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Titre: Couplages de processus stochastiques en géométrie sous-riemannienne

Résumé :

Dans cette thése on s’intéresse a 1’étude des couplages des mouvements browniens sous-elliptiques
sur plusieurs variétés sous-riemaniennes: les groupes de Carnot libres d’ordre 2, incluant le
groupe d’Heisenberg, ainsi que les groupes de matrices SU(2) et SL(2,R). Ces derniers peuvent
étre vus, avec le groupe d’Heisenberg, comme des espaces modéles de courbure constante en
géométrie sous-riemanienne. On utilise la décomposition du mouvement brownien sous la forme
d’un mouvement brownien sur une variété riemannienne, que nous nommerons bruit directeur,
ainsi que d’un processus pouvant s’interpréter comme l'aire balayée par ce bruit directeur. La
méthode de couplage utilisée ici consiste alors & définir un couplage pour les bruits directeurs et
a en étudier leffet sur les aires balayées.

En s’inspirant de précédents travaux sur le groupe d’Heisenberg on s’intéresse d’abord aux
couplages avec succés, c’est & dire les couplages pour lesquels le temps de rencontre entre les
processus est fini presque surement. En utilisant la décomposition de Karhunen-Loéve pour les
ponts browniens, on construit des couplages non co-adaptés avec succés sur SU(2) et sur les
groupes de Carnot libres de profondeur 2 sur R™ avec n > 3. Lorsque les processus partent de
la méme fibre on obtient également un résultat sur SL(2,R). En particulier ces constructions
ménent & des estimées du taux de couplage dont on déduit des inégalités pour le semi-groupe
de la chaleur et pour les fonctions harmoniques. On propose aussi la construction explicite d’un
couplage co-adapté sur SU(2).

Enfin, on développe un nouveau modéle de couplage "en un coup" basé sur résolution d’un
probléme inverse pour obtenir de bonnes estimées de la distance en variation totale entre les
lois des processus. Ce travail est effectué sur les groupes de Carnot libres de profondeur 2 et
utilise une décomposition du mouvement brownien via les polynémes de Legendre. Il permet
aussi d’obtenir des relations similaires & la formule de Bismut-Elworthy-Li pour les gradients de
semi-groupes, via ’étude d’un changement de probabilité sur I’espace des vecteurs Gaussiens.

Mots-clés : Géométrie sous-riemannienne, Processus stochastiques, Inégalités fonction-
nelles, mouvement Brownien sous-elliptique

Institut de mathématiques de Bordeaux
UMR 5251, Université de Bordeaux, 351 Cours de la Libération, 33405 Talence cedex, France.



Title: Coupling of stochastic processes in subRiemannian geometry

Abstract:

This thesis deals with the study of the couplings of subelliptic Brownian motions in several
subRiemannian manifolds: the free, step 2 Carnot groups, including the Heisenberg group, as
well as the groups of matrices SU(2) et SL(2,R). These last ones can be seen, together with the
Heisenberg group, as some model spaces with constant curvature in subRiemannian geometry.
We use the decomposition of the Brownian motion as a Brownian motion on a Riemannian
manifold, that we will call driving noise, as well as a process that can be interpreted as the area
swept by the driving noise. The coupling method used here consists in defining a coupling for
the driving noises and then study its impact on the swept areas.

Taking inspiration from previous works on the Heisenberg group, we first focus on successful
couplings, that is couplings where the processes meet at an almost surely finite time. Using
the Karhunen-Loéve expansion of the Brownian bridges, we construct successful non co-adapted
couplings on SU(2) and on the free step 2 Carnot groups with rank n > 3. When the processes
start from the same fiber we also get a result on SL(2,R). In particular we obtain estimates
of the coupling rate, leading to gradient inequalities for the heat semi-group and for harmonic
functions. We also describe the explicit construction of a co-adapted successful coupling on
SU(2).

Finally, we develop a new coupling model "in one sweep", which is based on the study of
an inverse problem to obtain good estimates of the total variation distance between the laws of
the processes. This work is done for any free, step 2 Carnot groups and uses a decomposition of
the Brownian motion via the Legendre polynomials. This method also allows us to obtain rela-
tions similar to the Bismut-Elworthy-Li formula for the gradient of the semi-group by studying
a change of probability on the Gaussian space.

Keywords: SubRiemannian geometry, Stochastic processes, Functional inequalities, Subel-
liptic Brownian motion

Institut de mathématiques de Bordeaux
UMR 5251, Université de Bordeaux, 351 Cours de la Libération, 33405 Talence cedex, France.
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Chapter 1

Résumé étendu en francais

Ce court chapitre est la seule partie de cette thése en frangais. Il a pour but de présenter
le probléme et de donner un apercgu des résultats obtenus.

1.1 Contexte d’étude

1.1.1 Notion de couplage

Nous donnons tout d’abord une définition de la notion de couplage. Soit G une variété
(dans notre cas une variété sous-riemanienne) et g, g € G. On appelle couplage de deux
mouvements browniens partant de (g,g) toute mesure de probabilité sur C([0,T[,G X
G) (pour T € [0,+400]) pour laquelle la premiére marginale suit la loi d’'un mouvement
Brownien (B;); partant de g et la seconde marginale suit la loi d’'un mouvement brownien
(B,); partant de §. En d’autres termes, il s’agit d’étudier la loi jointe du processus (B, By);.

Voici quelques exemples simples (mais non moins utiles) de couplages partant de (z, &)
sur R?:

1. Le couplage synchrone: On construit B, et B, égaux a une translation prés:

Bt—i’:Bt—x.

2. Le couplage par réflexion: On choisit une base orthonormée (ey, ;) de R? telle
que e = W Soit (B}, B); un mouvement brownien 2-dimensionel partant de
0. On construit alors:

B;,=x+ Btlel + Bt2€2 et Bt =T — Btlel + Bfez.

Les deux mouvements browniens (B,); et (B;); sont en fait construits grace a une
symétrie axiale.

Le couplage par réflection produit des mouvements browniens qui se rencontrent en
un temps p.s. fini. Usuellement, et tout particuliérement dans la sous-section [I.1.3]
une fois que les processus se sont rencontrés on choisit B, = B;.

Notons que ces deux couplages sont co-adaptés, c’est a dire que le futur des deux
processus construits ne dépend que de leur passé commun. En fait (B, B;); est méme
markovien. Voici un exemple de couplage non co-adapté sur R:

11



3. Un couplage avec connaissance du futur: Soit 7' > 0, on peut décomposer le
mouvement brownien dans une base de L?*([0,7]). Par exemple, en utilisant la
décomposition de Karhunen Loéve, on a:

; T
Jj=1
- - V2 (jwt) t -
et Bp=i4+ VT ——sin|¥=— | + —
t j;é-j j T \/Tgo

ou (&);0 (resp. (&;);0) sont identiquement et indépendemment distribuées et
suivent une loi normale A(0,1). On peut alors construire le couplage (By,B); en
choisissant un couplage (¢;, éj) pour tout 7 > 0. En prenant par exemple &; # 51 et
& = 50, onaBr=Br—z+7: le couplage n’est pas co-adapté puisqu’on a besoin
de la connaissance du futur (la valeur Br) de I'un des processus pour construire le
second.

Ces exemples se généralisent & R™ en toute dimension ainsi qu’a certaines variétés rieman-
niennes comme la sphére ou le plan hyperbolique. Notons que ’on peut aussi considérer
des couplages statiques: il s’agit de définir un couplage ponctuellement et non sur toutes la
trajectoire du processus. Ce type de couplage sera uniquement considéré dans le chapitre

et dans le chapitre [§).

1.1.2 Temps de couplage

Pour un couplage (B, Bt)t donné, il peut étre intéressant d’étudier le premier temps de
couplage 7, c’est a dire le premier temps de rencontre des mouvements browniens. En
effet, il est aisé de montrer 'inégalité de couplage suivante:

dTV<£(Bs)7£<Bs)) < P(T > 8) Vs >0

ou dry est la distance en variation totale. En particulier, les couplages pour lesquels
cette inégalité devient une égalité sont appelés couplages maximaux. Si P(r > t)
et dry(L(By),£(B;)) ont le méme ordre de grandeur pour t grand, le couplage est dit
efficace. Dans le cas de variétés riemanniennes qui ont de bonnes propriétés de symétrie,
les couplages maximaux sont obtenus avec un couplage par réflexion. En étudiant le taux
de couplage, c’est a dire la quantité P(7 > t), on peut aussi obtenir des inégalités pour le
gradient du semi groupe de la chaleur et des résultats sur les fonctions harmoniques.

1.1.3 Mouvements browniens en géométrie sous-riemannienne

Sur une variété sous-riemannienne G, le mouvement brownien peut s’écrire sous la forme
(Bi): = (X4, 2)r avec (X;); un processus de diffusion elliptique et z; = f ((Xs)s<¢) ot f est
une fonctionnelle. Gréce a cette structure, il suffit de construire un couplage de processus
elliptiques (bien mieux connus) (X;, X;); pour obtenir un couplage sur G. Dans ce travail
nous étudions les couplages de mouvements browniens sur les variétés sous-riemanniennes
suivantes:

e Le groupe d’Heisenberg H, pour lequel (X;); est un mouvement brownien sur R? et
z; est laire signée (& valeurs dans R) balayée par (X;)s<; (appelée aire de Lévy).
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e Le groupe spécial unitaire SU(2), ot (X;); est un mouvement brownien sur la sphére
S?% et ol 2 est laire signée (modulo 47) balayée par (Xj)q<;.

e Le groupe spécial linéaire SL(2,R), ot (X;); est un mouvement brownien sur le plan
hyperbolique et ot z; est l'aire signée (modulo 47) balayée par (X)s<;.

Ces trois espaces peuvent étres vus comme des espaces modéles a courbure constante en
géométrie sous-riemannienne.

Nous nous intéressons aussi aux groupe de Carnot libres de profondeur 2 sur R" avec
. 2 n(n—1)

n > 2. Dans ce cas, (X;); est un mouvement brownien sur R” et z; = (2,7 )1<j<j<n € R™ 2
ou z;” est laire signée (& valeurs dans R) balayée par le processus (X!, X7)s<;, c’est a dire

une aire de Lévy. Pour n = 2, il s’agit exactement du groupe d’Heisenberg.

1.1.4 Couplages avec succés sur le groupe d’Heisenberg

Dans le cas du groupe d’Heisenberg nous pouvons citer deux constructions notables (&
quelques variantes prés). La premiére est un couplage co-adapté, avec succés proposé par
Kendall [37]. Cette construction utilise en alternance les couplages miroir et synchrone.
Notons que ce couplage a été généralisé par Kendall [37] aux groupes de Carnot libres
d’ordre 2. Le second est un couplage non co-adapté proposé par Banerjee, Gordina et
Mariano [6]. Ce couplage est construit en se ramenant a deux mouvements browniens
partant de la méme fibre et en utilisant un couplage avec connaissance du futur. On
choisit en particulier &, = fk pour tout k # 1. Il a été prouvé que ce couplage non co-
adapté est efficace. Il a aussi été montré qu’un couplage co-adapté (et donc en particulié
celui de Kendall) ne peut étre efficace. En notant d. la métrique sous-riemannienne
(distance de Carnot-Carathéodory), on obtient:

dcc(807 BO) dCC(B()7 B0)2 -
{Xo=Xo} | -

P(r>t)<C (71{%%} + == (1.1)

Ce résultat permet d’obtenir des inégalités de gradients de deux types:

e La premiére concerne les gradients du semi groupe de la chaleur (P.f); associé au
mouvement Brownien sur le groupe d’Heisenberg. Il existe une constante C' telle
que, pour toute fonction f bornée et C*:

C
||VPtf||oo§%Hf||oo s (1.2)

e La seconde concerne les gradients de fonctions harmoniques. Il existe une constante
C telle que, pour toute fonction f définie sur un domaine compact D, continue sur
la fermeture de D, positive et harmonique, et pour tout x € D:

3
Vs @< € (145 + 5+ L) ) (1)

avec Oy := dee(x, D).
Ici ||V +]|s est la norme sup de la longueur de gradient et ||V ||3 est la norme du gradient

horizontal associée a la structure sous-riemannienne. Les définitions et les relations entre

ces objets sont donnés dans la sous-section [3.1.6]
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1.2 Reésultats

Dans cette thése, nous nous intéressons a la construction explicite de couplages pour
lesquels les estimées du taux de couplage sont suffisamment bonnes. Les travaux présentés
concernent les publications suivantes:

[18] Magalie Bénéfice, Marc Arnaudon, and Michel Bonnefont. Couplings of Brown-
ian motions on SU(2,C). In Geometric science of information. Part I, volume 14071 of
Lecture Notes in Comput. Sci., pages 592-600. Springer, Cham, [2023] (©)2023

[25] Magalie Bénéfice. Couplings of Brownian motions on SU(2) and SL(2,R).
Stochastic Processes and their Applications, page 104434, 2024

[24] Magalie Bénéfice. Non co-adapted couplings of Brownian motions on subRieman-
nian manifolds. https://arxiv.org/abs/2312.14512 2023

[26] Magalie Bénéfice. Non co-adapted successful couplings of Brownian motions on
the free, step 2 carnot groups. https://arxiv.org/abs/2407.06593, 2024

[3] Marc Arnaudon, Magalie Bénéfice, Michel Bonnefont, and Delphine Féral. A
coupling strategy for Brownian motions at fixed time on Carnot groups using Legendre
expansion. https://arxiv.org/abs/2407.04321, 2024

1.2.1 Couplages avec succés

Nous avons pu généraliser les couplages avec succes présentés pour le groupe d’Heisenberg
(le couplage co-adapté de Kendall [37] et le couplage non co-adapté de Banerjee, Gordina
et Mariano [6]) au cas de SU(2) dans [18, 25, 24]. Une des difficultés majeures de ce
travail est la prise en compte de la courbure de la sphére dans laquelle vit (X, Xt)t. Sur
SU(2), en notant d.. la distance sous-riemannienne usuelle et pour ¢ suffisamment grand,
le couplage non co-adapté entraine I'inégalité suivante:

P(r > t) < Ce %d,. (X0, 20), (X}, 20)) (1.4)

ou C et ¢ sont des constantes indépendantes de la distance initiale. En considérant des
mouvements browniens partant de la méme fibre (X = X;), nous avons aussi généralisé
ce couplage non co-adapté, avec succes, au cas de SL(2,R). En particulier, pour SL(2,R),
(1.4) reste vraie pourvu que Xy, = X{. De I'inégalité (1.4)), nous avons pu déduire une
inégalité de gradient sur SU(2), similaire & (|1.2). Pour ¢ suffisamment grand:

VP (D) < 2l|f]leeCe™ p.s..

Sur SL(2,R), nous obtenons un argument direct pour prouver que toute fonction har-
monique bornée est constante sur chaque fibre.

Nous nous sommes aussi intéressés a la généralisation du couplage non co-adapté de
Banerjee, Gordina et Mariano [6] et de toutes ses applications au cas général des groupes
de Carnot libres de profondeur 2. La difficulté majeure est ici de devoir travailler sur
une des aires balayées (ZZ] )¢ tout en gardant un certain contréle sur les autres. Toujours
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en utilisant un couplage avec connaissance du futur comme décrit en Sous-section [1.1.1],
notre stratégie consiste a travailler sur la matrice (z,f’j )1<ij<n ligne par ligne et a choisir
& = ék uniquement pour k£ > n et k = 0. En particulier, nous utilisons la théorie des
matrices de Wishart et de leurs inverses. Nous obtenons un résultat similaire a . avec
des constantes explicites, ainsi que des inégalités de gradients semblables & et .
En utilisant des relévements sur les groupes de Carnot libres, cette strategle offre aussi
des résultats directs sur tous les groupes de Carnot homogénes de profondeur 2.

1.2.2 Couplage en un coup

Les derniers résultats présentés ici concernent un couplage sur les groupes de Carnot libres
de profondeur 2 sur R", que nous noterons G,, avec n > 2. Ce couplage n’est pas avec
succés mais il permet une bonne estimation de la quantité P(Br # Br) et donc de la

distance en variation totale dpy <£(BT), E(BT)) pour un temps préalablement fixé T

dry <£(BT), £<BT>) < cl(n)&\/;_’@ n @@)@. (1.5)
= L n i an n): 2(” _ 1)

Notons que I'inégalité est similaire a celle obtenue avec le couplage avec succés mais que les
constantes C}(n) et Cy(n) obtenues avec cette méthode sont meilleures. Cette méthode
permet & nouveau d’obtenir 'inégalité de gradient de gradient avec C = Ci(n)
explicite. Ce travail est effectué en collaboration avec Marc Arnaudon, Michel Bonnefont
et Delphine Féral.

Nous traitons les parties horizontales (X;) et verticales (z;) des processus en méme
temps. Nous utilisons une décomposition du mouvement brownien semblable & celle pro-
posée pour le couplage non co-adapté de la sous-section [1.1.1] mais utilisant cette fois
les polynémes de Legendre. Nous nous ramenons alors a I’étude d’un probléme inverse,
faisant intervenir a nouveau des matrices de Wishart, ainsi qu’a ’étude des couplages de
vecteurs gaussiens.

En utilisant le méme probléme inverse et un changement de probabilité sur les vecteurs
gaussiens, nous obtenons une inégalité de type Bismut-Elworthy-Li pour d,P, f(-). Nous
pouvons en déduire des inégalités de gradient de type Poincarré-inverse: pour T > 0,
p € (1,00], g son conjugué, pour tout g, h € G,:

ldy Prf(h)]| < (Prlf[P)"/" M, (T) (1.7)

avec M,(T') une constante dépendant du temps 7" mais pas de g et h. Il est & noter que
nous espérons pouvoir améliorer ces résultats dans le futur en ayant de meilleures estimées
pour I’étude des moments des khi-deux pondérés.

Enfin, nous obtenons aussi une inégalité de type log Harnack. Pour toute fonction f
positive sur G,,, T'> 0 et g,g € G,;:

Pr(In £)(g) < In(Prf(g)) + C(n)dee(g, 3)" (1.8)

ot C'(n) est une constante explicite.
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1.2.3 Couplage statique

Nous proposons également un couplage de type différent sur les groupes de Carnot. Ce
couplage est statique dans le sens ot 1'on ne couple que les lois pour un temps fixé (et
pas les trajectoires) et conduit & des estimées de Wasserstein de type L!, voir Théoréme

8.2.1] II généralise les résultats de Bonnefont et Juillet [22].
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Chapter 2

Presentation of the results

In this Chapter, we give an extensive presentation of the problem. We present the coupling
method and the subRiemannian structure. We also recall the existing results on the
Heisenberg group which gave the basis of this study. We then give a presentation of the
results obtained in this thesis. Finally, we present the organisation for the remainder of
the document.

2.1 Research context

2.1.1 Introduction to the couplings of Brownian motions

We first answer to a basic question: what is a coupling? A coupling of two probability
measures 4 and v on a measurable space (€2, F) is a probability measure 7 on (2%, F?)
such that p is its first marginal distribution and v its second one. In this thesis, we
consider couplings of the paths of two continuous Markov processes (X;);, (X;); starting
at x, T, more precisely of subelliptic Brownian motions, on a manifold £. In this case the
probability measure 7 lives on C([0,T[, E x E) (with T € [0, 400]), its first marginal is
the law of a Brownian motion (X;); starting from x and its second marginal is the law

of a Brownian motion (X); starting from Z. In other words, we consider the joint law of
(Xt7 Xt)t-

We first give two simple but useful examples in the case where £ = R™ and where
the processes are the usual (elliptic) n-dimensional Brownian motions. Note that these
constructions can be extended to Riemannian manifolds (see [48]). This last point will
also be discussed in Subsection 2.3.2]

e The reflection coupling (or mirror coupling):

This coupling was introduced by Lindvall and Rogers in [43]. It can be described

as follows. Supposing that x # T, we denote e; = ﬁ and (eg,...,e,) such
that (e, es,...,€,) is an orthonormal basis of R™. Let (B}, BZ,...,B"); be a n-

dimensional Brownian motion starting from 0. The reflection coupling (X, Xt)t of
two Brownian motions on R™ starting from (z, Z) can then be constructed by taking:

X, =z + Bleg +ZBZ61~ and X, ::i—Bt161+ZBZe,~. (2.1)

i=2 =2
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By construction the two Brownian motions are symmetric with respect to the affine
hyperplane %ﬁ + ef. Then the Brownian motions are equal if and only if one of
them hits this hyperplane. The Euclidean distance between X, and X, is given by
R; = ||z — Z||2 + 2B} and acts like a Brownian motion. In general we consider this
construction by reflection until X, = f(t. After this time we shall take the Brownian
motions to be equal.

e The synchronous coupling (or parallel transport coupling):

Let (ey, ..., e,) be any orthonormal basis on R™ and (B}, ..., B}') be a n-dimensional
Brownian motion starting from 0. We construct the synchronous coupling (X;, X;)
starting from (x, %) such that:

n n
Xi=x+ Z Ble; and X, =7+ Z Ble;. (2.2)

i=1 i=1
In fact X, and X, are equal, up to a translation. In particular the distance R, is
constant. Some reader could be quizzical about the "complexity" of Equation (2.2)),
as it simply means that X; — z = X, — # a.s. However this construction using a
basis will be useful to understand the description of the synchronous coupling in

Riemannian manifolds made in Subsection m (Example [4.1.10)).

Note that the two above couplings are co-adapted, i.e., the future of the processes
only depends on their common past. In fact these two couplings are even Markovian.
We now present a last coupling which is not co-adapted and uses Brownian bridges.
Such a construction has first been introduced by Banerjee and Kendall to deal with the
Kolmogorov diffusions [§]. A similar construction has also been used by Banerjee, Gordina
and Mariano [6] to obtain results for the Brownian motion in the Heisenberg group. This
last construction will be more detailed in Subsection 2.2.2]

o A finite-look-ahead coupling:

Let T > 0, (B, Bfr)te[o,T] a coupling of Brownian bridges on the interval of time

0,77, &, & £ N(0,1) and z, 7 € R. We construct:

t t -~
— —&. 2.3
This defines a coupling (X, Xt)te[O,T} of one dimensional Brownian motions starting
from (z,7) on the time interval [0,7]. In particular, if we have z = & and we
choose & = &), we get Xp = Xp. If (BfT)tE[O,T] =+ (Bfr)te[O,Tb this coupling is not
co-adapted as we need to know the value of (X;); at time T to construct (Xt)te[O,T}'

X, =x+ B+ & and X; := &+ B +

We now explain how to construct an explicit coupling of Brownian bridges. The
method applied in [6] is to use expansions of the Brownian bridges by using complete
orthonormal systems of functions in the space L*([0,7]). For example, using the
Karhunen-Loéve expansion we can write:

S V2 (jmt b - V2 (gt
g () g ()

with (£);51 (resp.  (§;);>1) a sequence of independent variables with the same
distribution N(0,1). Then the coupling is described if we construct a coupling
(&;,&;)j>1 of the two Gaussian sequences.
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2.1.2 Some usual applications

Aside from providing a better understanding of the geometry of the state space, the cou-
pling method for Brownian motions is a great tool for many analysis results involving the
harmonic functions and the heat semi-group like Harnack, Poincaré, Sobolev or Wasser-
stein inequalities (see [41], 56, 28] 27] for some examples). We now presents two types of
coupling leading to some of these inequalities.

e For a coupling (X;, X;);, one can first define the first coupling time (or first meeting
time) of two Brownian motions:

Ti=inf{t>0] X, = X,}. (2.5)

The first category of coupling, and the one we will study in the major part of this
work, is about couplings such that the coupling rate P(7 > t) can be estimated.
This includes the successful couplings, i.e., the couplings such that 7 is a.s. finite.
In fact, one can get good estimates of the total variation between the laws of the two
coupled processes by using the following Coupling inequality (or Aldous inequality,
see [0, chapter VII) which is true for all Markov processes:

dry (c(Xt),c(Xt)) <P(r>1t) for all t > 0. (2.6)

As an example on R, we invite the reader to look at the reflection coupling described
above. Using the fact that the distance between the two Brownian motions is, up
to a multiplicative constant, a one-dimensional Brownian motion, the first coupling
time 7 is the first hitting time of this one-dimensional Brownian motion whose
distribution is well known. In particular, for ¢ large enough, we obtain:

1 |z — Z[2
Var o Vit
Moreover, the reflection coupling is maximal in the sense that the Coupling in-
equality can be changed into an equality. If it has been proven that such
couplings always exist in the case of cadlag processes on Polish spaces [52], they can
be very difficult to study (explicit construction, simulation, estimation of a coupling
rate) as one will often need some knowledge of the future of one of the process. For
a Riemannian manifold having a sort of "reflection structure" just as the Brown-
ian motion on the plane or on the sphere (see |40} 33]), this can also be done by
using a reflection coupling. In this specific case the coupling is co-adapted and
even Markovian. More generally, the existence of Markovian maximal couplings of
regular elliptic diffusions has been studied in [9], with the proof that this existence
depends on the same rigidity properties of the Riemannian manifold as well as on
strong conditions on the drift part of the the diffusion processes. In fact, Markovian
or co-adapted maximal couplings are rare in Riemannian manifolds.

dry (LZ(Xt), z()”(t)> <P(r>t)< (2.7)

Another application of the successful couplings is to get gradient inequalities. In
fact, if f is a C! bounded function on the manifold E, then, denoting by P, the heat
semi group, we have for x,z € E:

|[Puf () = Pof(#)] < E[If(X0) = F(XDN) < 2/ fllooP(r > 1). (2.8)
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Using the estimate of the coupling rate P(7 > t), in the case of the reflection coupling
on E = R", we directly obtain, for ¢ large enough:

L 2)fe
NN

A last application that we will report here has been developed by Cranston on R”
in [28] and then for complete Riemannian manifolds with Ricci curvature admitting
some lower bound in [27]. We consider the following well known result. Let D C R™
be an Euclidean domain, x € D, §, = d(z, D). Let also f be a positive and
harmonic function on D. Then:

IVEf(z)] < (2.9)

V@) < E o) (2.10)

Oz
with C' a constant that does not depend on f. For z,Z € R™ and any coupling
(X¢, Xt) of Brownian motions starting from (x, %), Cranston noticed that:

(@) = F@)| < osep()P (7 > 1(X) Ap(X)) (2.11)

with oscp(f) := supp(f) — infp(f) and 7p(Y) denoting the first exit time of the
set D for a process (Yt)t Using the reflection coupling on R™, Cranston obtained a
good estimate for . To be more precise, for some spemﬁc cube Q(z,2) C D,
depending on x and z, he obtained: P(7 > 7¢(Y)) < ‘x x‘ with ¥ = (X,); or (X;);.
With this inequality, he got .

e The second category of couplings, which will only be briefly discussed in Chapter
covers the couplings satisfying inequalities of the type :

d(X;, X;) < C(t)d(Xo, Xo). (2.12)

This immediately gives an inequality for the L> Wasserstein distance between the
laws of the Brownian motions:

W (L(X,), £(X,)) < C(8)d(Xo, Xo). (2.13)

This then induces an inequality of commutation of Bakry Emery type between
the gradient and the semi group: |VP.f| < C(t)P|Vf|. Note that, under some
conditions on the considered state space and the real p, Kuwada [41] proved that
there is a duality between these semi-group inequalities and these type of control of

the LP Wassertein distance (see Section [8.1]).

In R, this inequality is trivially obtained for C'(¢) = 1 with the synchronous cou-
pling. In the case of the Brownian motion in Riemannian manifold with Ricci cur-
vature bounded below by k, can be obtained with C(t) = ¢! by considering
a synchronous coupling.

2.1.3 The subRiemannian structure

We now give a presentation of the subRiemannian structure of dimension N and of con-
stant rank n. For a better understanding of these structures, the reader can see [T}, [19]
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Let G be a smooth connected Riemannian manifold of dimension N and n < N an
integer. For each x € G, we define a vector subspace H, of dimension n of T,G, the
tangent space in x. This way we define a subbundle of the tangent bundle T'G denoted
by H and called horizontal bundle. We can then define the horizontal curves, that
is, the smooth curves v : I C R — G such that ¥(t) € H,): the horizontal curves are
"moving" only with directions in H. Defining, for all = € G, a scalar product (-, )3, on
‘H., smooth in x, we obtain the length L(7) of the horizontal curve ~:

L) = [ G030t

The Carnot-Carathéodory distance between x and y € G is finally defined by:

dee(z,y) := inf{L(7) | v horizontal curve between z and y}.

In what follows we consider subRiemannian manifolds whose horizontal bundle satisfies
the Hormander condition. This means that, provided that (Y1,...,Y},) is a local basis
of vector fields in H, the tangent bundle 7T'G is spanned by the vectors Y7, ..., Y,, along with
all their commutators obtained by operation with Lie brackets (the family (Y3,...,Y;) is
then also called Lie bracket-generating). Then the Carnot-Carathéodory distance is finite
and the subRiemannian structure is well defined.

In the case when (G, ) is a stratified Lie group, we have an easy way to define a
subRiemannian structure by choosing some globally defined and left-invariant basis of
vector fields for H. Indeed, if G is stratified, the associated Lie algebra g (which we
identify with the tangent space T,G) satisfies:

g=g1D...Dg,
with
[91,0:] = Giv1, (01,08, ] =0forall 1 <i<r—1.

Let Xi,..., X, be a linear basis of g;. We define the family of linearly independent vector
fields X1, ..., X, on T'G such that for all g € G:

- 0
Xif(g) = B oo
We obtain a basis of g; which is left-invariant, i.e., for all g, a € G and for every smooth
function f, X; (f o trans,) (9) = X; (f) (trans.(g)) with trans, :== g € G — axg € G the
left translation. Moreover, if X7, ..., X, satisfies the Hérmander condition, we obtain a
well defined subRiemannian structure by taking H = Span{Xj, ..., X,,}. Note that, with
this last condition, H is called r-step bracket generating.

f(grexp(eX;)) fori e {1,...n}. (2.14)

We can then introduce the sub-Laplacian operator:
I o= o2
L:=— X, 2.15
D (215)

Because Hormander conditions is satisfied, this operator is hypoelliptic. The subel-
liptic Brownian motion on G is then defined as the diffusion process whose infinitesimal
generator is L. Let denote by (P;); the heat semi-group, that is, the semi-group asso-
ciated to L. For all g € G, let consider a Brownian motion (By); starting at g. Then for
all bounded measurable function f on G we have:

Fif(g) = E[f(By)]. (2.16)

In this thesis we will consider some 2-steps bracket generating structures. These are:
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e The free, step 2 homogeneous Carnot groups, including the Heisenberg group.

e The matrices groups SU(2) and SL(2,R) which may be seen, together with the
Heisenberg group, as three model spaces of constant curvature for the left-invariant
subRiemannian manifolds.

In the two following subsections we give a brief introduction to these spaces and their
Brownian motions. A more complete description will be done in Chapter [3|

2.1.4 The free, step 2 homogeneous Carnot groups

For n > 2, we denote by G,, the free step 2 homogeneous Carnot group of rank n. Denoting
by so(n) the set of real skew-symmetric matrices of dimension n x n, G,, can be defined
as the Lie group (R" x so(n),*) where:

1
(x,2) % (2, 2)) = <x+x’,z+z'+§x®x') for all (z,z2),(2',2") € R" x s0(n)

with 2 © 2’ := - 2’* — 2’ - 2 where 2! € M, ,(R) denotes the transpose of .

For all 1 <7 <n, we can use the fact that the associated Lie algebra is stratified to de-
fine X; := 0,, and the associated left invariant vector fields X1, ..., X,, as explained in Sub-
section . In particular we choose the horizontal subbundle H = Span{X1,..., X,}
which is Lie bracket-generating. Then, the Héormander condition is satisfied and we have
a well defined structure of connected subRiemannian manifold for G,. The free, step 2
Carnot group G, is homogeneous, i.e., the dilation dily := (z, z) € G,, — (\z, \*2) € G,
is a Lie group automorphism for all A > 0. Moreover we can define a pseudo-norm || - ||g,:

I(z, 2)lle, = \/llz[[3 + [|z[|2 for all(z, z) € R" x so(n) (2.17)

where |22 ;== Y0 (2%)°. In fact, for all z € so(n), ||z||2 is, up to a multiplicative
1<i<j<n
constant, the usual Hilbert-Schmidt norm of z.

This norm is homogeneous, that is, ||dil\(z, 2)|ls, = Al|(z, 2)||e, for all A > 0. As
every homogeneous norm induces a pseudo-distance on G,, which is equivalent to the
Carnot-Carathéodory distance, there exist two constants ¢; and ¢y (depending on G,,)
such that, for any ¢, ¢ € G,:

allg™ *xg'lle, < dee(g, d') < eallg™ * ¢, (2.18)

In fact, as we will see later, some of the results presented in this thesis can be extended
from the free, step 2 Carnot groups to every step 2 homogeneous Carnot groups. Indeed,
for every step 2 homogeneous Lie group G of rank n, there exists a surjective Lie group
morphism ¢ from G, to G such that, for all g,¢" € G,, de(6(9),0(¢")) < dee(g,q).
Moreover, for all a,a’ € G, there exist g, ¢’ € G,, such that:

¢(g) = a’? ¢(g/) = a’/ a'nd dCC(g7 g/) = dCC(a7 a'/)' (2'19)

On G, the subelliptic Brownian motion starting from (z, z) € G,, can be written as
B: = (X3, z¢) with (X;); a Brownian motion starting at  on R™ and z; := z—i—% f(f X, 0dX,.
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In fact, 27 — 257 is the Lévy area between (X7),<; and (X7),<,. That is, the quantity
fot XidXi — fot X7dXJ. Tt is important to highlight, that, if we know the path of (X}).<,
then we know the process (Bg)s<;. With this in mind, in what follows, we will often call
(X¢): the leading noise.

Remark 2.1.1. For n = 2, Gy is the well known Heisenberg group which is isomorphic
to H = (Rg,*) with (ZEl, Xa, Z) * (2%17 i’g, 2) = (ZEl + 53171'2 + i’g, z4+zZ+ %(xli’g — .i'lxg)).

On H, the Brownian motion can be written By = (X4, z;) with (X;); a Brownian motion
on R? and z;— 2 the signed area swept by (X)s<; with respect to the origin of the coordinate
system, i.e., the Lévy area [} X1dX? — [ X2dX].

In what follows we will identify these two spaces and mostly use the notation H instead
of Gy except to present gemeral results on the free, step 2 Carnot groups. We will also
denote by || - ||n the homogeneous norm:

Gz, 2)lln = VIl + [2]-

2.1.5 Model spaces for three-dimensional subRiemannian mani-
folds

We look at the three model spaces: the Heisenberg group Ej := H which has be mentioned
in Remark the special unitary group E; := SU(2) and the special linear group
E_i:=SL(2,R). For k € {—1,0,1}, Ej is a stratified Lie group. In particular, we can
choose X, Y and Z such that g = g, @ g, with g; = Span{X, Y}, go = Span{Z}:

(X,Y] =2, [Y,Z] = kX, [Z,X] = kY. (2.20)

In particular (X,Y") satisfies the Héormander condition. Then, as explained in subsection
2.1.3| we can endow Ej, with a natural left-invariant subRiemannian structure by taking
H := Span{X,Y}. In particular H is 2-step bracket generating.

Remark 2.1.2. For every complete simply connected 3D contact subRiemannian manifold
E, we have two functional invariant constants x and k that characterize the curvature.
Then, if x =0 and K is constant we have:

e if k=0, E is isomorphic to Ey;
o if k=1, E is isomorphic to Fy;

e if Kk =—1, E is isomorphic to éz(l R) the universal cover or E_;.

This explains why Ey, Ey and E_, can be seen as the model spaces. Note that we will not
develop any theory about the curvature in this thesis. The reader can be oriented to [1
for more information.

For every k € {—1,0,1}, there exists a natural submersion II; from Ej to the sim-
ply connected Riemannian surface M endowed with the Riemannian metric of constant
sectional curvature k , that is:

e if k =0, the plane R?;
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e if k =1, the sphere S?;

e if k = —1, the hyperbolic plane H2.

Note that this submersion is trivial on Fy = H (this is the projection on the two first
coordinates). As F; = SU(2) is isomorphic to S?, II; can be obtained by using the Hopf
fibration. We want to emphasize that every element of E; = SU(2) and E_; = SL(2,R)
can be written on the form

exp(p(cos(0) X +sin(0)Y)) exp(z2) (2.21)
with:

o for k=1: ¢ €[0,7[, 8 € 0,27 and z €] — 2m, 27];

o for k=—1: ¢ € [0,+00], § € [0,2n] and z €] — 27, 27].

Note that ¢(cos(0)X + sin(d)Y) and zZ are unique. This provides some coordinates
(p, 0, z) called the cylindrical coordinates. They will be of particular importance in
this manuscript. In particular we can chose Il such that it sends every point (¢, 0, z) of
E} to the point of My described by the spherical (polar coordinates for k = —1) (¢, 6)
according to a fixed pole Ny € Mj, and a vector eq € T, M. Still using this cylindrical
coordinates, it has been proven in [10], 20, 21] that there exist two constants ¢; and ¢y such
that, for all elements of Fj (with & = £1) written in the cylindrical coordinates (¢, 8, z):

cr(¢? +|2]) < 420, (9,0, 2)) < e2(” + |2]). (2.22)

By using the left-invariance of the Carnot-Carathéodory distance, the inequalities
(2.22) provides a convenient way to compare two elements in Fj,.

As the Hérmander condition is satisfied, the sub-Laplacian operator L is hypoelliptic
and we can define the Brownian motion (By);. By expressing L in cylindrical coordinates,
there exist ¢, 6; and z; three real diffusion processes, such that B, = exp(¢:(cos(6;) X +
sin(0,)Y")) exp(z,Z) and:

dioy = dB} + 3Vk cot(Vkep,)dt

— _ vk 2
a6, = b~ dB; (2.23)
tan(@wt)
dZt = TdBtz

with (B}); and (B?); two real independent Brownian motions.

In particular we have a nice geometrical interpretation of this Brownian motion ob-
tained by Baudoin and Bonnefont in [10, 21, 20]:

e The process (X, := IIx(B;)), is a Brownian motion on M. Its spherical coordinates
(polar coordinates for k = —1) are given by (i, 0;) with respect to (Ny, €g).

e 2, — z is the signed swept area (modulo 47) of X; with respect to the fixed pole Ny.

With this interpretation, as for the case of the free, step 2 Carnot groups, the Brownian
motion B, is all characterized by (Xj)s<:.
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Remark 2.1.3. Let consider the Brownian motion B, = (Xy, z;) on the Heisenberg group
H. By identifying (¢¢, 0;) with the polar coordinates of Xy, (4, 04, 2¢)¢ satisfies the stochas-

tic system with k =0 (by passing to the limit):

dp; = dB} + 5-dt
b, = S-dB} (2.24)
dZt = %dBE

with (B}); and (B?); two real independent Brownian motions. In fact, we can also identify
the Heisenberg group with a group of matrices. Then the cylindrical coordinates make
sense and the expression of the Brownian motion can be obtained from . Note also
that is also true on the Heisenberg group with (¢,0,2) — /¥?+ |z| defining an
homogeneous norm.

2.2 Couplings of Brownian motions on the Heisenberg
group

As in the examples given in the previous sections, a lot of subelliptic, and more gen-
erally hypoelliptic diffusions, are written under the form (X, z = f((Xs)s<t))s, With
(Xy): an elliptic diffusion on a Riemannian manifold that we will call "the driving noise"
and f a functional (see [I3] for some examples). Then, a strategy for coupling such
processes consists in choosing a coupling (Xt,f(t)t of the driving noises and study the

induced process ((Xt, %), (X1, %)) . It gives numerous examples for couplings, successful
t

or not 29, [16} 22| 17, 39, B8, 37, 6] [7, 25] 6], [§]. This is the strategy used in all this thesis.

As seen in Subsection [2.1.4] and Subsection [2.1.5] the Heisenberg group seems to be

the simplest case (smallest dimension, curvature equal to 0) of all the structures we are

studying. The coupling problem on H has been dealt numerous times: see [17, [16], 39, 38|

37, 16, 22, 7, [44]. The starting idea of this thesis was to extend some of these couplings to
SU(2) and to SL(2,R). In particular, we have focused on two successful couplings:

e A successful co-adapted coupling proposed by Kendall in [37];

e A successful (and even efficient) non co-adapted coupling proposed by Banerjee,
Gordina and Mariano in [6].

In the rest of this section we are going to give a presentation of these two couplings
as it will give a better understanding of the new results we present in this work.

2.2.1 Kendall’s co-adapted successful coupling

On the Heisenberg group we have a nice and direct estimate for the subRiemannian
distance d.. between two Brownian motions. Let (B;); := (X4, z¢)¢ and (By); := (Xy, Z)s
be two Brownian motions on H starting from (x,z) and (Z,Z) respectively. We have

B;!+B; = (X; — X;,a + A,) with A, the signed swept area (starting from 0) between the
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paths (X;)s<; and <X3>5§t anda=2—2z— %(xlig — 29%1). Then using the homogeneous
norm defined in (2.17)), we directly have:

o <Rt + \/W) <d,. ((Xt, 2), (X, zt)) < (Rt + \/m) (2.25)

with R, = || X; — X;|l2. To construct his successful coupling, Kendall defines a coupling
of the driving noises (X, Xt)t. As explained before this induces a coupling (B, ét)t on H
and the distance between B, and B, can be controlled by looking simultaneously at the
two processes R, and A;. The coupling strategy consists in switching between the two
Markovian couplings introduced in Subsection 2.1.1} the synchronous coupling and the
reflection coupling. We have already described the behaviour of (R;); during these two
couplings. It is also easy to study the process (A;);. In particular:

e During the synchronous coupling (A;); acts (up to a multiplicative constant) like a
Brownian motion and (R;); stays constant.

e During the reflection coupling this is (&) , which acts (up to a multiplicative con-

2
stant) like a Brownian motion.

By using these two couplings, we can assume for simplicity that Ry > 0 and a = 0. The
construction is the following (it is also pictured by Figure :

1. The reflection coupling is used until the process ‘5 14 ‘ starting at 0 takes the value .
2. While the process ‘&5 ‘ ‘ starting at & satisfies 4tl > x — €, the synchronous coupling
t
is used.

Note that, as R; stays constant during this step, & 14 | is a Brownian motion, up to a
t
multiplicative constant, and will hit x — € in an almost surely finite time.

3. While the process u starting at xk — € satisfies @ < K, the reflection coupling is

used.

Steps [2| and [3| are iterated until R; = 0. Because of this construction, when it occurs,
A; = 0. As the distance stays constant during each fixed-distance coupling step, if we
omit these times, R; is moving as for a simple reflection coupling and so will hit 0 in an
almost surely finite time.

Reflexion coupling

@ Synchronous coupling
- @ @ o (?) Reflexion or synchronous coupling
E /”/ [Ae] _ K
i RE
_ R
I

Figure 2.1: Kendall’s strategy
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To prove that this coupling is successful, it is necessary to show that there are not
too many switches between the two coupling steps. As the different coupling steps are
co-adapted, the final coupling is co-adapted too. However it is not Markovian because
of the hysteresis phenomenon which occurs for Kk — e < % < k (see the region labelled

with the symbol (?) in Figure [2.1)): to continue the construction after time ¢ one will need

|As |
B3

to decide if the strategy uses the reflection coupling or the
s<t

the knowledge of all (
synchronous coupling.

In [37], Kendall, also generalised this coupling to free, step 2 Carnot groups by adding
rotations to the usual reflection coupling.

Remark 2.2.1. Although the co-adapted successful coupling constructed by Kendall is
interesting, it does not provide any upper bound for the coupling rate, as pointed in [6].
Howewver, there is a lower bound estimate: for any starting points, there exists a constant
¢ such that, fort large enough, the coupling rate satisfies:

P(r>1) > cx —. (2.26)

Vit

In fact, 15 satisfied by any co-adapted coupling (Bt,l_sat) of Brownian motions on
H. The main idea behind this inequality is that, unless we use a synchronous coupling in
which case T = +00, there will exists ty < T such that X, # )Z'to. As the coupling rate
after time to, cannot be better than the one obtained with a reflection coupling on R?, one

get (220,

2.2.2 The non co-adapted successful coupling of Banerjee-Gordina-
Mariano

The second strategy of coupling on H, that we present here, is not co-adapted but suc-
cessful and even efficient. It has been proposed by Banerjee, Gordina and Mariano in [6]
and leads to the following theorem:

Theorem 2.2.2 (Banerjee, Gordina, Mariano [6]). Let g = (x,2), § = (Z,2) € H and
¢ € R such that g7 x g = (¥ — x,{). There exists a non co-adapted successful coupling
(By,By): on H starting at (g,§) and a constant C that does not depend on the starting
points g and g such that for all t > mazx(2n||x — Z||2, 47|(]):

||z — 2|l

Vit

P(r>1) < C +@§. (2.27)

Moreover, this coupling is efficient.

Before explaining the strategy, we make some important remarks.

Remark 2.2.3. For |{| < 1, using the equivalence relation , we deduce from ,
that P(T > t) < C%\/‘%’g) with C' a constant that does not depend on g and §. Moreover,

if v =&, then ||g~ gl = |2 — 2| and we have P(1 > t) < C'%=led),

Remark 2.2.4. Using the results from Remarks|[2.2.1] and [2.2.5, we can deduce that, if
the starting points are in the same fiber, co-adapted coupling strategies cannot produce
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any efficient couplings. It is quite interesting to notice that Banerjee and Kendall also
proposed in [8] a non co-adapted efficient coupling of Kolmogorov diffusions by using a
strategy similar to the one used in Theorem|[2.2.9. This suggests that using non co-adapted
constructions should be better to obtain efficient couplings for hypoelliptic diffusions.

We now explain the strategy used by Banerjee, Gordina and Mariano to prove Theorem
. The main point is to describe the strategy when the Brownian motions (B;); and
(B;); on H start from the same fiber, in the sense that X, = X,. Indeed, by using a
reflection coupling on R2, one can obtain X; = X, in an a.s. finite time. Assuming that
X, = Xp, the main idea of this coupling is to divide the time in intervals of constant

length and to define <Xt, Xt> such that the two processes are equal at the end of each
t
interval. Let us explain the method on the first interval [0, T7:

e One take X} = X

e One use the finite-look-ahead coupling with the Karhunen-Loéve expansion to define
a coupling of (X2, X?), as presented in Subsection [2.1.1]

According to (2.3) and ({2.4)), one have:

X? \/_Z (fg 5]) \/_ I (%) + %(ﬁo —&). (2.28)

7j>1

By taking &, = &, for k = 0 and k > 2, one obtain X7 — (fl & > V2T gip (%t) In

particular, at time ¢t = T, one have X = XT and zp — Zr = 29 — Zo + (%) K(T) with

K(T) = YL fOT sin(Z)d X} AN <0, %) Then the coupling is successful at time 7' if
and only if
-6 (r—7%r) = (20— %)
2 K(T)

The coupling of the two Gaussian variables (51,51) is then chosen such that oc-
curs with a probability large enough. Note that, here Banerjee Gordina and Mariano
obtain this by constructing a mixed reflection/synchronous coupling of Brownian motions
(Wt,Wt)t starting from (0,0) and by choosing & = W; and & = Wi. This particular
strategy for coupling two Gaussian variables permits to compare the coupling time 7 to

the first hitting time of a time-changed Brownian motion (this change of time depends
on K(T)). We note that the knowledge of the path of X' on all the interval [0,7] is

needed to construct the coupling (Xf, Xf) o In particular, the obtained coupling is
t€l0,T

(2.29)

not co-adapted.

This coupling provides inequalities for the gradient of the heat semi group and for
harmonic functions as in Subsection The first result is obtained by using Inequality
together with the estimate of the coupling rate . For any bounded measurable
function f on H, there exists a positive constant C' such that:

C
Vx| \/E’
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with |V (u)|(x) denoting the length of the horizontal gradient associated to H for any
function v : H — R Lipschitz and ||V (u)||e its sup-norm. In particular, if f is harmonic
and bounded on H it is constant.

The second result is similar to Inequality obtained by Cranston. Let denote by
|| - [[% the norm induced by the subRiemannian metric on H. We consider a domain D on
H, g € D and 6, := d(g, D°). Then there exists a constant C' that do not depend on the
domain D or g such that, for any f € C(D) smooth, non-negative and harmonic on D:

Drtalhe< 0 (14 3+ 20 i) (2.31)

g

This is obtained by using Inequality (2.11)) and by obtaining an upper bound of
P(7>7(B) A7n(B))

proportional to d..(g,g). This result is not direct and more difficult than for the Rie-
mannian case. One of the main idea is to use the Burkholder-Davis-Gundy Inequalities.
However, as the coupling is not co-adapted, the coupling time 7 is not a stopping time
for the natural filtration of each of the Brownian motions. Then it is necessary to use
an enlarged filtration. We do not give more details as this result will be generalised in
Chapter [6]

From this, we can also obtain the Cheng-Yau inequality: there exists a constant C'
such that, for any go € H, » > 0 and for any positive harmonic function f on the open

ball B(go, 2r),

C

sup ||V In f(g)|ln < —. (2.32)
9€B(go.r) r

2.3 Coupling results on SU(2) and SL(2,R)

As announced before, one of the main line of this thesis is to use the similarities between
the Brownian motion on H, SU(2) and SL(2,R) to extend the two couplings presented in
Subsections [2.2.1f and [2.2.2 from H to SU(2) and SL(2,R). Indeed for these three model
spaces, the Brownian motion can be written (X, z;); with (X;); a Brownian motion on
R?/S?/H? and (z;); its associated swept area.

We have obtained two results on SU(2): one successful co-adapted coupling and one
successful non co-adapted coupling. In particular, for the non co-adapted coupling, the
coupling rate is exponentially decreasing and proportional to the initial distance between
the processes. For the special case when the Brownian motions start from the same
fiber we have also obtained a non co-adapted successful coupling (with also exponential
coupling rates) on SL(2,R). Please note that, more recently another non co-adapted
coupling strategy have been developed by Luo and Neel [44] for the subelliptic Brownian
motions on H, SU(2), SL(2,R) and also on the universal cover of SL(2,R) and on non-
isotropic Heisenberg groups of any dimension. Their strategy, based on the fact that
the Riemannian manifolds M} have good properties of symmetry, uses isometries defined
conditional to the coupling time of the area parts of the processes. For Brownian motions
starting from the same fiber, their strategy is maximal. For SU(2) and SL(2,R) they also
obtain an exponential decreasing for the estimation of the coupling rate.
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The results presented in this subsection have been the object of three publications:

[18] Magalie Bénéfice, Marc Arnaudon, and Michel Bonnefont. Couplings of Brownian
motions on SU(2,C). In Geometric science of information. Part I, volume 14071 of Lecture
Notes in Comput. Sci., pages 592-600. Springer, Cham, [2023] (©)2023

[25] Magalie Bénéfice. Couplings of Brownian motions on SU(2) and SL(2,R).
Stochastic Processes and their Applications, page 104434, 2024

[24] Magalie Bénéfice. Non co-adapted couplings of Brownian motions on subRieman-
nian manifolds. https://arxiv.org/abs/2312.14512 2023.

As in subsection [2.1.5] we use the notations Ej, M and II; with k € {£1}. We also
use the decomposition B; = (X3, 2;) of the Brownian motion described previously.

2.3.1 Comparison between two Brownian motions

As for the Heisenberg group we have a nice (but not immediate) estimate of the sub-
Riemannian distance between two Brownian motions. Let (B;); := (X}, z); and (|.5>t)t =
(X, %); be two Brownian motions on Ej, starting from g = (z, z) and § = (#, 2). Using
cylindrical coordinates, we prove (see Subsection that B;'B, = (p1, O, (;) with:

e p; the usual Riemannian distance on M} between X; and Xt;

® (; = A+ (o mod (47) where A; is the signed swept area between the paths (X ).<;
and (X,).<; (a more consistent definition of A, will be given in Definition [3.2.1)

Then we obtain the following equivalence which is quite similar to (2.25)):

cr (97 +1G]) < d2(BeBy) < e2 (0] +1Gl)
with ¢; and ¢y two constants as in (2.22)).

2.3.2 General construction of couplings

To construct general couplings of Brownian motions on E} we use two different strategies.
The first strategy will be used to define and study general co-adapted couplings whereas
the second strategy will be used to construct non co-adapted couplings and only some
specific co-adapted couplings.

First strategy To extend the co-adapted successful coupling result from Kendall de-
scribed in Subsection from H (the flat case) to SU(2) (a curved manifold case), we
need to define co-adapted couplings and the behaviour of the two processes (p;); and (A;);
introduced above. Then it is convenient to define a coupling (Xt,f(t)t on M by using
the It6 depiction of the Brownian motions (X;); and (X;); in some well chosen moving
frames (in the sense given by Emery in [30]).

Supposing that X; # Xt and that Xt is not in the (Riemannian) cut locus of X; in
M, for all 0 <t < T (with T' the stopping time associated to these hypothesis), we can
define two Brownian motions (X).cjo,7] and (X):ejo,7] described by the equations:

AV X, = dU (£)eX () + dUs(t)eX (t) and d¥ X, = dVi(H)eX (t) + dVa(t)eX (1) (2.33)
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where:

o eX(t) == p);f AGD) , with expy, L(X,) = 4(0), v the unique geodesic such that v(0) = X;
and V(l) - Xt7

e e (t) such that (ef(t),ex(t)) is a direct orthonormal basis on Ty, S?;

o (eX(t),eX(t)) is the direct orthonormal basis on T';,S? obtained by parallel transport

of (ef(t),e5 (t)) along the geodesic v joining X; and X;.

This defines a coupling (X;, X;); which is characterized by its starting points and the joint
law of (U(t), V (t)):. By choosing a co-adapted coupling of (U(t), V'(t)):, this construction
describes a wide range of co-adapted couplings (Xt,f(t)t on My. This also produces a
co-adapted coupling on Ej. Recalling that t < T (i.e. X; # X, and X, is not in the cut
locus of X;), we prove that the behaviour of the processes p; and A; is then given by the
following system of stochastic differential equations:

Vk

dpt:cﬂﬁ@)—cﬂh@)+~¢%cm(v%00dt——;;ZJEES

dU(t) - dVa(t) (2.34)

_ tan(*3) U i) — V()
dA, = 7 (dUg(t)erVg(t))JrQCOSz( 7 )(dU2 dVi(t) — dVa(t) - dUL (1))
(2.35)
1 \/E,Ot
dp, - dA, = 7 tan ( . ) (dVA(t) - dUs(t) — dUL(t) - dVa(t)) (2.36)

with dU;(t) - dV;(t) denoting the derivative of the joint quadratic variation of U; and Vj.
These results will be stated later in Proposition [£.1.5]

Different examples of interesting choices of (U, V') will be presented in Subsection m
In particular, to construct a successful co-adapted coupling on SU(2), we shall need:

e a reflection coupling on M}, for which p, is a Brownian motion (up to a multiplicative
constant) with a drift having the same constant sign than k (see Example [4.1.11]).
This is the coupling obtained when (Uy, V;); is the reflection coupling on RZ.

e a synchronous coupling on M;, for which (R;); is deterministic. Because of the
curvature, (R;); is not constant (see Example [4.1.10)). In particular, for k = 1, this
(Ry); is decreasing. This is the coupling obtained by taking U, = V.

e a "fizred distance coupling” on M, for which (p;); is constant and (A;); is a Brown-
ian motion up to a multiplicative constant (see Example [4.1.13). This coupling is
obtained by adding a noise to the the synchronous coupling.

Second strategy To describe the coupling (B; = (X, z), B, = (Xt, Z)): on Ej, we can
also directly use the cylindrical coordinates satisfying the system ([2.23)):

dos = dB}! + —cot(\/_got) dp, = dB} + cot(\/_%)
— _Vk 2 g — f 2

de - Sm(\\ffwt dB and d@ - sm(\\ffgpt dB

m:m%)wf m:ﬁ%lwf
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It is then enough to construct a coupling ((got, 01), (P, ét)> , that is, the coupling of the
t

spherical /polar coordinates of the Brownian motions (X;); and (Xt)t on M, relative to
the reference pole Ny. As an example for k = 1, when (X;); and (X;); start from a same
meridian of the sphere, that is, o9 = ™ — ¢, we easily obtain the reflection coupling,
defining the Brownian motion by symmetry with respect to the equator. To do that
we just have to take B} := —B} and B? := B2. When the processes start from a same
parallel, we also have an easy construction of the processes by symmetry with respect to a
meridian. When the initial positions of X, and X, do not satisfy the two previous cases, a
solution is to consider another system of spherical coordinates by choosing another couple

(N,e) € TM; of reference such that the new process ((@EN’e), HgN’e)> , (@EN’Q), 0~§N’8)>>t

satisfies one of the two previous initial conditions.

This change of coordinates is convenient and can be done in general for k € {—1,1}.
However, one has to take extra care to reconstruct the full coupling (B, B;); on E}. Indeed,

it is natural to introduce the process <I§N’e)> starting at zq such that (gpﬁN’e), o), It(N’e)>
t t

satisfies the system (2.23). Then, I is (up to a constant) the area swept by (Xs)s<:
relative to the new pole N and in general it is will not be equal to z. In Section [3.2.7]

we study the relation between ((Xt, ]t(N’e)> , (Xt, L(N’e))> and <(Xt, z), (Xi, Et)> . More
t . t

precisely we give an expression (modulo 47) of the coordinate ((;); of B; !B, in function

of (Xt,]t(N’e)> and <)~(t,l~t(N’e)> :
t

t

Comparison of the two strategies If this first described strategy is well adapted to
the construction of co-adapted couplings on M (and thus on Ej), it cannot be used to
construct non co-adapted couplings. Indeed, makes sense only if the moving frames
are adapted to the same filtration which would not be the case with a non co-adapted
strategy. With the second strategy, we are able to define non co-adapted couplings. As
explained above it also permits the construction of co-adapted couplings, such as the
reflection coupling for £ = 1. However, it is not obvious that we can define a fixed
distance coupling on M}, by using spherical /polar coordinates whatever the couple (N, e)
of reference.

2.3.3 Co-adapted successful coupling on SU(2)

We present here the construction of our first coupling result (found later in Subsection
4.2.1))

Theorem 2.3.1. For all a € R, there exists a co-adapted coupling (Xt,j(t) of Brownian
motions on S% starting from (x,Z) such that 7 := inf{t > 0 | p; = 0 and A; = a} is
a.s finite. In particular, as ¢ = (o + Ay mod (4r), this induces a successful coupling on

SU(2).

The strategy is similar with the one given in Subsection but needs some adjust-
ments due to the curvature. The first major difference is that we use the fixed distance
coupling instead of the synchronous coupling. The second one is that if p, is too close to
7, it is possible to switch too fast from reflection coupling to fixed-distance coupling as the
quadratic variation of the swept area will be very large. To avoid this possibility, an idea
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is to introduce a constant 0 < < 7 and the stopping time 7, := inf{t >0 | p, > 7 —n}.
If 7 > 7,, which does not occur a.s., we interrupt the coupling and we use the synchronous
coupling to decrease p; until it takes the initial value py. This strategy can then be iterated
independently.

Note that, to obtain a coupling in SU(2), we only need to have A, = —(y(47) instead
of Ay, = —(y. Thus we only need to stop reflection coupling if A; enters intervals of the
form:

[_CO + dnm + ’%p?v _CO + 4(” + 1)7T - Kp?] , n e Z

For a good choice of x, this doesn’t occur for p; close to 7 (see Figure|2.2)). Then we don’t
need to introduce 7, to obtain a successful coupling.

—C0+47T —==--___
@ ®\\> @ Reflexion coupling
T . @ Fixed-distance coupling
- el ) @ Reflexion or fixed-distance coupling
= —Co | —‘\\‘\\\\ @ — Ay = —(o +4nm + kRZ, n=-1,0,1
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Figure 2.2: Co-adapted coupling on SU(2)

2.3.4 Non co-adapted successful coupling on SU(2)

The second result we present here is the explicit construction of a non co-adapted suc-
cessful coupling on SU(2) by using the finite-look-ahead coupling. 1t will be proven later
in Chapter 5

Theorem 2.3.2. Let g = (x,2), § = (%,2) € SU(2). There exists a non co-adapted
successful coupling of Brownian motions (By,By); on SU(2) starting at (g,§). Moreover,
denoting T := inf{t > 0| B, = By}, there exist C' and ¢ some non negative constants that
do not depend on the starting points of the process, such that, for all t > 2:

P(r>1t) < (Ce “dee(g,9)) N1 (2.37)

Moreover, if x = &, for all 0 < g < 1, there exist C,, ¢ some non negative constants that
do not depend on the starting points g and g such that for all t > 1:

P(r>1t) < (Coe%decl(g,§)*") A1 (2.38)
Please note that ¢ does not depend on the choice of q.

Remark 2.3.3. Note that, in the announcement of this theorem we made the constraints
t>1andt > 2. However, by changing the constants C' and C,, this can be replaced by
t > to and t >ty for any to > 0. Forty small enough, the new constants C(ty) and C,(to)
would be of order X i Note also that the coupling strategy then depends on the choice of
to. More details on this will be found in Remark[5.2.0,
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As for the strategy used for the Heisenberg group in Subsection [2.2.2] the key point is
to treat the case when two Brownian motion start from the same fiber, that is X, = Xj.
Indeed, using first a reflection coupling on S?, it is possible to reach this situation. Note
that it is then important to control the value of the swept area at the end of this reflection
coupling (this is also the case in H).

As announced before, we construct a coupling of the spherical coordinates (¢, 6;) and

(@nét) satisfying the two first equations in (2.23]). In particular, we notice that 6, is

a martingale, and thus can be written as a changed-time Brownian motion (Cy)); with

o(t) only depending on (¢s)s<;. We can do the same for 0, = Cs@)- On a deterministic
interval of time [0, T, we take:

1. ¢ = ¢. In particular, o(t) = (¢).

2. We make the similar decomposition as for the Heisenberg group, using Brownian
bridges and the Karhunen-Loéve formula, but applied on (C,, C,), on the interval
of time [0, o(7T")].

2
However, contrary to the case of the Heisenberg group the random variable K(T') is not
Gaussian and, in fact, is quite difficult to study (we are not even sure that this variable
admits a density) because of the curvature and especially because of the change of time
o(t). The strategy then needs more adaptations. Using the fact that z, takes its values
in the compact [—27, 27|, we can obtain a positive lower bound for P(zp = z7.) that does
not depend on the starting points. The iteration of the previous construction can then be
compared to the iteration of identically and independently distributed experiments. Thus,
we obtain a successful coupling with a coupling rate exponentially decreasing. Moreover,
for any tp > 0 and 0 < ¢ < 1, we can obtain some constants C,; and ¢ that do not depend
on the starting points and such that:

With this construction we obtain again X, = XT and zp — Zr = 29 — Zo + (ﬁ) K(T).

P(r >t) < Cue”z — 2| for all t > t. (2.39)

In particular, under the above condition x = Z, we have:

C1v |Z_2| < d60<97§) < ¢ |Z_ 2'

with ¢; and ¢y two constant only depending on the structure of SU(2) (see relation (2.22))).
This leads to Inequality (2.38]).

Remark 2.3.4. Note that the above construction can also be done on the Heisenberg
group. It corresponds to work in polar coordinates and not in Cartesian coordinates as it
is done in [6]. However we cannot say if this new coupling is successful on H. Indeed, as
the swept area is not bounded in the Heisenberg group, to obtain a successful coupling it
seems that we would need to iterate our construction for geometrically increasing intervals
of time T. However, as we lack information on K(T') for T too large, we cannot make
any conclusion. Note that we recover Cartesian coordinates when the pole of the polar
coordinates goes to infinity in R2.
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2.3.5 Successful couplings on SL(2,R)

If the Brownian motions do not start from the same fiber, there does not exist any (almost
surely) successful couplings on SL(2,R). If such a coupling had existed, there would
have been an (almost surely) successful coupling (X, X;); on the hyperbolic plane H2
However, because of the negative curvature of H?, the reflection coupling have a repulsive
effect on the Brownian motions. In fact, there do not exist any successful couplings on
H2. As a proof, we can use Theorem 5.4 from Wang [55] (this result can be applied to
every Riemannian manifold whose Ricci curvature is bounded below): as there exist some
non constant bounded harmonic functions on the Riemannian manifold H?, there is no
successful coupling of Brownian motions on it.

We thus look at the case where the Brownian motions start from the same fiber. Using
exactly the same methods than for SU(2), we obtain:

Theorem 2.3.5. Let g = (x,z2), § = (Z,2) € SL(2,R). We suppose that © = .

There exists a non co-adapted successful coupling of Brownian motions (By, By); on SL(2,R)
starting at (g,§). Moreover, for all 0 < g < 1, there exist C; and ¢ some non negative
constants that do not depend on the starting points of the process, such that, 15 still
true for all t > 1.

This result will be later stated in Theorem [B.1.1].

Please note that, contrary to the results by Luo and Neel [44], we cannot extend the
strategy above to the universal covering of SL(2,R). Indeed, as for the Heisenberg group,
for instance we are not able to know if the coupling strategy is successful when the swept
area is not considered in a bounded set. In the future, we hope that we obtain a better
understanding of K(7') that would allow us to answer this problem. Note also that it
is not possible to obtain a successful co-adapted coupling if the starting points are in
the same fiber. Indeed, except by taking B, = B, (which is clearly not a solution to our
problem), any co-adapted coupling would get (X;); away from (X;); with a probability
strictly less than 1 to make them meet again.

2.3.6 Gradient inequalities

As for the Heisenberg group, by using the results from Theorems [2.3.2] and [2.3.5| together
with (2.8, we directly obtain:

Corollary 2.3.6. There exists C > 0 such that, for every function f € C(SU(2)) and
t>2:

IV Pf ()l < 2/ fllocCe™ ace.. (2.40)
In particular, if f is harmonic on SU(2), then it is constant.
We also get some results for SL(2,R):

Corollary 2.3.7. Let g = (z,2), g = (Z,2) € SL(2,R). We suppose that v = & and we
consider a bounded measurable function f on SL(2,R). For all q €]0,1[, there ezist C,, ¢
some constants that do not depend on g, g such that fort > 1:

|Pif(g) — Pf(9)| < 2||f||000q6_0td06(97§)2q-

Moreover, if f is harmonic and bounded, it is constant on each fiber above x, that is, on
the sets of the form {(z, z) € SL(2,R) | z € [-2m, 27|} .
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These results will be proven in Section [5.4]

Note that in [4], Arnaudon and Thalmaier obtained some expressions for VP, f(g)
on SU(2) (Theorem 3.2 from [4]) but also on SL(2,R) (Theorem 7.1 from [4]). These
expressions are obtained in function of an adapted process (¢;), leaving in the cotangent
bundle at the point ¢g. In particular, this leads to:

IVr B ()l < [ flloe x C(F) with C(t) < o0.

For now, it does not seem to exist any easy estimate for (¢,), and thus for C(t) contrary

to our result in Corollary [2.3.6]

2.4 Coupling results on the free, step 2 Carnot groups

After this work on SU(2) and SL(2,R), we have looked at couplings on the free, step 2
Carnot groups where we have more than one Lévy area. The main idea is to consider a
finite-look-ahead coupling (as in and to chose more than one non trivial coupling in
the coupling of the Gaussian sequences (¢, éj) With this idea we have extended the cou-
pling from [6], as well as its applications, to the general case of free, step 2 Carnot groups.
In particular, we obtain explicit constants for the coupling rate. We have also obtained an
explicit construction of a non co-adapted successful coupling for any homogeneous, step
2 Carnot groups.

The same idea also has permitted to develop one new strategy of coupling on the
Heisenberg group and more generally on all free, step 2 Carnot groups. The goal of this
last strategy is not to obtain a successful coupling but to obtain an efficient coupling for
the Brownian motions at a fixed time 7" > 0 that we call here a One sweep coupling. 1t is
based on a nice representation of the Lévy area obtained through a Legendre expansion
of the standard Brownian motion. The obtained coupling rate P(7 > T') has then the
same order than the one obtained with the non co-adapted successful coupling strategy
but the method is more simple. It also leads to explicit constants. We have just begun to
look at the applications but we present here a result based on a change of probability that
provides several gradient inequalities, including a Bismut-Elworthy-Li type representation
of the semi-group.

The articles associated to these works are the following:

[26] Magalie Bénéfice. Non co-adapted successful couplings of Brownian motions on
the free, step 2 carnot groups. https://arxiv.org/abs/2407.06593, 2024

[3] Marc Arnaudon, Magalie Bénéfice, Michel Bonnefont, and Delphine Féral. A
coupling strategy for Brownian motions at fixed time on Carnot groups using Legendre
expansion. https://arxiv.org/abs/2407.04321, 2024

We remind that we denote by G,, the free, step 2 Carnot group. In particular, we
identify G, with the Heisenberg group H.

2.4.1 Non co-adapted successful coupling on the free, step 2 Carnot
group

The first result presented here will be stated later as Theorem [6.1.1] It is the extension
of Theorem to G,,:
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Theorem 2.4.1. Set n > 2. Let g = (x,z), g = (&, 2) be two points in G, and ¢ € s0(n)
such that g7 x g = (& — x,(). There exists a successful coupling of Brownian motions

(Bt, Bt> on G, starting from (g,g). Moreover, for all t > 3,z — Z||3 we have:
t
P(r>t) < (C’l(n)—Hx Al | cz(n)—”g”Q) (2.41)
Vi t

with:
e 3, =2m(n—1)%/2(n —1);
e C1(n) =4yBu(n—1)+ \/%7 = 4271(n — 1)%(2(n — 1))
o (y(n) =206, =4r(n—1)%\/2(n —1).

In particular Remark is still true. Compared to the strategy in Subsection [2.2.2
that is used for n = 2, the main difficulty for n > 3, is that we have to deal with = "271
Lévy areas instead of just one and that, from a quick look, there is no reason that moving

one area will not impact anogher one. As in the previous sections we denote B; = (X, z),
B, = (X;, %) and Bt_lBt = (Xy — X4, @)

W=

1.
+ %=

By using the reflection coupling if needed, we can suppose that the processes start
from the same fiber, that is, Xo = X,. The strategy is then to work on the area matrix
(; line by line and to use the fact that (; is skew symmetric. We explain the strategy on
the first line of the matrix. Let "> 0 and t € [0, 7.

e We chose th = th for all 2 < 57 < n. In particular, this induces that for all
2 <1,5 <mn,(/”’ stays constant;

e We couple (X}, f(tl) by using the finite-look-ahead coupling given by Equations
and with & = & for i = 0 and ¢ > n. Let denote € = (&)i<i<n—1 and
é := (& )1<i<n—1 the two Gaussian vectors left to couple and v; the n — 1-dimensional
vector induced by first line of ¢; (by skew-symmetry, (/"' = 0 and can be forgotten).
Then we have: _
£ —

2
with A(T) a matrix whose entries are some independent Gaussian variables con-
structed from the paths of all the synchronous coupled coordinates (X7)icjo.11,
2 < j < n. The idea used in this work is to chose a coupling of (£ ,é) which is
trivial in the directions induced by (A(T) " ve)". This way, we get:

vy = v + A(T) (2.42)

E-¢ a-a AT)
2 2 [JAD) w2

(2.43)

with a and & two real Gaussians left to couple. In particular, with this choice, at
time 7', either vy is 0 (and thus the first line and the first column of the matrix
(r are 0), either, it is collinear to vg. The rest of the construction is then done
according to the strategy used on H. In particular, using the fact that the entries
of the matrix A(T") are some independent Gaussian variables, Inequality is
obtained from some properties of the Wishart distribution.
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From this construction, we directly obtain an estimate of the total variation distance
between the laws of the Brownian motion (see Corollary [6.1.11)). We also obtain the
estimate of the horizontal gradient inequality for the heat semi group on G, with
an explicit constant (see Corollary . Please note that these results are also obtained
with the strategy presented in the next subsection (Subsection where we obtain
better estimates.

As for the Heisenberg group we can obtain results for the gradient of harmonic func-
tions similar to (2.31]) and ([2.32)). The details of the estimates can be found in Subsection
[6.3.2l The strategy is not so different from the one developed by Banerjee, Gordina and
Mariano aside from the fact that we have to deal with the increase of the dimension. We
also have to take extra care as the choice of the coupling (& ,5) in is constructed
according to a direction depending on all the paths (Xg)te[oﬂ with 2 < j <n.

As a corollary of Theorem [2.4.1] we also obtain the existence of a successful coupling
on all homogeneous Carnot groups. Indeed, considering any homogeneous Carnot group
G of rank n, we have raised in subsection the existence of a surjective morphism
¢ from G,, to G. The point is that, if (B;); is a Brownian motion in G,, (¢(B;)), is a
Brownian motion on G. By choosing preimages that conserves the distance d..(a,a) as in
Relation ([2.19), we also obtain the gradient inequality with explicit constants.

2.4.2 A new strategy of coupling on the free, step 2 Carnot groups
(One Sweep coupling)

The last result of this thesis that we will present here is a new strategy of non co-adapted
coupling on the free, step 2 Carnot groups. Its is based on the expansion of the Brownian
motion with Legendre polynomials. This is a joint work with Marc Arnaudon, Michel
Bonnefont and Delphine Féral [3]. For 7" > 0 and for two starting points (g, §), the idea is
to construct a coupling of Brownian motions (B, Bt)ogtST with an estimate of P(By # BT)
comparable to the one obtained for the quantity P(7 > T') in Subsections [2.2.2| and [2.4.1]

Setting n > 2, we obtain the following theorem (it will be also stated later as Theorem
7.2.1)):

Theorem 2.4.2. Let T >0, (g,9) € G, and ¢ € so(n) such that g~'§ = (T —x,(). There
exists a coupling (Br,Br) of Brownian motions at time T and starting at (g, §) such that:

v2l¢]l:
T

1z — 2|2

VT

dry (E(BT), c(éT)) < P(Br # By) < C1(n) + Co(n) (2.44)

with

Cy(n) == % <6\/ﬁ+ %) and Cy(n) := \/L2_7r + ng(n). (2.45)

As said before, we obtain better constants than with the previous successful coupling
and this coupling also induces estimates of the horizontal gradient of the heat-semi group
(2.30) with these update constants.

For ¢ = (x,2) and § = (Z,g), we explain briefly the strategy used to construct
(B, |_5>T) = ((XT,ZT), (XT,ZT)>. Note that, contrary to the previous non co-adapted

constructions presented here, we do not need to make any assumption on x and .
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Using the expansion of the Brownian motion in Legendre polynomials as done by
Kuznetsov in [42], we have, for Xr:

1
XT:QZ—Fﬁfo, ZT:Z+§ﬁx®£0+TZak£k®£k+la (246)
k>0
- - - 1 . -
Xp=i+VT&,  Zr=Z2+ VTTO&H+T Y ok © &, (247)
k>0

where (ag)r>0 are some deterministic constants that will be given in Chapter [7| and
(&k)k (resp. (&k)k) is a sequence of independent R™-valued Gaussian with the distribu-
tion AV(0, I,,). Note that, here we choose an expansion in a basis built with the Legendre
polynomials instead of the trigonometric polynomials used in the Karhunen Loéve expan-
sion. Indeed, when the starting points are not in the same fiber, this decomposition is
more adapted to the computations of the Lévy areas as notice by Kuznetsov in [42].

Let m > 1. By choosing &, = &, for any k ¢ {37 ,0 < j < m}, we see that By = By if
and only if: . ~
§o— & = 7

3 ; 2.48
> Th/ad, + a3, (§3k - fgk) OVe=W, ( )
k=1

with:
V. = 3k83k41 — a3k71€3k71’ k=1,....m.
\/ 3+ ag
and

W = —<+ (.QT—Z%) © (gfo— ﬁOZ()gl) .

If we can solve the equation ) Uy ® Vi, = W with unknown variables Uy, ..., U, € R"
k=1
and if the obtained E[||Ug||2] are finite for all 0 < k& < m, then we choose the coupling of

, ¢..) such that P —¢ ——UY ) is minimal.
(53]6 53]6) (63]6 53’6 ?é T\/m)

We get a positive result for m > n + 2 by studying the moments of an inverted weight
chi-two distribution with £ > m — n degrees of freedom. In fact, we can also get solutions
for m =n+ 1 and for m = n — 1. The case m = n + 1 can be dealt similarly to the
general case m > n + 2, however the estimates are not optimal. The case m =n — 1 is
treated for the Heisenberg group in Theorem [7.1.1] that is, for n = 2. For n > 3 if the
inverse problem for m = n — 1 can be solved, it is much more difficult to deal with and
the estimates are not so good. For m = n, the problem is of course invertible but the
obtained quantities E[||Ug||2] are not finite because we are brought back to estimate the
moments of an inverted chi-two with only one degree of freedom.

For now, the better estimates for Cy(n) and Cy(n) are obtained for m = 2n + 1.
This could be improved by getting a better understanding of the inverted weight chi-two
distribution.

Solving the same inverse problem, we can consider a coupling defined by a change of
probability. In this case, the sequences (£x)k>0 and (& )r>o are defined such that:

e the sequence (&)r>o is identically distributed will law A(0,1,,) under the usual
probability P;
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e the sequence (ék)kzo is defined such that (&, — gk)kzo satisfies l} with m €
{k, k> n+2} U {+oo}.

At time T, B% = BY a.s.. However, the sequence (£)rso is not a standard Gaussian
and B% is not a Brownian motion under the usual probability P. We thus define another
probability P(g) equivalent to P and such that (ék)kzo is independent and identically
distributed with law N(0, I,,) under P(g). In particular, under P(g), BY is distributed as
a Brownian motion starting at g at time 7.

By studying R(g) := d':l—l@(w), we first obtain a log Harnack inequality (see also Propo-

sition [7.3.7)): for any positive function f in G,, T'> 0 and ¢, g € G,:

Pr(In f)(g9) < In(Prf(g))

T 4\%/ 2 2(n—1
I ||132Tx||2 I <6\/ﬁ+ %> <ﬁ”g”§+% ||x—j||;> (2.49)

We also obtain a relation similar to the Bismut-Elworthy-Li formula by looking at:

dgPrf(-) = E[f(Br)dyR()].

In particular, we obtain an inverse Poincaré-type inequality. Let 7' > 0, p € (1, 00| and ¢
the conjugate number of p. For all g, h € G,,:

ldy Prf ()| < (PrlfP)!7 M,(T) (2.50)

with M,(T') a constant that depends of the time 7" but not on g. More details about these
results can be found later in Proposition [7.3.8|

Note that, in a different hypoelliptic setting, this change of probability method was
investigated at least by Guillin and Wang [31] and by Baudoin, Gordina and Mariano [16]
to study some kinetic Fokker-Planck equation.

Another approach to obtain these gradient estimates is through the generalized curvature-
dimension criterion developped by Baudoin and Garofalo [14]. Step 2 Carnot groups are
examples of non-negative curved subRiemannian manifolds and thus a reverse log-Sobolev
is known to hold, see Proposition 3.1 in [II]. See also [12] where the reverse Poincaré
inequality and its constant is studied on general Carnot groups by analytic methods. A
general stochastic method which also provides local estimates can be found in [4] Theo-
rem 7.1, but the constants are not explicit.

For the moment, we do not recover the full reverse log-Sobolev inequality. We still
hope to obtain it with our method.

2.4.3 Static coupling and Wasserstein distance

We also obtain a slightly different result. We do not consider successful couplings but
Wasserstein inequalities, (see the second category of couplings in Subsection . The
main result, Theorem is an extension of [22] to the case of homogeneous step 2
Carnot groups. The coupling is static, i.e., we only consider the coupling of the laws at
time ¢. It leads to a L'-Wasserstein inequality.
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2.5 Organisation of the Thesis

Let us sum up the organisation of this research work. Note that, apart from Chapter [3]
it follows the chronology of the research.

Chapter

In this chapter, we make a description of the model spaces, their basic properties and
their associated Brownian motions. We study their basic properties and set the notation
used in the remainder of the work.

In Section [3.1] we give some well known information about homogeneous step 2 Carnot
groups and in particular about free, step 2 Carnot groups. In Section [3.2] we present the
subRiemannian manifolds SU(2) and SL(2,R). By studying the cylindrical coordinates,
we give three new results on SU(2) and SL(2,R):

e Proposition and Corollary [3.2.10| that provides a nice estimate of the distance
between two Brownian motions. It will be used later in Chapter

e Lemma [3.2.12] that study the behaviour of the area coordinate under changes of
coordinates. It will be useful in Chapter

We also present a computation of the sub-Laplacian operator using the Campbell Haus-
dorff formula and the Lie Bracket relations of the left invariant vector fields on SU(2) and
SL(2,R).

Chapter

In this chapter, we study co-adapted couplings on SU(2) and SL(2,R). We use the Itd
depiction of the Brownian motion in a moving frame and study the behaviour of (R;);
and (A;); in Proposition and give some examples of co-adapted couplings on these
two spaces in Subsection [£.1.4] We then construct the announced co-adapted successful

coupling on SU(2) in Theorem and Corollary [4.2.2|

Chapter

This chapter is devoted to the study of the non co-adapted coupling strategy on SU(2)
and SL(2,R) using the looking-ahead coupling and the Karhunen-Loéve expansion. In
particular, we use the spherical /polar coordinates to define the coupling. The coupling
results are stated in Theorem [5.1.1 and Theorem [5.1.2] We also prove some associated

gradient inequality results: Corollary and Corollary [5.4.2]

Chapter [6]

This chapter deals with the non co-adapted successful coupling strategy on all the free,
step 2 Carnot groups G,, n > 2 (Theorem [6.1.1]). Direct results for the gradient of the
heat semi-group on homogeneous Carnot groups of step 2 are also proven in Subsection
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6.3.1 In a second part we prove the results associated to the comparison between the
coupling time and the first exit time of a domain on G,, (Theorem [6.2.2)). We deduce the
gradient estimates for the harmonic functions on domains in Subsection [6.3.2]

Chapter [7]

In this chapter, we describe the construction of the One-sweep coupling. We first deal on
the case of the Heisenberg group H (Theorem and then on the general case of the
Carnot group G,, for n > 2 (Theorem . We shall make vary the number of non trivial
couplings of the Gaussian modes (§;,¢;). In the last section of the chapter (section ,
we provide applications to gradient inequalities with a change of probability approach.

Chapter

In this short and independent chapter, we do not consider successful couplings but we
discuss the couplings and their link with Wasserstein inequalities. In particular we con-
struct a (static) L; Wasserstein coupling on all homogeneous step 2 Carnot groups; see

Theorem [8.2.1]

Chapter [9]

This last chapter is a conclusion for this thesis. We present some ideas to improve the
results as well as some possible research tracks for the pursue of the study.
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Chapter 3

Description of the model spaces and
their Brownian motions

In this chapter we give some preliminaries about the studied model spaces, that is, the
homogeneous step 2 Carnot groups and the Lie groups SU(2) and SL(2,R). We also give
some important new results on SU(2) and SL(2,R) in Subsections [3.2.6/and [3.2.7 These
two results will be fundamental to apprehend Chapter [ and Chapter 5] respectively.

We recall to the reader that we gave some preliminaries about general
subRiemannian structures in Subsection 2.1.3l
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3.1 Homogeneous step 2 Carnot groups

3.1.1 Homogeneous Carnot Groups

We first give a global definition for homogeneous Carnot groups. A global theory about
these structures can be found in [19].

Definition 3.1.1. We consider a Lie group G = (RN, %) with RY = RN x ... x RV
and the dilation dily - RY ~ RY

(x(l), .. ,x(’”)) — (/\m(l), e )\”:13(7"))
define (X'l, . .XNI) the family of left invariant vector fields such that X;(0) = 0, for
1 <1< Ny. Then G is a homogeneous Carnot group with step r and Ny generators if the
two following conditions are satisfied:

with A > 0. We also

e dily is a Lie group automorphism for all A > 0;

e 1 :=Span{X,,... ,):(Nl} is Lie-generating, that is, Lie{X1,...,Xn,} is of rank N,
or in other words, (Xi,...,Xy,) satisfies the Hormander condition.

In fact, one can prove that the group law x of all homogeneous Carnot groups has
polynomial components.

On any homogeneous Carnot group G, we can define an homogeneous norm:

Definition 3.1.2. We call homogeneous norm on G any function || - || : G — [0, 0]
satisfying the two following properties:

1. || dilx(g)|| = Allg|| for all A >0 and g € G;
2. |lgll > 0 if and only if g # 0.

Moreover, if |g7t|| = |lg|| for all g € G, then the homogeneous norm is called symmetric.

For each homogeneous group, there exist multiple ways to define a homogeneous norm.
As an example, we can consider:
1
2rt 2r!
[
2 .

1
@D, 2)|| = <Z|\x“> ) or [|(z®, ..., a)|| = (Zux@
i=1 i=1

All the homogeneous norms are equivalent in the sense that, for any couple of homogeneous
norms || - || and || - ||»s on G, there exist ¢ and C' two positive constants such that for all
g €G:

cllgll < llglleis < Cllgll-

3.1.2 Properties of the homogeneous, step 2, Carnot Groups

In what follows we focus only on homogeneous, step 2, Carnot groups. In the remainder we
simply denote N; by n, Ny by m, (M) by z and £ by z and we consider the homogeneous

norm || - ||¢ given by:
1@z, 2)lle = \/112]5 + [|2]l2 (3.1)
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Please note that, for the Hoérmander condition to be satisfied, the family induced by

(Xi)1<i<n and ([X,, Xj1)1<icj<pn must be of rank n +m. In particular, we get that

m < —n(n—l)‘
- 2

By using polynomial components, we have the following characterisation of the group
law :

Proposition 3.1.1. Set m < "("2 Y and let G = (R™™ %) be an homogeneous Carnot
group with step 2 and n generators. There exist CV ... C™ ¢ M, «n(R) such that, for
(x,2) == (21, ..., Tn, 21, -+ - 2Zm), (2, 2)) = (x’l,...,xn,zl,...z;l) € G:

(x,2)* (2/,2)) = <x+x', (zk+z + = (C'(k x|a:))1<k< > : (3.2)

Moreover, the skew-symmetric parts D*) = % (C(k) — (C(k))t> of C%) are linearly inde-
pendent.

Note that the linear independence of the matrices D®) comes from the Hérmander
condition.

The first example for these Carnot groups is the Heisenberg group H = (R?,x) with:

(l‘h T, Z) * (:ih j?y 2) - (l‘l + jlv Zo + j?y ¥ + 2 + 5(1;1‘%2 - i‘11‘2))
In particular, this is an homogeneous Carnot group with step 2 and 2 generators. A

generalisation to n generators is given by the free, step 2 Carnot groups:

Definition 3.1.3. The free, step 2 Carnot group with n generators is the homogeneous Lie
,*> such that, for (z,2) = ((z:)1<i<n, (2ij)1<icj<n) and (z',2') =

((172)199, (Zz{,j)lﬁi<j§”) :

group F,, = (R"+

1
(ZE, Z) * (x’) Z/> = ((ml + $;)1§i§n, (Zi,j + Zz{,j + 5(371%; — 1:2:@)) ' > .
1<J

) i) = (1))
Here for 1 < i < j < n, we take O = (cﬁ”) with C(Z’]) 1 if (I,7) = (5,1) .
C 0  else
We will give more details on this group in Subsection [3.1.5]

Let n>2and 1 <m < @ We denote by (ey,...,e,1m) the canonical basis on
R™™™ and (é,...,€&,) the canonical basis on R™. Let G = (R""™, ) be a homogeneous
Carnot group with step 2 and n generator. Defining C™), ... C(™ as in Proposition m,
the "horizontal" left-invariant vector fields (Xi,...X,) can be explicitly computed:

Xzf(l’,Z) - Eﬁ 0

=0y, f(z,2)+ = ZZC 20, f(x,z) for 1 <i <n. (3.4)

k:l]l

f((z, 2) * te;) (3.3)
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We can also look at the "vertical" left-invariant vector fields (Z;, ... Z,,) such that Z(0) =
0.,. In fact, by commutation of the "vertical coordinate" z we get:

Zif(x,2) = dt o f((w, 2) xtexyn)

=0, f(z,2) for 1 <k <m.
Note also that, for any smooth function f on G and A > 0:

X (fodily) (z,2) = AX;(f) (dily) for 1 <i<n
Zi (f odily) (x,2) = MZp(f) (dily) for 1 <k < m.

The sub-Laplacian operator is given by L = 3 Z X2. This is a diffusion operator and,

=1
because the Hérmander condition is satisfied, thls is a hypoelliptic operator. As before,
it can be explicitly computed:

1

n m n

1

in E : Ti,T; §§ :E : z] ZLj xzk+ E : E :Cl] zr$]$7” zkzl
i=1 k=1 1i,5=1 kl 11,5,r=1

n

i S Y., (3.5)

k=1 i=1

+

N

The Hormander condition and the generalised Chow Theorem permit the definition of
the Carnot-Carathéodory distance d... Thus (G, H, d..) is a connected metric space.

Remark 3.1.2. As for the Heisenberg group,

dec(0, (2,0)) = |[]]2- (3.6)

More generally g = (x,2), ¢ = (2',2') € G, we have:

||l‘ - x,||2 S dcc(gug,)- (37)

Indeed, if t — ~(t) = (z(t), 2(t)) is an horizontal curve joining g and ¢', t — ~,(t) is

a
curve on R™ joining x and x'. As v is horizontal, we can denote 5(t) = > a;(t) X;(v(t))

and L(~y fo \ / 2. By construction of X;, we then have ,(t) = > a;(t)0,, (7(t))
' i=1

and Lgn (%) = L( ) (here we denote Lgn the length of a curve on R™ associated to the

Fuclidean norm). In particular ||x — 2'||a < L(7y) for any ~ horizontal joining g and ¢'.

This induces (3.7). To show (3.€)), that is, when g =0 and ¢’ = (,0), it is now enough

to verify that (t) := (tz,0) is an horizontal curve.

Note that the function g € G +— d..(0,g) € RT defines a homogeneous norm. Thus,
using the left-invariance of d.. and the equivalence between homogeneous norms, there
exist ¢ and C two positive constant such that:

clg *d'llc < deelg,d) < Cllg™" *¢'|e- (3.8)
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3.1.3 The Brownian motion on homogeneous, step two, Carnot
groups

Let G be a homogeneous, step 2, Carnot group with n generators whose law is character-
ized by the matrices (C'*)); <4<, as in Proposition[3.1.1, We define the Brownian motion
as the diffusion process (B;); which admits the sub-Laplacian L as infinitesimal generator.
In particular it satisfies the stochastic differential equation:

dB, = X(B,) o dB; (3.9)
i=1
with od the Stratonovitch differential and (B}, ..., Bf*) a Brownian motion on R". Using
the explicit computation of L obtained in (3.5)), the Brownian motion (B;); starting from
g = (z, 2) can be described as the continuous process (B;); = ((Xt, (zf)1<k<m)> with:
sksm/ /4
o (Xy)=(X/,...,X"); a R*Brownian motion starting from z;

eForall 1 <k <m,dzf =353 CZ(?deXf + %‘ch?dt. Denoting by A}/ :=
i=1

i,7=1

: <f0t XidXi — [} ngX;) the Lévy area associated to (X7, X7), we can also write:

I & k ij 1 - k iyJ iy
2 =zf+ Z 5(0}2 - cg,j)).A,;J +7 Z Cg,j) (XiX{ — XpX¢)
1<i<j<n i,j=1

In particular, the Brownian motion on G is a continuous process compatible with the
dilation and with stationary independent increments.

Note that if the matrices (C(k))l cper L€ skew-symmetric, for all 1 < k£ < m: zf =
R DY cﬁ{?Ai’]. In particular, on the free, step 2 Carnot group F,,, for 1 <i < j < n,

1<i<j<n
we have z;7 = 257 + A}

3.1.4 Lie groups morphisms

In this subsection, we aim to describe some properties to simplify the study of homoge-
neous step 2 Carnot groups. The first one permit us to reduce the study to the cases
where the matrices C*®) are skew-symmetric.

Proposition 3.1.3. Let G = (R™™ %) be a homogeneous, step 2, Carnot group with n
generator whose group law is characterized by the matrices (C(k)>1§k§m as in . Let
G = (R"™™ o) denote the homogeneous, step 2, Carnot group satisfying:

2

1<k<m

1 -
(r,2)0 (2, 2) = (x +a, (zk + 25, + —(D(k)x|x’)> ) for all (z,2), («',2') € G

(3.10)
with p(k) the skew-symmetric parts of C*®). There exists a Lie group isomorphism ¢ :
G — G such that:
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e Forall g, g € G, we have:
dec(9,9') = dee(p(g), 0(9"))- (3.11)

e (B,); is a Brownian motion on G if and only if (¢(By)), is a Brownian motion on G.

Proof. We just define the map:

p: G — G
{ (x,2) — (96 (Zk—1< k)x|x))lgk§m)

It is direct to check that this map is bijective, polynomial and respects the group structure,
Le., o((z,2)* (2/,2) = p(z,2) o p(a, 2').

Let ()_( 1y ,)_(n) be the left-invariant vector fields on G satisfying X;(0) = 4,, for all
1 <17 <n. As @ is an isomorphism and preserves the first coordinate x, the natural left
invariant family of vector fields on G computed in can be obtained by lifting the
family (X 1y.n- ,Xn). Indeed, using the bijectivity we can define on G the family of vector

fields ()?1, . ,Xn> such that for 1 <i < n, g € G: X (0(9)) = (dp)y(Xi(g)). These

vector fields are left-invariant and, as ¢ preserves the coordinate x, we have )?Z(O) = 0Oy,

We now prove that ¢ defines an isometry. We consider an horizontal curve 7 joining
g and ¢’ two points in G and we define 4 = ¢ oy a smooth curve on G joining ¢(g)

and ¢(¢'). Since 7y is horizontal, there exist aq, ..., a, some smooth functions such that
F(t) = Y ai(t) X; (7(t)) and we have:
i=1

A(t) = (dp)ye) (Za () Xi(v > Zaz (Ao (Xily ZO@ (1) X: (3(1)

Thus, not only # is an horizontal curve on G joining ¢(a) and ¢(a’), but the length of ~
and 7 are equal. We obtain d..(g,9') > dec(9(g), ¢(g')) for all g, g € G. As ¢ is bijective,
with the same method we get d..(a,a’) > de.(¢7(a), o~ (a’)) for all a,a’ € G. We obtain
(13.11)).

Finally, let (B;); be a Brownian motion on G. In particular, (B;); satisfies the stochastic
equation ({3.9)). As, the equation is given with the Stratonovitch integral and ¢ is smooth,

we get:
dp(B,) = (dgo-ZX}) (¢(By)) 0 dB! = de ) o dB!
=1

Then ¢(B,) is a Brownian motion on G. By bijectivity of ¢, we obtain the converse
property. O

The following proposition permits to reduce the study to the case of free, step 2 Carnot
groups.

Proposition 3.1.4. Let G = (R"™™ o) be a homogeneous Carnot group with step 2 and
n generators. As previously, F, denotes the free, step 2 Carnot group with n generators.
There exists a surjective Lie group morphism ¢ : F, — G such that:

1. for all g,g' € Fy, dee(9,9') = dee(d(9), 0(9"));
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2. for all a,a’ € G, there exist g, g € F,, such that ¢(g) = a, ¢(¢') = ' and d..(g9,9") =
dCC<a7 al)?’

3. if (By): is a Brownian motion on F,, then (¢(B;)), is a Brownian motion on G.

Proof. Using the isomorphism from Proposition [3.1.3]if needed, we can suppose that the

group law of G is characterized by the skew-symmetric matrices (C(";))1 <j<m with C'*)

skew-symmetric for all 1 < k < m. We define:

F. — G

(k)
(ZL", (Zz‘,j)1gi<jgn> = (x, ( <Z< Cji “ij
1<i<j<n 1<k<m

It is immediate to verify that ¢ is a Lie group morphism. Moreover, as the matrices
(C (”C))1 <per, are linearly independent, ¢ is surjective.
SKSM

As in the proof of Proposition we define for g € F,, X, = ¢(g9) = (do)y(Xi(9))
where Xi,..., X, are the left invariant vector fields on F,, with X;(0) = 0,,. We recall

that for all g = (x,2) € Fy:
- 1
Xi(g9) = O, + 9 (Z‘xlﬁzl’i N Z xlﬁzlﬁl) :
1<i<i i<l<n

As ¢ is linear, we have d¢ = ¢. Thus for all g € F,,, using the fact that the matrices C*)
are skew-symmetric for all 1 < k < n, we get:

~ 1 i k k
Kot =04 13 (3 el - 3 ) o
k=1 \1<i<i i<l<n
1 m n
k=1 I=1

As ¢ preserves the coordinate x, we obtain the relation 1} for G: ):(Z describe the left

invariant vector field on G such that X;(0) = 0,,. As in the proof of Proposition this
implies that if (B;); is a Brownian motion on F,, then (¢(B;)); is a Brownian motion on
G. We also get:

dec(9,9') = dec(8(9), ¢(9))- (3.12)

Let now a,a’ € G. By Chow’s Theorem, there exists an horizontal curve 7 : [0,1] - G
such that (0) = a, (1) = ¢’ and L(}) = de.(a,d’).
By definition of an horizontal curve there exist aj, ..., a, smooth functions such that
Y(t) =22 o (8)(X3) (7(2))-
As ¢ is surjective, we can chose g € ¢! ({a}) # 0. We then define the horizontal curve - :
[0,1] — F,, such that v(0) = g and 4(t) = > a;(t) X;(7v(t)). In particular, (¢) = ¢(y(t))
and the lengths of v and 4 are equal. Thus d..(a,a’) > de.(7(0),7(1)) = dee(g, g') with
g :==~(1). As a = ¢(g) and a' = ¢(¢’), using (3.12)), we get d..(g,9") = dee(a,a’). O
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3.1.5 Free, step 2 Carnot groups

In this subsection, we give more details on the free, step 2 Carnot groups F,, for all n > 2.
In particular, as in Chapter 2, we introduce a representation of this group using skew-
symmetric matrices. This is the representation we will use in all the remainder of this
work.

Representation of the free, step 2 Carnot group by using skew-symmetric
matrices Let first notice that F, is isomorphic (Lie-group isomorphism) to the group
G, = (R" x so0(n),*) with so(n) the set of real skew-symmetric matrices of dimension
n x n. Indeed, we simply have to consider the skew-symmetric matrix z = (z;;)1<ij<n
induced by the @ vector (2;j)1<i<j<n. For z,z’ € R", we define the symplectic form
r O =x-2" — 2 - 2" where 2' € M, ,,(R) denotes the transpose of x. The group law

then satisfies:

1
(x,2)x (2, 2)) = <x+x’,z+z’ + 5:5@3:’) for all (z,z2),(2',2") € R" x s0(n).

In the remainder of this work, we will use G,, instead of F,, (except when dealing with
the Heisenberg group). Note that Proposition is obviously still true when considering
G,, instead of F,,.

Remark 3.1.5. In fact, for n = 3, up to a reorganisation of the order and signs of the
coefficients, we can replace the symplectic product @ used above by the traditional vector
product A in R®. Indeed, let consider g,g' € F3 = R¥3, only by reorganising the "z"
coordinate, we can denote g = (x, 223, —213,212) and ¢ = (', 223, —2"13,2'12). Then:

/ / / ]' /
gxg = (x+x,z+z —|—§a:/\a:>.

Pseudo-distance For z = (z;) € so(n), we define:

1<i<j<n

1

p

ol = ( 5 ||) |
1<i<j<n

In particular, denoting by || - ||zs the Hilbert-Schmidt norm, we have ||z||zs = v2||2|2
for all z € so(n). Note that, for any z,2" € R", we have ||z © 2’|z < [|z||2]|2']]2.

We can then define the homogeneous norm ||(z, 2)||s, := v/||z]|3 + ||2]|2. In particular,
1(z, 2)le, = Il(#, (2 )1<icj<nllr, With || - [|g, defined in Subsection B.1.2] As we use
quadratic norms, || - ||g, is invariant under any change of basis on R" in the sense that for
any P € O(n), |(Pz, PzP")|lg, = [|(z, 2)lg,-

0:G,xG, — R

(9.9) = lg~'g'lle.
In particular, it satisfies the pseudo triangular inequality for all (z, z), (2, 2'), (y,v) € G,:

. This application is a pseudo-distance on G,,.

Let define {

6 ((,2), (¢, 7)) <

DO W

(0 ((z,2), (y,v)) + 8 ((y,v). (', 2))) (3.13)
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Indeed,

1 1
Iz =2l3+ 112" =2 = gr ol < 2l —ylz + 2y —@'l5 + o — 2 = 52Oyl

! 1 / 1 / !
+ ||z —U—§y@$||2+§||—f®$ +rOy+yods;

and
[—20r'+20y+yoae=(z—-y) O Wy —2) <z -yl —yl2.

Because of the equivalence between the homogeneous norms, we also have a relation of
equivalence between § and d.. in the sense that, there exist two constants my(n), ms(n)
depending on n such that:

m1(n)8(g,9') < dec(9,9') < ma(n)d(g. g') for all g, g’ € G,,. (3.14)

Let v : t € [0,1] — (x(t),2(t)) € G, be an horizontal curve joining ¢g and §. For any
;i (t)

1 <i<j<mn, ()= [ x;(t) | is an horizontal curve on the Heisenberg group H
Zi4(t)

and L(y"7) < L(v). Thus, de. ((xi, 2, 2i5), (Ziy T4, Zi ) < dee(g, ). Using the equivalence
relation (3.14) on H, we get:

n(n — 1)d

5 dec(9:9) (3.15)

m(Dy/(n = 1)1 = 3+ ¢l <

where ¢ € so(n) such that ¢7'g = (# — x,¢). In particular, ml(l)ﬁ < my(n).

Note that, when x = Z, this estimate can be more accurate by using Proposition 15.18
from [2] and the left invariant property of the Carnot-Carathéodory distance: we have
T

dee(g, §) = dee(0,(0,0))? = 47 S 0N > 4v/27||C||2 with A\; > ... > A, the absolute values
i=1
of the non zero eigenvalues of ( and ( =z — z.

With this same relation we get:

dee(0,(0,0))? < 4mnz /Te(CIC) < 4v2mn||(| 2. (3.16)

This provides an estimate for the constant my(n) in (3.14)):

dec(9,§) < decl0, (7 — ,0)) + dee(0, (0,€)) < V21(20)18(g, §). (3.17)

Brownian motion OnG, = (R" x so(n)), the Brownian motion (B;); = (Xt, (zlf’j)Kj)
t

can be written B, = (X, z;) with X; a Brownian motion on R" and z; = zo—l—% fot X, 0dX,.

In particular, we have a stability of the law of the Brownian motion under any change
on the orthonormal basis on R™:

Lemma 3.1.6. Let P be an orthogonal matriz, then d(PzP") = 3(PX,) ® d(PX,). In
particular, if we define B, :== (X,, z,) with X, :== PX, and z, = Pz P*, (B,); is a Brownian
motion on G,,.
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Proof. Let P be an orthogonal matrix, and X = PX. We get:
t
a=aty [ (PX)0d(PX)
0
t
oy [ (P (4X1P) - (PaX,) (X4P)
0

1 t
:Pt(PZOPt—Fi/XS@dXs)P
0

3.1.6 Norms of gradients

Let G = (R™™ x) be a homogeneous Carnot group with step 2 and rank n. For any f
smooth enough, we define the horizontal gradient by

Vil =Y Xi(f) X
i=1

Denoting by || - ||z the Euclidean norm on H, for any g € G, we have:

IV f (9l =

To obtain estimates of this norm, we use upper gradients. Let us first recall the definition
of an upper gradient. We say that a function u on G is an upper gradient of f if, for every
horizontal curve v : [0, 7] — G parameterized with the arc-length, we have:

uwm»—ﬂwwnsllwwww

In particular, ||V - || is an upper-gradient.
As G has a left-invariant structure, it is a regular subRiemannian manifold as described
in [34], and, for all u upper gradient of f:

IV f(9)lln < ulg) ae. in Ej. (3.18)

See 32, [34] for some proofs and more details. In particular, for f Lipschitz, an upper
gradient will be given by the gradient length associated to the metric space (G, d..) (see [41],

32)):
Villg) =t sup O S

g#g’ dCC(g,g’)
dec(g,9")<r

(3.19)

Thus, using (3.18)), we have:
IVaf (9l < [V fl(g) ae. inG. (3.20)

In the remainder of this work, when G = G,,, we will sometimes consider the gradient
length associated to the pseudo-metric §:

_ /
IV fls(g) :==lim sup M for any function f Lipschitz on (G, d..).
40 5(9#9)’ 5(97 g )
9,9 )<r
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By equivalence between the pseudo-metric 6 and the Carnot-Carathéodory metric d,..,

this notation makes sense. In particular, as d(g, g) < ﬁ(n)dm(g,g) (see (3.14))), we have

IVP.fls(g) = ma(n)[VEf|. (3.21)

We can also define the vertical gradient:

Vof =3 Zi(f) 2

k=1

Considering the Euclidean metric on each fiber G, := {(z,z) € G | z € R™} ~ R™, as

for the horizontal gradient, we can evaluate ||V, f(g)|| = /> Zx(f)%(g9). By using the
k=1

gradient length associated to G, endowed with the Euclidean norm, for g = (z, z) and f
Lipschitz, we have:

VerGe )l <tim sup LED I, (3.22)

2z HZ_Z/HQ
[z—2"||2<r

3.2 The Lie groups SU(2) and SL(2,R)

3.2.1 Definition of SU(2) and SL(2,R) and cylindrical coordinates

We begin with the presentation of the two model spaces and the cylindrical coordinates.

e By SU(2), we denote the group of the unitary two dimensional matrices with com-
plex coefficients and with determinant 1. Considering the manifold structure in-
duced of the usual topology on the matrices group, this is a Lie group. Note that
we have:

SU(2) = { ( - ZQ) ;21 22 €Cy |z ) = 1}

—Zy 21

(e, ey 0] 6 0 o)

—sin(n)e cos(n)e

The associated Lie algebra is su(2) = {A € M54(C), exp(tA) € SU(2) Vt > 0}. It is
constituted by the skew-adjoint two dimensional matrices with complex coefficients
and trace 0. It is also the tangent space of SU(2) at point I. A basis of this algebra
can be formed by the Pauli matrices. We will use these Pauli matrices up to the
multiplicative coefficient % We denote:

1/0 1 1/0 i 1/i 0
X‘ﬁ(—l O)’Y_§(z' o) andZ_?(o —z)'

Then (X,Y,Z) is a basis of su(2) and, because of the multiplicative coefficient, it
also satisfies:
X,Y]=Z,[V,Z] = X and [Z, X] = Y. (3.23)
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It is important to notice that all the matrices in SU(2) can be written on the form:

. cos (£) e’ "2 sin (£)

exp(p(cos(9) X + sin(9)Y)) exp(22) = o >
—e 0= sin (£) cos(£)e s

(this result is trivial taking ¢ = 27, z = 26, and 6 = 0y + 0; mod (27)). Thus,

we have described a system of coordinates (¢, 0, z) for SU(2) with ¢ € [0,7], z €

|—2m, 27| and 6 € [0, 27 called the cylindrical coordinates. We can also consider the

coordinate system induced by exp(zX +4Y) exp(2Z) with (z,y) € R?, 2 €] -2, 27].

Let us remark that the cylindrical coordinates are a good way to observe the link be-
tween the sphere 5% and SU(2). Indeed, as there is a trivial diffeormophism between
SU(2) and S®, using the Hopf fibration, we can define a submersion from SU(2)

to S2. For example, we can define it by using the quaternions. For Z; ? €
—Z2 Z1
SU(2), with z; = x; + iy; and 2o = x9 + iy, we define a unique quarternion

q = x1 + 221 + Y27 + y1k. Denoting Ny = k the north pole in S?, we define:
Hl : SU(Q) — S?
q = qkqt = 2(v1ys + 2oy )i+ 2(y1y2 — v122)j + (2] — a3 —y5 Fyi)k
One can show (see [20]) that II; define a submersion. Using the cylindrical coordi-
nates (i, 0, z) for ¢, we obtain:

IT;(q) = sin(p) sin(f)i — sin(y) cos(6)j + cos(p)k.

Thus II; sends every element of SU(2) described by the cylindrical coordinates
(¢, 0, 2) onto the point of S? described by the spherical coordinates (¢, f). Moreover,
the fiber over (i, ) of this projection is described by {(¢,0, z), z €] — 2m, 27|}.

We now deal with the SL(2,R) group. It is the group of two dimensional matrices
with real coefficients and with determinant 1. As for SU(2) this is a Lie group with
the topology of the matrices groups. The associated Lie algebra, denoted sl(2), is
constituted by the two dimensional matrices with real coefficients and trace 0. It
is also the tangent space of SL(2,R) at point I5. The following matrices, using the
same notation as for SU(2), form a basis of s((2):

1(1 0 1/0 -1 10 -1
X‘§(0 —1)’Y_§<—1 o)andz_§(1 0)'

This time, the relation induced by the Lie brackets are:
XY|=2,Y,Z]=-X,[Z,X]=-Y. (3.24)
As before, we can prove that every element of SL(2,R) can be written on the form:
exp(p(cos(0) X +sin(0)Y)) exp(22) =
(eosh () cos (3) + sinh () cos (0 +3) —cosh (£) sin (3) — s (£) sin (6-+ >>
cosh (£) sin (2) — sinh (£) sin (9 +2)  cosh (£) cos (2) — sinh (£) cos (6 + 2)

2 2

with z €] — 27,27], ¢ > 0 and 0 € [0, 27[ as seen in [23] for example. We can thus
define as well a system of cylindrical coordinates on SL(2,R).
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Similarly to SU(2), we can define a submersion IT_; from SL(2,R) to H?, the
Poincaré upper half-plane:

Mm,:SL(2) — W
a b ai+b -
A=
<C d)  dtd
Using the cylindrical coordinates (i, 0, z) for A, we get:
1 — sinh(yp) sin(6
= (p)sin(0)
cosh(p) — sinh(p) cos(d)
With the help of the Cartesian formula of the hyperbolic metric and trigonometric
relations, we obtain that II_; (¢, 0, z) is described by the polar coordinates (¢, 6)

relative to the pole Ny = i. Thus the fiber over (¢, ) of this projection is given by
{(¢,0,2), z €] —2m,2x]}.

Remark 3.2.1. In what follows we will often use the notations Ey and My with k &€
{—1,1} with:

o £, =SU(2) and M, = S%;
e £ ,=SL(2,R) and M_, = H>.

For the two cases we denote X, Y and Z the left-invariant vector fields associated to X,
Y, Z, that is, the vector fields induced by:

B¢ o (exp (p(cos(8) X + sin(0)Y)) exp(zZ) exp(eA)) for A= XY, Z.

We can then provide a subRiemannian structure to SU(2) (respectively SL(2,R)) by con-
sidering the horizontal bundle H = Span{X,Y} and the associated Carnot-Carathéodory
distance d... It has been proven by Baudoin and Bonnefont in |10, 2], 20], that there
exist two constants ¢; and ¢ such that, for all elements of SU(2) (resp. SL(2,R)) written
in cylindrical coordinates (¢, 6, z):

cr(¢? +|2]) < d2.(0, (9,0, 2)) < e2(” + |2]). (3.25)

We now look at the sub-Laplacian operator. Here it is given by L = % (X' 2 4 }72). Note
that, as the considered vector fields are chosen left invariant, the subRiemannian structure
is in fact only determined by the horizontal bundle at point I, H;, = Span{X,Y}. In
cylindrical coordinates, we have the following expression for the sub-Laplacian operator:

1 1 o 1
for SU(2): L==102 -2 tan? (2 ) 02 - 9? t(p)0, | ;
or SU(2) 2 ( e T S (p) 00 T (2) =T o (7) P T ) S0)’
(3.26)
for SL2,R): L=+ (02 4+ —2 22, + tanh? (f) D4 — 82 4 coth()d, | .
) D) R sinhz(cp) 0,0 D) 2,2 COSh2 (g) 0,z (2
(3.27)

In the literature, these results are obtained by using direct matrix computations as in [20]
or (only for SU(2)) in [51[]. We give a different way to prove this result in Subsections

and |3.2.3] Our proof only use the Lie bracket relations (3.23)) and (3.24]). Moreover,
the proof for SU(2) is easy to adapt to SL(2,R).

Here the author uses Euler angle parametrization which is quite similar from the one with cylindrical
coordinates.
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3.2.2 Computation of the sub-Laplacian on SU(2)

To obtain the expression (3.26) of the sub-Laplacian operator on SU(2) in cylindrical
coordinates, the first step is the computation of the left invariant vector fields X and Y in
cylindrical coordinates. In order to do that, we need to express the following expressions
in cylindrical coordinates:

exp (¢(cos(0) X +sin(F)Y)) exp(zZ) exp(eX)
and exp (p(cos(0)X + sin(6)Y)) exp(22) exp(eY).

We will then study the derivation of these coordinates in € = 0.

We recall that the triplet (X, Y, Z) is a basis of the Lie Algebra su(2) satisfying (3.23).
Thus it can be seen as a direct orthonormal basis for the action of rotation [-,-]. In order
to simplify the computations, during this proof, we will denote this action of rotation - A -
as the tensor operator. In the following lemmas we will deal with some basis (u, v, w) of
the Lie algebra satisfying , that is, such that uAv =w, v Aw =w and w A u = v.
We will focus on expressions of the type

exp (au + Bu + yw) exp (e (¢'u + v + 7'w))
for a, B,7,a’, 5,+ real numbers and e real near 0.

Lemma 3.2.2. Let (u,v,w) be a basis of su(2) satisfying (3.25). Then we get:

exp (au) exp (efv) = exp (au + 65704 (cot (%) v+ w)) +0 (). (3.28)

More generally we have:
exp(au) exp(fv) = exp (B(cos () v + sin () w)) exp (au) . (3.29)
Proof. Let us deal with . Using the Campbell Hausdorff formula we have
exp(anr) exp(efv) = exp (au + efib(—ady,) (1)) + O()

with ¥(2) = 25 = 2;0 %z”, B,, denoting the Bernoulli coefficients.
nz

We have: ad(qu)(v) = au A v = aw and adg)u) (v) = Q®u Aw = —a?v.

So we obtain:
(v) = (=)™ it k=2n, n>0;
Y (—)na®*w ifk=2n+1, n>0.

Thus:

Zgn n n E;n n n
V) (—adiy) = Y (2;)!(_1) a?hy — Zﬁ(_n Q2

n>0 n>0

= Re (¢Y(ia)) v — Im (¢ (ic)) w.

To obtain the announced equality, we just need to notice that:

=5 (§)-)

) X6} ice "2 ae”!
Y(ia) = — = = =

elr —1 7 —e7i% 2sin(

(R wIe
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Note also that exp(A) exp(B) exp(—A) = exp (Ad (exp(A)) (B)) = exp (eadA(B)> for any
matrices A, B with real or complex coefficients. Thus:

exp(au) exp(fv) = exp(au) exp(fv) exp(—au) exp(au)
= exp (ead‘“‘ (ﬂv)) exp(au).

We finally obtain (3.29)) as

e (pv) :Zﬂad (Bo) =5 (Z <§n§!<‘l>”“+2 = n++1)!(_1)n“’)

k>0

= [ (cos(a)v + sin(a)w) .

Lemma 3.2.3. Let (u,v,w) be a basis of the Lie algebra su(2) satisfying and
t € su(2) such that u At = pw with p # 0. Then we get:

exp(au) exp(et) = exp (au +e (t +p (—v + % cot (%) v+ %w))) +O(eh).  (3.30)

Proof. We use exactly the same strategy as for the previous case usmgs‘ the Campbell

Hausdorff formula. This time we have: ad(.)(t) = au At = apw; ad w(t) = —a?pu;
ad&i{b)(v) = —a’pw.
Thus we obtain:
itk=0
adgz)u) (t) =< (=1)"a*pv if k=2n,n>1
(—)"*pw ifk=2n+1, n>0
and
¢ (—adau) (1) =t + p (Re (¢ (ia)) — 1) v — plm (¢ (ier)) w
=t+ (acot (a) —1)v—|— “w
B TR Sk
[

Remark 3.2.4. Note that the two lemmas stay true if the coefficients o and 8 are complez.

Now we can find the expressions of the invariant vectors on SU(2) in cylindrical
coordinates. We take (¢, 6, z) some cylindrical coordinates of an element of SU(2). We
will denote © = @cos(f) and y = @sin(f). We look for the cylindrical coordinates of
exp(xX +yY)exp(zZ) exp(e(aX + bY)), with a,b € R and € small.

e First, we use Lemma |3.2.2/ with u = Z, v = w, a=z f=randr=+a®+ b2
Note that w = _I’X% We get:

exp(zZ) exp(e(aX + bY')) = exp(er(cos(z)v + sin(z)w)) exp(22)
= exp(e(cos(z)(aX +bY) +sin(2)(—bX + aY))) exp(zZ2)
=exp(e(A(2)X + B(2)Y)) exp(z2)
with A(z) = acos(z) — bsin(z) and B(z) = asin(z) + bcos(z).

If x = y = 0, we obtain the expected expression in cylindrical coordinates. For what
will follows, we will suppose that (z,y) # (0,0). We recall that ¢ = /2% + y2.
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e To obtain the expression of exp(zX + yY)exp(e(A(2)X + B(2)Y)) in cylindrical
coordinates, we use Lemma [3.2.3| with u = xXﬂ’Y ,a=pandt=A(z)X + B(2)Y.

We have u At = MZ thus we take w = Z and p = —zB(Z);yA(z)
—yX+zY
¢

. Taking

, we obtain a basis (u, v, w) satisfying (3.23]). We get:

v=wAu=

exp (zX + yY)exp (e (A(2) X + B(2)Y)) = exp <xX +yY + €(A<Z)X + B(2)Y

—yX Y —yX Y
+p(_u+£m (£) qufZ))) L o)
%) 2 2 ) 2

=exp((r+eC) X + (y+eD)Y +eE - Z) + O(e?)

with C' = A(z) + py <— — S cot (%)), D = B(z)+xp (—é + 1 cot (%)), E =pZ.
e In cylindrical coordinates we can write:

exp((z 4+ €C)X + (y+eD)Y +eEZ) + O(e?)
= exp (2(€) X + y(Y) exp (3(6)2) + O(e).

We use the first equality of Lemma [3.2.2] with u = W, a = g(e) =
z(€)2+y(e)?, v = Z and f = 7y(e). We also have w = %. Then we

obtain:

exp (2(€) X +y(€)Y) exp (e7(€)Z)

(+10 ;
= exp < < + e—y( )) X + <y(6) - 6%@'(6)) Y + 67(6);0(6) cot <¢;€)> Z)
(€)-

Thus we take x(¢), y(e) and v(€) such that:

x+eC =ux(e) + e@y(e) (3.31a)
y+eD =vy(e) — e@x(e) (3.31Db)
E = 90(6)27(6) cot((pg)) (3.31c)

\

Note that z(0) = z, y(0) = y and ¢(0) = ¢. Finally we get:

exp (zX + yY)exp (22) exp (e(aX + bY))
= exp (z(€) X + y(e
=exp (z(e) X + y(e
with z(e) = z + ey(e)
= exp (ip(€) (cos(0(€)) X + sin(0(€))Y) exp (2(€) Z) + O(€?).

V) exp (ey(e) Z) exp (22) + O(e2)

)
)Y) exp (2(€)2) + O(€”)
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e To obtain the values of the left invariant vector, we now have to study 6'(0), ¢'(0)
and 2/(0).
Using 1D we directly have 2/(0) = v(0) = %tan (£) E = p x tan (£) with

p= rB(z) ; yAE) = cos(0)B(z) — sin(0) A(z)
= cos(f) (asin(z) + bcos(z)) — sin(f) (acos(z) — bsin(z))
= a (cos(f) sin(z) — sin(f) cos(z)) + b (cos(#) cos(z) + sin(f) sin(z))

= asin(z — 0) + bcos(z — 0).

Thus 2'(0) = tan (£) (asin(z — 6) + beos(z — 6)).

Then, summing the squares of (3.31al) and (3.31b)), we get p(€)? = x(€)* + y(€)? =
22 4+ y* + 2¢ (zC + yD) + O(€?), hence 2¢(0)¢'(0) = 2 (zC + yD) and

¢'(0) = xC’%yD = cos(0)C + sin(6) D

::aﬁw)(A@)+py<é——%an<§>))
+ sin(6) (B(z) +ap <—— +gcot (g)))

= cos(0)A(z) +sin(0)B(z) + p (é — %cot (g)) (ycos(f) — xsin(0))
= cos(6)A(z) + sin(0) B(z)
= cos(f) (acos(z) — bsin(z)) + sin(f) (asin(z) + bcos(z))

=acos(f — z) + bsin(d — 2).

Now note that tan (6(€)) = E

Thus 40 = V(AHO2le) 4 (0) = cos?(9) Y QO — OO,
Using (B.31a)) and then (3.31D), we get:

v

/ ~(0) -~
(0)=D+ 5 (0)_D+2tan(2):c.
We obtain
. (D+§tan(§):c)x—(C’—gtan(gi)y)y_Dx—C'y p ©
0'(0) = 2 = = + 5 tan <§>
~ Decos(f)) —Csin(0) p @
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We have:
D cos(0) — C'sin(0)

o) (86140 (L Lot (£))) s (a4 (L~ 2o (2)))

= cos(0)B(z) —sin(0)A(z) + p (—é + = cot (g)) (x cos(f) + ysin(0))

Honce: 0/(0) = § (cot (5) + tan (5)) = S0 (cor (2) 4 tam (5))

cos(f — z)
e Finally, taking (a,b) = (1,0), we get X = (— sin(z — ) (cot (£) + tan (%))) and,
tan (£) sin(z — 6)
n(f — z)
(cot (£) + tan (%))) :
5) cos(z — )

We can now calculate the sub-Laplacian operator L = 1 (X% + Y?) (also made in [20]).

taking (a,b) = (0,1), we get ¥ = ( cos(f — z)s
tan (
X? = cos(f — 2)0, [cos(@ — 2)0, + %sin(z —0) (cot (g) + tan <2>> Oy
+ tan (g) sin(z — 0)0, ]
—|—% sin(z — 0) (cot (g) + tan (2)) Oy [cos(@ 2)0, + ; sin(z — 0) <cot (g)
+ tan (2>> Oy + tan (g) sin(z — 9)6’2}
+ tan (g) sin(z — 0)0, [COS(@ —2)0, + % sin(z — 0) <cot <§) + tan (g)) Oy
+ tan (g) sin(z — 0)82}
and
Y? =sin(0 — 2)0, [sin(@ —2)0, + %cos(@ —2) (cot (g) + tan (g)) Og+
+ tan (g) cos(z — 9)84
—I—% cos(f — z) <cot <§> + tan (g)) Dy {sin(@ —2)0, + %COS(@ —2) (COt (%)
+ tan <§>> O + tan (g) cos(z — 9)82}
+ tan (g) cos(z — 0)0, [sin(ﬁ — 2)0, + %cos(@ —2) (cot (g) + tan (g)) Oy

+ tan (g) cos(z — 0)@} :
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We obtain:

el RPN (Cot (f) + tan (f>)2a§79 + (1 + tan® (g)) a2

4 2 2
1
o (§) - (9)) o ()
_ R 4 3, 4 tan’ (f) P — + cot ()0
[N sinQ(go) 0,0 2 2,z cOs2 (324_7) 0,z (2

3.2.3 Computation of the sub-Laplacian on SL(2,R)

We now consider the case of SL(2,R). In this case, (X,Y,7) is satisfying (3.24). In
order to use our previous results, we define (X,Y, 7) := (iX,iY, —Z). This way we get
(X,Y,Z) a basis of su(2) satisfying (3.23). We have to study

exp (zX 4+ yY)exp (22) exp (€ (aX + bY))
= exp <—i:r)~( — zyf/) exp (—zZ) exp (e (—iaX — zb?)) .

In the previous part, as said Remark the computation can be made using complex
coefficients. Then we obtain:

exp(zX + yY) exp(2Z) exp(e(aX + bY))
= exp ((6) (cos (0(6)) X +sin (0()) V) ) exp (2(6)2) + O(e?)
= exp (iip(e) (cos (0(6)) X +5in (0()) V') ) exp (=2(6)2) + O(e2),
with ¢(0) = —ip, 8(0) = 6 and 2(0) = —=.
We have:

% (19(€)) =g = 1¢'(0) = i (—iacos(f) — (—2)) — ibsin(f — (—2))) = acos(f+2)+bsin(0+2);

4 (=2(€)) |0 = —2'(0) = —tan (Tgp) (—iasin(—z — 6) —ibcos(—z — 0))

de
— —tanh (g) (asin(z +0) — becos(0 + 2)) ;

(o) — ~isin(=z = ) —ibeos(d — (=) (Cot <_Tw> . (—Tw))

2
_ _Z,—asin(z + 9)2+ beos(f + 2) <z coth (g) i tanh (g))
_—a sin(z + 9);— bcos(0 + z) (coth (g) ~ tanh (g)) '

We get:

cos(f + z) sin(f + z)
x- (_<> (cth (£) — an <§>)) nd ¥ = (M (coth (£) — tan <§>)) -

— tanh (£) sin(z + 6) i tanh (£) cos(z + 6)
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As before, we can calculate the sub-Laplacian operator:

L= %()_(2 +Y) =02, + i (COth (g) — tanh (g)f@gﬂ + (1 — tanh? ( >> 9.

+ % (coth (g) + tanh (g)) Oy + tanh? (g) 33,2

1
- ajw ——0s s tanh? (g) 2.+

sinh?(¢) 9 . + coth(p)0,.

cosh? ( f )

3.2.4 Norms of gradients on SU(2) and SL(2,R)

Let k € {—1,1}. We recall that £y = SU(2) and E_; = SL(2,R).

As in subsection [3.1.6] for any function f on Ej and g € Ej, we can define the norm
of the gradient ||V f(9)|lx = V(X f)2(g9) + (Y f)2(g) and the gradient length |V f|(g)
associated to the Carnot-Carathéodory distance. As for the homogeneous Carnot groups,
E) is a regular subRiemannian manifold. Thus, for all w upper gradient of f, and in
particular for u the gradient length:

Vo f(9)lln < ulg) ae. in Ey. (3.32)

In particular, this is true for the upper-gradient defined by the gradient length.

3.2.5 The Brownian motion on SU(2) and SL(2,R)

The following proposition gives a characterization and a formal geometrical interpretation
of the Brownian motion on SU(2) and SL(2,R) due to Baudoin and Bonnefont (see [10,
211, 20]):

Proposition 3.2.5 ([10, 21, 20]). Let us consider a Brownian motion B, on SU(2) (resp.
SL(2,R)). There exist three continuous processes (v¢)t, (0¢): and (2¢)¢ such that
dpy = dB} + 3 k cot(vkepy)dt
_ _ - _ f 2
B: = exp(pi(cos(0;) X + sin(6;)Y)) exp(z:Z) and do, = sin(vFepr) dB

ft
dz = ) g2

(3.33)
with B} and B? two independent Brownian motions in R (in the above formula, we take

k =1 for the case of SU(2) and k = —1 for the case of SL(2,R)).

Moreover, we have:

o The process (X, :=111(By)), (resp. (II_1(By)),) is a Brownian motion on the sphere
S? (resp. the hyperbolic plane H?). Its spherical (resp. polar) coordinates are given
by (4, 0;) with respect to the pole Ny fixed by the submersion.

o 2, — 2o is the signed swept area (modulo 47) of X, with respect to the fixed pole Ny.

Remark 3.2.6. Using the geometrical interpretation stated by this proposition, we can
define a Brownian motion on SU(2) (resp. SL(2,R)) by defining a Brownian motion
(X1)¢ on S? (resp. H?) and by considering its lifting on SU(2) (resp. SL(2,R).
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Let us explain this result.

Proof of Proposition[3.2.5. We define the Brownian motion on SU(2) (resp. SL(2,R) as
the diffusion process B; with infinitesimal generator L. Using the expression of L in the
cylindrical coordinates obtained in and , we can state that there exist ¢y, 4
and z; three real diffusion processes, such that:

<d§0t, dQOt> =dt
.k
(0, d)) = ozt
(dz, dz) = + tan® (@) dt
by, dz) = — L —di
B: = exp(¢;(cos(6y) X + sin(6;)Y)) exp(2:Z) and < (B, dz) 2cos? (et )
<d§0t, d0t> = <d<ﬁt> dZt> = 0
Drift(deg:) = 1vVk cot(yp,)dt
Drift(dz;) = 0.

This leads to (3.33)).

Because of the properties of Il described in Subsection [3.2.1] it is immediate that the
spherical (resp. polar) coordinates of X; with respect to the pole Ny are given by (¢, 6;).
Using the two first equations of (3.33]), we get the infinitesimal generator of the diffusion

<90t7 et)t:

1 (a@ SmQ(\/_SO)ﬁgg—i-\/Ecot(\/_(p) )

This is the Laplace Beltrami operator on the sphere S? (resp. the hyperbolic plane
H?) in spherical (resp. polar) coordinates. Moreover, the signed area swept by the path
of (¢4, 0,); on S? (resp. H?) with respect of the pole Ny, is given by:

/0 %(1 — cos(\/Egos))dHS = /0 Esm <\/_2(’08> df, = /0 %tan (@wt> dB?.

The last integral is exactly equal to z; — 2. [

Remark 3.2.7. Note that this swept area is a signed value depending of the orientation
of the curve (¢, 0;). For example, if 0, is decreasing for all t, then we get z; — 2o < 0.

Remark 3.2.8. Let consider a Brownian motion on the Heisenberq group (which is the
free Carnot group with step 2 and rank 2) starting at (x,2) € R*> x R.  According to
Subsection [3.1., it can be defined by B, := (Xy, 2) with X, = (X}, X?) a 2-dimensional
Brownian motion starting at 0 and z; = z + A, with A; denoting the Lévy area associated
to (X}, X2). We thus get a similar geometrical interpretation of the Brownian motion on
the Heisenberg group. Moreover, by denoting (¢4, 6;); the continuous process describing
the usual polar coordinates of (Xy):, (i, 04, 2¢)¢ satisfies the system for k — 0, that
is:

dos = dB! + S L dt

do, = édB2

dz = £2dB}

with (BY); and (B?); two real independent Brownian motions.
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3.2.6 Comparison of two elements in SU(2) and SL(2,R)

The results given in this subsection come from the contribution:

[25] Magalie Bénéfice. Couplings of Brownian motions on SU(2) and SL(2,R). Stochas-
tic Processes and their Applications, page 104434, 2024

To compare (with respect to the subRiemannian structure) two elements expressed in
the cylindrical coordinates g = (p,0,2) and ¢ = (¢',0',2") on SU(2) (resp. SL(2,R)),
we would like to use the estimates of the Carnot-Carathéodory distance given by ([3.25)).
To use this relation, we thus need to compute the cylindrical coordinates (p,©,() of
g g, or at least p and ¢ which are the only coordinates appearing in the estimate of
dee(9,9') = dee(0,971¢g"). In the following proposition, we give an expression of p and ¢ in

function of the projections of g and ¢’ on S? (resp. H?) and of the last coordinates 2z and

2.

Proposition 3.2.9. Let g = (p,0,2) and ¢ = (¢, 0, 2') be two elements of SU(2) (resp.
SL(2,R)) written in cylindrical coordinates. Using the submersions defined in Subsection
we denote x :=T11(g) and ' :==T1(g") (resp. ©:=1_41(g) and 2’ == _1(g")). The
cylindrical coordinates of g~tg' are given by (p,©, () with for p and ¢:

e p equals to the usual Riemannian distance on S? (resp. on H?) between x and z'.

o (€] —2m2n] and ( = 2’ — z + sign(0 — 0') Ay . n, mod (47) with Aup. the area of
the spherical (resp. hyperbolic) triangle of vertices a,b and ¢ and Ny a pole induced
by the submersion 11y (resp. I1_; ). Note that sign(6 —0') A » N, is in fact the signed
area of the oriented triangle of vertices x’, x and Ny.

In particular, we directly obtain the estimate:

ci(p® +1¢]) < dielg, 9') < ea(p® +[C)) (3.34)
with ¢; and co two positive constants only depending on the subRiemannian structure of
SU(2) (resp. SL(2,R)).

Proof. We first begin with the case of SU(2).

Let g = (¢,0,2) and ¢’ = (¢, 0, 2) be two elements of SU(2) written in cylindrical
coordinates. We denote by (p,©, () the cylindrical coordinates of g~'¢’. Using matrix
computations, we have:

99" = (exp (p(cos(9)X + sin(9)Y)) exp(zZ))f1 exp (¢ (cos(8') X +sin(0)Y)) exp(2'2)
=exp (— ¢p(cos(§ — 2)X +sin(f — 2)Y))
exp (¢'(cos(§' — 2)X +sin(§' — 2)Y)) exp ((2' — 2)2)

Then exp (p(cos(0©)X + sin(0©)Y)) exp((Z) is equal to the matrix product:

cos (—£) e0=2) gin (%) cos (%) ei0'=2) sin (%’)
—e ) ] —e (0’ .

/
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In particular we have:

2 '8 = cos (£) cos (£) + ¢ sin (£) sin (£
cos<2 e's = cos (3 cos(2 +e sin (5 ) sin | - . (3.35)

From this equation we can get the expected geometrical interpretation on the values p
and (.

e We begin with p: we are going to prove that p is the usual distance on S? between

z and 2’ with x :=II;(g) and 2’ := II;(¢’). Let us denote by p(z,z’) this distance.
We note that:

cos(p(z,2')) =< z,2' >ps
= sin(0) sin(6') sin(yp) sin(¢") + cos(8) cos(#") sin(p) sin(¢’) + cos(p) cos(¢)
= cos(ip) cos(¢’) + sin(p) sin(¢’) cos(6 — 0").

From , we get
cos” (g) = <cos <g) cos (%/) + cos (0 — ') sin <g) sin (%))2

s 200 oy win2 [P wn2 ﬁl
+ sin®(f — ') sin <2>sm (2)

1+ cos(p) cos(¢') N sin(¢p) sin(¢') cos(6 — ')
2 2

_ 1+cos(p(z,2') 5 (plz,2')

= 5 = COS (T) .

We obtain the announced result as p and p(Il;(z), II;(2")) live in [0, 7].
Moreover, we get that

cos(p) = cos(p) cos(¢’) + sin(p) sin(¢') cos(6 — ). (3.36)

e We now deal with (. We consider A,/ , n, the area of the spherical triangle with
vertices z/, x and Ny, where Ny still denotes the north pole. The lengths of the
opposite sides are respectively ¢, " and p. Using an equivalent of the Heron formula
for the spherical triangle (see [35]), we have:

At 2N _ 1 o ) o
cos( 5 ) Loos (/_2)) o (§> s (ﬁl) (1 + cos(p) + cos(¢’) + cos(p)) .

2

Because of (3.35) and (3.36]), we get:
cos ¢
2
1 ! — / /
= (cos (f) CoSs <£> + cos(p). COS.((p) COS(SO) sin <£> sin (£>)
cos (£) 2 2 sin(ep) sin(¢’) 2 2

1
= — ((1 4 cos 1+ cos(¢’ cos(p) — cos(¢p) cos(y’
Tcos (2) cos (2) cos (2) (1 + cos(i)) (1 + cos(¢)) + cos(p) — cos(i) cos(¢'))

= cos —Ax/’m’NO
2
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Thus we have || = Ay N, mod (47).

Moreover, still using (3.35)), we get that sin (g) = sin(f — 9/)%’ and so
COSs b

¢ < 0if and only if # < . This gives the expected result.

As the Carnot-Carathéodory distance is left invariant, we have d..(g,¢") = de.(0,97' - ¢)

and we directly deduce (3.34)) from (3.25)).

We now deal with the case of SL(2,R). The proof is quite similar as for the case of
SU(2). We use the same notations as before. Let ¢,¢" € SL(2,R). This time, the matrix
computations give:

g g =exp(—p(cos(d + 2)X +sin(d + 2)Y))
exp (¢ (cos(8' + 2)X +sin(f + 2)Y)) exp ((2' — 2)2)

If we denote M := exp (p(cos(0)X + sin(0)Y)) exp(¢Z), we have:

cosh (g) coS (%) + sinh (g) coS (@ + g) — cosh (
~ \ cosh (g) sin (Q) — sinh (g) sin (@ + g) cosh (§

2

The matrix M is also equal to the product:
exp (— p(cos( + 2) X +sin(f + 2)Y)) exp (¢ (cos(d' + z) X +sin(¢' + 2)Y)).

In particular we get:

/

f) cosh (ﬂ) + cosh (g) sinh (%) cos(0' + z2)

(3) o (5
_ cosh (ﬂ/) sinh (f> cos(f + 2) — sinh (g) sinh (%) cos(8' — 6)

/

2 2
_ f : £/ : / . f £ .
M, 5 = — cosh <2> sinh ( 5 ) sin(f’ + z) + sinh <2> cosh ( 5 ) sin(f + z)

/

My, = — cosh g) sinh (%) sin(f' + z) + sinh (g) cosh (%) sin(f + z)

/
— sinh <£> sinh <

5 sin(6’ — 6)
My 9 = cosh (g) cosh

— cosh (g) sinh <%> cos(0' + z)
/

) cos(0 + 2) — sinh (g) sinh (%) cos(6 — 6)

7~
2o |6, o[
o —

/
+ cosh %) sinh

—
NIRS

As cosh (g) cos (%) = w and cosh (’23) sin (%) = %, we get:
/ /
g) Ccos ( = cosh <£> cosh (%) — sinh <§> sinh (%) cos(¢' — 6) (3.37a)
g /
2

)
) sin ( ) — _sinh (g) sinh (%) sin(6/ — 0). (3.37b)

cosh



e This time, the distance between x :=I1_;(g) and 2’ := I1_;(¢’) satisfies:
cosh(p(z,2")) = cosh(y) cosh(y’) + sinh(yp) sinh(¢") cos(6 — ¢").
Using the identity cosh®(£) = H%Sh(p) we obtain:
cosh(p) = cosh(ip) cosh(¢’) + sinh(p) sinh(y’) cos(d — ") (3.38)
and thus: p = p(z,2').

e Using the same notations as before (this time Nj is the pole used to define the polar
coordinates on H?) and the equivalent of the Heron formula for hyperbolic triangles,
we have:

coS (Ax/%No) _ 1
2 4 cosh (g) cosh (%) cosh (ﬂl)

2
—eos (§)
2

and thus ¢ = sign(¢).Ay 2 n,. Moreover, we have sin (%) = sin(f — ')

(1 + cosh(p) + cosh(¢’) + cosh(p))

sinh(%)sinh(%/)
cosh(%) ’
and so ¢ < 0 if and only if 6 < ¢'.

]

From Proposition [3.2.9] we obtain the following geometrical interpretation of the dis-
tance between two Brownian motions. Using the notations Ej, M} from Remark [3.2.1]
we have:

Corollary 3.2.10. Let us take By and B} two Brownian motions on Ej starting from g
and g' respectively, with (@, 0y, z¢) and (@}, 0}, z;) their cylindrical coordinates. We denote
X, = I4(B,) and X| := T1,(B}). The cylindrical coordinates of (B,) "B, are given by
(pi, Oy, ;) with:

o p; the Riemannian distance between X; and X, on My;
e (; €] —2m, 27| and

G = 2, — 2 + sign(0, — 0;) Ax, x1.n, mod (4m) (3.39)
=(+ A; mod (4) (3.40)

with A; the signed swept area between (X)s<i and (X})s<i as defined in the following
Definition [3.2.1]

As previously, we directly obtain the estimate:

cr(pi +1Gl) < (B, By) < ea(pf +[Gil) (3.41)

with ¢y and ¢y as in Proposition[3.2.9
The continuous process A; announced in this corollary can be defined as follows:
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Definition 3.2.1. Let (X;); and (X}); be two Brownian motions on My, such that X! is
not in the cut locus of X, for all s <t. We define the signed swept area A; as the signed
area of the oriented loop starting from X, following:

the path s — X1 s <t from X{ to X{;

the geodesic joining X{ to X;;

the path s — X;_s,s <t joining X; to Xo;

finally the geodesic joining X to X|.

Note that this definition makes sense for any oriented Riemannian manifold. Here the
sign of the quantity A; changes when the paths of X] and X, are crossing. Note also that
A, takes values in R whereas (; takes values in | — 27, 27].

Proof of Corollary|3.2.10. Applying Proposition [3.2.9] we get the result for p,. We also
get G = 2z — 2 + sign(0; — 0) Ax; x, v, mod (4m). In particular

Co = 2y — 20 + sign(fo — 0y) Axs x,.n, mod (47).

To finish the proof Corollary|3.2.10] we then just need to remark that (z; — 2{) + sign(6; —
01)Ax: x,.Ny — (26 — 20) — sign(0o — 05).Ax; x,.n, is equal to A;. O

Remark 3.2.11. Using the polar coordinates and the pseudo norm[3.1) defined in Section
Proposition[3.2.9 and Proposition[3.2.1(] also make sense (and are easier to obtain)

for the Heisenberg group with the use of planar triangles.

3.2.7 Stability of z; — z; under changes of coordinates

The results given in this subsection come from the contribution:

[24] Magalie Bénéfice. Non co-adapted couplings of Brownian motions on subRieman-
nian manifolds. https://arxiv.org/abs/2312.14512 2023

As before we use the notations Ej, M and II; for k € {—1,1}.

In Corollary , the quantities p;, ¢, and A, are intrinsic to B; 'B, and do not
depend on the choice of the projection II,. As seen in this same proposition, this does
not seem to be the case for the quantity z; — z as the quantity sign(0; — 0;)Ax, x n,
mod (47) depends on the choice of the pole Ny and the vector ey. However we will
need to study this non intrinsic quantity when we will define couplings (in particular
non co-adapted couplings) of Brownian motions defined with spherical/polar coordinates.
For various reasons we need to change the system of spherical/polar coordinates on Mj
induced by II;, in the sense that we change the pole and the vector of reference. Thus it
is interesting to see how z; — 2; reacts. Let us consider (X;); and (X}); as in Proposition

3.2.5. We chose (N, e) € T M. We also introduce some notations:

e We denote by (0!, 0™) (resp. ('™, 0/ the spherical /polar coordinates
of X; (resp. X)) relative to N and e.
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e We denote by I;(N,e) (resp. I;(N,e)) the signed area swept by (Xs)s<; (resp.
(X!)s<t) relative to N and e and starting at point zy (resp. z,). More precisely, it is

defined such that (", 6" I;(N,e)); satisfies the stochastic differential system
333).

In particular, we have (¢, 0;) = (gpgNO’eO),@ENO’eO)) and z; = [;(No,ep). Note that z; #

I;(N,e) in general for (N,e) # (No,e9). Then we have the following results:
Lemma 3.2.12. For all (N,e) € T My, we have:
Ay =T/(N,e) — I,(N,e) — (2, — z0) + sign <0§N’e) — Q'EN’6)> Ax, x1,.n
- (95N’@> _ 9/5{“) Axyx1 N (3.42)
In particular, we have:
¢ =1I(N,e) — I,(N,e) + sign <9§N’€) — 9’§N’e)) Ax, xiN
— sign (GéN’e) — QIéN’e)> Axo xp N

+ sign <6’(()N°’e°) — 9’8N0’60)> Axo,xsn, mod (4m). (3.43)

Proof. Relation (3.42)) is an immediate geometric result. We look at the second relation

(3.43). From Corollary |3.2.10, we have:
G = I,(Ny, e0) — I;(No, eg) + sign (Ht(NO’EO) — H’IENO’SO)) Ax, x;,n, mod (47).
Then using (3.42)) with Ny, we get:
Gt = 2 — 20 + Ay + sign (9(%%’60) — 9’8N0’60)> Axyxn, mod (47).
Using (3.42) this time with N, we obtain the expected result. O]
Remark 3.2.13. If we have Xo = X, and X1 = X, then for any (N,e) € T My:
G =1I/(N,e) — I,(N,e) mod (4r).

Remark 3.2.14. The impact of these change of coordinates can also be seen directly in
Ey on the process By. Let (N,e) € TMy. We claim that the process:

Jy == exp <@§N’e) (cos(@t(N’e))X + sin(@t(N’e))Y>> exp (I((N,€e)Z)

can be obtained from By by looking at g~ B;exp(zZ) for g depending only on the choice
(N,e) and z depending on N, e but also on Xy. Let explain this fact. Taking g =
(4,04, 24) € Ek, it is possible to prove that for all h € Ey, (g7 h) = my (IIx(h)) with
myg a direct isometry in My, that can be decomposed as follows:

o We first make a rotation of angle —z, and of axis directed by (0,0,1) for SU(2)
(resp. of center Ny for SL(2,R)). It keeps the pole Ny invariant but acts on the
vector of reference eq = Tp, 111 (X);
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o We then apply a direct isometry which acts by translation on the geodesic from g (g)
to Ny. In particular this isometry transports the new vector obtained above parallelly

along this geodesic. The vector obtained finally is equal to T,I1;(X).

Thus, for (N,e) € T'My, we can find g € Ejy, such that II(g) = N and T,I1;(X) = e.
For all t, T1;,(g~'B;) gives the polar coordinates of 1 (B;) relative to N and e, that is,

<g0£N’e), Q,EN’e)). With similar results as in Proposition |3.2.9, we have ¢~ 'B; equal to:

exp <g0§N’e) (COS(9§N76))X + Sin(Qt(N’e))Y>>
X exp ((zt — zg + sign <99 — 9,§N°’€O)) AN,Xt,N()) Z> .
Using some geometric comparisons, we can obtain:
2 — 2g + sign (89 — Qt(NO’eO)) Anx, Ny = It(N,e) — z, + sign <0g — 98N0’60)> AN x4.No -
The process J; is then equal to:

J, = g 'Byexp ((zg — sign (99 — HéNO’eo)) AN,XO,%) Z) )

We now consider this change of coordinates for the two processes (B;): and (B}): that
we want to compare. As before, we define

J! = exp (gp’ﬁN’e) (cos(QQ(N’e))X + sin(QQ(N’e))Y>) exp (I;(N,e)Z).
We have
J =g 'Bjexp ((zg — sign (99 - 06(N°’6°)) AN7X(),N0> Z>

Here it seems evident that, in general d..(Bt,B}) # deo(Jy, J}). However, if Xo = X
and Xy = X/, as exp(aZ) and exp(8Z) commute for all o, B € R, we have B;'B). =
exp(—zrZ) exp(zpZ) and:

J1 ) = exp <<—zg + sign <99 — 95N0’60)> AN,Xa,Na) Z) exp(—zrZ) exp(27.7)
exp <(zg — sign <9g - 60(N°’€°)> .AN,XO,NO) Z) = exp(—2rZ) exp(2:2).

Thus at time T, d..(Br,B}) = dee(Jr, J5). This gives an echo of Remark |3.2.15.
In general, by left invariance of the Carnot Carathéodory distance, we have d..(B;,B}) =
dee(g™By, g7'B}). In fact, (g7'B,) " g7 'B, = B, 'B, and thus, the third cylindrical coordi-
nate of (g_lBt)_1 g 'B} is equal to ¢; as defined in Corollary|3.2.10. Applying the same
Corollary to g~*B} and g~'B;, we obtain the following equality modulo 4 :
G =1I;(N,e) — I,(N,e) + sign (99 — 9/0(N0’€O)>«4N,X6,N0 — sign (99 - 98N0’60)> AN xo.N0
+ sign <9§N’6) - GQ(N’e)) Ay (1) (X0).No-
As we have:
sign (99 - 96(N°’e°)> A xy.n, — sign <99 - 9(()%’80)) AN, X0,No
= —S’],gn <0((]N0760) - 06(N0760)> AXO,X(’),N + Slgn (9(()N0760) - 0/0(N0760)> AX07X67N07
and Ay, (x7).m,(xX0).No = Axt x,m=1 (o) With m; ' (No) = N, we obtain the relation
from Lemma[53.2.13. ‘
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Chapter 4

Co-adapted couplings on SU(2) and
SL(2,R)

This chapter is devoted to the study of co-adapted couplings on SU(2) and SL(2,R). In
particular, we construct a co-adapted successful couplings but only on SU(2) as announced
in Subsection m We recall that, as explained in Chapter [2| (Subsection , there is
no co-adapted successful coupling on SL(2,R).

These results were announced in :

[18] Magalie Bénéfice, Marc Arnaudon, and Michel Bonnefont. Couplings of Brownian
motions on SU(2, C). In Geometric science of information. Part I, volume 14071 of Lecture
Notes in Comput. Sci., pages 592-600. Springer, Cham, [2023] (©)2023

and proven in :

[25] Magalie Bénéfice. Couplings of Brownian motions on SU(2) and SL(2,R).
Stochastic Processes and their Applications, page 104434, 2024.

Please note that Section and more precisely Subsection [3.2.6 are necessary to
apprehend what follows. In all this chapter, to construct a coupling (B, B}) of Brownian
motions on the subRiemannian manifold SU(2) (resp. SL(2,R)), we just construct a
coupling (X3,Y;) of Brownian motions on the Riemannian manifold S? (resp. H?) and
consider its lifting on SU(2) (resp. SL(2,R)) as in Remark [3.2.6] According to Corollary
[3.2.10] to compare (B;); and (B});, we just need to study the processes R, and A; with
R; := p(X;,Y};) the Riemannian distance between X; and Y; and with A; the area swept
by (X5, Ys)s<t as described in Definition . To do that, we make good use of the Ito6
depiction of the Brownian motions (X;); and (Y;); in a moving frame as in the first
strategy described in Subsection [2.3.2]
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4.1 Couplings on the simply connected Riemannian sur-
faces M, of constant curvature £ and variation of
the swept area

In this section we want to describe a model of co-adapted coupling for every simply
connected Riemannian surface endowed with the Riemannian metric of constant sectional
curvature k. By the Uniformization Theorem, we can reduce our study to one of the
following spaces (endowed with the usual Riemannian metric):

L4 lfk’:O,M():R2,
e if k > 0, My is the sphere of dimension 2 and of radius %;

e if £ <0, My is the hyperbolic space of sectional curvature k.

In particular for M; = S?, M_; = H? and even M, = R2?, this will induce a model of
co-adapted couplings on SU(2), SL(2,R) and the Heisenberg group H respectively.

In the remainder we denote by i(Mj) the injectivity radius of M. Note that i(Mj) =
—|—ooifk:§0andi(Mk):\/lEifk>0.

4.1.1 It6 depiction and co-adapted couplings for the distance and
the swept area

We first give a formal definition of a co-adapted coupling as stated in [39).

Definition 4.1.1. Let consider two continuous Markov processes (X;); and (Y;); on a
manifold M. The process (X, Y;); is said a co-adapted coupling of (Xy)¢ and (Yy), if there
exists a filtered probability space (F;); such that:

o the processes (X;); and (Y;); are both adapted to (F);

o for all bounded measurable function f, z € M, s, t > 0, the functions
2 E[f(Xigs) | Foy Xo=2] and z — E[f(Xyps) | Xs = 2] (resp.
2 E[f(Yigs) | Fo, Ye = 2] and 2 — E[f(Yiys) | Ys = 2]) are equal Px,-a.s. (resp.
Py,-a.s.).
In fact, this means that the stochastic dynamic of (X'Ht)s agree with the one from
(Xs4¢)s even when the past behaviour of (V,).<: is taken into account.
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In particular, a coupling of Brownian motions (X;,Y;); is co-adapted if there exists a
filtration (F;); such that (X;); (resp. (Y;);) is a Brownian motion for the filtration (F);.

As explained previously, we are going to use the Itd6 depiction of a Brownian motion
in a frame in the sense of Emery (see [3(] for a basic introduction) to describe a large
class of co-adapted couplings in M.

Proposition 4.1.1. We consider (X;); a semi-martingale on My, and (e1(t),ex(t)); a
continuous semi-martingale (adapted to the same filtration than (X)) in the orthonormal
frame bundle OMy, above (Xy)s. If (Xy)¢ is a Brownian motion on My, there exists (Uy, Us)
a Brownian motion on R* such that:

dv X, = dU, (t)e; (t) + dUx(t)ex(t). (4.1)

Conversely, if X; satisfies with (Uy,Usy) a Brownian motion on R%, then X, is a

Brownian motion on M.

Even if the proof of this Proposition can be found in the literature (see [30]), we give
it here for the reader.

Proof. Let us begin with the direct implication. For ¢ € {1,2}, taking U; such that
dU;(t) = (e;(t),dV X;), with (e}, e3) the dual basis of (ej,ep) in T* My, we directly get
that U; are martingales. Moreover, as X; is a Brownian motion and (e, e3)(¢) forms an
orthonormal basis of T'x, My, for i,j € {1,2}:

dU;(t) - dU;(t) = (ef @ €5)(t)(d Xy, dX;) = Tr(ef @ €})(t)dt = 0; ;dt.

We obtain the expected result.

For the converse implication, as

[ oen.amxy = [ oo + [ oo, eenan

0 0

is a martingale for all ¢ € I" (T*M}), we obtain that (X;); is a martingale. Then for f a
smooth function on My, by 1td’s formula, we get:

A(F(X0)) = dF(X) -7 X, + 5 Hess()(X0)(d7 X, d7 X))
with:

Hess(f)(Xo)(d¥ X, d¥ X;) = ) (Hess(f)(X0), (¢ © €5)(8)) (¢} @ €;)(8)(d¥ X, d¥ Xy)

= Z(HGSS(f)(Xt% (e @ €5) () (e (1), d¥ Xe) - {ej(t), d¥ Xe)
= Z(HGSS(f)(Xt% (€7 @ €5)(£))dUi(t) - dU; (1)

= Tr(Hess(f))(X;)dt = Af(X;)dt.
Thus, (X¢); is a Brownian motion on Mj. O
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Let us go back to the coupling problem. Using Itd depiction, two Brownian motions
(Xy): and (Y;); on the Riemannian manifold M} can be described by the equations

dV X, = dUy(t)e; () + dUy(t)es (t) and dVY; = dVi(t)el (t) + dVa(t)ed (t) (4.2)

with:

o U(t) := (Uy(t),Us(t)) and V(t) := (Vi(¢), Va(t)) two Brownian motions in R?;

eX(t) := (eX(t), ex (1)) a continuous semi-martingale (adapted to the same filtration
than (Xt)t) in the orthonormal frame bundle OMj above (X3);.
(1

er(t) =

eY(t),ed(t)) a continuous semi-martingale (adapted to the same filtration
than (Y}):) in t

he orthonormal frame bundle O M, above (Y});.

Thus a coupling (X, Y;) is characterized by its starting points and the joint law of

((U(t)v ex(t)) ) (V(t)a ey(t)))t :
By choosing a co-adapted coupling of ((U(t),e*(t)) . (V(t),€¥ (t))),, we can describe and
study a wide range of co-adapted couplings (X;,Y;); on M.

In the next subsection, we compute the first and second order derivatives of the signed
swept area between two smooth curves in some specific basis of the tangent bundle (see
Lemma . This will allow us to obtain a general stochastic equation for A; in the
co-adapted coupling described above. Using some well-known similar results about the
distance in M}, we will also obtain a stochastic equation for R; (Lemma .

4.1.2 First and second order derivatives

Let z, y € My, such that 0 < p(x,y) < i(My). We can define:

o ci(ay) = ST € T,0,

e ¢!(x,y) the parallel transport of e} along the geodesic joining x and y;

o ei(x,y) € T, My such that (ef(x,y),e3(z,y)) is an orthonormal positive basis of

e ¢)(z,y) € T,M; such that (e{(z,y),e5(z,y)) is an orthonormal positive basis of
T,M,.

We first give a local expression of the oriented swept area between some paths on M,
which coincides with the one used to define the process (A;); in Definition [3.2.1, We
consider:

® V., Yy [0, +00[— My, two curves C' on M, starting at = and y respectively;

e (s,t) €0,1] x[0, +o00[— ¢(s,t) € My, such that for all t > 0, s — ¢(s,t) is a geodesic
starting at 7, (¢) and ending at ~,(?).
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e Provided that 0 < p(7.(t), (%)) < i(Mk) we can define ey(s,t) := Geclsl)__ and

(2 ()74 ()
es(s,t) such that (ei(s,t),es(s,t)) is an orthonormal positive basis of Tc(s’:)Mk for
e

s
each s,t. In particular e1(0,0) = ef(x,y) and e;(1,0) = e¥(z,y).

Considering the positive local chart (2!, z?) induced by the parametrization (s,<) — c(s,<)
on My, the volume form is given by /det(G)dx' A dz? where G is the positive definite
symmetric matrix representing the metric in these local coordinates. In particular, we
have:

det(G) = ||asc<87 C)||2||8§C(S7§)||2 - <asc<87 C), a€0(37§)>2 = det (8SC(S,§), 8§C(87 g))Q

§)) of Ty(s.c)M for each ¢, t.

where the determinant is calculated in the basis (e (s, <), ea(s,
ENS ) > 0. Then, the signed

Note that x;(c(s,s)) = s if and only if det (8Sc(s,§),8gc( ,
swept area can be locally defined by:

A(t) == /01 /Ot det(9s¢(s, <), 0.c(s,s))dsds. (4.3)

In particular, there exists a vector field V' (that will be described just after in Lemma

4.1.3)) on My x My such that:

Alt) = / Vst (11(6): 32(6))) de. (4.4)

The following lemma gives the expressions of the first order derivative and the Hessian
of the distance using the basis (ef(x,y),e(z,y)) and (e}(z,y),es(x,y)) defined above.
Even though this result is well known, we will give its proof later in this subsection as it
uses the same elements as to prove Lemma [£.1.3]

Lemma 4.1.2. Letz, y € My, r = p(x,y) with 0 < r < i(My), u € T, My, and v € T, M.
Then, we have:

dp(zy) (U, v) = v1 — U
and

Hess(p) (z,y) ((w,v), (u,v)) = VE@2 + v2) cot(Vkr) — 2\/EUQUQ—Sm<\1/ET).

with u; = (u, e (x,y)) and v; = (v,e!(x,y)) forie {1,2}.
We also give a result for what could be seen as the first order derivative and hessian

of the signed swept area (if it was a function on My x My). As far as the author knows,
this has never been computed before.

Lemma 4.1.3. With the same hypothesis and notations than in Lemma and V
defined as in , we have:

L (Ve
Vk

<V(:v,y)’ (U’U» = —=tan 5 ) (ug + v2),

U9V — Vally 9 Vkr
Viun)\Vizy), (4,v)) = ————— +tan® | —— | (v2v1 — uotyy).
(Ve Viaw), (1)) cost () ( 5 )
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Note that the above results are given as general formulas for the three cases k > 0,
k < 0 and k = 0 (taking the limits when & tends to 0 in the last case).

To prove these two lemmas, we need to evaluate in zero the first and second derivatives
of the functions r : ¢ > p(7.(t),7,(t)) and A with ~,(t) := exp,(tu) and ~,(t) := exp, (tv).
We use the notations c(s,t), e1(s,t), ea(s,t) to denote the same objects as previously. In
particular, as 0 < p(x,y) < i(My), there exists t; > 0 such that (ei(s,t),ea(s, 1)) is well
defined for ¢ € [0, to).

Let define s — J(s,t) := 0Oc(s, t). With this choice of v, and 7y, s — J(s,t) := dic(s, 1)
is a Jacobi field for all ¢ > 0. For ¢ € {1,2}, we denote:

w;(t) == (J(0,t),e;(0,1)), w; :=1;(0) and v;(t) := (J(1,t),e;(1,%)), v; := v;(0).
In the basis (e1(s,t), ea(s,t)) we have the following decomposition of this Jacobi field J:

Lemma 4.1.4. With the above notations and hypothesis we can write J(s,t) = j1(s,t)ei(s,t)+
Ja(s,t)ea(s, t) with:

J1(s,t) = ur(6)(1 — 8) + vi(t)s; (4.5)
jo(s,t) = us(t) cos VEr(t)s valt) — ua(t )COS(\/_T( t) sin(Vkr(t 4.6
o 1) = () cos(V (1)) + DS i) (40
P cos(Vkr) — V2o o) — U2 T COS(\/ET)U
uhy(0) = VEk V) 1 (0) = VE NI (4.7)

Note that for all the following computations, we will use the notations V for Vi, (s
and V; for Vy,ss. This lemma is the main result to prove Lemma and Lemma
4. 1.0l

Proof of Lemmal[{.1.4] For t constant, s — e;(s,t) is defined by parallel transport along
s+ ¢(s,t). Thus Vge;(s,t) = 0 and we have:

ViJ(s,t) = Osg1(s,t)er(s,t) + Osjgals, t)ea(s,t)
and V,V,J(s,t) = 02.51(s,t)e1(s,t) + 02.ja(s, t)ea(s, t).

By definition of the Jacobi fields, we also have:

VViJ(s,t) = —R(J( t), 0sc(s,t))0sc(s, t)
—r(t)*(j1(s,t) Rlex(s, 1), ex(s, t))er(s, t) + ja(s, ) Rlea(s, 1), ex(s, t))e(s, 1))
—kr(t)?ja(s, t)ea(s, t).

By solving the differential equations

Ooir(s,1) =0 03uda(s,t) = —kr(t)*ja(s, 1)
{ )zm@)mﬁ{Jx0®= 2(t)
) Ja(1,1) = va(t)

we obtain (4.5)) and (4.6)).

We now just have to compute u5(0) and v5(0). As us(t) = (9,c(0,t),e2(0,t)) and t —
c(0,t) is a geodesic, we have:

uy(t) = (V104c(0, 1), e2(0,1)) + (0:¢(0,t), Viea(0, 1)) = (0:c(0, 1), Viea(0,1)).
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Thus, u5(0) = (u, Viea(0,t)1,—0) and, in the same way, we have v5(0) = (v, Viea(1,t)1=0)-
Note that, as (e2(s,t),ea(s,t)) = 1 and (ea(s,t),e1(s,t)) = 0, we have:
1
(Viea(s,t),ea(s, t)) = iﬁt(eg(s,t),ez(s,t)) =0 and
(Viea(s,t),e1(s,t)) = Ou((ea(s, ), e1(s,t))) — (ea(s,t), Vier(s,t)) = —(ea(s,t), Viei(s,t)).
Then, Vies(s,t) = —(Viei(s,t), ea(s, t))ei(s, t). We have:

= (s Ly (s c(s L
Viei(s, t) =V, <8s (s,t) x r(t)) r<t)285 (s,t) + Vi(0sc(s,t)) 0
= —%el(s, t) + %(;’t) since V is torsion free.
Thus:
(Vier(s.1)sea(s 1) = —ohia(s.1)
= —us(t)sin(VEkr(t)s va(t) = ua(t) cos(\/Er(t)) cos(Vkr(t)s
—\/E( 2(t) sin(Vkr(t)s) + (Ve (1)) (VEr(t) ))-
(4.8)
We obtain:
Cren(0ut) = D)~ ualt) cos(VEre) o
0.9 sin(vVkr(t)) 0.9
o el cos(VEr(1) — ua(t)
d Vieo(1,t) = —VE2 (R (1) er(1,1).
This gives (4.7)).
[

We can now give the proofs of the two Lemmas.

Proof of Lemmal[{.1.73 The general formulas for L'(0) and L"”(0) are classical results that
can be found in numerous books. As an example they are given in Lemma 6.1.1 and
Theorem 6.1.1 in [36]. With our notations, we obtain:

v ([T &) res t)  (J(s,t), r(t)Ve(s, b)) .
"(0) = ( /O - n d >|t 0 (4.9)
r"(0 0s72(5,1)° — 1(t)%72(s,1)" (R(e1(s, 1), ea(s, t))ea(s, t), ei(s,t)) ds
O = 3 ([ 2t =08t (s (50, eas Dt (s )
— el 1), r{E)en (5, )l (4.10)

In particular, as said before, Ve (s,0) = 0, thus r'(0) = 71(1,0) — 51(0,0) = vy — u;.
We now look at r”(0). We note that ¢t — ¢(s,t) is a geodesic for s = 0 and s = 1. Thus,
we have V,0;c(s,t) = 0. As (e1(s,t),e2(s,t)) is an orthonormal basis,

(R(eq1(s,t),ea(s,t))ea(s, t),ei(s,t)) = k.
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Thus, r”(0) = %fol DsJa(s,0)? — kr?js(s,0)%ds. Using, 1} and |D evaluated in
t =0, we get:

r"(0) = kr /01 <sin2(\/Ers) - cosZ(\/Ers)> (ug G COS(@TDZ)

sin?(VEr)
vy — g cos(VEr) ,
—4u cos(Vkrs) sin(vVkrs)ds.
’ sin(vkr) ( )sin{ )
By integrating we finally obtain (0) = vk ((ug + v2) cot(Vkr) — 25111‘(2\;%)). O

Proof of Lemmal[{.1.3 We first explain why we just need to compute .A’'(0) and .A”(0).
As 7, and v, are chosen to be two geodesics, we have V,(4,(t),4,(t)) = 0. Using relation
(4.4]), we then obtain:

A'(t) = (Vi) ey, (31(1),%2(t))) and A" (t) = (V1) 4200) Vi 002 0))5 (31(8), Y2(t)))-

For t = 0, we obtain <V(m7y), (u, U)> and <V(W,)V(z,y), (u, v)>
We now use relation (4.3 to compute .A4'(0) and .A”(0). We have:

() = /0 det (Duc(s, £), Due(s, £))ds — /0 det(r(t)e (s, 1), J (s, £))ds = r(t) /0 a5, £)ds
() < /O un(t) cos(VEr(1)s) + 220 = 1) cos(Vhr (1) sm<\/Er<t)s)ds>

sin(vVEr(t))
= (lt) + () tan (@) |

We obtain the first expected result. This also leads to:

1 VEr(t) ' (t)
" T, / L
A"(t) = (uy(t) + v5(t)) N tan ( 5 ) + (ua(t) + va(t)) —2 COSQ(‘/E;(“).
Note that r/(0) has been calculated for the proof of Lemma [4.1.2] so:
1 Vkr v — U
A"(0) = (uy(0) + v5(0))—=tan | —— | + (ug + v9) ———+—.
(0) = (u(0) 2())\@ (2) (u2 2)2cos2(@)
Finally:
A(0) = Uo cos(\/Er) — UQUl N Uy — Vo COS(\/ET)UI tom Vkr + (u+ ) v — Ug
sin(vVkr) sin(vVkr) 2 9 COSQ(@)
k 1
= — (ugu; — vyv;) tan? Q + (ugvy — vouy) ———
2 cos?(¥5*)
O
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4.1.3 Description of the model for co-adapted couplings on M

Using the model from Subsection with the orthonormal frame used in Subsection
4.1.2) we obtain the relations announced in Subsection Let My, (M) and p be
defined as above.

Proposition 4.1.5. Let us consider xz,y € My such that 0 < p(x,y) < i(Mg) and
(U(t),V (1)), a co-adapted coupling of Brownian motions on R?.

For t € [0,T], we construct (X;); and (Y;); two processes on My, starting from x and y
with T := inf{t > 0 | p(Xy,Y:) = 0} and such that (X;); and (Yy); satisfy with:

X(t) o EXP;(i(Y;f)

= Sy ¢ unitary vector on T'x, My;

o exX(t) such that (e;(t),ex(t)) is a positive orthonormal basis on Tx, My;

o (e](1),ed (t)) the parallel transport of (e (t),es (t)) along the geodesic joining X,
and Yy (this defines a positive orthonormal basis on Ty, My, ).

Then (X4, Y;): is a co-adapted coupling of Brownian motions.

Let denote by R, the Riemannian distance p(X;,Y;) and by A, the area swept by
(Xs, Ys)s<t as in Corollary(3.2.10. Then (Ry); and (A¢): satisfy:

dR; = dVi(t) — dUy (t) + Vk cot(VER,)dt — LdUZ(zs) - dVy(t) (4.11)

sin(vVER,)

dA, = M(d%(t) + dVa(t)) + ————=—(dUs - dVi(t) — dVa(t) - dU\(t))
Vk 2 cos%@)
(4.12)
1 VER,
ARy - A, = = tan ( . ) (dVi(t) - dUs(t) — AUy (t) - dVa(t)) (4.13)

with dU;(t) - dV;(t) denoting the derivative of the joint quadratic variation of U; and V.

Note that, if & tends to 0, we obtain some well known relations for the Heisenberg
group.

Remark 4.1.6. Let denote by (By,B}); the coupling of Brownian motion induced (by
lifting) by the above construction on SU(2), SL(2,R) and H. Using Proposition
together with Corollary|(3.2.10, we have a way to obtain an estimate of d..(B,B}).

Proof of Proposition[{.1.5. As we define the processes until the first time 7" where R; €
{0,i(My)}, e (t) and e} (t) are well defined on [0, T[. By construction U, V, ¥, e, ¥
and e}, X and Y are adapted to the same filtration. Thus the processes (X;)o<;<r and
(Y:)o<t<r are Brownian motions on M and we obtain a co-adapted coupling.

To deal with the second part of the proof, we just need to notice that eX(t) =
eX(X,,Y,) and €Y (t) = €/*(X,,Y;) for all i € {1,2}. We obtain Equation (4.11) by
using Lemma and It6’s formula:
1
dR; = dp(XhYt)<det7 deD + 5 Hess(p)(XbK)((dVXt? de;)v (detv dVY;))
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We now deal with Equation (4.12)). As (4.4) is true for every C* paths v, and 7o, we have:
t
A = / (Vix.yv.) 0d(X,,Y,)) with od the Stratonovich derivative

1 t
= [ o O Y0) + 3 [ (Farixony Vi 07 (X Y-

Using Lemma [4.1.3] we obtain the expected result. The last relation in Proposition
[4.1.5] is immediate. []

Remark 4.1.7. In fact, with some computations similar to the ones from Subsection
we can describe the covariant derivative of (eX(t)); (resp. (eX(t)):) along (Xi):
(resp. (Yi):):

X - dVa(t)—dUsa(t) cos(vVkRy) _ k ( dVa(t)—dUs(t) cos(VER:)
Dief (1) = VE (M0 ttyemEn) <t> ()

X o —dVa(t)+dUs(t) cos(vVkR:) dVa(t)—dUa(t) cos(VEkRy) X
Dt€2 (t) o \/E< sin(vVkRy) ) € < sin(vVkRy) ) €2 (t)

and
dU: dVa(t) cos(VkR dUs (t)—dVa(t) cos(vVER 2
Diel (t) = — VR (RO ) e () - 4 ( ) el ()
2

Die (t) = — \/E< dUQ(t):liv\Q/% ios(f Ry) ) e¥ (1) (dUz() S(iirxl/(z%);cj(ﬁz%t)> ¥ (t)

See Appendiz[B for a proof.

In particular, we can define our moving frames as the solutions of a system of stochastic
differential equations depending on Uy, Us, V1, Vo and R;. In the case where no singular-
ities appear in this system, our coupling keeps sense even if Ry € {0,i(My)} (if this
is the case for t = 0, we just need to chose an arbitrary value for eX(0)). Then we can
consider Ry as a signed distance, Y; = expx,(R;eX (t)) and the results of Proposition[{.1.5

are still true.

In R?, there exists a general method to construct co-adapted couplings. The proof of
the following proposition can be found in [38] for example.

Proposition 4.1.8. We consider the filtered probability space (2, (Fi):, P). The following
assertions are equivalent:

(i) (U, V) is a co-adapted coupling of Brownian motions in R?;

(ii) Enlarging the filtration if needed, there exists a two dimensional Brownian motion
W adapted to the filtration and independent of U, and K(t), K(t) € Ms2(R) with
KOK®T + KKt = I, K(t), K(t) € F; such that :

AV (t) = K(t)dU(t) + K (t)dW (t). (4.14)

Using (4.14)), we can rewrite our relations for R; and A;:
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Proposition 4.1.9. For a co-adapted coupling satisfying Proposition and relation

, we have:
dR; - dRy = 2(1 — Ky (t))dt;

dR, Y vk cot(VER,)dt — _VE Koa(t)dt = VESSWVRR) = Koolt)
sin(VER;) sin(VERy)
t 2 \/ERt
dA; - dA, = 2222 (k 2 ) (1 + Ky (1)) d:
(m) 1 .
dAt - W(Klﬂ(t) - K2,1(t))a
1 VER,
th . dAt = ﬁ tan < 9 ) (KLQ(t) — K271<t>)dt

4.1.4 Some examples of co-adapted couplings on the Riemannian
manifold M,

In this subsection, we give some examples of co-adapted couplings on M) constructed
by using Proposition [£.1.8] As explained in the Proposition [3.2.5] all these constructions
induce co-adapted couplings of Brownian motions on the subRiemannian manifolds H,
SU(2) and SL(2,R).

Example 4.1.10 (Synchronous coupling).

~

We take K(t) = I, K(t) =0, dV(t) = dU(t). We get:
th . th = 0,

, B cos(VER,) — 1 o o VER,
Drift(dR,) = Vk NV dt = —Vk x t ( 5 )dt.

Thus R, 1s deterministic and Ry, = \% arcsin <e’% sin(‘/@RO)) We also have:

tan? (VAR )

In particular, A; is a martingale.

Example 4.1.11 (Reflection coupling).

For K(t) = (‘01 g) K(t) =0, dVi(t) = —dUy(t) and dVa(t) = dUs(t), we get:

k
dR, - dR, = Adt and Drift(dR,) = —V/k x tan (th> |

As before, we have:

tanQ (\/Eth )

Note that, using Remark[{.1.7, we can show that R; keeps sense even if Ry < 0 and thus
obtain a coupling with a signed distance.
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Example 4.1.12 (Perverse coupling).

We use here the terminology introduced by Kendall in [38] to name some shy couplings
of Brownian motions on R2.

For K(t) — (é _01) K(t) =0, dVi(t) = dU(£) and dVa(t) = —dUs(t), we get:

dR; - dR; = 0;

: ~ cos(VER)+1, " VER,
Drift(dR;) = Vk (VAR dt = Vk cot( 5 )

Thus R; is deterministic and Ry = \% arccos (e_% oS (‘/EQRO)> for k # 0. We also have

A, constant.

In all these examples, dR; - dA; = 0.
We can also add a noise to these couplings in order to remove the drift part. In particular,
by doing it for the synchronous coupling, we obtain a new coupling with constant distance
between the Brownian motions:

Example 4.1.13 (Fixed-distance coupling).

. 1 0 0 0
Taking K(t) = (O COS(\/ERQ)’ K(t) = (0 sin(\/ERt)>’ we get R; constant. We

also have:

t 2 \/ERt
dA; - dA; = QM(l + cos(VERy))dt = 4 sin? (\/EQRt> dt = - sin? (@RO) dt;

~

k k

Note that A; is a Brownian motion up to a multiplicative constant.

We can do the same for the reflection coupling.

Example 4.1.14 (Reflection coupling with noise:).

-1 0 . 0 0
For K(t) = ( 0 cos(\/%Rt)>’ K(t)= (O Sin(\/ERt))’ we get:

Thus %Rt 18 a Brownian motion. We also have:

(VERt

4
dAt . dAt = — Sil’l2

k

5 ) dt and Drift(dA;) = 0.

For these two couplings, dR; - dA; = 0 too.

Remark 4.1.15. o Letx,y € My with 0 < p(x,y) < i(My) if k > 0. Let f : [0, 00[—
[0, 00[ be a positive (deterministic) function such that f(0) = p(x,y). In [48], Pascu
and Popescu proved that there exists a co-adapted coupling of Brownian motions
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(X, Y2)e starting at (x,y) such that R, = f(t) if and only if f is continuous a.s.
and satisfies, a.e. fort > 0, the differential inequality:

—Vktan (\/E@) <ft) < Vk cot (ﬂg(t)> )

In particular the synchronous coupling and perverse coupling described above are the
couplings realizing the extrema of this inequality.

e In the case where k = 0 we find all the expected results for the Heisenberg group.
See for example [37, [38, 22].

4.2 Successful couplings on SU(2)

4.2.1 The results

We use the same notations as in Section 411

We want to describe the construction of a successful coupling on SU(2). To begin
with, for £ > 0, we construct a successful coupling of Brownian motions on M, and their
swept areas for the areas lying in R. Note that, since k& > 0, we have i(M}) = \/LE Note
that the two following results have been previously stated as Theorem [2.3.1]

Theorem 4.2.1. For k > 0, let x,y € My and a € R. There exists a coupling (X, Y:) of
Brownian motions on My, starting from (x,y) such that 7 := inf{t > 0|R; = 0 and A; = a}
is a.s. finite with A; the signed swept area (started from 0) defined in Definition |3.2. 1|

The proof will be given in Subsection [4.2.2] For now we set k = 1. As ( = A, + 2, —
2o + sign(fy — 6)Ay, x,, v mod (4m), the coupling of Theorem for a = 2z{ — zp +
sign(fy — 6;)Ay, x,.n, also induces a successful coupling on SU(2). We thus obtain the
following coupling result:

Corollary 4.2.2. There ezists a co-adapted successful coupling in SU(2).

In fact, using the compactness of SU(2), the last coordinate z; of any Brownian motion
lies in R/] — 27, 27]. Then we can change some steps of the strategy of Theorem to
obtain a faster coupling. This will be commented at the end of this section in Subsection
4.2l

4.2.2 Coupling Brownian motions on the sphere together with
their swept area

In this subsection, we give the proof of Theorem[4.2.1] We first explain the global strategy.
As said before, our method is based on the idea from Kendall [37] for coupling two dimen-
sional real Brownian motions and their swept areas. The original idea is to switch between
reflection and synchronous coupling, using reflection coupling to make R; decrease, and
synchronous coupling to keep the swept area comparable to R? and decreasing as well.

Here, in comparison to Kendall’s original proposition, we will need to use the fixed-
distance coupling defined in Example instead of the synchronous coupling in order
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to keep R; constant. If not, we would have a strictly positive probability to be trapped
in a "synchronous coupling step" without returning in a "reflection coupling step". Note
that, for & — 0, i.e., for real two dimensional Brownian motion, fixed-distance coupling
and synchronous coupling describe in fact the same coupling.

We first make and explain some hypothesis on the initial parameters.

e We can first suppose that 0 < Ry < i(My). Indeed, by taking ¢ty > 0 any determin-
istic positive real, we can define the coupling (X, Y3)scp4, such that X, and Y; are
independent. Then we have 0 < Ry, < i(M}) a.s..

e Without loss of generality, we can suppose that a = 0 by considering the process
A; — a instead of A;.

e Using fixed-distance coupling if necessary, we can suppose that Ay = 0 without
changing the value of Ry (indeed, A; is a changed-time Brownian motion during the
fixed-distance coupling).

Let n > 0 such that i(My) — 2n > Ry > 0. We define another stopping time:
= inf{t > O|R; > i(My) — n}.

We are going to study first 7 A 7, instead of 7: this way we will have R, < i(M;) — n for
all t <7 A 7,. We define x and € such that x > € > 0.

We will construct the coupling as follows on [0, 7 A 7] :

1. We use the reflection coupling until the process RQ

starting at 0 takes the value k;

2. While the process ‘23‘, starting at k, satlsﬁes ‘ > Kk — € we use the fixed-distance
t
coupling;

3. While the process 1A starting at x — €, satisfies A"«  we use the reflection

R2" R?
coupling.

We iterate the steps . and . until Ry, = A, =0 or R, = i(My,) —

Proposition 4.2.3. Under the hypothesis i(My) — 2n > Ry > 0, the co-adapted coupling
described below satisfies T A 1, < 400 a.s. for k > 0. Moreover, we get P(1 > 1,) < 1.

Proof of Proposition[].2.3. Let us denote 7/ := 7 A 7,,. We define N© : [0,7/] — {0,1}
such that N () = 0 during fixed-distance coupling and N (¢) = 1 during reflection
coupling. We get, for all ¢t > 0:

dR, = 2N (t)dC, — vk tan (@Rt> N (t)dt

A, = 2 () g
= x
"VE T cos(NO(t)AR)

with C; and C; two independent Brownian motions in R. Note that, during reflection
coupling (i.e., when FN((t) = 1) we have @—5‘ < K, whereas during fixed-distance cou-
t

pling (i.e., N (t) = 0) we have ‘g—%' > Kk —¢€. As R varies only during reflection couplings,
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if R, — 0, we have R? > %]At], thus A; — 0. In fact, with this strategy we have
= inf{t | R, € {0,i(My) —n}}. For the following computation, we take ¢ < 7/. This
way we have 0 < R; < i(My) —

Let us define o(t) := fot z=ds and K,y = In(R;). Using Ito’s formula, we get:

_4ANY()
RZ

dK ) - dK dt = N9 (t)do(t)

t R}

t

N (©
DTift(dKU(t)) = —g tan <@> N(E)(t)dt _ (t) dt

\/ERt tan <@> 1
= —N©(@) 7 +3 | do(®).

With this change of time, excluding the times when N©(¢) = 0 (fixed-distance coupling)
during which K stays constant, o — K, acts like a Brownian motion with a negative
drift.

Let us also define Wy ;) = %. Using [t6’s formula, we get:
t

4 sin? (@> 16N (© A2 ~
AWo @y - AWy = ’ + 6 5 L] dt as (dCy,dC,) =0
k R} cos? <N( )(t) fRf) Ry

sm \th>

(\/_Rt cos? N(6 th)
VER,

+4AN© (¢ )W2 do(t);

Ay
Drift(dW,u) = ( ) N A, +3 x AN (¢ )34) dt

= NOHW, (\/_Rt an (\/_Rt> +3> do(t).

Finally, dK,q) - AW, = =245 x AN (t)dt = —2N©O ()W, do(t).

Let S := o(7"). For the following part, in order to simplify the notations, we will denote
o instead of o(t) and N© (o) instead of N©(¢). We want to show that 7/ < +o0 a.s..
As fos e?Kodo = fOT 4e2log(Rt)g—';; = 47, this is the same as showing that fos e?Kodo < +00
a.s..
First of all let us note that the number of changes of types of coupling (reflection coupling/
fixed-distance coupling) is countable as it is finite on all closed and bounded interval of
time [S7, So] such that Sy < 7/. Actually if there were an infinite number of changes of
types of coupling, we could define (considering the time scale induced by o) two sequences
(Jf;)n and (o )n such that o} < o] < anJrl for all n > 0 and such that N©(s) = 0 on
(05,07 and N (o) = 1. As Sy < 7', we would have R; # 0 and W, well defined on
[S1, Sa] such that |W,:| = s and |WU£\ =k —ec. As (0%), and (07), would converge to
the same limit and as |[W| is continuous, this would lead to a contradiction.
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Thus we have a countable number of changes of type of coupling. Using the previ-
ous notations, let us denote by [0, 0"[ the intervals during which N©(¢) = 0 and by
[0, 051 the intervals during which N9 (o) = 1. The same way we denote ¢, and ¢/, such
that o(t7) = 02 and o(t]) = o..

As seen before, (R;); is constant on intervals [¢t7,¢][ and acting as a two times Brow-
nian motion with negative drift out of these intervals. As the time needed to exit a
bounded open interval for a real Brownian motion with negative drift is a.s. finite, we

have ) (t5,, —tI) < 400 a.s.. Note that:
n>0

S
/ NO(o)e2Ke dg = Z/ R’do = Z/ Adt =4 (th,y — 1),
0 n>0 n>0 n20

Then, this quantity is a.s. finite and, in order to show that 7" < 400, it is enough to show
that:

s
/ (1 = N e*ods < +oo.
0

As (R;); and (K,), are constant during fixed-distance coupling, we have:

/ (1— N©YeKogy = Z/ e*odo = ZGQKS o, —0y).
0

n>0 n>0

Thus it is enough to show that > %% (o7 — 02) < +00 a.s..
n>0

o We first show the equality:

VERs

E[exp(—Zeﬂ(b(a —0))|(K03n) ]—exp ;K%xmx%/—e

n>0

(4.15)

there exists V,,, a real Brownian

As our coupling is the fixed-distance one on [¢2, 07],

motion, such that:

dW, = ! s VER, dV, = ! i VERy, dv,.
VER, 2 . 2

In particular |W,| only depends on Ry for o
only.

Then, knowing (Kgfn)m, o) — o, is the first hitting time of & — € by the process
|Ws|. As |Wss| = &, by continuity, W, keeps the same sign all along the interval
0%, 07]. Then we have:

n’-n

> 0 > o, and so depends on Ky

o, — o, =1inf{oc > 0 |W,ies = sign(Wos )(k —€)}
=inf{o > 0 |(Wotes — Wos) = sign(Wys )(k — € — )}

kRys kRys
=inf<o>0 &(WU+U% — Wo-s) = \/_ b

N s —TSigH<WU%)€
sin (Ttn> sin (Ttn>
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. VERys .
Moreover, on [0}, 0] and conditional on K-, T%(WJMZ — W) is a real

n'-n
s

Brownian motion starting from 0. Thus, conditional on K, o] — o, has the same

law than T, , the first hitting time of a,, = %e for a real Brownian motion

KRys
2

starting at 0. Using the Laplace transform we get:

Elexp(—uTh, )] = exp(—an/2p) Yo >0

sin

ViR,

T iR e/ 21
S1n <Tn>

and Elexp (—pu(oy, — 07)) |[Kop] = exp
Finally:
E [exp (=2 (07, — 02)) (Ko ] = xp | —— 0tk

Furthermore, conditional to (Kgs )m, (0], — 05), are independent. Thus:

n=0

N N VER;s
E [exp (— Z€2K i(oy, —o )) ‘(Kaﬁn)m] = exp —nzg m2€f€

Using the dominated convergence theorem we get the announced equality.

\/ERt%
We now deal with the quantity Z ——2 Ko occurring in the previous result.
. VER,s
n>0 SN ( 5 ”>
n—1
Let us first notice that [ "NE(g)do = 3 (05,01 — op,). During reflection times
m=0
(lo7,,05,41]), the quantities o, | — o}, are the first exit times from the open | — &, k]

of the diffusion W, starting at +(k—e) €]—k, k[. Note that, unlike the fixed-distance
coupling case, here the sign of W, can change.

During these times we have:

( | (ftan (22 2
dWO’(t) . dWO’(t) — Zl \/E—}Zt —|— 4W0’(t) da(t)
2

(4.16)

DTift(de(t)) = Wg(t) <\/E2Rt tan <@> + 3> dO’(t).

We now take m some positive integer. We define a new time-change: (,(0) :=

foa AWeior - dWyior . As Ry is upperﬁounded by i(My) —n on [0,7'], there exists
tan Lis:

M a positive constant such that % < M and \[Rf tan (‘[Ri> < M. Thus,

\

2 .
M 2) o and ‘Dr@ft(dWU)

< (mlo) < (T + 4k () < 4k(M + 3).

RS
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Then there exists a one dimensional Brownian motion B™, starting at 0 and inde-
pendent of (,,, such that for all o € [0,05,,, — o7,

m):
Cmm(a) - 4’%(3 + M)Cm(a-) < WJ+U:n - Wafn < BZ‘:L,L(J) + 4’%(3 + M)gm(a-)
We now obtain
Cm(Opyr —0y,) 2 f{C >0 [ B +4k(3+ M)¢ =k — Wor }
ANnf{¢ >0 | B" —4k(3+ M)( = —x — Wy }.

As W, can only take the two values kK —e and —(k—¢), we get G (05, .1 —07,) > Thpy
with:

T :=1nf{{ >0 | B +4k(3+ M)( = e} ANinf{( >0 | B — 4r(3 + M) = —¢}.

In particular, we have:
1

-0 — T,
MTQ + 4K2

v

Ufn+1 m (4.17)

For all m, (T,,)m is a sequence of independent and equally distributed variables with
non-negative and finite mean. Then, the strong law of large numbers yields:

n—1

M2 2 1 s
T+4/€ ;Z(Umﬂ ZT s +00 ElTol.

m=0

Thus, a.s. for n large enough, we get :

foa'ysz N(e)<0_>d0_ 1 n—1 E[Tg]
- = - R, > 0. 4.18
D R o) (418)
Moreover, we obtain foa’sl N (o)do a—j> +00.
n—-+0o0
th an \/ERt
Let us now recall that K, = Ko + [; N9 (s)dC,s — [ N (# + %) ds.

VEkR: tan( VkRy
4

Thus K, K0+f N®© ( 2 ) + %) ds is a Brownian motion for the change

of time [ N (s)ds.

Note that: i,
f nN(e) (thtaI;( ) n %) ds
foa’sl N©(s)ds '

By the strong law of large number for Brownian motions, we also have:

os VEkR; tan VERy
Ky — Ky +f0" N(© (mt—w + %) ds
a.s N 0

<

DO | —

4

JoF N @ (s)ds nrtoo’
Finally, a.s. for n large enough, we obtain:

K,s 1
< (4.19)
Jo N©(s)ds 4
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By combining the results (4.18) and (4.19)), we get a.s. for n large enough:

1 K,s 7n N (s)ds
— Ky = — n x‘fo () g—@<0
n fO n N(e)(s)ds n 4
: ._ E[To] : : kR, s
with ¢p = ——5 . It remains to notice that a.s., for all n, we have 0 < —; 5
T+4n2>
Thus:
\/ERth \/ERt?L
2 n 2 Kps o I ~D\n
(ﬂRt%)SQandZ ‘ (\/ERt%>€ §2 (e73)" < +o0.
sin ( —5= n>M Sin  —5= n>M
Finally we get:
\/ERt%
Y — 2 el < oo as. (4.20)

. VER,s
n>0 SIN 5

e Using (4.15) and (4.20), we have E[exp(— Y e®7i (07 — 02))|(Kys )m] > 0 a.s..

n>0
Thus, still conditional to (Kys ), the event exp(— Y e*=i (o7 — %)) > 0 has a non-
n>0
zero probability. Equivalently the event Y efvi (07 — 0%) < 400 has a non-zero
n>0

probability. As (eQKG% (o] — O'fl))n are independent, using the Kolmogorov zero-one
law, we get P(Y" e"vi (07 — 0%) < 4+00|(Kys )m) = 1 ass..
n>0

Finally, > e*oh (07, — 0%)) < +00 a.s. and so 7/ < +00 a.s..
m>0

To show that P(7 > 7,) < 1, we just need to remark that this event only depends on the
evolution of R;. As R; is acting as a time-changed Brownian motion with negative drift
omitting the times where it stays constant, we directly obtain our result. O

We can now give the proof of Theorem [4.2.1]

Proof of Theorem[{.2.1 To construct a successful coupling, we just need to start the
coupling described in Theorem |4.2.3

(i) If 7 A7, =T, we obtain R, = A, = 0.

ii) If 7 AT, = 7, we use a synchronous coupling until R; = R and then a fixed distance
n = Ty
coupling until A; = 0 and we re-start the coupling of Theorem

At step (ii), as Ry is deterministic and decreasing during synchronous coupling, each
"synchronous step" will take a constant finite time. It also takes an a.s. finite time
to obtain A; = 0 with fixed distance coupling. Thus we repeat the same experiment
independently. As the probability that 7 < 7, is non-zero during the coupling of Theorem
4.2.3, it will take a finite number of change of coupling to be in this event and then have an
a.s. finite time of success. Let us remind that, if Ry € {0,i(My)}, we need to use coupling
of independent Brownian motions on any finite deterministic interval of time before our
successful coupling to start with R; €]0,i(My)[. This does not change our result. O
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4.2.3 Improvement of the strategy for a successful coupling in
SU(2)

We have seen previously that Theorem [£.2.1] can be used directly to prove Theorem [£.2.2]
However, using the compactness of SU(2), we can make two improvements for the initial
strategy to obtain a co-adapted successful coupling in SU(2). We take k = 1.

e Considering A; mod (47) instead of a value in R, we can suppose that A; stays in
| — 2m,27]. The idea is to take k small enough such that fixed-distance coupling
is stopped when the process W,, starting at +x hits +(x — €) with this time a non
zero probability to reach one or another of these values. Then there will be less
time spent in fixed-distance coupling than in Theorem [£.2.3] To be more precise,
for n > 0, there exists (V,), a Brownian motion starting at 0 such that:

an (%)
5

sign(Wiy) (jif ~(x-9) }}

sin (%) An
=inf {0 | sign(Ws,s ) ———=V, € {—¢;

—2/<c—|—e}}

If 2 — 2k + € > 0, which is the case for K < 2 = + £, then the above stopping time
is less than T,, with a, defined as before. ThlS way, instead of (4 - we obtain:

Rts
[eXp ( Z€2K (o, — 0 )) ‘ (Kgfn)m] >exp | — ZeKU% X o\ 2v/2¢
n>0 sin < )

n>0 2

e In addition to decreasing the time spent in fixed-distance coupling, having bounded
values for A; prevents from using synchronous coupling when R; is too close of
i(M;) = . Let us explain this.

During reflection coupling, W, stays continuous and still satisfies . Supposing
that R, <7 —mnforall tin [t],, ¢, ,,], we still have (4.17 Moreover, supposing that
Ry > m —n for some t € [t ,t5 ], we get |[Wou| = |At‘ < (ﬂ 2. Choosing 7, &
and ¢ such that ( )
K—0 > ;. Note that, in order to keep the previous improvement, we take § < .
Thus reflection coupling will not end while R; stays up to m — 7. Moreover, there
will exist &, €]ty t5, [ such that [W, | = k —d and R, < m —n for all ¢ in

[t . t5,.1]. As before, we obtain:

— o < Kk —0 < 2w, we obtain ]Wg(t \ < k. This is the case for

s r s r
Om+1 — Om > Om+1 — O(tm) 2 MTQ + A2 m

with, Tm defined as T,,, but with J instead of e:

T, = inf{¢ >0 | BI" +4x(3+ M)( =6} ANinf{¢ > 0 | B{" —4x(3 + M) = —4}.
Thus, using (T,)m instead of (Ty,)m, we get again (4.18)). Following the rest of the
proof of Theorem 4.2.3] we directly obtain 7 < 400 a.s..
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Chapter 5

Non co-adapted couplings on SU(2) and
SL(2,R)

In this chapter, we continue the generalisation of the successful couplings from the Heisen-
berg group to SU(2) and, in a weaker sense, to SL(2,R). We take inspiration from the
non co-adapted coupling due to Banerjee, Gordina and Mariano [6]. Contrary to Chapter
[ here, the successful coupling we construct is non co-adapted and its coupling rate can
be estimated. We then give estimates of the coupling rate for SU(2) and, if the processes
start from the same fiber, for SL(2,R). These estimates leads to some gradient estimate.

The work presented here, together with Subsection [3.2.7, can be found in the publi-
cation:

[24] Magalie Bénéfice. Non co-adapted couplings of Brownian motions on subRieman-
nian manifolds. https://arxiv.org/abs/2312.14512 2023.

Note that, more recently, Luo and Neel [44] also studied non co-adapted successful
couplings of subelliptic Brownian motions on H, SU(2), SL(2,R) and also on the universal
cover of SL(2,R). By using a different strategy, they obtained estimates of the same order
for the coupling rate P(7 > t).

Please note that Section and more precisely Lemma |3.2.12| are necessary to
apprehend what follows.
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[>.1 The main coupling theorems|. . . . . . ... ... ... ..... 92
5.2 The Brownian motion start from the same fiberl . . . ... .. 93
[5.2.1  Construction of the coupling on [0, 7| . . . .. ... ... ... 93

(.22  Proofof TheoremBTTl. . . . . . . . . .. ... ... ... ... 95

[5.2.3  Behaviour of K(7') for T close to O . . . . . . . ... ... ... 99

[5.2.4 A study of the event {K(T) =0} . . . . ... ... ... .... 102

[5.3 Successful coupling in SU(2)| . . ... ... ... ......... 107
I5.3.1 Description of the reflection coupling in S* by using the spherical |

| coordinates] . . . .. ... 107
£.3.2  Proof of TheoremB.1.2l. . . . . .. ... ... ... ... ..., 109


https://arxiv.org/abs/2312.14512

[5.4 Applications to gradient estimates| . . .. .. ... .... ... 111

5.1 The main coupling theorems

The results stated here have been briefly presented in Subsections [2.3.4] and 2.3.5] The
main result is the existence and the construction of a non co-adapted coupling with an
exponentially decreasing coupling rate proportional to the distance between the starting
points of the processes. We remind that, using the decomposition given by the fibration,
every element of SU(2) (resp. SL(2,R)) can be written on the form g = (z, 2) with x an
element of the sphere S? (resp. of the hyperbolic plane H?) and z €] — 27, 27].

If the starting points of the Brownian motions are in a same fiber, we obtain a successful
coupling on SU(2) and on SL(2,R).

Theorem 5.1.1. Let g = (,2), ¢ = (2, 2') € SU(2) (resp. SL(2,R)). We suppose that
x =1,

There ezists a non co-adapted successful coupling of Brownian motions (B, B}); on SU(2)
(resp. SL(2,R)) starting at (g,g"). Moreover, denoting T := inf{t | B, = B}, for all
0 < q <1, there exist Cy and ¢ some non negative constants that do not depend on the
starting points of the process, such that, for all t > 1:

P(r>1) < (Coedeclg. g')*") A1 (5.1)

This Theorem will be proven in Section [5.2]

In the case of SU(2), we can first use a reflection coupling to bring back the processes
in the same fiber and then the construction from Theorem [5.1.1. We get a successful
coupling whatever the starting points of the processes:

Theorem 5.1.2. Let g, ¢ € SU(2). There exists a non co-adapted successful cou-
pling of Brownian motions (B¢, B}) on SU(2) starting at (g,q'). Moreover, denoting

7 :=1inf{t | B; = B}}, there exist C, ¢ some non negative constants that do not depend on
the starting points of the process, such that, for all t > 2:

P(r>1t) < (Ce dee(g,9)) N 1. (5.2)

This Theorem will be proven in Subsection [5.3.2 Please note that, with Theorem
[5.1.7] and Theorem [5.1.2] we improve and give a proof of the results announced during
the GSI’23 Conference ([I8|, Theorem 3).

All along this chapter we use the following notations (previously defined in Subsection

B-2). For k € {—1,1}, we have:
o £, =SL(2,R), Ey = SU(2):
[ ] M_1 - H27 M1 - 52.
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Let consider (B; = (Xy, 2;)): and (B} = (X}, z;); two Brownian motions on Ej. We recall
that, according to Proposition [3.2.5] the cylindrical coordinates (¢y, 0y, z;); and (¢}, 0}, z})¢
of these processes satisfies the systems:

dp; = dB} + YE cot (Vker)dt dg; = dB} + Yk cot (Vi) dt
_ f 2 y f 2
det - Sln(\\[f(p dB and det - Sln(\/\;ipt dB
an Pt an Pt
dz = %dt}f dz = %dﬂ?

As in Corollary [3.2.10, we denote by (p;, Oy, (;) the cylindrical coordinates of B, 'B!.

5.2 The Brownian motion start from the same fiber

As announced we first deal with the coupling in the case where x = 2/, that is, with
the proof of the Theorem [5.1.1] Let first consider some deterministic constants 7' > 0,
wo €)0,i(My)[ and 0y €]0, 27| with i(My) the injectivity radius of M. We begin with the
construction of a coupling strategy on [0, T:

Proposition 5.2.1. Let k € {£1}. We fix (N,e) € TMy. We consider (X;); and (X}):

(Nve)/ Q(Nve),

two Brownian motions on My and <¢§N’e), 9§N’€)) , (gpt ) their spherical/polar
t

coordinates relative to (N, e). We suppose that @i = wéN’e) = oo and 6}

0y. We also consider the swept areas (I;(N,e)); and (I}(N,e)):, as deﬁned in Subsection
starting from zo and z{ respectively such that zy — 2}, €] — 4m, 4.
There exists a coupling of (X¢): and (X}): such that Xp = X/, a.s. and such that, for T
small enough, we have:

min (P(Ir(N,e) — I7(N,e) =0 mod (47))) > 0.

20 Zo

(N,e) _eNe

5.2.1 Construction of the coupling on [0, 7]

Proof of Proposition[5.2.1. To simplify the notations and as the change of coordinates
induced by (N, e) doesn’t intervene in this section, during this proof we will simply de-

note ((piNe),QEN’e),]t(N, e)) by (¢4, 0, I;) and (goiN’e)/,QﬁN’e)/,Ig(N, e)) by (¢}, 0;,1]). By

exchanging the roles of X; and X/ if needed, we can suppose that zy — z; > 0.

We ﬁrst chose B1 B} and thus ¢; = ¢} for all t € [0,7]. We define the change of
time o(t fo — \f@ ————ds. There exist two Brownian motions (3,), and (3. ), adapted

to the ﬁltramon (f _1(0))0 such that:

0 = 0o + Bo
0; = 00 + By

As in the coupling described in [6], we are going to couple (3, ), and (3), using Brownian
bridges. Knowing all the path of (¢¢):c0,7] We define, for o € [0,0(T)]:

{IHU = BS—T _I_ J('T)So
/b o
60’ - Bo’ + O'(T)go
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with (B”"), and (B”"), two Brownian bridges on [0, o(T)] and &, a Gaussian variable with
mean 0 and variance o(7"), independent of the Brownian bridges. This way we will be able

/ sin(Vk ¢ / sin(vk t
to define (B?); (resp. (B?);) such that dB? = (\/E“O )dﬁg(t) (resp. dB? = %d,@;(t)).
Using the Karhunen Loéve decomposition of the Brownian bridges, for o € [0,0(T)], we

can write: o \/—Zfﬂ 2 ( % ) (5.3)

j>1

<resp. B - \/—Zg V2 (%)) (5.4)

j>1

with (§;); (resp. (&});) a sequence of independent standard Gaussian variables, indepen-
dent of (Btl)t. Note that, because of this independence with (B});, knowing (B;)se[o,T},

B? = f(f = \/E%)d,ﬁa(s) defines an almost surely continuous process with independents

increments and such that B? AN (0,%), that is, a Brownian motion. As that distribution
doesn’t depend of the conditioning, (B}); and (B?); are two independent Brownian mo-
tions and our coupling is well defined.

We now explain how we chose (§;); and (£});. If we take &; = &} for all j > 2, we get:

8,8, = (& -2 in (%)

Note that, with this choice of ({j,&);>2, X; and X are equal only for ¢t € {0,T}. When
we look at the impact of the choice of (£1,&]) on the swept areas, we have:

=z — 2+ / <1—COS<\/_905)>( — &) ( ( ) U(Ut)S

1

k
s ()

51 51

with Kt ‘2\/7 /omosf%) (a<(>))d5'

In order to obtain a successful coupling at time 7', we need to have It — I}, =0 mod (47),

that is, K(T)>5>* 51_53 = —(20 — 2{) mod (47). Let’s take (W;); a Brownian motion in-

dependent of (B )i, o and (&);52. We define ¢ := inf{t|W; ¢| — ZI%ZTZ?, 7(Z°I;(Z:é§+4ﬂ[}
-W, if t <

and W, = ¢ BE=C Note that, by the strong Markov property, (W});
Wy —2W,  else

is a real Brownian motion starting at 0 and independent of K (7). We then chose

& =Wy, AN(0,1) and & = W! £ N(0,1).

In fact, with this construction we have: % = Wipc. Thus, we get two cases:
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o If ¢ <1, then K(T)55% = K(T)W, = —(z — 2)(47).
o If ¢ > 1, then K(T)% = K(T)Wy # —(z0 — 2) mod (4m).

We have P(Ir — I = 0 mod (47)) = P(¢ < 1). For this probability to be positive,
we need to ensure that K(7T') = 0 does not occur a.s.. This can be obtained from the
following Lemma:

Lemma 5.2.2. Set k € {+1}. Let define A(T \/7f0 sin (2¢) dB}. Then:

T

K(T) = —gA( T) + (Ti In (%)) (5.5)

with o the Landau’s notation for an a.s. convergence with T close to 0. In particular,

as A(T) has a standard Gaussian distribution, we have mE(T) —E——> N(0,1) and, thus,

P(K(T) = 0) — 0. .

The proof of Lemma [5.2.2) m 2| will be given in Subsection [5.2.3] From Lemma we

get that —22 R ZO and — ZOK(Z%MW are finite with a non zero probability for 7" small enough.

Moreover, by construction, K (7') is independent of (W;);. Thus we have:

0<P(c<1).

Note that, with this strategy, as (X;); and (X}); only meet at time 0 or 7', the
coupling is successful after time 7T if and only if ¢ > 1. Note also that, by defining

¢ = inf {t| Wy = R T)|}, we have ¢ > ¢ and thus P(¢ < 1) is bounded below by
P(g < 1) that does not depend of the starting points (z, z().

This ends the proof of Proposition [5.2.1} O]

Remark 5.2.3. In fact, K(T') can also be defined for k = 0 which would be the case where
Ey is the Heisenberg group H and My = R®. Then Lemma 18 also true for k = 0.
Obuviously, this is not the case for Proposition as the "area coordinates” takes values
wm all R on the Heisenberg group.

5.2.2 Proof of Theorem [5.1.1]

We now have all the tools to construct the successful coupling if the starting points are
in the same fiber. We first begin with the construction of an exponentially decreasing
successful coupling without dependence with the starting points of the Brownian motion.
We now only take k € {—1,1}. We recall that Ej, denotes SU(2) and SL(2,R) depending
of the value of k.

Proposition 5.2.4. Let g = (z,2), ¢ = (2, 2') € Ex. We suppose that v = 2.

There exists a non co-adapted successful coupling of Brownian motions (B, B}), on Ejy
starting at (g,9') and T, C, ¢ some non negative constants that do not depend on the
starting points of the processes, such that, for allt > T':

P(r >1t) < Ce™®, (5.6)
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Proof of the Proposition [5.2.4 To define the coupling on [0, +o00[, we divide the time in
intervals [t,,t,1[ with length T,, small enough, as in Lemma , and we repeat the
coupling from Proposition As we proved that the probability of success at time
T, is non zero, reproducing this strategy identically and independently on each interval
[tn, tni1[ should be efficient.

With this in mind, we consider (7},),, constant with 7,, = T". We define K™(T'), (W;"),; and
¢" the objects used in the construction of the coupling from Proposition [5.2.1] for each

interval [t,, t,1[. It is true that the experiments will not be identical non independent as
( (No,eo) 0 (No,eo)

rnir 00, I, (No, eo)> is, in general, not constant and dependent of

(90,90’60),GEiVO’GO),Itn(NO, eo)). To avoid this problem, the idea is to change the spheri-

cal/polar coordinate system on each interval of time |¢,,¢,.1[ by considering a sequence
(Np, €n),, in T'Mj, such that the new sequence of coordinates

(goﬁff“’e"), 9,57]1\[”’6”)> stays constant equal to (g, 6)-

n

To obtain a successful coupling on SU(2) (resp. SL(2,R)), we need to obtain ¢;,, =0
mod (47) for some n. It is true that, for any (N,e) # (No,e0), we have in general
G # I (N,e)—I}(N,e). However, using Remark [3.2.13] we have ¢; = I/(N,, €,,) —I;(N,, €;,)
mod (47) at last at times ¢ = t,, for all n (because X;, = X; for alln). Thus, the coupling
is successful if and only if there exists n such that I’ (Nn,en)—1;,(Np,e,) =0 mod (47).

We consider the variables ¢" := inf {t] Wyl < T (7] — {7y ¢ @ introduced in the last part of

Proposition |5.2.1} By choice of (Tn)n and (N, €,)n, we have (K™(T')),, independently and
identically distributed and thus ("), is too. In particular ¢" > ¢" for all n. This way we
get:

P(r>t,)=P(c">1V0<i<n-—1)
<PE>1V0<i<n—-1)=P>1)" (5.7)

This last quantity tends to zero when n — +o00, thus 7 is a.s. finite, the coupling is
successful and the coupling rate is clearly exponentially decreasing. More precisely, we
obtain for t € [t,, tyi1]:

P(r>t) <P(r>t,) <exp (_”ln (ﬁ))

In (—1 >
1 &0 -
S

with €' = gty and ¢ = +1n (s ).

Note that, if we change the system of coordinates (Ny,ep) on Mj, at the first step, we
can chose (g;,EN"’e”’ Ht(iv”’e”))n constant equal to a value chosen independent of the initial
position (g, 6p) of the Brownian motions. Thus the random variables K™(7T) and <" do
not depend of these starting points and P(¢® > 1) neither. The coupling rate obtained in

this case does not depend of the starting points. O

We now want to study how the coupling built above depends on the starting points
of the Brownian motions.
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Proposition 5.2.5. Set k € {£1}. Let g = (z,2), ¢ = (2/,2') € Ex. We suppose that
x = z/. There exists a non co-adapted coupling of Brownian motions (B, B}); on Ej
starting at (g,g') and some non negative constant C that does not depend on g and ¢’

such that for |(o|small enough (with ((;) defined as in Corollary :

P(r > 1) < C|¢o|In (ﬁ) . (5.8)

In particular, for all 0 < q <1, there exists a coupling and some non negative constant
Cy (still not depending on the starting points g and g') such that for all (o > 0:

P(r>1) < (éq X |gO|Q) Al (5.9)

Proof of Proposition [5.2.5, Without loosing generality, we can still suppose that zy — z(, €
| = 4m,4r]. Then, from Corollary [3.2.10} as X, = X{;, we have exactly (y = zo — z{, thus,

(5.8) can be written:
1
P(r>1)<Clzg— 2p|In | ————— | .
(r 1)< Ol tin ()

Let n be an integer that we will specify later, we consider T' = % We construct on

[0, 1] the coupling described in Proposition using the decomposition in the intervals
[tj,tj41] with t; := jT and t;41 := (j+1)T. We simply denote by I; — I; the concatenation
of all the (I;(Nj11) — I;(Nj+1)) Observing that, for ¢t € [0, 1], we have:

te[tj,th['
n—1 '
L—I[ =2 -2+ Y K(@tATW], (5.10)
j=0
we define:
n—1 4
M, =29 — 2 + z;KJ(T)WfA(T)l{tth}. (5.11)
]:

On the event 7 > 1, we have ¢/ > 1 for all j < n —1, and M; = [; — I] at times ¢;.
Moreover, by construction of ¢;, M; # 0 mod (47) for all t € [0,1]. As a consequence,
7> 1if and only if M; # 0 mod (4r) for all ¢t < 1.

As (M) is a martingale, for all ¢ € [0, 1], using the change of time defined by S(t) :=

n—1
S Ki(T)? (%) 1(i>,y, We can write M; = 2 — 25+ Cg(y with (C;), a Brownian motion
j=0
starting at 0. As in Lemma [A.0.1} we denote D_(,, .1y := inf{s > 0|Cy = —(20 — 2)}

and we get:

P(r > 1) =P(z0 — z) + Csq) €]0,4n[ for all t < 1)

n—1
< P(D—(zo—z(’)) > S(nT)) =P (D—(zo—z(’]) > ZK](T)2> : (5'12)

Jj=0

We separate the cases where |K7(T')| is large enough and the cases where it is not. We

choose 0 < py < 1 such that py > P(|G| < 3) with G L N(0,1). From Lemma/5.2.2 using

the convergence in law, there exists T > 0 such that for all T < Ty, P (% < %) < Pg.
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It T < Ty, we get:

p(7.>1):P({T>l}ﬂ{ﬂje{(),...,n—l} | M>l})

oT 2
, x|l KT 1
=1y, A oo
P ({7’ >1}N {‘v’j € {0,....,n—1}, T <3
n—1 . n
T2 7| KI(T)| 1
<P|D_., _. KTy >=— | +P <=
= ( (ZOZ)>; ()>7T2>+ ( 2T =9
_ !
< \/QWM +on (5.13)

where we use Lemma to get the left hand side term in (5.13). Finally, we have
P(r > 1) < V2r|zg — z|n + pj-

In(lz0 7)) In(lz0—24)) .
If we chose n such that W <n< W + 1, we get:

o i < |20 — 20l;

o l20 = zpln < [20 — 2l (ML + 1).

1

Moreover if |20 — 2| < py?, we have - < ln(ﬁ% and thus, T' < Tj. Then we can use

and we obtain Inequality (5.8] and Inequality (5.9).
1
For |z — 2| > pg°, inequality (5.9) can be obtained directly from 1} O

Remark 5.2.6. In , for |Co| < po (with py and Ty defined as in the proof), we can
replace P(1 > 1) by P(T > t) for allt > 0. The coupling strategy is slightly different since
it depends on the given time t > 0. In particular, the obtained constant C' will be of order

l fort close to 0.
_— is integrable, then,
\/ Z:3 I(T)

Remark 5.2.7. Note here that, if
P(t > nT) < Clzy — 2

(with C' independent of the starting points) which would be better than the obtained inequal-
ity. Here, contrary to the coupling in [6] we have not been able to prove this integrability.

As discussed before in Remark [2.3.4], if we had this integrability, then this coupling
would be successful even for some areas living in R. In particular, this could lead to a
successful coupling on the universal covering of SL(2,R). This could also lead to a new
strateqy of successful couplings on the Heisenberg group defining the coupling with polar
coordinates instead of Cartesian coordinates as it is made in [6]f .

Remark 5.2.8. The process (M), introduced in the above proof is the one used in [6]

to deal with the case of the Heisenberg group. We can also use it to obtain a proof for
Proposition [5.2.4. Denoting H = inf{t > 0|Cy ¢] — (20 — 2{), 47 — (20 — 24)[}, we get:

P(T > t,) = P(20 — 25+ Cs(s) € (0,4m) for all s < t,)

— P(H > S(t,)) =P (H > niKk(T)2> .

k=0
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Taking some 6 > 0 such that \/g x 4m #£ 5 mod (), and using Lemma|A.0.2;

cos ( S (47 — 2z — z6))>
P(H > u) _ E[eéHeféHl{HNl}] < eféuE[eéH] < e—6u 2

- cos (/4 x 4n)

Then, P(t > t) < E[e 25—~ As (K*(T)) is a sequence of independent and

cos < g ><47r)

wdentically distributed variables, we get:

= n n(Elexp( — 0 2
E [e-0500] = [T E [ens @] =g [t < (e o))
k=0

c(8,T)
T T

As P (KO(T)2 = 0> < 1, we have E [exp (—5K0(T)2>} <1 and E [e795(W)] < e7n

with ¢(6,T) = —1In (E [exp (—5KO(T)2>D > 0. This gives the expected rate of conver-
gence.

We can now give the final construction of the successful coupling from Theorem [5.1.1}

Proof of Theorem[5.1.1. We first use the coupling from Proposition on [0,1] and,
then we construct the rest of the coupling using Proposition on [1,7]. We have, for
t>1:

P(r >t)=P(r > 1)P(r > t|7 > 1)
<y x |Gl exp(—(t — 1)é).

As Xy = X{j, we have ¢11/]Co| < dee(Bo, By) < c24/]Co|. This gives the expected inequality.
]

5.2.3 Behaviour of K(7T') for T close to 0
In this subsection we prove the asymptotic behaviour of K (7') stated in Lemma |5.2.2

Proof. The proof is using series expansion for 7" close to 0. In all that follows Landau’s
notations o and O are used for an a.s. convergence with T' close to 0. We give the proof
for k # 0 but note that the same method can be used for k = 0. Let t € [0,7]. We first
claim that:

¢ k
o(t): :/ mds

-ty ot [ (re (1)) o

Indeed for s € [0, ], using the Itd formula, we have:

sin(Vkeps) = sin(Vkgo) + /Os Vk cos(Vke,)dB:

+ g /OS (— sin(\/ESDu) + —CS?;(\\//_EZI;)) du.
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We remind that, using the law of the iterated logarithm, we have, for s small enough:
Bs=o0 ( sln (%)) More generally, if we consider the martingale M, := fos v(w, u)dBL,

for s — 0, we have:
M, =0 <\/<Ms, M) In <W)> | (5.15)

Indeed, we just have to use Dambis-Dubins-Schwartz Theorem to write (M) as a time-
changed Brownian motion. Then the law of iterated logarithm gives the expected result.

Thus, for s — 0, using 1) for v(u) = vk cos(vVkg,) and remarking that fos v(u)?du =
O(s) (we use the continuity of ¢ and the compactness of [0,77]), we get:

/OS Vk cos(Vkp,)dBL = o < sIn (é)) .
Thus:

sin?(VEp,) = sin?(VEgo) + 2sin(vVEgp) /O Vk cos(Vkp,)dBE + o (s In (%))

The same way, using the It6 formula and relation , we have:

cos(Vkey) = cos(VEpg) — /u VEksin(Vkg,)dB: — k /u cos(Vkepy)dv (5.16)

0 0
= cos(Vkpo) + €(u).
with e(u) = 0( uln (%)) In particular, [ e(u)?du = o(s*In(1)). Thus, applying
to [, e(u)dB;, we get:
/OS Vkcos(VEp,)dB: = Vk cos(VEkp) Bl + o (sln (é)) .

Finally we obtain:

(i) = (i) + 2 sin ) oVt + 0 (s (1))

S

= sin?(Vkgy) (1 + 2Vk cot(Vkpo) Bl + 0 (T In (%))) as s <T.

and:
1

1 1
= 1 —2Vkcot(Vk B;%—O(Tln(—))).
sin?(Vke,)  sin®(Vkgp) ( (Vo) T
We just have to integrate this expression to obtain (5.14)). We can then deduce an estimate
for cos (m(t)>. Indeed, we have:

o(T)

L _ sz(\f%) (1 + 2\/Ecot(\/E900)% /OT Blds + o (T In (1))) . (517)

o(T) k T

Thus, as %fot Blds =0 ( Tln (%)) for all 0 < t < T, we obtain:

iy =7 (12 (3 [t [ ton) o (i (7))
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Finally:

cos (Z‘Zg))) — cos (%t) + sin (%) %’5 x 2Vk cot (Vo) G /Ot Blds — %/OT B;ds>
co(r(2)).

Using the same methods as in the first part of the proof, we have:

VEsin(VEe,) = VEsin(Vkeo) + e(u) with e(u) = o ( uln (l)>

u

and so: cos(Vky,) = cos(Vkpg) — /Ot Vksin(Vke,)dB: — k:/ou cos(Vkp,)du

— cos(v/ko) — Vi sin(vEgo) B + 0 <Tln (%)) |

Then we get:
1 1 —cos(Vkey)
1+ cos(VEgr) sin® (i)
_ (1 — cos(Vkpo) + VEsin(Vkey) B} + o (T In (%)))
x sin2(\1/E<p0) <1 — 2V cot(VEgo) B} + o (T In <%>)>

1 — cos(Vkpo) +VE (sin(\/Egpo) — 2cot(VEeo) (1 — cos(\/Egoo))> B!
sin®(v/kgo)

ro(rm ()

We can now finalize the computation of K(T) = ,/ U(QT) fOT 1+COS(2 o 08 (Z?g) dt. Using
the previous results, we get:

1+ cos2(\/Egat) o (:Z;?) B sin2(\2/E<po) (Ralt) + Ralt) + Fa(®)) + 0 (T 8 <%>) '

With

Ry ()

(1 — cos(\/Eapo)> cos (%t)

Vi (1 . cos(\/Egoo)) X 2sin (%t) %tcot(\/aoo) G /Ot Blds — %/OT B;ds) .

101

R2 (t) .

Rs(t)



In particular fo Ry (t)dt vanishes. We also have:
T 1 t 1 T
/ sin (W—t) il (—/ Blds — —/ leds) dt
0 T) T \t) T J
T
:/o %sin(?)/ Bdsdt——/ Bds([ tcos(%)}
t T T
= |:—COS(7T—t)/ B;ds} +/ cos ( )Bdt /
) Jo 0 0
oS ( ) B}dt.

Thus fo (Ry(t) + (t))dt Vi sin(VEgpo) fo B} cos (Z) dt.
As fo B cos () dt = -1 fo sin (2¢) dB}, we obtain:

T 2cos Z2W T
o 2V kT t 1
o 14 cos(vVkepy) sin(vkwo)m Jo T T

Using ([5.17)) we also have 0(1T) = Sini/\%po) (1 - 0( T1n (%))) and:

2T [T it 3 1
K(T) = in | — ) dB! Teln|=]]).
1= = [ (F ) ast o (110 (7))

As fOT sin® (%) dt = I, the distribution of A(T) := \/gfoT sin (2t) dB} is a standard
Gaussian and K(T) = =2 A(T) + o <T% In (%)) O

(7))

5.2.4 A study of the event {K(T) =0}

As said in Remark [5.2.7], we are not really satisfied about the knowledge we have of the ran-
dom variable K(T'). According to Lemma we have information for 7" small enough
only. During the preparation of this work we however developed another strategy based
on the use of a simplified version of Malliavin calculus as can been found in [46]. Taking
account of Remark [5.2.3] we show the following result for k£ € {—1,0,1}:

Lemma 5.2.9. Supposing that g > 0 for k < 0 and pg = ﬁﬁ for k > 0, we have
K(T)#0 a.s..

In particular, this allows us to prove Proposition [5.2.1] and Proposition [5.2.4] without
any restriction on 7'. However, we did not succeed to obtain information about —— L
Z Ki(T)?

with this strategy.

Proof of Lemma . We consider a real deterministic variable a and a functional
h:Q x[0,T] — R that we suppose admissible in the sense that (h(t))o<:<r is adapted
to the ﬁltration induced by (B})o<i<r and that the process M defined by M =

e Jy PEABs— 5 h(s)2ds g o martingale on [0, 7] at least for a near 0. To simplify the nota-

tions, as T is fixed, we will denote K (7)) by K. We then define:
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Bt = B} + [ ah(s)ds;

dph = dBe* + YE cot(VEpih)dt
" = o

¢ such that: {

a . t .
® 0 h(t) = fO mds,

ah ._ o [_ 2 T 1 A O)
K =2 ook (T) fo 1+cos(VEpah) cos ( U“h(TS) ) ds.

Using Girsanov theorem, as M " is a martingale on [0, T], we can define a new probability
measure defht i= M{"dPz, for 0 < ¢ < T, such that (B, ¢, 0", K*") has the same law
under P than (B*, ¢, 0, K) under P. Let us first suppose that we have the two following
strong hypothesis:

e Hypothesis J7: h is bounded;

e Hypothesis J%4: sup d%K“h € L?(dP) for all m > 0.

|a|<m

For every f : R+ R, bounded and C! , we have:

B [F(K)] = B Mg ()] (5.18)
d

_E [(— /0 " h(s)dBs —a /O ' h(s)2ds) Mg" f(K “h)] +E {Maa“hf (b

()
(5.19)

) with /OTh(s)st AN (0, /OT h(s)2d5> .

) € L?(dP). With the same

Indeed, for any m > 0, we have

/ " h(s)aB,

In particular, as h is bounded, we have exp (m ‘ fOT h(s)dBs

/ " n(s)aB, / " n(s)as.

Thus, under the hypothesis 77 and .74, we can differentiate under the expectation sign
which leads to ((5.18)).

As Epan[f(K)] is constant, we obtain:

sup [Mf"| < exp <m

la|<m

arguments,

d
sup 507 <

Ja <m

+ mHhHOO) exp (m

) e L(dP).

el () e = | " h(s)dBs / ) hlsds ) M)

In particular for a = 0:

el e =€ [ hsas.s0)]. (5.20)

da ‘a:O
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2¢ if 2¢ < x

For € > 0, we define f. smooth such that f.(z) :==< =z if —e <z <e and such that
—2¢ ifx < —2¢

|f/(x)] <1 for all x € R. Applying to f we have:

e |ty ()] <e| [ ) H(s)ds| e (107

D=

d

FE |00 g ()

|

We then get:

1
d T 2 d
E|1 a— K || < 2€E h2(s)d E |1l a— K| .
{ {\K\S}dalazo( )H < 2¢ M (s) 8] + { 2 >|K|>}da|a:o( )}

By passing to the limit for ¢ — 0, we obtain:

d a
E ll{KO}%m:o(K h)} =0. (5.21)

Our strategy is now to compute d% O(K“h) and choose a good h such that relation (j5.21

Ja=

can be true only for K # 0 a.s.
As the differential stochastic equation defining ¢ is smooth in a, a — ¢ is smooth in
a too. Denoting X2 := d%(p?h, we have:

ah __ __ k  xyah
dX™ = h(t)dt 2sin2(\/Eg0t“)Xt dt
Xoh =0
Thus using the method of variation of the constant, we obtain an explicit expression for
Xah
t . t
xit = [ e R = [ e o0 g
0 0

Note that, providing sin(v/kp) # 0, we have sin(vkg,) # 0 for all s € [0,T] a.s. By
absolute continuity of P with respect to P*, we also get sin(vk@®) # 0 for all s € [0, T]
a.s. Using this together with the continuity of ¢, we obtain:

d C2kv/k k) X
@ ah(y) — / Vkeos(VRAN X,
da 0 Sing(\/ao(slh)
t ah s
:/ —2kv/k cos(V k! )/ h(U)e_%("ah(s)—”ah(“))duds
0 sin® (Vkpah) 0

t t Y Y -9 ah
:/ h(u)/ 6_%(0— h(S)_U h(u)) k\/ECOS(\/E(ps )deU (522)
0 u sin (\/%@gh)

We then have:

d ah 1 d ah 1 ah 2 4 WUah(‘S) Sin (\/Egagh) \/%Xgh
—K = ———0 (T)TK + 2 h— COS h st
da 2da” " g (T) I o NI (1 cos (VEger))

wo®h (s)

/ T 0t (5)g™(T) — 0"(s) da(7) 50 (3 ds
0 CEIOE 1+ cos (VEgt)
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By combining this with ({5.22]), switching the orders of integration to isolate h, and using
the definition of o(s) := [; de, we obtain
111 P

d ah ! g ah —L (09" (s)—o (u))
— K" = h(u) G(e™)(s)e™ 2 dsdu
da 0 u
with:
b kVE cos(VEp™) K 2v/2k cos <T;Z}Z§f))> _ L
G(p™)(s) = S + 5 sin(Vhe")

o (Vhat) T T (1 con(vEe)

. 7o (v)
N 2 2kVkcos(VEe™) 2m /T k /ﬂ Sm(aahm) ind
oD st (Vhet)  o(TP Jo s (Vhggh) Jo 1+ cos(Vheth)

In particular, if K =0, a =0 and s = 0:

2V 2k 1
G 0) =
()(0) /o(T) (1—|—COS(\/E§00))

| 2 2kvVEcos(Vkygy) 2m [T k P sin(’f(%)) y
N o(T)  sin®(VEyo) U(T)Q/O Sing(\/EQOp)/O 1+COS(\/E%)CZ "

e For k> 0, choosing ¢ = 577, we get: G(p)(0) = 2/_\/?) > 0.

3 Sin(\/Eé,Oo)

e For k = 0, choosing ¢ > 0, we have ¢, > 0 for all s € [0, 7] and thus G(¢)(0) > 0
a.s..

For £k > 0, taking K = 0, a = 0 and s = T, and supposing that pq > 0, we get
G(p)(T) < 0 a.s. because @5 > 0 a.s. for all s € [0,T].

For the heuristic of the proof, let us suppose that G(p*")(s) € L*(dP) for all s € [0, T].
Under this hypothesis, using the fact that h is adapted to the filtration (F,)uco,r), We

can write:
7|

7|

d g g —L(o(s)—o(u
E[l{‘K‘:O}%m:O(Kah)] =E |:E |:1{K:0}/0 h(u)/ G(g@)(s)e 2( (8)=o( ))dsdu

T T
- [ E[rwet e 1o [ Gt Oas
0 u

Then we could define h(u) := E [1{‘[(‘:0} ff G(gp)(s)e’%g(s)ds’fu] and choose

R iy p0y
|h(u)] + [h(u)]?

—30(u)

h(u) =

As it is bounded and adapted, such a h would be admissible and would satisfy Hypothesis
1. Supposing that .74 is also true, by using ([5.21) we would obtain:

T 1,; h(u)?
/ E[ G20y () ]du—O (5.23)
0

[A(u)] + [h(u)?
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In particular we would have a.s. h(u) = 0 for all u € [0,7] (by continuity) and then, for

all uw € [0,T7]:
T
E [1{K0}/ G(go)(s)eﬂ(s)ds} —0.

Thus, by differentiating in u, we would get E |:1|K|:0G(g0)<u)€ 20 (u )] = 0 for all u (in
particular for u = 0 and for u = T"). As we have noticed that G(y) is not identically zero,
this would lead to K # 0 a.s.

It seems difficult to directly obtain G(¢*")(s) € L*(dP) for all s € [0,T] as well as .
In fact, problems could only occur if " is too close to zero or i(Mj).

Let first suppose that k£ > 0. In this case, i(M}) = Zz- For n > 0 small enough, we
choose x, : }O, T [ — R smooth such that:

<k

o \,(x)=xifze [\/ip\/%_ [;
o 0<\\(z)<1Vze [o %[-

* xalo) € [ 3 — gl ] ve e o x|

k
O'(Cl, t fO st

Jr (Femrtry)
_ o(a,n
=2/ o Treostistamy
Let denote by (2, F, P) the probability space used here. By nature of ¢, for all w € 2 there

exists 7o(w) > 0 such that Xy, w)(pi(w)) = @¢(w) for all t € [0,T]. Thus, K(0,n(w))(w) =
K(w).

Let now consider n > 0 deterministic. We are going to work with K(0,7) instead of
K. Noticing that %wzoﬁp(a, m(t) = x;(pt) X |,—o, defining G as before, we can show that:

TG = [ b [ (elan)(s) Glela,m) e oo sy,

This time we have G(¢(a,n))(s) bounded for all s € [0, 7. In particular, G(¢(a,n))(s) €
L?(dP) for all s € [0,T] and the hypothesis .74 is satisfied too. We define:

T
h'(u) :=E [1{IK(0777)|0} / G(0(0,n))(s)e 27 ds| F, “}

R (W) gn ) 20y

[ ()| + [ (u) 2
Using (5.21)), as (x/,(¢u))w is bounded, adapted to the filtration, we have:

g E )
/0 - [|i~z”(u)| i |)ﬁ77(u)|2 1{fw<u>¢0}><n(<pu)] du =0 (5.24)
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e~ 27 with h bounded and admissible.

and then we can choose h(u) =




We get h(u) = 0 for all u € [0, 7] a.s. and E [1{|K(0m)|=0} fuT G(p(0,7))(s)e 27 ds| = 0
for all w € [0, T]. Thus, by differentiating in u, we get:

E [1{|K(07n)|:0}G(90(0, n))(u)e_%“(“)} = 0 for all v and in particular for v =0 and u =T

(5.25)
Using the same arguments as before, Relation (5.25) is true only if K(0,17) # 0 a.s.

Finally:
P(K=0)=P (gl{K (0%) :0}) g%P(K (0,%) :0) = 0.

For k <0, i(My) = 400 and for n < 1, we choose ¥, :]0, 7[— R smooth such that:

o xy(v)=wifz e n, %]7

o 0 < x;(x) <1V €]0,+oo;
o \,(x) € [g%] Vr €]0, 7[.

The rest of the proof runs the same way as for £ > 0.

5.3 Successful coupling in SU(2)

We now want to prove Theorem [5.1.2} that is the successful coupling result for SU(2).
We then take k = 1, that is, £y = SU(2), M; = S? and i(M;) = 7.

5.3.1 Description of the reflection coupling in S? by using the
spherical coordinates

We first explicit one possible construction for a successful coupling in S?. As explained in
[40], the reflection coupling is maximal in S?. It can be constructed by different ways. See
for example |40l 27] for a construction using projections. As seen in Chapter , it can be
done using covariant derivatives (see Example . We can also obtain this coupling
directly with the spherical coordinates (¢, 0;); and (g}, 6;);:

do; = dB} + %Cot(gpt)dt and dy) = dBtl/ + %Cot(gog)dt
b, = L dB? df;, = s dBY

sin(ep¢) sin(
Changing the pole and vector of reference in S? if needed,we can suppose that vy = 71—},
¢o €]0, %[ and 6y = 6. To construct the reflection coupling, we take B} = —B} and
B? = BY, we get ¢, = m— ¢} and 6§, = 6, for all t. With this construction the paths of the
two Brownian motions in S? have a symmetry with respect to the equator. In particular
for t € [0, 7], defining p; := p ((¢1, 04), (¢}, 0;)), we have p; = m — 2¢,. We obtain:

Pt 1 Pt
d (5) — —dB} - tan <§) dt. (5.26)
Note that we obtain the same equation as for the reflection coupling obtained in Exam-

ple AT.17
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Proposition 5.3.1. We consider the reflection coupling described above. For any 0 <
u < 3, let denote T, := inf{t | & =wu}. If 2> <u<7F, then:

E[Ty AT,] < <2u - @) . (5.27)
2 2

Moreover, the reflection coupling is successful. If we denote by T its first coupling time,

we have:

o E[n] <2 (7r — %)
e there exist some constants C,c > 0 independent of the distance between the starting

points such that:

—ct

P(Tl > t) < Cpoet

Proof. We first prove Inequality (5.27). Let § > u > 2. Let define three processes:

o W, := 2 + By, with (B;); a standard Brownian motion;

o Uyi=u—|u—W=28+p — LH(W) with §, := — fot sign(u — Wy)dB; defining a
standard Brownian motion and L (W) the local time of (W;); in w.

o (V;), starting at £ satisfying: dV; = df; — 3 tan(V;)dt. In particular (p;); and (V;);
have the same distribution.

We also define the stopping time T, := inf{t > 0 | V; = v} for v € R. We claim that
V, < U forall 0 <t <TyAT,. Let explain this fact.
We consider T := inf{t > 0 | U; = V;}. As 2 < u, for ¢ small enough, we have U; < u.

Thus, d(U; — V;) = i tan(V;)dt > 0 and T > 0 as.. We suppose that T < Ty A T,.
Then, we have Uy = VT < u and, by continuity of U, there exists € > 0 such that, for all
t € [T —¢T], Uy < u. In particular, L} (W) = Li(W) We obtain:

0=Ur—Vp

1 T
= sze - sze + 5/ tan(Vg)ds

T—e¢

with Up_.—Vr_. > 0 and with 2 f* tan(V;)ds > 0 since T < T,. We get a contradiction,

thus T > Ty AT, so V; < U, on ]O,To /\Tu[.
As U; = 0 if and only if W; € {0, 2u}, we get:

Ty AT, <inf{t >0 | Wy ¢]0,2ul} == H_w 5, 20
Finally, as Ty A T, has the same distribution as Ty A T, we get:

Po Po
E[Ty AT < E[H g5, 9] = 2 (2u - 5) .

We can now look at the coupling rate of the reflection coupling. As, £ < 7 a.s., we have

m1 = To A Tz. Using the previous results, we have Ty A I% < H,y, with a = —£ and
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b=m— 2. From Lemma we obtain:

—6H,
P(r, >t) <E [ Ha,beéH“"’l{Hmpt}]
a,b
Lt o
t cos? <\/§7T)
with ¢ such that 0 < \/g < %, that is, 0 < 9 < % Taking C' = W and ¢ =9, we
COSs Eﬂ-
have:
e—ct
P(Tl >t> < P(Sl >t) SpOC ;e
with ¢ and C' not depending on the initial distance between the Brownian motions. In
particular, the coupling is successful. O

5.3.2 Proof of Theorem [5.1.2

We now deal with the coupling (B; = (X3, 2), B} = (X4, 2)), on SU(2) announced in The-
orem As explained before, the idea is to use the reflection coupling until the first
time 7y such that X, = X7 and then to use the Brownian bridges coupling to couple the
"area parts". According to Theorem [5.1.1} we need to have an estimate of the quantity
E[|¢-]? A 1] for at least one ¢ €]0, 1[. Thus we need the following Proposition:

Proposition 5.3.2. At the end of the reflection coupling we have, for 0 < p < %
E[|§Tl|%+p] S épdcc(BOa Bé))

with ép some constant independent of By and By.

Proof of Proposition[5.53.3. By construction of the reflection coupling using the change of
pole (Ni,e1), the quantity Ax, x;n, is equal to O for all £. Then by Lemma ,
we have ¢, = Ij(Ni,e1) — Ii(Ni,e1) mod (4m). As & = 7 — ¢, using the equa-
tion of (I(Ny,e1) — I(Ny,e1)), we get ¢ = (o — 2f0ttan (&)dB? mod (47) . We

define ¢, : = €0, 4+o0[— 227P with 0 < p < . We are interested in the quantity

E [ (10— 2 Jy" tan (%) dB| Adm) . As gp(x +y) < ép(x) + 6,(y) for all 2,y > 0,

E {qsp < 40—2/071 tan (%) dB?

w)] < 6y (1G]
+E {qsp (‘2/071 tan (%) dB2| A 4%)] .

Since |¢o| is bounded by 27, we have ¢,(|Co|) < d,/1¢0] < 0,dee(Bo, B)) with 6, and 4,
two constants independent of By and Bj, . We now just need to prove that the quantity
E [qﬁp (‘2 fon tan (%) dBSZ‘ A 4#)} is upper bounded by py up to a multiplicative constant.
It is obvious for pg large enough, thus we consider py < m, with m > 0 chosen later in
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the proof. We can write:

E {qﬁp(‘Q /071 tan <%>dB§

/\47T):|

_ /0%(4”) P <¢p (‘2/0 tan () dB2| A 47r> > y) dy
4m T1

- /0 P (¢p < 2/ tan ( 5 ) dB? ) > ¢p(x)> @p()d

:/OMP(‘Q/OTltan (%) dB? >x> <;+p) 3.

We set 0 < a < 1. We are going to split the integral into two parts:

PO

’ (’ / tan dB2
L (’ / tan d32
PO a

2

> x> ¢ (x)dx (5.28)

and

> x) ¢ (x)dz. (5.29)

By simply upper-bounding the probability by 1, the quantity (5.28]) can be upper-bounded
14+2p

by ¢y <(%)é> < (&) * . For @ < § + p and m small enough, we have () S < &

To deal with the second quantity we look at P (|2 [ tan (%) dB?| > z). Using the same
notations as in Proposition [5.3.1,, we consider £ < u < 5. We have:

P <‘2/0 tan (%) dB?| > :c> —P (‘2/0 tan (’;
e (|2 [ () a2
<P(T, < Tp) + P ( Q/OTNO tan (%) B2

1 TuNTo p
2 s

4tan? (u)
72

>, < T0>

—> dB?
> ZE,Tu > To)

)

<P(T, <Ty) + E [T, ATyl .

As the drift part in the equation of (p;); (given by (5.26 ) is negative, we have T, >
inf{t > 0| 2 - B} = u} and Ty < inf{t > 0 | 2 — B/ = 0}. Thus, using relation
(A.5) from Lemma with a = —2> and b = u — &, we get P(T, < Tp) < 52. From
Proposition | we have E[T. ATy <2 (2u— 2). Thus:

T1 2
Ps 9 po (1 tan®(u) 0o
7 <24+ -2 ). )
P(‘2/0 tan<2>alBS >x> 5 (u 4 = <2u 2) (5.30)

1
We introduce 3 such that 0 < 8 < 1. We first chose u(z) := 7. If (2)* <z < 1 and
B < a, we have 2 < u(r) < 5. Then we use inequality (5.30) with u = u(z). We get:
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he)
o
Q\»—A

> x)qb (x)dx
< ro ) (:p_ﬁ +8M1ﬁ) dx
2 ) z

1
< (55% i (x_*B + 2%772) 2P~ 2 dx,

/( (‘ / tan ps)dBZ

with d5 independent of py. The last integral is finite if and only if p+ 1 > 3 > % — £ In
particular, this is the case for § = 5. If z > 1, we use inequality (5.30) with v = 1. We

get:
/14WP(‘2/0 tan () dB? )gb( o < 22 1 (1+8ta1;22(1))%(x)dm

We thus have (5.29)) upper bounded by pg up to a multiplicative constant only depending
of m, § and p. n

We can now give the proof of Theorem [5.1.2}

Proof of Theorem[5.1.3 To construct our successful coupling on SU(2), we first construct
the reflection coupling described above until time 71, that is, until X, = X . Then, we
use the coupling from Theorem to deal with the swept area coordinates. As the
coupling rate from the two couplings have an exponential decay, we obtain a successful
coupling with an exponential decay on SU(2). We want to obtain the initial distance-
control from inequality (5.2). We denote 7 := inf{t > 7 | B; = B}}. The first meeting
time 7 of the Brownian motions in SU(2) satisfies 7 = 71 +72. Then we have, for % <g<l1
and t > 2:

t t t t t
P(T>t):P(T>t,T1§§)+P<T>t,7’1>§)SP(T2>§,7'1§§>+P(7'1>§)

t e~
S E |:P (7-2 > 5 ' |CT1|) 1{71<§}:| + Cp()

2
1
)

2

_&t €
<E[Coe |G "] + 200

et

< Cye SE (|G| + 200"

As po < po + /|Co| with pg + 1/|Co| equivalent to d..(Bo, Bj) (in the sense of -
using Proposition [5.3.2] we obtain the expected inequality.

5.4 Applications to gradient estimates

In this section, we show the gradient inequalities previously stated in Subsection [2.3.6]
They involve the heat semi group (P,);, i.e., the semi-group with infinitesimal generator
%L, the sub-Laplacian operator. We recall that, for all ¢ € G and f a measurable bounded
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function, considering a Brownian motion (B,); starting at g, we have P.f(g) = E[f(B.)].
As in Subsection [3.2.4] we denote by V3 the subgradient induced by the sub-Laplacian
operator and by || - || the norm induced by the subRiemannian structure. Then, we can
use the coupling rate of Theorem [5.1.2], to obtain the following gradient inequality on
SU(2):

Corollary 5.4.1. There ezists C > 0 such that, for every function f € C(SU(2)) (or
simply bounded measurable) and t > 2:

IV Pif (9)lln < 2] fl|oCe™ ae.. (5.31)

In particular, if f is harmonic on SU(2), then it is constant.

Proof of Corollary[5.4.1. Let g, € SU(2). We consider (B, B}); the coupling con-
structed in Theorem [5.1.2] starting from (g, ¢’) and 7 its first coupling time. As SU(2) is
compact and f continuous, then it is bounded and we get for ¢ > 2:

|Pif(g9) — Puf(9)| = |E[f(B:) — f(BY]]
<E[f(B:) — fFBI =E[lf(Br) — f(B)|L{r>1y]
< 2| fl|leoP (T > 1) (5.32)
< 2| fllcCe™dec(g, 9').

In particular, g — P,f(g) is Lipschitz and |V P, f|(g) < 2||f||ccCe . We just use
to obtain: ||VyPif(9)|lx < 2||f]lCe™ a.e..

If f is harmonic on all SU(2), we have P, f = f and so ||V f(9)|lx < 2||f||ecCre 2 for
all t a.e.. Then, letting ¢ tend to +oo, we obtain ||V f(g)||x =0 and so Xf =Y f =0
a.e.. Using the Lie bracket generating property of H = Span{X,Y}, we get f constant
a.e. and, by continuity, f is constant on SU(2). ]

Using Theorem [5.1.1] we also get some (weaker) results for SL(2,R):

Corollary 5.4.2. Let g = (x,z2), ¢ = (2, 2') € SL(2,R). We suppose that x = ' and we
consider a bounded measurable function f on SL(2,R). For all ¢ €]0,1][, there exist C,, c
some constants that do not depend on g, ¢’ such that fort > 1:

’Ptf(g) - Ptf(gl)’ < QHfHOOquictdcc(gag/)2q'

Moreover, if f is harmonic and bounded, it is constant on each fiber above x, that is, on
the sets of the form {(z, z) € SL(2,R) | z € [-2m, 27|} .

The computations to prove Corollary are quite similar than for Corollary [5.4.1}

Proof of Corollary[5.4.9 We suppose that ¢ = (x,2), ¢ = (2/,2') € SL(2,R) with « =
x'. The same way as for inequality , using Theorem , for ¢ > 1 we obtain
P (g) — Pt (9)] < 201 loeCaedeclg, )2

Moreover, if f is harmonic, P,f = f. Then |f(9) — f(¢)] < 2||f]|Ce%dce(g, g')* .
Taking t — 0, we get f(g) = f(¢’). Thus, z — f(z,2) is constant for all x € H2. O
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Chapter 6

Successful couplings on the
homogeneous, step 2, Carnot groups

The present chapter is devoted to the construction of a non co-adapted successful coupling
on G, the free, step 2 Carnot groups of rank n for all n > 3. By an extensive study of
the properties of the obtained coupling we also present several applications to gradients
inequalities. We remind that, when n = 2, G, is the Heisenberg group. The idea is then
to generalise the results from Banerjee, Gordina and Mariano [6] to higher dimension.
Please note that the generalised strategy and its induced estimates still makes sense for
n = 2 and that, in this case, it is exactly following the strategy from Banerjee, Gordina
and Mariano. We thus make the analysis keeping generality for n > 2.

Note also that a co-adapted successful strategy can be found in the work from Kendall
in [37] without any estimate of the coupling rate.

The content of this chapter will make the object of a publication which is currently in
construction:

[26] Magalie Bénéfice. Non co-adapted successful couplings of Brownian motions on
the free, step 2 carnot groups. https://arxiv.org/abs/2407.06593, 2024.
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6.1 The non co-adapted coupling strategy for G,

Using the notations from Subsection [3.1.5) we consider G, = R™ x so(n). We recall

that, on G, the Brownian motion starting at (z,z) can be decomposed under the form
(Bt): = (X, 2¢)¢ where (X;); is a R” Brownian motion starting at z and 2, = 2+ % fot X, 0

dX,. Moreover, for two Brownian motions (B,), = (Xt,zt)t,(lgt)t = (Xt,,%t)t, we have

Bt_llét = (Xt — X4, G) with ¢ = 2 — 2z — %Xt ® X; € so(n). In particular, for any
1 <1 # j <n, using It6 formula, we can write:

i Loiei Lloj o Loiwvi Lojivi 1 ivd i
A} = SXidX] = SX}dX] - (ixthg . 5ngXt) —5d (thg - XZXt)

= Xjaxi - xiaxi + sa (X4 x7) (x0 - X)) (6.1)

Let also notice that if X = XT, (r = Zr — 27
The main Theorem of this section is the successful non co-adapted coupling result
stated previously as as Theorem [2.4.1}
Theorem 6.1.1. Set n > 2. Let g = (x,z2), § = (T, Z) be two points in G,, and ¢ € so(n)
such that g7 x g = (& — x,(). There exists a successful coupling of Brownian motions
(Bt, I§t> on G, starting from (g,g). Moreover, for all t > B,||lz — Z||3 we have:
t

P(r > 1) < (a(m—”"‘ \_/;"”2 + @(n)@) (6.2)

with:

o 3,=2m(n—1)%/2(n—1);

o Ci(n) = 4VBa(n —1) + o= = 427 (n = 1)2(2(n — 1))7 + J=;

e (y(n) =206, =4r(n—1)%/2(n —1).

To prove this theorem we describe a strategy for the case when x = = and then deal
with the general case.

6.1.1 The Brownian motion start from the same fiber

Let us describe the strategy for the case when x = Z, that is, when the Brownian motions
start from the same fiber. The main idea is to work on the matrix ((;); line by line. For
each line we will applied the following Proposition:

Proposition 6.1.2. Let g = (x,2), § = (%, 2) be two points in G, such that © = . Let

1 <ig <n-—1. For two Brownian motions B; and Bt we denote vZO = ( ZOZ

R and ) o -
Tio = 1nf{t >0 | X; = X; and 2" = 2" V1 <i < n}.
There exists a non co-adapted coupling (B, Bt)t such that T;, s a.s. finite and satisfies
for all t > ||vg’||2: ‘
[0’ 12
t
Moreover, for 1,i € {1,...n}\ {io}, we have ¢/ = ¢ for all t € [0, 7).

P(7i, >t) < x 2m(n —1) (6.3)
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Remark 6.1.3. As ((;); is skew-symmetric, at time 7;, the it line and the if" column
are null.

Remark 6.1.4. As 2m(n —1) > 1 for all n > 2, Inequality can be replaced by

b= <[ (181 o)

for allt > 0.

-

Proof of Proposition |6 For the proof we can suppose without lost of generality that

.Let T'>0and v := % . We choose:

l[vgl2

ig = 1. Then v} =

o X/ = )N(ti for 2 < i <n. Then Cf’i stays constant equal to 0 for 2 <[ < i < n.

e We define the coupling (th,f(tl)t by using the Karhunen-Loéve expansion of the
Brownian bridges as in the looking-ahead coupling introduced briefly in Section
and used for the study of SU(2) and SL(2,R) in Section We have for ¢t € [0,T7:

=T8S a () (6-4) 7

j>1

with (£;);50 (resp.  (§;);0) a sequence of independent variables with the same
distribution N (0, 1).

We choose §; = fj for 7 = 0 and for j > n. With these choices, for all 2 < i < n, using

(6.1) we get:
n—1 2
gt - 0 s s s =G+ Z 9 (i—l),j(t)

with: K_1);(t) == 2‘%7 f(f sin (]”5) dX!. Note that, as we consider the coordinates ¢,
for 2 <4 < n, we introduce a shift of the index ¢ to define K(;_);(t). This will simplify
the notation in the remainder of the proof. For j,1 > 0, we have:

([ (5)ox [ ()] [m(5)m ()
(o (00 (50

o £l
T =1
Thus, we have K ;(t) = %G(i)vj(t) for all 1 < 4,5 < n—1 with (G ;(T)):; some
independent standard Gaussian variables.
In particular, denoting A(t) := (K4),;(¢))i<ij<n-1 € Mp_1,-1(R), § := (€j>1§j§n—1 €
R and € := (§)1<j<n_1 € R"!, we have:
ol = o +A(t)¥.
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Note that A(T') is measurable with respect to the o-field o (Xt] 0<t<T,2<5< n)
and thus will be independent of (X}'); and (X});. As the entries K ,(T) of the matrix
A(T) are independent random variables with a density, A(T') is a.s. invertible. Indeed,

the Lebesgue measure of any hyperplane is null. Thus the Lebesgue measure of the kernel
of the determinant is also null and P(det(A(7)) =0) = 0.

By considering the inverse of A(T'), we can now see that the coupling is successful at
time T if and only if:
£-¢

> = —AT) g = oL AT) e (6.4)

We define f; := m and fo, ..., fn_1 such that (f1, f2,..., fn_1) is an orthonormal
basis of R"™!. Let W, be a n — 1 dlmensmnal Brownian motion starting from 0 and
o :=inf{t > 0| W} = |[v}||l2]]A(T)"'||}. We define W; such that W7 = W/ for all j > 2

and

R
—_

) -w itt<o
| W -2 else '

In particular, Wflgwtl =-Wk..
We can now define the coupling for the Gaussians vectors (£ ,5) We choose: ¢ =

n—1 - n—1 _
SSWifyand € = ST W, As (W), is independent of (f;)1<j<n_1, this provides a well
=1 =1

defined coupling for (Bt, Bt)t In partlcular = —Wofi= W(}M%. Accord-

ing to (6.4) and by definition of o, the couphng is successful if and only if o < 1.
Note that we have:

w}! _
v = |lvgll2v — mA(t)A(T) 'y
and at time t = T": )
U% = ||v1||2 - L v. (6.5)
‘ [[A(T) = |2

For rest of the proof, we will need to study an upper bound of ||A(T) 'v|3 =
vt (A(T)A(T))) " v. We denote & := Diag <1 ) the (n — 1) x (n — 1) di-

agonal matrix with (1, T ﬁ) on the diagonal. We have A(T) := %R(T)Zz with
R( ) = (G('L)J( >)1§i,j§n—1‘ We get:

Y4 (nm 1

14T ol = (o) o (2R (3R ) v
= (o) (RO)0) (57 R(T) ™)
< (o) (= PIRT) ol (6.6)

As the entries of R(T) are independent with distribution N (0, 1), R(T)R(T)" is a Wishart

matrix W(n—1,n—1) of size (n—1) x (n—1) and with n—1 degree of freedom. Moreover
v is trivially independent of A(T') and thus on R(T'). Then the distribution of %

2
is a chi-square with 1 degree of freedom x?(1) (see for example [45], Chapter 3).
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Let now give the global construction of our successful coupling. As for the Heisenberg
group, we define a partition of the time line with geometrically growing lengths: t5 = 0 <
t; < .. <t < ..such that for all £k > 0, T} := tp11 — g va”22k We reproduce the
above construction on each interval [t, tx+1] and we use the exponent "(k)" to distinguish
the objects define above. Note that we do not update the vector v at each iteration but
—0— all the time. The obtained matrices A®*)(T}) are independent and

llvg ll2

keep it equal to

the same is true for the Brownian motions <Wt1’(k)) . Then we get 7 > ty if and only if
t

v} # 0 for all t = t;, k < N which is equivalent to o*) > 1 for all Kk < N — 1. We define
the process (M;); at least on [0, t] such that:

{ Mo = [Jvg |2 i,
My=M, — W,/ x —2 fort, <t<t
L = AR @) Tl " i

In particular, from (6.5)), for all & < M, we have v, = M, v.

As (M), is a martingale, it can be written M; = |jvjlla + Bgq) with 8 a Brownian
N-1
motion starting from 0 and S(¢) = —1 (ﬂ A 1) 1 . By construction
g ) = > TGway T \ o {rzu}- By

of (Mt)t7 we have 7y > ty if and only if .D,HU(I)”2 > S(tN) with D,”v(l)”2 = il’lf{S >0 ’ ﬁs =
—|lv¢ll2}. Thus, using an estimate of the first hitting time of a Brownian motion (see

Lemma|A.0.1{in the appendix), we get P(7; > ty) < V2illz 1 . For N > 2/ using
VT VS(tn)

(6.6]), we have:

1

S = (A ( )" olf3 ATy ) ol

( n(n—1 > ||(R(N)(;N))_lv||§ " (w?:N—_11>>2 ||(R<N—1>(T1N_1))‘1vll%

(e ) ( ! . ! )
3r(n—1) ) \[[(BRM(Tw)) " 0l || (RE=D(Ty_1)) " 0|3

In particular v = L + 1 — is Chi-squared distributed with
P X R @n) g (RSO ) q v

two degrees of freedom and E [—} \/_ We get:

m(n—1)

P > ty) < 2HUOH2W

Thus, for ¢ € [ty txsi[= {vauf b [l 2=t [ with N > 2 we have:

m(n—1) m(n — 1)‘

P(77'1 > t) = P(77'1 > tN) < 2”1)(1)”2 ;

< 2||vgll2
By construction ty = ||v}||2, thus the inequality is true for all ¢ > ||v}||2. O

We can now give the global construction for the case when the Brownian motions start
from the same fiber, that is Xy = Xg:
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Theorem 6.1.5. We set n > 2. Let g = (z,2), § = (&, 2) be two points in G, and ¢ €
so(n) such that g~'x§ = (£ —x,(). We suppose that x = . Then there exists a successful
non co-adapted coupling (B, By) starting from (g, g) such that, for allt > (n — 1)||C]|2:

P(r>t) < HCH2& with B, = 2w(n —1)*y/2(n — 1). (6.7)

Remark 6.1.6. As 5, > 1 for alln > 2, is trivially still true if t < (n — 1)||||2
and can be replaced by:

P(r>t)< (HC||2%) A1 forallt > 0.

Proof of Theorem[6.1.5. Let g, g € G,,.
Let denote 75 := 0 and, for 1 <i<n—1:

7= inf{t S| Xe= X, and ¢V = i e {1, .0 — 1}\{@}}.

For all 1 <7 < n —1, we apply the coupling from Proposition for ig =i on [1;_1, 7]
n—1

As (; is skew-symmetric and by construction of the coupling, we have > 7, = 7.
i=1

If t > (n—1)[|Coll2, then —= > ||vg]]; for all 1 < i < n — 1. We obtain:

-1
t t
>t) < S — Tl > T < ——V1<I<i-1
T _Zz:; (T Ti—1 ’n,—lTl Tll_n_l S0 S )

(T n—l)

<3 il < a1y 2

=1

o

_|_

]

Remark 6.1.7. As ( is skew-symmetric, there exists a matriz P, such that (PgCPU)ivj #0
only if i is odd and j =i+ 1. In particular, |PLCP,||2 = ||C||2- Then applying the coupling
from Proposition[6.1.5 to this new matriz, we can reduce the number of line to be treated.
In particular, we obtain the previous result with 2m(n — 1) jz instead of (3,,.

6.1.2 General case
We can now deal with the general case, that is when x # 7.

Proof of Theorem |6.1.1]. To obtain a successful coupling on G,,, we are going to use first
the reflection coupling until the time 7 := inf{t > 0 | X, = X,} and then the coupling
from Theorem [6.1.5] Let us remind how we define the reflection coupling. There exists
Py, € O(n) such that (Pyx); = (PyZ); for all 2 < i < n, and (P,x); — (Pu)1 = ||z — Z||2.

We first define a coupling (l X t) of Brownian motions on R starting from (P,x, P,%):

we choose X! = Xi for 2 < i < n and dX; = —dth. We are then able to deduce a
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coupling of Brownian motion on G, such that (X;, X;) 1= (P}f&t, PﬁXt) In particular,
we have 7o = inf{t > 0 | X, = X,}. Thus 7y has the distribution of the first hitting time

D, of a Brownian motion with a = i||z — Z|| and P(ry > t) < <%) A1 (see Lemma

A.0.1). At time 79, the Brownian motions are in the same fiber and we can apply the
coupling from Theorem on [rg, 7]. For t > 0, we get:

t t t t t
P(T>t)=P(T>t,Tg§§)+P<T>t,7'0>§)SP(T—TO>§T0 2)+P<7‘0>§)

||z — 2|l

<elp (=m0 g | lools) Ly + 2502
<E Kucmufﬁ") } +% (6.9

We now need a good estimate of E[||(y||2]. This can be done by using the following
Lemma which will be proven just after the end of the current proof:

Lemma 6.1.8. For every m > 3|z — Z||3, we have:

e Lol ) < ke, 2/%5

If we choose m := 5 with ¢ such that ;- > I|lz — Z||3, we can use Lemma [6.1.8
6.1.1

(n =Dz — 2|2

2Bn
together with to obtain the expected result This ends the proof of Theorem |6

]

We now proceed with the proof of Lemma|6.1.8] We use the results from the coupling
on the Heisenberg group. In particular Lemma 3.4 from [6] can be written this way:

Lemma 6.1.9. Let ((Xt, 2t), (X, 5,:)) be a coupling of two Brownian motion on G,, such
t
that:

o X! =X/ forallt and j > 2;
e dX! = —dX} on [0,S] with S = inf{t > 0| X} = X}}.
For allm > 1|X§ — X2, we have:

E Hféj — C&’j‘ /\m} < 2\/2m|Xé — X(H

The original proof can be found in [6] for ¢ é’j instead of Céj — (:3 7 This slight modifi-
cation allows us to release the hypothesis on m and to obtain better estimates for Cy(n)
and Cy(n) in Theorem 1| (better order for n). We write here the detail of the proof
for convenience for the reader but the method is the same than in the original work.

Proof of Lemma . For t € [0, 5], we have X} — X} = —2X}! + X} + X} and d¢}"’ =

—2(X} — X} + XO XO)dX] We are going to use the following characterization of the
mean:

E[|¢s7 — &7 Am] :/0 P (|¢s7 — G| > t) dt (6.9)
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Let denote a = @ Exchanging the roles of (X;); and (X;); if needed we can make
the hypothesis a > 0. For any b € R we denote D, := inf{t > 0 | X} — X} =b}. In
particular, we have S = D_,. Then, for y > a?, by comparing the stopping times S and
D s and by using the Markov inequality we get:

-1

S .
/0 (a+ X} — X3)dX]

S
P(|¢s7 — G| >2y) =P (‘/0 (a+ X} — XDdx]

gP(Dﬂa<S)+P(

> va\/@fa > S)
-0
2]

Using some known results on the first exit time of a Brownian motion (see Lemma|A.0.2)),
we get:

<P(D <S)+P(/SAD@G( + X} — XYax)
> Vi—a ; a t 0 i

i S/\D\/ﬂ,a 1 _ 1 J
<P (Do <S)+ (a+ X! — X)dX;
0

y2

<P (D <)+ 1E SADﬂ_a( + X, — Xg)2dt

SE[D_oa A D o] (a+/y —a)’
<42 .

v y y
Finally for ¢ > 1|X§ — X{|? we obtain:

x-S

P(|¢e’ — ¢ >t) < V2 7

(6.10)

We come back to Equality :

1_ w12
X —X,
| 0 0‘ m

E[|¢s” — &7 Am] :/0 ’ P(|¢™ — ¢ > t) dt+/xé).(6l2 P (|¢Y — (7| > t) dt

X Xl 2 B m 1
SM‘F\&\X&—X& ot
2 IX5-%41% \/t

< - XP 2v2m| X} — Xi| - 2|X¢ — Xq?
— 9 0 0 0 0
< 2v2m| X} — X}

We can now give the proof of Lemma |6.1.8}

Proof of Lemma[6.1.8, We use the same notations as in the proof of Theorem [6.1.1] In
particular we use the notation <§t,3t> to describe the couplings of Brownian motions
t

induced by (X,,X,) and ¢ such that B;'B, = (X, — X;,(,). Note that ¢ = P,(,Pt. As
t t t i t t t t h
. S S S
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(1 ‘s X t> is defined by using the reflection coupling, the conditions of Lemma |6.1.9) are
t
satisfied.

Note that | X} — X(l)|2 = ||z — Z||3. Then for m > 1|jz — Z||3 and for every j > 2, by
applying Lemma [6.1.9, we obtain:

17j — 17]

=70

E Al :%E[

Li _ L
S So

TO

— /\m} < %Hx—:ﬂb. (6.11)

Moreover, for t € [0, 7], X] = Xﬁ for 2 < j <n, thus, (¢,)" is constant on [0, 7] for all
2 < i # j <n. Using equivalences of norms and the fact that ||(;, — (oll2 = ||§T0 — G, ll2s

we get:
e [loll 1] < ol [ =il Il [llgm—gouzAl]
m m

Clls ‘gj—()] 13’
T+ZE[ Al

]

6.1.3 Coupling on homogeneous Carnot groups and distance in
total variation

From Theorem [6.1.1] we can obtain a successful coupling of Brownian motions for any
homogeneous step 2 Carnot group G.

Corollary 6.1.10. Let G be an homogeneous step 2 Carnot group of rank n. For all
g = (x,2),g = (,2) € G we can construct a successful coupling (B, B;) of Brownian
motions starting from (g, ). Moreover, for all t > 48, ||z — ||3:

P(r > ) <C1 ()] \;;H Loy + TS?((n))Q d“(i 9)° (6.12)
<Cy( )dccfié 9) Lipsay + 512((:;))2 dcc(i’ 9) (6.13)

with C1(n) and Ca(n) the explicit constants from Theorem [6.1.1]

Proof. Let g = (,2), § = (%,%) € G. Using Proposition [3.1.4) we can build a surjective
morphism ¢ : G,, — G that preserves the horizontal coordinates. Moreover, there exists
a = (z,v),a=(Z,v) € G, such that:

d)(a) =9, ¢(5,) = g and dcc(g7§) - dcc(a> &> (6'14)

Using the construction from Theorem , we construct a successful coupling (B, Bt)t
of Brownian motions starting from (a,a) on G,. Denoting by S the first coupling time of
(B;, B;); we have for t > 48, ||z — Z||3:

[l — |2

Vit
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On G, we have: ||z — Z||2 < de.(a,a) and ||(||2 < mdcc(a,&)2 (see Relations 1) and
(3-13)), thus:

|z — 2|2

P(S > 1) < Cy(n). Ca(n) dee(a, @)

1;1850 +
Vit {a72} my(n)? t

(6.15)

We can then define a coupling of Brownian motions <¢(Bt), ¢(]~3t)> starting at (g, g).

t
Denoting by 7 its first coupling time, we have P(S > t) < P(7 > t). Using (6.15]) together
with (6.14)), we obtain the expected result. O

From these results, by applying the Coupling Inequality (also called Aldous Inequal-
ity), we directly obtain an estimate for the total variation distance between the laws of
the Brownian motion. Please note that the constants obtained above are in fact improved
by the coupling constructed in Chapter

Let u?’z) denote the law at ¢ of the subRiemannian Brownian motion started at (z, z).

Corollary 6.1.11. Letn > 2, g = (z,2), § = (Z, 2) two points in G, and ¢ € so(n) such
that g7 ' x g = (& — x,(). Fort> B, — Z||3:

17 — [l
Vit

with C1(n) and Cy(n) the constants given in Theorem[6.1.1]
Replacing G,, by any homogeneous, step 2 Carnot group of rank n, the same property is

true by replacing by:

Il

; (6.16)

dry (it nf) < Ci(n) +Caln)

dcc(Qm@) + C2<n) dcc(gvg)2
Vi mi(n)? t

drv (Mfa M;?) < Ci(n)

6.2 Comparison between the first coupling time and
the first exit time from a domain

In this section, we consider a domain D on G,,. We remind some notations introduced
in Chapter [2l For any process (Y;); on G,, we define 7p(Y) := inf{t > 0 | Y; ¢ D}.
Using the pseudo-norm 4 introduced in Subsection [3.1.5] for any ¢ € D, we denote
6, = 6(g, D). For the coupling (By,B;); constructed in Theorem , we are going to
compare the coupling time 7 with 7p(B) A 7p(B) in order to obtain gradient inequalities
as in |28, 27, 6]. As previously we adapt the proof used for the Heisenberg group to all
free, step 2 Carnot groups [6].

6.2.1 Main results

For n > 2 and g = (,2), g = (%,2) € G,, and ¢ € so(n) such that ¢! x g = (Z — x,(),

we define = := % € R" and 2 := % € so(n). In particular, x — & = % and
z—2-1i0x = g For any o > 0 and v > 0 real, we also define the set Q(«,v) C G,
such that:
. . L
Qa,7) =1{y:v) €Gu [ lly =2 < a,flv =2 =@yl <~} (6.17)
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Let consider (By,B;); the coupling starting at (g, §) described in Theorem We
are first dealing with the problem for D = Q(«, ). We have the following result.

Proposition 6.2.1. We suppose that ||z — Z||s < \/Tffl Then, for any 0 < o < =, there

exist some constants Dy and Ds, that depend neither on o,y nor on the starting points
of the coupling, such that:

P (7 > 7q(a)(B)) < Di(n,7, )|z — &[> + Da(n, v, o) max ([[¢]l2, [I<]3)

with:

,}/4 ot

o n9+i n11+i
Di(n,v,a) < Dy (n\/_+i+? + + :

nd+ n10+3

N

The same inequality is true for P (7’ > TQ(aﬁ)(B)).

Proposition will be proven in Subsection [6.2.2] For now we give a direct conse-

quence for the exit time of any domain D.
Theorem 6.2.2. Let g = (z,2),§ = (7,2) € G, and g7 x § = (& — z,() such that

8(9.9) < Y22 and |lo — 3> <
described m Theorem 6.1.1

. Denoting by (B, By); the coupling starting at (g, §)

S

m

>
@i“
S =
®

~ no/n nllti )
P (T > 75 (B) A TD<B)) < D x (n\/ﬁ—i- 5—f + ) [
9 g

10+2

+D; (1 + ) max ((IC 2 1)

g

with Dy and Dy two constant that depend neither on g, g nor on n.

Proof of Theorem[6.2.2. By construction of (Z, 2), we have:

Og

5((2,2),(x,2)) = 8 ((#,2), (3, 2)) < =8 ((7.2), (r,2)) < 2.

V2

Using the pseudo triangular inequality (3.13)), for any (y,v) € G,,, we have:
3 L ..
5 ((5:0), (.2)) < 5 (8((w0), (2,2)) + 8 ((3,2), (2.2)) ). (6.15)

Thus, if (y,v) € Q(M,M) then & ((y,), (x, 2)) < %(ﬁx%—i—%ﬂ) — 6,. Thus,
Q = Q<3ﬂ,3f)cD We have:

P <T > 1p(B) A TD(B)> <P (T > 1(B) A TQ(B)>
<P(r > 19(B)) +P(r > 10(B)).

As ||z — 7|2 < \/%, we can apply Proposition We get the expected result. O
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6.2.2 Proof of Proposition [6.2.1

Proof of Proposition[6.2.1]. It is enough to prove the proposition for (B;);. We first notice
that
Tt (B) = nf{t > 0| X, — 2 > a or [Upll2 > 72}

with U; == 2, — 2 — —:U ® X;. In particular, we have dU; = %(Xt — 1) ©@dX; and Uy =

Z;Z — T = % We use the notations from the the proofs of Section :

e As in the proof of Theorem we denote: 7 := inf{t > 0 [ X; = X}, in
particular on [0, 79|, the processes (X;)¢cjo,r,) and (X¢):e[o,7,) are coupled by reflection.

e As in the proof of Theorem [6.1.5] we denote for 1 <i <n — 1:

:inf{t>n_1 | X, = X, and ¢V = {7 vj {1,...n—1}\{@'}}.

We remind that 7 := inf{t > 0| B, = Iét} is exactly equal to 7,_1. We also denote
7_1 := 0. As we have a different description of the coupling on each of the intervals
of time [0, 7], [70,71], .-y [Tu—2,Tn_1], it will be convenient to decompose the process
(By): = (X4, 2t): following this time decomposition. One of the main tool that will be
used is the Burkholder-Davis-Gundy Inequality that we will denote afterward "B-D-G
Inequality". Then it will be convenient to consider martingales starting from 0 on each
of these intervals of time. Keeping these constraints in mind, we define:
e for t € [0,70), Yo(t) := X; — & and Vy(t) := Uy,

eforl <i<n-—1landte€ [r,7l Yi(t) = Xy — X,_, and V(t) := %frtm(XS —
X,,_,) ©@dX, € so(n). In particular, we have:

t t
Vil(t) — % </ (Xg _ X%fl) dx! _/ (Xi — XiFl) ng') . (6.19)

Proceeding by induction one can then check that, for all 0 <i <n—1and t € [1,_1, 7],
we have:

(X, — 2,0,) = (Yo(r0), Vo(r0)) % - . % (Yiea(1i1), Viea (7ic1)) * (Yi(8), Vi®)).  (6.20)

Moreover, using the fact that we iterate ¢ + 1 times the operation %, we have for all
1< <n—-1:

(X, — &, 17) = (Z Yi(m) + Yilt)

S Vi) + +§Z (7, (imwm)) (6.21)

=0 j=0 =j+

We consider two sequences ((7))o<i<n—1 and (7(7))o<i<n—1 satisfying:

[y

n—

Za < « and Z”y Z a(i)a(j) < 2. (6.22)

=0 0<i<j <n—1

124



For all 0 <7 < n — 1, we define the events:

Ai=A{w, suwp [[Yi(t)llz > a(i)} and Ty := {w, sup [[Vi(t)ll2 > 7(i)*}.

Ti—1<t<T; Ti—1<t<T;

n—1
Using (6.21)), we remark that under the event [ (ASNTY), we have forall 0 <i<n—1
i=0

and for all ¢t € [1;,_1, 7;]:

| —

1% =il < Do) <aand [Tl <316 +5 Yo alal) <2’ (6:23)

7=0 0<5<i<i

n—1
In other words, B; € Q(a,y) forall ¢ € [0, 7]. Thus P (7 > 7, (B)) <P ( U (4 U F,))

1=0

To study these probabilities we will use the three following lemmas.

The first one contains results on the reflection coupling in R™ and is due to Cranston.
These results can be found in the proof of Theorem 1 in [28]. Using the Euclidean norm
|| - [|2 instead of the maximum norm || - ||« the results can be presented as follows:

Lemma 6.2.3. For any a > 0, let denote S(a) := inf{t >0 | || X; — &||2 > a}. With the
previous notations, we have:
ny/nllz —
2a

P(rg > S(a)) < ————= and E[ro A S(a)] < @a.

The second lemma can be seen as the generalisation in higher dimension of Lemma
4.1 from [6]:

Lemma 6.2.4. For any 1 <i <mn—1 and M > 0 there exists a constant C' (depending
neither on the starting points of the processes, nor on the rank n of the group) such that:

E | Lncan s VO] < O (5 = 7o) A 307 (6:21)
Ti—1<t<T;

E | ncan s VO] < Cnla— DE(—r) AMF]. (625)
Ti—1USTE

The third lemma gives an estimate for the coupling time after time 7y:

Lemma 6.2.5. Using the previous notations, for any M > %"Ha; — 7|12, we have:

4 -
E [(7 = ) A M) < SME2V/25,(n = D)l — &z + 2MBalICl

Please note that Lemmas [6.2.4] and [6.2.5| will be proven in Subsection [6.2.3] For now,
we pursue the proof of Proposition [6.2.1]

From Lemma [6.2.3, we obtain:

P(Ap) < P(m > S (a(0))) < M%(O—)xlb (6.26)
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Using the Markov Inequality, we also have:

1
P(AGNTy) <P ( sup U2 > 7(0)2> < E [ sup oAk

0<t<roAS(a(0) Y(0)* | o<t<rons(a(0))

< L E sup IU: — Uoll3] + —“CH;
— (0)* 0<t<moAS(a(0)) ’ 4

We remind that, for 1 < j # 1 < n, U} = 1 (X, — 2)7dX} — (X, — 2)'dX]). As the
reflection coupling is a co-adapted coupling, 79AS((0)) is a stopping time for the common
filtration of (X;); and (X;);. Using the B-D-G Inequality, we obtain:

ol (70

1<j<i<n 0<t<moAS(a(0
ToAS(a(0)) ' '
< D %E[/ wﬁ—wﬁ+pw_¢wﬁ]
0

1<j<i<n

_ T0AS((0))
< ME [/ | X, — &|5dt
4 0

< ca(n—1)
- 4

ca(n—1) 5 _
A= Do) - i1l

a(0)%E[7 A S(a(0))]

IN

Finally we have:

ISl
4v(0)+

CoNn
P(A5NTy) < ? |z — &2 + —= (6.27)

n—1
We now look at P ( U A4 u Fl)) We have:
i=1

+ ZF’ ( “re s P s Vi) > al)
=1

1 Ti—1 <t<T;

1 Ti—1<t<T;

n—1
3P (o s L s Wi > at)).
=1

As in Subsection 1| for all 1 <4 < n — 1, we denote v (Cm )ie(t, .ohgy € RPL

.....

We also recall that Bn = 27T(n —1)?y/2(n — 1). Tterating (n — 1)-times Proposition
together with Remark [6.1.4] we have:

nll P (Ti — T > nﬁ" ) < ZE [(|\Ufo|fz(nﬁ—;1)2> A 1} <E[[[¢nllz A (n—1)].

i=

By hypothesis, we have ||z — Z||3 < n — 1. Thus, using Lemma [6.1.8] we get:

n—1
P (Ti — Ti—1 > Bn
- n—1

) < Nl + 29/ — )|z — 2], (6.28)

i=
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Using Markov’s Inequality and Lemma [6.2.4] we obtain:

p(n ra < P |m<t>u2>a<z'>)s 67724E[<ﬂ—”1>”( - )]

— 17 <i<n i) n—1
B o) o Cn(n—1) 2 (B Y
Plr—1q< , Vi(t)||2 > <—F——E|(m—7i1)" A :
(o <325, s WO > 507) < e | (525
Thus:
n—1
3 .
P (U(Ai U Fi)) < [I¢llz +2v2(n — 1)2 ||z — &2
i=1
2 1 2
+c minn(a(i))4 + r:l;n ( (2’))4 E |(r—mo)" A nﬁ—n1
1<i<n—1 (i1
(6.29)
Still using the fact that ||z — 7|3 < \/fj we can also use Lemma |6.2.5| with M = \/7
to get:
2 ~ 2 2
e (- a L] < - Do -+ 22icl (630)

To construct two sequences (a(7))o<i<n—1 and (y(7))o<i<n—1 satisfying (6.22)), we can
choose a(0) = 9, 7(0) = 5 and, for 1 < i <n—1, ai) = o and (i) = 2\/7171.
Indeed, we have:

and
n—1
ot > alial))
i=0 0<i<j<n—1
2 n—1 2 n—1 2
ol vy 1 [« o} o}
< | =
=5 4(n—1)+2<2, oDt 2 16@-1)2)
=1 7j=1 1<i<j<n—1
2 2 2 2
Y Y o 2
< _ _ - -
SR T A

The last inequality follows from the hypothesis a@ < . We thus obtain inequalities (6.27)),
(6:29) and (6.30) which ends the proof of Proposition [6.2.1] O

6.2.3 Proofs of the Lemmas

In this subsection we give the announced proofs for Lemma and Lemma |6.2.5

We begin with the proof of Lemma
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Proof of Lemmal6.2.5. From Theorem and Lemma , for v/t > myg := %
we get:

r—I3

P (> vA) <€ (Il e 1]

S t_%ﬂnudb + t_i2 2ﬁn<n - 1)“'73 - £|’2

Then:
m% M?
E [(T — 7'0)2 A MQ} = / P((T — 7'0)2 > t)dt + / P((T — 70)2 > t)dt
0 mg
M2
Smg—i—/ P(T—To>\/¥)dt
m2
](\)42 M2
<mi+ [ harx 20— Dle-ala+ [ lax A
mg 0

4 3 _
= m(2)+ 3 <M% —m§> 24/28,(n = D)||lz — Z||2 + 2M B,||C]]2-

3 3
As m§ — 3mg2v/2B,(n—1)||x — Z|| = m¢ %”Hx—i:”g (1-2%(n—-1)) <0foralln>2,

we obtain the expected result. O
We now deal with the proof of Lemma [6.2.4]

Proof. By construction of the coupling, it is enough to prove these results for : = 1. To
simplify the notations we also suppose that the Brownian motions start from the same
fiber, that is, 7o = 0. For all ¢ € [0, 79, we have:

POl <0 3100 - X0 md V<5 ([ o2 xpaxt)

1<j#1<n

Thus, the lemma will be proven if we can show that there exists a constant C (not
depending on the starting points of the processes or the rank n), such that, for any
1<j#l<n:

E [LWM} sup (X7 (t) — X7 (()))4} < CE[(r A M)?] (6.31)

0<t<r

and

< CE[(nAM)Y]. (6.32)

t ‘ 2
E [1{7'1<M} sup </ (Xg - Xé) Xm(S)) >
0

0<t<m

These two results can be seen as a generalisation of Lemma 4.1 from [6] to higher dimen-
sions. Although the method is quite similar, it needs some adjustments due to the change
of the dimension. We give here the detail of the proof for the convenience of the reader
and will point the major element needing extra care.

As in the case of the Heisenberg group, we want to use the B-D-G Inequality. The
main difficulty is due to the fact that the coupling is not co-adapted. Thus, 71 is not a
stopping time for the usual filtration induced by (X;), and we need to consider an enlarged
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filtration. The second difficulty comes from the fact that the considered processes (or most
of them) have to be martingales for this new filtration.

Using the same notations as in the proof of Proposition [6.1.2] we define:

Z Lin<ty (Z 5 ZTk sin (mﬂ ((t = te) A T’“)) + 5(()’6) ((t—tr) A Tk)) :

£>0 m>n Ty, VT
(6.33)
2T . mm(t —t
and Xl Z 1{tk<t<tk+1} Z S(k k Sin (%) (634)

k>0

such that X} = XJ + x1(¢) + x2(t).
n—1
We remind that, for all k > 0, ( 57’?) = S W E® ith e g R
1<m<n—1 =1

Brownian motion independent of the basis ( fl(k)> . In particular, (fﬁ@)
1<I<n—1 1<m<n-—1

has the distribution AN(0, 7,_1) because of this independence. With the same argu-
ment, we can define a Brownian motion (C})o<i<,, starting from 0 by taking C; :=

> VT Z 1{t>tk}W(t AT fl . In particular (Cy)o<t<r, is independent of all the bases

k>0
k) (k) _ Ctrp1 = Oty > _
(fz >1<l<n71. We also have <£m > N For t > 0, we define two filtra

\ 1<m<n-—1
tions:

f;*::a({Xg,sgt/\n,2§j <n}uU{C,,0<s<n}
U{E® k> 0y U{eW, m > n,k > 0}) (6.35)
and
F* ::U<{X£,S§t/\7'1,2Sjgn}U{CS,OSSSt/\Tl}
U{E k> 0} Ul m > n k> 0}). (6.36)

Note here, that, contrary to the case of the Heisenberg group, our coupling strategy needs
the introduction, for all & > 0, of the basis (fz(k)>1<l< X which depends on (X7), <¢<i,,,
for all 2 < j < n. We then have to take extra céréngo define the filtration (F}); with
(Cinn )¢ and not with a direct concatenation of (W¥)o<,<;. Then (Xipnr, — Xo)e is F5-

measurable which will be important in the future to deal with the quantity

2
E {1{7-1<M} sup (fot (X! - X}J) dXé) ] with 2 < < n (upcoming inequality (6.43])).

<t<m

k-1
As for the proof in [6], we have {o*~1) > 1} € F*, and thus {r; > t;} = N {cV >
1=0

1} € F*. Since 7y only takes its values in {t;, k > 0}, 7 is a stopping time for the
filtration (F*)e. As Fi* C Ff, we have the same result for the filtration (F});.

For 2 < j < n, (Xg/\ﬂ)t is clearly a (stopped) Brownian motion adapted to the two
filtrations (F;*); and (F})¢, thus, using the B-D-G Inequality, we obtain (6.31)):

E| sup  (XI(t) — X7(0))"| < cE[(m A M), (6.37)

0<t<mAM
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with ¢4 the universal constant for the B-D-G Inequality. With the same arguments, using
two times the B-D-G Inequality, we obtain (6.32)) for 2 < j # 1 < n:

t ) ) 2 TIAM ) 9
E| sup (/ (x! —Xg)dxg) < oE U (X! - X3) ds]
0<t<miAM 0 0

< cE [(7'1 AN M) sup (Xg — XS)Q}

0<t<miAM

SIS

<M e[ s (- X

0<t<mAM

< ea/eaE [(1i A M)?. (6.38)

Again, ¢ and ¢4 are the two universal constants intervening in the B-D-G Inequality.
Note that these universal constant can be estimated (see [50)]).

We now look for (6.31)) for j = 1. Let ky; > 0 such that M € [ty,,, tg,,+1]. Let

ther < 71 Aty,, and t € [ty, tpy1]. We denote by (ey, ..., e, 1) the canonic basis in R"~1.
We get:
, &= N (AN 22 a1
pa@®FF = D (Cus = iy em) —— sin —7r )| = 1Cts _Otk“gﬁzm
m m=1

S

2 4 2
<5 sw o GlZ<5 s |G,

b <t<tp41 0<t<miAM

As 7 takes its values in {t;,k > 0}, there exists 0 < k < kj; such that 7 A ty,, = .
Thus we have:

4
sup |X1(t)|2§§ sup  [|Cyll5-

OStSTl/\tkM 0<t<mAM

Since (Cinr, )¢ is a (stopped) Brownian motion adapted to the filtration (F;*);, we can use
the B-D-G Inequality to obtain:

E

sup le(t)\4] < 136[ sup Hctu“] < %E (i A M) (6.39)

OStSTl/\tk]V[ 0<t<mAM

We now deal with E [ sup |X2(t)]4] . Let first consider any deterministic time 7.

0<t<r /\tk’J\/I

We have:

+8E| sup |X} — X5|4]

OStST/\tkA{

E[ sup IXz(t)|4]§8E[ sup  [xa(t)[*

OStST/\tkM OStST/\tkIM

We can apply the B-D-G inequality to (X} — X}); for the deterministic stopping time
T Aty,, by considering the natural filtration of (X}'):

E[ sup |X2(t)]4]§8E[ sup ()t +8cu(T Aty,, )2 (6.40)

0<t<TAty,, 0<t<TAty,,
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By construction of the coupling, y» is independent of 7y, thus, conditioning by 7, and

using ((6.40)), we obtain:

E [ sup |X2(t)\4 + 8c4E[(11 A tkM)2].

OStSTl/\tkM

§8E[ sup (8|

0<t<r /\tkM

Finally, using (6.39)) we get:

E [ sup |X2(t)]4] < 804%E (71 A M)Q] : (6.41)

0<t<m /\tk’J\/I

From ([6.39) and (6.41)), we obtain (6.31)) for j = 1:

E [1in<ay X sup | X} — X(H‘l] =E {1{761:;%} X 0sup | X} — Xé\‘l}

0<t<n <t<n

<E [ sup  |xa(t) + X2(t)|4] <3 x 8GE[(r A M)Z] :

O0<t<TINtR

(6.42)

Let us deal with (6.32) for j = 1 and 2 < I < n. For the filtration (F});, (X/.,, )¢ is an
adapted Brownian motion. Moreover (th,\ﬁ - X&) is Fj-measurable. Then, using the

B-D-G inequality and (6.42)):

t 2 t 2
Lin<my SUD ( / (X: - X)) dXi) ] < E[ sup ( / (X) — X)) dxg) ]
0<t<m 0 0<t<TiAtk,, 0

1

E [ sup (X, — Xé)4]

0<t<Ti Aty

t

E

N

< E [(11 Atry,)’]

< 8eav/3esE [(1i A M)?]. (6.43)
Finally, to obtain (6.32]) with j > 2 and [ = 1, we can use [t6’s formula to get

/0 (37— X3) dX(s) = (X} — X3)(X] — X]) — / (X! — X1) dX9(s).

Using the previous results, we then have:

0<t<m

E [1{71<M} sup (/0 (X7 - X7) Xm(s)) ] < 16v/3ca(ca + Va)E [(1 A M)

6.3 Gradient estimates

In this section, we present several gradient estimates. The first ones gives estimates for the
heat semi-group and can be directly deduced from the coupling rate obtained in Section
6.1} Note that these estimates can be improved with the One sweep coupling strategy in
Chapter[7] The second ones are about harmonic functions and come from the comparison
between the first coupling time and the first exit time from a domain dealt with in Section
0.2l
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6.3.1 Estimates of the horizontal and vertical gradient for the
heat semi-group

We first obtain an upper-bound (with an explicit estimate) for the horizontal gradient of
the heat semi-group for any homogeneous step 2 Carnot groups. Let g € G and (B;); be
a Brownian motion starting at g. We recall that, for all measurable bounded function f

on G, P,f(g) = E[f(By)].

Corollary 6.3.1. Let G be a homogeneous Carnot group of step 2 and of rank n > 2. For
any bounded measurable function f on G, for any g € G and t > 1:

Cl (n) a.e
Vi

with Cy(n) the explicit constant from Theorem [2.4.1]

V3Pl < 21l (6.44)

Proof. We consider f a bounded measurable function on G and g,g € G. Let consider the
following coupling (B, B;);:

e still denoting by 7 the first coupling time, for ¢t € [0,7], we take (By, B;)o<i<, the
coupling constructed in Corollary [6.1.10f

e for t > 7, we take B; = B,.
We have:

[P.f(9) = P.f(9)] = [E[f(B) — f(By)]| < E[lf(B:) — f(By)]]

=E[|f(B:) — f(B)|1(rot)]
< 9| fl]P(r > 1) (6:45)

Using the estimate of the coupling rate ((6.12]), we get, for ¢ not to close to 0:

dCC(g7 g)

: Cafn) dee9,5)

PI0) = P < 20 ()80 g CO 0T ()
We have: () - P Culn)
Y tJ\g) — 1+ J\g 1(n

R e s L1 N CNCY

dec(g,9")<r

In particular, for all ¢ > 0 and f bounded measurable, g — P, f(g) is Lipschitz on (G, d..).
As the gradient length |V P, f| is an upper-gradient of P,f, from Inequality (3.18]), we
obtain the expected result. O

We can also obtain estimates on G,, for the vertical gradient as defined in Subsection

0. 1.0l

Corollary 6.3.2. Let n > 3. For any bounded measurable function f on G,, and for any
t>1:

Cg n
VPl < 11 2

with Cy(n) the explicit constant from Theorem |2.4.1]

a.e. (6.48)
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Proof. Let denote g = (z,2) € G,,. We set Z € so(n) and § = (x,2) € G,,. Applying
(6.45) together with the coupling rate estimate ([6.2)), we get:

Iz sz

1Puf(9) = Pf ()] < 20 fllocfn——— 5

with 3, =

As previously, we obtain an inequality for the gradient length defined on the fiber {(z, z) €
G, | z € so(n)}. As for Inequality (3.22)), we obtain the expected result. O

6.3.2 [Estimates of the gradient for the harmonic functions on G,

By using the results from Theorem|[6.2.2] we can obtain the same results than in Corollaries
4.4, 4.5 and 4.6 from [6]. As the proofs are exactly the same, we just give here an overview
of the method and refer the reader to [6] for more details.

As in Section , we consider a domain D on G, and D its closure. Let f be a
continuous function on D, smooth and such that f is harmonic on D, that is, Lf(g) =0
for g € D. For any set A C D, we define osca(f) := sup f—iIfllf f. In particular, supposing

A

D compact, by continuity of f on D, oscp(f) is finite. Let g = (z,2),9 = (7,2) € D,
as f is harmonic, by It0’s formula, for any successful coupling (By, By); (defined such that
B; = By after the first coupling time 7 as previously) we get:

£(9) = £@)] = |E [/ Broie) — F(B,a))]|
< oscp(f)P <T > 7 (B) A TD<E))

In particular, using the results from Theorem [6.2.2] for g close enough to g, we get:

|f<g>—f<§>|§oscD<f><D1x( Ta 5 >||w—at~||2

n10+3
+D2x<1+ - >max<||¢||z,||<n >)

g

Finally, using the gradient length associated to the pseudo-distance §, we get:

54

VP, fls(g) < oscp(f)Dy x (n\/_+ nn ) . (6.49)
9 g
Using (3.21)), we have: |V P, f|s(g) > mi(n)|V P, f|. Then we obtain:

Corollary 6.3.3. Let n > 2 and D a domain on G, such that its closure D is compact.
For any f € C(D)NC*(D) harmonic on D:

1143
1V f(g)|ln < osep(f) (n\/ﬁ+%ﬁ+n i ) a.e. on D
g

54

D,
mi (n> g

with Dy the same constant as in Theorem[6.2.3 which depend neither on n, nor on D.
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We now consider the result from Corollary when we take D = B(g,r) with r > 0
and B(g,r) the usual open ball for the Carnot Carathéodory distance d... Using the
homogeneous invariant Harnack Inequality (see for example Theorem 5.7.2 from [19]),
there exists a constant C' that does not depend on ¢ and 7 but only on the metric d.. such

that oscp(gm(f) < Cf(g). This leads to the following result:

Corollary 6.3.4. Let n > 2. There exists a constant C' depending on G, and de. such
that, for all g € G,, r > 0 and for any smooth non-negative function f € C(B(g,r))
harmonic on B(g,r) we have:

1144
IVaf(9lln < C (n\/ﬁ—k ng/ﬁ + n64 > f(g) a.e..

Finally, as % = ||V log f(g)||s, we can obtain the following Cheng-Yau esti-

mate:

Corollary 6.3.5. Let n > 2 and g9 € G,,. We consider a real v > 0 and a smooth
non-negative function f harmonic on B(go,2r). Then:

C
sup ||V f(9)lln < — ae
9€B(go,r) r

with C' a constant that does depend only on G,, and d.. (neither on go nor on r).

Note that this last result has been proven for all Carnot groups by Baudoin, Gordina
and Mariano in [15] by using analytic methods.
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Chapter 7

One-sweep coupling on the free, step 2
Carnot groups

In this chapter, we present a second coupling strategy on the free, step 2 Carnot groups.
Contrary to Chapter [0 the strategy presented here is not successful. We define the
coupling only on a finite interval of time [0, 7] and evaluate it only at the final time 7'
The construction is based on a Legendre expansion of the standard Brownian motion
which is well adapted to the computation of the Lévy area. As in Chapter [6] we obtain
estimates for the distance in total variation and for the horizontal and vertical gradient
of the heat semi-group.

In order to enlighten the simplicity of the method, and since some small complication
arises in the case of higher dimensional Carnot groups, we chose to present first the
construction and the total variation distance estimate in the case of the Heisenberg group.
The case of higher dimensional step 2 Carnot groups on R", n > 3 will be investigated in
a second time.

We also use a change of probability technique to obtain a Bismut type formula for the
derivative of the semi-group and from which we derive some reverse Poincaré or reverse
Sobolev inequality for p > 1. We also obtain a log Harnack inequality.

The content of this chapter will make the object of a publication currently in con-
struction:
[3] Marc Arnaudon, Magalie Bénéfice, Michel Bonnefont, and Delphine Féral. A

coupling strategy for Brownian motions at fixed time on Carnot groups using Legendre
expansion. https://arxiv.org/abs/2407.04321, 2024

Contents

[7.1 The coupling method on the Heisenberg group H .. ... .. 136

[7.1.1 The description of the Brownian motion on H with Legendre |

| polynomials| . . . . . ... ..o 137
(1.2 Proof of Theorem 7. 1.1}, . . . . . . .. ... .. ... ... ... 139

[7.2 Distance in total variation of two Brownian motions on G,| . 142

[7.2.1 Some preliminaries| . . . . . . ... ... oL 143

(2.2 Proof of TheoremIr.2.1]. . . . . . ... .. .. ... ... ..., 145

[7.3 Application to gradients inequalities| . . . . . . ... ... ... 149

135


https://arxiv.org/abs/2407.04321

[7.3.1 Direct estimates for the horizontal and vertical gradient| . . . . 149

[7.3.2  Coupling with change of probability and applications|. . . . . . 150

7.1 The coupling method on the Heisenberg group H
Below, let us denote p;"*** to be the law of the subelliptic Brownian motion on the
Heisenberg group starting from (xi,zs, z). The first main result is the estimate of the
Total variation distance between the laws of the Brownian motions in the Heisenberg
group. This result already appears in [6]. One of our improvement here is that we obtain
some explicit constants.

Theorem 7.1.1. There exist two constants C1,Cy > 0 such that for allt > 0 and all
(1, 29,2) and (T1,Z2,2) in H,

~ - ) ~ R
T1,82,2 - - Z— 2z — 3(21Ty — o7
dTV <M£wl’x2’z), ’ugm,m,z)) < Cfl H(l'l L1, T2 1‘2)”2 + 02’ 2( 1T2 2 1)‘

v t . (7.1)

Moreover, one can take

1 /21

As noticed in [6], Theorem provides the sharp order of decreasing. In this sense,
the associated coupling is called efficient. It is also noted in [6] that any Markovian or
co-adapted coupling can not reach the sharp estimate when the initial point are in the
same fiber, that is when (Z1, Z2) = (21, z2).

We recall (see Section for more details) that the Heisenberg group H can be iden-
tified with (R? x R, %) equipped with the law:

1
(x,2) % (z,2') = (x+x’,z+z’+§x-:r’),

where
/. / ! / 2
x-x = xxy — xoxy for all x, 2" € R,

The Brownian motion starting in (z, z) can be written as the continuous process:

1 t t
B = (x,z)*(Bt,—(/ B;dBf—/ BgdB;))
2 0 0

1 1 t t
_ (x+Bt,z+§<xle—ng;>+§( [ man- [ deB;))
0 0

where (B}, B?);>o is a standard Brownian motion on R? and

1 t t
A== B!B? - | B2dB! (7.2)
2 S S S S
0 0

is the Lévy area of the 2-dimensional Brownian motion (z; + B}, z + B?). In the re-
mainder, we will often denote

T,z 1
B§ 2 (Xy, z¢) where z; = z + 5(1’13,52 — 19 By) + Ay
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7.1.1 The description of the Brownian motion on H with Legendre
polynomials

Let T > 0 and consider the scalar product defined for f,g € C([0,T],R) by

(f,9) = /0 f()g(t)dt.

Let take @y to be the normalized orthogonal polynomials; that is such that ||Q.|* = 1.
By dilation and translation, one sees that

Qr(x) = \/ng <—1 + 2%)

where (Py), are the standard (normalized) Legendre polynomials, which are orthogonal
for the Lebesgue measure on [—1,1].

We first consider the following representation of a standard one-dimensional Brownian
motion (By)o<t<r starting in 0. This representation is somehow close to the standard
Karhunen-Loéve decomposition of the Brownian motion but as noticed in [42], it is well
adapted to the computation of the Lévy area.

Lemma 7.1.2. Let (&)r>1 be a sequence of independent and identically distributed ran-
dom wvariables of law N(0,1). Define

Bi=Y6 [ Qs 0<i<T (73)

k>0

Then the process (By)o<i<r 1S a standard Brownian motion on [0,T].
The proof is done in [42], but let us recall the main ideas for the reader’s convenience.

Proof. Let T' > 0 and let (B;)o<t<r be defined by ([7.3)). The process (B;)o<i<r is clearly
a centered Gaussian process. To prove it is a standard Brownian motion, let us compute
its covariance. For 0 < s,t < T, one has:

EB.B) =Y ( /0 t Qk(u)du) ( /0 s Qk(u)du>

k>0

= Z(l[ﬂ,t]; Q) (Lo, Q)

k>0
= <1[07t], 1[0751> =S ANt.

where (-, -) denotes the usual scalar product on L?([0,T]) and the result follows. O

Lemma 7.1.3. Let (&)r>0 be a sequence of independent and identically distributed ran-
dom vectors with common law N(0,L). Write & = (&,&2) and for 0 < t < T and
1=1,2 let

B :Zg,@/g Qr(s)ds. (7.4)

k>0
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Then (B}, B?)o<i<r is a standard two-dimensional Brownian motion and its associated
Lévy area A; := %(fg BldB? — fg B?dBSl) at the given time T may be written as

Ar =T oré-&en (7.5)
k>0
with )

2\/4(k +1)2 -1

As before the proof is done in [42], but we shall recall the main ideas for the reader’s
convenience.

Proof. With the notation of Lemma [7.1.3] one has
T T s ot
/ lest = Z f,iffcw with Ckl = / (/ Qk(S)dS) Ql(t)dt
0 P 0 0

Now by integration by parts, one has for k,1 > 0,

o — ( /0 : Qk(u)du) ( /0 : Ql(u)du> .

Since Q) is a family of orthogonal polynomials, one infers that for (k,[) # (0,0), ¢z, =
—cy, and thus
ck7l:01f|k—l|220rk:l21

Therefore .
/ lest = co,oéégg + Z Ck,k+1(§i§l§+1 - €i+1&3)-
0

k>0

and thus the Lévy area at the final time T" writes:

Ap = Z Ck,kﬂ(fiiflzﬂ - fi+1fl§)-

k>0

The result follows by an explicit computation of the constant cj j41. O

We recall that here in the case of the Heisenberg group:
&k - &kt = E&ir — G (7.7)

As a direct application of Lemma|7.1.3| the Brownian motion on H starting in (z1, 2, 2)
at time 7" may be represented by

T —|— \/Téé
By = 25+ VT8
2 L (1188 — wob) + T S g (ERE7 — E112)

or equivalently with x = (z1, z3),

By — ( x—i—\/T&) )

Z+ \/TTx ’ 50 +Tzk20ak£k ’ £k+1-
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7.1.2 Proof of Theorem [7.1.1]

Before we turn to the proof of Theorem [7.1.1} we recall the standard estimate for Gaussian
vectors on R, d > 1 (with the same identity covariance matrix).

Lemma 7.1.4. Let d > 1 an integer, m,m’ € RY, there exists a random couple (X,Y)
whose marginals are Gaussian random variables N'(m, I;) and N'(m/, 1;) and such that

P(X £Y) < (%) AL

Proof of Theorem[7.1.1. For any choice of two Heisenberg valued subRiemannian Brow-
nian motions ((Xy, 2¢))>0 and ((X3, 2¢))i>0 started respectively at (x,z) and (Z,2), we
have

drv (M?’Z),Mg’i)) <P ((XT>ZT) # (XT@T)) : (7.8)
Consequently, to establish the estimate (7.1)) it is sufficient, for each T > 0, to find
((X¢, 2t))i>0 and ((Xy, Z;))i>0 started respectively at (z, z) and (Z, Z), satisfying

o= ol , ,[F=2—do-&

o - (7.9)

P ((XT,ZT) - (XT75T>> <

for C7, Cy > 0 not depending on 7.

To perform the construction of the coupling, we construct the Brownian motions
(X1)i>0 and (X;)¢o with the Legendre polynomials as in Lemma [7.1.2,

So let us fix T > 0. We write

o0 t
VO<t<T X,—z+B, with Bt_ng/ Qu(s) ds, (7.10)
k=0 0

1
where ({k = ( g’; >) is a sequence of independent R?-valued random vectors with law
k k>0

N(0, I;). We do the same with (Xt)ogth, using independent R?-valued random variables
(ék) with law N(0, ;). Equation ((7.9) will be obtained thanks to a well-chosen
k>0

coupling of (§x);, and <§k> .
At time T, using Lemma we get

1
XT:.I'—f—ﬁ&), ZT:Z+§ﬁx'£O+TZak£k'§k+la (711)
k>0
- - 1 - .
Xr =i+ VTE, ZT:2+§\/Tj-§0+TZak§k-§k+1, (7.12)
k>0

where for £ > 0, ay is given by (7.6]).

From (7.11) and (7.12), we find that the coupling equation (Xr,zr) = (Xr, 2r) is
equivalent to

(7.13)

S

€0 — & =2
=T
i

2 — 3+ 2T<a:-£o—a?-f~o) Oak<£k'gk+l_§k'§k+l>-
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Replacing 50 by & + % in the second equation we get

VT

—(+ (v —1T)- (Tfo - ﬁaogl) = Tagko (& — &) + TZO% <§k 1 — & 5k+1> :

k>1

(7.14)
where ( = Z— z — £ (x - Z) is the last coordinate in the Heisenberg group of (z, z)™*- (, 2)
We are in position to start the coupling. We take

& =& forall k¢ {03} (7.15)

so that we are left to couple

(é0.%0).  (£3.83). (7.16)
If (7.15) is satisfied we have the simplification

Tagk - (G4—&)+TY (gk: G — &k - §k+1>

k>1

—Taz (&G~ & &) +Tas (&6 — & &)
=Th\/a3+ a3 (g3—§3> '%-
Define

VT

v a3y — aés
2

2 2
\Vas; +aj

W=—-(+ (LL' — i‘) . ( &y — ﬁao&) eER, V= € R% (717)

With these definitions, Equation ([7.14) becomes

T\foj+a3 (&-&) V=W (7.18)

and where the random vector V is of law A (0, 1) and is independent of W. Consider
(E1, F5) to be a direct orthonormal basis of R? and such that F; is proportional to V.
Writing U = U'E, +U?FE,, and since F,-E; = 0 and E, - E5 = 1, the solutions of equation

U-V=Ww (7.19)

are precisely the vectors U € R? such that

W
U2=——.
V1l

Note that nothing is imposed on the coordinate U'. A solution of ((7.14)) is thus obtained
if
1 w P>
_ 5.
T3+ a2 V2
We also denote (Fi, Fy) to be the direct orthonormal basis of R? and such that F} is

proportional to & — x. We emphasize that W depends only on (o, F) (and on (1, F))
and thus we will also take (£y, F3) = (&, F3).

3 — & =

(7.20)
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Now by Lemma [7.1.4] given the values of &, for £ € N\ {0, 3} and the value of (&, F3),
it is possible to construct a coupling of the three dimensional Gaussian random vectors

((€0, 1), &) and ((&o, Fb), &) such that

S 1 ([]z— = 1 W]
P <(XT72T) # (X7, 21)|(§k)keny (0.3} <507F2>> < Nors ( Nt + T\/agTa%HVHz)

and thus since V and W are independent

P ((Xr.2) # (%r.20)) < o= (”tg”ﬂ e v E[IW|]>-

Now since V' is a random vector with law N (0, I3), one has

1 T
E =4/—=.
[HVHQ] 2

Denoting & = \/% (‘/TT&) — \/Ta()&) ~ N(0, I5) and with the same orthonormal basis
17X
(Fy, Fy) of R?, one has

EWI) < 16|+ VT § + a2 E[|@ - )&

|

= 1+ VT + a3 I = 2l E[1( 0]

SR ERYEAVENE

since (Fy, &) ~ N(0,1). Thus the conclusion (7.1)) holds with

1 1
O =1
1 V27T< \/§\/a§+a§>

and
oo L 1 \/?
2 Vo Vai+azl 2
and the result follows by considering the explicit values of the oy given in ([7.6)). O

Remark 7.1.5. The above explicit constant C7 and Cy are not optimal. In some sense,
we try to use the less noise possible in the coupling. It should be possible to decrease their
values by allowing more random Gaussian vectors to be different in ([7.15]).

Remark 7.1.6. Using the left invariance and the rotational invariance of the Heisenberg

group, it is enough to consider the total variation between the measures u% 99 and pé? 0.0),

In this case, we can take
§=66=66=6 and& =& fork=1and k > 4.

so that we are left to couple

(£.65.63), (§.8.8).
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In this case, by rewriting carefully the above proof, one can replace the constant

1 1 1
E by E
VaZtaz LIVI2 V(ad +a3)ZF + (a3 + a3) Z3

where Zy and Zy are two independent N'(0,1) random variables. In fact, in view of Remark

if one allows to couple,

(6., (E.81&E.8).-). (4S8 @E8.@8...).
the previous constant may even be replaced by

1

/ 272
2@1 .2,
2

where (Z,)n>1 s an independent sequence of N(0,1) random variables and where ¢* is
the sequence:

E

2 _ (2 2 2 2 2 2 2 2 2 2 2 2
c —(ozl+a2,a2+a3,a4+a5,a5+a6,a7+a8,a8+a9,...).

7.2 Distance in total variation of two Brownian motions
on G,

The aim of this section is to extend Theorem to free, step 2 Carnot groups G, =
R™xs0(n) for all n > 2. The method developed here is slightly different, but the estimates
will be similar.

We briefly recall the notations from Subsection A subRiemannian Brownian
motion in G,, started at (z,z) is a process ((Xy, 2¢))i>0 such that (X;);>o is a R"-valued
Brownian motion started at x and (z;);>¢ is the so(n)-valued process satisfying

1 t
V>0, zt:z+§/Xs®dXs. (7.21)
0

We state the following theorem:

Theorem 7.2.1. ForT > 0 and (z, z) € G, let ug,f:’z) be the law at T of the subRiemannian
Brownian motion started at (z,z). We have for all T > 0 and all ((z, 2),(7,2)) € G2,

~ ~ 1 ~
(@2) (32)) |1z — |2 12—z =320 &|as
o (47,157 ) < G = + ol 2 (7.22)
where || - ||gs denote the Hilbert-Schmidt norm and
1 4 1 2(n — 1)
Cy(n) = —= [ 6vV/n+— and Ci(n):= —+1/ ——=—=Cs(n). 7.23
o) = = (ovi+ ) ==+ 2w
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Remark 7.2.2. Theorem also applies when n = 2, that is, in the case of the
Heisenberg group. In order to compare the constants in Theorems |7.1.1] and |7.2.1], note

that |7 — z — 22 © &||gs = V2|2 — 2 — 3(2:132 — 2231))|.

We also recall that, for allv € so(n), |||Z—z— 22O F||pgs = V2||Z— 2 — 1z ©F|,. We
can then compare the results from Theorem[7.2.1] and Corollary[6.1.11]. In particular, for
n large, the estimates from Theorem [7.2.1) are clearly better.

Remark 7.2.3. As in Corollary|6.1.11, Theorem can be extended to any homoge-
neous, step 2 Carnot group G of rank n. For g,g € G and T > 0, we obtain
dcc(g’.g) \/502(”) dcc(gag)2
+
Vi my(n) t

where i (resp. uf) denotes the law of the subRiemannian Brownian motion on G started
at g € G (resp. g € G).

drv (M%a M%) < Ci(n)

Before giving the proof of this theorem, we make a preliminary study of an inverse
problem.

7.2.1 Some preliminaries

Consider an integrable random variable W taking its values in so(n), and for m > n + 2,
Vi,..., Vi, m independent random vectors taking their values in R", with law N(0, I,,)
and independent of W. Our next aim is to solve in Uy, ..., U,, random variables with
values in R", the equation

Y U0V =W (7.24)
k=1

Clearly the solution is not unique. We will make a specific choice which will together give
uniqueness and allow explicit computations. Letting (eq, ..., e,) be the canonical basis of
R™ = M,,1(R), we have the canonical decomposition

W = Z Wheel = 5 Z W"le; ®ej, in particular W7 = —W"7, (7.25)
ij=1 ij=1
We will denote .
Ue=)» Ule;,  k=1,....m, (7.26)
j=1
Vi=> Vle, k=1,...m, (7.27)
j=1
Ul Ul UL
v uvi o--- U2 ;
v = : : : : - (Uk)1§jgn, 1<k<m’ (7.28)
ur Uy .. U
Vv v
V12 {/22 VT% .
V= : : : : - (Vk>1§i§n, 1<k<m (7.29)
vevp ooy



and

0 W1,2 W1’3 . Wl,n
_W1,2 0 . . W2,n
: : .. . anl,n
_Wl,TL PN e _Wn_l’n O
Equation ([7.24]) rewrites as
UV — VU =W . (7.31)
In particular we have a solution of Equation (7.31]) if
' 1
VUt = —57/. (7.32)
Proposition 7.2.4. A solution to Equation (7.24)) is given by
1 _
U= (V1) (7.33)
Moreover, we have
1
E[l|% <——FE[|#” : 7.34

Proof. We easily check that % given by ([7.33)) is a solution of ([7.32) and thus also of
(7.24). We are left to prove that

1
El||% < -
[” ”HS] = 2m

with %, # defined in (7.28)) and ([7.30)). From ([7.33)) we get

EI7 ] (7.35)

1

U = }/t (rv) . (7.36)

This yields

% s = /T @XD) - %\/Tr (W vy ), (7.37)

On the other hand, ¥ is independent of # and ¥ ¥"' is a Wishart matrix W(n,m)
of size n x n and with m degree of freedom and thus can be written in singular value
decomposition as

VIV = SDP S (7.38)

where . and & are two independent random variables taking their values respectively in
O(n) and M,, ,(R), .# having uniform law and 2 being diagonal with positive eigenvalues
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0<dy <...<d,. From this we get

2E[ Tr(%%t)} - E[\/Tr(Wt("//”I/t)_W/)} E:\/Tr(wy@ﬂy%}

i=1

— E|VTI I T T7)| —E Jidﬁeﬁﬂ%%tytei‘

— E E[\idize;?ﬂWWtyteiW,_@
=1

IN
m

Li=1

J E Y detswy' Se|V, @]

Now for all 1 <i <n,
1
E [eﬁﬂWV/tY’teiW/, .@} = ﬁTr(WWt)

since . is uniformly distributed and independent of #° and 2. We get from this

E N E [Z A2t I W WS, | W, @]

- %E (VR (2

=1

vielding since Tr (272) = Tr ((”V “//t)_l) and is independent of %/,

1 _

€12 lns] < 572 |/ (0797 El1# s (7.39)

By [49] Example 3.1 we have

1] _ n

E|T (7)) 7)] = —— (7.40)

so finally by Cauchy-Schwarz,

1

El||% < ——FE[|\# : 7.41

7.2.2 Proof of Theorem [7.2.1]

Proof of Theorem |7.2.1. For any choice of two G,-valued subRiemannian Brownian mo-
tions ((Xt, 2¢))>0 and ((X3, 2¢))¢>0 started respectively at (z, z) and (Z, Z), we have

dry (157, 157) < P ((Xr.2r) # (K. 21). (7.42)

Consequently, to establish the estimate (7.22) it is sufficient, for each T" > 0, to find
((Xt, 2¢))e=0 and ((Xy, 2t))e>0 started respectively at (z,2) and (Z, Z), satisfying

1% — [l

VT
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Adopting the same strategy as in Section [7.1, we construct the Brownian motions
(X¢)t>0 and (X¢)i>0 with Legendre polynomials.

So let us fix T > 0. Similarly to Equation (7.4) but now in dimension n, we write

oo t
vmggﬂ&:muawm_&gZ&/me& (7.44)
k=0 70

&
where | & = : is a sequence of independent R™-valued random vectors with
law N(0,1,). We do the same with (X;)o<i<r, using independent R"-valued random
variables (&) with law AN(0, I,,). Equation (7.43)) will be obtained thanks to a well-

k>0

chosen coupling of (&),~, and <§k>k :
> >0

At time T we get

1
Xr =z + VT, ZT=Z+§\/TI®50+TZ%&®&+1; (7.45)
k>0
~ ~ 1 ~ ~ ~
XT:j+ﬁ§Q, 2T:2+§\/T5:®£0+Tzak£k®§k+lv (746)
k>0

where (ag)g>o is defined in (7.6)).

From (7.45) and (7.46), we find that the coupling equation (Xr,zr) = (XT,ET) is
equivalent to

0 — & :%
T

z—Zt TT (37 O&H—-TO éo) Z Q <gk @& — & © fkﬂ) : (7.47)

Replacing & by & + ’”;\/T? in the second equation we get

—(+(@@-17)© (T&J ~VTa | = Tap&® (& —&)+T Z Qg <§k O&kt1 — & O §k+1>
k>1
(7.48)
where ( = 2 — 2 — %x ® Z. We are in position to start the coupling. As in previous section
we let m > n + 2, that we will choose at the end. We take

& =&, forall k¢{0,3,6,...3m}, (7.49)
so that we are left to couple

(507 é())’ (537 53)7 Tt (53(71—1)7 gSm)' (750)
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If ([7.49)) is satisfied we have the simplification

Tap§o © (51 — &)+ TZ o <£k © ék+1 - & O fkﬂ)

k>1

=T Zm: <Oé3k—1 <§3k—1 ® &t — a1 © f3k> + g (g?)k: © &3kp1 — §3k © §3k+1>>
k=1

NE

<§~3k; - §3k> O T (se€sr41 — 3k—1636-1)

=
Il

1

NE

T

1

x asiak1 — Q3p—1835—1
/ o 2
Ty oz, +az, <§3k - §3k) © - - .
\/ Y3k +ag,

Define
W = —< + (33 — ZZ‘) © <§€0 - \/TOZ()&) s (751)

a3kEskt1 — sp—183K—1
Vi = k=1,

)
/ 9 2
Qg + Qg4

With these definitions, Equation (7.48) becomes

ZT\/ gy + 05y (é%k - §3k> OV, =W, (7.53)
k=1

and the random vectors Vi, 1 < k < m are independent with the same law N (0, I,).

m. (7.52)

Let (Uy,...,Uy) be the solution given by (7.33)) to Equation ([7.24)) Z U0V =W.
k=1
Using (7.53) we see that a solution to ((7.48)) is given by

~ U .
€3 — Eap = i = U, k=1,...,m. (7.54)
T\f oz, + agy 4
Define - R
gl é:l [A]l
X . U
= 5? I R e (7.55)

with the Uy defined in (7.54). The random vectors &, € and U take their values in M, 1 (R)
and &, € have law N (0, I,,,,,). Recalling the system (7.47), we obtain with ((7.54]) that

r—2x

P ((XT,ZT) # (XT,ZT)) <P (éo — & # T ) +P (é— £+ U) . (7.56)

Observing that the random vector U is independent of &, and using Lemma , we get
the estimate

e — 2> B[Ol as]

P ((XT>ZT) + (XT,gT)) < Noras Nor

(7.57)
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1

/ 2 2
o, + s,
3k 3k=1/ 150

. On the other hand using ([7.6)) we have

By (7.6 the sequence (o )x>o is decreasing, consequently the sequence

E[[U]]s]

2 2
T/ ag, + a3,

is increasing and E[||U]| 5] <

for k>1
1 ) ( (4(3k + 1) — 1)(4(3k)2 — 1) )1/2
- 2 _ 2 _
a2 + a2, (4(83k+1)2 —1)+ (4(3k)2 —1) (759
42(3k + 1)2(3k)2\ V/?
<2 < 2v2 1).
< < EBE ) < 2V2(3k + 1)
Recalling that by Proposition [7.2.4]
1
E[||U =E[|% < —FE[|W
10 1] = EN# ns] < 57—z W s
we get
2 V2(3m + 1)
E[||U < ——— L E[||W 7.59
1015) < P AL E |17 s (7.59)

On the other hand, writing from ((7.51))
T .
W=-(+(-2)© (gfo - \/Tao&) ;

we get
2

E[HWH%{S] = ||C||i15 +E

(x—2)© (gfo — \/Toz()&)

HS
We will do the computation in an orthonormal basis (F1, ..., E,) of R" such that x — & =
|z — Z||oF4. Since ap = ﬁg we have \/TT&) — VTapé, = \/ééo where & is a R"-valued

Gaussian random variable with law N(0, I,). Writing & = 3. & E; we obtain
i=1

(z—7)0© (\/Tffo - \/Ta()fl) = \/?HCU — 7|l ;%El O L.

The matrices By ® E; = E\E! — E;E! being orthogonal each with norm /2 we obtain

2
3| [EEYS (@5 - ﬁao&) = o —alg T2
HS
We get
E (1 ls] = G+ 22D e — iz (7.60)
Using this estimate in ([7.59))) yields
S0 ] < 2ot (HcHHS L m) e
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We can easily prove that the best choice for an integer m is

V2(3m +1) :6\/2_—1—4\/5

So together with (7.57)),
P ((Xr, 21) # (XT, zT)) <
- 7.63)
Hfﬂ—tz 2T(n—1), (
6 — ||z — )
We obtain the wanted inequality (7.22) with
1 4 1 2(n— 1)
Cs(n) = — [ 6y/n+ — and C] = + C 7.64
) = = (ovi+ ) - e e
]

7.3 Application to gradients inequalities

7.3.1 Direct estimates for the horizontal and vertical gradient

As in Chapter [6] we can obtain direct estimates for the horizontal and vertical gradient
of the heat semi group. Indeed, using the coupling from Theorem [7.2.1], we have:

[Pif(g) = Pif(@)] < 2/|f]]P (B? 7 Bg)

< 2 fllue (Cl(n) & = #ls + Caln)

V2||Z -z — %x © T2
. ) . (7.65)

t

Using the same arguments as in the proof of Corollaries [6.3.1] and [6.3.2], we obtain:

Corollary 7.3.1. Let G, be the free step 2 Carnot group of of rank n > 2. For any
bounded measurable function f on G,, for any g € G,, and t > 0,

IV3Puf ()l < 20} )£l s (7.66)
and
IVorf @)l < 2220 1 s, (67)

where Cy(n) and Cy(n) are the constant appearing in Theorem |7.2.1| (or|7.1.1)).

Remark 7.3.2. As for Corollary we can also show that (7.66) is true on all the

homogeneous step 2 Carnot groups.
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7.3.2 Coupling with change of probability and applications

In this section we will construct couplings at time T" with probability one, but the price to
pay will be to make changes of probabilities for the second process. The distance between
semi-groups will be measured by the change of probability. The main results are a log
Harnack inequality (Proposition[7.3.7 an integration by parts formula (Proposition
which expresses the spatial derivative d Prf of the semi-group Prf of the Brownian motion
by a formula which does not make appear derivative of f, and a reverse Sobolev inequality

(Proposition |7.3.8]).

The notations are the same as in the previous section. The processes (Bf) := (X, )
and (BY) := ((Xy, 2;)) started respectively at g = (z,2) and g = (Z, 2) are defined with
equation (7.44). The sequence (&)r>0 will be identically distributed will law A(0, I,,)

under the probability P. The difference will be that we will look for a sequence (&)k>0
which is independent and identically distributed with law N (0, I,,) under another proba-
bility P(g), and so that at time T, a.s. B, = B.

So let us fix K € {n+1,...} U{oo} and let
Jg={leN, (<K} if K<oo, Ju:=N and Ji:=J\{0}VEK. (7.68)
We will take .
& =& forall k¢3Jk (7.69)

so that we are left to couple 3
(&, &), (€3Jk. (7.70)

Now we consider the sequence (Vi)res: defined in (7.52), of independent random vectors
taking their values in R", with the same law N(0, 1,,). We solve in (Uy)xesz the equation

Y UioVi=W (7.71)

keJ;

with T given by Equation (7.51). Then we will choose (£;)r>0 such that almost surely

X

~ T — o
Y-S = U 7.72
§o — &o T 0 (7.72)
and
* & Uk 3
Vke JK: fgk — fgk = =:U,. (773)
Ty az, +ag,
We denote . .
VkeJi, Vi=) Vie, Ui=)Y Ulej, (7.74)
i=1 j=1
1
B = (7.75)
Ty g, + g
.. Vi . . .
V="K = (—k> , U = Uk = (BrUy)1<j<n, kers (7.76)
B 1<i<n, k€J}

the upper index representing the lines and the lower index representing the columns. With
these notations and similarly as before, Equation ((7.71)) is equivalent to

A A

UV — VU =W (7.77)
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with # defined by (7.30). In particular, we have a solution of Equation ([7.71)) if
Aon 1
VU = —57/. (7.78)

The n x n matrix

=) Vkvk (7.79)

keJy

< 0o (the computation ([7.58) proves that

By is of order k). It is a.s. symmetric positive since K > n. Consequently it is invertible,
and a solution to ([7.78)) is given by

is a.s. well-defined since E [Z —Tr(Vi Vi)

Ut = V(I VYW (7.80)

Let us make a specific choice of probability space, which will be very convenient for
our computations. This probability space is (€2, .7, P), where Q := (?(R") is the Hilbert
space of square integrable R™-valued sequences, <7 is the smallest o-field for which the
projections are measurable, completed with respect to the probability measure P for which
the canonical projections

ka—>Rn

W= (Wo, W1y -+, Wpy--.) = wg =: & (w)

are i.i.d. and N (0, I,,). We will need to split € into two supplementary orthogonal spaces:
Q= Q, ® Q. Let us now describe these spaces. For £ > 1 and 1 < ¢ < n, we denote by
et the element of  which satisfies &(e}) = 0 if £ # k and &(el) = e;, the i-th element
of the canonical basis of R™. Letting (fi, ..., f,) be an orthonormal basis of R such that
|z — Z||fi =2 —, for 1 <i < n we denote by f§ the element of 2 such that &(f}) =0
if £ % 0 and &(f}) = fi. Notice that the (el), k¥ > 1, 1 < i < n together with the
(f&), 1 <4 < n form an Hilbertian basis of 2 and that the random variables (e}, w),
(f§ w) are i.i.d and

Q, = Span{f;, €, ke€3Jy, 1<i<n}, (7.81)
Q= Qy =Span{fi, 2<i<n}@®Span{ e}, k¢ 3Jx, 1 <i<n}. (7.82)

For the sequel, we will denote w, (resp. wp) the projection of w on €, (resp. ).
Let «, and <4 be the canonical o-fields and P, (resp. P;,) be such that the (w,,e}),
k> 1,1 <i<n, (wa, fl) (vesp. {(wp,el), (wp, f2) € & 3Tk, 1 < j <n,2<i<n)are
independent .47(0,1) random variables. Then

(Qa XQba% X%,Pax Pb) — (Q7W>P)

7.83
(Wa, Wp) > Wy + wWp ( )

is an isometry.

Recall that &, =& ifk ¢ 3Jk and €3, = Eau+ Uy if k € J. Let P(§) be the probability
on € such that all &, are i.i.d. and N(0,1).
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Lemma 7.3.3. The probability P(g) is equivalent to P, and

R(u) = —dljll(:’g> (w) = e%((wﬁf—(( ) Hl)’) e~ (=g lul? (7.84)
where u = u(g)(w) € Q is defined by
u, =0V k&3Jx and us, = Up(w) Yk € Jg, (7.85)
and <w7 U’> = Z(wkauk>R”
k=0

In particular,
AR(()lmg = = D (kA0 ]s=s ) (7.86)
k=0

Moreover, for all measurable F : Q — R, we have that I is P-integrable if and only if
w i F(w+u(w)) is R(u) - P-integrable, and in this case

E[F(w)] =E[F(w+ u(w))R(u(w))]. (7.87)

Proof. First observe that for a fixed nonzero vector v € {,, we can make the orthogonal

decomposition
u
Wy = { Wa, 7T + P 1 (W) (7.88)
< Hu\|> [

where <wa, > is an A(0,1) real-valued random variable independent of P(Szc)b 1 (wa)-

u
ol _
Now remark that the random vector u(w) satisfies u(w) = wu(wp) in the decomposition
W = Wy + Wy of . This is due to the fact that the Uy do not change when one replaces

& by & + in the expression of

W = —§+ (1’—:2’) © (g&o— ﬁ@0§~1> .

In other words, u is measurable with respect to o-field 4 := o (&, k & 3JK)\/U(PZ )L (&))
(P(Zf:z)L denoting the projection in R™ orthogonal to x — 7).

A second important fact is that w — u(w) takes its values in €,. In other words u, = 0
if ¢ € 3J} and wyg is collinear to x — Z. Consequently, conditioned to ¢, u is a ,-valued
constant. So we can make the same decomposition as in ([7.88]):

wr = w U(W) U(W) Qu w
" < ||u<w>u>||u< T Lt ()

where conditioned to ¥, <wa, %> is an .47(0,1) random variable independent of

P(%(lw)) 1 (wg). Adding w, which is ¢-measurable and orthogonal to €, we get

:<”’ﬁ> U Py (w) (7.89)

Il

where conditioned to ¢, <w
of P(u)J_ (w)

, ﬁ> is an V(0, 1) real-valued random variable independent
U
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Let F': Q2 — R a bounded measurable function.

et = €[ (i) g + o) P01 9
—E VR F @ﬁ + P(U)L(w)) () dx}

where ¢ is the density of A(0,1). But

L7 (o4 Pas@)) ptddo = [ F (@ By + Pus)) ol + ul) do

yielding
E[F(w)]

—&| [ F (0 Tty + Ps)) pla+ lul) s

_E /RF(,:E%—HuHW—l—P ())W@(@dw}

—E _E ¢(i?’<:7>;r>|>u>F (<< Ta H> + HuH) T H u)l(w)) [Py (W), ¢

recalling that conditioned to ¥, <w —> is an N(0,1) real-valued random variable

independent of P, (w). So

E_w<?éfl3;)ﬁ((< )+ 1) g + P )

B

o (o))

yields (7.84) via (7.87). Equation ([7.86]) is a direct consequence. O

Corollary 7.3.4. Let us take K = 2n+ 1. Let R = R(u) be as in Lemma[7.3.3 Then
RIn R is integrable and

E[Rn K] = € [Jlul”

1

<M+ 6\/ﬁ_|_i ’ i
- 2T \/ﬁ 172

z2—Z——x0Ox

5 +

HS 3T

2 2(n —1) |z — 97?”3) ' (7.90)
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Proof. Recall that |[ul|? = |UZ]| + |U|]? = 252 + ”UTHQ, U being defined in (7.55). First
observe that the inequality in ((7.90) comes from ([7.59) and (7.60). Secondly, we have
u(w) = u(w — u(w)) since u(w) € V and u depends only on Py 1 (w), see the proof of

Lemma [7.3.3] So using (7.87)),
E[R(u(w))(w) In R(u(w))(w)]
=E[ln R(u(w — u(w)))(w — u(w))]
EIn R(u(w))(w — u(w))]
)

1
— [t - u)u) -
=E |—E[{w, u(w))|¥4] + %Hu( )H2] with & defined in the proof of Lemma [7.3.3
=€ |5l

since E[(w, u(w))|¥4] = 0: u(w) is ¥-measurable and conditioned to ¢4 (w, u(w)) is Gaussian
and centered. N
We will need two preparatory lemmas.

Lemma 7.3.5. Let (Y;)r>1 be a sequence of independent real-valued random variables with
law x?(2). Let a > 0, for any q > a such that q is an integer, we have

SRZAY S SUEY)
E — . 7.91
(57) =5 o
=1
Proof. We have
AN AN
=1 =1
q —a
<ie| (31
=1
2a > ayqileiy/z
/0 Yo Y
2a 2qfar<q _ CI,) _ anF(q _ CL)
21T(q) 27T(q)
where we used in the third line that >"7_, Y}, has law x?(2¢) with density
yi—lev/?
1 .
0

Lemma 7.3.6. Let (Vi)g>1 be a sequence of R™-valued independent random variables with
law N(0,1,,). Then for any p € (0,1),

1\ P

= ViVl T ¢*0(g(1 - p))
VAeER, Elexp|A|Tr <kz:; 5 ) 1+Z(T2p) 4T(q) < 00
(7.92)
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where

C=0Cp) = (”; (m@m + 4))2)p. (7.93)

Proof. 1t is enough to make the proof with A > 0. We have

A SN )

k .

E k E 7 My with A, = E VeV
=1 "tn+1) O=(0=1)(n4+1)+1

The matrices .#; are Wishart # (n,n + 1) with smallest eigenvalue Ay, (#;) having an
exponential law with parameter n/2, or equivalently a law %XQ(Z). Consequently, by

independence, we have
ViV, = Y
Amm<§ . ’“) >y (7.94)
k=1 B =1 nf@f(nﬂ)

with Y, independent x?(2) random variables. Then using 3}, < %2\/5(316—1— 1) we can write

min >T Y, 7.95
A <Z 52 ) ;C’gﬁ ¢ (7.95)

k=1

with Cy = n? (2v/2(3n +4))”. We have

(e 9] t -1 o0 t -1
(£ = (%)
k k=1 k

k=1

0o ¢ -1 P 00 -p
Tr (Z V’“‘ﬁ) < % ( %) (7.96)
l

k=1 "k =1
implying
00 -1\ 0 -p
Elexp | A|Tr (Z Vk‘f) < E |exp (TC—i)\ ( %) )]
k=1 "k =1

where we used Lemma [7.3.5| with a = pq. We finally get

p

o (o528 )] s o

k=1
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which is the first inequality in (7.92)). We are left to prove that the right hand side is
finite. Using InT'(a) ~ aln(a) as a — oo we get

n (quqF(q(l —p))

) ~ (2pq + q(1 — p) —29) In(q) = q(p — 1) In(q) < —eqIn(q)

¢'T'(q)
with ¢ = %. Letting o = (2%)10 A we have
C p q 2pq11 1—
((2—;’2> )\) a q('?((q) P)) < alqc? for g sufficiently large
and 2211 alq—®9 < oo, proving the finiteness of the right hand side of ([7.92]). ]

Let f:G,, = R a bounded measurable function. We have
Prf(g) =E[f(B})] together with Prf(g) = E[f(B})R(u)] (7.98)

g and u being related as in Lemma, . But with our construction, we have a.s Bé} = B,
yielding

Prf(g) = E[f(B7)R(u)]. (7.99)
From this and Corollary [7.3.4] we get the following log Harnack inequality.

Proposition 7.3.7. Let f be a positive function in G,, T >0 and g = (x,2),§ = (Z,2) €
G,,. Then

Pr(In f)(g) <In(Prf(g))

o — 2 N1
+T+ 6\/5—1-% ﬁ 2—2Z2—=x0O

2

2
2(n—1) 2
P20 D).
HS 3T ’

(7.100)

Proof. Again take K = 2n + 1. By Equation applied to In f and Young inequality,
Pr(In f)(g) = E[ln f(B7)R(u)]
< E[R(u) In R(u)] + InE [exp In f(BY.)]
— E[R(u) In R(u)] + In(Prf(g)).

We conclude with ((7.90)). O

The next proposition aims at establishing an integration by parts formula, together
with a reverse Poincaré inequality.

Proposition 7.3.8. Fiz K > n+ 2 (and possibly infinite). Let f : G, — R be a bounded
continuous function, g = (x,z),h = (hy, h,) € G,. Denote § = g+ h we have

ngTf<h) =E [f(B%) (‘ Z <§3k, Uk>>

keJg

: (7.101)

where (Uk)kzo is given by (7.73). Consequently, for any p € (1,00], denoting q € [1,00)

satisfying — + — = 1, we have
p q

q/2 1/q

2) | (7.102)

A~

ldyPrf(R)]| < (PrlfP)"/" m E (Z U

keJgk
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with ml = E[|Z]7] the q-th moment of a A (0, 1)-variable Z. The right hand side is finite
for all ¢ > 1 when K = oo.

In the special case p = q = 2, we get the reverse Poincaré inequality

ldy Pr.f (R)||?
< (PrlfP) ||h%||2 (6\/—+ J/__) <ﬁ h, — %x@hm ZS—F% | he \|2>
(7.103)
Proof. Considering a vector h = (h,, h,) € G, we will compute
lim © (Prf(g -+ ah) — Prf(g)). (7.104)

Denote g(a) = (Z(a), 2(a)) = g + ah. The matrix W(g(a)) defined in (7.51)) rewrites as

W(g(a)) =z — 2(a) - %i‘a O+ (r—(a) © (?fa - ﬁaoé) (7.105)

and since © ©® x = 0,

Va R, dyoW(h) = d%W(g( ) = —h,— %thx—th) (ggo - \/17%51) (7.106)

not depending on a. Consequently, with the notation of ,
dyy @' (h) = VIV gy W (h) = VPV W (3(1)) (7.107)
does not depend on a, and we have, letting %t = Z*(§(1)) and #* = #'(§(1))
UHG(a)) = aW' = aV (VI W1 (7.108)

also, Up(g(a)) = aZ

~

77 vielding diU (g(a)) = up. Then using (7.84) and the fact that

U = (us,ug, ...) we get

L (Prf(g + ah) — Prf(9)) = “E[/(B) (R(au) ~1)]

By definition of R(a’u) we have as soon as w — F'(w) is P-integrable, that w — F(w+a'u)
is R(a’u)P-integrable and

E[R(a'u)F(w + a'u)] = E[F(w)]. (7.109)
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In our situation f is bounded and (w,u) = <w, ||u_||> ||u|| is P-integrable since, since,
u

conditioned to ¢ <w, HZ_H> has law N (0, 1), [lul] < ‘

A, 1% lus,

s = [T () = [T (P79 < 1 s (Tr ((W)))/

# is Gaussian and independent of ¥ and

I\ 12
e if K = oo then by Equation (|7.92) (Tr ((”V"//t> )) has exponential moments,

N1\ V2 1/2
e if K < oo then | Tr <”//”I/t> )) < Brk (Tr ((”I/V/t)fl)> which is integrable
by ([7.40]), since we chose K > n + 2.

So we can apply equality ([7.109) after exchanging the orders of integration (which is
allowed here for the same integrability reasons), and we get

L (Prf(y +ah) = Prfie) = = [ ELFBH) (R (o + )] df
1

S / CE /(B (w — a'w) (w, )] dd’

_ _Z Ké /0 F(BY.(w — d'u)) da’) <w,u>] |

Since f is bounded and continuous, and a.s. B7.(w — a’u) — B7%.(w) as ' — 0 we can use
the dominated convergence theorem to obtain

limy > (Prf(g +ah) — Prf(9)) = ~ELF(B}(w) (v, )] (7.110)

which yields ([7.101f). To establish ([7.102) we first use Holder inequality which yields

q11/q

Id, Prf ()] < E[1f1P(B3)] 7 E ”— > (6 U (7111)

keJk

As in the proof of Corollary [7.3.4] conditioning with respect to ¢ we get
E ”— > <f3k,Uk> =E|E [ - <§3k,Uk> g”
kEJk i keJk
i ) q/2
keJk

q q

with m{ = E[|Z]|?] the ¢-th moment of a .47(0, 1)-variable Z. This proves (7.102)). Notice
that when K = oo the last term is finite thanks to Lemma which implies that all

moments of (¥ #*)~! are finite. Finally, to prove (7.103) we apply (7.102) with K = 2n+1
which allows to use ((7.90) with g = g + h. m
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As a final corollary we provide estimates of the horizontal and vertical differential of
the heat kernel (g,h) — pi(g,h) on G,,. Note that it will be useful in Chapter [§|

Corollary 7.3.9. There exist three positive constants K(n), Ki(n) and Ky(n) only de-
pending on n such that:

n? n 2 hw hz_l Qhw
(dype(0, ) ()| < 5 e ¢ decl0) (Kl(n>”\/¥”2+K2(n)H 2“2 “HS). (7.112)

Proof. From [53], see also [12], there exist some positive constants K (n) and K;(n) de-
pending on n such that:

Ki(n) ~ K d,e(g,n)>

(&

pe(g, h) < (7.113)

L
2

t
Set g, h € G, then p(0,9) = (0,-))(g). Using the reverse Poincaré inequality from

Proposition with f = pt (6

N+

Pi(p
)

[d,pi(0, ) (B)[* < E |p, (0,8%)?]

2
oIl |2 42\ (4 1 Afn — 1
I ||2+<6 /—2n+_\[> <—th——x®hm|\?{s+ (n3t )||hx||§>

t vn 12 2
(7.114)
- 92 ~ :
We now examine E [p%((), B%) ] Using ([7.113]):
e [, 0827 = [ p,0.00p (0.0
" 73n2
< [ Ry (L) T e HRenontn g
= 5
— n?
< Ki(n)? 0 o~ 2 (2ec(0)+(dec(9.0)~dec00)%) g
= 5
_3'n,2
~ 2 2K (n 2 K (n 2
< Ky(n)® (%) / o0 4,002 g o K dec(0.9) (7.115)
Gn

where the last expression is obtained by using the inequality

2

2a* + (a — b)* = 3a® +b* — 2ab > 3a® +b* — )\—)\b2

b2
=a®+ 7 with A = 1/2.

Using the property of the dilation on (G, d..), %d (0,1) = d.(0,dil 1

the homogeneous dimension of G,, is n?, we have:

(Z)), and since

<

2

Iy
2 Gn Gn

which is finite and does not depend on ¢ . The expected result follows. O
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Remark 7.3.10. If in the above proof, using the reverse Poincaré inequality (7.102)) with
p=1+wv forv >0 (and with K = +00), it is possible to obtain (7.112) with some

constants K(n,v), Ki(n,v) and Ky(n,v) depending only on n and on v with

(n

:1—1—1)

=h

~—

K(n,v)

and where K1(n,v) and Ky(n,v) tend to infinity as v — 0.
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Chapter 8

Couplings and Wasserstein distance

8.1 Introduction to the topic

In all this manuscript, we have looked for successful couplings or, at least, couplings
that give estimates of the total variation distance. They are part of the first category of
coupling presented in Subsection 2.1.2] We recall that the second category proposed in
the same subsection is about couplings (X, Xt)t satisfying inequalities of the type:

d(X;, X;) < C(t)d(Xo, Xo) for all t > 0a.s.. (8.1)

This result implies for all ¢ > 0:

1

E [d(X, X)|” < Cyd(xo, Xo) (8.2)
and thus the Wasserstein distance inequality for all p € [1,4o00] and ¢ > 0:
W, (E(Xt), E(Xt)) < O(H)d(Xo, Xo). (8.3)

As explained previously, results on Riemannian manifolds with Ricci curvature bounded
below by k are well known: using the synchronous coupling, (8.1)) is satisfied for C(t) =
kt . .
e~ 2; see [54], (the reader can also look at the results for the synchronous coupling in

Subsection in the case of Riemannian manifold with constant curvature).

Under strong conditions on the considered manifold and for ¢ > 0 and p € [1, +o0]
fixed, Kuwada proved in [41] the existence of a relation of duality between the inequality
(8.3) for all z,# and the following gradient inequalities for any f bounded and Lipschitz:

e if p €|1,+00], by denoting by ¢ > 1 the conjugate of p (¢ = 1 if p = +00), for all z:

VEf|(2) < C) (P (IVF]9)7 () (8:4)

o ifp=1:
IV flloo < COIP (V) lloo- (8.5)

In these relations, for any f bounded and lipschitz, |V f|(z) is the gradient length asso-
ciated to the metric defined the same way as in Subsection and ||VP,f||« is the
supremum norm associated.
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As far as we know, there is few studies on subRiemannian manifolds. Using properties
of the carré du champs opérateur and the duality relation, Kuwada, proved that and
thus is true on the following subRiemannian manifold (still considering the Brownian
motion and the heat semi group):

e On the Heisenberg group for p = +o0o (and thus for all p € [1,+00]) with C(¢) > 0
constant.

e On the nilpotent Lie groups, including the free, step 2 Carnot groups, for p € [1, +o0]
with C,(t) > 0 constant.

e On SU(2) for p € [1, +oo] with Cp(t) = Cpe™*

One of the question that can be considered is then the following one: can we obtain
explicit coupling satisfying or even (8.1)?

A thorough study was made by Bonnefont and Juillet for the Heisenberg group in [22].
In particular they proved that, for C'(t) = C' > 0 constant, . ) cannot be obtain with
any co-adapted couplings of Brownian motions. They also gave an explicit construction
of a coupling (B, Bt) at each time ¢t > 0 satisfying (| . for p = 1. As the obtained
construction is not dynamic, it is called static coupling. This coupling is constructed by
considering the heat kernel and thus considering the problem as a transport problem. In
fact, this method can be well generalised to free, step 2 Carnot groups and then to all
homogeneous, step 2 Carnot groups as it will be proven in Theorem [8.2.1]

If the method used to prove these results is different from the one developed in this
manuscript (decomposition of the Brownian motion in a basis of L?[0,77]), the common
message seems to be that non co-adapted couplings should be the good way to obtain
gradient inequalities for hypoelliptic operator. In the future, it would be interesting to
see if the method of decomposition of the Brownian motion in a basis of L?[0, T provides

result to obtain ({8.1]) or at least ({8.2)).

8.2 The static coupling on homogeneous Carnot groups

We give here the generalisation of the static coupling from [22] to all homogeneous, step
2 Carnot groups.

Let G be an homogeneous, step 2 Carnot group. We denote by pf the law of the
Brownian motion at time ¢ > 0, starting at g € G.

Theorem 8.2.1. Let G be an homogeneous, step 2 Carnot group, t > 0 and g = (z, z),
g =(Z,2) € G. There exists a random vector <(X, Z), (X, Z)) such that:

o L(X,Z) =0 andE(X Z) Wl

o X - X =% —uzx;
e we have the Wasserstein distance inequality:

Wipf ) < E [dee (X, 2), (X, 2)) | < Cde9,9)

with C' a constant that only depends on the rank n of G.
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As explained above, this theorem has been proven on the Heisenberg group, that is
for H &~ Gy, by Bonnefont and Juillet in [22]. The construction is using upper-bounds
for the heat kernel and its differential as well as a Transport Lemma for real density
measures with increasing concave cost functions (Lemma 5.2 [22]). We first present the
generalisation in all dimension of this Transport Lemma:

Lemma 8.2.2. Consider d € N,  a probability measure on RY. For v € R?, define the
probability measure (trans,)un : A — n(A —v). Suppose that n has a smooth density f
rapidly decreasing and such that, x — d, f(v) is rapidly decreasing too. Then:

inf /d ) V0y — x|dr </ |{df (x),v)|\/ ||z||2dx
RexR

well(n,(transy)xn)

Proof. We are looking for a upper bound of the 1-Wasserstein distance between (7, (trans,)4n)
using the cost function (z,y) = \/|lz — yll2. We denote it here dj, to avoid confusions
with the Wasserstein distance W; associated to the Carnot-Carathéodory metric on G,.

As the cost function is a distance, dj;, defines a distance on the set of the positive mea-
sures. Using the Rubinstein-Kantorovich formula recall that, for any probability measure
ot 07, diy(ct,07) = |lo" — o~ ||; with ||-||; the Kantorovich norm defined on the set

of the signed Radon measure with mass 0.

Set o = n— (trans,)xn. Note that (trans,)xn is a measure with density z — f(z—v).
Then, the densities of n and (trans,)xn are both rapidly decreasing and o is a signed
Radon measure with mass 0. We then just need to upper-bound ||o||;.

By smoothness of f, for any Borel set A:

o(A) = (transg)zn(A) — (trans,)xzn(A) = /A(f(x) — f(z —v))dx

:A/Ol(df(x—sv),v>dsdm=/Ol%,v(A)dS

with v, , 1= (df (v — sv),v)dx. As previously, the mass of v,, is 0. Then:

1 1
ol = | / ouds|]s < / elluds. (8.6)
0 0

We now study the quantity ||vs,|1. For any s € [0,1], p € RY, the signed measure
Vs has a unique decomposition (Jordan decomposition) as the difference of two positive
measures: s, = ”yiv — Y5 In particular the density of ’y;'fv is given by

(df (x — sv),v)" = max(0, (df (x — sv),v))
and the density of v, is given by
(df (x — sv),v)” = —min(0, (df (x — sv),v)).

As v, , has mass 0, 7, and 7, have the same mass ms,. Using the Wasserstein distance:

+ _
Hr)/s,le S msﬂ}d‘lﬂ/ (75,1} 7&)

Mgy Msy

+ —_
< ms, (d%,v (;—6) +dl, (5 ;—» .
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Then:

Vs, .
dl (ﬁ,ésv> = inf / y — x||2dm(z, y
W ms,v WEH(’Y{UJ) RdXRd ” H2 ( )
[ VI (2 ) (@.9)
Rded
/ V[sv — x||2{df (x — sv),v) dx
/ VERCL

mS’L}

mS'U
We also get dfy, (72” 68U) = fRd ||||2(df (), v)Tdx. Finally,
sl < / VTl (df (2), o) da. (8.7)
The result ensues from and . OJ

The following Proposition is the key to construct the static coupling:

Proposition 8.2.3. Set a € G,. There exists a coupling ((X,U),(X,V)) on G, x G,
such that:

o L(X,U) = p}
o L(X,V)=L(X,U+a06X);

E [ U — V||2] < C(n)||alls with C(n) a constant depending neither on a nor on
t.

Proof of Proposition[8.2.3. Let (X,Z) € G, be a random vector with distribution 1. For
z,a € R", define n(x) := L(Z|X = ) and, n(x,a) := (trans,e.)xn(x). Identifying so(n)

with R™™=Y we apply Lemma to n(z) with v = a © x. Then there exists (U, V') on
s0(n) x so(n) such that L(U|X = z) =n(z), L(V|X =z) =n(z,a) and

E[VIT=VIE X =2] < [ [(dfzxms(s)a )|V [ollad

so(n)
In particular, £(X,U) = p? and £(X,V) = L(X,U +a® X). Moreover:

E | ||U—V||2]:/Gn (d(mji)—&’”z)) (0,a©2))| V]

- /G [(dfix.z) (2, 2), (0,0 © 2)) | /]|2]]2d (2, 2).

As fix.zy = pe(0, ), using Proposition [7.3.9}

K(n) IZ a/@x
E[ HU—VHz} < Ky(n / V[zllae™F dee (000 p2lla© al|ms HHS d(z, 2)

n —K(n)dec((0,0),dil 1 (,2))?
S \/§||CI,||2K2(TL)t_2/ ||Z|2e \}Z HxHQ (Qj',z)
V Vit
= V2|lall2 K (n) / V12 | &~ Kol O0 2D |l 2).
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In particular the integral in the last term is finite and does not depend on ¢. O]
We can now give the proof of Theorem [8.2.1]

Proof of Theorem [8.2.1]. We first give the proof for the free, step 2 Carnot groups G,, for
all n > 2. As for the proof on the Heisenberg group, we can use the left-invariance of the
subRiemannian structure to suppose that ¢ = 0 and § = (a, b).

Let (X, Z) € G,, a random vector having the distribution x? and consider ¢’ = (a,0) €
G,,. Note that
g x (X, Z2) % (¢) = (X, Z + a0 X).

We define (U, V) as in Proposition|8.2.3, B := (X, U) € G, and B := (0,b)%(X,V)xg €
G,. By construction L(X,V) = L(¢' x (X, Z) x (¢)~"). Thus:

L(B)=L((0.b)xg' *(X,2)x(¢) " xd)

with (0,b) x ¢ = (a,b) = §. Thus, £(B) = uf and £(B) = /. Using the left invariant
properties of the Carnot-Carathéodory distance and the estimates (3.6 and (3.16]) of the
Carnot-Carathéodory distance, we have:

E |dec(B, B)| < E [ (X, U), (X, V)] + E [dee (X, V), (0,0) % (X, V)]
e ((0,) % (X, V), (0,0) % (X, V) % 9]
< E[dec ((0,0), (0,V = U))] +E [dee ((0,0), (0,0))] + dc (0, )
< var(2n)t (E[VIV=TL| + VIFl:z) + llall.

By construction of (U, V):
E [d.c(B, é)} < v2r(2m) (Clalls + v/Tbl:) + llala

with C(n) as in Corollary L As 8(0,¢") = +/||al|3 + ||b]|2, using the equivalence be-

tween the homogeneous norms we obtain the expected result for free, step 2 homogeneous
Carnot groups.

Consider now a homogeneous, step 2, Carnot group G of rank n and a,a € G. Using the
epimorphism ¢ from Proposition , there exist g, g € G, such that d..(a,a) = d..(g, ).

In particular, if we denote by ((X ), (X, Z )) the static coupling of Brownian motions on

G, at time ¢ and starting from (a, @), then, by Proposition [3.1.4] <¢(X, Z), (X, Z)) has

the same distribution as a Brownian motion on G at time ¢ starting from (g, g). Moreover:

E |duc (#(X. 2),6(X.2)) | < due (X, 2). (X, 2)) < Cderla.@) = duclg. ).

This ends the proof of the Theorem. n

With this static coupling, we can obtain an estimate for the gradient of the heat
semi-group:

Corollary 8.2.4. Let G be an homogeneous, step 2 Carnot group. There exists a constant
C > 0 only depending of the rank n of G, such that for any f bounded and Lipschitz on
G and for all t > 0O:

VP, flloe < CP(|IV flso)-
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Here ||V flloo = sup |V f|(g) with |V f|(g) the gradient length associated to the sub-
geG

Riemannian metric as defined in 3.19

Proof. Let t > 0 et (X, Z), (X, Z)) the static coupling of the Brownian motions at time
¢ starting at (g, g) constructed in Theorem [8.2.1]

Note that, by Chow’s Theorem, for any a, a € G, there exists a horizontal curves v with

constant length such that v(0) = a, 7(1) = @ and minimising the Carnot Carathéodory
distance d..(a,a) (that is, a geodesic). Then:

(@) — £@)] = 1 ((0)) — Fr(1)] = / V7 (4(1)) - 4(8)dt
/ S V) - KO8

1<i<n
<1Vl / 5 (t)2dt = [V F] oo / ()t
1<i<n
= ||Vf||oo cc a a

Finally:
IPflg) = PS @) = [E [£ (X.2) = 1 (X,2)] | < E[IVS|Ide (X, 2),(X,2))]
< C)[Vlloeder(:9)

with C the constant from Theorem R.2.1]

Then W < C|IV f||so- By passing to the limit, we obtain the expected inequality.
O

We get here the duality between the gradient estimates and the Wasserstein control
for p = 1 as explained in Section [8.1]

166



Chapter 9

Conclusion and outcomes

The first aim of this thesis was the study of successful couplings in SU(2) and in a weaker
sense on SL(2,R). We have obtained the existence and the explicit construction of two
methods on SU(2): one adapted and one co-adapted. The non co-adapted strategy is also
successful on SL(2,R) for Brownian motion starting from the same fiber. For the non
co-adapted strategy on SU(2) and on SL(2,R), we have computed the coupling rate and
obtained the estimate P(7 > t) < Ce“d..(g, ) with C, ¢ > 0 some constant independent
of the starting points (with g and g in the same fiber in the case of SL(2,R)). From this
result we have deduced some gradient inequalities.

The results are promising but not entirely satisfying as we have not been able to obtain
estimates for the constants C' and c¢. Here the constants are mostly obtained by using
the compactness of the fibers. We hope that, in the future, a better understanding of
the random variable K (T") used in Chapter [5{ could solve this problem. In particular this
could help us to state on the efficiency of this coupling method. Moreover, if K(T') have
good properties of concentration around the value 0 (for instance something comparable
to the behaviour of a standard Gaussian variable), we should be able to obtain a successful
coupling on the universal covering of SL(2,R) which could be more relevant for the study
of the model spaces in subRiemannian manifolds.

We recall that, for the cases of SU(2) and SL(2,R), in [44], Luo and Neel devel-
oped another non co-adapted coupling strategy and obtained comparable results for the
coupling rate. If they have been able to state that this alternative method provides an
efficient coupling, they have not obtained explicit constants neither, as they also used the
compactness of SU(2) and SL(2,R). Note that they method provides an efficient coupling
with estimates of the constant on the universal covering of SL(2,R), which, for instance,
is better than our results.

The second part of this thesis is about the free, step 2 Carnot groups G,, n > 2.
We have obtained two non co-adapted strategies inducing similar estimates of the total
variation distance with explicit constants. We also obtained different gradient inequalities
from these two strategy. In the two cases, the solution come from the knowledge on the
random matrices with independent Gaussian entries and on the Wishart matrices.

For now, the One sweep coupling offers better coupling rates. Aside for the horizontal
and vertical gradient estimates for the heat semi group directly obtained from the coupling
rate, the other results are quite different and, then not really comparable.

Be that as it may, the gradient results induced by the One Sweep coupling are quite
promising and should be more explored. In the future, it could be interesting to see if this
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method could be applied on SU(2) and SL(2,R) even though the difficulty brought by
the random variable K (T') in the present work should likely appear with the One sweep
strategy.

In this work we have only dealt with subRiemannian manifold whose horizontal bundle
are 2-step bracket generating. It could then be interesting to see if the coupling strategies
can be generalised with higher steps, starting with the Brownian motions on the Engel
group for example. In this case the Brownian motion can be written under the form
(X3, 2¢)¢ where (X;); = (X}, X?); is a 2-dimensional Brownian motion and where the

driven process is z; 1= (fot Xlax?, : J(Xsl)deS2>. As for the free, step 2 Carnot group,

the difficulty in the construction of a coupling comes from the necessity to deal with a
multiple dimensional driven process. Thus, a similar method would lead to an inverse
problem that seems, however, more difficult to solve.

Another lead for future research could be to look at other types of hypoelliptic dif-
fusions. As an example, a finite-looking-ahead coupling have been constructed to obtain
efficient couplings for Kolmogorov diffusions (see [8]). With the same idea, it could be
interesting to study efficient or One sweep couplings of the kinetic Brownian motion
and/or of the kinetic Langevin diffusion. In this case, the Brownian motion can be writ-
ten (Xi, z)¢ with X, the velocity of a particle and z; its position. In particular, contrary
to the subRiemannian case considered here, z; has finite variations. Note that, in the
case of the kinetic Langevin diffusion, under good conditions on a chosen semi-metric p,
a previous work from Eberle (see [29]) uses a co-adapted coupling to obtain Wasserstein
distance inequalities. As such inequalities have a lot of practical applications, it is a big
issue to improve them. However, even in the case of the kinetic Brownian motion, the
definition of a One sweep coupling is not easy as it seems to be reduced to a non linear
inverse problem.
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Appendix A

Standard Brownian motion - First
hitting time, first exit time

Let (W;): be a one dimensional Brownian motion starting at 0. The results we give here
are well known and can be found in numerous references. As they are often used in this
work to obtain estimates of the coupling rates, we give their poof.

We first begin with relations about first hitting time.

Lemma A.0.1. Let a € R. We denote D, := inf{t > 0 | W, = a}, the first hitting time
of a by (Wy),. We have, for all t > 0:

P(D,>1t) < ( %%) Al
la|

Proof. The density of D, is well known, given by g,(u) = — exp(—%) X Lo, 4o0[().
Upper bounding the exponential part in this density we get tor all ¢ > 0:

—+o00

P(D, >t)=

]

We now list some relations involving the first exit time of a Brownian motion from an
open set:

Lemma A.0.2. We set two reals a and b such that a < 0 < b and
H,p, = inf{t > 0|W; ¢]a,b[}.
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Then, for 6 >0, we get:

E[€—§Ha,b] — cosh (\/g(a + b)) (A1>

cosh <\/§(b — a))
E[efma»b] _ cos (@( + b))
3(b—a))

a
b

COS(\[ if\/g(b—a)e}o,g[; (A.2)
EH, yetHe0] < (\;g(bb - a)) if \/g(b —a) e ]0, g [; (A.3)

cos?
E[H,4] = —aby (A4)
—a
P(H.p = Dy) = — (A.5)

Proof of Lemma ([A.0.9). For A € C, let’s define M} := exp(A(%EL —W;) — ’\—;t) and N} :=
exp(A(W, — 2£) — ’\7215) By Ito’s formula, we get dM;} = —A\M,dW; and dN; = AN, dW,,
thus (M}), and (N}'), are two local martingales. For all T > 0, we obtain:

a a + b
E[Mp, ,nr + Nii, ar) = E[Mg + N§| = A3 4 M) = 2 cosh <“ ; ) . (A6)

On the other hand, we have:

b—a

A2
z Ele 2Ha,b1{WHa’b:b}]

_yboa o A2 b—a . _ A2
and E[N}}a’b] — e AT Ele 2 H“’bl{WHayb:a}} +er 2T E[e™2 Ha’bl{WHa’bzb}]-

—a 2
E[M} ] = e’\bTE[e_%Havbl{WHa’b:a}] +e?

2
Summing the two results, we obtain: E[M}, =+ Np ] =2cosh (A\%52) Ele=% Hat],

e To obtain the first relation (A.1) of the Lemma, we choose A = v/26. We can then
apply the dominated convergence Theorem to l) to obtain E[Mp ~+ Np | =

2 cosh (“T“’) This gives the attended result.

e To obtain the second relation (A.2), we choose A\ = iv/26. This time we obtain the
attended result by using the convergence monotone Theorem.

To deal with (A.3]), we just need to differentiate the two sides of equality (A.2]) in 6. We

deduce (A.4) by evaluating the limit of (A.3]) in § = 0.
Finally, for the last equality, using martingale properties of the Brownian motion we have

E[Ww,,] = 0. We compare it to:

E[WHa,b] == aP(Ha’b == Da) + bP(Ha’b == Db) =a+ (b — (I)P(Hmb = Db)
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Appendix B

Derivatives of the moving frames for
co-adapted couplings in Riemannian
manifolds

In this appendix, we aim to compute the covariant It6 differential for the moving frames
(eX(t), e (t)): and (e} (t),e¥ (t)); to obtain the System from Remark 4.1.7] For an intro-
duction to Covariant stochastic calculus in a manifold, we refer the reader to [47].

We can define the covariant derivative of the moving frame e7* () defined above (X;);
by DieX (t) := J,d( )7 e (t)) with /; ' the horizontal lift of (X;),, that can be seen as the
parallel transport along (X;);. We then get:

Proposition B.0.1. Under the hypothesis of Proposition[{.1.5 and using the same nota-
tions, we have:

D dVa(t)—dU cos(VER X dVa(t)—dU cos(VER 2 X
te{((t) \/E( 20 sinfg/ﬁ)Rt)( t))€2 (t) §< = sin(Q\(/tE)Rt)( t)> 1 (t) (B )
D —dVa(t)+dU cos(VER X dVa(t)—dU cos(VER 2 X .
teg((t) \/%( Q(t) sin(f/%i%t) ( t)) 1 <t> l;( 2(t) sinfxs%)Rt)( t)) 2 <t>
and
Y dU —dV; cos(VER: Y dUz (t)—dV cos(VER: 2 Y
Dt 1 (t) \/E( 0 sin(Q\(/tE)Rt)( )) 2 <t) g( - sin(z\(/%)Rt)( )> “ (t) (B 2)
—dUsz(t)+dV cos(VER: k(dU —dV: cos(VER: 2 .
Dteg (t) = \/E( Z(t)sin(\Q/(EtR) t) : )>6¥ (t) 2 ( = sin(zxs%)Rt)( )) 6%/(25)

To prove this proposition we prove and use the following Lemma:

Lemma B.0.2. Let x,y € My, r = p(x,y) with 0 <r < (M), u € T,My and v € T, M.
Using the same notations as in Section [{.1.2, we have:

Vel (2,y) = VE <<v, ed) —Si<:(,\e/§;r<;os(\/%7”)> ey

and

Viumel(z,y) = Vk (_<U, e3) :irfz)\,/egz)cos(\@?“)> ey.
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Lemma[B.0.4. Using the same objects as in Lemma we notice that V,,ef(x,y) =
Vie1(0,t)i=0 and V(,nel(z,y) = Vier(1,t)=0. We recall that e;(s,t) = :((f)t). From
Lemma we also notice that 7'(t) = v1(t) — u1(t). Using the results from Lemma
4.1.4] we then get:

Viei(s,t) = Vi (%) = —:;7(;;)2 Osc(s,t) +
= _Ul(ti(;)—?(t)?“(t)el(s, )
_u(t) - ul(t)el(s,t) n Osj1(s,t)ei(s, t) + Osja(s, t)ea(s, 1)

r(t) r(t)

= — in r(t)s va(t) — ua(?) COS(\/ET@)) cos r(t)s) | ea(s
- JE( uy (1) sin(Vr(t)s) + (V0] (VEr(t) )) 2(s, ).

1
@Vtasc(s, t)

1
+ @VSJ(S, t)

By evaluating this value for ¢t € {0,1}, we get the expected result. O

To prove Proposition [B.0.I] we make the choice here to use the Stratonovich inte-
gral. The covariant Stratonovich differential is defined by oDyesX(t) := [y od ;' ef(t).
Moreover, considering the process E(t fo J *DieX (t) on R?, we have

Et):/o Jito Diest (t). (B.3)

This enables us to switch from the Stratonovich depiction oD;efX (t) to the Ito6 depiction
Dtei( (t)

Proof of Proposition[B.0.1. Using the chain rule and Lemma we directly obtain:

o] GY —(0 6X Ccos
oDeX (t) = VE << dYy.e (1)) Sin(i()\j%;t)(t» (\/m)) eX (1) -
oDyey (t) = Vk (—<odxt,e§ ) evich <t)>cos<¢m>> ey (t) '

As (e, e2X) is an orthonormal moving frame, we have:

0 =od(e; (t),¢; (1)) = od(f "e5 (), [/ e; (1))
= (od [ e (1), [ e (1) + ([ "ex (1), 0d [ e (1))
= (oDsey (1), €' (1)) + {e3 (1), o Dye;’ (1))

Then: (oDyes (t),e5 (1)) = —(ex (t),0Dsey (t)) and (oDyex (), ex (t)) = 0. Using the same

argument on (el e)), we get:

odYy,eY (t))—(odX¢,ei (t)) cos VER:
oD (t) = —Vk (( 2 (1) s<in(\/ER2t)( )) cos( ) eX (1)

—(o eX odYy,e¥ cos
oDyeY (t) = _\/E< (0d X1, (t»;fl(il/}ng) ®)) (\/ERt)> X (t)

(B.5)

For now we just have the (Itd) covariant derivatives of (X;); and (Yy)::
d¥ X, = dUy(t)es (t) + dUs(t)ex (t) and dVY; = dVi(t)ey (t) + dVa(t)es (t)
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To complete the previous calculus, we need to compute the the Stratonovich differential
of (X;); and (Y;);. Let us describe the computations for X.

Defining the two dimensional real semi martingale Z; := fot yn !0 dX,, we have Z, =
Y71 dY X, In particular, dZ, = dU; (t) 71 eX (¢) + dUs(t) /7 eX(t). Using the relations
o/t t €1 t €2
between Itd and Stratonovich differential in R?, we get:

odZ, = odlU; (t)//Zlef((t)+odUz(t)//§1€§(t)—%(dU1(t)-d(//flef{(t)HdUa(t)-d(/{1€§(t)))-
Then:

odX; = [/, 0 dZ,
= odU, (t)eX (1) + odUs(t)eX (t) — %(dUl (t) - Dy (t) + dUs(t) - DyeX (1))

As the martingale parts of It6 and Stratonovich differentials are the same, the martingale

part of Dye (t) is given by vk (%2 (t)f:ilflji%;ij(‘/mt))eg (t) and the one for Dyex (1) is given

dVa(t)—dUa(t) cos(VEkR:
by —\/E( 2() Sinf\%Rt)( ))e{((t). We get:

LR
2sin(vVkRy)
@ . (mdw — dUs(1) cosw%Rt») x

1
+ —dU,(t ey (¢
2 ? sin(vVER;) v ()

_ (s dUsy - dVy — cos(\/ERt)dt X
_ ( AU (t) + Vk 2 sm(VRR) )el (t)

odX; = odU, (t)e; (t) + odUs(t)ex (t) dU, (t) - dVa(t)ey ()

+ (odUz(t) - W%d& (t) - dVQ(t)> eX(t).

With the same method we get:

s B dUy - dVy — cos(VERy)dt v
odYt—< o)~ TR ) 10

vk y
+ (odVQ(t) + md%(t) : dUg(t)> eX (4).

Then we obtain :

oD,eX (1) = <\/E(odVQ(t)—odUg(t)cos(\/ERt)) +§ 5 Cos(VERy)dU: (1)-dVa(t) +dVi (t)-dUs(t) eX(t)

sin(vVkR¢) Vi Vi sin?(VkR:)
Y o —odUs (t)40dVa(t) cos(VkR¢) k cos(VkRt)dVy(t)-dUs(t)+dU1 (t)-dVa(t) Y
ODtel <t) o <\/%< : sin(\/QERt) t ) + 2 X : lsin2(\/2ERt) : ) > €2 <t>

(B.6)

To obtain the It6 depiction of the covariant derivative, we consider E(t) := fOT N DX (t).
From we have the expression of odE(t). As (E(t)); is a process in R?, we can use the
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usual formulas to obtain its It06 derivative:

B \/—dVQ(t) — dUs(t) cos(VER,)

dE(t) = Vk S (VER) Jites ()
. g cos(VkRy)dU, (Zn-zcz‘\//ag ; dVi(t) - dUs(t) I eX (1)
b (PO L) )
" \/E(dwt)z;g%/%j;S(ﬂRt» AT 0).

Using the stochastic equation of (Ry); (see .11} we get dVa(t) - dR, = —dV;(t) - dU(2)
and dUs(t) - dR; = dUs(t) - dVi(t). Moreover, we have [.d(/; e¥(t)) = Diex (t), with
Dyey (t) and oDex () having the same martingale part. Using Relation (B.6]), we obtain
the expected equation for (Dsef(t));. We use the same method to obtain the second

equation in (B.1)). Finally, using (B.5)) we also get (B.2)). O
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