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Abstract ix

LONG-TIME BEHAVIOR OF SOME MARKOV PROCESSES, AND APPLICATION TO STOCHASTIC
ALGORITHMS

Abstract

This thesis is devoted to the study of the long-time behavior of some Markov processes arising in
stochastic algorithms. These algorithms are variations of Monte Carlo methods, which constitute a class
of techniques for sampling probability measures based on Markov processes. The thesis is structured
into three parts, each addressing a different type of algorithm:

1. Chapters 2] and [3] focus on sampling Gibbs measures using two distinct kinetic processes.

2. Chapter [4] explores non-convex and high-dimensional optimization through simulated annealing,
while Chapter [f] investigates optimization using a switched process.

3. Chapters @, and [8| delve into sampling quasi-stationary distributions based on the Fleming-Viot
process, a Moran-type particle system.

The motivation for these algorithms, and thus much of the research conducted for this thesis, stems from
molecular dynamics and statistics applications. By applying coupling and partial differential equation
methods, we aim to establish convergence guarantees for these algorithms.

Keywords: probability theory, stochastic calculus, coupling methods, long time behavior of markov
processes, poincaré inequality, stochastic algorithm, hypocoercivity.

Résumé

Cette thése est consacrée a 1’étude du comportement a long terme de certains processus de Markov
apparaissant dans les algorithmes stochastiques. Ces algorithmes sont des variations autour des méthodes
de Monte Carlo, qui constituent une classe de techniques d’échantillonnage de mesures de probabilité
basées sur des processus de Markov. La thése est structurée en trois parties, chacune traitant d’un type
d’algorithme différent :

1. Les chapitres [2] et [3] portent sur I’échantillonnage des mesures de Gibbs & l’aide de deux processus
cinétiques différents.

2. Le chapitre [4] traite de I'optimisation non-convexe en grande dimension par recuit simulé, tandis
que le chapitre [§] étudie 'optimisation a I'aide d’un processus commuté.

3. Les chapitres [6] [7] et [§ traitent de l’échantillonnage de mesures quasi-stationnaires basé sur le
processus de Fleming-Viot, un systéme de particules de type Moran.

La motivation pour ces algorithmes, et donc pour la plupart des recherches menées dans le cadre de cette
theése, provient de dynamique moléculaire et d’applications en statistiques. En appliquant des méthodes
de couplage et d’équations aux dérivées partielles, nous établirons des garanties de convergence pour ces
algorithmes.

Mots clés : probabilités, calcul stochastique, méthodes de couplage, comportement en temps long de
processus de markov, inégalité de poincaré, algorithme stochastique, hypocoercivité.

Laboratoire Jacques-Louis Lions
Sorbonne Université — Campus Pierre et Marie Curie — 4 place Jussieu — 75005 Paris — France
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Chapter 1

Introduction

Outline of the current chapter

[I.1] [Markov processes: definitions and basic properties for Monte- |

| Carlo purposes| 2
|ISome methods to study the long-time behavior of Markov pro- |

| cesses| 5

[[21 [The PDE methods: Entropy, L?, H* convergence| . . . . . . ... .. 5

1.2.2] |Wasserstein distance and coupling methods| . . . . . . .. ... ... 11

[1.3] [Stochastic algorithms and contributions of this thesis| 18

[[31 [Sampling Gibbs measures| . . . . . .. .. .. ... ... ... .... 18

T30 OpUmBation - . -« -« « v ooeee e e e 23

[A particle approximation for quasi-stationary distributions. . . . . . 27

The topic of this thesis is the application of the study of the long time behavior of Markov
processes to the analysis of stochastic algorithms, at the intersection of PDE theory, probabil-
ity, and applied mathematics. These algorithms are variations of Monte Carlo methods, which
constitute a class of techniques for probability measure sampling based on Markov processes. In
addition to sampling, stochastic algorithms can also be employed to model physical systems, or in
non-convex and high-dimensional optimization problems that cannot be efficiently solved using
deterministic algorithms. They offer a compelling compromise between obtaining high-quality
results and reducing computation time. The theoretical study of the underlying Markov pro-
cesses provides essential guarantees of convergence for such algorithms, which are of paramount
importance.

The motivation for most of the projects undertaken during the preparation of this thesis
stems from molecular dynamics and statistics, yet it can be applied to a broad spectrum of fields,
including population dynamics, finance, and biology. Beyond their practical applications, the
study of such algorithms gives rise to intriguing theoretical questions in the domain of coupling
methods, hypocoercivity, and metastability. Since this thesis focuses on Markov processes in
metric spaces (while non-Markovian processes are also of interest for stochastic algorithms, they
are not the primary focus of this thesis), which constitute a particular class of stochastic processes,
we will first introduce them in Section This introduction will then be divided into two parts.
Section [I.2] will present two families of methods for the study of the long time behavior of Markov

1



2 CHAPTER 1. Introduction

processes. The final Section will introduce some stochastic algorithms, as well as the various
contributions of this thesis.

1.1 Markov processes: definitions and basic properties for
Monte-Carlo purposes

The goal of Monte Carlo Markov Chains (MCMC) is to sample from a specified probability
measure u using Markov chains or processes. To illustrate how this operates, let’s introduce some
notations and define Markov processes. For a more in-depth introduction to Markov processes,
refer to [58].

Notations: Throughout this introduction, (£2, ) will denote a measurable space, and (E, d)
a metric space referred to as the state space. We use B for the Borel g-algebra on E. As our
focus is on dynamics within a state space, we denote by C(Ry, E) (resp. D(Ry, E)) the set of
continuous (resp., right-continuous with left limits at all points, or cadlag) functions from R
to E. These two sets are equipped with the product o-algebra. Let M'(E) denotes the set of
probability measures on any set F, and if y € M'(FE) is a measure on F, and h : E — R, denote

u(h) = /E hdy.

Given d € N, M4(R) denote the set of real valued matrix of size d x d.

Definition 1.1.1. We call a continuous (resp. cadlag) Markov process a random variable
X:Q—=CR4, E), resp. X :Q— DR, E),
with a family of probability measures (Py), . on (E,B) such that:
e P, (Xo=12)=1
e Forallz € E,0< 81 <+ <8y, <t <t < < by, (Ad)1<icm € B, (Bi)i<i<n € B:

Pm (Xsl S Ala"' 7Xsm € Amath S Bla"' 7th S Bn|Xt)
ZPx (X31 S A17"' ,Xsm (S Am‘Xt)P:c (th S Bl,"' 7th (S Bn|Xf)

Informally, a Markov process X is a random function from R, to E, such that, for all ¢t > 0,
knowing X, the future is independent of the past. In mathematical terms, it is equivalent to

VA€ 0(Xs,s > 1), VB € 0(X,, s < t), P(AB|X;) = P (A|X;) P (B|X,) .

The probability P,, corresponds to the Markov process with initial condition x. Additionally, for
any probability measure v € M!(E), a process with initial condition v can be defined by

IP’V:/EIP’IV(dx).

We denote E, the expectation under P, and simply E, when v = ¢§,. In all of this thesis, a
Markov process will be denoted either X or Z. Let’s start with a few examples that will arise
at some point in this thesis. We will not delve into the construction of such processes or the
proof of their Markovian nature, as these may be intricate subjects. Also, note that E is not
necessarily complete or separable, as we will see below.
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e The simplest Markov processes are jump processes on graphs. Let F be a (finite or count-
able) set, endowed with the trivial topology, namely d(z,y) = 1,4,. For all z,y € E, let
q(z,y) = 0 be a jump rate. A Markov process X on E can be defined as follows: given
some initial condition x € E, let J, be an exponential random variable with parameter
q(z,y). Write

J' = min Jy, Y! = argmin Jy-
yeE yeE
Then X jumps from a state x to a state y at rate g(x,y) in the sense that X; = z for all
t < J' and X ;1 = Y'!. This defines X until J!, and an induction argument then extends
X, for all t > 0. Such processes will appear exclusively in Chapter [§]

e (Ito-)Diffusion processes on R%: this is most important example for this thesis, appearing
in Chapters 2J4ll6] and [7] They can be defined as the solution to the Itd equation:

dZt = b(Zt)dt-i-O'(Zt)dBt, (11)

where B is a Brownian motion, b : R? — R? is the drift, and o : R — My(R) is the
diffusion coefficient. They are continuous Markov process, see [154]. While they can be
defined more generally, this definition is sufficient for our purpose and encompasses the two
most crucial examples for this thesis: the overdamped and kinetic Langevin processes (see

Section and .

e Switched diffusion process: fix a family of drifts (b;) and diffusions (¢;), 1 <7< N, and a
Markov chain I on the set [1, N]. Then we say that Z is a switched diffusion if it solves:

dZt = blt (Zt)dt + gy, (Zt)dBt

Z here is not a Markov process, but (Z, I') is. This represents a less classical class of Markov
processes and will be discussed in Chapter [5}

e Piecewise deterministic Markov process (PDMP): fix some flow ¢; on a set E, jump rate
A: E — Ry, and jump kernel Q(z) : E — M (E). Then, X is a PDMP if, by defining the
random times 7T, by

t
Tn+1 - lnf {t > Tna/ )\(Xs)ds 2 En} )
Tn

where (Ey,)nen is a family of independent exponential random variable of parameter 1, we
have that for all n € N:

Xt =1, (X7,), Vt € [Ty, Tryir [, X1, ~ Q(X1,—).

The process X is deterministic between random times, at which it jumps randomly to
another location. While such processes were more recently analyzed for sampling purposes
and may not directly appear in the thesis, a mixture between PDMP and diffusion processes
will be studied in Chapter [3]

For a given Markov process (X;), we define its semi-group (P;);>0 by:
Pif(z) = Eq, (f (X4)),

for any f : F — R bounded and measurable. The process is completely characterized by its semi-
group, making it a central object of study. The semi-group also acts on the set of probability
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/fd(VPt) :/Ptfdy,

for any v € M!(E). By the definition of the semi-group, vP; is the law of X; under P,,.

measures M!(E) as follows:

Definition 1.1.2. A measure u is said to be an invariant (or stationary) measure for the Markov
process X if for all t > 0
pby = .
There may exist no, one, or an infinite number of invariant measures. The goal of MCMC
is, given a target distribution u, to design a Markov process X such that p is its only invariant
measure, and X is ergodic, in one of the following senses:

1 t
- / 0x.,ds — p, weakly, almost surely, (1.2)
t 0 t— 00

or
Law(X:) — p, weakly. (1.3)
t—o0

In these cases, the invariant measure describes the behavior of the process as time goes to infinity.
Reciprocally, the simulation of X; (or of a trajectory (Xs)ogs<t), for large time ¢ > 0, yields an
approximation of pu. Hence, the analysis of such convergences (under different possible norms)
will be the main topic of this thesis.

A powerful tool to study the evolution of the law of a Markov process (and thus its long-time
behavior) is its so-called generator (or equivalently the generator of its semi-group).

Definition 1.1.3. Let £ be a Banach space of functions from E to R, endowed with some norm

Il - lle. The generator of P; and its domain (L,D(L)) are defined by:

Pf—7f =0.
t £

fED(L),9=Lf@}g%H g

The classical setting is to take £ as the set of bounded functions, endowed with the norm
llgllc = supg |g|- In this case, for continuous or cadlag process, the generator completely deter-
mines the Markov process, and for all f € D(L), we have the Kolmogorov equation:

o f=LPf=PLf.

However, in many cases, P; defines a semi-group in other Banach spaces, see Section The
minimal prerequisite on £ that we need here is that the set of smooth and compactly supported
functions is a dense and stable by L subset of £. The link between the semi-group and the
generator (and resolvent) is the subject of the Hille-Yoshida theory, which lies outside the scope
of this introduction (see |169]). Let’s consider two examples:

e For a diffusion process (1.1) with Lipschitz continuous drift b and diffusion coefficient o,
we have C2 C D(L), where C* denotes the k times differentiable functions with compact
support, and for f € C?:

Lf=b-Vf+ %tr (c'V?fo). (1.4)
e For a PDMP, we have C! C D(L), and for f € CL:

Lf(2) = Vep(a) - V(x) + A(x) / (f(y) — f(2) Q(a dy). (1.5)
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The choice of £ depends on the topology in which the long-term convergence of the semi-group
occurs and must be specified. Various topologies, such as weak, Wasserstein, L?, H*. etc., are
available, and each require a different method to prove convergence. Depending on the process,
understanding which given norm or method is best suited is a critical part of the study.

Now, the remainder of this introduction is divided into two sections: first, Section [I.2] will
elaborate on the different methods used to study the convergence of Markov processes towards
their invariant probability measure; then, Section [L.3| will introduce the algorithms to which we
will apply the previously presented methods, as well as the contributions of this thesis.

1.2 Some methods to study the long-time behavior of Markov
processes

Two families of methods are used in this PhD to study the long-time behavior of Markov pro-
cesses, giving explicit rates in the convergences . The first family of methods, presented in
Section corresponds to PDE methods, used for the convergence in entropy, and in L? or
Sobolev spaces. We will then delve into coupling methods in Section [1.2.2]

1.2.1 The PDE methods: Entropy, L?, H* convergence

Link between PDE and Markov process

The first family of methods to study the long-time evolution of the law of a Markov process are
based on PDEs, and the use of the generator. As seen previously, the semi-group P of a Markov
process which admits a generator L satisfies for f € D(L) the Kolmogorov (or Fokker-Planck)
equation:

OyPf =LP f=PLf. (1.6)

Hence, if L is a differential operator, PDE methods can be employed to study the long-time
behavior of the semi-group. There is also a dual formulation. Denote by [ the Lebesgue measure,
gt the law of the Markov process, and L* the dual of L in L?(I). Then, g is a weak solution to
the PDE:

8tgt = L*gt (17)

This provides two points of view for the long-time convergence of a Markov process, depending on
the context. For instance, equation in Sobolev spaces, as done in Chapters [2| and |3 allows
for estimates on P;f, whereas equation is better suited for the convergences in entropy (see
below), or for the convergence in probability of the process studied in Chapter In the remainder
of this section, we will consider for simplicity diffusion processes with an invariant measure p,
but other kinds of processes (such as PDMPs giving rise to integro-differential equations) can be
considered. In those cases, we will have E = R?. We will have a look at two families of diffusions:
Elliptic diffusions: An elliptic diffusion Z is a diffusion in F that solves

dZt = b(Zt)dt + 0'(215)(:1.Bt7
where the diffusion matrix satisfies
o(x)lo(zx) > cly,

where o7 denote the adjoint of o, for some ¢ > 0 and all z € E, in the sense that 070 — cly is
everywhere positive definite. The generator of these diffusions has a regularizing effect, making
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them suitable for PDE methods.

Proposition 1.2.1. Suppose that b € L} . for some p > d + 2, and oTo and its inverse are

bounded. Then the law of Z; admits a Holder continuous density g, with respect to the Lebesgue
measure. If, in addition, we suppose b and o Lipschitz continuous and CP, then g, € CP and
P, fecCr.

Proofs of those statements can be found in |18, [102]. The most important example of an
elliptic diffusion in this thesis is given by the so-called overdamped Langevin process

dX; = —VU(X,)dt + /28 1dB;, (1.8)

where U : R* — R, will usually be taken as a smooth function. This example is crucial as it has
an explicit invariant measure given by:

vg(de) = Z/;le*BU(I)dx, (1.9)

where Z3 is a normalisation constant.

Hypoelliptic diffusions: Since the law of an elliptic diffusion with smooth coefficients at
a given time has a smooth density, it is natural to wonder which other kind of generator will
generate a smooth density, and hence be adapted to PDE methods. This corresponds to the
notion of a parabolic hypoelliptic operator.

Definition 1.2.1. We say that L is parabolic hypoelliptic or that 0; — L is hypoelliptic if for all
u:Ry x R¢ — R:
Ou— Lu € C*®° = u e C*™.

If L is the generator of the semi-group P and is parabolic hypoelliptic, then Equation (1.6
would yield the smoothness of the semi-group. Let’s now give a criterion for parabolic hypoel-
lipticity. Given two vector fields A, and B on R%, we denote their Lie bracket as

(4, Bl(z) = DB(x)A(z) — DA(z)B(x),
where (DA); ; = 0;A;.
Definition 1.2.2. For a family of vector fields (A;)o<i<m on R?, define
Vo={A;,ie[l,m]}, Vir1 = Vi U{[B,Ai], B€ Vi, ie[0,m]}.
We say that (A;)ogi<m satisfies the Hormander’s bracket condition if
Span (UL, Vi) = RY.

Proposition 1.2.2 (Hormander’s theorem). Identify any vector field with the corresponding
differential form. Then if L = Ao+ > 1o, A2, the (Ai)o<i<m are bounded, and satisfy the
Hérmander’s bracket condition[1.2.3, then L is parabolic hypoelliptic.

Proof of this theorem and variations can be found in |77, |28]. The most important example
of a hypoelliptic process for this thesis is the Langevin one:

dX, = Y,dt,
(1.10)

dY; = —=VU(X,)dt — vY,dt + /275~ 1dB,.
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Here, d = 2n, X € R™ and Y € R™ are not Markov processes, but (X,Y) is, and the fact that
the noise only acts on Y makes this process non-elliptic. Its generator is given by

L=y-V,—V-Vy—7y-V, —|—’yﬁ_1Ay = Ag+v671 Z@Qi. (1.11)
i=1

We have the commutator

[0y, y - Vil = =0s,.
Hence, when VU is bounded, (X,Y") is hypoelliptic, as

Span(Vo UV;) = R4

Under mild assumptions, the Langevin process admits a unique invariant probability measure
given by
e~ BH(z:y)

1/ Wﬁ_leﬁ
where Z3 is the same normalisation constant as in . Many other hypoelliptic processes exist,
such as the Generalised Langevin process [168, [132], or the chains of oscillators [125].

As we will see in Section we are not only interested in the smoothness of the law or
of P, f, as it is not sufficient for the study of the stochastic algorithm. Since we study Markov
processes that possess an invariant measure p, we may introduce the following Hilbert spaces:

ps(de, dy) = dzdy, (1.12)

L*(p) = {f B — R, measurable,/ fAdu < oo} ,
E

or

HE () = {f € L%(1),Va € N, Jal; < k/ 0% f2 du < oo} .
E

for some k € N. Both are Hilbert spaces, with scalar product
(o9 120 = / fodp,  fDurgy = Y, 9% fogdp.
= aeNd Jal, <k’ E

In many cases, we are interested in L* bounds on P;f, and Sobolev embedding combined with
convergence in H*(p1), will be the means to achieve such bounds, as discussed in Chapters
and[] The remainder of Section[I.2.I] will be devoted to presenting the usual methods for proving
convergence in such spaces, employing functional inequalities. We will first delve into the elliptic
and reversible case before introducing Gamma calculus for the study of the long-time behavior
of non-elliptic processes.

The elliptic/reversible case

In order to later justify our computations, we enforce the following

Assumption 1.2.1. & is a Hilbert space, the Markov process X defines a semi-group Py : € — &,
and there exists a dense subset A C € such that A C D(L) and he A = h? € A.

In all the spaces £ we will consider, we will have that C>° (the set of smooth functions
with compact support) is a dense subset of £. Moreover, in the case of diffusions with regular
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coefficients, we have C° C D(L), and hence we may think of A as C2°. In this section, we also
suppose that the process X is reversible:

Assumption 1.2.2. u denotes an invariant measure for the semi-group (Pi)i>o0, € C L%*(p),
and X is reversible with respect to i, in the sense that for allt > 0, Py is self-adjoint in L?(u).

Define for h € A the so-called carré du champ

I'(h) = = (L (h*) — 2hLh). (1.13)

N =

This definition is motivated by the following formal computation:

o [ (P —n(mp =2 [ (Pf - pP) LR [ LR du= -2 [ (P
E E E E
Definition 1.2.3. We say that p satisfies a Poincaré inequality (with respect to T') if there exists
A > 0 such that:

A /E (h— u(h))? du < /E T (h) dp, (1.14)
forall h € A.

In the reversible case, this Poincaré inequality is related to the so-called spectral gap of the
process, since A can be taken as the greatest non-zero eigenvalue of L. Hence, it is only natural
that it is related to the long time behavior of the semi-group, as shown by the following:

Proposition 1.2.3. Under Assumption the existence of a Poincaré inequality is equivalent
to: for allt >0

1Pf = 1)y < €2 1F = 1) 2 (1.15)
for all f € L?(u).

Hence, Poincaré inequality gives us convergences towards equilibrium and even speed of
convergence through A. Take the example of the overdamped Langevin process (1.8). In this
case:

L(h) = 7Y Vh[,

and the stationary measure is the Gibbs measure (1.9). It can be shown that this probability
measure satisfies the Poincaré inequality

)\/ (h—uﬁ(h))zduﬁg/ |Vh|2dug,
R4 Rd

if for instance U € C?(R%) and
inf [VU|? — AU > —o0,

yielding exponential convergence in L?(vg). Estimates on the Poincaré constant, and more
particularly its dependency on the dimension and the temperature 37!, are of great importance
to analyse the speed of convergence of these Markov processes and their application to stochastic
algorithms, as we will see in Section The carré du champs also yields local information
on the semi-group, but those will not be of interest in this thesis. Moreover, other functional
inequalities exist, like the log-Sobolev and the Sobolev inequalities, which yield convergences
in other spaces, as well as other properties such as hyper and ultracontractivity, see |6]. For
instance, using a log-Sobolev inequality instead of a Poincaré inequality, one could prove the
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convergence in entropy, where the entropy of a probability measure v with respect to u is defined

as:
dv

In{—)dv ifv<y,

Ent (v|p) = / (dﬂ> g

+ oo else.

This does not define a distance, but the entropy is particularly well-adapted to particle systems
or high dimensional settings, as this quantity scales better than LP distances with the dimension
and is an upper bound for some Wasserstein distances, that will be defined in Section m (such
as the total variation distance with the Pinsker inequality).

The method presented in this Section does not require reversibility, but only a Poincaré
inequality . It however fails as such in the case of kinetic process. Let’s consider the case
of the Langevin process . Its carré du champs is expressed as:

L(h) =671 Vyh*.

Considering a function h that only depends on x, an inequality of the form:

2

A [ G s < [ 19, 0P
R2d R2d

cannot hold with A > 0. According to Proposition [L.2.3] it is not possible to achieve convergence

as for the overdamped Langevin process. The next section is dedicated to adapting the previously

discussed method to kinetic processes.

Hypocoercivity and generalized Gamma calculus

The Langevin process is not coercive, as in Proposition [I.2.3] but is hypocoercive, a term intro-
duced in [163].

Definition 1.2.4. A semi-group P with invariant measure p is said to be hypocoercive on & if
there exist C > 1 and A > 0 such that:

1Pef = u(Hllg < Ce I f = u(F)llg » (1.16)

forall f €.

If C = 1, then we revert to the case of Section [[.2.1} and the process is simply coercive.
However, when C' > 1, this convergence is not equivalent to the Poincaré inequality with respect
to the carré du champ. Contrary to the convergence , this property is invariant by replacing
the distance by an equivalent one on £. In fact, Villani developed in his famous memoir [163]
a method to show hypocoercive convergence by using a modified norm. This method has later
been formalized using the so-called Gamma calculus |9} [134]. Demonstrating such convergence
is usually equivalent to finding the correct distance for which the semi-group is actually coercive,
as we will now see. We are interested in the evolution of quantities of the form:

[ o an.
E
for quadratic functionals ¢ : C*°(X) — C°°(X) of the form:

¢(h) = 1AV R = Y Aoy aa,0% .. 0220,

Z2d
a1+ tasg=a
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for some a € N and tensor A, as well as linear combination of such functionals. To this end,

define:
1

Prg(h) =5 (L(é(h)) — Dug(h)Lh), (1.17)

where Dp¢ denote the differential operator of ¢. This definition is motivated by the following
formal computation:

G [ownian=— [t (1.18)

which uses that p is invariant for P;. If we can get an inequality of the form

C/ ¢(h)du§/FL,¢(h)du (119)
E E

for all smooth h € A, then this implies the convergence:

/E O (Puf)dp < e /E 6 (f) du. (1.20)

Therefore, if || 5 @ (f)du is equivalent to the L? or H* distance, then our goal would be achieved.
This tool is particularly well adapted for the study of quadratic functional such as the L? or H*
norms, due to the following identity:

Proposition 1.2.4. If there exists A = (A1, -+, Ap) : C™ — (C™)? a linear operator such that
é(h) = |Ah|?, then

I'p¢(h) =Tr2(AR) + Ah - [L, A]h,
where T o(Ah) = Y7 | T(A;h), T is the carré du champ defined in (1.13), and [L,A] =
([LvAl]v B [L’AP])'

Let’s now see how this applies to the L?(u) and H! (1) of the Langevin process, in the case of

a bounded hessian potential: ||[V2U||o < 0o. Let’s recall that under this condition, the Langevin

process admits the measure p3 defined in as its unique invariant measure, and its generator
is given by:

L=y-V,—VU: -V, —vyy -V, +787'A,. (1.21)

We will show convergence in H! using Gamma calculus. We have:
L,V =V?UV,, [L,V,]=-V.+7V,.
Hence using Young inequality we have:
(Ve = V,) g [L.Ve = Vg = (Vo = V,) g+ (VUV, + VY, — 1V, ) g
1 2
> 5[Vagl® =2 (147 +IVUll) " Vgl

as well as )
Vyg - [L,Vy]g =Vyg- (=Ve+9Vy)g > _Z|Vm9|2 - ‘Vyg|2-

Thus, with

B(h) = ch® + (Vo = Vy)hl? +[Vyh%, c =716 (242 (14 + [V2U]1)?)
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Proposition the linearity of I'y, with respect to ¢, as well as the positivity of T' yield that
1
To(9) = L(g) + (Vo = Vy) g+ [L, Ve = Vylg + Vyg - [L, Vylg > 5[Vl (1.22)

The measure pp satisfies the Poincaré inequality

A [ s dus < [ VAP
R2d R2d

for some A > 0, which, combined with inequality (1.22)), yields

- / Ly(g)dus < =K / d(g)dps
R2d R2d

for some x > 0. This inequality, at least formally, yields the H' convergence:
(Pof)” + VP fPdps < Ce™ 2 *d
2 f)+ VP fIPdug < Ce f7 IV dug
R2d R2d

for some C,c > 0 that can be made explicit, and all f € H'(u). Actually, using an L? — H?
hypoelliptic regularization [81]

K
[ Ept 9Py < o [ P, el
R2d R2d

for some K, > 0, this also yield the L? convergence:

—ct
Pif)?dps < C——— 2dug.
/de ( tf) ad Omin(l, t)a /de f Ko

These computations can be made rigorous using the Lumer-Phillips theorem. All computations
are conducted on the semi-group’s generator, and this theorem, rooted in the Hille-Yoshida
theory, allows us to transfer a property from the generator to the semi-group. In the case of
the Langevin process, Villani’s method worked thanks to the bracket condition of hypoellipticity
given in Definition [1.2.2] Regardless, some processes might exhibit hypocoercive convergence
without being hypoelliptic, as is the case for some kinetic PDMPs. In these case, other methods
exist to show hypocoercivity, such as the ones developed in [50, [1].

This method will be employed in Chapters and in H* spaces, to obtain either estimates
on the semi-group or on the time-marginals of the law of the process under different sets of
assumptions on the process. The proof of the inequality will consistently rely on the use
of the Poincaré inequality throughout this thesis. In the case of non-quadratic ¢, one could
also use other functional inequalities such as the Log-Sobolev inequality when ¢(h) = hln(h)
represents the entropy.

1.2.2 Wasserstein distance and coupling methods

The second family of methods we are going to look at are coupling methods, based on Wasserstein
distances. These distances are typically introduced within the context of optimal transport and
have the advantage that they don’t require a priori the existence of an invariant probability
measure, but will in fact be used for the proof of existence of such a measure, as we will discuss
later on. Moreover, they are well-suited for studying the long-term behavior of Markov processes,
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thanks to their probabilistic interpretation, even in cases where the generator is not a differential
operator.

The topology

Definition 1.2.5. For any two probability measures vy, Vo, we define a coupling of v1 and vo as
(X1, X?) such that the law of X1 (resp. X2) is vy (resp. o).

Given a distance d on E, p € N, and v1,vo € MY (E), we define the associated Wasserstein
distance as follows:

Wap(v1,v2) = (inf {E (d”(X", X?)) , (X', X?) coupling of v1 and Vz})l/p.

Given a Markov semi-group P, we call a coupling of (v1Pi)i>o0 and (v2Py)i>0 a stochastic
process (X}, X?)io0 such that (X})i>0 and (X?)i>o0 are Markov processes of semi-group (Pt)i>0
and initial condition vy for X' and vy for X2.

When p = 1, it is also referred to as the Kantorovich distance. This definition yields a
distance on the space:

M, (E) = {u € Ml(E),/Ed(m,xo)py(dx) < oo},

and this space is independent of the choice of zg € E. We will be mostly interested in the case
p=1and p = 2. If d is bounded, then all these distances are equivalent. A specific instance is
when d(z,y) = 21,2, and p = 1, leading to the recovery of the total variation distance denoted
by Wa(v1,v2) = ||v1 — va||rv. The Wasserstein distances satisfy the following properties:

Proposition 1.2.5. e If (E,d) is a Polish space, then (./\/lzl,, Wa p) is also a Polish space.

o In this case, there exists an optimal coupling, meaning a coupling (X', X?) of v1 and vy

such that Wqa(vy,v2) = E (d(X', X?)).

o || |lrv makes MY(E) complete for any set E, and there always exists an optimal coupling
for this distance.

Proofs of these facts can be found in [164, Theorem 6.18 and Theorem 4.1]. These properties
hold even though (F,21,+,) is not separable as soon as E is uncountable. In the sequel, we will
omit the dependence on d, and W), will denote Wq,. We will also refer to the law of the pair
(X1, X?) as the optimal coupling.

Now, let’s explain why the Wasserstein distance is well-suited to the study of the long-time
behavior of Markov processes. The objective is to establish a coupling for all x,y € E of 6, F;
and &,P;. Typically, such a coupling should ensure that X! = X? = X/} = X2, Vt > s.
When this happens, we say that the processes X' and X2 have coupled at time s. Given that
the Wasserstein distance is defined by an infimum, any coupling, not necessarily an optimal one,
can provide an upper bound for the distance, as for all ¢ > 0 the following inequality holds:

Wa(v1 P o Py) < E (d(X], X7)).
More precisely we have:

Proposition 1.2.6. Suppose that (E,d) is a Polish space or that d(z,y) = 21,2y, and that there
exist to > 0, 0 < kK < 1, @ > 0 such that for all x,y € E, there exists two couplings, (X%, XY)
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and (X%, XY), of (6,P;) and (6,P;) such that for allt >0, (z,y) — (XF, X¥) is measurable,

E(d (X7, X})") < kPd(z,y)", (1.23)
and
E (d (X7, X/)") < aPd(z,y)P, Vt € [0,to). (1.24)

Then the semi-group (P;) admits a unique invariant measure p, and we have that for all v €

ML(E):

p

Wy (VP p) < Ce_CtWP (v, 1),
for some constants C,c > 0 explicit in k, o and tg.
Proof. Fix v1,v5 € MY(E), and let (X, Yy) be an optimal coupling of v1, v5. Denote X; = XtXO

and Y; = Y;YO. (Xt,,Y:,) is a coupling of v1 P, and 15 P;,, and hence using the definition of the
Wasserstein distance and conditioning we get:

WZI; (VlPtoa V2Pto) < E (d (XtoaY;fo)p) = L . E (d (Xi)v YPtZ)p) W(dxdy)
X
< [ dle)n(de,dy) = WP (n,00).
ExXE

Thus, the application v — v P, is a contraction on the complete space ./\/lzl,, and the Banach
fixed point theorem yield that it admits a unique fixed point p € M;(E), and p is such that

Wy (VPff),,u) <KMW, (v, )

An invariant measure of the semi-group is necessarily a fixed point of P;,. If there exists ¢ > 0
such that puP; # p, then, by the semi-group property of P, P, would be a second fixed point
of P,,. This implies that p is the unique invariant measure of the semi-group. Integrating
Inequality with respect to the initial condition implies that for all ¢ € [0, ¢o]:

Wy, (1 Py, vaPy) < CW, (v1, 1) .
Therefore, we may write
W, (vPi, 1) = Wy (vPy, pPr) < &Y TW (VP iy 105 18P 1110 110) < eI, (v, p0)
which concludes the proof with C' = ax™! and ¢ = —t; " In(k). O

Constructing a coupling that satisfies ([1.24)) is typically straightforward, and the main chal-
lenges arise in building the coupling from ({1.23]).

A first example

Let’s consider an example to illustrate how this works. Take the following SDE on R%:
dX; = b(Xy)dt + dBy, (1.25)
where B is a Brownian motion, and b satisfies the following one-sided Lipschitz condition:

3k >0, Va,y € RY, (b(x) — b(y)) - (x —y) < —r|z —y|> (1.26)



14 CHAPTER 1. Introduction

This condition implies that the deterministic drift tends to bring points in space closer together.
It is for example satisfied by the gradient of convex functions. Let d(z,y) = || - ||2 be the
Euclidean norm. Fix z,y € R? and a Brownian motion B. We can then define the so-called
parallel coupling:

¢ ¢
Xt:x—i—/ b(Xs)ds + By, Yt:y—i—/ b(Ys)ds + B;. (1.27)
0 0

They are both driven by the same Brownian motion. Ito’s formula yields:
dIX; = Vil =2(b(Xy) —b(¥y)) - (X¢ = Vi) dt < —26|X, — Vif3dt,

and hence
X = Yilla < e X0 — Yoll2

which implies inequality . We can conclude that the SDE defines a Markov process
that admits a unique invariant measure, and that the law of this process converges exponentially
fast towards this invariant measure at rate x for the distance W), for all p > 1. In the case
where only holds outside a compact set, contraction in W; was proved in [55] for a distance
d equivalent to the euclidean one, using the famous reflection coupling introduced in [117]. In the
case of non-elliptic processes, a mix between parallel and reflection coupling was used in [56] to
prove convergence of the Langevin process . To my knowledge, it remains open to know if
it is possible to construct a metric on R¢ and a coupling to prove the Wasserstein convergence for
a process satisfying the Hormander’s bracket condition from Definition and a contractivity
assumption similar to outside a compact set.

Convergence in weighted total variation and Lyapunov functions

We have shown in the previous section the convergence of the process in Wasserstein
distance W), under a uniform one-sided Lipschitz condition on the drift. Now, we are interested in
the convergence of the same process in total variation distance, i.e., considering d(z, y) = 21,4,.
Denote the process by X when the initial condition is € R?, and let’s suppose that b is Lipschitz
continuous. Then, from Proposition we get that the random variable X admits a density
with respect to the Lebesgue measure, denoted by h(z,-), and the mapping (z,y) — he(z,y) is
continuous and non-negative. Actually, using controllability arguments, one can show that it is
positive. Suppose we have the additional condition

inf Ay, (z,y) > 0,

z,y€RY

which would hold if the diffusion was living in a compact space, like the periodic torus, or if a
Sobolev inequality would hold, thus implying ultracontractivity. In that case, we would satisfy
condition : the uniform creation of density implies exponential convergence towards a
unique equilibrium in total variation distance. Indeed, we can construct an explicit coupling
satisfying . Let’s write ¢ = infpa, 7 hy,, where K is a compact set of Lebesgue measure 1,
and denote the Lebesgue measure by [. Notice that

an(Xfa)—cl (ﬂf()
1-c

Law (X])=(1-c¢) —|—cl(-ﬂ[§'>.

Now, let’s define random variables as follows:
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e / is a random variable with law [ ( N f() 5

e B is a Bernoulli random variable with parameter c,

,Caw(Xfo)—cl(-ﬁf()

e For all z € R?, Z7 is a random variable with law i

Then, the law of the random variable
X =1p1Z+ 1p—oZ°
is indeed 6, F;,, and we have
182 Pry — 8, Pagllry < 2P (X* # X¥) < 2B(B = 0) = 2(1 — ¢) = (1 = &) |0, — b, v
for all 2,y € R?, corresponding to . More generally, a condition
Vo € E,P, (X¢, € ) = b, (1.28)

for some probability measure § € M!, called a Doeblin condition, yields condition , and
hence convergence in total variation distance. However, when the state space is not compact,
the condition might not hold uniformly on E. In this case, we need the existence of a
so-called Lyapunov function. In many cases of interest, the process goes back to a compact set
on which such an inequality holds.

Definition 1.2.6. A function V : E — [1,00) is called a Lyapunov function if V' has compact
level sets and there exist C > 0 and 0 < o < 1 such that:

E.(V(Xy)) < (1—a)V(z)+aC, (1.29)
for some ty > 0.

Informally speaking, the existence of a Lyapunov function is equivalent to the fact that the
process returns exponentially fast to compact sets. The usual way to prove the existence of a
Lyapunov function is to use the generator characterisation: is implied by the fact that
V € D(L) and:

LV < —cV +C,

for some C,c > 0. Suppose that the one-sided Lipschitz condition holds for the drift, but only
‘at infinity’: there exists some compact set K C R? such that:

Ve € RO\ K, b(z) - 2 < —kl|z||2.
Then, if V(z) = 22 + 1, we have:
LV = =2b(z) - v+ 2d < =25V (x) + 2(k + d),
and hence V is a Lyapunov function. Now, let’s write
dvs(,y) = 2Lazy (1 + BV (2) + BV (y))-

The addition of a Lyapunov function to a Doeblin condition yields a Harris-type theorem, which
corresponds to the following result:
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Proposition 1.2.7. Suppose that V is a Lyapunov function satisfying (1.29), and that there
exists a probability measure 0 such that for all x € {V < C'},

Pm (Xto € ) > Ce,

for some C" > 2C and ¢ > 0. Then there exists an explicit B > 0 such that v — v Py, is a con-
traction in the space (M*(E), Way. 5,1), and all conclusions of Proposition hold. Moreover,
we have the total variation convergence:

for some D,d > 0.

This kind of method first sprung from the work of Meyn and Tweedie, see [128]. Proof of this
statement and variations can be found in [52} [79).

Particle systems

In this thesis, we primarily apply coupling methods to mean-field particle systems. For a given
vector X = (71,...,7x) € EV, we define its empirical measure as:

m(x) = %26@
i=1

It is a probability measure that counts the number of point (x;) in any given set. A mean
field particle system is a Markov process X = (X1!,..., XV) with state space EV, where N is
the number of particles, such that each particle X* only interacts with the other through their
empirical measure 7 (X;). In Section we will introduce the so-called Fleming-Viot process,
which is an instance of mean field particle system used for sampling. Another widely studied
system is the famous McKean-Vlasov particle system:

N
i i 1 i j
dX} = —VU (X}) - NZ;VW (Xt —Xg) dt + dB,. (1.30)
=
This kind of process is interesting because it models systems made up of interacting agents.

Definition 1.2.7. We say that a (finite) sequence of random variable (X;)1<i<n s exchangeable
if for all permutation o : [1, N] — [1, N], (Xo0))1<i<n 8 equal in law to (X;)1<i<n-

In particular, if (X;) is exchangeable, then X; and X; have the same laws for all 7, j. The next
proposition gives us the convergence of the empirical measure of independent random variables:

Proposition 1.2.8 (|62]). If (Z;) is a sequence of independent random variables with common
law v with moments of order q¢ > 0:

/Rd ztv(dr) < oo.

Then for all 1 < p < g, the following convergence holds in W, distance :

N
1
™ ((Zi)lgigjv) - N Z‘SZi N U
i=1
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where is Wasserstein distance is relative to any norm on R%.

One interesting feature of such mean field systems is that they satisfy the so-called mean field
limit: the particles interacting through their empirical measure are not independent but define
an exchangeable system. Therefore, one may hope that as IV goes to infinity, the convergence of
the empirical measure towards their common law remains true, as soon as it is true at the initial
time. This is called propagation of chaos, and would yield that as the number of particles goes
to infinity, instead of seeing the interaction with all others, each particle only sees a determin-
istic averaged interaction which corresponds to their common law. Hence, they would become
independent, and converge towards a non-linear process (in example , the McKean-Vlasov
process). For such processes, the goal in Chapters |§| and [7| will be to show that the particle
system converges towards an equilibrium, at a rate that is independent of the number of particle,
see Section [I.3:3] To this end, we need a distance that scales well with the number of particles,
and which is close to the distance at hand. For convergences in total variation distances, we
define:

1 N
dy (X, y) = N Z 1o, 4y,
=1

or in the case where one needs a Lyapunov function:

N
A (6 Y) = D T, (14 BV () + BV (3:).

i=1

The following lemma is the main motivation behind those distances:

Proposition 1.2.9. Let v PN be the law of the particle system Xz, and denote by v*N the
k-first particles marginal. Suppose that Xq is exchangeable, and that there exist C,c > 0 such
that

Way (I/NPtN uN) < Ce "Wy, (VN,N ).

Then for all k € [1, N], we have:
k k., _
|| (VNPtN) _ Mk,NHTV < Nce cthN (VN,/LN) .

Proof. A mean field particle system at time ¢ > 0 is exchangeable as soon as its initial condition
is. Additionally, if v; and v are two exchangeable probability measure on EV, by denoting v/}
vk their k particles marginal, we have:

k
vy = vElrv < § Wy (vi,v2).

Such distances were employed in [38] for a Fleming-Viot process and in [133] for general
processes with mean-field jump interaction. A discrete measure cannot converge in total variation
distance towards a measure with density, making the total variation distance unsuitable for the
mean field limit, where one wants to show the convergence of the empirical measure. To achieve
long-time convergence and uniform in-time propagation of chaos, a distance close to the W;
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distance in R? must be used. For instance, the distance:

N
Z|$z‘ =il
i=1

dN (Xa y) =

2|~

was used in |76} |118].

1.3 Stochastic algorithms and contributions of this thesis

Now, let’s delve into the presentation of some MCMC-type algorithms. The theoretical investi-
gation of these algorithms is rooted in the analysis of the long-time behavior of certain Markov
processes, as discussed in Section We will explore three types of algorithms, corresponding
to the three parts of the thesis: the sampling of Gibbs measures, stochastic optimization, and
the sampling of quasi-stationary measures using Fleming-Viot particle systems.

1.3.1 Sampling Gibbs measures

The first type of algorithm involves sampling Gibbs measures. Many physical systems can be
described by a Hamiltonian (or energy) of the form:

H(z,y) = U(z) + %IyIQ, (1.31)

where U : R? — R, (or U : T — Ry, where T is the d-dimensional torus) is a potential
function, and |y|?/2 represents the kinetic energy. When the dimension d is large, obtaining the
exact evolution of the system becomes infeasible, and a statistical description must be employed.
In statistical physics, for systems with fixed temperature T = 8~! > 0 and size, but that can
exchange energy, the system is characterized by the Gibbs measure . The probability for
the system to be in a state (x,%) € R?? solely depends on its energy and we recall that it is given
by

One goal of molecular dynamic is to compute macroscopic quantities of physical systems defined
by averages of the form

Mﬂ(f) = E(f(X7Y))7 (XaY) ~ Ka, (1.32)

for some function f : R? — R. One important example in chemistry is a system of N > 1
particles with van der Waals interaction, which corresponds to a noble gas. In this case, d = 3N
is of the order of Ny ~ 10%%, and x = (z1,...,7n) represents the positions of the particles.
For a more in-depth introduction to molecular dynamics, refer to [161], as well as [111] for
a mathematical perspective. Sampling high-dimensional Gibbs measures is not exclusive to
statistical physics; it is also of paramount importance in computational statistics and machine
learning. For instance, suppose given independent and identically distributed samples (X;,Y;);
from an unknown probability measure p* on R? x R. We are interested in the best predictor f*
of Y knowing X:

f*eargminE ((Yl - f(Xl))Q) .

The solution to this problem is given by f*(x) = E(Y|X = z), which is not accessible in practice.
If we assume that f* can be efficiently approximated by a linear functional, then given a matrix
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9, and writing U(0) = E (||[Y — 6X||?), a random variable whose law is the Gibbs measure

o~ BU()

or its expectancy, are estimators of the solution, see [114) [98]|. In this case, and many others,
there is no kinetic energy, and we are only interested in the space variable marginal vg, also
referred to as Gibbs measure, of the previously defined Gibbs measure pg.

The tasks involved in sampling such probability measures have three aspects:

1. Designing a Markov Process: The first task is to design a Markov process X that has
the targeted probability measure as its unique invariant state and is ergodic. The rate of
convergence of this Markov process should be as high as possible, and especially it should
not approach 0 too rapidly as the dimension d goes to infinity.

2. Choosing a Discretization Scheme: A discretization scheme X° for the Markov process
needs to be chosen so that it can be implemented on a computer. Some processes are
easier to discretize than others, but in most cases, this introduces bias. This bias must be
considered in both the choice of the process and its numerical scheme.

3. Monte-Carlo Method for Approximation: Finally, a Monte-Carlo method is needed to
approximate the expectations of the numerical scheme. If the target is the invariant measure
1 and the numerical scheme admits an invariant measure ;°, then the ergodic property

lim 1 Zf (Xf) = p0(f), almost surely,

can be used. The error is then given by the bias of the invariant measure, and by the fact
that T' € N is finite. Another solution, that allows also the computation of E(f(X;)) for
finite ¢ > 0, is to compute a large number M € N of independent realisations of X ‘ft /6> SaY

X ftl/ Nk and use that fact that under some integrability assumption:

lim Zf (Xftl/M) E(f(X;)), almost surely.

M—oo M

This second Monte Carlo introduces three types of errors. The first error is finite time error,
arising from the fact that we can only access E(f(X;)) for finite ¢ > 0. The second error is the
Monte-Carlo error, stemming from the approximation of E(f(X?)) (namely M is finite), and the
third error results from the bias in the numerical scheme, where E(f(X?)) # E(f(X;)). The
total error can typically be expressed in the form::

1 M S5 —ct 1 «
E M;f(Xz)_Mﬂ(f) <C<€ +m+5>-

The Monte Carlo error could potentially be improved by using other estimators of E(f(X}))
from the numerical scheme, such as Multilevel Monte Carlo methods (refer to [68]). However,
the focus in the first two chapters of this thesis will be on the first and third errors.

There are many choice for the process used in the sampling, as we will see now. The most
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commonly used process for sampling from v is the overdamped Langevin process:

dXt = *VU(Xt)dt + QBildBt, (133)

where B is a Brownian motion, thus making X a diffusion process, see |110} [112] for its use in
stochastic algorithms.
Assuming mild conditions on U, such as U € C*°, VU Lipschitz continuous, and satisfying

(VU(z) = VU(y)) - (z = y) < —clz — y?

for all z,y € R?\ K, where K is some compact set and ¢ > 0, it can be shown, using the results
from Section that this process is ergodic with respect to vg. The specific type of convergence
depends on the assumptions about U and the methods used.

The Euler-Maruyama scheme is a well-known discretization method for Langevin-type pro-
cesses. It reads here:

X2 =X, —0VU(X)) +/2B716G,,

where (G,), = (B(n+1)5 — B"5)n a family of independent normal random variable. This dis-
cretization leads to the Unadjusted Langevin Algorithm (ULA). If VU is Lipschitz continuous,
it can be demonstrated that this numerical scheme converges strongly (in the sense of pathwise)
and weakly with a convergence order of 1.

Definition 1.3.1. A numerical scheme is said to converges strongly with rate of convergence «
if for all T > 0, there exists C' > 0 such that for all § small enough:

sup E (|Xg — X)) < C6.

0<n<T/s

A numerical scheme is said to converges weakly with rate of convergence « if for all t > 0, and
f in a suitable class of function, there exists C' > 0 such that:

E(f(X3)) —E(f(X0)| < C6%,
where nd = t.

In general, the weak and strong order of convergence are not the same, as in the case of
multiplicative noise where the strong order is 1/2. However, for the purposes of this thesis, only
weak convergence is considered since the goal is the computation of averages. Proofs for weak
convergence often rely on estimates of the semi-group, such as:

0P f(x)| < O(L+ |al"), (1.34)

for regular enough f and |a|1 < @mas, along with moment bounds on the numerical scheme,
see [156] for instance in the case of the ULA. It can get intricate as soon as the drift is not
lipschitz continuous as in [123] where it is shown that the explicit Euler scheme might not be
ergodic for non-globally Lipchitz vector field. See also [88] for the study of the failure of the
Euler-Maruyama scheme. In such cases, alternative schemes need to be employed, as discussed
in |78 87, 189} |90, 130]. Discretization introduces bias in the invariant measure, which can be
mitigated using a general method called metropolization. For example, in the case of the Euler
scheme for the over-damped Langevin dynamics, the Metropolis Adjusted Langevin Algorithm
(MALA) is:

o X0, =XJ—06VU(X3)+ /287 16G,



1.3. Stochastic algorithms and contributions of this thesis 21

e Let U be uniform on [0, 1].

o If U < min(1,ePUXD-UKL0) then X2, | = X2 else X2, = X2,

This is the so-called Metropolis Adjusted Langevin Algorithm (MALA), and it is known to admit
vg as its invariant measure. Other schemes, such as the Milstein scheme [145, Chapter 10], can
be employed to achieve better orders of convergence. Implicit numerical schemes are another
option, but they may not be well-suited for high-dimensional settings. The well-posedness of an
implicit numerical scheme is not guaranteed, and even if it were, it would likely be numerically
costly in practice.

A general class of processes are kinetic processes, which are characterized by the equations
dX; = Ydt,

where X is the position, and noise only acts on the speed Y. Kinetic processes can be utilized
for sampling from the measure vg using only its position variable. They are expected to exhibit
better convergence rates than elliptic diffusions, displaying a ballistic behavior rather than the
diffusive behavior of reversible processes.

To establish estimates on the semi-groups, similar to (1.34), necessary for proving weak
convergence, hypocoercive methods, as discussed in Section [[.2.1} must be employed. One of the
most physically relevant kinetic processes is the underdamped Langevin process, which models
the movement of a particle in a potential U while in contact with a heat bath at temperature
T = 37! > 0. We recall that it solves:

dX, = Y,dt,

Under mild assumptions, this process is ergodic with respect to jig, allowing for the sampling of
the full Gibbs measure. A straightforward Euler-Maruyama scheme can be used for this process,
but explicit splitting schemes are commonly employed in Molecular Dynamics simulations, better
suited for Hamiltonian dynamics, see [107].

Another family of kinetic processes includes kinetic Piecewise Deterministic Markov Pro-
cesses. PDMPs have the advantage that they can be simulated exactly, eliminating bias. In
general, such processes admit vg ® m as steady states, where 7 is a probability measure on the
state space of the speed variable, see [138] [52]. An example of a kinetic PDMP is the Bouncy-
Particle sampler, with a generator given by

Lf(x,y)
e_v/2/2

=y Vof +(v-VU(2))4 (f(, R(z,9)) — f2,9) + )\/Rd (f(z,y') = f(z,y)) de’,
where A > 0 is a refreshment parameter and R(z,y) = y — 2VU(z) - vVU(x)/|VU(x)|?>. The
first jump part imposes the Gibbs measure pg as an invariant measure, and the refreshment is
introduced for ergodicity. To study the long time behavior of PDMP’s; the method developed
in [163] is not adapted, as the carré du champ is not of gradient type. However other method can
be applied, see |50} |1] for hypocoercivity, as well as coupling method described in Section

There are many other processes used for sampling from a Gibbs measure. For instance, one
can mention the Hamiltonian Monte Carlo (HMC) method [69} 26]. In this method, a trajectory
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(Xt,Y:) evolves using the Hamiltonian dynamics

dX; = Ydt,
dY; = —VU(X;)dt,
and every time T', Y is re-sampled independently from the past according to a N(0, 314) distri-
bution. See also [27] for a review of various usable methods.
Contributions In Part [[] of this thesis, the focus will be on the weak error expansion of
numerical schemes, also known as weak backward error analysis, for kinetic processes. This
involves searching for series expansions in weak convergences, denoted as

Ez(f(Xg)) = Ez(f(Xt)) -+ C1(t)6o‘ 4+ 4 Ck(t)6a+k + O(&()z-‘rk-',—l)7

for all k € N, where nd = ¢t. More particularly, we are interested in cases where the constants Cp,
as well as the rest, are bounded in time, leading to uniform weak convergence over time. This
expansion then also applies to the bias of the invariant measure. The analysis involves estimates
such as

9P, f(x,y) < Ce™(1+ |z[* + [y|"),

for function satisfying pug(f) = 0. The weak error expansion of numerical schemes was initially
proven and numerically studied by Talay and Tubaro in [158|. Their work primarily focuses on
the Euler-Maruyama and Milstein schemes for Elliptic SDEs with globally Lipschitz continuous
coefficients. Talay also proved similar expansions for Hamiltonian systems with polynomial
growth at infinity in [157], although using an implicit Euler scheme. Further studies on these
expansions can be found in [41, [101, [100]. For explicit numerical schemes for the Langevin
process with bounded potentials on the torus, refer to |107], and for Langevin processes with
more general kinetic energies, see [153]. Uniform convergence in time of a numerical scheme is
also explored in [3].

Chapter [2] is devoted to the sampling of Gibbs measure using the Langevin process in the
case of a singular potential, as in the case of N particles within a confining potential and subject
to Lennard-Jones interactions. Explicit numerical schemes are known to exhibit instability when
the drift of the stochastic differential equation lacks Lipschitz continuity [123]. To address the
issue of singularity, a novel numerical scheme that avoids instability phenomena and can be
applied even in high-dimensional settings is proposed. Employing hypocoercive method adapted
to the singular case as in [10], estimates on the semi-group of are proven and used to show
uniform in time weak error expansion of this new numerical scheme, as well as at stationary.

The most expensive part when simulating the process is the computation of VU. A
common approach is to substitute this gradient with a stochastic version. The goal of Chapter [3]
is to explore an alternative solution. The idea is to break down the potential as VU = Zf{:o F;,
where Fj represents the cheap to compute part (corresponding to the short range interaction in
a gas of particles). We then consider the process:

dX, = Y;dt,
dY; = —Fo(X)dt — 1Y dt + /295~ 1dB,,

and the process jumps at rate A; according to some jump kernel ¢; depending on F; in a way that
ensures that the equilibrium measure of the process is indeed the Gibbs measure. This a a mix
between diffusion and piecewise deterministic Markov process, with the latter being a type of
Markov process known for its advantageous simulation properties. This study also draws upon
hypocoercive methods.
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Perspectives: Firstly, another process employed for sampling purposes in molecular dynamics
is the generalized Langevin process [168|. It is a hypocoercive process exhibiting a higher degree
of degeneracy than kinetic processes. It would be valuable to extend the computation in Sobolev
spaces of any order for such a process to establish the weak convergence of numerical schemes.
Additionally, exploring out-of-equilibrium processes is intriguing. When the gradient VU in the
Langevin process is replaced by a general force F, the invariant measure is not explicit and
may not satisfy a Poincaré inequality. Despite this, it remains important to efficiently sample
such measures. Lastly, in the context of sampling Gibbs measures, a criterion for efficiency is the
variance of the Monte Carlo estimator. This aspect could be further studied through a central
limit theorem for the occupation measure process of the two processes analyzed in Chapters [2]
and Bl

1.3.2 Optimisation

Part [[T] of this thesis delves into a problem closely related to the sampling of Gibbs measure: the
optimization of non-convex functions. The focus is on a function, called the objective function
in optimization but referred to as the potential in the thesis, U : R* — R, which is bounded
from below. The goal is to address the problem of finding the minimum (or the minima) of
U over R% In various applications, non-convex potentials with multiple local minima, not
necessarily confined within a compact set, are of interest. For example, in the context of Molecular
Dynamics, U may represent the energy of a configuration of a physical system, and the minima
correspond to its metastable states. In computational statistics, U could represent minus the
logarithm of the posterior probability, and its minima indicate the maximum likelihood. A well-
known benchmark problem for non-convex optimization discussed in this thesis is the mixture
of Gaussian distributions. If (X;) is a data set consisting of Gaussian variable with means X6,
then the maximal likelihood is given by the minimum of a potential that takes the form

U(f) =In (Zn: a; exp (—)\i (60— Zi_lXi)2>> . (1.35)

When dealing with a convex U, standard gradient descent or its many variants are often sufficient
for finding the minimum. However, the challenge arises in the case of non-convex potentials, as
typical gradient descent algorithms tend to converge to local minima. One approach would be
to initiate multiple gradient descents from random initial points, but the basin of attraction for
global minima is usually of lower dimension compared to the ambient space. As a result, the
probability of starting in this set is quite low. Additionally, in high-dimensional settings, an
exhaustive search is impossible. To overcome these challenges, new paradigms that takes into
account the geometry of U are needed to explore the space. The goal is to devise algorithms
that impose minimal assumptions on U, typically requiring

UecCYRY), lim U(z)= +oo.

However, these assumptions may not be sufficient for the proposed algorithms.

There are various methods for non-convex optimization, including the utilization of mean-
field particle systems like for optimizing neural networks [86| [67] or genetic algorithms
based on Fleming-Viot-type particle systems, as discussed in Section see |148|. However,
in this thesis, we will focus on two specific solutions for this optimization problem. The first one
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is provided by simulated annealing, based on the observation that, under mild assumptions,
vg <U>minU+5> — 0,
R4 B—o00

for all € > 0, where v is the Gibbs measure given in . This implies that if X is an ergodic
Markov process with invariant measure v, and if § is large enough, X will spend most of its
times in the vicinity of the global minima. The simulated annealing algorithm involves gradually
increasing (3 over time. Given a generator Lg which admits vg as its invariant measure for
all ¢ > 0, and a cooling schedule £, . 0% the goal is to design an inhomogeneous Markov

process X; with generator Lg,. If § increases slowly enough, the law of X; will be close to
its instantaneous equilibrium vg,, and X will converge in probability towards the set of global
minima of U. The faster the temperature goes to 0, the more the Gibbs measure will charge the
minimum. However, if § increases too fast, the process might become trapped in the vicinity
of a local minimum with positive probability, leading to algorithm failure. This transition is
known to occur with a logarithmic schedule: if 8; = In(1 + ¢)/c and the process is based on the
overdamped Langevin process:

dX; = —VU(X,)dt 4 /25, 'dB;, (1.36)

then under mild assumption on U (see below), convergence holds for ¢ > ¢* and fails for ¢ < ¢*,
where ¢* is an explicit constant known as the largest energy barrier of the potential

¢ = sup c(z1,22)
Z1,T2

with
co(x1,22) = inf{ max U(&(t)) — U(xy) — U(ﬂ@)}

0<i<1
where the infimum runs over {¢ € C ([0,1],R%) ,£(0) = z1,£(1) = z2}.

The phase transition is attributed to metastability, a crucial phenomenon in the study of low-
temperature processes, among other things. Let’s revisit the process with fixed temperature ,
and consider a domain D C R? corresponding to the basin of attraction for the gradient descent
from a point 2o € RY. We are concerned with the first exit time from the domain:

r=inf{t>0,X, ¢ D}.

This problem was investigated in [65], revealing that 7 is of the order ¢#(minop U=minp U) " When
the temperature 87! is zero, the process behaves as a simple gradient descent, and it never
leaves D. However, over an extended period, the introduced noise causes the process to move
away from the vicinity of local minima. The speed of convergence of the law of X; towards its
equilibrium pg is related to the pace at which it visits space. The longer it takes to exit the
basin of attraction of local minima, the slower the convergence becomes. This can be quantified
using PDFE and functional inequality as described in Section Since c* is the minimal
energy elevation required to transition from any local minimum (or even any point), to a global
minimum, e®¢" represents the order of the time needed to explore space. The Poincaré inequality,
introduced in Definition [1.2.3] is one way to quantify this phenomenon.

Proposition 1.3.1 (|83, 126]). Under the assumption that either U : T — Ry or U : RY = R,
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and
liminf |VU ()| > 0, iﬂgdf |VU|? — AU > —o0,

|z|—o00

vg satisfies a Poincaré inequality

2 2
\B) [ < [ (91Pas,
forall f €C, [ fdvg =0, and \(B) satisfies

lim %ln()\(ﬁ)) = —c".

B—00

Combined with Proposition m this yields that the speed of convergence is of order e?¢",
which is exponential bad if ¢* > 0. This situation occurs when U possesses multiple local minima.
In the context of simulated annealing, understanding metastability and exit times is crucial for
selecting appropriate cooling schedules that balance exploration and exploitation. The objective
is to avoid becoming trapped in local minima while still converging to the global minimum as
the temperature decreases. This factor will be decisive in the convergence of simulated anneal-
ing . The proof idea is usually the same. In the case of U defined on the periodic torus
T, it proceeds as follows. Let h; be the density of X; with respect to vg,. Assuming that
hy € L*(vg,), we have:

P(U(X:) > minU +¢€) < |[hellp2(uy,) (v5, (U > minU +¢))'/2. (1.37)

If we can show that ¢ — [|h¢[[2(,,,) is bounded, then we would obtain the desired result. Formally
we have:

Oullhe = 172(,,,) = —5t/ [Vhe|*dvg, + 52/ (he —1)*Udug,
T4 Rd
<P [ (b = VP, + BV [ (b= 1
T T

In this simple case where U is bounded (because continuous on a compact set), this computation
combined with the estimate on A from Proposition indicates that if 8; = (49 * then

|htllL2(vs,) remains bounded as soon as ¢ > c¢*. To get the correct rate of convergcence, one
must actually replace the L? norm of the density in by an L* norm and use the Sobolev
inequality. Proof of the convergence of the overdamped Langevin simulated annealing for slow
logarithmic cooling schedule and of the non-convergence for fast logarithmic cooling schedule
was first established by Holley, Kusuoaka and Strook [84] |83], using Sobolev inequalities, for a
potential U on a compact manifold. The case of R™ has been studied by Chiang, Hwang and Sheu
[37], Royer |150] and Miclo [129], under restrictive conditions on the behavior at infinity of U,
in particular |VU| — +o0 at infinity. These conditions are related to the functional inequalities
used in these works, in particular spectral gap and Nelson hypercontractivity inequalities. The
question of reducing these assumptions in order to consider slowly-growing potentials has been
addressed by Zitt in [171], essentially by replacing spectral gap inequalities by weaker functional
inequalities. The results of Zitt apply for instance if, outside some ball, U(x) = |z|* with
a € (0,1). More recently, Fournier and Tardif in [64] and with Monmarché in [63] have been
interested in somehow minimal conditions on the growth of U at infinity. In [63], they established
that, for coercive potentials in the sense that 2 - VU (x) > 0 for |z| large enough, there is a phase
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transition for U, (x) = aln(1 + In(1 + |z|?)) at some value a, of a (depending on the cooling
schedule 8 and the dimension), i.e. there is convergence if @ > «, and non-convergence if o < v,
which is related to the transient properties of Bessel processes. More generally, convergence of the
annealing algorithm is also proven in [63] under conditions that allow arbitrarily slow growth. In
[64], the convergence of the simulated annealing is established as soon as lim |, U(z) = oo and

Jga e~V @) dr < oo for some g > 0. Although it doesn’t cover all the cases of [63] (notice indeed
that the condition is not met for U, for any « > 0), this is a very simple and mild condition.
One of the main differences of |64, 63] with respect to previous works is that the question of the
recurrence of the process is treated separately from the question of convergence in probability
to the minimum of U. Indeed, once recurrence is proven, it is essentially sufficient to use the
known results of convergence in the compact case to conclude. Notice that, unfortunately, this
localization argument does not provide a rate of convergence as did previous works. Note as well
that the idea that the behavior of U at infinity is not so important already appears in |37, [150]
(see in particular |37, Lemma 6.4]) where it is proven that it is sufficient (under the conditions
enforced in these works) to prove the result in the case where U(x) = |z|* for |z| large enough.

On the other hand, Monmarché studied in |[137] the simulated annealing based on the kinetic
Langevin process:

dX, = v;dt
dY; = —VU(X,)dt — 3,Y,dt + V2dB, .

The use of this non reversible process is motivated by its better convergence properties with
respect to the overdamped process, as discussed in Section although, in the regime g —
+00, it doesn’t reduce the critical value of ¢ in the logarithmic regime. Convergence of the
kinetic simulated annealing in established in [137] for slow logarithmic cooling schedules similar
to the overdamped case, under restrictive conditions on U, namely U is essentially quadratic at
infinity, and the Hessian of U is bounded. The proof is similar to the overdamped Langevin case
except that establishing quantitative longtime convergence estimates (at a fixed 3) for the process
toward its equilibrium rely on so-called hypocoercive methods presented in[I.2.1] The arguments
of [137] have been adapted to Generalized Langevin processes in [31]. This simulated algorithm
can also be understood as a deterministic dynamics that converges towards local minima, to
which we added a noise that goes to zero with time. The same can thus be done with process
that does not admit the Gibbs measure as an equilibrium as in [23].

Contribution: Chapter [ of this thesis is based on an article published in FElectronic Journal
of Probability |95]. The goal was to combine the works [137] and [64] to show convergence of
the kinetic Langevin simulated annealing for potential under minimal conditions on the growth
of U at infinity when ¢ > ¢*. We showed as well failure of the algorithm when ¢ < ¢* using
hypocoercivity methods in Sobolev spaces H¥, which seems to be a novel result for kinetic
processes. Indeed, unlike the elliptic case, it remains an open problem to show that Sobolev
inequality implies ultracontractivity, which was the main tool in the work |84l [83].

The previously mentioned Freidlin-Wentzell theory [65] also provides insights into the be-
havior of low-temperature diffusion processes, suggesting that such processes move from one
potential well to another by passing through index-1 saddle points. One strategy for escaping
the domain of attraction (for gradient descent) of a local minimum would hence be to actively
search for saddle points. Building on this understanding, Chapter [5} which is based on an article
published in Statistics and computing |96, we introduced a novel process for both optimisation
and saddle point search in [96]. We conducted a numerical study of this new process on basic
examples from both statistics and Molecular Dynamics, such as the Gaussian mixture , as
well as addressed fundamental theoretical questions.

Let’s motivate further this last contribution. In Molecular Dynamic, index-1 saddle points
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are also of interest, as if the local minima of the energy represent the metastable states, they
represent the transition pathways between metastable states of a physical system. However,
saddle point search remains a less standard topic than optimisation, especially in probability. A
first class of methods, based on reaction paths, requires the knowledge of two local minimizers,
and then finds a path of minimal elevation between them, which passes through a saddle point
see e.g. |70, 53]. A second class of methods, considered e.g. in [54}, (121} |66] (115} [151, 17, |75] and
references within and which will be the one used in the definition of the process of Chapter
relies on local walkers, analogous of the gradient descent for optimization, i.e. solutions of some
ODEs for which saddle points of U are stable equilibrium. Given some z € R?, write:

A(z) < Aa(z) < -+ < Aa(o)

for the ordered eigenvalues of V2U (z), and suppose that we are given vy (x),...,vq(x) € R? such
that v;(z) is an eigenvector of V2U (z) associated to \;(z) (in other words, when the eigenvalues
are not all simple, we assume that we have an arbitrary rule to select a given eigenbasis, for
instance we take the basis obtained as the limit of the Jacobi algorithm). The idealised saddle
dynamic (ISD) is the solution of

iy = — (I — 201 (z)v1(2) ") VU (24) - (1.38)

In other words, z; follows a gradient descent, except in the direction vy (z;) where a reflection
is performed, i.e. the process follows a gradient ascent in this direction. Notice that in general
x — v1(z) is not continuous so the existence of this process is unclear and may be restricted to
some parts of the space or to a finite time interval. One could also see a saddle point as a minimum
of the function z — |VU(x)|? or variants, which was done in [51} [19]. By introducing noise into
the dynamic 7 we define a new process for locating index-1 saddle points. Subsequently,
by alternately switching between this process and a noisy gradient descent (specifically, the
overdamped Langevin process , we formulate a new process for optimization.

Perspectives: It would be of interest to show convergence (or non-convergence) for simu-
lated annealing based on other non-reversible processes, such as annealed piecewise deterministic
Markov process (e.g., the Zig-Zag process or Bouncy Particle Sampler), as they offer certain sim-
ulation advantages, or non-conservative overdamped Langevin process. This last example may
prove useful in the context of this last switched process. Several open questions also remain for
this switched process: how long does it take to exit from a well in the low temperature limit?
What about the speed of convergence towards its invariant measure? What is the limit of the
invariant measure when ¢ — 07 What would be the long-term behavior of an annealed version
of this process?

1.3.3 A particle approximation for quasi-stationary distributions

The third and final type of algorithm involves sampling the quasi-stationary distribution using the
Fleming-Viot process. Let’s first motivate this purpose. In Molecular Dynamic, it is of interest
to sample state-to-state dynamics. Assuming that we can partition space into metastable subsets
of a given Markov process X through a mapping S : R¢ — N, the goal is to efficiently compute
a trajectory S(X;). However, by definition, exiting a metastable state takes a very long time.
To accelerate such exit, various algorithms, collectively known as kinetic Monte Carlo (kMC)
methods, have been developed. One such algorithm is the parallel replica algorithm [104], which
relies on the sampling of a quasi-stationary distribution (QSD). In all generality, it is defined as
follow:
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Definition 1.3.2. Given a Markov process X living in a domain D and a stopping time T, a
QSD is a probability measure p that satisfies:

P,.(Xi €|t >t)=p,

for allt > 0.

This definition is similar to that of the stationary measure, and like stationary measures,
QSDs describe the long-term behavior of the process but are conditioned on the fact that 7 > ¢.
In kMC, this stopping time corresponds to the exit time of a metastable domain D:

Top = inf{t > 0,X, ¢ D}, (1.39)

where D is an open set. In many cases, it can be shown that there exists a unique QSD
pw € MY(D), and
Yv € MY(D), Jim P, (X, € |7 > 1) = p.
— 00

In metastable cases, this convergence is faster than the exit time of the domain D, and hence,
for some intermediate time scale, the law of X is described by the QSD. Therefore, QSDs are
another valuable tool for the study of metastability, in addition to the study of constants in
functional inequalities, as seen in Proposition Moreover, it can be shown that:

Proposition 1.3.2. If u is a QSD, then there exists a > 0 such that:
Vt>0; Pu(r>t)=e "

This arises from the fact that a QSD is an eigenvector of a certain operator, and « is thus
an eigenvalue. This property is actually an equivalence in many cases, see [104, Proposition 4].
The idea behind the parallel replica algorithm is to wait for some time for the law of the process
to reach its QSD, and then replace the process with N independent processes (X%)i<;<n, all
starting from the QSD. Denote

i =inf {t > 0,3i € [1,N], X] ¢ D},

and let IV be the index of the particle that exited the domain at time 7{¥. The property of the
QSD implies that (TlN,Xﬁ\V,) is equal in law to (7/N, X, ), where X is started from the QSD.
This implies that we can slample an exit event exactly in a time N times smaller, and the error
is simply introduced by approximating the law of X with the QSD.

However, the conditioning introduces a non-linearity in the evolution of P (X; € :|7 > t),
which adds complexity to the sampling process and introduces new phenomena compared to the
study of stationary distributions. For instance, a linear combination of QSDs is not necessarily a
QSD, implying that there might be a finite but greater than one number of QSDs (which is not
possible for stationary measures). Before delving into the sampling methods, let’s explore killed
processes further.

Stopping times, also called killing times, are usually of two types: the so-called soft-killing
and hard-killing. Hard-killing corresponds to the exit of a domain, and is usually challenging to
study. Given some domain D C F, it is given by . On the other hand, soft-killing is a
more regular case, and given some death rate A : F — R and an exponential random variable
FE) with parameter 1, we define the killing time as:

t
™ = inf {t 2 O,E)\ < / )\(Xs)ds} .
0
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Using 7 as a general killing time, a killed process defines a non-conservative semi-group by:

Puf(x) = E(f(X)lrse).

Similar to the conservative Markov semi-group, P; is solution to a PDE. If the process is killed
outside a domain D, then P, f is the solution to the PDE with Dirichlet condition:

O = L,
v(0,-) = f, (1.40)
U|BD = 07

for f in a suitable class of function, and where L is the generator of the underlying Markov
process. In the case of soft-killing, the semi-group is the solution to:

B0 = Lo — \
{tv veAn (1.41)

U(Ov') =f.

In any case, the considerations on long-time behavior of Markov process can be extended to
killed processes. The QSD is a left-eigenvector of this semi-group. In the case where the process
is symmetric with respect to some reference measure p, the QSD admits a density with respect
to this measure which is a right eigenvectors of the semi-group. Usual spectral gap is now defined
as the difference between the first and second eigenvalues, which gives the rate of convergences
towards the QSD, and the first eigenvalue is the killing rate from Proposition [I.3.2] The soft-
killing case is linked with Feynman-Kac semi-group, as we have the following equality:

Pif(z) = E, (f(Xt)e— fmxs)ds) .

The sampling of QSD is thus of interest in simulating the ground states of Schréodinger’s operator.
For further references on the study of QSDs, see [35} 47} 36} 32, |7, 60, |8] and references within.

In a manner akin to McKean-Vlasov diffusions , a mean-field particle system X, known
as the Fleming-Viot process, can be used to sample the QSD. Informally, it operates as follows:
each of the N € N particles evolves independently, following the same dynamics as X, until
one of them is killed. The killed process then selects another particle uniformly at random,
branches into it, and subsequently evolves independently of the others from this new position.
More rigorously: fix some initial condition u € MY (D). Let (I)i<i<nnen be a family of
independent random variables, where for 1 < i < N, I’ is uniform on {1,...,N}\ {i}. Let
Xo = (X},..., X{") be distributed according to p, and (X?) be a family of independent Markov
processes following the same dynamic as X, with X} = X{¢. Set

71 = min T},
(]
where 7{ is the killing time of X?. Then, denote by i; the index of the particle which died at
time 77. It is uniquely defined almost surely if, for example, the death time has a density on R,

so that the probability that two particles hit the boundary at the same time is zero (this is true
in most cases of interest). For i # i1, 0 <t < 7, or i =47 and 1 < ¢t < 79, simply let:

_7rh
Iy

X{=X/ and XI!=X;.

This defines the process between times 0 and 7;. The process is then defined on (71,00) by
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induction: if the process is defined up to time 7,,_1, we define it between time 7,,_1 and 7, in the
same way, with X replaced by X i1 by i, the index of the particle that hits 0D at time
Tn, and T fo by I'». Thus, (7,)n is the sequence of branching times of the process.

Under mild assumption, the process X = (X*!,..., X¥) is well-defined and does not explode
in finite time, in the sense that sup,, 7, = oo almost surely. This holds true immediately in the
soft-killing case as long as ||A|c < 00. Refer to [166, Theorem 2.1] and |14} [15] for diffusions
killed at the boundary of a domain.

If X is a Markov process with generator L, killed at rate A, then the Fleming-Viot process is
a Markov process with generator:

Tn—17

N
er=3 L¢f+§,(fi)1%:(f(xi’j)—f(><)) ,

for f : EN — R € D(L), where L; f = L (z; — f(x1,...,7x)) and xZ’j =xy if k # j and x;-’j = X;.
A martingale formulation for a hard killed process is more challenging to define and can be found
in |71, Proposition 1].

Fleming-Viot processes were first introduced in the work of Moran [139], in the study of
population genetics models. Their application to the approximation of a QSD dates back to [25],
where the authors study the case of a Brownian motion in a rectangle. They were interested
in the following convergence, commonly known as propagation of chaos, which can be shown in
many cases:

N
annm;v;f(xg) =P (X, € |r>1), (1.42)
for f in a suitable class of functions, under certain assumptions on the initial conditions, thus
affirming that the process may be used for sampling purposes in the case of conditioned process.
Since then, many results have been proven in different cases and for various questions, including
long-time convergence, propagation of chaos, and existence of the Fleming-Viot process.

In the case of a process in a countable state space, the study began with [59]. The Fleming-
Viot process is well defined here as soon as the death rate is bounded, and the authors have
shown, under several conditions, the uniqueness of the QSD, convergence toward this QSD,
the ergodicity of the Fleming-Viot process, and the propagation of chaos for finite time and at
equilibrium. In [73], the authors improved the propagation of chaos with a quantitative rate,
introducing the m-return process. For processes in a finite state space, the propagation of chaos
is proven for all times and for the stationary measure, with a stronger convergence in [5], and
the convergence as N — oo was refined with a central limit theorem in [108].

In the case of processes in a general space, numerous results are available. Finite-time propa-
gation of chaos is addressed in |24} 71} [165] 45|, with central limit theorems as N — oo in [29] |48].
Then, uniform-in-time propagation of chaos and long-time convergence are established in [46]
44| 1149]. The long-time convergence is established when the underlying process is a Brownian
motion in [25).

Other methods of approximating a QSD have been developed in discrete and continuous cases
in |12} |13] [11], based on self-interacting processes

In cases where multiple QSDs exist, one of them is defined as the minimal and corresponds
to the greatest associated eigenvalue. The associated Fleming-Viot process is usually still an
irreducible Markov process and hence possesses a unique invariant measure. It is expected that
this invariant measure converges toward the minimal QSD, but this remains open in many cases.
This problem has been addressed in [34}, 72} [160].
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Contributions: Part[[T]]of the thesis is dedicated to the study of the Fleming-Viot process.
For practical purposes, when the objective is to compute averages against the QSD, we are
interested in bounds of the form

1 —ct

d(ﬂ-tnu‘)<0<]\m+e )7
for some distance d on the set of probability measure, where 7 is the empirical measure of the
particle system, and p the target distribution. Such bounds allow for the separate choice of the
number of particles and the time to achieve a specific level of error. To this end, Chapters [0]
and [7] prove such bounds by establishing exponential ergodicity of the Fleming-Viot system at a
rate independent of N in the sense that there exist C, ¢ > 0 independent of N such that for all
t>0:

WP — iy < NCe™, (1.43)

where PY is the semi-group of the Fleming-Viot system with N particle, and !V its invariant
measure. The scaling in N in this convergence is what one would obtain in the case of a vector
comprised of IV independent processes.

Chapter@ based on a paper published in ESAIM: Probability and Statistics |94], is concerned
with the soft-killing case, where a numerical scheme for the system is also proposed. Chapter [7]
studies the hard-killing regime for the overdamped Langevin process in a metastable domain.
Both works are based on the coupling method presented in Section These works use a
perturbation approach where the interaction is assumed to be small enough with respect to the
mixing properties of the underlying Markov process, corresponding to the metastable regime,
notably for kMC. On the other hand, Chapter [§] deals with a Fleming-Viot process based on a
non-metastable system, namely for which killing occurs on a faster time scale than convergence
to (quasi-)stationarity. In the simplest case of a countable state space, we show that in the
limit where the minimum of the killing rate goes to infinity, instead of converging towards a
deterministic measure, the empirical measure process converges towards a dynamic in the set of
Dirac measures.

Perspectives: It would be of interest to construct a coupling that implies exponential ergod-
icity (L.43) outside of the case where mixing is faster than killing. This could be achieved by
studying the variance of the particle system, as Chapter [§suggests that in cases where the death
rate is high, the empirical measure is close to a Dirac, indicating that the particles are close to
one another.

Additionally, exploring whether exponential ergodicity, independent of N, remains true when
the first eigenvalue is smaller than the spectral gap would be valuable. Studying scenarios where
mixing might not occur in the diffusion process but could emerge through killing and re-sampling
is also intriguing. This is relevant to situations resembling Schrédinger operators that arise in
quantum physics, which are operators of the form A + V', where V is a confining potential.

Another interesting question concerns the sampling of an exit event using the Fleming-Viot
process. Starting from the QSD, the exit time of a domain follows an exponential distribution,
independent of the event’s location. The parallel replica algorithm relies on sampling such a
random variable when the initial condition is the QSD. However, with the Fleming-Viot process,
there is a bias in the sampling, as we can only access its stationary measure. Under this invari-
ant measure, and with a finite number of particles, correlations exist between them, which are
expected to go to 0 as N goes to infinity. This raises crucial questions for practitioners: if 7V
is the first time a particle is killed in the Fleming-Viot process, what is the limiting behavior
of (N ; X:~)?7 Given that the Fleming-Viot process enables the sampling of several killing

events, does this result in a sequence of inter-event times N (7Y — 7 ,) that converges to a
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Abstract : We show expansion ¢ la Talay-Tubaro of a numerical scheme with rejection for
the Langevin process in the case of a singular potential. In order to achieve this, we provide
estimates on the associated semi-group of the process. The class of admissible potentials includes
the Lennard-Jones interaction with confinement, which is an important potential in molecular
dynamics and served as the primary motivation for this study.

2.1 Introduction

As explained in Section [I.3.1] we are interested here in the sampling of the Gibbs measure

e~ BH(z.y)

35
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where

H(e,5) = Ula) + 5yl (22)

U:R* - R, (or U:T¢ — R, where T? is the d-dimensional torus) is a potential function,
ly|?/2 represents the kinetic energy, and Z is a normalization constant. One important example
in chemistry is a system of N >> 1 particles with van der Waals interaction, which corresponds to
a noble gas. In this case, d = 3N, and = = (z1,...,2 ) represents the positions of the particles.
The potential can be written as

N

Uw) =Y Uclw)+ D Usllzi — ),

i=1 1<i# <N

where U, : R3N — R, is a confining potential and for r € R3,

The interaction part U; is commonly known as the Lennard-Jones potential. In the case where
the gas is confined in a volume D, one could then get its pressure by computing the average

P=pate) Selen) = g > (% - VoU@)

where m > 0 is the mass of a particle. What makes this example interesting is the presence of
singularities in the potential, as it can take infinite value, and the fact that the function fp is
not locally integrable.

For non-singular potentials, there are numerous numerical schemes available to simulated
from the Langevin process

dX, = Y,dt,
(2.3)

dY; = —~VU(X;)dt — vY,dt + /275 1dB;,

The goal here is to adapt such a scheme and prove a series expansion in the weak convergence
for singular potential, focusing on the following one:

X1 = Xo 4+ 1py(x, ¥,.60) s, 0V n+1

_ _ _ _ (2.4)
Vo = Yo+ 1g,x,.5,.60ens, (—0VU(Xn) = 69%n + V295106, )

for some time step § > 0, where (G,,) is a family of independent standard Gaussian random
variable, and where for a small fixed parameter £ > 0,

Hoe={p <57}, (2.5)
with

y-VU(x)

1+ [VU(z)P? (2:6)

o(z,y) = H(z,y) + 4dyB~"
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and
Es(z,y,9) = (fﬂ +4 (y —0VU(z) — dvy + 276*159) Yy —6VU(z) — vy + 276*159) :

The definition of ¢ stems from the fact that, under our assumptions, for all b < 3, e?? is a
Lyapunov function for the Langevin process (2.3]) (see Proposition below), as well as for
this numerical scheme (as proved in Lemma . Hence, this numerical scheme is a version
with rejection of the following (first-order) splitting scheme

{XnJrl = Xn + 617n+1, (2 7)

Vii1 =Y, — 6VU(X,) — 69Y, + /278~ 106G,

but we only accept a step of the scheme if its Lyapunov function doesn’t exceed some threshold
depending on the time step. We could have considered a simple Euler-Maruyama scheme, but if
the initial condition satisfies U(X( + dY)) = oo, then the chain would not be well defined. The
splitting scheme is the simplest numerical scheme that is well-defined with probability 1 for
all initial conditions, and under a one-sided Lipschitz condition on U, it can be shown that this
Markov chain is ergodic. However, there is another problem, which is that even if the numerical
scheme is almost-surely well defined, X,, has a density bounded below by the Lebesgue measure
on all compact sets. Hence, if f is not locally integrable, then :

E(f(Xn) =00, Vn>1.

This is also the case for all splitting schemes, and it poses two problems. Firstly, it restricts us to
consider averages only against bounded functions, which excludes the computation of important
quantities such as the mean energy for the Lennard-Jones potential or the pressure of noble
gases. Secondly, it prevents the construction of a Lyapunov function, which is a critical step in
the proof of weak convergence for numerical schemes. To address these issues, we introduced the
numerical Scheme , which has better integrability properties, see Section Any scheme
used for bounded smooth potential (e.g. splitting schemes) can be adapted in a similar manner
(namely with rejection) for singular potentials. We study this specific first-order splitting scheme
for simplicity. In the context of singular potentials in high-dimensional spaces, an implicit scheme
may be ill-defined, and in any case would have a prohibitive numerical cost. Hence, we consider
only explicit schemes. Another possible numerical scheme would have been to use rejection at
a threshold depending only on the energy, i.e. replacing {gb < 5‘5} by {H < 5_2}. However,
since the Hamiltonian is not a Lyapunov function of the Langevin process, it is not clear that
this numerical scheme admits e®® as a Lyapunov function, and hence satisfies the integrability
property needed for the proofs. Notice in particular that VU is already computed for the drift,
hence no supplementary computations are needed to check if ¢ is low enough. While in practice,
averages are often computed using schemes without rejection, there are cases where rejection
could lead to better results. The discussion in Section [2.2.2] likely elaborates further on this
aspect.

There are two approaches for showing the convergence of a numerical scheme towards the
continuous process. The first one is strong convergence, which focuses on the convergence of
trajectories. However, since our goal is the computation of averages, we are interested in weak
convergence. For f:R? — R in a suitable class of functions and ¢ > 0, we aim to show that:

%%E(f(Xn)) =E(f(Xt)),
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where n = [t/d]. Our objective is to get a series expansion of this convergence, commonly known
as expansion a la Talay-Tubaro, from the seminal work [158]. Write (P,) for the semi-group of
the Langevin process (2.3) defined for regular and integrable enough function by:

Pof(x,y) = By (f (X1, Y2)).

Methods to show weak convergence and series expansion of such convergence rely on estimates on
P, f and its derivatives, typically of the form: for f : R¢ — R, which grows at most polynomially
at infinity (as well as its derivative of all orders), for all multi-index o € N2?, there exists C, k > 0
such that:

0P f (a,y)| < C(1+ |2[* +[y]").

Such estimates cannot hold in the singular setting. Therefore, the primary objective of this work
is to establish equivalent estimates in the singular setting, which will be addressed in Section 2.3
Those estimates will then enable us to prove in Section an expansion a la Talay-Tubaro for
the numerical scheme , as well as for its invariant measure. In Section we will present
the assumptions, theorems, and comparisons with existing works.

2.2 Mathematical setting and results

2.2.1 Assumptions and mains results
Fix a potential U : R? — [0, cc] and write
D={zeR? U(zx)<oo}, X=DxR (2.8)

for the domain of definition of the process (X,Y’) solution to equation . In all of this work,
we will write z = (z,y) € X for the global variable, and | - | for the [?>-norm on R¢. For any
Banach space B, let C*°(B,R) denote the set of smooth functions from B to R, C;°(B,R) the set
of bounded smooth functions, and C°(B,R) the set of smooth functions with compact support.
Let M!(R?4) denote the set of probability measures on R2?. We work under several sets of
assumptions. First:

Assumption 2.2.1. o UeC™®(D,Ry).

e D is connected and the set:
D, ={zeR? U(zx)<n}
is bounded for all n € N.

o U defines a Gibbs measure at temperature 3:
/ e U@ dp < .
D

Assumption 2.2.2. e The following limit holds:

. [VPU(z)]
B VT @)
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o There exists ¢y, Coo, do,doo > 0, o € R\ [=1,0], 1o > 1 such that:
CoU 7% + doo < VU2 < coU* 5 + dp.
Assumption 2.2.3. For all « € N?, there exist Co, > 0, ko € N such that
|0°U| < U + C,.
Let P(U) denote the set of admissible functions for our theorems:
PU) = {f € C®(X,R)Va e N* 3C,c>0,c< B, [0°f| < Ce"}.

The first theorem gives the estimates on the semi-group necessary for the proof of weak
convergence.

Theorem 2.2.1. Suppose Assumptions|2.2.1} [2.2.4 and|2.2.5. Then for all f € P(U), and all
multi-index o € N2 there exist C,q >0, b € (3(1 — 2—1d),ﬁ), such that for allt >0, z € X

0% (Pef = ps(f)(2)] < Cem e,

This theorem allows for the proof of the two following theorems:

Theorem 2.2.2. Suppose Assumption|2.2.1],[2.2.4 and|2.2.5. Then there exists lo > 0 such that
for all0 < € < ¥y, f € P(U), and t > 0, there exists a family (C;(t)); of explicit real numbers
such that for all k € N:

E.(f(Zn)) = Eo(f(Z0)) + CL(t)6 + - - + Ci(t)6" + O(6" ),

where (Zn)n = (Xn,Yn)n is the numerical scheme defined in [2.4), nd = t, and O(5**+1) is
uniform in t.

Theorem 2.2.3. Suppose Assumption|2.2.1,12.2.9 and|2.2.5. Then there exists 6, %y > 0 such
that for all 0 < 0 < &g, 0 < £ < £y, the numerical scheme defined in (2.4) admits an unique
invariant measure pgs € MY (R??). For all f € P(U), there exists C,c > 0 such that for all
A 7‘[57g.'

[E= (f (Zn)) = pps(f)] < Ce .

Moreover, there exists a family (C;); of explicit real numbers such that for all k € N:
15.5(F) = na(f) + C16 + - - + Cpd® + O(5* ).

Let’s comment on those assumptions and theorems. Assumptions [2.2.1] and [2:2.2] are derived
from [10], on which this work is based. As explained in their work, Assumption m is the
minimal requirement to ensure the pathwise well-posedness of the process , as well as for
the Gibbs measure to be well-defined and a stationary measure of the Langevin process. As-
sumption differs slightly from the one in [10], as they suppose that there exists x > 0 such
that for all v € R? 5

16d
which would allow potentials that exhibit logarithmic singularities. Here, we forbid those poten-
tials, following the assumption stated in [82]|. This assumption plays a vital role in the construc-
tion of a Lyapunov function for both the continuous-time process and the numerical scheme. We

V2U (2)v] < = IVU () ?[v] + &]v], (2.9)
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need a Lyapunov function of order e’ for any b < 3, which cannot be achieved under .
In this case, it would be possible that the bounds on the semi-group given by Theorem [2.2.1
are not in L'(Law(Z,)). Since the proof of theorem relies on computation in Sobolev
spaces, and the use of Sobolev embedding, as in [170} 95|, we need an additional assumption on
the derivatives of the potential of all orders in order to carry out the computation. However,
the Villani-type condition presented in [170] is not satisfied by singular potentials, as in the H*
case from [10]. Therefore, we impose Assumption m This set of assumptions encompasses
any repulsive interaction that exhibits a sufficiently rapid explosion (at least algebraic), such as
Lennard-Jones interaction, and Coulomb interaction as soon as the particles are living in R? for
q = 3, coupled with an additional confinement potential. However, it’s important to note that
2-dimensional Coulomb interactions (U;(r) « In(r)) do not satisfy these assumptions.

It is well-established in numerical probability that the proof of weak convergence relies on
estimates of the kind given by Theorem The proof of this theorem is based on Gamma cal-
culus, see Section[I.2.1] This enables us to make series expansion at any order of the error induced

by the numerical scheme at each step, with a remaining term of the form 6*E (ebH (Z")>. This

would be infinite in the case of a numerical scheme without any rejection mechanism like ,
but we will show that in the case of the numerical scheme , there is, under our assumptions,
as in the continuous setting, a Lyapunov function of this order, uniformly over small time step.
In particular, we may apply the method developed in [158] to get weak convergence as well as
expansion & la Talay-Tubaro for this numerical scheme. It can be noticed from the proofs that
the constants (C(t))x and (Ck(t))x are independent of £ > 0, and can be expressed in the same
way as if we considered the numerical scheme with a regular potential, as in [107]. For
instance, we have the following formula:

Cy(t) :/0 E. (¢(s, Zi—s)) ds,

where

1 1 1
V(t,2) = (VU +9)-(Vy/2 = Va) Pif+ 50 Pif = 5y-VaOi Pif+5 (VU +qy)-Viy (VU +7y)
1 2 -1 2 2
— 5 Viy (VU +7) +9B87' Y 0,0, Pf — 3987 00 P

i=1

7T 1
- ﬁVﬁ (VU +yy) - VyAy P f + 5’75 y - VoA P f

e 1, e
(8 1)2;8{Ptf+6(vﬂ N? ST 82,02 By,

i#j=1

N | =

Besides, a corollary of Theorem [2.2.2]is the uniform in time weak convergence of the process.
For a given f € P(U), and z € R??, there exists C' > 0 such that for all ¢ > 0, nd = t:

|E.(f(Zn)) — E=(£(20))] < Co.

Theorems and are also motivated by the following fact:

&

% (£ (23)°)) —E(F (20)) =E(f (Z)) = 6% + O(5*),

which yields a better order convergence. With arbitrary order expansion, it is possible to get any
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gk ))) This is the so-called Romberg-

Richardson interpolation. For numerical experiments on this improvement, see the work of Talay
and Tubaro [158].

k.
order of convergence using a combination of (IE ( f (Z‘W 2

2.2.2 Comparison between numerical scheme with and without rejec-
tion

In practice, numerical studies often utilize splitting schemes with no rejection on the bounded
torus. If the potential is defined on T¢ = (R/Z), then the Langevin process (2.3) would be
defined on T?% x R?. All proofs would still be valid, preserving the theorems’ validity. As discussed
in the introduction, for the numerical scheme (2.7)), it is not possible to take the expectation of
unbounded functions, and an invariant probability measure may not exist. Additionally, it also
remains an open problem as to whether finite time weak expansion would still hold under our
assumptions for bounded functions and numerical schemes without rejection. Regarding the
use of schemes without rejection in practical applications, it is justified by the fact that the
continuous process does not reach the singularities. For any fixed time 7' > 0, one can select a
time step d > 0 small enough so that the numerical scheme without rejection does not get close
to the singularities, and the computation of averages would yield reasonable results. However,
for a fixed ¢, the scheme would approach arbitrarily close to the singularity in large time, leading
to abnormally large steps. Whereas with the rejection mechanism, it is possible to choose larger
time steps, resulting in a more computationally efficient process, and avoiding the issue of getting
too close to the singularities. This advantage of the rejection mechanism makes it a preferable
choice in certain practical scenarios, such as in the following 1-dimensional toy model:

1
U(x):;—f—xQ,

for which we conducted the following numerical experiment: fix 5~ = 15, v = 1, and a final
time T = 15000. Define the empirical averages by

n—1

1
n— S, = EZU(Y;C),

k=0

where Vi, = X, or Y, = Xj. For different values of §, we simulate K = 1000 copies S* of S\1/5)-
We plot the evolution of the proportion of copies that have more than 1% error:

1 X
0 = D Lt g0.995 (1), 1015 (U]
i=1
where we estimated pg(U) using Wolfram Alpha. We get the result in Figure
We can observe that for very small d, the scheme without rejection produces satisfactory
results. Nonetheless, there exists an interval of values of § where the scheme with rejection
significantly outperforms the other. The proportion of failures does not converge to 0 because of
the error stemming from insufficiently long simulation times. For values of § that aren’t small
enough, the energy threshold cannot, to prevent explosion, be set high enough to ensure the
convergence of the empirical averages to a value close to pg(U) (= 9.035). This behavior is
illustrated in Figure where we display a typical trajectory for both cases, with § = 1072.
For smaller 3, the explosion phenomenon would be even more prominent because the variance
of the Gaussian distribution is proportional to vd3~!. As (3 decreases, the variance increases,
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Figure 2.2: n+ S, § = 1072.
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making the numerical scheme more susceptible to divergent behavior and explosions in the trajec-
tories. Hence, a smaller 3 exacerbates the challenge of handling the singularities and maintaining
stable and accurate numerical computations. This unstable behavior could also arise in the case
of a metastable process. The metastability imposes long simulation times, which could prove
longer than the time needed for the numerical scheme to visit the singularities. The conclusion
of this experiment /discussion is that the use of the rejection mechanism in practical applications
may help to avoid divergent behavior and explosions, leading to more stable and accurate results.

An alternative approach to address the singularities is to employ a Metropolis-adjusted
scheme, as the one presented in [136]. Similarly to our scheme, Metropolis-adjusted algorithms
tend to reject transitions going too close to singularities, but the difference is that they also reject
moves in low-energy regions, where the process spends most of its time. For the toy model dis-
cussed in this section, such a scheme exhibits remarkably high performance, with a success rate
exceeding 99% for all considered time steps. However, in high-dimensional settings, Metropolis-
adjusted schemes often result in numerous rejections and exhibit suboptimal performance. As a
result, they are typically not used in the realms of molecular dynamics or statistics, even in the
case of regular potentials.

2.3 Proof of Theorem [2.2.1

The proof of Theorem relies on Sobolev embedding, and H”-estimates. Similar results have
been established for Langevin processes and close to quadratic potentials, in the sense that there
exists 0 < m < M such that mI; < V2U < M1, where I; stands for the identity matrix of size
d, in [157]. Here we will use a method previously employed in [170} 95]. For a given f € P(U),
our goal is to show bound of the form:

/ 0% (Pyfe ") [Pdz < Ce™ ",
X

for some 0 < b < f and all @ € N2¢, Sobolev embedding would then yield Theorem
To do so, we define a norm || - ||z that dominates the H¥-Sobolev norm, but such that ¢
| Pif — ps(f)|lk converges exponentially fast to 0. However, contrary to the cited work, we need
to take into account the singular potential by using a Lyapunov function. It was shown in [10]
that the Langevin process (2.3) admits a family of Lyapunov functions (V; ;) such that for all
0<b< B/(2d), e > 0:

Clell M < v 5 < Ce TP,

see |10, Equation 5.2] for its exact definition and Proposition below for its main properties.
Thanks to this family of Lyapunov functions, we may now define our modified Sobolev norms.
Let Vivzh denote the vector of all derivative of h of order [ on x and p on y:

Vo Vih = {0710y | lon| =1, |aa] = p},
and its norm

IVEVPRPP = )" |00 ageh)’.

|aa|=l| ez |=p
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Fix 0 < b < 3/(2d), and k € N*. Write V = Voll—/;k, and for p € [1,k], W, = VP + X, for some
A > 0. For h € C*(X,R), denote:

T /X B2 Widug

s

p—1
(Z wi p| VEVETh? 4 wp | (V2 —EVETIV,) h|2> (1 +epWi—p) dug,
=1

=0
(2.10)

where (w; ;) and (g,) are two families of positive parameters to be fixed later, and { = 7 +

1/772 + 1. The exact value of £ does not matter, as the important term is the scalar product

V2 . V2=V, However this expression allows for simplified computation, see inequality (2.21)).
For the sequel of this work, we will drop the dependence in b in the definition of the norm and
simply write || - ||, grx. Write:

mH* = {h € L2(X,R), |[hllmpzer < o0}

The goal is to show that for f € P(U), we may chose b such that ||P.f — p5(f)||mmr+ decreases
exponentially fast along the dynamic.

Theorem 2.3.1. Under Assumptions |2.2.1}, [2.2.9 and |2.2.5, for all f € P(U), k € N, there
exists 0 < b < B/(2d) such that for allt > 0, P,f € mH*, and we have that there is g, > 0 such
that:

1Pef = pa ()l < €PN f e (2.11)

This section will be mostly about the proof of this theorem, which relies on Gamma calculus,
as presented in We start by proving H' convergence in Section [2.3.1] which serves as an
initial case for an induction argument which will prove Theorem [2:3:1] in Section 2:3:2] Finally,
Theorem [2.2.] will be proven is Section [2:3.3]

In the sequel, we denote by L the generator of the process given by

L=y-Vo—VU-V, =y -V, +787'A,, (2.12)
and by L* its adjoint in L?(ug), given by:
L” :—y-VerVU-Vy—7y~vy+7ﬁ‘1Ay.

Recall the definition of the generalized carré du champ

Ty(h) = 5 (L(¢(h)) — Dré(h)Lh), (2.13)

N |

where ¢ : C®°(X) — C°°(X) and Dj¢ denote the differential operator of ¢. Recall also the
Proposition that allows for the computations of this generalized carré du champ.

Proposition 2.3.1. If there exists A = (A1, -+, Ap) : C° — (C*)? a linear operator such that
o(h) = |Ah|?, then
'y g(h) =Tr2(Ah) 4+ Ah - [L, Alh,

where T'p o(Ah) = > | T'(A;h), T'(h) =Tp p2(h), and [L, A] = ([L, A1],- - ,[L, 4p)).
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2.3.1 H'-setting

We now adapt the introduction to the singular case, as done in [10], to serve as the initialization
of our induction argument. However, the modified H'-norm used in the cited work does not
contain any Lyapunov function in the H? part (i.e. the term with derivative of order 1), and
we need some for the induction. Hence we use a slightly different norm, given in , which
becomes for r = 1:

(172l . =/ (W Wi +w (IVyh[? + (Ve — EV)R?) (1 +eWi_1)) dug, (2.14)
X

where £ = 741/ ,sz + 1, and € > 0, will be determined later. As in 10|, we need a local Poincaré
inequality:

Proposition 2.3.2. For all compact set K C X, ug satisfies a Poincaré inequality on K : there
exists p > 0 such that for all f € C*(X,R):

2 2 1 2
[ faws <o [ 191 s+ (/delw) . (2.15)

Proof. Proof of such inequality can be found in [6]. O

The functions W and V satisfy the following properties, which are described in |10, Theorem
4.15]:

Proposition 2.3.3. Under Assumptions and[2.2.3, for all b > 0, all k € N, there exists

Vop: X = [1,00) such that if V = Volj/)k, W, =VP+ X for some A >0,V : X — [1,00) is C2,

and there exist a,0 >0, J C X such that:
e For all e > 0, there exists C > 0 such that

C =R <y < Cet+edi, (2.16)
e J is compact, connected, and for all p € [1,k]:

L*VP L —a%Vp +oly.

For all p € [1,k], g € Cs°(X,R), we have that LgW,, gL*W, € L*(ug) and

/ LgWydus = / gL W dpg.
X X

o V(z,y) € X,
20p15(J°)
VE(z,y) > 2T ) 2.17
(w) > 222 (2.17)
o V(z,y) € X,v € R,

2

1 1
25 / i 2 2, 1 o202
Wile,lo? > 8o+ 1) ((5+ 5 ) P + 55102008 ) . (219
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where
p=4(1+&)p/, (2.19)

and p is the constant from the Poincaré inequality on J.

In particular, (2.16) yields that limg_, . V = 0o, and (2.17)) that the set J is not so large. In
order to study the evolution of the norm (2.14)) along the trajectories, we use Gamma calculus.
All computations will be performed on functions h : X — R such that

/ hdpg = 0. (2.20)
X

Recall the definition of I'y. We have
[L,V.] =V?UV,, [L,V,] ==V +7V,.
Hence from Proposition [2.3.1 we get that:
v, 2(h) Z 987 Vh* = Vyh - (Vo = €V )b+ (v = )| Vyh[,
and:

Tiv,—ev,)-2(h) = 7B (VaVy — EVRP 4+ £[(Va — EV)h|?
+&(E=7)Vyh- (Vo =&V )h+ VUV h - (Ve — £V,)h.

Finally, with our choice of ¢ and ¢(h) = |V h|? + |(V, — £V,)h|?, one gets:

Ly(h) =Ty, 2(h) + (v, —¢v,)-2(h)
> B VA + 487 |(Va Yy, — EV2)A)?

11(Vs = V)M = 2V, b+ VUV, b (V= §V, )
Young inequality then yields:
Ly(h) = 4B~ Vh* + 487 (Ve Vy — VR + g|(vz —EVy)h[* = R(z,Vyh),  (221)
where

|V2Uv|?

2
R(x,v) = =|v|> +
(@) = Zol? + S

Write:
H(t) = | Pof — /X Sl

Because of the Lyapunov function, we have additional terms in the derivative of H in comparison
to the regular case. This formally reads:

H'(t) = /X (PP LWy — A8 |V, Puf W) dpss

wwe [ (VPSP + (V2 ~ €9,)PIP) L Wiadg
X
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—w /X (U192 (Pef) + L9, —69,)-2 (Pef) (14 eWio1) dpag.

Hence to conclude in the H! setting, we need a control on the additional terms. This is the
object of the next lemma, which is also the initialisation of the induction argument used in the
next section for the H* setting:

Lemma 2.3.1. For all k € N*, under Assumptions and [2.2.3, there exist q,w,e > 0 such
that:

/X (R2L*W), — B~V h|*Wy) dugs
b [ (VAP (V2 €9, 0%) L Wesdi
*W/X (C1w, 2 (B) + L9, v, )2 (h) (1 + eWi—1) dpug
< (Il + [ Wos (V30 4 19.9,02) s ) 22)

for all h € Cp°(X,R).

Notice that in contrast to inequality (4.8) of |10], we keep the higher order derivative for the
induction, see Section [2:3.2]

Proof. We first treat the L?-term using the Lyapunov property of V:

/h2L*Wkdug g —L/ hQWkdu6+0/h2dug.

Using Cauchy-Schwarz inequality, inequality (2.17) and that h satisfies (2.20]), one gets

2
hd - hd <pup(Je) [ R2du % / R2Wd
</J 1 ) (/J 1o ) / c(1+N) RAH-

The local Poincaré inequality (2.15)) on J can then be written as follow:

2
o [ Wans<op ] [ (T2 €T + 1V, + -7 ( / hdMﬁ)
J 2y us(J) \J s
70’ [ U = €9,)A ~ R V1) + Riz, T,h) +]7, b dus
X

(67

+—— [ W2Widug,
2(1+/\)/X RCHB

where p’ was defined in (2.19)). Using inequality (2.18)), we get:

/ R(z,V,h) + %|Vyh|2duﬂ < / IV, b2 Wieds.
X

/+ 1
We also have from inequality (2.21)):

7
/X §|(Vw )h‘2 x V h)duﬂ /F|Vy.|2(h)—i—l—“(vz,cvy),‘z(h)dlu/j.
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We treat the second line of (2.22]) using the Lyapunov property as follow:
| (9PL Wiy (9 = €9,)PL Wi dus
X
< [ (9P + (V2 = €9,)HP) oL
x
20

< (21N + R, Vyh) + 2I(T0 = E9,)h = R(w, Vyh) ) dpg
v Ja N2 2

20 20
< hPWidus + = [ o 2(h) + o _eo vz (h)dugs.
Sty [ T PWadns + 27 [ Tie, o0) + Ty, e, o (1)

Next, the e-term of the third line is bounded thanks to as follow:
- /X (T1w,-2(h) + 1w, v, )2 (h)) Wi—adug
157 [ (V3R +1(V29, = €9,)hE) Wi adis
=3 [N VW iy + [ R T W1
Thanks to Assumption we get that there is C' > 0 such that |[V2U| < CV. This yields that

R(z, Vyh)Wi_1 < C' (|Vyh|* + VUV h|*) Wiy
<C" (|Vyh|2 + |vyh|2vl/<’f—1>) W1 < 6|V, bWy,

and:
- /X (C19,2(P) + Ti(v. —¢v,)-2(h) Wi-1dpag
—76‘1/ (IVohP + [V Vyh[?) Wi 1dps
—f/ (Ve — EV,)h2 W) 1du5+ﬁ/ |V, h*Widpugs.

We then get the following upper bound for the left-hand side of equation (2.22]):

(07
Y | 2w
2(1+)\)/X i

2e081
B -1 _ B 2
(’yﬁ o 11 f%Lu)/XVyh Widpgs

—ewyB! /X (IV2hI? + Vo Vyh|?) Wi—1dpug

20ew
“r( 5 +0p’—w> /XF\VyP(h)""_FI(VIf&Vy)-\?(h)dMﬁ

Ew
- / |(Ve —&Vy) h| Wi—1dpg.
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Taking w > op’, € small enough so that the second and fourth terms of the previous bounds are
negative, and using the fact that Wj,_1 < Wy, (because V' > 1) then concludes the proof. O

Removing the second order terms, Lemma formally yields:
H'(t) < — qH(t),
for some ¢ > 0. Since W), > 1 for all k > 0, this would imply convergence in H!-norm

| Pef — ps(H)llim < Ce | f = pg(f)|lmmrr,

for some C' > 0. This is only a formal computation, which we will justify in the proof of

Theorem 2.3.1]

2.3.2 H*-setting

Building upon the result of the previous section, we may now perform computations in higher-
order Sobolev spaces. From those computations arise derivatives of U of arbitrary orders, hence
we now need to assume Assumption Since the Lyapunov function satisfies V = e?#+o(H),
for some 0 < b < 3, this assumption implies: for all o € N%, there exists o > 0 such that

10°U| < Ko V. (2.23)

Recall the definition of the modified Sobolev norm from (2.10)), fix some 7 € [1, k]|, and write:

Hyi(t) = |B.f - /X Sl

We formally have:

OES /X (Pef)’L* Wy — yB7 NV P fPWy) dpg

+/Xisp

p=1

p—1
(Z Wi p|VEVET PP + wy| (VB — €VETIV,) Ptf2> L*Wiy_pdug
=0
T p—1
- /X > (Z wipLsp—i(Pf) +prp(Ptf)> (L4 epWi—p) dus (2.24)
p =0

=1

where we wrote:
Lip =Ligrep e

and

Fp = F|(v§_gvg_1vu)‘2

for any [,p € NxN*. Asin the previous section, we need to bound this derivative. This bound is
obtained through an induction principle on r € [1, k], and the repetitive use of Propositionm
First we compute:

l
PAVAZAERIAZES SEAUAR YRR

=1

l 1+1 -1
Z’ ViU @ viTivn,
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where the terms in the sum as to be understood as:

I i1 i k l—k op+1
e (305 T1() )aotva, ooy
j=1ks<ls s=1 S =LY pj=p

Using Proposition [2.3.1] we get that:
Iy p(h) =T(V,LVPh) + vgvgh - [L,VLV]h.
If p > 2, we may then bound below using inequality (|2

1
_ i 1 _
Dyp(h) > 787 [VEVE R — 6, <|v;vzh|2 + VYV vz“mZ) - IV (2:29)

i=1

for some 6;, > 0. If p = 1, there is a term |V A% in the commutator, which will be problematic,
as we cannot control it by induction using the derivative of the lower-order terms. In order to
take care of it, we fix a small parameter 1, > 0, use the inequality a - b < |a|?/(2n) + n|b|?>/2 and
we bound below again using inequality :

l
Fus(h) > 45 VLA — 61, (V;V;hF s IV;‘iVZhF) (T eV P
=1
(2.26)

As usual in hypocoercive computations for kinetic processes, the derivative of a Sobolev norm of
order p will lack in its derivative a term of the form |V2h|2. Tt will be the derivative of the cross
term V2h.VE=IV, in | (V2 — c¢VE~1V,) h|? that will give us this missing derivative. Indeed,
using that £ > v and inequality , one has:

p
VEh - [L,~EV'V,Jh = £VEh - (vz VY, -y

i=1

Zi" VU ® vgivy> h

|vph|2 cv (Zlv” 'y h|2+Z\vp 1= lv%?). (2.27)

=1

We also have that
- 1 1 B
(Vo Ve =€V ) AP > SIVEV, A = SE VeIV bl
Hence after rearranging the terms, Proposition again yields:
Lp(h) 2

1 p—1
W L= |VEV, A + |( EVETIV,) b2 = 0,0V (va bR+ VR lV2h2>
=1 =0
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for some 6,0 > 0. Thanks to those different lower bounds, we will be able to prove the next
lemma, which is the central part of this section.

Lemma 2.3.2. Fiz k € N*. There exists (w; p)1<i<p<ks (Ep)i<p<k, all positive, such that for all
r € [1,k], there exists ¢, > 0 such that for all h € C°(X,R):

/X (RPL*Wy — vB~ IV h|*Wi) dug
_|_

_ /X Z <Z_: wiplip—i(h) +wprp(h)> (1+e,Wi—p) dug

<o <|h||mm,k s[> |v;v;+1—"h2wkrdug> . (2.29)
X =0

p—1
<Z wipl Ve VT + wp| (VE - EVETIV,) h|2> L*Wi—pdug

=0

Proof. The proof is done by induction. The case r = 1 corresponds to Lemma [2.3.1] Let
r € [1,k], and we suppose the inequality (2.29) true for such an r. To prove the result at rank
r 4+ 1, we want to bound:

—qT/X RWe+ > VAV Wiy + > (V= €V, ) WP Wi | dug

1<itj<r,j>1 i=1

0 [ S IVIV W dus

X =0

T
+ 57~+1/ <Z Wi 1| VeV TR wen] (V5T = €VEV) h|2> LW (r41)dpup
X \i=0

- / (Z wWip1Lirr1—i(h) + Wr+1Fr+l(h)> (1+ery1Wi—(r41)) dig.
X \i=0

First we bound using the Lyapunov property:
VeV P L Wi 41y < 0| VEVE TR

The goal now is to check that for any order of derivative, we may chose &,41, (w; r+1) and (wy41)
such that inequality (2.29) holds true with (r + 1) instead of r. To this end, we will use the
inequality (2.25]),(2.26) and (2.28)) on the I'’s. The term of order r + 2 of derivatives is:

- . i 7r+2—1 Wr r r
—y87 /X (Zwimvmvﬁ h2+2“|(v;1vyfo,)hF(l+sr+1wk_<,-+1>)> dug,
=0

which is already what we were looking for. This does not impose any condition on the coeflicient,
except the positivity of the (w). The derivative of order r 4+ 1 in & which was missing from the
rank 7, is:
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Wy
/ (5r+lwr+1g - %(1 + 57‘+1Wk7(r+1)) + nrwr,rJrl(l + 5T+1Wk7(r+1)))
X
(V5T = €ViVy) hlPdpg.
VWit 1

We choose 7, = and 0 < .41 < 2=, so that we are left with:

SUJT‘T+1 ’ 80

2 [ (VI = VI A (1 Wisirin) dis

For the other terms of order r + 1, fix some i € [0,7]. The term in [ViV;#1~/h]? is:

/ (_QTWk—r + O€r41Wi 41
X
+ (wi,r+19i,r+1—i + wi+1,r+1 (1/(4’)/) + 0i+1,r+1—(i+1)v)) (1 -+ €7~+1Wk_(7.+1))) |ViVZh|2d,u5.

Using that VW _(;41) < Wi—(14 ), we may choose the (w; -11) small enough so that this last
quantity is less than:

& / Wi [V VI A dpss.
X

The lower order terms are treated in the same way, and this concludes the induction and the
proof. O

Proof of Theorem[2.3.1 Instead of trying to justify the derivative , we apply a semi-group
argument. Our goal is to apply Lumer-Phillips theorem to the operator L + (qx/2)I, where I
denotes the identity operator of mH¥. This theorem can be stated as follows: an operator A
on a Hilbert space generates a contraction semi-group if and only if it is maximally dissipative,
see [169, Chapter IX, p.250]. Fix 0 < b < 3/(2d) and k € N. mHF is a Hilbert space, with scalar
product

2 = Wid
s 9) mu /ng wdps

k p—1
+ / > (Z wip VeV f VoVl wpp (V5= EVETIV,) £ (VE - Vi1V, g)
X0

=0
(14 epWi—p) dpss.

Lemma and a density argument yield that the operator L + (¢x/2)I, is dissipative:
Vh e D(L), (L + (gr/2))h, h) v <0,
where D(L) denote the domain of L in mH* defined by:

Pf—f

H 0.
t mH#k

feD(L), g=Lf < femH" limH
t—0

We are left to show that L + gI, for some g < ¢x/2, is surjective. Fix ¢ < ¢x/2. Thanks to
Lemma we have that

A:(f,9) = (—(L+aqD)f, ),

is coercive and continuous from (mH k)Q to R, as long as k > 2. Hence, we may apply Lax-
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Milgram theorem to get that for all g € mHP", there exists f € mH" such that for all h € mH",
we have:

<_(L + qI)fv h>mH’< = <_gv h>mHk ,

which implies that f is a solution to the equation

(L+ql)f =

and L+(gx/2)1 is maximally dissipative. Lumer-Phillips theorem then yields that the semi-group
generated by L + g;./2 is a contraction on mH*: for all f € mH*

™2 P f e < N f Iz

For all f € P(U), we may fix b > 0 small enough so that f € mH", and this concludes the
proof. O

2.3.3 Proof of Theorem m
The proof of Theorem based on Theorem uses the Lyapunov structure of V.

Proof of theorem[2.2.1. Fix some f € P(U). Thanks to Proposition [2.3.3] we may fix the pa-
rameter b from the Lyapunov function such that || f]|,,g» < oco. For all k € N, we can apply
Theorem [2.3.1] to get some C > 0 such that:

[Pt fllmrre < Ce™ "

Fix 0 < b < 8, C,e > 0 such that e#~(1=H < OV, for some C > 0. Thanks to Assump-
tion we may write for all o € N2%:

/|aoz Pfe_bH <C Z /‘80Pf| s —bH|

lol<|al|

Z /|80Pf‘2 —(1—e)bH

lo|<]e

Z /|80Pf‘ 6(5 (1— eb)H —BH

lo|<lal

H”Ptf”mH'O‘

<
< " qm‘t.

C
C"e
We conclude with Sobolev embedding. O

2.4 Weak error expansion

The main ingredient in the proof of a Talay-Tubaro expansion for a numerical scheme (or even
simply weak convergence) are the estimates given in Theorem It allows to control the
error (in law) made by each step of the numerical scheme, uniformly in time. Hence we are now
able to prove Theorem [2:2.2] and Theorem [2.2.3] This section is divided into two parts. The
first one proves the existence of a Lyapunov function of order e®?, for all 0 < b < j, as well as
Theorem | about finite time expansion of the numerical scheme . The second part shows
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the existence of a unique stationary measure for the numerical scheme, as well as Theorem [2.2.3
for the Talay-Tubaro expansion of this stationary measure.

2.4.1 Finite-time expansion for the numerical scheme with rejection

The reason why we are interested in the scheme instead of the scheme is Lemma[2.4.2]
To bound the error made by the numerical scheme, and hence to prove Theorem [2:2.2] we need
uniform in n € N and § > 0 integrability. To get this integrability, we show that the Lyapunov
structure of the continuous process described in [82] still holds after discretization. This comes
from the rejection mechanism that prevents the scheme from seeing the part of space where the

gradient of the potential and its derivatives are too big compared to §, which is a neighborhood of
the singularities and of infinity. Recall the definition of Hs, from (2.5)), and denote ¢ = 4dy3~!.

To prove Lemma we first need to introduce a regularized version of the potential U and a
modified kinetic energy W, along with a numerical scheme corresponding to the counterpart of
the scheme for the new Hamiltonian H (z,y) = U(z) + W(y). A comparison between this
new numerical scheme with the previously considered one will lead to the result.

Lemma 2.4.1. Under Assumptions and [2.2.3, there exist 69,ly > 0 such that for all
0<d<dy and 0 < £ < Ly, there exist

UW:RY— R,
satisfying
o U and W are bounded.

e U=U,W=|-2/2 on Hsy.

For all (z,y) € H§,

- VW - VU(z)

For all « € N*¢ 1 < |al; < 4, there exists Cy, > 0, lo < 1/2 such that:
T ary Ca
|0°U|, |0°W| < o (2.30)

Proof. For all 0 < £ < 1,0 < 4 < 1, fix a smooth, increasing and concave function
g0 - Ry — Ry
such that

_ 2(46~4)? C _
gty =t e 0,47 gt < 2L < G vz pe

for some C' > 0. Then define

U=g50U), W=gs:(-[*/2).
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Let’s show that U and W satisfy the desired conditions. First, the conditions on g5 yield that

© 2(4674)2
gs.p < 407" +/ (72)& =12677,
46—¢ t

so that U and W are bounded. For all (z,y) € Hs,, we have using Young’s inequality:

2 -VU(x) 1
5t>U Wi ey VU@ Ly e
so that H < 207 ¢ +2¢2. As soon as 6 > (2, we have that for all (x,y) € Hse, U(z) < 46~
and |y|2/2 < 46—, yielding U(z), W (y) = U(z), |y|?/2 and the second point.
The definition of the modified kinetic energy implies that VW (y) = g5 ,(ly|*/2)y, and the
conditions on gs, then yield

Sup |VW(/!/)|<H1&X \/8(57_e7 sup g'(s)s <16§_£/2,
yeR? >VBET

To prove the third point of the lemma, we distinguish two cases: if (z,y) ¢ Hs,¢ satisfies U(z) <
46=% and |y|2/2 < 467, then ¢(x,y) = d(z,y) > 6~¢ by definition of Hs . If U(zx) > 46~ or
ly|?/2 > 46~¢, we have

G(x,y) > 407 —16¢6~2 > 57",

for 4 small enough depending on £ > 0. The last point is a direct consequence of the conditions
imposed on g5, and the definitions of U and W. O

We are now able to prove:

Lemma 2.4.2. Under Assumptions [2.2.1) and [2.2.3, there exist &y,ly > 0 such that for all
0 < b< B, there exists Vi, : X — R4 such that:

[ ] ianV}, > 0.

e For all e > 0, there exists C' > 0 such that

C—le(l—e)bH <V < 06(1+E)bH.

o There exists o, K > 0 such that for all 0 < 0 < g, 0 < € < by, (z,y) € Hsy:

E(a:,y) (Vb(Xl, }71)) < (1 — aé)%(m,y) + adK.

Proof. Fix 0 < b < 8 and write:

Vilw,y) = exp (bo(a,9)) . Vi(w,9) = exp (bd(z.9) )

where ¢ was defined in and ¢A> in Lemma It is different from the Lyapunov function
of [82] in that we need in the denominator of ¢ the term 1+ |[VU(z)|? instead of |VU(z)|%.
However, the proof written in [82] can be immediately adapted to cover the case we consider,
and it yields that there exists a compact set K; C R?? such that for all (z,y) ¢ K;:

LVy(z,y)

< —c, 2.31
Vb(x>y) ‘ ( )
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where L is the generator defined in (2.12)). For any € > 0, we have

y-VU(x)
1+ VU (z)]2

2 U 2
<5|y|2/2+£x [VU(z)l <eH+C,

1+ |VU(x)]2 ~

<

for some C' > 0, and this implies the first two points. Now all that remains to do to show the
third point is to show that inequality (2.31]) remains true for the numerical scheme, as it stays in
the region of space where U = O(5~¢). Recall the definition of U and W from Lemma We
introduce the following numerical scheme, counterpart of the scheme (2.7) for the Hamiltonian
H:
N . A R (2.32)
Yo =Y, —0VU(X,) — AVW(Yai1) + V2767 19G,,
where (G,,) is the same family of Gaussian random variable as in the definition of the scheme ([2.4]).
On the event {()_(1,}71) * (Xl,ffl)}, the step of (X1,Y;) was rejected, (th/l) ¢ Hsye, and we
have using the third point of Lemma

{XW = X, + VW (Y,),

(X1, V1) = Vi(a,y) < e < Vp(Xy, V). (2:33)
Suppose we have K > 0, and 0 < a < 1 both independent of § such that:

E(r) (V(X1,¥1)) < (1 - a0)Th(a.y) + adK,

for all (z,y) € Hse. Then, using that for all (z,y) € Hse, Vo(x,y) = Vi(z,y), and inequal-
ity (2.33), we would have for all (z,y) € Hss:

E(r) (X1, 1) = E (VX1 11)) <E V(X1 ¥1))
<(1- a(s)f/b(x,y) +adK = (1 —ad)Vi(z,y) + adK.

Thus we only have to show that the Lyapunov structure holds (partially) true for the regularized
numerical scheme (2.32). In the sequel of this proof, the notation o(d) will denote a quantity
uniform in (z,y) € R*%:

fs(z,y) = 0(0) & lim  sup M =0.

6—0 (z,y)ER24 )

We have:

V(X1 11) = Vil y) = Vo(w,9) (650, V) = ()

+ Vil ) (50, 70) — () + Vi) 3 (050, 70) — ()

1
P!
p=3

A Taylor expansion on ¢ yields that there exists (01, 65) € R24, random, such that:

O(Z1) = ¢p(2) + (Z1 — 2) - Vd(z) + %VQ(ﬁ(z)(ZAl —2)% 4+ %V%(el, 05)(Z1 — 2)°3, (2.34)
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where z = (z,y) and 7y = ()A(l,?l). Condition (2.30) yields that for p € {1, 2}:

E((V26(0:,02)(Z1 = 2)7*)") = o(6).
Moreover, we have
(21— 2) - V(2) = 6VW (y) - Vud — 6VU (2) - Vyp — 57V () - Vo + /298 10G1 - V,yé(x, ),

and

1 A - R
SV20) (2 — )% =457 16G: - V2d(w, )G + o(0).
Thus, taking the expectation of equation (2.34) yields
E (3(X1,71) - (z, 1))
= VW (y) - Vaop — 6VU(2) - Vyd — 5yVW (y) - Vb + 787 Ay + 0(6),

as well as

o . 2
B ( (606, 71) — dte)) ) = 20957 19,08 + 00).
In the same spirit, the bounds (2.30) and equation ([2.34) yield:

E (603, Y1) = dla.)") < ];J ( )«M) W(ml eyt

k odd

P 1
< CPVEp! Z IR j2) 22

k odd

< C(Co)P 2!,
Hence for § < C~1:
1 /- X C6)3/?
E (Z ol (¢(X1,Y1) ¢(x7y))p) < O% = 0(9).
p=3

Finally, using that U = U and W = | - [2/2 on s, we get that for all (z,y) € Hs.:

By (V(X1.9)) = Vi(e,y) = (e, ) <5m + 0(5)) , (2.35)

where o(9) is uniform in (z,y). Hence, from equation (2.31)), we have 5y > 0 such that for all
(z,y) € Moo \ K1, 0 < do:

Eg.y (Vb(j(h?l)) < (1= ad)Vi(z,y),

for some « > 0. The map LV,/V, is continuous on the compact set K7, hence is bounded, and
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inequality (2.35) yields that there exists C' > 0 such that for (z,y) € Ki:
E(zy) (%(Xla?l)) < Wo(z,y) + CO

which concludes the proof. O

This Lyapunov structure has an immediate corollary: the numerical scheme will stay away
from the singularities uniformly on §, even though its forbidden area is a level set depending on

J.

Corollary 2.4.1. Under Assumptions and [2.2.3, there exist 8o, Lo > 0 such that for all
0<b<B,0<tl<ly, z€ X:

sup supk, (ebH(Z”)) < 00.
0<6<dg nEN

Moreover, for all z € X, there exists C,c > 0 such that for alla >0, 0 < d < dg, 0 < £ < ¥l and
n € N: -
P, (H(Zn) > a) < Ce 2.

Proof. Fix b < b’ < 3. The second Lyapunov property of Lemma implies that:
B, (P55 < CR. (Vi (X0, 7))

for some C' > 0, whereas an induction argument using the third property yields
E, (Vb/ (Xn,Yn)) < max (Vi (z,y), K) .

Both inequality combined then gives the first point of the Corollary. The second point is a direct
application of Markov inequality. O

The next lemma will allow us to do series expansion of P;(Z,) to prove Theorem We
write for 21, 20 € R%4, [21, 20] = {tz1 + (1 — t)22,t € [0, 1]}.

Lemma 2.4.3. For all k > 0, there exists C,;dy > 0 such that for all 0 < § < &g, 21,22 €
2
{H < klnl/d}, and |21 — 22| < 03, all z € [z1, 23]+

H(z) < H(z)+C
Proof. Fix 2,2z € {H < kIn1/6}, such that |z — 25| < 6%. We have that [z, 2] C B(z1,0%).
We first show that )
B(z1,03) C {H < x'In1/§},
for some k' > 0. To this end, fix z € B(zl,ég), and write for 0 < s < 1:
o(8) =U(z1 + s(z — 21)).

Thanks to Assumption 2.2.1] we have that ¢ is finite and smooth for s < sy small enough. We
show at the same time that we may have so = 1 and that ¢(1) < £’1n(1/5). We have:

@(5) = VU (21 + (2 = 21)) - (2 — 1)
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10

1+
2 > ) do\ o\ 0
<VU(zl+s(z—zl))|(z—z1)|<53\/m<53\@<@+<0) > .

€o
Hence there is ¢, ¢ > 0 independent of 21, z and § such that for s < sq:

¢'(s)

2
— L ¢d8.
(¢ + )t

Integrating this last inequation yields:

Mo Mo

> — 015%5.
(2(5) + )™ 7 (p(0) + )™

Whether 79 < 0 or 19 > 1, because ¢(0) < x1In(1/§), we have that there exists dg, ' > 0 such
that for all 0 < 6 < do, ¢(1) < k' In(1/6). Hence using Assumption again, we have that

Vz e B(z,0%), [VU(2)| < 6" (In(1/8)) 7,

for some x” > 0. Using a Taylor expansion on ¢, we get that for all z; € {H < kIln1/§} and
z € B(zl,ég):
1
U(z) SU(z1) + K65 (In1/8) 7,

and this concludes the proof with C' = supy_4_5, K63 (In 1/5)%. O

Proof of theorem[2.2.3 As in [158], we only prove the case k = 1 for simplicity, since for k > 1,
the proof is the same. Fix some function f € P(U), and write u(t,x,y) = P, f(z,y). Recall that

u is solution to:
Oyu = Lu,
(2.36)
u(t = Oa ) = fa

where L is the generator defined by (2.12)). For the sequel of the proof, fix ¢ > 0. For all n € N,
6 > 0 is such that né = ¢t. We can write the total error made by the numerical scheme as:

E. (f(Zn)) —E: (f (%)) = E. (u (0, Z,) — u(nd, 2))

n—1

= 3 B (u (6. Zusy) — (04 D0 Zu i)
p=0

To make a series expansion of the expectations in the sum, we need to distinguish between three
cases. Fix some k > 0 to be determined later, n,p € N, p < n, and denote:

Ay = {Zn,p,zn_(pﬂ) € {H < kIn(1/0)}, 1 Zn—p — Zn—pin)| < 52/3} ,

Ay = {zn_,,, T (ps1) € {H < K(1/0)} )| Zn—p — Znipin)] > 52/3} :

As = {Zup & {H < 5 W0(1/8)}} U{ Zue iy & {H < rIn(1/6)}}.
The event A; is the event on which we may do a series expansion of

u (p§7 anp) —u ((P + 1)67 an(erl)) )
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thanks to Lemma Let’s first show that the two other event have very low probability as &
goes to 0. Theorem [2:2.1] yields the existence of some 0 < b < 3, C,q > 0 such that:

|u —/ fdus| < Ce™ e,
X

Fix q1, g2 > 1 such that
g1 +1/g2 =1, bgr < B.

Using Holder inequality we get:
[E= ((w (0, Zn—p) = u((p+1)8 Zn—(p11))) Lao)|
< Co <(E (ebqlmzm)))”m + (E. (ebq1ﬁ<zn_<p+1>>))“ q) (P (Ag))/%.

On the event {H (Z,_(p+1)) < £In(1/8)}, there is some ¢ > 0 such that
|VU (Xn—(p+1)) | + |Yn—(p+1)‘ <C (11’1(1/5))6

and - -
| Zn—te = Zn— ()| < C81n(1/5)° + V5 |G|

where G is a standard Gaussian random variable. Hence for  small enough, there is ¢,C > 0

such that:
_e§l/6

P (As) <IP’(G>C61/6) < Ce :
and finally
. (0 (98 Zomy) = 0 (0 1. Zo)) L) < Ceme8™"
Next, using Holder’s inequality again:
E- ((u (pd, Zn—p) = ((p +1)8, Zn-pr1))) Las)
< Ce™° ((IE (eb‘hH(Z"L*P)))l/ql + (E (eb‘hH(Zn—<p+1>)>)l/q1) (P (A3))"/ .

Fix & < 8. We have, using Markov inequality:

P(A3) < 2supP (eb/H(Z") > e_b/'”n(l/‘s)) < QSupE(eb/H(Z”))ébl”’ =Cov'".
n n

We can now fix k > 3¢2/b’ to get that:

E: ((u(p0, Zn—p) —u((p+1)8, Zn—pi1))) Lu,) = O(5°).

On the event A;, we may use Lemma [2.4.3] to make a series expansion of u. For 0 < s < 1, write

o(s)=u ((p +1—s)6, Zn,(pﬂ) +8(Zp—p — Zn,(pﬂ)) .

Then:

r=1

5. oM (6)
(P(1) ~ ()L, = (Z AL ) La,
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for some 0 < 6 < 1. Theorem yields that there is C' > 0, 0 < b < § such that:
l©@(0)]14, <C (53G6 +672G% In(1/6) + - - + 56(1n(1/5))6) PHA)
for some Z € [Z,—p, Z—(p+1)]- However, Lemma [2.4.3 also yields that
H(Z)la, < H(Zn—p) +C.
Hence, Holder’s inequality yields:
E (\(p(ﬁ)(9)|]lAl) <Cs® SITILpE <eq1bH(Z“)> W = ('8

Using Holder’s inequality as in the bound for the event Ay and A3z, we get that:

5 I
£ (10 3250 ) 5 (3 20 106 = %0 (04 98 Zucp)) + 06

where

1 1
U(s,z) = (VU +7y) - (Vy/2 = V) u+ ffu ——y-Viyou+ = (VU +7y) - Vay (VU + )
1 d 2
2 -1 _1

i=1

7T 1
- 1*275 H(VU +7y) - VyAyu + *’Yﬂ Yy VoAyu

84u+ 82
Z : Z :

i#j=1

w\»—*

The expression of ¢ is found using the fact that u solves (2.36). Finally, we have that:
E. (f (Zn)) —E: (f (Z4)) = 6°E (Zw p0, Zy- ,,)) +0(0%).
p=1

The rest follows as in the proof of Talay and Tubaro [158]|, which we write for the sake of
completeness. As 1 is a function of the derivative of u, Theorem yields that:

[E- (f (Z)) ~ E. (/ (Z0)] < €42 (ZéE () 4 ) o (5+1) <co

p=1
(2.37)
The function s — E, (1(z, Z;_s)) is smooth and is bounded, hence the weak convergence
and classical Riemann summation results yield that:

SE <Z¢(p5, Z,,_,,)> —/ E. (¢(z, Zi_s) ds
p=1 0

which concludes the proof. O

= 0(9),
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2.4.2 Expansion for the invariant measure of the numerical scheme
with rejection

To establish an expansion of the invariant measure of the numerical scheme, we first need to prove
its existence, and ergodicity of the scheme. For this purpose, we define a metric on M! (RZd).
Fix some 0 < b < 3, and write for z;, zo € R??:

d(zlv 32) = ]lzl¢22 (1 + ‘/})(21) =+ ‘/b(ZQ)) )

where V}, is the Lyapunov function from Lemma For any two probability measures u, v, we
call (Z1, Z5) a coupling of u and v if the law of Z; (resp. Z3) is p (resp. v). From the distance
d on R??, we define the corresponding Kantorovich distance on M!(R??) by:

Wa(p,v) = inf{E (d(Z1, Z2)), (Z1, Z3) coupling of p and v} .

This distance makes M!(R29) complete. Hence, if we show that the map Law(z) — Law(Zy),
where Zj, is the numerical scheme given by with initial condition z, for some k € N, is
a contraction, then this would imply the existence of a unique stationary measure, as well as
exponentially fast convergence towards it for this Kantorovitch distance. It can be shown that
convergence for such a distance would imply ergodicity of the numerical scheme, in the sense of
the convergence of the average

Jim LSRG (f (X6 T)) = w7, (2.38)
k=1

Write K = {H < K}, where K is the constant from Lemma Because V, is a Lyapunov
function, we only need to show that there exists ¢ > 0, k € N, such that for all z € K5, we have
the following Doeblin condition:

P, (Z €)= eA(-NKy), (2.39)

where A stands for the Lebesgue measure, see for example |52, Theorem 24|. In other words, we
want to show that the numerical scheme creates density.

Lemma 2.4.4. Under Assumptions and [2.2.3, there exists 0p, Ly > 0 such that for all
0 <6 < dg, 0 < ¥ < ¥y, the numerical scheme ED admits a unique stationary measure
pss € MER?*), and for all (z,y) € Hse and f : Hsy — R continuous:

dim LS B (7 (60 58)) = s (1)
k=1

Proof. As explained before, it suffices to show the so-called Doeblin condition (2.39). To achieve
such inequality, we first begin by showing, using a controllability argument, that this is locally
true, in the sense that: there exits ¢ > 0 such that for all z € Ks, zg € B(z,0) and A C B(z, ),

P., (Z; € A) > cA(A).

To this end, we want to show that there exists (go, g1) such that if \/2y8716(Go, G1) = (9o, g1)
and Zy = zg, then Z; = 2z;. Since Gaussian random variables have a density with respect
to the Lebesgue measure, then if z; — (go,91) is a diffeomorphism, the result will hold. Fix
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20,21 € B(z,9) and write:
F(z,y) = (x+6(y —6VU(z) = dvy) ,y — 6VU(z) — dyy),
and G(go,91) = (G1(90,91), G2(90, 91)) where
G1(g0,91) = 6(2 = 67)go — 6*VU (20 + 6 (yo — 6U (z0) — 67y + go)) + 091,

and
Ga(g0,91) = (1 = 67)go — VU (w0 + 0 (yo — 6U(x0) — 67y0 + g0)) + 91-

Now, the goal is to show that there exists go, g1 € R? such that:
H (F(ZO) + (590790)) < 5_Z7 (240)

and

G(go,gl) =21— %20
+ (6%(2 = ¥8)VU (z0) — 6(2 — 367 + (87)*)yo, 6(1 — ¥6)VU (o) + (276 — (¥6)*)yo) . (2.41)

‘We have: )
G =G (I, +6G),

where G is the invertible matrix:

= 201, 61, -1 5_1Id —14

G= < 14 ]d> ’ G = —6_1Id 214 )°
and where G and its derivative are bounded on B(0, p), for all p > 0, uniformly with respect to
6 < &g and zg € Ko. Write h = I+ 0G. The goal now is to show that for all po > 0, there exists

p1 > 0 such that & is a diffeomorphism from a neighborhood W C B(0, p1) of 0 to B(h(0), p2),
by following the proof of the local inverse theorem. To this end, for v, g € R??, write:

¢u(9) = g — (doh) ™" (h(g) — v).
There exists g > 0 such that, for all zg € Ko and 0 < § < dg, this function is well defined,

i.e. doh is invertible. For all p; > 0, there exists o > 0 such that for all § < dg, g € B(0, p1),
|||dg¢s||| < 1/2. Hence for g,¢" € Bgea(0, p1), we have

1
|60(9) = ¢u(9)l < 519 = 9'|-
For all ps > 0, v € B(h(0), p2), and § small enough we have that
(doh) 1 ((0) — v)] < 2p».
This implies that if p; > 4ps, then for all g € B(0, p1), we have ¢,(g) € B(0, p1):
1
[@0(9)] < 1P0(9) = ¢u(0)[ + 160 (0)] < 519l + 2p2 < p1.

Hence we may apply Banach fixed point theorem to get that for all v € B(0, p2), there exists
gv € B(0, p1) such that ¢,(g,) = gv, or equivalently h(g,) = v. The fact that v — g, is smooth



64 CHAPTER 2. A numerical scheme for singular Langevin process

is proved in the same way as in the proof of the inverse function theorem. Thus, for all p > 0,
there exists dg,r > 0 such that for all zy € K5, 0 < § < dp, there exists a bounded neighborhood
W C Bpg24(0,7) of 0, such that G is a diffeomorphism from W to Bg24(G(0,0), pd). We fix

p>3+2 sup |yl +|VU(x)|
(z,y)€ K>

Write I(zo, z1) for the left hand side of Equation (2.41). For 6 small enough, I € B(G(0,0), p§)
for all zg,2z1 € B(z,0), so that Equation has a solution G~1(I(2g,21)). The fact that
W C B(0,r) yields condition for 6 < A/r, where A is the distance between Ky and D°.
Finally, because (G, G1) has a positive density, for zp € B(z,d) and A C B(z,d) we have:

P., (Z2 € A) 2 P ((Go,G1) € G710 I(:,20)(A))

> c/ d2' = c/ |det(VG o I(2,20))| " dz" = I A(A).
G~1oI(-,z9)(A) A

Now we are able to show condition (2.39)). Fix § small enough so that the local Doeblin condition
holds true. Since K, is compact, there exists z1,--- , zy such that Ko = UY, B(z;,§). For all
measurable A C K5, we have that

N
<) MANB(z,0)).
i=1

Hence we may restrict ourselves to A C B(z;,9), for some j € [1, N]. Up to increasing the value
of K, we may suppose that K5 is connected. In this case, there exists k € N and £ > 0 such that
for all z € B(z;,0) and A C B(z;,0), there exists a finite sequence zy, 21, ..., z;, € K satisfying
the following condition: z{, = z, 2}, € B(z;,0), and for all 0 < p < k — 1, there is 4, such that
B(zp,€), B(zp41,€) C B(z,,6). Hence we have:

P (ZQ(kJrl) € A) = P (Z2p € B(Z;:ﬂ E)a 1< p < ka Z2(k+1) € A) = (Cw)k)‘(A)7

where w is the volume of Bp24(0,¢), and this concludes the proof. O

All function f € P(U) are continuous on #s ¢, thus we do indeed have the convergence ([2.38)
for such function. To prove Theorem [2.2.3] we first need weak convergence of the stationary
measure of the numerical scheme, for functions that depends on time.

Lemma 2.4.5. Let g € C* (R x X,R) be such that for all a € N4 there exists Cy,qo > 0
and b, < B such that:
0%g(t, 2)| < Coedatebat(®),

Under Assumption|2.2.1),[2.2.9 and|[2.2.5, there exists C' > 0 such that for § small enough:

lu.s(g(t, ) — palg(t, )| < Ce™ 6.

Proof. The proof is very close to the proof Theorem [2:2.2] hence we will omit some details. We

fix g satisfying the assumptions of Lemma t > 0, and we write u(s, z) = E,(g(t, Z5)), where
Z = (X,Y) is the continuous process (2.3). g(¢,-) € P(U), and we have for any n € N:

n n k—1

%Z]Ez (u (0, Zk) — u (kd, 2)) = ZZE (8, Zi—p) —u ((p+ 108, Zy—(pr1y)) - (2.42)

k=1 k 1 p=0



2.4. Weak error expansion 65

Lemma [2:4.4] yields that:
1O _ 1« _
p ];E (u (0, 2)) = -~ ;E (9(t.2)) = mpslg(t,)).

The continuous process is also ergodic, as shown by Theorem Hence we have:

n—oo

LS B (u (k6. 2)) ZP,M (2) = malg(t,):
k=1

As in the proof of Theorem [2.2.2] a Taylor expansion yields:

k—1
Z E. (u (pé, Zkfp) —u ((p + 1)57 Zk—(p+1))) < Ce_qt(Sv
p=0
and letting n go to infinity in (2.42)) concludes the proof. O

Proof of Theorem[2.2.3 Fix f € P(U) and write u(t, z) = E.(f(Z:)), where Z = (X,Y) is the
continuous process (2.3). We write a Taylor expansion of higher order than in the proof of
Lemma [2.4.5] to get:

k—1 k—1
S OB (u (96, Zkp) = u (0 18, Z i) = 8 3B (4 ((0+ 15 Zi i) + 00,
p=0 p=0

where the term O(42) is independent of k. Hence we may write:

n k—1
1

HZZEZ u (P8, Zi—p) —u ((p+1)8, Zp—(ps1)))
k=1 p=0

n k—1 -

= *ZZﬁE ((p+ 13, Zk—(py1))) + O(6)
k=1 p=0

52 n o n .

S Y E 0 (.2)) - Y B (0 (0 100 B )+ O)

i=1j=0 k=1p=k

Using Theorem and Corollary we bound:

ZZE (p+1)8, Zj—(p11))) | < %ii]@z (Cefq(erl)éebH(Zk,(pH)))

k 1 p=k k=1p=k
; n oo

C E :E ’ e—a(p+1)8
k=1 p=k

//"

Z e k0 0.
n—>oo
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Ergodicity of the numerical scheme yields that

*ZE ((i6,2)) = mas ((36,-)),

n—oo

and Theorem [2.2.1] and Corollary [2.4.T] that:
ZE 1(5 Z ) < Ce 99,

Hence the dominated convergence theorem yields that:
1 - — L
. Z} ZO E. (4 ((i,2;)) = ; 15 ((i8
=1 j= >

Now Lemma 2.4.5] and Riemann sum tells us that:

5 s (00i6,) = | st )t + 0(6).

i>0

Letting n go to infinity in Equation (2.42) (with g(¢,-) = f) then concludes the proof. O
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Abstract : We study the long-time convergence in Sobolev spaces of the velocity jump Langevin
process, which is a process designed to sample from the Gibbs measure with a reduced number
of computation of the gradient of the potential compared to the Langevin process.

3.1 Introduction

3.1.1 Motivation

As in the previous chapter, we are interested in the sampling of the Gibbs measure

= L exp(—FH (x,v))dzdv (3.1)
Zu

where Z,, = fRM exp(—pH (x,v))dzdv is a normalization constant. A popular process that allows
for the sampling of the Gibbs measure is the kinetic Langevin diffusion, defined as the solution
of the following SDE:

dX, = Vdt
av; —VU(Xy)dt — yV;dt — /28~ 17dW,,

67

(3.2)
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where (W3)i>0 is a standard Brownian motion in R4 and v > 0 is a friction parameter. When
simulating this dynamic, the most expensive part is the computation of the forces VU. A common
approach is to substitute this gradient with a stochastic version, as in the stochastic gradient
descent in optimization, see |20} [L46} [92], or to treat various parts of the potentials with different
time steps (multi-time-step methods), see |162]. We are interested here in an alternative approach
that involves replacing with a hybrid model combining a classical Langevin diffusion and
a piecewise deterministic Markov process. This hybrid model still samples from g but can be
simulated using a numerical splitting scheme that requires fewer gradient computations per time
step.
The idea involves decomposing the potential as

where Fj denotes the computationally inexpensive component (typically the short-range forces
exhibiting fast variation), while the F; terms, for ¢ > 1, represent long-range forces, which are
computationally more demanding than Fj (as each atom interacts with all others through these
forces, unlike the short-range ones). Then, define the so-called velocity jump Langevin process
(Xt, Vi)i>0 as the Langevin diffusion process associated with the force Fy:

dX; = Vidt
dV; = —Fo(Xy)dt —Vidt — /287 1ydWy,

with additional jumps at rate \;(z,v), corresponding to a jump kernel ¢;(x,v,dv’) depending
on F; in such a way that ensures that the equilibrium measure of the process is indeed the
Gibbs measure p. The Langevin velocity jump process can be simulated using a splitting scheme
similar to the BAOAB scheme introduced by Leimkuhler, where the parts corresponding to
the free transport, the forces, the friction/dissipation, and the jumps are simulated separately,
see [21}, 107, [105, [106]. More precisely, the generator £ will be decomposed as a sum of Markov
generators

L=La+Lp+ Lo+ Ly,

each corresponding to a part of the dynamic, see Section [3.1.2 below. The process can then be
discretized base on the Trotter/Strang formula

el = e3LBerligslagtlogslagsliesls L (t%).
t—=0
The simulation of the jump part of the process is based on the thinning method, see [113] [116].

Suppose that \; < A; for 1 < i < K, and denote A = >, A;. A direct computation on the
generator shows that the jumps can be exactly simulated this way: starting from (x,v),

1. Draw & a standard exponential random variable, and let 7' = £/X be the next jump time
proposal.

2. Draw I in [1, K] such that P(I =) = \;/\. Propose a jump of type I at time T

3. Accept the jump with probability A;(z,v)/As, in which case the velocity is re-sampled at
time T according to ¢(z,v,dv’), otherwise the velocity at time T is simply v (there is no
jump).

Unlike a traditional numerical scheme for the Langevin diffusion (like BAOAB), where the gra-
dient VU is computed at every time step, here we only need to evaluate F; when a jump of type
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i is proposed (at step 3 above), which does not occur at every time step for every i. Moreover,
the jump rate and jump kernel, first defined in [138], will depend on a parameter, in such a
way that when this parameter goes to 0, the velocity jump Langevin process converges to the
classical Langevin diffusion (in the sense that the distributions of the processes are close in the
space of cadlag trajectories endowed with the Skorohod topology, see [138, Theorem 3.6]). As
a consequence, in addition to the sampling of the Gibbs measure, dynamical properties such as
the diffusion constants may be computed using this process.

Motivated by a weak error expansion a la Talay-Tubaro of a splitting scheme for the velocity
jump Langevin process as in Chapter [2] we prove convergence of its semi-group in Sobolev space
of arbitrary order. The derivation of estimates on the semi-group and weak error expansion is
left for future work.

3.1.2 Mathematical setting

Fix some smooth U : R? — R. We will work under the following set of assumptions.

Assumption 3.1.1. o The Gibbs measure is well defined

/ e V@) dp < 0.
]Rd

o U = Uy + Uy where the derivatives of Uy of all order are bounded.

o V2Uy as well as its derivatives of all order are bounded, and there exist k > 0 and a compact
set KK C R? such that for all x ¢ K

—x - VUy(x) < —klz)?.

o U e (™ (Rd,R+) is a smooth non-negative function such that W' and all its derivative are
bounded, and

U(s) —¥(—s) =s. (3.3)

For simplicity, in the remainder of this work, we fix 8 = 1, and consider a particular decom-
position of the forces. Let us denote (e;)1<i<q the canonical basis of R4 let K =d, and

Fy = VU(), F; = 82-Ulei, 1€ Hl,d]] . (34)

In other words, we write U as Uy + U; and decompose VU in a similar fashion as in the Zig-Zag
process:

d

Fix a friction parameter v > 0 and a constant § > 0. Write C>°(R??) for the set of smooth
function with compact support from R2¢ to R. The Markov process we are going to study is the
so-called velocity jump Langevin process, whose Markov generator is given by

L=Lg+Lp+Ly
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where for any function h € C2° (R?9):

Luh(z,v) = v-Vih(z,v) —VUy(z) - Vyh(z,v) (Hamiltonian part)
Lph(z,v) = —vyv-V,h(z,v)+vAh(z,v) (diffusion)
Lohlw,v) = i Lyh(w,v) (jumps)

where

Cih(z,v) = Az, v) / (h(a ) — h(z, ) gz, v, do),

Rd

Ai(z,v) [ h(@,v')gi(x,v,dv)

e 2 o) e (B0 )]

02 1+ 062 1+ 62

and G ~ N(0,1) is a one-dimensional standard Gaussian variable. In the definition above,
¢i(z,v,-) is a probability measure for all (z,v) € R??, in other words );, for all i € [1,d], is
obtained by taking h = 1 in the formula above. As explained above, this is the generator of a
Langevin process with drift given by Uy, and that jumps at rate \; according to the kernel g;.
Let (Xy, Vi) be a Markov process with generator £, and let (P;):>o be the semi-group associated
to this process

Ptf(xa U) = E(r,v) [f(Xtu Vvt)] 3
defined for f : R?? — R bounded. Fix k € N and define the Sobolev space of order k by

H*(p) = { f:R?*? — R measurable, Z / |V;Vif\2du <00 P,
i+j<k /R
where we denoted

d

VEVASP = D0 1000 SR, eyl =D (ap)i

lar|=1;|az|=7 i=1

Write as well

e = 3 [ 1994

i+j<k

the Sobolev norm for f € H*(u), and

p(f) = /de fdpu.

Theorem 3.1.1. Suppose Assumptions|3.1.1. For all k € N, there exist Cy, pr > 0 such that
for all f € H*(u) and t >0

1Pef = ()l ey < Cre™ P = ()i y-
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Let’s make a few comments on the assumptions and the theorem. First, we take 6 > 0 as
a positive constant for simplicity, but it can actually be taken as a function of x (for instance
0(x) = 6o|VU;(x)| with 8 > 0). As explained in |138|, the case § = oo corresponds to the
bouncy particle sampler (see |22]), whereas when § — 0, we retrieve the kinetic Langevin process.
Secondly, the condition on W is here to ensure the invariance of p. In the Zigzag process, the
jump rate is usually taken such that ¥(s) = max(0, s), which indeed satisfies the equality .
However, the computations in Sobolev spaces require that the generator has smooth coefficients,
which prevent such a ¥. An admissible example is given by ¥(s) = alog(exp(s/a) + 1) for any
a > 0. Finally, the choice of the decomposition is made in order to avoid singular terms
of the form VU/|VU| in the hypocoercivity computations. As explained in Section this
theorem is a first step in proving uniform bounds on the semi-group of the velocity jump process,
in order to show weak error expansion of numerical schemes. The main addition with respect to
Chapter [2]is the treatment of the jump terms.

3.1.3 Notation

In all the following, |- | denotes the euclidean norm in R¢ as well as the Frobenius norm for
matrices, and - the standard dot product on R? or the Frobenius scalar product when it’s applied
on matrices. For any operators A and B, we denote [A, B] = AB — BA their commutator. In
some computations, it will be useful to work with p = % € (—1,1) instead of 6. In the
remainder of this work, we will denote by C' various constants that may change from line to line.

3.2 Proof of Theorem |3.1.1

The proof of Theorem [3.1.1] relies on hypocoercive computations a la Villani in Sobolev spaces.
The velocity jump Langevin process is hypocoercive, in the sense that the generator of this process
is not coercive for the usual Sobolev norm. To prove exponential convergence to equilibrium,
for a given k € N, we are going to introduce a norm equivalent to the classical Sobolev norm,
defined for f € H*(u) by

k p—1
Nolf) = / 2y / (Z Wi [TV 2 4 | (V2 vzlvwf?) du  (35)
R2d =1 /R \ {5

where (w; p)pen,1<i<p are positive numbers. In the remainder of this work, we are going to refer
to this norm as the modified Sobolev norm. Following [163|, we are going to show that we may
choose (w; p)pen,1<i<p Such that for f € H*, we have

ONk (Prf — pu(f)) < —puNi (Pof — u(f))
for some p > 0. Theorem [3.1.1]is a direct consequence of the following result:

Theorem 3.2.1. There exist positive (w; p)pen,i<i<p ond (pr)ren+ such that for all k € N*,
feH"u) andt >0,
Ni(Pef = u(f)) < e PN (f = p(f))

where Ny, was defined in (3.5)).

The proof of this theorem relies on an induction argument and Gamma calculus, as presented
in Section Fix ¢ : C2°(R%¥) — C2°(R??). Recall the definition of the generalized carré du
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champ

Do(h) = 5 (£(8(k)) = Dad(h)LR), (36)

where Dj,¢ denotes the differential operator of ¢. When ¢(h) = h? we retrieve the usual carré du
champ, which is simply denoted by I". We will show in Section that p is indeed an invariant
measure of the velocity jump process. This formally implies that:

p—1

Zwi,pri,p(Ptf) + Wp,prp,p(Ptf)> dp, (3.7)

=0

k
ON(Pf = p(f)) = — /R L DB f)du = > /]R (

where, for i < p,
Lip(h) = F\v;vg—wz(h) and I’y ,(h) = P|(v§—v£‘1vv)‘|2(h)-

If we could show that for all h € C2°(R?%)

k p—1
/}RM T'(h)du + Z /]R?d <Z wi plip(h) + wme’pm(h)) dp = pNik(h — p(h)),
p=1 i=0

for some py > 0, then Theorem [3.2.1] would follow, at least formally, in the sense that we
haven’t justified the time derivatives. We will actually prove a slightly stronger result (see
Proposition below) for the induction argument. Recall also the proposition that allows for
the computations of this generalized carré du champ.

Proposition 3.2.1. If there exists A = (A1, -+, Ap) : C™ — (C™)? a linear operator such that
é(h) = |Ah|?, then
I'y(h) =T(Ah) + Ah - L, A]h,

where T'(Ah) = Y8 | T(A;h)and [L, A] = ([L, A1), -+, [L, 4p)).
For all 4, j,4', 7/ such that ¢ + j = 7’ + j/, the scalar product here has to be understood as
Vivih - ViVIh= 3" > 3" (93052 trh) (0305 h) .
o |=i [az|=j" |v|=i'—i
We will also extensively use the fact that
(£, Al = [Lu, Al + [Ls, A] + [Lp, A].

In order to justify the discussion above, we will start by proving that the Gibbs measure is
indeed invariant for the velocity jump Langevin process in Section Section will treat
the case k = 1 which is the initialization of the induction argument. Section will conclude
with the proof of convergence in H* space through Theorem

3.2.1 Invariance of pu

The use of the velocity jump process for the sampling of u, as well as the use of hypocoercivity
method rely on the fact that p is indeed an invariant measure of this process. Let us prove this
property by computing the adjoint of £ in L?(u), denoted as L*.
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Proposition 3.2.2. Denote L* the adjoint of L in L*(u1). For all h € C°(R?*?), we have:

1462 < , ) ,
L = —v-Vh+VUy-Vyh—yv-V,h4+7y A, h+ ;2 E [(h(.,w) — h)W (65‘1 (V7 —vi)ﬂ :

i=1

with

. 20
Vi=v-— m(evz + G)@l,

where G 1s a random variable with standard Gaussian distribution.

Proof. Let g, h € C3°(R??). By integrating by parts, we get

/ gLphdy = Z;l g(v-Vyh—VU - Vvh)e_U(I)e_|”‘2/2dxdv
R2d R2d

= —Z;l hv - ng(ge_U(f”))e_‘”lz/dedv

R2d
+ Z,:l hV, - (gei|”‘2/2VU0(x))eiU(I)dxdv
R2d
= —/ hv - Vgdu —|—/ ghv - VU (z)dp + / hVUy(z) - Vygdp
R2d R2d R2d

7/ ghv - VU (z)dp
R2d
= / h(=v - Veg+ VUy - V,g)du + / ghv - VU dp .
R2d R2d
We also have
/ gLphdp = Z,! / g(=yv - Voh +vA,h)e U@ =111 /2q2.dy
R2d R2d

= 72;1 (/ gVU(e*‘”|2/2) - Voyhe V@ dgdy —|—/
R2d

hA, (ge”|2/2)eU($)dxdv>
R2d

2d

= ’ylel </ Vv(gef‘”F/Z) - Vohe V@ dzdy — / Vg - Vvher(z)ef‘”F/zd:cdy
R2d R

+ hAv(ge_lvz/Q)e_U(m)dxdv>
R2d

= —v va-VUhd,u:/

hLpgdp
R2d R2d

For the jump part, denote ko(x, v, -) the law of the random variable V. Then kg is reversible
with respect to the standard Gaussian measure, in the sense that for all z € R?,

ko(z,v, dv')eflv‘Q/de = ko(z,v, dv)ef‘”’|2/2dv'. (3.8)

Indeed, since ij’ =v; for j # ¢ and

1 — 6?2 26
Vi = ; G = pv; + /1 — p2G,
¢ 1+92U+1+92 pUi p
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where p = 1 +92 , the coordinates of V* are independent and each transition v; — Vf is reversible
for the standard one-dimensional Gaussian. Using this reversibility, and the fact that ¥(s) —
U(—s) = s, we get that

/deg,thduzlwzszng[ (9 =ty (22— a
:1+922/Mh1€[ 0t - o (<20 )]
1+922/de hE M gLt >(Ui_vii)) _qj(aiU;@)(m_W))]du
1+922/R2dhn3[ V) - )0 (<280 - v
e Z |, sHOVIE [(0: = Vi)

2 . .
- H‘g Z/ hIE[ 2, Vi) — )W <312Ul (v W)ﬂ 7/ ghv - VU du
R2d R2d

Therefore, by summing the three terms, we get the result. O

Corollary 3.2.1. Under Assumption for all h € C*(R?%)

/ Lhp = 0.
R4 x R4

Proof. This is a direct consequence of the fact that £*1 = 0. O

Notice in particular that £p is symmetric in L?(p), whereas neither £z nor L£; are left
invariant by u, only Ly + L is.

3.2.2 Exponential decay for the H'(u)-norm

In this section, we prove convergence of the process in H!(1). The modified Sobolev norm here
reads

M) = [ n2du +/ ot | Vohl? + @i (Ve — Vo) hPdp,
R2d R2d
and Equation (3.7) can be written:
ON1(Pif — u(f)) = —/ D(Pf)dp — / (wo,1T0,1 (P f) + w1l (Ff)) du
R2d R2d

The initialisation of the induction argument to prove Theorem [3.2.1] is

Lemma 3.2.1. Under Assumption there exist wo1,w1,1,p1 such that for all h € C°(R??)
satisfying p(h) = 0:

/dF(h)dqu/ d(wo,lro,l(h)+w171r1,1(h)) du > pr <N1(h)+/ d|Vvah|2+|Vzh|2du) .
R2 R2 R2
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The terms of order 2 are present to compensate future terms in the induction, but are not
required for the the convergence in H!(u). This convergence relies on the so-called Poincare
inequality

Proposition 3.2.3. Under Assumption the Gibbs measure (3.1) satisfy a Poincaré in-
equality: there exists Cp > 0 such that

[ = du<cr [ 9hPde. (3.9)
de de

for all h € C°(R2).

Proof. Proof of such inequality can be found in [6]. O

In order to apply Proposition we need to express the commutators. For the Hamiltonian
part we get:
L,V =V?UoV,y, [L,Vi]=—Va.

For the diffusion part we get:
[£D7 vﬂC] = 03 [£D7 VU] = ’va
Regarding the jump part, we have

Lemma 3.2.2. Under Assumption there exists C > 0 such that for all h € C°(R??):

/ |[vz,£J]h\2du+/ |[vv,£J]h|2dM<c(/ |Vvh\2d,u+/ |V5h|2du) :
R2d R2d R2d R2d

To prove Lemma [3.2.2] we need two intermediate results:

Lemma 3.2.3. For any function g € C>°(RY),
/ ‘v|292(v)e—l,u\2/2dv < 2d/ 92(U)6_|U|2/2d’0+4/ |va(v)|2e““|2/2dv,
R4 Rd Rd

Proof. This is a particular case of the Lemma A.24 of [163|. Notice that ve~ /2 = _ye=Ivl/2,
Hence, an integration by parts and Young’s inequality yield, for any =,

/ |U|292(v)e_‘”'2/2dv:—/ () - Vel /2qy
Rd

= V- (g2(v)v)e_|”‘2/2dv
Rd

= d/ gQ(v)e_lvP/?dv +/ 29(U)Vg(v) .Ue—\v|2/2du
R4 Rd

< d/ gg(v)e_l”‘zﬂdv—i—/ 2|Vg(v)|26_‘”|2/2dv
R4 R4
1 2 2 —|v|?/2
+5 [ g (v)e dv,
2 S

and thus the result. O
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Proposition 3.2.4 (Poincaré for Gaussians). For any function g € C°(R?),

1 2 2 2 2
/ (g(v) — oa h(w)e~ ! mdw) e 1P/ 2 4y S/ Vg(v)|?e "2 dy. (3.10)
Rd (2m) Rd Rd

Proof. Proof of such inequality can be found in [6]. O

Proof of Lemma[3.2.3 For all i € [1,d], denote

B 260 _ Q&Ul(x)
gi(x,v,G) = <337v 1162 (Ov; + G) el> ,  wilz,v,G) = T1ez (Ov; + G) .

‘We then have

d d
Vo £l = D[V E510 = 5 SR 00+ (A6 ~ W (iG] VLT
and
d d
[V, Ls]h = Z[w Lhlh = ZE 0:U1(h(gi(G)) = h)¥' (9:(G)) — 20y, h(9:(G)) T (:(G))] 5 -

Using the fact that ¥/, VU, and V2U, are bounded, there exists a constant C' > 0 such that

d
[V, L]0 < OZEKU% +G?)(h(9:(G) — h)?)],

and

d
[V, LB < C Y E[(h(9:(G)) = h)* + (90, h(g:(G)))* (1 + 0] + 7).
i=1
Recall that by denoting ko(z, v, -) the law of the random variable

i 20
Vi=wv-— 1+92(9v1—|—G)

where G is a random variable with standard normal distribution, ko(x,v,-) is reversible with
respect to the standard Gaussian measure, see (3.8). By using this reversibility, and the fact
that v being fixed, V' ~ N (pvi, 1— p2), we have that for any function h € C3°(R24)

2$&ﬂf<1+E[wﬁ2+Qﬁ_p§”1)du

[0+ 6 @unta@)?] du = [ =

R
:/(%m%mwﬂ@
]R2d
<t (@uh?+ @) dn,
RQd

where we applied Proposition to with d = 1 to v; — Oy, h(z,v) in the last inequality. By
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denoting II,, the projection

1 i
Hvih(I,’U) = \/ﬂ/]Rh(Iﬂjl,...7UZ‘_1,U),’,U¢+1,...7Ud)€ K /2dwi,

we also have

[0+ + G0 = 1 du <2 [ B[ +0F+ G (h(a:(G) = TP + (1 = 1 )] d

R2d
(vf = pVi')?

<2/ 3+0 +E [(VH)?+ (h — 1L, h)2dp
R2d 1 —p2 *

< 2/ (4 + 2v7)(h — I, h)*dp
R2d
<16 / (h— 1Ly, h)?dp + 16 / (Do, h)2dp,
R2d R2d

where we applied again Proposition with d = 1 to v; — h(z,v) — II,,(z,v) in the last
inequality. The Poincaré inequality (3.10) can be written

/ (h— 1L, h)2du </ 100, h Py
R2d R2d

and thus
[0+ + 6@ - hP]du< 32 [ @, b

R2d
Therefore, there exists C' > 0 such that

Ndp=C ( / IV oh?dp + / |v3h2du) 7
R2d R2d

which concludes the proof. O

d
[V Libpan<ey [ (@2 (9.0,0
R2d 5 JRr2d

We now have everything to prove Lemma |3.2.1
Proof of Lemma[3.2.1 Fix wp1 > wi,1 > 0 that we are going to chose later. Let’s first treat the
derivative of the L? norm. We have for all h € C°(R?%), (z,v) € R??
d
L'(h)(z,v) = 27|V,h(z,v)|* + Z )\i(x,v)/ (h(z,v") — h(z,v))qi(2z,v,dv) . (3.11)

i—1 R4

This already implies that
T(h) = 29|Vyh|*.

To get a lower bound on I'y (k) and T 1(h), we use Proposition Equation (3.11)) yields:
[(Vyh) = 29|V2h|?, T((Ve — Vy)h) = 29[(V.V, — V2)h|?,
so that using wp,1 > wq,1 and Young inequality:

wo, 1T (Voh) + wi 1 D((Ve — Vo)h) = 2y(wo1 — wi,1)|Vah|® +win (V[VER[? + 2v/3|V,.V,h|?) .



78 CHAPTER 3. The velocity jump Langevin process

Let us now look at the commutators. Fix e > 0 and write using Young inequality and Lemma|3.2.2
Vyh - [L,Vy)hdp = Voh - (=V h+4Vy, + L, V,]h)du
R2d R2d

1
> —/ (5 + 1) [Vuhl? + 51(Ve = V)b £ 5C (Vo du+ [VER) du,
R2d

for some C' > 0. Using again Young inequality and Lemma [3:2.2] we get that there exists C' > 0
such that:

/ (Vo = V)b - [L,V, — V,]hdp = / (Ve —Vy)h- (V2U0Vvh + Vih —AVyh+ Ly, V, — Vv}h) dp
R2d R2d
1
> [ SV = TR O (I9uh? + [V2HP) di.
R2d
Now all is left to do is to choose €, wp,; and wq 1. We choose them such that

wiq _ 2v—Ce . wi1 29 1 Ce
LT e < B e 414 = <
wo.1 2’}/ + C c i (20.10,1 C Wi + wo,1 3 Tt 2 i

)

so that

[ vt [ oaloath) + o) dn
R2d R2d
2
> / Y|V oh|? + ﬂwz — V)h|* + w11y (vth + |V1Vvh|2) du
o 1 3
> 51/ ot |Vohl? + w1 (Ve = V)b + [VaVoh|? + [V2A2dx,
R2d

for some p; > 0. Since we consider h such that p(h) = 0, the Poincaré inequality (3.9)) yields
that there exists p; > 0 such that

ﬁl/ wo.1|Voh |2 +wi 1|(Ve—=V o) R+ Ve Voh |2+ V2R[2dp > pr (Nl(h)+/ |VIVvh|2+|Vf,h|2du> ,
R2d R2d

which concludes the proof. L

3.2.3 Exponential decay for the H*-norm

Recall that we defined the modified Sobolev norm as
k pil . .
Ni(h) := / R2dp + Z/ D wip VEVETR? + wy (V5 = VATV, )R[? | dp
R2d o R2 \ 5

In order to control its derivative (3.7)), we prove by induction the following lemma.

Proposition 3.2.5. Under Assumption there exist (wip)1<i<p Such that for all k € N,
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there eists py, such that for all h € C2°(R?4,R) such that u(h) = 0:

k p—1 k
'(h)d, i o Din(h r,,(h) | du> h AvARE ALY T
L. ()/HPZ_;/RM (Zw,p 2(0)+ Ty >> = (w )+ [, v u)

=0
(3.12)

To prove this Lemma, we will need formulas for partial derivatives of products, provided by
the Leibniz formula

Proposition 3.2.6. For all g,h € C° and ay,as € N%,

« « —UV1 Qg —V2
oo = > (0)(0)@vorae oz
vi<ar,r2<ag

where for a = (aq,...,aq) and v = (v1,...,Vq),
d
()-11()
v , v; )’
1=1

v<a <= VYie[l,d],v; <.

and

Let us look at the commutators. As in the H' case, we will look separately the parts associated
to the Hamiltonian dynamic Lg, the diffusion £p and the jump process L ;.

Lemma 3.2.4 (Hamiltonian commutators). Let i € [0,k]. There exists C > 0 such that the
following holds. If i < k, we have

i—1
VLVER I Ly, VIV > [ VEVER R - O [V 4 3 Vv
j=0
In the case i = k, for all m > 0, we have
1 k=1
VAV [ VAV > 2(VE = VAV AR = 0 (14 1) DAV - € X VIV,
§=0
Finally, we have
k k—1
E+1_ ok k+1_ ok | 2 j 2 27 (2
(Vi VeV (L, Vi =ViVulh > SV =VIVO)RP=C | D [VIVuh|* + ) [ViVihl
j=0 §=0
Proof. For all ay,ay € N® with |a;| =i and |as| = k + 1 — 4, where ay = (2.1,...,q2,4), write

Jo_
ab = (a1, 05 1,02 — Lagjq1,...,00,4),
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and we have

d
00 Lirh = Y 02105 (10, h — 0;Uody, h)

j=1

I
'M“

0y% (00510, h) — 021 (0;Ug 0,2 0y, h)

1

J

02 (0)052 7200 0 h — Y (ii)aglajUOagl—wagzawh

<V2<O¢2 vi<a

<
Il
—_

I I
M= 1=

2, ;030810 h + 0,020 0, h— 3 (ji)aglaonagl—”la;j?avjh

vi<a

<
Il
—

Therefore,

d )
Lrr, 02005200 = ( 3 <311>aglaonagwlag2avjh - az,jaﬁia;:lamjh) .

j=1 \vn1<ai;v1#0

Using the bound on the derivatives of Uy, this yields that there exists a C' > 0 such that

i—1
VLVE T [Lp VIV > S[VEVETRE - O (VTR 4+ Y VIV
§=0
If ¢ = k, then for any n > 0, using the Young inequality
Z (8;‘183%)(&27]»83]28;”8% h) = Z (051 0y;h) (05 0x,; h)

|or|=k;|az|=1 | |=k;j€[1,d]
J€[1,d]

= > (020u,h)(05 0, — 0 D, + 050,

lax|=Fk;j€[1,d]

2
< (1 + n) VAV + L(VE — VEV AP,

which again implies that

k—1
1 )
VAV h - [L3, VEV W > —C (1 + n) VAV, h|? — g|(v’;+1 — VAV )R? = C Y IVIVIRP.

Jj=0

Similarly, for 8 a multi-index such that |8] = &k and ¢ € [[1, d],

d
[L11,000,, — 000,)|h = 030, h+ > <f) 8" 9; jUo027"d,, h

j=1v<p

d
+Z ( )ava U927 0,00, h — Z > (V) (00;U0) (027" 9,,00, 1) ,
B;v#0

J=1vB;v#0
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and thus, by applying Young inequality,
1 k , k=1
(Vi = VaVo)h (Lo, VT = VIR > S(VEH = VEV)BPE = C | Y IVIVW + ) [VEVERP |
Jj=0 j=0
which concludes the proof. O
Regarding the diffusion part, we have
Lemma 3.2.5. Fori € [0,k],
VeV e [Lp, ViV T h = y(k + 1= 0)[VEVH TR 2,
and there exists C' > 0 such that

1
(Ve = VaVo)h-[Lp, Ve = VeV Jh > =g |V = ViV)hl® = CIVE Vb2,

Proof. We have, for all a1, oy € N,

921952 Lph(z,v) 77280‘2 ;0519,, h) MZamaaz (92:h)

Jj=1 Jj=1
d d ; d
= =7 000700 00 h =7 > 0 ;05200 Dy h+y > 09105 (83];,h).
Jj=1 j=1 j=1

Therefore, if |a1| =@ and |az| = k + 1 — ¢, we have

d
(LD, 051097 h(w,v) =7 Y 02 ;05205 h = y(k + 1 — )93 052 h
j=1

and
VEVER i (L, VEVEIh = y(k + 1 — i) [VEVEHR[2,

Similarly, for all 3 € N¢ and i € [1,d],

(850, — 820, )Lph(x,v) —72018 a%al,]hﬂz:aul v;020,,h) +VZaﬁa%a§ h— WZaﬁawag

Jj=1 Jj=1 Jj=1

d d
=7 0000500, h+ 7Y 0;0y,050, h+ 7050, h

Jj=1 j=1
d d
j=1 j=1

Therefore,

[Lp,0P0,, — 020, |h(x,v) = ~050,,h
and finally applying Young inequality
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(VAP —€VEV - [Lp, VEM = VEV b=y Y (000, — 070,,)hd 0,
|B|=k;j€[1,d]

1
> (Vi = V)R = CIVE Vb,
for some C > 0. B

Finally, let us look at the jump part.

Lemma 3.2.6. For all k € N, there exists C > 0 such that for i € [0,k] and e > 0,

) ) ) ) 1 ) )
ViVERI=ip L, ViV hdy > _7/ |VEVEH=in 12 q,
R2d € JRr2d

—cg/ > IVIVLRP + [VEVER TR | dp
R2d i<i
LI

and

1
/ (VEHL kY h) - (L, VEHY — VAV, Jhdp > —g/ |VE+HL _ VEY, )2 du
RZd R2d

—c/ > |V;vz;h|2du+/ \VEV2h)2 du
R2d R2d

i<k
j<k+1—i

To prove this Lemma, we need a generalization of Proposition [3.2:3}

Lemma 3.2.7. Let n € N*. There exists C > 0 such that for any h € C°(R),
/U2nh2(v)e_”2/2dv < C’Z/(h(k)(v))2e_”2/2dv.
R o /R

Proof. We prove the inequality by induction on n. The case n = 1 corresponds to Lemma [3.2:3]
Suppose that the inequality holds for some n € N. Then

/v2"+2h2(v)e_”2/2dv:/in(vh(v))2e_”2/2dv
R R
<O [ (whto) e 2a
k=0"R
= CZ/(kh(k‘l) +oh®)2e=*/2qy
k=0"R

< 022/(k2(h<k-1>)2 +02(h9)2)e" 2y
k=0 VR

n—1 n
<20y / (W9 ()2~ 2dy +4C Y / (A (0))2e="*2dy
k=0"R k=0"R
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n+1
+8CY / (hF)2e=v*/2qy
k=1"R

n+1

< 52/(11(“)26‘”2/2@,
k=0"R

and hence it holds for n + 1. O

Proof of Lemma[3.2.6 Recall that we denote

08¢U1 (ZIJ)

20
gi(x,v,G) - (x,U—W(QUI—FG) ei)a (,Oi(x,U,G) -

The functions (g;); are smooth and we have for all i € [1,d]
20 o
0v,9: = | 0,¢5 — meifrm[o]——j:i . O0z,9i = (€5,0), 07059;=0 V|v[+l|a|>2.

As a consequence, for any v, vy € N?, we have
? b )

V1 AQv2 . — _ 29 v V1 Qv2 .

The functions (¢;); are smooth and we have for all i € [1,d]

6 62
Wi = ——(0v; + G)0"O;Uy, 050y, 0i = ——(0V0;Ur).
z P 1+02(U+ ) 1 z Ov; P 1+02( 1)
This yields that the only non-vanishing derivatives of W(y;) are of the type 020% W(yp;). For
k € N and o € N¢, we have:

92

k
i) GU

O W(gr) = 1) () (

and
62 F « & A
8;’85»11(%'):( ) > <V>a;xp< ) ()02~ (8;U1)*.

2
1+6 =

Therefore, using that ¥(s) < ¢+ |s| for some ¢ > 0, and that ¥’ and U; and their derivatives of
all order are bounded, we get that for all k € N and o € N? there exists C' > 0 such that:

020,40 (2:)| < C (1 +10v; +G|‘°‘|> < (1 + Juille! + |G\|a\) .
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Thus, for a = (a1, az) € N??, we have

[0%, L]k 1+92< E[0%[(h(g:) = h)¥ ()] = E[(0R(g:) — O“h) ¥ (p4)))

= 1+ : ( ( E(( = 9"h)0* V(U (pi))] + E[(0%(h(9:)) — 3ah(gi))\1/(<m)]>
1467 a 20\ o\ o
— 2 (V>E [((1 - 1+92> 9"n(gi) — 0 h> 0% (W(4i))

v<o
29 a,i+d
<<1 - H92> - 1) 0°h(gi)¥(ps)

As a consequence, there exists a C' > 0 such that

1+ 62

92E

0%, CHIhI? < CE[((gi) = (1 + o2 + G2l

+C ( Z E [(fy’h(gi))?(l + |Ui|2‘o‘7”‘ + G2\ocfu\):| + (8Vh)2(1 + |U1_2|az/)>

O<r<a

+ CE[(0°N(g:))* (1 + v + G?)].

As in the H' case, the integrals with respect to y of the previous expectations can be bounded
using the Poincaré inequality for the Gaussian measure, the reversibility of the law of V* with
respect to the Gaussian measure, as well as Lemma [3.2.7] Recall that thanks to the reversibil-

ity (3.8),
[ B n@an = [ @y
R2d R2d

Recall that V! = pv;++/1 — p2G where G is a random variable with standard normal distribution.
Hence, for any n € N*,

v =3 ()0 - ARG R < 0 (102

k=0

Similarly we have:

o i2n_2n 2n k k i n—k 2n
Bl = 7 =3 () OBV T < € (14 )

k=0
Therefore, for all v € N*? and n € N*:
/ i P[0 h(gs) )y = / E[V2")|0 h?du < C / (1+2") |0 h[2dp,
R2d R2d R2d

and using Lemma [3:2.7] we get:

/ v |2 E[|8 h(g;)| CZ/ |0k 0" h|*dp.
R2d
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Similarly we have

1 .
/ E[G*"0"h(g:)|")dp = ﬁ/ 0" BI”E[(v; — pVi')*"]dp
R2d (1= p2)" Jpea

<C [ (140")]0"hPdp < O’Z/ 08 0¥ [*dp .
k—0 R2d

R2d

Now bound

[ vt~ wan <2 ([ om0 - s [ e mn2)
R2d R2d R2d

2( E[(V{)2e](h — I, h) Qdu—i—/ o2l (h — 11, h)2dp
]R RQd

C/ 1+u2‘“' h—Hvih) du.

The Poincaré inequality (3.10) and Proposition then yields

lex|

LBk < 0 [ @ an,

for some C' > 0. Similarly we have

/RM E(GH(h(g) — h)*Jdn < 2 (/R E[G*1I(h(g:) — Ty 1)) dp + /

R2d

E[G)(h - nvim?du)

<C </R E[(v; — pVH)21 ) (h — 11, h)?dp +/

RQd
lo
<C / ok h)2du,
kZ:O ]de( ! )

for some constant C' > 0. Putting everything together, we get that for all & € N2¢, there is
C > 0 such that

la—v|
/ [0%, Ly]h[Pdp < C (/ (00, 0%h)%dp+ > Z/ (0% 9 h) ) :
R2d R2d

v<a k=0

(h— Hvim?du)

For any 4 € [0, k] and £ > 0, Young inequality yields

. . . . 1 . .
VLR (L, ViR > <2 [ LV bR
R2d € Jr2d

fC’s/ § |VIVLR|? 4+ |[VEVEF2=iR2 | dp.
R2d .
i<t
1<k+1—3
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To treat the term with derivative V¥l — VAV, write for a € N?

2 «
o2 £ = S 3 (VB [(0hta) ~ o) 25~ (W(e)]

v<ao

so that no derivatives of order k + 2 appear, nor derivatives of the form V**! and we have

lo—v|

/de 105, L5 dp < C/RM >N 0k orh)Pdp.

v<a k=0

Hence, the only derivatives of order k + 2 that appear in [£;, VE*1 — VAV, ]h come from the
term [£7, VAV, ]h that we treated above. Using Young inequality, we get

/ (VEH — VAV h) - (L7, VAL — VAV, Jhdu
R2d

1 S
g [V wkaau-c| [ vivinPd - [ VEVERPd |
8 R2d R2d <k R2d
jgzkjrl—i
which concludes the proof. O

Combining all the commutator terms, we get that for ¢ € [0,k — 1] there exists C' > 0 such
that for all € > 0 small enough

VEVER = £, VEVET T hdy
R2d

1—1
> —9/ \V;Vfﬂ”hFdeC/ |Vi+lvf*ih|2du76‘2/ |VIvE+t2=ip2qy
€ Jr2d R2d =0 R2d

ez / S VLR 4 ViR | g,
R2d

J<i
I<k+1—j
as well as
ViV, b - (L, VEV, Jhdp >
R2d
11 7 k—1 _
—c ( T ) AR TR R A ST ) DY AT
13 n R2d 8 R2d =0 R2d

—cg/ § VIV B+ |[VEV2h|2 | du,
R2d -
j<k
I<k+1—j

and finally
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/ (VEFL _VkV,h) - [£, VEH — VEV, Jhdp
R2d

k k
1 o _ _
> [ IEEReC [ S DLVIkPdu-C [ 3D VIAR + Y [ViViAP
R2d R2d i<k j=0 7=0
J<ktl—i

Thanks to those expressions, we are now able to prove Proposition [3.2.5

Proof of Proposition|3.2.5. The fact that inequality holds for k£ = 1 is proven in Lemma
Let k£ € N, and suppose that inequality holds for such £ and some p;, > 0 and w; ), > 0,
0<i<p<k Fixsomewrt1 >0,0<i<k+1, e >0 small enough so that the previous
formulas for the commutators hold, and choose ) = w41, k+1/Wk k+1. By assumption we have

k+1 p—1
/]R?d I'(h)dp + Z /RM (Z wipLip(h) + Wp,prp,p(h)> dp
p=1

=0

k k
> o (J\fk(h) —|—/ Z |ViVﬁ+1_ih|2du> +/ (Z Wi k1L k1 (h) + Wk+1,k+1rk+1,k+1(h)> du.
R24 520 R2¢ \i=0

By using Proposition the bounds on the commutators and the fact that

D(ViVih) 2 29|V ViR,
D((VET = VaVu)h) = 29|(Vy TV, = VEVOR? > 4|V Vuh[? = 29 VEVERL,
the term or order k + 2 are bounded below by

k k
2y Z Wi k1| VEVET2T R P b ywp 1 o1 [VET V2= (C1427)wir 1,541 | VEVERP—Cre Z Wi k41| VEVET2 0]
i=0 i=0
for some constant C; > 0. We may bound from below the terms of order k+ 1 for € small enough
by

k k 2
] ) 20 ] ] w w
k+1—ip |2 2 k+1—ip |2 k,k+1 k 2 k+1,k+1 k+1 k 2
Pk E [VEVET T h|“— sup  wjp+1— E |VEvEHI=ip 12 Oy —" |VEV b2+ = (VETLVEY B2,
= 0<i<k+1 € = WE1,k+1 8

for some constant Cy > 0. Finally, the term of order at most k£ may be bounded from below by

) R,

<pk _inikwmﬂ —3C3 sup wi,k+1) 5 V. VIh|*,

i i
J< 0<i<h+1 ek

for some constant C3 > 0. Set Cy = max(C1,Cq,C3) (which is independent from e and the
weights w; ;). Now, choose € and w; 41 for i € [1,k + 1] such that

Wht1k+l Y~ Cye
S
Wk, k+1 27+ Cy’

2

e <v/Cys, wigs1 <epp/4Cy, 1 < i< k=1, Wit < + wkk“) < pr/(2Cy)
€ WEk+41,k+1

and

6Cs sup  wipy1 < pr inf wiiq;.
0<i<k+1 i+j<k
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We get

k+1 p—1
[ty [ (Z wipLip(h) + wp,prp,pw)) dy
p=1

=0
k+1 p—1 . k
>muéi@xﬁpwvwzw%wwmmwlmﬁ@+§]wWszw)
p=1 i=0 i=0

for any

17 < min P Dhtlk+l v inf w
o1 FhZRALE+L A
+ 2 ) ) 5 i<kt 1,0+]

As in the H'(u) case, an application of the Poincaré inequality (3.9) yields inequality (3.12)),
which concludes the induction. L

Proof of Theorem[3.2.1] Our goal is to apply Lumer-Phillips theorem to the operator £+ py, /21,
where I denotes the identity operator of H¥. This theorem can be stated as follows: an operator
A on a Hilbert space generates a contraction semi-group if and only if it is maximally dissipative,
see |169, Chapter IX, p.250]. Fix k € N. The scalar product

(f.9)%

k p—1
— . 7 p—1 . 1 p—1 P _ p—1 . P _ p—1
/R _ Jodu+ /R M;(Zw%,,vxvv foViVETig tw,, (VE - VETIY,) £ (V2 - VET1Y,) g) dp

=0

generates a norm equivalent to the usual norm of H k. Proposition and a density argument
yield that the operator £ + px /21, is dissipative:

Vh e D(L), (£ + px/2D)h, h), <O,

where D(L) denote the domain of £ in H* defined by:

feDw»gzﬁf@feHﬂy%Hﬂﬂf

o, -
HkE

We are left to show that £ 4 pI, for some p < pi/2, is surjective. Fix such a p < pi/2. Thanks
to Proposition [3.2.5] we have that

A:(f,9) = (=(L+pD)f,g),

is coercive and continuous from (H k)2 to R for £ > 1. Hence, we may apply Lax-Milgram
theorem to get that for all g € H*, there exists f € H* such that for all h € H*, we have:

(—(L+pI)f, h>Hk' = <_97h>Hk )

which implies that f is a solution to the equation

(L+pD)f =y,

and L+ py /21 is maximally dissipative. Lumer-Phillips Theorem then yields that the semi-group
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generated by £ + pi/2 is a contraction on H*: for all f € H*

N (2 (Pof = () < Ne(f = n(f).
which concludes the proof. O
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Abstract : The convergence of the kinetic Langevin simulated annealing is proven under mild
assumptions on the potential U for slow logarithmic cooling schedules, which widely extends
the scope of the previous results of . Moreover, non-convergence for fast logarithmic and
non-logarithmic cooling schedules is established. The results are based on an adaptation to non-
elliptic non-reversible kinetic settings of a localization/local convergence strategy developed by
Fournier and Tardif in [64] in the overdamped elliptic case, and on precise quantitative high
order Sobolev hypocoercive estimates.

4.1 Introduction and main results

Given a potential U : R? — R, the goal of a simulated annealing procedure is to minimize U
by designing a stochastic process (X;):>0 whose law at time ¢ is close to the probability density

93
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proportional to e~ #V(#)dz, where § : R, — Ry is called the cooling schedule. As 8 goes to
infinity, this probability law concentrates around the global minimizers of U.

The most classical case is based on the overdamped Langevin process:
dX; = -3 VU(X,)dt + V2dB;,

where (By);>0 is a standard Brownian motion on R?. For a fixed 3, the density e~?V(*)dx is
a stationary measure for this process. The idea is thus that, if 8 increases sufficiently slowly,
the law of X; gets and remains close to its instantaneous equilibrium. As a consequence, the
convergence of the simulated annealing algorithm, in the sense of convergence in probability of
U(X;) toward minU as ¢ — 400, is related to the longtime convergence to equilibrium of the
process at a fixed but high #. On the contrary, when 3 goes to infinity too fast, the algorithm is
expected to fail with positive probability, i.e. the law of X; is not expected to be close to e=#V
and U(X;) to converge to min U.

On the other hand, the simulated annealing based on the kinetic Langevin process:

dX,; = v,dt
dY, = —VU(X,)dt — 3,Y;dt + V2dB, .

was studied in [137]. The present work is concerned with the kinetic Langevin simulated anneal-
ing. The contributions with respect to [137] are the following. First, following the method of
|64], the conditions on U are considerably weakened. Notice that, in the kinetic case, it means we
can consider potentials that grow slower than those considered in [137], but also potentials that
grow much faster (arbitrarily fast in fact), while the results of [137] require U(z)/(]z|?> 4+ 1) and
V2U to be bounded. Second, we prove the failure of the algorithm with fast cooling schedule,
which was yet to be established in an hypocoercive case. Indeed, the failure of the overdamped
Langevin simulated annealing is proven in [83] thanks to hypercontractivity results that are not
available for the kinetic process, and the hypocoercive convergence results used in [137] to prove
convergence are too weak to conclude about the failure of the algorithm in the fast cooling case
(see the discussion at the beginning of Section . By proving the non-convergence of the
algorithm under the same condition as in the overdamped case, we make rigorous the heuristic
discussion in [137] according to which the kinetic process does not change the optimal condi-
tion on the cooling schedule. Third, as noted in [31], a technical truncation argument in [137],
required for the rigorous computation of the modified entropy dissipation, is incorrect, and we
have solved this issue (see Section and more precisely Remark .

More precisely, we study the Markov process (Z;)i>0 = (X¢, Y;)i=0 on R?? that solves
dX; = Ydt
(4.1)
dY; = —VU(X;)dt — 7, Yedt + /27,5, "B,

where v : Ry — R, is a friction parameter. We retrieve the settings of [137] with v = ;.
We remark that the extension to Generalized Langevin processes as in [31] would not raise any
particular difficulty, but we don’t consider it for the sake of clarity. We will work under the
following set of assumptions :

Assumption 4.1.1.

o U:R%— R is a C*® potential such that minU = 0, limy| 00 U(x) = 00, and there exists
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ag > 0 such that :
/ e~V ®) gy <« 0.
]Rd

e The cooling schedule B : Ry — Ry is given by

8, = W7 (4.2)

c
for some parameters ¢ > 0 and By > 0.

e The friction v : Ry — Ry is a C' function and there exists k > 0 such that for all t > 0,
Yt = K and v, < ﬁ In particular there exists L such that ¢ < Lf;.

e The critical height c* of U is finite, where c¢* = sup,, ., c(z1,72) and

c(x1,22) = inf {012% UE®)) — U(zy) — U(@)}

where the infimum runs over {& € C ([0,1],R?) ,£(0) = x1,£(1) = x2}.

The condition minU = 0 is imposed for simplicity, it can always be enforced by changing
U to U — minU. The specific form of g is also made for simplicity, since it is known that, in
order to study the convergence in probability for large time for simulated annealing algorithm,
only logarithmic schedules are relevant. In particular, notice that, under Assumption the
time-shifted process (Z4,1+)i>0 for any to > 0 satisfies Assumption with the same U, ¢, x, L
and with Sy replaced by 5y,.

The critical height c* represents the largest energy barrier the process has to cross in order
to go from any local minimum to any global one. In the classical overdamped case, disregarding
the question of the behavior of U at infinity, it is well known that, at least in the case where
the global minimizer of U is unique, the algorithm converges if ¢ > ¢* (slow cooling) and has a
positive probability to fail (i.e. to never visit a global minimum) if ¢ < ¢* (fast cooling). We
retrieve this dichotomy in the kinetic case.

In the slow cooling case, we extend the results of |137]:

Theorem 4.1.1. Under Assumption[[.1.1, assume furthermore that ¢ > c¢*. Then any solution

(Zt)t=0 of satisfies
V50, B(H(Z)> ) 0.

Since H(z,v) = U(z) + |v|?/2, this implies the convergence in probability of X; to the set of
global minimizers of U.

On the other hand, if ¢ < ¢*, then the process might remain stuck in a region that contains
no global minimum of U. In fact, a slightly stronger condition is required. Indeed, it is possible
that ¢* > 0 with all minima of U being global, in which case H(Z;) may go to zero with fast
cooling schedule, while the law of Z; is not close to its local equilibrium. To be more precise, we
need some additional definitions. For z,y € R?, let

o) = nt { o U60) - U o)} (43
where the infimum runs over {5 eC ([0, 1] ,Rd) ,E(0) =2,(1) = y}. We define the depth of
z € R? by

D(z) = inf {é(z,y), y € RY, U(y) < Ulz)}, (4.4)
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U(x)

Xpommmmmeee oo

Figure 4.1: Case with two local non-global minima z and y at the same energy level. If ¢ < b,
then Assumption holds by chosing either Z = z or Z = y and any a € (¢, b). If ¢ € (b, D(z)),
again Assumptio holds with & € {z,y} and any a € (b,D(x)). However, if ¢ = b,
Assumption does not hold with & € {z,y}.

with inf() = co. It is clear that D(z) = 0 if  is not a local minimum of U. For x € R? with
D(z) > 0 and a € (0,D(z)), we define the cup of bottom x and height a (this is the vocabulary
of [80]) as

C(x,a) = {y € R, &(x,y) < a}. (4.5)

We want to discard pathological cases where there are two non-global local minima z, ze with
U(z1) = U(z2), D(x1) = D(z2) > ¢ and ¢(x1, z2) = ¢, see Figure (these cases do not prevent
the result to hold, but the proof doesn’t work directly, see Remark below. Notice that the
problem is not that there are two local minima with the same energy level and depth, which is
a pretty common situation as soon as there are some symmetries in the system; the problem is
that the elevation ¢(x1,x2) between them is ezactly the parameter ¢ chosen by the user in the
cooling schedule which, now, is a very unlikely situation). Hence, we work under the following
condition.

Assumption 4.1.2. Assumption holds and there exist & € R with D(Z) > ¢ and a €
(¢, D(%)) such that for all y € C(Z,a), é(y, &) < c.

Theorem 4.1.2. Under Assumption[{.1.3, for all initial condition such that (X, € C(Z,c)) >0
and all § > 0, the solution of (4.1)) is such that

P(X; € C(Z,c+0) ¥Vt = 0) > 0.

If U has a finite number of minima and a unique global minimum, it is easily seen that there
exists a non-global minimum z such that D(z) = ¢*. More generally, since for all a < D(z) the
minimum value of U over the cup C(Z,a) is U(Z), if there exists a non-global minimum x of U
with depth D(x) > ¢, the previous results implies that, with positive probability, inf;>o U(X;) >
U(Z) > minU. Moreover, even if the probability to start in C(Z, ¢) is initially zero, due to the
controllability of the process, it is positive for all positive times (see e.g. [137, proposition 5]).
As a conclusion, we immediately get the following:

Corollary 4.1.1. Under Assumption[[.1.3, for all initial condition and all ty > 0,

P(U(Xy) = U(&) Vt > tg) > 0.



4.2. Main steps of the proofs 97

Notice that, in practice, one can keep track of X where

s(t) = inf{w € [0,t],U(Xy) = min U(X,)},
w’€[0,t]
so that X,;) may converge to a minimizer of U even if X; does not. However, our results show
that this doesn’t solve the issue of non-convergence for fast cooling schedules.

Remark 4.1.1. In Figure in the case ¢ = b (so that Assumption do not hold) we
cannot deduce from our results that the process stays stuck with positive probability in the cusp
C(z,b) because, for any 6 > 0, C(z,b+ J) contains y (contrary to C(x,b)). In fact it is clear
that the process can stay stuck with positive probability in C(x,b+ ) for any § > 0 (so that the
conclusion of Comllary also holds), but we cannot deduce it from our proof which requires
that the critical depth within the cusp (i.e. for a suitable modification of the potential which only
consider the local situation of this cusp, see Section and Figure is strictly smaller than
¢ (in order to apply a variation of Theorem , while it is exactly b = ¢ in this example. We
refer to [130] where a fine analysis is conducted on a related question on finite graphs.

Finally we address the case of faster than logarithmic cooling schedules. For simplicity we
restrict this study to the case of a constant friction parameter « (although as discussed at the end
of the proof it can be extended to the non-constant case with suitable conditions on v depending
on ). In the following we do not assume that ¢ — f; is increasing, and possibly 8; = 400 for
some ¢.

Theorem 4.1.3. Assume that vy = v is constant, that t € Ry — f; € (0,400] is piecewise
continuous with In(t) = o(B;) as t — +oo, that U € C*®(R?) and that . € R? is a non-
degenerate local minimum of U, i.e. VU (x.) =0 and V2U(z,) > 0. Then there exist C,r > 0
such that, denoting

g =C (e” + sup 1n(s),881> ,

s>t/2

the following holds. For all § > 0 and all initial condition zo = (zq,y0) € R?? with |xo—x.| < §/2,
the solution Z = (X,Y) of (4.1) is such that

P., (| Xt — x| < min(5,+/c¢) Vt > 0) > 0.

The rest of the paper is dedicated to the proofs of Theorems [4.1.1] [4.1.2] and [4.1.3] It
is organised as follows. The main step of the proofs in the logarithmic case are exposed in
Section [4:2] while technical intermediary results are postponed to Sections [I.3] [£.4] and [£5]
More precisely, Section [£.3.1]is dedicated to the proof of a uniform in time energy bound, which
is the main ingredient in the proof that the process goes back infinitely many times to a compact
set. A result of small-time conditional regularization is proven in Section which is used to
replace deterministic initial conditions by smooth distributions (with some quantitative bounds).
Sectionpresents hypocoercivity estimates similar to those of [137], which are used to prove the
convergence of the algorithm in the slow cooling case. In the fast logarithmic cooling case, similar
estimates have to be established in higher order Sobolev norms, which is the topic of Section 4.5
Section is dedicated to the faster than logarithmic case, with the proof of Theorem

4.2 Main steps of the proofs

The sketch of the proofs is the following.
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The first point is to get uniform in time moment estimates. This would classically be
done using Lyapunov arguments, but this would typically require some assumption on VU,
which we want to avoid. We adapt an argument from [64]. From these estimates, we get that
liminf; . H(Z;) is almost surely finite, i.e. there exists a (random) compact set {H < A}
which will be visited infinitely often by the process.

The second step is to prove that, for any A > 0, there exists A’ > A such that, provided
the process is in {H < A} at some time tg, there is a probability at least, say, 1/4, that the
process remains in {H < A’} for all times ¢ > to. This is reminiscent of the study in [83] of
fast cooling schedules, where it is proven that there is a positive probability that, starting in a
potential well of depth larger than ¢, the process never climbs high enough to exit the well (as
in Theorem . We will follow a similar proof, except that we have to check the dependency
of the estimates with respect to ty or, equivalently by taking ¢ty = 0, to 8y. That way, we will
conclude that, each time the process goes below A, it has a probability 1/4 to never go above A’
again so that, if it goes below A infinitely often, eventually it will stay below A’.

Combining the two previous steps, we get that the process is almost surely bounded. It is
thus sufficient to prove the convergence of the process when the position space is a compact
torus, which is then similar to |[137], but without the issue of the behavior of U at infinity.

The strategy for the non-convergence in the fast cooling case is similar to [83], the technical
difficulties coming from the degeneracy of the process. Indeed the estimates used in [137] in the
kinetic case to prove convergence are too weak to get that the process has a positive probability
to stay forever below some energy level. On the other hand the estimates of |[83] are based on
hypercontractivity of elliptic diffusions on compact manifold. We are not aware of similar results
for hypoelliptic diffusions, and thus we overcome this difficulty by working with higher Sobolev
norms.

The faster than logarithmic case is similar and somehow simpler: in that case the process
has a positive probability to converge to (z.,0), it is thus sufficient to linearize VU at this point
and to study the corresponding Gaussian process.

4.2.1 Return to a compact set

Diffusions defined by (4.1]) are time-inhomogeneous Markov processes with generator :
Li=y- Vo= (ny+VoU) - Vy + 78 A,y (4.6)

First, let us check that the process is well-defined.

Proposition 4.2.1. Under Assumption let z9 € R?*:. There exists a unique process
7Z = (X,Y) that solves (4.1)) with Zy = z. It is non-explosive (i.e. defined for all t > 0) and,
forallt >0, E(H(Z:)) < H(zo) + dLt.

Proof. Since the coefficients of the diffusion (4.1)) are all smooth, there is existence and uniqueness
until a time & of explosion. For all z,y € R* and t > 0,

LeH (z,y) = 78; 'd — vilyl* < Ld.
Considering for N € N the stopping time 7y = inf {t > 0; H(Z;) > N}, we get
E(H(Zryat)) < H(z0) + dLt
which implies

H Ldt
(20) + 0,

B(ry <1) = P(H(Zryp) 2 N) < =2 —
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hence £ < 400 almost surely, which concludes. O

The first main point is to to strengthen the energy bound of Proposition £.2.1] to a uniform
in time estimate. For f a probability law or density on R??, we write E ¢ and Py expectations
and probabilities with respect to the process Z solving with initial condition Zy distributed
according to f. If f =6, for some z € R?¢, we write E, and P, instead.

Lemma 4.2.1. Under Assumption there exists b > «q that depends only on U such that
the following holds. Provided By = b then, for any C* probability density fy with compact support,

Bo
supEy, (H(Z)) < © (f,g) * In(Zag)
=0 0 Qo

where

Hﬂo(fo) = /]de fO In (1 + fOeBOH) ) Zan = /RM e—aoH.

The proof is postponed to Section The next result enables the use of Lemma
when the initial condition is not smooth.

Lemma 4.2.2. Under Assumption [{.1.1) with ¢ > ¢*, fit A > 1 and € > 0. Then there exist
t*,b4,CL,C > 0 that do not depend on By such that, for all By > ba and 2y € R24 with
H(z9) < A, the following holds. Writing B = {sup,<,. H(Z;) < A+ 1},

P,,(B)>1—e¢.

Moreover, the law at time t* of the process (4.1) with initial condition Zy = 2o conditioned on
the event B has a density ff. that satisfies

ftc* < Cec’l'*ﬁo]].{HgA_;'_l}.
This is proven in Section The two previous lemmas yield the following.

Proposition 4.2.2. Under Assumption liminf; . H(Z;) < 0o almost surely.

Proof. For t large enough, 3, > b where b > «q is the constant from Lemma Notice
that, for tg > 0, (Ziy4t)t>0 solves except that By is replaced by B;, and < is also time-
shifted. Hence, by the Markov property, without loss of generality, we can assume that 5y > b.
Moreover, by conditioning with respect to the initial condition, it is sufficient to consider the
case of a deterministic initial condition zo € R?<.

Fix ¢ > 0 and A = H(zo). From Lemma[4.2.2] there exist t*,C’ > 0 such that P, (B) > 1—¢
where B = {sup,¢;- H(Z;) < A+ 1}, and such that the law of the process at time t* and
conditioned on B has a density fi < C'lyg<at1y- Let C > 0 and fo be a C* probability
density on R?? with compact support such that C fy > C'l{r<a+1y- Then, denoting by (F)e>o0
the filtration associated with (Z;);>0, by the strong Markov property and Lemma for all
t>0,

Kﬁo (fO) + ln(Zao) )

Beo(H(Zpw44)|B) = Bz (E(H (Zte44) [ Fe+) Bo—on

B) < CEy, (H(Z1)) < C

As a consequence, by Fatou’s Lemma,

E., (limian(Zt)|B) < supE., (H(Z)|B) < o.
t—o0 t>0
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Finally
P,, <lim inf H(Z,) = oo) <P, (B°) + P, (lim inf H(Z) = oo\B) <e,
t—o0 t—o0

which concludes since ¢ is arbitrary. O

4.2.2 Position in a compact set

As in [64], with Proposition m at hand, we can now focus on the behavior of the process
when the position is in a compact set, ignoring the behavior of U at infinity. To this end, we
fix some parameter K > 0, let Lx > 0 be such that {U < K} C [—(Lx — 1), (Lx — 1)]* and
consider the torus My = (R/2LkZ)? (i.e. we consider periodic boundary conditions, which
will be technically simpler than e.g. reflecting boundary conditions). We now define a process
(XE, VX)) on My x R? and a potential UK : My +— R to replace the initial one.

More precisely, write 05 : R% — My the canonical projection and My = ]—LK,LK]HZ7 SO
that My = GK(MK). For a non-negative function V : R? — R, we define the critical height
c¢*(V) with the same definition as ¢* except that U is replaced by V.

Let UK € C>°(R?) be equal to U on some open set Of containing {U < K}, non-negative,
2L g-periodic, and such that ¢, = ¢*(UK) < ¢*. Such a function exists from |64, Notation
9]. We write UX the corresponding function on Mp, given by UX(0x(z)) = UX(z), and
Hic(z,y) = UK (z) + [yl?/2.

Finally, given the same Brownian motion as in (4.1, we consider Z¥ = (X!, Y*) the process
on My x R? that solves

dXf =y at
(4.7)
Ay, = =V, U (Xp)dt — Y dt + /2.5, 1dBy,
with (X£, YE) = (0x(Xo), Yo). Write 7 = inf {t > 0, X; ¢ O }. Then, by design,
(UK(XtK)7YtK)t<TK = (U(Xt)7Y;f)t§-rK- (4.8)

For 8 > 0, write ,ué( the probability measure on My x R¢ with density proportional to e~ #Hx

Lemma 4.2.3. Fiz 6, > 0. There exists C' > 0 such that for all 8 > 0,
,uff (Hg > 6) < Ce PO,

Proof. For completeness, we recall the short proof of |137] section 3.1]. First,

/ e Pk (2)q, > / e Bk (2)q, > e P/C,
MK xRa {HKga}

for some constant C' > 0 because {H* < a} is compact. Likewise, {6 < HX <&+ [y|} is
compact and

/ e*BHK(Z)dzgf e*ﬁHK(Z)der/ e PHKr(E)
{HK >0} {0<HK<O+|yl} {Hk>0+yl}

L e B (C +C elydy)
Rd

for some C > 0. The ratio of those two inequalities concludes the proof. O



4.2. Main steps of the proofs 101

The goal of this section is to prove a similar result but with the law of ZK instead of ,ug ,
with an explicit dependency of the constants in term of 3y.

Denote by fX the law of ZX. Since VUX and its derivatives are all bounded, if f; is smooth,
sois fi is for all t > 0 (see Section for details). Consider the relative density hf = ftK/ugr
We start with a uniform in time quantitative bound of the norm of A in L2 (,ugt ), for nice

initial conditions.

Proposition 4.2.3. Under Assumption with ¢ > c*, let K > 1. There emists by > 0,
which depends on U and K, such that, if By > bx and fo € C*° (Mg x RY) with compact support,
then for all t > 0

/ (hE) dpls
My xRd ¢
s /M -y (’(Vr + VOREL + 44/75 Bo(IV2UX e + 1+ 70)? (h{f)2> ks
K X

The proof of this proposition is postponed to Section [£.4}

Lemma 4.2.4. Under Assumption with ¢ > ¢*, fit A > 1, ¢ = 1/4 and consider
B,CY,ba,t* as in Lemma Set DA = 2C% + A+4+4c and Ky = Das+ 1. There
exist C4 > 0 and by > by that do not depend on By such that, for all By > by and z € R24 with

H(z0) < A, we have that, P.,-a.s., supycpo 4] Hrc s (Zt ) 1 < D4, and for allt >0

Ca
P, (Hi, (754:) > Da| B) < o
Proof. The first point is clear since, by definition of B, supjy ;-] Hr 4 (ZEM15 < A41< Dy

In the rest of the proof we denote by C different constants.

Let us introduce a function which will serve as a new initial condition. Let vy and wg be
respectively the volumes of {H < A+ 1} and {H < A+ 2} in Mg x R?, and fo € C* be such
that (204) 'Lig<at1y < fo < 2(wa) 'L{g<ay2y. Notice that fo does not depend on Sy, and
that V fy is bounded since fj is smooth on a compact set. As in the proof of Lemma from
Lemma, and the strong Markov property,

P (1, (751) > Da | 8) < acuhom, (1, (745 > D).

where ZK4:8 is a process similar to ZX4 except that 8y has been replaced by B+ and (v;)i>0
by (Yt+¢+)i>0. Denote by h; the relative density of the law of ZKA’ﬁt
By the Cauchy-Schwartz inequality,

Pfo (HKA (ZtKA,ﬂﬁ> > DA) = /{H . }hrdufiit*
Ky2Da

) \//Rdxmd Mﬁwt* \/'uﬁtH* > Da). (4.9)

For the second term, applying Lemma [£.2.3| with o = 1,

with respect to ,u?fit*.

S (Hiey > D) < ComPon 4.
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For the first term, Proposition [£.2.3] applies if 8y > bx,, which yields

*\ 2 Ka
/MKde ()" dies ..

SR N (G2 Ao
MKXR

<ot | s

Hi, <A+2} Hgla (2)

V20K o+ 14 720)? (h:;f) dpifa

for some C > 0 that does not depend on [y, where we used Assumption that £ = fo,
h = fOK/ugo, and a uniform bound on fy and V fy. For any 8 > 1, using that e=BUMA (@) 1,

/ e U@ dr < (2L, ) and  Zg / e Maldz < (2V2r L, )",
MKA M

KAXRd

for all 8 > 0. Hence,

5
/ (h})’ dpfi? . < CB 2y, / P Hia (D) dy < (Vefer (A+3)
Mg , xR {HKA <A+2}

Everything put together gives, if 8y > max(1,bx,,b4), using the monotonicity of ¢t — [, we
conclude with

1 C
P (HKA (thi?*) > Dy ’ B) < Ce*§5¢*+t(DA7172C,147A73) < Ce—Qth = 7(60[30 n t)Q'

In fact, a similar proof already yields the convergence of the kinetic annealing on the compact
torus:

Proposition 4.2.4. Under Assumption with ¢ > ¢*, for all K > 1 and § > 0,

P(Hy(ZK) > 6) 0

Proof. As in the proof of Proposition [£.2.2] by the Markov property, without loss of generality
we assume that 8y > by and that the initial condition is a Dirac mass at some zg € Mg x R<.
Fix e > 0, let A = H(zp) and, from Lemma (applied to the process ZX rather than Z,
the proof is the same) let ¢y, C' > 0 be such that the event B = {Vt € [0,to], H(ZX) < A+ 1}
has a probability larger than 1 — ¢ and the law of Z¥ conditioned on B has a density f£ <
C'l{p<at1y- Let C > 0 and fo be a smooth probability density on My x R? with compact
support such that C’IL{HK<A+1} < Cfy. We then have:

P (Hi(20) > 0| B) =E (B (Hx(25,,) > 6 | F,) | B) < OBy, (Hic(Z) > o) .
where Z is a process similar to Z%4 except that 3y has been replaced by 3;, and 7 has been time-
h

shifted. Denoting by f; the law of Z, (with initial condition fy), Proposition |4.2.3| means that
t || fe/ ,uéi . ll L2 pE s bounded. As in the previous proof, applying the Cauchy-Schwartz
trt t+tg
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inequality and Lemma with o = §/2 then yields :

)

5 _ Btd
B3, (Hi(Z) > 6) <Cpfi,, (Hi >0) < Ce™F 0.
As a consequence,

limsup P(Hg (Z{) > 6) < P (B°) +limsupP (Hg (Z{) > 6 | B) <

t—o0 t—o0

which concludes since € is arbitrary. O

4.2.3 Localization and convergence

Building upon the results of the previous section, we can now prove the following.

Proposition 4.2.5. Under Assumption [{.1.1] with ¢ > ¢*, fix some A > 1. There exist by > 1,
K4 > A which depends on A, U, ¢, and k but not By such that, for all By = ba and all initial
condition zy € {H < A},

4>\H

P., (SupH(Zt) KA)
>0

Proof. It is enough to show the same result for the process Z%4 since, from (4.§)),

{supH(Zt) < KA}

t>0

= {sgp H(Zy) < Ka, (US(XF), Y 1, = (UK, Ye) sy TiA = oo}
t=0

= {SupHKA(ZtKA) < Ka, (UK<X1‘/KA)7YtKA)t<TKA = (U(Xt>7Y;5)tSTKA’TKA = OO}

t>0

{supHKA(Z 4) < KA}
t>0

We use the definitions and notations of Lemma[i.2.4] Let ¥4 € C*(Ry, [0,1]) equal to 0 outside
of [Da, K 4] and such that ¥ 4 (DA+KA) =1, and let &4 = ¥4 0 H¥4. Then, there exists C > 0,
independent of 3, such that, for all ¢ > 0, \Lt<I>A| <C(1+ ’yt)]l{HKA >Da}

Recall the definition B = {sup,¢,. H(Z;) < A+ 1}. From Ito’s formula,
® 4 (Zm*) 1s = (M, + R 15

where M, is a local martingale and R; = ftt* Ls®A(ZEA4)ds. We then get that for By >V,

= (supita) < 700208 (1 (0 o0 | B) 0
<c/oo(1+1;55) (H (zﬁg*) > Da ] 5) ds

o cBo
C/ 1+ Lln(eo +t) ds
ecﬁo +1)2
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We take (y large enough to get that, by Markov’s inequality, P(|B) > 3/4, where & =
{sup;>¢|Re| <1/10}. Now,

EQBﬂ{supHKA(ZtKA) >KA} C EﬂBﬂ{suth > 190} ,

t=0 t>0

so that

¢ (ot (2) > K

t>0

19
<P(E° - - = .
B) <P(E |B)+P(5,Mt up-crosses [10710} ‘B)

Consider the stopping time

1 11

Then M;,, is a bounded local martingale, hence a martingale. Moreover, since ® 4 takes values
in [0,1], My = Min, for all ¢ > 0 on €N B. By Doob’s up-crossing inequality, for any T' > 0, the
probability that M; up-crosses [1/10,9/10] before time 7" is bounded by E(Mrae — 15)/(8/10) <

i. As a consequence,
1 9 1
P M; up- —, — < -,
(5, + Up-crosses [10, 10} ‘ B) 1

As a conclusion,

(s, () 2

t>0

1
<P (B +PEB)+P (5, M up-crosses [1 9] ’ B) <

As announced, combining this result with Proposition [£.2.2] yields the following.
Proposition 4.2.6. Under Assumption with ¢ > c*, almost surely, sup;~q H(Z;) < +00.

Proof. For A > 0, let
4 = {limian(Zt) < A}.
t—o0

It is sufficient to show that, for all A > 0, (Z,);>¢ is bounded on § 4 since, from Proposition[4.2.2]
]P’(UA>OQA) = 1. Hence, we fix A>0.

Let ba, K4 be as in Proposition [£.2.5]and Sy = t4 where t4 satisfies 3;, > ba. By induction,
for k € N, define T}, = inf {t > Si; H(Z;) < A} and Si4q1 = inf {t > Ty; H(Z;) > Ka}. From
Proposition and the Markov property,

P(Sk_H < OO|Sk < OO) = P(Sk_H <00, T < OO|Sk < OO)

3
= E(1n<ooP(Sk+1 < 00l F1,)[Sk < 00) < 7,
where we used that S, > 8:, > ba for all k € N. This implies that a.s. there exists J € N such
that S; = co. On Q4, T is finite and sup,>r, H(Z;) < Ka, which concludes. O

We can now finally prove Theorem
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Proof of Theorem[/.1.1] Let ¢ > 0 and, thanks to Proposition let K > 1 be such that
P (sup;so H(Z:) > K) < e. Using Proposition for t > 0,

P(H(Z) > ) < €+}P’(supH(Zt) < K;H(Zy) > 5)

t>0

:5+P(supHK (ZtK) < K Hg (ZtK) >‘S>
20

<e+P(Hk (Zf) >0) — e

t——+oo

As a consequence, limsup,_,. P (H (Z;) > ¢) < ¢ for all € > 0, which concludes. O

4.2.4 Full process on a compact space

One of the main point of the proof of Theorem [£.1.2]is essentially to get something of the form

vé > 0, P,, (supH(Zt) <C+5) >0
>0

for suitable initial conditions zy. First, let us highlight some of the difficulties in order to motivate
the rest of this section. Refining the proof of Proposition we would obtain a similar result
but with ¢ replaced by 4c. The factor 4 is due to two things. First, in Lemma [{.2:4] we prove
a bound of order 1/t while the proof of Proposition in fact only requires an integrable
bound, i.e. 1/t'*? for any § > 0 is enough. The second factor 2 is lost when the Cauchy-
Schwartz inequality is used in . To solve this, the Cauchy-Schwartz inequality has to be
replaced by the Holder inequality, which means the L? estimate of Proposition is not
sufficient and we need LP estimates for all p > 2, or even better, L™ estimates (besides, in [137],
the convergence is stated in relative entropy, which is weaker than L? for any p > 1, which is why
we said in the introduction that these results were not sufficient to conclude in the fast cooling
case). In fact in the elliptic case the proof of [83] relies on L> bounds. In order to get such
bounds in an hypocoercive case, we will work with H*-Sobolev norms for k > 1, as in the work
[170] of Zhang, and then use Sobolev embeddings. This should be done with a correct control
of the dependency in time of the constants, and to do so it is convenient to work with a process
(both position and velocity) in a compact manifold. This is done by replacing the Hamiltonian
H(z,y) =U(x)+ |y|?/2 by Hg(z,y) = UK (2) + W(y) where W is some periodic potential with
W (y) = |y|?/2 below some threshold. This raises an issue in the dissipation of the hypocoercive
modified entropy. Indeed, in the modified H!'-norm of Villani (and similarly in the modified
H*-norm of Zhang), the key point is that the missing coercivity in x is recovered through a term

Vah - [Vy,yVal h = |V h[?

where [A, B = AB — BA stands for the commutator of A and B. When H is replaced by H,
this term becomes
Vah - [Vy, VW(y)Vi] h =V h - V2WV,h

which is negative at maxima of W. For this reason, and since anyway we are not really interested
in the process above some energy threshold, we will add some Brownian noise in the position
variable where W (y) # |y|?/2.

As a conclusion, for these reasons, in this section, we consider a process Z¥ = (XX YK ) on
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_
C(x,a)

Figure 4.2: Construction of UX from U, with & chosen so that ¢*(U) = D(Z).

a periodic torus M3 solution of

dXE = vw(YS)dt — o(V,) VUE(X[)dt + 1/ 20(YV;F) 3, 1 dB;

(4.10)
Ay = VUK (XE)dt — v VW (Y,)dt + /273, *dB;
where B is as in (4.1)), B is another independent d-dimensional Brownian motion, and o, W and
UX are 2L g-periodic non-negative functions on R? (with My = (R/2LxZ)?). The term o VU
has been added so that, for fixed ~, 5, this new process admits the explicit stationary measure

’u? o e—ﬁHK(:c,y)dxdy

that satisfies a Poincaré¢ inequality (see Section [4.5). Here and in all this section, when there is
no ambiguity we identify 2L x-periodic functions on R¢ and functions on Mg. Let us now give
the precise definition of Lg, o, W and UX.

In all thib bection we consider fixed U € C®(RY), ﬂ 7 € R? and a > 0 satisfying As-
sumption 2l Setting K = a + 1, similarly to Section we fix some Lg > V2K + 2 large
enough so that C(#,a) C [~Lx + 1,Lg — 1]4. We con51der a non-negative UK € C> (M)
with ¢*(UX) < ¢ and such that, seen as a periodic function on R, UK (z) = U(x) — U(%)
for all z € C(%,a). Such a function exists: indeed, since ¢ is continuous, C(Z,a) is a com-
pact set, and then, under Assumption sup{é(y, z),y € C(Z,a)} < c¢. We can thus choose
0 € (0,a — ¢) small enough so that sup{é(y,Z) : y € C(Z,a)} + 2§ < ¢ and, using that the
boundary of C(Z,a) is in {U = U(Z) + a}, we let UX be any C> potential on [—Lg, Lk]?
with UX(z) = U(x) — U(Z) on C(%,a), UX(2) € [a — §,a + 8] for z € [~Lx, Lx]?\ C(Z,a)
with UX(z) = a for all # € [~Lg,Lx|?\ [~Lx + 1/2, L + 1/2] so that we can extend it to
a 2Lg-periodic C* potential on R?. The fact that ¢*(UX) < c is straightforward since a path
from any y € [~Lg, Lx]? to & can be obtained by a straight line from y to some y, € C(%,a)
with ¢(y,y«) < 2d and then a path to Z, where Assumption is used. See Figure for an
illustration of the construction of UX.

Concerning the new potential W for the velocity, first, write n = v2K +1 and m = v2K +2.
Then, fix some 2Lg-periodic Wi € C*(R,R) such that for all s € [-m,m], Wi(s) = s2/2, W,
is symmetric on [—Lg, Lk], and increasing on [0, Lx|. For y € [fLK,LK]d, we set W(y) =

2?21 Wi (y:)-
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Similarly, fix some 2L g-periodic non-negative ¢ € C*(R% R, ) with ¢%(y) = 0 for y €
[-n,n]?, 0%(y) = o for y € [~ Lk, Lk|*\ [-m, m]¢ for some constant ¢ > 0, and |Vo?|? < Co°

for some C > 0. Set o = ro® where r > 0 is chosen small enough that | Vo« ||VUE o < 3

and |Vo|? < o.
The useful properties of W and ¢ can be summarized as follows :

Lemma 4.2.5. o Seeing W as a periodic function from R¢ to R, there exists m € (V2K , Li)
such that W (y) = |y|2/2 for all y € [—m,m]".

o On Mg, W has a unique local minimum, which is global.

o There exist n € (vV2K,m) and 0. > 0 such that, seeing o as a periodic function from RY

to Ry, o(y) = o4 for ally € [~Li, Lx]*\ [-m,m]* and o(y) = 0 for all y € [-n,n]".

o o satisfies | Vo oo |[ VU oo < 1/2 and |Vo(y)|* < o(y) for ally € Mk.
We write Hy (z,y) = UK (z) + W (y),
M ={y € Mg;V*W(y) = Ia}

and notice that, by construction, for y € My \ M, o(y) = o.. Moreover, if |y|*/2 < K then
W(y) = [yl*/2 and o(y) = 0.

By construction of UX, W and o, if we consider Z and Z¥ the solutions respectively of
and with the same initial condition in C(Z,¢) and the same Brownian motion B, then
H(Z)) = Hg(ZE) for all t < 7 :=inf{s > 0, H(Z;) > a}. In particular, for § > 0 small enough
so that ¢+ 6 < inf{UX (z),x € [~Lg, Lx]|*\ C(Z,a)},

{Hr(ZF) < c+ 8Vt = 0} C {X; € C(F,¢+6) Vt = 0}, (4.11)

which means we are lead to prove that the left hand side has a positive probability.
Denote by f& the law of the solution of (4.10)), write ,ug = Zé(_le*BHK(z)dz where Zé{

makes uf; a probability measure, and let b = 5/ uf{ . Similarly to Section the key point
is the following estimate, proven in Section [£.5]

Proposition 4.2.7. Let f& € C°(My x M). Under Assumption t > ||hE ]| o is bounded.

Lemma 4.2.6. Under Assumption for all probability density f& € C(My x M) and
6 > 0, there exists C' > 0 such that for all t > 0,
C

K

Proof. Applying Proposition fort >0

P (Hg (Z{<)>c+5):/ hi*dus,
C

<sup [[AE ||ooptS (Hx > c+0) < ————
S)Igll s |lootts, (Hx ) 1005

for some C > 0, where we used Lemma with a = §/2. O
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Lemma 4.2.7. Under Assumptwn for all probability density f& € C°(My x M) and
6 > 0, there exists t, > 1 such that

Pyx (supHK(ZtK) < c+6> >0

t>ty

Proof. Tt is enough to show the result for § satisfying ¢ + § < a. Let B the event {H(Z;,) < c}.
Let ¢x : R+ [0,1] be a C2° function equal to zero outside of [c + %, ¢+ 6+ 1] such that ¥ < 1
on [c—i— %,0—1—5[ and Y (c+d) =1 and write Ui = g o Hg. We have :

{supH(ZtK) <c+5} = {sup\IlK (Z ) < 1}
t>ty, t>ty

There exists some constant C' > 0 such that |[LUg| < C(1 4+ ﬁt)]l{HK>c+%}, and from Ito’s

formula we can write :

o (2K, )15 = (M, + R 15
where R, = [} LU (ZK)ds, and if t, > to

E(supRtHlB) <C’ 1—|—65 ( )sets B) ds
t>t, / t2
<C 1—#6S < c+|B)ds
< C/ %ds
t (L4t)Fse

where the constant C' depends only on UX and its derivative, but not on #,. Since (1 + In(1 +
t))/(14t)'+5¢ is integrable, we can take ¢, great enough so that the event E = {sup;>y, R < 15}
has probability at least %. On E N B, M; takes value in [—1—10, ﬁ} because 0 < ¥4 < 1. Using
Doob’s up-crossing inequality as in the proof of Lemma we get that the probability of Wy

going to 1 knowing B is less then % We conclude by :

P (supHKA(ZtKA) <c+ 5) >P(B) x P (supHKA(ZtKA) <c+é ‘ B) > 0.
t>0 t>0

4.2.5 Non-convergence with fast cooling schedules

We are now ready to prove Theorem [£.1.2] In this section, Assumption [£.1.2]is enforced and we
use the definitions and notations of Section [£.2.4]

We start with a result on the position of the process for small times, as well as a Doeblin-like
condition, which will be proven in Section [£.3:2]:

Lemma 4.2.8. For allt,6 > 0, write :

B, = {X, € C(Z,c+06) Vs € [0,1]}.
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Then, for all zo = (z0,y0) with xg € C(Z,¢), Py, (By) > 0, and more precisely for all compact set
K included in the interior of C(Z,c+ §) x R%, there exists € > 0 such that

P, (B, Zz€-)2el(-NK),
where £ stands for the Lebesgue measure.

Proof of Theorem[/.1.2 By conditioning on the initial condition, it is sufficient to prove the
result with a fixed initial condition zo = (g, y0) with 2o € C(&,¢). Moreover it is sufficient
to prove the result for § > 0 small enough. We consider a fixed § > 0 such that ¢+ <
inf{UX(z),z € [~Lk,Lk]?\ C(Z,a)} < a, which means holds and {UX < ¢+ 6} =
C(&,c+ 8) (seeing {UX < ¢+ 8} as a subset of [~ Lk, Lx]|?).

Let fi € C°(Myg x Mg) a probability density and ¢, > 0 as in Lemma applied with
0/2 instead of § such that:

Pyx <sup Hy (ZF) < c+5/2) > 0.

t>tp

In other words, denoting by f the law at time ¢, of the process solution to equation (4.10) with
initial condition f& and conditioned to {H*(Z;,) < ¢+ 6/2}, and (Z%:%);5¢ the solution to
equation (4.10) with initial condition f at time ¢y,

P; (sup Hy (ZI") < c+6/2) > 0.
I \izo0

Let B, be as in Lemma From Lemma and the fact f has a bounded density on its
support { HX < ¢+ 6/2} (which we see as a subset of [~ Ly, Lx]??), there exists ¢ > 0 such that

P., (B, Zi, €-) > f.
Finally, thanks to (4.11), we conclude that
P, (X: € C(Z,c+ )Vt =2 0) =P, (By,, Xt € C(Z,c+0) Vt = t)

> ePj (supH(ZtK’t”) <c+ 5) > 0.

t>0

4.3 Auxiliary results

4.3.1 Uniform energy bounds

This section is dedicated to the proof of Lemma[4.2.1] First, we consider a family of approxima-
tion functions 7, € C° for m > 1 in order to justify some PDE computations below. Let

D(s) =4 €71/ e 1du fors € (~1,1)
(s) { 0 for s e R\ (—1,1)
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and, for m > 1, ®,,(s) = ®(s/m)/m, v = 1(_oo m2] * Py, where * denotes the convolution, and
finally, for z € Rgd,
N (2) = v (In(H(2) + 1)) .

Proposition 4.3.1. Assume U — 400 at infinity and VU is bounded.
e Forallm > 1, n,, € C*(R%), has a compact support, and satisfies 0 < 1, < 1.
e Forall z€ R* n,(z) =1 as m — oco.
e There exists C > 0 such that Lin, < CB:/m and |Vn,| < CB:/m for allm > 1

Proof. This is |31, Lemma 4]. O

Proof of Lemma[{.2.1 We first show the result when VU and its derivative are bounded, the
general case being then obtained by approximating U.

Hence, suppose for now that VU and its derivative are bounded. In this case, it can be shown
that the law of the process at time t admits a bounded density f; such that (¢, 2) — fi(z) €
C> (R4 x R?%), see the proof of Lemma Define g;(2) = fi(2)ePt*) and u(t) = E (H(Z,)).
Since f and U are smooth, so is g. Con51der

N(t) = /]R?d g:(2)In (1 + g:(2)) e BH () g,

From the inequality In(1 + z) < In(z) + 1/z for all z > 0,

N < [ fu2) n(fuz)dedy + BEEH(Z)) + / e PHE,
R2d R2d

Since f; is bounded on [0,7] x R?¢, and is in L*(dz) for all t > 0, t = [g.a feIn(f) is locally
bounded and so is N(t). In order to differentiate N, we introduce for m > 1 the approximation

Na)) = [ (Do) n (14 gu(z)) O

Integrating by parts, we see that the dual of the generator L; in L?(e= %) is

Ly =~y -Vo+ (—ny + VoU) - Vy + 38, 1A, (4.12)

Since f; solves 0,f; = L; (f eBel )6_6' g+ solves Oygr = PiHg: + Ligi. Using that 7, is
compactly supported for all m > 1, we can differentiate

Ny, (t) = /de Nm ( — BiHgiIn(1 + g )e P + 9,9, In(1 + gt)e_ﬁtH + Drgre™ M )

1+ gt
_ gt —BiH —BH
In(1 + 4+ —= + B H
/]Rz'l nm tgt (n( gt) 1 gt) € / 77m1 t11€e

Now, using that g; > 0,

2
/ hm Y e P <l fH = But).
R2d + gt R2d
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Consider the carré du champ operator I'; associated to L; given by
1 * * * _
Le(g1,92) = 5 (Li(9192) — 92Li (91) — 91L7(92)) = b, V91 Vygo (4.13)

for smooth g1, g2, and Ty(g) := I's(g,g). Using that e 5+ is invariant for L} so that

/ L} ge Pl =
for all smooth g and the diffusion property

Li(¢(9)) = ¢'(9)L;(9) + ¢"(9)T+(9)

for any smooth ¢, we get

* gt —B+H
mL In(1 — ¢
oo (s 00+ 25

:/ L3 g1 (ln(l + 90+ T )GM - / Li (tmge In(1 + ge))e >
R2d + g: R2d

1 1
= L + e Pl _ / L (nm)ge In(1 + e BeH
/Rdedn ¢(gt) <1+gt (1+gt)2> - (M) ge In(1 + gy)

— 2/ Tt(Mm, g¢ In(1 —i—gt))e_ﬁ‘H.
R2d

The first term is negative (since 7,,I';(g¢) = 0) and the others are bounded as follows:

—/ L (1m)ge In(1 + g)e P — 2 L, g¢ In(1 + g¢))e 7 H
R4 x R4 R2 x R4

- / MLy (g In(1+ go))e P H
Rd xRd
— / Li(nm)ge In(1 + gt)e_ﬂtdedy
R4 xR4
C
<Dy (t)
m

thanks to Proposition We conclude that for all m > 1,0 < s < t:

OB, N (r)dr.

m

Non(t) — N (5) < / Blu(r) +

By the monotone convergence theorem, N,,(t) — N(t) as m — oo, hence :

N(t)— N(s) < / Brau(r)dr.

On the other hand, from the variational formula for the entropy:

ftlnft:max{/ Jtlng; QZRQdHRJm/ 9:1}»
]R2d R2d ]RQd
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we get with go = e /Z, . where Z,, = [eH,

N 2 Aat)+ [ g B0+ [ Fingo = (5= ao)ult) ~In(Za,).

As a consequence, writing ¢(t) = N(t) + In(Z,,) for t > 0,

B(t) < ¢(0) +/0 b o(s)ds.

Bs_aO

Then Gronwall’s lemma gives ¢(t) < ¢(O)% and using again that u(t) < ¢(¢)/(Bt — ao)
concludes the proof in the case where VU and all its derivatives are bounded.

Let us now consider the general case, without any assumption on VU. For n large enough,
we fix some U, € C>(R?) equal to U on B(0,n), to |z| outside of B(0,n + 1) and such that
for all z € RY, U, (x) = min(U(z), |z|) — 1. Let (Z])is0 = (X7, Y;")i>0 be the diffusion defined
by Equation where U is replaced by U, and starting from the same initial distribution
fo. By design, Z; and Z' are equal up to the time 7, = inf {t > 0;|X;| > n}. As Z does not
explode in finite time, lim,, 7,, = oo and, for all ¢ > 0, lim,, H,,(Z}*) = H(Z;) almost surely, where
H,(z,y) = U,(z) + |y|*/2. By Fatou’s lemma, for all ¢ > 0,

fo.n In(Zn
E(H(Z,)) = E (hmiann(Zf)) < liminf E(H,,(27)) < liminf o) + 1(Za,)

n—00 n—o00 n—00 Bo — g

where k70" (fy) is define as k%0 (fy) but with U replaced by U,. Now, since fy is compactly
supported, %07 (fy) is independent of n for n large enough. Finally, using that e=%Un(®) <
e‘lo(e*”‘(’U(z) + 67“‘"“)7 we can apply the Dominated Convergence Theorem to get that Z/ —
Zq, s n — 00, which concludes.

O

4.3.2 Small time regularisation

Proof of Lemma[[.2.3 Tt is enough to show the first point for VU bounded. Indeed, for all U

equal to U on {U < A+ 1}, and (Z)>0 the corresponding process, we have the equality

{Sup H(Z) < A+ 1} = {Sup H(Z) < A+ 1}.

t<t* t<t*

We only need a bound on sup, ;- |Y; — yo| because :

sup |U(X¢) — U(zo)| < [|VU||oot” sup Yyl
<t

<t

t t
Y, = e Joeds (yo+ / VU(X,)elo mdugs 4 / \/2vs85 telo Wd“st> ,
0 0

sup [Ys| < |yo| + [VU[|oot + sup W],
s<t s<t

From

we get
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where W; = e~ Jo vsds fot \/2wsﬂ;16fos vwdtdB. . Since (Wi)oi<i is a L?-martingale, Doob’s
inequality implies

t
E ( sup |W5|2) SAE(W?) = e 2o 'Y'*ds/ 2,85 e o 1duds < 8Lt

0<s<t 0

Now we can take ¢} such that t][|VU||oc + sup,<;: Wi < ﬁ with probability larger than 1 —e.

Thus, with probability at least 1 — ¢, we have :

11
Y2 <lyol?+ = + ——.
tS;ltI;I t1” < |yol t1t 3

Since A > 1, this is less than [yo|* + 3 and we write t3 =t} A (2]|VU||oo /1 + [y0[?) "

For the second point, fix some t* < t5 and let, for t < t*, (X;,Y;) be the solution of the

system B B
dX; =Yidt

dY; = \/2v.6; 'dB,
(Xo,Y0) = (z0,%0),
let

R
0 VI

and Q = eNee=3(N) i« P Tto’s formula gives for t < t* :

Ny =

(VU(X.) +7.Y,) dB,

Bt > Vt o Bo Yo
g Yo (VUK + 50 = 5y (VU (o) + o)
t / /
_ ﬂs v 12 S Vv ¥ Vs ﬁs’ys Y % ﬂs
= Nt+/0 (Q%AU(XS)IYSI T g Yo (VUK + 5% = 5% - VUKL + 7 ) ds.

(4.14)

Using 3’ < cand B < Sy + %, we then get 15N < C(By + 1) where C is independent from Sy
and v and depends only on sup;ycay1y VU], supgpcagry [AU|, £ and c.

Girsanov’s theorem yields that, under the change of probability P — Q, (Xt,ﬁ)tgt* is a
solution to the original Equation (4.1) and, for all ¢ > 0, t < t*,

E(¢(Xy, Yi)1g) = E(eN 2N (X, V) 15) < CeCaBotDE(¢(X,, V) 15) .

It only remains to show that (X, ;) has a density bounded by some e“#0. As a Gaussian process,
the density of (X, Y;) is bounded by (27)~%?2/ det(Qq) where Qq is the covariance matrix of the
process at time t*. By independence, det(Qq) = (det(Q1))?, and a straightforward computation
yields

t* t* s t* s 2
det(@4) = 8/ %ﬂglds/ (t* — s)/ Yu By tduds — 4 (/ / ’yu,Bulduds>
0 0 0 o Jo

Now, let @, A > 1 be such that wA? < 4/3 and take ¢t* small enough (depending only on ¢ and
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k) so that uniformly in 5y > 1
Bo < B <wfp and A1y < e < Mo.
This choice ensures

3w
and thus the result. O

det(Qy) > w51t (4 - )\2>

Proof of Lemma[f.2.8 The first part follows from the controlability of the process, see [137,
proposition 5]. The second part follows from the fact the distribution of the process killed when
it leaves C(Z, c+6) x R? solves a parabolic hypoelliptic Dirichhet problem, hence has a continuous
positive density. In fact, in the time-homogeneous case, this is exactly [109, Theorem 2.20|. In
our time-inhomogeneous case, we can proceed as follows. First, for some A’ > max(|yo|, A) large
enough, consider D the interior of C(Z,c+ 0} x [-A’, A’] and 7 = inf{s > 0, Z, ¢ D}. Then, for
all ¢ > 0,
on (Bt; Zy € ) = ]on (T >t Zy € ) = p?(z()a ) .

It is well-known that pP solves a parabolic equation with generator L; on D. Since L; is hy-
poelliptic, ptD(zo, -) has a continuous density. Finally, the coefficients of L; being smooth and
bounded on D, pP(zg,-) being not identically zero and the process being controllable, we can
use the strong maximum principle of [155, Theorem 6.1] to deduce that pP (2, -) cannot take the
value 0 in D. As a continuous positive function, pP(zo, ) is thus lower bounded by a positive
constant over any compact subset of D, which concludes. O

4.4  L?’-hypocoercivity

In this section we use the definitions and notations of Section [£.2.2]

The hypocoercivity issue arises in the proof of Proposition[£.2.3|when computing the evolution
of the L2mnorm of hX. In the standard elliptic case, as in |83], one would simply differentiate
this quantity and concludes with a Poincaré inequality of the form :

/(h— /hdu)gdu < C/F(h)du

where I' is the carré du champ associated to the process. However, in the kinetic case, as we
saw in , Tu(f) = wby 1|Vy f|?, which means such an inequality cannot hold since, for non-
constant functions of x, the left hand side is positive while the right hand side vanishes. For this
reason, we work with a modified norm as in [163].

More precisely, at a formal level, the proof of Proposition [£:2.3] is the following: writing

¢1(h) = |(Va + Vy)h|? + och? with oy = 3+ 24/7; ' Be(1+ || VU || + 7¢)?, we introduce

2
N(t) :/ ¢ (b = 1) dus . I(t) :/ |Vhi|" duf .
MK xR4 MK xR4
Differentiating N, one can (formally) check that

N/(t) < —51(0) + CBI0+ BN (1)
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for some constant C' > 0, the definition of N being motivated by the —I term in this inequality.
Using a Poincaré inequality for ,ufft (with the full gradient rather than I';) with a constant A(5;)

that scales as 1/t¢/¢ > B3, we get that N'(t) < 0 for ¢ large enough (or equivalently for all
t > 0if By is large enough), hence N is bounded. We conclude the proof of Proposition by
bounding R

”htHLz(#Bt) <1+ ||ht — 1||L2(#Bt) <1+ 2N(t> .

In the remainder of this section, this formal proof is made rigorous and we give the details of
the computations.

Remark 4.4.1. The proof of [137] is based on a similar argument but, as mentioned in the
introduction, and as noticed by the authors of [31|], it contains an error. The problem occurs
when it comes to justify rigorously the derivation of N. In [137], a compactly-supported truncation
function is added within the integral. This leads to additionnal terms in 8, N. One of these terms
is said to be non-positive in (137, Lemma 16], which is false (there is a sign error). In [31],
the authors add a small elliptic term to the dynamics, use elliptic reqularity results to justify the
computation and then let the small ellipticity parameter vanish afterwards. In this section, we
make a correct version of the argument of [137], combining some bounds on the density of the
process (Lemma below) and some moment estimates (Lemma below). Also, notice
that, by comparison with (137, |31], we have already reduced the problem to a compact state space
for the position x, the non-compact part of the dynamics only concerns the velocity.

First, we need a few preliminary lemmas. We start by stating the following Poincaré inequality
(with the full gradient) :

Proposition 4.4.1. For UX € C®(Mf,R) there exists A\ : Ry — R, such that for all f €
C>® (Mg x R) with compact support :

2
)\(5)/ (f—/ fdug) duty g/ IV f12dpds
Mg xR4 Mg xR4 My xR4

.1 — UK
/HEOBID(A(B))_ ™)

where c*(UK) is defined as ¢* with U replaced by UK.

and moreover

Proof. The fact that the Gibbs probability measure Ze=BU™ gatisfies a Poincaré inequality with
a constant A(f3) satisfying

1 .
Jim ZIn(A(8)) = —e U*)

corresponds to [83] Theorem 1.14]. The Gaussian measure A (0, 3I) also satisfies a Poincaré
inequality with constant £, and we conclude with the tensorization property of the Poincaré
inequality, see |6, Proposition 4.3.1]. O

For p a probability measure, H' (1) denotes the usual Sobolev space of functions in L?(u)
with derivative in L?(p).

Proposition 4.4.2. There exists C > 0 such that for all 3 >1 and g € H* (ug),

[ ataul @iy < 0 < [ stevpustaean + [ (9960 Puf <dxdy>) .
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Proof. This is a particular case of [163, Lemma A.18]. We give a short proof for completeness.
Notice that ye=#1¥°/2 = —3=1ve=AIvI"/2. Hence an integration by parts and Young’s inequality
yield, for any z,

/ y2 g (,y)e W 2ay
Rd

— 87| Pay)y- Ve PRy

]Rd
2
=3 [ Ve Py
R
2 2
= dﬂ*l ) g2($,y)676‘y| /Qdy + ﬂfl /d 29Vg(x,y) . yefﬁ\y\ /2dy
R R

2 2
<dg™' | g, y)e W /2dy+6*2/d2|Vg(x,y)l26’ﬁ'y' /2dy
R R4

1 o
+§/ v g% (z,y)e PV 2dy,
Rd

and thus
_ 2 _ _ 2 _ _ 2
/ ngQ(sc,y)e Blyl /Qdy< 243 1/ gQ(z,y)e Blyl /2dy+4ﬂ 2/ \Vg(x,y)|2e Bly| /2dy
R4 Rd Rd
Conclusion follows by integrating with respect to x. O

The next two lemmas will be used in forthcoming computations to justify that some quantities
are finite and therefore allowing to interchange differentiation and integration.

Lemma 4.4.1. Fiz some K > 0 and any ¢ > 0. Then for all « > 0 and initial condition
[ € C> with compact support, there exists ba,x such that if Bo = ba Kk, then

(oo g (o (42))
0

18 finite and locally bounded.

Proof. Write 7y = inf {t > 0, Hx(ZK) > N} and ¢(z,y) = e~ Hx@v)  For By > a, we
compute for ¢ € [0,7T] :

Ory + Ly

= (BZHK + (Bt — )y VUK —~, (B — a)y.V, Hg

8,1 (B = 0) Ay Hic + (B — o) [V, Hic?) )‘bt

2 2
< (8 (10514 ) + (0= @PITUR e+ 52 = 20 (8- )7

#0709 (40680 )+ (5 - )" o?) )

! 1 —
< (/aanUKnoo T (Br — @) |VUS oo + Ld (Br — a) + (i 4 el 0‘)) y)¢>
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We can choose 3y great enough so that % + /Bt%a — %}:_O‘) < 0 for all t > 0. We then classically
get for t € [0,77] :
E (¢tnry (Ziney)) < €T'E (¢o (X0, Y0))

where Or = Bh||UX |00 + (Br — @)3||VUE | + Ld(Br — @). The fact that fI has a compact
support and Fatou’s lemma then yield the result. O

Lemma 4.4.2. Fiz K,c > 0. Then there exists bx such that if By > by, the law fX of the
process defined by the Equation ([£.7)), with an initial condition fi& € C°° with compact support,
is smooth, bounded along with its derivative, and satisfies :

Ja > 0,Vt > 0,3C; such that fI + VK| < Cre=lV’l

and t — Cy is locally bounded.

Proof. First, by Ito’s formula, f&(z,y) is a weak measure solution of the forward equation

Offs = —y Vo + VUR (@) Vy fE + 7V (0fF) + 0B Ao

- 4.15
= LK+ dyfE (4.15)

where L, is the generator of the process (X,Y) solving

dX, = —Y,dt,  dY, = VUK(X,)dt 4+ v Yidt + /27,8, dB, .

Using again Ito’s formula, we get that the function given by
(z,y,t) — e Jo A/SdS]Eg;7y (fOK (Xt,fft>) ,

also solves equation (4.15). Uniqueness of the weak solution of (4.15) is ensured by |18, Theorem
9.8.7], hence

F ) = B (7 (X0T))

from which we immediately get that f/ is bounded uniformly over [0, T for all T > 0. Thanks
to 85, Theorem 1], fX is smooth for all t > 0. We can always differentiate in a weak
sense (i.e. once integrated with respect to a smooth compactly supported function of time and
space and formally integrating by parts), from which we get that VfX is a weak solution of

OV = LV + VS
where L; acts component-wise on V f& and

_ (dy Iy VPUR(x)
Jt(x,y) - ( _Id 2d'YtId

which is bounded uniformly over [0,7] for all T > 0. For a fixed T > 0, considering (W;):>0

the matrix-valued process solution of dW; = WtJT_t(f(t, f/t) with Wy = I and using again the
uniqueness of the weak solution of the PDE, we get the Feynman-Kac representation

VftK(m7y) = Ex,y (thf({(()ztvf/t)) 5

which can be obtained by It6’s formula for the process (Xt, }N/h Wi)i>0 applied to the test function
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h(z,y,w,t) = wV fX(x,y). Hence, V f£ is uniformly bounded over [0, 7], and the same argument
applies to all derivatives of fX.
Now, let us prove the Gaussian bound of the statement, starting with f/.

For z € R, let (2) = min(L, 5208 —). 12’ € B(z,e(2)), f5(2') = f5(2) = [V [ oel2) 2
ff;(Z)

. Then for any z = (z1,y;) € R?? :

E(eHr (ZE)/2) — /R . Hic@)/2 K (3 ) dady
R

> / M@/ £ (1 ) dady
B(z,e(2))

2_ K
) ) L fi (Z)WQdE(Z)d

=

where wog is the volume of the unit-sphere in dimension 2d. Then there are two possibilities. If
FE (@, y) = 2|V f£]|o, then

Hi (zE)/2 R
ffK(l’,y) < (264116”[]2”“’1[2(6)) i

Wad

Otherwise, f£(x,y) < 2||VfE|l and

1
K d+1
Ul B(eK(Z0)/2)\ T 2
B — e~ Ad+D)
Wad

_d
FE(zy) <2|VFEET ( 2

In any case, using the fact that ¢t — E (eHK(ZtK)/Q) is locally bounded for By great enough, we

have the result for X with a = m. Recall the definition of the approximation functions

Nm from Proposition We use them here with U replaced by UX (or equivalently with H
replaced by H), but it doesn’t change any of their properties since now « is in a compact set.
We now turn to V f£ by using the approximation functions 1, from Section and integrating
by parts:

[ e (VP [0 (e ) s
Rd xRd Re x R4
— = [ (Ve VA B T VA e AT £
R4 xR4
gC/ BHTKfthz:C’IE (eHK(Z’K)/Q)
Rd xRd

for some constant C' > 0 independent from m, where we used uniform bounds on the two first
derivatives of fX. We can then conclude in the same way as for fX. O

Setting ¢,(h) = |(Va +Vy)hl* +0(8,7)h? with o(8,7) = 3 +2y/7 ' BA+[VUT oo +7)?,
we consider the modified H'-norm (and its truncated version for m > 1):

K
N(t,B3,7) = /M y Dp,y (%) duf
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K

Mg xRe /’LIB

as well as
7
1em= [ vl au
My xR4 Hg
[
In(t.8) = [ | V35| aulf
My xR Hg

To study those functionals along the dynamic, write ﬁm(t) = Hp(t, Be,ve), ﬁ(t) = H(t,Be, 1),
Im(t) = Im<ta 5t) and I(t) = I<ta 5t)

The main technical tool that we will need in order to study the evolution of those functionals
will be, given ¢ : C*° — C°°, quantities of the form :

Ly.1(h) = L(6(h)) = Dn (¢) (h)L(h), (4.16)

where Dy, (¢) is the pointwide differential of ¢, see |135]. The reason is that for regular enough
h, by writing Lé{ , the generator (4.6) on Mg with fixed 8 and -, we have

8t/ 10} (eth;wh) d/j,g = —/ F¢ LK (etL/?,w h) dug
My xR4 Mg xRd P57

This kind of quantities has been studied in |135|, where the author showed among other things :

Lemma 4.4.3. Let ¢(h) = |(V,+Vy)h|> +0h? where 0 = £+ /7B~ 1(1+|VU | +7)*. Then,
forall 3>0,~v>0, heC>®:

1
F¢’L§;(h) > §|Vh\2 +I'((Va + Vy)h),

where T((Vy + Vy)h) = S0 D0, + 0y, )h) = 0o 1B [V y (0, + 0y, )2

Proof. This is [135, Example 3|. Let us simply recall the key idea (to alleviate notations we omit
the generator in the subscript of T'). First, " is linear in ¢, hence for ¢ as defined above:

Ly =0l + Ty, +v,)2:

where T is the classical "carré du champs" T'(h) = 73, '|V,h|>. We then have the following
equality:
w49, 2(h) =T((Ve + Vy)h) + (Ve + Vy)h - [L,V, + Vb,

where the brackets denotes the commutators of two operators. An elementary computation
concludes. O

Proof of Proposition[{.2.3, First, By must be great enough so that we can apply all previous
lemmas of Section Let’s first justify why Ny, N, I, and I are finite. They are all finite

at time 0 because fy has compact support. For m € N, N,,, and I,,, are finite for all times as
integrals of continuous functions with compact support.

Write Vi = —V + 3, VH the dual of the gradient operator V in L? (,uéi) Integrating by
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parts,
2

ol

o= [
" MK><]Rdm uéﬂ

_ * ftK K
= Vil Vo V=% | fi dz
Mg xR4 Hpg,

< / CrelPr= () fK ()42 = O/R (ewt—a)HK(th))
Mg xRe

duéi

for some o > 0 and C; > 0 locally bounded and independent from m, using Lemma [£.4.2] and
that the derivatives of fX are bounded. Lemma and the monotonous convergence of I,
towards I then implies that I is locally bounded. We conclude that N is also locally bounded
thanks to the Poincaré inequality of Proposition As in ([4.12), we have that the dual in
L?(uf ) of the generator Ly is

Ly =~y -Vo+ (—vy + Vo UX) V, +3uB87'A,

and that f5 solves 0; fX = L;(fKePtHr)e=BeHx With the regularity result from Lemma |4.4.2]
and the compactly supported approximation functions 7,,, one can differentiate N, and I, to
get for all m:

a K
(DN (E: Brs ) = / D Dby (1) P9 5
Mg xRd Hg,

= / anh(b,Btg"/t (h{() L;fk (h{() d/‘g _/ L:fk (nm(bﬁt’% (htK)) dﬂfai
M xRY My xR
— [ e ()~ [ L), () du
M xR Mic xRt
- 2/ Iy (Um;d’ﬁmt (hi{{)) dy’gf
MKX]Rd

From Lemma [4.4.3] we get I'y, _ (h) = 2|Vh|*> + T;((V, + V,)h), and since

/ Ft (nma ¢5f,-,’¥f, (hf()) d'u'g(f
Mg xRd

1 * *
= 75/ (nmLt ¢5t,’¥t (htK) + Lt nm(ybﬁt,% (htK)) d'ug’
Mg xRd
1 *
— -5 / (L¢ + L) (m) P81 (htK) d'ugt
Mg xRd
and Ltnm < C,Sta we get :

2
(atNm)(tvﬂtafYt) g - / im |Vh{(‘ dy’fi‘{, - / Ft ((vx + Vy)h{{) dﬂé{,
MK xRa MKXRd

DN | =

+ / Lo() g0 () dpk
MK xRd
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1 2
<oy [ VAP - [ (Ve 9 dulf
My x R4 Mg xR4

Cpy
+ m / ¢ﬂt77t (ht{() d.ufi(t'
MK xR4

Now we look at the derivative in , knowing that 932 < 0 by writting :

Nm(tﬁar}/) - /MKXRd

This gives

Nm (VZ+VI)1n<ft )‘ e+ o (B, v)lJiK aff.
3

(8ﬁNm)(ta Btv ’yt)
g aﬁa(/ﬁh ’Yt) /

MKXRd

2

m (RE)? dpk +U(ﬂt)/ M (U () + %) (E)? duk

MK x R4

2
2
b U@+ D) |70+ T hE T au
MKX]Rd

+ / 20m (Vo + V) In (hy) - (Vo + V,)0s(— In(uf, )bt df.
Mg xRd

We now have to treat all those terms. We will use that N,, < N. First, since U¥ is bounded,

0p0(70) [

MKXRd MKXR'i

o () il 08 [ (@) (1) au < c1+ 8N

for some C' > 0 (in the rest of the proof we denote by C' several constants which do not depend

on t nor m). From Proposition applied with g = hX, we get :

2

y 2 -
o) [ () Al <c BN
MK xRa
Again, because U¥ is bounded :
/ U(x)|(Va + Vy)hi|* duk < CN.
MK xRd

Using again Proposition [£.4.2] we get :

2 2 /
/M " nm% |(Vr +Vy)hf(’ d,ué(t <C (N+ Ve ﬁt/
K XR4

Finally, using that a.b < % + % and —0g ln(ug) = UK ()

KXRd

/ N (Ve + Vy)In <ft > (Vo +Vy)0s(— ln(ﬂgt))ft aff
My xRd Mﬁ ’U/Bt

K2 ftK ’ K
< C/ M | (Ve + V)| | 2% | dug,
My xRE Hp,

(Vo + Vi) duﬁt>



122 CHAPTER 4. Convergence of the kinetic annealing for general potentials

2
y 2
b [ (T V)W) + P ()
MK xRd
2 2
<c (Nm IO [ (587 @+ [ 42 () d@i)
and we conclude as the second term. Finally, since v only appears in the definition of o, we have

2 ~
O Nt B ) =0 [ (W) A < O
MKXRd

From the previous computation, and from the fact that v; < Lg;, we get :
Nyln<t) = (8tN'm)(t7 ﬁfn ’Yt) + Bz(aﬁN’m)(t» Bta ’Yt) + 72(87Nm)<t7 Bfm 'Yt)
1-
< —31n(0) —/ Dy (AR{) dps,
MK x R4

C’ - ~
+05;5t/ T, (ARS) duk + ﬁtNt+Cﬂ;(1+5§)Nt.

Mg xXR4 m

By integration, we get for all 0 < s < ¢

t
Non(t) = Nin(s) < / ( L)+ R, Lo BN,

m

— / nmDe (ARL) dpf, + CBL By / Iy (ARS) dufi)dw
MKXRd'

MKXRd

We consider By great enough so that 1 — CB;8; > 0 for all £. Using monotonous convergence,
the fact that I > I,,,, and Fatou’s lemma we get :

- - t 1- -
N - N < [ (—2I<u> LA ﬁi)Nu) .
Now, from the Poincaré¢ inequality of Proposition [£.4.1] and the definition of o,
MBIN () < I(t)
for some \ satisfying %ln(j\) — —c*, so that we can find a A\g such that

N _ g, (ete®) Ao
ANB) = e P72 = — 2
(Be) o€ (ePo 4 1)i—a

where a = (¢ — ¢*)/(2¢). Taking By large enough so that C8{(1 + 87) < Ao/4(e“ + 1)1 we
have finally obtained that, if By > bx for some bx, then for all 0 < s < ¢

N(t) — N(s) < /: (-“N(m) du

ecﬁo + u)lfa

and this concludes (as explained at the beginning of this section). O
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4.5 HF-hypocoercivity

In all this section, whose goal is to prove Proposition [1.2.7] we use the definitions and notations

of Section In particular, f/ stands for the law of the process defined by Equation (4.10)),
Mé{ = e PHK(z dz/Zé( where Zé( makes ué{ a probability density on My, and hf = tK/ugt
According to |159], fX is a smooth function and solves

K K x ftK K
atft =L & | KB,
Ks,

but here the dual in L?(ug,) of the generator of the process is
Lf’* = _5;10(y)v;v93 - ’Ytﬁ;lv;vy + ﬂ;l (v;vy - vzvm) )
where the dual are taken in L?(uf):

Vi=-V, +8VUX.
Vi =-V, - +BVW -.

Indeed, the additional diffusive part in x has been designed to be reversible. In order to prove
Proposition we introduce for m € N the classical H™-Sobolev norms on (M, Mg ) given
by

1Rl o ey = Z /2 BRI

a€eN2? |al<m M

The general strategy is similar to the L? case of Section namely we will prove that ||h —1]| gm
goes to zero for all m, and conclude by a Sobolev embedding for m large enough. The constant
in the Sobolev embedding depends on the time ¢ which should be compensated by the fact
|hE — 1||gzm goes to zero fast enough. As in L? case, we need to introduce some modified
Sobolev norm to deal with the lack of dissipativity in the x variable in some part of the space.
Following [170], for m € N, we consider a modified H™-Sobolev norm of the form

Nm(tvﬂ):
AN R _— o o\ Lk
o + wik(B) VeV | +wr(B)V, V= - VI = | du
/MKxMK g ,; ; (6) - ) 'k g ’

(4.17)
for some weights w to be fixed later on. Recall the definition
M= {y e Mg;V*W(y) =14} .
If y € M, then we obtain V, in the derivative of

Vk‘—lv ftK meth K
z vy K Ve g3
Mg x Mg Ha M3
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using the commutator [V,,, VW - V], and for y ¢ M, it comes from the o(y)V*V,, part of L;**.
Here we used the notations

IVIVET P = > o ogeh

‘(Xllzi;‘(xglzk’—i

d
VEI RV = > > 030,,h03 0, h.

la|=k—1j=1

We also define Nm(t) = Np,(t, Bt). Since the process is now in a compact set, we do not need the
approximation functions 7,,, and the subscript here indicates the order of the Sobolev norm in
contrast to the previous section. Besides, in Section [£.4] we had to keep track of the dependency
of the constant in 3y, as some uniformity in time was necessary in Proposition for the
renewal argument of the proof of Proposition This is no longer the case here.

In order to study the evolution of N,,, we need first to have some commutation results and
control over the derivative of the L?-norm of V7*'V;**h as in Lemma m Here, V"1 Vii2h
denotes the vector of all derivative of h of order m; on z and ms on y:

VIV = {92052 h | |an| = ma, az| = mo}

The method used here is adapted from [170] to take into account the time-inhomogeneity and
the new dynamic. Recall the notation (4.16|) for generalized I' operators.

Lemma 4.5.1. Let my,mo € N, then there exists some constant 6 > 0 such that for all h €
¢ (M2):

Ty wmgrap(h) > 87 (W VIV 4 o[ Vv pp)

mi1+1,ma+1 mo
01 +y) Y IVEVLAPR = 0Ly, Y ViV RV R
k=1,l=1 =1

k+l<my +mo

Proof. As in [137, Lemma 10|, we have for smooth A :
Ft,lv;nl V;"2~|2(h) = I‘t(Vgu v;nzh) +Vm V;mh . {Lf,*7 v V;m] h.

Then first :
T(VIVy2h) = Bt (] ViV AP + o ViV

Then, we can write Lf(’* =v-V+ B oA, + B A, with the drift

_ (- () — o) VUK (@)
e = ("Tokt Sowey):

First,
[ﬁ;l’}/tAy, V;nl V;”Q] = 0

Then, using Cauchy-Schwarz inequality,

VIV he (B oAy, VIV h = VIR h - By (T’l‘2>v;a VeI AR
=1
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ma
> B <|v;”1v;72h|2 +0) |vla|2vg1+2v;"2—lh|2> :
=1

Notice that if mg = 0, then V'h - [ﬁt_loAz, V™| h = 0. The next term is:
ma

[(-VW —oVU") vV, VIV h =) ( z )v;“wvx iy iy
=1

Z mi ma l k+1 my—k+1yrma—l1
* (k)(l)vyavm uvgt vy h
kgml
1<moy

(k,1)7#(0,0)

and

(VW +VUK)V, Vv h=v, Y <";2> ViR gty
=1

mi
m
_ Z ( kl)v’;'i‘lUKvg’n—kaLz‘f‘lh.
=1
Putting those last two lines together and using Cauchy-Schwarz we get :

VIvmRh (v V, V]

m2
_0(1+’}/t) Z|v;n1+1v;n27lh|2 4 Z |vxm17k+1v’7yn2—lh|2

1=1 1<k<ma
1<1<my
mo mi
+ (Vw2 43 |vg“’“v7y"2+1h|2) :
1=1 k=1
This concludes the proof. O

Lemma 4.5.2. For all m € N there exists some constant 6 > 0 such that for all smooth h,
denoting P™(t,3) = fMKXMK A 1v ft vm i dﬂg

1
(O P™)(t, Br) < / - (21M - 91Mc> |VmRK 2

Mg X Mg
m—1

01+ ) <Z|vkh“ (Vo> + o) VIR 2+ > ViV h{ﬂ?) duk.
k=1

Proof. The derivative of P™ is given by :
(0 P™)(t, B;) = /M (VTR VAL VTR VLB ) df
K X MK

We then have to study the two terms in the integral separately at first, by using commutators.
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For any smooth h :
vroly, Lt vy = vl [vy, Lf’*} h-V™h

m—1
+y vt [Vx, Lf’*] VIR h - VT + LYY b v
k=1

=V (-VWV, = VoVUX .V, -, VWV, + B;VoA,) h-VIh

m—1

£ 3 VE L (VRURY, — 0VRURY,) VIRV b Vi 4+ LTI b O
k=1

m—1 m—1
1 mi, |2 k12 k 2
<- (2]1M _ 9]1Mc> VIR 460> [VERP +0(1+3) > [VEV,A

k=1 k=1
+ Vo2 [VPHR)2 + LYV, b - VTR

where we used that [VoVUX| < . Similarly, we have :

m—1 m—1
VI h VLIS h <0 [VEV AP 40 [VERP + V'V b LY VA,
k=1 k=1

We conclude with the fact that :
/ LV VIR + VIV RS LV
MKXMK
- / DV VIR dul
MKXMK
< / 01+ 7:) (IVEV | + VIV hE P + VIV, [2) + 8 o | VET APduf .
Mg X My

O

In order to state the main lemma, we introduce the following set :
P ={g: Ry — Ry smooth, Ja,C > 0s.t. 7*/C < g(B),|g (B)] <CB*},

where P stands for polynomial. The main step in order to prove an analogous to Proposition [4.2.3]
in higher Sobolev norms is then the following dissipation result.

Lemma 4.5.3. For all m > 1, there exist ¢m, "m, (Wim)icm and wy, some functions of B, all
in P, such that if f& € C*°(My x M) then, for allt >0,

HhtK - 1||Hm('“‘§,) < QHL(Bt)NM(t)

and :

(atNm)(t’ Bt)
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< —Tm(ﬂt)/

m
o VIFRER 4 VAV RS R ST [VEVIRE |
Mg XMk i—0

1<i+j<m

(4.18)

Proof. The proof is by induction. In fact we start at m = 0, setting simply

2
K
No(w):/M » (itg_ ) dpf .

Hence,

K
(OeNo)(t, Bt) = —/ Iy (3() d,ufai
Mg X Mg Hg,

B _/ Bt (el Vi |2 + 0| Vah{?) duf,
MKXMK

which is the result for m = 0 and ro(3;) = 3, ' min(1,x). One could also have initialized the
induction for m = 1 as in Proposition [1.:2.3] Now, let’s fix m € N and suppose we have the result
form—1:

(O Nm—1)(t, B¢) <

m—1

—Tmo1(B) / o VRSP 4 Y VIV TSP Y VAR | du
Mg X Mg i=0 i+j<m—1
We set
2
- i x7k—1i ftK m—1 ftK mftK K
Mg X M i=0 'U/B M,B MIB

with weights to be determined later on, so that

(OeNm)(t, Br)

= (atNm—l)(ta 5t) - / Zwi,m(ﬁ)r\v;v;‘;—iﬂ(hf)dﬂg + wm(ﬂ)(atpm)(ta Bt)
In this equality, using the two previous lemmas, the terms of order m + 1 are bounded by:
/ (Wimn—1,m|Vo > + w0+ [Va|?)) VI RS2
MKXMK

- Bt Zwi,m(ﬁt) (’Yt|vivzb+l_ihf(\2 + U\V;HV;”_ihﬂQ) dug
i=0
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In order to get (4.18)), we would like this to be less than

_rm(gt)/ <a|v;"“hf” + Z |v;v;7“ihf|2> duj, .
MK XMK

=0

Using that |Vo|? < o, this is indeed the case if we impose the conditions wy, ., (8) = 48w (8) +

Bwinym and wi g (B) = rmBmax(k~!, 1). Next, the terms of order at most m — 1 are bounded

by :

[ o) max i 3 VAR s 3D [VAVIAE P
MKXMK

o<i<m
=T i+j<m—1 i+j<m—1

which means, similarly, in order to get (4.18)), we want to impose the conditions

1
Olgn%nwi,mﬂl + ) < JTm=1,  Tm-1 > 2rp,.

Finally, the terms of order exactly m are bounded by

m—1
4 4 1
- / rmo1 Y VeV TP+ (rmla +wng L — wmenMc) Vb
Mg XMg i=1 2

—maxw; b1 +7) > v;vg%fﬁ) dulf
1=0

which leads to the conditions: 7, < %wm, wmb < %rm_lo* and %rm_la* > T

Now, fix the w;,, to be equal to m except wp, ., equal to m,
min(ZE=t, WZ’—'[;”, Wim,m ), and finally set rp, = min(™5=, =227 ©o 8~ min(k, 2)w; ;,). These
choices ensures that all the conditions in the computations above are met, which means that

(4.18) holds. Moreover, all these functions are in P, which concludes. O

then w,, =

Similarly to Proposition but now in the fully (position and velocity) compact case, we
have the following Poincaré inequality:

Proposition 4.5.1. If UK : Mg + R is a C* function, W is as constructed in Section [4.2.4}
and Mf;( is the probability measure on My x My proportional to e PHK | then there exists \ :
Ry — Ry such that for all f € C°(Mg x Mg) :

2
A - duX ) dus < 2 K
(6)/MK><MK (f /MKXMKf ”B) Mﬁ</MKxMK IV f"dpg

o1 ,
ﬁll_ggogln(/\(ﬂ)) = —c"(U")

where c*(UK) is defined as ¢* with U replaced by UK.

and

Proof. Using that c¢*(Hg) = c¢*(U¥) since W has only one minimum, this is |83, Theorem
1.14]. m

We are now ready to prove Proposition
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Proof of Proposition[{.2.7. Let m = d+1. We first show that there exist some constants Cy, Cy >

0 such that Nm(t) < Che= 2 for all t >0, where a = CECC Indeed, we have :

NL() = 0N (t, Be) + Bis N (L, Br).

From Lemma [£.5.3] and Proposition [.5.1]

ON,, < _%Nm-
where \ satisfies limg_, o %111(5\(6)) = —c*(UX) and r,, > B7%/C for some a > 0. Hence,

we have some constant C' > 0 such that A(8;)r,/2 > Ce™ B C(ePo 4 1)~ On the

other hand, from the conditions on the w’s and since dgePHx < ||Hp||ooe®H, there exist some
a,C" > 0 such that dsN,, < C'BEN,, yielding B3.0sN,, < C'(1 +t)~'T2N,, for some other
constant C’ > 0, and thus :

. C o4 -
N/ < - a Nm7
m (<1+t>1a+<1+t>1—2>

yielding our first claim.
From the Sobolev embedding, there exists C > 0 such that for any smooth h on My X My,

we have ||h|lp~ < C||h|l,,../ «\- Then we have :
H (“ﬁo)

[Pl < T+ 2 = Uz < 1+ Cllh =1 y ST CePM B — 1| -

Hm™ (;tffo ;U«fa(t

Applying this with h = hX and using that ||h5 — 1||Hm(#g<) < CBEN,, (t) for some a,C > 0, we
t

get constants C,b > 0 such that :

7]l <14+ C(1+ 1) e,

yielding the result. O

4.6 Faster than logarithmic schedules

Proof of Theorem[{.1.3 Some parts of the proof follow the proof of Theorem to which we
refer for details, focusing on the new arguments in the present settings.

Up to a translation we assume without loss of generality that z, = 0.

As in the proof of Theorem [4.1.2] it is in fact sufficient to prove that for all § > 0

By, (1Z:] < min(3, /&) ¥t > to) > 0

for a given fixed initial condition fy and for ¢y large enough and then use a controlability argu-
ment based on Lemma [{:2.§ and the Markov property to get the claimed result. Besides, it is
sufficient to prove this result for § small enough and, since the times in [0, ¢o] are treated with
the controlability argument, focusing on the times larger than tg, we are interested in an event
under which the process stays in a small ball around 0, and we can thus modify U outside such
a ball without modifying the result.
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The Jacobian matrix of the drift b(z) = (y, —VU(z) — vyy) of the process at z = (z,y) is

J(2) = <—V20U(a:) _{ﬂ) :

Since V2U(0) is positive semi-definite, a simple calculation shows that the eigenvalues of .J(0)
all have a negative real part, and thus there exist a positive definite symmetric matrix M of size
2d and r > 0 such that
u-MJ0)u < —2ru- Mu

for all u € R??, see e.g. [4, Lemma 4.3]. Write |jullpr = Vu- Mu and let § > 0 be sufficiently
small so that

u- MJ(2)u < —r|lul|3, (4.19)
for all u € R?? and all z € R?? with ||z||5s < 6. As discussed above, up to a modification of U

outside the ball B(0, d), without loss of generality we can modify the potential U outside this ball
and assume that in fact (4.19) holds for all z € R??. Similarly we assume that V3U is bounded.

Using that b(0) = 0, we get that for all z € R4

z-Mb(z) = z- M (b(z) — b(0)) = /0 2z MJ(pz)zdp < —r||z|j3, . (4.20)

Let Z and Z be two solutions of (4.1) with the same initial condition and driven by the
same Brownian motion, but with two different potentials, Z being associated to U and Z to
U(z) = z- V2U(0)z/2. In particular, Z is a Gaussian process. Then

A||Z, — Z|13; < =201 Zy — Z4|20dt + 2|1 Ze — Zy||ag| M2 ||V U (Z,) — V2U(0) Zy|dt

_ 1 _
< —rl|Z — Zi|3pdt + ﬂHVBUHgo|M||Zt|4dt'

Let (ay)i>0 be a positive non-increasing function, vanishing at infinity, to be chosen later on.
Then the event G = {|Z;| < a; Vt > 0} implies that for all ¢ > 0

t 1/2
|Ze| < | Zo| 4+ IM~YV2) Ze — Zi||\ g S o+ C </ age““)ds) = &y
0

with C? = |M||M~Y||V3U||»/(24/7). Notice that &; vanishes at infinity, more precisely d; <
o+ C’(agt/4/\/77+ aox/fe*”/s). As a consequence, it only remains to prove that G has a positive
probability for some suitable function ¢ — «a;. Again, following the proof of Theorem
we see that it is sufficient to prove that ¢t — P(|Z;| > ) is integrable for a given fixed initial
condition. Since Z is a Gaussian process, we simply have to control its second moment. We
chose an initial condition such that E(Z) = 0, so that E(Z;) = 0 for all ¢ > 0.

Remark that the drift of Z; also satisfies [@.20)), since its Jacobian matrix at any z € R?? is
equal to J(0). Thus we get, for all ¢ > 0,

d| M|

O (1Z1%) < & (1203,) + =5
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so that, writing C' = [M]|M~"|(E| Zo[? + d),

~ - t r(s—t)
E(1Z7) < a7 E(1Z03) <O (+ / = ds) — C'ry,

S

Using that the law of Z; is Gaussian with zero mean, we get that there exist K, h > 0 such that
forallt >0
~ az
P(|Z:| = o) < Kexp (—ht> .
Kt

This is integrable in time if we chose a7 = sup,s;2In(s)ks/h (which is non-increasing). Since

In(t) = o(B:) and K¢ < supP,so4 /3 1/(r65)+e_’“t/3(1+tsupu2o 1/By), we get that k; = o(1/1n(t)),
in other words ay — 0. We conclude by using the previous bounds on &; and k; and the fact
that
sup In(s) sup A, < sup In(s)3;"
s=3t/4 u>2s/3 s>t/2
to get the quantitative convergence speed ¢; stated in the theorem. O

Remark: in order to adapt the previous proof in a case where ; is not constant, we can still
find M and r such that holds with the Jacobian matrix of the drift at time ¢, but they
depend on 7;, hence when differentiating || Z; — Z;||3, there is an additional term involving 8, M
which has to be sufficiently small to be absorbed by the contraction at rate . Moreover, r scales
as 7y when v — 0 and as 1/ when 73 — +00, which means for the proof to be valid, v; or 1/,
should not be too small depending on f;.
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Chapter 5

Switched diffusion processes for
non-convex optimization and saddle
points search

Outline of the current chapter

[5.11 Mntroduction 133
BLTOVErvIEwW] . o o o e 133
[Deterministic saddle point algorithms| . . . . ... ... ....... 135
B.T31 [The stochastic processes| . . . . . . . .. . ... ... ... ...... 136

[Theoretical analysis| 138
BE21[Noisy ISD and Noisy GAD] . . . . . o o o it 138
[Switched processes|. . . . . . ... ... ... ... ... ... 143

[5.3] [Numerical experiments| 143
B3 [First 2D model: a mixture of Gaussiang . . . . ... ... ... ... 144
[A 2D model with singular Tines| . . . . . ... ... .......... 148
B33 Lennard-Jones clusters . . . . . . . . ... .. ... ... ... ... 152

Abstract : We introduce and investigate stochastic processes designed to find local minimizers
and saddle points of non-convex functions, exploring the landscape more efficiently than the
standard noisy gradient descent. The processes switch between two behaviours, a noisy gradient
descent and a noisy saddle point search. It is proven to be well-defined and to converge to a
stationary distribution in the long time. Numerical experiments are provided on low-dimensional
toy models and for Lennard-Jones clusters.

5.1 Introduction

5.1.1 Overview

This work addresses the issue of finding the local minimizers and the saddle points of a given
non-convex potential U : R? — R, . These questions are ubiquituous in a wide range of scientific

133
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fields. In particular, in molecular dynamics, U being the energy of a molecular system, the
minimizers are the metastable state of the system, while the saddle points are the transition
states between the former. As we will see, we will design a stochastic algorithm which targets
both local minimizers and saddle points, in such a way that each of this task benefits from the
other. In particular, the algorithm is suitable even as an optimisation tool, when the goal is only
to find the global minimizers of U.

In high dimension, this problem is challenging, as an exhaustive search is impossible and
running local search algorithms started from random initial conditions only works when it is
possible to sample starting points that have a reasonable probability to hit the basin of attraction
of the points of interest (for a gradient descent or a saddle point search), which is often not the
case when these basins are concentrated around an unknown manifold of dimension much smaller
than d.

A classical solution in order to visit the whole space while taking into account the energy
landscape (hence focusing on low-energy areas) is to follow the overdamped Langevin diffusion
process, which is the Markov process solving

dX, = —VU(X,)dt + v2dBy, (5.1)

where B is a d-dimensional Brownian motion and € > 0 is a temperature parameter. When ¢ is
small, this is a noisy perturbation of a deterministic gradient descent (contrary to the stochastic
gradient descent algorithm, here the noise is voluntarily added, it has a constant intensity and
does not come from a Monte Carlo approximation of VU). Under standard growth conditions
on U at infinity, the process is ergodic with respect to the measure

e~ U@)/eqy
ME(dx) = TRd e_U(y)/ady ;

i.e. the time spent in any given domain is asymptotically proportional to its probability with
respect to p.. Hence, the temperature £ has to be taken small enough to counteract the entropic
effect due to the high dimension d and ensure that the vicinity of minimizers have a high prob-
ability. Then, one can use the point of the trajectory with the lowest energy as a starting point
for a local gradient descent (or a variant, like the stochastic gradient descent). However, as ¢
vanishes, it is well known that is metastable, since transitions between different potential
wells occur in a time of order roughly e®/¢ for some ¢ > 0, due to the energy barriers induced by
low-probability regions interspersing high-probability ones. This makes the convergence of the
law of the process towards its equilibrium, and thus the exploration, very slow, which makes this
method fail in practice.

Besides, according to large deviations theory, more precisely to the Freidlin-Wentzell results
on the low noise behaviour of diffusion processes, it is known that, as ¢ vanishes, the process
is likely to exit from a potential well through the saddle point with the lowest energy level
on the boundary of the well. Instead of waiting for an unlikely deviation of the Brownian motion
to lead the process to this saddle point, this naturally motivates the definition of a process
which actively looks for it. More precisely, the main object of this work is a process which
switches randomly between two dynamics, the noisy gradient descent and a noisy saddle
points search.

The rest of this work is organized as follows. In the remainder of the introduction, we present
two saddle point search algorithm in Section [5.1.2] and we define the stochastic processes we
are going to investigate. In Section we conduct a theoretical study of the processes, and in
Section [5.3] a numerical study.
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5.1.2 Deterministic saddle point algorithms

Since saddle point search is less standard than optimization, let us first present some existing
deterministic algorithms on this topic. A first class of methods, based on reaction paths, requires
the knowledge of two local minimizers, and then finds a path of minimal elevation between them,
which passes through a saddle point see e.g. |70, |53]. This doesn’t correspond to our context,
where the local minimizers are unknown. A second class of methods, considered e.g. in [54] |121]
66, 115} (151} (17, [75] and references within and which will be the one of interest for us, relies on
local walkers, analogous of the gradient descent for optimization, i.e. solutions of some ODEs
for which saddle points of U are stable equilibrium. Given some z € R?, write:

M) < Aafz) <+ < Aa(2)

for the ordered eigenvalues of V2U (z), and suppose that we are given vy (z), ...,v4(x) € R? such
that v;(z) is an eigenvector of V2U (z) associated to \;(z) (in other words, when the eigenvalues
are not all simple, we assume that we have an arbitrary rule to select a given eigenbasis, for
instance we take the basis obtained as the limit of the Jacobi algorithm). The idealised saddle
dynamic (ISD) is the solution of

iy = — (I — 201 (z)v1(z) ") VU (24) -

In other words, z; follows a gradient descent, except in the direction vy (z;) where a reflection
is performed, i.e. the process follows a gradient ascent in this direction. Notice that in general
x — v1(z) is not continuous so the existence of this process is unclear and may be restricted to
some parts of the space or to a finite time interval.

A variation of the ISD is the so-called Gentlest Ascent Dynamic (GAD) (z¢,v;) € R? x S¢1
solving

{ & = — (I —2v0]) VU (2y)
ny = —(I — vl )V2U(z¢)vy,

where 1 > 0 is a fixed parameter. If V2U (x;) were fixed in the second equation, this would be a
gradient descent on S~ for the Rayleigh quotient v — —vT V2U (x;)v. As 7 vanishes, formally,
we recover the ISD. Contrary to the later, the GAD is always well-defined for all initial conditions
and all times.

The following results on the ISD and GAD are from [115, Theorems 2 and 3] and [54].

Proposition 5.1.1. o Any critical point of U is an equilibrium points for the ISD. It is
stable if and only if it is a index-1 saddle point.

o Any (z,v) € R? x S¥=1 with = a critical point of U and v an eigenvalue of V?U is an
equilibrium point of the Gentlest Ascent dynamic. It is stable if and only if x is a index-1
saddle point and v is associated to the negative eigenvalue.

o If Q C R? satisfies that for all x € Q, we have \i(z) < 0 < Xo(x), then there evists a
unique saddle point z, in Q, and for all xq € Q, there exists a unique solution to the 15D
which converges exponentially fast towards z,.

e Under the same assumption, there is § > 0 such that if (zo,v0) € Q x S¥1, and |vg —
vi(xo)| < 4, then there exists a unique solution to the GAD which converges exponentially
fast towards (z.,v1(24)).

The convergence results are only local, and one cannot expect more in general since the ISD
may have attracting singularities [115]. In the case of the GAD, with a potential of the form
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2?21 Ui(x;), and an initial condition vy € vect(eq,...e;), v; will stay orthogonal to e;, j > 1,
and hence the process will never get close to an equilibrium point with an eigenvector not in
vect(eq, ...e;). As in the optimization case where the overdamped Langevin diffusion allows
for a global exploration while the gradient descent only converges locally, it is thus natural to
add a small Brownian noise to the deterministic ISD and GAD. The resulting processes will
explore eventually the whole space but, thanks to Proposition will still be attracted locally
by saddle points (notice that the Freidlin-Wentzell theory on random perturbation of ODE does
not apply directly in the ISD case because of the discontinuity of z — vy (x)).

5.1.3 The stochastic processes

For simplicity, from now on, we will restrict ourselves to the case of a function defined on compact
manifold (specifically the periodic torus). Indeed, in practical situation, local minima and saddle
points are located in a compact set. Most of the definitions and arguments below would be easily
adapted to R? provided suitable modifications outside a given compact, in particular to ensure
the stability of the processes.

Write T¢ for the d-dimensional torus and fix some function U € C*(T%,R;). As in the
previous section, we write \;(z) the ordered eigenvalues of V2U(z), and we consider functions
x + v;(z) such that v;(z) is an eigenvector of V2U(z) associated to \;(z) for all x € T? and
i € [1,d]. Moreover, we assume that the functions v; are measurable for all i € [1,d], which is
indeed possible:

Lemma 5.1.1. For all i € [1,d] there exists a measurable function v; : T¢ — St such that
vi(x) is and eigenvector of V2U(z) associated to \i(x) for all x € TY.

Proof. Given a symmetric matrix H and (ey,...,eq) the canonical basis of RY, the function
H — (u1, 1, ..., ug, pta), where u; is the limit of the gradient descent for the Rayleigh quotient
starting from e; and p; is the associated eigenvalue, is measurable. At least one of the p; is
the smallest eigenvalue of H, hence we may just select the smallest indices iy such that it is the
case and consider the associated vector. We can then iterate by applying the same procedure to
(I — ugoul )H(I — usyul) 4+ (|H| + 1)usyul, and similarly by induction. We conclude with the
fact that = — V2U(z) is continuous, hence measurable. O

Asin R?, for € > 0 the overdamped Langevin process is defined on T? as the solution of .
It is ergodic with respect to y. the probability measure with density proportional to e~Y/¢ on
the torus. Similarly, we define the noisy ISD as the solution on T? of

dXy = — (I —2v1(Xe)v1 (X)) VU(X,)dt + v2ed By, (5.2)

which, contrary to its deterministic counterpart, is always well-defined (see Proposition m
below). Concerning the noisy version of GAD, we may wonder whether it is necessary to add
noise to both coordinates, and thus in general we can consider the noisy GAD as the solution on
T x S*=1 of

dX, = —(I-2VV])VU(X,)dt + v2ed B,
@V, = (I-ViV[P) [-3V2U(X))Vidt + V2dB]] - de'dt, (5:3)

where n > 0, ¢’ > 0 and B, B’ are independent d-dimensional Brownian motions. The second
line is such that if V2U(X;) is constant then this is an overdamped Langevin diffusion on the
sphere with potential given by the Rayleigh quotient (see e.g. [110, Section 3.2.3] or [2]). In
particular, according to [110, Lemma 3.18], V; € S%~! for all t > 0. In fact, by contrast with
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the deterministic case, since the noisy ISD is well defined, we will not insist much on the noisy
GAD, and simply discuss the case ¢ = 0 in Section

Next, we define the idealised switched process (ISP) as the Markov process (X, I;)i>0 on
T? x {0,1} where (I;)¢>0 is a Markov process on {0,1} with constant jump rate v > 0 and X
solves

dX, = Hy,(X,)dt +V2edB,, (5.4)

with (By);>0 a Brownian motion independent from (I;);>¢ and, for all z € T4,
Hy(z) = -VU(x), Hy(z) = —(I — 2vi ()01 (2)T) VU ().

In other words, the process alternates between the overdamped Langevin dynamics and the noisy
ISD, the time being two switching events between independent and distributed according to an
exponential law of parameter v. Likewise, we can define the gentle switched process (GSP) as
the Markov process (Xy, Vi, It)i>0 on T x S%=1 x {0,1} where

dX,
av;

where (I;)¢>0 is as in the ISP, independent from B, B’, and

Fft (Xt7 ‘/;5) + \/%ch

(I = VVi) [~ LV2U(X)Vidt + V2dB;| - de'at, (5.5)

Ho(z,v) = -VU(z), Hy(z,v) = —(I — 200T)VU ().

Finally, let us introduce slight variations of the processes defined above. Consider
S={zeT)\(x)=X(2)},

which is the set of singularities of the deterministic ISD flow. As pointed out in |115]|, some
points of & may be attracting singularities for this flow, and thus they will also locally attract
the noisy ISD when ¢ is small, or the noisy GAD when € and 7 are small. This behaviour may be
mitigated as follows. Fix some non-decreasing f : Ry — [1,2] such that f(0) =1 and f(r) = 2
for all r larger than some small threshold 7. > 0. Then, setting a(z) = f(Aa(z) — A\ (z)) the
drift Hy in the noisy ISD may be replaced by

ﬁl(x) =— (I — a(z)vi(z)vy ()T — (2 - a(x))vg(a;)vg(x)T) VU (z).

In other words, when A; () and Ay (z) are clearly distinguished, then we recover the previous noisy
ISD, however, on S, rather than undergoing an orthogonal reflection with respect to vy (x), VU (x)
is orthogonally projected on the orthogonal of the space spanned by vy (z), v2(z), which means
that, in these two directions, the process behave like a Brownian motion. Natural choices for f
would be piecewise constant (with f(r) = 1 for r < r,) or piecewise linear (with f(r) = 14+r/r.

for r < r.). In the second case, the drift H; is continuous.

An analogous modification can be applied to the drift H; of the noisy GAD, in which case
the process is then (X, Vi, Va) where Vi, Vs are orthogonal vectors of S?=1 whose evolution is
given, in the case ¢’ = 0, by

1
dvy, = - (I = Vi Vi) VU (X)) Vi dt

1
AV, = - (I = Vau Vol — 2Vi, V) VPU (X)) Va,dt .
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(we refer to [110, Section 3.2.3] to derive the case ¢’ > 0, where the constraints are now that
|v1]? = |v2|? = 1 and v¥vy = 0).

This variation can be generalised to any degree of degeneracy of the smallest eigenvalue, i.e.
for k > 2 modifying the drift H; in the vicinity of the set where \;(z) = - -+ = A\g(z) (generically
these sets are empty for £ > 2, but in many practical cases they are not, due to some symmetries
in the problem).

5.2 Theoretical analysis

Before turning to numerical experiment, we are interested in the existence of the different pro-
cesses, and some of their properties, mainly in the long time limit. For the well-known Langevin
process, we refer to [110, |112].

A valuable tool to study long time behavior of a process is the Doeblin condition. A Markov
kernel P : T¢ — M!(T) is said to satisfy a Doeblin condition if there exist ¢ > 0 and a proba-
bility measure p such that for all z € T4, P(x) > cu. This implies that (P"),, converges in total
variation to the unique probability measure pi such that peoP = pieo, see for example [79]. In
the continuous-time setting, this can be written as follow: there exists ¢y, ¢ > 0 and a probability
measure i, such that &, P;, > cu for all x € T¢, with P, the semi-group of the process, and d, P;,
is hence the law of the process starting from x a time ;.

5.2.1 Noisy ISD and Noisy GAD

Since we work on the compact torus and the drift of the noisy ISD is measurable and
bounded, the well-posedness and long-time behavior follows from classical results on diffusion
processes. We summarize these results on the next proposition. Apart from the continuous-time
equation , we are also interested in the corresponding Euler-Maruyama scheme. The noisy
ISD is covered by the following:

Proposition 5.2.1. Consider o > 0, b: T¢ — R? measurable and bounded, and X solution to

Strong existence: for any initial condition xg € T?, and Brownian motion B, there exists a unique
Markov process X™° solution to equation , with Brownian motion B and initial condition
Zo-

Moreover, this process admits a unique invariant probability measure which admits a density
with respect to the Lebesgue measure, and the law of the process converges exponentially fast
towards this stationary measure in the total variation distance.

The Euler-Maruyama scheme defined for 6 > 0 by

Xpi1 = X + 6b(X,) + VoG,

with (Gy)n a sequence of standard Gaussian variables, admits as well a unique stationary measure
1, and there exists ¢, C, 6y > 0 independent from § such that for all 0 < § < &g, xo € T%:

| Law(X,) — M(SHTV < Ce™ o,

Proof. The existence of a unique solution X?° to Equation (5.6)) with initial condition zy comes
from |154}, Corrolary 7.1.7 and 8.1.7]. By Ito’s formula, the law M®° of (X[°)sc(o,7] (a probability
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measure on C([0,7],T¢)) is a measure solution to the Kolmogorov equation
B M® = L*M™,

where L* is the dual in L?(R?) of the generator
o2
Ly =b(z) Vo + - Ay,
in the sense that for all function ¢ € C2([0,T] x T%,R)
/ (0 — L)p(t,x)M®°(dt,dx) = 0.
[0,7] x T4

Thus, according to [18, Proposition 6.5.1], Law(X[°) (the time-marginal of M®) admits a
density h®(t,-) with respect to the Lebesgue measure, for all ¢t > 0, and for any compact interval
JCRy

hT € HPH(J) := {u Ry xT¢ = R,/ llu(t, )| geadt < oo} ,
J

where || - ||gr.1 is the classical Sobolev norm, for some p > d + 2. Since we are in a compact set,
h*o € H?1, and |18, Proposition 6.2.7] yields that h®° satisfies an Harnack inequality for ¢ great
enough: there exists C,7 > 0 such that for all 2o € T and t great enough:

sup h*(t — 7,-) < Cinf h*™°(¢,-).
Td Td

Since h%0(t—1, -) is a probability density, we have suppa A% (t—7,-) = Leb(T%), where Leb stands
for the Lebesgue measure. In particular, there exists tg > 0 such that:

inf inf A" (tg,-) > 0.
nf, infh* (to, )

This is a Doeblin condition for the law of the process, with reference measure the Lebesgue
measure, and in particular it classically implies the existence of a unique stationary measure for
the process (5.2)) and the exponential convergence of the law at time ¢ toward this equilibrium.

For the Euler-Maruyama scheme, fix n = [¢/d], and write:

n—1 n—1
Xpo=x0+6» bXP)+ V6 Y Gh,
k=0

k=0

and

n—1
G=n"'73"G.
k=0

We have 622;3 b(X[°) < t[bll. If A C T? is a measurable set, we are looking for a lower
bound on P(XZ0 € A). Let X2° be the Euler scheme seen on R? rather than T? (considering b
as a periodic function), with initial condition given as the representant of o in [0,1)? and let A
be the intersection of [0,1)? with the pre-image of A by the periodic quotient R — T¢. Then,
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P(X% € A) > P(XZ € A), and

P(X% € A) =P (J%G €A—umy— 5% b(Xk)>
k=0

> inf / e—\y\2/(t—5)dy
la|<2md+t|[blloc J A—q

> ¢~ 204md+tlbloo) U ehy( A).

In other words, the n-step transition kernel of the Euler scheme satisfies a Doeblin condition
with constant independent from the step size §. This implies the existence of a unique stationary
measure 0 such that for all k& € N,

|Law(Xpes5)) — 1 lrv < || Law(Xo) — |7y

This gives for all n € N

| Law(Xn) = plllrv < 1 Law(X 4/5)1ny1e751) — 12y
< aln/1t/0]]) | Law(Xo) — /~L5||TV < Ceom,

which concludes the proof. O

We now turn to the analysis of the noisy GAD (5.3). When & > 0, we get an elliptic
diffusion with bounded drift on a smooth compact manifold with no boundary, so essentially the
adaptation of Proposition in this more general context apply. In the following we focus on
the case ¢/ = 0. Indeed, one may think that it is only necessary to have noise on the position
in order to visit the whole space, and then the auxiliary vector V' will go to the associated
eigenvectors. The question is whether the process is hypoelliptic and controllable. However, it is
clear that it cannot be the case in general, simply by considering counter-examples of the form

d

i=1

Indeed, in these cases, if e.g. vg = (1,0, ...,0), then v; = vy for all ¢ > 0, hence there are no hope
of having a unique stationary measure, and convergences towards it for all initial conditions. Let
us discuss some some additional conditions that ensure this result. First, notice that if (X, V;)i>o0
is a noisy GAD then so is (X, —V;):>0. In fact the relevant variable to define the process is not
V; but the class {V;, —V;} on the projective sphere P¢ = S%~1 /R with the equivalence relation
given by vRu iff u = —v or v = v, and we identify the process with its projection on T? x P4
(which is still a Markov process, solution of the same SDE but where the drift of V; is seen
as a vector field on P9).

Proposition 5.2.2. IfU is C3, then the noisy GAD is well-defined in the sense that there exists a
unique strong solution to Equation (5.3)). If in addition, we suppose that the potential U satisfies
the following:

o There exists (7,9) € T4 x P4 such that:

(0., VU (2)7), cicd

spans o+.



5.2. Theoretical analysis 141

o For allv € P4, there exists H in the convex hull of the set
{VPU(z),z € Td}

such that, denoting by (5\1) the ordered eigenvalues of H and (0;) the associated eigenvectors,

Then the noisy GAD admits a unique stationary measure pgap on T x P with a positive
density with respect to the Lebesque measure. Moreover, for any initial condition, the law
at time t of the process converges exponentially fast to pgap in total variation.

Remark 5.2.1. The second condition is implied by: For all v € P4, there exists x € T such
that

(e < ni

Proof. If U is C3, then the noisy GAD is an SDE with Lipschitz coefficient, hence its well-
posedness. The first additional assumption ensures that the generator of the noisy GAD

1
L=—(1-200"VU(x) V,+eA, — 5(1 — v V32U (z)v -V,

satisfies a weak Hormander condition at (Z, 7), see [152].

Next, we want to establish the controllability of the process, in the following sense: fix
(Tini, Vini), (@p,vp) € T4 x P4 § > 0. We want to show that there exists T > 0 and a control
u € CO([0, T, R?) such that the solution of

{ 2(t) = —(I—2v(t)w®)T) VU (x(t) + u(t), (5.7)
V() = == u®)v)) VU (2(t))v(t), '

with (2(0),v(0)) = (Zins, Vins), satisfies ||(z(1),v(1)) — (xf,vy)|| < 6.

We first suppose that v;,; and v are not orthogonal. Fix H such that the second condition
of Proposition [5.2.2]is satisfied with v = vy, and x1,...,2p, and @y, ..., a, such that

P

p
H = ZO&Z‘VZU(IZ‘), Zai =1.

i=1 i=1

Fix T > 0, n € N, and y > 0 such that T = n(y + 2 + 29*) + 72 ++*. Write 8; = a; + ... + oy,
and for k € [0, n]:

(—Zini +21)/(017?) if 0<t<oyy?,
(I = 20(t)o()")VU(z1) if  ar(y? +9%) <t <ai(y+9*+97),
(i1 = 24)/(@it17?) it (k+B8i)(y+7%+27")
u(t) = <t < (k+B)(y+77+27%) + i1,
(I =20(t)o)")VU(x;) it (k4 B)(y+7*+29") + aia (v +97)

<t < (k+Bir1)(y +7* +291) — i,
(xf —zp) /7" if T—y"<t<T,
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and wu is linear on the remaining intervals of size v*. Write as well
Z(t) = x; for (k+ Bic1)y <t < (k+ By, keN.

As v goes to 0, v converges towards the solution to

which is itself close to

For clarity, we only show the second point which is the more complex one. We may write for all
0<u<T:

/Ou(l—vs YV2U (3 )vsds—/ou(l—vv )Ho,ds

u m—1 p
< / (I — 0,08)V2U (2)0sds — Z Z ka,yv,w)v U(x;)Opyaiy
0 k=0 i=1
m—1 p m—1 p
Z — Ukv“kv V2 U(x;)Opyaiy — Z Z — vkvvm)HUkV’y
k=0 i=1 k=0 i=1

-1 p

Z — vkka,y )H gy — /0 (I —v,0")Hv,ds|| .

where m = |u/v|. By hypothesis on H, the second term is 0. ¥ depends on + by definition,
but it is || VU||co-Lipschitz for all 4 > 0, hence the first and third term are going to 0 as v — 0,
uniformly on 0 < u < 7. The map v +— (I —vv!)Hv is C! on a compact set, hence is Lipschitz.
Thus we have:

/ (I — 0,08)V2U (2)0,ds — / (I — v40%)Hods||
0 0

[[o(u) —w(u)|| < L/Ou sup II"U(T)w(T)IIdH’

r<s
and
u u
sup [|o(u) — w(u)|| < T sup / (I —9,08)V2U (% )vsds—/ (I —v,0")Hv,ds|| — 0.
0<ugT o<u<T ||Jo 0 7—0

Now, all it remains to do is to fix T' > 0 great enough so that w(T") is in the J-neighborhood of
vy, then v small enough so that v(T) is as well, and n accordingly.

If v;n; and vy are orthogonal, writing m for the canonical projection from S4=1 to P?, there
exists an intermediate vt Which is not orthogonal to neither v;y,; or vy, and the same control
allows to go from (Zini, Vini) t0 (Tins, Vinter) in a time T, and from (Zins, Vinter) to (x5, vy) in
another time T

We conclude with [152, Theorem 2.1] for the existence of the stationary measure and the
convergence, and with [120, Theorem 5.2] for the positive density. O
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5.2.2 Switched processes

When the mode (I;):>0 is an autonomous Markov chain on a finite set [0,m — 1], m € N (i.e.,
as it is the case in the processes we have considered in Section if its jump rate does not
depend on X) then the well-posedness of switched processes of the form

dXt = Hjt(Xt)dt+J]t(Xt)dBt, (58)

with some drifts Hy, ..., H,,_1 immediately follows from the well-posedness of the corresponding
diffusion processes for each i € [0, m — 1], since the process is then simply defined by induction
along the jump times of I. In particular, in view of the previous section, the ISP is well
defined.

Moreover, in general, it is sufficient that one of the diffusion processes satisfies a Doeblin
condition to imply the same for the switched process:

Proposition 5.2.3. If I is irreducible and there exists iy such that the diffusion with Iy = iy
satisfies a Doeblin condition (see the introduction of Section, then the switched process admits
a unique invariant probability measure, and the law of the switched process converges exponentially
fast towards this stationary measure.

Proof. The existence results from the previous construction. Fix ¢y > 0 such that for all ¢t > %,
z € R%, A C T¢ measurable, -
P.(X: € A) = cl(A)

where ¢ > 0 and X is a solution to equation (5.8)) with Iy = iy. Since I is an irreducible Markov
process, we have for ¢t > 0
P(I; =i, Vs € [t, 2t]) > 0.

Hence we have:

P(th c A712t == Z()) 2 ]P(XQt c A,IS == ’io, VS S [t,?t])
=E (Px, (X¢ € A) 11— vsept,2e])

Cl(A)P(I, = g, Vs € [t,21])
— ),

which is a Doeblin condition with reference measure [ ® §;,, and this concludes the proof. O

109
Corollary 5.2.1. The ISP is well-defined, admit stationary measure, and its laws converge as
t goes to infinity exponentially fast towards its unique stationary measure in the total variation
distance.

5.3 Numerical experiments

The main goal of the present work is to gain some empirical insights on the qualitative behavior
of the processes introduced in Section [5.1.3| on simple models. Some questions that we have in
particular are the following: what happens if the direction of the gentlest ascend starting from a
local minimum does not correspond to the direction the process has to take eventually to find a
saddle point? How does the process behave in front of attractive singularities of the ISD flow?
How does the efficiency of the process (in terms of exploration) depend on the switching rate?
How does it compare to a basic overdamped Langevin process?
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We will consider three models. The first one is a mixture of Gaussian, for which we can easily
chose where are the minima and the saddle point and what are the gentlest ascend directions at
the minima. The second one is the function studied in [115], for which the unique saddle point is
separated from the two minima by singular lines. Finally, the third example, in higher dimension
and closer to a genuine application, is the Lennard-Johns cluster model with 7 particles.

Contrary to the theoretical analysis, most processes here live on R? which may raise a
stability issue. This can be seen in dimension 1, where the process switch between a gradient
descent and a gradient ascent, and thus can be non recurrent, or even explosive e.g. for potential
of the form |x|* at infinity. This can be solved by a suitable modification of the dynamics outside
some compact set, for instance replacing H; in by H; () = Hi(z)1)zj<r + Ho(2)1g> R OF
a smooth interpolation, or adding a deterministic jump from I; = 1 to I; = 0 when |X;| > R.
Then, classical Lyapunov conditions on U implies that the process remains stable. However, this
will not be necessary in our simple numerical experiments.

5.3.1 First 2D model: a mixture of Gaussians

We consider here a mixture of Gaussian in dimension 2. The potential is of the form:

1 1
Ur(z,y) = —In <2e(z2+y2) + 265”(mm“)2s”(ym“)2>,

with some parameters mg, my, € R, s;,s, > 0. This is a classical model in statistics for multi-
modal problems. Here we take (mg, my) = (4,0) and consider two cases, either (s, s,) = (3,1)
or (sg,sy) = (1,3), see Figure and In those figures, we represent a typical trajectory of
the noisy ISD and of the ISP, with ¢ = 0.03, the final time T"= 10, and v = 0.2 in the case of the
ISP, as well as the level lines of the potential. In these two cases, there are two local minimizers
(Z1,0) and (Z2,0) separated by a unique saddle point (Z,0), where Z; < Z < Zs, but they differ
by the direction taken by the saddle search in the well from the left. The yellow part represent
the trajectories of the noisy ISD, or the part of the ISP where I; = 1, and in blue the part of the
ISP where I; = 0 (corresponding to a gradient descent).

According to the Large Deviation Principle, for a small ¢, if the initial condition corresponds
to the right local minima (&2, 0), the overdamped Langevin process will typically stays in
the vicinity of this minimizer for a time exponentially long with e, and will likely go from there
to the other minimizer by following in reverse the trajectory of a gradient descent starting from
a point arbitrarily close to the saddle point (which in the present case is a straight line from the
minimum to the saddle point), see [65, Chapter 4, Theorem 2.1] as well as their computation of
the quasi-potential.

In the case (sz,s,) = (3, 1), with some initial condition (z¢,0), Z < zg < &2, the noisy (and
deterministic) ISD will follow the same reactive trajectory as the overdamped Langevin process,
the gentlest way to go to the saddle point being here along the gradient, but it happens much
earlier (since this is the behaviour of the deterministic system at ¢ = 0 and not a large deviation
from it). However, in the case, (sg,s,) = (1,3), the gentlest way to leave the right minima is
to start along the directions (0,1) and (0, —1), see figure Nevertheless, independently from
this difference in the beginning of the trajectory, in both cases the saddle point is found by the
deterministic dynamics for initial condition between Z; and Z».

For initial condition (zg, yo) with xg > Z2, the ISD goes to infinity. Hence, the dynamics has
to be modified outside some compact set, as explained in the introduction of this section, so that
the process does not escape to infinity. In that case, one only need to wait for the process to
enter the domain of attraction of the saddle point for the deterministic ISD.
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(a) Evolution of U along the noisy ISD. (b) Trajectory of the noisy ISD.
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(c) Evolution of U along the switched process. (d) Trajectory of the switched process.

Figure 5.1: Case (sg,sy) = (3,1)
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(a) Evolution of U along the noisy ISD. (b) Trajectory of the noisy ISD.
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(c) Evolution of U along the switched process. (d) Trajectory of the switched process.

Figure 5.2: Case (sz,sy) = (1, 3).
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(a’) (51?3?/) =(1,3). (b) (Sl'vsy) =(3,1).

Figure 5.3: Periodized potential.

(a) (sz,8y) = (1,3). (b) (s2,8y) = (3,1).

Figure 5.4: Invariant measure of the ISP for v = 0.1, € = 0.05.

However, as an alternative way to enforce stability in order to get quantitative results, in
the present case with a simple illustrative purpose, we simply use a periodized version of the
potential. Denote

Uy (z,y) = —In (;e—L2(sin2<x/L>+sin2<y/L>> n %e—ﬁ(sz sin®((z—m.)/L)+s, sin2<<y—my>/L>>>7

where L > 0 is a parameter, see Figure [5.3| This periodized potential has two supplementary
saddle point, but for all (z,y) € R2, limy_,o Uy (x,y) = Uy(x,y), and we may defined the ISP
on (wLT)2.

Using a 2-D histogram, v = 0.1, € = 0.05, we get a representation of the invariant measure in
Figure We see that the invariant measure charges both minima, as well as the saddle point
between the two.

Now, if the goal is to find both minima, then one can find one of them using a gradient
descent, and the second one using the ISP. Since the ISD allows to find the saddle point, then
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Figure 5.5: Time to reach a minima from the other one on the periodized potential.

if the switching rate is low enough, the switched process will do as well, and thanks to the
Brownian noise, after a first switch, will have a positive probability to be in the domain of
attraction for the gradient descent of the second minima, and thus will find it. If it was not
in the right domain of attraction, then the process will go back to the first well, and repeat
the same kind of trajectories. The success of the algorithm is then the same as the one of a
rigged coin flip. For a small €, as long as the transitions from one well to another are driven
by this switching behaviour, the transition time behaves much better than the exponentially
long time of the overdamped Langevin dynamics (with Brownian-driven rare transitions). At a
fixed €, when the switching rate becomes too small, the process has to wait for switching events
to cross the saddle (and eventually when it becomes very small the process behaves like the
overdamped Langevin dynamics and the transitions are driven by the small Brownian noise);
on the other hand, a large switching rate induces an averaging phenomenon (the drift along
the gentlest ascend direction vanishes), which impairs the efficiency. Thus, there should be an
optimal switching rate in terms of mean transition time. This is indeed what we observed, see
Figure The numerical experiment were conducted with ¢ = 0.03, (2o, y0) = (4,0), Iy = 0,
and the time was estimated by Monte-Carlo with n = 15 repetitions.

5.3.2 A 2D model with singular lines

Now we are interested in the following potential:
Ua(z,y) = (1 - 2%)* + 297,

for (z,y) € R?, see Figure
The deterministic ISD and GAD have been studied for this potential in [115]. This potential
has two minima, (—1,0) and (1,0), and one saddle point (0,0). However, there are two lines,

{x =+./4/ 6}, for which the Hessian of U has two equal eigenvalues. The deterministic GAD

and ISD cannot cross those lines, and go to infinity, see Figure 5.7 In the noisy case, the
Brownian motion may allow the process to cross the line, see Figure [5.8

As seen in figure 5.8 the Brownian motion allow to cross the set of singularities, but for
small ¢, this crossing may happen far from the set of minima and saddle point, because the
deterministic process satisfies lim;_,~, y; = 400 for zg > \/‘W and yo > 0, where (24, y:) is the
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Figure 5.6: Level line of the potential Us,.
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a) Evolution of U along the deterministic ISD. b) Trajectory of the deterministic ISD.
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Figure 5.7: ¢ = 0.0.
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(a) Evolution of U along the noisy ISD. (b) Trajectory of the noisy ISD.

Figure 5.8: ¢ = 0.05.

ISD. The singular lines are repulsive, and for = > \/m, the process is attracted to the line
{z = 1}. Concretely, for the process to cross the singular line, the noise must be great enough
so that this occurs before the simulation stops due to numerical limits.

Since the existence of this singularity results from a crossing between the eigenvalues of the
Hessian of the potential Us, we study the solution to solve the issue of singularities proposed in
Section [5.1.3] to see in particular if it allows a faster convergences towards the saddle point in
our example here. Recall the set of singularities:

S ={(x,y) e R?, \i(z,y) = Xa(x,9) },

and the modified noisy ISD (writting z = (x,y) and Z; the process):
Zy = — (I —29(Ze)v1(Ze) 01 (Zs) — (2 — 9(Ze)va(Ze) v2(Z4))) VU2(Zy)dt + V2ed By,

with g(z) = f(A2(2) — A1(2)) for some function f: Ry — Ry such that f(0) =1, and f(r) =2
for r > r,, and some small r, > 0. As explained, the idea is to replace the reflection with respect
to vy (z)1 by a projection on vect(vy(x),vo(x))" .

In dimension 2, the process simply becomes a Brownian motion near §. For numerical study
we consider:

fl(r) =1+ ]lr>r*a

and ,
fQ(T) =1+ 7]17"@"* + ]lr>r*7

where r, > 0 is a fixed parameter. An example of trajectory with f;, is given in Figure [5.9
We compare the speed at which the process reaches the saddle point with the different cut
function fo = 2, fi, and fo. We chose as parameter r, = 2, g = (0.9,0), and n = 500 trials.
The average of
T=inf{t > 0,|X;| < 0.1},

over the n trials is displayed in Figure for € € {0.03,0.04,0.05,0.06}.

We can see that the regularised dynamics reach the saddle point faster than the initial dynamic
with fo. Moreover, as explained before, for smaller values of ¢, there is a positive probability
that the process doesn’t reach the saddle point before hitting numerical limits. For a given
temperature €, this probability is lower for the processes defined from f; or f;. This possible
failure was not observed in the experiments displayed in Figure but for e = 0.02, we
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(a) Time evolution of U along the noisy fi-modified
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Figure 5.9: fi;-modified ISD, ¢ = 0.05.
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Figure 5.10: Time to reach the saddle point.
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estimated the probability of failure with 500 trials for each process. We get 0.394 for fy, and
0.046 for fo. Even at € = 0.02, no failure was observed for fi.

Here we haven’t used any of the modifications discussed at the beginning of Section [5.3] to
enforce stability, in order to study the effects of the singular line on the time needed to find the
saddle point.

5.3.3 Lennard-Jones clusters

We now study numerically the process for a potential in higher dimension. Consider the Lennard-
Jones potential for N = 7 particles in dimension 2, given by

Us(a1,..on) = W(la; — 24)),

1<j

where z; € R? for all 1 < i < N, and for r > 0:

wi-a( 5 L),

The potential U is invariant by rotation and translation of the full system and by permutation
of the particles. Once these symmetries are ruled out, it has three non-global local minima, and
an additional global one, represented in Figure Lennard-Jones clusters in dimension 2 or 3
are classical models in physics and have been extensively, see e.g. [141} 40| and references within.

We use as initial condition the local minimum such that U ~ —11,47, and we compute the
time necessary for the process to visit all minima for different values of v and ¢, estimated over 20
experiments. The average time is given in Figure These results confirm the interpretation
of Figure discussed in Section We see that the sensibility of the exploration time to
the switching rate increases as the temperature € decreases, as should be expected: in the high
frequency regime, the drift along the gentlest ascent direction averages to zero so that, in that
direction, the process moves at the speed of a Brownian motion with variance ¢; in the low
frequency regime, the transitions between different wells are driven by the Brownian noise and
thus follow an Eyring-Kramers formula, so that the mean transition time is exponentially large
with 1.

Since Us is invariant by global translations and rotations of the system, 0 is always an eigen-
value of its Hessian, associated to eigenvectors which are orthogonal to VUs. As a consequence,
at points x where V2Us(x) has no negative eigenvalue, the ISD dynamics is the same as the
gradient descent dynamics. For a real application, these known symmetries should be taken into
account in order to avoid this. However, as we saw, even without addressing this issue, the ISP
still finds all minima faster than the Langevin process: even though the gentle ascend behaviour
plays no role in the vicinity of minimizers, it still makes saddle points locally attractive for the
dynamics, which is a key point for the efficiency of the exploration.
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Convergence of a particle
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in a compact soft case.
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Abstract : We establish the convergences (with respect to the simulation time ¢; the number
of particles N; the timestep v) of a Moran/Fleming-Viot type particle scheme toward the quasi-
stationary distribution of a diffusion on the d-dimensional torus, killed at a smooth rate. In
these conditions, quantitative bounds are obtained that, for each parameter (¢t — co, N — oo or
~v — 0) are independent from the two others.
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6.1 Introduction

6.1.1 The problem
Start from the diffusion on the d-dimensional periodic flat torus T¢
dz; = b(Zy)dt +dB; (6.1)

with b € C1(T?), where (B;)¢>0 is a d-dimensional Brownian motion. Add a killing rate A € C(T%)
and, given a standard exponential random variable E independent from (Z;);>¢, define the death
time

t
T = inf{t>0, E g/ )\(Zs)ds} . (6.2)
0

Then a probability measure v on T is said to be a quasi-stationary distribution (QSD) associated
to the SDE (6.1]) and the rate A if

Law(Zy) =v = Vt=0, Law(Z, |T >t)=v.
In our case, there exists a unique QSD v, and, whatever the initial distribution 7y of Zj,

Law(Zy | T > 1) o Vs

see e.g. |32, Theorem 2.1]) or Corollary below.

The present work is dedicated to the proof of convergence of an algorithm designed to approx-
imate v,. This is classically done through a system of N interacting particles whose empirical
measure converges to Law(Z; | T > t) as N — oo, where killed particles are resurrected in a
suitable way in order to keep constant the size of the system (while a naive Monte Carlo sim-
ulation would see the sample shrink along time). This question has already been addressed by
many authors in various contexts, see the discussion in Section [I.3:3] Before introducing the
algorithm, stating our results and comparing them with previous works, for now, let us simply
highlight the main specificities of the present work.

The first novelty is that we take into account the time-discretization of the continuous-time
diffusion. That way, we establish error bounds between the theoretical target QSD and the
empirical measure indeed obtained with an actual implementation of the algorithm. There are
three sources of errors: first, the continuous-time SDE has to be discretized with some
time-step parameter v > 0. Second, as will be detailed below, a non-linearity in the theoretical
algorithm has to be approximated by a system of N particles. This leads to the definition of an
ergodic Markov chain whose invariant measure is close, in some sense, for large N, to the QSD
of the time-discretization of the diffusion. But then this Markov chain is only run for a finite
simulation time ¢ = m-~y, m € N. A third error term then comes from the fact that stationarity
is not fully achieved. We will obtained quantitative error bounds in v, N and ¢.

A second specifity is that the bound obtained for each parameter will be uniform in the other
two. For instance, the only other work in which the long-time convergence of the chain is proven
to be, under some (restrictive) conditions, uniform in N, is [38] in a finite state space. Besides,
our work is quite close in spirit to this work of Cloez and Thai.

Finally, although it was not the primary motivation of the present work, it seems that the
particular definition of the system of interacting particles considered here, in particular the
rebirth mechanism, was not considered in previous works (where, basically, killed particles are
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resurrected at the position of one of the other particles). Our variant is initially motivated by
the property stated in Proposition below, which has been indicated to the second author
by Bertrand Cloez. Yet, this variant has the unintended advantage to be both discrete in time
and non-failable, in the sense that it is well-defined for all times, even though all particles die
simultaneously from time to time (see also [142]| on this question).

Note that we restrict the study to a compact state space. Moreover, we only consider soft
killing at some continuous rate, and no hard killing which would correspond to the case where
T is the escape time from some sub-domain (see e.g. |11} 48]). Finally, as will be seen below,
as far as the long-time behaviour of the process is concerned we will work in a perturbative
regime, namely we will assume that the variations of A are small with respect to the mixing
time of the diffusion (while ||A||oo itself is not required to be small). These very restrictive
conditions, which rule out many cases of practical interest, have to be considered in light of
our very strong results (Theorems and below and all the corollaries of Section
gathered in Figure . In fact, although already interesting by itself, this restricted framework
can be thought as a toy model motivated in particular by the case that arises in the parallel
replica algorithm [104]. In that case, T is the escape time for from a bounded metastable
domain, so that the lifespan of the process is expected to be larger than its mixing time (and
to depend little from the initial condition, given it is far enough from the boundary). Hence,
the compact and perturbative assumptions are consistent with this objective. The restriction to
smooth killing rate, however, is made to avoid additional difficulties in the hard case where, even
in the metastable case, the probability to leave the domain is high (and exhibits high variations)
when the process is close to its boundary. The initial motivation of the present study was to
test the general strategy of the proof (via coupling aguments) in a first simple case, with the
goal of extending it later on to the metastable hard case by combining it with some Lyapunov
arguments to control the variations of the killing rate near the boundary. This is postponed for
future work.

This chapter is organized as follows. The algorithm and main results are presented in Sec-
tion [6.1.2] Section [6.2] contains the proofs, and more precisely: a general coupling argument,
which is the central tool for all our results, is presented in Section the basic bounds in
terms of t — +00, N — +00 and 7 — 0 are then stated and proven respectively in Sections[6.2.2]
[6.2.3] and [6.2.4} finally, these basic results are combined in Section [6.2.5] concluding the proofs
of the main theorems and inducing a number of corollaries.

Notations and conventions

We respectively denote P(F) and B(F') the set of probability measures and of Borel sets of a
Polish space F. Functions on T? are sometimes identified to [0, 1]%-periodic functions, and similar
non-ambiguous identifications are performed, for instance if € T¢ and G is a d-dimensional
standard gaussian random variable, z + G has to be understood in T?, etc. A Markov kernel
Q@ on F is indiscriminately understood as, first, a function from F' to P(F), in which case we
denote @ : z — Q(z,-) (where Q(z,-) denotes the probability A € B(F) — Q(x,A) € [0,1]);
second, a Markov operator on bounded measurable functions on F', in which case we denote
Q: [ Qf (where Qf(z) = [ f(w)Q(z,dw)); third, by duality, a function on P(F'), in which
case we denote Q : u +— p@ (so that p(Qf) = (uQ)f). In particular, Q(z,-) = §,Q for x € F.
If 4 € P(F) and k € N,, we denote u®* € P(F*) the law of a k-uplet of independent random
variables with law p. Similarly, if @ is a Markov kernel on F, we denote Q®* the kernel on
F* such that Q®%(z,-) = Q(z1,") ® -+ ® Q(zg,-) for all x = (x1,...,2) € FF. We denote
£(1) the exponential law with parameter 1, U(I) the uniform law on a set I and A (m,X) the
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Gaussian law with mean m and variance matrix X. We use bold letters for random variables in
TN and decompose them in d-dimensional coordinates, like X = (X7,..., Xy) with X; € T,
or X1 = (Xl,la ‘e ,XNJ).

6.1.2 The algorithm and main result

Starting from the diffusion killed at time T given by , we introduce two successive
approximations. The first is time discretization. For a given time step v > 0 and a sequence
(Gr)ken of independent random variables with law A (0, 1), we consider the Markov chain on
T given by Zo = Zo and

VEEN,  Zy = Zr+b(Zk) + 7Gx (6.3)

and, given E ~ £(1) independent from (Gj)ren and Zo,
T = inf{tn*y, neN,, E< ’yZ)\(Zk)} .

k=1

From classical results for Euler schemes of diffusions (see e.g. [131]), it is quite clear that, for
any A € B(T?) and all t > 0,

]P’(ZUMJ € A, T<t) 3 B(ZicA T<),
from which, for all t > 0,
Law (th/ﬂ |T<t) 7—_}% Law (Zy | T < t)

(we will prove this, see Corollary below). Note that, from the memoryless property of the
exponential law, given a sequence (Uy)ren of independent variables uniformly distributed over

[0,1] and independent from (G)ren and Zp, then ((Zn)nen, T) has the same joint distribution

as ((Zn)neN,T) with

T = imf{tz?W7 neN,, U, <P(Zn)}

where p(z) = 1 — exp(—7A(z)) is the probability that, arriving at state z, the chain is killed.

A naive Monte Carlo sampler for the QSD would be to simulate N independent copies of the
chain killed with probability z — p(z) and to consider after a large number of iterations the
distribution of the copies that have survived. However, after a long time, most copies (possibly
all) would have died and the estimator would be very bad. To tackle this issue, we have to
introduce a rebirth mechanism to reincorporate dead particles in the system.

Denote K : T? — P(T9) the Markov kernel associated with the transition (6.3), i.e.

Kf(z) = (2m)~? /Rd f (@ +7b(x) + y) e 2 dy .

For p € P(T), let Q,, be the Markov kernel such that, for all z € T, Q,(z,-) is the law of the
random variable X defined as follows. Let (X, Ug)ren be a sequence of independent random
variables such that, for all k£ € N, X}, and Uy, are independent, Uy ~ U([0,1]) and Xy ~ K(z,-)
while, for k > 1, X}, ~ pK. Let H = inf{k € N, Uy > p(Xi)}, and set X = Xg. Since X is
bounded, p is uniformly bounded away from 1 and thus H is almost surely finite, so that @, is
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well-defined.
In other words, a random variable X ~ @, (z,-) may be constructed through the following
algorithm (in which new means: independent from all the variables previously drawned).

1. Draw Xo ~ N (z 4+ vb(z),v14) and a new Uy ~ U([0,1]).

2. If Uy > p(Xp), set X = Xy in T¢ (in that case, we say the particle has moved from z to
X, without dying).

3. If Uy < p(Xp) then set i = 1 and, while X is not defined, do:

(a) Draw a new X/ distributed according to p, a new X; ~ N (X 4+ vb(X}),vI4) and a
new U; ~ U([0,1]).

(b) IfU; > p(X;), set X = X; in T¢ (in that case, we say the particle has died, resurrected
at X/, moved to X; and survived).

(c) IfU; < p(X;), set i « i+ 1 (in that case, we say the particle has died, resurrected at
X/, moved to X; and died again) and go back to step (a).

From this, we define a chain (Y;)ken as follows. Set Yy = Zy and suppose that Y; has been
defined for some k € N. Let n = Law(Y}), and draw a new Y41 ~ @y, (Y%, ). This somewhat
intricate definition is motivated by the following results (whose proof is postponed to Section

52):

Proposition 6.1.1. For alln € N
Np = Law(Zn|T > n'y) )

In particular, as n — oo, the law 7, of Y, converges toward the QSD of Z. Unfortunately, it
is impossible to sample (Y} )gen in practice since this would require to sample according to ny for
any k € N. This is a classical case of a time-inhomogeneous Markov chain which is interacting
with its own law or, similarly, of a measure-valued sequence (7 )reny With a non-linear evolution.
Such processes arise in many applications, see e.g. [43, 42| and references within. Motivated by
the Law of Large Numbers, we are lead to a second approximation, which is to use mean-field
interacting particles. For a fixed N € N, and for x = (2;);e[1,n] € TN, we denote

m(z) = %Zém € P(T?)

the associated empirical distribution. Then we define the Markov operator R on TV as

R(z,:) = Qr)(21,") @+ ® Qr(a) (TN, )

In other words, a random variable Y ~ @Q(z,-) is such that the Y;’s are independent with
Yi ~ Qx(x)(xs,-). In order to specify the parameters involved, we will sometimes write Ry ., for
R.

Let us informally describe the transitions of such a Markov chain (Xj)ren: the it" particle
follows the transition given by independently from the other particles until it dies. If it dies
at a step k € N,, then it is resurrected on another particle X ;j_q with J uniformly distributed
over [1, N] (in particular and contrary to most previous works on similar algorithms, J = i is
not excluded, although it doesn’t change much since its probability vanishes as N — oo) and
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immediatly performs a step of ; if it dies again after this unique step, it is resurrected again
and performs a new step, and so on until it is not killed after a resurrection and an Euler scheme
step. Then this is the new value X, j from which the particle follows again the transitions
until its next death, etc.

Note that there is no problem of simultaneous death since at step k the particles are resur-
rected on positions at step k — 1, which are well-defined even if all particles die at once at step
k.

It is easily seen that R admits a unique invariant measure toward which the law of the
associated Markov chain converges exponentially fast (in the total variation sense for instance),
but a naive argument yields a convergence rate that heavily depends on N (and possibly 7).
Similarly, classical studies can be conducted for the limits N — oo and v — 0 but again with
estimates that are typically exponentially bad with respect to the total simulation time. In
the following we will focus on a somewhat perturbative regime under which we will establish
estimates for each of these limits that are uniform with respect to the other parameters. Even
for the continuous-time process (corresponding to v = 0 , see Section for the definition),
such uniform results are new (see Corollaries and .

Recall that the WW; Wasserstein distance between p, v € P(T9) is defined by

Wi (pyv) = mf{E(| X =Y|) : X ~p, Y ~v}.

More generally, for p a distance on some Polish space F', denote VW, the corresponding Wasserstein
distance on P(F’), defined by

W, (p,v) = if{E(p(X,Y)): X ~pu, Y ~v}. (6.4)

If X ~pand Y ~ v, we call (X,Y) a coupling of p and v. If (X,Y) is a coupling for which the
infimum in is attained, we say that it is an optimal coupling. From [164, Corollary 5.22],
such an optimal coupling always exists.

Our first main result is a long-time convergence rate uniform in N:

Theorem 6.1.1. There exist c1,ca,v > 0 and a distance p on T? equivalent to the Euclidean
distance, that depend only on the drift b and the dimension d, such that, if X is Lipschitz with a
constant Ly and

Kk = 1 —colye?Mle (6.5)

then the following holds: for all v € (0,7, N € N and all u,v € P(T), considering the
distance pi (z,y) = Sy p(i, ;) for x,y € T,

WPN (MRN,’W VRNW) < (1 - 7“) WPN (M, V) .

As a consequence, there exists C > 0 that depends only on b and d such that for all v € (0,7o],
m, N € N and all p,v € P(T),

Wi (uR% ., vRY ) < CN(1—vr)™ .

This means that, with respect to the metric pn, Ry~ has a Wasserstein curvature of v« in
the sense of [93].

Theorem[6.1.1]is proven in Section[6.2.2} From this first result, similar bounds can be obtained
for large N and small 7 (see Sections and . Combining all these results eventually
yields a quantitative bound on the error made in practice by approximating v, by the empirical
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distribution of the particular particle system:

Theorem 6.1.2. Under the conditions of Theorem suppose that k given by (6.5)) is posi-
tive. There exists C > 0 such that for all N € N, v € (0,7], t = 0 and o € P(T), if (Xi)ren
is a Markov chain with initial distribution uo and transition kernel Ry -,

E Wi (7(Xj1/5)) )] < C (VA +aN)+e7)

where
N—1/2 ifd=1,
a(N) = { N"'2In(1+N) ifd=2,
N-1/d ifd>2.

All the constants in Theorems and (and all other results stated in this work) are
explicit. More precisely, ¢; and vy come from [122, Corollary 2.2] (see Proposition below)
where an explicit value is given, and all the other constants involved in our results can be tracked
by following the explicit computations.

In Theorem the speeds of the different convergences (exponential in the simulation
time, with the square-root of the timestep and with « of the number of particles) are optimal
since they are optimal for non-interacting diffusions (i.e. the case A = 0), see in particular [62]
for the large N asymptotic.

Other intermediary results will be established in the rest of the paper that are interesting by
themselves: propagation of chaos (i.e. N — oo0) and continuous-time limit at a fixed time (even
without the condition x > 0) respectively in Propositions and From that, results for
the continuous-time process (y = 0), the equilibria (¢ = 00) or the non-linear process (N = 00),
or when two parameters among three are sent to their limits, are then simple corollaries, see
Section All these results are summarised in Figure [6.1] at the end of this work.

Note that exp(—yA(z)) is the probability that the chain is not killed when it arrives at state
x. The time step v should be chosen in such a way that this probability is relatively large, say
at least one half. In that case, exp(y||\||oo) is typically close to 1. In other words, the positivity
of k given by is mostly a condition about L) being small enough.

This perturbation condition is different from the one considered in [133|, where ||A||o rather
than Ly is supposed to be small (while our main arguments are a direct adaptation of the
coupling arguments of [133]). This difference comes from the fact that, in the present study, we
work with the W, distance rather than the total variation one (which is a Wasserstein distance
but associated to the discrete metric d(z,y) = 1,%,). Indeed, in our coupling arguments, we
need to control |A(z) — A(y)| the difference between the death rates of two processes at different
locations, which is bounded here by Ly |z — y| and in [133] by 2||A||oc Lyy. In fact our argument
for the long-time convergence may easily be adapted to the total variation distance framework,
following [133]. Nevertheless this would be more troublesome in the study of the limit N — oc.
Then, one needs to couple 75 (that admits a density with respect to the Lebesgue measure) with
m(X) (which is a sum of Dirac masses), so that the total variation distance is not adapted. This
may be solved by considering W; — total variation regularization results for (Euler schemes of)
diffusions, that can be established by coupling arguments again. Nevertheless, in order to focus
on the other difficulties of the problem and for the sake of clarity, we decided to stick to the
W, distance in all the different results of this work. Similar Wasserstein coupling arguments
have been used in [38] on a similar problem (see next section) and in [167] for a different kind of
mean-field interacting particle system (also with a similar perturbative condition corresponding
to the fact o in [167, Proposition 3.1] has to be positive, i.e. the interaction should be small with
respect to the independent mixing).
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Notice that, among all possible discretization schemes, we only considered the explicit Euler-
Maruyama one. This choice was made for simplicity, but the proofs could be extended to other
usual schemes. The main ingredient required is a Wasserstein curvature of order v for a modified
W distance (see Proposition based on [122 Corollary 2.2|). Similarly, we only considered
the case of an elliptic diffusion process with a constant diffusion matrix for simplicity (since we use
[122, Corollary 2.2] which covers this case), although a similar Wasserstein contraction certainly
holds in a much more general framework (even hypoelliptic non-elliptic, as in continuous-time
settings [56]). As stated in the introduction, the present paper does not aim at the broadest
generality, and by avoiding technicalities we want to highlight the main issue (i.e. the question
of the uniformity of bounds in the various parameters).

6.2 Proofs

Let us first establish the preliminary result stated in the introduction:

Proof of Proposition[6.1.1] For n € N, denote
M = Law(Yy,), v, = Law (Zn | T> nfy) .
Since vy = 19, suppose by induction that v, = n, for some n € N. Keeping the notations

introduced in the definition of the kernel @Q,,, consider the events By = {Uy, > p(Xx)}. Then, for
all bounded measurable f,

Quf(z) = E(f(X))

( ZﬂBmmk 1BC)>

keN

= E(f(X0)luyzpxo) + 2 E (F(Xe)Louspixi) H
k>1 3=0

K[f(1=p)](z)+ > uK [f(1 = p)] (uKp)* " Kp(z).

k>1

In particular, integrating with respect to u, we obtain

KT o)t = HEF(—p)]
pQuf = pKI[f(1 p)]kEZN(u P) WKL D)
Applied with p = n,, this reads
nK -
miid = E(G(Vus)) = EE( () %) = m@ys = 2D
On the other hand,
E(f(~"+1)]lf>(n+1)v) - ]E<f(~"+1) T>m]lUn>p(2n+1))

I
=
—
~
~—
N
+
=
~—
—~ B
—
I
=
/&\
:l
+
—
~—
~—
=
S
Vv
S
3
~
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= P (T > n’y) v, K [f(1-p)],

frow which
CE(fZar)lrsiny,)  B(T>m)wmK Q=D k[p—p)
i = ]P’(T> (n—i—l)'y) - }P’(T>n'y) v K [1 - p) K [l-p]
which concludes. O

6.2.1 The basic coupling

The long-time estimates needed to prove convergence toward equilibrium and uniform in time
estimates in N and ~ are based on the fact that, as long as particles don’t die, they follow the
chain which, like its continuous-time counterpart , have some mixing properties. In
order to quantify the latters, we start by stating [122, Corollary 2.2] in a suitable way in our
context.

Proposition 6.2.1. There exists c1,a,7v > 0 (that all depend only on the drift b of (6.1) and
on the dimension d) such that, denoting p(x,y) = (1 — exp(—alz —y|))/a for z,y € T%, then p
is a metric on T with

V’)/ € (0”70} ) V,LL, Ve P(Td) ) WP (NKa VK) < (1 - ClV)WP(/Jv V) .

Proof. This is [122 Corollary 2.2] applied to a diffusion with smooth drift on the torus, in which
case the distance on T? for which the contraction holds is p. O

In the rest of the paper, p is the metric and ¢y, a, 7 are the constants given by Proposition
Remark that p is equivalent to the Euclidian metric, with

Blz—y| < ple,y) < Je—y|  for B = 2(1—eV¥)/(aVd),

where we used that the diameter of T? is v/d/2 and that 7 + (1 — exp(—ar))/a is a concave
function with derivative 1 at zero. In particular, W; and W, are equivalent.

Now, in this particle system, the contraction property of the chain may be counterbal-
anced by the death/resurrection mechanism through which particles interact. Indeed, considering
two systems of N interacting particles, for i € [1, N] the previous result means that we can cou-
ple the i*" particles of both systems to get closer one to the other (on average), as long as they
don’t die. But then, one of the two particle can die and resurrect far from the other, or even if
they die simultaneously they may resurrect far apart one from the other. That being said, first,
the closer they get, the easier it is to couple them in order to die simultaneously, and second,
when they die simultaneously, keeping the particles close one to the other amount to do a suitable
coupling of the laws from which the particles are resurrected. This is quantified in the following
proposition.

In all the rest of the paper, we suppose that A is Ly-Lipschitz (but not necessarily that x
given by is positive).
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Proposition 6.2.2. Let g, i1, g, pty € P(T4) and let (Xo, X{) (resp. (X1, X})) be a coupling
of uoK and pyK (resp. p1 K and pyK). Then

Wy (oQuronb@us) < (B (0060 X0 + 2B (o061, X)) )

where
h = 1—minp+ (aB) *yLy
and, considering U ~ U([0, 1]) independent from (Xo, X{, X1, X7),

¢ = PU<pX;)Ap(X])), 1=0,1.

Proof. Let (X, X}, Ui)ren be a sequence of independent triplet of random variables such that,
for all k£ € N, U, ~ U([0,1]) is independent from (X}, X}), which are such as defined in the
proposition for ¥ = 0 and 1 and, for k& > 1, have the same distribution as (X, X]). Set
H=inf{neN, U, <p(X,)} and H =inf{n € N, U, < p(X},)}. Then, by considering the law
of (Xk, Uk)ken alone, it is clear that Xg ~ p10Qy, and, similarly, X3, ~ 1Q,, so that

W, (:LI‘OQ/L17,u‘6Q,U/1) < E(p (XHaX}-I/)) .

Different cases are distinguished depending on the value of H and H’. In the simplest case, none
of the particles dies:

E(p (Xu, Xi) Lu=r—0) = E (p(Xo,X0) Luy>p(xo0)vp(xs))
< E (p (X()v X(/)) ILUg}minp)
< (1-minp)E (p(Xo, X)) |

where we used the independence between Uy and (X, X{). In the second case, only one particle
dies: using that ||p||c < 1/a,

E(p(Xu, Xip) Lunwr—o<nvi) < a 'P(Up € [p(Xo) Ap(X(), p(Xo) V p(X()])
= o 'E(|]p(Xo) — p(Xp)])
< a”'LAE (| X — X))
< (aB)T'YLAE (p(Xo, X)) -

In the third case, both particles die k > 1 times:

k—1
E(p(Xu, Xip) Lu=rr=r) = E | p(Xe, X0) Loyspixavexy) L Los<pxnnxs
=0

qoqllc_lE (P (Xk7 X//c) ]1Uk>minp)

<
< qogt ' (1 —minp)E (p (X1, X7)) .

Finally, combining the computations of the last two cases, the fourth one reads, for £ > 1,

a”qoqt ' P (Ux € [p(X5) A p(X1), p(Xi) V p(X})])
aB) " qogi T YLAE (p (X1, X1))

E(p(Xug, X)) Luam—k<nvie) <
<
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Summing these four cases concludes. O

6.2.2 Long-time convergence

For N € N, denote py the metric on T given by

N

pn(z,y) = Z p(Tis i) -

i=1

The following result is similar to the results of [133} 167, 38| and based on the same coupling
argument.

Proposition 6.2.3. There exists co > 0 (that depends only on the drift b of (6.1) and on the
dimension d) such that for all v € (0,70] N € N, and all p,v € P(T),

WpN (IU/RN,"/?VRN,’Y) < (1_7”) WPN(M,V)~

with k given by (6.5]).

Proof. Tt is in fact sufficient to prove this for y = 6, and v = §, for any z,y € TN, Indeed,
assuming the result proven for Dirac masses, in the general case, considering (Xg, Yo) an optimal
coupling of p and v and (X;,Y;) an optimal coupling of R(Xy,-) and R(Yy,-), then X; ~ puR
and Y; ~ VR, so that

Wy (WR,vR) < E(pn (X1, Y1)
= E(E(pny (X1,Y1) | (Xo0,Y0)))
= E(E W,y (0x,R, v, R) | (Xo,Y0)))
< (1 =7vK)E(pn (Xo, Yo))

= (L=18) W,y (1) -

Hence, in the following, we fix =,y € T, Let (X, Yi)iep1,n] be independent pairs of random
variables in T? where, for all i € [1, N], (X;,Y;) is an optimal coupling of Qr(z)(24,-) and
Qr(y)(Yi,-). Then (X,Y) is a coupling of R(z,-) and R(y,-), so that

N

Wy (,R,8,R) < E(py (X,Y)) = S E(p(X,,1)))
=1
N

= Z Wp (Qﬂ—(gg) (xia ')a Qﬂ(y) (yi’ )) .

i=1

We want to apply Proposition with p1 = 7(z), po = ds,, py = 7(y) and py = d,,. To do
so, for all 4 € [1, N], we consider (X;,Y;) an optimal coupling of K(z;,-) and K(y;,-). From
Proposition [6.2.1

E(p(X:¥i)) < (1—em)pleny). (6.6)

Moreover, if J ~ U([1, N]) is independent from the (Xj,Y;)’s, we remark that (X;,Y;) is a
coupling of 7(z)K and 7(y)K. Proposition applied with these couplings reads, for all
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i €[1,N],

W (@no) (@is), Qi 06, )) - < h(E(p<Xi,ﬁ>)+1fiq*E(p<X.h?.]>)) (6.7)

where, if U ~ U([0,1]) is independent from the previous variables,
g = P (U <p(X) Ap(F)

and, conditioning on the value of J,
- . 1 &
g« = P (U <p(Xy) /\p(YJ)) = Nqu
i=1

Summing (6.7) over ¢ € [1, N] and applying yields

N
Wyy (0:R,6,R) < h ((1 —c17) Zﬂ(ﬂﬁi,yi) + 1Nq* E (P(XJ,YJ)>> :

i=1 4

Applying Proposition [6.2.1] again,

L 1 & . 1 al
E(p(XJ,YJ)) = NZE(P(Xm z)) < N(l—cﬂ)zp(%ayi)>

i=1
and the previous inequality becomes

h(l—c17y)

WPN (596R, 5yR) < 1— s

pN(l'vy) .

Bounding 1 — ¢, > 1 — maxp > exp(—7||A]|eo) and maxp — minp < /d/2vL) yields

h(1—c17v) < (-c )1fmaxp+maxp7minp+(aﬂ)’lfyLA
1 —q. b v 1 —maxp
< 1=y 4 yLye' e ((aﬂf1 + \/E) ,
which concludes. O

As a direct consequence, Proposition [6.2.3] gives
vm € Na W;)N (:uRm’ VRm) g eiﬁmVWpN (U7 V) ’

with & that does not depends on N nor 7. Provided x > 0, and since P(TV ) is complete for Wy
(hence for W, ) the Banach fixed-point theorem implies then that R admits a unique invariant
measure toward which it converges at rate yx.

In the rest of the paper, k is given by (but is not necessarily assumed positive).

Proof of Theorem|[6.1.1] The first part of the theorem has already been proven in Proposi-
tion [6.2.3] The last statement then follows from the first part, the equivalence between the
Euclidean distance and px and the fact W, (v, 1) < ||pn|loo = NVd/2 for all v, € P(TY). O



6.2. Proofs 169

6.2.3 Propagation of chaos

Recall that 7, is the law at time k of the non-homogeneous Markov chain (Y )ren on T¢ intro-
duced in Section [6.1.2] with transition kernels @,, and initial condition 70, and that R = Ry
is the transition kernel of the Markov chain (Xj)ren on TV,

Lemma 6.2.1. There erist C; > 0 such that for all N € N, v € (0,7], n € P(T%) and
p € P(T),

W,y (1R, qu?N) < NGy ax W, (m(x),n) p(dx) .
Proof. Similarly to the proof of Proposition [6.2.3] we start with the case yu = d, for some
z € T, Let (Xi,Yi)ieq,ng be N independent pairs of random variables such that for all
i € [1,N], (X;,Y;) is an optimal coupling of Q () (2, ) and @, (;,-). Then (X,Y) is a coupling
of Ry(x,-) and Q¥ (x,-), so that

Wy (0:RN,8:Q5Y) < E(pn (X,Y))

N N
Z p(Xi,Y:)) = ZWP (6%@7?(95)’5“@’7) :
= i=1

From Proposition[6.2.2) (bounding go < m < Y| AJoo and 1—¢q1 = 1—maxp > exp(—yol|A||oo))
Wp (5&@77(@)75&@77) < ’YHAHOO (1 ’YOL)\) e’ ‘/\HOOW ( ( ) 77)
= O, (r(x ) )

Now in the general case where i is not a Dirac mass, considering Zy ~ p, and (Z7, Z3) an optimal
coupling of R(Zy,+) and Q;‘?N(ZO, -) and conditioning with respect to Z,

Wow (BN, 1QF"Y) < E(pn(Z1,Zn)) < ANCIE (W, (7(Z0),m)) -

O

Proposition 6.2.4. There exist Cy,C3 > 0 such that for all N € N, v € (0,7], m € N and
no € P(TY), first,

Won (nEVR™mEN) < CoNa(N)y Y (1 —yr)*", (6.8)
s=1

and second, if (Xg)ren 18 a Markov chain with initial distribution 778§’N and transition kernel R,
then

EW, (1(Xm):mm)) < Csa(N (HVZ 1 —yk)® 1). (6.9)

Remark that when £ > 0, v Y7 | (1 — yx)*~! < 1/k so that and yield uniform in
time estimates. On the contrary, when k < 0, the estimates are exponentially bad in t = m-.

Proof. We start with the proof of , for m > 1 (the case m = 0 being trivial). From the
triangular inequality, Proposition [6.2.3] and Lemma [6.2.1]

m = Wy (U?NRm,ngN) < Wy ( NRm,ﬁ®N R)+WPN (77% Qnm 1)
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< (1 - /‘W)Tmﬂ + 'YNCI / Wp (71'(.1‘), 77m71) 77;?;]1[1 (dl‘) .
TdN

Since W, < Wi, estimating the last term is a classical question, that is to bound the expected
Wasserstein distance between the empirical measure of a sample of N independent and identically
distributed random variables and their common law. From [62, Theorem 1] (and since on the
torus the moments of probability measures are uniformly bounded), there exists some C’ > 0
independent from 79y, m, N and - such that

Wi (7"($)a77m—1)77§¥1(d56) < C/CM(N)

TdN

Since rg = 0, a direct induction concludes the proof of .

To prove , let (X,Y) be an optimal coupling of ngz’N R™ and n2N. Considering J ~
U([1, N]) independent from (X,Y) then, conditionally to (X,Y), (X ,Yy) is a coupling of 7(X)
and 7(Y), so that

1
W, (r(X),m(Y)) < E(p(X7.Y7) | (X,Y)) = Fon(X,Y).
Taking the expectation in
W, (1(X), 1) < W, (1(X), 7(Y)) + Wy (7(Y), m)
we conclude with and |62, Theorem 1] again. O

Corollary 6.2.1. With the notations of Proposition for all k € [1, NJ,

m

W, (Law(X1ms- s Xiem), 77,%]“) < Coka(N)y Z(l T M

s=1

m

tributed over the set of permutations of N elements, independent from (X,Y). Since the laws
of X and Y are exchangeable, X, = (Xy(1),..., Xs(n)) has the same law as X, in particular
(Xo(1)s -+ s Xo(k)) has the same law as (X1, ..., Xy). The same goes for Y,, and

Proof. Let (X,Y) be an optimal coupling of n?N R™ and 72", and let o be uniformly dis-

k
k
E (Z p(XU(i)ﬂ Yd(i))> = kE (p(Xo(l)a Ya(l))) = NE (pn(X,Y))
i=1
k m
= NWPN (T](()X)NR 7,'7’%1]\[) )
and Proposition [6.2.4] concludes. O

Corollary means that, for any fixed k¥ € N,, as N goes to infinity, the k-marginals of
the system of particles converge toward the law of k independent non-linear chains, which is the
so-called propagation of chaos phenomenon.

6.2.4 Discrete to continuous time

We start by defining (Y;):>0 and (X;)¢>0 the continuous-time analoguous of the chains (Y%)ren
on T? and (Xj)ren on T defined in Section We start with the non-linear process. For
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t>0, let
n: = Law(Zy | T >t)

where Z solves with initial distribution 7y and T' is given by . We define (Y;)¢>0 as
follows. Set Yo = Zo ~ no, To = 0 and suppose that T;, and (Y't):e[o,7,,] have been defined for
some n € N. Let (B;)t>0 be a new Brownian motion on T¢ and E ~ £(1), independent one from
the other. Let Y be the solution of

dy, = b(Y;)dt +dB,

for t > T,, with Y’Tn =Y, and let

t
Tpi1 = inf{t>Tn, Eg/ )\(Ys)ds} :
Tn

For t € (T, Tny1), set Y = Y;. Finally, draw a new Yr,,, according to Mr,,,- By induction
T, and (Y;)ie[o,1,) are then defined for all n € N. Since A is bounded, T}, almost surely goes to
infinity when n — oo so that (Y);>o is defined for all ¢ > 0. Similarly to Proposition it
can be established that Law(Y ) =7, for all t > 0.

Now, as in Section from the non-linear process (?t)t207 the interacting particles (Xt)t>0
are obtained by replacing 7, by the empirical distribution of the system when particles die and
are resurrected.

More precisely, let (E; k, Bik, Ji,k)ic[1,n],ken be a family of independent triplet of indepen-
dent random variables where, for all i € [1, N] and k € N, E; , ~ E(1), Jip ~ U([L, N]) (except
if k = 0, in which case J; = i almost surely) and B; j, = (B; k,)t>0 is a d-dimensional Brownian
motion. From these variables, we simultaneously define by induction the process and its death
times (15 1)ieq1,n],ken as follows. First, set Xo = x and T; o = 0 for all i € [1,N]. For all
i € [1,N], set Xi,O,O = x; and for k > 1, assuming that X has been constructed up to time 7} ,
set

Xi,k:70 = lim YJi’k7t . (610)
tﬁTlﬁk

For all k € N, for t > Tj 1, let X5 solve
AXipa = b(Kine) dt+dBip,

set .
Tiky1 = T+ inf {t 20, B < / A (sz) dS}
0

and for all t € [T} 5, Ti k41), set X; 4 = Xi,k,t_Ti,k.

Then X; = (X14,...,Xn,) is well-defined for all ¢+ > 0. Indeed, it is well defined for all
t < S1:=min{T;1, ¢ € [1, N]} the first death time of some particle, and is equal on this interval
to ()A(Lo’t, ... ,)A(N’o,t), which is continuous on [0,.57]. Hence, the limits involved in are
well defined for k£ =1 and all ¢ € [1, N] such that T; ; = S;. Then the algorithm above similarly
defines the process up to the second time some particles die, etc.

Remark that most of the times simply reads XZka = invk,TM (at its k*" death
time, the i*" particle is resurrected at the current position of the Jf',g particle). Indeed, the only
case when this is not true is when the Jz”,g particle dies at time 7; ;. Since the probability that
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two or more particles die simultaneously is zero, this almost surely only occurs if J; , = 1, i.e. if
the particle is resurrected at its own position.

Denote (P;):>0 the Markov semi-group associated with (X¢)i>0, i-e. for all t > 0, P, is the
Markov kernel given by
Pif(z) = E(f(X¢) | Xo=1) .

We sometimes write P, = Py to specify the number of particles.

Lemma 6.2.2. There exist Cy > 0 such that for all N € N, v € (0,7] and p € P(T),

Wy (BN, 11PN y) < NCiy»/2.

Proof. As in the proof of Lemma it is sufficient to treat the case u = J, with a fixed
z € T, Let (X;);>0 be defined as above from random variables (E; x, B, x, Jik)iep,N] ken- In
particular, X, ~ &, P,.

To define Xy ~ 0, R, for all ¢ € [1,N] and k£ € N, consider (X;)i>0 the solution to
Xi,k,O = l'Ji,k and

dXipe = b (Xko) dt + dBi g .

Denoting
H; =inf {k €N, B > 9\ (Lins ) }

set X1 = (XLHIJW' .. ’XN,HN;’Y)'

Then (Xi,X,) is a coupling of R(z,-) and P,(z,-), so that

N
WPN (R(CL‘, ')’ P7($7 )) < E (pN(XhX’Y)) = Z]E (p(Xi,lﬁyi,"/)) :
i=1
We now distinguish four cases, considering the events

Bi,l = {Hz =0 and T%71 > ’}/}

Bio = {Hi=1landT;1 <v<Ti2ATy 1}

Bis = {Hi=1landT;1 >y} U{H;=0and T;1 < v}

Biy = {H;i>22yU{Tio <~} U{TiaV Ty, 1<},

that is, respectively: none of the two " particles dies; both the i* particles die exactly once;
one particle dies but not the other; at least two deaths are involved for one of the two particle.
For all i € [1,N], Q = U?lemv, so that

E (p(Xi,lvyi.,'Y)) < E (p(Xi,lvyi,’Y) (I]‘Bi,l + ]]-Bi,z + ]]-Bi,:s + ILBi.A)) :

Conclusion follows by gathering the four cases.

Case 1. It reduces to the classical case of diffusions, since

E(Xin - Xisllp,) = E (lffi,o,v - Xi,0,~/|]13i,1) < E (|Xi,0,v - Xi,o,v|) -
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Then
| Xiox — Xiodl =

/O (b(wi) —b (XO)) ds

t
HVblloo/ (le',o,s — Xi0,5] + |zi = Xijo,s
0

N

) ds

By the Gronwall Lemma, for all ¢ > 0, almost surely,

¢
sup [ X0t — Xioel < HVb||OOetHVbH°°/ |z; — X 05lds. (6.11)
0

s€[0,t]

Since )N(i,O,S is a Gaussian variable with mean z; + sb(z;) and variance s,
E (Jos — Kiosl) < sbl@s) +E (Joi + sb(@:) = Kiosl) < [blloos + 5. (6.12)

As a consequence, for v < 7,

-~ R Y -
E(1Zi0n = Xioal) < [VBloce™ P~ / E (Joi — Kiool) ds < 2. (6.13)
0

Case 2. We bound
E (|Xi71 _Yi,'7|]lBi,2) < E (('XLL’Y - xJi,O| + ‘Xi,lf‘{ - ajJi,o‘) ]]‘B'i,2> :
Similarly to (6.12]),

E (|Xi,17’y —ZJ;

% 3/2
]]-Bi,Q) < E <|Xi117»y — 'I.Ji,o ]]_E“og,ylp\‘lw) < cy / ,

where we used the independence of E; ¢ from J; 1 and (X;1,)t>0. Denote (X/)i>o the solution

of
dBj, for t < T;
ro_ / Ji.0,0,t 1,0
dXi, = b(Xi,)dt+ { dBi 1t fort > T5p.
with X;,O = xj,,.- Under the event B, Xi,lnr = leﬂ. Moreover, J;o, By, 0 and B;; are
independent from 7; and thus, by the strong Markov property, (X{,t)tzo is independent from
T; 0 and conditionally to J; ¢ it has the same distribution as X Ji0,0,¢ (namely it is a diffusion

solving (6.1)) with initial condition xj, ;). Hence,

]E (‘Xi71,’y - xJi,0|]]‘B7i,2> g E (‘XZ/’Y - yJi,O |]]‘Ei,0<"/”/\||00) < 6/73/2 :

Case 3. We bound

— 1
E (p(Xin, Xin)1p,,) < 5]P)(Bi,3)

1 v gl N
< P (/ A(Xi0,5)ds A (’Y)\(Xi,o,»y)) S Eip < / A(Xi0,5)ds V (’W\(Xi,o,'y)))
a 0 0
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- g ( exp (— /0 ' A(Xi,o,ads) —exp (-7A(Xins)) D

1 2l " ~
< a]E(/ A(Xi,0,5)ds — YA (Xi0,4)
0

).

Now,

RN -
< Ly </ | Xi,0,s — zilds + vz — Xi 04 > .
0

Yo -
/ AM(Xi,0,6)ds — YA (Xi0,4)
0

Using together with yields
E(p (X1, Xiq)1B,,) < csy3/? .

Case 4. We bound

— 1
E(p(Xi1,Xin)1p,,) < 51@ (Bia)
< P(BioVEi1<TY o) +P(EioV Ej 0 <7A)
2
< 2(1- e =) <o

O

Proposition 6.2.5. There exist Cs5 > 0 such that for all N € N , v € (0,7] and ny € P(T9),
Won (WRY 4 nPNmy) < VANCsy Y (1 —vr)* .
s=1

As for Proposition when £ >0, v 370 (1 — k)" < 1/k so that and yield

uniform in time estimates. On the contrary, when x < 0, the estimates are exponentially bad in
t = my.

Proof. The proof is similar to Proposition [6.2.4} Denoting y,, = pR™ and vy, = pPp,,, from
the triangular inequality, Proposition [6.2.3] and Lemma [6.2.2]

Tm = Wyy (msVm) < Won (ftm, Vm—1R) + Won (Vm-1R, Vm_1P7)
< (1= R)rm_1 + NCyy*/?,

and an induction concludes. ]

6.2.5 Conclusion

In this section we use the notations of the previous ones, in particular x is given by and
the constants Co, C3 and C5 are those of Propositions [6.2.4) and [6.2.5] We can now gather all
these previous results.

Letting either v vanish or N go to infinity in Proposition [6.2.3] we obtain long-time conver-

gence for, respectively, the non-homogeneous self-interacting Markov chain (Yi)ken introduced
in Section and the continuous-time Markov chain (X;);>¢ defined in Section
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Corollary 6.2.2. Let (n,)nen be such as defined in Section and (Mn)nen be similarly
defined but with a different initial distribution fjy € P(T?). For all m € N and all v € (0,70,

Wp (nmv ﬁm) < (1 - VK)m Wp(n()v 770) .
Corollary 6.2.3. For all N € N, t >0 and p,v € P(T),
WPN (:U'PN,tv VPN,t) < e_KtWﬂN (Mv V) .

Proof of Corollary[6.2-3. The proof is based on the simple equality: For all N € N and u,v €
P(T),
Won (&N, 0v¥N) = NW, (u,v) . (6.14)

Indeed, by considering N independent couplings (X, Y:)ic1,n]s

N
Won (1N, 05V) < E(pn(X,Y)) = D E(p(Xi, V7)) = NW, (g,v) .

i=1
Conversely, if (X,Y) is an optimal coupling of u®~ and v®V, then

W, (iv) < E((X1, 1) = TE(n(X,Y)) = W, (1®Y,12Y)

By the triangular inequality,

Wy (™ ™) < Wy (™ mg ™ B™) + W, (ng M R 55 R™) + W, (16N R )

m 777m m ?

< (1=7R)" Wong™ e N ) + 2CoNa(N)y Y (1 — k)"
s=1

where we applied Propositions[6.2.3]and [6.2.4] Using the equality[6.14] dividing by N and letting
N go to infinity concludes the proof of Corollary [6.2.2] O

Remark that the beginning of the proof also applies for u, v € P(T4) that are exchangeable
(i.e. invariant by any permutation of the d-dimensional coordinates), in which case, denoting,

™ and v their d-dimensional marginals, we get that
1
N

W, (u(l),y(l)) < =W,y (1,v) .

Proof of Corollary[6.2-3 Similarly to the previous proof, Corollary [6.2.3]is a direct consequence
of Propositions [6.2.3] and [6.2.5] letting m go to infinity at a fixed ¢ and N in

Won (PNt VPN ) < Wy (:U'PN,ta ;U'Rx,t/m) +Won (/“LR%,t/m’ VRx,t/m)

+ Wy (VRrﬁ7t/m,l/PN7t> .

We now turn to the continuous-time limit of the non-linear chain (Yj)ren.

Corollary 6.2.4. There exists Cg > 0 such that for all ng € P(T?) and all v € (0,70], if (1 )nen
is such as defined in Section[6.1.9 and (7,)1>0 is such as defined in Section (with Tjy = 19 ),
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then
Wi (m1,7,) < Cey®/?,

and for all m > 1,

W, (nm’ﬁmv) < VG Z(l —yR)
s=1

Proof. For the first inequality, we could follow the proof of Lemmal6.2.2] but, using the notations
of the introduction, we will rather use the fact that

m:[,aw(21|T>7)7 N, = Law(Z, | T >7),

where the gaussian variable Gy in (6.3) is equal to B, //y where (B;);>0 is the Brownian motion

involved in (6.1), and T and T are defined with the same E ~ &£(1). Recall the estimate (6.13)
for the error from an Euler scheme to its initial diffusion. Then we bound

E(|Zl—Z7| T > 7, T>7) < (IP’(T>7, T>7))71E(|21—ZW\)

< (1 _ e—wuxnoc)’l 2,

which concludes the first part of the corollary.
For the second part, denoting r,, = W, (nm, ﬁm,y), we bound

Tm < Wp (Um,ﬁm_lQm<m_1)> + Wp (ﬁm—lQﬁm_laﬁmy)
< (]- - ’Yﬁ) Tm—1*+ 0673/2 )
where we used the first part of the corollary and Corollary [6.:2.2] An induction concludes. O

We can now prove propagation of chaos results for the continuous-time process:

Corollary 6.2.5. For all N € N, k € [1,N] and all t > 0, if (X;)t>0 is a Markov process with
initial distribution n5Y associated to the semigroup (Py+)i>o then, first,

t
ka (ﬁaw(yl’t’ te ’kat)aﬁz(?k) < Cszé(N) / e "Sds ,
0

and second,

E(W, (r(X).7)) < Csa(N) (1+ /O te'“ds).

Proof. As shown in the proof of Proposition if (X,Y) is an optimal coupling of p and v,

E (W, (1(X),7(Y))) < xWon (1.7

Thus, considering a time step v = t/m, m € N, we decompose
Wp (W(Xt)7ﬁt) g Wp (W(Xt)a 7-‘-(}(’ﬂl)) + W;O (T((Xm)a 77m) + Wp (nmvﬁt) )

take the expectation, apply Propositions and and Corollary and let m go to
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infinity. This proves the second point, and the proof of the first one is similar, with Corollary
0.2.1] O

Up to now, we have sent either N or v to their limit. When s > 0, if we let t = m~vy go
to infinity at fixed N and «y, we recover results on the equilibria of the processes. Indeed, note
that Corollary together with the Banach fixed-point theorem imply that n — 7, admits
a limit which is independent from 7. Together with Proposition this is the unique QSD

of the Markov chain (6.3). Denote it v.. Similarly, Proposition implies that Ry admits

a unique invariant measure. Denote it pioo, Ny, and /Jéo) N, its first kd-dimensional marginal for

k € [1,N] (i.e. the law of (Xi,...,Xy) if X ~ pies n). Third, Corollary implies that
(Pn.t)t>0 admits a unique invariant measure fi, -

Corollary 6.2.6. If k > 0, then for all N € N and v € (0, o)

Won (oo Tioon) < VINKE'C5

Corollary 6.2.7. If k > 0, then for all N € N, k € [1,N] and v € (0,70], first,
k _
Wo (15 v5%) < w71 Caka(N),
and second,
Eppony Wy (1(X), 1)) < £7'C3a(N).

Proofs of Corollaries[6.2.6 and[6.2.7 Considering any 79 € P(T?) and m € N,

WPN (MOO’N’V’E’O’N) S WPN (MOO7N"Y’77(()®NRm) +WPN (n(()gNRmvn(()@NP'ym)
+ WPN (n(()gNP“/m7EOO,N)

Apply Proposition with g = pieo, N,y and v = n(()X)N , Corollary with the same v and

with u =T7i,, y, and Proposition [6.2.50 Letting m go to infinity concludes the proof of Corollary
6.2.6 The proof of Corollary is similar (based on Proposition and Corollary
O

like Corollary [6.2.5)).

Next, we can send two parameters to their limit. Sending N to infinity and v to zero, we
get the long time convergence of the non-linear process (Y;);>o introduced in Section (or,
equivalently, of the process Z solving (6.1)) conditionned not to be dead):

Corollary 6.2.8. Let (7,):>0 be such as defined in Section and (7)1>0 be similarly defined
but with a different initial distribution fjy € P(T?). For all t > 0,

Wp (ﬁtaﬁt) < e_Kth(ﬁoﬁo)-

Proof. Thanks to Corollary let v = t/m vanish in Corollary O

In particular, if 7g is the QSD v, , by definition, 7; = v, for all ¢ > 0, so that Corollary
yields the uniqueness of the QSD and the exponential convergence of Law(Z; | T > t) toward v,
(which is a result in the spirit of |32, 36} 47, |7]).

Now, at a fixed v > 0, letting t and N go to infinity, we obtain an error bound between the
QSD v, of the continus process and the QSD v, of the discrete scheme.
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Corollary 6.2.9. If k > 0, then for all v € (0, 7]
WP (1/771/*) < \/’?’ﬁilcﬁ’

Proof. Thanks to Corollaries and (applied with one of the initial condition being the
equilibrium), let m go to infinity in Corollary O

Finally, letting ~ vanish and ¢ go to infinity at a fixed N € N, we obtain a propagation of
chaos result at stationarity (as established first in [5], and more recently with a CLT in [108] in
the case of a finite state space) for the continuous time system of interacting particle (X;):>o
introduced in Section [6.2.41

Corollary 6.2.10. If & > 0 and if X is a random variable with law Hoon, then for all N € N
and k € [1,N],

W,y (Law(Xq, ..., Xi),v¥%) < & 'Cska(N),
and second,
E(W, (7(X),r)) < Csa(N)(1+x71).

Proof. The proof is similar to Corollary [6.2.5 letting ¢ go to infinity in Corollary [6.2.5] thanks
to Corollaries [6.2.3] and [6.2.8 O

Remark that our results at stationarity (Corollaries|6.2.6}[6.2.7] |6.2.9| and [6.2.10]) all require
the perturbative condition x > 0. Yet, propagation of chaos at stationarity for the continuous
time process follows from the works [5| [108|, 46| |44} [149] in a much broader (non-perturbative)
framework (and, although it doesn’t seem to have been studied yet, the situation should be
similar for error bounds in v rather than N). As previously discussed, error bounds on N (and
possibly 7) that are uniform in time can be obtained thanks to the long-time convergence of the
limit (N = +00) non-linear process. In our case, when x > 0, this long-time convergence follows
from the (uniform in N) long-time convergence of the particle system (whether it is possible to
obtain the latter from the former is unclear), but it holds in more general cases (see [32, |36,
47, [7] and references within) and, in those cases, results similar to Corollaries [6.2.6] [6.2.7] [6.2.9]
and [6.2.10] should hold. The question of establishing propagation of chaos or discretization error
bounds at stationarity in a more general case (i.e. without the condition £ > 0) is out of the
scope of the present work.

All our results are summarised in Figure [6.1

Finally, we detail the proof of our main result.

Proof of Theorem[6.1.3 For ny € P(T?), let (X,Y) be an optimal coupling of uoR/?) and
ne™N R/, As in the proof of Proposition

1
E (W, (1(X),7(Y))) < Wy (0B N RUOT) < aemr070),

where we used Proposition and the fact that py(z,y) < Na for all z,y € T. Then, by
the triangular inequality,

Wy (m(Y), 1) < Wy (7(Y)1/41) + Wo (01720 v3) + Wy (5,14 -
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G.2.5] 7—0
Ry, Py, —
E2A-B2) (oo wjm
24 tmro0
Tim Tt
6231 G623
622 23
10.2.0 _
Hoo,N,~y Hoo,N
6.2.10
627
V,y m Vy

Figure 6.1: Summary of the different results. The label of each arrow indicates the corollary or
proposition where the corresponding quantitative convergence is stated. Vertical, horizontal and
diagonal arrows correspond respectively to ¢, v and N going to their limit.

Taking the expectation, applying Proposition and Corollaries (applied with 7 = v)
and @ the boundedness of p and the equivalence of W, and Wi concludes. O
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Chapter 7

Uniform convergence of the
Fleming-Viot process in a hard
killing metastable case

Outline of the current chapter
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[7.4] [Establishing Assumption [7.1.2] 206

Abstract : We study the long-time convergence of a Fleming-Viot process, in the case where
the underlying process is a metastable diffusion killed when it reaches some level set. Through a
coupling argument, we establish the long-time convergence of the Fleming-Viot process toward
some stationary measure at an exponential rate independent of NV, the size of the system, as well
as uniform in time propagation of chaos estimates.

7.1 Introduction

Given some open bounded domain D C R, and some potential U : R? — R, we are interested

in the process:
dX; = —VU(X;)dt + V2edB; (7.1)

181
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with small € > 0, killed when it reaches 9D the boundary of D. More precisely, write:
Top =inf {t > 0,X; ¢ D}. (7.2)

Denote by M (D) the set of probability measures on D, and P, the law of the process (7.1]), with
initial condition u € M (D). Then we say that v € M!(D) is a quasi-stationary distribution
(QSD) of the process (7.1 if for all ¢ > 0:

P, (X: €| 1op >t) = 1.

It is shown in [104] that, under some mild assumptions on U and D, the process (7.1) admits a
unique QSD, that we will denote by vZ,. It is also proven that there is convergence for all initial
condition of the law of the process conditioned on its survival toward this QSD, namely, for all
p € MY(D),
. €
IP#(XtG | ToD >t) t—:éo Voo'

The fact that the process is killed when it exits a domain is classically referred to as a hard
killing case, by contrast with the soft killing case where the process is killed according to a
inhomogeneous Poisson process as in [94].

The present work is concerned with the question of sampling the QSD v . More precisely, in
practice, the QSD is approximated by the empirical measure of a system of interacting particles,
called a Fleming-Viot (FV) process, at stationarity. This FV process is defined informally as
follows: for a given N, let X', ..., X~ be N independent diffusions until one of them reaches
0D. The diffusion that has been killed then branches onto one of the N — 1 remaining ones,
chosen uniformly at random. In very general settings, it is known that if the initial condition
consists in N independent random variables distributed according to a common law p, then for
any time ¢t > 0, we have:

weak

as. (X} XY o Pu(Xi €[ Top > 1), (7.3)

(see Section [1.3.3]) where

N
1
N

== O, 7.4
") = 5 30 (7.9
stands for the empirical measure of a vector (x1,...,2y5) € DV. This would simply be the law

of large numbers if the particles were independent, which they are not due to the resurrection
mechanism. For mean-field interacting particle systems as the FV process, such a convergence
is known as a propagation of chaos phenomenon.

Two questions are addressed in this work. First, the long-time relaxation of the F'V process
toward its invariant measure: a quantitative convergence in the total variation distance sense
at a rate independent from N is stated in Theorem Second, the propagation of chaos:
Theorem gives a quantitative version of , with a bound uniform in time. Combining
both results yields a quantitative estimate for the convergence of the empirical measure of the
FV process toward the QSD as N,t — oo.

As detailed below, these results are established under the condition that D is a metastable
state for the diffusion , in the sense that the mixing time of within D is shorter than
the typical exit time from D. Mathematically speaking, this is reflected by the fact that c¢*,
the critical height within D, is smaller than Uy, the height of the boundary 9D (see below for
the definition of ¢* and Up), and the temperature ¢ is small enough. This metastable context is
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typically the one where QSD are of interest, since in that case the (non-conditional) law of the
process is close to the QSD for times in intermediary scales between the mixing time and the
extinction time. Moreover, it is exactly the context of some algorithms in molecular dynamics,
such as the parallel replica algorithm presented in [104], which involves the sampling of the QSD.
In fact, for technical reasons, we will work under a stronger condition than simply ¢, < Uy (see
Assumption below), which is also related to the metastability of D. While we haven’t
succeeded in this endeavor, we think that the proof may possibly be modified to work only with
the condition ¢, < Uy, without the additional condition.

The paper is organized as follows. The remainder of this introduction is dedicated to the
statement of the main results. Some preliminary properties of the FV process are studied in
Section and the main theorems are proven in Section [7.3] Finally, we prove in Section [7.4
the technical lemma which involves the additional condition.

7.1.1 Main Result

Define the critical height ¢* = ¢*(U) of U as ¢* = sup,, ,,ep c(z1,72) with

c(x1,z2) = inf {Org%xl UE®#) —U(zr) — U(l’g)} ,
where the infimum runs over {¢ € C ([0, 1], D),£(0) = z1,&(1) = x2}. The critical height ¢* rep-
resents the largest energy barrier the process has to cross in order to go from any local minimum
to any global one (within D).

The following conditions are enforced throughout all this work.

Assumption 7.1.1. e D C R? is open, bounded, connected and its boundary is C2.
e U :R% — R, is smooth on some neighborhood of D.
e minp U = 0.

e Ulsp is constant, and
Uy =U(0D) > c*. (7.5)

e For x € 9D, denote by n(x) the outward normal to D. For all x € 0D,
n(z)-VU(z) > 0. (7.6)

The condition minp U = 0 is just a choice of normalisation since the process is unchanged if
a constant is added to U. Under Assumption neglecting sub-exponential terms, for small
e, the mixing rate of the non-killed process is known to be of order e®/¢ (see [83]) while,
according to the theory of Freidlin-Wentzell (see [65]), the exit time 75p is of order eVo/s. As
already mentioned, the condition Uy > ¢* thus describes a difference of timescales between the
mixing time and the death time. More precisely, it is known that for any neighborhood 98,
of 0D and any a < Uy, sup,cp\», Pz(Tap < ?/¢) vanishes with . The assumption that U is
constant over D, which is consistent with the idea that D is a local potential well, could possibly
be relaxed, with the condition being replaced by infagp U > ¢*, however this adjustment
would introduce additional technical complexities to the construction of a Lyapunov function,
see Lemma[7.2.3] We will need an even stronger uniformity in terms of the initial condition. For
now, let us state it as an assumption:
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Assumption 7.1.2. There exist a > c¢* and a neighborhood 61 of 0D such that the following
holds:

e ming, U > a,
e minges, |VU(x)| > 0,

o for a fixed Brownian motion (By)i>o, denoting by (X[ )i>o the solution of (7.1) with initial
condition x for all x € D and by Top(X?*) its first exit time from D, we have

pe =P (ax € D\ By, 79p(X") < ea/a) —0. (7.7)

e—0

We are able to prove that this is implied by the following condition, which in dimension d > 1

strengthens ([7.5)):

Assumption 7.1.3. One of the following is satisfied:
e d=1.
e There exist a neighborhood B, of D such that infgz [VU| >0 and

Uy —
< 07U17 where Uy =minU.
2 %8,

As stated in Lemma below, Assumptions and together imply Assump-
tion [7.1.2 However we don’t think that Assumption is sharp, and thus we state our
main results in terms of Assumption Notice that Assumption is always implied by
Assumption [7.1.]] when ¢, = 0.

We define the semi-group (P,)¢>o associated to a Markov process (X;);>0 in R? by:

Pif(x) = Eo(f(X4))

for any bounded measurable function f : R — R and any t > 0, where E, stands for the
expectation under P, = Ps,. We denote [1, N] = {1,--- ,N}.

Now, let us define rigorously the FV process, starting from some initial condition pu €
M(DN). Let (I}))iep1,N],nen be a family of independent random variables, where for i € [1, N],
I, is uniform on i € [1,N] \ {i}. Let (B")jcp1,n] be N independent Brownian motions, and
Xo = (Xg,..., XY) be distributed according to u. Define X as the solution to:

t
Xi=X}— / VU(X!)ds + V2B
0

and set B
71 =mininf {t > 0, X/ ¢ D}.

Then, denote by i; the index of the particle which exits the domain at time 7. It is uniquely
defined almost surely because, since the hitting time of the boundary has a density on R, the
probability that two particles hit the boundary at the same time is zero (this is true for the
Brownian motion, and the general case follows from an application of the Girsanov theorem).
For i #141,0<t < m,ori=14; and 1 <t < 7y, simply let:

. — . . _ Ii
1 K3 11 1
Xj =X} and X=X
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This defines the process between times 0 and 7;. The process is then defined on (71,00) by
induction: if the process is defined up to time 7,,_1, we define it between time 7,,_1 and 7, in the
same way, with X, replaced by X _,, i1 by i, the index of the particle that hits D at time
Tn, and Ifo by I'». Thus, (7,)n is the sequence of branching times of the process.

Under Assumption the FV process X = (X1',..., X") is well-defined and does not
explode in finite time, meaning that sup,, 7, = oo almost surely, see [166, Theorem 2.1]. This
defines a Markov process, and we denote by PN:¢ = (PtN’E)t>0 the associated semi-group.

A law u € MY(DY) is said to be exchangeable if it is invariant by any permutation of
the particles, i.e. (X"(i))ie[[l’N]] ~ p if (Xi)ie[[l,N]] ~ p for all permutations o of [1, N]. For
k € [1, N], we denote by u* € M!(D¥*) the marginal law of the k first particles under z (which,
for exchangeable laws, is thus the marginal law of any subset of k particles).

Our first main result concerns the long time behavior of the FV process.

Theorem 7.1.1. Under Assumptions[7.1.1] and[71.3, there exist €y, c,C > 0 such that, for all
e €(0,e0], NeN, ¢t >0, setting t. = e“/a, the following holds.

1. For all p,v € MY (DN),

InP* = v P | ry S ON(L— o).

N,e
oo 7

2. The semi-group PN'2 admits a unique invariant measure v which is exchangeable.

3. For all exchangeable u,v € MY (DY), for all k € [1, N],
1(uPN)* = PN lrv < Ch(1 = ¢)*/te.
Our second result is a uniform in time propagation of chaos estimate.
Theorem 7.1.2. Under Assumptions and there exists g > 0 such that for all

compact set K C D, all € € (0,g¢], there exist Cc,n. > 0 such that for all uy € M*(D) satisfying
po(K) = 1/2, all bounded f: D — R4 and all N € N,

supE (
>0

where X solves (7.1), 7op is defined in (7.2), 7™ in (7.4), and X is a FV-process with initial
condition p3™ .

Cellflloo

| £ X0) ~ Eavi, (f(Xt)TaD>t>’)< e

In Theorem [7.1.1] the dependency in N of the speed of convergence is the same as for
N independent diffusion processes. Moreover, the dependency in ¢ is also sharp. Indeed, in
Assumption [7.1.2] we can take a arbitrarily close to ¢*, which means that we get a mixing time
smaller than e(¢ t9)/¢ for any 6 > 0, which is the order of the mixing time for the non-killed
process. However, as far as Theorem [7.1.2]is concerned, for independent processes, one would get
from the Bienaymé-Chebyshev inequality the explicit rate 1/v/N. This is indeed what is proven
in [165, Theorem 1] for the FV process, but with a bound that depends on time. In other words,
we improve the result of [165] to a uniform in time bound, but at the cost of a loss in the rate
in N. Notice that 1. may be made explicit by carefully following the proofs.
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7.2 Preliminary results

For any two probability measures u, v, we call (X,Y") a coupling of 4 and v if the law of X (resp.
Y) is p (vesp. v). For any distance d on a set E (here E = D or E = DY), the associated
Kantorovich distance on M!(E), is defined by

Wa(p,v) =inf {E (d(X,Y)),(X,Y) coupling of u and v} .

We say that (X,Y") is an optimal coupling if Wq(u,v) = E (d(X,Y")). The existence of an optimal
coupling results from [164, Theorem 4.1]. Given a Markov semi-group P, we call a coupling of
(uP;)i>0 and (v P,)i>0 a stochastic process (X, Y;);>0 such that (X;);>0 and (Y});>0 are Markov
processes of semi-group (P;);>¢ and initial condition y for X and v for Y. In particular, we have
that for such a coupling and all ¢ > 0,

Wa(pPy,vP) < E(d(Xy,Y3))-

We also say that the processes X and Y have coupled at time ¢ > 0 if X; = Y;. Finally,
in the case where d(z,y) = 21,%,, we recover the total variation distance which we write
Wa(p,v) = llp—vlrv.

The proof of our theorems relies on the construction of a coupling of (1P%);>0 and (vP%) 0.
This coupling will yield that PtN’E is a contraction for some particular distance defined in Sec-
tion

In order to do this, we first need some preliminary results, which is the subject of this
section. We start by studying the mixing properties of the non-killed process in Subsection [7.2.]]
by embedding D into a torus. In Subsection [7.2.2] We construct a Lyapunov functional for each
particle. In Subsection [7:2.3] using the Lyapunov functional, we study the number of particle
that may stay near the boundary of the domain.

In the rest of the paper, we fix some a € (c*, Up) satisfying assumption and set t, = /<.
Furthermore, bold letters will always denote particle systems, in the sense that X can always be
written X = (X1,..., X™) where forall 1 <i < N, X' € D.

7.2.1 Coupling of the non-killed diffusion

In this section, we show that we are able to couple two diffusions solution of on a torus in
total variation distance in a time ¢, with a probability that goes to 1 as € goes to 0, uniformly
on D. Since we are studying a process killed at the boundary of D, we are not interested in
what the potential might look like outside of D. Consider some torus T¢ = (R/2LZ)%, with L
big enough so that as a subset of R? (meaning seeing T¢ as [—L, L[d)7 we have that D C T<.
Then consider some periodic potential U : R% — R4, equal to U on D as a periodic function,
and such that ¢*(U) = ¢*(U), where ¢*(U) is defined as ¢*(U) with U replaced by U. Such a
function exists, as shown in |64, Section 4]|. We still denote by U the associated function on T¢,
and this potential defines a diffusion on T¢ as:

dX, = —~VU(X,)dt + V2dB;. (7.8)

We note P its semi-group. If we see X asa process in R%, then we have that X, = X, for all
t < Tsp, where 75p is the death time ([7.2)).

Now, we construct a coupling for the process X, for all initial condition (z,y) € (T%)2. To
do this, we use Sobolev and Poincaré inequalities. The Sobolev inequality is used for ultra-
contractivity, whereas the Poincaré inequality is used to get an optimal convergence rate for the
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process (7.8)). Let p. denote the probability measure on T%:
pe(dz) = Ze U@)/eqy
where Z is the normalization constant. Recall those inequalities:

Lemma 7.2.1. pu. satisfies a Poincaré and a Sobolev inequality: there exist p > 2, C,\. > 0,
such that
eln(A;) = —c"

as € — 0, and for all smooth f : T% — R with de fdu. =0

N )
Td T4

P ; 1Tl /€ 2 2
(/Tdf dus> < Ce (/Tf dus+/Td v, due) (1),

Moreover, for allt > 0, the law of X, with initial condition x has a density hi(z,-) with respect
to pe, and both inequalities together imply the existence of some constant C' > 0 such that, for
allt>1 and e >0,

115 () = U] < GO et (7.9)

Proof. The Poincaré inequality, as well as the asymptotic on )., have been proven in [83|. The
uniform measure on T¢ satisfies a Sobolev inequality, see |6, section 6]. Then we can write:

(fraf <=7 ()
<Czi (/sz*/qrd'Vf'Q)

<Oz Eelll~se ( [ s+ | VfIQduE).
Td Td

Z is bounded by the volume of T¢, hence Z =% is bounded uniformly on & because p > 2 (and
thus 1 — 127 > 0). Therefore, we have the Sobolev inequality with the said constant. The last two
points are |6, Theorem 6.3.1 and Proposition 6.3.4].

O

Lemma 7.2.2. Recall that t. = e®/¢ for some a > ¢*. Under Assumption there exists
g0 > 0, such that for all 0 < e < g, there exists cc > 0 such that for all z,y € D, there exists a
coupling (X¢,Y:)i>0 of (0:P:)i=0 and (6yP;)i>0 such that:

P(Xt€ :ﬁe ) 2C5.

Moreover, as € — 0,
ce — 1.

Proof. We start by bounding the total variation distance between the law of X, and the equilib-
rium p.. Recall that hS(x, ) denotes the density of the law of X; with respect to p.. For z € D,
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using ([7.9)), we have:
1828, = pellv = /d B = ldpe < (R () = Uloo < Ce= A,
R

Since t. = ¢*¢, and eln(A;) = —c* as e = 0, we have that A\t > eb/¢, for € small enough and
all b < a — ¢*. Then, we may fix some b < a — ¢* and let:

~ A-—1__b/e
c. =1—20Ce% —¢"",

so that lim._,gc. = 1 and for all z,y € D,
”5961575 - 5y15t||TV < ||5rpt — prellTv + ”5111575 —pellry <1 —ce.

The existence of the coupling of the trajectories results from the total variation distance prop-
erties, see for example [133, Lemma 9. O

7.2.2 Lyapunov functional

In order to show the convergence of the particle system, we need first the construction of some
Lyapunov function for each particle, that is to say some function of one particle that decreases
in average over time, as long as it starts large enough. This is the part where we need U to be
constant on the boundary of D. This part relies on a result first shown in [71], similar to Ito’s
formula. The process has a generator £ defined for all smooth function f : R — R with
compact support as:

Lf=eAf—-VU-Vf. (7.10)

For a smooth function f: DY — R, and 1 <14 < N, write £,, for the generator £, acting only
on the i-th variable:

d

j=1

Write as well (77),, for the sequence of death times of particle
70=0, T, =inf{t>7., X;_ €0D}, (7.11)

and R; for the point process corresponding to the jumps of this particle:
o0
Rl(t) = Z ]lr,ﬁgt-
n=1
For all x € DV, 1 <i# j < N, write:

E = .
x; else

Proposition 7.2.1 (|71], Proposition 1). Let N € N, f € C° (DY) N C> (DY). Denote by

RO =3 3y 3 [ (#06) - 5x0) amts
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the finite variation process of the jump part, and

¢ N
ANG = [ 3 Lo s

the finite variation process of the diffusion part. Then there exists a martingale M(f) such that
almost surely for all t > 0:

f(Xe) = f(Xo) = R(f)(8) + QU)(E) + M(f)s-

Moreover,

N t
RO+ M) =3 [ Vof(X)-dBL+ 3 () = f(X,0)

n, T, <t
where the (B%)’s are the Brownian motion used in the definition of the FV process, and the (1)

are the death times.

This decomposition will allow us to prove the existence of the Lyapunov functional. The idea
is the following: the function V will be equal to U at the center of the domain, and near its
boundary, V' will be such that VV is proportional to VU, but with [VV| possibly greater than
|VU|. Since n(z)- VU (z) > 0 on the boundary, we will also have n(z)-VV (x) > 0, which means
that, near the boundary, V' tends to decrease along . If in addition V is maximal at the
boundary, then it can only decrease at a jump time.

Lemma 7.2.3. Under Assumption there exists Cp > 0 such that for all Vy > 0 with

Vo =2 4supU + 1,
D

there exist g > 0 and a smooth function V : D +— Ry such that V is constant equal to Vi on
dD, supp V = Vo, 4C1 < Vi, and for all N €N, 0 < e < eg, ¢ € DV, and 1 <i < N, we have:

Eq (V (X)) <7V (@) + C1(1—72) (7.12)
where e € (0,1) is independent from x and vanishes as € — 0.

The value Vj of V on the boundary is a fixed parameter that will be chosen in Section [7.3]

Proof. Fix some Vo > 4supp U+1 =: 460+ 1. Under Assumption|[7.1.1] and in particular because
of condition (7.6)), there exists some set F' C D such that R?\ F is a neighborhood of D, there
are no critical points of U on D \ F' (the closure of D\ F'), and

sup U < Up.
D\F

Write
Upmin = minU , ¢= inf |VU(x)|.
D\F zED\F

Notice that ¢ > 0 since |VU]| is continuous and positive over the compact set D\ F. Let
f:[0,Up] — R be some smooth function satisfying the following conditions:

o for all u < Upin, f(u) =,
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o f(Uo) = Vb,

b minUmi7L<u§U0 f/(u) > 0.

Then, set V(z) = U(z) for all z € F, and V(x) = f(U(x)) for all x ¢ F. The function V
is smooth, constant equal to Vo = f(Up) on D, bounded above by Vj, and we have for all
x €D\ F:

LV = f'(U) (eAU — |[VUP?) +ef"(U)|VU .

Recall that |VU]| is positive on D \ F. We consider ¢y small enough so that on D \ F we have,
for all € < eg:
ef (U)IAU| +elf"(U)IVU] < 1/2f (U)|VU .

We then have for all x € D\ F":
LV (z) < —wV(z)

where )

_— ] /
7 v i, T
is independent of . Now, for « € F:

LV (z) < esup |AU| + wb — wV (z).
D

This inequality is thus true for all x € D. Hence, we may plug it into the formula of Proposi-
tion with f(x) = V(z;). Recall the definition of (7¢),en from (7.11). For n € N, using the
fact that V is maximal on the boundary of D, R(V) < 0, and hence for all 0 < s < ¢

E(V (Xin)) —E(V (Xinn)) < /: (~wE (V (Xirs ) + €l AU +w8) du.

Writing g(t) = E (v (XZ’

tATL

)) — 0 — €|]]AU|| 0o /w, we have for ¢t > 0 and h > 0:

t+h
ot —g) <~ [ gu)du.
We now suppose that g is continuous. Fix n > 0 and write:
T, =min {t > 0,9(t) > g(0)e*" +n}.
Suppose that T}, < co and write:
sy =max {0 < s < T, 9(s) < g(0)e}.
Then by continuity we have:

Tﬂ
§0)e T+ = g0)en = g(T,) — glsy) <~ [ gl

n

TW
< _w/ 9(0)e™“*du = g(0)e™ ™ — g(0)e“*,
S

°n
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hence necessarily 1), = oo, for all > 0, and thus for all ¢t > 0,

g(t) < g(0)e™,
and AU 0
L ElAU] + o
w

E (V (XZEATZ)) <7V (i) (1-7),

with 7. = e . Because V is maximal at the boundary, t — V' (Xt’) is lower-semicontinuous.
Hence, since V' > 0 and 7;, — 0o as n — 00, using Fatou’s lemma,

—wt,

B (V (x0)) <E (lminf v (X ., ))

n EHAU“OO + wh
w

<lminfE (V (X ., )) < V(@) (1—7)-

n—oo
Since Vg > 40 + 1, we may take €¢ small enough so that, for all € < g¢:

45HAU||Oo + wb

<4supU+1<V,
w D

and hence the result with C1 = supp U + 1/4.
We are left to show that, for all n € N, t — E(V (X!

i ) is continuous. Write V(x) = V (z;).
Then from Proposition we get that:

E(V(Xir.:)) = E(V(Xp)) + E(Q(V)(EAT)) + ER(V)(EAT)).

Since L,V is bounded, t — E(Q(V?)(t A 7)) is continuous. For 0 < s < t, we may write

ER(V)(t A 7))~ ER(V)(s A7i) = - 20 S E (VX)) = VX, ) Leyar)
k=1 j#i

and hence
[ER(V)(tATL)) —ERV) (s ATh))| < 2n)|V]|oP(X" dies between time s and t).

The law of the death times have a density with respect to the Lebesgue measure. Hence we have
that 4
lim P(X* dies between time s and t) = 0,

s—t

and this implies the continuity of ¢t — E(R(V*)(t A 7)), which concludes the proof. O

Remark 7.2.1. When Assumption[7.1.9 also holds, we will additionally suppose that V is such
that

B C {V >m}

for some m > 3Cy, where By is the set from Assumption [7.1.3 Indeed, in the proof of
Lemma [7.2.3, we may choose F such that Uy, < ming, U. In this case, since Vo > 4C1,
we may impose on f that f(ming, U) > 3C}.

We are now interested in the death probability of a particle.
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Proposition 7.2.2. Under Assumption denote by (Xy) the diffusion (7.1), and
Top = inf {t > 0; X, ¢ D}.
Consider any Cy € (2C1,4C1), where Cy is given in Lemma m Then we have:

pe:= sup Pu(rop <t.) —0, (7.13)
2e{V<Ca}

as € — 0.

Proof. Since t, = e*¢ with a < Up, this is the theory of Freidlin-Wentzell, see |65, Chapter
6, Theorem 6.2]. Freidlin and Wentzell didn’t state the uniformity, but it follows from their
proof. L

7.2.3 Particles near the boundary

We want to control the number of particles which are close to the boundary of D after a time
t.. Consider the neighborhood

B = {V > 301}
of 0D, where C is the constant from Lemma For x = (21, -+ ,xN), write:
A(x) = #{i € [1,N];z; € B}, (7.14)

where # stands for the cardinality of a set. We show that at time t., the number of particles
close to the boundary, A(x), is a small fraction of N with high probability as N goes to infinity
or as € goes to 0.

Lemma 7.2.4. For all a > 0, there exists g > 0 such that for all € < gg, there exists ¢ > 0
such that for all N € N and x € DV :

P (A(X;.) > aN) < ¢V (7.15)
and g- — 0 as € — 0.

Proof. The idea for the proof is the following: we want to compare the evolution of V(X}) and
Ornstein-Uhlenbeck processes with small variance. If we had N independent diffusions, the result
would derive from a simple enumeration. But then the interaction through jumps can only make
the Lyapunov decrease. From Proposition and the proof of Lemma [7.2.3] we have that
almost surely for all 1 <¢ < N and ¢t > O:

V(X)) < V() + /Ot (~wV (X1) +wCy)ds + \/E/Olt VV (X!)-dB..
for some w > 0 (independent from &). Now introduce for 1 < ¢ < N the process:
Ki=V(z)e ™ +Ci(1—e ") + \/E/Ot eIV (XD) - dBL,
which solves

t t
Ki =V (x;) +/ (~wK; +wCr)ds + ‘/%/ VV (X{) - dB;.
0 0
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From proposition we have that:

t
V(X;‘)-K;’:/ (LV(X]) +wK! —wCy)ds+ > V(XL) - V(XL ),
; ; ;

n, Tl <t

n . . .
continuous process, and V(X*) is continuous between death times. Hence, V(X?) — K* is C?

between death times. Let f(x,y) = ((x —y)4)?, so that f is differentiable, and is non-decreasing
in the variable z. By construction of V, for all n € N, V(X ) < V(X’, ), hence we have for all
t>0: " "

where (70) are the death times of particle number i as defined in (7.11)). Moreover, K* is a

((vixd - k). <2 [ v (x) (v () - ), s <o

Thus, almost surely, V (X7) is bounded by K; for all ¢ > 0, and we are left to show that with
high probability, there are only a few K®’s which are greater then 3C; at time ¢.. Write:

t
Gi = \/%/ e?G=OYY (XY - dBL.
0

Fix some family of indexes (iy,...,i;) € {1,...,N}*. The G¥s are L?-martingales, hence for
any £ € R, 52521 G% is a L?-martingale, and:

k k
exp EZG” — &2 <ZG”>
j=1 j=1

is a local-martingale. We have that <Gi, GJ > = 0 for all ¢ # j because the Brownian motions are
independent, hence

k k t
<ZG”> =Yoo [ ey pas <
= , =1 70 w

and using Fatou’s Lemma:

koo 5
E | exp EZG? < exp (Ef k”ZV”OO> )
j=1

for all ¢ > 0. Now we can write, using the Markov inequality:
] P k i kC kC €2k VV oo
P(Gzi>cl77G;’:>Cl)<P exp fZGly >€§ 1 <6_£ le = )
j=1

Taking £ = Chw/(2¢||VV ]| ), one gets:

P (G > Cy,-o G > Cy) < exp (—C2w/26]|VV o) =: .
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We chose ¢y small enough so that:
Voe @0 + C1(1 — e @) < 2C.
For all 1 <i < N, we then have:
{K; >3C} c{Gi >Ci},
and we have for all family of indexes (i1, ...,ix):
P(X{' €%B,...,X;* € B) <P (G} >C4,....G >C1) < .
Finally, we conclude with:

P, (A(X;.) > aN) < P (There exist at least aN indexes i such that XZE € B)

< ¥ (Z) g

aN<k<N

<(2(3)")" =Y.

7.3 Proofs of the main theorems

Our goal is to construct a coupling of 6xP™-¢ and &, PN for all x,y € DV in such a way that
some distance d(x,y) is contracted on average by this coupling along time. The basic idea of
the coupling is the following: particles are coupled by pair, namely we want the particle i of the
system starting at x to merge, after a time t., with the particle ¢ of the system starting at y.
However, contrary to the case of independent particles, here, even if two particles start at the
same position (namely x; = y;), they have a positive probability to decouple before time t.. This
can be particularly bad for some initial conditions: for instance if most of the pairs start merged
but close to the boundary while a decoupled pair is in the middle of the domain, then this will
typically lead to a lot of decoupling as coupled pairs rebirth on the uncoupled pair. This will be
tackled through the definition of the distance d.

7.3.1 Long time convergence

We now construct the coupling of (6thN’E)t20 and (6yPtN’E)t2O for all x,y € DY, that will yield
a bound on the distance between 5thIEV’E and 6yPtJj’€. Fix x,y € DV, and a sequence (I%) of
independent random variable, where I’ is uniform on [1, N] \ {i}.

For all 1 < i < N, consider a coupling (X, Y;) of the diffusion starting from (z;,y;)
such as the one constructed in Lemma (with these processes being independent for two
different values of the index 7). Recall that T¢ = (R/2LZ)%, and L is great enough so that we
may consider that D C T?¢. Hence we may write

%1:inf{t>o,3¢e [1,N],Xi ¢ D or ¥; ¢D}.

Denote by 47 the index of the particles that exit the domain at time 7y. For all ¢ # 4; and
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0<t<ori=1 and 0 <t <7y, let:
X;=X{ and Y/=Y/

in the sense that X} (resp. Y}') is the only point of D whose projection is X/ (resp. Y;). Finally,
~ . 11 . ~ . ~ .
if X2 ¢ D, then set X3! = X;ll , else set X2 = XI'. The same goes for Y;': if V' ¢ D, then

set Y;il1 = Y%Illl, else set Y;ll = }7;11. The coupling can then be constructed by induction, just as
for the construction of the FV processes in the introduction.

Basically, the coupling is as follow: two particles with same index will be an optimal coupling
of the diffusion as long as they don’t die as constructed in Lemma and if they die while
coupled, then they resurrect using the same index. By this we mean that the uniform variable
I’ used in the construction of the process in Section must be the same for both systems.

We will show that this coupling yields a contraction for the Wasserstein distance associated
to a particular distance on D”, namely:

N
d(x,y) =D lazy, 148V (@) + BV () + (1 + Vo) N (Lasan + Lagy)>an) Ixzy, (7.16)

i=1

where 8, a > 0 are parameters that will be chosen small enough, and A(x) has been defined in
(7.14). We define as well:

d (i, i) = Lz, (L+ BV (25) + BV (13)) -

The meaning of this distance, which follows the construction of Hairer and Mattingly in [79),
is this: if z; # y; and V(x;)+V (y;) < Ca, where Cs is as in Proposition then both particles
of index i are in the center of the domain at initial time, and we are able to couple X* and Y
before time ¢. and before they die with high probability. If z; # y; and V(z;) +V (y;) = Ca, then
we may not be able to couple them, but the Lyapunov functional will decrease on average. In any
case, if z; # y;, E (d*(X{,Y}')) will decrease between initial time and time t.. If ; = y;, then we
cannot expect any contraction of £ (d1 (X}, Y;)), since it is equal to zero at initial time, and the
probability that X* and Y* decouple is positive (if they die and resurrect on an uncoupled pair).
In this case, if x; is in the center of the domain, then, as we will see below, the probability of
decoupling is very small and won’t be an issue. But in the case where there are many particles
coupled at ¢ = 0 close to the boundary, many of them will get separated. This is why we added
the additional term N (]lA(x)>aN + ]lA(y)>aN) 1x+y in the definition of d. If we are in this case,
this term is initially not zero but, according to Lemma [7.2.4] it will probably be zero at time ¢.,
which will compensate for the non-zero terms that will appear with other parts of the distance.
In other words, this term plays the role of a global Lyapunov function, by contrast with the
pairwise Lyapunov function V(z;) + V(y;).

Let’s start by bounding from above the probability to decouple. This is the part where we
use Assumption [7.1.2]

Lemma 7.3.1. Under Assumptions[7.1.1 and[7.1.3, there exists Cs such that for all0 < a < 1/4,
there exists €9 > 0 such that for all 0 < € < g, there exists m. > 0, such that for all N € N,
x,y € DV with A(x), A(y) < aN, and all i € [1, N] such that z; = y;, we have:

. i mEC§cZ(x,y)/N if x; ¢ B
]Px,y (Xte 7£ ths) < { ng(X,Y)/N if x; €5
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where d(x,y) = Zfil Lg,2y,, and lim._,om. = 0.

An intermediate lemma is needed. The goal of this lemma is to get bounds on the number
of death events. This next lemma is where we use the neighborhood %B; of D from Assump-
tion [7.1.2)

Lemma 7.3.2. Under Assumptions and let $B1 be the neighborhood of OD from
Assumption [7.1.4 Write the event:

A= {#{i € [1,N], 3 <t.,X{ € B1} > 20N}

1. There exists g > 0 such that for all 0 < € < gg, there exists p. > 0, such that for all
0<a<1/4, NN, xec DN with A(x) < aN,

Py(A) < (252)Y,
and lim._,q p. = 0.

2. Moreover, if T denote the number of rebirth in the system before time t., there exists
€0,0 >0, 0< g <1, such that for all0 < e <eg and 0 < a < 1/4:

P(T > oN, A°) < ¢V.

3. Write T" the number of rebirth of particle i before time t.. We have as well that there exist
C,e0 > 0 such that for all 0 < & < g, for all 0 < a < 1/4, x € DN satisfying A(x) < aN:

B (T"0ae) < { C ifz; € B,

where pe is given in (7.7)).

Proof. 1. At time ¢t = 0, the condition on x implies that there are less than a/N particles in
9%B. Under Assumption [7.1.2] we assumed in Remark that

minU > maxU.
B, D\B

Hence %7 C B, and this means that for A to happen, namely for 2aN particles to visit
B before time t., at least aN particles that were initially in D \ B must have reached 2,
before time t.. Write:
pe = sup Py (s, <tc),
z€D\'B

where 79, is the first hitting time of the set B, for the diffusion . Under Assump-
tion @}, a < ming, U. Together with the fact that ming, U > maxp\g U and |65,
Chapter 6, Theorem 6.2] yields that p. — 0 as e — 0. The fact that a particle reaches 9B,
only depends on the Brownian motion driving it, hence we have:

r s 3 (U0t < e

k>aN

2. In order to control the number of deaths of the i particle up to time t., we are going
to distinguish two types of rebirth events: either the particle is resurrected on a particle
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which we know never reaches 9B, (i.e. stays away from the boundary), in which case we
can bound the probability that the i* particle dies again, or it is resurrected on a particle
for which we have no information, in which case it can be arbitrarily close to the boundary
and the time before the next death of the i*" particle can be arbitrarily small.

For convenience, we consider in the rest of the proof that the FV process has been defined
thanks to a construction similar to the one presented in Section [7.1.1] except that the
Brownian motions driving the SDEs are changed at each death event, namely along with
the variables (Li)n}O,iE[[l, N]», we consider a family of independent d-dimensional Brownian
motions ((B?’i)tgo)nw,ie[u,]v]], so that after its n'" death and up to its (n+1)"" death the
position of the particle 4 is given by X;:-L 4= X} where X* is the solution of driven
by B™ with initial condition X§ = X?, (recall the notation 7, from (7.11))). Of course the
law of the process is correct with this construction.

Denote:

S={ie[l,N],3t <t,X;€B}.

Then the Markov inequality yields:

P(T > oN, A°) < e °VE (eT]lAc) =e N Z E (62?1:1 Ti]ls:5> )

SeP([1,N])
#S<2aN

Fix S € P([1, N]), such that #S < 2aN, and recall the definition of the variable I’ used in
the construction of the FV process, which are independent uniform variables on [[1, N\ {4}
We define by induction P} =0 and :

Pl=inf{n>P_, I} ¢ S}.

Notice that, under the event {S = S}, if I} ¢ S, it means that at its n'" rebirth the particle
1 is resurrected on a particle which never reaches 8, before time t..

Setting ko (i) = 1 if z; € B1 and ko(¢) = 0 otherwise, we define as well
Pi = inf {k; > ko(i),Va € D\ By, 7p(X®Th) > te} :

where for n € N the family of processes (X””*i’")wep\%l is as in Assumption and
are driven by the Brownian motion B™*. Since we have already observed that, for all
k >0, at its (P})!" death, the particle i is resurrected at a position in D \ B1, the event
{V& € D\B1,7p(X*»Fr) > t_}, which is measurable with respect to the Brownian motion
BPet implies that the particle does not die again before time ¢.. For k = 0, it depends
whether initially z; € By: if x; ¢ B; (which is in particular the case if z; ¢ 9B) then,
again, the event {Vx € D\ By, 7p(X®"%) > ¢.} implies that the particle doesn’t die before
time t.. This is not the case if z; € B,. As a consequence, in any cases, under the event
{S = S}, we can bound the total number of death of the i*" particle by

Pi

T' <Y (P~ Piy):
k=1

The variables (P,z — Pé_l);@l,i are independent geometric random variables of parameter



198

CHAPTER 7. Convergence of the Fleming-Viot process in a hard metastable case

1 —#S5 > 1—2a. Under Assumption if 7; € By (resp. if x; ¢ By) then P! (resp.
P? + 1) is a geometric random variable of parameter 1 — De- Moreover, (Pi’)lgig N IS a
family of independent random variables, independent from (P})r>1,1<i<n. We have:

B (SN T o) <E (ezfil zf;l(P,z—P,:n) _ (E (625=1<P;—P,;1>)) ,

We are just left to show that E (exp ZkP:l(P,z - P,i_l)> is finite and bounded uniformly

in € < g9. Conditioning with respect to P’ we get :

. i pi
E(gilﬂz’l’zl) :E<E(GP3)P> <E<(1 e > )
— e

l—ea
e

pi N
P(T>UN,A°)<<26—U1E<<1_€m) )) .

In the same spirit, fix i € [1, N], and write now:

hence the result if €¢ satisfies p,, < , since we bound then

Pi=inf{n>P_,,I} ¢S},

where _ ‘
s'={j e LN\ {i}. 3 <t X7 € B |,

and

Al = {# {j e [1,N]\ {i}, 3t < to, X} 6%1} >2aN},

and the definition of P’ does not change. We have that (P});, and P’ are independent
random variable, and P is independent of A’ and S*. Indeed, A’ and S’ only depends on
the Brownian motions that drive (X7);;. Under the event (A%)¢, the cardinality of S? is
less than 2aN. Furthermore, we have that A* C A, and hence, as in the previous step,

Pi
E(T4) <E (> (Pi—Piy) Ly | < E(PE(PS,A,P)) <
k=1

E(P’
172Oé ( )?

and we conclude by bounding E(P?) < p.(1 — p.)~! if z; ¢ B (since, then, x; ¢ B) and,
otherwise, E(P?) < (1 —p.) L.
O

Proof of Lemma|7.3.1] Define the sets:

Ul(o) = {Z € [[17Nﬂ7 X 7é yi}’
U2(0) ={i € [1,N], = = yi}.

Now, for t > 0, we want to define some sets Uj(t), Ua(t), such that if X* and Y* decouple at
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some time s > 0, then for all ¢ > s, i € U1(t). For i € Ux(0), n € N, write:
7t = inf {t > X =Y € oD},
as in(7.11)), and ‘ _ _
Ty=inf{t>0,X; #Y}}.

Since the FV-process is well-defined, almost surely, there is only a finite number of such events
before time t., for all 1 < ¢ < N. Then define the set Uy(t) and Us(t) for ¢ € (75—1, 7% by
induction on k£ > 1. Assume that the sets have been defined up to the time 7,_1 for some k > 1.
Set Uj(t) = Uj(1—1) for all t € (15—1, 7). Let i € [1, N] be the index such that 7 € Upen{75}.
Now we distinguish two cases. If 7, # 75, then U;(7x,) = U;(7—1) for j = 1,2. Else set:

Ul(Tk):Ul(Tk_l)U{i}, UQ(Tk)ZUQ(Tk_1)ﬂ{i}C.

It is immediate to check that U;(t) and Usz(t) form a partition of [1, N] for all ¢ > 0, and that
Ui (t) is non-decreasing with ¢ and such that {i € [1, N], X} # Y} C Uy(¢t) for all t > 0. Recall
from Lemma [7.3.2] the event:

A={#{ie[1,N],3t<t.,X; =Y €B1} >2aN}.

For n € N and j = 1,2, write u?c = #U; (7). At each time 7, the probability that a particle
goes from Uj to Uj is less than u,lﬁ_l/N. Hence, we have that for all £ > 1:

1
E(ui+1|}'¢,€) < up (1 + > ,
N
and thus
_ 1\
E(uf) <d(z,y)(1+—] .
(uh) < dte) (14 1)

Using the notations of Lemma[7.3.2], in particular T to denote the total number of death event
before time t., using that u} is non-decreasing, we bound

E(ub1ac) < B(uly) + NB(T > 0N, A7)
< e%d(z,y) + Ngv,

which is bounded uniformly on N > 1 and e small enough, by é’gc?(x, y), for some Cs > 0, as
soon as d(x,y) > 1 (while, if d(z,y) = 0 then the two processes remain equal for all times and
thus the result is trivial). We get from all of this:

E (sup d (X, Yy) ]]_Ac) < E(ulT]lAc) < é’gd(x, Y).

t<te

Now we can bound the probability to decouple starting from any z; = y; € D, for a fixed i (recall
the notation 7% from Lemma [7.3.2):

P(30<t<te,X]#Y) <) P(7i=75 AT >n) +P(A)
n>1
=Y E(d(X,,Y,)/NLa) P(T; > n, A%) + (252)N

n>1
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1 7 ~
<iyE <supd<xt,Yt> u) P(T; > n, A) + (22)"

n=1 t<te
- d(, o
<03 (Ny)E(Ti]lAC) +(2p2)".
We conclude using Lemma [7.3.2] O

We need to choose the parameters involved in the definition of the distance d. There are
three of them: «, 8, and V. We fix any V > 4C7 (which is required in Lemma [7.2.3]), any
B < (2Vv4C;)~! and then a small enough so that

1+28C

——V4B3C Cs(1 + 28V, 1 717

1+ 30y BCT + aC3(1+26V) < 1, (7.17)
and 1+ 28V,
0

1 7.18

147 (7.18)

where we used in ((7.17) that Cy > 2C; from Proposition This is possible by fixing first
some small 3, and then taking any Vy > 4C, and finally « small enough.

Lemma 7.3.3. Let x,y € DV and 1 <i < N such that x; # y; and V(x;) + V(y;) < Co. Then
with kK1 = v V (1 — ce +2p. +46C1(1 —7:)), where . has been defined in lemma we
have:

E(d' (X}, Yy)) < med (zi, 4i)-

Proof. Let (X!,Y}) be the coupling of the diffusion (7.8 as in lemma used in the con-
struction of our coupling. Then, (X},Y}) = (X/,Y) until X* or Y reaches 0D. We have

P(Xi, =Y, ) 2P (X], = Vi, 7 > te, 7y, > te )
=P (Xf; = Y/;i“,Tzi > te, Ty, > te )
P(X7 =¥ ) =P(r, >t ) =Py, > 1. )
Z € — 2pe.
Using the property of the Lyapunov function described in , we then have:

E (dl(XZE, Yti)) <1—ce+2p: +28C1(1 — o) + 78 (V(z:) + V(yi))
< kyed (i, y5).-

Now we focus on the particles near the boundary that are not coupled:

Lemma 7.3.4. Let x,y € DV and 1 <i < N such that V(x;) +V(y;) = Co and x; # y;. Then

with K2 e =7 + (1 —7e) 11':_25521, we have:

E(dl (ngvytls)) < H2,€d1 (:L’i, yz)

Proof. Using the Lyapunov property and the fact that 7. < kg, we have:
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E(d" (X, Y})) <1+2BC1(1—7e) + By V(@) + V(i)
< Koed (25,y;) + 1+ 28C1 (1 — 742) — koo + B(ye — ko) (V(2i) + V(wi)) -

The fact that V(x;) + V(y;) = Cy implies that

1+ 2501(1 - '76) — Ko+ 5(76 - 52,5) (V(CEZ) + V(?/Z)) <0,

and thus the result. O

Proof of Theorem[7.1.1, Let x,y € DN, k. = k1. V ka.. First suppose that 1au)san =
Lay)>an = 0. We decompose:

E(d (X, Ye.))
= > E@ (X)) + Y E@(XLY)+ Y E(d(X.Y))
i/TiFY; i/ri=y;¢B i/Ti=y, DB
LN (14 Vo) (P(A(X,.) > aN) + P(A(Y.) > aN)) . (7.19)

Thanks to Lemmas and we have that the first sum is less than k.d(x,y). From
Lemma the second term is less than:

Csme(1+28Vp)d(x,y),
and the third term is less than:

aC3(1+26Vp)d(x,y).
Finally, thanks to Lemma the last term is less than:

—2(14Vp)

2N (14 Vy) ¢Nd <
(1+Vo) g d(x,y) In(g)

d(x,y).
Putting all of this together we get:
E(d(Xy,, Ye,)) < sed(x,y)
where
5= he + Cs (1+28Vo) me + aCs(1 +28Vp) + m

As e goes to 0, s. goes to 11123%;1 AN4BCT + aC3(1+28V,) < 1 because of our choice of constants
(7.17).
Now, consider the case where 1 4(x)>an +1ay)>an > 0. Assume that x # y, the result being

trivial otherwise since the processes stay equal for all times. In that case, d(x,y) > N(1 + Vp)
and we simply bound

1428V
B((X,,Ye) € N+ 287 + (14 T0)ao) < (200 40 ) dexy)
for € small enough. Since r. := % + ¢ is strictly less than 1 with our choice of constants
0

(7.18)) for € small enough, we conclude that, with ¢ =1 — SUD. ¢, S¢ A Te > 0 where gq is small
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enough, we have for all x,y € DV:
Evy (d(X;,. Y1) < (1-0)d(x,y).
By conditioning with respect to the initial condition we get that:
Wa (,uPtiV, VPtJZ) <1 =)Wy (,v),
for all probability measures p,v in M (DY), and by iteration:

Wd (/,LPtN’ VPtN) < (1 - C)I_t/tsj Wd (MPtJXLt/tEJtE’I/Pt[XLt/taJts)
<1428+ 1)Vo)N(1 —¢)lt/tel,

We conclude the first point of the theorem using lx»y < d(x,y).
Let’s now prove the second point of Theorem M! (DN ) endowed with the distance d
is a complete space. The contraction of Ptf yield the existence and uniqueness of the stationary

measure v2¢

then uPtN’E is exchangeable for all t > 0. The convergence of ,uPtN’E toward v>¢ implies that v
is exchangeable. Now consider an optimal coupling for the distance d of uPtN’E and VOAO“EPtN"e.

Using the exchangeability property we have:

, as well as the exponential convergence of uPtN’E towards v¥€. If 1 is exchangeable,

tor g g Xy

and we conclude with the first point of the theorem. O

7.3.2 Propagation of chaos

Recall the definition of the empirical measure 7V in (7.4). As said in the introduction, the goal
is to get a uniform in time propagation of chaos result. We start from a propagation of chaos
result, with a time dependency, from [165]. Their result reads as follows:

Proposition 7.3.1 (|165], Theorem 1). For all pg € M (DY), considering (X})i>o the FV
process with initial condition (X{) which is a random variable of law po, and (X;) the diffusion
(7.1), then, for all bounded f: D — Ry, alle >0 and all t > 0:

il

where Top is defined in (7.2)).

/D Fr™ (X2) = Eon () (F(X0I700 >t>D < 20+ V2 flee E( ! )

\/N PT[.N(XO) (TZ‘)D > t)z
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We also need a result on the convergence of the law of the diffusion ([7.1]), conditioned on
survival, towards the QSD vZ . This is from [35], although the statement is slightly modified to
fit our setting.

Proposition 7.3.2. Under Assumption there exists g > 0 such that for all compact
K C D, and all 0 < € < g, there exists C.,C., A\, xe > 0 such that for all pg € M*(D)
satisfying po(K) > 1/4:

Py (X¢ € -7op > t) — v ||y < Coe X,

and R
Py, (Tap > t) > C.e <t

Proof. The process satisfies equation (4.7) of [35|, with Dy = F', where F' was defined in
the proof of Lemma [7.2.3] some \; independent from &, and ¢ = V. The constant Ay defined
in equation (4.4) of [35] goes to zero as e goes to zero, hence we may chose g such that for all
€ < €9, A1 > Ao, and assumption of |35, Corollary 4.3] hold true. From |35, Theorem 4.1], this
yields the existence of the QSD v, and of some function ¢ : D — R, uniformly bounded away
from 0 on all compact subsets of D such that for all uy € M*(D):

Py (Xt € [map > t) = vi|lrv < Cee ™" 1o(V) /110 ().
Since V' is bounded, if po(K) > 1/4, then ug(¢) > 1/4ming ¢, and we get that

4Vl

P, (Xt € -|Tap > t) —vi||ry < Cee™Xe ko

oo

For the second point, write:
1,
Pug (Top > ) = 7 inf Po(rop > 1).

Nowﬁx0<l_71<UosuchthatKCFU{U<UO} ::F, and

W= inf IVU| >0
(Fu{Ugfjl})C

. Fix T > 0 such that Uy — @*T < Uy, and some & > 0 such that:
§ < min (dz’st (FU {U < 171} J(FU {U < UO})C) dist (Fu {U < ~0} ,Rd\D)) .

Write: :
5:{T3D>T,XT€F},

as well as ¢;(z) for the flow
{wé = —VUl(ps)
po(z) ==

With our choice of T, 170 and Ul, we have that pp € F'U {U < 01} for all x € F. We get using

Gronwall’s Lemma:

2
sup | Xy — | < elVUI=T2e sup |By.
0<t<T 0<t<T
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If W is a one-dimensional Brownian motion, supy¢,<r W has the law of |G| where G is a standard
Normal random variable. Hence:

]P’( X | > 5) <4dP (G > de IVUI=T Ade™¢
su - P X z — | X € =,
ogth roe T+ 2¢e

e~ IVUlleoT
where b = AT

Now write B

We showed that for ¢ small enough, P (£;11|&;) > 1 — e~%¢. We also have for our choice of §:
{T@D < tg} C 5&/1«}.

Hence for all z € F:
/T
P, (top > t) > (1 —e—b/a) :

and thus the result. O

In our metastable setting, this already yields propagation of chaos at equilibrium. Indeed,
if the FV process starts from its stationary measure, its law won’t change. But then from
Proposition the empirical measure of this process is close to the law of the process
conditioned on survival at time ¢ > 0 starting from v, which is itself close to the QSD if t is
large enough.

Lemma 7.3.5. Under Assumption and[71.3, there exists eg > 0 such that for all 0 < & <
€0, there exists Cc,mz1 > 0 such that if Xo is a random vector of law v2of on DN, then for all
bounded function f : D — R,:

E(/chhrN(Xoo)—/Dfdugo

Proof. Assumptions andyield the existence of v\-¢. Introduce the FV process (X;)i>0
with initial condition X . By definition, the law of X; is VOAQE for all t > 0. Recall the definition
of B and A from (7.14), and set K = D\ $B. Since vZ/° is the stationary measure of the FV
process, we get from Lemma applied with o = 1/2 that for all ¢ > 0:

Nne,l

) < Gl

P(A(Xy) > N/2) <4,

where g. > 0 goes to zero as € goes to zero. Recall the definition of A. from Proposition [7.3.2
let t = bIn(NV) for some 0 < b < 1/(2\.), and write A = {G1 (X;) > N/2}. We have that:

B (| [ raroxa - [ ae]) =g (| [ ranvoxo - [ rasl),
[ i) - [ ) = (| [ ranvxo - [ i)

< (| [ £an¥%0) - B e (XD l700 > 1))

and

il
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v ( ).

On G§, we have that 7V (X )(K) > 1/2. Hence, from Proposition and there exists
C > 0 such that:
Cllflls 1 Clflls

N _
(| [ £a5* %0 - Bove (0 lop > 0 ) « W= o~ Sl

From Proposition [7.3:2] we get that:

il

The fact that we chose b < 1/2). concludes, as soon as ¢ is small enough so that ¢. < 1. O

Eov ) (f(X0)lop > 1) — /D fdvs,

] Clfl
)g(C’e X5t+qg) | flloo = ]|\|]b>!5 :

Enn iy (f(Xo)l7on > 8) — /D fdus,

Proof of Theorem [7.1.3 Fix some £ > 0, some compact K C D, g € M*(D) such that po(K) >
1/2, and a random variable Xg of law ,u?N . Write:

= {n"(Xo)(K) > 1/4} .

We have that E(7V (X¢)(K)) = po(K), and Var(7V (Xo)(K)) = po(K)(1 — po(K))/N. Hence
we have:

P(G5) < 4/N.

We now fix 0 < b < 1/(2\;). For all ¢ < bln(N), from Propositions and we get
that there exists C' > 0 such that:

=
If t > bln(N), we consider a random variable (X;, X+, ) which is an optimal coupling of p
and v¢ for the distance d defined in (7.16)). We then bound as follow:

d fae f o
: fdr¥ (X)) — /D fduooD

[ i = Easoxy (¢ (lfran > t)D |

Clfle [ 1 Cllfl-
N
[ 1m0 - Bosy 7 ol > 0 ) « W= [ or b < Wl

®NPNE

/fd7r (Xt) = Exnxo) (f (Xe)lTop > 1) D (

v (
v (

From the proof of Theorem [7.1.] the first term is bounded by:

E(d(X¢, X))
N

From Lemma the second term is bounded by:

[ fllo <C( - C)t/tEHf”oo < CNln(lic)/tEHf”oo

ol
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Finally, by Proposition the third term is bounded by:
(Ce™X" 4+ 2P(Ga)) [| flloo < CNTX|f|oo,

and thus the result. O

7.4 Establishing Assumption (7.1.2

This section is devoted to the proof of the following:
Lemma 7.4.1. Under Assumptions[7.1.1] and [7.1.3, Assumption[7.1.4 holds.

Proof. 1. Suppose first that d = 1. Under Assumption D = (z1,z2) for some z1 < za.
Set B1 = (z1,21 + 6) U (22 — 6, x2) with 6 > 0 sufficiently small so that U’ # 0 on B, (as
a consequence of Assumption U is thus decreasing (resp. increasing) on (x1,21 + 6)
(resp. (z2 — 0,22))) and so that min(U(x; + 0),U(x2 — 0)) > ¢, (which is possible since
U(z1) = U(ze) = Uy > ci). Take any a € (¢*,min(U(zy + 0),U(z2 — 0))). Using the
uniqueness of the solution to equation we have:

{3z € D\ B1,79p(X") <t} = {rop(X™ 1) < t.} U {rop(X™>7%) < t.}.
We can conclude with [65, Chapter 6, Theorem 6.2].
2. We now suppose the second condition of Assumption [7.1.3] We set
B, = {U > Uy + Up)/2} NBy,

where 9, is the set from Assumption [7.1.3} and we may chose any a € (¢*, (Uy — U1)/2).

Fix some

Us € (a+ (Up+Uy)/2,Up),

Us € (U1 +a, (Uo + Ul)/Q),

0<y< min(U3 —U; —a,Us — (UO + U1)/2 —a),
see Figure [7.1]

Fix as well some T > 0 (to be chosen large enough below, independently from ¢) and for
all z € D\ B, write the event:

E* ={U(X}) < Uz and VO < t < T,U(X}) < Ua}.

Let’s first show that there exists C' > 0 such that P((£%)¢) < Ce~(@t7)/ for ¢ small enough
and T great enough, using Large Deviation results. In other words, in a fixed time interval,
with high probability, starting from a medium energy level at most (U; +Uyp)/2, the process
will stay below the high energy level Us and will end below the medium energy level Us.
According to [65, Chapter 4, Theorem 1.1], the action function of the process (7.1 is:

1 T
I0) = % [ leh+vUePas

U(<PT) - U(Sﬁo)

o (7.20)

1 T
= ] (P IvUeap s+
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D\ B,

Figure 7.1: First, Uy is the energy level on the boundary of D. Then U; is taken as low as
possible with the constraint that Assumption holds, namely it is such that there exist a
neighborhood B, of D over which U > U; and VU] is lower bounded by a positive constant.
Then U; (resp. Us) is taken slightly below Uy (resp. (Ur + Up)/2) so that the length of the two
grey lines in the figure is larger than a, which is itself a constant larger than the critical depth
¢«. The condition that ¢, < (Uy — Uy)/2 means that it is possible to find Uy, Us and a to fulfill
these constraints.
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1/t U -U
= I Iwé—VU(ws)IstﬂL—(@T)g (o), (7.21)
0

For all function ¢ : [0,7] — D such that ¢g ¢ B; and there exists ¢ € (0,7) such that
U(p:) = Us, using ([7.21)), we have:

1 t
1) > [ 16+ TUG)ds > Ulen) = Uloo) > Ua = Un + U1)/2 > a .
0

From this we deduce that for e small enough, for all = ¢ B;:

P (3t € [0,T),U(XF) > Uy) < e (@t1/z,

Second, to bound the probability that U(X7) > Us, we consider two possible events: either
the process stays during the whole interval [0, 7] above the energy level U; (which is unlikely
because it would mean it stays in an unstable region where VU is non-zero) or the process
goes down to U; but then climbs back in a time less than T' to the level Us (which is also
unlikely). More precisely, for all functions ¢ : [0,7] — D such that ¢; ¢ D\ 9B, for all
t € [0,77], using ([7.20)), we have that

el(p) > Tinf |VU|?/4 — Us/2.
B

We chose T great enough so that for all such functions, eI(¢) > a + . Then for ¢ small
enough we have that for all « ¢ B,

P (Elt € [0,7], X7 ¢ Q%l) >1 - e (/e

Next, for all functions ¢ : [0, 7] — D such that ¢ ¢ B, and U(pr) > Us,
el(p) > Us —Us.
Hence, for all = such that z ¢ 9B, and e small enough :
P(3t € [0,T], U(X?) > Us) < e~ (@F7)/e,
From those last two bounds we get for all = ¢ B;:
P(U(X7) > Us)
< ]P’(Vt <T, X7 e %1) +IP>(EIT S>s>t>0,X7 ¢ By, U(XT) > Ug)
< 2 (at)/e,
Finally we get for all « ¢ 9B:

P ((£2)°) < 3e~(a+D/e,

Up to now, we only have a control for a fixed initial condition x. To tackle simultaneously
all initial conditions in D \ 9B, we use that, in a time T, two processes which start close
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stays close (deterministically). More precisely, fix
6 < min (dist({U < U} ,R%\ D), dist({U < U3}, B1)),

and & > 0 such that &'elV?Ull=T < §. Fix a family of point zq,..., 2, ¢ B1 such that
D\ B, C UF_|B(z;,6"), where B(z,7) is the ball of center z and radius r. Write the event:

E={Ve ¢ By, 79p(X*) >T and X7 ¢ B4}.

If x ¢ 9B, there exists ¢ such that |z — z;| < §’. Gronwall’s lemma then classically yields
that )

sup | X7T — X7 < eV Ul=T <6,
0<t<T

In particular, 79p(X?®) < T implies that U(X;") > U, for some t € [0,T]. Hence we have

that:
k
&7 ce,
i=1

and for € small enough
P(£°) < 3ke™ @t/

Now write
&= {VJ? ¢ B1,7op(X") > (i +1)T and X 1)1 ¢ %1}~

We showed that for € small enough, P (£11/&;) > 1 — 3ke—(¢+7)/¢. We also have that
{3.7; eD \ %17T3D(Xx> < tg} C gftE/TJ'

Hence:
. e/< /T
P(Vx € D\ B1,79p(X*) > t.) > (1_6—(a+'v)/e) 7

and thus this probability goes to 1 as e goes to 0.
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The Fleming-Viot process in a

high-killing regime: the soft killing
case.
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Abstract : We study the Fleming—Viot particle system in the limit where the selection (or
killing) rate tends to infinity. In this regime, and under two different sets of assumptions, we
show that the empirical measure of this particle system converges towards a Dirac distribution
with a moving mass. This stands in contrast to the mean-field limit, where the empirical measure
exhibits a deterministic limit.
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8.1 Introduction

8.1.1 Motivation

Fleming—Viot particle systems refer to population dynamics models in which n individuals are
subjected to two mechanisms:

e individuals evolve in some state space as independent copies of a given continuous-time
stochastic process (called the mutation process);

e they are killed at random times with a rate which depends on their current position, and
are then instantaneously duplicated at the position of a uniformly chosen individual among
the n — 1 remaining ones (this is the selection mechanism).

When the mutation process is a random walk on Z? and the killing rate A > 0 is uniform on
this space, the empirical measure of this particle system is known to converge, in the n — oo
limit and under a diffusive space-time rescaling for the mutation process, to the Fleming—Viot
superprocess |61], which is a measure-valued process on R? introduced to describe the distribution
of alleles in a population with a large number of possible genetic states [57]. In particular, in this
regime, the selection mechanism is sped up by a factor n with respect to the mutation process.

The asymptotic behaviour of the system is also of interest without space-time rescaling.
Indeed, denoting by (X;):>0 the mutation process and 7 the killing time, it is known that the
empirical measure of the system generally converges, when n — oo, to the deterministic quantity
P(X; € -|7 > t), which is the law of X; conditioned on survival up to time ¢. This observation,
which also holds true for hard killing mechanism, that is to say instantaneous killing when the
process reaches some subset of the state space, has motivated numerous developments on the
study of propagation of chaos and hydrodynamic limit [25] (71} (119, |5, [165] [142] 94] as well as
fluctuations [48, 108], for both soft and hard killing mechanisms, in both discrete and continuous
spaces.

From a numerical point of view, Fleming—Viot particle systems can be seen as Interacting
Particle Systems [46, 42, |149] allowing to approximate the conditional distribution P(X; € |7 >
t), whose evolution is given by a nonlinear Fokker—Planck equation and is therefore nontrivial to
study. The t — oo limit of this conditional distribution is called a quasistationary distribution
(QSD) for the process (X;)i>0 |39], and plays a prominent role in population dynamics [124],
molecular dynamics [104} 49| or Monte Carlo methods [147]. For recent works on the existence
and uniqueness of QSDs, as well as convergence of the conditional distribution P(X; € |7 > ¢)
towards the QSD, we refer to [35, [36} 8].

While the numerical interest of Fleming—Viot particle systems lies in the consistency of their
n — oo limit, in practice they can only be implemented with finitely many particles. In this
context, one may expect their efficiency to depend on the intensity of the killing rate. More
precisely, to approximate the QSD of the mutation process by the stationary distribution of
the Fleming—Viot particle process, one needs the latter to reach stationarity on a shorter time
scale than the typical killing time. This time scale separation is referred to as the metastability
of the system [143]; in this situation, quantitative estimates for Fleming—Viot particle systems
associated with diffusions with hard killing were recently obtained in [97]. The first motivation of
the present article is to study the behaviour of Fleming—Viot particle systems in non-metastable
systems, namely for which killing occurs on a faster time scale than convergence to stationarity
for the mutation process.

We shall therefore consider the Fleming—Viot particle system for a mutation process (X;)i>o0
on a countably infinite space D, subjected to killing with a rate A : D — [0, +00) which may
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depend on the current position of the process, but which grows to +oc uniformly in the position.
Before describing our results, let us mention that such a situation may also be relevant from
the population dynamics point of view: for instance, the recent work [91] introduced a coupled
PDE/ODE model for collective motion of cells driven by nutrient consumption and showed that
in the limit where nutrient consumption is infinitely faster than the motion of cells, the cell
distribution forms a Dirac mass whose motion is then determined by the nutrient distribution.
The situation may also be compared with the well-known condensation phenomenon of zero-
range processes with decreasing jump rates [74], although the interaction mechanism between
particles is different and, in the present situation, leads to a cluster which concentrates all the
system’s mass, and not only a macroscopic fraction.

While our model is mathematically different, our main results show that in the high-killing
regime, the Fleming—Viot particle system exhibits a similar behaviour: all particles concentrate
in a single cluster whose evolution remains random and generally depends on both the mutation
dynamics and the asymptotic ratio of the killing rates between neighbouring sites. This type
of results for Fleming—Viot particle system and related models already appears in [33] (see also
reference therein). In this work, it was proved that in the small mutation limit, after a time re-
scaling, the empirical measure of a Fleming—Viot particle process on R converges to a Dirac mass,
concentrated on the solution to some ODE. Their proof follows an averaging method developed
by Kurtz in [103], different from the one used in our present work, see Section

8.1.2 Mathematical setting and notation
8.1.3 Mathematical setting and notation

Let D be a finite or countable set, ¢ : D x D — R, and A: D — R,. We suppose that

Q@ := sup Z q(z,y) < oo, supA(z) < oo.
‘TEDyeD zeD

We consider the Fleming-Viot n-particle process X = (X;);>0 in D™ for a mutation mechanism

with jump rates ¢(z,y), and a selection mechanism with killing rates A(z). We are interested in
the evolution of the empirical measure 7(X;) of the system, where 7 is defined by:

(x) = %ZCSM (8.1)

We write M (D) for the set of probability measures on D and by ML (D) C M'(D) the set of
empirical measures of n particles in D:

o -{(%).,

Let us also introduce the spaces:

Vz € D,k, € N and Zkrn}
zED

CMLD) = {u: MLD) 5 R, [luly <oo}, flulr= > |u(®)
¢eML (D)

)

and

(*(M(D)) = {u: M (D) = R |Julloc < 00}, lullo = sup [u(€)]-
§eM; (D)
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The empirical measure (7(X;));>0 of the Fleming-Viot process is a Markov process on the
set M1 (D), whose infinitesimal generator L acts on £>°(M.} (D)) and reads

L=1Lp+ Lsa
where L,, corresponds to the mutation process: for all f € ¢>°(M.L (D)), for all £ € ML (D),

Lof©) = X né@ate) (1 (64 22) - 10)). (32)

z,yeD

and L corresponds to the selection mechanism: for all f € ¢>°(ML(D)), for all £ € ML(D),

2

La© = 3 s (1 (e+ 20 ) - 10).

For u € (*(ML(D)) and v € £*°(ML (D)), we define the duality bracket by:

(o)=Y u(@v(9).

geMy (D)

The adjoint operators L*, L} and L¥ are defined through this duality bracket and therefore act
on (ML (D)).

As explained in Section [B.1.1] we are interested here in the high killing regime, namely
inf A — oo. (8.3)
D

If the death rates are large with respect to the jump rates and the number of particles, the
dynamics of the empirical measure will be dominated by the selection mechanism. If there was
only this part, then the empirical measure would become a Dirac measure in finite time. In
presence of mutation, and in the limit 7 the empirical measure of the Fleming-Viot system
will still form a Dirac mass, but this Dirac mass will exhibit some dynamics, in the space

A= {6,z €D} (8.4)

of Dirac masses on D.

We present in the next two subsections two results which confirm this intuition, respectively
when the number of particles n is fixed, and when the number of particles also tends to infinity
together with .

8.1.4 Fixed number of particles

In this section, the number of particles n is fixed, and we show that, in the limit , the
trajectories of the empirical process (7(X;))¢>0 converge towards trajectories in the set of Dirac
measure. This limiting dynamics can be precisely described in terms of a Markov kernel on D.

In order to make precise the limiting regime , let us consider a family (A,.)ren of functions
D — R, and introduce the notation

A= zlng Ar(2). (8.5)
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We set ()
r\Y
@ = —= 8.6
z,Y,T )\T (37) ’ ( )
and we denote by X" = (X7);>0 the underlying Fleming-Viot n-particle processes. We work in
this section in the following setting:

Assumption 8.1.1. The number n of particles is fixed, lim,_,., A, = +00, and for all x,y € D,
there exists oy y oo € [0,00] such that:

rlggo Qgyr = gy co- (8.7)

As explained in Section it is expected that (7(X7}));>0 converges to a process (dy, )i>0
where (Y7):>0 is a continuous-time Markov chain on D with a jump rate function which is a
perturbation of ¢. Intuitively, the evolution of (Y;);>¢ is driven by the following mechanism. If
all the particles are in € D at a given time ¢ (i.e. ¥; = z), then the rate at which one particle
goes from z to y is given by ng(z,y). After such a move of one particle from z to y, since the
selection mechanism occurs on a much faster time scale than the mutation mechanism, all the
particles will concentrate on one of the two states = or y before any other jumps occurs. The
probability that a new Dirac mass at y is observed is given by a Gambler’s ruin problem, and is
equal to (ag .y —1)/(aZ . —1) (this is a consequence of Lemma below). This justifies the

ZT,Y,r
introduction of the new jump rates:

—1
3 HQ(%TJ)% if agyr 71,
q’l’(x7 y) = aCE’y’T (88)

q(z,y) otherwise,

as well as their » — oo limit:

Qg y,00 — ]- .
B qu({E, y)ﬂ’i if Qg .y, 00 7é 1,
Goo(,y) = 00 — 1 (8.9)

q(z,y) otherwise.

In the above, Goo(z,y) = 0 in the case ag y 00 = 0.

The first theorem concerns the limit of the time-marginal distribution of the empirical mea-
sure process under Assumption For any random variable 7 in MY (D), we identify the
probability measure Law(w) as an element of ¢}(M.L (D)) and therefore use the ¢! norm to
measure distances between such probability measures.

Theorem 8.1.1. Under Assumption for all n € ML(D), there exists a (deterministic)
probability measure 1., € M (D) described in Lemma a random variable Yy of law 1o,
such that if (Y)s>0 is a Markov process on D with jump rate (Goo(2,Y))(z,y)ep and initial con-
dition Yy, then: for allt > 0,

lim [[Law (7(X})) — Law (dy,) |l1 = 0.

T—>00
Moreover, if 1(Xo) = 0, for some z € D, then for all T > 0, there exists C > 0 such that if

(Y )0 is a Markov process on D with jump rate (G-(x,Y)).y)ep and initial condition Yy = z,

then: c
sup [|[Law (7(X])) — Law (dyy) |1 < T
t€[0,T) Ap
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In the first statement of the theorem, the marginal distribution is taken at time ¢ > 0. In-
deed, if the Fleming-Viot particle system is initialized with a distribution which is not a Dirac
distribution, namely with particles spread among several sites, then on the short time scale
1/A,, the selection mechanism makes all particles condensate in a single site, whose distribu-
tion is precisely the probability measure 7,,. This shows that, in general, the convergence of
Law (7(X7%)) to Law (dy,) cannot hold uniformly on [0, T]. However, if the initial distribution of
the Fleming-Viot particle system is already condensed on a single site, then the second statement
of the theorem shows that the distance between Law (7(X7)) and Law (y;) may be controlled
uniformly on [0,7], with a quantitative bound which is obtained by using averaging methods,
as presented in [144, Chapter 16]. The remaining distance, between Law (dy;) and Law (dy,),
also vanishes (see Lemma7 with a rate which depends on the convergence of (g y,r)z,yeD
toward (Qg,y,00)z,yen. The proof of Theorem is given in Section

We now state a convergence result for the Fleming-Viot particle system towards the A-
valued dynamics (dy, )0 in the space of sample paths. For reasons which are detailed below, the
Skorohod topologies for cadlag processes is not adapted to this system, and therefore we need
to introduce another topology on the space of sample paths. To proceed, we first introduce the
total variation norm || - |71, and defined by: for v, u € MY (D),

ln—=vlirv =) lu(@) - v(@)].

xeD

Note that, since D is a finite or countably infinite set, the weak topology on M*(D) is metrized
by the total variation norm. Next, for any T > 0, let D([0,T], M'(D)) be the set of cadlag
functions from [0,77] to MY (D). For 7,7 € D([0,T], M*(D)), we define the L1, distance by:

Im =, = [ Im@) = welovat = [* 3 Im@) - m@le (610)

xeD

This defines a distance on D([0,T], M!(D)), and the associated topology coincides in our case
with the so-called Meyer-Zheng topology [127]. We then have:

Theorem 8.1.2. Under Assumption for all T > 0, the process (W(XI))te[O 7] converges
in distribution, in Lk, to the process (0%2)eefo, -

The proof of this theorem is given in Section [8:3] Let us conclude this section with two
remarks. First, due to the nature of the process, the convergence in Theorem [8.1.2] does not
hold in the Skorokhod topology based on £*° norms, but in the L., topology which is a weaker
topology. Indeed, when a particle jumps from z to y, one observes motions from z to y and
then back to = due to the selection mechanism, over a time-scale of order 1/),.. This im-
plies jumps of non vanishing heights (multiple of 1/n) in the process 7(X7), and therefore,
one cannot expect convergence to hold in the Skorokhod topology. Second, since the mapping
7 € D([0,T]), M*(D)) + m € M(D) is not continuous with respect to the Lk, distance, the
convergence in Theorem does not imply the convergence of the time-marginal distribution
from Theorem

8.1.5 Increasing number of particles

In this section, we are interested in a mean-field limit, namely an asymptotic regime where both
the number of particles and the killing rates go to infinity. Therefore, in addition to the r-indexed
family (\,).en of death rates, we introduce (n,)n,en C NV a sequence of numbers of particles,
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and (X{)ren a sequence of initial conditions, such that X{ € D"r. We will again denote by
X" = (X})i>0 the associated Fleming-Viot particle processes.

Compared to the previous setting, we restrict ourselves to a situation where A,.(x) is a bounded
perturbation of A,. In this regime, the quantities o, 4 o defined in the previous section are all
equal to 1, and therefore the jump rates ¢oo(z,y) in are equal to ¢(x,y) whatever the value
of n. As a consequence, letting n — 0o, one may expect the limiting jump rates to be simply
q(z,y), and this will indeed be the case as stated in Theorem below. Moreover, in order
to keep a moving Dirac mass as a limiting process, we impose the rates to go to infinity much
faster than the number of particles. Here is the precise setting of this section:

Assumption 8.1.2.

A
sup sup |A\.(z) — A\ (y)| < oo, lim =L =00, and Ine€ M(D), n(X}) — 1 weakly.
reNz,yeD T—00 Ny r—00

Theorem 8.1.3. Let us assume that Assumption holds. Let (Y3)i>0 be a Markov process
on D with jump rate (q(z,y)) ep and initial condition n. Then, the following convergence in
law holds: for allt > 0,

(z,y)
W(X;) r—_>><>o 6Yt )

where the convergence in law is considered with respect to the topology defined by the total vari-
ation distance on M*(D). Moreover, if m(X5) = &, for some z € D and for all r € N, then for
all T > 0, there exists C > 0 such that for all F : M*(D) — R bounded, and for all t € [0,T]:

[E(F (x(X}))) — E(F (6v,))] < C||F|l ﬂ

The proof is completely different in nature from the one of Theorem and relies on the
Kolmogorov equation associated with the dynamics on (7(X7}));>0, see Section

Let us conclude this section with a few remarks. First, let us emphasize that if the killing rate
is not large enough with respect to the number of particles, then there might not be creation of
a Dirac mass. For instance, as already mentioned in Section in the case A, = cen,, 7(X})
converges under a proper rescaling to the Fleming-Viot super-process, see [57]. Second, it is not
difficult to check that if D is finite and the initial condition is a Dirac mass, then under Assump-
tion the convergence is uniform in time. Third, the speed of convergence in Theorem [8.1.3]
is not optimal. Indeed, choosing n, = n constant (which is allowed in Assumption [8.1.2)), Theo-
rem yields a rate of convergence of order 1/ \/E whereas we know from Theor that
it is of order 1/),. Fourth, it would be interesting to generalize the results to the more general
situation of arbitrary values of a4 o0 in , and also to prove in the setting of this section a
convergence result in path space similar to Theorem (these are left for future work).

8.2 Proof of Theorem |8.1.1

We assume that Assumption holds in all this section. For all z € D, write:

Ar ()
A

a(r) = (8.11)

For all z € D, a,.(x) > 1, and we write:

L=Ln+\LE, (8.12)
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where for f € [°°(M] (D)) we denoted:

’I’LQ

Lof(€) = >

z,yeD

e @)st) (1 (64 25) - 1(©)) = 5 L.1(©)

n—1

For simplicity, we drop the dependence in r of L and we simply write L.

The proof of Proposition uses averaging methods [144, Chapter 16|. Let us first present
the overall idea. Recall the notation for the empirical measure. Denote for all ¢ > 0 and
ze€D

m(2) = m(X})(2), (8.13)

and let u be the law of the empirical measure process (m¢):>0:
u(t,§) =P(m =€), V&€ My(D).
For all t > 0, u(t,-) € (ML (D)), and we have the Kolmogorov equation:
Oyu = L*u,

where L* denotes the adjoint of the generator L, and acts on £*(M.}(D)).

Let us present a formal argument in order to identify the limiting dynamics. If we assume an
expansion of the form

1 1
=ug+ —ui+o|—]),
TR (A)

with ||uglls and |Ju1]|; bounded uniformly in » € N and ¢ > 0, then, using (8.12)), a formal
identification at order (),)! yields that ug satisfies

LSUO = O,

which shows that one expects the limiting dynamics to only take Dirac mass values. Indeed, for
all » € N, Ly is the generator of a Markov process that corresponds to a Fleming-Viot process
with no mutation mechanism and only selection dynamics. We will refer in the sequel to this
dynamics as the selection dynamics. Under this dynamics, each particle of the Fleming-Viot
process is killed at rate a.., and then branches uniformly at random over the surviving particles.
Let (79);>0 be a Markov process with this generator Lo. Every Dirac measure is an absorbing
point of such dynamics, and thus Span ({1,,z € D}) C KerL§, where

1, = ds (8.14)

z

is a probability measure on ML (D), and can also be seen as an element of £* (M. (D)). Actually,
writing (remember the notation (8.4]))

T=1inf {t > 0,7 € A}, (8.15)

we will show that 7 < oo almost surely (as an application of Lemma below), and this will
allow us to prove that, as a bounded operator from ¢! (M;(D)) to itself, L, satisfies

Span ({1,,2 € D}) = KerL{,

see Lemma [8.2.4]

We will then postulate the limiting dynamics on ug using our intuition on how Dirac masses
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evolve. Let us recall the intuition to derive these limiting dynamics: if the Dirac mass is at
x € D, at rate ng(z,y) one particle will go from = to y. Since the selection dynamics is on a
much faster time scale, we only have to consider this part of the dynamics, and the probability
that the Dirac mass goes from z to ¥ is given by the probability p,, of a Gambler’s ruin, see
Lemma [8:2.6] Therefore, the rates at which the Dirac mass will move from z to y is simply
nq(, Y)pa.y-

To formalize this reasoning, after having introduced ug following the expected limiting dy-
namics described above, we will define u; as a solution to the Poisson equation

3tu0 - L;UO == Laul (816)

which is the equation formally obtained at order (),.)°. The proof will then consist in proving

that )
U — ug — )\—ul

Ap

goes to 0 as 7 — o0.

8.2.1 A time-scale separation result

In the selection/mutation mechanism, there exists a cascade of time-scales. The largest time
scale is the mutation one, which is independent of » € N. Besides, we may define an equivalence
relation on D by z ~ y if and only if 0 < a4 .o < 0o. Then, each equivalence class associated
with this equivalence relation gives a different time scale, as, if a 00 = 00, then all particles in
y will jump away from y to go to a site with a lower death rate before any particle in x have time
to jump or move, with probability going to 1 as r goes to infinity. Lemma [8.2.1] below describes
this phenomenon, and is a cornerstone in the proofs of the results under Assumption In
particular, if at a given time, the empirical process is not a Dirac mass, it will give us information
on the time taken by the process to reach the set of Dirac measures and on how the particles
will be redistributed to form a Dirac mass.

Lemma 8.2.1. Let L, = a,L: + b.L? be a jump Markov process generator on the state space
MUL (D), such that L. is a selection dynamics with partial rates:

2

O €D, L) = 0 et (1 (n+ 20 ) < f)

n—1
z€O,yeD

for some © C D and v, > 1, and such that the coefficient of L? are bounded from above in r:

Vf€l®(MyD), L2f(n) = > BF0,&) (F() = f(n), > Bmo <

£eM; (D) §eM; (D)
for some i > 0 and alln € ML(D). Let us assume that

T

lim — =0,
r—00 @y
and let us introduce ¢, > 0 such that
c b
lim = = lim = =0.

r—0oo @ r—oo Cp
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Wrrite
= {£ e My(D),L1f(&) =0, Vf € 1™(M, (D)), Vr € N},
and
=inf {t > 0,7 e M'},

where " is a Markov process with generator L,.. Denote by Sy the first jump of the process
coming from the b.L? part of the generator. Then the following holds:

li inf Pe(rm<cl<8)=1. 8.17
r 0 €€ MY (D) e <c ) (8.17)

Moreover, if L? = 0, then there exist C,c > 0 such that

sup  sup Pg (7] >t) < Ce " (8.18)
reNgeM; (D),

This lemma will be applied to the Fleming-Viot generator , either with ® = D or with
© a subset of D such that the killing rates on © are much greater then the ones on D \ ©, in
the sense that for all z € ©, y ¢ O, @ .0 = 0. In the latter case, the set M! contains the Dirac
measures, as well as the empirical measures of n particles with support in D \ ©.

Proof. Let @ be a Markov process with generator L., defined using the same jump events as 7,
and
[ =inf{t>0,7; e M'}.

On the event 77 < S;, we have 77 = a, 17]. Let us show that there exist C,c > 0 such that

sup sup P (7 >t) < Ce . (8.19)
reNgeM; (D),

Fix £ € ML(D), write Dy = supp(¢) and
7, = min{y.(z),z € Dy N O}.

Since v, (z) > 1 for all 2 € D,y > 1for all r € N. Let z, € D be such that v = v.(z,) if
Dy C ©,and let z,. € Dy \ © otherwme Let X be a process Whose empirical measure is given by
7, and let i € [1, n]] be such that X{° = z,. Denote

IZ{i,XéGDo\@}U{io}, n0=|I\{i0}\,
and write:

A, = {On [0,1/7,], X' i eI, do not die, and all other die once and branch on X“’} .

We have that A, C {7 < 1}. Since the number of death events for (X%)o<s<1/, is upper (resp.

lower) bounded by a Poisson random variable with parameter v, ifiel (resp. i ¢ I), we have
that:
e (1—e 1"
Pf (-Ar) 2 ( ) )

n’l’L*’I’LO

and hence, we get that

inf  inf Pe(7 <1)>1-w,
reNgeMLl (D)
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for some w € [0,1). Using the Markov property at time ¢ — 1, this implies that for all r € N,
e ML(D),and t > 1:
Pe (7] 2 1) SwPe (7] 21— 1),

and this implies

sup sup Pg (7] > t) <wl <Ce

reN LeM], (D)
with ¢ = —In(w) > 0 and C = w1

Writing 32(n) = 2 eemi (D) B%(n, &), S1 is defined as:

t
Sy = inf{t >0,E < / brﬁf(ﬁg)ds} >inf {t >0, E; < b it} = b 15,
0

where F is an exponential random variable with parameter 1. Hence, S is bounded from below
by b, 1S;, where S; is an exponential random variable with parameter fi. Finally, using the

bound we have:
P(rf <c ' <8)=P(a;'7 <! <)

>1—P(T{‘>a’”> ~P(S1 <)

Cr

T a br
>1—P(%{>a>—]P>(Sl<> oo,
@ C T—00

T T

and hence the limit (8.17). In the case where L? = 0, Equation (8.19) yields:
Pe (1] > t) =P (7] > art) < Ce™ ",

which concludes the proof. O

8.2.2 The initial condition

Now, we aim to address the issue of the initial condition. Given some initial condition n €
ML (D), write Dy = supp(n), where

supp(n) = {z € D,n(z) > 0},

and
A= {l‘ € Dy, min ag y 00 > O} ) (8.20)
y€Do

This set A correspond to the subset of Dy where, asymptotically in r, the order of magnitude
of the killing rate is minimal. Thanks to Lemma [8.2.1] we will be able to show that in the
limit , all particles from Dy \ A will be redistributed instantaneously (ie on a time scale
faster than 1/infp, A;) in A, with no movement from the particles in A. Moreover, the law of
the configuration obtained in A after this instantaneous redistribution is given by a Polya’s urn
problem, with |A| possible colors and initial condition nn|s, after nn(Dg\ A) draws. On the time
scale 1/infp, A, this measure will then form a Dirac mass according to the probability given by
commitor functions, that we are now going to define.

Recall that 7° denotes a Markov process with generator Lg, and the definition of 7.
Let us apply Lemma with L2 = 0, a, = 1, © = supp(ny), 7» = o, so that Ll = Ly and
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7} = 7. Equation then yields that 7 < co almost surely. Denote for € M} (D):
by(n) =Py (79 =62 (8.21)
The functions ¢} are the so called committor functions, and |140, Theorem 3.3.1.] yields that
they satisfy:
Vi (02) =1, ¥3(8,) = 0Vy # x, Lovy(€) =0, V6 € My (D) \ A. (8.22)

Remark that for all £ € A, f € £>° (ML(D)), Lof(§) =0, so that we actually have Lo’ (&) =0,
for all £ € ML(D). The next lemma proves that the committor functions are the unique solution

to (8:22) in 1> (ML(D)).
Lemma 8.2.2. Let © C D and v : © — [1,400). Let L' be defined by: Vf € > (ML(0)),
2

s = 3 Spntenton (1 (v 200 - ).

T,ycO

For all z € ©, if f € 1°° (M,,(O)) satisfies
f(6z) =1, f(8,) = 0Vy # x, L' f(§) = 0, Y€ € My (©)\ A, (8.23)

then for all £ € ML(O)
f(&) =Pe (m7, = 0a),
where 71 = inf {t > O,?Ttl S A} and m' is a Markov process with generator L' and values in
In particular, Y7, defined by (8.21)) are the unique solution to (8.22)) in (> (MJL(D)).

Proof. Let f be a solution to Equation (8.23). Let ¢ € M} (©) and 7! be a Markov process with
generator L' and initial condition {. The map t — f(7} ,,) is a martingale, and hence for all
£>0,

Ee (f(ﬁimt)) = f(&)- (8.24)
Equation (8.18)) from Lemma yields that 7 < oo almost surely, and since f is bounded,
letting ¢ go to infinity in (8.24) yields that f(&) = P¢ (7}, = 6,). O

We are now able to prove

Lemma 8.2.3. For all n € ML(D), there exists N € MY(D) such that if 7° is a Markov
process with generator L° and initial condition n, and Yy is a random variable with law 1., then

l'gn | Law(r?) — Law(dy,)|rv = 0.

In the statement of Theorem TNoo 18 the law of the initial condition Yj.
Proof. Fix n € M} (D) and write 7, = Law(72) € M! (A). Denote Do(n) = supp(n) and

a, = Ziengo a(x),

where o, () is defined in (8.11)). Recall the definition of A from (8.20). We distinguish two cases:
if A = Dy, then we can find the limit of 7, when r — oo using the fact that 7,(d,) = ¥%(n) and
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that (¥7(n))ner (a) is the unique solution to a Dirichlet equation on a finite set. If A # Dy, then
using Lemma we show that all particles from Dy \ A will first be distributed on A, without
any particles from A moving, and then we can apply the argument from the case Dy = A.

Let us suppose that A = Dy. Write L(?” the re-normalised generator of the selection

dynamics Lo e Z O‘;(“T)g(x)f(y) (f (5 4 csyné”) - f(§)> ,

z,yeDy — "

defined for f : ML (Dg) — R. Denote also

. 1
Dy oo(®) = lim a,(x)/a, = Mitye py Qo yooo

which is well defined and lies in [1,00) in the case Dy = A, as well as
Dg,00 6y - 61
Ly f€) = D apyec(@)E@)Ew) (£ 6+ —) = f(©)).
z,y€ Do

Léj ©°°® is the generator of a selection dynamics with death rates aoo p,. We have that

and for all z € Dy and € € ML (Dy),
Ly (€) = 0. (8.25)

Since Do x M, (Dy) is a finite set, we may consider (¢5°(€))zepy,cemt (Do) & Sub-sequential limit
of (¥5(€))ze Dy ceMy (Do) Passing to the limit in equation (8.25)), we get that for all z € Dy and
£ € M, (Do):

Ly () = 0

as well as ¥2°(dy) = Ly, Lemma then implies that
U () = Pe (m™ = &),

where 7% is a, Markov process with generator LOD 9% Hence there is a unique sub-sequential
limit, and 97 (¢) converge for all £ € M1 (Dg) and x € Dy, and this is particularly true for & = 1.

We now suppose that A # Dy. In this case, for all z € Dy \ A, ap, 0o = oo and LP0> is
ill-defined. To resort to the previous case, write

S = inf {t > 0, one particle starting from A dies},

and
TML(A) = inf {t > O,W? € M;(A)} .

Using the notation of Lemma [8.2.1] write
©=Dy\ A, a =inf{a.(2)/a,z€Dy\A}, b =1, L2=L"

: 1 _ 1 .
In this case, we have M! = A U M} (A), and because A # Dy, a, oo and Lemma
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(with ¢, = \/a,) yields that:
lim PP, (Si\ < TM}L(A)) =0.

T—00

Now, using the strong Markov property at time 71 (a), write:

Py(r2=6) = > Py(St>rag ) Py (T2, = EISY > T ) Pe (70 = 0,) + R,
ML (A) "

where a rest satisfying
Ry <Py (ST <) 2 0.

From the case Dy = A we get that for all £ € M} (A), Pe (72 = §,) admits a limit as 7 goes to
infinity. In addition,

P, <7TO :W’S?>TM}L(A))

TmL (a)
corresponds to the law of a Polya urn Markov chain with with color indexed by A, initial condition
nn|a, after |[Dgy \ A| draws, and is hence independent of r. This concludes the convergence of
P, (72 = 6,) towards some 7o, € M'(A). If Yy € D is such that Law(dy,) = 7o, Tec is then the
law of Yj. O

8.2.3 The Poisson equation

Let us now consider the Poisson equation . Before showing existence and uniqueness of a
solution to this equation, let us describe the kernel of L§ and Ly. Although this is not strictly
necessary for the proof of Theorem [8.1.1] this makes the functional setting clearer. To proceed, let
us recall that Ly is defined as an operator of £>° (M} (D)), and L as an operator of I' (ML (D)).
Define the weak- topology on (> (M} (D)) by the fact that a sequence of elements (wy,)i>1
weak-* converges to w if (v, wy) — (v,w) for any v € £*(M}(D)). Then I* (ML (D)) equipped
with the (strong) topology induced by the norm ||-||1, and £° (M.} (D)) equipped with the weak-*
topology, are each other’s topological dual. Let us now write

(KerLo)* = {v € ¢* (ML(D)), (v,w) =0, Vw € KerLo },

recall the definition of the commitor functions from (8.21)), and denote by A the closure of a set
A for the topology at hand.

Lemma 8.2.4. We have
(KerLg)" = {v e " (ML(D)), (v,¢}) =0, Vz € D},

as well as

Span(l,,x € D) = KerLg.

However, the inclusion
Span(v,,x € D) C KerLg

1s strict if D is infinite, and the kernel of Lo is given by

)u]*

Span(¢,,x € D) = KerLy,

where A" denotes the closure for the weak-+ topology of a set A € £>°(ML(D)).

n
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Proof. For all x € D, Lemma yields that ¢ € KerLg, so that:
(KerLo)*™ C {v e " (ML(D)), (v,¢}) =0, Vz € D}.

Let v € (* (ML(D)) such that (v,97) = 0 for all z € D, and w € KerLy (and thus w €
0> (ML(D)). The map ¢ — w(wy,,) is a martingale, and hence for all ¢ > 0,

w(€) = Ee (w(r?n,)) -

Since w is bounded, and 7 < oo almost surely, letting ¢ go to infinity and the dominated
convergence theorem yields that for all £ € ML(D):

w(€) = Y w(da)vs(6), (8.26)
zeD
and the sum is actually finite because 1,.(§) = 0 if x ¢ supp(£). We have:
Yo D w@)u@e Ol = D 0O [wE) 5 () < [[vlli[w]les < oo
¢eML (D) z€D §€M}L(D) z€D
Hence, the following computation holds:

)= 3 0©) Y wlE @) = Y wl) Y w@©v.(©) = 3 wld) v =0,

geMl (D) z€D z€D EeMl (D) z€D

which yields that v € (KerLg)*, and concludes the first point.
We already saw in the introduction of Section [8.2] that Span(1,,r € D) C KerL}. Since L}
is a bounded operator, KerL is closed and

Span(1,,z € D) C KerLg.

For v € KerLg, the map

t— Z ]P)g 7Tt—’r])

£eM;, (D)

is constant for all n € ML (D). Write for all n € M} (D):

]P’E(wgzn)fIP’E(wS:n) ]P)E(’/T —77,7'>S)+]P§(7T2—’I7,T<8) Pg(ﬂgzn)
Zpg(ﬂ's=’I7,T>S)—]P)5(7T2_77,T>S),
which yields
Z |Pe (70 =n) = Pe (72 =n)| <2P¢ (7> 5). (8.27)

neM;, (D)
Using the notations of Lemma [8:2.1] write:

=D, a.=1, v =a,, Lf:O.
Lemma, then yields that there exist C, ¢ > 0 such that for all s > 0

sup sup Pe(7>s) < Ce . (8.28)
reN fe M (D),
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The bound (8.27) and (8.28) yields that we may let ¢ go to infinity and get:

v= Z v(0z)1,.

xzeED

Since this sum converges in I' (M} (D)) as soon as v € I* (M}, (D)), v € Span(1,,x € D), which

concludes the second point.
Define for all £ € ML (D),

FO) = 1a(9).

zeD

In this sum, there are at most n non-vanishing terms, and thus f € ¢>° (M} (D)). It is easily
seen that Lof = 0. If g = ZZEGDU a1, (§) for some finite subset Dy C D and a, € R, we have
that || f — g|lec = 1, yielding that

f € KerLg \ Span(1,,z € D).

However, for all w € KerLg, the sum (8.26)) converges for the weak-* topology, which proves
the last point. O

We are now ready to solve the Poisson equation (8.16)), which relies on the next statement.
For any v € £*(MJL (D)) and s > 0, let us introduce the notation

vetto(n) = Y w(§Pe(nl =), (8:29)

geM; (D)

which defines an element of ¢!(M](D)).

Lemma 8.2.5. For all v € (KerLg)*(C (Y(ML(D))), there exists a unique w € (KerLg)t such
that
Liw =, (8.30)

o0
w = —/ ve*lods.
0

Moreover, there exists C > 0 independent of v and v such that

given by:

[wlly < Clolfs.

Proof. Let us start with the existence. Write, for n € M} (D)
w(n) = — </ veSLf’ds> (n) = —/ Z v(§Pe (72 =) ds.
0 0 ey (D)

We first show that w is well-defined. Recall the stopping time 7 defined in (8.15)). Since v €
(KerLg)*, Lemma yields that (v,97) =0 for all x € D, and we have

Do w@Pe(rd=0) = > (i€ =0.

§eM; (D) §eM; (D)
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Since, if n ¢ A, P (wg = n) = 0, we have that

Yo w@Pe(n)=n)= Y (&) (Pe(r) =n) —Pe (7l =1n)).

ceML (D) EeEML(D)

The bounds (8.27) and (8.28)) imply that w is well-defined, because v € £*(M.} (D)), and we have
s 2C
Julls <20 [ e dsffols = = ol
0

The Kolmogorov equations yield that LiPe (70 =) = 9,P¢ (7 =), and hence for all €
ML (D):

Liw(n / > w(©L§Pe (7 =) (n)ds

£eMy (D)

/ Z (€)0sP¢ (70 = 1) ds

EeMlL (D

= /000 0Os Z v(&)Pe (ﬂg = 77) ds.

£eMy (D)

We already saw that

slim Z v(&Pg (7] =1n) =0,

(o)
§eM; (D)

and hence Liw(n) = v(n), which concludes the existence.

To prove uniqueness, fix w € KerLy N (KerLg)®. The fact that Liw = 0 yields that for all
neML(D), t>0:

wmn) =Y w@)Pe (7} =n).

£eM; (D)

Letting ¢ — oo, because w € ¢! (M}, (D)), Inequalities (8.27), and (8.28) then imply that

wn) =Y w@P () =n) ¥n e M} (D),

geM; (D)

and thus we may write w = ) _pw(d;)1,, where 1, was defined in (8.14)), and where the
equality holds in ML (D). In particular, w(n) = 0 for all n € ML (D)\ A. We have for all z € D:

Yo D w)Ly=s, vr(ml = Y [w(6,) W5 (6,) < llwllh < oo,

neML (D)yeD yeD

and hence the following computation holds:

0=(w,¥p) = > wi(n)

neM (D)

= > | D w@) L=, | wilm) = Y w(d,)¥r(8,) = w(d.).

neML (D) \yeD yeD
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Thus, w = 0, which concludes for the uniqueness. O

In the proof of Theorem [B.I.1] in order to apply Lemma [8:2.5] we need to show that for all
x €D,
(Oruo — Ly, uo, ) = 0.

To this end, let us introduce

—1 1
Sy = ——0s+ 0, € My(D).

The next lemma provides an explicit formula for ¥%(d,.,). The fact that we only need the values
of the committor functions on the set A U {d,.; 2,y € D} is a consequence of the fact that, as
explained above, in the limiting regime, the selection dynamics is much faster than the mutation
dynamics, so that the support of 7, is concentrated on {z, y} in the transition from d, to J,.

Lemma 8.2.6. For all z,y € D, x # y, the committor functions v, satisfy:

-1
al —1 o -1
T _ x,Y,T r _.n—1 x,y,r
/(/)1:(61’?!) - amﬁyﬂ” n ’ wz(dy@) - az,y,r n )
e 1 Oy, — 1

where oy, is defined in (8.6).

Proof. The selection dynamics cannot extend the support of a measure, hence if supp 7 = {, y},
then suppw) C {z,y} for all t > 0 and Z; = 7¥(x) completely determines 79. The process Z

corresponds to a Gambler’s ruin problem, namely a Markov process on {0, ...,n} with jump rates

k(n —k)

n—1

k(n —k)

plk,k+1) = ay(y) o

) p(k’k_ 1) :Oé,,»(.r) )
where «,. is given by (8.11). Denote by R its generator,
Ti(Z) =inf{t > 0,2, =i}, g(k) =Pr(ma(Z) < 10(2)).

Then, g is solution to the problem:

We have:
Rok) = ()™ (k4 1) — g (8)) + 00 ()" (g0~ 1) - g
Hence:
g(k+1) —g(k) = oy, (9(k) — g(k — 1)),
=
g(k) — g(k = 1) = a; [F 7D (g(1) — g(0)) = o, F 7 Vg(1),
=

azk —1

g(k) = —=——g(1).

Qzyr — 1
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The condition g(n) = 1 yields:

= e
g aE,Z.,r 1
and finally:
—(n—1) -1
o -1 « -1
"(Bpy) = gln—1) = =227~y (8,.,) = g(1) = 22T
a(0) = gln —1) = B () = g(1) = SERE
which concludes the proof. O

8.2.4 Proof of Theorem m

Let YY" and Y be jump Markov processes on D with rates ¢, and ¢, respectively. The last
needed result is the convergence in total variation distance of Y towards Y. This is a general
result on jump Markov processes whose jump rates converge.

Lemma 8.2.7. Under Assumption[8.1.]]
lim ||[Law(Yy) — Law(Yo)|ry =0 = Vt >0, lim ||Law(Y]) — Law(Yy)|rv = 0.
r—00 r—00
Proof. We have that for all z,y € D,
Jim G(2,y) = oo (2, 9),

and for all x € D,

> supgp(w,y) < oo.
yeD reN

Hence, |99, Theorem 19.25, p. 385] concludes. O
We are now in position to prove Theorem [8.1.1

Proof of Theorem[8.1.1] Recall the jump rates:

Qg,y,r — 1 .
- nQ(xa 9)7 lf am,y,r 7& 17
gr(2,y) = gy — 1

q(z,y) otherwise,

and let Y be the Markov process with jump rates (¢, (z,¥))syep and initial condition Y such
that the law of dy; is Law(n?). Write pf,(t) = P (Y, = z), for z € D. The (p})sep satisfy:

> r=1
xeD
and the Kolmogorov equations:
oy, =Y (dr(y, 2)py) — G (2, 9)p}) -
y#z

Denote by u(t) = (P(m = &))¢epqr (py the law of the empirical measure of the Fleming-Viot
process (which depends on r, even though this is not indicated explicitly for the sake of notation)
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and define the conjectured equivalent by:

n=S

zeD
which corresponds to the law of dy,;. Lemma @ yields that that for all t > 0
Liug(t) = 0.
The goal now is to solve (8.16]) using Lemma In order to do so, let us show that
Opug — L ug € (KerLQ)l

Fix x € D. First:
(Opuo, y) = Ol

For all f € (*(ML(D)):

L@ = X (6 + Va0 (€420 ) —nelala(ea)s ©)
THY
hence for all z # y, n > 3:
—n 4, 2)py i =0y,

0 otherwise.

In the case n = 2, the formula is adapted by Lj,uo(dzy) = ng(z,y)p; + ng(y,z)py,. Using
Lemma [8.2.6] this yields that:

<Lfnuo,¢;>

= Ly, uo(82)05(00) + Y (Lo (8y)005(8y) + Lipyuo(Sasy )05 (Basy) + L0 (80 )05 (8y:2)
yFx

agilr - Oz yr—1

=-n Z Q(ma Z)p; + Z nq(m, y)p;am,y,rn’y’i + nQ(yv )PZ ;Lylrnyi
al . —1 al . —1

z#x y#T Y x,Y,T
=> (=dr(z, v)p} + @y, 2)p}) -
y#T

Finally we get that for all z € D:

<atu0 - L m U0, ’l,[} > 6tp3: Z (‘Z"(ya m)p; - QT(xvy)p;) =0.
y#x

Lemma then yields that Oup — L}, ug € (KerLO)J‘. Thus, Lemma yields that, for any
t > 0, there exists u;(t) € (KerLg)t such that

Opuo(t) — Ly,uo(t) = Loua (1),
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with the explicit representation

ur(t) = /OOO (Opuo(t) — L uo(t)) estods.

From this representation and the regularity of ug(t) provided by its definition, one gets that wu;
is a C! function of ¢, and that O,u; solves the Poisson equation

OPug(t) — LE,0puo(t) = Lidsus(t).
As a conclusion, using Lemma [8:2.5] again, we deduce that
lur (@)l < Clldpuo(t) = Liuo(®)ll,  |0cua (t)lly < CllOFuo(t) — L, dpuo(t)]1-

The Kolmogorov equations yield that [|G;upllr < @, and [[0upl; < Q?, and since L7, is a
bounded operator, we have that:

supsup ||u1 (t)]]1 < oo, supsup ||pus (t)]]1 < oo.
re

reN t>0 (24
Write )
U = ug + er + v.
Then v satisfies the following equation:
. 1, 1
O =0+ - (L — ), v(0) = u(0) ~ wo(0) — 51 (0).

T

In the case where there exists z € D such that 7(Xg) = §,, then 7 = 0 so Y = z, and we have
v(0) = —u1(0)/A,. Thus we can write:

I .
)\—/ eI (L uy — Qyuy) ds, (8.31)
0

T =r

wim) = D w(@Pe (m =n).

§eM; (D)

Thanks to the bounds on ||ui]]; and ||Opuq]l1, Equation (8.31) yields that for any T > 0, there
exists C' > 0 such that:
sup lu(t)]L < C/A,.

t€[0,T]
As a conclusion, for any ¢ € [0, 77,
[[ua (®)]1a

Ap

1£aw (7(Xy)) = Law (dy;) 1 < o®)]l +

which concludes the proof of the second statement of Theorem [8.1.1

To prove the first statement, with an initial condition which is not necessarily a Dirac mass,
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we first write
|Law (7(X¢)) — Law (dy,) |1 < ||Law (7(Xy)) — Law (5ytr) Il + || Law (5;7) — Law (dy,) |1,

where Y is the continuous-time Markov chain with initial condition 7., given by Lemma [8:2.3]
and jump rates §oo(x,y). For the first term of the right-hand side, we integrate the equation on
v between time 1/4/), and ¢ to get:

t
w(t) = et UVAIL, ( ) n Ai/ L (L uy — Hyuy) ds.
VA, ArJ A

The second term of this last equality still goes to 0 at speed 1/)\,., and we are just left with

showing that:
) L =u L —u L 7iu L N 0
VA, VA ) WA ) AT A, ) e

in the ¢! distance. Since u; is bounded in (M. (D)), uniformly in ¢ > 0 and r € N, we have

that:
1 1
Y
A\,

Moreover, Y" is a continuous-time Markov chain with initial condition Y, where Y is such
that Law(dy;) = Law(r?), and jump rates uniformly bounded with respect to 7, hence A, — oo
=0.

yields that:
1
Law(wd) —uy [ —=
(77) 0( x) 1

hm Hu(l/\/>) Law(r2)||; =0,

even though u(0) = n for all r € N. Write

lim =0.
T— 00

1

lim
T—00

Let us now show that

—inf {t > 0,m € A}, (8.32)

and Sp for the first jump of a particles due to the mutation mechanism. Using the notation of
Lemma write © = supp(n), b, =1, L2 = L,,, L} = Léupp(”) where

s = X e (7(¢+ 2 - 10)

z,y€supp(n)

as well as a, = \,, and ¢, = \/\,. In this case, we have M! = A, and Lemma 1) yields that:

1
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1 1 ‘
u(ﬁ) (f)ZPn <7T 1)\7‘:£,Tl<\/x<51>+[@77 <7T 1 :f \/» ))
0= 71 m_1_ = )

=P, (WT5,71< 7\r<51>+1}”n< = < — ))

1 (&
Hu (1/\/>) an ||1 2]P)77 <<7'1 < @ < Sl> > 7-—_>>oo 0.

Finally, Lemma and Lemma imply the convergence of ||[Law (dy;) — Law (y,) |1
towards 0, and conclude the proof of Theorem O

For all £ € M1 (D), we may write:

[>
3

and thus

8.3 Proof of Theorem |8.1.2

We are now interested in the convergence of the trajectories. As stated in the introduction, there
is no hope of having convergence in the Skorohod topology. Instead, we use the L1, topology.
As the projection

7 € D([0,T], M* (D)) — 7, € M*(D)

is not continuous for this topology, it is not enough to show compactness of the probability
measures of the trajectories, because an accumulation point would not be characterised by its
time marginal. Instead, we proceed as follows. First, let F : D([0,T], M'(D)) — R be bounded
and Lipschitz continuous for the L., distance . We decompose

E(F(rXDrepoy) ) = E (F (0v)rerorr))
= (B (7 (=®&Dheon)) =B (F (4 com)))
+ (B (F(050)icom)) ~E(F (Grdicon)))

with Law(Y]) = Law(n?) and Law(Yy) = 7ao. Thus, the conclusion of Theorem follows
from the combination of Lemmas .31l and [8.:3.21

Lemma 8.3.1. The process (8yr)iejo,r) converges in distribution, in D([0,T], M'(D)), to the
process (dy, )ie[o,1]-

Proof. Let us endow the set D with the distance p(z,y) = 1,2, and the set D([0, T], D) of cadlag
trajectories [0, 7] — D with the associated Skorohod J;-topology. By [99, Theorem 19.25, p. 385]
(see the proof of Lemma, the process (Y;").e[0,r) converges in distribution to (Y;)icjo,7] in
this space. To conclude, we now check that the mapping

D([0,T],D) — D([0,T], M (D))
(We)eepo,r) = (Oy, )eefo, 1]

is continuous. Let ((yf):ejo,r))k>1 be a sequence of elements of D([0, 7], D) which converges to
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(Yt)teo,r) in the Ji-topology. We have
T T
Gyt hetom = Guictomllg, =2 [ Lypadt =2 [ otk it

By |16, p. 125|, the convergence of (yf)te[oj] in the Ji-topology implies the convergence of
p(yF,yz) to 0 for almost every ¢ € [0, 7], and therefore the conclusion follows from the dominated

convergence theorem. O
Lemma 8.3.2. There exists a coupling of the processes (m(X})),¢(o 7 and <5Yf)tg[o 7) Such that
T
lim E / ||’7T(X:) - 5Y[||Tth =0.
T—00 0

Proof. Fix T > 0. The proof of Lemma [8:3.2] is divided in five steps. The first one is dedicated
the definition of the coupling.

Step 1. Write o¢ = 0,
T = inf {t > o, m € A},

and
Opt1 =inf {t > 7, m & A},

for all £ € N. We define an intermediate process, which is not Markov:
M= Moy, N(t) =max{k, 7 <t},

and for ¢ € [0, 79, write 7 = m,,. This is a process living in A, and we will get a Markov process
by a time re-scaling and conditioning. Define the change of time:

S
s(t) = inf {s > 0,/ 1r,eadu > t} .
0
Write N(t) = max {k, o, <t}, and

Ar(T)

= {For all k € [0, N(T)], there are no jumps from the mutation mechanism between o, and Tk} .

If 7, = 04, then ox41 — 7 is an exponential random variable with rate n Zy;ﬁx q(z,y). Addi-
tionally, on A,.(T), Lemma yields that the Dirac mass goes from z to y with probability

q(z,y) o1 Qwar —1
Doz A(Ty) P ap -1

Hence, writing
Oyr1 = Ts(t),
we have that on A,.(T), Y"! is exactly a continuous-time Markov chain with jump rates g, and

initial condition m,,. Let Y™? be another continuous-time Markov chain on D with jump rates
qr, initial condition with distribution Law(7?), independent of the Fleming-Viot process, and
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write:
YY" = Yr’l]l_AT(T) + YT’Q]IAg(T).

The process Y is a jump Markov process with jump rates ¢, and initial condition with distri-
bution Law(7?). In Step 2, we show that the probability of A, (T') converges to 1. In Step 3, we
show that r is close to 7, and finally in Steps 4 and 5, we show that 7 is close to Y"! in the L!
distance defined in , and thus to Y.

Step 2. Let us show that for all T > 0,

lim P (A(T)) = 1.

r—00

For any k > 0, the events {N(T) > k} and {there is a mutation jump between o and 74} are

independent. Thus we have:

P (A-(T)°)
< Z P (N(T) > k, there is a mutation jump between o, and Tk>
k=0

< sup P (there is a mutation jump between oy and 73) Z P (N(T) > k) )
keN =

Because oj11 — 7 is an exponential random variable with parameter bounded by n(Q, N is
bounded by a Poisson random variable with parameter nQT, and hence:

I;)P (N (T) > k) =E (N(T)) < nQT.

The convergence (8.17)) and the strong Markov property at time oy, yield that

lim sup P (there is a mutation jump between o) and 71) = 0,
r—00 keN

which concludes the proof.

Step 3. Let us now prove that the L}V distance between 7 and 7 goes to 0 when r goes to
infinity. We have:

N(T)

I = llzy, Ta, @) < 20ancry D, 7o — 0k <2 (Fo — 0%) Loy<r,
k=0 k=0
where
7, = inf {t > oy, 7} € A}, (8.34)

and 7* is equal to 7 on [0, 0], then the particles are subject to the same jump, but only from
the selection part. The application of Lemmamm (7£ 5, )ez0 yields that there exist C,c > 0,
independent of k£ € N, such that for all ¢ > 0:

P (7 — or > t|0k <T) < Ce_CATt7
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yielding that

lim supE (7 — oxlox < T) = 0.
=30 LeN

Using again that N (7') is bounded by a Poisson random variable with parameter nQT we get:

E (||7r - 77||L1TV) < 2TP (A(T)°) + S (7 — oyl < 7) Y (N(T) > k)

k>0
= 2TP (A, (T)°) + supE (7, — ox|op < T)E(N(T))
keN
< 2TP (A(T)°) + nQT supE (7, — oklor < T) — 0.
keN r—00

Step 4. In order to show that the distance between 77 and (5Y[*1)0<t<T goes to zero as well, let
us define the event

N(T)
B.(T) = E Te — 0 < min  opp1 — Tk o,
P 0<k<N(T)

and show that
lim P (A, (T),B.(T)) = 1.

r—00

Fix ¢ > 0, and Ny € N such that P (N(T) > No) <. Then

No
P(B,(T)", A(T)) <e+P (Z Tk = Ok > r§€11<r§v Okt1 — Tk,A,.(T)> .

P Sk<No

On the event A, (T'), the random variable ming< k< n, 0k+1 — Tk is lower bounded by a exponential
random variable E with parameter Non(@), independent of the family of random variable (75 —
0k )o<k<N,- Lhis implies that

0<k< No

No
P(ZTk0k> min O’]H_lTk,AT(T)><P(31<k<N0,TkO'k>E/N0)
k=0

< NyosupP (1, — o, > E/Np) .
keN

Lemma, then yields that

limsup P (-Ar (T), B, (T)C) <e,

T—00
for all € > 0, which concludes Step 4.
Step 5. Now, using Step 4, all is left to do is show that
Jim |7 = (0v;)ose<rll Ly, = 0.
First notice that for all s > 0

N(s)

S
/ ]l,rueAdu:s—Zs/\Tk—ak,
0

k=0
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so that }
N(s())

s(t)y=t+ Z TR — Ok = t.
k=0

Additionally, 0y, # 7, only if there is p € N such that ¢ < o, < 5(t), and on the event B,.(T'),
t < 0, < s(t) implies that N(s(t)) = p. Hence

P
t> o, — E T — 0.
k=0

Hence the total amount of time where dy- # 7 is bounded as follow

l
~

N(T) p )

T
T4, (1),8,(T) /0 Lsy 0, dt < L, (1),8,(1) Z ZTk — oy < (N(T) = k) (T) — ok) -,
p=0 k=0

>
Il
<]

where 7;, was defined in (8.34). We have:
10y = 0llcr, La,m s, () = [10yra —0llLs La.(r)ls,. (1) < QZ N(T) (7 — o%) o<
k=0

Using Cauchy-Schwarz inequality, one gets:

E ( N T) (7~ ) ﬂakg> < E(NTP)E (- o) Loer)
k=0 k=0
<E (N(T)Q) E (N(T)) sup ((?k - ak)Q‘ak < T) .

Hence:

E (Haw - 17||L1TV) < 2T (A(T) U B(T)°)+25up ((fk - akﬂak < T) E (N(T)2> E (N(T)) .

yielding that
i 1l ) 0.

which concludes the proof. O

8.4 Proof of Theorem |8.1.3

The aim of this section is to prove Theorem[8.1.3] and we therefore suppose that Assumption[8.1.2]
holds for the remainder of this work. In this case, we can write:

)\r :Ar + my,
where A\, =infp A, m, > 0 and

lm|loo := sup sup m,.(x) < oco.
reNzeD
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We start by showing that 7; converges to a Dirac mass. Denote still for z € D:

m(2) = m(X5)(2). (8.35)

Lemma 8.4.1. Under Assumption[8.1.3, we have for all t > 0:

lim 3" E(m(o)m() -0, lim E(|m) = 1.

r—00
z#yeD

Moreover, if m(Xg) = 6, for some z € D and all r € N, then:

> Em(@)m(y) < (@ +2]milx) 5"

x#yeD =T

ny

X

r

[7¢]|o0 =1 —(Q + 2[Im||oo)

Proof. Write, for a given probability measure £ on D,

928) = > &) (8.36)
€D
We have:
Lan(€) = 3 me€(o) (ato) + M) 1 60))
zty "

(12 RO §<x>>

T#yY ng. s

> ni S M@)E@)EY) -2 &) q(a,y) + n2n_’”1 ST (@)E(2)E() (E(y) — &(x))
" aty T#y T ]

> 2 (1 02(6) ~ 200(6) — T 3 (0 (y) —~ M (@)EIEWEW) — E)
" " TF#Y

> 2e(1 - ga(6) - (2 + ]

Using the Kolmogorov equation, this yields that for all ¢ > 0:

DB(g2(m)) > 225 (1~ Blga(m))) — (2Q + 4lm]c)

r

and hence
Uz

E(ga(m)) > 1= ¢ (1= E(ga(m0)) ~ (2 + 4llm]l) 53

(8.37)
Now, since . . &(z) =1 for all £ € M(D), we have:

g2(m¢) < |17t 0o
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which implies the result on ||m¢||s. We also have:

Z E(me(2)me(y)) = 1 — E(g2(m)),

z#yeD
which concludes the proof. 0

The preceding Lemma showed that m; converges towards a Dirac measure as r — oo. The
goal of the next Lemma is to determined the law of this limiting Dirac mass.

Lemma 8.4.2. Recall that m(x) = n(X})(x). Under Assumption[8.1.3, we have:

lim 37 [E(m(x)) ~ B(¥ = 2)| =0,
xeD

where (Y;)i>o is the Markov process with jump rates (q(x,y))z,yep and initial condition n. More-

over, if m(X{) = 0, for some z € D and all r € N, then for all T > 0, there exists C' > 0 such

that for all t € [0,T]:
n,
> [Elm(x) ~ B(¥; = )| < O,

z€D =r

Proof. The Kolmogorov equation yields that for all z € D:

OE(mi(2)) = Y E(me(y))aly, «) — E(me(x)) Y q(x,y)

yF#w YF#T
_|_

" S B () m(y) (ny) — M)

n
" y#z

Let (v4)t>0 be the unique solution to the following system:

duvi() = wily)ealy @) —ve(2) Y alw,y) = Ly, (v) (),

with initial condition 1y = 7. We can identify v;(z) = P, (Y; = x). Besides, L;, is a linear
operator, and we have:

0y (E(m¢) — vt) = Ly, (E(ms) — vt) + gt

where

for all x € D. We get:

We have that for all ¢ > 0:

gelln < nn: 7 llmlloe > Em(a)m(y) < 2lmlls (1 - E(g2(m0))),
r z#yeD

where g is defined in (8.36)). Since L,, is a Markov generator, Lemmam (and more precisely
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equation (8.37))) yields that
Tim [[E(m) ~ vl = 0,

as well as, if n =7 (Xo):
ny
er

for all 0 <t < T and some C' > 0, which concludes the proof. O

IE(m) — ] < C

We are now in position to conclude the proof of Theorem [8.1.3]

Proof of Theorem[8.1.3 Let F : M'(D) — R bounded, and € > 0. Write

E(F = Y FP(Im(X]) = b:llrv < )| < D ellFllocl (I7(X)) — 8z ll7v < &)+ R,

zeD zeD

where
t < [|F[locP (d(m(XF), A) > €).

Using the fact that ||m; — d,|l7v = 2(1 — 7f), we get

T 2|F S T
s I (K)o < 1 —2/2) < 2T 00— jr(p))0),
and finally
2 T
B(F((XD) — 3 PP (XD 6ol <] < Pl (24 220~ [5XD)0))
reD

(8.38)
Using Markov inequality, we have:

P(|7(X}) = 8:llrv < &) =P(rf > 1—¢/2) < (1 —¢/2) T E(m(2)) < (1+ €)E(m(2)),
as soon as € < 1. On the other side, we have that
E(m¢(2)) = B (m4(2) Ly (2)31-2/2 + L, (s)<1—c2) S P (] > 1—€/2) + E (m¢(2)Lr, (2)<1-¢/2) -

Moreover,

Y E(m(2) e y<i-c2) = D B (m(@) Lny@y<ic2 (Lmflosioc/z + Ljmj>1-c/2))
zeD zeD

P(lm(Xe)lloo <1—2/2)+ 3

yielding that

> FOP(Im(X]) = dullry <€) = Y F(8 2))| <

zeD xzeD

1Pl =+ 2801~ In(XD))
(8.39)
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Lastly, we have that:

Y F(6)E (mo() = D F(8.)E (n(x))

z€D z€D

Equations (8.38)), (8.39) and (8.40|) together yield

<N Flloo D [E(mi(2)) =P(Yy = ). (840)
xreD

E(F(r(X7) Y F(‘sx)E(Vt(x))‘

xzeD

<2l (&4 2B - XD ) + 1Pl T [E(re) - P =) (841
xeD

and Lemma [8.4.1) and Lemma [8.4.2] yield

E(F(n(X]))) = Y F(6:)E (n(x))

xzeD

lim sup < 2||F )| k-

r—00

Letting ¢ — 0 yields the first part of the theorem. In the case where the initial condition is a

Dirac mass, plugging € = y/n../A, in equation (8.41)) and Lemma yields for all ' > 0 and
O0<t<T:

E(F(n(X}))) = Y F(6.)E (m(x))

zeD
n A n n n
<Flloo | (/5= + 1/ 55 (@ +2[mlloe) 7= +C | <O /17,
Ar Ny Ar Ar Ar

for some C’ > 0, and this concludes the proof.
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LONG-TIME BEHAVIOR OF SOME MARKOV PROCESSES, AND APPLICATION TO STOCHASTIC
ALGORITHMS

Abstract

This thesis is devoted to the study of the long-time behavior of some Markov processes arising in
stochastic algorithms. These algorithms are variations of Monte Carlo methods, which constitute a class
of techniques for sampling probability measures based on Markov processes. The thesis is structured
into three parts, each addressing a different type of algorithm:

1. Chapters 2] and [3] focus on sampling Gibbs measures using two distinct kinetic processes.

2. Chapter [ explores non-convex and high-dimensional optimization through simulated annealing,
while Chapter [5|investigates optimization using a switched process.

3. Chapters |§|, m and [8| delve into sampling quasi-stationary distributions based on the Fleming-Viot
process, a Moran-type particle system.

The motivation for these algorithms, and thus much of the research conducted for this thesis, stems from
molecular dynamics and statistics applications. By applying coupling and partial differential equation
methods, we aim to establish convergence guarantees for these algorithms.

Keywords: probability theory, stochastic calculus, coupling methods, long time behavior of markov
processes, poincaré inequality, stochastic algorithm, hypocoercivity.

Résumé

Cette thése est consacrée a I’étude du comportement a long terme de certains processus de Markov
apparaissant dans les algorithmes stochastiques. Ces algorithmes sont des variations autour des méthodes
de Monte Carlo, qui constituent une classe de techniques d’échantillonnage de mesures de probabilité
basées sur des processus de Markov. La thése est structurée en trois parties, chacune traitant d’un type
d’algorithme différent :

1. Les chapitres [2] et [3] portent sur échantillonnage des mesures de Gibbs & l’aide de deux processus
cinétiques différents.

2. Le chapitre [4] traite de 'optimisation non-convexe en grande dimension par recuit simulé, tandis
que le chapitre [5] étudie I'optimisation & 'aide d’un processus commuté.

3. Les chapitres [0} [7] et [§ traitent de l’échantillonnage de mesures quasi-stationnaires basé sur le
processus de Fleming-Viot, un systéme de particules de type Moran.

La motivation pour ces algorithmes, et donc pour la plupart des recherches menées dans le cadre de cette
thése, provient de dynamique moléculaire et d’applications en statistiques. En appliquant des méthodes
de couplage et d’équations aux dérivées partielles, nous établirons des garanties de convergence pour ces
algorithmes.

Mots clés : probabilités, calcul stochastique, méthodes de couplage, comportement en temps long de
processus de markov, inégalité de poincaré, algorithme stochastique, hypocoercivité.
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