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Résumé
L’interaction vague-structure est un domaine riche et aux intérêts applicatifs cruciaux tels
que la protection côtière ou la production d’électricité par conversion d’énergie des vagues.
Cette thèse s’inscrit dans ce contexte et s’intéresse au cas spécifique d’une plaque élastique
submergée, maintenue à son bord d’attaque, et excitée par des vagues. Ce dispositif, qui est
envisagé comme un potentiel convertisseur d’énergie des vagues, a été longuement étudiée
dans le cas d’un écoulement uniforme ou pour un fluide au repos. En revanche, l’effet de
l’excitation, par des vagues, d’une plaque élastique submergée reste mal connu.
Pour pallier à ce manque, cette thèse a pour but de décrire l’interaction entre une plaque
élastique submergée, tenue à son bord d’attaque et des vagues. Pour ce faire, un premier
travail théorique est menée en s’appuyant sur la théorie de la houle linéaire. Le but de cette
approche est d’obtenir une première compréhension du système, c’est-à-dire de formaliser
le problème physique et d’obtenir des informations sur la réponse des plaques excitées par
les vagues. Pour cela, la réflection et la transmission des vagues sont évaluées et mises en
perspective grâce à l’observation des déplacements de la plaque. De cette étude, il ressort que
les plaques élastiques possèdent des motifs de résonnance complexes, qui varient en fonction
de la profondeur, longueur ou rigidité des plaques.
Cette approche théorique linéaire, limitée au cas idéal de petites amplitudes de vagues et des
petits déplacements de la plaque, est enrichie par une étude expérimentale de l’interaction
plaque-vagues. Une des originalités de cette thèse réside dans les dimensions du dispositif
expérimental. Le bassin utilisé mesure 2 mètres par 50 centimètres et est beaucoup plus petit
que pour la majorité des travaux d’interaction vague-structure. Cette petite taille permet
d’utiliser des méthodes expérimentales différentes et d’obtenir des informations supplémen-
taires. Ainsi, la hauteur du champ de vagues peut être estimée en tout point par imagerie
Schlieren, ce qui permet la mesure de coefficients de réflexion et de transmission. Les champs
de vitesse du fluide peuvent être évalués par Vélocimétrie par Image de Particules. Plusieurs
faits marquant ressortent de ces mesures. Tout d’abord, à petites amplitudes de vagues,
les fréquences des pics de réflexions mesurés expérimentalement coincident avec les prévi-
sions numériques de pics dits "larges". Ensuite, en comparant la réflexion engendrée par
des plaques flexibles avec le cas d’une plaque rigide de même dimension, il apparaît que les
réflexions sont dues à la flexibilité. Finalement, à grandes amplitudes de vagues, un jet est
créé par la plaque. Le jet pourrait être responsable d’un changement de position moyenne de
la plaque, pour la plaque la moins rigide, entraînant une dissipation totale de l’énergie des
vagues.
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Abstract
Wave-structure interaction is a rich field with crucial application interests, such as coastal
protection or electricity production through wave energy conversion. This thesis is part of
that context and focuses on the specific case of a submerged elastic plate, attached at its
leading edge, and forced by water waves. This device, considered as a potential wave energy
converter, has been extensively studied for uniform flows or in a still fluid. However, the
effect of wave-induced forcing on a submerged elastic plate remains little studied.
To address this gap, the purpose of this thesis is to describe the interaction between a
submerged elastic plate, held at its leading edge, and a monochromatic surface wave field.
For that purpose, an initial theoretical work is carried out based on linear wave theory. The
objective of this approach is to gain a preliminary understanding of the system, namely,
to formalize the physical problem and obtain information about the plate response to wave
excitation. Thus, waves reflection and transmission are evaluated and contextualized through
the plate’s displacements observation. From this study, the elastic plates exhibit complex
resonance patterns that vary based on the submergence depth, length, and rigidity of the
plates.
This linear theoretical approach, limited to the ideal case of small wave amplitudes and small
plate displacements, is complemented by an experimental study of plate-wave interaction.
An original aspects of the thesis lies in the dimensions of the experimental setup. The
utilized wave tank measures 2 meters by 50 centimeters, and is considerably smaller than
the experimental facilities used in the majority of wave-structure interaction studies. This
reduced size allows for the use of different experimental methods and the acquisition of
additional information. Consequently, the wave field height measurements can be performed
on the whole surface of the tank, using Schlieren imaging, leading to a robust estimation of
wave reflection and transmission coefficient. Additionally, the fluid velocity field in the bulk
can be assessed using Particle Image Velocimetry.
Several notable points emerge from those measurements. First, at small wave amplitudes,
experimentally measured reflection peaks coincide with numerical predictions of so-called
"wide" peaks. Furthermore, by comparing the reflection generated by flexible plates to the
case of a rigid plate of the same dimensions, it becomes apparent that the reflections are due
to flexibility. Finally, at large wave amplitudes, a jet is generated by the plate. This jet,
could be responsible for a change in the average position of the plate, leading to total wave
energy dissipation for the least rigid plate.



List of Symbols

Roman letters
A Incoming wave amplitude ng Optical index of glass
a Plate half-length nw Optical index of water
b Plate width npc Polycarbonate optical index
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α Jet angle ν Wave internal dissipation
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Résumé long en français

Introduction

L’interaction vague-structure est un domaine à la physique riche et aux applications nom-
breuses que ce soit pour la production d’électricité à faible émission de carbone ou pour la
protection des côtes face à l’érosion. La récupération d’énergie des vagues présente de nom-
breux challenges causés par des conditions en mer (eaux salés, tempête...) et la concurrence
d’autres énergies marines comme l’éolien offshore. De ce fait, de nombreux designs de con-
vertisseurs d’énergie des vagues on vu le jour. Cependant, aucun n’est parvenu à s’imposer
comme une solution industrielle durable à ce jour.
Parmi les designs envisagés, des convertisseurs basés sur l’oscillation de plaques flexibles
pourraient offrir des perspectives intéressantes, de part, notamment, leur survavibilité. Dans
ce cas, pourtant particulier, plusieurs utilisations des plaques flexibles sont envisagées. Par
exemple, dans le cas du "Wave Carpet", une plaque flexible est placée submergée et attachée
en plusieurs points au sol par des systèmes extracteurs d’énergie, qui permettent de produire
de l’électricité à partir du mouvement de la plaque.
Dans ce contexte, cette thèse s’intéresse à l’interaction entre des vagues et une plaque élas-
tique submergée. Dans toute cette étude, les plaques sont maintenues à leur bord d’attaque
et laissées libre au bord de fuite, similairement à un drapeau. Le cas d’un drapeau dans
un écoulement a été largement étudié, cependant son forçage par les vagues est encore peu
renseigné et un des objectifs de ce travail est de palier à ce manque.
Ce travail peut être décomposé en deux parties. Dans la première, une description théorique
de l’interaction entre des vagues et une plaque flexible submergée est présentée. Dans la
seconde, l’interaction est étudiée expérimentalement. Contrairement à la plupart des études
expériementales pour le développement de convertisseurs d’énergie des vagues, cette thèse se
concentre sur un bassin de petite taille (de l’ordre de 2 m de long). Ce choix, qui représente



un certains challenge expérimental, permet d’utiliser des méthodes expérimentales spécifiques
aux petites échelles (imagerie Schlieren, vélocimétrie par image de particule...) pour avoir
des informations supplémentaires sur l’interaction vague-plaque.

Théorie de la houle linéaire

A B

C D

L 
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m
)

 ξ̂

Figure 1: A Coefficients de réflexion et de transmission, Kr and Kt, en fonction de la
fréquence des vagues, f . B Coefficients de réflexion et de transmission, Kr and Kt, en
fonction de la longueur d’onde des vagues incidentes, λ. C Amplitude du mouvement de
la plaque normalisée par l’amplitude de la vague incidente, ξ̂, en fonction de la fréquence
des vagues. D Diagramme longueur de plaque, L, fréquence, f , montrant l’amplitude du
mouvement de la plaque normalisée par l’amplitude de la vague incidente, ξ̂.



Pour ce faire, la théorie de la houle linéaire est utilisée. De manière synthétique, cette
approche consiste à déterminer le potentiel, Φ, dans un domaine de fluide à deux dimensions.
Φ est défini comme :

u = ∇Φ,

et du fait de l’incompressibilité du liquide, Φ est solution de l’équation de Laplace :

∆Φ = 0.

L’expression de Φ dans le cadre spécifique du problème d’une plaque flexible attachée à son
bord d’attaque est ensuite calculée en utilisant les conditions aux limites à la surface libre et
sur les bords.
Le calcul de Φ permet de déterminer l’amplitude des vagues réfléchies et transmises par la
plaque subermergée, ainsi que le mouvement de la plaque. De ces calculs, les coefficients de
réflexion et transmission, Kr et Kt, sont déterminés. Ils quantifient la part d’énergie trans-
mise ou réfléchie par la plaque et permettent de caractériser l’interaction plaque-vague.
Afin d’illustrer les différents comportements observés, Kr et Kt sont calculés pour une plaque
avec les propriétés indiquées en Table 1 et une profondeur d’eau de 10 cm: Figure 1 A B

Profondeur de la plaque Longueur, L Epaisseur Largeur Densité Rigidité
5 cm 28 cm 1 m 10 cm 1200 kg.m−3 8.10−2 N.m2

Table 1: Propriétés de la plaque.

présentent les résultats de ces calculs pour différentes fréquences de vagues et longueurs
d’onde respectivement. Il apparaît deux pics de réflexion. Un large qui se trouve entre 1
et 2.5 Hz (ou 0.2 et 0.8 m) et un pointu à 3.8 Hz. Ces deux pics illustrent les différentes
types réflexion observées en variant les paramètres de simulation. Ces études paramétriques
montrent que les deux sortes de pics sont de natures différentes.
Cette différence de nature transparaît clairement en regardant l’amplitude du mouvement
de la plaque. Figure 1 C montre l’amplitude de mouvement de la plaque normalisée par
l’amplitude de la vague incidente, ξ̂ en fonction de la fréquence des vagues. A la fréquence
du pic dit pointu, une claire résonance de la plaque apparaît, ξ̂ augmente sensiblement.
L’effet sur l’amplitude de la plaque est moins visible au niveau du pic large.
Finalement, des études paramétriques sont menées et soulignent la complexité de l’interaction.
A titre d’illustration, Figure 1 D présente un diagramme montrant ξ̂ pour différentes valeurs
de longueur de plaque. Pour des plaques de moins de 20 cm, la plaque ne bouge pas.
Cependant, pour des plaques plus longues, des motifs plus complexes sont observés. Cette



complexité est également soulignée par le fait que les paramètres exacts influençant les pics
de réflexion ne sont pas clairs.

Méthodes et résultats expérimentaux

z

x

y

10 cm
12 cm2 m

Camera

Camera

A B

C

Figure 2: A Schéma du dispositif expérimental. B Coefficients de réflexion et de transmission
expérimentaux (carré bleus et triangles rouges respectivement) et théoriques (lignes bleues
et rouges) en fonction de la fréquence des vagues incidentes. Ces données sont obtenues pour
une plaque en polycarbonate de 28 cm de long, d’épaisseur 0.75 mm et à une profondeur
de 3 cm. C Image obtenue avec la vue de côté du canal après avoir placé des particules
dans l’eau et montrant la trajectoire des particules. La plaque utilisée ici a une longueur de
19 cm, une épaisseur de 0.75 mm et est placée à une profondeur de 3 cm. Les vagues ont une
fréquence de 3 Hz et les vagues une amplitude de l’ordre de 5 mm.

La seconde partie de cette thèse est consacrée à l’étude expérimentale de l’interaction vague-
plaque. Pour cela, le dispositif expérimental schématisé Figure 2 A est utilisé. Les vagues
sont produites en utilisant un batteur à clapet, représenté à gauche du schéma. Son oscilla-



tion produit des vagues qui se propagent ensuite le long du bassin. La plaque, schématisée en
rouge, est placée au centre du bassin à une profondeur choisie sous la surface libre. Finale-
ment, une plage, en beige sur la figure, est placée au bout du canal pour limiter la réflexion
des vagues sur le mur au bout du bassin. Ces différents éléments permettent le forçage par
des vagues d’une plaque flexible submergée. Le choix du matériau est crucial pour la con-
ception des plaques. En effet, afin de rester relativement horizontale, la plaque doit avoir
une densité proche de celle de l’eau et être suffisament rigide pour compenser les écarts de
densité. Dans cette thèse, des plaques en polycarbonate ou en polypropylène sont utilisées.
Dans ce dispositif, les mesures sont faites en filmant avec des caméras. La première, située
au dessus du bassin, permet de reconstruire le champ de vague dans le canal par imagerie
Schlieren [Wildeman, 2018]. Cette reconstruction permet de déterminer l’amplitude des
l’ondes incidentes, transmises ou réfléchies en fittant la hauteur déformation de la surface
libre. La mesure de ces amplitudes permet de calculer les coefficients de transmission et
réflexion.
La seconde caméra, placée sur le côté du bassin, a deux utilisations, suivre la déformation de
la plaque ou observer l’écoulement en ajoutant des particules dans l’eau.
Figure 2 B montre les coefficients de réflexion et de transmission en fonction de la fréquence
des vagues pour une plaque en polycarbonate de 28 cm de long, d’épaisseur 0.75 mm et
à une profondeur de 3 cm. Les vagues incidentes ont une amplitude de l’ordre de 1 mm.
Expérimentalement une claire réflection peut être observée entre 1.5 et 2.7 Hz. Cette zone
de réflexion est bien prédite par le modèle théorique, cependant les valeurs de maximum de
réflexion sont surestimée. Plusieurs facteurs peuvent expliquer cette différence, le fait que la
plaque soit de largeur finie, sa position à l’équilibre qui n’est pas parfaitement horizontale ou
la présence de non-linéarités. Similairement au modèle théorique, la réflexion est induite par
une complexe interaction vague-structure et les facteurs exacts responsables de la réflexion
des vagues ne sont pas clairs. Cependant, contrairement au modèle théorique, le dispositif
expérimental permet de tester le cas d’une plaque rigide. Pour des plaques de même dimen-
sions, aucune réflexion n’est observée dans ce cas. Cette observation met en évidence que
c’est le mouvement de la plaque qui permet la réflexion.
De ces mesures de réflexion et transmission, il vient également que les plaques flexibles dis-
sipent l’énergie des vagues. En effet, si l’énergie des vagues est conservée lors de l’interaction
avec un objet, Kr +Kt doit être égal à 1. Or, pour les plus basses fréquences, cette condition
n’est pas toujours vérifiée. Afin d’examiner les causes de cette dissipation, des particules sont
placées dans l’eau pour observer l’écoulement autour des plaques flexibles. Un exemple de
résultat est présenté Figure 2 C. Cette image présente la trajectoire des particules observées
à l’aide de la vue de côté du bassin. Dans un champ de vague sans objet, les trajectoires



des particules doivent être circulaires. Cependant, sur la Figure 2 C, les trajectoires au
bout de la plaque sont plutôt droites, ce qui correspond à la création d’un jet en bout de
plaque. Ce jet découle de processus non-linéaires qui sont de bons candidats pour expliquer
la dissipation d’énergie des vagues. Cependant, un bilan d’énergie dans le jet montre que
les pertes engendrées par sa création ne peuvent expliquer les dissipations observées. Ce jet
a malgré tout des propriétés intéressantes puisque son orientation provoque des changement
de position moyenne de la plaque. Dans le cas de la plaque la plus flexible en polypropylne,
le changement de position est tel que le bout de la plaque peut atteindre la surface libre ce
qui a pour effet d’amortir complètement les vagues.
Pour proposer des pistes pour fermer le bilan d’énergie, les particules sont suivies en regar-
dant dans le plan xy. De ces films, il ressort une augmentation importante de la vitesse des
particules entre les murs et la plaque ce qui pourrait engendrer de la dissipation supplémen-
taire.

Conclusion

Cette étude a donc mis en évidence une grande variété de phénomènes complexes et ouvre la
voie à de nombreux travaux. Tout d’abord, la détermination exacte des causes de réflexion
reste un problème ouvert qui semble riche. De plus, l’implémentation théorique de la produc-
tion de vortex au bord de fuite de la plaque pourrait être un dévelopement intéressant dans
l’optique d’évaluer correctement les dissipations des vagues par la plaque. Des mesures à plus
grandes échelles pourraient également être utilisées pour valider les résultats expérimentaux
présentés ici.
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Chapter 1
Introduction

Figure 1.1: “La Vague”, oil painting from 1869 by Gustave Courbet, exposed in the Musée
d’art moderne André Malraux in Le Havre, France.
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CHAPTER 1. INTRODUCTION

1.1 Wave energy potential

Gustave Courbet’s painting “La Vague”, (“The Wave”), depicts a seascape where ocean waves
crash against a rocky shore. Here, the artist aims at transcribing the power of ocean waves.
An aim which is brilliantly achieved by combining the visual effects of menacing clouds, shad-
ows that emphasize the wave steepness, and the vulnerability of boats in the foreground.
Wave power, that is forcefully sensible in this painting, represents a hazard for coastal areas.
As waves break on the coast, they participate to erosion. Coastal towns and facilities must
therefore protect themselves against the slow damages inflicted by sea waves. Protection is
all the more crucial during storms, which can otherwise lead to significant floods. However,
the relentless back-and-forth motion of the waves also offers opportunities for electricity pro-
duction, what could be a blessing for human societies, facing climate change and trying to
find low carbon energy sources.

1.1.1 Wave Energy Converters

B

40
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4.1

2.5

1
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Months

Cap Horn
Cap of Good Hope Kuril Islands

Stewart Island Cape Farewell70<A Pw (kW/m)

Figure 1.2: A World map wave of power density, Pw, from [Rusu and Onea, 2017]. B
Monthly-averaged significant wave-hieght (Hs) variations for five locations, also from [Rusu
and Onea, 2017]

The potential of ocean waves as an electricity source is undeniable. Worldwide wave-based
electricity production potential is estimated at 32 000 TWh per year. As a comparison, it is
more than the global electricity consumption in 2019, that was estimated at 23 921 TWh by
the U.S. Energy Information Administration (EIA) ([Sheng, 2019], [Mork et al., 2010], EIA
[2019]). As highlighted in a 2014 report by SIOcean [2014] (Strategic Initiative for Ocean
Energy), wave power plants could represent a larger market than offshore wind turbines by
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A B

C

Figure 1.3: A Artist view of the CETO 3 device, from [wikipedia.org, 2023]. B Picture
of the Pelamis device, from Mercier [2019]. C Picture showing the Dragon Wave Energy
Converter.[Tedd et al., 2006].

2050. Indeed, harnessing wave energy offers multiple advantages compared to wind or even
solar energy. Wave energy does not suffer from day/night intermittency. Furthermore, it
shows a relatively high energy density, meaning that significant amount of energy could be
extracted from relatively small plants [Lehmann et al., 2017]. However, as shown in Fig-
ure 1.2 A, wave power distribution heavily depends on the geographical location. Therefore,
the development of wave energy converters (WEC) is particularly attractive for countries
located between 40 and 60 degrees latitude, both North and South. Southern latitudes hold
an advantage due to reduced seasonal variations, as depicted in Figure 1.3 B.
Different types of systems can be distinguished in order to harness wave energy. There are
different classifications for WECs, but one way to get a good overview of existing systems
could be to consider: point absorbers, attenuators, pressure-driven, terminators WECs, as
stated by Rusu and Onea [2017] and Collins et al. [2021]. Point absorber systems are the
most intuitive. Typically, they involve buoys anchored to the seabed that oscillate with the
waves. A power take-off system, then, converts this motion into electricity. One of the most
advanced point absorber systems is the CETO developed by Carnegie, illustrated in Fig-
ure 1.3 A.
Attenuator devices are among the most iconic wave energy systems, with Pelamis receiving
significant media attention during its development between 2004 and 2014. Attenuator sys-
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tems operate similarly to point absorbers, utilizing the vertical motion created by waves to
generate electricity. However, unlike point absorbers, they are spatially extended. They are
positioned perpendicular to the waves, as shown in Figure 1.3 B, and absorb wave energy
over tens of meters.
Terminator systems face the waves and feature more innovative designs, exploiting alterna-
tive methods to harness wave energy. For example, some systems, called overtopping devices,
use artificial beaches to amplify wave amplitudes, causing them to break and allowing the
capture of slightly elevated water in a reservoir. The reservoir can be emptied and directed
toward a turbine. The Wave Dragon system is based on such a principle, as shown in Fig-
ure 1.3 C. It utilizes arms to channel waves towards the beach, where a reservoir is located.
Oscillating water column devices are also terminators systems and consist in cavities placed
on the water surface. The passage of waves compress and expand the air volume within the
cavity, causing pressure changes that drive a turbine as air enters and exits the cavity. Those
systems are often located along coastlines where the wave direction is relatively constant due
to refraction and to let the infrastructure and power conversion system built on-shore.
Pressure differential systems are based on pressure variations created by the waves. As the
waves propagate in the sea, they induce pressure changes due to water elevation and flow
speed. Induced pressure gradients will create a force on the objects, causing them to move.
Object motion can, then, be exploited to produce electricity. For many pressure differential
Wave Energy Converters (WECs), pressure differences are used to activate flexible mem-
branes (see [Babarit et al., 2017] for instance).
Finally, in addition to the previous categories, WECs relying on the lift force, created by
the relative speed between the structure and the wave flow, are under development. The
LiftWEC project is an example of such a WEC. It is based on a turbine producing electricity
by rotation. In the LiftWEC system, a rotor is set in motion thanks to foils, placed so that
a lift force is created by the wave flow. No WEC concept based on lift has yet reached
an industrial level yet but they could offer interesting performance according to Folley and
Lamont-Kane [2021] or Lamont-Kane et al. [2021].
This wide variety of wave energy converter types is unfortunately explained by the inability
to establish a clear efficient design. As underlined by Roche et al. [2019], WEC development
is facing a huge challenge, as industrial constraints impose to be cost-effective at an early
development stage, what is in contradiction with the very nature of this technology develop-
ment, which requires costly experimental campaigns, in wave-tanks or at sea. In addition,
wave energy suffers from the comparison with other marine energies as offshore wind. An
idea to overcome this problem is to build combined plants, extracting electricity from both
offshore wind and waves [Kalogeri et al., 2017].

4
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1.1.2 Flexible WEC designs

A

B

Free surface

Figure 1.4: A View of the Bombora Wave Power by Algie et al. [2017]. Elastic plates are
represented as a darker area on the structure. They are placed between the air cavity and
a concrete structure placed on sea bottom in gray. The free surface is represented as a blue
sheet. B Picture taken by Lehmann et al. [2013] conducting experiment with the wave carpet.
The Carpet is hinged at the bottom of the tank.

The previous section highlights the wide variety of existing WECs. However, effective indus-
trial solutions are still to be found or are under development. From observations in nature,
plants such as kelp contribute to wave attenuation in coastal areas and can withstand high
storm forces. Using flexible objects as efficient wave attenuators could be a route to wave-
based electricity generation [Luhar et al., 2017] [Nové-Josserand et al., 2019].
In practice, using flexible structures already offers interesting perspectives for the devel-
opment of new efficient WEC designs. As underlined by Renzi et al. [2021], flexible WECs
observe a fast development thanks to progress in material science. For instance, using electro-
active polymers or piezo-electric materials would be appropriate to convert the mechanical
deformation into electric power.
Collins et al. [2021] show that numerous flexible WECs are based on converting the motion
of elastic plates into electricity. Elastic plates are mainly used in two different configurations.
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In pneumatic cells, the elastic plate is located at the interface between water and an air-filled
cavity. Under the effect of waves, the plate oscillates and pumps the air in the cavity, creating
an air flow. The induced air flow is then utilized to produce electricity. The Bombora mWave
represented in Figure 1.4 A, is a typical example of a pneumatic cell WEC.
Wave-induced plate motion can also be used directly to produce electricity. The WEC cat-
egory utilizing this concept is called the “Tethered Carpet” by Collins et al. [2021]. Two
prototypes are listed in their work, the CalWave Wave Carpet and the Lilypad. The LilyPad
is constituted of two parallel plates, one at the surface and the other submerged below the
first one. It works as an attenuator, and electricity is produced thanks to the relative motion
of the two plates, using piston-like Power Take Off systems.
The CalWave Wave Carpet is, more simply, composed of a single plate hinged to the seafloor.
Due to pressure differences along its length, the plate oscillates and electricity can be gen-
erated from that motion. Electricity is produced in a similar way as for the LilyPad, with
piston-like Power Take Off systems placed between the carpet and the sea floor.
In summary, elastic plates could form the core principle of efficient, innovative WEC concepts.
They are at the center of this thesis.

1.2 Thesis description

1.2.1 Thesis purpose

This thesis is set in the context of wave energy harvesting and focuses on studying the behav-
ior of an elastic plate under wave forcing. More precisely, this work aims at characterizing
the behavior of a horizontal elastic plate clamped at only one edge. In contrast to the Cal-
Wave Wave Carpet, which is clamped at both edges, the down wave edge remains free in
this thesis. Similar systems are already used to harvest river flow energy ([Allen and Smits,
2001], [Taylor et al., 2001]). However, considering their potential application as a WEC is a
more recent project. Shoele [2023] modeled a piezo-electric plate clamped at one edge to be
a potential hybrid flow and wave energy harvester.
One of the original features of this thesis, from a wave-structure interaction point of view
concerns the size of the experimental set-up developed. Most of the experimental investiga-
tions dealing with wave energy are performed in relatively large facilities (see [Ning et al.,
2016], [Ning et al., 2019] or [Orer and Ozdamar, 2007] for instance). One of the purposes
of this thesis is to show that interesting characterizations can also be performed at smaller
scales even though technical difficulties may arise, which will be thoroughly discussed.
In addition, working with an elastic plate clamped at one edge allows this work to be at
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the frontier of wave-structure and fluid-structure interaction. Indeed, from a more academic
perspective, this thesis revisits a classic fluid-structure interaction problem. Elastic plates
clamped at one edge in a flow are the subject of an abundant literature (see [Shelley and
Zhang, 2011] for instance). Most of the previous studies have been either performed in a still
fluid or in a uniform, constant flow. This work finally consists in changing the forcing by in-
vestigating the effect of waves on the elastic plate. Working at the frontier between those two
communities is an opportunity to enrich this thesis, by combining the different approaches
to address a scientific question. In the end, a variety of rich and complex phenomena arise
from this combination.

1.2.2 Thesis outline

z

x

y

10 cm

12 cm2 m

Camera

Camera

Figure 1.5: Sketch of the experimental set up. On the left, the flap-type wave-maker used
to generate waves is pictured. The plate is placed at the tank center. Its up-wave edge is
clamped. A parabolic beach is placed at tank end to break waves. Data is extracted by
filming from the top and the side of the tank.

The main theoretical tools to understand the wave-plate interaction, and a more precise
literature review on existing work, are given in Chapter 2. First, a description of water waves
is given. Then, their interaction with objects in general is described. Finally, a description
of elastic plates and their interaction with waves is presented.
From that work, it appears that linear wave theory is an efficient and well-established tool
utilized to characterize objects interaction with waves. Consequently, in order to get a first
view on the plate behavior in a wave field, Chapter 3 proposes a two dimensional linear
model of a clamped at one edge submerged elastic plate under wave forcing. In this Chapter,
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reflection and transmission coefficients are computed together with the plate motion response
for various parameters, showing a wide variety of complex behaviors.
Chapter 2 also highlights that few experimental works are dedicated to the study of elastic
plates in a wave field. Chapter 4 describes the experimental set-up designed to address this
shortcoming and the different experimental methods used. As sketched in Figure 1.5, the
tank used is 2 m long and 12 cm wide. Taking advantage of the set-up small size, specific
experimental methods can be deployed. Data is extracted by filming from the top and the
side of the tank. The top view enables free surface deformation reconstruction by using
Schlieren imaging (see [Wildeman, 2018]). The side view is utilized to, either, follow plate
motion or to perform flow field reconstruction by Particle Image Velocimetry (PIV) (see
[Raffel et al., 1998] for instance), depending on the experiment.
Chapter 5 presents the results obtained, first, for small amplitude waves, and, second, for
higher amplitudes. Similarly to computations from Chapter 2, reflection and transmission
coefficients are measured together with the plate motion response. Those measurements show
that the plate flexibility can induce significant wave reflection. However, calculating the wave
energy balance shows that elastic plates are also able to remove energy from the waves. To
investigate dissipation mechanisms, PIV experiments are performed, and reveal the presence
of a jet at the plate tip and complex three dimensional flows.
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Chapter 2
Submerged elastic plate in a wave field

This Chapter gives more technical details and notions on concepts that will be used in
Chapters 3, 4 and 5. First, Section 2.1 focuses on water waves and their interaction with
structures in general. Then, in Section 2.2, elastic plates are described and their behavior in
a still fluid or a uniform flow is investigated. Finally, the more specific problem of submerged
plates in a wave field is discussed.

2.1 Generalities on wave structure interaction

2.1.1 Linear wave theory

The simplest mathematical theory to describe the evolution of freely propagating waves was
proposed by Airy [1845] and consists of a linear model of wave motion. Despite its simplicity,
this model remains accurate and is still widely used, particularly for numerical simulation or
predicting the behavior of energy converters.
The following development can be found in most of the books dealing with water waves (see
Mei et al. [2005] or Holthuijsen [2010] for instance). As shown in Figure 2.1, it is considered
that water occupies a domain between the seabed at z = −h and the free surface at z = 0.
The fluid perturbation is assumed to be monochromatic, plane waves propagating in the x

direction only. Focusing on only one propagation direction allows to consider the problem
in the xz-plan and invariant along y. The free surface deformation is denoted as η, its
wavelength as λ, and its angular frequency as ω. The classical equations of fluid mechanics
describe the velocity field, u, throughout the domain. Given the velocities and the pressures
observed, the fluid is considered incompressible, implying that its mass density, ρ, is constant
in time and space. Therefore:
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z = 0

z = - h

z 

x

λ
η

g

η

cφ

Figure 2.1: Schematic view of the two-dimensional linear problem. z stands for depth, x for
location in the wave propagation direction, η for the free surface elevation. Bottom depth is
located at z = −h. λ is wave wavelength, cφ represents wave phase velocity and indicates
wave propagation direction. Water is represented in gray and air in white.

∇.u = 0. (2.1.1)

The fluid is assumed irrotational across the whole domain. As stated in Mei et al. [2005], if
vorticity is zero at time 0, there can be no creation of vorticity. Considering a fluid initially
at rest and subsequently subjected to waves, the wave flow is thus non-rotational. The
equation governing the evolution of the velocity field u, in time and space, is the Navier-
Stokes equation:

ρ(∂tu + (u · ∇)u) = −∇P + ρg + ν∆u. (2.1.2)

Here, ρ is the fluid mass density, t is time, P is pressure within the fluid, g is gravity, and ν

is the kinematic viscosity of water which is, approximately, 10−6 m2.s−1.
The characteristic speed of waves, cφ, with a wavelength of λ = 1 m, is approximately 1 m/s.
Consequently, the Reynolds number for this flow is:

Re =
cφλ

ν
= 105. (2.1.3)

The last term in the Navier-Stokes equation (2.1.2) can thus be neglected, and the fluid can
be treated as ideal.
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The scalar potential, Φ, associated with the velocity field, u, is then introduced to simplify
the mathematical description of waves. By definition:

u = ∇Φ. (2.1.4)

The Laplace equation, describing the flow in terms of the potential throughout the domain
is obtained by injecting this expression into (2.1.1), yielding:

∆Φ = 0 . (2.1.5)

From the Navier-Stokes equation (2.1.2), the Bernoulli’s equation is derived by integrating
with respect to space:

−P

ρ
= gz + ∂tΦ +

1
2 |∇Φ|2 . (2.1.6)

Note that the integration introduces a spatial constant, which is incorporated into the po-
tential, Φ.

Boundary Conditions

Solving this problem also requires knowing the kinematic and dynamic boundary conditions
at the bottom and surface. At the bottom, z = −h, the no-flow condition gives, for a flat
bottom:

∂zΦ = 0 (z = −h) . (2.1.7)

Then, at the free surface for z = η, the kinematic condition is obtained by noting that the
fluid velocity is the same as that of the interface at the surface. Hence:

u · n = V · n for z = η. (2.1.8)

Here, n is a unit normal vector to the surface, and V is the interface velocity. An expression
of n in Cartesian coordinates is needed to express the left-hand side of the equation. For this
purpose, it is observed that the two tangent vectors to the surface can be written as follows:

t1 = cos(∂xη)ex − sin(∂xη)ez ; t2 = cos(∂yη)ey − sin(∂yη)ez. (2.1.9)

Here, t1 and t2 are two tangent vectors to the surface. Approximating for small angles:

t1 = ex − ∂xηez ; t2 = ey − ∂yηez. (2.1.10)
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Finally, n is expressed as the vector product of these vectors, yielding:

n = −∂xηex − ∂yηey + ez. (2.1.11)

Thus:

u · n = ∂zΦ − ∂xΦ∂xη − ∂yΦ∂yη. (2.1.12)

Furthermore, assuming vertical fluid displacements:

V · n = ∂tη. (2.1.13)

Hence, the kinematic boundary condition at the surface is:

∂tη + ∂xΦ∂xη + ∂yΦ∂yη = ∂zΦ. (z = η) (2.1.14)

Finally, the dynamic condition at the free surface is obtained by applying Bernoulli’s equation
(2.1.6) at the surface:

P0
ρ

= gη + ∂tΦ +
1
2 |∇Φ|2 (z = η) . (2.1.15)

Pressure P0 corresponds to atmospheric forcing. By combining the kinematic and dynamic
conditions at the surface, an equation involving Φ and u is obtained by considering constant
atmospheric pressure at the interface:

∂2
t Φ + g∂zΦ + ∂tu2 +

1
2(u · ∇)u2 = 0, at z = η. (2.1.16)

This equation clearly separates linear terms from non-linear terms. Although all the equations
previously written are clearly non-linear, their linearization results in physically interesting
and sufficiently accurate results for a rich wave description. The physical parameter quantify-
ing the non-linearities is the wave steepness, ϵ = kA, with k being the wave vector magnitude
and A the wave amplitude. A development to order 0 in steepness gives Airy’s model, which
consists of the linearized equations together with the linearized boundary conditions:

∆Φ = 0 ∀x, z, t, (2.1.17)

∂zΦ = 0 at z = −h and ∀x, t, (2.1.18)

13



CHAPTER 2. SUBMERGED ELASTIC PLATE IN A WAVE FIELD

∂tη = ∂zΦ at z = 0 and ∀x, t, (2.1.19)

∂tΦ + gη = −P0
ρ

at z = 0 and ∀x, t. (2.1.20)

This system of four equations allows the determination of numerous wave properties. For
monochromatic waves, η is given by:

η = A cos(ωt − kx + φ), (2.1.21)

where A is the wave amplitude, ω is the wave angular frequency, and φ represents a phase.
Considering harmonic and steady state motion complex notations are utilized from here to
ease calculation. Complex wave amplitude η is defined as:

η = A. exp(ikx), (2.1.22)

and is related to η by:
η = Re(ηe−iωt). (2.1.23)

In the following, all underscored quantities correspond to complex amplitude, assuming har-
monic motion. Physical, real quantities are obtained through equations analogous to Equa-
tion (2.1.23).

Potential expression over a constant depth

The expression of complex potential amplitude, ϕ(x, z), can be determined thanks to sep-
aration of variables and considering harmonic forcing. Separation of variables is a method
used, notably, to solve heat diffusion or the Melde’s experiment problems, see [Sanz et al.]
for example. ϕ(x, z) can be written:

ϕ(x, z) = F (x)G(z). (2.1.24)

By injecting the latter expression in Equation (2.1.5), it is obtained that:

F ′′

F
(x) = −G′′

G
(z), (2.1.25)
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where superscript ′ stands for the derivative. Written in that form, a function of x (F ′′/F )
is equal to a function of z (G′′/G). It implies that both those functions are constants of x

and z:
F ′′

F
(x) = −G′′

G
(z) = −k2, (2.1.26)

where k is a constant of x and z, which will be found to be the wave wavenumber. From
here F and G are differential equation solutions:

F ′′ + k2F = 0 and G′′ − k2G = 0, (2.1.27)

and the complex potential can be written:

ϕ = (A0 exp(ikx) + B0 exp(−ikx))(C0 cosh(k(z + h)) + D0 sinh(k(z + h))), (2.1.28)

with A0, B0, C0 and D0 being constants. D0 can be determined using the no penetration
condition on the bottom, Equation (2.1.18). It is obtained that either D0 or k must be equal
to 0. Since k = 0 does not corresponds to a propagative wave this solution is physically
excluded and ϕ is written:

ϕ = (A1 exp(ikx) + B1 exp(−ikx)) cosh(k(z + h)), (2.1.29)

with A1 and B1 equal to A0C0 and B0C0, respectively. The term of complex amplitude B1
corresponds to waves propagating respectively forward and backward. In the case considered
here, a single wave propagating along forward in the x direction implies B1 = 0. How-
ever, in many wave-structure interaction cases, reflected waves have to be considered and
consequently, amplitude of waves propagating will be different than 0. ϕ is finally reduced
to:

ϕ = A1 cosh(k(z + h)) exp(ikx). (2.1.30)

A1 expression can be determined from Equation (2.1.20). In the absence of forcing on the
free surface, as wind for instance, atmospheric pressure, P0, is a constant. For the sake of
simplicity, it is taken equal to 0. Injecting potential expression from Equation (2.1.30), in
Equation (2.1.20) with P0 = 0 gives:

A1 = − igA

ω cosh(kh)
. (2.1.31)
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Consequently, in the case of a single wave propagating forward in the x direction:

ϕ = −igA

ω

cosh(k(z + h))

cosh(kh)
exp(ikx) , (2.1.32)

The case of a variable depth can also be treated but is less standard and will be of no use in
this thesis, see the work by Keller [1958] for instance.
In general, pressure in the fluid can be decomposed into a hydrostatic, −ρgz and a part which
originates from the flow velocity. This second part is called dynamic pressure. Using the
linearized Bernoulli’s Equation in the whole domain, complex dynamic pressure expression,
p, is given by:

p = iωρϕ. (2.1.33)

It illustrates that wave dynamic pressure is in opposite phase, with respect to the potential.

Gravity wave dispersion relation

The dispersion relation, relating k and ω, can be obtained by injecting the expressions for η

and ϕ into Equation (2.1.19), resulting in the simplification of exponential terms:

−Aiω = −iAg

ω
k tanh(kh). (2.1.34)

Thus, the dispersion relation for waves in the general case of finite depth is:

ω2 = gk tanh(kh) . (2.1.35)

Equation 2.1.35 admits one real solution and an infinity of imaginary ones. The real value
of k corresponds to the propagative mode while imaginary values of k represent to non-
propagative evanescent modes. Those non-propagative modes appear near an obstacle for
instance. In the rest of this thesis k refers to the wavenumber associated to the propagative
mode and k to both propagative and evanescent modes.
In general, the potential has to be expressed as a sum of the propagative and the evanescent
waves, so that:

ϕ =
∑

n∈N

ϕ
n
(x, z), (2.1.36)

with (ϕn)n∈N the spatial part of the potential associated with the nth mode.
The gravity wave dispersion relation can be simplified under the hypothesis of deep or shallow
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water. For deep water, kh ≫ 1, leading to:

ω =
√

gk. (2.1.37)

The other limit, kh ≪ 1, corresponding to shallow water, gives:

ω = k
√

gh. (2.1.38)

Gravity waves are non-dispersive in the shallow water limit and dispersive in the deep water
limit.

Wave group and phase velocity

From the dispersion relation, the phase velocity and group velocity of the waves, denoted as
cφ and cg respectively, can be derived:

cφ =
√

g

k
tanh(kh), (2.1.39)

cg =
1
2cφ

(
1 + kh

1 − tanh2(kh)

tanh(kh)

)
. (2.1.40)

Hence, the phase velocity and group velocity differ for water waves. Those expressions can
be simplified based on whether assumptions of deep or shallow water assumption is valid, as
indicated below:

Deep water Shallow water
ω

√
gk k

√
gh

cφ

√
g
k

√
gh

cg
cϕ

2
√

gh

Thus, the quantities in deep water involve the wave vector, k, while in shallow water, the
characteristic length is the depth, h. The different regimes are illustrated in Figure 2.2 A.
Wavelength is presented as a function of wave frequency, f , over a 1 cm or 10 cm depth
bottom (in red and black respectively) and is compared with predicted wavelength for the
restricted case of shallow water and deep water. For h = 1 cm, both complete dispersion
relation and shallow water approximation give the same results. For h = 10 cm, λth, the
wavelength given by the general dispersion relation, is close to wavelength calculated within
the shallow water wave approximation, λsw ,at small frequencies. For frequencies larger than
2.5 Hz, deep water approximation is accurate over a 10 cm bottom. Note that increasing
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water depth would lead λth to follow λdw, wavelength given in the deep approximation for
lower frequencies.

A B

p (Pa)

u (cm.s  )

u (cm.s  )x
-1

-1
z

x (m)

x (m)

x (m)

Figure 2.2: A Wavelength, λ, as a function of wave frequency, f , for a 1 or 10 cm bottom
depth, h. Wavelength given by complete dispersion relation, λth, is represented in plain line
and approximated versions in shallow, λsw, and deep water, λdw, are shown with dotted
and dashed lines respectively. Superscripts indicate bottom depth used for the calculation.
B Maps of the x − z plan showing values of ux, ux and p at t=0 for 2 Hz waves of 2 mm
amplitude, A over a 10 cm depth.

Velocity fields and fluid particle trajectories in waves

Fluid particle trajectories can be obtained from the potential, ϕ, as indicated in Holthuijsen
[2010], since by definition:

ux = ∂xϕ and uz = ∂zϕ. (2.1.41)

Here, ui represents the component along axis i of the velocity field. Thus:

ux =
gAk

ω

cosh(k(z + h))

cosh(kh)
exp(ikx), (2.1.42)

uz = −igAk

ω

sinh(k(z + h))

cosh(kh)
exp(ikx). (2.1.43)
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Substituting the wave vector k with its expression given by the dispersion relation:

ux = Aω
cosh(k(z + h))

sinh(kh)
exp(ikx) and uz = −iAω

sinh(k(z + h))

sinh(kh)
exp(ikx). (2.1.44)

Hence, the x-wise velocity is maximum at wave crests and troughs, while the z-wise reaches
its maximum value along z for η = 0.
Figure 2.2 B shows the velocity fields in the x and z direction for a 2 mm waves amplitude,
2 Hz wave frequency and h = 10 cm. It appears clearly that ux and uz are in opposite phase.
The dynamic pressure, p, is in phase with ux. The fact that ux is different from 0 close to
−h illustrates the intermediate depth regime case.
Particle trajectories can be calculated from those expressions, the velocity term along each
axis is integrated with respect to time, considering x and z as constants, equal to x̄ and z̄

respectively. This assumption reflects the fact that particles remain close to these coordinates.
It is obtained that:

δx = iA
cosh(k(z̄ + h))

sinh(kh)
exp(ikx̄) ; δz = A

sinh(k(z̄ + h))

sinh(kh)
exp(ikx̄). (2.1.45)

δx and δz are the coordinates of fluid particles. Under these conditions, δx and δz are in phase
opposition and correspond to the coordinates of particles following elliptical trajectories with
half-major axes:

ax = A
cosh(k(z̄ + h))

sinh(kh)
; az = A

sinh(k(z̄ + h))

sinh(kh)
, (2.1.46)

where ax and az denote the half-major axes along x and z respectively. In deep water, those
expressions become:

ax = A exp(−kz) ; az = A exp(−kz), (2.1.47)

and particle trajectories are circular.
Particles trajectories have been observed by Gray and Greated [1988] conducting Particle
Image Velocimetry (PIV), experiments but a striking illustration of particles trajectories
can be found in An Album of Fluid Motion, Chapter 7. Figure 2.3 shows two pictures
from this book. Figure 2.3 A shows particle trajectories for propagative waves, which, from
Equation 2.1.45 are ellipses. Interestingly, in the specific case of standing waves, i.e. waves of
same amplitudes propagating in opposite directions, the particle motions change drastically
as illustrated in Figure 2.3 B.
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A

B

Pure propagative waves

Standing waves

Figure 2.3: Pictures from An Album of Fluid Motion Chapter 7. A Particle trajectories in
propagative waves. B Particle trajectories in standing waves.

Wave energy density

The wave energy density can also be estimated using linear theory. Energy transported by
a water wave takes two forms. Potential energy, as fluid particle heights can be higher than
the mean free surface level, or kinetic energy as fluid particles are moving.
By integrating the fluid particles kinetic energy density and potential energy density (respec-
tively Ewk and Ewp) can be obtained:

Ewp = Ewk =
1
4ρgA2. (2.1.48)

Finally, the total wave energy density, Ew, is given by the sum of those two densities:

Ew =
1
2ρgA2. (2.1.49)

Ew is a key quantity as it allows to determine the energy available for wave energy converters.
In addition, the mean wave power, Pw, corresponding to the energy incoming upon an object
of width, b, can be obtained from the wave energy density. Indeed, since wave energy travels
at group speed, cg, Pw for an object of width b can be expressed as:

Pw = cgbEw =
1
2ρgA2cgb. (2.1.50)
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2.1.2 Wave structure interaction

Modeling the interactions between waves and elastic membranes also requires understanding
how objects and waves interact, which is the subject of this subsection.

Diffracted and radiated potentials

An object in the waves will produce three main effects: diffraction, radiation, and dissipation.
Diffraction, similar to optics, is due to the interaction of a wave with an object of size close
to its wavelength. Radiation is caused by the movement of the object in the wave field; the
oscillating object itself creates waves that propagate on the surface. Finally, there can be
various causes of dissipation, including viscous dissipation due to water movement over the
object, the generation of turbulence, or the absorption of energy by the object, as in wave
energy converters. Under the assumption of small flow perturbation and small body motion,
linear potential flow theory remains valid. The problem linearity allows the decompostion of
the flow potential, Φ, into the sum of a diffracted flow potential, ΦD, and a radiated flow
potential, ΦR ([Mei et al., 2005][Linton and McIver, 2001]):

Φ = ΦD + ΦR, (2.1.51)

with

ΦD = ΦI + ΦS , (2.1.52)

where ΦI is the potential associated with the incident wave and given by potential theory,
and ΦS is the potential created by diffraction. And:

ΦR =
∑
α

fαΦα, (2.1.53)

Here, fα is the amplitude of the oscillation modes of the object, and Φα is the radiated
potential associated with each mode.

Forces on a body in a wave field

In all fluid-structure interactions, waves exert forces onto the solid. Forces exerted by the
object on the fluid are due to pressure differences on its surface. Pressure difference originates
from two different physical causes, depth variation and velocity field variation. Depth vari-
ation leads pressure to vary according to the first law of hydrodynamic. Depth contribution
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to difference in pressure is generally referred as static pressure, ps. It can be expressed as:

ps = −ρgz (2.1.54)

Static pressure leads to a hydrostatic force on the object written:

Fs = −ρg
∫

S
z.ndS, (2.1.55)

where n is a normal vector to the surface and S is the surface of the object. In opposition
to static pressure, dynamic pressure is caused by the fluid velocity. Dynamic pressure in
the fluid is related to the potential through Bernoulli’s relation (2.1.6) and p is the dynamic
pressure. After linearization, it is written:

p = −ρ∂tΦ. (2.1.56)

The force, F, exerted by the waves on the object is the sum of the pressure forces over its
entire surface. Thus:

F =
∫

S
p.n dS, (2.1.57)

Therefore, according to linear theory, in the complex space:

Fp = −iρω
∫

S
ϕ dS, (2.1.58)

and as Φ decomposes into a radiated wave and a diffracted wave:

Fp = −iρω(
∫

S
ϕ

D
.n, dS +

∑
α

fα

∫
S

ϕ
α
.n.dS). (2.1.59)

Added mass and radiation damping

The first term of Equation (2.1.59) corresponds to the direct excitation of the object by the
waves, while the second is the fluid’s reaction to the movement of the object (see [Mei et al.,
2005] Section 8.3.2 for instance). It is possible to show that the second term decomposes into
two forces common in fluid-structure interactions: one proportional to acceleration - added
mass - and the other proportional to the object’s velocity - radiation damping. Added mass
accounts for a change in the object inertia. Radiation damping corresponds to an additional
damping due to wave creation. The object spends some of its potential and kinetic energy
radiating waves.
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Reflection and transmission coefficients, Kr and Kt

Generally, to characterize the object effect on the waves, in two dimensions or in a wave
channel, one looks at reflected and transmitted waves. Reflection and transmission are mea-
sured using coefficients based either on amplitude or energy. In an idealized 2D case those
coefficients are defined using the incident, Ai, reflected, Ar, and transmitted At wave am-
plitude. Reflection and transmission coefficients with respect to amplitude, kr and kt are
simply defined as follow:

kr =
Ar

Ai
and kt =

At

Ai
. (2.1.60)

To obtain reflection and transmission coefficients with respect to energy, Kr and Kt, one can
consider the power of the incident, reflected and transmitted waves respectively Pwi, Pwr and
Pwt. Kr and Kt can then be defined as:

Kr =
Pwr

Pwi
and Kt =

Pwt

Pwi
. (2.1.61)

Powers can expressed as a function a wave amplitudes using Equation (2.1.50). It results
that:

Kr =
(

Ar

Ai

)2
and Kt =

(
At

Ai

)2
. (2.1.62)

If the object does not dissipate or extract wave energy, Kr and Kt are related through energy
conservation so that:

Kr + Kt = 1. (2.1.63)

For the rest of the manuscript, the wave-structure interaction will be analyzed primarily with
consideration to the energy budget. Thus, only Kr and Kt will be considered.

Solving linear wave theory problems

The equations presented in this section can be solved, and offer good predictions for small-
amplitude wave-structure interactions [Linton and McIver, 2001]. The main idea is to solve
the Laplace Equation (2.1.5) in the fluid domain using boundary conditions specific to the
object.
In some cases, such as a stepped bottom or a 2D elastic plate equations can be solved semi-
analytically. To do so different methods, thoroughly explained by Linton and McIver [2001],
can be used. A possible method, which is used in Chapter 3, consists in decomposing the
potential onto a basis of function, depending on one variable of space uniquely. In Chapter 3,
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the spatial part of potential ϕ as:

ϕ =
∞∑

n=0
(An exp(iknx) + Bn exp(−iknx))Zn(z), (2.1.64)

with (Zn(z))n∈N a base function depending on z, (An)n∈N and (Bn)n∈N modes amplitude
of propagative and counter-propagating waves respectively and kn the angular frequency
associated to the mode n. There, (An)n∈N and (Bn)n∈N generally become the problem
unknowns and are found using boundary conditions projected on the different modes, using
(Zn)n∈N orthogonality.
In addition, numerical solutions can be searched directly when the problem is too complex
to be solved semi-analytically. Different methods that can be used are thoroughly described
in Göteman et al. [2022].

2.1.3 Considering non-linearities

Linear wave theory is based on the linearization of the free-surface boundary condition and
Bernoulli’s equation with respect to wave steepness. When wave steepness increases, non-
linear terms have to be included, so that predictions remain accurate.

A large variety of non-linear phenomena

A wide variety of non-linear phenomena can be observed when increasing wave steepness.
One of the first effects to arise is Stokes drift. While gravity waves travels without global fluid
displacement according to linear theory, fluid particles follow circular trajectories. However,
one can show than an increase in wave steepness creates a mean flow in the direction [Andrews
and McIntyre, 1978]. It leads to particle trajectories to become helicoidal. It is particularly
crucial in small tank experiments, as mean flow leads to complex recirculation patterns in all
the tank due to the tank finite size.
On the other side, one of the most extreme non-linear phenomenon is wave breaking. It
consists in a violent decrease in wave amplitude caused by wave steepness increase. Typically,
it is observed when waves travel over a decreasing bottom depth such as a beach for instance,
and leads to surfing waves and rollers. Breaking waves can also be generated directly in a
wave tank using to high wave-maker amplitudes.
Between linear wave theory and wave breaking, a large variety of waves can be observed
offering a beautiful playground for physicists and mathematicians. For instance, Robbe-
Saule et al. [2021] shows the different waves that can be observed when producing waves
with a granular media collapse to investigate tsunami formation. Rogue waves can also be
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caused by waves non-linearities. They consists in particularly steep and high waves localized
spatially and temporally. It is a rare natural phenomenon that appear as “water walls” for
ships that encounters them. Their nature makes them particularly difficult to observe, see
[Slunyaev et al., 2023] for instance.
An other example of non-linear waves that can be observed in nature is solitary waves, which
are waves packets that travel incredibly far with almost no dissipation. Tidal bores, waves
that propagate along rivers against the current, are typical examples of solitary waves caused
by tides. A physical origin of solitary waves in deep water lies in the fact that wave steepness
allows to counteract wave dispersion that should normally disperse the wave packet, see [Mei
et al., 2005] Chapter 13 for instance.

Non-linearities in wave-structure interaction

Non-linearity may also occurs at the interface between the wave induced flow and a sub-
merged object. For instance, Stiassnie et al. [1984] experimentally measured the reflection
and transmission of a vertical plate and compared their measurements to linear theory. En-
ergy dissipation is observed and is attributed to vortex shedding at the plate edge. In the
same spirit, Ting and Kim [1994] observe the difference between linear theory and experi-
ments. Using Particle Image Velocimetry (PIV), they map the flow velocity field and observed
vortex formation at the edge of the object. Vortex formation is a non-linear phenomenon
that can be induced by the objects edges where large velocities are predicted by linear theory
[Knott and Mackley, 1980]. In addition, object motion can lead to vortex creation. Hence,
more discrepancy from linear theory could be expected for strongly moving objects. Finally,
vortex creation in the fluid does not only generates vortices but also creates a force that
opposes object motion, drag force. For high Reynolds numbers, which is mostly the case in
water gravity wave, drag force is proportional to the square of the relative velocity between
the object and the flow. It is by essence a non-linear effect, since it is not proportional to
the relative velocity.

Morison’s law

Different attempts to include the effect of drag in simulation have been made. One of the
most classical tool ones has been proposed by Morison et al. [1950]. It consists in the addition
of a quadratic force that is written:

Fd = −1
2ρCdS|ξ − ui|(ξ − ui), (2.1.65)
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with ξ object amplitude, ui the velocity field associated to the incident potential, ϕI , i.e.
flow velocity as if there was no object. S is a surface characteristic of the object and Cd a
drag coefficient. The main difficulty being to calibrate Cd the drag coefficient associated to
Morison’s formula. In addition, Morison formula has been found to be inaccurate in some
situations. For instance, Cummins and Dias [2017] explore a new formulation for drag force
in diffraction dominated wave-structure interaction where Morison’s formula is not accurate.

Solving non-linear wave-structure interaction problems

Most non-linear wave-structure interaction problems have to be solved numerically. Keys to
tackle such problem are also described by Göteman et al. [2022] or Davidson and Costello
[2020], the main approach being to use Computational Fluid Dynamics software. In those
problems, the modelling choices can have a significant impact, as shown by Ransley et al.
[2020], who compare different models with experimental data.

2.2 Behavior of an elastic plate in a flow

Section 2.1 focused on generalities on wave-structure interaction. This section is more focused
on the subject of this manuscript, plate behavior in a flow.

2.2.1 Euler-Bernouilli beam theory

Before examining the flow effect onto a plate, it seems primordial to describe plate behavior.
The Euler-Bernoulli beam theory proposes a theoretical description neglecting effects in the y

direction and assuming small amplitudes. It is a well known problem that is clearly presented
by Antier [2021]. The clamped plate edge is located in x = −a, with a the half-length of
the plate, to remain consistent with Chapter 3. The equation governing the palte vertical
deflection, Ξ(x, t), of the plate states that for all x along the plate:

EI∂4
xΞ(x, t) + ρpS∂2

t Ξ(x, t) = Fext. (2.2.1)

Here, E is the Young’s modulus of the plate, I is its moment of inertia, S is its cross-section
area, and Fext is the external forcing on the plate. Typically, in a flow, the external forcing
can be caused by dynamic pressure. Equation (2.2.1) shows that two terms rule the plate
motion, the first one corresponding to the plate stiffness and the second to the plate inertia.
I, is the moment of inertia of the plate cross-section. For a rectangular plate, it can be
expressed as:
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Figure 2.4: A Scheme of the cantilevered elastic plate. B Plate oscillations over a period for
the first mode. C Plate oscillations over a period for the second mode. D Plate oscillations
over a period for the first mode. Inserts show amplitude distribution among the different
modes.

I =
∫ l/2

−l/2

∫ b/2

−b/2
z2dydz, (2.2.2)

considering that the plate has a width b and a thickness l. It leads to:

I =
l3b

12 . (2.2.3)

If the excitation is harmonic, as it will be the case for a plate in a wave field, Ξ and Φ can
be expressed as:


Ξ(x, t) = Re{ξ(x) exp(−iωt)}
Φ(x, z, t) = Re{ϕ(x, z) exp(−iωt)}
Fext = Re{f ext exp(−iωt)}

(2.2.4)

27



CHAPTER 2. SUBMERGED ELASTIC PLATE IN A WAVE FIELD

The equation (2.2.1) then becomes:

EI∂4
xξ(x) − ω2ρpSξ(x) = f ext (2.2.5)

For a symmetric membrane with the origin at its center, a solution in the form below is
seeked:

ξ = C1cos(kl(x+a))+C2sin(kl(x+a))+C3cosh(kl(x+a))+C4sinh(kl(x+a)), ∀ x ∈ [−a, a],
(2.2.6)

with C1, C2, C3 and C4 being constants. Boundary conditions on the plate are given by:

ξ(−a) = 0 (2.2.7)

ξ′(−a) = 0 (2.2.8)

ξ′′(a) = 0 (2.2.9)

ξ′′′(a) = 0 (2.2.10)

The no-movement conditions at the fixation point give:

C1 = −C3 and C2 = −C3. (2.2.11)

The following matrix equation is obtained:
−cos(2kla) − ch(2kla) −sin(2kla) − sh(2ka)

sin(2kla) − sh(2kla) −cos(2kla) − ch(2kla)

C1

C2

 =

0
0

 (2.2.12)

This requires the determinant of the square matrix to be zero (otherwise, C1 = C2 = 0):

1 + cos(2kla)ch(2kla) = 0. (2.2.13)

The numerical resolution of this equation yields quantized values of kl that correspond to the
eigenmodes of the clamped beam, only real values of kl are considered here. These kl values
are related to the natural frequencies, ωl, by:

k4
l =

ρpS

EI
ω2

l . (2.2.14)
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Finally, C1 and C2 are related by:

C2 = γC1, (2.2.15)

with γ given by:

γ = −cos(2kla) + ch(2kla)

sin(2kla) + sh(2kla)
. (2.2.16)

C1 is a constant, as the amplitudes of the modes relative to each other are what matter.
Therefore, C1 is taken as 1. The modes are expressed as:

fl(x) = cos(kl(x + a)) − ch(kl(x + a)) + γ(sin(kl(x + a)) − sh(kl(x + a))) (2.2.17)

A representation of the plate envelope for the first three modes is given in Figures 2.4 B, C
and D.
Note that internal effects in the plate or external forces dependent on plate motion would
change Equation (2.2.1), and consequently the plate modes. Such changes occur, typically, if
internal dissipation is added to the plate model (see [Van Horssen and Zarubinskaya, 2003]
or [Renzi, 2016] for instance).
In practice, when forced at a given frequency, different from the plate natural frequency,
different modes exist in the plate. In the absence of non-linear effects, the plate deflection
can be written as a superposition of modes contributions:

ξ(x) =
∑
n

ξnfn(x), (2.2.18)

(ξn)n∈N being the nth mode amplitude. Figure 2.5 shows the plate deflection, ξ, over one
wave period for different mode combinations. Figure 2.5 A, B and C illustrate the effect of
different distributions of modes 1 and 2. It appears that, when modes 1 and 2 have the same
amplitude, a node is located at the plate end. As mode 2 amplitude increases, this node
moves closer to the plate clamped edge. Figure 2.5 D is another example, which illustrates
the wide variety of shapes that can be obtained combining all the modes.

2.2.2 Elastic plates oscillations in a still fluid

Plate oscillations are of high interest in the case of locomotion either of fishes or for eventual
boats. More generally, elastc plates exhibit rich and intriguing physics when couple with
a fluid. This section first focuses on elastic plates in a still flow. First, vortex formation
can be observed at the plate edges as observed by Lai and Platzer [1999]. Vortex formation
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D
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Figure 2.5: A Plate oscillations over a period for ξ1=0.8 cm and ξ2=0.2 cm. B Plate
oscillations over a period for ξ1=0.5 cm and ξ2=0.5 cm. C Plate oscillations over a period for
ξ1=0.2 cm and ξ2=0.8 cm. D Plate oscillations over a period for ξ2=0.8 cm and ξ3=0.5 cm.

results in the creation of a jet. Jet can result in thrust creation as it has been shown by
Shinde and Arakeri [2018]. In addition, they conducted PIV experiment in the xz plan.
They observed vortices formation also in that plan associated with field showing reverse
Bénard–von Kármán vortex street. As illustrated in Figure 2.6, a Bénard–von Kármán
street corresponds to repeating vortices ejected from to the plate tip. The difference between
a reverse Bénard–von Kármán vortex street and a reverse Bénard–von Kármán lies in vortices
orientation. To investigate propulsion further, Vandenberghe et al. [2004] and Vandenberghe
et al. [2006] observed vortex formation over a heaving rigid plate which can rotate around its
center. They show that such a system can start to rotate due to vortex creation. In addition,
Raspa et al. [2014] show PIV experiments performed in a plan transverse to the plate also
exhibiting vortex creation. Two phenomena arise from those studies. Since elastic plates
are moving objects in a flow, their motion is associated with vortex generation and drag. In
addition, the plate motion can induce thrust and possibly be used as propellers.
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Added mass of a flexible plate

Plate motion in a fluid is also associated with added mass. In addition to added mass caused
by wave radiation in Section 2.1, a force proportional to object acceleration can exist even
far from the free surface. It corresponds to the force needed by the plate to move the fluid
that surrounds it. Added mass caused by fluid displacement has been estimated by Payne
[1981]. It is obtained that the plate added mass, µ, can be expressed as:

µ =
π
4 ρL2b

[1 + (L
b )

n]1/n
, (2.2.19)

with L being the plate length (L = 2a) and n a natural number, the value of which depends
on the plate geometry. This relation is fitted to correspond to experimental observations that
states that µ = π

4 ρL2b if b ≫ L and µ = π
4 ρLb2 if L ≫ b.

The result given in [Payne, 1981] is valid for a simple unattached plate. In the case of a
cantilevered plate, Piñeirua et al. [2015] proposed a slightly different expression for added
mass per unit of area, µ′, homogeneous to a mass per unit of length, based on plate amplitude
and width:

µ′ =
π
4 ρbζ0

[1 + (A0
b )n]1/n

, (2.2.20)

with ζ0 being the initial displacement at the plate tip. In that case, n is found to be equal
to 5.
In practice, added mass changes plate natural frequencies that can be written as:

ωl =

√√√√ EI

ρpS + µ′ k
2
l (2.2.21)

2.2.3 Elastic plates in a uniform velocity flow

In the presence of a uniform flow plate behavior can change drastically. To illustrate those
changes, Godoy-Diana et al. [2009] studied experimentally the vortices produced by a pitching
foil in a uniform flow. It appears that changing plate amplitude and Strouhal number allows
to observe a wide variety of different wakes. The wake downstream an elastic plate appears in
a beautiful way in the work of Zhang et al. [2000], where an elastic plate is placed a uniform
flow. The plate is not forced manually, but starts to oscillate due to the flow (see Figure 2.6).
Elastic plates in a uniform velocity flow have been widely studied due to their omnipresence
for diverse applications. Only some context is given in this Section and readers interested
for more detail can refer to reviews by Shelley and Zhang [2011] or Godoy-Diana and Thiria
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Figure 2.6: A Figure by Godoy-Diana et al. [2009]. Forcing amplitude-Strouahl diagram
illustrating the wide variety of wakes that can be observed in the wake of a flapping foil.
B Figure by Zhang et al. [2000]. Visualization of an elastic plate wake using interference
patterns under a sodium lamp.

[2018]. For instance, interests in such a an elastic plate in a uniform flow can lie in the
understanding of flags behavior. Taneda [1968] studied experimentally the development of
waves on a flag in a wind tunnel. More recent works allow to obtain a deeper understanding
of this wide problem. For example, Michelin et al. [2008] developed models to take vortices
emissions into account.
Elastic plates are also studied as potential bioinspired propulsion devices. Beal et al. [2006]
showed that a dead fish could propel itself due to flow induced oscillations. The link between
passive fish propulsion and elastic plates lies in fish models that consist in approximating
the fish as a plate of variable section profile (see [Lighthill, 1969] or [Piñeirua et al., 2017]
for instance). In a more controlled environment, Paraz et al. [2016] study experimentally
the thrust created by a clamped elastic plate and effectively measured the thrust produced.
D’Adamo et al. [2022] look at the flow created by a heaving plate, showing vortices creation
and mean flow creation at the plate tip.
Studying elastic plates in a uniform flow is also of interest for the energy harvesting, in a
river for instance. Based on the fact that an elastic plate clamped at one edge oscillates due
to flow forcing, Allen and Smits [2001] and Taylor et al. [2001] suggest that electricity could
be produced from those oscillations.
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2.3 Submerged plates in a wave field

The wave-plate problem has been studied both for coastal protection and wave energy har-
vesting. Plates can be used in different configurations, vertical, horizontal while floating at
the free-surface or horizontal and submerged. In those different configurations, rigid or elastic
plates are used. The interest in flexibility lies in the fact that flexibility would offer a better
survivability to the device or could be used to generate electricity [Mérigaud et al., 2021].
The case of vertical plates has been studied both theoretically and experimentally. For
instance, Dean [1945] computes theoretical reflection and transmission coefficients in deep
water and Dick and Brebner [1968] confirme Dean’s results experimentally. Nové-Josserand
et al. [2019] or Mérigaud et al. [2021], inspired by algae dynamics in sea waves, investigate
the impact of flexibility on such a structure.
Horizontal plates at the free-surface are of particular interest to model the sea ice. Their
interaction with water waves has also been investigated using experimental and theoretical
approaches (see [Meylan and Peter, 2009], [Kohout and Meylan, 2008] or Domino et al. [2018]
for instance).
The rest of this section focuses on horizontal submerged plates.

2.3.1 Rigid submerged plate in a wave field

Submerged horizontal rigid plates have been considered before elastic plates for coastal pro-
tection. Theoretically, Burke [1964] calculated reflection and transmission coefficients for
water waves in deep water using the Wiener-Hopf technique. Patarapanich [1984] extend the
calculation of reflection and transmission coefficients calculations to wider cases utilizing the
finite-element method.
Those first theoretical results were obtained in the case of linear wave theory. However, a
submerged rigid plate also offers a wide variety of fascinating non-linear phenomena. Grue
[1992] shows experimentally that second order waves modes can appear due to plate wave
interaction. Boulier and Belorgey [1994] and Poupardin et al. [2012] conduct Particle Image
Velocimetry in such a system and observed vortex creation at the plate tip, leading to the
apparition of a mean flow. Pinon et al. [2017] confirm those results numerically. The appari-
tion of a mean flow due to wave-plate interaction has even been considered as a pumping
mechanism, Carmigniani et al. [2017].
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2.3.2 Submerged elastic plate in a wave field

The study of submerged elastic plates in a wave field is an extension of stheir rigid counter-
parts. The interest in the addition of flexibility lies in the possible improvement of the object
to survive a storm and the ability to produce electricity utilizing plate motion.

Submerged elastic plate for wave energy harvesting and coastal protection

The idea of using horizontal submerged elastic plates as wave barriers originates from Cho
and Kim [1998], who proposed analytical solutions to the problem by mode decomposition
and by solving the radiation and diffraction problems separately. This solution is compared
with numerical and experimental studies confirming the results obtained using linear theory.
Alam [2012] suggested to convert the plate motion into electricity, based on the observation
that muddy seafloors are efficient to damp waves. The Wave-Carpet, a Wave Energy Con-
verter made of a flexible plate hinged to the seafloor where electricity is produced by the
plate oscillation through power take-off pistons, is directly inspired from this idea. The Wave
Carpet potential has been investigated numerically and experimentally by Desmars et al.
[2018], Asaeian et al. [2020] or Lehmann et al. [2013]. Achour et al. [2020] investigated the
same system in the presence of both waves and current. Alternatives Wave Carpet designs
have also been investigated. Renzi [2016] suggests using piezoelectric material instead of pis-
tons to produce electricity. Similarly, Shoele [2023] investigated the efficiency of a submerged
elastic plate made of piezoelectric material but only clamped at one edge in order to create
an hybrid wave-current converter. In addition to linear wave theory, vortex emission is taken
into account in the model. This interesting concept is close to the system studied in this
thesis at the difference that no piezoelectric device will be used here.
Finally, note that wave-plate interactions have been studied in many more complex configura-
tions such as with a plate close to a wall [Gayathri et al., 2020] [Guo et al., 2020] [Mohapatra
and Guedes Soares, 2020] [Zheng et al., 2021] or superimposed with other flexible plates
[Mohapatra and Sahoo, 2014] [Mohapatra and Soares, 2019] [Behera, 2021].

Wave driven propulsion by a submerged elastic plate

At the exception of the recent work of Shoele [2023], submerged elastic plates for wave energy
harvesting and coastal protection were limited to plates clamped at both edges. However,
looking at a submerged elastic plates in a wave field offers other perspectives as they could
be used as propulsion devices. As underlined by Rozhdestvensky and Ryzhov [2003], Sec-
tion 7.1.1, the use of wave-activated flapping wings could allow to increase ship propulsion.
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Such a system has also been investigated numerically by Belibassakis et al. [2021] and Filip-
pas et al. [2020]. Kumar and Shin [2019] consider adding an elastic plate to such a system
to enhance thrust propulsion. An open question emerges from those study: can a submerged
elastic plate alone generate propulsion? A partial answer to this question will be given in
Chapter 5, Section 5.3.
In the end, the interaction between submerged elastic plates and waves has been mostly
studied numerically or theoretically. This thesis aims at addressing this rich problem from a
dual perspective, both numerical and experimental.

2.4 Conclusion

This Chapter, by exposing the useful notions to understand elastic plate-wave interaction,
highlighted a multitude of beautiful physical phenomena which can arise from the interaction
of a flow with a plate. Firstly, linear wave theory gives keys to apprehend wave-structure
interactions for small amplitudes waves. Some insights on the influence of non-linearities
has also been described. Secondly, the plate behavior in a flow has also been discussed. All
those elements can be assembled in order to give a specific description of a submerged elastic
plate in a wave field. It is the subject of the next chapter, which focuses on examining the
predicted submerged elastic plate behavior in a wave field within the framework of linear
wave theory.
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Chapter 3
Two dimensional linear theory of the interaction
between water waves and a submerged elastic
plate

As stated in Chapter 2, linear wave theory is a long-establish tool to describe wave-object
interaction. This Chapter consists in utilizing linear theory to describe the plate behavior.
Previous works have been interested in studying the interaction between an elastic plate and
waves using linear theory. However, most of them considered a plate clamped at both edges,
or under the effect of a mean flow. The procedure followed here is very similar to the one
developed by Hassan et al. [2009], Renzi [2016] or Zheng et al. [2021] to study elastic plates
clamped at both edges, but the boundary conditions on the plate are changed to fit to the
present problem.

3.1 Two dimensional model

3.1.1 Problem definition

As mentioned in Chapter 2, wave linear theory is restricted to small waves amplitudes.
Similarly, the plate motion should be limited to small oscillations. It means that the plate
motion is assumed to be restricted to infinitesimal vertical deformations. That way, the
plate is considered submerged at z = −d at over all its length. As stated in Hassan et al.
[2009], contrary to most wave-structure interaction, the problem can be solved without a
decomposition of the potential as the sum of a diffracted flow and radiated flow. Laplace’s
equation (2.1.5) is solved for the whole problem directly.
With those assumptions, the fluid domain can be decomposed into four zones, independent
of the plate motion and of the free surface deformation. As depicted in Figure 3.1, zone 1
(x ∈ [−∞; −a]) corresponds to the up-wave region, where the incident wave and the reflected
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Figure 3.1: Schematic of the 2D linear problem. z stands for depth, η for the free surface
elevation, Ξ is the plate vertical displacement and a is the half the plate length. The plate
is submerged at depth z = −d and extends from x = −a to x = a. The water depth is
constant at z = −h.

wave propagate. Zone 2 (x ∈ [−a; a] and z ∈ [−d; −0]) and 3 (x ∈ [−a; a] and z ∈ [−h; −d])
correspond, respectively, to the regions above and below the plate. Finally, zone 4 (x ∈ [a; ∞])
corresponds to the down-wave region. In the four zones, Laplace’s equation has to be solved
using appropriate boundary conditions. At the free surface (over the upper limit of zones 1,
2 and 4), the free surface boundary condition (3.1.1) holds, written as:

g∂zΦ + ∂2
t Φ = 0, for z = 0 and ∀x, (3.1.1)

as presented in Chapter 2. On the bottom, a no-flow condition is applied:

∂zΦ = 0, for z = −h and ∀x. (3.1.2)

Finally, a no-flow condition is also applied between zones 2 and 3, on the plate. The latter
condition states that the vertical velocity of the plate must be equal to the fluid vertical
velocity at z = −d which, in terms of potential yields:

∂zΦ = ∂tΞ, for z = −d and x ∈ [−a; a]. (3.1.3)
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Now, assuming harmonic forcing, and using the problem linearity, Φ and Ξ can be separated
into the product of a function of space and a harmonic function of time:

Φ(x, z, t) = Re
{
ϕ(x, z)e−iωt

}
and Ξ(x, −d, t) = Re

{
ξ(x)e−iωt

}
, (3.1.4)

ω being the angular frequency of the incident wave and ϕ(x, z) and ξ(x) are complex-valued
functions, depending on space only. From Equations (3.1.1), (3.1.3) and (3.1.2), the complex
potential function satisfies the following set of conditions:

g∂zϕ + ∂2
t ϕ = 0, for z = 0 and ∀x,

∂zϕ = 0, for z = −h and ∀x,
∂zϕ = −iωξ, for z = −d and x ∈ [−a; a].

(3.1.5)

For the remainder of this section, the potential in each zone will be noted as ϕ
j
, j being

equal to 1, 2, 3 or 4 depending on the part of the fluid domain.

3.1.2 Potential expression, ϕ1, in zone 1

In zone 1, the boundary conditions are the same as in Section 2.1.1. Hence, the expression
of ϕ1 is similar and is written as:

ϕ1 = −igA

ω
Z0(z)e

ik0(x+a) +
∞∑

n=0
Rne−ikn(x+a)Zn(z) (3.1.6)

with A being the incident wave amplitude, kn the wave-number, g gravity, ω the angular
frequency, and Zn fluid vertical eigenmodes. As the boundary conditions are the same as in
Section 2.1.1, Zn are defined for n ∈ N with a similar expression:

Zn(z) =
cosh(kn(z + h))

cosh(knh)
. (3.1.7)

In Equation (3.1.6), the first term corresponds to the incident wave. The second term is an
infinite sum corresponding to the reflected waves. As in 2.1.1, incident waves are assumed
to come from a source infinitely far. Hence, no evanescent waves, i.e. modes of imaginary
wave-number, have to be considered. On the contrary, reflected waves are generated at the
plate location, and evanescent waves have to be examined. In addition, those modes will
ensure continuity at the interface between the different fluid domains.
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Potential expressions, ϕ2 and ϕ3, in zones 2 and 3

As ϕ2 and ϕ3 are related through boundary conditions on the plate, the two potential ex-
pressions are related. The process to obtain potential expressions is the same as in the case
of Section 2.1.1. Considering, for the sake of simplicity, that ϕ2 and ϕ3 are only composed
of one mode, separation of variables is performed so that:

ϕ
(2,3) = G(2,3)(z)F (2,3)(x), (3.1.8)

where notation (2, 3) stands for 2 or 3 and G and F are functions of z and x respectively.
Injecting Equation (3.1.8) into Laplace’s equation:

G′′(2,3)

G(2,3) (z) = −F ′′(2,3)

F (2,3) (x) = σ2, (3.1.9)

σ is a constant independent of x and z. σ is calculated in the following section. It is found to
be independent of the zone and depends on plate parameters and wave frequency. Therefore,
G and F are solutions of second order differential equations, so that:

F (2,3) = A(2,3)eiσx + B(2,3)e−iσx, (3.1.10)

with A(2,3) and B(2,3) being the amplitudes of the waves propagating forward and backward,
respectively. Furthermore, the boundary condition on the plate imposes that:

∂zϕ2 = −iωξ and ∂zϕ3 = −iωξ, ∀x ∈ [−a, a] and z = −d, (3.1.11)

which implies that:
∂zϕ2 = ∂zϕ3, ∀x ∈ [−a, a] and z = −d. (3.1.12)

As this condition is valid for all x between −a and a but at an imposed depth, z = −d, it
becomes necessary that F 2 and F 3 are equal. It imposes that the wave-number, σ, in zones
2 and 3 is the same.
Concerning the expression of G(2,3) zones 2 and 3 have to be treated separately, before
utilizing Equation 3.1.12 to close the problem. In zone 2, Equation (3.1.9) stated that G2

can be written as:
G(2)(z) = α2 cosh(σz) + β2 sinh(σz), (3.1.13)

with α2 and β2 being two constants to be determined. α2 and β2 are related using the free
surface boundary condition:

gσβ2 = ω2α2, (3.1.14)
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so that:
G(2)(z) = α2[cosh(σz) +

ω2

gσ
sinh(σz)]. (3.1.15)

In zone 3,
G(3)(z) = α3 cosh(σn(z + h)) + β3 sinh(σn(z + h)), (3.1.16)

with α3 and β3 being constants to be determined. The condition at the bottom (Equa-
tion (3.1.2)) imposes that:

β3 = 0, (3.1.17)

so that:
G(3) = α3 cosh(σn(z + h)). (3.1.18)

α2 and α3 are related using Equation (3.1.12), which gives:

α3 sinh(σ(h − d)) = α2(− sinh(σd) +
ω2

gσ
cosh(σd)). (3.1.19)

which is satisfied for:  α2 = sinh(σ(h − d)),
α3 = − sinh(σd) + ω2

gσ cosh(σd),
(3.1.20)

As described in next subsection multiple values of σ are allowed. Consequently, the potentials
in zones 2 and 3 are the sum of modes, where each modes corresponds to a possible value of
σ. Thus, ϕ2 and ϕ3 write as:

ϕ2 =
∞∑

n=−2
(Aneiσn(x+a) + Bne−iσn(x−a)))G(2)

n (z), (3.1.21)

and:
ϕ3 =

∞∑
n=−2

(Aneiσn(x+a) + Bne−iσn(x−a))G(3)
n (z). (3.1.22)

Exponential functions are written as a function of x + a and x − a in order to simplify
expressions in the remainder of the Section. The index n is the index of the mode number
and G(2)

n and G(3)
n are defined as:
 G(2)

n (z) = [ ω2

gσn
sinh(σnz) + cosh(σnz)] sinh(σn(h − d)),

G(3)
n (z) = [ ω2

gσn
cosh(σnd) − sinh(σnd)] cosh(σn(z + h)),

(3.1.23)

As made by Renzi [2016], the summation begins at n = −2 to add degrees of freedom. It is a
practical choice that allows to introduce easily the plate boundary conditions in the equation
system to be solved in the end.
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Wave-number in zones 2 and 3, σn

As in Section 2.2.1, the plate equation of motion is given by:

EI∂4
xΞ(x) + ρpS∂2

t Ξ(x) = Fp(x), (3.1.24)

where Fp is the pressure force acting on the plate, E is Young’s modulus, I the moment of
inertia, Ξ the plate displacement, ρp plate density and S plate cross section. As buoyancy is
neglected, considering that the forcing is harmonic, and since the problem is linear, Ξ and
Fp can be separated into the product of a function of space and a function of time so that:

Ξ(x, t) = Re
{
ξ(x)e−iωt

}
and Fp = Re

{
f

p
(x)e−iωt

}
. (3.1.25)

In the complex space, it leads to:

EI∂4
xξ − ρpω2Sξ = f

p
. (3.1.26)

Both ξ and f
p

can be expressed in terms of the flow potential using plate boundary condi-
tion (3.1.3) and pressure forces expressions. On the one hand, over the plate length:

ξ(x) =
i

ω
∂zϕ(x, −d), ∀x ∈ [−a, a]. (3.1.27)

On the other hand, the pressure applied on the plate, fp, is the sum of the pressure force
applied by the flow in zone 2 and the flow in zone 3:

fp = fp2 + fp3, (3.1.28)

with fp(2,3) pressure forces applied by the flow in zone 2 and 3 respectively. f(2,3) can be
expressed as:  fp2 = −P2dS2,

fp3 = −P3dS3,
(3.1.29)

with dS(2,3) oriented surfaces along the plate width. Using the fact that the dynamic pressure
can be related to the potential (see Equation (2.1.33)). Note that static pressure does not
intervene in this problem as all the plate is at the same depth. Coming back to the complex
space, it is obtained that:  fp2 = −iωρϕ2bez,

fp3 = iωρϕ3bez,
(3.1.30)
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where ez is a unit vector along the axis z and b is the plate width. In the end:

fp = ibωρ(ϕ3 − ϕ2). (3.1.31)

Finally, Equation (3.1.26) can be rewritten solely in terms of the complex potentials:

EI
i

ω
∂4

x∂zϕ2,3(x, −d) − ρpω2S
i

ω
∂zϕ2,3(x, −d) = ibωρ(ϕ3(x, −d) − ϕ2(x, −d)), ∀x ∈ [−a, a]

(3.1.32)
Injecting potentials expressions in the Equation (3.1.32), the dispersion relation in zones 2
and 3 is obtained:

[
EIσ4

n

ω
− ρpSω](

ω2

gσn
cosh(σnd) − sinh(σnd))σn tanh(σn(h − d)) (3.1.33)

= bωρ[
ω2

gσn
cosh(σnd) − sinh(σnd) − (cosh(σnd) − ω2

gσn
sinh(σnd)) tanh(σn(h − d))].

From that expression, it appears that wave-numbers are imposed by plate properties. More

Propagative modes

Evanescent modes

Hybrid modes

Figure 3.2: A Roots of Equation 3.1.33 in the complex space. Wave frequency, f , is taken
equal to 3.5 Hz, total depth, h=10 cm, plate stiffness, EI=0.08 N.m2, plate depth, d = 5 cm,
plate thickness, l = 1 mm, plate density, ρp=1200 kg.m−3 and, plate width, b=10 cm. Those
parameters are the same in Section 3.3.1. As in [Hassan et al., 2009], [Renzi, 2016] or [Behera,
2021] two roots are found to be real, two to be in the complex plane and others are imaginary.
B Curves in pink represent the two real roots evolution as a function imposed frequency f .
Black curve shows, (k(h10)

w ), gravity waves wave number for a 10 cm total depth. At low
frequencies, the smaller real root matches with waves dispersion relation over a 10 cm, while
at higher frequencies it is the larger real value of σ that matches k

(h10)
w .

specifically, it depends on the plate stiffness EI, the plate density, ρp, thickness, l, submer-
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gence depth, d. It also depends on water depth, h and on the wave frequency. In the end, the
only parameter of which σn are independent is the plate length. The roots of this equation
can be found numerically in the complex space. As the dispersion relation is even in terms of
σn, each mode is associated with two possible values of σn. As done by Hassan et al. [2009],
Renzi [2016] or Behera [2021], only values in the first and fourth quadrants of the complex
plane are considered to avoid repetitions. Dispersion relation root values are illustrated in
Figure 3.2 A for a plate at a 5 cm depth, for a 10 cm total depth and 2 Hz waves. The disper-
sion relation results in two purely propagative modes, corresponding to the two real-valued
roots of the equation, an infinity of evanescent (or non-propagative) modes corresponding to
purely imaginary solutions, and two hybrid modes corresponding to σ being in the complex
plane. The evolution of the two σ values associated with propagative modes is presented
in Figure 3.2 B as a function of the frequency f . Their evolution is compared to k

(h10)
w ,

the wave number associated with gravity waves propagating over a flat bottom at a 10 cm
depth. It appears that at lower frequencies (f < 1.5 Hz), the smaller real-valued σ value
matches with k while at higher frequencies (f > 3.5 Hz), k matches with larger real-valued
σ value. This observation gives information on the plate deformation. Indeed, σ are also the
wave number of plate modes because of Equation (3.1.12). Its states that for certain range
of frequencies, one of the wave number propagating through the plate is the same as that of
the incident wave. The exact range of frequencies where it is the case depends on the plate
characteristics and configuration, but this effect occurs for most of the parameter sets tested.

Potential expression, ϕ4, in zone 4

In zone 4, only transmitted waves propagate and evanescent waves have to be taken into
account near the plate. The boundary conditions are the same as in zone 1 and ϕ4 can be
written as:

ϕ4 =
∞∑

n=0
T neikn(x−a)Zn(z), (3.1.34)

with T n being the complex amplitude of the mode n in zone 4.

Boundary condition of the plate

Plate boundary conditions are the same as in Chapter 2, Section 2.2.1:

ξ(−a) = 0
ξ′(−a) = 0
ξ′′(a) = 0
ξ′′′(a) = 0

, (3.1.35)
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As previous works focus either on semi-infinite plates or on plates held at both edges, com-
puting the boundary conditions of Equation (3.1.35) constitutes the main difference with
respect to previous studies. Utilizing Equation (3.1.27), Equation (3.1.35) can be expressed
in terms of potentials, so that:

∑∞
n=−2(An + Bne2iσna)G′(2,3)

n (−d) = 0∑∞
n=−2 iσn(An − Bne2iσna)G′(2,3)

n (−d) = 0∑∞
n=−2 −σ2

n(Ane2iσna + BnG′(2,3)
n (−d) = 0∑∞

n=−2 −iσ3
n(Ane2iσna − BnG′(2,3)

n (−d) = 0

, (3.1.36)

with G′(2,3)
n the derivative of G(2)

n or G(3)
n according to z. As for z = −d derivatives of G(2)

n

and G(3)
n are equal, either G′(2)

n or G′(3)
n can be used interchangeably.

System solution

At this point, four families of unknown variables remain, (Rn)n∈N, (T n)n∈N, (An)n∈N

and (Bn)n∈N. The system of equations (3.1.36) gives the first four relations between these
amplitudes. Other relations come from the continuity equations between zones 1 and 2-3 and
zones 2-3 and 4. The pressure being continuous, it is imposed that:

ϕ1(−a, z) =

ϕ2(−a, z), ∀ z ∈ [−d, 0].

ϕ3(−a, z), ∀ z ∈ [−h, −d].
(3.1.37)

ϕ4(a, z) =

ϕ2(a, z), ∀ z ∈ [−d, 0].

ϕ3(a, z), ∀ z ∈ [−h, −d].
(3.1.38)

As the fluid velocity in the x direction, ux, must also be continuous between zone 1 and 2-3
and zone 2-3 and 4, the following equations are obtained:

∂xϕ1(−a, z) =

∂xϕ2(−a, z), ∀ z ∈ [−d, 0].

∂xϕ3(−a, z), ∀ z ∈ [−h, −d].
(3.1.39)

∂xϕ4(a, z) =

∂xϕ2(a, z), ∀ z ∈ [−d, 0].

∂xϕ3(a, z), ∀ z ∈ [−h, −d].
(3.1.40)

Upon integrating previous equations over the fluid depth and using orthogonality of (Zn)n∈N,
it can be found that, ∀ m ∈ N:
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0 =
2igA

ω
δm0 +

1
Nm

∞∑
n=−2

[(1 + σn

km
)An + (1 − σn

km
)Bne2iσna]bnm, (3.1.41)

0 =
∞∑

n=−2
((1 − σn

km
)Ane2iσna + (1 + σn

km
)Bn)bnm, (3.1.42)

T m =
1

Nm

∞∑
n=−2

(Ane2iσna + Bn)bnm, (3.1.43)

and
Rm =

igA

ω
δm0 +

1
Nm

∞∑
n=−2

(An + Bne2iσna)bnm. (3.1.44)


am =

∫ 0
−h

cosh(k0(z+h))
cosh(k0h) Zm(z)dz,

bnm =
∫ 0
−d G(2)

n (z)Zm(z)dz +
∫−d
−h G(3)

n (z)Zm(z)dz,
Nm =

∫ 0
−h Z2

m(z)dz.
(3.1.45)

In summary, (Rn)n∈N, (T n)n∈N are expressed as a function of (An)n∈N, (Bn)n∈N. The
last two family of unknowns, (An)n∈N and (Bn)n∈N, are found numerically by solving the
system of equations given by Equation (3.1.41) and Equation (3.1.42).

3.2 Numerical procedures

The problem exposed in Section 3.1 has to be solved numerically since no analytical solu-
tion can be easily found. Particular numerical procedures are utilized for two calculations.
Firstly, in order to solve the dispersion relation in zones (2,3), (σn)n∈N values are deter-
mined. Secondly, in order to calculate (An)n∈N and (Bn)n∈N values, the system formed by
Equations (3.1.41) and (3.1.42) is solved.

3.2.1 Relation dispersion root calculation

(σn)n∈N are complex values. Consequently, the dispersion relation in zones 2 and 3 has to
be solved in the complex space. The Matlab1 built-in tool, fsolve, is utilized to that aim.
fsolve is a function which comprises several root-finding algorithms. It only returns one
solution per call, which may depend on the (user-defined) initial guess, on the chosen root-
finding algorithm, and on the existence, or otherwise, of multiple zeros. However, multiple
roots have to be found in the complex plane, which requires multiple calls to fsolve, with
appropriate initial guesses. In practice, the calls are performed with initialization values,

1www.mathworks.com
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homogeneously distributed following a regular grid in the complex space. The chosen grid
for initialization values is refined enough to ensure that no root is missed in the intervals
between neighbouring solutions. Redundant values are obtained and have to be deleted,
providing the final set of σn. Note that the number of roots depend on the size of the domain
of initialization values.

3.2.2 (An)n∈N and (Bn)n∈N calculation

To solve the system formed by Equations (3.1.41) and (3.1.42), infinite sums have to be
truncated to a certain number, Ntrunc. The influence of Ntrunc on the final result is discussed
in Section 3.3.1. The truncated system is then written as a matrix equation:

Y = DX, (3.2.1)

where X contains the two families of unknowns, (An)n∈N and (Bn)n∈N and Y is a column
matrix corresponding to the second member of the system given by Equation (3.1.41) and
Equation (3.1.42). X and Y can be written:

X =



A−2

A−1

A0
...

ANtrunc

B−2

B−1

B0

B1
...

BNtrunc



and Y =



0
0
0
...
0
0
0
0

−2igA
ω

0
...
0



.

D contains the prefactors of boundary conditions on its first four lines and the prefactors of
Equations (3.1.41) and (3.1.42). D is given in Appendix for Ntrunc = 1.
Expressions of (An)n∈N and (Bn)n∈N are then simply obtained by numerically inverting
Equation (3.2.1).
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3.3 Study of a baseline case

3.3.1 Baseline case: reflection and transmission

A B

Figure 3.3: A Reflection and transmission coefficients, Kr and Kt as a function of wave
frequency, f , for a plate of stiffness EI=9.10−2 N.m2, density, ρp=1200 kg.m−3, length
L = 28 cm, thickness l = 1 mm and a plate depth of 5 cm over a 10 cm total depth. Two
reflection peaks can be observed a wide one at 1.8 Hz and a sharper one at 3.85 Hz. B
Reflection and transmission coefficients, Kr and Kt as a function of wave wavelength, λ. The
same reflection peaks can be observed at respectively the associated wavelengths.

R1 and T1 are associated with propagative modes up-wave and down-wave. In other terms,
R1 stands for the complex amplitude of the reflected wave and T1 is the transmitted wave
complex amplitude. Thus, R1 and T1 calculations allows to obtain reflection and transmission
coefficients, Kr and Kt as defined in Chapter 2, Section 2.1. Kr and Kt are defined as:

 Kr = ( ω
gA)

2R1R∗
1,

Kt = ( ω
gA)

2T 1T ∗
1,

(3.3.1)

with the superscript, ∗, designating the complex conjugate.

This section presents the Kr and Kt calculation for a specific plate. The physical parameters
chosen for this section are representative of the experimental setup (see Chapter 4). As for
the experiments, the water depth, h, is fixed at 10 cm. The plate characteristics are given in
Table 3.1.
A well characterized behavior is observed with this parameters choice. Kr and Kt are shown
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Plate depth, d Plate length, L Plate thickness, l Plate width, b Density, ρp Stiffness, EI

5 cm 28 cm 1 m 10 cm 1200 kg.m−3 8.10−2 N.m2

Table 3.1: Plate characteristics.

for such a plate in Figure 3.3 as a function of wave frequency, f , (A) and of the incident wave
wavelength, λ (B) for Ntrunc = 20. It appears that in such a configuration, a submerged
elastic plate reflects waves for a certain range of frequencies or wavelengths. More precisely,
two different reflection zones can be observed. A wide one, between f =1.2 Hz and f =2.3 Hz
or λ = 0.3 m and λ =0.75 m and a sharp reflection peak located around f=3.85 Hz or
λ = 0.105 m.

1 2 3 4
f (Hz)

0

0.2

0.4

0.6

0.8

1

K

K
(5)
r

K
(5)
t

K
(10)
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K
(10)
t

K
(20)
r

K
(20)
t

K
(50)
r

K
(50)
t

Figure 3.4: Coefficients of reflection and transmission, Kr and Kt as a function of wave
frequency for different values of Ntrunc for the same parameters as in Figure 3.3. Dotted
curve corresponds to Ntrunc = 5, dashed curve to Ntrunc = 10, alternation of dash and points
to Ntrunc = 20 and plain curve to Ntrunc = 50. For Ntrunc ≥ 20, curves are coherent with
each other.

Convergence test

Figure 3.3 is obtained by solving the system given by Equation (3.1.41) and Equation (3.1.42)
truncated at Ntrunc = 20. Evaluating the truncation impact is primordial in order to confirm
calculation accuracy. Figure 3.4 shows Kr and Kt calculations for Ntrunc equal to 5, 10, 20
and 50 as a function of wave frequency. For Ntrunc ≥ 10, it appears that Kr and Kt show
negligible variations. In the remainder of this thesis, Ntrunc is taken equal to 20. It is chosen
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as an appropriate compromise between accuracy and computational cost.

Kr and Kt as a function of normalized quantities

BA

Figure 3.5: A Reflection and transmission coefficients, Kr and Kt as a function of wave
wavelength, λ, normalized by plate length, L. B Reflection and transmission coefficients, Kr

and Kt as a function of wave frequency, f , normalized by plate resonance frequency, f0ma,
for which added mass is taken into account. The same reflection peaks can be observed at
the associated wavelengths.

Reflection can be caused primarily by geometrical effects (i.e. diffraction by the plate), by
the plate motion (radiation effect) or a combination of both. To investigate a possible link
between reflection and plate dimensions, Figure 3.5 A presents Kr and Kt as a function of
wavelength normalized by plate length, L. A sharp reflection peak occurs at λ/L = 0.37,
and wide peak for 1 ≤ λ/L ≤ 3 the effect of plate length on reflection is not obvious.
To discuss a possible radiation effect, Kr and Kt are plotted in Figure 3.5 B as a function
of wave frequency, f , normalized by f0ma, the plate resonance frequency in a still fluid. f0ma

is evaluated using Equation (2.2.20) with a typical plate amplitude of 1 mm. It appears
that none of the two reflection peaks is located at f/f0ma=1. It means that reflection is not
due to the excitation of the plate at its resonance frequency in a still fluid. However, this
observation does not exclude radiation effects to be responsible for reflection. It is just stated
here that reflections are not due to a simple resonance at the plate natural frequency.
The latter two observations allows to appreciate the complexity of the system studied here.
To gain insight on this complex behavior, some of the simulation parameters are changed
and the plate motion is analyzed.
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3.3.2 Submerged elastic plate motion in the baseline case

Section 3.3.1 has shown reflection and transmission coefficients for a given plate configuration.
Those calculations have shown that a submerged elastic plate is able to reflect waves. Two
types of reflection were highlighted, a wide reflection peak and sharper ones. This section
focuses on plate motion and aims at investigating the connection between reflection and
transmission coefficients calculation and plate motion amplitude.

Plate motion observation in the baseline case at given frequencies

The plate deformation can be calculated from the potential, ϕ, using Equation (3.1.27). It
allows to compute the plate deflection profile at every time. This section shows motion
of the first plate presented in Section 3.3.1 at four different frequencies. As a reminder,
r=1019.2, d=5 cm and L = 28 cm for this plate. Figure 3.6 A shows three captions of
the elastic plate in a wave field corresponding to three different times over a wave period
T . The x axis extends from -2a to 2a or equivalently, -L to L and the z axis from 0 to -h
the total depth. In Figure 3.6 A, the wave frequency is 1 Hz and wave incoming amplitude,
A is taken equal to 2 mm. The plate is represented in black and colors from blue to red
correspond to the dynamical pressure, p. At 1 Hz the elastic plate transmits waves almost
completely, with Kt ≃ 1. This can be seen looking at dynamical pressure in the domain where
maximum intensity down-wave is the same as maximum intensity up-wave. Figure 3.6 B
shows a superposition of the plate position over one wave period for the same parameters as
Figure 3.7 A. The plate amplitude, ξ, is similar to that of A. Furthermore, the inset in the
top left of the Figure shows the decomposition of the plate motion on the deformation modes
of a cantilevered beam of identical dimensions. To obtain the amplitude of each mode, ξ can
be decomposed, so that:

ξ(x) =
∑
n

ξnfn(x), (3.3.2)

with ξn being the nth mode amplitude and fn the nth eigenfunction, as defined in Chapter 2,
Section 2.2.1. For a given n, the modes amplitudes, ξn, can be computed as:

ξn =
1
2a

∫ a

−a
ξ(x)fn(x)dx, ∀n ∈ N. (3.3.3)

In the inset, the mode amplitudes are normalized by ξ̂, the normalized plate amplitude
defined as:

ξ̂ =

√
1
L

∫ L

0

ξ(x)2

A2 dx. (3.3.4)
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Figure 3.6: A Caption showing the plate forced by waves of 1 Hz frequency and 2 mm
amplitude. The representation domain goes from the free surface to bottom depth, z = −h
and −2a to 2a at three different times, t, during a wave period, T . Colors represent the
dynamic pressure, p. B Superposition of plate positions over one wave period. The inset
presents plates modes amplitude. C and D same as A and B but for 1.8 Hz wave frequency.

This definition of ξ̂ allows to quantify the plate motion amplitude independently of the plates
modes and wave amplitude. Here, the plate motion corresponds mostly to the first mode of
a cantilever beam.
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Figure 3.7: Same as Figure 3.6 but for f=3 Hz (A and B) and f=3.85 Hz (C and D).

Figure 3.6 C shows the plate at 1.8 Hz. This frequency corresponds to the wide peak max-
imum where Kr ≃0.38. The plate seems to have a more significant effect on the flow than
at 1 Hz. Particularly, at t = 0.4T a small depression (p < 0) can be observed at the tip of
the plate. Figure 3.6 D shows ξ for different time over one wave period. Plate amplitude
appears to be slightly lower than at 1 Hz but the excited modes remain qualitatively similar
as nmodes = 1 is still predominant.
Figure 3.7 A shows the plate at 3 Hz, a frequency for which Kt=1 and Kr = 0. As in
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Figure 3.6 A the plate does not perturb much the wave field. Figure 3.7 B shows ξ over
one wave period. At this frequency, the plate behavior changes drastically as the principal
mode of the deformation is mode 2 and the plate amplitude of deformation is significantly
smaller. The decrease in ξ maximum value can be explained because of the potential decrease
with frequency at a given depth. Indeed, as shown in Chapter 2, Section 2.1.1, ϕ, scales as
cosh(k(z+h))

cosh(kh) with depth z. Consequently, it is also the case of dynamical pressure and fluid
velocity. As k increases with frequency, it implies that forcing on the plate decreases with
frequency.
Finally, Figure 3.7 C and D show plate behavior for a wave frequency of 3.85 Hz, corre-
sponding to the plate sharp peak. Note that compared to previous Figures, scales in Fig-
ures C and D have been multiplied by 10. The plate amplitude is drastically larger than at
other frequencies as well as dynamic pressure. In Figure C, the plate undergoes considerable
deformations, which results in the small plate amplitude assumption being violated. It re-
sults that the small plate amplitude assumption is broken in this situation. It is particularly
visible in the first two captions, where the junction between zones 2 and 3 is visible, approx-
imately 1 cm away from the plate tip. Maximum and minimum of pressure occurs under
plate at the plate antinode. This behavior corresponds to a plate resonance. As shown in the
inset, the resonance is not due to the excitation of a plate mode defined by an Euler-Bernoulli
beam theory. Indeed, modes 1 and 2 coexist. A plausible explanation is the effect of radiation
damping. Indeed, as the plate radiates waves, it experiences a force proportional to its speed.
This force is not taken into account when calculating fn and would modify the eigenfunction.

The normalized plate motion amplitude in the baseline case

In order to have a better view across all the frequencies, Figure 3.8 shows ξ̂ normalized wave
amplitude as a function of wave frequencies. Observation from snapshots are confirmed by
this Figure. First, plate amplitude decreases from 0.8 Hz to 3 Hz to be almost equal to zero
at 3 Hz. A minor elevation can be seen near the wide reflection peak exhibiting a small plate
amplitude increase in that range of frequencies. At 3.85 Hz, ξ̂ increases sharply exhibiting a
clear resonance of the plate.
Consequently, reflection peaks appear to be associated with an increase in wave amplitude.
The increase is more significant in the case of sharp reflection peaks.
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A B

Figure 3.8: A Normalized wave amplitude, ξ̂, as a function of wave frequency, f . For
frequencies where waves are reflected, an increase in plate amplitude can be observed. B
Same as Figure 3.3

3.4 Parametric analysis

3.4.1 Effect of plate depth

The effect of depth variation on the plate used in Section 3.3.1 is investigated in Figure 3.9.
Figure 3.9 shows reflection and transmission as a function of wave frequency for eight differ-
ent submergence depths ranging from 1 cm to 9 cm. As a reminder, results in Section 3.3.1
correspond to a 5 cm depth. In Figure 3.9 A, one can observe a much more complex trans-
mission and reflection pattern for a 1 cm plate depth. Multiple wide peaks exist. For a 2 cm
plate depth (Figure 3.9 C), a wide reflection peak is present between 1 and 1.8 Hz where Kr

reaches values over 0.9. A second, relatively wide, peak can be seen between 2.5 and 3 Hz.
Finally, a sharp reflection peak can be seen around 4.6 Hz. From comparison between A and
Figure 3.9 B, it seems that most of wide peak intensities decreased at the exception of the
reflections at lower frequencies.
Figure 3.9 E shows that reflection peaks observed in Figure 3.9 A and Figure 3.9 C are
simply a growth of simple wide peaks that exist at a larger submergence depth. Indeed, it
presents Kr and Kt for a plate located at a 3 cm depth. A first wide peak can be observed
around 1.7 Hz with a maximum value close to 1. A smaller peak exist at 3 Hz, it can be seen
as the initialization of the peak between 2.5 and 3 Hz at a 2 cm depth. Finally, a sharp peak
can be seen close to 4.3 Hz.
Figures 3.9 G, B, D, F, and H show Kr and Kt for plate larger submergence depths ranging
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Figure 3.9: Effect of depth variation on wave transmission and reflection by a flexible plate
of stiffness EI=9.10−2 N.m2, density, ρp=1200 kg.m−3, length, L = 28 cm and thickness,
l = 1 mm, over a 10 cm total depth. A 1 cm depth, B 5 cm depth, C 2 cm depth, D 6 cm
depth, E 3 cm depth, F 7 cm depth, G 4 cm depth and H 8 cm depth.

from 4 cm to 8 cm. Results in those figures confirm the trend highlighted in the aforemen-
tioned comments. Indeed, at lower frequencies a wide peak can be observed, and a sharper
one is present at higher frequencies. The wide peak intensity decreases with depth and the
frequency of its maximum is shifted towards higher frequencies when depth increases.
The comparison between all those figures gives a hint on mechanisms that lead to the ap-
parition of complex reflection patterns at small submergence depth. The wide peak observed
at a 2 cm submergence depth is shifted towards higher frequencies and its intensity decreases
with depth. Wide peak shape at a 1 cm and 2 cm depths, with local minima at the center of
the reflection zone, results from the increase in the reflection. As depth decreases, the peak
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Figure 3.10: A Central frequency of the wide peak, fc, as a function of plate submergence
depth, d. B Reflection coefficient value at the central frequency, Krc as a function of plate
depth, d. C Sharp peak frequency as a function of plate depth. D Sharp peak maximum
value.

grows and splits after Kr reaches 1 for a certain critical depth. Contrary to the wide peak,
the sharp peak frequency decreases with depth.
To confirm the latter observations, the central frequency, fc and the corresponding reflection
value, Krc, of the wide peaks are measured. Central frequency and value refer to the fre-
quency and value at the center of the reflection zone. For instance, in the case of a 2 cm depth,
the measured frequency and reflection values measured correspond to the local minimum at
approximately 1.4 Hz. In the 2 cm case, the frequency measured is therefore 1.4 Hz and the
reflection value is ≃0.9. Similar measurements are performed to measure the frequency of
sharp reflection peak, fs and the associated reflection value. The definitions of Krc and fc

are illustrated in Figure 3.9.
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Measurement results are plotted in Figure 3.10. Figure 3.10 A shows the wide peak center

1 2 3 4
f (Hz)

0
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9̂
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Figure 3.11: Plate normalized motion amplitude, ξ̂ as a function of wave frequency for
submergence depth ranging from 8 cm (darker curves) to 1 cm (lighter curves). The baseline
case (d=5 cm) is represented in red.

location as a function of the plate submergence depth, d. It appears that the peak frequency
increases with depth going from 1.1 Hz at 1 cm depth to 2.1 Hz at 9 cm. Central reflection
value as a function of depth is represented in Figure 3.10 B. It can be observed that this
value, first, increases with plate depth to reach 1 for a 2.5 cm depth. Then, Kr decreases to
reach almost 0 for a 9 cm depth. The first increase in the reflection is a consequence of the
dynamic described in Figure 3.9. For plate depth larger than 2.5 cm, reflection peaks have a
fairly simple shape similar to a cardinal sinus. However, for plate depth smaller than 2.5 cm,
peaks splits and a local minimum can be observed at their center. Results in Figure 3.10 B
show that this local minimum decreases as the plate is closer to the surface. However, for
plate depth smaller than 2.5 cm, total reflection, i.e. Kr = 1, happens for frequencies close
to the one presented in Figure 3.10 A.
Figure 3.10 C shows sharp reflection peak frequency as a function of depth. Contrary to the
wider peak, sharp reflection peak frequency decreases with depth. This behavior underlines
that the two observed peaks are of different nature. Since no sharp peak can be observed for
depth smaller than 2 cm in the considered frequency range, measurements in Figure 3.10 C
start for a 2 cm submergence depth. However, given the observed trend, the sharp peak
probably exists at larger frequencies, but it is located outside the measurement window.
Figure 3.10 D shows sharp reflection peak intensity for different values of plate depth d.
Sharp peaks reach Kr = 1 for all configurations.
In summary, this section on depth influence shows that the two reflection peaks observed are
of different nature. Indeed, the wide peak frequency increases with depth, contrary to sharp
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peak frequency. In addition, the observation of the effect of depth variation indicates that
reflection behavior is not only due to intrinsic plate properties such as stiffness, density or
length, and is more probably due to a combination of all parameters.
Figure 3.11 shows normalized plate amplitude, ξ̂, as a function of wave frequency, f , for
depths ranging from 1 to 8 cm. For all depths, ξ̂ decreases with wave frequency similarly to
observations made for the baseline case. In addition, plate resonance is observed at sharp
peaks frequencies. The sharp peak frequency dependence on plate submergence depth, de-
scribed in Figure 3.10 C and D, is illustrated here as the plate resonance are located at
higher frequencies for small submergence depths. At lower frequencies, ξ̂ decreases with
depth. Similarly to the case of reflection and transmission coefficients, complex patterns can
be observed close to the free surface.

3.4.2 Effect of length

Similarly to depth, the plate length can be changed to investigate its effect on wave reflection
and transmission. Kr and Kt are calculated for plate length, L, going from 4 cm to 120 cm.
Other physical parameters are taken equal to their value in Section 3.3.1, EI = 8.10−2 N.m2,
d = 5 cm, h = 10 cm, e = 1 mm, b = 10 cm and ρm = 1200 kg.m−3.
Figure 3.12 shows the results of eight Kr and Kt calculations for wave frequencies going from
1 Hz to 4.5 Hz and eight different plate lengths, L, ranging from 4 cm to 100 cm. As a
reminder, L = 28 cm in Section 3.3.1. For a 4 cm long plate, Kt ≃1 and Kr ≃0 over all the
frequencies studied. Two phenomena could be at stake here. First, as the plate is small com-
pare to water wave wavelength, reflection due to diffraction effects are unlikely to happen.
Second, large plate motion amplitude could be more inhibited by small plate lengths.
As the plate length increases, a behavior similar to the one depicted for a change of depth
can be observed. A wide reflection peak can be observed near to 2 Hz. Its maximal value
seems to increase with L. Sharp peaks can be observed but appear to be extremely sensitive
to plate length. For instance, for L=32 cm a sharp peak can be observed for f = 2.9 Hz but
it does not exist for the 20 or 44 cm long plates.
Finally, for much larger plates, reflection and transmission patterns turn out to be much
more complex. As illustrated in Figure 3.12 H multiple sharp peaks can be observed for
L = 100 cm as well as a wider reflection zone close to 1.8 Hz.
Figure 3.13 A presents the wide reflection peak central frequency. Similarly to Section 3.4.1,
the central frequency, fc, refers to the frequency in the middle of the peak and is not neces-
sarily the frequency of the maximum reflection. This can be observed that central frequency
decreases with plate length, L. This results does not say anything fundamental except that
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Figure 3.12: Effect of length variation on wave transmission and reflection by a flexible plate
of stiffness EI=9.10−2 N.m2, density, ρp=1200 kg.m−3, depth d = 5 cm, width b=10 cm and
thickness l over a 10 cm total depth. A 4 cm length, B 32 cm length, C 12 cm length, D
44 cm length, E 16 cm length, F 60 cm length, G 20 cm length, and D 100 cm length.

plate length, L, plays a role in wave reflection. Results obtained here appear more noisy
than for the effect of depth. It can be explained because sharp peaks are sometimes located
near the wide reflection peak making it difficult to measure fc. Figure 3.13 B shows Krc,
the reflection value at the central frequency as a function of plate length, L. For plate length
smaller than 58 cm, Krc increases with plate length with one exception being L = 16 cm.
Krc reaches 1 for L = 60 cm. For superior lengths, the wide peak splits in the same manner
as for a decrease in depth. It results in a decreases in Krc with plate length. Krc reaches
0 for L = 80 cm. For plates longer than 80 cm, the wider peak splits again leading to an
extremely complex behavior similar to the one observed for a 120 cm. Consequently, it is not
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possible to measure fc and Krc for plates longer than 80 cm.
To sum up, an increase in plate length leads to the increase in the wide peak intensity and
the decrease of its central frequency. Another notable fact is the apparition of multiple sharp
peaks, particularly for longer plates.
Figures 3.14 A and B show, respectively, Kt and Kr in plate length-frequency diagrams.
In this representation, sharp peaks evolution is particularly striking. Wide peak central fre-
quency is represented by a green line. As observed in Figure 3.13 B, its intensity is small
compared to sharp peaks for plate lengths smaller than 30 cm. For L > 30 cm, wide peak
central value reaches one. Finally, for plates longer than 60 cm the peak splits in two.
Figure 3.14 C, presents plate length frequency diagram. For short plates, ξ̂ is close to zero.
Total transmission observed in Figure 3.12 A is associated with no plate motion. As plate
length increases, more complex patterns appear. Comparing, Figures A, B and C, it is
observed that ξ̂ increases are associated with sharp peaks. It seems to confirm that sharp
peaks are associated to plate resonances.

A B

c

c

Figure 3.13: A Central frequency of the wide peak, fc, as a function of plate length. B
Reflection coefficient value at the central frequency of the wide peak as a function of plate
length.

3.4.3 Effect of plate stiffness and density

The three last physical parameters that can impact reflection and transmission patterns are
plate stiffness, EI, plate cross section, S and plate density, ρp. EI, S and ρp only appear in
the left hand of the dispersion relation in zones 2 and 3 and not in continuity equations as
d and L. Furthermore, they appear in two separates terms that can be compared with each
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Figure 3.14: Plate length frequency diagram showing A reflection coefficient, Kr, B trans-
mission coefficient, Kt, and C normalized plate motion amplitude, ξ̂.

other. Consequently, to observe the effect of EI, S and ρp on reflection and transmission
patterns, the dispersion relation is written as:

[r∗ − 1]ρpSω(
ω2

gσn
cosh(σnd) − sinh(σnd))σn tanh(σn(h − d)) (3.4.1)

= bωρ[
ω2

gσn
cosh(σnd) − sinh(σnd) − (cosh(σnd) − ω2

gσn
sinh(σnd)) tanh(σn(h − d))].

with r∗ being defined as:

r∗ =
EIσ4

n

ρpSω2 . (3.4.2)

In the case where r∗ ≫1, stiffness will control the plate dynamics and on the other hand, if
r∗ ≪1, inertia will rule plate motion. r∗ varies with wave frequency and plate wave number.
It means that for a given set of parameters r∗ can vary. More strikingly, stiffness and inertia
importance will differ among plate modes at a given frequency.
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Figure 3.15: Effect of the stiffness and interia parameter, r, variations on wave transmission
and reflection by a flexible 28 cm long plate at a 5 cm depth, b=10 cm and thickness l of
1 mm over a 10 cm total depth. A r=0.1, C r=1 due to numerical convergence difficulties
the frequency domain has to be restricted for those two r values. B r=500, D r=750, E
r=10, F r=1500, G r=100, and H r=2000.

To probe the effect of stiffness and inertia, a parameter r is varied. r corresponds to the
value of r∗ for f = 2 Hz and a wave number, σ4

n, of 2π
L . Resulting in:

r =
4π2EI

ρpS[4 Hz2]L4 . (3.4.3)

These choices are made in order to evaluate the importance of stiffness against inertia for
a given set of EI, S and ρp. Note that with Section 3.3.1 parameters, r is equal to 1019.2
which is approximately 1000. It means that in previous Sections, the plate dynamics is mostly
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Figure 3.16: A Central frequency, fc, as a function of r, for a range of r where it is present
i.e. from r=10 to r=2000. B Reflection coefficient at the central frequency for the same
values of r as A.

ruled by stiffness. Since plate parameters were close to the plates used in the experiments
this value of r is unsurprising given the considerations of Section 4.4.1. Indeed, to ensure the
plate horizontality experimentally, the plate must be rigid enough to compensate the effect
of gravity. In practice, the tip of a plate with low r and a small density difference with water
would either sink or float.
That being said, the model used here allows to vary r without being limited with those con-
siderations. Therefore, Kr and Kt are calculated for r going from 0.1 to 2000. The different
values of r are changed by changing the Young’s Molulus, E. Figure 3.15 A presents Kr

and Kt as a function of wave frequency for r = 0.1. First of all, the frequency domain is
narrower than for other situations calculated before, which is due to numerical limitations.
Taking r=0.1, (as well as 1) leads to particularly high values of wave vectors in zones 2 and
3 so that matrix, D, can be ill-conditioned, thus making its inversion prone to numerical
errors. Over the frequency interval where results are consistent, numerous sharp reflection
peaks can be observed as reflection increases drastically around 2 Hz, 2.7 Hz, 3.5 Hz and
4.3 Hz. In contrast to stiffness-dominated cases, no wide reflection peaks can be observed.
The multiplicity of sharp reflection peaks reminds of the behavior of long plates. As r is
inversely proportional to L, r ≃ 3 for a 100 cm long plate. Small values of r, therefore, seem
associated with a higher number of sharp peaks. Indeed, when increasing r, the number of
sharp reflection peaks becomes similar to the one observed for short plates.
Similar observations can be made for r = 1 in Figure 3.15 C.
In Figure 3.15 E Kr and Kt are shown as a function of wave frequency for r=10. A wide
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Figure 3.17: Plate normalized motion amplitude, ξ̂, as a function of frequency for increasing
values of r going from 0.1 to 2000.

reflection peak can be observed around 3 Hz. It shows that increasing r allows to observe
a wide reflection peak in the domain. Similar results can be seen in the other cases, which
presents Kr and Kt as a function of wave frequency for r ranging from 100 to 2000. On the
five Figures, wide reflection peaks can be observed as well as a sharp ones for r = 500 and
r = 750.
Figure 3.16 A presents the central frequency of the wide peak, fc, as a function of r. In this
Figure, r goes from 10, first value of r where a wide peak can be observed, to 2000, highest
r value for which Kr and Kt have been calculated. It appears that fc decreases drastically
from 10 to 500 and is relatively constant then. Figure 3.16 B shows, Krc as a function of r.
As in Figure 3.16 B, r goes from 10 to 2000. A non monotonic behavior can be observed.
Indeed, between 10 and 100, Krc is divided by more than 2, going from 1 to 0.4. For r going
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from 100 to 500, r increases to reach approximately 0.65. Finally, from r = 500 to 2000, Krc

decreases monotonously.
In summary, the quantity r = 4π2EI

ρpS[4 Hz2]L4 has been introduced to compare the effect of stiff-
ness and inertia. At low r, i.e. when inertia dominates, no wide reflection peak can observed
and multiple sharp peaks can be observed. However,for r larger than one, the number of
sharp peaks seems to decrease and a wide peak is visible. Finally, measuring Krc and fc shows
that as r increases, its influence on the wide reflection peak decreases. More importantly, in
those calculations, all dimensions remain identical. In the case where diffraction would be
the only source of reflection, changing r would not have any influence on the reflection and
transmission patterns. Varying r allows to conclude that wave reflection is mostly due to
radiation.
Finally, ξ̂ can be computed for values of r. Results are shown in Figure 3.17. ξ̂ behaves sim-
ilarly to previous observations. Resonance peaks are observed at frequencies corresponding
to sharp reflection peaks and plate motion amplitude decreases with frequency. However,
stiffness seems to impact ξ̂. Indeed, ξ̂ reaches higher values at low frequencies for the more
flexible plates.

3.5 Conclusion

This Chapter gave first elements of understanding concerning the elastic plate behavior in a
wave field using wave linear theory. First, plate modeling underlines that dynamic pressure
effects force the plate, generating oscillations. Plate reaction depends on multiple parameters,
geometrical ones, such as plate length or submergence depth and intrinsic ones such as
plate stiffness or density. The study of a baseline case exhibits a complex behavior, where
submerged elastic plates being able to reflect waves. Reflections are associated with an
increase in plate motion amplitude corresponding to plate resonance. Two types of resonance
can be distinguished , wide and sharp ones. Both resonance types vary differently when
varying plate parameters. However, the exact mechanism leading to those resonances is not
clear yet.
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Chapter 4
Experimental methods

Chapter 3 proposed a description of the plate-wave interaction using potential flow theory
to gain insight into the physics of the problem.
In parallel, an experimental setup is utilized to characterize the interaction using a different
approach. A special feature of the setup is its small size. This feature allows the use of
methods such as Particle Image Velocimetry (PIV) to measure the flow velocity field or Fast
Checkerboard Demodulation (FCD) to reconstruct the free surface height. This section gives
a general description of the experimental setup designed to study the interaction between
water waves and a flexible plate clamped at one edge. The setup is briefly described in
Section 4.1.1 and more details on each component are given in the following sections.

4.1 Wave tank

4.1.1 Set up general description

The experimental setup employed in all this study is pictured in Figure 4.1. As represented in
Figure 4.1, waves are generated by a flap-type wave-maker. The plate is placed approximately
halfway through the tank length. An absorption beach is located at the tank end to mitigate
wave reflection.
Experiments are recorded by means of two cameras. The first one pointing downward, from
above the tank, allows to measure surface elevation in the whole tank by means of Schlieren
imaging (see [Wildeman, 2018]), as detailed in Section 4.2. A second camera, which films a
side view of the tank, can have two different objectives. Depending on the experiment, it can
either record and track the plate motion (see Section 4.4) or record particles motion when
conducting Particle Image Velocimetry (PIV) experiments (see Section 4.5). The cameras
utilized in the different configurations are presented in the Table below.
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Figure 4.1: Schematic of the experimental setup. The total tank length is 2.5 m and the
part that can actually be used for the experiments is 2 m long. The width of the wave-tank
is 12 cm. The flap-type wave-maker is represented on the left. It is made of 25 cm plate
hinged at the bottom. The plate is separated from tank side walls by a 3 mm space. It can
oscillate at a frequency, f , and with an amplitude, B′, to generate waves, both f and B′

can be chosen for a given experiment. The plate is placed close to the middle of the tank.
It is fixed by using two poles that are maintained on a fixed structure out of the tank. As
pictured in the caption in the zoomed-in view, the plate is linked to the poles using to carbon
rods that are glued to the plate and inserted into poles holes. A breaking beach is placed at
the end of the tank to avoid wave reflection on the end wall. As the height of the beach is
10 cm, water depth must also be equal to 10 cm to ensure beach efficiency.

4.1.2 Wave-maker

Wave-maker design

As mentioned in Section 4.1.1, a flap-type wave-maker is employed. Waves are produced by
the oscillations of a plate hinged to the tank bottom. The plate displacement is imposed using
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Camera Model Resolution Typical frame rate (Hz)
Top view Basler acA2000-165um 150×1930 50

1 pxl.mm−1

Side view Phantom Miro M120 1080×1920 40×wave frequency
PIV 4 pxl.mm−1 (i.e. [1.5,4] Hz)

Side view Basler acA3088-57um 564×2088 40
Plate traking 15 pxl.mm−1

Table 4.1: Specification of the different cameras employed in this thesis as well as their typical
settings.

B'

η

d0

h

Figure 4.2: Sketch representing the wave-maker. The plate rotates around its hinge axis at
a depth (h − d0), where h stands for the water depth. The plate has a total length lw. Here,
lw = 20.6 cm and d0 = 1 cm. The motor acts onto the plate by imposing a sinusoidal motion
of amplitude b′ which results in a sinusoidal motion of amplitude b at the free surface.

a linear motor, which allows to control both its frequency and its amplitude when generating
monochromatic waves. In order to generate waves of frequencies between 1.5 and 4 Hz and
of amplitudes between 0.5 and 6 mm, a DM01-23x80F-HP-R-60_MS11 from Linmot®1 is
utilized. In order to make the plate oscillate between a vertical position and a tilted one,

1https://linmot.com/fr/

70
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plate position, B′, is imposed using the linear motor:

B′(t) = Re
{
b′(e−iωt + 1)

}
, (4.1.1)

where b′ is the motion amplitude and Re stands for the real part. As stated in Equation 4.1.1,
plate motion is the sum of a sinusoidal motion and an offset to ensure plate verticality at
rest. The junction between the plate and the motor axis is a key element. Indeed, the motor
cannot simply be attached to the plate. Indeed, the plate rotation around an axis implies that
the contact point height changes with the displacement, b′. To address this issue, PMMH’s
workshop designed a junction which allows the motor tip axis to slide along the plate while
pushing it. The junction is sketched in Figure 4.2 zoomed-in view.

Relation between wave-maker motion and wave amplitude

Wave amplitude, η, is related to the plate amplitude at the free surface, b′. This relationship
has been largely studied (see [Schäffer, 1996], [Flick and Guza, 1980] or [Ursell et al., 1960]
for instance) and, using the notations presented in Figure 4.2, the following equations can
be obtained:

b′

η
= − iklw

4 sinh(kh)

sinh(2kh) + 2kh

k(h − d0) sinh(kh) − cosh(kh) + cosh(kd0)
(4.1.2)

where k is the wave-number associated to the wave-maker frequency through water wave
dispersion relation (see Equation 2.1.35) and lw is the wave-maker plate total length. Writing
the complex free surface deformation η as:

η = Ae−iωt+phase, (4.1.3)

it is possible to relate wave amplitude, A, to wave-maker amplitude. Note that this relation
is valid at the first order only and that the second order might differ from works by Schäf-
fer [1996], Flick and Guza [1980] or Ursell et al. [1960]. Indeed, in the three articles, the
wave-maker performs oscillations centered on the vertical, whereas vertical is the maximum
strokes of the wave-maker used here. The theoretical amplitude given by the Equation (4.1.2)
is presented Figure 4.3 A for a range of typical (b′, f) pairs.
The main interest of such a result is to have an estimate of waves amplitude, when imposing a
given displacement amplitude to the wave-maker. For instance, it is shown here that, in order
to obtain a constant wave amplitude across all frequencies, one would have to decrease the
wave-maker amplitude. To that aim different wave-maker amplitudes are imposed and rep-
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resented using black empty squares in Figure 4.3 A. The points are chosen so as to follow, as
close as possible, contour lines of Equation 4.1.2. A comparison between the measured ampli-
tude and the theoretical amplitude from Equation 4.1.2 is presented Figure 4.3 B. The points
correspond to the experimental values measured using Schlieren imaging (see Section 4.2),
while lines represent the predicted wave amplitudes. At low frequencies, the measured and
predicted values match while, at larger frequencies, the wave amplitude obtained is system-
atically smaller than that expected from theory, discrepancy can be observed elsewhere. This
influence of frequency can be understood from the fact that at higher frequencies, waves are
steeper, which leads to more non-linearities and dissipation. Another source of discrepancy
comes from the fact that Equation 4.1.2 is written for a wave-maker oscillating with no offset
(i.e. B′(t) = Re

{
b′e−iωt

}
). Equation 4.1.2 remains true at the first order for both plate

motions but adding an offset might enhance non-linearities.

A B

Figure 4.3: A Motor amplitude-frequency diagram showing the theoretical water wave am-
plitude. The black squares corresponds to experimental points that were chosen to produce
the Figure B. B Measured wave amplitude as a function of the frequency for various wave-
maker amplitudes. The lines corresponds to the waves theoretical amplitudes for similar (b′,f)
couples.

In the rest of the thesis, when conducting experiments, a Target Wave Amplitude, TWA, is
chosen and wave amplitude is then measured to know the exact wave amplitude at object
location. For instance, in Figure 4.3, TWA=1 mm to TWA=6 mm.
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Figure 4.4: A Picture of the beach while sending 3 Hz waves. After the beach the free surface
is undeformed. It underlines the beach ability to not transmit incoming waves. B Scheme of
a beach side view. C Isometric view of the beach.

4.1.3 Absorption beach

General considerations on beach design

A beach is placed at the end of the tank to ensure that waves are not reflected by the end
wall, which would disrupt experiments. As underlined in Ouellet and Datta [1986], a wide
variety of beach types can be installed, ranging from a simple, straight inclined plate, to an
array of object. One could even think of using a controlled plate as an efficient active wave
absorber Schäffer and Klopman [2000]. For the sake of practicability in such a small-scale
set-up, a passive beach is employed. The physical principle of a passive beach consists in
breaking the waves in order to damp them. To do so, a common strategy is to progressively
decrease the water depth. As the bottom becomes increasingly shallow, waves steepness
increases and waves eventually break. In addition, an efficient beach is characterized by a
small amount of wave reflection. The main reason why a beach would reflect waves is because
the object creates a discontinuity in the water waves propagation. An ideal beach would
therefore be an infinitely long plate that would go from the tank bottom to the free surface,
achieving the water depth decrease with almost no discontinuity. However, as the tank has
a finite size, a beach with a parabolic shape is preferred to achieve that aim approximately.
Indeed, as underlined in the conclusion of the survey conducted by Ouellet and Datta [1986]
a parabolic shape offers the most satisfactory wave damping capabilities, among a variety of
beach profiles. The beach is also pierced with holes with the idea that many small orifices
might enhanced damping through viscous dissipation, but the real impact of the holes has
not been quantified here.
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Absorption beach shape and performance

A B

Figure 4.5: A Reflection coefficient, Kr, as defined in Chapter 2, as a function of waves
amplitude and frequency. At lower frequencies the beach is less efficient and reflects energy. B
Reflection coefficient as a function of wave amplitude and of the wavelength normalized by the
beach length. When λ is twice the beach length reflection becomes significant. Interestingly,
a small amount reflection is also observed when λ ≊25 cm, the beach length.

The beach is a 3D printed structure presented in Figure 4.4. Figure 4.4 A shows a picture
taken while performing experiments. A 3 Hz wave comes from the left and propagates to
the beach. This picture illustrates the beach efficiency to avoid wave transmission, as the
free surface on the right appears perfectly still. Avoiding wave transmission is crucial for an
absorption beach, as transmitted waves are eventually reflected on the tank end wall. The
beach dimensions are shown in Figure 4.4 B and C. It is 12 cm wide to cover all the tank
width. Its height is a key factor as the beach is only efficient for a water depth equal to
its height. The water depth is therefore fixed at 10 cm to maximize the beach efficiency.
Finally, the beach length is a crucial parameter when considering its efficiency at dissipating
water waves. As mentioned before, depth variations must be as smooth as possible to avoid
reflections due to a sharp change in the bathymetry. Thus, the chosen beach length (25 cm)
results from a compromise between achieving satisfactory wave absorption, on the one hand,
and keeping a reasonably long wave measurement zone in the rest of the tank, on the other
hand.
In order to evaluate the beach efficiency, its reflection is measured for various incoming wave
amplitudes and frequencies. The results are presented Figure 4.5. It appears that for high
frequencies, i.e. when the wavelength is smaller, the beach shows no reflection. However,
at lower frequencies, the beach reflects up to 20 % of water waves energy. This reflection
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appears to be a consequence of the beach finite size and increases when λ is larger than twice
the beach length.

4.1.4 Tank dimensions

The tank length has been mostly chosen to fit in the experiment room, on a table top. On
the contrary, the tank width can be modified using a mobile wall. The tank width is a
key parameter when conceiving a wave tank. Main reason why is the apparition of three
dimensional modes in the tank. Those modes are waves that propagate along the x and y
axis (as defined in Figure 4.1), as opposed to the x axis only. As stated by Ursell [1952], the
norm, ko, of the wave vector of these modes is given by the dispersion relation for gravity
waves. Furthermore, as they propagate in the direction x and y, it is also imposed that, in
the direction y:

ko =
√
(k2

x + k2
y), (4.1.4)

where kx and ky are the wave vector components in the x and y direction respectively. ky is
imposed by the tank width as:

ky =
nπ

bt
, n ∈ N, (4.1.5)

with bt the tank width. On the other hand, due to the beach absorption and wave dissipation
along the tank, waves can be considered to propagate to infinity in the x direction. Since
from Equation 4.1.4, ky cannot exceed k0, there exists a maximum value of n. The maximum
value of n, nmax is given by:

nmax = ⌊kobt

π
⌋ = ⌊2bt

λ
⌋ (4.1.6)

with ⌊.⌋ standing for the floor function and λ for the water wave’s wavelength given by the
dispersion relation. Thus, when λ > 2bt, nmax=0 and no oblique mode can exist.
To illustrate those considerations, experiments with bt=0.48 m and bt=0.12 m are conducted,
generating 2 and 3 Hz waves. Using Schlieren imaging (see Section 4.2), the free surface height
is reconstructed. Applying a 2D Fourier transform, one can obtain the energy distribution in
the (kx, ky) space, as presented in Figure 4.6. It appears that most of the energy is located
around the mode n = 0, i.e. the propagative mode with kx = k0 and ky. However, for the
wider tank energy is also distributed along the circles of norm k0 (in red on the figures).
This distribution reveals the creation of transverse modes in the case of the wider tank. In
addition, bigger circles can be observed experimentally in the wider tank. They correspond
to the apparition of non-linear modes of double and triple frequency.
Since transverse waves will interfere with the experiments the tank is taken as narrow as
reasonably possible. As pictured in Figure 4.1 the tank width is taken equal to 12 cm. For
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Figure 4.6: Fourier transforms of free surface height at a given time in the k-space. To
facilitate visualization, a logarithm has been applied as well as Hann windowing and zero
padding. Rows correspond to different tank sizes with respectively a 12 and 48 cm width.
Right column show the result for 2 Hz waves and the left one for 3 Hz waves. On all
the figures, the red circle has a radius k0, the wave vector norm associated with the wave
frequency. Each point corresponds to possible values of kx and ky for transverse modes. It
appears that most of the energy is located near the mode n = 0 (i.e. kx = k0 and ky = 0).
However, for the wider tank, the energy is more distributed along the circle. It underlines
that transverse modes can appear for a wider tank. Also, bigger circles can be observed for
the 48 cm width tank. They correspond to emitted waves harmonics.
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typical wavelength observed in this thesis, it leads to nmax=2 for minimal wavelengths. More
precisely, for frequencies between 1 and 2 Hz, nmax = 0, between 2 and 3 Hz, nmax = 1,
and nmax = 2 for frequencies above 3 Hz. However, the mode n = 1 corresponds to an
antisymmetric mode, which has no particular reason to become excited if the problem remains
symmetric.

4.2 Schlieren Method

4.2.1 General considerations

Various methods can be utilized to measure the deformation of a free surface. For most
laboratory study using gravity waves, point based method are employed, using wave probes
placed at specific locations. Wave probes are usually made of one or two metallic cylinders
that are placed in the water. While the free surface gets deformed and the water height
changes at the probe location, its resistivity or capacitance changes. Measuring resistivity or
capacitance allow to measure locally water height after calibration. In essence, this method
only gives access to local measurements at discrete locations. Since cylinders are plunged
into water, it can also be disruptive, especially at shorter wavelengths. As a consequence,
for small-scale experiments (few meters long) with a free-surface, optical methods are com-
monplace to measure the free-surface deformation, with the two benefit of allowing a non
disruptive measurement and giving access to measurements all over the tank.
As highlighted by various reviews as Slavchov et al. [2021] Falcon and Mordant [2022] or
Gomit et al. [2022] a large variety of techniques can be utilized to measure wave heights in
the whole tank. One idea is to use the deformation of a known pattern to compute the free
surface height. For instance, it is possible to project a known pattern onto the surface after
adding a dye in the liquid so that it becomes reflective and record its deformation by filming.
However, to achieve this technique one needs to use a chemical dye such as Titanium Dioxyde
(TiO2) to taint water, thus making it impossible to record the motion of submerged objects
(see [Kucher et al., 2023] for instance). Due to this constraint Synthetic Schlieren Imaging
is prefered for this study. Synthetic Schlieren imaging is also based on the deformation of
a pattern but in contrast to the method described previously, the pattern is placed at the
bottom of the tank. A camera is placed over the tank and films the pattern. As the free
surface is deformed by the waves, the pattern also appears deformed on the camera images.
As it thoroughly described in Moisy et al. [2009] this deformation is related to water height.
In the specific study of Moisy et al. [2009] a random dot pattern is employed and the image
deformation is measured using Particle Image Velocimetry (PIV) technique. The relation
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between surface gradient of elevation and the deformation is also calculated by Moisy et al.
[2009] using optical geometry. In the end, for small deformations, it is obtained that:

∇η = − u
h∗ , (4.2.1)

where η is the free surface height, u is the pattern deformation observed by the camera and
h∗ is a coefficient linked to water depth and measuring conditions. In the specific case of this
thesis, the pattern is placed directly in contact to the bottom of the tank and the camera
high compared to water depth:

h∗ = (1 − na

nw
)(h +

nw

ng
hg), (4.2.2)

where na, nw and ng are the optic index of air, water and glass, respectively. h is the
water depth in the tank and hg is the thickness of glass between the pattern and the tank
(equal to 0.7 cm here). This method is known for giving accurate results but running PIV
algorithm can be relatively slow. Consequently, a periodic pattern is preferred which allows
to obtain the deformation using the protocol proposed in Wildeman [2018]. Thus, the main
interest of using a periodic pattern is to obtain the deformation using Fast Fourier Transform
(FFT) algorithms, decreasing dramatically the computation time and increasing slightly the
precision [Vinnichenko et al., 2023].
The intensity of a periodic image undeformed (as presented Figure 4.7 A) at a given location
r in the (x,y) plan, Iref(r), can be decomposed as:

Iref(r) =
∑
m,n

amn exp(ikmnr) =
∑
m,n

gmn−ref(r), (4.2.3)

with kmn being the wave vectors of the periodic pattern. In the case of a horizontal checker-
board, it can be obtained for instance that:

kmn = m
2π

λcheck
ex + n

2π

λcheck
ey, (4.2.4)

] with ex and ey being unit vectors in the x and y direction and λcheck the checkerboard
spatial period. amn the coefficients associated with each of this wave numbers in the Fourier
space and gmn−ref the carrier peaks of the reference image defined as:

gmn−ref(r) = amn exp(ikmnr). (4.2.5)
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Similarly, the intensity of the distorted image, Idef(r′), can be written as:

Idef(r′) =
∑
m,n

amn exp(ikmnr′) =
∑
m,n

amn exp(ikmn(r − u)) =
∑
m,n

gmn−def(r + u), (4.2.6)

with its carrier peak in the Fourier space:

gmn−def(r + u) = amn exp(ikmn(r − u)) (4.2.7)

Filtering in the Fourier space both the reference and distorted image allows to extract only
two of the carrier peaks.
Then, to obtain u, Wildeman introduces the phase φ0 defined as:

φ(u) = Im[ln(g∗
refgdef)] = Im[ln(|amn|2 exp(−ikmnu))], (4.2.8)

Because |amn|2 is real, the latter expression leads to:

φ(u) = −kmnu (4.2.9)

Since u has two components x-wise and y-wise, two equations are needed to obtain the
deformation in the two dimensions of space. To do so, a second filter around a second wave
vector, km′n′ , linearly independent from the first one is applied. It allows to write a second
equation:

φ′(u) = −km′n′u (4.2.10)

For the sake of illustration if kmn is purely along x and km′n′ is purely along y, one would
obtain the simple system giving u on both dimensions: ux = −φ0(u)/km′n′

uy = −φ1(u)/km′n′
(4.2.11)

where ux stands for the deformation along x and uy the deformation along y. Once the
deformation is obtained, the wave height can be computed by a gradient inversion, i.e.:

η = h∗∇−1u. (4.2.12)

The complete code to perform Schlieren imaging by fast checkerboard demodulation can be
found on Sander Wildeman Github and has been employed throughout this thesis. Figure 4.7
presents a typical application example of this method. Figure 4.7 A presents the undisturbed
image taken from the top view of the tank with 10 cm. A checkerboard with 1 cm squares
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is placed under the tank. The object at the center is a Lego plate that can be employed to
fix different objects. The undisturbed imaged serves as a reference, Iref . Figure 4.7 B shows
a snapshot taken while 3.5 Hz waves of 2.5 mm amplitude are generated. The deformed
checkerboard image is Idef . Finally, Figure 4.7 C shows post-processed data of the snapshot.
The numerical procedure to perform the treatment is also described through a flowchart
diagram in Figure 4.8 A.

A

B

C

Figure 4.7: Illustration of the use of the Schlieren imaging method to reconstruct the surface
height. A Top view of the tank. The tank is filled with water, so that water height is
10 cm. Since no waves are propagating, the checkerboard is not deformed. This image
corresponds to Iref . B Top view of the tank while 3.5 Hz waves are propagating. Waves
deform the checkerboard. This image corresponds to Idef . C Water waves height calculated
after applying Schlieren imaging processing for waves with 3.5 Hz and an amplitude of 2.5 mm.

4.2.2 Schlieren Imaging testing

In order to examine the accuracy of such a technique, a virtual environment is created. A
reference image taken from the top view of the up-wave region is deformed numerically. To
do so, a sinusoidal deformation with damping, uth, is applied on the image. So that:

uth = u0 cos(ωt − kx) exp(−νx)nx (4.2.13)
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Figure 4.8: A: Flow chart describing the numerical treatment performed to obtain deforma-
tion and water height from a deformed checkerboard. B: Flow chart describing the numerical
treatment performed to separate the amplitude of water waves propagating in opposite di-
rection with the same frequency.

where u0 is the deformation amplitude, ω the angular frequency, k the wave number and ν the
wave damping. This deformation is representative of propagating waves with longitudinal
attenuation, which are typically observed in the experiments of this thesis as detailed in
Section 4.6.2. Also, ω and k are related to the dispersion relation for gravity waves, ω2 =

gk tanh(kh) (see Equation 2.1.35). The treatment described in Figure 4.8 is then applied
to compare the calculated deformation with the applied one. The passage from the image
deformation to the free surface deformation is also examined.
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A single set of parameters is illustrated here, taking λ = 500 mm, u0=1 pxl and ν=0 mm−1.

A B

Figure 4.9: Results of the use of the fast checkerboard demodulation method for an image
artificially deformed. A Comparison of the measured deformation, um and the imposed de-
formation uth at a given time. Data is averaged along the tank width. B Elevation’s envelope
averaged along the width measured using gradient inversion (blue) or considering monochro-
matic waves (pink) compared to the amplitude imposed theoretically (dashed black).

Figure 4.9 A shows a direct comparison between the deformation imposed artificially and the
deformation measured using fast checkerboard demodulation. It appears that the measured
deformation (in red) fits accurately the imposed deformation (in dashed black). Measuring
the deformation is the first step into measuring the wavy water surface elevation. A second
one needs to be made to obtain water wave height from deformation. As shown by Moisy et al.
[2009] and reminded in Section 4.2.1, the deformation scales as the water height gradient.
The general method to solve this problem consists logically in inverting the gradient. As
explained by Moisy et al. [2009], several methods can be used to that aim, using Fourier
transforms or least-squares method. However, as illustrated in Figure 4.9 B, those methods
can lead to substantial errors when the measurement domain isn’t much greater than the
wavelength. Indeed, inverting a gradient implies to have access to a constant. In the case
where waves don’t reach the measurement window edges, this constant can be taken equal to
zero by volume conservation. However, in the case of waves propagating along the tank, water
waves height is, in general, non zero on the edges and the calculation of this constant becomes
an additional unknown which cannot be measured. An approximation can be made in the
specific case of monochromatic waves to avoid this issue. Indeed, waves can be described as:

η = Re(A exp(−i(ωt − kx) − νx)), (4.2.14)

Injecting this expression into Equation (4.2.1), it is obtained, in the complex space and x
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direction, that:
(ik − ν)A exp(−i(ωt − kx) − νx) =

ux

h∗ . (4.2.15)

It comes that ux has the same wave-number, k, and the same damping coefficient, ν, as η.
As illustrated Figure 4.9 A, the deformation estimate is accurate. Consequently, k and ν can
be calculated using only the deformation, ux. In addition, noticing that η can be written as
in Equation (4.2.14) allows to write:

A exp(−i(ωt − kx) − νx) =
ux

h∗(ik − ν)
, (4.2.16)

i.e.
η = Re( ux

h∗(ik − ν)
). (4.2.17)

It means that for monochromatic waves, η can be simply computed using the local mea-
surement of the deformation. In addition, k and ν can be calculated from deformation
measurements. Hence, the monochromatic wave approximation avoids inverting a gradient.
As presented in Figure 4.9 B, it allows to reduce the maximal error made reconstructing the
free surface.

4.3 Measurement of wave reflection and transmission
near an obstacle

4.3.1 General considerations

Looking at wave reflection and transmission past an obstacle, gives key information in order
to characterize its behavior in a wave field. In order to evaluate the significance of transmis-
sion or reflection, coefficients of reflection, Kr and transmission, Kt, are evaluated. To do
so, the up-wave free-surface height must be separated between an incident wave propagating
from the wave-maker to the plate and a reflected wave propagating in the opposite direction.
Different methods have been developed to separate the incident and reflected wave depend-
ing on the experiment setup. In large facilities, free surface height is measured using point
based methods. Therefore, a large variety of techniques utilizing point based measurements
has been developed to separate incident and reflected waves. For instance, Stamos and Hajj
[2001] employed a one point method based on wavelet analysis while Mansard and Funke
[1980] proposed a method based on linear least-squares method and point measurements at
multiple locations in the tank. As shown by Abdolali et al. [2012] and Kolahdoozan et al.
[2014] point based measurements can be sensitive to the probe location and number.
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In this thesis, in contrast with most wave flumes, the free surface height is known at every
location, which is equivalent to having as many probes as there are pixels on the image,
increasing measurement precision. However, in a small wave-tank, waves are noticeably
damped. Damping can be taken into account when separating incident and reflected waves,
as in [Mérigaud et al., 2021]. Similarly to [Mansard and Funke, 1980], a linear least square
method is employed and, a dissipation coefficient, ν, is added as an imaginary part of the
wave-number to account for dissipation. To scale ν, an experiment without object has to
be performed before any measurements with the object. However, as emphasized in Sec-
tion 4.6.2, ν can vary drastically over a day leading to more uncertainty in the result.
To improve measurements accuracy and easiness, a new method based on non-linear least
squares method has been developed to evaluate simultaneously dissipation, ν, and the re-
flected and incident wave amplitudes.
As depicted in Figure 4.8 B, the numerical treatment starts from water elevation measure-
ments using Schlieren imaging. Wave frequency and wavelength are extracted using a 2D
Fourier transform in the x direction and in the time space. The maximum of energy in that
space gives both wave frequency and wave number, k. This measurement is utilized to filter
the signal at wave frequency and remove noise. This operation allows to sum up the 15 sec-
onds experiment into a single array that has the same size as a single picture of the tank. In
order to obtain only the information related to the excitation frequency, a time-wise Fourier
transform is performed at every place of the tank, as:

udemod =
2

Nframes

Nframes∑
n=1

ux(x, y, n/facq) exp(2niπf/facq), (4.3.1)

where f is the wave frequency of a given experiment and facq the frame rate at which the
movie was recorded.
This operation results in a 2D signal that can be averaged along the y direction to obtain a
simple 1 D signal describing the water height in the tank as:

udemod = u+ exp(ikx − νx) + u− exp(−ikx + νx), (4.3.2)

where u+ and u− are respectively the amplitudes of the incoming and reflected wave and ν

being a dissipation coefficient characterizing wave amplitude decrease along the tank. The
values of u+, u− and ν are obtained by averaging the signal along the tank width (y-axis) and
fitting a function of the form described in 4.3.2. Fitting is performed using Matlab built-in
tool to solve non-linear least-squares curve fitting problems. The concept of this operation
consists in finding the optimal values of the three parameters fitted, u+, u− and ν so that
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the system of equations 4.3.3 is correct.


udemod(x1) = u+ exp(ikx1 − νx1) + u− exp(−ikx1 + νx1)
...
udemod(xmax) = u+ exp(ikxmax − νxmax) + u− exp(−ikxmax + νxmax).

(4.3.3)

In this system, x1 denotes the position of the first probe, i.e. the first pixel, and xmax of the
last.
Finally, obtaining the incident and reflected wave amplitude allows to estimate the coefficients
of reflection and transmission, Kr and Kt. Performing this treatment both up-wave and
down-wave, Kr and Kt can be defined as:

Kr = (
u
(up)
−

u
(up)
+

)2 Kt = (
u
(down)
+

u
(up)
+

)2 (4.3.4)

To give more details on practical considerations, values of x are taken so that the origin is
located at the center of the obstacle. That way, amplitudes in the up and down regions refer
to the same locations in the tank. This trick allows to avoid using corrective coefficients
based on the dissipation when calculating the coefficients of transmission and reflection.

4.3.2 Testing the measurement of reflection and transmission co-
efficients

To evaluate the method efficiency, a numerical environment is used. As it has been made
in section 4.2.2 an undisturbed tank image is taken and is deformed artificially. To mimic
the presence of an object, the tank is divided into two regions. The upper region, where the
incident and reflected waves propagate and the down region, where the transmitted wave
propagates. A perfect beach is assumed so that there is no reflected wave in the down-
wave region. When deforming the image, Kr, Kt, wave dissipation, ν, wave frequency, f ,
and incident wave amplitude, A, are imposed. The deformation amplitude relative to the
incident wave, u

(up)
+ , is calculated using the relationship between the free surface deformation

and the image distortion (4.2.1) in the case of monochromatic waves, leading to:

u
(up)
+ = Akh∗, (4.3.5)

where k is the wave-vector calculated using the dispersion relation:

ω2 = gk tanh(kh) (4.3.6)
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Figure 4.10: A Reflection coefficients, Kr, as a function of wave frequency, f , for imposed
values in black and measured values in light blue. Kt is taken equal to 0, ν=0 mm−1 and
f = 1.5 Hz. B Reflection coefficients, Kr, as a function of wave frequency, f , for imposed
values in black and measured values in light blue. Other parameters are: Kt is taken equal to
0, ν=0 mm−1 and A = 1 mm. C Reflection coefficients, Kt, as a function of wave amplitude,
A, for imposed values in black and measured values in light blue. Other parameters are: Kr

is taken equal to 0, ν=0 mm−1 and f = 1.5 Hz. D Reflection coefficients, Kt, as a function
of wave frequency, f , for imposed values in black and measured values in light blue. Other
parameters are: Kr is taken equal to 0, ν=0 mm−1 and A = 4 mm.

The reflected and transmitted waves amplitude are calculated respectively as:

u
(up)
− =

√
Kru

(up)
+ and u

(down)
+ =

√
Ktu

(up)
+ (4.3.7)
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The different parameters values, presented 4.2, are chosen to be representative of the exper-
iments conducted in the wave tank.

Parameters Values
A (mm) 1 2 3 4 5
f (Hz) 1.5 2 2.5 3 3.5 4

Kr 0 0.25 0.5 0.75 1
Kt 0 0.25 0.5 0.75 1

ν (10−4mm−1) 0 1 5 10 20

Table 4.2: Set of parameters tested to validate the separation procedure accuracy.

The numerical treatment described in the last section is then applied on the numerically
distorted image. The numerical treatment measures a reflection coefficient K

(mes)
r , a trans-

mission coefficient, K
(mes)
t , a dissipation coefficient, ν(mes), a wave frequency, f (mes), and a

wave amplitude, A(mes).
Some measurements examples are presented in Figure 4.10 and compared with the imposed
value. Figure 4.10 A shows Kr as a function of wave amplitude A. Light blue points corre-
sponds to measured values, i.e. A(mes) and K

(mes)
r and black points to parameters used to

distort the image. In Figure 4.10 A, ν=0, Kt=0 and f=1.5 Hz. The comparison between
black and blue points gives information on the precision of the method developed for a given
set of parameters. From the observation of Figure 4.10 A, the method gives relatively accu-
rate results for imposed amplitudes below 5 mm and imposed reflection coefficient below 0.5.
Figure 4.10 B shows Kr as a function of wave frequency, f for ν=0, Kt=0 and A=1 mm. In
this case, the results are accurate for all Kr and f imposed values.
Similarly, Figure 4.10 C shows a comparison between Kt measured and imposed values as a
function of wave amplitude, A for ν=0, Kr=0 and f=1.5 Hz. In this case, the results seems
accurate over all the diagram.
Finally, Figure 4.10 D shows Kt as a function of wave frequency, f for ν=0, Kr=0 and
A=1 mm. In this case, results appears accurate for all values tested.

In summary, the method developed for this thesis seems to be relatively precise for some
sets of parameters but very inaccurate for others. In order to get a more general view on
the method efficiency and on parameters influencing the measurement accuracy, the success
of virtual experiments is measured. A measurement is called successful when the measured
value corresponds to more or less 10 % of the imposed value. The number of successful
experiments over the total number of experiments is called, success rate, R. It is presented
Figure 4.12, in amplitude frequency diagram, taking various imposed parameters fixed.
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BA

Figure 4.11: A Amplitude-frequency diagram showing the amplitude of image deformation
for typical pair (A, f). As the wave slope increases, the deformation becomes higher .
B Amplitude-frequency diagram showing k.u(up)

+ . As mentioned in Wildeman [2018], this
product must be smaller than 1√

2 i.e. ≈ 0.7.

A B

C D

Figure 4.12: A Amplitude-frequency diagram showing success rate R for Kt measurements.
B Amplitude-frequency diagram showing success rate R for Kr measurements. C Amplitude-
frequency diagram showing success rate R for u

(up)
+ measurements. D Amplitude-frequency

diagram showing success rate R for u
(up)
+ measurements for ν = 0 mm−1 and Kr = 0. In

those conditions the measurements match exactly the imposed values showing that errors are
mostly caused by a high reflection coefficient and high dissipation.
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The results show that at low amplitude and low frequencies the method is efficient to obtain
reflection and transmission coefficients. However, when A and f are maximum this efficiency
decreases drastically. As illustrated Figure 4.12 D, this decreases is due to mostly two factors,
an increase in the dissipation, ν and in the reflection coefficient, Kr. The impact of Kr can
be easily understood as it will default the accuracy condition stating that for a checkerboard:

|k|.|u| <
1√
2

, (4.3.8)

as stated in Wildeman [2018]. As it is illustrated in Figure 4.11, this criteria is met in all the
space of parameters tested when there is no reflection. It is therefore not enough to explain
the discrepancy observed. However, for high reflections, the deformation at the antinode
will be the sum of the two deformations breaking the condition (4.3.8). As it will appear
in the Chapter 5, showing results of reflection and transmission measurements, the zone
of the amplitude-frequency diagram where high reflection can be critical are zones with no
reflection. The impact of high values of ν can also be understood when reminding that the
deformation amplitude is defined here as the amplitude at the center of the obstacle. Since
the up-wave region has a typical length of half a meter, the deformation amplitude at the
beginning of the tank is exp(2.10−3.500)u(up)

+ ≈ 2.7u
(up)
+ . As for the high reflection case,

it leads to deformations that break the criterion (4.3.8). In the following, two criteria are
chosen to validate the measurements:

• k(u
(up/down)
+ + u

(up/down)
− ) < 1√

2

• ku
(up/down)
+ exp(νLup) < 1√

2

with Lup being the up-wave length region.
Figure 4.13 shows the success rate in the different tests when applying these two criteria.
For most of (A, f) pair the success rate, R, is always above 80% for Kt and 65% for Kr. It
illustrates the efficiency of these criteria as a large increase in R for highers amplitudes and
frequencies is observed. In practice to ensure the measurements validity, each experiment is
performed three times.
To sum up, this study in a virtual environment shows rigorously the numerical procedure
efficiency to measure reflection and transmission coefficients by extending the limits of the
detection method to two waves propagating in opposite directions, and considering wave
damping.
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A B

Figure 4.13: A Amplitude-frequency diagram showing success rate R for Kr measurements
when applying the two more restrictive criteria. B Amplitude-frequency diagram showing
the success rate R for Kt measurements when applying the two more restrictive criteria.

4.3.3 Protocol to measure wave reflection and transmission

In all this document, the protocol to measure reflection and transmission coefficients is the
same. First the reference image is captured. Then, waves of a given frequency are generated
using the wave-maker. The wave amplitude wanted is estimated using the relationship given
in 4.1.1 but is always measured afterward to obtain the precise wave amplitude. The waves
are sent for one minute and fifteen seconds. Recording is only made in the last fifteen seconds
to ensure that a steady state has been reached in the tank.
Then, the treatment described in the previous subsections is applied to measure Kr, Kt, the
wave amplitudes and frequencies or other parameters depending on the situation.

4.4 Plate’s properties

4.4.1 Materials and dimension

General considerations on plate design

As presented in Chapter 3, parameters that will impact plate’s motion and interaction with
the waves are its length, density, rigidity and its submersion depth. However, the exploration
of those parameters is limited in real life. The main limiting criterion that limits these ex-
plorations is that the plate should remain relatively horizontal, placed at a certain distance
below water surface. However, in contrast to the case of a plate in a flow or in heaving and
pitching, the forcing by the waves is not strong enough to keep the plate relatively horizon-
tal, and the plate will sink or float depending on its density, changing drastically the system

90



CHAPTER 4. EXPERIMENTAL METHODS

behavior. Different strategies have been tried in order to make the plate neutrally buoyant.
For instance, salt have been dissolved into the water or masses glued to the plate. If these
idea provided temporary solutions to maintain a low rigidity plate horizontal, over the course
of an hour the plate would sink or float again (maybe due to change in temperature, increase
in salt concentration due to slow dilution...). More controlled and repeatable conditions have
then be preferred. As no material matching water density has been found, rigidity is used to
keep the plate horizontal. Tap water is simply chosen and density problems are avoided by
taking a material with small density difference with water but rigid enough so that gravity
effect becomes negligible or, at least, small.
As this study is restricted to a two dimensional case, the plate characteristics are also chosen
so that three dimensional motion is small, to avoid flexion along the y direction and torsion
about the x axis. To avoid flexion along y, the aspect ratio has to be chosen so that L, the
plate length is bigger than b, its width. Furthermore, the competition between torsion and
flexion is only set by material properties. For most materials, torsion is favored. Experimen-
tally, longer plates do not exhibit torsion. One possible explanation can lie in the forcing that
is symmetrical about the y direction and the clamping system which restrain plate motion.

Plates characteristics

To meet all those criteria, two materials have been selected and are utilized to design elastic
plates. Polypropylene plates of density 1.03 and Polycarbonate plates of density 1.2. Simple
names, composed of two characters, are given to the plates based on their length and rigidity.
First, character is a letter, S or L, it designates the plate length. S stands for small and corre-
sponds to 19 cm plates. The second character is a number ranging from 1 to 4. It quantifies
plate stiffness, 1 being the least stiff plate and 4 the stiffest plate. Plate characteristics are
given in Table 4.3.

Preparation of PP_L28_e450

The raw material is manufactured and sold in the form of 30.5 cm×20 cm sheets. Probably
because of their fabrication process or storage, initially sheets have a curvature, leading to
an asymmetric behavior in flexion. To reduce this curvature, after cutting the plate with a
given length and aspect ratio, it is heated using a heat press, for 1 hour at 110 ◦C and cooled
down to ambient temperature under the press for at least 5 hours. The resulting plates have
no noticeable curvature at rest.
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A

B

Figure 4.14: Pictures of two plates of 28 cm long at rest taken from the side view. The plates
side is colored in black to track its motion. On picture A, the plate is made of Polypropylene.
On picture B, the plate is made of Polycarbonate.

Rigid plate

To highlight even more the role played by flexibility in the reflection, experiments with a rigid
plate are performed. The rigid plate has a 10 cm width and a 28 cm length as L1, L2 and
L3. It is made of Aluminum of 750 µm thickness. As for the flexible plates, it is maintained
by sticking carbon rods to the plate. Carbon rods are then inserted in thin Plexiglass poles
that go out of the water. However, contrary to the elastic plates, the rigid aluminum plate
is maintained at its tip and at its tail. In the rest of the thesis the rigid Aluminum plate is
referred as L4 since it has the same length as other long plate and is the most rigid.
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4.4.2 Young’s modulus measurements

To estimate the plate Young’s modulus, a free-decay test in the air is performed. The plate is
clamped from the top and its tip is moved from its equilibrium position. Releasing the tip, the
plate starts to oscillate. The plate Young’s modulus can simply be estimated by measuring
the plate oscillation frequency in a free oscillation test and using Equation (2.2.14). As shown
in the Appendix, in order to obtain the oscillation frequency, a movie of the plate is recorded.
Then, a Fourier transform is applied to measure the frequency.
Those measurements are performed for the two materials, Polypropylene and Polycarbonate,
using L1 for Polypropylene and L2 for Polycarbonate. The repetition of five measurements
gives a Young’s modulus, E, of respectively 2 GPa and 2.15 GPa.

Short name Material Length, L Thickness, l Density, ρp Stiffness, EI
(cm) (µm) (kg.m−3) (10−3.N.m2)

L1 Polypropylene 28 450 1035 1.7
S2 Polycarbonate 19 750 1200 7.6
L2 Polycarbonate 28 750 1200 7.6
L3 Polycarbonate 28 1000 1200 18
L4 Aluminum 28 1000 2700 Not measured

Table 4.3: Plate characteristics. Their short name is chosen to indicate their material (first
two letters) their length in cm and their thickness in µm.

4.4.3 Plate tracking

To follow plate’s motion while conducting experiments, it is filmed from the side. Its visible
edge is colored in black to allow tracking. Due to differences in lightning and the relatively
small thickness of the plates, methods based on binarization and contour are not efficient
to achieve this purpose [Bovik, 2009]. Indeed, no threshold can be found so that all the
plate is differentiated from the background. Therefore, a tracking algorithm is designed. The
principle is fairly simple. For each movie, the user has to indicate the plate leading edge
position, as a line and a column. To reconstruct the plate’s position along all its length using
an iterative process. It consists in tracking the darker squares column by column as depicted
on the flow chart Figure 4.15 A. The Figures 4.15 B and C illustrate the accuracy of this
method as Figure 4.15 B shows a reference image and Figure 4.15 C shows the same image,
on which plate’s tracking have been superposed in red. It can be seen that the detection
follows accurately the plate’s edge.
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Figure 4.15: A Flowchart describing the treatment to extract plate’s shape. B Side view of
L2 without waves. C Same view as B but plate shape detected numerically is superposed
and presented in red.

4.4.4 Clamping system

A B

Figure 4.16: A Amplitude-frequency diagram presenting the measurements of transmission
coefficients when there are only the attachment poles in the tank. B Same as A but for
reflection coefficients. Kt is equal to 1 and Kr is equal to 0 for all couples, illustrating the
fact that the poles do not disturb the wave field.

The plate clamping system is a primordial part of the experiment. Its main role is to maintain
the plate fixed at its leading edge. The main difficulty when building such a system is that
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it has to be rigid but also non intrusive to measure only the effects of the plate on the waves.
The choice made here is to clamp the plate using a carbon rod of 1 mm radius that provides
good rigidity for the system while taking very little space. Two parallel rods, separated by
1 cm, are then glued to the plate using epoxy adhesive. To maintain the two poles at a given
depth two poles have been cut in PVC. They have a 2 mm thickness and pierced with holes
of the same diameter as the carbon rods. The two poles are maintained out of water and
rigidly fixed to the tank. Carbon rods are inserted into the holes at a given depth as sketched
in the zoom view of Figure 4.1 or pictured in Figures 4.15 B and C or Figures 4.14 A and
B.
As mentioned, it is crucial for the attachment to be as non-intrusive as possible. To test
that, coefficients of reflection and transmission measurements are performed for different
waves amplitudes and frequencies, with the clamping system alone, without the plate. The
results are presented in Figure 4.16. It can be observed that for all (A, f) pairs, the coefficient
of transmission is equal to one and the coefficient of reflection is equal to zero, showing that
the poles do not disrupt the waves.

4.5 Particle Image Velocimetry

z

x

y

10 cm

12 cm2 m

Camera

Camera

Figure 4.17: Scheme of the experiment when performing PIV experiment in an empty tank.
Filming from the side gives access to particle and fluid motion. Filming from the top allows
wave field reconstruction as presented in section 4.2. A laser sheet is sent from the top using
a laser and a cylindrical lens.
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General considerations on Particle Image Velocimetry (PIV)

To gain insights on the behavior of the elastic plate in a wave field, PIV is employed. PIV
consists in seeding the fluid with particles and to track their motion. In order to observe
only a given part of the flow, a laser sheet is sent and illuminates particles. Particles located
in the laser sheet will diffract laser light and appear brighter. Particles appear clearly when
filming or taking pictures of the experiment. Similarly to the use of dye, simple observation of
particles trajectories, over a certain period of time, can offer qualitative information on fluid
motion. In addition, PIV offers quantitative measurements as it allows to deduce the velocity
fields from particles observations. To do so, cross correlation is calculated between two
successive images. Typically, successive images are obtained by filming the experiment but
taking two photos can be sufficient to obtain the speed at a given instant. When performing
PIV experiment the choice of particles is crucial. The first constraint is that they act as
tracers which means that their motion follows that of the flow. In practice, for sufficiently
small particles and speeds, when the fluid accelerates particles undergo Stokes force. The
particle will then reach the same velocity as the fluid but with a delay, τp. This delay is
function of their density ρpa and, for spherical particles, their diameter dp. According to
Raffel et al. [1998] for a constant acceleration, τp scales as:

τp =
d2

pρpa

18µd
, (4.5.1)

with µd water dynamical viscosity.
Delay, taup, gives a good approximation of the maximal frame rate that can be chosen to
obtain particles moving at the same speed as the flow on every frame. As it will be shown
in Section 4.5, this criteria will not be restrictive. However, sedimentation also plays a key
role when performing PIV in a wave field as there is no mean flow opposing gravity effects.
As particles are not exactly density-matched with water, they tend to sediment. This effect
is more significant for larger particles, so that the use of smaller particles is also encouraged.
Looking at these considerations it seems that particles as small as possible should be em-
ployed. However, particle size also plays a role to scatter light and bigger particles will appear
more clearly. The setup designed to record data is then particularly crucial and parameters
such as shutter speed must be chosen so that particles appear clearly visible.

Setup configuration to perform PIV measurements in the wave tank

Polyamid seeding particles of 20 µm diameter and a density of 1.03 are used. According to
Equation (4.5.1), the relaxation time, τp, is equal to 10−5 s meaning that particles will be
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good tracers if the frame rate remains inferior to 10000 s−1. This criteria is not very restric-
tive so one could think of using larger particles given the typical fluid velocity values, which
are observed in capillary and gravity water waves. However, because bigger particles are
more sensitive to sedimentation, particles of and 20 µm appeared to be a good compromise
that could be employed without having to add more particles during the course of several
hours. To prepare the mixture, 10 g of particles are mixed with 10 g of soap. Water is then
added to obtain a volume of 500 mL. Typically before beginning experiments, 100 mL of
suspension are poured into the tank where they are mixed by hand and by sending waves.
The laser used here is a Genesis MX532-8000 from Coherent®2. It is continuous and has a
532 nm wavelength. As its power can be tuned, experiments will be performed using power
values between 0.8 W and 1 W depending on the size of the laser sheet or on the camera
position. The laser sheet is formed and oriented using a cylindrical lens and a mirror. The
laser sheet obtained is similar to the one sketched in Figure 4.17.
As presented in Figure 4.17, two cameras are utilized. The one at the top films the checker-
board for wave measurements and the one at the side records particles motion and plate’s
motion. As Fast Checkerboard Demodulation would not work in the dark, a filter is placed
on the side view camera, removing all wavelengths except the laser’s one. It allows to work
with the room light turned on and to measure water waves height with Schlieren imaging
and fluid velocity with PIV simultaneously. The top view camera frame rate is imposed at
50 frames per seconds. The side view frame rate is tuned depending on wave frequency with
the relation facq = 40.f , with f being the wave frequency and facq, the frame rate. This
choice allows to perform phase averaging with enough image for each period. The exposure
time is then fixed at 1/facq.
Velocity fields are then extracted using the Davis software developed by LaVision®3. For
most experiments, correlation windows have a 12 × 12 or 16 × 16 pixels with a 5 pixels
maximum displacement.

4.6 Verification of experimental methods

4.6.1 PIV in a wave field

As emphasized in Section 4.5, the use of a filter on the camera allows achieving water wave
height measurements and PIV measurements simultaneously. The coherence between these
two measurements is a good proof that all the tools chosen for this study are well scaled.

2https://www.coherent.com/
3http://www.lavision.de/en/
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This section focuses on the comparison between measurements obtained using PIV and water
wave height evaluation using synthetic Schlieren imaging by looking at particles trajectories
and velocity in a wave field without obstacle.

2 cm

2 cm

A

B

Figure 4.18: A Particle trajectories in 2 Hz waves with an amplitude of 4.7 mm. B Same
as A but particles trajectories predicted theoretically are added in red. A good matching
between theoretical and experimental particles trajectories.

Particle trajectories

Particle trajectories in a wave field is given by linear theory (see Equation 2.1.45) and par-
ticles follow ellipses of radius proportional to wave amplitudes. Particle trajectories over
a given time interval can be evaluated using the measured particle trajectory. To do so,
the maximum intensity at each pixel over that time interval is taken. As particles appear
brighter on each image, the result of that operation displays their trajectories, as shown in
Figure 4.18 A. To ensure a good visibility of particles trajectories and avoid overlap, it is
useful to decrease particles concentration.
The trajectory of particles as it is given by linear theory can also be computed, using the
wave amplitude measured by means of Schlieren imaging. The comparison between trajec-
tories observed and those predicted theoretically is presented in Figure (4.18) B. It can be
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observed that the predicted trajectories fit with the observed ones. As this result has high
sensitivity to the wave amplitude measurement, which confirms the consistency between the
two measurements.

Velocity measurements

The flow velocity at a given position and time can be evaluated using PIV experiments. In
order to compare the velocities measured using PIV with the theoretical values from linear
theory, the maximum flow speed along x or z measured at a given position is computed. By
averaging this data along x, the speed profile along z is obtained. The comparison between
the speed profile obtained experimentally and the theoretical one is presented in Figure 4.19.
A good agreement can be observed except close to the free surface. Interestingly, a constant
≊ 5 mm.s−1 a shift can be observed looking at uz.
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Figure 4.19: Maximum flow speed in the x and z direction for different depths for theoretical
and experimental values for 2 Hz. A 4.7 mm amplitude wave amplitude is measured using
Schlieren imaging during the same experiment. The experimental values are averaged along
all the observation window. Except close to the free surface, theory and experiments show
good agreements.

4.6.2 Wave dissipation measurements

As emphasized in Section 4.3, the dissipation coefficient ν makes measuring reflection and
transmission coefficients challenging. Wave damping represents one of the main challenges
when performing small-scale experiments, partly because it adds a non-linear term in the
shape of wave envelope. A specific method to measure reflection and transmission coefficients,
Kr and Kr (see Section 4.3) is thus needed. Also, this dissipation coefficient varies largely
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A B

C D

Figure 4.20: (A-B) ν measurements in an empty tank for various frequencies. Measurements
in A were performed in the morning before conducting experiments with an object and mea-
surements in B in the evening of the same day, after conducting experiments with the plate.
For both figures, darker circles correspond to measurements performed using only half the
tank and light-colored squares to ν measurements using all the tank. At low frequencies the
dissipation appears to be largely overestimated when using only half the tank.
C Dissipation coefficient, ν as a function of wave frequency. Data presented in Fig-
ure A and B are superposed using the same colors but using lines. Black dots represent
data obtained while performing experiments with an obstacle. At low frequencies results
are similar to what is obtained by taking fitting ν by using half the tank without obstacles.
At higher frequencies measurements are coherent with what was obtained without obstacles,
showing good agreement when dissipation is particularly significant.
D Wave amplitude, |η̂| , as a function of the position in the tank for waves of 4 Hz frequency
i.e. the maximum dissipation. As for the other figures, red corresponds to the experiment
without plate in the morning and blue to the experiment performed in the evening.
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due to water cleanliness or the type of surfactant polluting the free surface (see Alpers
and Hühnerfuss [1989] or Sergievskaya et al. [2019] for instance), leading to non negligible
variations even on the scale of a single day as illustrated in Figure 4.20 D. The precise
understanding of wave damping mechanisms is out of scope of this thesis but the fact that the
dissipation coefficient cannot be calibrated once and for all, even for a single day experiments,
motivates the need to evaluate the dissipation simultaneously with the coefficients of reflection
and transmission. The precision of this measurement is affected by both the measurement
window size and by the presence of reflection. To ensure the validity of this measurements,
experiments comparing values measured in the empty tank and in the presence of an object
are performed.
To do so, measurements with waves going from 1.5 Hz to 4 Hz are performed in the tank
without obstacles. Then, three repetitions of experiments with a plate are performed. Finally,
the first set of experiment is repeated at the end of the day. It took a day to perform those
experiments, so that the two experiments without plate were made respectively with a six
hours delay.
This study has two aims, first, to examine the impact of using only half of the tank length (x
direction in Figure 4.1) to measure the dissipation, ν. Indeed, it is expected that when using
only half the tank, the estimation of ν will be less accurate as the wave amplitude decay is
less significant on shorter distances. Secondly, these measurements are utilized to investigate
the object influence when measuring the dissipation.
Results for the comparison between dissipation measurements in the tank without plate but
using either the complete tank length or only half of it to estimate dissipation are presented
in Figure 4.20. Figure A corresponds to measurements performed at the beginning of the day
and Figure B to measurements performed at the end of the day. The comparison between the
two Figures emphasizes the significant variations of dissipation that can be observed through
the day, particularly at higher frequencies. Looking at each figure, it appears that using
only half of the tank tends to overestimate dissipation at low frequencies but offer relatively
accurate results at higher frequencies when wave damping is significant. This difference
makes the method employed here inefficient to conduct a precise study on the evolution of
wave damping at the same time as measuring reflection and transmission. However, for our
purpose overestimating ν at low frequency does not represent a real issue as wave amplitude
decay remains small.
Figure 4.20 C presents the comparison between values of ν measured with the object and
without object. The results are coherent with measurements made with the empty tank.
Dissipation appears higher than the one measured using all the tank length. However, when
dissipation is significant i.e. for wave frequencies above 3 Hz, the measurement has the same
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order of magnitude as the dissipation measured in the morning and in the evening. Note
that the measure at 3.1 Hz led to an abnormally high value of ν but it is kept on the figure
as nothing disturbed the experiment.

4.7 Conclusion

In summary, this Chapter lists the various methods and procedures that can be used in the
small scale setup as well and the advantages and disadvantages of such a setup.
To study wave behavior, Schlieren imaging is employed and specific treatments have been
developed to measure reflection and transmission coefficients while taking wave dissipation
into account. PIV can be performed from the tank side view. Study of the velocity field
is coherent with wave height measurements obtained with Schlieren imaging. In addition, a
complete description of plates used in the Chapter 5 is given, underlining the experimental
challenge of maintaining a plate horizontal in a wave field.
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Chapter 5
Experimental investigation of the interaction be-
tween water waves and a submerged elastic plate

The experimental procedures described in Chapter 4 are used to characterize experimentally
the interaction between water waves and a submerged elastic plate clamped at one end. This
Chapter, first, focuses on small wave amplitudes where the results are expected to be closer
to the linear theory. The reflection and transmission coefficients and plate motion amplitudes
are measured and compared with numerical results, showing relatively good agreement. The
experimental investigation also highlights the key role of flexibility in wave reflection.
Secondly, the impact of higher wave amplitudes is evaluated looking at the reflection and
transmission coefficients, plate motion, and dissipation of wave energy for increasing wave
amplitudes. It is shown that for sufficiently high waves, the more flexible plate, L1, can act
like a perfect wave terminator. Finally, the causes of dissipation in the fluid are investigated
using Particle Image Velocimetry (PIV) from the side view. As a reminder, the plates used
here are described in Chapter 4. The first letter, S or L, for small or long, indicates their
length, 19 cm for S plates and 28 cm for L plates. The number following indicates their
rigidity from 1 to 4, 1 being the more flexible one, made of Polypropylene, and 4 being the
completely rigid plate made of Aluminum (see Table 5.1).

Short name Material Length, L Stiffness, EI
(cm) (10−3.N.m2)

S2 Polycarbonate 19 7.6
L1 Polypropylene 28 1.7
L2 Polycarbonate 28 7.6
L3 Polycarbonate 28 18
L4 Polycarbonate 28 Not evaluated

Table 5.1: Compact version of Table 4.3 in Chapter 4. It reminds the different plates char-
acteristics and their designation.
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5.1 Wave-plate interaction for low amplitude waves

In order to characterize the interaction between water waves and a submerged elastic plates,
coefficients of reflection, Kr, and of transmission, Kt are measured for different plate lengths,
stiffness or depths. Kr and Kt are defined as in Section 2.1.2 of Chapter 2. In all this Section,
the experimental procedure followed is the same, waves are generated for one minute before
starting data acquisition from top and side view during 15 s. At each frequency, three
measurements are made. The wave-maker amplitudes used are the same as in Chapter 4,
Section 4.1.2 over frequencies ranging from 1.5 Hz to 4 Hz. In this Section focusing on small
wave amplitudes, the Target Wave Amplitude, TWA, is fixed at 1 cm

5.1.1 A baseline case: study of wave interaction with L2 at a 3 cm
depth

Reflection and transmission coefficients measurements for L2 at a 3 cm depth

Figure 5.1 A presents Kr and Kt as a function of wave frequency for L2 at a 3 cm depth.
It appears that at low frequencies the plate mostly transmits wave energy. However, as the
frequency increases, Kt decreases and, Kr increases showing a wide reflection peak centered
at 2.2 Hz. At this frequency, the plate reflects almost 75 % of wave energy. Finally, for
frequencies higher than 2.5 Hz, almost all the wave energy is transmitted by the plate. The
standard deviation of the three measurements is shown with black errobars. Even though
overall data appear relatively noisy, reflection and transmission coefficients calculations are
very repeatable.
Figures 5.1 B, C and D present the same data but as a function of normalized quantities. In
Figure 5.1 B, Kr and Kt are presented as a function of wave frequency divided by the plate
resonance frequency in the air, f0. As explained in Chapter 4 plate resonance frequency is
estimated performing a free-oscillation test. The reflection peak central value is located at
f/f0 ∼ 1, suggesting that wave reflection could be fully driven by the specific excitation of
the plate first mode. However, study of reflection and transmission for other plates will show
that this result is more of a coincidence. To anticipate on the rest of this Chapter, L3 at
3 cm exhibits a wide peak for the same wave frequency, even thought f0 is higher for L3.
Similarly, Figure 5.1 C shows Kr and Kt as a function of wave frequency, f , normalized by
plate natural frequency measured in a still fluid, f0ma. f0ma = 1.7 Hz for L2. The reflection
peak frequency appears for f=1.2-1.3 f0ma.
Finally, D explores possible diffraction effect using the plate length, L, to normalize, respec-
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Figure 5.1: Reflection and transmission coefficients measurements for L2 at a 3 cm depth.
Experimental reflection and transmission coefficients, K

(exp)
r and K

(exp)
t as a function of wave

frequency, f , (A), wave frequency normalized by the resonant plate frequency in air, f0, (C),
wave frequency normalized by the resonant plate frequency in still water, f0ma, (C), and
the wavelength, λ, normalized by the plate length, L, (D). In all the Figures errorbars show
standard deviation.

tively, λ, the wavelength. As the reflection peak frequency is observed for λ=1.2-1.3 L , plate
length, L does not seems to be the crucial parameter to account for reflection.
From the different normalization it seems that reflection happens when wave parameters are
close to plate characteristics. However, no clear explanation arise from those observations.
Kr and Kt measurements can be compared with calculations performed in Chapter 3. Fig-

ures 5.2 show the comparison between reflection and transmission coefficients for L2 at a
3 cm depth. The theoretical and experimental values show a similar behavior. Indeed, linear
theory predicts a wide reflection peak centered at 2.2 Hz that matches with the wide reflection
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Figure 5.2: Reflection and transmission coefficients measurements for L2 at a 3 cm depth
as a function of wave frequency, f . K

(exp)
r and K

(exp)
t are the experimental reflection and

transmission coefficients and K
(th)
r and K

(th)
t coefficients calculated using wave linear theory

for an equivalent plate. The experimental points correspond to mean over three experiments.

peak observed experimentally. However, the Kr and Kt values differ between experiments
and linear theory. Indeed, K

(exp)
t drops to 0.3. The theoretical minimum transmission coef-

ficient K
(th)
t reaches 0 at 2 Hz and at 2.4 Hz. On the other hand, reflection coefficients are

overestimated theoretically.
The frequencies where a full transmission is predicted by linear wave theory match very well
with experimental measurements. For f ≥ 2.7 Hz, Kt = 1 for both theoretical results and
experimental measurements. In addition, contrary to theoretical values, K

(exp)
t and K

(exp)
r

underline the fact that waves loose energy due to the interaction with the plate as their
sum can be slightly less than one. Wave energy dissipation suggests fundamental differences
between experiments and linear wave theory. Those differences are discussed in Section 5.1.3.

Plate motion analysis

In Chapter 3, dedicated to the investigation of a submerged plate behavior in the frame
of linear theory, it has been observed that wave reflection is associated with higher plate
motion amplitudes. This section focuses on L2 motion. As a reminder the plate is filmed
from the side of the tank and its movement is reconstructed using the procedure described
in Chapter 4 and Section 4.3.
Figure 5.3 shows the plate position with respect to the horizontal, w, during a wave period
for a Target Wave Amplitudes, TWA, of 1 mm and 4 different frequencies (1.5 Hz, 2 Hz,
2.5 Hz and 3 Hz). w = 0 if the plate is at the same depth than its hinged point. In other
cases, w is less than 0 if the plate is above its hinged point and, w is more than 0 if the plate
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f=1.5 Hz

f=2.5 Hz

f=2 Hz

f=3 Hz

A B

C D

Figure 5.3: Plate displacement, w, for TWA=1 mm in black. Plate reference position, w(ref),
corresponding to plate position when no waves are sent is plotted in red. A 1.5 Hz, B 2 Hz,
C 2.5 Hz, and D 3 Hz.

is below its hinged point. The red curve, wref , corresponds to the plate reference position,
i.e. plate position when no waves are generated. It appears that the plate oscillates around
its reference position and plate motion amplitude seems to decrease with frequency.
In order to compare the plate behavior with previous numerical results (see Chapter 3,
Section 3.3.2), w is written as:

w(x, t) = ξ(x) cos(ωt) + wmean(x), (5.1.1)
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Figure 5.4: A Plate normalized amplitude, ξ̂, as a function of wave frequency for L2 at a
3 cm submergence depth and TWA=1 mm. Experimental values are shown as light blue
squares and theoretical predictions in a black dashed curve. Inserts show mode amplitude
distribution among the first five modes of a cantilevered beam at 1.7 Hz and 2.5 Hz. B-C-
D-E-F show comparisons between the experimental observations for the deformation around
the equilibrium position, and linear theory predictions for ξ(x) cos(ωt) over one wave period
for, respectively, 1.5, 1.7, 2, 2.5 and 3 Hz waves.
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with ξ being plate motion envelope with respect to the plate mean position during the
experiment, wmean. For small wave amplitudes, wmean = wref but those two quantities
can differ for larger wave amplitudes. From this expression, the normalized plate motion
amplitude, ξ̂, can be computed. Similarly to Chapter 3, it is evaluated by considering the
plate motion envelope ξ, so that:

ξ̂ =

√
1
L

∫ L

0

ξ(x)2

A2 dx. (5.1.2)

ξ̂ values are presented in Figure 5.4 A as a function of the wave frequencies for TWA=1 mm
and compared with the theoretical predictions.
Experimental values of ξ̂ decrease with the wave frequency. Both theoretical and experi-
mental values follow a similar trend. It seems that linear theory predicts relatively well the
the downward trend of experimental data. However, experimental data do not show any
resonance, contrary to theoretical values for which an increase in plate motion amplitude is
visible at 2.4 Hz. For better visualization, and to gain insight on the differences between plate
behavior in linear theory and in experiments, the plate motion at different frequencies can
be computed. Figure 5.4 B, C, D, E and F show the plate normalized relative displacement,
ξ
A cos(ωt), with A being the incident wave amplitude for five wave frequencies, 1.5, 1.7, 2,
2.5, and 3 Hz, respectively.
Experimental values show a node and one half anti-node at all frequencies below 3 Hz. The
node position changes with frequency and seems to get closer to the plate tip when frequency
increases. As shown in Chapter 2, this behavior is typical of a cantilevered beam first and
second modes, with the node position changing as a function energy distribution between
the modes. To illustrate this affirmation, similarly to Chapter 3, ξ can be written:

ξ(x) =
∑
n

ξnfn(x), (5.1.3)

with ξn being the nth mode amplitude and fn the nth cantilevered beam mode eigenfunction,
as defined in Chapter 2. For a given n, the mode amplitude, ξn, can be computed as:

ξn =
1
L

∫ L

0
ξ(x)fn(x)dx., (5.1.4)

Inserts in Figure 5.4 A, show the mode amplitude distribution among the first five modes
of a cantilevered beam at 1.7 Hz and 2.5 Hz, respectively. The fact that both plate modes
1 and 2 exist when the plate reflects the waves confirms that reflection is not associated to
the excitation of unique plate mode. Additionally, the plate amplitude decrease with wave
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frequency can also be observed. At 3 Hz, the plate is found to remain almost still.
For each frequency, the plate motion predicted theoretically is plotted below experimental
results. It appears that theoretical plate motion has the same shape and amplitude as in the
experiments. However, node position slightly differ. As underlined by Ramananarivo et al.
[2014], changes in the node position could be attributed to fluid damping effects. The plate
tip appears much more straight in linear theory predictions. This could also suggests the
presence of non-linear flow effects that would slightly resist plate tip motion, resulting in a
small bending.

5.1.2 Sensitivity analysis: varying plate stiffness, length and sub-
mergence depth

The case of L2 at a 3 cm submergence depth suggests a relatively good agreement between
linear theory and experiments. To confirm this good agreement, a sensitivity analysis is
carried out by the changing the plate stiffness, length and submergence depth. The trends
followed by the wide reflection peak will be observed and compared with theoretical trends
of Chapter 3.

Kr and Kt measurements

First, the effect of plate length change is observed. To that aim, experiments with S2, the
19 cm plate with the same stiffness as L2, are conducted. Results are presented in Fig-
ure 5.5 A. It presents Kr and Kt measured experimentally and calculated for S2. As for L2,
experimental values exhibit a wide resonance peak centered around 2 Hz and full transmis-
sion for frequencies above 2.7 Hz. In comparison with L2, Kr reaches much smaller values as
the maximum in reflection is measured equal to 0.35 versus 0.7 for L2. However, reflection
frequency remains roughly the same.
The theoretical calculations from Chapter 3 are coherent with observations, since they show
a similar trend as experimental work as peak amplitude decreased compared to L2. However,
maximum reflection value is still poorly estimated in linear theory. A sharp reflection peak
can be observed at 3.7 Hz. This reflection peak is not visible in experimental results. As
observed in Chapter 3, sharp reflection peaks are associated with extremely intense plate
resonance. Such amplitude cannot exist in reality as they would be damped. However, one
could expect to observe at least a small variation in Kr and Kt that is not observed experi-
mentally.
The effect of submergence depth is investigated by examining the L2 plate at a 5 cm submer-
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L2, 5 cm submergence depthS2, 3 cm submergence depth
BA

Figure 5.5: A Kr and Kt as a function of wave frequency for S2 at a 3 cm depth and
TWA=1 mm. Experimental values K

(exp)
r and K

(exp)
t are represented with blue squares and

red triangles respectively. Results from linear theory for the corresponding plate, K
(th)
r and

K
(th)
t are represented in full lines of the same color as experimental values. B Same Figure

but for Kr and Kt as a function of wave frequency for L2 at a 5 cm depth and TWA=1 mm.

gence depth. Figure 5.5 B shows Kr and Kt measurements for L2 at a 5 cm submergence
depth. At low frequency, no reflection is observed while transmission is not equal to 1, show-
ing wave energy dissipation. A wide reflection peak can be observed between 2 and 2.7 Hz
and full transmission for larger frequencies. As for plate length, the change in submergence
depth decreases reflection intensity but has no clear effect on frequency.
Similar behavior can be observed for linear theory where the reflection peak maximum de-
creases when increasing the submergence depth. Frequencies at which waves are fully trans-
mitted by the plate are also correctly estimated.
Finally, the effect of plate stiffness is investigated by examining the L1, L3, and L4 plates at
a 3 cm depth. Results are presented in Figures 5.6 A-B, C-D and E respectively. For L1,
the more flexible plate, no reflection is observed experimentally at low frequencies. A wide
reflection peak can be observed at higher frequencies. It reaches its maximum reflection at
2.8 Hz and zero transmission is even observed at 2.5 Hz. For frequencies above 3.2 Hz, waves
are fully transmitted by the plate. In comparison with L2, the decrease in stiffness seems to
shift the reflection peak towards higher frequencies.
The theoretical predictions for reflection and transmission exhibit a complex pattern that is
far from the experimental reality, the only reasonnable agreement occurs for th lower frequen-
cies at which waves are fully transmitted. For L1 plate in Figure 5.6 A, at low frequencies,
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L1, 3 cm

L3, 3 cm
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E

Figure 5.6: Kr and Kt as a function of wave frequency. Left column presents experimen-
tal results only and right column their comparison with corresponding theoretical values.
Experimental values K

(exp)
r and K

(exp)
t are represented with blue squares and red triangles

respectively. The Results from linear theory, K
(th)
r and K

(th)
t are represented in full lines of

the same color as experimental values. A-B L1 at a 3 cm depth and TWA=1 mm. C-D L3
at a 3 cm depth and TWA=1 mm. E L4 at a 3 cm depth and TWA=1 mm.
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a sharp peak can be observed. Between 2 and 3 Hz a splitted wide reflection peak is present
and waves are fully transmitted by the plate at higher frequencies. Splitted wide reflection
peaks have been described in Chapter 3 and results of a wide peak growth. Similarly to ex-
perimental observations, central frequency of this peak is shifted towards higher frequencies
compared to L2.
Kr and Kt for L3 at a 3 cm submergence depth are shown in Figure 5.6 B. Experimental
data is particularly noisy at low frequency but a reflection peak can also be observed ex-
perimentally. It does not appear to be shifted compared to L2. As for other experiments,
frequencies at which reflection is observed correctly predicted but not the exact values of Kr

and Kt. Linear theory predicts an important change in wide peak frequency at low stiffness
and relatively constant value for higher stiffness. This behavior seems to be similar to what
is observed experimentally. To give more comparison with Chapter 3 values of r, parameter
that compares plate stiffness and density, are respectively of 58, 135 and 240 for L1, L2 and
L3. Given those values, it is not surprising to observe a clear difference in fc between L1 and
the two other plates.
Finally, experiments are conducted with L4, the rigid plate. Results are presented in Fig-
ure 5.6 C. It appears that L4 mostly transmits wave energy across all frequencies. This
observation is primordial in order to understand wave reflection by a flexible plate. As men-
tioned in Chapter 2, two effects can be responsible for reflection, diffraction, i.e. the plate
shape, or radiation, i.e. the plate motion. Here, it is shown experimentally that, over this
range of frequencies, a rigid plate does not reflect waves. It means that reflections observed
are mostly due to radiation. In this system, flexibility enables wave reflection.
To sum up the parametric analysis results, trends followed experimentally and numerically
are presented in Table 5.2.

Theory Experiments
Reflection frequency with depth Increase Not clear
Reflection intensity with depth Decrease for d > 2 cm Decrease

Reflection frequency with length Increase Not clear
Reflection intensity with length Increase Increase

Reflection frequency with stiffness Decrease Decrease
Reflection intensity with stiffness Non monotonic Not clear

Table 5.2: Evolution of the reflection frequency and its intensity, when varying plate depth,
length or r.
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L1, 3 cm submergence depth L3, 3 cm submergence depthA B

S2, 3 cm submergence depth L2, 5 cm submergence depthC D

Figure 5.7: A Normalized plate motion amplitude, ξ̂ as a function of wave frequency for L1
at a 3 cm submergence depth. Experimental values, ξ̂(exp), are obtained with TWA=1 mm
and are shown in light blue squares. Theoretical values, ξ̂(th), are represented using a black
dashed curve. B-C-D Same Figures but for other set of parameters, respectively: L3 at a
3 cm submergence depth, S2 at a 3 cm submergence depth and L3 at a 5 cm submergence
depth.

Plate motion analysis

A parametric analysis can also be performed for normalized plate motion amplitude, ξ̂.
To that aim, the effect of submergence depth, length and stiffness on ξ̂ is investigated.
Figure 5.7 presents ξ̂ as a function of wave frequency for L1 at a 3 cm depth, (A), L3 at
a 3 cm depth, (B), S2 at a 3 cm depth, (C) and L3 at a 5 cm depth, (D). In all those
Figures, ξ̂ decreases with wave frequency and the theoretical model predicts relatively well
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the experimental values. Similarly to the case of L2 at a 3 cm depth, resonance peaks are
not observed experimentally. Finally, as in Chapter 3, varying plate rigidity does not exhibit
a clear difference in ξ̂ measurements.

5.1.3 Discussion on possible discrepancy sources

Linear theory is able to predict frequencies at which plates reflect wave energy and the
plate motion amplitude trend with frequency. However, precise values of reflection and
transmission in the reflection peaks do no match. Finally, the plate resonances predicted
by linear theory are not observed experimentally. In the following the possible discrepancy
sources are discussed. Some are due to linear theory intrinsic limitations and fundamental
differences between experiments and the theoretical problem.

Fundamental differences between the experimental setup and the theoretical
framework

Experiments and the theoretical model show good agreement concerning the wide peak lo-
cation and the same trends when varying depth, plate length and plate rigidity. However,
discrepancies appear looking at precise reflection and transmission coefficients values, when
plates reflect wave energy. Experiments and theoretical model have some fundamental differ-
ences that could be responsible for discrepancy. First of all, the equations ruling linear theory
are written for a 2D system. However, in the experiments, the plate has a finite extension
in the y direction. The plate finite extension is a source of non-linearities, as it is discussed
in Section 5.3, and could therefore lead to differences between experimental and theoretical
results.
Plate mean position is another source of discrepancy. Indeed, 2D linear theory considers a
perfectly horizontal plate. However, due to density difference between the plate material and
water, plates tend to sink and are not at a constant depth over all their length.
Furthermore, in experiments, Kr + Kt can be very different from one. Particularly at reso-
nance frequency. It means that in the experiments, plate is able to remove energy from the
waves. This effect is not taken into account in the linear theory and can be a source of error,
particularly when trying to scale precise values of Kr and Kt.
Finally, in the experiments, the wave amplitude decreases along the tank. Wave dissipation
is another factor not taken into account in the 2D linear theory developed here.
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A B
3 cm depth 5 cm depth

Figure 5.8: A Wavelength measured in different regions of the tank as a function of the
frequency while conducting experiment with L2 or the rigid plate, L4, at a 3 cm depth. Dark
blue circles show wavelengths in the up-wave region, λw, purple triangle wavelength over the
elastic plate, λp, and orange squares wavelength over the rigid plate, λPR. B Same figure
but for plates maintained at a 5 cm depth. For both depths, λw and λp follow λ

(10 cm)
th and

λPR the theoretical value at their respective depth.
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Figure 5.9: Wavelength measured in different tank regions as a function of the frequency
while conducting experiment with L2 at a 3 cm depth. Dark blue circles show wavelengths in
the up-wave region, λw. Purple triangle wavelength over the elastic plate, λp. Orange lines
correspond to wavelengths associated with the two propagative modes in zone 2 and 3 in the
linear theory, 2π/σ.
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Wavelengths over the plate do not match the values expected by linear theory

The dispersion relation above the plate, corresponding to regions 2 and 3 in the linear theory
problem is supposed to be ruled by the plate characteristics, as explained in Section 3.2.1
of Chapter 3. However, it can be measured that waves propagating above the plate simply
follow the dispersion relation for a 10 cm depth flat bottom. Those measurements are shown
here.
First, dispersion relation measurements are performed over L2 and L4. The dispersion rela-
tion can be computed by estimating water wave frequency, f , and wavelength, λ, from surface
elevation measurements. Dispersion relation measurements can be not only performed in the
up-wave and down-wave region but also over the plate.
L2 is made of transparent Polycarbonate. The checkerboard placed at the bottom of the
tank is visible from the top view camera and free surface deformation can be computed by
measuring checkerboard deformation. However, as Polycarbonate refractive index, npc, dif-
fers from the water refractive index, nw, the plate motion can also deform the checkerboard.
The amplitude of checkerboard deformation due to the plate, δ, can be estimated in the limit
of small deformation as:

δ =
nwiinc

npc
l, (5.1.5)

with iinc the plate angle with the horizontal. The side view measurements show that iinc

maximal values are of 10−1 rad. As thickness, l, is equal to 0.75 mm for L2, it comes that
maximal checkerboard deformation due to plate motion, δ, scales as 0.05 mm. As δ is smaller
than the smallest checkerboard deformation due to waves, that are approximately of 0.07 mm,
it can be neglected when performing measurements over the transparent plate.
In the rigid plate case, the plate remains still in the wave field. A checkerboard is simply
glued on the plate. In order to perform free surface reconstruction over the rigid plate, the
deformation of the checkerboard glued on the plate is simply computed.
Figure 5.8 A, shows wavelength measurements, λ as a function of the measured frequency, f ,
while conducting experiments either with L2 at a 3 cm depth or the rigid plate, L4, placed at
the same depth. Dark blue circles show wavelength measurements in the up-wave region while
performing experiments with L2, λw. The measurements follow accurately the theoretical
water wave dispersion relation for a bottom tank depth of 10 cm, λ10 cm

th , represented with a
dotted line. More surprisingly, the measurements over L2 show similar results. Indeed, even
if the plate is maintained at a 3 cm depth, water waves wavelength over the plate λp scales as
λ
(10 cm)
th for wave frequencies larger than 2 Hz. For smaller frequencies a certain discrepancy

can be observed. It can be explained because the measurement window over the plate starts
being small compared to water waves wavelength. Contrary to the elastic plate, the rigid
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plate acts like a decrease in water depth as measured wavelength over the rigid plate, λPR,
follows accurately the theoretical water wave dispersion relation for a bottom tank at a 3 cm
depth, λ

(3 cm)
th , represented with a dashed line.

Figure 5.8 B shows the same quantities as in Figure 5.8 A but for plates at a 5 cm depth.
Similar observations can be made as λw and λp scale accurately with the theoretical disper-
sion relation for a 10 cm bottom, λ

(10 cm)
th . Also, λPR scales as λ

(5 cm)
th .

To sum up, elastic plates do not appear to change waves relation dispersion contrary to a
rigid plate that acts like a bottom elevation.
The latter result is interesting by itself but it also gives keys to understand the discrepancies
causes between experiments and linear theory. Figure 5.9 shows a comparison of experi-
mental wavelengths before the plate (blue circles) over the L2 plate (purple triangles) and
wavelengths predicted by linear theory for a similar plate (orange curve). Experimental
wavelengths measured over the plate match with the theoretical value over a total depth of
10 cm. On the contrary, wavelengths associated with the two propagative modes in zones 2
and 3 in linear theory do not match with experimental data. This discrepancy between theo-
retical and experimental wavelengths over the plate is a first possibility to explain differences
between theoretical and experimental values of Kr, Kt and ξ̂. This experimental result is
even more intriguing since writing equations of linear theory and force wave-numbers in zone
2 and 3 to be equal to k

(10 cm)
th does not seem to be an easy task.

Non-linearities are a major source of discrepancy

By definition, linear wave theory is linear. Consequently, non-linearities that exist in an ex-
perimental system are not taken into account. As mentioned in Chapter 2, non-linearities can
arise from an elastic plate forced in a fluid (see Section 2.1.3 for instance) or simply by a rigid
plate in a wave field. A first source of non-linearities come from waves. As wave amplitude
increases, non-linear terms, proportional to wave steepness or the square steepness become
more significant leading to Stokes’ drift and eventually wave breaking (see Section 2.1.3 or
[Mei et al., 2005] Part 2). However, as this Section focused only on the smaller wave ampli-
tudes, wave non-linearities are not expected to be a major source of dissipation.
Drag created by the plate relative motion to the flow is a dissipation source and a symptom
of non-linearities. Relative motion between waves and the plate leads to a force proportional
to U2

ref . Because of that, drag force cannot be included in the equation ruling plate motion
in the linear theory. In practice, drag on the plate would appear through vortex creation at
its edges for instance.
Indeed, vortices are expected to be produced because of the discontinuity at plate edge. For
instance, Poupardin et al. [2012] observed mean flow creation associated to vortex formation
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at a rigid plate tip. As mentioned in Chapter 3, vortex creation by a flexible plate is a prob-
lem that has been largely covered experimentally, theoretically and numerically, even using
potential theory in the theoretical case (see [Michelin et al., 2008] for instance). However, in
those works mean flow makes it possible to simplify the problem. Solutions have been pro-
posed to incorporate vortex formation created at an object edge in the potential wave theory
without the help of a mean flow, [Chang et al., 2015]. However, it has not been implemented
in this thesis.
Furthermore, the drag force tends to decrease plate and wave amplitudes and dissipate wave
energy. Consequently, the presence of drag will mitigate plate resonances by limiting its
amplitude. For instance, it is not surprising that sharp reflections peaks cannot be observed
experimentally as they correspond to critically high values of plate motion amplitude.

5.2 Wave plate interaction in the amplitude-frequency
space

Section 5.1 showed that plate behavior in a wave field is relatively well predicted by linear
theory for small amplitude waves. If experimental work is more limited than theoretical work
in the parametric analysis, it makes it possible to probe the effect of wave amplitude variation
on the wave-plate interaction and to go further in the observation of non-linear phenomena.
To that aim, Target Wave Amplitudes, TWA, ranging from 1 mm to 6 mm were studied for
frequencies ranging from 1.5 Hz to 4 Hz (see Section 4.1.2). Similarly to Section 5.1, Kr and
Kt measurements are presented first before looking at plate motion amplitude. From those
observations, wave energy dissipation will be measured. Finally, to investigate dissipation
causes, PIV experiments are performed.

5.2.1 Kr and Kt measurements for different plate lengths and sub-
mergence depths and amplitude

As in Section 5.1, waves are imposed for one minute and fifteen seconds and recording of
free-surface deformation and plate motion is done during the last fifteen seconds. Each wave-
maker amplitude and frequency is repeated three times.
Figure 5.10 shows amplitude-frequency diagram obtained with this procedure for Kr and Kt

for L2 at a 3 cm depth. Wave amplitude, A, corresponds to incident wave amplitude at the
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A B

Figure 5.10: A Amplitude-frequency diagram showing transmission coefficient Kt for L2 at a
3 cm submergence depth. B Amplitude-frequency diagram showing reflection coefficient Kr

for L2 at a 3 cm submergence depth. Across all incident wave amplitude, A, a wide reflection
peak can be observed between 2 and 2.5 Hz.

middle of the plate. Each point corresponds to the average over three experiments and its
color stands for the wanted quantity value, Kt in Figure 5.10 A or Kr in Figure 5.10 B B for
instance. To avoid overloading of the diagram, the experimental deviations on A, f , Kr or
Kt are not represented. The standard deviation for the different measurement is represented
in Annexes.
Observation of the amplitude-frequency diagram for Kr and Kt for L2 at a 3 cm depth shows
that the wave amplitude has little impact on the wave transmission and reflection coeffi-
cients. Indeed, the diagrams are relatively invariant along the y-axis and the transmission
and reflection patterns are similar to what was observed for small amplitude waves. At low
frequencies, L2 mostly transmits waves. A wide reflection peak is observed between 2 Hz and
2.5 Hz. For larger frequencies, waves are fully transmitted by the plate.

5.2.2 Impact of wave amplitude on plate motion

Contrary to reflection and transmission coefficients, the plate motion is modified as the wave
amplitude, A, increases. Figure 5.11 A shows the plate displacement with respect to the
horizontal, w, over one wave period for the Target Wave Amplitude TWA=6 mm in black.
Similarly to the case of small amplitude waves, it shows one node and one and a half anti-
node. Red curve corresponds to plate reference position, i.e. the plate position before sending
waves and the blue curve corresponds to the mean plate position while sending waves. The
blue and red curves are clearly distinct underlining a plate displacement from its reference
position due to wave forcing. This displacement is quantified using the quantity ∆i. As
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f=1.5 Hz f=2.5 Hz
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Figure 5.11: A In black, plate displacement with respect to the horizontal, w, during one wave
period when sending 1.5 Hz waves at TWA=6 mm over L2. In red, plate reference position,
wref , i.e. plate position when no waves are sent. In blue, wmean, plate mean position when
plate undergoes wave forcing. ∆i definition as the difference plate tip reference position
and plate tip mean position is also illustrated. B Same Figure but for 1.5 Hz waves at
TWA=6 mm over L2. C Amplitude frequency diagram showing ∆i for L2. D Normalized
plate motion amplitude, ξ̂ as a function of wave frequency for TWA ranging from 1 mm to
6 mm. In C and D each point corresponds to the mean over 3 experiments.

illustrated in Figure 5.11 A, ∆i corresponds to the difference between the plate tip reference
and positions.
Figure 5.11 B shows the same quantities with TWA=6 mm but for 2.5 Hz. A displacement
from mean position can also be observed. However, contrary to f = 1.5 Hz, the plate tip
moves toward the free-surface. This situation corresponds to a negative value of ∆i.
Figure 5.11 C shows the amplitude-frequency diagram for ∆i. Different regions of the plan
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jump out from this graph. At low amplitudes, ∆i is small, but as wave amplitude, A, increases
∆i differs from 0. Two frequency domains can be distinguished. For frequencies lower than
2.5 Hz. ∆i is higher than 0 meaning that the plate tip moves toward the tank bottom and
for higher frequencies, ∆i is less than zero, plate tip goes upward, to the free-surface. At
sufficiently high amplitudes, waves exert a force on plate tip changing plate mean position.
PIV experiments in Section 5.3 will show that the plate mean displacement can be correlated
with the orientation of a jet created at plate tip and that could be the cause of the force.
Finally, the effect of wave amplitude, A, on normalized wave amplitude, ξ̂ is observed in
Figure 5.11 D. It shows ξ̂ as a function of the wave frequencies for six different values of
TWA. As the curves collapse, it appears that the plate motion amplitude is simply linear in
wave amplitude despite the change in plate mean position.

5.2.3 Kr and Kt measurements for other plates

Wave amplitude effect on plate of different stiffness

The impact of wave amplitude on plates of different rigidity can be observed utilizing, L1,
L3 and L4. Phase amplitude diagrams for L3 and L4 are plotted in Figure 5.12 (A-B) and
(C-D), respectively. For those two plates Kr and Kt are independent of wave amplitude
since, similarly to L2, their amplitude-frequency diagrams are relatively invariant along the
y-axis. For L3, a wide reflection peak is located between 1.5 and 2.5 Hz across all the wave
amplitudes. For L4, the rigid plate, no reflection is observed in all the diagram. It confirms
the fact that the wave reflection are induced by flexibility in this system.
Kr and Kt invariance with A is in practice observed for all the other plates except for the
most flexible, L1.
Figure 5.13 A shows the amplitude-frequency diagram for L1 at a 3 cm submergence depth.
Contrary to stiffer plates, varying the wave amplitude for L1 induces a rich behavior. At
low amplitudes (i.e. <2.5 mm), the behavior is similar to the one presented in Section 5.1
(regions (I), (II) and (III)). At frequencies smaller than 2 Hz, the plate mostly transmits
waves. For frequencies between 2 and 3 Hz, the reflection increases and reaches a maximum
around 2.7-2.8 Hz. For frequencies larger than 3 Hz, the plate transmits all the wave energy.
However, at higher amplitudes (i.e. >2.5 mm) the system behavior changes drastically. For
frequencies larger than ∼2 Hz (region (V)), transmission and reflection both go to zero. In
this regime, the plate acts like a perfect wave terminator, it is able to remove all the energy
from the waves.
As it is presented in Figure 5.14, this behavior is due to a displacement of the plate mean
position. Figure 5.14 A shows the amplitude-frequency diagram for values of Diff for L1.
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L3, 3 cm submergence depth
A B

L4, 3 cm submergence depth
C D

Figure 5.12: A Amplitude-frequency diagram presenting Kr for L3 at a 3 cm submergence
depth. B Amplitude-frequency diagram presenting Kt for L4 at a 3 cm submergence depth.
C Amplitude-frequency diagram presenting Kr for L3 at a 3 cm submergence depth. D
Amplitude-frequency diagram presenting Kt for L4 at a 3 cm submergence depth.

Region (V) appears clearly in this diagram. Points in the amplitude-frequency diagrams of
Kr and Kt where Kr = 0 and Kt = 0 are all located in region (V). Hence, the are associated
with ∆i being equal to -3 cm, meaning that plate tip reaches the free-surface. Figure 5.14 A.
This phenomenon is illustrated in Figure 5.14 B, showing a snapshot from tank side when
sending 3 Hz and 5 mm waves. The plate tip clearly reaches the free-surface. L1 tip reach-
ing the free surface is due to the wave forcing. In this configuration, the plate is extremely
efficient to break waves.
To sum it up, Kr and Kt for L1 shows, one, a dependence in frequency as the plate reflects
wave of frequencies between 2 and 3 Hz and, two, a dependence in amplitude, in region (V)
of the amplitude-frequency diagram, the plate breaks all incoming waves.
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Figure 5.13: Amplitude-frequency diagram showing the reflection coefficient, Kr, in Fig-
ure (A) and the transmission coefficient, Kt, on Figure (B) for L1 at a 3 cm submergence
depth. Points here correspond to the averaged value over three experiments. It exhibits a
rich behavior and five different zones can be delimited on that diagram.
- (I) A ∈ [0.5, 2.5] mm and f ∈ [1.5, 2] Hz, Kr is less than 0.2 and Kt is more than 0.4 so
waves are mostly transmitted.
- (II) A ∈ [0.5, 2.5] mm and f ∈ [2, 3] Hz, Kr is higher than Kt, so waves are mostly reflected.
- (III) A ∈ [0.5, 2.5] mm and f ∈ [3, 4] Hz, Kr drops to 0 and Kt reaches one. It corresponds
to total transmission.
-(IV) A ∈ [2.5, 6] mm and f ∈ [1.5, 2] Hz, Kr is less than 0.2 and Kt is more than 0.4 so
waves are mostly transmitted.
- (V) A ∈ [2.5, 6] mm and f ∈ [2, 4] Hz, Kr drops to 0 as well as Kt. The plate acts like a
perfect wave breaker as wave energy is completely dissipated.

5.2.4 Wave energy dissipation by submerged elastic plates

Measuring Kr and Kt does not only provide information on reflection and transmission, but
also on energy preservation. As Kr + Kt is supposed to be equal to one if the energy in the
waves is preserved in the wave-plate interaction. Looking at the sum tells if wave energy is
dissipated (Kr + Kt < 1) or increased (Kr + Kt > 1) because of the interaction with the
object. The latter case would only concern active objects that are able to produce waves, and
are beyond the scope of this work. Consequently, the purpose of this Section is to characterize
wave energy dissipation due to the presence of the plate.
To do so, the loss coefficient, Kl is defined as:

Kl = 1 − (Kr + Kt), (5.2.1)
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Figure 5.14: A Amplitude-frequency diagram showing ∆i for L1 at a 3 cm depth. B Picture
taken from tank side view while conducting experiments with L1 at a 3 cm depth sending
3 Hz waves of 5 mm amplitude. Waves come from the left. Plate edge is colored in black.

and quantifies the incoming wave energy fraction that is removed from the waves by the
plate, having in mind that the incoming wave energy is calculated as in Equation (2.1.50) of
Chapter 2.
Figure 5.15 presents the amplitude-phase diagrams for loss coefficients, Kl, for 28 cm plates
at a 3 cm depth. It appears that the plate removes more energy from the waves at high
amplitudes. Also, even if the rigid plate dissipates some wave energy, this dissipation is less
significant than for elastic plates. Furthermore, among the flexible plates tested (L1, L2 and
L3), the stiffer ones seems to dissipate less energy. It suggests that flexibility plays a key
role in removing energy from the waves. It appears that dissipation is higher for frequencies
where plates reflect waves (below 2.5 Hz for L2 and L3 and between 2 and 3 Hz for L1).
At its maximum up to 60% of wave energy can be removed from the wave. Also, the fact
that L1 is a perfect wave terminator at high amplitudes and frequencies can also be seen in
Figure 5.15 D. Indeed, in this domain Kl reaches 1.
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Figure 5.15: Amplitude-frequency diagram showing loss in wave energy, Kl, due to the
interaction with plates of 28 cm length at a 3 cm depth and of different stiffness. A show the
results for the rigid plate, L4, B for L3 C L2 and D L1. It can be observed that dissipation
increases with amplitude and flexibility.

Examining potential sources of dissipation

Two mechanisms are plausible candidates to explain the ability of the plate to remove energy
from waves, internal damping and drag dissipation. As mentioned in Section 2.2 of Chapter 2,
internal damping can be caused by viscous effects within the material, which lead to energy
dissipation. A value of this damping can be estimated when performing free oscillations tests.
As pictured in Section 4.4.1 of Chapter 4, when performing a free oscillation test on a plate,
oscillations amplitude decreases exponentially with a characteristic rate of dissipation, Γ, that
can be fitted. For all plates, oscillations persist for around ten seconds, leading to values of Γ
close to 0.2 s−1. Considering that the decrease in amplitude is only due to internal damping,
Γ can be used to estimate internal damping in wave-plate experiments. Note that such a
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method necessarily overestimates internal damping. Indeed, during the free oscillations test
other sources of dissipation due to fluid-structure interaction can account for the amplitude
decrease.
Assuming a linear damping force, energy dissipated by internal damping over one wave period,
Ein, can then be estimated using the fact that it should scale as:

Ein ∼ 2ρplbΓfLξ2, (5.2.2)

with ρp the plate density, l its thickness, b its width, L its length, f the wave frequency and ξ

the plate motion amplitude (see [Nové-Josserand, 2018] Chapter 3, Section 2 or [Polly et al.,
2021] for instance). To account for dissipation in the waves, this energy has to scale with
incoming wave energy, Ew:

Ew ∼ 1
2f

ρwgbA2cg, (5.2.3)

with ρw being the density of water, g the gravity, A its amplitude and cg wave group velocity.
Considering ξ ∼ A and ρp ∼ ρw, it comes that:

Ein
Ew

∼ 4 lΓL

gcg
f2 ∼ 10−3. (5.2.4)

Since, dissipation measured in practice can represent up to 50% of incoming wave energy, it
shows that internal damping should not be responsible for the dissipation observed in the
plate-wave interaction. Indeed, Ein

Ew
appears much smaller than 0.5 even with an estimate of

internal damping that tends to overestimate Ein.
Consequently, the second source of dissipation, namely, drag dissipation, must be considered
to account for dissipation.

5.3 Non-linear effects: jet production by a submerged
elastic plate in a wave field

The first part of this Chapter focused on results that could be obtained relatively simply,
filming the experiment. However, probing all potential dissipation sources cannot be achieved
in that manner. PIV experiments are performed following the procedure described in Chap-
ter 4, while plates are forced by waves. This Section focuses on the main observations made
while conducting PIV experiments, concentrating on only one plate, S2 at a 3 cm depth. Its
behavior is representative of what was observed with other plates. Furthermore, its small
size and the fact that it is transparent made experiments easier and gave clearer results. As
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indicated in Chapter 4, the plates are filmed from the side of the tank. The camera frame
rate is taken equal to 40f , f being wave frequency and 20 wave periods are recorded.
Those experiments were performed with Diane Komaroff, who did an internship on the jet
production by the plate.

5.3.1 Particle trajectories from tank side view for S2

Figure 5.16 A B show particle trajectories over one wave period while sending respectively,
1.5 and 3 Hz waves, for Target Wave Amplitude, TWA, of 1 mm. Particles trajectories are
obtained as described in Chapter 4, Section 4.5, by taking the maximum at each pixel over
one wave period. The plate clamping is located on the left of the images, at a 3 cm depth.
The plate tip is located roughly at the center of the image. The second half of the image on
the right enables us to observe the effect of the plate on the wave field. In the case of those
two images, the plate has almost no effect on particles motions. Indeed, particle trajectories
remain circular as predicted by the linear wave theory. Figure 5.16 A shows elliptical inclined
trajectories typical of stationary waves. It illustrates beach imperfection at low frequency.
Figure 5.16 C D show particles trajectories at 1.5 Hz and 6 Hz but for TWA=6 mm, leading
to higher wave amplitudes. More complex trajectories are observed. At 1.5 Hz (Figure C)
circular trajectories can be observed over the plate and close to the tank bottom but else-
where particles follow different trajectories. Below the plate vertical helicoidal motion can
be observed, whereas at the plate tip particles also follow helicoidal motion but horizontal.
Helicoidal motion at the plate tip is characteristic of the presence of a jet. Indeed, helicoidal
trajectories result from the addition of the effects of waves and a mean velocity field that
originates from the plate tip. This mean velocity field created at the plate tip will be referred
to as the jet. A jet can also be observed in Figure 5.16 D for 3 Hz waves. However, contrary
to the 1.5 Hz waves case, the jet is directed downward.
Mean flow creation is no surprise in the case of an horizontal plate in a wave field. First,
because a forced elastic plate is expected to generate a mean current, see [D’Adamo et al.,
2022], Figure 1 for instance. Second, because even in the case of a non moving rigid plate
in a wave field, a mean current appears. Poupardin et al. [2012] observed, using PIV, the
apparition of a mean flow, attributed to vortex creation at plate tip. In addition, Carter
et al. [2006] have predicted numerically that a current could appear below a rigid plate or
Carmigniani et al. [2017] even consider horizontal rigid plates as potential pumping devices.
However, in the elastic plate case and to the author’s knowledge no jet going upward has been
reported. The interaction between the moving plate tip and the waves is probably causing
that difference.
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f=1.5 Hz

f=2 Hz

D

C

A

B
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Figure 5.16: Particle trajectories while conducting PIV experiments. Trajectories are ob-
tained by taking the maximum of intensity at a given point over one wave period. A Parti-
cles trajectories for 1.5 Hz waves and TWA=1 mm. B Particles trajectories for 3 Hz waves
and TWA=1 mm. C Particles trajectories for 1.5 Hz waves and TWA=6 mm. D Particles
trajectories for 3 Hz waves and TWA=6 mm

5.3.2 Velocity field

In order to confirm the presence of a jet at high wave-maker amplitudes, velocity fields are
computed following the procedure described in Section 4.5. Figure 5.17 shows the mean ve-
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Figure 5.17: Mean velocity field obtained for the same experiments as in Figure 5.16. Arrows
indicate mean fluid direction based on mean velocity along x and z axis. Arrow size depends
on mean velocity along x and z values and their scales is chosen to ease visualization. Arrow
colors corresponds to mean fluid velocity norm, Ū . A Ū for 1.5 Hz waves and TWA=1 mm.
B Ū for 3 Hz waves and TWA=1 mm. C Ū for 1.5 Hz waves and TWA=6 mm. D Ū for
3 Hz waves and TWA=6 mm.
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Figure 5.18: Instantaneous velocity measurements as a function of time for S2 at a 3 cm
submergence depth for 1.5 Hz waves and TWA=6 mm at the four locations defined in Fig-
ure 5.17 C. A Instantaneous velocity at location (a). B Instantenous velocity at location
(b). C Instantenous velocity at location (c). D Instantenous velocity at location (d).

locity fields for the same experiments as in Figure 5.16. Arrows indicate direction of the flow
based on the ratio between mean velocity in the x direction, Ūx and mean velocity in the z

direction, Ūz. Arrow scale is chosen to ease visualization. The same arrow scale is used in
the four Figures. Arrow color corresponds to the norm of mean flow speed, Ū , as indicated in
the colorbar at the bottom of the Figure. Figure 5.17 A and B correspond to TWA=1 mm
at respectively 1.5 Hz and 3 Hz. Arrows in those two Figures are too small to be seen and
black due to low value of Ū . It confirms observations made in Figure 5.16. For the first set
of wave-maker amplitudes particles follow circular trajectories with zero mean velocity.

Similarly, Figures 5.17 C and D, which correspond to TWA=6 mm, at respectively, 1.5 Hz
and 3 Hz, confirms observations from particles trajectories visualization and show complex
mean velocity patterns. At 1.5 Hz, a significant jet directed upward can be observed near
point (b) in Figures 5.17 C. Far from the plate tip, the mean velocity is lower. Below the
plate rolls can be observed, meaning that average speed form circles. At 3 Hz, (Figure D) a

132



CHAPTER 5. EXPERIMENTAL INVESTIGATION

similar behavior is observed. A jet exists at plate tip. It is mainly directed downward and
is wider than the jet observed at 1.5 Hz. A roll can be observed above the plate and as for
1.5 Hz waves, two rolls exist under the plate.
In the rigid plate case, the mean velocity flows observed were associated with rolls, which
does not seem to be the case for the jet created by an elastic plate.
In order, to get a better view on velocity fields at all times, Figure 5.18 presents instantaneous
speed as a function of time at four different locations shown in Figure 5.17 C for 1.5 Hz waves
and Target Wave Amplitude, TWA, of 6 mm. In all the figures, instantaneous velocity along
x, ux is represented in red and instantaneous velocity along z, uz, is represented in blue. At
location (a), mean velocity is close to zero and ux and uz oscillate between -5 and 5 cm.s−1.
At location (b), in the jet, the mean velocity differs clearly from zero, being close to 2 cm.s−1

for ux. The signal appears also more noisy but oscillations due to the waves can still be
observed. At (c) a behavior similar to location (a) is observed. Finally, at location (d), close
to the bottom, both velocities have decreased and uz is almost equal to 0 cm.s−1, which is
the expected mean velocity field for low amplitude waves.

5.3.3 Maximum velocity in the jet

Figure 5.19: A ŪM as a function of wave frequency, f , for three Target Wave Amplitudes.
Light green circles corresponds to TWA=1 mm, green squares to TWA=3 mm and black
triangles corresponds to TWA=6 mm. B ŪM normalized by wave amplitude and frequency
as a function of wave frequency, f , for three target wave amplitudes. Light green circles
correspond to TWA=1 mm, green squares to TWA=3 mm and black triangles correspond to
TWA=6 mm.

Observations of particular wave frequencies and amplitudes highlight the existence of a jet
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at the plate tip. To obtain information on the jet at different frequencies and amplitudes,
the 95% percentile of mean velocity field, ŪM, is presented in Figure 5.19. In practice, 95%
percentile of mean velocity field is preferred to Ū absolute maximum in order to eliminate
incoherent values. Figure 5.19 A, shows ŪM, as a function of wave frequency. Black triangles
correspond TWA=6 mm, Green squares to TWA=3 mm and light green to TWA=1 mm.
Unsurprisingly, maximum velocities observed are associated with higher wave amplitudes. It
also appears that ŪM does not strongly depend on wave frequency, f . Figure 5.19 B shows
ŪM normalized by wave amplitude and frequency. The relative data collapse of TWA 3 and
6 mm underlines the effect of wave amplitude, A, on the jet. At lower wave amplitudes (TWA
1 mm), when no jet is observed, ŪM/(Af) remains smaller than for the two other sets.

5.3.4 Jet orientation

A BT
T

Figure 5.20: A Jet angle with respect to the horizontal, α as a function of wave frequency, f .
Green squares correspond to TWA=3 mm and black triangles to TWA=6 mm. B Amplitude-
frequency diagram of ∆i measurements for S2.

As mentioned, looking at particle trajectories or mean flow velocity, the jet appears to change
its orientation depending on wave frequency. To confirm this observation, the jet orientation,
α, is shown in Figure 5.20 A. α corresponds to the angle between the jet direction and the
horizontal. Negative values of α correspond to a jet directed downward and positive values to
a jet directed upward. It appears that the jet follows the same direction for both TWA 3 mm
and TWA 6 mm of wave-maker amplitudes. TWA 1 mm is not considered here as no jet
can be observed. Jet orientation can be linked to plate mean position change for high wave
amplitudes. Figure 5.20 B shows ∆i the difference between the plate tip positions without
waves and in the wave field. For low amplitude waves (below 2 mm), the plate tip remains
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close to its initial position. However, for higher amplitudes, the plate tip mean position can
change. For wave frequencies between 1.5 and 2 Hz plate ∆i remains small but for frequencies
between 2 Hz and 3.5 Hz the plate tip tends to go upward. The plate tip displacement is
correlated with jet orientation. Indeed, the jet is directed downward for frequencies where
the plate tip tends go upward. Even if it is difficult to measure directly, the jet could be
producing a force on plate tip that changes its mean position.

5.3.5 Thrust production in the x direction by a submerged elastic
plate in a wave field

3 Hz, TWA 6 mm1.5 Hz, TWA 6 mm
A B

Figure 5.21: A Force exerted by waves on S2 at a 3 cm submergence depth, F , as a function
of time for 1.5 Hz and TWA=6 mm. B Force exerted by waves on the plate, F , as a function
of time for 3 Hz and TWA=6 mm.

The correlation between jet orientation and plate displacement from its position at rest
suggests that the jet applies a force on the plate. As discussed in Chapter 2, it has been
considered using submerged elastic plate as possible passive propulsion device for boats. To
investigate the possible thrust created by the system, a uni-axial force sensor is placed to
measure the force applied by the plate on the structure in the x direction. Recording is
launched for 2 minutes and waves arrive approximately 20 seconds after the recording starts.
Note that those measurements are performed simultaneously with PIV video recording.
Figure 5.21 A and B present the signal obtained for 1.5 and 3 Hz waves for the sixth set of
wave-maker amplitudes. For the two wave frequencies, during the first 20 seconds, only noise
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Figure 5.22: A FM as a function of wave frequency, f , for S2 at a 3 cm depth, light green circles
correspond to TWA=1 mm, green squares to TWA=3 mm and black triangles correspond
to TWA=6 mm. B Mean force, F̄ , as a function of wave frequencies for Target Wave
Amplitudes. Light green circles correspond to TWA=1 mm, green squares to TWA=3 mm
and black triangles correspond to TWA=6 mm. C-D Same Figures but for measurements
performed without waves. It makes it possible to quantify what part of the forces applied by
the waves on the system can be attributed to the poles of the clamping system.

is observed and, when waves reach the plate, the measured force, F , increases drastically. As
illustrated by the two insets, F oscillates at wave frequency.
For each experiment, the 95% percentile force, FM, is measured as well as the mean force,
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F̄ . Similarly to ŪM, in practice the 95% is preferred to the absolute force maximum to avoid
incoherent values caused by an exceptionally high punctual measures. Figure 5.22 A shows
FM for TWA=1,3 and 6 mm and frequencies ranging from 1.5 Hz to 4 Hz. It appears that
FM is higher for frequencies between 2 and 2.5 Hz. The highest force values are recorded for
the TWA=3 mm, i.e. not the higher waves. Figure 5.22 B shows the mean force, F̄ . Mean
force appears small as its maximum value is 0.004 N for 2.2 Hz waves and TWA=3 mm. This
value is close to the force sensor resolution limit and can be consider to be zero, considering
the dispersion of mean forces recorded mean force produced by the plate. Consequently, the
system designed for this experiment is not able to produce thrust.
Finally, to ensure that forces recorded are not due to the poles maintaining the plate sub-
merged, experiments are performed without plate. The poles are maintained plunging at a
3 cm depth. Force measurements in this situation are presented in Figure 5.22 C and D. It ap-
pears that waves does not apply force on the poles. The force observed in Figure 5.22 A and B
is therefore due to the interaction between waves and the elastic plate.

5.3.6 Jet power
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Figure 5.23: Ratio between jet power, Pj, and incoming wave power, Pw as a function of
wave frequency for TWA=3 mm and TWA=6 mm.

Wave energy dissipation caused by the plate has been observed in Section 5.2.4. Dissipation
is caused by the fact that plate motion does not only radiate waves but also creates drag.
Energy lost in drag is actually transferred to the bulk and dissipated. The jet observed in
this Section contains energy, initially in the waves, that is transferred to the fluid bulk by
the plate oscillation. To measure what part of wave energy is transferred to the jet, power
in the jet, Pj, can be compared to the incoming wave power, Pw.
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Energy in the jet is in the form of kinetic energy. Consequently, Pj can be estimated as the
kinetic energy flux across a surface in the jet. It leads to write:

Pj =
1
2ρ
∫

S
Ū2ŪdS, (5.3.1)

with S being a chosen oriented surface. In practice, S, is taken as a rectangular surface of
width b in the plan y − z. Doing so, the jet is assumed to be homogeneous in the y direction.
Under this assumption Pj expression can be simplified to:

Pj =
1
2ρb

∫ zu

zb
Ū2Ūxdz, (5.3.2)

with zb and zu the jet limits in the z direction. The jet limits are defined as the frontier
between regions where Ūx > 0, corresponding to the jet, and regions where Ūx ≤ 0, outside
the jet. The x value at which Pj is measured. In practice, x is chosen to maximize Pj.
The incoming wave power is estimated using the relation presented in Chapter 2, Equa-
tion 2.1.50, so that:

Pw =
1
2ρbtcgA2, (5.3.3)

with bt the tank width. The ratio between Pj and Pw is presented in Figure 5.23 for the
wave-maker amplitude TWA=3 mm and TWA=6 mm. Power in the jet represents a higher
portion of incoming wave power for TWA=6 mm with Pj/Pw reaching up to 0.25. Between
2 and 2.5 Hz the jet has more power, also corresponding to the region where S2 dissipates
more energy. However, in that region, the plate dissipates approximately 60% of wave energy,
significantly more than what is observed in the jet.

5.3.7 PIV experiment in the y − z plan

To investigate other possible dissipation sources, PIV experiments are performed in the y − z

plan at 8 cm from the plate clamping points. To do so, a camera is placed at the end of the
tank and the beach is replaced by a plastic plate so that plate can be seen from this view.
As fluid particles are expected to have circular trajectories, in the z − y plane. However, the
laser sheet width makes it possible to maintain particles enlightened over enough frames to
be able to apply PIV algorithms.
In Figure 5.24, the left column (Figures A, C and E) show particle trajectories while con-
ducting experiments with TWA=6 mm at 1.5, 2 and 3 Hz. Contrary to PIV performed in
the x − z plan, trajectories are obtained by taking the maxima at each pixel over 20 waves
periods. The small size of traits illustrates the fact that particles move out of the y − z.
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Figure 5.24: A Particle trajectories obtained during PIV experiment showing the y − z plan
i.e. the plane transverse to wave propagation for 1.5 Hz waves and TWA=6 mm. The red
area corresponds to plate position. B Average fluid velocity in the the y − z plan for 1.5 Hz
waves and TWA=6 mm. C-D-E-F show the same quantities but for 2 and 3 Hz waves.

The tank walls are located just at the edge of the image and the plate is colored in red to
underline its location. In these images, only the tip of the plate is visible as the clamped
part is located at the other side of the laser sheet. Particle trajectories show that significant
motion exists in the y − z plan, particularly between the plate and the tank wall. Indeed,
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in an unperturbed wave field particle trajectories should be vertical, which is not the case in
those Figures.
The mean velocity for the same experiments is plotted in Figure 5.24, right column. Motion
in the y − z plan appears quite clearly, since rolls can be observed over and below the plate at
all frequencies. Furthermore, significant velocities (up to 40 cm.s−1 at 3 Hz) can be observed
at plate edge.
Raspa et al. [2014] performed PIV experiments around a heaving elastic plate in the same
plan as in this wave experiment but in a still fluid. They show that complex flows appear
at the edge of the plate in the yz plan. This effect, in addition to the relative motion due
to the wave flow, might be responsible for the rest of wave energy dissipation measured in
Section 5.2.4.

5.4 Conclusions

The experimental investigation of the interaction between a submerged elastic plate and a
wave fields showed a rich and complex behavior. First, it has been shown that elastic plates
can reflect energy in the range of frequencies studied. The fact that a rigid plate does not
reflect wave energy shows that reflection is due to plate flexibility. The comparison between
experimental and theoretical reflection and transmission coefficients is encouraging as linear
theory is able to predict accurately frequencies at which reflection is observed. However,
discrepancies remain in the reflection and transmission coefficients values. A possible ex-
planation of the differences observed could be the presence of non-linearities that are not
taken into account in the linear wave theory. To observe more clearly non-linearities sources,
coefficients of transmission and reflection measurements are performed at higher wave ampli-
tudes. From those measurements, wave energy dissipation and chang in mean plate position
arise. Finally, PIV experiments show significant sources of nonlinearities in the wave-plate
interaction as a jet is created at plate tip in the x − z plan, formed by gravity and wave
propagation direction and rolls in the y − z plan, transverse to wave propagation direction.
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Conclusion

This thesis described a wide variety of phenomena that can be observed when looking at
the interaction between a submerged elastic plate and waves. First, the powerful tool of
linear wave theory has been used to formalize the physical phenomena at stake and get first
information about the plate response. From that study, a rich behavior arises. It is shown
that the plate can reflect the waves. Two types of reflection patterns are observed, wide
and sharp reflection peaks. If both reflection types are associated with an increase in the
plate motion amplitude, sharp peaks exhibit particularly high motion amplitude. Reflection
and transmission patterns vary with plate parameters, sharp and wide peaks having different
dependencies in the various parameters.
At the same time, an experimental setup is used to study the interaction between the elastic
plate and waves. Taking advantage ot the small size of the set-up, original experimental
techniques can be utilized, such as Schlieren imaging to reconstruct the free surface height and
Particle Image Velocimetry to analyze the flow field. Free surface height reconstruction allows
to measure reflection and transmission coefficients. From those measurements, it appears that
elastic plate are able to reflect waves. By comparing reflection and transmission coefficients
for elastic and rigid plates, it emerges that reflection is due to elasticity. Experimental results
are compared with theoretical predictions for small amplitude waves. Frequencies at which
reflection occurs correspond to frequencies of predicted wide peaks. However, sharp peaks
are not observed experimentally and reflection and transmission coefficients values are not
well predicted. Non-linear effects could account for the observed discrepancy. Particularly,
Particle Image Velocimetry experiments show that a jet is created at the plate tip and strong
transverse effects can take place when the wave amplitude increases. For high amplitude
waves, elastic plates can also act like perfect wave terminators.
Various effects were reported in this thesis, but questions remain open. The exact causes of
plate resonance and reflection remain to be found. This work illustrated the complexity of
such a problem as reflection depends on multiple parameters. In order to better understand
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the discrepancies between experiments and simulation, the theoretical part could possibly be
enhanced by the addition of vortices emission at the plate tip similarly to what was done by
Shoele [2023] or Chang et al. [2015].
From a wave energy perspective, it could be interesting to perform experiments at larger scale
to observe if the phenomena observed with the small scale set-up also exist at larger scale.
However, the plate design might be particularly challenging. At smaller scales, similarly to
what has been done by [Latif et al., 2021], adding internal damping mechanisms in the plate
could be interesting to better mimic wave energy converters.
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Expression of matrix D

Figure 5.25: Expression of matrix D for Ntrunc = 1. As the matrix is to big to fit on a line
it is written on 2 lines with pink points symbolizing the junction between each part.



Relation between motor command and plate motion and complement information
on the wave-maker.

Motor motion is imposed so that it does not reach its maximum stroke at each oscillation,
avoiding noises and potential damages. This choice reduces the motor stroke to a 2.5 cm
maximum amplitude and, will also impact the maximum wave amplitude produced by the
wave-maker (see section 4.1.2).
The motion of the motor is imposed to a software. This section aims to investigate the relation
between the motor command and its actual precision. Figure 5.26 presents an illustration of
the motor use for a 9 mm amplitude and a 1.5 Hz frequency. Figure 5.26 A shows the motor
tip position and the command position over ten seconds. In this case and for all the other pair
of frequencies and amplitudes investigated, the two curves coincide. The motor accuracy is
further confirm looking at the difference between the command and the actual motor position
(see Figure 5.26 B). In the case presented here, the maximum difference observed is around
0.2 mm i.e ≈1% with respect to the command. The small difference between the command
position and the actual position allows to approximate that the actual motor amplitude, b′,
is equal to the motor command position, b′
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Figure 5.26: A Command position and actual motor position as a function of time for an
amplitude of 9 mm at 1.5 Hz. The two curves coincide what underlines the good performance
of the motor. B Difference between the command position and the actual position as a
function of time. The difference has the same period as the one imposed by the motor, but
does not exceed 1% of the imposed value. G stands for G’
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Figure 5.27: Amplitude-frequency diagram showing standard deviation over three repetitions
for different parameters measured and for L2 at a 3 cm submergence depth. A Standard
deviation of reflection coefficient, σKr . Red errorbars show the standard deviation on the
wave amplitude, A and on the wave frequency, f . B Standard deviation on transmission
coefficient, σKt . C Standard deviation on plate tip mean displacement, σ∆i

. D Standard
deviation on the plate normalized motion amplitude, σξ̂.

Figure 5.27 show the standard deviation of the reflection coefficient, the transmission coeffi-
cient, the mean plate tip displacement, and the plate normalized motion amplitude. For all
those quantities error appear to be small compared to measured values.



Natural frequency measurements
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Figure 5.28: Plate displacement at its tip as a function of time conducting experiments with
L2 in air.

Plate natural frequency is obtained by conducting free-oscillation tests. The plate is main-
tained in the plan x − z to avoid gravity effects. The plate is excited by a small hit close to its
clamping edge and starts to oscillate at its natural frequency. Oscillations are progressively
damped. To measure this frequency, the plate is filmed and its edge is tracked. Figure 5.28
shows the result of this tracking while conducting experiment with L2 in the air. Experiments
are conducted both in air and in water to measure respectively plate natural frequency and
plate natural frequency with added mass. Results obtained are presented in the Table 5.3:
As mentioned in Section 2.2.2, plate natural frequency with added mass can be estimated

Short name f0 (Hz) f
(th)
0ma (Hz) f0ma (Hz)

L1 1.33 0.86 0.8
L2 2.04 1.6 1.7
L3 2.80 2.2 Not measured

Table 5.3: Plate natural frequencies.

theoretically knowing the plate natural frequency in the air. The theoretical result is also
presented in the Table 5.3. It appears that theoretical estimation of plate natural frequency
is relatively well estimated.
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Mot clés
Interaction vague-structure, théorie de la houle linéaire, bassin à houle à petite échelle, réflex-
ion et transmission, jet.

Résumé
L’interaction vague-structure est un domaine riche et aux intérêts applicatifs cruciaux tels
que la protection côtière ou la production d’électricité par conversion d’énergie des vagues.
Cette thèse s’inscrit dans ce contexte et s’intéresse au cas spécifique d’une plaque élastique
submergée, maintenue à son bord d’attaque, et excitée par des vagues. Ce dispositif, qui est
envisagé comme un potentiel convertisseur d’énergie des vagues, a été longuement étudiée
dans le cas d’un écoulement uniforme ou pour un fluide au repos. En revanche, l’effet de
l’excitation, par des vagues, d’une plaque élastique submergée reste mal connu.
Pour pallier à ce manque, cette thèse a pour but de décrire l’interaction entre une plaque
élastique submergée, tenue à son bord d’attaque et des vagues. Pour ce faire, un premier
travail théorique est menée en s’appuyant sur la théorie de la houle linéaire. Le but de cette
approche est d’obtenir une première compréhension du système, c’est-à-dire de formaliser
le problème physique et d’obtenir des informations sur la réponse des plaques excitées par
les vagues. Pour cela, la réflection et la transmission des vagues sont évaluées et mises en
perspective grâce à l’observation des déplacements de la plaque. De cette étude, il ressort que
les plaques élastiques possèdent des motifs de résonnance complexes, qui varient en fonction
de la profondeur, longueur ou rigidité des plaques.
Cette approche théorique linéaire, limitée au cas idéal de petites amplitudes de vagues et des
petits déplacements de la plaque, est enrichie par une étude expérimentale de l’interaction
plaque-vagues. Une des originalités de cette thèse réside dans les dimensions du dispositif
expérimental. Le bassin utilisé mesure 2 mètres par 50 centimètres et est beaucoup plus petit
que pour la majorité des travaux d’interaction vague-structure. Cette petite taille permet
d’utiliser des méthodes expérimentales différentes et d’obtenir des informations supplémen-
taires. Ainsi, la hauteur du champ de vagues peut être estimée en tout point par imagerie
Schlieren, ce qui permet la mesure de coefficients de réflexion et de transmission. Les champs
de vitesse du fluide peuvent être évalués par Vélocimétrie par Image de Particules. Plusieurs
faits marquant ressortent de ces mesures. Tout d’abord, à petites amplitudes de vagues,
les fréquences des pics de réflexions mesurés expérimentalement coincident avec les prévi-
sions numériques de pics dits "larges". Ensuite, en comparant la réflexion engendrée par
des plaques flexibles avec le cas d’une plaque rigide de même dimension, il apparaît que les
réflexions sont dues à la flexibilité. Finalement, à grandes amplitudes de vagues, un jet est
créé par la plaque. Le jet pourrait être responsable d’un changement de position moyenne de
la plaque, pour la plaque la moins rigide, entraînant une dissipation totale de l’énergie des
vagues.
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Abstract
Wave-structure interaction is a rich field with crucial application interests, such as coastal
protection or electricity production through wave energy conversion. This thesis is part of
that context and focuses on the specific case of a submerged elastic plate, attached at its
leading edge, and forced by water waves. This device, considered as a potential wave energy
converter, has been extensively studied for uniform flows or in a still fluid. However, the
effect of wave-induced forcing on a submerged elastic plate remains little studied.
To address this gap, the purpose of this thesis is to describe the interaction between a
submerged elastic plate, held at its leading edge, and a monochromatic surface wave field.
For that purpose, an initial theoretical work is carried out based on linear wave theory. The
objective of this approach is to gain a preliminary understanding of the system, namely,
to formalize the physical problem and obtain information about the plate response to wave
excitation. Thus, waves reflection and transmission are evaluated and contextualized through
the plate’s displacements observation. From this study, the elastic plates exhibit complex
resonance patterns that vary based on the submergence depth, length, and rigidity of the
plates.
This linear theoretical approach, limited to the ideal case of small wave amplitudes and small
plate displacements, is complemented by an experimental study of plate-wave interaction.
An original aspects of the thesis lies in the dimensions of the experimental setup. The
utilized wave tank measures 2 meters by 50 centimeters, and is considerably smaller than
the experimental facilities used in the majority of wave-structure interaction studies. This
reduced size allows for the use of different experimental methods and the acquisition of
additional information. Consequently, the wave field height measurements can be performed
on the whole surface of the tank, using Schlieren imaging, leading to a robust estimation of
wave reflection and transmission coefficient. Additionally, the fluid velocity field in the bulk
can be assessed using Particle Image Velocimetry.
Several notable points emerge from those measurements. First, at small wave amplitudes,
experimentally measured reflection peaks coincide with numerical predictions of so-called
"wide" peaks. Furthermore, by comparing the reflection generated by flexible plates to the
case of a rigid plate of the same dimensions, it becomes apparent that the reflections are due
to flexibility. Finally, at large wave amplitudes, a jet is generated by the plate. This jet,
could be responsible for a change in the average position of the plate, leading to total wave
energy dissipation for the least rigid plate.
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