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Gamma distribution densities Γ(ãj , b̃j) (1 ≤ j ≤ p) relative to the calibration
parameters kv, A2 and A3 (Approach C). . . . . . . . . . . . . . . . . . . . . 114

3.9 Superposition of histograms of

{̂̂
Hj

2 (
Dτb•
m,n

)}
1≤b≤Bperm

(Bperm = 103) and
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Nangis, mes mots ne sauraient véritablement exprimer toute l’étendue de ma reconnaissance
pour tout ce que vous avez fait pour moi. Merci infiniment !

1



2 REMERCIEMENTS



Chapter 1

Introduction (français)
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4 CHAPTER 1. INTRODUCTION (FRANÇAIS)

1.1 Calage de paramètres incertains en simulation numérique

1.1.1 Contexte général de la simulation combustible pour les réacteurs nucléaires

Au cours des dernières décennies, les modèles numériques (appelés également codes de calcul
ou simulateurs) sont devenus des outils incontournables pour l’analyse, la compréhension,
la modélisation et la prévision de certains systèmes physiques complexes tels que les cen-
trales nucléaires. Ces codes de calcul permettent d’étudier ces systèmes physiques lorsque
les expérimentations réelles sont limitées, voire impossibles pour des raisons économiques
et/ou éthiques. Les modèles numériques peuvent s’avérer coûteux en temps de calcul
CPU (quelques heures à plusieurs jours pour une simulation) et prennent généralement un
grand nombre de paramètres en entrée. Ces paramètres dont dépendent les modélisations
physique et numérique sont souvent incertains. Cela découle essentiellement d’une mécon-
naissance du phénomène étudié, et d’hypothèses simplificatrices introduisant des incertitudes
de paramètres ou encore des erreurs de mesure. Par conséquent, les sorties du code de calcul
sont également entachées d’incertitudes. Il devient alors nécessaire de quantifier précisé-
ment ces dernières avant toute utilisation dans un contexte industriel tel que l’évaluation
d’une occurrence de défaillance, le calcul de marges de sécurité, la prise de décision, etc. La
quantification des incertitudes paramétriques est un volet très important pour la plupart
des domaines industriels tel que le domaine du combustible nucléaire où les paramètres des
modèles sont totalement ou partiellement inconnus [Bouloré, 2019; Delipei, 2019]. Dans ce
domaine, les codes de calcul sont utilisés pour étudier le comportement des éléments com-
bustibles en réacteur en situation de fonctionnement normal, incidentel et accidentel. En
conditions accidentelles par exemple, ces codes servent à évaluer la dégradation subie par
les éléments combustibles et leur potentielle dispersion dans les différents composants du
réacteur. Ces codes sont également utilisés pour optimiser la conception des combustibles
nucléaires vis-à-vis de certains critères de fonctionnement.

La recherche et le développement sur les combustibles, menée au CEA en collaboration
avec EDF et Framatome, a conduit à l’élaboration de la plateforme de simulation PLEIADES,
illustrée par la Figure 1.1. Chaque filière combustible (réacteur à eau pressurisée, rapide re-
froidi au sodium, rapide refroidi au gaz, etc.) fait l’objet d’une application dédiée sur la
plateforme PLEIADES. Son objectif principal est d’une part de prédire le comportement
des combustibles nucléaires en réacteur en fonction de leurs caractéristiques initiales et de
leur évolution sous irradiation, afin d’assurer le maintien de la première barrière de sécurité
(la gaine) selon le mode d’utilisation. D’autre part, elle permet d’effectuer des expériences
numériques en explorant des domaines de fonctionnement difficiles à reproduire dans la réalité
ou de simuler des situations accidentelles de type LOCA (Loss of Coolant Accident pour Ac-
cident de Perte de Réfrigérant Primaire) et RIA (Reactivity Insertion Accident pour Accident
d’Insertion de Réactivité). Ces expérimentations numériques guident les chercheurs vers une
conception optimisée et plus innovante de la forme du combustible. Les codes de calcul de la
filière des Réacteurs à Eau Pressurisée (REP) de cette plateforme sont ALCYONE [Delipei,
2019; Michel et al., 2021] et CYRANO3 respectivement développés par le CEA et EDF. Le
simulateur ALCYONE simule ainsi le comportement des combustibles dans un réacteur de
type REP. Il est constitué d’un ensemble de modèles physiques qui permettent de calculer le
comportement mécanique (déformations subies par le combustible) et thermique (évolution
de la température au sein du coeur) ainsi que le comportement des produits de fission. Une
boucle de convergence globale assure la convergence de l’ensemble du châınage des modèles
à chaque pas de temps de calcul.

Comme nous l’avons évoqué précédemment, les modèles numériques, mis en oeuvre pour
représenter fidèlement la réalité physique, comportent souvent un grand nombre de paramètres
incertains [Campbell, 2006] (données d’entrée, paramètres de modélisation physiques ou con-
ceptuels, etc.). Dans le cas de la simulation du comportement du combustible nucléaire, les
sources d’incertitude sont nombreuses et de nature variée [Bouloré, 2019]. Par conséquent,
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Figure 1.1: Plateforme PLEIADES [Marelle et al., 2016; Michel et al., 2021].

la quantification la plus précise possible de toutes les sources d’incertitude et d’erreurs sus-
ceptibles d’influencer la capacité prédictive du modèle numérique est une étape importante
pour les études en simulation du combustible. La démarche générale de traitement de toutes
les incertitudes en simulation numérique a fait l’objet de nombreux travaux depuis bientôt
une vingtaine d’années [De Rocquigny et al., 2008; Santner et al., 2018; Ghanem et al., 2017;
Baccou et al., 2020]. Dans cette thèse, notre attention se concentre sur deux étapes de cette
démarche : le calage de modèle qui constitue l’axe principal des travaux et l’analyse de sen-
sibilité en support à ce calage. L’analyse de sensibilité va servir à sélectionner les paramètres
influents à prendre en compte dans le processus de calage de modèle. Nous détaillons les
objectifs et principes de ces deux étapes dans ce qui suit.

Le calage de modèle est un processus visant à quantifier les incertitudes paramétriques
d’un modèle numérique en se basant sur les données expérimentales disponibles du système
physique étudié [Campbell, 2006]. Ce processus d’ajustement a pour but de quantifier et
de réduire au mieux l’incertitude de prédiction du modèle afin d’améliorer l’adéquation des
sorties à la réalité avec la précision la plus fiable possible. Il existe deux types de calage
de modèle : le calage déterministe et le calage statistique, en particulier bayésien. Dans le
calage déterministe, l’objectif est de trouver le vecteur de paramètres optimal qui minimise
l’écart entre les données expérimentales et les simulations du modèle numérique [Tuo and
Wu, 2015; Wong et al., 2017]. Le calage bayésien repose sur une approche probabiliste où
l’incertitude paramétrique est quantifiée par des distributions de probabilité [Kennedy and
O’Hagan, 2001; Campbell, 2006; Gu and Wang, 2018]. Cette approche est particulièrement
intéressante lorsque nous avons à disposition des données expérimentales en nombre limité ou
entachées d’incertitude car elle permet d’utiliser toutes les informations à notre disposition
(connaissances a priori, données expérimentales et données simulées) pour produire une esti-
mation robuste et informative des incertitudes résiduelles sur les paramètres. Pour ce faire,
le calage bayésien se base sur trois étapes. Premièrement, la distribution dite distribution
a priori quantifie les connaissances sur les paramètres incertains avant prise en compte des
données expérimentales. Ces informations a priori sont souvent obtenues par avis d’experts
et permettent d’établir une telle distribution soit par le principe du maximum d’entropie, soit
par le choix d’une distribution paramétrique qui s’ajuste au mieux aux données issues de ces
informations a priori [Garthwaite et al., 2005; Ghosh et al., 2006; Oakley and O’Hagan, 2007;
O’Hagan, 2019]. En l’absence d’informations a priori, le statisticien s’attachera à constru-
ire une distribution aussi non informative que possible [Kass and Wasserman, 1996; Gelman
et al., 2014; Reich and Ghosh, 2019; Murphy, 2022]. Deuxièmement, la disposition d’une
équation probabiliste reliant le vecteur des données expérimentales disponibles aux sorties du
code permet d’établir la fonction de vraisemblance des paramètres. La vraisemblance mesure
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le degré de plausibilité d’un ensemble de valeurs prises par les paramètres incertains au vue
des données expérimentales. Enfin, à l’aide de la formule de Bayes, une distribution dite
distribution a posteriori des paramètres incertains est calculée. La distribution a posteriori
quantifie l’incertitude résiduelle après l’utilisation des informations apportées par les données
expérimentales. Cette distribution s’interprète comme une mise à jour de la distribution a
priori et à partir de laquelle une valeur optimale des paramètres telle que le maximum a
posteriori (MAP) peut être déduite.

L’analyse de sensibilité, autre étape fondamentale de la démarche de prise en compte des
incertitudes, vise à quantifier comment la variabilité des entrées d’un modèle numérique in-
fluence la variabilité de la sortie ou de la quantité d’intérêt. Les grands objectifs de l’analyse
de sensibilité sont de classer les variables d’entrée par ordre d’influence [Hamby, 1993, 1994,
1995] ou d’effectuer un criblage des entrées [Morris, 1991; Morris and Mitchell, 1995; Cam-
polongo et al., 2007, 2011] (c’est-à-dire éliminer les entrées non influentes). Pour répondre
à ces objectifs, il existe deux types d’analyse de sensibilité : l’analyse de sensibilité locale
(LSA pour Local Sensitivity Analysis) et l’analyse de sensibilité globale (GSA pour Global
Sensitivity Analysis). La LSA vise à quantifier la variabilité de la sortie lorsque de faibles
perturbations sont appliquées aux entrées autour d’une valeur de référence (également ap-
pelée valeur nominale) [Morris, 1991; Morris and Mitchell, 1995]. La GSA cherche à prendre
en compte la distribution de probabilité des variables d’entrée sur l’ensemble de leur domaine
de variation [Saltelli et al., 2004, 2008; Da Veiga et al., 2021]. Dans cette thèse, l’analyse
de sensibilité est utilisée en support au calage bayésien afin d’effectuer un criblage préalable.
Plus précisément, on considérera la GSA afin de prendre en compte la distribution a priori
des paramètres.

1.1.2 Calage bayésien de paramètres dans les modèles numériques

Un système physique d’intérêt, représenté par r(x) ∈ DY ⊂ Rq (q ≥ 1), peut être considéré
comme une fonction mathématique caractérisant la relation possible entre le vecteur d’entrée
x et la sortie r(x). Le vecteur d’entrée, x ∈ DX ⊂ Rd, contient principalement des variables
appelées variables de contrôle [Santner et al., 2018]. Ces variables de contrôle représentent
généralement les conditions expérimentales et les propriétés géométriques du système simulé.
Pour des configurations {xi}

nexp
i=1 , les réalisations expérimentales z = (z1, · · · , znexp)t du sys-

tème physique r(x) sont en général reliées à celui-ci par l’équation probabiliste suivante :

zi = r(xi) + ϵi, 1 ≤ i ≤ nexp, (1.1)

où ϵi est la réalisation de l’incertitude expérimentale qui est essentiellement due à des im-
précisions de mesure. Cette incertitude expérimentale est souvent considérée comme une
réalisation d’une distribution normale multivariée de moyenne nulle et de matrice de covari-
ance Σϵi = diag(σ2

ϵi,1 , · · · , σ2
ϵi,q) connue.

Un modèle numérique déterministe visant à représenter fidèlement la réalité physique
r(x) peut être envisagé comme une fonction mathématique paramétrée par des paramètres
de calage θ ∈ DΘ ⊂ Rp (p ≥ 1) incertains le plus souvent, qui décrit aussi la relation entre les
variables de contrôle x et la sortie notée yθ(x). Si θ et/ou x sont entachés d’incertitude, alors
yθ(x) le sera lui aussi. Supposons dans un premier temps qu’il existe une valeur optimale
des paramètres θ notée θopt telle que le modèle numérique yθopt(x) reproduise parfaitement
le système physique étudié r(x). Ceci implique que, les données expérimentales {zi}

nexp
i=1 sont

des réalisations du modèle numérique paramétré par θopt :

zi = yθopt(xi) + ϵi, 1 ≤ i ≤ nexp. (1.2)

L’équation (1.2) stipule que le modèle numérique reproduit parfaitement le phénomène physique
étudié pour un ensemble de paramètres optimaux θopt. Cependant, en pratique, les modèles
parfaits sont rares, et sous θopt, le modèle yθopt(x) ne peut fournir qu’une approximation de
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la réalité physique. Si l’écart entre cette approximation et la réalité est significatif et donc
qu’il n’est pas raisonnable de considérer cet écart comme indissociable de l’incertitude ex-
périmentale, un terme supplémentaire non observable dépendant souvent uniquement de x,
noté b(x) [Kennedy and O’Hagan, 2001], est introduit pour le représenter. Il est défini par :

b(x) := r(x) − yθopt(x). (1.3)

Par conséquent, l’équation probabiliste générale reliant les données expérimentales aux sim-
ulations numériques est donnée par :

zi = yθopt(xi) + b(xi) + ϵi, 1 ≤ i ≤ nexp. (1.4)

Cependant, en pratique, nous ne connaissons jamais les paramètres optimaux θopt à l’avance

et l’objectif du calage de modèle est de fournir un estimateur θ̂ de θopt en se basant sur
l’équation suivante :

zi = yθ(xi) + b(xi) + ϵi, 1 ≤ i ≤ nexp, (1.5)

En ce qui concerne le calage déterministe, la quantité θ̂ est obtenue en minimisant autant
que possible la norme quadratique de la discrépance de modèle (ou erreur de modèle) b(x) à
partir des données expérimentales et des simulations yθ(x) [Tuo and Wu, 2015; Wong et al.,
2017] :

θ̂ := argmin
θ∈DΘ

1
nexp

nexp∑
i=1

(zi − yθ(xi))t Σ−1
ϵi (zi − yθ(xi)) . (1.6)

En général, nous disposons pour ce faire d’un nombre limité de données expérimentales
et le code yθ(·) est souvent coûteux en temps de calcul CPU ce qui empêche la résolution
du problème d’optimisation (1.6) en un temps de raisonnable. Cependant, pour pallier le
problème du coût d’évaluation de yθ(x), il est possible de le résoudre en remplaçant yθ(x)
par un métamodèle ŷθ(x) 1 [Wong et al., 2017; Lee and Park, 2020]. C’est ce qui est également
fait dans la littérature dédiée au calage bayésien où le modèle numérique et la discrépance de
modèle sont souvent remplacés par des métamodèles.

Par ailleurs, lorsque nous avons des données expérimentales limitées et un code de cal-
cul coûteux en temps de calcul CPU, le calage bayésien est souvent adopté [Kennedy and
O’Hagan, 2001; Higdon et al., 2004; Bayarri et al., 2007; Bachoc et al., 2014; Gu and Wang,
2018]. Il permet de quantifier les incertitudes associées à θ par des distributions de proba-
bilité. Ce calage sous incertitudes permet de quantifier et de réduire l’incertitude dans les
prédictions [Campbell, 2006; Trucano et al., 2006]. Pour ce faire, le processus de calage
bayésien, comme décrit précédemment, combine une distribution a priori π(θ) quantifiant
l’incertitude initiale associée à θ et la vraisemblance des données z notée L (z | θ) à travers
la formule de Bayes pour obtenir la distribution a posteriori πfull(θ | z):

πfull(θ | z) ∝ L (z | θ)π(θ). (1.7)

La distribution a posteriori est une correction de la distribution a priori à l’aide des informa-
tions apportées par z via la vraisemblance. La vraisemblance L (z | θ) mesure la plausibilité
d’un ensemble de valeurs prises par θ compte tenu des données expérimentales observées z
et elle se calcule à l’aide de l’équation (1.5). Les premiers travaux de calage de modèle sous
incertitudes utilisant l’équation probabiliste (1.5) sont ceux de Kennedy and O’Hagan [2001].

1 Le principe de la métamodélisation repose sur la substitution d’un modèle numérique yθ(x) coûteux en
temps de calcul CPU par une fonction mathématique ŷθ(x) permettant de prédire la sortie yθ(x) avec une
grande précision (ou une précision souhaitée), et ce, de manière instantanée.
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Méthode de Kennedy et O’Hagan et ses variantes

La méthode présentée par Kennedy and O’Hagan [2001] est le papier de référence du calage
bayésien des modèles numériques coûteux en temps de calcul CPU avec l’utilisation de mé-
tamodèles de type processus gaussien [Currin et al., 1991; Rasmussen et al., 2006; Gramacy,
2020]. L’idée principale de cette méthode consiste d’abord à substituer le modèle yθ(x) par un
métamodèle processus gaussien dont les hyperparamètres ϕy

2 sont inconnus et de modéliser
également la discrépance b(x) par un autre processus gaussien indépendant et ayant aussi des
hyperparamètres ϕb qui sont également inconnus. Ensuite, les auteurs proposent d’estimer
les paramètres θ et les hyperparamètres de ces deux processus gaussiens indépendants en
deux temps. Cette estimation en deux temps sera plus tard appelée approche modulaire par
Liu et al. [2009]. Enfin, un prédicteur r̂(x) du système r(x) est proposé tenant compte de
la correction des réponses du modèle par la discrépance estimée. Nous donnons ci-dessous
quelques détails de la méthode.

Le modèle numérique et la discrépance de modèle sont modélisés par deux processus
gaussiens indépendants a priori :

y(x,θ) := yθ(x) ∼ G P
(
mβy(x,θ), σ2

yKψy((x,θ), (x′,θ′)
)
, ϕy := (βy, σ2

y , ψy)t, (1.8)

b(x) ∼ G P
(
mβb(x), σ2

bKψb(x,x
′)
)
, ϕb := (βb, σ2

b , ψb)t. (1.9)

L’apprentissage de ces deux métamodèles processus gaussiens s’appuie sur M simulations
disponibles du modèle numérique

y (DM ) =
(
yθ(1)(x(1)), · · · , yθ(M)(x(M))

)t
obtenues à partir d’un plan d’expériences numérique

DM =
{(

x(1),θ(1)
)
, · · · ,

(
x(M),θ(M)

)}
,

où {x(l)}1≤l≤M sont des réalisations de x ∈ DX et {θ(l)}1≤l≤M sont des réalisations de
θ ∈ DΘ. Suivant la formule de Bayes, l’estimation de θ et l’estimation des hyperparamètres
ϕy et ϕb s’obtiennent à partir de la distribution a posteriori jointe qui est donnée par :

πfull(θ, ϕy, ϕb | d) ∝ L (d | θ, ϕy, ϕb)π(θ, ϕy, ϕb), (1.10)

où d := (z, y(DM ))t se compose des données expérimentales et simulées à notre disposition.
Cependant, comme l’expliquent Kennedy and O’Hagan [2001], la distribution π(θ, ϕy, ϕb | d)
n’est pas explicite et son estimation nécessite l’utilisation de méthodes Monte Carlo par
Châıne de Markov (MCMC). Ces méthodes MCMC souffrant du fléau de la dimension, elles
pourraient ne pas converger lorsque la dimension de (θ, ϕy, ϕb) est grande. De plus, une
distribution a priori appropriée sur le couple (ϕy, ϕb) doit être choisie ce qui n’est pas tou-
jours facile en pratique [Paulo, 2005]. C’est pourquoi, les auteurs proposent une procédure
d’estimation en deux étapes de (θ, ϕy, ϕb) en estimant (ϕy, ϕb) par (ϕ̂y, ϕ̂b) soit par maximum
de vraisemblance, soit par validation croisée [Bachoc, 2013], puis en estimant la distribution
a posteriori π(θ | d, ϕ̂y, ϕ̂b) par un algorithme MCMC tel que celui de Metropolis-Hastings
[Chib and Greenberg, 1995; Robert et al., 1999; Andrieu and Thoms, 2008]. Après ces étapes
d’estimation, les auteurs proposent un prédicteur de la quantité physique r(x). Il est obtenu

2 Un hyperparamètre est un paramètre dont la valeur permet d’ajuster un processus d’apprentissage tel que
les processus gaussiens. Il permet de régler le processus d’apprentissage et la performance de ce processus
d’apprentissage dépend grandement de la valeur prise par son (ou ses) hyperparamètre(s) [Hastie et al., 2009;
Hutter et al., 2014].
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en intégrant la moyenne E[r(x) | d,θ, ϕ̂y, ϕ̂b] de la distribution prédictive par rapport à la

mesure de probabilité a posteriori π(θ | d, ϕ̂y, ϕ̂b)dθ :

r̂(x) =
∫
E[r(x) | d,θ, ϕ̂y, ϕ̂b]π(θ | d, ϕ̂y, ϕ̂b)dθ, (1.11)

où l’expression de E[r(x) | d,θ, ϕ̂y, ϕ̂b] est donnée dans [Kennedy and O’Hagan, 2001; Kennedy
and O’Hagan, 2001; Damblin, 2015; Leoni, 2022].

Cette méthode a été largement reprise dans de nombreux travaux [Bayarri et al., 2007;
Higdon et al., 2008; Qian and Wu, 2008; Liu et al., 2009; Wu et al., 2018]. Certains, dont
[Higdon et al., 2004; Arendt et al., 2012; Brynjarsdottir and O’Hagan, 2014; Bachoc et al.,
2014; Tuo and Wu, 2015; Damblin et al., 2016; Plumlee, 2017; Gu and Wang, 2018; Carmassi
et al., 2019; Kamary et al., 2019; Leoni, 2022] montrent qu’elle produit parfois des résultats
non identifiables en (θ, b). Cette non identifiabilité est souvent due au choix de modélisation
pour b(x). Ainsi, pour y remédier, plusieurs modifications ont été apportées [Higdon et al.,
2004; Bayarri et al., 2007; Bachoc et al., 2014; Brynjarsdottir and O’Hagan, 2014; Gu and
Wang, 2018; Leoni, 2022]. Parmi elles, nous avons la proposition de Higdon et al. [2004] qui
consiste à faire un calage sans la discrépance de modèle dans un premier temps puis à ne
considérer le terme b(x) que lorsque les prédictions du modèle calé et les mesures expérimen-
tales z sont inconsistantes entre elles. En d’autres termes, les auteurs recommandent de ne
prendre en compte b(x) que lorsque l’écart entre les prédictions du modèle calé et les données
expérimentales semble être plus important que l’incertitude expérimentale. Cette approche
permet de contourner a priori le problème d’identifiabilité, évoqué précédemment, causé par
la prise en compte du terme b(x) dès le début du processus de calage. Contrairement à
Kennedy and O’Hagan [2001], les auteurs proposent d’estimer les paramètres θ et les hyper-
paramètres des processus gaussiens conjointement. Cette estimation conjointe est appelée
Full Bayesian approach (pour approche bayésienne complète ou approche pure bayésienne).
Soulignons également les travaux de Damblin et al. [2016] qui reprennent les idées de Higdon
et al. [2004] et proposent une méthode pour tester la significativité de b à travers le calcul
du facteur de Bayes entre le modèle sans b et le modèle avec b. Les auteurs proposent alors
une règle de décision en comparant la valeur du facteur de Bayes à 1 : si cette valeur est très
supérieure à 1 alors il ne faut pas prendre en compte la discrépance de modèle dans l’étude.

Continuons avec une autre variante de l’approche de Higdon et al. [2004] proposée par
Bachoc et al. [2014]. Elle consiste à linéariser la sortie du code yθ(x) et à rajouter une discré-
pance de modèle à nouveau lorsque l’amplitude des écarts absolus entre les observations et les
prédictions du modèle linéaire calé n’est pas similaire à l’amplitude des incertitudes expéri-
mentales caractérisées par les variances σ2

ϵi,t (1 ≤ i ≤ n, 1 ≤ t ≤ q). La discrépance de modèle
est alors modélisée par un processus gaussien centré dont les hyperparamètres sont estimés
séparément de θ, par la méthode du maximum de vraisemblance restreint [Bachoc et al.,
2014; Santner et al., 2018]. Ensuite, nous avons les approches telle que l’approche de Plumlee
[2017] et l’approche de Gu and Wang [2018] qui prennent la discrépance de modèle d’emblée
dans le processus de calage avec une distribution a priori sur b(x) bien choisie. Plumlee
[2017] propose de choisir un processus gaussien sur la discrépance bθ(x) 3 avec une structure
de covariance a priori particulière. La distribution a priori π (bθ(x) | θ) est construite sous
l’hypothèse d’orthogonalité entre bθ(x) et le gradient de yθ(x). L’auteur propose d’estimer
conjointement θ et les hyperparamètres du processus gaussien ainsi que bθ(x) par un algo-
rithme de Gibbs [Robert et al., 1999; Gelman et al., 2014], alors que l’approche proposée par
Gu and Wang [2018] concilie le calage déterministe et le calage bayésien dans le but d’avoir
le plus faible écart quadratique possible entre la réalité physique r(x) et le modèle yθ(x)
dans une inférence bayésienne. Pour ce faire, cet écart est modélisé par une variable aléatoire
Z et la discrépance de modèle par un processus gaussien de fonction moyenne nulle dont

3 La dépendance de la discrépance de modèle b à θ c’est-à-dire (bθ(x)) introduite par Plumlee [2017] n’est
que par souci de clarté. En effet, dans la littérature, cette dépendance est souvent supprimée.



10 CHAPTER 1. INTRODUCTION (FRANÇAIS)

l’intégrale quadratique est la réalisation de Z. De cette manière, les auteurs construisent une
distribution a priori sur la discrépance de modèle à partir de ce processus gaussien contraint.
Cela favorise ainsi l’ajustement du modèle yθ(x) aux données expérimentales du système
physique r(x). Enfin, récemment, Leoni [2022] a proposé une nouvelle méthode adaptative
appelée FMP (pour Full Maximum a Posteriori) pour l’estimation des hyperparamètres du
processus gaussien modélisant la discrépance. L’idée centrale de cette méthode adaptative
consiste à estimer les hyperparamètres du processus gaussien conditionnellement à chaque
valeur prise par les paramètres de calage θ. Autrement dit, cette approche adapte la forme
de la discrépance de modèle associée à chaque nouvelle prédiction du modèle numérique en
ré-estimant les hyperparamètres du processus gaussien associée à la discrépance. Comme le
montre Leoni [2022], la méthode FMP a de bonnes propriétés et s’avère plus efficace que la
méthode de Kennedy and O’Hagan [2001] pour l’échantillonnage des distributions a poste-
riori complexes telles que celles présentant plusieurs modes. Cependant, la méthode FMP
nécessite en contrepartie un grand nombre d’estimations des hyperparamètres.

En conclusion, dans la littérature dédiée au calage bayésien, il n’y a pas un consensus
général pour la résolution du problème d’identifiabilité du couple (θ, b) induit par la prise
en compte d’emblée d’une discrépance de modèle dans le processus de calage. La prise ou
non d’une discrépance de modèle est à étudier au cas par cas. C’est pour cette raison que
dans la communauté du calage bayésien, certains considèrent que la discrépance de modèle
peut, dans certains cas, être indistinguable de la réalisation de l’incertitude expérimentale ϵi
[Damblin et al., 2018; Yi et al., 2019] et par conséquent, ils utilisent l’équation probabiliste
sans le terme discrépance malgré les risques de surapprentissage (overfitting). Nous adoptons
ce principe dans cette thèse et considérons un calage sans discrépance de modèle se basant
sur l’équation probabiliste suivante :

zi = yθ(xi) + ϵi, 1 ≤ i ≤ nexp. (1.12)

Le calage de modèle nous permet d’estimer θopt en fonction des données disponibles
sous l’hypothèse que θ est indépendant de x. Si nous n’avons plus cette indépendance aux
variables de contrôle, c’est-à-dire si certaines composantes de θ sont fonction de x, alors le
calage de modèle devra tenir compte de cette dépendance fonctionnelle [Plumlee et al., 2016;
Brown and Atamturktur, 2018]. On parle alors de calage fonctionnel. Dans ce qui suit, nous
décrivons l’approche proposée par Brown and Atamturktur [2018] qui apporte une solution à
la problématique du calage fonctionnel.

Méthode de Brown et Atamturktur

Le principe de cette méthode réside dans le calage des paramètres θ en tant que fonction
des variables de contrôle x. Les auteurs démontrent que l’intégration de cette dépendance
fonctionnelle peut parfois prévenir l’inadéquation du modèle calibré. En effet, ils montrent que
négliger cette dépendance peut tromper le statisticien en le faisant croire qu’une correction
par un terme de discrépance est nécessaire pour pallier l’écart entre le modèle calibré et la
réalité physique, alors qu’il suffit simplement d’introduire une dépendance fonctionnelle entre
θ et x dans le processus de calage.

Dans le cadre de cette approche, θ est remplacé par θ(xi) dans l’équation (1.12) :

zi = yθ(xi)(xi) + ϵi, i = 1, · · · , nexp.

Les hypothèses formulées par les auteurs sont alors les suivantes :

• xi ∈ [0, 1]d, ϵi
i.i.d.∼ N (0, ϑ−1

y ), ϑy ∼ Γ(ay, by), ay, by connues,

• θ(xi) =
(
θ1(xi)t,θt2

)t
où θ1(xi) ∈ C 0(Rd,Rp1) est le vecteur de paramètres fonctionnels

et θ2 est un vecteur de paramètres constants (de taille p2 tel que p1 + p2 = p) et
π(θ2) ∝ 1,



1.1. CALAGE DE PARAMÈTRES INCERTAINS EN SIMULATION NUMÉRIQUE 11

• θ1(·) est a priori indépendant de θ2 et chacune de ses composantes est une réalisation
a priori d’un processus gaussien indépendant. La loi a priori sur θ(x) s’écrit donc :

π(θ(x)) = π(θ1(x))π(θ2) =
p1∏
j=1

π(θ1j(x))π(θ2), (1.13)

θ1j(·)
indep∼ G P

(
µθ,j , ϑ

−1
θ,jRj(·, ·)

)
, µθ,j ∈ R, 1 ≤ j ≤ p1, (1.14)

Rj(x,x′) = exp
{

−4
d∑

k=1
γθ,j

(
xk − x′

k

)2}
(1.15)

où γθ,j contrôle la régularité des trajectoires de θ1j(·).

Nous présentons cette approche dans le cas où p1 = p2 = 1 (p = 2) et d = 1. La
distribution a priori de la fonctionnelle θ1(·) se déduit de l’hypothèse processus gaussien :

θ1(·) ∼ G P
(
µθ, ϑ

−1
θ Rρθ

(·, ·)
)
, (1.16)

où Rρθ
(x,x′) = ρ

4(x−x′)2

θ , ρθ = exp(−γθ) et µθ ∈ R connu.
Cette méthode est une approche bayésienne hiérarchique car les auteurs ont spécifié des

distributions a priori sur les hyperparamètres ρθ, ϑθ qui sont données respectivement par :

ϑθ ∼ Γ(0.01, 0.01), (1.17)

ρθ ∼ Beta(1, αθ). (1.18)

Les auteurs recommandent de prendre αθ = 0.1 ou 0.2. Ensuite, la distribution jointe a
posteriori est obtenue en appliquant la formule de Bayes :

π(θ1(x),θ2, ρθ, ϑθ, ϑy | z) ∝ ϑ
nexp

2 +ay−1
y exp

{
− ϑy

2
(
z − yθ(x)(x)

)t (
z − yθ(x)(x)

) }
ϑ
nexp

2 −0.99
θ

× |Rρθ
|−

1
2 exp

{
− ϑθ

2 (θ1(x) − µθ1n)tR−1
ρθ

(
θ1(x) − µθ1nexp

) }
× exp(−byϑy) exp(−αθϑθ)(1 − ρθ)αθ−1. (1.19)

L’estimation des hyperparamètres (ρθ, ϑθ, ϑy) et des paramètres (θ1(x),θ2) se fait con-
jointement via l’équation (1.19). Les auteurs utilisent un échantillonneur de Gibbs avec une
étape de Metropolis pour échantillonner la distribution jointe

π(θ1(x),θ2, ρθ, ϑθ, ϑy | z).

Pour plus de détails, se référer à [Brown and Atamturktur, 2018; Plumlee et al., 2016].
En général, la distribution a posteriori de θ n’est connue qu’à une constante près. Son

estimation nécessite souvent l’usage d’algorithmes MCMC [Robert et al., 1999] tels que les
algorithmes de Metropolis-Hastings et de Gibbs [Chib and Greenberg, 1995; Andrieu and
Thoms, 2008; Gelman et al., 2014] qui sont les plus utilisés en pratique. Pour bien explorer
l’espace a priori des paramètres de calage, l’algorithme de Metropolis-Hastings qui est un al-
gorithme itératif fait un appel intensif au code de calcul yθ(x), ce qui peut être problématique
lorsque le code de calcul est coûteux en temps CPU. Pour surmonter cette limite, l’approche
standard consiste, comme évoqué précédemment, à remplacer yθ(x) par une fonction mathé-
matique ŷθ(x) appelée métamodèle (ou modèle de substitution ou encore émulateur) [Sacks
et al., 1989; Currin et al., 1991; Santner et al., 2018] et dont l’évaluation est instantanée. À
noter que dans la littérature, l’un des métamodèles le plus couramment utilisé est le méta-
modèle processus gaussien [Rasmussen et al., 2006; Marrel et al., 2009; Gramacy, 2020]. Ce
métamodèle est ensuite utilisé dans l’algorithme Metropolis-Hastings afin d’estimer la distri-
bution a posteriori de θ en un temps raisonnable. Ce modèle de substitution est souvent
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construit sur l’espace produit DX × DΘ pour être capable de prédire le simulateur yθ(x)
pour de nouvelles valeurs de x ou de θ [Wu et al., 2018; Damblin et al., 2018; Santner et al.,
2018]. Bien que cette construction dans l’espace joint soit toujours préférable, elle peut per-
dre de sa pertinence dans certains problèmes de calage où les configurations expérimentales
{xi}

nexp
i=1 sont hautement structurées, comme en simulation thermohydraulique [Damblin and

Gaillard, 2020]. Dans de telles situations, il est préférable de construire un métamodèle ŷi(θ)
pour chaque yi(θ) := yθ(xi).

L’usage d’un métamodèle se substituant au code de calcul dans l’algorithme de Métropolis-
Hastings permet de contourner le coût prohibitif de ce dernier. Cependant, lorsque le nombre
de paramètres de calage est important (au-delà d’une dizaine), deux autres problèmes de-
meurent :

1. en raison du grand nombre d’hyperparamètres inconnus à estimer, la construction du
métamodèle peut être ardue. Des recherches sont en cours pour proposer des solutions
à cette problématique [Iooss and Marrel, 2019; Marrel et al., 2022; Zhou et al., 2022;
Binois and Wycoff, 2022],

2. la convergence de l’algorithme de Metropolis-Hastings devient difficile également. Plus
le nombre de paramètres est grand, plus l’algorithme de Metropolis-Hastings a du mal
à bien mélanger la châıne de Markov induite. Cela résulte d’un mauvais réglage des hy-
perparamètres de l’algorithme de Metropolis-Hastings [Haario et al., 2001; Andrieu and
Thoms, 2008; Gelman et al., 2014] qui a pour conséquence la génération de distributions
marginales fortement corrélées. On se retrouve ainsi face à un problème d’identifiabilité
entre les composantes de θ [Liu et al., 2009; Cole, 2020].

Une solution pour contourner ces deux problèmes, ci-dessus, consiste à utiliser d’une part,
des méthodes de métamodélisation avancées [Marrel et al., 2022] et d’autre part, des al-
gorithmes de Metropolis-Hastings adaptatifs [Andrieu and Thoms, 2008] ou MCMC hamil-
toniens (HMC) [Neal et al., 2011]. Cependant, ces algorithmes adaptatifs et HMC sont
complexes et difficiles à régler en pratique. Une solution alternative consiste alors à effectuer
une réduction de la dimension des paramètres θ, avant calage, en utilisant des techniques
d’analyse de sensibilité [Van Oijen et al., 2011; Zambrano-Bigiarini et al., 2013; Xu et al.,
2016; Wu et al., 2017, 2019; Nagel et al., 2020; Dighe et al., 2022; Perret et al., 2022]. Dans
ce manuscrit, nous utiliserons cette solution mais en se basant uniquement sur une technique
d’analyse de sensibilité globale afin de détecter l’indépendance entre chaque paramètre et
la/les sortie(s) d’intérêt. Ainsi, un paramètre du modèle sera considéré comme un paramètre
de calage influent lorsqu’une dépendance statistiquement significative entre ce paramètre et
la/les sortie(s) d’intérêt aura été détectée.

1.1.3 Analyse de sensibilité globale en support au calage de modèle bayésien

L’analyse de sensibilité globale, telle que définie précédemment, vise à évaluer de manière
quantitative l’impact des incertitudes liées aux paramètres d’un modèle numérique, représen-
tées par des distributions de probabilité, sur la variabilité de la sortie d’intérêt [Saltelli et al.,
2004; Da Veiga et al., 2021]. Cette sortie d’intérêt peut englober l’ensemble de la sortie
vectorielle du code de calcul, une composante de cette sortie ou même une fonction des
paramètres telle que la fonction des moindres carrés. En pratique, l’analyse de sensibilité
peut être utilisée pour simplifier les modèles numériques trop complexes en éliminant les en-
trées ayant peu ou pas d’influence sur la variabilité de la sortie d’intérêt. Cette simplification
a pour avantage pratique de faciliter la construction de métamodèles [Marrel et al., 2022]. De
plus, elle contribue à améliorer la convergence des algorithmes MCMC dans un contexte de
calage bayésien, en ne prenant en compte que les paramètres du modèle qui ont une influence
significative sur la variabilité de la sortie d’intérêt [Wu et al., 2019; Minunno et al., 2013].

Pour atteindre cet objectif de la réduction du nombre de paramètres, on réalise un criblage
des paramètres du modèle capable de caractériser l’indépendance entre chaque composante
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du vecteur de paramètres et la/les sortie(s) d’intérêt. Plus précisément, nous cherchons
à détecter une indépendance statistique entre chaque composante de θ et la/les sortie(s)
d’intérêt à partir d’un jeu données de taille finie. Le choix de la mesure de sensibilité utilisée
pour ce criblage dépendra, d’une part, de sa capacité à s’appliquer aussi bien à une sortie
d’intérêt scalaire qu’à une sortie vectorielle et d’autre part, de son adaptabilité à la nature des
données, au contexte de données fournies, ainsi qu’au nombre limité de simulations disponibles
(environ une centaine ici).

Parmi le large spectre de mesures de sensibilité, les indices de Sobol’ occupent une place
prépondérante dans la littérature [Ratto et al., 2001; Ciuffo and Azevedo, 2014; Mathieu
et al., 2018; Wu et al., 2019; Nagel et al., 2020; Wagner et al., 2020; Gou et al., 2020; Dighe
et al., 2022]. Ces indices, introduits par Sobol [1993], sont largement utilisés en pratique
dans diverses applications pratiques couvrant plusieurs domaines tels que l’ingénierie nu-
cléaire [Bouloré et al., 2012; Iooss and Le Gratiet, 2019; Lefebvre et al., 2023], l’hydrogéologie
[Marrel et al., 2011; Gou et al., 2020; Saveleva et al., 2021] et tant d’autres [Minunno et al.,
2013; Wagner et al., 2020; Dighe et al., 2022]. Ces indices reposent sur la décomposition
de la variance de la sortie d’intérêt où chaque élément représente la part d’influence d’une
seule entrée ou d’un groupe d’entrées et s’interprètent en termes de pourcentage de variance
expliquée pour chaque entrée ou groupe d’entrées par rapport à la variance totale de Y .
Ces éléments sont obtenus grâce à la décomposition ANOVA (pour ANalysis Of VariAnce)
[Hoeffding, 1992]. Plus précisément, pour Y = f(X1, · · · ,Xp) ∈ R4 où les entrées Xi sont
supposées mutuellement indépendantes, un indice de Sobol’ pour un groupe d’entrées noté
Xu est donné par:

Su = V (E [Y | Xu])
V (Y ) =

E
[
E [Y | Xu]2

]
− E [Y ]2

V (Y ) . (1.20)

Lorsque Xu = Xj (1 ≤ j ≤ p), on parle d’indice du premier ordre ou d’effet principal, qui
quantifie la contribution individuelle de Xj sur la variabilité de Y . Lorsque Xu = (Xi,Xj)
avec 1 ≤ i < j ≤ p, on parle d’indice d’ordre 2 qui mesure la contribution due au couple
(Xi,Xj) sur la variabilité de Y indépendemment de leurs effets principaux, et ainsi de suite
pour les indices d’ordre supérieur. Pour tout 1 ≤ j ≤ p, il est possible de définir un indice
de Sobol’ qui mesure toute la contribution de Xj sur la variabilité totale de Y incluant
son effet principal ainsi que l’ensemble de ses possibles interactions avec les autres variables
X−j := (X1, · · · ,Xj−1,Xj+1, · · · ,Xp). Cet indice est appelé indice d’ordre total et est défini
par

Tj = 1 − S−j = 1 −
E
[
E [Y | X−j ]2

]
− E [Y ]2

V (Y ) . (1.21)

La nullité de l’indice total Tj est équivalente à l’indépendance entre les variables Xj et Y .

En général, l’obtention des valeurs théoriques de ces indices de Sobol’ (équations (1.20) et
(1.21)) n’est pas réalisable. Pour cette raison, divers estimateurs dotés de bonnes propriétés
mathématiques (consistance, vitesse de convergence explicite, normalité asymptotique, etc.)

ont été proposés au cours des dernières décennies afin d’estimer les quantités E
[
E [Y | Xu]2

]
.

Le défi pratique de l’estimation des indices de Sobol’ réside en effet essentiellement dans

l’estimation des quantités E
[
E [Y | Xu]2

]
, puisque E [Y ] et V (Y ) sont facilement estimables

(en prenant simplement la moyenne et la variance empiriques). Ces estimateurs sont souvent
construits à partir de plans d’expériences des entrées {Xj}1≤j≤p de type Monte Carlo ou
quasi-Monte Carlo [Sobol, 2001]. Notons dans ce qui suit, la taille n de ces plans.

Au sein de ces diverses classes d’estimateurs, nous trouvons les premiers estimateurs
de variances d’espérances conditionnelles proposés par McKay [1997] et qui sont basés sur
une double boucle d’échantillonnage. Ce schéma d’échantillonnage nécessitant un très grand

4 La fonction f est supposée être de carré intégrable.
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nombre de simulations (plan de taille n ≥ 104) pour avoir une estimation satisfaisante de
chaque indice peut s’avérer impossible pour les codes de calcul coûteux en temps de calcul
CPU. C’est pour cette raison que d’autres estimateurs ont été proposés tels que les estimateurs
issus de plans d’expériences Monte Carlo spécifiques, connus sous le nom de Pick-Freeze design
of experiments [Saltelli, 2002]. Les estimateurs Pick-Freeze présentent de bonnes propriétés
mathématiques telles que la consistance et la normalité asymptotique [Janon et al., 2014;
Gamboa et al., 2016]. Pour ce faire, le Pick-Freeze se base sur une réécriture des quantités

E
[
E [Y | Xu]2

]
par

E
[
E [Y | Xu]2

]
= E [Y Y u] avec Y u := f

(
Xu,X

′
−u
)
, (1.22)

où X ′ est une copie indépendante de X. En utilisant l’égalité (1.22), établie par le lemme 2.2
dans [Janon et al., 2014], dans les équations (1.20) (avec u = {j}) et (1.21), nous obtenons :

Sj = E
[
Y Y j

]
− E [Y ]2

V (Y ) = cov
(
Y ,Y j

)
V (Y ) , (1.23)

Tj = 1 − E
[
Y Y −j]− E [Y ]2

V (Y ) = 1 − cov
(
Y ,Y −j)
V (Y ) . (1.24)

Le principe d’estimation Pick-Freeze pour les indices du premier ordre Sj consiste d’abord
à générer un plan d’expériences XA de taille n et à exécuter le code pour obtenir un vecteur
de simulations de la sortie d’intérêt, noté YA ∈ Rn. Ensuite, un autre plan d’expériences
XB, indépendant de XA, est généré sans en conduire les simulations correspondantes. En

troisième étape, un troisième plan d’expériences XC =
(
Xj
A,X

−j
B

)
est construit à partir

des deux plans XA et XB : la j ème colonne de XC est la j ème colonne de XA et les autres
colonnes de XC sont des colonnes de XB à l’exception de sa j ème colonne. Enfin, le code est
exécuté sur XC pour obtenir Y j

B ∈ Rn. L’indice Sj (équation (1.23)) est alors estimé à partir

des vecteurs YA et Y j
B en utilisant des estimateurs Monte Carlo classiques de covariance et

de variance :

Ŝj =
ĉov

(
YA,Y

j
B

)
V̂ (YA)

. (1.25)

En somme, la construction de l’estimateur de l’équation (1.25) a nécessité n appels au code
pour obtenir YA et n appels pour obtenir également Y j

B. Le coût de simulation pour le

calcul de Ŝj est donc de 2n. Par conséquent, le coût total d’estimation de tous les indices du
premier ordre {Sj}pj=1 s’élève à n(p+ 1) [Saltelli, 2002]. Pour estimer les indices d’ordre total

ST
j (équation (1.24)), il suffit d’exécuter le code sur le plan XB =

(
Xj
B,X

−j
B

)
pour obtenir

un autre vecteur de simulations YB puis de calculer son estimateur comme suit :

T̂j = 1 −
ĉov

(
Y j
B,YB

)
V̂ (YA)

. (1.26)

Il est important de noter que l’astuce utilisée pour obtenir l’estimateur T̂j de l’équation
(1.26) découle du fait que les plans XC et XB sont identiques à l’exception de la j ème colonne.
En résumé, le coût total des appels nécessaires pour estimer tous les indices du premier ordre
et d’ordre total est N = n(p+ 2) [Saltelli, 2002]. Pour obtenir une précision satisfaisante des
estimateurs {

Ŝj
}

1≤j≤p
et

{
T̂j
}

1≤j≤p
,

il est nécessaire d’avoir au moins une centaine de simulations [Iooss and Lemâıtre, 2015]. Par
conséquent, plus le nombre de variables p (par exemple, p ≥ 10) est élevé, plus le déploiement
de la méthode Pick-Freeze devient quasiment impossible pour des codes de calcul coûteux en
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temps de calcul CPU en raison de la dépendance linéaire du coût de simulation à la dimension
p. Pour réduire ce coût élevé, l’approche standard consiste à calculer ces indices en utilisant
des métamodèles [Sudret, 2008; Marrel et al., 2009; Crestaux et al., 2009] mais la construction
d’un métamodèle prédictif s’avère de plus en plus complexe lorsque p augmente (en général
à partir de p > 10).

Pour surmonter la dépendance linéaire par rapport à la dimension p dans le calcul des
indices, de nouvelles variantes de la méthode Pick-Freeze ont été proposées. Ainsi, Tissot and
Prieur [2015] ont proposé d’adapter la méthode du Pick-Freeze à deux plans hypercubes latins
répliqués 5 conduisant ainsi à un budget de simulations N = 2n nécessaire pour l’estimation
de tous les indices du premier ordre et du second ordre. Ils montrent que les estimateurs
des indices du premier ordre et du second ordre obtenus convergent presque sûrement vers
les valeurs théoriques et vérifient également le théorème central limite sous condition que les
variables aléatoires Y 4 et Y 6 soient respectivement intégrables (voir la proposition 3.2 dans
[Tissot and Prieur, 2015]). Cependant, le coût de simulation pour estimer les indices d’ordre
total reste inchangé. Autrement dit, il est toujours linéaire par rapport à la dimension p
des entrées. Récemment, les auteurs de Gamboa et al. [2022], inspirés par les travaux de
Chatterjee [2021], ont proposé une nouvelle méthode d’estimation des indices du premier
ordre basée sur les statistiques d’ordre. Pour ce faire, ils ont proposé une méthodologie
générale pour estimer, à partir uniquement d’un seul plan d’expériences et des simulations

correspondantes
{

x(i),y(i)
}n
i=1

, les quantités définies par :

E [E [h1(Y ) | Xj ]E [h2(Y ) | Xj ]] , (1.27)

où h1 et h2 sont deux fonctions mesurables bornées. Ils proposent ainsi l’estimateur suivant :

1
n

n∑
i=1

h1 (yj)h2
(
yτn(i)

)
, (1.28)

où τn est une permutation aléatoire qui n’a pas de points fixes et mesurable selon la tribu
engendrée par (x(1), · · · ,x(n)). Cette permutation est définie dans [Gamboa et al., 2022;
Chatterjee, 2021] par :

τn(i) :=
{
σ−1 (σ(i) + 1) si σ(i) + 1 ≤ n

σ−1 (1) si σ(i) = n,
(1.29)

où σ(i) est le rang de la statistique d’ordre X
(i)
j et τn(i) s’interprète comme l’antécédent de

la statistique d’ordre qui se trouve juste après la statistique d’ordre X
(i)
j dans le classement.

Ainsi, pour estimer tous les indices de Sobol’ du premier ordre, il suffit de prendre

h1(x) = h2(x) = x.

Finalement, tous les indices du premier ordre s’obtiennent à partir d’un seul échantillon
(N = n) en considérant chaque paire (Xj ,Y ) associée à sa propre permutation basée sur les
rangs des Xj et ils vérifient le théorème central limite [Gamboa et al., 2022]. Cette méthode
basée sur le classement ne peut pas être utilisée pour estimer les indices d’ordre supérieur car
nous n’avons pas une relation d’ordre pour des quantités vectorielles. Toutefois, il est possible
de remplacer ce classement par une approche de plus de proches voisins [Broto et al., 2020]
ou par une approche de noyaux de lissage [Da Veiga et al., 2023]. Pour plus de détails sur

5 Une matrice M de taille n × p est dit plan hypercube latin lorsqu’elle constitue un plan d’expériences
quasi-Monte Carlo où chaque colonne i de M est générée à partir d’une permutation τi ∈ Sn [Santner et al.,
2018]. Si M et V sont deux plans hypercube latins de taille n, alors on dit qu’ils sont répliqués lorsque qu’il
existe une permutation τi ∈ Sn telle que τi (Vi) = Mi, où Mi et Vi représentent les colonnes respectives de
M et V [McKay et al., 1999; Alex and Rakoto Joseph, 2008; Damblin and Ghione, 2021].
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ces différentes méthodes, le lecteur intéressé peut se référer à [Saltelli et al., 2008; Da Veiga
et al., 2021; Da Veiga, 2021; Da Veiga et al., 2023].

Hormis les indices de Sobol’ qui sont basés sur la décomposition de la variance de la sor-
tie d’intérêt Y , des indices basés sur des mesures de dépendance [Da Veiga, 2015] ont aussi
été développés tels que les indices basés sur des densités de probabilité [Borgonovo, 2007;
Borgonovo and Plischke, 2016]. Ces indices de sensibilité mesurent la dépendance entre un
groupe d’entrée Xu et la quantité Y à travers une mesure de dissimilarité mesurant l’écart
entre la densité jointe fY ,Xu(y,xu) et le produit des densités marginales fY (y)fXu(xu). En
pratique, ces densités de probabilité ne sont pas connues et le calcul des indices de Bor-
gonovo nécessitent souvent une phase préliminaire d’estimation de densités de probabilité.
Cependant, en présence de données de faible taille et en grande dimension, cette estimation
pourrait ne pas être satisfaisante et par conséquent, les résultats fournis par ces indices pour-
raient ne pas être fiables. Enfin, récemment, de nouvelles mesures de sensibilité basées sur
des noyaux ont vu le jour. Ces nouveaux indices de sensibilité s’affranchissent de la phase
d’estimation de densités. Basés sur le Critère d’Indépendance Hilbert-Schmidt (HSIC pour
Hilbert-Schmidt Independence Criterion) et présentés par Da Veiga [2015], ils caractérisent
bien l’indépendance entre chaque entrée Xj et la sortie d’intérêt Y sous l’hypothèse de noyaux
caractéristiques 6 [Fukumizu et al., 2008].

Le HSIC est une mesure statistique qui évalue le degré d’indépendance entre deux vari-
ables aléatoires Xj et Y [Gretton et al., 2005b]. Contrairement aux méthodes traditionnelles
qui se limitent à détecter des dépendances linéaires telles que le tau (τ) de [Kendall, 1949]
ou le rho (ρ) de [Spearman, 1904], le HSIC peut capturer des dépendances complexes et non-
linéaires entre les variables. Cette capacité à explorer des relations plus profondes est rendue
possible grâce à une approche exploitant des espaces mathématiques abstraits connus sous
le nom d’espaces de Hilbert à noyau reproduisant (RKHS pour Reproducing Kernel Hilbert
Space). L’idée de base consiste à associer à l’espace de départ (ici le domaine de défini-
tion de la variable aléatoire) un noyau et un espace fonctionnel muni d’un produit scalaire
hérité de ce noyau. Ces éléments définissent ainsi un RKHS (théorème de Moore-Aronszajn
[Aronszajn, 1950]). Les RKHS sont des espaces de Hilbert particuliers qui permettent de
considérer des transformations non-linéaires sur les données. Plus précisément, à chaque élé-
ment de l’espace de départ, une fonction dans le RKHS lui est associée. Le noyau permet
ensuite de mesurer les distances entre les fonctions dans le RKHS. Appliqués à des variables
aléatoires, les projections dans le RKHS joint (un RKHS est associé à chacune des variables)
permettent ainsi de calculer des mesures de dissimilarité entre les distributions de probabilité
des variables (distance entre les représentants moyens des distributions de probabilité dans le
RKHS joint). En résumé, l’utilisation des RKHS dans le contexte du HSIC permet de projeter
les variables d’entrée dans un espace de dimension supérieure, où les dépendances linéaires
et non-linéaires peuvent être capturées. Le HSIC offre donc un cadre d’analyse sophistiqué
pour étudier l’indépendance statistique entre deux ensembles de données ou rechercher des
motifs dans ces données [Gretton et al., 2006, 2007] en exploitant les propriétés des espaces
de Hilbert à noyau reproduisant. Cette approche élargit les possibilités d’exploration des
relations complexes entre les variables aléatoires, ce qui en fait un outil précieux dans les
domaines de l’apprentissage automatique, et de la statistique [Da Veiga, 2015; De Lozzo and
Marrel, 2016; El Amri and Marrel, 2024; Da Veiga, 2021]. Les détails mathématiques du
HSIC ainsi que toute la procédure de test d’indépendance associée sont exposés au Chapitre
3.

Dans la section suivante, nous présentons en détail le cas test ayant motivé ces travaux
de thèse. Nous présentons également les enjeux et objectifs du calage des paramètres de ce
cas test.

6 La définition de noyaux caractéristiques est donnée au Chapitre 3
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Figure 1.2: Pastilles d’UO2 [Guillet et al., 2008]. Figure 1.3: Assemblage des crayons com-
bustibles [Guillet et al., 2008].

Figure 1.4: Réaction en châıne de l’uranium 235 bombardé par un neutron [Guillet et al., 2008].

1.2 Description du cas applicatif

1.2.1 Présentation des crayons combustibles

Dans les cœurs des réacteurs nucléaires, le combustible nucléaire est un composé chimique
contenant des matières fissiles comme l’uranium qui sont le siège de la fission nucléaire. Le
combustible est la source de chaleur permettant de produire de l’énergie tout en entretenant la
réaction en châıne de fission nucléaire. Cette réaction en châıne est illustrée par la Figure 1.4.
Le combustible prend la forme d’un empilement gainé de pastilles cylindriques qui contiennent
la matière fissile. Cet empilement est appelé crayon combustible [Guillet et al., 2008]. Notons
que la gaine constitue la première barrière de confinement des matières radioactives produites
lors de la réaction. Dans les réacteurs à eau pressurisée (REP), le cœur est constitué de
plusieurs assemblages de plusieurs crayons combustibles gainés d’un alliage de zirconium
(appelé aussi zircaloy) et contenant des pastilles d’oxyde d’uranium (UO2). Les Figures 1.2 et
1.3 représentent respectivement les pastilles d’UO2 et l’assemblage des crayons combustibles.

1.2.2 Simulateur ALCYONE

Le simulateur ALCYONE est une application multidimensionnelle [Guillet et al., 2008; Marelle
et al., 2016; Delipei, 2019; Michel et al., 2021] de la plateforme PLEIADES pour la simulation
du comportement des combustibles des REP. Elle est constituée d’un ensemble de modèles
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Figure 1.5: Châınage des modèles thermique et de comportement des gaz de fission du simulateur
ALCYONE : λ est la conductivité thermique (en entrée du modèle thermique) et θ représente les
paramètres du modèle de comportement des gaz de fission [Michel et al., 2021].

physiques dans le but de comprendre et simuler les comportements mécanique, thermique et
chimique du combustible d’un REP. Le schéma de calcul multi-physique est illustré par la
Figure 1.5 et une boucle itérative assure la convergence de l’ensemble des calculs en châıne.
Dans le cadre des travaux de thèse, on s’intéresse uniquement aux deux modèles suivants
(représentés en bleu sur la Figure 1.5) : le modèle thermique et le modèle de comporte-
ment des gaz de fission. Chacun de ces modèles dépend d’un certain nombre de paramètres
(paramètres physiques, numériques, propriétés matériaux, · · · ). Dans le cadre de ce tra-
vail, seule la conductivité thermique du combustible (notée λ ∈ DΛ ⊂ R) et les paramètres
physiques du modèle de comportement des gaz de fission (notés θ ∈ DΘ) sont considérés.

1.2.3 Le modèle thermique

Le modèle thermique calcule l’évolution de la température au sein du cœur et l’évacuation
avec précision de la chaleur induite vers le fluide caloporteur au cours de la réaction en châıne.
Pour cela, il résout l’équation de la chaleur produite dans la pastille combustible et donne en
sortie le champ de température en tout point du maillage. Cette équation est la suivante :

∂H

∂t
= −

−→
∇ .

−→
j + q, (1.30)

où

• H est l’enthalpie volumique du matériau combustible,

•
−→
j est le flux de chaleur et q est la puissance volumique générée.
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Notons que la quantité de chaleur produite q est reliée à la puissance d’irradiation P (t).
Cette puissance est connue pour chaque crayon combustible avec une incertitude épistémique
de l’ordre de 5% [Bouloré et al., 2012]. Le calcul des flux de chaleur fait intervenir différents
phénomènes physiques représentés sur la Figure 1.6. Le phénomène de conduction fait inter-
venir la conductivité du combustible λ qui est une propriété intrinsèque de l’UO2 et qui évolue
au cours du temps d’irradiation du combustible [Guillet et al., 2008; Michel et al., 2021], du
fait des modifications physico-chimiques du combustible dues à la réaction en châıne dans le
réacteur. En régime normal permanent de fonctionnement du réacteur, et en représentation
1D radiale (schéma ALCYONE 1D), l’équation (1.30) peut s’écrire :

q + 1
rrod

d(λ(T, τburnup)rrod dT
drrod

)
drrod

= 0, (1.31)

où le taux de combustion τburnup (en MWj/tU) est calculé à partir de l’historique de puissance
et est donné par :

τburnup(t) = 1
πr2

pastρ

270
23810−4

∫ t

0
P (u)du, (1.32)

avec

• rpast est le rayon initial de la pastille combustible (m),

• ρ est la masse volumique initiale du combustible (tonne/m3),

• P (t) est la puissance thermique fournie par unité de longueur (W/cm),

• t est la durée du matériau dans le coeur du réacteur REP (jours).

L’objectif du modèle thermique est de calculer le champ de température sur le rayon
rpast de la pastille. La conductivité thermique de l’UO2 est une grandeur importante pour
l’évaluation du champ de température dans le combustible au cours de l’irradiation7 quel
que soit le régime utilisé (régime nominal, incidentel ou accidentel). C’est une propriété
intrinsèque du matériau qui évolue avec la température et l’irradiation du matériau [Bouloré
et al., 2023]. La loi modélisant la conductivité de l’UO2 vierge utilisée dans l’application
ALCYONE [Bouloré et al., 2023] est la suivante :

λ0(T ) = 1 − po
1 + 2po

( 1
a+ bT

+ c

T 2.05 exp (− d

T
)
)
, (1.33)

où

• T est la température à laquelle est soumise le matériau,

• po = 0.05 est la porosité,

• a = 0.035, b = 2, 165.10−4, c = 4.715.109, d = 16361 sont des paramètres de modélisa-
tion calés dans de précédentes études [Bouloré et al., 2023].

En régime permanent de fonctionnement réacteur, la température ne dépasse pas 1500K et
la relation (1.33) peut être simplifiée en :

λ0(T ) ≈ (1 − po)
(1 + 2po)

1
(a+ bT ) . (1.34)

Les quantités λ0(T ) et λ(T ) sont reliées par l’équation suivante :

λ(T, τburnup) = λ0(T )C1(T, τburnup)C2(T, τburnup)C3(T, τburnup), (1.35)

où les coefficients C1(T, τburnup), C2(T, τburnup) et C3(T, τburnup) représentent respectivement
la dégradation liée aux produits de fission dissous, le coefficient d’amélioration dû aux produits
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Figure 1.6: Phénomènes physiques intervenant dans le calcul thermique [Guillet et al., 2008].

Figure 1.7: Mesures de la conductivité thermique de l’UO2 vierge non irradié en fonction de la tempéra-
ture calculée, pour quatre lots de mesures correspondant à des conditions expérimentales différentes.

de fission précipités et l’effet des défauts d’irradiation. Les expressions de ces coefficients sont
données dans [Bouloré et al., 2023].

Les données expérimentales disponibles de l’UO2 vierge non irradié comportent une incer-
titude expérimentale, illustrées par la Figure 1.7. Sur cette Figure sont représentées quatre
lots de valeurs expérimentales (T, λ(T, τburnup)) mesurées sur une plage de variation pour la
température variant entre 500 et 3000K. Chaque lot correspond à des conditions expérimen-
tales différentes.

Une analyse d’incertitudes détaillée de ce modèle thermique a précédemment été réalisée
dans plusieurs situations expérimentales [Bouloré et al., 2010]. Une analyse de sensibilité
basée sur le calcul d’indices de Sobol’ du premier ordre8 (Figure 1.8) a notamment mis
en lumière la nécessité de bien quantifier l’incertitude de la conductivité thermique, celle-
ci ayant un impact significatif sur l’incertitude des températures calculées a partir de la
résolution de l’équation (1.31) à chaque pas de temps [Bouloré et al., 2012]. L’application
de la méthode probabiliste CIRCE [Damblin and Gaillard, 2020; Cocci et al., 2022] sur les
données expérimentales a permis de montrer que la loi λ0(T ) modélisant la conductivité

7 L’irradiation est l’exposition d’un corps à un flux de rayonnements ionisants.
8 Mesures de sensibilité probabilistes basées sur une décomposition de la variance de la sortie d’intérêt en

fonction des incertitudes de chaque entrée (pour plus de détails, voir [Saltelli et al., 2009; Sobol, 1993]). À
noter que les indices du 1er ordre quantifient, dans le cas de variables d’entrée indépendantes, l’influence de
chaque entrée prise séparément, sans prendre en compte leurs éventuelles interactions.
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Figure 1.8: Indices de Sobol’ du 1er ordre des paramètres du modèle thermique, pour la température
calculée en sortie du modèle.

thermique pouvait s’écrire :

λ0(T ) = Λ (1 − p)
(1 + 2p)

1
(a+ bT ) , (1.36)

où Λ est une variable aléatoire gaussienne [Bouloré et al., 2023]. Dans la suite du document,
quand on parle de la distribution de λ, il s’agit en fait par abus de langage de celle de Λ. Ainsi,
en propageant cette incertitude épistémique de la conductivité thermique de l’UO2 dans le
schéma de résolution du modèle thermique, nous obtenons en sortie une incertitude sur le
champ de température calculé T . En somme, la résolution du modèle thermique consiste
à calculer le champ de température dans le crayon combustible en tenant compte de deux
grandeurs incertaines :

• la puissance d’irradiation P (t) dont l’incertitude est de nature épistémique,

• la conductivité thermique du combustible λ dont l’incertitude est elle aussi de nature
épistémique [Bouloré et al., 2023].

Dans le cadre des travaux de thèse, on considérera λ comme variable incertaine en entrée
du modèle thermique pour une puissance d’irradiation donnée, et en régime de fonction-
nement normal et permanent (T < 1500K).

1.2.4 Le modèle de comportement des gaz de fission

Le modèle de comportement des gaz de fission dans ALCYONE appelé CARACAS (pour
CAlcul RApide du Comportement des gAz de fiSsion) représente de manière continue le
comportement des produits de fission gazeux dans le matériau UO2 en régime permanent et
en régime transitoire [Jomard et al., 2014; Boulore et al., 2017; Michel et al., 2021; Marelle
et al., 2016]. Tous les phénomènes physiques représentés dans ce modèle permettent d’avoir un
meilleur état de répartition des gaz de fission dans le matériau avant une séquence accidentelle
de type LOCA (Loss of Coolant Accident pour Accident de Perte de Réfrigérant Primaire)
et RIA (Reactivity Insertion Accident pour Accident d’Insertion de Réactivité) et de calculer
l’évolution de la pression interne dans le crayon combustible. Les gaz de fission produits par
l’irradiation sont distribués sous forme de trois populations qui sont illustrées par la Figure
1.9 :

1. les gaz dissous dans le grain,
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2. les gaz précipités dans des bulles intragranulaires,

3. les gaz précipités en bulles intergranulaires.

Les mécanismes physiques représentés à l’échelle du grain combustible sont :

• la diffusion sous forme atomique du gaz dans le grain de l’UO2,

• la précipitation du gaz dans les bulles intra et interganulaires,

• la remise en solution du gaz des bulles dans le matériau sous l’effet des fragments de
fission (remise en solution balistique),

• le mouvement des cavités sous gradient thermique (en régime transitoire).

Lorsque les bulles interganulaires du joint de grains UO2 sont suffisamment couvrantes
pour être interconnectées, nous obtenons le phénomène appelé relâchement des gaz de fission
dans le volume libre du crayon combustible (Figure 1.10). Ce relâchement impacte directe-
ment la pression interne du crayon. La restructuration du combustible (structure à petits
grains, milieu très poreux) se produit quand le combustible est irradié avec un fort taux de
combustion. Cette restructuration a lieu en périphérie de la pastille d’où l’appellation ”rim”
en anglais (bord, extrémité, périphérie), parfois utilisée pour la qualifier. En situation acci-
dentelle, cette restructuration a un fort impact sur le comportement des gaz de fission d’où
sa prise en compte dans le modèle CARACAS. Les gaz initialement présents dans les bulles
intragranulaires sont transférés progressivement dans les bulles de ”rim” et la restructuration
d’un grain UO2 se fait de manière progressive en fonction du taux de combustion (appelé
burnup ou burn rate) (Figure 1.11).

Le modèle de comportement de gaz de fission calcule ainsi différentes grandeurs en sortie :

• les déformations de gonflement (volume des bulles, gonflement solide, variations dimen-
sionnelles, ...),

• les fractions de gaz relâchées dans le volume libre notées RGF (pour released gas frac-
tion) par la suite,

• la distribution du gaz dans les différentes populations.

Tous ces phénomènes (Figures 1.9, 1.10 et 1.11) sont thermiquement activés. Autrement
dit, toutes les grandeurs de sortie du modèle de comportement de gaz de fission dépendent
de la température calculée par le modèle thermique présenté plus haut. Par conséquent,
ces grandeurs de sortie dépendent également de la conductivité thermique λ du combustible
UO2. Parmi ces grandeurs, dans le cadre de l’étude présente, seule la fraction de gaz relâchée
notée RGF (RGF pour Released Gas Fraction) est considérée : elle constitue la quan-
tité d’intérêt au centre des travaux de cette thèse. Toutes les modélisations embarquées
dans le modèle CARACAS comportent des paramètres dont certains ne sont pas mesurables
(paramètres de conception θ ∈ DΘ) et dont la valeur doit être ajustée afin que le modèle
puisse représenter au mieux ces phénomènes. Dans des études précédentes [Struzik and Bou-
lore, 2010; Boulore et al., 2009], l’incertitude calculée sur le champ de température dans le
combustible a été propagée directement dans le modèle de gaz de fission, aboutissant à une
incertitude finale sur la RGF très importante. Cette étude a ainsi montré la nécessité, dans
le cadre de la quantification d’incertitudes de calcul, de faire dépendre les paramètres du
modèle de gaz θ à la conductivité thermique λ. En effet, l’incertitude épistémique de la
conductivité thermique n’a pas d’impact sur les mesures expérimentales de RGF. Autrement
dit, si la conductivité change en entrée du modèle thermique, les paramètres θ du modèle de
comportement doivent être recalés en conséquence : on parle alors de calage conditionnel.



1.2. DESCRIPTION DU CAS APPLICATIF 23

Figure 1.9: Les différentes populations de gaz de fission représentées dans CARACAS.

Figure 1.10: Relâchement des gaz de fission.
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Figure 1.11: Modélisation de la restructuration du combustible (High Burnup Structure).

Figure 1.12: Résumé des différents phénomènes intervenant dans le combustible REP sous irradiation
et leurs interactions [Guillet et al., 2008].
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Figure 1.13: Incertitude de prédiction sur la RGF.

Notons que lorsque l’on veut calculer la RGF (simulée) d’un crayon combustible, cela
nécessite l’exécution de l’ensemble du code ALCYONE qui appelle dans sa boucle de con-
vergence le modèle CARACAS dont les paramètres sont θ (voir Figure 1.5). C’est pourquoi
dans la suite de ce présent document, par abus de language, lorsque l’on mentionne le résulat
du code CARACAS, il s’agit en fait du résultat de calcul ALCYONE-CARACAS.

1.2.5 Enjeux et objectifs du calage conditionnel dans le contexte applicatif

L’objectif général du calage conditionnel est de déterminer la distribution de θ condition-
nellement à l’incertitude de la conductivité thermique λ du combustible. En effet, lorsque
l’on propage l’incertitude de la conductivité thermique λ dans le schéma de calcul (Figure
1.5) indépendamment de l’incertitude de θ, l’incertitude sur la RGF prédite par CARA-
CAS est doublée (Figure 1.13). Par conséquent, il est nécessaire de propager l’incertitude
de λ et l’incertitude de θ conjointement. Cette propagation conjointe devra tenir compte
d’une hypothèse physique qui stipule que les mesures des RGF ne sont pas informatives sur
l’incertitude de la conductivité thermique λ. Pour la simulation, cela induit que quelle que
soit la valeur de la conductivité thermique λ échantillonnée selon sa dsitribution de probabil-
ité de Λ, la prédiction RGF du code ALCYONE devrait rester inchangée. Pour y parvenir,
l’effet potentiel de la conductivité thermique λ sur la RGF simulée doit être annihilé en
recalant le paramètre θ du modèle CARACAS conditionnellement à λ. Il s’agit d’un effet
de compensation qui est attendu. La Figure 1.14 montre un exercice de calage déterministe
de θ sur une base de calibration réduite, pour 3 valeurs différentes de λ. On obtient bien des
prédictions globalement similaires pour la plupart des RGF des crayons de cette base réduite.

En conclusion, pour pouvoir propager les incertitudes du modèle thermique (ici unique-
ment l’incertitude de la conductivité thermique) dans le modèle de gaz de fission, il faut
déterminer la distribution de θ conditionnellement à la valeur de λ sur l’ensemble du do-
maine d’incertitude de λ (support de Λ). Cela vise à représenter de manière aussi précise que
possible les mesures expérimentales RGF tout en respectant l’hypothèse de compensation.
Ce processus devra de plus prendre en compte l’incertitude sur ces mesures expérimentales
qui est de l’ordre de 6%.

Dans ce contexte, le premier objectif de cette thèse est de proposer une méthodologie
pour le calage conditionnel dans le cadre d’une inférence bayésienne. Pour ce faire, inspiré par
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Figure 1.14: RGF mesurée versus RGF calculée pour 3 réalisations de λ.

les travaux de Brown and Atamturktur [2018], nous avons proposé une méthode appelée GP-
LinCC (pour Gaussian Process and Linearization-based Conditonal Calibration) qui apprend
la relation fonctionnelle entre θ et λ à partir de la distribution conditionnelle a posteriori
π(θ | z, λ) dans le cas où la sortie du modèle CARACAS est supposée linéaire par rapport
à la fonction de calage θ(λ). Cette étude fait l’objet du Chapitre 2. Le second objectif est
de proposer une méthode d’analyse de sensibilité a priori en amont du calage conditionnel
bayésien. Nous avons proposé une méthode d’analyse de sensibilité globale basée sur les
indices de sensibilité HSIC [Da Veiga, 2015; Meynaoui, 2019; El Amri and Marrel, 2024] pour
sélectionner les paramètres à caler. Ces travaux font l’objet du Chapitre 3.

1.2.6 Organisation du document

Dans le but de répondre à la problématique du calage conditionnel dans le contexte de
l’application en simulation du combustible, le présent manuscrit est organisé comme suit.
Le Chapitre 2 présente tout d’abord une nouvelle méthodologie bayésienne proposée pour
répondre à la problématique du calage conditionnel bayésien. Comme cela sera illustré, cette
nouvelle approche, appelée GP-LinCC, a montré de bonnes performances sur des exemples
analytiques en petite dimension. Cependant son déploiement sur le cas applicatif ne peut
pas se faire directement. Il nécessite un travail préliminaire de réduction de la dimension,
c’est-à-dire du nombre de paramètres à caler. Pour cela, nous avons développé une méthode
d’analyse de sensibilité globale adaptée à la problématique du calage conditionnel. Cette
méthode d’analyse de sensibilité globale, basée sur les indices HSIC, fait l’objet du Chapitre
3. Enfin, dans le Chapitre 4, la méthode GP-LinCC est mise en œuvre sur le cas applicatif
afin de quantifier les incertitudes des paramètres incertains du modèle de comportement
des gaz de fission (appelé aussi modèle CARACAS) conditionnellement à l’incertitude de
la conductivité thermique du modèle thermique. En conclusion, le Chapitre 5 présente un
résumé des deux contributions développées dans ce document pour le calage bayésien des
paramètres de modèles numériques châınés. Des pistes d’améliorations de ces travaux sont
également présentées.



Chapter 2

Conditional Bayesian calibration:
GP-LinCC approach

Contents

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.2 Bayesian calibration of numerical models . . . . . . . . . . . . . . . . . . . 29

2.3 Approaches for conditional density estimation . . . . . . . . . . . . . . . . . 31

2.3.1 Moment-based estimation method . . . . . . . . . . . . . . . . . . . 32

2.3.2 Proposed solution: method based on GP-prior and linear assumption
(GP-LinCC method) . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.4 GP-LinCC method: estimation and prediction . . . . . . . . . . . . . . . . 34

2.4.1 GP-LinCC method resulting from Gaussian process prior and Lin-
earization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.4.2 GP-LinCC method in practice . . . . . . . . . . . . . . . . . . . . . 34

2.4.3 Estimation: calculation of the posterior distribution . . . . . . . . . 34

2.4.4 Prediction: calculation of the predictive distribution . . . . . . . . . 35

2.4.5 Accuracy criterion: MSE . . . . . . . . . . . . . . . . . . . . . . . . 37

2.4.6 A test for checking the compensation hypothesis . . . . . . . . . . . 37

2.5 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.5.1 Example 1 in 1D (θ ∈ R) . . . . . . . . . . . . . . . . . . . . . . . . 38

2.5.2 Example 2 in 2D (θ ∈ R2) . . . . . . . . . . . . . . . . . . . . . . . . 39

2.5.3 Example 3 in 1D (θ ∈ R) with falsification of the compensation
hypothesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.6 Conclusion and perspectives . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

2.7 Supplementary material . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.7.1 Some useful mathematical results . . . . . . . . . . . . . . . . . . . . 50

2.7.2 Proof of the results of Section 2.4 . . . . . . . . . . . . . . . . . . . . 51

27



28 CHAPTER 2. CONDITIONAL BAYESIAN CALIBRATION: GP-LINCC APPROACH

Abstract

Nowadays, numerical models are widely used in most of engineering fields to simulate the behavior of
complex systems, such as for example power plants or wind turbine in the energy sector. Those models
are nevertheless affected by uncertainty of different nature (numerical, epistemic) which can affect the
reliability of their predictions. We develop here a new method for quantifying conditional parameter
uncertainty within a chain of two numerical models in the context of multi-physics simulation. More
precisely, we aim to calibrate the parameters θ of the second model of the chain conditionally on the
value of parameters λ of the first model, while assuming the probability distribution of λ is known.
This conditional calibration is carried out from the available experimental data of the second model. In
doing so, we aim to quantify as well as possible the impact of the uncertainty of λ on the uncertainty
of θ. To perform this conditional calibration, we set out a nonparametric Bayesian formalism to
estimate the functional dependence between θ and λ, denoted θ(λ). First, each component of θ(λ)
is assumed to be the realization of a Gaussian process prior. Then, if the second model is written
as a linear function of θ(λ), the Bayesian machinery allows us to compute analytically the posterior
predictive distribution of θ(λ) for any set of realizations λ. The effectiveness of the proposed method
is illustrated on several analytical examples.

Keywords. Conditional Bayesian calibration, nonparametric regression, Gaussian process,
empirical Bayes, cut-off models.

2.1 Introduction

Over the last thirty years, numerical models have become important tools for modeling,
understanding, analyzing and predicting the physical phenomena studied. In nuclear engi-
neering, such models are essential because the physical experiments are often limited or even
impossible for economic or ethical reasons (e.g., simulation of accidental transients for safety
demonstration). The models, implemented to represent the physical reality faithfully, may
depend on the specification of a large number of calibration parameters characterizing the
studied phenomenon which are most often uncertain. Such parameters uncertainties are of-
ten due to a lack of knowledge of the phenomenon and, as a consequence, to some modeling
assumptions. The process of quantifying parameter uncertainty according to the available
experimental data is called model calibration. There are basically two types of calibra-
tion: deterministic calibration and calibration under uncertainties using Bayesian framework
(Bayesian calibration) [Kennedy and O’Hagan, 2001; Campbell, 2006; Damblin, 2015; Sant-
ner et al., 2018; Wu et al., 2018; Willmann et al., 2022]. Bayesian calibration allows us to
quantify the parameter uncertainty by probability distribution instead of a single optimal
value as in deterministic calibration. Such an optimal value is generally obtained by mini-
mizing a criterion which quantifies a difference between the simulated data and the available
experimental data (e.g., least-square criterion) [Tuo and Wu, 2015; Wong et al., 2017].

This paper focuses on Bayesian calibration of models in the framework of multi-physics
simulation. Multi-physics simulation refers to several numerical models of different physics
which are connected to one another to simulate the entire phenomenon of interest. For exam-
ple, in fuel simulation for nuclear power plants, the ALYCONE application is a multi-physics
application [Michel et al., 2021]. It is composed of interdependent physical models that rep-
resent the mechanical, thermal and chemical behaviors of fuel rods in the core of pressurized
water reactors. Among these different models, we will focus here on the thermal and the
fission gas behavior models. The thermal model simulates the evolution of the tempera-
ture within the fuel rod during the fission reaction and provides as output, the associated
temperature field. The fission gas behavior model, as a function of the thermal model, con-
tinuously represents the behavior of the fission products (fuel swelling and release of fission
gas atoms) during the fission reaction. Figure 1.5 represents the chaining of these two models
and their integration within the global calculation workflow. These models represented by
blue boxes have as input parameters, respectively, the thermal conductivity λ ∈ DΛ ⊆ R and
the parameters of the fission gas behavior model denoted θ ∈ DΘ ⊂ Rp (p ≥ 1).
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In the literature, two methods stand out for quantifying parametric uncertainties in inter-
connected models. First, we can independently calibrate θ of Model 2 (fission gas behavior
model in Figure 1.5) and the parameter λ of Model 1 (thermal model in Figure 1.5) using
experimental data from each phenomenon separately. Alternatively, we can opt for joint
calibration using the whole set of data as proposed in [Marque-Pucheu et al., 2016], then
enabling us to derive of conditional distributions, like that of θ given λ. In this work, our
focus is only on the conditional calibration of θ based on a well-known posterior distribution
of λ, presumed accurate enough, thus eliminating the need for its reestimation. Therefore,
the approaches presented in [Marque-Pucheu et al., 2016] are not suitable in our context.
Indeed, we aim to estimate a conditional posterior probability density of θ|λ using exper-
imental measurements of Model 2 (fission gas behavior model in our application context).
Unless specific modelling assumptions, such a posterior probability density is only known up
to a constant, so Markov chain Monte Carlo (MCMC) methods are required for sampling
it [Robert et al., 1999]. For the purpose of computing the probability distribution of θ|λ,
a naive approach would be to run as many independent Markov chains as the number of λ
samples of interest. This approach is computationally expensive and omits that, under some
regularity conditions, the conditional distribution θ|λ may give some informations about θ|λ′

if λ is not too far from λ′.
To overcome the above drawback, we propose a nonparameteric approach which directly

learn the functional relation θ(λ) and infers its probability distribution. This approach is
inspired by the work of Brown and Atamturktur [2018] presented in another calibration
context. The functional approach is based on the assumption that each component of θ(λ)
is represented a priori as a trajectory of an independent Gaussian process. Moreover, it is
implemented in the special case where the output of Model 2 is assumed to be linear in θ given
λ. The proposed method eventually provides a posterior predictive probability distribution
of θ conditionally on any λ and its feasibility is studied on analytical examples.

This paper is divided into five sections. In Section 2.2, we present a short state of the art
of Bayesian calibration of numerical models. Section 2.3 is devoted to possible methods for
conditional density estimation. In Section 2.4, we detail our approach, called GP-LinCC for
Gaussian Process and Linearization-based Conditional Calibration, and whose performances
are illustrated in Section 2.5. Section 2.6 concludes the paper.

2.2 Bayesian calibration of numerical models

A physical system of interest r(x) ∈ DY ⊂ Rq (here q = 1) can be seen as a function describing
the relationship between the input x and the output of interest r(x). The vector x ∈ DX ⊂
Rd is most often constituted of variables called control variables which typically represent
experimental conditions and geometry of the physical system. Let yθ,λ(x) := y2

θ(y1
λ(x)) be

a deterministic numerical model resulting from the chaining of two physical models (like in
Figure 1.5) and supposed to be representative of r(x). Inspired by the work of Kennedy and
O’Hagan [2001], the experimental measurements z = (z1, · · · , znexp)t are related to the model
outputs at the input values {xi}1≤i≤nexp

by the following general probabilistic equation:

zi = yθ,λ(xi) + b(xi) + ϵi, 1 ≤ i ≤ nexp, (2.1)

where ϵi is the experimental uncertainty often considered as a realization of a zero-mean
Gaussian distribution and the variance σ2

ϵi is known. The unobserved term b(x), called
model discrepancy in [Kennedy and O’Hagan, 2001], represents the gap between the numerical
model yθ,λ(x) and the physical system r(x) when the model is run at the optimal value (or
true) but unknown (θ, λ) 1 of the uncertain parameters. The term b(x) is often modeled

1 Optimal value in the sense that the model run with (θ, λ) gives the best possible prediction accuracy. Note
that the best parameter can be different from the true parameter [Kennedy and O’Hagan, 2001; Wu et al.,
2018].
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Model 1:
y1
λ(x)

λ

W̃

Model 2:
y2

θ(y1
λ(x))

θ

Z

Figure 2.1: Graphical representation of a cut-off model for two chained physical models. Single and
double arrows give respectively stochastic and logical dependences. Square nodes are used for observed
data.

by a Gaussian process [Kennedy and O’Hagan, 2001; Bachoc et al., 2014]. In the literature
dedicated to Bayesian calibration, the term b(x) is sometimes neglected and thus assumed to
be indistinguishable from the experimental uncertainty [Damblin et al., 2018]. Similarly, we
will instead consider the simplified probabilistic equation:

zi = yθ,λ(xi) + ϵi, 1 ≤ i ≤ n. (2.2)

The joint posterior distribution is obtained by using Bayes’ formula:

πfull(θ, λ | z) ∝ L (z | θ, λ)π(θ, λ), (2.3)

where π(θ, λ) is the prior distribution quantiying the uncertainty of (θ, λ) before collecting the
data z, L (z | θ, λ) is the likelihood of the data z conditionally on the couple (θ, λ) and the
posterior distribution πfull(θ, λ | z) quantifies the residual uncertainty of (θ, λ) conditionally
on z.

Sometimes, as in fuel simulation, there may be other sources of data which can bring
information on some components of (θ, λ). In such cases, cut-off models can be used to
properly partition the different sources of data that can provide information on the model
parameters involved in the chaining [Liu et al., 2009; Plummer, 2015; Jacob et al., 2017].
Inspired by the work of Plummer [2015], Figure 2.1 presents a cut-off model for the two
chained physical models where the direct measurements w (a realization of a some random
variable W̃ ) bring information on λ whereas the data z (a realization of random variable
Z) are seen by experts as uninformative on this parameter. More precisely, in Figure 2.1,
the graph is divided by a cut into two subgroups (left and rigth of the dotted red line). The
posterior distribution of λ of the left subgroup is computed without considering the random
variables of the right subgroup. Thus, the estimation of this posterior distribution is done
only with the observation w of W̃ despite its possible dependence on Z. On the opposite,
when estimating the posterior distribution of θ of the right subgroup, the terms of the left
subgroup are taken into account. Then, we can write the probability distribution of the
parameters (θ, λ) conditionally on the complete data (W̃ = w,Z = z) as:

πcut(θ, λ | w, z) = π(θ | λ, z)π(λ | w), (2.4)

where π(λ | w) ∝ L (w | λ)π(λ) is the posterior distribution when w is observed only and
π(θ|λ, z) is the posterior distribution of θ conditionally on λ. The distribution πcut(θ, λ |
w, z), called the cut distribution in [Plummer, 2015], is different from the true joint posterior
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probability distribution πfull(θ, λ | w, z) which is written as:

πfull(θ, λ | w, z) = π(θ|λ, z)π(λ | w, z). (2.5)

The two distributions are linked by the following relation:

πcut(θ, λ | w, z) ∝ πfull(θ, λ | w, z)
π(z|λ) . (2.6)

Indeed, we have:

πfull(θ, λ | w, z) = L (z | θ, λ)π(θ | λ) × L (w|λ)π(λ)
π(w, z) (2.7)

= π(θ | λ, z)π(z|λ) × π(λ | w)π(w)
π(w, z) (2.8)

= πcut(θ, λ | w, z) × π(z | λ)
π(z | w) . (2.9)

In the sequel, the posterior distribution π(λ | w) is assumed to be well-known and thus
our goal comes down to estimating only the conditional posterior distribution π(θ | λ, z) in
Equation (2.4). In the next section, we present some potential methods to achieve this goal.

2.3 Approaches for conditional density estimation

We aim to estimate the distribution of θ conditionally on any λ varying in the support of
π(λ|w) and deduce an associated estimator for θ(λ). At first glance, one could use a kernel
density estimator (KDE) [Hastie et al., 2009; Murphy, 2022] to approximate the conditional
posterior distribution π(θ|λ, z). This density estimator would require a large number Nmcmc

of samples {θi, λi}Nmcmc
i=1 of πcut(θ, λ|w, z) which could be generated by a Gibbs algorithm

with possibly an inner Metropolis step (also called Metropolis-within-Gibbs) [Robert et al.,
1999] as follows:

θi ∼ πcut(θ, λi−1 | w, z) ∝ πfull(θ, λi−1 | w, z) (Equation (2.6)), (2.10)

λi ∼ πcut(λ,θi | w, z) ∝ πfull(θi, λ | w, z)
π(z | λ) , 1 ≤ i ≤ Nmcmc. (2.11)

However, in the general case, the marginal likelihood in the denominator of Equation
(2.11) is computationally intractable

π(z | λ) =
∫

L (z | θ, λ)π(θ | λ)dθ. (2.12)

As a result, the above sampling scheme is unfeasible because we are not able to sample the
λi according to Equation (2.11). Therefore, KDE-based appraoch could not be used with
this sampling scheme to approximate π(θ | λ, z). Another solution may be for each λ drawn
in π(λ | w), to use a Metropolis-Hastings algorithm (MH) [Chib and Greenberg, 1995] to
approximate the associated conditional posterior distribution. More precisely, we would have
the following MCMC sampling scheme:

λi ∼ π(λ | w), (2.13)

θi ∼ π(θ | λi, z), 1 ≤ i ≤ Nmcmc. (2.14)

However, if the numerical model is computationally expensive, this MH-based sampling
scheme could not be repeated for a large number of different λ. This is why we can envisage
to carry out this scheme by considering only a limited number m of well-chosen values of λ,
then using them to build a regression model to extrapolate the conditional distribution to
another values of λ. This is presented hereafter.
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2.3.1 Moment-based estimation method

We begin by creating a numerical design for λ, Dm := (λ1, · · · , λm)t of size m by Latin
hypercube sampling [McKay et al., 1979] to spread out the samples in the support of the
distribution π(λ | w). Then, we estimate independently each distribution π(θ | λj , z) for
j = 1, · · · ,m. Finally, we interpolate by a Gaussian process (GP) regression [Rasmussen
et al., 2006] the first two moments of the conditional posterior distribution of θ with respect
to Dm in order to predict them at new realizations λ⋆ /∈ Dm. More precisely, the steps are
the following:

(i) Creation of a numerical design Dm according to π(λ | w),

(ii) Computation of the m conditional posterior distributions π(θ | λj , z) by running a MH

algorithm for each 1 ≤ j ≤ m. Let (θji )Ni=1 be the resulting set of samples associated
with λj and generated from π(θ | λj , z). The expectation and covariance matrix are
then estimated by

θ̄(λj) := E(θ | λj , z) ≈ 1
N

N∑
i=1

θji , (2.15)

cov(θ|λj , z) ≈ 1
N

N∑
i=1

(θji − θ̄(λj))(θji − θ̄(λj))t. (2.16)

(iii) Fitting of a GP model on the quantities (2.15) and (2.16) respectively based on their
estimated values on Dm. From the two first moments learnt by the two GP, a Gaussian
assumption is finally used to build a predictive distribution associated with any new
realization λ⋆ /∈ Dm.

The main difficulty of Step (iii) lies in preserving the positive semi-definite property of
covariance matrices in the GP regression model. There are some solutions to satisfy this
property:

• for p = 1, GP regression on the log variance can be considered,

• for p > 1, the solution proposed by Fiszeder and Orzeszko [2021] is to first carry out a
regression on the Cholesky factors and then to use the inverse Cholesky decomposition
to obtain predicted matrices ensuring the positive semi-definite property. However, this
method is rather complex and omits any assessment of the prediction uncertainty.

To circumvent the use of an MH algorithm for estimating π(θ(λ) | z) := π(θ|λ, z) in
Step (ii), we assume in the remainder of the paper that the output of the numerical model
yθ,λ(x) is linear in θ conditionally on λ. Regarding the fuel application which constitutes
the applicative framework, the available simulations of the fission gas behavior model show
that this linearity assumption is reasonable. With this assumption, Steps (i) and (ii) are
easier to implement because MH sampling is not required anymore. However, the problem
of interpolating covariance matrices remains. This is why we propose in the next section
a new method for the approximation of π(θ(λ)|z) still under the framework of the linear
assumption.

2.3.2 Proposed solution: method based on GP-prior and linear assumption (GP-
LinCC method)

We aim to estimate the conditional posterior distribution π(θ|z, λ) for any realization λ. Our
approach is to learn the relationship between θ and λ through the function θ(λ) (called the
calibration function) using the Bayesian paradigm based on three assumptions: a Gaussian
process prior, the linearity of the output of the numerical model in θ(λ) and the compensation
hypothesis that will be presented later (see Subsection 2.3.2.3).
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2.3.2.1 Gaussian Process prior

Among the metamodels classically used for approximating computationally intensive numer-
ical models, the GP regression is a powerful tool for nonparametric function metamodeling
[Sacks et al., 1989; Marrel et al., 2008]. The theory of GP is extensively detailed in [Ras-
mussen et al., 2006] and more recently in [Gramacy, 2020]. Choosing it as a prior class of
random functions (characterized by its mean and covariance functions) and conditioning on
observed data yields a posterior GP which delivers a Gaussian predictive distribution for the
model output at each prediction point with anaytical formulas for mean and covariance ma-
trix [Currin et al., 1991] (see Appendix 2.7.1.4). GP regression has the property of providing
a predictive distribution (resulting in a probabilistic metamodel) rather than a simple pre-
dictor, largely explains its popularity, particularly in risk and safety assessment applications.
Indeed, an uncertainty and credibility intervals can be derived for any quantity of interest
estimated from the GP predictive distribution: estimation of a quantile, probability [Marrel
et al., 2022] or sensitivity indices [Marrel et al., 2009; Le Gratiet et al., 2014], performing an
inversion problem [Chevalier et al., 2014], or construction of a sequential design of experi-
ments [Bect et al., 2012; Gramacy, 2020]. These properties have also been successfully used
to emulate several chained (also called nested) or coupled codes, as in [Marque-Pucheu et al.,
2016, 2017] for calibration purpose.

In our case, we are quantifying the relationship between θ and λ by learning the function
θ(λ) ∈ Rp. We suppose each component of θ(λ) follows an independent GP which can be
written as

θu(λ) indep∼ G P
(
mβu(λ), σ2

uKψu(λ, λ′)
)
, 1 ≤ u ≤ p, (2.17)

where mβu(λ) is the mean function (also called trend) of the u-th GP which has to be
specified or estimated. A constant mβu(λ) = βu or a one-degree polynomial trend is usually
considered and recommended in practice. But any linear regression model on a set of known
basis functions could be used instead. For simplicity, we will assume in the sequel that the
prior mean is a constant βu. The covariance function σ2

uKψu(λ, λ′) controls the regularity
and scale of the trajectories of the GP (ψu is the correlation length and σ2

u is the variance
parameter). The covariance function σ2

uKψu(λ, λ′) is positive semi-definite and encodes the
dependence structure of the u-th GP. One of the most popular choice of the covariance
function is the Matérn 5/2 covariance function, as recommended in [Gu et al., 2018], among
others. The Matérn 5/2 covariance function is given by:

σ2
uKψu(λ, λ′) = σ2

u

(
1 +

√
5 |λ− λ′|

ψu
+ 5

3
|λ− λ′|
ψu

2)
e

−
√

5 |λ−λ′|
ψu , (2.18)

In the multidimensional case (i.e., λ ∈ DΛ ⊆ Rs, s ≥ 1), we can use a tensorization of
1D-Matérn 5/2 covariance function.

2.3.2.2 Linear case

The interest for a linear framework is that the posterior distribution of θ conditionally on
λ can be computed explicitly without any use of MCMC algorithms. We will consider that
for any λ, the output of the numerical model yθ,λ(xi) is linear in θ(λ). Thus, Equation (2.2)
becomes:

zi = gλ, 0(xi) + gλ, 1(xi)tθ(λ) + ϵi, 1 ≤ i ≤ nexp, (2.19)

where ϵi ∼ N (0, σ2
ϵi + σ̂2

i ) with σ̂2
i being an extra scale parameter modelling the possible lin-

earization error. In practice, the coefficients gλ(xi) :=
(
gλ, 0(xi), gλ, 1(xi)

)
are often unknown

and must be estimated by linearizing the code in θ(λ) at a fixed (λ,xi). To perform the
linearization, we fit for each λj ∈ Dm (1 ≤ j ≤ m) and for each xi, a linear regression from a

set of training samples. More precisely, for each λj , a n-size random sample of θ denoted Θ(j)
n
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is generated and the corresponding simulations yΘ(j)
n , λj

(xi) are run. In the end, a total of

m×nexp ×n simulations are performed. Each set of the nexp regression coefficients of these m
different linear regressions will constitute the estimates of the coefficients {gλj (xi)}1≤i≤nexp

for each λj ∈ Dm (1 ≤ j ≤ m).

2.3.2.3 Compensation hypothesis

In the context of the fuel application considered and introduced in Section 2.1, the compen-
sation hypothesis is considered by experts as a necessary condition to address the problem of
conditional calibration in a consistent way. This hypothesis states that the experimental data
z of the physical quantities of interest provide negligible information on the uncertainty of λ
(compared to that brought by w). And the same is desired for the corresponding simulated
quantities y2

θ(y1
λ(x)) with x = (x1, · · · ,xnexp)t (Figure 2.1). This means that π(λ | z,w)

must be as close as possible to π(λ | w) in the sense of a dissimilarity measure (e.g. the
Kullback-Leibler divergence). From Equations (2.4) and (2.5), this is equivalent to postu-
lating that πcut(θ, λ | z,w) is as close as possible to πfull(θ, λ | z,w), which happens when
the ratio of the two marginal densities π(z | w) and π(z|λ) comes to 1 (see Equation (2.9)).
Therefore, this hypothesis will be satisfied if the likelihood of the data z conditionally on
the couple (θ, λ) is non-identifiable. That is to say that for any λ ̸= λ′, there would exist
θ(λ) ̸= θ(λ′) giving the same likelihood [Cole, 2020].

2.4 GP-LinCC method: estimation and prediction

2.4.1 GP-LinCC method resulting from Gaussian process prior and Linearization

The combination of a Gaussian prior given in Equation (2.17) with a Gaussian likelihood
due to the linearity hypothesis leads to an explicit posterior Gaussian distribution: we speak
in this case of a conjugate family [Reich and Ghosh, 2019]. Thus, a Gaussian predictive
distribution of θ conditionally on any λ of non-zero probability with respect to π(λ | w) is
obtained, as detailed in Subsection 2.4.3.

2.4.2 GP-LinCC method in practice

To apply GP-LinCC method in practice to calibrate θ conditionally on λ, we need, in addition
to the three basic assumptions described above (compensation, linearity of numerical model
and GP prior), the following data:

• a set of experimental data noted z of size nexp,

• a set of simulations of the numerical model {yθ, λ(xi)}1≤i≤nexp for different values of λ
and θ to estimate the coefficients {gλ(xi)}1≤i≤nexp

= {gλ0(xi), gλ,1(xi)}1≤i≤nexp
of the

linear model of Equation (2.19).

In the sequel, it is assumed that the coefficients of {gλ(xi)}1≤i≤nexp
of the linear model of

Equation (2.19) are well known and that gλ,0(xi) = 0, ∀ 1 ≤ i ≤ nexp.

2.4.3 Estimation: calculation of the posterior distribution

Equation (2.19) is applied to the m realizations of λ to learn the relation between θ and
λ. Due to the compensation hypothesis presented above, we can then write m equations
involving the vector of experimental data z = (z1, · · · , znexp)t ∈ Rnexp :

z = gλj (x)θ(λj) + ϵ, 1 ≤ j ≤ m (2.20)
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where gλj (x) :=
(
gλj (x1)t, · · · , gλj (xnexp)t

)t ∈ Rnexp×p and ϵ := (ϵ1, · · · , ϵnexp)t. By summa-
rizing these m equations into a single matrix equation, we obtain:(

z, · · · , z
)

=
(
gλ1(x)θ(λ1), · · · , gλm(x)θ(λm)

)
+
(
ϵ, · · · , ϵ

)
. (2.21)

Let z := (z, · · · , z) ∈ Rnexp×m be the matrix of the m copies of z and the associated macro

parameter Θm :=
(
θ(λ1), · · · ,θ(λm)

)t ∈ Rm×p. Each component of this macro parameter is
a realization of a multivariate normal distribution according to Equation (2.17). Then, one
way to infer the random matrix Θm is to work on the vectorized form of Θm noted Θ⃗m ∈ Rpm
[Barratt, 2018] (see Appendix 2.7.1.3). Therefore, the prior distribution on Θm is written as:

π(Θm|ϕ) ∝ |Kϕ|−
1
2 exp −1

2
(
Θ⃗m − M⃗β

)t
K−1
ϕ

(
Θ⃗m − M⃗β

)
, (2.22)

where

M⃗β =
(
mβ1(λ1), · · · ,mβp(λ1), · · · ,mβ1(λm), · · · ,mβp(λm)

)t ∈ Rpm,

Kϕ = {cov
(
θ(λj),θ(λj′)

)
}mj,j′=1, with cov

(
θ(λj),θ(λj′)

)
= diag

{
σ2
lKψl(λj , λj′)

}p
l=1
,

and ϕ := (βl, σ2
l , ψk)

p
l=1. The expression of the likelihood of z conditionally on Θm is given

by:

L (z|Θm) = L (z1 = z, · · · , zm = z | θ(λ1), · · · , · · · θ(λm)) (2.23)

∝
m∏
j=1

exp −1
2
(
z − gλj (x)tθ(λj)

)tΣ−1
ϵ

(
z − gλj (x)tθ(λj)

)
, (2.24)

with Σϵ := diag(σ2
ϵ1 + σ̂2

1, · · · , σ2
ϵnexp

+ σ̂2
nexp). Finally, the posterior probability distribution

is given by the Bayes’ formula:

π(Θm | z, ϕ) ∝ L (z | Θm)π(Θm|ϕ). (2.25)

Theorem 1

The posterior probability distribution π(Θm|z, ϕ) is a multivariate normal distribution
with mean E[Θm|z, ϕ] and covariance matrix Σϕ given below:

E[Θm|z, ϕ] = Σϕ

(
K−1
ϕ M⃗β +GtΣ−1

ϵ z
)

∈ Rpm, (2.26)

Σϕ =
(
∆−1 + K−1

ϕ

)−1 ∈ Rpm×pm, (2.27)

where

G = (gλ1(x), · · · , gλm(x)) ∈ Rnexp×pm,

∆−1 = diag
(
gλ1(x)tΣ−1

ϵ gλ1(x), · · · , gλm(x)tΣ−1
ϵ gλm(x)

)
.

See Appendix 2.7.2.1 for the proof of the theorem. From this posterior distribution, we can
deduce a predictive distribution denoted πpred(θ(λ⋆)|z, ϕ) associated with any new realization
or set of realizations λ⋆ /∈ Dm.

2.4.4 Prediction: calculation of the predictive distribution

For any new set of realizations λ⋆ = (λ⋆1, · · · , λ⋆k)t belonging to the support of the distribu-
tion π(λ|w), a predictive distribution of θ(λ⋆) can be derived by integrating the conditional
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Gaussian distribution π(θ(λ⋆)|Θm, ϕ) over the posterior probability measure π(Θm|z, ϕ)dΘm

given by Theorem 1:

πpred(θ(λ⋆)|z, ϕ) =
∫
π(θ(λ⋆)|Θm, ϕ)π(Θm|z, ϕ)dΘm. (2.28)

Theorem 2

The predictive distribution πpred(θ(λ⋆)|z, ϕ) is a multivariate normal distribution with
mean and covariance matrix respectively denoted by θ̄pred(λ⋆) and Σppred(λ⋆, λ⋆′) such
that

θ̄pred(λ⋆) := m⃗β(λ⋆) + C(λ⋆, Dm)K−1
ϕ

(
E[Θm|z, ϕ] − M⃗β

)
, (2.29)

Σpred(λ⋆, λ⋆′) := Σcond(λ⋆, λ⋆′) + C(λ⋆, Dm)K−1
ϕ ΣϕK

−1
ϕ C(Dm, λ

⋆′), (2.30)

where

m⃗β(λ⋆) =
(
mβ1(λ⋆1), · · · ,mβp(λ⋆1), · · · ,mβ1(λ⋆k), · · · ,mβp(λ⋆k)

)t ∈ Rpk,
C(λ⋆, Dm) =

{
cov

(
θ(λ⋆i ),θ(λj)

)}
1≤i≤k,1≤j≤m ∈ Rpk×pm,

Σcond(λ⋆, λ⋆′) = C(λ⋆, λ⋆′) − C(λ⋆, Dm)K−1
ϕ C(Dm, λ

⋆′) ∈ Rpk×pk.

The expression of θ̄pred(λ⋆) corresponds to the classical expression of the mean of a
conditional GP where the unknown quantity Θm is replaced by its posterior expectation
E[Θm|z, ϕ]. The mean θ̄pred(λ⋆) is a predictor of θ(λ⋆) which does not require the knowl-
edge of gλ⋆(xi) (1 ≤ i ≤ nexp) for any λ⋆. The predictive covariance matrix Σpred(λ⋆, λ⋆′) is
composed of two terms. The first one Σcond(λ⋆, λ⋆′) corresponds to the classical formula for
the covariance matrix of a conditional GP when Θm is known (we would have in this case
Σpred(λ⋆, λ⋆′) = Σcond(λ⋆, λ⋆′)). The additional term is related to the lack of knowledge of
Θm conveyed by Σϕ. Appendix 2.7.2.2 details the calculations of this predictive distribution.

All the previous formulas involve the hyperparameters ϕ which are never known in ad-
vance. We can estimate them either by likelihood maximization or by cross-validation [Ba-
choc, 2013]. This adds a preliminary step to enable us to evaluate the distributions of The-
orems 1 and 2. In this paper, the hyperparameters ϕ are estimated by marginal likelihood
maximization [Rasmussen et al., 2006]. This technique, kwown as empirical Bayes, consists
in maximizing the marginal likelihood in ϕ obtained by integrating the likelihood L (z|Θm)
over Θm:

ϕ̂ := argmax
ϕ

∫
L (z|Θm)π(Θm|ϕ)dΘm. (2.31)

Finally, the accuracy of the predictive distribution in Theorem 2 can be evaluated by
comparison with the distribution that we would obtain if using gλ⋆(xi)ni=1 along with a Jeffreys
prior on θ(λ⋆). The expression of this distribution, called target distribution, is given by:

πtarget(θ(λ⋆)|z1tk) ∼ Npk(θ̄target(λ⋆),Σtarget(λ⋆, λ⋆′)). (2.32)

It is obtained from Theorem 1 where the matrix K−1
ϕ , the vector M⃗β and m are replaced

respectively by the null matrix of Rpk×pk, the null vector of Rpk and k. Another target distri-
bution might be the one using gλ⋆(xi)ni=1 along with a Gaussian prior whose hyperparameters
are given in Equation (2.31):

πtargetGP(θ(λ⋆)|z1tk, ϕ̂) ∼ Npk(θ̄targetGP(λ⋆),ΣtargetGP(λ⋆, λ⋆′)). (2.33)

It is derived from Theorem 1 with m = k and ϕ = ϕ̂. The comparison between the three
distributions (predictive and the two targets) will be done via the MSE criterion described
in the next section.
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2.4.5 Accuracy criterion: MSE

The criterion we consider is the mean square error (MSE). It is calculated by integrating over
π(λ|w) the difference between the true value θ(λ) and the mean predictor θ̄pred(λ) (resp.
θ̄target(λ), θ̄targetGP(λ) for the target distributions):

MSE =
∫

(θ(λ) − θ̄pred(λ))t(θ(λ) − θ̄pred(λ))π(λ|w)dλ. (2.34)

In practice, it is approximated by a Monte Carlo estimator:

1
Nλ

Nλ∑
j=1

(θ(λj) − θ̄pred(λj))t(θ(λj) − θ̄pred(λj)), (2.35)

where {λ}j)j=1,··· ,Nλ are a Nλ-size sample of i.i.d. realizations of λ. The lower the MSE,

the more accurate the predictor θ̄pred(λ). In the numerical examples, we will consider an
empirical MSE for each component θu(λ) of θ(λ):

MSEu ≈ 1
Nλ

Nλ∑
j=1

(θu(λj) − θ̄predu(λj))2, 1 ≤ u ≤ p (and resp. for θ̄target(λ), θ̄targetGP(λ)).

(2.36)
Afterwards, we can check to which extend the calibrated model {gλ(xi)tθ̄pred(λ)}1≤i≤nexp

is constant in λ (in other words whether the compensation hypothesis is verified).

2.4.6 A test for checking the compensation hypothesis

The compensation hypothesis states that the predictions of the numerical model should be
constant in λ. To inspect this hypothesis, we compute the predictive distribution of the
numerical model associated to each λ:

π(gλ(x)θ(λ)|z, λ, ϕ) ∼ Nn(gλ(x)θ̄pred(λ), gλ(x)Σpred(λ, λ′)gλ(x)t). (2.37)

By integrating over the whole uncertainty of λ, we have:

π(gλ(x)θ(λ)|z, ϕ) =
∫
π(gλ′(x)θ(λ′)|z, ϕ, λ′)π(λ′|w)dλ′. (2.38)

Using the cross-validation technique [Hastie et al., 2009; Bachoc, 2013], we can derive for any
configuration xi, the predictive distribution of the associated numerical model for any λ, for
1 ≤ i ≤ nexp:

π(gλ(xi)tθ(λ)|z−i, λ, ϕ) ∼ N
(
gλ(xi)tθ̄pred,−i(λ), gλ(xi)tΣpred,−i(λ, λ)gλ(xi)

)
, (2.39)

where z−i is equal to z without the column i, θ̄pred,−i and Σpred,−i are given by Theorem 2
where z is replaced by z−i. If the compensation hypothesis is achieved by the numerical model,
then for any λ1 ̸= λ2, the distributions π(gλ1(xi)tθ(λ1)|z−i, λ1), π(gλ2(xi)tθ(λ2)|z−i, λ2) and
π(gλ(xi)tθ(λ)|z−i, ϕ) are expected to be similar to each other. Thus the predictive credibility
interval of the distribution of the random variable

gλ1(xi)tθ(λ1) − gλ(xi)tθ(λ2)|z−i, λ1, λ2, ϕ (2.40)

is likely to cover 0. This random variable follows a normal distribution of mean and variance
given respectively by:

µi(λ1, λ2) := gλ1(xi)tθ̄pred,−i(λ1) − gλ2(xi)tθ̄pred,−i(λ2),
σ2
i (λ1, λ2) := gλ1(xi)tΣpred,−i(λ1, λ1)gλ1(xi) − 2gλ1(xi)tΣpred,−i(λ1, λ2)gλ2(xi)

+ gλ2(xi)tΣpred,−i(λ2, λ2)gλ2(xi).
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From this distribution, we can compute an empirical coverage probability for 0 for 1−α level,
from N different i.i.d. sample pairs (λ1, λ2) ∼ π(λ|w) × π(λ|w):

∆̂(α,xi) = 1
N

N∑
j=1

1{
0∈
[
µi(λj1,λ

j
2)±q1−α

2

√
σ2
i (λj1,λ

j
2)
]} (2.41)

where q1−α
2
is the (1 − α

2 ) quantile of the standard Gaussian distribution. The objective is

to obtain ∆̂(α,xi) as close as possible to the theoretical probability of interval 1 − α. For
instance, considering a standard level α = 5%, if the coverage probability ∆̂(5%,xi) is lower
than 95%, then the compensation hypothesis must be questioned.

2.5 Numerical examples

2.5.1 Example 1 in 1D (θ ∈ R)
We consider the following probabilistic model:

zi = r + ϵi, 1 ≤ i ≤ nexp, (2.42)

where ϵi ∼ N (0, 2) and the chosen r system is assumed to be constant and equal to 5. We
model it by

yθ,λ = λθ, (2.43)

where
π(λ | w) ∼ U [1, 10] (2.44)

Equation (2.42) can thus be rewritten as,

zi = λθ + ϵi, 1 ≤ i ≤ nexp. (2.45)

The prior distribution on Θm is chosen with:

• a Matérn 5/2 covariance function given in Equation (2.18),

• a constant mean function: mβ(λ) = β.

A Latin hypercuble sampling (LHS) [McKay et al., 1979] is used to sample λ ∼ π(λ|w) and
generate the design Dm. The GP hyperparameters ϕ = (β, ψ, σ2) are estimated by marginal
likelihood maximization (Equation (2.31)). Appendix 2.7.2.3 details this estimation. Once
ϕ is estimated and denoting ϕ̂ its estimator, the predictive distribution πpred(θ(λ⋆)|z1t, ϕ̂) is
computed for a vector λ⋆ ∈ [1, 10]k with k new realizations, and then compared to the target
distribution πtarget(θ(λ⋆)|z1tk). Figure 2.2 presents the results obtained with nexp = 50 i.i.d.
samples generated by Equation (2.42) , m = 10 and k = 500. On this figure, we have printed
the true function θ(λ) = r

λ as well as the means of the predictive and target distributions
denoted respectively by θ̄pred(λ) and θ̄target(λ). The 95% credibility intervals associated with
these two distributions are also represented. It can be seen that the predicted mean θ̄pred(λ)
is relatively close to both the true and target functions and that the predicted credibility
intervals of 95% cover them relatively well. We have not plotted θ̄targetGP(λ) (respectively its
credibility interval of 95%). In fact, we can easily notice that θ̄targetGP(λ) and ΣtargetGP(λ, λ)
are very close to θ̄target(λ) and Σtarget(λ, λ) respectively because the estimated variance σ̂2

of the GP is greater than Σtarget(λ, λ). These quantities are related by

ΣtargetGP(λ, λ) = Σtarget(λ, λ)
1 + Σtarget(λ,λ)

σ̂2

≈ σ2
ϵ

nexpλ2 (2.46)

θ̄targetGP(λ) = σ2
ϵ

σ2
ϵ + nexpλ2σ̂2 β̂ + z̄

λ

1
1 + σ2

ϵ
nexpλ2σ̂2

≈ θ̄target(λ) (2.47)
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Figure 2.2: True function θ(λ), predicted mean denoted by θ̄pred(λ), target mean denoted by θ̄target(λ)
(with Jeffreys prior) and associated 95% credibility intervals, obtained from a sample of nexp = 50
observations and a design Dm with m = 10. The y-axis is in log-scale.

where Σtarget(λ, λ) = σ2
ϵ

nexpλ2 = 2
nexpλ2 , θ̄target(λ) = z̄

λ , σ̂
2 = 8.72, β̂ = 2.98.

For a given vector λ⋆ ∈ [1, 10]Nλ with Nλ = 1000 new i.i.d. realizations of λ, we have
computed the empirical MSE of the following estimators:

• θ̄pred(λ⋆) the mean of the predictive distribution given by Theorem 2 with p = 1,

• θ̄target(θ(λ⋆)|z) the mean of the target distribution with Jeffreys prior given in Equation
(2.32) with p = 1,

• θ̄targetGP(λ⋆) the mean of the target distribution with a Gaussian prior on θ(λ⋆) whose
hyperparameters are estimated from Dm and z. It is given bin Equation (2.33) with
p = 1.

This procedure is randomly replicated 100 times for two sample sizes n ∈ {50, 100} of
observations z and three sample sizes m ∈ {10, 15, 20} of Dm. Each replication is performed
from independent samples of z and independent LHS designs Dm. Figure 2.3 shows the
boxplots of the empirical MSE thus obtained. For both sample sizes n, two phenomena are
observed as m increases:

• the boxplot of the empirical MSE of θ̄pred(λ⋆) comes close to that of θ̄targetGP (λ⋆),

• the results obtained for the two target distributions but calculated with two different
priors differ little. The impact of the prior choice is therefore limited in this case, mostly
due to the use of empirical Bayes.

2.5.2 Example 2 in 2D (θ ∈ R2)

We consider the following analytical example:

• an additive physical system of interest: r(x) = r1(x) + r2(x) with r1(x) ̸= r2(x) ∀ x ∈
[−4, 4],
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Figure 2.3: Boxplots of the MSE of the means of predictive and target distributions for observations
samples of size nexp ∈ {50, 100} and from a design Dm with m ∈ {10, 15, 20} replicated 100 times.

• the experimental data are linked to the system via:

zi = r(xi) + ϵi, −4 ≤ xi ≤ 4, i = 1, · · · , nexp, (2.48)

ϵi ∼ N (0, σ2
ϵi), σ

2
ϵi := (0.06|r(xi)|)2. (2.49)

We postulate the following linear numerical model, supposed to represent r(x) and verifying
the compensation hypothesis:

r(xi) = gλ(xi)tθ(λ), θ(λ) ∈ R2, (2.50)

where the components of θ(λ) are given by:

θ1(λ) = λ sin(10λ) + 1, θ2(λ) = sin(2πλ/10) + 0.2 sin(20πλ/2.5) + 1.75, (2.51)

and π(λ|w) ∼ U [0, 1]. The two functions θl(λ) (1 ≤ l ≤ 2) are chosen from [Surjanovic
and Bingham, 2013]. We need to construct gλ(xi) in such a way that the numerical model
gλ(xi)tθ(λ) remains unchanged in λ. To do this, we propose to set:

g1(xi, λ) = r1(xi)
θ1(λ) = x2

i + xi + 1
θ1(λ) and g2(xi, λ) = r2(xi)

θ2(λ) = x2
i + xi + 4

θ2(λ) . (2.52)

With this choice, the compensation hypothesis is verified and moreover, the matrix ∆ of
Theorem 1 is invertible. The prior distribution on Θm is chosen from two GP prior for θ1(λ)
and θ2(λ) with for each:

• a Matérn 5/2 covariance function given in Equation (2.18),

• a constant mean function: mβl(λ) = βl, l ∈ {1, 2}.

Once ϕ = (βl, σ2
l , ψl)1≤l≤2 is estimated, the predictive distribution πpred(θ(λ⋆)|z, ϕ̂) is

computed for a vector λ⋆ ∈ [1, 10]k with k = 500 new realizations, then compared to the
target distribution πtarget(θ(λ⋆)|z1tk). Figures 2.4 (a) and (b) present respectively the two
components θ1(λ) et θ2(λ) of the true function θ(λ) as well as the two means of both the
predictive and target distributions calculated with a sample of nexp = 50 i.i.d. observations
generated by Equation (2.48) and a design Dm of size m = 10. The 95% credibility intervals
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cover relatively well the two components of the true function ((a) for θ1(λ) and (b) for θ2(λ)).
We also observe that the marginal predictors are able to approximate well the components
of the true function and those of the target function. Figure 2.5 presents the comparison
between the marginal predictive and target densities for a specific λ⋆, equal to 0.45. For this
λ realization, the three densities are in good agreeement.

For a given vector λ⋆ ∈ [1, 10]Nλ with Nλ = 1000 new i.i.d. realizations of λ, we have
computed the empirical MSE of the following estimators:

• θ̄pred(λ⋆) the mean of the predictive distribution given by Theorem 2 with p = 2,

• θ̄target(λ⋆) the mean of the target distribution with Jeffreys prior given in Equation
(2.32) with p = 2,

• θ̄targetGP(λ⋆) the mean of the target distribution with a Gaussian prior on θ(λ⋆) whose
hyperparameters are estimated from Dm and z. It is given in Equation (2.33) with
p = 2.

This procedure is randomly replicated 100 times for two sample sizes nexp ∈ {50, 100} of
observations z and three sample sizes m ∈ {10, 15, 20} of Dm. Results are given by Figures
2.6 and 2.7, for θ1(λ) and θ2(λ) respectively. We can see that for m = 10, the GP-LinCC
method predicts better the first component than the second one. This could be due to the
shape of these two components. However, when m increases, it predicts well the components
of θ(λ).

2.5.3 Example 3 in 1D (θ ∈ R) with falsification of the compensation hypothesis

In this example, we will test the GP-LinCC method in the case where the compensation
hypothesis is violated. The sampling of experimental data now depends on λ. We have
chosen a specific sample λ0 such that:

zi = rλ0(xi) + ϵi, 1 ≤ i ≤ nexp, (2.53)

zi = gλ0(xi)tθ(λ0) + ϵi, 1 ≤ i ≤ nexp, (2.54)

with rλ not being equal to rλ0 if and only if λ is not equal to λ0. For any λ, the observations
z can actually be related to the numerical model outputs via:

zi = gλ(xi)tθ(λ) + b(xi, λ) + ϵi, 1 ≤ i ≤ nexp, (2.55)

where the discrepancy term b(xi, λ) is equal to:

b(xi, λ) = gλ0(xi)tθ(λ0) − gλ(xi)tθ(λ) = gλ(xi)t
(gλ0(xi)tθ(λ0)
gλ(xi)tθ(λ) − 1

)
θ(λ) (2.56)

= (α(xi, λ) − 1)gλ(xi)tθ(λ), (2.57)

where

α(xi, λ) = gλ0(xi)tθ(λ0)
gλ(xi)tθ(λ) = rλ0(xi)

rλ(xi)
. (2.58)

Equation (2.55) becomes:

zi = gλ(xi)tα(xi, λ)θ(λ) + ϵi, 1 ≤ i ≤ nexp. (2.59)

As α(xi, λ) is neglected by the GP-LinCC method, the mean estimators θ̄pred(λ) are equal
to

θ̄target(λ) =
(
gλ(x)tΣ−1

ϵ gλ(x)
)−1

gλ(x)tΣ−1
ϵ z.
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(a) True function θ1(λ), predicted mean θ̄pred1 (λ), target mean θ̄target1 (λ) and associated 95% credibility
intervals, obtained with a sample of nexp = 50 observations and with m = 10.
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(b) True function θ2(λ), predicted mean θ̄pred2 (λ), target mean θ̄target2 (λ) and associated 95% credibility
intervals, obtained with a sample of nexp = 50 observations and with m = 10.

Figure 2.4: Comparison of the three functions θ(λ), θ̄pred(λ) and θ̄target(λ), for the two components
of θ(λ).
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Figure 2.5: Comparison of the three marginal probability densities obtained from a sample of nexp = 50
observations and Dm with m = 10.
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Figure 2.6: Boxplots of the MSE of the first marginal predictive and both target distributions for a
design Dm of size m ∈ {10, 15, 20} and a sample of size nexp ∈ {50, 100} of the observations replicated
100 times.
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Figure 2.7: Boxplots of the MSE of the second marginal predictive and both target distributions for a
design Dm of size m ∈ {10, 15, 20} and a sample of size nexp ∈ {50, 100} of the observations repeated
100 times.



2.5. NUMERICAL EXAMPLES 45

0.0 0.2 0.4 0.6 0.8 1.0

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

(
)

( )
pred( )
target( )

95% CI predictive
95% CI target with Jeffeys prior

( m|z, )

Figure 2.8: True function θ(λ), predicted mean noted θ̄pred(λ), target mean noted θ̄target(λ) and
associated 95% credibility intervals, obtained with a sample of nexp = 50 observations and a design
Dm of size m = 10.

By propagating these estimators through the model, we obtain the following calibrated pre-
dictions that depend on λ:

r̂λ(xi) := gλ(xi)tθ̄pred(λ), 1 ≤ i ≤ nexp =⇒ r̂λ(x) = gλ(x)θ̄pred(λ). (2.60)

For our test case, we choose the following physical system

rλ(xi) = 3x2
i + 2λ2xi + 1 + λ, −2 ≤ xi ≤ 2, (2.61)

π(λ | w) ∼ U [0, 1] and the numerical model gλ(x)θ(λ) such that

gλ(xi) = rλ(xi)
θ(λ) ,θ(λ) = 1 + λ sin(10λ). (2.62)

The i.i.d. observations z = (z1, · · · , zn)t are generated with λ0 = 0.5 and the variance
σ2
i = 0.06(rλ0(xi))2 for 1 ≤ i ≤ n by Equation (2.53). Once ϕ = (βl, σ2

l , ψl)1≤l≤2 is estimated,
the predictive distribution is computed for a vector λ⋆ ∈ [1, 10]k with k = 500 new realizations,
then compared to the target distribution πtarget(θ(λ⋆)|z1tk). Figure 2.8 presents the true
function θ(λ), the predicted function θ̄pred (λ) and the target function θ̄target(λ) computed
from a sample of z and a design Dm of size m = 10, as well as the associated 95% credibility
intervals. We can see that the predicted function does not match the true function whereas,
as expected, it approximates well the target function. The predictors r̂λ(x) for different λ
and the physical system rλ0(x) are plotted in Figure 2.9 where we can observe that these
predictors vary with the chosen value of λ. This reveals that the calibrated model does
not compensate in λ. This absence of compensation is also confirmed by the predictive
distributions π(gλj (xi)tθ(λ)|z−i, λj , ϕ̂), xi ∈ {x1,x4} for 1 ≤ j ≤ 4 as presented in Figure

2.10. The empirical coverage probabilities ∆̂(5%,xi), computed with N = 5000 pairs of
samples (λ1, λ2), presented in Figure 2.11 do not exceed the threshold of 95%, revealing once
again that the compensation hypothesis is not satisfied. These results are coherent with
the simulation procedure of the observations z. Indeed, since z has been simulated with a
nominal value λ0 = 0.5, the predicted function θ̄pred (λ) is not able to predict well the true
function for new realizations of λ not close to λ0. This can be observed in Figure 2.8.
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Figure 2.9: Predictors r̂λ(x) for different values of λ compared to rλ0(x).

The GP-LinCC method based on both linearization and Gaussian processes has allowed us
to perform a joint calibration of the calibration parameters θ(λj) for a set of training samples
λj ∈ Dm. From this calibration, we have derived a predictive distribution for some new
realizations λ⋆ whose mean is the predictor of θ(λ⋆) and covariance matrix is the predictive
covariance matrix between the components of θ(λ⋆). The accuracy of the predictive mean
function θ̄pred(λ) directly depends on both the size of the design Dm and nexp.
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Figure 2.10: Predictive densities π(gλj
(xi)tθ(λ)|z−i, λj , ϕ̂), xi ∈ {x1,x4} for 1 ≤ j ≤ 4.
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Figure 2.11: Coverage probabilities
{

∆̂(5%,xi)
}

1≤i≤nexp
, computed with N = 5000 pairs of samples

(λ1, λ2) (see Equation (2.41)).

2.6 Conclusion and perspectives

In this paper, we have proposed a new method to address the problem of conditional cali-
bration in the framework of two chained numerical models. The parameters θ of the second
model of the chain are calibrated conditionally on the parameters λ of the first model whose
probability distribution is known. By leveraging some modeling assumptions consistent with
the targeted application framework, the new method GP-LinCC, offers an analytical resolu-
tion, avoiding the use of a MCMC algorithm.

The GP-LinCC method can learn the relationship between θ and λ via the calibration
function θ(λ) from available experimental data and from a numerical design of the model for
a set of λ. To do so, it relies on three hypotheses. First, the prior distribution for θ(λ) is
assumed to be a Gaussian process of given mean and covariance functions (but whose param-
eters are to be estimated). Then, a compensation hypothesis supported by expert opinion is
made to ensure the consistency of the calibration problem. This hypothesis states that the
experimental data provide negligible information on the uncertainty of λ and, as a result, on
the corresponding simulated quantities. Finally, the last assumption states that the output
of the second model is linear in θ(λ). Under these three hypotheses, we have demonstrated
that the GP-LinCC method provides a Gaussian predictive probability distribution of θ (λ⋆)
for any new set of realizations λ⋆.

We have implemented this method on analytical examples for small dimensions of the pa-
rameters θ and the results obtained are convincing. Moreover, we propose a way to assess the
accuracy of the predictive distribution by comparing it with a target distribution (unknown
in practice but computable for analytical test cases). The latter corresponds to the posterior
distribution that we would obtain if we knew the linearization coefficients of the model in λ⋆

while assuming a Jeffreys prior on θ(λ⋆). The predictive distribution has also been compared
to another target distribution obtained with a Gaussian prior whose hyperparameters are
estimated on the numerical design for λ.

Further work is planned to apply the GP-LinCC method to the fuel application in pres-
surized water reactors which has motivated this methodological work: namely the calibration
of the parameters of the gas behavior model conditionally on the thermal conductivity λ.
However, a preliminary sensitivity analysis must be done before deploying the GP-LinCC
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method to this physical problem. Indeed, the large dimension of θ (more than ten parame-
ters) requires a pre-selection of the most important parameters. To achieve this, we propose
to carry out a Global sensitivity analysis can be carried out in order to identify the most
influencing parameters to be calibrated. More precisely, we propose to use the multivariate
version of the sensitivity indices based on the Hilbert-Schmidt independence criterion (HSIC).
First introduced by Gretton et al. [2005b] and recently, HSIC extensions for multivariate and
functional outputs have then been proposed by El Amri and Marrel [2024].

Finally, the parameters θ may have bounded variation ranges related to their physical
meaning. It would be necessary to incorporate such bound constraints in the GP-LinCC
method to guarantee that the results make physical sense. The predictive distribution pro-
vided by the GP-LinCC method will thereby transform into a truncated multivariate normal
distribution [Da Veiga and Marrel, 2020; López-Lopera et al., 2018].
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2.7 Supplementary material

2.7.1 Some useful mathematical results

2.7.1.1 Sherman-Morrisson formula

Let A and B ∈ Rn×n be two invertible matrices. Then we have:

(A−1 +B−1)−1 = A−A(A+B)−1A = B −B(A+B)−1B. (2.63)

2.7.1.2 Woodbury-Sherman-Morrisson identity

Let Z ∈ Rn×n, W ∈ Rm×m, U and V ∈ Rn×m be matrices. Suppose that Z and W are
invertible. Then, the Woodbury identity and its associated determinant are:

(Z + UWV t)−1 = Z−1 − Z−1U(W−1 + V tZ−1U)−1V tZ−1, (2.64)

|Z + UWV t| = |Z||W ||W−1 + V tZ−1U |. (2.65)

2.7.1.3 Vectorization

Vectorization is an operator that transforms any matrix A ∈ Rm×p into a column vector
denoted A⃗ ∈ Rmp. This operation consists in stacking the components of A successively, from
the first to the last column of A. For example,

A =
(
a b
c d

)
∈ R2×2 ⇒ A⃗ =


a
c
b
d

 ∈ R4.

2.7.1.4 Gaussian process

Definition 1

A Gaussian process (GP) is a collection of random variables, any finite number of which
is a realization of a multivariate normal distribution. The basic idea of GP regression is
to consider that the available observations (or realizations) of a variable of interest can
be modeled by a GP prior. Suppose that we have m observations Θm = (θ(λj))1≤j≤m
of the variable of interest which are realizations of a GP prior where θ(λj) ∈ R, λj ∈
Rs(s ≥ 1) and Dm = (λ1, · · · , λm)t is a numerical design. A GP is fully defined by
its mean function mβ(λ) and its covariance function σ2Kψ(λ, λ′). The predictive GP
distribution is therefore given by the GP conditioned by the known observations Θm.
More precisely, this conditional distribution for any new set of λ⋆ = (λ⋆1, · · · , λ⋆k)t can be
obtained analytically from the following joint distribution:(

θ(λ⋆)
Θm

)
∼ Nm+k

((
mβ(λ⋆)
mβ(Dm)

)
, σ2

(
K(λ⋆, λ⋆) K(λ⋆, Dm)t
K(λ⋆, Dm) K(Dm, Dm)

))
,

where

• mβ(Dm) = (mβ(λ1), · · · ,mβ(λm))t ∈ Rm is the mean vector of GP evaluated in
each location of Dm,

• K(Dm, Dm) = (Kψ(λi, λj))1≤i,j≤m ∈ Rm×m is the correlation matrix at sample of
Dm,

• K(λ⋆, Dm) ∈ Rk×m is the correlation matrix between λ⋆ and Dm.
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By applying the conditioning formula of Gaussian vectors to the above joint distribution,
we obtain that the conditional vector θ(λ⋆)|Θm is still a GP characterized by its mean
given by:

θ̄(λ⋆) := E(θ(λ⋆)|Θm, β, σ
2, ψ) = mβ(λ⋆) +K(λ⋆, Dm)K(Dm, Dm)−1(Θm −mβ(Dm)),

and its covariance function:

Σpred(λ⋆, λ⋆′) := σ2(K(λ⋆, λ⋆) −K(λ⋆, Dm)K(Dm, Dm)−1K(Dm, λ
⋆′)),

where the GP hyperparameters ϕ := (β, σ2, ψ) are not known in practice and have to be
estimated. This estimation can be done by marginal likelihood maximization.

2.7.2 Proof of the results of Section 2.4

2.7.2.1 Proof of Theorem 1

Proof : From Bayes rule, we have:

π(Θm|z, ϕ) = L (z|Θm)π(Θm|ϕ)∫
L (z|Θm)π(Θm|ϕ)dΘm

.

We rewrite the likelihood function as a function of Θ⃗m and we obtain:

L (z|Θm) = 1
√

2πnexpm|Σϵ|m/2

m∏
j=1

exp
(

− 1
2
(
z − gλj (x)θ(λj)

)tΣ−1
ϵ

(
z − gλj (x)θ(λj)

))

∝ exp −1
2
(
mztΣ−1

ϵ z − 2
m∑

j=1
ztΣ−1

ϵ gλj
(x)θ(λj) +

m∑
j=1

θ(λj)tgλj
(x)tΣ−1

ϵ gλj
(x)θ(λj)

)

=
√

2π−nexpm

|Σϵ|m/2 exp −1
2
(
mztΣ−1

ϵ z − 2ztΣ−1
ϵ GΘ⃗m + Θ⃗t

m∆−1Θ⃗m

)
,

where

G = (gλ1(x), · · · , gλm(x)) ∈ Rnexp×pm,

∆−1 = diag
(
gλ1(x)tΣ−1

ϵ gλ1(x), · · · gλm
(x)tΣ−1

ϵ gλm
(x)
)

∈ Rpm×pm.

Then, we have:

L (z|Θm)π(Θm|ϕ) =
√

2π−nexpm

|Σϵ|m/2 exp −1
2
(
mztΣ−1

ϵ z − 2ztΣ−1
ϵ GΘ⃗m + Θ⃗t

m∆−1Θ⃗m

)
×

1
√

2πpm|Kϕ|1/2
exp −1

2(Θ⃗m − M⃗β)tK−1
ϕ (Θ⃗m − M⃗β).

By grouping the terms in Θ⃗m, we obtain:

L (z|Θm)π(Θm|ϕ) =
√

2π−m(nexp+p)|Kϕ|−1/2

|Σϵ|m/2 exp −1
2
(
mztΣ−1

ϵ z + M⃗ t
βK

−1
ϕ M⃗β

)
×

exp −1
2

[
− 2
(
K−1

ϕ M⃗β +GtΣ−1
ϵ z

)tΘ⃗m + Θ⃗t
m

(
∆−1 + K−1

ϕ

)
Θ⃗m

]
. (2.66)

We conclude:

π(Θm|z, ϕ) ∝ exp −1
2

[
− 2
(
K−1

ϕ M⃗β +GtΣ−1
ϵ z

)tΘ⃗m + Θ⃗t
m

(
∆−1 + K−1

ϕ

)
Θ⃗m

]
⇒ π(Θm|z, ϕ) ∼ Npm(E[Θm|z, ϕ],Σϕ),



52 CHAPTER 2. CONDITIONAL BAYESIAN CALIBRATION: GP-LINCC APPROACH

where

E[Θm|z, ϕ] = Σϕ

(
K−1

ϕ M⃗β +GtΣ−1
ϵ z

)
∈ Rpm,

Σϕ =
(
∆−1 + K−1

ϕ

)−1 ∈ Rpm×pm.

2.7.2.2 Proof of Theorem 2

Proof : We consider any new set of realizations λ⋆ = (λ⋆
1, · · · , λ⋆

k)t and the predictive distri-
bution associated to θ(λ⋆) is obtained by integrating the Gaussian conditional distribution
π(θ(λ⋆)|Θm, ϕ) over the posterior probability measure π(Θm|z, ϕ)dΘm:

πpred(θ(λ⋆)|z, ϕ) =
∫
π(θ(λ⋆)|Θm, ϕ)π(Θm|z, ϕ)dΘm,

with π(θ(λ⋆)|Θm, ϕ) ∼ Npk(µ⃗cond(λ⋆),Σcond(λ⋆, λ⋆′)) where

µ⃗cond(λ⋆) = m⃗β(λ⋆) + C(λ⋆, Dm)K−1
ϕ (Θ⃗m − M⃗β) =: µ⃗⋆ +XtΘ⃗m,

Σcond(λ⋆, λ⋆′) = C(λ⋆, λ⋆′) − C(λ⋆, Dm)K−1
ϕ C(Dm, λ

⋆),

and

Xt := C(λ⋆, Dm)K−1
ϕ ,

µ⃗⋆ := m⃗β(λ⋆) +XtM⃗β .

Then, we have:

πpred(θ(λ⋆)|z, ϕ) =
∫ { √

2π−pk

|Σcond(λ⋆, λ⋆′)|1/2 exp −1
2

[(
Θ⃗(λ⋆)−(µ⃗⋆−XtΘ⃗m)

)tΣcond(λ⋆, λ⋆′)−1

×
(
Θ⃗(λ⋆)−(µ⃗⋆+XtΘ⃗m)

)]√
2π−pm

|Σϕ|1/2 exp −1
2

[(
Θ⃗m−E[Θm|z, ϕ]

)tΣ−1
ϕ

(
Θ⃗m−E[Θm|z, ϕ]

)]
dΘm

}
.

By setting Θ⃗⋆ := Θ⃗(λ⋆) − µ⃗⋆ and by expanding the expression in the integral while grouping

the terms in Θ⃗m, we obtain:

πpred(θ(λ⋆)|z, ϕ) =
∫ { √

2π−p(k+m)

|Σcond(λ⋆, λ⋆′)|1/2|Σϕ|1/2 exp −1
2

(
Θ⃗⋆tΣcond(λ⋆, λ⋆′)−1Θ⃗⋆+

E[Θm|z, ϕ]tΣ−1
ϕ E[Θm|z, ϕ]

)
× exp −1

2

[
− 2
(
Θ⃗⋆tΣcond(λ⋆, λ⋆′)−1Xt + E[Θm|z, ϕ]tΣ−1

ϕ

)
Θ⃗m+

Θ⃗t
m(Σ−1

ϕ +XΣcond(λ⋆, λ⋆′)−1Xt)
]
dΘm

}
.

The expression of πpred(θ(λ⋆)|z, ϕ) becomes:

πpred(θ(λ⋆)|z, ϕ) =
√

2π−pk

|Σcond(λ⋆, λ⋆′)|1/2|Σϕ|1/2 exp −1
2

(
Θ⃗⋆tΣcond(λ⋆, λ⋆′)−1Θ⃗⋆+

E[Θm|z, ϕ]tΣ−1
ϕ E[Θm|z, ϕ]

)
×
{∫ 1

√
2πpm exp −1

2

[
− 2
(
Θ⃗⋆tΣcond(λ⋆, λ⋆′)−1Xt + E[Θm|z, ϕ]tΣ−1

ϕ

)
Θ⃗m+

Θ⃗t
m(Σ−1

ϕ +XΣcond(λ⋆, λ⋆′)−1Xt)
]
dΘm

}
.
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Using the integration formula for multivariate Gaussian densities, the expression
{

· · ·
}

be-
comes:

|
(
Σ−1

ϕ +XΣcond(λ⋆, λ⋆′)−1Xt
)−1|1/2 exp 1

2

[(
XΣcond(λ⋆, λ⋆′)−1Θ⃗⋆ + Σ−1

ϕ E[Θm|z, ϕ]
)t×(

Σ−1
ϕ +XΣcond(λ⋆, λ⋆′)−1Xt

)−1(
XΣcond(λ⋆, λ⋆′)−1Θ⃗⋆ + Σ−1

ϕ E[Θm|z, ϕ]
)]
.

Therefore, we can write:

πpred(θ(λ⋆)|z, ϕ) =
√

2π−pk

|Σcond(λ⋆, λ⋆′)|1/2|Σϕ|1/2 exp −1
2

(
Θ⃗⋆tΣcond(λ⋆, λ⋆′)−1Θ⃗⋆+

E[Θm|z, ϕ]tΣ−1
ϕ E[Θm|z, ϕ]

)
×
{

|
(
Σ−1

ϕ +XΣcond(λ⋆, λ⋆′)−1Xt
)−1|1/2

exp 1
2

[(
XΣcond(λ⋆, λ⋆′)−1Θ⃗⋆ + Σ−1

ϕ E[Θm|z, ϕ]
)t×(

Σ−1
ϕ +XΣcond(λ⋆, λ⋆′)−1Xt

)−1(
XΣcond(λ⋆, λ⋆′)−1Θ⃗⋆ + Σ−1

ϕ E[Θm|z, ϕ]
)]}

. (2.67)

By (2.65), we have:

|Σ−1
ϕ + XΣcond(λ⋆, λ⋆′)−1Xt| = |Σ−1

ϕ ||Σcond(λ⋆, λ⋆′)−1||Σcond(λ⋆, λ⋆′) + XtΣϕX|.

By replacing it in (2.67), we obtain:

πpred(θ(λ⋆)|z, ϕ) =
√

2π−pk

|Σcond(λ⋆, λ⋆′) +XtΣϕX|1/2 exp −1
2

(
Θ⃗⋆tΣcond(λ⋆, λ⋆′)−1Θ⃗⋆+

E[Θm|z, ϕ]tΣ−1
ϕ E[Θm|z, ϕ]

)
exp 1

2

{(
XΣcond(λ⋆, λ⋆′)−1Θ⃗⋆ + Σ−1

ϕ E[Θm|z, ϕ]
)t×(

Σ−1
ϕ +XΣcond(λ⋆, λ⋆′)−1Xt

)−1(
XΣcond(λ⋆, λ⋆′)−1Θ⃗⋆ + Σ−1

ϕ E[Θm|z, ϕ]
)}
. (2.68)

We expand the expression
{

· · ·
}
in (2.68):

Θ⃗⋆t
[
Σcond(λ⋆, λ⋆′)−1Xt

(
Σ−1

ϕ +XΣcond(λ⋆, λ⋆′)−1Xt
)−1

XΣcond(λ⋆, λ⋆′)−1]Θ⃗⋆+

2Θ⃗⋆t
[
Σcond(λ⋆, λ⋆′)−1Xt

(
Σ−1

ϕ +XΣcond(λ⋆, λ⋆′)−1Xt
)−1Σ−1

ϕ

]
E[Θm|z, ϕ]+

E[Θm|z, ϕ]t{Σ−1
ϕ

(
Σ−1

ϕ +XΣcond(λ⋆, λ⋆′)−1Xt
)−1Σ−1

ϕ }E[Θm|z, ϕ]. (2.69)

By the Woodbury identity (2.64) (with Z = Σcond(λ⋆, λ⋆′), W = Σϕ, U = V = Xt), the
expression

[
· · ·
]
is equal to:

Σcond(λ⋆, λ⋆′)−1 −
(
Σcond(λ⋆, λ⋆′) +XtΣϕX

)−1
.
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The expression
[

· · ·
]
becomes:

Σcond(λ⋆, λ⋆′)−1Xt
(
Ipm + ΣϕXΣcond(λ⋆, λ⋆′)−1Xt

)−1 =
(∗)

Σcond(λ⋆, λ⋆′)−1Xt
[
Ipm − ΣϕX

×
(
Ipk + Σcond(λ⋆, λ⋆′)−1XtΣϕX

)−1Σcond(λ⋆, λ⋆′)−1Xt
]

= Σcond(λ⋆, λ⋆′)−1Xt

×
[
Ipm − ΣϕX

(
Σcond(λ⋆, λ⋆′) +XtΣϕX

)−1
]

=
[
Σcond(λ⋆, λ⋆′)−1−

Σcond(λ⋆, λ⋆′)−1XtΣϕX
(
Σcond(λ⋆, λ⋆′) +XtΣϕX

)−1
]
Xt =

[
Σcond(λ⋆, λ⋆′)−1(Σcond(λ⋆, λ⋆′) +XtΣϕX

)(
Σcond(λ⋆, λ⋆′) +XtΣϕX

)−1−

Σcond(λ⋆, λ⋆′)−1XtΣϕX
(
Σcond(λ⋆, λ⋆′) +XtΣϕX

)−1
]
Xt. (2.70)

Therefore, the above equality becomes:

[
Σcond(λ⋆, λ⋆′)−1(Σcond(λ⋆, λ⋆′) +XtΣϕX

)
− Σcond(λ⋆, λ⋆′)−1XtΣϕX

]
×(

Σcond(λ⋆, λ⋆′) +XtΣϕX
)−1

Xt =
[
Ipk + Σcond(λ⋆, λ⋆′)−1XtΣϕX−

Σcond(λ⋆, λ⋆′)−1XtΣϕX
](

Σcond(λ⋆, λ⋆′) +XtΣϕX
)−1

Xt =
(

Σcond(λ⋆, λ⋆′)

+XtΣϕX
)−1

Xt.

Note that in step =
(∗)

of (2.70), we used (2.64) with Z = Ipm, W = Ipk, U = ΣϕX and

V t = Σcond(λ⋆, λ⋆′)−1Xt.

By applying the Woodbury identity (2.64) with Z = Σ−1
ϕ , W = Σcond(λ⋆, λ⋆′)−1, U = V = X,

the expression { · · · } of (2.69) becomes:

Σ−1
ϕ

[
Σϕ − ΣϕX

(
Σcond(λ⋆, λ⋆′) +XtΣϕX

)−1
XtΣϕ

]
Σ−1

ϕ = Σ−1
ϕ −X

(
Σcond(λ⋆, λ⋆′)+

XtΣϕX
)−1

Xt.

Therefore, the expression
{

· · ·
}
of (2.68) is equal to:

Θ⃗⋆t
[
Σcond(λ⋆, λ⋆′)−1−

(
Σcond(λ⋆, λ⋆′)+XtΣϕX

)−1]+2Θ⃗⋆t
[(

Σcond(λ⋆, λ⋆′)+XtΣϕX
)−1

Xt
]

× E[Θm|z, ϕ] + E[Θm|z, ϕ]t{Σ−1
ϕ −X

(
Σcond(λ⋆, λ⋆′) +XtΣϕX

)−1
Xt}E[Θm|z, ϕ].

The above expression is equal to:

Θ⃗⋆tΣcond(λ⋆, λ⋆′)−1Θ⃗⋆+E[Θm|z, ϕ]tΣ−1
ϕ E[Θm|z, ϕ]−

(
Θ⃗⋆−XtE[Θm|z, ϕ]

)t
(

Σcond(λ⋆, λ⋆′)

+XtΣϕX
)−1(

Θ⃗⋆ −XtE[Θm|z, ϕ]
)
.
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As a result, the predictive distribution is given by:

πpred(θ(λ⋆)|z, ϕ) =
√

2π−pk

|Σcond(λ⋆, λ⋆′) +XtΣϕX|1/2 exp −1
2

(
Θ⃗⋆tΣcond(λ⋆, λ⋆′)−1Θ⃗⋆+

E[Θm|z, ϕ]tΣ−1
ϕ E[Θm|z, ϕ]

)
× exp 1

2

{
Θ⃗⋆tΣcond(λ⋆, λ⋆′)−1Θ⃗⋆+

E[Θm|z, ϕ]tΣ−1
ϕ E[Θm|z, ϕ] −

(
Θ⃗⋆ −XtE[Θm|z, ϕ]

)t

×
(
Σcond(λ⋆, λ⋆′) +XtΣϕX

)−1(Θ⃗⋆ −XtE[Θm|z, ϕ]
)}
.

Finally, the predictive distribution becomes:

πpred(θ(λ⋆)|z, ϕ) =
√

2π−pk

|Σcond(λ⋆, λ⋆′) +XtΣϕX|1/2 exp 1
2

{
−
(
Θ⃗⋆ −XtE[Θm|z, ϕ]

)t

×
(
Σcond(λ⋆, λ⋆′) +XtΣϕX

)−1(Θ⃗⋆ −XtE[Θm|z, ϕ]
)}
,

which can be rewritten as:

πpred(θ(λ⋆)|z, ϕ) =
√

2π−pk

|Σcond(λ⋆, λ⋆′) +XtΣϕX|1/2 exp −1
2

{(
Θ⃗(λ⋆) − µ⃗⋆ −XtE[Θm|z, ϕ]

)t

×
(
Σcond(λ⋆, λ⋆′) +XtΣϕX

)−1(Θ⃗(λ⋆) − µ⃗⋆ −XtE[Θm|z, ϕ]
)}
.

2.7.2.3 Marginal likelihood expression and hyperparameters tuning

The optimal hyperparameters ϕ̂ are obtained by maximizing the marginal likelihood:

ϕ̂ := argmax
ϕ=(βl,σ2

l
,ψk)p

l=1

∫
L (z|Θm)π(Θm|ϕ)dΘm. (2.71)

2.7.2.3.1 Marginal likelihood expression

Proof : Starting from Equation (2.66), the above integral is equal to:

∫
L (z|Θm)π(Θm|ϕ)dΘm =

√
2π−mnexp |Kϕ|−1/2

|Σϵ|m/2 exp −1
2
(
mztΣ−1

ϵ z + M⃗ t
βK

−1
ϕ M⃗β

)
×

(
∫ 1

√
2πpm exp −1

2

[
− 2
(
K−1

ϕ M⃗β +GtΣ−1
ϵ z

)tΘ⃗m + Θ⃗t
mΣ−1

ϕ Θ⃗m

]
dΘm),

where

( · · · ) = |Σϕ|1/2 exp −1
2
(
K−1

ϕ M⃗β +GtΣ−1
ϵ z

)tΣϕ

(
K−1

ϕ M⃗β +GtΣ−1
ϵ z

)
.

Therefore, we write:

∫
L (z|Θm)π(Θm|ϕ)dΘm =

√
2π−mnexp |Kϕ|1/2

|Σϵ|m/2 |Σϕ|1/2 exp −1
2

[
mztΣ−1

ϵ z + M⃗ t
βK

−1
ϕ M⃗β

− {
(
K−1

ϕ M⃗β +GtΣ−1
ϵ z

)tΣϕ

(
K−1

ϕ M⃗β +GtΣ−1
ϵ z

)
}
]
,

where

{ · · · } = M⃗ t
βK

−1
ϕ ΣϕKϕM⃗β + 2M⃗ t

βKϕΣϕG
tΣ−1

ϵ z + ztΣ−1
ϵ GΣϕG

tΣ−1
ϵ z.

By using the Sherman-Morrisson formula given by (2.63) (with A = K−1
ϕ and B = ∆−1), we

obtain:
M⃗ t

βK
−1
ϕ ΣϕK

−1
ϕ M⃗β = M⃗ t

β

(
K−1

ϕ − (∆ + Kϕ)−1
)
M⃗β ,
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2M⃗ t
βK

−1
ϕ ΣϕG

tΣ−1
ϵ z = 2M⃗ t

βK
−1
ϕ Σϕ∆−1∆GtΣ−1

ϵ z = 2M⃗ t
βK

−1
ϕ

(
∆−1 + K−1

ϕ

)−1∆−1

× ∆GtΣ−1
ϵ z = 2M⃗ t

β(∆ + Kϕ)−1∆GtΣ−1
ϵ z,

and

ztΣ−1
ϵ GΣ−1

ϕ GtΣ−1
ϵ z = ztΣ−1

ϵ G∆∆−1(∆−1 + K−1
ϕ

)−1∆−1∆GtΣ−1
ϵ z =

(⋆)
ztΣ−1

ϵ G∆

×
(
∆−1 − (∆ + Kϕ)−1)∆GtΣ−1

ϵ z.

Note that at step =
(⋆)

, we use again the Sherman-Morrisson formula given by (2.63) (with

A = ∆−1 and B = K−1
ϕ ). Therefore, we have:

{ · · · } = M⃗ t
βK

−1
ϕ M⃗β −M⃗ t

β(∆+Kϕ)−1M⃗β +2M⃗ t
β(∆+Kϕ)−1∆GtΣ−1

ϵ z+ztΣ−1
ϵ G∆GtΣ−1

ϵ z−

ztΣ−1
ϵ G∆(∆ + Kϕ)−1∆GtΣ−1

ϵ z = M⃗ t
βK

−1
ϕ M⃗β + ztΣ−1

ϵ G∆GtΣ−1
ϵ z

−
(
M⃗β − ∆GtΣ−1

ϵ z
)t(∆ + Kϕ)−1(M⃗β − ∆GtΣ−1

ϵ z
)
.

As a result, the marginal likelihood is equal to:

∫
L (z|Θm)π(Θm|ϕ)dΘm =

√
2π−mnexp |Kϕ|−1/2

|Σϵ|m/2 |Σϕ|1/2 exp −1
2

[(
M⃗β − ∆GtΣ−1

ϵ z
)t×

(∆+Kϕ)−1(M⃗β−∆GtΣ−1
ϵ z

)]
= exp −

[1
2
(
M⃗β−∆GtΣ−1

ϵ z
)t×(∆+Kϕ)−1(M⃗β−∆GtΣ−1

ϵ z
)]

×

|∆|1/2
√

2πnexpm|Σϵ|m/2|∆ + Kϕ|1/2
,

because
mztΣ−1

ϵ z = ztΣ−1
ϵ G∆GtΣ−1

ϵ z.

In fact, we have:

Σ−1
ϵ G∆Gt = Σ−1

ϵ

m∑
j=1

gλj
(x)(gλj

(x)tΣ−1
ϵ gλj

(x))−1gλj
(x)t

=
m∑

j=1
Σ−1

ϵ gλj
(x)(gλj

(x)tΣ−1
ϵ gλj

(x))−1gλj
(x)t

= mInexp .

The last equality can be proved by contradiction. Indeed, if

Σ−1
ϵ gλj

(x)(gλj
(x)tΣ−1

ϵ gλj
(x))−1gλj

(x)t ̸= Inexp ,

then, we have:

gλj
(x)tΣ−1

ϵ gλj
(x)(gλj

(x)tΣ−1
ϵ gλj

(x))−1gλj
(x)t ̸= gλj

(x)t,

which yields the absurd result : gλj (x)t ̸= gλj (x)t,∀ j.

2.7.2.3.2 Hyperparameters tuning Equation (2.71) gives the optimal hyperparameters:

ϕ̂ := argmax
ϕ=(βl,σ2

l
,ψk)p

l=1

L(ϕ),

where L(ϕ) is the marginal likelihood. Taking the opposite of the marginal log likelihood, we
obtain:

ϕ̂ = argmin
ϕ

ℓ(ϕ), (2.72)
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where

ℓ(ϕ) =
(
M⃗β − ∆GtΣ−1

ϵ z
)t(∆ + Kϕ)−1(M⃗β − ∆GtΣ−1

ϵ z
)

− log |∆| + nexpm log(2π)+
m log |Σϵ| + log |∆ + Kϕ|.

Suppose that M⃗β ∈ Rpm is of the following form:

M⃗β = Hβ,

where β = (β1, · · · , βp)t ∈ Rq1 with q1 ≥ p et H ∈ Rpm×q1 . Then, the optimum in β is given
by the following proposition:

Proposition 1

The optimum in β is equal to:

β̂(σ2, ψ) =
(
Ht(∆ + Kϕ)−1H

)−1Ht(∆ + Kϕ)−1∆GtΣ−1
ϵ z,

where σ2 = (σ2
1, · · · , σ2

p)t ∈ Rp+ and ψ = (ψ1, · · · , ψp)t ∈ Rq2 with q2 ≥ p.

Therefore, the optimization problem given in Equation (2.72) becomes:

σ̂2, ψ̂ = argmin
σ2,ψ

ℓ(β̂(σ2, ψ), σ2, ψ). (2.73)

This optimization problem will be solved by using numerical optimization algorithms.

Proof of proposition 1

Proof : Let us derive ℓ with respect to β using chain rule derivative:

∂ℓ(β, σ2, ψ)
∂β

= ∂ℓ(β, σ2, ψ)
∂(Hβ − ∆GtΣ−1

ϵ z)
× ∂(Hβ − ∆GtΣ−1

ϵ z)
∂β

= ∂ℓ(β, σ2, ψ)
∂(Hβ − ∆GtΣ−1

ϵ z)
× H

= 2(Hβ − ∆GtΣ−1
ϵ z)t(∆ + Kϕ)−1H.

Then, we have:

∂ℓ(β, σ2, ψ)
∂β

= 0

⇐⇒ (Hβ − ∆GtΣ−1
ϵ z)t(∆ + Kϕ)−1H = 0

⇐⇒ Ht(∆ + Kϕ)−1Hβ = Ht(∆ + Kϕ)−1∆GtΣ−1
ϵ z.
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Abstract

Numerical simulation is widely used in many fields of engineering to study complex physical systems.
The numerical models, designed to represent faithfully physical phenomena under study, are affected
by uncertainties of different natures (numerical, stochastic or epistemic) that affect the accuracy of
numerical models. Some of these uncertainties can be reduced and quantified by a model calibra-
tion process such as deterministic or Bayesian calibration. The letter quantifies and reduces such
uncertainties by means of probability distributions. Additionally, Global sensitivity analysis allow us
to quantify how input model uncertainties impact the variability of the quantity of interest. In this
work, we propose a new global sensitivity analysis method based on the Hilbert-Schmidt Independence
Criterion (HSIC) in support of Bayesian calibration in the context of two chained physical models.
Our specific goal is to identify the calibration parameters θ of the second model, taking into account
all uncertainties associated with the parameters λ of the first model. To achieve this, our method
incorporates the uncertainty associated with λ into the computation of the HSIC indices. Our results
show that the independence tests associated with this method can identify the calibration parameters
θ to be considered in the Bayesian calibration process. Furthermore, we demonstrate that the cor-
responding estimators are consistent and have convergence rates comparable to those of traditional
Monte Carlo estimators. Finally, we have applied this new approach in nuclear fuel simulation, to find
the most influential calibration parameters θ of a fission gas behavior model while accounting for the
uncertainty of the thermal conductivity λ of an upstream thermal model.

Keywords. Bayesian calibration, global sensitivity analysis, surrogate modeling, dependence
measures, Hilbert-Schmidt independence criterion, independence testing.

3.1 Introduction

Like the power generation industry, many high-impact industrial sectors rely on numerical
simulations to investigate complex physical phenomena. The numerical models used to mimic
the behavior of systems or facilities often involve a large number of control variables, such as
experimental conditions or geometric design specifications [Santner et al., 2003]. In addition,
another sort of inputs, called calibration parameters, are also required to run the simulations.
Being generally not measurable with an experimental setup, such parameters are tainted by
epistemic uncertainty [Campbell, 2006]. In a formal mathematical framework, a numerical
model is represented by a function y : (x,θ) ∈ DX × DΘ ⊂ Rd ×Rp −→ Rq (q ≥ 1) denoting
the set of control variables and calibration parameters respectively. When there is a need
to insist that the calibration parameters are fixed, the notation yθ(·) will be used instead of
y(·,θ). This model serves as an abstract representation of the studied physical system. The
experimental observations, when available, are denoted by {(xi, zi)}1≤i≤nexp

, with nexp being
the number of observations.

In the context of uncertainty quantification [De Rocquigny et al., 2008], model calibration
is a crucial step to enhance the accuracy and robustness of numerical simulations [Bachoc
et al., 2014; Santner et al., 2018]. The calibration step aims to set the optimal parameter
value(s) for θ so that the simulator y sticks as closely as possible to the underlying physical
reality. To do so, some experimental data of the system must be available. There are basically
two types of calibration: deterministic calibration and Bayesian calibration [Kennedy and
O’Hagan, 2001; Campbell, 2006; Trucano et al., 2006; Wong et al., 2017; Gu and Wang,
2018]. The first one tries to find the optimal value(s) of θ by minimizing a loss criterion
(most often based on the least-square loss function) which quantifies the discrepancy between
the available experimental data and the corresponding simulation data [Wong et al., 2017;
Gu and Wang, 2018]. On the contrary, if using the second approach, the uncertainty related
to calibration parameters is studied in a purely probabilistic framework, and the theory
of Bayesian statistics allow us to extract maximum information from the experimental data
[Kennedy and O’Hagan, 2001; Damblin, 2015; Wu et al., 2018; Gu and Wang, 2018; Willmann
et al., 2022].

More precisely, Bayesian calibration is a framework that combines prior knowledge, ex-
perimental data and a probabilistic equation linking these experimental data to the outputs
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of the numerical model in order to derive a more accurate estimate of the unknown model pa-
rameters. This approach is particularly useful when data are limited or subject to uncertainty,
as it allows using all the existing sources of information (expert opinions and experimental
data) to ultimately provide a robust and informative estimate of calibration parameters. As
already said, Bayesian calibration is based on three ingredients. First, the prior distribution,
π(θ) quantifies the prior knowledge on θ. This prior information often results from elicita-
tion of expert judgment and/or statistician choices [Kass and Wasserman, 1996]. Second,
the implementation of Bayesian calibration is conditioned upon the availability of a set of
experimental data z. These data contain valuable information, but they also carry a certain
amount of uncertainty (mainly due to measurement errors). The last ingredient is to set a
probabilistic equation that enables us to assess the plausibility of the experimental data con-
ditionally to any value of the calibration parameters. The Bayes’ theorem can then be applied
to derive the posterior probability distribution π(θ | z) which is interpreted as an update to
the prior distribution π(θ) in view of the experimental data z [Kennedy and O’Hagan, 2001].
In the end, the maximum a posteriori (MAP), i.e. the mode of π(θ | z), is most commonly
used to run the calibrated numerical model.

In the general case of a complex non-linear numerical model, the posterior probability
distribution π(θ | z) cannot be calculated analytically. However, as this distribution is
known up to a constant, it can be simulated with Markov chain Monte Carlo (MCMC)
methods [Robert et al., 1999]. Among them, the Metropolis-Hastings algorithm (MH) is
widely used in practice [Chib and Greenberg, 1995]. The MH algorithm implies an intensive
use of the numerical model y (thousands of model evaluations), which can be an issue if
the simulation code is CPU-time expensive. A standard approach to limit model calls, in
practice, is to replace the model in the MCMC sampler with an inexpensive mathematical
function ŷ, called metamodel (or surrogate model) [Currin et al., 1991]1. When the number p
of parameters to be calibrated becomes larger, additional difficulties arise. In particular, the
mixing time (i.e., the waiting time before the Markov chain is sufficiently close to the steady
state distribution) becomes excessively long, which dramatically increases the computational
burden. To remedy this problem, adaptive variants of the MH algorithm [Andrieu and Thoms,
2008; Liu et al., 2009] make it possible to progressively update the proposal distribution, and
thus redress the mixing properties. However, such adaptive MH algorithms are complex
and difficult to tune efficiently. For this reason, in many recent works dedicated to high-
dimensional Bayesian calibration, a preliminary step of dimension reduction is completed
before using the (classic) MH algorithm. Bayesian calibration is thus limited to a subset of
parameters which are selected by means of a sensitivity analysis (SA) procedure [Van Oijen
et al., 2011; Zambrano-Bigiarini et al., 2013; Xu et al., 2016; Wu et al., 2017, 2019; Nagel
et al., 2020; Gou et al., 2020; Dighe et al., 2022; Perret et al., 2022].

The goal pursued by a SA is to understand how the uncertainty affecting an output of
interest can be apportioned between several sources of uncertainty. In the specific context of
an input-output computer code, performing a SA means estimating a collection of sensitivity
indices/measures (at least one index per input) from the available simulation data. The
results of a SA can be used to rank the inputs (i.e., to establish a clear hierarchy of the
influential inputs on the output) [Hamby, 1993, 1994, 1995] and/or to screen the inputs (i.e.
to discard or at least put less focus on the non-influential inputs) [Morris, 1991; Morris and
Mitchell, 1995; Campolongo et al., 2007, 2011]. Unlike local methods that only measure
sensitivity in the neighborhood of a nominal point [Morris, 1991], global sensitivity analysis
(GSA) endeavors to account for the entire (joint) distribution of all sources of uncertainty
[Saltelli et al., 2008]. In the 40 years that SA has been around, very different approaches
have emerged, such as those based on the decomposition of the output variance [Sobol, 2001;

1 This metamodel is built from a training set (obtained by spending the computational budget) and must
be sufficiently representative of y (over the whole variation domain) [Sacks et al., 1989; Currin et al., 1991;
Santner et al., 2003].
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Saltelli, 2002], the output gradient [Kucherenko et al., 2009], regression strategies [Clouvel
et al., 2023], cooperative game strategies [Owen and Prieur, 2017; Iooss and Prieur, 2019] or
kernels methods [Da Veiga, 2015; De Lozzo and Marrel, 2016]. For more details, the reader
can refer to the following monographs Saltelli et al. [2008] and Da Veiga et al. [2021]. For a
given problem, the most suitable SA method depends on many factors, including the number
of inputs, the simulation budget (i.e., the maximum number of simulations and therefore the
number of input-output samples), the presence of correlations between the inputs and the
mathematical nature of the output object, the given-data context 2, and able to adapt to
both scalar and vector cases.

Let us now present the application context to better highlight its specificities and better
understand what motivates the second part of this work. The ALCYONE fuel application, is
composed of interdependent physical models that imitate the mechanical, thermal and chemi-
cal behaviors of fuel rods in the core of pressurized water reactors [Michel et al., 2021]. In this
work, we are only focused on the chaining of two of them: the thermal model and the fission
gas behavior model. The thermal model simulates the evolution of the temperature within
the fuel rod during the fission reaction in the core and provides as output, the associated
temperature field. This temperature field is subject to uncertainties because it depends on
an uncertain quantity called thermal conductivity whose probability distribution has been
estimated from experimental data of thermal component [Bouloré et al., 2023]. Then, the
role of the gas behavior model is to simulate the behavior of the fission products (fuel swelling
and release of fission gas atoms). It provides several (scalar) outputs, including the one of
interest here, namely the released gas fraction. The fission gas behavior model also depends
on another uncertain parameter called λ, which is the thermal conductivity of the tempera-
ture model, whose epistemic uncertainty is provided in [Bouloré et al., 2023]. In contrast, the
uncertainty of θ remains to be estimated and should be impacted by that of λ. Estimating
the posterior distribution of θ conditional on λ can be difficult when the dimension of θ is
high (a dozen). Therefore, our goal in this paper is to reduce this dimension of θ by a GSA
while taking into account the uncertainty brought by λ. To do this, we first need a sensitive
measure that can take account of this double uncertainty: that of θ and that of λ. Next, the
estimation of the associated indices should be as rapidly as feasible. Then, the possibility
of setting up a decision rule procedure that will determine whether each component of θ is
influential or not. Therefore, we focus on indices based on the Hilbert-Schmidt Independence
Criterion (HSIC) [Da Veiga, 2015].

This paper is intended to contribute to:

• The proposal of a sensitivity measure that takes into account the uncertainty of the
thermal conductivity.

• The construction of consistent estimators for this new sensitivity measure, which incor-
porates the uncertainty of the thermal conductivity λ. Both associated independence
tests and p-values will also be presented to decide whether or not each calibration
parameter is influential.

The outline of the paper is as follows. Section 3.2 recalls the main principles of model
calibration, and highlights why parameter screening is an important step in high-dimensional
Bayesian calibration. The difficulties inherent to this specific GSA problem are laid out and
we emphasize that most classic GSA methods fail to cope with them. Section 3.3 provides
some mathematical reminders on the HSIC, before showing that the associated sensitivity
indices are well suited to screening-oriented GSA, and perfectly meets the additional speci-
ficities of Bayesian calibration. In Section 3.4, in order to illustrate the lessons from Section
3.3 in the simplest possible context, the thermal conductivity is set to its nominal value, and

2 The given-data context is the context in which the data for a given physical system are imposed in order to
perform a statistical study, such as a sensitivity analysis study. These data are often very limited in number,
about a few hundred.
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the study is confined to the fission gas model only. GSA is then performed in three different
ways, but always using HSIC indices. Section 3.5, where it is shown how to adapt the HSIC
methodology to the particular context of chained codes, is the heart of this work. In Section
3.6, the methodology proposed in Section 3.5 is applied to ALCYONE, and more particularly
to the chaining between the thermal and fission gas behavior models. An integrated version of
the HSIC is notably used to incorporate the uncertainty coming from the Bayesian calibration
of the first numerical model. In particular, it is demonstrated that the resulting sensitivity
indices properly characterize independence in this bi-level uncertainty framework, which un-
derlines their usefulness from a screening perspective. Then, four different estimators are
proposed and their statistical properties are deeply investigated. Since the values taken by
such kernel-based indices are always difficult to interpret, the final decision (regarding which
parameters to select) is only trustworthy if it is supported by tests of independence. For
this reason, two test procedures, which are much inspired from what is done for classic HSIC
indices, are developed in the last part of Section 3.5. Section 3.7 concludes the paper.

3.2 Parameter screening for Bayesian calibration

3.2.1 Bayesian calibration for black-box numerical models

A physical system of interest, represented as r(x) ∈ DY ⊂ Rq (q ≥ 1), can be viewed as a
mathematical function characterizing the possible relationship between the input vector x
and the output r(x). The input vector, x ∈ DX ⊂ Rd, mainly contains variables known
as control variables [Santner et al., 2003]. Most often, these control variables represent
some experimental conditions and some geometric specifications of the physical system. Let
yθ(x) be a deterministic numerical model intended to faithfully simulate r(x). The general
probabilistic equation that links the experimental data of the physical system z = {zi}

nexp
i=1

to the model outputs {yθ(xi)}
nexp
i=1 for input experimental configurations {xi}

nexp
i=1 is given by:

zi = yθ(xi) + b(xi) + ϵi, 1 ≤ i ≤ nexp. (3.1)

Here, ϵi represents the experimental uncertainty, often assumed to follow a zero mean multi-
variate Gaussian distribution with a known covariance matrix Σϵi = diag(σ2

ϵi,1 , · · · , σ2
ϵi,q). The

term b(x), called the model discrepancy in [Kennedy and O’Hagan, 2001], is the gap between
yθ(x) and r(x) when the numerical model is executed at the optimal but unknown calibration
parameter value θ ∈ DΘ ⊂ Rp [Kennedy and O’Hagan, 2001; Wu et al., 2018]. In general,
the model discrepancy b(x) is modeled by a Gaussian process [Kennedy and O’Hagan, 2001;
Bachoc et al., 2014; Wu et al., 2018; Gu and Wang, 2018], but, in many cases, it is neglected
and assumed to be part of the experimental uncertainty [Damblin et al., 2018; Willmann
et al., 2022]. Then, we consider the following simplified probabilistic equation:

zi = yθ(xi) + ϵi, 1 ≤ i ≤ nexp. (3.2)

The posterior distribution π(θ | z) is computed from Bayes’ formula:

π(θ | z) ∝ L (z | θ)π(θ), (3.3)

where π(θ) is the prior distribution quantifying the uncertainty of the calibration parameters
before collecting z. The likelihood L (z | θ) is a measure of the correspondence between the
observed data z and the outputs of the model y(x, θ) for a given value of the parameters
θ. Therefore, it is a crucial indicator of the level of plausibility of θ in view of z. In this
context, the posterior distribution π(θ | z) is an update of the prior distribution π(θ) which
is obtained after leveraging the additional information brought by z.

In general case, the posterior distribution π(θ | z) is known up to a constant. As a conse-
quence, its estimation most often requires Markov Chain Monte Carlo (MCMC) algorithms
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[Robert et al., 1999] such as Metropolis-Hastings (MH) algorithm [Chib and Greenberg, 1995;
Andrieu and Thoms, 2008]. The aim of the MH algorithm is to simulate a sequence of sam-
ples {θ(l)}NMH

l=1
3 whose distribution converges towards the posterior distribution π(θ | z). MH

algorithm then starts with an initial state θ(0) ∼ π(θ). It generates a new state proposal
θnew at each iteration 1 ≤ l ≤ NMH, using a given proposal distribution. The acceptance of
this proposal depends on a probability determined by comparing the ratio of the likelihoods
computed at θnew and the current state θ(l) weighted by the density ratio of the proposal
distributions at θnew and θ(l). If this ratio is greater than a random number generated uni-
formly on [0, 1], the proposition is accepted as (the) new state (i.e., θ(l+1) = θnew), otherwise
the current state is unchanged (i.e., θ(l+1) = θ(l)). By proceeding iteratively, this mechanism
produces a Markov chain that converges to the posterior distribution π(θ | z). It is important
to note that this method efficiently explores the space Dθ of the calibration parameters θ.
At each iteration, the computation of the likelihood requires the model y to be evaluated
at all the experimental configurations x = {xi}

nexp

i=1 for each new value θnew. A significant
challenge thus arises from the computational expense associated with the numerical model y.
To overcome this issue, a commonly employed approach is to replace y(·, ·) with a surrogate
model, also referred to as a metamodel (or emulator) and denoted by ŷ [Sacks et al., 1989;
Currin et al., 1991; Santner et al., 2003]. This substitution allows the computational burden
to be greatly reduced while maintaining essential features of the original model.

Once a surrogate model ŷ is fitted to the available training data set (composed of sim-
ulated data), the output can be predicted for any new value of x and θ. This approach is
particularly useful when a probabilistic model is available for the control variables and the
best type of surrogate model depends on the mathematical nature of the control variables
[Wu et al., 2018; Damblin et al., 2018]. Sometimes, a surrogate model ŷi : DΘ → DY is
built for each function yi(θ) := yθ(xi), which is obtained by restricting y to a specific exper-
imental configuration. This metamodeling strategy becomes particularly relevant when the
experimental configurations are significantly different from each other, such as for example
in nuclear engineering [Damblin and Gaillard, 2020]. However, a drawback of this approach
is the necessity to train as many surrogates as there are experimental configurations (here
nexp). In some situations, it is even better to build a surrogate model for the likelihood
L (z | θ) than for the numerical model y itself [Lebel et al., 2019]. Gaussian process (GP)
regression appears to be the most popular approach [Rasmussen et al., 2006; Gramacy, 2020].
Polynomial chaos expansion (PCE) metamodels are also promoted in the literature [Nagel
et al., 2020; Dighe et al., 2022].

Unfortunately, everything becomes much harder when the number of calibration param-
eters exceeds several dozens. This difficulty is very common in many application fields, as
illustrated in [Wu et al., 2017; Van Oijen et al., 2011; Dighe et al., 2022] where p ∈ {36, 48, 11}
respectively. In particular, the increase in the number of calibration parameters raises two
majors issues:

• Building a metamodel with good capabilities turns out to be very difficult because the
number of hyperparameters to be optimized grows too fast. For GP models, various
strategies have been explored in recent years to overcome the limitations of standard
GP regression (advanced screening techniques in [Iooss and Marrel, 2019; Marrel et al.,
2022], estimation algorithm based on multi-objective constrained optimization in [Mar-
rel and Iooss, 2023], construction of an active subspace in [Zhou et al., 2022]). A review
of existing solutions is proposed in [Binois and Wycoff, 2022].

• Inadequate mixing within the MCMC chain, also known as poor mixing, which oc-
curs when the Markov chain generated by the MH algorithm fails to explore the entire
parameter space DΘ. This is often due to the challenge of tuning the proposal distri-
bution of the MH algorithm itself [Haario et al., 2001; Andrieu and Thoms, 2008; Liu

3 NMH is typically large (i.e. NMH ≥ 106).
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et al., 2009] especially in high dimension. This poor mixing can lead to potential iden-
tifiability problems of the calibration parameters, resulting in uninformative posterior
distributions characterized by highly correlated marginals [Liu et al., 2009]. Adaptive
algorithms have been proposed in the literature to overcome this problem [Haario et al.,
2001; Andrieu and Thoms, 2008].

For both problems, the simplest solution to implement is to select the most influential
parameters and set all others to their nominal values. This allows us to recover a low-
dimensional problem, and two difficulties mentioned above are considerably mitigated. In
order to be rigorous in the choice of relevant parameters, it is often advisable to make a
decision based on the results of a GSA.

3.2.2 Description of the GSA problem arising from Bayesian calibration

In the Bayesian calibration literature, GSA techniques are often used to identify the relevant
model parameters to be calibrated in order to reduce the complexity of MH algorithm and
thus to avoid the potential identifiability problems [Van Oijen et al., 2011; Zambrano-Bigiarini
et al., 2013; Xu et al., 2016; Wu et al., 2017, 2019; Nagel et al., 2020; Gou et al., 2020; Dighe
et al., 2022; Perret et al., 2022]. For example Wu et al. [2019] performed a dimension reduction
of the model parameters by GSA technique before the calibration process. In their case, the
numerical model is not CPU intensive (so there is no need to use a metamodel), so they
use GSA only to facilitate the use of the MH algorithm. This GSA task is performed by
computing Sobol’ indices [Sobol, 1993]. Using practical examples in nuclear engineering,
Wu et al. [2019] show that this dimension reduction leads to a better identifiability of the
calibration parameters.

When it arises in the context of Bayesian calibration, the GSA problem presents speci-
ficities which must be kept in mind:

• The declared objective is only to screen calibration parameters. This implies that a
binary decision (selection vs. eviction) has to be made for each parameter, nothing
more. In particular, it is not asked to rank the parameters by order of influence. Of
course, being able to perform both screening and ranking is even better but screening
is sufficient to complete the objective.

• One may wish to study the sensitivity of several random objects, including:

– Approach A: the (scalar) output for one specific experimental configuration:

∀ 1 ≤ i ≤ nexp,Yi(Θ) := y (xi, Θ) . (3.4)

If proceeding like that, the same GSA must be performed nexp times and the GSA
results consist of nexp collections of p sensitivity indices (for each component of
Θ).

– Approach B: the vector containing the outputs associated with all the experimental
configurations:

Y (Θ) := [Yi(Θ)]1≤i≤nexp
. (3.5)

– Approach C: the (generalized) least-squares function, since this is a usual quantity
we want to minimize in the calibration process:

L(Θ) = (z − Y (Θ))t Σ−1
ϵ (z − Y (Θ)) , (3.6)

where Σϵ = diag
(
Σϵ1 , · · · ,Σϵnexp

)
.
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The dimension reduction enabled by Approach B is expected to improve the predictive
performance of the metamodel. Note that Approach B is not equivalent to Approach
C where GSA is designed to meet the needs of Bayesian calibration. Even though they
often give fairly similar answers, these approaches provide complementary insights.
Thus, it would not be surprising to find a parameter Θj having influence on Y (Θ)
but not on L (Θ), and vice versa. Moreover, if observations of Y (Θ) are available,
they can immediately be converted into observations of L(Θ). Therefore, all the three
approaches can be carried out simultaneously, provided that the GSA method is able
to handle scalar and vector output objects.

• The design of experiments is not necessarily chosen in the interest of GSA, except
for inexpensive numerical models [Wu et al., 2019]. Indeed, as soon as it is essential
to build a metamodel, this latter task becomes the nub of the matter, because the
quality of the Bayesian calibration of parameters heavily depends on the quality of
the fitted metamodel. The design is build to favor the estimation and predictivity
of the metamodel as much as possible, and the preliminary GSA step must therefore
adapt to this design. This situation is called the given-data context. This often goes
hand in hand with the small-data context, that is, the small size of the dataset. To
support the metamodeling step, the input samples must be scattered to maximize the
coverage of the variation domain. For this, it is often recommended to adopt a space-
filing sampling strategy, such as Latin Hypercube Sampling (LHS) [McKay et al., 1979;
Santner et al., 2003]. Among other things, LHS designs are appreciated for their ability
to maintain satisfactory space coverage when uncertain parameters are eliminated from
the study. This ensures efficient surrogate modeling in the reduced parameter space,
even before knowing which parameters about to be selected. In this work, we will not
use LHS designs because this would make the theoretical developments much harder, if
not impossible. To circumvent this difficulty while remaining in a framework where the
data are scarce and imposed, small-size Monte Carlo designs will be used throughout
the following.

3.2.3 Review of screening techniques used for model calibration

In the papers addressing the issue of screening before Bayesian calibration, the literature
highlights the classical Sobol’ indices [Wu et al., 2019; Nagel et al., 2020; Dighe et al., 2022].
These indices [Sobol, 1993, 2001] are based on the decomposition of the output variance. In
this decomposition, each fraction of output variance corresponds to the influence of a single
parameter Θj (main effect of Θj) or a group of parameters Θu with u ⊆ {1, · · · , p} (interac-
tion effect of Θu). The variance decomposition is called ANOVA (ANalysis Of VariAnce) and
directly stems from the Sobol’-Hoeffding decomposition of the numerical model [Hoeffding,
1992; Sobol, 1993]. Assuming that F := f(Θ)4 is scalar, the first-order Sobol’ index Sj and
total-order Sobol’ index Tj associated to Θj are respectively given by:

Sj = V (E [F | Θj ])
V (F ) and Tj = 1 − V (E [F | Θ−j ])

V (F ) , (3.7)

where Θ−j represents the vector Θ when Θj is removed. Sj quantifies the main effect of
Θj whereas Tj also accounts for all the interaction effects with the other parameters. When
F := [Fl]l is a random vector, a simple way to perform variance-based GSA is to compute the
first-order (resp. total-order) Sobol’ index Sjl (resp. Tjl) with respect to each scalar output
Fk [De Lozzo and Marrel, 2017]. For each input parameter Θj , a generalized Sobol’ index
Sj (resp. Tj) can then be defined as the weighted sum of all the indices Sjk (resp. Tjl). In
particular, the weight associated to Sjl is equal to the ratio between the variance of Fl and
the sum of all variances [Gamboa et al., 2014]. Although the interpretation of Equation (3.7)

4 The function f is assumed to be square integrable.
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is straightforward, the accurate estimation of Sobol’ indices for real-life numerical models
requires a significant number of evaluation of the numerical model. To be more precise, the
first-order and total-order Sobol’ indices are estimated with traditional methods such as the
Pick-Freeze where N = n(p + 2) model evaluations are required [Saltelli, 2002] and n is at
least equal to a few hundreds (since the convergence rate is 1√

n
[Janon et al., 2014]). This

result in an unaffordable simulation budget which cannot be considered as early as for p ≥ 10
[Iooss and Lemâıtre, 2015]. An alternative approach is to estimate these indices using a
metamodel (e.g., GP, PCE, etc.) [Sudret, 2008; Marrel et al., 2009; Crestaux et al., 2009],
but this option is tractable only for a small number of input parameters. New advanced
methods for cheaper estimation of the first-order Sobol’ indices have emerged over the past
few years, such as the technique based on replicated LHS designs (allowing for N = 2n)
simulations [Tissot and Prieur, 2015; Damblin and Ghione, 2021] and the method based on
the notion of Chatterjee’s correlation [Chatterjee, 2021] (allowing for N = n) simulations
[Gamboa et al., 2022]. However, the independence between Θj and f(Θ) is not characterized
by the nullity of Sj , but only by that of Tj . Note that there are several initiatives to reduce
the cost of estimating higher-order indices, such as the method based on nearest neighbors
[Broto et al., 2020] and the method based on smoothing kernels [Da Veiga et al., 2023]. These
two approaches have a nice theoretical properties but they prove not to be sufficiently effective
in practice. This is particularly true for high-order Sobol’ indices.

In contrast to the Sobol’ indices, we also have sensitivity indices computed by the Morris
method [Morris, 1991]. The Morris method is a more rudimentary screening method which
is sometimes used to identify the most impacting calibration parameters [Zambrano-Bigiarini
et al., 2013; Xu et al., 2016], most often for lack of anything better. As opposed to Sobol’
indices, this derivative-based approach seeks to average a collection of local sensitivity mea-
sures. More precisely, the model gradient (with respect to the calibration parameters) is
estimated at a few points of the parameter space. At each point, and in each direction of the
parameter space, the partial derivative is approximated (with a finite difference scheme) after
applying a slight perturbation (at this point and in this direction). Then, the mean values
and standard deviations of all gradient estimates are computed, and these two collections of
sensitivity measures allow one to classify the parameters in three groups:

1. those with negligible influence,

2. those with large linear effects without interactions,

3. those with large non-linear or interaction effects.

This method has the huge advantage of relying on very few model evaluations (a few dozens
at most) but it is not truly adapted to the specific constraints of the calibration problem.
First, there is no possible characterization of the probabilistic independence between Θj and
F . Second, it is not tailored to handle a vector output F = [Fl]1≤l≤q, unless you repeat the
standard method for each output Fl. Finally, the estimation of partial derivatives requires a
specific type of designs, which is contrary to the given-data context.

For the two screening methods presented so far, inference cannot be reasonably considered
from a given Monte Carlo design. However, there exists a class of sensitivity measures for
which this problem does not arise. For each input-output pair, the idea is to measure the
distance between the joint distribution PΘjF and the product of marginal distributions PΘj ⊗
PF :

∀ 1 ≤ j ≤ p, Sδj := δ
(
PΘjF ,PΘj ⊗ PF

)
. (3.8)

Let M 1
+ (Dj) be the space of all probability measures on Dj := DΘj × DF . It notably

contains the two distributions of interest. In the most general setting, the function

δ : Dj → R+
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used to measure the discrepancy between PΘjF and PΘj ⊗ PF is only assumed to be a
dissimilarity measure. In other words, it verifies at least δ(P,P) = 0 for any P ∈ M 1

+ (Dj),
and sometimes stronger properties. PΘjF is the true distribution of the pair (Θj , F ), that is to
say the distribution which is generated by the propagation of uncertainties through the map
f : θ ∈ DΘ → f(θ) ∈ DF . On the contrary, PΘj ⊗ PF corresponds to the distribution that
would have been obtained in a hypothetical situation of probabilistic independence between
Θj and F , and as such can be seen as a fictitious distribution serving as reference. In short,
PΘjF represents the true influence of Θj (on F ) whereas PΘj ⊗ PF represents what happens
in case of no influence. The closer PΘjF and PΘj ⊗ PF are, the less influence Θj has on F .
Many different sensitivity measures obey this formalism:

• Even if there are seldom introduced as specific cases of Equation (3.8), the well-known
Spearman’s ρ [Spearman, 1904] and Kendall’s τ [Kendall, 1949] are two examples of
dependence measures. Both of them can be expressed as a kind of integrated difference
between the true copula of the pair (copula associated to PΘjF ) and the independence
copula (copula associated to PΘj ⊗ PF ). Additional details on this very point can be
found in [Plischke and Borgonovo, 2015]. By reverting to the original mathematical
definition of Spearman’s ρ (Pearson’s linear correlation coefficient between the rank
variables associated to Θj and F ) and Kendall’s τ (difference between the probabilities
of concordance and discordance), they can be easily estimated from a given Monte
Carlo design. For Spearman’s ρ, an estimator is obtained with the empirical correlation
between rank statistics. For Kendall’s τ , a U-statistic (see Chapter 5 in [Serfling, 1980])
allows to estimate the probabilities of concordance and discordance. Due to this ease
of estimation, Kendall’s rank correlations were used for parameter screening (before
model calibration) in [Minunno et al., 2013]. Unfortunately, they still suffer from several
drawbacks. First, the nullity of Kendall’s τ is not equivalent to independence. It only
indicates that each of the four quadrants of the distribution has the same probability.
Second, there is no possible generalization to vector outputs. Almost the same remarks
holds for Spearman’s ρ.

• If the dissimilarity measure δ is also a divergence, then one has:

∀ P1,P2 ∈ M 1
+(Dj), δ (P1,P2) = 0 ⇐⇒ P1 = P2, (3.9)

and this makes Sδj a dependence measure adapted to screening since:

Sδj = δ
(
PΘjF ,PΘj ⊗ PF

)
= 0 ⇐⇒ PΘjF = PΘj ⊗ PF ⇐⇒ Θj ⊥⊥F. (3.10)

Famous examples include the total-variation distance [Borgonovo, 2007], the mutual
information [Auder and Iooss, 2008] or any other f-divergence [Rahman, 2016]. Unfor-

tunately, in most cases, the value δ
(
PΘjF ,PΘj ⊗ PF

)
cannot be estimated without a

preliminary step of inference where the density functions (or the cumulative distribution
functions) of PΘjF and PΘj ⊗ PF have to be estimated. The problem does not lies in
the data because both marginal and joint observations can be found in the dataset. The
problem is rather that most density estimation techniques lack robustness when little
data is available. Many sampling tricks may be found in the literature [Plischke et al.,
2013; Wei et al., 2014; Derennes et al., 2018] but no theoretical result secures their
convergence. In addition, these sensitivity measures are not intended for non-scalar
outputs.

It is interesting to note that the two previous types of sensitivity measures have comple-
mentary properties. On the one hand, Kendall’s τ can be directly and easily estimated from
a provided Monte Carlo design (but fails to characterize independence). On the other hand,
the dependence measures based on a divergence are able to detect any type of dependence
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(but their estimation requires a preliminary step of density estimation). In fact, there is a
way to combine all the advantages, while remaining within the framework delimited by Equa-
tion (3.8). To achieve this, a prerequisite is to equip each random object with a (covariance)
kernel. Then, for each pair of random objects, the two selected kernels allow us to define a
kernel-based dissimilarity measure called the maximum mean discrepancy (MMD) [Gretton

et al., 2006]. When quantified with the MMD, the distance δ
(
PΘjF ,PΘj ⊗ PF

)
is named the

Hilbert-Schmidt independence criterion (HSIC) [Gretton et al., 2005a]. The original idea to
use the HSIC in GSA is to the credit of Da Veiga [2015] who first highlighted the advantages
of this approach compared to the existing ones. Since then, the method has been enriched
with new extensions [De Lozzo and Marrel, 2016; El Amri and Marrel, 2022, 2024], while
gradually disseminating as a reference practice [Delipei et al., 2019; Marie et al., 2021; Rol-
lón de Pinedo et al., 2021]. Whether HSIC indices have become pretty popular for feature
selection, they have not yet been applied to parameter screening in the particular context of
Bayesian calibration, at least to the best of our knowledge. This is rather surprising since
they cope perfectly with all the constraints already mentioned.

• First, the HSIC can be accurately estimated from a small amount of input-output
samples.

• Second, the HSIC framework is completely generic, thus can deal with scalar and vector
outputs in exactly the same way.

• Third, under some conditions on the kernels, an HSIC index is equal to zero if and only
if the two objects under study are independent of each other.

To better understand what allows HSIC indices to meet all the expected conditions, the next
section tackles the difficult task of succinctly presenting the mathematical foundations of the
HSIC.

3.3 Benefits brought by HSIC indices

Defining the HSIC requires a dive into the universe of reproducing kernels (better known as
covariance kernels) [Berlinet and Thomas-Agnan, 2011]. The concept behind this criterion
is to equip each random variable with a kernel function which is (virtually) linked to a
reproducing kernel Hilbert space (RKHS). This function space is generated from the only
knowledge of the kernel, and inherits most of the kernel smoothness properties [Steinwart
and Christmann, 2008]. In addition, the Moore-Aronszajn theorem [Aronszajn, 1950] states
that there is a one-to-one mapping between kernels and RKHSs. An RKHS is a valuable ally
for manipulating (or even comparing) probability distributions. Indeed, for a random object
equipped with a given kernel, all possible probability distributions can be embedded into the
RKHS associated with this kernel. It is then possible to compare two distributions by only
measuring the squared distance of their respective embeddings in the RKHS. This distance,
called the HSIC, is therefore a kernel-based dependence measure.

In the following two sections, we will use the generic notations X and Y for the input
and output respectively to introduce the mathematical details of the HSIC criterion and
the independence tests based on HSIC. Note that the random objects X and Y can be, for
example, variables, vectors, excursion sets, or any other random quantity taking its values in
a separable metric space [Gretton et al., 2005a].

3.3.1 Definition and estimation

HSIC, based on kernel approaches, is used to measure the dependence between a given input
variable X of variation domain DX and the random object Y of variation domain DY . It is
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defined as the square of maximum mean discrepancy (MMD) between PXY and PX ⊗ PY :

HSIC(X, Y) := MMD2(PXY , PX ⊗ PY ). (3.11)

As this MMD is a kernel-based dissimilarity measure, the HSIC belongs to the class of
sensitivity measures described by Equation (3.8). More precisely, one has:

HSIC(X,Y) = ∥µPXY − µPX⊗PY ∥2
H ⊗G , (3.12)

where

• H is the RKHS induced by Kx,

• G is the RKHS induced by Ky,

• H ⊗ G is tensor product RKHS built from H and G ,

• µPXY is the kernel mean embedding of PXY in H ⊗ G ,

• µPX⊗PY ∥2
H ⊗G is the kernel mean embedding of PX ⊗ PY in H ⊗ G .

For a given kernel K : Z × Z −→ R verifying EZ [K(Z,Z)] < +∞, the kernel mean
embedding of the probability distribution ν is the function defined by:

µν : Z −→ R

z 7−→ EZ [K(z, Z)] =
∫

Z
K(z, z′)dν(z′). (3.13)

Not only µν belongs to RZ , but above all it belongs to the RKHS H induced by K. This
can be demonstrated by applying the Riesz-Fréchet theorem to the continuous linear form

h ∈ H 7→ Eν [h(Z)] ∈ R.

Morever, the kernel K is referred to as characteristic when the operator ν 7→ µν is injective.
This means that each probability distribution ν has a unique representative (or a unique
image) in the RKHS induced by the kernel K. Consequently, two different distributions will
have different two images in the RKHS [Fukumizu et al., 2008; Muandet et al., 2017; Simon-
Gabriel and Schölkopf, 2018]. Besides, if Kx and Ky are two characteristic kernels, the HSIC
is equal to zero if and only if X and Y are independent [Gretton, 2015]:

HSIC(X,Y ) = 0 ⇐⇒ X ⊥⊥Y, (3.14)

where the symbol ⊥⊥ denotes an independence situation between the random objects X and
Y . As we will be see later in Section 3.3.2, this property is crucial for testing independence
between X and Y .

As regards estimation, it is demonstrated in [Gretton et al., 2005a, 2007] that Equation
(3.11) can be rewritten as:

HSIC(X,Y ) = E
XY
X′Y ′

[Kx(X,X ′)Ky(Y, Y ′)] + EX
X′

[Kx(X,X ′)]EY
Y ′

[Ky(Y, Y ′)]

−2E
XY
X′Y ′′

[Kx(X,X ′)Ky(Y, Y ′′)] , (3.15)

where (X,Y ), (X ′, Y ′) and (X ′′, Y ′′) are three independent pairs of variables following the
same (joint) distribution PXY . In light of Equation (3.15), the HSIC can be easily estimated

from a Monte Carlo design Dn :=
{(
X(l), Y (l)

)}
1≤l≤n

. It suffices to estimate (with either

a U-statistic or a V-statistic) each expectation found in Equation (3.15). In the end, as
highlighted in [Gretton et al., 2007], two estimators can be considered:
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ĤU(Dn) := 1
(n)2

∑
(l,l′)∈I 2

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (l), Y (l′)

)
+ 1

(n)4

∑
(l,l′,t,t′) ∈ I 4

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (t), Y (t′)

)
− 2 1

(n)3

∑
(l,l′,t)∈I 3

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (l), Y (t)

)
, (3.16)

ĤV(Dn) := 1
n2

∑
(l, l′)∈J 2

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (l), Y (l′)

)
+ 1
n4

∑
(l,l′,t,t′)∈J 4

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (t), Y (t′)

)
− 2 1

n3

∑
(l,l′,t)∈J 3

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (l), Y (t)

)
= 1
n2Tr (HLxHLy) = 1

n2Tr ((HLxH)(HLyH)) , (3.17)

where

• Tr(·) is the trace operator for square matrices and In is identity matrix.

• (n)r := n!
(n−r)! , I r

n := {(i1, · · · , ir) : 1 ≤ i1 ̸= i2 ̸= · · · ̸= ir ≤ n} with #I r
n = (n)r.

• J r
n := {(i1, · · · , ir) 1 ≤ i1, · · · , ir ≤ n} with #J r

n = nr.

• Lx :=
[
Kx

(
X(l), X(l′)

)]n
l,l′=1

and Ly :=
[
Ky

(
Y (l), Y (l′)

)]n
l,l′=1

are the Gram matrices.

• H = In − 1
n1n1

t
n is the centering matrix with In ∈ Rn×n the identity matrix and

1n ∈ Rn the vector filled by taking 1 everywhere.

As any U-statistic estimator, ĤU(Dn) is unbiased (see Chapter 5 in [Serfling, 1980]). This
estimator of the HSIC may take negative values, which is pretty disturbing (knowing that the
HSIC is a non-negative quantity). The V-statistic ĤV(Dn) has complementary properties. It
is biased (see Chapter 6 in [Serfling, 1980]), asymptotically unbiased and its non-negativity
is guaranteed by Equation (3.17). Even if estimators ĤU(Dn) and ĤV(Dn) are expressed as
double, triple and quadruple sums, there exist calculation tricks to get their values at the cost
of only O(n2) operations [Song et al., 2012]. For ĤU(Dn), the summation sets are I 2

n , I 3
n

and I 4
n . Note that I 2

n (resp. I 3
n , I 4

n ) is composed of all pairs (resp. triplets, quadruplets)
picked without replacement among {1, · · · , n}. On the contrary, for the summation sets J 2

n ,
J 3

n and J 4
n involved in Equation (3.17), replacement must be considered when enumerating

tuples.

3.3.2 Independence testing based on HSIC

We are interested in determining whether the two random objects X and Y are independent
of each other. The idea is to make a decision between the two following statements:

(H0) : X ⊥⊥Y vs. (H1) : X⊥̸⊥Y, (3.18)

on the only basis of the observed data. Regarding that very point, letDobs
n denote the available

dataset (resulting from N = n calls to the numerical model), as opposed to Dn which denotes
the underlying random quantity. Remember that the nullity of the HSIC (defined by means
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of two characteristic kernels) is equivalent to the probabilistic independence between X and
Y . Consequently, the two statements can be reformulated as:

(H0) : HSIC(X,Y ) = 0 vs. (H1) : HSIC(X,Y ) > 0. (3.19)

Here, the test statistic is very naturally Ĥstat(Dn) with stat ∈ {U,V}. The decision rule is
to reject (H0) if the observed value Ĥstat(Dobs

n ) of Ĥstat(Dn) exceeds the quantile of order
1 − α of the distribution of Ĥstat(Dn) under (H0). The quantity α is called the type-I error
of the level of the test and is often set to 5% (or 10%). In practice, the concept of p-value
is commonly used, especially to return an answer richer than the simple binary decision of
accepting or rejecting (H0). The p-value is defined as the probability that the test statistic
takes an even more extreme value:

pval = PH0

(
Ĥstat(Dn) ≥ Ĥstat(Dobs

n )
)
. (3.20)

Then (H0) is accepted if pval ≥ α, and rejected otherwise. When (H0) is accepted (resp.
rejected), it is decided that X and Y are independent (resp. dependent), which indicates
that X has negligible (resp. significant) influence on Y . In order to estimate the p-value, the
distribution of Ĥstat(Dobs

n ) under (H0) is essential. This distribution is unknown but three
different methods can be used to compute a satisfactory approximation:

• The asymptotic test procedure. It was proved in [Gretton et al., 2007] that the rescaled
test statistic nĤstat(Dn) converges in law to a (shifted) spectral distribution, that is a
series of chi-squared distributions with positive weights. More precisely, the weights are
determined by the eigenvalues of the Mercer expansions (with respect to PX and PY )
of the double-centered kernels built from Kx and Ky [Zhang et al., 2018]. This distri-
bution can be approximated by a Gamma distribution for ĤV(Dn) and by a Pearson
type-III distribution for ĤU(Dn). In both cases, the parameters of the approximated
distribution are estimated with the method of moments (based on asymptotic formulas
for the two moments).

• The permutation-based test procedure. When n is not sufficiently large for the asymp-
totic approach to be used, the distribution of Ĥstat(Dn) under (H0) can still be simulated
by randomly permuting the samples of Y (while those of X remain in the same order).
Remember that a permutation is a one-to-one mapping from {1, · · · , n} to {1, · · · , n}.
For a given permutation τ ∈ Sn, the idea is to recompute the HSIC estimate on the
following permuted design:

Dτ
n =

{(
X(l), Y (τ(l))

)}n
l=1

.

The resulting value Ĥstat(Dτ
n) can be seen as a new realization of the test statistic

under H0. After performing Bperm permutations, the p-value can be estimated from the
collection of simulated realizations:

p̂val = 1
Bperm

Bperm∑
b=1

1{
Ĥstat(Dτbn )>Ĥstat(Dobs

n )
}. (3.21)

For more comprehensive insights into this methodology, the interested reader is invited
to consult De Lozzo and Marrel [2016] and El Amri and Marrel [2022].

• The non-asymptotic Gamma test procedure. When the sample size n is around a
few hundreds, the asymptotic regime has probably not yet been reached. For a sam-
ple size of this type, the permutation-based test procedure can be computationally
intensive, especially if the number of parameters is large (p ≥ 10) or the number of
random permutations to be completed is set very high (Bperm ≥ 103). In response
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to this, a test procedure imagined in [El Amri and Marrel, 2024] makes it possible to
drastically reduce 5 the complexity of the p-value estimation step. This procedure re-
quires the test statistic to be the V-statistical estimator of the HSIC index, because
the method relies entirely on the algebraic formula (Equation (3.17)) specific to this
HSIC estimator. The starting point is to notice that the histogram of the HSIC values{
Ĥstat(Dτb

n )
}

1≤b≤Bperm

obtained after a sequence of Bperm random permutations looks

like that of a Gamma distribution (unimodal law with positive values only and slight
positive skewness). This is not surprising as the asymptotic distribution of the test
statistic under (H0) is precisely approximated by a Gamma distribution. The idea is
then to determine the parameters of a Gamma distribution which fits correctly to this
histogram. Of course, these parameters must be estimated without performing any per-

mutation because, if the
{
Ĥstat(Dτb

n )
}

1≤b≤Bperm

values are available, it is better to use

the non-parametric estimate (as no arguable parametric assumption is made). Recall
that the V-statistic estimator of the HSIC is of the form n2ĤV(Dn) = Tr(AW ) with
A = HLxH and W = HLyH. As pointed out in [El Amri and Marrel, 2024], when
a permutation τ is applied to the output samples, the matrix W is transformed into

a matrix W ττ :=
[
Wτ(i)τ(j)

]
1≤i,j≤n

which is the image of W after permuting its rows

and columns according to the instructions given by τ . For a random permutation τ (fol-
lowing the uniform distribution on Sn6), the exact values of the first three moments of
the random variable Tr (AW ττ ) can be calculated via elementary algebraic operations
on A and W . In particular, the mean and variance are given by:

Eperm(Tr(AW )) = 1
n!
∑
τ∈Sn

Tr (AW ττ ) = T

n− 1 , (3.22)

Vperm(Tr(AW )) = T1
n

+ (T 2 − T1) + 2(T2 − T1) + 4T1
n(n− 1)

+ 4(2T1 − T2) + 2(2T1 − T 2)
n(n− 1)(n− 2)

+ 2T2 − 6T1 + T 2

n(n− 1)(n− 2)(n− 3) , (3.23)

with

T = Tr(A)Tr(W ), (3.24)

T1 =
∑
ll

(All)2∑
ll

(Wll)2, (3.25)

T2 =
∑
lh

(Alh)2∑
lh

(Wlh)2. (3.26)

These analytical formulas were established in [Kazi-Aoual et al., 1995], where it is
notably precised that the matrices A and W must be square, symmetric and double
centered (which is the case here). Let Z be a random variable following a Gamma
distribution Γ(a, b) with a and b denoting the shape and scale parameters respectively.
Recall that E [Z] = ab and V (Z) = ab2, or equivalently a = E [Z]2 /V ar (Z) and
b = V ar (Z) /E [Z]. Therefore, in order to provide a parametric approximation of the
permutation distribution, a reasonable strategy is to take a Gamma distribution with
parameters:

â = Eperm(Tr(AW ))2

Vperm(Tr(AW )) , and b̂ = Vperm(Tr(AW ))
Eperm(Tr(AW )) . (3.27)

5 When the p-values are estimated with the permutation approach, O(Bpermpn2) operations are required. In
practice, this may take some time, but this will always be negligible compared to the time needed to evaluate
the numerical model.

6 Sn is the set of permutations of {1, · · · , n}.
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Such a distribution is then used to estimate the p-value:

p̂val = 1 − FΓ(̂a,̂b)

(
ĤV(Dobs

n )
)
, (3.28)

where FΓ(̂a,̂b)(.) is the cumulative distribution function of Gamma distribution.

3.3.3 HSIC-based parameter screening

Let us now return to the problem of parameter screening before model calibration. It simply
comes down to estimating the HSIC (and its p-value) between each parameter Θj and the
output of interest f (Θ). Recall that f can take three different forms, namely Yi(Θ), Y (Θ)
or L(Θ). They correspond to the three approaches (A, B, C) proposed in Section 3.2.2. In
fact, only two situations need to be distinguished: the case of scalar outputs and that of
vector outputs (Approach B). As everything said in Section 3.3 holds for any pair of objects
living in (possibly different) separable spaces, there is no difficulty in applying the HSIC
methodology to parameter screening, provided that appropriate kernel functions are used.
Indeed, the choice of kernels is an important step, which deserves particular attention. The
most commonly used (characteristic) kernel is the Gaussian kernel:

∀ (u, u′) ∈ R2, Kγ (u, u′) = exp
[
−1

2

(
u−u′

γ

)2
]
, (3.29)

where γ is a bandwidth parameter. It can be set with a simple rule of thumb [Da Veiga, 2015;
De Lozzo and Marrel, 2016] (empirical standard deviation or median) or tuned to maximize
the HSIC value [El Amri and Marrel, 2024]. Even if it is defined on R, the Gaussian kernel
(once its bandwidth is correctly adjusted) is perfectly suited to a random variable taking
its inputs in a compact domain (like a bounded interval). Hence, the Gaussian kernel will
be assigned to all input parameters, as well as for f (when it is simply scalar). The only
delicate point is the choice of an output kernel when f = [fi]1≤i≤nexp

is a vector output
(Approach B). It is rather not recommended to use a multivariate Gaussian kernel since this
kernel is parametrized by a single (scalar) bandwidth parameter, which will be a problem if
the component of f do not share the same physical scale. It is much preferable to assign
a Gaussian kernel to each output fi, and to adjust the parameter γi accordingly. A simple
tensorization then allows one to build a kernel for f . It can be easily proved that such a
multivariate kernel is characteristic. Two different proofs are provided in Appendix 3.8.1.1.
The first one is a simple illustration of a very general result recently established in [Ziegel
et al., 2022]. The second one (which is also true for any characteristic translation-invariant
kernel defined on R) relies on much older arguments found in [Sriperumbudur et al., 2010a].

Now that it is clear how to estimate HSIC indices in the specific context of parameter
screening for model calibration, all that remains to do is to perform GSA on the industrial
test case, which is here the fission gas behavior model (with nominal value of the thermal
conductivity) of the ALCYONE application.

3.4 Application to the gas behavior model of the ALCYONE code

3.4.1 Presentation of the ALCYONE application

The ALCYONE application is composed of interdependent physical models that represent
the mechanical, thermal and chemical behaviors of fuel rods in the core of pressurized water
reactors (multi-physics application). Among these different models, we will only focus on the
thermal and fission gas behavior models [Michel et al., 2021]. The thermal model simulates
the evolution of the temperature within the fuel rod during the fission reaction and provides
as output, the associated temperature field. The fission gas behavior model, as a function of
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the thermal model, continuously represents the behavior of the fission products (fuel swelling
and release of fission gas atoms) during the fission reaction.

Figure 1.5 shows the chaining of the two models (represented by the blue boxes) and their
integration into the overall simulation process. The (uncertain) input variables of these two
models are respectively the thermal conductivity λ ∈ DΛ ⊆ R and the model parameters
θ ∈ DΘ ⊂ Rp. The quantity Λ (resp. Θ) denotes the random variable (resp. vector)
representing the uncertainty on λ (resp. θ). It is assumed that: a) the components of Θ
are mutually independent and b) Λ and Θ are independent of each other. The fission gases
produced by irradiation are distributed as follows:

• gas dissolved in the grain,

• precipitated gas in intragranular bubbles,

• precipitated gas in intergranular bubbles.

When the interganular bubbles at the Uranium dioxide grain junction are sufficiently
covered to be interconnected, we obtain the phenomenon known as Release Gas Fraction
(RGF) in the free volume of the fuel rod modeled by the behavior model. Fuel restructuring
(small-grain structure, highly porous medium) occurs at high burnup rates. In the event
of an accident, this restructuring has a major impact on the behavior of fission gases. All
these physical mechanisms are represented in the fission gas behavior model, which has the
following uncertain model parameters:

• Θ1 (keff): nucleation efficiency coefficient,

• Θ2 (bgbb): parameter involved in the ballistic gas re-solution term of intergranular
bubbles in the grain,

• Θ3 (kv): parameter involved in the shape of bubbles on the grain boundary (direct
effect on the rate of coverage of the grain boundary by bubbles and therefore on the
threshold above which the gas release is triggered),

• Θ4 (Fclim coalesc): threshold of grain boundary coverage by intergranular bubbles to
initiate intergranular bubble coalescence,

• Θ5 (A2): pre-exponential coefficient of the mixed term of the diffusion coefficient
(irradiation-accelerated thermal diffusion),

• Θ6 (A3): coefficient of the athermal term of the diffusion coefficient (diffusion only
dependent on fission density),

• Θ7 (kα): parameter involved in the rate of irradiation defect production and therefore
affecting restructuring kinetics,

• Θ8 (tkthres ): threshold temperature above which defect annealing is activated during
the restructuring process,

• Θ9 (αbhsd): coefficient of proportionality between the gas diffusion coefficient in the
grain in the healthy zone and that used in the restructured fragment of the restructured
zone,

• Θ10 (bhbs): frequency at which gas trapped in peripheral bubbles returns to solution
in grain,

• Θ11 (Rfhbs): fragment-size into which the gas diffuses in restructured areas with high
burnup rates.
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For given values of θ and λ the fission gas behavior model computes the following quan-
tities:

• the swelling deformations (bubble volume, solid swelling, etc.),

• the RGF in each fuel rod in free volume,

• the distribution of retained gas in different populations (dissolved, precipitated bubbles,
etc.).

3.4.2 Strategies considered to conduct GSA

In this paper, we focus on the RGF of the fission gas behavior model (here q = 1). Among
the model parameters to be calibrated, we wish to eliminate those which have a negligible
influence on either the simulated values of RGF (to help build a surrogate model for each
fuel rod) or the distance between the simulated and observed values of RGF (to help perform
Bayesian calibration). The epistemic uncertainty affecting λ is not taking into at this step,
and we fixed it at its nominal value λnom = 1. Such uncertainty is incorporate into the
GSA framework in Section 3.5. First, a Monte Carlo numerical design is generated for the
calibration parameters:

DΘ,n =
{

Θ(l)
}

1≤l≤n
∈ Rn×p with Θ(l) :=

[
Θ(l)

1 , · · · ,Θ(l)
p

]t
∈ Rp.

Finally, running the numerical model for (x, DΘ,n, λnom) provides the outputs of the RGF

simulations for the entire set of experimental configurations x =
(
x1, · · · ,xnexp

)t
. These

output are denoted by:

DY ,n = ∪nexp
i=1 DYi,n with DYi,n =

{
Y

(l)
i

}
1≤l≤n

and Y
(l)
i := y

(
xi,Θ(l), λnom

)
.

Below, the deterministic function y(·, ·, ·) is the result of the chaining illustrated in Figure
1.5:

y : DX × DΘ × DΛ ⊂ Rd × Rp × R −→ DY ⊂ Rq (q = 1) (3.30)

(x,θ, λnom) 7−→ y(x, θ, λnom) :=
[
y2

θ ◦ y1
λnom

]
(x). (3.31)

In order to determine the most influential parameters on the RGF (for a nominal conduc-
tivity λnom), GSA is performed in three different ways:

• Approach A: sensitivity for the the RGF produced by each fuel rod. The HSIC is
computed (with either U-statistic or V-statistic) between each calibration parameter
Θj and the RGF associated to the i-th experimental configuration xi, namely Yi :=
y(xi,Θ, λnom) =: fAi (Θ) ∈ R. This results in nexp collections of p = 11 HSIC indices:

– Sensitivity measures: ∀ 1 ≤ j ≤ p, ∀ 1 ≤ i ≤ nexp, Ĥ
stat
j

(
DA
n,i

)
.

– Samples: DA
n,i := {DΘ,n;DYi,n} , 1 ≤ i ≤ nexp.

• Approach B: sensitivity of the vector gathering all RGF values. The HSIC is computed
between each calibration parameter Θj (1 ≤ j ≤ p) and the vector

Y (Θ) := y(x,Θ, λnom) = [Yi(Θ)]1≤i≤nexp
=: fB(Θ) ∈ Rnexp :

– Sensitivity measures: ∀ 1 ≤ j ≤ p, Ĥstat
j

(
DB
n

)
.

– Samples: DB
n := {DΘ,n;DY ,n}.
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• Approach C: sensitivity of the least-square function. The HSIC is computed between
each calibration parameter Θj (1 ≤ j ≤ p) and the least-squares function

L(Θ) = (z − Y (Θ))t Σ−1
ϵ (z − Y (Θ)) =: fC(Θ) ∈ R+ :

– Sensitivity measures: ∀ 1 ≤ j ≤ p, Ĥstat
j

(
DC
n

)
.

– Samples: DC
n := {DΘ,n;DL,n} with

DL,n := ∪nl=1L
(l) with L(l) =

(
z − Y (Θ(l))

)t
Σ−1
ϵ

(
z − Y (Θ(l))

)
=: fC(Θ(l)) ∈ R+,

where z and Σϵ = diag(σ2
ϵ1 , · · · , σ2

ϵnexp
) represent respectively the experimental data

and the covariance matrix of the experimental uncertainty.

It is worth noting that the approaches (A, B and C) are applied exclusively as post-
treatment procedures, carried out after the computation of the outputs Y through simulation,
and can be executed simultaneously. Specifically, the datasets DA

n,i, D
B
n , and D

C
n are derived

from DΘ,n and DY ,n. Regardless of the chosen approach (A, B or C), we simply apply the
methodologies outlined in Section 3.3.3 to estimate the HSIC indices and the corresponding
p-values for the independence tests. Consequently, the notations A, B and C (accompanying
the data Dn and the function f) are omitted for the remainder of this work.

Approaches A and B are particularly well suited for parameter reduction before construct-
ing metamodels for the functions θ 7→ yi(θ). On the other hand, Approach C is specifically
tailored for calibration purposes and involves dimension reduction prior to running the MH
algorithm. In scenarios where a metamodel is unnecessary, Approach C should be preferred.
It will therefore be interesting to look at the results of A/B vs. C.

3.4.3 Results

The three approaches described above are applied on the ALCYONE test case in order
to identify the less influential parameters within Θ (for a nominal value of the thermal
conductivity). The decision to accept (or reject) (H0): Θj ⊥⊥ f(Θ) is made on the basis of a
type-I error α equal to 5%.

For all approaches, since the number of samples is relatively small, the p-values are esti-
mated with the permutation-based test procedure, and in particular with the formula given
in Equation (3.21). The p-values of Approach A are shown in Figure 3.1, where the x-axis
represents the RGF values (1 ≤ i ≤ nexp = 40) ordered by decreasing burnup rate. For all the
nexp outputs, the influential calibration parameters are Rfhbs, kα, A3 and A2. The parameter
bhbs only appears to be influential for a small number of RGF outputs (those corresponding
to a high burnup rate). The remaining calibration parameters have almost no influence on
the RGF, and this is true for all the fuel rods. Table 3.1 summarizes the results of Figure
3.1 in terms of influence detection rates on all nexp = 40 RGFs. The detection rate on all
nexp RGFs for each parameter Θj is defined as the ratio between the number of times H0 is
rejected and nexp. More specifically, we have:

# {(H0) : Θj ⊥⊥Yi(Θ) is rejected for 1 ≤ i ≤ nexp}
nexp

.

The p-values related to Approach B are presented in Table 3.2. We can see that the parameters
selected at the threshold α = 5% are Rfhbs, bhbs, kα, A3 and A2. As regards Approach C,
which is based on the lest-squares function, the same parameters are identified as influential
(except bhbs). However, the related p-value is quite close to the limit threshold α = 5% (see
Table 3.3). Note that the non-asymptotic Gamma approximation (described in Section 3.3.2)
gives the same results as the permutation approximation. It is rather reassuring to see that
the three GSA strategies lead to the same conclusions. Furthermore, the results obtained for
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Figure 3.1: Summary of the results obtained when independence is tested with Approach A. On the
left (resp. right) hand side, HSIC indices are computed with U-statistic (resp. V-statistics). The
associated detection rates are given in Table 3.1.

hhhhhhhhhhhhhhhhhhhhhModel Parameters

Detection rates
with U-statistic with V-statistic

Θ1 = keff 0% 0%
Θ2 =bgbb 7.5% 7.5%
Θ3 = kv 12.5% 12.5%
Θ4 = Fclim coalesc 0% 0%
Θ5 = A2 80% 80%
Θ6 =A3 100% 100%
Θ7 = kα 80% 82.5%
Θ8 = tkthres 0% 0%
Θ9 = αbhsd 0% 0%
Θ10 = bhbs 35% 32.5%
Θ11 = Rfhbs 95% 95%

Table 3.1: Detection rates obtained for Approach A.

hhhhhhhhhhhhhhhhhhhhModel parameters

p-values
p̂BU, l p̂BV, l, 1 ≤ l ≤ p

Θ1 = keff 0.972 0.973
Θ2 =bgbb 0.25 0.241
Θ3 =kv 0.372 0.406
Θ4 = Fclimcoalesc 0.909 0.891
Θ5 =A2 0 0
Θ6 =A3 0 0
Θ7 =kα 0 0
Θ8 =tkthres 0.869 0.861
Θ9 =αbhsd 0.856 0.864
Θ10 =bhbs 0.022 0.011
Θ11 = Rfhbs 0 0

Table 3.2: p-value estimates for Approach B (with the permutation-based test procedure).
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hhhhhhhhhhhhhhhhhhhhModel parameters

p-values
with U-statistic with V-statistic

Θ1 = keff 0.538 0.554
Θ2 = bgbb 0.741 0.761
Θ3 = kv 0.127 0.11
Θ4 = Fclimcoalesc 0.801 0.799
Θ5 = A2 0 0
Θ6 = A3 0.006 0.006
Θ7 = kα 0 0
Θ8 = tkthres 0.757 0.745
Θ9 = αbhsd 0.729 0.799
Θ10 = bhbs 0.081 0.092
Θ11 =Rfhbs 0 0

Table 3.3: p-value estimates for Approach C (with the permutation-based test procedure).

Approaches A, B, and C are not affected by the choice of the HSIC estimator (U-statistic vs.
V-statistic).

In practice, the thermal conductivity cannot be regarded as a constant parameter. On
the contrary, it is subject to an epistemic uncertainty quantified in the Bayesian setting by
a posterior distribution PΛ, which corresponds π(λ | w) in Chapter 2, from a preliminary
calibration of the thermal model. More precisely, this distribution has been estimated thanks
to measurements w (of the output of the thermal conductivity) in a previous work by [Bouloré
et al., 2023]. Of course, the uncertainty affecting this conductivity parameter must be incor-
porated into the study by adapting both the Bayesian calibration and GSA methods. This
situation is illustrated in Figure 3.2 where the thermal and fission gas behavior models are
referred to as Models 1 and 2 respectively. A conditional Bayesian calibration method has
been recently developed in Chapter 2 in order to derive the posterior distribution of Θ using
a) the posterior distribution of Λ, b) the prior distribution of Θ and c) the experimental
observations z = {zi}

nexp
i=1 . This method works pretty well as long as the number of p of cal-

ibration parameters remains small. Otherwise, a preliminary step of GSA becomes essential
and the way to proceed this conditional GSA (i.e. GSA in presence of the extra uncertainty
brought by Λ is not addressed in Chapter 2. Our paper provides an innovative solution on
this point.

A first solution to achieve the conditional GSA would be to repeat the GSA as many times
as there are thermal conductivity of interest. In this way, average indicators such as average
HSIC indices and detection rates can be calculated. However, these averaged p-values do
cannot decide whether a model parameter is influential or not, in the sense of a conventional
statistical test. This has led us to define new indices suitable for incorporating the uncertainty
of Λ. These new sensitivity measures, which are the main topic of the next section, have
a theoretical basis and the corresponding estimators are consistent with convergence rates
similar to those of classical Monte Carlo estimators.
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Model 1:
y1
λ(x)

λ

w

Model 2:
y2

θ(y1
λ(x))

θ

Output of interest (RGF): y(x,θ, λ) := y2
θ(y1

λ(x))

z

Figure 3.2: Two chained numerical models. Single and double arrows indicate stochastic and logical
dependencies respectively. Square nodes are used to represent the observed data used for calibration
tasks.

3.5 Development of a screening-oriented GSA methodology

Our contribution to conditional GSA can be summarized in four successive steps. First, we
define sensitivity measures adapted to the problem of conditional GSA using the expectation
of the HSIC indices with respect to Λ. We show that these sensitivity measures characterize
independence (in the presence of the additional uncertainty provided by Λ). We then propose
four possible estimators of these sensitivity measures and study their theoretical properties
(bias, consistency, convergence rate). Finally, we propose two test procedures (one parametric
and one non-parametric) to rigorously test (H0) in the presence of the uncertainty associated
with Λ.

3.5.1 Construction and estimation of a sensitivity measure able to cope with the
bi-level uncertainty framework

In the previous section, the HSIC was used to measure the level of independence between
Θj and f(Θ) = f̃(Θ, λnom). The function f̃(·, ·) is nothing but a different way to rewrite

the function f(·, ·) introduced in Section 3.3.3. The main advantage of f̃ over f is to insist
on the rule played by the thermal conductivity. More precisely, the focus was on the indices

Hj(λnom) := HSIC
(
Θj , f̃(Θ, λnom)

)
defined as follows:

Hj(λnom) = EΘΘ′

[
Kj

(
Θj , Θ′

j

)
Ky

(
f̃(Θ, λnom), f̃

(
Θ′, λnom

))]
+ EΘ, Θ′

[
Kj

(
Θj , Θ′

j

)]
EΘΘ′

[
Ky

(
f̃(Θ, λnom), f̃

(
Θ′, λnom

))]
− 2EΘΘ′Θ′′

[
Kj

(
Θj ,Θ′

j

)
Ky

(
f̃(Θ, λnom), f̃

(
Θ′′, λnom

))]
. (3.32)

where Θ, Θ′ and Θ′′ are independent and identically distributed according to PΘ (i.e., π(θ) in
Chapter 2). In this section, the thermal conductivity is no longer fixed at the nominal value
λnom and is now random and modeled by a random variable with probability distribution
PΛ [Bouloré et al., 2023]. Because of the randomness introduced by Λ, the quantity Hj(Λ)
becomes random as well:

Hj(Λ) = EΘΘ′

[
Kj

(
Θj ,Θ′

j

)
Ky

(
f̃(Θ,Λ), f̃

(
Θ′,Λ

))]
+ EΘΘ′

[
Kj

(
Θj ,Θ′

j

)]
EΘΘ′

[
Ky

(
f̃(Θ,Λ), f̃

(
Θ′,Λ

))]
− 2EΘΘ′Θ′′

[
Kj

(
Θj ,Θ′

j

)
Ky

(
f̃(Θ, Λ), f̃

(
Θ′′,Λ

))]
. (3.33)
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Indeed, as the expectations in Equation (3.33) are only taken over Θ, Θ′ and Θ′′, we do not
integrate with respect to Λ and therefore Hj(Λ) is a random variable. Note that the random
variable Λ is assumed to be independent of Θ. As a consequence, we can rewrite Hj(Λ) using
conditional expectations:

Hj(Λ) = E
[
Kj

(
Θj , Θ′

j

)
Ky

(
f̃(Θ,Λ), f̃

(
Θ′, Λ

))
| Λ
]

+ E
[
Kj

(
Θj ,Θ′

j

)]
E
[
Ky

(
f̃(Θ, Λ), f̃

(
Θ′, Λ

))
| Λ
]

− 2E
[
Kj

(
Θj , Θ′

j

)
Ky

(
f̃(Θ, Λ), f̃

(
Θ′′, Λ

))
| Λ
]
. (3.34)

We can switch from Equation (3.33) to Equation (3.34) only because Λ is independent of Θ,
Θ′ and Θ′′.

3.5.1.1 Definition of a specific sensitivity measure Hj

We aim to identify the non-influential model parameter Θj of the fission gas model while
accounting for the uncertainty of the thermal conductivity Λ in the HSIC criterion. This can
be done by computing the mean value of each random variable Hj(Λ) [Hart et al., 2017]:

∀ 1 ≤ j ≤ p, Hj = EΛ (Hj (Λ)) . (3.35)

To determine whether the indices Hj are well adapted to parameter screening, it must be
checked whether they characterize independence. In other words, it must be checked whether
Hj = 0 is equivalent to Θj ⊥⊥ f̃(Θ,Λ). The proposition below indicates that it is actually
what happens.

Proposition 2

For all j ∈ {1, · · · , p}, the nullity of Hj is directly related to the independence between

the random variables Θj and f̃(Θ, Λ). More precisely, we can express it as:

Hj = 0 ⇐⇒ Θj ⊥⊥ f̃(Θ, Λ). (3.36)

A proof of Proposition 2 can be found in Appendix 3.8.4.

Remark 1

Another property of the random variable Hj(λ) could also have been used, for instance
its upper bound:

sup
λ∈DΛ

Hj(λ). (3.37)

It is pretty simple to show that this quantity characterizes well the independence be-
tween Θj and f̃ (Θ, Λ). However, it seems much harder to estimate (accurately) from a
reasonable amount of simulated data.

3.5.1.2 Estimation of Hj

The simplest way to estimate Hj is to adopt a two-step sampling strategy. First, a m-

sample DΛ,m :=
{

Λ(k)
}

1≤k≤m
of PΛ is generated and the empirical mean of Hj(λ) is used to

approximate the expectation of Hj(λ) over Λ:

Ĥj = 1
m

∑m
k=1Hj

(
Λ(k)

)
with Hj

(
Λ(k)

)
= HSIC

(
Θj , f̃(Θ,Λ(k))

)
. (3.38)

Then, sinceHj

(
Λ(k)

)
cannot be calculated analytically, it must also be estimated. By adding

this second level of approximation in Equation (3.38), Ĥj becomes
̂̂
Hj :̂̂

Hj

stat

= 1
m

m∑
k=1

Ĥstat
j

(
Λ(k)

)
, (3.39)
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Figure 3.3: The first sampling strategy (S1) based on the use of a specific DΘ(k),n for each conductivity

value Λ(k).

with stat ∈ {U, V} denotes either the U-statistic or V-statistic estimator of Hj

(
Λ(k)

)
.

The question is how to obtain sufficiently many samples of the random variables Θj and

Fk := f̃(Θ,Λ(k)) to be able to estimate (accurately) all indices Hj

(
Λ(k)

)
= HSIC (Θj , Fk)

(1 ≤ k ≤ m). For this, two sampling strategies can be considered:

(S1) The first sampling strategy is to generate a (new) Monte Carlo design of Θ ∼ PΘ for
each (new) conductivity value Λ(k) found in DΛ,m. In terms of probabilistic modeling,
that means the random vector Θ(k) (which a copy of Θ ∼ PΘ) is associated to Λ(k)

and then used to draw a n-sample of PΘ denoted by

DΘ(k),n :=
{

Θ(k,l)
}

1≤l≤n
.

The corresponding values of Fk are then computed with DΘ(k),n, Λ(k) and f̃ , and
gathered in a dataset

DFk,n =
{
F

(l)
k

}
with F

(l)
k := f̃(Θ(k,l),Λ(k)).

Furthermore, in order to simplify future developments, some other notations need to
be introduced:

DS1
m,n =

{
DΘ(k)Fk,n

}
1≤k≤m

with DΘ(k)Fk,n
=
{
DΘ(k),n;DFk,n

}
.

In particular, the dataset DΘ(k)Fk,n
is composed of n realizations of the pair (Θ, Fk)

and can be used to estimate all indices Hj

(
Λ(k)

)
for 1 ≤ j ≤ p. Likewise, the dataset

DS1
m,n contains all the useful data to estimate the indices Hj . This sampling strategy

is illustrated in Figure 3.3.

(S2) The second sampling strategy is to use the same Monte Carlo design DΘ,n for all the
conductivity values. In this context, the notations from (S1) become:

• DΘ,n :=
{

Θ(l)
}

1≤l≤n
,

• ∀ 1 ≤ k ≤ m, DFk,n =
{
F

(l)
k

}
with f̃(Θ(l),Λ(k)), DΘFk,n = {DΘ,n;DFk,n},

• DS2
m,n = {DΘFk,n}1≤k≤m.

This sampling strategy is illustrated in Figure 3.4.

Note that the Monte Carlo designs DΘ(k),n are mutually independent designs. They
are also independent from the design DΛ,n. Since Strategies (S1) and (S2) and two HSIC
estimators (U-statistic and V-statistic) are available, four different estimators of Hj can be
built:
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Figure 3.4: The second sampling strategy (S2) based on the use of a specific DΘ,n for all the conduc-
tivity values Λ(k) (1 ≤ k ≤ m).

• Estimator 1: ̂̂Hj

U (
DS1
m,n

)
= 1

m

∑m
k=1 Ĥ

U
j

(
DΘ(k)Fk,n

)
=: ̂̂Hj

1
,

• Estimator 2: ̂̂Hj

V (
DS1
m,n

)
= 1

m

∑m
k=1 Ĥ

U
j

(
DΘ(k)Fk,n

)
=: ̂̂Hj

2
,

• Estimator 3: ̂̂Hj

U (
DS2
m,n

)
= 1

m

∑m
k=1 Ĥ

U
j (DΘFk,n) =: ̂̂Hj

3
,

• Estimator 4: ̂̂Hj

V (
DS2
m,n

)
= 1

m

∑m
k=1 Ĥ

V
j (DΘFk,n) =: ̂̂Hj

4
.

To denote any of these four estimators, one can write
̂̂
Hj . In order to find out which esti-

mator best meets the needs of conditional GSA, the statistical properties (bias, consistency,

convergence rate) of the estimators
̂̂
Hj

1
,
̂̂
Hj

2
,
̂̂
Hj

3
and

̂̂
Hj

4
need to be investigated:

• Knowing if
̂̂
Hj is biased allows us to know whether the estimator

̂̂
Hj returns the target

value
̂̂
Hj on average.

• Regardless of an estimator is biased or not, studying its consistency allows to know if
the estimation error tends to 0 when the number of samples involved in the dataset
(DS1

m,n and DS2
m,n) becomes infinitely large.

• For two consistent estimators, it is preferable to choose the one which converges at the
fastest rate to the target value. Indeed, for a prescribed simulation budget (i.e., for
prescribed number N of input-output evaluations of the computer code), this estimator
guarantees better accuracy.

Let us recall that
̂̂
Hj is consistent if

̂̂
Hj converges in probability towards Hj :

∀ ϵ̃ > 0, lim
m,n→∞

P
(∣∣∣∣̂̂Hj − Hj

∣∣∣∣ > ϵ̃

)
= 0. (3.40)

A sufficient condition for this is to show that
̂̂
Hj converges towards Hj in in the 2-th

mean (or in L2-norm):

lim
m,n→∞

E
[∣∣∣∣̂̂Hj − Hj

∣∣∣∣2
]

= 0. (3.41)

This type of convergence is stronger than convergence in probability. However, it has the
advantage of often being easier to demonstrate, and of revealing convergence rates more
readily.

In Proposition 3, it is shown that for the four estimators are consistent but only two of
them are unbiased. Beyond that, upper bounds for the convergence rates are also provided.
Such insights are truly valuable because they allow us to better grasp how each construction
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option (sampling strategy and HSIC estimator) impacts the statistical properties of
̂̂
Hj .

Furthermore, Proposition 3 also helps to distribute the simulation budget (N = mn) between
the two levels of sampling. For fixed N , the question is indeed how to adjust m and n.

Proposition 3

It is assumed that the kernels {Kj}1≤j≤p and Ky are bounded and under Strategies (S1)
and (S2), we obtain the following results:

1. Properties of Estimator 1: ̂̂Hj

1
is unbiased, consistent and

E
[∣∣∣∣̂̂Hj

1
− Hj

∣∣∣∣2
]

= O

( 1
m

)
.

2. Properties of Estimator 2: ̂̂Hj

2
is biased, consistent and

E
[∣∣∣∣̂̂Hj

2
− Hj

∣∣∣∣2
]

= O

( 1
m

+ 1
n2

)
.

3. Properties of Estimator 3: ̂̂Hj

3
is unbiased, consistent and

E
[∣∣∣∣̂̂Hj

3
− Hj

∣∣∣∣2
]

= O

( 1
m

+ 1
n

)
.

4. Properties of Estimator 4: ̂̂Hj

4
is biased, consistent and

E
[∣∣∣∣̂̂Hj

4
− Hj

∣∣∣∣2
]

= O

( 1
m

+ 1
n

)
.

The detailed proofs can be found in Appendix 3.8.5. It should be mentioned that these
developments are inspired from ideas found in a recent work by Fellmann et al. [2023].

Remark 2

It is worth noting that the assumption of bounded kernels is pretty standard in the litera-
ture related to HSIC indices especially to obtain concentration inequalities (see Theorem 4
in [Song et al., 2012]). This assumption is not very stringent as it is verified by most of the
translation-kernel kernels used in statistical applications (Gaussian kernels, exponential
kernels, Matérn kernels).

Remark 3

It should be clearly understood that a mean square (MSE) E
[∣∣∣∣̂̂Hj − Hj

∣∣∣∣2
]

equal to

O
(

1
m

)
does not mean that the MSE is asymptotically equivalent to 1

m as m → ∞. It

is only means that the MSE can be upper bounded by C
m where C is a positive constant

(which may be very large). If we had a use case for which the exact values of the indices
{Hj}1≤j≤p were known, we could have compared the convergence rates of Proposition 3
with the true convergence rates, and the latters could have been much faster. Thus, the
rates from Proposition 3 must be seen as worst-case rates.

Proposition 3 is very instructive as regards the statistical properties of the four estimators:
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• Estimator 1: It is unbiased and this is basically due to the exclusive presence of U-
statistic. The MSE decays at a rate of 1

m . In that light, it seems much smarter to take
large values for m (number of points used to estimate the expectation over Λ) rather
than n (number of points used to estimate the HSIC). However, as will be seen latter,
n cannot be taken too small, at the risk of deteriorating too much the statistical power
associated with HSIC-based tests of independence. For this reason, it is often advised
to preserve n ≥ 100.

• Estimator 2: It is biased and this bias naturally comes from the use of V-statistics
(instead of U-statistics in Estimator 1), the approximation error cannot be completely
eliminated by simply increasing m. Indeed, this bias introduced by V-statistics is
responsible for the term 1

n2 and it can only be reduced by playing on n.

• Estimators 3 and 4: Same remarks as for Estimators 1 and 2 as regards the lack/presence

of bias. Their convergence rate, namely O
(

1
m + 1

n

)
, proves to be slower than that of

Estimators 1 and 2. This pretty discredits (S2) in favor of (S1) which therefore emerges
as the best sampling strategy to reach maximum accuracy for a limited simulation
budget. That is why a) Estimators 3 and 4 are not implemented in Section 3.6 and b)
test procedures are only developed for Estimators 1 and 2 in the next section. Moreover,

if you have a look at the proof (see Appendix 3.8.5) related to
̂̂
Hj

4
it can even be proved

that the MSE is equal to O
(

1
m + 1

n + 1
n2

)
where:

– the term 1
m is due to the empirical mean over the m values of the thermal conduc-

tivity,

– the term 1
n is caused by the use of (S2),

– the term 1
n2 comes from the use of V-statistic (and the resulting bias).

In this section, a sensitivity measure adapted to the conditional GSA problem has been
put forth. The resulting sensitivity indices {Hj}1≤j≤p seem to be well-adapted to the screen-
ing of the calibration parameters since each index Hj is able to characterize the input-output

independence between Θj and f̃ (Θ,Λ). Besides, two consistent estimators have been built
and their convergence rates match classic Monte Carlo standards, which suggests that the
indices can be estimated accurately even with a small amount of simulation data. However,
just as for basic HSIC indices, the values of {Hj}1≤j≤p cannot be compared to each other
(because they may correspond to different MMD scales, especially if the calibration param-
eters are distinct variation ranges and/or are equipped with different kernels). In addition,
the decision to accept/reject Θj cannot be made on the only basis of the estimate returned

by
̂̂
Hj . To go further, a test procedure must be developed.

3.5.2 Two independence tests for parameter screening in the particular context of
conditional calibration

The objective is to develop a data-driven procedure (only based on the simulation data
Dm,n := DS1

m,n previously used for GSA) to make a decision between the following statements:

(H0) : Θj ⊥⊥ f̃ (Θ,Λ) vs. (H1) : Θj⊥̸⊥ f̃ (Θ,Λ) .

In virtue of Proposition 2, these statements may be rewritten as:

(H0) : Hj = 0 vs. (H1) : Hj > 0.

Naturally, the test statistic will be either
̂̂
Hj

1
or
̂̂
Hj

2
(see Section 3.5.1) and (H0) will be

rejected when the test statistic takes on too large a value. By too large, it is meant by greater
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than the quantile of order 1 − α (where α = 5% is the type-I error) of the distribution
̂̂
Hj

under (H0). Let Dobs
m,n denote the available dataset (obtained after N runs of the numerical

model), as opposed to Dm,n which is the associated underlying random design. The p-value
of the test is defined by:

pj = PH0

(̂̂
Hj (Dm,n) > ̂̂

Hj

(
Dobs
m,n

))
. (3.42)

Of course, its estimation cannot be considered without knowledge (even approximate) of

the distribution of
̂̂
Hj (Dm,n) under (H0). Therefore, all that remains is to determine the

distribution of
̂̂
Hj (Dm,n) under (H0).

In Section 3.3.2, it was said that the distribution of an HSIC index (under the null
hypothesis) could be approximated in three different ways:

(a) When n is very large, the HSIC (once multiplied by n) follows asymptotically a spectral
distribution [Gretton et al., 2007; Zhang et al., 2018] that can be approximated by a
Gamma distribution. Its parameters are then computed from the method of moments
(based on asymptotic formulas of the first two moments).

(b) When n is very small, the distribution of the HSIC can only be simulated with a random
permutation mechanism and the p-value is estimated with a non-parametric approach
[De Lozzo and Marrel, 2016; El Amri and Marrel, 2022].

(c) In any intermediate situation (for example when n is equal to a few hundreds), the
(discrete) distribution of the HSIC (for a fixed dataset, and after completing all possible
permutations of the output data) can again be approximated by a (continuous) Gamma
distribution. In that case, the parameters are computed from the method of moments
(based this time on non-asymptotic but still exact formulas of the first two moments
[Kazi-Aoual et al., 1995; El Amri and Marrel, 2024].

Here, the idea is trying to do the same in the particular context of
̂̂
Hj . The asymptotic

framework (a), which would be to find the asymptotic distribution of
̂̂
Hj (Dm,n) under (H0)

when both m and n tend to infinity, seems too difficult to leverage. It is left for future work.
On the opposite, the test procedures (b) and (c) can be easily adapted to our problem, as
shown in the next two sections.

Remark 4

Testing the probabilistic independence between Θj and f̃ (Θ,Λ) is not equivalent to
testing the following statement:

(H̃0) : ∀ λ ∈ DΛ, Θ ⊥⊥ f̃ (Θ, λ) .

Indeed, (H̃0) implies H0 but the reverse is false because, one has:

(H0) ⇐⇒ Θj ⊥⊥ f̃ (Θ,Λ) ⇐⇒ Hj = 0
⇐⇒ HSIC

(
Θj , f̃ (Θ,Λ)

)
= 0 a.s.

⇐⇒ ∃ D̃Λ ⊆ DΛ such that PΛ
(
D̃Λ
)

= 1 and ∀ λ ∈ D̃Λ,HSIC
(
Θj , f̃ (Θ, λ)

)
= 0

⇐⇒ ∃ D̃Λ ⊆ DΛ such that PΛ
(
D̃Λ
)

= 1 and ∀ λ ∈ D̃Λ,Θj ⊥⊥ f̃ (Θ, λ)
⇍⇒ (H̃0).
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3.5.2.1 Permutation-based test procedure

For an HSIC-based test of independence, remember that, when the sample size n becomes
too small for the asymptotic procedure to be used, the distribution of the test statistic under
the null hypothesis is simulated by means of a permutation-based mechanism (operating on
the available dataset). Here, the idea is to draw inspiration from this approach to test

(H0) : Θj ⊥⊥ f̃ (Θ,Λ) .

As described in Section 3.3.2, the idea behind the permutation method is to recompute
the HSIC estimate from a design that contains permutations of the output vector (without
permuting the inputs). In this section, we adopt this idea to simulate the test statistic Hj by
applying permutations adapted to theDm,n design (concatenation ofmmutually independent
designs {DFk,n}1≤k≤m). In this context, we apply a set of permutations τb• : (Sn)m −→ (Sn)m
to Dm,n to obtain the following permuted design:

Dτb•
m,n =

{
DΘ(k),n;Dτbk

Fk,n

}
1≤k≤m

with Dτbk
Fk,n

=
{
F
τbk(l)
k

}
1≤l≤n

,

where the random permutations {τbk}1≤k≤m are one-to-one mappings from {1 · · · , n} to
{1 · · · , n} and are applied to the designs {DFk,n}1≤k≤m. In this way, we obtain a new real-
ization of the test statistic given by:

̂̂
Hj

(
Dτb•
m,n

)
.

Therefore, by repeating this procedureBperm times, we can estimate the p-value non-parametrically
as follows:

p̂j = 1
Bperm

Bperm∑
b=1

1{̂̂
Hj(Dτb•m,n)>̂̂Hj(Dobs

m,n)
}. (3.43)

Figure 3.5 summarizes this procedure built upon Bperm × m independent random permuta-
tions. For more details on approximation by random permutation, the interested reader may
refer to De Lozzo and Marrel [2016] and El Amri and Marrel [2022].

3.5.2.2 Non-asymptotic Gamma test procedure

The non-asympotic Gamma approximation dedicated to V-statistic estimators, described in
[El Amri and Marrel, 2024] and recalled in Section 3.3.2, can be used to approximate the

probability distribution of n2̂̂Hj

2
with a Gamma distribution Γ(ãj , b̃j) without performing

any permutation. Instead, it solely relies on the first two moments of the exact permutation
distribution under the null hypothesis. To do this, the test statistic is rewritten as follows:

̂̂
Hj

2
= 1
mn2

m∑
k=1

Tr (AjkWk) , (3.44)

with

• Ajk = HLjkH being a double-centered, square symmetric matrix, where Ljk is the
Gram matrix of Θj constructed from the data DΘ(k),n,

• Wk = HLykH being a double-centered, square symmetric matrix, where Lyk is the

Gram matrix of f̃(Θ, Λ) constructed from the data DFk,n.

Using the results of Kazi-Aoual et al. [1995] and El Amri and Marrel [2024], for any 1 ≤ k ≤ m,

we can deduce the shape and scale parameters of Gamma distribution Γ
(
a

[k]
j , b

[k]
j

)
for each
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Figure 3.5: Summary diagram of the different stages of the permutation-based test procedure used
to test (H0). The input material only consists of simulation data Dm,n =

{
DΘ(k),n;DFk,n

}
1≤k≤m

to

estimate the sensitivity measures {Hj}1≤j≤p. The output results are the estimated p-values.
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term Tr (AjkWk) by the method of moments:

a
[k]
j = Eperm [Tr(AjkWk)]2

Vperm(Tr(AjkWk))
, (3.45)

b
[k]
j = Vperm(Tr(AjkWk))

Eperm [Tr(AjkWk)]
. (3.46)

Then, by calculating the mean and variance of
̂̂
Hj

2
under the permutation distribution, we

derive the shape and scale parameters of Gamma distribution Γ(ãj , b̃j) by:

ãj =
E perm
τ1,··· ,τm

(̂̂
Hj

2)2

V perm
τ1,··· ,τm

(̂̂
Hj

2) =

( m∑
k=1

a
[k]
j b

[k]
j

)2

m∑
k=1

a
[k]
j

(
b

[k]
j

)2
,

b̃j =
V perm
τ1,··· ,τm

(̂̂
Hj

2)
E perm
τ1,··· ,τm

(̂̂
Hj

2) =

m∑
k=1

a
[k]
j

(
b

[k]
j

)2

m

m∑
k=1

a
[k]
j b

[k]
j

.

(3.47)

As a result, the p-value can be approximated by:

p̂j = 1 − FΓ(̃aj , b̃j)

(̂̂
Hj

2 (
Dobs
m,n

))
, (3.48)

where FΓ(̃aj , b̃j)
(·) is the cumulative distribution function of Gamma distribution Γ(ãj , b̃j).

Figure 3.6 summarizes the scheme for estimating the shape and scale parameters of the final
Gamma distribution Γ(ãj , b̃j). See Appendix 3.8.6.1 for details of the calculations.

We have defined a new sensitivity measure that takes into account the dual-level paramet-
ric uncertainty due to the chaining between Models 1 and 2 (Figure 3.2). This (proposed)
kernel-based sensitivity measure includes the parametric uncertainty of Model 1 into the
screening process for targeting the uncertain parameters of Model 2. As already said, this
new sensitivity measure whose estimators are consistent characterizes the independence be-
tween Θj and f̃ (Θ, Λ). In our application case, the ALCYONE application (see Section
3.4.1), we are interested in screening the uncertain parameters of the fission gas behavior
model, while taking into account the uncertainty of the thermal conductivity coming from
the thermal model. Therefore, we can use this proposed measure to detect the non-influential
parameters of the fission gas behavior model conditionally on the uncertainty of the thermal
conductivity.
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Figure 3.6: Summary diagram of the different stages of the non-asymptotic Gamma test procedure
used to test (H0). The input material only consists of simulation data Dm,n =

{
DΘ(k),n;DFk,n

}
1≤k≤m

to estimate the sensitivity measures {Hj}1≤j≤p. The output results are the estimated p-values.
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3.6 Results obtained on the ALCYONE test case

The new HSIC-based measures Hj and associated independence tests are now applied to the
ALCYONE test case to identify the non-influential calibration parameters of the fission gas
behavior model taking account the uncertainty of the conductivity parameter of the thermal
model. To achieve this, the GSA methodology developed in Section 3.5 is implemented. In
particular, the following steps are carried out:

(1) A Monte Carlo design DΛ,m =
{

Λ(k)
}

1≤k≤m
(m = 20) is generated according to the

posterior distribution inferred in [Bouloré et al., 2023].

(2) The input Monte Carlo designs DΘ(1),n, · · · , DΘ(m),n (n = 200) are generated according
to the sampling strategy (S1).

(3) The output designs DF1,n, · · · , DFm,n are computed for the three different types of
output objects detailed in Section 3.4.2:

• Approach A: f̃i (θ, λ) = y (xi,θ, λ) for 1 ≤ i ≤ nexp (nexp = 40),

• Approach B: f̃ (θ, λ) = [y (xi,θ, λ)]1≤i≤nexp
,

• Approach C: f̃ (θ, λ) =
nexp∑
i=1

(
zi − y (xi,θ, λ)

σϵi

)2
.

This allows us to build the input-output designs DΘ(1),n, · · · , DΘ(m),n and the complete

dataset DS1
m,n =

{
DΘ(k)Fk,n

}
1≤k≤m

with DΘ(k)Fk,n
=
{
DΘ(k),n;DFk,n

}
.

(4) Each index Hj is estimated by means of
̂̂
Hj

1
(mean of U-statistics) or

̂̂
Hj

2
(mean of

V-statistics).

(5) The two test procedures (see Sections 3.5.2.1 and 3.5.2.2) are performed to obtain the
p-values p̂j (1 ≤ j ≤ p). The permutation-based test procedure is run for both types of

estimators, while the non-asymptotic Gamma test procedure is only run for
̂̂
Hj

2
.

(6) Decisions to accept/reject calibration parameters are made on the basis of a type-I error
α = 5%.

First, Approach A is performed for each experimental configuration {xi}1≤i≤nexp
. The

obtained p-values are shown in Figure 3.7, where the x-axis represents the RGF values ordered
by decreasing burning rate. We can see that for all nexp fuel rods, the influential calibration
parameters are Rfhbs, kα, A3, A2 and bhbs. It is worth mentioning that the parameters kv and
bgbb appear to be influential for less than a half of the RGF values. Tables 3.4 summarizes the
results from Figure 3.7 in terms of detection rates of each model parameter Θj (1 ≤ j ≤ p)

on the set of nexp RGF values. This table displays the detection rates obtained with
̂̂
Hj

1

and
̂̂
Hj

2
. The results of Approach B are then represented in Table 3.5 and we can see that

the parameters selected at the threshold α = 5% are Rfhbs, kα, A3, A2 and bgbb. By way of
comparison, Approach C which focuses on the least-squares function, selects Rfhbs, kα, A3,
A2 and bhbs, whereas bgbb is not selected (Table 3.6). This is reasonably consistent with the
results of Approach A, where this parameter is kept for 9 fuel rods having low burnup rates.
Approach B uses a tensorised kernel that scales all outputs to the same level. This could
explain why bhbs is not selected. Finally, the model parameters retained for calibration will
be Rfhbs, kα, A3, A2 and bhbs. Note that the non-asymptotic Gamma test procedure (Figure
3.6) gives almost the same results than the permutation-based test procedure. Appendix 3.8
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Figure 3.7: Summary of the results obtained when independence is tested with Approach A. On the
left (resp. right) hand side, HSIC indices are computed with U-statistic (resp. V-statistics). The
associated detection rates are given in Table 3.4.

hhhhhhhhhhhhhhhhhhhhhModel parameters

Detection rates
with U-statistic with V-statistic

Θ1 = keff 0% 0%
Θ2 =bgbb 22.5% 20%
Θ3 = kv 47.5% 47.5%
Θ4 =Fclimcoalesc 0% 0%
Θ5 =A2 95% 95%
Θ6 =A3 100% 100%
Θ7 =kα 92.5% 92.5%
Θ8 =tkthres 5% 5%
Θ9 =αbhsd 0% 0%
Θ10 =bhbs 65% 65%
Θ11 =Rfhbs 95% 95%

Table 3.4: Detection rates obtained for Approach A.

shows the superimposition of histograms

{̂̂
Hj

2 (
Dτb•
m,n

)}
1≤b≤Bperm

with Bperm = 103 (which

are obtained from the permutation-based test procedure presented in Section 3.5.2.1) and
the Gamma distribution densities Γ(ãj , b̃j) obtained by the procedure described in Section
3.5.2.2.
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hhhhhhhhhhhhhhhhhhhhModel parameters

p-values
with U-statistic with V-statistic

keff 1 1
bgbb 0 0
kv 0.01 0.015
Fclimcoalesc 1 1
A2 0 0
A3 0 0
kα 0 0
tkthres 0.968 0.974
αbhsd 1 1
bhbs 0.661 0.672
Rfhbs 0 0

Table 3.5: p-value estimates for Approach B (with the permutation-based test procedure).

hhhhhhhhhhhhhhhhhhhhModel parameters

p-values
with U-statistic with V-statistic

keff 0.999 0.999
bgbb 0.999 0.998
kv 0 0
Fclimcoalesc 1 1
A2 0 0
A3 0 0
kα 0 0
tkthres 0.881 0.912
αbhsd 1 1
bhbs 0.001 0.002
Rfhbs 0 0

Table 3.6: p-value estimates for Approach C (with the permutation-based test procedure).



94 CHAPTER 3. KERNEL-BASED PARAMETER SCREENING

3.7 Conclusions and perspectives

In this paper, we carried out a global sensitivity analysis based on HSIC indices to identify the
most influential calibration parameters of a fission gas behavior model conditionally on the
uncertainty conveyed by a parameter coming from a thermal model. We proposed a sensitivity
measure specifically adapted to the needs of the problem, and which is notably capable of
absorbing the additional uncertainty (related to the thermal conductivity). We have proposed
four estimators based on Monte Carlo sampling schemes. Despite the presence of two sampling
levels, all the estimators are consistent, and their convergence speeds are comparable to those
of classic Monte Carlo estimators, which offers the possibility of accurately estimating the
proposed sensitivity indices, even when the simulation budget is limited.

Furthermore, we managed to construct independence test procedure based on two of these
estimators. This allows us to perform the screening of calibration parameters through a data-
driven decision-making process. Since the proposed sensitivity measure has proved capable of
characterizing independence, the associated test procedure rests on a sound theoretical basis.
Thanks to the ability of HSIC to measure the dependence between two random objects
having very different mathematical natures, the sensitivity of several quantities of interest
was examined (sensitivity of the RGF for a particular experimental configuration, sensitivity
of all RGF values, sensitivity of the least-squares function). In the end, 6 of the 11 initial
parameters, namely Rfhbs, kα, A3, A2, bhbs and kv, were identified as significantly influential
and will be kept in the calibration process.

It would be interesting to extend the theoretical developments to Latin Hypercube sam-
pling (LHS) designs McKay et al. [1979] and their variants for future theoretical extensions.
We will investigate the consistency of the four estimators associated with LHS designs. Find-
ing a possible asymptotic procedure for these four estimators would also be interesting.
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3.8 Supplementary material

3.8.1 Some basic reminders on kernels

Definition 2

Let X be a separable metric space. A function K : X × X −→ R and Let us put

Kn = [K(xi, xj)]1≤i,j≤n

the associated Gram matrix. Suppose that K is symmetric (i.e, K(x, y) = K(y, x)).
Then, K is said to be:

• A positive definite kernel if Kn is positive definite. This means that:

∀ n ≥ 1, x1, · · · , xn ∈ X , ∀ c = (c1, · · · , cn)t ∈ Rn, ctKnc =
∑n
i,j=1 cicjK(xi, xj) ≥ 0.

• A strictly positive definite if Kn is strictly positive definite. This means that:

∀ n ≥ 1, x1 ̸= · · · ≠ xn ∈ X , ∀ c = (c1, · · · , cn)t ∈ Rn \ {0}, ctKnc > 0.

For any X be a separable metric space, the space of all Borel probability measures on X is
denoted by M +

1 (X ).
Definition 3

Let X be a separable metric space. A measurable and bounded kernel K is said to be
integrally strictly positive definite if

∀ ν ∈ M +
1 (X ),

∫
X

∫
X
K(x, y)dν(x)dν(y) > 0.

Definition 4

For a given kernel K : Z × Z −→ R verifying Eν [K(Z,Z)] < +∞, the kernel mean
embedding of the probability distribution ν is the function defined by:

µν : Z −→ R

z 7−→ Eν [K(z, Z)] =
∫

Z
K(z, z′)dν(z′).

K is said to be a characteristic kernel if the operator ν ∈ M +
1 (Z ) −→ µν ∈ H is

injective. This means that:

∀ (ν1, ν2) ∈ M +
1 (Z )2 , ∥µν1 − µν2∥H = 0 ⇒ ν1 = ν2,

In particular, we have

∀ ν ∈ M +
1 (Z ) , ∥µν∥2

H =
∫

Z

∫
Z
K(z, z′)dν(z)dν(z′) > 0.

With this result from the above equation, it is not surprising that there is a connection
between characteristic kernels and strictly positive defined kernels. It is shown in theorem
7 in [Sriperumbudur et al., 2010b] that there is indeed a relationship between these two
types of kernels.

Theorem 3

(Theorem 7 in [Sriperumbudur et al., 2010b]) Let K be an integrally strictly positive
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definite on a separable metric space X . Then K is characteristic.

This result suggests that for a kernel to be characteristic (a fundamental property for HSIC-
based independence testing), it is sufficient for it to be integrally strictly positive definite. In
Proposition 5.2 in [Ziegel et al., 2022], they show that a family of specific kernels is integrally
strictly positive definite (then characteristic according to Theorem 7 in [Sriperumbudur et al.,
2010b]).

Proposition 4

(Proposition 5.2 in [Ziegel et al., 2022]) Let X be a separable metric space, F a separable
Hilbert space and T : X −→ F an injective measurable map. In addition, let φ :
[0,∞) −→ R be a function such that the map kφ : Rd −→ R defined by:

∀ z, z′ ∈ Rd, kφ (z, z′) := φ
(
∥z − z′∥2

Rd
)

is a characteristic kernel. Then, the map K : X −→ R defined by:

∀ x, x′ ∈ X , K(x, x′) := φ
(
∥T (x) − T (x′)∥2

F

)
is an integrally strictly positive definite kernel.

Assumption 1

Let K(x, x′) = ψ(x− x′) where ψ is continuous and integrable function:

∀ d ≥ 1, ψ ∈ C0(Rd,R) ∩ L1(Rd).

In practice, the kernels used in the statistical learning and uncertainty quantification com-
munity (Gaussian kernels, exponential kernels, Matérn kernels, etc.) often verify Assumption
1 [Sriperumbudur et al., 2010b,a; Kanagawa et al., 2018]. In our case, we are only interested
in translation-invariant kernels that verify Assumption 1.

Definition 5

Let K : Rq × Rq −→ R (q ≥ 1) a kernel which satisfies Assumption 1. Then K is said to
be translation-invariant and there exists ψ such that:

∀ x, x′ ∈ Rq, K(x, x′) = ψ(x− x′).

The function ψ is called signature.

The following proposition gives a necessary and sufficient condition for the tensorization
of several translation-invariant kernels (satisfy Assumption 1) to be characteristic.

Proposition 5

(Proposition 8 in [Sriperumbudur et al., 2010a]) LetK be a translation-invariant kernel on
Rd and satisfies Assumption 1. Let ψ be a associated signature. Then K is characteristic
on M +

1 (Rd) if and if only the support of the Fourier transformation of ψ is equal to Rd:

supp
(
ψ̂
)

= Rd.

The Fourier transform of ψ is given by:

ψ̂(w) = 1
√

2πd
∫
Rd
e−iwtxψ(x)dx.
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3.8.1.1 Characteristic kernels for some random objects

When Y is a random vector taking values in Rq, additional work is required to obtain a char-
acteristic kernel associated with Y . In [Szabó and Sriperumbudur, 2017], it is demonstrated
that when q ≥ 3, tensorizing q characteristic kernels {kj}qj=1 generally does not guarantee
that the resulting kernel Kq = ⊗q

j=1kj is characteristic. To show that Kq remains character-
istic, we will use two propositions (Propositions 6 and 7). The first one is based is based on
the works of [Ziegel et al., 2022; Sriperumbudur et al., 2010b] to prove that the tensorization
of Gaussian kernels is still characteristic. The second one is more general result (compared
to the first one) and based on the works of [Sriperumbudur et al., 2010a] to prove that the
tensorization of translation-invariant kernels is characteristic whether the support the Fourier
Transform of the signature ψ (associated to Kq) is Rq.

Proposition 6

Let kN
1 , · · · kN

q be Gaussian kernels whose each kN
l (i.e., characteristic) is given by:

∀ x, x′ ∈ R, kN
l (x, x′) = exp

[
−1

2

(
x−x′

γl

)2
]
.

Then, the kernel Kq = ⊗q
l=1k

N
l is characteristic.

Proof : We tensorize q ≥ 1 characteristic Gaussian kernels
{
kN

1
}

1≤l≤q
and obtain:

Kq(x, x′) =
q∏

l=1
kN

l (xl, x
′
l) =

q∏
l=1

exp
(

−1
2

(
xl − x′

l

γl

)2
)

Kq(x, x′) = exp
(

−
q∑

l=1

1
2

(
xl − x′

l

γl

)2
)

= φ
(
∥T (x) − T (x′)∥2) ,

where φ : x 7→ exp(−x) and T : x 7→ 1√
2

(
x1
γ1
, · · · , xq

γq

)
is a homothety from Rq into Rq.

This is an injective operator. Therefore, according to Proposition 4 and Theorem 3, Kq is
characteristic for all q ≥ 1.

Proposition 7

Let k1, · · · kq be q translation-invariant kernels. In addition, assume that each kl verifies
Assumption 1(with d = 1) and characteristic. Then the kernel Kq = ⊗q

l=1kl is characte-
ristic.

Proof : We start again with the tensorization of the q translation-invariant kernels:

Kq = ⊗q
j=1kj .

Furthermore, we have:

∀ 1 ≤ l ≤ q, ∃ ψl ∈ C0(R,R) ∩ L1(R) : kl(xl, x
′
l) = ψl(xl − x′

l).

Thus, the tensorized kernel Kq is equal to the tensorization of the signatures {ψl}1≤l≤q:

∀ x, x′ ∈ Rq, Kq (x, x′) =
q∏

l=1
ψl(xl − x′

l) =: ψ(x, x′),

where
ψ : Rq × Rq −→ R

(x, x′) 7−→ ψ(x, x′) =
q∏

l=1
ψl(xj − x′

l).
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It remains to show that a) ψ̂ =
q∏

l=1
ψ̂l, b) each ψ̂l has support R and c) ψ̂ has support Rq.

This proves that the tensorized kernel is characteristic. Let us prove a) and b). Let w ∈ Rq:

ψ̂(w) = 1
√

2πq

∫
Rq

e−iwtxψ(x)dx =
∫
Rq

q∏
l=1

(
1√
2π

e−iwlxlψl(xl)dxl

)
.

Now, for all 1 ≤ l ≤ q the function xl 7−→ 1√
2π
e−iwlxlψl(xl) is integrable with respect to the

Lebesgue measure on R. In fact, one has:

∀ wl ∈ R,
∫
R

∣∣∣∣ 1√
2π
e−iwlxlψl(xl)

∣∣∣∣ dxl ≤ 1√
2π

∫
R

|ψl(xl)| dxl = 1√
2π

∥ψl∥L1(R) < ∞

according Assumption 1. The Fourier transform of ψl:

∀ wl ∈ R, ψ̂l(wl) =
∫
R

1√
2π

e−iwlxlψl(xl)dxl

exists. Then by Proposition 5 (with d = 1), one has:

supp
(
ψ̂l

)
= R.

In addition, by Fubini’s theorem, one has:

ψ̂(w) =
q∏

l=1

∫
R

1√
2π

e−iwlxlψl(xl)dxl =
q∏

l=1
ψ̂l(wl).

Then we have:

ψ̂ =
q∏

l=1
ψ̂l and ∀ w ∈ Rq, ψ̂(w) =

q∏
l=1

ψ̂l(w) ⇒ supp
(
ψ̂
)

=
q∏

l=1
supp

(
ψ̂l

)
= Rq.

According to Proposition 5 (with d = q), Kq is characteristic.

3.8.2 U-statistics and V-statistics estimators

Definition 6

(U-statistics and V-statistics). Let Z1, · · · , Zn′ be n′ ≥ 2 independent variables following
the same distribution PZ defined on Z . Consider the following quantity:

ζ := EP⊗n′
Z

[η (Z1, · · · , Zn′)] =
∫

Z
· · ·
∫

Z
η (z1, · · · , zn′) dPZ(z1) · · · dPZ(zn′),

where η is any function, called kernel, assumed to be symmetric. If η is not symmetric,
it can be replaced by a symmetric version given by:

∀ (z1, · · · , zn′), η̃(z1, · · · , zn′) = 1
n′!

∑
σ∈Sn′

η(zσ(1), · · · , zσ(n′)). (3.49)

The expectation obtained with η̃ is indeed equal to that obtained with η:

EP⊗n′
Z

[η̃(Z1, · · · , Zn′)] = 1
n′!

∑
σ∈Sn′

EP⊗n′
Z

[
η(Zσ(1), · · · , Zσ(n′))

]
= EP⊗n′

Z

[η(Z1, · · · , Zn′)] .

The vectors (Z1, · · · , Zn′) and (Zσ(1), · · · , Zσ(n′)) follow that the same distribution (any
σ ∈ Sn′). In all that follow, we will assume that η is not necessarily symmetric and we will
use η̃ to recall the formulas for the U-statistics and V-statistics, as well as the formulas
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for the HSIC indices. U-statistic estimator of ζ obtained on a sample (Z(1), · · · , Z(n)) of
size n ≥ n′ is defined by:

ζ̂U =
(
n
n′

)−1 ∑
i∈I n′

n

η̃
(
Z(i1), · · · , Z(in′ )

)
, (3.50)

where

I n′
n = {i := (i1, · · · , in′) : 1 ≤ i1 ̸= i2 · · · ≠ in′ ≤ n} and

(
n
n′

)
= n!

n′!(n−n′)! .

The von Mises statistic associated to the above U-statistic, also commonly called V-
statistic, for estimation of ζ is given by:

ζ̂V = 1
nn′

∑
i∈J n′

n

η̃
(
Z(i1), · · · , Z(in′ )

)
, (3.51)

where
J n′

n := {(i1, · · · , in′) : 1 ≤ i1, · · · , in′ ≤ n}.

ζ̂U is unbiased whereas ζ̂V is biased. This can be understood very easily. Indeed, in
Equation (3.50), because of the constraint i ∈ I n′

n (which ensures i1 ̸= i2 ̸= . . . ̸= in′),

the expectation of each term η̃
(
Z(i1), · · · , Z(in′ )

)
is exactly equal to ζ. On the contrary,

the additional terms involved in the V-statistic violate the constraint i ∈ I n′
n and their

expectations are not equal to ζ (in general). This is the reason why ζ̂V is biased while ζ̂U

is not. For more details on these two estimators (see Chapters 5 and 6 in [Serfling, 1980]).

Lemma 1

(Lemma A of Section 5.2.1, [Serfling, 1980]). The variance of η̂U is bounded:

0 ≤ V
(
ζ̂U
)

≤ n′

n
V (η̃ (Z1, · · · , Zn′)) . (3.52)

Moreover, when n tends to infinity, the variance V
(
ζ̂U
)
tends to 0.

Lemma 2

(Lemma of Section 5.7.3, [Serfling, 1980]). Let r ∈ N⋆ and suppose that

∀ i ≤ i1, · · · , in′ ≤ n′, EP⊗n′
Z

(∣∣∣η (Zi1 , · · · , Zin′

)∣∣∣r) < ∞.

Then, we have:

E
[
|ζ̂U − ζ̂V|r

]
= O(n−r). (3.53)

We would like to know the expression of the constant (as a function of η̃) behind O(n−r) in
Equation (3.53). To achieve this, we first propose a bound for the difference of η̂U − η̂V in Lr

norm in the following proposition:

Proposition 8

Under same assumptions than Lemma 2, one has:

∀ r ∈ N⋆, E
[∣∣∣ζ̂U − ζ̂V

∣∣∣r] ≤
(
n′(n′−1)

n

)r
C(r, η̃), (3.54)

with
C(r, η̃) := max

1≤i1,··· ,in′ ≤n′
E
[
|η̃(Zi1 , · · · , Zin′ )|r

]
. (3.55)
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Proof : To prove Proposition 8, we will follow the different steps proposed by [Serfling, 1980] to
establish Equation (3.53) and we give all details. First, we will show the following equality:

nn′
(η̂U − η̂V) = (nn′

− (n)n′)(η̂U −Wn), (3.56)

where

(n)n′ := m!
(
n
n′

)
= n!

n′!(n−n′)! = n!
(n−n′)! = n(n− 1) · · · (n− n′ + 1),

and Wn is the average of all terms η(Zi1 , · · · , Zin′ ) with at least one equality ia = ib, a ̸= b.
Then we will show that:

(nn′
− (n)n′) = O(nn′−1), (3.57)

to finally obtain (3.54). To establish (3.56), we begin to define the following set:

E n′

n :=
{

i = (i1, · · · , in′) ∈ {1, · · · , n}n′
: ∃ (a, b) ∈ {1, · · · ,m}2 such that ia = ib and a ̸= b

}
,

and its cardinal is equal to:

Card
(
E n′

n

)
= Card

(
{1, · · · , n}n′)

− Card ({1 ≤ i1 ̸= i2 · · · ̸= in′ ≤ n})

= nn′
− n′!

(
n
n′

)
= nn′

− (n)n′ ,

Furthermore, we have the following equality:

nn′
ζ̂V =

∑
i∈J n′

n

η̃
(
Z(i1), · · · , Z(in′ )

)
=

∑
1≤i1 ̸=i2···̸=in′ ≤n

η
(
Z(i1), · · · , Z(in′ )

)
+

∑
(i1,··· ,in′ )∈E n′

n

η
(
Z(i1), · · · , Z(in′ )

)
= n′!

∑
1≤i1<i2···<in′ ≤n

η
(
Z(i1), · · · , Z(in′ )

)
+

∑
(i1,··· ,in′ )∈E n′

n

η
(
Z(i1), · · · , Z(in′ )

)
= (n)n′ ζ̂U +

(
nn′

− (n)n′

) 1
nn′ − (n)n′

∑
(i1,··· ,im)∈E n′

n

η
(
Z(i1), · · · , Z(in′ )

)
= (n)n′ ζ̂U +

(
nn′

− (n)n′

)
Wn,

with

Wn := 1
nn′ − (n)n′

∑
(i1,··· ,in′ )∈E n′

n

η
(
Z(i1), · · · , Z(in′ )

)
.

Then, we have:

nn′
ζ̂V = (n)n′ ζ̂U +

(
nn′

− (n)n′

)
Wn

nn′
(
ζ̂U − ζ̂V

)
= nn′

ζ̂U − (n)n′ ζ̂U −
(
nn′

− (n)n′

)
Wn

nn′
(
ζ̂U − ζ̂V

)
=
(
nn′

− (n)m

)(
ζ̂U −Wn

)
, (3.58)

Then, Equation (3.56) is satisfied. Let us now show Equality (3.57). This can be done by
recurrence. For n′ = 1, we have:

nn′
− (n)n′ = n− n = 0 = O(1). (3.59)

Let us assume that the result is true for n′ ≥ 1 and let us show that the result remains at for
order n′ + 1.

nn′
− (n)n′ = O(nn′−1) ⇐⇒ ∃ Cn′ > 0 : ∀ n ≥ 1, nn′

− (n)n′ ≤ Cn′nn′−1.
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At order n′ + 1, one has:

nn′+1 − n(n′+1) = n(n′+1) − n(n− 1)(n− 2) · · · (n− n′)

= n
[
nn′

− (n− 1)(n− 1)(n− 2) · · · (n− n′
]

= n
[
nn′

− (n)n′ + (n)n′ − (n− 1)(n′)

]
. (3.60)

On the one hand, since the result is assumed to hold at order n′, one has:

nn′
− (n)n′ ≤ Cn′nn′−1. (3.61)

And the other,one has:

(n)n′ − (n− 1)n′ = n(n− 1)(n− 2) · · · (n− n′ + 1) − (n− 1)(n− 2)(n− 3) · · · (n− 1 + n′ + 2)(n− 1 − n′ + 1)
= (n− 2)(n− 3) · · · (n− n′ + 1) [n− (n− n′)]
= (n− 2)(n− 3) · · · (n− n′ + 1)n′

≤ nn′−1n′, (3.62)

because all n′ − 1 factors of (n− 2)(n− 3) · · · (n− n′ + 1) are less than n. By injecting (3.61)
and (3.62) into (3.60), we obtain:

nn′+1 − (n)n′+1 ≤ (n′ + Cn′)nn′−1 =: Cn′+1n
n′−1

By recursion, we have the following relationship between the constants Cn′ :

Cn′+1 = n′ + Cn′ = n′ + (n′ − 1) + Cn′−1 = n′ + (n′ − 1) + (n′ − 2) + · · · + 1 + C1,

and C1 = 0 according to Equation (3.59). Then, we have:

Cn′+1 =
n′∑

k=1
k = (n′ + 1)n′

2 . (3.63)

Therefore, we obtain:

nn′
− (n)n′ ≤ (n′ − 1)n′

2 nn′−1, ∀ n′ ≥ 1. (3.64)

Note that, Equations (3.56) and (3.57) established, let us now show how to obtain Equation
(3.54). For r ∈ N⋆, it was assumed that:

∀ 1 ≤ i1, · · · , in′ ≤ n′, EP⊗n′
Z

[∣∣η (Zi1 , · · · , Zin′

)∣∣r] < ∞.

Therefore, the following quantity is well-defined:

C(r, η̃) = max
1≤i1,··· ,in′ ≤n′

E
[∣∣η̃(Zi1 , · · · , Zin′ )

∣∣r] < ∞.

In addition, by combining (3.58) and (3.61), we obtain(
ζ̂U − ζ̂V

)
≤ Cn′n−1(ζ̂U −Wn)∣∣∣ζ̂U − ζ̂V

∣∣∣r ≤
(
Cn′

n

)r ∣∣∣ζ̂U −Wn

∣∣∣r
E
[∣∣∣ζ̂U − ζ̂V

∣∣∣r] ≤
(
Cn′

n

)r

E
[∣∣∣ζ̂U −Wn

∣∣∣r] . (3.65)

Using the triangle inequality for ∥ • ∥Lr (t 7→ tr an increasing function on [0, +∞)) gives:

E
[∣∣∣ζ̂U −Wn

∣∣∣r] =
∥∥∥ζ̂U −Wn

∥∥∥r

Lr

≤
(

∥ζ̂U∥Lr + ∥Wn∥Lr

)r

.
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The convexity of t ∈ [0, +∞) 7→ tr allows us to write:(
∥ζ̂U∥Lr + ∥Wn∥Lr

)r

≤ 2r−1
(

∥ζ̂U∥r
Lr + ∥Wn∥r

Lr

)
.

Therefore, one can write:

E
[∣∣∣ζ̂U −Wn

∣∣∣r] ≤ 2r−1
(
E
[
|ζ̂U|r

]
+ E [|Wn|r]

)
. (3.66)

Moreover, one has:

∣∣∣ζ̂U∣∣∣r ≤

(n
n′

)−1 ∑
i∈I n′

n

∣∣∣η (Z(i1), · · · , Z(in′ )
)∣∣∣
r

≤
(
n
n′

)−1 ∑
i∈I n′

n

∣∣∣η (Z(i1), · · · , Z(in′ )
)∣∣∣r .

This last inequality is obtained by applying Jensen’s inequality in the discrete case to the
convex function t ∈ [0, +∞[ 7→ tr at the points

ti :=
∣∣∣η (Z(i1), · · · , Z(im)

)∣∣∣
with the weights:

ai :=
(
n
n′

)−1
knowing that

∑
i∈I n′

n

ai = 1.

Thus, we have:

E
[∣∣∣ζ̂U∣∣∣r] ≤

(
n
n′

)−1 ∑
i∈I n′

n

E
[∣∣∣η (Z(i1), · · · , Z(in′ )

)∣∣∣r]

≤
(
n
n′

)−1 ∑
i∈I n′

n

EP⊗n′
Z

[∣∣η (Zi1 , · · · , Zin′

)∣∣r]
≤ EP⊗n′

Z

[∣∣η (Zi1 , · · · , Zin′

)∣∣r] ≤ C(r, η̃). (3.67)

With the same arguments as for (3.67), it can be show that:

E [|Wn|r] ≤ C(r, η̃). (3.68)

Injecting Equations (3.67) and (3.68) in (3.66), leads to:

E
[∣∣∣ζ̂U −Wn

∣∣∣r] ≤ 2rC (r, η̃) . (3.69)

Finally, bringing together Equations (3.65) and (3.69) give:

E
[∣∣∣ζ̂U − ζ̂V

∣∣∣r] ≤
(
Cn′

n

)r

2rC(r, η̃)

≤
(
n′(n′ − 1)

n

)r

C(r, η̃).

3.8.2.1 Case of HSIC index estimation between X and Y

Let Kx and Ky be two kernels associated with X and Y and defined on X × X and Y × Y
respectively. The HSIC index between the random variables X and Y is defined by:

HSIC(X,Y) = E [Kx(X1, X2)Ky(Y1, Y2)] + [Kx(X1, X2)]E [Ky(Y1, Y2)] − 2E [Kx(X1, X2)Ky(Y1, Y3)] ,
(3.70)
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with Z1 = (X1, Y1), Z2 = (X2, Y2) and Z3 = (X3, Y3) are three independent copies of the
vector

Z = (X,Y ) ∼ PZ = PXY .

Note that the HSIC can be rewritten as a single expectation:

HSIC(X,Y ) = E[Kx(X1, X2)Ky(Y1, Y2)+Kx(X1, X2)Ky(Y3, Y4)
− 2Kx(X1, X2)Ky(Y1, Y3)],

where Z1 = (X1, Y1), Z2 = (X2, Y2), Z3 = (X3, Y3) and Z4 = (X4, Y4) are four independent
copies of Z. Finally, HSIC(X,Y ) is the expectation of function η under the distribution P⊗4

Z :

HSIC(X,Y ) = EP⊗4
Z

[η(Z1, Z2, Z3, Z4)] , (3.71)

with η being defined by:

η : Z× Z× Z× Z −→ R
(z1, z2, z3, z4) 7−→ Kx(x1, x2)Ky(y1, y2) +Kx(x1, x2)Ky(y3, y4)

−2 Kx(x1, x2)Ky(y1, y3),
(3.72)

with Z = X × Y and zi = (xi, yi), 1 ≤ i ≤ 4. The functions Kx and Ky are symmetric, but
the function η is not, so we need to symmetrize η before applying formulas (3.50) and (3.51).
So we define the symmetrized version of η according to Equation (3.49) (with n′ = 4):

η̃(z1, z2, z3, z4) = 1
4!
∑
σ∈S4

η(zσ(1), zσ(2), zσ(3), zσ(4)). (3.73)

Then, the expressions of ζ̂U and ζ̂V are given respectively by:

ζ̂U =
(
n
n′

)−1 ∑
1≤i1<···<i4≤n

η̃
(
Z(i1), · · · , Z(i4)

)
,

ζ̂V = 1
n4

∑
1≤i1,··· ,i4≤n

η̃
(
Z(i1), · · · , Z(i4)

)
.

The expressions of these estimators (ζ̂U and ζ̂V) with kernels Kx and Ky (see Appendix C.2
in [Sarazin et al., 2023]) are given respectively by:

ζ̂U := 1
(n)2

∑
(l,l′)∈I 2

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (l), Y (l′)

)
+ 1

(n)4

∑
(l,l′,t,t′)∈I 4

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (t), Y (t′)

)
− 2 1

(n)3

∑
(l,l′,t)∈I 3

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (l), Y (t)

)
, (3.74)

ζ̂V := 1
n2

∑
(l,l′)∈J 2

n

Kx

(
X(l), X(l′)

)
Kya

(
Y (l), Y (l′)

)
+ 1
n4

∑
(l,l′,t,t′)∈J 4

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (t), Y (t′)

)
− 2 1

n3

∑
(l, l′, t)∈J 3

n

Kx

(
X(l), X(l′)

)
Ky

(
Y (l), Y (t)

)
. (3.75)
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Proposition 9

If variables Z1, · · · , Zm are independent and have the same distribution, then we have:

E

( 1
m

m∑
k=1

Zk

)2
 = 1

m
E
[
Z2

1

]
+ m− 1

m
(E [Z1])2 . (3.76)

The proof is straightforward.

3.8.3 Supplementary material for Section 3.5

Lemma 3

(Lemma 1 in [Herin et al., 2022]) Let X = (X1, · · · , Xp)t be random input vector mutually
independent and f(X) ∈ L2 (PX) be a model. One has, ∀ 1 ≤ j ≤ p,

Tj = 1 − V(E[f(X)|X−j ])
V(f(X)) = 0 ⇐⇒ f(X) = h(X−j) almost surely (a.s.),

where the measurable function h(X−j) = E [f(X) | X−j ].

The proof of Lemma 3 can be found in Appendix B in [Herin et al., 2022]. We recall that the
nullity of Tj is equivalent to independence between Xj and f(X). Thus, the result of Lemma
3 can be rewritten as follows:

Xj ⊥⊥ f(X) ⇐⇒ f(X) = h(X−j) a.s. (3.77)

Consequently, when we use Lemma 3 in what follows, we refer to the equivalence of Equation
(3.77).

3.8.4 Proof of Proposition 2

Proof : First, let us examine the case where the support of f̃(Θ, Λ) is included in R. The objective
is to prove that:

Hj = 0 ⇐⇒ Θj ⊥⊥ f̃(Θ, Λ). (3.78)

We start with Hj = EΛ(Hj(Λ)) = 0 and we aim to show that Θj ⊥⊥ f̃(Θ, Λ). As the HSIC
is non-negative, one has:

EΛ(Hj(Λ)︸ ︷︷ ︸
≥0

) = 0 ⇐⇒ Hj(Λ) = 0 a.s. (3.79)

⇐⇒ ∃ D̃Λ ⊆ DΛ such that PΛ(D̃Λ) = 1 and ∀ λ ∈ D̃Λ, Hj(λ) = 0. (3.80)

On the other hand, the HSIC nullity is equivalent to independence. Hence, one has:

∀ λ ∈ D̃Λ, Θj ⊥⊥ f̃(Θ, λ). (3.81)

Using Lemma 3 for each ∀ λ ∈ D̃Λ, one has:

∃ h : f̃(Θ, λ) = h(Θ−j , λ) a.s., (3.82)

where h(Θ−j , λ) = E
(
f̃(Θ, λ) | Θ−j

)
. Furthermore, one has the following equivalence:

f̃(Θ, λ) = h(Θ−j , λ) a.s. ⇐⇒ ∃ D̃λ
Θ ⊆ DΘ such that PΘ(D̃λ

Θ) = 1
and ∀ θ ∈ D̃λ

Θ, f̃(θ, λ) = h(θ−j , λ).
(3.83)

In short, Equations (3.82) and (3.81) may be summarized as follows:

∀ λ ∈ D̃Λ, Hj(λ) = 0 ⇐⇒ Θj ⊥⊥ f̃(Θ, λ) ∀ λ ∈ D̃Λ ⇐⇒ f̃(Θ, λ) = h(Θ−j , λ) a.s.
(3.84)
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To prove independence between Θj and f̃ (Θ,Λ), it is sufficient to check that:

E
[
φ(Θj)ψ(f̃(Θ,Λ)

)
] = E [φ(Θj)]E

[
ψ(f̃(Θ, Λ)

]
, (3.85)

for all bounded Borelian functions φ and ψ. Let φ and ψ be two bounded Borelians functions.
The equality between the joint and marginal expectations can be proved by the following way:

E
[
φ(Θj)ψ(f̃(Θ,Λ)

]
=
∫

DΛ×DΘ

φ (θj)ψ
(
f̃(θ, λ)

)
dPΘ(θ)dPΛ(λ)

=
∫

DΛ

(∫
DΘ

φ(θj)ψ
(
f̃(θ, λ)

)
dPΘ(θ)

)
dPΛ(λ) with Fubini’s theorem

=
∫

D̃Λ

(∫
DΘ

φ(θj)ψ(f̃(θ, λ))dPΘ(θ)
)
dPΛ(λ) since P

(
D̃Λ

)
= 1

=
∫

D̃Λ

(∫
D̃λ

Θ

φ(θj)ψ(h(θ−j , λ))dPΘ(θ)
)
dPΛ(λ) since P

(
D̃λ

Θ

)
= 1

=
∫

D̃Λ

(∫
D̃λ

Θ

φ(θj)ψ(h(θ−j , λ))dPΘj
(θj)dPΘ−j

(θ−j)
)
dPΛ(λ) since Θj ⊥⊥ Θ−j .

In addition, for each λ ∈ D̃Λ, one has:∫
D̃λ

Θ

φ(θj)ψ(h(θ−j , λ))dPΘj (θj)dPΘ−j (θ−j) =
∫

DΘ

φ(θj)ψ(h(θ−j , λ))dPΘj (θj)dPΘ−j (θ−j)

=
∫

DΘj
×DΘ−j

φ(θj)ψ(h(θ−j , λ))dPΘ−j
(θj)dPΘ−j (θ−j)

=
(∫

DΘj

φ(θj)dPΘj
(θj)

)(∫
DΘ−j

ψ(h(θ−j , λ))dPΘ−j
(θ−j)

)
.

Furthermore, one has:

∫
DΘ−j

ψ(h(θ−j , λ))dPΘ−j
(θ−j) =


∫

DΘj

dPΘj
(θj)︸ ︷︷ ︸

=1


(∫

DΘ−j

ψ(h(θ−j , λ))dPΘ−j
(θ−j)

)

=
∫

DΘj
×DΘ−j

ψ(h(θ−j , λ))dPΘ−j
(θ−j)dPΘj

(θj) by Fubini’s theorem.

Hence, one has:

E
[
φ(Θj)ψ(f̃(Θ,Λ)

]
=
∫

D̃Λ

(∫
D̃λ

Θ

φ(θj)ψ(h(θ−j , λ))dPΘj (θj)dPΘ−j (θ−j)
)
dPΛ(λ)

=
∫

D̃Λ

[(∫
DΘj

φ(θj)dPΘj
(θj)

)(∫
DΘ−j

ψ(h(θ−j , λ))dPΘ−j
(θ−j)

)]
dPΛ(λ)

=
(∫

DΘj

φ(θj)dPΘj
(θj)

)
×
∫

D̃Λ

[∫
DΘj

×DΘ−j

ψ(h(θ−j , λ))dPΘ−j
(θ−j)dPΘj

(θj)
]
dPΛ(λ)

= E [φ(Θj)]E [h(Θ,Λ)] = E [φ(Θj)]E
[
f̃(Θ,Λ)

]
.

Then Θj and f̃(Θ, Λ) are independent.

Let us now the reverse statement. It is assumed that Θj ⊥⊥ f̃(Θ,Λ) and the objective is
to prove that EΛ [Hj(Λ)] = 0.

EΛ [Hj(Λ)] = E
[
Kj

(
Θj ,Θ′

j

)
Ky

(
f̃(Θ,Λ), f̃ (Θ′,Λ)

)]
+ E

[
Kj

(
Θj ,Θ′

j

)]
E
[
Ky

(
f̃(Θ,Λ), f̃ (Θ′,Λ)

)]
− 2E

[
Kj

(
Θj ,Θ′

j

)
Ky

(
f̃(Θ, Λ), f̃ (Θ′′,Λ)

)]
.
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We aim to prove that:

E
[
Kj

(
Θj ,Θ′

j

)
Ky

(
f̃(Θ,Λ), f̃ (Θ′,Λ)

)]
= E

[
Kj

(
Θj ,Θ′

j

)]
E
[
Ky

(
f̃(Θ,Λ), f̃ (Θ′,Λ)

)]
.

By hypothesis, one has:

Θj ⊥⊥ f̃ (Θ,Λ) and Θ′
j ⊥⊥ f̃ (Θ′,Λ) .

In addition, one has:
Θ ⊥⊥ Θ′ ⊥⊥ Λ.

Hence, one has:[
Θ
Θ′

]
⊥⊥

[
f̃ (Θ,Λ)
f̃ (Θ′,Λ)

]
⇒ Kj

(
Θj ,Θ′

j

)
⊥⊥Ky

(
f̃(Θ,Λ), f̃ (Θ′,Λ)

)
.

Hence, the desired equality. Proceed in the same way for the other terms. As a result, we
obtain:

EΛ [Hj(Λ)] = 0.

Remark 5

When f̃(Θ,Λ) =
{
f̃l(Θ,Λ)

}
1≤l≤q

and each gl(Θ,Λ) ∈ R, we can show the following

equivalence
Hj = 0 ⇐⇒ Θj ⊥⊥ f̃(Θ,Λ).

by component-by-component argument. More precisely, starting with Hj = 0:

Hj = 0 ⇒ ∃ D̃Λ ⊆ DΛ such that PΛ(D̃Λ) = 1 and ∀ λ ∈ D̃Λ, Θj ⊥⊥ f̃(Θ, λ) ⇒ Θj ⊥⊥ f̃l(Θ, λ).
∀ 1 ≤ l ≤ q.

Thus, the following steps can be taken:

1. for each 1 ≤ l ≤ q, use Lemma 3 to obtain the measurable function hl:

hl (Θ−j , λ) = f̃l(Θ, λ) a.s. ⇐⇒ ∃ D̃λ
Θ,l ⊆ DΘ such that PΘ(D̃λ

Θ,l) = 1
and ∀ θ ∈ D̃λ

Θ,l, f̃l(θ, λ) = hl(θ−j , λ).

2. Take ∀ λ ∈ D̃Λ, D̃λ
Θ := ∩ql=1D̃

λ
Θ,l ⊆ DΘ with PΘ

(
D̃λ

Θ

)
= 1 (because the intersection

of almost surely events remains almost surely.)

3. Let us put h(·, λ) := {hl(·, λ)}1≤l≤q, ∀ λ ∈ D̃Λ. Then, one has:

∀ θ ∈ D̃λ
Θ, f̃ (θ, λ) = h (θ, λ) .

4. We continue the proof from Equation (3.85).

The reverse statement is obtained in the same way for q = 1.

3.8.5 Proof of Proposition 3

For a fixed value of λ, the HSIC index is given by:

Hj(λ) = E
Θ1Θ2

[
Kj

(
Θ1
j ,Θ2

j

)
Ky

(
f̃(Θ1, λ), f̃

(
Θ2, λ

))]
+ E

Θ1Θ2

[
Kj

(
Θ1
j ,Θ2

j

)]
E

Θ3Θ4

[
Ky

(
f̃(Θ3, λ), f̃

(
Θ4, λ

))]
− 2E

Θ1Θ2Θ3

[
Kj

(
Θ1
j ,Θ2

j

)
Ky

(
f̃(Θ1, λ), f̃

(
Θ3, λ

))]
, (3.86)
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where Θ1,Θ2,Θ3 and Θ4 are four independent copies of Θ. In the light of what was done
in Section 3.8.2.1, Hj(λ) can written as a single expectation:

Hj(λ) = E
Θ1Θ2Θ3Θ4

[
η̃λ
(
Θ1,Θ2,Θ3,Θ4

)]
, (3.87)

where

η̃λ
(
θ1, θ2, θ3, θ4

)
:= 1

4!
∑
σ∈S4

ηλ
(
θσ(1), θσ(2), θσ(3), θσ(4)

)
. (3.88)

and

ηλ : DΘ × DΘ × DΘ×DΘ −→ R

(θ1, θ2, θ3, θ4) 7−→Kj

(
θ1
j , θ

2
j

)
Ky

(
f̃
(
θ1, λ

)
, f̃
(
θ2, λ

))
+Kj

(
θ1
j , θ

2
j

)
KyKy

(
f̃
(
θ3, λ

)
, f̃
(
θ4, λ

))
− 2Kj

(
θ1
j , θ

2
j

)
Ky

(
f̃
(
θ1, λ

)
, f̃
(
θ3, λ

))
. (3.89)

The assumption of bounded kernels implies that:

∃ Mj > 0 : ∀
(
θj , θ

′
j

)
∈ D2

Θj
,
∣∣∣Kj

(
θj , θ

′
j

)∣∣∣ ≤ Mj < ∞, (3.90)

∃ My > 0 : ∀
(
y, y′) ∈ D2

Y ,
∣∣Ky

(
y, y′)∣∣ ≤ My < ∞. (3.91)

Consequently, the functions ηλ and η̃λ are also bounded:

∀ λ ∈ DΛ, ∀
(
θ1, θ2, θ3, θ4

)
∈ D4

Θ,
∣∣∣ηλ (θ1, θ2, θ3, θ4

)∣∣∣ ≤ 4MjMy, (3.92)

∀ λ ∈ DΛ, ∀
(
θ1, θ2, θ3, θ4

)
∈ D4

Θ,
∣∣∣η̃λ (θ1, θ2, θ3, θ4

)∣∣∣ ≤
∣∣∣ηλ (θ1, θ2, θ3, θ4

)∣∣∣ ≤ 4MjMy.

(3.93)

According to (3.93), the variance of η̃λ
(
Θ1,Θ2,Θ3,Θ4) is bounded:

V
(
η̃λ
(
Θ1,Θ2,Θ3,Θ4

))
≤ 16M2

jM
2
y . (3.94)

Still according to (3.93), the constant C(r, η̃) of Proposition 8 is finite:

∀ r ∈ N⋆ , C(r, η̃) = max
1≤i1,i2,i3,i4≤4

E
[∣∣∣η̃λ (Θi1 ,Θi2 ,Θi3 ,Θi4

)∣∣∣r] ≤ (4MjMy)r . (3.95)

3.8.5.1 Consistency of Estimator 1

We begin by showing that Estimator 1 is unbiased.

E
[̂̂
Hj

1]
= 1
m

m∑
k=1

ĤU
j

(
DΘ(k)Fk,n

)
with DΘ(k)Fk,n

= {D(k)
Θ,n;Fk}

= E
[
ĤU
j (DΘF,n)

]
as the designs

{
DΘ(k)Fk,n

}
≤k≤m

are i.i.d.

= EΛ
[
EDΘ,n

[
ĤU
j (DΘF,n) | Λ

]]
= EΛ

[
EDΘ,n

[
ĤU
j (DΘF,n)

]]
since Λ ⊥⊥DΘ,n.

For a fixed value λ ∈ DΛ, Ĥ
U
j (DΘF,n) is simply a U-statistic estimator of HSIC (Θj , F ) and

is therefore unbiased:

EDΘ,n

[
ĤU
j (DΘF,n)

]
= Hj (λ) .

Finally, we have:

E
[̂̂
Hj

1]
= EΛ [Hj (Λ)] = Hj .
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Now, let us address the question of convergence of square mean. It is only a matter of
founding an appropriate upper bound for the mean square error.

E
[(̂̂

Hj

1
− Hj

)2]
= V

(̂̂
Hj

1)
as
̂̂
Hj

1
is unbiased

= 1
m
V
(
ĤU
j (DΘF,n)

)
as the designs

{
DΘ(k)Fk,n

}
1≤k≤m

are i.i.d.

The total variance formula yields:

E
[(̂̂

Hj

1
− Hj

)2]
= 1
m

(
VΛ

(
EDΘ,n

[
ĤU
j (DΘF,n) | Λ

])
+ EΛ

[
VDΘ,n

(
ĤU
j (DΘF,n) | Λ

)])
(3.96)

= 1
m

(
VΛ

(
EDΘ,n

[
ĤU
j (DΘF,n)

])
+ EΛ

[
VDΘ,n

(
ĤU
j (DΘF,n)

)])
, (3.97)

because Λ ⊥⊥DΘ,n. In addition, one has:

EDΘ,n

[
ĤU
j (DΘF,n)

]
= Hj(Λ). (3.98)

Applying the result of Equation (3.52) to ĤU
j (DΘF,n) and then applying the result of Equa-

tion (3.94), we finally obtain:

V
(
ĤU
j (DΘF,n)

)
≤ 4
n

×
(
16M2

jM
2
y

)
. (3.99)

Therefore, we have:

EΛ
[
VDΘ,n

(
ĤU
j (DΘF,n)

)]
≤

64M2
jM

2
y

n
(3.100)

VΛ
(
EDΘ,n

[
ĤU
j (DΘF,n)

])
= V (Hj(Λ)) ≤ 16M2

jM
2
y . (3.101)

Injecting (3.100) and (3.101) into (3.97), leads to:

E
[(̂̂

Hj

1
− Hj

)2]
≤

16M2
jM

2
y + 64M2

jM
2
y

n

m
= O

( 1
m

)
. (3.102)

3.8.5.2 Consistency of Estimator 2

We begin by showing that Estimator 2 is biased.

E
[̂̂
Hj

2]
= 1
m

m∑
k=1

ĤV
j

(
DΘ(k)Fk,n

)
= E

[
ĤV
j (DΘF,n)

]
as the designs

{
DΘ(k)Fk,n

}
≤k≤m

are i.i.d

= EΛ
[
EDΘ,n

[
ĤV
j (DΘF,n) | Λ

]]
= EΛ

[
EDΘ,n

[
ĤV
j (DΘF,n)

]]
since Λ ⊥⊥DΘ,n.

For a fixed value λ ∈ DΛ, Ĥ
V
j (DΘF,n) is simply a V-statistic estimator of HSIC (Θj , F ) and

is therefore biased:

EDΘ,n

[
ĤV
j (DΘF,n)

]
̸= Hj (λ) .

Finally, we have:

E
[̂̂
Hj

2]
̸= Hj .

Let us now show the convergence in square mean:
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Proof :

E

[( ̂̂
Hj

2
− Hj

)2]
= E

[( ̂̂
Hj

2
− ̂̂

Hj

1
+ ̂̂

Hj

1
− Hj

)2]
(3.103)

≤ 2 E
[( ̂̂

Hj

2
− ̂̂

Hj

1)2]
+ 2 E

[( ̂̂
Hj

1
− Hj

)2]
. (3.104)

According to Equation (3.102), the first term is equal to:

E

[( ̂̂
Hj

1
− Hj

)2]
= O

(
1
m

)
. (3.105)

As regards the second term, it can be rewritten as:

E

[( ̂̂
Hj

2
− ̂̂

Hj

1)2]
= E

( 1
m

m∑
k=1

Ajk

)2
 , (3.106)

where Ajk = ĤV
j (DΘF,n) − ĤU

j (DΘF,n). The variables Aj1, · · · , Ajm are independent and

have the same distribution because they are computed from the designs
{
DΘ(k)Fk,n

}
≤k≤m

that have the same properties. Then applying (3.76) to Aj1, · · · , Ajm, we obtain:

E

( 1
m

m∑
k=1

Ajk

)2
 = 1

m
E
[(
ĤV

j (DΘF,n) − ĤU
j (DΘF,n)

)2
]

+ m− 1
m

(
E
[
ĤV

j (DΘF,n) − ĤU
j (DΘF,n)

])2
. (3.107)

E

( 1
m

m∑
k=1

Ajk

)2
 = 1

m
EΛ

[
EDΘ,n

[(
ĤV

j (DΘF,n) − ĤU
j (DΘF,n)

)2
]]

+ m− 1
m

(
EΛ

[
EDΘ,n

[
ĤV

j (DΘF,n) − ĤU, j (DΘF,n)
]])2

, (3.108)

According to Lemma 2 (applied with r = 2), we have:

EΛ

[
EDΘ,n

[(
ĤV

j (DΘF,n) − ĤU
j (DΘF,n)

)2
]]

= O

(
1
n2

)
. (3.109)

Likewise, after applying Jensen’s inequality and Lemma 2 (applied with r = 2), it can easily
seen that: (

EΛ
[
EDΘ,n

[
ĤV
j (DΘF,n) − ĤU

j (DΘF,n)
]])2

= O

( 1
n2

)
. (3.110)

Consequently, Equation (3.108) becomes:

E

( 1
m

m∑
k=1

Ajk

)2
 = 1

m
O

( 1
n2

)
+ m− 1

m
O

( 1
n2

)
= O

( 1
mn2

)
+ O

( 1
n2

)
= O

( 1
n2

)
(3.111)

Combining Equations (3.105) and (3.111) provides the final convergence rate:

E
[(̂̂

Hj

2
− Hj

)2]
= O

( 1
m

)
+ O

( 1
n2

)
. (3.112)
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3.8.5.3 Consistency of Estimator 3

We can show that Estimator 3 is unbiased by using the fact that the designs {DΘFk,n}≤k≤m
follow the same distribution. It remains to show consistency. Let us put Ĥj := 1

m

∑m
k=1Hj(Λ(k)).

E
[(̂̂

Hj

3
− Hj

)2]
= E

[(̂̂
Hj

3
− Ĥj + Ĥj − Hj

)2]
(3.113)

≤ 2 E
[(̂̂

Hj − Ĥj

)2
]

+ 2 E
[(
Ĥj − Hj

)2
]
. (3.114)

In the above, the first term can be bounded by:

2 E
[(̂̂

Hj

3
− Ĥj

)2]
= 2 E

[
1
m

m∑
k=1

(
ĤU
j (DΘFk,n) −Hj(Λ(k))

)2
]

(3.115)

≤ 2
m

m∑
k=1

E
[(
ĤU
j (DΘFk,n) −Hj(Λ(k))

)2
]
, (3.116)

where we have used Cauchy-Schwarz formula in Rm on the vectors 1√
m

{
ĤU
j (DΘFk,n) −Hj(Λ(k))

}m
k=1

and (1, · · · , 1)t. Then, one has:

2E
[(̂̂

Hj

3
− Ĥj

)2]
≤ 2E

[(
ĤU
j (DΘF,n) −Hj(Λ)

)2
]
, (3.117)

because the designs
{
DΘ,n,Λ(k)

}
1≤k≤m

follow the same distribution. By the independence

between Λ and DΘ,n:

2E
[(̂̂

Hj

3
− Ĥj

)2]
≤ 2EΛ

[
EDΘ,n

[(
ĤU
j (DΘF,n) −Hj(Λ)

)2
]]
. (3.118)

Now, according to what was done in the demonstration of the consistency of Estimator 1, we
have

EΛ

[
EDΘ,n

[(
ĤU
j (DΘF,n) −Hj(Λ)

)2
]]

= O

( 1
n

)
(see Equation (3.100)). (3.119)

Then, Equation (3.117) becomes:

2E
[(̂̂

Hj

3
− Ĥj

)2]
= O

( 1
n

)
. (3.120)

The second term in the right hand side of Equation (3.114) is equal to:

2E
[(
Ĥj − Hj

)2
]

= 2E
[(
Ĥj − E

[
Ĥj

])2
]

(3.121)

= V
(
Ĥj

)
= V

(
1
m

m∑
k=1

Hj(Λ(k))
)

= V (Hj(Λ))
m

because the variable {Λ(k)}mk=1 are i.i.d.

(3.122)

= O

( 1
m

)
. (3.123)

Finally, (3.114) becomes:

E
[(̂̂

H U, DΘ,n, j − Hj

)2
]

≤ O

( 1
n

)
+ O

( 1
m

)
= O

( 1
m

+ 1
n

)
. (3.124)
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3.8.5.4 Consistency of estimator 4

Proof : Like Estimator 2, Estimator 4 is biased due to the use of V-statistics. Let us now show
consistency with the same technique as for Estimator 3. In particular, Equation (3.114) is not
affected by the choice of U-statistics or V-statistics. This gives us:

E

[( ̂̂
Hj

4
− Hj

)2]
≤ 2E

[( ̂̂
Hj

4
− Ĥj

)2]
+ 2E

[(
Ĥj − Hj

)2
]
. (3.125)

The second term does not change:

2E
[(
Ĥj − Hj

)2
]

= O

(
1
m

)
. (3.126)

For the same reasons as for obtaining (3.118), the first term of (3.125) is bounded by:

E

[( ̂̂
Hj

4
− Ĥj

)2]
≤ EΛ

[
EDΘ,n

[(
ĤV

j (DΘF,n) −Hj(Λ)
)2
]]

(3.127)

Then, we obtain:

EΛ

[
EDΘ,n

[(
ĤV

j (DΘF,n) −Hj(Λ)
)2
]]

≤ 2EΛ

[
EDΘ,n

[(
ĤV

j − ĤU
j

)2
]]

+ 2EΛ

[
EDΘ,n

[(
ĤU

j −Hj(Λ)
)2
]]
. (3.128)

Now, from the consistency proofs of Estimators 1 and 2, we have the following results:

EΛ

[
EDΘ,n

[(
ĤV

j − ĤU
j

)2
]]

= O

(
1
n2

)
(3.129)

EΛ

[
EDΘ,n

[(
ĤU

j −Hj(Λ)
)2
]]

= O

(
1
n

)
. (3.130)

Finally, Equation (3.125) becomes:

E

[( ̂̂
Hj

4
− Hj

)2]
≤ 2

(
2
(

O

(
1
n2

)
+ O

(
1
n

))
+ O

(
1
m

))
(3.131)

≤ O

(
1
n

+ 1
m

)
. (3.132)

3.8.6 Non-asymptotic Gamma test procedure of Section 3.5.2.2

3.8.6.1 Computation of the shape and scale parameters of the Gamma distribution

Proof : We start with Equation (3.44):

̂̂
Hj

2
= 1
mn2

m∑
k=1

Tr (AjkWk) , (3.133)

with

• Ajk = HLjkH being a double-centered, square symmetric matrix, where Ljk is the
Gram matrix of Θj constructed from the data DΘ(k),n,

• Wk = HLyk
H being a double-centered, square symmetric matrix, where Lyk

is the

Gram matrix of f̃(Θ, Λ) constructed from the data DFk,n.

In this method, we fit a Gamma distribution to the histogram of permutations{ ̂̂
Hj

2 (
Dτb•

m,n

)}
1≤b≤Bperm
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using the method of moments [El Amri and Marrel, 2024; Kazi-Aoual et al., 1995]. To do
this, we first rewrite the test statistic as a trace of a product of two square, symmetrical
and double-centered matrices, then we use the results of the first two moments provided by
[Kazi-Aoual et al., 1995], and finally deduce the shape and scale parameters of the Gamma

distribution using the method of moments. The expectation and variance of
̂̂
Hj

2
under the

permutation distribution are given by:

E perm
(τ1,··· ,τm)

[ ̂̂
Hj

2]
= 1
mn2

m∑
k=1

Eperm
τk

[Tr(AjkW τkτk

k )] = 1
m

m∑
k=1

Eperm
τk

[
T̂

[k]
j

]
, (3.134)

V perm
τ1,··· ,τm

( ̂̂
Hj

2)
= 1
m2n4

m∑
k=1

Vperm
τk

(Tr(AjkW τkτk

k )) = 1
m2

m∑
k=1

Vperm
τk

(
T̂

[k]
j

)
. (3.135)

where

T̂
[k]
j := 1

n2Tr (AjkW τkτk

k ) . (3.136)

These two equalities are valid because τ1, · · · , τm are drawn randomly and independently.

We fit the histogram of permutations

{ ̂̂
Hj

2 (
Dτb•

m,n

)}
1≤b≤Bperm

to the Gamma distribution

Γ(ãj , b̃j). Then, we deduce the shape âj and scale b̂j parameters of the Gamma distribution:



ãj =
E perm

τ1,··· ,τm

[̂̂
Hj

2
]2

V perm
τ1,··· ,τm

(̂̂
Hj

2
) ,

b̃j =
V perm

τ1,··· ,τm

(̂̂
Hj

2
)

E perm
τ1,··· ,τm

[̂̂
Hj

2
] .

(3.137)

However, for each 1 ≤ k ≤ m, we can fit the Gamma distribution Γ(a[k]
j , b

[k]
j ) to the sample

{
T̂

[k]
j

(
Dτbk

Θ(k)Fk,n

)}
1≤b≤Bperm

with Dτbk

Θ(k)Fk,n
=
{
DΘ(k),n;Dτbk

Fk,n

}

by solving the following system of equations (Figure 3.6):

a
[k]
j b

[k]
j = Eperm

τk

(
T̂

[k]
j

)
(3.138)

a
[k]
j

(
b

[k]
j

)2
= Vperm

τk

(
T̂

[k]
j

)
(3.139)

Then Equations (3.134) and (3.135) become:

E perm
τ1,··· ,τm

( ̂̂Hj

2
) = 1

m

m∑
k=1

a
[k]
j b

[k]
j , (3.140)

V perm
τ1,··· ,τm

( ̂̂
Hj

2)
= 1
m2

m∑
k=1

a
[k]
j

(
b

[k]
j

)2
. (3.141)
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As a result, System (3.137) also becomes:

ãj =

(
1
m

m∑
k=1

a
[k]
j b

[k]
j

)2

1
m2

m∑
k=1

a
[k]
j

(
b

[k]
j

)2
=

(
m∑

k=1
a

[k]
j b

[k]
j

)2

m∑
k=1

a
[k]
j

(
b

[k]
j

)2
,

b̃j =

1
m2

m∑
k=1

a
[k]
j

(
b

[k]
j

)2

1
m

m∑
k=1

a
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Therefore, the p-value is computed as follows:

p̂j = 1 − FΓ(̃aj , b̃j)

(
Dobs

m,n

)
with 1 ≤ j ≤ p, (3.142)

where FΓ(̃aj , b̃j)(·) is the cumulative function of Gamma distribution.
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Figure 3.8: Superposition of histograms of

{ ̂̂
Hj

2 (
Dτb•

m,n

)}
1≤b≤Bperm

(Bperm = 103) and Gamma

distribution densities Γ(ãj , b̃j) (1 ≤ j ≤ p) relative to the calibration parameters kv, A2 and A3
(Approach C).
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4.1 Introduction

In this chapter, the GP-LinCC method developed in Chapter 2 for linear models is used to
calibrate the uncertain parameters θ of the fission gas behavior model conditional on the
uncertainty of the thermal conductivity λ of the thermal model. To accomplish this, the
chapter is divided into two main parts.

The first part is devoted to the construction and validation of linear models of the fission
gas behavior model (also known as the CARACAS code) for different values of the thermal
conductivity. This part is divided into three sections:

• Section 4.2 focuses on an exploratory phase of the relationship between the RGF (Re-
leased Gas Fraction) simulated by the CARACAS code and the p = 6 parameters
identified as influential in Chapter 3 (see Section 3.6). The aim of this exploratory
analysis is to identify potential transformations to be applied to the RGF and/or the
input parameters in order to obtain more accurate linear models.

• Section 4.3 briefly reviews Bayesian linear regression, ANOVA decomposition, Sobol’
indices and the use of the latter two to assess the potential impact of epistemic uncer-
tainties on linear regression coefficients into the calibration process.

• Section 4.4 is devoted to the validation of the linear models thus constructed.

The second part starts from Section 4.5 and is devoted to the implementation of the
GP-LinCC approach with the log-linear model built in the first part. It is divided into six
subsections:

• The first two subsections focus on GP-LinCC calibration for two cases (θ ∈ R2 and
θ ∈ R4). Specifically, we will perform a calibration for two uncertain parameters (i.e.,
θ ∈ R2) and increase two other uncertain parameters (i.e., θ ∈ R4) in the calibration
process.

• The next three subsections are dedicated to the comparison of the predictions of the
calibrated CARACAS code with the predictions of the exponential model (application
of the exponential transformation to the log-linear model), the comparison of the ex-
perimental RGF with the predictions of the exponential model and with the predictions
of the calibrated CARACAS code.

• The last subsection focuses on the inspection of the compensation hypothesis.

Finally, Section 4.6 concludes the chapter. Before starting the first part, we recall the defi-
nition of the p = 6 calibration parameters identified in Chapter 3, which are the explanatory
variables of the linear models to be built:

• θ1 (kv): parameter involved in the shape of bubbles on the grain boundary (direct effect
on the rate of coverage of the grain boundary by bubbles and therefore on the threshold
above which the gas release is triggered),

• θ2 (A2): pre-exponential coefficient of the mixed term of the diffusion coefficient (irradiation-
accelerated thermal diffusion),

• θ3 (A3): coefficient of the athermal term of the diffusion coefficient (diffusion only
dependent on fission density),

• θ4 (kα): parameter involved in the rate of irradiation defect production and therefore
affecting restructuring kinetics,

• θ5 (bhbs): frequency at which gas trapped in peripheral bubbles returns to solution in
grain,
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• θ6 (Rfhbs): fragment-size into which the gas diffuses in restructured areas with high
burnup rates.

We also introduce the following notations. These will be used throughout the rest of this
study:

• Transformed parameters:

θ̃ =
(
exp(θ1), exp(θ2),θ3,θ4, exp(θ5),θ−1

6

)t
. (4.1)

• Inverse of the paramter Rfhbs: InvRfhbs := (Rfhbs)−1.

In addition, we remind that when we aim to estimate the RGF of a fuel rod, we need to
run the full ALCYONE code, which in its convergence loop calls the CARACAS model
whose parameters are θ (see Figure 1.5). This is why, in the remainder of this document,
when we refer to the result of the CARACAS code, we actually mean the result of the
ALCYONE-CARACAS computation.

4.2 Preliminary data analysis

The purpose of Bayesian conditional calibration is to provide a posterior distribution of
θ conditional on the thermal conductivity λ. For this, we have measured RGF data for
nexp = 40 fuel rods. The measurement uncertainty associated with each fuel rod, of the
order of 6% zi, is modeled by a zero mean Gaussian distribution of variance σ2

ϵi , given by the
following equation:

P([zi ± 6% zi]) = 1 − α ⇐⇒ σϵi = 6% zi
q1−α

2

, 1 ≤ i ≤ nexp, (4.2)

where zi is the measured experimental RGF fuel for the i-th rod and q1−α
2
is the quantile of

order 1 − α
2 of N (0, 1).

We also carried out n = 200 simulations of the fission gas behavior model (i.e, the sim-
ulations of the CARACAS code) for each fuel rod i (1 ≤ i ≤ nexp). A prior sensitivity
analysis performed on these simulations allowed us to reduce the number of parameters to
be considered for the conditional calibration. Thus, of the 11 initial parameters, only p = 6
parameters θ are retained for calibration (see Section 3.6 in Chapter 3). This dimension
reduction simplifies the calibration problem by focusing only on those parameters that are
essential for the fission gas behavior model to reproduce as best as possible the experimental
data. In addition, we found that the output of the fission behavior model (namely RGF
output) is globally linear with respect to the parameters θ for a fixed λ. Consequently, we
suppose that for any λk (1 ≤ k ≤ m), the simulated RGF of the rod i (1 ≤ i ≤ nexp) can be
modeled by the following linear model:

Yλk(xi) = 1gλk,0(xi)+Θkgλk(xi)+εi,λk =
(
1 Θk

)(gλk,0(xi)
gλk,1(xi)

)
+ϵi, λk = Θreg,kgλk(xi)+εi, λk ,

(4.3)
where

• the vector x =
(
x1, · · · ,xnexp

)t
represents the experimental configurations including,

for example, the linear heat rate, the geometry and the burnup of each fuel rod i (1 ≤
i ≤ nexp).

• The numerical experimental design of size n containing p = 6 input parameters is given
by:

Θk =
[
θ

(k,l)
1 , · · · ,θ(k,l)

p

]
1≤l≤n

∈ Rn×p. (4.4)
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The index k is used to differentiate the numerical designs {Θk}mk=1 where each design
is associated with a single λk. Then the vector

θ(k,l) =
(
θ

(k,l)
1 , · · · ,θ(k,l)

p

)t
means the l-th sample of Θk. Let us denote now:

Θreg,k =
(
1 Θk

)
.

• The vector of RGF simulations of size n each rod 1 ≤ i ≤ nexp is given by:

Yλk(xi) =
[
Y

(l)
λk

(xi)
]

1≤l≤n
with Y

(l)
λk

(xi) := yθ(k,l),λk
(xi)

with
yθ(k,l),λk

(xi) :=
[
y2

θ(k,l) ◦ y1
λk

]
(xi) ∈ R. (4.5)

• The quantity gλk(xi) ∈ Rp+1 represents the coefficients to be estimated associated with
the matrix Θreg,k of explanatory variables.

• The vector εi,λk =
(
ϵ
(1)
i,λk

, · · · , ϵ(n)
i,λk

)t
|σ2
i,λk

∼ N (0, σ2
i,λk

In) is the vector of the realiza-

tion of linear model uncertainty, where each component is an independent and identi-
cally distributed (i.i.d.) normal distribution N (0, σ2

i,λk
) with σ2

i,λk
potentially different

for each xi and each λk.

We can graphically display the relationships between the outputs {Yλk(xi)}1≤i≤n and
the explanatory variables θ1, · · · ,θp in order to identify some possible transformations that
could improve the predictive capability of the linear models. To do this, we generate the
p× nexp scatter plots of Yλk(xi) as a function of θj (1 ≤ j ≤ p) associated with the thermal
conductivity λk.

In this analysis, we focus on a specific example, namely the scatter plot of the fuel rod
Yλk(x26) (see Figure 4.1). This rod has the highest burnup of the nexp rods.To make it easier
to visualize and deduce possible input transformations, we overlay a locally weighted three-
cubed polynomial approximation (red curves) [Cleveland, 1979]. An interesting observation
is that we might consider applying an inverse transformation to the parameter θ6 as the RGF
of this rod appears to vary inversely with θ6. We will refer to this new parameter as θ−1

6 (i.e.,
InvRfhbs). However, for the other parameters, it is unclear how to find a suitable transfor-
mation. Additionally, the histogram of the simulations Yλk(x26) (see Figure 4.2) seems to be
well-fitted by a log-normal distribution. Based on this observation, we applied a logarithmic
transformation to θ2,θ4 and θ6 as well as the outputs and plotted the corresponding scatter
plots (see Figure 4.3). The resulting graphs suggest a linear relationship between log Yλk(x26)
and

log(θ̃) =
(
θ1,θ2, log(θ3), log(θ4),θ5, log(θ−1

6 )
)t
, (4.6)

where θ̃ is given in Equation (4.1).
We proceed with two different linear regressions for a better selection of linear regressions

for different values of the thermal conductivity λ:

• A linear regression between the inputs and the output Yλk(x26) without any logarithmic
transformation of the variables (Equation (4.3) with i = 26):

Yλk(x26) = 1gλk,0(x26) + Θkgλk(x26) + ε26,λk = Θreg,kgλk(x26) + ε26, λk , (4.7)

with

Θk =
[
θ

(k,l)
1 , · · · , (θ−1

p )(k,l)
]

1≤l≤n
∈ Rn×p and Θreg,k =

(
1 Θk

)
.
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We use the lm function in R software to estimate the coefficients gλk(x26) with the
thermal conductivity λk = 1.099. We recall that the index k is used only to differentiate
the numerical designs {Θk}mk=1 where each design is associated with a single λk.

• A log-linear regression by applying the logarithmic transformation to both the output
yθ(k,l),λk

(xi) and inputs θ̃(k,l) for each 1 ≤ l ≤ n:

log Yλk(x26) = 1gλk,0(x26) + log
(
Θ̃k

)
gλk(x26) + ε26,λk ,

with
log

(
Θ̃k

)
=
{

log
(
Θ̃(l)
k

)}
1≤l≤n

with log
(
Θ̃(l)
k

)
= log(θ̃(k,l)).

We again use lm to estimate the coefficients gλk(x26) with λk = 1.099. Let us denote:

log Θ̃reg,k =
(
1 log

(
Θ̃k

))
.

Remark 6

1. The exploratory study carried out on Yλk(x26) can be generalized to the other fuel
rods. The conclusions would be practically the same.

2. Both models (linear and log-linear) are used for all fuel rods (1 ≤ i ≤ nexp) and all
λk (1 ≤ k ≤ m).

3. It should be noted that in both cases (i.e. linear and log-linear regressions) the coef-
ficients gλk(x26) are not the same quantities and are estimated on different training
data. In fact, in the first case they are estimated on simulated input-output data
without logarithmic transformation, and in the second case they are estimated on
transformed simulated input-output data (with logarithmic transformation). Con-
sequently, the coefficients gλk(x26) are not the same in the two cases. Note that this
observation remains valid throughout the rest of this chapter.

Figure 4.4 presents the scatter plot of the true RGF values against those predicted by
each of the two regression models for λk = 1.099. For simplicity, we present the regression
methodology below using a simple linear regression model. However, the results can easily be
extended to the log-linear model without loss of generality by replacing {Yλk(xi)}1≤i≤n and

{Θreg,k}1≤k≤m with {log Yλk(xi)}1≤i≤n and {log Θ̃reg,k}1≤k≤m, respectively. Then, regardless
of the regression model, we propose to estimate the regression coefficients in a Bayesian
manner.
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Figure 4.1: Scatter plots between the p inputs {θ1,θ2,θ3,θ4,θ5,θ
−1
6 } and the output Yλk

(x26) asso-
ciated with λk = 1.099. The red curve represents the local polynomial approximation.

Figure 4.2: Histograms of the data Yλk
(x26) (left) and log Yλk

(x26) (right) with the respective overlay
of the densities of the estimated log-normal and normal distribution on the data, for λk = 1.099.
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Figure 4.3: Scatter plots between the p inputs log(θ̃) and the output transformed to log Yλk
(x26)

associated with λk = 1.099. The red curve represents the local polynomial approximation.
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4.3 Linear approximation by Bayesian regression

Bayesian linear regression combines the concepts of classical linear regression with Bayesian
estimation. Unlike classical linear regression that provides a point estimate for the model
coefficients, Bayesian linear regression provides for them to be treated as random variables.
In other words, instead of obtaining a single set of values for the model coefficients, we obtain
multiple plausible values, allowing us to account for the uncertainty associated with these
estimates. Bayesian inference relies on two key elements:

• Prior knowledge of the coefficients before observing the data, quantified by a prior
distribution.

• Update of the prior knowledge using the observed data. Indeed, the prior distribution is
updated using Bayes’ theorem to obtain a much more informative posterior distribution.
This posterior distribution represents the residual epistemic uncertainty of the model
coefficients after taking into account the observed data.

In our framework, Bayesian inference consists of three steps:

i. Specification of the prior distribution: we must specify a prior distribution that repre-
sents our initial knowledge of the model coefficients. Without any prior information,
a commonly used prior distribution on the coefficients (gλk(xi), σ2

i,λk
) is the objective

prior [Kass and Wasserman, 1996], defined as:

π
(
gλk(xi), σ2

i,λk

)
∝ 1
σ2
i,λk

. (4.8)

ii. Specification of the data likelihood: the likelihood L (Yλk(xi)|gλk(xi), σ2
i,λk

) quantifies
the probability of observing the data Yλk(xi) given the values of the model coefficients
gλk(xi) and the residual variance σ2

i,λk
.

iii. Computation of the posterior distribution: Using Bayes’ theorem, the prior distribution
is combined with the likelihood to derive the posterior distribution of (gλk(xi), σ2

i,λk
).

From this posterior distribution, we can retrieve some optimal estimators of the coef-
ficients and residual variance, which can be, for example, the maximum a posteriori
estimator (MAP) or the posterior mean.

4.3.1 Posterior and posterior predictive probability distributions

The posterior distribution π
(
gλk(xi), σ2

i,λk
|Yλk(xi)

)
is given by:

π
(
gλk(xi), σ2

i,λk
| Yλk(xi)

)
∝ L

(
Yλk(xi)|gλk(xi), σ2

i,λk

)
π
(
gλk(xi), σ2

i,λk

)
.

It can be shown that the marginals of the posterior distribution π
(
gλk(xi), σ2

i,λk
|Yλk(xi)

)
respectively follow a multivariate Student distribution with n− p− 1 degrees of freedom, de-
noted as Tn−p−1(., .), for the coefficients gλk(xi) and an inverse Gamma distribution, denoted
as IG(., .), for the residual variance σ2

i,λk
[Bishop, 2006]:

π (gλk(xi)|Yλk(xi)) ∼ Tn−p−1

(
ĝλk(xi), σ̂2

i,λk

(
Θt

reg,kΘreg,k

)−1
)
, (4.9)

π
(
σ2
i,λk

|Yλk(xi)
)

∼ IG

(
n− p− 1

2 ,
n− p− 1

2 σ̂2
i,λk

)
, (4.10)
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where the estimators ĝλk(xi) and σ̂2
i,λk

are given by:

ĝλk(xi) =
(
Θt

reg,kΘreg,k

)−1
Θt

reg,kYλk(xi), (4.11)

σ̂2
i,λk

= 1
n− p− 1 (Yλk(xi) − Θreg,kĝλk(xi))t (Yλk(xi) − Θreg,kĝλk(xi)) . (4.12)

Appendix 4.7.1.1 details the calculation of these marginal posterior distributions.

From this posterior distribution π
(
gλk(xi), σ2

i,λk
|Yλk(xi)

)
(Equation (4.76)), we can de-

rive a predictive distribution π
(
Y new
λk

(xi)|Yλk(xi)
)
associated with any new numerical ex-

perimental design Θnew
k of size nnew. This predictive distribution provides a probabilistic

estimate of the model response for the new numerical design, taking into account the uncer-
tainty in the model coefficients. This enables us to assess the robustness of predictions and
obtain uncertainty intervals for the predicted response. The posterior predictive distribution
of the RGF of rod i associated with the thermal conductivity λk is derived by integrating the

conditional distribution L
(
Y new
λk

(xi)|gλk(xi), σ2
i,λk

)
out

(
gλk(xi), σ2

i,λk

)
:

π
(
Y new
λk

(xi)|Yλk(xi)
)

=
∫

L
(
Y new
λk

(xi)|gλk(xi), σ2
i,λk

)
π
(
gλk(xi), σ2

i,λk
|Yλk(xi)

)
dgλk(xi)dσ2

i,λk
.

(4.13)
It can be demonstrated that the probability density in Equation (4.13) follows a multivariate
Student distribution with n− p− 1 degrees of freedom:

π(Y new
λk

(xi)|Yλk(xi)) ∼ Tn−p−1

(
Θnew
k ĝλk(xi), σ̂2

i,λk

(
Innew

+ Θnew
k

(
Θt

reg,kΘreg,k

)−1
(Θnew

k )t
))

. (4.14)

This predictive distribution is used to predict the RGF of rod i associated with the thermal
conductivity λk. The details of the calculation of this distribution are presented in Appendix
4.7.1.2. From all the posterior distributions

π
(
gλk(xi), σ2

i,λk
|Yλk(xi)

)
for 1 ≤ k ≤ m and 1 ≤ i ≤ nexp,

we can now calibrate the model parameters θ of the fission gas behavior model conditionally
on λk. Being estimated solely from the simulated data of the CARACAS model, these
coefficients will play a crucial in this process.

4.3.2 Analysis of estimation uncertainty

As presented before, the coefficients (
gλk(xi), σ2

i,λk

)
are also random wariables in a Bayesian linear regression model. We can be interested in
assessing the impact of their posterior distribution on the output variable of the CARACAS
code (i.e., the simulated RGF output). We then rewrite Equation (4.3) to represent the linear
relationship between the RGF Yλk(xi) of rod i associated with the thermal conductivity λk
as follows:

Yλk(xi) = gλk,0(xi) + gλk,1(xi)tθ + ϵi,λk . (4.15)
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In this equation, θ is the vector of parameters to be calibrated. The coefficients

gλk(xi) =
(
gλk,0(xi)
gλk,1(xi)

)
∈ Rp+1

represent the parameters of the linear regression, which are now assumed to follow the poste-
rior distribution defined by Equation (4.9). Additionally, the term ϵi, k | σ2

i,λk
∼ N (0, σ2

i,λk
)

quantifies the inherent uncertainty of the linear model, where σ2
i,λk

follows the posterior dis-
tribution of Equation (4.10).

When calibrating the parameters θ, the epistemic uncertainty of (gλk(xi), σ2
i,λk

) (due
to the estimation step) should ideally be taken into account. By propagating this epis-
temic uncertainty into the calibration process θ, the posterior distribution of θ obtained
will no longer be explicit (due to the Student distribution obtained in Equation (4.14) with

Θnew
k =

(
1 θt

)
). Therefore, Markov Chain Monte Carlo (MCMC) algorithms must be used

to estimate this posterior distribution [Chib and Greenberg, 1995; Robert et al., 1999; Andrieu
and Thoms, 2008]. However, the use of these MCMC algorithms, such as the Metropolis-
Hastings algorithm [Chib and Greenberg, 1995; Andrieu and Thoms, 2008], represents an
extra computational burden espacially when the number of parameters to calibrate is large.

Instead, we may neglect the epistemic uncertainty of the pair
(
gλk(xi), σ2

i,λk

)
and hence set

these parameters at their posterior mode values
(
ĝλk(xi), σ̂2

i,λk

)
(called plug-in approach),

which are given in Equations (4.11) and (4.12), respectively. In this way, we would obtain an
explicit posterior distribution for θ. However, it is essential to note that this approximation

remains valid only if the uncertainty of the pair
(
gλk(xi), σ2

i,λk

)
remains negligible compared

to the uncertainty of θ. Altough expected to be true we must justify it properly. In the
following, we are thus carrying out a Global Sensitivity Analysis to quantify the relative im-

portance of the epistemic uncertainty of the pair
(
gλk(xi), σ2

i,λk

)
compared to the uncertainty

of θ in order to confirm whether the former can be neglected in the calibration process.

Reminder of ANOVA decomposition and Sobol’ indices

Global sensitivity analysis aims to quantify the impact of uncertainties in variables (here,
gλk(xi), θ, σ2

i,λk
) on the output variability (here, Yλk(xi)). To perform this analysis, Sobol’

sensitivity indices [Sobol, 1993; Saltelli et al., 2009] are often used because they are easily
interpretable. For mutually independent uncertain input variables (or group of input vari-
ables), these indices rely on a variance decomposition of the output into several terms, where
each term represents the contribution of an input or a group of inputs to the variance of the
output. This decomposition, known as ANOVA (ANalysis Of VariAnce), was introduced in
[Hoeffding, 1992] and the Sobol’ indices are the normalized terms of this ANOVA.

More precisely, let us consider a model with a scalar output Y = f (X)1 where X =
(X1, · · · , Xd)t is the vector of d uncertain and independent input variables. According to
the Hoeffding decomposition [Hoeffding, 1992], the function f has a decomposition of the
following form:

f(X) = f0 +
d∑
i=1

fi(Xi) +
d∑
i<j

fij(Xi, Xj) + · · · + f1,2,··· ,d(X1, · · · , Xd). (4.16)

Furthermore, this decomposition is unique under the orthogonality constraint, given by:

E [fJ(xJ)|XIs ] =
∫
fi1,··· ,is(Xi1 , · · · , Xis)dPXJ = 0, ∀J ∈ Is = {i1, · · · , is}, 1 ≤ s ≤ d,

(4.17)

1 The function f is assumed to be square-integrable.
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where dPXJ denotes the probability measure associated with XJ . Under the orthogonality
constraint, the terms of the decomposition are given by:

f0 = E [f(X)] , (4.18)

fi(Xi) = E [f(X)|Xi] − f0, (4.19)

fJ(XJ) = E [f(X)|XJ ] −
∑
u⊊J

fu(Xu), ∀ J ⊂ {1, · · · , d}. (4.20)

The functions {fi}1≤i≤d represent the main effects, the functions {fi,j}1≤i<j≤d represent
the main effects of second order interactions, and so on for higher-order effects. Using the
orthogonality property, we obtain the ANOVA decomposition of the variance of Y = f(X)
into a sum of partial variances:

V(Y ) =
d∑
i=1
Vi +

d∑
i<j

Vij + · · · + V12···d, (4.21)

where

Vi = V (fi(xi)) = V
(
E
[
f(Y )|Xi

)]
, (4.22)

Vij = V (fi,j(xi, Xj) = V (E [f(Y )|Xi, Xj ]) − Vi − Vj , (4.23)

VJ = V (fJ(xJ)) = V (E [f(X)|XJ ]) −
∑
J ′⊂J

(−1)|J |−|J ′|V (E [f(X)|XJ ′ ]) , (4.24)

with |J | denoting the cardinal of J . We deduce the Sobol’ indices [Sobol, 1993], which are
the normalized terms of the ANOVA decomposition:

Si = Vi
V(Y ) , Sij = Vij

V(Y ) , SJ = VJ
V(Y ) . (4.25)

The total sum of all Sobol’ indices is equal to 1. The indices Si, called first-order indices
(also called main effects), represent the part of variance of Y explained only by the variable
Xi. The second-order indices

(Sij)1≤i<j≤d

quantify the part of variance of Y due to the interaction of the pair (Xi, Xj) regardless of
their main effects, and so on for higher-order indices. For each Xi, you can define the total
index STi , which measures the influence of Xi by including its main effect and its posssible
interaction with the other variables. It is given by:

STi = Si +
∑
i<j

Sij +
∑

j ̸=i,k ̸=i,j<k
Sijk + · · · =

∑
i∈J

SJ , (4.26)

where J is the set of all indices from {1, · · · , d} containing i. A zero total index means that
the variable Xi has no (variance-wise) influence on the model output (i.e., Y is independent
of Xi).

We aim to demonstrate that the effect of the uncertainty affecting

ϑk :=
(
gλk(xi), σ2

i,λk

)
is negligible on Yλk(xi) compared to the uncertainty associated with θ by considering two
groups of random variables, ϑk and θ. This comes down to making a Sobol’ decomposition in
a two-dimensional space with two independent groups. As a reminder, the prior distribution
of θ is given by:

π(θ) ∼
p∏
l=1

U [θminl , θmaxl ]. (4.27)
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The distribution of ϑk is given in Appendix 4.7.1.1. We first perform an ANOVA decompo-
sition of Yλk(xi). Then, we estimate the second-order Sobol’ indices associated with (ϑk,θ),
as well as the second-order Sobol’ index associated with the interaction between ϑk and θ.
The ANOVA decomposition of each output Yλk(xi) is as follows:

V
(
Yλk(xi)

)
= Vi,kθ + Vi,kϑk + Vi,kϑk, θ, (4.28)

Vi,kθ = V
(
E [Yλk(xi)|θ]

)
, (4.29)

Vi,kϑk = V
(
E [Yλk(xi)|ϑk]

)
, (4.30)

Vi,kϑk, θ = V
(
E [Yλk(xi)|ϑk, θ]

)
− Vi,kθ − Vi,kϑk . (4.31)

The associated Sobol’ indices are defined as:

Si,kθ = Vi,kθ

V
(
Yλk(xi)

) , (4.32)

Si,kϑk =
Vi,kϑk

V
(
Yλk(xi)

) , (4.33)

Si,kϑk,θ =
Vi,kϑk, θ

V
(
Yλk(xi)

) . (4.34)

The computation of these indices allows us to determine whether the total influence of ϑk
(consisting of its main effect and the possible interaction with θ) is negligible compared to
that of θ. This is expressed by the following inequality:

Si,kϑk + Si,kϑk, θ ≪ Si,kθ,k, ∀ i, k. (4.35)

To compute the explained variances, we utilize the distributions of the components of ϑk
and θ, as well as Equation (4.15). We then obtain the following analytical expressions:

Vi, kθ = E [gλk,1(xi)]tV(θ)E [gλk,1(xi)] = E [gλk(xi)]tBtV(θ)BE [gλk(xi)] , (4.36)

Vi,kϑk = AtV (gλk(xi))A+ E [θ]tBV (gλk(xi))BtE [θ] , (4.37)

Vi, kϑk, θ
= Tr(V(gλk,1(xi))V(θ)) = Tr

(
BV (gλk(xi))BtV(θ)

)
, (4.38)

where

• Tr(·) is the trace operator on square matrices,

• A = (1, 0, · · · , 0) is a row vector of size p+ 1,

• B =
(
0 Ip

)
∈ Rp×(p+1) is a matrix of size p× (p+ 1).

We refer to Appendix 4.7.2 for details of the calculations. It is worth noting that we
have nexp = 40 values of RGF for the nexp fuel rods, and for each rod, we build a linear
model conditionally on a given thermal conductivity value λk (1 ≤ k ≤ m). In total, we thus
constructed m × nexp linear models. For each linear regression, the Sobol’ indices given in
Equations (4.32), (4.33) and (4.34) were exactly computed in order to validate the inequality
in Equation (4.35). For m = 20 thermal conductivity values λ, we estimated the coefficients{

ĝλk(xi), σ̂2
i,λk

}
1≤i≤nexp

, 1 ≤ k ≤ m,

using simulated data {Yλk(xi)}1≤i≤nexp , where each Yλk(xi) is a vector of size n = 200. The
Sobol’ indices given in Equations (4.32), (4.33) and (4.34) were then calculated analytically



4.3. LINEAR APPROXIMATION BY BAYESIAN REGRESSION 129

0.00

0.25

0.50

0.75

1.00

Sθ Sθ, ϑ Sϑ

In
d

e
x
 V

a
lu

e

Figure 4.5: Boxplot of the first and second-order Sobol’ indices calculated analytically for the m ×
nexp = 20 × 40 = 800 linear models and estimated for each on n = 200 simulated data points.

and in Figure 4.5, we present the box plots of these indices. We can see that the total influence
of {

gλk(xi), σ2
i,λk

}
1≤i≤nexp, 1≤k≤m

is consistently negligible compared to that of θ. In other words, the inequality reported in
Equation (4.35) is satisfied and therefore, the plug-in approximation is suitable for parameter
calibration of θ conditioned on λk. We note that the plug-in approximation also remains
valid in the case of Bayesian log-linear regression (see Figure 4.6).

Remark 7

The prior distribution chosen on θ̃ (resp. log(θ̃)) is a uniform on the hyperrectangle
obtained after applying all the transformations that enabled us to obtain θ̃ (resp. log(θ̃))
on DΘ :=

∏p
l=1[θminl ,θmaxl ].
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Figure 4.6: Boxplot of the first and second-order Sobol’ indices calculated analytically for the m ×
nexp = 20×40 = 800 log-linear models whose its coefficients are estimated with {log Yλk

(xi)}1≤i≤nexp

and {log Θ̃reg,k}1≤k≤m and estimated for each on n = 200 simulated data points.

4.4 Validation of the linear models

4.4.1 Residuals normality analysis

In this section, we aim to check the validity of the chosen linear model to ensure the relevance
of the estimations of θ(λ). The validation of the linear model relies on verifying the associated
assumptions, such as the independence and normality of the linearization uncertainties

{ϵi, k}1≤i≤nexp,1≤k≤m.

Since the linearization error is not directly observable, we turn to the study of the predicted
residuals after the estimation stage from simulated data. The nexp standardized residuals for
each fuel rod {i}1≤i≤nexp and each λk (1 ≤ k ≤ m) are defined by the following equation:

Yλk(xi)(l) − ĝλk,0(xi) − ĝλk,1(xi)tθ(λk)(l)√
σ̂2
i,λk

, 1 ≤ l ≤ n = 200, (4.39)

where each θ(λk)(l) is an element of Θk =
{

θ(λk)(1), · · · ,θ(λk)(n)
}
.

To check the normality of the standardized residuals for each fuel rod {i}1≤i≤nexp , we
proceeded with a normality analysis by evaluating if, for each 1 ≤ l ≤ n:

ri, λk

(
θ(λk)(l)

)
:= Yλk(xi)(l) − ĝλk,0(xi) − ĝλk,1(xi)tθ(λk)(l)√

σ̂2
i,λk

∼ N (0, 1), for 1 ≤ k ≤ m.

(4.40)
To perform this analysis, we may use graphical visualization tools such as:

1. A Q-Q plot comparing the empirical quantiles associated with the standardized residuals
with the quantiles of the normal distribution N (0, 1).
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2. An histogram that compares the standardized residuals with the density of the standard
normal distribution N (0, 1).

3. A plot comparing the empirical distribution function of the standardized residuals with
that of the standard normal distribution N (0, 1).

In this study, we needed to construct m × nexp = 20 × 40 = 800 linear models, which
gives us a substantial number of residuals to analyze. Therefore, it was also relevant to use
quantitative tools such as goodness-of-fit tests. Such tests allow us to quantify the fit of
the empirical histogram of the data to the desired theoretical distribution. In practice, the
most commonly non-parametric tool for assessing the adequacy of samples to a specified the-
oretical distribution (here Gaussian distribution) is the Kolmogorov-Smirnov test. This test
compares the empirical cumulative distribution function of the data (in this case, the stan-
dardized residuals in Equation (4.39)) with the theoretical cumulative distribution function
by calculating the test statistic and its associated p-value. The p-value is the probability of
observing a test statistic as extreme as the one calculated under the null hypothesis H0 (here,
H0: adequacy to the theoretical Gaussian distribution). If the p-value is less than a chosen
level of the test (usually set at a 5% significance level of type I error), the null hypothesis is
rejected, indicating that the data are not likely to follow the assumed theoretical distribution.
Conversely, if the p-value is greater than the level of the test, the null hypothesis is retained,
suggesting that it is quite possible for the data to follow this theoretical distribution.

For m = 20 thermal conductivity values, we constructed nexp ×m = 40 × 20 = 800 linear
models. For each model, we followed two steps hereafter:

1. Calculation of the standardized residuals from Equation (4.39).

2. Implementation of the Kolmogorov-Smirnov test on each model to obtain the associated
p-values

{p-vali,k}1≤i≤nexp, 1≤k≤m.

To assess whether the standardized residuals follow a Gaussian distribution (null hypothesis
H0), we compare those p-values to the threshold α = 5%:

H0 acceptable if and only if p-vali, k > α, ∀ 1 ≤ i ≤ nexp, ∀ 1 ≤ k ≤ m. (4.41)

For each fuel rod i (1 ≤ i ≤ nexp), we calculated the acceptance rate of the null hypothesis
H0 over all the thermal conductivities {λk}1≤k≤m:

p-vali := 1
m

m∑
k=1

1p-vali, k>α. (4.42)

Figure 4.7 illustrates the quantities{
p-vali

}
1≤i≤nexp

for the two types of regressions: linear and log-linear. We observe that the null hypothesis H0
is generally accepted for the majority of the fuel rods regardless of the regression type. Note
that the fuel rods are ordered in decreasing order of burnup. It appears that the hypothesis
H0 is much more accepted for the linear model than for the log-linear model. We have also
calculated the adjusted coefficient of determination denoted R2

adjusted [Hastie et al., 2009;

Cornillon and Matzner-Løber, 2011]. The expression of R2
adjusted for the i-th fuel rod and for

the thermal conductivity λk is given by:

1 − n− 1
n− p− 1

1 −

1
n

n∑
l=1

(
Yλk(xi)(l) − ĝλk,0(xi) − ĝλk,1(xi)tθ(λk)(l)

)2

1
n

n∑
l=1

(
Yλk(xi)(l) − 1

n

n∑
l′=1

Yλk(xi)(l′)
)2

 . (4.43)
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Figure 4.7: Illustration of the acceptance rates of the null hypothesis for the two linear regressions.
Fuel rods are sorted in descending order of combustion rate.

Figure 4.8: The R2
adjusted values by fuel rod and by thermal conductivity value for the two linear

regressions. Fuel rods are sorted by decreasing combustion rate, and thermal conductivity values are
also sorted in descending order.

The adjusted coefficient R2
adjusted represents the proportion of variance explained by the linear

model over the total variance of the data Yλk(xi) [Hastie et al., 2009]. The results are
reported in Figure 4.8, where we see that the log-linear regression appears to be superior.
We also computed the Mean Squared Error (MSE) between the RGF simulations and the
predictions of both simple linear and log-linear models. The MSE is expressed as the mean
squared difference between observed and predicted values. The smaller MSE, the closer the
predictions to the observed values [Steurer et al., 2021]. For a fuel rod i and the thermal
conductivity λk, the MSE is given respectively by:

1
n

n∑
l=1

(
Yλk(xi)(l) − ĝλk,0(xi) − ĝλk,1(xi)tθ(λk)(l)

)2
. (4.44)

Figure 4.9 presents these MSE values and we can see again that the log-linear model is better.

4.4.2 Residual structure analysis

Analysis of the residual structure in linear regression is an important step to evaluate the
goodness of fit of a linear model and check the validity of the underlying assumptions. Resid-
uals measure the gap between the observed values and those predicted by the model. In
practice, this analysis may be carried out by visualizing residuals in various ways to detect
any structure that may indicate a poor model fit or lack of independence and homoscedastic-
ity. Specifically, for each linear model (i.e., each pair (i, k) with 1 ≤ i ≤ nexp and 1 ≤ k ≤ m),
we can create scatter plots of the residuals in different ways:
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Figure 4.9: Computation of the MSE criterion for the two linear regressions. Fuel rods are sorted by
decreasing combustion rate and thermal conductivity values are also sorted in descending order.

1. Plot the pairs {
l, ri, λk

(
θ(λk)(l)

)}
to inspect the presence of some pattern(s).

2. Plot the pairs {(
Ŷλk(xi)(l), ri, λk

(
θ(λk)(l)

))}n
l=1

to scan the presence of some pattern(s).

3. For the j-th explanatory variable θj(λk), plot the pairs{
θj(λk)(l), ri,λk

(
θ(λk)(l)

)}
1≤l≤n

with j ∈ {1, . . . , p}

to look at any potential pattern(s).

To simplify equations, we will henceforth use θ in place of θ(λk). Such residual plots can be
created simultaneously for all the nexp × m linear models. In these plots, it is essential to
scan the presence of any pattern which might include polynomial trends, sinusoidal patterns
or decreasing trends. The presence of such patterns in residuals could indicate a poor model
fit which may result from missing explanatory variables or improper transformations of one
or more explanatory variables or the output of interest. Identifying any unusual pattern in
the residuals provides some opportunities for model improvement by adjusting explanatory
variables, applying appropriate transformations, or considering other models more suitable
for the data.

As we deal with a large number of residuals, using visualization tools to detect patterns
can be challenging. To address this issue, we propose using a quantitative tool based on in-
dependence tests to detect potential dependencies between the residuals and the explanatory
variables. This approach replaces the scatter plots mentioned earlier.

An independence test between two variables Xj and Y is a statistical procedure aimed at
testing the following two hypotheses:

• The null hypothesis (H0), which states that the random variables Xj and Y are inde-
pendent of each other.

• The alternative hypothesis (H1), which states that the random variables Xj and Y are
dependent on each other.
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To decide between these hypotheses, a test statistic is calculated from the available data,
reflecting the probabilistic dependence of the variables Xj and Y . Subsequently, the p-value
associated with the estimated test statistic is compared to the first-kind error (or level of test),
usually set at 5% or 10%. If the p-value is lower than the level of test, the null hypothesis
is rejected, which is a strong evidence that the variables Xj and Y are dependent on each
other. Otherwise, it is considered that the independence hypothesis is acceptable.

Here we want to employ these tests to detect the presence of structures in residuals that
may be related to one or more explanatory variables. The absence of any pattern between the
j-th explanatory variable θj and the standardized residuals ri,λk must be characterized by a
scatter plot close to the horizontal line y = 0. This implies that the explanatory variable θj
and the standardized residuals ri,λk are independent of each other. Conversely, the presence
of any structure in this scatter plot indicates some form of dependency.

To test the independence between the j-th explanatory variable and the residuals, we
performed the HSIC-based independence testing, taking into account the uncertainty of the
thermal conductivity λ. This allows us to apply the methodology presented in Section 3.5
of Chapter 3 to detect the presence/absence of structure in the residuals. In particular, the
following steps are carried out:

1. Definition of the quantity of interest: ri,λk , 1 ≤ i ≤ nexp (i.e., Approach A of Section

3.4.2 with f̃i(θ, λ) = ri,λk),

2. Choice of the HSIC estimator:
̂̂
Hj

2
(mean of V-statistics).

3. Choice of the sampling strategy (strategy (S1)):

Dm,n =
{(

Θ(k,l), R
(l)
i,λk

)}
1≤l≤n

with R
(l)
i,λk

= ri,λk

(
Θ(k,l)

)
.

4. Estimation of the following p-value (with the permutation-based test procedure of
Section 3.5.2.1):

pj = PH0

(̂̂
Hj

2
(Dm,n) > ̂̂

Hj

2 (
Dobs
m,n

))
,

with
Dobs
m,n =

{(
θ(λk)(l), ri,λk

(
θ(λk)(l)

))}
1≤l≤n

.

Therefore, for m = 20 realizations of the thermal conductivity, we have estimated these
p-values for each ri,λk for 1 ≤ i ≤ n and 1 ≤ k ≤ m, and the results are presented in Figures
4.10 and 4.11, respectively for the simple and log-linear models. For all linear models, in
these figures, we do not observe any pattern in the residuals for the parameters θ5 (i.e.,
physical parameter bhbs) and θ1 (i.e., physical parameter kv) across all RGF fuel rods. For
the remaining three parameters, the behavior varies depending on the regression model. For
example, for the parameter θ4 (i.e., physical parameter kα), we observe the absence of patterns
for only 6 of the nexp = 40 fuel rods in the linear model and for 15 fuel rods in the log-linear
model for log(θ4).

As the deployment of our GP-LinCC approach is facilitated by using a single regression
model for all fuel rods, our choice has leaned towards the log-linear model, which, overall,
provides better results. However, as this model may not be entirely satisfactory for some
fuel rods, other non-linear statistical modeling approaches could be considered. We leave this
perspective for future work (see Chapter 5).

4.4.3 Comparison between the log-linear model predictions and the fission gas be-
havior model simulations

In this section, we are concentrating on the predictions of the log-linear model which are
compared with the CARACAS simulations using a new numerical design denoted by Θnew
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Figure 4.10: Detection of structure in residuals of the linear model constructed for each RGF fuel rod,
based on each parameter, using an HSIC-based independence test integrated over the entire thermal
conductivity uncertainty. Fuel rods are ordered in descending order of burnup.

Figure 4.11: Detection of structure in residuals of the log-linear model constructed for each RGF
fuel rod, based on each parameter, using an HSIC-based independence test integrated over the entire
thermal conductivity uncertainty. Fuel rods are ordered in descending order of burnup.
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of size nnew. The approximated posterior predictive distribution (associated with Θnew) of
the RGF for the i-th fuel rod associated with the thermal conductivity λk (Equation (4.53))
is given by:

π(Y new
λk

(xi) | Yλk(xi)) ∼ Nnnew

(
Θnewĝλk(xi), σ̂2

i,λk
Innew

)
. (4.45)

From this posterior predictive distribution, we can compare the predictions of the log-
linear model Θnewĝλk(xi) to those predictions of the numerical model Y new

λk
(xi). To do this,

for all 1 ≤ k ≤ m, we can perform a Kolmogorov-Smirnov test to check the normality of the
standardized residuals below:

Y new
λk

(xi)(l) − (Θnew)(l)ĝλk(xi)√
σ̂2
i,λk

∼ N (0, 1), for 1 ≤ l ≤ nnew, (4.46)

where (Θnew)(l) is a row vector of size p+ 1. We have a total of 200 simulations of the RGF
for each fuel rod {i}1≤i≤nexp for m = 20 different values of thermal conductivity, allowing us
to construct nexp ×m = 40 × 20 = 800 log-linear models. However, to test the normality of
the standardized residuals in Equation (4.46), we will need new simulations of the RGF.

A common practice in the statistical learning community is to split the available data into
two sets: a training dataset, which is generally 2

3 of the available data, and a test dataset,
used to evaluate the predictive performance of the regression models constructed [Hastie
et al., 2009]. In our case, we split the total available simulations into two equal parts of size
n = 100 and nnew = 100, representing the training and test data, respectively. This choice
was motivated by our wish to have a sufficient test dataset to evaluate the normality of the
standardized residuals in Equation (4.46) and to calculate the predictive coefficient denoted
by Q2. This coefficient Q2 is equivalent to the coefficient of determination R2 (except the
former is computed on a test data) and represents the proportion of variance explained by
the regression model with respect to the total variance of Y new

λk
(xi) [Demay et al., 2022]. A

higher Q2 (close to 1) indicates a better fit of regression. For the i-th fuel rod and the thermal
conductivity λk, the predictive coefficient is given by:

1 −

1
nnew

nnew∑
l=1

(
Y new
λk

(xi)(l) −
(
Θ̃new

)(l)
ĝλk(xi)

)2

1
nnew

nnew∑
l=1

(
Y new
λk

(xi)(l) − 1
nnew

nnew∑
l′=1

Y new
λk

(xi)(l′)
)2 . (4.47)

In Figure 4.12, we present the results of the Kolmogorov-Smirnov test conducted on a
test dataset of size nnew = 100 associated with the m = 20 values of thermal conductivity
in order to check the normality of the standardized residuals in Equation (4.46) (Figure 4.12
(a)). We observe that the majority of the standardized residuals are Gaussian, except for
λ15. We have also calculated the predictive coefficient (Figure 4.12 (b)). We can see that all
the Q2 values are above 84%. In other words, the log-linear models explain more than 84%
of the output variance, which is acceptable for the calibration process.

4.4.4 Examining the monotonicity of the log-linear model regressors

We are interested in the possible monotonicity of the regressors

{gλk,1(xi)}1≤i≤nexp,1≤k≤m

resulting from a physical guess. These unknown regressors are estimated by the least-squares
estimator:

ĝλk(xi) =
(
Θt

reg,kΘreg,k

)−1
Θt

reg,kYλk(xi) and ĝλk,1(xi) = Bĝλk(xi), (4.48)
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(a) Kolmogorov-Smirnov test conducted on a test dataset of size nnew = 100.

(b) Calculation of Q2 on a test dataset of size nnew = 100.

Figure 4.12: (a) Inspection of the normality of the standardized residuals in Equation (4.46).
(b) The predictive coefficient Q2 of the n×m log-linear models constructed.
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Figure 4.13: Plots of coefficient gλk,1(xi) associated with θ1 estimated for i = 1, · · · , n = 40 as a
function of λk with k = 1, · · · ,m = 20.

with B =
(
0 Ip

)
∈ Rp×(p+1) is a matrix of size p× (p+ 1).

In Figures 4.13 to 4.18, we have plotted the p = 6 components of the regressors gλk,1(xi)
as functions of the m = 20 values of thermal conductivity, only for the log-linear model. We
observe monotonicity for the parameters θ2, log(θ4) and log(θ−1

6 ) (i.e., physical parameter
A2, log-physical parameter log(kα), and log-inverse physical parameter Rfhbs denoted by
log(InvRhbs) respectively). Note that in these six plots, we have grouped the rods into 4
groups of ten based on decreasing combustion rates. Furthermore, we have also calculated
the sensitivity indices of the linear regression models, equal to the square of the standardized
regression coefficients denoted by SRC2 [Iooss and Lemâıtre, 2015], for each Yλk(xi) with
respect to each component of θ(λ). For all 1 ≤ k ≤ m, the SRC2 coefficient between the j-th
parameter θj(λk) and the i-th rod is given by:

SRC2 (θj(λk),Yλk(xi)) =
(
(ĝλk,1(xi))j

)2 V(θj(λk))
V(Yλk(xi))

, 1 ≤ i ≤ nexp, 1 ≤ j ≤ p. (4.49)

The SRC2 coefficient gives the proportion of the total variance of Yλk(xi)) explained by
the j-th parameter θj(λk). For m = 20 values of thermal conductivity λ, we have computed
all the SRC2 coefficients for all rods {i}1≤i≤nexp . The results are shown in Figure 4.19, where
boxplots of these coefficients are presented for the 4 groups of RGF rods. We can see that
the parameters contributing the most to the total variance of the majority of rods are, from
the most to the less influential log(θ−1

6 ), θ2, log(θ4), log(θ3), θ1 and θ5. We also stress that
there is more variability in the SRC2 coefficients, depending on λ, associated with θ2, followed
by log(θ−1

6 ), whereas the variabilities of the SRC2 coefficients associated with log(θ4) and
log(θ3) are less significant. For the others, there is little variability.

In the context of conditional calibration by the GP-LinCC method (see Section 4.5), it
therefore seems reasonable to start by calibrating only the two parameters θ2 and log(θ−1

6 )
while fixing the other parameters at their maximum a posteriori (MAP). These MAP values
are computed by maximizing the posterior density on samples of the posterior distribution
of equation (4.55) generated by a Gibbs algorithm using a specific value of λ (we choose
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Figure 4.14: Plots of coefficient gλk,1(xi) associated with θ2 estimated for i = 1, · · · , n = 40 as a
function of λk with k = 1, · · · ,m = 20.
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Figure 4.15: Plots of coefficient gλk,1(xi) associated with log(θ3) estimated for i = 1, · · · , n = 40 as a
function of λk with k = 1, · · · ,m = 20.
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Figure 4.16: Plots of coefficient gλk,1(xi) associated with log(θ4) estimated for i = 1, · · · , n = 40 as a
function of λk with k = 1, · · · ,m = 20.
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Figure 4.17: Plots of coefficient gλk,1(xi) associated with θ5 estimated for i = 1, · · · , n = 40 as a
function of λk with k = 1, · · · ,m = 20.



4.4. VALIDATION OF THE LINEAR MODELS 141

0.900 0.925 0.950 0.975 1.000 1.025 1.050 1.075 1.100
0.6

0.7

0.8

0.9

1.0

1.1

1.2

lo
g(

In
vR

fh
bs

)

Group 1

RGF26
RGF25
RGF24
RGF28
RGF27

RGF29
RGF22
RGF21
RGF23
RGF40

0.900 0.925 0.950 0.975 1.000 1.025 1.050 1.075 1.100

0.5

0.6

0.7

0.8

0.9

1.0

1.1

1.2

lo
g(

In
vR

fh
bs

)

Group 2

RGF5
RGF35
RGF34
RGF13
RGF2

RGF31
RGF19
RGF17
RGF16
RGF20

0.900 0.925 0.950 0.975 1.000 1.025 1.050 1.075 1.1000.2

0.4

0.6

0.8

1.0

lo
g(

In
vR

fh
bs

)

Group 3

RGF6
RGF7
RGF32
RGF8
RGF18

RGF37
RGF36
RGF15
RGF1
RGF38

0.900 0.925 0.950 0.975 1.000 1.025 1.050 1.075 1.100

0.1

0.2

0.3

0.4

0.5

0.6

lo
g(

In
vR

fh
bs

)

Group 4
RGF39
RGF14
RGF4
RGF3
RGF30

RGF9
RGF33
RGF10
RGF11
RGF12

Figure 4.18: Plots of coefficient gλk,1(xi) associated with log(θ−1
6 ) estimated for i = 1, · · · , n = 40 as

a function of λk with k = 1, · · · ,m = 20.

Figure 4.19: Boxplot of the SRC2 of the 4 RGF groups against burnup.
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λ = 1.099). The number of variables to be calibrated can be increased in a later stage by
considering the four parameters: θ2, log(θ−1

6 ), log(θ4) and log(θ3) with the other parameters
still fixed at their MAP values. Both cases are dealt with in the following section.

4.5 GP-LinCC approach: application on ALCYONE test case

In the sequel, we will use the notation θ(λ) instead of θ. This new notation implies that we
will calibrate θ given λ. Recall that the probabilistic equation connecting an experimental
RGF zi for the i-th fuel rod to a simulation of RGF Yλ(xi) associated with a realization λ of
the thermal conductivity is given by:

zi = Yλ(xi) + ϵexp,i, (4.50)

where ϵexp,i ∼ N (0, σ2
ϵi) is the realization of the experimental uncertainty with σ2

ϵi being
known. Combining Equations (4.15) and (4.50), we obtain the probabilistic equation relating
the experimental data zi to the corresponding output of the linear model:

zi = gλ,0(xi) + gλ,1(xi)tθ(λ) + ϵi,λ + ϵexp,i. (4.51)

Furthermore, the Bayesian linear regression analysis carried out in Section 4.3 has yielded
the following three results:

1. First, the boxplots of the Sobol’ indices in Figure 4.5 show that the uncertainty of{
gλ(xi), σ2

i,λ

}
1≤i≤nexp

is negligible compared to that of θ(λ). It is therefore acceptable to simplify the model
by setting these parameters to their MAP{

ĝλ(xi), σ̂2
i,λ

}
1≤i≤nexp

2. Second, the posterior predictive distribution π(Y new
λ (xi)|Yλ(xi)) for new inputs Θnew

of size nnew is a multivariate Student distribution with n − p − 1 = 193 degrees of
freedom. However, given the high number of degrees of freedom, this distribution can
be approximated by a normal distribution. This approximation is valid since n−p−2 =
192 > 30.

Thus, for a new design Θnew =
(
1 θ(λ)t

)
, the associated predictive distribution is

approximated as follows:

π (Y new
λ (xi)|Yλ(xi)) ≈ N

(
ĝλ,0(xi)+ĝλ,1(xi)tθ(λ),

σ̂2
i,λ

(
1 + Θnew

(
Θt

reg,λΘreg,λ

)−1
(Θnew)t

))
, (4.52)

where Θreg,λ is the numerical design associated with λ. In addition, the sensitivity analysis
allows for a plug-in approximation of the predictive distribution (4.52), as follows:

π(Y new
λ (xi)|Yλ(xi)) ≈ N

(
ĝλ,0(xi) + ĝλ,1(xi)tθ(λ), σ̂2

i,λ

)
. (4.53)

Thus, an approximation of the likelihood equal to the probability of the data z given θ(λ)
can be written as:

L (z|θ(λ)) ≈
nexp∏
i=1

1√
2π(σ̂2

i,λ + σ2
ϵi)

exp
(

−1
2

(
zi − ĝλ,0(xi) − ĝλ,1(xi)tθ(λ)

)2
σ̂2
i,λ + σ2

ϵi

)
. (4.54)
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The corresponding posterior distribution π(θ(λ)|z) is obtained using Bayes’ formula. This
posterior distribution is a truncated Gaussian distribution over DΘ:

π(θ(λ) | z) ∝ N (θ(λ);E [θ(λ)|z] ,Σλ) 1{θ(λ)∈DΘ}, (4.55)

with a mean E [θ(λ)|z] and a covariance matrix Σλ given respectively by:

E [θ(λ)|z] = Σλĝλ,1(x)tΣ−1
ϵ, λ (z − ĝλ,0(x)) , (4.56)

Σλ =
(
ĝλ,1(x)tΣ−1

ϵ, λĝλ,1(x)
)−1

, (4.57)

with:

Σϵ, λ = diag
(
σ̂2

1,λ + σ2
ϵ1 , · · · , σ̂2

nexp,λ + σ2
ϵnexp

)
∈ Rnexp×nexp , (4.58)

ĝλ,1(x) =
[
ĝλ,1(x1), · · · , ĝλ,1(xnexp)

]
∈ Rnexp×p, (4.59)

ĝλ,0(x) =
(
ĝλ,0(x1), · · · , ĝλ,0(xnexp)

)t ∈ Rnexp . (4.60)

Finally, the estimation of the posterior distribution of θ(λ) can be efficiently carry out using
approximation methods. This truncated Gaussian distribution can in fact be approximated
by Gibbs sampling [Robert, 1995] to eventually derive a MAP estimator of θ(λ). However,
this approach has two drawbacks. On the one hand, it is computationally expensive, requiring
us to run as many independent Markov chains as the number of thermal conductivity values
λ of interest. Furthermore, for each considered value of λ, a preliminary step of linearization
of the CARACAS code is required, relying on a number n of simulations. As the CARACAS
code is computationally expensive, this can be problematic when one needs to estimate θ(λ)
for numerous λ values. On the other hand, this approach does not take into account the
fact that, under certain regularity conditions, the posterior distribution of θ(λ) could provide
information about that of θ(λ′) if λ is not too far from λ′.

An alternative is to perform the scheme (linearization, sensitivity analysis, followed by
calibration) while considering only a limited number m of well-chosen values {λk}1≤k≤m
of λ. Using these selected values, we can build a regression model to derive a posterior
predictive distribution of θ(λ) for any other values of λ. More precisely, we can provide
a truncated Gaussian predictive posterior distribution (over DΘ) of θ(λ) for any value of
λ without rerunning the CARACAS code for that λ. This approach, called GP-LinCC for
Gaussian Process and Linearization-based Conditional Calibration has been developed in
Chapter 2 of the present manuscript. Note that, due to the parameter bound constraints on
θ, the Gaussian predictive distribution provided by the GP-LinCC method transforms into
a truncated Gaussian distribution over DΘ.

We applied the GP-LinCC approach only to the log-linear models constructed for the
purpose. First, we estimated the hyperparameters ϕ of the prior of the Gaussian processes
of the GP-LinCC method over the full set of m = 20 thermal conductivity values. Let ϕ̂
denote these estimated hyperparameters (given in Equation (2.31)). Then, we compared the
predictive distribution of GP-LinCC with the posterior distribution of Equation (4.55) (called
target distribution) for some thermal conductivity values. After min-max scaling, both the
target and predictive distributions were truncated on [0, 1]p.

We recall that the GP-LinCC method (see Chapter 2) provides a Gaussian predictive
distribution of

log(θ̃(λ)) with θ̃(λ) =
(
exp(θ1(λ)), exp(θ2(λ)),θ3(λ),θ4(λ), exp(θ5(λ)),θ−1

6 (λ)
)t
.

which is transformed into a truncated multivariate Gaussian on [0, 1]p2, easily simulated by
a Gibbs algorithm [Robert et al., 1999]. An estimate of the posterior distribution of θ is

2 Note that this truncation is obtained by truncation of the Gaussian predictive posterior distribution from
Theorem 2 in Chapter 2.
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then computed by applying all the necessary inverse transformations (inverse cumulative
distribution function of uniform distribution, exponential function (for log(θ3), log(θ4) and
log(θ−1

6 ))) on the posterior samples of log(θ̃(λ)) and finally applying inverse funtion on the
posterior samples associated with θ−1

6 for each λ ∈ {λ1, · · · , λm}. We also did the same for
the samples of the target distribution. Combining those transformations with the leave-one-
out (LOO) cross-validation procedure on λk for 1 ≤ k ≤ m [Bachoc, 2013], we tested the
predictive ability of the GP-LinCC approach in the two following situations:

1. calibration of θ := (A2,Rfhbs)t

2. calibration of θ := (A2,A3, kα,Rfhbs)t.

4.5.1 Calibration of θ := (A2,Rfhbs)t

Figure 4.20 presents the outcomes of the previous procedure implemented for each

λ ∈ {λ1, · · · , λm}.

In general, we observe a close alignment between the predictive and target posterior means
for every λ value. Nevertheless, the GP-LinCC method tends to exhibit an underestimation
of the prediction uncertainty, as shown by the fact that the predicted variances are lower than
the corresponding target posterior variances. This underestimation can partly be attributed
to the use of marginal likelihood maximization technique (also referred to as empirical Bayes)
for estimating the hyperparameters ϕ [Rasmussen et al., 2006; Reich and Ghosh, 2019] and/or
the choice of the covariance function for each component of

log(θ̃(λ)) with θ̃(λ) :=
(
exp(θ1),θ−1

6

)t
∈ R2.

In this study, the Matérn 5/2 covariance function was used which is the most popular choice
in practice [Gu et al., 2018].

Physical interpretation of the results in Figure 4.20

To some extent, the results obtained are consistent with the physics modeled in the ALCY-
ONE application and the fission gas behavior model. In fact, most of the physical phenomena
related to the fission gas are activated by the temperature T . This is the case for diffusion. In
the model and in the operating regime considered in this study, the gas diffusion coefficient
in UO2 can be written as follows:

D(Ḟ , T ) ∼ A2
√
Ḟ e−E2

T +A3Ḟ , (4.61)

where

• Ḟ is the fission rate (fission/m3/s),

• E2 is an activation energy.

The fission rate Ḟ is independent of the temperature T . The first term is a thermal diffusion
coefficient (Arrhenius-type law) accelerated by irradiation and the second is an athermal
diffusion coefficient related only to irradiation. In the diffusion equation, the gas flow out of
the grains (of radius Rgrain) by diffusion is proportional to this diffusion coefficient:

Φ = 4πR2
grainD(Ḟ , T )∥∇c(r)∥r=Rgrain

,

where c(r) is the fission gas concentration profile in the grain (obeys Fick law).
Regardless of λ, for a given fuel rod, we aim to calibrate the parameters θ to calculate the

same value for the released gas fraction. By greatly simplifying the representation, we need to
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(a) Posterior distributions (target and predictive) relative to the parameter A2.

(b) Posterior distributions (target and predictive) relative to the parameter Rfhbs.

Figure 4.20: Comparison of the posterior distributions predictive (provided by the GP-LinC + all
inverse transformations) and target (given in Equation (4.55) with p = 2) of the couple (A2,Rfhbs)
obtained by LOO on the m = 20 values of λ.
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ensure that for any λ, the flow of gas leaving the grain is the same. Given the mathematical
form of D, when the temperature T is high, corresponding to low values of λ, the value of
A2 after calibration must be lower than that obtained when the temperature is lower (high
λ case). This is shown in Figure 4.20(a) where the posterior distribution of A2 increases as
a function of the thermal conductivity λ.

At high burnup rates, in the peripheral zones of the pellet, the microstructure of the
nuclear fuel is restructured: the initial metallographic structure (polycrystalline microstruc-
ture with grain sizes of around 10µm) is transformed into a microstructure with very small
grains (of the order of 0.5µm) known as the High Burnup Structure (HBS). In the fission
gas behavior model, after this restructuring, the diffusion equation is no longer solved at the
scale of a metallographic grain, but at the scale of a fuel fragment, represented in the form
of a sphere of radius Rfhbs and comprising several micro-grains. This equation uses the same
formulation of the diffusion coefficient D presented above, possibly accelerated by a constant
coefficient. The parameter Rfhbs therefore corresponds to the distance that the fission gas
atoms must travel to leave the fuel and be released. At the periphery of the pellet, given the
local temperature/fission rate regime, the diffusion coefficient is practically independent of
temperature. It depends only on the fission rate Ḟ which is independent of λ:

D(Ḟ , T ) ∼ A3Ḟ

The outgoing gas flow from the sphere of radius Rfhbs by diffusion is given by:

Φ = 4πR2
fhbsD(Ḟ , T )∥∇c(r)∥r=Rfhbs

.

Then, we have:

Φ ∼ R2
fhbsD.

Since D does not depend on λ, for the outgoing gas flow from the sphere not to depend on λ,
the parameter Rfhbs must also vary very little with λ. This happens, as we can see in Figure
4.20 (b).

4.5.2 Calibration of θ := (A2,A3, kα,Rfhbs)t

Using the same procedure that gave us the results shown in Figure 4.20 (see Section 4.5),
Figures 4.21 and 4.22 present the results obtained for this 4D calibration problem. For
the predictive posterior distributions of the parameters A3, kα and Rfhbs, more questions
arise. Indeed, for all m = 20 values of λ, these three marginal distributions are concentrated
at the lower bounds of the prior variation ranges, which are [10−40, 10−39], [0.8, 1.2] and
[10−5, 3 × 10−5], respectively. This trend raises the possibility that the limited performance
of the GP-LinCC method in learning these two components (i.e., A3 and kα) of

θ(λ) = (θ1(λ),θ3(λ),θ4(λ),θ6(λ))t

could be attributed to a poor estimation of the hyperparameters ϕ. This is probably due to
the specific shape of the posterior means of the marginal distributions associated with θ3(λ)
and θ4(λ). The poor estimation of these hyperparameters might have been propagated to
the fourth component.

A possible solution would be to follow the approach in Subsection 4.5.1, setting log(θ4)
and log(θ3) to their MAP and to calibrate only the other two parameters or to extend the
prior lower and upper bounds of these parameters. Another solution would be to improve
the GP-LinCC method by, for example, replacing the Gaussian process prior assumption for
log(θ4) and log(θ3) with linear statistical models whose coefficients could be jointly estimated
with the hyperparameters ϕ of the remaining Gaussian processes.
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(a) Posterior distributions (target and predictive) relative to the parameter A2.

(b) Posterior distributions (target and predictive) relative to the parameter A3.

Figure 4.21: Comparison of the marginal posterior distributions predictive (provides by the GP-
LinC + all inverse transformations) and target (given in Equation (4.55) with p = 4) of the couple
(A2,A3, kα,Rfhbs) obtained by LOO on the 20 values of λ.
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(a) Posterior distributions (target and predictive) relative to the parameter kα.

(b) Posterior distributions (target and predictive) relative to the parameter Rfhbs.

Figure 4.22: Comparison of the marginal posterior distributions predictive (given in Theorem 2 with
p = 4) and target (given in Equation (4.55) with p = 4) of the couple (A2,A3, kα,Rfhbs) obtained by
LOO on the 20 values of λ.
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Physical interpretation of the results in Figures 4.21 and 4.22

The physical analysis of the results obtained for the 2D case remains relevant (Figure 4.21 (a)
and Figure 4.22 (b)), and can even be extended to the parameters A3 (i.e., θ3) and kα (i.e.,
θ4). In the equation describing the fission gas diffusion coefficient, the second temperature
independent term is directly related to the gas release from the peripheral zones of the pellet,
before and after the HBS restructuring described above. Since the fission rate Ḟ is not
temperature dependent, the posterior distribution of A3 should be relatively insensitive to
λ, as can be seen in Figure 4.21 (b). Similarly, the parameter kα controls the kinetics of
irradiation defect production. When the number of defects exceeds a certain threshold, HBS
restructuring is triggered. In high temperature zones (center of the pellet), defect production
is ineffective because the irradiation defects are annealed by the temperature. The parameter
kα therefore only plays a role in the cold zones of the pellet (periphery) and its posterior
distribution kα should be very little dependent on λ, as shown in Figure 4.22 (a).

From a statistical point of view, in both 2D and 4D cases, only one of the four parameters
identified in the HSIC sensitivity analysis depends on λ after calibration (Figures 4.20, 4.21
and 4.22). However, the dispersion of the SRC2 associated with the parameter Rfhbs (i.e.,
θ6) for different values of λ and for all the fuel rods suggested a more global dependence
of the parameters on λ. Broadly speaking, the RGF in the CARACAS code comprises two
contributions:

• A temperature-activated contribution whose identified influential parameter is A2 (i.e.,
θ2).

• An athermal contribution involving A3, kα and Rfhbs (i.e., θ3, θ4 and θ6 respectively).

The part played by these two contributions to the total RGF is different for each of the fuel
rods in the calibration database. From a physical point of view, there was nothing to suggest
a priori that the athermal component would be virtually independent of λ. It was to be
expected that the share of each contribution would depend on λ.

4.5.3 Comparison between the RGF predicted by the CARACAS code and the
log-linear-based calibrated model predictions

For any new value of the thermal conductivity λ⋆ and for the i-th fuel rod, the predictive

distribution of the log-RGF at the MAP, denoted by l̂og θ̃pred(λ⋆) is approximately a Gaussian
distribution:

π (log yλ⋆(xi) | log Yλ⋆(xi)) ≈ N

(
log ypred

l̂og θ̃pred(λ⋆)
(xi), σ̂2

i,λ⋆

)
, (4.62)

with

log ypred
l̂og θ̃pred(λ⋆)

(xi) := ĝλ⋆,0(xi) + ĝλ⋆,1(xi)t l̂og θ̃pred(λ⋆). (4.63)

To simplify the equations in the rest of the chapter, we will use
̂̃
θlog(λ⋆) which is defined by

̂̃
θlog(λ⋆) := l̂og θ̃pred(λ⋆)

instead of l̂og θ̃pred(λ⋆). By applying the exponential transformation to log yλ⋆(xi), then the
predicted RGF obtained follows approximately the following log-normal distribution:

L N

(
log ypred̂̃

θlog(λ⋆)
(xi), σ̂2

i,λ⋆

)
with 1 ≤ i ≤ nexp = 40. (4.64)
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The median of the above log-normal distribution is given by:

ypred̂̃
θlog(λ⋆)

(xi) := exp
(

log ypred̂̃
θlog(λ⋆)

(xi)
)

with 1 ≤ i ≤ nexp. (4.65)

Thus, we can compare the simulations of CARACAS code run at the MAP

θ̂pred(λ⋆) := exp
(

l̂og θ̃pred(λ⋆)
)

3

denoted by {
y

θ̂pred(λ⋆)(xi)
}

1≤i≤nexp

,

with the predictions {
ypred̂̃

θlog(λ⋆)
(xi)

}
1≤i≤nexp

, (4.66)

of the exponential model (Equation (4.65)). The associated prediction interval of 95% is
obtained by applying the exponential transformation of the prediction interval of 95% to the
Gaussian distribution in Equation (4.62):

IF95%(y
θ̂pred(λ⋆)(xi)) :=

[
exp

(
log ypred̂̃

θlog(λ⋆)
(xi) ± 1.96

√
σ̂2
i,λ⋆

)]
with 1 ≤ i ≤ nexp.

(4.67)

Figure 4.23 presents in (a) the scatter plots between the log-RGF predicted by the CARA-
CAS model run at θ̂pred(λ⋆) and reference value of θ denoted by θref(λ⋆)4 and the predictions
of the log-linear model (Equation (4.63)) computed with

̂̃
θlog(λ⋆) and log

(
θ̃ref(λ⋆)

)
,

with

θ̃ref(λ⋆) =
(
exp(θref,1(λ⋆)),θref,3(λ⋆),θref,4(λ⋆),θ−1

ref,6(λ⋆)
)t

and λ⋆ = λnom = 1.

respectively and in (b) the exponential model predictions (Equation (4.65)) and RGF pre-
dicted by CARACAS code. In this way, we have also plotted the scatter plot between the
reference values and the CARACAS code predictions. We can see that the log-linear model
systematically overpredicts the predictions of the CARACAS code. This becomes increas-
ingly observable when the RGF is high due to the different scales of the RGF from 6 × 10−2

to 10. In other words, this discrepancy is positively correlated with the burnup of each fuel
rod. This could be due to the fact that the log-linear model would tend to overpredict the
log-RGF simulated in the MAP zone, and/or the absence of a model discrepancy that would
be due to the fuel rod burnups and thus the thermal power P (t). The latter was considered
in this study as a deterministic quantity for each fuel rod. Note that the linearization un-
certainty, whose amplitude is estimated by the σ̂2

i,λ⋆ , is compatible with these figures (even if
the bisector crosses the ends of the blue intervals).

3 Note that θ̂pred(λ⋆) represents the MAP of θ in DΘ after applying all the necessary inverse transformations
(inverse cumulative distribution function of uniform distribution, inverse and exponential functions).

4 θref(λ⋆) corresponds to the reference parameter values of the CARCAS code associated with λ⋆ = 1 before
using the GP-LInCC calibration method.



4.5. GP-LINCC APPROACH: APPLICATION ON ALCYONE TEST CASE 151

-3 -2 -1 0 1 2 3

-3
-2

-1
0

1
2

3

Log-RGF predicted by CARACAS code

L
o
g
-R

G
F

 p
re

d
ic

te
d
 b

y
 L

o
g
-l
in

e
a
r 

m
o
d
e
l

θlog(λ ∗ ) log⎛⎝θref(λ ∗ )⎞⎠

(a) Comparison between the log-RGF predicted by Equation (4.63)

(with
̂̃
θlog(λ⋆) and log(θ̃ref(λ⋆)) respectively) and the CARACAS

code at θ̂pred(λ⋆) and θref(λ⋆). Error bar is the prediction interval
at 95% with λ⋆ = 1.
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(b) Comparison between the RGF predicted by Equation (4.65)

and CARACAS code at θ̂pred(λ⋆) and θref(λ⋆). Error bar is the
prediction interval at 95% (Equation (4.67)).

Figure 4.23: Comparison of (a) the log-RGF (b) the RGF predicted with λ⋆ = λnom = 1.
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4.5.4 Comparison between the experimental RGF and the log-linear-based cali-
brated model predictions

For any new value of the thermal conductivity λ⋆ and for the i-th fuel rod, the predictive dis-

tribution of the experimental log-RGF at
̂̃
θlog(λ⋆) of log(θ̃(λ⋆)) is approximately a Gaussian

distribution:

π(log zpred
λ⋆ (xi)| log z) ≈ N

(
log ypred̂̃

θlog(λ⋆)
(xi), σ̂2

i,λ⋆ + σ2
exp,i

)
with 1 ≤ i ≤ nexp. (4.68)

By applying the exponential transformation to log zλ⋆(xi), then the predicted RGF obtained
follows approximately the log-normal distribution below:

L N

(
log ypred̂̃

θlog(λ⋆)
(xi), σ̂2

i,λ⋆ + σ2
exp,i

)
with 1 ≤ i ≤ nexp. (4.69)

The median of the above log-normal distribution is given by:

zpred
λ⋆ (xi) := exp

(
log ypred̂̃

θlog(λ⋆)
(xi)

)
with 1 ≤ i ≤ nexp. (4.70)

Thus, we can compare the experimental RGF z to

zpred
λ⋆ :=

{
zpredλ⋆ (xi)

}
1≤i≤nexp

The associated prediction interval of 95% is obtained by applying the exponential transfor-
mation of the prediction interval of 95% to the Gaussian distribution of Equation (4.68):

IF95%(zi) :=
[
exp

(
log ypred̂̃

θlog(λ⋆)
(xi) ± 1.96

√
σ̂2
i,λ⋆ + σ2

exp,i

)]
with 1 ≤ i ≤ nexp. (4.71)

For λ⋆ = λnom = 1, we first adjusted the parameters of the fission gas behavior model by

taking their MAP after using the GP-LinCC method (i.e,
̂̃
θlog(λ⋆)), according to the scenario

where the parameters

log(θ̃(λ⋆)) with θ̃(λ⋆) :=
(
exp(θ1(λ⋆)),θ3(λ⋆),θ4(λ⋆),θ−1

6 (λ⋆)
)
,

were calibrated, while the other two parameters θ1 and θ5 were kept at their MAP values.
Figure 4.24(a) presents the scatter plots between the experimental log-RGF and the pre-

dictions of the log-linear model (Equation (4.63)) respectively at
̂̃
θlog(λ⋆) and

log
(
θ̃ref(λ⋆)

)
with θ̃ref(λ⋆) =

(
exp(θref,1(λ⋆)),θref,3(λ⋆),θref,4(λ⋆),θ−1

ref,6(λ⋆)
)t
.

4.24(b) compares the predictions of Equation (4.70) to the experimental RGF. It can be
seen that the log-linear model tends to overestimate the log-RGF for most of the fuel rods.
This is partly (or maybe fully) explained by the fact that at the MAP values, the log-linear
models outperform the log-RGF simulations. However, we cannot exclude the existence of a
discrepancy function between the CARACAS code and physical truth in the burnup and the
thermal conductivity [Kennedy and O’Hagan, 2001; Higdon et al., 2004; Gu et al., 2018]. This
is why non-linear calibration should eventually be carried out in further work (mathematical
developments in progress). Superimposing the histogram of the standardized residuals

log zi − log ypred̂̃
θlog(λ⋆)

(xi)√
σ̂2
i,λ⋆ + σ2

exp,i

with 1 ≤ i ≤ nexp, (4.72)
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on the standard normal density, we see that the variance of these residuals is strictly greater
than 1 (Figure 4.25). In other words, the variances σ̂2

i,λ⋆ + σ2
exp,i are too small relative to

log zi − log ypred̂̃
θlog(λ⋆)

(xi) with 1 ≤ i ≤ nexp.

Once again this could be due to the imperfect accuracy of the log-linear regression models
and/or to a discrepancy term that was not accounted for [Higdon et al., 2004; Bachoc et al.,
2014; Brynjarsdottir and O’Hagan, 2014]. These further researches are left for the future.

Finally, we computed the MSE and Q2 associated with the log-predictor

log ypred̂̃
θlog(λ⋆)

(x) =
{

log ypred̂̃
θlog(λ⋆)

(xi)
}

1≤i≤nexp

.

These indicators are respectively equal to 0.181 and 0.915. We also calculated the MSE and
Q2 associated with the median predictor zpredλ⋆ . These indicators are approximately equal to
0.36 and 0.927. Finally, we calculated the mean absolute error between these two quantities.
It is equal to 0.418. The mean absolute error measures the mean absolute deviation between
observed and predicted values [Steurer et al., 2021; Tofallis, 2015].

4.5.5 Comparison between the experimental RGF and the CARACAS predictions

In this section, we compare the experimental RGF with both predictions of the CARACAS
code obtained with θ̂pred(λ⋆) and θref(λ⋆). The results of this section are much more impor-
tant than those of the previous two sections, from the point of view of the CARACAS code.
In fact, we aim to compare the experimental RGF with both predictions of the CARACAS
code run respectively at the MAP (θ̂pred(λ⋆) and θref(λ⋆)).

Figure 4.26 presents the scatter plots of the experimental log-RGF (a) and RGF (b)
against the predictions of the CARACAS code at the parameter values θ̂pred(λ⋆) (with λ⋆ = 1)
and θref(λ⋆) respectively. We can see that the scatter plots obtained with the RGF predictions
obtained with θ̂pred(λ⋆) are closer to the first bisector than the scatter plots obtained with

θref(λ⋆). In other words, the predictions obtained with θ̂pred(λ⋆) appear to be more accurate
than those obtained with θref(λ⋆). Indeed, we calculated the MSE, MAE and Q2 in both
cases. The MSE and the MAE obtained with θ̂pred(λ⋆) are lower and the Q2 is significantly
improved (Table 4.1).

Measured and predicted MSE MAE Q2(
log z, log y

θ̂pred(λ⋆)(x)
)

0.11 0.26 0.95(
log z, log yθref(λ⋆)(x)

)
0.46 0.60 0.78(

z, y
θ̂pred(λ⋆)(x)

)
0.26 0.34 0.95(

z, yθref(λ⋆)(x)
)

1.29 0.89 0.74

Table 4.1: Computation of MSE, MAE and Q2 with λ⋆ = 1.

Remark 8

The results in Table 4.1 were obtained from the experimental RGF used for the calibration
stage. However, we have not yet validated the accuracy of CARACAS simulations for new
RGF data. Another way would be to perform a leave-one-out validation. This solution
would involve optimizing the hyperparameters of the GP-LinCC approach at each stage
of the leave-one-out process. This may be investigated in future work.
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(a) Comparison of the log-RGF predicted of Equation (4.63) (witĥ̃
θlog(λ⋆) and log(θ̃ref(λ⋆)) respectively) to the log-RGF measured. Er-
ror bar is the prediction interval at 95%.
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(b) Comparison of RGF predicted of Equation (4.70) (witĥ̃
θlog(λ⋆) and log(θ̃ref(λ⋆)) respectively) to RGF measured. Er-
ror bars is the prediction interval of 95% (Equation (4.71)).

Figure 4.24: Comparison of predicted and measured RGF with λ⋆ = λnom = 1.
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Figure 4.25: Histogram of standardized residuals of Equation (4.72) with λ⋆ = 1.

4.5.6 Examination of the compensation hypothesis (after calibration)

In this section, we inspect the compensation hypothesis for the calibrated log-linear model
and the calibrated CARACAS code. This hypothesis states that the RGF are uninformative
on the uncertainty of the thermal conductivity. In other words, whatever the value taken
by the thermal conductivity, the RGF should remain unchanged. For this purpose, we can
examine whether the predictions of the log-linear model (resp. the CARACAS code) are
quasi-invariant regardless of the value of the thermal conductivity for all fuel rods. To do
this, for the i-th rod, we can perform a statistical test to check whether the support of the
probability distribution of the random variable

log yλ1(xi) − log yλ2(xi) | log Yλ1(xi), log Yλ2(xi) (4.73)

contains 0 for every λ1 ̸= λ2. We can also test this hypothesis by constructing a coverage
rate at 95% of 0. This rate would be computed from the quantities

1{0∈IC95%(xi,λ(j)
1 ,λ

(j)
2 )}

associated with different realizations {λ(j)
1 }Nj=1 and {λ(j)

2 }Nj=1 as

∆̂(5%,xi) := 1
N

N∑
j=1

1{0∈IC95%(xi,λ(j)
1 ,λ

(j)
2 )}, (4.74)

where the 95% predictive interval denoted by IC95%(xi, λ(j)
1 , λ

(j)
2 ) is derived from the distri-

bution of the random variable in Equation (4.73) (with λ1 = λ
(j)
1 and λ2 = λ

(j)
2 ). In this way,

we can state that the compensation hypothesis is not questioned when ∆̂(5%, xi) is greater
than 95%. This possibility is presented in Chapter 2. However, as a first step we opted
for a graphical check. This solution first consists of sampling some values for the thermal

conductivity λ denoted by {λ⋆k}m
⋆

k=1 then computing
̂̃
θlog(λ⋆k) for each λ⋆k and finally showing

the scatter plot(
log ypred̂̃

θlog(λnom)
(xi), log ypred̂̃

θlog(λ⋆
k

)
(xi)

)
with λnom = 1 and 1 ≤ i ≤ nexp.
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(a) Comparison of log-RGF predicted by the CARACAS code at

(θ̂pred(λ⋆) and θref(λ⋆ respectively) to the log-RGF measured. Er-
ror bar is the prediction interval at 95%.
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(b) Comparison of RGF predicted by the CARACAS code at

(θ̂pred(λ⋆) and θref(λ⋆) respectively) to RGF measured. Error bar
is the prediction interval of 95% (Equation (4.71)).

Figure 4.26: Comparison of (a) log-RGF predicted by the CARACAS code and experimental and (b)
RGF predicted by the CARACAS code and experimental with λ⋆ = 1.
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(a) Inspection of the compensation hypothesis on the log-RGF
(Equation (4.63)). Error bars are the 95 % predictive intervals

associated with λnom = 1.
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(b) Inspection of the compensation hypothesis on the RGF
(Equation (4.65)). Error bars are the 95% predictive intervals

associated with λnom = 1.

Figure 4.27: Examination of the compensation hypothesis for the predictions of the log-linear model
(Equation (4.63)) and the exponential model (Equation (4.65)) with λ⋆ ∈ {1−10%, 1−5%, 1+5%, 1+
10%} and λnom = 1.

The compensation hypothesis will be said to be satisfied if the points lie within 95% un-
certainty interval of the predictive distribution π (log yλnom(xi) | log Yλnom(xi)). For λ⋆k ∈
{1 − 10%, 1 − 5%, 1 + 5%, 1 + 10%}, the results of this graphical solution are shown in Figure
4.27. We can see that the points are quite close to the first bisector and are covered by this
interval. Therefore, the compensation hypothesis is unquestioned. The same is true for the
calibrated CARACAS code (see Figure 4.28). Figure 4.28 shows the scatter plot(

y
θ̂pred(λnom)(xi), yθ̂pred(λ⋆

k
)(xi)

)
with 1 ≤ i ≤ nexp.

In summary, the compensation hypothesis appears to be verified a posteriori by the cal-
ibrated predictions of the log-linear model (Figure 4.27) and also by the corresponding cali-
brated CARACAS code (Figure 4.28).
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(b) Inspection of the compensation hypothesis on the RGF
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Figure 4.28: Examination of the compensation hypothesis for the RGF predictions of the calibrated
CARACAS code obtained with λ⋆ ∈ {1 − 10%, 1 − 5%, 1 + 5%, 1 + 10%} and λnom = 1.
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4.6 Conclusions and perspectives

In this study, we have used a Bayesian calibration approach to quantify parameter uncer-
tainties in fuel simulation. More specifically, we aimed to quantify the uncertainty associated
with the parameters θ of the fission gas behavior model as a function of the uncertainty
in the thermal conductivity λ of the thermal model. These two models are integrated into
the ALCYONE application of the PLEIADES simulation platform dedicated to PWR fuel
modeling at CEA.

To achieve this goal, we have developed a new method called GP-LinCC (for Gaussian
Process and Linearization-based Conditional Calibration). This method provides a posterior
predictive distribution of the parameters θ as a function of every possible values of the thermal
conductivity λ. To achieve this, the GP-LinCC method relies on the use of Gaussian process
priors, a linear approximation of the fission gas behavior model (i.e., CARACAS model), and
the compensation hypothesis. The linearization of the fission gas behavior model facilitates
the use of this methodology. By this approach, we avoided any use of Metropolis-Hastings
algorithm to calibrate the parameters θ conditional on λ.

In our work, we implemented the GP-LinCC approach and observed several significant
results. First, it is important to stress that the GP-LinCC method succeeds in compensat-
ing in λ, confirming that the compensation hypothesis formulated by experts is validated
by this approach. The compensation hypothesis states that the experimental data of the
fractions of gas released provide little or no information on the uncertainty of the thermal
conductivity. Second, we also found that the calibrated fission gas behavior model shows a
tendency to underestimate high burnup fuel rods. This underestimation could be attributed
to the imperfect linear models a posteriori and/or the non-inclusion of a model discrepancy
function.

Therefore, our results open the way to some possible improvements of the GP-LinCC
method. Further work may be devoted to two major improvements. First, the linear models
currently used could be replaced in the GP-LinCC method by non-linear statistical models,
such as Gaussian process. Second, we are considering the possibility of introducing a model
discrepancy component into our approach.
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4.7 Supplementary material

4.7.1 Calculation of posterior and predictive distributions

4.7.1.1 Marginal posterior distributions

Proof : We start from Equation (4.3):

Yλk
(xi) = Θreg,kgλk

(xi) + εi, λk
.

The likelihood of the data Yλk
(xi) conditional on the pair (gλk

(xi), σ2
i,λk

) is given by:

L (Yλk
(xi)|gλk

(xi), σ2
i,λk

) ∝ (σ2
i,λk

)− n
2 exp −

{
1
2
(
Yλk

(xi) − Θreg,kgλk
(xi)

)t

× 1
σ2

i,λk

(
Yλk

(xi) − Θreg,kgλk
(xi)

)}
.

The prior distribution π(gλk
(xi), σ2

i,λk
) is given in Equation (4.8). Therefore, the posterir

distribution Yλk
(xi)) is obtained using Bayes’ formula:

π(gλk
(xi), σ2

i,λk
|Yλk

(xi)) ∝ L (Yλk
(xi)|gλk

(xi), σ2
i,λk

)π(gλk
(xi), σ2

i,λk
)

∝ exp −
{

1
2
(
Yλk

(xi) − Θreg,kgλk
(xi)

)t 1
σ2

i,λk

(
Yλk

(xi)

−Θreg,kgλk
(xi)

)}
(σ2

i,λk
)− n

2 −1.

(4.75)

Let us put W := Θreg,k
tΘreg,k, ĝλk

(xi) := W−1Θreg,k
tYλk

(xi) and

a := (Yλk
(xi) − Θreg,kgλk

(xi))t (Yλk
(xi) − Θreg,kgλk

(xi)) .

We can easily show that:

a = (Yλk
(xi) − Θreg,kĝλk

(xi))t (Yλk
(xi) − Θreg,kĝλk

(xi))

+ (gλk
(xi) − ĝλk

(xi))t
W (gλk

(xi) − ĝλk
(xi)) .

In fact,

a = Yλk
(xi)tYλk

(xi) − 2Yλk
(xi)tΘreg,kgλk

(xi) + gλk
(xi)tΘreg,k

tΘreg,kgλk
(xi)

= Yλk
(xi)tYλk

(xi) − 2ĝλk
(xi)Wgλk

(xi) + gλk
(xi)tWgλk

(xi)

= Yλk
(xi)tYλk

(xi) − 2ĝλk
(xi)tWgλk

(xi) + gλk
(xi)tWgλk

(xi) + ĝλk
(xi)tWĝλk

(xi)

−ĝλk
(xi)tWĝλk

(xi)

= Yλk
(xi)tYλk

(xi) − ĝλk
(xi)tWĝλk

(xi) +
(
ĝλk

(xi) − gλk
(xi)

)t
W
(
ĝλk

(xi) − gλk
(xi)

)
.

Furthermore, we have:

Yλk
(xi)tYλk

(xi) − ĝλk
(xi)tWĝλk

(xi) = Yλk
(xi)tYλk

(xi) − 2ĝλk
(xi)tWĝλk

(xi)

+ ĝλk
(xi)tWĝλk

(xi)

= Yλk
(xi)tYλk

(xi) − 2Yλk
(xi)tΘreg,kĝλk

(xi)

+ ĝλk
(xi)tΘreg,k

tΘreg,kĝλk
(xi)

=
(
Yλk

(xi) − Θreg,kĝλk
(xi)

)t(
Yλk

(xi) − Θreg,kĝλk
(xi)

)
.
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Then, one has:

a =
(
Yλk

(xi) − Θreg,kĝλk
(xi)

)t(
Yλk

(xi) − Θreg,kĝλk
(xi)

)
+
(
ĝλk

(xi) − gλk
(xi)

)t
W
(
ĝλk

(xi) − gλk
(xi)

)
.

As a result, Equation (4.75) becomes:

π(gλk
(xi), σ2

i,λk
|Yλk

(xi)) ∝ (σ2
i,λk

)− n
2 −1 exp − 1

2σ2
i,λk

{(
Yλk

(xi) − Θreg,kĝλk
(xi)

)t

×
(
Yλk

(xi) − Θreg,kĝλk
(xi)

)
+
(
gλk

(xi) − ĝλk
(xi)

)t
W
(
gλk

(xi) − ĝλk
(xi)

)}
.

(4.76)

The marginal posterior distribution π(σ2
i,λk

|Yλk
(xi)) is obtained by integrating the joint

posterior distribution π(gλk
(xi), σ2

i,λk
|Yλk

(xi)) with respect to dgλk
(xi):

π(σ2
i,λk

|Yλk
(xi)) =

∫
π(gλk

(xi), σ2
i,λk

|Yλk
(xi))dgλk

(xi)
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(
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(xi)

)t(
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(xi)

)
×
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2σ2
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(
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(xi) − ĝλk
(xi)

)t
W
(
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(xi)

)
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2 −1

∝ exp − 1
2σ2
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(
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(xi)

)t(
Yλk
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(xi)

)
×

√
2π
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|σ2

i,λk
W−1| 1

2
1

(σ2
i,λk

) n
2 +1

∝ exp − 1
2σ2

i,λk

(
Yλk

(xi) − Θreg,kĝλk
(xi)

)t(
Yλk

(xi) − Θreg,kĝλk
(xi)

)
×
( 1
σ2

i,λk

)n−p−1
2 +1

.

(4.77)

In (4.77), we recognize the expression of an Inverse-Gamma distribution:

π(σ2
i,λk

|Yλk
(xi)) ∼ IG(n− p− 1

2 ,
n− p− 1

2 σ̂2
i,λk

),

where

σ̂2
i,λk

= 1
n− p− 1

(
Yλk

(xi) − Θreg,kĝλk
(xi)

)t(
Yλk

(xi) − Θreg,kĝλk
(xi)

)
.

The marginal posterior distribution π(gλk
(xi)|Yλk

(xi)) is obtained by integrating the joint
posterior distribution π(gλk

(xi), σ2
i,λk

|Yλk
(xi)) with respect to dσ2

i,λk
:

π(gλk
(xi)|Yλk

(xi)) =
∫
π(gλk

(xi), σ2
i,λk

|Yλk
(xi))dσ2

i,λk

∝
∫

exp − 1
2σ2

i,λk

{(
Yλk

(xi) − Θreg,kĝλk
(xi)

)t(
Yλk

(xi) − Θreg,kĝλk
(xi)

)
+
(
gλk

(xi) − ĝλk
(xi)

)t
W
(
gλk

(xi) − ĝλk
(xi)

)} 1
(σ2

i,λk
) n

2 +1 dσ
2
i,λk

.

Let us put

T :=
(
Yλk

(xi)−Θreg,kĝλk
(xi)

)t(
Yλk

(xi)−Θreg,kĝλk
(xi)

)
+
(
gλk

(xi)−ĝλk
(xi)

)t
W
(
gλk

(xi)−ĝλk
(xi)

)
.
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As a result, we have:

π(gλk
(xi)|Yλk

(xi)) ∝
∫ 1

(σ2
i,λk

) n
2 +1 exp −1

2
T

σ2
i,λk

dσ2
i,λk

∝
(T

2
)− n

2 Γ(n2 ) ×
∫ (T

2
)n

2 1
Γ( n

2 )
1

(σ2
i,λk

) n
2 +1 exp −1

2
T

σ2
i,λk

dσ2
i,λk

.

Therefore, one has:

π(gλk
(xi)|Yλk

(xi)) ∝
(T

2
)− n

2 Γ(n2 )

∝ T− n
2 .

(4.78)

Now, the expression T is equal to:

T =
(
Yλk

(xi) − Θreg,kĝλk
(xi)

)t(
Yλk

(xi) − Θreg,kĝλk
(xi)

)
+
(
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)
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i,λk
+
(
gλk

(xi) − ĝλk
(xi)

)t
W
(
gλk

(xi) − ĝλk
(xi)

)
.

By replacing T by its expression in Equation (4.78), we obtain:

π(gλk
(xi)|Yλk

(xi)) ∝
(

(n− p− 1)σ̂2
i,λk

+
(
gλk

(xi) − ĝλk
(xi)

)t
W
(
gλk

(xi) − ĝλk
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))− n
2

∝
(

1 + 1
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(
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(xi) − ĝλk
(xi)

)t
W
(
gλk

(xi) − ĝλk
(xi)

))− n−p−1+p+1
2

.

(4.79)

In (4.79), we recognize to within one constant the expression of a density of a multivariate
Student distribution with n− p− 1 degrees of freedom.

4.7.1.2 Predictive Distribution

We start from Equation (4.13):

Proof :

π(Y new
λk

(xi)|Yλk
(xi)) =

∫
L (Y new

λk
(xi) | gλk

(xi), σ2
i,λk

)π(gλk
(xi), σ2

i,λk
|Yλk

(xi))dgλk
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∝
∫ [ 1
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1
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×
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k gλk
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)}
1
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) n
2 +1

exp − 1
2σ2

i,λk

((
gλk

(xi) − ĝλk
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)t
W
(
gλk

(xi) − ĝλk
(xi)

+(n− p− 1)σ̂2
i,λk

)
dgλk

(xi)
]
dσ2

i,λk
.

(4.80)

To prove (4.14), we will first expand the expression of the exponential of Equation (4.80)
to bring out the following two quantities:

• Θnew
k ĝλk

(xi),
• σ̂2

i,λk
(Innew

+ Θnew
k (Θreg,k

tΘreg,k)−1(Θnew
k )t),

and then apply the Fubini-Tonelli theorem to the integral. First, let us develop the expression
of the exponential:

Y new
λk

(xi)t
Y new

λk
(xi)−2

(
Wĝλk

(xi)+(Θnew
k )tY new

λk
(xi)

)t
gλk

(xi)+gλk
(xi)t

(
(Θnew

k )t Θnew
k +W

)
gλk

(xi)
+ ĝλk

(xi)tWĝλk
(xi) + (n− p− 1)σ̂2

i,k. (4.81)
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In addition, we have:

−2
(
Wĝλk

(xi)+(Θnew
k )t

Y new
λk

(xi)
)t
gλk

(xi)+gλk
(xi)tΣ−1gλk
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Wĝλk

(xi)

+ (Θnew
k )t

Y new
λk
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Σ−1
(
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(
Wĝλk
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(xi)
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Σ
(
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k )t
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λk

(xi)
)
.

By replacing in Equation (4.81) and putting the terms together, we obtain:
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(xi)t

[
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]
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λk
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(4.82)

where Σ−1 := (Θnew
k )t Θnew

k +W . According to the Woodbury-Shermann-Morrisson identity,
we have:
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k Σ (Θnew
k )t =
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k )t )−1
,

W −WΣW = W −W
{
W−1 −W−1(Innew

+ Θnew
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.

In addition, we have:
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k .

Because,
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Consequently, Equation (4.82) becomes:(
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. (4.83)

By replacing the expression for the exponential of the integral (4.80) by the expression (4.83),
we obtain:
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(xi)|Yλk
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(4.84)

where
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(
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)t(
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By Fubini-Tonelli, we integrate the integral first with respect to dgλk
(xi) and then with respect

to dσ2
i,λk

:

π(Y new
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Now the integral with respect to dgλk
(xi) is equal to:

∫
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The expression (4.85) then becomes:
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.

As a result, π(Y new
λk

(xi)|Yλk
(xi)) follows a multivariate Student distribution with n − p − 1

degrees of freedom.

4.7.2 Computation of Sobol’ indices

Note that the variables θ and ϑk = (gλk(xi), σ2
i,λk

) are independent. The variable θ follows

the distribution given in Equation (4.27), gλk(xi), σ2
i,λk

are assumed to follow the probability

distributions given in Equations (4.7), (4.3) and ϵi, k|σ2
i,λk

∼ N (0, σ2
i,λk

) respectively. For the
analytical calculation of the Sobol’ indices, we start from Equation (4.12) :

Yλk(xi) = gλk,0(xi) + gλk,1(xi)tθ + ϵi,λk .

In addition, we have the following two equalities:

gλk,0(xi) = (1, 0, · · · 0)
(
gλk,0(xi)
gλk,1(xi)

)
= Agλk(xi), (4.86)

gλk,1(xi) =
(
0 Ip

)
gλk(xi) = Bgλk(xi), (4.87)

where 0 = (0, · · · , 0)t ∈ Rp.
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4.7.2.1 Calculation of Vi,kθ

Proof :

Vi,k
θ = V

(
E
(
Yλk

(xi)|θ
))

= V
(
E
(
gλk,0(xi) + gλk,1(xi)tθ + ϵi,λk
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))
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)
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)
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(xi))tBtV
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θ
)
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(
θ
)
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(xi)) + V
(
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)
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The expression V
(
gλk,1(xi)tθ

)
is equal to:
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Furthermore, we have:
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V
(
gλk,1(xi)tθ

)
= E

(
Tr(θθtgλk,1(xi)gλk,1(xi)t)

)
− (E

(
gλk,1(xi)tθ

)
)2

= Tr
(
E
(
θθtgλk,1(xi)gλk,1(xi)t

))
− (E

(
gλk,1(xi)tθ

)
)2

= Tr
(
E
(
θθt
)
E
(
gλk,1(xi)gλk,1(xi)t

))
− (E

(
gλk,1(xi)tθ

)
)2

= Tr
[
(V(θ) + E(θ)E(θ)t)(V(gλk,1(xi)) + E(gλk,1(xi))E(gλk,1(xi))t)

]
− (E

(
gλk,1(xi)tθ

)
)2

= Tr
(
V(θ)V(gλk,1(xi))

)
+ Tr

(
V(θ)E(gλk,1(xi))E(gλk,1(xi))t

)
+ Tr

(
V(gλk,1(xi))E(θ)E(θ)t

)
.

(4.90)

We obtain (4.90) because:
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We show that:
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By replacing the expression for V
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Chapter 5

Conclusion et perspectives (français)

Résumé des deux contributions

Le sujet principal de cette thèse est le calage bayésien des paramètres de modèle en simulation
multiphysique du combustible nucléaire. Le calage de modèle est un processus qui permet de
quantifier et de réduire les incertitudes paramétriques à partir des données disponibles. Le
calage bayésien quantifie ces incertitudes par des distributions de probabilité. Les outils et
méthodes développés dans le cadre de cette thèse ont été appliqués au simulateur châıné
ALCYONE-CARACAS dans le but de quantifier les incertitudes des paramètres d’entrée θ
du modèle de comportement des gaz de fission (code CARACAS) conditionnellement à toute
l’incertitude de la conductivité thermique λ du modèle thermique en utilisant des données
expérimentales des fractions de gaz relâchées (RGF pour Release Gas Fraction).

Pour cela, nous avons proposé une nouvelle méthode appelée GP-LinCC (pour Gaussian
Process and Linearization-based Conditonal Calibration) qui apprend la relation entre θ et
λ à travers la distribution a posteriori conditionnelle de θ | λ obtenue à l’aide des données
expérimentales de RGF disponibles (Chapitre 2). Cette nouvelle méthode non-paramétrique
basée sur des processus gaussiens et sur la linéarité du modèle numérique par rapport à θ | λ
fournit une distribution a posteriori prédictive des paramètres incertains θ conditionnellement
à n’importe quelle réalisation de λ échantillonnée dans sa distribution de probabilité. Ainsi,
à partir de cette distribution prédictive, nous pouvons déduire l’estimateur MAP (maximum
a posteriori) de θ sachant λ sans avoir besoin de relancer le code de calcul pour la ou (les)
nouvelle (s) valeur(s) de λ considérée(s). En pratique, la méthode GP-LinCC s’appuie d’une
part sur un ensemble de données simulées de la quantité de sortie d’intérêt du modèle associées
à différentes réalisations du couple (θ, λ), et d’autre part sur des données expérimentales de
la sortie d’intérêt. Les données simulées vont servir à construire les modèles linéaires tandis
que les données expérimentales seront utilisées dans le processus de calage de la méthode
GP-LinCC. Cette approche a été testée sur des exemples analytiques (Chapitre 2) et elle a
montré de bonnes performances prédictives. Cependant, son déploiement sur le cas applicatif
ALCYONE-CARACAS exposé au Chapitre 4 a nécessité le développement d’une seconde
contribution. En effet, cette méthode de calage n’échappe pas au problème de la dimension
qui est un problème courant en apprentissage statistique et quantification des incertitudes.
Pour faciliter la mise en œuvre de la méthode GP-LinCC sur le modèle de comportement des
gaz de fission qui comporte une dizaine de paramètres incertains, nous avons procédé à une
sélection au préalable des paramètres de calage θ significativement influents tout en prenant
en compte toute l’incertitude de λ. Cette présélection a été faite via une analyse de sensibilité
globale basée sur le critère de Hilbert-Schmidt d’indépendance HSIC.

Le critère HSIC (pour Hilbert-Schmidt Independence Criterion) est un outil de plus en
plus populaire pour l’analyse de sensibilité globale d’un modèle numérique. Il se base sur des
noyaux qui induisent des espaces de Hilbert spéciaux, appelés espaces de Hilbert à noyau re-
produisant, afin de détecter l’indépendance statistique entre deux objets aléatoires à support
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dans un espace métrique séparable. Cette détection se fait via une statistique de test basée
sur la distance entre les représentants des distributions de probabilité de ces deux objets aléa-
toires dans les espaces de Hilbert à noyau reproduisant. Notre seconde contribution qui fait
l’objet du Chapitre 3 a ainsi consisté à utiliser le cadre des indices HSIC pour sélectionner
les paramètres θ significativement influents tout en intégrant toute l’incertitude de λ dans
le processus d’estimation des indices HSIC. Cette seconde contribution peut se résumer en
quatre étapes. D’abord, nous avons proposé des indices HSIC adaptés à la présence des deux
niveaux d’incertitude : l’incertitude de θ et celle de λ. Ensuite, nous avons montré que ces
nouvelles mesures de sensibilité caractérisent bien l’indépendance entre chaque entrée (c’est-
à-dire chaque composante de θ) et la/les sortie(s) d’intérêt considérée(s), et ce, en présence
de l’incertitude de la conductivité thermique. Puis, nous avons proposé quatre estimateurs
possibles issus de deux stratégies d’échantillonnage Monte Carlo (stratégies (S1) et (S2)) et
nous avons également montré que ces estimateurs bénéficiaient de bonnes propriétés statis-
tiques (biais, consistance, vitesse de convergence) semblables aux estimateurs Monte Carlo
classiques. Enfin, nous avons établi deux procédures de test (une non-paramétrique et une
paramétrique) afin de tester efficacement l’hypothèse nulle d’indépendance qui stipule que
chaque composante de θ et la/les sortie(s) d’intérêt considérée(s) sont indépendantes.

In fine, ces deux contributions méthodologiques ont été appliquées afin d’une part de
sélectionner les paramètres incertains influents du modèle de comportement des gaz de fission
tout en incorporant toute l’incertitude de la conductivité thermique λ du modèle thermique,
et d’autre part, de caler les paramètres retenus à l’issue de l’analyse de sensibilité globale.

Cas applicatif: simulateur ALCYONE

Nous avons tout d’abord appliqué l’analyse de sensibilité par HSIC en support au calage con-
ditionnel de θ sachant λ afin d’identifier les paramètres pertinents pour déployer l’approche
GP-LinCC sur les données simulées du code ALCYONE-CARACAS. La seconde contribution
nous a ainsi permis de réduire le nombre de paramètres à caler de 11 paramètres initiaux
à 4 paramètres. De plus, elle nous a permis de construire les différents modèles linéaires
uniquement sur les paramètres identifiés lors de la préselection. Après ces étapes, la méth-
ode GP-LinCC a été appliquée pour caler les paramètres incertains identifiés. Les résultats
obtenus nous montrent que :

• la propagation a posteriori des incertitudes paramétriques du modèle de comportement
doit être faite conjointement avec la propagation de l’incertitude de la conductivité
thermique λ afin d’obtenir des fractions gaz relâchées simulées comparables. En d’autres
termes, ces résultats montrent qu’il y a bien un effet de compensation lorsque ces deux
incertitudes paramétriques sont propagées conjointement.

• La dépendance à λ des distributions des paramètres a posteriori est cohérente avec la
physique du modèle de comportement des gaz de fission. C’est le cas en particulier pour
les paramètres relatifs à la diffusion des gaz dans le combustible.

• Une possible discrépance de modèle non prise en compte dans cette étude est présente.
En effet, les résidus standardisés obtenus après calage ne suivent pas une distribution
gaussienne standard et la variance de ces résidus est strictement supérieure à 1. Ceci
pourrait s’expliquer par les choix de modélisation de la méthode GP-LinCC els que
l’utilisation de métamodèles linéaires, la sélection des quantités retenues pour l’étude
(la conductivité thermique) ou encore à la négligence de l’incertitude de la puissance
thermique P (t) du combustible nucléaire.
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“Nonparametric Bayesian approach for quantifying the conditional uncertainty of input parame-
ters in chained numerical models”.
Soumis au SIAM/ASA Journal on Uncertianty Quantification (JUQ), Preprint https://arxiv.
org/abs/2307.01111.
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“Bayesian calibration for the quantification of conditional uncertainty of input parameters in
chained numerical models”.
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Perspectives

Nos résultats ouvrent plusieurs pistes d’amélioration. Une première piste d’amélioration de
la modélisation de la méthode GP-LinCC serait de remplacer le métamodèle linéaire par
un métamodèle non-linéaire. On pourrait par exemple considérer un métamodèle de type
régression par processus gaussien. Une autre piste pour le cas applicatif serait d’incorporer
l’incertitude de la puissance thermique P (t) dans l’étude. En effet, dans cette thèse elle a été
négligée, ce qui pourrait être une hypothèse trop forte.

Extension au cas non-linéaire de la méthode GP-LinCC

La modélisation de la dépendance entre θ et λ dans la méthode GP-linCC repose sur des
processus gaussiens indépendants avec des hyperparamètres ϕ inconnus. Ces processus mo-
délisent a priori chaque composante de la fonction de calage θ(λ). De plus, l’approche GP-
LinCC s’appuie sur sur la linéarité des fractions de gaz relâchée simulée par le modèle de
comportement des gaz de fission par rapport à θ(λ). La combinaison de ces deux éléments
à travers la formule de Bayes nous permet d’obtenir des distributions a posteriori expli-
cites. Cependant, en l’absence de linéarité de la sortie d’intérêt, l’obtention de distributions

https://arxiv.org/abs/2307.01111
https://arxiv.org/abs/2307.01111
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a posteriori explicites n’est en général plus possible. L’estimation des hyperparamètres ϕ
par maximisation de la vraisemblance marginale, qui ne serait plus explicite, pourrait aussi
poser alors problème. Dans ces circonstances, des méthodes d’approximation telles que les
méthodes MCMC ou les approches variationnelles peuvent être utilisées. Nous avons choisi
d’opter pour les approches variationnelles pour adapter la methode GP-LinCC au cadre non-
lineaire. Les developpements mathematiques de cette extension, appelée approche GP-VICC
(pourGaussian Process and Variational Inference based Conditional Calibration),
sont actuellement en cours. Ce choix est motivé par notre souhait, comme pour GP-LinCC,
d’obtenir des distributions a posteriori prédictives gaussiennes multivariées tronquées sur le
support a priori des paramètres de calage. De plus, le support de la distribution a posteriori
jointe utilisé pour apprendre la relation entre θ et λ vit dans Rpm où m est le nombre de
valeurs prises par la conductivité thermique. L’échantillonnage dans Rpm par un algorithme
de Metropolis-Hastings pourrait s’avérer infaisable lorsque p et/ou m est grand. En outre,
les approches variationnelles, bien qu’elles sous-estiment l’incertitude a posteriori, convergent
plus rapidement que les algorithmes MCMC.

En finalisant ce présent manuscrit, nous avons pris connaissance des récents travaux de
[Ye et al., 2022] traitant du calage conditionnel de deux modèles physiques châınés. Leur
approche de calage conditionnel bien que différente de notre approche GP-LinCC se base
également sur les modèles de coupure [Plummer, 2015] afin de partitionner adéquatement les
données disponibles des deux modèles. Par ailleurs, leur méthode traite le cas non-linéaire en
remplaçant les deux modèles châınés par deux processus gaussiens indépendants. Cependant,
cette approche ne propage pas toute l’incertitude a posteriori des paramètres du premier
modèle dans le second modèle. En effet, ils ne considèrent que le MAP des paramètres du
premier modèle dans l’estimation de la distribution a posteriori des paramètres du second
modèle. Dans la suite de ces travaux de thèse, il serait intéressant dans un premier temps
de proposer une généralisation de la méthode de [Ye et al., 2022] afin de pouvoir propager
toute l’incertitude des paramètres du premier modèle dans le second modèle. Dans un second
temps, il serait pertinent de l’adapter au cas applicatif afin de comparer ses performances à
l’approche GP-VICC.

Simulateur ALCYONE

Dans cette étude, nous avons uniquement pris en compte l’incertitude associée à la conduc-
tivité thermique, tandis que celles associées aux autres paramètres du modèle thermique ont
été négligées (Figure 1.8 du Chapitre 1). Les résultats obtenus montrent l’existence possible
d’une discrépance de modèle, probablement attribuable à l’omission de certaines quantités,
notamment la puissance thermique P (t). Il est important de souligner que l’indice de Sobol’
du premier ordre, relatif à la puissance thermique et quantifiant son impact sur la température
calculée en sortie du modèle thermique, atteint environ 0.25 (appelée linear heat rate sur la
Figure 1.8 du Chapitre 1). Cela suggère que négliger cette incertitude pourrait constituer une
hypothèse trop forte. Par conséquent, il serait intéressant, en plus de considérer l’incertitude
liée à la conductivité thermique, d’intégrer également celle associée à P (t) lors du processus
de calage des paramètres incertains du modèle de comportement des gaz de fission. L’objectif
serait alors d’inférer la distribution de θ | λ, P (t). Cependant, nous ne disposons pas d’une
distribution de probabilité sur P (t) mais seulement d’un historique de puissance pour les
différents crayons combustibles. Il faudrait donc préalablement inférer un modèle de distribu-
tion de probabilité pour P (t) à partir de l’historique de puissance. Une première piste serait
d’ajuster une distribution paramétrique (log-normale, exponentielle etc.) ou de modéliser P (t)
par un processus gaussien.
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Résumé

Dans le cadre des études des comportements des systèmes physiques complexes tels que
les réacteurs nucléaires, les simulateurs numériques sont devenus des outils essentiels pour
la modélisation, l’analyse, la compréhension et la prévision des phénomènes physiques im-
pliqués. Ces simulateurs prennent souvent un grand nombre de paramètres en entrée, lesquels
sont souvent entachés d’incertitudes, ce qui se traduit par des sorties également incertaines.
Ainsi, il est crucial avant toute utilisation dans un contexte industriel, de quantifier et de
réduire les différentes sources d’incertitude. Le processus de calage de modèle vise ainsi à
réduire et à quantifier au mieux les incertitudes des paramètres en entrée, en se basant sur les
données expérimentales et simulées disponibles. Il existe deux types de calage de modèle : le
calage déterministe et le calage bayésien. Le calage bayésien est une méthode qui repose sur
une approche probabiliste pour quantifier les incertitudes paramétriques par des distributions
de probabilité. Dans cette thèse, nous nous sommes intéressés au calage bayésien condition-
nel de deux modèles numériques châınés simulant le comportement du combustible dans un
réacteur à eau pressurisée. Plus précisément, l’objectif est de réaliser un calage bayésien des
paramètres incertains du second modèle conditionnellement à toute l’incertitude a posteriori
des paramètres incertains du premier modèle numérique. Pour ce faire, nous avons proposé
une nouvelle méthodologie d’inférence bayésienne basée sur des processus gaussiens et ap-
pelée GP-LinCC (pour Gaussian Process and Linearization-based Conditional Calibration).
La mise en œuvre pratique de cette nouvelle approche a nécessité le développement d’une
méthode d’analyse de sensibilité afin de sélectionner préalablement les paramètres à caler
du second modèle tout en prenant en compte toute l’incertitude des paramètres du premier
modèle. Cette méthode d’analyse de sensibilité globale en support au calage conditionnel
est basée sur des mesures de dépendance de type HSIC (Hilbert-Schmidt Independence Crite-
rion). Enfin, ces deux contributions méthodologiques ont été appliquées au simulateur châıné
ALCYONE-CARACAS afin de quantifier les incertitudes paramétriques du code CARACAS
simulant le comportement des gaz de fission conditionnellement à l’incertitude de la conduc-
tivité thermique du modèle thermique.

Mots clés: Calage bayésien, Processus gaussiens, Analyse de sensibilité globale, Critère
d’indépendance Hilbert-Schmidt, Test d’indépendance, simulation combustible nucléaire.

Abstract

Nowadays, numerical models have become essential tools for modeling, understanding, ana-
lyzing and predicting the physical phenomena involved in complex physical systems such as
nuclear power plants. Such numerical models often take a large number of uncertain input
parameters, thus leading to uncertain outputs as well. Before any industrial use of those nu-
merical models, an important step is therefore to reduce and quantify these uncertainties as
much as possible. In this context, the goal of model calibration is to reduce and quantify the
uncertainties of the input parameters based on available experimental and simulated data.
There are two types of model calibration: deterministic calibration and Bayesian calibration.
The latter quantifies parameter uncertainties by probability distributions. This thesis deals
with the conditional Bayesian calibration of two chained numerical models. The objective is
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to calibrate the uncertain parameters of the second model while taking into account the un-
certain parameters of the first model. To achieve this, a new Bayesian inference methodology
called GP-LinCC (Gaussian Process and Linearization-based Conditional Calibration) was
proposed. In practice, the deployment of this new approach has required a preliminary step of
global sensitivity analysis to identify the most significant input parameters to calibrate in the
second model, while considering the uncertainty of the parameters of the first model. To do
this, an integrated version of the HSIC (Hilbert-Schmidt Independence Criterion) was used
to define well-suited sensitivity measures and the theoretical properties of their nested Monte
Carlo estimators were investigated. Finally, these two methodological contributions have
been applied to the multi-physics application called ALCYONE, to quantify the uncertain
parameters of the CARACAS code (second model) simulating the behavior of fission gases in
the pressurized water reactor conditionally on the uncertainty of the parameter conductivity
of the thermal model (first model).

Keywords: Bayesian calibration, Gaussian process, Global sensitivity analysis, Hilbert-Schmidt
independence criterion, Independence testing, Nuclear fuel simulation.
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