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École doctorale n◦574 Ecole Doctorale de Mathématiques Hadamard (EDMH)
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Professeur, École polytechnique (CMAP) Directeur de thèse
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François, j’ai beaucoup aimé travailler avec toi. Merci pour tes conseils et le temps passé
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1.1 Contact heterogeneities in epidemic models

The spread of an epidemic naturally is influenced by the way individuals encounter one
another, and as a consequence, mathematical models in epidemiology try to take into account
this organization of contacts. Depending on the disease under consideration, different aspects
of contact heterogeneities may be relevant, leading to more-or-less fine-grained descriptions of
connections between individuals. In this section, we will first give a brief, general description
of some classical epidemic models, such as the SIR model. Second, we will see how these
models incorporate information on contacts within the population and discuss the pros and
cons of each modeling choice.
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14 CHAPTER 1. INTRODUCTION

1.1.1 Some classical epidemic models

Many epidemic models rely on the concept that one may summarize the possible evolution
of any individual in the population using, basically, a flow chart. The general idea is that
each individual belongs to one, and only one, sanitary state among a given set of possible
such states. The individual will remain in that state for some (random) amount of time,
before switching to another state, according to predefined transition rules which may depend
on characteristics of the individual himself, or of other members of the population.

Maybe the most famous example is the SIR model, introduced in the seminal paper
by Kermack and McKendrick, 1997. Here, each individual can either be susceptible (S), if
he has never encountered the disease and may be contaminated in the future; infected (I);
or recovered (R), in which case the individual is supposed to be immune against infection.
Transitions among those states occur as follows. A susceptible gets infected at an infectious
contact, i.e. an encounter with an infected individual. He subsequently stays infected for a
period of random length, which is usually supposed to be distributed according to a given
probability ν on R`, independently for each individual. Once this infectious period is over,
the individual recovers and remains in state R. Figure 1.1 synthesizes this model description.

Figure 1.1: The SIR compartmental model.

In particular, this approach has the advantage of being very flexible. Indeed, one may
take into account a larger number of states. For instance, there may be an incubation period
during which an individual is already contaminated but not yet infectious, which can be rep-
resented by an additional exposed (E) state: this corresponds to the SEIR model. Similarly,
in order to model waining immunity after recovery, one may allow recovered individuals to
return to the susceptible state, amounting to the SIRS model, and so on. This procedure
can lead to quite sophisticated models, as illustrated for instance by models of the recent
COVID-19 epidemic (Romano et al., 2020; Roux et al., 2023). Also, it is possible to incorpo-
rate more details which further influence the evolution of the sanitary state of an individual.
For instance, one may want to consider age structured models, as an individual’s age may
influence the risk of being infected or developing severe forms of a disease upon encountering
an infected (e.g. Davies et al., 2020 in the context of COVID-19). We refer to Chapter 2 of
Brauer et al., 2008 for a more extensive overview.

Among the many possible refinements, one possibility consists in focusing on how infec-
tious contacts occur, i.e. how often, and under which conditions, susceptible and infected
individuals encounter one another. Let us introduce some major modeling choices for this
step.

1.1.2 Modeling contacts among individuals

Incorporating information on how contacts are organized within a population is a challenging
task, as there are many aspects which interplay to yield contact patterns. For instance, the
frequency at which two individuals meet may depend simultaneously on:
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• where they live (spatial structure);

• which social groups they identify themselves to, such as age class or sexual orientation;

• the context in which they may get together: at home, at work, at the grocery store...;

• the time period considered: there may be fluctuations depending on the individuals’
weekly schedule, changes of habits during holidays, and so.

As a consequence, a natural question arising is: how much of this information should one
keep when constructing an epidemic model? A major part of the answer is that it depends
on the issues the model tries to address. Thus, several ways of taking into account different
parts of the population’s contact structure have been developed. Here, we will present some
of the most common model choices, for each of which we will illustrate both their pertinence
and their limitations.

Uniform mixing

Let us start with the simplest form of contact structure within a population, namely the one
where no contact heterogeneities are considered: a population is said to be uniformly mixing
if each pair of individuals meet at the same frequency. For example, in the case of the SIR
model, this translates into each susceptible being contaminated at rate βI, where β is the
contact rate and I the current number of infected within the population.

Despite its apparent simplicity, uniform mixing actually is able to capture some main
features of real-life epidemics, especially if considering refinements of the SIR model, for
example taking into account demographic effects or seasonal variability in infectivity (e.g.
Brauer et al., 2008, Chapter 1 and references therein). In addition, it has the advantage of
being well studied: many results have first been established in this setting, yielding a detailed
understanding of the epidemic. As a consequence, uniform mixing can serve as a toy case,
where many questions may be addressed more easily than when taking into account contact
heterogeneities. In particular, it serves as a good basis to explore the effect of factors which
are not related directly to contact structure, such as varying susceptibility (Hyman and Li,
2005), and whose impact one may want to study without addressing simultaneously contact
heterogeneities.

Nevertheless, it is clear that uniform mixing is an oversimplified representation of human
contacts, which is very far from real-life settings. On the one hand, for some diseases,
assuming uniform mixing may almost be absurd given the way contaminations occur. For
example, in the case of sexually transmitted diseases, whom makes contact with whom may
depend on the age and gender of the partners involved (Tomori et al., 2022). On the other
hand, even when the means of contamination by itself does not introduce specific contact
patterns (e.g. air-borne diseases), it is well known that some crucial epidemic aspects are not
well represented through uniform mixing. Consider for instance the herd immunity threshold,
which is defined as the proportion of the population which needs to be immune against the
disease in order to prevent an epidemic outbreak. Notably, estimating the herd immunity
threshold is of practical interest, as illustrated in the recent COVID-19 epidemic (Fontanet
and Cauchemez, 2020). However, considering uniform mixing yields an overestimation of
this threshold, compared to more realistic settings where contact heterogeneities are taken
into account. Intuitively, this is due to the fact that in the uniformly mixing population,
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all individuals exert the same infectious pressure once they are infected. However, when
the number of contacts is not identical for all individuals, those having the most social
interactions contribute the most to the epidemic spread. As a consequence, herd immunity
may be achieved at a lower threshold by preferentially targeting those individuals (Britton
et al., 2020). Taken together, these arguments illustrate the need to go beyond uniform
mixing.

Contact matrixes

In order to take into account contact heterogeneities, a first step is to consider refinements
of the uniformly mixing point of view. More precisely, it is possible to distinguish different
groups of individuals within the population (Figure 1.2). In that case, the frequency at which
two individuals encounter one another may depend on the groups to which they belong.
This leads to the definition of a contact matrix C, which is such that infected of type i
contaminate susceptibles of type j at rate βCi,j . In words, the coefficient Ci,j represents
the average rate at which individuals of type i meet individuals of type j, and β represents
the infectivity of the disease under consideration. Notice that C is generally supposed to be
symmetric. Of course, other parameters such as the distribution of infectious periods may
also be group-specific.

Figure 1.2: Schematic representation of an SIR compartmental model distinguishing two groups of
individuals.

This modeling choice has several advantages. First, it may serve as a proxy for more
complex contact heterogeneities, while being easily interpretable as the choice of groups
usually is informed from a phenomenological point of view. A classical example is to consider
age classes, as children may have frequent contacts among each other in schools compared to
contacts with elderly people, and so on (Ram and Schaposnik, 2021). Similarly, in the case
of sexually transmitted diseases such as gonorrhea (Lajmanovich and Yorke, 1976) or HIV
(Jacquez et al., 1988), one may want to distinguish how sexually active individuals are, or
their gender as the disease may evolve differently in males or females. Finally, these models
are also well suited to model transmission of diseases among different species. This is of
particular interest for zoonotic diseases, such as monkeypox (Peter et al., 2022) or bovine
tuberculosis (Brooks-Pollock and Wood, 2015).

Additionally, it is possible to estimate contact matrixes using large-scale surveys. This
allows to gain a deeper insight into how contacts occur within a given population, and the
obtained contact matrixes can be used to parametrize epidemic models. To our knowledge,
the first such survey occurred during the POLYMOD study in 2008 (Mossong et al., 2008),
which was motivated especially by airborne diseases such as influenza and SARS. In this
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Figure 1.3: Contact matrixes computed from the UK POLYMOD data, grouped by age class. All
contexts (A), workplace contacts only (B) or household contacts only (C).

study, over 7000 participants from 8 European countries kept track of their daily contacts,
including contact length, age and gender of the person they would interact with, et cetera.
Subsequently, age-structured contact matrixes for each of the participating countries can
be computed from this data. More recently, the COVID-19 epidemic has incited a similar
study, called CoMix (Wong et al., 2023), which has allowed to infer contact matrixes from
21 European countries as well as their evolution over time, covering several months up to
two years. Further, in both studies, contacts were characterized by social circumstances as
well, such as contacts within households, workplaces or schools (Fig. 1.3). The collected
data thus allow to have a rather detailed description of contact patterns in Europe.

Nevertheless, this representation of contacts still assumes a well-mixing population: if
the contact rates between two groups are non zero, then each individual of the first group
encounters any individual of the second group at the same frequency. Hence, contact ma-
trixes remain insufficient to capture some characteristics of human contacts, such as the
fact that people usually have a limited number of close contacts. In addition, it further
follows that this organization of contacts can directly be represented as a finite dimensional
compartmental model.

Notably, both uniform mixing and contact matrix models correspond to global mixing
models. These represent populations in which each individual has an infinite number of
possible contacts, leading each contact event to involve a different partner. Not only is this
assumption unrealistic, it also intuitively is expected to have significant impact on epidemic
spread: as each contact involves a different partner, infected individuals have a stronger
infection potential than if their number of partners is limited. Indeed, in the latter case,
infected individuals make repeated contacts with a given partner. Thus, once this partner is
infected, all subsequent contacts with him cannot lead to an infection event. This setting
corresponds to local mixing, and can be modeled through the use of contact networks.
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Network models

Arguably the most appropriate representation of contacts consists in a contact network. The
general idea is that such a network is composed of nodes, also referred to as vertices, which
represent individuals. Two given nodes are said to be neighbors if they are connected by an
edge, which means that the corresponding individuals may get in contact with one another.

Let us take the example of an SIR model to illustrate how an epidemic unfolds on the
network. As previously, each node is either in the susceptible, infected or recovered state.
During its infectious period, an infected can contaminate only its susceptible neighbors, i.e.
the epidemic spreads exclusively along the edges. Once the infectious period is over, the node
recovers and is henceforth immune to the disease. As a consequence, contact networks are
a powerful modeling tool, as they can be extremely precise by depicting all possible contacts
of each individual within the population.

Before going into more detail on network models in epidemiology, let us introduce some
general notions related to networks and refer to Newman, 2003 and Durrett, 2006 for a more
complete overview. First, throughout the thesis, the words network and graph will be used
interchangeably. As mentioned above, a graph corresponds to a couple tV,Eu of vertices
V , which is a finite or countably infinite set, and edges E, where for any v, w P V , the edge
pv, wq belongs to E if and only if v and w are neighbors.

This set of information can equivalently be encoded using an adjacency matrix A which
is defined as follows. Suppose that V is finite, and consider a bijection between V and
J1,CardpV qK. With slight abuse of notations, we thus let V “ J1,CardpV qK. Then A is
a square matrix of dimension CardpV q2, such that Ai,j “ 1tpi,jqPEu. This constructions
extends to the case where V is in bijection with N in a straight-forward manner. Notice that
one distinguishes directed and undirected graphs. In the former case, the edges pi, jq and
pj, iq are considered separately: an edge may lead from i to j, without the possibility of going
directly from j to i, which implies that the contact matrix A is not necessarily symmetric.
For undirected graphs, however, A is symmetric as i is linked to j if and only if j is linked
to i. Finally, a network may be weighted, in which case each edge pi, jq is characterized by
its weight Wi,j P R, and one usually sets Ai,j “Wi,j .

There are several quantities which are of interest when trying to describe the network
structure. Consider a graph G. First, one may want to if all nodes have roughly the same
number of neighbors, or whether there is a lot of heterogeneity. The number of neighbors
of a node v is also called its degree dpvq, and this information is captured by the degree
distribution µG defined as follows:

µG “
ÿ

vPV

δdpvq.

In particular, if the variance of µG is low, all nodes have approximately the same number of
contacts. A particular example of this case are d-regular graphs, where each node has exactly
d neighbors, leading to µG “ 1tdu. Conversely, if the variance of the degree distribution is
high, some nodes have significantly more contacts than others: in this case, there hence are
contact heterogeneities.

Another question would be whether two neighbors of a node are likely to be connected
between themselves, or in other words, if ”the friend of my friend is likely to be my friend”?
This leads to the definition of two clustering coefficients. The first one corresponds to
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computing the proportion of triangles among connected triples, which are sets of vertices
pu, v, wq such that at least two out of the three edges pu, vq, pu,wq and pv, wq exist (Barrat
and Weigt, 2000):

C1 “
3ˆ pnumber of trianglesq

number of connected triples . (1.1)

Alternatively, it is possible to compute this coefficient locally, meaning that for each node v,
C1pvq corresponds to the ratio of the number of triangles including v divided by the number
of connected triples including v. The clustering coefficient C2 is obtained by taking the
average local clustering coefficient over all nodes (Watts and Strogatz, 1998):

C2 “
1

CardpV q
ÿ

vPV

C1pvq.

The difference between C1 and C2 stems from the fact that C1 takes the ratio of the
average number of triangles per node over the average number of triples per node, while C2
consists in the average of the ratio for each node. As emphasized in Barrat and Weigt, 2000
and Newman, 2003, this leads to both clustering coefficients having a qualitatively similar
behavior, while quantitatively their values can differ.

Last but not least, one may also wonder how quickly one may reach a node w starting
from another node v, following the edges of the graph. First of all, that may not be possible
for all pairs of nodes. If such a path going from v to w does exist for all pairs pv, wq of
nodes, then the graph G is said to be connected. Otherwise, the set of nodes which can
be reached starting from a given node v is referred to as v’s component, and the largest
component of a graph is sometimes called its ”giant component”. Notice that for directed
graphs, one usually distinguishes an out-component (nodes which can be reached from v)
and an in-component (nodes from which v may be attained).

Hence, consider an undirected graph G “ pV,Eq. Let v P V and consider a node
w belonging to its component, in which case we write v Ø w. Then the shortest path
connecting v to w is called their geodesic path, and let `vw be its length, i.e. the number
of edges involved in the path, or the sum of their weights for weighted networks. `vw is also
referred to as the geodesic distance between nodes v and w. Notice that, by convention,
v Ø v and `vv “ 0. The average geodesic distance ` of the graph then is defined as:

` “
2

npn` 1q
ÿ

pv,wq:vØw
`vw.

Analogously, the diameter of the graph is defined as the maximum distance separating two
connected nodes:

diampGq “ maxt`pv,wq : v Ø wu.

Both the average geodesic distance and diameter thus quantify how quickly one may move
between two connected nodes of the graph.

A natural interrogation which arises is: what are the characteristics of real-life networks
involved in epidemic dynamics? Many real-life networks, including examples of social net-
works, are known to present some common properties (Newman, 2003). Indeed, they usually
are small world, meaning that their diameter is (very) small. Also, they are clustered, as one
would expect for small world networks. Finally, they often are scale-free, meaning that the
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degree distribution follows a power-law of parameter α P p2, 3q: the probability pk of having
k neighbors is equivalent to Ck´α for large values of k, C being a normalizing constant.
In this case, the degree distribution admits a finite average, whereas its second moment is
infinite, as the degree distribution is very heterogeneous: most nodes have few neighbors,
while few nodes have many neighbors.

In our case, it is of particular interest to have a look at empirical studies which have
tried to assess social contact networks which are relevant for disease spread. Several types
of data may be used. A first source of data stems from contact tracing, which can serve
as a means of epidemic control: individuals who are diagnosed with the disease are asked
to indicate their recent contacts, who in turn may be tested and report their contacts if
they are contaminated. While this data is a partial observation of the complete network
(only contacts involving at least one infected are reported), it still allows to have a look at
the contact graph underlying the spread of the epidemic at hand. Figure 1.4a corresponds
to a sexual contact network which has been obtained this way, in the context of a contact
tracing strategy adopted to face the HIV/AIDS epidemic on Cuba between 1986 and 2006
(Clémençon et al., 2015).

Another data source comes from experiments which explore face-to-face contacts, typ-
ically by using sensors which automatically register whom has a close contact with whom,
and how long each contact lasts. This is particularly suiting for airborne diseases, such as
influenza or COVID-19, which could be transmitted in these circumstances, even without
having a physical contact (touching, hugging...). Figures 1.4b and 1.4c are example of the
obtained networks in two different settings, namely at a museum (Isella et al., 2011) and
primary school (Stehlé et al., 2011), respectively.

Taken together, these networks illustrate the aforementioned properties of real-life net-
works. Indeed, in all cases, the degree distribution is heterogeneous, with a scale-free and
small world setting established for the sexual network in Figure 1.4a (Clémençon et al., 2015).
Similarly, all three of them present clustering, the most striking example being maybe Figure
1.4c: the authors note that within classes, there appears to almost be uniform mixing (Stehlé
et al., 2011). Of course, all of these properties may not always be satisfied: for instance,
the museum contact network of Figure 1.4b does not exhibit the small world behavior (Isella
et al., 2011).

Finally, let us emphasize here that real-life contact networks actually exhibit further
structure. On the one hand, they can be dynamic: this means that the edges are not
constant over time, but may be removed or added. This can be observed on several time
scales: for example, in the school setting of Stehlé et al., 2011, students interact differently
with one another during lessons (contacts mainly within each class) or during breaks (mixing
among classes). The network presented in Figure 1.4c actually corresponds to the cumulative
network, where all contacts are accumulated over a day, while a video of the dynamical
network is available on the SocioPatterns website. Another example of dynamics which arise
from an epidemic context is that individuals may modify their contacts depending on their
own health status (Van Kerckhove et al., 2013), or on their current risk perception. On the
other hand, networks can also be spatially organized. Again, several scales are concerned:
for instance, people may commute within their home town on a daily basis (Aguilar et al.,
2022), or travel over long distances, participating in the global spread of diseases (Riquelme
et al., 2021).

Overall, designing and carrying out studies which aim at measuring real-life contact

http://www.sociopatterns.org/
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networks is not an easy task, as emphasized in Eames et al., 2015. Difficulties range from
questions as to what defines a contact, over the difficulties arising from data collection
such as unreported links in surveys, to interrogations about the possibilities of deducing
conclusions about large contact networks from small-scale studies. As a consequence, the
authors conclude that mathematical models should be used to point out which information
about a contact network is the most important to assess, if one wants to predict the epidemic
spread on this graph. Interestingly, Kiss et al., 2024 go one step further and explore the
question whether it is possible to use epidemic data in order to infer information on the
underlying contact network.

(a) HIV contact-tracing

(b) Face-to-face contacts in the Sci-
ence gallery of Dublin.

(c) Face-to-face contacts in a primary
school.

Figure 1.4: Examples of real-life networks which are of interest in an epidemic setting. (a) Largest
connected component of the Cuban sexual contact network, obtained from HIV contact-tracing data.
Nodes are colored by gender and/or sexual orientation, as indicated in the legend. This figure is
reproduced from Clémençon et al., 2015. Courtesy of the authors. (b) Aggregated face-to-face
contact network inferred from sensor data, during one day of the experiment Infectious Sociopatterns
of the Dublin Science gallery (Isella et al., 2011). Nodes are colored by the time at which individuals
entered the museum, in the order shown by the contour. The barplot on the contour further indicates
the number of contacts over each 2-minute interval. Finally, the diameter of the graph is emphasized
by the bold line. Available on SocioPatterns. (c) Aggregated network of face-to-face contacts in
a primary school, as measured by sensor data (Stehlé et al., 2011). Colors correspond to different
classes, as indicated on the figure. Available on SocioPatterns.

http://www.sociopatterns.org/
http://www.sociopatterns.org/gallery/
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Given the complexity of real-life networks and the challenges in measuring them, a lot of
attention has been drawn to studying epidemic spread on mathematical models of random
graphs (Danon et al., 2011; Kiss et al., 2017). In this paragraph, we will introduce some
of those models, as well as their properties in the light of what we know about empirical
contact networks. Notice that many more random network models have been developed,
which will not be covered below, and refer the interested reader to Newman, 2003; Durrett,
2006; Hofstad, 2016 for more detail.

Historically, the first random graph model which has been extensively studied has been
introduced in Solomonoff and Rapoport, 1951 and Erdős and Rényi, 1959. The general idea
goes as follows. A so-called Erdős-Rényi graph Gpn, pq is a graph with n vertices, where
each pair or vertices is connected by an edge with probability p. Hence, by construction, the
degree distribution at fixed population size n is given by a binomial law Bpn´ 1, pq. For this
model, many explicit results have been established, especially in the large graph limit nÑ8.
Indeed, considering a large population is of interest in many applications, including epidemics
as the populations in which diseases spread are often very large. For the Erdős-Rényi model,
a common setting is to study Gpn, p{nq as n goes to infinity, which corresponds to keeping
the average node degree fixed. In this case, the degree distribution converges in probability
to a Poisson law of parameter p, and the associated graph is referred to as Poisson graph.
Further, the graphs become locally tree-like, which means that the neighborhood of a vertex
typically resembles a tree: there are no small circles, implying in particular that clustering is
low (Hofstad, 2024, Section 2.4.5). Other known results include the probability of the graph
being connected and the size distribution of its connected components. In particular, there
is a phase-transition depending on p where either there are relatively small components only,
or where there exists a giant connected component, meaning that a positive fraction of the
nodes is connected. We refer to Chapter IV.A of Newman, 2003, Chapter 2 of Durrett, 2006
and references therein for an extensive overview.

Figure 1.5: Main steps for obtaining one realization of the configuration model with target degree
distribution p.

However, Erdős-Rényi graphs have the drawback of not being very flexible: for instance,
as mentioned above, the degree distribution is necessarily binomial or asymptotically Poisson,
which further does not correspond to a realistic setting. This raises interest in a more general
random graph model. Here, we will focus on the configuration model (CM), which was first
developed by Bollobás, 1980 with the aim of constructing random graphs with a given degree
for each node. A common choice of the degree sequence is to consider i.i.d realizations of a
target distribution p “ ppkqkě1, in which case a realization G “ pV,Eq of the configuration
model is obtained as follows (Figure 1.5). For each node v P V , draw its degree dv from p
independently from all other nodes, and attach dv half-edges to node v. The edges of the



1.1. CONTACT HETEROGENEITIES IN EPIDEMIC MODELS 23

graph are then obtained by successively choosing uniformly at random, with removal, pairs
of half-edges which are assembled to form an edge. This procedure stops as soon as either
there are no-more half-edges left, or if exactly one half-edge remains which is removed as no
edge can be formed. Notice that in principle, multi-edges and self-loops occur here. In the
large graph limit, however, they become negligible, with precise control on the number of
occurrences of those phenomena under mainly a second moment condition on p (Angel et al.,
2019). In particular, the obtained degree distribution converges to the target distribution
p. Notably, conditioned on being simple (no self-loops or multi-edges), each realization
G “ pV,Eq of the configuration model corresponds to a uniform choice among all possible
graphs having the same degree sequence pdv : v P V q. Again, this model is very well studied,
and many of its properties have been investigated, including the size distributions of clusters,
the conditions under which a giant connected component exists, and the average path length
(Molloy and Reed, 1995; Molloy and Reed, 1998; Newman et al., 2001). An overview can
be found in Chapter 3 of Durrett, 2006 and Chapter 7 of Hofstad, 2016. As previously,
the configuration model generates asymptotically locally tree-like networks (Hofstad, 2024,
Section 4.2). While this may not be a realistic setting, the configuration model nonetheless
can to some extend produce valid approximations of social networks (Newman et al., 2002),
some of which arise in epidemiology (Dhanjal et al., 2011). Finally, we will see in upcoming
Section 1.2.2 that this property facilitates the mathematical analysis of epidemic dynamics
spreading on such a network.

As mentioned previously, none of the described random graph models exhibit clustering,
at least not in the large graph limit. However, for epidemic models, taking into account
clustering is actually important, for at least two reasons. First, clustering is known to affect
epidemic outcomes, such as the maximum number of infected over time (epidemic peak
size), the time at which this peak occurs, or the total number of infected (epidemic final
size) (House and Keeling, 2011; Volz et al., 2011). Second, in the case of human contact
networks, clustering emerges for example by people sharing a common household, where
contacts are likely to be close leading to possibly high contamination risks. As in this case
distinguishing within-household from other contacts is natural, this setting will be explored in
greater depth in Section 1.1.2 below. However, it already motivates our interest in clustered
network models. Here, we will present two such models, which actually rely on the presence of
highly connected subgraphs, and which have been used in epidemic models. For an extensive
review of random graph models with clustering, we refer to Section 9.4 of Hofstad, 2024 and
references therein.

Let us start by introducing random intersection graphs, which first originated in Karoński
et al., 1999. Consider a set V “ t1, . . . nu of vertices, as well as a set M “ t1, . . . ,mnu

of so-called groups or cliques. Then each node v P V belongs to a group k P M with fixed
probability pn ą 0, independently for all groups and from other vertices. Subsequently, the
graph Gpn,mn, pnq is obtained by joining two vertices by an edge if and only if they are
members of at least one common group. Again, this model is well studied. For instance, if
mn is of order nα for α ą 0 and under adequate assumptions on the sequences ppnqně1,
the large graph limit of the degree distribution has been established (Stark, 2004), which in
particular is Poisson if and only if α ą 1, recalling Erdős-Rényi graphs. Also, it seems worth
emphasizing that if α “ 1, the model becomes locally tree-like at the level of cliques. This
means that if instead of focusing on individual vertices, one actually considers the network
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Figure 1.6: Construction of a random intersection graph Gpn,m, pq with n “ 9 vertices and m “ 3
groups. First, each node is connected independently to each group with fixed probability p. The
graph G “ pV,Eq is obtained by adding an edge pu, vq to E if and only if vertices u and v share a
group. Colors indicate the different groups.

GM formed by the groups k P M such that two groups are neighbors if and only if they
share a common vertex, then GM is asymptotically locally tree-like: there are no short loops
at the level of clusters (Kurauskas, 2022). Notice that the authors use this result to derive
an explicit formula for the asymptotic clustering coefficient. In addition, many variations of
this model have been developed, for instance in order to obtain power-law distributed degree
distributions when n goes to infinity (Deijfen and Kets, 2009). Section 9.4 of Hofstad, 2024
yields a larger presentation of the results established for random intersection graphs.

Another way of ensuring the presence of highly connected sub-groups can be obtained by
modifications of the configuration model. One possibility of achieving this is the configuration
model with clustering, which will also be referred to as clique configuration model throughout
the thesis. Consider a set of n vertices. Let d be a probability distribution taking values
in pN Y t0uq2. Then independently for each node v, draw pd

p2q
v , d

p3q
v q „ d, and attach d

p2q
v

half-lines and dp3qv corners to node v. Next, as for the configuration model, choose uniformly
at random with removal pairs of half-lines and connect them to form a line. Then, choose
uniformly at random with removal triples of corners, and connect the three corresponding
nodes by edges, forming a triangle. The procedure stops when at most one half-line and
at most two corners remain, which are dropped to end the graph construction. Figure 1.7
illustrates the construction of such a clique configuration model. Notice that this procedure
can be generalized to include totally connected subgraphs, or cliques, of any size k ě 2. The
clique configuration model has first been proposed in Newman, 2009, where some properties
such as the size of the giant component are derived heuristically. Additionally, the obtained
graphs are again supposed to be locally tree-like at the level of cliques (Karrer and Newman,
2010b). However, to our knowledge, no rigorous mathematical analysis has been performed
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Figure 1.7: Main steps for obtaining one realization of the clique configuration model, where the
target distribution of lines and triangles per node is given by d.

so far in this setting.

The models introduced in this section (Figure 1.8) allow for a detailed description of the
contact networks underlying epidemic spread. It is worth emphasizing here that random graph
models can be designed in order to incorporate further aspects which are of interest in an
epidemic context, such as spatial structure (Barthélemy, 2011) or evolution of contacts over
time (dynamic networks) (Bansal et al., 2010). Another pertinent refinement is to distinguish
different types of contacts, occurring at different rates, allowing to take into account that
the rate at which contacts occur, or the associated risk of infection, may depend on the
social context (at home, with friends, at the grocery store...). This will be the focus of the
following subsection.

Multilayer contact models

In addition to the elements explored above, human contacts are structured by different social
contexts in which they can occur: a first glance at this is provided by Figure 1.3, as the
contact matrixes significantly differ according to the context under consideration. Further,
an empirical study on social contacts in Sweden has shown that several characteristics of
contacts, such as their duration, their frequency, the number of people involved, and the
probability of the contact being physical, strongly depends on the meeting place (Strömgren
et al., 2017). More precisely, based on the data collected, the authors identify five main
clusters of meeting places defined by sharing similar traits: the family venue, and vehicle;
the fixed activity site (including workplaces and schools); the social network, represented by
friends and relatives; and the general population, or trading plaza (stores, public transports,
etc.).

From a modeling point of view, taking into account such different types of contacts
is especially motivated by non-pharmaceutical interventions such as teleworking or school
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Figure 1.8: Examples of realizations of all four major random network models introduced in Section
1.1.2. In all cases, there are 100 nodes and in the large graph limit, the average degree is close to 4.
(a) Erdős-Rényi graph Gp100, 0.04q. (b) Configuration model with degree distribution p “ ppk, k ě 0q
such that pk is proportional to k´1.5 for k P J1, 27K, and equal to zero otherwise (truncated power-
law distribution). (c) Random intersection graph Gp100, 60, 0.0275q. (d) Clique configuration model
with cliques of sizes J2, 4K. The distribution of number of cliques of size j P J2, 4K to which a node
belongs is given by ppjq, with pp2q „ Bp4, 0.375q, pp3q „ Bp3, 1{6q and pp4q „ Bp2, 0.25q.

closures. Indeed, they consist in specifically acting on some type of contacts, while leaving
others in place. Recent studies find that the way contacts are represented in epidemic models
changes the predicted outcomes of such control measures (Contreras et al., 2022; Di Lauro
et al., 2021), as will be discussed in detail below. As a consequence, it seems natural that
epidemic models seek to distinguish different social contexts.

This is allowed for by multilayer models, which distinguish different types of contact
within the population. The idea is to represent contacts by a multilayer network, where each
node belongs to all layers simultaneously. Each layer corresponds to the contacts established
within one sort of social context, and thus can be characterized by its network structure and
contact rate, for instance. Subsequently, the epidemic spreads on the aggregated contact
network, which corresponds to the addition of all three layers. The result of this aggregation
can be a regarded as a weighted graph, where an edge’s weight represents the rate at which
a contact occurs along that edge, and with possible multi-edges as some individuals may
be neighbors in several layers (e.g. spouses who also work together). This procedure can
lead to elaborate contact networks, which mimic realistic settings, including among others
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Figure 1.9: Multilayer contact network of 10 nodes, obtained by the household-workplace model.
Nodes represent individuals, belonging to each layer simultaneously as indicated by their number.
Edges represent possible contacts within each layer. The layers and corresponding levels are indicated
on the side.

households, workplaces, schools and stores which are grouped into communities in order to
take into account the spatial organization of contacts (Backhausz et al., 2022).

A common procedure is to distinguish mainly two or three layers of contact, representing
contacts in the general population, and contacts within households and possibly schools or
workplaces. To our knowledge, this setting has first been explored by Ball et al., 1997. The
authors take into account two layers, the first being uniformly mixing, while the second is
characterized by individuals having a limited number of neighbors only. This coined the
term of two levels of mixing : one global level, where uniform mixing implies that contacts
are wide-spread in the population, and one local level, where contacts are limited by the
network structure. In particular, this implies that the associated models are multiscale, with
an infinite number of possible partners with whom contact is established at most once at the
global scale, as opposed to repeated contacts with a finite number of partners at the local
scale. This setting has been explored rather extensively, considering different variations for
the local level. In particular, a classical local layer is that of the households model, in which
the population is partitioned into households of possibly random size (Ball et al., 1997; House
and Keeling, 2008). The main idea behind household models is that contacts are uniformly
mixing at high rate within households, whereas contacts are significantly less frequent in the
general population. However, in this setting, the epidemic necessarily needs the global level
to sustain its spread, as households are otherwise disjoint from one another.

A natural extension is to consider a local level which itself consists in two layers, typically
representing households and workplaces. At first, these were assumed to be of fixed size (Ball
and Neal, 2002), before considering arbitrary structure size distributions (Pellis et al., 2009).
This model will be at the center of attention in Chapters 2 and 3, leading us to introduce
it in some detail. As for the household model, the global level corresponds to a uniformly
mixing general population of size K. The local level is split into one layer of households
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and one layer of workplaces, which are constructed as follows. We will suppose that there
exists a maximal size for households and workplaces nmax ă 8, and consider two probability
distributions πH , πW with support in J1, nmaxK. Let k be the number of individuals who are
not yet assigned to a household, so initially k “ K. Pick a household size h „ πH , then
either h ď k and a new household of size h is formed by choosing uniformly at random h
individuals who are not yet member of a household, or h ą k in which case one last household
is assembled containing all k remaining individuals. Subsequently, k becomes k´ h and the
process stops when k “ 0. The same procedure is repeated independently for workplaces,
using πW instead of πH . In particular, if K goes to infinity, πH and πW correspond to the
household and workplace size distributions, respectively. The obtained multilayer contact
network is represented in Figure 1.9. Subsequently, the epidemic spreads at the global level
at rate βG{K. Also, within households and within workplaces, uniform mixing is assumed,
and contacts occur at rates λH and λW , respectively. Once contaminated, individuals remain
infected for a random amount of time, which is sampled from the infectious period length
distribution ν with support in p0,`8q.

Many variations of the household or household-workplace model have been considered in
the literature. For instance, one may want to replace the global, uniformly mixing level by
another local level, where contacts in the general population are depicted by a configuration
model (Ma et al., 2013). It also is possible to consider dynamic networks, allowing for the
evolution of the graph over time (Barnard et al., 2018). Indeed, many variations could be
considered, as each layer of the graph can be modified to take into account one or another
refinement of the contact network.

Nevertheless, considering multilayer contact networks comes at the cost of additional
difficulties in understanding epidemic spread, especially when considering a rich local level
as in the case of the household-workplace model. Indeed, the model is multi-scale as both
a global and local level are considered, and contrary to the case of the household model,
the local level now may suffice to sustain the epidemic. As a consequence, unraveling how
the model parameters impact epidemic spread is not an easy task. A natural question is to
wonder whether it actually worth the effort to consider such models.

As we will see, a natural motivation arises when considering non-pharmaceutical interven-
tions (NPIs) such as teleworking or school closures. Indeed, both empirical and simulation
studies show that these are among the most effective NPIs (Mendez-Brito et al., 2021; Back-
hausz et al., 2022; Simoy and Aparicio, 2021), motivating the desire to understand how these
measures act on the epidemic, through both mathematical analysis and simulation studies.

First, it is crucial to identify which level of detail of the contact network needs to be
taken into account when assessing such control measures. A recent study has compared
different ways of modeling teleworking and school closures, using either a household model
or a contact matrix which is split in home, school, workplace and other contacts (Di Lauro
et al., 2021). For both models, the authors find that uniformly scaling contacts on the
whole contact network yields different results than scaling separately household and general
contacts, or each component of the contact matrix, respectively. Hence, distinguishing
several types of contact in the population is important when studying such NPIs. Multilayer
models seem particularly suiting, as households or workplaces imply clustering, which we
already know to significantly impact epidemic dynamics when compared to uniform mixing
at large scales which underlies the contact matrix setting.
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A related question is to wonder up to which scale one should incorporate detailed infor-
mation on the contact network: for instance, is considering uniform mixing within households
and workplaces enough? This question has been explored by comparing the effectiveness of
different interventions when considering either uniform mixing, or empirical contact networks
derived from sensor data (Contreras et al., 2022), at the scale of large structures which in
most cases have several hundreds of members. The authors’ findings suggest that while
considering uniform mixing does not change qualitative results, it does have an impact on
quantitative aspects which are crucial when studying the cost effectiveness of control mea-
sures. On the other hand, in the school setting of Figure 1.4c, the authors mentioned that
there seems to be almost uniform mixing within each class (Stehlé et al., 2011). Another
study has explored the epidemic impact of different workplace cultures, i.e. of how individ-
uals interact at their workplace (Timpka et al., 2016). A significant influence on modeling
outcomes is established, raising the question of an effective workplace size depending on how
many coworkers typically interact, and how close these contacts are. Hence, it actually is a
difficult task to define the precise level at which the advantage of simplifying the model by
assuming uniform mixing at small local scales outweighs the implied loss of precision when
predicting epidemic outcomes.

Several questions may be addressed regarding NPIs like teleworking or school closures.
So far, a commonly investigated subject is the comparison of different NPIs, among which
teleworking and/or school closures (Backhausz et al., 2022; Colosi et al., 2022; Favero et al.,
2022; Ferguson et al., 2006; Hilton et al., 2022; Simoy and Aparicio, 2021). For teleworking
or school closures alone, when to start and for how long to sustain the intervention has also
been studied (Bin Nafisah et al., 2018; Britton and Leskelä, 2023), while optimal intensity
has been of interest for lockdowns (Britton and Leskelä, 2023; Caulkins et al., 2021; Richard
et al., 2021). Notably, even though the modeling choice may impact the quantitative and
possibly qualitative outcomes as emphasized by Di Lauro et al., 2021, these issues can be
explored without the necessity to consider multilayer models. Indeed, while some of the
studies above make use of multilayer models (Backhausz et al., 2022; Ferguson et al., 2006;
Hilton et al., 2022; Simoy and Aparicio, 2021), another focuses on social structures alone,
without modeling precisely contacts in the general population (Colosi et al., 2022), and
some rely on contact matrixes (Richard et al., 2021) or assume uniform mixing (Britton and
Leskelä, 2023; Favero et al., 2022; Caulkins et al., 2021).

There are questions, however, which can hardly be considered without making use of
multilayer models. For instance, does the way teleworking rates are enforced matter? In
other words, how does changing the workplace distribution influence epidemic outcomes?
Some answers will be provided in Chapter 2.

Taken together, using multilayer contact networks to better understand how dispatching
individuals into small contact structures such as households and workplaces influences epi-
demic outcomes thus is a pertinent goal. Unfortunately, as mentioned above, analyzing these
models is challenging, both in terms of mathematical analysis and numerical exploration, as
simulation times grow with the population size. This leads to an interest in developing
reduced models.
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1.2 Reduced models in epidemiology
In epidemiology, many key results are derived using reduced models, in the sense of models
which yield good approximations of the epidemic dynamics at hand, but which are more prone
to mathematical analysis and/or numerical exploration than the original model. Indeed, this
already holds true for the classical SIR model: instead of studying the stochastic SIR model
in a finite population, resorting to branching approximations and the Kermack-McKendrick
equations arising in the large population limit is a fruitful approach. This will be illustrated
in upcoming Section 1.2.1.

Indeed, model reduction can have several benefits. By essence, it consists in trying to
keep as much information as necessary to capture the dynamics of interest, while removing
as much detail as possible. As a consequence, it can make emerge key parameters, such as
the reproduction number or epidemic growth rate. Further, the reduced models obtained
can serve as a basis to develop more involved models.

Thus, the heart of the present thesis will be to establish such reduced models in order
to study epidemic models of the household-workplace type. More precisely, we will focus on
large population approximations of the epidemic dynamics. This motivates a closer look at
the results previously obtained for epidemics spreading on related networks in Section 1.2.2.

1.2.1 A motivating example: the uniformly mixing SIR model

The uniformly mixing stochastic SIR model can be defined as follows. Let λ and γ be the
contact rate and infection rate, respectively. Consider a population of N individuals, and at
time t ě 0, let Sptq and Iptq be the number of susceptible and infected individuals in the
population, from which it follows that the number of recovered is given by N ´ Sptq ´ Iptq.
Then the couple pSptq, Iptqqtě0 defines a Markov process taking values in tpS, Iq : 0 ď
S, I ď N,S ` I ď Nu, whose transitions are given by:

pS, Iq Ñ pS ´ 1, I ` 1q at rate λ

N
SI,

pS, Iq Ñ pS, I ´ 1q at rate γI.

Despite its apparent simplicity, the analysis of this stochastic model is actually not immediate
and many key results are derived by the following scheme: the stochastic SIR model is shown
to be well approximated by another, handier model, which subsequently is used to answer
the question of interest.

A first example consists in studying the beginning of the epidemic: given the introduction
of one individual into a large susceptible population, is it possible that a significant proportion
of the population will be contaminated throughout the epidemic? The answer is provided
by the reproduction number, R0 “ λ{γ, which is such that a major outbreak may occur if
and only if R0 ą 1. In order to establish this result, the epidemic dynamics are reduced
to a discrete-time branching process by neglecting the depletion in susceptible individuals:
infection events are regarded as births, removals as deaths, and the branching property
is ensured by assuming that S{N « 1. Similarly, the epidemic growth rate r “ λ ´ γ
can be derived as the Malthusian parameter of a continuous-time branching process, which
approximates the epidemic dynamics.

In order to transfer these results from the branching process approximation to the stochas-
tic SIR model, it remains to give a rigorous meaning to the idea that the former is ”well
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approximating” the latter. This is achieved by coupling arguments, which show that the
branching process can be constructed on the same probability space as to coincide with the
epidemic process of the stochastic SIR model, until the infected population becomes of order
K{plogKqa (Bansaye et al., 2023b). We refer for instance to Section 3.3 of Andersson and
Britton, 2000b for an introduction to coupling methods for epidemic models, and Barbour
and Reinert, 2013 for a detailed arguments. Notably, branching approximations actually also
serve to derive reproduction numbers and epidemic growth rates for more involved models,
including the SIR model on configuration graphs (Britton et al., 2007; Barbour and Reinert,
2013), random intersection graphs (Ball et al., 2014; Fransson, 2022) and models with two
levels of mixing (Britton and Pardoux, 2019a; Pellis et al., 2011).

Finally, let us mention here that it is possible to derive more information than the re-
production number and epidemic growth rate from branching approximations. For instance,
they may be used to capture the tree of infections at the beginning of the epidemic. As
demonstrated in Britton and Scalia Tomba, 2019, such models thus allow to point out and
rectify biases associated to statistical inference from contact tracing data.

A second, classical example of model reduction consists in studying the large population
limit of the epidemic dynamics. Indeed, suppose that pSp0q, Ip0qq{N converges in probability
to constants ps0, i0q. Then the renormalized process pS{N, I{Nq converges in probability,
uniformly on finite time intervals, to the unique solution ps, iq of the Kermack-McKendrick
ODE system

s1ptq “ ´λsi, i1ptq “ λsi´ γi,

sp0q “ s0, ip0q “ i0.

This result actually follows from general convergence results for density-dependent Markov
jump processes. One may further establish Gaussian fluctuations of the stochastic process
around its deterministic limit, hence quantifying the asymptotic approximation error. We
refer to Section 5 of Andersson and Britton, 2000b for detail. In particular, this rigorously
exhibits the connection between the stochastic and deterministic SIR models, the latter of
which allows to derive important results such as the final epidemic size in the large population
limit (Brauer et al., 2008, Section 2.1.2). Similar results can be obtained in more general
settings, for instance in a non-Markovian model where infectious periods are not necessarily
exponentially distributed (Kurtz, 1981).

For network models, however, capturing the deterministic dynamics emerging in the large
population limit is not straightforward. Let us first mention that closed, dynamical systems
describing the exact evolution of the sanitary state of each individual node over time are
achievable for finite-size graphs, by focusing either on the network level (lumping of the
arising master equations) or node level (generalized closure) (Kiss et al., 2017, Sections 2.4
and 3). However, the obtained systems of equations become intractable as the number of
nodes grows large, due to the number of equations scaling at least linearly with the network
size. As a consequence, alternative approaches have been developed, which lead to closed,
finite dynamical systems which either exactly describe or yield useful approximations of the
large population dynamics. Here, we will start by introducing some intuition behind these
large population approximations, before giving an overview of their application to different
network models.
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1.2.2 Some heuristics for reduction of epidemics on networks

In order to describe epidemic dynamics on networks, several approaches have been developed.
Here, we will focus on three of the most common points of view: pairwise models, effective
degree models and edge based compartmental models. We will consider the case of an SIR
model with infection rate λ and recovery rate γ. For a more extensive review, we refer
to Sections 4.1, 4.2, 5.6 and 6.5 of Kiss et al., 2017, which partly inspire the following
paragraphs.

Pairwise models

Instead of considering the epidemic state of each individual node, let us focus on the average
number of nodes rXs (or their proportion as N Ñ8) in a given epidemic state X P tS, I,Ru.
Similarly, for X,Y, Z P tS, I,Ru, rXY s designates the average number of nodes u and v in
state X and Y respectively which are connected by an edge, rXY Zs the average number of
triples of nodes u, v, w respectively in states X, Y , Z such that the edges pu, vq and pv, wq
exist, and so on.

In this case, one may notice that the number of susceptibles decreases each time an
infection occurs, which happens at rate λrSIs as the disease can only spread along the edges
of the graph. In turn, an SI edge becomes of type SR if the infected recovers, at rate γ, or
of type II if the susceptible is infected. Such an infection happens at rate λ either along that
given edge, or along any other edge connecting the susceptible to another infected. Similarly,
if one of two susceptible neighbors u and v is infected by one of his infectious neighbors, a
new SI pair is created. In this case, rSSs decreases by two as both oriented edges pu, vq and
pv, uq originally were counted in rSSs. By continuing this reasoning for other combinations
of epidemic states, we obtain the following ODE system:

rSs1 “ ´λrSIs,

rIs1 “ λrSIs ´ γrIs,

rSSs1 “ ´2λrSSIs,
rSIs1 “ γrSIs ` λprSSIs ´ rISIs ´ rSIsq,

rIIs1 “ ´2γrIIs ` 2λprSIs ` rISIsq, . . .

This system is technically speaking exact, but unclosed: in order to describe the dynamics
of triples, one needs to consider quadruples, and so on. Pairwise models thus propose to
close the dynamical system by expressing the triples as functions of pairs, under simplifying
assumptions. Originally, the first pairwise model has been developed for n-regular graphs
containing N nodes, where each node has exactly n neighbors (Keeling et al., 1997). Here,
we will make the same assumption for ease of presentation. In this case, the following
approximation can be derived for the dynamics of triples:

rXY Zs «
n´ 1
n

rXY srY Zs

rY s
.

Let us decompose this expression. Consider three nodes u, v, w respectively in states
X,Y, Z, such that the edges pu, vq and pv, wq exist. If v is chosen uniformly among nodes
in state Y , the probability that v has a X-type neighbor is given by rXY s{pnrY sq as nrY s
edges start at nodes of type Y . Further, there are rY s possible choices for v and npn ´ 1q
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possible choices for neighbors u and w. If we ignore any correlation among the epidemic
states of u and w which is not due to their common neighbor v, we obtain that rXY Zs «
rY snpn ´ 1qrXY srY Zs{pnrY sq2. Of course, there are cases when u and w are correlated
not only through v, for instance if the three nodes form a triangle. However, on unclustered
networks as in the large graph limit of the n-regular graph, this is rare, justifying the above
approximation.

We finally obtain the following pairwise model:

rSs1 “ ´λrSIs

rIs1 “ λrSIs ´ γrIs

rSSs1 “ ´2λn´ 1
n

rSSsrSIs

rSs

rSIs1 “ ´γrSIs ` λ

ˆ

n´ 1
n

rSSsrSIs

rSs
´
n´ 1
n

rSIs2

rSs
´ rSIs

˙

.

In the case where the graph is not regular, Eames and Keeling, 2002 have derived a
pairwise model which takes into account the nodes’ degree and has OpM2q equations, where
M is the number of possible degrees in the network. This will serve as a basis for comparison
with the upcoming effective degree and edge based models.

Effective degree models

Another family of reduced models focuses on the proportion Ss,i (resp. Is,i) of nodes which
are susceptible (resp. infected) and have s susceptible and i infected neighbors. Notably,
the number of recovered neighbors does not need to be included in order to describe the
epidemic dynamics: this coins the term ”effective degree”, which only takes into account a
node’s edges leading to susceptible and infected individuals.

Let us consider for example the dynamics of Ss,i, which may be affected by several possible
events. First, a node of this kind can be contaminated by one of its infected neighbors: this
occurs at rate λi, and the node becomes of type Is,i. Second, one of its infected neighbors
may recover, yielding a node of type Ss,i´1 at rate γi. Third, a node of type Ss,i`1 becomes
of type Ss,i following the removal of one of its infected neighbors, at rate γpi` 1q. Finally,
a susceptible neighbor may be infected by another node, in which case our node becomes
of type Ss´1,i`1. Similarly, a node of type Ss`1,i´1 may become of type Ss,i upon infection
of a susceptible neighbor. Hence, as for the above pairwise model, we need to take into
account the neighbors of our initial node’s neighbors, i.e. triples, whose dynamics depend
on quadruples and so forth: the dynamical system needs to be closed.

Here, we will focus on the approach of Lindquist et al., 2011, who consider unclustered,
simple graphs (i.e. no multiple edges or self loops). In addition, they suppose the maximal
degree M to be finite, and that there is no degree correlation among neighbors. Typically,
this corresponds to the large graph limit of configuration networks with i.i.d degrees sampled
from a bounded distribution.

In this setting, the closure proceeds as follows. Susceptible nodes see their neighborhood
change due to the infection of a susceptible neighbor, and such an infection occurs at
total rate

řM
n“1

ř

k``“n kλ`Sk,`. Let p be the probability that a node whose neighborhood
has changed following the infection event is in state Ss,i. Then one may notice that p is
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proportional to s, hence p “ sSs,i{
řM
n“1

ř

k``“n `Sk,`. Letting

ΛS “
řM
n“1

ř

k``“n kλ`Sk,`
řM
n“1

ř

k``“n `Sk,`
,

a node in state Ss,i thus becomes Ss´1,i`1 at rate ΛSsSs,i. Notice that we again assume
the absence of correlation among the health states of a given node’s neighbors, aside from
their connection to that node. This illustrates the importance of the assumptions made on
the graph.

Reasoning similarly for infected nodes Is,i, and letting

ΛI “
řM
n“1

ř

k``“n λk
2Sk,`

řM
n“1

ř

k``“n `Sk,`
,

we finally obtain the effective degree model: for any non-negative integers s, i such that
s` i ďM ,

S1s,i “ ´λiSs,i ` γ ppi` 1qSs,i`1 ´ iSs,iq ` ΛS pps` 1qSs`1,i´1 ´ sSs,iq

I 1s,i “ λiSs,i ` γpi` 1q pIs,i`1 ´ Is,iq ` ΛI pps` 1qIs`1,i´1 ´ sIs,iq .

The proportions of susceptible and infected nodes are finally computed using S “
řM
n“1

ř

s`i“n Ss,i and I “
řM
n“1

ř

s`i“n Is,i. In particular, this dynamical system con-
tains MpM ` 3q equations. If the degree distribution charges all elements in t1, . . . ,Mu,
the pairwise and effective degree models thus have the same order of equations.

Edge-based compartmental models (EBCM)

Last but not least, let us explain how to derive an edge-based compartmental model (EBCM).
Again, we will consider the case of the large graph limit of a configuration model with i.i.d.
degrees, which we know to be an almost surely simple and locally tree-like graph. While
originally developed by Volz, 2008, we will here follow the lines of Miller, 2011. The author
proposed an alternative derivation of the EBCM, leading to a more concise formulation
consisting in only two differential equation, instead of four. Throughout the following, let
p “ ppk, k ě 0q be the degree distribution, and Ψ its probability generating function: for
s P r0, 1s,

Ψpsq “
ÿ

kě0
pks

k.

The starting point of the EBCM is the observation that a node u is susceptible at time t
if and only if it has not been contaminated by any of its neighbors. In addition, as the graph
is locally tree-like, there is no short path connecting to neighbors v and w of u other than
the one passing through u. Hence, if u is susceptible, the sanitary state of all its neighbors
can be considered to be independent from one another. Thus, if θptq is the probability that
at time t, the disease has not been transmitted along a random edge, the proportion Sptq of
susceptible nodes at time t is given by

Sptq “
ÿ

kě0
pkθptq

k “ Ψpθptqq. (1.2)
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As further, by definition of the SIR model,

I 1ptq “ ´S1ptq ´ γIptq, (1.3)

it is enough to derive the dynamics of θ in order to capture the epidemic spread. Let φptq
be the probability that at time t, an edge connects a susceptible and an infected individual,
but that the disease has not been transmitted along this edge. Then by definition,

θ1ptq “ ´λφptq. (1.4)

Let us thus focus on the dynamics of φ. On the one hand, φ decreases either if the infection
is transmitted along such an edge, at rate λ, or if the infected extremity recovers, at rate γ.
Conversely, φ increases whenever a susceptible neighbor v of a susceptible node u is infected
by one of its neighbors. If hptq designates the probability that v is still susceptible at time
t, such an infection occurs at rate ´h1ptq. As we have followed an edge to reach v, by
definition of the configuration model, the probability that v is of degree k is proportional
to kpk. Further, v is susceptible if and only if it has not been contaminated by any of its
neighbors: if v is of degree k, this occurs with probability θk´1ptq since we know for sure
that one of the neighbors, u, is susceptible. Thus

hptq “

ř

kě1 kpkθptq
k´1

ř

kě1 kpk
“

Ψ1pθptqq
Ψp1q .

From Equation (1.4), it follows that

φ1ptq “ ´h1ptq ´ φptqpλ` γq “ φptq

ˆ

λ
Ψ2pθptqq

Ψp1q ´ λ´ γ

˙

.

Thus, using the fact that φp´8q “ 0 and θp´8q “ 1,

φptq “ ´
Ψ1pθptqq

Ψp1q ` θptq `
γ

λ
p1´ θptqq.

Finally,
θ1ptq “ λθptq ` λ

Ψ1pθptqq
Ψp1q ` γp1´ θptqq. (1.5)

The EBCM is then given by differential Equations (1.3) and (1.5), complemented by Equa-
tion (1.2), making it remarkably parsimonious when compared to the pairwise and effective
degree models. In addition, while originally being derived heuristically, the EBCM has been
established to be exact in the large population limit of the stochastic SIR model on a con-
figuration graph. This has first been achieved under a finite fifth moment assumption on
the degree distribution (Decreusefond et al., 2012), which has subsequently been relaxed to
a finite second moment condition (Janson et al., 2014).

This ends our brief dive into some of the major families of large population approximations
for epidemics on networks. However, let us mention here that while the pairwise, effective
degree and edge-based compartmental model formalisms have been studied extensively and
extended to various settings, other approaches exist. For instance, methods from related
mathematical topics can be adapted to yield new reductions. Indeed, Karrer and Newman,
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2010a make use of the message passing algorithms developed originally for belief propagation
on graphical models. This yields exact results for non-Markovian SIR models on locally-tree
like networks, and bounds for the epidemic on general networks. In addition, reduced models
naturally are influenced by the characteristics of the contact network under consideration.
For example, if individuals are characterized by a trait which influences whom makes contact
with whom, the large population limit can make emerge epidemic processes spreading on
graphons (Delmas et al., 2023), allowing to retain that information.

This diversity motivates the following section, which aims at summarizing the main
results regarding large population approximations for epidemic dynamics on different kinds
of contact networks.

1.2.3 An overview of reduction results for epidemics on random graphs

We will now turn to the application of the methods mentioned above, among others, to
random contact networks of increasing complexity. We do not claim to give an exhaustive
overview, and instead have aimed at including main results, as well as some recent develop-
ments for clustered and multi-layer models. The present state of the art is summarized in
Figure 1.10.

Given that the epidemic spreads along edges of the graph connecting susceptible and
infected nodes, it is key to have a good understanding of their neighborhood, as emphasized
by the previously introduced reduction methods. As a consequence, locally tree-like graphs
appear to be a good starting-point, and many reduced models have been developed in this
setting.

In particular, the SIR model on a configuration graph has been the considered for the
introduction of edge-based compartmental models in Volz, 2008, which since have been
extended to include pertinent variations of the original model, such as non-Markovian set-
tings (Sherborne et al., 2018). Similarly, configuration models have served as a basis for
the development of effective degree models (Ball and Neal, 2008; Lindquist et al., 2011),
including recently dynamical configuration models (Ball et al., 2019). Further, the pairwise
model with closure at the level of triplets has been applied to Poisson graphs (Andersson and
Britton, 2000b, Section 7.3), which emerge as the large graph limit of Gpn, p{nq Erdős-Rényi
graphs. In general, it is well known that ignoring clustering simplifies the equations arising
in pairwise models (Eames and Keeling, 2002). Also, locally tree-like graphs are particularly
well-suited for the use of message-passing equations, which are exact in this setting (Karrer
and Newman, 2010a).

Given this multitude of large graph approximations, the equivalence between various
reduced models has been studied under appropriate assumptions (House and Keeling, 2011;
Jacobsen et al., 2018; Kiss et al., 2023; Sherborne et al., 2018; Wilkinson and Sharkey, 2014;
Wilkinson et al., 2017). Let us also mention Section 7 of Kiss et al., 2017 for an overview
of equivalence results.

Finally, Aparicio and Pascual, 2006 alternatively propose to approximate SIRS dynamics
on the Poisson graph using a parsimonious, uniformly mixing model. Their result relies
on calibrating the model parameters using a reproduction number, and the addition of a
Y compartment containing infected but no longer infectious individuals. This addition is
motivated by the observation that on Poisson contact networks, infected individuals often
cause most their secondary infections on a shorter timespan than their actual infectious



1.2. REDUCED MODELS IN EPIDEMIOLOGY 37

Figure 1.10: Deterministic reduced models proposed in the large graph approximation, for different
types of contact networks.
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period. They obtain satisfactory approximations of the epidemic dynamics in simulations.

However, despite locally tree-like network being a favorable setting, taking into account
clustering is a natural and crucial extension as real-life networks tend to be clustered which
impacts epidemic outcomes.

A first means of achieving this consists in capturing the network’s clustering via its
clustering coefficient only. This was originally proposed for the pairwise model (Keeling
et al., 1997), and has since been adapted to derive a clustered edge-based compartmental
model (House and Keeling, 2011). Otherwise, it is possible to focus on a specific type of
clustering. Indeed, recall that due to social structures such as households and workplaces,
real-life contact networks tend to contain strongly connected subgroups (cliques), such as
households or workplaces. This leads to focusing on (variants of) the clique configuration
model and overlapping groups model, which are designed to incorporate such patterns.

For example, Volz et al., 2011 adapt the EBCM formalism to clique configuration models
by considering the network at the level of cliques. Indeed, the graph then appears to be
locally tree-like again: the sanitary state of the cliques a susceptible individual belongs to
will thus be independent from one another in the large graph limit. In addition, by comparing
the epidemic outcomes of their EBCM with those from the EBCM proposed by House and
Keeling, 2011, the authors demonstrate that the clustering coefficient alone is insufficient
to capture the epidemic impact of cliques. This demonstrates the importance of explicitly
modeling the way clustering is achieved within the population.

Let us further mention related settings studied in St-Onge et al., 2023, where contact
rates are allowed to differ between cliques as random functions of their size, as well as Hébert-
Dufresne et al., 2010, where cliques are not necessarily fully connected. Before proceeding,
it is worth emphasizing that all these models taking into account cliques share a major
common point: they focus on the epidemic at the level of structures, as they keep track of
the proportions of cliques containing a certain number of susceptibles and infected. As a
consequence, they lead to high-dimensional reduced models for larger clique sizes. This will
also hold true for the forthcoming reduced models for multi-layer settings including cliques,
which are derived from EBCM and effective degree model formalisms.

Indeed, as already argued in Section 1.1.2, considering multi-layer networks is very perti-
nent for studying epidemic spread, leading to innovative approaches being developed in this
setting. For instance, the first effective degree model was actually established for the case of
a configuration model topped by a uniformly mixing layer (Ball and Neal, 2008), and recently
a dynamical survival analysis approach has been developed to study a dynamical multi-layer
configuration network (Jacobsen et al., 2018).

Most effort, however, has been spent on household-model like networks. In this case, the
contact network contains two layers, namely one layer where each individual belongs to one
fully connected clique, i.e. a household, and one layer which depicts contacts in the general
population. In the pioneering work of House and Keeling, 2008, the general population
was assumed to be uniformly mixing. In this case, the reduced model takes the form of a
dynamical system whose variables are the proportions of households in a given configuration
(number of susceptible, infected and recovered members). This ODE system appears to
be the large population limit of its stochastic counterpart, which similarly to the uniformly
mixing model can be formalized as a finite type density-dependent Markov jump process.
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Let us mention here that recently, more coarse-grained model reductions have been
proposed for this household model. They rely on simplifying assumptions such as within-
household spread being significantly stronger than mean-field spread (Huber et al., 2020)
or aggregating all secondary infections caused within a household following a mean-field
infection (Doenges et al., 2023). Further variations of the household model include depicting
the general population as a configuration network (EBCM: Di Lauro et al., 2021; effective
degree model: Ma et al., 2013), and allowing individuals to belong to several ”households”
at once (Barnard et al., 2018, EBCM).

Nevertheless, if one is interested in distinguishing different types of cliques as for the
household-workplace model, the previously introduced results are not enough. Indeed, the
model now needs to take into account two separate layers of cliques. In this setting, prior to
the present thesis, the only reduced model consists in extending the aforementioned approach
of Aparicio and Pascual, 2006. This has been achieved by del Valle Rafo et al., 2021 for
an SIRS model spreading within households and workplaces, which is approximated using a
uniformly mixing model. In this case, parameters are calibrated using a numerically estimated
reproduction number and the network’s clustering coefficient. Also, as previously, an addi-
tional Y compartment is introduced. Again, the obtained reduced model numerically yields
satisfying approximations of key epidemic outcomes of the household-workplace epidemic.

However, there are several drawbacks to this approach. Indeed, model calibration may
not be straightforward in a real-life setting, as both epidemic and network parameters need
to be inferred. In addition, there are no theoretical guarantees of the approximation error,
and the reduced model is not fine-grained enough to fit the epidemic dynamics over time.
These challenges will be addressed in this thesis, as will become apparent in the following
section.

1.3 Main contributions of the thesis

This section is dedicated to introducing and summarizing the results of Chapters 2 to 5.
Figure 1.11 yields an overview of the considered models and their connection, indicating the
focus of each chapter. Notably, Chapters 2 to 4 aim at proposing and analyzing reduced mod-
els which approximate the household-workplace model, introduced in Section 1.1.2. Here,
we recall its parameters, as they will be of use throughout the following sections:

• πH and πW designate the household and workplace size distributions. We assume the
maximal household and workplace size nmax to be finite.

• βG, λH and λW are the contact rates for each graph layer: general population, house-
holds and workplaces.

• Infectious period lengths are distributed according to a probability measure ν on R`,
which is assumed to be absolutely continuous with respect to the Lebesgue measure. In
the Markovian case, ν is an exponential distribution of parameter γ which corresponds
to the recovery rate.

We can now turn to the main contributions of this thesis.
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Figure 1.11: Summary of the different models considered throughout the thesis, as well as their
relationships and the chapters they relate to. Stochastic models are shown in yellow, deterministic
models in green.
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1.3.1 Chapter 2 - The epidemic footprint of contact structures

This chapter is based on the preprint ”The epidemiological footprint of contact structures
in models with two levels of mixing”, which is a joint work with Vincent Bansaye, François
Deslandes and Elisabeta Vergu (Bansaye et al., 2023a).

Generally speaking, contact structures such as households, workplaces or schools are a
natural component of human contact networks, inducing these networks to be clustered.
Further, it is well known that clustering has a significant impact on epidemic outcomes
(House and Keeling, 2011), and that this effect depends on the way clustering is achieved
within the network (Volz et al., 2011). Similarly, when trying to analyse control measures
such as teleworking or school closures, Di Lauro et al., 2021 show that the way contacts are
represented in mathematical models modifies the predicted outcomes of such interventions.
In particular, teleworking acts by modifying the workplace size distribution. Taken together,
this raises the question: what is the impact on epidemic outcomes of the size distribution of
strongly connected subgroups, such as workplaces?

Given the impact of the contact modeling choice on epidemic and intervention out-
comes, we have addressed this question by studying the household-workplace model, since it
explicitly distinguishes contacts within households and workplaces. As will become apparent
throughout the chapter, the epidemic impact of such small contact structures is significant
yet subtle, with no straightforward analytical expression. Thus, we propose two indicators
for this epidemic impact which as we will see are related to other crucial issues: the design
of efficient teleworking strategies, and model reduction.

In order to achieve this, we have undergone a numerical exploration of the household-
workplace model. Using stochastic simulations, we explore several epidemic parameter sets,
which are inspired by COVID-19, influenza and varicella-like settings. These scenarios are
combined with a variety of workplace size distributions, among which a reference distribution
based on workplace sizes in Ile-de-France (INSEE, 2018). On the contrary, the household size
distribution is kept fixed as it is generally not acted upon by control policies, and corresponds
to the one observed in France (INSEE, 2018).

We start by comparing two teleworking strategies. The first strategy consists in a naive
approach, where the number of workers allowed on site is proportional to the workplace size
(linear strategy), whereas it is proportional to the square root of the workplace size for the
second strategy (sublinear strategy). We observe that the sublinear strategy outperforms
the linear strategy: at fixed teleworking rate, the observed reduction in epidemic peak and
final size is stronger when the sublinear strategy is used instead of the linear one. Notice
that, if the teleworking rate is fixed, the average number of employees per workplace who
are not teleworking is fixed as well, as the number of workplaces is constant by essence.

Thus, we are interested in proposing an indicator for the epidemic impact of workplace
size distribution πW , at fixed mean. Through simulations, we show that in this case, the
epidemic growth rate, peak size and final size are linearly correlated to the variance of πW ,
which thus corresponds to our first indicator. In particular, the sublinear strategy induces by
construction a stronger reduction in the variance of the number of employees on site than
the linear strategy. This illustrates the pertinence of such indicators, which can be put in
practice for the design of efficient control strategies.
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However, one drawback of such numerical explorations is that simulations of the stochas-
tic household-workplace model are time-consuming, especially when considering large popu-
lations. In addition, the household-workplace model can be difficult to calibrate in practice,
as it requests good knowledge of both network parameters and epidemic parameters. Next,
we thus aim at proposing a parsimonious reduced model which approximates the epidemic
dynamics of the household-workplace model. More precisely, we suggest to make use of a
deterministic, uniformly mixing SIR model, which depends on two parameters only: a recov-
ery rate γ and a reduced contact rate β. We assume the recovery rate γ to be known, which
is generally the case through medical expertise, and it thus only remains to fix the contact
rate.

Two natural ways for doing so would be to choose β as to ensure that the reduced and
original models either share the same reproduction number, or the same epidemic growth
rate. On the one hand, contrary to the uniformly mixing case, there exist several reproduction
numbers for the household-workplace model (Ball et al., 2016). On the other hand, the
epidemic growth rate is well characterized for our model as the unique solution to an implicit
equation (Pellis et al., 2011), for which we derive partially more explicit formulas. As a
consequence, we choose to calibrate the reduced model using the epidemic growth rate r,
leading to the following system of equations describing the dynamics of the proportion of
susceptibles s and infected i:

s1ptq “ ´pγ ` rqsi, i1ptq “ pγ ` rqsi´ γi.

In order to assess the performance of this reduced model, we have computed through
simulations the approximation error for the epidemic peak and final size, for a variety of
epidemic scenarios and workplace size distributions. In most cases, the error is less than 5%,
which is satisfactory. In addition, we notice that the model better approximates the peak
size than the final size, which is coherent as it has been calibrated on the initial exponential
growth phase. We further have assessed the robustness of this approach to different model
variations, namely considering either an SEIR model, Gamma-distributed infectious periods
(i.e. a non-Markovian model) or a sublinear infection rate within structures. In all cases, the
approximation performs reasonably well.

This model reduction has several strengths. It is elegantly parsimonious, and expected
to be relatively easy to calibrate from data, as it only relies on the recovery and epidemic
growth rates. In particular, this is advantageous compared to del Valle Rafo et al., 2021.
Further, these results establish that the epidemic growth rate is a good indicator for the
epidemic impact of the structure size distributions πH and πW .

However, there also are some limitations. Indeed, as mentioned previously, the preci-
sion of the reduced model decreases over time, and there are neither theoretical guarantees
on the goodness of fit, nor analytical quantifications of the expected approximation error.
This motivates the development of another reduced model, which complements the present
approach. This is at the heart of the next chapter.

1.3.2 Chapter 3 - Large population limit for a multilayer SIR model including
households and workplaces

This chapter is based on the preprint ”Large population limit for a multilayer SIR model
including households and workplaces” (Kubasch, 2023).
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We study the large population limit of the household-workplace model, allowing us to
derive a reduced model which yields the exact epidemic dynamics in infinitely large popula-
tions. We start by formalizing the epidemic in a population of finite size K as a measure-
valued Markov process, which corresponds to a favorable mathematical setting for studying
the large population limit through the associated martingale problem (e.g. Fournier and
Méléard, 2004). In our setting, this is actually not straightforward. Indeed, infected indi-
viduals correlate the epidemic state of the household and workplace they belong to. This is
illustrated by removal events, during which the infected needs to recover in both structures
simultaneously. As a consequence, the intuitive description of households and workplaces
by the number of susceptible, infected and recovered members is insufficient to correctly
represent the epidemic dynamics.

In order to tackle this difficulty, we propose to incorporate into the description of struc-
tures the remaining duration of the infectious period length of each individual who has been
in contact with the disease, similarly to branching approximations (Ball et al., 2014). In
particular, we thus recover dynamics which recall age-structured population models (Tran,
2006), further allowing us to take into account a wide class of infectious period length
distributions within a Markovian setting.

Notice that there actually are two sources of randomness: the first corresponds to the
realization of the contact network, and the second to the spread of the epidemic process.
Our random graph model, whose construction is detailed in Chapter 3, ensures that each
individual chooses a household and workplace independently from one another, and from
other individuals. In addition, the obtained sequence of contact networks for populations of
size K ě 1 converges almost surely to an infinite version of the household-workplace network,
where the household and workplace size distributions are exactly given by πH and πW . Here,
we consider a fixed realization pGKqKě1 of this sequence for which this convergence holds,
and we thus do not emphasize further the randomness of the contact network.

Given that realization of the contact network for population size K, we can now express
the epidemic process as an agent based model, whose agents are households and workplaces.
Each structure is characterized by its size n, the number of susceptible members s, and
a vector τ P Rnmax keeping track of infected and recovered members. More precisely, for
k ď n ´ s, τk is the remaining infectious period of the k-th member who contracted the
disease: if τk ą 0, the individual is still infectious for τk time units, and recovered otherwise
since |τk| time units. For k ą n´ s, τk “ 0 by default.

Let us detail the evolution of the structure types over time. Upon an infection event, the
household state of the newly infected jumps from x “ pn, s, τq to

jpx, σq “ pn, s´ 1, τ ` σepn´ s` 1qq,

for some σ ą 0, where pepkq, k P J1, nmaxKq is the canonical basis of Rnmax . Indeed, there is
one less susceptible, and the newly infected is the pn´s`1q-th member of the households who
becomes infected. The corresponding component of τ is thus initialized at σ sampled from
the distribution ν. Simultaneously, the newly infected’s workplace state changes analogously,
using the same realization σ of the infectious period length.

Such an infection event can be due to a contamination within a household (X “ H) or
workplace (X “ W ) in state pn, s, τq, at rate λXs

řn´s
k“1 1tτką0u where we recall that λH

and λW are the one-to-one contact rates within households and workplaces, respectively.
The third source of infection corresponds to the general population, which is assumed to
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be uniformly mixing with one-to-all contact rate βG. At this level, infections occur at rate
βGSI{K, where S and I designate the number of susceptibles and infected in the population
which can be deduced from the household or workplace states.

Finally, within a structure of type pn, s, τq, the remaining infectious period lengths of
infected and recovered individuals decrease over time, according to the simple differential
equation τ 1k “ ´1tkďn´su. This leads to a closed system of Markovian dynamics which we
describe below.

Let KH and KW designate the number of households and workplaces, and xXk ptq “
pnXk , s

X
k ptq, τ

X
k ptqq for k P J1,KXK the type of the k-th household (X “ H) or workplace

(X “ W ) at time t. Our process of interest ζK “ pζH|K , ζW |Kq then can be described as
follows, for X P tH,W u and t ě 0:

ζ
X|K
t “

1
KX

KX
ÿ

k“1
δxX
k
ptq.

In words, ζH|K and ζW |K keep track of the distributions of household and workplace types
over time. A rigorous definition of the process ζK can be provided, as it is characterized as
the unique solution to a system of stochastic differential equations driven by Poisson point
processes (see Proposition 3.2.1).

Designate by E the structures’ state space, i.e.

E “ tpn, s, τq P J1, nmaxKˆ J0, nmaxKˆ Rnmax : s ď n; @j ą n´ s, τj “ 0u .

Let M1pEq be the space of probability measures on E. For f P C1
b pR` ˆ E,Rq, t ě 0 and

x P E, let ftpxq “ fpt, xq and

fI
t pxq “ xν, ftpjpx, ¨qqy “

ż `8

0
fpt, jpx, σqqνpdσq.

In order to study the large population convergence of pζKqK ě1, we make use of a tightness-
identification-uniqueness argument. For this purpose, the focus lies on the average of func-
tions f P C1

b pR` ˆ E,Rq with respect to ζX|KT , namely

xζ
X|K
T , fT y “

ż

E
fT pxqζ

X|K
T pdxq “

KX
ÿ

k“1
fT px

X
k pT qq.

Let us now introduce our convergence result. It requires some technical assumptions on
the sequence of initial conditions pζK0 qKě1, which however are not very restrictive. As a
consequence, they are not stated here and we refer to Assumption 3.3.1 for details.

Introduce the differential operator A defined by

@x “ pn, s, τq P E, Aftpxq “ Btfpt, xq ´
n´s
ÿ

k“1
Bτkfpt, xq.

Also, for any x “ pn, s, τq P E, let npxq “ n, spxq “ s and ipxq “ ipτq “
řn´s
k“1 1tτką0u be

the functions yielding the size, number of susceptible and number of infected members of a
structure in state x. Further, for X P tH,W u, X designates the opposite kind of structure,
i.e. X “ H1tX“W u `W1tX“Hu.

We are now ready to state our result.
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Theorem 1.3.1. Suppose that
`

ζK0
˘

Kě1 satisfies Assumption 3.3.1 and converges in law to
η0 P M1pEq

2. Then pζKqKě1 converges in D pR`,M1pEqq
2 to η “ pηH , ηW q defined as

the unique solution of the following system of Equations (1.6). For any f P C1
b pR`ˆE,Rq,

for any T ě 0 and X P tH,W u,

xηXT , fT y “ xη
X
0 , f0y `

ż T

0
xηXt ,Aftydt` λX

ż T

0
xηXt , sipfI

t ´ ftqydt

` λX

ż T

0

xηXt , siy
xηXt , sy

xηXt , spfI
t ´ ftqydt` βG

ż T

0

xηHt , iy
xηH0 ,ny

xηXt , spfI
t ´ ftqydt.

(1.6)

Additionally, it is possible to show that the marginals of ηX , conditioned on the structure’s
size n and number of susceptible members s, are absolutely continuous. Let ρX,n,s designate
the associated densities, for X P tH,W u, n P J1, nmaxK and s P J1, nK. Let

ΛXptq “ λX
xηXt , siy
xηXt , sy

` βG
xηHt , iy
xηH0 ,ny

.

Then the set of functions pρX,n,sq is a weak solution to the following differential equations:
for any τ P Rn´s and t P p0, T q,

BtρX,n,spt, τq´
n´s
ÿ

k“1
BτkρX,n,spt, τq “ ´spλXipτq ` ΛXptqqρX,n,spt, τq

` 1ts`1ďnups` 1q pλXipτ1,n´s´1q ` ΛXptqq ρX,n,s`1pt, τ1,n´s´1qgνpτn´sq,

where τ1,n´s´1 “ pτ1, . . . , τn´s´1q and with appropriate initial conditions. This relates the
measure-valued Equation (1.6) to a system of non-linear and nonlocal transport equations.

To summarize, Theorem 1.3.1 yields the exact epidemic dynamics in the large population
limit. The limiting object η is rich, as it conveys the epidemic state of households and
workplaces, with details on the remaining infectious periods of each individual who has been
in contact with the disease. As a consequence, η remains of infinite dimension: we would
thus like to achieve a stronger, finite dimensional model reduction, by considering a coarser
description of the population’s epidemic state.

Such a stronger reduced model can be obtained in the Markovian case, where ν is
exponentially distributed of parameter γ. Let sptq and iptq be the proportions of susceptible
and infectious individuals, respectively, in the population at time t according to distribution
ηt. Further introduce the set

S “ tpn´ i, iq : 2 ď n ď nmax, 0 ď i ď n´ 1u .

For pS, Iq P S and X P tH,W u, let nXS,Iptq be the proportion of households (X “ H) or
workplaces (X “W ) containing S susceptible and I infected individuals at time t, as given
by ηXt . Let us further introduce the following applications:

τGptq “ βGiptq, and τXptq “
λX

ř

kě1 kπ
X
k

ÿ

pS,IqPS
SI nXS,Iptq for X P tH,W u.
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Suppose that, at time 0, the remaining infectious period of each infected individual is sup-
posed to be distributed according to ν, independently from one another, and that a fraction
ε of uniformly chosen individuals are infected amidst an otherwise susceptible population.
Then the following result holds.

Theorem 1.3.2. The functions ps, i, nXS,I : X P tH,W u, pS, Iq P Sq are characterized as
being the unique solution of the following dynamical system: for any t ě 0, X P tH,W u
and pS, Iq P S,

d

dt
sptq “ ´pτHptq ` τW ptq ` τGptqsptqq,

d

dt
iptq “ ´

d

dt
sptq ´ γiptq,

d

dt
nXS,Iptq “ ´

ˆ

λXSI ` τXptq
S

sptq
` τGptqS ` γI

˙

nXS,Iptq

`γpI ` 1qnXS,I`1ptq1tS`Iănmaxu

`

ˆ

λXpS ` 1qpI ´ 1q ` τXptq
S ` 1
sptq

` τGptqpS ` 1q
˙

nXS`1,I´1ptq1tIě1u,

(1.7)

with appropriate initial conditions, detailed in Theorem 3.3.3.

Notice that dynamical system (1.7) describes a compartmental model, whose variables
include the proportions of households and workplaces having a given number of susceptible
and infected members. In particular, this implies that in the Markovian case, the correlation
of structure states due to common infected members does not need to be taken into account
to derive the correct epidemic dynamics. This allows to obtain a finite-dimensional reduced
model.

Nevertheless, the dynamical system’s dimension is of order Opn2
maxq. While this is advan-

tageous when compared to a household-workplace EBCM with Opn3
maxq equations (Section

3.3.2), it raises the question whether numerically solving the dynamical system is pertinent
compared to stochastic simulations. Numerical explorations suggest that for large parts of
the parameter space, solving dynamical system (1.7) is significantly faster than the simula-
tion of a single stochastic trajectory of the original epidemic process. This indicates that our
obtained reduced model can be a pertinent choice for simulation studies.

1.3.3 Chapter 4 - Sensitivity of the reduction accuracy to network and epi-
demic parameters

The aim of this chapter is to investigate and quantify the impact of both network and epi-
demic parameters on the accuracy of the two reduced models introduced in the previous
chapters. The motivations behind this study are twofold. First, it allows to identify the con-
ditions under which using either reduced model yields a good approximation of the epidemic.
Second, for each reduction, it points out parameters which strongly influence the approxi-
mation quality: the reduction would thus benefit from precise inference of these parameters,
highlighting where estimation effort needs to be invested.

Let us recall here that our two model reductions consist in complementary approaches.
On the one hand, the uniformly mixing reduced model from Chapter 2 is very parsimonious,
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robust to model variations, but there are no theoretical guarantees on its accuracy. On the
other hand, the large population limit of Chapter 3 is certain to be asymptotically exact,
but only under the assumption that the contact network is exactly given by the household-
workplace model. As a consequence, our sensitivity study explores two different angles,
depending on the strengths and weaknesses of each reduced model.

First, let us consider the uniformly mixing reduced model of Chapter 2. Given the
absence of theoretical guarantees on its accuracy, we previously have explored numerically the
parameter space to identify regions where the reduction is pertinent. Here, we complement
this approach with a global sensitivity analysis based on Sobol’s variance decomposition.
This allows to quantify the parameters’ influence, and check if these results are consistent
with previous conclusions from Chapter 2.

For this purpose, we focus on the household-workplace model, whose parameters are the
structure size distributions pπH , πW q, contact rates pβG, λH , λW q and recovery rate γ, as
explained in Section 1.1.2. Here, we explore the impact of the contact rates only, and keep
fixed all other parameters. We conceive an experimental design allowing to cover a pertinent
domain of the contact rate parameter space, based on the epidemic scenarios of Chapter 2.
We then numerically compute Sobol’s main and total indices for our quantities of interest,
namely the differences of the peak or final size predicted by the uniformly mixing reduced
model of Chapter 2, and by the large population limit of Chapter 3.

The obtained results are qualitatively very different for peak and final size. For the peak
size, all three contact rates have equally significant impact on the prediction accuracy of
the uniformly mixing reduced model, with almost no interaction effects. For the final size,
however, the contact rate within the general population is responsible for a large majority of
the output variance, with some minor interaction effects. Notably, this seems coherent with
the results from Chapter 2, which indicated that the final size prediction performs better
when the proportion of infections in the general population is high.

Second, we focus on the reduced model derived in Chapter 3 as the large population limit
of the household-workplace model, thus yielding asymptotically exact dynamics. However,
this result relies on the choice of the contact network which contains two strong assumptions:
(1) the independence of structure choices of all individuals, and (2) uniform mixing within all
structures. Notably, both are simplifications of real-life settings: for example, couples may
share a workplace, and empirical studies are not consistent with workplaces being uniformly
mixing. But, if they are relaxed, does the large population limit of Chapter 3 still give a
good approximation of an epidemic spreading on that contact network?

In order to address this question, we propose a generalized household-workplace model
which in general does not comply to assumptions (1) and (2). As previously, the (asymptotic)
household and workplace size distributions are given by πH and πW , respectively. Intuitively,
the first difference with the household-workplace model is that within each household, several
individuals choose their workplace together, each household member participating in that
choice with probability q. Additionally, for workplaces of size n, the within-workplace contact
network takes the form of an Erdös-Rényi graph Gpn, ρpnqq, where n ÞÑ ρpnq is a non-
increasing function, which attains its minimal value p at n “ nmax ă 8. In particular, the
household-workplace model is recovered if p “ 1 and q “ 0. Throughout the following, we
vary the within-workplace density p and structure overlap q.
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Regarding epidemic spread, we consider SIR dynamics, as in the previous chapters. The
parametrization remains the same, with contact rates βG, λH , λW specific to each layer
and recovery rate γ ą 0. The only difference lies in the interpretation of the contact rate
λW , which now represents the rate at which contacts occurs along each edge of the within-
workplace network. In particular, if the within-workplace contact network is a complete graph
and contains s susceptible and i infected members, this still yields infections at rate λW si,
as expected.

We concentrate on the differences in the predictions of either peak or final size, be-
tween the generalized household-workplace model and the large population limit of Chapter
3. These differences are computed numerically, covering several epidemic parameter sets,
structure size distributions and values of pp, qq. Our findings suggest that for a significant
part of the explored parameter space, the large population limit gives a satisfying predic-
tion (within an error margin of roughly 5%). Further, the within-workplace density p has
a stronger impact than structure overlap q. Hence, taking into account a more detailed
description of within-workplace contacts would be worth investigating.

These results are ongoing work. In particular, a wider sensitivity study is planned, which
allows to assess the robustness of our present conclusions. These perspectives are detailed
at the end of Chapter 4.

1.3.4 Chapter 5 - On spinal constructions for interacting populations

The previous chapters have allowed to propose reduced models which give access to macro-
scopic properties of the household-workplace model, such as the proportion of infected in the
population, or the proportion of households containing a given number of susceptible and
infected members. However, they are not designed for capturing microscopic aspects, such
as chains of infections, which yield a detailed understanding of how the epidemic spreads in
the network.

In order to track contamination chains, an analogy can be made between the tree of
infections and a genealogical tree: infection events correspond to births, and recovery events
to deaths. As a consequence, chains of infections then amount to ancestral lineages. While
the study of such lineages is classical for the branching approximation which holds at the
beginning of the epidemic, understanding them outside of the branching regime is an active
field of research (Bansaye, 2024; Calvez et al., 2022; Duchamps et al., 2023; Medous, 2023).

Throughout this chapter, we thus consider the general setting of stochastic, density-
dependent population processes, as our results are not restricted to epidemic models since
such dynamics arise in other domains, including ecology. Here, we make some simplifying as-
sumptions, notably that the individual’s type space is finite. Indeed, the household-workplace
model points out interesting difficulties, both technical and due to the representation of the
process allowing to make emerge the infection tree, which are motivating perspectives for
a future work. However, our results already open the door to pertinent applications in
epidemiology, including models with contact heterogeneity, as emphasized in the chapter’s
discussion.

More precisely, the aim of this work is to study ancestral lineages of an individual which
is sampled at some time t ą 0 in a population. For branching processes, such a typical
lineage reduces to a Markov process, thanks to the many-to-one formula (Harris et al., 2016;
Harris and Roberts, 2017), which is related to Feynman-Kac path equations (Del Moral,
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2004, Sections 1.3 and 1.4.4). This so-called spinal construction greatly simplifies the study
of typical lineages, both on the theoretical side as the reduced model is a Markov process,
and from the numerical point of view as simulations are less demanding in computation time.

Recently, Bansaye, 2024 has developed a spinal process for multi-type populations with
interaction, i.e. where reproduction rates depend on the population state. In this case,
the author focuses on the lineage of an individual sampled at time t ą 0 with probability
proportional to ψpx, zq, where x is the individual’s type, z the current population type
composition, and ψ a positive function on the appropriate space. A many-to-one formula
relating such a lineage to a ψ-spinal process is established, both in finite populations and in
the large population limit.

Here, we address some of the drawbacks and open questions of this approach. Namely,
we first propose an alternative many-to-one formula, relating a ψ-sampled lineage to a time-
inhomogeneous Markov process. This allows for a lager class of sampling strategies ψ, and
can be easier to interpret and potentially numerically advantageous compared to the ψ-spine.
Second, we focus on quantifying the convergence of the ψ-spine to its large population limit.

In order to introduce our time-inhomogeneous spinal construction, let us give a brief
description of the population process. We consider a population whose size is bounded by
K ă 8. Each individual is characterized by a type x P X , where X is a finite set. The
population is described by the vector z “ pzx, x P X q belonging to the set ZK “ tz P
pN Y t0uqCardpX q : }z}1 ď Ku. Here, zx counts the number of individuals of type x. In a
population of composition z, each individual of type x dies and leaves offspring k P ZK at
rate τkpx, zq. This means that the population composition jumps from z to z ` k ´ epxq,
where pepxq, x P X q is the canonical basis of ZK . The rate τkpx, zq is supposed to be zero
if the resulting population exceeds K individuals.

We let Gptq be the set of individuals alive at time t, write u ľ v if individual u is a
descendant of v and xupsq for the type of the unique ancestor of u alive at time s ď t. The
population process of interest is then given by Xptq “

ř

uPGptq δpu,xuptqq, and Zptq designates
the associated population type composition, at time t ě 0. Finally, for px, zq P SK “

tpx, zq P X ˆZK : zx ě 1u, we consider Xpx, zq to yield an appropriate initial condition for
X, such that the population is of composition z with one distinguished individual ux of type
x.

We are now ready to give an intuitive description of our spinal process, which is inspired
by Marguet, 2019 in continuation with which we refer to it as the ψ-auxiliary process. Let
t ě 0 be the time at which sampling takes place. Similarly to Bansaye, 2024, our spinal
process needs to take into account both the spine’s type Y ptq, and the composition of the
population ζptq, due to the density-dependence of reproduction rates. Both reproduction
rates of the spine and outside of it need to be biased, and this bias relies on the application
mψ defined as follows. For any px, zq P SK , for any s P r0, ts,

mψpx, z, t´ sq “ E
”

ÿ

uPGptq, uľux

ψpxuptq, Zptqq
ˇ

ˇ

ˇ
Xpsq “ Xpx, zq

ı

.

This corresponds to the ψ-weighted average of the types of individuals alive at time t,
whose ancestor at time s was a given individual of type x in a population of composition z.
Throughout the following, we require mψ to be a positive function.
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Assume now that at time s P r0, ts, the population is of composition z and the spine
of type x. Then on the one hand, the spine reproduces, leaves descendance k P ZK and
switches to type y at rate

τkpx, zqky
mψpy, z` k´ epxq, t´ sq

mψpx, z, t´ sq
.

In other words, such a transition is more likely if it increases the ψ-average of the spine’s
descendance at time t. Similarly, an individual of type y P X other than the spine leaves
descendance k at rate

τkpy, zq
mψpx, z` k´ epyq, t´ sq

mψpx, z, t´ sq
.

Again, this transition rate is positively biased if it yields a more favorable environment for
the spine, in the sense that the ψ-average of the spine’s descendance at time t is greater if
at time s, the population is of composition z` k´ epyq than if it is of composition z. The
spinal process pY ptqpsq, ζptqpsqqsďt is thus a time-inhomogeneous Markov process, which can
be rigorously defined as the unique solution to a system of SDEs (see Proposition 5.3.2).

The heart of the chapter is the following many-to-one formula. We let EXpx,zq and Epx,zq
designate respectively the expectation conditionally on the events tXp0q “ Xpx, zqu and
tpY ptqp0q, ζptqp0qq “ px, zqu.

Theorem 1.3.3. For any t ě 0 and any measurable function F : Dpr0, ts,SKq Ñ R`, for
any px, zq P SK ,

EXpx,zq

”

ÿ

uPGptq, uľux

ψpxuptq, ZptqqF ppxupsq, Zpsqqsďtq
ı

“ mψpx, z, tqEpx,zqrF ppY ptqpsq, ζptqpsqqsďtqs.
(1.8)

The proof relies on identifying both sides of Equation (1.8) through the infinitesimal gen-
erators of the associated time-inhomogeneous, conservative semi-groups. This corresponds
to exhibiting a time-inhomogeneous change in probability, inspired by Marguet, 2019, which
relates the ψ-typical lineage of the population process to the ψ-auxiliary process.

Let us emphasize here that our assumption mψ ą 0 is less restrictive than ψ ą 0.
Notably, it allows to sample directly within subpopulations, which can find pertinent appli-
cations. For example, the ψ-auxiliary process may specifically capture contamination chains
leading to infections of vulnerable individuals, such as the elderly, at time t. We refer to
Chapter 5 for a more detailed discussion on strengths and weaknesses of the obtained spinal
process.

Second, we consider the ψ-spine introduced in Bansaye, 2024, and quantify its conver-
gence to its large population limit. We first set the context for this study. Let d “ CardpX q.
For a population of size at most K, we let ZKptq P r0, 1sd be its population state at time t,
defined as its type composition normalized by K. Further, for any k P pN Y t0uqd, the re-
production rate τk : X ˆr0, 1sd Ñ R` depends on the reproducing individual’s type and the
population state only, and the set tk : τk ‰ 0u is finite. Under mild conditions, the sequence
of processes pZKqKě1 then converges in probability, uniformly on finite time intervals, to a
deterministic function z : R` Ñ r0, 1sd which is solution to a dynamical system.
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Consider an application ψ : X ˆ r0, 1sd Ñ R` which is continuous on X ˆ r0, 1sd and
continuously differentiable on X ˆ p0, 1qd. Let ψK be defined by ψKpx, zq “ ψpx, z{Kq for
px, zq P SK . The ψK-spine can be described as follows. Assume that the population is in
state z P r0, 1sd, and that the spine is of type x P X . Then the spine leaves descendance
k P pNY t0uqd and becomes of type y at rate

τkpx, zqky
ψpy, z` pk´ epxqq{Kq

ψpx, zq .

Similarly, an individual of type y P X other than the spine leaves descendance k at rate

τkpy, zq
ψpx, z` pk´ epyqq{Kq

ψpx, zq .

The associated sequence of ψK-spinal processes pY K , ζKqKě1, whose components de-
scribe the spine’s type and population state, converges in law to pΥ, zq, where Υ is a
time-inhomogeneous Markov process. More precisely, at time s ě 0, Υ jumps from x P X
to y P X at rate

ÿ

kPpNYt0uqd
kyτkpx, zpsqq

ψpy, zpsqq

ψpx, zpsqq
.

Here, we do not go further into detail, and refer to Section 5.2.2 for assumptions and results
of Bansaye, 2024.

Notably, the fluctuations of ZK around its deterministic limit z are well understood,
classical regimes being gaussian fluctuations, moderate and large deviations (Ethier and
Kurtz, 1986, Chapter 11; Britton and Pardoux, 2019b; Pardoux, 2020). Technically, these
results do not transfer immediately to ζK as it distinguishes one individual, the spine, from
the general dynamics. Intuitively, however, such control of fluctuations should hold, as the
impact of the spine becomes negligible in the large population limit. Here, we thus work
under Assumption 5.4.3 that there exist non-negative sequences ptKqKě1, pεKqKě1 and
pαKqKě1 such that, for every K ě 1,

P

˜

sup
sPr0,tK s

}ζKpsq ´ zpsq}1 ě εK

¸

ď αK .

The general idea is to transfer this control of the convergence of pζKqKě1 to z, to the
convergence of pY KqKě1 to Υ. This further requires some regularity of the reproduction
rates, which are assumed to be Lipschitz-continuous (Assumption 5.4.2). Finally, a coupling
argument leads to the following result:

Theorem 1.3.4. Under Assumptions 5.4.2 and 5.4.3, there exists C ą 0 such that for every
K ě 1,

PpDt ď tK : Y Kptq ‰ Υptqq ď αK ` CpεK `K
´1qtK .

In particular, if the sequences ptK{KqKě1, ptKεKqKě1 and pαKqKě1 tend to zero as K
goes to infinity, with ptKqKě1 converging to t8 P R` Y t8u, the coupling is asymptotically
exact on r0, t8s. In this regard, a particularly promising regime is that of moderate deviations
in presence of an asymptotically stable equilibrium, a setting which emerges for instance in
endemic models (Pardoux, 2020; Prodhomme, 2023). We refer to the discussion of Chapter
5 for detail.



52 CHAPTER 1. INTRODUCTION

1.4 Contributions principales de la thèse

Dans cette section, nous introduisons et résumons les résultats des Chapitres 2 à 5. La
Figure 1.11 donne une vue d’ensemble des modèles considérés et des connexions entre-eux,
indiquant le centre d’attention de chaque chapitre. Notamment, les Chapitres 2 à 4 visent
à proposer et analyser des modèles réduits qui approchent le modèle foyer-travail, introduit
en Section 1.1.2. Ici, nous rappelons la définition de ses paramètres, car ils seront utilisés
dans les sections suivantes :

• πH et πW désignent les distributions de tailles des foyers et lieux de travail. Nous
supposons que la taille maximale nmax des foyers et lieux de travail est finie.

• βG, λH et λW sont les taux de contact au sein de chaque couche du graphe : en
population générale, dans les foyers et dans les lieux de travail.

• Les durées des périodes infectieuses sont distribuées selon une mesure de probabilité
ν sur R`, supposée absolument continue par rapport à la mesure de Lebesgue. Dans
le cas Markovien, ν est exponentiellement distribuée de paramètre γ, qui correspond
alors au taux de guérison.

Nous pouvons maintenant nous intéresser aux contributions de cette thèse.

1.4.1 Chapitre 2 - L’empreinte épidémique des structures de contact

Ce chapitre est basé sur la prépublication ”The epidemiological footprint of contact structures
in models with two levels of mixing”, réalisée en collaboration avec Vincent Bansaye, François
Deslandes et Elisabeta Vergu (Bansaye et al., 2023a).

Les structures de contact telles que les foyers, lieux de travail et écoles sont des com-
posantes naturelles des réseaux de contact humain, qui sont donc agglomérés. Or, il est bien
connu que le clustering a un impact significatif sur l’épidémie (House and Keeling, 2011), et
que cet effet dépend de la façon dont le clustering est implémenté au sein du réseau (Volz
et al., 2011). De plus, si l’on cherche à analyser certaines mesures de contrôle comme le
télétravail ou la fermeture des écoles, Di Lauro et al., 2021 ont montré que la façon dont
les contacts sont représentés par le modèle mathématique modifie les prédictions quant à
l’effet de ces interventions. Puisque le télétravail agit en modifiant la distribution des tailles
de lieux de travail, la question suivante se pose donc : quel est l’impact sur l’épidémie de la
distribution des tailles de sous-groupes fortement connectés, tels que les lieux de travail ?

Étant donné l’impact du choix de la modélisation des contacts sur l’épidémie et l’effet des
mesures de contrôle, cette question sera abordée en étudiant le modèle foyer-travail, puisqu’il
distingue explicitement les contacts au sein des foyers et lieux de travail. Comme illustré par la
suite, l’impact épidémique de telles petites structures de contact est significatif mais subtile,
n’admettant pas d’expression analytique immédiate. Par conséquent, nous proposons deux
indicateurs pour cet impact épidémique qui s’avéreront liés à deux autres enjeux majeurs :
la conception de stratégies de télétravail efficaces, et la réduction du modèle.

Pour cela, nous avons étudié numériquement le modèle foyer-travail. Nous explorons par
simulations stochastiques plusieurs jeux de paramètres épidémiques, inspirés de la COVID-19,
de la grippe et de la varicelle. Ces scénarios sont combinés avec une variété de distributions
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de tailles de lieux de travail, parmi lesquelles une distribution de référence basée sur les tailles
de lieux de travail en Ile-de-France (INSEE, 2018). Au contraire, la distribution des tailles
de foyers est fixée, car elle n’est généralement pas modifiée par les mesures de contrôle, et
correspond à celle observée en France (INSEE, 2018).

Nous commençons par comparer deux stratégies de télétravail. La première consiste en
une approche näıve, où le nombre d’employés autorisés en présentiel est proportionnel à
la taille du lieu de travail (stratégie linéaire), tandis que ce nombre est proportionnel à la
racine carrée de la taille du lieu de travail pour la seconde stratégie (stratégie sous-linéaire).
Nous observons que la stratégie sous-linéaire est la plus performante des deux : à taux de
télétravail fixé, la réduction de la taille du pique et de la taille finale est plus forte si on utilise
la stratégie sous-linéaire au lieu de celle linéaire. Remarquons ici qu’à taux de télétravail fixé,
le nombre moyen d’employés en présentiel par lieu de travail est fixé également, puisque le
nombre de lieux de travail est constant par essence.

Ainsi, nous cherchons à proposer un indicateur de l’impact épidémique de la distribution
des tailles de lieux de travail πW , à moyenne fixée. Par simulation, nous montrons qu’en ce
cas, le taux de croissance épidémique, la taille du pique et la taille finale sont linéairement
corrélés à la variance de πW , qui correspond donc à notre premier indicateur. En particulier,
la stratégie de télétravail sous-linéaire induit par construction une réduction plus forte de
la variance du nombre d’employés en présentiel que la stratégie linéaire. Cela illustre la
pertinence de tels indicateurs, qui peuvent être mis en pratique pour concevoir des stratégies
de contrôle efficaces.

Néanmoins, de telles explorations numériques présentent l’inconvénient que les simula-
tions du modèle stochastique foyer-travail sont gourmandes en temps de calcul, en particulier
pour de grandes populations. De surcrôıt, le modèle foyer-travail peut être délicat à cali-
brer en pratique, car il requière une bonne connaissance à la fois des paramètres du réseau
et des paramètres épidémiques. Nous visons donc ensuite à développer un modèle réduit
parcimonieux qui approche la dynamique du modèle foyer-travail. Plus précisément, nous
proposons d’utiliser un modèle SIR déterministe, uniformément mélangeant, qui ne dépend
que de deux paramètres : un taux de guérison γ et un taux de contact réduit β. Nous
supposons que le taux de guérison γ est connu, ce qui est généralement le cas par expertise
médicale, et il ne reste donc qu’à déterminer le taux de contact.

Deux façons naturelles de procéder seraient de choisir β de sorte que le modèle réduit
et le modèle initial partagent soit le même nombre de reproduction, soit le même taux de
croissance épidémique. D’une part, contrairement au cas uniformément mélangeant, il existe
plusieurs nombres de reproduction pour le modèle foyer-travail (Ball et al., 2016). D’autre
part, le taux de croissance épidémique est caractérisé pour notre modèle comme l’unique
solution d’une équation implicite (Pellis et al., 2011), pour laquelle nous développons des
formules partiellement plus explicites. Par conséquent, nous choisissons de calibrer le modèle
réduit en utilisant le taux de croissance épidémique r, menant au système d’équations suivant,
qui décrit les dynamiques des proportions de susceptibles s et infectés i :

s1ptq “ ´pγ ` rqsi, i1ptq “ pγ ` rqsi´ γi.

Afin d’évaluer la performance de ce modèle réduit, nous calculons par simulations l’erreur
d’approximation pour la taille du pique et la taille finale, en considérant une variété de
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scénarios épidémiques et de distributions de tailles de lieux de travail. Dans la plupart des
cas, l’erreur commise est inférieure à 5%, ce qui est satisfaisant. De plus, nous remarquons
que le modèle réduit approche mieux la taille du pique que la taille finale, ce qui est cohérent
avec le fait qu’il ait été calibré sur la phase initiale de croissance exponentielle. Nous avons
également évalué la robustesse de cette approche à diverses variations du modèle, à savoir
en considérant un modèle SEIR, des périodes infectieuses distribuées selon une loi Gamma
(i.e. sortant du cadre Markovien) ou encore des taux d’infection sous-linéaires au sein des
structures. Dans tous les cas, l’approximation est raisonnable.

Cette réduction de modèle a plusieurs points forts. Elle est élégamment parcimonieuse,
et relativement aisée à calibrer à partir de données, puisqu’elle ne repose que sur les taux
de guérison et de croissance épidémique. En particulier, cela est avantageux en comparaison
avec del Valle Rafo et al., 2021. Par ailleurs, ces résultats établissent que le taux de croissance
épidémique est un bon indicateur de l’impact épidémique des distributions des tailles de
structures πH et πW .

Néanmoins, il y a aussi quelques inconvénients. En effet, comme mentionné précé-
demment, la précision de ce modèle réduit décrôıt au cours du temps, et il n’y a ni garanties
théoriques sur la qualité de l’approximation, ni quantifications analytiques de l’erreur com-
mise. Cela motive le développement d’un autre modèle réduit, qui complémente cette
première approche. Ce sera l’enjeu du chapitre suivant.

1.4.2 Chapitre 3 - Limite grande population d’un modèle SIR multicouche
incluant foyers et lieux de travail

Ce chapitre est basé sur la prépublication ”Large population limit for a multilayer SIR model
including households and workplaces” (Kubasch, 2023).

Nous étudions la limite grande population du modèle foyer-travail, ce qui nous permet de
dériver un modèle réduit correspondant aux dynamiques épidémiques exactes en population
infinie. Nous commençons par formaliser l’épidémie en population de taille finie K en tant
que processus de Markov à valeur mesure. En effet, cela correspond à un cadre mathématique
favorable pour l’étude de la limite grande population grâce au problème de martingale associé
(e.g. Fournier and Méléard, 2004). Néanmoins, dans notre cas, cela n’est pas immédiat car
les individus infectés corrèlent l’état épidémique de leur foyer et lieu de travail. Cela est
illustré par les évènements de guérison, puisqu’un infecté doit guérir simultanément dans les
deux structures auxquelles il appartient. Par conséquent, la description intuitive des foyers et
lieux de travail par le nombre de membres susceptibles, infectés ou guéris se révèle insuffisante
pour représenter correctement la dynamique épidémique.

Pour y remédier, nous proposons d’incorporer à la description des structures la durée
restante des périodes infectieuses des individus ayant été en contact avec la maladie, des
approches similaires existant pour l’approximation branchement (Ball et al., 2014). En
particulier, nous obtenons donc des dynamiques semblables aux modèles structurés en âge
(Tran, 2006), ce qui nous permet de considérer une large gamme de distributions de la durée
des périodes infectieuses tout en restant dans un cadre Markovien.

Remarquons ici que nous sommes en présence de deux sources d’aléa : la première
correspond à la réalisation du réseau de contact, et la seconde à la propagation du processus
épidémique. Notre modèle de graphe aléatoire, dont la construction est détaillée au Chapitre
3, assure que chaque individu choisit son foyer et son lieu de travail indépendamment l’un de
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l’autre, et des autres individus. De plus, la suite obtenue de réseaux de contact en population
de taille K ě 1 converge presque sûrement vers un réseau foyer-travail de taille infinie, où
les distributions de tailles des foyers et lieux de travail sont données précisément par πH et
πW , respectivement. Ici, nous considérons une réalisation donnée pGKqKě1 de cette suite
pour laquelle cette convergence a lieu, et nous ne soulignerons donc plus l’aléa lié au réseau
de contact.

Étant donnée cette réalisation du réseau de contact pour une population de taille K,
nous pouvons maintenant décrire le processus épidémique par un modèle basé sur agents,
dont les agents sont les foyers et lieux de travail. Chaque structure est caractérisée par sa
taille n, le nombre de membres susceptibles s et un vecteur τ P Rnmax qui représente les
membres infectés et guéris. Plus précisément, pour k ď n ´ s, τk est la durée restante de
la période infectieuse du k-ème membre ayant contracté la maladie : si τk ą 0, l’individu
reste infectieux pour τk unités de temps, sinon il est guéri depuis |τk| unités de temps. Pour
k ą n´ s, τk “ 0 par défaut.

Détaillons maintenant l’évolution des types de structures au cours du temps. Suite à un
évènement d’infection, le type du foyer du nouvel infecté saute de x “ pn, s, τq à

jpx, σq “ pn, s´ 1, τ ` σepn´ s` 1qq,

pour σ ą 0, pepkq, k P J1, nmaxKq étant la base canonique de Rnmax . En effet, il y a un
susceptible de moins, et le nouvel infecté est le pn ´ s ` 1q-ème membre du foyer à être
contaminé. La composante correspondante de τ est donc initialisée à une valeur σ distribuée
selon ν. Simultanément, le lieu de travail du nouvel infecté change de type de façon analogue,
en utilisant la même réalisation σ de la durée de période infectieuse.

Un tel évènement d’infection peut faire suite à une contamination au sein d’un foyer
(X “ H) ou lieu de travail (X “ W ) de type pn, s, τq, au taux λXs

řn´s
k“1 1tτką0u où

nous rappelons que λH et λW désignent respectivement les taux de contact un-pour-un
au sein des foyers et lieux de travail. La troisième source d’infection est la population
générale, uniformément mélangeante de taux de contact un-pour-tous βG. Au sein de celle-
ci, une infection se produit donc au taux βGSI{K, où S et I correspondent au nombre de
susceptibles et infectés dans la population qui peuvent être déduits des types des foyers et
lieux de travail.

Enfin, au sein d’une structure de type pn, s, τq, la durée restante des périodes infectieuses
des membres infectés ou guéris décrôıt au cours du temps, suivant l’équation différentielle
τ 1k “ ´1tkďn´su. Ainsi, nous obtenons un système fermé de dynamiques Markoviennes,
décrit ci-dessous.

Soient KH et KW les nombres de foyers et lieux de travail, et xXk ptq “ pnXk , sXk ptq, τXk ptqq
pour k P J1,KXK le type du k-ème foyer (X “ H) ou lieu de travail (X “ W ) au temps
t. Notre processus d’intérêt ζK “ pζH|K , ζW |Kq peut alors être décrit comme suit, pour
X P tH,W u et t ě 0 :

ζ
X|K
t “

1
KX

KX
ÿ

k“1
δxX
k
ptq.

Intuitivement, ζH|K et ζW |K correspondent aux distributions de types de foyers et lieux de
travail, au cours du temps. Une définition rigoureuse du processus ζK peut être obtenue en
tant qu’unique solution d’un système d’équations différentielles stochastiques par rapport à
des processus ponctuels de Poisson (voir Proposition 3.2.1).
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Désignons par E l’espace de types des structures, i.e.

E “ tpn, s, τq P J1, nmaxKˆ J0, nmaxKˆ Rnmax : s ď n; @j ą n´ s, τj “ 0u .

Soit M1pEq l’espace de mesures de probabilité sur E. Pour f P C1
b pR` ˆ E,Rq, t ě 0 et

x P E, soit ftpxq “ fpt, xq et

fI
t pxq “ xν, ftpjpx, ¨qqy “

ż `8

0
fpt, jpx, σqqνpdσq.

Afin d’étudier la convergence de pζKqK ě1 en grande population, nous utilisons un argu-
ment de tension-identification-unicité. Pour cela, nous nous concentrons sur la moyenne de
fonctions f P C1

b pR` ˆ E,Rq par rapport à ζX|KT , c’est-à-dire

xζ
X|K
T , fT y “

ż

E
fT pxqζ

X|K
T pdxq “

KX
ÿ

k“1
fT px

X
k pT qq.

Introduisons maintenant notre résultat de convergence. Celui-ci nécessite quelques hy-
pothèses techniques sur la suite de conditions initiales pζK0 qKě1, qui ne sont toutefois pas
très restrictives. Par conséquent, nous ne les détaillons pas ici et renvoyons à l’Hypothèse
3.3.1.

Considérons l’opérateur différentiel A défini par

@x “ pn, s, τq P E, Aftpxq “ Btfpt, xq ´
n´s
ÿ

k“1
Bτkfpt, xq.

Alors, pour tout x “ pn, s, τq P E, soient npxq “ n, spxq “ s et ipxq “ ipτq “
řn´s
k“1 1tτką0u

les fonctions qui à une structure de type x, associent sa taille, le nombre de membres
susceptibles et le nombre de membres infectés. De plus, pour X P tH,W u, X désigne
l’autre sorte de structure, i.e. X “ H1tX“W u `W1tX“Hu.

Nous pouvons désormais énoncer notre résultat.

Theorem 1.4.1. Supposons que
`

ζK0
˘

Kě1 satisfait Hypothèse 3.3.1 et converge en loi vers
η0 P M1pEq

2. Alors pζKqKě1 converge dans D pR`,M1pEqq
2 vers η “ pηH , ηW q défini

comme l’unique solution du système suivant d’Équations (1.9). Pour tout f P C1
b pR`ˆE,Rq,

pour tout T ě 0 et X P tH,W u,

xηXT , fT y “ xη
X
0 , f0y `

ż T

0
xηXt ,Aftydt` λX

ż T

0
xηXt , sipfI

t ´ ftqydt

` λX

ż T

0

xηXt , siy
xηXt , sy

xηXt , spfI
t ´ ftqydt` βG

ż T

0

xηHt , iy
xηH0 ,ny

xηXt , spfI
t ´ ftqydt.

(1.9)

De plus, il est possible de montrer que les marginales de ηX , conditionnellement à la taille
n de la structure et au nombre s de susceptibles qu’elle contient, sont absolument continues.
Soient ρX,n,s les densités associées, pour X P tH,W u, n P J1, nmaxK et s P J1, nK. Soit

ΛXptq “ λX
xηXt , siy
xηXt , sy

` βG
xηHt , iy
xηH0 ,ny

.
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Alors la famille de fonctions pρX,n,sq est une solution faible de l’équation différentielle suiv-
ante: pour tout τ P Rn´s et t P p0, T q,

BtρX,n,spt, τq´
n´s
ÿ

k“1
BτkρX,n,spt, τq “ ´spλXipτq ` ΛXptqqρX,n,spt, τq

` 1ts`1ďnups` 1q pλXipτ1,n´s´1q ` ΛXptqq ρX,n,s`1pt, τ1,n´s´1qgνpτn´sq,

où τ1,n´s´1 “ pτ1, . . . , τn´s´1q et avec des conditions initiales appropriées. Cela relit
l’Équation valeur mesure (1.6) à un système d’équations de transport non-linéaires et non
locales.

Pour résumer, Théorème 1.4.1 donne accès aux dynamiques épidémiques exactes dans
la limite grande population. L’objet limit η est riche, puisqu’il contient des informations
détaillées sur l’état épidémique des foyers et lieux de travail, dont la durée restante de la
période infectieuse de chaque individu ayant été en contact avec la maladie. Par conséquent,
η reste infini-dimensionnel : nous aimerions donc obtenir une réduction plus forte, fini-
dimensionnelle, en adoptant une description plus grossière de l’état épidémique de la popu-
lation.

Une telle réduction plus forte peut être obtenue dans la cas Markovien où ν est ex-
ponentiellement distribuée, de paramètre γ. Soient sptq et iptq les proportions d’individus
respectivement susceptibles ou infectés, dans une population au temps t selon la distribution
ηt. Par ailleurs, introduisons l’ensemble

S “ tpn´ i, iq : 2 ď n ď nmax, 0 ď i ď n´ 1u .

Pour pS, Iq P S et X P tH,W u, soit nXS,Iptq la proportion de foyers (X “ H) ou lieux de
travail (X “W ) contenant S susceptibles et I infectés au temps t, selon ηXt . Introduisons
de plus les applications suivantes :

τGptq “ βGiptq, et τXptq “
λX

ř

kě1 kπ
X
k

ÿ

pS,IqPS
SI nXS,Iptq pour X P tH,W u.

Supposons que, au temps 0, les durées restantes des périodes infectieuses des infectés sont
i.i.d. de loi ν, et qu’une fraction ε de la population est infectée uniformément au hasard, les
autres étant susceptibles. Alors nous obtenons le résultat suivant.

Theorem 1.4.2. Les fonctions ps, i, nXS,I : X P tH,W u, pS, Iq P Sq sont caractérisées
comme étant l’unique solution du système dynamique suivant : pour tout t ě 0, X P tH,W u
et pS, Iq P S,

d

dt
sptq “ ´pτHptq ` τW ptq ` τGptqsptqq,

d

dt
iptq “ ´

d

dt
sptq ´ γiptq,

d

dt
nXS,Iptq “ ´

ˆ

λXSI ` τXptq
S

sptq
` τGptqS ` γI

˙

nXS,Iptq

`γpI ` 1qnXS,I`1ptq1tS`Iănmaxu

`

ˆ

λXpS ` 1qpI ´ 1q ` τXptq
S ` 1
sptq

` τGptqpS ` 1q
˙

nXS`1,I´1ptq1tIě1u,

(1.10)
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avec des conditions initiales appropriées, détaillées dans l’énoncé du Théorème 3.3.3.

Remarquons que le système dynamique (1.10) décrit un modèle compartimental, dont les
variables incluent les proportions de foyers et lieux de travail contenant un certain nombre
de susceptibles et infectés. En particulier, cela implique que dans le cadre Markovien, la
corrélation des états sanitaires des structures due aux infectés n’a pas besoin d’être prise
en compte pour bien décrire la dynamique épidémique. C’est ce qui permet d’obtenir une
réduction fini-dimensionnelle.

Néanmoins, le système dynamique est d’ordre Opn2
maxq. Bien que ceci soit avantageux

en comparaison d’un modèle EBCM foyer-travail à Opn3
maxq équations (Section 3.3.2), cela

soulève la question si la résolution numérique du système dynamique est pertinente vis-à-vis
des simulations stochastiques. Des explorations numériques suggèrent que sur une large
partie de l’espace de paramètres, résoudre le système dynamique (1.10) est significativement
plus rapide que la simulation d’une trajectoire stochastique du processus épidémique initial.
Cela indique que le modèle réduit obtenu peut être un choix pertinent pour des études par
simulations.

1.4.3 Chapitre 4 - Étude de la sensibilité de la précision de réduction aux
paramètres du réseau et de l’épidémie

L’objectif de ce chapitre est d’investiguer et quantifier l’impact des paramètres du réseau de
contact et des paramètres épidémiques sur la précision des deux modèles réduits introduits
dans les chapitres précédents. En effet, cela permet d’identifier les conditions sous lesquelles
chacun de ces modèles réduits fournit une bonne approximation de l’épidémie. De plus,
pour chaque réduction, cela met en lumière les paramètres influençant le plus la qualité
d’approximation : la réduction bénéficierait donc d’une inférence précise de ces paramètres,
indiquant l’importance de l’estimation de ces derniers.

Rappelons ici que les deux modèles réduits consistent en des approches complémentaires.
D’une part, le modèle réduit uniformément mélangeant du Chapitre 2 est très parcimonieux,
robuste aux variations du modèle, mais sans garanties théoriques de précision. D’autre part,
la limite grande population du Chapitre 3 est exacte asymptotiquement, mais uniquement si
le réseau de contact correspond exactement à celui du modèle foyer-travail. Par conséquent,
notre étude de sensibilité sert à explorer deux questions différentes, qui sont soulevées par
les forces et faiblesses de chaque modèle réduit.

Dans un premier temps, nous nous concentrons sur le modèle réduit uniformément
mélangeant du Chapitre 2. Étant donnée l’absence de garanties théoriques de précision,
nous avons précédemment exploré par simulations l’espace de paramètres pour identifier les
régions de celui-ci où la réduction est pertinente. Ici, nous complétons cette approche par
une analyse de sensibilité globale basée sur la décomposition de la variance de Sobol’. Cela
permet de quantifier l’influence de chaque paramètre, et de vérifier si ces résultats sont
cohérents avec les conclusions du Chapitre 2.

Pour cela, nous considérons le modèle foyer-travail, dont les paramètres sont les distri-
butions des tailles de structures pπH , πW q, les taux de contact pβG, λH , λW q et le taux de
guérison γ, voir Section 1.1.2. Ici, nous explorons uniquement l’impact des taux de contact,
les autres paramètres étant fixés. Nous concevons un design expérimental permettant de
couvrir un domaine pertinent de l’espace de paramètres, basé sur les scénarios épidémiques
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du Chapitre 2. Ensuite, nous calculons numériquement les indices de Sobol’ principaux et
totaux des quantités d’intérêt, à savoir de la différence entre la taille du pique ou la taille
finale prédite par le modèle réduit uniformément mélangeant du Chapitre 2, et par la limite
grande population du Chapitre 3.

Les résultats obtenus sont qualitativement très différents entre taille du pique et taille
finale. Pour la taille du pique, les trois taux de contact ont un impact significatif comparable
sur la précision de la prédiction du modèle réduit uniformément mélangeant, quasiment sans
effets d’interactions. Pour la taille finale, en revanche, le taux de contact en population
générale est responsable de la majorité de la variance, avec des effets d’interaction mineurs.
Notamment, cela semble cohérent avec les résultats du Chapitre 2, qui indiquaient que la
taille finale est mieux prédite si la proportion d’infections en population générale est élevée.

Dans un second temps, nous nous intéressons au modèle réduit du Chapitre 3, qui
correspond à la limite grande population du modèle foyer-travail et donne donc accès aux
dynamiques épidémiques asymptotiquement exactes. Néanmoins, ce résultat repose sur le
choix du réseau de contact qui contient deux hypothèses fortes : (1) l’indépendance du choix
des structures entre individus, et (2) l’uniforme mélange au sein de toutes les structures. En
particulier, toutes les deux sont des simplifications de la vie réelle : par exemple, les deux
partenaires d’un couple peuvent avoir le même lieu de travail, et les études empiriques
indiquent que les lieux de travail ne sont pas uniformément mélangeants. Mais, si ces
hypothèses sont relâchées, est-ce que la limite grande population du Chapitre 3 fournit
malgré tout une bonne approximation de l’épidémie se propageant sur ce réseau de contact ?

Pour répondre à cette question, nous proposons un modèle foyer-travail généralisé qui
ne satisfait pas nécessairement les hypothèses (1) et (2). Comme précédemment, les dis-
tributions (asymptotiques) de tailles de foyers et lieu de travail sont données par πH et
πW , respectivement. Intuitivement, la première différence vis-à-vis du modèle foyer-travail
est qu’au sein de chaque foyer, plusieurs individus choisissent leur lieu de travail ensemble,
chaque membre du foyer participant à ce choix commun avec probabilité q. Ensuite, au sein
d’un lieu de travail de taille n, le réseau de contact intra-travail est donné par un graphe
Erdös-Rényi Gpn, ρpnqq, où n ÞÑ ρpnq est une application décroissante, dont la valeur min-
imale p est atteinte si n “ nmax ă 8. Notamment, le modèle foyer-travail correspond
exactement au choix de paramètres p “ 1, q “ 0. Ici, nous faisons varier la densité intra-
travail p et le chevauchement des structures q.

Concernant la propagation de l’épidémie, nous considérons des dynamiques SIR, comme
dans les chapitres précédents. La paramétrisation est la même que pour le modèle foyer-
travail, avec les taux de contact βG, λH , λW spécifiques à chaque couche du réseau, et le
taux de guérison γ ą 0. La seule différence consiste en l’interprétation du taux de contact
λW , qui représente maintenant le taux auquel un contact est établi le long des arêtes de
chaque réseau intra-travail. En particulier, si au sein d’un lieu de travail, le réseau de contact
est complet et contient s susceptibles et i infectés, cela donne lieu à une infection au taux
λW si, comme attendu.

Nous nous concentrons sur la différence de taille du pique ou taille finale, entre le modèle
foyer-travail généralisé et la limite grande population du Chapitre 3. Ces différences sont
calculées numériquement, en considérant plusieurs choix de paramètres épidémiques, distri-
butions de tailles de structures et valeurs de pp, qq. Nos résultats suggèrent que sur une
part significative de l’espace de paramètres exploré, la limite grande population donne une
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prédiction satisfaisante (marge d’erreur d’environ 5%). De plus, la densité intra-travail p a
un impact plus fort que le chevauchement des structures q. Ainsi, prendre en compte une
description plus détaillée des réseaux de contact intra-travail serait pertinent.

Ces résultats font partie d’une travail en cours consistant en une analyse de sensibilité plus
large, qui devrait nous permettre d’étudier la robustesse de nos conclusions. Ces perspectives
sont détaillées à la fin du Chapitre 4.

1.4.4 Chapitre 5 - Sur les constructions spinales pour populations en inter-
action

Les chapitres précédents nous ont permis de proposer des modèles réduits qui donnent accès
à des propriétés macroscopiques du modèle foyer-travail, telles que la proportion d’infectés
au sein de la population, ou la proportion de foyers contenant un nombre donné de membres
susceptibles et infectés. Toutefois, ils ne sont pas conçus pour capter des aspects micro-
scopiques, comme les châınes de contamination, qui donnent accès à une compréhension
précise de la propagation de l’épidémie sur le réseau.

Afin de suivre les châınes d’infection, nous pouvons faire une analogie entre l’arbre
d’infections et un arbre généalogique : les évènements de contamination correspondent aux
naissances, et les guérisons aux décès. Par conséquent, les châınes de contamination peuvent
être vues comme des lignées ancestrales. Tandis que l’étude de telles lignées est classique pour
l’approximation branchement valable en début d’épidémie, leur compréhension en-dehors du
régime de branchement est un domaine de recherche actif (Bansaye, 2024; Calvez et al.,
2022; Duchamps et al., 2023; Medous, 2023).

Dans ce chapitre, nous considérons donc le cadre général de processus de popula-
tion stochastiques, densité-dépendants, car nos résultats ne se limitent pas aux modèles
épidémiques puisque ces dynamiques émergent dans d’autre domaines, tels que l’écologie.
Ici, nous faisons quelques hypothèses simplificatrices, en supposant notamment que l’espace
de types des individus est fini. En effet, le modèle foyer-travail pointe des difficultés
intéressantes, à la fois techniques et liées à la représentation du processus qui permet de
faire émerger l’arbre d’infection, qui pourront faire l’objet d’un travail futur. Néanmoins,
nos résultats ouvrent d’ores et déjà la porte à des applications pertinentes en épidémiologie,
y compris pour les modèles tenant compte de l’hétérogénéité de contacts, comme souligné
dans la discussion du chapitre.

L’objectif de ce travail est d’étudier la lignée ancestrale d’un individu échantillonné au
temps t ą 0 dans une population. C’est un objet d’étude classique dans le cadre de processus
de branchement, en quel cas il est bien connu qu’une telle lignée typique se réduit à un
processus de Markov, grâce à la formule tous-pour-un (Harris et al., 2016; Harris and Roberts,
2017), qui est apparentée aux équations de Feynman-Kac (Del Moral, 2004, Sections 1.3 and
1.4.4). La construction spinale ainsi définie, simplifie grandement l’étude de lignées typiques
tant sur la plan théorique, comme le modèle réduit est un processus de Markov, que sur le
plan numérique, car les simulations deviennent moins coûteuses en temps de calcul.

Récemment, Bansaye, 2024 a développé un processus spinal pour des populations multi-
type avec interactions, i.e. où les taux de reproduction dépendent de l’état de la population.
Dans ce cas, l’auteur se concentre sur la lignée d’un individu échantillonné au temps t ą 0
avec probabilité proportionnelle à ψpx, zq, où x est le type de l’individu, z la composition en



1.4. CONTRIBUTIONS PRINCIPALES DE LA THÈSE 61

types actuelle de la population, et ψ une fonction strictement positive sur l’espace approprié.
Une formule tous-pour-un reliant une telle lignée à un processus ψ-spinal est établie, en
population finie et dans la limite grande population.

Ici, nous abordons certains inconvénients et questions ouvertes de cette approche. Plus
précisément, nous proposons d’abord une formule tous-pour-un alternative, reliant une lignée
ψ-échantillonnée à un processus de Markov inhomogène en temps. Cela permet de considérer
une classe plus large de stratégies d’échantillonnage ψ, donne lieu à une interprétation intu-
itive, et se révèle possiblement avantageux sur le plan numérique. Ensuite, nous quantifions
la convergence de la ψ-épine de Bansaye, 2024 vers sa limite grande population.

Afin d’introduire notre construction spinale inhomogène en temps, commençons par don-
ner une brève description du processus de population. Nous considérons une population dont
la taille est bornée par K ă 8. Chaque individu est caractérisé par un type x P X , où X
est un ensemble fini. La population est décrite par le vecteur z “ pzx, x P X q appartenant à
l’ensemble ZK “ tz P pN Y t0uqCardpX q : }z}1 ď Ku. Ici, zx compte le nombre d’individus
de type x. Dans une population de composition z, chaque individu de type x meurt et laisse
la descendance k P ZK au taux τkpx, zq. Cela signifie que l’état de la population saute de z
à z`k´ epxq, où pepxq, x P X q est la base canonique de ZK . Le taux τkpx, zq est supposé
nul si la population qui en résulte contient plus de K individus.

Soit Gptq l’ensemble des individus en vie au temps t, et écrivons u ľ v si l’individu u
descend de v et xupsq pour le type de l’unique ancêtre de u vivant au temps s ď t. Le
processus de population d’intérêt est donné par Xptq “

ř

uPGptq δpu,xuptqq, et Zptq est la
composition en types de la population associée, au temps t ě 0. Enfin, pour px, zq P SK “
tpx, zq P X ˆZK : zx ě 1u, nous désignons par Xpx, zq une condition initiale adéquate pour
X, qui assure que la population est de composition z, et qui distingue un individu ux de
type x.

Désormais, nous sommes prêts à donner une description intuitive du processus spinal, qui
est inspiré par Marguet, 2019. En continuité avec cet article, nous l’appellerons également
processus ψ-auxiliaire. Soit t ě 0 le temps auquel l’échantillonnage a lieu. De façon similaire
à Bansaye, 2024, notre processus spinal prend en compte à la fois le type de l’épine Y ptq,
et la composition de la population ζptq, en raison de la densité-dépendance des taux de
reproduction. À la fois les taux de reproduction de l’épine et hors de l’épine sont biaisés, et
ce biais repose sur l’application mψ définie comme suit. Pour tout px, zq P SK , pour tout
s P r0, ts,

mψpx, z, t´ sq “ E
”

ÿ

uPGptq, uľux

ψpxuptq, Zptqq
ˇ

ˇ

ˇ
Xpsq “ Xpx, zq

ı

.

Cela correspond à la moyenne ψ-pondérée des types d’individus en vie au temps t, dont
l’ancêtre au temps s était un individu donné de type x dans une population de composition
z. Par la suite, nous faisons l’hypothèse que mψ est une fonction strictement positive.

Supposons maintenant qu’au temps s P r0, ts, la population est de composition z et
l’épine de type x. Alors d’une part, l’épine se reproduit, laisse descendance k P ZK et
devient de type y au taux

τkpx, zqky
mψpy, z` k´ epxq, t´ sq

mψpx, z, t´ sq
.
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En d’autres termes, une telle transition est plus probable si elle augmente la ψ-moyenne des
descendants de l’épine au temps t. De façon similaire, un individu de type y P X autre que
l’épine laisse descendance k au taux

τkpy, zq
mψpx, z` k´ epyq, t´ sq

mψpx, z, t´ sq
.

De nouveau, ce taux de transition est biaisé positivement s’il crée un environnement plus
favorable pour l’épine, au sens où la ψ-moyenne des descendants de l’épine au temps t est
plus grande si au temps s, la population est de composition z` k ´ epyq que si elle est de
composition z. Le processus spinal pY ptqpsq, ζptqpsqqsďt est donc un processus de Markov
inhomogène en temps, qui peut être défini rigoureusement comme l’unique solution d’un
système d’EDS (voir Proposition 5.3.2).

Le cœur de ce chapitre est la formule tous-pour-un suivante. Nous désignons par
EXpx,zq et Epx,zq respectivement l’espérance conditionnellement à tXp0q “ Xpx, zqu et
tpY ptqp0q, ζptqp0qq “ px, zqu.

Theorem 1.4.3. Pour tout t ě 0 et toute fonction mesurable F : Dpr0, ts,SKq Ñ R`, pour
tout px, zq P SK ,

EXpx,zq

”

ÿ

uPGptq, uľux

ψpxuptq, ZptqqF ppxupsq, Zpsqqsďtq
ı

“ mψpx, z, tqEpx,zqrF ppY ptqpsq, ζptqpsqqsďtqs.
(1.11)

La preuve consiste à identifier les deux membres de l’Équation (1.11) au moyen du
générateur infinitésimal des semi-groupes conservatifs, inhomogènes en temps, associés. Cela
correspond à un changement de probabilité inhomogène en temps (Marguet, 2019) qui relie
une lignée ψ-typique du processus de population au processus ψ-auxiliaire.

Soulignons ici que notre hypothèse mψ ą 0 est moins restrictive que ψ ą 0. Notamment,
elle permet d’échantillonner directement au sein de sous-populations, ce qui peut trouver
des applications pertinentes. Par exemple, le processus ψ-auxiliaire est capable de capter les
châınes de contamination menant à l’infection d’individus vulnérables, comme les personnes
âgées, au temps t. Le Chapitre 5 contient une discussion détaillée des forces et faiblesses du
processus spinal obtenu.

Dans un second temps, nous considérons la ψ-épine introduite par Bansaye, 2024, et
quantifions sa convergence vers sa limite grande population. Présentons le contexte de cette
étude. Soit d “ CardpX q. Pour une population de taille au plus K, soit ZKptq P r0, 1sd
l’état de la population au temps t, défini comme sa composition en types normalisée par K.
De plus, pour tout k P pN Y t0uqd, le taux de reproduction τk : X ˆ r0, 1sd Ñ R` dépend
du type de l’individu et de l’état de la population uniquement, et l’ensemble tk : τk ‰ 0u
est fini. Sous des hypothèses faibles, la suite de processus pZKqKě1 converge alors en
probabilité, uniformément sur des intervalles de temps finis, vers une fonction déterministe
z : R` Ñ r0, 1sd solution d’un système dynamique.

Considérons une application ψ : Xˆr0, 1sd Ñ R` continue sur Xˆr0, 1sd et continûment
différentiable sur X ˆ p0, 1qd. Soit ψK définie par ψKpx, zq “ ψpx, z{Kq pour px, zq P SK .
La ψK-épine peut alors être décrite comme suit. Supposons que la population est dans l’état
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z P r0, 1sd, et que l’épine est de type x P X . Alors l’épine laisse descendance k P pNYt0uqd
et devient de type y au taux

τkpx, zqky
ψpy, z` pk´ epxqq{Kq

ψpx, zq .

De même, un individu de type y P X autre que l’épine laisse descendance k au taux

τkpy, zq
ψpx, z` pk´ epyqq{Kq

ψpx, zq .

La suite associée de processus ψK-spinaux pY K , ζKqKě1, dont les composantes décrivent
le type de l’épine et l’état de la population, converge en loi vers pΥ, zq, où Υ est un processus
de Markov inhomogène en temps. Plus précisément, au temps s ě 0, Υ saute de l’état x P X
à l’état y P X au taux

ÿ

kPpNYt0uqd
kyτkpx, zpsqq

ψpy, zpsqq

ψpx, zpsqq
.

Nous renvoyons à la Section 5.2.2 pour un résumé détaillé des résultats et hypothèses de
Bansaye, 2024.

Or, les fluctuations de ZK autour de sa limite déterministe z sont bien comprises, les
régimes classiques étant les fluctuations gaussiennes, ainsi que les déviations modérées et
les grandes déviations (Ethier and Kurtz, 1986, Chapitre 11; Britton and Pardoux, 2019b;
Pardoux, 2020). Techniquement, ces résultats ne se transfèrent pas immédiatement à ζK

puisque ce dernier distingue un individu, l’épine, de la dynamique générale. Intuitivement,
toutefois, un tel contrôle des fluctuations devrait avoir lieu, puisque l’impact de l’épine
devient négligeable en grande population. Ici, nous travaillons donc sous l’Hypothèse 5.4.3
qu’il existe des suites positives ptKqKě1, pεKqKě1 et pαKqKě1 telles que, pour tout K ě 1,

P

˜

sup
sPr0,tK s

}ζKpsq ´ zpsq}1 ě εK

¸

ď αK .

L’idée générale est de transférer ce contrôle de la convergence de pζKqKě1 vers z, à
la convergence de pY KqKě1 vers Υ. Cela nécessite de plus la régularité des taux de re-
production, qu’on suppose ici Lipschitz-continus (Hypothèse 5.4.2). Enfin, un argument de
couplage mène au résultat suivant :

Theorem 1.4.4. Sous les Hypothèses 5.4.2 et 5.4.3, il existe C ą 0 tel que pour tout K ě 1,

PpDt ď tK : Y Kptq ‰ Υptqq ď αK ` CpεK `K
´1qtK .

En particulier, si les suites ptK{KqKě1, ptKεKqKě1 et pαKqKě1 tendent vers 0 lorsque
K tend vers l’infini, avec ptKqKě1 convergeant vers t8 P R`Yt8u, le couplage est asymp-
totiquement exact sur r0, t8s. Ainsi, un régime particulièrement prometteur est celui des
déviations modérées en présence d’un équilibre asymptotiquement stable, comme cela est le
cas pour certains modèles endémiques (Pardoux, 2020; Prodhomme, 2023). Nous renvoyons
à la discussion du Chapitre 5 pour plus de détails.
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Chapter 2

The epidemic footprint of contact
structures

Models with several levels of mixing (households, workplaces), as well as various correspond-
ing formulations for R0, have been proposed in the literature. However, little attention has
been paid to the impact of the distribution of the population size within social structures,
effect that can help plan effective interventions. We focus on the influence on the model out-
comes of teleworking strategies, consisting in reshaping the distribution of workplace sizes.
We consider a stochastic SIR model with two levels of mixing, accounting for a uniformly
mixing general population, each individual belonging also to a household and a workplace.
The variance of the workplace size distribution appears to be a good proxy for the impact of
this distribution on key outcomes of the epidemic, such as epidemic size and peak. In par-
ticular, our findings suggest that strategies where the proportion of individuals teleworking
depends sublinearly on the size of the workplace outperform the strategy with linear depen-
dence. Besides, one drawback of the model with multiple levels of mixing is its complexity,
raising interest in a reduced model. We propose a homogeneously mixing SIR ODE-based
model, whose infection rate is chosen as to observe the growth rate of the initial model. This
reduced model yields a generally satisfying approximation of the epidemic. These results,
robust to various changes in model structure, are very promising from the perspective of im-
plementing effective strategies based on social distancing of specific contacts. Furthermore,
they contribute to the effort of building relevant approximations of individual based models
at intermediate scales.

Code availability.
https: // forgemia. inra. fr/ francois. deslandes/ communityepidemics

This chapter is based on the preprint ”The epidemiological footprint of contact structures in models
with two levels of mixing”, a joint work with Vincent Bansaye, François Deslandes and Elisabeta
Vergu (Bansaye et al., 2023a).
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2.1 Introduction
The dynamics of an epidemic relies on the contacts between susceptible and infected individ-
uals in the population. The number and characteristics of contacts has a major quantitative
effect on the epidemic. In addition to the main features playing a role in the description of
contacts, such as the age and propensity to travel of individuals (Davies et al., 2020; Giles
et al., 2020), the nature of the contact is also crucial: homogeneous mixing in closed struc-
tures (household, workplaces, schools,...) or related to other intermediate social structures
(group of friends, neighbors...) e.g. House and Keeling, 2008. The heterogeneity of contacts
can be captured in network based models (Keeling and Eames, 2005) or models with two
levels of mixing (Ball and Neal, 2002). These models distinguish a global level of mixing
corresponding to a uniformly mixing general population, as well as a local level consisting in
an overlapping groups model, meaning that each individual belongs to one or several small
contact groups such as households and workplaces and schools. These modeling frameworks
or their simplified unstructured versions allow to tackle important questions related to the
control of epidemic dynamics by acting specifically on these different population structures.
Furthermore, the computation of the corresponding reproduction number, arguably one of
the most important epidemic indicators, enables to assess control measures.



2.1. INTRODUCTION 67

For the homogeneous mixing SIR model, several important characteristics can be sum-
marized by the reproduction number R0. This threshold parameter indicates whether there
may be a large epidemic outbreak, allows to calculate the final epidemic size and the fraction
of the population that needs to be vaccinated in order to stop an outbreak, see e.g. Heester-
beek and Dietz, 1996; Ball et al., 2016 and references therein. It is also directly linked to the
exponential growth rate r at the beginning of the epidemic, and has a clear interpretation
as the mean number of individuals contaminated by a single infected individual in a large
susceptible population. For models with two levels of mixing, however, the definition of a
unique reproduction number combining these criteria has not been achieved yet. Instead,
various reproduction numbers have been proposed, of which Ball et al., 2016 have given an
interesting overview. All of them respect the threshold of 1 for large epidemic outbreaks, and
they generalize one or another aspect of the traditional R0. Some of these reproduction num-
bers have the advantage of an intuitive interpretation. This is the case of the reproduction
number RI introduced in the supplementary material of Pellis et al., 2009 for the household-
workplace model, and which was previously introduced for household models (Becker and
Dietz, 1995; Ball et al., 1997). Its definition relies on a multi-type branching process which
focuses on primary cases within households and workplaces, grouping all secondary cases as
descendants of the primary cases. Then RI is defined as the Perron root of the corresponding
average offspring matrix. In this paper, we will show that this reproduction number has the
advantage of being connected to further relevant information on the household-workplace
epidemic, namely the proportions of infections occurring at each level of mixing.

Nevertheless, a drawback of most of the reproduction numbers for household-workplace
models that are described by Ball et al., 2016 is that by construction, they lose track of time.
Indeed, in an effort to construct meaningful generations of infected individuals, the timing of
the infections is neglected. As a consequence, contrary to the case of homogeneous mixing,
there is no simple link between these reproduction numbers and the initial exponential growth
rate. The only exception is Rr, a reproduction number which has originally been introduced
by Goldstein et al., 2009 for household models, and whose definition has been extended
by Ball et al., 2016 to household-workplace models. The definition of this reproduction
number depends explicitly on the exponential growth rate r. But as far as we see, it has no
easy intuitive interpretation. It thus seems pertinent to complement the information yielded
by a reproduction number such as RI with the growth rate r. While simple closed analytic
expressions seem out of reach, Pellis et al., 2011 have obtained an interesting characterization
that we use and complement by more explicit expressions.

Given the relative difficulty for computing reproduction numbers for models with several
levels of mixing, Goldstein et al., 2009 have suggested, in the case of the simplest model
with two levels of mixing, namely structured only in general population and households, to
first estimate the growth rate from data, and to then compute Rr. Trapman et al., 2016
have gone one step further, by proposing to first infer r from data, and then totally neglect
the population structure and approximate a reproduction number from r using the formula
linking the reproduction number to the exponential growth rate in the homogeneous mixing
model. They find that this procedure is generally satisfactory, indicating that this procedure
defines a homogeneous mixing model able to capture key aspects of the beginning of the
epidemic. This makes one wonder to what extent it is possible in general to approach an epi-
demic spreading in a household-workplace model by a simple, unstructured, well parametrized
compartmental model. Some work has been done in this direction by del Valle Rafo et al.,
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2021. They have shown that it is possible to approach an SIRS household-workplace model
by a homogeneously mixing SIYRS model, where Y stands for infected but no longer infec-
tious individuals, once the parameters have been well chosen. Hence, they obtain the first
approximation of multi-level epidemic dynamics using homogeneous mixing compartmental
ODEs.

Naturally, models with two levels of mixing raise the question of the way their social
organisation characterized by small contact structures has an impact on major features of
an epidemic. From the point of view of control, they constitute minimal models allowing
to account for closures of workplaces or schools. For the past years, governments world-
wide have implemented such non-pharmaceutical interventions (NPIs) in reaction to the
COVID-19 epidemic. Since then, several studies have assessed the impact of these measures
on the epidemic spread. Both analysis of empirical studies (Mendez-Brito et al., 2021) and
simulation studies (Backhausz et al., 2022; Simoy and Aparicio, 2021) come to the conclusion
that especially (partial) school closure and/or home working have a substantial impact on the
epidemic. Together, these findings motivate an interest in mathematical models enabling
a closer study of school and workplace closures, and more generally the effect of control
measures targeting small contact structures.

In this paper, we are interested in the impact of the distribution of individuals in closed
structures on epidemic dynamics. In order to address this question, we consider a stochastic
SIR model with two levels of mixing, namely a global and a local level. While the former
corresponds to the general population, the latter is subdivided into two layers representing
households and workplaces, respectively. Note that while our model does not explicitly
distinguish schools, they can be considered as workplaces. In particular, we are motivated by
and study the impact of control policies based on differentiated social distancing. For some
structures, in particular for households, it is natural to assume that their size distribution is
fixed and control policies cannot act on it. For others, such as workplaces and schools, control
measures aiming at contact reduction can be considered, COVID-19 epidemic having raised
this issue in new manners. Focusing on workplaces, we study here how control strategies
which consist in modifying the structures’ size distribution, can impact different epidemic
outcomes. More generally, we demonstrate through simulations that the size distribution
of closed structures has a significant effect on epidemic dynamics, as assessed by the total
number of infections and by the initial growth rate of infection and by the maximal number
of infected individuals along time. In particular, when both the number of individuals and
structures are fixed, implying that the average structure size is constant as well, we show
that these epidemic outcomes are sensitive to the variance of the structure size distribution.
In short, balancing structure sizes reduces the impact of the epidemic.

One drawback of the model with two levels of mixing is that numerical simulations rely
on good knowledge of several epidemic parameters, such as the rates of infection within
each level, which may not be easy to assess. However, considering the significant impact of
structure size distributions on epidemic outcomes and the fact that control measures may
actively impact these distributions, it seems crucial not to neglect this particular population
structure. This motivates the development of reduced epidemic models, which aim to be
more parsimonious, while still being able to capture the impact of small structures on the
epidemic thanks to a pertinent choice of parameters. Here, we propose such a reduced
model, that we evaluate using simulations. It consists of a deterministic, homogeneously
mixing SIR model, whose infectious contact rate is chosen as to ensure that the reduced
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model and model with two levels of mixing share the same exponential growth rate. Hence,
we will see that the initial growth rate is the key parameter for reducing the full epidemic
process at the macroscopic level.

The questions we consider here involve quantities which capture some main features of
the epidemics which are relevant for specific phases of an epidemic. Indeed, starting from a
single infectious individual in a large population of size N , epidemic dynamics can be decom-
posed into three phases. This has been proven for simple models such as the homogeneously
mixing SIR model, for which we will detail these phases below. However, this decomposition
still holds in more complex models, including the model with two levels of mixing studied
here.
Phase 1: random behavior in small population. When the number of infected individuals Iptq
is of order 1 , Iptq is approximated by a linear birth and death process. This approximation
holds on finite time intervals, but also up to a time TN which tends to infinity when N
tends to infinity. More precisely, both processes coincide as long as the number of infected
individuals is below

?
N (Ball and Donnelly, 1995). Let us also mention Barbour and Utev,

2004, for comparison results until the infected population reaches sizes of order of N2{3, for
a discrete time counterpart of the SIR model.
Phase 2: deterministic evolution and linear behavior. When 1 ! Ipsq, Iptq ! N , the number
of infected follows a deterministic and exponential dynamic: Iptq « Ipsqepβ´γqpt´sq, where
β is the transmission rate and γ the recovery rate. This approximation is valid as soon as
s, t tend to infinity but remain far from the time logpNq{pβ ´ γq, which corresponds to the
entry in the macroscopic level. This deterministic phase allows to capture the initial growth
rate of infection, β ´ γ, by considering the slope of the growth of I on a logarithmic scale.
We refer to Bansaye et al., 2023b and references therein for more precise results.
Phase 3: macroscopic deterministic behavior. When the number of infected individuals is
of order N , the proportion of susceptible, infected and recovered individuals can be approx-
imated by a macroscopic deterministic system. More precisely, letting N go to infinity, the
trajectories of pS{N, I{N,R{Nq converge in law on finite time intervals to the solutions of
the SIR dynamical system. The approximation is valid for any t greater than logpNq{pβ´γq.
For accurate results, we refer in particular to Barbour and Reinert, 2013 and Barbour, 1978.
Let us also mention that fluctuations around the deterministic curve are of order 1{

?
N by

classical Gaussian approximation (Chapter 7, Sections 4 and 5, in Ethier and Kurtz, 1986).
In our study, phase 1 corresponds to the regime where stochasticity of the individual-based
version of the SIR model is observed in simulations. Phase 2 is the relevant regime for the
definition of RI and the initial growth rate r. Phase 3 yields the deterministic macroscopic
approximation, where stochasticity vanishes. It starts at a random time necessary to reach
a macroscopic proportion of infected. This time represents the starting point of the com-
parison between the stochastic structured model and its reduced ODE-based counterpart we
propose.

This paper is structured as follows. Section 2.2 presents the main modeling ingredients,
such as a detailed description of the model with two levels of mixing and proper introduction
of considered key parameters, as well as numerical settings for simulations. Section 2.3 is
devoted to the study of the impact of the structure size distribution on some main epidemic
outcomes, namely the reproduction number, the exponential growth rate, the peak size and
the final epidemic size. For this purpose, two slightly different situations are considered.
While the size of the population is always considered fixed, we first keep the total number of
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workplaces constant as well but vary the way individuals are distributed among these given
workplaces, see Section 2.3.2. Second, we consider teleworking strategies, which differ from
the previous setting as for simulations, these strategies amount to creating a new workplace of
size one for each teleworking employee, see Section 2.3.3. Finally, in Section 2.4, we propose
an ODE reduction of the initial multi-level model based on the computation of the initial
growth rate and assess its robustness. The paper concludes with a Discussion (Section 2.5)
of the main results on the impact of structure size distributions on epidemic dynamics, their
robustness to different modeling assumptions, and their implications for control measures.

2.2 Model with two levels of mixing: description, simulation
approach, key parameters, simulation scenarios

2.2.1 General model description

We consider an SIR-type model with two levels of mixing by considering global and two types
of local contacts following two local partitions of the population, see Ball and Neal, 2002.
In addition to homogeneous mixing in the general population, contacts occur in households
and workplaces of various sizes, in which the population is structured. Each individual
belongs both to a household and a workplace, which are chosen independently from one
another. Generally speaking, infection spreads through contacts between susceptible and
infected individuals within each level of mixing, which are characterized by different contact
rates among individuals as will be detailed below. Infected individuals recover at rate γ.

We distinguish two slightly different types of parametrization concerning contact de-
scription. For closed structures such as households and workplaces, we will use one-to-one
infectious contact rates λH and λW , respectively. In other words, within a household, if
there are s susceptibles and i infected individuals, each susceptible is infected at rate λHi
(resp. λW i for workplaces). This has the disadvantage to make the average number of
contacts established by each individual grow with the size of the structure. This is tractable
for structures of finite size, and a good enough approximation of contacts within very small
structures, but it is not realistic at the scale of the general population. Instead, within the
general population, when there are s susceptibles and i infectious individuals, each suscepti-
ble individual becomes infected at rate βGi{pN ´ 1q where N is the population size. Here,
the parameter βG represents the one-to-all infectious contact rate, which is the global rate
at which an infected individual makes contact with all other individuals in the population.
Hence the corresponding one-to-one infectious contact rate λpNqG “ βG{pN´1q is small. This
allows to scale the contact rates when N tends towards infinity, so that the mean number of
contacts made by an infected individual remains constant. The global rate of infection in the
population is then βGIS{pN ´ 1q “ λ

pNq
G IS where S (resp. I) is the number of susceptible

(resp. infected) individuals, and S is indeed of order N .

2.2.2 Structure size distributions

Let us introduce the size distribution of households and workplaces, called πH and πW ,
respectively. When the number of structures is large, πHk (resp. πWk ) is the proportion of
households (resp. workplaces) of size k ě 1. The total number of individuals is N , which
is fixed. Besides, all individuals belong to one (and only one) household and workplace, the
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latter being of size one for teleworking employees. Notice that the following equivalences
hold a.s.

N „ NH

ÿ

kě1
kπHk „ NW

ÿ

kě1
kπWk pN Ñ8q,

where NH (resp. NW ) is the total number of households (resp. workplaces). We define
mH “

ř

kě1 kπ
H
k (resp. mW “

ř

kě1 kπ
W
k ) the average household (resp. workplace) size.

2.2.3 Numerical simulation scenarios: structure size distributions and epi-
demiological parameters

In the numerical explorations of the impact of the structure size distribution on the epidemic
dynamics, we use the household size distribution observed in France in 2018 as reference
distribution and also more generally, unless stated otherwise. We also provide a workplace
distribution derived from the workplace size distribution of Ile-de-France in 2018, later called
reference workplace size distribution, and we refer to 2.A for detail. In particular, we assume
homogeneous mixing within structures, which is unrealistic for large workplace sizes, and we
thus have limited workplaces to size 50 at most. The household reference distribution is
stated in Table 2.1, while the workplace reference distribution is shown in Figure 2.1.

Table 2.1: Reference household size distribution corresponding to the size distribution of households
in France in 2018.

Household size 1 2 3 4 5 6
Proportion 0.367 0.326 0.136 0.114 0.041 0.016

Figure 2.1: Reference workplace size distribution distribution derived from workplace size distribu-
tions in Ile-de-France.

To study the impact of the average workplace size and workplace variance we provide
the following sets of exploratory workplace size distributions: (A) a set of 160 workplace
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distributions with mean ranging from 3 to 30, different variances and maximal size 50; (B) a
set of 100 workplace distributions with mean 20, different variances and maximal size 50; (C)
a set of 100 workplace distributions with mean 7, different variances and maximal size 50.
These workplace size distributions were generated using random mixtures of distributions, as
explained in 2.A. The sets of structure size distributions are summarized in Table 2.2.

Name Number of distributions Average size (value/range) Variance (value/range) Maximum size
Reference household size distribution 1 2.2 1.6 6
Reference workplace size distribution 1 13.8 331.5 50

Exploratory workplace size
distributions

A 160 3-30 9.8-554.3 50
B 100 20 42.4-544.0 50
C 100 7 5.8-248.8 50

Table 2.2: Household and workplace size distribution sets.

Numerical exploration of the model was performed using a combination of various epi-
demic parameters. We designed scenarios to cover a range of interesting situations that
illustrate the mathematical properties of the model and its approximations as well as the
expected epidemic behaviour of the model for several infectious diseases. Our study covers
several values of the reproduction number, from threshold values to values observed in real
world epidemic such as the flu (Ajelli et al., 2014) or COVID-19 (Locatelli et al., 2021;
Galmiche et al., 2021. We also explore higher values of the reproduction number, closer to
what is observed in highly contagious diseases such as chickenpox (Silhol and Boëlle, 2011).
Similarly, we cover a range of distributions of infections between structures and global mixing.
We study balanced scenarios where the proportion of infection in global mixing is between
30 and 40%, such as those observed in influenza or COVID-19 epidemics, as well as more
contrasted situations where infections at the global or local level strongly dominate, as for
chickenpox. An overview of all considered scenarios is given in Table 2.3.

Table 2.3: Main features of the epidemic scenarios considered.

Scenario Reproduction number Distribution of infections Comment
1 COVID-19 balanced COVID-19-like scenario
2 high balanced
3 threshold balanced
4 high mostly global mixing
5 high mostly workplaces
6 flu balanced
7 flu mostly global mixing
8 flu balanced flu-like scenario
9 threshold mostly structures
10 threshold balanced
11 threshold fully structures

Notice that the epidemic parameters λH , λW , βG and γ need to be calibrated for each
explored structure size distribution in order to approach the desired scenarios. More detail
is given in 2.B, including values of RI , epidemic growth rate and proportions of infection
per layers for each scenario, and the corresponding epidemic parameters for the reference
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size distributions. Without loss of generality, the recovery rate is set to 1 in all simula-
tions. Illustration of the simulated final size for each scenario and exploratory workplace size
distribution in the simulation study are provided in Figure 2.2.

0.00

0.25

0.50

0.75

1.00

0.25 0.50 0.75
pG

F
in

al
 s

iz
e

Scenario
1
2
3
4
5
6
7
8
9
10
11

Figure 2.2: Simulated values of the final size as a function of the proportion of infection via global
mixing (pG) for all scenarios of Table 2.3 and all exploratory workplace size distributions from set A,
Table 2.2. For each epidemic scenario and each workplace size distribution, simulations were repeated
10 times. Each colored scatter plot on the figure thus contains 160x10 points. The household size
distribution is the reference household size distribution.

2.2.4 Simulations of the population structure and epidemic process

The epidemic process was simulated using the Gillespie algorithm (Stochastic Simulation
Algorithm). A population structure (contacts between individuals) is first generated from
the size distributions of households and workplaces, generated as described in Section 2.2.3
and 2.A. Individuals are listed from 1 to N and placed in structures randomly by applying
the following iterative process: (i) for each type of structure, randomly select a structure size
k with probability given by the size distribution; (ii) if the number n of individuals that have
not yet been assigned to a structure of the same type exceeds k, randomly select k individuals
among those; otherwise, group all remaining individuals in a structure of size n ă k. For a
given population structure, the algorithm computes the rates of events, i.e. infection events
in households, workplaces and the general population, and recovery, as described in Section
2.2.1. These rates are used to derive the next event, i.e. infection of a susceptible individual
or recovery of an infected individual, and the corresponding event time. The epidemic is
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Figure 2.3: For each workplace size, number of employees coming to work on site or teleworking
according to either the linear or the sublinear strategy. The parameters α and δ are chosen in order
to observe an average proportion of employees teleworking per workplace equal to 0.5 for the uniform
workplace size distribution pα “ 0.46, δ “ 2.01q.

initiated with a single infected individual, selected uniformly at random in the population.
For each run of the epidemic process, we compute several classical summary statistics: (i)
the final epidemic size, i.e. the number of individuals that are in the recovered state when
the number of infected individuals becomes 0; (ii) the infectious peak size, i.e. the maximum
number of infectious individuals occurring simultaneously over the course of the epidemic;
(iii) the infectious peak time, i.e. the time at which the infectious peak occurs.

2.2.5 Simulation of teleworking strategies

We evaluated the evolution of different epidemic outcomes for varying proportions of tele-
workers using two strategies, as illustrated in Figure 2.3:
(i) Linear strategy. The workplace size distribution is modified according to the function
f1,αpkq “ rαks for α P r0, 1s, where r¨s is the usual ceiling function. This means that a work
place of size k becomes a workplace of size rαks and the remaining k ´ rαks individuals
now telework. (ii) Sublinear strategy. The workplace size distribution is modified according
to the function f2,δpkq “ rδk

1
2 s ^ k, where δ ě 0.This means that a work place of size k

becomes a workplace of size rδk
1
2 s and the remaining k ´ rδk

1
2 s individuals now telework.

The rationale behind the sublinear strategy is that withdrawing an individual from a large
structure has a stronger impact in terms of number of contacts. Notice that we consider
here the exponent 1{2 for the sublinear strategy, but one could more generally consider any
exponent q ă 1.
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2.3 The impact of the size distribution of closed structures and
assessment of teleworking strategies

2.3.1 Outbreak criterion, RI and type of infection

Various notions of reproduction numbers have been proposed, as a compromise between
complexity of the computations and epidemiological interpretation. The idea is to capture
the mean number of infections caused more or less directly by one single ”typical” individual.
This concept is primarily defined in the first steps of the epidemic, which usually can be
approximated by a branching process, whose mean satisfies a linear ODE. A typical individual
corresponds then to a uniform sample in the corresponding population. The reproduction
number is delicate to define for epidemiological processes with multi-level contacts, such as
the one we consider here. We recall that each infected individual infects an individual outside
his structure with rate βGS{pN ´ 1q, which is in the phase 1 approximated by βG, since
the number of susceptibles S is approximately N . As a consequence, the mean number of
individuals directly infected in the general population by a single infected individual is βG{γ.

Following the Supplementary Material of Pellis et al., 2009, we structure the infected
population following the origin of the infection and consider successive generations of infected
individuals:

pIGn , I
H
n , I

W
n qně0, In “ IGn ` I

H
n ` I

W
n .

Processes IGn , resp. IHn and IWn , count the number of individuals in generation n, which have
been infected through the mean field, respectively in the household and in the workplace.
Hence In is the total number of infected individuals in generation n. At time 0, we assume
I0 “ IG0 “ 1. The next generation n` 1 of infected individuals is created by considering the
number of direct infections IGn`1 in the general population, plus the local epidemic triggered
within structures. This process is illustrated in Figure 2.4.

To compute the mean number of infections per generation, it is necessary to compute
the mean number of individuals infected during the epidemic triggered by a single infected
individual in a given structure. Thus, we introduce iHpkq (resp. iW pkq), the average total
number of infections starting from one infected individual in a closed population of size k,
one-to-one contact rate λH (resp. λW ) and recovery rate γ as defined in Section 2.2.1.
It corresponds to the number of infections caused by a single infected individual which
introduces the epidemic into his household (resp. his workplace) of size k. Recalling that
mH “

ř

kě1 kπ
H
k (resp. mW “

ř

kě1 kπ
W
k ), we define

pπHk “
kπHk
mH

, resp. pπWk “
kπWk
mW

,

as the size biased distribution of structure sizes, which naturally defines the household (resp.
workplace) size distribution of an individual chosen uniformly at random in the population.
Then the numbers of infected individuals at each level triggered by an infected individual
whose size structure is distributed according to the size biased law are defined by:

IG “
βG
γ
, IH “

ÿ

k

pπHk iHpkq, IW “
ÿ

k

pπWk iW pkq. (2.1)
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Figure 2.4: Example of an epidemic with two levels of mixing (in general population and within
structures). The spread of the epidemic is shown on the left. Households and workplaces are delim-
ited respectively in dark and light blue. Only structures containing infected individuals are shown.
Individuals who have been infected during the epidemic appear as plain dots, whose colors indicate
the means by which the infection occurred: through the general population (red), within households
(dark blue) or within workplaces (light blue). The arrows keep track of the spread of the disease,
pointing from the infector to the newly infected. Their color refers again to the type of infection.
Members of a structure who have not been infected during the within-structure epidemic are repre-
sented as crossed circles. In the case of the branching model, they are never going to be infected, as a
secondary introduction of the disease in an already infected structure is negligible at the beginning of
the epidemic. The different generations of infected as seen by the branching process are represented
on the right. Colors still encode the way each infected is contaminated, and arrows represent the true
order of infections as depicted on the left. The branching genealogy is depicted through lexicographic
labeling of individuals. Labels have been reported on the left panel, as to simplify identification of
infected individuals in both means of representation.
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Following Pellis et al., 2009, the expectation EppIGn , IHn , IWn qT q can be approximated by
a sequence Xn satisfying the following linear induction

Xn`1 “ AXn

where A is the mean reproduction matrix:

A “

¨

˝

IG IG IG
IH 0 IH
IW IW 0

˛

‚. (2.2)

As A is a primitive matrix, Perron Frobenius theorem yields the asymptotic behavior of
Xn “ AnX0 using its positive eigenelements, see Athreya and Ney, 1972. More precisely,
the unique positive vector P “ ppG, pH , pW qT solution of

AP “ RIP, pG ` pH ` pW “ 1, (2.3)

gives the proportion of infected individuals from each source: general population, households,
workplaces. The associated positive eigenvalue is

RI “‖ AP ‖1

which corresponds to the mean reproduction number

RI “ IG ` p1´ pHqIH ` p1´ pW qIW . (2.4)

When RI ą 1, the process pInqně1 survives with positive probability and on this event a.s.
grows geometrically fast with speed RI yielding a supercritical regime, under an additional
moment assumption on the number of infections, see also Athreya and Ney, 1972. We
observe that the vector P gives the origin of infections for large times.

RI can play the role of an outbreak criterion, as illustrated in Figure 2.5. The final size
of the epidemic is plotted against the value of RI for three parameter sets (scenarios 9, 10
and 11 in Table 2.3). These epidemic parameter sets, combined with the set of workplace
size distributions, allow to cover a large range of values for pG, pH and pW (more precisely,
pG between 0 and 0.5 and pW between 0.05 and 0.65).

Let us end this section with a brief description of the numerical computation of RI . For a
given set of structure size, transmission parameter and recovery rate, we simulate the within
structure epidemic using Gillespie’s algorithm, and record the final epidemic size. We thus
calculate the average size of epidemics in isolated structures from simulations of this epidemic
process (default value of the number of runs: 10000, and 50000 for larger workplaces). Notice
that the average final epidemic size could also be obtained through analytic results, see for
instance Section 6.4 in Bailey, 1975. The value of RI is then obtained from Equation (2.4),
as the largest eigenvalue of the matrix defined in (2.2), by replacing unknown quantities by
simulated quantities. The proportions of infections occurring within each layer of mixing are
obtained from the associated eigenvector.

2.3.2 The effect of structure size distribution on epidemic outcomes

In this section, we will consider both the number of individuals and the number of workplaces
as fixed. For the latter, one can imagine that this is due to logistic constraints, as there
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Figure 2.5: Simulated values of the final size of epidemics of the stochastic structured model as
a function of RI . Simulations are performed for the reference household distribution, exploratory
workplace size distributions from set A in Table 2.2 and epidemiological scenarios 9, 10 and 11 from
Table 2.3. For each combination of workplace size distribution and epidemic scenario, 10 runs are
performed.

Figure 2.6: Average final epidemic size within workplaces, i.e. for the uniformly mixing SIR model
with one-to-one contact rate λW and removal rate γ “ 1, as a function of workplace size. The
average epidemic final size is computed using explicit formulas obtained from the Sellke construction,
see for instance Section 2.4 in Andersson and Britton, 2000b. Different values of one-to-one contact
rate λW have been considered, in order to cover a representative sample of scenarios 1 to 11 of Table
B1, for the reference structure size distributions. More precisely, they correspond from left to right
to scenarios 10, 4, 11, 2 and 5.
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are only a certain number of offices (or classrooms) to dispose of. In other words, we are
interested in understanding the epidemic impact of the way employees are assigned to those
given workplaces.

From the previous section, one may notice that the workplace size distribution has a
direct impact on RI through IW , i.e. the average number of infections occurring within
workplaces under the size-biased workplace size distribution π̂W . In particular, it follows
from Equation (2.4) that diminishing IW is enough to ensure that RI decreases. Further,
Figure 2.6 illustrates that for most epidemic scenarios considered (Tables 2.3 and 2.4), the
average number of infected iW pkq caused by a within-workplace epidemic in a workplace of
size k can be reasonably approximated in some scenarios by a linear function of the workplace
size k. We deduce that, up to a constant c,

IW “
ÿ

kě1
π̂Wk iW pkq « c

ÿ

kě1
π̂Wk k “

c

mW

ÿ

kě1
k2πWk “ c

m
p2q
W

mW
, (2.5)

where mp2qW designates the second moment of the workplace size distribution.
Since we suppose both the population size and the number of workplaces to be fixed, it

follows that the average workplace size mW is constant as well. As thus, in order to reduce
IW , it is enough to reduce mp2qW . At fixed expected workplace size, modifying mp2qW is strictly
equivalent to modifying the workplace size variance. Since the latter has a more direct and
intuitive interpretation, we will focus on the variance of πW as a natural candidate for the
epidemic impact of the workplace size distribution.

In order to assess this impact, we will proceed by numerical exploration. A variety
of workplace size distributions of average fixed at 20 and different variances have been
considered, corresponding to exploratory workplace size distributions set B of Table 2.2.
For each of these distributions and for epidemic scenarios 1, 2, 4 and 5 we have computed
the epidemic growth rate as explained in 2.C, before evaluating through simulations the
epidemic size and the peak size. Results have been reported in panels (A) of Figure 2.7,
which is complemented by panel (B) for additional scenarios. These results thus illustrate the
impact of the variance of the workplace size distributions on our selected epidemic outcomes
(growth rate, final size, and peak size). This figure shows that the workplace size variance
has a linear impact on these epidemic outcomes, observed for various values of average
workplace size, see also panels (C) and (D) of Figure 2.7. Thus, the variance appears as a
relevant indicator of the epidemic impact of the workplace size distribution. This also is of
interest for the design of efficient control policies such as teleworking and (partial) closure
of schools, as will be explored in the next section.

2.3.3 Teleworking strategies

Teleworking, a strategy to mitigate disease outbreaks, results in changes in the distribution
of workplace sizes. These changes have an impact on the value of RI , which has been
shown to be a threshold criterion for epidemics, and more generally on the different epidemic
outcomes.

Two teleworking strategies, formalized in Section 2.2.5, were assessed: (i) a linear strat-
egy, where the same proportion of teleworking is applied equally to all workplaces, and (ii) a
sublinear strategy where teleworking is more prevalent in larger workplaces. The motivation
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Figure 2.7: Influence of the variance of the workplace size distribution on the growth rate, epidemic
final size and epidemic peak size. For panels (A, B) (resp. (C, D)), simulations of the stochastic
structured model were performed with the reference household size distribution, exploratory workplace
size distribution set B (resp. C) with average workplace size of 20 (resp. 7) from Table 2.2. The
epidemic scenario considered are 1, 2, 4, 5 (A, C) and 6, 7, 8, 10 (B, D) from Table 2.3. Simulations
were repeated 10 times for each combination of scenario and workplace size distribution.
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Figure 2.8: Effect of linear and sublinear teleworking strategies, using scenario 6 from Table 2.3 and
reference household and workplace distributions from Table 2.2. Diminution of RI as a function of
teleworking rate (left) and proportions of infection in the different structures (right).

for such a strategy is twofold: larger workplaces allow for larger within-workplace epidemics,
and they are expected to be better equipped to mitigate the economic impact of teleworking
on the firm. We will indeed show that such a strategy has a beneficial health outcome.

Figure 2.8 illustrates the behaviour of the two teleworking strategies as a function of
the teleworking rate, which is defined as the proportion of individuals in the population
that do not have contacts in a workplace. Implementation of the teleworking strategies
consists in adjusting parameters α and δ from Section 2.2.5 to obtain a prescribed value
of the teleworking rate. The proportions of infections in the different structures are the
same for both strategies at the threshold RI “ 1. The findings show a large reduction in
the proportion of infections occurring in the workplaces. The sublinear strategy reaches the
threshold for a lower teleworking rate, which indicates that this strategy has a lower impact
on workplace organisation for similar epidemic outcomes.

Figure 2.9 illustrates, for the reference workplace size distribution and epidemic scenario
1 of Table 2.3, that even if the threshold cannot be reached by simply applying teleworking
strategies, the sublinear strategy still outperforms the linear one. In particular, it shows that
for the same global teleworking rate, the final size of the epidemic is lower for the sublinear
strategy, except for the highest teleworking rates.

In other words, using sublinear teleworking policies (and more generally sublinear strate-
gies for the closure of structures) allows either to reduce the need of teleworking in order
to attain a given epidemiological outcome, or to reduce more strongly the epidemiological



82 CHAPTER 2. EPIDEMIC FOOTPRINT OF CONTACT STRUCTURES

0.850

0.875

0.900

0.00 0.25 0.50 0.75

F
in

al
 s

iz
e

0.225

0.250

0.275

0.300

0.325

0.00 0.25 0.50 0.75

Teleworking rate

P
ea

k 
si

ze

Strategy

Linear

Sub−Linear

Figure 2.9: Impact of linear and sublinear teleworking strategies on the final epidemic size (top)
and epidemic peak size (bottom). Simulations of the stochastic structured model were performed
using the reference household size distribution and workplace size distribution from Table 2.2, with
epidemic parameters from scenario 1 of Table 2.3. 10 runs of were performed for each simulation
scenario and distribution.

outcome for a given teleworking rate. Both effects may even be combined: more people go
to work, but the epidemic outcome is reduced when compared to the linear strategy.

2.3.4 Robustness to the form of the infection term

Assuming linear growth of the number of infectious contacts per susceptible with the number
of infected is often an overestimation. Thus, in this simulation study, we focus on having
an infection rate within social structures growing sublinearly with the number of infected
individuals in the structures. More precisely, we assume that within a household (X “ H) or
workplace (X “ W ) containing I infected and S susceptible individuals, the next infection
occurs at rate λXS

?
I.

The observed linear effect of variance on the peak size and final size of the epidemic
remains valid when the model is modified to use a sublinear infection rate in households and
workplaces. Figure ?? shows the effect of the variance of the workplace size distribution
with fixed mean on the epidemic outcomes for several scenarios (additional results for other
scenarios can be found in Figure S5 of the Online Resource). This impact of the variance
appears to hold for all scenarios, suggesting that the effect holds true regardless of both
the epidemic speed and the proportions of infections that occur within structures. We also
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confirmed the validity of this result for workplace distributions with smaller mean sizes, as
illustrated in Figures S6 and S7 of the Online Resource.

2.4 Reduction to compartmental ODEs based on the initial
growth rate

In this section, our aim is to propose a relevant reduction of the multi-level contact process,
when the total population is large pN " 1q and the number of infected individuals too,
corresponding to phase 2 and phase 3 presented in the introduction. We propose a deter-
ministic reduction which keeps track of the multi-level structuring of contacts, but has a low
dimension and depends on few parameters only. It thus allows to see the effect of structure
size distributions and control policies modifying them at a low computational cost. We show
that the key parameter to achieve this reduction is the initial growth rate. As expected, it
captures the initial growth of the size of the infected population. Actually, simulations show
that it also allows for a relevant prediction of the rest of the epidemic, see Section 2.4.3 for
details on the interest and limitations of this reduction.

We assume that the total population size N is large and consider an approximation in an
infinite population. As for the branching approximation considered in Section 2.3, we focus
on the beginning of the epidemic (phase 1 and phase 2). As households and workplaces are
chosen independently from one another and for each individual, this implies that whenever
an infection occurs in the general population, it will almost surely affect an individual whose
household and workplace are entirely susceptible otherwise. Similarly, an infection taking
place within a household will cause an infection within an otherwise susceptible workplace,
and vice-versa. Some time is needed to reach a large (but still negligible compared to N)
number of infected individuals and forget the peculiar initial condition. Perron Frobenius
theorem allows to get a deterministic growth rate, which is observable in phase 2. More
precisely, it is observed at the beginning of phase 2 and more generally before the infected
population is too close to N . For more quantitative results on this point for the SIR model,
we refer to Proposition 5.1 of Bansaye et al., 2023b. It is called the initial growth rate r. It
will play a crucial role in reducing and analyzing the process in the deterministic phase with
a macroscopic number of infected individuals (phase 3).

For the stochastic SIR model in large homogeneously mixing populations, the initial
growth rate can readily be obtained (Diekmann and Heesterbeek, 2000). Let us briefly
explain the heuristics of the reasoning. Consider iptq the number of new infections in the
population occurring at time t after the start of the epidemic. It is easy to see that iptq
satisfies a renewal equation, which may be used to deduce an implicit equation for the
exponential growth rate r̄. Indeed, suppose that iptq “ Cer̄t for some constant C, and let
ζpτq denote the average rate at which an individual who has been infected τ units of time
ago transmits the disease. Then r̄ is characterized as follows:

Lpζqpr̄q :“
ż 8

0
ζpτqe´r̄τdτ “ 1, (2.6)

where L designates the Laplace transform operator. In order to conclude, it remains to
make ζ explicit, and at the beginning of the epidemic, one readily obtains the approximation
ζpτq « βe´γτ . Injecting this into the implicit equation Lpζqpr̄q “ 1 leads to the well-
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Figure 2.10: Influence of the variance of the workplace size distribution on the growth rate, epidemic
final size and epidemic peak size. For (A, B) (resp. (C, D)), simulations of the stochastic structured
model with sublinear infection rates were performed with the reference household size distribution,
exploratory workplace size distribution set B (resp. C) with average workplace size of 20 (resp. 7)
from Table 2.2. The epidemic scenario considered are 1, 2, 4, 5 (A, C) and 6, 7, 8, 10 (B, D) from
Table 2.3. Simulations were repeated 10 times for each combination of scenario and workplace size
distribution.
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known growth rate r̄ “ β ´ γ. This derivation can rigorously be obtained using branching
approximations (Mode and Sleeman, 2000).

Exponential growth of infections is also observed when household-workplace structures
are added to homogeneous mixing, and Pellis et al., 2011 characterize the associated growth
rate r. Similarly to what has been done for the reproduction number, they aggregate within-
structure epidemics to facilitate the mathematical analysis of the model. This leads to
a point of view where an infected household contaminates a new workplace each time an
infection occurs during the within-household epidemic, and vice-versa. Using Equation (2.6),
this allows for the exact characterization of r as the unique solution of an implicit equation,
which can be solved numerically. This motivates the study of the Laplace transform (2.6) of
the average rate at which infections occur during the course of within-structure epidemics,
which captures the dynamics of these infections.

Here, we follow and complement the approach in Pellis et al., 2011, mainly by providing
more explicit expressions of the key quantities involved. The following Section 2.4.1 intro-
duces our contribution, which lies in Proposition 2.4.1 and its corollaries. Subsequent Section
2.4.2 summarizes the work of Pellis et al., 2011, and allows to position our contribution in
the context of their work.

2.4.1 Laplace transform of the infection rate in a uniformly mixing popula-
tion

The main point lies in understanding the dynamics of the stochastic SIR model in a pop-
ulation of finite size k, with any one-to-one infectious contact rate λ and removal rate γ.
The results on within-household or within-workplace epidemics will follow by choosing these
parameters accordingly.

More precisely, consider the continuous-time Markov chain Xk,λ,γ “ pS, Iq taking values
in Ω̄pkq “ tps, iq P pNY t0uq2 : s` i ď ku, and whose transition rates are given by

Transition Rate
ps, iq Ñ ps´ 1, i` 1q λsi;

ps, iq Ñ ps, i´ 1q γi.

(2.7)

Then St and It represent respectively the number of susceptible and infected individuals at
time t. Furthermore, the initial condition of interest is xk0 “ pk´ 1, 1q, and Pxk0 denotes the
probability conditionally on Xk,λ,γp0q “ xk0.

Let us start by summarizing the results obtained by Pellis et al., 2011 on this matter. From
(2.7), it is obvious that when the population is in state ps, iq, a new infection takes place at
rate λsi. In particular, this rate is non-null if and only if si ě 1, so we can restrict the study
to the set of transient states Ωpkq “ tps, iq P Ω̄pkq : i ě 1u. Let ζk,λ,γptq be the average
infection rate in a population of composition Xk,λ,γptq, conditionally on Xk,λ,γp0q “ xk0. It
is clear that, by definition,

ζk,λ,γptq “
ÿ

ps,iqPΩpkq
λsiPxk0 pXk,λ,γptq “ ps, iqq.

Consider Qλ,γpkq the restriction of the generator of Xk,λ,γ to Ωpkq, which is defined as the
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following matrix indexed by states in Ωpkq1

@ps, iq P Ωpkq,@ps1, i1q P Ωpkq,

pQλ,γpkqqps,iq,ps1,i1q “

$

’

’

&

’

’

%

´λsi´ γi if ps1, i1q “ ps, iq;
λsi if ps1, i1q “ ps´ 1, i` 1q;
γi if ps1, i1q “ ps, i´ 1q;
0 otherwise.

Then it is well known that for all ps, iq in Ωpkq,

Pxk0 pXk,λ,γptq “ ps, iqq “
´

etQλ,γpkq
¯

xk0 ,ps,iq
.

Thus, a computation readily yields the following Laplace transform of ζk,λ,γ , where Idpkq is
the identity matrix of appropriate dimension, namely dpkq “ #Ωpkq “ kpk ` 1q{2: for any
u ě 0,

Lk,λ,γpuq :“ L pζk,λ,γq puq “
ÿ

ps,iqPΩpkq
λsi

´

`

uIdpkq ´Qλ,γpkq
˘´1

¯

xk0 ,ps,iq
. (2.8)

Let us now turn to our contributions. As we will see in the following proposition, we
show that it is possible to go one step further and give an analytic expression for the relevant
coefficients of

pQk,λ,γpuq :“
`

uIdpkq ´Qλ,γpkq
˘´1

,

for any population size k. This will finally allow us to give a more explicit expression of
Lk,λ,γ .

Studying the restricted generator Qλ,γpkq leads to consider possible trajectories in Ωpnq
leading from some state pk ´ `, `q to another state ps, iq, for ` ď k and i ď m “ s` i ď k
(see 2.D). This incites us to introducing the following set, which allows to encode this set
of trajectories:

Ikp`,m, iq “
 

pi0, . . . , im`1q P t`u ˆ Nm ˆ tiu :
im ď i, ij´1 ´ 1 ď ij ď k ´ j @1 ď j ď m

(

.

We are now ready to state our result.

Proposition 2.4.1. Let ` P t1, . . . , ku and consider ps, iq P Ωpkq such that s ď k ´ `.
Then for any u ě 0,

´

pQk,λ,γpuq
¯

pk´`,`q,ps,iq
“

1
u` λsi` γi

ÿ

iPIkp`,m,iq

m
ź

j“0
qk,λ,γpi, j;uqgk,m,λ,γpi, j;uq (2.9)

where m “ k ´ ps` iq and

qk,λ,γpi, j;uq “
ij`1´1t`“mu

ź

w“ij

„

1` u` γw

λpk ´ j ´ wqw

´1

1We have made a slight change here compared to Pellis et al., 2011 since the mortality matrix ∆ needed
to be deleted from the expression of Q.
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and

gk,m,λ,γpi, j;uq “

$

’

&

’

%

„

1` u` λpk ´ j ´ ij`1 ´ 1qpij`1 ` 1q
γpij`1 ` 1q

´1
for j ă m,

1 for j “ m.

Furthermore, for every state ps, iq P Ωpkq such that s ą k ´ `,
´

pQk,λ,γpuq
¯

pk´`,`q,ps,iq
“ 0.

The proof of Proposition 2.4.1 uses arguments of linear algebra. Details can be found in
2.D. Using Equation (2.8), a more explicit expression of Lk,λ,γ follows from Equation (2.9).
Let us define the ensemble

Ikpmq “
 

pi0, i1, . . . , im, im`1q P t1u ˆ Nm`1 :
im`1 ď k ´m, im ď im`1, ij´1 ´ 1 ď ij @1 ď j ď m

(

.

We can now state the result, using the same notations as in Proposition 2.4.1.

Corollary 2.4.2. For any integer k and any set of parameters λ, γ ą 0 and any u ě 0,

Lk,λ,γpuq “
k´1
ÿ

m“0

ÿ

iPIkpmq
ck,λ,γpi;uq

m
ź

j“0
qk,λ,γpi, j;uqgk,m,λ,γpi, j;uq

with

ck,λ,γpi;uq “
„

1` u` γim`1
λpk ´m´ im`1qim`1

´1
.

In the following section, we will see how Lk,λ,γ intervenes in the computation of the
growth rate r of the epidemic. Another quantity of similar nature will be needed, namely
the Laplace transform Gk,λ,γ,βG of the average rate ζGk,λ,γ,βG at which all individuals of a
structure of composition Xk,λ,γptq, conditionally on Xk,λ,γp0q “ xk0, contaminate individuals
in the general population. Obviously, when the structure is in state ps, iq P Ω̄pkq, this rate
is given by βGi, considering that the global proportion of susceptible individuals is close to
one. In other words,

Gk,λ,γ,βGpuq :“ L
`

ζGk,λ,γ,βG
˘

puq “
ÿ

ps,iqPΩpkq
βGi

´

pQk,λ,γpuq
¯

xk0 ,ps,iq
.

This rate is positive if and only if ps, iq P Ωpkq. Proceeding like before, we obtain the
following formula:

Corollary 2.4.3. For any integer k, for any set of parameters λ, γ, βG ą 0, for any u ě 0,

Gk,λ,γ,βGpuq “
k´1
ÿ

m“0

ÿ

iPIkpmq
c1k,λ,γ,βGpi;uq

m
ź

j“0
qk,λ,γpi, j;uqgk,m,λ,γpi, j;uq

with

c1k,λ,γ,βpi;uq “
βim`1

u` λpk ´m´ im`1qim`1 ` γim`1
.
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Proof of Corollaries 2.4.2 and 2.4.3. Start by noticing that

Ωpkq “
k´1
ğ

m“0

k´m
ğ

i“1
tpk ´m´ i, iqu.

Thus, Equation (2.8) becomes, using Proposition 2.4.1:

Lk,λ,γpuq “
k´1
ÿ

m“0

k´m
ÿ

i“1

λpk ´m´ iqi

u` λpk ´m´ iqi` γi

ÿ

iPIkp1,m,iq

m
ź

j“0
qk,λ,γpi, j;uqgk,m,λ,γpi, j;uq

and the conclusion follows by the definition of Ikpmq and ck,λ,γpi;uq. Similarly,

Gk,λ,γ,βGpuq “
k´1
ÿ

m“0

k´m
ÿ

i“1

βGi

u` λpk ´m´ iqi` γi

ÿ

iPIkp1,m,iq

m
ź

j“0
qk,λ,γpi, j;uqgk,m,λ,γpi, j;uq

and one concludes using the definition of Ikpmq and c1k,λ,γ,βG .

We now have introduced all necessary ingredients allowing for the computation of r,
which is covered in detail in the next section.

2.4.2 Characterization of the initial growth rate

Let us now turn to the characterization of r for the multi-level model, which has been
obtained by Pellis et al., 2011. We summarize their arguments for the sake of completeness
and in order to illustrate how Corollaries 2.4.2 and 2.4.3 complement their approach.

Their main idea for computing the real time growth rate consists in considering the epi-
demic at the level of households instead of the individual level. Indeed, it is possible to reduce
the epidemic dynamics to a two-type process, distinguishing households that have been con-
taminated locally (type L), if the first infected of the household contracted the disease at his
workplace, or globally (type G) otherwise. Remember that, during the early phase of an epi-
demic, every newly contaminated household or workplace will be fully susceptible except for
its member who has just been infected. Thus, a household infects another household glob-
ally whenever one of its contaminated members transmits the disease through the general
population. Local transmission, on the other hand, occurs in the following way. Every time
a member of a contaminated household H1 is infected during its within-household epidemic,
a within-workplace epidemic is started at his workplace. Then again, each coworker who
is infected during the within-workplace epidemic introduces the disease into his household,
which is regarded as locally contaminated by household H1. A slight subtlety is worth notic-
ing: whether the first infected individual of a household participates in locally contaminating
other households depends on the way he has been infected. If he has contracted the disease
at his workplace, then he is not hold responsible for the the within-workplace epidemic there,
and thus the other households that are infected through his workplace are not considered
locally infected by his household. However, the opposite happens if he was infected through
the general population, because he then launches a new within-workplace epidemic. This
two-type process is depicted in Figure 2.11.

Suppose now that the epidemic is in its exponential growth phase, meaning that there
exists a growth rate r such that the number of infected individuals at time t is proportional to
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Figure 2.11: Illustration of the two-type household epidemic process. The example is the same as in
Figure 2.4. The generations correspond here to generations of infected households, where the labels
denote the first infected member of each household consistently with Figure 2.4. The colors of the
arrows and of the households represent the type of infection, either globally (red) or locally (light
green).

ert. Pellis et al., 2011 argue that in this case, the household epidemic also grows exponentially
at the same rate r. It thus is enough to study the previously introduced two-type process.

For x, y P tL,Gu, let ζxyptq denote the average rate at which a household of type y
which was infected t units of time ago contaminates other households either locally if x “ L,
or globally if x “ G. For u ě 0, consider the matrix

Kpuq “

ˆ

LζGLpuq LζGGpuq
LζLLpuq LζLGpuq

˙

. (2.10)

It is a classical result (Diekmann and Heesterbeek, 2000; Pellis et al., 2011) that for this two-
type setting, the growth rate r is characterized as being the unique solution of the implicit
equation

ρpKprqq “
1
2

´

TrpKprqq `
a

TrpKprqq2 ´ 4 detpKprqq
¯

“ 1, (2.11)

where the operators ρ, Tr and det denote the spectral radius, trace and determinant, re-
spectively.

It thus only remains to take a closer look at ζxyptq for all x, y P tL,Gu. As these are
average rates of infection, one has to take into account the probability for a newly infected
individual to belong to a household or workplace of a given size. Naturally, as households and
workplaces are chosen independently uniformly at random, size-biased distributions appear
both in the case of global and local infections. This leads us to introduce the following
notation. For any application f : pn, zq ÞÑ fnpzq on N ˆ R and measure ν on N, νpf‚q
defines the function on R such that νpf‚q : z ÞÑ

ř

n νpnqfnpzq.
Within a household of size k, by definition, the average rate at which global transmissions

occur is ζGk,λH ,γ,βG . Since a newly locally or globally contaminated household is of size k
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with probability π̂Hk , it follows that

ζGG “ ζGL “ π̂HpζG‚,λH ,γ,βGq.

On the other hand, within a globally contaminated household of size n, new cases appear
at rate ζk,λH ,γ . Once infected, each of these individual transmits the disease to his coworkers
on average at rate ζw,λW ,γ , where w is the appropriate workplace size. This also applies to the
globally infected individual who launched the within-household epidemic. If the household is
contaminated locally, the reasoning is the same, except that the initially infected member is
not hold responsible for his workplace epidemic, as he is himself a secondary case only. As a
consequence,

ζLG “ π̂W pζ‚,λW ,γq ` π̂
Hpζ‚,λH ,γq ˚ π̂

W pζ‚,λW ,γq

ζLL “ π̂Hpζ‚,λH ,γq ˚ π̂
W pζ‚,λW ,γq.

Using standard properties of Laplace transforms, Kpuq thus admits the following expres-
sion as derived by Pellis et al., 2011, where the coefficients can now be computed using
Corollaries 2.4.2 and 2.4.3:

Kpuq “

ˆ

π̂H pG‚,λH ,γ,βGq puq π̂H pG‚,λH ,γ,βGq puq
π̂H pL‚,λH ,γq puqπ̂

W pL‚,λW ,γq puq
`

1` π̂H pL‚,λH ,γq puq
˘

π̂W pL‚,λW ,γq puq

˙

.

(2.12)
Numerical methods then allow to solve the implicit Equation (2.11) for the exponential
growth rate r. We refer to 2.C for details on the computation procedure.

2.4.3 ODE reduction of the multilevel model based on the initial growth
rate

The reduced model is a standard deterministic SIR model, with infection rate derived from
the growth rate r, obtained from Equation (2.11). The reduction of the model is defined by
the following set of ordinary differential equations:

$

’

’

’

’

’

&

’

’

’

’

’

%

dS

dt
“´ pr ` γqSI

dI

dt
“pr ` γqSI ´ γI

dR

dt
“γI

(2.13)

The prediction accuracy of the structured model by the reduced model is illustrated in
Figure 2.12, where 1% of individuals are initially infected. In this example, we compare
simulated epidemics of the stochastic structured model with scenario 1 from Table 2.3 and
reference household and workplace size distributions to the ODE reduction from Table 2.2.
The reduced model, based on the initial growth of infected population, accurately predicts,
as expected, the early stages of the epidemic. We note however, that the prediction accuracy
decreases with time and that the epidemic peak and the final size are overestimated by the
reduced model.

Further explorations, using all scenarios and exploratory workplace distributions A, indi-
cate the same trends. Comparison of epidemic outcomes such as the epidemic peak and the
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final size, between simulations of the stochastic structured model and their reduced coun-
terpart are presented in Figure 2.13. We observe that, regardless of the scenario, the peak
size and final epidemic size are largely correlated between the reduced model and numerical
simulations of the stochastic structured model. A slight tendency to overestimate the epi-
demic outcomes with the reduced model can also be noticed. However, Figure 2.13 (top)
illustrate that the epidemic outcomes of the reduced model remain close to the simulations
of the stochastic structured model, with differences from the exact model simulations of less
than 5% of the total number of individuals with the reduced model. The overestimation
is more visible concerning the final epidemic size. This figure also shows that the epidemic
parameters influence the prediction quality with the reduced model. This figure also illus-
trates the effect of the values of r and pG on the prediction of the final epidemic size with
the reduced model. Higher values of r, combined with low value for pG (or high pW ), such
as in scenario 1 and 2, tend to decrease the prediction accuracy with the reduced model.
For lower values of the growth rate, which also corresponds to lower epidemic final size, the
prediction accuracy is high, see for example scenarios 6 to 11.

The quality of the prediction is expected to be good for high values of pG, as for pG “ 1
the reduced model is strictly equivalent to the deterministic approximation of the stochastic
SIR model without structures. As the value of pG decreases, propagation of the epidemic
through households and workplaces becomes dominant and the structured model cannot
be approximated by a uniformly mixing deterministic SIR model regardless of the growth
rate, as illustrated in Figure 2.13 (bottom). This figure shows that the epidemic outcomes
for the stochastic structured model cannot be obtained by any deterministic SIR model for
scenarios with lower values of pG such as scenario 1 and 2, which deviate from the black
line representing the possible outcomes with a deterministic SIR model. In addition, Figure
2.13 (top) shows that, for scenarios with lower epidemic size, the prediction of epidemic
outcomes by the reduced model is more accurate. This figure also illustrates that the peak
size is accurately predicted by the reduced model in these cases, while the prediction of the
final size is less accurate. This provides further evidence that the reduction captures the
early phase of the epidemic.

2.4.4 Assessment of the reduction robustness

So far, in the modeling and for the simulations and computations, we have restricted ourselves
to Markovian models and to the SIR structure. The Markovian assumption simplifies the
parametrization: there is one single rate of infection for each of three infection ways and
one single rate of recovery. This assumption is not necessary and most of our results can
be formalized in more general contexts. Similarly, the SIR model is the canonical one,
but models with different structures can be envisaged. We have checked by simulation
that the reduction procedure based on the initial growth rate, as defined in Section 2.4.3
and in 2.F, still provides good predictions in more general contexts. In Figure 2.14, we
illustrate through two examples the prediction of epidemic outcomes between the structured
model with Gamma distributed individual recovery times and the corresponding reduced
deterministic SIR model. We can make similar observations as for the Markovian model
that the reduced model generally provides a good prediction of the epidemic outcomes, even
though the predictions are less accurate in some cases. Notice that the loss of accuracy
was to be expected, as the reduced model differs both in terms of contact structure, and
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Figure 2.12: Evolution of the proportion of S, I, R individuals in 30 runs of the stochastic structured
model (black), and the reduced model (red). Simulations are performed in a population with 100,000
individuals, with the reference household and workplace size distributions and epidemic parameters
from scenario 1. The origin of time of the numerical simulation has been set to the time where 1%
of individuals are infected. The simulation of the reduced model is performed with 1% of initially
infected individuals.

by the choice of the distribution of the infectious period (exponential distribution instead
of Gamma distribution). We also show with an example provided in Figure 2.15 that the
reduction procedure provides good predictions of epidemic outcomes for an SEIR model,
where an additional latent (and non infectious) E state is added to the SIR model. Details
on the growth rate derivation for the SEIR model are provided in 2.E, while computational
aspects are addressed in 2.F.

2.5 Discussion

In this work, we study the effect of the size of closed structures (households, workplaces,
schools...) on the propagation of epidemics, when individuals belong to different structures,
chosen independently for a given individual. We assume that there is no dependence between
the size of households and the size of workplaces. Our motivation comes in particular from
the fact that control policies allow to change the distribution of structure sizes in various
ways, for example by reducing the size of workplaces by teleworking or the size of schools by
their (partial) closure. Optimizing control measures in terms of sanitary outcome has become
a major challenge. Measuring the link between a social organisation, in terms of distribution
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Figure 2.13: Boxplot of the differences in the peak sizes (top left) and final sizes (top right) between
the complete and the reduced models, obtained from simulations of the stochastic structured model
and the corresponding reduced model. Simulated final size as a function of the peak size is reported
(bottom), the black line represents the value for the SIR model (2.13). Simulations of the stochastic
structured model are performed with population size of 100,000, reference household distribution,
workplace size distributions set A, for all scenarios from Table 2.3 (point color). Each combination
of scenario and workplace size distribution from set A is repeated 10 times. Only simulations where
an epidemic outbreak occurred ( i.e. more than 3% of the population become infected) are reported
in this figure.

of structure sizes, and the epidemic outcomes is a delicate issue. Indeed, explicit formula
and low dimensional large population approximations are known only in uniformly mixing
populations. These results concern explicit values for R0 and initial growth rate r, simple
equation for the total size of the outbreak, reduction to an SIR three dimensional ODE with
two parameters. Formulae become more complex when adding a local level consisting in
one layer of structures (households), and even intractable with an additional structure like
workplaces, where the chain of transmission does not need mean field infection any longer
to propagate.

We have used both existing approaches (namely Pellis et al., 2011) and added new
developments, by providing more explicit expressions (Section 2.4) and simulations to study
the role of structure sizes on the key outcomes of epidemics. Notice that even though
the results of Corollaries 2.4.2 and 2.4.3 have not been used in this paper for evaluating
the growth rate of simulation scenarios (details on computations in 2.B), their numerical
implementation would have been an alternative method for achieving these computations.
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Figure 2.14: Boxplot (top) of the differences in the peak sizes and final sizes between the complete
and the reduced models, obtained from simulations of the stochastic structured SIR model, with
gamma distributed recovery rates. Simulated final size as a function of the peak size is reported
(bottom), the black line represents the value for the SIR model (2.13). The shape parameter a
and rate parameter r are set to values of 0.5 (panel A) or 2 (panel B), i.e. the density is given
by pr´aΓpaqq´1xa´1e´rx. The average recovery rate is 1. Simulations of the stochastic structured
model are performed with population size of 100,000, reference household distribution, workplace size
distributions set A, for all scenarios from Table 2.3. Each combination of scenario and workplace size
distribution from set A is repeated 10 times. Only simulations where an epidemic outbreak occurred
( i.e. more than 3% of the population become infected) are reported in this figure.

In our setting, this would not be numerically pertinent as workplace sizes can be relatively
large and the formulae obtained in Corollaries 2.4.2 and 2.4.3 need to iterate over all elements
in a set whose cardinal grows exponentially with the structure size. However, making use
of these results may be pertinent when computing the growth rate in models considering
households only, as those typically are of smaller sizes.

We have focused on the Markovian case, i.e. time of infection exponentially distributed
and constant infection rate, and a simple SIR structure, with local infection rates propor-
tional to the number of susceptible and infected individuals. This basic framework was
complemented by a robustness study on more complex settings (Sections 2.3.4 and 2.4.4).
According to our findings, the structure size distribution plays a role on the key outcomes
in most scenarios. More precisely, for a given number of structures and a given number
of individuals and thus for fixed average structure size, the way individuals are distributed
has a quantitative impact on the growth rate of infections, the total number of infected
individuals and the size of the infected peak. In this setting, the variance of the structures
size distribution provides a good proxy of this impact.

This finding may be related to previously known results on the importance of the variance
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Figure 2.15: Boxplot of the differences in the peak sizes (left) and final sizes (middle) between
the complete and the reduced models, obtained from simulations of the stochastic structured SEIR
model and the corresponding reduced model defined in Appendix 2.F, for values of the transition rate
from E to I, µ “ 1, µ “ 0.5 and µ “ 2. (Right) Plot of the epidemic final size as a function of the
epidemic peak sizes obtained from simulations of the stochastic structured SEIR model, for values of
the transition rate from E to I, µ “ 1, µ “ 0.5 and µ “ 2. The black line represents the epidemic
peak size and epidemic final size for the standard SEIR model.
For all panels, simulations of the stochastic structured model are performed with population size of
100,000, reference household distribution, workplace size distributions set A, for all scenarios from
Table 2.3. Each combination of scenario and workplace size distribution from set A is repeated 10
times. Only simulations where an epidemic outbreak occurred ( i.e. more than 3% of the population
become infected) are reported in these figures.

of the degree distribution in configuration model settings. Indeed, Britton et al., 2007 have
pointed out the impact of the degree distribution variance on the reproduction number for
SIR epidemics on configuration graphs. Similarly, Ma et al., 2013 have studied the case
of a model with two levels of mixing, corresponding to a layer of households and a general
population taking the form of a configuration graph. They have shown that in this case,
the variance of the degree distribution in the general population has a strong influence on
epidemic dynamics. In the case of the household-workplace model, we can consider the
epidemic at the household level. In this situation, the size distribution of the workplace plays
a crucial role in determining the number of households to which a given household is directly
connected. Although the framework is clearly more complex than a simple configuration
model, the distribution of workplace size may play a role similar in spirit to that of the
degree distribution in the previously mentioned models based on configuration graphs.
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Figure 2.16: Boxplot of the differences in the peak sizes and (left) and final sizes (right) between
the complete and the reduced models, obtained from simulations of the stochastic structured model
with sub-linear rate and the corresponding reduced model. Simulations of the stochastic structured
model are performed with population size of 100,000, reference household distribution, workplace size
distributions set A, for all scenarios from Table 2.3. Each combination of scenario and workplace size
distribution from set A is repeated 10 times. Only simulations where an epidemic outbreak occurred
( i.e. more than 3% of the population become infected) are reported in this figure.

As for the limitations of our study, the robustness analyses that we have carried out
(Sections 2.3.4 and 2.4.4), even if they are rather summary, point to robustness of the main
results when certain assumptions are modified. A more detailed analysis using sensitivity
analysis is left for a future work.
On the one hand, the effect of the structure size distribution may be overestimated by
the fact that we consider a linear infection rate. Indeed, the rate at which a susceptible
individual is infected at a given time is assumed to be proportional to the number of infected
individuals at the same time. This probably overestimates the real infection rate. We
consider here structures which form a partition of the population, with uniform mixing within
each structure. We think this assumption is rather relevant for households but it could be
improved and extended for workplaces (and schools), where different levels of mixing could
be considered (services/departments within companies, classes within schools, etc). The
simulation study with sublinear infection rates in households and workplaces shows that the
observation on the linear impact of variance on the final epidemic size is still valid (Figure
2.10). With sublinear infection rates, we also observed similar results regarding the robustness
of the prediction of epidemic outcomes using the reduced model, namely that the reduction
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is accurate for high values of pG and a smaller epidemic size, see Figure 2.16. We note
however, that the accuracy of the prediction using the reduced model is lower with sublinear
infection rates, and the early epidemic is not predicted as accurately. When it comes to
policies and controls such as teleworking, a notion of effective size and/or effective infection
rate should probably be introduced, which is one of the interesting perspectives.
On the other hand, the effect of the structure size distribution is observed when looking at
the characteristics of the epidemic. Variance arises using the size biased law and the fact
that mean final size of epidemics is comparable to the size structure. Furthermore, following
preliminary explorations, we observed that the dependence in the structure size distribution
may imply a higher moment of it than the second moment linked to its variance. This could
confer a greater impact of large structures than the variance would predict. This reinforces
the importance of the structure size distribution and specifically the importance of the health
benefit of moving toward structures (workplace offices, school classrooms...) of the same
size. Variance remains the simplest proxy we have found in general, but further exploration
may reveal another form of dependence.

Thus, based on our results, the variance of the structure size distribution, and more gen-
erally the ratio of the second to the first moment when the latter or the number of structures
is not fixed, provides a good indicator to measure the impact of the distribution of individuals
within small social structures. Nevertheless, much work remains to be done to identify the
key parameters related to population structure that determine epidemic outcomes.

In this study, we are also interested in model reduction, in order to have a parsimonious
model that is sufficiently accurate in terms of prediction and fast to run. This is an important
issue, especially in a context where many scenarios and control policies need to be evaluated.
Thus, our goal was to reduce the model to only a few parameters and variables. We obtained
that by using the initial infection growth rate, which keeps track of the contact structure
in a subtle (almost explicit but rather complex) way. We then make use of a classical SIR
model (three variables and two parameters) as a reduction of the initial stochastic individual-
centered model with three types of contacts.

In summary, our study highlights that knowledge and modeling of the size of contact
structures appears to be important in characterizing the outcome of an epidemic. It also
points to the major role of the initial growth rate of the infection, which is unique, contrary
to the reproduction number which can have several interpretations in multilevel contact
models, and also difficult to treat. We have tried to provide a more explicit expression for
the initial growth rate, supplementing the literature. This allowed us first to conduct the
study of the impact of the structure size distribution. As we already know, the initial growth
rate provides the extinction/outbreak criterion by its sign and the rate of progression. It is
related to the peak and timing of the peak, when the epidemic dynamics explode, and to
the extinction rate when this dynamics decline. The initial growth rate has also been a key
input to the reduction problem, allowing a complex contact structure to be reduced to a few
parameters, while retaining the essence of the qualitative and quantitative behavior of the
epidemic beyond the initial time.
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Appendix

2.A Generation of structure size distributions

Let us start by giving detail on the way the reference workplace size distribution is derived
from the INSEE French workplace size distribution of 2018. Indeed, the reference workplace
size distribution is obtained from the number of workers in workplace size classes provided by
INSEE. On the one hand, workers belonging to workplaces in size classes lower than 50 are
placed, for our workplace size distribution, in workplaces with size uniformly chosen in the size
range covered by the size class. On the other hand, workers belonging to workplaces of over
50 employees are arbitrarily placed in workplaces of size 50 in our workplace distribution,
as we assume uniform mixing within workplaces which becomes unrealistic for very large
workplace sizes.

Finally, in order to generate distributions with given mean m, variance and maximum size
nmax, we proceed as follows. First, we create a set P of distributions which each charge only
two sizes in t1, . . . , nmaxu and mean m. In other words, for any 1 ď k ă m ă k1 ď nmax,
we define p “ cδk ` p1 ´ cqδk1 where c “ pk1 ´mq{pk1 ´ kq. Second, we construct a new
set of distributions D from mixtures of two distributions of the previous set, such that the
resulting distribution has a given variance. An element d P D hence is obtained by taking
p1, p2 P P and letting d “ cp1`p1´ cqp2, where the weight c is chosen such that d has the
prescribed variance. A target distribution D is then generated by a random mixture of those
elementary distributions:

D “
ÿ

dPD
wdd,

where wd are random weights such that
ř

dPD wd “ 1.

2.B Parameter values for scenarios

The size distribution of households and workplaces combined with structure-dependent in-
fection rates determines a value for the initial growth rate of the epidemic r, as well as
probabilities of infections corresponding to the three sources, global mixing pG, households
pH and workplaces pW . Due to the constraints imposed by the structure size distributions in
the structured epidemic model, it is not always possible to find numerical values of infection
rates that lead to given values of growth rate r and infection probabilities pG, pH and pW .
Parameter selection for scenarios in Table 2.3 was performed, for the reference household and
workplace distributions, using an optimisation procedure that yields infection rates leading
to a solution for growth rate and infection probabilities values as close as possible to the
target values. It relies on a cost function based on the mean square error between the target
values and the trial values of r, pG, pH and pW . A hyper-parameter controls the importance
given to the error on the growth rate.

Table 2.4 summarizes the values of r, RI , pG, pH and pW for each scenario of Table
2.3, as well as the obtained values of epidemic parameters for the reference structure size
distributions.

Scenarios provided in Table 2.3 combined with the workplace distributions from Table
2.2 allow the exploration of the relevant behavior of the structured epidemic model, covering
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Table 2.4: Values of growth rate, reproduction number and proportions of infection per layer for each
simulation scenario, as well as the corresponding epidemic parameters, in the case of the reference
structure size distributions (recall that γ “ 1 in all scenarios).

Scenario Growth rate RI pH pW pG λH λW βG
1 2.4822 2.5028 0.4217 0.1788 0.3995 11.852 0.009 1.000
2 4.9937 4.6876 0.2796 0.3471 0.3732 11.443 0.020 1.750
3 0.0009 0.9923 0.4070 0.3927 0.2002 0.376 0.010 0.199
4 2.5203 3.6460 0.1521 0.1472 0.7008 0.356 0.010 2.555
5 2.5017 5.2021 0.1301 0.5445 0.3254 0.451 0.028 1.693
6 0.5054 1.5740 0.3868 0.3456 0.2676 0.653 0.012 0.421
7 0.5061 1.5187 0.1120 0.1122 0.7758 0.094 0.004 1.178
8 0.5020 1.5920 0.3975 0.4057 0.1968 0.730 0.013 0.313
9 0.1104 1.1330 0.3879 0.4182 0.1940 0.404 0.012 0.220

10 0.0900 1.0989 0.2631 0.2646 0.4723 0.196 0.007 0.519
11 0.0706 1.1068 0.3449 0.5883 0.0668 0.309 0.016 0.074

a wide range of epidemic settings. The epidemic final size for each scenario and workplace
distribution is reported in Figure 2.2.

As mentioned in Section 2.2.3, our scenarios correspond to, or are close to, realistic
epidemic settings for three diseases of interest: influenza (Ajelli et al., 2014), COVID-19
(Locatelli et al., 2021; Galmiche et al., 2021) and chickenpox (Silhol and Boëlle, 2011).
Notice that while comparing proportions of infection at the local and global level is straight-
forward, the task is more delicate for reproduction numbers. As Ajelli et al., 2014 and
Locatelli et al., 2021 infer the reproduction number based on the exponential growth rate,
we have followed this approach and based the comparison on the reproduction number R0
defined as R0 “ 1` r{γ, where r is the exponential growth rate (Trapman et al., 2016). Of
course, Ajelli et al., 2014, Locatelli et al., 2021 and Silhol and Boëlle, 2011 do not use this
precise definition of R0, but it seemed the best compromise for comparison as it is closest in
spirit to the the studies on influenza and COVID-19, while the study on chickenpox unfor-
tunately does not detail their definition of R0. The results are shown in Figure 2.17, which
illustrates that our procedure covers a wide range of realistic epidemic settings.

2.C Numerical computations of epidemic parameters and out-
comes

The values of RI , pG, pH and pW are obtained from Equations (2.2) and (2.3). They both
require the values of IG, IG, IW which are given by Equation (2.1). Evaluations of IG, IG,
IW require the values of iHpkq and iW pkq which we obtained from numerical simulations of
the within structures epidemic. The growth rate r can be obtained in several ways, which
all involve some form of solution for Equation (2.11), which we solved using a root finding
algorithm. Elements of Matrix (2.10) can be obtained by numerical simulation of within
structure epidemics, numerical integration and numerical matrix inversion. We also provide
analytical formulations for the SIR and SEIR models, with linear infection rates, in Equations
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Figure 2.17: Values of the reproduction number R0, and proportion of infection via global mixing
pG for all scenarios of Table 2.3 and all exploratory workplace size distributions from set A, Table 2.2.
The household size distribution is the reference household size distribution. For each scenario 1-11,
labeled black points correspond to the values achieved for the reference workplace distribution. For
comparison, values reported in the literature for COVID-19, influenza and chickenpox are also shown
in black.

(2.8) and forthcoming Equation (2.17). Alternatively, we provide a fully analytical way to
obtain the growth rate of the SIR model with linear infection rates, in Corollaries 2.4.2 and
2.4.3. The values of the epidemic peak and size are obtained by stochastic simulation of the
structured model, and the values of the epidemic peak and size of the reduced model are
obtained by simulation of Equation (2.13). For a summary of the numerical evaluation of
epidemic quantities, see Table 2.5.

2.D Proof of Proposition 2.4.1
The notations are the same as previously introduced in Section 2.4.1. For two integers p, q,
we further let Ip denote the identity matrix of dimension p, and Mp,qpRq (resp. MppRq) the
space of pˆ q (resp. pˆ p) matrices with real coefficients. The aim is to compute

pQk,λ,γpuq “ puIdpkq ´Qλ,γpkqq
´1

for u ě 0, which allows us to obtain Corollaries 2.4.2 and 2.4.3.

Proof of Proposition 2.4.1. We start by noticing that when k “ 1, necessarily, ` “ 1, ps, iq “
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Table 2.5: Numerical methods used to compute epidemic parameters and outcomes.

Epidemic parameter/outcome Numerical method
IG, IG, IW Equation (2.1), with iHpkq and iW pkq obtained from

numerical simulations of the within structure epidemic.
RI Largest eigenvalue of Equation (2.2).
pG, pH and pW Equation (2.3).
Growth rate r Equation (2.11) with Laplace transforms for elements of matrix

(2.10) which can be numerically evaluated. Alternatively, in
the case of the SIR (or SEIR) model with linear infection rates,
these elements are defined in Equation (2.8) (resp. (2.17)), where
matrices in the sum are inverted numerically.

Peak and final size Numerical simulation of the structured epidemic model or
numerical simulation of Equation (2.13) for the reduced
epidemic model.

p0, 1q and m “ 0. The set of interest becomes I1p1, 0, 1q “ tp1, 1qu, and the right side of
Equation (2.9) equals pu ` γq´1. On the other hand, it is obvious that puI1 ´Qλ,γp1qq “
pu` γq. Thus, (2.9) holds when k “ 1.

Suppose now that Equation (2.9) is true for some integer k. We proceed by induction.
Notice that it is possible to enumerate the states of Ωpk`1q in such a way that Qλ,γpk`1q
is upper triangular. Indeed, it is enough to enumerate first all states in pΩpk ` 1q “ tps, iq P
Ωpk ` 1q : s ` i “ k ` 1u as tpk ` 1 ´ `, `q : 1 ď ` ď k ` 1u, so that progression from
one state to another occurs by infections which are not reversible as individuals are immune
after infection. This process is repeated for states pΩpmq “ tpm ´ `, `q : 1 ď ` ď mu for
m “ k, . . . , 1, so that transition from one set of states to the next occurs by removal of an
infected, which also is irreversible as individuals will remain immune afterwards.

This way of enumerating Ωpk` 1q is particularly interesting as Ωpk` 1q “
Ůk`1
m“1

pΩpmq,
so that Qλ,γpk ` 1q can be regarded as the following block matrix:

Qλ,γpk ` 1q “
ˆ

A B
0 Qλ,γpkq

˙

.

Here, blocks A P Mk`1pRq and B P Mk`1,dpkqpRq represent events of infections and
removals in pΩpk ` 1q, respectively, where we recall that dpkq “ #Ωpkq “ kpk ` 1q{2. As
previously, the elements of Qλ,γpk` 1q can also be indexed by states in Ωpk` 1q. Naturally,
uIdpk`1q ´Qλ,γpk ` 1q also is a block matrix, simply replacing the blocks A and Qλ,γpkq
by A1 “ uIk`1 ´A and uIdpkq ´Qλ,γpkq respectively.

More precisely, A1 is an upper bidiagonal matrix such that

@` P t1, . . . , k ` 1u, A1
`,` “ A1

pk`1´`,`q,pk`1´`,`q “ u` λpk ` 1´ `q`` γ`,
@` P t1, . . . , ku, A1

`,``1 “ A1
pk`1´`,`q,pk`1´p``1q,``1q “ ´λpk ` 1´ `q`.

Since A is upper diagonal, its inverse matrix is easily computable (Chatterjee, 1974), and
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letting apk`1q
`,i “ pA1q

´1
pk`1´`q,pk`1´i,iq, we have:

a
pk`1q
`,i “ 1iě`

1
u` λpk ` 1´ iqi` γi

i´1
ź

j“`

ˆ

1` u` γj

λpk ` 1´ jqj

˙´1
.

Furthermore, as the only states of Ωpkq that are directly accessible by removal from
pΩpk ` 1q belong to pΩpkq, all coefficients of B are null except for the following:

B`,`´1 “ Bpk`1´`,`q,pk`1´`,`´1q “ ´γ`, @` P t2, . . . , k ` 1u.

Using the fact that uIdpk`1q ´Qλ,γpk ` 1q is a block matrix and that A1 and uIdpkq ´
Qλ,γpkq are upper triangular with positive diagonal coefficients and thus invertible, we have
the following:

pQk`1,λ,γpuq “
`

uIdpk`1q ´Qλ,γpk ` 1q
˘´1

“

˜

pA1q´1 ´pA1q´1BpQk,λ,γpuq

0 pQk,λ,γpuq

¸

.

Thus, we obtain that, for all `, i P t1, . . . , k ` 1u and ps, iq P Ωpnq,
´

pQk`1,λ,γpuq
¯

pk`1´`,`q,pk`1´i,iq
“ a

pk`1q
`,i ;

´

pQk`1,λ,γpuq
¯

pk`1´`,`q,ps,iq
“

k`1
ÿ

w“2
a
pk`1q
`,w γw

´

pQk,λ,γpuq
¯

pk`1´w,w´1q,ps,iq
.

(2.14)

Let us turn to proving that Equation (2.9) holds true for k ` 1. Let ` P t1, . . . , k ` 1u
and consider ps, iq P Ωpk ` 1q such that s ď pk ` 1q ´ ` and define m “ pk ` 1q ´ ps` iq.

Notice that m “ 0 if and only if ps, iq P pΩpk`1q and s “ k`1´ i. As a consequence, if
i ă `, the set Ik`1p`, 0, iq is empty; otherwise, if i ě `, Ik`1p`, 0, iq “ tp`, iqu. In both cases,
the right hand side of Equation (2.9) equals apk`1q

`,i . Thus, by Equation (2.14), Assertion
(2.9) follows.

Consider now the case m ą 0, i.e. ps, iq P Ωpkq. It follows from Equation (2.14), using
the change of variable `1 “ w ´ 1, that

´

pQk`1,λ,γpuq
¯

pk`1´`,`q,ps,iq
“

k
ÿ

`1“1
a
pk`1q
`,`1`1γp`

1 ` 1q
´

pQk,λ,γpuq
¯

pk´`1,`1q,ps,iq
. (2.15)

Using the inductive hypothesis and noticing that k ´ ps ` iq “ m ´ 1, we get that for any
`1 P t1, . . . ku,

´

pQk,λ,γpuq
¯

pk´`1,`1q,ps,iq “

1
u` λsi` γi

ÿ

iPIkp`1,m´1,iq

m
ź

j“1
qk,λ,γpi, j ´ 1;uqgk,m´1,λ,γpi, j ´ 1;uq.

Notice that if i P Nm`2 is such that ij´1 “ i1j for all j, then qk,λ,γpi, j´1;uq “ qk`1,λ,γpi
1, j;uq

and gk,m´1,λ,γpi, j ´ 1;uq “ gk`1,m,λ,γpi
1, j;uq. Letting τ be the projection on Nm`2: for
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any i1 “ pi0, . . . , im`1q P Nm`2, τpi1q “ pi1, . . . , im`1q, we get that:

ÿ

iPIkp`1,m´1,iq

m
ź

j“1
qk,λ,γpi, j ´ 1;uqgk,m´1,λ,γpi, j ´ 1;uq “

ÿ

i1PNm`2:
τpi1qPIkp`1,m´1,iq

m
ź

j“1
qk`1,λ,γpi

1, j;uqgk`1,m,λ,γpi
1, j;uq.

Furthermore, for i1 P Nm`2 such that i0 “ `, i1 “ `1, it holds that

a
pk`1q
`,`1`1γp`

1 ` 1q “ 1t`1`1ě`uqk`1,λ,γpi
1, 0;uqgk`1,m,λ,γpi

1, 0;uq. (2.16)

Thus, noticing that the limits of the sum over `1 in Equation (2.15) taken together with
1t`1`1ě`u from Equation (2.16) induce that `´1 ď `1 ď k, Equation (2.15) yields the desired
result:

´

pQk`1,λ,γpuq
¯

pk`1´`,`q,ps,iq “

1
u` λsi` γi

ÿ

i1PIk`1p`,m,iq

m
ź

j“0
qk`1,λ,γpi

1, j;uqgk`1,m,λ,γpi
1, j;uq.

This completes the proof.

2.E Computation of the exponential growth rate for the SEIR
model with two levels of mixing

In the SEIR model, subsequently to an infectious contact between an infected and a suscep-
tible individual, the susceptible first becomes exposed (E state, assimilated to an infected
but not yet infectious state) for a duration distributed according to an exponential law of
parameter µ, before entering the infectious state. Thus, the computation of the exponential
growth rate as proposed by Pellis et al., 2011 needs to be adapted.

For a population of size k, consider the Markov chain giving the numbers pSt, Et, Itqtě0
of susceptible, exposed and infected individuals in the population at time t ě 0 after the
beginning of the epidemic, of transition rates

Transition Rate
ps, e, iq Ñ ps´ 1, e` 1, iq λsi;
ps, e, iq Ñ ps, e´ 1, i` 1q µe;

ps, e, iq Ñ ps, e, i´ 1q γi.

The set of transient states is then given by

Ω1pkq “ tps, e, iq P pNY 0q3 : s` e` i ď k, e` i ě 1u,

of cardinal d1pkq “ kpk` 1qpk` 5q{6. The restriction of the generator of this Markov chain
to Ωpkq is given by Q1λ,γ,µpkq defined by: @ps, e, iq, ps1, e1, i1q P Ω1pkq,
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`

Q1λ,γ,µpkq
˘

ps,e,iq,ps1,e1,i1q
“

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

´λsi´ µe´ γi if ps1, e1, i1q “ ps, e, iq;
λsi if ps1, e1, i1q “ ps´ 1, e` 1, iq;
µe if ps1, e1, i1q “ ps, e´ 1, i` 1q;
γi if ps1, e1, i1q “ ps, e, i´ 1q;
0 otherwise.

Following the work of Pellis et al., 2011 and adopting the notations introduced in Section
2.4, one can then easily see that the exponential growth rate r1 of the SEIR model with two
levels of mixing is characterized by the implicit equation

ρpK 1pr1qq “ 1,

where for u ě 0, K 1puq is the following matrix:
¨

˝

π̂H
´

G1‚,λH ,µ,γ,βG

¯

puq π̂H
´

G1‚,λH ,µ,γ,βG

¯

puq

π̂H
´

L1‚,λH ,µ,γ

¯

puqπ̂W
´

L1‚,λW ,µ,γ

¯

puq
´

1` π̂H
´

L1‚,λH ,µ,γ

¯

puq
¯

π̂W
´

L1‚,λW ,µ,γ

¯

puq

˛

‚,

given the definition for β, λ, µ, γ ą 0 of

G1k,λ,µ,γ,βpuq “
ÿ

ps,e,iqPΩ1pkq
βi

`

puId1pkq ´Q
1
λ,γ,µpkqq

´1˘
pk´1,1,0q,ps,e,iq ,

L1k,λ,µ,γpuq “
ÿ

ps,e,iqPΩ1pkq
pλsi` µeq

`

puId1pkq ´Q
1
λ,γ,µpkqq

´1˘
pk´1,1,0q,ps,e,iq .

(2.17)

2.F Numerical aspects for the model reductions of Section
2.4.4

SIR model with two levels of mixing and Gamma distributed individual recovery
times. The reduced model still takes the form of the dynamical system given in Equation
(2.13), whose parameters are determined as follows. γ is set to the average recovery time
and the growth rate r is obtained from Equation (2.11), where the coefficients of the relevant
matrix defined in Equation (2.12) are estimated through simulations.

SEIR model with two levels of mixing. The reduced model is a standard uniformly
mixing deterministic SEIR model, with infectious contact rate pλ and transition rate µ for
the transition from E to I. As before, γ designates the recovery rate of infected individuals.

Notice that, given the parameters pλ, µ and γ, the epidemic growth rate of the deter-
ministic SEIR model can be computed by solving Equation (2.6) with ζpτq “ ppλ{γqωpτq,
where ωpτq is the distribution of infection times for an infected individual in a uniformly
mixed population and pλ{γ is the average number of infections caused by an individual in
early stages of the SEIR epidemic.

In order to choose the value of pλ for the model reduction, we proceed as follows. First,
the epidemic growth rate r of the SEIR model with two layers of mixing is computed following
section 2.E. It then remains to set pλ in such a way that the epidemic growth rate of the
deterministic SEIR model, which can be computed as described above, is equal to r. This
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can be achieved through simulations. Alternatively, it is possible to use the following formula
derived from the Supplementary Material of Trapman et al., 2016 which states that

pλ “ γ

ˆ

1` r

γ

˙ˆ

1 “ r

µ

˙

.

The reduced model is then defined by the following set of ordinary differential equations:
$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

dS

dt
“´ pλSI

dE

dt
“pλSI ´ µE

dI

dt
“µE ´ γI

dR

dt
“γI
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Chapter 3

Large population limit for a
multilayer SIR model including

households and workplaces

We study a multilayer SIR model with two levels of mixing, namely a global level which is
uniformly mixing, and a local level with two layers distinguishing household and workplace
contacts, respectively. We establish the large population convergence of the corresponding
stochastic process. For this purpose, we use an individual-based model whose state space
specifies the remaining infectious period length for each infected. This allows to deal with
the natural correlation of the epidemic states of individuals whose household and workplace
share a common infected. In a general setting where a non-exponential distribution of in-
fectious periods may be considered, convergence to the unique deterministic solution of a
measure-valued equation is obtained. In the particular case of exponentially distributed infec-
tious periods, we show that it is possible to further reduce the obtained deterministic limit,
leading to a closed, finite dimensional dynamical system capturing the epidemic dynamics.
This model reduction subsequently is studied from a numerical point of view. We illustrate
that the dynamical system derived from the large population approximation is a pertinent
model reduction when compared to simulations of the stochastic process or to an alternative
edge-based compartmental model, both in terms of accuracy and computational cost.

Code availability. https: // github. com/ m-kubasch/ household-workplace-model

This chapter is based on the preprint ”Large population limit for a multilayer SIR model includ-
ing households and workplaces” (Kubasch, 2023).
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3.1 Introduction

Epidemic spread depends by essence on the way individuals interact with one another. As
a consequence, models have been developed which take into account main features of real-
life contacts, for instance through contact networks (Kiss et al., 2017). In particular, some
attention has been drawn to studying clustered networks, as clustering has a strong impact
on epidemic spread (Hébert-Dufresne et al., 2010; Volz et al., 2011) which is intimately
related to the way clustering is achieved within the network (House and Keeling, 2011).
A particular form of clustering consists in the presence of entirely connected small social
structures, such as households or workplaces, which exist in addition to random contacts
in the general population. This kind of population structure is captured by models with
two levels of mixing (Britton and Pardoux, 2019a, and references therein), which are related
to efficient control measures. Indeed, both COVID-19 and influenza epidemics illustrate the
pertinence of teleworking and school closures (Mendez-Brito et al., 2021; Simoy and Aparicio,
2021; Luca et al., 2018), and models explicitly distinguishing different contact types are well
suited to simulate the impact of these measures (Di Lauro et al., 2021). However, precisely
understanding the impact on disease propagation of the way individuals are organized in
households and workplaces is not straightforward (Bansaye et al., 2023a).

This motivates the study of models with several levels of contact, which as we shall see
lead to interesting mathematical issues due to their multiscale population structure. Pellis
et al., 2009 have proposed a model with two levels of mixing structured in three layers
of contacts: households, workplaces and the general population. This household-workplace
model has already been studied to some extent, establishing for instance the epidemic growth
rate (Pellis et al., 2011; Bansaye et al., 2023a) and several reproduction numbers (Ball et al.,
2016). In particular, the RI used throughout this paper was introduced in Pellis et al., 2009,
and computations of RI and proportions of infections per contact layer will make use of the
working package associated to Bansaye et al., 2023a.

One drawback of this model is its complexity, both mathematically and numerically. In-
deed, it is not simple to analyse due to correlations arising as soon as an individual may belong
to several small contact structures at once. Also, simulations require a significant amount
of computation time, especially when considering larger population sizes. As a consequence,
it is of interest to develop reduced models, which may be more prone to theoretical studies
and/or numerical exploration. In particular, large population approximations of stochastic
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models have proven fruitful to achieve such model reductions in many contexts, among which
epidemics on random graphs.

Historically, the standard SIR model developed by Kermack and McKendrick itself cor-
responds to the large population limit of the uniformly mixing stochastic SIR model. In the
Markovian setting, the convergence of the stochastic model to its deterministic limit can
be established using classical results on the convergence of finite type density-dependent
Markov jump processes, e.g. Andersson and Britton, 2000a. When infectious periods are
not restricted to being exponentially distributed, the large population convergence of the
stochastic model to the unique deterministic solution of a system of integral equations can
also be obtained (Kurtz, 1981; Forien et al., 2022). For more complex contact networks
however, it often is challenging to propose closed systems of equations correctly describing
the epidemic dynamics.

A well-understood case is the SIR model on the configuration graph, for which a re-
duced model referred to as edge-based compartmental model (EBCM) (Volz, 2008; Miller,
2011) has been proven to be the large population limit of the underlying stochastic model
(Decreusefond et al., 2012; Janson et al., 2014). Since then, the equivalence with other re-
duced models has been established under appropriate assumptions (House and Keeling, 2011;
Wilkinson et al., 2017; Jacobsen et al., 2018; Kiss et al., 2023), and the EBCM formalism
has been extended to related models (Sherborne et al., 2018; Jacobsen et al., 2018). The
configuration graph is a favorable setting for this analysis thanks to the absence of clustering
in the large graph limit, which however also constitutes a major limitation, prohibiting for
instance the existence of household-like structures.

Some attention has thus been drawn to models where each individual belongs to a random
number of fully connected subgraphs (cliques) of the same type, hence being closely related
to the household-workplace model. Several reduced models have been proposed, including
an EBCM (Volz et al., 2011; St-Onge et al., 2023; Hébert-Dufresne et al., 2010). To our
knowledge, the convergence of the underlying stochastic model to the proposed reduced
model has not been established in any of these settings. Notice that these models share a
major common point, which will also hold true in our setting: they focus on the epidemic at
the level of structures, as they keep track of the proportions of cliques containing a certain
number of susceptibles and infected, leading to high-dimensional dynamical systems for larger
clique sizes.

When considering two levels of mixing, the first model for which a large population limit
has been determined is the household model, which assumes a uniformly mixing general
population and that each individual belongs to exactly one household (House and Keeling,
2008), thus being a special case of the household-workplace model. Here, the stochastic
model can again be formalized as a finite type density-dependent Markov jump process,
ensuring the large population convergence to the deterministic model. If either of these two
assumptions is relaxed, e.g. considering a configuration graph at the global level (Di Lauro
et al., 2021; Ma et al., 2013) or individuals belonging to several households (Barnard et al.,
2018), reduced models have been proposed, but without rigorous derivation from stochastic
models. In particular, the case of the household-workplace model is not covered, and the
only reduced models proposed so far approach the epidemic dynamics using well calibrated
uniformly mixing models (Bansaye et al., 2023a; del Valle Rafo et al., 2021). While these
are capable of capturing some key characteristics of the epidemic, such as the epidemic peak
size and final size, they do not allow for an accurate prediction of the epidemic dynamic over
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time.
As a consequence, in this paper, we will study the large population limit of the multilayer

SIR model with households and workplaces. In order to do so, we will formalize the model in
a finite population as an individual-based stochastic process, and establish that this sequence
of processes converges in law when the size of the population grows to infinity. This allows
to identify a new model reduction, and establishes that it is asymptotically exact. Besides,
it paves the way for more quantitative estimates on this approximation.

Notice here that each infected individual correlates the epidemic spread in his household
and workplace, being infectious for exactly the same period of time in both structures. In
order to deal with this dependence, the duration of infectious periods will explicitly be taken
into account in the mathematical representation of the model. This difficulty actually arises
as soon as one considers the probability of an individual belonging to several cliques at
once, whether they are of different types or not, and we refer to Ball et al., 2014 where a
similar approach has been developed for branching approximations. Let us emphasize that
this model formulation allows to immediately consider a wide range of infectious period
length distributions instead of being restricted to the Markovian case, which is a pertinent
generalisation for many epidemic models (Sherborne et al., 2018; Forien et al., 2022; Feng
et al., 2007; Lloyd, 2001).

The model will be represented by a measure-valued process mixing discrete and con-
tinuous components. More precisely, we establish the convergence of the individual-based
process to the unique solution of an explicit measure-valued equation. In the particular case
where this distribution is exponential, it is possible to go one step further and reduce the
epidemic dynamics to a closed, finite dimensional dynamical system which is similar in spirit
to reductions proposed in related settings (House and Keeling, 2008; St-Onge et al., 2023).

The present paper is structured as follows. Section 3.2 introduces the individual-based
model, and Section 3.3.1 subsequently presents the convergence results in detail. Section
3.3.2 is devoted to numerical aspects. We first illustrate that the obtained dynamical system
is in good accordance with stochastic simulations, discuss its implementation and examine
its computational cost in terms of computation time compared to stochastic simulations.
Next, we confront our reduced model to an alternative model reduction which we obtain
using the EBCM formalism. Finally, Section 3.4 contains the proofs of our results.

Before proceeding, let us introduce some notations that will be used throughout the
paper. For any integers n ď m, we write Jn,mK “ tn, ¨ ¨ ¨ ,mu. For a measurable space
pE, Eq, let MP pEq be the set of point measures, MF pEq the set of finite measures and
M1pEq the set of probability measures on E. We define MP,1pEq “ MP pEqXM1pEq the
set of punctual probability measures on E. For a measure µ on E and a suitable function
f (either non-negative or belonging to L1pµq), let xµ, fy “

ş

E fdµ. Also, for x P E, δx
designates the Dirac measure at point x. Further, for any metric space E and any integer
m, let CpE,Rmq be the set of continuous functions f : E Ñ Rm. Similarly, CbpE,Rmq is
defined as the subset of bounded functions f P CpE,Rmq. Finally, the space C1

b pE,Rmq
designates the set of bounded functions f : E Ñ Rm such that f is differentiable and its
differential is continuous and bounded.
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3.2 Presentation of the model

Let us begin by introducing the epidemic model of interest, in two successive steps. At first,
a general model description is yielded, which corresponds to a more intuitive presentation of
the model, before stating the mathematical model in detail using a measure-valued stochastic
differential equation.

3.2.1 General presentation of the model

Let us start by describing the population structure of interest. Consider a population of K
individuals. Each individual is part of exactly one household and one workplace, which are
chosen independently from one another, and independently for each individual.

More precisely, such a population structure can be obtained as described in Bansaye
et al., 2023a. Suppose that households and workplaces are of size at least one and at most
nmax. Consider distributions pπHj q and pπWj q on J1, nmaxK. These distributions correspond
to the large population limit of household and workplace size distributions, in the sense that
in an infinite population, a proportion πHj of households would be of size j, while πW would
play a similar role for workplaces. In such an infinite population, the average household and
workplace sizes, respectively mH and mW , would be given for X P tH,W u by

mX “

nmax
ÿ

j“0
jπXj .

On a probability space pΩG ,PG ,FGq, we construct a sequence pGKqKě1 of this random
population structure as follows. For K ě 1, let k P J0,KK be the number of individuals
who are not yet member of a household. While k ą 0, choose a size ñ according to πH ,
independently from the household sizes that were chosen during previous steps. The newly
uncovered household is then of size n “ minpñ, kq, and n individuals out of the k remaining
ones are picked uniformly at random to assemble this new household. Consequently, it
remains to update k to k ´ n. The process stops as soon as k “ 0, as all individuals then
belong to a household. Finally, this process is repeated independently for workplaces, using
πW instead of πH .

It remains to describe the way the disease spreads in the population. The epidemic model
considered here is an extension of the standard SIR model. At each time, each individual is
either susceptible if he has never encountered the disease and may be contaminated; infected
if the individual is currently infectious, in which case he may transmit the disease to other
susceptibles; or recovered, once the infectious period is over, in which case the individual has
become immune against the disease.

The disease is transmitted among individuals as follows. Within each household, each
workplace and the general population, uniform mixing is assumed, but the parameterization
differs slightly between the layers. Indeed, for households, we consider a one-to-one contact
rate λH , meaning that whenever there are s susceptibles and i infected within a household,
the next infectious contact occurs at rate λHsi. Similarly, another one-to-one contact rate
λW is associated to workplace contacts. Within the general population, a one-to-all contact
rate βG is considered: when there are s susceptibles and i infected within a population of
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size K, infectious contacts occur at rate βG
K si. Indeed, each given encounter within the

general population becomes less likely when the population size K increases.
Finally, infected individuals remain infectious for a period of time which is independent

from pGKqKě1 and distributed according to a probability distribution ν on R`, which we
assume to be absolutely continuous with regard to the Lebesgue measure. Once they recover,
they are supposed to be immune against the disease from there on. In particular, if ν is an
exponential distribution, this corresponds to the Markovian SIR model.

3.2.2 The epidemic model at the level of households and workplaces

As we aim at investigating the large population limit of this model, we choose to enrich the
population description as to obtain a closed Markov process. This corresponds to a favourable
mathematical setting, as it allows us to use the associated martingale problem. In order to
do so, we will represent the population in terms of particles which are described by a type. It
seems natural to consider particles which correspond to entire structures, i.e. households and
workplaces, which are characterized by their size and the number of susceptible and infected
individuals they contain. Indeed, this point of view has already proven useful for deriving
reproduction numbers for related models (Ball et al., 2016), as well as the epidemic growth
rate of the household-workplace model (Pellis et al., 2011). However, this is not enough to
obtain a closed system of Markovian dynamics. The problem is that each infected individual
correlates the spread of the epidemic within his household and his workplace, leading to an
intricate correlation network. In order to circumvent this difficulty, similarly to Ball et al.,
2014, we will thus further characterize each structure by the infectious periods of its infected
members. Adopting this point of view is key, as it allows to handle both the progressive
discovery of the graph as the epidemic spreads, and the correlations arising from infected
individuals, without explicitly keeping in memory the discovered graph.

Let ω P ΩG . For a population of size K ě 1, let KH be the number of households and
KW the number of workplaces in GKpωq. While KH and KW depend on ω, this dependency
is not specified explicitly for readability. This will also apply to the forthcoming notations.
Label the KH households in an arbitrary fashion 1, . . . ,KH . Consider the set

E “ tpn, s, τq P J1, nmaxKˆ J0, nmaxKˆ Rnmax : s ď n; @j ą n´ s, τj “ 0u .

Then for k P J1,KHK, the k-th household is characterized at time t ě 0 by its type

xHk ptq “ pn
H
k , s

H
k ptq, τ

H
k ptqq P E.

The first two components of xHk correspond respectively to the size of the household
(which is constant over time), and the number of susceptible members of the household at
time t. The third component τHk is a vector containing the remaining infectious periods of
the members of the household. Indeed, at time t, there are nHk ´ sHk ptq infected or removed
individuals within the household. For j P J1, nHk ´sHk ptqK, if τHk,jptq ą 0, the individual is still
infectious and will remain so for τHk,jptq units of time. Otherwise, if τHk,jptq ď 0, the individual
has recovered, and the recovery has occurred at time t ´ |τHk,jptq|. For j ą nHk ´ sHk ptq,
τHk,jptq has no interpretation, and is set to zero for convenience in computations. In other
words, the infectiousness of a previously contaminated individual with remaining infectious
period τ is given by 1tτą0u.
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Similarly, label the KW workplaces in an arbitrary order 1, . . . ,KW . For ` P J1,KW K,
the `-th workplace is characterized by its type xW` ptq “ pnW` , sW` ptq, τW` ptqq, which is defined
analogously to household types.

Notice that all of these quantities depend on the population size K, but this dependency
is omitted to simplify notations.

By definition, these types evolve over time. On the one hand, for any X P tH,W u, for
any k P J1,KXK and j P J1, nmaxK, the j-th component of τXk decreases linearly at unitary
rate if it describes the remaining infectious period of an individual having contracted the
disease at some previous time, and stays constant otherwise:

@j P J1, nmaxK,
d

dt
τXk,jptq “ ´1tjďnX

k
´sX

k
ptqu.

Let pejq1ďjďnmax denote the canonical basis of Rnmax . Then for any 0 ď t ď T , and
x “ pn, s, τq P E, we may define Ψpx, T, tq as the type of a structure at time T given that
it was in state x at time t, supposing that no infections occurred in the meantime:

Ψpx, T, tq “
˜

n, s, τ ´
n´s
ÿ

j“1
pT ´ tqej

¸

.

On the other hand, infections within each level of mixing also cause the modification
of the types of the household and the workplace of newly contaminated individuals. More
precisely, consider a contamination occurring at time t. Suppose that the newly infected
belongs to the k-th household and `-th workplace. Let σ be the realisation of a random
variable of distribution ν, which is drawn independently for each new infected. Then xHk and
xW` jump from xHk pt´q and xW` pt´q to jpxHk pt´q, σq and jpxW` pt´q, σq respectively, where
for any x “ pn, s, τq P E,

jpx, σq “ pn, s´ 1, τ ` σen´s`1q .

It remains to describe how one identifies the household k and workplace ` the newly infected
belongs to. Let Spt´q be the number of susceptibles in the population previously to the
infection event. If it takes place within the general population, any susceptible individual
is chosen with uniform probability to be contaminated. The newly infected thus belongs to
the k-th household with probability sHk pt´q{Spt´q, and independently to the `-th workplace
with probability sW` pt´q{Spt´q. Similarly, if the infection occurs within a household, only
the workplace of the newly infected needs to be uncovered, and corresponds to the `-th
workplace with the same probability as previously. Within-workplace infections are treated
analogously.

We are now ready to introduce the stochastic process pζKt “ pζ
H|K
t , ζ

W |K
t qqtě0 taking

values in MP,1 “ MP,1pEq ˆ MP,1pEq. ζ
H|K
t and ζ

W |K
t correspond respectively to the

normalized counting measures associated to the distributions of household and workplace
types at time t, i.e. for any time t ě 0 and X P tH,W u,

ζ
X|K
t “

1
KX

KX
ÿ

k“1
δxX
k
ptq.
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Start by noticing that, as both household and workplace sizes are bounded, for X P

tH,W u, the following inequality holds:

K

nmax
ď KX ď K.

Thus, studying the asymptotic K Ñ8 amounts to pKH ,KW q Ñ p8,8q.
Observe that the number of infected individuals in a household of type pn, s, τq is given

by ipτq “
řnmax
k“1 1tτką0u. Then for any t ě 0,

IHptq “
1
KH

KH
ÿ

k“1
ipτHk ptqq

corresponds to the average number of infected individuals per household at time t. Similarly,
one may define SHptq as the average number of susceptibles per household at time t, as well
as the workplace-related quantities IW ptq and SW ptq. Then

@X P tH,W u, Sptq “ KXSXptq and Iptq “ KXIXptq. (3.1)

Further, let NH be the average household size, which is constant over time and always
equal to K{KH . This leads to Iptq{K “ IXptq{NX , which will be of use in computations.
Notice that we will need to check that Equation (3.1) is well posed, as equalities of the type
KHSHptq “ KWSW ptq technically need to be proven for the stochastic process formalizing
the model. Notice that for X P tH,W u, SX and IX actually depend on the population size
K, which is omitted in notations for readability.

Finally, let us briefly emphasize that the partition of the population in households and
workplaces is entirely conveyed by ζK0 PMP,1, as it does not vary over time. In particular, the
proportions of households and workplaces of each size are supposed to correspond to those
observed in GKpωq. Similarly, there are some natural constraints on ζK0 , as ζH|K and ζW |K
describe the same population, once dispatched into households, and once dispatched into
workplaces. For instance, the total number of members in some epidemic state (susceptible,
infected or recovered) within all households is equal to the total number of members in
this state within all workplaces. Hence KHSHp0q “ KWSW p0q and KHIHp0q “ KW IW p0q
almost surely. Further, at time 0, each infected or recovered needs to have the same remaining
infectious period in both his household and workplace. In other words, almost surely,

tτHk,jp0q : 1 ď k ď KH , 1 ď j ď nHk ´ s
H
k p0qu “ tτW`,jp0q : 1 ď ` ď KW , 1 ď j ď nW` ´ sW` p0qu. (3.2)

Forthcoming Lemma 3.2.2 shows that these conditions are enough to ensure that the previous
characterization of Sptq and Iptq in terms of SXptq and IXptq is legitimate.

Before giving the proper definition of ζK , let us introduce some necessary notations.
Again, K-dependency is not specified explicitly in order to simplify notations. Let

UG “ pR`q3 ˆ J1,KHKˆ J1,KW Kˆ R`, (3.3)

and consider the following measure on UG:

µGpduq “ µGpdθ, dk, d`, dσq “ dθ b µ#pdkq b µ#pd`q b νpdσq,
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where dθ and µ# denote the Lebesgue measure on R3 and the standard counting measure,
respectively. For t ě 0 and u “ pθ, k, `, σq P UG where θ “ pθ1, θ2, θ3q, let us define

IGpt, uq “ 1"

θ1ď
βG
K
SptqIptq, θ2ď

sH
k
ptq

Sptq
, θ3ď

sW
`
ptq

Sptq

*.

The idea is that IG will yield the correct rate for infection events in the general population.
More precisely, the constraint on θ1 corresponds to the rate of infectious contacts at that
level of mixing, while the constraints on θ2 and θ3 are related to the probability that the
newly infected belongs to the k-th household and `-th workplace.

Similarly, let
U “ pR`q2 ˆ J1,KHKˆ J1,KW Kˆ R`, (3.4)

endowed with the measure

µpduq “ µpdθ, dk, d`, dσq “ dθ b µ#pdkq b µ#pd`q b νpdσq,

where with slight abuse of notation, dθ designates the Lebesgue measure on R2. Then for
t ě 0 and u “ pθ, k, `, σq P U where θ “ pθ1, θ2q, we further introduce

IHpt, uq “ 1"

θ1ďλHsHk ptqipτ
H
k
ptqq, θ2ď

sW
`
ptq

Sptq

*.

This time, the constraints on θ1 and θ2 correspond respectively to the rate of infection within
the k-th household and the probability of the newly infected belonging to the `-th workplace.
Also, for any T ě t ě 0 and u “ pθ, k, `, σq P UG Y U , consider the following quantity,
which will allow to keep track of the change in the household population due to an infection
within the k-th household:

∆Hpu, T, tq “ δpΨpjpxHk pt´q,σq,T,tqqq
´ δpΨpxHk pt´q,T,tqqq

.

Finally, define IW pt, uq and ∆W pu, T, tq analogously:

IW pt, uq “ 1"

θ1ďλW sW
`
ptqipτW

`
ptqq, θ2ď

sH
k
ptq

Sptq

*,

and ∆W pu, T, tq “ δpΨpjpxW` pt´q,σq,T,tqqq
´ δpΨpxW` pt´q,T,tqqq

.

We are now ready to yield the main characterization of ζKt , as inspired by Tran, 2006.

Proposition 3.2.1. Define on the same probability space as ζK0 , and independently from
ζK0 , three independent Poisson point measures QY on R`ˆUY with intensity dtµY pduq, for
Y P tH,W,Gu. Then ζK “ pζH|K , ζW |Kq is defined as the unique strong solution taking
values in DpR`,MP,1q of the following equation. For X P tH,W u and T ě 0,

ζ
X|K
T “

1
KX

¨

˝

KX
ÿ

j“1
δΨpxXj p0q,T,0q

`
ÿ

Y PtH,W,Gu

ż T

0

ż

UY

IY pt´, uq∆Xpu, T, tqQY pdt, duq

˛

‚,

(3.5)
where UG and UH “ UW “ U are defined by Equations (3.3) and (3.4), respectively.
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The idea behind Equation (3.5) goes as follows. Let us focus for example on the distribu-
tion ζH|KT of household types at time T . Each household’s type contributes to the distribution
at uniform weight 1{KH . If no infection event occurs between times 0 and T , then the state
of the k-th household at time T is given by ΨpxHk p0q, T, 0q. However, suppose now that
before time T , at least one initially susceptible member of the k-th household is infected,
and let t be the first time at which such an event occurs. Then xHk ptq “ jpxHk pt´q, σq where
σ is distributed according to ν. If no other infections affect this household up to time T ,
it will be in state ΨpjpxHk pt´q, σq, T, tq instead of ΨpxHk p0q, T, 0q “ ΨpxHk pt´q, T, tq. This
reasoning is reflected in ∆H , and can be iterated over the whole of r0, T s. Finally, the terms
IY for Y P tG,H,W u assure that all infection events occur at the corresponding rates.

Proof. The proof uses classical arguments, which will only be outlined here. Start by es-
tablishing existence of ζK . Consider the sequence pTnqně0 of successive jump times of
ζK , where we define T0 “ 0. Then using a method similar to rejection sampling, pTnqně0
can be obtained as a subsequence of the jump times of a Poisson process with intensity
nmaxpλHnmax ` λWnmax ` βGqK, whose only limiting value is `8. Thus limnÑ`8 Tn “
`8 almost surely, ensuring that ζK takes values in DpR`,MP,1pEqq.

Finally, uniqueness is obtained by an induction argument which proves that for any n ě 0,
pTn, ζ

K
Tn
q is uniquely determined by pζK0 , pQY qY PSq where S “ tG,H,W u. This obviously

is true for n “ 0. The induction step relies on the observation that Tn`1 is uniquely
determined by pTn, ζKTn , pQY qY PSq and ζKTn`1

by pTn`1, Tn, ζ
K
Tn
, pQY qY PSq. The induction

hypothesis allows to conclude.

Let us briefly show that it follows from Proposition 3.2.1 that Equation (3.1) is well
posed.
Lemma 3.2.2. Suppose that almost surely, KHSHp0q “ KWSW p0q and Equation (3.2)
holds. Then for any t ě 0, KHSHptq “ KWSW ptq and KHIHptq “ KW IW ptq, almost
surely.
Proof. Let T ě 0, and for any x “ pn, s, τq P E, let npxq “ n, spxq “ s and ipxq “ ipτq.
Start by focusing on SXpT q “ xζ

X|K
T , sy for X P tH,W u. It follows from Equation (3.5)

that

KXSXpT q “
KX
ÿ

j“1
spΨpxXj p0q, T, 0qq `

ÿ

Y PtH,W,Gu

ż T

0

ż

UY

IY pt´, uqx∆Xpu, T, tq, syQY pdt, duq.

Notice that on the one hand, for any x P E and 0 ď t ď T , spΨpx, T, tqq “ spxq. Hence
the first term of the right-hand side equals KXSXp0q, and for any u “ pθ, k, `, σq,

x∆Hpu, T, tq, sy “ spΨpjpxHk pt´q, σq, T, tqq ´ spΨpxHk pt´q, T, tqq “ ´1.

The analogous computation yields x∆W pu, T, tq, sy “ ´1. Thus KHSHpT q “ KWSW pT q
almost surely.

Let us now turn to IXpT q “ xζX|KT , iy. This time, for any u “ pθ, k, `, σq and 0 ď t ď T ,
it holds that x∆Xpu, T, tq, iy “ 1tσąpT´tqu. Finally, Equation (3.2) ensures that

KH
ÿ

k“1
ipΨpxHk p0q, T, 0qq “

KH
ÿ

k“1

nHk ´s
K
k p0q

ÿ

j“1
1!

τH
k,j
p0qąT

) “

KW
ÿ

`“1
ipΨpxW` p0q, T, 0qq.

The conclusion follows as previously from Equation (3.5).
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3.3 Main results
In this section, we are going to present our main results on the convergence of pζKqKě1
in the Skorokhod space D pR`,M1pEqq

2. For X P tH,W u, let X be the complementary
structure type, i.e. X “W if X “ H and vice-versa.

As we are interested in studying the limit K Ñ 8, an important ingredient will be the
asymptotic behavior of the sequence of random graphs on which the epidemic spreads. Let
πH|K and πW |K be the household and workplace size distributions observed in GK . The
law of large numbers ensures that pπH|K , πW |KqKě1 converges PG-almost everywhere to
pπH , πW q. We hence define

Ω˚G “ tω P ΩG : pπH|Kpωq, πW |Kpωqq ÝÝÝÝÑ
KÑ8

pπH , πW qu,

and our main results will hold for ω P Ω˚G .
Further, the following assumption on the sequence of initial conditions pζK0 qKě1 will be

required from now on.

Assumption 3.3.1. For any X P tH,W u and T ě 0, suppose that:

(i)

lim
NÑ8

sup
Kě1

E

«

sup
0ďtďT

1
KX

KX
ÿ

k“1

nmax
ÿ

i“1
1!

nX
k
´sX

k
p0qěi, |τX

k,i
p0q´t|ěN

)

ff

“ 0.

(ii) For any c P R, for any i P J1, nmaxK,

lim
εÑ0

sup
Kě1

E

«

1
KX

KX
ÿ

k“1
1!

nX
k
´sX

k
p0qěi, |pτX

k,i
p0q´T q´c|ďε

)

ff

“ 0.

Briefly, the first assumption allows to control the impact of the initial condition on the
queues of the distribution of remaining infectious periods at each time, while the second
condition is related to aspects of absolute continuity. These conditions are for instance
satisfied if for any K ě 1, at time 0, the remaining infectious periods of infected individuals
are i.i.d. of law ν, while those of recovered individuals are set to be equal to zero. Notice
that this choice for recovered individuals does not represent a loss of generality, as it does
not affect the epidemic spread and initially recovered individuals will remain recognizable at
any time T as the only ones whose remaining infectious periods equal ´T .

3.3.1 Large population approximation of pζKqKě1

For any f P C1
b pR`ˆE,Rq, let ftpxq “ fpt, xq and fI

t pxq “ xν, ftpjpx, ¨qqy for every pt, xq P
R` ˆE. Consider the differential operator A defined as follows. For any x “ pn, s, τq P E,

Aftpxq “ Btfpt, xq ´
n´s
ÿ

k“1
Bτkfpt, xq.

Also, for any x “ pn, s, τq P E, let npxq “ n, spxq “ s and ipxq “ ipτq be the functions
which to a structure in state x associate the corresponding structure size, number of sus-
ceptible and number of infected members, respectively. For instance, for any X P tH,W u
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the average rate of within-structure infections at time t is given by

λXxζ
X|K
t , siy “ λX

KX

KX
ÿ

k“1
spxXk ptqqipxXk ptqq.

Notice also that as mentioned previously, the average size of structures is constant over time,
hence xζX|Kt ,ny “ xζX|K0 ,ny for all t ě 0. Finally, let M1 “ M1pEq

2. We are now ready
to state our first result, whose proof is postponed to Section 3.4.1.

Theorem 3.3.2. Let ω P Ω˚G . Suppose that
`

ζK0
˘

Kě1 satisfies Assumption 3.3.1 and con-
verges in law to η0 P M1. Then pζKqKě1 converges in D pR`,M1pEqq

2 to η “ pηH , ηW q
defined as the unique solution of the following system of Equations (3.6). For any f P
C1
b pR` ˆ E,Rq, for any T ě 0 and X P tH,W u,

xηXT , fT y “ xη
X
0 , f0y `

ż T

0
xηXt ,Aftydt` λX

ż T

0
xηXt , sipfI

t ´ ftqydt

` λX

ż T

0

xηXt , siy
xηXt , sy

xηXt , spfI
t ´ ftqydt` βG

ż T

0

xηHt , iy
xηH0 ,ny

xηXt , spfI
t ´ ftqydt.

(3.6)

This measure-valued equation can further be related to a system of PDEs. Indeed, it
is possible to establish an absolute continuity result for the marginals of ηX conditioned on
the structure’s size and number of susceptible members. The associated densities can be
shown to satisfy, in the sense of distributions, a system of differential equations related to
non-linear nonlocal transport equations. We refer to Appendix 3.A for detail.

From now on, let us assume that ν is the exponential distribution of parameter γ. As we
shall see, it then is possible to deduce from Theorem 3.3.2 that the proportion of susceptible
and infected individuals in the population converges to the solution of a dynamical system,
when the size of the population grows large.

Let sptq and iptq be the proportions of susceptible and infectious individuals, respectively,
in the population at time t according to distribution ηt. Further introduce the set

S “ tpn´ i, iq : 2 ď n ď nmax, 0 ď i ď n´ 1u .

For pS, Iq P S, let nHS,Iptq be the proportion of households containing S susceptible and I

infected individuals at time t, according to distribution ηHt . Define nWS,Iptq analogously for
workplaces. Finally, consider

τGptq “ βGiptq, and τXptq “
λX
mX

ÿ

pS,IqPS
SI nXS,Iptq for X P tH,W u.

We assume that at time 0, a fraction ε of uniformly chosen individuals are infected amidst
an otherwise susceptible population. Furthermore, at time 0, the remaining infectious period
of each infected individual is supposed to be distributed according to ν, independently from
one another. Let us emphasize here that actually, only this second assumption is crucial for
the results to hold, while the original distribution of infected individuals does not need to be
uniform (in which case forthcoming Equations (3.7) and (3.9) need to be adapted). We have
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chosen this particular initial condition as it has been previously considered in the literature,
and refer to the Discussion for further comments.

In practice, this setting corresponds to the following probability distribution η0,ε “
pηH0,ε, η

W
0,εq P M1 characterized for X P tH,W u as follows. For any n P J1, nmaxK and

s P J0, nK:

ηX0,εpn, s, dτq “ πXn

ˆ

n

s

˙

p1´ εqsεn´s
´

νbpn´sq b δ
bpnmax´n`sqq
0

¯

pdτq. (3.7)

It then is possible to describe the epidemic dynamics by a finite, closed set of ordinary
differential equations, as shown in the following result whose proof is postponed to Section
3.4.2.
Theorem 3.3.3. Let ε ą 0 and suppose that η satisfies Equation (3.6) with η0 “ η0,ε. Then
the functions ps, i, nXS,I : X P tH,W u, pS, Iq P Sq are characterized as being the unique
solution of the following dynamical system: for any t ě 0, X P tH,W u and pS, Iq P S,

d

dt
sptq “ ´pτHptq ` τW ptq ` τGptqsptqq, (3.8a)

d

dt
iptq “ ´

d

dt
sptq ´ γiptq, (3.8b)

d

dt
nXS,Iptq “ ´

ˆ

λXSI ` τXptq
S

sptq
` τGptqS ` γI

˙

nXS,Iptq (3.8c)

`γpI ` 1qnXS,I`1ptq1tS`Iănmaxu

`

ˆ

λXpS ` 1qpI ´ 1q ` τXptq
S ` 1
sptq

` τGptqpS ` 1q
˙

nXS`1,I´1ptq1tIě1u,

with initial conditions given by

sp0q “ 1´ ε; ip0q “ ε; nXS,Ip0q “
ˆ

S ` I

I

˙

πXS`Ip1´ εqSεI . (3.9)

This dynamical system may be understood as follows. Equation (3.8a) corresponds to
the fact that the proportion of susceptibles decreases whenever a new infection occurs within
the general population, or within a household or workplace. Similarly, Equation (3.8b) is
due to newly contaminated individuals moving from the susceptible to the infected state,
which they in turn leave at rate γ. It remains to take an interest in Equation (3.8c). The
first line indicates that a structure of type pS, Iq P S changes its composition upon either
the infection of one of its susceptible members which may occur in any layer of the graph,
or upon the removal of one of its infected members. Simultaneously, a structure of type
pS, I ` 1q transforms into a structure of type pS, Iq whenever one of its infected members
recovers, while a structure of type pS ` 1, I ´ 1q becomes of type pS, Iq upon infection of a
susceptible member. In particular, this result shows that under the assumptions of Theorem
3.3.3, in the large population limit, we may neglect the natural correlation between structures
caused by the fact that infected individuals belong to two structures at once. This allows
to obtain a stronger model reduction than in Theorem 3.3.2, in the sense that the model
reduces to a finite-dimensional ODE-system instead of a measure-valued equation.

Before detailing the proofs of Theorems 3.3.2 and 3.3.3, let us examine the latter from
a numerical point of view.
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Figure 3.1: Household and workplace size distributions πH (left) and πW (right) used in simulations.

3.3.2 Numerical assessment of the limiting dynamical system

The aim of this section is first to portray that the proposed large population limit, under
the form of dynamical system (3.8a–c), is in good accordance with the original stochastic
model for large population sizes. This secondarily leads to some practical comments on
the implementation of the dynamical system. Finally, a comparison with another reduced
model for epidemics with two layers of mixing will be established, namely with an edge-based
compartmental model (EBCM) in the line of work of Volz et al., 2011.

Implementation of the dynamical system and illustration of Theorem 3.3.3

Let us start by illustrating the result of Theorem 3.3.3 through numerical simulations. Using
Gillespie’s algorithm, we have performed fifty simulations of the epidemic within a population
of K “ 10000 individuals, where πH and πW are roughly inspired by the French household
and workplace distributions as observed in 2018 by Insee (Bansaye et al., 2023a). These
distributions are represented in Figure 3.1. Two sets of epidemic parameters have been
considered, leading to either RI “ 2.5 or RI “ 1.2. In both cases, the majority of contami-
nations take place at the local level. Indeed, for the first scenario with RI “ 2.5, 42% and
18% of infections occur within households and workplaces, respectively, and these propor-
tions both equal 40% in the second scenario. Further, the epidemic is started by infecting
either 10 or 100 individuals chosen uniformly at random at time 0. For each simulation, we
have followed the evolution of the proportion of susceptible and infected individuals within
the population over time.

The simulation outcomes are presented in Figure 3.2. For each choice of parameters,
the solutions s and i of dynamical system (3.8a–c) with initial condition given by (3.9) are
plotted on the same graph. As expected, one observes good accordance of the stochastic
simulations and the deterministic functions ps, iq.

Before proceeding further, let us briefly emphasize a few aspects of the implementation
of the proposed deterministic model. A potential drawback of dynamical system (3.8a–c)
consists in its large dimension. Indeed, it holds that #S “ nmaxpnmax ` 1q{2 ´ 1. The
number of equations of dynamical system (3.8a–c) is hence of order Opn2

maxq. However, this
fast-growing number of equations actually is manageable, as it is possible to implement the
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Figure 3.2: Comparison of the stochastic model with its large population approximation given by
dynamical system (3.8a–c). Household and workplace distributions are those of Figure 3.1. Two sets
of epidemic parameters are considered, namely pβG, λH , λW , γq “ p0.125, 1.5, 0.00115, 0.125q and
pβG, λH , λW , γq “ p0.03, 0.05, 0.0015, 0.125q for the left and right column respectively (RI “ 2.5
and RI “ 1.2). The initial conditions are either ε “ 0.001 in Panels (a) and (b), or ε “ 0.01 in (c)
and (d). For each of these scenarios, Gillespie’s algorithm is used to simulate 50 trajectories of the
stochastic model defined in Proposition 3.2.1 in a population of K “ 10000 individuals (faint lines).
For Panels (a) and (b), only trajectories reaching a threshold proportion of 0.005 infected are kept,
and time is shifted so that time 0 corresponds to the moment when this threshold is reached. Finally,
the deterministic solution ps, iq of (3.8a–c) is represented for each scenario (thick lines). For Panels
(a) and (b), the same time shifting procedure as for simulations is applied.
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dynamical system in an automated way, in the sense that each equation does not need to be
written one-by-one by the programmer. We refer to Appendix 3.B.1 for details.

Nevertheless, the large dimension of the dynamical system of interest raises the question
whether it is numerically speaking interesting to actually use it for numerical explorations.
We have compared the average time needed to either solve once dynamical system (3.8a–c),
or to simulate one trajectory of the stochastic model using Gillespie’s algorithm, for different
choices of epidemic parameters. In practice, for stochastic simulations, it is often necessary
to compute several individual trajectories in order to obtain the general behavior of the
epidemic. However, as it is possible to execute these simulations in parallel, comparison to
one individual simulation seemed the most pertinent. The procedure and results are detailed
in Appendix 3.B.2. In summary, solving the reduced model is up to one order of magnitude
faster than performing one stochastic simulation for values of RI ą 1 that are not too close
to the critical case RI “ 1. This shows that the reduced model is pertinent for numerical
exploration.

Comparison to edge-based compartmental models

One may notice that the population structure, as described in Section 3.2.1, can be regarded
as a modification of the well-studied configuration model. Indeed, our network of household-
and workplace-contacts may be seen as a two-layer graph, where each layer corresponds
to a random graph generated as described in Miller, 2009 and Newman, 2009, that we
shall call clique configuration model (CCM) hereafter. This random graph model generalizes
configuration models to include small, totally connected sub-graphs referred to as cliques.
It then is possible to derive an EBCM for our household-workplace model by reasoning as in
Volz et al., 2011. Details are provided in Appendix 3.C.

Edge-based compartmental models on CCM variants have been known to be in good
accordance with simulations of the corresponding stochastic epidemic models, under the
assumption of a very small initial proportion of infected. In our case, we have confronted the
EBCM with dynamical system (3.8a–c), as well as simulated trajectories of our stochastic
model. As expected, for very small values of ε, the EBCM and dynamical system (3.8a–c)
both yield the correct epidemic dynamics, whereas for larger values of ε, the EBCM does
not fit the simulated epidemic trajectories. We refer to Appendix 3.C for details.

Finally, proceeding like before, we obtain that the number of equations of the EBCM is of
order Opn3

maxq. This has a strong negative impact on computation time, as briefly illustrated
in Appendix 3.C, arguing against the applicability of this EBCM for numerical explorations.

To conclude, in the particular case of the household-workplace model studied in this
article, the EBCM seems to be equivalent to the large population approximation described
by dynamical system (3.8a–c), under the condition that the initial proportion of infected is
very small. However, considering both the computational cost of its higher dimension and
the loss of accuracy for more general initial conditions of the EBCM, the large population
approximation given by dynamical system (3.8a–c) seems more pertinent in the case of the
epidemic model under consideration.
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3.4 Proofs

This section is devoted to establishing Theorems 3.3.2 and 3.3.3. As we will see, the proof
of Theorem 3.3.2 has the intrinsic difficulty of all convergence results for measure-valued
processes, with some technical difficulty arising from the infectiousness being a discontinu-
ous function of the remaining infectious period. This will become apparent in the proof of
forthcoming Proposition 3.4.8. Nevertheless, it allows us to obtain a deterministic prediction
of the dynamics of the structure type distributions during the course of an epidemic. At
this level, the limiting object is rich, allowing it to convey detailed information on the dis-
tribution of remaining infectious periods within structures. This however comes at the cost
of an infinite-dimensional limiting object, which motivates the interest in trying to further
reduce its dimension by adopting a coarser population description. In the case where ν is the
exponential distribution, Theorem 3.3.3 shows that this actually is possible, the final reduced
model taking the form of dynamical system (3.8a–c). As mentioned previously, the existence
of an asymptotically exact, closed, finite-dimensional ODE-system capturing the epidemic
dynamics was not obvious from the beginning. Indeed, in order to obtain this result, we need
to show that structuring the population of previously contaminated individuals by remaining
infectious period is not necessary to handle the correlation of epidemic states of structures
sharing a common infected. While this result fundamentally relies on the memory-less prop-
erty of the exponential distribution, it will demand some effort, as illustrated in forthcoming
Propositions 3.4.12 and 3.4.14.

3.4.1 Proof of Theorem 3.3.2

Let us start with the proof of Theorem 3.3.2. It follows a classical scheme, establishing tight-
ness of pζKqKě1, whose limiting values are shown to satisfy Equation (3.6). Uniqueness of
the solutions of this equation given the initial condition then ensures the desired convergence
result. In particular, the proof is inspired by Fournier and Méléard, 2004 and Tran, 2006.

Uniqueness and continuity of the solution of Equation (3.6).

We are first going to establish a uniqueness result for the solutions of Equation (3.6). Notice
that we do not need to prove existence of solutions in this section, as forthcoming Proposition
3.4.8 constructs such solutions as limiting values of pζKqKě1.

Let us start with a technical lemma, whose proof we present for sake of completeness.

Lemma 3.4.1. Let f P CbpE,Rq. There exists a sequence pfkqkě1 taking values in C1
b pE,Rq

such that fk converges simply to f and supkě1 ‖fk‖8 ď ‖f‖8.

Proof. Consider a mollifier ψ, i.e. ψ P C8pRnmaxq is of compact support in Rnmax , its
mass

ş

Rnmax ψpxqdx equals 1, and for k ě 1, the function ψk : x ÞÑ knmaxψpkxq satisfies
limkÑ8 ψk “ δ0 in the sense of distributions. Let f P CbpE,Rq. Define the sequence pfkqkě1
as follows:

fk : pn, s, τq P E ÞÑ fpn, s, ¨q ˚ ψkpτq.

Then, for any x P E, by definition of pψkqkě1 it holds that limkÑ8 fkpxq “ fpxq.
Further, as ψk is of integral 1 for any k, it is obvious that for any k, ‖fk‖8 ď ‖f‖8. Finally,
it also follows from the usual properties of convolution that for any k ě 1, fk is smooth
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with respect to its last variable and the corresponding partial derivatives are bounded, hence
fk P C1

b pE,Rq.

We may now turn to the main result of this paragraph. With slight abuse of notation,
for an element η “ pη1, η2q PM1, we define its total variation norm by }η}TV “ }η1}TV _
}η2}TV .

Proposition 3.4.2. Let η‹ PM1. Then Equation (3.6) admits at most one measure-valued
solution η which belongs to CpR`, pM1, } ¨ }TV qq, such that η0 “ η‹.

From now on, for X P tH,W u, define nX “ xηX0 ,ny, sXptq “ xηXt , sy and iXptq “
xηHt , iy. Let us establish the proposition.

Proof. First, notice that it follows immediately from Equation (3.6) that xηXT , 1y “ xηX0 , 1y
for X P tH,W u, thus η0 PM1 implies that for any T ě 0, ηT PM1.

Let us show that any solution η of Equation (3.6) belongs to CpR`, pM1, } ¨ }TV qq. In
order to do so, it is enough to show that ηX P CpR`, pM1pEq, }¨}TV qq for any X P tH,W u.
We are going to detail the proof for ηH only, as ηW can be handled in the same way.

Let T ě 0 and g P C1
b pE,Rq such that ‖g‖8 ď 1. Consider the function defined by

@pt, xq P Rˆ E, ftpxq “ gpΨpx, T, tqq

and recall that fI
t pxq “ xν, ftpjpx, ¨qqy. Then by definition, fT pxq “ gpxq. It follows from

the assumption g P C1
b pE,Rq that f P C1

b pR` ˆ E,Rq. The advantage of this construction
is that t ÞÑ Ψpx, T, tq corresponds to a reversal of time, which cancels out the deterministic
dynamics described by the differential operator A. Indeed, letting x “ pn, s, τq, a brief
computation shows that

Btftpxq “
n´s
ÿ

k“1
BτkgpΨpx, T, tqq and Bτkftpxq “ BτkgpΨpx, T, tqq,

which yields that Aftpxq “ 0 for all pt, xq P RˆE. Using the fact that xηHT , gy “ xηHT , fT y,
it follows from Equation (3.6) that

xηHT , gy “ xη
H
0 , f0y ` λH

ż T

0
xηHt , si

`

fI
t ´ ft

˘

ydt

` λW

ż T

0

1
sW ptq

xηWt , siyxηHt , s
`

fI
t ´ ft

˘

ydt` βG

ż T

0

iHptq

nH
xηHt , s

`

fI
t ´ ft

˘

ydt.

Recall that iHptq ď nmax and iHptq
nH

ď 1 since for any x P E, ipxq ď npxq. We may
notice that the following inequalities hold, as for any t, ‖ft‖8 ď 1:

xηHt , si
`

fI
t ´ ft

˘

y ď 2pnmaxq
2,

1
sW ptq

xηWt , siy ď nmax,

xηHt , s
`

fI
t ´ ft

˘

y ď 2nmax,

iHptq

nH
xηHt , s

`

fI
t ´ ft

˘

y ď 2nmax.
(3.10)

Let C “ 2nmax pλHnmax ` λWnmax ` βGq and let ε P R. It then follows from Inequali-
ties (3.10) that

|xηHT ´ η
H
T`ε, gy| ď C|T ´ pT ` εq| “ C|ε|. (3.11)
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Consider now h P CbpE,Rq such that ‖h‖8 ď 1. Lemma 3.4.1 ensures that there exists
a sequence pgkqkě1 taking values in C1

b pE,Rq which converges simply to h and such that
‖gk‖8 ď 1. By dominated convergence, this implies that

|xηHT ´ η
H
T`ε, hy| ď C|T ´ pT ` εq| “ C|ε|.

As E is a Polish space, it follows from Proposition A.6.1 of Tran, 2006 that
||ηHT ´ η

H
T`ε||TV “ sup

hPCbpE,Rq:‖h‖8ď1
|xηHT ´ η

H
T`ε, hy| ď C|ε|. (3.12)

As this holds for any ε and any T ě 0, the strong continuity of ηH is established.
It remains to establish uniqueness of the solution η of Equation (3.6) with initial condition

η0 “ η‹. We will once more establish uniqueness component-wise, and focus on ηH as ηW
is treated in a similar fashion.

Let η, η be two solutions of Equation (3.6) with initial condition η‹. Let iHptq “ xηHt , iy
and define sW ptq in analogous manner. As before, let T ě 0. Consider again g P C1

b pE,Rq
such that ‖g‖8 ď 1, and define ft and fI

t as previously. Then

|xηHT ´ η
H
T , gy| ď λH

ż T

0

ˇ

ˇxηHt ´ η
H
t , si

`

fI
t ´ ft

˘

y
ˇ

ˇ dt

` λW

ż T

0

ˇ

ˇ

ˇ

ˇ

1
sW ptq

xηWt , siyxηHt , spfI
t ´ ftqy ´

1
sW ptq

xηWt , siyxηHt , spfI
t ´ ftqy

ˇ

ˇ

ˇ

ˇ

dt

`
βG
mH

ż T

0

ˇ

ˇiHptqxη
H
t , spfI

t ´ ftqy ´ iHptqxη
H
t , spfI

t ´ ftqy
ˇ

ˇ dt.

Proceeding similarly as in Inequalities (3.10), we obtain that

|xηHT ´ η
H
T , gy| ď

C

2

ż T

0

ˇ

ˇxηHt ´ η
H
t , f

I
t ´ fty

ˇ

ˇ dt

ď
C

2

ˆ
ż T

0

ˇ

ˇxηHt ´ η
H
t , f

I
t y
ˇ

ˇ dt`

ż T

0

ˇ

ˇxηHt ´ η
H
t , fty

ˇ

ˇ dt

˙

.

On the one hand, by definition, ft P CbpE,Rq and ‖ft‖8 ď 1. Thus
ˇ

ˇxηHt ´ η
H
t , fty

ˇ

ˇ ď

||ηHt ´ ηHt ||TV . On the other hand, it follows from the usual criterion of continuity for
parametric integrals that fI

t is continuous on E and
∥∥∥fI
t

∥∥∥
8
ď ‖ft‖8 ď 1. As a consequence,

ˇ

ˇxηHt ´ η
H
t , f

I
t y
ˇ

ˇ ď ||ηHt ´ η
H
t ||TV . Hence

|xηHT ´ η
H
T , gy| ď C

ż T

0
||ηHt ´ η

H
t ||TV dt.

We then may follow the same steps that allowed to establish Equation (3.12) from
Equation (3.11), and obtain that

||ηHT ´ η
H
T ||TV ď C

ż T

0
||ηHt ´ η

H
t ||TV dt.

Gronwall’s lemma then assures that
@t P r0, T s, ||ηHt ´ ηHt ||TV “ 0.

One obtains the analogous result for ηW in the same manner. As T ě 0 is arbitrary, this
concludes the proof.



126 CHAPTER 3. LARGE POPULATION LIMIT OF A MULTILAYER SIR MODEL

Tightness of pζKqKě1 in D pR`, pMF pEq, wqq
2

Let us now turn to the tightness of pζKqKě1 in D pR`, pMF pEq, wqq
2, where w designates

the weak topology on MF pEq. We start by establishing the following preliminary result,
whose proof relies on the chain rule.

Lemma 3.4.3. Let f P C1
b pR` ˆ E,Rq. Then for any T ě t0 ě 0, for any x P E,

f pT,Ψpx, T, t0qq “ f pt0, xq `

ż T

t0

Af pt,Ψpx, t, t0qq dt.

Proof. For x “ pn, s, τq P E and t0 P R`, define

gt0,x : rt0,`8q Ñ R, T ÞÑ f pT,Ψpx, T, t0qq .

Let us start by noticing that for any pt0, xq P R` ˆ E, gt0,x P C1pR`q. Indeed, gt0,x “
fn,s ˝ ht0,x, where

fn,s : R` ˆ Rnmax Ñ R, pu,vq ÞÑ f pu, pn, s,vqq

and ht0,x : R` Ñ R1`nmax , t ÞÑ

˜

t, τ ´
n´s
ÿ

k“1
pt´ t0qek

¸

.

The chain rule and a quick computation of the differentiable of ht0,x yields that for every
t ě t0,

d

dt
gt0,xptq “ B1fn,spht0,xptqq ´

n´s
ÿ

k“1
Bk`1fn,spht0,xptqq.

Notice that on the one hand, B1fn,spu,vq “ Btfpu, pn, s,vqq and on the other, k ě 2,
Bkfn,spu,vq “ Bτk´1fpu, pn, s,vqq. As a consequence, we have shown that for any pt0, xq P
R` ˆ E, for every t ě t0, gt0,x is differentiable at t and satisfies

d

dt
gt0,xptq “ Af pt,Ψpx, t, t0qq .

This concludes the proof.

Throughout the section, we use the notation S “ tH,W,Gu. Also, for any f P C1
b pR`ˆ

E,Rq, let ftpxq “ fpt, xq for any pt, xq P R` ˆ E. Finally, we define for any continuous
bounded function g : R` ˆ E Ñ R, for any t ě 0 and u “ pθ, k, `, σq P

Ť

Y PS UY :

gHt,u “ gpt, jpxHk ptq, σqq ´ gpt, x
H
k ptqq and gWt,u “ gpt, jpxW` ptq, σqq ´ gpt, x

W
` ptqq.

Proposition 3.4.4. Consider ζK as introduced in Proposition 3.2.1. For any f P C1
b pR` ˆ

E,Rq, T ě 0 and X P tH,W u,

xζ
X|K
T , fT y “ xζ

X|K
0 , f0y `

ż T

0
xζ
X|K
t ,Aftydt`

1
KX

ÿ

Y PS

ż T

0

ż

UY

IY pt´, uqfXt´,uQY pdt, duq.
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Proof. Let f P C1
b pR`ˆE,Rq and X P tH,W u. Recall that, by definition, for any bounded

function g : E Ñ R, for any T ě t ě 0 and u “ pθ, k, `, σq P
Ť

Y PS UY :

x∆Hpu, T, tq, gy “ gpΨpjpxHk pt´q, σq, T, tqq ´ gpΨpxHk pt´q, T, tqq,

and x∆W pu, T, tq, gy is defined analogously, by replacing H by W and k by `.
From Equation (3.5), it follows that

xζ
X|K
T , fT y“

1
KX

˜

KX
ÿ

j“1
fT

`

ΨpxXj p0q, T, 0q
˘

`
ÿ

Y PS

ż T

0

ż

UY

IY pt´, uqx∆Xpu, T, tq, fT yQY pdt, duq

¸

.

Using the result from Lemma 3.4.3, this becomes:

xζ
X|K
T , fT y “

1
KX

KX
ÿ

j“1

ˆ

f0px
X
j p0qq `

ż T

0
AftpΨpxXj p0q, t, 0qqdt

˙

`
1
KX

ÿ

Y PS

ż T

0

ż

UY

IY pt´, uq
ˆ
ż T

t
x∆Xpu, z, tq,Afzydz

˙

QY pdt, duq

`
1
KX

ÿ

Y PS

ż T

0

ż

UY

IY pt´, uqfXt´,uQY pdt, duq.

It follows from the definition of C1
b pR` ˆE,Rq that both f and Af are bounded, hence we

may apply Fubini’s theorem to obtain that

xζ
X|K
T , fT y “

1
KX

KX
ÿ

j“1
f0px

X
j p0qq `

1
KX

ÿ

Y PS

ż T

0

ż

UY

IY pt´, uqfXt´,uQY pdt, duq

`
1
KX

ż T

0

˜

KX
ÿ

j“1
AfzpΨpxXj p0q, z, 0qq `

ÿ

Y PS

ż z

0

ż

UY

IY pt´, uqx∆Xpu, z, tq,AfzyQY pdt, duq

¸

dz.

The first sum on the right-hand side equals xζX|K0 , f0y. From the second line, one recognizes
in the integrand the definition of xζX|Kz ,Afzy from Equation (3.5). This yields the desired
result.

For Y P S, let
rQY pdt, duq “ QY pdt, duq ´ dtµY pduq

be the compensated martingale-measure associated to QY .
It follows that, for f P C1

b pR` ˆ E,Rq and X P tH,W u,

xζ
X|K
T , fT y “M

X|K
T pfq ` V

X|K
T pfq,

where we define

M
X|K
T pfq “

1
KX

ÿ

Y PS

ż T

0

ż

UY

IY pt´, uqfXt´,u rQY pdt, duq

and

V
X|K
T pfq “ xζ

X|K
0 , f0y `

ż T

0
xζ
X|K
t ,Aftydt`

1
KX

ÿ

Y PS

ż T

0

ż

UY

IY pt, uqfXt,uµY pduqdt.
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Proposition 3.4.5. Let f P C1
b pR` ˆ E,Rq and X P tH,W u. Then pMX|K

T pfqqTě0 is a
square integrable martingale. Using the same notations as in Theorem 3.3.2, its quadratic
variation is given by

xMX|KpfqyT “
1
KX

ż T

0
xζ
X|K
t ,HX

t ppf
2
t q

I ´ 2fI
t ft ` f

2
t qydt,

where for any t ě 0 and x P E,

HX
t pxq “ βG

IHptq

NH
spxq ` λXspxqipxq ` λX

xζ
X|K
t , siy
SXptq

spxq.

Proof. Let f P C1
b pE,Rq and X P tH,W u. Consider MX|K

T pfq, which can be written as

M
X|K
T pfq “M

X|K
X,T pfq `M

X|K

X,T
pfq `M

X|K
G,T pfq,

where, for Y P S and T ě 0,

M
X|K
Y,T pfq “

ż T

0

ż

UY

1
KX

IY pt´, uqfXt,u rQY pdt, duq.

Suppose that for any Y P S,

E

«

ż T

0

ż

UY

ˆ

1
KX

IY pt, uqfXt,u
˙2

µY pduqdt

ff

ă 8,

then for all Y P S, pMX|K
Y,T pfqqTě0 is as square integrable martingale (Meleard and Bansaye,

2015), implying that pMX|K
T pfqqTě0 also is a square integrable martingale. As QH|K , QW |K

and QG|K are independent, it follows that

xMX|KpfqyT “
ÿ

Y PS
xM

X|K
Y pfqyT .

It thus is enough to study pMX|K
Y,T pfqqTě0 for all Y P S. In the following, we will detail the

necessary computations in the case X “ H, the case X “W being similar.
Consider the case Y “ H. Start by noticing that

řKW
`“1 s

W
` ptq “ KWSW ptq, and that for

any k P J1,KHK and t P r0, T s, sHk ptq and iHk ptq are less then nmax, almost surely. Hence,
replacing Sptq by KWSW ptq in IH ,

E
”

xM
H|K
H pfqyT

ı

“ E

«

ż T

0

ż

UH

ˆ

1
KH

IHpt, uqfHt,u
˙2

µHpduqdt

ff

“ E

«

ż T

0

1
K2
H

KH
ÿ

k“1
λHs

H
k ptqipτ

H
k ptqqxν,

`

ftpjpx
H
k ptq, ¨qq ´ ftpx

H
k ptqq

˘2
ydt

ff

ď
1
KH

λHpnmaxq
24 ‖f‖2

8 T.

(3.13)

Since further KH ě K{nmax and ‖f‖2
8 ă 8, we obtain that

E
”

xM
H|K
H pfqyT

ı

ď
4
K
λXpnmaxq

3 ‖f‖2
8 T ă 8. (3.14)
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Thus pMH|K
H,t pfqqtě0 is a square integrable martingale whose quadratic variation is given by

xM
H|K
H pfqyT “

ż T

0

ż

UH

ˆ

1
KH

IHpt, uqfHt,u
˙2

µHpduqdt

“
λH
KH

ż T

0
xζ
H|K
t , sippf2

t q
I ´ 2fI

t ft ` f
2
t qydt,

using the computations from Equation (3.13).
Similarly, pMH|K

W,T pfqqTě0 is a square integrable martingale of quadratic variation

xM
H|K
W pfqyT “ λW

ż T

0

xζ
W |K
t , siy
SW ptq

xζ
H|K
t , sppf2

t q
I ´ 2fI

t ft ` f
2
t qydt.

Further, for the case Y “ G, let us use the equalities Sptq “ KHSHptq and Iptq “
KHIHptq. As Iptq{K “ IHptq{NH ď 1 almost surely, we obtain that

E
”

xM
H|K
G pfqyT

ı

“ E

«

ż T

0

ż

UG

ˆ

1
KH

IGpt, uqfHt,u
˙2

µGpduqdt

ff

ď
4
K
βGpnmaxq

2 ‖f‖2
8 T.

As before, pMH|K
G,T pfqqTě0 thus is a square integrable martingale of quadratic variation given

by

xM
H|K
G pfqyT “

1
KH

βG

ż T

0

IHptq

NH
xζ
H|K
t , sppf2

t q
I ´ 2fI

t ft ` f
2
t qydt.

This yields the desired result for pMH|K
T pfqqTě0. The proof is concluded by proceeding in

the same way for pMW |K
T pfqqTě0.

We are now ready to focus on the tightness of pζKqKě1, endowing MF pEq with the
vague topology v as a first step.

Proposition 3.4.6. Under the assumptions of Theorem 3.3.2, the sequence pζKqKě1 is tight
in D pR`, pMF pEq, vqq

2.

The proof relies on the fact that in order to establish tightness of pζKqKě1, it is enough
to show that for any X P tH,W u,

`

xζX|K , fy
˘

Kě1 is tight for a large enough set of test
functions f (Roelly-Coppoletta, 1986). This in turn is ensured using the Aldous (Aldous,
1978) and Rebolledo (Joffe and Metivier, 1986) criteria, whose application is straightforward
thanks to the upper bounds established in the previous proof.

Proof. Once more, we will proceed component-wise and show that
`

ζH|K
˘

Kě1 and
`

ζW |K
˘

Kě1
are both tight in D pR`, pMF pEq, vqq.

Let us focus on
`

ζH|K
˘

Kě1. According to Theorem 2.1 of Roelly-Coppoletta, 1986, it
is sufficient to show that for any function f belonging to a dense subset of

C0pE,Rq “
"

f : E Ñ R continuous s.t. lim
‖x‖8Ñ8

|fpxq| “ 0
*

,

the sequence
`

xζH|K , fy
˘

Kě1 is tight in DpR`,Rq. Notice that by density of the set of
smooth compactly supported functions in C0pRnmaxq endowed with the uniform norm, it
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follows that C0pE,Rq X C1
b pE,Rq is also dense in C0pE,Rq endowed with the uniform norm.

Thus, let us consider f P C0pE,Rq X C1
b pE,Rq.

According to the Aldous (Aldous, 1978) and Rebolledo (Joffe and Metivier, 1986) criteria,
in order to prove the tightness of pxζH|K , fyqKě1, it is enough to show that:

(i) For any t belonging to a dense subset T of R`,
`

xMH|Kpfqyt
˘

Kě0 and pV H|K
t pfqqKě0

are tight in R.

(ii) For any T ě 0, for any ε, α ą 0, there exist δ ą 0 and K0 P N such that for any two
sequences of stopping times pSKqKě1 and pTKqKě1 satisfying SK ď TK ď T for all
integers K,

sup
KěK0

P
´

|xMH|KpfqySK ´ xM
H|KpfqyTK | ě α, TK ď SK ` δ

¯

ď ε

and sup
KěK0

P
´

|V
H|K
SK

pfq ´ V
H|K
TK

pfq| ě α, TK ď SK ` δ
¯

ď ε.

Notice that, in order to establish (i), it is enough to show that for any t ě 0,

sup
Kě1

E
”

|xMH|Kpfqyt|
ı

ă 8 and sup
Kě1

E
”
ˇ

ˇ

ˇ
V
H|K
t pfq

ˇ

ˇ

ˇ

ı

ă 8.

Recalling that C “ 2nmax pλHnmax ` λWnmax ` βGq, it follows from Equation (3.14) that

Er|xMH|Kpfqyt|s ď
1
K

2nmaxC ‖f‖2
8 t.

Similar computations yield that

Er|V H|K
t pfq|s ď ‖f‖8 ` ‖Af‖8 ` C ‖f‖8 t.

As f P C1
b pE,Rq, this implies that (i) holds.

It remains to check (ii). Let ε, α ą 0, and consider two sequences of stopping times
pSKqKě1 and pTKqKě1 satisfying SK ď TK ď T for all integers K. As previously, using
Equation (3.14), we obtain the following upper bound:

E
”

|xMH|KpfqySK
´ xMH|KpfqyTK

|

ˇ

ˇ

ˇ
TK ď SK `δ

ı

ď E

«

ż TK

SK

dt
ˇ

ˇ

ˇ
TK ď SK `δ

ff

2
K
nmaxC ‖f‖2

8

ď
δ

K
2nmaxC ‖f‖2

8 .

Hence, using conditional Markov’s inequality,

P
´

|xMH|KpfqySK ´ xM
H|KpfqyTK | ě α, TK ď SK ` δ

¯

ď
δ

αK
2nmaxC ‖f‖2

8 . (3.15)

Proceeding similarly, we also obtain that

P
´

|V
H|K
SK

pfq ´ V
H|K
TK

pfq| ě α, TK ď SK ` δ
¯

ď
δ

α
p‖Af‖8 ` C ‖f‖8q . (3.16)

Equations (3.15) and (3.16) imply the existence of δ and K0 such that (ii) is satisfied.
Naturally, ζW |K can be handled analogously. This concludes the proof.
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Finally, this result on the tightness of pζKqKě1 in DpR`, pMF pEq, vqq
2 lets us establish

the main result of this subsection.

Proposition 3.4.7. Under the assumptions of Theorem 3.3.2, the sequence pζKqKě1 is tight
in DpR`, pMF pEq, wqq

2.

Proof. Let X P tH,W u. Tightness in DpR`, pMF pEq, wqq of pζX|KqKě1 will be shown
using Theorem 1.1.8 from Tran, 2014, which we state in our setting for the sake of com-
pleteness. Let Φ : z P R ÞÑ 6z2´15z4`10z3 and for N ě 1, define smooth approximations
of x P E ÞÑ 1t‖τpxq‖8ěNu by:

@x P E,@N ě 1, φN pxq “ Φp0_ p‖τpxq‖8 ´ pN ´ 1qq ^ 1q.

Then in order to ensure the tightness of pζX|KqKě1 in DpR`, pMF pEq, wqq, it is sufficient
to show that for any T ě 0, the following conditions hold:

(i) There exists a family of functions F which is dense in C0pE,Rq and stable under
addition, such that for any f P F Y tx P E ÞÑ 1u, the sequence pxζX|K , fyqKě1 is
tight in DpR`,Rq.

(ii)
lim
NÑ8

lim sup
KÑ8

Ersup
tďT

xζ
X|K
t , φNys “ 0.

(iii) Any limiting value of pζX|KqKě1, if it exists, belongs to Cpr0, T s, pMF pEq, wqq.

The proof hence consists in checking those assumptions. Let T ě 0, and consider X “ H, as
the case X “W can be treated similarly. We may see that (i) is satisfied, as we have shown
in the proof of Proposition 3.4.6 that for any f P C0pE,Rq X C1

b pE,Rq, pxζH|K , fyqKě1 is
tight, and further for any K ě 1, for any T ě 0, xζH|KT , 1y “ 1 almost surely.

Let us now turn our attention to (ii). Start by noticing that for any N ě 1 and x P E,

φN pxq ď 1t‖τpxq‖8ěN´1u ď fN´1pxq :“
nmax
ÿ

i“1
fN´1,ipxq

where fN´1,ipxq “ 1tnpxq´spxqěi, |τipxq|ěN´1u.
Let t P r0, T s. For any N ´ 1 ě t, x P E, z P r0, ts and σ ě 0, it holds by definition that

fN´1,ipΨpjpx, σq, t, zqq ´ fN´1,ipΨpx, t, zqq “ 1tnpxq´spxq“i´1, |σ´pt´zq|ąN´1u ď 1tσąN´1u.

Hence, using Proposition 3.2.1 and the above upper bounds, it follows that almost surely,

xζ
H|K
t , φN y ď

1
KH

KH
ÿ

k“1
fN´1pΨpxHk p0q, t, 0qq `

nmax

KH

ÿ

Y PS

ż t

0

ż

UY

IY pz´, uq1tσąNuQKY pdz, duq.

Defining as previously C “ 2nmax pλHnmax ` λWnmax ` βGq, this leads to the following
upper bound:

Ersup
tďT
xζ
H|K
t , φNys ď Ersup

tďT

1
KH

KH
ÿ

k“1
fN´1pΨpxHk p0q, t, 0qqs `

CT

2 nmaxνppN ´ 1,`8qq.
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As a consequence, Assumption 3.3.1 (i) ensures that (ii) is satisfied. Notice that this as-
sumption could actually be a little bit relaxed here, as it would be enough if the supremum
over K were replaced by the limit superior over K Ñ8.

In order to check that condition (iii) holds, we will follow the arguments presented in
Jourdain et al., 2012. Suppose that ηH is a limiting value of pζH|KqKě1. By definition,

sup
tPr0,T s

sup
fPL8,‖f‖8ď1

|xζ
H|K
t , fy ´ xζ

H|K
t´ , fy| ď

1
KH

.

As the application µ ÞÑ suptPr0,T s |xµt, fy´xµt´, fy| is continuous on Dpr0, T s, pMF pEq, vqq

for any f in a measure-determining countable set, it follows that ηH P Cpr0, T s, pMF pEq, vqq.
Let us now introduce φN,M “ φN p1 ´ φM q, which serves as a smooth and compactly

supported approximation of x P E ÞÑ 1tNď‖τpxq‖8ďMu
, for N ď M . As, on the one hand,

µ ÞÑ suptPr0,T sxµt, φN,My is continuous on Dpr0, T s, pMF pEq, vqq, and on the other hand,
for any K ě 1, suptPr0,T sxζ

X|K
t , φN,My ď 1, it follows that:

Er sup
tPr0,T s

xηHt , φN,Mys “ lim
KÑ8

Er sup
tPr0,T s

xζ
X|K
t , φN,Mys ď lim sup

KÑ8
Er sup
tPr0,T s

xζ
X|K
t , φNys.

Letting M go to infinity in the left hand side, dominated convergence ensures that

Er sup
tPr0,T s

xηHt , φNys ď lim sup
KÑ8

Er sup
tPr0,T s

xζ
X|K
t , φNys ÝÝÝÝÑ

NÑ8
0,

where the convergence of the right hand side is achieved as in the proof of (ii). In particular,
it thus is possible to extract a subsequence from psuptPr0,T sxηHt , φNyqN which converges
almost surely to zero. This implies that for any ε, there exists N such that almost surely,

1´ sup
tPr0,T s

xηHt ,1t‖τp¨q‖8ďNuy ď sup
tPr0,T s

xηHt , φNy ă ε

Thus pηHt qtPr0,T s is almost surely tight.
Let g P CbpEq, and let gN “ gp1´φN q. It then holds that for h small so that t`h P r0, T s,

|xηHt`h, gy ´ xη
H
t , gy| ď |xη

H
t`h, g ´ gNy| ` |xη

H
t`h, gNy ´ xη

H
t , gNy| ` |xη

H
t , g ´ g

Ny|.

Let ε ą 0. As |g´ gN | ď ‖g‖8 φN , there exists N0 such that suptPr0,T sxηHt , g´ gN0y ă ε{3.
Further, as ηH P Cpr0, T s, pMF pEq, vqq, for h small enough, |xηHt`h, gN0y ´ xη

H
t , gN0y| ă

ε{3. This allows to conclude that ηH P Cpr0, T s, pMF pEq, wqq, establishing (iii) and finally
tightness of ηH in DpR`, pMF pEq, wqq.

Identification of the limiting values of pζKqKě1

The tightness of pζKqKě1 in the space DpR`,MF pEq, wqq
2 ensures that from any subse-

quence of pζKqKě1, one may extract a subsubsequence which converges in this space. The
limits of these subsubsequences may be characterized as follows.

Proposition 3.4.8. Under the assumptions of Theorem 3.3.2, all limiting values of pζKqKě1
in D pR`, pMF pEq, wqq

2 are continuous with regard to the total variation norm, and solutions
of Equation (3.6).
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Before proceeding to the proof of this proposition, let us emphasize that there is some
technical difficulty due to infectiousness being a discontinuous function of an individual’s
remaining infectious period. Indeed, tightness of pζKqKě1 in DpR`, pMF pEq, wqq

2 allows
us to extract a subsequence pζϕpKqqKě1 which converges in law in this space to some limiting
value η, and our aim is to show that η satisfies Equation (3.6). However, convergence in
law in DpR`, pMF pEq, wqq is not enough to ensure that xζX|ϕpKqt , ify converges in law to
xηXt , ify for f P C1

b pEq, as i is discontinuous on E. This leads to forthcoming Proposition
3.4.9.

Proof. Consider a subsequence pζϕpKqqKě1 of pζKqKě1 which converges in law in the space
D pR`, pMF pEq, wqq

2, and let η be its limit.
Notice that it follows from the Proof of Proposition 3.4.7 that η P CpR`, pMF pEq, wqq

2

almost surely. Hence, following Proposition A.6.1 of Tran, 2006, for any X P tH,W u,

||ηXT ´ η
X
T´||TV “ sup

fPCbpE,Rq:‖f‖8ď1

ˇ

ˇxηXT , fy ´ xη
X
T´, fy

ˇ

ˇ “ 0 almost surely.

It remains to show that η satisfies Equation (3.6). Let T ě 0 and f P C1
b pR` ˆ E,Rq,

and consider the application ψHT defined by

ψHT pηq “ xη
H
T , fT y ´ xη

H
0 , f0y ´

ż T

0
xηHt ,Aftydt´

ż T

0
xηHt , λHsipfI

t ´ ftqydt

´

ż T

0

1
xηWt , sy

xηWt , λW siyxηHt , spfI
t ´ ftqydt´ βG

ż T

0

xηHt , iy
xηH0 ,ny

xηHt , spfI
t ´ ftqydt.

(3.17)
Start by noticing that ψHT pζϕpKqq “M

H|ϕpKq
T pfq, as KHSHptq “ KWSW ptq. Using Jensen’s

inequality, it follows from Equation (3.14) that

Er|ψHT pζϕpKqq|s2 ď Er|ψHT pζϕpKqq|2s “ ErxMH|Kpfqyts ď
1
K

2nmaxC ‖f‖2
8 T ÝÝÝÝÑKÑ8

0.

Suppose that pψHT pζϕpKqqqKě1 converges in law to ψHT pζq. According to Theorem 3.5
of Billingsley, 1999, it then is enough to proof that pψHT pζϕpKqqqKě1 is uniformly integrable
to obtain that its expectation converges to the expectation of ψHT pζq. In our case, uniform
integrability is easily assured as the sequence pψHT pζϕpKqqqKě1 is bounded. Indeed, using
the fact that for all T ě 0, ζϕpKqT PM1, we obtain from Equation (3.17) that

ˇ

ˇ

ˇ
ψHT pζ

ϕpKqq

ˇ

ˇ

ˇ
ď pp2` Cq ‖f‖8 ` ‖Af‖8qT.

We may now conclude that

Er|ψHT pζq|s “ lim
KÑ8

Er|ψHT pζϕpKqq|s “ 0,

which yields the desired result.
It thus suffices to show that pψHT pζϕpKqqqKě1 converges in law to ψHT pζq. According to

Skorokhod’s representation theorem, there exists a probability space Ω on which one may
define pζ̃KqKě1 and η̃ equal in law to pζϕpKqqKě1 and η, respectively, such that pζ̃KqKě1
converges almost surely in DpR`, pMF pEq, wqq

2 to η̃ on Ω. In particular, it holds that

@T ě 0,@X P tH,W u,@g P CbpEq, xζ̃
X|K
T , gy ÝÝÝÝÑ

KÑ8
xη̃XT , gy almost surely.
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It follows immediately that for any t P r0, T s and X P tH,W u, almost surely,

pxζ̃
X|K
t , fty, xζ̃

X|K
t ,Aftyq ÝÝÝÝÑ

KÑ8
pxη̃Xt , fty, xη̃

X
t ,Aftyq. (3.18)

Since |xζ̃X|Kt ,Afty| ď 2 ‖Df‖8, where Df designates the differential of f , dominated
convergence ensures that

ż T

0
xζ̃
X|K
t ,Aftydt ÝÝÝÝÑ

KÑ8

ż T

0
xη̃Xt ,Aftydt almost surely. (3.19)

In order to establish the desired convergence of the last three terms of ψHT pζ̃q, we will
make use of the following proposition, whose proof is postponed. In this context, a d-
dimensional rectangle is a set defined as the product of d intervals of RY t´8,`8u.

Proposition 3.4.9. For any n P J1, nmaxK, for any s P J0, nK, consider m “ mpn, sq ă 8,
a set pAn,sk qkďm of pairwise disjoint pn ´ sq-dimensional rectangles and a set pϕn,sk qkďm of
functions belonging to C1

b pRn´sq. For any τ P Rnmax , let τ1,n´s “ pτ1, . . . , τn´sq. Define
the function φ : E Ñ R by

@x “ pn, s, τq P E, φpxq “

mpn,sq
ÿ

k“1
1An,s

k
pτ1,n´sqϕ

n´s
k pτ1,n´sq.

Then for any X P tH,W u and T ě 0, it holds that

xζ̃
X|K
T , φy ÝÝÝÝÑ

KÑ8
xη̃XT , φy in L1.

Let us focus on the second-to-last term, representing infection events occurring within
workplaces, as the other two can be treated similarly.

The application φpxq “ λW spxqipxq is of the form described in Proposition 3.4.9, hence
for any t P r0, T s, xζ̃W |Kt , λW siy converges in L1 to xη̃Wt , λW siy as K tends to infinity.
Also, notice that as f P C1

b pR` ˆ E,Rq, it follows that for any t P r0, T s, fI
t P C1

b pEq.
Thus Proposition 3.4.9 ensures that for any t P r0, T s, xζ̃H|Kt , spfI

t ´ ftqy converges in L1

to xη̃Ht , spfI
t ´ ftqy as K tends to infinity.

In particular, the following convergence holds in probability:

XK
t :“ xζ̃W |Kt , λW siyxζ̃H|Kt , spfI

t ´ ftqy ÝÝÝÝÑ
KÑ8

Xt :“ xη̃Wt , λW siyxη̃Ht , spfI
t ´ ftqy.

Letting c “ 2λWn2
max ‖f‖8 and D “ tpx, yq : |x| ď cy2u, then pXK

t , xζ̃
W |K
t , syq and

pXt, xη̃
W
t , syq belong almost surely to D, for any K ě 1. As xζ̃W |Kt , sy converges almost

surely to xη̃Wt , sy, and the application px, yq ÞÑ px{yq1ty‰0u is continuous on D, we deduce
the following convergence in probability:

Y K
t :“ xζ̃

W |K
t , λW siy
xζ̃
W |K
t , sy

xζ̃
H|K
t , spfI

t ´ ftqy ÝÝÝÝÑ
KÑ8

Yt :“ xη̃
W
t , λW siy
xη̃Wt , sy

xη̃Ht , spfI
t ´ ftqy.
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In addition, for any K ě 1 and any t P r0, T s, |Y K
t | ď 2λWnmax ‖f‖8. Thus using

twice dominated convergence, we first obtain that the above convergence of pY K
t qKě1 to Yt

also holds in L1, and subsequently the following convergence holds in L1:
ż T

0

xζ̃
W |K
t , λW siy
xζ̃
W |K
t , sy

xζ̃
H|K
t , spfI

t ´ ftqydt ÝÝÝÝÑ
KÑ8

ż T

0

xη̃Wt , λW siy
xη̃Wt , sy

xη̃Ht , spfI
t ´ ftqydt. (3.20)

Reasoning in a similar manner, one also obtains:
ż T

0
xζ̃Ht , λHsipfI

t ´ ftqydt ÝÝÝÝÑ
KÑ8

ż T

0
xη̃Ht , λHsipfI

t ´ ftqydt in L1,

ż T

0

xζ̃Ht , iy
xζ̃H0 ,ny

xζ̃Ht , spfI
t ´ ftqydt ÝÝÝÝÑ

KÑ8

ż T

0

xη̃Ht , iy
xη̃H0 ,ny

xη̃Ht , spfI
t ´ ftqydt in L1.

(3.21)

Thus, Equations (3.18-3.21) imply that all the terms on the right hand side of the
definition of ψHT pζ̃Kq as stated in Equation (3.17) converge in probability, and thus their
linear combination converges in probability to the linear combination of their limits. In other
words, ψHT pζ̃Kq converges in probability to ψHT pη̃q, which ensures as desired that ψHT pζKq
converges in law to ψHT pηq. This concludes the proof.

In order to conclude, we only need to show that Proposition 3.4.9 holds.

Proof of Proposition 3.4.9. Step 1. Recall that a d-dimensional rectangle is a set A defined
as the product of d intervals of R Y t´8,`8u. If all d intervals are included in R, the
rectangle will further be said finite.

Let X P tH,W u, n P J1, nmaxK and s P J0, nK. We start by showing that for any T ě 0
and any finite pn´ sq-dimensional rectangle B,

xζ̃
X|K
T ,1tpn,squˆBy ÝÝÝÝÑ

KÑ8
xη̃XT ,1tpn,squˆBy almost surely. (3.22)

As η̃X P CpR`, pMF pEq, wqq, it follows that for any T , ζ̃X|KT converges almost surely to η̃XT
in pMF pEq, wq. Thus, in order to establish the desired result, it is sufficient to show that
B “ tpn, squ ˆ B is a η̃XT -continuity set, in which case the Portmanteau theorem allows to
conclude.

For any set A, let BA be the boundary of A. Then BB “ tpn, squ ˆ BB. As B is a
pn ´ sq-dimensional rectangle, there exist ai ă bi P R for i P J1, n ´ sK such that B can
be written as the product of intervals (potentially open, closed or half-open) delimited by
ai ă bi, for i P J1, n´ sK. Thus

BB “
n´s
ď

i“1

ď

cPtai,biu

˜

i´1
ź

j“1
raj , bjs ˆ tcu ˆ

n´s
ź

k“i`1
rak, bks

¸

.

Consider any i P J1, n´ sK and c P R. We are going to prove that

xη̃XT ,1tpn,squˆpśi´1
j“1raj ,bjsˆtcuˆ

śn´s
k“i`1rak,bksq

y “ 0, (3.23)
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which will be enough to conclude. In order to achieve this, let us introduce a mollifier
ψ P C8pRq in the same sense as in the proof of Lemma 3.4.1, with compact support in
r´1, 1s. For ε ą 0, define the function ϕε : x ÞÑ ε´1ψpx{εq, whose support lies in r´ε, εs
and which converges to δ0 in the sense of distributions, when ε goes to zero. For any
x “ pn, s, τq P E, let

φεpxq “ 1tnpxq“n,spxq“su
´
n´s
ź

j“1
j‰i

1raj ,bjs ˚ ϕεpτjq
¯

1c ˚ ϕεpτiq.

As φε P C1
b pEq and ζ̃X|KT converges almost surely to η̃XT in pMF pEq, wq, dominated conver-

gence implies that
Erxη̃XT , φεys “ lim

KÑ8
Erxζ̃X|KT , φεys.

Notice that
φεpxq ď 1tnpxq´spxqąiu1c ˚ ϕεpτipxqq.

Hence proceeding as in the proof of Proposition 3.4.7, it follows that

Erxζ̃X|KT , φεys ď E

«

1
KX

KX
ÿ

k“1
1!

nX
k
´sX

k
p0qěi, |pτX

k,i
p0q´T q´c|ďε

)

ff

`
C

2

ż T

0
νprc` pT ´ tq ´ ε, c` pT ´ tq ` εsqdt.

Absolute continuity of ν with regard to the Lebesgue measure and Assumption 3.3.1
ensure that the right hand side is dominated by a function cpεq which does not depend
on K, and which goes to zero with ε. Thus Erxη̃XT , φεys ď cpεq. In particular, one may
construct a sequence pεnqně1 which converges to 0 and satisfies

ř

ně0 cpεnq ă 8. Then on
the one hand, the Borel-Cantelli lemma ensures that xη̃XT , φεy converges almost surely to 0
as n tends to infinity. On the other hand, by dominated convergence, xη̃XT , φεy converges
almost surely to the left-hand side of Equation (3.23) as ε tends to zero, hence Equation
(3.23) is proven to be true.

As a consequence, we conclude that xη̃XT , BBy “ 0, and thus Equation (3.22) holds.
Step 2. Consider now a function φ as described in the proposition. For any N , let us

introduce a partition of Rn´s whose elements consist in (partially open) hypercubes of side
length 2´N . For every k ď mpn, sq, a partition pBN

k,jqjě1 of An,sk is obtained by taking the
intersection of An,sk with those hypercubes. As An,sk is a rectangle itself, the family pBN

k,jqjě1
consists of rectangles of side length at most 2´N . For every j, consider a point zNk,j belonging
to BN

k,j . Finally, define the set JN pkq “ tj ě 0 : supt‖x‖8 : x P BN
k,ju ď Nu, which contains

only a finite number of elements. Then we can define the following approximation of φ:

@x P E, φN pxq “
ÿ

1ďnďnmax
0ďsďn

1tnpxq“n, spxq“su
mpn,sq
ÿ

k“1

ÿ

jPJN pkq

ϕn´sk pzNk,jq1BN
k,j
pτ1,n´spxqq.

Using our result from the first step, for every pn, sq such that 1 ď n ď nmax and
0 ď s ď n, for every k ď mpn, sq and j ď JN pkq, we obtain that

lim
KÑ8

xζ̃
X|K
T , φNy “ xη̃

X
T , φNy almost surely. (3.24)
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Notice that for any x P E such that ‖τpxq‖8 ą N , φN pxq “ 0. Hence for any
x “ pn, s, τq, one obtains the following inequality:

|φN pxq´φpxq| ď |φpxq|1t‖τ‖8ąNu
`

mpn,sq
ÿ

k“1

ÿ

jPJN pkq

|ϕn´sk pzNk,jq´ϕ
n´s
k pτ1,n´sq|1BN

k,j
pτ1,n´sq. (3.25)

Notice that there exists at most one pk, jq P J1,mpn, sqKˆJN pkq such that τ1,n´s P B
N
k,j .

As ϕn,sk P C1
b pRn´sq, the mean value inequality further implies that

@k ď mpn, sq,@j P JN pkq,@z P B
N
k,j , |ϕn´sk pzNk,jq ´ ϕ

n´s
k pzq| ď

∥∥Dϕn,sk ∥∥
8
dN ,

where dN denotes the maximum of the diameters of d-dimensional hypercubes of side length
2´N , for d ď nmax. Letting M “ maxn,s,k

∥∥Dϕn,sk ∥∥
8

, it follows that :

@x P E, |φN pxq ´ φpxq| ď ‖φ‖8 1t‖τ‖8ąNu
`MdN (3.26)

Hence φN converges point-wise to φ. Thus, by dominated convergence,

xη̃XT , φNy ÝÝÝÝÑ
NÑ8

xη̃XT , φy. (3.27)

Furthermore, it follows from Equation (3.26) that for any K ě 1,

Er|xζ̃X|KT , φNy ´ xζ̃
X|K
T , φy|s ď ‖φ‖8 sup

Kě1
ErxζX|KT ,1t‖τp¨q‖8ąNuys `MdN .

Reasoning as in the proof of Proposition 3.4.7, and using Assumption 3.3.1, we obtain that

lim
NÑ8

sup
Kě1

ErxζX|KT ,1t‖τp¨q‖8ąNuys “ 0,

and as a consequence,

lim
NÑ8

sup
Kě1

Er|xζ̃X|KT , φNy ´ xζ̃
X|K
T , φy|s “ 0. (3.28)

Noticing that

Er|xζ̃X|KT , φy ´ xη̃XT , φy|s ď Er|xζ̃X|KT , φ´ φN y|s ` Er|xζ̃X|KT , φN y ´ xη̃
X
T , φN y|s ` |xη̃

X
T , φN ´ φy|

together with Equations (3.28), (3.24) and (3.27) finally yields that

lim
KÑ8

Er|xζ̃X|KT , φy ´ xη̃XT , φy|s “ 0.

This concludes the proof.

Proof of Theorem 3.3.2

The previous results are sufficient to establish Theorem 3.3.2. Indeed, it follows from Propo-
sitions 3.4.7 and 3.4.8 that from every subsequence of pζKqKě1, one may extract a sub-
subsequence converging in DpR`, pMF pEq, wqq

2 to a solution of Equation (3.6) which is
continuous with respect to the total variation norm. As by assumption, ζK0 converges in
law to η0 P M1, Proposition 3.4.2 implies that all of these subsubsequences converge to
the same limit η, which is the unique solution of Equation (3.6) with initial condition η0.
As η0 P M1, Proposition 3.4.2 further ensures that η P DpR`,M1q. This establishes the
convergence of pζKqKě1 to η in DpR`,M1pEqq

2.
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3.4.2 Proof of Theorem 3.3.3

This section is devoted to extracting dynamical system (3.8a–c) from the measure-valued
integral equation (3.6), under the assumption that ν is the exponential distribution of pa-
rameter γ.

Preliminary study of the dynamical system

Before establishing Theorem 3.3.3 itself, let us start by showing that dynamical system
(3.8a–c) endowed with initial condition (3.9) admits at most a unique solution. Existence
will follow from the proofs of the forthcoming subsections, since they construct a solution to
the dynamical system.

For this section, let us rewrite dynamical system (3.8a–c) as follows, in order to emphasize
the associated Cauchy problem. Recall that the dynamical system is of dimension d “
2` 2#S “ nmaxpnmax ` 1q.

Let y P C1pR`,Rdq and f : Rd Ñ Rd be defined such that dynamical system (3.8a–c)
amounts to

y1ptq “ fpyptqq @t ě 0. (3.29)
The components of y (and resp. f) will be called s, i and nXS,I (resp. fs, fi and fX,S,I) for
X P tH,W u and pS, Iq P S, in order to simplify their identification with the unknowns of
the corresponding dynamical system. More precisely, consider the applications

τXpyq “ ´
λX
mX

ÿ

pS,IqPS
SI nXS,I for X P tH,W u, and τGpyq “ βGi.

Then f : Rd Ñ Rd is defined as follows, for any y “ ps, i, nXS,I : X P tH,W u, pS, Iq P Sq P
Rd:

fspyq “ ´pτHpyq ` τW pyq ` τGpyqsq and fipyq “ ´fspyq ´ γi,
while for all X P tH,W u and pS, Iq P S

fX,S,Ipyq “ ´

„ˆ

λXI `
τXpyq

s
` τGpyq

˙

S ´ γI



nXS,I ` γpI ` 1qnXS,I`11tS`Iănmaxu

`

ˆ

λXpI ´ 1q `
τXpyq

s
` τGpyq

˙

pS ` 1qnXS`1,I´11tIě1u.

Also, notice that there are some natural constraints that we expect the solution of
dynamical system (3.8a–c) to satisfy. Clearly, s, i and nXS,I should belong to r0, 1s. Also, as
the population is partitioned into susceptible, infected and removed individuals, it follows that
s`i ď 1. Similarly, as all individuals belong to exactly one household and one workplace, and
as nXS,I corresponds to the proportion of structures of type X which contain S susceptible
and I infected individuals, we expect that for X P tH,W u,

ÿ

pS,IqPS
nXS,I ď 1, and

ÿ

pS,IqPS
SnXS,I ď mXs. (3.30)

We thus define the following set V Ă Rd, which formalizes these constraints:

V “

$

&

%

y P r0, 1sd : s` i ď 1,
ÿ

pS,IqPS
nXS,I ď 1 and mXs´

ÿ

pS,IqPS
SnXS,I ě 0 @X P tH,W u

,

.

-

.
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Proposition 3.4.10. Let y˚ P V . Then the following assertions hold:

(i) Suppose that there exists a solution y of the Cauchy problem (3.29) with initial con-
dition yp0q “ y˚. Then yptq P V for any t ě 0 for which y is well defined.

(ii) For any T ě 0, this problem admits at most a unique solution y on r0, T s.

(iii) In particular, for any ε ą 0, the dynamical system (3.8a–c) endowed with initial
condition (3.9) admits at most a unique solution.

The proof of this proposition is available in Appendix 3.D. It relies on establishing the
Lipschitz continuity of f on V , from which uniqueness is deduced using Gronwall’s lemma.

Some properties of the limiting measure η

The results of this section focus on the limiting measure η given by Theorem 3.3.2, and will
be useful for establishing Theorem 3.3.3.

Let us introduce the following notations. For f P C1
b pR`ˆE,Rq and T ě t ě 0, define

fT,t : x P E ÞÑ fpT,Ψpx, T, tqq and fI
T,t : x P E ÞÑ xν, fT,tpjpx, ¨qqy. (3.31)

We further define, for X P tH,W u and t ě 0, the following quantity which relates to the
infectious pressure exerted on susceptibles outside of their structure of type X:

ΛXptq “
λX
sXptq

xηXt , siy ` βG
iHptq

nH
.

We can now state a result which is similar in spirit to Proposition 3.4.4. Notice that it holds
under the same Assumptions as Theorem 3.3.2, and is not restricted to the Markovian case.

Proposition 3.4.11. Let η be the unique solution in CpR`,M1q of Equation (3.6). Then
for any T ě 0 and t P r0, T s, for any measurable bounded function f : R` ˆ E Ñ R, it
holds for X P tH,W u that

xηXt , fT,ty “ xη
X
0 , fT,0y ` λX

ż t

0
xηXu , sipfI

T,u ´ fT,uqydt`

ż t

0
ΛXpuqxηXu , spfI

T,u ´ fT,uqydt.

(3.32)
In particular, the application t ÞÑ xηXt , fT,ty is continuous.

Proof. Start by noticing that for any f P C1
b pR` ˆ E,Rq, for X P tH,W u,

xηXt , fty “ xη
X
0 , ft,0y`λX

ż t

0
xηXu , sipfI

t,u´ft,uqydt`

ż t

0
ΛXpuqxηXu , spfI

t,u´ft,uqydu. (3.33)

Indeed, the proof of Equation (3.33) follows the exact same lines as the proof of Proposition
3.4.4, showing that for any f P C1

b pR` ˆEq, Equation (3.33) leads to Equation (3.6) using
Lemma 3.4.3.

Consider now a measurable bounded function f : R`ˆE Ñ R. Proceeding as in the proof
of Lemma 3.4.1, we consider a mollifier ψ on R1`nmax and let ψkpt, τq “ knmax`1ψpkt, kτq
for any pt, τq P R ˆ Rnmax . Letting fkpt, pn, s, τqq “ fp¨, pn, s, ¨qq ˚ ψkpt, τq, we obtain by
convolution a sequence of smooth functions pfkqkě1 which converges point-wise to f .
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Then on the one hand, for any t P r0, T s and x P E, as k tends to infinity, pfkqT,tpxq
converges to fT,tpxq, and further pfkqIT,tpxq converges to fI

T,tpxq by dominated convergence.
Define gk P C1

b pE,Rq by gkpt, xq “ pfkqT,tpxq, it then holds that pgkqt,u “ pfkqT,u and
pgkq

I
t,u “ pfkq

I
T,u. Thus applying Equation (3.33) to gk and using dominated convergence

as k goes to infinity yields the desired result.
Finally, the continuity of t ÞÑ xηXt , fT,ty on r0, T s is a consequence of Equation (3.32),

as the integrands of the right-hand-side are bounded.

Proposition 3.4.11 allows us to establish the following result under the assumption that
ν is the exponential distribution. In particular, it implies that within each structure, at any
time, the remaining infectious periods of currently infectious individuals are independent and
identically distributed, of common law ν.
Proposition 3.4.12. Assume that ν is the exponential law of parameter γ, and consider η
as defined in Theorem 3.3.2 with initial condition η0 “ η0,ε. Let pXnqně0 be a sequence
of independent identically distributed random variables of common law ν. Let T ě 0,
n P J1, nmaxK and s P J0, n´ 1K. For any m P J0, n´ sK, any functions f P BbpR` ˆ Rmq,
g1, . . . , gn´s´m P BbpR` ˆ Rq and any j1 ă ¨ ¨ ¨ ă jm and k1 ă ¨ ¨ ¨ ă kn´s´m such that
tk1, . . . kn´s´mu Y tj1, . . . jmu “ J1, n´ sK, define

F pt, xq “ 1"

npxq“n, spxq“s,
τj`
pxqą0 @1ď`ďm

*

`

fpt, τj1pxq, . . . , τjmpxqq ´ Erfpt,X1, . . . , Xmqs
˘

n´s´m
ź

`“1
g`pt, τk`

pxqq.

Then
@t P r0, T s, xηXt , FT,ty “ 0. (3.34)

Proof. Let n P J1, nmaxK. Consider any m, f , g, tj1, . . . , jmu and tk1, . . . kmu satisfying the
constraints given in the proposition, and define F as above. Throughout the proof, we let
Emptq “ Erfpt,X1, . . . , Xmqs.

Notice that F satisfies the assumptions of Proposition 3.4.11. Letting C “ pλXnmax `
λXnmax ` βGqnmax, it follows from Equation (3.32) that:

|xηXt , FT,ty| ď |xη
X
0 , FT,0y| ` C

ż t

0

`

|xηXu , FT,uy| ` |xη
X
u , F

I
T,uy|

˘

du. (3.35)

Let pYkqkě1 be a sequence of independent identically distributed random variables of
common law ν which is independent from pXkqkě1, and write pXn,s “ πXn

`

n
s

˘

p1 ´ εqsεn´s.
Then on the one hand, Equation (3.7) ensures:

xηX0 , FT,0y “p
X
n,s

`

ErfpT, Yj1 ´ T, . . . , Yjm ´ T q1tYj1´Tą0,...,Yjm´Tą0us

´ ErfpT,X1, . . . , XmqsEr1tYj1´Tą0,...,Yjm´Tą0us
˘

n´s´m
ź

`“1
Erg`pT, Yk` ´ T qs.

Usual properties of the exponential distribution thus lead to xηX0 , FT,0y “ 0.
On the other hand, let us compute F I

T,upxq for any x P E. Distinguishing the cases
n´ s P Jm “ tj1, . . . , jmu and n´ s R Jm leads to:

F I
T,upxq “ 1"

npxq“n, spxq“s`1,
τjpxqąT´u @jPJmztn´su

*

`

1tn´sPJmue
´γpT´uqaT,upxq

` 1tn´sRJmuErgn´spXn´s ´ pT ´ uqqsbT,upxq
˘
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where

apt, xq “ pErfpt, τj1pxq, . . . , τjm´1pxq, Xn´sqs ´ Emptq
˘

ź

jPJ1,n´sKzJm

gjpt, τkj pxqq,

bpt, xq “
`

fpt, τj1pxq, . . . , τjmpxqq ´ Emptq
˘

ź

jPJ1,n´s´1KzJm

gjpt, τkj pxqq.

We are now ready to proceed by induction on s P J0, n ´ 1K. First, consider the case
s “ n´ 1. Then either m “ 0 and the result is immediate, or m “ 1 and J1 “ t1u. Hence
necessarily n ´ s P J1 and apxq “ 0 as ErfpX0 ´ pT ´ tqq1tX0ąT´tus “ ErfpX1qs. Thus
F I
T,tpxq “ 0 for any x P E, and Equation (3.35) reduces to

|xηXT , F y| “ |xη
X
T , FT,T y| ď C

ż T

0
|xηXt , FT,ty|dt.

Recalling that t ÞÑ xηXt , FT,ty is continuous on r0, T s according to Proposition 3.4.11, Gron-
wall’s inequality ensures that |xηXT , FT,ty| “ 0 for every t P r0, T s.

Suppose now that s ă n ´ 1, and that the result holds for s ` 1. It then follows from
the induction hypothesis that for any u P r0, T s,

xηXu ,1"

npxq“n, spxq“s`1,
τjpxqąT´u @jPJmztn´su

*aT,up¨qy “ xη
X
u ,1"

npxq“n, spxq“s`1,
τjpxqąT´u @jPJmztn´su

*bT,up¨qy “ 0.

Hence xηXt , F I
T,uy “ 0 for any u P r0, T s, and Gronwall’s inequality allows to conclude as

previously.

Proof of Theorem 3.3.3

From now on, we assume that η0 “ η0,ε as given by (3.7), and that ν is the exponential
distribution with parameter γ. Throughout this section, let h be the Heaviside step function,
i.e. hpzq “ 1tzą0u for any real number z.

Let us establish the following proposition, which serves as a starting point of the proof
of Theorem 3.3.3.

Proposition 3.4.13. Under the assumptions of Theorem 3.3.3, it holds that for any X P

tH,W u, psXptqqtě0 and piXptqqtě0 satisfy

d

dt
sXptq “ ´nX

ˆ

λX
nX
xηXt , siy `

λX
nX
xηXt , siy ` βG

iHptq

nH

sXptq

nX

˙

,

d

dt
iXptq “ ´

d

dt
sXptq ` γiXptq.

(3.36)

Further,
sXp0q “ p1´ εqnX and iXp0q “ εnX . (3.37)

Proof. Notice that s P C1
b pE,Rq is such that As “ 0 and sIpxq ´ spxq “ ´1 for all x P E.

It thus follows immediately from Equation (3.6) that, for any X P tH,W u,

sXpT q “ sXp0q ´
ż T

0

ˆ

λXxη
X
t , siy ` λX

sXptq

sXptq
xηXt , siy ` βG

iHptq

nH
sXptq

˙

dt.
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Further, since η P CpR`, pM1, } ¨ }TV qq, it follows that for any t ě 0, pζKt qKě1 converges
in law to ηt. As s is continuous and bounded on E, this implies that xζX|Kt , sy Ñ xηXt , sy
when K tends to infinity. The analogous result holds for n. Hence Lemma 3.2.2 ensures
that, for any t ě 0, sXptq{sXptq “ nX{nX . In other words,

sXpT q “ sXp0q ´ nX
ż T

0

ˆ

λX
nX
xηXt , siy `

λX
nX
xηXt , siy ` βG

iHptq

nH

sXptq

nX

˙

dt.

As η P CpR`, pM1, } ¨ }TV qq, and s and i are bounded measurable functions, it follows that
the integrand is continuous with regard to t. Thus, the first line of Equation (3.36) comes
from the fundamental theorem of calculus.

Recall that η0 “ η0,ε as defined in Equation (3.7). In particular, we now have nX “ mX ,
hence

sXp0q “ xηX0,ε, sy “
nmax
ÿ

n“1
πXn

n
ÿ

s“0
s

ˆ

n

s

˙

p1´εqsεn´s “ p1´εq
nmax
ÿ

n“1
nπXn “ p1´εqnX . (3.38)

This yields the first part of Equation (3.37).
It remains to take an interest in iXptq. As i does not belong to C1

b pE,Rq we cannot
proceed in the same way. Remember that ipxq “

řnmax
j“1 hpτjq for x “ pn, s, τq P E. Thus,

we may apply Proposition 3.4.11 and obtain that

xηXT , iy “ xηX0 , iT,0y ` λX
ż T

0
xηXt , sipiIT,t ´ iT,tqydt

` λX

ż T

0

1
sXptq

xηXt , siyxηXt , spiIT,t ´ iT,tqydt` βG
ż T

0

iHptq

nH
xηXt , spiIT,t ´ iT,tqydt.

(3.39)
Further, for any σ ě 0, T ě t ě 0 and x P E,

ipΨpjpx, σq, T, tqq ´ ipΨpx, T, tqq “ 1tσąpT´tqu,

hence
iIT,tpxq ´ iT,tpxq “ νprT ´ t,8qq “ e´γpT´tq.

Injecting this into Equation (3.39) and using as before that sXptq{sXptq “ nX{nX yields

iXpT q “ xη
X
0 , iT,0y ` nXe´γT

ż T

0
eγt

ˆ

λX
nX
xηXt , siy `

λX
nX
xηXt , siy ` βG

iHptq

nH

sXptq

nX

˙

dt.

(3.40)
As η0 “ η0,ε, we may compute the first term of the right-hand side of this equation and
obtain that

xηX0 , iT,0y “ xηX0,ε, iT,0y “ e´γT
nmax
ÿ

n“1
πXn

n
ÿ

s“0

ˆ

n

s

˙

p1´ εqsεn´spn´ sq “ e´γT εnX . (3.41)

Using the continuity of the integrand in Equation (3.40), we may now differentiate it with
regard to T :

d

dT
iXpT q “ nX

ˆ

λX
nX
xηXT , siy `

λX
nX
xηXT , siy ` βG

iHT
nH

sXpT q

nX

˙

´ γiXpT q “ ´
d

dT
sXpT q ´ γiXpT q.
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We thus have recovered the second line of Equation (3.36). Finally, the second half of
Equation (3.37) is obtained by a computation analogous to (3.38). This concludes the
proof.

For pS, Iq P S, define the function fS,I : E Ñ t0, 1u by

fS,Ipxq “ 1tspxq“S, ipxq“Iu.

For t ě 0, let nXS,Iptq “ xηXt , f
S,Iy, which defines a continuous function on R` as fS,I

is bounded and measurable and η P CpR`, pM1, } ¨ }TV qq. In words, this corresponds to
the proportion of structures of type X which contain exactly S susceptible and I infected
individuals. Notice that

tx P E : spxqipxq ą 0u “ tx P E : spxqipxq ą 0, pspxq, ipxqq P Su.

We may thus rewrite the first line of Equation (3.36) as follows:

d

dt
sXptq “ ´nX

¨

˝

λX
nX

ÿ

pS,IqPS
SInXS,Iptq `

λX
nX

ÿ

pS,IqPS
SInXpS,Iqptq ` βG

iHptq

nH

sXptq

nX

˛

‚.

Similarly, it holds that

ΛXptq “
λX
sXptq

xηXt , siy ` βG
iHptq

nH
“

λX
sXptq

ÿ

pS,IqPS
SInXpS,Iqptq ` βG

iHptq

nH
,

which may also be written in terms of the notations of Equation (3.8a–c):

ΛXptq “
ˆ

sXptq

nX

˙´1
τXptq ` βG

iHptq

nH
.

This motivates a closer study of the functions nXS,I for pS, Iq P S.

Proposition 3.4.14. Let X P tH,W u and pS, Iq P S. Under the assumptions of Theorem
3.3.3, it holds that

d

dt
nXS,Iptq “ γ

`

pI ` 1qnXS,I`1ptq1tS`Iănmaxu ´ In
X
S,Iptq

˘

` λX
`

pS ` 1qpI ´ 1qnXS`1,I´1ptq1tIě1u ´ SIn
X
S,Iptq

˘

` ΛXptq
`

pS ` 1qnXS`1,I´1ptq1tIě1u ´ Sn
X
S,Iptq

˘

.

(3.42)

Further
nXS,Ip0q “

ˆ

S ` I

I

˙

πXS`Ip1´ εqSεI . (3.43)

Proof. Let us start by establishing the initial condition of Equation (3.43). Let pS, Iq P S.
We will make use of another expression of fS,I , which will actually be of use throughout
the proof. For two integers j ď n, let Bpn, jq be the set of unordered subsets of j elements
chosen in J1, nK. It then holds that for any x P E,

fS,Ipxq “
nmax
ÿ

n“S`I

1"

npxq“n
spxq“S

*

ÿ

vPBpn´S,Iq
Hn,S,vpτpxqq,
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where, for v P Bpn´ S, Iq and any τ P Rnmax ,

Hn,S,vpτq “
ź

jPv
hpτjq

ź

jPJ1,n´SKzv
p1´ hpτjqq.

The idea behind this expression is that a structure of type pn, s, τq contains S susceptible
and I infected members if and only if s “ S, and further exactly I out of the n ´ S first
components of τ are positive. In other words, there exists at most one element v P Bpn´S, Iq
for which the term in the sum is not equal to zero, in which case the set v corresponds to
the indexes of infectious members, while J1, n´ SKzv is the set of removed members.

Let ε ą 0. Throughout the following, for X P tH,W u, n P J1, nmaxK and s P J0, nK, let
pXn,s “ πXn

`

n
s

˘

p1´ εqsεn´s. Notice that by definition of η0,ε,

nXS,Ip0q “
nmax
ÿ

n“S`I

pXn,S
ÿ

vPBpn´S,Iq
xν, hy#vxν, 1´ hypn´Sq´#v.

Whenever pn ´ Sq ´ #v ą 0, the term vanishes as xν, 1 ´ hy “ 0. Hence only the case
v “ J1, n ´ SK remains, which in turn corresponds to n “ S ` I and leads to Equation
(3.43).

Next, let us apply Proposition 3.4.11 to fS,I . A brief computation, based on distinguish-
ing the cases where n´ s P v or n´ s R v for any v P Bpn´ S, Iq, yields

`

fS,I
˘I
T,t
“ 1tIě1ue´γpT´tqf

S`1,I´1
T,t ` 1tS`1ănmaxup1´ e´γpT´tqqfS`1,I

T,t .

As a consequence, Proposition 3.4.11 ensures that

nXS,IpT q “ xη
X
0 , f

S,I
T,0y ´

ż T

0

´

λXxη
X
T , sif

S,I
T,t y ` ΛXptqxηXt , sf

S,I
T,t y

¯

dt

` 1tIě1u

ż T

0
e´γpT´tq

´

λXxη
X
T , sif

S`1,I´1
T,t y ` ΛXptqxηXt , sf

S`1,I´1
T,t y

¯

dt

` 1tS`Iănmaxu

ż T

0
p1´ e´γpT´tqq

´

λXxη
X
T , sif

S`1,I
T,t y ` ΛXptqxηXt , sf

S`1,I
T,t y

¯

dt.

(3.44)
We will thus focus on differentiating with respect to T the different expressions composing
the right-hand-side.

Let us start with the term xηX0 , f
S,I
T,0y. By definition of fS,IT,0 and ηX0,ε, it holds that

xηX0 , f
S,I
T,0y “

nmax
ÿ

n“S`I

pXn,S

ˆ

I

n´ S

˙

e´γIT p1´ e´γT qn´S´I .

Hence, using the Equality pn´ S ´ Iq
`

I
n´S

˘

“ pI ` 1q
`

n´S
I

˘

, we obtain that

d

dT
xηX0 , f

S,I
T,0y “ ´γIxη

X
0 , f

S,I
T,0y ` γpI ` 1q

nmax
ÿ

n“S`I`1
pXn,S

ˆ

n´ S

I

˙

e´γpI`1qT p1´ e´γT qn´S´I´1

and we thus recognise that
d

dT
xηX0 , f

S,I
T,0y “ ´γIxη

X
0 , f

S,I
T,0y ` γpI ` 1qxηX0 , f

S,I`1
T,0 y. (3.45)
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Let us now focus on the remaining terms of the right-hand side of Equation (3.44). This
motivates a closer study of fS,IT,t for any pS, Iq P S. By definition, for x P E,

fS,IT,t pxq “
nmax
ÿ

n“S`I

1"

npxq“n
spxq“S

*

ÿ

vPBpn´S,Iq

ź

jPv
hpτjpxq ´ pT ´ tqq

ź

jPJ1,n´SKzv
p1´ hpτjpxq ´ pT ´ tqqq.

In particular, fS,IT,t pxq ą 0 requires that at time t, in a structure of type x, there are J ě I
infected individuals, out of which exactly I must have a remaining infectious period exceeding
pT ´ tq. Hence, consider pS, Iq and T to be fixed and define, for any J P JI, nmax ´SK and
x P E,

gJpt, xq “
nmax
ÿ

n“S`J

1"

npxq“n
spxq“S

*

ÿ

v0PBpn´S,Jq

ÿ

vĎv0
#v“I

Gn,v0,vpt, τpxqq,

where, for t ě 0 and τ P Rnmax ,

Gn,v0,vpt, τq “
ź

jPv
hpτj ´ pT ´ tqq

ź

jPv0zv
1t0ăτjďT´tu

ź

jPJ1,n´SKzv0

p1´ hpτjqq.

Dependence of gJ and Gn,v0,v on pS, Iq and T is omitted in these notations for readability.
It then holds that

@x P E, fS,IT,t pxq “
nmax´S
ÿ

J“I

gJpt, xq.

Let J P JI, nmax ´ SK, v0 “ tj1, . . . jJu P Bpn ´ s, Jq and v Ď v0 such that #v “ I.
Proposition 3.4.12 applied to the functions f : RˆRJ Ñ R and gk : RˆRÑ R defined by

fpt, τj1 , . . . , τjJ q “
ź

jPv
hpτj ´ pT ´ tqq

ź

jPv0zv
1t0ďτjďT´tu,

gkpt, τq “ 1´ hpτq @k P J1, n´ S ´ JK,

leads to the following equality, for all t P r0, T s:

xηXt , gJpt, ¨qy “
nmax
ÿ

n“S`J

ÿ

v0PBpn´S,Jq
vĎv0:#v“I

e´γpT´tqIp1´ e´γpT´tqqJ´IxηXt ,1"

np¨q“n
sp¨q“S

*Hn,S,v0pτp¨qqy

“

ˆ

J

I

˙

e´γpT´tqIp1´ e´γpT´tqqJ´InXS,Jptq.

As a consequence, we obtain in particular that

xηXt , sif
S,I
T,t y “

nmax´S
ÿ

J“I

ˆ

J

I

˙

e´γpT´tqIp1´ e´γpT´tqqJ´ISJnXS,Jptq.

Differentiating with respect to T yields

BT xη
X
t , sif

S,I
T,t y “ ´γIxη

X
t , sif

S,I
T,t y ` 1tS`IănmaxuγpI ` 1qxηXt , sif

S,I`1
T,t y.

In particular, pT, tq ÞÑ BT xη
X
t , sif

S,I
T,t y is continuous, as for any pS, Jq P S, nXS,J is continuous

thanks to the continuity of t ÞÑ ηXt with regard to the total variation norm. Let g : RÑ R`
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be such that t ÞÑ gptqxηXt , sif
S,I
T,t y is continuous on R` for any pS, Iq P S. It then holds that

d

dT

ż T

0
gptqxηXt , sif

S,I
T,t ydt “ gpT qSInXS,IpT q ´ γI

ż T

0
gptqxηXt , sif

S,I
T,t ydt

` 1tS`IănmaxuγpI ` 1q
ż T

0
gptqxηXt , sif

S,I`1
T,t ydt.

(3.46)

Similarly, for g : R Ñ R` such that t ÞÑ gptqxηXt , sf
S,I
T,t y is continuous on R` for any

pS, Iq P S,

d

dT

ż T

0
gptqxηXt , sf

S,I
T,t ydt “ gpT qSnXS,IpT q ´ γI

ż T

0
gptqxηXt , sf

S,I
T,t ydt

` 1tS`IănmaxuγpI ` 1q
ż T

0
gptqxηXt , sf

S,I`1
T,t ydt.

(3.47)

In particular, we may apply Equations (3.46) and (3.47) to gptq “ 1, as well as gptq “
ΛXptq and gptq “ e´γtΛXptq. Indeed, t ÞÑ ΛXptqSnXS,Iptq is continuous and well defined for
any t ě 0, thanks to the inequality xηXt , siySnXS,Iptq ď pnmaxnX{nXqsXptq

2 which ensures
that despite the division by sX in the definition of ΛX , there are no singularities.

In conclusion, Equation (3.45), together with Equations (3.46) and (3.47), allows to
differentiate the right-hand-side of Equation (3.44). In particular, regrouping the terms
factorised by ´γI and γpI ` 1q allows to distinguish ´γInXS,IpT q and γpI ` 1qnXS,I`1pT q,
using Equation (3.44). This computation finally leads to Equation (3.42).

We may finally focus on the main result of this section, namely Theorem 3.3.3.

Proof of Theorem 3.3.3. Before concluding, we need to emphasize that it would have been
possible to chose X “ W when replacing S and I by KXSX and KXIX for IG in Propo-
sition 3.4.5. All of the subsequent results still hold, simply replacing the household-related
quantities in the definition of the rate for mean-field infections by their workplace-related
counterparts.

As a consequence, Propositions 3.4.13 and 3.4.14 show that for any X P tH,W u,

yX “

ˆ

sX
mX

,
iX
mX

, nXS,I : pS, Iq P S, nXpS,Iq : pS, Iq P S
˙

satisfies the Cauchy problem (3.29) with initial condition (3.9). However, Proposition 3.4.10
ensures uniqueness of the solutions to this Cauchy problem. It hence is sensible to define,
for t ě 0,

sptq “
sHptq

mH
“
sW ptq

mW
and iptq “

iHptq

mH
“
iW ptq

mW
.

This leads to dynamical system (3.8a–c) with initial conditions (3.9), and concludes the
proof.
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Discussion

This paper has focused on proposing a new reduction for an SIR model with two levels
of mixing, which explicitly includes households and workplaces. This reduced model was
obtained as its large population limit, and the associated convergence of the stochastic
model was established.

A possible model extension would be to consider a local level of mixing containing an
arbitrary, yet finite, number of layers. As long as within each layer, each node is part of exactly
one clique, and as long as cliques within each layer are constituted independently from one
another as in the case for households and workplaces, the adaptation of the aforementioned
results is expected to be straightforward. In particular, for exponentially distributed infectious
period lengths, the dimension of the corresponding dynamical system should still be of order
Opn2

maxq, implying that the model should remain tractable.
Furthermore, we have compared the reduced model obtained in this work with the cor-

responding EBCM in the line of Volz et al., 2011. In the case of our household-workplace
model with two levels of mixing, the EBCM seems the less appropriate choice, as it is less
parsimonious and only approaches the epidemic well if the initial proportion of infected is
very small. However, this may change if a more general contact structure within layers is
considered, such as a configuration model for the global level, in which case it seems sensible
to assume that EBCM-like equations will appear.

Finally, let us emphasize that by essence, the large population limit obtained here corre-
sponds to a situation where the number of infected individuals is of the same order as the
population size. In a realistic scenario, however, an epidemic is initiated by very few infected
individuals. In the case of a large epidemic outbreak, the number of infected subsequently
grows until it no longer is negligible when compared to the population size, at which point
the large population limit correctly captures the dynamics of the outbreak. This raises the
question: which initial condition is pertinent for the large population approximation? For
uniformly mixing population, this is rather straightforward, for two main reasons. On the one
hand, at each time, infected individuals are interchangeable in terms of infectious pressure
exerted on susceptibles. On the other hand, the presence of recovered individuals at time t
can be neglected in the study of the epidemic dynamics over the time interval rt,8q, simply
by restricting the study to all other individuals, which still constitute a uniformly mixing
population. As a consequence, in such a setting, it makes sense to suppose that at time
zero, there are only infected and susceptible individuals, and that infected individuals are
chosen uniformly at random in the population, with independent and identically distributed
infectious period lengths.

This idea can of course be extended to our setting, and corresponds to the initial con-
dition proposed in Theorem 3.3.3, while similar initial conditions have also been used in
the literature in related settings (Volz et al., 2011; Di Lauro et al., 2021). In our model
however, one actually needs to know how infected and recovered individuals are distributed
among households and workplaces, meaning that neither can recovered be ignored, nor is
there any reason to believe that infected individuals are distributed uniformly at random in
the population. Indeed, Figure 3.3 illustrates that when compared to stochastic simulations
starting from a single infected, the large population approximation with initial condition
given by Equation (3.9) fails to reproduce the epidemic dynamics, while they are correctly
captured when using an initial condition which is inferred from stochastic simulations. As a
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Figure 3.3: Comparison of the stochastic model starting from a single infected, with its large
population approximation for two different choices of initial condition. The first initial condition
is given by Equation (3.9) for ε “ 0.01. The second initial condition is obtained by simulating
a large number (ą 2000) of stochastic epidemic trajectories, starting from a single infected until
the proportion of infected reaches one percent. The initial condition corresponds to the average of
the initial conditions observed in each simulation. Regarding the stochastic model, for this figure,
100 epidemics starting from a single infected were simulated. Similarly to Figure 3.2, only those
reaching a threshold of 3% of infected are represented, and a time shift is applied to ease comparison
between model outputs. Structure size distributions are those of Figure 3.1. Epidemic parameters:
pβG, λH , λW , γq “ p0.085, 0.1, 0.001, 0.125q, RI “ 1.7.

consequence, it seems of interest to get a better understanding of this realistic initial con-
dition, which arises from an epidemic started by a single infected. This may be achieved
using a branching process approximation of the epidemic, which is designed to approach the
initial, stochastic phase of the epidemic, and hence would represent a reduced model which
complements the large population limit obtained in the present work.

Appendix

3.A Absolute continuity of η and related PDE system

In this appendix, we show that under the Assumptions of Theorem 3.3.2, the measure-valued
process η obtained in the large population limit is connected to a PDE-system.

Consider any n P J1, nmaxK and s P J0, nK. We start by establishing that conditionally on
a structure being of size n and containing s susceptibles, the distribution of the remaining
infectious periods of its n ´ s members who have contracted the disease at some previous
time, is absolutely continuous with respect to the Lebesgue measure on Rn´s. More precisely,
we will see that at any time t ě 0, there exists a function ρX,n,spt, ¨q : Rn´s Ñ R` such
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that for any non-negative measurable function f : E Ñ R, for any X P tH,W u and t ě 0,

xηXt ,1tnp¨q“n, sp¨q“sufp¨qy “
ż

Rn´s
fpn, s, τqρX,n,spt, τqdτ.

In the following, for any n ě 1, let 0n be the zero of Rn. Finally, pekq1ďkďnmax is the
canonical basis of Rnmax .

Lemma 3.A.1. For each X P tH,W u, there exists a family of real-valued non negative
measurable functions indexed by n P J1, nmaxK and s P J0, nK such that

@T ě 0, ρX,n,s P L
1pr0, T s ˆ Rn´sq,

which verifies that for any f : E Ñ R non-negative measurable function, for any t ě 0,

xηXt , fy “
nmax
ÿ

n“1

˜

fpn, n, 0nmaxqρX,n,nptq `
n´1
ÿ

s“0

ż

Rn´s
fpn, s,

n´s
ÿ

k“1
τkekqρX,n,spt, τqdτ

¸

.

The proof relies on studying the distribution ηX conditionally on structures being of given
size and number of susceptibles. Absolute continuity with regard to the Lebesgue measure
is then established by domination with another, absolutely continuous measure.

Proof. Let X P tH,W u. To begin with, let us introduce the family of sets

Epn,sq “ tx P E : npxq “ n, spxq “ su, @pn, sq P J1, nmaxKˆ J0, nK

which constitutes a partition of E. In the following, let pnptq, sptq, τptqq be distributed
according to ηXt , for any t ě 0. Let f be a non-negative measurable function on E. Then

xηXt , fy “ E rfpnptq, sptq, τptqqs

“

nmax
ÿ

n“1

n
ÿ

s“0
Erfpnptq, sptq, τptqq|nptq “ n, sptq “ ssPpnptq “ n, sptq “ sq.

Let τptq “ pτ1ptq, . . . , τnmaxptqq. Conditionally on tnptq “ n, sptq “ su, almost surely
pnptq, sptq, τptqq P Epn,sq and τkptq “ 0 for any k ą n´ s. Thus

xηXt , fy “
nmax
ÿ

n“1
fpn, n, 0nmaxqPpnptq “ n, sptq “ sq

`

nmax
ÿ

n“1

n´1
ÿ

s“0
E

«

f

˜

n, s,
n´s
ÿ

k“1
τkptqek

¸

ˇ

ˇ

ˇ
nptq “ n, sptq “ s

ff

Ppnptq “ n, sptq “ sq.

(3.48)
Let pXpt, n, sq “ Ppnptq “ n, sptq “ sq. Then on the one hand, define for any n P J1, nmaxK,

ρX,n,nptq “ pXpt, n, nq.

On the other hand, for s ă n, let η̃X,n,st be the distribution of pτ1ptq, . . . , τn´sptqq condi-
tionally on tnptq “ n, sptq “ su. If we manage to show that η̃X,n,st is absolutely continuous
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with regard to the Lebesgue measure on Rn´s, then letting ρ̃X,n,spt, ¨q be its density, the
result follows with

@τ P Rn´s, ρX,n,spt, τq “ pXpt, n, sqρ̃X,n,spt, τq.

In order to show that for any n P J1, nmaxK and s P J1, n ´ 1K, η̃X,n,st is absolutely
continuous with regard to the Lebesgue measure on Rn´s, we will proceed by induction.

Let us first consider the case s “ n´1. We want to apply Equation (3.6) to test functions
ϕ˚ P C1

b pE,R`q which are equal to zero outside of the set tx P E : npxq “ n, spxq “ n´1u.
Hence, let ϕ P C1

b pRq be non-negative, and define ϕ˚ P C1
b pE,R`q by

@x P E, ϕ˚pxq “ ϕpτ1pxqq1tpnpxq,spxqq“pn,squ.

Let T ą 0 and for t P r0, T s, define ftpxq “ ϕ˚pΨpx, T, tqq for x P E. Using Equation (3.48)
and applying Equation (3.6) to ft after noticing that Aftpxq “ 0 for any pt, xq P R` ˆ E,
we obtain that

pXpt, n, n´ 1qxη̃X,n,n´1
T , ϕy “ xηXT , ϕ

˚y “ xηXT , fT y

“ xηX0 , f0y ` λH

ż T

0
xηXt , sipfI

t ´ ftqydt`

ż T

0
ΛXptqxηXt , spfI

t ´ ftqydt.

As ϕ ě 0 and letting C “ nmaxpλHnmax ` λWnmax ` βGq, it follows that

pXpt, n, n´ 1qxη̃X,n,n´1
T , ϕy ď xηX0 , f0y ` C

ż T

0
xηXt , f

I
t ydt. (3.49)

Let gν : RÑ R` be the density of ν with respect to the Lebesgue measure. Notice that
Equation (3.7) with a change of variables z “ σ ´ T implies that

xηX0 , f0y “ nπXn p1´ εqn´1ε

ż

R
ϕpzqgνpz ` T qdz.

Furthermore, by definition, for any x P E,

fI
t pxq “ 1tnpxq“n,spxq“nu

ż `8

0
ϕpσ ´ pT ´ tqqgνpσqdσ.

Thus Equation (3.48), Fubini’s theorem and a change of variables z “ σ ´ pT ´ tq lead to
ż T

0
xηXt , f

I
t ydt “

ż

R
ϕpzq

ż T

0
pXpt, n, nqgνpz ` pT ´ tqqdtdz.

Let
HX,n,n´1
T : z P R ÞÑ

`

nπXn p1´ εqn´1εgνpz ` T q
˘

`

ż T

0
pXpt, n, nqgνpz ` pT ´ tqqdt.

Then HX,n,n´1
T is integrable on R with respect to the Lebesgue measure, as its integral is

equal to the right-hand side of Equation (3.49) which is finite. It further satisfies

pXpT, n, sqxη̃
X,n,n´1
T , ϕy ď

ż

R
HX,n,n´1
T pzqϕpzqdz.



3.A. ABSOLUTE CONTINUITY OF η AND RELATED PDE SYSTEM 151

In particular, let B be a Borel set which is null for the Lebesgue measure. Consider
a mollifier ψ on R in the same sense as for the Proof of Lemma 3.4.1. For α ą 0, let
ψα : z P R ÞÑ α´1ψpz{αq. Then for any α ą 0, we may define ϕα “ 1B ˚ ψα, which is an
element of C1

b pRq. Thus for every α ą 0,

pXpT, n, sqxη̃
X,n,n´1
T , ϕαy ď

ż

R
HX,n,n´1
T pzqϕαpzqdz. (3.50)

As ϕα further is bounded by 1 for every α ą 0, and as η̃X,n,n´1
T is a finite measure and

HX,n,n´1
T is integrable on R with respect to the Lebesgue measure, dominated convergence

allows to let α go to 0 on both sides of inequality (3.50). As B is a null set for the Lebesgue
measure, the right-hand side goes to 0. This demonstrates that η̃X,n,n´1

T is absolutely
continuous with respect to the Lebesgue measure on R.

Let us now suppose that η̃X,n,s`1
T is absolutely continuous with respect to the Lebesgue

measure on Rn´s´1 for some n1 P J1, nmaxK and some s P J0, n ´ 2K. This time, let
ϕ P C1

b pRn´sq be non-negative and define ϕ˚ P C1
b pE,R`q by

@x P E, ϕ˚pxq “ 1tnpxq“n,spxq“suϕpτ1pxq, . . . , τn´spxqq.

For any T ě 0 and t P r0, T s, let ft : x P E ÞÑ ϕ˚pΨpx, T, tqq. Proceeding like before, we
obtain that

pXpT, n, sqxη̃
X,n,s
T , ϕy ď xηX0 , f0y ` C

ż T

0
xηXt , f

I
t ydt. (3.51)

In order to simplify notations in the following, define for T ě t ě 0 and pτ1, . . . , τn´sq P
Rn´s the function

ϕT,tpτ1, . . . , τn´sq “ ϕpτ1 ´ pT ´ tq, . . . , τn´s ´ pT, tqq.

Then similarly to the case pn, n´ 1q, Equation (3.7) leads to

xηX0 , f0y “ πXn

ˆ

n

s

˙

p1´ εqsεn´s
ż

Rn´s
ϕT,0pσ1, . . . , σn´sq

n´s
ź

j“1
gνpσjqdσ1 . . . dσn´s. (3.52)

Notice here that for any T ą 0 and t P r0, T s, the application z P Rn´s ÞÑ z´
řn´s
k“1pT´tqek,

where ek is the k-th vector of the canonical basis of Rn´s, defines a C1-diffeomorphism from
Rn´s into itself, whose Jacobian matrix is the identity matrix of dimension n´ s. Using the
case t “ 0, Equation (3.52) becomes by change of variables:

xηX0 , f0y “ πXn

ˆ

n

s

˙

p1´ εqsεn´s
ż

Rn´s

ϕpz1, . . . , zn´sq
n´s
ź

j“1
gνpzj ` T qdz1 . . . dzn´s.

Moreover, notice that this time, for any x P E and σ ą 0,

fI
t pxq “ 1tnpxq“n,spxq´1“su

ż `8

0
ϕT,tpτ1pxq, . . . , τn´s´1pxq, σqgνpσqdσ.

Thus, for t P r0, T s,

xηXt , f
I
t y “ pXpt, n, s` 1q

ż

Rn´s´1

ˆ
ż `8

0
ϕT,tpτ, σqgνpσqdσ

˙

η̃X,n,s`1
t pdτq.
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Fubini’s theorem together with the induction hypothesis yield

xηXt , f
I
t y “ pXpt, n, s` 1q

ż

R`

ˆ
ż

Rn´s´1
ϕT,tpτ, σqρ̃X,pn,s`1qpt, τqdτ

˙

gνpσqdσ.

Throughout the following, for z “ pz1, . . . , zn´s´1q P Rn´s´1 and u P R, we let ϕpz, uq “
ϕpz1, . . . , zn´s´1, uq. The previously introduced family of C1-diffeomorphisms may serve
again for a change of variables, allowing to obtain that

xηXt , f
I
t y “ pXpt, n, s`1q

ż

R

˜

ż

Rn´s´1
ϕpz, uqgνpu` pT ´ tqqρX,n,s`1pt, z ` pT ´ tq

n´s´1
ÿ

k“1
ekqdz

¸

du.

For z “ pz1, . . . , zn´sq P Rn´s, define

HX,n,s
T pzq “ πXn

ˆ

n

s

˙

p1´ εqsεn´s
n´s
ź

j“1
gνpzj ` T qq

`

ż T

0
ρX,n,s`1pt, z1 ` pT ´ tq, . . . , zn´s´1 ` pT ´ tqqgνpzn´s ` pT ´ tqqdt.

It then follows like before from Equation (3.51) that HX,n,s
T is integrable on Rn´s with

respect to the Lebesgue measure, and

pXpT, n, sqxη̃
X,n,s
T , ϕy ď

ż

Rn´s
HX,n,s
T pzqdz.

The absolute continuity of η̃X,n,sT with respect to the Lebesgue measure on Rn´s follows
using the same arguments as previously.

Finally, the fact that for any n P J1, nmaxK and s P J0, nK, ρX,n,s is Lebesgue-almost
everywhere non-negative follows from ηXt being a probability measure on E for any t ě 0.
Hence for any T ě 0,

}ρX,n,s}L1pr0,T sˆRn´sq “

ż T

0
xηXt ,1tnp¨q“n,sp¨q“suy ď T.

This concludes the proof.

Notice that in the case n “ s, ρX,n,n depends on t alone, whereas for s ă n, ρX,n,s
depends both on t and on τ P Rn´s. Throughout the following, with some abuse of notation,
this distinction will mostly be implicit. The adaptation to the case s “ n is generally
straightforward. For instance, forthcoming Equation (3.53) reduces to

d

dt
ρX,n,nptq “ ´ΛXptqnρX,n,nptq,

where

ΛXptq “ λX
xηXt , siy
xηXt , sy

` βG
xηHt , iy
xηH0 ,ny

.
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When integrating over τ , the case n “ s becomes

ż

R0
ρX,n,npt, τqdτ “ ρX,n,nptq.

Similarly, symbolically, for any τ P Rn´s, ipτq “ 0 whenever n ´ s “ 0. This makes sense,
as in a structure of size n containing n susceptibles, there are no infected. This leads for
example to

ż

R0
1tipτq“0uρX,n,npt, τqdτ “ ρX,n,nptq.

When the adaptation is less clear, the case n “ s will be treated separately.
Let gν : RÑ R` be the density of ν with respect to the Lebesgue measure. Further, we

will consider here the example of initial condition η0,ε defined by Equation (3.7).

Proposition 3.A.2. Let T ě 0. The family pρX,n,sqXPtH,W u,1ďnďnmax,0ďsďn is a weak
solution to the following system of partial differential equations. For any pn, sq P J1, nmaxKˆ
J0, nK, for any τ P Rn´s and t P p0, T q,

BtρX,n,spt, τq ´
n´s
ÿ

k“1
BτkρX,n,spt, τq “ ´spλXipτq ` ΛXptqqρX,n,spt, τq

` 1ts`1ďnups` 1q pλXipτ1,n´s´1q ` ΛXptqq ρX,n,s`1pt, τ1,n´s´1qgνpτn´sq,

(3.53)

with initial condition given by

ρX,n,np0q “ πXn ε
n and @s ă n, τ P Rn´s, ρX,n,sp0, τq “ πXn

ˆ

n

s

˙

εsp1´ εqn´s
n´s
ź

k“1
gνpτkq.

Proof. Let T ě 0 and pn, sq P J1, nmaxK ˆ J0, nK. In the case n “ s, consider a function
defined for t ě 0 and x P E by fpt, xq “ 1tnpxq“spxq“nufptq, where f P C8pr0, T qq is
compactly supported. Notice that Afpt, xq “ d

dtfptq and fI “ 0. As fpT q “ 0, Equation
(3.6) leads to

´

ż `8

0

ˆ

d

dt
fptq

˙

ρX,n,nptqdt “ ´

ż `8

0
fptqΛXptqnρX,n,nptqdt` fp0qπXn εn,

from which the desired conclusion follows.
Throughout the following, for k P J1, nmaxK and τ P Rnmax , let τ1,k “ pτ1, . . . , τkq.

Suppose now that s ă n. Consider f measurable on R` ˆ E such that fpt, xq “ 0 if
pnpxq, spxqq ‰ pn, sq and fpt, xq “ fn,spt, τ1,n´spxqq otherwise, where fn,s P C8pr0, T q ˆ
Rn´sq is compactly supported. In particular, for any σ ą 0 and pt, xq P p0,`8qˆE such that
spxq ě 1, notice that fpt, jpx, σqq is zero, unless s` 1 ď n and pnpxq, spxqq “ pn, s` 1q in
which case it is equal to fn,spt, τ1,n´s´1pxq`σen´sq. As previously, it holds that fpT, ¨q “ 0.
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Thus Equation (3.6) yields

´

ż `8

0

ż

Rn´s

Btfn,spτqρX,n,spt, τqdτdt “ ´
n´s
ÿ

k“1

ż `8

0

ż

Rn´s

Bτk
fn,spτqρX,n,spt, τqdτdt

´

ż `8

0

ż

Rn´s

pλXsipτq ` ΛXptqsqfn,spτqρX,n,spt, τqdτdt

` 1ts“n´1u

ż `8

0

ż

R
ΛXptqnfn,spσqgνpσqdσρX,n,nptqdt

` 1ts`1ănu

ż `8

0

ż

Rn´s

pλX ipτ1,n´s´1q ` ΛXptqqps` 1qfn,spτqgνpτn´sqρX,n,s`1pt, τ1,n´s´1qdτdt

` πXn

ˆ

n

s

˙

εsp1´ εqn´s
ż

Rn´s

fp0, τ1, . . . , τn´sq
n´s
ź

k“1
gνpτkqdτk.

This establishes that ρX,n,s is a weak solution to Equation (3.53), and concludes the
proof.

3.B Implementation of the large population limit

3.B.1 Automatic implementation of the dynamical system

It is possible to implement dynamical system (3.8a–c) in an automated way, in the sense that
equations do not need to be written individually. The key lies in the fact that the set S can be
constructed automatically, with an intrinsic organization of the states pS, Iq it contains. For
example, one may arrange them by growing number n of susceptible and infected members
of the structure, and for each n, by growing number i of infected, leading to

S “ tp2, 0q, p1, 1q, . . . , pnmax, 0q, pnmax ´ 1, 1q, . . . , p1, nmax ´ 1qu.

This in turn allows to make an explicit correspondence between any state pS, Iq P S and e.g.
some position in a vector containing all functions of our dynamical system of interest. A
similar idea was already employed in Pellis et al., 2011, for another purpose. With the previous
structure of S, one may for instance notice that for any n P J2, nmaxK and i P J0, n´ 1K, the
state pn´ i, iq is the cpn´ i, iq-th state enumerated in S, where cpn´ i, iq “ pn´1qn{2` i.
As a consequence, the general expression of Equation (3.8c) may be used to handle all the
dynamics of the functions nXS,I , for pS, Iq P S and X P tH,W u.

Also, notice that in practice, household sizes tend not to be as big as workplace sizes.
It thus makes sense to distinguish explicitly a maximal size for each type of structure. This
allows to avoid implementing unnecessary equations corresponding e.g. to household sizes
that are not actually observed, and which thus artificially increase the dimension of the
system.

3.B.2 Computational performance

The aim of this section is to numerically assess the computational cost associated to solving
the large dimensional dynamic system (3.8a–c) in comparison to stochastic simulations using
Gillespie’s algorithm, also referred to as SSA (stochastic simulation algorithm). In order to
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Table 3.1: Considered values of the contact rates and final times, grouped by value of RI and
proportions of infections per layer ppG, pH , pW q characterizing the scenarios.

RI “ 1.2 RI “ 1.4 RI “ 1.7 RI “ 2.0 RI “ 2.5 ppG, pH , pW q

βG 0.03 0.035 0.045 0.05 0.06

(0.2, 0.4, 0.4)λH 0.05 0.07 0.09 0.15 0.2
λW 0.0015 0.0016 0.0018 0.002 0.0022
T 130 130 105 85 75
βG 0.06 0.07 0.085 0.1 0.125

(0.4, 0.4, 0.2)λH 0.06 0.07 0.1 0.15 1.5
λW 0.00075 0.0008 0.001 0.0011 0.00115
T 145 130 95 80 55

do so, the average execution times of one stochastic simulation (SSA) and of one resolution
of the associated dynamic system using the ODE solver odeint from the scipy.integrate
library are compared.

Let us start by describing the general procedure. Each of the two scripts (stochastic
simulation or reduced model) is executed one hundred times, all runs being independent
from one another. For each run and each script, the computation time of the script of
interest is measured, as well as the computation time of a reference function (summing all
integers up to one billion with a simple for-loop). The ratios of the runtimes of both the
script of interest and the reference function are computed. Comparison of the computation
times for the stochastic and the reduced model is then based on the comparison of the
averages of those normalised runtimes.

It remains to take an interest in the choice of the model parameters, namely the structure
size distributions, the epidemic parameters i.e. the contact rates βG, λH , λW and the removal
rate γ, as well as the initial proportion of infected ε and the time interval r0, T s on which
the epidemic is simulated. For the stochastic model, the population size K will be fixed to
ten thousand individuals. For all scenarios considered here, the structure size distributions
will be those of Figure 3.1, and the initial proportion of individuals will be set to ε “ 0.005.
Different values of the epidemic parameters will be considered, as to obtain scenarios that
differ both in terms of RI and in terms of the proportions of infections occurring within
the general population, within households or within workplaces, respectively referred to as
pG, pH and pW . The removal rate γ will be fixed at 0.125, and only the contact rates will
effectively vary. In total, ten different scenarios will be used, characterized by their values of
RI P t1.2, 1.4, 1.7, 2.0, 2.5u and ppG, pH , pW q P tp0.2, 0.4, 0.4q, p0.4, 0.4, 0.2qu.

Finally, parameter T will be chosen as follows. For each set of epidemic parameters
detailed above, the reduced model is used to compute the time T˚ at which the epidemic
falls below one percent of infected individuals in the population, after the epidemic peak. T
then is determined by rounding down T˚ to the closest multiple of five.

Figure 3.4 uses the reduced model to plot the trajectories of the proportion of susceptible
and infected individuals in the population, for each scenario. The corresponding parameters
are summarized in Table 3.1. Notice that in particular, this includes the parameters of Figure
3.2.

Let us now turn to the results. For each scenario of Table 3.1, measurement of average
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Figure 3.4: Proportion of susceptible (S) and infected (I) in the population, for each scenario
detailed in Table 3.1, as given by dynamical system (3.8a–c). Scenarios are separated by values of
ppG, pH , pW q of infections per layer, namely p0.2, 0.4, 0.4q and p0.4, 0.4, 0.2q for the top and bottom
panels, respectively. The corresponding values of RI are indicated by the color shades, as shown in
the legend. The black crosses indicate for each curve that the proportion of infected falls below the
threshold of one percent.

normalised computation times was repeated three times. The results are shown in Figure
3.5, which indicates for each scenario the ratio of the average normalised runtime for one res-
olution of dynamical system (3.8a–c) over the average normalised runtime of one stochastic
simulation. Let us first take an interest in the datasets labeled ppG, pH , pW q “ p0.2, 0.4, 0.4q
and ppG, pH , pW q “ p0.4, 0.4, 0.2q. One may notice first that for each scenario, the results
of all three repeats are close to one another, indicating that the results are reproducible.
Further, for both possible values of ppG, pH , pW q, the results indicate a shared general trend.
Indeed, for values of RI close to the critical case RI “ 1, the ratio exceeds one, and dimin-
ishes subsequently, falling below one between RI “ 1.4 and RI “ 1.7 and attaining values
of order 10´1. This behavior suggests that solving dynamic system (3.8a–c) is advantageous
in terms of computation time for intermediate or high values of RI , being up to one order
of magnitude faster than one stochastic simulation. As the time interval r0, T s on which
the epidemic is studied originally depends on the scenario and is significantly shorter for
larger values of RI , one may wonder whether this difference influences the results. As a
consequence, we have repeated the same procedure for all of the scenarios characterised by
ppG, pH , pW q “ p0.2, 0.4, 0.4q, with fixed T “ 75. Figure 3.5 shows that the associated
results are very similar to those obtained previously, pleading against this hypothesis.
Of course, this comparison could be pushed further. For instance, the most basic version of
the SSA algorithm was used, and more advanced methods such as τ -leaping are expected to
accelerate stochastic simulations. Also, a more thorough exploration of the parameter space
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Figure 3.5: Ratio of the average normalised computation time for solving once dynamical system
(3.8a–c) over the average normalised computation time for one stochastic simulation (SSA). This
ratio was computed three times for each scenario of Table 3.1. The results are presented as a function
of RI , while colors indicate the value of ppG, pH , pW q. Unless stated otherwise, the parameter T
from Table 3.1 was used. The dotted line indicates the threshold of one.

would be pertinent, assessing for instance the influence of the structure size distributions.

3.C Edge-based compartmental model

3.C.1 Presentation of the EBCM

Let us start by describing how to obtain the population structure of the local level of mixture
described in Section 3.2.1 using a clique configuration model (CCM). In our case, each
node belongs to exactly one clique within each layer (one household and one workplace,
respectively). Let us briefly notice that whenever a node is picked uniformly at random, the
probability of it belonging to a structure of type X and size n is given by π̂Xn “ nπXn {mX ,
for any n P J1, nmaxK and X P tH,W u. As a consequence, the layer corresponding to
structures of type X P tH,W u is obtained by the following two steps. First, associate to
each node a structure size distributed according to the size-biased law π̂X . This is done
independently for each node. Second, for k P J1, nmaxK, form cliques of size k by drawing
uniformly without replacement k-tuples in the set of nodes of associated structure size k.
This step stops when all nodes of associated clique size k belong to a clique. This procedure
is repeated independently for each layer, allowing to assemble households and workplaces.

Let us now turn to deriving the EBCM. Consider s and i the proportions of susceptible
and infected individuals in the population, respectively. Let θXn ptq for X P tH,W u and
n P J1, nmaxK be the chance of a susceptible belonging to a structure of type X and size n
to escape infection within this structure, and θGptq the chance of escaping infection through
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Figure 3.6: Comparison of the stochastic model with the large population approximation given by
dynamical system (3.8a–c) and the corresponding EBCM. Household and workplace distributions are
those of Figure 3.1. Epidemic parameters are set to pβG, λH , λW , γq “ p0.125, 1.5, 0.00115, 0.125q.
Initial conditions correspond to ε P t0.001, 0.01, 0.05u as indicated for each panel. For each of these
scenarios, Gillespie’s algorithm is used to simulate 50 trajectories of the stochastic model defined
in Proposition 3.2.1 in a population of K “ 10000 individuals (faint lines). For Panel (a), only
trajectories reaching a threshold proportion of 0.005 infected are kept, and time is shifted so that
time 0 corresponds to the moment when this threshold is reached. Finally, the deterministic solution
ps, iq of both dynamical system (3.8a–c) (thick lines) and the EBCM (dashed lines) are represented
for each scenario. For Panel (a), the same time shifting procedure as for simulations is applied.
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the mean-field level, up to time t ě 0. The key idea is that a node is susceptible at time
t if and only if it has escaped infection up to time t, and the risks of infection within each
layer are independent from one another. This makes use of properties of the CCM, which
heuristically explain the decoupling of the risk of infection in the two local layers from one
another. Further, the fact that in an infinite population, each individual structure has a
negligible impact on the proportion of infected yields the intuition behind the decorrelation
of the risks of infection at the local and global level. This leads to

s “ θG
ź

XPtH,W u

˜

nmax
ÿ

n“1
π̂Xn θ

X
n

¸

.

As we are considering an SIR model, it follows that i1ptq “ ´s1ptq ` γiptq, so that the
difficulty resides in understanding the dynamics of θG and θXn ptq, for X P tH,W u and
n P J1, nmaxK.

Define for X P tH,W u and n P J2, nmaxK:

mX
n “ θGπ̂Xn θ

X
n

nmax
ÿ

k“1
π̂Xk θ

X
k ,

which corresponds to the proportion of individuals who are susceptible and belong to a
structure of type X and size n. Also, let nX

pS,I,Rq be the proportion of susceptibles belonging
to a structure of type X containing exactly S susceptibles, I infected and R removed
individuals. This allows us to introduce the following quantities, which participate in the
rates at which a member of a structure of type X and size n is infected, either within the
considered structure or outside of it, respectively:

TXn “ λX
ÿ

pS,I,RqPN3

S`I`R“n

SI nXpS,I,Rq and τXn “

˜

βGi`
nmax
ÿ

k“1
TXk

¸

π̂Xn θ
X
n

řnmax
k“1 π̂Xk θ

X
k

.

One obtains the following dynamics:

d

dt
θG “ ´βGiθ

G, and @X P tH,W u,@n P J2, nmaxK,
d

dt
θXn “ ´

TXn
mX
n

θXn .

Further, for any X P tH,W u, n P J2, nmaxK and pS, I,Rq P N3 such that S ` I ` R “ n
and either S ě 2 or SI ě 1:

d

dt
nXpS,I,Rq “ ´

ˆ

λXSI `
τXn
mX
n

S ` γI

˙

nXpS,I,Rq

` γpI ` 1qnXpS,I`1,R´1q1tRě1u

`

ˆ

λXpS ` 1qpI ´ 1q ` τXn
mX
n

pS ` 1q
˙

nXpS`1,I´1,Rq1tIą1u.

Additionally, as in a structure of size one, no infection may occur within the structure itself,
θH1 and θW1 are constant over time. Finally, it remains to define the initial conditions.
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Table 3.2: Numerical assessment of the computation time needed to solve either dynamical system
(3.8a–c) or the EBCM introduced in Appendix 3.C. Model parameters: household and workplace
size distribution from Figure 3.1; pβG, λH , λW , γq “ p0.125, 1.5, 0.00115, 0.125q; initial proportion of
infected ε “ 0.005; resolution of the numerical system over the time interval r0, 30s.

Runs Normalised runtimes
Average Minimum Maximum

Dynamical system (3.8a–
c)

50 0.15 0.14 0.17

EBCM 10 2076 1887 2254

Following Volz et al., 2011, we consider the case ε ! 1. Then the only quantities which are
not null at time zero are: for any X P tH,W u, n P J1, nmaxK and I P J1, n´ 1K,

ip0q “ ε,

θGp0q “ θXn p0q “ 1´ ε,

nXpn,0,0q “
1
n
π̂Xn p1´ εqn,

nXpn´I,I,0q “ π̂Xn p1´ εqn´IεI .

(3.54)

The proportions of susceptible and infected as predicted by both the EBCM and dynamical
system (3.8a–c) are shown in Figure 3.6, for different values of ε. Let us first notice that
in the case ε “ 0.001, corresponding to Panel (a) of Figure 3.6, the solutions ps, iq of both
the EBCM and dynamical system (3.8a–c) are in perfect accordance, emphasizing the fact
that for very small values of ε, the EBCM seems to yield the correct asymptotic population
dynamics. However, for larger values of ε, the EBCM struggles to reproduce these dynamics.
The problem for capturing the epidemic dynamics for higher values of ε lies in the fact that
defining the proper initial condition for the EBCM is not straightforward, leading to initial
conditions consisting in an approximation which is only sensible whenever ε is very small.

3.C.2 Computational performance

In order to compare the computation times needed to solve either dynamical system (3.8a–
c) or the dynamical system associated to the EBCM which has been introduced above, we
will proceed similarly as in Appendix 3.B.2, making use of the ODE solver odeint from the
scipy.integrate library in both cases. However, this time, only one parameter set will be
used, corresponding to the parameters chosen for Panel (a) of Figure 3.2. Further, the
average normalised computation time is only computed once, instead of having three repeats
as in Appendix 3.B.2. Considering the relatively small fluctuations between repeats for all
scenarios in Figure 3.5, this is not expected to significantly affect the qualitative result.

The model parameters and the associated average runtimes are shown in Table 3.2.
Due to the excessive computation needed to solve the EBCM, only 10 runs of this script
were performed. However, considering that the average normalised runtime for solving the
EBCM is several orders of magnitude higher than the average normalised runtime for solving
dynamical system (3.8a–c), this again is not expected to significantly alter the results. Finally,
the computation times necessary for solving the EBCM are relatively homogeneous over all
runs, indicating that the average computation time is not biased by an outlier.
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3.D Proof of Proposition 3.4.10
Let us start with the following lemma, which will be needed afterwards.

Lemma 3.D.1. Consider a solution y of dynamical system (3.8a–c) and let ∆ptq “ mXsptq´
ř

pS,IqPS Sn
X
S,Iptq. Then

d

dt
∆ptq “ γnX1,1ptq ´

´

τGptq `
1
sptq

τXptq
¯

∆ptq.

Proof of Lemma 3.D.1. Let X P tH,W u. First, notice that

tpS ` 1, I ´ 1q : pS, Iq P S, I ě 1u “ tpS, Iq P S : S ą 1u.

As S ´ 1 “ 0 whenever S “ 1, we thus obtain that
ÿ

pS,IqPS
S2InXS,I ´

ÿ

pS,IqPS
SpS ` 1qpI ´ 1qnXS`1,I´11tIě1u

“
ÿ

pS,IqPS
S2InXS,I ´

ÿ

pS,IqPS
pS ´ 1qSInXS,I “

ÿ

pS,IqPS
SInXS,I .

(3.55)

Similarly, tpS, I ` 1q : pS, Iq P S, S ` I ă nmaxu “ Sz ttpS, Iq P S : I “ 0u Y tp1, 1quu. As
SI “ 0 whenever I “ 0, it follows that

ÿ

pS,IqPS
γSInXS,I ´

ÿ

pS,IqPS
γSpI ` 1qnXS,I`11tS`Iănmaxu “ γnX1,1. (3.56)

The desired conclusion then results directly from Equations (3.8a–c), regrouping the terms
of the form of Equations (3.55) and (3.56) in order to simplify the expression.

We are now ready to focus on the desired result.

Proof of Proposition 3.4.10. (i) By assumption, yp0q P V . Let us start by checking that all
components of y, as well as ∆, stay non-negative over time.

Let t0 ě 0 be such that ypt0q P V . If ipt0q “ 0, then i1pt0q “ ´s1pt0q ě 0 by assumption,
which ensures that i will not become negative on a neighbourhood of t0. Similar arguments
hold for the lower bounds of ∆ and s, using Lemma 3.D.1 and Inequality (3.30), respectively.

Let us now turn our attention to nXS,I for X P tH,W u and pS, Iq P S. Recall from
Equation (3.8c) that its derivative may be ill defined, due to the division by sptq. However,
inequality (3.30) ensures that the ratios τXnXS,I{s are well defined at all time, for any pS, Iq P
S. As a consequence, we may now notice as previously that, if nXS,Ipt0q “ 0, Equation (3.8c)
ensures that d

dtn
X
S,Ipt0q ě 0.

The desired conclusion follows: whenever either of the quantities of interest reach zero,
their derivatives are non-negative which ensures that they do not become negative shortly
thereafter.

Next, let us have a look at the upper bounds. For X P tH,W u, a brief computation
yields

d

dt

ÿ

pS,IqPS
nXS,Iptq “ ´γn

X
1,1ptq ď 0.
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This assures that starting from y˚ P V , the inequality
ř

pS,IqPS n
X
S,Iptq ď 1 holds. For

X P tH,W u and pS, Iq P S, it follows that if nXS,Ipt0q “ 1, then for any pS1, I 1q P SzpS, Iq,
nXS1,I 1pt0q “ 0. Thus

d

dt
nXS,Ipt0q “ ´

ˆ

λXSI ` τXpt0q
S

spt0q
` τGpt0qS ` γI

˙

ď 0,

from which one may deduce that nXS,I remains less than or equal to one. The remaining
upper bounds on s, i and s` i may be obtained using similar arguments.

We thus have established that if y˚ P V , then yptq P V for all t such that y is well
defined.

(ii) Consider any T ě 0. Let y “ ps, i, nXS,I : X P tH,W u, pS, Iq P Sq be a solution to
the Cauchy problem (3.29) with initial condition y˚ P V . Then it follows from Inequality
(3.30) that

s1ptq ě ´rpλH ` λW qnmax ` βGssptq,

and as further s P C1pR`q according to the Cauchy problem, we obtain by comparison that
sptq ě sp0q expp´rpλH ` λW qnmax ` βGstq for any t P r0, T s. As a consequence, on r0, T s,
s is bounded from below by

εT “ sp0q expp´rpλH ` λW qnmax ` βGsT q.

In order to prove that there exists at most a unique solution y for any initial condition
y˚ P V , we will distinguish two cases.

First, if sp0q “ 0, then it follows that sptq “ 0 for any t ě 0, and hence nXS,Iptq “ 0
for any t ě 0 and any X P tH,W u, pS, Iq P S. Subsequently, the equation for i reduces to
i1ptq “ ´γiptq on R`, ensuring uniqueness of y on R`.

Second, if sp0q ą 0, it follows from (i) and from our lower bound on s over r0, T s that
yptq P VT “ V X ts ě εT u for any t P r0, T s. Our aim is to show that f is Lipschitz
continuous on VT . Let y “ ps, i, nXS,I : X P tH,W u, pS, Iq P Sq and ŷ “ pŝ, î, n̂XS,I : X P

tH,W u, pS, Iq P Sq be two elements of V . First, consider fs. Let X P tH,W u, and define
cX “ λX#Spnmaxq

2{mX , then

|τXpyq ´ τXpŷq| ď
λX
mX

ÿ

pS,IqPS
SI|nXS,I ´ n̂XS,I | ď cX ‖y ´ ŷ‖8 .

It further holds that

|τGpyqs´ τGpŷqŝ| ď βGp|i||s´ ŝ|` |i´ î||ŝ|q ď 2βG ‖y ´ ŷ‖8 .

Thus, letting cs “ cH ` cW ` 2βG, it follows that

|fspyq ´ fspŷq| ď cs ‖y ´ ŷ‖8 .

Similarly, letting ci “ cs ` γ,

|fipyq ´ fipŷq| ď |fspyq ´ fspŷq|` γ|i´ î| ď ci ‖y ´ ŷ‖8 .
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It remains to focus on fX,S,I . Proceeding as above, letting c1X “ p2λXnmax`4βG`γqnmax,
we obtain that

|fX,S,Ipyq ´ fX,S,Ipŷq| ď c1X ‖y ´ ŷ‖8 `
∣∣∣∣τXpyqs

SnXS,I ´
τXpŷq

ŝ
Sn̂XS,I

∣∣∣∣
`

∣∣∣∣τXpyqs
pS ` 1qnXS`1,I´1 ´

τXpŷq

ŝ
pS ` 1qn̂XS`1,I´1

∣∣∣∣ 1tIě1u.

Notice that as y belongs to VT , it follows that for kX “ λXnmaxmX ,
pτXpyqSn

X
S,I , sq P DT “ tpx, yq : εT ď y ď 1, 0 ď x ď kXy

2u.

Let px, yq and pu, vq be two elements of DT . It then holds that∣∣∣∣xy ´ u

v

∣∣∣∣ ď 1
v

ˆ

x

y
|v ´ y|` |x´ u|

˙

ď ε´1
T p1_ kXqp|v ´ y|` |x´ u|q.

Letting kX,T “ ε´1
T p1 _ kXqpλXn

2
max{mX ` 1qnmax, we obtain for any X P tH,W u and

pS, Iq P S,∣∣∣∣τXpyqs
SnXS,I ´

τXpŷq

ŝ
Sn̂XS,I

∣∣∣∣ ď ε´1
T p1_ kXqp|τXpyqSn

X
S,I ´ τXpŷqSn̂

X
S,I |` |s´ ŝ|q

ď kX,T ‖y ´ ŷ‖8 .
As a consequence, we conclude that

|fX,S,Ipyq ´ fX,S,Ipŷq| ď pc1X ` kX,T q ‖y ´ ŷ‖8 .

This establishes the desired Lipschitz continuity of f on VT , with associated Lipschitz con-
stant cT “ maxpcs, ci, c1H ` kH,T , c1W ` kW,T q.

Suppose now that there are two solutions y and ŷ of Equations (3.8a–c) such that
yp0q “ ŷp0q. It then holds that

‖ypT q ´ ŷpT q‖8 ď
ż T

0
‖fpyptqq ´ fpŷptqq‖8 dt ď cT

ż T

0
‖yptq ´ ŷptq‖8 .

Thus Gronwall’s lemma ensures that ‖yptq ´ ŷptq‖8 “ 0 for any t ď T . The desired
conclusion on uniqueness follows.

(iii) In order to establish (iii), it remains to show that the initial condition y˚ defined by
Equation (3.9) belongs to V . Let us start by noticing that, following Equation (3.9), for any
X P tH,W u,

ÿ

pS,IqPS
nXS,Ip0q “

nmax
ÿ

n“2
πXn

n´1
ÿ

I“0

ˆ

n

I

˙

εIp1´ εqn´I “
nmax
ÿ

n“2
πXn p1´ εnq ď 1.

Similarly,
ÿ

pS,IqPS
SnXS,Ip0q “

nmax
ÿ

n“2
πXn

n´1
ÿ

I“0
pn´ Iq

ˆ

n

I

˙

εIp1´ εqn´I “
nmax
ÿ

n“2
πXn np1´ εq

“ pmX ´ π
X
1 qp1´ εq ď mXsp0q,

where we have used the fact that sp0q “ 1´ ε, and recognizing Ern´ Bs for B „ Bpn, εq
to deduce the second equality. The other conditions following immediately from (3.9), we
conclude that y˚ P V .
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Chapter 4

Sensitivity of the reduction accuracy
to network and epidemic parameters

We investigate the impact of epidemic and/or network parameters on the capacity of the re-
duced models obtained in Chapters 2 and 3 to approximate epidemic dynamics of household-
workplace models. First, we conduct a sensitivity analysis to quantify the influence of the
epidemic parameters on the precision of the reduced model developed in Chapter 2. We
show that while all parameters influence the accuracy of the epidemic peak size prediction,
the general population contact rate has the strongest impact on the quality of the final size
approximation. Second, for the reduced model derived in Chapter 3 as the large population
limit of the household-workplace model, we show that it still yields a satisfying approxima-
tion of epidemic dynamics when considering a more general network model. More precisely,
this generalized household-workplace model allows to take into account the correlation of
the household and workplace choice between individuals. In addition, the within-workplace
contact networks are not necessarily uniformly mixing. Our results indicate that this has a
stronger impact on epidemic outcomes than the correlation of structure membership between
individuals.
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4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
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reduced model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
4.2.1 General approach and quantities of interest . . . . . . . . . . . 167
4.2.2 Experimental design . . . . . . . . . . . . . . . . . . . . . . . . 168
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4.3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

4.1 Introduction
A natural question arising in the context of reduced models is to gain a thorough understand-
ing of the approximation error committed, when compared to the model which one seeks to
approach. Notably, theoretical guarantees can be achieved in some contexts. For example,
one may use central limit theorems to control the fluctuation of density-dependent Markov

165
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jump processes around their deterministic large population limit (Ethier and Kurtz, 1986,
Chapter 11). In this case, the fluctuations around the reduced model are explicit, opening
the door to their detailed comprehension. However, depending on the way the reduced model
has been derived, such results are not always in reach.

A fruitful and more widely applicable approach consists is capturing the reduced model’s
precision through a simulation study, allowing to identify on which parts of the parameter
space the reduction performs well. In particular, we have performed such numerical explo-
rations in Chapter 2. We have assessed the capacity of a well calibrated, deterministic,
uniformly mixing model to predict key epidemic outcomes of the household-workplace model
introduced in Pellis et al., 2009. While this procedure allows to highlight conditions on the
model parameters under which the reduced model is most accurate or performs poorly, it
does not suffice to properly quantify the impact of the model parameters on this precision.

The quantification of the influence of a model’s parameters on its outcomes is at the
heart of sensitivity analysis (Saltelli et al., 2002). Different methods have been developed
in this setting, with complementary strength and weaknesses, as illustrated in detail for
some epidemic models by Wu et al., 2013. In particular, variance-based methods, including
Sobol’s variance decomposition, have a clear, quantitative interpretation, and further allow
to capture interactions among different model parameters. We refer to Chapter 4 of Saltelli
et al., 2007 for an exhaustive introduction to variance-based methods.

In the context of the present thesis, we are interested in developing our understanding of
the accuracy of the reduced models developed in Chapters 2 and 3.

On the one hand, for the uniformly mixing reduced model developed in Chapter 2, we
aim to go beyond the simulation study carried out previously by complementing it with a
variance-based global sensitivity analysis. Here, we study the impact of epidemic parameters
on the quality of this approximation. We are particularly interested in factor prioritization, i.e.
in identifying the most influential parameters. The motivation behind this goal is twofold.
First, it would allow to test the robustness of the qualitative conclusions drawn in Chapter 2.
Second, factor prioritization may lead to an intuitive understanding of the conditions under
which the reduced model performs well.

On the other hand, for the large population limit of the household-workplace model ob-
tained in Chapter 3, it would be possible to investigate gaussian fluctuations of the stochastic
finite-population model around its deterministic limit, in the spirit of aforementioned central
limit theorems. However, this approach only allows comparison to the stochastic household-
workplace model formalized in Section 3.2.2.

Notably, in Chapter 3, we make two strong assumptions on the contact network under-
lying the epidemic spread. Indeed, we first suppose that individuals choose their household
and workplace independently from one another and from other individuals. This does not
hold for real-life settings, as for instance workplace romances are known to be frequent, in-
cluding those leading to long-time partnerships (Bozon and Heran, 1989; Kalmijn and Flap,
2001; Wilson, 2015). Second, within-structure contact networks are simplified by assuming
uniform mixing within all structures. While this arguably seems reasonable for households,
it is not corroborated by data regarding workplace contacts (Contreras et al., 2022).

Thus, we set up a simulation study allowing to investigate the impact of these two
phenomena on epidemic outcomes of the household-workplace model. In other words, we
assess if the large population limit of Chapter 3 yields a satisfying approximation of the
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epidemic for a more general class of contact networks than originally considered.

This chapter is structured as follows. Section 4.2 is devoted to the sensitivity analysis
of the performance of the uniformly mixing reduced model proposed in Chapter 2. Next, In
Section 4.3, we introduce an extension of the household-workplace model, which serves for
numerical exploration of the robustness of the approximation by the large population limit
of Chapter 3 to modifications of the contact network. We conclude with a discussion of the
obtained results and perspectives in Section 4.4, as this chapter contains ongoing work.

4.2 Sensitivity analysis of the precision of the uniformly mixing
reduced model

We conduct a sensitivity analysis in order to assess the influence of the epidemic parameters
on the performance of the uniformly mixing reduced model of Chapter 2. More precisely, we
focus on its capacity to accurately predict the epidemic peak and final size of the household-
workplace model in the large population limit. Let us start by recalling the epidemic models,
which allow us to introduce a general overview of the sensitivity analysis approach adopted
here. Next, we present the experimental design and analyze the results.

4.2.1 General approach and quantities of interest

In this section, we focus on the uniformly mixing reduced model of Chapter 2. Recall that it
corresponds to a deterministic uniformly mixing SIR model, calibrated using the exponential
growth rate r and recovery rate γ of the household-workplace model. Let sptq and iptq be
the proportion of susceptibles and infected in the population, at time t. If we assume that
at time 0, the proportion of susceptible and infected is given by p1 ´ ε, εq for ε ą 0 fixed,
the reduced model is given by:

s1ptq “ ´pr ` γqsptqiptq, i1ptq “ pr ` γqsptqiptq ´ γiptq,

sp0q “ 1´ ε, ip0q “ ε.
(4.1)

Throughout the chapter, the epidemic growth rate r is computed using the R package
communityEpidemics associated to Bansaye et al., 2023a.

The impact of the epidemic parameters on the performance of the uniformly mixing
reduced model (4.1) is explored through global sensitivity analysis based on Sobol’s variance
decomposition. As the large population limit derived in Chapter 3 is asymptotically exact
and its simulation numerically advantageous on a large part of the parameter space when
compared to the household-workplace model, it will be used as reference for comparison.
Here, its initial condition corresponds to a proportion ε of infected chosen uniformly within in
otherwise susceptible population, and we refer to Section 3.3.1 for detail. Thus, performance
is measured by the absolute value of the difference between either the epidemic peak size or
the epidemic final size predicted by the uniformly mixing reduced model, and by the large
population limit.

Before presenting our numerical experiments in detail, let us briefly recall the definition
of main and total Sobol’ indices. The basic idea is to consider that the contact rates βG,
λH and λW are essentially random variables, whose laws are assumed to be known and thus
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Table 4.1: Parameters of the contact rate distributions for sensitivity analysis.

Contact rate pa, bq α β
βG (0.2, 2.5) 0.8 2.27
λH (0.3, 2.0) 0.55 4.0
λW (0.013, 0.03) 1.6 5.5

are fixed in the experimental design. Let Y be a model outcome of interest, in our case
the absolute difference between the peak (or final) size estimates using the uniformly mixing
reduced model and given by the large population limit. Notice that Y itself corresponds to
a random variable, which depends on the realizations of βG, λH and λW . Then the main
effect SG and total effect ST,G of βG are defined as follows:

SG “
VarrErY |βGss

VarpY q and ST,G “
ErVarrY |λH , λW ss

VarpY q .

In summary, the main effect SG yields the reduction of the variance of model output Y if
the contact rate βG were to be fixed: hence if SG is large, βG explains a large part of the
variance of Y . Reciprocally, the total effect ST,G corresponds to the expected reduction of
the variance of Y if all factors but βG are fixed, and thus additionally captures the impact of
the interaction between βG and all other parameters. The Sobol’ indices of λH and λW are
computed analogously, by exchanging the respective roles for each contact rate. We refer to
Saltelli et al., 2002, Chapters 1 and 5 for more detail on sensitivity analysis based on variance
decomposition.

4.2.2 Experimental design

Let us now turn to the experimental design. Similarly to previous chapters, we consider
the French household and workplace size distributions introduced in Section 2.2.3, based on
INSEE data collected in 2018. Household sizes range from one to six, while the workplace
size distribution has been limited to workplaces up to size fifty by splitting larger workplaces
into several smaller ones. We refer to Chapter 2 and upcoming Figure 4.3 for further detail.

It remains to introduce the epidemic parameters considered. First, without loss of gener-
ality, the recovery rate is kept fixed at γ “ 1. Hence, only the Sobol’ indices of the contact
rates βG, λH and λW will be computed. For this purpose, we assume that the contact
rates follow shifted beta distributions, i.e. their laws are given by a ` pb ´ aqbetapα, βq
where pa, bq yields the support of the contact rate distribution, and betapα, βq designates a
random variable of density cα,βxα´1p1´xqβ´11t0ďxď1u, where cα,β “ Γpα`βq{pΓpαqΓpβqq
is the appropriate normalization constant. The considered parameters for each contact rate
distribution are given in Table 4.1.

The parameters of these distributions have been chosen as to explore epidemic scenarios
with reasonable characteristics similar to scenarios 1-11 of Chapter 2, in terms of RI (Pellis
et al., 2009, Supplementary Material), growth rate r (Pellis et al., 2011) and proportions of
infections par layer (general population pG, households pH and workplaces pW ). Namely,
we focus on intermediate values of epidemic growth rate and reproduction number, while
occasionally larger values occur. Similarly, proportions of infections per layer allow for the
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Figure 4.1: Empirical distributions of proportions ppG, pH , pW q of infections per layer (top), repro-
duction number RI and epidemic growth rate r (bottom) for the household-workplace model with
French structure size distributions, recovery rate γ “ 1 and contact rates pβG, λH , λW q sampled from
the distributions given in Table 4.1. The histograms are based on 500 independent samples of the
contact rates.

main source of infection to either be the general population, or the contact structures.
Notably, the distribution of proportions of infections per household concentrates on lower
values than the other sources of infection, which is coherent with French households being
of relatively small size. We refer to Figure 4.1 for detail.

4.2.3 Results

Based on this experiment design, we obtain the main and total Sobol’ indices shown in
Figure 4.2. Let us start by focusing on the peak size error. In this case, all three contact
rates appear to be influential, with λW and βG having slightly predominant roles compared
to λH . This may be correlated to households being relatively small, leading to generally
smaller proportions of infections occurring within households as shown in Figure 4.1. In
addition, there seem to be almost no interaction effects, as for each parameter, total and
main effects are very close to one another. Given the importance of the epidemic growth rate
for capturing the beginning of the epidemic and calibrating the reduced model, the shared
importance of all three parameters may reflect the fact that the growth rate finely depends
on all three contact rates.

For the final size error, however, the picture is quite different. Notably, contact rate
βG largely has the highest impact on the final size error, whereas λH and λW play minor
roles, their effects being similar to one another. This essentially corroborates our findings
in Chapter 2, which seemed to indicate that the precision of the final size prediction of the
uniformly mixing reduced model mainly depends on the proportion of infections occurring
in the general population. Notably, the difference between the total and main effect of βG
implies a significant part of interactions with the other contact rates. These interaction
effects however remain minor compared to the main effect of βG.
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Figure 4.2: Main and total Sobol’ indices associated to each contact rate, for the peak and final size
error of the uniformly mixing reduced model compared to the asymptotic dynamics given by the large
population limit. The experimental design is described in Section 4.2.2, and the sample size is equal
to 5000. Computation of the Sobol’ indices is achieved by the soboljansen implementation of the
Jansen-Sobol’s scheme (Jansen, 1999), in the R package sensitivity. 95% confidence intervals
are estimated from 1000 bootstrap replicates.

4.3 The epidemic impact of network model perturbations

In Chapter 3, we have derived the large population limit of the household-workplace model.
Notably, this was achieved under two major assumptions on the contact network, namely (1)
that individuals choose their household and workplace independently from one another and
from other individuals, and (2) that uniform mixing holds within all households and work-
places. As both of these assumptions do not hold in real-life setting, we aim to investigate
their impact on epidemic outcomes. In other terms, if (1) and/or (2) are not satisfied, does
the large population limit of the household-workplace model still yield a good approximation
of the epidemic dynamics at hand?

In order to address this question, we start by introducing a generalized household-
workplace model. Next, we describe the parameter sets which serve for simulations, and
discuss the results of our numerical study.

4.3.1 A generalization of the household-workplace model

We propose a generalized household-workplace model. As previously, it contains two levels
of mixing: a global, uniformly mixing level, and a local level distinguishing two layers of
household and workplace contacts, respectively. However, we modify the construction of the
local contact network in order to relax Assumptions (1) and (2).

As will be described in detail below, the network model representing the local level
of mixing depends on several parameters. We consider two distributions πH and πW on
J1, nmaxK, which correspond respectively to the household and workplace size distribution
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in the large population limit. In addition, we require an application ρ : J1, nmaxK Ñ r0, 1s
such that within-workplace contact networks of workplaces of size n P J1, nmaxK are given
by Erdös-Rényi graphs Gpn, ρpnqq. In particular, within workplaces, the probability that two
nodes are connected by an edge thus depends on the workplace size. Finally, parameter
q P r0, 1s depicts how likely members of the same household are to belong to the same
workplace.

Notably, if ρ is constant equal to one and q is null, we recover the household-workplace
model. Conversely, if ρ is constant equal to zero, there are no within-workplace contacts and
we recover a household model.

More precisely, for a population of size K, the local level of mixing of the generalized
household-workplace model is constructed according to the following procedure.

1. The household layer. In order to assign individuals to households, we proceed as
described in the previous chapters. Let k be the number of individuals who not yet
belong to a household. While k ą 0, pick a size n „ πH and gather a new household
of size nH “ minpk, nq by choosing uniformly at random nH individuals among those
k. Subsequently, update k “ k ´ nH . The procedure stops when k “ 0, i.e. when all
individuals are assigned to a household. We let KH be the number of households, and
tnHh , h P J1,KHKu the household sizes.

2. The workplace layer. The layer of workplaces is obtained in three steps.

(a) Resolve the workplace sizes. We start by determining the sizes of the workplaces
which will constitute the workplace layer. This is achieved by proceeding as
in Step 1, replacing πH by πW , but without actually assigning individuals to
workplaces. Instead, we only keep in memory the number of required workplaces
KW and their sizes tnWw , w P J1,KW Ku.

(b) Assign individuals to workplaces. Independently for each household h P J1,KHK,
the workplaces of its members are chosen as follows. First, the number of its
members who would like to share a workplace is given by X̃h „ 1`BpnHh ´1, qq.
However, at most NW “ max1ďwďKW pn

W
w q individuals can actually go to the

same workplace. We hence uniformly pick Xh “ minpX̃h, NW q individuals among
the nHh members of the household, and all of them are assigned to workplace
w P J1,KW K with probability proportional to the lower integer part of nWw {Xh.
We then let nWw “ nWw ´Xh in order to keep track of the remaining number of
individuals who need to be assigned to this workplace. Finally, each remaining
household member independently is assigned to workplace w P J1,KW K with
probability proportional to nWw , which then becomes nWw “ nWw ´ 1.

(c) Determine the within-workplace contact networks. For each workplace w P

J1,KW K, the within-workplace contact network is given by an Erdös-Rényi graph
GpnWw , ρpn

W
w qq.

Throughout the following, we refer to ρ as the within-workplace density. Similarly, q will
occasionally be called structure overlap, as high values of q imply on average more individuals
belonging to a given pair of household and workplace.

Subsequently, the epidemic spreads on the contact network. Susceptible individuals may
be contaminated by contacts with infected individuals in each layer. At the global level,
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Figure 4.3: Household and workplace size distribution distribution derived from data collected in
France and India.

we consider a one-to-all contact rate βG, meaning that when there are S susceptible and I
infected individuals, the next infectious contact occurs at rate βGSI{K. Similarly, we fix
a one-to-one contact rate λH such that within a household containing s susceptible and i
infected members, as uniform mixing is assumed, the next infection happens at rate λHsi.
Within workplaces, a contact occurs along each edge at rate λW , leading to the transmission
of the disease if the edge connects a susceptible to an infected. In particular, if the workplace
is totally connected and has s susceptible and i infected members, the next infectious contact
occurs at rate λW si. Finally, infected individuals recover at rate γ.

4.3.2 Simulation study design

Let us now turn towards the set-up for numerical explorations. Taken together, the gener-
alized household-workplace model depends on two groups of parameter, namely parameters
pπH , πW , ρ, qq related to the contact network, and epidemic parameters pβG, λH , λW , γq.
Here, we present and motivate the different parameter sets used throughout this chapter.

Network parameters

For the present study, two sets of structure size distributions are considered. In addition to
the French structure size distributions of Section 4.2, we make use of a second couple of
structure size distributions, inspired by data collected by the Indian government. Indeed,
households of sizes between 1 and 9 or more are reported in IIPS, 2021, based on a survey
conducted between 2019 and 2021. A proxy of a workplace size distribution has been
obtained by modifying the factory size distribution reported in Government of India, 2022,
which as previously is restricted to workplace sizes 1 to 50, and pondered by the Indian labor
force. Inactive individuals are assigned to workplaces of size one. Children attending school
contribute to workplaces of sizes chosen uniformly between 17-23 or 27-37, inspired by the
average school class sizes for primary and secondary schools (Government of India, 2018).
The labor force and number of children attending school are approximated using World Bank,
2024.

Both sets of structure size distributions are depicted in Figure 4.3, and will be referred
to as French and Indian distributions throughout the chapter. Notably, Indian households
tend to be larger than French households, implying that households may have a stronger
impact on epidemic spread. Further, while the Indian workplace size distribution is a coarse
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approximation of the real workplace size distribution, it shares some similarity with the French
workplace size distribution due to the large share of workplaces of size 1 or 50, while being
quite different otherwise (few small workplaces as data is based on factories, notable presence
of school classes). As a consequence, it will not be regarded as ground truth, but occasionally
serve to explore the impact of perturbing the workplace size distribution. Let us mention
here that detailed data on workplace sizes is rarely available, making it difficult to construct
truly realistic workplace size distributions.

Further, it remains to specify the within-workplace density ρ. Here, we will consider
that within small workplaces, uniform mixing holds, whereas we want the within-workplace
density to decrease for larger workplace sizes. As a first proxy, we will consider ρ to be a
continuous, piecewise linear function, depending on a parameter p P r0, 1s:

ρ : n P J1, nmaxK ÞÑ 1´ p1´ pq n´ 20
nmax ´ 201tně20u.

In words, this means that workplaces of size less than 20 are uniformly mixing, whereas
for n ě 20, the within-workplace density decreases linearly with the workplace size from
ρp20q “ 1 to ρpnmaxq “ p. Here, fixing the threshold value at which workplaces cease to be
uniformly mixing at 20 is an arbitrary choice. However, given that the considered workplace
size distributions concentrate essentially either on very small or on very large workplaces,
we do not expect this choice to have a strong qualitative impact, at least if workplaces
of size less than ten are assumed uniformly mixing. Hence, this choice of ρ reduces the
within-workplace density to a unique parameter p P r0, 1s. In particular, if pp, qq “ p1, 0q, we
recover the household-workplace model.

Epidemic scenarios for numerical explorations of the generalized household-workplace
model

In order to assess the impact of parameters p and q on epidemic outcomes of the generalized
household-workplace model when compared to the reference p “ 1, q “ 0, we consider
several combinations of epidemic parameters and structure size distributions. More precisely,
we consider the covid-like scenario pβG “ 1.00, λH “ 11.852, λW “ 0.009, γ “ 1q and
influenza-like scenario pβG “ 0.313, λH “ 0.730, λW “ 0.013, γ “ 1q for the French size
distributions, as proposed in Chapter 2. In addition, the same epidemic parameters are used
in combination with either the Indian household size distribution and French workplace size
distribution, to investigate the impact of larger household sizes, or with both Indian size
distributions. Table 4.2 yields information on all 6 scenarios obtained.

4.3.3 Results

We have computed the epidemic peak and final size of all 6 scenarios in Table 4.2 using first
the large population limit of the household-workplace model derived in Chapter 3. Second,
for the same scenarios, peak and final size are computed using stochastic simulations of
the generalized household-workplace model for pp, qq P t0.5, 0.75, 1uˆ t0, 0.25, 0.5, 0.75, 1u.
The average absolute difference between the former and the latter is shown in Figures 4.4
and 4.5, for covid-like and influenza-like epidemic scenarios, respectively.

Notice that for a large share of scenarios, the approximation by the large population
limit of Chapter 3 remains reasonably good, the committed error often being less than
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Table 4.2: Values of growth rate r, reproduction number RI and proportions of infection in the gen-
eral population pG, within households pH and workplaces pW for each epidemic scenario, considering
the household-workplace model (recall that γ “ 1 in all scenarios).

πH πW r RI pG pH pW

covid-like
France France 2.48 2.49 0.40 0.42 0.18
India France 4.86 3.23 0.30 0.55 0.15
India India 4.97 3.32 0.30 0.55 0.15

influenza-like
France France 0.48 1.54 0.20 0.40 0.40
India France 1.15 2.26 0.14 0.55 0.31
India India 1.21 2.33 0.13 0.55 0.31

Figure 4.4: Heatmap of the absolute difference of the peak size (top) or final size (bottom) between
the large population limit of Chapter 3 and stochastic simulations of the generalized household-
workplace model, for either French structure size distributions (left), French household and Indian
workplace size distribution (middle) or Indian structure size distributions (right) in the covid-like
setting of Table 4.2. For the generalized reduced model, both within-workplace density parameter p
and structure overlap parameter q vary for each scenario. For each set of parameters, 50 epidemic
trajectories of the generalized household-workplace model have been simulated. In order to ease
comparison, the colorbar is consistent between Figures 4.4 and 4.5.

5%. It performs particularly well in the covid-like setting of Figure 4.4, which may be
explained by two factors. Indeed, compared to the influenza-like case, less infections take
place within structures, and especially within workplaces. As p and q act on this part of the
contact network, they are thus expected to have less influence in covid-like than influenza-like
settings. Further, when compared to the influenza-like setting, as shown in Table 4.2, the
epidemic is more intense (higher RI and growth rate). As a consequence, the final epidemic
size is expected to be very high, as corroborated by Figure 4.6, possibly also leading to
smaller errors. This further explains why, in the covid-like setting, the error committed on
the final size tends to be smaller than the one committed on the peak size, despite errors
possibly accumulating over time.

A closer look at the results in Figure 4.5 yields further information. First, as values of
growth rate and reproduction number are lower, the final size error exceeds the peak size
error, as expected. Further, in the case of French structure size distributions, the strongest
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Figure 4.5: Heatmap of the absolute difference of the peak size (top) or final size (bottom) between
the large population limit of Chapter 3 and stochastic simulations of the generalized household-
workplace model, for either French structure size distributions (left), French household and Indian
workplace size distribution (middle) or Indian structure size distributions (right) in the influenza-like
setting of Table 4.2. For the generalized reduced model, both within-workplace density parameter
p and structure overlap parameter q vary for each scenario. Numerical values are reported within
each cell, in addition to the color code. For each set of parameters, 50 epidemic trajectories of
the generalized household-workplace model have been simulated. In order to ease comparison, the
colorbar is consistent between Figures 4.4 and 4.5.

perturbations of the within-workplace contact network density (p “ 0.5) actually appear to
hinder epidemic outbreaks as illustrated in Figure 4.6, thus leading to the highest mistake in
approximating the epidemic using the large population limit of Chapter 3.

Notice that when compared to the household-workplace model, the within-workplace
density p generally affects a larger share of an individual’s contact than the structure overlap
q. This is due to households being overall smaller than workplaces. Let us illustrate this
for the French structure size distribution. In the case of total structure overlap q “ 1, the
number of different contacts of a given individual in the local layer is reduced on average
by 2.2. On the contrary, within workplaces of size n ě 20, a fraction 1 ´ ρpnq of contacts
is removed on average due to the reduction in within-workplace density. This represents on
average 2.4 less contacts if p “ 0.75, and 4.8 less contacts is p “ 0.5. Thus, p is expected
to be the more influential parameter. Indeed, overall, the impact of the within-workplace
density p exceeds that of the structure overlap q.

When replacing the French household size distribution by its Indian counterpart (e.g.
second column of Figure 4.5), households are of larger size and a higher proportion of
infections occurs within that layer (Table 4.2). As a consequence, the impact of q is stronger
in that context, but still remains overshadowed by p, emphasizing the importance of that
parameter.

Let us also mention here that in all scenarios, the large population limit of Chapter 3
generally overestimates the epidemic peak and final size, as illustrated in Figure 4.6. This
again seems consistent with the effect of parameters p and q. Indeed, the case pp, qq “ p1, 0q
corresponds to the setting where each individual has the highest number of distinct contacts.
In other words, the large population limit of Chapter 3 corresponds to a worst-case scenario.
As previously argued in the literature (Trapman et al., 2016), this can be considered to be a
favorable setting as controlling the epidemic for the large population limit of Chapter 3 thus
ensures to control it in more realistic cases as well.
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Figure 4.6: Plot of the epidemic trajectories of the large population limit of Chapter 3 and stochastic
simulations of the generalized household-workplace model, for French structure size distributions in
the covid-like (top) or influenza-like (bottom) setting of Table 4.2. For the generalized reduced model,
both within-workplace density parameter p and structure overlap parameter q vary as indicated per
column. For each set of parameters, 50 epidemic trajectories of the generalized household-workplace
model have been simulated; only those whose maximum proportion of infected exceeds 1% are
depicted. Time is shifted so that the origin corresponds to the first time that threshold is reached,
for each of the deterministic and stochastic trajectories.

Finally, it is worth mentioning that considering Indian household size distributions and
French workplace size distributions yields very similar epidemic characteristics as in the case
of both Indian size distributions (Table 4.2). Figures 4.4 and 4.5 show that the numerical
results are very close for these settings, both in the covid-like and influenza-like scenarios.
This tends to indicate a certain reproducibility of our results. In a future work, we plan
to conduct a more thorough numerical exploration, regarding both the choice of epidemic
parameters and structure size distributions.

4.4 Discussion
In this chapter, we first have conducted a global sensitivity analysis based on Sobol’s variance
decomposition to assess the impact of epidemic parameters on the accuracy of the uniformly
mixing reduced model of Chapter 2. This analysis has been designed in order to quantify the
influence of the contact rates pβG, λH , λW q on the reduced model’s capacity of predicting
epidemic peak and final size. In particular, the structure size distributions have been fixed
for this purpose. Our findings indicate that while all three parameters have significant and
similar influence on the quality of the prediction of the epidemic peak size, the accuracy of
the final size estimation mainly depends on βG. This is coherent with previous findings in
Chapter 2.

In order to consolidate our results, we plan to conduct further experiments. Notably,
repeating this analysis for different workplace size distributions is crucial, in order to confirm
that our conclusions are not restricted to our particular choice of French structure size
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distribution. In addition, it is well known that the experimental design can have a strong
impact on Sobol’ indices; see Rimbaud et al., 2018 for an illustration on an epidemic model.
It thus would be interesting to confront the results of several experimental designs, exploring
for instance parts of the parameter space which lead to epidemic characteristics (reproduction
number, growth rate and proportions of infection per layer) which differ from those explored
here.

Importantly, a natural perspective is to include the effect of the structure size distributions
πH and πW in the sensitivity analysis. This however is not straightforward. Indeed, one
needs to find a pertinent parameterization of these distributions, which should combine the
following two constraints. The involved parameters on which the size distributions depend
should allow for meaningful interpretation of the sensitivity analysis results, and they should
lead to an exploration of realistic structure size distributions. This is left for a future work.

Second, we have investigated the epidemic impact of two parameters of a generalized
household-workplace model, which represent the within-workplace density and correlation
of workplace choice among members of the same household. Numerical explorations show
that the former has a strong impact on the epidemic peak and final size. Conversely, if
the within-workplace density is high enough, or if the epidemic is intense, we find that
the large population limit of Chapter 3 which ignores these phenomena remains a satisfying
approximation of these epidemic dynamics. These results still need to be confirmed by a more
exhaustive simulation study, covering a larger spectrum of epidemic scenarios and structure
size distributions.

The importance of the within-workplace density echoes considerations in the literature
about effective workplace sizes. Indeed, the number of contacts within a workplace not only
depends on its size, but also on the tasks achieved by employees which may condition their
contact with coworkers (Timpka et al., 2016). Additionally, it illustrates the importance of
empirical studies aiming at reporting detailed contact networks within schools or workplaces
(Colosi et al., 2022; Mossong et al., 2008), in order to inform modeling choices for within-
workplace contacts. An interesting perspective would thus be to include more sophisticated
within-workplace contact network models, possibly based on sensor contact data to mimic
real-life settings (Colosi et al., 2022; Contreras et al., 2022).

Finally, a global sensitivity analysis would allow to corroborate and quantify the influence
of both network and epidemic parameters on epidemic outcomes and their deviation with
respect to the household-workplace model. Given the computation time necessary for numer-
ical simulations of the epidemic trajectories of the generalized household-workplace model,
we aim at constructing a metamodel on which the sensitivity analysis can be performed
(Saltelli et al., 2002, Chapter 5.3 and Faivre et al., 2013, Chapter 5).
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Chapter 5

On spinal constructions for
interacting populations

We study a density-dependent Markov jump process describing a population where each
individual is characterized by a type, and reproduces at rates depending both on its type
and on the population state. First, using an appropriate change in probability, we show
that a sampled lineage of the population process, together with the population state, can be
captured by a time-inhomogeneous Markov process. This construction allows for more general
sampling procedures than what was previously obtained in the literature, such as sampling
restricted to subpopulations. Second, we consider the ψ-spine construction from Bansaye,
2024 and its large population approximation. Under the assumption that the deviations
of the spinal population state with regard to its large population limit are controlled, we
establish the large population approximation error for the spine’s lineage.
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5.1 Introduction
For branching processes, the ancestral lineage of a uniformly sampled (typical) individual is
well understood. Indeed, using an appropriate change in probability, it is possible to exhibit
another genealogical tree, with one distinguished individual whose lineage behaves as the lin-
eage of a typical individual in the original process. This distinguished individual is commonly
called the spine. The key to the construction of the spinal process is that the reproduc-
tion rates of the spine are biased towards leaving more numerous descendants than other
individuals, making emerge size-biased distributions. Generally speaking, the obtained spinal
construction has several strengths. Notably, it allows to establish many-to-one formulas (e.g.
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Harris et al., 2016; Harris and Roberts, 2017), which are closely related to Feynman-Kac
path equations (Del Moral, 2004, Sections 1.3 and 1.4.4). Many-to-one formulas translate
the average value of a functional evaluated over the lineages in the branching process, into
the average of the functional evaluated along the spine, whose trajectories are exponentially
weighted to capture the growth of the population. If the exponential weight is determin-
istic, this immediately implies a numerical advantage for computing such averages through
Monte-Carlo simulations. This is due to simulations of the spine being numerically afford-
able, whereas simulations of the whole genealogical tree in the original branching process can
be numerically challenging; see for instance Nagel et al., 2021 for comments on simulations
of infection trees. Also, spinal constructions have proven an effective way of establishing
classical key results on branching processes, such as the Kesten Stigum theorem (Lyons et
al., 1995; Georgii and Baake, 2003). More recently, the semi-group associated to the spinal
construction has proven a successful tool in the analysis of non-conservative semi-groups,
extending its applications beyond branching processes (Bansaye et al., 2020; Bansaye et al.,
2022).

While many models for population dynamics arising in biology and epidemiology do not
satisfy per se the branching approximation, a classical approach is to consider regimes in
which the population process can be well approached by a branching process, using coupling
arguments. For instance, in epidemiology, it is well-known that at the beginning of an
epidemic, the tree of infections can be captured by a branching process which neglects the
depletion in susceptible individuals (Ball and Donnelly, 1995). Similarly, in order to analyze
the lineage of a uniformly sampled individual in a population which is subject to evolution
under a changing environment, Calvez et al., 2022 consider the stationary regime in which
the population’s type distribution is constant. However, such branching approximations are
restricted to specific parts of the dynamics of interest only; see for instance Barbour and
Reinert, 2013 and Bansaye et al., 2023b for details in the case of epidemic models and
invasion processes.

In order to address this limitation, there have recently been developments towards cap-
turing the ancestral lineage of a sampled individual, as well as the whole genealogical tree,
in populations with interactions. In Bansaye, 2024 a spinal construction is developed for this
setting, focusing on multi-type processes with discrete type space. The general idea consists
in biasing the reproduction rates of the process, both along the spine and outside of it,
according to a positive function ψ of the reproducing particle’s trait x and the population’s
type composition z. Intuitively, ψpx, zq can be regarded as the individual’s reproductive value
or long-term fertility. Hence, when the spine reproduces, descendances with higher values
of ψ given the population state are favored, while the descendances of individuals outside
of the spine are biased towards rendering the population more favorable for the spine. The
author derives a many-to-one formula, both for finite populations and in the large population
approximation. In the latter, the population’s type composition converges to the unique so-
lution of an ordinary differential equation. Hence, a time-inhomogeneous branching process
is recovered which describes the lineage of a uniformly sampled individual in the determin-
istic regime. Further, this spinal construction has been extended to include more general
type spaces (Medous, 2023). Finally, while our focus lies on spinal constructions, let us
mention Duchamps et al., 2023 where information on the infection tree in epidemic models
are achieved outside of the branching regime, by tracing contamination chains backwards in
time. Again, both finite populations and the large population limit are considered.
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In the present chapter, we aim at complementing the above spinal constructions for
populations with interactions, by addressing the following topics.

(i) Assuming ψ ą 0 can be restrictive, as it prohibits for instance sampling restricted
to subpopulations. Indeed, this is a pertinent setting arising in applications. For
instance, in epidemiology, chains of infection leading to the contamination of vulnerable
individuals, such as the elderly or immunocompromised, are naturally of particular
interest. In this context, the motivation for a spinal construction designed for targeted
sampling is two-fold. First, the dynamics of the spinal lineage may open the door to
an intuitive understanding of such contamination chains. Second, when considering
the ψ-spine under the condition that ψ ą 0, sampling at time t restricted to a given
subpopulation would amount to sampling within the whole population and subsequently
discarding all the trajectories which do not reach the target subpopulation at time t.
If the many-to-one formula is to be evaluated by Monte-Carlo methods, this can be
computationally expensive if the subpopulation is rare or rarely visited by the spine.

(ii) In addition, in the many-to-one formula of Bansaye, 2024, spinal trajectories are pe-
nalized by an exponential weight, which depends on a functional of the spine’s type
and population state (cf. Section 5.2.2). In particular, this exponential weight is not
necessarily deterministic. In this case, the interpretation of the spinal process is less
straight-forward, as this penalization needs to be taken into account. Further, Monte-
Carlo estimations of the many-to-one formula become delicate as rare trajectories may
have a tremendous impact.
As a consequence, we aim at proposing an alternative many-to-one formula which
relaxes the positivity assumption (i) and which does not require exponential weighting
of trajectories (ii). This will be achieved by making use of a different change in
probability inspired by Marguet, 2019.

(iii) Finally, an open question so far is to evaluate the approximation error of the spinal large
population approximation. Here, we will work under the assumption that the approxi-
mation of the spinal population state by its deterministic limit is well quantified, which
is reasonable as this is generally the case for density-dependent Markov jump processes,
for instance through diffusion approximations (Ethier and Kurtz, 1986, Chapter 11),
moderate or large deviations (Britton and Pardoux, 2019b; Pardoux, 2020)). This
allows us to yield a first control of the gap between the trait sequence of the finite
population spine and its large population limit by a coupling argument.

This chapter is structured as follows. The population process of interest is defined in
Section 5.2, and we recall the associated ψ-spine construction introduced by Bansaye, 2024.
Next, we address questions (i) and (ii) in Section 5.3, followed by (iii) in Section 5.4. Finally,
Section 5.5 discusses our results and the perspectives for applications in epidemiology.

5.2 The population process and its ψ-spine construction

5.2.1 The population process

We consider a structured population, where each individual has a type x P X , and we assume
that the type space X is finite. The number of individuals of type x in the population is
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referred to as zx, and the corresponding vector z describes the composition of the population.
Here, we will assume that the population size cannot exceed K individuals (carrying capacity,
absence of demographic births and deaths, etc.). Thus

z P ZK “ tz P pNY t0uqX : ‖z‖1 ď Ku.

Further, individuals will reproduce at rates depending on their type and the current
population state. More precisely, an individual of type x may be replaced by an offspring
k “ pky P N Y t0u, y P X q P ZK , meaning that the individual dies and for any y P X ,
ky individuals of type y are born. This occurs at rate τkpx, zq. We suppose τpx, zq “
ř

k τkpx, zq ă 8 for all x P X . Further, let pepxq : x P X q be the canonical base of ZK , in
the sense that for x P X , the only non-zero component of epxq is its x component. Then,
as the population size is bounded by K,

τkpx, zq “ 0 if ‖z` k´ epxq‖1 ą K.

In order to keep track of the genealogy, we will make use of the Ulam-Harris-Neveu
notations. Let U “

Ť

kě1 Nk, then u “ pu1, . . . , ukq P U represents the uk-th descendent
of pu1, . . . , uk´1q and for u, v P U we write u ľ v if v is an ancestor of u . The type of
u P U will be called xu. Hence when an individual u is replaced by its offspring k, the new
individuals are pu, 1q, . . . , pu, ‖k‖1q and we need to decide the type of each descendent. We
thus consider a probability distribution Qk on

Xk “ tx P X ‖k‖1 : @x P X ,#ti : xi “ xu “ kxu,

and pxpu,iq : i P J1, ‖k‖1Kq is distributed as Qk.
Let us now introduce the stochastic process of interest. Intuitively, it corresponds to

describing the set of individuals alive and their types, at each time t ě 0. In order to give its
definition, we need the following notations. Consider the set E “ tpu, xuq : u P U , xu P X u,
then MP,KpEq is defined as the set of positive point measures µ on E such that µpEq ď K.
The set of atoms of µ is given by Apµq “ tpu, xuq : µptpu, xuquq ą 0u and we define
gpµq Ă U as the set of labels of its atoms, and zpµq P ZK as the corresponding type
composition.

We start from an initial set of individuals Gp0q “ g Ă N, and the population will evolve
as explained above. At each time t, let Gptq Ă U be the set of individuals alive. The process
of interest pXptq, t ě 0q is a Markov jump process with càdlàg trajectories, which can be
defined informally by

@t ě 0, Xptq “
ÿ

uPGptq
δpu,xuq P MP,KpEq.

In particular, notice that there cannot be explosion, since there are at most K individuals
reproducing at rate less than maxxPX ,zPZK τpx, zq, which is a finite bound as X and ZK are
finite sets. Finally, Zptq “ zpXptqq yields the composition of the population at time t, and
for u P Gptq and s ď t, xupsq stands for the type of the unique ancestor of u alive at time s.

5.2.2 Reminders on the ψ-spine construction for interacting populations

Now that the population process is properly introduced, let us briefly summarize some of the
results obtained in Bansaye, 2024 which will be stated in our setting. In particular, we will
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restrict ourselves to understanding the evolution of the types of the ancestors of a typical
individual, and of the population composition over time, instead of dealing with the entire
genealogical tree.

The ψ-spine for finite-size populations

Define the set
SK “ tpx, zq P X ˆ ZK : zx ě 1u. (5.1)

For any px, zq P SK , we consider an (arbitrary) labeling gpzq Ă N of individuals and fix
ux P gpzq such that ux is of type x. We define the corresponding population state

Xpx, zq “
ÿ

uPgpzq
δpu,xuq.

We let EXpx,zq and PXpx,zq designate the expectation and probability conditionally on Xp0q “
Xpx, zq. With these notations,

Mtfpx, zq “ EXpx,zq

”

ÿ

uPGptq,uľux

fpxuptq, Zptqq
ı

is a semi-group whose generator G is defined by its action on functions f : SK Ñ R` as
follows. For any px, zq P SK ,

Gfpx, zq “
ÿ

kPZK

τkpx, zq

˜

ÿ

yPX
kyfpy, z` k´ epxqq ´ fpx, zq

¸

`
ÿ

yPX
kPZK

pzy ´ 1tx“yuqτkpy, zqpfpx, z` k´ epyqq ´ fpx, zqq.
(5.2)

Consider a positive function ψ : SK Ñ p0,`8q and let λ “ Gψ{ψ. The ψ-spine
construction corresponds to the stochastic process pY psq, ζpsqqsě0 whose generator L is
defined as follows. For any f : SK Ñ R`,

Lf “ Gpψfq
ψ

´ λf.

Generally speaking, the idea is that Y yields the evolution of the type along the lineage of
a distinguished individual, the spine, whose reproduction rates are biased by ψp¨, ζq, where
ζ describes the spinal population’s composition. Similarly, reproduction rates outside of the
spine are also biased, favoring descendances which create a population state in which the
spine is more fertile. The interest in this ψ-spinal process is illustrated by the following
many-to-one formula. Let px, zq P SK and consider Epx,zq the expectation conditionally on
the event pY p0q, ζp0qq “ px, zq. Also, for t ě 0, define

W ptq “ exp
ˆ
ż t

0
λpY psq, ζpsqqds

˙

. (5.3)

Then for any t ě 0 and any measurable function F : Dpr0, ts,SKq Ñ R`, for any px, zq P SK ,

EXpx,zq

”

ÿ

uPGptq
uľux

ψpxuptq, ZptqqF ppxupsq, Zpsqqsďtq
ı

“ ψpx, zqEpx,zqrW ptqF ppY psq, ζpsqqsďtqs. (5.4)
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As mentioned in the introduction, the exponential weight W implies that rare trajectories
of the ψ-spine may have a large impact on the right-hand side of Equation (5.4). This
leads to a potential numerical challenge despite the ψ-spine being easier to simulate than
a typical lineage of the original population process by itself. The issue vanishes if ψ is an
eigenfunction of G, as λ is constant in this case. However, the existence and uniqueness
of such a positive eigenfunction is not always satisfied, even for classical models such as
the epidemic SIR model. This motivates our interest in obtaining a many-to-one formula
without exponential weighting the spinal trajectories. Additionally, one may be interested
for instance in the typical lineage of individuals who at time t have a specific type x. The
positivity assumption ψ ą 0 does not allow choices such as ψ “ 1txu, hence this constraint
needs to be incorporated in the function F . Again, this emphasizes some potential difficulties
for numerically computing the right-hand side of Equation (5.4), as the event tY ptq “ xu
may be rare itself, particularly if the type x is rare and/or poorly fertile. This will be addressed
in Section 5.3.

Large population approximation of the ψ-spine

Further, it is possible to establish the large population limit of the ψ-spine construction. Let
d “ CardpX q and Z “ r0, 1sd. Let pτk,k P pNYt0uqdq be a family of continuous functions
τk : X ˆZ Ñ R` such that for each x P X , the set Jx “ tk P pNY t0uqd : τkpx, ¨q ‰ 0u is
finite.

For K ě 1, consider the population process XK where an individual of type x in a
population of composition z is replaced by descendance k at rate τkpx, z{Kq. For the
population size to be bounded by K, this imposes the following condition:

@K ě 1,@z P ZK ,@x P X : zx ě 1,@k P Jx, τkpx, z{Kq “ 0 if }z` k´ epxq}1 ě 1.

Notice that for instance, classical epidemic models satisfy this condition, as the effective
population size is often kept constant. Letting ZK “ ZpXKq{K then ensures that ZKptq P
Z almost surely, for every t ě 0.

Also, we consider some x P X and z0 P p0, 1qd and for every K ě 1, the initial condition
is set to Xp0q “ Xpx, tKz0uq. Define Apzq “ pAx,ypzqqx,yPX for z P Z by Ax,ypzq “
ř

kPJxpky ´ 1qτkpx, zq. Under the hypothesis that z ÞÑ Apzq is Lipschitz continuous on Z,
there exists a unique solution z to the differential equation

z1ptq “ zptqApzptqq, zp0q “ z0, (5.5)

and we assume that for all t ě 0, infxPX ,sPr0,ts zxpsq ą 0. In particular, we know that ZK
converges uniformly in probability to z on finite time intervals.

Consider a continuous function ψ : X ˆr0, 1sd Ñ p0,`8q which is continuously differen-
tiable on p0, 1qd. Let pY K , ζKq be the associated ψ-spine construction with initial condition
px, tKz0u{Kq, the spinal population state ζK being normalized by K analogously to ZK .
Notice that for any t ě 0, pY Kptq, ζKptqq P S where

S “ tpx, zq P X ˆ r0, 1sd : zx ą 0u.

Then under the assumptions above, the ψ-spine converges in law, on finite time intervals,
to pΥ, zq where z is the unique solution to (5.5), and Υ is a time-inhomogeneous X -valued
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Markov jump process which, at time t, transitions from x to y at rate
ÿ

kPJx

τkpx, zptqqky
ψpy, zptqq

ψpx, zptqq
.

In Section 5.4, we exhibit and quantify the speed of this convergence.

5.3 The ψ-sampled lineage
In this section, our aim is to propose a many-to-one formula in the line of Equation (5.4),
which relaxes the positivity assumption on ψ. In order to do so, we will introduce a change
in probability, which yields a time inhomogeneous spinal construction. As we will see, this
many-to-one formula further does not require to exponentially penalize the spinal trajectories.
This approach is inspired by Marguet, 2019, in continuity with which we refer to the obtained
time-inhomogeneous process as the ψ-auxiliary process.

5.3.1 A many-to-one formula

Consider a non-negative function ψ on X ˆ ZK such that the following application mψ is
positive on SK ˆ r0, ts:

mψpx, z, sq “ EXpx,zq

”

ÿ

uPGpsq, uľux

ψpxupsq, Zpsqq
ı

. (5.6)

Notice that, by the Markov property, for s P r0, ts,

mψpx, z, t´ sq “ E
”

ÿ

uPGptq, uľux

ψpxuptq, Zptqq
ˇ

ˇ

ˇ
Xpsq “ Xpx, zq

ı

.

In words, mψpx, z, t´ sq corresponds to the ψ-weighted average of the types of individuals
alive at time t who descend from a given individual of type x at time s, given that at time
s, the population was in state z. For instance, if ψ “ 1, this yields the average number of
individuals alive at time t, who descend from an individual of type x at time s when the
population was in state z. Similarly, if ψ “ 1tyu for a given y P X , mψpx, z, t´ sq yields the
average number of descendants of type y at time t, starting at time s from an individual of
type x in a population of composition z.

Let us now introduce the ψ-auxiliary process, which will allow to capture the behavior of
the ancestral lineage of a ψ-weighted sample of the population process. For t ě 0 fixed, we
will consider the time-inhomogeneous Markov process pY ptqpsq, ζptqpsqqsďt defined as follows.
The main idea is to follow the type Y ptq of a distinguished individual, which will be referred
to as spine in analogy to classical spinal constructions. At time s ď t, when of type x in a
population of state z, the spine divides to leave descendance k and switch to type y with
rate

ρ
ptq
y,kps, x, zq “ τkpx, zqky

mψpy, z` k´ epxq, t´ sq
mψpx, z, t´ sq

.

In other words, compared to the original process, at any time s ď t, transitions along the
distinguished lineage are biased in favor of those which lead to a larger ψ-average descendance
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at the final time t. However, due to the density-dependence of division rates, it is necessary
to keep track of the population state ζptq. Again, transitions need to be biased, in order
to account for the modified behavior of the distinguished individual when compared to the
original process. As a consequence, when the population is in state z and the spine of type
x at time s ď t, individuals of type y other than the spine divide to leave descendance k at
rate

pρ
ptq
k ps, y, x, zq “ τkpy, zq

mψpx, z` k´ epyq, t´ sq
mψpx, z, t´ sq

.

Here, the bias favors those transitions which lead to a more favorable environment for the
spine, i.e. a population composition in which the ψ-average of the spine’s descendance is
high.

We will now characterize pY ptqpsq, ζptqpsqqsďt as the unique solution of a stochastic
differential equation. In order to do so, we let Y ptqpsq P tepxq : x P X u for any s P r0, ts,
where Y ptqpsq “ epxq means that the spine is of type x. Define E “ R`ˆSK , and consider
two independent Poisson point processes Q and pQ on R`ˆE, of density drbdθbnpdy, dkq
where dr, dθ designate the Lebesgue measure and n the counting measure on SK . Here, we
assume that Q and pQ are defined on the same probability space as and independently from
pY ptqp0q, ζptqp0qq, whose law is supposed to be given. Then, for any s P r0, ts,

Y ptqpsq “ Y ptqp0q `
ż s

0

ż

E

1!

θďρ
ptq

y,kpr,Y
ptqpr´q,ζptqpr´qq

)pepyq ´ Y ptqpr´qqQpdr, dθ, npdy, dkqq,

ζptqpsq “ ζptqp0q `
ż s

0

ż

E

1!

θďρ
ptq

y,kpr,Y
ptqpr´q,ζptqpr´qq

)pk´ Y ptqpr´qqQpdr, dθ, npdy, dkqq

`

ż s

0

ż

E

1#

θďpζ
ptq
y pr´q´1

tY ptqpr´q“yu
qpρ
ptq

k pr,y,Y ptqpr´q,ζptqpr´qq

+pk´ epyqq pQpdr, dθ, npdy, dkqq.

(5.7)

Remark 5.3.1. Throughout the following, in order to simplify notations, we will make no
distinction between the sets X and tepxq : x P X u, based on the natural bijection between
the two sets. For example, Y ptqpsq “ x is equivalent to Y ptqpsq “ epxq. Similarly, to every
real-valued function f on SK , we assign a function f̂ on tepxq : x P X u by f̂pepxqq “ fpxq,
the application f ÞÑ f̂ being a bijection between the sets of real-valued functions on SK and
on tepxq : x P X u. Thus, we will always consider Y ptq to take values in the Skorokhod space
Dpr0, ts,X q, unless mentioned otherwise.

Our first result shows that the process pY ptqpsq, ζptqpsqqsďt is now well defined, and
additionally provides its semi-group Rptq “ pRptq

r,s, r ď s ď tq. We recall that the latter is
characterized by its action on non-negative functions f on SK : for r ď s ď t and px, zq P SK ,

Rptq
r,spx, zq “ ErfpY ptqpsq, ζptqpsqq|pY ptqprq, ζptqprqq “ px, zqs.

Proposition 5.3.2. Equation (5.7) admits a unique strong solution pY ptq, ζptqq in the Sko-
rokhod space Dpr0, ts,SKq. Its semi-group Rptq is defined by:

@0 ď r ď s ď t, Rptq
r,s “ e

şs
r A

ptq
τ dτ , (5.8)
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where the operator Aptq is characterized by its action on non-negative functions f on SK .
For any s P r0, tq and px, zq P SK ,

Aptqs fpx, zq “ mψpx, z, t´ sq´1 pGpmψp¨, t´ sqfp¨qqpx, zq ´ Gpmψp¨, t´ sqqpx, zqq . (5.9)

Notice that the operator Aptq corresponds to the generator of the semi-group Rptq. As
our state space SK is finite, Aptqτ can be represented as a matrix, whose elements correspond
to the instantaneous transition rates at time τ which can be recovered by taking f “ 1tpy,vqu
for py,vq P SK . In particular, this ensures that the generator Aptq uniquely characterizes the
semi-group Rptq, and thus the Markov process pY ptq, ζptqq. The proof of the proposition is
postponed to Section 5.3.2.

We are now ready to state our main result. With slight abuse of notation, Epx,zq will
designate the expectation conditionally on the event pY ptqp0q, ζptqp0qq “ px, zq.

Theorem 5.3.3. For any t ě 0 and any measurable function F : Dpr0, ts,SKq Ñ R`, for
any px, zq P SK ,

EXpx,zq

”

ÿ

uPGptq, uľux

ψpxuptq, ZptqqF ppxupsq, Zpsqqsďtq
ı

“ mψpx, z, tqEpx,zqrF ppY ptqpsq, ζptqpsqqsďtqs.
(5.10)

Before proceeding to the proof of Theorem 5.3.3, let us compare the obtained ψ-auxiliary
process with the ψ-spine from Bansaye, 2024. First, we may notice that both spinal con-
structions remain similar in spirit, as ours may be regarded as a time-inhomogeneous mψ-
transform, instead of the classical ψ-transform. Second, in the special case where ψ is an
eigenfunction of the generator G introduced above, a brief computation shows that Equation
(5.10) amounts to the Feynman-Kac formula of Equation (5.4), as one would expect.

5.3.2 Proofs

The general idea is to proceed as follows. We start by showing that the ψ-auxiliary process
is well defined, by Proposition 5.3.2, and compute its generator Aptq. Next, we introduce a
time-inhomogeneous semi-group corresponding essentially to the left-hand side of the many-
to-one formula given by Equation (5.10) normalized by mψ, and show that its generator is
equal to Aptq. As mentioned previously, the considered state space being finite, the generator
uniquely characterizes the time-inhomogeneous semi-group. This finally allows to establish
Theorem 5.3.3.

Existence and uniqueness of the ψ-auxiliary process

We first establish Proposition 5.3.2, ensuring that the ψ-auxiliary process is well defined. We
start with a technical lemma.

Lemma 5.3.4. For any t ě 0, for any px, zq P SK , the function s ÞÑ mψpx, z, t ´ sq is
differentiable on p0, tq, and we have:

Bsmψpx, z, t´ sq “ ´Gpmψp¨, t´ sqqpx, zq.
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Proof. Let px, zq P SK . Showing that t ÞÑ mψpx, z, tq is differentiable on R` and computing
its derivative is sufficient, as the desired result follows by composition. Let t ě 0 and h ą 0.
The Markov property ensures that

mψpx, z, t` hq “ EXpx,zq

”

ÿ

uPGphq, uľuxp0q
mψpxuphq, Zphq, tq

ı

.

For i ě 1, Let Ti be the time of the i-th jump of the population process. Then on the one
hand, if T1 ą h, then the population at time h is identical to the population at time 0, and
thus:

mψpx, z, t` hq “ EXpx,zq

”

ÿ

uPGphq, uľuxp0q
mψpxuphq, Zphq, tq1tT1ăhu

ı

`mψpx, z, tqPzpT1 ă hq.

Similarly, on the event tT1 ă h ă T2u, Zphq “ ZpT1q whence

EXpx,zq

”

ÿ

uPGphq, uľuxp0q
mψpxuphq, Zphq, tq1tT1ăhu

ı

“ aphq ` bphq,

where
aphq “ EXpx,zq

”

ÿ

uPGphq, uľuxp0q
mψpxupT1q, ZpT1q, tq1tT1ăhăT2u

ı

,

bphq “ EXpx,zq

”

ÿ

uPGphq, uľuxp0q
mψpxuphq, Zphq, tq1tT2ăhu

ı

.

As a consequence, we obtain that

mψpx, z, t` hq ´mψpx, z, tq “ Aphq `Bphq, (5.11)

with
Aphq “ aphq ´mψpx, z, tqPzpT1 ă h ă T2q

and
Bphq “ bphq ´mψpx, z, tqPzpT2 ă hq.

Let us first focus on Bphq. For any t ě 0 and py,vq P SK , it holds that mψpy,v, tq ď
K ‖ψ‖8. As SK is a finite set, it follows that there exists a constant c ą 0 such that

|Bphq| ď cPzpT2 ă hq.

For v P ZK , let us write Λpvq “
ř

yPX
ř

kPZK vyτkpy,vq for the total jump rate in a
population whose type distribution is given by v. In particular, Λ is bounded on ZK . Using
the law of T1 given Zp0q “ z and the law of T2 ´ T1 given T1 and ZpT1q, we then obtain:

PzpT2 ă hq “

ż h

0
e´Λpzqt1

ÿ

yPX
kPZK

zyτkpy, zq
ż h´t1

0
Λpz` k´ epyqqe´Λpz`k´epyqqt2dt2dt1 ď

‖Λ‖2
8

2 h2.

We deduce that
Bphq

h
ÝÝÝÝÑ
hÑ0`

0. (5.12)
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Let us now focus on Aphq. Proceeding in the same way, we have

Aphq “
ÿ

kPZK
yPX

ż h

0
e´Λpzqt1e´Λpz`k´epxqqph´t1qdt1τkpx, zqkypmψpy, z` k´ epxq, tq ´mψpx, z, tqq

`
ÿ

kPZK
yPX

ż h

0
e´Λpzqt1e´Λpz`k´epyqqph´t1qdt1 τkpy, zqpmψpx, z` k´ epyq, tq ´mψpx, z, tqq,

from which it follows that

Aphq

h
ÝÝÝÝÑ
hÑ0`

ÿ

kPZK

τkpx, zq
ÿ

yPX
kypmψpy, z` k´ epxq, tq ´mψpx, z, tqq

`
ÿ

yPX
kPZK

τkpy, zqpmψpx, z` k´ epyq, tq ´mψpx, z, tqq.
(5.13)

As a consequence, right differentiability of t ÞÑ mψpx, z, tq is established by Equations (5.11),
(5.12) and (5.13), and its right derivative is given by the right-hand side of Equation (5.13).
As this corresponds to a continuous function on R`, we deduce that t ÞÑ mψpx, z, tq is
differentiable on R` (see e.g. Corollary 1.2 of Chapter 2 in Pazy, 2012) and

d

dt
mψpx, z, tq “

ÿ

kPZK

τkpx, zq
ÿ

yPX
kypmψpy, z` k´ epxq, tq ´mψpx, z, tqq

`
ÿ

yPX
kPZK

τkpy, zqpmψpx, z` k´ epyq, tq ´mψpx, z, tqq.

This concludes the proof.

We are now ready to establish the desired result.

Proof of Proposition 5.3.2. The proof is decomposed in three steps, establishing (i) existence
and (ii) uniqueness of the solution to Equation (5.7) by classical arguments, before (iii)
characterizing the associated semi-group Rptq.

For ease of notation, throughout the proof, for 0 ď s ď t we let

Yptqpsq “ pY ptqpsq, ζptqpsqq.

(i) Existence. First, notice that by assumption on τpx, zq for px, zq P SK and continuity
of mψ, both applications ρptqy,k and ρ̂

ptq
k are bounded for any y P X and k P ZK . As a

consequence, existence of at least one solution to Equation (5.7) is ensured, as the associated
sequence of jump times pTkqkě0 cannot admit an accumulation point on R`.

(ii) Uniqueness. Subsequently, in order to establish uniqueness, let us show by induction
that for any k ě 0 such that Tk ď t, pTk,YptqpTkqq is entirely determined by pYptqp0q, Q, pQq.
As T0 “ 0, initialization of the induction argument is immediate. If the property holds for
k ě 1, then by construction, Tk`1 only depends on pTk,YptqpTkq, Q, pQq. Similarly, given
Tk`1 and the corresponding atoms Ak`1 and pAk`1 of Q and pQ, it is clear that YptqpTk`1q is
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fixed by pTk`1, Ak`1, pAk`1,YptqpTkqq. The desired conclusion thus is a consequence of the
induction hypothesis.

(ii) Characterization of Rptq. In order to establish Equation (5.8), it is sufficient to show
that for any non-negative function f on SK and px, zq P SK , the function

τ ÞÑ Rptq
s,τfpx, zq “ ErfpYptqpτqq|Yptqpsq “ px, zqs

is right differentiable at τ “ s. Indeed, it then follows that Equation (5.8) holds with the
operator Aptqs defined for s P r0, tq by

@f : SK Ñ R` @px, zq P SK , Aptqs fpx, zq “ lim
hÑ0`

1
h

´

Rptq
s,s`hfpx, zq ´ fpx, zq

¯

. (5.14)

As we will see, computing the right-hand side of Equation (5.14) leads to Equation (5.9).
Let f : SK Ñ R` and px, zq P SK . We introduce the following notations. For any

py,kq P SK such that τkpx, zq ą 0,

dy,kfpx, zq “ fpy, z` k´ epxqq ´ fpx, zq.

Further, for any y P X such that zy ą 0 and k P ZK such that τkpy, zq ą 0, let

pdy,kfpx, zq “ fpx, z` k´ epyqq ´ fpx, zq.

Equation (5.7) then ensures that, on the event Yptqpsq “ px, zq, we have for any h P
r0, t´ ss:

fpYptqps` hqq ´ fpx, zq “
ż s`h

s

ż

E
1!

θďρ
ptq
y,kpr,Y

ptqpr´qq
)dy,kfpYptqpr´qqQpdr, dθ, npdy, dkqq

`

ż s`h

s

ż

E
1"

θďpζ
ptq
y pr´q´1

tY ptqpr´q“yu
qpρ
ptq
k pr,y,Yptqpr´qq

*

pdy,kfpYptqpr´qq pQpdr, dθ, npdy, dkqq.

Notice that, for instance,

Er
ż s`h

s

ż

E
1!

θďρ
ptq
y,kpr,Y

ptqpr´qq
)dy,kfpYptqpr´qqQpdr, dθ, npdy, dkqq|Yptqpsq “ px, zqs

“ Er
ż s`h

s

ÿ

py,kqPSK

ρ
ptq
y,kpr,Y

ptqprqqdy,kfpYptqprqqdr|Yptqpsq “ px, zqs.

On the one hand, almost surely,

lim
hÑ0`

1
h

ż s`h

s

ÿ

py,kqPSK

ρ
ptq
y,kpr,Y

ptqprqqdy,kfpYptqprqqdr “
ÿ

py,kqPSK

ρ
ptq
y,kps,Y

ptqpsqqdy,kfpYptqpsqq.

On the other hand, as mentioned at the beginning of the proof,

}ρptq}8 “ max
sPr0,ts,py,kqPS,px,zqPSK

ρ
ptq
y,kps, x, zq ă 8.
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Further, as SK is a finite set, }f}8 “ maxpx,zqPSK fpx, zq ă 8. Thus, for any h P r0, t´ ss,

1
h

ż s`h

s

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

py,kqPSK

ρ
ptq
y,kpr,Y

ptqprqqdy,kfpYptqprqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

dr ď 2CardpSKq}ρptq}8}f}8 ă 8.

Taken together, we obtain by dominated convergence:

1
h
Er
ż s`h

s

ż

E
1!

θďρ
ptq
y,kpr,Y

ptqpr´qq
)dy,kfpYptqpr´qqQpdr, dθ, npdy, dkqq|Yptqpsq “ px, zqs

ÝÝÝÝÑ
hÑ0`

ÿ

py,kqPSK

ρ
ptq
y,kps, x, zqdy,kfpx, zq.

The other terms arising on the right-hand side of Equation (5.14) can be treated analo-
gously. This leads to the desired result.

Proof of the many-to-one formula

We are now ready to turn to the proof of Theorem 5.3.3, which comprises several steps.
Let t ě 0, and start by introducing the time-inhomogeneous semi-group of interest Pptq “
pPptqr,s , r ď s ď tq through its action on applications f : SK Ñ R`. For s ď t, uxpsq
will designate a chosen individual of type x in Gpsq, if it exists. For any px, zq P SK and
0 ď r ď s ď t,

Pptqr,sfpx, zq “ mψpx, z, t´ rq´1E
”

ÿ

uPGptq
uľuxprq

ψpxuptq, Zptqqfpxupsq, Zpsqq
ˇ

ˇ

ˇ
Xprq “ Xpx, zq

ı

. (5.15)

Lemma 5.3.5. pPptqr,s , r ď s ď tq defines a conservative, time-inhomogeneous semi-group
acting on the set of functions tf : SK Ñ R`u.

Proof. The conservativity of Pptq follows directly from Equation (5.15) applied to f ” 1,
which shows that Pptq1 ” 1.

Let us now turn to the inhomogeneous semi-group property. Let r ď τ ď t, and consider
f : SK Ñ R` and px, zq P SK . Throughout the proof, we let X0 “ Xpx, zq. By definition
of the semi-group,

Pptqr,sfpx, zq “ mψpx, z, t´ rq´1E
”

ÿ

uPGptq
uľuxprq

ψpxuptq, Zptqqfpxupsq, Zpsqq
ˇ

ˇ

ˇ
Xprq “ X0

ı

“ mψpx, z, t´ rq´1E
”

ÿ

vPGpτq
vľuxprq

ÿ

uPGptq
uľv

ψpxuptq, Zptqqfpxupsq, Zpsqq
ˇ

ˇ

ˇ
Xprq “ X0

ı

“ mψpx, z, t´ rq´1E
”

ÿ

vPGpτq
vľuxprq

gpxvpτq, Zpτqq
ˇ

ˇ

ˇ
Xprq “ X0

ı

,

(5.16)

where we define the function g : SK Ñ R` by

gpx, zq “ E
”

ÿ

uPGptq
uľuxpτq

ψpxuptq, Zptqqfpxupsq, Zpsqq
ˇ

ˇ

ˇ
Xpτq “ Xpx, zq

ı

.
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Notice that, for any measurable function G : Dpr0, τ s,SKq Ñ R`,

E
”

ÿ

uPGptq
uľuxprq

ψpxuptq, Zptqqmψpxupτq, Zpτq, t´ τq
´1Gppxupsq, Zpsqqsďτ qq

ˇ

ˇ

ˇ
Xprq “ X0

ı

“ E
”

ÿ

vPGpτq
vľuxprq

E
”

ÿ

uPGptq
uľv

ψpxuptq, Zptqq
ˇ

ˇ

ˇ
Xpτq

ı

mψpxvpτq, Zpτq, t´ τq
´1Gppxvpsq, Zpsqqsďτ qq

ˇ

ˇ

ˇ
Xprq “ X0

ı

“ E
”

ÿ

vPGpτq
vľuxprq

Gppxvpsq, Zpsqqsďτ qq
ˇ

ˇ

ˇ
Xprq “ X0

ı

.

(5.17)
Applying this equality to Gppxvpsq, Zpsqsďτ q “ gpxpτq, Zpτqq finally yields the desired

semi-group property:
Pptqr,sfpx, zq “ Pptqr,τPptqτ,sfpx, zq.

This concludes the proof.

Let us now compute the generator of pPptqr,s , r ď s ď tq.

Lemma 5.3.6. Let t ě 0. The generator of the semi-group pPptqr,s , r ď s ď tq is pAptqs , s ď tq.

Proof. Consider f : SK Ñ R`. Let px, zq P SK and t ě 0. For any 0 ď s ď t and h ą 0
such that s` h ď t, it follows from Equation (5.17) and the Markov property that

Pptqs,s`hfpx, zq “ mψpx, z, t´ sq´1EXpx,zq

”

ÿ

uPGphq
uľuxp0q

mψpxuphq, Zphq, t´ ps` hqqfpxuphq, Zphqq
ı

.

Using Lemma 5.3.4 as well as the fact that SK is a finite set, we obtain the following Taylor
expansion:

mψppx, zq, t´ sqP
ptq
s,s`hfpx, zq “ EXpx,zq

”

ÿ

uPGphq
uľuxp0q

mψpxuphq, Zphq, t´ sqfpxuphq, Zphqq
ı

` hEXpx,zq

”

ÿ

uPGphq
uľuxp0q

Bsmψpxuphq, Zphq, t´ sqfpxuphq, Zphqq
ı

` ophq.

As a consequence,

mψpx, z, t´ sq
Pptqs,s`hfpx, zq ´ fpx, zq

h
“ EXpx,zq

”

ÿ

uPGphq
uľuxp0q

Bsmψpxuphq, Zphq, t´ sqfpxuphq, Zphqq
ı

` h´1
´

EXpx,zq

”

ÿ

uPGphq
uľuxp0q

mψpxuphq, Zphq, t´ sqfpxuphq, Zphqq
ı

´mpx, z, t´ sqfpx, zq
¯

` εphq,

where εphq is such that limhÑ0` εphq “ 0. We thus obtain that

lim
hÑ0`

Pptqs,s`hfpx, zq ´ fpx, zq
h

“ mψpx, z, t´ sq´1 pGpmp¨, t´ sqfp¨qqpx, zq ` Bsmψpx, z, t´ sqq ,

where we recall that G is defined by (5.2). Lemma 5.3.4 yields the desired result.
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We finally are ready to establish Theorem 5.3.3. The proof follows the lines of Marguet,
2019, and is detailed here for the sake of completeness.

Proof of Theorem 5.3.3. Throughout this proof, for readability, we will make use of the
following notations. On the one hand, for t ě 0 and u such that there exists v P Gptq
satisfying u ľ v, let

Xuptq “ pxuptq, Zptqq.
Similarly, for 0 ď s ď t, we let

Yptqpsq “ pY ptqpsq, ζptqpsqq

and for X “ px, zq P SK , we let mψpX, tq “ mψpx, z, tq.
Let us start by showing that Equation (5.10) holds for

F ppxpsq, zpsqqsďtq “
k
ź

j“1
fjpxpsjq, zpsjqq,

where k ě 1, 0 ď s1 ď ¨ ¨ ¨ ď sk ď t and f1, . . . , fk : SK Ñ R`.
This part of the proof proceeds by induction. For k ě 1, let Hk be the property that for

any 0 ď s1 ď ¨ ¨ ¨ ď sk ď t and f1, . . . , fk : SK Ñ R`,

EXpx,zq

”

ÿ

uPGptq, uľuxp0q
ψpXuptqq

k
ź

j“1
fjpXupsjqq

ı

“ mψpx, z, tqEpx,zq
”

k
ź

j“1
fjpYptqpsjqq

ı

.

Let us turn our attention to the initialization step. As SK is a finite set, a semi-group
acting on non-negative functions on SK is uniquely characterized by its generator. Thus
Lemma 5.3.6 implies that the semi-groups Pptq and Rptq are identical. Hence for any s P r0, ts
and f : SK Ñ R`, Equation (5.15) becomes

EXpx,zq

”

ÿ

uPGptq, uľuxp0q
ψpXuptqqfpXupsqq

ı

“ mψpx, z, tqR
ptq
0,sfpx, zq.

This exactly corresponds to H1 by definition of Rptq.
Suppose now that Hk´1 is true for k ą 1, and let us show that Hk follows. Consider

functions f1, . . . , fk : SK Ñ R` and 0 ď s1 ď ¨ ¨ ¨ ď sk ď t. Notice that

EXpx,zq

”

ÿ

uPGptq
uľuxp0q

ψpXuptqq
k
ź

j“1
fjpXupsjqq

ı

“

EXpx,zq

”

ÿ

uPGpsk´1q
uľuxp0q

k´1
ź

j“1
fjpXupsjqqE

”

ÿ

vPGptq
vľuxupsk´1q

ψpXuptqqfkpXvpskqq
ˇ

ˇ

ˇ
Xpsk´1q “ XpXupsk´1qq

ıı

.

Using the Markov property and H1 leads to:

EXpx,zq

”

ÿ

uPGptq
uľuxp0q

ψpXuptqq
k
ź

j“1
fjpXupsjqq

ı

“

EXpx,zq

”

ÿ

uPGpsk´1q
uľuxp0q

mψpXupsk´1q, t´ sk´1q
k´1
ź

j“1
fjpXupsjqqErfkpYptqpskqq|Yptqpsk´1q “ Xupsk´1qs

ı

.
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Equation (5.17) allows to rewrite this as:

EXpx,zq

”

ÿ

uPGptq
uľuxp0q

ψpXuptqq
k
ź

j“1
fjpXupsjqq

ı

“

EXpx,zq

”

ÿ

uPGptq
uľuxp0q

ψpXuptqq
k´1
ź

j“1
fjpXupsjqqErfkpYptqpskqq|Yptqpsk´1q “ Xupsk´1qs

ı

.

Finally, Hk´1 yields:

EXpx,zq

”

ÿ

uPGptq
uľuxp0q

ψpXuptqq
k
ź

j“1
fjpXupsjqq

ı

“ mψpx, z, tqEpx,zq
”
k´1
ź

j“1
fjpYptqpsjqqErfkpYptqpskqq|Yptqpsk´1qs

ı

“ mψpx, z, tqEpx,zq
”

k
ź

j“1
fjpYptqpsjqq

ı

.

This concludes the induction argument.
In order to obtain the desired result, we will reason using the monotone class theorem.

Let us introduce the set

I “

#

k
č

j“1
tx P Dpr0, ts,SKq : xpsjq P Bju, k P N, sj P r0, ts, Bj P PpSKq

+

where PpSKq is the set of subsets of SK . The set I is a π-system, which induces the Borel
σ-algebra BpDpr0, ts,SKqq on the Skorokhod space Dpr0, ts,SKq (Billingsley, 1999, Theorem
12.5). Further, define

M “ tB P BpDpr0, ts,SKqq : Equation (5.10) is satisfied for F “ 1Bu.

M is a monotone class which contains I according to our induction argument. It thus
follows from the monotone class theorem that M “ BpDpr0, ts,SKqq. In other words, for
any B P BpDpr0, ts,SKqq, Equation (5.10) is satisfied for F “ 1B. As a consequence,
Equation (5.10) holds for any positive measurable function F : Dpr0, ts,SKq Ñ R` as there
exists an increasing sequence of simple functions converging pointwise to F , from which the
result follows by monotone convergence.

5.4 Quantification of the ψ-spine large population approxima-
tion

Throughout this section, we will consider the large population ψ-spine construction intro-
duced by Bansaye, 2024, as summarized in Section 5.2.2 whose assumptions and notations
carry on to the following results. In particular, ψ is a positive, continuous function on
X ˆ r0, 1sd which is continuously differentiable on X ˆ p0, 1qd.
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In a population of size K, let pY K , ζKq be the corresponding ψ-spine construction where
the population composition is normalized by K. We suppose that there exists py0, z0q P
X ˆ p0, 1qd such that Y Kp0q “ y0 and ζKp0q “ tKz0u{K, for all K ě 1. Recall that ζK
converges to the unique solution z of the differential equation (5.5), while Y K tends towards
an inhomogeneous continuous-time Markov chain Υ. In order to quantify the convergence
to this large population limit, we will make use of a specific construction which couples the
sequence of finite population ψ-spines with their large population limit.

5.4.1 Coupling the ψ-spine with its large population limit

For the purpose of this section, we let Y Kptq P tepxq : x P X u for any t ě 0, where
Y Kptq “ epxqmeans that the spine is of type x. As previously, we will identify tepxq : x P X u
and X through their natural bijection. Also, recall that S “ tpx, zq P X ˆ r0, 1sd : zx ą 0u.

Let J “ YxPX tpx,kq : k P Jxu be the set of possible descendances of any individual,
and J “ tpy,kq P X ˆ Nd : k P YxPX Jx,ky ą 0u the set of possible descendances for the
spine, i.e. the type of the child who will become the spine along with the types of all the
spine’s children. For px, zq P S and py,kq P J , we introduce the rate ρKy,kpx, zq at which
the spine Y K leaves descendance k and becomes of type y, given that it is in state x in a
population of type z P r0, 1sd:

ρKy,kpx, zq “ τkpx, zqky
ψpy, z` pk´ epxqq{Kq

ψpx, zq . (5.18)

Similarly, let ρ̂Kk px, y, zq be the rate at which an individual of type x other than the spine is
replaced by k, given that the population state is z and the spine is of type y:

ρ̂Kk px, y, zq “ τkpx, zq
ψpy, z` pk´ epxqq{Kq

ψpy, zq .

Define E “ R` ˆ J and Q a Poisson point process taking values in R` ˆ E, of density
dsbdθbnpdy, dkq, where ds, dθ represent the Lebesgue measure on R` and npdy, dkq the
counting measure on J . Further, let Ẽ “ R` ˆ J and consider a Poisson point process
Q̃ on R` ˆ Ẽ, with density ds b dθ b npdx, dkq where with slight abuse of notation, n
represents the counting measure on J .

Then for K ě 1, the process pY K , ζKq can be defined as the unique strong solution in
the Skorokhod space DpR`,Sq of the following system of stochastic differential equations.
For any t ě 0,

Y Kptq “ y0 `

ż t

0

ż

E

1tθďρK
y,kpY

Kps´q,ζKps´qqupepyq ´ Y
Kps´qqQpds, dθ, npdy, dkqq,

ζKptq “
tKz0u

K
`

1
K

ż t

0

ż

E

1tθďρK
y,kpY

Kps´q,ζKps´qqupk´ Y
Kps´qqQpds, dθ, npdy, dkqq

`
1
K

ż t

0

ż

Ẽ

1!

θďpζK
x ps´q´1tY K ps´q“xuqρ̂

K
k px,Y

Kps´q,ζKps´qq
)pk´ epxqqQ̃pds, dθ, npdx, dkqq.

(5.19)

In order to couple the ψ-spine with its large population limit, we will construct Υ using
the same Poisson point process Q as for Y K . Define ρy,kpx, zq as the rate at which the
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large population spine leaves descendance k and becomes of type y, given that it is of type
x in a population of composition z:

ρy,kpx, zq “ τkpx, zqky
ψpy, zq
ψpx, zq . (5.20)

Then Υ is characterized as the unique strong solution in DpR`,X q of the following stochastic
differential equation. For any t ě 0,

Υptq “ y0 `

ż t

0

ż

E
1tθďρy,kpΥps´q,zpsqqupepyq ´Υps´qqQpds, dθ, npdy, dkqq. (5.21)

Remark 5.4.1. Existence and uniqueness of the solutions to Equations (5.19) and (5.21)
can be established following the lines of the Proof of Proposition 5.3.2. Indeed, the continuity
and positivity Assumption on ψ, the continuity of the applications τk and the finiteness of
J ensure that the jump rates are bounded. This allows to derive existence, and uniqueness
is again obtained by an induction argument.

5.4.2 Quantifying the approximation error

Let us now turn towards quantifying the large population approximation error. We will work
under the following regularity assumption.

Assumption 5.4.2. For every x P X and k P Jx, there exists a positive constant Lx such
that the application τkpx, ¨q is Lx-Lipschitz continuous on r0, 1sd.

Recall that ψ is continuously differentiable on X ˆp0, 1qd and continuous on X ˆr0, 1sd.
Hence for every x P X , ψpx, ¨q and ψpx, ¨q´1 are Lipschitz continuous with respective Lips-
chitz constant Mx and Nx. Let M “ maxxPX Mx, N “ maxxPX Nx and L “ maxxPX Lx.
As the set J is finite, it holds that:

V “ max
kPJ

p}k}1}τk}8qpM}ψ
´1}8 `N}ψ}8q ` }ψ

´1}8max
kPJ

}k}1L ă 8,

c “M}ψ´1}8max
kPJ

p}k}1p}k}1 ` 1q}τk}8q ă 8.

Hence, Equations (5.18) and (5.20) as well as Assumption 5.4.2 ensure that for every K ě 1,
for every x P X and z1, z2 P r0, 1sd,

|ρKy,kpx, z1q ´ ρy,kpx, z2q| ď V }z1 ´ z2}1 `
c

K
. (5.22)

With this in mind, we make an assumption on the convergence of ζK to z.

Assumption 5.4.3. There exist non-negative sequences ptKqKě1, pεKqKě1 and pαKqKě1
such that, for every K ě 1,

P

˜

sup
sPr0,tK s

}ζKpsq ´ zpsq}1 ě εK

¸

ď αK .
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In particular, Assumption 5.4.3 implies that we already know the precision of the large
population approximation at the population scale, which we consider to be reasonable. In-
deed, for many density-dependent Markov jump processes describing population dynamics,
the divergence of the finite-population process from its large population limit is well studied.
Classical regimes include diffusion approximations (Ethier and Kurtz, 1986, Chapter 11),
moderate and large deviations (Britton and Pardoux, 2019b; Pardoux, 2020, for applications
to epidemic models). This will be discussed in more detail in Section 5.5.

As a consequence, it remains to focus on understanding how well Υ approximates ζK .
The idea is to control the probability of the coupled spines to differ before time tK thanks
to the control of the fluctuations of ζK around z on the same time interval. This will allow
to establish the following result.

Theorem 5.4.4. Under Assumptions 5.4.2 and 5.4.3, there exists C ą 0 such that for every
K ě 1,

PpDt ď tK : Y Kptq ‰ Υptqq ď αK ` CpεK `K
´1qtK .

A particularly nice setting would be to consider

lim
KÑ8

tK{K “ lim
KÑ8

tKεK “ lim
KÑ8

αK “ 0, (5.23)

as the probability of the coupling being exact on r0, tKs then converges to one as K grows
large. Again, this is expected to be achievable, given the aforementioned results on the fluctu-
ations of density-dependent population processes around their deterministic large population
limits. We refer to Section 5.5 for detail.

Proof. We are interested in the first instant TK at which Υ differs from Y K :

TK “ inftt ě 0 : Y Kptq ‰ Υptqu.

Let K ě 1. For two sets A and B, we let A∆B designate their symmetric difference.
Notice that, by the coupling of Υ and Y K through Equations (5.19) and (5.21),

tTK ě tKu Ě

"

TK ě tK ,

ż tK

0

ż

E

1tθďρK
y,kpY

Kps´q,ζKps´qu∆tθďρy,kpΥps´q,zpsqquQpds, dθ, npdy, dkqq “ 0
*

Ě

"

TK ě tK ,

ż tK

0

ż

E

1tθďρK
y,kpΥps´q,ζKps´qu∆tθďρy,kpΥps´q,zpsqquQpds, dθ, npdy, dkqq “ 0

*

tTK ě tKu Ě

"
ż tK

0

ż

E

1tθďρK
y,kpΥps´q,ζKps´qu∆tθďρy,kpΥps´q,zpsqquQpds, dθ, npdy, dkqq “ 0

*

.

Define the constant R “ V CardpJ q and for K ě 1, cK “ RεK ` CardpJ q c{K. We
introduce the event

AK “

$

&

%

sup
sPr0,tK s

ÿ

py,kqPS
|ρKy,kpΥpsq, ζKpsqq ´ ρy,kpΥpsq, zpsqq| ă cK

,

.

-

.

It follows that

PpTK ď tKq ď PpAK ,
ż tK

0

ż

E

1tθďρK
y,kpΥps´q,ζKps´qu∆tθďρy,kpΥps´q,zpsqquQpds, dθ, npdy, dkqq ě 1q

` PpACKq.
(5.24)
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First, we may notice that Assumption 5.4.2 ensures through Equation (5.22) that

ACK Ď tR sup
sPr0,tK s

}ζKpsq ´ zpsq}1 ` CardpJ q c
K
ě cKu,

from which we deduce:

PpACKq ď Pp sup
sPr0,tK s

}ζKpsq ´ zpsq}1 ě εKq ď αK . (5.25)

Second, on the event AK , it holds that for any pθ, y,kq P E,

tθ ď ρKy,kpΥps´q,ζKps´qu∆tθ ď ρy,kpΥps´q, zpsqqu
Ď tθ P rρy,kpΥps´q, zpsqq ´ cK , ρy,kpΥps´q, zpsqq ` cKsu.

As a consequence,
!

AK ,

ż tK

0

ż

E
1tθďρy,kpΥps´q,ζKps´qu∆tθďρy,kpΥps´q,zpsqquQpds, dθ, npdy, dkqq ě 1

)

Ď

!

ż tK

0

ż

E
1tθPrρy,kpΥps´q,zpsqq´cK ,ρy,kpΥps´q,zpsqq`cK suQpds, dθ, npdy, dkqq ě 1

)

.

Hence, Markov’s inequality leads to

PpAK ,
ż tK

0

ż

E
1tθďρK

y,kpΥps´q,ζKps´qu∆tθďρy,kpΥps´q,zpsqqu
Qpds, dθ, npdy, dkqq ě 1q

ď Er
ż tK

0

ż

E
1tθPrρy,kpΥps´q,zpsqq´cK ,ρy,kpΥps´q,zpsqq`cK suQpds, dθ, npdy, dkqqs

ď Er
ż tK

0

ÿ

py,kqPJ

ż `8

0
1tθPrρy,kpΥps´q,zpsqq´cK ,ρy,kpΥps´q,zpsqq`cK suQpds, dθ, npdy, dkqqs

ď CpεK `K
´1qtK ,

(5.26)

with C “ 2 maxpc, V qCardpJ q2. Thus, the conclusion follows by injecting Inequalities
(5.25) and (5.26) into Equation (5.24).

5.5 Discussion
Using a change of probability, we first exhibit a time-inhomogeneous Markov process which
allows to establish a many-to-one formula, i.e. which represents trajectories of a typical
lineage of the population process. When compared to the ψ-spine of Bansaye, 2024, the
general idea remains familiar. Indeed, reproduction rates are biased both along the spine and
outside of it, transitions being most likely if they increase the average fertility of the spine,
where fertility is measured by evaluating ψ over the spine’s descendants at time t.

However, the ψ-auxiliary process has the advantage of relaxing the initial positivity as-
sumption on ψ, which for instance opens the door to more efficient sampling in subpopula-
tions. Further, it does not require exponential weighting of trajectories, potentially facilitating



5.5. DISCUSSION 199

the numerical evaluation of the many-to-one formula. This comes at the cost of introducing
a time-inhomogeneity, a possible inconvenient being the necessity to evaluate the application
mψ defined in Equation (5.6). More precisely, it can be delicate to compute explicitly, even
for classical models such as the SIR model. As a consequence, it may need to be computed
numerically, in which case simulating trajectories of the ψ-auxiliary process through standard
algorithms such as Thanh and Priami, 2015 may require excessive computation time.

In this context, the large population approximation may be a pertinent regime. Heuris-
tically, one would expect a similar result as in the case of the ψ-spine: under appropriate
assumptions, the effect of the spine on the population state should vanish, as well as the
bias of reproduction rates outside of the spine. Hence, the dynamics of the population’s type
composition are given by the unique solution z to differential equation (5.5). Similarly, at
time s ď t, a spine of type x is expected to be replaced by descendance k and switch to
type y at rate

τkpx, zpsqqky
mψpy, zpsq, t´ sq

mψpx, zpsq, t´ sq
.

In particular, the process describing the descendance of the spine then corresponds to a time-
inhomogeneous multi-type branching process whose reproduction rates depend on a changing
environment, given by z. If similarly to Calvez et al., 2022, we assume that z admits a stable
equilibrium, then starting from this equilibrium, the descendance is described by a classical
multi-type branching process.

In the case of the ψ-spine, the large population approximation has already been estab-
lished in Bansaye, 2024. Here, we have quantified the error of this approximation when
compared to the ψ-spine in finite population, through the means of a coupling argument.
This argument makes use of Assumption 5.4.3 on the convergence of ζK to z, which we
consider to be reasonable. Indeed, it corresponds to understanding and controlling the fluc-
tuations of the finite-population stochastic process around its deterministic limit, which is a
well studied question with several classical regimes: Gaussian fluctuations (εK “ OpK1{2q),
moderate deviations (εK “ OpKpq for p P p0, 1{2q) and large deviations (εK “ Op1q).

In the case where the deterministic limit has a stable equilibrium at which the process
is initialized, moderate deviations appear to be a pertinent regime. Indeed, if we were to
replace ζK by ZK , moderate deviations are then known to occur on time scales growing
exponentially with K (Pardoux, 2020; Prodhomme, 2023). This would yield a suitable
choice of the sequences tK , εK , αK satisfying Equation (5.23), and further allowing for tK
to grow to infinity sublinearly with K. In addition, conditions for the existence of stable
equilibria are well understood for classical endemic disease models (Brauer et al., 2019).
However, the dynamics of ζK and ZK differ due to the presence of a distinguished individual
and the induced bias in the reproduction rates. While intuitively the impact of the spine
vanishes in the large population limit, the fluctuations around the deterministic limit still
need to rigorously be established in this case.

Among the many possible applications, let us conclude with a perspective connected to
understanding the impact of measures such as teleworking on epidemic spread. More pre-
cisely, it would be interesting to investigate the modifications of typical contamination chains
induced by these interventions. Hence, we would like to consider an endemic model with
age classes, where contacts are represented using the contact matrixes from the POLYMOD
survey (Mossong et al., 2008). Indeed, these contact matrixes have the advantage of being
split into several components, such as household, school and work contacts. This makes it
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possible to rescale each component separately, yielding a proxy for teleworking and/or school
closure (Di Lauro et al., 2021). As a consequence, spinal constructions for populations
with interactions may allow to investigate how the epidemic typically spreads once different
control measures are applied.
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Britton, Tom and Lasse Leskelä (2023). “Optimal Intervention Strategies for Minimizing
Total Incidence during an Epidemic”. In: SIAM Journal on Applied Mathematics 83.2,
pp. 354–373. doi: 10.1137/22M1504433.

Britton, Tom and Etienne Pardoux (2019a). “Chapter 3 A General Two-Level Mixing Model”.
In: Stochastic Epidemic Models with Inference. Ed. by Tom Britton and Etienne Pardoux.
Lecture Notes in Mathematics. Cham: Springer International Publishing, pp. 159–213.
isbn: 978-3-030-30900-8. doi: 10.1007/978-3-030-30900-8_7.

Britton, Tom and Etienne Pardoux (2019b). Stochastic Epidemics in a Homogeneous Com-
munity. Vol. 2255. doi: 10.1007/978-3-030-30900-8. arXiv: 1808.05350.

Britton, Tom and Gianpaolo Scalia Tomba (2019). “Estimation in Emerging Epidemics:
Biases and Remedies”. In: Journal of The Royal Society Interface 16.150, p. 20180670.
doi: 10.1098/rsif.2018.0670.

Brooks-Pollock, Ellen and James L. N. Wood (2015). “Eliminating Bovine Tuberculosis in
Cattle and Badgers: Insight from a Dynamic Model”. In: Proceedings of the Royal Society
B: Biological Sciences 282.1808, p. 20150374. doi: 10.1098/rspb.2015.0374.
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Titre : Approximation de modèles stochastiques d’épidémies sur grands graphes multi-niveaux

Mots clés : Processus épidémique, graphes aléatoires, deux niveaux de mélange, réduction de modèle

Résumé : Nous étudions un modèle SIR à deux
niveaux de mélange, à savoir un niveau global uni-
formément mélangeant, et un niveau local divisé en
deux couches de contacts au sein des foyers et
lieux de travail, respectivement. Nous cherchons à
développer des modèles réduits qui approchent bien
cette dynamique épidémique, tout en étant plus ma-
niables pour l’analyse numérique et/ou théorique.
D’abord, nous analysons l’impact épidémique de la
distribution des tailles des lieux de travail. Notre étude
par simulations montre que, si la moyenne de la dis-
tribution des tailles de lieux de travail est fixée, sa
variance est un bon indicateur de son influence sur
des caractéristiques clés de l’épidémie. Cela nous
permet de proposer des stratégies de télétravail ef-
ficaces. Ensuite, nous montrons qu’un modèle SIR
déterministe, uniformément mélangeant, calibré sur le
taux de croissance épidémique fournit une approxi-
mation parcimonieuse de l’épidémie.
Néanmoins, la précision de ce modèle réduit décroı̂t
au cours du temps et n’a pas de garanties théoriques.
Nous étudions donc la limite grande population du
modèle stochastique à foyers et lieux de travail,
que nous formalisons comme un processus à va-

leur mesure dont l’espace de types est continu. Nous
établissons sa convergence vers l’unique solution
déterministe d’une équation à valeur mesure. Dans
le cas où les périodes infectieuses sont exponentiel-
lement distribuées, une réduction plus forte vers un
système dynamique fini-dimensionnel est obtenue.
De plus, une étude de sensibilité nous permet de
comprendre l’impact des paramètres du modèle sur
la performance de ces deux modèles réduits. Nous
montrons que la limite grande population du modèle
foyer-travail permet de bien approcher l’épidémie,
même si certaines hypothèses sur le réseau de
contact sont relâchées. De même, nous quantifions
l’impact des paramètres épidémiques sur la capacité
du modèle réduit uniformément mélangeant à prédire
des caractéristiques clés de l’épidémie.
Enfin, nous considérons plus généralement des
processus de population densité-dépendants. Nous
établissons une formule tous-pour-un qui réduit la
lignée typique d’un individu échantillonné à un proces-
sus spinal inhomogène en temps. Par ailleurs, nous
quantifions par couplage la convergence en grande
population d’une construction spinale.

Title : Approximation of stochastic models for epidemics on large multi-level graphs

Keywords : Epidemic processes, random graphs, two levels of mixing, model reduction

Abstract : We study an SIR model with two levels of
mixing, namely a uniformly mixing global level, and a
local level with two layers of household and workplace
contacts, respectively. More precisely, we aim at pro-
posing reduced models which approximate well the
epidemic dynamics at hand, while being more prone
to mathematical analysis and/or numerical explora-
tion.
We investigate the epidemic impact of the workplace
size distribution. Our simulation study shows that if
the average workplace size is kept fixed, the variance
of the workplace size distribution is a good indicator
of its influence on key epidemic outcomes. In addi-
tion, this allows to design an efficient teleworking stra-
tegy. Next, we demonstrate that a deterministic, uni-
formly mixing SIR model calibrated using the epide-
mic growth rate yields a parsimonious approximation
of the household-workplace model.
However, the accuracy of this reduced model de-
teriorates over time and lacks theoretical guaran-
tees. Hence, we study the large population limit of
the stochastic household-workplace model, which we

formalize as a measure-valued process with conti-
nuous state space. In a general setting, we establish
convergence to the unique deterministic solution of a
measure-valued equation. In the case of exponentially
distributed infectious periods, a stronger reduction to
a finite dimensional dynamical system is obtained.
Further, in order to gain a finer insight on the impact
of the model parameters on the performance of both
reduced models, we perform a sensitivity study. We
show that the large population limit of the household-
workplace model can approximate well the epidemic
even if some assumptions on the contact network are
relaxed. Similarly, we quantify the impact of epidemic
parameters on the capacity of the uniformly mixing re-
duced model to predict key epidemic outcomes.
Finally, we consider density-dependent population
processes in general. We establish a many-to-one for-
mula which reduces the typical lineage of a sampled
individual to a time-inhomogeneous spinal process. In
addition, we use a coupling argument to quantify the
large population convergence of a spinal process.
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