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Résumé

Cette thése est composée de deux parties. Dans la premiére, nous nous intéres-
sons aux probléemes de Neumann non linéaires. En utilisant des outils prob-
abilistes, nous établissons des méthodes de pénalisations pour des équations
aux dérivées partielles (EDP) semi-linéaires avec conditions de Neumann non
linéaires. Premiérement, nous construisons une solution de LP-viscosité d’une
EDP avec condition de Neumann et a coefficients mesurables comme étant lim-
ite d’une suite de solutions au sens de LP-viscosité des EDP avec conditions
terminales. Puis nous traitons le cas de la solution de viscosité d’une EDP
avec une non-linéarité dépendant du gradient de la solution. Dans le méme
esprit, nous démontrons un résultat de stabilité pour la solution de viscosité
d’un probléme de Neumann non-linéaire.

La deuxiéme partie concerne l'inégalité de transport quadratique. Dans
un premier temps, nous traitons cette inégalité pour les EDS avec des dérives
mesurables vérifiant une condition d’intégrabilité et des coefficients de diffu-
sions appartenant & un espace de Sobolev approprié. Ensuite, nous étendons
I'inégalité de transport au cas des équations différentielles stochastiques rétro-
grades. Dans les deux cas, nous en déduisons des inégalités de concentration.

Mots clés : Diffusion réfléchie; Méthode de pénalisation; Solutions faibles
des EDS; S-topologie; Convergence en loi; Equations différentielles stochas-
tiques rétrogrades; Solutions de viscosité et LP-viscosité pour EDP; Stabilité
des EDP; Inégalités de concentration; Inégalités de transport; Transformation
de Girsanov; Dérives singuliéres; Régularité de Sobolev.
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Abstract

This thesis consists of two parts. In the first one, we are interested in the
non-linear Neumann problems. Using probabilistic techniques, we establish
penalization methods for semi-linear partial differential equations (PDE) with
non-linear Neumann conditions. First, we construct a LP-viscosity solution
of a PDE with Neumann condition and measurable coefficients as a limit of a
sequence of LP-viscosity solution of a sequence of PDE with terminal conditions.
Then, we treat the case of an EDP with a non-linearity also depending on the
gradient of the solution. In the same context, we demonstrate a stability result
for the viscosity solution of a non-linear Neumann problem.

The second part concerns transportation inequalities. First, we establish
the quadratic transportation inequality for stochastic differential equations with
measurable drifts that verify an integrability condition and diffusion coefficients
belonging to an appropriate Sobolev space. Then, we extend this inequality to
the case of backward stochastic differential equations. In both cases we deduce
concentration inequalities.

Keywords : Reflected diffusion; Penalization method; Weak solution of stochas-
tic differential equation; S-topology; Convergence in law, Backward stochastic
differential equations; Viscosity and LP-viscosity solution for PDE; Stability for
PDE; Concentration of measure; Transportation inequality; Girsanov transfor-
mation; Singular drifts, Sobolev regularity.
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Chapitre 1

Introduction et principaux
résultats

Cette thése est composée de deux parties : la premiére est consacrée aux ré-
sultats de pénalisation et de stabilité des problémes de Neumann non linéaires
par les équations différentielles stochastiques rétrogrades (EDSR). La deuxiéme
concerne les inégalités de cotlits de transport pour les équations différentielles
stochastiques progressives et rétrogrades.

1.1 Problémes de Neumann non linéaires

L’objectif de cette premiére partie est d’utiliser des méthodes probabilistes ba-
sées sur la théorie des équations différentielles stochastiques rétrogrades (EDSR)
pour des EDP avec conditions de Neumann au bord. Commencons par rappeler
quune EDSR est une équation de la forme

{dYt = —f(t,Y,, Z))dt + Z,dW, 1)

Yr=¢

ol (Wt)te[O,T] est un mouvement brownien r-dimensionnel défini sur un espace
de probabilité filtré (Q, F, (]-})te[o,T],IP’), (Ft)tepo,m est la filtration générée par
W augmentée par les P-négligeables de F. f est une fonction aléatoire progressi-
vement mesurable définie sur Q x [0, 7] x R? x R?*" 4 valeurs dans R?, une telle
fonction est appelée le générateur et £ est une variable aléatoire Fpr-mesurable
appelée condition terminale. La différence majeure avec une équation différen-
tielle stochastique progressive est la donnée de la condition finale au lieu de la
valeur initiale. Une solution a 'EDSR est une paire (Y3, Z;)cjo,r] de processus
stochastiques adaptés. Le processus Y appelé variable d’état et Z est la variable
de controle, ou processus de controle. L’EDSR décrit I'évolution du processus
Y rétrograde dans le temps a partir de la condition terminale &, donc 'adapta-
bilité de Y n’est pas évidente et le role de Z est de corriger 'adaptabilité, ce qui
permet ’existence des solutions adaptées. Le probléme de 'existence et 1'uni-
cité d’'une telle solution a été étudié en premier lieu par Pardoux et Peng dans
[66], sous 'hypothése de continuité de Lipschitz sur f par rapport aux variables
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(y,2), et une condition terminale £ de carré intégrable. Depuis, de nombreux
efforts ont été faits pour affaiblir les hypothéses sur les données de ’équation
(&, f). En outre, des formes plus générales de cette équation ont été envisagées.

Formule de Feynman-Kac

Counsidérons la diffusion suivante :
X' = oy / b(r, X1%)dr + / o(r, X)W, (1.2)
t t

Il est connu que cette EDS fournit, par la formule de Feynmann-Kac, une solu-
tion probabiliste & PEDP linéaire suivante :

du 1 .
a(t, x) + §Tr(aa Au)(t,z) + b.Vu(t,z) — K(t,x)u(t,z) =0,
Vt € [0,T],z € R, (1.3)
u(T,z) = g(x).

Plus précisément, sous de bonnes conditions sur les coefficients b, o, K, g, il est
possible de montrer que la quantité :

u(t,r) =& [exp (— /t TK(T, Xﬁ“)dr)) g(Xfp’x)}

est une solution classique de PEDP (1.3). Dans le cas de coefficients moins
réguliers u est une solution de viscosité de (1.3).

La théorie des EDSR permet de généraliser ce résultat au cas des EDP
semi-linéaires. Dans [65], Pardoux et Peng ont établi une relation entre I'EDP
suivante :

0 1
{a—?(t, x) + iTr(crU*Au)(t,m) +b.Vu(t,z) + f(t,z,u(t,z), (Vuo)(t,z)) =0
u(T,z) = g(x)

(1.4)
et un systéme d’équations différentielles stochastiques progressives rétrogrades

de la forme :

{ X =a+ [To(r, X7)dr + [ o(r, X1") dW,

1.5
Yie = g(Xp") + [ fon, Xt Y 2 dr - [ 2 d W, )

Ils ont établi que si u est une solution forte de 'EDP (1.4), alors (Y, Z;) :=
(u(s, Xb*), Vuo(s, Xt")) est une solution de 'EDSR (1.5). Tls ont aussi démon-
tré que la solution du systéme (1.5) induit une solution de viscosité & PEDP
(1.4) donnée par la formule de Feynman-Kac, u(t,z) = Y;"*. En particulier,
cette formule fournit une représentation probabiliste a la solution de 'EDP.
La liaison entre les EDSR et les EDP s’utilise dans les deux sens : Les EDSR
peuvent étre utilisées pour obtenir des propriétés sur les EDP associées ou pour
faire le contraire.

Il existe une littérature abondante sur les liens entre les EDSR et les EDP.
Par exemple, El Karoui et al [27] et Cvitanic et Karatzas [19] ont connecté des
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EDSR réfléchies avec des problémes d’obstacles pour les EDP, Pardoux et Zhang
[71] ont associé les EDSR généralisées aux EDP avec conditions de Neumann au
bord, Kobylanski [39] et Briand et Hu [13] ont prouvé les liens entre les EDSR
quadratiques et les EDP quadratiques. Le lien qui nous intéresse dans cette
thése est celui établi par Pardoux-Zhang entre les EDSR, généralisées (EDSRQG)
et les EDP avec conditions de Neumann. Rappelons qu'une EDSRG c¢’est une
EDSR plus une intégrale de Stieltjes contre un processus continu croissant. Plus
précisément,

{dYt = —f(t,Y,, Z)dt — h(t,Y;)dk, + Z,dW, 1.6

Yr=¢

ol h est une fonction aléatoire progressivement mesurable et k est un processus
réel continu et croissant. Dans [71], en considérant une condition terminale de
carré intégrable, les auteurs ont démontré ’existence et 'unicité de la solution
sous les hypothéses suivantes :

<y—y/,f(t,y72) _f(t7y/7z>> S Oé’y—y/‘27 a ER:
<y - yla h(ta y) - h(ta y/)> S /6|y - y,|2a 6 < 07
|fty.2) — f(ty,2)| < Ll =2 L>0.

Pardoux et Zhang ont couplé I'équation (1.6) avec une équation différentielle
stochastique réfléchie, sur un domaine D de R?, comme suit :

Vs e [t,T]

X" =g+ [Cb(XE)dr + [ o(X®)dW, + [ VI(XE®)dk",

Vi = g(Xp) + [ Flr XEe, Vi, Z00)dr + [T h(r, X0, Vi)l
- [, Zraw,

(1.7)

et ils ont établi un lien avec un systéme des EDP avec condition de Neumann
au bord de la forme :

r%(t, l’) + L:Ui(t,x) + fi(t,l’,u(t’x)’ (VUO‘)(t, {L‘)) — 0’

1<i<m, (t,z) €[0,T)x D,

(1.8)
u(T,z) = g(r), €D,
%(@I) + h(t,z,u(t,2)) =0, Y(t,z) €[0,T) x D,
1 . o2 o
L= 5 ; (UO' (>>U axlax] + ;bl()axZ (1.9)

En fait, ils ont prouvé que la quantité déterministe u(t, z) = Y% est une solution
de viscosité du systéme (1.8).
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1.1.1 Pénalisation des problémes de Neumann non-linéaires :
Résultats connus

Considérons la diffusion réfléchie suivante :

/ S S
XU =t / b(XE) dr + / o(X1) dW, + K,
t t

Kb = / VUXE)d K. (1.10)
t

\|Kt7x|[t,8] :/t Lixt=copy A",

ou D est un domaine de R? borné convexe et régulier. Nous supposons qu’il
existe une fonction [ € CZ(R?) telle que

D={zeR:l(z) >0}, OD={xecR:i(z)=0},

et pour tout = € 0D, VI(x) est le vecteur normal pointant vers l'intérieur de D.
En vue de définir la procédure d’approximation, nous considérons I’application
x + dist’(x, D), cette fonction est de classe C! et convexe sur R% En outre,
nous pouvons choisir [ de telle sorte que

< Vi(z),d(r) ><0, VrecR?

oud(z):=V (distz(x, D)) est appelé le terme de pénalisation.
Il est connu que sous des conditions appropriées sur b et o, la diffusion
X5* peut étre approchée par une suite de solutions des EDS de la forme (voir

[50, 56, 81])

X = [ ) - ns(xen] des [ o(XEmaw, s € 1,
t t

(1.11)
Rappelons le résultat de [50, 56| & savoir :

E { sup | XL — Xﬁ’xlq} — 0 quand n — oc.
t<s<T
Cette convergence a une interprétation analytique (voir [50]). En particulier, si
on considére le probléme de Cauchy suivant :
oul

81; (t,x) + Lu"(t,x) — né(x)Vu"(t,z) =0 (t,r) € (0,T] x R*

u™(0,z) = up(x),

ot £, donné par (1.9), est le générateur infinitésimal qui correspond a la partie
diffusion de X** et ug est une donnée initiale régulieére. Alors pour tout (¢,z) €
[0,T] x D, u"(t,z) converge vers u(t,r), qui est la solution du probléme de
Neumann suivant :

%(t,x) + Lu(t,x) =0, (t,z) € (0,T] x D,

u(0,) = uo(x), = € D,

ou
%(t,x) =0, V(t,z) € (0,T] x 0D.



CHAPITRE 1. INTRODUCTION ET PRINCIPAUX RESULTATS 5

Dans [11]|, Boufoussi et J.V. Casteren ont généralisé ce résultat au cas d’une
EDP semi-linéaire avec condition de Neumann non-linéaire de la forme :

8Ui
ot
u(T,x) =g(z), €D,

a—ui(t,x)+hi(t,x,u(t,x)) —=0,,1<i<k, Y(t,z)€[0,T)xdD.
mn

(t,x) + Lu;(t,x) + fi(t,z,u(t,x) =0, 1 <i<k, (t,2) € [0,T) x D,

(1.12)
Le résultat principal de [11] est Papproximation d’une solution de viscosité u
du systéme (1.12) par une suite de solutions de viscosité satisfaisant des EDP
de la forme :

¢ n

(;i (t.2) + Lul(t,z) + fi(t, 2, u"(t, 7))

—n <d(x),Vui(t,x) > —n < 6(z), Vi(x) > hi(t,z,u"(t,x)) =0,
1<i<k,V(tx)el0,T) xR,
|\ u"(T,x) = g(z) Vo € R%

(1.13)
Dans le méme esprit, et en utilisant les techniques développées dans [11],
Bahlali et al, [5] ont démontré ce résultat d’approximation sous des conditions
plus faibles que celles considérées dans [11]|. Particuliérement, les auteurs de [5]
ont établi le résultat avec b et o qui sont continus bornés au lieu de Lipschitziens
bornés supposés dans [11]. Dans ce nouveau contexte, Bahlali et al ont utilisé la
convergence faible de la procédure de pénalisation et I'unicité en loi de I’équation
réfléchie (1.10) afin d’établir le résultat de convergence de u™ vers u.
La stratégie développée dans [11] et adoptée par [5] consiste a associer le
systéme (1.12) a une EDSRG de la forme :

T
Ve =g+ [ X v [ uremaw,
+/ h(r, X2* YE5) k" (1.14)

ou

K= K = < VI, d (1.15)
t

est la variation totale de K“* sur [t, s] et (X5*;t < s < T') dénote la solution de
I'équation (1.10). De plus, ils ont associé les EDP (1.13) aux EDSR suivantes :

T T
v = g [y oo,

T
4 [ e i, (1.16)

avec

L / < VIXLE), 6(XE) > dr (1.17)
t
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et (X"t < s <T) dénote la solution de I'équation pénalisée (1.11).

En tenant compte de la convergence de la méthode de pénalisation pour le
processus réfléchi X% i.e. la convergence de X" vers X"*. Les auteurs de [7]
ont démontré que Y™ (solution de (1.16)) converge faiblement sur 1’espace des
fonctions cadlag muni de la topologie S (voir Appendice A) vers Y* solution
de Péquation (1.14). En particulier, u™(t,z) = Y;"*" solution de viscosité de
(1.13) va converger vers u(t,z) = Y;"" solution de viscosité de (1.12). Notons
que cette approximation sort du cadre de stabilité de solutions des EDP, puisque
le probléme limite, qui est avec condition de Neumann au bord, est obtenu a
partir d’une suite de problémes avec conditions terminales. A cette étape, des
questions naturelles se posent :

e Est-ce qu’on peut affaiblir les conditions sur (b, o) encore une fois ?

e Est-ce qu’on peut autoriser & la non-linéarité f de dépendre du gradient
de la solution ?

Notre objectif dans la premiére partie de la thése est de donner des réponses
affirmatives a ces deux questions.

1.1.2 Pénalisation des problémes de Neumann non-linéaires :

Résultats nouveaux

1.1.2.1 Pénalisation des EDP avec conditions de Neumann non-
linéaires et coeflicients mesurables

Dans le chapitre 2, nous allons démontrer une méthode de pénalisation pour
le systéme (1.12) sous des hypothéses plus faibles que celles considérées dans
[5]. Précisément, nous permettons aux coefficients b, o et x — f(.,x,.) d’étre
discontinus. Dans ce nouveau contexte, nous perdrons la propriété de I'unicité
en loi des équations (1.10) et (1.11), les convergences sont plus difficiles a éta-
blir et la notion de solution de viscosité classique n’est plus valable. Pour établir
notre résultat principal, nous adoptons la méthode de |11, 5], ¢’est-a-dire nous
utiliserons la propriété de tension de la suite (Y“*™) par rapport a la topologie
S et association des systémes (1.12) et (1.13) aux EDSR (1.14) et (1.16) res-
pectivement. Dans notre cas, I'inégalité de Krylov, qui est bien connue pour les
EDS (voir [12, 87, 75]), joue un role crucial dans les preuves de nos résultats.
Nous supposerons les hypothéses suivantes :

1) b:R?* 5 R? et 0 : RY — R4 gont mesurables et bornés,

\]

il existe a > 0 tel que pour tout x € R? oo*(x) > al,

w

W

I'équation (1.11) satisfait la propriété d’unicité faible,

(A.
(A.
(A.
(A.
(A5

)
)
) I’équation (1.10) satisfait la propriété d’unicité faible,
)
)

ils existent des constantes positives Cy, Cy, I, et uy € R, 5 <0et g > 1
telles que V t,s € [0,T], V(x,2',y,y') € (Rd)2 X (Rk)Q on a
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W =y, [tz ) = f(t2,9) < pply’ =yl

| h(t, 2", y) = h(s,z,y)] < In ([t = s+ |2" — 2| + |y —yl),
(V' =y, h(t,2,y) = h(t,2,y)) < By —yl?,

|f(t,z,y)| + [h(t,2,y)| < C1 (14 |y]),

|g(2)] < Co(1 + |]7).

(i)
(i)
(iii)
(iv)

)

(v

g est continue et f est mesurable par rapport a x et continue par rapport
a(t,y).

Avant de présenter la convergence de la pénalisation de I'équation (1.10),
rappelons d’abord que (2, F, P, {F,}, W, X, K) est une solution faible de (1.10)
si (Q, F,P,{F,}) est une base stochastique, W est un mouvement Brownien
défini sur cette base, X est un processus continu adapté et K est un processus
continu & variation bornée tels que X, € D P-p.s., Vs € [t,T] et (X, K) satisfait
le systéme (1.10).

D’autre part, sous les hypothéses (A.1)-(A.2), ’équation (1.11) admet une
solution faible X" (voir [12, 74]) qui converge faiblement vers une solution de
I'équation (1.10). En particulier, nous avons :

Proposition 1.1. Sous les hypothéses (A.1)-(A.3), Péquation (1.10) a une solu-
tion faible unique (X%*, K**). De plus,

(}(t,ac,n7 Kt,x,n) * (Xt X Kt :p)

U><U

ou Ki™m = —n [76(XE=m)dr et —> dénote la convergence faible des proces-
sus par rapport a la topologie unlforme.

La preuve de cette convergence est basée sur la relative compacité de la suite
(xten Kben) sur Iespace C([0, 7], R x R?) muni de la topologie de convergence
uniforme et sur l'unicité en loi de ’équation (1.10). Nous nous référons par
exemple aux [75, 81].

Il est connu que lorsque la dérive et le coefficient de diffusion présentent des
points de discontinuité, la propriété de I'unicité en loi généralement n’est pas
vérifice. Ce fait justifie les hypothéses (A.3) et (A.4). Présentons des cas ou ces
deux conditions sont vérifiées. Si I'une des hypotheéses suivantes est satisfaite :

e D est un semi-compacte, la dimension d < 2 et les hypothéses (A.1)-(A.2)
sont satisfaites.

e ) est mesurable borné, o est continu borné et co* est uniformément ellip-
tique.

Alors, I'équation (1.10) vérifie la propriété d’unicité faible. Voir [13, 82].
D’autre part, sous les hypothéses (A.1)-(A.2), si la dimension d < 2 alors la
propriété (A.4) est vérifiée, c’est-a-dire que 'équation (1.11) admet une solution
faible unique. voir |13, 10].
Passons au premier résultat principal, a savoir : la convergence faible de la
solution de I’équation (1.16) vers celle de (1.14).
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Proposition 1.2. Supposons que les hypothéses (A.1)-(A.5) sont satisfaites, alors
il existe (Y™™, Ub™™)sepr) et (Y, UM")serm des solutions uniques des équa-

tions (1.16) et (1.14) respectivement. De plus

(}fﬁ%n,ﬁfﬁxmyf{@%n) * (dejﬂ4t@’}{ux>
SxSxS
et

: t,x, L,
lim Y,"*" =YY"
n—oo

avec

s s

t,x,n . t,x,n t,x,n t,x,n t,x,n t,x,n t,x,n

M! ._/ Ubtsne (XH5mdW,,  H! ._/ h(r, Xbon yhem)dgten,
t t

Mbe = / Ubo (X9 W, et H' = / h(r, X5, Y50\ dkte.
t t

Ici % est la convergence faible par rapport a la topologie de Jakubowski,

voir annexe A et [37].

Expliquons la stratégie de la preuve. L’idée consiste a démontrer que la
suite (Yhon, Mben HE®m) est tendue sur (D([0, 7], R¥))? muni de la topologie
de Jakubowski, par conséquent, le long d’une sous suite (Y4&" ME&" HEEM) va
converger vers (Y, M, H) un élément de (D([0, T], R¥))®. Ensuite, nous passons
a la limite dans 'EDSR (1.16). La derniére étape c’est l'identification de la
limite c’est-a-dire Y = Y*® et M = Mb®,

Parmi les problémes auxquels nous nous sommes confrontés est de définir
une notion de solution pour le systéme (1.12). Comme les coefficients peuvent
étre discontinus, la notion classique de viscosité n’est pas définie dans notre
contexte. Nous étendrons la notion de LP-viscosité définie dans [15, 17| pour
les EDP avec coefficients mesurables, au cas des EDP avec condition limite de
Neumann. Introduisons la définition de la solution de LP-viscosité adoptée pour
le probléme (1.12).

Définition 1.1. Soit p un entier, tel que p > d + 2.

(i.) u € C([0,T] x D,RF) est appelée sous-solution de LP-viscosité du systéme
(1.12) si ui(T,z) < gi(x), v € D, 1 < i < k, et si de plus pour tout
1 <7 < k et toute fonction ¢ € Wplyic([O,T} x D), si (t,2) € [0,T] x D
est un maximum local de u; — ¢, alors :

)
ess liminf 4 —2o(t,2) — Lo(t,x) — filt,z,u(t,z)) b <0, si & € D,
(ta)=@a) | Ot

ess liminf min (_8_g0(t’x) — Lo(t,x) — fi(t,z,u(t, x)),
(t,z)—(L,2) ot

_g—:(t,x) — h,-(t,a:,u(t,:z:))) <0, sizedD.
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(ii.) uw € C([0,T] x D,R¥) est appelée sur-solution de LP-viscosité de (1.12) si
ui (T, x) > gi(x) pour tout z € D et tout 1 < i < k, et si de plus pour tout
1 <i < k et toute fonction ¢ € W;ic([O,T} x D), si (t,2) € [0,T] x D
est un minimum local de u; — ¢, alors :

0
ess limsup {——So(t,x) — Lo(t,x) — fi(t,x,u(t,x))} >0, si €D,
(ta)=(ia) L O

0
ess limsup max <—£(t,x) — Lo(t,x) — fi(t,z,u(t, x)),
(t,2) > (i,2) ot
Oy

__r — h > i 7 .
o (t,x) hz(t,x,u(t,x))) >0, sizedD

(iii.) u € C([0,T] x D, R¥) est appelée solution de LP-viscosité de (1.12) si c’est
a la fois une sous et une sur-solution de LP-viscosité.

Dans la suite, nous montrons I'existence d’une solution de LP-viscosité pour
le systéme (1.12), ensuite nous prouvons que cette solution peut étre construite
comme étant la limite d’une suite de solutions de LP-viscosité de (1.13). 11 faut
noter que méme les coefficients des EDP ne sont pas continus, les solutions de
LP-viscosité doivent étre continues. Pour assurer cette régularité, nous montrons
les résultats suivants :

Proposition 1.3. On suppose (A.1)-(A.2) et (A.4). Soit X**" 'unique solution
de I'équation (1.11), alors I'application [0, T] x R? 5 (¢, z) — X" est continue
en loi.

Proposition 1.4. Supposons que les hypothéses (A.1)-(A.3) sont satisfaites. Soit
(X5*, K5%) la solution unique de I'équation (1.10), alors I'application [0,77] x
D > (t,z) — (X", K"") est continue en loi.

On définit les quantités : u™ (¢, z) := Y,"™™ ot Y5®" est la solution de 'EDSR
(1.16) et u(t,z) := Y;"" avec Y% est la solution de (1.14).

La proposition suivante nous donne la continuité nécessaire pour définir nos
solutions de LP-viscosité.

Proposition 1.5. Sous les hypothéses (A.1)-(A.5), les fonctions u™ : (t,7) €
[0,T] x R+ w"(t,z) et w: (t,z) € [0,T] x D > u(t, z) sont continues.

Le deuxiéme résultat principal est D'application suivante aux EDP avec
conditions de Neumann non-linéaires.

Théoréme 1.1. Supposons que les hypotheses (A.1)-(A.5) sont satisfaites. Pour
tout p > d+2, les fonctions u™(t,x) = Y™™ et u(t,z) = Y;"* sont des solutions
de LP-viscosité des systémes (1.13) et (1.12) respectivement. En outre,

lim u"(t,x) = u(t,z), V(t,z) € [0,T]x D.

n—oo
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1.1.2.2 Pénalisation des EDP dégénérées avec conditions de Neu-
mann non-linéaires

Dans le chapitre 3, nous visons & généraliser les résultats précédents au cas ot
la non-linéarité f dépendrait également du gradient de la solution. De méme,
le générateur de 'EDSR correspondante dépendra également du processus de
controle Z. Les techniques adoptées ci-dessus et dans |11, 5] reposent sur des
propriétés de tension par rapport a la topologie S, le principal inconvénient
de cette méthode est qu’elle ne permet pas de considérer une non-linéarité f
dépendante de Vu. Ici, la méthode utilisée est directe et ne nécessite aucune
propriété de relative compacité, et la convergence de 'EDSR pénalisée est ob-
tenue seulement grace a la convergence de 'EDS pénalisée (1.11). Lorsque f
dépend du gradient de la solution, des techniques des EDP sont généralement
utilisées pour controler Vu afin d’obtenir la convergence de 'EDSR associée.
Tel n’est pas le cas ici. Le travail est entiérement basé sur les EDSR. Une autre
contribution dans ce chapitre est la relaxation des conditions sur les coefficients
b,o et h imposées dans |1 1]. Précisément, nous supprimons les hypothéses que
b,o soient bornés, o soit inversible et la condition de Lipschitz sur h. Nous
considérons la version suivante du systéme (1.12)

(Ou;
; (t, ) + Lu;(t,x) + fi(t, z,u(t,x), (Vuo)(t,z)) =0
, 1<i<k, (t,x) €0, T)x D ,

w(T,z) =g(x), =€ D,

a—u(t,:c) SVt u(t,z) =0, Y(tx) € [0,T) x dD,
\ 0N

pour lequel, nous construirons une solution de viscosité comme limite d’une
suite de solutions de viscosité d’un systéme de la forme (1 <i <k, 0<t < T,
r € RY neNY).
a n
ot

(1.18)

“(t,x) + Lul(t,x) + fi(t,z,u"(t,x), (Vu"o)(t, x))

—n < b(x), Vi (t,2) + Vi(z) > btz () =05 (L19)
u™(T,z) = g(x).

A cette fin, nous introduisons les EDRS généralisées suivantes, pour tout
tel0,T] et s €[t,T]

T
vien = gy + [ pn X v 2 dr
T ’ T
+/ h(?", Xﬁx,n?}/;t?x,n)dk;f‘,z,n _/ Zﬁ,x,n dWr (120)
et

T
v = ooy [ st ez [ vy

—/izﬂﬂ%, (1.21)
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ot X" est la solution de 'équation (1.11), k“*™ est donné par (1.17), X** est
la solution de I’équation (1.10) et k"* est défini par (1.15). Nous avons besoin
des hypothéses suivantes :

(A.1) : Tl existe des constantes positives C et u telles que pour tout (z,y) € R? :
(1) [b(z)| V[lo(@)] < C(1L+ [x]),
(i) [bo(z) = b(y)| V llo(z) = o)l < plz —yl.
(A.2) : 1l existe des constantes positives C, Iy et § < 0, uy € R telles que V¢ €
0, T,V (z,2",y,y,2,2) € (Rd)2 X (Rk)2 x (RF¥*?)2 nous avons :
(i
(i

(i

(=o' ft,2,y,2) = [tz 0, 2)) <pply =y,
|f(tzy,2) = f(t oy, 2)] < gl = 2],
|f(t,2,9,0)] < C(1+y]),

(y =y, h(t,2,y) = h(t,z,y") < Bly —y'|%,
h(t,z,y)| < C(1+ [yl),

lg(2)] < C(1+|x]).

)
)
)
(iv)
(v)
(vi)

L’élément clé pour prouver notre résultat principal est la convergence de la
procédure de pénalisation pour la diffusion réfléchie (1.10). Plusieurs auteurs
ont étudié le probléme de I'existence de la solution de la diffusion réfléchie et de
son approximation par des solutions d’équations avec des termes de pénalisa-
tion (1.11). Nous faisons référence, par exemple, aux [32, 81, 19, 15, 81]. Nous
rappelons les résultats de [34, 81].

Théoréme 1.2. Sous I’hypothése (A1), nous avons
(1) Uéquation (1.10) admet une solution forte unique,
(i1) pour tout 1 < q < 00,0 < T < oo, la quantité E | sup |X-"" — Xb*|4
t<s<T
converge vers 0 quand n — oo, pour (t,x) € [0,T] x D.

Sous I'hypothése (A.2), les EDSR (1.21) et (1.20) admettent des solutions
uniques notées (Y* Z4%) et (Yh®" Z4*™) respectivement. Voir [66, 71].

Nous rappelons également une inégalité rétrograde due a Pardoux et Ras-
canu [69, 70]. Cette inégalité constitue la clé de la preuve de notre résultat
principal.

Lemme 1.1. Soit (Y, Z) € 8 x M? la solution de l’équation suivante

mxd?

T T
Y}:YT—F/ dlCr—/ Z.dW,, 0<t<T, P-p.s.
t t

ot IC € 8% et K (w) € BV([0,T];R™). Etant donné
e un processus stochastique croissant L avec Lo =0,

e un processus stochastique R (w) € BV ([0,T],R), avec Ry =0,
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e un processus stochastique continu V(w) € BV([0,T],R), tel que Vo =0
et
T
E| sup / eV dR, | < 4o0.
s€[0,T] Js

(i) (Y, dK,) < $IZ:|)dr +|Y,[?dV, + |Y.|dL, + dR, au sens des mesures sur
[0, 71,

On suppose

(ii) Esup,.cpr e |Y,]* < +o0.

St o < 1, alors il existe des constantes positives Cp, Cy et C3 dépendant uni-
quement de « telles que

T
E | sup |e"Y,|? —HE(/ e2VTHZrH2dr)
rel0,T] 0

T 2 T
< Oy Ele"TYr > + G ( / eVTdLr) + C4E sup / 2V dR,.
0 1Js

s€[0,T

Notre premier résultat principal est la convergence de la solution de 1’équa-
tion (1.20), (Yh®m, Z5%m) vers celle de I'équation (1.21), (Y5, Z%*), pour la
norme classique des EDSR. Le théoréme suivant généralise |11, théoréme 3.1].

Théoréme 1.3. Supposons les conditions (A.1)-(A.2), alors

T
E ( sup |Y,bo" — YT —i—/ | Zb=m — Z,’E’IHQdT> — 0, quand n — +o0.
re[0.T] 0

L’idée de la preuve du théoréme précédent est basée sur 'application du
lemme 1.1 & ’EDSR suivante :

T T
Vi oy = gy - g(X) 4 [kt - [z zaw,

ou

d]CZ} = [f(T’, X?x’n7 Kt’x’nv Zﬁx’n) - f(T, Xﬁwv }/rt’mv Zﬁ’x)} dr
+h<7n7 X;E’x’n? Yj’xm)dki’xm - h(?“, X;?x? Y;*t’x)dkfjx'

Alinsi, par le lemme 1.1, il existe des constantes positives C7, Cs et C3 telles que

T
B swp [y v ) v [z - zepar)
r€[0,T) 0

T 2
< CLETX) - g+ ([ evar)
0

T
+C3E sup/ e dR" (1.22)

s€[0,T]
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ou L™ et R™ sont définis par

dL;L = |f<7’, Xﬁw’nﬂ }/rt’m7 Zﬁx) - f(T, Xﬁ’zv Kﬂtw? Ziﬂf)’dr
"Hh(r’ Xﬁxm’ Y;t’x) - h(T’, X7€7x> Y;tyx) ‘dkfj%n’
ARY = (VI Y R, X5 V) (k" — dRL)

Ensuite, grace a la convergence de X" vers X**, nous démontrons que le
terme de droite de I'inégalité (1.22) converge vers zéro quand n tend vers ~+oc.
Apreés avoir établi la convergence de 'EDSR pénalisée, nous sommes main-
tenant préts a présenter le résultat de la pénalisation pour le systéme (1.18).
Comme on considére les solutions de viscosité, on introduit la condition

(A.3) fi, la i-éme coordonnée de f, ne dépend que de la i-éme ligne de la
matrice z.

Il convient de rappeler la définition de la solution de viscosité du systéme
(1.18).

Définition 1.2. (i) u € C([0,T] x D,R™) est appelée une sous-solution de
viscosité du systeme (1.18) si w;(T,z) < gi(x), z € D, 1 <i < m, et de
plus pour tout 1 < i < m, ¢ € CH2([0,T] x RY), et (t,7) € (0,T] x D pour
lequel u; — ¢ a un maximum local, on a

Iy

—E(t,x) — Lo(t,x) — filt,x,u(t,x), (Veo)(t,z)) <0, si z € D,

min (—8—g0(t,x) — Lo(t,x) — fi(t,z,u(t,z), (Vo)(t, x)),

ot
dp .
—a—(t,x) — hi(t,z,u(t,z)) | <0, sizedD.
n

(ii) v € C([0,T] x D,R?) est appelée une sur-solution de viscosité de (1.18)
si u(T,x) > gi(x), v € D, 1 < i < m, et de plus pour tout 1 < i < m,
@ € CY([0, T]xRY), et (t,x) € (0, T]x D pour lequel u; — a un minimum
local, on a

Oy

a(t,x) — Lo(t,z) — filt,z,u(t,z), (Veo)(t,z)) >0, si x € D,

e (~02(4,2) = Lolt, ) — Filt2,06,), (Vo) 1.2,

_g—i(t,x) — hi(t,m,u(t,x))) >0, sizecdD.

(iii) u € C([0,T] x D,R™) est appelée une solution de viscosité du systéme
(1.18) si c’est a la fois une sous et sur-solution de viscosité.
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Notre deuxiéme contribution principale est l'approximation donnée par le
théoréme suivante.

Théoréme 1.4. Supposons que les hypothéses (A.1), (A.2) et (A.3) sont véri-
fiées. Alors il existe une suite de fonctions continues u™ : [0,T] x R — R™ et
une fonction u : [0,T] x D — R™ telles que : u" est une solution de viscosité
du systéme (1.19), u est une solution de viscosité du systéme (1.18) et de plus
pour chaque (t,x) € [0,T] x D on a

ngrfoou (t,x) = u(t, x).

L’idée principale de la preuve de ce résultat est ’association du systéme
(1.19) avec PEDSR (1.20) et 'EDP (1.18) avec (1.21). On pose,

u(t,x) =Y et u(t,x) = Y,)" (1.23)

I découle du théoréme 3.2 de [68] que u™ est une solution de viscosité de TEDP
(1.19). Grace a [70, 71], u est une solution de viscosité de 'EDP (1.21). D’autre
part, nous avons pour chaque (¢,x) € [0,7] x D

W (t2) — ult, )P = [V YPTP < E sup [V - VIR
s€[0,T]
Alinsi,
li "(t,x) =u(t, ).
Jim u (t,x) = u(t,x)
1.1.3 Un résultat de stabilité des EDP dégénérées avec
conditions de Neumann non-linéaires
Le chapitre 4 sera consacré a établir un résultat de stabilité pour le probléme
de Neumann non-linéaire (1.18). Précisément, nous considérons (u") une suite

de solutions de viscosité des EDP avec conditions de Neumann non-linéaires
suivantes :

ag; (t, ) + Ll (t, @) + fo(t 2, u™ (L, @), (Vume™)(t,2)) = 0,

1<i<k, (tz)€[0,T)x D,
u(T,z) = g"(x), €D,

%Ln(t,w) + KMtz u(t,x)) =0, Y(t,x) € [0,T) x dD,

(1.24)

ol f: [0, T|xRIXRF xRF¥*¥ — RF p™ . [0, T|xRIxR* — RF et g” : RY — RF
sont des fonctions données et

n_l . 82 n 8
rn— 52(0 (@) (1) D00, +zi:bi ()8%

Z'7j

Nous montrons que lorsque (0", o™, f", g", h™) convergent vers (b, o, f, g, h), alors
u™ converge vers u solution de viscosité du systéme (1.18).
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Pour montrer ce résultat de stabilité, il est nécessaire de disposer d’une
propriété de stabilité pour la solution de 1’équation (1.10). Pour cela, nous
introduisons une suite de processus réfléchis donnée par :

Xbon =g 4 / b (XL drr + / o™ (XPPm) AW, + KB,
t t

t

\ |Kt’x7n|[t,s] — / 1{Xﬁ’x’"68D}d|Kt7x7n|[t,r‘}7 Vs € [t, T],
t

avec " : R — R? et 0" : R — R gont des suites de fonctions mesurables
satisfaisant les hypothéses suivantes :

(A.4) Tl existe des constantes positives C, pu, telles que pour tous z,y € R?

(i) supp> [b"(2)] V sup,5 [[o"(2)]] < C(1 + |x]),

(i) [o"(z) =" ()| V [[o"(x) = o™ (W) < pnlx —y].
Afin d’établir notre principal résultat, nous devrons montrer la convergence de
la solution de (1.25) vers celle de I’équation (1.10), c’est-a-dire la convergence

de (Xb®n KH5m) vers (X5 K5*). Pour ce faire, nous considérons la condition
suivante :

(A.5) Les suites de fonctions b" et o™ convergent localement uniformément vers
b et o respectivement.

Le lemme suivant est un résultat de stabilité pour I’équation (1.10).

Lemme 1.2. Supposons que les hypothéses (A.1.)1.1.2.2, (A.4) et (A.5) soient
satisfaites, alors

(a) pour chaque ¢ > 1 et (t,x) € [0,T] x D, nous avons

lim E { sup |XD®" — XD+ gup KPP — KBEPT =0,  (1.26)

n—+00 0<s<T 0<s<T

(b) pour chaque q > 1 et chaque (t,r) € [0,T] x D

lim E sup |kL™™ — kY*
n—+o0 50,7

!

ol )
kix” = / < Vl(X;f’””’”)7 dKj?”’”’" >
t

et k'* est donné par (1.15).

Nous considérons une suite des EDSR liées aux problémes de Neumann
(1.24)

T
Vien = (G [ X e 2 dr

T T
+/ hn(r, X;,x,n’ Kt,x,n)dki,x,n o / Zﬁ,x,n dWr (127)

Introduisons I’hypothése :
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(A.6) Les fonctions f", h™ et ¢g" sont continues et il existe des constantes posi-
tives C, In et (5, < 0, g € R telles que pour chaque ¢ € [0,7] et chaque
(v,2 9,9, 2,2') € (Rd)2 X (Rk)z x (R¥)2 nous avons

) =y, f"(twy,2) = "2y, 2) < ppely =y

(i) [f"(t 2, y,2) — [t 2y, )| < lpllz =2,

(iil) sup,so [/"(¢, 2, y,2)| < C(1+ Jyl),

) =y, b (twy) = Wt a,y') < Baly — ',
(v) sup,»q [0 (¢, z,y)| < C(1+ y]),
(vi) sup,>q |¢" ()] < C(1+ |z]).

(iv

Pour n fixé, sous (A.6), "EDSR (1.27) a une solution unique (Y,»*", ZL*™) iy 1.
Le prochain lemme donne des estimations a priori de (Y»*", ZL*™)cpp 17 Ces
estimations seront utilisées dans la preuve de notre principal résultat.

Lemme 1.3. Supposons que les hypotheses (A.4)(i) et (A.6) sont vérifiées.

Soient Ay := 1A (¢—1), V" := ,ufns + —3 et supposons que pour tout g > 1
SUP, >0 €XP (qV{l) < +o0. Alors,

T
(/ 62‘/‘5"/
n>0  sef0,T] n>0 0

sup E sup |e"*

q
2
Z?””’”Hst) < +o0.

Pour prouver la convergence de la solution du probléme (1.24), on considére
la condition

(A.7) : Pour tout compact (x,x') de R? x R* on a

lim sup sup |f"(r,z,y,2) — f(r,2z,y,2)| =0
n—-+oo rel0,7) xEN,yEK’,ZGRkXd/
et
lim |sup|¢"(z) —g(x)|+ sup sup |h"(r,z,y) —h(r,z,y)|| =0.
n—+oo | peg rel0,T] z€x,yEr

Pour donner un sens a la solution de viscosité des EDP (1.24), nous devons
supposer

A.8): f lai éme coordonnée de ", ne dépend que de la i éme ligne de la
i g
matrice 2.

Le principal résultat de ce chapitre est le théoréme suivant.

Théoréme 1.5. Supposons que les hypotheéses (A.1).1.1.2.2, (A.2).1.1.2.2,
(A.3).1.1.2.2, (A4), (A.5), (A.6), (A.7) et (A.8) sont satisfaites. Supposons en
oulre que sSup,,~, exp (¢V}) < +oo pour tout ¢ > 1. Alors, il existe des fonctions
continues u", u : [0,T] x D — R™ telles que



CHAPITRE 1. INTRODUCTION ET PRINCIPAUX RESULTATS 17

o u" est une solution de viscosité de (1.24),

e u est une solution de viscosité du probléme de Neumann (1.18),

e u(t,x) converge vers u(t,xz) pour tout (t,x) € [0,T] x D.

L’idée de la preuve est la suivante : on considére (Y% Z6%) et (Yh5n Z65m)
respectivement les solutions uniques des équations (1.14) et (1.27) puis on définit
u(t,z) ==Y, et u™(t,z) := Y,"™™. Ainsi, [71, Théoréme 4.3] garantit que u et
u™ sont des solutions de viscosité des systémes (1.18) et (1.24) respectivement.

Pour prouver la convergence de u™ vers u, on montre que la suite de processus
Y4®n converge vers Y%, A cet égard, on applique le lemme 1.1 & 'EDSR

T T
Y;t,z,n _ Y;t,x _ gn(X%x,n) . g(X%x) + / dlCi’x’n o / (Zﬁ,x,n _ Zﬁ’m)dWr
avec

A™" = [, X YR 2o — f(r, Xt YT, 20 dr
R (r, XPOR YIS RS — R(r, X5 Y AR

Il existe donc des constantes positives C4, Cs et C3 telles que

T
B sup v v v ([ 1z - 2P )
re0,7] 0

T 2
< QLB - g + Cai [ vy
0

T
+C5E sup/ e dR" (1.28)
1Js

s€[0,T
ou L™ et R™ sont donnés par

dL? = ’fn(r’ Xﬁ,:c,n’ Y;t,a:,n’ Zﬁ,z,n) o f(?“, Xﬁ,:p,n’ Y;t,x,n’ Z;’x’n)|d7'
O, Xp™m Y0 Z07) — f(r, X0, Y00, Z07) |dr
+|hn(7", Xﬁ,x,n) YTt,m,n) . h(T, X;E,x,n’ Kﬂt,:p,n)’dki@,n
—Hh(?”, Xﬁx’n’ Y;FI) - h(T‘, Xﬁ’xv Y;t’x) ‘dkvt“’xm

et
AR = (Y50 — Y12 R, X520, Y1) (AR5 — dRLS).

En utilisant (1.26), nous prouvons que le coté droit de (1.28) converge vers zéro
quand n tend vers l'infini.
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1.2 Inégalités de coiit de transport

Le probléme de transport optimal proposé pour la premiére fois par le géomeétre
francais G. Monge en 1781 [59] consiste a chercher la maniére la plus écono-
mique pour transporter des tas de sable dans des trous. En terme de langage
mathématique, le transport optimal de Monge peut étre formulé comme suit

vt el T@)duta)
ou p et v sont deux probabilités sur des espace polonais respectivement X et
Y, T(p,v) est Pensemble des applications mesurables : T : X — ) vérifiant
w(T1(B)) = v(B) pour chaque Borélienne B C Y et ¢ : X x Y — RT me-
surable. En particulier, ¢(x,y) représente la quantité de travail nécessaire pour
déplacer une unité de masse de la position z € X a y € ).

En 1942, L. Kantorovich [38] a introduit une version détendue du probléme
de transport optimal de Monge. L’approche de Kantorovich consiste a rechercher
une probabilité sur I’espace produit X x ) au lieu d’une application préservant
la mesure comme dans le probléme de Monge. Le probléme de Kantorovich
s’écrit

inf c(z,y)dy(z,y),
Yell(pv) Jxxy

ou II(u,v) représente I'ensemble des probabilités sur I'espace X' x ) avec les
marginaux p et v. Pour plus de détails, nous renvoyons aux livres [39, 88].

Ce sujet a connu un formidable développement & partir des années 80, vu les
nombreuses applications dans les équations aux dérivées partielles, la géométrie
différentielle, la théorie des probabilités et d’autres domaines. Parmi les diffé-
rentes généralisations du probléme de transport optimal, nous nous intéressons
a ce qu'on appelle les inégalités de coiit de transport. Ces inégalités mettent
en relation un coit C(u,v) de transport d’une mesure de probabilité générique
p € P(X) sur une mesure de probabilité de référence v € P(X) avec une autre
fonctionnelle J(u,v), ot P(X) est 'espace de toutes les mesures de probabilité
sur X. Cette inégalité de transport s’écrit

a(C(u,v)) < J(u,v), pourtout pe P(X)

ou « : [0,4+00) — [0, 4+00) est une fonction croissante avec «(0) = 0. Les inéga-
lités de transport classiques sont construites avec C = )/V;l7 ou Wg représente la
distance de Wasserstein d’ordre p, définie avec une certaine métrique d sur X
et J(./p) = H(./u) est I'entropie relative donnée par

H(v/p) = { S g dis, - siv < p
+o00  simnon.
Une autre inégalité de transport classique est définie par 'information de
Fisher I(./p) au lieu de entropie relative. Voir [60].
Les recherches sur les inégalités de transport commencent en 1996 avec la
parution de plusieurs articles sur ce sujet. La premiére inégalité¢ de transport est
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apparue sous le nom de I'inégalité Csiszar-Kullback-Pinsker, voir |23, 24, 51, 83].
Ces inégalités ont regu plus d’attention avec Marton dans [52|. Dans cet article,
un lien entre l'inégalité de transport et les inégalités de concentration a été
établi. Les inégalités de transport ont été généralisées dans différentes directions,
et de nouveaux liens avec les inégalités fonctionnelles classiques ont été explorés.

Parmi cette famille générale d’inégalités de transport, nous nous intéressons
aux inégalités suivantes

Wg(l/,u) <+2CH(v/n), VuePX).

Dans une telle situation, on dit que la mesure v satisfait une inégalité de corit
de transport et on note v € T,(C) (dite aussi inégalité de Talagrand). Les
cas p = 1 et p = 2 sont particuliérement intéressants. En fait, les 77(C') sont
liés aux concentrations des mesures telles qu’il a été formulé dans [51, 52|. Les
T»(C') ont été établies initialement par Talagrand [$3], pour la mesure gaussienne
sur RY. Ces inégalités attirent beaucoup d’attention grace a leurs liens avec
d’autres propriétés telles que I'inégalité de Sobolev, 'inégalité de Poincaré et
les équations de Hamilton-Jacobi [61, 91].

Les inégalités de transport et leur application aux équations différentielles
stochastiques ont été largement étudiées. En outre, de nombreux arguments
ont été développés pour établir ces inégalités de transport. La méthode la plus
utilisée est la transformation de Girsanov introduite dans [83] et appliquée effica-
cement par nombreux auteurs. Par exemple, [92] pour les systémes dynamiques
en dimension infinie, [32, 31| pour les EDS singuliéres, [78] pour les EDS dirigées
par un mouvement Brownien fractionnaire et [18] pour les équations d’évolu-
tion stochastique gouvernées par un mouvement Brownien fractionnaire. Ré-
cemment, |73] a étudié l'inégalité de transport pour la loi des ESD dirigées
par des processus gaussiens en utilisant la théorie des trajectoires rugueuses de
Lyons. Les auteurs de [12] ont étudié 'inégalité T5(C') pour I’équation de la
chaleur stochastique avec un bruit blanc et un bruit fractionnaire.

Notre objectif dans cette partie est d’une part d’établir T5(C') pour les EDS
sous des hypothéses plus faibles que celles généralement utilisées pour ce type
d’inégalités (conditions de dissipativité ou continuité de Lipschitz). D’autre
part, nous étendrons I'inégalité de Talagrand au cadre des EDSR.

1.2.1 Inégalité de transport pour les EDS avec dérives
mesurables

L’objectif du chapitre 5 est d’étendre le résultat de [25] aux EDS avec coeffi-
cients non réguliers. La premiére tentative pour établir 75(C') en relachant les
conditions était avec Bartl et Tangpi dans [8], ou ils ont considéré une EDS
en dimension un avec une dérive dérivable par rapport au temps et mesurable
par rapport a I’espace et un coefficient de diffusion Lipschitzien. Ici, nous nous
intéressons au cas multidimensionnel et nous supposerons des hypothéses plus
faibles. Il faut souligner que les équations multidimensionnelles sont fondamen-
tales. Par exemple, pour les applications aux résultats de la concentration et
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asymptotiques pour les intéractions des systémes de particules, voir par exemple
[22, Section 5|. Nous considérons une EDS de la forme :

X(t)=xz+ /Ot b(s, X(s))ds+ /Ota(s,X(s)) dW(s), =R, (1.29)

otz € R4 b:[0,T] xR - Réet o:[0,T] x RY = R™ Pour p > 1, on
dénote par L} ([0,T]) := L ([0, T] x RY) l'espace de Lebesgue des classes des

loc loc

fonctions localement intégrable et pour tous my, my € N, soit W07 ([0, T1) :=

W ([0, T] x R?) Tespace de Sobolev usuel des fonctions faiblement différen-

tiables f : [0, 7] x R? — R? telles que

IAllee + > 107 flle

loc loc

+ > 195 flly, < +oe.

o] <ma loo|<ma

Soit LE([0,T]) := L4([0,T], LP(R?)) espace des fonctions mesurables f : [0, 7] x
RY — R? telles que

s i= ([ ([ spar)” as)" < e

On suppose que le coefficient de diffusion o satisfait la condition d’ellipticité
uniforme

Eo(t,x)€ > A€ pour tout  (t,z,€) € [0,T] x R x RY, pour un A, > 0.
(1.30)
Les résultats principaux de ce chapitre sont les deux théorémes suivants :

Théoréme 1.6. Soient o € Wy, 1 ([0, T]) N L2([0,T] x R?) et

be W&LMOC([O,T]) N L>([0,T] x R?). Supposons que o vérifié (1.30). Alors,
Uéquation (1.29) admet une solution unique X, et

la loi p, de X satisfait To(C')

avec constante

C:= inf 2|o|% exp (7T

0<e<1

32+5) 1
e(l—g)/1—¢

Ce résultat donne I'inégalité de transport pour les EDS avec des coefficients
dans certains espaces de Sobolev. Il constitue en outre un argument essentiel
dans la preuve du résultat suivant, ou nous le combinons avec certaines esti-
mations de gradient pour les solutions des EDP pour démontrer l'inégalité de
transport pour les EDS avec des dérives mesurables.

Théoréme 1.7. Supposons que o satisfait (1.30) et que l'une des conditions
sutvantes soit vérifiée :

(A) o,b€ L>([0,T] x RY), la fonction o est continue en (t, ) et appartient a

WQO(é—I—l),loc({O’ T])
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(B) o € WO;H 10c([0:TT) N L([0, T x RY), o est uniformément continue en
z. La fonctwn b € L2([0,T]) pour certains p,q tels que d/p +2/q < 1,

2(d+1)<petqg>2.

Alors, il existe T > 0 assez petit tel que ’équation (1.29) admet une unique
solution forte X dont les trajectoires sont continues et

la loi p, de X satisfait To(C')

avec une constante C' dépendant des données [|b|| s, |00, T, 2, d, p €t q.

Nous expliquons notre stratégie pour montrer le théoréme 1.7. En gros,
dans les deux situations (A) et (B), la méthode reste la méme et elle consiste
a transformer I’équation (1.29) & une sans dérive. Lorsque ’hypothése (A) est
satisfaite, nous suivons la démarche développée par [3] dans la preuve d’unicité
forte des EDS avec une dérive mesurable et un coefficient de diffusion localement
Sobolev. Nous établissons d’abord l'inégalité de transport pour les EDS avec
des coefficients appartenant a certains espaces Sobolev. Ensuite, nous utilisons
la transformation de Zvonkin [93] pour traiter le cas ot la dérive est seulement
mesurable. Quand la condition (B) est vérifiée, c’est-a-~dire le cas ou la dérive
appartient & un espace L2([0,7]), nous enlevons également la dérive, mais la
preuve est plus élaborée. Nous modifions légérement la méthode de [11] afin
de dériver des estimations de gradient appropriées pour les EDP paraboliques
singuliéres. Ainsi, avec les estimations de gradient pour les solutions des EDP,
le théoréme 1.6 est un élément essentiel dans la preuve du résultat principal.

Présentons maintenant quelques exemples de modéles de diffusions multidi-
mensionnels a coefficients non-Lipschitz qui satisferaient nos conditions.

Interaction des particules par le biais de leur rang

Soient W7y, ... W, des mouvements Browniens indépendants. Les modéles d’in-
teraction basés sur le rang sont donnés par

din Z (5 ].{X'L n(t)= X @G)mn t)}dt +o ( )dVVZ(t)7 Xl’n(O) - Xz

7=1

pour certains nombres réels d;, certaines fonctions mesurables et bornées o', avec
XMWy < X () < ... < XM (t) est le systéme dans I'ordre croissant. Plus
généralement, ce modéle peut s’écrire comme suit

dX (¢ _b( 21{)@] — )dt+a()dm(t), X(0) = X,

pour une fonction (déterministe) donnée b. Ce modéle a été introduit par [30]
dans le contexte de la théorie du portefeuille stochastique. Les résultats de la
concentration des mesures pour ces systémes peuvent étre trouvés dans [64].
Lorsque 0 < ¢ < inf;; [o(t)| < sup;, |o(t)| < C pour certains ¢,C et b € L™
ou b € LP(R, dx), notre résultat principal montre que la loi de (X7, ... X™")
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satisfait T»(C'), avec une constante C' > 0. Ce résultat est également vrai pour
le modéle Atlas (fini) de [7] donné par

n

dXM(t) =) 0lixinmxrinydt + o' ()dW(t)  X7"(0) = X,
j=1
pour une constante § et une permutation (p1,...,p,) de (1,...,n).

Les particules en interaction quantile

Les modéles d’interaction quantile sont donnés par
dXM(t) = b(t, X™ (), VO (t)dt + o(t, X™ (1))dWi(t), X"™(0) = X;

ot V" (t) est le quantile au niveau « € [0, 1] de la mesure empirique du systéme
(XEr(t), ..., X™(t)). Cest-a-dire,

. BN
Va,n(t) = lnf {U - R . ﬁ Zl ].{Xz,n(t)gu} Z O[}

Ce modéle est considéré par exemple dans [18] en relation avec les systémes de
particules échangeables. Le théoréme 1.7 peut étre appliqué a ce cas sous des
conditions d’intégrabilité sur b et des conditions de régularité faibles sur o.

1.2.2 Inégalité de transport pour les EDSR

Dans [14, 85|, un lien entre les inégalités de transport et les inégalités de concen-
tration pour les mesures de risque a été envisagé. D’autre part, il existe une
relation entre les EDSR et les mesures de risque dynamiques, a savoir : les
EDSR permettent de définir des mesures de risque dynamiques. Réciproque-
ment, les mesures de risque dynamiques peuvent étre vues comme des solutions
a des EDSR particuliéres. Motivé par ces faits, I’objectif du chapitre 6 est de
prouver une inégalité de transport pour les EDSR.
Considérons 'EDSR suivante :

T T
Y, = h(Br) +/ f(s,YS,ZS)ds—/ Z, dW,. (1.31)
t t

ot h et f sont des fonctions réelles déterministes. Nous supposons les hypothéses
suivantes :

(H.1) h est bornée et il existe une constante positive [ telle que pour tout x, 2z’ €
R
|h(z) = h(z')] < 1| — 2|

(H.2) t — f(¢,0,0) est bornée et il existe des constantes positives L, > 0 et
L. > 0 telles que pour tout (t,y,z,v,2") in [0,T] x R*

|f<t,y,Z> - f(tay/;’z/)| S Ly|y - y/’ + LZ’Z — Z/|.
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Nous pouvons maintenant énoncer notre principal résultat.

Théoréme 1.8. Sous les hypothéses (H.1) et (H.2), la loi Py de Y satisfait
une inégalité de transport, To(C), sur l'espace C([0,T],R) muni de la distance
uniforme ou C' est une constante positive dépendant de données de I’équation.

Notons qu’aprés la publication de notre résultat [I], I'article [8] est paru
traitant la méme propriété T5(C') pour la loi d’'une EDSR multidimensionnelle.
Comme conséquences du théoréme précédent, nous obtenons les inégalités

de concentration suivantes :
2

P( sup |Y; — h(Br)| —]E[ sup Y; — h(BT)]] > 7‘) < exp ( — r—>,
t€[0,7] te[0,T] 8C'

et
Eexp (F(Y) —EF(Y)) < exp (%HFH%@),

pour toute fonction Lipschitzienne F' sur C([0, 7], R).
Ensuite, nous étendons notre résultat au cas d’un systéme d’équations dif-
férentielles stochastiques progressives rétrogrades de la forme
Vs e [t,T)
X =a+ [Jb(r, XI")ds + [ o(r, XE7)dW,, (1.32)
Yo = WX 4 [T f(r X, V0, 20 dr — [T Ztedw,
Nous supposons que : il existe des constantes positives k, A et A telles que
pour tous t € [0,T] et (z,y,z, 2",y ,2") € RO :

(HA) (z—2)(b(t,2) = b(t,2") < klz — ' et [b(t, z)] < k(1 + [x]),

(H.5) |o(t,z) —o(t, )| < klz — /|, |o(t,z)] < k(1+|z|]) et o*(t,x) > A,
(H.6) [h(z) = h(z')] < Kz —a'| et [h(z)| < A,

(H.7) [f(t,2,y,2) = f(t, 2"y, 2) < k(jo — 2" + |z = &),

(H8) (y—y)(f(t 2y, 2) = f(tw,y,2) Skly—y/ | et [f(tz,y,2)] < k(1+

lyl + | ),
(H.9) les fonctions o, x — b(t,x) et y — f(t,x,y, z) sont continues.

Notons par P, la loi du couple (X** Y%*) sur 'espace B = C ([t, T],R) X
C([t,T],R).

Théoréme 1.9. Supposons que (H.4)-(H.9) et ||o||o := sup{|o(t,z)|; = €
R, t € [0,T]} < oo soient vérifiées. Il existe une constante positive C' telle
que la probabilité P, satisfait To(C') sur l'espace métrique B muni la distance
suvante

1
2
d((z,y), (@",y)) = (Sup |2 (s) — 2'(s)[* + sup [y(s) —y’(S)IQ) :
t<s<T t<s<T
Grace au théoréme précédent, on trouve l'inégalité de concentration sui-

vante :
2

P(sup |Yt’x(s)—h(X§ix)\—E[sup |vaw(s)—h(x;x)@ > r) < exp(—r—>.

S€[t,T] sE[t,T] 8C
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Abstract

We consider a system of semilinear partial differential equations with measur-
able coefficients and a nonlinear Neumann boundary condition. We then con-
struct a sequence of penalized partial differential equations, which converges to
our initial problem. Since the coefficients we consider may be discontinuous,
we use the notion of solution in the LP-viscosity sense. The method we use is
based on backward stochastic differential equations and their S-tightness. The
present work is motivated by the fact that many partial differential equations
in physics have discontinuous coefficients. As a consequence, it follows that if
the uniqueness holds, then the solution can be constructed by a penalization.

2.1 Introduction

Let D be a C? convex open and bounded domain in R?. For (t,z) € [0,T] x D,
we consider the following reflecting stochastic differential equation

X, =2 +/ b(X, )dr +/ c(X)dW, + K, selt,T],  (21)
t t

27
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where b : R — R% o : R — R are given measurable functions and K
is a bounded variation process satisfying some minimality conditions. Several
authors have studied approximations of reflected diffusions in such domains.
We refer, for instance, to [56, 81| in the case of a convex bounded domain D
and uniformly Lipschitz coefficients. The non-convex case was treated in [19].
The latter has been extended to reflected diffusions on non necessary bounded
domains in [67]. The case of non-Lipschitz coefficients and non-convex domain
can be found in [75], where the authors studied the existence of a weak solution
of reflected equations when the coefficients are merely measurable, and the
diffusion coefficient may degenerate on some subset of the domain. Equation
(2.1) is also used to handle linear partial differential equations (PDEs) with a
Neumann boundary condition, see for instance [34, 77, 82].

Our aim in this paper is to show that there exists a LP-viscosity solution
to a system of PDEs with a nonlinear Neumann boundary condition and this
solution can be constructed by a penalization. Our approach is based on back-
ward stochastic differential equations (BSDEs) and their tightness properties.
It is well known that the markovian BSDEs allows to provide probabilistic rep-
resentations for solutions of different types of semilinear PDEs, see for instance
[66, 65] for parabolic equations on R?, [20] for elliptic equations with Dirich-
let boundary condition, and [71] for a nonlinear Neumann boundary condition.
More references can be found in [69].

In order to describe our work, we shall give some notations which will be
used in the sequel. We assume that there exists a function [ € C?(R?) such that

D={zcR*:l(z) >0}, 9D={xecR*: I(z)=0}

and for all x € 9D, Vi(z) is the unit normal pointing toward the interior of
D. We explain how to define the approximation procedure. We consider the
function x — dist?(z, D). This function is C' and convex on R We choose [
such that, for any z € R,

< Vli(z),6(x) ><0,
where §(z) := V (dist*(z, D)) called the penalization term.
We also have, for every z € R,
1 1 _
56(@ = §V (dist*(z,D)) =z — 7p(x),

where mp is the projection operator. Note also that, ¢ is a Lipschitz function
and we have

<z—m0x)><0, VzeRY VzeD. (2.2)

We consider the following sequence of semilinear partial differential equa-
tions (1 <i<k, 0<t<T,zecR:neN).

ou?

ot

(t,x) + Lul(t,x) + fi(t,x,u"(t, x))

—n <d(x),Vu(t,x) > —n < 6(z), Vi(x) > hi(t,z,u"(t,z)) =0,
un(Tax) = g({E) ]
(2.3)
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where £ is the infinitesimal generator of the diffusion X and defined by

1 . o? 0
Li= 33 00"y o + 2005 (2.4)

.3

We first establish that for each n, u™ exists and defines a LP-viscosity solution
to the penalized PDE (2.3). Next, using the connection between BSDEs and
semilinear PDEs, we prove that the sequence u"(¢,z) converges to a function
u(t, x) which is the the LP-viscosity solution of the following system of PDEs
with Neumann boundary condition, for 1 <i <k,

%(t,x) + Lu;(t,z) + fi(t,z,u(t,x)) =0, (t,z) € [0,T) x D,
w(T,z) = gi(z), x€D (2.5)
%(t,z) + hi(t,z, u(t,z)) =0, (t,2) € [0,T) x dD,

where %7:: (t,z) =< Vli(x),Vu;(t,z) > for all x € 9D.

It turns out that the convergence of u™ to u follows from the uniqueness in
law of the forward part, although the coefficients are merely measurable.

The penalization of nonlinear Neumann boundary problem (2.5) has been
firstly considered in [11| when the coefficients b, o are uniformly Lipschitz then
extended to the case where (b, o) are continuous in [5|. The result of the present

paper can be seen as an extension of the works |5, 11] to the case where the
coefficients b and o and the nonlinear term f is measurable in the state variable
x. Our method is inspired from those developed in [5, 11]. The difficulty in our

framework is the discontinuity of the coefficients, which makes the convergence
of the sequence of penalized equations more delicate. Note also that, due to
the discontinuity of the coefficients, the classical viscosity solution, used in
[5, 11, 71], can not be defined for our PDEs. Therefore, we use the notion of
LP-viscosity solution, for which we give here a probabilistic interpretation. The
theory of LP-viscosity solution has been introduced in [15] for elliptic PDEs and
developed in [17] for parabolic PDEs.

The paper is outlined as follows. In Section 2, we prove the convergence
of solutions of our penalized SDE. The continuity of the solution with respect
to the initial data is also established for both penalized and reflected SDEs.
In Section 3, the same properties are shown for the solutions of the BSDEs
parts, which are our first main results. Section 4 is devoted to the approxima-
tion of the system of PDEs with nonlinear Neumann boundary conditions by a
penalization, which is the second fundamental aim of this paper.

2.2 Reflected stochastic differential equations

Throughout the paper, T is a fixed strictly positive number and d,d" € N*.
Consider a stochastic differential equation with reflecting boundary condition
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of the form
xiwas [Toxars (ot aw, 4 ki
' ¢

Kt — / VUXE V| K, (2.6)
t

|K"1t0 = /t L xtoeapydI K5 e,

where ¢ € [0,T], s € [t,T], and the notation |[K""|, stands for the total
variation of K%* on the interval [t, s]. We will denote this continuous increasing
process by kb*. In particular, we have

ke — / < VI(X'), dKbT > (2.7)
t

We say that (Q, F,P, {F,}, W, X, K) is a weak solution of (3.3) if (2, F, P, {Fs})
is a stochastic basis, W is a d’-dimensional Brownian motion defined on this
basis, X is a continuous adapted process and K is a continuous bounded vari-
ation process such that X, € D P-a.s., Vs € [t,T], and (X, K) satisfies system
(3.3).

We precise some notations. C([0,T],R?) denotes the space of R%valued
continuous functions. D([0,T],R?) is the space of R%valued cadlag functions.
Wpl,ic ([0, T] x R?) is the classical Sobolev space of functions ¢ with values in R
such that both ¢ and all the generalized derivatives 0y, 0, and 92 ¢ belong

to LY ([0,7] x RY). For a given sequence of processes (Y"), and a process

Y, the convergence Y™" % Y means the convergence in law with respect to

the uniform topology, Y™ % Y denotes the weak convergence with respect to

the Jakubowski S-topology, see Appendix (A) for a brief presentation of this
topology, and [35] for more details.

We consider the following assumptions
(A1) b:R? = R? and o : R — R¥? are measurable and bounded functions,
(A.2) There exists a > 0 such that for all z € R? go*(x) > a1,
(A.3) The weak uniqueness holds for equation (3.3).

The reflected diffusions with measurable coefficients were considered in |75,

|, where the authors have proved some approximations, stability, and exis-

tence results. Note that when the coefficients are discontinuous, the uniqueness

generally failed. The presence of assumption (A.3) is explained by the fact that
the weak uniqueness is crucial in our approach.

Remark 2.1. We assume that one of the following sets of conditions is satisfied.

1. the dimension d < 2, assumptions (A.1)-(A.2) hold, and D verifies some
assumptions given in [13],
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2. b is measurable and bounded, ¢ is continuous and bounded and oo™ is
uniformly non degenerate (i.e. uniformly elliptic).

Then, the weak uniqueness holds for equation (3.3).

Indeed, let (Q,}", P A{Fi}is0, W, X, K) be a weak solution of (3.3) and f €
C12 ([0, 7] x D). 1to’s formula applied to f (s, X,) gives

Fisx) = o+ [ (Geer)oxgas [(wu o) i)

n / VL (X)) o (X,) dW) 2.8)

Since oo* is non degenerate, we use Krylov’s inequality for reflecting diffusions
(see Theorem 5.1 in [75]) to get for every s € [¢,T7],

B[ | (5 +£r) x)

or
<C (/ / det (oo™ g +£f) Liopy dsdx) - 0.

Thus, equality (2.8) becomes

f(s,Xs)=f(t,x)+ / (% + Ef) (r, X:) 1yx,epydr + /S (Vof (r, X,),VI(X,)) dk,

capydr

+/s <Va:f <7n> XT) T (XT) dWT> ; P-as.

Therefore

f(s,XS)—f(t,x)—/t (ngrﬁf) (r, X,) Lix,epydr

is a P-submartingale whenever f € C'2 ([0, T] x D) satisfies
(Vof (s,x),VI(z)) > 0,Yz € OD.

Assuming the first set of conditions, we deduce from Theorem 3 in [13] that
the process (Xs)se[th] is unique in law. Alternatively, under the second set of
conditions, we apply Theorem 5.7 in [32] with ¢ = [, v := V¢ and p := 0
to obtain that the solution to the submartingale problem is unique for each
starting point (¢,x). Therefore, our solution process (Xs)se[t,T] is unique in law.
The uniqueness in law of the couple (X, K) follows then from Theorem 6 in

28]

We now consider the penalized SDEs related to our reflected diffusion X%,
Xton gy / (X5 — nd(XE*™)] dr + / (XTI, s € [t T). (2.9)
t t

Let n € N* be fixed. Assuming (A.1)-(A.2), we deduce from Krylov [12] that
there exists a weak solution to equation (3.5). Moreover, Krylov has also es-
tablished that it is possible to select a strong Markov weak solution of equation
(3.5). In the sequel, we shall need to show the continuity of the flow associated
to equation (3.5). To this end, we assume
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(A.4) The weak uniqueness (i.e. in law) holds for equation (3.5).

Remark 2.2. Note that assumption (A.4) is not needed when the dimension
space is lower or equal to 2, since it holds when conditions (A.1)-(A.2) are
satisfied, see |13, 40].

For t € [0,7T] and s € [t,T], we put
Kbon = / nd(XE)dr and kb= / < VI(XEo), KB > |
t t

The following bound is classical, it can be found for instance in [5].

sup E sup |X5E%m2 4 su[l)E|Kt’x’”|‘é7T} < 400, foreach q>1. (2.10)

n>l  selt,T) n>

Theorem 2.3. Under assumptions (A.1)-(A.3), the equation (3.3) has a unique
weak solution (X"*, K**). Moreover,

(Xt’m’n, Kt,x,n) UiU (Xt,m’Kt,x).

Proof. The existence of weak solution follows from Theorem 4.1 in |75]. The
convergence of the penalization results from Theorem 3.1 in [81]. O

Remark 2.4. If assumptions (A.1)-(A.3) are satisfied, then according to Theo-
rems 7 and 10 of [28], the solution X** of equation (3.3) is a strong Markov
process.

We extend the processes (X", K*) and (X"%" K“*™) to [0,t] by denoting

Xir = Xt s, K= KU i=0, s e 0f. (211)

The following proposition can be proved by using Ité’s formula and the
boundedness of the coefficients b and o.

Proposition 2.5. Let (X%, K*) be a solution of equation (3.3). Assume (A.1)
be satisfied. Then, for any convergent sequence (t,,z,) in [0,7] x D and any
g > 1, we have

supE sup | X% < 400 and sup E| K™ |1, < +o0. (2.12)
n>0  s€[0,T] n>0

Proposition 2.6. Assume that (A.1), (A.2) and (A.4) are satisfied. Let X" be
the solution of the penalized equations (3.5). Then, for any n € N*, the map
[0,T] x R? > (t,2) — X®" is continuous in law.

Proof. Let (tp,z,m) — (t,z). Arguing as in Corollary 2 in [71] (see also |12])
and using the uniqueness in law, we get for each fixed n € N*

Xtm,xm,n * Xt,x,n.
U

The proposition is proved. [
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The continuity in law of the solution, of equation (3.3), in its initial data will
be established in the following proposition. This constitute a slight extension
of Lemma 3.8 in [5] to the case where the coefficients are measurable.

Proposition 2.7. We suppose that (A.1)-(A.3) are in force. Let (X", K"*) be
a solution of equation (3.3). Then, the map [0, 7] x D > (¢,z) — (X"*, K*) is
continuous in law.

Proof. Let (t,z) € [0,T] x D be fixed and (t,,z,) — (t,7), as n — +oo. We
set
(Xt K)o (X2, K. (2.13)

We first prove that the sequence of processes (X™, K™) is tight on C([0, 7], R? x
R?). By Ito’s formula applied to X™ — X, where r is fixed and s > r we get:

E|X" - X"® < Cls—r[*+CE (sup

vE(r,s]

4
/ < X" — X", o(XM)dWr >D

S 2
< Cls—r|/*+CE (/ | X" — Xf|2|a(X3)|2du)
< Cls— r|4 +Cls — r|2 < Cmax{|s — 7"|4, |s — r|2}.
Concerning K", we have:
K"~ K* = (X" — X7 —/ b(Xg;)du—/ (X)W,

Hence,
s 8
E|K! - K!'|* < CE|X!'—X|*+CE (/ |b(X;;)|du)
T ) g
The above constant C' may change from line to line and it does not depend on
n. Therefore, (X™, K™, W") is tight on C([0, T], R? x R? x R?). By Prokhorov’s

theorem (see Chap I in [69]), there exist a process (X, K, W) and a subsequence
that we still denote by (X", K™, W"), such that

+CE ( sup

vE[r,s]

/ (XY™

< Cmax{|s — 7[5 |s — r|*}.

(X", K" W") ——— (X,K,W).
UxUxU

We shall show that (X, K) = faw (X5* K%*). Thanks to Skorohod’s representation
theorem, there exist a probability space (Q ]-" IP’) and a sequence of processes
(X7, K", W") and a processes (X, K, W) which are defined on this probability
space and which satisfy

(X, K, W) ' (X kW, (XL K, W) ' (X K W)
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and (X”7K",W") — ()A(,AIA(A, W) P-ass., as n — oo. Moreover, for every n,
(Wn, FW5X") and (W, FWX) are Brownian motions.
We define

vro= xn—l—/ b(X;‘)err/ o(X™)dWw?™,
tn tn

~

Ve = :L‘+/ b(XT)dr+/ o(X,)dW,. (2.14)
¢ t

Since the processes X" and X have finite moments (uniformly in n) of any
order, oo* is non degenerate and the coefficients b, 0 are bounded, then using
Skorokhod’s theorem ([79] p. 32) and Krylov’s estimate, one can show that:

/b()?f)dr% b(X,)dr as n — +oo,
t

t
/a(Xf)dem)/ o(X,)dW,, as n — +oo.
t t

Since b and o are bounded, we deduce by the Lebesgue dominated theorem

~

that the following limit holds in L9(€2) for each ¢ > 1, and for each s € [t, T

q
—0, as n — +oo.

~

E

~

V-V

Putting
V= xn+/ b(Xf)dr—F/ o(XHdw,
tn tn

it follows that X = V* + K'. Further, we remark that
(X", K, Wn, ym) ' <X” KW, V”) on C ([O,T],Rd x R% x RY x Rd>
then, ) ) ) R

X! =V'"+ K} P-a.s.
Passing to the limit on n, we get

)E's = VS + K’S ]f"—a.s.

Taking into account of (2.14), it follows that (X, K) is a solution of equation
(3.3) with initial data (¢,2). By the uniqueness in law, we have (X, K) =
(X%, K*). Therefore, (X", K™) converges in law for the uniform topology.
This completes the proof. O

The next technical lemma is a stochastic version of Helly-Bray theorem, it
can be found in Proposition 6 of [72].
Lemma 2.8. Let (M™ n™) : (Q", F*,P") — C([0,T],R%)? be a sequence of ran-
dom variables and (M, n) : (Q, F,P) — C([0,T],R%)? such that
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If (n™), has an a.s. bounded variation and

supP" (|n"[o,r) > @) = 0, as a— +o0
n>1

then n has an a.s. bounded variation and
/ < M7, dn} >%> / < M,,dn, >, as n— +oo.
0 0

The following convergence are deduced from the previous lemma.
Lemma 2.9. Assume (A.1)-(A.4) be satisfied. Then,

* *
k,t,a:,n k,t,a: and k,tn,xn ]{jt’x.
U U

*

Proof. Since (XH®n KH®m) gy (X5 K%*), then Lemma 2.8, applied to
X

(M™ n™) = (VI(Xb5"), Kb%™) allows us to get kb™" % k“*. We prove

the second convergence. By the continuity in law with respect to the initial

data, (X'n*n Ktnon) ﬁ (X5 K%"). Once again, Lemma 2.8, applied now
X

with (M™, ") = (VI(Xt*n) Kt allows to get kinor %) kbe, O

2.3 Backward stochastic differential equations

Consider the functions f, h : [0, 7] x R?xR* — R* and g : R? — R¥, satisfying
the following assumptions:

(A.5) There exist positive constants Cy, Cs, I, and uy € R, f < 0 and ¢ > 1
such that for every s,t € [0,T] and every (z,2',y,y') € (Rd)2 X (R"“)Q, we
have

(i) <y =y, flt,z,y) = f(t,z,y) > < prly' —yl,

(i) | h(t, 2" y') — h(s,z,9)] < I (|t = s| + 2" — [ + |y —yl),
(i) <y’ —y,ht,2,y) = h(t,z,y) >< By -yl

) 1z y)] + Rt 2, y)| < Cr(l+ Jyl),

) lg(@)] < Co(1 + []7).

(iv
(v
g is continuous and f is measurable with respect to x and continuous in
(t,y).

We assume without loss of generality that the processes (X5, K1)y
and (X%, KY*)seqm are defined on the canonical space. Consider the following
generalized BSDEs on [t, T]]

T T
vien = gy [ g vy [ an

T
+ / h(r, XEon Y homy gt (2.15)
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and

T
Y = g(X3°) + /er“”Y"“) —/ Ut dM*

s

+/ h(r, X2* Y Ydk® (2.16)
where

At :=/ o(XF*™dW,  and  MX" ‘:/ o(X;7)dW,.  (2.17)
¢ t

S S

Under assumption (A.5), there exist (Y'*" Ub*"),cpr and (Y27, UL")senm

which are respectively the unique solutions of equations (3.11) and (3.12) (see

108, 71]).

Remark 2.10. (i) The existence and uniqueness of the solutions to both BSDEs
(3.11) and (3.12) are ensured when either (A.5)(ii) or (A.5)(iii) is satisfied.

(ii) Condition (A.5)(iii) will be used to establish some estimates which allow
us to prove the tightness proprieties while (A.5)(ii) will be used to identify the
limit.

The next proposition will be used to get the convergence of the solutions of
the sequence of penalized PDEs.

Proposition 2.11. Assume that (A.1)-(A.5) are satisfied. Then, the following
convergence holds

(Yt,z,n,Mt,x,n,Ht,x,n> . ; . (Yt’x,Mt’x,Ht’I>
XS x

where

s s
tx,m . t,x,n Xtz txm . t,x,n t,x,n t,x,n
M? ._/ Utendp Xttt Hb ._/ h(r, Xbom yhom)gghen,
t t

Mb = / UsdMX""  and  HY = / h(r, X2*, Y1) kD" (2.18)
t t
Moreover, lim Y;**" = Y;"*.
n—oo

Proof. Thanks to [11], the solution of equation (3.11) satisfies

T
supE sup |Y*"|? —|—supE/ UL (X5 |2 ds < +oo,
n>0 t<s<T n>0 t

To show the tightness property with respect to the S-topology, we have to
compute the conditional variation C'Vy defined by (A.3) in Appendix. Arguing
as in [11], we show that (Y5®n Mb&" HY7) is tight with respect to the S-
topology. Then, there is a subsequence still denoted by (Y4®n Afbon o)
and (Y, M, H) in (D(]0,T],R¥))?, such that

(Xt,:c,n7 Kt,z,n’kt,:c,njyt,z,n7 Mt,z,nyHt,z,n) * (th Ktz kta: Y M H)
U3><S3
(2.19)
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We shall prove the convergence of each term in BSDE (3.11). Thanks to the
Skorohod representation theorem for the uniform topology and the S-topology,
one can and assume that

(1) Xt,:c,n7 Kt,xm’kt,xmjyt@,nj Mt7x,n’Ht,x7n7Xt,x7 Kt,:c’ /{;t,ac,Y'7 M7 H are de-
fined in the same probability space and ,(X %", Kb®m fhen yhon pfhon fhem)
converges to (X5 K% kb Y M, H) P-a.s. on C([0,T],R%)? x C([0,T],R) x
D([0,T], R¥)3.

(ii) (Xbon Kbon ghen) converges to (X5, K5 k') a.s. in w uniformly in
S,

(iit) (Y**m, Mb®m HY5") converges to (Y, M, H) a.e. in (s,w) and
(Y5, ME™™ HE™™) converges to (Y, My, Hy), P-a.s.

In order to make the proof more easy to read, we will divide it into several
steps.

Step 1. The convergence of fST f(r, XE=m Y hr™)dr.  Since the function
f may be discontinuous in z, So, to prove the convergence of this term, we
proceed by mollification. For n € N*, let f, (¢, z,y) be continuous function in
(t,z,y) such that f,(¢,z,y) verifies (A.5)(iv) with a constant independent of 7
and supy,<ary |f(r, 2, y) — f5(r, 2, y)| tends to 0 in L3Y([0,T] x Dr) as n tends
to +o00.

We have

(T7 Xﬁ"r’n’ }/;"t7w’n) - f(,r7 Xﬁ’w’7 ﬁ')dr S Jl (n7 77) +J2(n7 77) +J3(n) (2'20)

where

Jinon) =B f(r XPE Y — f(r, X0 Y dr

?

Jo(n,n) :=E

)

/ f77 T, thn Ytzn) fn(ru Xﬁ’x,ﬁ)dr

/fn X555 — f(r, X5, T,)dr|

Since the function f, is continuous with respect to its three arguments, we
use properties (ii)-(iii) and the dominated convergence theorem to obtain that
Ja(n,n) goes to 0 as n tends to +o0.

We now prove the convergence of the term Ji(n,n). Krylov’s inequality will
be an essential tool to do this. For R > 0 let Dp := {z € R? |z| < R} and
75 = inf{r > t,|X*"| > R} AT, with convention inf{(} = co. We set

T/\’rR
Ji(n,n, R) :=E / [, XPom Y homy — f, (r, XP2" Y55 dr
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Let M > 0. We have

TATg
Si(n,n, R) < E / | f(r, X2 YR = fy(r, X2 YA [ 1y sy dr

ThTg
+E/ ’f(r, Xﬁ,z,n’ }/Tt,:p,n) . fn(ﬂ X:,IE,TL) Kt,z,n)‘ 1{|Y:YI,H‘SM}CZT

T/\TE
= CE/ (L4 Y )Ly arydr
sT/\TI’_%
iE / sup [ f(r, X2, y) — fo(r, XE2", )| dr
s {ly|<M}
C T % T %
e 0o rre) (o )

T/\Tﬁ
SB[ o Xpe

where (,(r,z) :== sup |f(r,z,y) — f,(r,z,y)|. Thanks to Krylov’s inequality,
{lyl<M}
there exists a positive constant N (T, R, d) such that

C T 3 T 3
FN(T, R, d) |G, |21 (0.1 )

Sending successively n and M to +oo, we show that Ji(n,n, R) tends to zero
for all n € N*. Since 7 increases to infinity with R, then for R large enough
one can replace T'A7g by T'. It follows that lim, . limsup,_,. . Ji(n,n) = 0.

Arguing as for Ji(n), one can show that Js3(n) tends to zero as n goes to
+o00. Note that in the proof of the convergence, some integrability condition
should be required to the process Y, but this integrability is ensured by Lemma
A.2in [17]. This shows that

lim E

n—-+o0o

T
[ iy < e X V| <o

Step 2. H = H"® and the expression of Y. We successively use properties
(ii)-(iii), Lemma 3.3 in [I1] and the fact that the processes Y, M and H are
cadlag to show that H = H%* and for every t < s < T

T T
V. = (X4 + / F(r, X5 V)dr — (N — BL) + / h(r, X5 V)t

Step 3. M'® = [/ UL"dMX"" is an FXUY M _martingale. Lemma A.1 in

ensures that the process M is a FX""Y:M_martingale. We shall show that
g

MX" is a FXUVM_martingale. Let 1, : C ([t, s],R?) x D ([t, 3],]1%’“)2 — R be
a bounded continuous function and ¢ € C°(RY). Let £ be the infinitesimal
generator of the diffusion X** defined by (2.4).
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It0’s formula shows that the process @(X0™") — p(x) — [ Lo(XE)dr —
[} Vo(Xbmm)dKLm is a FX"""-martingale.
For any t < s; < s9 < T and any n € N*, we have

E [w81 (Xt,x,n’ Yt,a:,n7 Mt,x,n) <¢(X;;z,n) - X:v ,t, n / [»90 Xt x n

52
_ / V@(Xivf’f’”)dK;f’”)] 0.
51

Moreover,

lim E |:w81 (Xt’z’n, Yt,:p,n’ Mt,x,n) (@(Xz,zx,n) o Xt x, n / E(P Xt x, n ):|
S1

n— oo

=E {wsl (XY, M) (cp(Xi’;”) —o(X57) - / £¢(Xﬁ’”‘)dr>} :

S1

To prove the previous limit, we restrict ourselves to the convergence of
52
wﬂ ()(t,:v,n7 }/t,ac,n7 Mt,ac,n) / ,C(p(Xﬁ’x’n)dT’,
S1

the other terms are similarly handled. We have

52

E ¢, (X5om, yhen Mber) / T Lo(XEEMYdr — g, (X", Y, M) / Lo(X)")dr

S1

S1

<E ‘ [wsl (Xtvx»njyt,z,n’ Mt,xm) — 4, (Xt’x,}_/7 ]\_4)] / 2 Egp(Xﬁ,x,n)dr

S1

Vs, (Xt’Z,Y,M) {/ Lo( XY dr —/ Eg&(Xf,’m)dr}
:= Bi(n) + By(n)

+E

Using properties (1) and (ii), the continuity of ¢ and the boundedness of b,
o, p, %‘ﬁ_, and %gx—, we obtain by the dominated convergence theorem that

dr.

lirf By(n) =0.
n——+0oo
We now show that lirf Bs(n) = 0. We have
n—-—+0oo
S92 52
Byn) = E|g, (X", ¥, ) [ | eetxmmar— | Egp(Xjf’x)dr}
S1 S1
< C]E/ |Lo(XE5™) — Lo(XE7)| dr
< OZ / thn (Xt:cn)_b(th>a‘p(th> dr
- ox;
2 82¢ a2g0
E * Xt,:):,n N Xt,x,n o * Xt,:r N Xt,z
- oz [ |Gy, Gt — (o (30), 5 e
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We use the boundedness of b, o, % and ajéai;- combined with Krylov’s estimate
i 104
and we proceed as in the proof of (2.20) to conclude that lim Bs(n) = 0.

n—-+00
On the other hand, we use (i) and (ii), the boundedness and the continuity

of 1, the regularity of Vi, estimate (3.7) and Lemma 2.2 in [11] to get

52
].lm ]E |:77Z)51 (Xta$7n7 Yt,l‘,n7 Mt,a;,n) / V@(X:’m’n)dK;Jﬂ]

n—oo

g {wsl (X", ¥, 3) / vgo(ng)ngw].
S1
Hence,

E [wﬁ (X', ¥, 1) (so(Xif) (Xt - / Lo(X5)dr - /

S1 S1

S

V@(Xﬁvx)dKﬁ’z)] 0.

[t6’s formula applied to ¢(X5") between s; < s allows to show that
S9 /
E P () | Vgp(Xﬁ’m)dMTX”} _o.

Hence, MX"" is a FX""V-M_martingale. Since Y* and Ub* are FX""-adapted,
Mt = [ UL dMX™ is also a FX""V M martingale.
Thanks to Lemma A.2 in [17], Y and M are square-integrable processes.

Using the Burkholder-Davis-Gundy inequality, we show that ft Y,dM, is an
FXUYM _martingale.

Step 4. We show that Y = Y5* and M = M5*. We use Ito’s formula to get,
for all s € [t, T,

|Y;t’x - }7S|2 + ([Mt,x - M]T . [Mt,:c - M]s) —

T
2/ <Y =Y f(n XpT V) = f(r, X", Y,) > dr

T

T
+2 / < YT Yo h(r, XEE YR — B, XU, V) > dkb
ST . .
4/<dw—nﬂmwwm>.
We take expectation in the previous equality then we use assumptions (A.5)(i)
and (A.5)(iii) to obtain
T

mﬁ“—KP+EWW@—Mh—Mﬂ%4mQgng/|W@—E&h

Hence, by Gronwall’s inequality, we infer that Y** = Y and M** = M.

In order to complete the proof, we shall show that Y;"* satisfies the initial
BSDE. Given that M:"" — M%® almost surely and since

T
Y;t,x,n — g(X%x,n) +/ f(r, Xﬁ,m,n7nt,x,n>dr o M%x,n
t

T
+/ h(?“, X;‘,x,n’ Y’Tt,x,n)dk;‘;,x,n’
t
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we then pass to the limit to get
T
v = g0y + [ X s [ X Ve
t

The proof is finished. O]

We shall establish the continuity of the map (£, ) — Y;"*. To this end, we
extend (Y5 U5*) and MX"" to [0,t) as follows

Yie =y UM =0 and MX":=0, foralls e [0,1). (2.21)

Proposition 2.12. Under assumptions (A.1)-(A.5), the functions u” : (t,x) €
[O,T} x R? — un(t7x) = Y;t,x,” and u : (t,ZE) € [O’T] X D — U(t,x) — Y;t’m are
continuous.

Proof. We will show only that the function w is continuous. Let (¢, z,) — (¢, z),
as n — +oo. We have

T
E sup |V + IE/ |Un#ng (X" ||2ds < O for all n € N,
0

0<s<T

T
B sup [V 4B [ US| < C.

0<s<T

where C' is a positive constant independent of n, see [71]. We recall that the
quantities M** and H"* are given by (2.18). Since

sup (CVT(Ytn,xn) +E sup |}/Stn,l'n| +E sup |Mstn,acn

n>0 0<s<T 0<s<T

+CVp(H™™) +E sup |H*n ) < 00,
0<s<T
it follows that (Y™ Mt H%n) is tight with respect to the S-topology. So
there exists a subsequence still denoted by (Y'm®n Minn Hinn) and (Y, M, H)
n (D([0,T],R¥))3, such that

(thyxn, Ktruxn’ ktn,xnytn,mn, Mtnyxn’ th,ﬂ?n) (Xt , X Kt x kt IY M H)
U3 x.S3

The same arguments used in the proof of Proposition 2.11 ensure that for every
set,T]

T T
Y, = g(Xh") +/ Lymy f(r, X", Y, )dr — (My — M) +/ h(r, X2 Y, )dkL*
and B ~
Y =Y and M = M,

On the other hand, Since

T
u(tn,xn) — }/;tnn,xn — thn,zn — g(X;_‘n,zn) +/ 1[t",T]f(7n7 Xﬁn,xn’)/;‘tn,xn)dr _ M;n,-’l‘n

0

T
- / B, Xtmon, Y nstn) dhnstn,
0
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then arguing as in the proof of Proposition 2.11, we deduce that lim,, _oou(t,, T,) =
u(t, z) with

T
u(t,z) =Y = Y9¥ = g(X5) +/O Ly f(r, XE2, V05 dr — My®

T
+ / B(r, X1, V) 4R
0

Proposition 2.12 is proved. ]

2.4 PDE with a nonlinear Neumann boundary
condition

Since the coefficients of our PDEs are not continuous, we cannot define the
solutions in the classical viscosity sense. We then use the LP-viscosity solution.
This notion of solutions has been introduced by [15] in order to study nonlinear
PDEs with measurable coefficients. The definition of the LP-viscosity solution
for the PDE (2.3) is given below after the following notations:

Lop:=Lp—n<d(.),Vp>

and

fr(ryz,y) = f(r,x,y) —n < Vi(z),d(x) > h(r,z,y).
Definition 2.13. Let p be an integer such that p > d + 1.

1. A function v € C([0,7] x R% R¥) is a LP-viscosity sub-solution of the
system of PDEs (2.3) if for every x € R, u,(T,z) < g;(z), 1 <i < k and,
for every ¢ € Wpl’ic([(),T} x R?) and (£,2) € [0,7] x R? at which u; — ¢
has a local maximum, one has

ess liminf {—%(t,x) — Lot z) — ﬁ”(t,x,u(t,x))} < 0.
(o)) | Ot

2. A function u € C([0,T] x R% RF) is a LP-viscosity super-solution of the
PDEs (2.3) if for every x € R4, u;(T,z) > gi(x), 1 <14 < k and, for every
@ € W;}ic([O,T] x R%) and (£,2) € [0,7] x R? at which u; — ¢ has a local
minimum, one has

ess lim sup {_3_@0<t,x> — Lot z) — ﬁn(ta$7u(ta$>>} > 0.
(t,x)—(t,2) ot

3. A function u € C([0,T] x R% R¥) is a LP-viscosity solution if it is both a
LP-viscosity sub-solution and super-solution.

Remark 2.14. Assertion (1) of the previous definition means that: for every
e >0, r >0, there exists a set A C B,(t, %) of positive measure such that
d¢

_E(t’ z) — Loo(t,x) — fI(tz,ult,x)) <e V(tz)€ A
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We now define the LP-viscosity solution for system (2.5), which can be seen
as a natural extension of the notion of viscosity solution of PDEs with nonlinear
Neumann boundary condition, to the case of PDEs with measurable coefficients.

Definition 2.15. Let p be an integer satisfying p > d + 1.

(i) u € C([0,T] x D,RF) is called a LP-viscosity subsolution of system (2.5)
if u(T,z) < gi(z), v € D, 1 < i < k and, for any 1 < i < k any
€ W;’foc([O,T] x D) and any (t,2) € [0,T] x D at which u; — ¢ has a
local maximum, one has

ess liminf {—aa—f(t,x) — Lo(t,z) — fi(t,x,u(t,x))} <0, if z €D,

(t,x)—(L,2)

ess liminf min (—a—gp(t,x) — Lo(t,x) — filt,z,u(t, z)),
(t,)—(L.2) ot
O

_r — hs < if 7 )
o (t,x) hz(t,x,u(t,x))) <0, ifzeoD

(i) w € C([0,T] x D,R¥) is called a LP-viscosity super-solution of (2.5) if
wi(T,x) > gi(:v_), r €D, 1 <i<kand forany 1 <i < kany ¢ €
Wpl’ic([O,T] x D) and any (£,#) € [0,T] x D at which u; — ¢ has a local
minimum, one has

ess limsup {_8_4,0@’3:) — Lo(t,x) — fi(t,x,u(t,x))} >0, if ©€ D,
(ta)s(ia) L OF

ess limsup max (——(t, x) — Lop(t,x) — fi(t,z,u(t,x)),

(t,x)—(%,2)

—gﬁ(t,x) - hi(t,x,u(t,x))) >0, ifieaD.
mn

(iii) u € C([0,T] x D, R¥) is called a LP-viscosity solution of system (2.5) if it
is both a LP-viscosity sub- and super-solution.

Remark 2.16. Note that if the coefficients in the definition above are continuous
and the test function ¢ is in C1?, we then recover the classical viscosity solution
of PDEs with Neumann boundary condition defined in [71].

The main result of this part is.
Theorem 2.17. Let assumptions (A.1)-(A.5) be satisfied and p > d + 1. Let
u” 1 [0,7] x R — R* and u : [0,7] x D — R* be the functions defined in
Proposition 2.12. Then, for every n, u” and u are respectively LP-viscosity
solutions to systems (2.3) and (2.5) and we have

lim u"(t,x) = u(t,z), for every (t,z) € [0,T] x D,

n—0o0
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We divide the proof of Theorem 2.17 into two lemmas. We also use Propo-
sition 2.11 in the proof.

Lemma 2.18. The function u” is a LP-viscosity solution to system (2.3).

Proof. We follow the idea used in Proposition 5.1 of [2]. We will show only that
u™ is a LP-viscosity subsolution, the property of the super-solution property can
be handled similarly. Let ¢ € W77, ([O,T] x RY). Let (¢,2) € [0,T] x R? be a
point which is a local maximum of u — . Since p > d + 1, then ¢ admits a
continuous version which we consider from now on. We assume without loss of
generality that

ur(i,3) = p(i, 7). (2.22)
We will argue by contradiction. Assume that there exists £, « > 0 such that
0 .
8f(t x) + L, ot x) + 1t 2, u™(t, 1)) < —&, Ma.e. in By(t,2)  (2.23)

where A denotes the Lebesgue measure and B, (, 1) is the ball of center (£, %)
and radius «. Since (¢,2) is a local maximum of u]' — ¢, then there exists a
positive number o/ (which we can suppose equal to «) such that

ul(t,z) < p(t, x) for all (¢, z)in By(t, ). (2.24)
Define the stopping time
r=inf{s > & | X" — & > a} A (4 )

Since X“*" is a Markov diffusion, one can show that for every r € [t,f +
yhtn — yn(r, Xb3m) Hence, the process (Y, Uy) := (Y” i 10 U ’“)

t t-l—Oé
solves the following BSDE in the interval [t, + af
— T A tA+a —_ T oA 7 oA
Y, = ul' (1, X2*™) +/ Lo, S (ry X2 ™ (r, XP2T)) drr
i+a B i
— / U, dMX"". (2.25)

On the other hand, by Ito-Krylov’s formula (see Chap. 2 Sec. 2 and 3 in [12]),
the process (Y, U. )se[t i+a) defined by

(Ye, Us) = (go(s AT, X””)’ 1[0’T]V¢(S’X;‘f,i,n))

SAT

satisfies

: oy [T (O y e e

Y, = o(r, X" — / Lio,q] <8—+£nso> (r, Xp®") dr — / U, dM
S r s

By the choice of 7, we have (1, Xt*") € B,(f,#) and hence u?(r, XL#") <

o7, X25).
Counsider the set

A= {(t,z) € Bu(i, 1), (g—t F Lo+ P un .))) (t,2) < —e}
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and A° := B,(t,2)\A is the complement of A. By assumption (2.23) we get
A(A¢) = 0. Since the process X" is non degenerate, Krylov's inequality
implies that 14c(r, X5*") = 0 dr x P-a.e. It follows that

R t+a 0 . _ PN P
0<E(r—t)e< E/ —1jo7] {(8_90 + Engp) (r, XH5") + fi(r, XEEm " (r, Xﬁxn))} dr.
i r

This implies that

o . _ . .
~t [ (G + L) (X0 + T XE a0 | > 0

on a set of dt x dP-positive measure. Therefore, Theorem 2.4 in [65] shows that
Y; > Y}, that is (¢, &) > u?(t, ), which contradicts assumption (2.22). O

Lemma 2.19. The function w is a LP-viscosity solution of system (2.5) in the
sense of Definition 2.15.

Proof. We shall prove that u is a LP-viscosity subsolution. Let ¢ € W2 ([0, T]x

— ~ _ p,loc

D) and let (t,2) € [0,7] x D be a point which is a local maximum of u; — ¢.
We consider a continuous version of ¢ and we assume without loss of generality
that

ui(t, ) = ¢(t,2). (2.26)

We skip the proof in the case & € D because of it is similar with that of u™ in
the previous lemma. Let us consider the case & € dD, we suppose that there
exist €, & > 0 such that

%—f(t,x) + Lp(t,x) + fi(t,x,u(t,z)) < —e and (2.27)
g—i(t,x) + hi(t, z,u(t,x)) < —e  Mae. in Bu(t, ).

Since (%, %) is a local maximum of u; — ¢, we have
ui(t,z) < p(tx) in - Ba(f, )

Define A
i=inf{s >1: X" 2| >a} A (L4 ).

Since X** is a Markov process, we have for every r € [£,i+a], V¥ = u(r, Xb).
Moreover, the process (Y;, Uy) 1= (Ktﬁ’i, 1jo,-1(8)UL®) solves the following equa-
tion in the interval [¢,t + o],

. i+a . . i+a _ ia
Y, = w(r,X") +/ Lo, fi(r, X%, u(r, Xﬁ’a:))dr—/ U.dMX"

t+a . . .
L / ha(r, X u(r, X00)) ki
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On the other hand, by Ito-Krylov’s formula, the process (YS,(A]S) = (p(s A
7, X)), Lo Ve(s, X5%)) solves the following BSDE

R . e a . i+a . ‘s
Yo = o(r, X}7) —/ Lo (r) (81& +£<p) (r, X2%)dr —/ U,dMX"
f+o¢ a ) R
¥ i i
[ o) G X,

We consider the set

A ={(t,x) € By(t, ) : %—f(t,x) + Lo(t,z) + fi(t,z,u(t,z)) < —e}

then A\(A°) = 0, where A°is the complement set of A. By Krylov’s inequality for
semimartingales (see [0, 55, 75]) we get 14c(r, X1%) = 0 dr x dP-a.e., it follows
that

t+ao . . . R
B[ 1) [(aat L) (r, XE) + filr, X, ulr, XE9) | dr > E(r—i)e > 0.
t
Therefore,

(O + L), XE) > o) i, XEF, ulr, XE)

on a set of dr x dP positive measure. Furthermore, by Theorem 1.4 in [71] we
get Y; > Y;, which contradicts our assumption (2.26). O
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Abstract

We consider a system of semilinear partial differential equations (PDEs) where
the nonlinearity depends on both the solution and its gradient. The Neumann
boundary condition depends on the solution in a nonlinear manner. We show
that this problem admits a viscosity solution which can be approximated by a
penalization. The uniform ellipticity is not required to the diffusion coefficient.
Our approach is probabilistic. We extend, in particular, the result of [11] and,
in some sense, those obtained in |5, 1]. In contrast to the previous works, we do
not use the weak compactness of the laws of the stochastic system associated
to our problem. We construct a sequence of penalized stochastic system of
Markovian backward stochastic differential equations (BSDEs) then we directly
show its strong convergence. This allows us to deal with the case where the
nonlinearity depends on both the solution and its gradient.

47



Chapter 3: Approximation of a degenerate PDE with Neumann condition 48

3.1 Introduction

Let D be a regular convex, open and bounded subset of R?. We introduce the
function p € CL(RY) such that p = 01in D, p > 0in R4\ D and p(z) = (d(x, D))?
in a neighborhood of D. On the other hand, since the domain D is smooth (say
C3), it is possible to consider an extension [ € CZ(R?) of the function d(-, dD)
such that D and 0D are characterized by

D={rcR?:I(x)>0} and 9D ={xcR?: I(x) =0},

and for every x € 0D, VI(z) coincides with the unit normal pointing toward
the interior of D (see for example [19, Remark 3.1]). In particular we may and
do choose p and [ such that

(Vi(z), §(x)) <0, forall z € R?, (3.1)

where §(x) := Vp(x) and is called the penalization term. We have
1 d
55@) =z —7p(x), VreR

where 7 is the projection operator on D. Consider the second-order differential
operator

1 . 0? 0
L= %:(00 Vi ;b’(')axi
where b : R? = R? and o : RY — R*? are given functions satisfying suitable
assumptions.

Our first aim is to establish the existence of a viscosity solution via penal-
ization to the following system of partial differential equations with nonlinear
Neumann boundary condition, defined for 1 <i<m, 0<t<T, x € D.

%(t, x) + Lu;(t,x) + fi(t, z,u(t,x), (Vuo)(t,z)) =0
w(T,z)=g(x), €D (3.2)
g_Z(tvx) + h(t,x,u(t,x)) =0, (t,x) c [O,T) < 0D .

To this end, consider a sequence (u") of viscosity solutions of the following
semi-linear partial differential equations (1 < i < m, 0 <t < T, z € R4,
n € N).

n

8;; (t,2) + Lul(t,z) + fi(t,x,u"(t, 2), (Vu"o)(t, z))
—n < 0(x), Vul(t,z) + VI(x) > hi(t,z,u"(t,x)) = 0;
u(T,z) = g(x).

The authors of [, 4, 11] considered the case where f depends only on u but not
on Vu. Using the connection between backward stochastic differential equations
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(BSDEs) and partial differential equations (PDEs), the convergence of u” to u
has been established in [11] for bounded and uniformly Lipschitz coefficients b
and 0. The authors of [5] extend the result of [I 1] to the case where b and o
are bounded continuous. The case where b, 0 and f are bounded measurable
is considered in [1] in the framework of LP-viscosity solution. The techniques
developed in the previous works rely on tightness properties of the associated
sequence of BSDEs in the Jakubowski S-topology. The main drawback of this
method is that it does not allow to deal with the nonlinearity f depending
on Vu. Here, our method is direct and does not require weak compactness
properties. The convergence of the penalized BSDE is provided only by the
convergence of the penalized forward SDE. Usually, when the nonlinearity f
depends in the gradient of the solution, PDEs techniques are used to control
Vu in order to get the convergence of the associated BSDE. Here, our approach
is completely different. Namely, we use a purely probabilistic method, which
allows us to deal with (possibly) degenerate PDEs. Our proof of convergence
of the penalized BSDEs adopts the idea used by the authors of [70] in order
to prove the continuity of the solution of a system of SDE-BSDE in its initial
variables (t,z). By bringing some modifications in the computations of [70],
we prove the convergence of our sequence of penalized BSDEs. In the the
same spirit, we establish the stability of the system (3.2) with respect to its
coefficients. Precisely, we consider a sequence (u") of viscosity solutions of the
following nonlinear Neumann PDEs

(Ou?

atl (t,x) + LUl (t, ) + f1(t, x,u" (¢, z), (Vu"e"™)(t,x)) =0,
1<i<m, (t,z) €[0,T) x D,

u(T,z) =g¢"(x), z€D

aai(t,x) + Rt @ Ut 2)) =0, Y(t,z) €[0,T) x 9D,
\ n

where
1

L . 82 n 8
o EZ(“ (@) () S, +§i:bi (')axi'

1]

We show that when (0™, 0", f", ¢g", h™) converge to (b,0, f,g,h), then u" con-
verges to u which is a viscosity solution of the system (3.2).

The paper is organized as follows: Section 2 contains some facts about
reflected stochastic differential equations (SDEs) and generalized BSDEs. This
mainly consists in approximation, stability, existence, uniqueness results and a
priori estimates of the solutions. Section 3 is devoted to the penalization of the
nonlinear Neumann PDE. In section 4, we investigate the stability of solutions
of a nonlinear Neumann boundary value problem.

3.2 Preliminaries and formulation of the problem

Throughout the paper, for a fixed T > 0, (W;;t € [0,7T]) is a d—dimensional
Brownian motion defined on a complete probability space (€2, F,P) and for
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every t € [0,T], F! is the o—algebra o(W,;t < r < s) VN if s > t and

S

Ft =N if s < t, where N is the P—zero sets of F. For ¢ > 0, we denote by
8410, T] the space of continuous progressively measurable stochastic processes
X :Q x[0,T] — R? such that for ¢ > 0 we have

E sup |X¢|? < +o0.
te[0,7

For ¢ > 0, we denote by M¥(0,T') the space of progressively measurable stochas-
tic processes X : Q x [0, 7] — R? such that:

T 3
([ )
0

3.2.1 Penalization for reflected stochastic differential equa-
tion

T
E <400 if ¢>0; and / | X|?dt < +00 P—a.s. if ¢=0.

0

Let (¢t,7) € [0,T] x D. The reflected SDE under consideration is

( S s

X' =gt / b(XET) dr + / o(XE7) dW, + Kb,
t t

K2 = [ VI, (3.3)
t

\’Kt’x‘[t,S] :/ 1{Xﬁ’”eaD}d‘Kt’x’[av'}’ s e[t T],
t

where the notation |K"*|; ) stands for the total variation of K on the interval
[t, s], we denote this continuous increasing process by k-*. In particular we have

K — / < VI(X'), ARt > (3.4)
t

Several authors have studied the problem of the existence of solutions of the
reflected diffusion and its approximation by solutions of equations with penal-
ization terms, we refer for example to [19, 45, 81, 82, 81]. We consider the
following sequence of penalized SDEs associated with our reflected diffusion
Xt,x
Xbon =g +/ [b(Xf””‘) — né(Xf,”‘)] dr +/ o( XM dW,, s e[t T).
t t

(3.5)

For s € [t,T], we put

Kb = / —nd(XE")dr and kLT = / < VI(XP2"), dEP" > . (3.6)
t t

We introduce the following assumption

(A.1): There exist positive constants C' and u such that for every (z,7y) € R%:
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(i) [b(z)] + |o(@)] < C(1 + |z]),
(i) [b(z) =b(y)| + lo(z) = o (W)l < plz =yl

It is known that under assumption (A.1) equation (3.5) admits, for any fixed
n € N, a unique strong solution, and we have for every ¢ > 1:

sup E sup |X5""*7 4 sup E sup |Kt$"]2q+supE|Kt’””|th < +o00. (3.7)
n>0  selt,T) n>0  se€[t,T)

The proof of the previous estimates can be found e.g. in |5, Lemma 3.1].

The first assertion of the following theorem is proved in [$4], while the second
one follows from [31].

Theorem 3.1. Under assumption (A.1), we have
(i) the system (3.3) admits a unique solution,
(ii) forevery 1 <g<ooand 0 <T < oo,

E | sup |XF"" — XE*|9| — 0, as n — oo,
t<s<T
the limit is uniform in (¢,2) € [0, 7] x D.
We extend the processes (X*, K**) and (X" K"*™) to [0,t) by putting

X0 = Xt = K0T = Kb =0, fors € [0,1).

As a consequence of Theorem 3.1, we have the following convergence, which is
established in |11, Lemma 2.2]|.

Lemma 3.2. Under assumptions of Theorem 3.1, we have, for any ¢ > 1:

n—oo 0<s<T

(i) lim E [ sup |Ktx” Kﬁ’“|q1 =0;

(i) lim E [ sup

n—o0 0<s<T

/ S(XT)dE / o(X,) A
0 0

q
} =0 forevery ¢ € CH(RY).

Remark 3.3. (i) Using Lemma 3.2 and the representations (3.4), (3.6), it
holds that for any ¢ > 1 and any (¢,z) € [0,T] x D

lim E sup [kL™" —Ekb7|7 = 0. (3.8)

n—=+00 0,7

(ii) From [30, Corollary 2.5], it follows that for each ¢ > 1 and each (t,z) €
0,7] x D

E sup | X" +E sup [K® [P+ E|[ K[ 7 < 400 (3.9)
s€[0,T] s€[0,T"
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3.2.2 Backward inequality

We state a lemma, which is a version of [69, Proposition 6.80, Annex C|. We
also give the proof for the convenience.

Lemma 3.4. Let (Y, Z) € 8%, x M2, ,, satisfying

mxd?

T T
Yt:YT+/ dICT—/ Z.dW,, 0<t<T, P—a.s.,
t t

where K € 8% and K (w) € BV([0,T];R™) (the space of bounded variation
processes).
Assume be given

e a non-decreasing stochastic process L with Ly = 0,
e a stochastic process R (w) € BV([0,T],R), with Ry =0,

e a continuous stochastic process V (w) € BV ([0,T],R), such that V=0,

T
E sup/ eV dR, | < oo,
s€[0,T] Js

and
(1) <Y, dK, >< $[|Z,||*dr + |Y;|?dV, + |Y,|dL, + dR, as measures on [0, T,
(1) Esup,cpr e |V,]* < +oo.

We then have the following conclusion : if @ < 1, then there exist positive
constants C', Cs and (3, depending only on «, such that

T
B s e nl ) e ([ e z))
re[0,T] 0

2

T T
< C, Ele""Yr|* + CE ( / eVTdLr) + C3E sup / e*V"dR,.
0 s

s€[0,T

Proof. By Itd’s formula, we have

T
R e Y A
t

T
_ / €2Vs
t

T T
= |eTYp|? +2/ eV (<Y, dK, > —|Y,[*dV;) —/ e?Vs
t t

T
YSFdVSH/ eV < Y, dK, >
t

T
Z,||?ds — 2/ <Y, eV Z,dW, >
t

Z||*ds

T
—2/ <Y, eV Z,dW, > .
t
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Using (i) of Lemma 3.4, we get

Z||Pds <

T
eV Y2 + (1 — a)/ Vs
t
T T
VY7 |? + 2/ Vs (dRy + |Yi|dLy) — 2/ <Y, eV Z,dW, > .
t t
We consider the following sequence of stopping time

T, :=T ANinf{s >t : sup |e""Y, — Y] +/ e
t

re(t,s]

Zr||2dr—|—/ eV"dL, > n}.
t

For s € [t, T], we put Ny :=2 [ 1pp(r) < €Y., eV Z.dW, >.

Since
T, 3
<c( [ evmpizla)
t

T, 2
/ eV Z,|2dr
¢

[

E(< N >T)

sup |e"Y, — "V ” + 'Y
re(t,Tn]

S\/§C’E<

< V20E (|e"Y;] +n) v < +00.

Then, the process {N; : s € [0,7]} is a martingale.
By the forgoing, we have

Tn Tn
VY2 + (1 — a)/ e?V|| Z,||2ds < |e¥™ Yy, |? + 2/ e?s (dR, + |Y,|dLy)
t t
—(Ng, — Ny).

Taking expectation, it follows that

Ty
E (]thYHQ +(1-— a)/ eV
t

Tn
E <|eVTnYTn|2 +2/ eV (dR, + |Ys|dLS)) . (3.10)
t

ZSHst) <

On the other hand, we have

E sup VY <
r€l0,Ty)]

Tn Tn
E <|€VT" Yz, > +2 sup / e dR, + 2/ eV
s 0

s€[0,T%]

Yi|dLs 4+ 2 sup \NT|>.

rel0,T5]



Chapter 3: Approximation of a degenerate PDE with Neumann condition

54
The Burkholder-Davis-Gundy inequality shows that

Ty Tn
E sup [V, 2 <E|[e"™Yy |?+2 sup / e*V"dR, + 2/ e?Vs
r€[0,T7] s€[0,Ty] Vs 0

1
Ty 2
+2CppcE (/ €4VT|3§!2HZrHQd7“>
0

Ty Tn
<E (\eVTn Y7, |2 +2 sup / 2" dR, + 2/ e2Vs
s 0

s€[0,Th]
Z, ||2dr>

mdLs)
Ys|dLs>

Ys|dLs>

1 Tn
+E (5 swp NP+ 20k [ 2 dr
2rE[O,Tn] 0

Tn Tn
< 2E <|€VT" Y, |2 4+2 sup / 2V dR, + 2/ e?Vs Ys\dLs>
|Js 0

(NI

Th
+2CspgE [ sup 62‘/7'Yr|2/ e2Vr
r€[0,T7] 0

Th Th
<E <|6VT” Yr,|> +2 sup / e*"dR, + 2/ s
s 0

S€[0,Thn]

s€[0,Tn

Th
4O E ( / eQVTHZrHer) |
0

where Cgpg denotes the Burkholder-Davis-Gundy constant.
From inequality (3.10), we get

1 (™
E sup [e"Y,]? + —E/ e | Z,|)Pdr < pE (e Yy, [?)
r€(0,T5] 2 0

Tn Th
+2uE | sup / eV dR, | +2uE (/ e?Vs Y;\dLS> ,
SG[O,Tn] S 0

where
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It follows that

1 Tn Th
E sup ’evTYv"F‘i‘—E/ N Zo|Pdr < E | ple"™Yg, [* +2p sup / e*V"dR,
r€[0,Ty] 2 Jy e l0T]
Tn
+2uE [ sup e \Y|/ eV dL,
re(0,T7,]

1 n
E sup [|eVY,|* + QE/ V|| Z,||Pdr < E (,u\eVTnYT > +2u sup / eQVTdRr>
0 ]

ref0,Tn) s€[0,Tn
2

1 In
+ §E sup V|V, |* + 2u*E </ eVTdLT)
0

rel0,T,]

Tn
E sup ]eV’“Y}|2+E/ eV
rel0,Ty,] 0

Tn
Z.||Pdr <E (2,u|€VT" Yz, >+ 4u sup / ewrdRr)
]

SE[O,Tn
2

Tn
+ 44°E ( / eVTdLr) .
0

Ch :=2pu, Csy :=4pu and C5 = 4,u2.
We then have,

Put

Ty Tn
E( sup |qu;|2+/ eQVr||Zr||2dr> < C1E|e"™ Y7, |2 + CoE  sup / e?"dR,
0

ref0,Ty] s€[0,Ty] Vs
T v
+ CgE </ (& dLr)
0

2
Letting n tends to +o00, we conclude by using the Beppo-Levi theorem for the
left-hand side term of the previous inequality, and the Lebesgue dominated
convergence theorem for the right-hand side term. O

3.2.3 The BSDEs associated to the nonlinear Neumann
problem

We introduce the generalized BSDEs which we have to use. Let f : [0,7] x

R? x R™ x R™¢ — R™ b : [0,7] x RY x R™ — R™ and g : R — R™ be

continuous functions, satisfying the following assumptions:

(A.2) There exist C, [ positive constants and 5 < 0, iy € R such that for every
t € [0,T) and every (z,2',y,y,2,7') € (Rd)2 x (R™)? x (R™*4)2 we have:

(i) <y—v . flt,w,y,2) = ft,z, 9, 2) > < prly =y,
(i) |f(t,z,y,2) — f(t,@,y,2)| < ||z = 2],

(ii) 0] <Cd+1yl)

(iV)<y yh(,w y) —h(t,z,y) >< Bly —y'|%,

Y
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(v) [h(t, 2, y)| < C(1+Jyl),
(vi) [g(@)] < C(1 + |z).

For every t € [0,T] and s € [t,T], consider the following generalized BSDEs

T T
Yst,z,n — g(X;,CE,n) +/ f(T, Xﬁ,z,n7}/rt,z,n, Zﬁ,z,n) d?” +/ ]’L(T’, Xﬁ,x,n7 Kt,z,n)dk:,z,n

T
— / ZEm dW,, (3.11)
and
T T T
i = a0y [t i v 2y [ X i [z aw
’ ) T (3.12)
According to |68, 71|, assumption (A.2) ensures the existence of unique solutions

to equations (3.11) and (3.12). The solutions of equations (3.11) and (3.12) will
be respectively denoted by (Y*", Zb*™) e and (Y, Z5%) sepe,m-

Lemma 3.5. Under assumptions (A.1)(i) and (A.2), it holds that for any ¢ €
[0, 71,

T T
supE | sup |[YF*"? 4+ yhen 2qgten 4 Zben2dr | < 400 (3.13
p p |Y; , . .
t t

n>1 relt,T]
and
T 3
E( sup |[V"*))7+E (/ HZ,'f’xHQd?“) < +o00, Vg>1. (3.14)
re(t,T) t

Proof. We prove the first assertion. It6’s formula gives
T
R N R e s
TS
+2/ < }/Tt,av,n7 f(?”, X;t,x,n’y;t,:p,n7 Zﬁ,x,n) > dT‘
t
T T
+2/ < Y;t,x,n, h(?“, Xﬁ,:p,n’ Y;t,x,n) > dkfn,z,n o 2/ < Y;t,x,n’ Z;’x’ndWr > .
t t
Using assumption (A.2), we find

T
|Y'St,z,n|2 +/ ||Z£’r’nH2dT’ S CQT+ 202 4 202’X§ix,n|2

S

T T
+(1+ 2up + 213) / Ve dr + 2/ (BIYE" > + CIYEm]) dibs

S

T
t71 t77
—2/ <Y er o Z0mmdW, > .
S
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Since —f > 0, we use the inequality 2ab < (—f)a® + %, to get

T
|}/St,m,n|2 +/ ||Zﬁ’m’nH2dT‘ S C2T—|— 02 4 02|X§lx,n|2
) T 2 T
(1 + 2up + 212) / Y, 2dr — Fk;“ +8 / |y en 2 dften
sT s
—2/ <yben Zbendw, >

Since the process ([, < Y"*", Zb*")dW, >) is a uniformly integrable martin-
gale, we take expectation in the previous inequality to show that

T T
E <’Y;t,z,n‘2 4 |ﬁ‘/ ’Kt,x,nIQdki,x,n +/ Hzﬁ,x,nH2dT) S C2T+02 +02E‘X§lx’n‘2

02 T
+TERE 4 (14 2+ 2B)E / Yer P,

Using estimate (3.7) and Gronwall’s inequality, we obtain

T T
sup sup E (|YSM”|2 +/ |Y,t$”|2dkf,zn+/ ||Zﬁ’$’”|]2dr> < +o00.

n>1 selt,T]

Burkholder-Davis-Gundy inequality shows that

n>1 s€[t,T) t t

T T
sup E ( sup [V + / Yo fdk + / HZﬁ’Z’"HQdT> < +o00.

Inequality (3.13) is proved. Using [54, Proposition A.2|, we prove inequality
(3.14). 0

We extend the processes (Y5 Zb%m) and (Y5*, Z%*) to [0,t) as follows

yhen = ypher o ybr =Y and Z0"=Z0":=0, s € [0,t). (3.15)

3.3 Penalization of the nonlinear Neumann PDE

We divide this section into two parts. The first one concerns the convergence
of the solution of the BSDE (3.11). The second one is an application of our
convergence to the nonlinear Neumann boundary problem.

3.3.1 Convergence of the penalized BSDE

For (t,z) € [0,T] x D, let (Y "", Zbo™) o and (Y%, Z5%)sci01 be respec-
tively, the solutions of BSDEs (3.11) and (3.12). Our first main result is
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Theorem 3.6. Let assumptions (A.1) and (A.2) hold. Then, we have the follow-
ing convergence

T
E| sup [YH"" — Y2 +/ | ZEm — Z5|2dr | — 0, as n — +oo.
re[0,T] 0

Proof. We adapt the proof of [70, Theorem 3.1] to our situation by bringing
some modifications. From now on, we suppress the superscripts (¢,z), and C
will denote a nonnegative constant, which may vary from one line to another,
but does not depend on n. We shall apply Lemma 3.4 to the following BSDE

T T
VY = g - g+ [y - [z - zyaw,

where

aKy = [f(r, XY Z0) — f(r, X,., Y., Z,)] dr + h(r, X', Y,")dk! — h(r, X, Y,)dk,.

Using (A.2)(i)-(A.2)(ii), we get for every 0 <t < s < T,

T
<K=n_Y7"7f(r7X;l7}/;~nazf>_f(TaXMK“)ZT) > dr

T

s

T
= [N Y S XY 2D - F XY 2 >
’ T
+/ <}/7~n_Y;‘uf(raX:«l?KWZ:})_f(T7X:}7}/T7ZT)>dr
ST
+/ <YYo (XY, Z,) — [, X Ve Z) > dr
TS
< [ vy = Vi 4 1Y =127 - 2, ar
’ T
+/ Y Y XY, ) — [(r. X, Y, Z,)|dr

T
1
< [ @ uplvy —YiPar+ 5127 - 2P

T
+ / Y =Yl XD Yo Z) = f(r, X, Y, Z,)ldr
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On the other hand, thanks to assumption (A.2)(iv), we obtain
T
/ <Y — Yo h(r, X7, YPVAKD — h(r, Xy, Y)dky >
S
_ / <Y =Y h(r, XPYT) = B(r, X, Y;) > R
T
+/ <YYo h(r, XP,Y,) — h(r, X, Y) > di”
T
+/ <Y =Y h(r, X, Vo) (R — dk,) >
T T
<6 [ M- VPR [ = Vb XY = B X e
ST S
+/ <Y Y h(r, X, V) > (AR — dk,)
TS
< [ VG X ) ~ B X Yk
’ T
+/ <Y Y h(r, X, V) > (AR — dk,).
By the foregoing, it holds that, for A = (I7 + pus) V 17,

1

<YYo dKr > < |20 = Z|Pdr £ A - Y P
+|}/;n - K‘Hh(T? X;'lu}/;“) - h(?", Xru}/;“)’dk:}
+|Y;~n - Yr”f(rv X;L>K“> ZT) - f(7“> XT?K”) Zr)|dT
+ <YY" =Y, h(r,X,,Y,) > (dk" — dk,)

1
= ||Z" — Z.|Pdr + \Y" = Y, |*dr + |Y" — Y, |dL" + dR",
4 T T T T T

where L™ and R™ are defined by

dLy = |f(r, X\ Y., Z,) — f(r, X,.,Y;, Z,)|dr
Hh(r, XY, — h(r, X, V)| dE (3.16)
AR = <Y =Y, h(r,X,,Y,) > (dk" — dk,). (3.17)

Therefore, by Lemma 3.4, there exist positive constants C', Cy and C'3 such that

T
E ( sup ey, — YT|2> +E (/ || Zm — ZT||2dr> (3.18)
0

rel0,T]
2

T T
< CLEPT|g(XD) — g(Xp)|> + C,E ( / e”dL;}> + C3E sup / e dR".
0 s

s€[0,T]

We shall give several auxiliary assertions ensuring that the right-hand side term
of the previous inequality converges to zero as n goes to +oo.
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Lemma 3.7. Under assumptions (A.1) and (A.2)(vi), the following convergence
holds
lim E (¢*|g(X7) — g(X7)[*) = 0.

n—oo

Proof. Taking into account the convergence of X7 to X, the continuity of g,
assumption (A.4)(vi) and estimates (3.7) and (3.9), the result follows by using
the Lebesgue dominated convergence theorem. O]

Lemma 3.8. Let L™ be the processes given by equation (3.16). Assume that
(A.1) and (A.4) are satisfied. Then,

T 2
lim E ( / e”dLZ}) =0.
n—oo 0

Proof. Using the triangular inequality, we obtain

T 2 T 2
E(/ e”dLj}) < 2E</ e”|f(r,Xf,YT,Zr)—f(r,XT,YT,ZT)|dr>
0 0
2

T
+2E (/ M |h(r, X", Y,) — h(r, X,, K)\dk:‘)
0
= I+ 17

We shall show that IT" and I} tend to zero as n tends to co. Holder’s inequality
leads to

T 2
]in = E (/ 6>\T|f(rv X:LaY;”a Zr) - f(T’ XT?S/T’ ZT)|dr)
0

T
< 2T€2)‘TE</ ]f(r,X;},n,ZT)—f(r,Xr,m,ZT)Pdr). (3.19)
0

Again by the convergence of X” to X in each L? with respect to the uniform
norm and the continuity of f we deduce that the sequence |f(r, X", Y,, Z,) —
f(r, X,.,Y,, Z.)|> converges to zero in probability, a.e. » € [0,T]. Since by
assumptions (A.2)(ii) and (A.2)(iii) on f we have

[f(r, XY Z,) = f(r, X Yo, Z)P < CA+ Y P+ | Z7),  ae.r €[0,T],
it follows that

E|f(r,X" Y, Z) — f(r, X,, Yy, Z,)]? =0, as n— +oo, a.e.r€0,T]
Using the Lebesgue dominated convergence theorem, we get lim, 1007 = 0.

Concerning 17, Holder’s inequality yields

T 2
I = o ( / e”|h(r,XT”,YT)—h(r,XT,YT)\dk’ﬁ)
0

N|=

>
(sup E (k::"p)4) (3.20)
rel0,T] n>1

< 2T (E sup |h<r,X:,n>—h<r,Xr,w4>
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On the other hand, by the linear growth assumption on h, we have for each
qg>1

E sup |h(r, X, Y,) — h(r, XT,YT)|4q <C(1+E sup |Y7,|4q).
rel0,7] rel0,T]

It follows from estimates (3.14) that the sequence of random variables

suprepo | h(r, X, Y,) — h(r, X,,Y;)|* is uniformly integrable. Since X" con-
verges to X in each L? for the uniform norm, we deduce that the sequence
suprepo,r)|h(r, X', Y.) — h(r, X,,Y,)|* converges to zero in probability as n goes
to +00. This combined with estimate (3.7) ensure that lim,,, o[} = 0. Lemma
3.8 is proved. O

We will show an estimate for the solution Y™ that will be used to control

the term Esup,c fsT e?"dR". To this end, let N € N, N > T and the
partition of [0, T, r; = % i=0,..,N. We put r/N := max{r;; r; <r}. Given
a continuous stochastic process (H,),cp,r], we define

N-1
sz = Z Hril[n’TiH)(T) + HTl{T}(T) = HT/N'
=0

Lemma 3.9. Assume (A.1) and (A.2) hold. Then, for any ¢ €]1, 2[, there exists
a positive constant C' depending on 7', ¢ and independent on N, such that:

n—oo

T

limsup E (/ Y — YN (dE" + dkr)> <
0

Proof. We write BSDE (3.11) between s/N and s

)/sn’N - }/sn+ f(T’, X?,}/TH,Z:L)CZ’/‘
s/N

+/ h(r,Xﬁ,Yf)dk;f—/ Zrdw,.
s/N s/N

Holder’s inequality gives

C
DS S L

s 4/2
< | [ X zpar

/N
q

s ‘1/2
ro (kg — )™ | [ o vnpar] e
s/N

/ Zrdw,
s/N

It follows that

T
E ( / Y — YN (dE + dk;r)) < PN+ N 4 g
0

C T s q/2
5o s [ e xe v zpar| ),
0 s

/N
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T s q/2
5= C [ = kg ([ YRR ) (@ ),
0 s/N

q

T
TN = (JE/ (dk™ + dk,).
0

/ Zrdw,
s/N

We shall estimate J{"", J5*" and J3*". We use Holder’s inequality to obtain

N C T s q/2
= WE/ U £ (r, Xfaﬁn,Zf)Fdr} (dk? + dky)
0 s/N
C T a/2
< warB | (kr +br) UO £ (r, X?,K",Z;L)Fdr} )
C N 2 2—q T o q/2
< N2 (E(kT + k?T)2—q) 2 (E/O |f(r, X, Y] ,ZT)|2d7”) '

By the linear growth of f in its third variable and Lipschitz continuity with
respect to the fourth argument, we get

. - T q/2
2 \ 3
B 5 (i)™ (1 oz [
N4 r€[0,T] 0
C
< -
= N4/2

where in the last line we have used inequalities (3.7), (3.9) and (3.13).

Concerning J3' N we use Holder’s inequality, the monotony of k™ and the
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linear growth condition on h, to obtain

T s q/2
5 = [0k ([ htn X P ) (@ )
0 s/N

T q/2 N Ty

< CE( / |h<r,Xf,Y:>|2dk:f) S [ = b i)
0 =1 Y Ti—1
T q/2

< c(E / |h<r,Xf,dekf)
0

X ]E(Z/ (kg—kg/N)q/Q(dkg+dks)>
i=1 v Ti-1
q/2
<

T
o (& [ i xz v
0

N 4| 2
x |E (Z(k;; D K (S R k:))

i=1

T q/2
< C (IE/ 1+ \Y,,”|2dk;f)
0
2 1%
N 2—¢q
x |E <Z(k;; — k2 )P Ak, — K — k))
=1
T q/2
< C (Ek:;; +IE/ |K"|2dkﬁ)
0 .
N 7—¢ 2
x |E (Z(k;g — k)P A Ky, — KR — k:))
=1
Hence, by inequalities (3.7) and (3.13), we see that
2 %
N 2—¢q
JpN < C|E <Z(k;; — k)P A Ky, — KR — k))
=1

Taking into account the convergence of k" to k (Remark 3.3 (i)), estimates
(3.7) and (3.9), we pass to the limit as n goes +oo then we use the Lebesgue
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dominated convergence theorem to get

n—oo

N 7—q
lim sup JQn’N <C|E (Z(kr — kfn,l)qm(kn - k?‘i1))

-----

,,,,,

N
For J;"", we have

T
JpN = CE/
0

q

(dk? + dk.)

/ Zrdw,
s/N

q
(dk? + dk,)

q
(kZ - k:fi,l + kri - kTPl)

IA
Q

ZE sup

i=1 SE[Ti_l,’I‘i]

Z/N
/ ZMdW,
Ti—1

Using the Burkholder-Davis-Gundy inequality, we obtain

IN

SE[ri—1,7i]

N 2\ 3 24
ey (]E sup > (E(k:;; K 4k, — k)f> 2
i=1

2—q

N T4 ) 2
5 o< oS (8 [ 1ztar) (B - kb))
=1

2—q
2

NS

IN

Again by Hélder’s inequality, we find
JQ’N (ZE knz B k:}i—l + kTi - kr¢1)23q>

(ZE / 127 dr)
T i/ N 2 2g
C(E/ HZZ‘IIer> (Z]E(kg—kfi_lJrk”—kn_l)“) _
0 i=1

Keeping in mind inequality (3.13) and the convergence of k" to k, we pass to

IN
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the limit as n — 400, to obtain

2—gq

N
lim J;V < C (Z E(k,, — k:))
=1

v =
< k. )T — Kk,
= C (E 7;11171}\{[(]{;7‘1 krz—l) 2(1{;7‘2 kT’L—l))
N
< C <IE ax (k,, — k)kT)
i=1,N
2-q 2q =
S C (]Ek%) 4 (]E Eﬁ]}\{[(krz - k”_l>2q)
2—q
2q 4
< C (E max (k,, — kr“)“) :
i=1,N
This completes the proof of Lemma 3.9. O

Lemma 3.10. Let R™ be the process defined by (3.17). Under assumptions (A.1)
and (A.2), the following inequality holds

T
limsupE sup / e”rde <0.

n—00 s€[0,T]
Proof. Set h, = h(r, X,,Y;) and |h|e = sup,¢p 7} ||, We have

<Y"-Y.h.> = <Y YN h bV >+ <YV -V, h >
+ <Y YN N > 4 <y Y™ >

T
E sup/ e dR! | =
s€[0,T] Js

T
E ( sup / A <Y — Y, h(r, X,., Y, (dk" — dk,) >)
1Js

s€[0,T

< E[((1Y" oo + [V |o)h = WV oo + 1YY = V|so|hloo) € (k3 + k)]

N v
+E ( sup Z < }/::4 - Ynfp hrFl > / €2Md(]€:f _ kr))

s€[0,7] ;5 ATi—1

T
+E (em|h|m/ YN — Y |(dk + dk:r)) .
0
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Let 1 < ¢ < 2. Using Holder’s inequality repeatedly to obtain

T
E sup/ AR | <
s€[0,T] J s

[ [T (Voo + V1)) "] * [ECRE + k)] [BIB - BV 2]
+

Jun

1

2

[E [ (k. + kT)]h]OO]2] [E|yY — Y&}%

N

F2Ne?T (1 + AT) [E [T ([Y"o + ]Y]oo)ﬂ SE (E

sup [k — Kg[*
s€[0,7

g=1 1

2q q— q

29 -1 T
+e?T {E|h|gol} [E (k7 + kr)?] ™ {E/ IYT”’N—K"Iq(dkMdkr)] - (321
0

The linear growth hypothesis on h combined with estimate (3.14) show that for
every p > 1,

E|r[%, =E sup |h(r, X;,Y,)[" < C(1+E sup [Y;]") < +o0.
TE[OvT] TE[O,T]

On the other hand, we use inequalities (3.7), (3.9), (3.13) and (3.14) along with
Lemma 3.9 then we pass to the limit as n goes to +00 in inequality (3.21) to
get, for all N € N*,

n—r+00 s€[0,T]

T
limsupE<sup/ erR:f> < C(Eh—nN) " +c ®YY —v|2)"?

+

C . % 1/q
- — 2—q
Na/2 +C [Egﬁj}\{[ (kﬁ km‘—1) :| :

Since the integrands are uniformly integrable, then passing to the limit as N —
400, we get the result. Lemma 3.10 is proved. O

Now, combining inequality (3.18) with Lemmas 3.7, 3.8 and 3.10, we com-
plete the proof of Theorem 3.6. n

3.3.2 Convergence of the penalized PDE

This subsection is devoted to an application of our convergence of the BSDE.
Namely, we will establish the convergence of a viscosity solution of the following
systems

ou?
ot

(t,x) + Lul(t,x) + fi(t,x,u"(t,x), (Vu"o)(t, z))
< 8(x), Val(t,x) + Vi(z) > hi(t, 2,0t x)) =0,  (3:22)
u'(T,x) =g(z),1<i<m,0<t<T,xe€RnecN
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to a viscosity solution of a system of the form

( 8’1,61

B (t,z) + Luy(t,x) + fi(t,x,u(t,z), (Vuo)(t,x)) =0,
1<i<m, (t,z) €[0,T) x D,

w(T,z)=g(x), €D,

g—g(t,x) + h(t,z,u(t,z)) =0, Y(t,z) € [0,T) x D
\

(3.23)

Since, we consider viscosity solutions, we introduce the following condition

(A.3) f;, the i-th coordinate of f, depends only on the i-th row of the matrix
2.

For the self-contained, we recall the definition of the viscosity solution of
system (3.23).

Definition 3.11. (i) u € C([0,T] x D,R™) is called a viscosity sub solution
of system (3.23) if u;(T,7) < gi(x), * € D, 1 < i < m and, for any
1<i<m, peC?(0,T] x RY), and (t,z) € (0,T] x D at which u; — ¢
has a local maximum, one has

Oy

—E(t,x) — Lo(t,x) — filt,z,u(t,x), Veo)(t,z)) <0, if x € D,

min (—aa—f(t, x) — Lop(t,x) — fi(t,x,u(t,x), (Veo)(t, z)),

_g—::(t,if) - hi(t,x,u(tw))) <0, ifzedD.

(i) u € C([0,T] x D,R?) is called a viscosity super-solution of (3.23) if
w(T,z) > gi(z), x € D, 1 < i <m and, for any 1 <7 < m, ¢ €
CY2([0,T) x RY), and (t,z) € (0,7] x D at which u; — ¢ has a local
minimum, one has

Iy

—E(t,x) — Lo(t,z) — fi(t,z,u(t,x),(Veo)(t,z)) >0, if = € D,

max (—%—f(t, x) — Lo(t,x) — fi(t,x,u(t,x), (Veo)(t, z)),

0
—a—‘p(t,x) - hi(t,:c,u(t,:c))) >0, ifzeaD.
n
(iii) u € C([0,T] x D,R™) is called a viscosity solution of system (3.23) if it is
both a viscosity sub and super-solution.

We recall a continuity of the map (¢, z) — Y;t’x where Y7 is the solution of
BSDE (3.12). This continuity has been proved in [70].
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Proposition 3.12. (|70]) Under assumptions (A.1) and (A.2), the mapping (¢, x) —
Y;"* is continuous.

Our second main result is

Theorem 3.13. Assume (A.1), (A.2) and (A.3). There exist a sequence of con-
tinuous functions u™ : [0,7] x R? — R™ and a function u : [0,T] x D — R™
such that: u™ is a viscosity solution to system (3.22), u is a viscosity solution to
system (3.23) and the following convergence holds for every (t,z) € [0,7] x D

lim w"(t,z) = u(t, ).
n—+oo

Proof. We set,

u(t,x) =Y and  u(t,z) = Y}" (3.24)
It follows from Theorem 3.2 of [68] that u" is a viscosity solution of PDEs (3.22).
Thanks to [70, 71], u is a viscosity solution of PDEs (3.23). Further, we have

for each (t,x) € [0,T] x D

u(t, 2) —u(t,z)? = [V = VP <E sup [YIO - VIR
s€[0,T]

Thanks to Theorem 3.6, we have lim, ,ooEsupycoq |[Y™" — Y72 = 0. It
follows that,

lim u"(t,z) = u(t,x).
n—-+4o0o

The theorem is proved. O

Remark 3.14. When v is the unique viscosity solution of system (3.23), then
it is constructible by penalization. This is the case when d = d’, since by [69,
Theorem 5.43, p 423] or [70, Theorem 5.1] the viscosity solution of system (3.23)
is unique.
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Abstract

We prove a stability result for the viscosity solution of the non-linear Neumann

problem (3.23).

4.1 Introduction

In the the same spirit, we establish the stability of the system (3.2) with respect
to its coefficients. Precisely, we consider a sequence (u™) of viscosity solutions

of the following nonlinear Neumann PDEs

. agf (t, ) + Ll (t,x) + fP(t, x,u(t @), (Vu"e™)(t,x)) = 0,
1<i<m, (t,z)€[0,T)x D,
u'(T,z) = g"(z), v €D
\%(t,x) RNtz u () =0, Y(t,z) €[0,T) x D,
where , N ;
£r=3 ZJ @@V i G, T ;by(.)axi,

OThis chapter uses notations and assumptions from chapter 3

69
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We show that when (0™, 0™, f", ¢g", h™) converge to (b,0, f,g,h), then u" con-
verges to u which is a viscosity solution of the system (3.2).

4.2 Preliminaries

4.2.1 Stability of Reflected SDEs

In order to show the stability result for the nonlinear Neumann PDEs, we need
a stability of solutions for equation (3.3). To this end, we consider the following
sequence of reflected SDEs

Xbon = g 4 / b (XL drr + / o™ (XE5m) AW, + KB,
t t

t

S
|Kt’x’n‘[t7s] Z/ 1{Xﬁ717"eap}d|Kt’x’n|[t,r}, Vs € [t, T,
. t
where 0" : R* — R4, ¢ : R? — R4 are sequences of measurable functions
satisfying the following assumptions

(A.4) There exist positive constants C and j,, n € N, such that for all z,y € R?
(i) sup,>q [0"(x)| + sup, > [[o"(z)]| < C(1+ [z),
(i) [o"(z) = 0" (y)| + llo"(2) — " (W) < prnlx —y.
Remark that )
kLo = / < VI(X™), dKP™ > (4.3)
t
We extend the processes to [0, 7] by setting

Xbom =g and K" =0 for s € [0,t). (4.4)

The following lemma is useful to prove the stability result for equation (3.3).

Lemma 4.1. Assume that (A.4) is satisfied. Then, for each n € N, equation
(4.2) has a unique solution (X**" K%*™). Moreover this solution satisfies for
each ¢ > 1

sup E sup |XE""*7 4 sup E sup |K5"" % SupIE|Kt"”’”|‘[1O 7 < +00. (4.5)
n>0  s€[0,T) n>0  s€[0,7)] n>0 ’

Proof. The existence and uniqueness of solution for equation (4.2) follows from
[31]. Arguing as in the proof of [5, Lemma 3.1], one can establish the estimates
(4.5). O

We introduce now the condition



Chapter 4: Stability result for nonlineair Neumann problem 71

(A.5) For any compact subset x of R? it holds

n—=+00 \ zek TER

lim (sup |b"(x) — b(z)| + sup ||[o"(z) — a(a:)||> =0.

The next lemma is a stability result for equation (3.3), it is proved in [37]
by means of the tightness property. For the reader’s convenience, we recall the
main lines of the proof under our assumptions.

Lemma 4.2. Let assumptions (A.1).3.2.1, (A.4) et (A.5) be satisfied, then

(a) For any ¢ > 1 and (¢,7) € [0,7] x D, we have

lim E| sup |[X2"" — X520 4+ sup |KY™" — K921 =0 (4.6)

n=teo | 0<s<T 0<s<T
where (X% K%*) is the solution of equation (3.3).
(b) For every ¢ > 1 and every (¢, z) € [0,T] x D

lim E sup [kD™" — kb7 = 0. (4.7)

n—=+00 0,7
where k"* is given by (3.4).

Proof. We suppress the superscript (¢,z) from the notation of the processes
(Xbon Kben X K5T) By 1t0’s formula, we have

XP-XP -2 [ <X - X d(K] - K) <
t
/s X7 — X, |2dr 42 / B(XT) — b(X™)dr
t t
=3 (XT) — b(X,) P 2 / lon(XP) — o (XM 2dr + 2 / o (X7) — o(X,)|2dr
+2 / < X" — X, (6" (X") — o(X,))dW, > |
t

Since )
—/ < X"~ X,,d(K" — K,) >>0
t
we use assumptions (A.1).3.2.1 and (A.4)(i) together with the Burkholder-
Davis-Gundy inequality to obtain for all ¢ > 1 and N € N*

T
E sup | X" — X% < C’E/ | X" — X,|*dr 4+ C sup [b"(x) — b(z)[*
t

t<s<T |z|<N

T
+C sup 0" (@) — o(@)|P" + CE / (14 X2 P gy dr
|z| <N t
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where C' is a constant varying from line to another and independent of n and
N. By Holder’s inequality, we infer

T
E sup | X" — X,|* < CIE/ | X" — X,|*dr 4+ C sup [b"(x) — b(z)[*
t

t<s<T |z|<N

C T % T %
<E/ (1+|Xf|4q)dr) <IE/ \der) .
|z|<N N2 t t

+C sup |o™(z) — o(x)|*? +

By estimates (4.5) and Gronwall’s lemma, we get

C
E sup [X7— X, < C sup [b"(x) — b(x)[* +C sup [|lo"(z) — o(2)|* + —.
t<s<T lz| <N lz| <N N2

Given assumption (A.5), we successively send n and N to infinity, to obtain

lim E sup | X" — X,[* =0.

n——+0o t<s<T

On the other hand, we use assumptions (A.1).3.2.1 and (A.4)(i) then we proceed
as before to show that for all ¢ > 1 and N € N* we have

E sup |K"— K,J* <CE sup | X" — X,|**+ C sup |[b"(z) — b(x)|*

t<s<T t<s<T |lz|<N
n 2q C
+C sup [lo"(x) — o(@)™ + —.
|z|<N N2

Letting n and N go to infinity, we conclude that
lim E sup |K"— K,|* =0.

n—=+00  p<e<T

This proves assertion (a). Arguing as in the proof of [I1, Lemma 2.2] and
using assertion (a) along with the representations of £ and k in (4.3) and (3.4)
respectively, we get the claim (b). ]

4.2.2 The BSDE associated to nonlinear Neumann PDE
(4.1)

We consider a sequence of BSDEs associated with the Neumann boundary value
(4.1)
T
Y'St,m,n — gn(X;,m,n) +/ fn(ra Xﬁ,x,n’ YTt,m,n7 Zﬁ,x,n) dr

T T
+/ hn(T, ){';E,:p,ﬂ7 }/Tt,x,n)dk;‘;,m,n o / Zﬁyw»n dWT, S € [t, T] . (48)

Let us introduce the following assumptions:

(A.6) For any n € N, the functions f™, h™ and ¢" are continuous and there
exist positive constants C, {y» and 8, < 0, p € R such that for every

t € [0,7] and every (x,2',y,y', 2,2') € (Rd)2 X (Rm)2 x (R™*4)2 we have
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<y—vy, frtxy,2) = [1tay 2) > < g ly — '
|t 2y, 2) = [t ay, 2| < gz = 2,

sup,so [f*(t, 2y, 2)| < C(1+ Jyl),

<y—y, 0"t zy) = At 2,y) >< Baly — '
Sup,,q [P (t, 2, y)| < C (14 |y|),

Sup,o [9" ()] < C(1 + |z]).

(i
(ii
(iii
(iv
(v

(vi

~— e’ e e e N

For fixed n, under (A.6) the BSDE (4.8) has a unique solution (Y,»*", Zb%™) ., 1.
As before, we extend the solution to [0, 7] by putting

Yier =y and  ZUP" =0 for s € (0,t). (4.9)

The next Lemma gives a priori estimates which will be employed in the sequel.
Lemma 4.3. Let assumptions (A.4)(i) and (A.6) hold. Let A\, := 1 A (¢ — 1),

2
Vo= u;fnS - %s and assume that sup,-qexp (¢V) < +oo, for every ¢ > 1.
Then,

T 3
sup E sup e Y "7 +sup E (/ eV Zﬁ’w’”Hst) < +o0. (4.10)
0

n>0  s€[0,7] n>0
Remark 4.4. The assumption sup,,-,exp (¢V7) < 400 is obviously equivalent
to the boundedness of (y17.)n>1 and (Ifn)p>1.

Proof. Under condition (A.6), it follows from |5, Proposition A.2| that for any
n € Nand any ¢ > 1, Esup,cpq " Y *"|9 < +oo. In the other hand, we use
[69, Proposition 6.80, page 603], to get the following estimates for (Y4%m ZH5n).
for each ¢ > 1 there exists a constant Cj, depending only on ¢, such that

7
E sup [ yeenn B ([ Iz ds) < 0Bl g
0

s€[0,T]
q

T
+E ( / e 1" (s, X577, 0,0)] + [A"(s, X7, 0)]] d(s+k?“””)) .
0

Using assumptions (A.6)(iii), (v) and (vi) we get

T 3
E sup | Yo"+ E (/ e Zﬁ’f’”MQdS) < Cy ™ E (14 X))
0

s€[0,7T

+Cq et (Tq +T% 4+ E ((k?x7”)q + (K55)™ 4 sup !Xﬁ’x’"IQ")) .

s€[0,7T
Taking into account the estimates (4.5), we get the result. ]

The following proposition guarantees the continuity of the viscosity solution
to the system (4.1). Its proof can be found in |70, Theorem 3.1].

Proposition 4.5. Assume that (A.4) and (A.6) are satisfied. Then, for every
n € N, the map (t,z) € [0,T] x D = Y;"™" is continuous.
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4.3 Main result

To prove the convergence of solutions of the nonlinear Neumann problem (4.1),
we consider the following conditions:

(A.7): For any compact (k, ") of R? x R™ it holds that

lim sup sup |f"(r,2,y,2) = f(r,z,y,2)| =0

n o0 refo,7] zErR,YER zERMX

and

lim [sup|g”(z) —g(z)|+ sup sup |h"(r,z,y) — h(r,z,y)|| =0.

n=+oo | pek re[0,T] z€r,yer’

To make sense to the viscosity solution of Neumann problem (4.1), we need
to assume

(A.8): fI, the i-th coordinate of f™, depends only on the i-th row of the matrix
z.

The main result of this section is

Theorem 4.6. Let assumptions (A.1).3.2.1,(A.2).3.2.3, (A.3).3.3.2, (A.4), (A.5),
(A.6), (A.7) et (A.8) be satisfied. Assume moreover that the sequence (V")
satisfies sup,~qexp (¢V;) < +oo for each ¢ > 1. Then, there exist a sequence
of continuous functions (u”) and a continuous function u such that for any n,
u" and u are defined on [0, 7] x D with values in R™ and satisfy

(i) u™ is a viscosity solution of (4.1),

(i) w is a viscosity solution of the nonlinear Neumann problem (3.23),

(iii) for all (t,z) € [0,T] x D, u"(t,r) converges to u(t, ).

Proof. Let (Y5* Z5%) and (Y*™ Z5%") be respectively the unique solutions of
equations (3.12) and (4.8). We define u(t, z) := Y,** and u*(t, 2) := Y,;*"". From
proposition 3.12, u is continuous and by Proposition 4.5, u™ is continuous in
(t,x) for each n. Thanks to |71, Theorem 4.3|, u and u™ are respectively viscosity
solutions of the systems (3.23) and (4.1). In order to prove the convergence of
u™ to u, we shall show that the sequence of processes Y™ converges to Y%,
Throughout the proof, we suppress the superscript (¢,2) and C will denote a
positive constant changing from one line to another but does not depend on n.
We put

K = [f"r, XM Y™ 20 — f(r, X, Yy, Z,)] dr
—|—hn(r7 X:L’}/Tn)dk:} - h(?“, Xm}/?")dkr-

The idea consists in applying Lemma 3.4 to the BSDE

T T
VYo = ) -9+ [ dkr - [z Zoaw,
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Using (A.2).3.2.3(i)-(ii), we have, for every 0 <t < s <T
T
/ Y =Yy U XP YD) — £, X Yo Z,) > dr
S T 1
< [ @ upvy - YiPar+ 512 - 2P
’ T
[N XY 2 < XY 2 ar
ST
[ V00 20 - F0. X, 2l
On the other hand, thanks to assumption (A.2).3.2.3(iv) we obtain
T
/ <Y Yo B X YRS — h(r, X, Y )dk, >
’ T
< [ = Y XY — Bl XY
sT
[ = Vel X7 ) — Bl X Yo

T
+/ <Y Y h(r X, Y,) > (dk — dk,).
By the foregoing, it holds that for A = (I 4 ;) V I

1
<Y"-Y,,dK"> < ZHZZ? — Z.|Pdr + NY," = Y, [Pdr + |V — Y, |dL" + dR" |
where L™ and R" are given by
dL?: = ’fn(r> Xq?vifrn7 Z;}) - f(T’, X:L>}/rn7 Z:L)’dT
—Hf(?“, Xﬁ? YT? Z?") - f(?“, XT7 Y;, Zr)ldr + ‘hn(ra X:La Y;n) - h(?“, X:}? Y;n)‘dk:}
+|h(r, X", Y,) — h(r, X, Y,)|dk] (4.11)

T

and
AR} :=<Y" =Y, h(r, X,,Y,) > (dk]! — dk,). (4.12)

Using Lemma 3.4, it follows that there exist positive constants C,Cy and Cj
such that

T
E ( sup VY, — YT\2> +E (/ ||z — Zr\]2d7“> (4.13)
0

rel0,T]

T 2 T
< C R | g"( XY — g(Xp) > + G < / e”de) + C3E sup / AR
0 s€0,T) Js
It remains to show that the right-hand side of (4.13) converges to zero as n goes
to infinity. For the first term, we use the continuity of g, the convergence of g"
to g and X™ to X along with estimate (4.5) to get
lim Elg"(X}) — g(Xr) = 0.

n—-+400
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For the third term of the right side of (4.13), arguing as in the proof of Lemma
3.10, one can show that

T
limsupE sup / eQATde <0.
n—r00 s€[0,T] Js

Concerning the second term, we have

T
E ( / e”de)
0

2

T
< ATRE (/ [, XY Z0) — f(r, XY Z?)IQdT)
0
T
1 AT TR (/ \f(r, X", Y, Z.) — f(r, X, Yy, Zr)lgdr)
0
T
+4e*TEELE ( / | (r, X1, Y,") — h(r, X}, K”)\Qdk’?)
0
T
H4PTERE ( [ v e x. mr?dkf) |
0
We denote
T
J—E ( [ v 2 - g xe Zf)|2d7’)
0
T
JQn =K (/ |f(T7X;L7)/T7Zr) _f(nX'ra}/'faZ?")Fdr)
0
T
Jr=E (/ |h"(r, X", Y") — h(r, X7, YJ‘)|2dk3?)
0

T
Jp=E (/ |h(r, X, Y,) — h(r, X,, Y,,)|2dk7’?) :
0

The convergence of J3 and J to zero can be handled as the terms I]' and 1§
in (3.19) and (3.20) respectively. We shall show that Jj* tends to 0 as n tends
to +00. Let N € N*, we use assumptions (A.2).3.2.3(iii) and (A.6)(iii) together
with estimates (4.5) and (4.10) to obtain

T
I —E ( / P XY Z0) — flr XY Zml?dr)
0

+

T
=K (/ ‘fn<’r7 X:}a Y;na Z;L) - f(ra Xﬁ? Y;*na Z?)‘21{|X,TL+|YT”|§N}d7")
0
T
/0

" ( |fn(r> X;L, }/rnv Z;L) - f(n Xﬁ? an7 Z:L)’21{|X?|+|YT">N}dT)

IN

T
/ swp | (ray,2) — fra,y,2)dr
0

||, |y| <N,zeRmxd’

C T 3 T 3
v (B [ mrprar) ([ pe+ )
N2 0 0

C
rel0.T] fe]Jy| <N, zeRmx Nz
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Passing successively to the limit in n and N and using assumption (A.7), we
obtain lim,,_, 1 J* = 0. We now show that J3' tends to 0 as n tends to co. Let
N € N*, we use assumptions (A.2).3.2.3(v) and (A.6)(v), estimates (4.5) and
(4.10) to find

T
e (/ (XY = Bl XYl

=E ( |A"(r, X1 Y)) = h(r, X?7Y7«n)’21{IXﬁI+IYT”SN}dkf>
—|—E < |hn r, Xn Yn) h(T, ngy;n)|21{|Xl‘|+|Yﬂ”>N}dk:})
<E / sup |R"(r,z,y) — h(r,z,y) [ *dk;
0 |z|lyI<N

8. T i T 1
i {E(/ <1+|m>4dk:?)} {E(/ |X:f|+mn|dk:f)}
N2 0 0

C
<E(k}) sup sup |h"(r,z,y)— h(r,z,y)]* + —.
r€[0,T7] |z|,|ly|<N N2

Passing successively to the limits in n and N, we get that J3' tends to 0 as n
tends to +00. Theorem 4.6 is proved. [
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Chapter 5

Quadratic transportation
inequalities for SDEs with
measurable drift
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Abstract

Let X be the solution of a stochastic differential equation in Euclidean space
driven by standard Brownian motion, with measurable drift and Sobolev diffu-
sion coefficient. In our main result we show that when the drift is measurable
and the diffusion coefficient belongs to an appropriate Sobolev space, the law
of X satisfies Talagrand’s inequality with respect to the uniform distance.

5.1 Introduction

The concentration of measure phenomenon, initiated by [58] quantifies the de-
viation of a (Lipschitz continuous) function f of a random vector; f(£',... &)
to its mean. It can be seen as a vast improvement of the classical Chebyshev in-
equality in large deviation theory, see e.g. the texts by [16] and [76] for modern
presentations. [51] showed that the transportation inequality first established
by [33] can be efficiently used to explain the concentration of measure phe-
nomenon. The quadratic transportation inequality (or Talagrand inequality)
compares the Wasserstein distance and the Kullback-Leibler divergence: Given
a constant C, a probability measure p is said to satisfy Talagrand’s T5(C) in-

81
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equality (or quadratic transportation inequality) if

Wa(u,v) < /CH(v|u) for all probability measures v.

We define the (second order) Wassertein distance and the Kullback-Leibler di-
vergence respectively by

1/2
Wa(u,v) = <ir7r1f/Q QHw—nHzoW(dw,dn)) and H(v|p) : /—10g
X

where the infimum is taken over all, couplings 7 of 1 and v, that is, probability
measures on € x € such that if ((,n) ~ 7 then ( ~ p and n ~ v, and we
used the convention dv/du = +oo if v is not absolutely continuous w.r.t. p.
The transportation inequality has since found numerous applications, for in-
stance to isoperimetric problems, to randomized algorithms [26], or to quanti-
tative finance [11, 85| and to various problems of probability in high dimensions
[22, 8, 53]. Transportation inequalities are also related to other functional in-
equalities as Poincaré inequality, log-Sobolev inequality, inf-convolution and hy-
percontractivity, see |10, 61]. |[83] proved a quadratic transportation inequality
for the multidimensional Gaussian distribution with optimal constant C' = 2.
Using stochastic analysis techniques, notably Girsanov’s theorem, Talagrand’s
work was then extended to Wiener measure on the path space by [31]. The
case of SDEs was first analyzed by [25] using a technique based on Girsanov’s
transform that we also employ here. Their results gave rise to an interesting
literature, including the papers |16, 62, 63, 86] on SDEs driven by Brownian mo-
tion and |73, 78] on SDEs driven by abstract Gaussian noise. Note that almost
all the aforementioned works on SDEs assume that the coefficients are Lipschitz-
continuous or satisfy a dissipative condition, with the exception of |16, 63] who
assume a contraction condition of the form (b(¢, z)—b(t,y))-(x—y) < K||lz—yl|>.
It is worth noting that [63] additionally deal with equations with reflections. The
extension of [25] to diffusions with non-smooth coefficients was started by [3]
where it is proved that T»(C') holds for one-dimensional equations, if b is mea-
surable in space and differentiable in time and o Lipschitz continuous. The idea
of [8] is based on a transformation that is tailor-made for the one-dimensional
case. The present paper deals with the multidimensional case and further weak-
ens the regularity requirements imposed in [8]. In this case we use Zvonkin’s
transformation which is well-known in SDE theory, see for instance [3, 87, 93].
Note that considering multidimensional equations is, for instance, fundamental
for applications to concentration and asymptotic results on interacting particle
systems, see e.g. |22, Section 5| and the various examples we give in the final
section. The proof of Theorem 5.2 is given in the next section, and section 5.4
presents some examples.
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5.2 Main results

Our objective is to investigate transportation inequalities for stochastic differ-
ential equations of the form

X(t) = x—f—/ot b(S,X(S))dS-l—/OtO'(S,X(S))dB(S) for t € [0,7], = € R? (5.1)

under minimal regularity assumptions on the coefficients b : [0, T]xR¢ — R? and
o :]0,T] x R* — R4 Note that this equation is understood in the P-almost
sure sense on the canonical probability space (€2, F,P) of the d-dimensional
Brownian motion denoted by B and equipped with the P-completion of the raw
filtration o(B(s),s < t) generated by B. That is Q = C([0,T],R?) endowed
with the supremum norm, and B(t,w) = w(t). Further denote by P(2) the set
of all Borel probability measures on 2. In all of the article we assume that the
diffusion coefficient o satisfies the uniform ellipticity condition

ETo(t,r)e > A J|E)* forall (t,z,€) €[0,T] x R x R%, for some A, > 0.
(5.2)
To state our main result, let us define the following functional spaces. For
p > 1 denote by L? ([0,7]) := L} ([0,T] x R?) the (Lebesgue) space of classes
of locally integrable functions and for every mi,my € N, let W"™2([0, T71) :=
W2 ([0, T] < R?) be the usual Sobolev space of weakly differentiable functions

f:[0,T] x R* — R such that

[ lwrome = Z 10Ffller + D 1105 fllr < o0

\a|<m2
where « is a d-dimensional multiindex, i.e. a d-tuple a = («,...,qq) and
|a| == a;+- - -+ag. Denote by W:}écm([o, T]) the space of weakly differentiable

functions f : [0,7] x R? — R such that

g, + D N0 fllag, + D 102 fllp, < oo

|a[<mq || <ma

Further let L?([0,77) := L?([0,T], L?(R%)) be the space of (classes of) measur-
able functions f : [0,7] x RY — R such that

Hf”Lg = (/UT </1Rd |f(s,x)|pdx>Q/pds>l/q < 0.

The aim of this note is to prove the following two results:
Theorem 5.1. Let o € Wiy 1) 10, (10, THNL®([0, T|xR?) and b € WL, ([0, T])N
L>=([0,T] x R?). Assume that o satisfies (5.2). Then, equation (5.1) admits a

unique strong solution X, and
the law p, of X satisfies To(C)

with constant

C:= inf 2HJ||2 exp <7T

0<e<

32+5> 1
e(l—e)/1—¢
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This result gives the transportation inequality for SDEs with coefficients
in some Sobolev spaces. It moreover constitute one essential argument in the
proof of the next result where we combine it with some gradient estimates for
solutions of PDEs established by [11] to establish transportation inequality for
SDEs with measurable drifts.

Theorem 5.2. Assume that o satisfies (5.2) and that one of the following con-
ditions is satisfied:

(A) 0,0 € L*([0,T] x R?), the function o is continuous in (¢, z) and belongs
o
to 20(d+1),loc([0’ T])

(B) 0 € WQO(’éH) 0e([0,T7) N L>=([0,T] x R?), o is uniformly continuous in z.
The function b satisfies b € LP([0, T]) for some p, g such that d/p+2/q < 1,

2(d+1) <pand qg>2.

Then there exists 7' > 0 small enough so that equation (5.1) admits a unique
strong solution X with continuous paths and

the law p, of X satisfies T»(C)

for some constant C' depending on the data, namely |[|b[| 4, [|0||o, T, @, d, p and
q.

Since b is merely assumed measurable, Theorem 5.2 gives transportation
inequality for singular SDEs as dX(t) = sgn(X(t))dt + dB(t), or for "regime
switching" models as

dX (t) = {bi(t, X (£))1a(X (t)) + ba(t, X (¢))1ac (X (¢) }dt + o(t, X (¢))dB(t)

with A a measurable subset of R%. Other examples are discussed at the end of
the article.

5.3 Proofs of the main results

We explain our strategy to prove Theorem 5.2. Roughly speaking, in both
situations (A) and (B), the path remains the same and it consists in reducing
equation (5.1) to one without drift. When assumption (A) is satisfied, we follow
the path developed by [3] in the proof of strong uniqueness for SDEs with
measurable drift and a locally Sobolev diffusion coefficient: We first derive the
transportation inequality for SDEs with coefficients belonging to some Sobolev
spaces, this is the goal of the next subsection. After that, we use Zvonkin’s
transformation [93] to deal with the case where the drift is only measurable.
When assumption (B) is satisfied, i.e. the case where the drift belongs to some
L2([0, T])-space, we also remove the drift but the proof is more elaborated: We
slightly modify the method of [11] in order to derive suitable gradient estimates
for singular second order parabolic PDEs. Thus, along with gradient estimates
for solutions of singular PDEs, Theorem 5.1 is an essential building block for
the proof of the main result.
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Technical lemmas

The aim of this section is to present two lemmas that will be used in the proof
of Theorem 5.1. The proof of the first lemma can be found in Step 1 of the
proof of |25, Theorem 5.6].

Lemma 5.3. Let v € P(2) be such that v < u, and H(v|u,) < oo, and let X
be the solution of (5.1). Then, the probability measure Q given by

dv
1Q = 7 ~(X)dP
satisfies LT
1) = B3 [ la(s)Pas] (5.9

for some progressively measurable, square integrable process ¢ such that B =
B — [, q(s)ds is a Q-Brownian motion.

The next lemma is a crucial point in the proof of Theorem 5.1, it provides
the argument allowing to go around the uniform Lipschitz (or dissipativity)
condition usually imposed on the coefficients. The main idea probably origi-
nated from [37] and further developed in [3] in order to establish the pathwise
uniqueness of multidimensional SDEs when the diffusion coefficient is locally
in some Sobolev space, that is when the usual Gronwall’s lemma can not be
directly used.

Lemma 5.4. Let X, Xy be two square integrable semi-martingales of the form

Xi(t)=$i+/0 ﬂi(u)du—i—/o a;(u)dB(u), 1=1,2

where f3;, o; are bounded adapted processes with €T a;(¢)€ > A|€|? for all (¢,€) €
[0, 7] x RY. For N > 0, we put

™V =inf{t > 0:|X;(t)] > N or | Xy(t)] > N} AT, N e€N.

(i) Let f € W20(7;+1),10c and AY(s) be the increasing process defined by

A¥(t) ;:/O ' /O 10, (5, AX1(5) + (1 — A)Xa(s))2dAds.

Then, for every stopping time 7 with values in [0, 7] it holds

N N

B[ [ 15 X0~ Xatoas] < B[ [T X060~ Xato) P o

(i) Let g € W(%il),loc and A (s) be defined as follows

AN(t) ;:/O ' /O 10,9(5, AX1 () + (1 — \) Xa(s))|dAds.
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Then, for every stopping time 7 with values in [0, 7' it holds

5 [ 106) - Xalolgts 51090 ot Xato)]

<k [7 130 - X)) )]

Proof. Tt must be noted that, in contrast to the Lipschitz case, the difference
ratios of the functions f and g are not bounded in our situation, not even locally.
We will see that, since the coefficients a; of X; are non degenerate, Krylov’s
estimate (|12, Theorem 2.2.4]) allows us to avoid this difficulty. Using Krylov’s
estimate, one can show that the processes AY(s) and A)(s) are well defined.
We denote by Ky the ball {z € R? |z| < N} and put K := [0,7] x Ky. Let
fn € C=(K) be such that,

o= Pl ey = 0, (5.4
see e.g. [29, Theorem 5.3.2| for the existence of such a sequence. Using sub-

sequently the classical inequality (a + b+ ¢)? < 3(a® + b* + ¢*) and Krylov’s
estimate, we have that

N

[ [ 156 X0) ~ s Xalo) s

<2 [ 176,00 - fls Xl
van] [77 1t o) - uls (o0 ]

FE[ [ 15l Xa(6) — fuls Xalo) s

< Crnallf - anL2<d+1>(K) (5.5)

N

+3E[/OTAT |X1(s)—X2(5>|2/01\arfn(s,Z(s,A))PdAds}

with Z(s, A) := AX1(s) + (1 — A) Xs(s), and where Cr y 4 is a positive constant
which depends on 7', N and d. Using Fubini’s theorem and Krylov’s estimate
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once again, we get

E[/OWN X, (s) —Xg(s)]2/01 10, £ (5, Z(s, \))[2dAds

SEA”!%@—%@P

X /01 200, fu(5, Z(5, X)) — Ouf (s, Z(5, \)|* + 2|0.f (5, Z (s, A))\Qd)\dsl

< 8N? /OlE[/OW 10, Fu(s, Z(5, ) —axf(s,Z(s,A))Pds}dA

+ QE[/OTATN X, (s) — X2(3)|2/01 0, (5. Z(s, \))PdAds]

TAT
< N2 CrallOnfn — Onf |l reasr) + 2E| / X5 (s) — Xa(s)[2dAN (s)].
0

Putting this together with the estimate (5.5) for I leads to

I < Crnallfo = fllpzan ) + 24N?Cr n.al| O fr — Ou f || p26asn) (k)

+ 61&:[ /0 " X3 (s) — Xo(s)[2dAY (s)]

TAT
< Chvallfa = fllwg, oo+ B[ [ 130(5) = Xa(o) PaAY (5]

2(d+1)

for some constant C7, ;. Hold N fixed and take the limit as n goes to infinity
in the last inequality then use (5.4) to obtain the first claim.

The second inequality is obtained similarly. Indeed, let (g,) be a sequence
of functions such that g, € C*°(K) and

g — g”w&}rl)([() — 0.
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We have

E| / 71X Xa(9llgls. Xa()) — (s, Xa(s))lds]
<E[ [ 1%06) = Xa(o) {las, Xa(s) = 0n(s, X2(5))

+ |9n(3,X1(3)) - gn(s,Xz(S))l + |9(3>X2(3)) - gn(S X2 |}d5}
< 2N20T,N,d”9 - QnHL<d+1>(K)

N

[ 770 - X [ 10t 206, W]

< 2N? Crndllg — gnHWO1 (K)

(d+1)

e[ 1306 - X [ st o iras]

TAT
= 2N CTNng gnHW(Odl ) K) + E|:/0 ’Xl(S) — X2(3>’2d14év(8):|

Again, hold N fixed and let n go to infinity to obtain the second claim. O]

Proof of Theorem 5.1

That (5.1) admits a unique strong solution follows from e.g. [3, Theorem 2.1].
Let v € P(Q2) be absolutely continuous with respect to pu,. We can assume
without loss of generality that H(v|u,) < co. Let Q and ¢ be as in Lemma 5.3.
Under the probability measure Q, the SDE (5.1) takes the form

dX(t) = o(t, X ())dB(t) + {o(t, X (t))q(t) + b(t, X (t)) }dt, with X(0) =z
(5.6)
and the law of X under Q is v. Furthermore, the SDE
dY (t) = o(t, Y (t))dB(t) + b(t, Y (t))dt, with Y(0) =

admits a unique solution (see [3]) and the law of Y under Q is p,. That is,
(X,Y) under Q is a coupling of (v, p;). Thus,

Wi, 1) < B | sup |X(5) = Y ()?]. (5.7)

0<t<T

We now estimate the right hand side above. By Ito’s formula, we have

[ X() - Y (@) = /Ot 2(X(s) = Y(s))o(s, X(s)g(s) + |o(s, X(s)) — (s, Y(s))|"ds
+ /Ot 2(X (s) — Y ())(b(s, X (5)) — b(s, Y (s)))ds
+ /Ot2(X(s) — Y (5)(0(s, X(5)) — 0(s,Y(s)))dB(s),  (5.8)
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where we simply denote by ab the inner product between two vectors a and b.
The difficulty is to deal with the terms o (s, X(s)) —o(s,Y(s)) and b(s, X(s)) —
b(s,Y(s)). This was done in Lemma 5.4. As in that lemma, we introduce the
following random times: First consider the sequence of stopping times

N i=inf{t > 0:|X(t)] > Nor |[Y(t)] > N} AT.

It is clear that 7™ 1 T. For each X in [0,1] and ¢ in [0, 7], we put Z(t,\) :=
AX(t) + (1 = N)Y(t). For every N >0 and t € [0,00), define

AN (1) ::/0 ' /0 (19:0(s. Z(s, NP + [o,b(s. Z(s, ) )drds (5.9
= AN(t) + A (1), (5.10)

where the (weak) derivative operator acts on the spacial variable. Notice that
the function ¢t — AN (t) is not necessarily strictly increasing. Thus, consider
the process &V (t) := t + AN (¢). Tt is continuous, strictly increasing and satisfies
kN (0) = 0. Moreover, k% maps [0, 00) onto itself. We denote by 7V the unique
inverse map of k%. Observe that for each N, we have 7Y 1 co as t 1 co. Using
(5.8), Cauchy-Schwarz and Burkholder-Davis-Gundy inequalities, one can show
that for each ¢ € [0, 00) it holds that

Eg| sup [X(s)=Y(s)P]
sG[O,’y,fV/\TN}
N/\’TN

v ATN v
<Bo[ [ X -Y(Pdst ol [ lats)Pds
N

+&JA”MNM@X@»—U@Y@M2

+ 2| X (s) = Y(s)||b(s, X(s)) — b(s, Y(S))|d8}

+26§mﬂ@[<47A7LX@)—YX@PW@HX@D—wﬂ&Y@»F¢ﬁU1
— L4 I+ I, (5.11)

for a (universal) constant Cgpg > 0.

We shall estimate each of the terms I, and I3 separately, since they contain
the differences o(t, X (t)) — o(t,Y (t)) and b(¢, X (t)) — b(t, Y (t)). To start with,
notice that I3 can be estimated in terms of I5. In fact, letting ¢ > 0, by the
Young’s inequality 2ab < ea® + 1b?, we have

Iy < EE@[ sup | X(s) — Y(s)|2]

s€[0yN ATN]

+C%WMJAWMNMQX@D—0@YQMWJ

< eEq | X(s) = v(s)2] + Cooe
<ecBg| sup |X(s) =V(s)I"| + =" Lo

s€[0N ATN]
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We subsequently use Lemma 5.4 (with f := o and ¢ := b) and identity (5.9) to
get

peoe] [T X - vEeraade - [ X - VP

"/,EN/\TN
- GE[/ X (s) — Y(s)|2dAN(s)]
0
Coming back to (5.11), since kN (t) :=t + AN(t), we have

Eo| swp |X(s)=Y(s)P] <
s€[0 N ATN]
N

Eo | X (6) = YR G) + ol / gt s

+eBo[ sup [X(s) =Y (9]

s€0yN AT

Cipa+e AT
2B T e [/O X (s) — Y(s)|2dk;N(s)] .

The time change s = v~ (which is equivalent to r = k¥ (s)) gives

(1-— g)EQ[ sup | X(s) — Y(s)ﬂ <

s€0 N ATN]
'y,gN/\TN 02 +e tarN
oo [ lato)Pas] + 7RSSR [ x () — v P
0 0
and using the fact that the function " is increasing, we then have

(1- 5)E@[ sup | X(s) — Y(S)ﬂ <

s€0 N ATN]

2 A 2 Chpe +e ' 2
oo [ la(s)Pds| + TEPESSE | [ supIX(s) = Y (s)Pr]

s€[0 N ATN]

Choosing € < 1 and using Gronwall’s lemma, we get

EQ[ sup | X(s) — Y(s)ﬂ <

s€[0,N ATN]

1 2 g 2 Chpe +¢
o lolBe [ lato)fas] exp (12RELET)

where we also used the fact that 7 A v < T. Letting successively ¢ then N
go to infinity, it follows by Fatou’s lemma, v" 1 co, 7% 1 T and the continuity
of X and Y that

Eq| sup [X(s) = Y(s)]?| < exp (70’29DG+6T> LR [/T|q(s)]2ds]
¢ €[0T - e(l—¢) 1 g7l 0 .
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Hence, we conclude from (5.3) and (5.7) that

C%pete 1
WE(u2,0) < 2exp (T 228 5T ) Il L H (vl

This concludes the proof. O

Proof of Theorem 5.2

(A): We start by the case when assumption (A) is satisfied. By [3, Theorem
3.1] equation (5.1) admits a unique strong solution. As in [3], the idea consists
in using Zvonkin’s transform in order to transform equation (5.1) into an SDE
without drift then using Theorem 5.1 to conclude. In the rest of the paper, we
denote by L the differential operator defined by

1
Lo :=b0,d + §tr(0T03m¢)

d 1
j=1

ij=1
where (a;;); j=1... 4 is the matrix o' 0. According to |93, Theorem 2|, there exists
a T' > 0 small enough such that the PDE

o(T,x) =x

admits a unique solution ¢ € Wp{’lic([(), T)) such that: for every ¢, the function

x = (t, x) is one-to-one from R? onto R?, both ¢ and its inverse ¢ belong to

W;,;ic([o, T1)) for each p > 1, both (t, -) as well as its inverse 1 (t, -) are Lipschitz

continuous, with Lipschitz constants depending on d, T, ||b||oc and ||o||oc-
Applying Ito-Krylov’s formula, see [12, Theorem 2.10.1] to o(t, X(t)) :=

Y (), it follows that Y satisfies the drift-less SDE

Y(t) :y<o)+/0 &(s,Y (s))dB(s)

with 6(¢,y) := (0"9.)(t,1(¢,y)). Since o belongs to I/I/'QO(’1 ([0,77), and ¢

d+1),loc
belongs to leﬁc([o, T)) for each p > 1 and both ¢ and 1) are Lipschitz, it follows
that ¢ € W20(701l+1),loc([07T])7 more details can be found in, [3, page 14, proof of

Theorem 3.1|. Hence, by Lemma 5.1, the law p, of Y satisfies T5(C'), where
C' is the constant in Theorem 5.1. But X(¢) = ¢(¢,Y(¢)) and ¢ is Lipschitz
continuous. Thus, the result follows from |25, Lemma 2.1].

(B): We now assume that condition (B) is fulfilled. We need to introduce the
following Banach spaces: For every k > 0 and m > 1, let H¥ = (I — A)=*/2[m
be the usual space of Bessel potentials on R? and denote

H29([0, T)) = L([0,T), H2),
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and
H29(0,T]) :== {u:[0,T] - H} and d,u € L%([0,T7])}.

The space Hg is equipped with the norm
[ull gz == [|( — A)ul|r

making it isomorphic to the Sobolev space W2 (R?).

Under assumption (B), the existence and uniqueness of X follow e.g. from
[, Theorem 1.1]. We now show that the law p, of X satisfies T5(C) for some
C > 0. By [11, Theorem 10.3 and Remark 10.4], the PDE

admits a unique solution u; € H>?([0,T]) and this solution satisfies
||atui||Lg + ||ui||HZ’q([O,T]) < Cl||bz‘||Lg

for some constant Cy depending on d,p,q,T and |[[b]| . Furthermore, since
d/p+2/q <1, it follows by [11, Lemma 10.2] that

1-1 2 1/q+</2
Osui] < CoT* o 2| Owas]

with for € € (0,1) such that e +d/p+2/q < 1 and Cy a constant depending on
p,q and e. Therefore, it follows that
|05ui] < CLCT?||bi |1, (5.12)

so that choosing 7" small enough we have |0,u| < 55. Now consider the function
oi(t,x) == X +u(t,z), i = ,d. Tt is easily checked that the function ¢;
solves the PDE

{atqzsi + L =0 (513

Put ¢(t,z) = (¢1(t,x), ..., ¢a(t,x)). Due to (5.12), it holds that
(1-2di0,u) la—y* < 20o(t, 2)-(t )| < 220 |o—y for all 2,y € R

As a consequence, ¢ is one-to-one, (see e.g. the corollary on page 87 of [36]),
and its inverse ¢ := ¢! is Lipschitz continuous.

Since for every t, u(t,-) belongs to H?, then it can be seen as an element of
Wg(Rd). Moreover, the derivative of u with respect to ¢ belongs to LP, it thus
follows that u belongs to W,-*([0,77]). Hence, the function ¢(t,z) := z + u(t, z)

belongs to W loc([O, T)). Ito-Krylov’s formula applied to ¢ gives

Y () = ot X (1) = 6(0,2) + / (9hd + L) (5, X (5))ds + / 05, X (s))odB(s)

—$(0,2) + /0 5(s, Y ())dB(s)

with &(t,y) = (070,0)(t,¥(t,y)), and where the second equation follows by
(5.13). The rest of the proof follows as in the case of assumption (A). O
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Remark 5.5. The estimate (5.12) in the proof of Theorem 5.2 allows to see that
when T is arbitrary, the conclusion of Theorem 5.2 still holds provided that
[6]| g is small enough.

5.4 Examples

Let us now present a few examples of multidimensional diffusion models with
non-Lipschitz coefficients which fit to our framework.

Particles interacting through their rank

Let By,...DB, be n independent Brownian motions. Rank-based interaction
models are given by

Xt Zél{xm —x0mdt + o (dBi(t)  X7(0) = X;

for some real numbers §;, some measurable, bounded functions o, with X (¢) <
X@n)y <o < X ) ( ) is the system in increasing order. More generally,
this model can be written as

dX (1 —b( 21{)@] B )dt+a()dB,-(t) X0 = X,

for a given (deterministic) functions b. This model was introduced by [30] in the
context of stochastic portfolio theory. Concentration of measures results for such
systems can be found in [64]. When 0 < ¢ < inf;, |0*(t)] < sup,, |o'(t)| < C
for some ¢,C and b € L™ or b € LP(R,dz) (with appropriate p,d), our main
result shows that the law of (X" ... X™") satisfies T5(C') for some C' > 0.
This result is also valid for the so-called (finite) Atlas model of [7] given by

din Zal{xz n(t)=XPim(t) }dt + 0o ( )dBZ(t) Xz,n(o) = X,
7j=1

for some constant ¢ and a permutation (py,...,p,) of (1,...,n).

Particles in quantile interaction
Quantile interaction models are given by
dXP"(t) = b(t, X™ (), VEr()dt + o(t, X™(t))dB;(t)  X""(0) = X,

where V*"(t) is the quantile at level a € [0, 1] of the empirical measure of the

system
(XB(t), ..., X™"(t)). That is,

. 1 <
Va,n(t) = 1nf {U - R . E Zl ]-{XZ»”(t)Su} Z Oé}.



Chapter 5: transportation inequalities for SDEs with measurable drift 94

This model is considered for instance in [I8] in connection to exchangeable
particle systems. Theorem 5.2 can be applied to this case under integrability
conditions on b and mild regularity conditions o.

Brownian motion with random drift

In addition to particle systems, our main result can also allow to derive trans-
portation inequalities for semimartingales. We illustrate this in the next corol-
lary. Let g be a progressive stochastic process. We call Brownian motion with
drift the process

X(t)=x+ /tg(s)ds + odB(t). (5.14)

We have the following corollary of Theorem 5.2:

Corollary 5.6. Assume that the constant matrix o satisfies (5.2). If the drift g
is bounded and 7" small enough, then the law uf of X (¢) given by (5.14) satisfies
T5(C) for some C' > 0 depending on T, 0, d and ||g||c-

Proof. Consider the Borel measurable function
b(t, z) = Elg(t)| X (t) = a].

By [14, Corollary 3.7], we have uf = fi;, where fi; is the law of the weak solution
X(t) of the SDE

X(t)=z+ /tb(s,f((s))ds + odB(s). (5.15)

Since g is bounded so is the function b. Thus, the SDE (5.15) admits a unique
strong solution, see e.g. [3, 87]. Thus, X is necessarily a strong solution and by
Theorem 5.2 fi satisfies T5(C'), which concludes the argument. O
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Abstract

We prove that probability laws of a backward stochastic differential equation,
satisfy a quadratic transportation cost inequality under the uniform metric.
That is, a comparison of the Wasserstein distance from the law of the solution
of the equation to any other absolutely continuous measure with finite relative
entropy. From this we derive concentration properties of Lipschitz functions of
the solution.

6.1 Introduction

Let (E, d) be a metric space equipped with a o—field F such that d(.,.) is F x F
measurable. Given p > 1 and two probability measures 4 and v on E, we define
the Wasserstein distance of order p between p and v by

Wi = e ([ XEd(x,wdw(x,y))l/p,

mell(p,v)

where II(u,v) is the set of all probability measures on the product space
E x E with marginals p and v. The relative entropy of v with respect to pu is
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defined as
fElnj—Zdu, ifr<p

+00 otherwise.

Hv /) = {

The probability measure p satisfies the LP-transportation inequality (also
called the Talagrand inequality) on (E,d) if there exists a constant C > 0 such
that for any probability measure v, Wd (u,v) < \/2CH(v/u). In this case we
say that p € T,(C).

The transportation inequalities of order 1, T1(C), are used to drive con-
centration inequalities, which provide upper bounds on the probability that a
random variable, distributed according to a given measure, deviates form its
mean by a given amount. Concentration inequalities are useful in fields as di-
verse as probability, statistics, convex geometry, functional analysis, statistical
physics, stochastic finance and information theory. The property T5(C') was first
established in [83] for the Gaussian measure and generalized in [32, 31] to an
abstract Wiener space. Several other recent articles have showed intimate links
between transportation inequalities and various other functional inequalities.

Moreover, the transportation inequalities are related to the concentration
inequalities for risk measure as was formulated in [14, 85]. In the same vein
there is a strong relation between Backward stochastic differential equations
(BSDEs) and time-consistent dynamic risk measures, that is: BSDEs allow
to define dynamic risk measures. Reciprocally time-consistent dynamic risk
measures can be seen as solutions of BSDEs.

Motivated by the above quoted facts, the goal of this note is to prove a
transportation inequality for the law of the solution Y of a BSDE and derive
some concentration inequalities, like

2

P( sup |Y; — h(Br)| — ]E[ sup |Y; — h(BT)!] > 7’) < exp ( — L>,
t€[0,7] te[0,7] 8C'

and
Eexp (F(Y) ~EF(Y) < exp (5 [FII,).

This kind of inequalities are well known in the forward stochastic differential
equations. Unlike for backward framework, to the best of our knowledge, there
is no work reported on such as concentration inequalities.

Let T > 0 be a given finite horizon. Let (€, F,P) be probability space
endowed with a real Brownian motion B = (B;)i>0 and (F)cjo,r] the natural
filtration generated by B which satisfies the usual conditions. We denote

e S? the set of real valued F—adapted continuous processes Y on [0, T such
that E[ sup |Y;|?] < oo
0<r<T
e S the set of real valued F—adapted continuous processes Y on [0, 7]
such that ||Y||s,, =sup sup |Y;(w)| < oo,

weN 0<rLT

e 7{? the set of predictable real processes Z such that E [fOT Zfdr] < 00
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o 7% the set of progressively measurable real processes Z such that E [ fOT Zfdr} <
00.

The paper is organized as follows. In section 2, we establish the property T5(C')
for the law of Y solution of BSDEs. In section 3, we derive some concentration
inequalities. In the last section, we explain how these results can be derived for
a system of forward backward stochastic differential equations (FBSDEs).

6.2 Transportation inequality for BSDESs

We establish the property T5(C') for backward stochastic differential equations
of the form

T T
Y; = h(Br7) +/ 9(s,Ys, Zs)ds — / ZsdBs. (6.1)
¢ ¢

where h : R — R and g : [0,7] x R* — R are deterministic functions. We
suppose the following assumptions

(H.1) his bounded and there exists a positive constant [ such that for all z,2" €
R

() = h(a)| < 1]z — 2|

(H.2) 1l9(.,0,0)]|o is bounded and there exist two constants L, > 0 and L, > 0
such that for all (¢,y,2,v/,2') in [0,T] x R*

|g(t,y,z) - g(t,y',z/)| S Ly|y - yll + Lz‘z - Z/|'

Remark 6.1. It is known, since [60], that under assumptions (#H.1)-(H.2), the
BSDE (6.1) has a unique solution (Y, Z) in §? x H?. Arguing as in [33], one can
show that the solution (Y, Z) is bounded. In particular, there exist a positive
constant ¢ such that

1Z]ls. < c.

The main result is given in the next theorem.

Theorem 6.2. Under assumptions (#.1) and (#.2). There exists a positive
constant C' such that the law Py of Y satisfies a transportation cost inequality,
T5(C), on the space C([0,7T],R) endowed with the uniform metric.

Proof. Let Q be a probability measure on C([0,7],R) absolutely continuous
with respect to Py. We consider:

Q= % (Y)P, M,=E (% (Y) /fs) , s€[0,T]. (6.2)

Since Q is a probability measure we have:

dQ 10
ap, &= —=dPy =Q(C([0,T],R)) = 1.
/Qd]PY( / /C([O,TLR) ap, By = QC.T].R)) =1
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Then (Mj) is a uniformly integrable martingale which will be chosen continuous.
Let 7 = inf{s € [0,T]; M; = 0} AT, with the convention that inf(()) = +oc.
Then 7 is an F,— stopping time such that Q(7 = 7)) = 1. Indeed, we can easily
show by the martingale property that Q[M, > 0] =1, for any 0 < s < T'.

We can write

1
My = exp (LS 3 < L >S) lser,

where L = [ 4 Vs < 7.
We have

H(Q/Py) = H (@/IP) — E (Mg In My) = Eg (In M) . (6.3)
Consider the sequence of stopping times
7, =inf{s € [0,7);< L >s=n} A7, n>1,

with the same convention that inf ) = +00. M is P — a.s continuous, and since
Tn — T, we have lim,, M, srlog M, rr = M srlog M, Ar P-a.s.. Note that the

n

entropy H (Q/Py) is assumed to be finite, otherwise the result of Theorem 6.2
is obvious. So, since E (MrIn Mr) < oo, and by using the uniform integrability
of (M, ar)n>1 together with the help of some technical arguments of martingale
theory, we can easily show that the sequence of variables (M, arlog M, ar)n>1
is uniformly integrable. Consequently, we get

h};n E(MTn/\T IOg MTn/\T) = E(MT/\T IOg MT/\T) .
Martingale optional sampling theorem gives
lirrln E@(log M, A1) = E@(log M 7). (6.4)

We have by equality (6.3) and (6.4)

H(Q/Py) = H (Q/P) = limEq (LTW Sl >M)  (65)

Using Girsanov’s theorem, we show that (Lia., — < L >a,,) is a Q- martingale
which is null in 0. We then get from (6.5)

~ 1. 1
H(Q/Py) = H(Q/P) = 3 117£nE@(< Lyps, >) = 5EQ(< L >r).
Therefore, the process (Lsar, ) is P— square integrable martingale and Q[limn ™

7 = T] = 1. Hence, by representation theorem there is a predictable process
(p(s)o<s<r) such that [ p(r)?dr < oo, P-a.s and

LS:/ p(r)dB,.
0

It follows that X .
H(Q/Py) = H(@/P) = 38q | pls)ds. (6.6)
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Thanks to (6.2), we have % (Y)) = My, since is Fp-measurable. Then Q =
MT]P) and

T T
Mr = exp (/0 p(r)dB, — %/0 p(r)2d7"> . Q-as

By Girsanov’s theorem
B, = B, —/ p(r)dr,
0
is Q-Brownian motion. Consequently, the processes (Y, Z) satisfy

T T T
Y;:h(BT)Jr/ g(s,Y;,ZS)ds—/ Zsp(s)ds—/ Z,dB,, Q-a.s. (6.7)
t t t

Let (Y, Z) be the solution of the following backward equations

T T
Y, = h(Br) +/ g(s,Ys, Zy)ds — / Z,dB,, Q-a.s. (6.8)
t t

Under Q, the law of Y is Py. Thus, (Y, }7) is under Q a coupling of (Q,Py)
and it follows that

(Wi=(Q.By))? < Eq ( sup |V, — Yy) .

0<s<T

Setting }A/t =Y, —Y, and Zt .= Z, — Z,. We shall estimate Yt Using It6 formula
and Lipschitz assumption we get:

T T T
Y3+/ Zfdsgz2|BT—BTy2+2Ly/ des+2Lz/ VAPALE
t t t

T T
—2/ Y Zsp(s)ds — 2/ Y, Z,dB,,
t t

it follows
1 [T 8 T3 'y 'y
Yt2+§/ 2%ds < Tﬂ/ p(3)2ds—|—2Ly/ des+2L§/ des+/ YZds
t 0 t t t
T T .
+ / Z2p(s)2ds — 2 / \Z.dB,,
t t

take into account of the boundedness of Z we get

R 1 [T . T T T

Y2+ 5/ Z2ds < le/ p(s)*ds + (1 +2L, + QLE)/ YZids + c/ p(s)%ds

t 0 t t
T A A —
i / Y.Z.dB., (6.9)
t

taking expectation under @, and using Gronwall’s inequality we get

T T
EgY; < C/ Eg p(s) ds + C/ Eg p(s)*ds
0 ¢
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where C' is a positive constant varying form line to another. We also have

T

T T T
]E@/t Zs < C/o E@p(s)QdS—l—C]E@/t }A/Sst%—C'/t E@p(s)zds
T T T
< C/o E@p(s)2 d3+C’/t / E@p(u)Qduds

T T

< C/ E@p(s)2d3+0/ Egp(s)*ds. (6.10)

0 t

On the other hand, using inequality (6.9), we obtain
R T T T
sup Y2 < Tl2/ p(s)?ds+ (1+ 2L, + 2L§)/ YZids + c/ p(s)*ds
0<s<t 0 0 0
T A A —
/ Y, ZdB;

Using the Burkholder-Davis -Gundy inequality we find

+2 sup

0<s<t

T T
Eg sup Y7 < TIP’Eg /0 p(s)*ds+ (1 + 2L, + 2L?) / EgYlds

0<s<t 0
T T o B
+c/ E@p(s)zds + 2Eg sup / Y.Z.dB,
0 0<s<t |Js
A T T A
Eg OS<liEtY52 < TIEq /O p(s)?ds + (1 + 2L, +2L?) /0 EgYds

T T 3
+c/ EQp(s)zds + 2CEEq ( sup Yf/ Zfds)
0 0

0<s<T

IN

T T
TIPEg /0 p(s)?ds+ (1 +2L, +2L2) /0 EgYlds

T T
1 . .
+c/ Egp(s)*ds + §]E@ sup Y72+ CEEg (/ Zfds) :
0 0

0<s<T

then,

T T
Eg sup Y] < 2TPE, /0 p(s)®ds +2(1+ 2L, +2L?) /0 EgYlds

0<s<T
T T
+2c /0 Egp(s)’ds + 2C3Eq /0 Z2ds.
Using inequality (6.10), it holds

T T
Eg sup V2 < OE@/ p(s)*ds +2(1 + 2L, + 2L§)/ EgY/lds
0<s<T 0 0

Gronwall’s inequality implies that

T
Eg sup Y2 < C’EQ/O p(s)?ds.

0<s<T
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Thus,
Wi=(Q,Py)? < 2 C H(Q/Py).

This completes the proof. n

Remark 6.3. The entropy representation formula (6.6) is the key of the proof
of Theorem 6.2. For its proof, we have followed here the ideas used in [25].
However, another proof with a different point of view can be found in the paper

[56].

6.3 Concentration inequalities

The link between the concentration inequalities and the L'-transportation in-
equality is proved in [9]. We recall that a measure p on the metric space (E, d)
satisfies the property T1(C) if and only if for any p-integrable and Lipschitz
function F' : (E,d) — R and for every A € R we have the following Gaussian
concentration inequality

2
[ (3= [ Pa) ) aw < exp (€5 1 F ).
E E 2

F(x)— F(y
| F e sy 0=
TH#Y (l’,y)
By Chebychev’s inequality and an optimization argument, we obtain the fol-
lowing inequality of Hoeffding’s type:

2
F—/Fd Zr)gexp ——— | \Vr > 0. 6.11
AR <QC||F||2) (611

Lip

where

1. The property T1(C') holds for the probability measure Py, then we have
for any Lipschitz function F': C([0,T],R) — R

2

r

Lip

Py(F—EpyF > 7“) < exp(

Let V : R — R be a Lipschitz function, such that ||V||.;, < . We define
Fy and F,, on C([0,T],R) by

Fo(y) = 7 / Vr(t)) dt, (6.13)
Fa) = s (8) =2 (7)) (6.14)

The function Fy is a-Lipschitzian with respect to d.,. Similarly F., is 2-
Lipschitzian map with respect to dy. Using (6.12), we have the following
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Hoeffding-type inequalities for Y on the metric space C([0, 7], R), endowed
with the metric do. For each r > 0 we have

[P(?/OTV(Yt)—IEFV(Y) dt > r) < exp<— ; )

and using the functional F,, we get

2

P( sup [¥; — b(Br)| B[ sup [Yi ~ h(Br)l] > ) < exp( - 15),
te[0,7] te[0,T] 8C'

2. The following result was established in [10] on R? and extended after to
C([0,T],RY) in [90]. Let F be a lower bounded measurable function on
C([0,T],R), and consider

QF(0) = _nt  (Fly+6)+ 5 I9l)

$€ C([0,T],R)

the inf-convolution on C([0, 7], R) with respect to metric do,. Then T5(C')
in Theorem 6.2 implies that

E exp (QCF(Y)> < exp (EF(Y)) .

If in addition F is Lipschitz, since QcF > F — $||F||,,, we have the
following concentration inequality

Eexp (F(Y) ~EF(Y) < exp (5 FII,).

6.4 Transportation cost inequality for FBSDE

Let us now consider the following forward backward stochastic differential equa-
tions

Vs e [t,T]
X =a+ [Tb(r, X!")ds + [ o(r, XE7)dB,, (6.15)
Ve = (X + [ gl X Y 2y = [ 23,

where h : R — R, b,0: [0,7] x R — R and g : [0,7] x R® — R are given maps.
We make the following assumptions: there exist positive constants k, Aand A
such that for all t € [0,T] and (x,y,z,2',y,2') € R

(H1) (2 —2')(b(t,z) — b(t,2")) < klo — 2'|? and  |b(t, z)| < k(1 + |z]),

(H2) |o(t,z) — ot,2')| < ko — 2|, |o(t,2)| < k(1 +|z]) and o2(t,2) > A,
(H.3) |h(z) — h(z')| < klz — 2’| and |h(z)] < A,

(H4) |9t z,y,2) — g(t. 2"y, 2")| < k(|lz —2'| + ]2 = 2]),
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(H5) (y—y) gt z,y,2)—g(t, ¥, 2) < kly—y'|* and |g(t,z,y,2)] < k(1+
[yl + |2])-

(H.6) The functions o, x — b(t,z) and y — ¢(t,x,y, z) are continuous.

The next theorem is proven in [21]. (Theorem 2.6)

Theorem 6.4. (|21]) Suppose that (H.1)-(#.6) hold. Then the system (6.15)
admits a unique solution (X5, Y*, Z5%),_ ;. in 8% x 8 x H3. Therefore,
there exist versions of the processes (V") and (Z%*) whose trajectories are

uniformly bounded.

In the sequel we consider the bounded version of (Y% Z*). We denote the
law of (X**,Y"") on the metric space B =C ([t,T],R) x C ([t,T],R) by P,. We
have the next result that can be proven by a similar arguments as those used
in Section 6.2.

Theorem 6.5. Under assumptions (#H.1)-(H.6) and ||| := sup{|o(t,z)|; = €
R, t € [0,T]} < oco. There exists a positive constant C' such that the probability
measure P, satisfies T5(C') on the metric space B with respect to the metric

1
2
d((z,y), (2",y)) = (Sup [2(s) — 2'(s)[* + sup [y(s) —?/(3)|2) :
t<s<T t<s<T
The next lemma permits to obtain the property T5(C') for the process Y on
the space C ([t, T],R) endowed with the uniform metric.

Lemma 6.6. ([25]) Let (E, dg) and (F, dr) be two metric spaces and ¢ : (E,dg) —
(F,dp) is a Lipschitz application, such that

dF(’gD(.CE),’QD(y)) < Osz(.Qf,y) VZL‘7 Yy e E7

If p € To(C) on (E,dg), then ji := poyp~t € Ty(a?C) on (F,dp).

Remark 6.7. In view of the lemma above, we obtain that the probability measure
Py satisfies T5(C'), consequently a transportation inequality of order 1, T;(C).
As before, we consider:

Fuo(v) = sup |y(s) —(T)|.

s€t,T)

Then we have the following concentration inequality: for every r > 0

2
IP’( sup |[Y""(s) —h(X%x)| —E| sup |V (s) —h(Xth)@ > r) < exp <_ r_)
s€lt,T] s€[t,T] 8C

Remark 6.8. We have proved our results under assumptions ensuring the bound-
edness of the term Z. Which is in some sense a natural condition, because this
process plays the role of the diffusion term in the forward stochastic equations
context. It’s known that for SDEs the boundedness of the diffusion coefficient
is required to obtain T5- inequalities.
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Appendix A
S-topology

The S-topology on the space D([0,T], R?) was introduced by Jakubowski [35].
It is weaker than the Skorokhod topology. Tts compactness criterion is simple
to obtain as for the Meyer-Zheng one [57]. We recall below here some relevant
results about the S-topology in the case of real space R, they can be easily
extended to finite dimensional space R?. The proof of the following properties
can be found in Jakubowski |35] and [17].

Proposition A.1. (i) K C D([0,T],R) is relatively S-compact if and only if

sup sup |z¢ < +oo (A1)
€K t€]0,T]

and for all a,b € R such that a < b

sup N**(x) < +o00 (A.2)
zeK

where N is the usual number of up-crossings given levels a < b, that is,
Nb(x) > k if one can find numbers 0 < t; < ty < ... <ty 1 < to, < T
such that z;,, , <aand z4,, >b,7=1,2,..., k.

(ii) =™ converges to x in the S-topology if and only if (2") satisfies (A.1),
(A.2) and for every subsequence (ny), one can find a further subsequence
(nk,) and a countable subset @ C [0, 7] such that 2, — x,, t € [0, T]\Q.

Corollary A.2. If (x™) is relatively S-compact and there exists a countable subset
@ such that for every ¢ € [0, T]\Q, z} — x4, then (") converges to .

We now recall that a sequence of processes (X™), converges weakly to X
in the S-topology, X" % X, if for every subsequence (X™), we can find a

further subsequence (X™:) and a stochastic processes (Y;) and Y defined on
([0,1], Bjo,13, A), such that the laws of Y; and X" are the same, [ € N, for each
w € [0,1] Y;(w) converges to Y (w) in the S-topology, and for each £ > 0, there
exists an S-compact subset K. C D([0,T],R) such that

A{w e [0,1] 1 Y(w) e K, 1 =1,2,..}) > 1 —¢.

Proposition A.3. The following two properties are equivalent
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(i.) (X™)is S-tight.

2

(ii.) (X™) is relatively compact with respect to the convergence ” %

Proposition A.4. If (X™) is S-tight and there exists a countable subset @ C [0, T]]
such that for every j € N and every ty,to,....,t; € [0, T\Q
(X", Xr

t1 to *

S XD 2 (X, Xy oo, X))

where X is a process with trajectories in D([0,T],R). Then X" % X.

On a probability space (2, F,P) with a filtration F;, let X be an adapted
process with paths a.s in D([0, T],R). If X; is integrable for all ¢ € [0,T], we
define the conditional variation of X by

‘Fti}

CVr(X) = sup Z E [|E[X:,, — Xul|Fu]|] . (A.3)

where the supremum is taken over all subdivisions 7 of the interval [0,7]. If
CV7(X) < oo then the process X is called a quasi-martingale. Notice that for
martingales X the quantity CV,(X) = 0.

We have the following criterion, for the proof we refer for example to [17] and
the references therein.

Theorem A.5. Let (X™),>1 be a family of stochastic process in D(]0, 7], R). If

sup (ch(X”) +E [ sup |X§\D <0, (A4)

n>1 0<s<T

then the sequence (X™) ., is S-tight and there exists a subsequence (X™),,
of (X™), -, a process X belonging to D([0,7],R), and a countable subset Q C
[0, T) such that for every j > 1 and for any finite subset {t1,...,¢;} of [0,7]\ Q
the following convergence is true:

(X0 XI) 2 (X0 Xy) s o0,
Remark A.6. Note that T is not in the countable subset (). More precisely

the projection 7p : D([0,7],R) — R, which assigns to x the value z(7), is
continuous with respect to the S-topology (cfr Remark 2.4. p.8 in [35]).
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