written with Philippe Briand, Christel Geiss and
Stefan Geiss. The objective is to confirm this expected and optimal rate n~¢/2 which has been raised

in the introduction of Section[2.1] This improvement is possible by using a weak limit approach. The
error is then considered in the Wasserstein distance.

2.2.1 Introduction

In this section we consider the random walk approximation of
T T
Yy =g(Wr) +/ f(s,W57127Zs)ds—/ ZsdWs, 0<t<T, (2.37)
t t
given by

V" =g(Wr) + fls, WY, Z5) d(W™)s —/ Z$dWe,  tel0,T].
1t,1] 1t,7]
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Remark 2.2.1 This approximation is close to (2.17). The main difference lies in Z™, which is here a
predictable process w.r.t. the filtration G.

In this section we establish a Donsker type result : assuming that g is e-Holder, the objective of our
study is to confirm the expected and optimal rate n~%/2. Our starting point is a result of Emmanuel
Rio [Rio09]] which directly implies that, when 7" = 1, for all p > 1, there exists a constant C),
such that, for all n > 1, W,(W,G) < C,n~'/2, where W, is the L,-Wasserstein distance and
G a standard normal random variable. To do so, we first generalize this result to cover the case
where f = 0, which corresponds to the heat equation. Then, using the associated PDE, in particular
representation formulas in the spirit of [MZ02l], we are able to prove that

Cp
T —

n—(a/\%)

WYy, Vi) < Cpn™@"2)and - Wy(Z}', Z4) <

o~

fort € [0,7] and ¢t € [0, T, respectively, when ¢ and f(¢,-,y, z) are e-Holder continuous and
f(-,z,y,2) is a-Holder continuous. As mentioned in Remark (i), this rate of convergence is
optimal. We refer to Theorem [2.2.14]in Section [2.2.5|for the precise statement. One of the main diffi-
culties in the proof concerns various gradient estimates in order to obtain the estimate for W,,(Z}*, Z;).
The main step in the proof consists in the convergence estimates in Theorem [2.2.16] where we con-
sider the approximation of solutions to the following semilinear heat equation

{ dwu(t,z) + LAu(t,z) + f(t,z, u(t,z), Vou(t,z)) = 0, (t,z) € [0, T[xR, (2.38)

u(T,-) = ().

and their gradients by solutions to the associated finite difference schemes and their discretized
gradients. We show these estimates by probabilistic means.

The Section is organized as follows: we first introduce some notations (Section [2.2.2)), then we
recall some properties of the random walk in the Wasserstein distance (Section [2.2.3)), we give some
regularity results on the associated discrete and continuous PDEs (Section[2.2.4) and finally we estab-
lish convergence results (Section [2.2.5).

2.2.2 Notations

Hypothesis 2.4 There exist 0 < € < 1and 0 < o < 1 such that it holds:
i. The function g : R — R is e-Holder continuous: for all (x, 2’) € R? one has
l9(z) =g («')] < llgll- |2 — ']

ii. The function f : [0,7] x R x R x R — R is a-Holder continuous in time, e-Holder
continuous in space and Lipschitz continuous with respect to (y, z): for all (¢, z, y, z) and
(t' 2"y, 2)in [0,T] x R x R x R one has

|ty 2) = f (.9, 7)]
< filla [t ="+ 1 felle |2 = 2|+ I fulluip [y —¥'| + [ fllup |2 — 2] (239)

Most of the time, we do not need to distinguish between || f, ||Lip and || f.||Lip and we let || f||Lip :=
max (| fyllLips 1. ILip) -
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Convention: Later the phrase a constant C > 0 depends on (T,¢, f,g) stands for the fact
that C' can be expressed in terms of (T',¢, || fz|le, || fylILip | f2IILips K, [|9lle, 9(0)) where K :=
supyepo,7 | f(¢,0,0,0)|. Similarly, a dependence on (7', a, ¢, f, g) means an additional dependence
on (e, [ ft[la)-

From [BDH™'03, Theorem 4.2] it is known that under Hypothesis the BSDE has a
unique L,-solution (Y, Z) for any p €]1, co[. So for (¢,z) € [0, T[xR we let (}@t’x, Zﬁx) be

s€t,T)
the square integrable solution to the BSDE

o)

s

T T
f (r Whe Y Z5%) dr — / ZUTAW,, t<s<T,  (2.40)

S

where W;* := 24 W, —W;, and set, as usual, for z € R, u(T, x) := g(z), and, for (t,z) € [0, T[xR,
T
u(t,z) =Y, =E [Q(W%””) - / f(rWhe yie 7t dr| |
t

It is well known that the function u is continuous on [0, 7] x R (see also Lemma[2.2.10|below). Under
Lipschitz assumptions in (z, y, z) and for o > %, u is the viscosity solution to (2.38)), see [Zhal7, The-
orem 5.5.8]. Moreover, as recalled in Theorem[2.1.5] in this Markovian setting, for (¢, ) € [0, 7] xR,
we have Y2¥ = u(s, Wi™) as. forall s € [t,T] and for a generator which is Lipschitz continuous
in all space variables and a measurable function g with polynomial growth, J. Zhang proved that u
belongs to C%! ([0, T[xR), that Z-™ = V,u(s, We™) a.e. on [t, T[x€ and that the following repre-
sentation holds (see [Zha05, Theorem 3.2])

Wr — W, r W, — W,
V:Eu(tam) =K g(th“’x)# + / f (’l“, W7f7x7 Y;‘t,m’ Z'/tjx) 7t d’l“ 9
T-—1 ¢ r—t
(t,x) € [0, T[xR.
If F is the function given by
F(s,z) = f(s,z,u(s,z), Vyu(s,x)) for (s,z) € [0,T[xR, (2.41)
we thus have
T
u(t,z) =E [g(W:tpz) —l—/ F(r,Wh®) dr] , (t,z) € [0, T[xR, (2.42)
t
together with
Wr — W, W, — Wy

Veu(t,z) =E [Q(W%x)

T
+ / F(r,Wh®) dr], (t,z) € [0, T[xR. (2.43)
t

T—-1

r—t

Remark 2.2.2 Theses formulas play an important role in the sequel. In Lemma [2.2.10] we extend
these results to the case where f(¢,-,y, z) is e-Holder continuous and make the regularity of u and
V. u precise.

As already mentioned before, we are concerned with the approximation of the solution
(Yh*, Z5*) to (2:40) by a solution to the BSDE driven by a scaled random walk. To do this, let us con-
sider, on some probability space, not necessarily (£2, F,P), an i.i.d. sequence ({)r>1 of Rademacher
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random variables. For n € N* := {1,2,3,...} we set h := T'/n and we consider the scaled random
walk introduced in (2.3):
[t/h]
WP =vh> & 0<t<T.
k=1
As we did for the Brownian motion, forz € Rand 0 <t < s < T we put

W = g+ WP — W)

Let us introduce some further notation. We denote the ceiling function by [z] := min{r € Z :
r > x} for x € R. Moreover, we set

ne:=[t/h], t:=h[t/h]=hn, and F:=h[t/k], te[0,T).

By construction, Y is a piecewise constant cadlag process with Y;" = Y;*. The process Z" is
defined as an element of Lo(Q x [0, T], dP ® d(W™)), where we start with a Z" defined only on the
points {t; := kh : k = 1,...,n} and extend it to |0, T as a caglad process (Z');c)o,7] by setting
Zy" = Z3'. The previous BSDE is actually a discrete BSDE that can be solved by hand since, for
k=0,---,n—1, we have

Y=y

tk+1

S (e Wi Yo 20, ) = VR ZE G, Vi = g(WR). (2.44)

e e s
Thus, if Ytk+1 is given,

ZZCJA = h_1/2 E (}/;Z+1€k+1 ‘ gk) ) (245)
Y=V b (e WY 2 )~ VA2
=B (Y7, 1Gk) + 1 f (tean, WY 20 (2.46)

where the last equality follows by taking the conditional equation w.r.t. G, in the second line.

Remark 2.2.3 If we sum (2.44) we get

n—1 n—1
Y =gWE) +h > fltmar, WYL ZE ) =VRY 2P &y, 0<k<n-—1.
m=k m=k

which is almost (2.2). The only difference is due to the predictable property of the Z" process con-
sidered in this section.

Since we are in a Markovian setting, there is also an analogue of the Feynman-Kac formula. If u
is a given function we set

DY u(x) == <u(a: +Vh) +u(z — \/ﬁ)) , D" u(z) := % (u(x +Vh) —u(z — \/ﬁ)> ,

N

and
V™u(z) := h™/2 D" u(z). (2.47)
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Remark 2.2.4 From the definition of DY and D", we get that if u is e-Holder, DY v and D" u are
also e-Holder with constant ||u/|..

Let U™ be the solution to the finite difference equation, where forz € Rand k = 0,...,n — 1 we
require

{Un(tk’ 'T) :DiUn(tk-i-lv fL‘)+ hf(tk-f—l? €z, Un(tkv fL‘), hi%DEU”(tkﬁ-l’ :L'))’ (2.48)

U™ (tn,x)=g(x).

This scheme is monotone in the sense of Barles and Souganides [BS91]]. We obtain from (2.45]) and
(2.46) (cf [BDMOI, Proposition 5.1]) that

k
Y;Z—U”(tk,\/EZé.z), k=0,...,n,
i=1

k—1
Zp =v"un (tk,\/ﬁzf;) . k=1,...,n.

i=1
These formulas rewrite in continuous time to
Y=Y =U"tW), te€l0,T), and Z'=2Z'=V"U"(t, W), t€)0,T).
If we set, for0 <t <Tandx € R, U"(t,z) := U"(t, x), we have Y;* = U"(t, W}").
More generally, for 0 < t < T, we define (Y%, Z™!%) as the solution Y"5% = (l@"’z’x)se[LT]
and Z"% = (Z3"%%) ), 7) to the BSDE

YT = gV ™) o [l W Y ZE ) d(w), / Zpteawy, s e LT

5,77 Js,T1
(2.49)
We set YT = g(x). Then,
Yht = Ybt = UM (s, W), 0<t<s<T. (2.50)
Let us observe that Z™4 is first defined at the points ¢t = ¢, k = n; + 1,...,n. As before we let
ZEYT .= 7MY for s €]t, T). We have
it — it
ZP = 75T =N"U (s, W) fors €t T
In particular,
Zh = U™ (s + h, W) whenever s €]t, T\{tx : k=n; +1,...,n}. (2.51)
Of course, we have
U™(t,z) = YW = Y;“Lx fort € [0,T].
Similarly, we define, for (¢,z) € [0, T[xR,
A"(t,x) == V"U"(t+ h,2) = Z,5". (2.52)
With this notation, (2.5T)) rewrites as
70T = A(s, W) whenever s €]t, T|\{tx : k=n;+1,...,n}. (2.53)
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It follows that

U(t,z) =E |g (W;’t’z> +h Z f (tk,W"’t*’f y b Zn,t,z)

tp—1 7 “tp—1 0 Tty

k=n;+1

T
=K [g (W;’t,z) _|_/ f (37 W;l,t,:c’ Y;mt,x, Z;L,t,x) ds] ’
t
which rewrites, taking into account (2.50) and (2.53)), to

U(t,xz) =E [g <W17},t,x> Jr/
t

—E n,t,% T — Qn,t,x
_ [Q(WT )+ [ 1@ )ds}, (2.54)

T
f (3 W U (s, WRhe), A (s, W) dS]

where
@Z’t’x = (Ws’"t’x, Un(s, Ws”’t’x), A" (s, WS’”I)) . (2.55)

We prove in Section that (U™, A™) converges to (u, V,u).
From now on we assume that n > no (7T, || f||Lip) Where no (T, || f||Lip) € N* is the integer given in
[L-1, Lemma 14] and which automatically implies also existence and uniqueness of solutions because

no > T f|Lip-
2.2.3 Scaled random walk and Wasserstein distance

One starting point of this section is the following result of Emmanuel Rio [Ri009] (Theorem 2.1) (see
also [Rioll]]). We then extend this result in Proposition and Corollary [2.2.8]to cover the case
where the generator vanishes, i.e. f = 0.

For r > 0 let 1), be defined by ¢,.(z) = el*l” — 1, and for a real random variable X we let

| X ||y, :=inf{a > 0: E[¢,(X/a)] <1}, inf () := +o0.

Let us recall that, for any p > 0,

PV PV 1/(pvr)
sups —— ¢ < 400, X < <su { }) Xy, (2.56)
x>%{¢r($)} | HLp x>18 V() | H¢

Let X and X’ be two random variables and let us denote by  the law of X and by v the law of X’.
With the usual abuse of notation, the Wasserstein distance associated to 1, is defined by

W, (1, v) = Wy, (X, X') :=inf {| X — X'||y, : law(X) = p, law(X") = v} .
Lemma 2.2.5 The following results hold
LAIX P, = [1X13,, for ;s > 0.
2. | Xl < ersl| X ||, for 0 < r < s < 0o and some constant ¢, s > 0.

3. There is a constant ¢ > 0 such that for i.i.d. Rademacher variables ({;)>1 it holds || + - - - +
&nllys < cy/nforalln € N*.
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4. Lete €]0,1], g : R — R be e-Hélder continuous, and r > 0. Then one has
l9(X) = g(X )l < llgllellX — XI5,
for random variables X, X' : Q — R, and
Wy, (9(X), 9(X")) < [lgll- Wy, (X, X7)*.
for random variables X : Q — Rand X' : Q' — R.
5. Forr > 1 one has that Wy, (-, ) is a distance.

Let (Xk)k>1 be an i.id. sequence of random variables with E [X] = 0, E [X?] = 1, and such
that, for some o > 0, E [e"‘X |} < +o0. Let G be a standard normal random variable. In [Rio09,
Theorem 2.1], Emmanuel Rio proved that there exists a constant C' > 0 such that, forn > 1,

Wi, (n_l/QSn, g) < Cn_l/Q, where S, = X7 +...+ X,,.

As a byproduct, for any p > 1, there exists a constant ¢, > 0 such that

Wy (n71/28,,G) < enV/2, 2.57)
where VW, stands for the L,-Wasserstein distance
Wy (1, v) = Wy(X, X') := inf {E (X — X'|P] Ve, law(X) = p, law(X') = 1/} . (2.58)
We have also the result of Kantorovich-Rubinstein, i.e.
Wi, v) = Wi(X, X') = sup{E [f(X)] = E [f(X")] : || flluip < 1}. (2.59)

Remark 2.2.6 We could also consider here the case where 0 < p < 1 by using the fact that, in this
case, E(|X — X'|P) is a distance (see the arguments in [LASO3), Section 7.1]). In general, we have
Wy, v) < Wy(p,v) for0 < p < g < oo.

Let us start with a straightforward generalization of Rio’s result.

Proposition 2.2.7 There exists a C > 0 such that, forallx € Rand all0 <t < s < T,

n

T\ /2
W, (W5, W) < € <> '
Then, taking into account (2.56)), for any p > 1, there exists a ¢, > 0 such that, for all z € R and
al0 <t <s<T,

7\ /2
W, (WPH* WE') < ¢, <n> : (2.60)

Let us finish with a simple consequence of this result that we will use in the sequel.

Corollary 2.2.8 Let 0 < € < 1and let g : R — R be an e-Holder continuous function. Then there
exists a C > 0 depending on T such that, forall xt € Rand all0 <t <s<T,

[E[g (W) —E [g (WE)]] < Cligllen™/2,
and, setting §(t, s) := max (s —t,s — t),

[E [g (W) (Wi — )] —E [g (We") (We* —2)]] < Cllgll- 8(¢, )2 0=/,
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2.2.4 Regularity results on u, U™, Vu and A"

Let us start by known regularity properties of the function w that follow from classical a priori esti-
mates for BSDE:s.

Lemma 2.2.9 Under Assumption there exists a constant C > 0 depending on (T ¢, f,g) such
that, for all (t,z) € [0,T] x R,

u(t, z)] < C(1+ |z])%, lult, )]l < C, [u( @)z < C (14 [a])°.

The following Lemma extends [Zha05, Theorem 3.2] and Theorem @] to the case where
f(t,-,y,z) is e-Holder continuous and f(-,x,y, z) is a-Holder continuous. We also assume that
g is e-Holder continuous. Comparing to regularity results stated in Theorem [2.1.5] we also provide a
bound for ||V u(t, -)||e.

Lemma 2.2.10 Recall the notation [2.41) and let Assumption 2.4 hold.

1. The function u belongs to C%1([0, T[xR) and, for all (t,z) € [0, T[xR, we have,

78 = Vu(s, WE®)  fora.e. (s,w) € [t, T[xQ, (2.61)
as well as 2.43) i.e.
_ T
Vaulte) =B (a7 2= ) B ([ rewin T P
_ ; -

Consequently, for E, .= E|- | F,],

Wr — W, T Wy — W,
Vu(r, W,’f’x) =E, <g(W7tJI)T> +E, </ F(S,Wst””)ds>

T—7r s—r

a.s. for r € [t,T. (2.62)

2. Moreover, there exists a constant C' > 0 depending on (T, ¢, f, g) such that

(@) [|Vzu(t, )]s <
(b) |Veu(t,z)| <

= Jorallt € [0,T7,

mfor all (t x) [O,T[XR

Remark 2.2.11 From now on we always use the continuous version of zZb" given by Vu(s, Wi ).

Lemma 2.2.12 For all (t,z) € [0,T[xR and for n > ng € N*, with ng defined as in [IL-1, Lemma
14], we have

Ut 2)] < O(1 + Jal).
2. |A™Mt, z)| < (T— t)(l BYR

where C' > 0 depends on (T ¢, f,g) and C,, > 0 depends on (T, ¢, f,g,n).

Proposition 2.2.13 Under Hypothesis there exists a constant C > 0 depending on (T ¢, f, g)
such that, for all x € R,

(t— 7")5/2

v.’L’ ta _vx ) SC
Vault,2) - Vou(ra)| < CT 2

forall 0 <r<t<T.
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2.2.5 Main results

Theorem 2.2.14 Assume that Hypothesis 2.4 holds. Then there exists a constant C; > 0, depending
atmost on (T, v, e, f, g) such that for all z € R,

1 Wy, (Y YET) < C(U [al) 0 @D forall 0<t <5 < T,

2. W, (23007, 25%) < € O =00 forall s € [1,T1.

In particular, for any p € [1,00|, there exists a constant C, > 0, depending at most on
(T, o, e, f,qg,p) such that for all x € R,

1. W, (st’t’z,Yst’m> < Cp(1+|z|) n—(@A3) forall 0 <t<s<T,

2.W, (Zg’t’m, Zﬁx) <Gy (Atz))® ) —(@n$) forall s € [t,T].
Proof. We give here an overview of the proof of Theorem [2.2.14

Wiﬁr (Y;t,a:7 }/Sn,t,w) — W¢r (U(S, W;,x)’ Un(s’ W:,t,x))
< W (s W), s, W) o W, (s, W), U7 (5, W)

The first term of the r.h.s. is bounded by Lemma [2.2.5/4] Lemma [2.2.9) and Proposition The
second term of the r.h.s. is bounded by using Theorem As for the error on Y, we have

W, (Vu(s, WoT), A" (s, WHH))
< Wy (Vs IW27), Vs, W)+ W, (T W), A7, W),

Lemma [2.2.5l4] Lemma [2.2.10]and Proposition enable to bound the first term of the r.h.s.. The
second term of the r.h.s. is bounded by using Theorem[2.2.16] If s does not belong to the time grid we

have W, (Z57, Z5) = Wy, (VU(S, Wo™), An (s, Wsnm)) and the result follows. Is s belongs
to the time grid we have ZJ""* = VU™ <s, WS"_’t’x) = A" (s —h/2, W:f;t%). Then we first write

t, Y t, €, t, t, t, R
Wi (205, 205) = Wy, (282, 2050, ) < Wy (207,27, )+ Wy, (27, 20050,) -

Since s — % does not belong to the time grid, the second term of the r.h.s. is bounded by using the
previous result. We use Lemma[2.2.10]and Proposition [2.2.13]to bound the first term.

Remark 2.2.15
1. Esseen [Ess38]] proved (we write this using the notation introduced in (2.57))) that

Jm i (n7125,.6) = 4,

where A is a constant depending on the distribution of X;. Zolotarev provided in [Zol76,
Theorem 1] a lower estimate for A. If X; = &, that is for Rademacher variables, one has
A(&1) > 1/2. This implies that for g(z) = x and f = 0 we have

1
lim AWy (Y200 vO9) > L3,
n%wa1(T s 4 )—2
In particular this result ensures that the rate we get is optimal.
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2. Dong and Krylov have shown in [DKOS, Theorem 2.18], if f is linear in y and z, that the rate
in Theorem can be of order % provided that g and f are bounded and sufficiently
smooth. Their results also include the case where the forward process is a diffusion, again with
bounded and sufficiently smooth coefficients.

3. Theorem[2.2.16]gives a probabilistic proof of the point-wise convergence of the finite difference
scheme, for v and V,u, when u solves a semi-linear and non-degenerate equation, with Lapla-
cian smoothing. Deterministic proofs in a general setting of this convergence can be found in
the literature for the solution u. For example, Crandall and Lions [CL84] get a convergence
order of 1/2 in the case of Hamilton-Jacobi equations, which is consistent with our result.

Theorem [2.2.14]is a consequence of Theorem [2.2.16 which gives the rate of the point-wise con-
vergence of U", the solution to (2.48), towards the solution u to the semilinear heat equation (2.38),
as well as the point-wise convergence of the gradients. Theorem[2.2.16]is a key step to our main result
and might be of interest in its own right, in particular for its probabilistic proof.

Theorem 2.2.16 Under Assumption there exists a constant C' > 0 depending at most on
(T, o, ¢, f,g) such that

L |u(t,z) — U™(t,2)] < C (1 + |z))n~ @ 2 forall (t,2) € R x [0,T],

2. |Vau(t,z) — A™(t, z)| < C% n~ "3 forall (t,z) € R x [0,T].

Proof. We split the proof into three parts. We begin by studying |u — U™|, we proceed by obtaining
an estimate for Vu — A", and then we conclude with a Gronwall argument.

From (2.42)) and (2.54) we conclude that
jut, z) — U ()| < [E |g (W5) |~ E[g (W3]

n ‘u«: [/tTF (5, W57) ds] _E [/tTf (5, 0m) ds] .

We use Corollary to bound the first term. To bound the second term of the r.h.s., we introduce
the function F;, given by

(2.63)

Fo(s,x):= f(s,2,U"(s,2),A"(s,z)) for (s,z) € [0, T[xR. (2.64)

Using the notation (Z33) we also have that F,(s, Wi"") = f(s,00""). Since f is
a-Holder continuous in time and thanks to a priori estimates on (Y™5% Zmb&) (see [L-1}
Lemma 14]), bounding the second term of the rh.s.  of (2.63) boils down to bound

‘ftTE [F (8, Wﬁxﬂ ds — ftTE [Fn (s, ng)] ds‘. We have

/tT]E [F (s, W) ds — /tTE (B, (s, W) ds

T T
< [ IELF (W) ~E[F (s W20)][ds+ [ B[ Bl (s, W7)] ds
t t

Since ||F(s,- )|l < C \/%_8, Corollary bounds the first term. Coming back to the definition of

F and F,, and using the Lipschitz continuity of f, we have

|F = Fo| (s, W) < || Flluip [lu — U™ [(s, W) + [ Vu — A™|(s, WH)]
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Setting for simplicity, for s € [0, T7,

o= (M | o=

for s € [0, T, (2.63) becomes by using Lemmas [2.2.9 [2.2.10]and [2.2.12]

) < (094 [ (5,00) + s ds) . e 0.7

and since -, belongs to L'[0, T'|, Gronwall’s inequality gives

T
Ba(t) < C <n<aA§> + / %(s)ds) , tel0,T]. (2.65)
t

In order to take advantage of the previous inequality, we need to estimate v, (s). To do this, we use
the representation (2.43)) and the following equality (see [L-1, Equation (33)])

T nt,r
/ f (5 omtay e T =2 - xds].

t+h s =

Wn,t,z —
g(Bg’_‘?tﬂj) T

+E

Then we divide the study into two parts
|Vu(t,z) — A™(t,z)| < | g difference | + | f difference |.

The ¢ difference is bounded by using Corollary The f difference is bounded thanks to the
regularity of F' and Corollary [2.2.8] This boils down to

Weo(" e [T (B ) 2 0,7
Yn(t) < + n(S) + V(s , tel0,T].
VI =t Jrnar Vs—1
Using (2.65) and Gronwall’s lemma ends the proof. [ ]

2.3 Case of Doubly reflected BSDEs with RCLL obstacles

This Section presents the results established in [L-8] and [L-9]] written with Roxana Dumitrescu. We
study a discrete time approximation scheme for the solution to doubly reflected Backward Stochas-
tic Differential Equations (DBBSDEs in short) driven by a Brownian motion and a Poisson random
process which are mutually independent. We consider the non-markovian case. Moreover, the barri-
ers are supposed to be right-continuous and left-limited (RCLL in short) processes, whose jumps are
arbitrary, they can be either predictable or inaccessible. We consider the following equation:

@)Y=+ [} f(5,Ys, Zs, Us)ds + (Ap — Ay) = (Kp — Ky) — [ Z,dW, = [ UdN;,
(i) vt € [0,T],(, <Y, < (pas,

Qi) [y (Vi- — ¢, )dA§ = 0as.and f) (C,- — Y- )dKf = Oas.

(iv) V7 predictable stopping time , AA? = AAf1y _. and AK{=AK{1, _;

=

(2.66)

Here, A¢ (resp. K¢) denotes the continuous part of A (resp. K) and A? (resp. K% its
discontinuous part, {W; : 0 < t < T} is a one dimensional standard Brownian motion and
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{Nt := Ny — At,0 < t < T} is a compensated Poisson process. Both processes are independent and
they are defined on the probability space (€2, Fr,F = {F; }o<i<7,P). The processes A and K have
the role to keep the solution between the two obstacles ¢ and . Since we consider that the jumps of
the obstacles can be either predictable or totally inaccessible, A and K are also discontinuous.

In the case of a Brownian filtration, non-linear backward stochastic differential equations were
introduced by Pardoux and Peng [PP90]. One barrier reflected BSDEs were firstly studied by El
Karoui et al in [EKKP™97]. In their setting, one of the components of the solution was forced to stay
above a given barrier which is a continuous adapted stochastic process. The main motivation of such
equations is the pricing of American options especially in constrained markets. The generalization to
the case of two reflecting barriers was carried out by Cvitanic and Karatzas in [CK96]. It is also well
known that doubly reflected BSDEs are related to Dynkin games and in finance to the pricing of
Israeli options (or Game options). The case of standard BSDEs with jump processes driven by a
compensated Poisson random measure was first considered by Tang and Li in [TL94]. The extension
to the case of reflected BSDEs and one reflecting barrier with only inaccessible jumps was
established by Hamadéne and Ouknine [HOO3|]. Later on, Essaky in [EssO8] and Hamadéne and
Ouknine in [HO16] had extended these results to a RCLL obstacle with predictable and inaccessible
jumps. Results concerning existence and uniqueness of the solution for doubly reflected BSDEs with
jumps can be found in [CMO08],[DQS16], [HHO6], [HWQ9] and [EHOOS]].

Numerical schemes for DBBSDEs driven by the Brownian motion and based on a random tree
method were proposed by Xu in [Xulll] (see also [MPXO0S8|] and [PX11]]) and, in the Markovian
framework, by Chassagneux in [[Cha09]]. In the case of a filtration driven also by a Poisson process,
some results were provided only in the non-reflected case. In [BEOS]], the authors proposed a scheme
for Forward-Backward SDEs based on the dynamic programming equation and in [LMT13] the
authors proposed a fully implementable scheme based on a random binomial tree.

Our aim is to propose an implementable numerical method to approximate the solution to DBB-
SDEs with jumps and RCLL obstacles (2.66). As for standard BSDEs, the computation of conditional
expectations is an important issue. Since we consider reflected BSDEs, we also have to modelize the
constraints. In the first part of this work (corresponding to [L-8]]) we consider the following approxi-
mations

* we approximate the Brownian motion and the Poisson process by two independent random
walks,

* we introduce a sequence of penalized BSDEs to approximate the reflected BSDE.

These approximations enable us to provide a fully implementable scheme, called explicit penal-

ized discrete scheme in the following : 7b" := gz andforj=n—1,---,0
(7" = [yahﬂ\f"] I BRI, B B R
=D, p _
@ = o (B + f<th[y]+1|f"1 2 ) cn) ,
-  Ph (= EfP" p o)~
75" = ﬁE@imﬂm )
" = ey B )
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We prove in Theorem [2.3.12] that the scheme weakly converges to the solution to (2.66).
Moreover, in order to prove the convergence of our scheme, we prove, in the case of jump processes
driven by a general Poisson random measure, that the solutions to the penalized equations converge
to the solution of the doubly reflected BSDE in the case of a driver depending on the solution, which
was not the case in the previous literature (see [EHOOS], [HHO6], [HWQ9]). This gives another proof
for the existence of a solution to DBBSDEs with jumps and RCLL barriers. Our method is based on
a combination of penalization, Snell envelope theory, comparison theorem for BSDEs with jumps
(see [[QS13], [QS14]) and a generalized monotonic theorem under the Mokobodski’s condition. It
extends [LXOQ7] to the case of DBBSDEs with totally inaccessible jumps. Finally, we illustrate our
theoretical results with some numerical simulations in the case of general jumps.

In a second part of this work (corresponding to [L-9]), we propose an alternative scheme to [L-8|] to
solve (2.66). The scheme proposed here takes the following form: ;; := (" andforj =n—1,---,0

yn = [y]—i-l’fn] + f(t],E[y]_H‘f”L#?’*?w +§" E;L
a} >0, k; >0, ajk; =0, (2.67)
¢ g <T@ - O = @ — TR =0

It generalizes the scheme proposed by [Xulll] to the case of jumps. Compared to the scheme
proposed in [L-8]], the scheme proposed here —called reflected scheme in the following —is based
on the direct discretization of (2.66). In particular, there is no penalization step. Then, this method
only depends on one parameter of approximation (the number of time steps n), contrary to the scheme
proposed in [L-8|], which also depends on the penalization parameter. We provide here an explicit
reflected scheme and an implicit reflected scheme and we show the convergence of both schemes. We
illustrate numerically the theoretical results and show they coincide with the ones obtained by using
the penalized scheme presented in [L-8]|, for large values of the penalization parameter.

The rest of the Section is organized as follows: Section [2.3.1] presents the general framework,
Section [2.3.2] presents the discrete time approximation, Section [2.3.3] presents the penalized scheme
and establish its convergence and Section[2.3.4]presents the reflected scheme and establish its conver-
gence.

2.3.1 General framework

Let (92, F,P) be a probability space, and P be the predictable o-algebra on [0, 7] x 2. Let W be a
one-dimensional Brownian motion and N (dt, de) be a Poisson random measure with compensator
v(de)dt such that v is a o-finite measure on R*, equipped with its Borel field B(R*). Let N (dt, du)
be its compensated process. Let F = {F;,0 < t < T'} be the natural filtration associated with ¥ and
N.

For each T > 0, we use the following notations:

{(u)]?v(du) < +oo.

The set L2 is a Hilbert space equipped with the scalar product (8, £), := [p. 6(u)l(u)v(du)
forall 6, ¢ € L2 x L2, and the norm ||¢||2 := [i. [¢(u)[*v(du).

* L2 is the set of Borelian functions £ : R* — R such that [5.

+ B(R?) (resp B(L?)) is the Borelian o-algebra on R? (resp. on L2).

* H? is the set of real-valued predictable processes ¢ such that ||¢||F. := E( fOT P3dt) < +o0.
With the notations given in the Introduction we have H? = HZ(R).
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 H2 is the set of processes [ which are predictable, that is, measurable
1:([0,T] x @ x R*, P®BR")) = (R,B(R)); (w,t,u)— li(w,u)
such that ||I[2, = E [fOT Hztugdt} < .

« S%is the set of real-valued RCLL adapted processes ¢ such that [|¢]| %, := E(supg<s<r [¢¢]?) <
oo. With the notations given in the Introduction we have S = SZ4(R).

+ A? is the set of real-valued non decreasing RCLL predictable processes A with Ag = 0 and
E(A2) < oo.

* 7o is the set of stopping times 7 such that 7 € [0, 7] a.s
* For Sin 7y, Tg is the set of stopping times 7 such that S < 7 < T a.s.

» For each RCLL adapted process ¢ = (¢)o<i< With ¢~ € S2, we denote by R(¢) the Snell
envelope of ¢, defined as the minimal RCLL supermartingale greater or equal to ¢ a.s.

Definition 2.3.1 (Driver, Lipschitz driver) A function f is said to be a driver if

s fOX[0,T]xR?x L2 - R
(w,t,y, 2, 6(-)) = g(w, t,y, 2, k() is P @ B(R?) @ B(L2)— measurable,

* ||f(’07070)Hoo < Q.

A driver f is called a Lipschitz driver if moreover there exists a constant Cy > 0 and a bounded,
non-decreasing continuous function A with A(0) = 0 such that dP @ dt-a.s., for each (s1,y1, 21, k1),

(82,2, 22, k2),
|f(w, 51,91, 21, k1) — fw, 52,y2, 22, ka)| < A(|s2 — s1]|) + Cr(|yr — y2| + |21 — 22| + ||k1 — ka2||).

Definition 2.3.2 (Mokobodski’s condition) Let ¢, C in 8%. There exist two nonnegative RCLL super-
martingales H and H' in 8? such that

vt € [0,T], ¢ Lier < Hy— H; < (et as.

Hypothesis 2.5 A Lipschitz driver g is said to satisfy Assumption[2.3]if the following holds : dP®dt
a.s. for each (y, z, k1, k2) € R? x (L2)2, we have

f(t,y,Z, kl) - f<t7y7zak2) 2 <9?72’k17k27 kl - k2>V7
with
6 :Q x [0,T] x R? x (L?)* — L?;
(W, by, 2, k1, ko) — 072 (w0, )

P ® B(R?) x B((L?)?)-measurable, bounded, and satisfying dP ® dt ® dv(u)-a.s., for each
(y, 2, k1, ko) € R? x (L})?,
Op M () > —Land |07 (u)] < (),

where ¢ € L2.
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Remark 2.3.3 This assumption ensures the comparison theorem for BSDEs with jumps (see [QS13|
Theorem 4.2]), which extends the result of [Roy06].

Hypothesis 2.6 ¢ and ¢ are two adapted RCLL processes with Cr = (ras., [§S S2,( € 82, ¢, <
¢, for all t € [0, T, the Mokobodski’s condition holds and g is a Lipschitz driver satisfying
Assumption [2.5]

We introduce the following general reflected BSDE with jumps and two RCLL obstacles

Definition 2.3.4 Let T' > 0 be a fixed terminal time and g be a Lipschitz driver. Let { and C be two

adapted RCLL processes with QT =C(pas., ¢ € S%, (e &2 Qt <, forallt € [0,T] a.s. A process
(Y, Z,U, «) is said to be a solution to the double barrier reflected BSDE (DBBSDE) associated with
driver f and barriers ¢, if

(i)Y € 8%, Z cH?% U € H2 and o € S?, where a = A — K with A, K in A*
(iD) Vi = G+ i F(5,Ys, 2o, Us)ds + (Ar — Ay) = (Kp = Ky) = [ ZedWs = [ [o. Us(e)N(ds, de),
(iii) ¥t € [0, T, ¢, < Vi <, as,
(iv) fOT(Y;— — ¢, )dAy =0a.s. and fOT(th —Y,-)dKy =0 a.s.
(2.68)

Remark 2.3.5 Condition (iv) is equivalent to the following condition : if K = K¢+ K% and A =
A+ A where K¢ (resp. K ) represents the continuous (resp. the discontinous) part of K (the same
notation holds for A), then

T T
/ (Y; — ¢,)dA; = Oas., / (¢, — Y1)dKf =0 as.
0 0
and

vr € To predictable, AA? = AAf1y _. and AKY=AK!, _;

—

Theorem 2.3.6 ([DQS16| Theorem 4.1]) Suppose ¢ and ( are RCLL adapted processes in S* such
that for all t € [0,T), ¢ ; < Zt and Mokobodski’s condition holds. Then, DBBSDE ([2.68) admits a
unique solution (Y, Z,U, ) in 8 x H? x H2 x A2

Remark 2.3.7 As said in [DQS16, Remark 4.3], if for all ¢ €]0, 7] Qt_ < Zr a.s., [DQS16, Propo-
sition 4.2] gives the uniqueness of A, K € (A2%)2.

2.3.2 Discrete time Approximation
We adopt the framework of [LMT13]], presented below.
Random walk approximation of (W, N) For n € N, we introduce h := % and the regular grid

(tj)j=0,....n With step size h (i.e. t; := jh) to discretize [0, 7']. In order to approximate W, we recall
the random walk approximation
Wy =0
{ 0 (2.69)

Wit = \/EZEZT] &i
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where &1,&o,...,&, are independent identically distributed random variables with the following
Rademacher law:

1
Pl =1) =Pl =-1)= 3.
To approximate N, we introduce a second random walk
Ny =0
Y t/h (2.70)
{N = Z’Ez/l] i

where 71, 12, ..., N, are independent and identically distributed random variables with law
Pim=kn—1)=1—P(nm =ky,) = kn

where Kk, = ¢~ . We assume that both sequences &1, ..., &, and 11,12, ..., n, are defined on the
original probability space (€2, F,P). The (discrete) filtration in the probability space is F" = {]—“]” :
j = 0, ceny n} with .7:61 = {Q, @} and ]:]n = 0‘{51, "'a£j77717 ceny 17]‘} fOI'j = 1, ceey N

The following result states the convergence of (W™, N™) to (W, N) for the .J;-Skorokhod topol-
ogy, and the convergence of W™ to W in any L?, p > 1, for the topology of uniform convergence
on [0,7]. We refer to [LMTI3] Section 3] for more results on the convergence in probability of
F™-martingales.

Lemmil 2.3.8 (ILMTI3, Lemma3, (Il)], ~and [BDMOI, Proof of Corollary 2.2]) The couple
(W™, N™) converges in probability to (W, N) for the J1-Skorokhod topology, and

sup |[W' =Wy — 0asn — oo
0<t<T

in probability and in LP, for any 1 < p < oc.

Martingale representation Let y;,1 denote a JF,  -measurable random variable. As said in

41
[LMT13], we need a set of three strongly orthogonal martingales to represent the martingale dif-
ference mj;1 = Y11 — E(yj+1|]-'}7”). We introduce a third martingale increments sequence
{p; = &mnj,7 = 0,---,n}. In this context there exists a unique triplet (z;, u;,v;) of JF}'-random

variables such that
mj1 =y — Byl FJ) = Vhzii + uinjcn + v,
and
2 = R84l F]),

E(yj+1mi+11F7) 1
Uj = E(an+1j)2\]:jn]) = ,.gn(lf,{n)E(yj—i—lT]j—i-l’]:jn)a 2.71)

_ E@itipinlF})
Ui = By PIE = i) B

Remark 2.3.9 (Computing the conditional expectations) Let ® denote a function from R%*2 to R.
We use the following formula to compute the conditional expectations

n Kn
E((p(gla 7€j+177717"' 777]+1)|f] ) :7(1)(617 7§j7177717"' yMj> Kn — 1)

TR Ly — 1)

11—k,
2

1— kg,
2

+

(I)(é.l?"' 7fj7177717"' 777‘7‘7’“‘:71)

+

(I)(§17' o 7fj7_177717"' anjaﬁn)'
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2.3.3 Penalized scheme

In order to propose an implementable numerical scheme we consider that the Poisson random measure
is simply generated by the jumps of a Poisson process. We consider a Poisson process {NV; : 0 < t <
T'} with intensity A and jumps times {7} : K = 0, 1, ...}. The random measure is then

Ny
N(dt,de) = 67, 1(dt,de) — Adts, (de)
k=1

where J, denotes the Dirac function at the point a. In the following, Nt := Ny — At. Then, the
unknown fonction U, (e) does not depend on the magnitude e anymore, and we write U := Us(1).
In this particular case, (2.68)) becomes:

)Y €82 ZcH%UcH?and a € 8%, where a = A — K with A, K in A?
() Yy = ¢+ [ f(5,Ys, Zs, Us)ds + (Ap — Ay) — (Kp — Ky) — [ ZodW, — [ UidN;,
(iii) vt € [0,T], ¢, < ¥; < (, ass.,
(iv) fOT(Yt_ —(,-)dA; =0as. and fOT(Zt_ —Y,-)dK; =0as.
(2.72)

In view of the proof of the convergence of the numerical scheme, we also introduce the penalized

version of (2.72)):
T T T ~
| =C+/ f(s,YP, ZP UP)ds + Al — A} — (K% — K7) —/ ZPdW, — / UPdNg, (2.73)
¢ ¢ t

with A? := pfg(Ysp — () dsand K} := pfot(zs —YP)"ds,and of := AV — K? forall t € [0,T].

2.3.3.1 Numerical scheme

The basic idea is to approximate the Brownian motion and the Poisson process by random walks
based on the binomial tree model. As explained in Section [2.3.2] these approximations enable to
get a martingale representation whose coefficients, involving conditional expectations, can be easily
computed. Then, we approximate (¥, N ) in the penalized version of our DBBSDE (i.e. in (2.73))
by using these random walks. Taking conditional expectation and using the martingale representation
leads to the explicit penalized discrete scheme (2.78). In view of the proof of the convergence of this
explicit scheme, we introduce an implicit intermediate scheme (2.75)).

Fully implementable numerical scheme In this Section we present two numerical schemes
to approximate the solution to the penalized equation (2.73): the first one, (2.75), is an
implicit intermediate scheme, useful for the proof of convergence. We denote it
(", 20" " o aB " KT j=o,.. n. We also introduce the main scheme (2.78), which is

0 A A It B |
.. L - . _ _ —p,n
explicit. We denote it (75", 2", @)™, v5", @™ k)

) 25 J U A )j=0,-.. n in the following. The implicit scheme
(2.75) is not easy to solve numerically, since it involves to inverse a function, as we will see below.
However, it plays an important role in the proof of the convergence of the explicit scheme, that’s why

we introduce it.
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In both schemes, we approximate the barrier (¢,)¢ (resp. (Cp)e) by (g)Fowwn (resp.

—-n . . . . .
(¢ j )j=0,-.- ,n)- We also introduce their continuous time versions:

oy n =n
ggl = 77[1/5]’ G = C[t/é]'
These approximations satisfy

Hypothesis 2.7

(i) For some r > 2, supmaxE(|¢"|") 4 sup maXE(]Z?V) +supE[¢,|" +supE|(,|" < oo
neN j<n 7 neN J<n t<T Tt 4<T

(i1) @ (resp Zn) converges in probability to ¢ (resp. () for the J1-Skorokhod topology,

i.e. there exists a family (¢"),en of one-to-one random time changes from [0, 7] to [0, T

such that supyco 7y [¢"(t) — t| —— 0 almost surely and sup,¢(o 71 [¢" —(,|] ——0in
’ n— o0 ’ - 2t n—oo

Y (t)
probability.

Remark 2.3.10 Hypothesis [2.7|implies that for all ¢ in [0, T'] @ W (t) (resp. " Jn (1)) converges to ¢,

(resp. Et) in L2

Remark 2.3.11 Let us give different examples of barriers in & 2 satisfying Assumption In this
Remark, X represents either ¢ or ¢.

1. X satisfies the following SDE

t t t
X, = Xo+ / b (X, )ds + / o (X, )dW, + / ex(X,-)dN,
0 0 0

where bx, ox and cx are Lipschitz functions. We approximate it by
N - t - t - t - ]
X =Ko+ [ e+ [ ox X)Wy + [ ex(F)aN:
0 0 0

where ¢ = h[s/h]. Since (W™, N™) converges in probability to (W, N) for the .J;-topology,
[SIo89, Corollary 1] gives that X converges to X in probability for the .J;-topology (for more
details on the convergence of sequences of stochastic integrals on the space of RCLL functions
endowed with the .J;-Skorokhod topology, we refer to [JMP89]]). Then, X" satisfies Assump-
tion[2.7] (i7). We deduce from Doob and Burkhélder-Davis-Gundy inequalities that X and X
satisfy Assumption[2.7| (i) and that X belongs to S2.

2. X is defined by X, := ®(t, Wy, N;), where ® satisfies the following assumptions

(a) @ is uniformly continuous in (¢,y) uniformly in z, i.e. there exist two continuous non
decreasing functions go(-) and ¢;(-) from Ry to R, with linear growth and satisfying
90(0) = g1(0) = 0 such that

V (.t xy,y), |®Ez,y) — @@, 2 y)| < go(jt —t')) + a1y — ¥])-

We denote ag (resp. aq) the constant of linear growth for gg (resp. g1) i.e. V (t,y) €
(R4)%,0 < go(t) + 91(y) < ao(1+1t) +ai1(1+y),
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(b) @ is “strongly” locally Lispchitz in x uniformly in (¢,y), i.e. there exists a constant K
and an integer pg such that

YV (tx, 2l y), [0t e,y) — Bt a',y)| < Ko(1+ [z + |2/ [P0) |z — 2.

Then, V(¢, z,y) we have |®(t, z,y)| < aolt| + a1|y| + Ko(1+|z[P0)|z| 4+ |®(0,0,0)| +ao+ a1.
From this inequality, we prove that X satisfies Assumption (7) by standard computations.
Since (N™) converges in probabilit to (V) for the J; -topology and lim,, . sup; |[W;"—W;| =
0 in LP for any p (see Lemma , we get that (X["); := (®(cn(t), W7, N*))¢ converges in
probability to X for the J;- topology.

Intermediate penalized implicit discrete scheme After the discretization of the penalized equation

(2.73) on time intervals [¢;,¢;11]o<j<n—1, We get the following discrete backward equation. For all j
in{0,---,n—1}

ﬁ’— ﬁ{+f“7pm%mﬂ@%h+a?k_@m_(%m¢&ﬁ4+u?Wﬁl+@mM+ﬁ
p,n n p,n __ ~n W VAT
n n
= gn
(2.74)
Following (2.71), the triplet (2}, u!"™, v}"™) can be computed as follows

2 = LRG| T,

b J— 1

ufn - nn(ll—nn)E(y]Jran‘i‘l’]:gn)?
T ,n

Uf - Nn(l_ﬁn)E(y§+1ﬂj+1‘FJn)a

where we refer to Remark [2.3.9]for the computation of conditional expectations. By taking the condi-
tional expectation w.r.t. 77" in (2.74), we get the following scheme, called implicit penalized discrete
scheme: yp" := (" andfor j =n —1,---,0

yy" = (0P THEWLF),

PN __ D,n n D __ n DMy —
aj - ph(yj QJ) » kj - ph((j - yj ) )
A = ﬁE(yfijHU:]n),

o 1 s
ul" = ey By ),

(2.75)

where ©P"(y) =y — f(jh,y, 2", u™) — ph(y = 1)~ +ph(C; —y)~
We also introduce the continuous time version (V""" ZP" UP™ AP™ KP™)o<i<r of the solution

to (2.75):

[t/h] [t/h]
Y= gy 207 = 2y UET = gy, A7 = Z R ka’ (2.76)

We also introduce of" := AP™ — K" forall ¢t € [0, 7).
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Main scheme As said before, the numerical inversion of the operator ©P" is not easy and is time
consuming. If we replace 4" by E(y}\" | F}') in f, 2.74) becomes

y?’":@?’+1+f(tj,E(yg+1|f") TR+ T K = G VR + T e + T 1)
—D, p7 —-n 77
7p’ — Cn

p
J

2.77)
Now, by taking the conditional expectation in the above equation, we obtain:

7o = [T FP) + f(t B FL A ) h o+ aht - R

Solving this equation, we get the following scheme, called explicit penalized scheme: " := ¢ Z
andforj=n—1,---,0

(7" = [y#ﬂ}—n]‘i'f(tav @ F 2w+ a =k

s b —D,M m mn n n n

A G R G IG EAN AR I

o p ~n 7777 mn 7p’ mn p7n 7P - 2.78
L h(c B[y | F7] = f (5, Blyy |77 250 g )) @79
5?’”27 @&+l 77,
\U?n = ,ﬁn(ll_,in)E(yj+17lj+l|f;L)~

As or the implicit scheme, we define the continuous time  version
PN N Ry N == X () . O
Yy e Uy AV K ) o<i<r of the solution to (Z.78):

[t/h] [t/h]
TP _p, N TP _p, T a2 XN v X0
vit =g, 2=, U=l A § j pe KPT=3TE(279)
Jj=0
We also introduce @ := AY" — K7™ forall t € [0,T).

2.3.3.2 Convergence result

The following result states the convergence of @ := (Y™, Z"" U"" @) t0o © := (Y, Z,U, ),
the solution to the DBBSDE (2.72).

Theorem 2.3.12 Assume that Assumptionsand hold. The sequence (?p’n, Vi Up’n) defined
by converges to (Y, Z,U), the solution to the DBBSDE [2.72), in the following sense: Nr €
[1,2]

T T T
lim lim <E U Yo" — Ys]st} +E [/ \z0" — Zs|’”ds] +E [/ v — Us\rdsD — 0.
P—00 N—00 0 0 0
(2.80)

Moreover, ZU" (resp. U"") weakly converges in H? to Z (resp. to U) and for 0 < t < T, aw(t)

converges weakly to oy in L*(Fr) as n — oo and p — 0o, where (™), is a one-to-one random
map from [0, T] to [0, T] such that sup,c(o 11 [¥"(t) — t| —— 0 a.s..
’ n—00
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Proof. In order to prove this result, we split the error in three terms, by introducing
or" = (YP", ZP" U™, ol™), the solution to the implicit penalized discrete scheme (2.76) and
oY := (Y, ZP, U, ab), the penalized version of (2.72)), defined by (2.73). For the error on Y, we
get

T T T T
=) |?§’”—n|2ds1s3<m[/ V2" - verpds) < B[ vpn - vPds] + B[ | |Y;p—n|2ds1),
0 0 0 0

and the same splitting holds for [Z"" — Z|" and [U"" — U|". For the increasing processes, we have:

B, — onl’) < 3 (B[ — ol 2] + Ellali, — of’) + Ella} — o). @81

The proof of Theorem ensues from [L-8| Proposition 4.2], [L-8, Corollary 4.4] and [L-8|, Propo-
sition 4.5]. [IL-8|, Proposition 4.2] states the convergence of the error between ©"", the explicit penal-
ization scheme defined in (2.79), and ©P", the implicit penalization scheme. It generalizes the results
of [PX11]. [L-8| Corollary 4.4] states the convergence (in 1) of ©P" to ©P. This is based on the con-
vergence of a standard BSDE with jumps in discrete time setting to the associated BSDE with jumps
in continuous time setting, which is proved in [LMT13|]. Finally, [L-8, Proposition 4.5] proves the
convergence (in p) of the penalized BSDE with jumps ©F to ©, the solution of the DBBSDE (2.72).
In fact, we prove a more general result since we show the convergence of penalized BSDEs to (2.68)
in the case of jumps driven by a general Poisson random measure. |

2.3.4 Reflected scheme

Let us now introduce an additional assumption on f, which ensures the comparison theorem for
BSDEs with jumps (see [QS13, Theorem 4.2]). The comparison theorem plays a key role in the
proof of the convergence of the penalized scheme (see Section [2.3.3), which is useful to prove the
convergence of the reflected scheme.

In this special case where the Poisson random measure is simply generated by the jumps of a
Poisson process, Hypothesis [2.5]becomes the following Hyothesis.

Hypothesis 2.8 A Lipschitz driver f is said to satisfy Assumption[2.8]if the following holds : dP®dt
a.s. for each (y, z,u1, uz) € R*, we have

f(ta y,Z,Ul) - f(t,y,z,uQ) > 9(U1 - u2)7 with —1 < 0 < 00-
We also assume the following hypothesis on the barriers.

Hypothesis 2.9 ¢ and ( are Itd processes of the following form
t . t . b
G =6t / bsds + / osdW; + / B dN, (2.82)
0 0 0

t o o to—
¢, =Co+ / bSds + / oSdW, + / B dN, (2.83)
0 0 0

where bg, bz, ag, O'Z, BQ and 5E are adapted RCLL processes such that there exist r >
2 and a constant ng such that E(sup<r ]bgy") + E(supg<p \bg‘r) + E(supg<p ‘USQV) +

E(sups<r ]0§|’") + E(sups<r |ﬁs£|’") + E(supg<r |ﬁ§|’") < CQ,Z' We also assume (. = (r
as., ¢, < ¢, forallt € [0, 7).
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The barriers ¢ and ¢ given in Assumption are approximated in the following way: for all
kEe{l,---,n}

k—1 k—1 k—1
n ¢ ¢ ¢
Ce =S +Zbﬂh+20t’i\/ﬁ§i+1 +Zﬁ{ﬂ7i+1, (2.84)
i=0 =0

G =¢ O+Zb<h+Zo—§f&+1+Zﬁt M1 (2.85)

=0

Lemma 2.3.13 Under Assumption there exists a constant CC ) depending on CC o T and A

such that
(i) sup max E(|¢"|") + sup max E(|C}[") + sup E(|¢,|") + Sup E(I¢]") < Ceera
n o J = n o J t<T = '
(ii) ¢" (resp. Zn ) converges in probability to ¢ (resp. () in Jy -Skorokhod topology.

The explicit reflected scheme is introduced by replacing y} by E[y7}, ;[F}'] in f. We obtain

U5 = Uy + [, BTG 5] 20, w))h 4@ — kj = Z3VhEj = Wi — Ty,
@ >0, k) >0, @) =0,
“n\7n

§”<yJSC] (?"— Day = @ — ¢k =0.
(2.86)

with terminal condition Jj; = ("' By taking the conditional expectation in ( with respect to F',
we derive that:

n=C
(1) {7 = Bl 7] + £t Blgfal 70,2 @b + @ — k) @3 20, kj 20, @k =0,
Gy <G, @ - Gy = @ - Gk =0.
We get that (S1) is equivalent to (Sa)
Un =G
@) 7 =Ely JHW]+f(t],E[y]+1|f"],*§, ah+al — k)
(B |77+ f (5, Bl | F7 ] 25w h = ¢F)
(E[y]+1"F]n:| + f(t;,E [yj+1|fn]’7‘?77_] )h — C ).

3
3

-
kj =

We also introduce the continuous time version (Y,Z,,U, ;Z?7F?)O§t§T of
(¥}, 7}, af, J’kJ)JS":

B B /1) 1/
Yy = Thns 20 = Zhy Ur o= Wn, Ay o= Z K Z’“ (2.87)

In the following ©" := (Y", 2", U", A" = K")anda" := A" - K"
We prove in [L-9] Section 4] that o converges to O := (Y, Z;, Uy, Ay — Ky)o<t<T, the solution
to the DRBSDE (2.66). The main result is stated in the following Theorem.
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Theorem 2.3.14 Suppose that Assumption[2.9\holds and f is a Lipschitz driver satisfying Assumption
Then we have

T r_ r_
lim E [/ Yy —Yt|2dt+/ |Z, — Zt\thJr/ U, — Ut\th] =0.
0 0 0

n—oo

Moreover, @, ) converges weakly to ay in L3(Fr).

Proof. The proof is done by splitting the error in three terms (the same inequality holds for the errors
on Z and U)

[ (77— vilan) < 961V~ v 49w v - vpn P s et - vipa,
For the increasing processes, we have:
E{[ahn ) — ael?) < 3 (Bl@n0) — gy + Ellafn — of" ]+ Eflad™ — asf?])
[L-9] Proposition 4.5] states the convergence of the error ©'" — ©", where ©" represents the solu-

tion given by an implicit reflected scheme (see [L-9, Eq (3.6)]) which consists in replacing E[@;‘ 1 F ]”]
by yj in f in the scheme (2.86). [L-9| Proposition 4.6] states the convergence of ©" — ©P™, where

eprn = (ypn zpnr Upn AP" — KP™) represents the solution given by the implicit penalization
scheme (see (2.74))) and the result of the convergence of ©F" — © is recalled in [L-9, Theorem 3.5]
(it has already been proved in [L-8]). [ |
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Chapter 3

Monte Carlo method and Wiener Chaos
expansion

3.1 Introduction

In this Chapter we present an algorithm based on Picard iterations and Wiener chaos expansion to
approximate the solutions of different kind of BSDEs. This forward method involves initially
applying Picard iterations, followed by Wiener chaos expansion to approximate conditional
expectations. Unlike most methods outlined in Section[I.2] the primary advantage of this approach is
its applicability to non-Markovian BSDEs. Additionally, Wiener chaos expansion provides an
approximation of Z without incurring any additional costs. The convergence of this algorithm was
rigorously established in [L-10]. Subsequently, this method was extended to encompass BSDEs with
jumps in [L-7]] and to the realm of McKean-Vlasov BSDEs as detailed in [L-25]].

Let us first present the principle of the algorithm in the case of standard BSDEs and a real-valued
Brownian motion. Let (Y, Z) denote the solution to

T T
Yt—<+/ f(s,Ys,Zsms—/ Zy-dW,, 0<t<T, 3.1)
t t

when ¢ belongs to L?(Fr). As already used in several quoted papers (see for example [BD07, L-14}
BS12]), our starting point is the use of Picard iterations: (Y°, Z%) = (0,0) and for ¢ € N,

T T
et =g [ g vazas- [ zetaw, o<e<t.
t t

It is well-known that the sequence (Y9, Z?) converges exponentially fast towards the solution (Y, Z)
to BSDE (3.1)). First, we write this Picard scheme in a forward way

T t
yot! =E<C+ | ey zas ft) - [ 1 vz
0 0

T
Zf“ — Dthq“ = D,E (g +/ f(s, Y4 Z9)ds ‘ ]-"t> ,
0

where D; X stands for the Malliavin derivative of the random variable X .
Then, in order to compute the previous conditional expectation, we use a Wiener chaos expansion
of the random variable

T
Fq:<+/ f(s,Y;%Zg)dS.
0
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More precisely, we use the following orthogonal decomposition of the random variable F'9

E[F]+Y" Y dp [ Kn, </0 )dW>

k>1|nj=k  i>1

where K denotes the Hermite polynomial of degree I, (g;);>1 is an orthonormal basis of L%([0, T]; R)
and, if n = (n;);>1 is a sequence of integers, [n| = > ;51 1. (d})k>1,n|=k 1 the sequence of
coefficients ensuing from the decomposition of 9. Of course, from a practical point of view, we only
keep a finite number of terms in this expansion:

¢ we work with a finite number of chaos p;
* we choose a finite number of functions g1, ..., gn.

This leads to the following approximation with n = (n1,...,ny)

FI~R[F+ > Y dp J[ K (/O -(s)dm).

1<k<p|n|=k  1<i<N

One of the key points in using such a decomposition is that, for choices of simple functions gy, ...,
gn, there exist explicit formulas for both

E(F?|F) and z/*'=DE(F!|F) ; (3.2)

this plays a crucial role in our algorithm. Using these formulas and starting from M trajectories of the
underlying Brownian motion enable to construct M trajectories of the solution (Y, Z) to the BSDE.
In the following, the functions g; are chosen as step functions:
. - , T

gi = 1]@,71’@]@)/\/5, 1=1,...,N, where t; := th, h = N
and the previous formulas are really simple (see (3.10)-(3.11)) and Proposition[3.2.7). Eventually, the
main advantage of this method is that only one decomposition has to be computed per Picard
iteration: the decomposition of F'9. Therein lies a main difference between our approach and the
approach based on regression technics developed by C. Bender and R. Denk in [BD0O7]. In their
paper, for a given Picard iteration ¢ and for each time ¢; of the mesh grid, two projections have to be
computed, one for Yt‘i’ and one for ZZ_ . The second difference comes from the way of computing Z9.
In our method, once the decomposition of F'¢ is computed, Z¢ is given explicitly as the Malliavin
derivative of Y9.

Our algorithm can handle fully path dependent terminal conditions, and was extended to the case
of BSDEs with jumps (see Section [3.3)) and to McKean-Vlasov BSDEs (see Section [3.4). Section[3.2]
presents the results obtained in [L-10], Section presents the results obtained in [L-7]] and Section
[3.4] presents the results obtained in [L-25].

3.1.1 Definitions and Notations

. ||(")§p f||%. the norm of the derivatives of f([0,7] x R% R) w.r.t. all the space variables z which
sum equals j : ||0%, f]1% = Ykl [ akde ,where |k| = ki + - + kq.

* C}°, the set of smooth functions f : R"™ —— R with partial derivatives of polynomial growth.
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* I.)|IF . p € N,p > 2, the norm on the space Sh.(R) x HY.(R?) defined by
T
V. 2)18, = B( sup [¥i?) + [ E(ZI)dt. (3:3)
t€[0,T7 0

We also recall some useful definitions related to Malliavin calculus. We use the notations of [Nua06].

* S denotes the class of random variables of the form F' = f(W (hy),--- ,W(hy)), where f €
CI?O(R”XC’,R), forall j < n hj = (hj,---,h) € L*([0,T};R?) and for all i < d W*(h}) =
Jo Bt AW

+ D"? denotes the closure of S w.r.t. the following norm on S

" 2
11 =1+ 3 3 ([ [ [0 i)
9=1|al1=¢q

where « is a multi-index (a1, -+ ,aq) € {1,--+ ,d}? |a|y :== > !, @ = g and D* represents
the multi-index Malliavin derivative operator. We recall D>2 = N, D"™2.

2
Remark 3.1.1 Whend = 1, |[F||2,, := E[F2+Y/_| E (fOT---fOT ‘Dgfl)f_’tq)F‘ dt1-~dtq> -

EIF* + 341 IDDFF2 g0 170y:

Letm € N*and j € N, j > 2. We also introduce the following notations

« D™J denotes the space of all Fr-measurable r.v. such that

1EW, = > > sup E[Df ., FJ'] <oo

1<I<m |af; =1 1 S7Sh

+ 8™ denotes the space of all couple of processes (Y, Z) belonging to SZ;F(R) X HZ;F(Rd) and

such that
1Y, 2)13,;:= > > sup [[(Df. .Y, Df  ,Z)|1,; <oo
1 <l=m |ah— [ <<t
We recall
V2, = 30 Y sup {Blsup (D i)+ [ BUDE, . Zifdrg
1<l<m‘a| t1 <t tl<’r‘< t;

We also denote ™ = ijQSm’j.

3.2 Standard case

In this Section we present the results [L-10] written with Philippe Briand. As presented in the intro-
duction of this Chapter, they concern the case of standard BSDEs (3.1). In the following sections we
present the Wiener chaos expansion and its properties (Sections and [3.2.2)), the main steps of the
algorithm (Section [3.2.3)), prove its convergence and establish the rate of this convergence w.r.t. the
different parameters (Section [3.2.4). We also present numerical results (Section [3.2.5).
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3.2.1 Wiener Chaos Expansion
3.2.1.1 Notations and useful results

We refer to [NuaQ6|] for more details on this section. Let us briefly recall the Wiener chaos expansion
in the simple case of a real-valued Brownian motion. It is well known that every random variable
F € L*(Fr) has an expansion of the following form:

T
F —E[F] + / i (s1)dIW, (3.4)
0

T rso T Sn 52
+// u2(32,31)dWsldWS2+...+/ / / Un(Spy o ovy $1)dWs, . dWs, + ...
0.Jo o Jo 0

where the functions (u,,n > 1) are deterministic functions. There is an ambiguity for the definition
of these functions wu,,. We adopt in this paper the following point of view: the function w,, is defined
on the simplex

Sn(T) :={(s1,--,80) €0, T]":0< 51 <...<s, <T}.

We define the iterated integral for a deterministic function f € L?(S,(T)) as

Julf) = /DT/O/0 F(sme 1) dWey - dVY,,.

Due to the It isometry, ||J,(f)||* = HfH%Q(Sn(T)) and E[J,(f)Jm(9)] = dnm < f,9 >12(s,(1))
Then, [|F||* = ano ||Un||%2(sn(T))'

Definition 3.2.1 Let F' be a random variable in L*(Fr) whose chaos expansion is given by (3.4). We
introduce

* Py (F) := Jy(uy,) the Wiener chaos of order n of F.

* Cp(F) == 32, <, Pu(F) the chaos decomposition of F' up to order p, i.e.

T T rs2
Cp(F) = E[F] + / ul(Sl)dwsl + / / UQ(SQ, Sl)dWsldW52
0 0J0

T rsp 52
—|—...+/ / / Up(Sp, .-, 81)dWs, ... dW .
o Jo 0
(3.5)

We state two Lemmas useful for the sequel.
Lemma 3.2.2 (Nualart) F € D™?2 if and only ifHDmFH%Q(QX[O’T}m) =Y o tm—1)x .- x
n x E[|P,(F)|?] < cc. In this case, we have
S tm—1) - xnx E[P(F)] < [F|2me.
n>0
From Lemma[3.2.2] we deduce
Lemma 3.2.3 ([L-7, Lemma 2.4]) Let 1 < m < p+ 1 and F € D™2. We have

1[5 2

L L e e Bt Sy
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The following Lemma gives some useful properties of the chaos decomposition.
Lemma 3.2.4

e Let F be arv. in L*>(Fr). ¥p > 1, we have E(|Cp(F)|?) < E(|FJ?). If F belongs to L’ (Fr),
Vi > 2, B(ICp(F)F) < (1+p(j — 1)2)E(|F}I).

s Let H be in HA(R). We have C,, (fOT Hsds> = fOT Cp(Hs)ds
s Forall F € DY2 and for all t < r, D{E,[Cp(F)] = E,[Cp1(D:F)].

The first result ensues from the fact that for j > 2 ||P,(F)||; < (j — 1)2||F]|; (see [Nua06, page
63]).

3.2.1.2 Wiener chaos expansion and Hermite polynomials

Another approach to Wiener chaos expansion uses Hermite polynomials. This approach can be easily
generalized when considering d-dimensional Brownian motions, this is then the one we consider in
the following. We present it for d = 1. Let {g;};>1 be an orthonormal basis of L*([0,T];R). The
Wiener chaos of order n, P,,(F), is the L?-closure of the vector field spanned by

[TVt ([ ) (i) = Ymi=n

i>1

where K, is the Hermite polynomial of order n defined by the expansion:

et t2/2 _ ZK

n>0

It is well known that

H,(zr) =xH, 1(z) — H,_ () = 2H,_1(x) — (n — 1)H,_o(x).

n—1
In this paper, we will work with the following normalization of the Hermite polynomials:

1

Vn €N, K,(z) = ]

Hy (),

with the convention K_; = 0. With this normalization, we have K/ (z) = K,_1(z) for any
integer n.

K () = Kn-1(z)

Knl) = (1 (@) — Ky (1)) = - (Ko 1(2) — Ko ale)

It is well-known that (K,),>¢ is a sequence of orthogonal polynomials in L?(R, ), where p
denotes the reduced centered Gaussian measure. Moreover, we have

[ K2wuts) = -
i |
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Every square integrable random variable F', measurable with respect to F7, admits the following
orthogonal decomposition

F=do+Y_ Y di []Kn (/ )dW> (3.6)

k>1|nj=k  i>1

where n = (n;);>1 is a sequence of positive integers and where |n| stands for ) ., n;. Taking into
account the normalization of the Hermite polynomials we use, we get

T
do = E[F], v=nlE |F x [ K, (/ gi(s)dWs> :
0

i>1

where n! = [, >1 1i!. Before describing the chaos decomposition formulas we use in the algorithm,
we give a Lemma useful in the sequel.

Lemma 3.2.5 Let g € L*([0,T];R) and let Uy = fo s)ds. Forn € N, let us define

t
My = U K, (W(g»/\/vt) - W= [ aaw,
Then { M }o<i<T is a martingale and

dM] = g(t) M Ldw;.

3.2.2 Chaos decomposition approximations

These formulas are based on the decomposition (3.6). To get tractable formulas, we consider a finite
number of chaos and a finite number of functions (g1, - , gn). The (g;)1<i<n functions are chosen
such that we can quickly compute E(F'|F;) and D,E(F'|F;) (as required in (3.2))). We develop in this
Section the case d = 1, we refer to [L-10| Section B.2] when d > 1.

The first step consists in considering a finite number of chaos. In order to approximate the random
variable F', we consider its projection C,(F’) onto the first p chaos, introduced in Definition We

- Cp(F)=do+ Y > dp [ Xn </ )dW) (3.7)

1<k<p |n|=k i>1

Of course, we still have an infinite number of terms in the previous sum and the second step
consists in working with only the first NV functions g1.,.. ., gy of an orthonormal basis of L?([0, T]; R).

Let us consider a regular mesh grid of N time steps 7 = {t; = i%,i =0,---,N} and the N
step functions

T
gi =15, 3, (t)/ VD, i=1,...,N, where h:= <. (3.8)

We complete these N functions gi,..., gy into an orthonormal basis of L2([0,T];R), (gi)i>1. For
instance, one can consider the Haar basis on each interval (¢;_1,%;), i = 1,..., N. We implicitly
assume that N > p. This leads to the following approximation

CY(F)=do+ Y > df [ Ku </ gi(s)dW5>, (3.9)

1<k<p|n|=k  1<i<N
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where n = (n1,...,ny) and |n| = ny + ... + ny. Due to the simplicity of the functions g;,
t=1,---, N, we can compute explicitly

g Wy — W
/ 9i(s)dWs = Gj, where G; = —————%.
0

Roughly speaking this means that P, the k* chaos, is generated by
{Kn,(G1)...Kny(GN) i1+ ... +nny =k}.
Thus, the approximation we use for the random variable F’ is
P
=dy+ > > diKn,(G1)... Kny(Gy) =do+ Z Sdp [ Kn(Gi), 3.10)
k=1 |n|=k k=1|n|=k 1<i<N
where the coefficients dy and dj; are given by
do =E[F], df =n!E[FK,, (G1)...K,,(Gn)]. (3.11)
The following Lemma, similar to Lemma gives some useful properties of the operator C;,V
Lemma 3.2.6 Let F be a r.v. in L?(Fr) and H be in H2(R). Then
* Y(p, N) € (N*)?, E(IC)(F)|?) < E(ICp(F)?) < E(|F[?),

T T
» 0 (Jy Hods) = i €Y (H,)ds.
* Forallt <r, D{E,[C)Y (F)] = E.[C)} (D F)].

From (3.10), we deduce the expressions of ]Et(CI])V F) and D,E; (CI])V (F)), useful for the approxi-
mation of (Y, Z) by the chaos decomposition (see (3.2)).

Proposition 3.2.7 Let F be a real random variable in L*(Fr) and let r be an integer in {1,--- , N'}.
Forallt,_1 <t <t,, we have

Er,1 %§ LLQ —*L@%T_
E; (CYF) _do—i-z > [ En(G) ( - ) Kn(ﬁ)

k=1|n(r)|=k  i<r

_ np—1
Dy, (C 1/22 Z dZHKnZ i) ( }?1) ’ Ky, 1 (W>a

k=1|n(r)|=k i<r t_tr_l
ny>0

where, if r < N andn = (ni,...,ny), n(r) stands for (n1,...,n;).
Remark 3.2.8 Fort =¢, andr > 1, Propositionmleads to

E;, (C)F) _d0+z > i [ En (G

k= 1\n0‘| k i<r

Dy E; (CNF) = 1/22 > [ En (Gi) x Kn, 1 (Gy).

k=1in(r)=k  i<r
ny>0

When r = 0, we get By, (C)'F) = do and we define D [z, (C)'F) = —=di* (which is the limit of
DE; (Cév F ) when ¢ tends to 0).
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3.2.3 Approximation steps of the BSDE

The algorithm is based on four types of approximations : Picard iterations, a Wiener chaos expansion
up to a finite order, the truncation of an L2([0, T]; R) basis in order to apply formulas of Proposition
and a Monte Carlo method to approximate the coefficients dy and d}} defined in (3.11)). Picard
iterations are presented in Section [3.2.3.1] Wiener chaos expansion is presented in Section[3.2.3.2] the
truncation is presented in Section [3.2.3.3]and the Monte Carlo method is presented in Section[3.2.3.4]

3.2.3.1 Picard iterations

The first step consists in approximating (Y, Z) — solution to (3.I) — by Picard sequence (Y9, Z9),,
built as follows : (Y? =0, 2% = 0) and for all ¢ > 1

T T
Y =¢ +/ f(s, Y ZE)ds — / Z8 W, 0<t<T. (3.12)
t t

From (3.12), under the assumptions that ¢ € D2 and f € C)""', we express (Y41, Z9+1) asa
function of the processes (Y9, Z9):

T
Yt =B, (<+ / f(s,lfsq723>ds>, ZI = Dy, (3.13)
t
which can also be written
T t
VAR (<+/ f(s,qu,Zg)ds) —/ f(s, Y8, 2% ds, ZI' =D,y . (3.14)
0 0

As recalled in the introduction, the computation of the conditional expectation is the cornerstone
in the numerical resolution of BSDEs. Chaos decomposition formulas enable to circumvent this
problem.

3.2.3.2 Truncation on the first p chaos

Computing the chaos decomposition of the r.v. F' = { + ftT f(s,YsL Z1) ds (appearing in (3.13)) in
order to compute Y;qH is not judicious. F' depends on ¢, and then the computation of Y9t on the grid
T={ti = i%,z’ =0,---, N} would require N + 1 calls to the chaos decomposition function. To
build an efficient algorithm, we need to call the chaos decomposition function as less as possible, since
each call is computationally demanding and brings an approximation error due to the truncation and to
the Monte-Carlo approximation (see next Sections). Then, we look for ar.v. F'¢ independent of ¢ such
that Yfﬂ and Z2™ can be expressed as functions of E;(F?), D,E;(F4) and of Y7 and Z?. Equation
(3-14) gives a more tractable expression of Y471, Let F'? be defined by F := ( + fOT f(s, Y, ZH)ds.
Then

t
Y;qurl - Et(F‘]) _/ f(s,y;q’Zg) dS, Zl?Jrl = Dt]Et(Fq)' (315)
0

The second type of approximation consists in computing the chaos decomposition of F'¢ up to
order p. Since F'¢ does not depend on ¢, the chaos decomposition function C,, is called only once per
Picard iteration.

66



Let (Y%P, Z%P) denote the approximation of (Y9, Z7) built at step g using a chaos decomposition
with order p: (Y%P, Z%P) = (0,0) and

t
YT = By [C, (FOP)] — / f (s, Y0, Z0P)ds, ZITF = DEC, (F™)],  (3.16)
0

where F'9P = ¢ + fOT f (s, YPP Z2P) ds. In the sequel, we also use the following equality

ZITHP = By [ DyCp(FOP)). (3.17)

3.2.3.3 Truncation of the basis

The third type of approximation comes from the truncation of the orthonormal L?([0, T]; R) basis
used in the definition of C, (3.7). Instead of considering a basis of L%([0, T];R), we only keep the
first N functions (g1, - , gn) defined by (38) to build the chaos decomposition function C;Y (3.9).
Proposition gives us explicit formulas for E, (CI])V F) and D,E, (CI])V F). From (3.16), we build
(YarN 7N in the following way : (YOrN, Z0PN) = (0,0) and

t
Ytq+l,p,N _ Et(CI],V(Fq’p’N)) _/O f (S’ﬂqvp,N’ng,N) ds, th+1,p,N = Dt(Et(CZJ,V(Fq’p’N))),
(3.18)

where FaPN .= ¢ + fOT f(s, YIPN zapNygg

Equation (3.18)) is tractable as soon as we know closed formulas for the coefficients d}’ of the
chaos decomposition of E; (CZ])V (FeP-NY)) and D, (Et(CZ])V (F%P-NY)) (see Proposition . When it
is not the case, we need to use a Monte-Carlo method to approximate these coefficients. The next
Section is devoted to this method and to the practical implementation.

3.2.3.4 Monte-Carlo simulations of the chaos decomposition

Let F denote ar.v. of L?(Fr). Practically, when we are not able to compute exactly do and/or the
coefficients d}} of the chaos decomposition (3.10)-(3.11) of F', we use Monte-Carlo simulations to
approximate them. Let (F"")1<;<y be a M iid. sample of F' and (GT*,--- ,G'})1<m<m be a M
i.i.d. sample of (G1,---,GN). We recall that dy and the coefficients (d}})1<p<p,n|=k are given by
do =E[F]and d}} = n!E [FK,,(G1) ... K,y(Gn)] (see (3.T1)). Then, they are solutions of

arg min E[|F — ¥(c, 3)|?], (3.19)

c=(co,(cp)1<k<p,|n|=k)
where ¢ 1 (¢,G) = co + 2531 Dk & [li<icn Kni(Gi).  We approximate d :=
(dAO’ (fiz)lﬁkﬁp,\M:k’) by approximating the expectations of (3.11) by empirical means dy =

(do, d%lgkngn\:k) where
R M . n M
do = - S OF™, dp = M > P, (GT) - Kny (GR), (3.20)
m=1 m=1

In the following, CIZ)V ’M(F ) denotes the approximation of the chaos decomposition of order p of

F' when using the first method to approximate the coefficients dj’:

p
CYME)=do+d> Y dp [] KulGa). (321)

k=1|n|=k 1<i<N
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Et(CéV’M( )) and Dt(Et(CNM( F))) denote the conditional expectations obtained in Proposition
3.2.7\when ((do, d}})1<k<p,n|=k) are replaced by ((do,d J1<k<p,|n|=k) :

ET,1 "77“ Wt_Wﬁ,
E, (CNMF —do-i-z Z d} HK ( W > K, (ﬁ)v

k=1 |n(r)|= i<r

nr—1
t— f7"—1 2 Wt B WE —1
i () =SS S T () T (M),
E=1|n(r)|=k  i<r h t—tr—1
n,>0

[

Remark 3.2.9 When M samples of CN M( F) are needed, we can either use the same samples as the

ones used to compute do and d” : (CIJ)V( N™ = do + Sy 2 inl=k d H1<1<N K,,(GI™), or use
new ones. In the first case, we only require M samples of F' and (Gl, ,G ). The coefficients
dy and dy are not independent of [ [, ;. Kn,(G7"). The notation Et(C}],V M(F)) introduced above

cannot be linked to E ( chMp |F¢ ). In the second case, the coefficients 82 and c% are independent

of [[;<;<n Kn;(G}") and we have E; (CN MF) =E (C;,V’MF\Ft). This second approach requires
2M samples of F and (G4, --- ,Gy) and its variance increases with N. Practically, we use the first
technique.

We introduce the processes (Y 9T1PN:M | 7a+1p,N.M) "ysefyl in the following. It corresponds to
the approximation of (Y4+LrN 7a+1.p:-Ny when we use CI],V M instead of C]]JV , .e. when we use a
Monte Carlo procedure to compute the coefficients dj’.

t
Ytq+1,p,N,M _ Et(clz)v,M(Fq,p,N,M)) _/0 f (Hg,p,N,M) ds, Zzﬁ—l,p,N,M _ Dt(Et(C;V’M(Fq’p’N’M))),

(3.22)

N.M N,M N,M N.M
where F4:pNM . C"i‘fo FOIPNM g5 and gIPNM — (s,Y}q’p’ M zapN, )

3.2.4 Convergence results

We aim at bounding the error between (Y, Z) — the solution to (3.1) — and (Y ¢P-N-M  Za.p.N.M)
defined by (3.22)). Before stating the main result of the paper, we introduce some hypotheses.
In the following, (¢1,--- ,%,) and (s1,- -, s,) denote two vectors such that

0<t1 <<ty <T,0<s51 <+ <5, <TandVi, s; <.

Hypothesis 3.1 Letm € N*. We say that F’ satisfies Hypothesis H.,, if F' satisfies the two following
hypotheses

© HL:Vj>2FeD™ ie |F| . < oo

o H2:Vji>2,Vie{l,--- m},Vip<i—1,Vly <m—i,Vl€{l, - ,d} and for all
multi-indices « and «; such that |ag| = lp and || = [ + 1, there exist two positive
constants Sp and le such that

sip s E[D, (D F-D2 . F)P] < K ()t — s,

LiySit1,3Sitl S35yt ySidly
1< <ty Si41 < <Sitiy !

where | = [y + I1 + 1. In the following, we denote K[, (j) = sup;<,, k" (j).
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Remark 3.2.10 If F satisfies 2, for all multi-index o such that |a| = | we have
[B(D ... F) —E(DS, ... o )| < K[ ((th — )7+ + (1 — 1)), (3.23)
where K lF 1S a constant.

Lemma 3.2.11 Let F denote a r.v. in L*(Fr) satisfying (3.23) for m = p. We have
T\ 28F
BICY )PP < 52 (5 ) T+ 1)

where Kf and B are defined in Hypothesis

Hypothesis 3.2 Let (p, N) € N2. We say that ar.v. F satisfies 7-[5’,’ N if

VN (F) —|—ZZn'V<FHKm )

k=1 |n|=k
Lemma 3.2.12 Let F' be a rv. satisfying Hypothesis ’Hg - We have

E(I(C) = MI)P) = 7-Von (F).

1
M p
Moreover, we have E(]CNM(F)IQ) <E(|IFP) + Vo N (F).

Remark 3.2.13 If F is bounded by K, we get V, v (F) < K2Y°P_ (%). Then, every bounded r.v.
satisfies ’Hg’N

This Remark ensues from E (Hf\il ng (Gl)) = i,

n:

Remark 3.2.14 Let X be the R"0-valued process solution of

t t
Xy =x+ / b(s, Xs)ds + / o(s, Xg)dWs,
0 0

where W is a d-dimensional Brownian motion and b : [0,7] x R™0 — R™0 and ¢ : [0,7] x R —

R™0%4 are two C*™ functions uniformly lipschitz w.rt. 2 and Holder continuous of parameter %

w.r.t. t, with linear growth in x and with bounded derivatives. Then, every random variable ( of type
g(Xr)org fo Xds) with g : R" — R in Cp° satisfies H,,, and ) ., for all p and N.

Theorem 3.2.15 Let k be an integer s.t. k < p. Assume that ¢ satisfies H,, and 7—[27 yand f €
Cg’p+q_1’p+q_1. We have

Ao Ai(q, k) TN\ As(q,p, N)
a.p,N,M ap,N,Myi2 20 1\g; 1 3(q, p,
Iy = Yo,z - goditz, < S04 DDt () + 2R,

where Ag, A1, As and As are given in the following proof. If f € Cl?’oo’oo and ( satisfies Hoo and
H3, oo We get

lim lim lim lim [[(Y —Y9PNM 7 _ Zq’p’N]V‘[)H2 =0.
q—00 p—00 N—o00 M —o0
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Proof. We split the error in 4 terms :
1. Picard iterations : €4 = |[(Y — Y%, Z — Z9)|1},,, where (Y9, Z9) is defined by (3:12),

2. the truncation of the chaos decomposition : £9? = |[(Y? — Y?P, Z1 — Z9P)|]} . where
(YoP, Z%P) is defined by (3.16)),

3. the truncation of the L?([0, T; R) basis : 7PN = ||(Y9P — Y PN 7zap — 7aPN)|12 where
(YarN 7ap.N) is defined by (3.18).

4. the Monte-Carlo approximation to compute the expectations : E£¢PNM — |(yerN —
yarNM zapN _ zapNMY|2 where (Y@PN-M | ZapN:M) is defined by (3.22).

We have
(Y — yorNM 7 Z(J,sz,M)H%2 < 4(ET + £9P 4 g N gq,p,N,M)_

From [EKPQ97b, Corollary 2.1], we know that under Hypothesis [I.T| we have

A
= (Y =Y, Z - 293, ngf, u

where Ag depends on T, ||£]|2 and on || f(-,0,0) Hig . The same procedure applies in the proof
([0, T;R)

of [L-10} Propositions 4.11, 4.15 and 4.17] which bound £%P, ErP:N and £9P-N-M - Thanks to Pi-

card iterations £971 is bounded by Co,.£? + C1,., where C, is related to Lemma . Cip,N

is related to Lemma [3.2.11| and Cy,, n s is related to Lemma [3.2.12 Since £% = 0 we get

the following upper bounds. From [L-10, Proposition 4.11] we get that £9P < ’?;J(rqf)”fn) where
_ (CiT(T+1)L5)1-1

Aig,m) = OIT(T+1)L2—1

on (||8§pf||oo)1gk§m+q_1. [L-10, Proposition 4.15] gives that E4PY < As(q,p) (%)

(CoT(T+1)L2)1—-1
As(q,p) == Ka(q,p)T(T + 1)e” CZT(TH)L%_l and K5(g, p) depends on K, T, €11, pptaiy
. ’ p—1)!

and on ([|0% fllsc)1<k<p+q—1. [L-10, Proposition 4.17] states that £4PN-M < %, where

(C3T(T+1)L2)9-1
A3(Q7p7 N) = K3(p7N> CZT(T-I—I)L%—I and K3(p7N> = 168 <‘/I-7,N(§) + T2Hf”20 i:o (f))

Ki(q,m) and Ki(q,m) depends on T', m, H£||m+q2(n<q+q7)1)z and
’ m—1)!

1/\265
, Where

3.2.5 Numerical Examples

The computations have been done on a PC INTEL Core 2 Duo P9600 2.53 GHz with 4Gb of RAM.

3.2.5.1 Nonlinear driver and path-dependent terminal condition

We consider the case of a non linear driver and a path-dependent terminal condition in dimension
d=1: f(t,y,z) = cos(y) and ¢ = supy<;<; Wi.
PN and Zg’p " g (Picard

* Convergence in p. Table 3.1|represents the evolution of ?g
7p’N7M

iteration index), when p = 2 and p = 3. We also give the CPU time needed to get ?8

and Zg’p’N’M. We fix M = 10° and N = 20. The seed of the generator is also fixed.
One notes that the difference between the values of ?g’z’N’M and ?g’g’N’M

and 78’3’N’M) doesn’t exceed 0.2% (resp. 0.6%). This is due to the fast convergence of the

algorithm in p. The CPU time is 12 times higher when p = 3 than when p = 2. Then, the use
of order 3 in the chaos decomposition is not necessary. In the following, we take p = 2.

7Q727N7M
(resp. Z
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iterations 1 2 3 4 5 6 | CPUtime
p=2 [ 1.656357 | 1.017117 | 1.237135 | 1.186691 | 1.195462 | 1.194256 || 14.06
p=3 | 1.656357 | 1.012091 | 1.234398 | 1.183544 | 1.192367 | 1.191173 || 174.09

Table 3.1: Evolution of Y™™ w.r.t. Picard’s iterations, M = 105, N = 20 and CPU time

iterations 1 2 3 4 5 6 | CPUtime
p=2 [0.969128 | 0.249148 | 0.525273 | 0.459326 | 0.470069 | 0.469117 || 14.06
p=3 |0.969128 | 0.242977 | 0.523846 | 0.455827 | 0.466903 | 0.465939 || 174.09

Table 3.2: Evolution of Z&"™"™ w.r.t. Picard’s iterations, M = 10°, N' = 20 and CPU time

)p7NaM *q,ZLN,M
ZO

* Convergence in M. Figure illustrates the evolution of 78 and w.It. ¢
when p = 2 and N = 20 for different values of M. The seed of the generator is random. When
M equals 10* and 10° the algorithm stabilizes after very few iterations. When M = 103, there
is no convergence.

of Y~q_ O Evolution of Z~q_0O

—+ M=10"3
—=< M=10"4
@ M=10"5

—+ M=10"3
1.6 —=< M=10"4
@ M=10"5

0.3 —

Figure 3.2.1: Evolution of 78’]0 N and 73,}7 M

supg<t<1 Wi, f(t,y, 2) = cos(y).

wrt. gand M when N = 20, p = 2-( =

. . . . —a.p,N,M —4.p,N,M
* Convergence in N. Figure illustrates the evolution of Y and Z," w.rt. ¢

when p = 2 and M = 10° for different values of N. The seed of the generator is random. The
,p,40,M

. <6.0,10,M . . 6
algorithm converges even when N = 10, but Y;”"" is quite below Y,

3.2.5.2 Linear Driver - Financial Benchmark

We consider the case of pricing and hedging a Discrete Down and Out Barrier Call option, i.e.
f(t,y,2) = —ry and § := (ST — K)11yneo,Ns,, >1, Where S represents the Black-Scholes dif-
fusion

Sy = Spelr 3N We vt e [0, 7.

The option parameters are » = 0.01, 0 = 0.2, 7T =1, K =0.9, L =0.85, 5 = land N = 20
(N is also the number of time discretizations of the chaos decomposition).
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Evolution of Z~q_0O

Evolution of Y~q_0O

—+ N=10
—< N=20
@ N=30
+ N=40

/\\:fjr:

0.3 —

iterations iterations

Figure 3.2.2: Evolution of V"™ and Z4P™ wrt. N when M = 10%,p = 2- ¢ = supg<;<1 Wi,

f(t,y, 2) = cos(y)

Evolution of delta_0O

Evolution of Y_O

134e—3
0.80

133e—3 0.76

0.72

132e—3

0.68

131e—3
o.60 4 L L I I I
log(M)
. . 4,0, N,M Zop .M
Figure 3.2.3: Evolution of Y and 0p := ZOUT w.rt. log(M) when N = 20,p=2,q =5

-Discrete Down and Out Barrier Call option
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We can get a benchmark for Y; and Z; by using a variance reduction Monte Carlo method. For
this set of parameters, the reference values are Y = 0.134267 with a confidence interval 7.9468e — 05

N,M
and §g = ZO = 0.8327. We compare them with Yo’p’N’M and Zy pS when N =20,p=2,¢g=5
(we choose the first value of ¢ from which the algorithm has converged) for different values of M.

=5,0,N,M
Figure represents the evolution of Y P and 58”’ NM G et log(M). One notices that for
M = 106 the computed values are very close to the reference ones.

3.3 Case with jumps

In this Section we present the results obtained in [L-7]] written with Christel Geiss. We are interested
in the numerical approximation of solutions (Y, Z,U) to backward stochastic differential equations
(BSDEs in the sequel) with jumps of the following form

T T
Yi=(+ f(s,Ys, Zs,Ug) ds — / ZsdWg — UsdNg, 0<t<T, (3.24)
t t 16,11

where W is a 1-dimensional standard Brownian motion and N is a compensated Poisson process
independent from W, i.e. Nt := N — wt and (Ny)¢>0 is a Poisson process with intensity £ > 0.
The terminal condition ( is a real-valued Fr—measurable random variable where {F; }o<;<7 stands
for the augmented natural filtration associated with W and N. Under standard Lipschitz assumptions
on the driver f, the existence and uniqueness of the solution have been stated by Tang and Li [TL94],
generalizing the seminal paper of Pardoux and Peng [PP92].

The main objective of this section is to propose a numerical method to approximate the solution
(Y,Z,U) of by extending the results presented in Section to the case of jumps. In case
of BSDEs driven by a Poisson random measure, Bouchard and Elie [BEOS|| have proposed a scheme
based on the dynamic programming equation and studied the rate of convergence of the method when
the terminal condition is given by ( = g(Xr), where ¢ is a Lipschitz function and X is a forward
process. More recently, Geiss and Steinicke [[GS16] have extended this result to the case of a terminal
condition which may be a Borel function of finitely many increments of the Lévy forward process
X which is not necessarily Lipschitz but only satisfies a fractional smoothness condition. In the
case of jumps driven by a compensated Poisson process, Lejay, Mordecki and Torres [LMT13]] have
developed a fully implementable scheme based on a random binomial tree, following the approach
proposed by Briand, Delyon and Mémin [BDMO1]].

As said before, we extend here the algorithm based on Picard iterations and Wiener chaos expan-
sion introduced in [L-10] to the case of BSDEs with jumps. Our starting point is the use of Picard
iterations: (Y9, 2% U°) = (0,0, 0) and for ¢ € N,

T T
Y2t :g+/ f(s,Yg,Z,?,Ug)ds—/ Zar . qw, — | }Ug“st, 0<t<T.
t t t, T
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Writing this Picard scheme in a forward way gives
T t
v —E <<+ / f(s,Y4,28,U8) ds \ E) _/ (s, Y], 23, Ud) ds,
0 0
T
707 R (DS”Yﬁ“ ‘;t,) ~E (Dt(O) <g +/ f(s,yg,zg,Ug)ds> ‘]-"t> ,
0

T
th+1 -F (Dgl)ﬁqul ‘ft—) ) (Dlgl) <<+/0 f(57}/sq,ngUg) d3> ‘ft_> 3

where DIEO)X (resp. DEI)X ) stands for the Malliavin derivative of the random variable X with respect
to the Brownian motion (resp. w.r.t. the Poisson process).

In order to compute the previous conditional expectation, we use a Wiener chaos expansion of the
random variable -
Fr=cr [ fs i zsun s
0

More precisely, we use the following orthogonal decomposition of the random variable F'¢ (see [L-7,
Proposition 2.6])

oo k
FI=E[FT+Y 3> > g L)@l k) Ly €l - i)

k=11=0 k;eN! j,_;eNk-l

where L% *(g) (resp. L' (g)) denotes the iterated integral of order m of g w.r.t. the Brownian
motion (resp. w.r.t. the compensated Poisson process), (€[k1, . .., km])k,,en is an orthogonal basis of
(L)®™(]0, T); R), the subspace of symmetric functions from (L?)®™([0,T]; R). The sequence of
coefficients {dx,. j, , }x,ent,j,_,enk—t ensues from the Wiener chaos decomposition of F9.

’jkf
The point to get an implementable scheme is that we only keep a finite number of terms in this
expansion: we use a finite number of chaos and we choose a finite number of functions {ej, -+ ,en}
to build {€[k1,- -+ , km]} g, eq1,.. N} More precisely, if we choose e; := ﬁlﬁifﬂi] where t; = ih

and h := %, we obtain

N
F1 ~ E[F9 - dr K w C N- — N- h
~ [ ]+Z Z kl_.[ nf \/E "f( ti tii )’

k=1|n|=k i=1

where K; (resp. () denotes the Hermite (resp. Charlier) polynomial of degree i, n =
(V- W 0P .. nk) is a vector of integers and |n| = SN, (n/V + nF). By using this
approximation of F'? we can easily compute E(F?|F), E(DgO)Fq]}}) and E(Dt(l)Fq | F;-), which
gives us (Ytqﬂ, Zf“, thH). To get a fully implementable algorithm, it remains to approximate
E(F?) and the coefficients {d} },, » by Monte Carlo.

There is no hypercontractivity property in the Poisson chaos decomposition case. This property
plays an important role in the proof of the convergence in the Brownian case. To circumvent this
problem, we exploit a result of Last, Penrose, Schulte and Théle [LPST14], which gives a formula
to compute the expectation of products of Poisson multiple integrals, and the according result for the
Brownian case from Peccati and Taqqu [PT11]]. In fact, in [L-7, Proposition 2.9] we get an explicit
expression for

E(Im (fm) e Im(fm))
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in terms of a combinatoric sum of tensor products of the chaos kernels f,,. Here I,,,(f,,) denotes
the multiple integral of order n; with respect to the process W + N. By this expression one gets the
required estimates for the truncated chaos without the hypercontractivity property. Therefore, to prove
the convergence of the method we may proceed similarly to [L-10], and split the error into four terms:

* the error due to Picard iterations
¢ the error due to the truncation onto the chaos up to order p
¢ the error due to the finite number of basis functions {ey, - - - , ex } for each chaos

¢ the error due to the Monte Carlo simulations to approximate the expectations appearing in the
coefficients {d} },, 1.

The rest of the Section is organized as follows: Section[3.3.T|presents some preliminaries, Sections
[3.3.2] and [3.3.3] introduce Wiener chaos expansion and its approximation in case of jumps, Section
[3.3.4] presents the approximation steps of the BSDE with jumps, Section [3.3.5]states the convergence
results and finally Section [3.3.6 presents numerical examples.

3.3.1 Preliminaries
Definition 3.3.1 ||(-, -, -)Hip, p > 1, the norm on the space Si.(R) x H.(R) x HY.(R) is defined by
T T
IV Z0)IE, =ECsup (ViP)+ [ B(ZP)+s [ EQUPE 629
v te[0,T] 0 0
Hypothesis 3.3 We assume

s the terminal condition ¢ belongs to L?(Fr);

* the generator f € C([0,T] x R3;R) is Lipschitz continuous in space, uniformly in ¢:
there exists a constant L such that

|f(t,y1, 21,u1) — f(t, 92, 22,u2)| < Ly (|y1 — y2| + |21 — 22| + |ur — uzl).

Lemma 3.3.2 If Hypothesis|(3.3)|is satisfied and ¢ € D2 (defined below) we get from [GSI6] Theo-
rem 3.4] that for a.e. t € [0, T

7, =ED"Y| 5], U, =EDVY|F_] P—as. (3.26)

where DgO)X stands for the Malliavin derivative w.r.t. the Brownian motion of the random variable

X, and Dél)X stands for the Malliavin derivative w.r.t. the Poisson process of the random variable

X. Here E[-|F;_] should be understood as the predictable projection, and since the paths s +— Dt(Z)YS
(4)

are a.s. cadlag we define D, Y := limg; Dgi)Ys if the limit exists, and zero otherwise.

3.3.2 Wiener chaos expansion

We refer to [LJUVO02] and [Pri09] for more details on this section. Let us briefly recall the Wiener
chaos expansion in the case of a real-valued Brownian motion and an independent Poisson process
with intensity £ > 0.
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We define
Go(t) = Bt, Gl (t) = Nt — Ht,

and LQ"" "k ( f) the iterated integral of f with respect to Gg and G4

L (f) :/ (/ (/ fte, ...t dGzl(t1)> dGik_l(tk—1)> dGi, (tk)-

We have the following chaotic representation property.
Proposition 3.3.3 ([LIUV02| Proposition 2.1]) For k € N* define
i, == (i1,...,1) € {0,1}".
Any F € L*(Fr) has a unique representation of the form
) + Z > LiF(fi) (3.27)
k=1 i,e{0,1}*

where fi, € L*(3y) and Sy, = {(t1,...,t;) € [0,T)F:0 <ty <--- <ty <T} is the simplex of
[0, T".

Let |iy| := Z§:1 i;. Due to the isometry property it holds

ILEOIP = w1171,

and for any f € L%(X%), g € L2(Zm), ir € {0,1}%, and j,, € {0,1}™ we have (see [LTUV02,
Proposition 1.1])

0 otherwise.
Then, E[F]* + Y i1 2o, k1| £, 112, 5, - The chaos approximation of F' up to order p is
defined by
p .
Cp(F) :=E(F) + > > LEF(fi). (3.28)
k=1 i

e Let f € L?(3g) and j € {0, 1}. Following [LTUVO02], we define the derivative of L}C’“ (f) wr.t.
the Brownian motion and the Poisson process as the element of L2(Q x [0, T]) given by

DL (f Zl{u Ly F(Flt ), (3.29)

where 7 means that the i-th index is omitted.
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* Letj € {0,1}. We extend the definition of DY) to

0o k
Dom DY) := { F e L*(Fr) satisfying (3.27) and ZZZ N1 Fﬂlik'”fikH%k < o0

k=1 i, I=1
If F € Dom DY then

T .
IE (1 poy = EIFI* + KJE/O ‘ng)F|2dt < 0.

+ F with chaotic representation (3.27)) belongs to Dom D =: D2 if F' belongs to
Dom D© N Dom D(l), i.e.

(0.9}
1FlIpee = EIF?+ Y kD sl#fi |, < oo
k=1 i
More generally, we define D2 as follows:

 Letm > 1. We say that I satisfying (3.27) belongs to D2 if it holds

— k! ;
A £, 1%, < oo
(k—1)! 2
ig

m
IE (|52 = EIFI> +
=1 k=l

We recall
D2 = Nge_ ™2,
Lemma 3.34 Let1 <m < p+1and F € D"™2. We have

1l

Equation (3.27) can be rewritten in the following form
Proposition 3.3.5 Any I € L?(Fr) can be represented as
oo k
0,..,0 /= Tyl pag s .
F=EFI+) > Y > dge L@k, k) Lyt @l - o)),
k=1 1=0 kleNl jk,ZENk_l
where dy, ;, , are some coefficients depending on I’ and where we use the notation
. 1
elk1, ..., km] ::m Z ekw(1)®”'®ekw(m)7 k; € N,
7T€Sm

and Sy, stands for the set of all permutations of {1, ...,m}.

Remark 3.3.6 We deduce from Proposition that

k
Co(F) =E[F]+ > 3 3> i L) @l kDL @l o dred]). (330)

p
k=11=0 k; jr_
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The following Lemma, analogous to Lemma [3.2.3] gives some useful properties of the chaos
decomposition.

Lemma 3.3.7

e Let F be arv. in L*(Fr). Vp > 1, we have E(|C,(F)|?) < E(|F|?).

s Let H be in HA(R). We deduce from [L-7, Remark 2.8] that C, (fOT Hsds) = f(;f Cp(Hs)ds.
e Forall F € DY foralli € {0,1} and for all t < r, D\VE,[C,(F)] = E,[Cp_1 (D" F)].

3.3.3 Chaos decomposition approximations

Following the same steps as in Section [3.2.2) we choose N € N and let {fo, %y, - ,fx} be a regular
grid of [0,7], i.e. Vi € {0,...,N}, t; = ih where h = % From now on we will use a fixed
orthonormal basis {e; };>1 of L2([0,T]; R) : we set

1

ei(t) = 7l (t), ie{0,...,N} (3.31)

and complete this sequence to a basis in L2([0, T]; R), for example, by using the Haar basis on each

interval #;_1,%;]. Let nV' = (n}", ..., n¥) be the vector of non-negative integers such that |n"V'| =

k. Then (see [Pri09, Proposition 5.1.3])

) , (3.32)

W) N :
w w n"! AW
L07 70<6®n1 0-.-0 €®nN ) —_ K W ( (3
k 1 N |nW|! Zl I1 n; \/E

where AW; = W3 — W;,_| and o stands for the symmetric tensor product.

Definition 3.3.8 The Charlier polynomial of order m € N and of parameter t > 0 is defined by
Co(z,t) =1, Ci(z,t) =z —t, z€R

and by the relation

Cmti(z,t) = (x —m —t)Cr(x, t) — mtChy—1(, t).

The sequence {'tt)Cm(-, mﬁ)} is an orthonormal basis for L?(N, v,;), where v,; denotes
mi(st)™ meN

the law of a Poisson random variable with parameter xt. Let n”’ = (n?,... ,n%) be the vector of

non-negative integers such that [n’| = k. Using the grid (3:3T)), we have (see [Pri09, Proposition
6.2.9])

1 N

nk
L]1€7...71(e(1g)n{3 QO-++0 e% N) = — H C’VLP (ANZ, /fh) 5 (333)

P
]npllh% -1

where AN; = N; — Ny ..
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Instead of summing over all k; € N’ and j,_; € N*~!in (3.30), we only consider the first N
functions {eq, ..., ey} of the basis {e;}; defined in (3.31). ThlS gives (together with the orthogonal
projection onto the chaos up to order p) the following approximation of F'

C)(F) =E[F]

+33 N S digg LY@k RDL E )

k=11=0 kx;e{1, ,N} ji_,€{1,- N}kl
p
Fl+) PN(F). (3.34)

Let us now write C)(F) (p < N) in terms of Hermite and Charlier polynomials. From [L-7,
Lemma 2.7], we get

= do+z > d“HK w (Gi) Cyr (Qi, kD), (3.39)
k=1|n|=k =1
where n = (n",n?) = nW,~--,nW,nP,~-,nP ,dy = E(F) and
1 N 1
W
di = P P E FHKW i) Cop (Qi, h) (3.36)

The following Proposition is similar to Proposition [3.2.7]

Proposition 3.3.9 Let F be a real random variable in L*>(Fr) and let r be an integer in {1,--- ,N}.
Forallt,_1 <t <t,, we have

E; (C) (F)) = do+

W
u —E\ T W, — W; )
Z Z d;; (t tr—1> KnB <ttrl> CnP(Nt — NZ I,H(t — trfl))
— . h ; P I —
k=1|n(r)|=k
<HK w(Gy)C P(Ql,ﬁh)>
<<r
0
DB, (¢} (F))
4 o Wi — W,
_ t—1t,_ 2 t— Wi B
= h 1/2 dn ( T 1> KTLW— 7771 CnP(N — N- K t— t?"—l 14717
2 2 v\ ) O Nt =)
nWV>0
DVE, (C) (F))
u n t_%r—l "g Wi — t P
=2 > & w | = Cop (N, — Ny, i(t —T1)) A
k=1 |n(r)|=k —lr—1
nf>
(r) = MY (r),n"(r)), and n?(r) stands for (n{ ), where A = W or P

where forr < N
andn, = (n,”,n
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3.3.4 Approximation steps of the BSDE
3.3.4.1 Picard’s approximation

Picard’s iterations: (Y, Z% U°) = (0,0,0) and for ¢ € N,

T T
i = ¢+ / f(s,Y2,Z9.U9)ds — / ZIaw, — UItldN,, 0<t<T.
t t ]th]

It is well-known that the sequence (Y9, Z9,U?) converges exponentially fast towards the solution
(Y, Z,U) to BSDE (3.24). We write this Picard scheme in a forward way. Let F'? denote F'? :=
C+ [ f(s,Y4, 22,U8) ds. We define

t
vt =g (pr|R) - [ Y2000 ds, (3.37)
0

z{" =& (D F ‘ F). Ut =E(DVF ‘ F). (3.38)

3.3.4.2 Chaos approximation
Let (Y9P, Z%P U%P) denote the approximation of (Y, Z4, U?) built at step ¢ using a chaos decom-
position up to order p: (Y0P, Z9? U%P) = (0,0,0) and

t
Y —E [c, (Fo) ‘]—}] - / £ (s,Y3P, 2P UTP) ds, (3.39)
0

2yt =& | D{c, (F) \ Fe |, upte = [p{Ve, (F1) ( Fel, (3.40)
where F4P = ( + fOT [ (s, Y0P Z3P UPP) ds.

3.3.4.3 Truncation of the basis

The third type of approximation comes from the truncation of the orthonormal L?([0, T];R) basis
{ei}i>1 defined in (3.31). Instead of considering the whole basis we only keep the first IV functions
{e1,+--,en} to build the chaos decomposition projections CZ])V . Proposition ‘3.3.9 gives us explicit
formulas for E(C)Y (F)), DgO)Et(CI])V(F)) and Dgl)Et(C}J,V(F)). From (3.39) and (3.40), we build
(YorN | zapN ap-N) in the following way : (YOP-N Z0»N 702Ny = (0,0,0) and

t
YN — By (ForN)) — / f (s, Y PN,z N garN) ds, (3.41)
0

zi N = DO EC) (FrrN)), U = DIV E(C (FN), (34)

where F&PN .— ¢+ foT f(s, qu,p,N’ Zg,p,N’ Ug’p’N)ds.
It is not necessary here to use predictable projections of Z4+1P:N and U4+1P-N 1In fact, Za+1.p:N
and U912V are adapted and cadlag, and from their explicit representation given above one concludes

that the predictable projections are the left-continuous modifications: E,— Zgt'?N — fo LPN and

Et— Uf“"l:p’N — Uq+1’p7

e N Moreover, the integral in (3:4T) does not change if one uses left-continuous

modifications.
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3.3.4.4 Monte Carlo approximation

Let F denote ar.v. of L2(Fr). In practise, when we are not able to compute exactly dy and/or the coef-
ficients d}} of the chaos decomposition (3.35)-(3.36) of F', we use Monte-Carlo simulations to approx-
imate them. Let {F"™}i<p<a be a M ii.d. sample of F and {(GT*,Q7"), -, (G%, Q%) b i<m<m
be a M i.i.d. sample of {(G1,Q1),--- ,(GN,QN)}.

We approximate the expectations of (3.36) by empirical means

M
~ 1 m nW| m
do':Mg:;F , dn = nﬂ(mﬂnPlM§<F HKW ) Cr (QF, K )). (3.43)

In the following, we denote
P
NM (py — >
G M (F) = do+ Z
k=1 |n|=k

E.(C)"M (F)) and Dy(E, (C;,V M(F))) denote the conditional expectations obtained in Proposition
MWhen (do; {d}} }1<k<p,|n|=k) are replaced by (do, {d}})1<k<p,n|=k) :

v (Gi)C,p(Qi, kD). (3.44)

??‘:5

1<i<N

E, (CM(F)) = do+
W
p — T
~(t =11\ 2 Wy —Wq _
> dz‘( n ) Koy () Cup (Ny = Ny, i(t = 1)

k=1 |n(r)|=k
(H Kaw, (G)C p(Qz,ﬁh)>

/

DIV, ()M (F)) =

n7W—1
N W, — Wy ,
- 1/22 }: dn< = > K.w 1<M)Cp(NtNt K(t—t,—1))A
ny — = n;. r—1" T T
k=1 |n(r)|=k V=t
nWV'>0

W
P — -r
~(t =11\ 2 Wy —Wg | P _
= ar | —— K — | n, C, Ny — N; t—t.—1))A,.
Z Z k< h > n‘ﬂ’(m po1(Ne AL 1)

We introduce the processes (Y 4+1p»N.M  7a+1.p.N.M rra+1p,N.M) “ygeful in the following. It
corresponds to the approximation of (Y4+1»-N | zatLpN 7a+Le.N) when we use Cp' instead of
CZ],V ,i.e. when we use a Monte Carlo procedure to compute the coefficients dj’.

t

VAN (e (pae ) — [ (i) ds, (3.45)
0

Zf N = DI B ()M (M) DN = DI (@ )M (P NA))), - 3.d6)

where F'9P; NM C+ fO 9(17P7NM)dS and gqvaM ( Y(LpNM Zq:pNM US 7PNM)
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3.3.5 Convergence results

We aim at bounding the error between (Y, Z) — the solution of (3.24) — and (Y 9P-N:M | Za:p,N.M)
defined by (3.45)-(3.46). Before statlng the maln result of the paper, we introduce some hypotheses
and some 1ntermed1ate results on Cp, CY and C

Hypothesis 3.4 Letm € N*. We say that F’ satisfies Hypothesis H,, if F’ satisfies the two following
hypotheses

« HL:VjeN*FeDm ie ||F|] ;< oo

. 7-[7271 : V) € N*Vip,l; € Nsuchthat! = lg + I3 + 1 < m there exist two positive
constants S and k[ (5) such that for all multi-indices @ = (ay, -+ ,0q,) € {0,1}0,
v = (7, ,+1) € {0,1}1*+! and for ae. t; € [0,T], s; € [0, T] it holds

esssup  esssup E’Dz?i,w,tzo (D] F—D]. F) < kf(5) [ti — si7PF.

ti,Sit1,,Sitl Siyt 5Sitl
1
t1,e sty Sid1sSigly !

In the following, we denote K= (j) = maxj<, kf (j)-

Remark 3.3.10 If F satisfies H,,, for all | < m and for all multi-indices o = (g, --- , ) € {0, 1}
we have for a.e. (t1,--- ,t) € [0,T] and (s1,--- ,s;) € [0,T)" that

[E(D§ ..., F) —E(D% . F)| < KE()(jth— 1P + -+ [ —s°F).  (3.47)

Lemma 3.3.11 Assume F satisfies (3.47) with m = p. Then
N 2 2o T
F
E|(CY - Cp)(F)* < K] <N1> T(1+4T)e

where Kig’ = ?ZI(KJF)2 (with KJF = Kf(l)from (3.47)).
Hypothesis 3.5 Let (p, N) € N2. We say that ar.v. F satisfies 7-[2’ N if
N
Vy n(F) == V(F) + Z ) AT el (FHlKngv(Gi)on;(Qi,mm) <0,
1=
where V() denotes the variance of ar.v. (.

Lemma 3.3.12 Let F be a r.v. satisfying Hypothesis ’H;’,’ - We have
E((C) = G I)*) = 37 Von (F).

Moreover, we have ]E(]CNM(F)IQ) <E(IFP) + Vo N (F).

Theorem 3.3.13 Let m be an integer s.t. 1 < m < p + 1. Assume that ( satisfies H, 411 and ”Hg N
and f € Cl?’p+q+1’p+q+1’p+q+l. We have
H (Y _ Yq7p7N7M Z _ ZZ’ILN’M, U _ UgapJV’M)H%Q

_ Ao A1(g,m) (T)Wl As(q,p, N)
A il NI
St orzom ety Py L V.
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where Ay, A1, Ao and As are given in the following proof. If f € Cl? 090 and ( satisfies Hy, for
allm € N* and 'Hg’Nfor all (p, N) € N2, we get

lim lim lim lim [|(V = Y®PNM 7 _ zapNM g7 gapNMy 2 - — g,
q—00 p—00 N—o00 M —00

Proof. We split the error into 4 terms :
1. Picard iterations : £7 = ||(Y —Y4,Z — Z%,U — UY)|)},, where (Y9, Z%,U1) is defined by
B37)-(:38).

2. the truncation of the chaos decomposition : 47 = [|(Y? — Y %P, Z9 — Z9P U1 — UIP)||3
where (Y9P, Z9P U%P) is defined by (3.39)-(3.40),

3. the truncation of the L2([0, T];R) basis : £2PN = |(Yor — yerN zar — 79PN gap
usrN) I3, where (V4PN ZaP:N (742N is defined by (3.41)-(3.42),

4. the Monte-Carlo approximation to compute the expectations : E£4PN-M = | (yarN —
N,M  79p,N PN, M 77q,p,N PN, My 12 N,M N,M N,M
y epNM - zep i 4P ,ueP g )|’L27 where (YOP-NM | 7ap.NM 1ra.p,N.M

is defined by (3.45)-(3.46).
We have

(v —yarNM 7 74P NM UZ””N’M)H% < A(ET + EVP 4 EIPN 4 gapNMy

From [TL94, Lemma 2.4], we know that under Hypothesis the sequence (Y9, Z49,UY), defined
by (3:37)-(3:38) converges to (Y, Z,U) dP x dt a.e. and in S5(R) x H%(R) x H4(R). Moreover, we
have

A
9= |(Y ~ Y2 - 20U - U3 < 5 (3.48)

where the constant Ag depends on T\, [|£]|3 and on || f(-,0,0,0)3,
([0, T];R)

orem [3.2.15] the same procedure applies in the proof of [L-7, Propésftions 4.9, 4.13 and 4.15] to
bound £9P €97V and £9PN-M  Thanks to Picard iterations £711 is bounded by Co £ + C1,.,
where C' , is related to Lemma C1 p,N is related to Lemma and C p N, is related to
Lemma Since £% = 0 we get the following upper bounds. From [L-7, Proposition 4.9]

we get that £9P < ( Ai(g;m) (C1T(T+1)L2)4-1

I S U LLLD b
pF2—m)-(p+1) CiT(T+1)LE-1

K;(l,m) depends on T, m, H§||m+q plmte=yy and on (Hafpf”oo)lgkgmﬂ- [L-7, Proposition 4.13]
’ m—1)!

. As in the proof of The-

where Ai(q,m) := max<;<q K1(l,m) and

(CoT(T+1)L7)7-1
CoT(T+1)L5 -1

gives that 4PN < Ay(q,p) (%)wa, where As(q,p) := Kal(q,p)T(T + 1)e’

and Ky(p) depends on K5, T,
that 9P NM < w, where As(q,p, N) := Ks(p,N)

|€]|p,1 and on (|ya§pf||oo)1§k§p. [L-7, Proposition 4.15] states

(C3T(T+1)L2)1-1
53T(T+1)L%_1 and K3(p,N) :=

¢ <V}9,N(§) + T2 112 30—, (Qév)) for some C' > 0. n

3.3.6 Numerical examples

The following example is borrowed from [LMT13]]. We consider a Poisson process N with k = 1
and the following BSDE

dY;g = —CUtdt + thWt + Ut(dNt - dt),
¢ = Nr.
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The explicit solution is given by
(Y:, Z4,Up) = (Nt + (1 +¢)(T" — 1),0,1).

Figure represents the evolution of (YN - ZapNAM 7a0:NMy ity respect to M when g =
5,p=2and N = 20.

Convergence of YO w.r.t. M

1.54

1.53 —Y
]g?z — ref
1.50

1,497 \///
1.483

1.473
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1.44 . . . . . . . . .
0e+00 1e+05 2e+05 3e+05 4e+05 5e+05 6e+05 7e+05 8e+05 9e+05 1e+06
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0.00
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—0.2 . . . . . . r r 7
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Figure 3.3.1: Evolution of (YN zarNM GaeNMy ity respect to M when p = 2, N = 20,
q=5,c¢c=05T=1

Table[3.3]gives the computational time needed by the algorithm with this choice for ¢, p, N and for
different values of M. We notice from Figure hat the value of (YZPNM zapNM | prap.N M
is close to the true solution from M = 2 x 10°. When M = 2 x 10°, the CPU time is about 1 minute,
which is quite small.

M 102 [5x10° [ 10% [5x10%] 10° [2x10°[5x10° ] 10°
CPU time (in s) || 0.253 | 1277 | 2567 | 13.24 [26.81 | 5691 | 142.75 | 283.65

Table 3.3: CPU time w.r.t. M whenp =2, N =20,¢q=5,c=05,T =1

3.4 McKean-Vlasov Case

The aim of this section is to extend the results of [L-10] to the case of McKean-Vlasov BSDEs, i.e. to
provide an algorithm based on Wiener chaos expansion to solve BSDEs of the following type
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T T
Yt=<+/ f(s,Ys,Zs,m],[Zs])ds—/ Zy-dW,, 0<t<T (3.49)
t t

where [6] is the notation for the law of a random variable ¢ and f is a map from [0, 7] x R x R? x
P2(R) x P2(R?) into R. It is based on [L-25] and was written with Céline Acary-Robert, Philippe
Briand and Abir Ghannoum.

Such type of BSDEs have been introduced in [BDLPQ9] and [BLPQ9] in a more particular
framework: in [BDLPQY], the authors study the mean field problem in a Markovian setting and
prove the existence and the uniqueness of the solution when the terminal condition is of type
¢ = ]E[g(ac, XT)] o= X where X is a driving adapted stochastic process, and the generator is de-

fined by E[f(s, A, AS)] A=A, where Ay = (X, Ys, Zs). In [BLPQ9], the authors extend the result of
existence and uniqueness to a more general framework and link the mean-field BSDE to non local
partial differential equation.

The first study of numerical methods for McKean-Vlasov BSDEs goes back to a few years (see
[Alalsl], [CARGT1S], [CCD19]). Usually, forward McKean-Vlasov SDEs are solved by using
particle algorithms (see [AKHO2], [TVO03|], [Bos03]]) in which the McKean term is approximated by
the empirical measure of a large number of interacting particles with independent noise. Adapting
such algorithms to the backward problem is not obvious as the high dimension of the involved
Brownian motion (given by the number of particles) induces, a priori, a high dimension backward
problem with bad consequences for the numerical implementation. The above mentioned papers on
numerical methods for McKean-Vlasov BSDEs do not use particle systems. In [CARGT13], the
authors present a method based on cubature for decoupled McKean-Vlasov forward backward SDE.
In [CCD19|], the authors consider the case of strongly coupled forward-backward SDE of
McKean-Vlasov type. They propose a scheme whose principle is to implement recursively Picard
iterations on small time intervals, since Picard Theorem only applies in small time for fully coupled
problems.

In this section we propose a method based on Wiener chaos expansion and particle system ap-
proximation which is neither more complex nor more costly than solving a standard BSDE of type
(3.1) when f(y, z, u, v) is a separated variable function in (y, z) and (u, v). We recall that the method
based on Wiener chaos expansion to solve standard BSDEs consists in writing the Picard scheme of
(3.1) in a forward way

Yq+1—1E<C+/ f(s, Y3, 29) ds ) /f (s,Y3,29)d
Zit = DY ™ = DE (g +/ f(s,Y3, 29 ds ] ]:t) ,
0

and to use Wiener chaos expansion to easily compute conditional expectations and their Malliavin
derivatives. More precisely, all r.v. F in L? can be written

+ZZd”HKm</ )dW)

k>1|nj=k  i>1

where K denotes the Hermite polynomial of degree I, (g;);>1 is an orthonormal basis of L*([0, T; R)
and, if n = (n;);>1 is a sequence of integers, [n| = > ;51 1. (d})k>1 =k 1 the sequence of
coefficients ensuing from the decomposition of F'. The numerical method consists in working with
a finite number of chaos, a finite number of functions (g;); and in using Monte-Carlo approximation
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to compute the coefficients (d}!) . In case of McKean-Vlasov BSDE, the generator depends on the
laws of the processes. The idea is to use M particles which will serve both to approximate the law of
(Y, Z) and to compute the coefficients (d})s,, by Monte Carlo. By doing this, we manage to get a
computational cost which is of the same order as the one obtained in case of standard BSDEs for many
cases of the driver f. However, this pooling of particles costs the independence in the Monte Carlo
approximation, making the proof of the convergence more difficult and leading to a slower speed of
convergence in M.

The rest of the Section is organized as follows: Section [3.4.1] presents some preliminaries, Sec-
tion [3.4.2] presents the approximation steps of the McKean-Vlasov BSDE, Section [3.4.3] states the
convergence results and finally Section [3.4.4] presents some numerical examples.

3.4.1 Preliminaries

Hypothesis 3.6 We assume:

+ the generator f : RT x R x R? x Po(R) x Py(R?) — R is Lipschitz continuous: there
exists a constant L ¢ such that for all ¢ € R, y1,y2 € R 21,29 € R4, w1, 2 € Pa(R)
and vy, 15 € PQ(Rd)

[ty 20, 0, 00) = F (1, 20, 2, v2)| < L (=1l |12 W, i)+ Wa(1, v2) )

E(ICP + Ji 1£(5,0,0,[60], [60])*ds) < oo

Theorem 3.4.1 Given standard parameters (f,(), there exists a unique pair (Y,Z) € Si(R) x
H2.(R%) which solves (3.49).

A proof of this Theorem can be found in [L-25, Theorem 9].

3.4.2 Approximation steps of the BSDE

The algorithm is based on five types of approximations: Picard iterations, a Wiener chaos expansion
up to a finite order, the truncation of an L2([0, T]; R) basis in order to apply formulas of Proposition
3.2.7, a Monte Carlo method to approximate the coefficients dy and d} defined in and the
particle system.

3.4.2.1 Picard approximations

The first step consists in approximating (Y, Z)—the solution to (3.49)—by Picard’s sequence
(Y4, Z9),, built as follows: (Y = 0,Z° = 0) and for all ¢ > 1

T T
Y}qﬂ =( —i—/ f(s, Y2, Z2 [V, [Z9])ds — / Zidw,, 0<t<T. (3.50)
t t

From (330), under the assumptions that ¢ € D2 and f € C;"5%0, we express (Yt1, Z91) as a
function of the processes (Y9, Z7),

Ytqﬂ (C—I—/ f(s, Y2, Z1 [V, [Zg])ds>, th+1 = DtYfH, (3.51)
which can also be written

86



T

Yﬁ“=Et<c+ | st vazewa ) / F(s, Y2, 20, [vA), [29))ds,
0

ZIt = Dyt

(3.52)

As recalled in the Introduction, the computation of the conditional expectation is the cornerstone in the
numerical resolution of BSDEs. Chaos decomposition formulas enable us to circumvent this problem.

3.4.2.2 Chaos approximation

Computing the chaos decomposition of the r.v. F' = ( + ftT (s, Y, Z2 [V{],[Z2])ds (appearing
in (3.31)) in order to compute Yq+ is not JudlClOUS F' depends on ¢, and then the computation of
Y‘l+1 on the grid 7 = {#; = i L& ~:4=0,---, N} would require N + 1 calls to the chaos decompo-
sition function. To build an efficient algorithm, we need to call the chaos decomposition function as
infrequently as possible, since each call is computationally demanding and brings an approximation
error due to the truncation, the Monte Carlo approximation and to the particle approximation (see next
sections). Then we look for a r.v. F'? independent of ¢ such that Yfﬂ and thH can be expressed as
functions of E;(F'?), D{E.(F?) and of Y, and Z,. Equation (3.52)) gives a more tractable expression

of YZ+1 Let F be defined by F? := ( + fOT f(s,Yd, Z2,[Y{],[Zd])ds. Then

VI = By(F9) / f(s, Y9, 29 [V, [29)ds, ZIT' = DE,(F9). (3.53)

The second type of approximation consists in computing the chaos decomposition of F'? up to order
p. Since F'Y does not depend on ¢, the chaos decomposition function C,, (see (3.7)) is called only
once per Picard iteration.

Let (Yop Z9P) denote the approximation of (Ye,29)
built at step ¢ using a chaos decomposition with order p: (Y%7, Z%P) = (0,0) and

t
VI By Cu(F1) — [ A0, 23, Y07, (207))ds,
0 (3.54)

Z;]—l—l,p = D,E, (Cp(Fq’p)),
where F9P = ( + fOT f(s, YP ZEP VP [ZEP])ds. In the sequel, we also use the following
equality:

Zg—&-l,p —E, (Dtcp(Fq,p)). (3.55)

3.4.2.3 Truncation of the basis

The third type of approximation comes from the truncation of the orthonormal L?([0,T];R) basis
used in the definition of C, (3.7). Instead of considering a basis of L2([0, T];R), we only keep the
first N functions (g1, - - - , gn) defined by (3.8) to build the chaos decomposition function C}J,V (3.9).
Proposition gives us explicit formulas for E; (Cév F') and D;E, (Cév F). From (3.54), we build
(YarN | 7ap Ny in the following way: (YOPN Z0:N) = (0,0) and
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t
YtqH’p’N _E, (Cév(Fq,p,N» _ / f(s, y;mnN7 Zg,p,N’ [ysq,p,N]’ [Zg,p,N])ds, (3.56)
; .

Z;H_l’p’N = DtEt (CéV(Fq’p’N)),

where F4PN = ¢ 4 [T f(s, varN | z2vN [yapN| 17a0N)) g,

Equation (3.56)) is tractable as soon as we know closed formulas for the coefficients d}! of the
chaos decomposition of E; (CZJ;V (F%PNY)) and D,E, (Cév (FaPNY) (see Proposition . When it is
not the case, we need to use a Monte Carlo method to approximate these coefficients. The next section
is devoted to this method.

3.4.2.4 Monte Carlo approximation

Let F' denote a r.v. of L?(Fr). Practically, when we are not able to compute exactly dy = E(F)
and/or the coefficients d¥ = n!E(FK,,(G1) - K, (Gy)) of the chaos decomposition (3.10)-(3.11)
of F', we use Monte Carlo simulations to approximate them. Let (F")1<,,<as be a M i.i.d. sample
of F' and (GT*,---,GR)1<m<m be a M iid. sample of (Gy,---,Gyn). We propose a method
which consists in approximating the expectations d := (do, (d},)1<g<p,jn|=) Dy empirical means

dy := (do, (d} )1<k<p,|n|=k) Where
- 1 - n! M
dy:=— > F", dj:= i Z FEKp (G - Ky (G, (3.57)

Definition 3.4.2 Let F be a r.v. of L>(Fr) and (F*,--- , F™) be M identically distributed r.v. with
the law of F'. We denote C]J)V’M((Fm)lgmgM) the following approximation ofCéV(F)

p
CYM(F™1<mem) =do+ Y Y di [ Kni(Go). (3.58)

k=1|n|=k 1<i<N

where (dy, (d}g)lgkgmmzk) are defined by (3.57). We also introduce the filtration (G;)o<i< defined
by Gt = o((Bs)s<t; (GT',- -+ , G )1<m<m)-

Remark 3.4.3 When (F',--- , FM) is an independent and identically distributed sample of I, we
adopt the short notation CéV’M(F) to refer to C;,V’M((Fm)lngM). The notation C;,V’M((Fm)lngM)
is only used when the r.v. F'',--.  F'™ are not independent. This is the case in the next paragraph,
when we introduce the particle system to approximate the law of (Y, Z) (see (3.64)).

Before introducing the processes (Y 4thpN-M | 7a+Lp.NM) “we define By (Cp M ((F™),,)) the
conditional expectation of Ca "™ ((F™),,) w.r.t. G, which corresponds to the conditional expectation
obtained in Proposition when (do, d}})1<k<p,|n|—k are replaced by (do, d}})1<i<p,n|=k> i-€-

Wy — Ws

Et(CN’M((Fm) )) — dAO_i_Zp: Z CinHK (G) % (t—ﬂ«—l)(nr)/QK (m)
Y " £ 11 Bt h T\ V-t

(3.59)
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We also introduce

- (nr—1)/2 Wy — W;
tr_ t .
DEGME ) =03 Y de e < () e ()

k=1n(r)l=k i< —t_1

n(r)>0
(3.60)
which is linked to [E; (C;,],V M ((Fm™),.)) by the following relation
t
vt < T, do +/ DEo(CY M ((F™)m))dWs = By (C) M (F™)im)).- (3.61)
0

We keep the notation ’ D;’ since the above equality is nothing else than the Clark-Ocone formula when
considering W as a G-Brownian motion.

Remark 3.4.4 When M samples of (C M((F™)))m are needed, we can use the same samples as
the ones used to compute dg and d" (M ((F™)))m = do+> h_; Z|n\:k dp Tli<icn Kni (GT),

or use new ones. In the first case, we only requlre M samples (G1,--- ,Gy). We built F*, ... FM
from these samples. The coefficients d" and dy are not 1ndependent of [ <i<N K,,(G"). In this

case the notation E, (Cp M((F™),,,)) introduced above is not equal to E (Cév MF m)m)|gt). In
the second case, the coefficients Eﬁ and dg are independent of [li<icn Kn,((G')]") and we have
E, (C;,V’M((Fm)m)> =E (CNM((Fm)m)\Qt>. This second approach requires 2M samples of F

and (G1,---,Gy) and its variance increases with N. Practically, we use the first technique.

Let us now introduce the couple of processes (Y 4+1P» VM ' 7a+1,p.N.M) “ywhich corresponds to

the approximation of (Y4*+1:»N, Za+1.»:N) when we use C; " instead of CY, that is, when we use a
Monte Carlo procedure to compute the coefficients dj’.

t
}/;qul,p,N,M — Et(CéV’M(Fq’p’N’M)) _/ f(gg,p,N,M)ds’
0

th+1,p,N,M .= D,F, (C;,V’M (F%p,N,M)) 7

(3.62)

where FapNM = ¢ + fOT FOTPNAY g and
Hgﬂp7NaM = (87 quuvaﬂM, ngp7N7M’ I:}/qu,p7N7M], [Zg7p7N7M]>

3.4.2.5 Particle system

In this section, we introduce an interacting particle system associated to (3.62) to approximate the
law of YZPNM and Zz&PNM ndeed we replace one stochastic differential equation with unknown
processes YIPNM and 24P NM \with a system of M ordinary stochastic differential equations whose
solution consists in a system of particles (Y2 zapNoMmy o0 replacing the law of the

N,M
477 ) and Z;IJL )

processes Yy by the empirical mean law

1 M
9. ’N7M7m M u—
D/qu ] _M E 6Y5z1,p7N,M7ma
=1

1 M
Zq,p,N,M,m M _ § ) .
[ s ] 7M Zg,nN,M,m
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Our candidates are the particles:

Y;QJFLPJ\CM,W =&, (CéV,M((Fq,p,N,M,m)m))
t
_ / f(s7 }/;‘I7P7N,M,m7 Zg»p7N7M,m7 [Ys%pyN,M,m}M, [Zg’p7N’M’m]M)dS, (363)
0
Zg+17P:N7M,m = D, (C;)V,M((Fq,p,N,M,m)m))’
where, forall m € {1,--- , M},
T
Fq,p,N,MJTL — C + / f<37 qu7p7N7M7m’ ngp7N7M7m7 [Y;LpanMvm]]\/[’ [ngp7N7M7m]M)ds (3‘64)
0

Remark 3.4.5 Looking at (3.63) and (3.64), we notice that we use the M particles to compute
(do, (d}})1<k<p,jn|=k)- Taking the same M drawings for the Monte Carlo simulations and the par-
ticle system has two impacts, one positive and one negative :

* the algorithm is not more costly than the one solving standard BSDEs when f is a separated
variable function (see Remark [3.4.6)),

» the samples (F%PN.M ™)1 <m< M being not independant, the speed of convergence of the algo-
rithm will be badly impacted (see [L-25, Remark 22]).

* As for 3:62), E(Cp M ((FoPN-Mm), 1) corresponds to E(Cp ™ ((F@PN-AMm) _)|G,) when
we consider the second approach of [L-25| Remark 14].

Remark 3.4.6 The computational effort regarding the particle system of the algorithm depends on
the form of the driver. To simplify we omit the z-terms in f.

* I £y, ) = 1) + J o(0)di hen £(¥;,[¥i) = £1(;) + E(6(¥)). Using a priicle system
(y;" )1<m<M we approx1mate E(é(Y;)) by & b Zm 1 ¢(Y{™). This is done once and used for
all the particles Y;™ to evaluate f(Y;™, [Y;"]™). the complexity is of order M and then it is the
same as the one we get when applying the algorithm for classical BSDE:s.

« If the interaction is more complicated, say for example f(y, ) = [ b(y,v ) the approxi-
mation of f(Y;, [Yz]) has to be recomputed for each particle and is approx1mated by

fo Z b(y;",
The computational cost is of O(M?) and thus different from the algorithm for classical BSDEs.

3.4.3 Convergence results

We aim at bounding the error between (Y,Z) — the solution to (3.49) — and
(yarN.Mm  7ap,N.Mm) defined by (3.63). In this Section we consider the second approach
presented in Remark [3.4.4] Before stating the main result of the paper, we recall some hypotheses
introduced in [L-10].

In the following, (¢1,-- ,t,) and (s1,-- - , s,) denote two vectors such that

0<t1 < <t, <T, 0<51<--- <5, <T and Vi,s; <t.
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Hypothesis 3.7 (Hypothesis H,,). Let m € N*. We say that F satisfies Hypothesis H,, if F
satisfies the two following hypotheses:

e Hl:Vj>2 FeDm™ thatis HFHfﬂj < 005
e HE:Vji>2,Vie{l,--- ,m},Vlp<i—1,Vlj <m—i, Vl€{l,---,d} and for all

multi-indices « and «; such that |ag| = lp and || = {3 + 1, there exist two positive
constants S and k:lF such that
sup sup E(‘D?S (Dl?qszﬂ,' 5i+11F B D?’ilz'”:si+l1 )‘]) < kl (7)(ti = si )]ﬁF’

t1 <oty i1 < Ssign,
where | = Iy + I1 + 1. In the following, we denote K, (j) = sup;<,, k[ (j).
Remark 3.4.7 If F satisfies 72,, for all multi-index « such that |a| = [, we have
[B(D ... o F) —B(DS, ... o F)| < K ((t1—51)%F + -+ (tr — 51)°F), (3.65)
where K lF is a constant.
Hypothesis 3.8 (Hypothesis ’Hi ~)- Let (p, N) € N2, We say thatar.v. F satisfies Hg, N if

N
e $s 2 oow(rfle) <

k=1 |n(N)|1=k

<

where V denotes the variance.

Lemma 3.4.8 Let F be a rv. satisfying Hypothesis H3> o and let (F"™)1<m<m be M identically
distributed r.v. with law F'. We get

E(I(C) = G ((F™)m) ) < E(F) +Z >

k=1 |n(N)h=k

N
<|F\2 H Ki(@)) ;
i=1

and so, we obtain

N,M (/ m 2 2 . n(N)! 2 al 2
E(IC) M ((F™)m)|?) < 2E(IF*) + ) 5 E{IF] [[x7.G) ).
k=1 |n(N)|1=k i=1

Remark 3.4.9 If F is bounded by K, we get V, y(F) < K230 ( ]]f,) Then every bounded r.v.
satisfies ’H; N

This remark ensues from E(sz\il Kflz (Gy)) = l'

n:

Theorem 3.4.10 Assume that ( satisfies Hpq and there exists a real v > 4 s.t. ¢ € (L" N D) C
7—[3 N and f is Lipschitz and in Co’p 9. We have

||(Y i Yq7p7N7M7m’Z _ Zq,p,N,M7m)”L2

_ Ao, Aug, T\ As(q,p, N)  As(q,p, N)(log M)5
<Ay 1(qp3+A(qp)<> L Aslep N) 4(qpl)go§ )
where Ay, A1, As, A3 and Ay are given in the proof below. and («, [3) depends on the dimension d
and is defined by [IL-25| Equation (5.14)].

Iff e CO " and ¢ satisfies Hoo and ”HOO o, We obtain that, for each m > 1,

lim lim lim hm (Y —yaopNMm 7 _ Zq’p’NMm)||L2_O
q—00 p—00 N—o00 M
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Proof. We split the error into 5 terms:
1. Picard iterations: ¢? = ||(Y — Y9, Z — Zq)||%2, where (Y9, Z9) is defined by (3.50);

2. the truncation of the chaos decomposition: %P = |[[(Y? — Y9P Z7 — Z‘“’)H%z, where
(Yq.ps Zg,p) is defined by (3.54);

3. the truncation of the L2([0, T]; R) basis: e9PN = ||(Y %P — Y&PN 74P Zq’p’N)H%Z, where
(Yq.p.N+ Zgp,N) is defined by (3.56);

4. the Monte Carlo approximation to compute the expectations: e%PNV:M — || (yarN _
yaepNM  zapN _ Zq’p7N7M)||%2’ where (Y, , N, Zg p, v, ) is defined by (3.62).

5_ the partlcle system EqavavM/rn — H (YQ7p7N»M — YQ7p7N7M7m’ ZQ7p7N7M — Zq,p,N,MJTL) H%Q S where
(Yq.p.N.Mm» Zg.p,N,M,m) is defined by (3.63). We have

||(Y — Yqvvavam’ Z — Z‘vaN?Mvm)HiZ S 5(€q _I_ €Q7p _|_ €q7p7N _I_ €Q7p1N7M _I_ €Q7P1N7M7m)‘

From [L-25, Remark 11], we know that under Hypothesis the sequence (Y9, Z9), con-
verges to (Y, Z) dP x dt a.s. and in SZ(R) x H2(R?). Moreover, we have
A
— 2 0
o= (Y - Y9 Z - 2R, < 52

where A depends on T, [|€]|3 and on || £(.,0,0, (0], [0])%. . As in the proof of The-
([0,T):R

orem [3.2.15] the same procedure applies in the proof of [L-25 Propositions 30, 34, 36 and
38] to bound £%P, 1PN 4P N.M and £4:p:N.M:m  Thanks to Picard iterations 971 is
bounded by Cp.£9" + C1,., where C' ,, is related to Lemma[3.2.3} Cy , x is related to Lemma

C1,p,N, is related to Lemma[3.2.12]and C1 p v, a1,m is related to Lemma[3.4.8 Since

&% = 0 we get the following upper bounds. From [L-25] Proposition 30] we get that
A (C1T(T+1)L2)9-1
grp < % where Ai(q,m) = CllT(T+1)Lf';—1 Ki(q,m) and K;(g,m) de-

pends on T', m, H§Hm+q2<7(n+qf)1)s and on (||0%, fllsc)1<k<m+q. [L-25, Proposition 34] gives
’ m—1)!

7 (C2T(T+1)L5)7—1

CoT(T+1)L3—1 and

that E77:N < Ay(q, p) (%)""*%, where As(q,p) := Ka(p)T(T + 1)e

K>(p) depends on Kg, T, ||£]|p,1 and on (||3§pf||oo)1§k§p- [L-25| Proposition 36] states that

(C3T(T+1)L2)7-1
gq,p,N,M < W’ where A3(Q7p7 N) = K3(p7 N) C’33T(T+1)Lff£71 and K3(pa N) =

C (V},,N(é’) + T2 f112 3P, (2116\7)) for some C' > 0. [L-25] Proposition 38] states that

[3
2

EGPNMm < A4(q,p,]1\7)(51(3g1]\4) , where A4(q,p, N') depends on g, p, N, T and || f| - [ |

M(Z/\f 29

As(gp.N)(log )% -
LABY) L p

. | o ar(12) o

pears in the error bound. This term corresponds to the error approximation due to the particle system.

A3(q7p7N)
M

Remark 3.4.11 Compared to Theorem(3.2.15|we notice that the additional term

It is clearly worse that which corresponds to the error due to the Monte Carlo approximation.
As seen in Lemma[3.4.§] introducing some dependency between M identically distributed r.v. gives a
worse control of the error CIJ,V - CI];V "M than the one obtained when considering i.i.d. r.v. (see Lemma

B.2.12).

Remark 3.4.12 As in the standard case, we could have handled the case of path-dependent genera-
tors. To do so, we should have assumed some regularity on the Malliavin derivatives of f with respect
to the path-dependent component (see [L-10, Remark 4.7]).
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3.4.4 Numerical examples

In this section, we illustrate the algorithm by presenting some explicit computations.
We consider on [0, T'] the following sort of processes

T T
Vit [ (aVer SBOG) 4 B(Z))ds — [ Zo-aW., 0<t<T. G0
t t

where «, 5 and v € R. First, we study the solution of (3.66) when v = 0. Then, we study the solution
of (3.66) in the general case.

Case (1)

Case (2)

v = 0. We have
Yi = e (Ey(Q) + E(Q) ("7 - 1)),
and
Z; = TR, (Dy0).
Now, if { = Wy, we obtain

(Ys, Z,) = (ea(Tft)Wt’ ea(Tft)>’
and if ¢ = W2, we get

(Ys, Zy) = (ea(T—ﬂ (W2 =t + TePT=0)Y, 2eo‘(T_t)Wt>.

~v # 0. We consider two different values of (:
If { = Wrp and 8 # 0 we have

Yy, Zy) = <ea<T—t> (Wt i % (BT _ 1)),ea<T—t>>‘

If{= W:% we have
Yy, Z,) = (ea<T—t> (W2 =t + TP, Qeo‘(T_t)Wt>.

If { = \/|Wp| we don’t have any analytical formula for (Y}, Z;). The exact solution will be
approached by running the algorithm with a lot of drawings.

Convergence in p. Table 1 represents the evolution of 170‘1”’ MMt q (Picard iteration index),

when p = 2 and p = 3. We also give the CPU time needed to get Yo *™V* and Z57VM  we
fix M = 107, N = 20, ¢ = /|Wr|and f(t,Y,Z) = Y + E(Z). The seed of the generator
is also fixed. Note that the difference between the values of ?OS’Q’N’M and }708’3’N’M does not
exceed 0.12%. This is due to the fast convergence of the algorithm in p. CPU time is 5 times
higher when p = 3 than when p = 2.

Convergence in M. Figure represents the evolution of Yy” NM and zZyr MM wrt g
when p = 2, N = 20, f(t,Y,Z) = Y + E(Z) and ¢ = W2 for different values of M. For
this set of parameters, the exact solution is Yy = 2.7183 and Zy = 0. We notice that %q’p V.M
(resp. Zg’p ’N’M) converges to the exact solution when M > 10° (resp. M > 10%). For Y and

Z, the algorithm stabilizes after very few iterations.

Convergence in N. Figure represents the evolution of Y*™"™ and Z&PNM wrt. ¢
when p = 2, M = 105, f(t,Y,Z) = Y + E(Z) and ¢ = W2 for different values of N. We
notice that (Y, Z{) converges to the exact solution (Yp, Zy) when NN increases.
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Iterations 1 2 3 4 5 6 7 8 Real time (s)
p=2 0.8223 1.6440 2.0337 2.1501 2.1746 2.1784 2.1788 2.1788 49.596
p=3 0.8222 1.6444 2.0350 2.1521 2.1771 2.1811 2.1816 2.1816 284.947

Table 3.4: Evolution of Yj"? NM () — 2 and p = 3) w.rt. Picard iterations, M = 107, N = 20,
C=+/IWr|, f(t,Y,Z) =Y 4+ E(Z) and the real time (in seconds) of calculation.

Evolution of Y Evolution of ZJ
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Figure 3.4.1: Evolution of Y/ NM and zZyr MM\ rt. g for different values of M when N = 20,

iterations

p=2,C=WZ f(t,Y,Z) =Y +E(Z).

Evolution of Yg

Figure 3.4.2: Evolution of Y;” NM and zyr ANM w rt. g for different values of N when M = 106,

p=2(=W2i ft,Y,Z) =Y +E(Z).
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