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Abstract

This thesis presents a finite element approach for the analysis of composite (two-layers)
beams by taking into account slip and uplift at the interface of the layers. Two models of
connection are considered: the discrete bond and continuous bond model. The connector
element consists of two-directional coupled springs. The horizontal spring parallel to the
contact surface, captures the slip while the vertical spring, orthogonal to the contact sur-
face, captures the uplift between the layers. The vertical spring is activated only if there is
a separation between the layers, otherwise, the contact forces exist. This unilateral behav-
ior complicates the problem and requires the implementation of a corresponding solution
method. Two classical methods for solving the contact problem are evaluated: the penalty
method and the augmented Lagrangian method. Besides, it is assumed that both slip and

uplift are small, which corresponds to the observations made on composite beams.

A semi-analytical solution is proposed for the geometrically and materially linear case. In
this formulation, the kinematic variables are interpolated exactly, and the node-to-node con-
tact conditions are imposed for both connection models. The observation shows that the
penalty method has a high convergence rate, while the augmented Lagrangian one fully
respects the non-penetration condition. In the second task, the resolution methods of the
contact problem are evaluated in geometrical nonlinearity (co-rotational approach). In non-
linear finite element analysis, displacement-based and two-field mixed formulations for the
problem of geometrical and material nonlinearity are proposed. We adopt fiber discretiza-
tion for the sections of the composite beam. A plastic flow rule considering the coupling
between slip and uplift is adopted, which permits the modeling of the interaction between
longitudinal shear forces and the tensile force of the connector. For both formulations, a
corresponding algorithm is proposed to solve the contact problem. The treated numerical

examples demonstrate the robustness of the proposed formulations.

Keywords : composite beam, co-rotational approach, finite elements, inter-layer slips and

uplifts, penalty method, augmented Lagrangian method, coupled connector







Résumé

Dans ce travail, nous proposons une approche éléments finis pour l'analyse de poutres
mixtes (bicouches) intégrant les phénomenes de glissement et le soulevement a l'interface
de la poutre bicouche. Deux modeles de connexion a l'interface sont considérés : connex-
ion discrete et connexion continue. L'élément connecteur corresponds a 2 ressorts couplés.
Le ressort tangent a l'interface décrit le glissement et celui, normal a l'interface, décrit le
soulevement. Ce dernier n’est activé que s’il y a séparation entre les deux éléments. Dans
le cas contraire, une force de contact se développe. Ce comportement unilatéral complexi-
fie le probleme et nécessite de mettre en ceuvre une méthode de résolutions ad hoc. Deux
méthodes classiques de résolutions du probleme de contact sont évaluées : la méthode pé-
nalité, et la méthode Lagrangienne augmentée. Par ailleurs, on supposera que le glissement
et le soulevement sont petits, ce qui corresponds aux observations effectuées sur des poutres

mixtes.

Une solution semi-analytique est proposée pour le cas géométriquement et matériellement
linéaire. Dans cette formulation, les variables cinématiques sont interpolées de maniere
exacte et les conditions de contact sont imposées aux nceuds pour les deux modeles de con-
nexion. On observe que la méthode de pénalité converge plus rapidement, tandis que la
méthode Lagrangien augmentée respecte strictement la condition de non-pénétration. Dans
une seconde phase, les méthodes de résolutions du probléeme de contact sont évaluées dans
un contexte géométriquement non-linéaire (approche co-rotationnelle). Enfin, une formu-
lation en déplacement et une formulation mixte a deux champs du probleme géométrique-
ment et matériellement non-linéaire sont également proposées. Nous adoptons la discrétisa-
tion par fibres pour les sections de la poutre mixte. Une loi d’écoulement plastique consid-
érant le couplage entre glissement et souléevement est adoptée, ce qui permet de modéliser
I'interaction entre les efforts de cisaillement longitudinaux et ceux produits par le souléve-
ment. Pour ces deux formulations, on propose un algorithme ad hoc pour le traitement du
probleme du contact. Les exemples traités démontrent la robustesse des formulations pro-

posées.

Mots-clés : poutres mixtes (bicouches), glissement, soulevement, approche co-rotationnelle,

méthode de pénalité, méthode Lagrangien augmentée, connecteur couplé
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Chapter 1

Introduction

1.1 Overview of composite beam

For close to a hundred years, engineers have been utilizing composite members made of
semi-rigidly connected layers in their structures. One of the most commonly used composite
systems is the steel-concrete composite beam, which has proven to be an economical choice
for both multi-story buildings and bridges. In some conceptions, other combinations such as
timber-steel, timber-concrete and aluminum-composite materials are also commonly used in
construction. A steel-concrete composite beam is a structural element that consists of a steel
beam and a concrete slab, which are connected together to act as a single unit. In fact, the
concrete slab acts as a flange and increases the rigidity and strength of the beam. Compared
to steel or reinforced concrete structures, steel-concrete composite structures offer numerous

technical, economical, and architectural benefits, including:

Decreasing the weight of the structure with the same applied loads,

Increasing the bending stiffness of the slab or beam,

Increasing fire resistance,

Providing the great stability against local and lateral-torsional buckling of steel profile,

Decreasing the height of the slab; hence total height of the building for a common

number of floors is reduced,

Decreasing the duration of construction works.

The steel-concrete composite beam is made up of three main elements: the concrete slab,
the steel beam and the shear connectors, typically in the form of shear studs. Other com-
plementary components such as reinforcing bars in the slab and steel decking, may also be
included, see Fig. 1.1. Reinforcing bars in the form of steel bars or wires are placed within
the concrete slab to enhance its strength and ductility. This added reinforcement enables
the concrete to endure more compressive stresses if the rebars are placed in the compression

zone. If they are placed in the tension zone, the concrete may resist higher tensile stresses,
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Connectors Reinforcement

Concrete slab

Steel deck

Steel beam

FIGURE 1.1: Composite concrete steel beam

which can increases the overall strength and ductility of the composite beam. Besides, the
steel deck serves as a permanent form-work, providing support for the wet concrete during
casting and curing, and also acts as a tensile reinforcement for the composite beam. The
profiled shape of the steel deck improves the bond between the concrete slab and the steel

section, resulting in a more efficient transfer of loads between the two materials.

The connection between the steel beam and concrete slab is usually made by shear connec-
tors. The behavior of the composite members is heavily influenced by the type of shear
connection used. If the latter is rigid, it allows for full composite action between the lay-
ers, and the conventional analysis principals for structural members can be applied. On the
other hand, if the connectors are flexible, relative displacements may occur at the interface
of the two layers, resulting in a so-called partial interaction. In this case, the behavior of

composite beams is more complex and requires a specific analysis.

1.2 State of the art

Over the past century, the development of researches have focused on the behavior of con-
nection in composite beam and its modeling, contact problem at layer interface, and ad-
vanced approaches for analyzing composite structures. The analysis of steel-concrete com-
posite structures has followed two specific themes. Firstly, the researchers have tried to de-
rive analytical solutions of the governing differential equation for general cases by adopting
simple assumptions such as linear elastic material [1], which have provided simple equa-
tions for engineering design purposes that can also be used as benchmark solutions for
evaluating numerical methods. Secondly, the focus has been on developing finite element

models and numerical procedures, which offer better versatility compared with the generic
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models and which can be used for analyzing large steel-concrete composite framed struc-

tures including material nonlinearity.

1.2.1 Modeling of connection between layers

The connection between the layers of a composite member is crucial as it influences all as-
pects of the member. The primary goal of this connection is to make the element act as a
single (unified) body, thereby facilitating the transfer of loads and enhancing the ability to
resist forces. Modeling the connection between the different layers is an important aspect of
designing and analyzing the behavior of the composite beam. In order to accurately model
the connection, several factors need to be considered. These include load transfer mecha-

nisms, slip resistance, uplift resistance, durability, etc.

The shear force transfer between the layers is typically accomplished by two mechanism:
the interactive mechanism provided by connector devises, and the friction which is assumed
proportional to the normal force at the interface. The mechanical shear connection can be
modeled by either concentrated springs at connector locations or by continuous distributed
springs along the beam. The former model is called "discrete bond model" while the latter
is denoted as "continuous bond model". A few authors have considered the discrete bond
model to analyse the behavior of composite beam [2, 3, 4]. Otherwise, the shear connection
is represented as continuous, despite its inherently discrete nature. The first contribution
of composite beam model considering continuous bond is commonly attributed to New-
mark, Siess, Viest, et al. [5]. It has been shown that the adoption of the distributed bond
model greatly reduces the number of elements required for analysis. In fact, the equivalent
distributed spring stiffness can be determined by dividing the stiffness of a single row of
connectors by their distance along the length of the beam. However, when applying the
continuous bond model to layered beams with substantial connector spacing, it may result

in a significant underestimation of the transverse deflection.

1.2.2 Non-penetration between the layers

In a composite beam, uplift occurs when there is a difference in the vertical displacement of
upper and lower layers due to various external factors such as loading conditions, tempera-
ture or moisture changes, etc, [6]. In some situations, both layers are stick together (bearing
one on another without penetration between them). In this case, the efficiency of connector
devise to resist uplift is inactive and the problem becomes "contact problem" which is highly

nonlinear.

The contact problem has been studied for years. The algorithms such as penalty method,
Lagrangian method, augmented Lagrangian method, and modified barrier method have

been proposed to solve the contact problem. In most of the research works on modelling
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composite beam taking into account uplift, penalty method is adopted explicitly by consid-
ering anisotropic constitutive law i.e. different connector stiffness in tension (positive uplift)
and compression (negative uplift). In this case, the stiffness of the connector in compression
becomes the penalty parameter. A part from penalty method, other methods are rarely im-
plemented in composite beam model. In [3], the augmented Lagrangian method has been
adopted to solve the contact problem at the steel-concrete interface and a new concept called
"Flying Node Concept" is introduced. It is stated that this concept solves the problem of con-
tinuous contact at the interface that could sometimes occur along the beam especially in the

case of distributed loads.

1.2.3 Elastic behavior of composite beam

As mentioning earlier, the first contribution of analytical analysis of elastic composite beam
in partial interaction is commonly attributed to Newmark, Siess, Viest, et al. [5]. In their
formulation, they adopted the Euler-Bernoulli kinematic assumptions for both concrete slab
and steel profile and considered a linear relationship between the relative interface displace-
ments and the corresponding interface shear stresses. However, the uplift between the two
layers are neglected. In this model, basing on the equilibrium equations and the compati-
bility relation at the interface, they established a second order differential equation where
the axial force in the concrete slab is the primary unknown. Then, they solved this equa-
tion analytically. The results of Newmark’s works [5] are extensively used by many authors
to formulate theoretical models for the static response of composite beam in linear elastic
range [7, 8,9, 10, 11, 12, 13, 14, 15]. Besides these analytical works, several numerical mod-
els, mostly FE formulations have been developed [16, 17, 18]. It has been shown that locking
problems occur for a low order displacement-based finite element formulation of composite
beam when the continuous connection is considered. This problem can be avoided by ei-
ther introducing internal nodes [16], adopting a strain field formulation [18], or using exact
stiffness matrix obtained from analytical solutions. Heinisuo [19] proposed a finite element
formulation using exact stiffness matrix for uniform, straight, linearly elastic layered beams
with two faces and one core and with three symmetric faces and two identical cores. Based
on the analytical solution given in [20], Sousa Jr [21] derived the exact flexibility matrix for
partially connected multi-layered beams with the assumption that both transverse displace-

ment and rotation are the same for all layers.

Only a limited number of mathematical models proposed in the literature take into account
both slip and uplift at the layer interface. The first attempt was made by Adekola [22] who
considered the linear elastic behavior of simply supported composite beams accounting for
both inter-layer slip and uplift. It is assumed that in regions where separation occurs the
uplift force is proportional to the relative transverse displacement. When one layer bears
against the other, normal contact forces develop. A constant stiffness coefficient is adopted

considering compressibility of the layers. In addition, stiffness coefficients (longitudinal
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and vertical) are assumed to be uncoupled. The governing system of differential equations
is derived based on equilibrium conditions and solved numerically. However this model is
applicable only to the analysis of determinate structures as the moment distribution along
the beam needs to be known a priori. Later, Robinson and Naraine [23] revisited the prob-
lem of a simply supported composite steel-concrete beam subjected to a single point load
applied either on the top of slab or to the steel beam (pull down). A closed form solution was
derived for both load cases. Besides, finite element formulations have also been developed
to analyze the effects of uplift on the behavior of composite beams. Aribert and Aziz [24]
developed a discrete shear connection model to perform a state analysis of composite beams
taking into account the effects of uplift at the steel-concrete interface. The vertical separation
(positive uplift) and the compressibility (negative uplift) of one layer bearing on the other
was considered in [24] by imposing inequality constraint on the transverse displacement.
More recently, a displacement-based finite element model for the analysis of elastic compos-
ite beams with continuous shear connection has been developed by Gara, Ranzi, and Leoni
[25]. They adopted a bi-linear constitutive relationship between the gap and the uplift force,

i.e. different stiffness for positive and negative uplift.

1.2.4 Geometric nonlinearity

Several large displacement formulations for two-layer beams including slip at the interface
have been proposed either within the total Lagrangian framework or using the co-rotational
framework [26, 27, 28, 29]. Most papers on composite beams are focused on the effects of
inter-layer slip while the relative vertical displacement referred to as uplift is assumed to be
negligible. Only a few authors considered both slip and uplift in their nonlinear geometric
model. Krofli¢, Saje, and Planinc [30] proposed a geometrically and materially nonlinear
two-layer beam model by adopting the Reissner beam model for each layer. To circumvent
geometric constraints on the transverse displacement at the interface, a thin-connecting-
layer made of soft material is inserted between the two layers. In their model, slip and uplift
are considered in an average sense and related to the generalized shear-force and the gener-
alized normal tensile force, respectively. Most recently, Schnabl and Planinc [31] developed
a finite element model to predict the elastic critical buckling loads and the corresponding
buckling modes of two-layer composite Reissner’s columns considering inter-layer slip and

uplift at the interface.

1.2.5 Material Nonlinearity

In the context of inelastic behavior analysis of structures, two main types of modeling ap-
proaches are commonly used: concentrated plasticity and distributed plasticity. Concen-
trated plasticity elements are designed to lump plasticity at their member ends, which is
expected to occur for beam-columns subject to strong lateral forces. These elements range

from simple one- or two-component models with nonlinear springs at the member ends [32],
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to more sophisticated elements with fiber modeling at predetermined plastic hinge lengths
[33, 34]. For distributed plasticity models, member cross-section is discretized into several
material fibers along the element length. This approach provides a more accurate represen-
tation of member response by accounting for nonlinear interaction of internal forces along

the entire element.

For the study of the nonlinear behavior of composite members, the existing models can be
grouped into the following two categories: (1) Finite-element models utilizing beam, plate,
shell, and/or brick finite elements to represent in great detail the constituents of composite
structural elements. Such models are rather complex and very computationally intensive.
(2) 1D beam elements that capture salient features of the nonlinear behavior of compos-
ite members within the framework of beam theory. Within the latter category, proposed
models can be grouped into three categories: (i) Full composite action models based on
displacement interpolation functions with fiber discretization of the cross section and uni-
axial stress-strain relations of the constituent materials, as proposed by [35] for the analysis
of composite columns under uniaxial bending and [36] under biaxial bending; (ii) models
of the partial composite action between concrete and steel based on displacement interpo-
lation functions [25, 20] and (iii) recent models that attempt to overcome the limitation of
displacement-based model by the use of force interpolation function (flexibility formula-
tion). Interest in this nonlinear model increased after the work of [37], who proposed a con-
sistent implementation of the flexibility formulation of a nonlinear Bernoulli beam element
within the framework of a general-purpose nonlinear analysis program. In view of limi-
tations of the displacement formulation, and the difficulty of selecting force interpolation
functions that strictly satisfy equilibrium for the problem with strong interaction between
displacements and internal forces, Ayoub and Filippou [38] recently proposed a consistent
mixed formulation of the anchored reinforcing bar problem with independent interpolation
functions for the axial displacements and the reinforcing steel stress. This formulation com-
bines the advantages of the displacement and force formulation while overcoming most of

their limitations.

The finite element formulation can be cast within the framework of displacement-based,
force-based or mixed methods. In the displacement-based finite element analysis of com-
posite beams, the coupling of the transverse and longitudinal displacement fields may cause
oscillations in the interlayer slip field and reduction in optimal convergence rate. This prob-
lem is known as slip-locking. To avoid slip-locking behavior for the stiff connection, Erkmen
and Bradford [39] proposed the assumed strain formulation and the kinematic interpolation

strategy while Dall’Asta and Zona [40] and [41] adopted the consistent interpolation strat-
egy.
Mixed and flexibility-based formulations [42, 43, 44, 45, 46] provide good potential alter-

natives for alleviating the above problems. Instead of using displacements as independent

quantities in the formulation, other variables can be also included as independent variables.
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For example, in a first-order distributed plasticity analysis of framing members subjected
to only end loads, the exact variation of moments along the element is linear. If a mixed
element formulation based on a linear interpolation of the moments is used, then a model
can be established in which the governing differential equations of equilibrium are satisfied
section-by-section along the length of the element. An improved representation of curva-
tures along the inelastic element length is achieved by the use of this moment interpolation,
and the resulting element provides a sufficient accuracy with a coarse mesh compared to
displacement-based formulations. For composite beam element, the bond slip shear forces
along the element can be approximated by a cubic interpolation function [42]. The formula-
tion of the element, however, is rather complex and it does not satisfy the kinematic condi-
tion of shear slip continuity [42]. Although the displacement and force-based formulations
have the same degree of approximation, the force-based formulations may lead to supe-
rior accuracy when compared with displacement-based formulations because of the exact

fulfillment of the equilibrium equations.

1.3 Obijectives and Scope

This thesis presents an in-depth numerical modeling for two-layer composite beam with
partial interaction, taking into account longitudinal slip and vertical uplift. For accounting
those factors, the connectors are modeled by the two-directional springs. The horizontal one
is parallel to the contact surface at the interface of the two layers, while the vertical one is
orthogonal to the contact surface. The horizontal and the vertical springs are used to capture
slip and uplift effects in the composite beam, respectively. In practical term, the penetration
between layers (negative uplift) is not permitted. This requirement is presented by contact
conditions which is solved by using contact resolution algorithm. This work focuses on

several key aspects, including:

- Material and geometrically linear analysis: the two bond models (discrete and contin-

uous bond model) with the non-penetration condition will be presented.

- Geometrically nonlinear analysis: the two bond models with the non-penetration con-
dition will be presented in large displacement analysis by adopting the co-rotational

formulation.

- Material and geometrically nonlinear analysis: FE formulation will be conducted us-
ing displacement-based and mixed (stress-strain) formulation. The plastic-damaged
model for concrete and the plastic model for steel will be used. Moreover, the con-
nection model accounts for the interaction between the shear and tension force of the

connector is proposed and used in the FE model.

This thesis is composed of six important chapters, as follows:
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Chapter 1 is the introduction part, state of the art, the objective and scopes of the study.

Chapter 2 presents a geometrically linear finite element formulation for the analysis of pla-
nar two-layered beam taking into account interlayer slip and uplift. The two bond
models are considered in the analysis: the discrete and continuous bond models. The
exact stiffness matrix is derived from the governing equations for both models. To pre-
vent penetration between the layers, contact resolution methods such as the penalty
and augmented Lagrangian methods with Uzawa updating schemes are adopted. Fi-

nally, numerical applications and discussions are presented.

Chapter 3 presents a geometrically nonlinear finite element formulation for the analysis of
planar two-layer beam while taking into account interlayer slip and uplift. The co-
rotational method is adopted, in which the motion of the element is decomposed into
two parts: the rigid body motion and the small deformational one. The performance
of the proposed formulation is assessed through several numerical applications. The
works presented in this chapter have been published as a research paper (Oeng et al.

[47]) in an international journal.

Chapter 4 presents the constitutive laws of the components that constitute the compos-
ite beams, including steel, concrete and connectors. A nonlinear kinematic/linear
isotropic hardening model is presented for the steel material. The numerical inte-
gration of this model is developed. Additionally, a coupled plastic-damaged model is
presented for the concrete material, and a coupled/uncoupled plastic model is intro-

duced for the connectors.

Chapter 5 deals with the two different finite element formulations: displacement based and
mixed formulation to treat the nonlinear material problem in nonlinear FEA. A fiber
model is used to simulate the cross-section behavior. The algorithm and numerical
applications, specially, the comparison of the numerical results with experimental data

will be presented.
Chapter 6 is general the conclusions and perspectives.

The complexity of the calculations, formulations, basic approaches adopted in this study,

and the big-sized matrix will be shown in the appendix as:

Appendix A presents the formulation for deriving global inter-layer slip and uplift varia-

tions.

Appendix B describes the formulation for interpolating in the displacement-based formu-

lation.
Appendix C recalls the basic approaches in numerical integration process.

Appendix D shows the big-sized vector and matrix used in analysis for Chapter 5.




Chapter 2

Geometrically linear elastic behavior

of composite beams

2.1 Introduction

This chapter presents the analysis of composite beam with partial interaction (including
both slip and uplift) in a linear elastic range. The discrete and continuous bond models
of connection are considered. The inter-layer slips and uplifts are represented by a two-
directional spring element. For discrete bond model, the two-directional forces of the con-
nector are at the extremities, whereas for continuous bond model, they are continuously
distributed along the contact surface (interface) of the element. The behavior of the con-
nector is assumed to be elastic linear. Accordingly, the shear force between the interacting
elements is assumed to be directly proportional to the inter-layer slips which correspond to
the relative longitudinal displacements at the interface. Uplifts should be positive or null.
For positive uplift, the uplift force is directly proportional to the uplift. Primarily, the non-
penetrated condition (contact condition) is relaxed, i.e. uplifts can be positive or negative.
In doing so, the two layers of composite beam can be treated as individual beam elements
that are either locally connected to each other at its extremities where the connectors are lo-
cated for discrete bond model, or continuously connected to each other for continuous bond
model. Hence, the equilibrium equations and compatibility relations at the interface can
be developed. As a result, the governing equation can be derived and solved analytically.

Finally, the exact stiffness matrix can be obtained.

To address the uplift problem at the interface surface, particularly the condition of non-
interpenetration between the layers, a contact resolution method is adopted. One of the
methods that can be used is the penalty method, which is similar to using anisotropic consti-
tutive relationships for vertical springs connecting the connected layers. For the compress-
ibility (negative uplift) of one layer bearing on the other (represented by contact conditions)
the stiffness of the vertical spring becomes the so-called penalty parameter. Increasing the

latter to infinity would lead to the exact solution to the contact problem. Another resolution
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method is Lagrange multiplier method. In this method, the contact constraints is fulfilled
exactly by introducing additional unknowns in the form of Lagrange multipliers. A combi-
nation of the penalty and Lagrangian multiplier methods leads to the so-called augmented
Lagrangian method (ALM).

This chapter is structured in the following manner. The fundamental equations that describe
compatibility, constitutive relations and equilibrium states are highlighted in Section 2.2.
Sections 2.3 and 2.4 present the closed-form solutions for continuous and discrete bond
model, respectively. The contact resolution methods are recalled in Section 2.5. Several
numerical analyses are performed in Section 2.6 in order to support the conclusions made

in Section 2.7.

2.2 Fundamental equations

The field equations describing the behavior of a linear elastic two-layered beam with slip
and uplift at the interface are presented in this section. In what follows, the subscript 2 and
b denote the components of the displacement field in layer a (steel beam) and b (concrete
beam), respectively. The superscripts i and j denote the positions at the start and the end of

the element, respectively.
The presented model assumes the following:

- The composite beam is composed of two straight beams whose cross-sections are sym-

metric with respect to y-axis.
- The composite beam is deformed in (x,y) plan.
- Connected components are made out of elastic, homogeneous and isotropic materials.
- Euler-Bernoulli’s kinematic assumptions are hold.

- Slip as well as uplift can develop at the slab/joist interface and are assumed to be

small.

2.21 Compatibility

The displacement field of a planar composite beam consists of two axial translations u, and
up in x-direction, two vertical translations v, and v; in y-direction and two rotations 6, and
8, around z-axis. The degree of freedom of the planar composite beam element without

rigid body mode is:

q= [ui,,vi,,9;,u;,v;,G;,u{,,v{,,HZ,,u]a,v{z,Gé (2.1)

Considering Euler-Bernoulli beam kinematics by assuming the rotations are small at the
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FIGURE 2.1: Unconnected beam in both layers

cross-section level, we have:

ui(x,y) = ui(x) — y;0;(x) (2.2)
0:(x) = v;x(x) (2.3)
vi(x,y) = vi(x) (2.4)

where i = a,b and the subscript (.) » denotes differentiation with respect to x.

The kinematic equations relating the displacement components (u;,v;,6;) to the correspond-

ing strain component (€;, 0;, x;):

€ = aui (2-5)
0; = avi (2.6)
K = aei (2-7)

e 0=d/dx

* ¢;,0; and «; are the axial strain, the cross-section rotation and the curvature of layer i,

respectively.

It is worth mentioning that the slip is measured as the difference between the axial displace-
ments of both layers at the contact surface and the uplift or gap is measured as the difference
between the vertical displacement of both layers. As indicated in Fig. 2.2, the inter-layer slip
s along the interface can be expressed as follows:

s =up — s + hytan (6,) + hytan (6y)

In which h, and h;, are the distance between the centroid of both layers a and b, respectively

to the contact surface. Since the cross-section rotations are small, we have tan (6;) ~ 6;. The
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FIGURE 2.2: Representation of slip and uplift in deformed configuration

expression of slip s can be simplified as:
S=1up, — g+ h,0, + hy0, (2.8)
and the gap,
§=0v,—7,2>0 (2.9)

The difference between the vertical displacements of both layers must be positive and is
known as uplift. In cases where the calculated gap is negative (g < 0), which is called
penetration, for a certain loading condition, it must be adjusted by considering the non-

penetrated condition.
2.2.2 Constitutive relationships

Constitutive relationship in beam

The generalized stress-strain relationships are simply obtained by integrating the appropri-
ate uni-axial constitutive model over each cross-section. We adopt a linear stress-strain rela-
tionship at the material level and deduce the following constitutive law for the cross-section

of each layer:

N = / vdA; = EjAse; (2.10)
Aj

Ml' = —/ yiU’idAi = EiIiKi (211)
A
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in which N; and M; are normal force and bending moment of the layer i, respectively. E;, A;
and I; are the elastic modulus, the area of section, and the second moment of area of layer i,

respectively.

Constitutive relationship in connection

The horizontal force, also known as the bond force, of connector elements is denoted by Di.
This force represents the shear force transmitted between the layers through the connector
element. The vertical force which is orthogonal to the bond force is denoted by V. and rep-
resents the normal force transmitted between layers through the connector element. These

forces correspond to load transferring between the two layers of the composite beam.
A linear elastic relationship is adopted for both forces as follows:

- The bond force Dq,:
Dsc - Khs (2.12)

in which K}, is the horizontal or shear stiffness of connector and s is the slip at the interface

calculated using Eq. (2.8)

- The uplift force Vi:
Vie=Kyg (2.13)

in which Kj is the vertical or tensile stiffness of connector and g is the gap at the interface
calculated using Eq. (2.9).

In case of discrete bond connection, both bond and uplift forces are evaluated at the extrem-

ities of the element.

2.2.3 Equilibrium

The composite beam element consists of two unconnected beam representing the two layers
and a connector element at the interface. While the connector element is distributed along
the beam at the interface, it results in a continuous connection between the layers. When the
discrete bond model is considered, the connector elements are concentrated at both extrem-
ities.

The vertical displacements of the two unconnected beams are supposed to be different. In
that case, uplift effects can be taken into account. The following presents the equilibrium
equation, which serves as the basis for deriving the stiffness matrices of composite beam

elements.
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Equilibrium of continuous bond connection

A free body diagram of a differential element of composite beam subjected to a distributed
transverse load g, is considered in Fig. 2.3. The nodes are located at the centroid of both
layers and at the extremities of the beam. The equilibrium conditions result in the following

set of equations:

A ¥ To+d To

No e e e e e e e e e e e e e e e e e e e e e e e = = Ni Iv+d Nb
M Y| s . ;Mh+de

r
sc ‘
™ Ma+dMa.

Mﬂ S
Nfé%i@ﬁ ______________________ I; NetdNe

J :,Ta"’d Ta
g dx :

FIGURE 2.3: Equilibrium of the two-layered beam in continuous bond model

- For the layer a:
ON, = — Dy, (2.14)
AT, = — Vi (2.15)
aMa = _Ta + Dscha (216)
- For the layer b:
aNb - Dsc (2.17)
oT, = dy + Ve (2.18)
oMy, = —T, + Dschy, (2.19)

Equilibrium of discrete bond connection
- For the layer a:
oON, =0 (2.20)

9T, =0 (2.21)
aMa — _Tg (2.22)
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FIGURE 2.4: Equilibrium of the two-layered beam in discrete bond model
- For the layer b:
oON, =0 (2.23)
0Ty =gy (2.24)
oM, = —T, (2.25)

- Connector element:

The equilibrium of a concentrated two-directional spring is illustrated in Fig. 2.5.

T
T M M b
N Nb
DSC kh kv
VSC
— Vie
ko
Na
Tﬂ Tﬂ

FIGURE 2.5: Schematic of internal force in the two-directional spring

In equilibrium with both layers, we obtain:
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e With the layer a:

Ds + N, =0 (2.26)
Vee+ To =0 (2.27)
Mu - Dscha - O (2.28)
e With the layer b:
Dse — Np =0 (229)
Ve +T,=0 (2.30)
M, — Dy =0 (2.31)

2.3 Closed-form solution of the continuous bond model

In this section, we will determine analytically the displacement fields and internal forces as

well as the exact stiffness matrix of an element in the continuous bond model.

2.3.1 Derivation of the governing equations

The relationship introduced in section 2.2.2 (using Egs. (2.10) and (2.11)) are now combined
to derive the equation governing the behavior of a two-layered beam in partial interaction.
Combining the kinematic relations Eqgs. (2.5-2.7) with the force-deformation relation Egs.
(2.10-2.11) and inserting the first derivation of the outcome and Egs. (2.12) and (2.13) into the

equilibrium equations, Egs. (2.14-2.19), produce the following set of differential equations:

EpApduy = Ks (2.32)
E A.0%u, = —Kps (2.33)
EpL,0°v, + E;1,0%0, = —T + hKjs (2.34)

in which £ is the distance between the centroids of both layers: h = h; + hj, and T is the total
shear force. Inserting the first variation of the bond force Eq. (2.12) into the derivation of
Egs. (2.16) and (2.19), one obtains:

0’M, = —9T, + K,h,0s (2.35)
0’M,, = —9T}, + K},h;0s (2.36)
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Making use of Egs. (2.6), (2.7), (2.11), (2.13), (2.15) and (2.18), we obtain the fourth derivation

of the vertical displacement for layer 2 and b as follows:

Kog 0s
*v, = =S + K,k 2.37
Og E, L + Kphy, E, L ( )
4 Cly Kvg ds
= _ Kyhy—— 2.
S =—gT "L MET (2.38)

Substituting Egs. (2.37) and (2.38) and the derivation of Egs. (2.32) and (2.33) into the third
derivation of the slip Eq. (2.8), we get:

h
9% = Ads + Bg — EZ‘Z (2.39)

where

_ Ko, Ko, K Kl
- EaAa EbAb Eala EbIb

ha hb
B=K e
U(Ealu Eblb>

In practice, the horizontal stiffness of spring Kj, > 0, we can say that A is always positive.

A

Taking the fourth derivation of the gap Eq. (2.9) and making use of Eq. (2.37) and Eq. (2.38),
one gets the following equation:

' = Cg + Das — v (2.40)
E

where

1 1
C=—-Ky| =—
’ <Eblb * Eala>

hy h,
D=K, |2t _
" <Eb1b Ealu>

In practice, the horizontal stiffness of spring K, > 0, we can say that C is always negative.

Combining Eq. (2.40) and Eq. (2.39) by eliminate the slip s, we obtain the equation as follows:

o°¢ — Ad*g — Co’¢ + (AC — DB)g = (A;?hb)qy
bl

(2.41)
(A — Dhy)

Let §=0%¢ ; $¢=0°¢ and E= L,
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We can write the system of equations as follows:

aZ

§=38
2§ =2¢ (2.42)
0’°¢ — A§— Cg+ (AC—DB)g=Ey,

Assuming g* =g, § §] T one arrives at the following coupled second-order system of

differential equations where the primary unknown variables are the gap distribution:
0’g* —Mg* =h (2.43)

in which

and
h=[o 0 Eg]

Let M, and M, respectively are the matrix collecting the eigenvalues and eigenvectors of

M. Then, we have the following relationship:
M, =M, 'MM, (2.44)

Subsequently, we insert the vector g* obtained by pre-multiplying the vector g by the matrix
collecting the eigenvector:
g =Myg (2.45)

into Eq. (2.43) and make use of Eq. (2.44) to produce an uncoupled differential equation
system:
0’g —M,g=h (2.46)

where
h=M,'h (2.47)
2.3.2 Solution of the governing equations

In this section, we provide only the analytical solution of the governing equations for the
general case of the interface connection (which means that 0 < Kj,K, < o). Turning back

to solve analytically Egs. (2.39) and (2.40), we need to consider two cases depending on the
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value of «:
ha hb

‘= E.l, Epl,

In cases of « # 0, the governing second order differential equation Eq. (2.46) can be used and
involves the single unknown variable g. The eigenvalue A can be real or complex number

depending on the matrix M.

Nevertheless, in case « = 0, the Egs. (2.39) and (2.40) will becomes as follows:

h
9%s = Ads — EL[?
b7b (2.48)

which are uncoupled.

Case1: « £ 0

When « # 0, there are two subcases to consider with respect to the eigenvalue of M. These
subcases distinguish between real and complex eigenvalues, since elements of the matrix M

can sometimes be negative.
* Case: Real eigenvalues

The homogenous solution g is examined in three distinct cases of A, wherein A may be a

positive, negative, or zero value.

- ForA; >0
_ - E
g, = Coi1eV 4 Ce™ VA — =y (2.49)
i
- ForA; =0
_ Eqy
8 = Cai-1 + Coix — — (2.50)
1
- For A; <0

) E
g; = Cai_1cos(/—Aix) + Cy;sin(y/—Aix) — ;,y (2.51)
1

The solution of g; in case A; > 0 invloves exponential terms which may take a very large
value. To avoid numerical ill-conditioning of the stiffness matrix, we replace the actual

expression of the constants of integration with the following ones:

{ Coig = e VALCy (2.52)

Coi = Caiq
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By the dimension of matrix M is 3 x 3, the the subsprition i is the set of = {1,2,3} and L is
the length of the element. All g; are collected in a vector so the analytical solution can be

written in a matrix form as follows:
g=X;C+Z; (2.53)

in which
T
c:[c1 C, .. Cp

The component of matrix Xz and Z; are dependent on the eigenvalues of M and the external
load gy, respectively. In case M is positive definite i.e. A; > 0, we obtain the following

expression for X; and Z.

VML) o=vVhx 0 0 000000
X, = 0 0 eVhx-L) p=Vihax 0 000000
0 0 0 0 eVB(=L) o=VAx 0 0 0 0 0 0

and

Eq,]"
Z, = =y
5 [O 0 A3 ]

¢ Case: Complex eigenvalues

In some cases, the element of the matrix M can be negative. The matrix has one real eigen-

value A1 and two complex conjugate eigenvalues A, 4 iA;, and Ay, — iAjy,.

Here, A, and A;, denote the real and imaginary parts of the complex eigenvalues, respec-
tively. For the first real eigenvalue Ay, g; can be expressed using Egs. (2.49) to (2.51). As
for the conjugate eigenvalue, there are three cases for the real part of the eigenvalue A,,, as
follows:
U1
11 / .

Assume that M, "h = |v,, +iv,,

Uy — 105,
Let v’l denote the initial component of vector M, 'h, and let v,, and v;m denote the real and
complex values of the second component of the vector, respectively. In this scenario, the

third component of M 'h is consistently conjugated complex with the second component.

- For A, >0

8 = Cae/" 1) (cos(/Aipy) +isin(y/Aix)

+ Cye™ V() (cos( AimX) — isin( Aimx)> — Eg, (

v;e + iv;m (2.54)
Are + iAim
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g, = C5e\//\7re(X*L) (COS( Aimx) — isin( )\imX)>

o i (2.55)
+ Cge— V(¥ (cos( Aimx) + isin(\/)ximx)> — Egqy /\Wi”"

re — l/\im

- For A, =0

g, =Cs (COS(\/EX) + isin( Aimm)

Lo (2.56)
+ Cyx (cos( Aimx) — isin( /\imx)> — Eqy (Ure +iv,, )

Are + ZAlm

g, =Cs (cos( Aimx) — isin( )\imx))

‘ v, —iv. (2.57)
+ Cex (cos(\/)ximx) + isin( /\imx)> — Egy | —nm
)\re — Z)Lim

v;e + iv, > (2.58)

b (2.59)
+ Cq (sin(\/ —/\rex)> (cos( Aimx) + isin( /\imx)) — Eg, (H)

Substituting Eq. (2.53) into Eq. (2.45), we obtain:

g =Xy C+Z, (2.60)
where
Xg Zg
X Z

The matrix X¢« as well as the vector Z¢+ are decomposed into two sub-matrices and sub-
vectors, respectively in order to separate the distribution of gap g, the second derivation of

gap g and fourth derivation of gap §.
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Substituting g* = [g, &, 8]" to Eq. (2.60), one obtains:

g =X,C+Z, (2.61)
§=X;C+Z, (2.62)
8 =X;C+2Z, (2.63)

Case2: ¢« =0

In this study case, the supposed value B in Eq. (2.39) and D in Eq. (2.40) are equal to zeros.
With B = 0, the differential equation Eq. (2.39) will become:

hbq
3= — 2 2.64
9s> = Ads E I, (2.64)

N Ky, Ky Ky,h2 Khhi
A t bove A = :
s mentioning above EA, + E,A, T E, + E L,

cannot be negative.

_ - h
A>0— ds= Cleﬁx + Cze_\/zx + by
AE, I,

h
or dJs= C1e‘/z(x*L) + CZe"/Zx + by (2.65)
AELI,

hypqy
AE, I,

A=0— 0s=C;+Cox+

It is able to write the first derivation of function slip, ds in form of:

0s = X3sC + Zy;s (2.66)

We note that Xj; and Z;; can be computed from Eq. (2.65). For example, in case of A > 0:

Xps = |[eVME-L) o=VMX 0 0 0 0 0 0 00 0 0

and
gy
9 " AL,

With D = 0, the differential equation Eq. (2.40) will become:

9g* = Cg — Ezylh (2.67)
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We recall that C = —K,, % + El i > < 0, for any positive value of vertical spring stiffness.
blb ala
The solution of this fourth differential equation is expressed by:
g =CzeV L) 4 CuemV=Cx 4 Cco8(v/—Cx) + Cesin(v/—Cx) + C}Z’yl (2.68)
blb

We can write the gap function as following;:

g=X,C+Z,
Xg=[0 0 V7Tl o= ¥7Cx cos(¥/~Cx) sin(=Cx) 0 0 0 0 0 0
and

Ty
ya—
8§ CEpl,

2.3.3 Determination of displacement fields

To solve the Eq. (2.34), it requires the distribution of the total shear force T(x) to be known.
In order to simplify the development of the solution, we assume that the external distributed
load on the element is uniform. As a result, the distribution of the shear force must be linear

to ensure the overall transverse equilibrium:
T(x) = qyx + Cp2 (2.69)

in which Cyy is the shear force at the left hand side of the beam and be considered to be a 12"
constant of integration. To compute the axial displacement, the deflections and rotations of
both layers, we use the relationships in which the kinematic variables are expressed as a
function of slip and gap. Combining Eq. (2.9) and Eq. (2.34), one obtains the function of

third derivation of vertical displacement in both layers:

—(gyx + C12) + (ha + hy)kps + Eq1,0°g

%v, =
b E.L, + Epl,

(2.70)

5 —(qyx+ C2) + (ha + hy)kys — Ep1,0°g
9, = EL R @2.71)

Inserting Egs. (2.32) and (2.33) to the second derivation of the slip function Eq. (2.8), one can
possibly compute the slip function in a new form as:
0%s — (h,0%v, + hyd®vy)

s= T (2.72)

in which, we have
Ty

0s=D19*¢ — D 'Cg+ D!
Eply

(2.73)
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and . ,
F= 2.74
Replacing Eq. (2.72) into Eq. (2.70), one obtains:
vy = X3, C + Zgsy, (2.75)
in which,
X hh
Xaso, = 7 (2.76)
Z hh
—qyx + (hy + hb)% +Zy, <Eala + F")
Zy,, = 7 (2.77)
where
hZ
f: EaIa + EbIb + f
I; = [0 00000 d7 dis big %0 dm bin2
0 if isi
d;j is the Kronecker delta, where 4;; = ' l 7 ]
1 if i=j
and
X = 0°Xs (2.78)
Zy, = 0*Z; (2.79)
Xg = 0°Xg (2.80)
Zy, = °Z (2.81)
The vertical displacement of layer b, v, is computed by:
vy = Xo,C+ Zy, (2.82)
where
Xy, = / Xo,dx + 1o ; Zy, = / Zo,dx (2.83)
X, = / X dx +1s ; Zg, = / Z,,dx (2.84)

XKb = /Xa3’0bdx +H7 ’ ZK;, = /Za%hdx (285)
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Substituting Egs. (2.61) and (2.83) to the gap function Eq. (2.9), one obtains the vertical dis-

placement of layer a:

v, = Xp,C+ Zy, (2.86)
in which,

Xy, = Xop, — Xq (2.87)

Z,,=Z,, —Z, (2.88)

The rotations of both layers are expressed by:

0, = ngC + Zy, (2.89)

0, = XgaC —+ Zea (2.90)
in which,

Xg, = Xg, — Xag (2.91)

Zg, =7y —Zy, (2.92)

Xaq = 0Xg (2.93)

Zy, = JZ, (2.94)

The axial displacement of layer b can be determined by integrating its second derivation
Eq. (2.32). This gives

1y =X, C + Zs, (2.95)
where
Xou, = / X;eu, + o (2.96)
Zow, = [ Zan, (2.97)
X, = [ Xau, + T (2.98)
Z,,= / Zy,, (2.99)

Once the axial displacement of the first layer is known, Eq. (2.8) is used to derive the axial
displacement as follows:
ua — Xuﬂc + Za (2.100)

where:

Xuﬂ — Xub — Xs + haxga + ]/leQb (2.101)
Zu’,z — Zub _— Zs + huzea + ]/leQb (2.102)
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2.3.4 Determination of internal forces vector

After defining the displacement fields, the force fields can be obtained using the linear elastic

relationship given by Eqgs. (2.10-2.11).

- For layer b

Nb = YNbC =+ RNb
My = YM;,C + RM;;
T, = YT,,C + RT;,

where

YNb = EbAbXBuh
Ym, = EplpXx,
Y7, = —Eblbxa3vb + hy Ky Xs

and

Ry, = EvApZyy,
RMb = EbIbZKb
Rr, = —EplyZys,, + hpKyZs

- For layer a

N, = YN,,C =+ RNg
M, = YM[,C + R,
T, = YTHC + Rr,

where

YNH - EuAaXBuu
YMH = Euluxea
Y1, = —EoLoXas,, + aKpXs

(2.103)
(2.104)
(2.105)

(2.106)
(2.107)
(2.108)

(2.109)
(2.110)
(2.111)

(2.112)
(2.113)
(2.114)

(2.115)
(2.116)
(2.117)
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and

R., = EaAcZon, (2.118)
Ry, = EoluZo, (2.119)
RTa - _Ealaza?yva + haKth (2.120)

The direct stiffness method is used to derive the exact stiffness of the two-layered beam.
Applying the kinematic boundary conditions at x = 0 and x = L leads to the relationship
between the vector of constants of integration C and the vector of displacement q, where L

is the length of beam element. The vector of nodal displacements q can be derived:
q=X.C+Z, (2.121)

The nodal forces vector can be expressed in compact form as:

Q=Y. C+R, (2.122)
in which,

1p(0) X, (0) Z,,(0)
vp(0) Xq, (0) Z,,(0)
91,(0) ng(O) Zeh(o)
1a(0) Xu,(0) Z,,(0)
va(0) Xo,(0) Z,,(0)

|50 @] |z 012
up(L) Xy, (L) Z,,(L)
op(L) Xo, (L) Z,,(L)
Oy(L) X, (L) Zg, (L)
uq(L) Xu, (L) z,,(L)
0a(L) Xo,(L) Z,,(L)
| 0a(L) | | Xo, (L) | Zy, (L) ]
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and
[Ny (0)| Y, (0) | [ Ry, (0) |
—T,(0) —Y1,(0) —R, (0)
—M,(0) —Y, (0) —Ru, (0)
—N,(0) —Yn,(0) —Ry, (0)
—T,(0) —Yr,(0) —Rr,(0)
ol | MO WO (RO o124

N, (L) Yy, (L) Ry, (L)
Tb(L) YTb(L) RTb(L)
M(L) Y, (L) Ry, (L)
Nq(L) Y, (L) Ry, (L)
Ta(L) Yr, (L) Ry, (L)

| Ma(L) | | Y, (L) | | R, (L) |

2.3.5 Exact stiffness matrix

The nodal displacements are independent, and thus, the matrix X, is invertible. Conse-
quently, the set of constants C are obtained as a function of the nodal displacements q. The
constants C can be computed using Eq. (2.121), depending on the specific formulation and

assumptions used in the beam analysis.
C=X.'(q—Z) (2.125)
Substituting the Eq. (2.125) into Eq. (2.122), one obtains:

Kq=Q+ Q. (2.126)

where
K=YX.! (2.127)

represented the exact stiffness of the element, and

Qext = KZ. — R (2.128)

represented the nodal force due to the uniform external load g,,.

2.4 Closed-form solution of the discrete bond model

In contrast to the continuous bond model, the stiffness matrix of the composite beam ele-
ment can be easily derived in the discrete bond model. In fact, it requires only the indi-

vidual stiffness of the unconnected beam and of the connector element. Once derived, the
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stiffnesses are assembled in a consistent position.

The compatibility introduced in Section 2.2.1 is now combined with force-deformation rela-

tion in Section 2.2.2 for layer i, we obtain:

du;(x

Nj(x) = E;A; dy(c ) (2.129)
d?v;(x)

M;(x) = E;I; I (2.130)

By making uses of the Egs. (2.20), (2.22), (2.23) and (2.25), the second variation of axial dis-

placement and fourth variation of vertical displacement are expressed by:

For layer b,
0*uy(x) =0 (2.131)
oty (x) = —% (2.132)

For layer a,
0%1,(x) =0 (2.133)
*v,(x) =0 (2.134)

The solution of non-homogeneous differential equations for Egs. (2.131) to (2.134) are as

follows:
For layer b,
vp(x) = C1a® + Cox® + Cax + C4 + v, (%) (2.135)
0y (x) = 3C1x” + 2Cox 4 C3 + 00, (x) (2.136)
ub(x) = Csx + Cq (2.137)
For layer a,
v,(x) = Cyx® + Cgx® + Cox + Cyo (2.138)
0,(x) =3C7x> +2Csx + Co (2.139)
ua(x) =Cnx+Cp (2.140)

where Cy,Cs,...,Cyp are constants.

24.1 Determination of displacement fields

In general, the displacement field is characterized by its components as expressed in Eq. (2.1).

However, through the discrete bond model, it becomes feasible to calculate the analogous
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components on layer b and a. The start and end of extremities can be defined at x = 0 and

x = L, respectively.

Hence, with respect to layer b, the relationships can be computed by making uses Egs.
(2.135-2.137) as follows:

[uy()] [0 o0 0 0 0 1][¢] [ 0 ]
(0) 0 0 010 0f|C vg,(0)
0, (0 0 0 10 0 0ff|C v, (0
p(0) | _ 3| 4 [9%,(0) (2.141)
up(L) 0 0 00 L 1||C4 0
(L) 3 12 L 10 0|]GCs vg, (L)
0s(L)] [3L2 2L 1 0 0 0] [Cs] |9vg, (L),
Or
q=X4C+Zqg (2.142)

It is noticeable that the displacement field q in Eq. (2.142) considers only layer b and C are
C1,Cy, ..., Ce.

2.4.2 Determination of internal forces vector

To compute the internal force vector, only the displacement field in layer b, as represented
in Section 2.4.1, is taken into account. Upon combining the relationships presented in Egs.

(2.10-2.11) with the displacement fields, the following expression is obtained:

[N, (0) | 0 0 0 0 —(EA), 0] [ 0
T,(0) 6(EI), 0 00 0 0| |G (ET)y9%0,,(0)
My(0) | _ 0 —2(EI); 0 0 0 0| |G; N —(EI)y0%v,, (0)
Ny (L) 0 0 0 0 (EA), 0| |C 0
T, (L) —6(EI), 0 00 0 0| |Cs —(EI)pd%v, (L)
| My(L)| | 6L(EI), 2(EI), 0 0 0 0] [Cs] | (EI)p0%04,(L) |
Or,
Q=Y.C+2Z4 (2.143)

2.4.3 Exact stiffness matrix

The exact stiffness matrix for the discrete bond model can be obtained by performing an
analogous calculation as the ones in Section 2.3.5. The constants C can be computed us-
ing Eq. (2.142), depending on the specific formulation and assumptions used in the beam
analysis.

C=X;'(q—Zq) (2.144)
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Substituting the Eq. (2.144) into Eq. (2.143), one obtains:

Kyq=Q + Qext (2.145)

where
K, = YaX;' (2.146)

represents the exact stiffness of the element for layer b.

The rigidity matrix of the unconnected beam element for layer b is as follows:

[ E,A,/1 0 0 —E A/l 0 0
0 12E,1, /13 6EuI, /1> 0 —12E,1,/1®  6E,I,/I?
0 6E,I, /1% 4E, 1, /1 0 —6E,I,/12  2E,I,/1
K, — vly/ vly/ vlp/ vlp/ (2.147)
—Ey A/l 0 0 EyA,/l 0 0
0 —12E,I,/13 —6E,l, /12 0 12E,I, /13 —6E,I, /12
0 6E,I,/ 12 2E,1,/1 0 —6EyI, /12 AE,I,/1 |
and
Q. =KyZg — Ry (2.148)

represented the nodal force due to the uniform external load g,,.

The observation can be made that the stiffness matrix K}, is associated with the displacement

v]é Hi . It is worth noting that a similar calculation procedure

field q, = |ul ol 0 u)

can be applied to layer a.
The combination of beam elements for both layers a and b with connector elements at their
extremities results in a connected composite beam element. The matrix of rigidity of the
latter is as follows: (13) ' 46
K +K, K

K= .
46),T 31
KT kGY K,

(2.149)

where

K£133) is the stiffness corresponding to displacement vector {ui) ol 6 ul ol 02;],

Kfel) is the stiffness corresponding to displacement vector {u]b v{] 0{; u£ v{l 9{1] ,
- K, is the stiffness matrix of connector at node i,
- K, is the stiffness matrix of connector at node j.

In order to derive the matrices K,(Alf), K,([Q;l), and K,(f), the properties of the element matrix
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with respect to the individual layer, as well as the displacement vector, are derived accord-
ingly.

[E, A/l 0 0 0 0 0 |
0 12E,1,/1° 6E,I, /1% 0 0 0
K19 _ 0 6E,I, /1> 4E,I,/1 0 0 0
0 0 0 E.A,/1 0 0
0 0 0 0 12E,1,/13 6E,l,/1?
0 0 0 0 6E,1,/1?> 4E,1,/1 |
[—E,A,/1 0 0 0 0 0 |
0 —12E,I,/13 6E,l,/ 1> 0 0 0
K6 _ 0 —6E,I,/1>  2E,I,/1 0 0 0
0 0 0 —E,A;/1 0 0
0 0 0 0 —12E,I,/1® 6E,IL/I?
.0 0 0 0 —6E,I,/1>  2E.I,/1 |
[EyAp /1 0 0 0 0 0 ]
0 12E,1,/13  —6ELI, /1> 0 0 0
KB _ 0 —6E,1,/12  4E,I,/1 0 0 0
0 0 0 E,A,/1 0 0
0 0 0 0 12E,1,/13 —6E,I,/I?
0 0 0 0 —6E,1, /1> AE,I,/1 |

To obtain the rigidity matrix of a connector element K., Eq. (2.12) and Eq. (2.13) are intro-
duced into equations such as Egs. (2.26) to (2.31).

[k 0 ki =K 0 heki ]
0 K 0 0 -k 0
< hbkf,'l 0 hgk;;‘ —h%,kél 0 hbhakf,'l
“ | =k 0 —mky k0 —hdk,
0 -k 0 0 kK 0
(K, 0 K, <K, 0 hak, ]
0 K 0 0 -k, O
ki, 0 Mk, —hkl, 0 hyhak,
~k, 0 Ik, k0 —hk,
0 —k 0 0 kK, 0
hak], 0 hahpk), —hik], 0 h2K] |

che =
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2.5 Treatment of non-interpenetration between the layers

The governing equations of the problems are obtained by minimization of the total potential
energy defined as the difference of the initial strain energy Wi, (qg) and the work performed
by the external loads Wext(q,) i.e-:

T1(qy) = Wint(qg) — Wext(q,) (2.150)

which is formed by the difference of the internal and external virtual work, Wint(qg) and
Wext (qg), respectively. q is a vector of displacements and the subscript ¢ denotes the global

coordinate system.

The principle of the stationary potential energy reads:
OI1(q,) = OWini(qg) — OWext(qq) =0 (2.151)

The variational forms of the internal and external virtual works for discretized problem are

given by:

SWint(dg) = G4 Qinr (dy) (2.152)
SWext (dg) = 0dg Qe (2.153)

in which th(qg) and Q,,; are internal and external force, respectively.

The non-interpenetration condition between the layers imposes that:
G(q,) >0 (2.154)

where G(qg) is actual gap in composite beam. The constrained problem is now written as:

{Minimize I1(q,) (2.155)

subjected to G(q,) >0

In the following, we will highlight the methods that can be used to solve Eq. (2.155).

2.5.1 Penalty method

Optimization problems that involve constraints, such as those presented in Eq. (2.155), can
be solved using the penalty method by adding a penalty term to Eq. (2.151) in which the

gaps, g, violate the constraint condition as follows:

I1'(qy,A) = I1(q,) + 28" (q,)8(a,) (2.156)

where p is the penalty parameter and p > 0.
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Taking the first variation of Eq. (2.156) with respect to displacement and making use of
Eq. (2.152) and Eq. (2.153), we obtain:

09 Qine(g) — 603 Qext + POg' (9,) 8(qg) =0 (2.157)
With
Jg(q,)
C(q,) = aqg , (2.158)
8

we can rewrite Eq. (2.157) as follow:

5, [th(qg) ~ Qe +pC(q,) g(qg)] =0 (2.159)

which is fulfilled for an arbitrary virtual displacement dq,. We have then:

Qint(dg) — Qext + pCT(qy) 8(qy) =0 (2.160)

To solve Eq. (2.160), Newton-Raphson method may be used. By replacing Qint(qg) =Kq,,
Eq. (2.160) becomes,

[K +pC(q,) g(qg)} q=Q.x (2.161)

2.5.2 Lagrange multiplier method

Lagrange multiplier method is also the classical method used to solve the contact problem.
In this method, the total potential energy function Eq. (2.151) is modified by affixing an

additional Lagrange multiplier term:

IT'(q,,A) =T1(qy) +A'g(q,) (2.162)

in which A is Lagrange multiplier and A < 0. Variation of Eq. (2.162) with respect to dis-

placement and Lagrange multipliers gives the following system of nonlinear equations:

Qint(dg) — Qext + CT(q)A =0 (2.163)
g(q,) =0 (2.164)

in which Eq. (2.158) is used. It can be seen that the number of unknown has increased in
Lagrange multiplier method since A is an additional variable in the system of equations.
Thus, the size of the system of equations needs to be re-ordered during the solution of the
system according to the violation to the constrained condition. However, this method allows

to fulfill exactly the contact condition.
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2.5.3 Augmented Lagrangian method

The penalty method has solutions that are highly dependent on the penalty parameter p.
The classical Lagrange method requires the resulting larger system of equations to be effec-
tively reordered during the solution of the system. A combination of penalty and Lagrange
multiplier method leads to a so-called augmented Lagrangian method. In this method, the
penalty and Lagrange multiplier terms are added to the total potential energy Eq. (2.151).

We obtain then:

IT(qq,A) = I1(q) +A"g(q,) + 58" (a,)8(a,) (2.165)

The advantage of using this method is that the penalty factor value does not need to be large
in order to obtain the convergence of the iterative process. Besides, by coupling this method
with Uzawa updating scheme, the Lagrange multipliers can be isolated from the system of

equations. The number of unknown in the system of equations is then conserved.

Assuming that Lagrange multiplier A is known as A, the variation of Eq. (2.165) with respect
to displacement yields the following system of nonlinear equations:

Qint(dg) — Qext + CT(q) A+ pCT(q,)8(qy) =0 (2.166)

Newton-Raphson method may be used to solve nonlinear equation Eq. (2.166) for a fixed
known Lagrange multiplier A. The solution of Eq. (2.166) is then used to verified the contact

condition. If it is violated, the Lagrange multiplier can be updated by:
Aer1= A+ pg(q,) (2.167)

For dealing with the contact problem, increasing the penalty factor p to infinity would
lead the exact solution to the contact problem. However, in the computational applica-
tion, it is not possible to use a very high penalty factor since it may lead to numerically
ill-conditioning of the system. Nevertheless, it requires a good start of penalty parame-
ter to facilitate the convergence. It has been shown in [48] that the optimal convergence is

achieved with the penalty parameter equal to:

2

= - 2.1
Popt Ao+ At (2.168)

in which A, and A denote the smallest and the largest nonzero eigenvalue of matrix

1
0Q; .
C | =t CT, respectively.

( 99, ) F g

The penalty parameter p is then recommended between 0 and pp;.
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2.6 Numerical Applications

In this study, we will begin by performing a validation of the numerical model through
comparison with an existing beam model. Following this, we will proceed to examine the
discrete bond and continuous bond models, focusing on the effect of connection stiffness.
Additionally, we will investigate the penetration problem with distinct value of vertical stiff-

ness of connection with/without the contact algorithm.

2.6.1 Validation with a simply supported beam-column subjected to axial and
transverse loading

To validate the proposed model, a simply supported beam-column subjected to axial and
transverse loading is considered, see Fig. 2.6. A closed-form solution of this problem, in
which the uplift effect is neglected, is provided by Girhammar and Gopu [49] and Krofli¢,
Saje, and Planinc [30]. In order to eliminate uplifts, we consider a large vertical connection
stiffness equal to 1000 kN/cm? (continuous connection stiffness value which will be con-
verted later for discrete connection) for the present model. The beam is modeled with 20
elements and the penalty method with penalty parameter equal to 1000 kN/cm is adopted

in the present model.

qy=1kN/m

[T TITIIIIT]

L=4000mm :

FIGURE 2.6: Two-layer composite beam under axial and transverse loads.

The elastic modulus of layer a and b are 800 kN/cm? and 1200 kN/cm?, respectively. The
stiffness of continuous shear connection in horizontal direction is equal to 5 kN /cm?. Since
the discrete bond is also used in the present model, the stiffness of connectors kj, and k, are
calculated by multiplying the continuous shear connection stiffness by the spacing of the

connector elements.

The results obtained with the present models are compared for the absolute value of max-
imum vertical displacement ||v.x|| and maximum slip value s,,,; with the ones found in
the literature and summarized in Table 2.1. It can be seen that a very good agreement is

obtained.
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TABLE 2.1: Numerical results.

Result ||0max] | (mm) Smax(Mm)
Girhammar and Gopu [49] 7.560 0.2262
Krofli¢, Saje, and Planinc [30] 7.560 0.2259
Present discrete model 7.586 0.2283
Present continuous model 7.559 0.2288
Comparison Ratio of ||vyax|| Ratio of spax
Present discrete model /[49] 1.0034 1.0092
Present continuous model /[49] 0.9998 1.0114

2.6.2 Comparison between discrete and continuous bond model

This numerical model has demonstrated a high level of agreement in comparison to the
results of [30] and [49] during the validation process. As a result, this model is now suitable

for the use in comparing the discrete bond and continuous bond models.

P=50kN

4~20kN/m | Cross-section A-A’
l___l___l____/g,__l__i__l___L___L___l__i___l___l | s50mm |
--------------------------------- Zayerb% . “]100mm
x,X z,Z e
Iglaym | IPE 400 400mm
! LA i ! i B
! 2500mm " 2500mm ! y?,y

FIGURE 2.7: Two-layer composite beam under concentrated and distributed
loads.

Introducing an iso-static steel-concrete composite beam supported by two simple supports,
with a length of 5 meters. The beam is subjected to a distributed load of 20 kN/m and
a pointed load of 50 kN applied at mid-span. The beam consists of a reinforced concrete
slab with a section of 880x 100 mm?, as well as an IPE 400 steel profile connected by 11
pairs of Nelson studs, with a height of 75 mm and a diameter of 16 mm, evenly spaced
along the beam. Each pair of studs is placed in the same cross section of the beam (see
Fig. 2.7). The modulus of elasticity of the steel is 210 GPa, while that of the concrete is 34
GPa. The analysis is performed with 2 elements for continuous bond model and with 10
elements for the discrete bond model. The stiffness of each stud is assumed to be 20 MN/m
(assuming to equal for both direction). The horizontal stiffness of the connection device,

used in the simulation with the discrete connection model, is therefore equal to 2 x 11 x 20
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=440 MN/m in total. The distribution of the connection in both directions for discrete and

continuous bond, is calculated as follows:

-Continuous bond model

44
K, = K, — HOMN/m _ g0 i\ /m? (2.169)
5m
-Discrete bond model
k, = ky = 20MN/m (2.170)
for both elements at the extremities of the beam and
ky = ky = 20MN/m? x 2 = 40MN/m (2.171)

for interior elements.

Through the utilization of the two connection models, we have made observations and com-

parisons of the axial displacement, vertical displacement, slip, and uplift at the interface.

0 T T T T
= nnnn Continuous bond
Discrete bond model

— -1t -
g
£
5 5
2 20 i
g
.
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A 3 1
R
=
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: | \\’/ _

_5 1 I 1 I
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Coordinates along the beam length [mm]

FIGURE 2.8: Vertical displacement of lower layer in discrete and continuous
bond model.
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FIGURE 2.9: Axial displacement of lower layer in discrete and continuous
bond model.
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FIGURE 2.10: Axial displacement of upper layer in discrete and continuous
bond model.

It is showed that the results illustrated in Figs. 2.8 to 2.12 obtained with the discrete bond
and continuous bond models were identical with the tolerance less than 1%. The main ob-

servation from these results is that the continuous bond model requires only two elements,
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FIGURE 2.11: Uplift of beam in discrete and continuous bond model.
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FIGURE 2.12: Slip of beam in discrete and continuous bond model.

which can save significantly computation time for this and other complex problems. As a
result, we recommend using the continuous bond model to save time in calculations. Be-

sides, with the exact solution presented in Section 2.3, the distribution of the displacement
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field can be obtained, using the information of the nodal displacements.

The second point of observation concerns the uplift results shown in Fig. 2.11. Although
there are some small differences in the graph between the two models, they are very small
(< 10~ mm). It is notable that both the discrete bond and continuous bond models accu-
rately captured the lack of penetration between layers. This indicates that both models were

appropriately designed and validated for this problem.

2.6.3 Influence of vertical stiffness of the connection

In this example, the focus is on investigating the influence of the vertical stiffness of con-
nectors on slip and uplift at the interlayer, as well as the treatment of penetration using the
penalty method. A simply supported two-layered beam of length L=2800 mm is studied. As
our mathematical model considers linear elastic material, its results could be realistic for the
low load at mid-span (P=7624 N). The modulus of elasticity of both layers are considered
to be equal (E, = E,=15000 N/m?). The geometries of both layers are described in Fig. 2.13.
In the first step of our problem, we examine the influence of transverse stiffness by keeping
the horizontal stiffness of connection Kj, at 27.2 MPa and varying the transverse stiffness K,
(1, 10, and 100 MPa).

P Cross-section A-A’
l , 120mm |
—A’ >
**************************************** ayrb | | e o | 00mm
X zZ v v
A0 iy 140mm
| layer a |
| —A | : o
1400mm 1400mm |
vY

FIGURE 2.13: Two-layer composite beam under transverse loads at mid-span.

This study investigates the variation of slip and uplift along the contact surface for various
transverse connection stiffness, as illustrated in Figs. 2.14 and 2.15. The analysis is per-
formed using continuous bond model with 2 elements. The results indicate that negligible
changes of slip occur at both extremities within the permissible range of tolerance (<5%),
even in the case of a ten-fold difference in transverse connection stiffness, see in Fig. 2.14.
Moreover, the mid-span of the simply supported beam exhibits no slip in this loading con-
dition. In contrast to slip, the uplift demonstrates a noteworthy change in response to vari-

ations in transverse connection stiffness, as indicated in Figure 2.15.




42 Chapter 2. Geometrically linear elastic behavior of composite beams

0.5 : : :
JDP F—
K_=1MPa "
0.4 & -
=== K =10MPa R R
0.3+ o S0 .
= = K =100MPa :. '/,
T 02t HEEd i
£ it
‘= 01} R |
L
S
o / _
5 f
& 01t * .
= A
B L ’s i
o -0.2 f/:
7 :
03l 2,00 i
0.3 Z W R
&
04 ° |
—-—-"’ ass®
_05 wl‘llllllllll | | | I
0 500 1000 1500 2000 2500

Coordinate along the beam length [mm]

FIGURE 2.14: Slip with varied transverse spring stiffness.
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FIGURE 2.15: Uplift/Penetration with varied transverse spring stiffness.

As expected, increasing the traverse stiffness K, result in decreasing penetration depths,
see Figure 2.15. However, although the penetration depth associated with a K, value of

100 MPa was less than 1 mm, practical applications of construction materials do not permit
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such levels of penetration. To address this issue of non-penetrability, a penalty method or

augmented Lagrange method described earlier might be used.

2.6.4 Non-penetration treatment

As discussed in Section 2.6.3, penetrations are not permitted in practical construction ma-
terials such as concrete, steel, timber, etc. Non-penetration is enforced by penalty method

with using a penalty parameter of 108 MPa.

Results obtained from this method showed effective improvement in non-penetration.

TABLE 2.2: Maximum penetration results.
Traverse stiffness K, (MPa) 1 10 100
Penetration at mid-span (mm) -6.98x107° -7.09%107° -7.17x107°
Penetration at extremities (mm) -3.91x107®  -4.09x107®  -4.09x107°
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FIGURE 2.16: Uplift/Penetration distribution with contact algorithm

In Fig. 2.15, we observed notable penetration at the mid-span of the beam. This can be
adjusted using the contact algorithm, as demonstrated in Fig. 2.16, where very small and
negligible penetration was observed along the interface of the beam. It is reasonable to ex-
pect some uplift when treating non-penetrated conditions, as shown in Fig. 2.16. Moreover,
the slip at the interface does change its form but its maximum value at the extremities does

not change significantly with or without the contact algorithm, as illustrated in Fig. 2.17.
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FIGURE 2.17: Slip distribution with/without contact algorithm

2.7 Conclusion

This chapter introduces the governing equations of composite steel-concrete beams, tak-
ing into account slip and uplift phenomena. These developed formulations have been for-
mulated using both discrete bond and continuous bond models. The primary aim of this
chapter is to investigate the linear elastic behavior of composite beams taking into account
slip and uplift at the interface. The "exact" stiffness matrix has been derived through a
closed-form solution of the governing equations. It is showed that using the same connec-
tion vertical stiffness for tension and compression results in penetration between the layers

of composite beam.

The present model has been validated and has demonstrated good agreement with sev-
eral research studies [49, 30]. Both discrete and continuous bond models provide accurate
results. However the discrete bond model requires a larger number of elements to pro-
duce results similar to the ones obtained with the continuous bond model, which makes it
a slower process during numerical calculations. Under certain load conditions, the pene-
tration increases as the transverse stiffness of the connector weakens. To ensure that a non-
penetration condition is respected, a contact algorithm such as the penalty and augmented
Lagrangian method was used in this study, resulting in minimal and negligible penetration

at inter-layer.
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Chapter 3

Geometrically nonlinear elastic

behavior of composite beams

3.1 Introduction

Geometrically linear elastic analysis of composite beams in Chapter 2 assumed that the dis-
placement of the beam is small which is appropriate for predicting the behavior of the beam
under infinitesimal rotation. In some applications, the deformation gradient of the beam

can be large. In such cases, nonlinear geometrically analysis is required.

The purpose of this chapter is to present a finite element formulation for geometrically non-
linear analysis of two-layer composite beams with inter-layer slips and uplifts. To take into
account geometric non-linearity, a co-rotational method is adopted. In this approach, the
motion of the element is decomposed into two parts: a rigid body motion that defines a lo-
cal coordinate system and a small deformational motion of the element relative to this local
coordinate system. A co-rotational element formulation has several relative advantages: (1)
the co-rotational formulation is accurate and has good convergence properties for problems
with large displacements and large rotations but small strains; and (2) the treatment of ge-
ometric non-linearity is effectively undertaken at the level of discrete nodal variables with
the transformation matrix between the local and global nodal entities, being independent
of the assumptions made for the local element. Thus, many existing high-performance el-
ements can be reused at the core of a co-rotational element formulation, and the resulting

formulation can be employed to solve large displacement and large rotation problems.

The organization of this chapter is as follows. In Section 3.2, we discuss the co-rotational
framework, including beam kinematics and element formulations. In Section 3.3, we pro-
vide numerical examples to evaluate the proposed formulation and support the conclusions

drawn in Section 3.4.
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3.2 Co-rotational framework

The co-rotational method for 2D beams is known for many years. This approach is a priory
based on the kinematic assumptions that the displacements and the rotations many be ar-
bitrarily large, but the deformation is small. However, when dealing with planar two-layer
beam:s, it is necessary to select pertinent kinematic local and global variables. The local stiff-
ness matrix must then be reformulated. In the following, we present the main ingredients

of a co-rotational formulation for two-layer beam element:
- the choice of co-rotating frame,
- the derivation of the relationships between the local variables and the global ones,

- a variationally consistent internal force vector along with the tangent stiffness matrix.

3.2.1 Beam Kinematics

The co-rotational description of the motion of a deformable body assumes that the motion
of a body can be decomposed into a rigid body motion and pure deformations. Primarily,
a local rigid reference frame is defined and attached to the element so that this local frame
translates and rotates with the element but does not deform with it. With respect to this mov-
ing frame, local deformational displacements are defined and the geometrical nonlinearity
introduced by element large rigid-body motion is incorporated into the transformation ma-

trix relating local and global displacements.

In our present model, the rigid reference frame (co-rotational frame) is defined by construct-
ing a local reference system attached to the composite beam element. Its origin is taken at
the node a’ which corresponds to the centroid of the lower layer cross-section, see Fig. 3.1.
The x;-axis is represented by the line connecting the end nodes of lower layer a’ and a/ while
the y;-axis is orthogonal to the x;-axis. The decomposition of the element movement from
the initially undeformed state to the actual deformed one are: the rigid motion of the local
frame corresponding to the translation of the node a' and the rigid rotation « of the x;-axis
(see Fig. 3.2), and the local deformations with respect to the local frame. The local deforma-

tions are assumed to be small and the ones defined in Chapter 2 can be used.

According to the notations defined in the co-rotating frame (Fig. 3.2), the local displacement

vector q; can be defined as:

s L D R
q, = [uy,v},,0,,u,,7,,0,,1,70,0,, 1,7, 0,]
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FIGURE 3.2: Initial and deformed configuration (displacements and rotations)

The bar in the displacement components indicates that it is in the local coordinate system,

and its components can be computed as below:
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=0 (3.1)
=0 (3.2)
7, =0 (3.3)
9 =0 —a (3.4)
=1, — I (3.5)
9 =6 —a (3.6)
i =5 — 8, — 0, (3.7)
0, =3 +7, (3.8)
0, =0 —a (3.9)
W =5 + 11, — h,0, — ) (3.10)
3 =g 47, (3.11)
0, =06 —a (3.12)

where « is the rigid rotation of the x; axis and is obtained by using the geometrical relation
in Fig. 3.2:

sine = ¢, —5,¢ (3.13)
COSX = CC+ 5,5 (3.14)
with,
1, ; :
¢ = cosfo= I (x{Z - x;> (3.15)
. 1/ ;
sp = sinfp= I (y{Z — yé) (3.16)
¢ = cosp= 1 (x{z ol —xi— u;) (3.17)
I
1/ ; , : ‘
s = sinf= T (y{z +uh -y — v;) (3.18)
n

lp and [, are the element’s length in initial and deformed configuration, respectively.

S
Il
Q
—
«;%(‘\.

)+ (o) (3.19)

; } , N2 ; ; ) A\ 2
L, = \/<x{1+u{z—x;—u;> +(y{1+v£—yz—vé) (3:20)
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3.2.2 The relationships between slip and uplift in local and global coordinate
system

In the local coordinate system, the inter-layer slip is measured at the extremities of the el-
ement in the direction of x;-axis, see Figure 3.3a. In the global coordinate system, it is as-
sumed to be measured in the direction of an axis forming an average angle 0 to local x;-axis,
with § = 1(8, + ). It is worth to point out that uplift will result in a rotation 0, different
to that 6),. Without uplift, the two components of a two-layer beam who deform according
to Bernoulli kinematics will rotate equally (6, = ;). Besides, it is assumed that the uplifts
in both local and global coordinate system are measured in the orthogonal direction to the
slips, see Figure 3.3b. From the assumptions above, the relationships between slip and uplift

in local and global coordinate system are given by:

5 =s* cos(@k) — g sin(?k) (3.21)
g =5 sin(@k) + g~ cos(@k) (3.22)
-k =k
where @k = w, k=i,j.

3.2.3 Element Formulations

Once the relationship between local and global variables is established, the rigid body mo-
tions can be removed from the element displacement field. It can be achieved by calculating

the local displacements using Eqs. (3.1-3.22).

Let us consider two different coordinate systems with subscript [ and g. Assume that the
internal force vector Q; and tangent stiffness matrix K; are consistent with the displacement
vector q; such that:

5Q, = K;q, (3.23)

Consider now that q is related to the displacement vector q, through:
0q, =By, 5qg (3.24)

Then, by equating the virtual work in both systems, the internal force vector Q, consistent
with q,, is defined by:
Q, =B/, Q, (3.25)
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(A) slip

(B) Slip and uplift

FIGURE 3.3: Slip and uplift in local and global coordinate system

The expression of the tangent stiffness matrix Kg, consistent with q, is obtained by differen-
tiating Eq. (3.25) and combining the outcome with Eq. (3.23) and Eq. (3.24):

(B}, Qy)
K, =B KB, +Hy,  Hy=—5— (3.26)

99 Q
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From the idea described above, the element formulation can be obtained using four consec-

utive changes of variables:
Ql/Kl — QelKe — QulKa — Qn/Ki’l — Qg/Kg

and five different displacement vectors as follows:

i i A i i A —i A —i —j 7]‘T
Zlvzblgb/uizlvzalgaluélv]ble /u‘lllv]ﬂleu]

]T

q, = [}, 0}, 6}, 1wy, 0h, 04, 1,0, 04, b, 0, 04"

The matrix of transformation which transfers from the state of one displacement vector to
another is given in the following, whereas the variation of global slip and uplift with respect

to the displacement vector are shown in Appendix A.

3.2.4 The first change of variables from q; to q,
By using Egs. (3.1) to (3.3), (3.7), (3.8), (3.10) and (3.11), the transformation matrix By, relating:
@ =7, %, 8,7, 7,8, 7, 7, 8, 7, 8,1
with
9. = [, 0, 9,, 9}, 85,5, 3"

is obtained as follow:

0 ~hy =hy 0O 0 1000
0 0 0 0 0 0010
01 0 0 0 0000
00 0 0 0 0000
0 0 0 0 0 0000
g,_ |0 0 1 0 0 0000
1 0 0 —h —h 0100
00 0 0 0 0001
0 0 0 1 0 0000
1 0 0 0 0 0000
00 0 0 0 0000
0o 0 0 0 1 000 0
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In this case, the nonlinear geometric term of the stiffness matrix is:
H,=0
3.2.5 The second change of variables from q, to q,
By using Egs. (3.21) and (3.22), the second change of variables from:
a. = [, 9,,9,,8,6,5,5,8, 2"
to
Q= (1,8, 8,8, 0,5,5, ¢, 8"

can be performed, in which the transformation matrix B,, is given by:

10 0 0 0 O 0 0 0
01 0 0 0 0 0 0 0
00 1 0 0 0 0 0 0
00 0 1 0 0 0 0 0
Bo,=1[0 0 0 0 1 0 0 0 0
0 A A 0 0 cos® 0 —sinf 0
0 0 0 AW W 0 cosf 0 —sin@/

0 B BV 0 0 sinf 0 cosf' 0

0 0 0 B B 0 sind 0 cost |

where,
z‘__&i ‘i_Sl- Ai
A = 2cos@ 2sm9
- 8 osd % sing
A = 2CosQ 251n0

e o
B! = —cosh' — g—smGZ

2 2
o d g
B = Ecosﬂf — Esmef

Accordingly, the nonlinear geometric term of the stiffness matrix is:

= Hea(1)Qe(6) + Hea(2) Qe (7) + Hea (3) Qe (8) + Hea(4) Qe(9)

where:
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H.,(2) =
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3.2.6 The third change of variables from q, to q,,

The displacement vector q,, is presented as follow:
a, = [, 6, 04,0}, 0, 5', 5/, ¢', "
is related to the displacement vector
T

q, = [ul, v, 0}, 0., u,,9,,0,,0,s,5,¢,¢

by the transformation matrix B,, obtained by making use of Egs. (3.4) to (3.6), (3.9) and (3.12)

¢ -5 0 c s 00000
S C 5 C

Ll non, 000

S C S C

L 017 L 000000
2 S 002 S 100000

5 _| b Lo,

S C 5 C

_s _* 5 -5 01

L L 00 7 ;010000
O 0 000 0O 001000
O 0 000 0O 000100
O 0 000 0O 00O0O0T1O
(0 0 000 0 00000 1

In this case, after some algebraic manipulations, we get:

ZZT

H,, = TQg(l) + llz (fZT + ZI'T) (Qa(z) + Qa(3) + Qﬂ(4) + Qﬂ(S))

where,

r:[—c—sOOcsoooooo}T

zz[s—cOO—scOOOOOO}T

3.2.7 The fourth change of variables from g, to q,
The transformation matrix By, relating the displacement vectors:

q, = [uh, 0., 0}, 0., u,,v,,0,,0,s,5,¢, ¢
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and

qg = [uy, V), 6}, g, 0, 63, 11y, 0}, 0, tta, UL, 64]

is obtained by using the relationships of global slip and gap variations with respect to the

displacement vector q,, given in Appendix A.

0o 0 0 1 0o 0 0O 0 0 O 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0o 0 1 o0 0o 0 0O 0 0 © 0 0
0 0 0 0 0o 1 0 0 0 © 0 0
0 0 0 o0 0o 0 0 o0 o0 1 0 0
B, — 0 0 0 0 0o 0 0O 0 0 © 1 0
0 0 0 0 0o 0 0 0 1 0 0 0
0 0 0 0 0o 0 0O 0 0 © 0 1
¢ & m —¢ -6 O 0 0 0 0 0 0
0 0 0 O 0o 0 ¢ & 9w —¢ -6 9
-6 ¢ M & —¢ P 0 0 0 0 0 0
0 0 0 0 0 0 -& g W & -0 P

where

¢ =cos(Bo+0) ; T=cos(Bo+0) ;

G =sin(Bo+6) ; & =sin(Bo+6) ;

O = | h,cos

T ol — gt st . o, — ¢ s/
1 = 1 a b _ — M ] = i a b —_ -
Pt h, sm( > ) 2] ;B [ha sm( 5 ) 2]

Accordingly, the nonlinear geometric term of the stiffness matrix is obtained as follow:

Hng — Hng(l)Qn (9) + Hng(z)Qn(lo) + Hng(g)Qn(ll) + Hng(4)Qn(12)

where
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3.3 Numerical applications

The purpose of this section is to illustrate the capability of the proposed formulation in
reproducing the nonlinear behavior of composite beam taking into account slips and uplifts.
The proposed model is firstly evaluated and validated by comparing its results with the ones
available in the literature. The validated model is then used to illustrate the effects of uplift

in the nonlinear behavior of composite beam-column.

3.3.1 Example 1: Validation with a simply supported beam subjected to axial
and transverse loading

To validate the proposed model, a simply supported beam subjected to axial and transverse
loading is considered, see Fig. 3.4. For this problem, a non-linear analysis is required even
for small displacements. A closed-form solution of this problem, in which the uplift effect
is neglected, is provided by Girhammar and Gopu [49] and Krofli¢, Saje, and Planinc [30].
In order to eliminate uplifts, we consider a large vertical connection stiffness equal to 1000
kN/cm? (continuous connection stiffness value which will be converted later for discrete
connection) for the present model. The beam is modeled with 20 elements and the penalty
method with penalty parameter equal to 1000 kN /cm is adopted in the present model. This
corresponds to a continuous connection stiffness value which will be converted later for
discrete connection. The beam is modeled with 20 elements and the penalty method with
penalty parameter equal to 1000 kN/cm is adopted in the present model. The elastic mod-
ulus of layer a and b are 800 kN/cm? and 1200 kN/cm?, respectively. The stiffness of con-
tinuous shear connection in horizontal direction is equal to 5 kN/cm?. Since the discrete

bond is also used in the present model, the stiffness of connectors kj and k, is calculated
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FIGURE 3.4: Two-layer composite beam under axial and transverse loads.

by multiplying the continuous shear connection stiffness by the spacing of the connector

elements.

The results obtained with the present models are compared for the absolute value of max-
imum vertical displacement ||v;.x|| and maximum slip value s,,,x with the ones found in

the literature and summarized in Table 2.1. It can be seen that a very good agreement is

obtained.
TABLE 3.1: Numerical results.

Result ||0max ]| (mm) Smax(Mm)
Girhammar and Gopu [49] 9.276 0.2776
Battini, Nguyen, and Hjiaj [26] 9.249 0.2760
Krofli¢, Saje, and Planinc [30] 9.273 0.2772
Present discrete model 9.315 0.2772
Present continuous model 9.275 0.2775
Comparison Ratio of ||vyax|| Ratio of Sy
Present discrete model /[49] 1.0042 0.9985
Present continuous model/[49] 0.9998 0.9996

3.3.2 Example 2: Uplift effects on buckling load of simply supported beam-
column

A simply supported two-layer beam subjected to an axial load, see Fig. 3.5, is studied in this
example. The elastic modulus of layer a is 7.84 GPa and of layer b is 4.9 GPa. An incremental
compression force P is applied on layer a. Due to the lack of symmetry of the structure, a
small value of compression load P produces vertical displacements of the beam-column.
The composite beam-column is analyzed using the discrete connection model with a mesh
of 20 elements. In order to represent the shear connection stiffness independently from
the number of finite elements, we provide here the equivalent stiffnesses for continuous

connection. The stiffnesses of the connectors kj;, and k, used in the discrete connection model
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FIGURE 3.5: Two-layer composite beam under an incremental axial load.

can be then calculated correspondingly. In this example, to study the effects of uplift on the
buckling behavior of the composite beam-column, various uplift moduli are considered:
10~ MPa, 1 MPa and 10° MPa, while the longitudinal shear connection stiffness is taken

equal to 50 MPa and remains constant.
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FIGURE 3.6: Load-axial displacement path for different uplift moduli
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Fig. 3.6 and Fig. 3.7 show the load-displacement curves for different uplift moduli. It can
be seen that the uplift stiffness has an effect on the buckling load of the composite beam-
column. For lower uplift stiffness, we have a large separation between the layers at the
beginning of loading, resulting the buckling of layer b, whereas layer a experiencing moder-
ate vertical displacement, see Fig. 3.7 and Fig. 3.8. Increasing the load produces increasingly

larger vertical displacement. At some point, layer a will come into contact with layer b.

3.3.3 Example 3: Contact treatment of uniform bending of a cantilever beam

For this problem, the cantilever beam with 5 m length is composed of unconnected two iden-
tical layers, see Fig. 3.9. The elastic modulus of both layers is 3500 kN /cm?. The height and
the width of both layers are 5 cm and 10 cm, respectively. The load is applied incrementally,
within 20 steps using displacement control method, at the tip of the lower layer so that the
latter is deformed into a quarter circle. The analysis is performed with the present model
using 10 elements. To treat the contact of the two layers, the resolution methods discussed
earlier in this paper, i.e. penalty method (PM) and augmented Lagrangian method (ALM),
are adopted and compared. The penalty parameter is taken equal to 108 kN/cm in both
methods. Besides, the convergence tolerance of 0.0001 mm for non penetrability condition
is considered. Table 3.2 shows the number of iterations required for convergence for each
load step. It can be seen that the number of iterations in ALM is larger than the one in PM
at the beginning of load step. However, they are both equal after the third load step. It is
worth mentioning here that increasing the penalty parameter in both PM and ALM does not
improve the convergence rate. Instead, numerical problem is occurred when the penalty pa-
rameter is larger than 10® kN/cm. The slip at the tip of the composite beam when the lower
layer is bent into a quarter circle, obtained with PM and ALM, is 77.0690 mm and 77.0692
mm, respectively. It is worth mentioning that for vertically unseparated two-layer beam, the
analytical solution of slip at the tip of the beam is 79.1665 mm, i.e. 2.65% of difference with
the proposed model.

TABLE 3.2: Number of iterations for each load step

Loadstep |1 2 3 4 5 6 7 8 9 10
PM 2 5 5 5 5 5 5 5 5 5
ALM 14 14 5 5 5 5 5 5 5 5

Loadstep |11 12 13 14 15 16 17 18 19 20

rPM 5 5 5 5 5 5 5 5 5 5
ALM 5 5 5 5 5 5 5 5 5 5
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FIGURE 3.9: Uniform bending of a cantilever beam

3.3.4 Example 4: Contact treatment of continuous beam

In this example, the continuous composite steel-concrete beam subjected to a uniform load
of 20 kN/m along its length and a concentrated load of 100 kN at the mid-span of the first
span, see Fig. 3.10, is considered. 19 pairs of stud connectors with a spacing of 1 m along the
beam length are used to connect the steel beam to the concrete slab. Each pair of connectors
has a shear rigidity of 300 kN/mm. The uplift modulus of a pair of connectors is assumed

equal to one-third of its shear rigidity, i.e. equal to 100 kN/mm.

The analysis is performed with the discrete connection model using 18 elements. Both the
penalty (PM) and augmented Lagrangian (ALM) methods are employed. Table 3.3 shows
the maximum penetration between the two materials in function of penalty parameter used
in penalty method. It can be seen clearly that the penetration decreases when the penalty
parameter increases. Fig. 3.11 illustrates the penetration (negative) or uplift (positive) along
the beam length obtained with ALM and PM for penalty parameter equal to 10* N/mm
and 10'° N/mm, respectively. As expected, small penetrations are obtained with penalty
method. Meanwhile, in augmented Lagrangian method, the contact condition is fully re-
spected. Fig. 3.12 shows the displacement of the composite beam. It can be seen that both
methods give the same result.
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FIGURE 3.10: Continuous composite beam.

TABLE 3.3: Maximum penetration obtained with penalty method

Penalty parameter (N/mm) | 10% 100 108 1010

Maximum penetration (mm) | 1.0417 0.0656 6.9362.107*  6.9402.10°
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Coordinate along the beam length [mm]

FIGURE 3.11: Penetration / Uplift obtained with ALM and PM.
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FIGURE 3.12: Displacement of the composite beam.

3.4 Conclusion

A new finite element formulation for the large displacement analysis of two-layer beam is
presented in this chapter. To describe the geometrical nonlinearity, a co-rotational method
is adopted in which the motion of the element is decomposed into two parts: a rigid body
motion that defines a local coordinate system and a small deformational motion of the ele-
ment relative to this local coordinate system. The treatment of geometrical nonlinearity is
effectively undertaken at the level of discrete nodal variables with the transformation matrix
between the local and global nodal entities being independent of the assumptions made for

the local element.

Besides, to enforce the non penetrability between the layers, the methods generally used
to solve the node-to-node contact problem, for instance the penalty method (PM) and aug-
mented Lagrangian method (ALM), are used. Both resolution methods have been compared
in the numerical applications presented in this chapter. The comparison shows that more
iteration numbers are required in ALM. However, despite a low convergence rate of ALM
compared to PM, the non penetrability condition is fully respected in ALM. Hence, the un-

realistic penetration between the layers can be prevented by using ALM algorithm.

Furthermore, the effects of uplift on the elastic buckling behavior of simply supported two-
layered beam have been studied. It is shown that the buckling load of the composite beam
is largely effected by the uplift stiffness of the connectors. In composite members with a low
uplift stiffness, the gap between the two layers is large and the layer with low flexural stiff-
ness is prone to buckle before global bucking of the composite beam occurs. For a cantilever
two-layer beam under an uniform bending of the lower layer, it is observed that there is a
presence of a small uplift near the tip of the cantilever beam. However, comparing to the
analytical solution of a vertically unseparated two-layer cantilever beam, this small uplift
has little effects.
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Chapter 4

Constitutive modeling

4.1 Introduction

Inelastic behavior analysis is indispensable for designing framed structures to withstand
extreme loads. Two main modeling approaches, lumped plasticity and distributed plastic-
ity, are commonly used. Lumped plasticity models use yield surfaces and flow rules based
on classical plasticity theory to describe relationships between axial force, shear force, and
bending moment. Distributed plasticity models consider a nonlinear interaction of internal
forces along the entire element by integrating the constitutive behavior at the control sec-
tion. The latter is subdivided into fibre and each fibre responds to the stress applied to it.
The distributed plasticity models provide then a more accurate representation of inelastic

response of the element. However, it is computationally more demanding.

This chapter presents the constitutive models that will be used to describe the nonlinear
behavior for the steel-concrete composite beam. Since the Bernoulli kinematic assumptions
are adopted for both layers, a uniaxial stress-strain relationship can be employed. For steel
model, in addition to the bilinear and multilinear models with isotropic and kinematic hard-
ening, the explicit 1D Armstrong-Frederick model is presented. For concrete model, the
plastic-damaged model of Kent and Park, along with the return mapping algorithm, is intro-
duced. Additionally, the interaction behavior of shear stud connectors in shear and tension

actions is studied.

The organization of this chapter is as the following. In Section 4.2, the steel constitutive law
is presented including explicit 1D model of steel material. In Section 4.3, the constitutive
model of concrete is demonstrated with explicit 1D model of concrete. To take into account
the modulus of degradation and tension stiffening, a plastic-damage model is adopted for
the concrete material. Section 4.4 presents the behavior of stud connector including the
push-out and pull-out test, shear and tensile stiffness of connector, load-slip relationship
which involves the interaction between bond force and uplift force of connector. Lastly, it is
concluded by Section 4.5.
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FIGURE 4.1: Stress-strain constitutive curve in tensile test results

4.2 Steel constitutive law

The behavior of steel strongly influences the response of composite steel-concrete structural
elements subjected to complex loadings, particularly in tension. Therefore, it is necessary to
develop an analytical model that predicts the fundamental characteristics of steel within an

appropriate range of loading.

The tensile test of steel material is widely used to provide basic design information on the
strength of materials and as an acceptance test for the specification of materials. In the
tensile test, a specimen is subjected to a continually increasing uniaxial tensile force while
simultaneous observations are made on the elongation of the specimen. The parameters,
which are used to describe the stress-strain curve of steel material, are the tensile strength,

yield strength or yield point, percent elongation, and reduction of area.

4.2.1 Stress-strain curve

The steel sample is subjected to an uni-axial tensile test where it is loaded along its longi-
tudinal axis until it reaches its maximum load-bearing capacity and eventually fractures.
The load applied is recorded, and the sample’s deformation is measured to determine its
stress and strain. This data is then utilized to plot a stress-strain curve that characterizes the

material’s deformation behavior under tension.
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The linear elastic range

During the initial stage of loading, the stress in the material varies linearly with the strain
up to the elastic limit. In this region, the stress is proportional to the strain with the constant
of proportionality being the modulus of elasticity, denoted as E. As the strain is increased
within the range 0 <& < €y, the steel material deviates from this linear proportionality and
enters the nonlinear reversible domain up to the yield point, 0, where plasticity begins to
develop (as shown in Fig. 4.1). Since it can be difficult to accurately determine the stress at
which plastic deformation begins, the yield stress is often defined as the stress required to

induce a specified amount of permanent strain, typically 0.2%.

The yield plateau

For strains greater than the yielding strain ¢, the stress in the material remains nearly con-
stant at the yield stress value for a moderate increase in strain. This region is referred to as
the yield plateau, which is a characteristic feature of the stress-strain curve for many metals
including steel. At the yield point, plastic deformation occurs through the evolution of plas-
tic strain, also known as plastic flow. During this stage, the material undergoes significant
plastic deformation while maintaining a nearly constant stress level until strain hardening
begins. The yield plateau is an important region of the stress-strain curve as it indicates the

material’s ability to resist plastic deformation under load.

The strain-hardening region

Once the yield plateau is exceeded, the stress begins to increase again with increasing total
strain. During this stage, an evolution of the yield stress is observed, a phenomenon known
as hardening. This strain-hardening regime is maintained until the ultimate stress, also

known as the stress peak, is reached.

4.2.2 Yielding criteria

Once the steel coupon is loaded beyond its yield limit and subsequently unloaded, the mate-
rial undergoes a phenomenon known as plastic deformation, which results in a permanent
deformation or strain that cannot be recovered. This unrecoverable deformation is known
as plastic strain, denoted by ¢,. During the unloading state, the behavior of the steel coupon
is considered to be linear elastic. The uniaxial stress corresponding to a configuration with
total strain ¢ is given by:

c=E(e—¢p) (4.1)

It is noticeable that the difference between the total strain and the current plastic strain is
fully reversible. The upon complete unloading, ¢ — ¢, is fully recovered without further evo-
lution of plastic strains. In this manner, the total strain, ¢, can be decomposed into the sum

of an elastic (or reversible) strain, €., and a plastic (or permanent) strain, ¢, at restrictions to
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small strains:
€=¢€ + & 4.2)

where the elastic strain has been defined as
€e=€—&p 4.3)

Following the above definition of the elastic axial strain, the constitutive law for the axial
stress can be expressed as
o =Ee, (4.4)

The relation is also known as Hooke’s law for linear elastic behavior. For plastic material
behavior, no more explicit relation between stress and strain is given since the strain state is
also dependent on the loading history. In spite of that, the plastic material behavior can be

described by a yield condition, a flow rule and hardening law.

The elastic domain delimited by the yield stress can be expressed as:
lo| — oy <0 (4.5)

where, the yield stress, 0, is identical in the tensile and compressive regime. Eq. (4.5) denotes
no change in plastic strain taking place, i.e., ¢, = 0. A change in ¢, can take place only if the

relevant body is under plastic loading where
lo| — 0y =0 (4.6)

It is worth mentioning that, at any stage, no stress level is allowed above the current yield
stress, i.e. plastically admissible stresses lie either in the elastic domain or on the yield limit.

The following notation is introduced to designate the set of admissible stresses:
E;, ={ceR|f(c,00) =|0| —0, <0} (4.7)

Thus, the yield condition that enables one to determine whether the relevant material suffers

only elastic or also plastic strains at a certain stress state is:

f(o,0y) =lo| —0y <0 (4.8)

4.2.3 Flow rule

The flow rule relates plastic deformation to the stress state in a material, and is fundamental
to develop constitutive laws for materials that exhibit plastic behavior. Incorporating the
flow rule into a constitutive law allows for accurate modeling of mechanical behavior under

various loading conditions.
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In the plastic range, the relevant body experiences the plastic strain rate. Let A denote the
absolute value of the plastic strain rate (also known as plastic multiplier or consistency pa-

rameter),i.e. A = ‘ép‘.
Then the preceding physical assumption takes the form:

&p = )kgg (4.9)

By applying Eq. (4.8), it can be expressed as:
¢, = Asign(0)

where A > 0 is a hardening parameter. This form of the flow rule is called an associated flow

rule and the assumption of co-directionality is called the normality condition.

The factor sign is the signum function defined as:

+1 if >0
sign(c) =< 0 if oc=0 (4.10)
-1 if <0

4.2.4 Hardening law

The complete characterization of the uniaxial model is achieved with the introduction of
the hardening law which allows the consideration of the influence of material hardening
on the yield condition and the flow rule. As remarked in the experimental test of steel
coupon, an evolution of the yield stress accompanies the evolution of the plastic strain in
strain-hardening range. Whereas for perfect plasticity the closure of the elastic range E,
remains unchanged, [E, expands with the amount of plastic flow in the system for the strain
hardening model. This expansion can be incorporated into the uniaxial model by simply

assuming that the yield stress o, is given as a function:

oy =0y (p) (4.11)

of the internal variable. In this case the accumulated axial plastic strain, p is defined as

t
p= [ les]at (4.12)
0
It is straightforward that in a monotonic tensile test, we obtain:

p=lep| (4.13)
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/)

(A) Isotropic hardening (B) Kinematic hardening

FIGURE 4.2: Nature of hardening

which, in view of the plastic flow rule, gives
p=A (4.14)

Egs. (4.11) and (4.14) define the hardening law of the material subjected to the monotonic
loading. The classical theory includes two types of hardening: isotropic and kinematic. Isotropic
hardening represents an uniform expansion of the yield surface, which is independent of
the direction of plastic flow. Classical kinematic hardening, on the other hand, represents
a translation of the locus of the yield surface in stress space, in the direction of flow. An
illustration of the differences between isotropic and kinematic hardening in stress space can
be seen in Fig. 4.2. In this figure, o represents the locus of the yield surface, r represents
the radii, and R indicates an increment in hardening. The difference between isotropic and
kinematic hardening is not evident until the loading path for the material is altered. For
example, in cyclic loading from tension to compression, during the tension portion of the
curve the stress-strain curve would appear identical. However, upon reverse loading into
compression, the kinematic hardening material would yield at a smaller (in magnitude)
loading level than the isotropic hardening material. A schematic of stress-strain behavior
for isotropic and kinematic hardening, with linear hardening modulus H, can be seen in
Fig. 4.3.

The multilinear isotropic hardening in the uniaxial case of loading is described by a piece-
wise total stress-strain curve that starts from the origin and has positive values of stress and
strain (see Fig. 4.3d). Yielding in compression is considered to occur when the stress changes

by twice the maximum stress reached in tension.

4.2.5 Tangent elasto-plastic modulus

The consistency condition enables us to solve explicitly for A and relate stress rates to strain

rates as follows. By taking the time derivative of the yield function and making use of
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FIGURE 4.3: Uniaxial stress-strain behavior of some of the plasticity options

Egs. (4.8), (4.9) and (4.13), along with the elastic stress-strain relationship Eq. (4.1), we obtain:

f=gho+3p (4.15)
= sign(c)E(é — ¢,) — Hépsign(o) (4.16)
= sign(c)E¢ — A(E + H) (4.17)

where H is called the hardening modulus, or hardening slope, and is defined as:

_ doy

H=H{p) =3,

(4.18)
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The consistency conditions is provided by Kuhn-Tucker condition. Thus, the consistency

conditions of the elasto-plastic model are defined as follows:
flo,09) <0,  A>0, Af(0,04) =0 (4.19)

In addition to above conditions, A > 0 satisfies the consistency requirement bolow:

Af(o,0y) =0 (4.20)

In classical literature, Egs. (4.19) and (4.20) is also known as "loading/unloading’ and "con-
sistency’ condition, respectively. This consistency condition implies that the rate of f van-

ishes when plastic yielding occurs.

The plastic multiplier, A, is uniquely determined during plastic yielding and can be ex-

pressed by:

; E¢ |
A= 0o E51gn((7)
4.2.6 Steel stress-strain explicit 1D model

Armstrong Frederick 1D steel model [50] is a commonly used constitutive model to describe
the mechanical behavior of steel under different loading conditions. This model assumes

that steel behaves as an elasto-plastic material and is widely used.

The model consists of three parts: elastic behavior, yield behavior, and strain hardening
behavior. During loading, the material will initially exhibit linear elastic behavior until it
reaches the yield point, from which it begins to deform plastically. Once the material has
yielded, its stress-strain behavior follows a nonlinear strain hardening curve. The rate at

which the material hardens after yielding is determined by the hardening modulus, Hy.

When the material is unloaded, the stress decreases, but the material will not return to its
original, undeformed state due to the plastic deformation that has occurred. Instead, the ma-

terial follows a reloading path that is different from the original elastic path, see in Fig. 4.4.

The yield surface:
f=loc—xl-0,<0 (4.21)

Taking into account of kinematic hardening in Armstrong-Frederick model, x is represented

as the back stress and 0y, is the yield stress.

The variation of back stress x is shown in the Armstrong-Frederick model as follows:

X = Hiép — Hy |€pX| (4.22)
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FIGURE 4.4: Armstrong-Frederick steel model [51].

Where Hj is the instant kinematic hardening parameter and H,; is Armstrong-Frederick
hardening parameter which plays a role as the nonlinear hardening parameter and repre-

sents the degree of nonlinearity in the strain hardening behavior after yielding.

4.2.7 Algorithm-Armstrong-Frederick steel model

The return mapping algorithm basically consists of two major steps: the formulation of the
elastic trial stress o7/,

the yield surface, which can be interpreted as a closest point projection of the trial stress

also referred to as an elastic predictor, and the return mapping to

onto the yield surface, also referred to as a plastic corrector. The algorithm for numerically
integrating the one-dimensional kinematic hardening model with the yielding function: f =

|c — x| — 0y is presented in the following:
1. Given input at the time t": 0", €", e’;, p" and E
2. Given variation of deformation Ae = "1 = ¢" + Ae

3. Predictor (Trial state): compute elastic trial stress and test for inelastic loading

n+1 __ n+l _ n
Utmil =E (S SP)

Rirgil = Oy (Pn)

n+1 __
trail —

n+l _ .n
Tirail X

- Rtrial

4. Evaluation the yield function at trial state
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if 71 <0 then

trial

n+1 _ .n

& =&

pn+1 — pn

O.n—l—] ="

+1 _

Efg =F
else

Go to step 5 for updating.
end

5. Corrector: by using the Kuhn-Tucker’s conditions, compute AA and then update the

other variables:

AN = AP _ anrl _ pn
eyt =€)+ Adsign (o]t

) . : 1
o' = gl EAAsign (o7t

Xn—l—l — X” + (HkAF,p — Hy; ‘Aepl)

6. Compute the tangent modulus

o0 n+1

EI’H—l _ 7
8 oe

B Esign(c"*1)
=E (1 + (E + Hy)sign(o"+1) — Hyx"*1

4.3 Concrete constitutive law

The behavior of concrete is highly non-linear, and it is affected by several factors, including
the properties of the material, the size and shape of the specimen, and the loading condi-
tions. The concrete constitutive law is typically derived from experimental data obtained

from tests on concrete specimens.

There are several types of concrete constitutive laws, each of which describes the behavior
of concrete under different loading conditions, particularly in compression. Some of the
most commonly used concrete constitutive laws include the linear elastic model, the nonlin-
ear elastic model, the plasticity-based model, coupled plastic-damage model and damaged

model, see Fig. 4.5.
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FIGURE 4.5: Uniaxial stress-strain behavior of constitutive model

4.3.1 Uniaxial compression of concrete material

Concrete is highly non-linear material in uniaxial compression, meaning that its response to

increasing levels of compressive stress is not linearly proportional to the applied force.
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FIGURE 4.6: Uniaxial compression curve

Fig. 4.6 shows a typical uniaxial compression stress-strain curve. Concrete is a heteroge-
neous material, the shape and the peak of the stress-strain curve varies greatly and are de-

pendent on the proportions and properties of the constituents, the size and shape of the
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specimen, the rate of loading and also the age of concrete. In Fig. 4.6 the response of con-
crete may be taken to be linear-elastic up to 30% or 40% of the peak stress, f. (often called

the compressive strength of concrete).

4.3.2 Uniaxial tension of concrete

The uniaxial tension tests are important for understanding the behavior of concrete under
tensile loading conditions, as well as for designing structures that can resist tensile forces.
In practice, structures made of concrete are usually reinforced by steel bars to provide addi-

tional tensile strength.

peak of tension stress

fctm ———————

e P

FIGURE 4.7: Uniaxial tension curve

The uniaxial stress-strain behavior of concrete in tension can be divided into two parts, see
Fig. 4.7. The first part is a linear elastic behavior up to concrete tensile strength fc:,. The
second part corresponds to the phase where the crack is initiated and propagates in concrete
material. This part is represented by a descending branch in the uniaxial tensile stress-strain

diagram.

4.3.3 Concrete stress-strain explicit 1D model

In this section, we present a concrete model that can describe the concrete stress-strain re-
lation under an arbitrary cyclic strain history. In particular, the model implemented in this

study takes into account four important factors:

the effect of concrete confinement on the monotonic envelope curve in compression.
- the successive degradation of stiffness of both unloading and reloading curves.

- the effect of tension stiffening.

the hysteresis response under cyclic loading.
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Compression

The monotonic envelope curve of concrete in compression used in this work follows the
model of modified Kent and Park proposed by [52], see in Fig. 4.8, the monotonic concrete

stress-strain relation in compression is described by three regions.

-Oc A

Kfe |-
fo S

Confined concrete

Unconfined concrete

0.5 p-f-------mk---- .

-0.2f

FIGURE 4.8: Modified Kent and Park model for confined and unconfinced
concrete

-for0<e. <gp

) (3]

- foreg <e. <ey

0. =Kf:[1—Z(e.—¢p)] (4.24)

- for e, > ey

e = 0.2Kf. (4.25)

where ¢ is the concrete strain at maximum stress (strain at peak stress), K is a factor which
accounts for the strength increase due to confinement, Z is the strain softening slope, f, is

the concrete compressive cylinder strength in MPa, £, is the yield strength of stirrups in
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MPa. For a low strain rate the coefficients K and Z are defined as:

K1 Pl (4.26)
fe
Z= 05 (4.27)
3+ 0.29¢f. h
————— 4+0.75 — —0.002K
1457, — 1000 T 7P\,
and for a high strain rate,
K=125 [1 L Pt yh} (4.28)
fe
0.625
= 4.29
E50c — 0.002K ( )

where p; is the ratio of volume of rectangular steel hoop to volume of concrete core measured
to the outside of the peripheral hoop, /'’ the width of concrete core measured to the outside
of the peripheral hoop, s;, the center to center spacing of hoop sets, f,;, the yield strength
of the hoop reinforcement, 5. strain at 0.5f. on the falling branch of stress-strain curve for

confined concrete, and f is the cylinder compressive strength in MPa.

For the unconfined concrete model, the same formulation of stress-strain will be applied
with the factor K = 1.

Tension

In this section, we present the proposed tension stiffening model of concrete. A linear elastic
behavior up to concrete tensile strength ., is adopted. After the tensile strength is reached,

the crack is initiated and the concrete tensile strength is dropped to 0.5f.n, see Fig. 4.9.

ot
A peak of tension stress

fctm ——————————

0. 5fctm —————————

P &t
Elt Esy

FIGURE 4.9: Proposed concrete model in tension
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Beyond that, the concrete tensile strength decreases linearly to zero when the strain reaches

the yield strain of the reinforcing rebar, &y.

4.3.4 Governing equations of damaged plasticity theory

In this section, the theory of an anisotropic elasto-plastic damage 1D model for the plain
concrete which incorporates both damage degradation and growth of inelastic strains is
presented. It is based on a continuum formulation of damage degradation ([53], [54]). In
analogy to classical plasticity, we assume that total strain ¢ is decomposed into an elastic

part ¢, a plastic part ¢, and a damage part ¢;:

eE=¢ +éepteg (4.30)
(0
A Ee °
/A ity - o=y == - E—
= /
/ v/
(Da)'=Ea 7
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/ lI/d/
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: Ep I Ed | Ee :

FIGURE 4.10: Stress-strain relation of a plastic damage behavior under uniax-
ial loading conditions

Fig. 4.10 represents the identity for the constitutive relationship under uniaxial loading con-
dition for the damage mechanism. It shows that the damage strains ¢; can be recovered, and
that the damage potential decreases when the tension is released. This is because the stored
energy function takes into account the damage strains, just like it does for the elastic strain
g., butnot for the plastic strains ¢;,. The assumed decomposition Eq. (4.30) is commonly used
in the context of elastoplastic theories, but are rarely considered in the context of damage
models that usually employed a internal variable 4 to characterize the damage mechanisms.
It corresponds to a decomposition of the deformation at a given point of the solid in elastic,
plastic and damage mechanisms in series, referring to the usual convention in a generalized

standard solid [55]. In accordance, there is a description about the decomposition of the
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stored energy function, namely Helmholtz free energy, as:
Y =VYe(ee) +Yalea) +¥p(p) (4.31)

where:
- Ye(ee) = %EO(Ee)2 is free energy associated with elastic strains &,.
- Y4(eq) = 3E4(e4)? is free energy associated with progressive degradation.
- ¥,(p) is free energy associated with plastic strains.

Based on the diagram showns in Fig. 4.10, we can express the stress as:
0= Epe, = Eqeg = E (e — ¢p) (4.32)

By introducing Eq. (4.32) into Eq. (4.31), we obtain the new expression of Helmholtz free

energy:

1 1 1 _ 2
¥ = SEo(ee) + 5Ea(ea)® + ¥p(p) = 5 (Do +Da) ' (e—¢,)" +¥p(p)  (433)
To ensure that the second principle of thermodynamics is satisfied, the local Clausius-Duhem’s

inequality requires that the reduced dissipation inequality holds

—~ —¢éy——Dj—=—p=>0 4.34
d(e—¢p) 8+8838p oD, ¢ 8pp_ (4.34)
Since the inequality Eq. (4.34) must hold for any value of ¢, ¢,, D; and p, the Coleman
relations yield the constitutive expressions:

o= L D' (e—egp) (4.35)

d(e—¢p)

and the thermodynamic conjugate forces for plasticity and damage are:

oY
_o¥ _ 9%y (4.36)
dp  op
L Y 1,
Y= 9D, 57 (4.37)
The Clausius-Duhem’s inequality becomes:
R =0, + 20°Dy — R(p)p > 0 (4.38)

The interest is to introduce a coupling between plasticity and damage phenomena by in-

troducing a single criterion that depends only on ¢ and R. In the absence of an explicit
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criterion of Y, it is able to overcome the presence of Y in the Clausius-Duhem’s inequality.
The reversibility convex domain C is defined in the space of thermodynamic force (o, R).

This convex domain is limited by the yield surface f(c,R) = 0.
C:={(o,R) | f(o,R) <0} (4.39)

By assuming a normal evolution of internal variables. The flow rules of the internal variables
¢p, Dg and p are obtained from the principle of maximum dissipation Eq. (4.38):
inf [—?R]
(e,R)eC

Hence, for giving the admissible state variables (0, R) € C, the rates ¢, D; and p are those
which yield a stationary point of the dissipation . To find the solution of this constrained
optimization problem, the method of Lagrange multipliers is used, introducing the La-
grangian function:

sup inf $(o,R,A

/'\ZI;-))(U ,R)eC ( )
where, .

S(0,R,A) = =R+ Af(0,R) = —0¢), — EUZDd +R(p)p+ Af(o,R) (4.40)

and A > 0 is Lagrange multiplier. From the associated optimal conditions, we obtain:

03 . of
03 . of

By defining a strain rate related to the degradation of the compliance as:

gp = Dd(T (443)
It follows that
. 0
ép+égy = /\a(j; (4.44)
. Of
)= —A=— 4.4
p 3R (4.45)
Defining
épd =€yt € (4.46)
Making use Eq. (4.41), it can be rewritten in a form analogous to classical associative plas-
ticity theory as
€q = Ag (4.47)
P90 '
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Introducing a scalar parameter g with 0 < g <1, the plastic and the damage strains are given

as:
6= (1- ,B))lg(]; (4.48)
€da = mgj_; (4.49)

The parameter § allows a simple partitioning of the effects associated with inelastic pro-
cesses, resulting in an increase of inelastic strains and deterioration of the micro-structure

and in an increase of the compliance moduli D = Dy + D“.

The lagrange multiplier A is determined by the KUHN-TUCKER’s relation:

Af(o,R)=0  with  f(c,R)<0 and A>0 (4.50)
Thus, we obtain:
of
. €&
A= ST — (4.51)
of\*, p(2F) R
bla oR ) OR

4.3.5 Concrete stress-strain explicit plastic-damaged model

The explicit concrete model proposed in Section 4.3.3 can be re-described by accounting
the plastic-damaged behavior. Since the plastic and damage strain are included in the total
strain, the total strain should be the sum of elastic, plastic and damage strain. By making
use the integration of Eq. (4.43), the total strain is expressed by:

o
e= Es + Dgo +¢p (4.52)

For one-dimensional concrete stress-strain model, the yield surface can be expressed as:
f=lo]-=R<0 (4.53)

By making uses Eqs. (4.35), (4.48), (4.49) and (4.52), we obtain:

&= <;0 + Dd> T+e€p (4.54)
¢, = (1— p) Asign(0) (4.55)
é4a = Dgo = BAsign (o) (4.56)

p=épgsign(c) = A (4.57)
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Replacing Eq. (4.55) and Eq. (4.56) to the derivation Eq. (4.54), one gets:

.U L
é= Eo + Dy0 + épa (4.58)
Assume that:
Dyo = épa (4.59)

where ¢ is the constant scalar parameter. This parameter ¢ will be determined by calibrating
the numerical result with the experimental curve of the uni-axial compression test. Inserting
Eq. (4.59) into Eq. (4.58), and making use of Eq. (4.57), we get:

&ng+U+CHB%MJ) (4.60)
or )
S S . .

/goe—/JO(EO)EO—F(leC) sign (o) /pop (4.61)

¢ In case of compression, the yield surface is defined as:

f(o-c,Rc) = —0, — RC S 0 (4.62)

where the index ”c” indicates the compression criteria.

- Region 1: 0 > &, > ¢

2
(C,C 8(;
- =Kf. |2 —)— [ — .
0o = Kf (%) QJ] (4.63)
Internal variable: 0 < p, < m
€ e\
R.= —Kf |2 <C> - <C> ] (4.64)
€ i)

By replacing Eq. (4.61) to Eq. (4.64), we obtain:

AR?>+BR,+C=0 (4.65)
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where
A=K
Eo&%
B_q_ 2Kfe 2Kfepe(1+0)
E()So E()S%
C— _ZKfCPc (1+9) _ Kfepz (14 C)z
€ S%)

Solve it by discriminant second order equation.

- Region 2: g9 < e, < ey

0e =Kfo[1 - Z (e — £0)] < 0.2Kf, (4.66)

g — E0820 g — E()EO

Internal variable: ————=— ¢ Ty
Eo(1+¢) ~ 7 E(1+90)

R.=—Kf.[1—Z (e —¢0)]

_Kfe[1+Z(A+8) pe = Zeo]

- L KiZ < 0.2Kf,
Eg
- Region 3: €. > €39
0. = 0.2Kf, (4.67)
) 0 — Eopeno
Int | ble: p. > —~—
nternal variable: p, EA+0)
R. = —0.2Kf, (4.68)
* In case of tension, the yield surface is defined as:
f((Tt,Rt) =0 — Rt < 0 (469)

/It/l

indicates the tension criteria.

0-5fctm (Esy - pt)
fctm
Eg

where the index

Rt:(Tt:

(4.70)

4.3.6 Integration algorithm for plastic-damaged concrete model

This strategy involves an implicit approximation of the governing equations, leading to a
nonlinear system of algebraic equations in the stresses and updated internal variables. For

applications of an implicit backward Euler integration scheme on the generalized flow rule
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yields the following return mapping algorithm:

1
ol = ﬁ(e"“ ) (4.71)

1
here, D" = — + D"
where, Eo + Dy
From Eq. (4.53), we are able to compute the trial yield surface as:

n+1 __

n—+1
trial — 7,

trial

— R (4.72)

trial

If the trial yield surface f/'/ 1 <0, the stress takes place as the elastic predictor:

n+1 __ n+1
4 - Utrial

Otherwise, we perform the return mapping algorithm. The consistent tangent operator can

be determine as the following. We have:

Dn+10,n+1 — £n+1 _ Serl (473)

Differentiating Eq. (4.73) and the incremental form of Eq. (4.55), we obtain:
an+10.n+1 4 Dn+1d0.n+1 — dsn+1 _ d€n+1 (4 74)
» .
and
deht! = dely +d(Aey ) = (1 — B)Adsign(o)t]) (4.75)

From Eq. (4.56), we have:

o" DI = "M D% + BAAsign(oltt) (4.76)
So,
do" 1D 4 " GDM ! = do" DY + BAAsign (o7t (4.77)

trail

Combining Egs. (4.76) and (4.77) with Eq. (4.74), we get:

D"do" ! = de"*! — Adsign(o” 1) (4.78)

trail
Computing dA by df"*! = 0, we obtain

aR n+1

do.n+1 Sign(a.n—i-l) o @

trail

AL =0 (4.79)

Solving Eq. (4.79) for A)A and replacing the result to Eq. (4.79), we obtain:

do" ! = E;lg“ de 1 (4.80)
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in which
Effl=_— — (4.81)

is the consistent tangent operator.

Algorithm

In this study, the one-dimensional plastic damaged model developed by the constitutive
relation Kent and Park described in Section 4.3.3 is used. The hardening-softening functions

of this model are expressed as follows:
1. Given input at the time t": ¢”, ", s’;, p" and D}
2. Given variation of deformation Ae = ¢"t1 = ¢" + Ae

3. Predictor (Trial state): compute elastic trial stress and test for inelastic loading

1
n+1l __ <£n+1 _ 8”)

Otrail = ﬁ [4
n
Rtmil =R (P )
n+l _ | ;n+1 .
trail — |Ytrail | — Ririar

4. Evaluation the yield function at trial state

if 71 <0 then

trial

n+l _ . n
e =gy
pn-i-l — pn
+1 _
D;" = Dj
0.n+1 ="
else
Go to step 5 for updating.

end
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5. Corrector: by using the Kuhn-Tucker’s conditions, compute AA and then update the

other variables:

AN =Ap =p"TT — p"

8,;+1 =&+ (1- B)AAsign(c/rl)

trail —

1 _1
ot =gntl ( - Dg) AAsign(oH)

Eo trail
; ol
DIt =Dl + AD; = Djj + ,BAASlgE(n Uiai)
6. Compute the tangent modulus
gr|"™ 1 1
n+l1 _ YY _ -
tg ag - Dn aR n—+1
D" + (Di’l)z e
dp

4.4 Behavior of connector

Shear stud connectors are widely used in steel-concrete composite structures to resist shear
and tensile loads at the steel-concrete interface. In the literature, extensive researches [56,
57,58,59, 60, 61, 62, 63, 64, 65, 66] have been conducted to study the behavior of connectors
under static and/or fatigue loading. Most of the research works are focused on the shear
response of the stud connector. The stud connectors under combined tension and shear
have received more attention in the last decades due to the increase of using composite
constructions. In this section, the behavior of stud connector under shear loading, tension

loading and combination of both are presented.

44.1 Shear behavior of connector

The primary function of the shear behavior of connectors in composite beams is to transfer
shear forces between the concrete slab and the steel beam, and to resist slip at the interface.
The shear behavior of connectors is usually characterized by push-out test, see the repre-
sented configuration in Fig. 4.11, though which the shear strength, the shear stiffness as well

as load-slip relationship can be evaluated.

Shear strength

The shear behavior of connectors, such as headed studs or welded shear connectors, de-
pends on the cross-sectional area of the stud shank and the ultimate strength of the stud
material. The larger the cross-sectional area of the stud shank, the greater the shear capacity

of the connector. Additionally, connectors made of materials with higher ultimate strengths
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Load

Longitudinal
reinforcement

Concrete
slab

FIGURE 4.11: Details of represented push-out test

can withstand higher shear forces. These factors are to be considered when selecting con-

nectors that are capable of transferring the necessary shear forces without failure.

Some existing shear strength formulations for a shear stud connector are evaluated herein
[67, 68, 69]:

Dy xim = 0.725Asc fi (4.82)
Dy, kcs = min (0.29ad2\/15m f.,0.87d2f, /4) (4.83)
Du,AASHTOLRFD - O-5Asc V Ecmfc S Ascfu (4-84)

where
- d the stud shank diameter [mm)],
- A, is the cross area of the stud shank [mm?],
- fc is the concrete compressive strength [MPa],
- E.p is the Young’s modulus of concrete [MPa],

- fu is the ultimate strength of the stud material [MPa].

Load-slip relationship

Experimental tests [58, 60] show that the load-slip relationship of stud connector is nearly
linear up to 50% of the maximum load. Based on the test results, several load-slip relation-
ships have been proposed. The exponential [57] and fractional [70] load-slip relation are
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FIGURE 4.12: Load-slip relationship represented in Eq. (4.85)

widely used to simulate behavior of headed studs under pure shear loading:

D 04
oc = (1-e0) (4.85)
u
Ds, 3.15s
= 2 4.
D, 1+315s (4.86)

The shear force in studs is usually not greater than half of the maximum load under ser-
viceability limit states. Hence, the shear stiffness (horizontal spring stiffness), kj, is defined
as the secant modulus at the point where the applied load is half of the maximum load for
the lying studs in this study. The load-slip curves presented in Egs. (4.85) and (4.86) have a
similar configuration, where the curve is nearly linear up to 50% of the maximum load, as

shown in Fig. 4.12.

Shear stiffness of connector

The initial shear stiffness of the shear stud connector, kj,, proposed by [58] is defined as the
mean stiffness at the applied load of a half shear strength, i.e. 0.5D, and is expressed by:

D,
d(0.16 — 0.0017)

ky, = (4.87)
where d represents the diameter of studs and f. is the mean compressive strength of con-
crete. In Eq. (4.87), the constant 0.16 should be substituted by 0.08 and 0.24 for the upper
and lower characteristic stiffness, respectively. This means that there is a large variation in

the shear stiffness because the measure of slips at that region are typically very small values.
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4.4.2 Tensile behavior of connector

The tensile behavior of connectors plays a critical role in capturing of gaps or separations
between the concrete slab and the steel beam. The pull-out test is commonly used to eval-
uate the uplift or tensile strength of the concrete slab-steel beam connection, see in ??. This
test determines the maximum force required to pull the steel beam out of the concrete slab
and provides important information about the integrity of the connection between the two

materials.

Tensile strength

The pull-out strength, also known as the tensile strength, of a stud connector represents the
maximum amount of force that can be applied to the connector before it fails. It measures the
connector’s resistance to pull away from the anchored material. It is determined by various
factors, including the material, properties and dimensions of the connector, and the method
of installation [71]. For instance, steel connectors typically have higher tensile strength than

plastic connectors due to their high-strength material.

It is important to choose a connector with a tensile strength that is appropriate for the spe-
cific application, to ensure that the connector provides adequate support and resistance to

failure. According to [71], the pull-out failure of a shear stud connector is avoid if d, < 1.714:

Vikips = ¥e,p8Aprg inches? fersi for pull out strength (5% fractile) (4.88)
Vikips = 13 Aprg inches? feksi for pull out strength (Average) (4.89)
T 2 2
where: Abrg,inches2 = Z(dh,inches - dinches) and TC,P =14

The units of forces, length and strength are in kip, inches and ksi, respectively.

Tensile stiffness of stud connector

The tensile stiffness expression for headed studs under tension proposed by Yang, Liu, and
Liang [72] is shown in Eq. (4.90), in which n = Es/ Ec. It can be seen that the tensile stiffness
of headed studs k, under tension is related to its effective embedded height &, iz the elastic
modulus of the stud E;, the area of the stud As and the elastic modulus E, of the concrete
block.

E,Ash
0= sTsTef (4.90)

2, +115n4,

Accordingly, in the prediction of the tensile stiffness for headed stud connectors, the bond
force and the friction force are not taken into consideration. Thus, the tensile stiffness of
headed studs under tension depends only on the elastic extension of the stud rod and the

vertical displacement of the stud head in concrete block.
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FIGURE 4.13: Interacted-forces in stud connector proposed by [65]

44.3 Coupled connector model

Several research works [64, 66, 65, 73] have been conducted to study the behavior of shear
stud connector under combined tensile and shear loading. McMACKIN [64] and Takami,
Nishi, and Hamada [65] respectively proposed an elliptical interaction relation under the
form of Eq. (4.91) and a circular interaction curve Eq. (4.93). According to these interaction
curves if the headed stud is subjected to combine shear and tension, no matter how small
the shear and tension force is, the interaction effect should be considered. On the contrary,
the tri-linear interaction under the formulation Eq. (4.92) developed by [66] suggests that
if applied shear or tension force under combined loading is less than 20 % of the ultimate

strength under shear or tension, the interaction effect can be neglected.

D™ (Ve )™

= <1 491
(Du) H(1E) s (4.91)
DSC ‘/SC
_ <12 492
(Du>+(vu)_ (492
Do \> [ Vi)’
—_— == <1 493
<Du> +<vu) = (4.93)

Moreover, in order to consider the influences of tension force and peak slip, a non-dimensional
Eq. (4.94) for predicting the non-dimensional load-slip relationship is proposed by Lin, Liu,
and He [73]. ar is the coefficient which reflects the influence of applied tension force.

DSC
D,

= [15(s/5,)°2 = 05(s/5,)*#] " (4.94)

2
where a1 =
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To get the dimensional load-slip curve, the calculation of peak slip s, is critical and calcu-
lated by:
sp = (0.389 — 0.0023f,) d;

in which f. is the cylinder compressive strength of concrete and ds is the diameter of the
shank of the headed stud. At this stage, the relationship between shear force and slip is
not purely determined by their relation, but is also influenced by the tension force in the
connector, as indicated by the coefficient ar which characterizes the performance of the

connector in terms of the interaction between forces.

In this thesis, by making use the load-slip relation and the interaction relation between shear
and uplift force proposed by [65], the tangent operator of the connection can be derived.
This section provides algorithm in determining the tangent operator of a stud connector in
which the uplift/penetration phenomena is taken into account.

Tangent operator consistent for stud connector

In this study, we denote that the yield function is expressed by:
f(F,R)=F(d,dp) —R (4.95)

with F = [Ds,, VSC]T is the force vector; d = |s, g]T the displacement vector (strain-like); and

dp = [sp, gp) Tis the plastic displacement vector (plastic strain-like).

k, 0
0 kyl|’

The elastic stress-strain relationship and the discrete flow rule:

The elastic stiffness: K =

= F,. —KAAg ' (4.96)
trial oF .
Al =dm 4+ AN of I (4.97)
po TP oF ’
and
+1_ +1 +1
Pt = K (@ — ) (4.98)
Differentiation of the elastic stress-strain relationship Eq. (4.98):
AF™1 =K (Ad”“ - Ad;“) (4.99)

The variation of flow rule:

n+1

Ady™h = Ady + A(Ad) ) = AA of

oF

n+1
d (of
a2 (aF)
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The yield surface of the behavior of the connector, as represented by Eq. (4.93), is depicted

in terms of its first and second variations as follows:

n+1
% 1’l+1:P: 2DSC/D3
oF 2V, / V2
2 (A" g DL 0
oF \ oF 0 2/V2
Thus
AF?H—l =K <Ad7’l+1 _ AAF?H—l _ A)\F”+1AF11+1>
AF™1 (11 n KAAF”“) —K (Ad““ _ A)\P”“)
AF™ — (Ad”“ _ A)\F”+1>
where

il = <I[ + AAKF”“) 'k

Find AA by Af"1 =0,

n+1
a—R AL =0

Afn+l — Afn+1(P,p) — F?H—lAPVH-l _ ap

Making use of Eq. (4.102) and replacing the results in Eq. (4.103), once gets:

+1
(Pn—i—l)TCn—i-lAdn—H _ aj " AA
AA = op
o (En+1)TCn+1fn+1
Replacing back Eq. (4.104) to Eq. (4.102), we obtain:
n+1 Y- n+1
AF"+1 - Cn+1 Cn—HFn-i-l R (Fn—i—l)Tcn—i-l Adn+1 . C aP AAF
- N (En+1)TCnt1 o+l (En+1)TCnt1fntl

By making use of Eq. (4.99), we are also to express
A/\Fn+1 — Adn+1 _ K*lPTH’l
Using Eq. (4.106) turn back to replace into Eq. (4.105), we get

AFH+1 — KIS’lC+1Adn+1

(4.100)
(4.101)

(4.102)

(4.103)

(4.104)

(4.105)

(4.106)

(4.107)
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where,
1 -1 1
cntl aj " K1 cntl 371{ "
0 0
+1 _ p +1 P
K™ =1+ (En+1)TCn+1fn+1 D™ + (En+1)TCn+1fn+1 (4.108)
Cn+11§ ® (Pn+1)Tcn+1
n+l _ —n+l _ n+1
D =C (pn+1)TCn+1p'n+1 (4.109)
Algorithm

At this stage, the algorithm of numerical modeling the behavior of interaction between
forces in connector performs in two cases separately (the case of uplift and penetration).
Making uses the load-slip relation in Eq. (4.85) and Eq. (4.93), including the connector prop-
erties which was shown in Egs. (4.82), (4.87), (4.88) and (4.90) provided the algorithm fol-

lowing plasticity of connector as below:

1. Given input at the time t,: s", g", SZ, gZ and p" and the connector properties kj, k,, Dy,
and V,,.

2. Given the variation of deformation

As = "1 =g" + As

Ag=g¢g" =¢"+ Ag

o Uplift case: g >0
3. Predictor (Trial state): compute elastic trial slip, gap and trail function by assuming no

gap for this trail state:

Dn+1 — kh (Sn—H . SZ)

trial

n+1 __ n+1 n
Vtrial =ky (g - gP)
2 2
n—+1 n+1
n+1 __ Dtrial + Vtrial _ Rn—H
trial — Du Vu trial

4. Evaluation the yield function at trial state

5. Corrector: by using the Kuhn-Tucker’s conditions, compute AA and then update the

other variables:
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if 11 <0 then

trial

n+1 _ myn+1
DSC _Dtriul

n+1 _ yn+1
VSC - Vtrial

Sn+1 —gn

p P
g =8
pn+1 — pn
Tangent operator: K™ = [k(;l k(l }
else
Go to step 5 for updating.
end

AN =Ap=p"Tt —p"

n

o)
DI = DI — kAN agsc

n

0
Vi = Vil — koA aé -

n

of
+1 __
SZ —s’;—i—A/\ 3D

n

of
n+1 n

=g¢"+ AL

gp gp a‘/sc

6. Compute the tangent modulus following Eq. (4.108):

-1
w1 R wi1 OR|"
C K C
Kn+1 — aj — ]I+ _ ap _ anJrl + — ap i
Sc od tl (Fn+1)TCH+1Fn+1 (Fn+1)TCn+1Fn+l

¢ Penetration case: ¢ <0
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3. Predictor (Trial state): compute elastic trial bond force, the trail function by assuming

new expression as:

D'l —k, <5n+1 _ Sn)

trial p
n+1

n+l _ trial | _ pn+1

trial Du trial

4. Evaluation the yield function at trial state

if 11 <0 then

trial

n+1 _ yn+l
DSC _Dtriul

Vit = kog”

=)

8 =g

pn+1 — pn

Tangent operator: K/ = k0

0 ko

else

Go to step 5 for updating.
end

5. Corrector: by using the Kuhn-Tucker’s conditions, compute AA and then update the

other variables:

AN =Ap =p"Tt —p"

9
Dt = Dibl — kAL azi :

Vsﬁ“ =kog"

n

of
+1 __
s’; = SZ + AA 3D

n+1

& =&
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6. Compute the tangent modulus following Eq. (4.108):

R n—+1
R D3k,
IKi’H-l _ ap
h - R n+1
and,
K?l+1 — ]I<;/11+1 0
sc
0 ko

4.4.4 Uncoupled connector model

The shear and tensile strength, denoted as D, and V,,, as well as the shear and tensile stiff-
ness of the connector, denoted as kj, and k, are used to study the behavior of the uncoupled
model of the connector in this section. This stage, we will separately show the correspond-
ing yield functions for the shear and tensile behavior of the connector using the following

functions:

DSC
u

Ve

u

<1 for shear behavior of connector (4.110)

<1 for tensile behavior of connector (4.111)

Algorithm

The algorithm for the uncoupled connector model is activated only in the case of uplift
(g > 0). For the penetrated case (g < 0), the algorithm will follow the one described in
Section 4.4.3. In this process, we will firstly derive the tangent modulus in shear, tensile
behavior, respectively. Next, the combination of shear and tensile tangent modulus is used

to determine the one for the uncoupled model connector.
1. Given input at the time t,: 5", SZ, and p! and the connector properties k; and D,,.

2. Given the variation of deformation

As = "1 =g" + As

3. Predictor (Trial state): compute elastic trial slip and trail function:

n+1 __ n+l _ n
Dtrial - kh (S SP)

n+1
trial

D,

n+1 __

_ pn+l
trial — R

trial
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4. Evaluation the yield function at trial state

if 711 <0 then

trial

Di'=D ?rj_a}

1 =)

piHl = pi

Tangent operator: KI}! = kj
else

Go to step 5 for updating.
end

5. Corrector: by using the Kuhn-Tucker’s conditions, compute AA and then update the

other variables:

A= Ap=p"TT —p"

n+1 _ myn+l1
DSC - Dtrial

Sp

=5y +AA of

n

of
—kidA 55—

n

0Dy,

6. Compute the tangent modulus following Eq. (4.108):

n+1
31; D3k
kil = 2 @)
— D2 + kh
ap u

7. Analogously to the shear behavior process, the computation is performed for the ten-

sile part of connector by redoing steps 1 to 5, providing inputs at time ¢, such as g",

8ps Py, and the connector properties k, and V;,. This step aims to update AA, Vil and

gZ“ for tensile behavior the connector.

8. Compute the tangent modulus following Eq. (4.108):

oR

K?H—l _ ap

n+1
V2k,

u

sc,v

oR

dp

s (4.113)

Vi +ky
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9. The combination of Egs. (4.112) and (4.113) is used to build the tangent modulus for

the uncoupled model of the connector, which is depicted below:

Kn+1 0
K=o (4.114)
0 Ksc,v

4.5 Conclusion

This chapter provides comprehensive knowledge focused on the nonlinear behavior of ma-
terials. The behavior of materials is often described using uniaxial stress-strain relationships,
also known as constitutive laws. In this chapter, bi-linear, multi linear isotropic and kine-
matic hardening models are presented for steel materials. The Armstrong-Frederick kine-
matic hardening model is also employed for the steel material, while the plastic-damage
model of Kent and Park [52], is adopted for the concrete material. For the connector model,
the load-slip relationships are presented, and the coupled behavior of the connection in
shear and tension is considered using the curve reported in Takami, Nishi, and Hamada
[65]. The tangent operator of each material is also provided with the return-mapping al-
gorithm in each case, which is essential for studying nonlinear finite element analysis in
Chapter 5.
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Chapter 5

Nonlinear finite element analysis of

composite beams

5.1 Introduction

In Chapter 2, an analytical solution of a composite beam subjected to any loading within the
elastic range using both the continuous and discrete models of connection was presented.
If the material behavior becomes nonlinear, it is necessary to solve the system of equations
incrementally and iteratively. To do this, some approximations have to be made and the fi-
nite element method based on the so-called "displacement-based formulation" is commonly
adopted. The displacement-based (DB) method is based on the interpolation functions of
the displacement fields. However, due to this interpolation method, it can lead to curvature
locking issues when the shear connection stiffness is high and the continuous connection
model is used. Consequently, it may limit its applicability. To overcome these problems, one
solution is to use the discrete connection model although this approach requires a higher
number of degrees of freedom (more number of elements). Another solution is to adopt
the force-based or mixed formulations, which have been shown to be beneficial for highly

nonlinear problems.

The nonlinear finite element formulation involves the division of the solution domain into
discrete elements, in which each element has its own set of governing differential equations.
These equations are then linearized to obtain the element stiffness matrix and the resisting
load vector. The stiffness matrix and the load vector for the entire structure are obtained
by assembling the element contributions. The resulting system of equations is solved us-
ing an iterative solution strategy, typically of the Newton-Raphson type, where linearized
equations of the current state of the structure are solved for the unknown increments of
the primary variables. The iteration continues until the convergence is achieved within a

specified tolerance, at which point the solution advances to the next load step.

In this chapter, two finite element formulations have been developed for steel-concrete com-

posite beams: a displacement-based formulation and a mixed formulation. The algorithms
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including the non-penetrated condition for both formulations have been derived. The fiber
discretization is used to characterize the behavior of the sections and a distributed spring
element (continuous connection model) is adopted to model the force transfer mechanism
at the interface. This chapter is organized as follows: firstly, the element kinematics are pre-
sented in Section 5.2 according to the assumptions made in the formulation. Subsequently,
the equilibrium equation is developed in Section 5.3 using the total potential energy. Sec-
tion 5.4 highlights the development of the displacement-based formulation using the varia-
tional principle. The mixed-formulation, including its resolution method and algorithm, is
presented in Section 5.5. Numerical applications are presented in Section 5.6 to assess and
illustrate the performance of the developed formulations, and to support the conclusions

drawn in Section 5.7.

5.2 Model assumptions

Using the compatibility in Section 2.2.1, as the consideration of Euler-Bernoulli beam kine-

matics, the displacement vector d collecting the displacement field can be written as:
T
d(x) = [ub(x,y), up(xy), ualxy), va(x,y)} (5.1)

Since fiber discretization will be applied in the nonlinear formulation, we must evaluate
the axial strain at any position y in terms of the axial strain € and the curvature « at the
reference axis, which corresponds to the cross-section centroid. Therefore, the axial strain

can be evaluated using this displacement field as follows:
ei(d) = tjx — Yivxx (5.2)
The axial strain can also be expressed in function of generalized strains as:

&i(x,yi) = ei(x) — yiri(x) = ag (yi)ei(x) (5.3)
where i = a,b and the subscript (e) , denotes derivation with respect to x. We also denote:

as(yi) = [1,—yi]" and e;(x) = [e;(x), xi(x)]".

The kinematic of the connection between the two components of the composite beam are
described by slip and uplift. The slip s and uplift ¢ are measured in Section 2.2.1 shown as:

1)
—
o
~—
Il
=
<
—~
=
~—
|
=
2
—~
=
~—
_|_
=
o
<
N
=
—~
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~—
_|_
=
2
Q
N
=
—~
=
~—

(5.4)
g(d) =op(x) — va(x) (5.5)
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The kinematic relationships can be cast in the compact form as:

dd—e=0 (5.6)
where,
- g 3
P 02 0 0
d
a2 g 0
5_ 0 0 ax 02
d
0 Od dile
1 h,— 1 h,—
b dx * dx
0 1 0 -1

and e is the vector collecting the generalized deformations, given by:

T
e(x) = () w(x) elr) wa(x) s(x) g(x)] 5.7)

5.3 Equilibrium equation

To develop a finite element formulation for the static analysis of composite beam under the
above assumptions, the virtual work principle will be employed. For an isolated element
of length L, the internal virtual work is given by the sum of the contributions of the two

components plus the interface connection:
Mt = [ oudeadOu+ | cderd0y+ [ Dicdsdx+ [ Vieogdx (5.8)
(0N Qp L L
and the external virtual work comes from the contribution of the surface and body loads:

O,y = /L (8uaPax + 6Vapay) dx + /L (6upppy + 6vpppy) dx + 097 Q. (5.9)

in which p;, and p;, are applied distributed load on the layer i in x and y-axis, and Q,,,
is external nodal force. The total virtual work is the difference of the internal and external

virtual work as follows:
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Introducing Egs. (5.2), (5.4) and (5.5) into Eq. (5.10) and performing intergration by part, one

gets:
N -\ L
514;] Nb
(5?)[, _Mb,x + hb Dsc
o0, M,
m:-/aaT 9D +P,)dx + —6q"Q,;, =0 (5.1
L ( y) 5ub N,Z q Qext ( )
5017 _Ma,x + ha Dsc
_5917_ L Ma 1/
where:
49 0 o0 -1 0]
dx ) 4
— d 5 0 0 hy— —1
9= dx® dux (5.12)
0 0 — 0 1 0
dx £ 4
i 0 0 0 32 haa 1 |
r T
Py = _Pbx/ Poy, Pax, pay:| (5.13)
r T
D(x) = [Ny(x), Mp(x), Na(x), Ma(x), Dsc(x), VSC(X)} (5.14)

Eq. (5.11) being satisfied for all admissible variations, the following equilibrium equations

can be then deduced:

9D +P, =0 (5.15)
which can be expanded as:
Nb/x - Dsc + pbx =0 (516)
—Mpxx + hyDscx — Vie + Pry =0 (5.17)
Na,x + Dsc + Pax = 0 (5.18)
—Mg,xx +haDsex — Ve + Pay = 0 (5.19)

The beam under consideration is assumed to be simply supported and subjected to external
distributed forces in both layers. The internal forces in the two-layered beam are represented

by 12 nodal forces corresponding to nodal displacements.

However, due to the support conditions, it is necessary to exclude three nodal forces (in

the horizontal and vertical directions of layer 4, and in the vertical direction of layer b). To
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Pry
QS ‘ A4 A A4 A A4 A A4 A A A A “Qq
Qz —61>—>---—>---—»--—>—---—>---;-7—>----—>---—>—---—>—---—>---—><9-> Q3
bx
Qs Q7
Py

FIGURE 5.1: Nodal forces in beam element with simply supported condition

address this, the nodal forces from Q... Qo, as depicted in the Fig. 5.1, are considered. The

natural boundary conditions are then as the following:

N,(L)
N, (0) = —Q2+Pbe

Ny(L) = Q3 - pbe
M,(0) =
M,(L) = Q5
M,(0) =

My(L) = Q7

L

~Myx(0) + hypDsc(0) = —Qs + Prys
L
_Mb,x(L) + hstc(L) = Q9 - pbyi

5.4 Displacement-based formulation

In a standard displacement-based (DB) formulation, the state of determination is a strain-
driven process, i.e., the stresses are obtained from the strains. The strains are computed from
the displacements. Another way to describe the displacement-based formulation is that it is
based on interpolation functions of displacement, specifically the axial and transverse dis-
placements of the element. The commonly used functions for beam elements are quadratic
functions for the axial displacements and cubic Hermitian polynomials for the transverse

displacements.

In the context of the displacement-based approach, the system’s equilibrium is established
by minimizing the total virtual work, which requires calculating the variation of the total
virtual work with respect to the displacement field d.
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5.4.1 Interpolation of displacement fields

The analytical solution, as presented in Section 2.3.3, indicates the exact displacement fields
in linear elasticity. In nonlinear finite element analysis, Dall’Asta and Zona [40] developed
a displacement-based model that accounts for interlayer slip using distinct degrees of free-
dom (DOF): 8DOEF, 10DOF, and 18DOEF. The comparison of these models revealed poor per-
formance of the 8 DOF element due to numerical locking issues (curvature locking), as men-
tioned earlier, and superior performance of the 16 DOF element, despite its more complex
implementation. They chose to use 10DOF element in which additional nodes are added
for axial displacement at the mid-length of the element for both layers. For the two-layered
beam model that considers slip and uplift, additional nodes should be added for axial and

vertical displacement, as well as rotation, as shown in Fig. 5.2.

FIGURE 5.2: Displacement field by adding nodes at middle of elements

In this study, we focus on the interpolation of displacement fields d(x) which is described
in Eq. (5.1) for a composite beam. We use quadratic functions for the axial displacements u,

and u;, and Hermite polynomials for the transverse displacement v, and v;,.

For a quadratic function of axial displacement u(x) is given by:
u(x) =ag + apx + arx* (5.20)
For the Hermite interpolation function of vertical displacement v(x) is given by:
v(x) = a30' + as0' + asv’ + agd! + a;0F + agb* (5.21)

where, the constants a;,a; .. .ag will be detailed in Appendix B.

By employing these interpolation methods, we can achieve a more accurate representation
of the displacement fields q in the composite beam. This is performed by selecting appro-

priate displacement interpolation functions a(x) as follows:

d(x) =a(x)q (5.22)
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T
where a(x) = {aub(x), ap, (x), ay,,(x), avu(x)} is the shape function matrix.
- a,,(x) and a,, (x) are derived by using quadratic functions.
- ay,(x) and ay, (x) are derived by using Hermite interpolation functions.

In this section, we note that the displacement fields q account for the middle node of the

element and are expressed as follows:

— i i j ik k k gk
q—{u}j,vz,%,u b 91 ub,vb,G ua,va,Ga,ub,vb,Ob, a,@,}

By the derived formulation in Appendix B, as a result, a,,(x) , ay,(x) , ay,(x) and a,, (x)

shown as follows:
a,(x)=[a, 000 0004, 00000a 00000
a,,(x)=[0 0 0 a, 000004 00000 ad 00

as,(x)=[0 @, 4 0 00 0a a 0000 d a 000

ag,(x)=[0 0 0 0 a 4 000 0d gy 0000 a a

in which
; 3x  2x? 2%« p o 4x 4x?
a,=1- ; ay = — ; a, =
L L2 2 L L 12
;663 23x2 68x*  25x° i 7x* 34x3  52x* 25x°
= T T T4 a = T T T
L3 L2 L4 L5 L2 L3 L4 L5
p o lex? 32x3 | 16x* ; 6x?  13x%  12x*  4x>
R A T O T E A T
i 53 x? 8xt 4x® r o 32x3 8x2 40xt 16x°
A N T R X A R Y RN T

The section deformation vector e(x) in Eq. (5.7), is related to the nodal displacements by:
e(x)=a'(x)q (5.23)

The matrix a’(x) contains the first derivative of the axial displacement shape function, and

the second derivatives of the transverse displacement shape functions.
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5.4.2 Non-penetration condition

The two layers of the composite beam element initially in contact within the element length
may partially separate (vertical uplift) or bear (contact) from one to another under a certain
loading condition. When adopting a node-to-node contact algorithm in the displacement
based formulation, the contact between the two layers of composite beam element can be
evaluated only at the nodes of the element. The continuous contact condition along the
element length beside those nodes are not verified. But it can be done by considering the

discretized form of contact condition using the interpolated displacement field.

The non-penetrated condition between the layers imposes that:
8(x) =vp(x) —va(x) >0 (5.24)
or by using interpolation function from Eq. (5.22), we have:
ag(x)q >0 (5.25)

where ag(x) = ay, (x) — ag, (x).

To take into account the non-penetration condition, the augmented Lagrangian term is

added to the system as:
ST1(q) = oT1(q) + 6q" [xag(x) + pag(x)ag(x)q} —0 (5.26)

where A is the so-called Lagrangian multiplier and p is a penalty parameter. Newton-
Raphson method may be used to solve nonlinear equation (5.26) for a fixed known Lagrange
multiplier A by following the so-called Uzawa updating scheme. The solution of Eq. (5.51)
is then used to verified the positiveness of the uplift (g(x) > 0). If this condition is violated,

the Lagrange multiplier can be updated using:
Mer1 =M+ pg(x) (5.27)

It is worth mentioning that the node-to-node contact condition will be evaluated at the inte-

gration points, i.e. at x = X.

5.4.3 Element stiffness matrix

In the equilibrium state, Eq. (5.15) is satisfied. The variational formulations of equilibrium

equations are then as follow:
o11(q) = [ de"Ddx —5q" Qs = 0 (5.28)
L

in which D is the vector collecting the internal force derived from the constitutive relations.
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Then, Eq. (5.26) can be rewritten as:
0l(q) = /LéeTf)dx +46q" [Xag(f) + pag(i)ag(i)q} -49'Q,,; =0 (5.29)

The consistent matrix formulations are obtained by utilizing the Newton-Raphson iterative
procedure. In the interval from the (i — 1) to the i*" iteration, a linear behavior is assumed,

which results in:
A

D' =D LK Ae (5.30)
where k' ! is the tangent stiffness matrix of the section at the (i — 1) iteration.
At the i, by using Eq. (5.30), Eq. (5.29) is rewritten as:

/(SeT (ﬁi_l + ki_lAe) dx +6q" [Xag(f) + paéT,(f)ag(f) (qi_l + Aq)} =6q"'Q,s (5.31)

L
Inserting Eq. (5.23) to Eq. (5.31), one obtains:
T T Ai—1 i—1 1
oq /L {a (x) (D +k'"a (x)Aq)} dx
+6q" {Xag(f) + pag(a?)ag(f) (q"_1 + Aq)] =5q'Q, (5.32)

which must hold for any kinematically admissible variations dq. Therefore, this equation

may be simplified in the following form,
~ie1 i 5 _ - = i—
/L {a'T(x) (Dl + K 1a’(x)Aq” dx + Aag (%) + pag (¥)ag (%) (ql T+ Aq) =Q, (5.33)

In short, it can be written as:
K 'Aq=0Q,;— Q}" (5.34)

where
K1 = / a’T(x)ki_la’(x)dx + pag(f)ag(f)
L

is the element tangent stiffness matrix, and
Q= /La’T(x)Di’ldx + Aag (%) + pag(yf)ag(af)qF1

is the nodal forces due to the lack of equilibrium at the element level.

5.5 Mixed Formulation

In a mixed formulation approach, it is assumed that there are two separate resultant stress
fields (internal forces) and two distinct strain fields. One of the resultant stress fields is
determined from the sectional integration of the the stress derived from the constitutive re-

lations. Another resultant stress field is obtained from the approximation of the force fields.
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Likewise, the deformation of the composite beam can be described using the displacement
field or obtained from the approximation of the strain fields.
5.5.1 Variational formulation

The Hu-Washizu functional with three independent fields (displacement, strain and stress)
over the composite element volume () (domain of the solid) is chosen for the developed
finite element formulation. The latter is based on the combination of variational forms of
equilibrium equations (virtual work principal), compatibility relations and constitutive re-
lationships, i.e.:

Oy = 1T + 6511y 4 61Ty, (5.35)

where

e OIlis the virtual work principle for the composite beam element written as:
oIl = / 006,40, + / 0,0€,d Yy, + / Dy 0sdx + / Vsc0gdx
Qq N L L

- /L (0utaPax + 6Vapay) dx — /L (6upppx + 6vpppy) dx — 597 Q.

e /.11, is the variational form of the constitutive relations:
5.y, = / seT (D —D)dx =0 (5.36)
L

in which D is the vector collecting the internal forces derived from the constitutive

relations.

* 0,11y, is the variational form of compatibility relations:

S0l = /L sDT (3d — e)dx =0 (5.37)

Performing integration by part on Eq. (5.37), one gets:

_ ST~ -\L
(SNb Up
_(SMb,x ~+ hpé Dy, Up
oM 0

Sl = — /L 3 (6D)"ddx + 5N” ub — /L oDTedx =0  (5.38)

a a
_5M[1,x + haéDsc va
oM, 0,
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5.5.2 Force interpolation function

It can be observed that in Egs. (5.11) and (5.38), if the exact internal force distributions are
used, the first terms of both equations are vanished. The formulation can be then devel-
oped without approximating the displacement fields. For a statically determinate beam, we
can basically derive the exact internal force distributions from the equilibrium equations.
However, they are available only for a linear elastic composite beam since with continuous
connection, it is an internally indeterminate beam. The exact solution for a linear elastic
composite beam shows that the distribution of the internal forces are highly non-linear (hy-
perbolic functions). Nevertheless, if the shear and uplift force distributions in the connection
are supposed to be known, all other internal forces can be obtained through equilibrium. In
the present formulation, the shear and uplift forces are treated as redundant forces and are
approximated by interpolating them using the ones defined at a finite number of reference

points along the element, i.e.:

D = Nsr)sc
Ve = Ngvsc
where
N;(x) = [Ns1(x), ..., Niip(x)] and Ng(x) = [Ng1(x), ..., Ngip(x)] are interpolation functions.

D = [Dsct, - -, Dscip] Tand V., = Veat, -, 17scip]T are the vectors collecting the shear and

uplift forces evaluated at the reference points, respectively.

Furthermore, the bond and uplift forces at the reference points are related to the nodal forces
through equilibrium. These relations are obtained by enforcing equilibrium in the x- and
y-direction, respectively, of the top beam component of the composite beam element. It
follows that:

L
| Dee(x)dx =2+ Qs
L
| Veelxdx = Qs+ s
or,
L ~
/0 Nstcdx - QZ + Q3 (539)
L ~
| NeVeedr = Qs + Qs (5.40)
in which *N; = [Nydx, Ny = [Ndx, *Ns(0) = 0 and *Ng(0) = 0. Another interesting

relation between the distributed uplift force and nodal forces is obtained with the bending

moment equilibrium of the top beam component of the composite beam. Integrating twice
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of Eq. (5.17), we obtain:

L X L X L X L
—/ (/ Mb,xxdx> dx + hb/ </ Dsc,xdx> dx — / </ Vscdx> dx + / Poyxdx =0
0 0 0 0 0 0 0

Subsequently, we obtain:

Ng(L)Vse = —Qs — Q7 + 1p(Q2 + Q3) + LQs (5.41)

where Eq. (5.39) and the natural boundary conditions have been used, and **Ng = [ [ Ngdx.

It can be seen that from Eq. (5.39), we can express one of the bond reference forces, said

ljscip = Dsc(L), as a function of nodal forces and other bond reference forces as:

Q+Qs  *Ny(L) D
stip(L) stip(L) *

DSC(L) = (542)

where:

_ ~ T
D = [Dsclz sy Dscip—l]
*Ns(L) = [stl(L), ey stip,l(L)]

In the same way from Egs. (5.40) and (5.41), two of the uplift reference forces, said Vi =
Vee(0) and Vieip = Vi (L), can be expressed in function of nodal forces and other bond refer-

ence forces V. as:

—hy* gzp( )(QZ"‘QB) gzp( )(Q6+Q7)
* gl(L)x Nglp(L) - Ngzp(L) xNgl(L)
[xxNgiP(L) _ LxNgip( )] Qs + xxNgip(L)Q9
! gl(L)xxNgip(L) - Ngzp( )J¥N, (L)
xNgip(L)xxNgip(L) xN ) gzp L)
X (L)xxNglp<L) - Nglp( ) (L)

Ve (O) =

np*Ng1 (L) (Q2 + Q3) + *Ng1 (L) (Qs + Q7)
g1 (L) Ngip(L) — *Nygip(L)**Ng1 (L)

[""Nl(L) L¥Ngi1(L)] Qs +**Ng1(L) Qo
L) xNglp( )_xNgip(L)xx gl(L)

g1
Na(L)*Ng(L) — *Ng(L)*Naa (L)
* gl(L)xxNglp<L) N (L) Ngl(L> *

Vie(L) =
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Finally, we can write the bond and uplift forces as:

Dsc(x) = stc (x) Q + [Ns(x) - WXNS(L)] Dsc (5-43)

Vee(x) = by, (x)Q + by, (x) Vy (5.44)

where

T
Q=0 @ @& & O QO U & O

and bp, (x), by, (x) and b}, (x) are given in the Appendix D.

The generalized forces D, the bond force Dy, and uplift force V. are interpolated using
polynomial function (shape functions) that must satisfy the equilibrium along beam ele-
ment. Inserting Egs. (5.43) and (5.44) into Eq. (5.15) and solving for the remaining internal

forces, one obtains the following sectional resultant forces written in the compact form as:

It is noticeable that b(x), bs(x) and b, (x) are polynomial interpolation functions. The matrix
b(x),bs(x) and bg(x) are constructed to satisfy the homogeneous equilibrium equations
beforehand, regardless of Q, D, and V. and given in Appendix D.

D, (x) is a particular solution of differential equations that allows for the consideration of

the distributed load pypy, ppy, pPax and pay.

T

Dp(x) = [Pbx (% - x) Pbyx(x;L) Pax(L — x) PayX(x;L) 00

In this study, the connection uplift and shear forces along the element is approximated by
quadratic and cubic polynomials, i.e. three and four reference uplift and shear forces, re-
spectively. From equilibrium equations, these approximations results in fourth-order dis-
tributions for the bending moment and the axial force along each layer of the composite

beam.

5.5.3 Generalized strain interpolation

The same order of polynomial functions as the ones for force fields are adopted for strain
fields. It is in accordant to de Veubeke’s principle of limitation [74] which states that there
is no improvement of the analysis accuracy by increasing the order of the force field be-

yond the one of the strain field that complies with the compatibility condition. Hence, the
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generalized strains can be approximated by:

[ep(x)] 'Ze”“ N (x)e} |
Ky (%) Z k(l)(x)xéi)
e(x)— || _ | B4 N{Zi(x)e‘(gi; =N, (x)& (5.46)
Kq(x) Z (N () ks
s() | [T N ()
Lg(0) ][5 NG (x)g®

in which N (x), N,Ei) (x), N. (i)( ) and N, (i)( ) are Lagrange interpolation polynomials, and
s g(z')/ e](i) ()

eip =5, kip =5,8;, =4 and g;, = 3.

,and x;°, j = a, b, are generalized strains evaluated at reference points (i) while

N.(x) denotes a matrix assembling the interpolation functions and € is a vector collecting

reference generalized strains.

5.5.4 Mixed variational formulation

The form of Hu-Washizu functional can be obtained by introducing Egs. (5.45) and (5.46)
back into Egs. (5.11), (5.36) and (5.38) and substituting the results into Eq. (5.35). One gets:

T — -

oq H'Q-Q, — Q.
68 J;NIDdx — [, NI (bQ + bsD;c 4+ by Ve + D) dx
Ol = ¢ 6Q Hq — [, b'N.&dx =0 (5.47)
6D [, bIN.&dx
Vs ) | J. bgN,edx ]

in which is valid for all virtual variables.

The vector Q, is associated to the distributed load p, and expressed as:

L
= 0
2

T L L L L L L
Q, = Pox5 Pbyo 0 Pax5 Pays 0 Poxs Poyy 0 0 pay
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and the expression of H is written as follows:
[ 0 1 0 0o 0 0 0 0 0]
0 0 0 0 0 0 o 1 0
0 0 0 0 0 1 0o 0 0
-1 -1 -1 0 0 0 0 0 0
hy, + hy h, + hy 1 1 1 1
1T 1 t 1t 11 '°
ul — 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0o 0 1
0 0 0 0 0 0 1 0 O
1 0 0 0 0 0 0 0 0
ha + hb hu + hb 1 1 1 1
0 77 A A A A
0 0 0 0 1 0 0 0 0
5.5.5 Non-penetration condition
The non-penetration condition between the layers imposes that:
g(x)>0 (5.48)
or by using interpolation functions, we have:
Né(x)G >0 (5.49)

where G is a vector collecting all uplifts ¢(!) evaluated at the reference points and G can be

expressed in function of & as:

in which:

>

0, 0f

T T
T 051 07?1

T T
of of

o o = O

(5.50)

0
0
0
1

To take into account the non-penetration condition, the augmented Lagrangian therms are

added to the system as:

5Tl = 1Ty + 08T (A}‘\ n pAATé> —0

(5.51)
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where A = N¥(x) A and A is the so-called Lagrangian multiplier vector and p is a penalty
parameter. Newton-Raphson method may be used to solve nonlinear equation (5.51) for
a fixed known Lagrange multiplier A by following the so-called Uzawa updating scheme.
The solution of Eq. (5.51) is then used to verified the positiveness of the uplift (¢(?) > 0,
evaluated at the integration point x;,). If this condition is violated, the Lagrange multiplier

can be updated at iteration k 4 1 using:

N =N g (5.52)

5.5.6 Resolution

In this section, the system of equations represented by Eq. (5.51) will be derived, and demon-
strations of the solution and integration algorithms will be shown. Applying linearization

of Eq. (5.51) gives the incremental form for a Newton solution process as:

0 0 HT 0 0
0 K. - / N'bdx — / NTbydx — / NTbdx| | 2d R,
. L L L Aé s
H _/Lb Nedx 0 0 0 AQ — RQ (553)
0 — / bI N, dx 0 0 0 ADsc R;
r AV, R,
0 — / b; N,dx 0 0 0 ‘
L L .
where:
K, = /L NTK,,Nodx + pAAT (5.54)
and
Kyp O
Ky=| % (5.55)
0 Ksc
in which
[ [ Elda, - / EldA 0 o ]
/Ab pAp Aby pAp
- / yELdA, — / ELdA, 0 0
K = Av Av
0 0 /A EdA - /A YEA,
0 0 - /A YEA - /A EA,

In the coupled-plastic connector model, K. is a matrix provided by the tangent operator
consistent with the connector and found in Section 4.4.3. For the uncoupled model of the

connector, K, is presented as Section 4.4.4.

The residuals are presented as follows:
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R;=-H'Q+Q, + Quy
RE:/LNZ(D—ﬁ)dx—AX— pAATe
Ro = —Hq + /bTN@édx
L
L
R, = /L by N,&dx

The stiffness matrix of the element can be determined by eliminating the generalized strain,
the reference uplift force, the reference bond force and the nodal force increments as follows.

From Eq. (5.53)b, calculate the generalized strain increment:

Ae—K! [Rg + ( / Nedex> AQ + ( / NeTbsdx> AD,. + ( / NZbgdx> AVSC]
L L L

(5.56)
= Ks_l (RE + beAQ + bSEADSC + bgeAVsc)
Introducing Eq. (5.56) into Eq. (5.53)c, Eq. (5.53)d and Eq. (5.53)e, one gets:
FooAQ + FQSADSC + FQgAVSC = —RQ + HAq (5.57)
FSQAQ + FSSADSC + FSgAVSC — _Rs (5.58)
where:
F.; = bLK 'bs, Feo = by K 'bg, Foo = b, K; 'b,
F;o = bLK; b, Foo =b K 'b, Fos = b K 'b,
Fse = bLK; b Foo = by K by, Fo; = b, K, 'bg.
R,=R,+b,K;'R; R, =R;+b;K;'R; Ro=Rg+b/K;'R;
Solve Egs. (5.57-5.59) for AD. and AV, we get:
ADSC -1 D FSQ
_ =—F Rse + A 5.60
{AVSC} SSgg Sg {FgQ Q ( )

where:

FSS Fsg = RS
Fesoo = , Reg=1¢ _ 5.61
o [Fg s Fgg * 8 ( )

Substituting the result back into Eq. (5.57), we obtain:

AQ =f"" (HA7 —Rp) (5.62)
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where:
-1 FSQ
f= Foo — [FQS FQg} Fssgg (5.63)
Feo
and:
Ro=Ro — [Fo. Fog| FrteReg (5.64)

Finally, substituting Eq. (5.62) back into Eq. (5.53)a, one gets:
KAq =R, + H'f 'Rq (5.65)

where K = HTf 'H is the stiffness matrix of the element and I_{q =R;+ HTf_lf{Q is the mod-
ified force residual. The element stiffness matrix and force residual can be now assembled
into the global system in an identical manner to any displacement-based formulation. The

modified elemental internal force can be expressed as:

Qz =H'Q-HTf 'Ry (5.66)

5.5.7 Integration Algorithms
NEWTON-RAPHSON equilibrium iteration: Loop i:
Iteration NEWTON-RAPHSON (i) is organized step by step:
(1) Solve the global system of equations and update the structural displacements.

At iteration NEWTON-RAPHSON (i), the stiffness matrix K?l of iteration (i — 1) is used
to calculate displacement increments Aq; corresponding with load increments given R;;l

which is forces out of balance relative with iteration before.

K. 'Aq, =Ry, (5.67)
q, =9q; ' +Adj (5.68)

(2) For each element, extract the displacements and increments of displacement.

Nodal displacement increments of element Aq’ are extracted from the one of structure Aq;.

qd=q '+Aq (5.69)
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Update internal forces: Loop j:
(3) For each element, doing these following steps from (3) to (18).

Displacements g are now used at the element level to determine the internal forces that sat-
isfy local equilibrium equations and constitutive relationships. For this purpose, an iterative

process, identified by j, is used. The index of the first iteration is j = 1.

(4) Calculate the increments of element forces without rigid body mode.

AQ) =[] (HAqf ~R), 1) (5.70)

ADic} i—1771
200 = — |Flyge
oor =~ e

1 [Fol o
Ry, + pil AQ (5.71)
3Q

where

. i— i A0 i j— i—
forj=0, £=£", Aq'=Aq, Rp=0, Fi,=F i, F,=Fg, Fy,=F and
R}, =0

forj>1, Aq/=0and f, Rg ' Fé;;g, I_{]S;l, F];él, F?Ql are determined at step
(16).

(5) Update element forces.

Q =Q 1+ AQ 5.72)
with Q° = Q!

(6) Calculate the increments of sectional resultant forces at each integration point x;,.

ADI (x;,) = b(xi) AQ/ + by (xi)ADL, + bg(x;,) AV, (573)

(7) Update sectional resultant forces at each integration point x;),.

D/(x;p) =D/ (x;,) + AD/ (x;,) (5.74)
with D? = D1

(8) Calculate the increments of generalized deformations at all integration points.

. P - _ _
88 = [K7'] (R + beAQ) + b AD), + by AV, ) (5.75)
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where
-forj=1,K\=K 1, RI=0

- forj>1, K= s NL,TK{; "N, dx determined at step (12) and Ré_l is determined at step
(14).

(9) Update the generalized deformations at all integration points.

& =@ A& (5.76)
(10) For each fiber, calculate the deformation at each integration point x;),

- Layer a:

el (Xip, Ya) = & (xip) — YaRh(xip) (5.77)

- Layer b:

] (xzp/yb) ](xzp) ybﬁjb‘(xip) (5.78)

(11) For each fiber, calculate the stress field and the tangent modulus at each integration
point.

The stress field at each fiber (aa(x,p,ya) Ub(xlp,yb) D! (xip)andwg(xip)) and the tangent

operator ((Eé(xip,ya))],(Ei(xip,ya)) )’ and (k%) ) corresponding to the deformation

(8];1(xip/ya)fﬁé,(xip/yh)fsjandgj> -

(12) Calculate the sectional stiffness matrix.

: K, (x,) 0
] ) — ab\"1p )
Ko (xip) 0 K. (xip)] (5.79)
where: . .
(EA), —(ES), 0 0
i |—(ES), (ED), 0 0
Kalrp) =1 g 0  (EA), —(ES),
0 0 —(ES). (ED)

Kéc(xip) can be found in Section 4.4.3 for coupled model of connector and in Section 4.4.4

for uncoupled model of connector.
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and
K, = Zw(xi,,)NZ(xip)K{;(xip)Ne(xip) + pAAT (5.80)
ip
where:
(EAY, = [ (Ei(xipa)) dAq
(ESYi= [, v (Ex(xip ) d A
(EDi= [ 97 (Bl ya) dA
(EA){,:/A[; (Ei(xip,yb))jdAb
(ES){,:/Abyb (Ei(xip,yb))jdAb
(El){,:/Abyi (Elt;(xip/yb))jdAb

and w(x;p) is the weight function of Gauss integration.

(13) Calculate the resisting sectional forces at each integration point.

Ja, i (xip,yp)dAp
—Ja, yb‘?—ljyyb(xipryb)dAb
O (x) = | Ja el va)dA (581)
= Ja, Ya0aYa(Xip, ya)d A

Déc(xip)
Ve (xip)

where Dgc(xip) and Wc(xl-p) are determined at step (11).

(14) Calculate the stress residual.

R] = Ty (x;y) [N (xip) (DI (xip) = D/ () ) | - AN — pAATe (5.82)

(15) Calculate the displacement residual.

R}, =b,& — Hq/
R, =blé

I — T ai
Ry = b, &
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(16) Calculate the element flexibility matrix and the modified displacement residual.

Fl = b}, [Kl] b,
Fjg = by, [KL] by
Fjp = b; Kl b,
FéQ = b;re[Ké]ilbe
Fl) = by [Kl] b,

Fl, = bl [Kl] 'bg
Fjs = by, K] by,
Fly, = by [KI] by,
Flp, = b, [Kl] by

R =R} +bL,[K!] 'R

R} = R} + by, [K[] 'R}

R}, =R}, +b; [K| 'R}
Fl, Fé'g]

Fis Feg

Rl ={R] R}

r o o] ] (1)

FeQ

Flogo =

n/ R j j / j
Rh =R, — [Fh, Fi| [Flge| R
(17) Check convergence at the element level.

- If HIA{]Q || less than or equal to tolerance set for the accuracy of the calculation, conver-
gence at the element level is reached. Skip to step (18).

- Else, convergence at the element level is not reached. Go to step (4).

(18) Calculate the force residual.

R{i — Qext + Qp _ HTQ] (583)

(19) Calculate the structural nodal force and update the global stiffness matrix.

When the convergence is reached for all elements, Newton-Raphson iteration (i) is com-

plete. Nodal forces and stiffness matrices of all elements are assembled in order to update
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the global stiffness matrix and the vector of nodal forces of the structure:

R, = assembly <Rf7 + HT[fi]_lIA{ZQ) (5.84)

K. = assembly (HT[fi] -1H) (5.85)
(20) Check convergence at the structural level.

- If ||I_{;g|| less than or equal to tolerance set for the accuracy of the calculation, conver-

gence at the element level is reached. Proceed to next load increment.

- Else, convergence at the element level is not reached. Go to step (1).
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5.6 Numerical Applications

The developed finite element models including the nonlinear behavior of concrete, steel, and
connectors will be assessed by comparing their results with the experimental test. Moreover,
the effects of concrete with/without couple-plastic damage model are discussed. Further-
more, the influence of coupled /uncoupled connector model is illustrated. The constitutive

model of steel, concrete and connector adopted in the following applications are shown as

follows:
o -0
A y
fe
H
1
S ‘
Ee|
(I -0.2f:
e
(A) Steel (B) Concrete in compression
q Dse
fctm
T
0.5f Dsc=Du(1-e70715)0-4
. ctm
Esy
(¢) Concrete in tension (D) Load-slip relationship

‘/SC/ Vll A\ R(p)

1 T
0.5
Dse/Du
1 P
(E) Interaction shear and tensile force of connector (F) Relation between p and R,

FIGURE 5.3: Constitutive relationship of materials
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5.6.1 Simply supported beam

The composite beam PI4, which was studied by Abdel Aziz [75] has 5m length with a simply
supported condition. This composite beam is constructed by 800 mm x100 mm concrete
slab and IPE400 steel beam with the geometrical details in Fig. 5.4. For this loading case, a

concentrated load P is applied at mid-span of beam.

- dayerb | X
A yiy
| layer a |
| _A E |
r 2500mm o 2500mm "
8 Cross-section A-A’ 56,10
| 800mm ¢
] 1100mm
2,/ ———— - -
5410
400mm

FIGURE 5.4: Simply supported composite beam P14 [75]

The spacing between the connectors is 650 mm. We propose to calculate the shear and tensile
strength of connector by using Egs. (4.83) and (4.89), respectively. The shear and tensile
stiffness of connector are calculated by Egs. (4.87) and (4.90). The materials properties are
shown in Table 5.1. The displacement based and mixed formulation are presented in this
chapter and implemented into co-rotational framework (see Chapter 3). The analysis of
beam PI4 is performed using the displacement-based with various number of elements: 2, 4,
8 and 12 elements and mixed formulation approach with 2 elements. It is worth noting that
the continuous connection model is adopted. Figure 5.5 presents the relationship of applied
force-vertical displacements at mid-span of composite beam with different computations as

follows:

e EXP-PI4: results by experimental data of Abdel Aziz [75].




126 Chapter 5. Nonlinear finite element analysis of composite beams
TABLE 5.1: Materials properties details (PI4) Abdel Aziz [75]

Material | Parameter Value Material | Parameter Value
Elasticmod. E; | 210 GPa Compressive str. f. | 34.7 MPa
Hard. mod. H 1.05 GPa Elastic mod. E, 33.3 GPa

Concrete
Yield stress: Tensile str. foim 3.02 MPa
- Flange 245 MPa Initial strain g 0.0026
- Web 260 MPa Ultimate strain ¢,, 0.0040
Steel
- Reinforcement | 370 MPa Stud diameter d; 19 mm
Ultimate stress: Stud length I 80 mm
- Flange 361 MPa Shear strength D, 126 N/mm
Connector

- Web 372 MPa Tensile strength V,, | 161 N/mm
- Reinforcement | 375 MPa Shear stiffness K}, 66 MPa
Yield strain ¢, 0.0025 Tensile stiffness K, | 27.1 MPa

e FE1-PI4-2E, FE1-PI4-4E, FE1-PI4-8E, FE1-PI4-12E: results by displacement-based for-
mulation using 2, 4, 8, 12 elements, respectively.

* FE2-PI4: results by mixed formulation.
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It can be seen that all formulations give essentially the same force-displacement curve in
elastic range. Exceed that, we observe that more elements are required when the displacement-
based formulation is used. In the results shown by Fig. 5.5, it requires 8 or 12 elements for
displacement-based formulation to get a satisfactory result. On the other hand, the use of 2

elements in mixed formulation gives a good agreement to the experimental results.

Next, in Fig. 5.6, a symmetrical slip distributions in both methods are pretty similar and

accurate compared to the experiment [75].
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FIGURE 5.6: Slip distribution of beam P14 at P=297 kN

The axial force and moment of layer b at P=297 kN are depicted in Figs. 5.7 and 5.8, respec-
tively. It is worth noting that, similar to the vertical displacement and slip distribution, the
results obtained using only 2 elements in the mixed formulation exhibit similarity to those

obtained using 8 elements in the displacement-based formulation.

5.6.2 Continuous composite beam CTB1

In this example, we will consider the two-span-continuous composite beam CTB1 (4m and
5m long) designed and tested by Ansourian [76]. We denote the 4m and 5m span of the
beam by short and long span, respectively. The beam is subjected to a single concentrated
load P at the middle of the short span, as depicted in Fig. 5.9.

The cross-section of CTB1 consisted of an IPE200 steel beam and a concrete slab 800mm x

100mm (details are given in Fig. 5.9). The connection is made of 66 welded studs (19mm
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FIGURE 5.8: Moment of layer b of beam P14 at P=297 kN
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X 75mm), resulting in a degree of shear connection of 150% in positive bending and 160%
in negative bending. The shear and tensile strength as well as the stiffness are calculated
by Egs. (4.82), (4.87), (4.88) and (4.90). For hogging region, the longitudinal reinforcement
areas at the top and bottom of the cross-section are 800 mm? and 316 mm?, respectively. The

sagging cross-section contains also 160 mm? of reinforcement.

% ””””””””””””” N layerb | . x
£ """"""""""""" AN R
| | layer a |
| LA L |
2000mm  2000mm 5000mm
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FIGURE 5.9: Continuous composite beam CTB1

In this section, we will focus on the behavior of concrete, a key material in the numerical
analysis of composite beam CTB1. Specifically, we intend to explore the influence of the
concrete damage in simulating the behavior of composite beam. For this purpose, we will
compare the performance of two different concrete models: the Kent and Park plasticity
model and Kent and Park plastic-damage model. The materials properties are presented
in Table 5.2. The mixed formulation presented in this chapter and implemented into co-
rotational framework (see Chapter 3) with 8 elements is used. Figure 5.10 presents a compar-
ison of force-displacement curves obtained with experimental test and the proposed finite
element model. In Fig. 5.10, the vertical displacements at the middle of short and long span
are indicated by Sag and Hog, respectively. The FE model considering concrete damage is
denoted by FE3 and FE2 corresponds to FE model without considering concrete damage.

For incorporating the damage effect, the algorithm in Section 4.3.5 is adopted.

It can be seen that both FE models give a good agreement with the experimental results

of [76] and there is little variation between both FE models. It is what is expected since the
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TABLE 5.2: Materials properties details (CTB1)
Material | Parameter Value Material | Parameter Value
Elasticmod. E; | 210 GPa Compressive str. f. | 24.6 MPa
Hard. mod. H 1.05 GPa Elastic mod.E, 29.69 GPa
Concrete
Yield stress: Tensile str. fo1 2.55 MPa
- Flange 277 MPa Initial strain g 0.0021
- Web 340 MPa Ultimate strain ¢,, 0.0035
Steel
- Reinforcement | 430 MPa Stud diameter d; 19 mm
Ultimate stress: Stud length I 109 mm
- Flange 421 MPa Shear strength D, | 656 N/mm
Connector
- Web 440 MPa Tensile strength V,, | 543 N/mm
- Reinforcement | 533 MPa Shear stiffness K}, 293 MPa
Yield strain ¢, 0.0025 Tensile stiffness K, 134 MPa

composite beam is subjected to monotonic loading and the local unloading on the monitored

cross-sections is very limited.

250
Ill el ==
/ gl
— 150 7 2
5 | / - 'EXP-Sag
= / ’ EXP-Hog
2 { 1
o I 4 FE3-Sag
P~ 100 [} ‘l
I / FE3-Hog
’, ” = = FE2-Hog
I ; = = FE2-Sa
50 I / 8
1
i/
v
o !
0 10 20 30 40 50 60
Displacement[mm]

FIGURE 5.10:  Force-displacement curve in plastic concrete model
with/without damage
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5.6.3 Influence of interaction behavior of connectors in continuous composite
beam

For this example, the behaviors of the coupled and uncoupled connector models are exam-
ined. To do this, the continuous composite beam CTB1 is reanalysed using the displacement-
based formulation. However, the partial interaction i.e. a very low degree of shear connec-
tion is considered. In FE model, the beam is meshed with 8 elements. The material prop-
erties outlined in Section 5.6.2 are used, except the ones of the connector. To facilitate the
observation of distinct behaviors between computations employing the coupled and uncou-
pled connector models, the strengths and stiffnesses of the connector (D,, V;, Kj and Ky)
are divided by a factor of 10. Figure 5.11 presents the comparison between FE results with
both connector models (FE4 for the results with coupled connector model and FE5 for the

ones with uncoupled connector model). We observe that both models provide an ultimate
160
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FIGURE 5.11: Force-displacement curve by coupled/uncoupled connector
model

load of 143 kN. At this load level, we observe a significant difference between the vertical
displacements obtained with the coupled and uncoupled models. This can be explained by
the distribution of slip and uplift at P = 143 kN depicted in Figs. 5.12 and 5.13. As expected,
in Fig. 5.12, the coupled connector model provided larger slip value than the uncoupled
one. This is because the strength of the connector is reduced in the coupled model. Besides,
as illustrated in Fig. 5.13, the contact algorithm handled the non-penetrated condition very

well, resulting in a maximum penetration of 0.0015mm which is very small and negligible.




132

Chapter 5. Nonlinear finite element analysis of composite beams

10

7.5

2.5

Slip [mm]
®)
(6]

0.9

0.8

0.7

0.6

Uplift/Penetration [mm]

4
[}
]
[J
] ==-Couple
]
]
I’ =uncouple
!
’
’
- s
0 1000 2000 3000 4000 5000 6000 7000 8000 9000
Coordinate along the beam length [mm]
FIGURE 5.12: Slip distribution at P=143 kN.
==-Couple
=uncouple
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

Coordinate along the beam length [mm]

FIGURE 5.13: Uplift distribution at P=143 kN.

Moreover, for both Fig. 5.12 and Fig. 5.13, the values of slip and uplift at the starting extrem-

ity (x = 0) are significantly different, and we will continuously observe their evolution at the

starting extremity with the imposed load from the initial stage (P = 0 kN) until reaching 143
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FIGURE 5.14: Force-slip curve in coupled /uncoupled connector model
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FIGURE 5.15: Force-uplift curve in coupled/uncoupled connector model

kN. Fig. 5.14 and Fig. 5.15 illustrate the force-slip and force-uplift curves, respectively. The
results indicate that there is no difference in slip and uplift when the imposed load is within

the elastic range. However, they become significantly different in plastic domain.
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5.7 Conclusion

This chapter presents the development of displacement-based and mixed formulations for
nonlinear analysis of two-layered beams taking into account slip and uplift. The continu-
ous bond model considering two-directional spring distributed along the interface to rep-
resent the force transfer mechanisms is adopted in both formulations. The node-to-node
contact conditions are imposed by augmented Lagrangian method in these models. As
demonstrated in numerical applications, the computation employed displacement-based
and mixed formulations with geometrical linearity yielded a good agreement with experi-
mental results. However, unlike the mixed formulation, the displacement-based formula-
tion required more number of elements to obtain satisfactory results. Another key aspect is
the importance of the concrete material, particularly in compression. By incorporating the

plastic-damage model, the FE model yielded more accurate results.

In the model of the connector, the coupled and uncoupled models exhibit a good agreement
during the elastic deformation stage. However, beyond that stage, the connector behaves

more stiff with the uncoupled connector model.
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General conclusions and perspectives

6.1 Summary

This thesis presented a new composite two-layered beam formulation taking into account
slip and uplift at the inter-layer interface. The connector elements were represented by two-
directional springs (horizontal and vertical directions). The horizontal spring parallel to the
layer interface captured the slip, while the vertical spring orthogonal to the interface cap-
tured the uplift. Two connection models (discrete and continuous bond model) were con-
sidered. For both connection models, the governing equations of composite steel-concrete
beams were derived and solved to obtain a closed-form solution. As a result, the "exact"
stiffness matrix could be obtained. To ensure the satisfaction of the non-penetrated con-
dition, the "Contact algorithm" was used. To account for geometrical non-linearity, a co-
rotational method was adopted. The nonlinear finite element analysis was performed using
displacement-based and mixed formulations. The fiber discretization for the sections of the
composite beam was adopted. A plastic flow rule considering the coupling between slip and
uplift was use to model of the interaction between longitudinal shear forces and the tensile
force of the connector. For both formulations, a corresponding algorithm was proposed to
solve the penetrated problem. Finally, the numerical applications have demonstrated the

robustness of the proposed formulations.

6.2 Concluding remarks

It was observed that both discrete and continuous bond models provided accurate results,
with the exception that the discrete bond model required a larger number of elements to
produce results similar to the continuous bond model. For the uplift/penetration problems
in both bond models, under certain load conditions, penetration increased as the transverse
stiffness of the connector weakened. However, the slip at the interface was not significantly
affected by the value of the transverse stiffness. In practical construction applications, pen-
etration was not permitted. The contact algorithm such as the penalty and augmented La-

grangian method should be used to address this issue, resulting in minimal and negligible
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penetration during contact situations. Furthermore, the slip distribution may change its
form before and after applying the contact algorithm, while its extremities do not exhibit

significant changes.

The comparison of penalty method (PM) and augmented Lagrangian method (ALM) used to
deal with the non-penetrability between the layers was made. The results has indicated that
ALM required more iterations to converge compared to PM. However, despite its slower
convergence rate, ALM has fulfilled the non-penetrability condition, thereby preventing un-
realistic penetration between the layers. Moreover, the impact of uplift on the elastic buck-
ling behavior of a simply supported two-layer beam has been investigated. It was found that
the buckling load of the composite beam was significantly influenced by the uplift stiffness
of the connectors. For composite members with low uplift stiffness, the uplift between the
layers was large, and the layer with low flexural stiffness was susceptible to buckling before
global buckling of the composite beam took place. Furthermore, when considering the can-
tilever beam under uniform bending of the lower layer, a small uplift was observed near the
tip of the beam. However, compared to the analytical solution of a vertically unseparated

two-layer cantilever beam, this small uplift had minimal effects.

In nonlinear analysis, it has been demonstrated that the computations with displacement-
based formulation was simple, but it required more numbers of elements to obtain accurate
results. Besides, the mixed formulation required fewer elements to have a good agreement
with experimental tests. It has been shown that considering the uncoupled behavior of the
connector under combined tension and shear may over estimate the stiffness of the compos-

ite beam, specifically at the plastic range and when uplift occurs.

6.3 Perspectives

In the context of the forthcoming research, the two key perspectives for observation will be
identified. Firstly, the extension of this model will be considered in three-dimensional anal-
ysis, based on the assumption that our composite beam will undergo a deformation in the
(x,y,z) plan. This consideration will also impact the constraints of the non-penetrated con-
dition, as the gaps will exist in two directions. Secondly, the complexity of the 3D material

model will be taken into account.

For the analysis in 3D approach, besides u;, v; and 6, ; as mentioned in Section 2.2.1, other
component of displacement fields are presented as: transverse displacement, twist angle

and out-plan rotation denoted by wy, ;, 6, ; and 0, ;, respectively, see figure Fig. 6.1.
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FIGURE 6.1: Configuration of beam i in 3D

In this configuration, the twist angle 6, ; and out-of-plane rotation 6, ; will be considered to
develop new slip and gap functions that are associated with the constraints imposed by the
non-penetration condition. The computational process will be more complicated and will

allow us to study the behavior of the composite beam using three-dimensional approach.

Beside the methods for treating the penetration between layers as mentioned in Section 2.5,
there exist alternative methods that can be employed to mitigate the issue of penetration

between composite layers. These methods include:

¢ The Penalty-Contact Algorithm (PCA): an extension of the Penalty Method that can be
used to model contact behavior between two surfaces. This method involves solving
the governing equations subject to a set of inequality constraints that ensure that the

two surfaces do not penetrate each other.

¢ The Smoothed Particle Hydrodynamics (SPH) Method: a mesh-free method that can
be used to model contact behavior between two surfaces. This method involves repre-
senting the surfaces using a set of particles and then solving the governing equations
subject to a set of constraints that ensure that the two surfaces do not penetrate each

other.

Both of these methods are recognized approaches for addressing surface penetration issues.
A comparative analysis of the advantages of these methods in comparison to our current

study methodology would be highly beneficial.
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Appendix A

Derivation of the global inter-layer

slip and uplift variations

Let us consider the case where the prescribed displacements or rotation are applied at the
nodes ¢’ which is located at the interface of the two layers as illustrated in Figure A.0.1.

From point 4’ to ¢/, it requires a rigid link and a change of the degrees of freedom. From

FIGURE A.0.1: Configuration of global inter-layer slip and uplift

Figure A.0.1, the position of point ¢’ in the deformed configuration is given by:

B ] w
o] vl el L) L cos(Bo+ 80
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5u? _ 5u? N —cos(,B0+97)hu 50 (A2)
soi| — |6vh| | —sin(Bo + 61V,

On the other hand, the position of point ¢’ in the deformed configuration can be expressed

[—cos(ﬁo +6')s!

in function of slip and uplift as:
—sin(Bo + 0')s’

ulC] + [xlc] _ [MZ] n [x;}] n [ Sin(,Bo—i—Hf,).hb ] n [ Sin(ﬁ0+9i)gi 1.
ol il (o] |vh| | —cos(Bo+ i)y | | —cos(Bo+0)g
(A.3)

Replacing Equation A.2 into the variation of Equation A.3 and rearranging, we obtain a

system of equations as follow:

Sul Sul ) ) !

al oM soi — | C | ogr + |COSPoF O 5o

Svl, ov,, D sin(Bo + 0},
where,

A
B

P [ sin(Bo + 6") 69 =0 (A4)

—cos(Bo + 6)

i o .
A = hgcos(Bo +6.) + ‘%cos(ﬁo +6) + %sin(,Bo +6")

1 1

B = h,sin(Bo + 6%) + %sin(ﬁo +6") — %cos(ﬁo + 6%

C = hycos(Bo+6.) + %cos(ﬁo +6') + %sin([ﬂo + 6"
D = hysin(Bo + 6}) + %sin(ﬁo +6") — %Cos(ﬁo + 6%

From Equation A.4, we can compute the relation of the variation of global inter-layer slip
and uplift in terms of displacements and rotations at the centroid of the cross-section of both

layer a' and b as follow:

65" =duj,cos (Bo +0') + 60} sin (Bo +0') — duj cos (Bo + ') — 5} sin (o +0')

9l — i i ) ol _ ot i ) (A.5)
+ hacos< ”2 b)—i-gz 50, + hbcos<b2“>+g2 50,
0g' = — dul sin <ﬁo + 9i> + 0l cos (ﬁo + Gi) + oulsin (ﬁo + 9i> — 60! cos (ﬁo + Gi)
' [ Si ) ) gi _ pi Si ) (A6)
+ husm<a2b> -5 06, + hbsm< b2 ”) —2] 06,
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Appendix B

Interpolation of displacement fields

The interpolation of axial displacement fields through the use of quadratic functions and
Hermite interpolation functions for vertical displacement is a commonly employed tech-
nique in the context of finite element analysis. In Section 5.4, the selection of only the nodes
at the two extremities, i.e., utilizing solely the first degree of the quadratic function, can lead
to issues with curvature locking. This concern may be resolved by introducing an additional
node at the midpoint of the element. The accuracy of the resulting approximation is contin-
gent upon the number of nodes utilized in the interpolation, with a greater number of nodes
resulting in improved accuracy. Upon obtaining the approximation, it may be employed to
determine the stress and strain fields within the element. This approach is frequently ap-
plied in the field of structural analysis and has demonstrated effectiveness in a wide range

of applications.

Recalling the configuration with the 18 DOF by adding the middle note of element as Fig. B.0.1:

FIGURE B.0.1: Displacement field by adding nodes at middle of elements
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B.1 Axial displacement u

The quadratic interpolation is a method of approximating a function using a quadratic poly-
nomial. It is a simple and commonly used technique for interpolating data points that lie on

a smooth curve.

Let us presume that the axial displacement, denoted by u(x), is a quadratic function of the
position along the beam, x. Specifically, we may express u(x) as a second degree polynomial,
ie.,

u(x) = ap + ayx + ax® (B.1)

where a9, a1, and a; are constants that we need to determine based on the boundary condi-

tions.

Using boundary conditions, we can solve for the constants ag, a1, and a:

u(x=0)=up = a9 =uy
u(x=~L)=ug = ag+mL+al?>=u;

mL  apl?
u(x==L/2)=up;, = ﬂ0+17+2T:“L/2

Solving for ay, a1, and a,, we get:

ap = Uy
2
uL—Mo—azL
S

~ 2(up —upsp+ur)
ar) = I2

Substituting these values back into the original equation, we get:

2x%2  2x 3x2 243 4x  4x?
wR =\ )t It et T ) e

B.2 Vertical displacement v

Hermite interpolation is a widely used method for interpolation in displacement fields, es-
pecially in the case of vertical displacement and rotation. The method involves interpo-
lating a function and its derivative simultaneously. The Hermite interpolation function is
constructed by letting the function be a linear combination of basis functions such as the
displacement and rotation of neighboring points. The coefficients of the basis functions are

then determined by solving a system of linear equations.
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The vertical displacement in function of x is presented as follows:
— 2 3 4 5
v(x) = az + agx + asx” + agx” + ayx* + agx (B.2)

where a3, ...,ag are constants that we need to figure out with the boundary conditions:

v(x=0) =1
v(x=L)=uvug
v(x=L/2)=vr,

Making uses all boundary conditions and insert to Eq. (B.2), we can obtain:

az = 0g
ay = 00
a _7&_@ 89L/2_237)0_6790+16Z)L/2
T2 L L 2L L2
. 34Z)L 50L 329L/2 667)0 1390 320L/2
T T T T T T3
. 520, 80L 409L/2 6800 1290 16UL/2
VSR T 5
. 24Z)L 40L 169L/2 2400 490
T T T T T

Replacing all constants a3, ...,as back to Eq. (B.2), we can express it in simplify as:

_[66x3  23x*  68x*  25x° 6x2  13x3  12x*  4x°
RS 7 H 7y 7 iy - AU G R A T A

2 ;3 T L5

7x2  34x3  52x*  25x° 5x3  x2 8x*  4x°
- T T )

16x2  32x°  16x*
L? L L3 + L4

32x3  8x2  40x* 16x°
Z 3 s OL/2
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Appendix C

Approaches to Numerical Integration

This section demonstrates the approaches aided in numerical integration in the context of
the nonlinear finite element method, as described in Chapter 5. The materials are organized
in order to explain 2D Gaussian quadrature, Gauss-Lobatto rules, and Lagrange interpolat-

ing polynomials.

C.1 2D Gaussian quadrature

The basic idea of Gaussian quadrature is to approximate the integral by a weighted sum of
function values at a set of predetermined points within the interval. The Gaussian quadra-

ture for a square domain ([—1,+1] x [—1,+1]) can be conducted as the unit interval.

1 rl non
/ 1 / glymdydy =) ) g(vini)wiw; (C1)
1= i=1j=1
where 7 and 7 denotes the coordinate in horizontal and vertical direction, respectively. The-
oretically, the number of integration points may be chosen different for v and # direction.
However it is more convenient in practice to select the same n number of integration points

in each direction.

TABLE C.1: Coordinates and weights of the Gauss points

Point v 7 Weight
1(i=1,j=1) —\f —‘f 1(1x 1)
2(i=1,j=2) —‘f *f 1(1x 1)
3(i=2,j=1) \f —\f 1(1x 1)
4(i=2,j=2) \f \f 1(1x 1)
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Integration on a convex quadrilateral domain can be easily transformed into integration on

the square domain.
[ #pae= [ [ o) vy €2
o’ a7

where |]| is the determinant of Jacobian matrix J, which simply contains the derivatives of

x and y with respect to y and 7.

C.2 Gauss-Labatto rules

Lagrange quadrature, also known as Gauss-Lagrange quadrature, is a numerical integra-
tion method used to approximate the definite integral of a function over a given interval.
It involves the use of a weighted sum of function values at specific points within the inte-
gration interval, with the weights and points determined by the properties of a Lagrange

polynomial. Lobatto quadrature is a numerical integration method. It is named after Dutch
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FIGURE C.2.1: Graph of Legendre polynomials (up to n =5)
mathematician, see in [77], and has important applications in various fields. It is similar to
Gaussian quadrature with the following differences:
1. The intergration points include the end points of the integration interval.

2. That is accurate for polynomial up to degree 2n — 3, where n is the number of inte-
gration points, see the detail in [78]. Labatto quadrature of function f(x) on interval




C.2. Gauss-Labatto rules 147

+1 2 n—1
[, = LS O + D]+ Dif ) (3)

Weights:
2
w; = for x;#-—1,+1
TR ey
where, Pi(x) varies depending on the number of points used in the integration, denoted
by ’i” and is expressed as follows:

Po(x) =1

Py(x) =x

Py(x) = %(sz _1)

Py(x) = 5 (5v° ~ 3%)

Py(x) = %(35x4 —30x% + 3)
Ps(x) = %(65x5 — 70x° + 15x)

The following is a summary of the commonly used number of points for integration, along

with their corresponding values of abscissas and weights:

TABLE C.2: Lobatto quadrature with various points and weights

Number of points n Points x; Weights w;

4
3 0 ?
+1 3

1
AT
+1 362
5 0 45
3 49
/5 ?
+1 o
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C.3 Lagrange interpolating polynomial

The Lagrange interpolating polynomial is a polynomial function of degree n that can ap-
proximate a function at any point within a given interval based on a set of given data points.
In numerical analysis, it is the unique polynomial of lowest degree that interpolates a given
set of data. It is derived by constructing a set of Lagrange basis polynomials that satisfy

certain conditions and taking a weighted sum of these basis polynomial.

Given a set of n + 1 nodes x, x1, ..., X;, which must all be distinct, x; # x,, for indices i # m,
the Lagrange basis for polynomials of degree < k for those nodes is the set of polynomial
lo(x),¢1(x),...,Ly(x) each of degree n which take value ¢;(x,,) = 0if m # i and ¢;(x;) = 1.
Each basis polynomial can be explicitly described by the product:

) (x — xo) (x —xi1)(x = xi11) (x —xp)
b= (xi—x0) (i — xi1) (% — xi41) (% — Xn) (4

For example: Assuming that we have 4 integrated points with abscissa values denoted by
xip(1),xip(2),xip(3), and x;,(4), thus, the Lagrange interpolation polynomials can be ex-
pressed as follows:

0 (x) = (x — le(Z))(x - xip(3))(x - x1p(4 )
BT (i (1) = xip(2)) (xip (1) = 3 (3)) (ip (1) — i (4))

la(x) = (x_xip(l))(x_xip<3)>(x_xzp(4 )
(xw(z) xip(l))(xlp(z) - xip(3) (xzp 2) — xlp(4))

= = (1) = 5, (2)) x5 4)
(xzp(3) xip(l))(xip(3) - xip(z) (xip 3) - xzp(4))

1a(x) (x = xip(1)) (x — x3p(2)) (x — x7(3))
* (x1p(4) xip(l))(pr(4) - xip(l))(xzp 4) — x1p(3))
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Auxiliary matrix

The below complex matrices and vectors serve the nonlinear formulation in Chapter 5:

—bNb(x)_
be<x)
- [P
A W
bDSC(x)
by, (x) ]
iRt
i [30 - 0) e
oo | TROEREGNO [ |
S( ) P g< ) bg ( )
o [Ru) — LTG0 "
a s Nsip(L) s 0
- (x bs
N (3) — oS 1) '
0
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where:
o “*Nyip (%) [*Ng1 (L) Ng(L) — *Ng(L)*Ng1 (L)]
bfg\/[b(x)— Ng(x) X gl(L) xNgzp(L) N (L) gl(L)
”Nl( ) [*Ngip(L)*Ng(L) — *Ng(L)*Ngip(L)]
gip (L) Ngip(L) — *Ngip(L)**Ngi ( )
8 (x) = N.(x _xxNglp< )[xNgl(L)xxNg(L)_xNg(L)xx gl(L)]
P, () =N () = = (D Ny (L) — *Negp (L) Nt (1)
( ) [*Ngip(L)*Ng(L) — *Ng(L)**Ngip(L)]
( ) glp(L)_xNgip(L)xxNgip(L)
g X ~ Nyip(x) [*Ng1 (L)*Ng (L) — *Ng(L)**Nga (L)]
P 0 =Nl = N (D) N (1) — "N (L Ny (1)
Ngl(x) [xNgip(L>xxNg<L) B xNg(L)xxNgip(L)]
xNgip(L)xxNgip(L) — xNgip(L)xxNgip(L)
and,
by, (x)= {1 1 sz:IJ:ZEg 1 "ZI:IT:ZE? 00000 o]
bu,(x)=[0 b B T-1 T by b bl b
o stip(x) _ stip(x)
by, (x) = |0 Non(D) L @ 00000 o]

b (0) = [0 55 55 0 0 B b7 b b

Nsip(x) st'p(x)
*Nsip(L)  *Nip(L)

000000}

br.m)=[0 2 & 0 0 bl B7 b b(V”}

sc sc
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where:

bl(\i) _ “*Na1 () [**Ngip(L) — L*Ngip (L)] — xxNglp( x) [**Ng1(L) — L*Ng1(L)] -
! * gl(L) xNglp(L) (L)x Ngl(L)
bz(\?l) _ xxNgl(x>xxNgip(L> o Nglp( x)**N 1( )
¢ x gl(L>xxNgip(L> - Ngzp ) N (L)
bl(\i) :hthszzﬂ(x) —hbx gl(L)x gZp( x) — (L)xxNgl(x)
b stip(L) x gl(L)x gzp( ) (L)xxNgl(L)
by = by
b](\fl) _ xNgl(L)xxNgip(x) _xNgip(L)xx gl(x) 1
b xNgl(L)xxNgip(L) - xNglp(L)xx gl(L)
bg\? _ xNgl(L)xxNgip(x) — xNgip(L)xxNgl(x)
b X gl(L)xxNgip(L) - xNgip(L)xxNgl(L)
b/(\i) _ Ngip(x) [*Ng1 (L) — LN (L) ] = **Nga (%) [**Ngip (L) — L Ngip (L) ] Ly
b xNgl L)x Ngzp(L) xNgip(L)xxNgl(L)
bf\z) _ xxNgl(L)xxNgip(X) — ”Ngl(x) Nglp(L)
b *N, l(L) Ngip(L) - xNgip(L)xxNgl(L)
bg/z): , xNgl(L)Ngip(x) Nglp(L)Ngl( x)
* X gl(L)xxNgip<L) _xNglp(L) Ngl(L>
p® — @
Vse Vse

(6) _ Ngl(x)xNgip(L) - Ngip(x)xNgl(L)
Vae *Ng1(L)**Ngip(L) — *Ngip(L)**Ng1 (L)

p@ — p®
Ve Ve

b(g) _ Ng1(x) [xxNgl'p(L) L. xNglp(L)] — Ngip(x) [xxNg1(L) — L.xNgl(L)]
Vae X gl(L) Ngzp(L) - xNgip<L)xxNg1<L)

) — Ngip(x)xx gl(L)
) - xNgip(L)xxNgl(L)

b(9) . Ngl(x)xxNgip(L
Ngip(L

Vse xNgl(L)xx (
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Né(x) 0 0 0 0 0 [elV]
N3 (x) 652)
Ni(x) 0 elir)
0 Nix) e
0  Ni(x) 0 0 0 '
NE, (x) 0 P
0 N5 (x) e
N5 (x) 652)
e (ip)
NI(x) = Nl 9 e |
‘ 0 Ne(x) ‘ e
Nj(x) )
Niep(x) 0 K(ip)
0 Nf(X) 5(1)
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Titre : Analyse des poutres mixtes prise en compte glissement et soulevement a l'interface

Mot clés : poutres mixtes, glissement, soulevement, pénalité, Lagrangien augmentée

Résumé : Dans ce travail, nous proposons
une approche éléments finis pour I'analyse de
poutres mixtes (bicouches) intégrant les phé-
nomenes de glissement et le soulévement a
l'interface de la poutre bicouche. Deux mo-
déles de connexion a l'interface sont conside-
rés : connexion discréte et connexion conti-
nue. Lélément connecteur corresponds a 2
ressorts couplés. Dans le cas pénétration,
une force de contact se développe. Deux
méthodes classiques de résolutions du pro-
bléme de contact sont évaluées : la mé-
thode pénalité, et la méthode Lagrangienne
augmentée. Une solution semi-analytique est
proposée pour le cas géométriquement et
matériellement linéaire. Dans cette formula-
tion, les variables cinématiques sont interpo-

lées de maniére exacte et les conditions de
contact sont imposées aux nceuds pour les
deux modéles de connexion. Dans une se-
conde phase, les méthodes de résolutions du
probléme de contact sont évaluées dans un
contexte géométriguement non-linéaire (ap-
proche co-rotationnelle). Enfin, une formula-
tion en déplacement et une formulation mixte
a deux champs du probleme géométrique-
ment et matériellement non-linéaire sont éga-
lement proposées. Nous adoptons la discréti-
sation par fibres pour les sections de la poutre
mixte. Pour ces deux formulations, on propose
un algorithme ad hoc pour le traitement du
probléme du contact. Les exemples traités dé-
montrent la robustesse des formulations pro-
posées.

Title: Analysis of composite beam by taking into account inter-layer slip and uplift

Keywords: composite beam, slip, uplift, penalty, augmented Lagrangian

Abstract: This thesis presents a finite ele-
ment approach for the analysis of compos-
ite (two-layers) beams taking into account slip
and uplift at the interface of the layers. Two
models of connection are considered: the dis-
crete bond and continuous bond model. The
connector element consists of two-directional
coupled springs. In case of penetration, the
contact forces exist. Two classical methods
for solving the contact problem are evaluated:
the penalty method and the augmented La-
grangian method. Besides, it is assumed that
both slip and uplift are small, which corre-
sponds to the observations made on com-
posite beams. A semi-analytical solution is
proposed for the geometrically and materi-

ally linear case. In this formulation, the kine-
matic variables are interpolated exactly, and
the node-to-node contact conditions are im-
posed for both connection models. In the sec-
ond task, the resolution methods of the con-
tact problem are evaluated in geometrical non-
linearity (co-rotational approach). In nonlinear
finite element analysis, displacement-based
and two-field mixed formulations for the prob-
lem of geometrical and material nonlinearity
are proposed. We adopt fiber discretization
for the sections of the composite beam. For
both formulations, a corresponding algorithm
is proposed to solve the contact problem. The
treated numerical examples demonstrate the
robustness of the proposed formulations.
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