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Sommario

Un problema ricorrente nell’ambito della scienza computazionale & la determinazione di un approssi-
mante, in un intervallo fissato della retta reale, di una funzione di cui si conoscono solamente le valu-
tazioni in un insieme finito di punti, detti nodi. Un approccio classico per risolvere questo problema si
basa sull’interpolazione polinomiale. Di particolare interesse applicativo é il caso in cui i punti seguono
una distribuzione equispaziata. In queste ipotesi ha luogo il fenomeno di Runge, che consiste in un au-
mento dell’errore di interpolazione in prossimitd degli estremi dell’intervallo. Nel 2009, J. Boyd e F. Xu
dimostrarono che il fenomeno di Runge poteva essere eliminato, interpolando la funzione solo su un sot-
toinsieme proprio dei punti dati, costituito dai nodi pid vicini ai nodi di Chebyshev-Lobatto, i cosidetti
nodi mock—Chebyshev. Tuttavia, per sua natura, questa strategia comporta il non utilizzo di quasi tutti
i dati disponibili. Con l'obiettivo di migliorare I’accuratezza del metodo proposto da Boyd e Xu, utiliz-
zando al contempo tutti i dati a disposizione, S. De Marchi, F. Dell’Accio e M. Mazza proposero una
nuova tecnica, chiamata approssimazione dei minimi quadrati mock-Chebyshev vincolata. In questa tenica
il ruolo del polinomio nodale, necessario per garantire ’interpolazione nei nodi mock-Chebyshev, é fonda-
mentale. La sua generalizzazione al caso bivariato necessita, pero, di approcci alternativi. La procedura
recentemente introdotta da F. Dell’Accio, F. Di Tommaso e F. Nudo, basata sull’uso dei moltiplicatori
di Lagrange, consente anche di definire "approssimante dei minimi quadrati mock-Chebyshev vincolato
su una griglia uniforme di punti. Questa nuova tecnica, equivalente alla tecnica univariata precedente-
mente introdotta in termini analitici, risulta anche piti accurata in termini numerici. La prima parte
della tesi & dedicata allo studio di questa nuova tecnica e alla sua applicazione a problemi di quadratura
e differenziazione numerica.

La seconda parte di questa tesi si focalizza sullo sviluppo di un framework unificato e generale per
I’arricchimento degli elementi finiti triangolari lineari in due dimensioni e simpliciali lineari in piu di-
mensioni. Il metodo degli elementi finiti rappresenta una soluzione ampiamente adottata per risolvere
numericamente equazioni alle derivate parziali presenti nei contesti di ingegneria e modellistica matemat-
ica [55]. La sua popolarita é attribuibile, in parte, alla sua versatilita nel gestire varie forme geometriche.
Tuttavia, le approssimazioni prodotte da questo metodo, spesso non si rivelano efficaci nel risolvere prob-
lemi che presentano delle singolarita. Per superare questo ostacolo, sono stati proposti diversi approcci,
tra cui uno dei piu noti & "arricchimento dello spazio di approssimazione dell’elemento finito mediante
laggiunta di adeguate funzioni di arricchimento. Uno degli elementi finiti pitt semplici é ’elemento finito
triangolare lineare standard. Quest’ultimo é largamente utilizzato nelle applicazioni. In questa tesi,
introduciamo un arricchimento polinomiale dell’elemento finito triangolare lineare standard e utilizzi-
amo questo nuovo elemento finito per introdurre un miglioramento dell’operatore triangolare di Shepard.
In seguito, introduciamo una nuova classe di elementi finiti arricchendo l’elemento triangolare lineare
standard con funzioni di arricchimento non necessariamente polinomiali, soddisfacenti la condizione di
annullamento nei vertici. Successivamente, generalizziamo i risultati presentati nel caso bidimensionale,
al caso dell’elemento finito simpliciale lineare standard utilizzando anche funzioni di arricchimento che
non soddisfano la condizione di annullamento nei vertici. Infine, applichiamo queste nuove strategie di
arricchimento per estendere ’arricchimento dell’elemento finito simpliciale lineare vettoriale sviluppato
da Bernardi e Raugel.



Résumé

Un probléme trés courant en science computationnelle est la détermination d’une approximation, dans un
intervalle fixe, d’une fonction dont les évaluations ne sont connues que sur un ensemble fini de points. Une
approche courante pour résoudre ce probléme repose sur 'interpolation polynomiale. Un cas d’un grand
intérét pratique est celui ou ces points suivent une distribution équidistante dans l’intervalle considéré.
Dans ces hypothéses, un probléme lié & ’interpolation polynomiale est le phénoméne de Runge, caractérisé
par une augmentation de l'erreur d’interpolation prés des extrémités de l'intervalle. En 2009, J. Boyd
et F. Xu ont démontré que le phénoméne de Runge pouvait étre éliminé en interpolant la fonction que
sur un sous-ensemble approprié formé par les noeuds les plus proches des noeuds de Chebyshev-Lobatto,
communément appelés noeuds de mock—Chebyshev.

Cependant, cette stratégie implique de ne pas utiliser presque toutes les données disponibles. Afin
d’améliorer la précision de la méthode proposée par Boyd et Xu, tout en tirant pleinement parti des
données disponibles, S. De Marchi, F. Dell’Accio et M. Mazza ont introduit une nouvelle technique appelée
constrained mock-Chebyshev least squares approrimation. Dans cette méthode, le role du polynéme nodal,
est crucial. Son extension au cas bivarié nécessite cependant des approches alternatives. La procédure
développée par F. Dell’Accio, F. Di Tommaso et F. Nudo, utilisant la méthode des multiplicateurs de
Lagrange, permet également de définir I’approximation des moindres carrés de mock-Chebyshev sur une
grille uniforme de points. Cette technique innovante, équivalente & la méthode univariée précédemment
introduite en termes analytiques, se révéle également plus précise en termes numériques. La premiére
partie de la thése est consacrée & I’étude de cette nouvelle technique et & son application & des problémes
de quadrature et de différenciation numérique.

Dans la deuxiéme partie de cette thése, nous nous concentrons sur le développement d’un cadre unifié
et général pour l'enrichissement de I’élément fini linéaire triangulaire standard en deux dimensions et de
I’élément fini linéaire simplicial standard en dimensions supérieures. La méthode des éléments finis est
une approche largement adoptée pour résoudre numériquement les équations aux dérivées partielles qui
se posent en ingénierie et en modélisation mathématique [55]. Sa popularité est attribuable en partie
a sa polyvalence pour traiter diverses formes géométriques. Cependant, les approximations produites
par cette méthode s’avérent souvent inefficaces pour résoudre des problémes présentant des singularités.
Pour surmonter ce probléme, diverses approches ont été proposées, I'une des plus célébres reposant sur
I’enrichissement de ’espace d’approximation des éléments finis en ajoutant des fonctions d’enrichissement
appropriées. Un des éléments finis le plus simple est I’élément fini triangulaire linéaire standard, large-
ment utilisé dans les applications. Dans cette thése, nous introduisons un enrichissement polynomial de
I’élément fini triangulaire linéaire standard et utilisons ce nouvel élément fini pour introduire une amélio-
ration de 'opérateur triangulaire de Shepard. Ensuite, nous introduisons une nouvelle classe d’éléments
finis en enrichissant ’élément triangulaire linéaire standard avec des fonctions d’enrichissement qui ne sont
pas nécessairement polynomiales, mais qui satisfont la condition d’annulation aux sommets du triangle.

Nous généralisons les résultats présentés dans le cas bidimensionnel au cas de ’élément fini simplicial
linéaire standard, en utilisant également des fonctions d’enrichissement qui ne satisfont pas la condition
d’annulation aux sommets du simplexe.

Enfin, nous appliquons ces nouvelles stratégies d’enrichissement pour définir une version plus générale
de l’enrichissement de 1’élément fini linéaire vectoriel simplicial développé par Bernardi et Raugel.



Abstract

A very common problem in computational science is the determination of an approximation, in a fixed
interval, of a function whose evaluations are known only on a finite set of points. A common approach
to solving this problem relies on polynomial interpolation, which consists of determining a polynomial
that coincides with the function at the given points. A case of great practical interest is the case where
these points follow an equispaced distribution within the considered interval. In these hypotheses, a
problem related to polynomial interpolation is the Runge phenomenon, which consists in increasing the
magnitude of the interpolation error close to the ends of the interval. In 2009, J. Boyd and F. Xu
demonstrated that the Runge phenomenon could be eliminated by interpolating the function only on a
proper subset formed by nodes closest to the Chebyshev-Lobatto nodes, the so called mock—Chebyshev
nodes. However, this strategy involves not using almost all available data. In order to improve the
accuracy of the method proposed by Boyd and Xu, while making full use of the available data, S.
De Marchi, F. Dell’Accio, and M. Mazza introduced a new technique known as the constrained mock-
Chebyshev least squares approximation. In this method, the role of the nodal polynomial, essential for
ensuring interpolation at mock-Chebyshev nodes, is crucial. Its extension to the bivariate case, however,
requires alternative approaches. The recently developed procedure by F. Dell’Accio, F. Di Tommaso,
and F. Nudo, employing the Lagrange multipliers method, also enables the definition of the constrained
mock-Chebyshev least squares approximation on a uniform grid of points. This innovative technique,
equivalent to the previously introduced univariate method in analytical terms, also proves to be more
accurate in numerical terms. The first part of the thesis is dedicated to the study of this new technique
and its application to numerical quadrature and differentiation problems.

In the second part of this thesis, we focus on the development of a unified and general framework for the
enrichment of the standard triangular linear finite element in two dimensions and the standard simplicial
linear finite element in higher dimensions. The finite element method is a widely adopted approach for
numerically solving partial differential equations arising in engineering and mathematical modeling [55].
Its popularity is partly attributed to its versatility in handling various geometric shapes. However, the
approximations produced by this method often prove ineffective in solving problems with singularities.
To overcome this issue, various approaches have been proposed, with one of the most famous relying on
the enrichment of the finite element approximation space by adding suitable enrichment functions. One
of the simplest finite elements is the standard linear triangular element, widely used in applications. In
this thesis, we introduce a polynomial enrichment of the standard triangular linear finite element and use
this new finite element to introduce an improvement of the triangular Shepard operator. Subsequently,
we introduce a new class of finite elements by enriching the standard triangular linear finite element with
enrichment functions that are not necessarily polynomials, which satisfy the vanishing condition at the
vertices of the triangle.

Later on, we generalize the results presented in the two dimensional case to the case of the standard
simplicial linear finite element, also using enrichment functions that do not satisfy the vanishing condition
at the vertices of the simplex.

Finally, we apply these new enrichment strategies to extend the enrichment of the simplicial vector
linear finite element developed by Bernardi and Raugel.



Introduzione

Un problema molto frequente nella scienza computazionale é la determinazione di un approssimante, in
un intervallo fissato [a, b], di una funzione f di cui si conoscono solamente le valutazioni su un insieme di
n+ 1 punti X,;, n € N. A meno di traslazioni e omotetie, possiamo supporre di lavorare nell’intervallo
[—1,1]. Un approccio standard per risolvere questo problema ¢ utilizzare I'interpolazione polinomiale, cioé
determinare un polinomio P,[f], di grado al pit n, che coincida con la funzione f nei punti dell’insieme
X,,. Un caso di grande interesse pratico € il caso in cui I'insieme X, coincida con 'insieme dei punti eqg-
uispaziati nell’intervallo [—1, 1]. In queste ipotesi, un problema relativo all’interpolazione polinomiale é il
fenomeno di Runge. Questo consiste nell’aumento di ampiezza dell’errore di interpolazione in prossimita
degli estremi dell’intervallo considerato [—1, 1]. Fu scoperto nei primi anni del 900 da Carl David Tolmé
Runge mentre studiava ’andamento degli errori di interpolazione polinomiale per approssimare alcune
funzioni [89]. Per ovviare a questo problema, negli anni sono state proposte diverse tecniche, vedi per
esempio [10, 5, 24, 26]. In particolare, nel 2009, John P. Boyd e Fei Xu nell’articolo [10], dimostrarono
che il fenomeno di Runge puod essere completamente eliminato se si decide di interpolare la funzione
f solamente su un sottoinsieme proprio dell’insieme X, costituito da m + 1 = O(y/n) + 1 nodi che
somno vicini al nodi di Chebyshev-Lobatto di ordine m + 1, i cosidetti nodi mock—Chebyshev. Utilizzando
questa strategia, pero, molti dati che si hanno a disposizione non vengono utilizzati, e dunque motivati
da questo, Stefano De Marchi, Francesco Dell’Accio e Mariarosa Mazza, in [24], proposero una nuova
tecnica, con l'intento di migliorare 1’accuratezza dell’approssimante introdotto in [10]. Questa tecnica
viene detta tecnica dell’approssimazione dei minimi quadrati mock-Chebyshev vincolata. Piu precisa-
mente, ’idea proposta in [24] consiste nell’approssimare la funzione f con un polinomio di grado r > m
che si ottiene interpolando f sull’insieme dei nodi mock-Chebyshev e sfruttando i nodi rimanenti per
migliorare l'accuratezza dell’approssimazione attraverso una regressione simultanea. In questa tenica,
come vedremo nel Capitolo 1, il ruolo del polinomio nodale ¢ fondamentale. A causa della mancanza
di generalizzazioni del polinomio nodale nella teoria dell’interpolazione bivariata, c’é quindi la necessita
di trovare approcci alternativi che consentano generalizzazioni al caso bivariato dell’approssimazione dei
minimi quadrati mock-Chebyshev vincolata. Una nuova procedura, introdotta da Francesco Dell’Accio,
Filomena Di Tommaso e Federico Nudo nel 2022 [39], permette di definire, sotto le stesse condizioni,
lo stesso approssimante introdotto in [24], utilizzando il metodo dei moltiplicatori di Lagrange. Questa
tecnica, indipendente dal polinomio nodale, é stata sviluppata da Joseph-Louis Lagrange per risolvere
problemi di minimi quadrati vincolati. Una volta fissata una base dello spazio dei polinomi di grado r,
I’approssimante viene calcolato risolvendo delle equazioni lineari, che generalizzano le equazioni normali e
che costituiscono il sistema lineare KKT (questo nome ¢ dovuto ai tre ricercatori William Karush, Harold
Kuhn, and Albert Tucker, che furono i primi ad introdurlo). Nel Capitolo 2 vengono proposte due diverse
strategie per ottenere questa generalizzazione:

e la prima, basata sull’interpolazione prodotto tensore su una griglia cartesiana di nodi mock-Chebyshev,

¢ la seconda, basata sull’interpolazione di grado totale su un insieme di nodi che somno vicini ai ben
noti nodi di Padova [9].

Nelle stesse ipotesi di cui sopra, un altro problema di grande interesse pratico é la determinazione di
formule di quadratura accurate su nodi equispaziati. Questo é stato oggetto di studio di diversi autori
negli ultimi anni, vedi per esempio [43, 58, 56, 68, 60, 71, 77]. In particolare, I’approccio proposto
da Hassan Majidian in [77] consiste nell’utilizzare rispettivamente le formule di quadratura di Gauss-
Christoffel in combinazione con interpolanti polinomiali locali della funzione f sui punti considerati.



Motivati da questo, nel Capitolo 3, introduciamo una formula di quadratura stabile ed accurata su nodi
equispaziati che utilizza la formula di quadratura di Gauss—Christoffel e I'approssimazione dei minimi
quadrati mock-Chebyshev vincolata. Inoltre, poiché I'accuratezza della formula di quadratura dipende
dalla classe di differenziabilita della funzione di cui vogliamo approssimare 'integrale, in questo capitolo
sviluppiamo anche un algoritmo adattivo per calcolare il grado di regressione ottimale il quale corrisponde
alla formula di quadratura piu accurata. In [40] utilizziamo I’approssimazione dei minimi quadrati mock-
Chebyshev vincolata per introdurre una formula di quadratura di tipo prodotto. Questo tipo di formule di
quadratura vengono utilizzate per approssimare integrali definiti su intervalli finiti di funzioni integrande
che presentano una "patologia", ad esempio funzioni "quasi" singolari, funzioni altamente oscillanti,
funzioni debolmente singolari. Nel Capitolo 4 studiamo ulteriormente alcune proprietd dell’operatore
dei minimi quadrati mock-Chebyshev vincolato, e forniamo nuovi risultati e applicazioni. In particolare,
introduciamo rappresentazioni puntuali esplicite dell’errore e delle sue derivate, assumendo che la funzione
f sia sufficientemente regolare in [—1,1]. Nelle stesse ipotesi, come applicazione, introduciamo un nuovo
metodo di derivazione basato su una griglia di punti equispaziati per approssimare le derivate successive
della funzione f con le derivate dell’approssimante dei minimi quadrati mock-Chebyshev vincolato.

La seconda parte di questa tesi é dedicata allo studio degli arricchimenti di alcuni elementi finiti
standard. Un elemento finito ¢ una terna (K4,Fg,, X'k,), dove

e K, & un politopo in R¢,

e [Fx, & uno spazio vettoriale di dimensione finita n constituito da funzioni a valori reali definite su
K, anche dette trial functions,

o Yg,={L; : j=1,...,n} ¢ un insieme di funzionali lineari, linearmente indipendenti sullo spazio
vettoriale Fg,, detti anche gradi di liberta,

tale che lo spazio di approssimazione Fg, sia X' -unisolvente, cioé se f € Fg, e
L](f):07 .j:la'-'vna

allora f =0 [55].

Il metodo degli elementi finiti & un metodo molto utilizzato per risolvere numericamente equazioni
alle derivate parziali su un dominio D C R¢ [13, 19], d > 1, che sorgono in ingegneria e modellistica
matematica. Uno dei motivi di questa innegabile popolarita é la sua versatilita nell’affrontare diversi tipi
di geometrie. L’idea di questo metodo ¢ quella di partizionare il dominio D in politopi e, per ognuno di
essi determinare un’approssimazione locale della soluzione del problema differenziale considerato mediante
una funzione appartenente a Fg,. L’approssimazione globale della soluzione sara una funzione definita
a tratti dalle approssimazioni locali. Nel caso in cui ’approssimazione globale presenti discontinuita sui
bordi dei sottodomini, ’elemento finito si dira essere non conforme, altrimenti esso si dira essere conforme.
Negli elementi finiti standard lo spazio Fx, € generalmente uno spazio di funzioni polinomiali. Tuttavia, le
approssimazioni prodotte da questi elementi finiti non sono efficaci per risolvere problemi che presentano
delle singolarita. In modo da superare questo problema sono stati proposti diversi approcci. Uno degli
approcci pitt famosi consiste nell’arricchire lo spazio di approssimazione Fg, con funzioni di arricchimento
appropriate [92, 45, 64]. In particolare, supponiamo di avere I’elemento finito (K4, Fg,, X'k,), un insieme
di funzioni di arricchimento eq,...,enx e un insieme di funzionali lineari

Yy ={L;j :j=1,...,n+ N}
tale che lo spazio di approssimazione Fg, sia Vi -unisolvente. Consideriamo lo spazio arricchito
%, = Fr, @ {en,...,en}.
Per arricchire Pelemento finito (K4, Fk,, X'k,) bisogna rispondere alla seguente domanda:

Come scegliere opportunamente le funzioni di arricchimento eq, . .., e, in modo tale che la terna (Ky, Fg Ef?;)
sia un elemento finito?



Uno degli elementi finiti pit semplici & ’elemento finito triangolare lineare standard, definito nello
spazio euclideo bidimensionale [19]. E definito come la tripla

Pl(SQ) = (S27P1(52)a 2}912)7

dove S ¢ un triangolo non degenere con vertici vg, v, v2, P1(S2) € lo spazio dei polinomi lineari bi-
variati e Egg é l'insieme delle valutazioni funzionali nei vertici di Sy. L’elemento finito triangolare lineare
standard é largamente utilizzato nelle applicazioni, tuttavia non sempre produce risultati soddisfacenti
a causa del basso ordine di approssimazione delle relative trial functions. Per migliorare ’accuratezza
dell’approssimazione, ’elemento finito triangolare lineare standard P (S2) puo essere arricchito con fun-
zioni di arricchimento particolari (per una panoramica della letteratura pertinente si veda, ad esem-
pio, [2, 64, 3, 4]). Piu precisamente, nella seconda parte della tesi, ci concentriamo sullo sviluppo di un
framework unificato e generale per I’arricchimento degli elementi finiti triangolari lineari in R? e simpliciali
lineari in R¢. Come abbiamo gia detto, un punto cruciale in tale approccio é determinare le condizioni sulle
funzioni di arricchimento affinché esse possano generare un elemento finito. Motivati dai recenti lavori
sugli arricchimenti degli elementi finiti [2, 4], nel Capitolo 5 introduciamo un arricchimento polinomiale
dell’elemento finito triangolare lineare standard e utilizziamo questo nuovo elemento finito per proporre
un miglioramento dell’operatore di approssimazione triangolare di Shepard (vedi [47, 101, 22, 31, 33] per
altri approcci). Nel Capitolo 6 introduciamo una nuova classe di elementi finiti non conformi arricchendo
I’elemento triangolare lineare standard con funzioni di arricchimento continue, linearmente indipendenti,
non necessariamente polinomiali {e; : ¢ = 0,1,2}, soddisfacenti la condizione di annullamento nei ver-
tici, cioé e;(v;) =0, 4,5 = 0,1, 2. Inoltre, determiniamo una condizione sulle funzioni di arricchimento,
necessaria e sufficiente, affinché esse possano generare un elemento finito. Mostriamo che l'errore di
approssimazione puod essere decomposto in due parti: la prima relativa all’elemento triangolare lineare
standard mentre la seconda dipendente dalle funzioni di arricchimento. Questa decomposizione ci per-
mette di ricavare dei bound per I’errore in norma L* e in norma L!. Questi bound sono proporzionali
rispettivamente alla seconda e alla quarta potenza del raggio del circocentro del triangolo corrispondente.
Nel Capitolo 7 generalizziamo i risultati presenti nel Capitolo 6 al caso dell’elemento finito simpliciale
lineare standard. Questo é definito come

Pi(Sa) = (Sa,P1(Sa), T

dove Sy ¢ un simplesso non degenere in R? con vertici v, ..., vq, P1(Sq) & lo spazio dei polinomi lineari
in R% e Z‘gg é l'insieme dei funzionali valutazione nei vertici di Sg. In analogia con quanto fatto nel caso
bivariato, arricchiamo ’elemento finito simpliciale lineare standard P;(S4) con d + 1 funzioni continue
linearmente indipendenti {e; : i = 0,...,d}, soddisfacenti la condizione di annullamento nei vertici di Sy,
cioé e;(v;) =0, 4,5 =0,...,d. Nel Capitolo 8 forniamo una strategia generale per arricchire ’elemento
finito simpliciale lineare standard P;(S,) con funzioni di arricchimento generiche, cioé senza imporre con-
dizioni restrittive su quest’ultime, come il loro annullamento nei vertici. Un elemento finito comunemente
utilizzato nelle applicazioni é ’elemento finito simpliciale lineare vettoriale. Questo & definito come

P1(Sa) = (Sa,P1(Sa), Z&)

dove P, (S,) ¢ il prodotto diretto, d volte, dello spazio vettoriale Py (Sq) con se stesso e
Tr={L;:j=0,....d},

con L; definito come

Li(f) = f(v;) = [f1(v;), ..., faw)]", F=1f,....fd", §=0,....d

Questo elemento finito ¢ comunemente usato per risolvere numericamente le equazioni di Stokes stazionarie.
Tuttavia, & un fatto noto che I’elemento finito P;(S4) diventa inefficente quando viene applicato a prob-
lemi pit complicati. Un arricchimento polinomiale, che supera i suddetti inconvenienti, é stato proposto
e sviluppato da Bernardi e Raugel in [7]. Questo elemento, molto utilizzato in contesti pratici, puo
essere considerato una versione avanzata e generalizzata dell’elemento finito simpliciale lineare vettori-
ale. Tuttavia, quando si trattano problemi con singolaritd, questo arricchimento risulta essere inefficace.



Dunque, in linea con le ricerche precedenti, nel Capitolo 9, presentiamo una strategia generale per arric-
chire ’elemento finito simpliciale lineare vettoriale mediante funzioni di arricchimento non polinomiali.
Questo elemento finito arricchito puo essere considerato come un’estensione dell’elemento di Bernardi e
Raugel.
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Introduction

Un probléme trés courant en sciences computationnelles est la détermination d’une approximation, dans
un intervalle fixé [a,b], d’une fonction f dont nous ne connaissons que les évaluations sur un ensemble
de n + 1 points X,,, n € N. Nous pouvons supposer travailler dans l'intervalle de référence [—1, 1], sauf
en cas de transformations linéaires. Une approche standard pour résoudre ce probléme est 'interpolation
polynomiale, qui consiste & déterminer un polynoéme P,[f], de degré n, qui coincide avec f en X,,. Un cas
d’un grand intérét pratique est lorsque ’ensemble X, coincide avec ’ensemble de points équidistants dans
l'intervalle [—1,1]. Dans ces conditions, un probléme lié a l'interpolation polynomiale est le phénomeéne
de Runge. Il se manifeste par une augmentation de ’erreur d’interpolation & proximité des extrémités de
l'intervalle considéré, c’est-a-dire dans [—1,1]. Ce phénoméne a été découvert au début du XXe siécle par
Carl David Tolmé Runge lors de ses études sur le comportement des erreurs produites par 'interpolation
polynomiale pour P’approximation de certaines fonctions [89]. Pour résoudre ce probléme, ces derniéres
années, plusieurs techniques ont été proposées, comme par exemple [10, 5, 24, 26]. En particulier, en
2009, John P. Boyd et Fei Xu dans [10] ont démontré que le phénomeéne de Runge peut étre surmonté
si ’on interpole la fonction f uniquement sur un sous-ensemble propre de ’ensemble X,,, constitué de
m+ 1 = O(y/n) + 1 noeuds appelés les noeuds mock-Chebyshev, qui sont proches des m + 1 noeuds de
Chebyshev-Lobatto. Cependant, en utilisant cette stratégie, de nombreuses données ne sont pas utilisées.
C’est pourquoi Stefano De Marchi, Francesco Dell’Accio et Mariarosa Mazza, dans [24], ont proposé une
nouvelle technique pour améliorer la précision de ’approximation introduite dans [10]. Cette technique
est appelée constrained mock-Chebyshev least squares approximation. Elle consiste & approcher la fonction
f avec un polynome de degré r > m, obtenu en interpolant f sur I’ensemble des points mock-Chebyshev,
tout en utilisant les noeuds restants pour améliorer la précision de ’approximation grice & une régression
simultanée. Pour cette technique, comme nous le verrons au Chapitre 1, le réle du polynéme nodal est
crucial. En raison de I’absence de polynoémes nodaux dans le cas bivarié, il est nécessaire de trouver des
approches alternatives pour généraliser ’approximation constrained mock-Chebyshev least squares au cas
bivarié. Une nouvelle technique, introduite par Francesco Dell’Accio, Filomena Di Tommaso et Federico
Nudo en 2022 [39], permet de définir la méme approximation introduite dans [24], en utilisant la méthode
des multiplicateurs de Lagrange. Cette méthode, indépendante des polynémes nodaux, a été développée
par Joseph-Louis Lagrange pour résoudre les problémes des moindres carrés contraints. En fixant une
base de I’espace polynomial de degré r, I’approximation est calculée en résolvant des équations linéaires
qui généralisent les équations normales et qui constituent le systéme linéaire KKT (nommé ainsi d’aprés
les trois chercheurs William Karush, Harold Kuhn et Albert Tucker, qui 'ont présenté en premier).
Dans le Chapitre 2, deux stratégies différentes sont proposées pour obtenir cette généralisation:

e La premiére repose sur linterpolation du produit tensoriel sur une grille cartésienne de noeuds
mock-Chebyshev.

e La seconde repose sur l'interpolation du degré total sur un ensemble de noeuds qui sont proches des
noeuds de Padoue [9].

Un autre probléme d’un grand intérét pratique est la détermination de formules de quadrature précises sur
des noeuds équidistants. Ce sujet a été étudié par plusieurs auteurs ces derniéres années, comme on peut
le voir dans [43, 58, 56, 68, 60, 71, 77]. En particulier, ’'approche proposée par Hassan Majidian dans [77]
consiste & utiliser les formules de quadrature de Gauss-Christoffel en combinaison avec des interpolants
polynomiaux locaux de la fonction & intégrer f. En suivant cette idée, dans le Chapitre 3, nous intro-
duisons une formule de quadrature stable et précise sur des noeuds équidistants en utilisant la formule
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de quadrature de Gauss-Christoffel et I’approximation des moindres carrés de mock-Chebyshev. Etant
donné que la précision de ces formules de quadrature dépend du degré de régression de I’approximation
des moindres carrés de mock-Chebyshev et du degré de régularité de la fonction f, nous développons un
algorithme adaptatif pour déterminer le degré optimal de régression correspondant & la formule de quadra-
ture la plus précise. En tant qu’application supplémentaire, dans [40], nous utilisons ’approximation des
moindres carrés de mock-Chebyshev pour introduire une nouvelle régle d’intégration de produits. Ce type
de formule est utilisé pour 'approximation des intégrales définies sur des intervalles finis de fonctions in-
tégrales, qui ne sont pas assez réguliéres, telles que des fonctions presque singuliéres, des fonctions trés
oscillantes ou des fonctions faiblement singuliéres.

Dans le Chapitre 4, nous approfondissons I’étude de certaines propriétés de I’opérateur d’approximation
des moindres carrés de mock-Chebyshev et présentons de nouveaux résultats et applications. En partic-
ulier, nous introduisons des représentations explicites de l'erreur et de ses dérivées, en supposant que f
est suffisamment réguliére sur l'intervalle [—1,1]. Dans la méme hypothése, en tant qu’application, nous
présentons une méthode pour estimer les dérivées successives de f en n’importe quel point z € [—1,1],
en se basant sur I’approximation des moindres carrés de mock-Chebyshev et utilisons les représentations
d’erreurs précédemment introduites pour fournir des estimations pour ces approximations.

La deuxiéme partie de cette thése est dédiée & ’étude de ’enrichissement de certains éléments finis
linéaires standard. Un élément fini est un triplet (Kq4,Fg,, X'k,), oi

e K, est un polytope dans R?,

o Fy, est un espace vectoriel de dimension n composé de fonctions & valeurs réelles définies sur Ky,
également appelées fonctions d’essai ou fonctions test,

o Yg,=A{L; : j=1,...,n} est un ensemble de fonctionnelles linéaires indépendantes de 1’espace
vectoriel Fg,, aussi appelé degrés de liberté,

de maniére a ce que Fg, soit Y -unisolvant, c’est-a-dire que si f € Fg, et
d d ’ d

alors f =0 [55].

La méthode des éléments finis est une méthode trés populaire pour résoudre numériquement des équa-
tions aux dérivées partielles sur un domaine D C RY [13, 19], avec d > 1. Elle est couramment utilisée en
ingénierie et en modélisation mathématique. Une des raisons indiscutables de cette popularité réside dans
sa polyvalence pour traiter différents types de géométries. Dans la méthode des éléments finis, le domaine
D est subdivisé en polytopes, et pour chacun d’entre eux, une approximation locale appartenant a Fr,
est calculée pour estimer la solution de ’équation aux dérivées partielles. L’approximation globale sera
une fonction définie par les approximations locales. Si 'approximation globale présente des discontinuités
aux limites des sous-domaines, 1’élément fini est qualifié de non conforme, sinon il est dit conforme. En
général, pour les éléments finis linéaires standards, ’espace d’approximation F g, est constitué de fonctions
polynomiales. Cependant, les approximations produites par ces éléments finis ne sont pas efficaces pour
résoudre des problémes impliquant des singularités. Pour surmonter ce probléme, plusieurs approches ont
été proposées. L'une des approches les plus céleébres consiste & enrichir ’espace d’approximation Fr, avec
des fonctions d’enrichissement appropriées [92, 45, 64]. Plus précisément, nous considérons ’élément fini
(Ka,Fr,, Yk,), un ensemble de fonctions d’enrichissement eg,...,en et un ensemble de fonctionnelles
linéaires

Xr={L;j :j=1,...,n+ N}

de telle maniere que l'espace d’approximation Fg, soit X7 -unisolvent. Nous définissons I’espace enrichi

%;:FKdEB{el,...,eN}.

Pour enrichir I’élément fini (Kg4,Fr,, X'k, ) il faut répondre a la question suivante:
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Comment choisir correctement les fonctions d’enrichissement eq,...,en, de telle sorte que le triplet
(Kq, T, X%27) soit un élément fini?

L’un des éléments finis le plus simple est 1’élément fini linéaire triangulaire standard, défini dans
I’espace euclidien bidimensionnel [19]. Il est défini comme le triple

P1(S2) = (S2,P1(S2), T8,

ol Sy est un triangle non dégénéré (les trois sommets ne sont pas alignés) et avec des sommets vy, v1,
vy, P1(S2) est 'espace de tous les polynomes linéaires bivariés et E}Q‘g est I’ensemble des fonctionnelles
linéaires associant & chaque fonction son évaluation aux sommets de Sy. L’élément fini triangulaire linéaire
standard est largement utilisé dans les applications, cependant, il ne produit pas toujours des résultats
satisfaisants en raison du faible ordre d’approximation des fonctions d’essai. Pour améliorer la précision
de I'approximation, ’élément P;(S3) peut étre enrichi de fonctions d’enrichissement spéciales (pour un
apercu de la littérature pertinente, voir, par exemple, [2, 64, 3, 4]). Plus précisément, dans la deuxiéme
partie de la thése, nous nous concentrons sur le développement d’un cadre unifié et général pour enrichir
les éléments finis linéaires triangulaires standards en R? et les éléments finis linéaires simpliciaux standards
en R, Comme mentionné précédemment, un aspect crucial de cette approche consiste a déterminer les
conditions requises pour les fonctions d’enrichissement de maniére & ce qu’elles générent un élément fini.
Motivés par des travaux récents sur l’enrichissement des éléments finis [2, 4], dans le Chapitre 5, nous
introduisons un enrichissement polynomial de 1’élément fini linéaire triangulaire standard et utilisons ce
nouvel élément fini pour améliorer ’opérateur triangulaire Shepard (voir [47, 101, 22, 31, 33| pour d’autres
approches). Dans le Chapitre 6, nous introduisons une nouvelle classe d’éléments finis non conformes en
enrichissant 1’élément fini linéaire triangulaire standard avec des fonctions d’enrichissement continues,
linéairement indépendantes, qui ne sont pas nécessairement des polynomes {e; : i = 0,1,2}, tout en
satisfaisant la condition d’annulation aux sommets du triangle, c’est-a-dire e;(v;) = 0, 4,5 = 0,1,2.
De plus, nous déterminons une condition nécessaire et suffisante pour les fonctions d’enrichissement de
maniére a générer un élément fini. Nous montrons que 'erreur d’approximation peut étre décomposée
en deux parties: la premiére est liée & I’élément fini triangulaire linéaire standard, tandis que la seconde
dépend des fonctions d’enrichissement. Cette décomposition nous permet d’obtenir des bornes de I’erreur
3 la fois pour la norme L™ et aussi pour la norme L'. Ces limites sont proportionnelles aux deuxiéme
et quatriéme puissances du rayon du cercle circonscrit au triangle correspondant, respectivement. Dans
le Chapitre 7, nous généralisons les résultats présentés dans le Chapitre 6 au cas de ’élément fini linéaire
simplicial standard. Il est défini comme suit:

Pl (Sd) = (Sd7 ]P)l(Sd)a 2,151'3)

oi1 Sy est un simplexe en R? ayant un volume non nul et des sommets vy, . . . , v4, P1(Sg) est I'espace de tous
les polynomes linéaires en R?, et Eg;‘ est I’ensemble des fonctionnelles linéaires associant & chaque fonction
son évaluation aux sommets de S;. Conformément au Chapitre 6, nous enrichissons 1’élément fini linéaire
simplicial standard P;(Sy) avec d + 1 fonctions continues linéairement indépendantes {¢; : i =0,...,d},
satisfaisant la condition d’annulation aux sommets du Sg, c’est-a-dire e;(v;) =0, 4,5 =0,...,d. Dans le
Chapitre 8, nous fournissons une stratégie générale pour enrichir I’élément fini linéaire simplicial standard
P1(S4) sans imposer de conditions restrictives aux fonctions d’enrichissement, telles que leur annulation
aux sommets de Sy. Un élément fini couramment utilisé dans les applications est 1’élément fini linéaire
vectoriel simplicial. Il est défini comme suit:

P1(Sa) = (Sa,P1(Sa), E5h)

ou Py (S4) est le produit direct, d fois, de I’espace vectoriel P1(Sy) avec lui-méme et
TP ={L; : j=0,...,d},

avec L; définies comme

Lj(f):f(vj):[fl(vj)3"'7fd(vj)]Ta .f:[fla"'vfd}Tv ]:Oavd

13



Cet élément fini est couramment utilisé pour résoudre numériquement les équations de Navier-Stokes
stationnaires. Il est connu, cependant, de soufirir de graves lacunes dans ’application & des situations
plus compliquées. Un élément fini enrichi, qui surmonte les inconvénients susmentionnés, a été proposé et
développé par Bernardi et Raugel [7]. Il peut étre considéré comme une version avancée et généralisée de
I’élément fini linéaire vectoriel simplicial classique, et il a été utilisé dans un large éventail de domaines
de calcul d’ingénierie pratique. Il utilise des polynémes comme fonctions d’enrichissement. Toutefois, le
probléme de dépendance linéaire insoluble se pose toujours lorsque ce type de fonctions d’enrichissement
est utilisé. Conformément aux recherches précédentes, dans le Chapitre 9, nous présentons une stratégie
générale pour enrichir I’élément fini linéaire vectoriel simplicial par des fonctions d’enrichissement non
polynomiales. Cet élément fini enrichi est défini par rapport & tout simplexe, et peut étre considéré
comme une extension de I’élément de Bernardi et Raugel.
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Introduction

A very common problem in computational sciences is the determination of an approximation, in a fixed
interval [a, ], of a function f whose evaluations are known only on a set of n + 1 points X,,, n € N. We
can suppose to work in the interval [—1, 1], up to linear transformations. A standard approach to solve
this problem is through the polynomial interpolation which consists in determining a polynomial P, [f],
of degree n, which coincides with f at the points of the set X,,. A case of great practical interest is
when the set X, coincides with the set of equispaced points in the interval [—1,1]. In these hypotheses, a
problem related to polynomial interpolation is the Runge phenomenon, which consists in increasing the
magnitude of the interpolation error close to the ends of the interval [—1,1]. It was discovered in the
early 1900s by Carl David Tolmé Runge while he was studying the behavior of the error produced by
the polynomial interpolation to approximate some functions [89]. To overcome this problem, in recent
years, several techniques have been proposed, see for example [10, 5, 24, 26]. In particular, in 2009,
John P. Boyd and Fei Xu in [10], have proved that the Runge phenomenon can be overcome if we
interpolate the function f only on a proper subset of the set X,,, constituted by m+1 = O(y/n) + 1 nodes
which are close to the Chebyshev-Lobatto nodes of order m + 1, the so called mock—Chebyshev nodes.
However, by using this strategy, many data are not used, and therefore, motivated by this, Stefano De
Marchi, Francesco Dell’Accio and Mariarosa Mazza, in [24], proposed a new technique, with the aim of
improving the accuracy of the approximation introduced in [10]. This technique is called constrained mock-
Chebysheuv least squares approximation. It consists in approximating the function f with a polynomial
of degree » > m which is obtained by interpolating f on the set of mock-Chebyshev nodes and using
the remaining nodes to improve the accuracy of the approximation through a simultaneous regression.
For this technique, as we will see in Chapter 1, the role of the nodal polynomial is crucial. Due to
the lack of the nodal polynomial in the bivariate case, there is a need to find alternative approaches
that allow to generalize the constrained mock-Chebyshev least squares approximation to the bivariate
case. A new technique, introduced by Francesco Dell’Accio, Filomena Di Tommaso and Federico Nudo in
2022 [39], allows to define, under the same hypotheses, the same approximation introduced in [24], using
the Lagrange multipliers method. This method, independent of the nodal polynomial, was developed by
Joseph-Louis Lagrange to solve constrained least squares problems. By fixing a basis of the polynomial
space of degree r, the approximation is computed by solving linear equations, which generalize the normal
equations and which constitute the linear system KKT (this name is due to the three researchers William
Karush, Harold Kuhn and Albert Tucker, who were the first to introduce it). In Chapter 2 two different
strategies are proposed to obtain this generalization:

e the first one, based on tensor product interpolation on a Cartesian grid of mock-Chebyshev nodes,

e the second one, based on the interpolation of total degree on a set of nodes that are close to the
well-known Padua nodes [9].

Another problem of great practical interest is the determination of accurate quadrature formulas on
equispaced nodes. This has been studied by several authors in recent years, see for example [43, 58, 56,
68, 60, 71, 77]. In particular, the approach proposed by Hassan Majidian in [77] consists in using the
Gauss-Christoffel quadrature formulas in combination with local polynomial interpolants of the integrand
function f. By following this idea, in Chapter 3, we introduce a stable and accurate quadrature formula on
equispaced nodes using the Gauss—Christoffel quadrature formula and the constrained mock-Chebyshev
least squares approximation. Since the accuracy of these quadrature formulas varies with the degree of
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regression of the constrained mock-Chebyshev least squares approximation, depending on the degree of
smoothness of the function f, we develop an adaptive algorithm for determining the optimal degree of
regression which corresponds to the more accurate quadrature formula. As an additional application,
in [40], we use the constrained mock-Chebyshev least squares approximation to introduce a new product
integration rule. This type of formula is used to approximate integrals defined over finite intervals of
integrand functions which exhibit some kind of "pathology", for example, "almost" singular functions,
highly oscillating functions, weakly singular functions. In Chapter 4 we further study some properties of
the constrained mock-Chebyshev least squares operator, and we present new results and applications. In
particular, we introduce explicit representations of the error and its derivatives, by assuming f sufficiently
smooth in [—1,1]. In the same hypothesis, as an application, we present a method for approximating
the successive derivatives of f at any point « € [—1,1], based on the constrained mock-Chebyshev least
squares operator and use the previously introduced error representations to provide estimates for these
approximations.

The second part of this thesis is devoted to the study of the enrichment of some standard linear finite
elements. A finite element is a triple (K4,Fg,, Y'k,), where

e K, is a polytope in R?,

o Fy, is a vector space of dimension n formed by real-valued functions defined on Ky, also called trial
functions,

o Y, ={L; : j=1,...,n}is a set of linearly independent linear functionals, from the vector space
Fk,, also called degrees of freedom,

such that Fx, is Yk, -unisolvent, i.e. if f € Fg, and
Lj(f):07 jzlﬁ"'7n7

then f =0 [55].

The finite element method is a very popular method for numerically solving partial differential equa-
tions on a domain D C RY [13, 19], d > 1, which arises in engineering and mathematical modeling. One
of the reasons for this undeniable popularity is its versatility to deal with different types of geometries.
In the finite element method the domain D is partitioned into polytopes and, for each of them, a local
approximation belonging to F, is computed to approximate the solution of the partial differential equa-
tion. The global approximation will be a piecewise function defined by the local approximations. If the
global approximation has discontinuities at the boundary of the subdomains, the finite element is said to
be nonconforming, otherwise is said to be conforming. Generally, for the standard linear finite elements
the approximation space Fg, is a space of polynomial functions. However, the approximations produced
by these finite elements are not effective for solving problems involving singularities. In order to overcome
this problem, several approaches have been proposed. One of the most famous approaches is to enrich the
approximation space Fy, with appropriate enrichment functions [92, 45, 64]. More precisely, we consider
the finite element (Kg4,Fr,, X'k,), a set of enrichment functions ey, ...,ex and a set of linear functionals

Yy ={L;j :j=1,...,n+ N}
such that the approximation space Fg, is L' -unisolvent. We define the enriched space
??; =Fg, & {61, .. .,6]\7}.

In order to enrich the finite element (Kq4,Fk,, X'k,) the following question must be answered:

How to properly choose the enrichment functions ey, ..., ey, so that the triple (Kg, Fg¥, X2%) is a finite
element?

One of the simplest finite elements is the standard triangular linear finite element, defined in two-
dimensional Euclidean space [19]. It is defined as the triple

Pl(SQ) = (S27P1(52)5 Egg)’
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where S is a non-degenerate triangle with vertices vg, v1, v2, P1(S2) is the space of all bivariate linear
polynomials and Y& is the set of point evaluation functionals at the vertices of S». The standard
triangular linear finite element is widely used in the applications, however, it does not always produce
satisfactory results due to the low order of approximation of the related trial functions. To improve the
accuracy of the approximation, the element P;(S2) can be enriched with special enrichment functions
(for an overview of the relevant literature see, e.g., [2, 64, 3, 4]). More precisely, in the second part
of the thesis, we focus on the development of a unified and general framework for the enrichment of
standard triangular linear finite elements in R? and standard simplicial linear finite elements in R?. As
we have already said, a crucial point in this approach is to determine the conditions on the enrichment
functions so that they generate a finite element. Motivated by recent works on the enrichments of the
finite element [2, 4], in Chapter 5 we introduce a polynomial enrichment of the standard triangular linear
finite element and use this new finite element to introduce an improvement of the triangular Shepard
operator (see [47, 101, 22, 31, 33| for other approaches). In Chapter 6 we introduce a new class of
nonconforming finite elements by enriching the standard triangular linear finite element with enrichment
continuous functions, linearly independent, not necessarily polynomials {e; : i = 0, 1,2}, satisfying the
vanishing condition at the vertices of the triangle, i.e. e;(v;) =0, i,j = 0,1,2. Moreover, we determine
a necessary and sufficient condition on the enrichment functions so that they generate a finite element.
We show that the approximation error can be decomposed into two parts: the first one is related to the
standard triangular linear finite element while the second one depends on the enrichment functions. This
decomposition allows us to obtain bounds for the error in both L*>-norm and L'-norm. These bounds
are proportional to the second and fourth powers of the radius of the circumcircle of the corresponding
triangle, respectively. In Chapter 7 we generalize the results presented in Chapter 6 to the case of the
standard simplicial linear finite element. It is defined as

P1(Sa) = (Sa,P1(Sa), ZHm),

where Sy is a non-degenerate simplex in R? with vertices vo,...,vq, P1(Sq) is the space of all linear
polynomials in R? and Zg;‘ is the set of point evaluation functionals at the vertices of Sg. In line with
Chapter 6, we enrich the standard simplicial linear finite element P; (Sg) with d + 1 linearly independent
continuous functions {e; : ¢ = 0,...,d}, satisfying the vanishing condition at the vertices of Sy, i.e.
ei(v;) =0,1,7=0,...,d. In Chapter 8 we provide a general strategy for enriching the standard simplicial
linear finite element P;(S,;) without imposing restrictive conditions on the enrichment functions, like their
vanishing at the vertices of Sy. A finite element commonly used in the applications is the simplicial vector
linear finite element. It is defined as

P1(Sa) = (54,P1(5q), Z"),

where Py (Sy) is the direct product, d times, of the vector space P (Sy) with itself and
Zir={L; :j=0,...,d},

with L; defined as

Lj(f) :f(’UJ) = [f1<’ljj),...,fd(’vj)]T7 f: [fl,...,fd]T, jZO,,d

This finite element is commonly used for numerically solving the stationary Stokes equations. It is known,
however, to suffer from severe shortcomings in application to more complicated situations. An enriched
finite element, that overcomes the aforementioned drawbacks, was proposed and developed by Bernardi
and Raugel [7]. It can be regarded as an advanced and generalized version of the conventional simplicial
vector linear finite element, and it has been employed in a wide range of practical engineering computation
fields. It uses polynomials as enrichment functions. However, the intractable linear dependence issue is
always encountered when this type of enrichment functions is employed. In line with previous researches,
in Chapter 9, we present a general strategy for enriching the simplicial vector linear finite element by
nonpolynomial enrichment functions. This enriched finite element is defined with respect to any simplex,
and can be regarded as an extension of Bernardi and Raugel element.
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Chapter 1

Constrained mock-Chebyshev least
squares approximation

The constrained mock-Chebyshev least squares approximation is an approximation method based on an
equispaced grid of points. Like other polynomial or rational approximation methods, it was recently
introduced in order to defeat the Runge phenomenon that occurs when using polynomial interpolation on
large sets of equally spaced points. The idea is to improve the mock-Chebyshev subset interpolation, where
the considered function f is interpolated only on a proper subset of the uniform grid, formed by nodes
that mimic the behavior of Chebyshev-Lobatto nodes. In the mock-Chebyshev subset interpolation all
remaining nodes are discarded, while in the constrained mock-Chebyshev least squares approximation they
are used in a simultaneous regression, with the aim to further improving the accuracy of the approximation
provided by the mock-Chebyshev subset interpolation. In this introductory chapter, we recall the main
important properties of the constrained mock-Chebyshev least squares approximation, introduced in [24],
which will be useful in throughout the thesis.

1.0.1 The constrained mock-Chebyshev least squares approximation: some
computational issues

Let f be a continuous function in [—1,1] and we suppose that its evaluations are known on the grid of
n + 1 equispaced nodes in [—1, 1], that is

2
Xn:{xi:—l—i—fi:i:(),...,n}. (1.1)
n

The idea that underlies the mock-Chebyshev subset interpolation is to interpolate f only on a proper
subset of X,,, formed by nodes which best mimic the behavior of the well-known Chebyshev-Lobatto
nodes of a suitable order m + 1. If we carefully choose m, the convergence of the interpolation process
on such a subset of nodes, for n which tends to infinity, will be preserved [80]. To understand how to
properly choose m, let us remember that the m + 1 Chebyshev—Lobatto nodes are defined as

i
a:]CL:—cos(—j), 7=0,...,m.
m

By expanding z{'F in a Taylor series centered in zero, we get

2 2

cL s 1 s

and since z§* =

—1, we have
1
¢rL _ ,.CL _ O ( ) )
e 0 m2
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This means that the m + 1 Chebyshev-Lobatto nodes are distributed in [—1,1] with a density that is
roughly quadratic in m. Then for n proportional to m?, we can select among the given nodes a subset
which mimic a sufficiently large Chebyshev—Lobatto grid. Let ¢ be the constant of proportionality. A way
to calculate it is to impose that the second node of the Chebyshev—Lobatto grid is as close as possible to
the second node of the equispaced set X,

™ 2
— cos (—) ~ -1+ —.
m n

By (1.2) we fix the largest integer m such that

7T2

1
Sl < 14—,
+ n + 2m?
that is

m=|Tval.

Therefore, for this value of m, ; is the point of X,, closest to z{'“. This choice of ¢ < m/+/2 avoids the
fact that the endpoints —1 and 1 can be selected more than once. For analytic functions the polynomial
interpolation on Chebyshev nodes converges geometrically and stably. We denote by

X;n:{x; : |x;*IgCL| :Iﬂél)r(l |x¢f:vch’,j:O,...,m} (1.3)

the mock-Chebyshev subset of X, of order m+1 [10, 81, 69, 70]. The mock-Chebyshev subset interpolation

0.8 q
0.6 - 1
04 r 1
0.2 q
06® O O ROOOP®OOOPOOOBO O OO OO O OP® &
0.2 1

-0.4 f .

Figure 1.1: Plot of equispaced nodes in [—1,1] (0), Chebyshev nodes (¢) and mock-Chebyshev nodes ()
for n+1 =31 with m + 1 = 12.

is a stable procedure, but its rate of convergence is subgeometric [24]. In [81] it has been shown that
on equispaced nodes no stable method can converge geometrically. In performing the mock-Chebyshev
subset interpolation we know the evaluations of f on the whole set X,,, but actually we only use the
information corresponding to the elements of X/, . The idea of the constrained mock-Chebyshev least

squares approximation consists to use the other n—m nodes X,/_,, ={z} : k=1,...,n—m} to improve
the accuracy of the approximation through a simultaneous regression.

1.0.2 The nodal polynomial method

Given an analytic function f in the interval [-1,1] and an integer r € N such that m < r < n, the
constrained mock-Chebyshev least squares problem consists in finding the best approximation P, ,[f],
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with respect to the #2-norm on X, to the function f from the closed convex space P, (R) formed by the
polynomials of degree less than or equal to r interpolating f on the mock-Chebyshev nodes. We will
write this problem in short form as follows

find Brlf] € By B) st |7 = Pralf)Bx, = min 17 = Prllx, - (14)

(S

Let P,,[f] € P.n(R) be the interpolation polynomial on the mock-Chebyshev nodes X/, and let w,, be
the corresponding nodal polynomial, that is

wim (z) = H(x — ). (1.5)

Theorem 1.0.1. The constrained mock-Chebyshev least squares problem (1.4) has a unique solution.
Proof. Tt is not difficult to verify that a generic polynomial P, € P, (R) can be written as
P (z) = Pulf](z) + Qs(x)wm (2),

where w,,(z) is defined in (1.5) and Qs(z) is an arbitrary polynomial of degree s = r — m — 1. The
problem (1.4) becomes

Qi W = (Bulf]+ Quan)x, = i 3 (1) = Pulf)e) = Qulahon @)’
— ; <« f(CEg) — Pm[f}(xg) _ " ? 2 (M
= erenIP%?(R) kZ:l ( Wm(l“g) Qs(ﬂck)) Wm(xk)

We introduce the following discrete weighted £2-norm

[N

u%(ﬁuWMdO (16)

I
k=1

and the following function

RIS R C R )
Then the solution of the problem (1.4) is

Prulfl(@) = Pulfl(2) + Qs[fl(@)wn(2), (1.8)
where o ) )

F-al,,, = mn 1=, .. (1.9)
which has a unique solution. O

The name nodal polynomial method is due to the fact that we apply a classical least squares method to
the analytic function f obtained from the function f through the nodal polynomial as in equation (1.7).
The degree of Prn[ f] depends on the degree of the polynomial of simultaneous regression Qs[ f] When
r increases up to n, the approximation provided by Pr,n[ f] can get worse, since the constrained mock-
Chebyshev least squares approximation approaches the interpolation polynomial on X,,. The problem
of determining a degree r which gives, in the uniform norm, the better accuracy of If’m,[ f] with respect
to Pp[f], has been tackled in [24], basing on a general result by L. Reichel [85] on the polynomial
approximation in the uniform norm by the discrete least squares method. This result implies that, for an
equispaced set of ¢ internal nodes of [—1, 1],

2k —1
2 =—1+ , k=1,...,q, (1.10)
q
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the degree p of the least squares polynomial should be selected as the greatest p so that there is a subset
of cardinality p + 1 of the equispaced set (1.10) which is close to the p + 1 Chebyshev grid

2k —1
sz{xkczcos<2p+27r> :k:l,...,p—l—l}.

In other words, p should be selected in the mock-Chebyshev sense [24]. In the case of simultaneous

regression (1.9) the nodes used in the least squares approximation are those of X/, and therefore they

are not equally spaced. Despite X//_, is not an equispaced grid, in [24] it is proven that, for n sufficiently

large, it is possible to approximate an equispaced grid of ¢ = | % | internal nodes of [—1, 1] with nodes of

X/ We denote this grid by X/ and by

n—m:- n—m?
" n "
X, =17y Ty (1.11)

the mock-Chebyshev subset of )N(,’l’_m. The choice for the degree of simultaneous regression which gives
good approximation in the uniform norm has been also determined in [24]

SEVENE)

Therefore, the degree r of the polynomial Prn[ f], which gives more accurate approximation to f is

r=m+p+1= L%ﬁJ+LW\/EJ+1. (1.12)

Proposition 1.0.2. The following upper and lower bound for r holds

(1+\}6)m—1<r<(1+

\}6) (m+1)+1. (1.13)

Proof. Firstly, we note that

Similarly, the following inequalities prove the left-hand side of (1.13)

] 2« ] B
KH—L) L\/ﬂ—1><1+i> -1

ﬁ
|

- V6/ V2 V6/ V2
> <1+\%>m—1.
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Chapter 2

(Generalizations of the constrained
mock-Chebyshev least squares in two
variables: Tensor product vs total
degree polynomial interpolation

The main goal of this chapter is to extend the univariate constrained mock-Chebyshev least squares
approximation to the bivariate case through the Lagrange multipliers method. This is done in two
different ways, the first one based on the tensor product interpolation and the second one based on the
mock-Padua points, that is the set of (m + 1)(m + 2)/2 nodes extracted from a uniform grid of points in
the square [—1,1]? that mimic the behavior of the well-known Padua points [8]. The result presented in
this chapter can be found in [39].

2.1 Constrained mock-Chebyshev least squares approximation through
the Lagrange multipliers method

The Lagrange multipliers method was developed by the mathematician Joseph-Louis Lagrange and it is
very helpful in solving the constrained least squares problems. The method requires the choice of a basis
B, ={u;(x) : j=0,...,r} of the polynomial space P,(R). Let f be a continuous function in [—1,1] and
let X,, and X/, be the sets introduced in (1.1) and (1.3), respectively. We denote by V the interpolation
matrix at the nodes of the equispaced grid X,, relative to B,., that is

V = [uj(zi)]i=0,..n
7=0,...,r

and b = [f(x0),..., f(z,)]T. Without loss of generality we assume that the first m + 1 points of X,
are those ones of X, and that B,, = {u;(z) : 7 = 0,...,m} spans the polynomial space P,,(R). Let
C = [el;=o,....,m be the matrix formed by the first m + 1 rows, ¢l ,...,cL, of V and d = [dy, ..., dm]T
the column vector formed by the first m + 1 components of b. The solution Pr)n[ f] of problem (1.4) in

the basis B, is

PT‘JL[f](x) = Z agui(z),
=0

where the vector of coefficients @ = [ag, a1, ..., a,]7 satisfies

Ca=d and |Va-bl5= min |Va—b|;.

acRr+1
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Usually previous constrained least squares problem is written in compact form as follows
sl N 2 2
find a e R""" s.t. |[Va—b|; = min [[Va—b];. (2.1)
agRr-;l
a=

Since the nodes of X, are pairwise distinct, the interpolation matrix V' has maximum rank and therefore
the problem (2.1) has a unique solution [11, Ch. 16]. This solution can be computed by the method of
Lagrange multipliers, with Lagrangian function

L(a,z)=||Va — b||§ +zo(cda—do) + -+ zpm(clha—d,),

where z = [20,...,2n]7 is the vector of Lagrange multipliers. As well-known, if @ is a solution of
problem (2.1) then there exist a vector 2 = [Zp, ..., 2mn]? such that

oL oL

8a1(d72):0 and 672’](&72)207 1 =0, vy =0, , M,

or, equivalently,

{szv cT} HE [2va] | 22)

C 0112 d
The equations (2.2), which are an extension of the normal equations for a least squares problem with no
constraints, are called KKT linear equations and the (r+m+2) x (r +m+ 2) coefficient matrix is called

KKT matriz, in honor of W. Karush, H. Kuhn and A. Tucker (see [11, Ch. 16] for more details).

2.1.1 Numerical experiments

We numerically compare the approximation produced by the nodal polynomial method with that one
produced by the Lagrange multipliers method. In line with the numerical experiments presented in [24]
we use 1001 equispaced nodes in [—1, 1] as sample points and 71 mock-Chebyshev nodes, that is n = 1000
and m = 70. We perform the constrained mock-Chebyshev least squares approximation through the nodal
polynomial method and through the Lagrange multipliers method, by choosing the following polynomial
bases

e BP ={zt :i=0,...,7},
e Bt ={Ti(x) : i=0,...,7}, where To(z) = 1, Ti(z) =z, Tip1(z) =22T(z) — Ty_1(x), i > 2,

o B, ={ti(x),wm(x)a® : i=0,...,m, k=0,....,r—m—1}, where {;(z) = ]]

and wy,(z) = ijo(x — %)

and compute the condition number of the relative KKT matrices for various degrees p = r — m — 1 of
simultaneous regression. We notice that BY is the classical monomial basis while BS! is the Chebyshev
polynomial basis of the first kind. We choose the basis Bﬁm since it is used in (1.8); for this basis the

interpolation matrix C' is the identity matrix of order m + 1. We compute the mean approximation error
(MAE) for the test functions

1 1

:77 xziv
T+2502 2@ o (2)°

fi(z)
at 10001 equispaced points in [—1,1]. The results are shown in Figure 2.1, where left and center plots are
related to the MAE, while the right plot shows the trends of the condition numbers of the KKT matrices
and of the normal equation matrix of the nodal polynomial method. Notice that the MAE of the nodal
polynomial method and those of the Lagrange multipliers method, with respect to the bases B!, BE, .

are of the same order of magnitude till a degree of simultaneous regression of about 30. For greater degrees
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Figure 2.1: Mean approximation error for f; (left), for fo (center) compared with those obtained by the
nodal polynomial method Constr-MCS and condition number of the KKT matrices (right) relative to the

bases BY, BS' and BE,, and of the normal equation matrix of the nodal polynomial method.

of simultaneous regression both the nodal polynomial method and the Lagrange multipliers method, with
respect to the basis Bﬁm, do not improve nor get worse the MAE, which oscillate around the previous
reached precision. On the other hand, the MAE of the Lagrange multipliers method, with respect to the
basis B!, decreases till a degree of simultaneous regression of about 80 after which it starts to become
worse, since regression tends to interpolation. Finally, the Lagrange multipliers method, with respect to
the basis BY, is not comparable with the ones obtained with the other basis in approximation accuracy.
The approximation accuracies of the various methods reflect the behaviour of the condition numbers of

the related matrices.

2.2 Tensor product vs total degree interpolation

2.2.1 Constrained mock-Chebyshev least squares tensor product interpola-
tion

A natural way to extend the univariate constrained mock-Chebyshev least squares approximation to the

bivariate case is through the tensor product interpolation [18, Ch. 7]. To this aim, let f be an analytic

function in the square [—1,1]%, we set n,, = (ns,n,) € N x N and let us consider the uniform grid of
nodes

2 2
Xy, X Yy, :{(—1—;——2’,—14——]’) :izO,...,nI,j:(),...,ny}. (2.3)
Ny Ty

In line with the notations of Chapter 1, we denote by

=] ]

my,, = (Mg, my) and we consider the Cartesian grid of mock-Chebyshev nodes

Xpp, ¥ Y ={(x},95) i =0,...,my, j=0,...,my}. (2.4)
Let P, (R) @ P, (R) be the tensor product of the polynomial spaces P, (R), .., (R) in the variables ,y,
respectively, with basis B,, ® B,., = {u;(z)vj(y) : i =0,...,72,j =0,...,7y}. Let ro, = (ry,7,) and

I@’Tw (R?) be the closed convex space of all polynomials in P, (R) ® P, (R) interpolating f on X/, x Yo,
The constrained mock-Chebyshev least squares tensor product interpolation problem is the following

~ ~ ~ 2
find Pr, ., f] € Bre (R st £ = Py A = min f =Py 25)
o ’ . 2 P, ,€Pr,  (R?) ’

L

r,m?

Since each polynomial U(x), expressed in the basis B interpolates its first m + 1 coefficients at the

mock-Chebyshev nodes, then each polynomial

Ly) =303 agus(a)u; ),

i=0 j=0
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Plot of uniform grid of nodes (0), Cartesian grid of Chebyshev-Lobatto nodes (¢) and Cartesian grid of
mock-Chebyshev nodes () for n +1 = 31 with m + 1 = 12.

expressed in the basis Br ma ® Bfu,mu’ interpolates its coefficients a;j, 1 = 0,...,my, j =0,...,m, [18,
Ch. 7, Lemma 4]. Therefore, the polynomial Pm,y,nz,y [f], in the basis BE |~ ® BTLy)my, has the form
P’rz,y,nx,y [.ﬂ = pmw,y [f] + Wm, (x)Ql ((L‘7 y) + Wi, (y)Q2($7 y) + Wm, (x)wmy (y)Q3($> y)a (26)

where P,  [f] is the interpolation polynomial at X, x Yy, , Q1 € Pr,—m, (R) @ P, (R), Q2 € P, (R) ®
P, —m,(R), Q3 € Pr,_p, (R) @ P, (R). The possibility to approach the problem (2.5) by the nodal
polynomial method, recalled in Chapter 1, is precluded by the expression (2.6) of its solution, which does
not allow the introduction of a discrete norm like (1.6) nor a function like (1.7). On the contrary, the
Lagrange multipliers method, recalled in Section 2.1, can be used in analogy with the univariate case,
with the settings and requirements there specified. In particular, we assume that the (n, + 1)(n, + 1)
nodes of the Cartesian grid (2.3) are reorganized into a sequence and that the first (m,+1)(m, +1) nodes
of this sequence are those ones of the Cartesian grid (2.4). Similarly, we assume that the (r; +1)(ry, +1)
elements of the basis B,, ® B, are reorganized into a sequence and that the first (m;+1)(m,+1) elements
of this sequence spans the polynomial space P, (R) ® Py, (R). The maximum rank of the corresponding
interpolation matrix V € R(?=+1D(ny+1)x(r=41)(ry+1) j5 guaranteed by the unisolvence of the tensor product
interpolation problem on the Cartesian grid (2.3) by polynomials of P, (R) @ P, (R) [18, Ch. 7].

2.2.2 Constrained mock-Padua least squares approximation

The polynomial interpolation of total degree in two variables offers a further possibility to extend the idea
of the constrained mock-Chebyshev least squares approximation to the bivariate case. In this case, in fact,
the Padua points constitute an optimal unisolvent set of points for total degree polynomial interpolation
with minimal growth of their Lebesgue constant [8]. These points are defined in the square [—1,1]? by
sampling suitable generating curves vs(t), s = 1,...,4, which are slightly different from each other and
allow to get four different families of points [9, 14]. In the following we consider the first family of Padua
points of degree m, m € N, and denote this set by Pad,, by simply calling them Padua points of degree
m. In line with the case of mock-Chebyshev points, it is possible to define the mock-Padua points of
degree m as the set of (m + 1)(m + 2)/2 points extracted from a square uniform grid (2.3) that mimic
the behavior of the Padua points of the same degree. To do this, we set n = n, = n, and m = Lw %J

We denote by X/, = {z} : i = 0,...,m} the mock-Chebyshev subset of X,, of order m + 1 and with
Yot =1y, :j=0,....m+1} the mock Chebyshev subset of Y,, of order m + 2. We use the formula
for computing the Padua points from two sets of Chebyshev-Lobatto nodes of order m and m + 1 given
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in [8] to obtain the set of mock-Padua points [69] of degree m from the mock-Chebyshev subsets X/ and
Y, .1 as follows

Pad;, = {(«},y;) - i=0,...,m, j=1,...,[m/2] +1+ 4},

where §; = 0 if m is even or m is odd but 7 is even, dx = 1 if m is odd and ¢ is odd.

Plot of uniform grid of nodes (o), Padua nodes (¢) and mock-Padua nodes () for n + 1 = 31 with
m+1=11.

Given an analytic function f in the square [—1,1]? and an integer r € N such that m < r < n,
the constrained mock-Padua least squares problem consists in finding the best approximation Pr,n[f],
with respect to the #2-norm on X,, x Y,,, to the function f from the closed convex space I@’T(RQ) of all
polynomials of total degree less than or equal to r interpolating f on the mock-Padua subset of nodes.
A basis B, = {ui(z)uj(y) : 0 <i+j < r} for the polynomial space P,(R?) can be obtained from any
basis B, = {u;(x) : ¢ =0,...,r} of the polynomial space P,.(R) [18, Ch. 4]. Similarly with the case of
tensor product interpolation, we assume that the (n + 1)? nodes of the square Cartesian grid (2.3) are
reorganized into a sequence and that the first (m + 1)(m + 2)/2 nodes of this sequence are those ones of
Pad!,,; we assume also that the (r + 1)(r + 2)/2 elements of the basis B, are reorganized into a sequence
and that the first (m 4 1)(m + 2)/2 elements of this sequence, forming the set B,,, spans the polynomial
space P,, (RQ). Let V be the interpolation matrix at the nodes of X,, x Y, relative to the basis B’T and C'
the matrix formed by the first (m + 1)(m + 2)/2 rows of V. The rank of the matrix C is maximum since
B,, interpolates on Pad), |96] while the rank of V' is maximum since B, can be completed to the basis
B, ® B, interpolating on X, x Y,,.

2.2.3 Numerical experiments

We consider the uniform grid of 101 x 101 nodes in [~1,1]* and we compute the condition numbers of
the KKT matrices relative to the bases B! @ BS'1, Bt,, ® Bk, and BE for different degrees r —m — 1
of simultaneous regression. We compute the MAE for the test functions

1 1

fs(z,y) = T35+ ) fala,y) = 24y —25

)

at the uniform grid of 132 x 132 points in [~1,1]2. The results are shown in Figure 2.2, where left and
center plots are related to the MAE, while the right plot shows the trends of the condition numbers of
the KKT matrices. We note that the basis BS* @ BS™! and BE,, ® BE,, interpolate on a set of nodes

whose cardinality is greater than the cardinality of the set Pad,, used by the basis B,? as nodes set for

26



10%
—o—Bl, 8B,
—a— 5 B¢
—a— B

10%

10%

Figure 2.2: Mean approximation error for f3 (left), for f; (center) and condition number of the KKT
matrices (right) relative to the bases BS"! @ BS!, BE,, @ BE, ., BY.

r,m?

the interpolation. This reflect on the different accuracies of approximation reached by the three bases on
their respective interpolation set. In line with the univariate case, the MAE of the Lagrange multipliers
method, with respect to the bases BS! @ B!, BE, ® BE,,, are of the same order of magnitude till a
certain degree of simultaneous regression which varies with the test function (15 and 10 in the case of
function f3 and fy, respectively). From these degrees on, the MAE relative to the basis BS! @ B!

continues to decrease, while that one relative to the basis Bﬁm ® BTL)m starts to become worse. The

Lagrange multipliers method, with respect to the basis Bf , has a similar decreasing behaviour although
it is less accurate for the aforesaid reason. The approximation accuracies of the various methods reflect
the behaviour of the condition numbers of the related matrices.
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Chapter 3

Constrained mock-Chebyshev least
squares quadrature

Let f be a continuous function in [—1,1] and let w € L'(—1,1) be a positive (or nonnegative) weight
function in [—1,1]. A recurring problem in applied mathematics is to approximate the weighted integral

1(f) = / @)z (3.1)

by a weighted quadrature formula of the type

I(f) = wi f(&) + Em(f) (32)
k=1

based on the nodes —1 < & < -+ < &, < 1 and weights w1, ...,w, € R. Let Ps(R) be the space of
polynomials of degree less than or equal to s. The largest positive integer s such that

E,, (Ps) =0 for all Ps € P4(R)

is called degree of exactness of the quadrature formula (3.2). If the function f is known or computable on
the whole interval [—1, 1], to approximate the integral (3.1) it is convenient to choose a suitable Gaussian
quadrature formula, depending on the weight function w. For example, if w(z) = 1, we can use the
Gauss—Legendre formula, while if

w(z) = \/1%7 or w(z) = (1—-2)*1+2)° o, > -1,
we can use the Gauss—Chebyshev formula or Gauss—Jacobi formula, respectively, of maximum degree of
exactness 2m — 1. In many practical applications, however, the function f is not known at each point
of the interval [—1,1] but only at a finite number of nodes, often equispaced. In these cases, composite
trapezoidal or composite Simpson rules, of degree of exactness 1, 3, respectively, are widely used, since
all Newton—Cotes rules of higher order (greater than 7 for w(z) = 1) have weights which differ in sign
and become rapidly unstable [68]. The problem of finding accurate quadrature rules based on equidistant
points has gained the attention of some authors in more recent years (see, f.e., [68, 71, 77] and references
therein). The approach by Huybrechs [68] is based on the idea of determining the quadrature weights in
a least squares sense, by assuming that the number n of the equispaced nodes is greater than the degree
of exactness d of the quadrature rule. The stability of the quadrature formula is guaranteed by the fact
that, for n > d, the minimization process leads to positive weights. This idea was firstly proposed in
1970 by Wilson [99, 100] and very recently used by Glaubitz to construct stable high-order cubature
formulas for experimental data [49]. Other approaches to get quadrature formulas from equispaced nodes
have been presented in [71, 77, 25] and are based on the idea that it is possible to obtain quadrature
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rules by using Gauss—Christoffel formulas in combination with local polynomial interpolants or global
rational interpolants, respectively. The key point is to substitute the exact values f(&x) in (3.2) with the
values, at &, of an approximating function. In this case the accuracy, the degree of exactness and the
stability of the quadrature formulas are related to the accuracy, the degree of exactness and the stability
of the approximating functions, respectively. In this chapter we get stable and accurate quadrature
formulas on equispaced nodes, with high degree of exactness, by using Gaussian—Christoffel formulas
and a mixed interpolation regression process, the so-called constrained mock-Chebyshev least squares
approximation [24, 39|, in combination. The result presented in this chapter can be found in [38, 29].

3.1 Constrained mock-Chebyshev least squares quadrature

In this Section, we use Gauss—Christoffel quadrature formulas and the constrained mock-Chebyshev least
squares approximation, in combination, in order to get accurate and stable quadrature formulas with
degree of exactness s, such that m < s < 2m — 1, m = |7y/n/v/2]. In the Gauss-Christoffel quadrature
of order m [48, Ch. 3]

[ @ = 3w (6 + Bu(s), (33

the nodes &1, . .., &, are the zeros of the m degree orthogonal polynomial 7, (-; w) belonging to the weight
function w, thus
Tm (§k;w) = 0, k=1,2,...,m,

B ! T (t, W) w
“‘Lmt@mﬁwwﬁw'

For s € Ns.t. m < s < 2m — 1, we define the constrained mock-Chebyshev least squares quadrature
method as follows

[j@W@MZEAﬂ+EAﬁ (3.4)
where .
=1

Despite formula (3.5) does not contain any explicit reference to the nodes of the set X,,, it is clear that
it can be rewritten in terms of the evaluations of the integrand function f at all nodes of X,,. The
crucial observations to get the explicit expression of the quadrature method (3.5) as a weighted sum of
the sampled function values rely in the following results.

Theorem 3.1.1. Let s € N such that m < s < 2m — 1 and let Bs = {u; : i = 0,...,s} be a basis of
Ps(R). Then the operator

is a linear operator.

Proof. The linearity of the operator Psyn follows from the fact that the vector of coefficients a =
[@o, . ..,as]T is the solution of the linear system (2.2). O

Theorem 3.1.2. Let s € N such that m < s < 2m —1 and let f be a continuous function in [—1,1], then

Psm[f] =Pspn [Pn[f]] )

where



and

u T — T .
4 = =0,... —1,1].
](.T) 111)37]‘—3%" J I , 1, IG[ ’ ]
i#]
Proof. Tt is sufficient to note that f(z;) = P,[f](x;) for each x; € X,,, i =0,...,n. O

Theorem 3.1.3. The quadrature method (3.5) is a quadrature formula, that is
L)) =Y _ioi f (), (3.6)
j=0

where

Ponlf] = Pon | Y Fx)l| =D Fa)Panlts]. (3.7)
j=0 j

By substituting (3.7) in (3.5), we obtain

js’n(f) = szpsn[f](&) = Zwi Z f(%)ps,n%](&)
i—1 i—1 =0
= Z (Z wipéﬂ%ﬂ(éz)) flzj)
7=0 \:i=1
= ijf(%)
)

O

As soon as the PA = LU factorization of the KKT matrix is obtained, each weight w;, j =0,...,n,
can be computed by solving two triangular systems through forward and back substitutions. These are
stable or backward stable processes, in practice [95, Ch. 17,20,21,22]. The stability of the quadrature
rule (3.6) can be measured by the ¢!-norm of its weights [68]

K(n) =Y [yl- (3.8)
j=0

In fact, by assuming that f is a perturbation of the function f such that Hf — fH <, we get
o0

D i flay) =Y wifr)] < ‘ﬁ)j (Fxs) - f(xj))’ <Y fiy| e = en(n). (3.9)

7=0 j=0 j=0 =0

If all weights are positive, then x(n) = I(1) and the quadrature formula is stable. In all other cases
k(n) > I(1) and the stability depends on the magnitude of x(n). In Table 3.1, we explicitly compute
k(n) for different values of n, ranging from n = 100 to n = 100000, in the case of w(x) = 1. These values
decrease from 2.1961 (n = 100) to 2.0079 (n = 100000). Therefore we can conclude, at least in the cases
there specified, the stability of the constrained mock-Chebyshev least squares quadrature. This result is
not surprising, since the quadrature formula (3.4) is obtained by combining two stable processes, namely
the constrained mock-Chebyshev least squares approximation and the Gaussian—Christoffel quadrature.
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n | 100 | 500 | 1000 | 5000 | 10000 | 50000 | 100000
r(n) | 2.1961 | 2.0948 | 2.0773 | 2.0323 | 2.0252 | 2.0124 | 2.0079

Table 3.1: Computation of x(n) for different values of n, ranging from n = 100 to n = 100000, in the case
of w(z) = 1.

The constrained mock-Chebyshev least squares quadrature has an high degree of exactness, which,
however, can not overcome the degree of exactness of the Gaussian—Christoffel quadrature formula on m
nodes, as shown in the following theorem.

Theorem 3.1.4. Let s € N such that m < s < 2m — 1. Then the quadrature formula (3.4) has degree of
exactness s.

Proof. Let P be a polynomial of degree s. By the uniqueness of the constrained mock-Chebyshev least
squares approximation [24, 39]

Ps(z) = Py [Ps] (), x € [-1,1].

Therefore R
Es,n (Ps) = Em (Ps) = Oa

since the quadrature formula (3.3) has degree of exactness 2m — 1. O

Note that the quadrature formulas (3.4) provide different approximations of the exact integral I(f)
for different values of s, m < s < 2m — 1. Clearly, as much P; ,[f] well approximate, in the uniform
norm, the integrand function f, as much accurate the quadrature formula (3.4) results. In fact we have

Theorem 3.1.5. Let s € N such that m < s < 2m — 1, then

Rs,n[f]Hoo /1 w(z)dz, (3.10)

where

Proof. By Theorem 3.1.4, we have

From now on, we consider the value of r given in (1.12). We notice that, for this value of r, the
bound (1.13) implies that m < r < 2m — 1, therefore both previous results hold. Moreover, the bound for

HRT”[ f] H developed in [24] can be used to estimate the error (3.10), if some information about f and its

derivatives are known. Since we assume that the function f is known only at the nodes of an equispaced
grid, we propose an alternative method to estimate the error E, ,(f), which avoids the knowledge of the

analytic expression of the integrand function f. To this aim, by assuming frn(f) # 0, we set

E:,effl’k(f):max :SE{T-]C,...,T—F:ZC} ’ O<k<p (311)

The setting (3.11) arises from the analysis of the trend of the approximations fs,n( f)- These approxima-
tions, for a small number of subsequent values of s, can be excessively close each other. The numerical
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results, provided in the next section, show that the value k£ = 3 provides quite good estimate of the exact

relative error

Erel (f) ‘ETJL (f) ’
V(3]

An algorithm for computing the constrained mock-Chebyshev least squares quadrature can be organized
as follows.

(3.12)

Algorithm 1 Constrained mock-Chebyshev least squares quadrature

Input: X,, = [zo,... vt f = [fos- - flT K
Output: I, ,(f), Ers (f)
: Compute m, r
Compute the mock-Chebyshev subset X/,
Compute X,/_,, = X, \ X},
Set X, = [X,,, X/ _,.]
Compute the Gauss-Christoffel nodes and weights of order m
for s=r—k:r+kdo
Compute P, [f]
Compute IASm(f)
end for
Compute E;iﬁk(f)

O 00 1 D U W N

—
o

3.1.1 Numerical experiments

In this Section we compute approximations of the integral (3.1) by using the quadrature formula (3.4)
with 7 given in (1.12), where the polynomial Pryn[ f] is expressed in the Chebyshev polynomial basis of
the first kind. To this aim, we consider the grid of 1001 equispaced nodes in [—1, 1], that is n = 1000,
from which we get m = 70, p = 28 and then r = 99. In order to demonstrate the effectiveness of the
estimate of the exact relative error E:e,f(f) through E:%k(f) (k = 3), we assume that the vector of the

functional data f = [fo,..., fa]T results from the evaluation of the following functions
— 1 _ 1 _ 20 =1 120
f1<$)—ma fz(iﬁ)—m, f3(x) = cos(202), fa(z)=1+2"",
on the points of the equispaced grid X,, = [zg,...,2,]T. Moreover we use the following weight functions
[ ] name \ weight function w(z) ‘
1 | Gauss—Legendre 1
Gauss—Chebyshev (1—a2%)~1/2
3 Gauss-Jacobi 1—-2)*(1+2)? a,8> -1

In Tables 3.2 - 3.4, we can appreciate the accuracy of approximations provided by the constrained mock-
Chebyshev least squares quadrature formula (3.5) which, we emphasize, uses the functional data only at
the equispaced nodes. In the second column we list the exact relative errors (3.12), while in the third
column we list their estimate through formula (3.11), which, as before, uses the functional data only at
the equispaced nodes.

Finally, we numerically test the stability of the proposed method by analyzing the sensitivity of the
constrained mock-Chebyshev least squares quadrature formula to random perturbations of the function
values. More precisely, in the case of the classical Runge function fs(x), in Table 3.5 we compare left and
right side of the inequality (3.9) by setting ¢ = 1078, n = 1000 and by using different weight functions.
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| Erf) | ErR(f)
(x) 3.8265e-16 | 6.3775e-16
(ac) 1.3949e-10 | 1.4032e-10
fg(x) 1.8241e-15 | 1.2161e-15
(z) 0 2.2022¢-16

Table 3.2: Absolute relative errors using the constrained mock-Chebyshev least squares quadrature for-
mula (3.4) with Gauss—Legendre weights and their estimates using formula (3.11) with k& = 3.

| B | B
() | 8.6935e-15 | 2.5444e-15

fa(z) | 1.5671e-09 | 3.5801e-09
(z)
(z)

7.0880e-14 | 8.4633e-16
5.6402e-14 | 2.6356e-16

Table 3.3: Absolute relative errors using the constrained mock-Chebyshev least squares quadrature for-
mula (3.4) with Gauss—Chebyshev weights and their estimates using formula (3.11) with k£ = 3.

| ErNf) | B
(7) | 4.2407e-16 | 8.4815e-16
(r) | 9.4603e-11 | 3.8728e-11

f3(x) | 3.6023e-14 | 9.7492¢-15
(z) | 2.8238¢-16 | 2.8238-16

Table 3.4: Absolute relative errors using the constrained mock-Chebyshev least squares quadrature for-
mula (3.4) with Gauss—Jacobi weights with & = 8 = 1/2 and their estimates using formula (3.11) with
k=3.

w(z) ‘ jrn[fQ] - jrn[fz]‘ ‘ ek(n)
1 3.00e-09 9.82¢-08
(1—a22)~1/2 2.90e-09 6.97¢-08

)
(1—a)2(1+x) 2.19e-09 1.75e-08

Nl

Table 3.5: Sensitivity of the constrained mock-Chebyshev least squares quadrature formula (3.4) to
random perturbations of the function values, in the case of fo(x) = 1/(1 + 2522), n = 1000 and by using
different weight functions.
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3.2 An adaptive algorithm for determining the optimal degree
of regression in constrained mock-Chebyshev least squares
quadrature

The accuracy of the quadrature formulas (3.5) varies with s depending on the degree of smoothness of
the function f. In this Section, we develop an adaptive algorithm for determining, given a function f,
the optimal degree of regression which corresponds to the quadrature formula with higher accuracy. In
other words, given the family of quadrature formulas

{fs,n(f) :Zwiﬁs,n[f](gi), s=m,...,2m— 1}, (3.13)

we determine the optimal degree 17, of the constrained mock-Chebyshev least squares approximation

which produces a more accurate quadrature formula fr;,,t,n( -

3.3 Computing accurate quadrature formulas with high degree of
exactness from equispaced nodes
The main goal of this section is the determination of a procedure for the choice of the optimal value of s

which guarantees the best approzimation accuracy of the quadrature formula fgn( f), measured through
the exact relative error

o Eon(f)|

ol =
where we assume |I(f)| > 0. We denote this value by 77}, = r
of approximate relative errors

*

opt(f). To this aim, we analyze the trend

fesan(f) = Fon (1)
Loa(f)

Ef(f) = ,  m<s<2m-2, (3.14)

computed by using quadrature formulas of subsequent degrees up to the maximum degree of exactness
2m — 1. At first sight, it might be thought to choose 77, as the value of s € {m,m +1,...,2m — 2}

rel

which minimizes the approximate relative error Esm( f). Unfortunately, in general this choice could be

misleading since, even for starting values of s, it could occur that two successive approximations I;n( )
and Is41.,(f) are so close to each other that the approximate relative error Ege,i(f) is very small, for

example less than a tolerance tol, despite the exact relative error EAZe,fL( f) is not, being much greater than

tol. An example of this situation is well illustrated in Figure 3.1, where the sequence of approximate
relative errors assumes values less than 10~ despite all exact relative errors are not less than 1076, The
approximate relative errors E;"ill( f) less than tol are then outliers and therefore they have to be discarded

in the process of the determination of rj . Instead of fixing a tolerance tol a priori, we distinguish outliers

from valid values of relative errors EN‘;iﬁ( f) by analyzing the sequence of consecutive triples

We call the triple t; monotonic if and only if

Bl (f) > B () 2 BlSh,(f) or ES(f) < BN (F) < By (F),
otherwise we call the triple £, non monotonic. Note that a triple ¢ is monotonic if and only if

dsderl Z 07
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Figure 3.1: Sequence of approximations I, ,,(f) (left) and sequence of approximate relative errors E:efL( )

(center) versus sequence of exact relative errors E7¢(f) (right) with f(z) = 1, w(z) = 1, n = 100
and m = 22.
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Figure 3.2: Approximate relative errors, with respect to the Gauss—Legendre scheme (w(xz) = 1), for the
function f(z) = 257 (o) with n = 1200, m = 76 (left) and n = 1280, m = 79 (right) with related first
non monotonic triples (M) and corresponding outliers (O).

where we set B ~
ds =logy (Egj—lln(f)) — log,g (E;eTlL(f)) ) s=m,...,2m—2.

We fix a suitable constant § > 0 (for example § = 0.5) and we search the outliers among the elements of
non monotonic triples by assuming that:

e if d; < —¢ and dg11 > 4, then E;"ill’n(f) is outlier (see Figure 3.2 (left));

e if dy > § and doy1 < —0, then ET(f) is outlier (see Figure 3.2 (right)).

s,n

The process of determining new outliers ends when s = 2m—2. The tolerance tol is determined adaptively
by initializing it with the epsilon machine eps and by updating it by the rule

tol = max{tol, E7%(f)} (3.16)
as soon as we find a new outlier E’;e,ll( f). To avoid under-estimation of the exact relative error we take
into account the possible presence of outliers, by assuming as outliers all approximate relative errors
Ege,i( f) less than or equal to the computed tolerance tol. The Algorithm 2 computes the tolerance tol.
The Algorithm 3 detects the outliers and remove them, providing in output the increasing sequence
{s1,...,8p} C {m,...,2m — 2} of degrees s such that E"!(f) > tol. In Figure 3.3 we display the effect

s,n

of the Algorithm 3, in detecting outliers (left) and removing them (right).
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Algorithm 2 Tolerance determination

Input: E7¢ N, .. , el (f)

m,n 2m—2,n
Output: tol
tol < eps
fori=m,...,2m —3 do

d; < 1og1o(E}5Y . (f)) —logio(E}5(f))

end for
while j <m —2 do
if dj < —¢ and d;j11 > § then
tol = max{tol, E;frlln(f)}
j—j+2
else if d; > 0 and dj; < —6 then
tol = max{tol, E’;ﬁf(f)}
j—j+1
else
j—j+2
end if

end while

Algorithm 3 Outlier detection

Input: E7¢ N, .. , el (f)

m,n 2m—2,n

Output: sq,...,5,

J+<1
fori=m,...,2m — 2 do
if E7l(f) > tol then
85 <1
j—j+1
end if
end for
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Figure 3.3: Significant approximate relative errors (e) and outliers (o) for the function f(z) = =37

n = 1000, m = 70 relative to the Gauss—Legendre scheme (w(z) = 1).
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Dy

denote by {(s;, ngln) f_1,m < s <o < s, <2m— 2 the subset of significant data. We consider the

sequence of intervals {Z;}_, defined as follows

™=2 have been removed. We

sS=m

From now on we assume that all outliers in the sequence {(s, £,

[mvsl)v if Jj=0,
Z; = 4 (s5,85+41), if j=1,....,p—1, (3.17)
(sp,2m —2], if j=p.

By definition, all outliers belong to
p
7=J1,
j=0
Let ¢ > 0 be the number of intervals Z; in (3.17) containing at least one outlier.

Case ¢ > 0. We denote by Z;,, 0 < j1 < jo < --- < j; < p the intervals containing at least one outlier
and by Nj, the number of outliers in Z;,. We set

As well-known, the standard deviation o tells us the typical amount by which the values {N,} deviate
from their average value p. We define

R=A{rj, : L=1,...,¢ \Nj, >pu+o0},
and we set

r

. _ JminR ifR#0,
LT Nom —2  if R =0.

By the nature of the constrained mock-Chebyshev least squares approximation [24, 39], the case Topt <
2m — 2 frequently occurs as soon as the exact relative error E:flt »(f) is near to the machine precision
opt?

already for values of s < 2m — 2. In such cases, by increasing the degree of the regression s > r7 ,, it

is also possible that the exact relative error Ef‘ii( f) became worse. In fact, as s approaches to n, the
polynomial P, ,[f](x) tends to the polynomial interpolant on the set of nodes X,,, Isnn[f](x), which in
its turn, can suffer from the Runge phenomenon. If R # (), from the definition of Topts We expect a not
rel
S1,Nn

significant data E:fl“n(f), ce Eg:ln(f) if r;,; = s1. If R = 0 nothing can be said on the trend of the
significant data.

increasing trend of significant data E7¢ (f),... ,E’:Elt W(f) if 75, > s1 or a non decreasing trend of the
opt?

Case ¢ = 0. We set 7, = 2m — 2. In this case nothing can be said on the trend of the significant
data.

We are now able to determine a value 77, of the degree of regression which produces more accurate
quadrature formulas. The accuracy of frzpun( f) will depend on the quality of the mock-Chebyshev
constrained least squares approximation to the function f. We distinguish the following cases:

e if v}, = 51, we use a linear regression [(s) to model the trend of the data

{IOglo (E:;eit,n(f)) IR 10g10 (E:Sn(f))}
and we set
T;pt = Sk,

where

logg (Erfla) = min {logyo (E221,) :logio (E:2l,) = Ulsa) 2 0}
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e if rj,, = s; with j =2,...,p—1, then if logy, (E’;fln) —logq (Erel ) > 4, we set r; = sj11, else

Sj4+1,1
we use a linear regression [(s) to model the trend of the data

{tog1o (EZE(£)) - Togyg (ETE.(£)) }

and we set
*
Topt = Sk,

where

logyg (ngle) = ae?ll’ifl"j} {IOglo (E:ln> : log, g <E§§Zn> —(sa) 2 0} ;

e if v}, = s,, We use a linear regression [(s) to model the trend of the data

{logyo (EL°,(£)) +-. - logyo (B2 ()}

opt’n
and we set
*
Topt = Sk,

where

logy, (EZfln) = ae?ll,i,l.l.,j} {IOglo (E:ln) : logyg (E:(fln) —(sa) > 0} .

Algorithm 4 Adaptive algorithm for determining a quadrature formulas with high degree of exactness
and accuracy from equispaced nodes

Input: X,, = [zo,... B N e P i
Output: I,x .(f)
: Compute m
Compute the mock-Chebyshev subset X/,
Compute X,/_,, = X, \ X/,
Set X" = [X’;n?X;L/—m]
Compute the Gauss—Christoffel nodes and weights of order m
for s=m:2m —1do
Compute P, ,[f]
Compute IASJL(f)
end for
Compute the approximate relative errors Ef,ffn(f), ce Egﬁian(f)
: Run Algorithm 2
: Run Algorithm 3

. *
: Compute 77,

O 00 3 D Uk W N

= e
w N = O

3.3.1 Computational cost

We determine the computational cost of the Algorithm 4 described above. The computational cost of
m is negligible. By using the procedure proposed in [10], the selection of the mock-Chebyshev subset
from the uniform grid X,, requires about O(nm) flops. The reordering of the set X,, involves a searching
algorithm for the computation of the set X/, , whose computational cost is O(mlog(n)) flops. Gauss-

Christoffel nodes and weights can be computed through the Chebfun package [66]. The function legpts

2
to compute Legendre nodes and weights, used in the numerical experiments, requires O (%) flops.

The computation of the coefficients of the polynomial prn[ f] through the Lagrange multipliers method [39]
needs the reordering in point 3 and the computation of the Chebyshev polynomial basis, whose total cost
is O(n?) flops [11]. Since we must compute the polynomial P, ,[f] for each s € {m,...,2m — 1}, the
computational cost is O(mn?) flops. The tolerance is computed through the Algorithm 2 and the detection
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of the outliers is made by using the Algorithm 3, which both require O(m) flops. Finally, we determine the
degree of regression rj,, which produces accurate quadrature formulas by using the procedure described
in the Section 3.3, which requires O(n) flops. Since m = O(y/n), the computational cost of the procedure
is O(n®/?) flops.

3.4 Computing accurate cubature formulas with high degree of
exactness from regular grids of nodes

Let f be a continuous function in the square [—1,1]2. In line with the notations of Chapter 2, we set
Ngy = (Nz,ny) € Nx N and consider the uniform grid of (n, +1) x (n, + 1) equispaced points X,,, x Y,
in the square [—1,1]2. In analogy with the univariate case, we set

e )

My, = (Mg, my) and we fix s, = (s, 5y) € N x N such that m, < s, < n, and m, < s, <n,. We
denote by

Py, oy lF1 = Ploss,).(memp) LF], (3.18)

the tensor product extension of the polynominal 155,”[ f] and we consider the quadrature formulas

11 ma My
I(f) = /_1/_1w(s,t)f(s,t)dsdm SN wikif(&ny)

i=1 j=1
me My ) ’ ) (3.19)
~ Z Z wiﬁjpsz,y,nx,y [f](gu nj) = Isz,y,’ﬂz,y (f),
i=1 j=1
where &1, ...,&mn, and 71,...,7n,, are nodes of a Gaussian quadrature formula with weights w1, ..., W,
and K1, ..., Km, of order m, and m,, respectively. We consider the family of quadrature formulas
fsyn(f), s=(s,s) e Nx N, max{m,, my} <s<min{2m, —1,2m, — 1} (3.20)
and the approximate relative errors
. Ipan(f) - fs,n(f)‘ .
B (f) = - ,  max{mg, my} < s <min{2m, —1,2m, — 1}. (3.21)

Lsn(f)

In analogy to the univariate case, by using the Algorithm 4, it is possible to determine a value 7, of the
degree of regression which produces accurate quadrature formulas.

3.4.1 Numerical experiments

We compute the approximation of the integral (3.1) by using the quadrature formula (3.13) with s =77,
where the polynomial Pr*p »[f] is expressed in the Chebyshev polynomial basis of the first kind B, .
opt? opt

To this aim, we consider the grid of 1001 equispaced nodes in [—1,1], that is n = 1000, m = 70. The
experiments are performed on the following functions

1 1 1
file) = T 1oe) = o5 o) = s+ oy
_12 - 1 = 1
f4(5€):€ I f5($)— x4+(@*1)$2+(§)2, f6(x)_t+101’

o

by using the weight function w(z) = 1.
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| Br(f)  Ees(f)  Ewm(f)  E() B ()| B ()

ToptsT ToptiT
fi(x) | 1.33e-04 8.88e-10 7.84e-13  2.55e-16 0 2.55e-16
fa(z) | 8.97e-08 1.51e-14 1.02e-12 1.39e-10  4.13e-12 1.98e-12
f3(z) | 3.00e-10 4.09¢-16 1.06e-10 3.75e-13  1.59e-14 6.34e-15
fa(z) | 3.28e-07 8.77e-15 4.44e-16 5.94e-16  5.94e-16 2.97e-16
f5(x) | 1.44e-07 54le-14 1.24e-13 2.24e-16  7.86e-16 8.99e-16
fo(z) | 6.26e-04 6.14e-07 1.52e-06 1.67e-07  8.81e-09 9.26e-10

Table 3.6: Comparisons among the relative errors in trapezoidal composite rule (Er(f)), Cavalieri—
Simpson rule (Ecs(f)), quadrature formula proposed in [77] (Ea(f)), quadrature formula through the
constrained mock-Chebyshev interpolant with optimal degree relative to the Gauss—Legendre scheme
(Eﬁiﬁ( f)) and the approximate relative error obtained through Algorithm 4 (E7¢ ).

*
-

Exact relative errors , Approximate relative errors ) Regression line

107 1071

107 o™ 1o E

4 o0®
[ d .
. L 1019 F ®e ° .
- d L] ...
o oo o oo 0o o P%M®® o 0 00 00
10716 10716 o 00 00O O @ O G GO dpO 0, o9
70 80 2 100 110 120 130 70 80 % 100 110 120 130

Figure 3.4: From left to right. Exact relative errors, approximate relative errors (o) with discarded outliers
(o) and regression line of the significant data for the function f;(x) relative to the Gauss—Legendre scheme.

In Table 3.6, from left to right, we compare the relative errors obtained by applying the trapezoidal
composite rule (E7(f)), the Cavalieri-Simpson composite rule (Ecs(f)), the quadrature formula proposed
in [77] with s = 6 (Fn(f)), the constrained mock-Chebyshev least squares quadrature formula proposed
in [38] (E:iﬁ( f)) and the proposed here quadrature formula (E’:flfn( f)). To appreciate the accuracy of
the estimate of the exact relative error, obtained through the Alg?drithm 4, in the last column we report

also Eﬁflt »(f). To show the efficacy of the Algorithm 4 in computing the optimal regression degree 77,
opt?

in Figures 3.4 - 3.9 we display the sequences of exact relative errors, approximate relative errors (with
discarded outliers, in red) and the regression line of the significant data, for all test functions.

Now, we consider the grid of 151 x 151 equispaced nodes in [—1,1]?, that is n, = n, = 150, m, =
m, = 27. The experiments are perfomed by using the Gauss—Legendre weight on the well-known Franke’s
function
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Figure 3.5: From left to right. Exact relative errors, approximate relative errors (o) with discarded outliers
(o) and regression line of the significant data for the function fa(z) relative to the Gauss—Legendre scheme.
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Figure 3.6: From left to right. Exact relative errors, approximate relative errors (o) with discarded outliers
(o) and regression line of the significant data for the function f3(x) relative to the Gauss—Legendre scheme.
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Figure 3.7: From left to right. Exact relative errors, approximate relative errors (o) with discarded outliers
(o) and regression line of the significant data for the function f;(x) relative to the Gauss—Legendre scheme.
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Figure 3.8: From left to right. Exact relative errors, approximate relative errors (o) with discarded outliers
(o) and regression line of the significant data for the function f5(z) relative to the Gauss—Legendre scheme.
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Figure 3.9: From left to right. Exact relative errors, approximate relative errors (o) with discarded outliers
(o) and regression line of the significant data for the function fg(x) relative to the Gauss—Legendre scheme.
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| Br(f)  Ees(f) B ()| B n ()

Tt

f(z,y) | 2.30e-05 1.71e-10  4.69e-12 | 2.46e-11

Table 3.7: Comparisons among the relative errors in trapezoidal composite rule (Er(f)), Cavalieri-

Simpson rule (Ecs(f)), cubature formulas through the constrained mock-Chebyshev tensor product in-

terpolant with optimal degree (Eﬁflt »(f)) and approximate relative error obtained through Algorithm 4
opt?

(ErS . (f)) relative to the Gauss-Legendre scheme.
opt?

fla,y) = 0.75exp<_(9($+1i/2—2)2 3 (9(y+1 )/2 —2) 2)
+0.75exp(_(9(9”+14)9/2+1)2 (o y+1 /2+1 )
+0.5exp<—(9($+131/2_7)2 9y + /2—3 2)

—O.Qexp(—(Q(x +1)/2-4)2 -9y +1)/2 - 7)2>,

where the polynomial Py, n, [f] is expressed in the basis BS ® BS . In Table 3.7, from left to right, we
compare the relative errors obtained by applying the tensor product trapezoidal composite rule (Er(f)),
the tensor product Cavalieri-Simpson composite rule (Ecs(f)) and the proposed here quadrature formula
(E;el“n( f)). To appreciate the accuracy of the estimate of the exact relative error, obtained through the

Algorithm 4, in the last column we report also Eﬁfl“n(f).
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Chapter 4

Polynomial approximation of
derivatives by the constrained
mock-Chebyshev least squares operator

The goal of this chapter is two-fold. We discuss some theoretical aspects of the constrained mock-
Chebyshev least squares operator and present new results. In particular, we introduce explicit repre-
sentations of the error and its derivatives. Moreover, for a sufficiently smooth function f in [—1,1], we
present a method for approximating the successive derivatives of f at a point « € [—1,1], based on the
constrained mock-Chebyshev least squares operator and provide estimates for these approximations.

Let X, = {zo, ..., %, } be the set of n+1 equispaced nodes in [—1, 1]. The constrained mock-Chebyshev
least squares linear operator is defined as follows

Pon:C([=1,1) = C([-1,1])

)

@) = Palf)@) =Y aw),  el-L1] -
i=0
where, as we have seen in Chapter 2, the vector @ = [ag, a1, ...,a,]7 is the solution of the KKT linear
equations . S .
e IR (42
This operator is well defined since, in Chapter 2, we have proved that the KKT matrix
-y <]
is nonsingular. We recall that, the operator IADML satisfies the following properties:
1) 15,.,” is a linear operator, that is
Prn M+ pg) = APrnlfl + nPrnll,  f9€C(-11),  ApeR; (4.4)
i) the range of P, ,, is P,(R);
1) P,n reproduces polynomials of degree < r, that is
P,,|P)] = P,, foreach P, € P.(R); (4.5)

) P, , is idempotent, that is



v) P, ,[f] is completely determined by the evaluations of f on the grid X,,, in particular

Pralfl = Pra[Palf]],  foreach fe C([-1,1]), (4.6)
where §
Palfl(x) =) fxi)li(z),  xe[-1,1],
and -
(x) = ﬁ ;:ZJ i=0,....,n, xe€l-11];
A

vi) P, , interpolates the function f at the mock-Chebyshev subset of nodes X, = {z

Lri=0,...,m},
introduced in (1.3), that is

In this chapter we further study some properties of the constrained mock-Chebyshev least squares
operator, by providing new results and applications. More precisely, in Theorem 4.1.1 we give a new bound
for the infinity norm of the operator }sr,n. This result allows us to give, in Theorem 4.1.3, estimation for
the approximation error

Rr,n[f](m> = f(.%‘) - pr,n[fo)’ HAS [_1’ 1]7 (4-7)

in uniform norm, through the error of the best uniform approximation by polynomials of degree less than
or equal to r. Further, by assuming f € C([-1,1]), in Theorem 4.1.5 we provide new explicit represen-
tations of the pointwise error (4.7) which takes into account the peculiarity of P, [f] of being a mixed
interpolation-regression polynomial. As a consequence, by assuming f € C"*1[—1,1], in Theorem 4.1.7
we use the Peano Kernel Theorem [23, 67] to obtain explicit representations and pointwise bounds of the
successive derivatives of the error (4.7), that is

RUfl@) = fO(2) = PRf(), ze[-L1], v=1..r (4.8)

and the Markov Theorem [79] to obtain, as a corollary, bounds in uniform norm of the error (4.8).
As an application, we introduce a new differentiation method, based on an equispaced grid of points,
for approximating the successive derivatives of a sufficiently smooth function f in [—1,1] through the
derivatives of the constrained mock-Chebyshev least squares operator. Furthermore, we prove an iterative
relationship between the coefficients of PT(Z? and those of Pr(fifl), v =1,...,r, when they are expressed
in the Chebyshev polynomial basis of the first kind.

4.1 Constrained mock-Chebyshev least squares linear operator:
theoretical aspects

Now, we discuss some theoretical aspects of the representation of the error (4.7), its derivatives and
related bounds. To this aim, some preliminary results are needed. First of all, we give a bound for the
norm of the operator Pr,n,
]ADML = sup
fec(-1,1])
1 £lloo <1

Pralf)| - (4.9)

Theorem 4.1.1. The norm of the constrained mock-Chebyshev least squares operator satisfies

C= max flujll, — #(M)=|M], [RZauFp (4.11)

.....

Prull < C(2(r+ 1)R(M) + (m+1) |M],), (4.10)

where
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n 100 500 1000 [ 5000 | 10000 | 50000 | 100000
k(M) | 7.8¢103 | 8.4e+04 | 2.4e105 | 2.9¢106 | 8.3¢+06 | 1.0e+08 | 2.9¢+08
[MT[ [ 2180 | 5290 | 7820 | 186.75 | 275.55 | 661.36 | 965.75

Table 4.1: Values of the condition number x(M) and of the norm ||M*1H1 in correspondence of some
values of n ranging from n = 100 to n = 100000, by using the Chebyshev polynomial basis of the first
kind.

Proof. Let f € C([—1,1]) satisfy | f||,, < 1. By using the triangular inequality, we get from (4.1)

=0

and then, by passing to the supremum with respect to z € [—1, 1] and by the setting (4.11),

Since the KKT matrix (4.3) is nonsingular, by equation (4.2) we have

Pralf)(@)| =

< aal fus(@)], @ e [-1,1], (4.12)
=0

Palfl|_ <X lail =Clal,- (4.13)

=0

N a _ 2VTh
IR || Y Y
1
= ML 220 | D e S| + D1 ()l
§=0 |i=0 §=0
< [P (20D () +m e+
§=0 i=0
< MY @IMIL (r+1) +m+ 1),
and therefore
lall, <2(r+1)s(M)+ (m+1) || M7, (4.14)
By using the bound (4.14) in (4.13), we get
PT,n[f]H < C20r+ Dr(M) + (m+ 1) ||[M7],), (4.15)
and then R
|Bn] < € @0+ 1)m(0) 4+ G+ 1) 27
since the right-hand side of (4.15) does not depend on f. O

Remark 4.1.2. In the case of the Chebyshev polynomial basis of the first kind [88, Ch. 1]

BEY = {Ty(x),...,Tr(2)}, Ti(z) = cos(karccos(z)), z€[-1,1], k=0,...,7 (4.16)
we have ||Ty||, =1 for each k =0,...,r. In this case equation (4.10) becomes
|Prn| < Bu (4.17)
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where
By, =2(r + 1)s(M) + (m+1) [|[M 1], . (4.18)

In order to appreciate the quality of the bound (4.17), in Figure 4.1 we plot the behavior of B, in
correspondence of some values of n ranging from 100 to 100000. The plot shows a linear relation between
the logarithm of n and the logarithm of the bound B,. We computed the coefficients of this relation
through a linear regression and after standard computations, we found

Bn ~ 6366”2.03 .

Figure 4.1 contains the approximations of the bound B,, computed through the regression line, as well.
In Table 4.1 we show the values of x(M), HMAH1 in correspondence of some values of n ranging from
100 to 100000.

1012

1011

1010

10° ‘ ‘
102 108 104 10°

Pr,n relative
to sets of n + 1 equispaced nodes, with n ranging from 102 to 10°. The linear relation between the values
on the z-axis and those on the y-axis is evident and confirmed by the closeness of their approximations

(in red circles, o) computed through a linear regression.

Figure 4.1: Log-log plot of the values B,, (in black stars, x) of the bound (4.17) of the norm ‘

Since the constrained mock-Chebyshev least squares operator is a projection on the polynomial space
P.(R) [17, Ch. 6], it is possible to give a standard estimation for the uniform norm of the approximation
error

Rr,n[f]Hoo = Hf_pr,n[f}Hoov fEC([—Ll]), (419)
through the error of best uniform approximation by polynomials of P,.(R)
EXf) =IIf =PI (4.20)

also known as minmax error. With this aim, for computational convenience and to short the notation,
we suppose to work with the Chebyshev polynomial basis of the first kind B!

Theorem 4.1.3. Let f € C([—1,1]), then

Bralfl| <0+ B EX(P). (421)

o0
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Proof. Let Pr[f] € P.(R) be the polynomial of best uniform approximation to f. By properties %)-iiz)
we easily find

| =altl|_ = | £ = Pri1+ PRSI = Pl
= =P = Prals = PeA)|
< (1+]|Prn]) 15 = PR
The thesis then follows from Theorem 4.1.1 after setting (4.18). O

The following result is a direct consequence of Theorem 4.1.3 and Jackson Theorem [17, Ch. 4].

Corollary 4.1.4. Let f € C*([~1,1]), k=0,...,r. Then we have

R T
R H <(1+B, ( ) k=0, 4.22
] <0 maes (2 o

: Tk [EAd
. H<* 1+ B, S L 0<k<r 4.23
[fenlsl] < (3) 0+ Ve Dkt VSksT (4.23)

where wy(-) is the modulus of continuity of the function f [17].
Let X" = {z]" : i =0,...,p} be the set introduced in (1.11). In order to give a pointwise represen-

tation of the error (4.7) for all 2 € [—1,1], we denote by P.[f] the Lagrange interpolation polynomial of
the function f at the node set X}, U X", that is

m P
Polfl(@) =D lim(@) f(2}) + > Lip(@) (], xe[-1,1], (4.24)
i=0 =0
where T T — T R oz — ) b=
gi m - 2 ) 45 = - )
5 (:C) ,g) x; _ x;g 31;[) .13; _ x;// Jap(x) ;;I;[O l‘;-// _ xgc iy l‘;-” _ xg//
k#i s#j
and by
R.[f](z) = f(x) — P[fl(x), «e€[-1,1], (4.25)

the error of Lagrange interpolation.

Theorem 4.1.5. Let f € C([—1,1]). Then for the approzimation error R, ,[f](x), introduced in (4.7),
we have

Rr,n[f] (SL‘) = Rr[ﬂ(l‘) + Zgj,p(x)énn[f](m;”)a S [_1’ 1]' (4'26)
j=0

Proof. By Property #) P,,[f] € P.(R) and by Property vi) P, ,[f](z}) = f(«}), i =0,...,m. Then by
the uniqueness of the Lagrange interpolation polynomial, we get

Proalfl() = Pl ) = gei,m<x>ﬁm[f] (@) + gzj,p@ﬁr,n[f] (@)
- éa,mmmx;) + Z £ @) BrnlF1()
- é&,mw)m;) " Z @) + éej,,,@) (Boalfle) — F@)
= Plfl) +ioej,p<x> (Prnlf1() = £ () -

47



Therefore

= Re[f1(@) + Y tp(@) Realfla]").
j=0

O]
Corollary 4.1.6. For any x € [—1,1], we have
A p A
Bl £1@)| ~ D2 a) Bl i) | < 1+ A B2, (427
§=0
where
m P
A= a3 @)+ 3 165,(0) (4.28)
I\ i=0 3=0

is the Lebesgue constant of the polynomial interpolation operator P, and EX(f) is defined as in (4.20).

Proof. The result follows by bounding the error of interpolation R.[f] in standard way by using the
Lebesgue constant and the minmax error, see [48, Ch. 2] and the reverse triangle inequality of the
absolute value. O

N p A
Inequality (4.27) of Corollary 4.1.6 suggests that we can estimate ‘Rr,n [f] (x)‘ with ' > (@) R [f1(2]))
§=0

with an accuracy that depends on A, and EX(f). In Figure 4.2 we represent the behavior of the Lebesgue
constants A, computed for the values of n = 100 : 2 : 6000 and the graph of the function n — v + dy/n,
with v =5 and § = % — 0.025 which seems to follow the growth of A, on average, in this interval. Since

. we[-1,1], (4.29)

we can use the right member of inequality (4.29) as an estimator of a bound of ‘R,«n[f](x)’, x € [-1,1],
which can be easily computed by the available data. The numerical examples provided in Section 4.3
shows the goodness of the estimator (4.29).

Let f € C™1([-1,1]). In this case, the Peano kernel Theorem [23, 67] allows us to represent the
remainder R,.[f] of Lagrange interpolation on the node set X;, U X)) in integral form

N a0
R = [ Kenl—Ba we-L) (4.30)
—1 .
where
K(xvt):("Eit):-*PT[(xit):-]a l’,te[*l,l],
and ( ) ;
o r—t)", ifx—t>0,
(x_m_{o, if 2 —t < 0.
We can differentiate both members of (4.30) v times, v = 1,...,r, with respect to z, in order to obtain

pointwise representations of the successive derivatives of the error of Lagrange interpolation

1 qu T (r+1)
R’g‘u)[me):/ 8K< 1) f + (t)

1 8x’“ ’I"!

dt. (4.31)
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0 1000 2000 3000 4000 5000 6000

Figure 4.2: Plot of the values of A, computed in correspondence of the values of n = 100 : 2 : 6000 (in
black stars, x), together with the graph of the functions n — v + §y/n, with y = 5 and § = § — 0.025.

By using these representations, pointwise and uniform bounds for R\’ [f](z) are obtained [67]. In partic-

ular, in [67] it is proven that

1 .
" K (x,t (r+1)
7| < [ Wﬂﬂv ‘7wﬂﬂﬂ (432)
—1 8.%” 0o

and also that

HR(V) W) ||f(r+1) Hoo 1 r (4.33)

" oo " oo l(r+1 =)’ oo '
where .
wy(x) = H(m — ) H(a: 27, xe[-1,1]
k=0 s=0

is the nodal polynomial associated with the grid X}, U X}". Then, for the derivative of the remainder of
the constrained mock-Chebyshev least squares approximation, the following bounds hold.

Theorem 4.1.7. Let f € C""([-1,1]) and v =0,...,r, then
R 1 p
@< [ D MCACH
_ o =

Proof. The proof follows by differentiating both members of (4.26) in Theorem 4.1.5 and using the
bound (4.32). O

v (r+1)
0 K(m,t)‘dtHf
oxv

[F1@5) = f@5)| we[=11]. (4.34)

Theorem 4.1.8. Let f € C""([-1,1]) and v =1,...,r, then

B =

oo

7 - PR
v—1

r 2 _ 52
BT e,

=0 o | o =t
Tejry  Ve+i-v)

j=

o0

IN

[ay
[}

Vljo 2 —j2)
e Zka plloo
I1(2j+1) &

Jj=0

—~

nf1(y) = f@i")| -

(4.35)
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Figure 4.3: The nodal polynomial at the mock-Chebyshev nodes X/, (left), the nodal polynomial at the
node set X, U X]"(center) and the Lagrange fundamental polynomials at the node set X, U X" (right)
for n = 100 (and then m =22, p =9, r = 32).

Proof. For each v =1,...,r, by Theorem 4.1.5, we have
P
RONf1(@) = RY[f](@) + D675 (@) (Pral () = f(),
§=0

then, by using the triangular inequality

p
|| <[rom]_+ X 6] [l (436)
=0
We use inequality (4.33) to bound ’R,(«VY)L [f] H and the Markov’s inequality [79] to bound both ‘ W)
and Hﬂ;'jp) . The thesis follows. O

Remark 4.1.9. As the classical Cauchy’s bound for the error of Lagrange interpolation, the bound (4.34)
suffers from the presence of the infinity norm of the (r + 1)-th derivative of the function f, which can
increase very rapidly as r increases, even if P.[f](x) converges to f(x) for any x € [—1,1] (see, e.g.,
the case of the Runge function in Figure 4.10, which satisfies Hf(”‘l)Hoo > 5" (r + 1)!). When the
magnitude of the derivatives of f grows moderately, the bound (4.34) is reliable, as shown by the examples
provided in Table 4.3 and Table 4.4 for the functions sin(50x) and €3, respectively. In that ezamples the
right-hand side member of inequality (4.34) is denoted by Eﬁy,z [f].

Remark 4.1.10. In Figures 4.3, 4.4 and 4.5 the nodal polynomial w,, at the mock-Chebyshev nodes
X,,, the nodal polynomial w, at the node set X;, U X, and the Lagrange fundamental polynomials at

the node set X, U X]" are graphically represented for n = 100,1000,10000. It is worth noting that
1

~ —
lorlloe = 55

r+1[48, Ch. 2]

1Ty 41|00, where Tryq(x) = o

T,11(x) is the monic Chebyshev polynomial of degree

4.2 Numerical differentiation through constrained mock-Chebyshev
least squares operator

We introduce a numerical differentiation formula based on the constrained mock-Chebyshev least squares

operator. Let f € C1([-1,1]) be a differentiable function whose first derivative is continuous on the

interval (—1,1). It is worth emphasizing that we suppose to know exclusively f on the set X, of n + 1

equispaced nodes. We apply the constrained mock-Chebyshev least squares operator to f and compute
the polynomial

pr’n[f](l') = Z dzuz(x)v MAS [_]-7 1] (437)
1=0
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Figure 4.4: The nodal polynomial at the mock-Chebyshev nodes X/, (left), the nodal polynomial at the
node set X, U X]"(center) and the Lagrange fundamental polynomials at the node set X}, U X" (right)
for n = 1000, (and then m = 70, p = 28, r = 99).

%10

Ll ‘ | ‘ M | \ u h‘ ’ J
Ll ”‘ ’\ ’H H‘ | H' il

W u W

"4 08 06 04 02 0 02 04 06 08 1 "4 08 06 04 02 0 02 04 06 08 1 T 05 0 05 1

G A b R 4 o m w s o

Figure 4.5: The nodal polynomial at the mock-Chebyshev nodes X/, (left), the nodal polynomial at the
node set X;, U X]"(center) and the Lagrange fundamental polynomials at the node set X;, U X" (right)
for n = 10000, (and then m = 222, p = 90, r = 313).
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By differentiating (4.37), we obtain

Py, [f)(x) = P i wwi(z),  we[-11], (4.38)

Pl f] = P [PL1f]] =D djui(x). (4.39)

.
=)

Remark 4.2.1. We notice that the coefficients vector @' = [a)), ..., a.]T is uniquely determined, since the
KKT matriz (4.3) has nonzero determinant, see [39].

Relations between the vectors of coefficients a = [ao,...,a,]T and @’ = [a,...,a.]T depend on the
chosen polynomial basis {u(x),...,u,(z)}. Since we assume to work with the Chebyshev polynomial
basis of the first kind BS!, in the following we make this relation explicit in this particular case. To
this aim we recall some useful identities between the Chebyshev polynomials of the first kind Ty (z),
k=0,...,r, and the Chebyshev polynomial of the second kind Uy(x), k = 0,...,r. These polynomials
are defined by [87]

sin ((k + 1) arccos(x))

= -1,1 k=0,...
Us(z) sin (arccos(z)) ’ zel-L1], Oyevesmy
and satisfy the following relations
Uo(.’li) = To(.’l?) = 1, U1 (33) = 2T1 (x), U}c(.’lﬁ) — Uk,Q(.’lﬁ) = 2Tk(I>7 k Z 2. (440)

Moreover

(k+1)Tkq1(x) — xUk(a:).

Ti(x) = kUp—1(z), Ug(z)= 22 _ 1

(4.41)

Theorem 4.2.2. Let f € C([—1,1]), by expressing the polynomial P, [f] and its first derivative P’ nlf]
in the basis BS! as in equations (4.37) and (4.39), respectively, we have

5] =]
ap =Y (2 + Vagj1,  af =2 Z (i +2j + Dairojr, i=1,...,m (4.42)
j=0

Proof. By (4.37), the polynomial P,,,[f] in the basis BS'! has the form
x):Z&jTj(x), x € [-1,1].
§=0
By using the identities (4.38) and (4.41), we get

= a;T)(x) = ja;Uj1(z), xel-1,1]. (4.43)
§=0 j=1

By setting a,1 = 0, after a change the dummy index, the polynomial Pr’n[ f] can be written as

T

§=0
The result follows from the identity (4.40). O
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From the above results, one can deduce that there are two different strategies in order to compute the
analytic expression (4.39) of the polynomial P}, [f] in the Chebyshev polynomial basis of the first kind.

S1) Evaluate Ug(x), k = 0,...,7, on the set X,,. Compute the values of Pr’m[f] on the equispaced
nodes using (4.38). Solve the KKT linear equations (4.2) in order to compute P, ,, []3’ [ f]] from

n

the values of PA’T’n[ f] on the equispaced nodes.

S3) Use the equation (4.42) in order to compute the analytic expression of ]57{”[ fl.

We notice that, although the strategy Ss is more direct with respect to the strategy 51, it can be applied
only in the case of the Chebyshev polynomial basis of the first kind. In the next Section, we will show
that the two strategies are equivalent in terms of accuracy of results.

We emphasize, that formula (4.39) provides a global polynomial approximation of the first derivative
of the function f. Clearly, it is possible to repeat both procedures to approximate the derivative of order
k, for k > 1, by supposing that f € C*([—1,1]). In this regard, the following Theorem holds.

Theorem 4.2.3. Let f € C([—1,1]). We express the polynomial P,.,[f] and its successive derivatives in
the basis BS'L, that is

PUfl(x) =Y " Tiw),  we[-1,1, v
i=0

1,...,7.

For each v > 1, we get

|5] | 5]

a) =3 @j+nayy, @ =2 (+2j+ a0, i=1...,7 (4.45)
§=0 §=0
Proof. The proof follows the same argument of Theorem 4.2.2. It is therefore omitted here. O

4.3 Numerical experiments

In this Section, we numerically prove the accuracy of the proposed approximation methods by several
examples. The numerical experiments are performed using MatLab software. In particular, the command
diff is used in order to compute the exact successive derivatives of all considered functions and the
Chebfun package is used in order to compute the Chebyshev polynomial basis of the first kind [65].

We perform three different types of numerical tests. In the first test, we consider the function

fi(z) = xze™* 4 sin(3z)

used in [74] in order to test general explicit finite difference formulas with arbitrary order accuracy for
approximating first and higher derivatives. These formulas are applicable to unequally or equally spaced
data. In line with the experiments presented in [74], we consider a set of n + 1 = 67 equispaced points in
the interval [—1, 1], in order to have a stepsize h = 0.03. We compute the errors

N
1
€mean = N § €i, €mar =  MaX €4, (446)
=1

i=1,...,

obtained in approximating the first four order derivatives of the function f; by the constrained mock-
Chebyshev least squares operator on the uniform grid of 67 points in [—1, 1], computed by following the
strategy Sa. In equation (4.46) e; is the absolute value of the approximation error at the i-th point of
this grid. The numerical results are reported in Table 4.2. The approximation accuracies are comparable
or even better with respect to those one reported in [74] for the case of the finite difference formula at
11 equally spaced points with stepsize h = 0.03 in the interval [0, 0.3]. To better appreciate the behavior
of the approximation errors in the whole interval [—1, 1], in Figure 4.6 we plot the absolute values of the

33



order 0 1 2 3 4
mean | 1.24e-15 | 7.59-14 | 9.02-12 | 9.92e-10 | 8.57e-08
emax | 1.77e-14 | 4.43e-12 | 7.46e-10 | 7.67¢-08 | 5.78¢-06

Table 4.2: Mean and max approximation errors obtained in approximating the function fi(x) = re=2% +
sin(3z) and its first four order derivatives on the grid of 67 equispaced points in [—1,1], by using the
constrained mock-Chebyshev least squares operator with n 4+ 1 = 67.

RW)Ifs] | BUfe)
v=0 | 1.95e-14 | 6.99¢-13
v = 2.55e-11 | 6.86e-09
v=21 6.72e-08 | 2.38¢-05
v=3 | 1.14e-04 | 1.35e-01

Table 4.3: Comparison between the maximum approximation error produced by the constrained mock-
Chebyshev least squares operator computed at a uniform grid of N = 10104 equispaced points in the
interval [—1,1] relative to the function fs(z) = sin(50z) and its first four derivatives, and its relative

bounds B[ fe]-

pointwise errors computed on the equispaced grid of N = 201 points for the first four order derivatives of

the function f;. The plots are displayed in a lexicographic order, by increasing the order of derivatives.

The red dash-dotted line is the approximation error related to the application of the strategy S; while

the black dashed line is the approximation error related to the application of the strategy Ss. From the

Figure, it is evident that the application of the two strategies S; and Sy gives practically the same results.
In the second type of test, we consider the following functions [74, 72]

fi(z) = ze 2" +sin(32), folz) = e~50@=04)" 4 sinh(z),

! B 1 _ sin(8(z + 1))
@) =15 MO =g RO =

and we analyze the trend of the mean approximation errors and the maximum approximation errors (4.46)
obtained in approximating the first four order derivatives of f;, ¢ = 1,...,5, by using the constrained
mock-Chebyshev least squares operator on uniform grids of different stepsize. In particular, we consider
sets of n + 1 equispaced nodes with n = 50k, k = 1,...,80 and compute the errors on the uniform grid
of N = 10104 equispaced points of the interval [—1, 1].

The results of the tests are shown in Figures 4.7 - 4.11. All these examples show, with clear evidence,
that once the maximum precision is reached for ]5,.@[ f], the increase in the number of nodes does not
lead to more accurate approximation for the derivatives, on the contrary, the increase of the condition
number of the matrices involved in the strategies S; and S; causes worsening of results.

Finally, we consider the functions

fo(z) = sin(50x), fr(x) = €™

and in Tables 4.3 and 4.4 we compare the maximum approximation error max ‘Rﬁ”ﬁ[}(z)‘ with n = 1000,
TEXN

v=0,1,2,3,4, computed at the grid X of N = 10104 equispaced points of the interval [—1, 1], with the
bound Bﬁ”,% [f] introduced in (4.34). When the magnitude of the derivatives of f grows moderately, the
bound (4.34) is reliable, as shown by the numerical results.
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Figure 4.6: Behavior of the approximation errors, in absolute value, of the first four order derivatives of the
function f;(x) = we~2* + sin(3z) in the whole interval [—1, 1], by using the constrained mock-Chebyshev
least squares operator with n + 1 = 67. The absolute values of the pointwise errors are computed on
the equispaced grid of N = 201 points. The plots are displayed in a lexicographic order, by increasing
the order of derivatives. From the plots, it is evident that the application of the two strategies S (red
dash-dotted line) and Ss (black dashed line) gives practically the same results.

ROIf] | BRI
v=0| 2.27e-13 | 3.88¢-12
v=1| 3.94e-10 | 3.80e-08
v=219.97e-07 | 1.24e-04
v=3 | 1.46e-03 | 2.44e-01

Table 4.4: Comparison between the maximum approximation error produced by the constrained mock-
Chebyshev least squares operator computed at a uniform grid of N = 10104 equispaced points in the
interval [—1, 1] relative to the function f7(x) = €5 and its first four derivatives, and its relative bounds
B[],
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Figure 4.7: Mean approximation error (left) and Maximum approximation error (right) at the uniform grid
of N = 10104 equispaced points in the interval [—1, 1] relative to the function fi(x) = ze=2* 4 sin(3z)
(in blue) and its first four derivatives, with the increasing order from the bottom to the top, when
approximated by using the constrained mock-Chebyshev least squares operator with n = 50k, k =
1,...,80. From the plots, it is evident that the application of the two strategies S; (red) and Sy (black)
gives practically the same results.
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Figure 4.8: Mean approximation error (left) and Maximum approximation error (right) at the uniform grid
of N = 10104 equispaced points in the interval [—1, 1] relative to the function fy(z) = e=50@=0-9" 4 sinh ()
(in blue) and its first four derivatives, with the increasing order from the bottom to the top, when
approximated by using the constrained mock-Chebyshev least squares operator with n = 50k, k =
1,...,80. From the plots, it is evident that the application of the two strategies Sy (red) and Sy (black)
gives practically the same results.
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Figure 4.9: Mean approximation error (left) and Maximum approximation error (right) at the uniform
grid of N = 10104 equispaced points in the interval [-1,1] relative to the function f3(z) = 14z (in blue)
and its first four derivatives, with the increasing order from the bottom to the top, when approximated
by using the constrained mock-Chebyshev least squares operator with n = 50k, k = 1,...,80. From the
plots, it is evident that the application of the two strategies S7 (red) and S (black) gives practically the
same results.
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Figure 4.10: Mean approximation error (left) and Maximum approximation error (right) at the uniform
grid of N = 10104 equispaced points in the interval [—1, 1] relative to the function f4(z) = H_Qﬁ (in blue)
and its first four derivatives, with the increasing order from the bottom to the top, when approximated
by using the constrained mock-Chebyshev least squares operator with n = 50k, k = 1,...,80. From the
plots, it is evident that the application of the two strategies S; (red) and S (black) gives practically the
same results.
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Figure 4.11: Mean approximation error (left) and Maximum approximation error (right) at the uniform
grid of N = 10104 equispaced points in the interval [—1, 1] relative to the function f5(x) = W
(in blue) and its first four derivatives, with the increasing order from the bottom to the top, when
approximated by using the constrained mock-Chebyshev least squares operator with n = 50k, k =
1,...,80. From the plots, it is evident that the application of the two strategies S; (red) and Sy (black)

gives practically the same results.
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Chapter 5

On the improvement of the triangular
Shepard method by non conformal
polynomial elements

Most of classical numerical methods for approximating a multivariate function (or integrals of it) use
function values at sample points. However, as shown in [6, 61, 62, 46, 64, 63], in many practical ap-
plications, the available data are not restricted to function or derivative evaluations, but also contain
several integrals over certain hyperplane sections or, more generally, over simple smooth surfaces in R
In such cases, generalizations of the existing theory and algorithms of approximation are required, which
are based on the enriched set of data. The motivations for discussing such a fundamental issue arise in a
variety of cases, since, in several applications, the data obtained in measurements contain the mean values
of a function over some line or surface. This type of data is inherent to computer tomography and is
widely used in geology, radiology, medicine etc. In this chapter, we focus on the problem of reconstruction
of a function from functional data and line integrals, in the setting of two-dimensional scattered data.
Scattered data approximation deals with the problem of reconstructing an unknown function from data
based on points which have no structure or order between their relative locations. The most famous
operator for scattered data interpolation is the Shepard’s one, introduced by D. Shepard in 1968 and
based on a weighted average of values at the data points [90]. Several variations of the original Shepard’s
operator have been proposed with the aim of increasing its accuracy of approximation, to improve its
efficiency or even to solve specific interpolation problems: the studies carried out in this direction are
well known (see, e.g. [50, 44, 101, 22, 33] or the recent survey [27]). Here, in particular, we introduce a
modification of the Shepard operator based on a new enrichment of the standard triangular linear finite
element, which uses line integrals and quadratic polynomials. Dealing with triangular elements, a good
strategy to improve the Shepard method is to follow the Little idea [75] of considering a triangulation of
the data location and blending standard triangular linear finite elements with Shepard’s like basis func-
tions based on triangles. The introduction of the notion of compact triangulations in [36] and the use of a
searching technique to detect and select the nearest neighbor points in the interpolation scheme [16], has
allowed the triangular Shepard method [75] to be considered a fast method with quadratic approximation
order and good accuracy of approximation. In this chapter, we improve the triangular Shepard method
by using the proposed enrichment of the standard triangular linear finite element, in line with previous
papers [31, 37].

5.1 Polynomial enrichment of the standard triangular linear finite
element

The finite element method is commonly used to solve partial differential equations [19]. This method
provides a discrete solution on the finite element space, usually formed by piecewise polynomials, to
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approximate the exact solution of the considered differential problem. Recall that the finite element is
said to be conforming if the space of finite elements is a subspace of the space of solutions of the problem.
More precisely, for an elliptic boundary value problem of order 2r, the conforming finite element space is a
subspace of C"~!. It means that the shape function in this conforming finite element space is continuous
together with its derivatives up to the order » — 1 [93]. Otherwise, the finite element is said to be
nonconforming. We develop an approximation operator based on triangular elements, which use not only
the values of the function at a certain set of points, but also the values of some line integrals.

5.1.1 Triangular linear element

We assume that the data are related to a reference triangle So C 2 C R? contained in a compact domain
2, with vertices v; = (z;,¥;), ¢ = 0, 1,2 and nonzero signed area

1 1 1
A(”Ovvl;UQ) =35 1|To T1 T2|.
Yo Y1 Y2

The barycentric coordinates \o(x), A\ (), A2(z) of the point & = (z,y) € R? with respect to the reference
triangle S5 are defined by the area-ratios

Az, v1,v9) A(vg, z,v2) A(vg, vy, )
M) =———"""=, Mx)=—""""""""=, A(x)= . 5.1
ol=) A(vo, v1,v2) @) A(vo, v1,v2) 2(®) A(vo, v1,v2) (51
For f € C(S3), we set
Li(f)=f(v)), =012 (5.2)
The standard triangular linear finite element is the triple
P1(S2) = (S2,P1(52), L8, (5.3)

where
Pl (52) = span{AO, )\1, /\2}

is the space of bivariate linear polynomials and
is the set of point evaluation functionals at the vertices of the triangle S5, called degrees of freedom.

Theorem 5.1.1. The linear approzimation operator based on the standard triangular linear finite element
P1(S2), defined in (5.3)
'™ :C(Sy) — Pi(S2)

2
fom Y LN
j=0
reproduces linear polynomials and satisfies the interpolation conditions

L; ("™ [f]) = L;(f),  j=0,1,2.

Proof. The proof follows from the Lagrange property of the barycentric coordinates, that is A;(v;) = d;,
where d;; is the Kronecker delta operator. O

5.1.2 Quadratic polynomial enrichment

For each ¢ = 0,1,2, we denote by I'; the edge of Sy opposite to the vertex v; and by |I;| its euclidean
length, that is
[Io| = [[vr —vally, I3[ =lvo —v2lly,  [I2] = [lvo —vill,,
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where |||, is the L?-norm in R%. Our goal is to develop an approximation operator based on the triangle
So, which uses not only the evaluation functionals L;(f), 7 = 0,1,2, but also the values of the line
integrals

1
FJ|/F f(x)do(x), j=0,1,2,

that we assume are given, where the integral is computed with respect to the Lebesgue measure on I7,
j =0,1,2. The idea is to enrich the standard triangular linear finite element P;(S3), by using the above
introduced functionals and quadratic polynomial functions. With this aim, we set

Py (S2) = P1(S2) @ span { oA, Ao, A1 s}

and
Egvr; = {L]7[] : j: 0,1,2},

where

Qﬁhzéhéf@Md@7 j=0,1,2. (5.4)

To show that the triple
(S2,P2(S2), Xg)")

is a finite element we have to prove that P(S3) is X'¢ -unisolvent, or, equivalently that the set of linear

functionals X'§" is linearly independent in the dual space Po(S2)*. To this aim we need the following
technical Lemma, which results from a direct application of the Simpson’s rule to the line integrals I;(p),

7 =0,1,2, p € Py(S3). We denote by

vy + U1 Vo + V2 v1 + U2
5 € Iy, 1’02:7657 UuZT

Vo1 = € I,

the midpoints of the sides of Ss.
Lemma 5.1.2. Let p € Po(S2). Then we have

hop) = ¢ (b)) +4p(v) + p(w2)),
L) = g (6lve) + 4p(v) + p(v2)),
Br) = 5 p) +4pen) + p(on)

Proof. Let us prove the first identity. We parametrize the edge Iy by
t— tvg+ (1 —t)vy, te€0,1].

Since the restriction of p to the edge Iy is a quadratic polynomial in ¢, the Simpson’s rule provides exact
results for the integral, and then

1 ! 1
Io(p) = 757 | p(x)do(z) = / p(tvz + (1 — t)vr)dt = — (p(v1) + 4p(v12) + p(v2)) .
|F0| I 0 6
The same argument can be used to prove the other identities. O

Remark 5.1.3. Note that, if p € Po(S2) and Lj(p) = I;(p) =0, j = 0,1,2, then, by Lemma 5.1.2, we
get
p(vi2) = p(voz) = p(vo1) =0,

that is, p vanishes at the midpoints of the sides of Ss.
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Since p vanishes at the vertices of S; and at the midpoints of the sides of S5, the unisolvence of
the set XY in the polynomial space P2(S2) follows by a classical result of multivariate polynomial
interpolation [18, Ch. 10]. However, we give an alternative proof of this result, which can also be adapted
in the case of more general polynomial or nonpolynomial enrichments of the triple (Sa,P;(S2), Zg;‘) by
using the same linear functionals and vector spaces

P (S2) = P1(S2) @ span {loA1 A2, [1 AoA2, [2A0A1 }
P§™(Sa) = P1(S2) @ span {loATo ' AT A TS T A TIAR T g B> 1,0 =10,1,2,

where l;, © = 0,1, 2, are linear polynomials satisfying the nonvanishing conditions at the special points

V12 0 v1 + bo Vg,
ag + Bo ag + Bo

Vo2 = o vy + 2 V2,
ay + B ay + B

Vo1 22 vy + b V1,
ag + B2 ag + B2

of the side of S5. These enrichments will be studied in the next chapter.
Theorem 5.1.4. The triple (S, P2(S2), XS) is a finite element.
Proof. We have to show that P(S52) is X'¢) -unisolvent, i.e., if p € P2(S5;) and

IJ(p) = Oa .7 = Oa 1, 27 (56)

then p = 0 [23, Ch. 2]. Let p € P2(S3) and assume that (5.5) and (5.6) hold. By definition p can be
represented as

P = apAo + 11 + agda + BoA1Ae + BiAoAz + BaAoAd,
for some constants «; and 3;, i = 0,1, 2. The barycentric coordinates satisfy Lagrange property, that is
L;(X\;) = Ai(vj) = 95, where §;; is the Kronecker delta operator, and then \;\; vanishes at the vertices
vy, for each 7,5,k = 0,1,2, ¢ # j. Then we get ag = a3 = as = 0 and p reduces to

D = BoAi s + BrAoAe + BaroAr.

On the other hand, Iy(p) = 0 and Ly (p) = La(p) = 0 imply p(vi2) = 0. Now, since Ay (v12) = A2(vi2) = 3
and \o(v12) = 0, we get

4 0

0= 6[)(’012) = F
Thus Sy = 0. A similar argument can be used to show that g; = 2 = 0, therefore p = 0 and the proof
of the theorem is completed. O

Since we have shown the linear independence of the functionals Lj, I;, j = 0,1,2 in the dual space

P> (S2)*, there exists a related biorthonormal set of polynomials {¢;,%; : j = 0,1, 2}, which span P»(S52)
and satisfy

Lj(s)

Lj(ts)

Theorem 5.1.5. The basis functions {¢;,; : j = 0,1,2} of P2(S2) associated to the finite element
(S2,Pa(S2), X'Shr), which satisfy (5.7) and (5.8) have the following expressions

=0y, 1Ij(pi)=0, i,j=0,12, (5.7)
=0, (i) =0di5, 4,j=0,1,2 (5.8)
®o :)\0(1—3)\1 —3)\2), $Y1 = )\1(1—3>\0—3)\2), ®2 :)\2(1 —3)\0—3)\1), (59)

o = 6A1)2, Y1 =602, P2 =6AoA1. (5.10)
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Proof. Let us prove the first of identities (5.9) for the element ¢g € P2(S3). It can be represented as
0o = apAo + a1A1 + a2 + BoAi Az + Bi1doA2 + BaAoM (5.11)

for some constants «; and 5;, i = 0,1,2. Since Lo(pg) =1, L1(vo) = L2(po) = 0, the Lagrange property
of the barycentric coordinates implies g = 1, a3 = ag = 0, therefore

w0 = Ao + BoArde + BrAgAe + BaAgAr.
Moreover, since A\g = 0 on I, from Iy(¢o) = 0, by applying the Simpson’s rule, we get

1

0= —
[0l Jr,

BoAr(®) Ao (z)do () = %50)\1(012)/\2(1112) = %7

which readily gives 8y = 0. Similarly, since Ay = 0 on I, from I; (¢p) = 0 we get

1

o:uaH@mm+ﬂuaxnx@der:éO+4(2+6dea&@m0)=é@+ﬂm

that implies §; = —3. Similarly, since Ao = 0 on I, from I5(¢) = 0 we get S = —3.
Let us now prove the first of identities (5.10). Since L;(¢o) =0, j =0, 1,2, the Lagrange property of
the barycentric coordinates implies that ¢y € span {A; A2, A\gA2, A\gA1} and then it can be written as

o = BoAi A2 + BiAoA2 + BaAoA,
for some constant (3;, i = 0,1, 2. Moreover, from Iy(¢p) = 1 we get

1

ol Jr,

Hence, 8y = 6. From I (v) = I2(¢p) = 0, we also get 81 = 2 = 0.
Using symmetry arguments, we can obtain the expressions for the other functions in equations (5.9)
and (5.10). O

Boi(x)A2(w)do(x) = %/BOAl(v12)>\2('U12) = %,

Remark 5.1.6. By setting
eo = AA2, €1 =AoA2, €2 = AgA,

the basis functions associated to the enriched element (S2,P2(S2), X§) can be rewritten as follows

2
1 .
Y; = )\j - 5 E ¢k, d)j = 66j, ] = 0, 1,2. (5.12)
k=0
=
Theorem 5.1.7. The quadratic approzimation operator based on the finite element (S2,P2(S2), X§")

chrZC(Sg) — PQ(SQ)
2 2
Foe D LiDe + > L)
j=0 j=0

reproduces quadratic polynomials and satisfies the interpolation conditions
Ly (I ([f]) = Li(f), L (IT™f) = L;(f),  7=0,1,2
Proof. The proof follows by conditions (5.7) and (5.8). O

Remark 5.1.8. We note that the operator II°"" depends on the triangle Ss. In order to highlight this
dependence, when necessary we will write IT*"[f, Ss] instead of II°™[f] (see Section 5.3).
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5.2 Error bound

We are interested in evaluating or estimating the approximation error
Eenf[f] — f _ Henr[f] (5.13)

under certain hypotheses on the differentiability class of the function f. In the following representation
we make use of a generalization of the classical trapezoidal formula to the case of line integrals. We define
the following linear operators

2
1 ra
Lk:§§ L;, &=Ly — Iy, k=0,1,2.
Jj=0
j#k

The following Theorem shows that the error (5.13) can be decomposed in two parts: the first one is
related to the linear triangular element while the second one depends on the enrichment functions e;,
i=0,1,2.

Theorem 5.2.1. For all f € C(2), the approxzimation error is given by
Eenr[f] _ Elin[f} =+ Etra[f],

where
2

2
EMfl=f=> Li(f)N; and E"[f]=6 (e
k=0

Jj=0

Proof. Tt follows easily from (5.12), by interchanging the order of the double sum, that

ZLj(f)%‘ = ZLj(f) <>\j - Z3€k (1- 5jk)>
Jj=0 j=0 k=0
= S LiHN = 3er Y (1= 8w) Li(f)
j=0 k=0 j=0
= S LiHN =D Ber > Li(f)
j=0 k=0 =0
£k
2 2
= Y Li(HN =D 6Lw(fex.
=0 k=0

Finally, we get

E[f]=f—I"[f] = f-=> Li(fle;— > L)

= E"™[f]+6>_(Le(f) — Iu(f)) ex
k=0

= B[] 4 B

as desired. O
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Now we derive another expression for the remainder of the quadratic operator, which will be helpful
in the next Section, to determine the approximation order of the enriched triangular Shepard method.
We denote by C%!(£2) the space of functions f € C2?(£2) with partial derivatives mzéifayw j=0,1,2,
Lipschitz-continuous in 2. For each function f € C*'(£2) we define

f) )
F%yj(m) - W];ayj(y)
lz —yll

| fl2,1 = sup rx,ye 2 andx #y

We are interested in evaluating or estimating the approximation error E°"[f] for f € C%({2). Let
T>[f, zp] be the Taylor polynomial of order 2 for f at the barycenter g = (xp,yg5) of S3. Then, we get

f:TZ[faxB]+RT2[f]v (514)

where .
1
anm»:gfpDQMJ@B+4w7wmxlf@%a z = (z,y) € 2, (5.15)
"Jo
and Dy_g,, is the directional derivative along the vector « — . Since the interpolation operator I7°™*
based on the finite element (S2,P2(S2), X'5)"), reproduces polynomials of degree < 2, by applying it to
both sides of (5.14), we get

o™ [f] = Tolf, x| + T [Ry, [f]],
and then
E ] = f = 1I([f] = [ = To[f, ®B] — ™[Ry, [f]] = R, [f] — I [Rr, [f]]- (5.16)

In order to prove the next Theorem, some preliminary Lemmas are needed. We set

h:ig%fml)ylﬂ and S:m.
Lemma 5.2.2. For any x € {2, the barycentric coordinates are bounded by

|Aj(e)| < Sh(|z —2pll, +h),  7=01,2
Proof. Without loss of generality, let us consider the case j = 0. By equation (5.1) we get

1 1 1

1 _ _ ~(y— _
Ao(.’r)ziyl( ] T w @ _ y2)($2j(1> (y )y1)(l’1 x2)7
Vo, V1, V2 v oy Yo Vo, V1, V2
then
S Sh
Po(@)] = 5 (ly1 = w2llz — 21| +ly —yifler — 22]) < = (o =z + |y —wal).
Consequently
Sh
[Xo(z)] < 5 (|2 —z1+2p —2p| + |y —y1 +ys — y5l)
Sh
< 7(\x—x3|—|—|x3—x1|+|y—y3|+\y3—y1|)
Sh
< 5 (lz—=zpl; +h+lz—zpll, +h) < Shllz —zsl, +h).
The proof is completed by noting that the same argument can be done for j =1 and j = 2. O

Lemma 5.2.3. Let f € C*'(£2). Then we have
4 .
L (R[] < Gh21flaas 5= 10,1,2 (5.17)

and A
LRLID < 5h by, §=0.12 (519)
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Proof. By [32, Lemma 12|, for each s € [0, 1], we get
DY o f (@ + 5(v; — @) < 8llo; — @pl3 1l < 88 fl2a,  §=0,1,2
Consequently, from (5.2) and (5.15), by using the triangular inequality, we obtain

1

|Lj (R, [f])] = =

4 .
< —p3 1 =0,1,2
3! =9 |f|2,17 J )

1
/0 D, flap + s(v; — wp))(1 — s)%ds

Analogously, from (5.4) and (5.15) we get

|L; (R, [f])] / 3'/ o mB flxp + s(x —xp))(1 — 5)*dsdo(x)

\FI

= pj|/Fj gh‘°‘|f|2,1/O (1 - s)*dsdo ()

4 .
§h3|f|2,1a J :07172

IN

Theorem 5.2.4. Let f € C*(£2). Then, for any x € §2, we get

3 2
r—x 1 -
2 [f)(@)| < 4l (” 2l g LS a0t O (el + h)k) LG

9 k=1
where C = Sh2.

Proof. By applying the operator IT°"" to the remainder term Ry,[f] and by rearranging, we get

O [Ry,[f]] = Lo(Rn,[f])Ao + Li(Br, [f])A1 + La(Ry, [f]) A2 +
+  (61o(Br,[f]) — 3L1 (R, [f]) — 3L2(Rr, [f])) MA2 +
+ (611 (R, [f]) — 3Lo(R1,[f]) — 3L2(R1,[f])) AoA2 +
+  (612(Rr,[f]) — 3Lo(R1y,[f]) — 3L1(Rry[f])) AoAs-

By Lemma 5.2.2, Lemma 5.2.3 and by the triangular inequality, we have

D
D
D

4
[T (R, [f)(@)] < 502[fl21C (|2 — @5l + k) + 16h] f21C* (]2 — 25, + h)?. (5.20)
By (5.20) and by bounding the Taylor remainder in standard way, we finally get

B ) (@) < o @) + 11 (R 7] @)
g |17 = 2513 |flan + 5H217120Clle — @plly + ) + 164121 C% (& — wp ], + A’

3 2
r—x 1
4|f|2,1 (H B||2 + g Z 12k71h37kck(Hw _ wB||2 + h)lc) )

IN

IN

9 k=1

5.3 Enriched triangular Shepard method

Let X, = {z; : i=1...,n} be a set of n scattered data in a compact domain 2 C R? and let 7 =
{t; : j =1,...,m} be a triangulation of X,,, where t; is the triangle with vertices x;,, k = 1,2,3. The
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triangular Shepard basis functions are defined as follows [36]

3

I

=1

k

m 3 —u
> T e =z,
k=11=1

|z -z )"

B j(x) = ; j=1,...,m, w> 0.

They satisfy the following properties:

By, () =0, (5.21)
> Buj(x) =1, (5.22)
j=1
By.(xi) =0, (5.23)
for each j =1,...,m and =; which is not a vertex of ¢;. For more details, see [36, 27].
Let f: £2 — R be a continuous function. We assume that the values f; = f(x;),7=1,...,n, and the

values of the line integrals of the function f along each segment [x;, x;], i # j are given. The enriched
triangular Shepard operator is defined as follows

m

K™ (@) =) Buj(@) IV [f tj)(x), x€, (5.24)
j=1

where I1°"[f, ;] () is the quadratic approximation operator based on the triangular element (t;, P2 (t;), 7).
In order to determine the approximation order of the enriched triangular Shepard operator, we need
the following notations. We denote by |[|-||. the maximum norm of R? and by

Ro(y) ={z €R?: |z —y|, <1}
the ball centered in y with radius » > 0. Let V(¢) be the set of vertices of the triangle ¢t € 7. We define
W =inf{r>0:Vee 23t eT:R.(x)NV(t) =0}, (5.25)
B" =inf{r >0 :Vte T3x € 2:tC R, ()} (5.26)

and
h = max{h’, h"'}.

It is worth noting that a small value of h implies a rather uniform triangle distribution and excludes the
presence of large triangles. Finally, we set

M = sgg#{t €T : Ry(x)NV(t) # 0}, (5.27)

where #{-} is the cardinality operator. In line with [31] it is possible to prove the following theorem.
Theorem 5.3.1. Let 2 be a compact, convex domain containing X,,, f € C>1(2) and u > % Then
|f(x) = K™ ()| < CM|fl21h%, x € 02,
with C a positive constant which depends only on T and p.
Proof. For any y = (y1,92) € R?, we denote by
Qry)={x=(r1,20) €ER® s yp —r <ap <yp+7 k=1,2}

the axis-aligned half open square of center y = (y1,y2) and side length 2r and we consider the covering
of £2 by pairwise disjoint sets {U;(x)};en,, where

Uj(x) = U Qn(x + 2hv).
Wi
V]loo=3
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More precisely, Up(z) is the half open square of center x and side length 2k while, for j > 0, U;(x) is the
half-open annulus with center x, radius 2hj and thickness 2h. Since the set (2 is compact, there exists
N € Ny, independent on x and of order O(1/h), such that

N
2 c|JUj@). (5.28)

Note that, by the definition (5.27), we get
#{teT :V(i)nU; #0} <8M, j=1,...,N. (5.29)
For any ¢t € T with at least one vertex in Uj, only one of the following cases is possible:

V)NU;—1 #0 = (2§ =3)h <|lz—v| < (2j+1)h, Vv e V(1),
VitycU;, = 2j—-1Dh<|z-v|  <(2j+1)h, Yo V(t), (5.30)
ViO)NUj1 #0 = (2j—1h < |lx -l < (25 +3)h, Yo e V(1).

Now we denote by T; the set of all triangles with at least one vertex in Uy. It follows from the
definition of 2’ (5.25) and of M (5.27) that

0 < #(Tp) < M.

Since one vertex of t; € Tj lies in Uy and the remaining ones lies in Uy U Uy, we get

3
[Tz ==l <o9n. (5.31)
i=1
For k =1,..., N, we denote by T} the set of the triangles with at least one vertex in Uy and no vertex

in U_1. By definition (5.29), the cardinality of this set is bounded as follows
#(Ty,) < 8kM

and each t; € T}, satisfies

< ((2k+3)h)*.

(RIS J (EEEAN

Further we note that
N N
UT=7 and ()Tk=0.
k_ —
Finally, we set
e(x) = |f(x) - KM (z)], a2
By (5.24) and by the properties (5.21) and (5.22) of the triangular Shepard basis function B,, ;, we get

m m m

e(@) = | Buj(@)f(@) =Y Bu;(@)1[f,1;](2) <Z|f — I f, 15)(2)| By j ().

j=1 j=1
With reference to Theorem 5.2.4, we denote by xp; the barycenter of the triangle ¢; and we set

1
|A(wj1’a:j2awj3)|

hj = maX{”wjl - wj2||2 ) ”wjz - wj?,”z ) ||Il?j3 — Ty, ||2} ) Sj =
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and C —S]h],j =1,...,m. Then we have

2
e() < 4fl2 Z <H ng H2 ka 1h3 ka (||33—333 H2+h )

J=1 k 1

H [ =, [, "

IICL’ =y, ["

2
<4f|2,lcz<H 5 ”°°+ lek "RITECE (|l — m, ||+ hy) >

j=1 k: 1

s =
||':1w

3
[l o= .
=1

X )

m 3 —n
> T e =, |l
k=1¢=1

3
where ¢/ = /2”7 is the constant that appears by bounding the Euclidean norm with the maximum
norm.

We denote by t; € T the triangle satisfying

Hnw @il = min Hnw 2l

Since Ty # 0, from the equation (5.31) we get

3
[Tz -, ll. < 9n®.
=1

Consequently, if ¢; € Ty, then

Tl =
]zl <
==,
otherwise, if ¢; € T}, with k # 0, then
3 3
[[le—ule . o _

==l = (2k-1)h)*  (2k-1)"

From these inequalities we deduce that, if t; € Tp

3 e ||TH M
mHz:13||93 zj, || o - H lz — =il o,
Zk:l Hz:l |2 — xke”oo ”"B L, ”oo
otherwise, if t; € T, with k& # 0,
[ e — a2
r— X, 3 —
=1 e 2 — =, ). 9gr
- —h T (2 —1)8k”

||M3

3 Iz
NICEE R

By definition of Ty, if t; € Ty then V (¢;) C Ugp—1UU,UUk41 (here we assume that U_; = ). Consequently

|| fa:B].HOO < erznla2x3||w7mjeHoo < (2k + 3)h, k=0,...,N.
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Finally, by taking into account that h; < v/8h < 3h, we get

(e - s )] 1 11 o — ;"
e(a) <4|fl20C" ) <°° +3 S okthitRek (o - @, ||+ hj)k>

i—1 9 m
Jj=

ZHII:B—%II !

k=1¢=1
4
<|fleaC | Y <12h3 + gh§cj(3h + hj) + 16h;C2(3h + hj)Q) +
t;€To
- 3 2 2 2 9
+> Z 2k +3)3R3 + 3h C;j((2k + 3)h + hy) + 16h;C3((2k + 3)h + hy) Ty
k= 1tJ€Tk
1 1 1!
> (12+ 16C (g +16C ))
tjGTo
N
Y 2.91(2k 4+ 3)3 +4-94C" (2k + 4) (3 +4C" (2k + 4)) 1
(2k — 1)3+ ’
k=1 tJGTk
where C"" = max C;. By using (5.29), we get
j=
e(z) < |fl2 1 MC’ <12 +16C" (3 +16C")
3(2k +3) +4C" (2k +4) (5 +4C" (2k + 1))
gl 3 h®.
+9 Zs T
Since the series
— k2k+4)  ERE+4)? k(2K +3)°
(2]4;_13/t ZQk_13u 22/{—13/‘
k=1 =1 =1
converge for p > %, then we can conclude that the approximation order of K" is O(h?). O

Remark 5.3.2. In Theorem 5.8.1 we prove that the approximation order of the enriched triangular Shep-
ard operator (5.24) is at least cubic. This result is in line with the general theorem on the approximation
order of the multinode Shepard operator [28, Thm. 3.1].

5.3.1 Numerical experiments

In this Section, we numerically test the accuracy of the enriched triangular Shepard method introduced
in the previous section. To this aim, we perform several experiments by using the 10 test functions
fi - fio defined in [86] (see Figure 5.2) and two different Delaunay triangulations (see Figure 5.1).
These triangulations are obtained through the Shewchuk’s triangle program [91] by prescribing N = 108
and N = 324 uniformly distributed nodes on the boundary of the square [0,1]? and by constructing
a conforming Delaunay triangulation with no angle smaller than 20° and no triangle area greater than
44/3/N? by inserting Steiner points.

Numerical results, obtained by taking into account the efficient algorithm for the computation of
triangular Shepard interpolation method [16], are reported in Tables 5.1 and 5.2. In these Tables we
compare the approximation accuracy produced by the triangular Shepard operator with that produced
by the enriched triangular Shepard operator by reporting the corresponding maximum approximation
eITOr €42, NEAN approximation error €,,.q., and root mean square approximation error ep;g defined as
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Figure 5.1: Conforming Delaunay triangulation with N = 108 uniformly distributed boundary nodes, no
angle smaller than 20° and no triangle area greater than 4v/3/N2.

| da & A 4

fl f2 3 4

PV M e -

Figure 5.2: Test functions for numerical experiments defined in [86]

follows

1 &
Cmax = , MaAX Ty, €mean = n_ E T4, eEMS =
e
i=1

i=1,...,n¢

where r; is the absolute approximation error at the n, = 100 x 100 points of a regular grid of [0, 1]%.
As we can note, the enriched triangular Shepard operator realizes a better approximation if compared
with the classical triangular Shepard operator.
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Triangular Shepard operator \ Enriched triangular Shepard operator

emaz 2.2464e-03 1.0588¢-03
fi emean 2.0062e-04 4.2208e-05
ems 3.1644e-04 7.6905e-05
Cmaz 1.2415e-03 4.5919e-04
fo emean 6.6836e-05 2.4912e-05
ems 1.4454e-04 5.4291e-05
Cmaz 2.6579e-04 3.3678¢-05
f3  €mean 3.3458e-05 2.7390e-06
ems 4.5864e-05 3.9321e-06
emaz 2.1272e-04 1.8476e-05
fi emean 1.8259¢-05 9.6884¢-07
ers 2.6987e-05 1.5773e-06
Cmaz 8.8847e-04 3.0575¢e-04
s emean 6.6021e-05 9.7233e-06
ers 1.1416e-04 2.0691e-05
Cmaz 3.6121e-04 7.0155e-05
fo  emean 4.6343e-05 4.1339¢-06
ems 6.6921e-05 6.9302¢-06
Cmaz 2.4980e-02 4.8345¢-03
fr emean 2.8090e-03 6.5907e-04
ems 4.0365¢-03 9.0295¢-04
Cmaz 1.7054e-02 3.9667e-03
fs emean 7.4217e-04 2.1144e-04
ems 1.3314e-03 3.6111e-04
Cmaz 1.2282e+00 3.5011e-01
fo  €mean 5.2157e-02 1.1609e-02
ems 9.6110e-02 2.6151e-02
emaz 4.2243e-02 1.3485e-02
fio €mean 6.9346e-04 1.6602e-04
ems 1.3407e-03 4.1463e-04

Table 5.1: Comparison between the triangular Shepard operator and the enriched triangular Shepard op-
erator applied to the 10 test functions, see Figure 5.2, using a Delaunay triangulation of the interpolation

nodes with NV = 108 uniformly distributed nodes on the boundary of [0, 1]?.
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Triangular Shepard operator \ Enriched triangular Shepard operator

emaz 2.5273e-04 4.5717e-05
fi emean 2.1024e-05 1.2243e-06
enms 3.3547¢e-05 2.2525e-06
Cmaz 1.6270e-04 1.5714e-05
o emean 6.2165¢-06 6.8689¢-07
erms 1.3851e-05 1.5326e-06
Cmaz 2.6081e-05 7.1061e-07
f3  €mean 3.6096e-06 8.5854e-08
ems 5.0213e-06 1.1894e-07
Cmaz 2.8911e-05 1.0709e-06
fi emean 2.0016e-06 3.3043¢-08
ers 2.9416e-06 6.0762e-08
Cmaz 1.0407e-04 7.3289¢-06
s emean 6.9815¢-06 2.7880e-07
ems 1.2153e-05 5.3943e-07
Cmaz 5.3319e-05 1.6370e-06
fo  €mean 5.0698¢-06 1.2403e-07
ems 7.4439¢-06 2.0099e-07
Cmaz 4.0309e-03 2.1767e-04
fr emean 2.9033e-04 1.9395e-05
ems 4.3809e-04 2.6318e-05
Cmaz 1.4253e-03 1.0759e-04
fs emean 7.2410e-05 5.4961e-06
ems 1.3607e-04 9.3920e-06
Cmaz 1.0972e-01 6.3777e-03
fo  €mean 5.6108e-03 3.2246e-04
ems 1.0418e-02 6.5976e-04
emaz 9.7463e-03 4.1772e-03
fio €mean 7.2077e-05 5.1653e-06
ems 1.5993e-04 4.4371e-05

Table 5.2: Comparison between the triangular Shepard operator and the enriched triangular Shepard op-
erator applied to the 10 test functions, see Figure 5.2, using a Delaunay triangulation of the interpolation
nodes with NV = 324 uniformly distributed nodes on the boundary of [0, 1]?.
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Chapter 6

A unified enrichment approach of the
standard triangular linear finite element

The aim of this chapter is to unify the ideas and to extend to a more general setting the work done in
Chapter 5 for a polynomial enrichment of the standard triangular linear finite element using line integrals
and quadratic polynomials. More precisely, we introduce a new class of nonconforming finite elements
by enriching the class of linear polynomial functions with additional functions which are not necessarily
polynomials. We provide a simple condition on the enrichment functions, which is both necessary and
sufficient, that guarantees the existence of a family of such enriched elements. Several sets of admissible
enrichment functions that satisfy the admissibility condition are also provided, together with the explicit
expression of the related approximation error. Our main result shows that the approximation error can be
decomposed into two parts: the first one is related to the standard triangular linear finite element while
the second one depends on the enrichment functions. This representation of the approximation error
allows us to derive error bounds in both L>°-norm and L'-norm, with explicit constants, for continuously
differentiable functions with Lipschitz continuous gradients. These bounds are proportional to the second
and the fourth power of the circumcircle radius of the triangle, respectively. We also provide explicit
expressions of these bounds in terms of the circumcircle diameter and the sum of squares of the triangle
edge lengths. The result presented in this chapter can be found in [30].

6.1 The general problem for polynomial enrichment of the stan-
dard triangular linear finite element

Let Sy C R2 be a triangle with nonzero signed area with vertices vy, v1, v2 and barycentric coordinates
Ao, A1 Az. In the following, we denote by (-,-) the scalar product of the Euclidean space R?. By using
the same notations of the previous chapter, we start by generalizing the polynomial enrichment of the
standard triangular linear finite element Py (S3) = (Sa,P1(S2), Egg) described in Chapter 5 and based on
the set of linear functionals

Eg'r;r:{Lijj : j:07132}7 (61)
where
1
LU= [ f@dot@), =012 (63)

to the case of polynomials of degree greater than 2. To this aim, we consider three linear polynomials
lo, ll, ZQ, Satisfying

lo(’UQl) = 11(012) = 12(’1)02) = 1, (64)
where vg1,v12 and vgo are the midpoints of the sides of S5, that is
v v v v Vo + v
Vo1 = 0;165, Vi = 1—;2615, Vo2 = 02 2 en.
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By using the same notations of the previous chapter, we introduce the enriched space P§""(Ss) as follows
P‘inr(SQ) = Pl(SQ) @ span {l())\l)\g7 l1 Ao A2, 12)\())\1} (65)

and we consider the triple
AF3 = (S2,P{™(S52), X5F). (6.6)

The following technical lemma will be useful in establishing the proof of Theorem 6.1.3 about the
unisolvence of the element AF'3.

Lemma 6.1.1. Let p € P§™(S3). Then we have

) = ¢ o)+ 4p(e) +p(w2)), (67
L) = 5 (e + 4p(e) +p(w2)), (63
) = 2 (p(wo) +4p(onr) +p(w) (69)

Proof. Since, Simpson’s rule provides exact results for polynomials up to and including 3rd degree, the
proof follows the same argument of Lemma 5.1.2. It is therefore omitted here. O

Remark 6.1.2. Note that, if p € PS™"(S2) and L;j(p) = I;(p) =0, j =0,1,2, then, by Lemma 6.1.1, we
get
p(v12) = p(voz) = p(vo1) = 0, (6.10)

that is, p vanishes at the midpoints of the sides of So.
Theorem 6.1.3. The triple AF3 = (S2,P{""(52), X'S)") is a finite element.
Proof. We have to show that P{""(S3) is Y'g) -unisolvent, i.e., if p € P{"(S2) and
L;(p) =0, 7=0,1,2, (6.11)

Ii(p)=0, j=0,1,2, (6.12)

then p = 0 [23, Ch. 2]. Let p € P§™(S2) and assume that (6.11) and (6.12) hold. By definition, p can be
represented as
P = apgAg + a1 A1 + asds + BoloA1As + BilidoAe + BaladoM (613)
for some constants a;, 8; € R, i = 0,1, 2. Since the barycentric coordinates satisfy Lagrange property, that
is Lj(A;) = Ai(vj) = 0;5, where 0;; is the Kronecker delta symbol, then (6.11) implies g = a1 = g =0
and p reduces to
p = BoloA1 A2 + BiliAoA2 + BalaAoAr.

Ou the other hand, Ip(p) = 0 and L1 (p) = La(p) = 0 imply, by (6.7), p(vi2) = 0. Now, since A\;(v12) =
A2(v12) = % and Ag(v12) = 0, we get

4 f Bo

0= ép(vlz) = Eolo(vu) = 5

where in the last equality, we used the conditions (6.4). Thus 8y = 0. A similar argument can be used to
show that 5 = 2 = 0, therefore p = 0 and the proof of the theorem is completed. O

Remark 6.1.4. We notice that if we take ly = 1y = lo = 1, then the enriched space P§™(S2) becomes
the standard space of quadratic polynomials Po(S2) and, in this sense, the element AF3 generalizes the
element (S2,P2(S2), X§") introduced in Chapter 5.

Remark 6.1.5. The enriched space P (S3) satisfies the following properties:
i) it is a subspace of P3(S2), the space of cubic polynomials, and hence the restriction of any p €

P$§™(Ss) to each side of So is a cubic polynomial in one variable;
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ii) it contains the set of linear polynomials;
iii) the nonlinear terms in the expression (6.13) of p € P§™"(S2) vanish at the vertices of Sa.

Theorem 6.1.3 can be stated equivalently by saying that the functionals of X'§" are linearly inde-
pendent in the dual space P{""(S2)*. Then, there exists a basis {¢;,%¢; : 7 =0,1,2} of P{"(S2) which
satisfies

Theorem 6.1.6. The basis functions {¢;,v¥; : 7 = 0,1,2} of P{™(S2) associated to the finite element
(S2, P (Sa), XGT), which satisfy (6.14) and (6.15) have the following expressions

0o = Ao(1 = 3laA1 = 3l1x2), 1 = Ai(1—3laAo —3loA2), 2 = Ao(1 = 3l1 Ao — 3loA1), (6.16)

o = 6lpA1A2, Y1 = 6l1AgA2, o = 6laAoAr. (6.17)
Proof. Let us prove the first of identities (6.16). The element g € P{™(S3) can be represented as
o = apAo + a1 A1 + azda + BoloAi Az + BiliAoAz + SaladoAs, (6.18)

for some constants «;, 8; € R4 =0,1,2. Since Lo(¢o) =1, L1(¢0) = La(pg) = 0, the Lagrange property
of the barycentric coordinates implies ag = 1, a3 = as = 0 and therefore

0o = Ao + BoloA1 A2 + BrlidoAz + BalaAoA:.
Moreover, since Ao = 0 on Iy, from Iy(po) = 0, by applying the Simpson’s rule, we get

1

Dol Jr,
which readily gives Sy = 0. Similarly, since A\; = 0 on I, from I1(¢g) = 0 we get

0 = [ (o(@) + Bils(@)o(@)a(@))do (@)
FATII
1 1
= 5 (1 +4 (5 + ﬁ1l1(002))\0(002)>\2(002)>)
L 3
= 6( +61)7
that implies £, = —3. Finally, since Ao = 0 on I, from I2(pg) = 0 we get S2 = —3, and then the first
of (6.16) is proved. We now show that the first of identities (6.17) holds. Since L;(¢) = 0,4 =0,1,2,
the Lagrange property of the barycentric coordinates implies that ¢y € span {lgA1 A2, 11 Ao A2, l2AoA1} and
then it can be written as

0 Bolo(x) A1 () A2 (x)do(x) = 25010(012))\1(012))\2(912) _bo

6 )

Yo = BoloA1 A2 + BilidoAa + BalaAoA,

for some constants (3;, i = 0,1, 2. Moreover, from Iy(¢y) = 1 we get

1 4
1= Bolo(z) A1 (x) A2 (z)do () = —Bolo(viz) A1 (vi2)A2(v12) = @7
|Tol Jr, 6 6
hence 5y = 6. From I (¢o) = I2(vg) = 0, we also get 51 = 2 = 0 and then the first of (6.17) is proved.
We can obtain the expressions for the other functions by using symmetry arguments. O

Remark 6.1.7. It is easily seen that conditions (6.4), which are sufficient for the existence of the en-
richment (6.6) of the element (S2,P1(S2), Xs,), can be replaced by the more general ones

lo(’v()l) 75 O7 ll(’vlg) 75 O, 12(’002) 75 0. (619)

As it has become clear during the discussion, general conditions (6.19) are also necessary.
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More generally, let us consider three interior points xg, x1, €2, of the sides Iy, I'1, I'; of the triangle Sy,
respectively, and three linear polynomials lp,l;,ls. We call these points (and polynomials) admissible if
they generate a unisolvent enriched element, possibly with different basis functions. In analogy with (6.19),
we introduce the nonvanishing conditions

lo(wo) 75 0, 11 (wl) 7é 0, lg(iltg) 75 0. (620)

The question arises whether conditions (6.20) are sufficient (and necessary) to generate a unisolvent
enriched element. As we will see below, the answer to previous question is positive, but the differentiability
class of the enrichment functions will depend on the position of the point xg, x1, 3. To prove this result,
we use appropriate Gauss quadrature rules on one point, instead of Simpson’s rule, used in the case of
the midpoints of the sides of Ss. The idea is rather simple and dates back to paper [57]. By assumption,
there exist real numbers «;, 3; > 1,7 =0, 1,2, such that

a}o = %0 V1 + /80 V2
ao + Bo a+ B 7
ay B
xr, = Vo + V2, 6.21
! ar + 51 T a+ B 2 (6.21)
o = 2 ’UO + /82 U1
az + B2 a4 P
For the sake of simplicity, we can assume that
lo(ﬂl‘o) = l1($1) = 12(332) =1. (622)
We introduce the following more general enriched space
PS™ (Sa) = P1(S2) @ span {loATo ' A0~  AG TS T b AG TR T (6.23)

which includes the space (6.5) as particular case. In order to test whether or not P{"*(.S2) is X'g)*-unisolvent
and to compute the basis of the enriched space, we recall the classical Euler beta function

1
B(a, ) :/ o1 —t)PLar, a, >0, (6.24)
0
which satisfies the key property
o
B 1,8) = B 0. 6.25
(+18)= S5B@B).  wp> (6.25)
The beta function is connected to the gamma function through the equation [1]
(a)I'(B)
B(o, 8) = ——, 6.26
(@.8) = Tt 5 (6.:26)
and hence for positive integers o and 3, we have
(a = DB -1)!
B = 6.27

The following Proposition is crucial to prove that the triple (Sz, P{™(S2), X'§i") is a finite element.

Proposition 6.1.8. Under nonvanishing conditions (6.22), the enrichment functions of P$**(S2) satisfy
the following delta properties

Flw/pzo<m>x?°*1<x>A§°‘1<m>do(w> = do;Blao, fo),
71 [ B@N @ @) do@) = 6B ), (629
|F1j|/p‘52<w»321<w>A?2‘1(w)da<w> = OBlos fo),

for each j =0,1,2.
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Proof. Let us prove the first of identities (6.28). Since ag > 1 and By > 1 then A% ~1A\% ™! vanishes on
Iy and I, therefore the first of identities (6.28) holds for j = 1,2. For j = 0, using the fact that \; and
Ao are affine functions, we get

1

1
T lo(@)ALo () A (@) do(x) = /(zoxf;o—ugrl) (tvy + (1 — t)vy) dt
0 Io 0

1
/ lo(twr + (1 — )t ~1(1 — )P~ gt
0

For the 1-point Gauss quadrature in the interval [0,1] associated with the weight function we, g,(t) =
t@0=1(1 — )Bo~1  the node is located at the point Oéoofﬁo’ while the corresponding weight is equal to
B(ao, fo) [84, Sect. 3.1]. Indeed, it suffices to determine the orthogonal polynomial ¢(t) of degree 1

relative to the weight function wg, g, on the interval [0, 1] and using (6.24) and (6.25), we get

g
ap+ Bo

q(t) =t (6.29)

Since we assumed by (6.22) that lo(zg) = 1, the result then follows from the exactness of the 1-point
Gauss—Jacobi quadrature for polynomials of degree 1. O

The following theorem extends the Theorem 6.1.3 to the case of the general configuration of three
points (6.21).

Theorem 6.1.9. Let ly,11,ls be linear polynomials satisfying the nonvanishing conditions (6.22) at the
points To, 1, 2. Then the triple (S2,P{™(S2), XGT) is a finite element.

Proof. As the dimension of P{"(S2) is equal to the cardinality of X'¢)", it suffices to show that f € P{""(Sz)
is identically zero if all the degrees of freedom (6.2) and (6.3) vanish when applied to f. The proof follows
the same argument of Theorem 6.1.3 by using the general identities given in Proposition 6.1.8. It is
therefore omitted here. O

Remark 6.1.10. The nonvanishing conditions (6.20) are also necessary. Indeed, let us assume that
conditions (6.20) do not hold, and without loss of generality, we can assume that lo(xo) = 0. The function
eo = lpASO TN e Penr(S,), satisfies eo(v;) =0, i = 0,1,2 and

1 1

W : eo(x)do(x) = @ : eo(x)do(z) =0,

since eq vanishes both on I'y and I's. We also have

1
[Tol Jr,

Then Lj(eo) =0 and I;(eg) = 0, j =0, 1,2, and therefore P{""(Sz) is not X -unisolvent since ey # 0.

1
eo(w)dcr(:c) = /0 ta071(1 — t)BOillQ(t’Ul + (1 - t)'vg) dt = B(ao,ﬂo)lo(mo) =0.

By assuming that the nonvanishing conditions (6.20) hold, we introduce the following notations
eo=lATTINP T e = AP TN e = AT (6.30)

’Yi:B(ai76i)7 2207172

Using the delta properties of the enriched terms given in Proposition 6.1.8, we can provide simple but
elegant expressions for the functions {¢;,v; : j = 0,1,2} of P{""(S2) associated to the finite element
AF3, which satisfy (6.14) and (6.15). The proof of the following theorem follows the same argument of
Theorem 6.1.6 and it is omitted.
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Theorem 6.1.11. The basis functions {¢;,v; : j = 0,1,2} of P§™(S2) associated to the unisolvent
element (Sz, P{™ (S2), X'Sh"), which satisfy (6.14) and (6.15) have the following expressions

2
1 .
(pj = /\j — 5 E wk, J = 0, 1,2, (631)
k=0
k#j
ej .
Yi=—, j=012 (6.32)
i

6.2 An explicit error representation

For the enriched space P{**(Ss), we introduce the approximation operator based on the finite element
(SQ, ]P)?nr(S?% Eggr)
Iremr . C(SQ) — Pinr(SQ)
2 2
6.33
Fom DL+ > L, (6.:33)
j=0 j=0

where ¢;, ¢, 7 = 0,1, 2, are the basis functions defined in Theorem 6.1.11. We are interested in evaluating
or estimating the approximation error

Ef] = f = T[S, (6.34)

The following result shows that the error (6.34) can be decomposed in two parts: the first one is related
to the standard triangular linear finite element P;(S2) while the second one depends on the enrichment
functions e;, i = 0,1,2. To short the notation, as we did in the previous chapter, in this representation
we make use of a generalization of the classical trapezoidal formula to the case of line integrals. More
precisely, for each k =0,1,2, we set

12
Ly = 3 L; (6.35)
=0
Gk
and
g = Ly — I, (6.36)

where L; and I}, j =0,1,2 are defined in (6.2) and (6.3), respectively.

Proposition 6.2.1. Let us assume that the nonvanishing conditions (6.22) hold and let e;, i = 0,1,2,
be the enrichment functions defined in (6.30). Then, for any f € C(S2), the approximation error at any
point x € Ss is given by

E[f](=) = E"™[f](x) + B[f)(z), (6.37)
where )
E™[f](z) = f(@) = Y _ Li(f)A; (=), (6.38)
j=0
and )
Brf](@) = 3 L@ g, (6.39)
P Yk
Proof. By (6.34) and (6.33)
2 2
E(fl=f =Y _Li(He; — Y L)
j=0 j=0
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By (6.31) and by changing the order of the summation, we get

SN Liher = Y L) (A= o (1)
j=0 §=0 el
= > LN - Z&Z(l —85k) L (f)
j=0 k=0 <% 520
2 2, 2
= D2 LiNA =3 5D L)
=0 k=0 “'F ;=0
j#k
2
= S LN =Y o)
=0 k=0 ¥

Therefore, for all « € 53, we get

EM (@) = fl=)-

as desired. O

6.3 Nonpolynomial enrichment of the standard triangular linear
finite element
In this Section, we introduce a more general enrichment of the standard triangular linear finite element

P1(S2) based on three linearly independent continuous enrichment functions e, ej, ea. As before, we
assume that these functions satisfy the vanishing conditions at the vertices

eo(v;) = e1(v;) = ea(v;) =0, 1=0,1,2. (6.40)
We consider the triple
GF3 = (52, P{™(52), X3)"), (6.41)
where
P{"(S2) = P1(S2) @ span {eg, e1, €2}, (6.42)

and X§" is defined as in (6.1). The motivation for the introduction of this new enrichment lies in the
possibility to capture, through the new enrichment functions, features of the function to be approximated
that cannot be accurately captured by previously considered basis. It is worthwhile to note that, in the
present situation, we cannot apply previously developed approaches, based on the use of Simpson’s rule
or Gauss quadrature rule on one point. The following theorem gives necessary and sufficient conditions
on the enrichment functions eg, e, ez, such that the triple (S2,P{""(S2), X'§') is a finite element or,
equivalently, so that P{""(S3) is X' "-unisolvent.

Theorem 6.3.1. Let

Io(eo) Io(er) Io(ez)
N = 11(60) _[1(61) 11(62) y (643)
12(60) Ig(@l) 12(62)



then the triple (S2, P{™ (S2), X'§i') is a finite element if and only if
det(N) # 0. (6.44)

Proof. Let us assume that det(N) # 0 and we prove that P{""(Sz) is X2 -unisolvent. Let f € P{™(S2)
be a function satisfying
)

Li(f) = f(v;) =0, j=0,12, (6.45)
1 |
Li(f) = o /Fj f@)do(x) =0, j=0,1,2. (6.46)

By (6.42), f can be decomposed into the sum of a linear polynomial p € P(S2) and an enriched part,
that is

[ =Dp+ Boeo + Bre1 + Baea, Bi € R, t=0,1,2.
The equations (6.45), by the vanishing conditions (6.40) of the enrichment functions, imply that
p(vz) :07 2:07172

Therefore, since p is linear, p = 0 and f coincides with its enriched part

f = Boeo + Bie1 + Paea.

By using the linearity of the functionals I;, j = 0,1, 2, equations (6.46) can be represented in matrix form

- Io(eq) Io(er) Io(e2)| [Bo 0
Ii(eo) Ii(er) Ii(e2)| |Bi| = (O] . (6.47)
12(60) 12(61) 12(62) ﬂQ O

Since the determinant of N is nonzero, this system has the unique solution gy = 1 = 2 = 0. Hence
f=0.

In order to prove the reverse implication, let us assume that det(N) = 0 and we prove that P§™*(S2) is
not Y -unisolvent. Since det(N) = 0, there exist three real numbers 7g,71,72, not all zero, for which

the function )
i=0
satisfies
Li(e)=0, j=0,1,2.
Moreover the vanishing conditions (6.40) imply that
L](e):07 j:071727

therefore, we can exhibit a linear combination of the basis functions of P§™"(S2) with coefficients not all
zero in which all degrees of freedom vanish. Then P{™(S2) is not Y'g*-unisolvent. O

Definition 6.3.2. Let ey, eq, es be linearly independent continuous enrichment functions satisfying the
vanishing conditions (6.40). They are said admissible enrichment functions if we can enrich P1(S2) to
the finite element (So, P{™(S2), UT).

There exists a large class of admissible enrichment functions, as the following example shows.

Example 6.3.3. Let us consider the three functions

co = (L= APTIAPT
e = (1—A)™ I, (6.43)
ey = (1 — )\2>a2—1)\g2—1)\’{2—1,
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with «;, Bi, v > 1, ¢ = 0,1,2. It is easy to see that ey, eq,es satisfy conditions (6.40). Moreover, by
using (6.28) we get

1
[j(ei) = ﬁ Aj 61(.’1}) dO’(:B) = 5ijB(5iarYi)7 ’L,j = 0, 1, 2 (649)

and then the matriz N defined in (6.43) is a diagonal matriz with determinant different from zero. This
imply that the functions e;, i = 0,1,2, are linearly independent and therefore, by Theorem 6.3.1 we can
enrich P1(S2) to the unisolvent element (S2, P{™(S2), XE) by using (6.48) as enrichment functions.

In the following, we assume that the matrix N is nonsingular and we denote its inverse by
N~ =[coer e, (6.50)

where ¢; € R3, i = 0,1,2, are column vectors. A direct consequence of Theorem 6.3.1 is the linear
independence of the functionals of '§"" in the dual space P{"*(S2)* [23, Ch 2]. Then, there exists a basis
{gj,¥; + 7=0,1,2} of P{""(S,) associated to the finite element GF'3, which satisfy (6.14) and (6.15).

Theorem 6.3.4. The basis functions {¢;,v%; : 7 = 0,1,2} of PS"(S2) associated to the finite element
GF3, which satisfy (6.14) and (6.15) have the following expressions

2
1 .

®j =Aj—52¢k, J=0,12, (6.51)

k=0

=
w] = <€, CJ> ’ .7 = 07 17 27 (652)

where

e = [eo, €1, €3] (6.53)

Proof. Without loss of generality, we prove (6.51) for the case j = 0. We set
Ii(e) = [Ii(eo), Ii(er), Ii(ea)]", i =0,1,2

hence, since NN~! = I, we easily get

(I;(€),ci) = bij- (6.54)
Moreover, by Lemma 6.1.1, we get
1
i) = 5(1 — 0ij)- (6.55)

As an element of P$™(S2), ¢o can be represented as

wo =p + Poeo + Pre1 + Paea = p+ (e,0), (6.56)

where p € P1(S2) and B = [Bo, 81, f2]T € R®. By using (6.14) and the vanishing conditions (6.40) we have
Ao(v;) = doj = Lj(po) =p(v;),  j=0,1,2,

so that p = A, since they are linear polynomials. Therefore (6.56) becomes

Yo = )‘0 + <eaﬁ> 5 (657)
and by applying I;, j =0, 1,2, to both members of (6.57), by (6.14) and (6.55), we get

O:%(l—éoj)+<lj(e)u@>, J=0,1,2,

or, in matrix form,



Consequently

1, |° 1
ﬁ:—iN 1 :—5(014'02)7
1

which, substituted in (6.57), gives the following expression for g

1 2

po=20—5 > (e.ck). (6.58)
k=1

In order to prove (6.51) for j = 0, it remains to prove (6.52). To this aim, without loss of generality, we
show the validity of (6.52) for j = 0. We proceed in analogy to the previous case and then we set

@/JOZQ+<€7’7>a

where ¢ € P1(S2) and v = [y1,72,73]T € R3. Since vo(v;) = 0 for j = 0,1,2, this function can be
expressed as
Vo = (e,7). (6.5)
By applying I;, j =0, 1,2, to both members of (6.59), by (6.15), we get
5j0:<-[j(e)7’7>7 j:071727

or, in matrix form,

1
0| = N~.
0
Consequently
1
y=N""{0| = e,
0

which, substituted in (6.59), gives the required expression (6.52) for 1)g. Similarly, we can prove (6.52)
for j = 1,2 and consequently (6.51) for j = 0 is proved. The expression of the other functions can be
obtained using symmetry arguments. O

6.4 FError estimates

6.4.1 An explicit error representation

In analogy to the case of polynomial enrichment described in Section 6.1, we are interested in evaluating
or estimating the error
B [f] = f — 1I[f] (6.60)

of the approximation operator based on the finite element GF'3 (6.41)

2

o (] =Y Li(He; + Y L), (6.61)
=0

Jj=0

where the basis functions ¢;,¢;, j = 0,1,2 are now given as in (6.51) and (6.52). As before, we start
by proving a decomposition of the error E[f] as a sum of the error of the standard linear triangular
element plus an additional term which depends both on the enrichment functions e;, i = 0,1,2 and the
error (6.36) of the generalization of the classical trapezoidal formula to the case of line integrals (6.35).
This representation will play an important role in the derivation of explicit bounds for the error in
L'-norm.
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Proposition 6.4.1. Let e; € C(S2), i = 0,1,2 be admissible enrichment functions. Then, for any
f € C(S2), the approzimation error E[f] at any point x € Sy is given by

2

E™[f)(2) = E™[f)() + ) (e(x), cr) EF(F), (6.62)

k=0

where E'[f](x), EF2(f), e(x) and c, k = 0,1,2 are defined as in (6.38), (6.36), (6.53) and (6.50),

respectively.

Proof. By (6.60) and (6.61)

2
S Li(f)p; =

Jj=0

Consequently, for each x € S5, we get

2 1 2
DL | A5 D leer)
" b
S LN - S L)y D e ) (- )
=0 7=0 k=0
2 2 2
SL N~ Y (eer) 5 0 LA~ i)
j=0 k=0 j=0
2 2 1 2
DL =D (een) 5 D Lilf)
Jj=0 k=0 gig

E(fi(@) = fle) =) Li(Heix) =) L))

= E"™[f)(2) + ) _ (e(@), ex) (Lal(f) = Tn(f)), (6.63)

k

as required.

(=)

O

Remark 6.4.2. It may be interesting to compare the proposed approximation operator II°™ and the
interpolation operator based on the standard triangular linear finite element Py (S2), defined in (5.3)

o [f](x) =Y Li())A(@). (6.64)

=0



Using the representation of the error (6.63), the operator II°™ can be formulated in an subtractive form
more convenient for practical computation

o[ f)(x) = ™[ f)(x) — E™[f](=), (6.65)
where

E™(f)(x) =) (e(x), ex) (La(f) = Ie(f)) -
k=0

Indeed, as shown in equation (6.65), the operator II°*"" may be computed by simply subtracting the approz-
imation operator EY® from the operator IT'™, so that the two contributions can be evaluated separately.

6.4.2 Error bounds

The decomposition (6.62) is the key result to get the estimate of the error E°™[f] in the case of a particular
class of functions with continuous gradient. As usually, we say that f is continuously differentiable on So
if it is continuously differentiable on an open set containing Sy. Other useful terminology and notations
are clarified in the following.

Definition 6.4.3. A differentiable function f is said to have a Lipschitz continuous gradient on Ss, if
there exists a constant p > 0 such that

V(@) =Vl <plz-yl,, Va,y € Ss, (6.66)

where |-, is the L*-norm in R2.

By C1(S;) we denote the subclass of all functions f which are continuously differentiable with Lipschitz
continuous gradient on Ss. We call the smallest possible p such that (6.66) holds Lipschitz constant for
V f and we denote it by L(Vf).

The following result (see [53, Thm. 2.3]) will be useful in the following.

Theorem 6.4.4. Let A : C*(S3) — C(S2) be a linear operator. The following statements are equivalent:

(i) for any convex function g € C*(S2), we have

g(x) < Algl(z),  x € Sy (6.67)
(ii) for any f € CH1(S), we have
@) — Al < XS0 (A1) @) - Jel2). @ e s (6.65)

Equality is attained for all functions of the form
2
f(@) = a(x) +cllz|;,
where ¢ € R and a(x) is any affine function.

Remark 6.4.5. We notice that the results of Theorem 6.4.4 hold true, with the needed changes, in the
case of standard simplex in R%, d € N (see [53, Thm. 2.3]).

Since each & € S can be expressed as @ = Y, \;(x)v;, then, for any convex function f on Ss, we
i=0
have

2
fl@) <Y Ni(@)f(v) = T [f)(x),  x €8, (6.69)
i=0
that is, the linear interpolation operator IT"" based on the standard triangular linear finite element P; (Ss),

defined in (5.3) satisfies condition (6.67), i.e. it approximates every convex function from above [52, 54].
Then, the following result holds.
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Theorem 6.4.6. For any f € CY1(S,), we have

|E" [f)(@)] = | f — ™[ f )|z —wvil;, x€ S

Equality is attained for all functions of the form
2
f(@) = a(z) +cllz],
where ¢ € R and a(x) is any affine function.

Proof. From (6.69) we can apply Theorem 6.4.4 to the linear operator IT"" so that (6.68) becomes

2
[#(a@) — )| < X5 (Z N(@) [l - ||:c||§) . zes
=0

It remains to show that )
D i) i3 — )3 = Z)\ )l — vill3.
i=0
Indeed, we have
2 2 2 .
|z —vily = [lzll; = 2(x,v:) + |lvill;,  i=0,1,2.

By multiplying each of the above equalities by \;(x) and summing over all ¢ = 0, 1,2, we immediately get

Z/\ z) ||z - vil; Z/\ ||w||22<w72/\i( >+Z/\ @) ||vill5 -

1=0 =0 1=0 1=0

The desired result now follows from the partition of unity and the linear precision properties of the
barycentric coordinates. The last statement of the theorem follows directly by Theorem 6.4.4. O

With reference to the formula (6.62), it remains to bound the error £**(f) defined in (6.36).

Theorem 6.4.7. For any f € Cl’l(Sg), we have

£ g7 [ f@aota)| < ERIP. k=02 (6.10)
Equality in (6.70) is attained for all functions of the form
f(@) = a(e) + cllz]3, (6.71)

where ¢ € R and a(x) is any affine function.

Proof. We prove (6.70) in the particular case k = 0 since the remaining cases can be proved by analogy.

Let us denote by f the map _
@) = f((1 = t)vy + tvg), t€[0,1] (6.72)

and by o _ _
™ [f](t) = (1 =) £(0) + £ (1) (6.73)

its linear interpolant at the end points of the interval [0, 1]. Therefore, we have

&™) =



Consequently X
g=n) < [ IR - Fo) a
0

Since II'™ approximates from above any convex function on [0, 1], from Remark 6.4.5 we have

(7 - o] < 2 (@) - 2) = 200 @),

and therefore, from (6.74) we get
&5 ()] <

Moreover, for each s,t € [0, 1], we have

fi(s) = f'(t)

(Vf(sv1+ (1= 8)v2) = Vf(tvr + (1 = t)va),v1 — v2) |
[V f(sv1 4+ (1= s)vz) = Vf(tvr + (1 = t)va)||, [[or — vall,
L(VS) o1 —wvall3 s — t],

INIA

and then, by definition of Lipschitz constant, we get
L(f') < L(Vf) o1 = w3 = LIV T

(6.74)

(6.75)

(6.76)

(6.77)

which concludes the proof of the inequality (6.70). Let assume that the function f has the form (6.71)
with ¢ = 0. Therefore the function f defined in (6.72) is affine and then IT'"*[f] = f and L(f’) = 0.
Consequently, (6.70) holds with equality in this case. Now let assume that f(x) = ||a:||§ . In this case the

function in (6.72)
f(t): ||(1—t)'l)1 —|—t’l)2||§, te [Ovl]v
is a univariate quadratic polynomial satisfying
F(t) = 2w — a3

We expand f(O) and f(l) in Taylor series centered in ¢ and we get, from (6.78),

FO) = JO) = tf (&) + £ o — a3,

f) = fO+ =070+ 1= - a3
Multiplying (6.79) by 1 — ¢, (6.80) by ¢ and summing yields

(1= 6)J(0) + /(1) = (&) + (1 = ) + (1 = 1)°) [Jor — a3,
or equivalently . B ,
) = f(8) = (1= + (1 = 1)?) o1 — 25

Hence, by integrating (6.82), we get from (6.74)

g (I113)

vy — vzui/ (1 =) +t(1—1)?) dt
0
= lvi — a3 (B(3,2) + B(2,3))

1 2
= o,

(6.81)

(6.82)

which is exactly the term on the right-hand side in (6.70), since L (V (H||§)) = 2. Finally, if f has the

general form (6.71), then the equality (6.70) easily follows.

Combining Proposition 6.4.1, Theorems 6.4.6 and 6.4.7, we arrive at the main error estimate.

Theorem 6.4.8. For any f € CY1(S,), the following explicit error estimate holds

2 2
L(Zf) (Z Xi(@) ||z — vill5 + é oI |<ci,e(m)>|> ., TESs
=0

=0

|f (@) — LT[ f](2)]

IA
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6.4.3 The L error estimate

The bound of the pointwise error given in Theorem 6.4.8 allows us to get a bound in L*°-norm
1o = max [ f(x)]

of the error E°™[f] defined in (6.60). As shown in the following result, this bound is proportional to the
square of the radius of the circumcircle of the triangle Ss, by a constant factor which depends on f and
on the enrichment functions e;, i = 0,1, 2.

Corollary 6.4.9. For any f € CY1(Ss,), the following explicit error estimate holds

L(V)
2

<1+g max, (e, >||oo) R?, (6.84)

1f =1 [flll o <
where ¢;, i = 0,1,2 and e are defined in (6.50) and (6.53), respectively, and R is the circumradius of So.

Proof. We bound the two terms inside the bracket appearing on the right-hand side of equation (6.83)
separately. With regard to the first term, we show that

sup Z)\ )z — vl < R (6.85)
mGSQi 0

Indeed, if ¢ is the circumcenter of S, by using the linear precision and partition of unity properties of
barycentric coordinates, we have

2 2

2 2
Y@ e —vill; = D N@) |z —c— (v —e)ll;
=0 =0
2
2 2
= > M(@) (e —el3 —2( - c,v; = &) + |lv; — c]3)
1=0
2 2
= o —cl;-2 <-’B —c, ) Ni(@)v - C> + > i) [lvi — clf3
1=0 =0
= ||a3—c||§—2<:c—c,$—c>—|—R2
= R = lo—cl.
Therefore, for each € S,
2
S Ni(@) e~ wil} < B - min o -} < B @,
xES>

=0

and so (6.85) is valid. With regard to the second term inside the bracket, we use Leibniz’s inequality to
bound the sum of the squares of edge lengths of the triangle in terms of its circumradius [82], i.e.

2
S I < 9R%. (6.86)
i=0

Combining the last estimate with (6.85) gives us the desired inequality (6.84). O

Remark 6.4.10. We notice that, for x = ¢ we get

Z/\ ¢)lle = vl = B,

1=0

then inequality (6.86) holds with equality if and only if the circumcenter ¢ belongs to Sa. This property
characterizes acute triangles, i.e. triangles having all angles less than /2.
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Remark 6.4.11. Let X,, be a set of discrete points in a general position, e.g. a set of scattered points,
and assume that we need to triangulate X,,. Inequality (6.84) suggests us the use of a triangulation T
which minimizes the mazximum of the squares of the circumradii over all triangles of T. The Delaunay
triangulation has this property.

Remark 6.4.12. For any triangle Ss, it is possible to obtain a more precise L*°-error bound in terms
of the square of the circumradius minus a nonnegative quantity. Indeed, denoting by c, b and R the
circumcenter, the barycenter and the circumradius of Sa, respectively, then the following bound holds,
see [78, Thm. 2.4.4 ]

2

1 2 2 2 2 . 2

- 12 = _ _ < _ _ )

O INN = R~ bl < R iy o e
=

The last step follows because b belongs to Sy. Therefore, in Corollary 6.4.9, R?* can be replaced by the
smaller value R* — misn le — :L'Hg
xES2

Remark 6.4.13. Let I be the longest side of So and let vy1 be its midpoint. The line segment joining
c with vy is a perpendicular bisector of I's. Denoting by

h= sup [v—wl,
v, WES>

the diameter of So, by the Pythagorean Theorem we get

(2) + s o - ol = 72
— min ||® — cl|5 =

2 xESy 2 ’
and then

1
R? — min ||z —c|2 = =K%
mip o=l = 7

From Remark 6.4.12 and Remark 6.4.13, the Corollary 6.4.9 becomes
Corollary 6.4.14. For any f € CY1(Sy), the following explicit error estimate holds

KIS (8 ol ) e
2 (145 max el ) B2 (6.87)

1f = I [f]ll o <

where h is the diameter of Ss.

6.4.4 The L' error estimate

The bound of the pointwise error given in Theorem 6.4.8 allows us to get a bound in L'-norm

mméwwm

of the error E[f] defined in (6.60).

Theorem 6.4.15. For any f € C11(Sy), the following explicit error estimate holds

LV
15 = 111l < K (1 ) 190l (52), (6.58)
where |Sa| is the area of the triangle Sa,
2
e = g, o e, (6:89

and

2
w(Se) =) |
=0
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Proof. We start by proving the identity

2
_ 15| 2
|a:—le —_— |I;]" . (6.90)
/Sz =0 ? 12 ;

Since 2: (@) ||z — vi|? is a quadratic polynomial which vanishes at all vertices of Ss, by [59, Thm.
=0 2

5.1], we get
52| 5
2 2
/ z) @ — v;]; da = > 16— will3, (6.91)
S2 j=0 i=0

where b is the barycenter of S5. Moreover, since

2 2 2 .
lvi —wjlly = il + lvjlly =2 (vi05), 4,5 =0,1,2,
2 2 2 )
1b—vill; = [bllz + [[vjll; = 2,05, j=0,1,2,
2 2 2 2 .
[vi =vjlly = 16 =;lly = [Jvillz = [bll5 +2{b —vi,v5), 4,5 =0,1,2,

and then, by summing over all j = 0, 1,2, both members of the last equality, we immediately get

2 2

2 2
> lloi—vjll; = > 16— vl
j=0 §j=0

3 (I[vill> — [[b]13) + 6 (b — vi,b)

2 2
3 ([lvills = 1b]5 +2 (b —v;, b))
3|b—vl3, i=0,1,2,

or equivalently,
2 2
2 2 2 .
ollvi—vil =D b—wils+3[b—will;,  i=0,1,2.
=0 =0

Now we sum both members of the above equality over all : = 0,1,2 and we get

ZZ lvs — o515 = 62 b — will5,

=0 j=0

or equivalently
2 , 1 2 2 , 1 2 ,
Solb—wlli =2 S0 ol = 5 O IRS (692)
=0 i=0 j=0 i=0

The identity (6.90) follows by substituting (6.92) in (6.91). Finally, by integrating (6.83) and by us-
ing (6.90), we get (6.88) and then the thesis. O

In the following, we further analyze the case where the enrichment functions are
D e VU I Ve VA NS Ve Ve (6.93)

with ay, 8; > 1. In particular, we determine the best parameters «;, 3;, in order to minimize the approx-
imation error (6.88).

Theorem 6.4.16. Let e;, i = 0,1,2, be the enrichment functions defined in (6.93). Then, for any
f e ClH1(Sy), we get

I =il < 200 (142 sl wisa), (6.99)

where ju = min_ (o + Bi) -
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Proof. Let us compute e,,4, defined in (6.89), relative to the enrichment functions (6.93). In this case,
from (6.28), the matrix N defined in (6.43) is a diagonal matrix and

1
1 By U 0
N~ :[COacth]: 0 B(oa,p1) 0
0 0 Ve o)
2,02
Consequently we get
2 [ ey (@) dw = #/ AT @)AP T (@) da
|S2| s 0, |SQ|B(Oé ) 1 2 ]
9 2 -1 B1—1
2 d _ e )\()11 )\ 1 d R 695
et = ot [ @) e o

2 B 2

1 [ lexet@n]da [ @ @) de.

|So| B(az, B2) Js,

In order to compute the integrals at the right side of (6.95) we denote by
So={Z=(2,7)eR,7>0,5>0,7+7<1}, (6.96)

the triangle of vertices T = (0,0), &, = (1,0) and D, = (0,1) and by F : S5 — S, the affine map defined
as

F(@) = Mo(@)vo + M (Z)v1 + Ao (@)va,

where /):O(i), Xl(:E), Xg(:?) are the barycentric coordinates of the point Z with respect to the triangle Ss.
Since F' preserves the ratio of areas of two triangles, by definition of barycenter coordinates we get

)\i o F(C/B\) = )\Z({B\)
Therefore, by using F' as change of variables, we get
et @ @) de =21 [ St @3 @) aa
Sa
/ ATY AP (@) dee = 2|S| | ASTH@)AD TN (@) da, (6.97)
Sa

Sy

2L @)AP Y () da = 215, / Serl @)L (3) da,
52 SZ

where 2|S53| is the Jacobian determinant of F. The integrals at right member of equalities (6.97) can be
computed by using the powerful formula presented in [15]

a+1D)I'(B+1)I(y+1)

(@) (@)N(Z)dz = 6.98
., 0 (@) (Z)A] (%) dze Taifi 13 (6.98)

valid for each a, 5,y > —1. By combining equalities (6.95), (6.97), (6.98) and (6.26), we get (6.94). O
Now we consider the more general enrichment functions, already introduced in Example 7.1.5
= (1 — ) Ve, 1=0,1,2, ~v; >0, (6.99)

where ¢;, i = 0,1,2, are defined in (6.93). In analogy to the Theorem 6.4.16, in Theorem 6.4.18 we
determine, by using the enrichment functions (6.99), the best parameters «;, 5;, v; which minimize the
approximation error (6.88). To this aim we consider the triangle S, with vertices Do = (0,0), 0y = (1,0)
and B, = (0,1) and barycentric coordinates Ao(Z), A1 (Z), Aa(Z).
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Lemma 6.4.17. For each i = 0,1, 2, the following equality holds
F(Oéo)F(Oél)F(Oég)

(6.100)
I (504) g

/g (1= X(@) A @A (@)hs* (@) da =

where )
I (%' +2 0 O‘J’)

r (%‘ +30 ai)

Proof. Tt is well known that the barycentric coordinates of S, in terms of Cartesian coordinates are

Mi = ; v >0, a; > 1, i=0,1,2.

N@E) =1-7-7, M@E) =7 @) =7

First we prove (6.100) for i # 0. Without loss of generality we can assume ¢ = 1. We note that

1
[ (1= F)Maea-lgeel(] — 5 §)20—L didy = / (1— 259 1(3) da, (6.101)
S, 0
where -
I1(Z) = / 71—z — ) ldy. (6.102)
0
In order to compute the integral (6.102) we consider the change of variable
s_ ¥
1-z’
and then
I(G) = (1—g)otort / zoa-1(] _ 3)00-1 gz (6.103)
I'(a0)I'(a2)
= (1—g)eotee-1Z12000 10 6.104
(1 gy e (6.104)
By definition of beta function, we get
1
r r
/ /1\,04171(1 - E)71+o¢o+a271 de — (al) ('Yl + ap + 042) ) (6.105)
0 I'(ag + a1 + ag +71)

The result follows by combining (6.101), (6.104) and (6.105). By the same arguments we can prove
formula (6.100) for ¢ = 2. In order to prove (6.100) for i = 0, we consider the coordinate transformations

W:§\2_>§27 Tr(x?y):(yax)v
0:85— Sy, Ox,y)=(1—-z—y,y)=:(u,v),

and the change of variables 7w o § whose Jacobian determinant is equal to 1. Then we get

/A (z +y)orty2 (1 — 2 — y)* L dady = /A (1 —u)"G(u,v)dudv,
Sz 52

where G(u,v) = u®~ty*2~1(1 —y — v)*1 =1, The result now follows from the case i = 1. O

Theorem 6.4.18. Let ¢;, i = 0,1,2, be the enrichment functions defined in (6.99). Then, for any
f € ClHL(Sy), we get

17— il < 200 (142 s (s (6.106)

where [ = Juin (i + Bi + i)
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Proof. Let us compute €4, defined in (6.89), relative to the enrichment functions (6.99). By (6.49), the
matrix N defined in (6.43) is a diagonal matrix and

1
Blaoh) O 0
N_l = [CO,Cl,CQ] == 0 m 0
1
0 0 Bawsm
Consequently we get
2 2
I d - = 1— Yo yoo—1 Bo—1 d
5 L e e@ildr = o / (o) A @ @) b
2 2
TQ | —_— 1— y1yo1—1 B1—1
5 . ene@lds = ropr / M) @ @) b
2 2
v~ e — 1— Y2 yo2—1 B2—1 ]
o [, e et@hlas = g [0 hE g @ o) e

By using the same strategy of the proof of Theorem 6.4.16, we get

/ (1= Ao(@)) A (@) A (@) da = 2/ Sa| [ (1= Ao(@))°A7 (@A (3) d2,
S2 S?

/ (1= (@) A @)A @) de =20 Ss| [ (1= M(@)" A (@A (@) da,
SQ SZ

/s (1= Xo(@) 252 @)\ (2) da = 2|5, (- A2())2A2 T @AE T (@) da.
2 2
The result follows from Lemma 6.4.17. O

The following result shows that the bound (6.106) is proportional to the fourth power of the circum-
radius of the triangle Ss.
Corollary 6.4.19. Let €;, i = 0,1,2, be the enrichment functions defined in (6.99). Then, for any
f e CObY(Sy), we get
onr NBL(Vf 4
1= areigly < 2P (142 ) e

where R is the circumradius of So and p = 4I%i{12 (i + Bi +vi)-
1= bt ]

Proof. By Theorem 6.4.18 and Leibniz’s inequality, it suffices to bound the area of S5 in terms of its
circumradius. To this end, we use Weitzenbock’s inequality [82], which states that for any triangle So of
sides I,I1, I, the following inequality holds

2
W3S <> |
=0

With the aid of this estimate and Leibniz’s inequality, it is easily seen that

9
Sl < ——
\2|_4\/§

The result follows by (6.86), (6.107) and (6.106). O

R% (6.107)

By Remark 6.4.12, it is possible to obtain a more precise L'-error bound in terms of the diameter of
Ss.
Corollary 6.4.20. Let e;, i = 0,1,2, be the enrichment functions defined in (6.99). Then, for any
f € CHL(Sy), we have
WLV (1, 4Y
_ Henr < _ v 1 - h
I =1y < 5 (1) o,
where h is the diameter of So and p = _5%1{12 (o + Bi +vi)-
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6.5 Practical consideration
Let X, = {; : i=1...,n} be a set of n scattered data in R? and let 7, = {t; : 7 = 1,...,m}

be a triangulation of X,,. We denote by C = conv(X,) the convex hull of X,,. We define the global
approximation operator 17" by setting, for any f € CH1(C) and x € C,

Henr[f](m):Henr[f’tj}(m), if ﬂJEtj, j:].,...,m,

where I1°""[f, ;] is the approximation operator defined in (6.61), based on the triangular element (¢;, P{™(¢;), 25™).
In this case, Theorem 6.4.16 gives the following global L'-error bound

I — meip)), = /|f — I [f) ()] d:czz:/r |f(®) = T [f, t;](x)| dee

< (Vf < )Z't lw(t, (6.108)

For any triangulation 7,,, we denote by

= ltlet)

The global error bound (6.108) is proportional to E;, by a constant factor which is independent on the
triangulation 7,,. In analogy, by using the results of Corollaries 6.4.9 and 6.4.19 we denote by

By(Tm) = Y R,
j=1

EB(TTTL) - R‘;lv
j=1

where R; is the circumradius of the triangle ¢; € 7,,. By using the optimality results of Delaunay
triangulation, which can be found in [41] and [53], it is possible to prove the following result.

Theorem 6.5.1. Let X,, be a set of n scattered data in R? and let T, be a triangulation of X,,. Then
E;(Tm), i = 1,2,3 achieve their minimum if and only if T,, is the Delaunay triangulation.

6.6 Numerical experiments

In this Section, we test the accuracy of the approximation produced by the finite element (Sz, P{™" (S2), X'52")
obtained by enriching the standard triangular linear finite element P;(S3) with the sets of enrichment
functions introduced in Example 6.3.3. For each experiment, we use a regular grid of (n + 1) x (n+ 1)
equispaced points, with n = 2F, k = 2,...,6 and the relative Delaunay triangulation, see Figure 6.1.

We consider the following test functions

=Va2+y?+1, folx,y) =sin(rzy),

and the following sets of enrichment functions

2 2

512 ei:(l—/\i)H)\jliZO,l,Q 5 52: €i=\/(1—/\i)H)\jli:0,1,2
=0 .
é‘;ﬁi J#i

already introduced in Example 6.3.3. For each of these, we compare the accuracy of approximation, in L'-
norm, produced by the standard triangular linear finite element with that one produced by the enriched
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Figure 6.1: Delaunay triangulation of a regular grid of (n+ 1) x (n + 1) equispaced points, with n = 16
(left), n = 32 (center), n = 64 (right).

10 L L L L L L L 10

Figure 6.2: Semilog plot of the trend of the errors, in L'-norm, produced by approximating the function
f1(z,y) working with Delaunay triangulations of the unit square [0, 1]?, the standard triangular linear
finite element (red dashed line), and the enriched finite element (Sa, P{™(S2), X)) (blue line). The
Delaunay triangulations are realized by using regular grids of (n + 1) x (n 4+ 1) equispaced nodes with
n=2F k =2,...,6. The enrichments of the standard triangular linear finite element are realized by
using the sets of enrichment functions & and &; for the left and the right picture, respectively.

finite element (Sa, P{™(S2), Y'5i"). We perform the numerical experiments by using MatLab software. To
compute the integral of a bivariate function over a side of the triangle S; and the integral of a bivariate
function over S; we use the command integral2. The results are reported in Figure 6.2 and Figure 6.3.
We notice that for a fixed function f, not every set of enrichment functions significantly improves the
accuracy of the approximation realized by the enriched finite element. The accuracy of the approximation
depends on the chosen set of enrichment functions.
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10°

Figure 6.3: Semilog plot of the trend of the errors, in L'-norm, produced by approximating the function
fa(x,y) working with Delaunay triangulations of the unit square [0,1]?, the standard triangular linear
finite element (red dashed line), and the enriched finite element (Sa,P"(Sz), X'§)) (blue line). The
Delaunay triangulations are realized by using regular grids of (n + 1) x (n 4+ 1) equispaced nodes with
n =2 k =2,...,6. The enrichments of the standard triangular linear finite element are realized by
using the sets of enrichment functions £ and &; for the left and the right picture, respectively.
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Chapter 7

Enrichment strategies for the standard
simplicial linear finite elements

In this chapter, we generalize the results presented in Chapter 6 to the d dimensional case. In particular,
we introduce a new class of finite elements by enriching the standard simplicial linear finite element
in R%, Py(S,), with additional functions which are not necessarily polynomials. We provide necessary
and sufficient conditions on the enrichment functions, which guarantee the existence of families of such
enriched elements. Furthermore, we derive explicit formulas for their associated basis functions. We also
show that the approximation error, obtained by using the proposed enriched elements, can be written
as the error of the standard simplicial linear finite element plus a second term which depends on the
enrichment functions. By using this decomposition, we derive explicit bounds in both L*°-norm and
L'-norm. The results presented in this chapter can be found in [34].

7.1 Enrichment of the standard simplicial linear finite element

Let vo,...,vq be affinely independent points in R? and let Sy be the d-simplex in R? with vertices
vy, . ..,vq. Every point & € S, can be uniquely expressed as

d
T => X\i(z)v;, (7.1)
=0

where \;(z), i = 0,...,d, are the barycentric coordinates of the point & € R? with respect to Sz [97]. An
m-~dimensional face of Sy is any m-simplex generated by m + 1 vertices of Sy. In particular, we denote by
F;,i=0,...,d, the (d — 1)-dimensional face generated by vy, ..., v;—1,;11,...,vq and by |F;| its area.
In the discussion below we will use a well-known result, which holds for any d-simplex Sy, d € N [42, Ch.
2].

Lemma 7.1.1. Let ayg,...,aq be positive real numbers. Then the following identity holds

d e .
LD - TR "
where |Sy| is the volume of Sq and I'(z) is the gamma function [1].
We notice that, for any = € Fj;, we have
Ai(x) =0, (7.3)

and therefore, by equation (7.1), we get

d d
x=> M@, Y A(@) =1, (7.4)
j=0 j=0
J#i b=
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that is, Aj(x), j = 0,...,d, j # i, are the barycentric coordinates of & with respect to the (d — 1)-
dimensional simplex F;. Consequently, by Lemma 7.1.1, we get

d d
1 o d—1)TT g i Ty +1
7/ H/\jj(:c)da(m):( )HJ—% (9 ), i=0,....d, (7.5)
|} Fi i’ F(d+2j:0,j¢iaj)

J#i

where the integral is computed with respect to the Lebesgue measure on the (d — 1)-dimensional face Fj;.
For f € C(S4), we set

Li(f) = f(vj), j=0,....d (7.6)
The standard simplicial linear finite element is the triple
P1(Sa) = (54, P1(54), Xgh), (7.7)
where
P1(Sa) = span{Xo, ..., Aa} (7.8)

is the space of linear polynomials in R¢ and

S ={Lo(f),-.. La(f)}

is the set of degrees of freedom of P;(Sy). The main goal of this chapter is to generalize the results
presented in [30] to the case of a non-degenerate d-simplex Sq C R?. For this purpose, we consider d + 1
linearly independent continuous functions eg, ..., eq on Sy, satisfying the vanishing conditions

ei(vj) :07 Za] :07~~-,d> (79)

and the enrichment linear functionals
1 .
L) = [ f@dete), =0, (7.10)
|5l Jr,

In analogy to Chapter 6, we denote by

Zg:r:{Lj,Ij Sj:(),...,d},

and by

P (Sq) = P1(Sq) @ spanieq,...,eq} .
In the next Theorem we prove a characterization result for the enrichment functions ey, ..., eq, so that
the triple

(Sa, 5™ (Sa), )

is a finite element, or equivalently so that P{™(Sy) is 2§ -unisolvent.

Theorem 7.1.2. Let

Io(eo) ... Io(ea)
11(60) Il(ed)

N= C (7.11)
L(eo) ... Iu(eq)

then the triple (Sq, P{"" (Sq), X&) is a finite element if and only if

det(N) # 0.
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Proof. Let us assume that det(N) # 0 and we prove that P{""(S;) is X'¢¥-unisolvent. Let f € P{™(Sq)
be a function such that
Li(f)=0, j=0,....4d, (7.12)

I;(f) =0, J=0,....d (7.13)
Since f belongs to P (Sy), it can be expressed as
d
f =p+ Z 5726757
=0

where p € P1(Sy) and By, . .., B4 are real numbers. The vanishing conditions (7.9) imply that
Li(f)=Lj(p) =p(v;) =0, j=0....d,

and then p = 0. Consequently f coincides with its enriched part, that is

d
F=> Bies.
=0

By using the linearity of the functionals I;, j = 0,...,d, equations (7.13) can be represented in matrix

form as
NGB =0, (7.14)

where B = [Bo, B1,---,B4)7 and 0 is the zero vector in R¥*!. Since, by hypothesis, the matrix N is
nonsingular, the linear system (7.14) has a unique solution Sy = 8y = --- = 84 = 0 and then f = 0.

In order to prove the reverse implication, let us assume that det(IN) = 0 and we prove that P§**(Sy) is
not Y¢"-unisolvent. Since det(N) = 0, there exists [yo,...,7a]” # 0 such that the function

d
€= E Yi€i
i=0

satisfies
Li(e)=0, j=0,....d
Since the enrichment functions e;, i = 0,. .., d, satisfy the vanishing conditions (7.9), we get

Li(e)=0, j=0,....d

We have found a linear combination of the basis functions of P§"*(Sy) with coefficients not all zero in

which all degrees of freedom vanish. Then P{"*(Sg) is not X§ -unisolvent. O
Definition 7.1.3. Let eq,...,eq be linearly independent continuous enrichment functions satisfying the

vanishing conditions (7.9). They are said admissible enrichment functions if we can enrich P1(Sq) to the
finite element (Sa, P{™ (Sa), XET).

In the following, we assume that the matrix IV is nonsingular and we denote its inverse by
Nt =lcy...cq,

where ¢; € R?, i = 0,...,d, are column vectors. A direct consequence of Theorem 7.1.2 is the linear
independence of the functionals of X§"" in the dual space P{"*(Sq)* [23, Ch 2]. Then, there exists a basis
{¢j,¥; + 7=0,...,d} of P{™(S4) which satisfy
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Theorem 7.1.4. The basis functions {p;,v¥; : 7=0,...,d} of P{""(Sq) associated to the finite
(Sa, PS(Sa), X§7), which satisfy (7.15) and (7.16) have the following expressions

d
1 .
cpj:Ajngd}ka ]:07"'7d7
k=0
hz
’l/)j:<e,Cj>, j:07"~,d,

where
e —= [60, NN ,ed}T.

Proof. Without loss of generality, we prove (7.17) for the case j = 0. We set
Ij(e):[Ij(€0)7...,_[j(€d)]T, ]:0,,d

Since NN~ = I, we easily get
(I;(e), ei) = dij.
Moreover, by (7.5) we get

1
Ij()\i):g(lftsij), ,7=0,...,d.
The basis function ¢y € P{™(S4) can be represented as
d
wo=po+ Y Bici=po+ (e B),
i=0

where py € P1(Sy) and B = [Bo, ..., B4]T € R The vanishing conditions (7.9) imply that

5Oj = LJ(SOO) :po(vj)’ ]: Oa .. '7d7

and then py = A\g. Hence
Yo = )‘0 + <ea/6.> .
By applying the linear functionals I, j = 0,...,d, to both sides of (7.21) we get, by (7.15),

0=L)+ (B, I(e)),  j=0,....d

or equivalently, in matrix form
I(N)+NB=0,

where I(A\o) = [Io(Xo), - -, La(Ao)]T. Then, by taking into account (7.20), we obtain

U

,3 = —%ZCk(l — 50k)~

k=0

element

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

Finally, by substituting (7.22) in (7.21) and by using the bilinearity of the scalar product, we get

d
Z (e,ck) .

k=1

©o = Ag —

ISH

In order to prove (7.17) for j = 0, it remains to prove (7.18). To this aim, without loss of generality, we
show the validity of (7.18) for j = 0. We proceed in analogy to the previous case and then we set

d

o =po+ > _viei=po+ (e),
i=0
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where pg € P1(S4) and v = [0, - - -,74)T € R4TL. The vanishing conditions (7.9) imply that

Lj(wO):wO(vj)ZPO(Uj):Ou jZO,...,d,
and then py = 0. Hence
Yo = (€,7)- (7.23)
By applying the linear functionals I;, j = 0,...,d, to both sides of (7.23) we get, by (7.16),

50j:<1j(e)37>7 j:()v"'vdv
or, equivalently, in matrix form
N7 = Uy,

where ug = [1,0,...,0]”7 € R4, Hence
Y = Co- (7.24)

Finally, by substituting (7.24) in (7.23), we get the required expression for ty. Similarly, we can
prove (7.18) for j = 1,...,d and consequently (7.17) for j = 0 is proved. The expression of the other
functions can be obtained using symmetry arguments. O

Example 7.1.5. Let us consider the enrichment functions
d
e== X TN =0, (7.25)
k=0

where v; >0, ;s =1 oy > 1,4,k=0,...,d, i # k. It is easy to see that the enrichment functions e;
satisfy the vanishing conditions (7.9). Moreover, we get I;(e;) =0 for i # j, and

_ 1 Vi : a; p—1 _ 1 2 air—1
e) = g7 [ 1= Mte) I @iete) = [ I @ ot

© k=0

Therefore, by (7.5), for each i,j =0,...,d, we have

d d— T, o Doy
I(en) = 1«%| /F (=@ [ A @) dote) = (@ = D s Dik) 5 (7.26)

d
k=0 F(Zk:o,k;«éi k)

Consequently, the matriz (7.11) is a nonsingular diagonal matriz and hence, by Theorem 7.1.2, we can
enrich (Sq,P1(Sq), Xs,) to the element (Sa, P{"" (Sq), X§") by using (7.25) as enrichment functions.

Theorem 7.1.6. The linear approzimation operator based on the standard simplicial linear finite element
P1(Sq), defined in (7.7)
. C(Sy) — Py(Sa)

d
7.27
;e LN, (7.21)
j=0
reproduces linear polynomials and satisfies the interpolation conditions
L; (IT™[f]) = L;(f), j=0,...,d (7.28)

Proof. The proof follows from the Lagrange property of the barycentric coordinates, that is A;(v;) = d;5,
where §;; is the Kronecker delta operator. O

In the following, we denote by E'™ the approximation error of the operator IT%", that is

E™[fl=f—-1™[f],  feC(Sa). (7.29)
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7.2 Error estimates
7.2.1 An explicit error representation
Let II°"" be the approximation operator defined as

e . C(Sy) — P5r(Sy)

d d
o Yo Lier + S LN, (7.30)
j:O jZO

where ¢}, ¥;, j =0,...,d, are the basis functions introduced in Theorem 7.1.4. The goal of this Section
is to provide explicit bounds for the approximation error

Ef] = f =1 f], (7.31)

in both L>-norm and in L'-norm. Sharp explicit error bounds in L'-norm, for some special choices of
admissible enrichment functions, are also derived. We set

d
1
Ek_gZL], k=0,....d, (7.32)
7=0
j#k
g =gy -1, k=0,....d, (7.33)

and, in line with Chapter 6, we prove that the approximation error (7.31) can be expressed as the error
of the standard simplicial linear finite element plus a second term, which depends on the enrichment
functions e;, i = 0,...,d. In fact, we have

Proposition 7.2.1. Let f € C(Sy). Then, for any x € Sy, we have

d

E[f)(@) = B (f](@) + ) (e(@), ex) EF (), (7.34)

k=0
where EY[f] is defined in (7.29).

Proof. By the definition of IT°™[f] given in (7.30), the approximation error (7.31) can be written as

d d
E™(f]=f =Y Li(He; — Y LNy
§=0 3=0
We get, using (7.17), (7.18) and (7.32)
d d 1
D LilNe; = D Lilf)| -5 (eex)
3=0 5=0 k=0
k#j
d 1 d
= D LiHN = 5> L)Y leer) (1 - )
j=0 j=0 k=0
d 1 d
= ZLJ(f))‘] - 82 <e,ck>ZL](f)(1 — Gjk)
7=0 k=0 7=0
d d
= D LN =D Lk(f) (eex)
7=0 k=0
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and

d d
E[fl(w) = f(m)—ZLj(f)%(w)—ZIj(f)wj(w)

which is the thesis. O

7.2.2 Error bounds

The decomposition (7.34) is the key result to get the estimate of the error E°™*[f] in the case of a particular
class of functions with continuous gradient. As usually, we say that f is continuously differentiable on Sy
if it is continuously differentiable on an open set containing Sy. Other useful terminology and notations
are clarified in the following.

Definition 7.2.2. A differentiable function f is said to have a Lipschitz continuous gradient on Sy, if
there exists a constant p > 0 such that

IVi(@) =Vl <ple—-yll,,  zyeSa, (7.35)
where |-, is the L*-norm in R2.

By C%!(S;) we denote the subclass of all functions f which are continuously differentiable with
Lipschitz continuous gradient on S;. We call the smallest possible p such that (7.35) holds Lipschitz
constant for V f and we denote it by L(V f).

If £ € S; and f is a continuous convex function on Sy, from

d
T = Z Ai(T)v;
i=0
it follows that .
Fla) < Ni(@) f(v:) = T [f](=), (7.36)
i=0

that is, the linear interpolation operator IT'"" based on the standard simplicial linear finite element P;(Sy)
approximates every continuous convex function from above. As a consequence, the following bound holds
as a particular case of the more general Theorem 6.4.4.

Theorem 7.2.3. For any f € C%(S,), we have

d
B (f](@)] = [£(@) — 1 )| < LY (Z Ai(@) vy ||m|§> . mESe
=0

Equality is attained for all functions of the form

f(@) = a(@) + ¢,

where ¢ € R and a(x) is any affine function.
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With reference to the formula (7.34), it remains to bound £}** defined in (7.33). To this aim, we need
two preliminary lemmas. The fist lemma is a well-known multidimensional integration formula [59], which
we recall here for the ease of the reader, without proof. The second lemma follows from the previous one
applied to a particular integrand function f and it is used to bound &™.

Lemma 7.2.4. Let b be the barycenter of Sy, then

d

@@y 2 @)+ sl (7.37)

1 d+1 1
TSl s, f(z)dx = mf(b)"’

with
RSd(f) = 07

for any polynomial f in d variables of total degree at most two.

Lemma 7.2.5. The following identity holds

1 : 2 2 1 9
@/S (in(a:) [villy — ||w||2> dx = CEICES)] >l = vl - (7.38)
d =0

0<i<j<d

Proof. Since
d
Fl@) =" Xi@) |lvill; — [l
=0

is a quadratic polynomial in d variables which vanishes at all vertices of Sy, by Lemma 7.2.4, we get

d d
1 2 2 d+1 1 9 )
% i - de = —— | —— i —|Ib ,
|Sd|/sd (Zi_oum)uv 2 ||m||2> v d+2(d+1§|v 2] ||2>

where in the last equality, we used the identity

It remains to show that

d
1 1
(Mvain;nbz)—W > vl (7.39)
=0

0<i<j<d

We notice that
2 2 2 .
[vi —v;ll5 = llvillz + [lvjlly — 2 (v, v5), 4,5 =0,...,d,

therefore, by summing over all i, j both members of previous equality, we get

d
2
> v —v5ll;

4,7=0

v;, v

d d
i=0  j=0

d d
2 2
@+1) [ D lwills + Y llvslly | —2
i=0 =0

d
2 2
2(d+1) ) [lvilly = 2(d + 1) [|bll3,
i=0

and then

d
1
2 > o - vyl =20 +1)? (MZ Jvillz |b||§> :
=0

0<i<j<d

Dividing both members of the previous equality by 2(d+1)? we get equality (7.39) and then the thesis. [
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Now we are able to bound &£*(f) defined in (7.33).
Theorem 7.2.6. For any f € C*(Sy), we get

CL(Vf) d 2 _
() = D] = 5500575 o<j§<d””j_w“2’ k=0,....d (7.40)
AR

Equality in (7.40) is attained for all functions of the form

f(@) = a(x) +c||z|3, (7.41)
where ¢ € R and a(x) is any affine function.

Proof. Without loss of generality, we prove (7.40) for the particular case k = 0. We set

d
IE (@) =Y A(@)f(v;),  x € F. (7.42)
j=1
Then we have
1< 1 ;
=2 =3 fw) = g [ i@ (143)
d = d = |Fo|
since the vertez rule for the face Fy, see [76, Definition 4.2]
d
1 1
- v 7.44
Fl o 1@ ~ g ) (7.44)

is exact for linear polynomials, as it can be easily proven by using equation (7.5). Therefore, we get
1 in
Lo(f) —1o(f) = ol ) (I3 [f)(2) - f(2)) do(). (7.45)
0

Since H};é‘ is the restriction of the interpolation operator IT'"", defined in (7.36), to Fy, by Theorem 7.2.3,
we have

fl@) - MEf(@)] < © (ZA 2) vl - sc||§>7 ze R (7.46)
Then, by (7.46) and (7.45) we get
LN =10 = | [ (T I@) ~ S(a) dota)
< w/\ <>(da<m>

L(Vf) 2 2
< w @ Ni(@) [loil} - ||:c||2) do(x)

The desired result now follows by Lemma 7.2.5. Finally, simple computations show that the equality
n (7.40) is attained for all functions of the form (7.41). O

A pointwise error bound for the approximation operator I7°"" can be easily obtained by combining
Proposition 7.2.1, Theorem 7.2.3 and Theorem 7.2.6. In fact we have
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Theorem 7.2.7. For any f € CYY(Sy), the following explicit error estimate holds for any x € Sy

[E [ fl(@)] = [ f (@) — T [f)(2) <ZA ) lvillz - ||w||§+uenr(w)>7 (7.47)

where
d d
2
ens(2) d+1 S He@) el S llvi—vl2 |- (7.48)
k:O 0<i<j<d
i.j#k

7.2.3 The L error estimate

The pointwise error bound given in Theorem 7.2.7 is the key result to get a bound in L°°-norm

1l = max |f ()

of the error E°"[f] defined in (7.31), in terms of the barycenter b, the circumcenter ¢ and the circumradius
R of Sq [20]. As a corollary, we estimate ||E°™[f]||, through the diameter of Sq. With reference to (7.47),

we use the following lemma to bound Z?:o Ai(x) ||vz||§ - ||a:||§ for any © € Sq, d > 1.

Lemma 7.2.8. For any d > 2, the following identity holds

d
> Xil@) oills — ll=]5 = B> = @ — <3 (7.49)
i=0
and then
sup ZA z) |vil; — |ll; | = R* - min |z - |3 (7.50)
xSy \ i g TESy
d
Proof. By the bilinearity of the inner product and by the identity & = > A;(x)v;, we have
i=0
d d
D @) llvills — [@]3 =D Ni(@) (v —e+c,v; —c+e) = (w—ctc,@—c+c)
i=0 i=
d
2 2 2 2
=D Xi@) ([lvi = ell; + 2 ¢vi, ) = llelly) — (|l = cl3 + 2 @, ) — llc]3)
i=0
= <ZA 2o, c >—||w—c§—2<w,c>
=R’ —[|lz —ll;.
Equation (7.50) follows directly from (7.49). O

In order to bound the L>°-norm of ey, (), whose expression is given in (7.48), we set

_ , 51
€max EIOI,aXAH< ) cl>Hoo (75 )

and consequently

emax
|uenr( | = d d+ Z Z ”vl v]”za S Sd-

k 00<i<j<d
i, #k
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By applying equation (7.38) of Lemma 7.2.5 to the face Fy and by summing over all k¥ from 0 to d, we

get
d
1/ 2 2
v, — — Ai(x) ||vil|5 — ||l do(x). 7.52
d+1§? S o=l = OIFI«I F(} () il | |2> ().  (752)

k=0 0<z<]<d
1,j#k

The following lemma allows us to express the right-hand side member of (7.52) in terms of the barycenter
b, the circumcenter ¢ and the circumradius R of S,.

Lemma 7.2.9. For each d > 2, the following identity holds

~ 1 é 2 2 _d2—1 5 9
> 1Al /F k (;mm ||vi||2—||m||2> dof@) = Tt (52— b el). 753

where b, ¢ and R are the barycenter, the circumcenter and the circumradius of Sy, respectively.

Proof. We make use of the well-known Green’s formula [55, Ch 7]

f(a:)Au(w)da:+/S (Vf(z),V da:fz (z), Vu(z)) do(z), (7.54)

Sa

where f € C1(Sy), u € C?(S4) and ny(x) is the unit normal vector to the boundary of Fj, at the point
x. We set 5
_ = —bll;
u(a) = 12l

then

and Green’s formula (7.54) becomes

d
d .y f(x)dz + /Sd (Vf(x),z —b)dx = ];) . f(x) (ng(x),z — b) do(x). (7.55)

Dividing by d both members of (7.55) and by using [55, Thm. 7.10.4], we get

1 1S &1
RECES /S (Vi) e-bae= S /F f(@)io(a)

or, equivalently

1 1 1 K
w5 L f@ie s e [ @) - da::l”l’;)w/ﬂ f@)do(@).  (7.56)

Now we set )
f(@) =z —cl,
then
Vf(z) =2(x —c),

and the equation (7.56) becomes

d

1 2 2 1 1 / 9
- d r—c,x—byde =—— — x — c||; do(x). 7.57
Sal Js, 17~ R s ), ¢ iw = 1 L R 1o elede@- (75D
By Lemma 7.2.4
1 2 d+1 )
—cllyde = b— — R 7.58
5al Jg, 18~ ellzde =5 | CH2+d+2 (7.58)
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moreover

ﬁ . (x—c,x—b)der = @ s (t—c,x—c+c—bydx
= |;—d| s ||:c—c|\§dw— 5] s (x —c,b—c)dx
= Sl R — b cl}, (7.59)
since equation (7.58) and the equality
ﬁ 5 (x—ec,b—c)de=|b—c|3

which follows by the midpoint cubature formula [94, Ch 8.8]. By using (7.58) and (7.59), after easy
computations, equation (7.57) becomes

d
1 d—1 ) 1 1 )
ZR2 b — = § — — d

d + d || C||2 d+ 1 pors |Fk:| ,/Fk Hw c||2 U'(:l:)

or, equivalently,

d
1 1 2 2 d—1 2 2
1 kz:(:) Tl /F (R? — ||z — cl3) do(x) = — (R —|lb—c|l?). (7.60)
Finally, by multiplying both sides of (7.60) by d + 1, equation (7.53) is a direct consequence of
Lemma 7.2.8. O
By combining (7.52) and (7.53) we get the following result.
Lemma 7.2.10. For each d > 2, we have
d
1 o d2—1, , 9
m Z Z lvi —v;ll; = 4 (R —[lb— C||2) : (7.61)
k=0 ogzglcgd
i,j

Finally, by Lemma 7.2.8 and Lemma 7.2.10, from Theorem 7.2.7, the following result follows.
Theorem 7.2.11. For any f € C11(Sy), the following explicit error estimate holds

enr L(Vf) 2 . 2 d2_1 2 2
17 = 1 (1l < 258 (R - min o — el + S (B~ b - el emas) . (762)
Let
h= sup |[lv—w|,

vV, WESy
be the diameter of S;. By Pythagorean Theorem, we get

2
R* = min ||z — |5 +
xESy

Za
and then 2
R?—||b—c|? < R*— min |z — ¢} = —. (7.63)
x Sd 4
Consequently, the right-hand side of equation (7.62) can be bounded by
L(Vf) ( d?—1 ) )
3 1+ ] €max | b
and the following estimate holds.
Corollary 7.2.12. For any f € C11(Sy), the following explicit error estimate holds
L(V d?> -1
5 - i < B (e E e, ) e (7.64)
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7.2.4 The L' error estimate

The pointwise error bound given in Theorem 7.2.7 is the key result to get a bound in L!-norm

1l = A f(@)] d

of the error E"[f] defined in (7.31) in terms of the diameter 4 and the volume |Sy| of Sy.

Theorem 7.2.13. For any f € C11(Sy), we get

enr L(vf) <d+1 d2_1 > 2
_ < .
where we set .
Cmax = max ||< (@), el - (7.66)
14| =

Proof. With reference to (7.47), we use Lemma 7.2.8 and Lemma 7.2.4 to get

/(ZA z) |lvll5 — ||w||§>dw /Sd(RQ—IIx—CIIS)dm

d+1
73

R — |lb—c|3) |Sal. (7.67)

On the other hand, from (7.48), by applying Lemma, 7.2.10, we have

[tenr ()| de <  nax /| ), cx)| dx Z Z lv; — 'UJ||2
Sa k 00<7,<]<d
1,57k
= max ewe)l dg‘l(ﬁ—nb—cw) (769
I = AN S 2)" ‘
Consequently
nr L(Vf) d+1 d2_1 ’ 2 2
f@) - mf@lde < DT (0 TRl ) (R - o el?) Isal. (769

The required result follows by recalling that R — ||b — c||§ < 2—2. O

Now we bound |S,| in (7.65) in order to show that the L! error bound for E°™[f] is proportional to
the (d + 2)-th power of the diameter of Sy.

Theorem 7.2.14. For any f € C11(Sy), we have

onr L(Vf) [(d+1)4+1 fd+1  d?> -1
||f _H [ ]”1 — 2d+3d! dd d+2 + d einax h’d+2' (770)
Proof. By using (7.67) and (7.38) we get
A+ 12 (R =[b—cll3) = > lvi—vyll3. (7.71)

0<i<j<d
By recalling the arithmetic-geometric mean inequality

T+ X+ + T
n

2\”/£C1.’E2"'£En, nENv xlw"axnzov
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from equation (7.71), we get

2
d(d+1)

d(d+1
R L e N O | R R (72)
0<i<j<d

Moreover, the following inequality holds, see [73]

2 2d
I | lvi —v;ll57 > dl|Sql . (7.73)
s d+1
0<i<j<d

From (7.72) and (7.73) we get

Y[}

d 2
2 2 EEST
_ _ > - .4y
R ||b CH2 - 2(d+ 1) H ||v74 'U]||2
0<i<y<d
d 2d a 2 2
> — [ —— d d
= 2d+ 1) <d+1> (d)* 15l
d 2 2
= ——(d)a|S4|7,
(d+ 1)(%-1( ) ‘ d|
and then
1 [(d+1)d+1 4
[Sal < (/g (B* = llb—cl3) "
The thesis follows. O

7.2.5 A practical example

In the following, we go back on the enrichment functions
o d
eo=1- )T AnT i=0,....d, (7.74)
k=0

of Example 7.1.5, where v, > 0, aj; =1 a3, > 1,4,k =0,...,d, ¢ # k. We determine the behavior of the
bound of the error (7.70) in dependence of all parameters -;, a; ;. To this aim we consider the standard
simplex in R?

d
Sa=Z=(F1,...,82) ER, Z;>0:i=1,....,d, Y #; <1y,
=1
with barycentric coordinates

d
@) =1->"7;, N@)=7;, i=1,....d (7.75)
j=1

Lemma 7.2.15. For each i =0,...,d, the following equality holds

d d d
~ s =1 I i r i+ = i Qi
\/\ (1 _ AZ)’YI | I )\kz,k 1d$ —_ Hk:JO (Oé ,k) (’Y Zk—dovk# k)’ (776)
Sa k=0 Do ks i) L(vi + 2250 @ike)

where v; >0, and o1, > 1, 1,k =0,...,d.
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Proof. First we prove (7.76) for i £ 0. Without loss of generality we can assume i = 1. By using (7.75)

we get
1
‘/ a.fxlvlflAalk dz
Sa k=0
~oii—1  ~ara—1 ~ ~ 14
= [T B - G e
Sa
_ o’ ~Q1,1— ~Q1,d— ~ oo, —1 3~
—/(1—3:1)1 x / z, (1—2;—- —Zy)* 0 "da. (7.77)
0 0
We set R
Td
w = = =
17x17"'7xd71
and then, we get
1-Z1——Zg—1 o 1 L
o g ~ ~ 1A
/ z, (1=21 — - = Zq)"0 " dTy
0
1
— (1 B - ii\d,l)al’o-i_al’d_l wal,d—l(l _ w)ou,o—ld,w
0

I'(a1,4)I"(a1,0)
I'(on,g+a1)

=(1-2;—— izd_l)al,oer‘rl

Therefore
- _ Ilena) I (aro) [ iAeia—1
(1= A1) f[ = e [ = ayma
3. o 1,4+ a1) Jo
1-Z1——Tq_2
| BT L By e B ) .

Similar substitutions can be applied to the integral

1=Z1——2g-2 1
~Q1,d—1— ~
/ Tg—1 (1-7; -
0

and subsequent ones, in order to get, after some rearrangement, equation (7.76) for ¢ = 1. Now we prove

L i‘\d—l)al‘o-i_al’d_ldad—l

equation (7.76) for ¢ = 0. To this aim, we introduce the linear transformations

(I Sd—>Sd, 7'('(5;‘\1,.%2...,33\(1):(al,aQ...,ad),
0 : Sd—>Sd7 9(517@...73@:(Eg,fl...,EdL

where

d
1-3"%, 4=, j=2...d

j=1

The Jacobian determinant of the change of variables 6 o 7 is 1, then we get

apo—1 ~ap,1—1 ~op,d—1 3~
oomtglotT Lz’ dx

[(331+~~+fd)’*0(1—51—---_ad) 2 °
Sa

:/:u_ugw%“)%?2l.41—m-~—a@%r4d
Sa

The result now follows from the case ¢ = 1.
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Remark 7.2.16. We notice that, by settingy; = 0,1 =0,...,d, equation (7.76) reduces to the integration
formula (7.2).

Theorem 7.2.17. Let e;, i = 0,...,d, be the enrichment functions defined in (7.74). Then, for any
f e CobY(Sy), we get

L(Vf) [(d+ 1)d+1 (d+1 d2—1> d
_ qpenr < hat+2 7.78
||f [f]”l — 92d+3! dd d—+ 2 7’ ’ ( )
where
d
k=0,k#1i

Proof. With reference to the error bound (7.65), we compute ¢/ .. defined in (7.66) for the particular

max

case of the enrichment functions defined in (7.74). In particular, we prove that

Ey ... 0
o ... 0
N = s
0 Ey
where 4
d—1)! _ I Q5
E; = I;(e;) = @-1 l_d[k—o””“ ( ”“), i=0,....d (7.80)
F(Zk:O,k;ﬁi k)
Therefore
= 0
Ey
0 0
N lt=lcy...cq]=| . ,
0 i
and consequently
d
1 1 ) a; p—1
Erax = o max —— [ (L—=X(x)" || A\J7" (z)de. (7.81)
|Sa| i=0.."d | E;| Jg, kll k
d ~
We use the change of variables & — > \;(Z)v;, T € Sy to compute the integrals at the right-hand side
i=0
of (7.81) and we get
1 1 ~ LIPN
e = max — [ (1=X(@)" [ A+ (x)da.
‘Sd i=0,..d |E;| Jg, kI;[O k
The thesis follows by using equation (7.76) and (7.80). O

Remark 7.2.18. We notice that when d = 2, the results introduced here are equivalent to the results
presented in Chapter 6. Then the enrichment strategy introduced here, in this sense, gemeralizes the
enrichment strategy introduced in Chapter 6.
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7.2.6  Global approximation operator

Let X,, = {z; : i=1...,n} be a set of n scattered points in R? and let S, = {S; : j=1,...,m} be a
partition into simplices, with the points of X,, as vertices, of the convex hull of X,,, C = conv(X,,). For
any f € C11(C) and = € C, we define

o™ [ fl(x) = I°™[f, S](=), if x € S, j=1,....m, (7.82)

where II°"[f, 5}] is the approximation operator based on the triple (S;, P{™"(S;), X§") introduced in (7.30).
For the enrichment functions (7.74), Theorem 7.2.17 gives us the following global estimate for any

fecti(c)

If =gl = /C|f(w)*17§?,f[f](w)|dw: > / |f (@) = [}, Sj)(2)| dee

S;ESm 5;

LVS) [(d+ 1)d <d+1 d271> e
h 7.83
= ga) a \dvr2 " 4 S; 5 (7.83)

where hg; is the diameter of the simplex S;. Denoting by

Ei(Sn) = Y h&?

Sj ESm

we find that the global error bound (7.83) is proportional to F1(S,,), by a constant factor which is
independent on S,,. By using the optimality results of Delaunay triangulation, which can be found
in [41] and [53], it is possible to prove the following result.

Theorem 7.2.19. Let X,, be a set of n distinct and non-collinear points in R? and let S,, be any
partition of the convex hull of X,, into simplices with the points of X,, as vertices. Then E1(S,,) achieves
its minimum if and only if S,, is the Delaunay triangulation in R?.

7.3 Numerical experiments

In this Section, we numerically prove the accuracy of the proposed method by several examples. The
numerical experiments are performed by using MatLab software. In particular, the command integral?2
is used in order to compute the integrals of all considered functions over all faces of the simplex Sjy.

We consider d = 3 and the following enrichments of the standard simplicial linear finite element

3
.(91: 612(1—)\1)1_[)\]7,:0,,3 5

7=0
J#i
3
e &=1qe€ = [[sin(}j) :i=0,...,37,
§=0
J#i

3
e SG=(e=eM[[A—eN):i=0,...,3
j=0
J#i
We compute the approximation error in L!'-norm for the test functions
fi(z,y, 2) =sin(zyz), fao(z,y, 2z) = sin(nz) sin(my) sin(wz).

Furthermore, we perform a direct comparison between the approximation produced by the enriched
simplicial finite element and that produced by the simplicial finite element. In each experiments we
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Figure 7.1: Loglog plot of the approximation errors, in L'-norm, of the function fi(x,y,z) = sin(zyz)
obtained by using the enriched finite elements & (left), & (center), E3(right) (blue line) compared with
that produced by the simplicial finite element (red dashed line), where the diameter of the simplex is
h=10"% k=0,1,23.

107"%

1020, 102 102
103 10?2 107 10° 107 10?2 107 10° 103 102 107 10°

Figure 7.2: Loglog plot of the approximation errors, in L'-norm, of the function fo(x,y,2) =
sin(mx) sin(7y) sin(rz), obtained by using the enriched finite elements & (left), & (center), & (right)
(blue line) compared with that produced by the simplicial finite element (red dashed line), where the
diameter of the simplex is h = 107%, k = 0,1, 2, 3.
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consider a simplex of diameter A = 10~%, k = 0,1, 2, 3. The results of the experiments are represented in
Figure 7.1 and in Figure 7.2.

For all examples, it is possible to notice an improvement in the accuracy of the approximation produced
by the enriched finite element.
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Chapter 8

A general class of enriched methods for
the simplicial linear finite elements

Low-order elements are widely used and preferred for finite element analysis, specifically the three-node
triangular and four-node tetrahedral elements, both based on linear polynomials in barycentric coordi-
nates. They are known, however, to under-perform when nearly incompressible materials are involved.
The problem may be circumvented by the use of higher degree polynomial elements, but their application
become both more complex and computationally expensive. For this reason, nonpolynomial enriched finite
element methods have been proposed for solving engineering problems. In line with previous chapters, the
main goal of this chapter is to provide a general strategy for enriching the standard simplicial linear finite
element by nonpolynomial functions, without imposing restrictive conditions on the enrichment functions,
like their vanishing at the vertices. In other words, we extend the results presented in Chapter 7 to a
more general case, by using generic enrichment continuous functions and generic linear functionals. We
investigate the conditions on the enrichment functions under which the associated interpolation problem
is solvable. The results presented in this chapter can be found in [35].

8.1 Enrichment of the standard simplicial linear finite element

Let Sy C R be the d-simplex in R? with vertices vy, ..., vq and barycentric coordinates Ag, ..., \q. For
1=0,...,d, we denote by F; the face of S; which does not contain the vertex v;. For each j =0,...,d,
we consider the enriched set of linear functionals

X =A{L;, ;" : j=0,...,d}, (&)

Jr%g

where L; : C(S4) — R is the point evaluation functionals at the vertices of the simplex Sy, that is

Li(f) = f(vy), (8.2)

while I$"" is an enrichment linear functional on C(S;). By using the same notations of the previous
chapter, we aim to enrich the space

Py (Sq) =span{l,z1,...,24}, (8.3)
up to a space P (S;) with a set of appropriate continuous enrichment functions ey, ..., eq such that, by
setting

Fe" = span {eg, ..., €4}, (8.4)
we get

Pi™(Sy) = P1(Sq) & F™. (8.5)
Definition 8.1.1. Let ey,...,eq be linearly independent continuous enrichment functions. They are

said admissible enrichment functions if we can enrich P1(Sq), defined in (7.7), to the finite element
(S PP (S), ).
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In order to find conditions under which ey, ..., eq are admissible enrichment functions, we assume that
dim(P™(Sq)) = 2d + 2. (8.6)

A key issue in the selection of the enrichment functions, in both conforming and non-conforming finite
element methods, is to assure that P{""(S;) is 2§ -unisolvent [23, Ch 2]. Consequently, given a set of
enrichment functionals {I;?“r : j=0,...,d}, the problem arises in determining classes of sets of admissible
enrichment functions Fe**. This problem is commonly referred as to the local enrichment approximation [3]
and occurs widely in practical applications, such as the locally enriched finite element [98], and the
surface reconstruction with enriched reproducing kernel particle approximation, via the use of additional
enrichment functions.

Remark 8.1.2. We remark that, the operator II'"™, defined in (7.27), satisfies

L (IT"™[f]) = L;y(f),  j=0,....d, (8.7)

and the relative approrimation error

E™(f] = f—I™[f],  feC(S) (8.8)
satisfies .
E'"™[f] =0, feP(Sy). (8.9)
For any k=0, ...,d, we introduce the functional
d
g =3I Og) Ly — I (8.10)
j=0

which can be seen as the error in approximating the linear functional I;™ by a linear combination of
functionals L, j =0,...,d [48]. Then, we have the following Lemma.

Lemma 8.1.3. Let f € P1(S4). Then, for any k =0,...,d, we have
& (f) =0. (8.11)

Proof. Since the set of barycentric coordinates forms a basis of P1(Sy), it suffices to show that for any
k=0,...,d, we have
EF(\) =0,  i=0,....d (8.12)

In fact, by using the Lagrange property of barycentric coordinates

)\i(’l)j) = (Sij (813)
we get
d
EFT (M) = DI () Ailvy) = I (N)
=0
d
= DI85 — I (M)
=0
= L™ (N) = ™ (A) =0.
O]
Further, for any j = 0, ..., d, we introduce the vector g/ € R?%*+2 of components
g=L"N), glean =0 i=0,....d, (8.14)
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and, for any f € C(S4), the vector L(f) of components

Lo(f),---, La(f), Ljvar(f) = I;™(f) j=0,...,d. (8.15)
Therefore, the functionals £** defined in (8.10) can be expressed in terms of g* and L(f) as
& (f) = (g, L()). (3.16)

where (-,-) is the usual scalar product on R24+2,

Lemma 8.1.4. The vectors g7, j =0,...,d, are linearly independent.

d .
Proof. Let ag,...,aq € R such that ) a;g’ = 0. Then, in particular, from (8.14) we get
3=0

d
—Zajéij:Q iZO,...,d,
7=0

ie. a; =0,i=0,...,d, and then the vectors g7, j = 0,...,d are linearly independent. O

In the light of the dimension of the enriched space P (Sy), stated in condition (8.6), previous lemmas
imply the following characterization result for the enrichment functions eg, ..., eq4, so that the triple

(S0, 5™ (Sa), Z2)

is a finite element, or equivalently so that P{"(Sy) is X'¢-unisolvent.

Theorem 8.1.5. Let

=& (eq) ... —EF(eq)
—E&aleq) ... —EPF(eq)

v | AT e E , (8.17)
=& (eg) ... —EI*(ea)

then the triple (Sq,P{"™ (Sa), X'SY) is a finite element if and only
det(N) # 0.

Proof. Let us assume that det(N) # 0 and we prove that P§™"(Sy) is Xg T -unisolvent. Let f e P§™(Sy)
such that
L](f) = 0’ -] :07"'7d7 (8-18)

[7(f)=0, j=0,....d. (8.19)

Since f € P§™(Sy), it can be expressed as
d
f=p+ Z Biei,
=0

where p € P1(Sq) and By, . .., Bq are real numbers. Each functional £, k =0, ...,d is a linear combina-
tion of the functionals L;, j = 0,...,d and I{™ then, as £ (p) = 0 if p € P1(Sq) by (8.11), from (8.18)
and (8.19), we obtain

0 = &)

d
= EF(p)+ Y BiEi™(e:)
=0
d
= Y Bi&™(e:),  k=0,....d (8.20)
=0
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Equation (8.20) can be represented in matrix form as
~NB =0,

where B = [Bo, B1,...,84)T. Since, by hypothesis, the matrix N is nonsingular, we get 8y = B = -+ =
Ba = 0 and therefore f = p. Taking into account that f vanishes at the vertices of the simplex Sy,
by (8.18), we find that f is identically zero.

In order to prove the reverse implication, let us assume to the contrary that

det(N) = 0.

Since the determinant of any square matrix is equal to the determinant of its transpose, then there exist
constants 7, . .., 74, not all zero, such that the functional

d
tra tra
& = Z’Ykgk: )
k=0

vanishes at the enrichment functions eg,...,eq. By the linearity of £"® and by equation (8.11) in
Lemma 8.1.3, we deduce that £'™ vanishes on the whole space P$"*(S,;). Therefore, for any f € P$T(Sy),
from (8.16), we have

d
0=Em(f) = S wEl()
k=0
d
= > w{g". L(f))
k=0

d
= <Z %g’“,L(f)> : (8:21)
k=0

Since, by hypothesis, (Sg4, P{™(Sq), Xg)") is a finite element, there exist 2d + 2 linearly independent
functions f; € P{™(Sq), ¢ = 1,...,2d + 2, such that L(f;) = w;, where u; is the i-th element of the
canonical basis of R2¢+2. Therefore, by equation (8.21), we get

d
<27kgk’ui> =0, i=1...,2d+2,
k=0

d

i.e. Y 7.g" is orthogonal to the basis vectors u;, i = 1,...,2d + 2, and therefore
k=0
d
Z mg" =0
k=0
From Lemma 8.1.4, the vectors g*, k = 0,...,d are linearly independent in R?¢*? and then 7, = 0,
k=0,...,d, which is a contradiction. O

In the special case in which the enrichment functions vanish at the vertices of the simplex, by (8.10)
we get
glzra(ei) = — g“r(ei), i,k‘ = 0,...,d,

and then we can reformulate the previous theorem as follows.

Theorem 8.1.6. Let A = {I§",... I§"} C X be a set of enrichment linear functionals and
Fe™t = span{eg,...,eq}, where eq,...,eq are enrichment functions satisfying the vanishing condition at
the vertices of Sy, that is

ei(vj) = 0, ’L,] 207...,d. (822)

Then (Sq, P (Sa), X§) is a finite element if and only if (Sq,Fe™, A°™) is a finite element.
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Proof. Since the enrichment functions e,...,e4 are assumed to be linearly independent, the condition
det(N) # 0 of Theorem 8.1.5 reformulated in terms of the functionals I{™, is equivalent to the statement
that (Sg,Fe"", A°™") is a finite element [23, Thm. 2.2.2]. O

In the following, we assume that the matrix IV is nonsingular and we denote its inverse by
Nt =lcy...cq,

where ¢; € R?, i = 0,...,d, are column vectors. A direct consequence of Theorem 8.1.5 is the linear
independence of the functlonals of X§"" in the dual space P{™(S4)* [23, Ch 2|. Then, there exists a basis
{gj,; : 7=0,...,d} of P{™(Sy) Wthh satisfy

LJ( ) - 61]) I]e’nr(@i) = 0) Za] = Oa"'7da (823)
Li(i) =0, I3 (¢s) = iy, i,j=0,...,d. (8.24)
In the following, we derive explicit expressions for such basis functions.

Theorem 8.1.7. The basis functions p;, ¥;, j =0,...,d of the finite element (Sq,P{"™, X§") have the
following expressions

=\ —ZI"” S j=0,....d, (8.25)
Y = <Ehn l.ej),s j=0,...,d, (8.26)
where
€= [607"'76d]T

and, according to (8.8), E'"[e] = e — IT'"[e].

Proof. Without loss of generality, we prove (8.25) for the case j = 0. Since ¢ belongs to P (Sy),
by (8.5) it can be expressed as

d
vo=p+ Y Boei (8.27)
1=0
or, equivalently,
wo =p+ (e, Bo), (8.28)

where By = [Bo,, - - -, Bo,]T € R¥HL. Since, by (8.10),
er( Zlem o) — I;" (¢0) k=0,....,d,
from (8.23) we have
Elra( Zlem 00; —0=1I"(Ng), k=0,...,d. (8.29)
We apply ' to both members of (8.27) and by previous equation we get
I (M) = E7°%( +Zﬁ015“a e;), k=0,....d

Equation (8.11) in Lemma 8.1.3 then yields

™ (Mo) Zﬁoetw e), k=0,....d,
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or, in matrix form,
enr
IO = _N/ﬁ(h

where I§" = [I§™(\o), ..., 15" (Xo)]*. Since N is not singular, we have

ﬂO — _N—lIgnr _ _ch enr >\O

which we substitute in (8.28) to obtain

d

po=p— Y _ I7™(No) (e ck). (8.30)
k=0

By applying L;, j = 0,...,d to both sides of previous equation, by (8.23) we have

d
do; = p(v;) — > I (No) {e(v) ), §=0,....,d,
k=0
and then
d
p(v) = b0 + 3 I (No) (e(v)), ), §=0,....d.
k=0

By multiplying the above equality by A\; and by summing over all j =0,...,d we immediately get

d
Z Ajip(v;) = Ao + Z " (No) Z e(vj)Aj,cr ). (8.31)
— =0

Since p is a linear polynomial, by equations (8.7) and (8.9) the identity (8.31) becomes

p= A0+Zlcnf ) (IT'™[e], ey, ) (8.32)

and then, by substituting (8.32) in (8.30), we get

o = Ao + Zlenr th[ } e,ck> )
k=0

In order to prove (8.25) for j = 0, it remains to prove (8.26). To this aim, without loss of generality, we
show the validity of (8.26) for j = 0. We proceed in analogy to the previous case and then we set

d
do=p+ Y .6 (8.33)
i=0
or, equivalently,
1/)0 =p+ <6, 70> ) (834)

where v = [70,5 - - - ,70,]T € R, Since, by (8.10),

d

E (o) = Y I (N)Ly(ho) — [ (o) k=0,....d,

7=0

from (8.24) we have
£ (Yo) = —dok-
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We apply £ to both members of (8.33) and by previous equation we get

d
—0or = EF(p) + Z'yoié'ffa(ei), k=0,...,d
=0

Equation (8.11) in Lemma 8.1.3 then yields

d
—0ok = Z%it‘fim(ei), E=0,...,d,
=0

or, in matrix form,
Uy = N’YO;

where u;, i = 0,...,d is the standard basis of R%*!. Therefore, we get
Yo = N""ug = co,
and by substituting into equation (8.34), we find

vo=p+ (e, co). (8.35)
By applying L;,  =0,...,d to both sides of previous equation, by (8.24) we have

0 = p(v;) + (e(v;), co) ,
and then
p(v;) = = (e(v;), co) -
By multiplying the above equality by A; and by summing over all j = 0,...,d, we have

d d
> Aip(wy) == Y Ne(v)), e ), (8.36)
=0 =0

and then
p=— <H“n[e], co) -
Finally, equation (8.35) yields
Yo = (e —II"[e], o),
then the equation (8.26) is proved for j = 0. Similarly, we can prove (8.26) for j = 1,...,d and

consequently (8.25) for j = 0 is proved. The expression of the other functions can be obtained using
symmetry arguments. O

Remark 8.1.8. Let us assume that eq,...,eq satisfy the vanishing conditions (8.22). Then the basis
functions of the element (Sq,F"", A°™) are

v = (e, ¢, j=0,...,d.

8.2 Admissible enrichment functions

In this section, we collect sets of admissible enrichment functions, that is functions for which the triple
(Sa, P§™(Sa), XG) is a finite element. The main issue when using the proposed enriched method is to
ensure that the matrix N given in (8.17) is invertible. These enrichment functions constitute a very general
class, which can be used for many types of applications. In the following, we consider the enrichment
linear functionals

1 .
™ (f) = —/ f(x) do(x), j=0,...,d, (8.37)
|5 Jp,
where F; is the face of S; which does not contain the vertex v; and do(x) is the Lebesgue measure on

the face Fj.
There are two special classes of enrichment functions which are of particular interest.
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8.2.1 Admissible enrichment functions of the first class

The functions of the first class can be represented as a product of n convex, increasing (or decreasing),
nonnegative functions. The following lemma from [59] and the subsequent one play a crucial role in our
analysis.

Lemma 8.2.1. Let g be a convex function on Sq, then for any j =0,...,d, we have
1 1<
iy 9@ o) < 53w
i#£]
Equality is attained if and only if g is an affine function.
Lemma 8.2.2. Let n € N and let f1,..., f, € C([0,1]) be convez, increasing (or decreasing) and non-

negative functions different from zero. Let us assume that f1 is strictly convex. Then
n
hn = H f@
=1

is a strictly convez, increasing (or decreasing), nonnegative function.

Proof. The proof is by induction on n. The case n = 1 is trivial. We assume that

n—1
hn—1 = H f@
(=1

is a strictly convex, increasing (or decreasing), nonnegative function. We prove that h,, = h,_1f, is an
increasing (or decreasing) function. Let z,y € [0, 1] such that z < y, then

(hn—1fn)(@) = (hn—1fn)(Y) = hp—1(z) (fn(z) = fu(y) + fa(y) (hn-1(x) — hn-1(y)) .

Therefore h,,_1 f,, is an increasing (or decreasing) function. For each z,y € [0,1] and ¢ € (0,1), we set

0 = t(hn—1fu)(@) + (1 = t)(hu1fa)(y) = (An—1fa)(tz + (1 = t)y).
We want to prove that § > 0. Since h,,_; is a strictly convex function, we get
(hn-afu)(tx+ (L —=1)y) = hna(te+ (1 —t)y)falte+ (1 -1t)y)
< (thn-1(z) + (L= )hn-1(y)) (tfn(x) + (1 — 1) fn(y))- (8.38)
After easy computations, from (8.38), we get
6 >t(1 =) (hn-1(2) = hn-1(y)) (fu(z) = fuly)) > 0.
Then h,_1 f, is a strictly convex, increasing (or decreasing), nonnegative function. O
Now we can prove the following theorem.

Theorem 8.2.3. Let n € N and let f1,...,f, € C([0,1]) be convex, increasing (or decreasing) and
nonnegative functions different from zero and let us assume that at least one function is strictly convex.
We consider the enrichment functions

ei=[[fN), i=0,....d, (8.39)
=1
and the enrichment linear functionals defined in (8.37). Then we have
E(e;) = 0, i=0,...,d (8.40)
and
Erae;) > 0, i,k=0,...,d,i#k, (8.41)

where the functionals E** are defined in (8.10).
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Proof. Since A\;(x) =0 for any « € F;, i =0, ...,d, by the integral formula (7.5), we get

d

EF(er) = DI () eilv) — I (er)
j=0
d
= DI elvy) - [ (e)
=0
A
j=0¢=1 (=1
J#i
= [I/fe0) =] fet0) =0
=1 =1
For i # k, similarly, we get
d
Ere) = DI () eivy) — I ()
j=0

By Lemma 8.2.2 the functions e;, : = 0,...,d are convex functions and then, by Lemma 8.2.1, we get

Eirae;) > 0, i,k=0,....d, i#k.

We denote by Xi, i=0,...,d, the barycentric coordinates of the d-dimensional standard simplex
R d
Si=&=(Z1,....,8a) ER", Z; >0,i=1,....d, Y & <1y,
j=1
that is
o~ d ~
MN@E)=1-> "7, N@) =7 i=1,..4d,
j=1

and by ﬁ the face of §d which does not contain the vertex v;. Then, the following result holds.

Theorem 8.2.4. Letn € N and let f1,..., f, € C([0,1]). Then

TrGu@az= [ 1T fund=0" S
/ﬁM_Hlfe(M ) 7/0 gznlf‘f(t) @i isbend (8.42)

Proof. First we prove (8.42) for 7 # 0. Without loss of generality we assume ¢ = 1, then

i ]E[fe(Xl(ﬁs))da: A ﬁf@(’fl)d:’c\: 1ﬁf£(t)
5 5 0 (1-t)

A% - --d§d> dt, (8.43)
d =1 d p=1 =1

g1
Sq_1

where we set

d
1=1)Si 1 =% (F2,....,3a) ERT, 3 >0,i=2,....,d,Yy T <(1—1)
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In order to compute this integral, we consider the map ¢ : Sy_; — (1-— t)§ull_1 defined as

C(@1,...,Tq-1) = (C1,---,Ca—1),

where §; = (1 —t)z;, i =1,...,d — 1. By using ¢ as change of variables, we get

/ U5 dfy = (1 t)d_l/ & dig s = (1— 1) ‘§d71\ . (8.44)
(1-t)8! Sa—1

d—1

By noting that
1
(d—1)V
the result follows by substituting (8.44) in (8.43). Now we prove (8.42) for ¢ = 0. To this aim, we consider
the linear transformations

i -

W:Sd_)/:sjd7 W(Ela-/r\Q--'a'/r\d):(a17a2'~'7ud)7
H:Sd—>Sd, 9(&'\17:1‘\2...7217\11):(/,’E\g,/l‘\l...,i‘\d),

where

d
ulzl—g T, uj =Ty, j=2,...,d.
Jj=1

The Jacobian determinant of the change of variables 6 o 7 is 1, then we get
A 1 7Gofaae = A [L5@)es
The result follows from the case ¢ = 1. O
The previous result can be stated for a generic simplex as follows.
Corollary 8.2.5. Letn € N and let fi1,..., f, € C([0,1]). For anyi=0,...,d, we have
ya-1

i (T x*@ T (1-¢
L Hfio‘z( ))d - ’§d‘/0 Zzl_llff(t) (d—l)! dtv (8'45)

d (=1

and then the value of the integral on the right-hand side of (8.45) does not depend on i.
Proof. We denote by

d
C: 84— Sa (@) =) M@
=0

1

The proof follows directly by Theorem 8.2.4, by using (~* as a change of variables. O

Remark 8.2.6. In the hypotheses of Theorem 8.2.3, for the functionals defined in (8.10) and the enrich-
ment functions defined in (8.39), by Lemma 7.1.1, we have

Ert(e;) = é I1 )+ (d; D Efg(O) - (ZHI fg()\i)> . i k=0,....d, i#k

Consequently, taking into account the definition (8.37) of the enrichment linear functionals I (), by
Corollary 8.2.5, we get

g}gra(ei) = lgra(ej)v iajak :07"'ad7 k #17] (846)
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Theorem 8.2.7. Let n € N and let fi,...,f, € C([0,1]) be convez, increasing (or decreasing) and
nonnegative functions different from zero and let us assume that at least one function is strictly convex.

Let e;, I3™, i,j = 0,...,d, be the enrichment functions and the enrichment linear functionals defined

in (8.39) and (8.37), respectively. Then the matriz N defined in (8.17) is nonsingular.

Proof. By equation (8.46) of Remark 8.2.6 we can set
==& e), G k=0,....d, k#i (8.47)

Consequently, the matrix N defined in (8.17) is

0 po -+ po

Ml 0 o e ,LLl
N: . . . . )

pa  pa -0

where the diagonal elements are zero in force of equation (8.40). Consequently

0 po -+ po 0 1 1

o 0 g d 10 1
det(N) =det | . . | = Huk det

: : o P T .o

fa pa - O 11 --- 0

In order to evaluate the last determinant, we replace the first column by the sum of all the columns and

then
1

1 1
d 1 0
det(N)=d H o, det

0 N oo
11 - 0

Finally, by subtracting the first row from the rest of the rows, we get

1 1 ... 1
d _ d
det(N) :dH,ukdet = (—1)ddHuk.
k=0 - o k=0
0 0 - -1
Since, by Theorem 8.2.3, i, = —&E**(e;) < 0, for each i,k = 0,...,d, k # i, the thesis follows. O

In the following, we give an explicit expression, in closed-form, of the basis functions associated to
the finite element enriched with the functionals defined in (8.37) and the enrichment functions defined
in (8.39)

Theorem 8.2.8. Let eg,...,eq and Ig™, ... IJ"" be the enrichment functions and the enrichment func-
tionals defined in (8.39) and in (8.37), respectively. Then the basis functions (8.25), (8.26) of the enriched
finite element have the following expressions

d
1 )
%‘:)\j*gzm, j=0,....d, (8.48)
k=0
k#j
1 <& :
V== (1—di) E™e],  j=0,....d, (8.49)
L
where
e = —E%ey), i k=0,...,d, k#i. (8.50)

126



Proof. With reference to equation (8.26) of Theorem 8.1.7, we compute
<Ehn[€],Cj> ,

where c; is the j-th column of the inverse of the matrix

0 po -+ po
,Ul O ‘ul
N=|. . .
pd  pd e 0

It is easy to verify that N has the inverse matrix

l-d¢ 1 ., _1
A R
N-l— dpo  dpa dpa (8 51)
11 1
dpo  dpr dpa
By using the Lagrange property of barycentric coordinates, we get
Elin[e} _ [Elin[eo],...,Elin[edHT, (852)
where .
E'ew) = [T £e) = D TT feGie)rss k=0,....d
=1 j=0¢=1
By combining (8.51), (8.52), we get
d
(E"[e], Z (1 —déjp) E™e], j=0,...,d (8.53)
J k=0
The theorem is proved by noting that, by (7.5)
1— 4y .
I;nr()\i):ij Z7.7:O7"'7d'
O

Example 8.2.9. Theorem 8.2.7 allows us to enrich the standard simplicial linear finite element to the
finite element (Sq, PS™ (Sa), X7) by using the following sets of enrichment functions:

L] 51:{6128111(%()\14—2))4—2 : ’L':(L...,Cl}7

o S={e;=1 1i=0,....d},

o &={e;=¢Y:i=0,...,d},

e Si={e; =2 a>1:i=0,...,d},

o & ={e; =AM, a>1:i=0,...,d}.

It is worth reminding that the columns of the inverse of the matrix N are involved in the expression
of the special basis (8.25), (8.26) of the enriched element (S, P{™(S4), Xg)"). For this reason, in the
following examples 8.2.10 and 8.2.11 we determine an explicit expression of p, = —&i™(e;), k=0, ... ,d,
k # i, for the sets of admissible enrichment functions £5 and &,, respectively.
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Example 8.2.10. We set e; = e, i =

(e

Il
<
M& I
o

[

I
'M“‘ i

Il
=

J

ik

<.
<.

since I;™ (M) = 0 by equation (7.3).
and equation (7.5) to get

Z Icnr
Jsﬁz k
Moreover, by equation (8.45)

1

_— eNi (m)dg
| F |

I (en) =

.,d. By equation (8.1
d
SR Sry

I (g )eN )

Ignr ()\j)e)\i(vj) + I;znr ()\1)6)\’(”1)

)\ (v;) +Icnr(>\ ) Ai(vi) —

0), for each k =0,...,d, k # i, we get

Li(e™) — I (™)
I (M)

- (M),

We use Kronecker delta property of the barycentric coordinates (8.13)

d-1_ ¢
d d

d kA

/' 1_t m k=0
EE

We use the d — 2 order Taylor series expansion of the function e®, centered at 0, evaluated at x = 1 and
integral remainder to get, from previous equation

enr

d—2

We set

and

Ak = ‘ﬁk‘ (d— 1 +6) — de,Q,

to get, finally

k= EF () = ==,

Example 8.2.11. We sete; = A, i =0,...,

/‘ 1—t o
TRl

1 1
—e=> =], k=0,...,d k+#i. (8.54)
F J:
‘ k‘ 7=0
d-2
Ris=e=) =
=07
k=0,...,d,
A
k k=0,...,d k1. (8.55)
[
d, where a is a real number greater than one. By equa-

tion (8.10) and by using the Kronecker delta property of the barycentric coordinates (8.13), for each

k=0,...,d, k#1, we get
d
0N = YL O)L 0 ~ )
§=0
_ Z Ienr )\a 'l)]) Ienr (A?)
7=0
=) - IO,
By equation (7.5), finally, we get
1 I'a+1) .
tra a _ —
ELA(AS )—d 7((1)0 , k=0,...,d, k#1i,

(a+d)

where (d)o = INC)

is the Pochhammer symbol.
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8.2.2 Admissible enrichment functions of the second class

The enrichment functions of the second class are the product of positive powers of barycentric coordinates
with properly evaluated continuous functions, as shown in the following Theorem.

Theorem 8.2.12. Let fy,...
ag be real numbers greater than one. Let

d
NI (@)

QQy ey

be enrichment functions and let If“r, 7=0,...,

=0
0+

Then the matriz N defined in (8.17) is nonsingular.

,fa € C([0,1]) be functions such that f;(0) # 0, i =

.,d, and let

(8.56)

d, be the enrichment linear functionals defined in (8.37).

Proof. Using (7.5) and the Kronecker delta property of barycentric coordinates (8.13), for each i =

0,...,d, we get

Ere) =

while, for each i,k =0, ...,

gtra( z) —

Zlcnr el 'UJ) I;nr(ei)
1 d
53 ealwg) — 1)

7=0

J#i

d

1
gz i(v) H/\w H(vs)
J

37:'5 =
Lo ST
§=00=0
J#i tF

(d— 1)!H?:O,E;éip(af)

—fi 0
1) T(35—g i )

d, 1 # k, we get

0 3 TD o+

7=0 £=0
j;ézke?éz

|F|/fl :
Z

1@ 0
01

#0,

751

A (@) do (@)

s [

Consequently, the matrix N defined in (8.17) is a diagonal matrix with elements different from zero and

then nonsingular.

O

In the following, we give an explicit expression, in closed-form, of the basis functions associated to
the finite element enriched with the functionals defined in (8.37) and the enrichment functions defined

n (8.56).
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Theorem 8.2.13. Let ey, ...,eq and I§"", ..., IS be the enrichment functions and the enrichment func-
tionals defined in (8.56) and in (8.37), respectively. Then the basis functions (8.25), (8.26) of the enriched
finite element have the following expressions

d
1 .
ij:)\j*gzwk, ]:07"'7d7 (857)
k=0
k#j
Elin i
g =20l 0 (8.58)
My
where
Ky = 75;'“1(6]')7 J=0,....d (8'59)

Proof. With reference to equation (8.26) of Theorem 8.1.7, we compute
<E1in[e}7 cj> 5

where c; is the j-th column of the inverse of the matrix

N=]. . .

It is easy to verify that IV has the inverse matrix

1 0 ... 0
Ho
0 i e 0
N1t=1] . (8.60)
o o ... L
Ha
By using the Lagrange property of barycentric coordinates, we get
Elin[e} _ [Elin[eo],...,Elin[edHT, (861)
where '
Ehn[ej]:(ij, j:O,...,d.
By combining (8.60), (8.61), we get
. Elin .
(E"™[e], ¢;) = les]. j=0,...,d (8.62)
Hj
The theorem is proved by noting that, by (7.5)
enr 1- 61 .o
I3 ()\i):TJ, 1,7 =0,...,d.
O

Example 8.2.14. Theorem 8.2.12 allows us to enrich the standard simplicial linear finite element to the
finite element (Sq, P{™ (Sq), X§7) by using the following sets of enrichment functions:

d
o & = ei:sin(ﬁ(/\i—kl)) [T ar>1:i0,6=0,...,dp,
‘

=0
1#i
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1 .
* & e = T H)\a’ yop>1 140 0=0,...,dp,
K;z

d

e; = e I /\?‘_1,045>1 c,0=0,...,dp,
=0
£

.5{))

e & ={e log(i)\i+2)lld—[0>\?‘f_1, a>1:00=0,...,d
12
8.3 Error representations
We introduce the approximation operator
meer . C(Sy) — Pj“r(sd) )
Foe L+ Y I (. (8.63)
j=0 j=0

where ¢;,1;, j =0,...,d, are defined in (8.25) and (8.26), and the approximation error
E[f] = f = 1I™[f]. (8.64)

We now present an elegant decomposition of the error E°"" in terms of the approximation error associated
to the approximation operator I7'"", defined in (7.27), and an additional term which depends on the
enrichment functions. Indeed, we have the following Theorem.

Theorem 8.3.1. For any f € C(Sy), the approzimation error (8.64) can be decomposed as follows
Eenr[ Ehn Zlenr Ehn ’(/}jv (865)

where B is defined in (8.8).
Proof. Since the operator I1°"" reproduces linear polynomials, we have
JIenr [Hlin [f]] _ Hlin [f]

By taking into account also the linearity of IT°™", we get

Bl = f -]
— f _ Henr [ th [f} th[ ]]
= [ e[ -] - g
Elin[f} — JIevr [Ehn[.ﬂ] ) (866)

By (8.7) E'"[f] vanishes at all the vertices of Sy and then, the definition (8.63) of IT®™ yields

d

J7emT [Elm[fﬂ _ ZI;nr (Elin [f]) d}j' (867)

Jj=0

By substituting (8.67) in (8.66), we obtain (8.65). O
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Now we introduce the approximation operator

™ C(S) — PB™(Sa)

d
fom I =3I ()Y,
j=0
and the approximation error . _
EMP[f] = f = 1I"™P[f]. (8.68)

Remark 8.3.2. According to the decomposition given in (8.65), the approximation error E®™ defined
in (8.64) can be rewritten as follows

E*[f] = BPERf]), (8.69)
where E'™P is defined in (8.68).

Remark 8.3.3. We notice that when the enrichment functions e;, i = 0,...,d, satisfy the vanishing
conditions
ei('vj):(), Z,]:O,,d

and the enrichment linear functionals are those defined in (8.37), the results introduced here are equiva-
lent to the results presented in Chapter 7. Then the enrichment strategy introduced here, in this sense,
generalizes the enrichment strategy introduced Chapter 7.

8.4 Numerical experiments

In this Section, we test the accuracy of the approximation produced by the finite element (Sq, P{""(S4), X'§")
obtained by enriching the standard simplicial linear finite element with the enrichment functionals de-
fined in (8.37) and the sets of enrichment functions & and &}, introduced in Example 8.2.9 and in
Example 8.2.14, respectively. We perform the numerical experiments for d = 2 and for each experiment,
we use a regular grid of (n + 1) x (n + 1) equispaced points, with n = 2¥ k =2 ... 6 and the relative
Delaunay triangulation. We consider the following test functions

1

fl(xay):ma

falw,y) = €™, f3(x,y,2) = sin(may),

and the following sets of enrichment functions

Slz{ei:sin<g(>\i+2))+2:i:0,1,2}, & = i—lljj; H/\k;z_om,

k;éz

already introduced in Examples 8.2.9 and 8.2.14, respectively. For each of these, we compare the accuracy
of approximation, in L'-norm, produced by the standard simplicial linear finite element with that one
produced by the enriched finite element (Sg, P{™(Sq), X'g)"). We perform the numerical experiments by
using MatLab software. To compute the integral of a bivariate function over a face of the simplex Sy
(for example, the evaluation of the enrichment functionals at the enrichment functions, needed in the
construction of the matrix V) and the integral of a bivariate function over Sy (for example, the L!-norm
of the approximation error) we use the command integral2. The results are reported in Figures 8.1 -
8.3. We notice that for a fixed function f, not every set of enrichment functions significantly improves the
accuracy of the approximation realized by the enriched finite element. The accuracy of the approximation
depends on the chosen set of enrichment functions.

132



102 T T T T T T T 102

Figure 8.1: Semilog plot of the trend of the errors, in L'-norm, produced by approximating the function
f1(x,y) working with Delaunay triangulations of the unit square [0,1]?, the standard simplicial linear
finite element (red dashed line), and the enriched finite element (Sq,P{™"(Sy), X§"") (blue line). The
Delaunay triangulations are realized by using regular grids of (n + 1) x (n 4+ 1) equispaced nodes with
n = 2% k =2,...,6. The enrichments of the standard simplicial linear finite element are realized by
using the functionals defined in (8.37) and the sets of enrichment functions & and &} for the left and the
right picture, respectively.

Figure 8.2: Semilog plot of the trend of the errors, in L'-norm, produced by approximating the function
fa(x,y) working with Delaunay triangulations of the unit square [0,1]?, the standard simplicial linear
finite element (red dashed line), and the enriched finite element (Sq, P{""(S4), X§"") (blue line). The
Delaunay triangulations are realized by using regular grids of (n + 1) x (n 4+ 1) equispaced nodes with
n =2F k =2,...,6. The enrichments of the standard simplicial linear finite element are realized by
using the functionals defined in (8.37) and the sets of enrichment functions &; and &} for the left and the
right picture, respectively.
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Figure 8.3: Semilog plot of the trend of the errors, in L'-norm, produced by approximating the function
f3(x,y) working with Delaunay triangulations of the unit square [0,1]?, the standard simplicial linear
finite element (red dashed line), and the enriched finite element (Sq,P{""(Sg), X§"") (blue line). The
Delaunay triangulations are realized by using regular grids of (n + 1) x (n 4+ 1) equispaced nodes with
n = 2% k =2,...,6. The enrichments of the standard simplicial linear finite element are realized by
using the functionals defined in (8.37) and the sets of enrichment functions & and &} for the left and the
right picture, respectively.
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Chapter 9

Improved methods for the enrichment
and analysis of the simplicial
vector-valued linear finite elements

The simplicial vector linear finite elements are commonly used for numerically solving the stationary
Stokes equations. They are known, however, to suffer from severe shortcomings in application to more
complicated situations. An enriched finite element, that overcomes the aforementioned drawbacks, was
proposed and developed by Bernardi and Raugel in [7]. It can be regarded as an advanced and generalized
version of the conventional simplicial vector linear finite element, and it has been employed in a wide range
of practical engineering computational fields. It uses polynomials as enrichment functions. However, for
some types of problems, these enrichment functions are not very efficient. In line with previous chapters,
the main goal of this chapter is to present a general strategy for enriching the simplicial vector linear finite
element with enrichment functions which are not necessarily polynomials. This enriched finite element can
be seen as an extension of Bernardi and Raugel finite element. A key role is played by a characterization
result, given in terms of the nonvanishing of a certain determinant, which provides necessary and sufficient
conditions, on the enrichment functions and functionals, that guarantee the existence of families of such
enriched elements. In conclusion, we present numerical tests that show the efficacy of the suggested
enrichment strategy.

9.1 Bernardi—Raugel finite element
In the following, we denote by & € R? the column vector of components 1, ..., x4 € R, that is
T

m:[x1,...,xd] .

Let Sy C R be the d-simplex in R? with vertices vo,...,vq and barycentric coordinates A, ..., A4
For i = 0,...,d, we denote by F; the face of S; which does not contain the vertex v; and by n; =
[Ny, ---,n4,]T € RY the unit outward normal to the face F;. A finite element commonly used in the
applications is the simplicial vector linear finite element. It is defined as

P1(Sq) = (Sa,P1(Sa), £2), (9.1)
where Py (S4) is the direct product d times of the vector space P1(Sg), defined in (7.8), with itself and
S (L, =0, d).
with L; defined as

Li(f) = f(v) =1fr(v)),..., faw)", F=1[f,--, fa",  §=0,....,d
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We consider the enrichment functions

d
b; : Sy —)Rd, bl(oc) = H/\J(a;)n“ ’LZO,,d (92)
0
i

The polynomial enrichment of the simplicial vector linear finite element proposed by Bernardi and Raugel
is the triple
PP (S4) = (Sa, VI, 2EY), (9.3)

where
VPR =P (S,) @ span{bo,...,bs} and X¢ ={L;I; : j=0,...,d},

with the enrichment linear functionals
1 .
L= [ Fenpdot@), =0, (94)
|Fj Jr,

Here we use letters in bold font to denote vector-valued functions and their associated spaces. In analogy,
we do the same with vector-valued linear functionals and relative sets.

Observe that the number of information provided by the elements of the set 3¢'" can be computed as
follows: the information related to the vector linear functionals L; j =0,...,d, are d(d + 1) while those
related to the enrichment linear functionals I;, j = 0,...,d are d + 1. Hence, the number of local degrees
of freedom used for enrichment is

dd+ 1)+ (d+1) = (d+1)%

Moreover, as well known [7]
dim(VER) = (d +1)%

The finite element (9.3) is known as Bernardi-Raugel finite element and it finds several applications in
engineering, for example, it is used for the approximation of the Stokes problem, see [7].

9.2 Enrichment of the simplicial vector linear finite element

Now, we are interested in generalizing the Bernardi-Raugel finite element by extending the class of
enrichment functions to a more general class of functions, which are not necessarily polynomials. To this
aim, we consider d + 1 linearly independent continuous functions eg,...,eq on Sy and the enrichment
linear functionals defined in (9.4). We denote by

P{™(Sy) =P1(Sq) @ span{e; = e;n; : i =0,...,d} (9.5)

and we consider the triple

(Sa, Py™ (Sa), X'g))- (9.6)

In line with previous chapters, we are tacitly assuming that the following technical condition is satisfied
dim(P§™ (Sq)) = (d +1)% (9.7)

In analogy to Chapter 8, for £k =0, ..., d, we introduce the functional

d
Ert =Y "Iy (\Ly) — I, (9.8)
§=0
and for j =0, ...,d, we define the vector g/ € R?¢*? of components
gl=1, g, =-0y i=0,..d (9.9)
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For k = 0,...,d, and f = [f1,..., f4]", fi € C(Sy), i = 1,...,d, we consider the vector M¥}(f) of
components

Mg (F) = TG Lo(F), - MY () = TMaLa(F), M (£ =L(f)  §=0.....d. (9.10)
Therefore, the functionals £'* defined in (9.8) can be expressed in terms of gF¥ and M{*}(f) as
e (f) = (g", MM (f)), (9.11)

where (-, -) is the usual scalar product on R24+2,

Remark 9.2.1. In the particular case where f € P$™(Sy) and f vanishes at all vertices of Sy the
formula (9.11) becomes

g (f) = (g5 MW (f)) = —I(f).
Lemma 9.2.2. Let f = [f1,..., f4)T €P1(Sq). Then, for any k =0,...,d, we have
& (f) = 0. (9.12)

Proof. Since f; € P1(S4), we have

d
fi:ZAjfi(vj)» ’L':L...,d,
7=0

and then .,
F=> Xf(v)
j=0
From this equality and using the linearity of the enrichment linear functionals I, &k = 0,...,d, we

immediately get

d
EFH) = Y LNL(H) — Ik (f)

j=0
d d
= D IF()) = Y I (A f(vy)
j=0 j=0
= 0, k=0,...,d
O
The previous lemma implies the following characterization result for the enrichment functions ey, . . ., eq,
so that the triple
(S0, P5™ (S), B2)
is a finite element, or equivalently so that P{™(Sy) is X'¢¥-unisolvent.
Theorem 9.2.3. Let
—&t(eg) ... =& (eq)
—&ir(eg) ... =& (eq)
N = . . . , (9.13)
—&r2(eg) ... —EF*(eq)

then the triple (Sq,P{" (Sa), ZGY) is a finite element if and only

det(N) # 0.
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Proof. Let us assume that det(/N) # 0 and we prove that P{"(Sy) is X' -unisolvent. Let f € P{"(Sq)
such that
L](f):()ﬂ j:07ada (914)

Since f € P{""(Sy), it can be expressed as
d
.f =P + Z Bieiv
=0

where p € P1(S4) and fo, . .., B4 are real numbers. Since f satisfies (9.14) and (9.15), by definition (9.8),
we get
EF(f) =0.

Then by (9.12) of Lemma 9.2.2, we obtain
0 = &™)

d
= &™)+ BiEr(ei)
=0

d
= ) _Bi&™e),  k=0,....d (9.16)
=0

Equation (9.16) can be represented in matrix form as
_‘ZV/8 = 07

where B = [Bo, B1,...,84)T. Since, by hypothesis, the matrix N is nonsingular, we get By = B = -+ =
Ba = 0 and therefore f = p. Taking into account that f vanishes at the vertices of the simplex Sy,
by (9.14), we find that f = 0.

In order to prove the reverse implication, let us assume to the contrary that

det(N) = 0.

Since the determinant of N is equal to the determinant of its transpose N7, then there exist 7o, ..., 74
not all zero such that the functional

d
gtra — Z ,ykg;éra
k=0

vanishes at the enrichment functions e, ...,e4. By the linearity of £ and by (9.12) of Lemma 9.2.2,
we deduce that £ vanishes on the whole space P$™(Sy). Therefore, for any f € P§™(Sy), from (9.11),
we have

d
0=E"(f) = > wE™F)
k=0

d
= > w (gt M¥E(g)). (9.17)
k=0

Since, by hypothesis, (S4, P{""(Sq), ZgY) is a finite element, there exist f; € P{""(Sq), i = 0,...,d, such
that L;(f;) =0 and I;(f;) = 6;5, j = 0,...,d. Consequently, by Remark 9.2.1, we get

(g", MUY (£,)) = —Iu(f:) = —du. (9.18)
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Finally, by substituting (9.18) in (9.17), we get

d

0 = > <gk7M{k}(fi)>

k=0

d
_Z’Ykazk:_’%m i:O>"'7d7
k=0

and then we have
Yo=-=7 =0,

which is a contradiction. O
The following remarks are an immediate consequence of Theorem 9.2.3 and Remark 9.2.1.

Remark 9.2.4. If the enrichment functions eg, ..., eq satisfy the vanishing conditions at the vertices of
Sq, that is
ei(v;) =0, i,j=0,....d, 9.19)

or, equivalently,
ei(vj):ei(vj)nizo7 ivj:()v"'7d7

then, the matriz N introduced in (9.13) becomes

10(60) Io(ed)
N 11(:60) Il(:ed) . (9.20)
Li(eo) ... Lu(ed)

Remark 9.2.5. Let b;, i = 0,...,d, be the enrichment functions defined in (9.2). These enrichment
functions satisfy the vanishing conditions (9.19) and the conditions

Lb)#0, i=0,...,d,

Iz(bj):07 Zajzoaada 7’7&‘7

Then, the matrix N defined in (9.13) is a diagonal matriz with determinant different from zero. Then,
by Theoremn 9.2.3, we can simply prove that the triple (9.3) is a finite element.

In the following, we assume that the matrix N is nonsingular and we denote its inverse by
N1t =lcy...ceql, (9.21)

where ¢; € R?, i = 0,...,d, are column vectors. A direct consequence of Theorem 9.2.3 is the linear
independence of the functionals of X'¢'" in the dual space P{"(S4)* [23, Ch 2|. Then, there exists a basis
{pje,¥; : j=0,...,d, L=1,...,d} of P{"*(S4) which satisfy

Lj(goig) :(%j’u,[, Ij(goig) :0, i,j :0,...,d, (= 1,...,d, (9.22)
L;i(¢;) =0, I;(¢;)=0ij, ,7=0,...,d, (9.23)
where uy, £ = 1,...,d is the canonical basis of R?. In the following, we derive explicit expressions for

such basis functions.

Theorem 9.2.6. The basis functions {pje,%¥; : j=0,...,d,£=1,...,d} of P{"*(S4) associated to the
finite element (Sq,P{™ (Sq), X'GYY) which satisfy (9.22) and (9.23) have the following expressions

d

@ie =N — Y Li(Nuve,  j=0,....d =1, (9.24)
k=0
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d
= (E -3 )\kE(vk)> ci, j=0,...,d, (9.25)
k=0
where E is the d x (d + 1) matriz defined by
E=le...eq. (9.26)

Proof. Since ¢j; € P{™(Sy), it can be expressed as

Pt = Pje + Zﬁsesa (927)

or, equivalently,
pje =pje + EB, (9.28)
where pj; € P1(S4), B = [Bo,--.,B4)7 € R and E is the matrix defined in (9.26). By (9.8), we have

d
& (pje) = ka(Az'Li(%‘z)) — Ii(je), k=0,....d,
i=0

and then, by (9.22)
d
ErM i) = > Te(Nibijue) = I(Njug),  k=0,....d. (9.29)
=0

We apply £ to both members of (9.27) and by previous equation we get

I(Njue) = & (Pse) +Z,6’s€“a es), k=0,....d
s=0

Then, by (9.12) of Lemma 9.2.2, we obtain

s\ jug) = Zﬁssm es),  k=0,....d,

or, equivalently
ij = _Nﬂ7

where I;y = [Io(Ajue), . .., Ia(Ajue)]T. Since we are assuming that the matrix N is invertible, by (9.21),
we get

d
B=-N'I,=- ka(AjW)Ck,
k=0

and by substituting into equation (9.28), we have

d

Pjt = Pjt — Z Iy(Aju) Ecy,. (9.30)
k=0

Now we apply L;, i =0,...,d to both members of (9.30), by (9.22), we get

d
pje(vi) = dijue + Z Ii(Ajue) E(vi)ck, i1=0,....d, (9.31)
=0
and then
pjg—Z)\lplg (v;) = A u€—|—ZZ)\ Is(Ajug) E(v;)cy. (9.32)
=0 k=0
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Finally, by substituting (9.32) in (9.30) and by changing the order of the summation, we get

d d d
wie = Ajug+ Z Z )\ilk()\jug)E(vi)ck — ZIk(Aju[)Eck
i=0 k=0 k=0
d d d
= /\jUg + Z Ik(/\j’u,g) Z )\iE(’Ui)Ck — Z Ik(/\jug)Eck
k=0 i=0 k=0
d d
= /\j’u,g — Zlk(/\ju@) <E - Z /\zE(’Ul)> Ci.
k=0 i=0
It remains to prove (9.25). We proceed in analogy to the previous case and then we set
d
i =pi+ Y e, (9.33)
i=0
or, equivalently,
T/Jj =p;+ E~, (9.34)

where p; € P1(Sq) and v = [70,...,74]7 € R4TL. By (9.8), we have

d
EF () = Y ML) — In(wy),  k=0,....d, (9.35)

1=0

and then, by (9.23)
EF()) = —dji, E=0,...,d. (9.36)

We apply £* to both members of (9.33) and by previous equation we get

d

_6jk = g;im(pﬂ +Z’7¢5}ém(ei), k=0,...,d.
=0

Then, by (9.12) of Lemma 9.2.2, we obtain

d
—0jk = Z%‘Sﬁra(ei), E=0,...,d,
i=0
or, equivalently
u; = N7.

Therefore we get
¥ = N_l'u,j = ¢y,

and by substituting into equation (9.34), we have
Y; =pj+ Ec;j. (9.37)
Now we apply L;, i =0,...,d, to both members of (9.37), by (9.23) we get

p;(vi) = —E(vi)c;,

and then . .
pj = Z Aipj(vi) = — Z)\iE('vi)cj- (9.38)
i=0 1=0
By substituting (9.38) in (9.37), (9.25) is proved. O

141



Remark 9.2.7. Let us assume that e, ..., eq satisfy the vanishing conditions (9.19). Then, the basis
functions of the finite element (Sq,P{™ (Sq), X'SY) are

d

@ijo=Nue — Y L(\ude,  j=0,....d  (=1,....4d, (9.39)
k=0

¥, =Ec;, j=0,....d (9.40)
We denote by C(Sy) the direct product d times of C(Sy) with itself.

Theorem 9.2.8. The linear approximation operator based on the simplicial vector linear finite element
P1(S4), defined in (9.1)
II'" :C(Sy) — Pi(Sq)
d

9.41
Foe NL), (6.41)
§=0
reproduces linear polynomials and satisfies the interpolation conditions
L (I"f) = L(f).  j=0.....d (0.42)

Proof. The proof follows from the Lagrange property of the barycentric coordinates, that is A;(v;) = d;5,
where d;; is the Kronecker delta operator. O

In the following, we denote by E'™ the approximation error of the operator IT'", that is

E™[f) = f—I™[f],  feC(Sq) (9.43)

9.3 Admissible enrichment functions

In this section, we collect sets of admissible enrichment functions, that is functions for which the triple
(84, P (Sq), X'GY) is a finite element. The main issue when using the proposed enriched method is to
ensure that the matrix N given in (9.13) is invertible. These enrichment functions constitute a very
general class, which can be used for many types of applications. Before starting, we first give some
important definitions.

Definition 9.3.1. For d > 1 the dihedral angle o;; between two faces of Sq, F; and F} is defined by
means of the inner product of their outward unit normals n; and n; [12]

cos (ag5) = — (g, my) .

In the following, we denote by

Definition 9.3.2. A simplex is said to be acute if all its dihedral angles satisfy
0< Q5 < 7T/2, (945)

and then, by (9.44), we get
—1 < pi; <0. (9.46)

An acute triangulation is a triangulation into acute simplices. The problem of finding acute trian-
gulations has many applications in computational geometry, including mesh generation, finite element
analysis, see e.g. [51, Ch. 33].

Definition 9.3.3. A flag of faces of a convex polytope K, in R is a sequence
F{O} CF{I} C - CF{d} = Ky,

where F1%} is a face of Ky of dimension i, i=0,...,d [21].
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Definition 9.3.4. A convex polytope K4 in R? is called regular if the group G(Kg4) of isometries of R¢
which leave Ky invariant acts transitively on the set of flags of faces of K4 [21]. A regular simplez is a
simplex that is also a regqular polytope.

It is well-known that dihedral angles of a regular simplex S}, in R? satisfy the following relation [12]
1 . L,
Qujj = arccos <&) , 1,7=0,...,d,1#j. (9.47)

9.3.1 Admissible enrichment functions of the first class

Let n € N and let f1,..., f, € C([0,1]) be convex, increasing (or decreasing) and nonnegative functions
different from zero and let us assume that at least one function is strictly convex. We consider the
enrichment functions

€, = Hfg()w), €e; = €;Nn,;, ZZO,,d (948)
{=1

Theorem 9.3.5. Let n € N and let fi,...,f, € C([0,1]) be convez, increasing (or decreasing) and
nonnegative functions different from zero and let us assume that at least one function is strictly convex.
We assume that the simplex S, satisfies

sz:p?éOv i7j:07"'ad_17 pid:n#oa i:07"',d_1’ (949)

where p;j,1,j =0,...,d, i # j is defined in (9.44). Let e;, I;,4,j =0,...,d, be the enrichment functions
and the enrichment linear functionals defined in (9.48) and (9.4), respectively. Then, the matriz N
defined in (9.13) is nonsingular.

Proof. Using the linearity of I;, j =0,...,d, by (9.4) and (9.8), we get

d
Ere) = > In(\iLj(e)) — Ii(e:)
7=0

- <§d:( )\j(w)da(w)) ei(vy) —/ ei(x)do(x) | (ni,ng)

In this case, by Theorem 8.2.3, the matrix N defined in (9.13) becomes

0 pop -+ pon

pip 0 e am
N=|. . s

pan  pan -0

143



where we write py instead of p;) since, by equation (8.46) of Remark 8.2.6, this term does not depend on
i. Then, we have

O p DY 7’] d
p O DRI "7
det(N) =det | . | []w (9.50)
RS
77 ’r] DRI 0

By substituting the i-th row, R; with R; — R;11,7=1,...,d — 1, and developing the determinant with
respect the last column, we get

—p p - 0 —p p - 0
0 —p - 0] 4 0 —p --- 0| 4,
det(G) = det H'“i = (—1)27"1% det H'“i'
p P n =0 0 0 p =0
n n 0 1 1 1

d
Finally, by multiplying the last row Rq.1 by p and by substituting Rgy1 with Rqy1 + Y jR;, we get
j=1

—p p 0O --- 0
) 0 = p - 014 d
det(N) = (12 Ldet | 1 [Tw = a=0* 2o ] s
P 0 .. _ =0 i=0
pop
0 0 o dp

By Theorem 8.2.3, we get
#17&01 i:07"'7d7
and then, by (9.49), the result follows. O

Remark 9.3.6. We notice that if S;°® is a regular simplez, by (9.47) and (9.44), we get

pij:_gv iyjzoy"'ad7 l#]

Then, by using the enrichment functions and the enrichment linear functionals defined in (9.48) and (9.4),
respectively, by Theorem 9.3.5, the matriz N defined in (9.13) is nonsingular.

In the following, we consider the most common cases used in the applications, that is d = 2 and d = 3.

Theorem 9.3.7. Let n € N and let fi,...,f, € C([0,1]) be convez, increasing (or decreasing) and
nonnegative functions different from zero and let us assume that at least one function is strictly convex.
We assume that the simplex Sy is an acute triangle. Let e;, I, i,7 = 0,1,2, be the enrichment functions
and the enrichment linear functionals defined in (9.48) and (9.4), respectively. Then, the matriz N
defined in (9.13) is nonsingular.

Proof. By following the same line of the proof of Theorem 9.3.5, we get

0 HopP1o  HoP20
N = |p1p10 0 pHipot |
H2p20  H2p21 0

where p;;, 1,7 =0,1,2, i # j is defined in (9.44). Then, we have

0 po p20
det(N) = poprpadet |pro 0 par | = 2pop1p2p10p20021- (9.51)
p20 p2a1 O
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Since S5 is an acute simplex, we get
p1op20p21 7 0.
The theorem is proved by noting that, by Theorem 8.2.3

,UZ#O, 1207172
O

Now, we want to extend Theorem 9.3.7 to the case d = 3. To this aim, we assume that the simplex
S35 is an acute tetrahedron. Then

pl]<07 27.7207172a3a Z#J

We denote by

Cij = —Pij 1,7=0,1,2,3, 1 7é J (952)
and
&i=VGj 65 =0,1,2,3, i#]. (9.53)

Theorem 9.3.8. Let n € N and let fi1,...,f. € C([0,1]) be convez, increasing (or decreasing) and
nonnegative functions different from zero and let us assume that at least one function is strictly convex.
We assume that the simplex S3 is an acute tetrahedron. Let e;, I;, i,j = 0,1,2,3, be the enrichment
functions and the enrichment linear functionals defined in (9.48) and (9.4), respectively. Then, the matriz
N defined in (9.13) is nonsingular.

Proof. By following the same line of the proof of Theorem 9.3.5, we get

0 Hop10  HMoP20  H0P30
H1P10 0 H1p21  H1P31
H2p20  P2p21 0 H2pP32
H3P30  H3P31  H3P32 0

)

where p;;, 4,7 =0,1,2,3, ¢ # j is defined in (9.44). Then, by (9.52) and (9.53), we have

0 =& & —&o 0 & &o o
L A . e 0@ e

det(N) = det = e
() =tompatisdet | _ g g, o —ghy| Trommmdt |G g o g,
_530 _531 _532 0 630 631 532 0

After easy computations, we get

det(N) = poprpzps(€s0éar — 20831 — £10€32) (E30€21 + E20€31 — E10€32) X
(£30821 — 20831 + £10€32) (§30821 + €20€31 + €10€32)
= poppzps(a—b—c)la+b—c)la—b+c)la+b+c),

where we set
a = &308a1, b = £20&31, ¢ = &10€32.

By (9.53), we have
a >0, b>0, c>0.

Then, by Heron’s formula [83], we get

det(N) = —16p0p1 papis [T,
where T is the triangle with sides of length a, b, c. The theorem is proved by noting that, by Theorem 8.2.3

W #£0,  i=0,1,23.
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Example 9.3.9. Previous theorems allow us to enrich the simplicial vector linear finite element to the
finite element (Sq, P (Sq), X'GY) by using the following sets of enrichment functions:

. 51:{eizeini,ei:sin(%(/\i+2))+2 : iZO,...,d},

1 5 —
oggz{ei:einiei:m.zf(),...,d},
. Egz{ei:eini,ei:eAi :i:O,...,d},

[ ] 54:{61':62'”1‘, GZ:A?,OZ>1 : i:O,...,d},

[ 85:{ei:eini,ei:)\§"6)‘i,a>1 : ZZO,,d}

9.3.2 Admissible enrichment functions of the second class

Let fo,..., fa € C([0,1]) be continuous functions such that f;(0) # 0, ¢ =0,...,d, and let «ay,...,aq be
real numbers greater than one. We consider the enrichment functions

d
ei = fi(Ai(x)) H /\zrl(a:), e, = e;n;, 1=0,...,d. (9.54)
k=0
ki
Theorem 9.3.10. Let fo,..., fa € C([0,1]) be continuous functions such that f;(0) #0,i=0,...,d, and
let o, ..., aq be real numbers greater than one. Lete;, I;,1,j =0,...,d, be the enrichment functions and

the enrichment linear functionals defined in (9.54) and (9.4), respectively. Then the matriz N defined
in (9.13) is nonsingular.

Proof. We prove that
gitra(ei)#ov iZO,...,d,

and
Era(e;) = 0, i,k=0,....d, i#k.

Using the linearity of Iy, k =0,...,d, by (9.4) and (9.8), we get

d
Ere) = > I(\Lj(e:) — Iile:)
=0

d

= I (Z)‘Jez(vj) e |1y
3=0

1 d

= [ (@) - @) ) ) dote)
k j=0
d

— |1k| <Z (/F )\j(w)da(a:)> ei(vj)—/F ei(x)do(x) | (ni,ng).
j=0 k ke

The result follows by Theorem 8.2.12. .

In the next theorem, we give an explicit expression, in closed-form, of the basis functions associated
to the finite element enriched with the functionals defined in (9.4) and the enrichment functions defined
in (9.54).
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Theorem 9.3.11. Let foy,..., fa € C([0,1]) be continuous functions such that f;(0) #0,i=0,...,d, and
let o, ..., aq be real numbers greater than one. Let e;, I;,1,j =0,...,d, be the enrichment functions and
the enrichment linear functionals defined in (9.54) and (9.4), respectively. Then, the basis functions (9.24)
and (9.25) of the finite element (Sq,P{"™ (Sa), X'G)) have the following expressions

d
@io =g — Y Le(Nju)pe,  j=0,....d, €(=1,....4d, (9.55)
k=0
ej .
p;=-2L, j=0,...,d, (9.56)
14
where
1y = —E (e ), j=0,...,d (9.57)

Proof. Since the enrichment functions (9.54) satisfy the vanishing conditions (9.19), they can be written
as (9.39) and (9.40). Then we compute the j-th column c; of the inverse of the matrix N defined in (9.13).
By Theorem 9.3.10, we get

w 0 - 0
0 pw - 0
0 0 Hd
Therefore
L0 0
Mo
0 i e 0
Nt= | T . (9.58)
: : -
0 0 T
and then we get
e,
Ec, =2, 9.59
= (9.59)
The theorem is proved by combining (9.40) and (9.59). O

Example 9.3.12. Theorem 9.3.10 allows us to enrich the simplicial vector linear finite element to the
finite element (Sq,P{™ (Sq), X'GY) by using the following sets of enrichment functions:

d

e &l =<e =emn; e =cos(N\) H)\‘z"f_l,ag>1 1, 0=0,...,d 3,
=0
O£

d

1414 ap—1 .o _
eizeini,eizl_‘i\’i )\ZZ ,Oég>1.l,£—0,...,d s
£=0

041

(=0
0#i

d
e, =e;n;, ¢; = e HA?“il,ag>1 i 0=0,...,dy,

(=0
0#i

d
e; =emny;, e; =log(ih; +2) H )\?’Z—l, ap>1:4,0=0,...,d
=0
£

d
o & = {ei:eini, ei:sin(ﬁ()\i—i—l)) IT )\;"1_1’()4@> 1:4,4=0,...,dy,
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9.4 FError estimates

9.4.1 An explicit error representation

Let IT°™ be the approximation operator defined as

oo C(Ss) — P (Sy)
d d d
f = (Li(f)sue) pje+ > L)y,
0

=1 j=

(9.60)
=0

where @j, 7, =0,...,d, £ =1,...,d, are the basis functions introduced in Theorem 9.2.6. We provide
explicit representation for the approximation error

E*(f] = f - IS (0.61)

We now present a decomposition of the error E°™ in terms of the approximation error associated
to the approximation operator IT'" defined in (9.41), and an additional term which depends on the
enrichment functions. We set

d
1
z:kngL], k=0,...,d, (9.62)
j=0
Gk
we prove that the approximation error (9.61) can be expressed as the error of the simplicial vector linear
finite element plus a second term, which depends on the enrichment functions e;, i =0,...,d.

Theorem 9.4.1. Let f € C(Sy). Then, for any « € Sy, we have

d d d
E™[f](x) = E™[f](x) + ) (Z (Lr(F),we) e, — Ik(f)> (E(w) -y Mw)E(vi)) cr. (9.63)
: :

=0 \¢=1
Proof. By (9.60), the approximation error (9.61) can be written as

Bf] = f -

d
=

d d
(Li(f).ue) o0 — D Li(F)y.
1 j=0 j=0

By (9.24), by applying Lemma 7.1.1 and by changing the order of the summation, we get

d d d d d
SO L) w)pje = D> (L(f),we) (Ayue - ka(%ue)w)
¢=1 5=0 ¢=1 5=0 k=0
d d d d d
= YD AL () ) Nue = >3 Y (L), we) Te(Njue)apr
(=1 j= (=1 j=0 k=0

0
d d d d 1
= (D NLi @) Jur = DD AL (F) ) (1~ Gy
1 \j=0 £=1 j=0 k=0
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Therefore, for each © € S;, we have

d d d
Ef](@) = f@) =3 3 (Li(f)ue) @je(@) = D L(f)ws()

d d
= fla)— | T =D (Lr(f) w nkewk> Zf )b (

k=0 ¢=1
d

d
= E'[f](z) + Z ( (Lr(f), we) ng, — Ik(f)) Yi(x).
k=0 1

=

The thesis follows by (9.25). O

Definition 9.4.2. A continuously differentiable function f, € C*(Sy) is said to have a Lipschitz contin-
uwous gradient on Sy, if there exists a constant p > 0 such that

IVfe(x) = Vieyl, <plle—-yl,, x9S (9.64)

We call the smallest possible p such that (9.64) holds Lipschitz constant for V f, and we denote it
by L(Vf;). We denote by C%1(Sy) the class of all functions f, which are continuously differentiable
with Lipschitz continuous gradient on Sy and by C**(S,) the direct product d times of the vector space
C11(Sy) with itself. If x € Sy and f, is a continuous convex function on Sy, from

d
= Z Aj(@)v;

Jj=0

it follows that J
<Y ON(@) fo(vy) = T™(fle(), (9.65)

7=0
and then, as a consequence of the more general Theorem [53, Theorem 2.3], the following bound holds.

Theorem 9.4.3. For any f € C11(Sy), we have
lin _ lin vfl 2 o
|E™ [ fle(@)| = | fe(@) — T [fe] (=) < ZA )|l — llzllz |, @e€Ss,  L=1...d

Equality is attained for all functions of the form
fo@) = a@) + e ll2l,  e=1,....d

where ¢y € R and ay(x) is any affine function.

9.4.2 The L! error estimate

In the following, we give a bound of the approximation error (9.63) given in Theorem 9.4.1 in L!-norm

£l = /Zm Jdz,  f=[fi fa € CVL(S0).

Sa p=1

Therefore, by using the triangular inequality, we get

d
I £l SZ”leHla (9.66)

(=1

and consequently, it is sufficient to determine a bound of each component of the error (9.63) in L!-norm.
By using Theorem 7.2.13, the following result is proved.
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Lemma 9.4.4. For any f € C*(S,), we have

sz Yd+1

1B (flel, < 12

|Sal h2,

where

h= sup [lv—w|,
vV, WESy

is the diameter of the simplex S4. By (9.66), we get

L(V fe) d(d + 1)

lin < 2.
IB™ 11l = =5 g g 1Sl
Theorem 9.4.5. For any f € CY1(S,), we get
d d
L(Vfi) 2
> Lk (F),we) i, — T () Szfll?.}.(,d2(d+1) Z [v; —velly |, k=0,....d
=1 0<j<t<d
Gtk

Proof. Since the vertez rule for the face Fy, is exact for linear polynomials, see [76], by setting

d
| le Velv)), xeF,, L=1,....d,
=0
we get
1< 1<
- - i Hlln
o= g 2 Ll =52 filw) |Fk/ do(®).
itk ik
Therefore

M=

(=1 /=1 £=1| k| Fy,
Then
d d
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since ny, is the unit outward normal to the face Fj. By Theorem 7.2.6, the result follows.

Theorem 9.4.6. For any f € CY1(Sy), we get
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Proof. By combining Lemma 9.4.4, Theorem 9.4.5 and Lemma 7.2.10, we get
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Hence, the desired result follows by using the estimate
1 (d + 1)‘“‘1 d
Sl < gag\ "
that we have established in Theorem 7.2.14. O

9.5 Numerical results

In this Section, we numerically demonstrate the effectiveness of the proposed enrichment strategy by
using several examples. We compare the accuracy of the approximation, computed in L' norm, produced
by the simplicial vector linear finite element P;(Sq) with that produced by (Sq,Pi™ (Sq), X)) obtained
by enriching P1(S4) with the linear functionals (9.4) and the admissible enrichment functions of the sets

2
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of the Example 9.3.12 for d = 2. To this aim, we consider the following functions

[bln n(z +1y)? m2+y2+25]T,

b

{ ]
r+y+3’

Fa(z,y) = [cos(a® +y?), (2% + ay) cos(2® + )],

1 T
e = || -
For each experiment, we use an acute triangulation with N = 1722 triangles (see Figure 9.1) and a
Delaunay triangulation with N = 2650 triangles (see Figure 9.2).

The numerical tests are realized by using MatLab software. The results are reported in Table 9.1 and
Table 9.2 for the acute triangulation illustrated in Figure 9.1, and in Table 9.3 and Table 9.4 for the De-
launay triangulation illustrated in Figure 9.2. It is worth noting that, when dealing with a given function
f, the enhancement in the accuracy of the approximation achieved by the enriched finite element is not
universally significant across all sets of enrichment functions. Instead, the precision of the approximation
hinges on the particular set of enrichment functions selected.
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Figure 9.1: Acute triangulation with N = 1722 triangles.
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Figure 9.2: Delaunay triangulation with N = 2650 triangles.

‘ | Simplicial vector linear finite element | Enriched vector linear finite element |

fi(z) 1.0007e-02 6.9083¢-03
F2(2) 1.2140e-03 8.1065¢-04
f3(z) 1.2659¢-03 5.6754e-04
fi(x) 1.1148¢-04 7.6070e-05

Table 9.1: Comparison between the approximation errors computed in the L'-norm, produced by approx-
imating the test functions f; - f4 through the simplicial vector linear finite element P1(S;) and through
(Sa, P (Sa), ZG'Y) obtained by enriching P1(S4) with the set of admissible enrichment functions £] using
the triangulation shown in Figure 9.1.
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|

| Simplicial vector linear finite element | Enriched vector linear finite element |

fi(2) 1.0007e-02 7.2206e-03
F2(2) 1.2140e-03 8.5929¢-04
fs(x) 1.2659¢-03 6.3240e-04
fi(z) 1.1148¢-04 8.1520e-05

Table 9.2: Comparison between the approximation errors computed in the L!-norm, produced by approx-
imating the test functions f; - f4 through the simplicial vector linear finite element P;(S;) and through
(Sa,P{™(Sa), Z'G") obtained by enriching P1(Sq) with the set of admissible enrichment functions &; using
the triangulation shown in Figure 9.1.

’ \ Simplicial vector linear finite element | Enriched vector linear finite element

fi(2) 6.7177¢-03 4.5864¢-03
Fa(z) 7.3163¢-04 4.9944e-04
fs(x) 8.22526-04 3.58226-04
Fa(x) 7.8497¢-05 5.5181e-05

Table 9.3: Comparison between the approximation errors computed in the L'-norm, produced by approx-
imating the test functions fi - f4 through the simplicial vector linear finite element P;(Sy) and through
(Sa, P (Sa), X'GY) obtained by enriching P (S,) with the set of admissible enrichment functions &7 using
the triangulation shown in Figure 9.2.

’ \ Simplicial vector linear finite element \ Enriched vector linear finite element ‘

fi(x) 6.7177¢-03 4.8035¢-03
Fa(2) 7.3163¢-04 5.2542¢-04
fs(x) 8.2252¢-04 4.004e-04
Fa(2) 7.8497¢-05 5.8658¢-05

Table 9.4: Comparison between the approximation errors computed in the L!-norm, produced by approx-
imating the test functions f; - f4 through the simplicial vector linear finite element P;(S;) and through
(Sa,P{™(Sa), Z'G) obtained by enriching P1(Sq) with the set of admissible enrichment functions &; using
the triangulation shown in Figure 9.2.
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Conclusions and Future Works

The first part of this thesis concerned the study of the constrained mock-Chebyshev least squares approx-
imation. In Chapter 2 we have generalized the univariate constrained mock-Chebyshev approximation to
the bivariate case through the constrained mock-Chebyshev least squares tensor product approximation
and the constrained mock-Padua least squares approximation. We have realized these approximations
by using different basis functions and noticed that better accuracies are reached by the tensor product
Chebyshev basis. Working with data sampled on a fixed regular grid, this basis has a KKT matrix with
well behaved condition number, by increasing the degree of simultaneous regression, and a greater num-
ber of basis elements if compared with the total degree Chebyshev basis. In Chapter 3 we have used the
constrained mock-Chebyshev least squares approximation to obtain stable quadrature formulas with high
degree of exactness and accuracy from equispaced nodes. Since the accuracy of these quadrature formu-
las varies with the degree of the constrained mock-Chebyshev least squares approximation, depending on
the degree of smoothness of the function f, we have developed an adaptive algorithm for determining
the optimal degree which corresponds to the more accurate quadrature formula. In Chapter 4 we have
analyzed new theoretical aspects of the constrained mock-Chebyshev least squares operator. We have
introduced pointwise explicit representations of the error and its derivatives. By using the constrained
mock-Chebyshev least squares operator, we have presented a method for approximating the successive
derivatives of f at any point z € [—1,1] and we have provided estimates for these approximations. This
formula provides a global polynomial approximation of the successive derivatives of the function f. In
the second part of the thesis, we focused on the development of a unified and general framework for the
enrichment of standard triangular linear finite elements in R? and of the standard simplicial linear finite
elements in R?. In Chapter 5, we have introduced and studied a new nonconforming finite element based
on an enrichment of the standard triangular linear finite element, which uses line integrals and quadratic
polynomials. Starting from this new element, we have proposed an improvement of the triangular Shepard
operator, for the reconstruction of a function from two-dimensional scattered data, when line integrals
are given, in addition to functional values. In Chapter 6 we have extended to a more general setting
the results presented in Chapter 5. More precisely, we have introduced a new class of nonconforming
finite elements by enriching the class of linear polynomial functions with additional functions which are
not necessarily polynomials. We have provided a simple condition on the enrichment functions, which is
both necessary and sufficient, that guarantees the existence of a family of such enriched elements. Several
sets of admissible enrichment functions that satisfy the admissibility condition have been also provided,
together with the explicit expression of the related approximation error. Our main result has shown
that the approximation error can be decomposed into two parts: the first one is related to the linear
triangular element while the second one depends on the enrichment functions. This representation of the
approximation error has allowed us to derive sharp error bounds in both L*®-norm and L!-norm, with
explicit constants, for continuously differentiable functions with Lipschitz continuous gradients. These
bounds have been proportional to the second and the fourth power of the circumcircle radius of the trian-
gle, respectively. We have also provided explicit expressions of these bounds in terms of the circumcircle
diameter and the sum of squares of the triangle edge lengths. In Chapter 7 we have generalized the results
presented in Chapter 6 to the case of the standard simplicial linear finite element in R?. More precisely,
we have introduced a new class of finite elements by enriching the standard simplicial linear finite ele-
ment in R? with additional functions (not necessarily polynomials) satisfying the vanishing condition at
all vertices. Chapter 8 was supplementary to Chapter 7, and its main goal has been to provide a general
strategy for enriching the standard simplicial linear finite element without imposing restrictive conditions
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on the enrichment functions, like their vanishing at the vertices. In particular, we have extended the
results presented in Chapter 7 to a more general case, by using generic enrichment functions and generic
linear functionals. In line with previous researches, in Chapter 9, we have present a general strategy for
enriching the simplicial vector linear finite element by nonpolynomial enrichment functions. This enriched
finite element can be regarded as an extension of Bernardi and Raugel finite element.

Future works will develop in two directions. The first one will concern the constrained mock-Chebyshev
least squares approximation. This approximation operator can be extended by considering other possible
Jacobi zeros, as for instance Legendre zeros with the additional points £1, by taking into account that in
this case still optimal Lebesgue constants are achieved. Other exciting research problems are related to
the possibility of the generalization of the constrained mock-Chebyshev least squares approximation to
the case of functions sampled at the nodes of the n-th subdivision of a triangle. The second one will focus
on the study of the enrichment of finite elements. In particular, we can apply the enrichment strategies
introduced in this thesis to approximate the solution of partial differential equations.
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